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Abstract

We formalize several undecidability results on termination for one-
rule term rewrite systems by means of simple reductions from Hilbert’s
10th problem. To be more precise, for a class C' of reduction orders, we
consider the question for a given rewrite rule £ — r, whether there is
some reduction order > € C such that ¢ > r. We include undecidability
results for each of the following classes C"

the class of linear polynomial interpretations over the natural
numbers,

the class of linear polynomial interpretations over the natural
numbers in the weakly monotone setting,

the class of Knuth-Bendix orders with subterm coefficients,

the class of non-linear polynomial interpretations over the natu-
ral numbers, and

the class of non-linear polynomial interpretations over the ratio-
nal and real numbers.
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1 Introduction

The main part of this paper is about one of the earliest termination methods
for term rewrite systems: using a polynomial interpretation over the natural
numbers, which goes back to Lankford [1].

In a recent paper [3] it was shown that this and other related techniques
are undecidable, even for one-rule rewrite systems. This AFP entry for-
mally proves the results in [3]. These are all based on reduction from a
variant of Hilbert’s 10th problem, which was shown to be undecidable by
Matiyasevich [2].

2 Preliminaries: Extending the Library on Multi-
variate Polynomials

2.1 Part 1 — Extensions Without Importing Univariate Poly-
nomials

theory Preliminaries-on-Polynomials-1
imports
Polynomials. More-MPoly-Type
Polynomials. MPoly- Type-Class-FMap
begin

type-synonym var = nat
type-synonym monom = var =g nat

definition substitute :: (var = 'a mpoly) = 'a :: comm-semiring-1 mpoly = 'a
mpoly where
substitute o p = insertion o (replace-coeff Const p)

lemma Const-0: Const 0 = 0
by (transfer, simp add: Constg-zero)

lemma Const-1: Const 1 = 1
by (transfer, simp add: Consty-one)



lemma insertion-Var: insertion o (Var z) = o x

apply transfer

by (metis One-nat-def Varg-def insertion.abs-eq insertion-single mapping-of-inverse
monom.rep-eq mult.right-neutral mult-1 power.simps(2) power-0)

lemma insertion-Const: insertion o (Const a) = a
by (metis Const.abs-eq Consty-def insertion-single monom.abs-eq mult.right-neutral
power-0 single-zero)

lemma insertion-power: insertion « (p”n) = (insertion a p) n
by (induct n, auto simp: insertion-mult)

lemma insertion-monom-add: insertion « (monom (f + g¢) a) = insertion «
(monom f 1) * insertion a (monom g a)
by (metis insertion-mult mult-1 mult-monom)

lemma insertion-uminus: insertion o (— p) = — insertion o p
by (metis add-eq-0-iff insertion-add insertion-zero)

lemma insertion-sum-list: insertion o (sum-list ps) = sum-list (map (insertion o)

ps)
by (induct ps, auto simp: insertion-add)

lemma coeff-uminus: coeff (— p) m = — coeff p m
by (simp add: coeff-def uminus-mpoly.rep-eq)

lemma insertion-substitute: insertion a (substitute o p) = insertion (X z. insertion
o (o 2)) p
unfolding substitute-def
proof (induct p rule: mpoly-induct)
case (monom m a)
show ?Zcase
apply (subst replace-coeff-monom)
subgoal by (simp add: Const-0)
subgoal proof (induct m arbitrary: a rule: poly-mapping-induct)
case (single k v)
show ?case by (simp add: insertion-mult insertion-Const insertion-power)
next
case (sum fg kv a)
from sum(1)[of 1] sum(2)[of a] show ?case
by (simp add: insertion-monom-add insertion-mult Const-1)
qed
done
next
case (sum pl p2 m a)
then show ?case
apply (subst replace-coeff-add)
subgoal by (simp add: Const-0)
subgoal by (transfer’, simp add: Consty-def single-add)



by (simp add: insertion-add)
qed

lemma Const-add: Const (x + y) = Const x + Const y
by (transfer, auto simp: Consto-def single-add)

lemma substitute-add[simp|: substitute o (p + ¢) = substitute o p + substitute o

q
unfolding substitute-def insertion-add]symmetric]

by (subst replace-coeff-add, auto simp: Const-0 Const-add)

lemma Const-sum: Const (sum f A) = sum (Const o f) A
by (metis Const-0 Const-add sum-comp-morphism)

lemma Const-sum-list: Const (sum-list (map f zs)) = sum-list (map (Const o f)
xs)
by (induct zs, auto simp: Const-0 Const-add)

lemma Const-0-eq[simp]: Const z = 0 «— z =0
by (smt (verit) Const.abs-eq Consty-def coeff-monom monom.abs-eq single-zero
when-def zero-mpoly-def)

lemma Const-sum-any: Const (Sum-any f) = Sum-any (Const o f)
unfolding Sum-any.expand-set Const-sum o-def
by (intro sum.cong[OF - refl], auto simp: Const-0)

lemma Const-mult: Const (z x y) = Const z x Const y
by (metis Const.abs-eq Consto-def monom.abs-eq smult-conv-mult smult-monom)

lemma Const-power: Const (xz ~e) = Const z " e
by (induct e, auto simp: Const-1 Const-mult)

lemma lookup-replace-Const: lookup (mapping-of (replace-coeff Const p)) | = Const
(lookup (mapping-of p) 1)
by (metis Const-0 coeff-def coeff-replace-coeff)

lemma replace-coeff-mult: replace-coeff Const (p * q) = replace-coeff Const p x
replace-coeff Const q

apply (subst coeff-eq[symmetric], intro ext, subst coeff-replace-coeff, rule Const-0)

apply (unfold coeff-def)

apply (unfold times-mpoly.rep-eq)

apply (unfold Poly-Mapping.lookup-mult)

apply (unfold Const-sum-any o-def Const-mult lookup-replace-Const)

apply (unfold when-def if-distrib Const-0)

by auto

lemma substitute-mult[simp]: substitute o (p * q) = substitute o p * substitute o
q



unfolding substitute-def insertion-mult[symmetric] replace-coeff-mult ..

lemma replace-coeff-Var[simp): replace-coeff Const (Var x) = Var x
by (metis Const-0 Const-1 Var.abs-eq Varg-def monom.abs-eq replace-coeff-monom)

lemma replace-coeff-Const[simp]: replace-coeff Const (Const ¢) = Const (Const

)

by (metis Const.abs-eq Consty-def Const-0 monom.abs-eq replace-coeff-monom)

lemma substitute- Var[simp): substitute o (Var z) = o «
unfolding substitute-def by (simp add: insertion-Var)

lemma substitute-Const[simp]: substitute o (Const ¢) = Const ¢
unfolding substitute-def by (simp add: insertion-Const)

lemma substitute-0[simp|: substitute o 0 = 0
using substitute-Constof o 0, unfolded Const-0] .

lemma substitute-1[simp|: substitute o 1 = 1
using substitute-Constlof o 1, unfolded Const-1] .

lemma substitute-power|[simp): substitute o (p~e) = (substitute o p) e
by (induct e, auto)

lemma substitute-monom|[simpl: substitute o (monom (monomial e z) ¢) = Const
cx(ox)e
by (simp add: replace-coeff-monom substitute-def)

lemma substitute-sum-list: substitute o (sum-list (map f xs)) = sum-list (map
(substitute o o f) zs)
by (induct zs, auto)

lemma substitute-sum: substitute o (sum f zs) = sum (substitute o o f) xs
by (induct zs rule: infinite-finite-induct, auto)

lemma substitute-prod: substitute o (prod f xs) = prod (substitute o o f) xs
by (induct xzs rule: infinite-finite-induct, auto)

definition vars-list where vars-list = sorted-list-of-set o vars

lemma set-vars-list[simpl: set (vars-list p) = vars p
unfolding vars-list-def o-def using vars-finite[of p] by auto

lift-definition mpoly-coeff-filter :: ('a :: zero = bool) = 'a mpoly = 'a mpoly is
A [ p. Poly-Mapping.mapp (A m c. ¢ when fc) p .

lemma mpoly-coeff-filter: coeff (mpoly-coeff-filter f p) m = (coeff p m when f (coeff

p m))
unfolding coeff-def by transfer (simp add: in-keys-iff mapp.rep-eq)



lemma total-degree-add: assumes total-degree p < d total-degree ¢ < d
shows total-degree (p + ¢q) < d
using assms
proof transfer
fix d and p q :: (nat = nat) =¢ 'a
let Yexp = A p. Mazx (insert (0 :: nat) (Am. sum (lookup m) (keys m))  keys
p))
assume d: Zexp p < d %exp ¢ < d
have Zexp (p + q) < Maz (insert (0 :: nat) (Am. sum (lookup m) (keys m))
(keys p U keys q)))
using Poly-Mapping.keys-add|of p ¢
by (intro Max-mono, auto)
also have ... = maz (%exp p) (Pexp q)
by (subst Maz-Un[symmetric], auto simp: image-Un)
also have ... < d using d by auto
finally show %exp (p + ¢) < d .
qed

¢

lemma total-degree- Var[simp): total-degree (Var x :: 'a :: comm-semiring-1 mpoly)

= Suc 0
by (transfer, auto simp: Varg-def)

lemma total-degree-Const[simp]: total-degree (Const z) = 0
by (transfer, auto simp: Consty-def)

lemma total-degree-Const-mult: assumes total-degree p < d
shows total-degree (Const z * p) < d
using assms
proof (transfer, goal-cases)
case (1 p dx)
have sub: keys (Consty x * p) C keys p
by (rule order.trans|OF keys-mult], auto simp: Consty-def)
show ?case
by (rule order.trans|OF - 1], rule Maz-mono, insert sub, auto)
qed

lemma vars-0[simp|: vars 0 = {}
unfolding vars-def by (simp add: zero-mpoly.rep-eq)

lemma vars-1[simp|: vars 1 = {}
unfolding vars-def by (simp add: one-mpoly.rep-eq)

lemma vars-Var[simp|: vars (Var x :: 'a :: comm-semiring-1 mpoly) = {z}
unfolding vars-def by (transfer, auto simp: Varg-def)

lemma vars-Const[simp]: vars (Const ¢) = {}
unfolding vars-def by (transfer, auto simp: Consty-def)



lemma coeff-sum-list: coeff (sum-list ps) m = (> p<ps. coeff p m)
by (induct ps, auto simp: coeff-add|symmetric))
(metis coeff-monom monom-zero zero-when)

lemma coeff-Const-mult: coeff (Const ¢ x p) m = ¢ * coeff p m
by (metis Const.abs-eq Consty-def add-0 coeff-monom-mult monom.abs-eq)

lemma coeff-Const: coeff (Const ¢) m = (if m = 0 then (c:: 'a :: comm-semiring-1)
else 0)

by (simp add: Const.rep-eq Consty-def coeff-def lookup-single-not-eq)
lemma coeff-Var: coeff (Var ) m = (if m = monomial 1 x then 1 :: 'a =
comm-semiring-1 else 0)

by (simp add: Var.rep-eq Varg-def coeff-def lookup-single-not-eq)

list-based representations, so that polynomials can be converted to first-
order terms

lift-definition monom-list :: 'a :: comm-semiring-1 mpoly = (monom x 'a) list
is A p. map (A m. (m, lookup p m)) (sorted-list-of-set (keys p)) .

lift-definition var-list :: monom = (var X nat) list
is A\ m. map (X z. (z, lookup m x)) (sorted-list-of-set (keys m)) .

lemma monom-list: p = (3. (m, ¢) + monom-list p. monom m c)
apply transfer
subgoal for p
apply (subst poly-mapping-sum-monomials|symmetric])
apply (subst distinct-sum-list-conv-Sum)
apply (unfold distinct-map, simp add: inj-on-def)
apply (meson in-keys-iff monomial-iny)
apply (unfold set-map image-comp o-def split)
apply (subst set-sorted-list-of-set, force)
by (smt (verit, best) finite-keys lookup-eq-zero-in-keys-contradict monomial-inj
o-def sum.cong sum.reindex-nontrivial)
done

lemma monom-list-coeff: (m,c) € set (monom-list p) = coeff p m = ¢
unfolding coeff-def by (transfer, auto)

lemma monom-list-keys: (m,c) € set (monom-list p) = keys m C vars p
unfolding vars-def by (transfer, auto)

lemma var-list: monom m ¢ = Const (c :: 'a :: comm-semiring-1) * ([[ (z, €) +
var-list m. (Var x) "e)
proof transfer
fix m :: monom and ¢ :: ‘a
have set: set (sorted-list-of-set (keys m)) = keys m
by (subst set-sorted-list-of-set, force+)



have id: (] (z, y)<—map (Az. (z, lookup m x)) (sorted-list-of-set (keys m)). Varg

z " y)
= (I = € keys m. Varg z ~ lookup m x) (is ?rl = 2r2)
apply (unfold map-map o-def split)
apply (subst prod.distinct-set-conv-list[symmetric])
by auto
have monomial ¢ m = Consty ¢ * monomial 1 m
by (simp add: Consty-one monomial-mp)
also have monomial (1 :: 'a) m = ?r1 unfolding id
proof (induction m rule: poly-mapping-induct)
case (single k v)
then show ?case by (auto simp: Varg-power mult-single)
next
case (sum f g k v)
have id: monomial (1 :: 'a) (f + g) = monomial 1 f x monomial 1 g
by (simp add: mult-single)
have keys: keys (f + g) = keys f U keys g keys f N keys g = {}
apply (intro keys-plus-ninv-comm-monoid-add)
using sum(3—4) by simp
show ?case unfolding id sum(1—2) unfolding keys(1)
apply (subst prod.union-disjoint, force, force, rule keys)
apply (intro arg-cong2|[of - - - - (x)] prod.cong refl)
apply (insert keys(2), simp add: disjoint-iff in-keys-iff lookup-add)
by (metis add-cancel-left-left disjoint-iff-not-equal in-keys-iff plus-poly-mapping.rep-eq)
qed
finally show monomial ¢ m = Consty ¢ x ?rl .
qged

lemma var-list-keys: (z,e) € set (var-list m) = = € keys m
by (transfer, auto)

lemma vars-substitute: assumes A z. vars (o ) C V
shows wars (substitute o p) C V
proof —
define mcs where mcs = monom-list p
show ?thesis unfolding monom-list[of p, folded mcs-def]
proof (induct mes)
case (Cons mc mcs)
obtain m ¢ where mc: me = (m,c) by force
define zes where zes = var-list m
have monom: vars (substitute o (monom m ¢)) C V unfolding var-list[of m,
folded xes-def]
proof (induct zes)
case (Cons ze xes)
obtain z e where ze: ze = (z,e) by force
from assms have vars (c ) C V.
hence z: vars ((c z)7e) C V
proof (induct €)
case (Suc e)



then show ?case

by (simp, intro order.trans| OF vars-mult], auto)
qed force

have id: substitute o (Const ¢ * ([] a<—ze # xes. case a of (z, a) = Varx ~
a))

=0z ex (Const ¢ * substitute o ([] (z, y)<=zes. Var x ~ y)) unfolding
ze

by (simp add: ac-simps)
show ?case unfolding id
apply (rule order.trans|OF vars-mult])
using Cons = by auto
qed force
show ?case unfolding mc
apply simp
apply (rule order.trans|OF vars-add))
using monom Cons by auto
qed force
qed

lemma insertion-monom-nonneg: assumes A z. a z > 0 and ¢ (¢ = 'a =
{linordered-nonzero-semiring,ordered-semiring-0}) > 0
shows insertion a (monom m ¢) > 0
proof —
define zes where zes = var-list m
show ?thesis unfolding var-list[of m ¢, folded zes-def)
proof (induct zes)
case Nil
thus ?case using ¢ by (auto simp: insertion-Const)
next
case (Cons ze zes)
obtain z e where ze: ze = (z,e) by force

have id: insertion o (Const ¢ x ([] a<—ze # zes. case a of (z, a) = Var xz —
a))

=« z e x insertion a (Const ¢ x (][ a<—zes. case a of (x, a) = Varz ~a))

unfolding ze
by (simp add: insertion-mult insertion-power insertion-Var algebra-simps)
show ?case unfolding id
proof (intro mult-nonneg-nonneg Cons)
show 0 < « z ™ e using assms(1)[of ]
by (induct e, auto)
qed
qed
qed

lemma insertion-nonneg: assumes A z. o z > (0 :: 'a :: linordered-idom)
and A m. coeff p m > 0

shows insertion a p > 0

proof —



define mcs where mcs = monom-list p
from monom-list[of p] have p: p = (> (m, ¢)< mcs. monom m c¢) unfolding
mcs-def by auto
have mecs: (m,c) € set mes = ¢ > 0 for m ¢
using monom-list-coeff assms(2) unfolding mcs-def by auto
show ?thesis using mcs unfolding p
proof (induct mes)
case Nil
thus ?case by (auto simp: insertion-Const)
next
case (Cons mc mcs)
obtain m ¢ where mc: me = (m,c) by force
with Cons have ¢ > 0 by auto
from insertion-monom-nonneg|OF assms(1) this]
have m: 0 < insertion a (monom m c¢) by auto
from Cons(1)[OF Cons(2)]
have IH: 0 < insertion o (> a<—mcs. case a of (a, b) = monom a b) by force
show ?case unfolding mc using IH m
by (auto simp: insertion-add)
qed
qed

lemma vars-sumlist: vars (sum-list ps) C |J (vars ‘ set ps)
by (induct ps, insert vars-add, auto)

lemma coefficients-of-linear-poly: assumes linear: total-degree (p :: 'a :: comm-semiring-1
mpoly) < 1
shows 3 ¢ a vs. p = Const ¢ + (3 i<—vs. Const (a i) * Var i)
A distinct vs A set vs = vars p A sorted-list-of-set (vars p) = vs A (¥ v € set
vs. a v # 0)
A (Y i. ai= coeff p (monomial 1 i)) N (¢ = coeff p 0)
proof —
have sum-zero: (\ z. © € set 1s = x = 0) = sum-list (xs :: 'a list) = 0 for
xs by (induct xs, auto)
define a :: var = 'a where a i = coeff p (monomial 1 i) for i
define vs where vs = sorted-list-of-set (vars p)
define ¢ where ¢ = coeff p 0
define ¢ where ¢ = Const ¢ + (> i+ vs. Const (a i) * Var 7)
show ?thesis
proof (intro exI[of - vs] exI|of - a] exlI[of - c| conjl balll vs-def[symmetric] c-def
alll a-def,
unfold g-def[symmetric])
show set vs = vars p and dist: distinct vs
using sorted-list-of-set[of vars p, folded vs-def] vars-finite[of p] by auto
show p = ¢
unfolding coeff-eq|symmetric]
proof (intro ext)
fix m
have coeff ¢ m = coeff (Const ¢) m + (3 x<vs. a x * coeff (Var x) m)
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unfolding g¢-def coeff-add[symmetric] coeff-sum-list map-map o-def co-
eff-Const-mult ..

also have ... = coeff p m
proof (cases m = 0)

case True

thus ?thesis by (simp add: coeff-Const coeff-Var monomial-0-iff c-def)
next

case Fulse

from False have coeff (Const (coeff p 0)) m + (O zwvs. a x * coeff (Var

x) m)

= (D z+ws. a z * coeff (Var z) m) unfolding coeff-Const by simp

also have ... = coeff p m

proof (cases 3 i € set vs. m = monomial 1 )

case True

then obtain ¢ where i: ¢ € set vs and m: m = monomial 1 ¢+ by auto
from split-list|OF i] obtain bef aft where id: vs = bef Q i # aft by auto
from id dist have i: i ¢ set bef i ¢ set aft by auto
have [simp]: (monomial (Suc 0) i = monomial (Suc 0) j) = (i = j) for i
7 var
using monomial-inj by fastforce
show ?thesis
apply (subst id, unfold coeff-Var m, simp)
apply (subst sum-zero, use i in force)
apply (subst sum-zero, use i in force)
by (simp add: a-def)
next
case mon: False
hence one: (> z+wvs. a z * coeff (Var z) m) = 0
by (intro sum-zero, auto simp: coeff-Var)
have two: coeff p m = 0
proof (rule ccontr)
assume n0: coeff p m # 0
show Fulse
proof (cases 3 i. m = monomial 1 )
case True
with mon obtain ¢ where i: ¢ ¢ set vs and m: m = monomial 1 { by
auto
from n0 m have i € vars p unfolding vars-def coeff-def
by (metis UN-I in-keys-iff lookup-single-eq one-neg-zero)
with i <set vs = vars p» show Fualse by auto
next
case Fulse
have sum (lookup m) (keys m) < total-degree p using n0 unfolding
coeff-def
apply transfer
by transfer (metis (no-types, lifting) Maz-ge finite.insertl finite-imagel
finite-keys image-eql in-keys-iff insertCI)
also have ... < 1 using linear .
finally have linear: sum (lookup m) (keys m) < 1 by auto

11



consider (single) © where keys m = {z} | (null) keys m = {} |
(two) = y k where keys m = {z,y} U k and = # y by blast
thus Fulse
proof cases
case null
hence m = 0 by simp
with (m # 0> show False by simp
next
case (single x)
with linear have lookup m x < 1 by auto
moreover from single have nz: lookup m x # 0
by (metis in-keys-iff insertll)
ultimately have lookup m z = 1 by auto
with single have m = monomial 1 x
by (metis Diff-cancel Diff-eq-empty-iff keys-subset-singleton-imp-monomial)
with False show False by auto
next
case (two z y k)
define k' where k' = k — {z,y}
have keys m = insert x (insert y k') x #yx ¢ k' y ¢ k' finite k&’
unfolding k’-def using two finite-keys[of m] by auto
hence lookup m z + lookup m y < sum (lookup m) (keys m) by simp
also have ... < I by fact
finally have lookup m x = 0 V lookup m y = 0 by auto
with two show Fualse by blast

qged
qed
qed
from one two show ?thesis by simp
qed
finally show ?thesis by (simp add: c-def)
qed
finally show coeff p m = coeff ¢ m ..
qed
fix v

assume v: v € set vs
hence v € vars p using (set vs = vars p> by auto
hence vq: v € vars ¢ unfolding <p = ¢ .
from split-list[ OF v] obtain bef aft where vs: vs = bef Q v # aft by auto
with dist have vba: v ¢ set bef v ¢ set aft by auto
show a v # 0
proof
assume al: a v =0
have v € vars p by fact
also have p = ¢ by fact
also have vars ¢ C vars (sum-list (map (A z. Const (a x) * Var z) bef)) U
vars (Const (a v) x Var v)
U vars (sum-list (map (A z. Const (a ) x Var x) aft))
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unfolding ¢-def vs apply simp
apply (rule order.trans|OF vars-add), simp)
apply (rule order.trans|OF vars-add))
by (insert vars-add, blast)
also have vars (Const (a v) * Var v) = {} unfolding a0 Const-0 by simp
finally obtain list where v: v € vars (sum-list (map (A z. Const (a z) x Var
x) list))
and not-v: v ¢ set list using vba by auto
from set-mp[OF vars-sumlist v] obtain = where z € set list and v € vars
(Const (a z) * Var z)
by auto
with vars-mult[of Const (a ) Var z] not-v show Fualse by auto
qed
qed
qed

Introduce notion for degree of monom

definition degree-monom :: (var = nat) = nat where
degree-monom m = sum (lookup m) (keys m)

lemma total-degree-alt-def: total-degree p = Mazx (insert 0 (degree-monom * keys
(mapping-of p)))

unfolding degree-monom-def

by transfer’ simp

lemma degree-monon-le-total-degree: assumes coeff p m # 0
shows degree-monom m < total-degree p
using assms unfolding total-degree-alt-def by (simp add: coeff-keys)

lemma degree-monom-eg-total-degree: assumes p # 0

shows 3 m. coeff p m # 0 N degree-monom m = total-degree p
proof (cases total-degree p = 0)

case Fulse

thus ?thesis unfolding total-degree-alt-def

by (metis (full-types) Maz-in coeff-keys empty-not-insert finite-imagel finite-insert
finite-keys image-iff insertE)
next

case True

from assms obtain m where coeff p m # 0

using coeff-all-0 by auto

with degree-monon-le-total-degree[OF this] True show ?thesis by auto

qed

lemma degree-add-lel: degree p © < d = degree g © < d = degree (p + q) x <
d
apply transfer
subgoal for p = d q using Poly-Mapping.keys-add|of p q|
by (intro Max.boundedI, auto)
done

13



lemma degree-sum-lel: assumes A i. i € A = degree (p i) z < d
shows degree (sum p A) z < d
using assms
by (induct A rule: infinite-finite-induct, auto intro: degree-add-lel)

lemma total-degree-sum-lel: assumes A i. { € A = total-degree (p i) < d
shows total-degree (sum p A) < d
using assms
by (induct A rule: infinite-finite-induct, auto intro: total-degree-add)

lemma total-degree-monom: assumes c # 0
shows total-degree (monom m ¢) = degree-monom m
unfolding total-degree-alt-def using assms by auto

lemma degree- Var[simp]: degree (Var x :: 'a :: comm-semiring-1 mpoly) z = 1
by (transfer, unfold Varg-def, simp)

lemma Var-neg-0[simpl: Var © # (0 :: 'a :: comm-semiring-1 mpoly)
proof

assume Var z = (0 :: 'a mpoly)

from arg-cong[OF this, of \ p. degree p ]

show Fulse by simp
qed

lemma degree-Const[simp]: degree (Const ¢) © = 0
by transfer (auto simp: Consto-def)

lemma vars-add-subl: vars p C A = vars ¢ C A = wvars (p + ¢) C A
by (metis le-supl subset-trans vars-add)

lemma vars-mult-subl: vars p C A = vars ¢ C A = vars (p x q) C A
by (metis le-supl subset-trans vars-mult)
lemma vars-eql: assumes vars (p :: ‘a :: comm-ring-1 mpoly) C V
N\ v.ve V=3 ab. insertion a p # insertion (a(v := b)) p
shows vars p = V
proof (rule ccontr)
assume — ?thesis
with assms obtain v where v € V and not: v ¢ vars p by auto
from assms(2)[OF this(1)] obtain a b where insertion a p # insertion (a(v :=
b)) p by auto
moreover have insertion a p = insertion (a(v := b)) p
by (rule insertion-irrelevant-vars, insert not, auto)
ultimately show Fulse by auto
qed

end
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2.2 Part 2 — Extensions With Importing Univariate Polyno-
mials

theory Preliminaries-on-Polynomials-2
imports
Preliminaries-on-Polynomials-1
Factor-Algebraic-Polynomial. Poly-Connection
begin

Several definitions have the same name for univariate and multivariate poly-
nomials, so we use a prefix m for multi-variate.

hide-const (open) Symmetric-Polynomials.lead-coeff

abbreviation mdegree where mdegree = MPoly-Type.degree
abbreviation mcoeff where mcoeff = MPoly-Type. coeff
abbreviation mmonom where mmonom = MPoly-Type.monom

lemma range-coeff-poly-to-mpoly: assumes mcoeff (poly-to-mpoly x p) m # 0

shows 3 d. m = monomial d z

using assms

unfolding coeff-def poly-to-mpoly-def MPoly-inverse|OF Set. UNIV-I| lookup-Abs-poly-mapping| OF
poly-to-mpoly-finite]

by simp (metis keys-subset-singleton-imp-monomial)

lemma degree-poly-to-mpoly[simp|: mdegree (poly-to-mpoly x p) x = degree p
proof (cases p = 0)
case True
thus ?thesis by (simp add: poly-to-mpoly0)
next
case p: False
let ?q = poly-to-mpoly x p
define ¢ where ¢ = 7¢
define dp where dp = degree p
define dq where dq = mdegree q x
from p have ¢: ?q # 0
by (metis poly-to-mpoly0 poly-to-mpoly-inverse)
have pq: p = mpoly-to-poly x q unfolding g¢-def
by (simp add: poly-to-mpoly-inverse)
{
have 0 # coeff p dp using p by (auto simp: dp-def)
also have coeff p dp = coeff (mpoly-to-poly x ¢q) dp unfolding pq by simp
also have ... = mcoeff ¢ (monomial dp z) unfolding coeff-mpoly-to-poly by
stmp
finally have mcoeff ¢ (monomial dp z) # 0 by simp

}

hence first-part: dg > dp unfolding dg-def by (metis degree-gel lookup-single-eq)

{
from monom-of-degree-exists|OF q, folded g-def, of z] obtain m where mc:
meoeff g m # 0
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and look: lookup m x = dq by (auto simp: dg-def)
from range-coeff-poly-to-mpoly| OF mclunfolded g-def]] obtain d where m: m
= monomial d x by auto
from m look have m: m = monomial dq x by simp
have coeff p dg = mcoeff ¢ (monomial dq x)
unfolding coeff-poly-to-mpoly|of x, symmetric] g-def dg-def by auto
also have ... # 0 using m mc by auto
finally have dp > dq unfolding dp-def by (rule le-degree)
}
with first-part have dp = dq by auto
thus ?thesis unfolding dp-def dq-def ¢-def by auto
qed

lemma degree-mpoly-to-poly: assumes vars p C {z}
shows degree (mpoly-to-poly z p) = mdegree p x
proof —
define ¢ where ¢ = mpoly-to-poly = p
from mpoly-to-poly-inverse[ OF assms|
have mdegree p x = mdegree (poly-to-mpoly z (mpoly-to-poly x p)) = by simp

also have ... = degree (mpoly-to-poly = p) by simp
finally show ?thesis ..
qged

lemma degree-partial-insertion-bound: degree (partial-insertion a x p) < MPoly-Type.degree

P
using degree-partial-insertion-le-mpoly by auto

lemma insertion-partial-insertion-vars: assumes A\ y. y # x = y € vars p =
By=ay
shows poly (partial-insertion § = p) (o z) = insertion a p
proof —
let %a = (A y. if y € insert z (vars p) then « y else 8 y)
have insertion o p = insertion %o p
by (rule insertion-irrelevant-vars, auto)
also have ... = poly (partial-insertion 8 z p) (?a x)
by (rule insertion-partial-insertion|[symmetric], insert assms, auto)
finally show ?thesis by auto
qged

lemma degree-mpoly-of-poly[simp]: mdegree (mpoly-of-poly = p) x = degree p
proof —
have mdegree (mpoly-of-poly © p) © < degree p
by (simp add: coeff-eq-0 coeff-mpoly-of-poly degree-lel)
moreover have degree p < mdegree (mpoly-of-poly x p) x
proof (cases degree p = 0)
case True
thus ?thesis by auto
next
case (: Fualse
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hence coeff p (degree p) # 0 by auto
also have coeff p (degree p) = MPoly-Type.coeff (mpoly-of-poly x p) (monomial
(degree p) x)
by simp
finally show ?thesis by (metis degree-gel lookup-single-eq)
qed
ultimately show ?thesis by auto
qed

lemma mpoly-extl: assumes A\ a. insertion a p = insertion o (q :: 'a :: {ring-char-0,idom}
mpoly)
shows p = ¢
proof —
have main: finite vs = vars p C vs = vars ¢ C vs = (/\ a. insertion a p
= insertion o q) => p = ¢ for vs
proof (induction vs arbitrary: p q rule: finite-induct)
case (insert z vs p q)
have p = ¢ +— mpoly-to-mpoly-poly x p = mpoly-to-mpoly-poly x q
by (metis poly-mpoly-to-mpoly-poly)
also have ... «— (V m. coeff (mpoly-to-mpoly-poly x p) m = coeff (mpoly-to-mpoly-poly
T q) m)
by (metis poly-eql)

also have ... using insert
proof (intro alll insert.1H)
fix m «

show vars (coeff (mpoly-to-mpoly-poly = p) m) C vs using insert.prems(1)
by (metis Diff-eq-empty-iff Diff-insert2 dual-order.trans vars-coeff-mpoly-to-mpoly-poly)
show wars (coeff (mpoly-to-mpoly-poly x q) m) C vs using insert.prems(2)
by (metis Diff-eq-empty-iff Diff-insert2 dual-order.trans vars-coeff-mpoly-to-mpoly-poly)
have IH: partial-insertion o x p = partial-insertion « = q
proof (intro poly-ext)
fix y
have poly (partial-insertion o z p) y = poly (partial-insertion o x q) y +—
insertion (a(z := y)) p = insertion (a(z = y)) ¢
using insertion-partial-insertion|of * a a(z := y)] by simp
moreover have ... by (intro insert)
finally show poly (partial-insertion o z p) y = poly (partial-insertion o x
q) y by blast
qed
show insertion « (coeff (mpoly-to-mpoly-poly = p) m) = insertion « (coeff
(mpoly-to-mpoly-poly = q) m)
using insert.prems(3) by (simp add: IH)
qed
finally show ?case .
next
case (emply p q)
hence vars: vars p = {} vars ¢ = {} by auto
from vars-emptyE[OF vars(1)] obtain ¢ where p: p = Const ¢ .
from vars-emptyE[OF vars(2)] obtain d where ¢: ¢ = Const d .
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from empty(3)[of undefined, unfolded p q] have ¢ = d by auto
thus ?case unfolding p ¢ by simp
qed
show ?thesis
by (rule main[of vars p U vars q|, insert assms, auto simp: vars-finite)
qed

lemma vars-empty-Const: assumes vars (p :: 'a :: {ring-char-0,idom} mpoly) =
{}
shows 3 ¢. p = Const ¢
proof —
{
fix «
have insertion o p = insertion (A -. 0) p using assms
by (intro insertion-irrelevant-vars, auto)
also have ... = mcoeff p 0 by simp
also have ... = insertion a (Const (mcoeff p 0)) unfolding insertion-Const

finally have insertion o p = insertion o (Const (mcoeff p 0)) .
}
hence p = (Const (mcoeff p 0)) by (rule mpoly-extl)
thus ?thesis by auto
qed

context
assumes gel: A ¢ :: ‘a2 linordered-idom. ¢ > 0 = J z. cx z > 1
begin

lemma poly-ext-bounded:
fixes p q :: 'a poly
assumes Az. x > b = poly p © = poly q x shows p = ¢
proof —
define » where r = p — ¢
from assms have r: z > b = poly r ¢ = 0 for = by (auto simp: r-def)
have ?thesis +— r = 0 unfolding r-def by simp

also have ...
proof (cases degree r = 0)

case True

from degree0-coeffs| OF this] r[of b] show ?thesis by auto
next

case dr: Fualse
define Ic where lc = lead-coeff r
from dr have lc: lc # 0 by (auto simp: lc-def)
define d where d = degree r
define s where s = r — monom lc d
have ds: degree s < d unfolding s-def lc-def using dr
by (smt (verit, del-insts) Polynomial.coeff-diff Polynomial.coeff-monom
cancel-comm-monoid-add-class. diff-cancel coeff-eq-0 d-def degree-0
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diff-is-0-eq leading-coeff-0-iff linorder-neqE-nat linorder-not-le zero-diff)

{

fix z
have poly r © = poly (monom lc d + s) = unfolding s-def by simp
also have ... = lc x & ~d + poly s x by (simp add: poly-monom)

finally have poly rz = lc x © ~ d + poly s z .
} note eq = this
have 3 pe. (V2 >b. (c::’a)xx " d+ plypz=0)Ac>0A degree p <
d
proof (cases lc > 0)
case True
show %thesis by (rule exI[of - s], rule exI[of - lc], insert True eq r ds, auto)
next
case Fulse
with lc have True: — lc > 0 by auto
show ?thesis
proof (rule exI[of - — s|, rule exI[of - — lc], intro conjI alll True)
fix z
show b <z — — lcxz ~d + poly (— s) z = 0 using r[of z| eq|of x] by
auto
qed (insert ds, auto)
qed
then obtain p and ¢ :: ‘a
where ¢: ¢ > 0 and dp: degree p < dand 0: N z. 2 > b= cxz " d +
poly p x = 0
by auto
define m where m = Maz (insert 1 ((\ i. abs (coeff p 7)) ‘ {..degree p}))
define M where M = (1 + of-nat (degree p)) * m
have m1: m > 1 unfolding m-def by auto
have mc: ¢ < degree p = m > abs (coeff p i) for ¢ unfolding m-def
by (intro Maz-ge, auto)
define B where B = maz b 1
{
fix z
assume z: ¢z > B
hence z1: z > 1 unfolding B-def by auto
have abs (poly p x) = abs (>_ i<degree p. coeff p i x © ~ i)
by (simp add: poly-altdef)
also have ... < (D] i<degree p. abs (coeff p i * x ~ i)) by blast
also have ... < (3 i<degree p. m x x ~ degree p)
proof (intro sum-mono)
fix ¢
assume ¢ € {..degree p}
hence i: i < degree p by auto
have |coeff p i * & " i| = |coeff p i| x |z " i| by (auto simp: abs-mult)
also have ... < m x z ~ degree p
proof (intro mult-mono)
show |coeff p i| < m using mc i by auto
show 0 < m using m1 by auto
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have |z 4| = |z| ~ ¢ unfolding power-abs ..

also have ... = z ~ ¢ using zI by simp

also have ... < z ~ degree p using z1 i
using power-increasing by blast

finally show |z " i| < x ~ degree p by auto

qed simp

finally show |coeff p i x x "~ i| < m % & ~ degree p by simp
qed
also have ... = M % x ~ degree p by (simp add: M-def)

finally have ineq: |poly p x| < M = x ~ degree p .

have z > b using z unfolding B-def by auto
from 0[OF this| have abs (¢ x x ~ d) = abs (poly p z) by auto
with ineq have ineq: ¢ x ¢ ~d < M * x ~ degree p by auto

define k where k = d — Suc (degree p)
from dp have d: d = degree p + Suc k unfolding k-def by auto
have xp: © ~ degree p > 1 using z1 by simp
have cx 2z “d = (c*xx "k * ) x 2~ degree p unfolding d
by (simp add: algebra-simps power-add)

from ineg[unfolded this] have ineq: ¢ x x "k * < M using zp by simp

have ¢ * z < ¢ * 27k x x using ¢ z1 by fastforce
also have ... < M by fact
finally have ¢ x 2 < M .
}
hence contra: B< z = cx x < M for z .
have 3 z. ¢ x x > 1 using c gel by auto
then obtain d where cd: ¢ x d > 1 by auto
with ¢ have d: d > 0
by (meson less-numeral-extra(1) order-less-le-trans zero-less-mult-pos)
have M1: M > 1 unfolding M-def using m1
by (simp add: order-trans)

have M < M + 1 by auto
also have ... < (¢ x d) x (M + 1) using c¢d M1 by simp
also have ... < ¢ x maz B (d * (M + 1)) using M! ¢ d by auto
also have ... < M using contra[of maz B (d * (M + 1))] by simp
finally have Fulse by simp
thus Zthesis ..

qed

finally show ?thesis by simp

qed

lemma mpoly-ext-bounded:

assumes A a. (A z. a z > b) = insertion o p = insertion « (q ::
linordered-idom mpoly)

shows p = ¢
proof —
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have main: finite vs = vars p C vs = vars ¢ C vs = (A a. (A z. a z > b)
= insertion « p = insertion o q) = p = ¢ for vs
proof (induction vs arbitrary: p q rule: finite-induct)
case (insert x vs p q)
have p = ¢ <— mpoly-to-mpoly-poly x p = mpoly-to-mpoly-poly x q
by (metis poly-mpoly-to-mpoly-poly)
also have ... <— (V m. coeff (mpoly-to-mpoly-poly x p) m = coeff (mpoly-to-mpoly-poly
z q) m)
by (metis poly-eql)
also have ...
proof (intro alll insert.IH)
fix m «
show wars (coeff (mpoly-to-mpoly-poly x p) m) C vs using insert.prems(1)
by (metis Diff-eq-empty-iff Diff-insert2 dual-order.trans vars-coeff-mpoly-to-mpoly-poly)
show vars (coeff (mpoly-to-mpoly-poly z q) m) C vs using insert.prems(2)
by (metis Diff-eq-empty-iff Diff-insert2 dual-order.trans vars-coeff-mpoly-to-mpoly-poly)
assume alpha: A\ z. « (z :: nat) > (b :: 'a)
have IH: partial-insertion o x p = partial-insertion o z q
proof (intro poly-ext-bounded|of b))
fix y
assume y: y > (b :: a)
have poly (partial-insertion « z p) y = poly (partial-insertion o x q) y +—
insertion (a(z := y)) p = insertion (a(z = y)) ¢
using insertion-partial-insertion|of * a a(z := y)] by simp
moreover have ... by (intro insert, insert y alpha, auto)
finally show poly (partial-insertion o z p) y = poly (partial-insertion o x
q) y by blast
qed
show insertion « (coeff (mpoly-to-mpoly-poly = p) m) = insertion « (coeff
(mpoly-to-mpoly-poly = q) m)
using insert.prems(3) by (simp add: IH)
qed
finally show ?case .
next
case (emply p q)
hence vars: vars p = {} vars ¢ = {} by auto
from vars-emptyE[OF vars(1)] obtain ¢ where p: p = Const ¢ .
from vars-emptyE[OF vars(2)] obtain d where ¢: ¢ = Const d .
from empty(3)[of A -. b, unfolded p ¢] have ¢ = d
by (simp add: coeff-Const)
thus ?case unfolding p ¢ by simp
qed
show ?thesis
by (rule main|of vars p U vars q|, insert assms, auto simp: vars-finite)
qed
end

lemma mpoly-ext-bounded-int:
assumes A a. (A z. a © > b) = insertion a p = insertion a (q :: int mpoly)
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shows p = ¢
by (rule mpoly-ext-bounded|of b], insert assms, auto simp: exI|of - 1])

lemma mpoly-ext-bounded-field:

assumes A a. (A z. a © > b) = insertion a p = insertion o (q == 'a
linordered-field mpoly)

shows p = ¢

apply (rule mpoly-ext-bounded|of b))

subgoal for ¢ by (intro exl[of - inverse c|, auto)

subgoal using assms by auto

done

lemma mpoly-of-poly-is-poly-to-mpoly: mpoly-of-poly = poly-to-mpoly
unfolding poly-to-mpoly-def
apply transfer’
apply (unfold mpoly-of-poly-auz-def)
apply transfer’
apply (unfold when-def[symmetric])
by (intro ext, auto)

lemma insertion-poly-to-mpoly [simp]: insertion f (poly-to-mpoly i p) = poly p (f
i)

unfolding mpoly-of-poly-is-poly-to-mpoly|symmetric] by simp

lemma substitute-poly-to-mpoly:
assumes z: « £ = poly-to-mpoly y (q :: 'a :: {ring-char-0,idom} poly)
shows substitute o (poly-to-mpoly x p) = poly-to-mpoly y (pcompose p q)
apply (rule mpoly-extl)
apply (unfold insertion-substitute insertion-poly-to-mpoly x)
apply (unfold poly-pcompose)
by auto

lemma total-degree-add-Const: total-degree (p + Const (¢ :: 'a :: comm-ring-1))
= total-degree p
proof —
have total-degree (p + Const ¢) < total-degree p
by (rule total-degree-add, auto)
moreover have total-degree ((p + Const ¢) + Const (—c)) < total-degree (p +
Const c)
by (rule total-degree-add, auto)
moreover have (p + Const ¢) + Const (— ¢) = p by (simp add: Const-add[symmetric])
ultimately show ¢thesis by auto
qed

lemma mpoly-as-sum-any: (p :: 'a :: comm-ring-1 mpoly) = Sum-any (A m. mmonom
m (mcoeff p m))
proof (induct p rule: mpoly-induct)

case (monom m a)

thus ?case
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by transfer (smt (verit) Sum-any.cong Sum-any-when-equal’ lookup-single-eq
lookup-single-not-eq single-zero when-neg-zero when-simps(1))
next
case I: (sum pl p2m a)
show Zcase
apply (subst 1(1), subst 1(2))
apply (unfold coeff-add monom-add)
by (smt (23) 1(1) 1(2) MPoly-Type-monom-zero Sum-any.cong Sum-any. distrib
Sum-any.infinite add-cancel-left-left add-cancel-left-right mpoly-coeff-0)
qged

lemma mpoly-as-sum: (p :: 'a :: comm-ring-1 mpoly) = sum (A m. mmonom m
(mcoeff p m)) {m . mcoeff p m # 0}

apply (subst mpoly-as-sum-any)

by (smt (verit, ccfv-SIG) Collect-cong MPoly- Type-monom-0-iff Sum-any.expand-set)

lemma monom-as-prod: mmonom m ¢ = Const (¢ :: 'a :: comm-semiring-1) x
prod (A . Var i ~ lookup m 1) (keys m)

unfolding var-list

apply (intro arg-cong[of - - X z. - % x])

apply transfer’

apply (subst prod.distinct-set-conv-list[symmetric])

subgoal unfolding distinct-map by (auto simp: inj-on-def)

subgoal unfolding set-map image-comp set-sorted-list-of-set|OF finite-keys|

by (smt (verit, best) case-prod-conv finite-keys o-def prod.cong prod.inject

prod.reindez-nontrivial)

done

lemma poly-to-mpoly-substitute-same: assumes poly-to-mpoly © ¢ = substitute (\i.
Var z) p

shows poly q a = insertion (A\z. a) p

using arg-cong|OF assms, of insertion (X -. a), unfolded insertion-poly-to-mpoly

insertion-substitute insertion-Var]

by simp
lemma substitute-monom: fixes ¢ :: ‘a :: comm-semiring-1

shows substitute a (mmonom m c¢) = Const ¢ * prod (X i. a i~ lookup m i) (keys
m)

by (subst monom-as-prod) (simp add: substitute-prod o-def)
lemma degree-prod: assumes prod p A # (0 :: 'a :: idom mpoly)
shows mdegree (prod p A) © = sum (X i. mdegree (p i) ) A
using assms
by (induct A rule: infinite-finite-induct) (auto simp: mpoly-degree-mult-eq)

lemma degree-prod-le: fixes p :: - = 'a :: idom mpoly

shows mdegree (prod p A) < sum (X i. mdegree (p i) ) A
using degree-prod[of p A x] by (cases prod p A = 0; auto)
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lemma degree-power: assumes p # (0 :: 'a :: idom mpoly)

shows mdegree (p™n) x = n *x mdegree p =
by (induct n) (insert assms, auto simp: mpoly-degree-mult-eq)

lemma mdegree-Const-mult-le: mdegree (Const (c :: 'a :: idom) x p) x < mdegree
px

using mpoly-degree-mult-eq[of Const ¢ p ]

by (cases ¢ = 0; cases p = 0; auto)

lemma degree-substitute-const-same-var: mdegree (substitute (Mi. Const (¢ i) *
Var z) (p :: 'a 2 idom mpoly)) z < total-degree p
proof —
{
fix ¢
let ?z = Var z :: 'a mpoly
assume i: meoeff p i £ 0
have mdegree ([[iackeys i. (Const (c ia) x ?z) ~ lookup i ia) x < total-degree

apply (intro order.trans|OF - degree-monon-le-total-degree|of p i, OF i]])
apply (intro order.trans|OF degree-prod-le])
apply (rule order.trans[OF sum-monolof - - lookup ]])
apply (unfold power-mult-distrib Const-power|[symmetric])
apply (rule order.trans|OF mdegree-Const-mult-le])
apply (subst degree-power, force)
apply (subst degree-Var)
by (auto simp add: degree-monom-def)
} note main = this
show ?thesis
apply (subst (5) mpoly-as-sum)
apply (unfold substitute-sum o-def substitute-monom substitute-mult)
apply (intro degree-sum-lel)
apply (rule order.trans|OF mdegree-Const-mult-le])
using main by auto
qed
lemma degree-substitute-same-var: mdegree (substitute (\i. Var z) (p = 'a :: idom
mpoly)) z < total-degree p
using degree-substitute-const-same-var[of A -. 1, unfolded Const-1] by auto

lemma poly-pinfty-ge-int: assumes 0 < lead-coeff (p :: int poly)
and degree p # 0
shows dn. Va>n. b < poly p x
proof —
let ?q = of-int-poly p :: real poly
from assms have 0 < lead-coeff ?q degree ?q # 0 by auto
from poly-pinfty-ge[OF this, of of-int b] obtain n
where le: A\ z. x > n = real-of-int b < poly ?q x by auto
show ?thesis
proof (intro exI[of - ceiling n] alll impl)
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fix z
assume z > [n]
hence of-int © > n by linarith
from le[OF this] show b < poly p z by simp
qed
qed

context
assumes poly-pinfty-ge: A\ p b. 0 < lead-coeff (p :: 'a :: linordered-idom poly)
= degree p # 0 = dAn. Vz>n. b < polyp x
begin
lemma degree-mono-generic: assumes pos: lead-coeff p > (0 :: 'a)
and le: A z. 2 > ¢ = poly p x < poly q x
shows degree p < degree q
proof (rule ccontr)
let ?lc = lead-coeff
define » where r = p — ¢
assume — ?thesis
hence deg: degree p > degree q by auto
hence deg-eq: degree r = degree p unfolding r-def
by (metis degree-add-eq-right degree-minus uminus-add-conv-diff)
from deg have ?lc p # 0 by auto
with pos have pos: ?lc p > 0 by auto
have ?lc r = ?lc p unfolding r-def
using deg-eq le-degree r-def deg by fastforce
with pos have lcr: ?lc r > 0 by auto
from deg-eq deg have dr: degree v # 0 by auto
have z > ¢ = poly r x < 0 for z using le[of ] unfolding r-def by auto
with poly-pinfty-ge| OF lcr dr] show False
by (metis dual-order.trans nle-le not-one-le-zero)
qed

lemma degree-mono’-generic: assumes le: \ z. © > ¢ = (bnd :: 'a) < poly p =
A poly px < poly q x
shows degree p < degree q
proof (cases degree p = 0)
case deg: Fulse
show ?thesis
proof (rule degree-mono-generic[of - c])
show Az. ¢ < 2 = poly p = < poly q z using le by auto
let ?lc = lead-coeff
show 0 < ?lc p
proof (rule ccontr)
assume — ?thesis
hence ?lc (— p) > 0 degree (— p) # 0 using deg by auto
from poly-pinfty-ge[OF this, of — bnd + 1, simplified)
obtain n where A\ z. 2 > n = 1 — bnd < — poly p = by auto
from le[of max n c] this[of maz n c] show False by auto
qed
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qed
qed auto

end

definition nneg-poly :: ‘a :: {linordered-semidom, semiring-no-zero-divisors} poly
= bool where
nneg-poly p = ((V z. 2 > 0 — poly p x > 0) A lead-coeff p > 0)

lemma nneg-poly-nneg: assumes nneg-poly p
and z > 0

shows poly p x > 0
using assms unfolding nneg-poly-def by auto

lemma nneg-poly-lead-coeff: assumes nneg-poly p
shows p # 0 = lead-coeff p > 0
using assms unfolding nneg-poly-def
by (metis antisym-conv2 leading-coeff-neq-0)

lemma nneg-poly-add: assumes nneg-poly p nneg-poly q
shows nneg-poly (p + q) degree (p + q) = mazx (degree p) (degree q)
proof —
{
fix p ¢ :: 'a poly
assume le: degree p < degree q and pq: nneg-poly p nneg-poly q
have nneg-poly (p + q) A degree (p + q) = maz (degree p) (degree q)
proof (cases degree p = degree q)
case True
show ?thesis
proof (casesp =0V g = 0)
case True
thus ?thesis using pq by auto
next
case Fulse
with nneg-poly-lead-coeff [ of p] nneg-poly-lead-coeff|of q] pgq
have lc: lead-coeff p > 0 lead-coeff ¢ > 0 by auto
have degree (p + q) = degree q using lc True
by (smt (verit, del-insts) Polynomial.coeff-add add-cancel-left-left add-le-same-cancel?
le-degree leading-coeff-0-iff linorder-not-le order-less-le)
with lc pg True show ?thesis unfolding nneg-poly-def by auto
qed
next
case Fulse
with le have lt: degree p < degree q by auto
hence 1: degree (p + q) = degree q
by (simp add: degree-add-eq-right)
with [t have 2: lead-coeff (p + q) = lead-coeff q
using lead-coeff-add-le by blast
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from 1 2 pq It show ?thesis by (auto simp: nneg-poly-def)

qed

} note main = this

have degree p < degree q V degree q < degree p by linarith

with main[of p q] main|of ¢ p] assms

have nneg-poly (p + q) A degree (p + q) = max (degree p) (degree q)
by (auto simp: ac-simps)

thus nneg-poly (p + q) degree (p + q) = max (degree p) (degree q)
by auto

qed

lemma nneg-poly-mult: assumes nneg-poly p nneg-poly q
shows nneg-poly (p * q)
using assms unfolding nneg-poly-def poly-mult Polynomial.lead-coeff-mult
by (intro alll conjI mult-nonneg-nonneg impl, auto)

lemma nneg-poly-const|[simpl: nneg-poly [:c:] = (¢ > 0)
unfolding nneg-poly-def by (auto dest: spec|of - 0] simp add: coeff-const)

lemma nneg-poly-pCons|simp|: a > 0 A nneg-poly p = nneg-poly (pCons a p)
unfolding nneg-poly-def by (auto simp: coeff-pCons split: nat.splits)

lemma nneg-poly-0[simp]: nneg-poly 0
unfolding nneg-poly-def by auto

lemma nneg-poly-pcompose: assumes nneg-poly p nneg-poly q

shows nneg-poly (pcompose p q)
proof (cases degree ¢ > 0)

case True

show ?thesis unfolding nneg-poly-def poly-pcompose lead-coeff-comp|OF True]

using assms unfolding nneg-poly-def by auto

next

case Fulse

hence degree ¢ = 0 by auto

from degree0-coeffs|OF this] obtain ¢ where ¢: ¢ = [:¢:] by auto

with assms[unfolded nneg-poly-def] have c¢: ¢ > 0 by auto

have pg: p o, ¢ = [ poly p ¢ :] unfolding ¢

by (metis (no-types, opaque-lifting) add.right-neutral coeff-pCons-0 mult-zero-left
pcompose-0’ pcompose-assoc poly-pCons poly-pcompose)

show ?thesis using assms(1) unfolding nneg-poly-def pq using ¢ by auto
qged

lemma nneg-poly-degree-add-1: assumes p: nneg-poly p and a: al > 0 a2 > 0
shows degree (p * [:b, al:] + [:¢c, a2:]) = 1 + degree p

proof (cases degree p = 0)
case Fulse
thus ?thesis
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apply (subst degree-add-eq-left, insert p)
subgoal using a
by (metis One-nat-def degree-mult-eq-0 degree-pCons-eq-if irreducible -multD
less-one linear-irreducibley linorder-neqE-nat order-less-le pCons-eq-0-iff)
subgoal using «a
by (metis Suc-eq-plusl add.commute add.right-neutral degree-mult-eq de-
gree-pCons-eq-if not-pos-poly-0 pCons-eq-0-iff pos-poly-pCons)
done
next
case True
then obtain ¢ where p: p = [:¢:] and ¢: ¢ > 0 using p degree0-coeffs[of p] by
auto
show ?thesis unfolding p using ¢ a by (auto simp: add-nonneg-eq-0-iff)
qed

lemma nneg-poly-degree-add: assumes pq: nneg-poly (p :: 'a :: linordered-idom
poly) nneg-poly q
and a: a3 > 0a2 > 0al > 0
shows degree ([:a3:] * ¢ x p + ([:a2:] * ¢ + [:al:] * p + [:a0:])) = degree p +
degree q
proof —
{
fix p ¢ :: 'a poly and a2 al :: 'a
assume pq: nneg-poly p nneg-poly q
and dq: degree q # 0
and a: a2 > 0al > 0
have deg0: p # 0 = degree ([:a3:] * ¢ * p) = degree p + degree q using dq
a3 > 0> a
by (metis (no-types, lifting) add.commute add-cancel-left-left degree-mult-eq
degree-pCons-eq-if linorder-not-le nle-le pCons-eq-0-iff)
have degmaz: degree ([:a2:] * q¢ + [:al:] * p + [:a0:]) < maz (degree q) (degree
p)
by (simp add: degree-add-le)
have deg: degree ([:a3:] * g x p + ([:a2:] * ¢ + [:al:] * p + [:a0:])) = degree p
+ degree q
proof (cases degree p = 0)
case Fulse
have id: degree ([:a3:] * q * p) = degree p + degree q by (rule deg0, insert
False, auto)
moreover have maz (degree q) (degree p) < degree p + degree q using False
dq by auto
ultimately show ?thesis by (subst degree-add-eq-left, insert degmazx, auto)
next
case True
with pg obtain ¢ where p: p = [:c:] and ¢: ¢ > 0 using degree0-coeffs[of p]
by auto
define d where d = ¢ * a3 + a2
from a <a8 > 0> ¢ have d0: d # 0
by (simp add: add-nonneg-eq-0-iff d-def)
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have id: [:a3:] x q * [:c:] + ([:a2:] * ¢ + [:al:] * [:¢:] + [:a0:])
= [ic* al + a0:] + [:d:] * ¢
by (simp add: smult-add-left d-def)
show ?thesis unfolding p unfolding id
by (subst degree-add-eq-right, insert d0 dg, auto)
qed
} note main = this
show ?thesis
proof (cases degree ¢ = 0)
case Fulse
from main|OF pq False a(2,3)] show ?thesis .
next
case dq: True
show ?thesis
proof (cases degree p = 0)
case Fulse
from main[OF pq(2,1) False a(3,2)] show ?thesis by (simp add: alge-
bra-simps)
next
case dp: True
from degree0-coeffs|OF dp] degree0-coeffs|OF dq] show ?thesis by auto
qed
qed
qed

lemma poly-pinfty-gt-lc:
fixes p :: ‘a :: linordered-field poly
assumes lead-coeff p > 0
shows dn. V x > n. poly p x > lead-coeff p
using assms
proof (induct p)
case (
then show ?case by auto
next
case (pCons a p)
from this(1) consider a # 0 p = 0 | p # 0 by auto
then show ?case
proof cases
case I
then show %thesis by auto
next
case 2
with pCons obtain n1 where gte-lcoeff: Vz>nl. lead-coeff p < poly p x
by auto
from pCons(3) «p # 0> have gt-0: lead-coeff p > 0 by auto
define n where n = maz nl (1 + |a| / lead-coeff p)
have lead-coeff (pCons a p) < poly (pCons a p) x if n < x for z
proof —
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from gte-lcoeff that have lead-coeff p < poly p x
by (auto simp: n-def)
with g¢t-0 have |a| / lead-coeff p > |a| / poly p x and poly p x > 0
by (auto intro: frac-le)
with «n < ay[unfolded n-def] have z > 1 + |a| / poly p z
by auto
with <lead-coeff p < poly p x> <poly p x > 0> <p # 0>
show lead-coeff (pCons a p) < poly (pCons a p) x
by (auto simp: field-simps)
qed
then show ?thesis by blast
qed
qed

lemma poly-pinfty-ge:
fixes p :: ‘a :: linordered-field poly
assumes lead-coeff p > 0 degree p # 0
shows 3n.V > n. poly pxz > b
proof —
let %p = p — [:b — lead-coeff p ]
have id: lead-coeff ?p = lead-coeff p using assms(2)
by (cases p, auto)
with assms(1) have lead-coeff ?p > 0 by auto
from poly-pinfty-gt-lc|OF this, unfolded id] obtain n
where A\ z. 2 > n = 0 < poly p z — b by auto
thus “thesis by auto
qged

lemma nneg-polyl: fixes p :: 'a:linordered-field poly
assumes A\ z. 0 <z = 0 < poly p
shows nneg-poly p
unfolding nneg-poly-def

proof (intro alll conjl impI assms)

{

assume Ic: lead-coeff p < 0
hence ic0: lead-coeff (— p) > 0 by auto
from Ic assms[of 0] have degree p # 0 using degree0-coeffs|of p]
by (cases degree p = 0; auto)
from poly-pinfty-ge[OF Ic0, of 1] this obtain n where A z. z > n = poly p
r< — 1
by auto
with assms have Fulse
by (meson neg-0-le-iff-le nle-le not-one-le-zero order-trans)
}

thus lead-coeff p > 0 by force
qed
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lemma poly-bounded: fixes x :: 'a:: linordered-idom
assumes abs z < b
shows abs (poly p ) < (3. i < degree p. abs (coeff p i) * b " 1)
unfolding poly-altdef
apply (intro order.trans|OF sum-abs] sum-mono)
apply (unfold abs-mult power-abs, intro mult-left-mono power-mono assms)
by auto

lemma poly-degree-le-large-const:
assumes pq: degree (p :: 'a :: linordered-field poly) > degree q
and p0: A z.z > 0 = polypz >0
shows 3 HVh>H. Y x>0 . hxpolypx+ h > polyqz
proof (cases degree p = 0)
case True
with pg p0[of 0] obtain ¢ d where p: p = [:c:) and ¢: ¢ = [:d:] and ¢: ¢ > 0
using degree0-coeffs|of p] degree0-coeffs[of q] by auto
show ?thesis unfolding p ¢ using ¢
apply (intro exl]of - maz d 0], cases d < 0)
subgoal using order-trans by fastforce
by (simp add: add.commute add-increasing2)
next
case Fulse
define Ic where lc = lead-coeff p
define dp where dp = degree p
have dp1: dp > 1 using Fulse unfolding dp-def by auto
from p0 have lc > 0 unfolding lc-def using poly-pinfty-ge[of —p 1]
by (metis (no-types, opaque-lifting) False degree-minus lead-coeff-minus linorder-not-le
neg-le-0-iff-le nle-le not-one-le-zero order-le-less-trans poly-minus)
with False have lc: lc > 0 by (cases lc = 0, auto simp: lc-def)
define d where d = inverse lc
define dic where dic = d * lc
have dlc: dlc > 1 using lc by (auto simp: field-simps d-def dlc-def)
with Ic have d: d > 0 unfolding dic-def
by (simp add: d-def)
define h! where h1 = d x (1 + abs (coeff q dp))
define r where r = smult h1 p — ¢
have coeff r dp = h1 * lc — coeff q dp unfolding r-def lc-def dp-def by simp

also have ... = dlc x (1 + abs (coeff q dp)) — coeff q¢ dp unfolding hi-def
dlc-def by simp
also have — ... < — ((1 + abs (coeff ¢ dp)) — coeff q dp)

unfolding neg-le-iff-le using dic
by (intro diff-right-mono)
(simp add: abs-add-one-gt-zero)
also have ... < — 1 by simp
finally have coeff-r: coeff r dp > 0 by auto

have dpr: dp = degree r

proof —
have le: dp < degree r using coeff-r
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by (simp add: le-degree)
have degree r < dp unfolding dp-def r-def using assms(1)
by (simp add: degree-diff-le)
with le show ?thesis by auto
qed
with coeff-r have lcr: lead-coeff r > 0 by auto
from dpr dp! have degree r # 0 by auto
from poly-pinfty-ge[OF lcr this, of 0]
obtain n where n: A\ z. £ > n = 0 < poly r = by auto
define M where M = maz n 0
from poly-bounded[of - M r] obtain h2 where h2: abs © < M = abs (poly r
z) < h2 for z by blast
have h20: h2 > 0 using h2[of 0] unfolding M-def by auto
have h10: h1 > 0 using d unfolding hI-def by auto
define H where H = maz h1 h2
have HO: H > 0 using h10 unfolding H-def by auto
show ?thesis
proof (intro exI|of - H| conjl alll impI)
fixhz:'a
assume h: h > H
with HO have h0: h > 0 by auto
assume z0: v > 0
show poly gz < h *x poly px + h
proof (cases © > M)
case z: True
have h: h > hi1 using h H-def by auto
define h3 where h3 = h — hi
have h: h = hi1 + h3 and h2: h3 > 0 using h unfolding h3-def by auto
have r: 0 < poly r x and p: 0 < poly p x
using z n[of z] p0[of z] unfolding M-def by auto
have h x poly p x = h1 * poly p x + h3 * poly p x unfolding h by (simp
add: algebra-simps)
also have — ... < — (Al * poly p x)
unfolding neg-le-iff-le using h2 p by auto
also have ... < — (poly q x)
unfolding neg-le-iff-le using r unfolding r-def
by simp
finally have h * poly p x > poly q x by simp
with h0 show ?thesis by auto
next
case Fulse
with z0 have abs © < M by auto
from h2[OF this] have poly r x > — h2 by auto
from this[unfolded r-def]
have poly q x < h1 * poly p x + h2 by simp
also have ... < h x polypx + h
by (intro add-mono mult-right-mono p0 z0)
(insert h, auto simp: H-def)
finally show ?thesis .
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qed
qed
qed

lemma degree-monom-0[simpl: degree-monom 0 = 0
unfolding degree-monom-def by auto

lemma degree-monom-monomial[simp: degree-monom (monomial n z) = n
unfolding degree-monom-def by auto

lemma keys-add: keys (m + n :: monom) = keys m U keys n
by (rule keys-plus-ninv-comm-monoid-add)

lemma degree-monom-add[simp: degree-monom (m + n) = degree-monom m +
degree-monom n
unfolding degree-monom-def keys-add lookup-plus-fun
proof (transfer, goal-cases)
case (I m n)
have id: {k. mk # 0} U {k. nk # 0} =
{kmk#0}n{k.nk=0}U{k nk#0}n{k mk=20}
U{k.mk#0}n{k nk# 0} by auto
have id1: sum m {k. mk # 0} = summ ({k. mk # 0} N {k. nk = 0} U {k.
mk=#0yn{knk#0})
by (rule sum.cong, auto)
have id2: sumn{k.nk# 0} =sumn {k.nk#0}N{k mk=0}U{k m
k£ 0}n{k. nk#0})
by (rule sum.cong, auto)
show ?case unfolding id
apply (subst sum.union-disjoint)
subgoal using I by auto
subgoal using 1 by auto
subgoal by auto
apply (subst sum.union-disjoint)
subgoal using ! by auto
subgoal using I by auto
subgoal by auto
apply (unfold id1)
apply (subst sum.union-disjoint)
subgoal using ! by auto
subgoal using I by auto
subgoal by auto
apply (unfold id2)
apply (subst sum.union-disjoint)
subgoal using ! by auto
subgoal using I by auto
subgoal by auto
by (simp add: sum.distrib)
qed
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lemma degree-monom-of-set: finite xs = degree-monom (monom-of-set xs) =
card s

unfolding degree-monom-def

by (transfer, auto)

lemma keys-singletonE: assumes keys m = {z}
shows 3 ¢. m = monomial ¢ ¢ A\ ¢ = degree-monom m A ¢ # 0
proof —
define ¢ where ¢ = degree-monom m
from assms have mc: m = monomial ¢ x unfolding c-def
by (metis degree-monom-monomial except-keys group-cancel.rule0 plus-except)
have ¢ # 0 using assms unfolding mc by (simp split: if-splits)
from mc c-def this show ?thesis by blast
qed

lemma degree-monom-0-iff: degree-monom m = 0 <— m = 0
unfolding degree-monom-def
by transfer auto

lemma degree-0-imp-Const: fixes p :: 'a :: comm-ring-1 mpoly
assumes d0: total-degree p = 0
shows 3 ¢. p = Const ¢
proof —
{
fix m
assume mcoeff p m # 0
from degree-monon-le-total-degree[OF this, unfolded d0]
have m = 0 by (auto simp: degree-monom-0-iff)
}
hence {m . meoeff p m # 0} = {} V {m . mcoeff p m # 0} = {0} by auto
thus ?thesis
proof
assume id: {m . mcoeff p m # 0} = {}
have p = sum (A m. mmonom m (mcoeff p m)) {m . mcoeff p m # 0}
by (rule mpoly-as-sum)

also have ... = 0 unfolding id by simp
also have ... = Const 0 by simp
finally show ?thesis by blast

next

assume id: {m. mcoeff p m # 0} = {0}

have p = sum (A m. mmonom m (mcoeff p m)) {m . mcoeff p m # 0}
by (rule mpoly-as-sum)

also have ... = mmonom 0 (mcoeff p 0) unfolding id by simp

also have ... = Const (mcoeff p 0)
using mpoly-monom-0-eq-Const by blast

finally show ?thesis by blast

qed
qed
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lemma binary-degree-2-poly: fixes p :: 'a :: {ring-char-0,idom} mpoly
assumes td: total-degree p < 2
and vars: vars p = {z,y}
and zy: x # y
shows 3 abcdef.
p = Const a + Const b x Var x + Const ¢ x Var y +
Const d x Var x « Var x + Const e x Var y x Var y + Const f * Var x x Var
)
proof —
let ?p = mcoeff p
let 2z = monomial 1 x
let 2y = monomial 1y
let 2a = %p 0
let 20 = ?p %z
let 9c = ?p %y
let ?d = ?p (monomial 2 x)
let %e = ?p (monomial 2 y)
let 2f = ?p (monom-of-set {z,y})
define XY where XY = {m :: nat =¢ nat. keys m C {x,y} A degree-monom
m < 2}
let ?zy = [0,%z,%y, monomial 2 x, monomial 2 y, monom-of-set {z,y}]
have eq: m = n = keys m = keys n for m n :: monom by auto
have zy: distinct ?zy using xy
by (auto dest: eq)
have XY: XY = set 7xy
proof
show set ?zy C XY unfolding XY-def by (simp add: keys-add degree-monom-of-set
card-insert-if )
show XY C set %xy
proof
fix m
assume m € XY
hence keys: keys m C {z,y} and deg: degree-monom m < 2 unfolding
XY-def by auto
define km where km = keys m
from keys have keys m € {{}, {z}, {y}, {z,y}} unfolding km-def[symmetric|
by auto
then consider (e) keys m = {} | (z) keys m = {z} | (y) keys m = {y} | (ay)
keys m = {z,y} by auto
thus m € set xy
proof cases
case €
thus ?thesis by auto
next
case 1
from keys-singletonE[OF this)
obtain ¢ where m: m = monomial ¢ x and c: ¢ = degree-monom m ¢ # 0
by auto
from ¢ deg have ¢ € {1,2} by auto
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with m show ?Zthesis by auto
next
case y
from keys-singletonE[OF this)
obtain ¢ where m: m = monomial ¢ y and c: ¢ = degree-monom m ¢ # 0
by auto
from ¢ deg have ¢ € {1,2} by auto
with m show ?thesis by auto
next
case 1y
have m = monom-of-set {z, y} using zy deg <x # ¥
unfolding degree-monom-def
proof (transfer, goal-cases)
case (I m z y)
have zy: m z # 0 m y # 0 using 1(2) by auto
have sum m {k. mk # 0y =max + my + sum m ({k. mk # 0} —

{e.0)
using zy 1(1,2,4) by auto
with 1(3) zy have zy: maz =1 my = 1 and
rest: sum m ({k. m k # 0} — {x,y}) = 0 by auto
from rest have rest: z ¢ {z,y} = m z = 0 for z using 1(2) by blast
show ?case by (intro ext, insert xy rest, auto)
qged
thus ?thesis by auto
qed
qged
qed
have p = (3. m. mmonom m (mcoeff p m))
by (rule mpoly-as-sum-any)

also have ... = (> me{a. mmonom a (mcoeff p a) # 0}. mmonom m (mcoeff
p m))
unfolding Sum-any.expand-set by simp
also have ... = (3 me{a. mmonom a (mcoeff p a) # 0} N XY. mmonom m

(meoeff p m))
apply (rule sum.mono-neutral-right; (intro balll)?)

subgoal by auto
subgoal by auto
subgoal for m using vars order.trans|OF degree-monon-le-total-degree[of p m)]
td] unfolding XY-def
by simp (smt (verit, best) Diff D2 MPoly-Type-monom-zero coeff-notin-vars
mem-Collect-eq)
done
also have ... = (3. meXY. mmonom m (mcoeff p m))
apply (rule sum.mono-neutral-left)
subgoal unfolding XY by auto
subgoal by auto
subgoal by auto
done
also have ... = (3. m + %zy. mmonom m (mcoeff p m))
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unfolding XY using zy by force
also have ... = Const ?a + Const ?b x Var z + Const ?c x Var y +
Const 2d x Var x x Var x + Const ?e x Var y x Var y + Const ?f * Var z *
Var y
apply (intro mpoly-extI)
unfolding insertion-sum-list map-map o-def insertion-add insertion-mult in-
sertion-Const insertion- Var
sum-list. Cons list.simps insertion-single insertion-monom-of-set mpoly-monom-0-eq-Const
using zy
by (simp add: power2-eq-square)
finally show ?thesis by blast
qed

lemma bounded-negative-factor: assumes A\ z. ¢ < (z :: 'a = linordered-field) =
axx<b

shows a < 0
proof (rule ccontr)

assume — ?thesis

hence a > 0 by auto

hence y > ¢ = y > 0 = y < b for y using assms[of inverse a x y]

by (metis (no-types, opaque-lifting) assms dual-order.trans linorder-not-le mult.commaute
mult-imp-less-div-pos nle-le)

from this[of 1 + maxz 0 (maz ¢ b)]

show Fulse by linarith
qed

end

3 Definition of Monotone Algebras and Polyno-
mial Interpretations

theory Polynomial-Interpretation
imports
Preliminaries-on-Polynomials-1
First-Order-Terms. Term
First-Order-Terms.Subterm-and-Context
begin
abbreviation PVar = MPoly-Type. Var
abbreviation TVar = Term.Var

type-synonym ('f,'v)rule = ('f,’v)term x ('f,’v)term

We fix the domain to the set of nonnegative numbers

lemma subterm-size[termination-simpl: © < length ts = size (ts ! z) < Suc
(size-list size ts)
by (meson Suc-n-not-le-n less-eq-Suc-le not-less-eq nth-mem size-list-estimation)
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definition assignment :: (var = 'a :: {ord,zero}) = bool where
assignment « = (V z. o © > 0)

lemma assignmentD: assumes assignment «
shows oo z > 0
using assms unfolding assignment-def by auto

definition monotone-fun-wrt :: (‘a :: {zero,ord} = ‘a = bool) = nat = (a list
= 'a) = bool where
monotone-fun-wrt gt n f = (V v’ i vs. length vs =n — (V v € set vs. v > 0)
— i< n— gtv (vs!i) —

gt (f (vs [ :=0T)) (fvs))

definition valid-fun :: nat = ('a list = 'a :: {zero,ord}) = bool where
valid-fun n f = (V wvs. length vs = n — (V v € set vs. v > 0) — fuvs > 0)

definition monotone-poly-wrt :: (‘a :: {comm-semiring-1,zero,ord} = 'a = bool)
= var set = 'a mpoly = bool where
monotone-poly-wrt gt Vp = (V a z v. assignment « — z € V — gt v (a x)
%
gt (insertion (a(z := v)) p) (insertion « p))

definition valid-poly :: 'a :: {ord,comm-semiring-1} mpoly = bool where
valid-poly p = (¥ «. assignment o« — insertion a p > 0)

locale term-algebra =
fixes F :: ('f x nat) set
and I :: 'f = (a :: {ord,zero} list) = 'a
and gt :: ‘a = ‘a = bool

begin

abbreviation monotone-fun where monotone-fun = monotone-fun-wrt gt

definition valid-monotone-fun :: ('f x nat) = bool where
valid-monotone-fun fn = (V fnp. fn=(f;n) — p=1f
— walid-fun n p A monotone-fun n p)

definition valid-monotone-inter where valid-monotone-inter = Ball F valid-monotone-fun

definition orient-rule :: ('f,var)rule = bool where
orient-rule rule = (case rule of (l,r) = (V «. assignment o« — gt (I[l]«)

(I[r]a)))

end
locale omega-term-algebra = term-algebra F I (>) :: int = int = bool for F and

I:'f=-+
assumes vm-inter: valid-monotone-inter
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begin

definition termination-by-interpretation :: ('f,var) rule set = bool where
termination-by-interpretation R = (V¥ (I,r) € R. orient-rule (I,r) A funas-term 1

U funas-term r C F)

end

locale poly-inter =
fixes F :: ('f x nat) set
and [ :'f = 'a :: linordered-idom mpoly
and gt : '‘a = 'a = bool (infix > 50)
begin

definition I’ where I’ f vs = insertion (X i. if i < length vs then vs ! i else 0) (I

f)

sublocale term-algebra F I’ gt .
abbreviation monotone-poly where monotone-poly = monotone-poly-wrt gt

abbreviation weakly-monotone-poly where weakly-monotone-poly = monotone-poly-wrt

(=)

definition gt-poly :: ‘a mpoly = 'a mpoly = bool (infix <, 50) where
(p =p ¢) = (V¥ «. assignment o« — insertion o p > insertion o q)

definition valid-monotone-poly :: ('f x nat) = bool where
valid-monotone-poly fn = (V fnp. fn=(fn) — p=1f
— walid-poly p A monotone-poly {..<n} p A vars p = {..<n})

definition valid-weakly-monotone-poly :: ('f X nat) = bool where
valid-weakly-monotone-poly fn = (¥ fnp. fn=(f;n) — p=1f
— wvalid-poly p N\ weakly-monotone-poly {..<n} p A vars p C {..<n})

definition wvalid-monotone-poly-inter where valid-monotone-poly-inter = Ball F
valid-monotone-poly

definition valid-weakly-monotone-inter where valid-weakly-monotone-inter = Ball
F valid-weakly-monotone-poly

fun eval :: ('f,var)term = 'a mpoly where
eval (TVar x) = PVar z
| eval (Fun fts) = substitute (X 4. if i < length ts then eval (ts! i) else 0) (I f)

lemma I'-is-insertion-eval: I' [t] o = insertion « (eval t)
proof (induct t)

case (Var z)

then show Zcase by (simp add: insertion-Var)
next

case (Fun f ts)

then show Zcase

apply (simp add: insertion-substitute I'-def[of f])
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apply (intro arg-conglof - - A a. insertion « (I f)] ext)
subgoal for i by (cases i < length ts, auto)
done

qed

lemma orient-rule: orient-rule (I,r) = (eval I >, eval r)
unfolding orient-rule-def split 1’-is-insertion-eval gt-poly-def ..

lemma vars-eval: vars (eval t) C vars-term ¢
proof (induct t)
case (Fun fts)
define V where V = vars-term (Fun f ts)
define 0 where o = (Ai. if i < length ts then eval (ts! i) else 0)
{
fix i
have IH: vars (0 i) C V
proof (cases i < length ts)
case Fulse
thus ?thesis unfolding o-def by auto
next
case True
hence ts ! i € set ts by auto
with Fun(1)[OF this] have vars (eval (ts! 7)) C V by (auto simp: V-def)
thus ?thesis unfolding o-def using True by auto
qed
} note o-vars = this
define p where p = (I f)
show ?case unfolding eval.simps o-def[symmetric] V-def[symmetric] p-def[symmetric]
using o-vars
vars-substitute[of o] by auto
qed auto

lemma monotone-imp-weakly-monotone: assumes valid: valid-monotone-poly p
and gt: Az y. (z>y) = (z>y)
shows valid-weakly-monotone-poly p
unfolding valid-weakly-monotone-poly-def
proof (intro alll impl, clarify, intro conjI)
fix fn
assume p = (f,n)
note * = valid[unfolded valid-monotone-poly-def, rule-format, OF this refl]
from * show walid-poly (I f) by auto
from * show wvars (I f) C {..<n} by auto
show weakly-monotone-poly {..<n} (I f)
unfolding monotone-poly-wrt-def
proof (intro alll impl, goal-cases)
case (I a z a)
from * have monotone-poly {..<n} (I f) by auto
from this[unfolded monotone-poly-wrt-def, rule-format, OF 1(1—2), of al
show ?case unfolding gt using 1(3) by force

40



qed
qed

lemma valid-imp-insertion-eval-pos: assumes valid: valid-monotone-poly-inter
and funas-term t C F
and assignment o
shows insertion o (eval t) > 0
using assms(2—3)
proof (induct t arbitrary: «)
case (Var z)
thus “case by (auto simp: assignment-def insertion-Var)
next
case (Fun fts)
let ?n = length ts
let ?2f = (f,%n)
let 9p=1Ff
from Fun have ?f € F by auto
from walid[unfolded valid-monotone-poly-inter-def , rule-format, OF this, unfolded
valid-monotone-poly-def]
have valid: valid-poly ?p and vars ?p = {..<?n} by auto
from valid[unfolded valid-poly-def]
have ins: assignment o« = 0 < insertion « (I f) for « by auto
{
fix ¢
assume i < n
hence ts ! i € set ts by auto
with Fun(1)[OF this - Fun(3)] Fun(2) have 0 < insertion « (eval (ts! i)) by
auto
}
note IH = this
show ?Zcase
apply (simp add: insertion-substitute)
apply (intro ins, unfold assignment-def, intro alll)
subgoal for ¢ using IH|of i| by auto
done
qed

end

locale delta-poly-inter = poly-inter F I (A zy. x > y + 6) for F :: ('f x nat) set
and [ and
0 i 'a i {floor-ceiling,linordered-field} +
assumes valid: valid-monotone-poly-inter
and 60: 6 > 0
begin
definition termination-by-delta-interpretation :: ('f,var) rule set = bool where
termination-by-delta-interpretation R = (¥ (I,r) € R. orient-rule (I,r) A fu-
nas-term | U funas-term r C F)
end
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locale int-poly-inter = poly-inter F I (>) :: int = int = bool for F :: ('f X nat)
set and I +

assumes valid: valid-monotone-poly-inter
begin

sublocale omega-term-algebra F I’
proof (unfold-locales, unfold valid-monotone-inter-def, intro balll)
fix fn
assume fn € F
from valid[unfolded valid-monotone-poly-inter-def, rule-format, OF this)
have wvalid: valid-monotone-poly fn .
show wvalid-monotone-fun fn unfolding valid-monotone-fun-def
proof (intro alll impl conjI)
fix fnp
assume fn: fn = (f;n)and p:p=1'f
from wvalid[unfolded valid-monotone-poly-def, rule-format, OF fn refi]
have wvalid: valid-poly (I f) and mono: monotone-poly {..<n} (I f) by auto

show walid-fun n p unfolding valid-fun-def
proof (intro alll impl)

fix vs

assume length vs = n and vs: Ball (set vs) ((<) (0 :: int))

show 0 < p vs unfolding p I’-def

by (rule valid[unfolded valid-poly-def, rule-format], insert vs, auto simp:
assignment-def)

qed

show monotone-fun n p unfolding monotone-fun-wrt-def
proof (intro alll impl)
fix v’ i vs
assume x: length vs = n Ball (set vs) ((<) (0 ::int)) i < nwvs! i< v
show p vs < p (vs[i := v']) unfolding p I’-def
by (rule ord-less-eg-trans| OF mono|unfolded monotone-poly-wrt-def, rule-format,
of - i v
insertion-irrelevant-vars|, insert =, auto simp: assignment-def)
qged
qed
qed

definition termination-by-poly-interpretation :: ('f,var) rule set = bool where
termination-by-poly-interpretation = termination-by-interpretation
end

locale wm-int-poly-inter = poly-inter F' I (>) :: int = int = bool for F :: ('f x
nat) set and I +

assumes valid: valid-weakly-monotone-inter
begin
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definition oriented-by-interpretation :: ('f,var) rule set = bool where
oriented-by-interpretation R = (¥ (I,r) € R. orient-rule (I,r) A funas-term | U

funas-term r C F)

end

locale linear-poly-inter = poly-inter F' I gt for F I gt +
assumes linear: \ fn. (f,n) € F = total-degree (I f) < 1

locale linear-int-poly-inter = int-poly-inter F' I + linear-poly-inter F I (>)
for F :: ('f x nat) set and I

locale linear-wm-int-poly-inter = wm-int-poly-inter F I + linear-poly-inter F I

(>)

for F :: (/f x nat) set and |

definition termination-by-linear-int-poly-interpretation :: ('f x nat)set = ('f,var)rule
set = bool where
termination-by-linear-int-poly-interpretation F R = (3 1. linear-int-poly-inter F
IA
int-poly-inter.termination-by-poly-interpretation F I R)

definition omega-termination :: ('f x nat)set = ('f,var)rule set = bool where
omega-termination F R = (3 I. omega-term-algebra F' I A
omega-term-algebra.termination-by-interpretation F I R)

definition termination-by-int-poly-interpretation :: ('f X nat)set = ('f,var)rule
set = bool where
termination-by-int-poly-interpretation F R = (3 I. int-poly-inter F I N
int-poly-inter.termination-by-poly-interpretation F I R)

definition termination-by-delta-poly-interpretation :: 'a :: {floor-ceiling,linordered-field}
itself = ('f x nat)set = ('f,var)rule set = bool where
termination-by-delta-poly-interpretation TYPE('a) F R = (3 I 4. delta-poly-inter
FI@:'a)A
delta-poly-inter.termination-by-delta-interpretation F' I § R)

definition orientation-by-linear-wm-int-poly-interpretation :: ('f x nat)set = ('f,var)rule
set = bool where
orientation-by-linear-wm-int-poly-interpretation F R = (3 1. linear-wm-int-poly-inter
FINA
wm-int-poly-inter.oriented-by-interpretation F' I R)

end

4 Hilbert’s 10th Problem to Linear Inequality

theory Hilbert10-to-Inequality
imports
Preliminaries-on-Polynomials-1
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begin

definition hilbert10-problem :: int mpoly = bool where
hilbert10-problem p = (3 «. insertion a p = 0)

A polynomial is positive, if every coefficient is positive. Since the @Q{const
coeff }-function of 'a mpoly maps a coefficient to every monomial, this means
that positiveness is expressed as coeff p m #% 0 — 0 < coeff p m for
monomials m. However, this condition is equivalent to just demand 0 <
coeff p m for all m.

This is the reason why positive polynomials are defined in the same way as
one would define non—negative polynomials.

definition positive-poly :: 'a :: linordered-idom mpoly = bool where
positive-poly p = (¥ m. coeff p m > 0)

definition positive-interpr :: (var = 'a :: linordered-idom) = bool where
positive-interpr « = (V x. o x > 0)

definition positive-poly-problem :: 'a :: linordered-idom mpoly = 'a mpoly = bool
where
positive-poly p = positive-poly ¢ = positive-poly-problem p q =
(3 «. positive-interpr « A insertion « p > insertion a q)

datatype flag = Positive | Negative | Zero

fun flag-of :: 'a :: {ord,zero} = flag where
flag-of x = (if < 0 then Negative else if © > 0 then Positive else Zero)

definition subst-flag :: var set = (var = flag) = var = 'a :: comm-ring-1 mpoly
where
subst-flag V flag x = (if © € V then (case flag x of
Positive = Var x
| Negative = — Var z
| Zero = 0)
else 0)

definition assignment-flag :: var set = (var = flag) = (var = 'a :: comm-ring-1)
= (var = 'a) where
assignment-flag V flag a x = (if z € V then (case flag = of
Positive = a z
| Negative = — o x
| Zero = 1)
else 1)

definition correct-flags :: var set = (var = flag) = (var = 'a :: ordered-comm-ring)

= bool where
correct-flags V flag o« = (V z € V. flag x = flag-of (« x))
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lemma correct-flag-substitutions: fixes p :: 'a :: linordered-idom mpoly
assumes vars p C V
and beta: f = assignment-flag V flag o
and sigma: o = subst-flag V flag
and ¢: ¢ = substitute o p
and corr: correct-flags V flag
shows insertion B q = insertion o p positive-interpr (3
proof —
show insertion 8 q = insertion o p unfolding ¢ insertion-substitute
proof (rule insertion-irrelevant-vars)
fix z
assume r € vars p
with assms have x: z € V by auto
with corr have flag: flag x = flag-of (a z) unfolding correct-flags-def by auto

show insertion 8 (o z) = a =
unfolding beta sigma assignment-flag-def subst-flag-def using z flag
by (cases flag z, auto split: if-splits simp: insertion-Var insertion-uminus)
qed
show positive-interpr 8 using corr
unfolding positive-interpr-def beta assignment-flag-def correct-flags-def
by auto
qed

definition hilbert-encodel :: int mpoly = int mpoly list where
hilbert-encodel r = (let 2 = r72;
V = vars-list r2;
flag-lists = product-lists (map (X x. map (X f. (z,f)) [Positive, Negative, Zero))
V)
subst = (A fl. subst-flag (set V) (X z. case map-of fl x of Some f = f | None
= Zero))
in map (A fl. substitute (subst fl) r2) flag-lists)

lemma hilbert-encodel :
hilbert10-problem r <+— (3 p € set (hilbert-encodel r). 3 «. positive-interpr o A
insertion a p < 0)
proof
define r2 where 12 = 72
define V where V = vars-list r2
define flag-list where flag-list = product-lists (map (A z. map (A f. (z,f))
[Positive, Negative, Zero]) V)
define subst where subst = (A fl. subst-flag (set V) (X z. case map-of fl z of
Some f = f | None = Zero) :: var = int mpoly)
have hilb-enc: hilbert-encodel r = map (A fl. substitute (subst fl) r2) flag-list
unfolding subst-def flag-list-def V-def r2-def Let-def hilbert-encodel-def ..
have hilbert10-problem r +— (3 «. insertion a r = 0) unfolding hilbert10-problem-def
by auto
also have ... «— (3 «. (insertion o )72 < 0)
by (intro ex-congl, auto)
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also have ... +— (3 «. insertion a r2 < 0)
by (intro ex-congl, auto simp: power2-eq-square insertion-mult r2-def)
finally have hilb: hilbert10-problem r = (Ja. insertion o r2 < 0) (is ?hl =
?h2) .
let ?r1 = (3 p € set (hilbert-encodel r). 3 . positive-interpr o A insertion «
p<0)
{
assume ?r1
from this|unfolded hilb-enc)
show hilbert10-problem r unfolding hilb by (auto simp add: insertion-substitute)

}
{

assume ?h1

with hilb obtain a where solution: insertion a r2 < 0 by auto

define fl where fl = map (A z. (z, flag-of (a z))) V

define flag where flag = (\ z. case map-of fl x of Some f = f | None = Zero)

have vars: vars r2 C set V unfolding V-def by simp
have fi: fl € set flag-list unfolding flag-list-def product-lists-set fl-def
apply (simp add: list-all2-map2 list-all2-map1 , intro list-all2-refl)
by auto
have mem: substitute (subst-flag (set V) flag) r2 € set (hilbert-encodel r)
unfolding hilb-enc subst-def flag-def using fi by auto
have corr: correct-flags (set V) flag o unfolding correct-flags-def flag-def fl-def
by (auto split: option.splits dest!: map-of-SomeD simp: map-of-eq-None-iff
image-comp)
show ?r1 using solution correct-flag-substitutions|OF vars refl refl refl corr]
by (intro bexI[OF - mem]|, auto)
}

qed

lemma pos-neg-split: mpoly-coeff-filter (A z. (z :: 'a :: linordered-idom) > 0) p +
mpoly-coeff-filter (A z. x < 0) p=1p (is 7l + ?r = p)
proof —
{
fix m
let ?c = coeff p m
have coeff (7l + ?r) m = coeff 2l m + coeff ?r m by (simp add: coeff-add)
also have ... = coeff p m unfolding mpoly-coeff-filter
by (cases ?c < 0; cases ?c > 0; cases ?c = 0, auto)
finally have coeff (2l + ?r) m = coeff p m .
}
thus ?thesis using coeff-eq by blast
qed

definition hilbert-encode2 :: int mpoly = int mpoly X int mpoly where

hilbert-encode2 p =
(— mpoly-coeff-filter (A z. z < 0) p, mpoly-coeff-filter (\ z. x > 0) p)
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lemma hilbert-encode2: assumes hilbert-encode2 p = (r,s)

shows positive-poly r positive-poly s insertion o p < 0 <— insertion o r >
insertion « s
proof —

from assms[unfolded hilbert-encode2-def, simplified)

have s: s = mpoly-coeff-filter (A xz. x > 0) p

and r: 7 = — mpoly-coeff-filter (A z. z < 0) p (is - = — %q) by auto
have p = s + ?¢ unfolding s using pos-neg-split[of p] by simp
also have ... = s — r unfolding s r by simp

finally have insertion a p < 0 <— insertion o (s — r) < 0 by simp
also have insertion a (s — r) = insertion o s — insertion « r
by (metis add-uminus-conv-diff insertion-add insertion-uminus)
finally show insertion a p < 0 <— insertion o r > insertion o s by auto
show positive-poly s unfolding positive-poly-def s using mpoly-coeff-filter[of (A
z. x> 0) p
by (auto simp: when-def)
show positive-poly r unfolding positive-poly-def r coeff-uminus using mpoly-coeff-filter|of
ANz z < 0) p
by (auto simp: when-def)
qed

definition hilbert-encode :: int mpoly = (int mpoly x int mpoly)list where
hilbert-encode = map hilbert-encode2 o hilbert-encodel

Lemma 2.2 in paper

lemma hilbert-encode-positive: hilbert10-problem p
«— (3 (r,s) € set (hilbert-encode p). positive-poly-problem r s)
proof —
have hilbert10-problem p +— (I p’eEset (hilbert-encodel p). . positive-interpr
a A insertion o p’ < 0)
using hilbert-encodel [of p| by blast
also have ... «— (3 (r,s) € set (hilbert-encode p). positive-poly-problem r s) (is
2l = ?7r)
proof
assume ?[
then obtain p’ o where mem: p’eset (hilbert-encodel p) and sol: posi-
tive-interpr « insertion o p’ < 0 by blast
obtain r s where 2: hilbert-encode2 p' = (r,s) by force
from mem 2 have mem: (r,s) € set (hilbert-encode p) unfolding hilbert-encode-def
o-def by force
from hilbert-encode2[OF 2] sol have positive-poly-problem r s using posi-
tive-poly-problem-def[of r s] by force
with mem show ?r by blast
next
assume ?r
then obtain r s where mem: (r,s) € set (hilbert-encode p) and sol: posi-
tive-poly-problem r s by auto
from mem[unfolded hilbert-encode-def o-def] obtain p’ where
mem: p' € set (hilbert-encodel p)
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and hilbert-encode2 p’ = (r,s) by force
from hilbert-encode2|OF this(2)] sol positive-poly-problem-def[of 1 s]
have (Fa. positive-interpr o A insertion o p’ < 0) by auto
with mem hilbert-encodel[of p] show ?l by auto
qed
finally show ?thesis .
qed

end

5 Undecidability of Linear Polynomial Termina-
tion

theory Linear-Poly-Termination- Undecidable
imports
Hilbert10-to-Inequality
Polynomial-Interpretation
begin

Definition 3.1

locale poly-input =

fixes p q :: int mpoly

assumes pq: positive-poly p positive-poly q
begin

datatype symbol = a-sym | z-sym | o-sym | f-sym | v-sym var | ¢-sym | h-sym |
g-sym

abbreviation a-t where a-t t1 t2 = Fun a-sym [t1, t2]
abbreviation z-t where z-t = Fun z-sym ||

abbreviation o-t where o-t = Fun o-sym ||

abbreviation f-t where f-t t1 t2 t3 t4 = Fun f-sym [t1,t2,t3,t4]
abbreviation v-t where v-t i t = Fun (v-sym i) [¢]

definition encode-num :: var = int = (symbol,var)term where
encode-num x n = ((A t. a-t (Var z) t)” (nat n)) z-t

definition encode-monom :: var = monom = int = (symbol,var)term where
encode-monom x m ¢ = rec-list (encode-num x ¢) (A (i,e) - (A t. v-t i ¢)" e)
(var-list m)

definition encode-poly :: var = int mpoly = (symbol,var)term where
encode-poly x r = rec-list z-t (A (m,c) - t. a-t (encode-monom x m ¢) t) (monom-list

r)

lemma vars-encode-num: vars-term (encode-num z n) C {z}

proof —
define m where m = nat n
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show ?thesis
unfolding encode-num-def m-def|symmetric]
by (induct m, auto)
qed

lemma vars-encode-monom: vars-term (encode-monom z m ¢) C {x}
proof —
define zes where zes = var-list m
show ?thesis unfolding encode-monom-def zes-def[symmetric)
proof (induct zes)
case Nil
thus ?case using vars-encode-num by auto
next
case (Cons ye zes)
obtain y e where ye: ye = (y,e) by force
have [simp]: vars-term ((v-t y ~ " e) t) = vars-term t for t :: (symbol,var)term
by (induct e arbitrary: t, auto)
from Cons show ?case unfolding ye by auto
qed
qed

lemma vars-encode-poly: vars-term (encode-poly x r) C {x}
proof —
define mcs where mcs = monom-list r
show ?thesis unfolding encode-poly-def mcs-def[symmetric]
proof (induct mcs)
case (Cons mc mcs)
obtain m ¢ where mc: me = (m,c) by force
from Cons show ?case unfolding mc using vars-encode-monom[of z m c| by
auto
qed auto
qed

definition V where V = vars p U vars ¢

definition y! :: var where yI = 0
definition y2 :: var where y2 = 1
definition y3 :: var where y3 = 2

lemma y-vars: y1 # y2 y2 # y3 yl # y3
unfolding y1-def y2-def y3-def by auto

Definition 3.3

definition lhs-R = f-¢t (Var y1) (Var y2) (a-t (encode-poly y3 p) (Var y3)) o-t
definition rhs-R = f-t (a-t (Var y1) z-t) (a-t 2t (Var y2)) (a-t (encode-poly y3
2) (Var 43)) o

definition F' where F' = {(a-sym, 2), (z-sym, 0)} U (X 4. (v-sym i, 1 :: nat)) ¢
14
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definition F-R where F-R = {(f-sym,4), (o-sym, 0)} U F
definition R where R = {(lhs-R,rhs-R)}
definition V-list where V-list = sorted-list-of-set V

definition contexts :: (symbol X nat x nat) list
where contexts = |
(a-sym, 2, 0),
(a-sym, 2, 1),
(f—sym, 4a 0)7
(f-sym, 4, 1),
(f—sym, 43 2)7
(f-sym, 4, 3)] @
map (A 7. (v-sym i, 1,0)) V-list

replace t by {(z,...2,t,2,...,2)

definition z-context :: symbol x nat X nat = (symbol, var)term = (symbol, var)
term where

z-context ¢ t = (case ¢ of (f,n,i) = Fun f (replicate i z-t Q [t] Q replicate (n —
i— 1) zt))

definition z-conterts where
z-contexts cs = foldr z-context cs

definition all-symbol-pos-ctzt :: (symbol,var)term = (symbol,var)term where
all-symbol-pos-ctat = z-contexts contexts

definition lhs-R’ = all-symbol-pos-ctzt lhs-R
definition rhs-R’ = all-symbol-pos-ctxt rhs-R
definition R’ where R’ = {( lhs-R’, ths-R' )}

lemma funas-encode-num: funas-term (encode-num x n) C F
proof —
define m where m = nat n
show ?thesis
unfolding encode-num-def m-def[symmetric]
by (induct m, auto simp: F-def)
qged

lemma funas-encode-monom: assumes keys m C V
shows funas-term (encode-monom z m ¢) C F
proof —
define zes where zes = var-list m
show ?thesis using var-list-keys|of - - m] unfolding encode-monom-def zes-def[symmetric]
proof (induct xes)
case Nil
thus ?case using funas-encode-num by auto
next
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case (Cons ye zes)
obtain y e where ye: ye = (y,e) by force
have sub: funas-term ((v-ty ~ e) t) C insert (v-sym y, 1) (funas-term t) for
t 2 (symbol,var)term
by (induct e arbitrary: t, auto)
from Cons(2)[unfolded ye] assms have y € V by auto
hence inF: (v-sym y, 1) € F unfolding F-def by auto
from Cons sub inF' show ?case unfolding ye by fastforce
qed
qed

lemma funas-encode-poly: assumes vars r C V shows funas-term (encode-poly x
r)CF
proof —
define mcs where mcs = monom-list r
show ?thesis using monom-list-keys|of - - r] unfolding encode-poly-def mcs-def[symmetric]
proof (induct mes)
case (Cons mc mcs)
obtain m ¢ where mc: mec = (m,c) by force
have a: (a-sym, 2) € F unfolding F-def by auto
from Cons(2)[unfolded mc] assms have keys m C V by auto
from funas-encode-monom|[OF this, of x ¢] Cons(1)[OF Cons(2)] a
show ?case unfolding mc by (force simp: numeral-eq-Suc)
qed (auto simp: F-def)
qed

lemma funas-encode-poly-p: funas-term (encode-poly x p) C F
by (rule funas-encode-poly, auto simp: V-def)

lemma funas-encode-poly-q: funas-term (encode-poly x q) C F
by (rule funas-encode-poly, auto simp: V-def)

lemma lhs-R-F: funas-term lhs-R C F-R
proof —
from funas-encode-poly-p
show funas-term lhs-R C F-R unfolding lhs-R-def by (auto simp: F-R-def
F-def)
qed

lemma rhs-R-F: funas-term rhs-R C F-R
proof —
from funas-encode-poly-q
show funas-term rhs-R C F-R unfolding rhs-R-def by (auto simp: F-R-def
F-def)
qed

lemma finite-V: finite V unfolding V-def using vars-finite by auto
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lemma V-list: set V-list = V unfolding V-list-def using finite-V by auto

lemma contexts: assumes (f,n,i) € set contexts
shows (f,n) € F-Ri < n
using assms unfolding contexts-def F-R-def F-def by (auto simp: V-list)

lemma z-contexts-append: z-contexts (cs @Q ds) t = z-contexts cs (z-contexts ds t)
unfolding z-contexts-def by (induct cs, auto)

lemma z-context: assumes (f,n) € F-R ¢ < n and funas-term t C F-R
shows funas-term (z-context (f,n,i) t) C F-R

proof —
have z: (z-sym,0) € F-R unfolding F-R-def F-def by auto
thus ?thesis unfolding z-context-def split using assms by auto

qed

lemma funas-all-symbol-pos-ctzt: assumes funas-term t C F-R
shows funas-term (all-symbol-pos-ctat t) C F-R
proof —
define cs where cs = contexts
have sub: set cs C set conterts unfolding cs-def by auto
have id: all-symbol-pos-ctzt t = foldr z-context cs t unfolding cs-def all-symbol-pos-ctxt-def
z-contexts-def
by (auto simp: id-def)
show ?thesis unfolding id using sub assms(1)
proof (induct cs arbitrary: t)
case (Cons c cs t)
obtain f n ¢ where ¢: ¢ = (f,n,i) by (cases ¢, auto)
from ¢ Cons have (f,n,i) € set contexts by auto
from z-context|OF contexts|OF this], folded c] Cons
show ?case by auto
qed auto
qed

lemma lhs-R'-F: funas-term lhs-R’' C F-R
unfolding lhs-R’-def by (rule funas-all-symbol-pos-ctat|OF lhs-R-F])

lemma rhs-R’-F: funas-term ths-R' C F-R
unfolding rhs-R’-def by (rule funas-all-symbol-pos-ctzt]| OF rhs-R-F))
end

lemma insertion-positive-poly: assumes A\ z. a & > (0 :: 'a :: linordered-idom)
and positive-poly p

shows insertion a p > 0
by (rule insertion-nonneg, insert assms|unfolded positive-poly-def], auto)

locale solvable-poly-problem = poly-input p q for p q +

assumes sol: positive-poly-problem p q
begin
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definition o where a = (SOME «. positive-interpr a A\ insertion o q¢ < insertion
a p)

lemma «: positive-interpr « insertion o q < insertion o p
using somel-ex[OF sol[unfolded positive-poly-problem-def[OF pql], folded a-def]
by auto

lemma af: a z > 0 using « unfolding positive-interpr-def by auto
context

fixes I :: symbol = int mpoly
assumes inter: I a-sym = PVar 0 + PVar 1

I z-sym = 0

I o-sym = 1

I (v-sym i) = Const (a ©) * PVar 0
begin

lemma inter-encode-num: assumes ¢ > 0

shows poly-inter.eval I (encode-num x ¢) = Const ¢ x PVar x
proof —

from assms obtain n where cn: ¢ = int n by (metis nonneg-eq-int)

hence natc: nat ¢ = n by auto

show ?thesis unfolding encode-num-def natc unfolding cn

by (induct m, auto simp: inter poly-inter.eval.simps Const-0 Const-1 alge-

bra-simps Const-add)
qed

lemma inter-v-pow-e: poly-inter.eval I ((v-t © = e) t) = Const ((« z) 7€) *
poly-inter.eval I t
by (induct e, auto simp: Const-1 Const-mult inter poly-inter.eval.simps)

lemma inter-encode-monom: assumes c: ¢ > 0
shows poly-inter.eval I (encode-monom y m ¢) = Const (insertion o (monom m
c)) * PVary
proof —
define zes where zes = var-list m
from var-listof m c]
have monom: monom m ¢ = Const ¢ * ([] (z, e)+ zes . PVar z ~e) unfolding
zes-def .
show ?thesis unfolding encode-monom-def monom zes-def[symmetric]
proof (induct zes)
case Nil
show ?case by (simp add: inter-encode-num[OF c| insertion-Const)
next
case (Cons ze zes)
obtain x e where ze: ze = (z,¢) by force
show ?case by (simp add: ze inter-v-pow-e Cons Const-power
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insertion-Const insertion-mult insertion-power insertion- Var Const-mult)
qed
qed

lemma inter-foldr-v-t:

poly-inter.eval I (foldr v-t xs t) = Const (prod-list (map « xs)) x poly-inter.eval
It

by (induct xs arbitrary: t, auto simp: Const-1 inter poly-inter.eval.simps Const-mult)

lemma inter-encode-poly-generic: assumes positive-poly r
shows poly-inter.eval I (encode-poly z r) = Const (insertion « r) * PVar x
proof —
define mcs where mcs = monom-list r
from monom-listjof r] have r: r = (> (m, ¢)+ mcs. monom m c) unfolding
mcs-def by auto
have mcs: (m,c) € set mes = ¢ > 0 for m ¢
using monom-list-coeff assms unfolding mcs-def positive-poly-def by auto
note [simp] = inter poly-inter.eval.simps
show ?thesis unfolding encode-poly-def mcs-def[symmetric] unfolding r inser-
tion-sum-list map-map o-def
using mcs
proof (induct mes)
case (Cons mc mcs)
obtain m ¢ where mc: me = (m,c) by force
from Cons(2) mc have c: ¢ > 0 by auto
note monom = inter-encode-monom[OF this, of x m)]
show ?case
by (simp add: mc monom algebra-simps, subst Cons(1), insert Cons(2), auto
simp: Const-add algebra-simps)
qed simp
qed

lemma valid-monotone-inter-F: assumes positive-interpr «
and inF: fn € F
shows poly-inter.valid-monotone-poly I (>) fn
proof —
obtain f n where fn: fn = (f,n) by force
with inF have f: (f,n) € F by auto
show ?thesis unfolding poly-inter.valid-monotone-poly-def fn
proof (intro alll impl, clarify, intro conjl)
let ?valid = valid-poly
let ?mono = poly-inter.monotone-poly (>)
have [simp]: vars ((PVar 0 :: int mpoly) + PVar (Suc 0) + PVar 2 + PVar
3) ={0,1,2,3}
unfolding vars-def apply (transfer, simp add: Varg-def image-comp) by
code-simp
have [simp]: vars ((PVar 0 :: int mpoly) + PVar (Suc 0)) = {0,1}
unfolding vars-def apply (transfer, simp add: Varg-def image-comp) by
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code-simp
note [simp] = inter poly-inter.eval.simps
{
fix ¢
assume i: 1 € V and f = v-sym i and n: n = 1
hence I: I f = Const (a i) * PVar 0 by simp
from assms[unfolded positive-interpr-def] have alpha: o i > 0 by auto
have wvalid: ?valid (I f)
unfolding [ valid-poly-def using alpha
by (auto simp: insertion-mult insertion-Const insertion-Var assignment-def
intro!: mult-nonneg-nonneqg)
have mono: ?mono {..<n} (I f)
unfolding I unfolding n monotone-poly-wrt-def using alpha
by (auto simp: insertion-Const insertion-mult insertion- Var)
have vars (I f) C {..<n} unfolding I unfolding n
by (rule order.trans|OF vars-mult], auto)
moreover have 0 € vars (I f)
unfolding I unfolding n
proof (rule ccontr)
let ?p = Const (« 7) * PVar 0
assume not: 0 ¢ vars ?p
define § :: var = int where § z = 0 for z
have insertion 5 ?p = insertion (8(0 := 1)) ?p
by (rule insertion-irrelevant-vars, insert not, auto)
thus False using alpha by (simp add: -def insertion-mult insertion-Const
insertion-Var)
qed
ultimately have vars (I f) = {..< n} unfolding n by auto
note this valid mono
} note v-sym = this
from f v-sym show vars (I f) = {..< n} unfolding F-def by auto
from f v-sym show ?valid (I f) unfolding F-def
by (auto simp: valid-poly-def insertion-add assignment-def insertion-Var)
havezj: 2 </, = 2 =0V x=Suc 0V z= 2V z= 38 for z by linarith
have 22: z < 2 = z = 0 V z = Suc 0 for x by linarith
from f v-sym show ?mono {..<n} (I f) unfolding F-R-def F-def
by (auto simp: monotone-poly-wri-def insertion-add insertion-Var assign-
ment-def
dest: ©4 ©2)
qed
qed

end

fun I-R :: symbol = int mpoly where
I-R f-sym = PVar 0 + PVar 1 + PVar 2 + PVar 3
| I-R a-sym = PVar 0 + PVar 1
| I-R z-sym = 0
| I-R o-sym = 1
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| I-R (v-sym i) = Const (a i) * PVar 0
interpretation inter-R: poly-inter F-R I-R (>) .

lemma inter-R-encode-poly: assumes positive-poly r
shows inter-R.eval (encode-poly x v) = Const (insertion o r) * PVar x
by (rule inter-encode-poly-generic|OF - - - - assms], auto)

lemma valid-monotone-inter-R: inter-R.valid-monotone-poly-inter unfolding in-
ter-R.valid-monotone-poly-inter-def
proof (intro balll)
fix fn
assume f: fn € F-R
show inter-R.valid-monotone-poly fn
proof (cases fn € F)
case True
show inter-R.valid-monotone-poly fn
by (rule valid-monotone-inter-F[OF - - - - a(1) Truel, auto)
next
case Fulse
with f have f: fn € F-R — F by auto
have [simp]: vars ((PVar 0 :: int mpoly) + PVar (Suc 0) + PVar 2 + PVar
3) - {0713273}
unfolding vars-def apply (transfer, simp add: Varg-def image-comp) by
code-simp
show ?thesis unfolding inter-R.valid-monotone-poly-def using f
proof (intro balll impI alll, clarify, intro conjl)
fix fn
assume f: (f,n) € F-R (f,n) ¢ F
from f show wvars (I-R f) = {..< n} unfolding F-R-def by auto
from f show wvalid-poly (I-R f) unfolding F-R-def
by (auto simp: valid-poly-def insertion-add assignment-def insertion- Var)
havezj: 2 < 4 =z =0V 2z =8Suc 0V x= 2V xz= 3 for z by linarith
from f show inter-R.monotone-poly {..<n} (I-R f) unfolding F-R-def
by (auto simp: monotone-poly-wrt-def insertion-add insertion-Var assign-
ment-def
dest: ©4)
qed
qed
qed

sublocale inter-R: linear-int-poly-inter F-R I-R
proof
show inter-R.valid-monotone-poly-inter by (rule valid-monotone-inter-R)
fix fn
assume (f,n) € F-R
thus total-degree (I-R f) < 1 by (cases f, auto simp: F-R-def F-def intro!:
total-degree-add total-degree-Const-mult)
qed
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lemma orient-R-main: assumes assignment 3
shows insertion B (inter-R.eval lhs-R) > insertion B (inter-R.eval rhs-R)
proof —
have [hs-R: inter-R.eval lhs-R = PVar y1 + PVar y2 + Const (insertion o p +
1)« PVar y3 + 1
unfolding lhs-R-def by (simp add: inter-R-encode-poly|OF pq(1)] algebra-simps
Const-add Const-1)
have rhs-R: inter-R.eval rhs-R = PVar y1 + PVar y2 + Const (insertion « q
+ 1) x PVar y3
unfolding rhs-R-def by (simp add: inter-R-encode-poly[OF pq(2)] algebra-simps
Const-add Const-1)
show ?thesis
unfolding lhs-R rhs-R
apply (simp add: insertion-add insertion-mult insertion-Var insertion-Const)
apply (intro mult-right-mono)
subgoal using «(2) by simp
subgoal using assms unfolding assignment-def by auto
done
qed

The easy direction of Theorem 3.4

lemma orient-R: inter-R.termination-by-poly-interpretation R
unfolding inter-R.termination-by-poly-interpretation-def inter-R.termination-by-interpretation-def
R-def inter-R.orient-rule
proof (clarify, intro conjI)
show inter-R.gt-poly (inter-R.eval lhs-R) (inter-R.eval rhs-R)
unfolding inter-R.gt-poly-def
by (intro alll impl orient-R-main)
qed (insert lhs-R-F rhs-R-F, auto)

lemma solution-imp-linear-termination-R: termination-by-linear-int-poly-interpretation
F-R R

unfolding termination-by-linear-int-poly-interpretation-def

by (intro exl, rule conjI[OF - orient-R|, unfold-locales)
end

context poly-input
begin

lemma inter-z-context:

assumes i: ¢ < nand I: I f = Const c0 + (sum-list (map (A j. Const (¢ j) *
PVar j) [0..<n)))

and Ize: I z-sym = Const d0

shows 3 d. V t. poly-inter.eval I (z-context (f,n,i) t) = Const d + Const (c i)
* poly-inter.eval I t
proof —

define d where d = c0 + (3 2+[0..<i]. cx x d0) + (3  z+[Suc i..<n]. c z *
do)
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show ?thesis
proof (intro exlI[of - d] alll)
fix ¢ :: (symbol, nat) term
define list where list = replicate i (Fun z-sym []) Q [t] @ replicate (n — i —
1) (Fun z-sym [])
have len: length list = n
using ¢ unfolding list-def by auto
have z[simp]: poly-inter.eval I (Fun z-sym []) = Const d0 unfolding poly-inter.eval.simps
using Ize by auto
let zs1 = [0 ..< 1]
let ?zs2 = [Suc i ..< n]
define ev where ev = (A z. Const (¢ x) * poly-inter.eval I (list ! x))
have poly-inter.eval I (z-context (f,n,i) t) = Const c0 +
(> z<+[0..<n]. ev x)
unfolding z-context-def split list-def[symmetric]
unfolding poly-inter.eval.simps len I ev-def
unfolding substitute-add substitute-Const substitute-sum-list o-def substi-
tute-mult substitute- Var
apply (rule arg-conglof - - X zs. (+) - (sum-list zs)])
by (rule map-cong|OF refl], auto)
also have [0 ..< n] = %zs1 @ { # %zs2 using ¢
by (metis less-imp-add-positive upt-add-eq-append upt-rec zero-le)
also have sum-list (map ev ...) = sum-list (map ev %xsl) + sum-list (map ev
?rs2) + ev i by simp
also have map ev ?zs1 = map (A z. (Const (¢ z * d0))) ?xsi
unfolding o-def by (intro map-cong, auto simp: ev-def list-def nth-append
Const-mult)
also have sum-list ... = Const (sum-list (map (A z. ¢ x * d0) ?zs1)) unfolding
Const-sum-list o-def ..
also have map ev ?zs2 = map (A z. (Const (¢ z * d0))) ?zs2
unfolding o-def by (intro map-cong, auto simp: ev-def list-def nth-append
Const-mult)
also have sum-list ... = Const (sum-list (map (A z. ¢ x * d0) ?zs2)) unfolding
Const-sum-list o-def ..
also have ev i = Const (c i) * poly-inter.eval I t unfolding ev-def list-def by
(auto simp: nth-append)
finally show poly-inter.eval I (z-context (f, n, i) t) = Const d + Const (c i)
* poly-inter.eval I ¢
unfolding add.assoc[symmetric] Const-add[symmetric| d-def by blast
qed
qed

lemma inter-z-contexts:
assumes cs: \ fni. (f,ng) € set cs= i <n AIf= Const (cOf)+ (sum-list
(map (A j. Const (¢ fj) x PVar j) [0..<n]))
and Ize: I z-sym = Const d0
shows 3 d. V t. poly-inter.eval I (z-contexts cs t) = Const d + Const (prod-list
(map (A (f,n,3). ¢ fi) ¢s)) = poly-inter.eval It
proof —
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define ¢’ where ¢’ = (X (f,n :: nat,i). ¢ f 1)
have c¢”: ¢ fi = ¢’ (f,n,i) for fi n unfolding c’-def split ..
{
fix fni
assume mem: fni € set cs
obtain f n ¢ where fni: fni = (f,n,i) by (cases fni, auto)
from cs[OF mem[unfolded fni]]
have i: i < nand I f = Const (c0 f) + (3 j«[0..<n]. Const (¢ fj) = PVar
j) by auto
note inter-z-context| OF this Ize, unfolded c'[of - - n], folded fni]
} note z-pre-ctzt = this
define p where p fni d t = (fni € set cs — poly-inter.eval I (z-context fni t)
= Const d + Const (¢’ fni) * poly-inter.eval I t)
for fni d t
from z-pre-ctxt
have V fni. 3 d. V t. p fni d ¢t by (auto simp: p-def)
from choice|OF this| obtain d’ where A fnit. p fni (d’ fni) t by auto
hence z-ctat: )\ fnit. fni € set cs = poly-inter.eval I (z-context fni t) = Const
(d' fni) + Const (¢’ fni) * poly-inter.eval It
unfolding p-def by auto
define d where d = foldr (A fnic. d’ fni + ¢’ fni x ¢) ¢s 0
show ?thesis
proof (intro exI[of - d] alll)
fix ¢ :: (symbol,var)term
show poly-inter.eval I (z-contexts cs t) = Const d + Const (] (f, n, i)<cs. ¢
f %) * poly-inter.eval It
unfolding d-def z-contexts-def using z-ctrt
proof (induct cs)

case Nil
show ?case by (simp add: Const-0 Const-1)
next

case (Cons fni cs)
from Cons(2)[of fni]
have z-ctat: poly-inter.eval I (z-context fni t) = Const (d’ fni) + Const (¢’
fni) * poly-inter.eval I t for t by auto
from Cons(1)[OF Cons(2)]
have IH: poly-inter.eval I (foldr z-context cs t) =
Const (foldr (Mfni c. d’ fni + ¢’ fni % ¢) ¢s 0) + Const (I] (f, n, y)cs. ¢
fy) * poly-inter.eval I t
by auto
have [simp]: (case fni of (f, n, xza) = ¢ f za) = ¢’ fni unfolding c’-def ..
show ?case
by (simp add: z-ctxt TH algebra-simps Const-mult)
(simp add: Const-add[symmetric] Const-mult]symmetric])
qed
qed
qed

lemma inter-all-symbol-pos-ctzt-generic:
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assumes f: I f-sym = Const fc + Const f0 x PVar 0 + Const f1 «+ PVar 1 +
Const f2 x PVar 2 + Const f3 x PVar 38
and a: [ a-sym = Const ac + Const a0 x PVar 0 + Const al x PVar 1
and v: A i. i € V= I (v-sym i) = Const (vc i) + Const (v0 i) * PVar 0
and [ z-sym = Const zc
shows 3 d. V t. poly-inter.eval I (all-symbol-pos-ctxt t) = Const d + Const
(prod-list ([a0, al, f0, f1, {2, f3] @ map v0 V-list))
* poly-inter.eval I t
proof —
define ¢ where ¢ = (X fi. case f of
a-sym = if i = 0 then a0 else al
| v-sym x = v0 x
| f~sym = if i = 0 then f0 else if i = Suc 0 then fI else if i = 2 then f2 else f3)
define c0 where c0 = (A f. case f of a-sym = ac | f-sym = fe | v-sym z = vc
x)
have id: [a0, al, f0, f1, f2, 13] @ map v0 V-list = map (X (f,n,7). ¢ f i) contexts

unfolding contexts-def map-append
by (auto simp: c-def)
have lists: [0..<2] = [0,Suc 0] [0 ..< 4] = [0,Suc 0, 2,3] by code-simp+
show ?thesis unfolding id all-symbol-pos-ctxt-def
proof (rule inter-z-contexts[of - - ¢0 ¢ zc])
show [ z-sym = Const zc by fact
fix fni
assume (f, n, i) € set contexts
thus ¢ < n A If = Const (c0f) + (> j«[0..<n]. Const (¢ fj) «x PVar j)
unfolding contexts-def cO-def c-def by (auto simp: f a v V-list lists)
qed
qed
end

context solvable-poly-problem
begin

lemma inter-all-symbol-pos-ctat:
Jde e>1 NV t inter-R.eval (all-symbol-pos-ctzt t) = Const d + Const e *
inter-R.eval t)
proof —
from inter-all-symbol-pos-ctzt-genericlof 'R 01 1 110110 « 0, unfolded
Const-0 Const-1]
obtain d where inter: A\ t. inter-R.eval (all-symbol-pos-ctzt t) = Const d +
Const (prod-list (map o V-list)) * inter-R.eval t
by auto
show ?thesis
proof (rule exI[of - d|, rule exI[of - prod-list (map o V-list)], intro congl alll
inter)
define vs where vs = V-list
show 1 < prod-list (map « V-list) unfolding vs-def[symmetric]
proof (induct vs)
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case (Cons v vs)
from «(1)[unfolded positive-interpr-def, rule-format, of v] have I < a v by
auto
with Cons show ?case by simp (smt (verit, ccfv-threshold) mult-pos-pos)
qged auto
qed
qed

The easy direction of Theorem 3.4 for R’

lemma orient-R’: inter-R.termination-by-poly-interpretation R’
unfolding inter-R.termination-by-interpretation-def inter- R.termination-by-poly-interpretation-def
R’-def inter-R.orient-rule
proof (clarify, intro conjI)
from inter-all-symbol-pos-ctzt obtain d e where
e: e > 1 and
ctxt: A\ t. inter-R.eval (all-symbol-pos-ctzt t) = Const d + Const e x inter-R.eval
t
by auto
let ?ctzt = X f. Const d + Const e * f
show inter-R.gt-poly (inter-R.eval lhs-R’) (inter-R.eval rhs-R’)
unfolding inter-R.gt-poly-def
proof (intro alll impI)
fix B :: var = int
assume ass: assignment [3
have insertion 8 (inter-R.eval lhs-R') > insertion B (inter-R.eval rhs-R’)
«— insertion B (inter-R.eval lhs-R) > insertion 3 (inter-R.eval rhs-R)
unfolding lhs-R'-def rhs-R'-def ctzt using e
by (simp add: insertion-add insertion-mult insertion- Var insertion-Const)

also have ... using orient-R-main[OF ass] .
finally show insertion B (inter-R.eval rhs-R') < insertion [ (inter-R.eval
Ihs-R") .
qed

qed (insert lhs-R’-F rhs-R'-F, auto)

lemma solution-imp-linear-termination-R': termination-by-linear-int-poly-interpretation
F-R R’

unfolding termination-by-linear-int-poly-interpretation-def

by (intro exl, rule conjI[OF - orient-R’], unfold-locales)
end

Now for the other direction of Theorem 3.4

lemma monotone-linear-poly-to-coeffs: fixes p :: int mpoly
assumes linear: total-degree p < 1
and poly: valid-poly p
and mono: poly-inter.monotone-poly (>) {..<n} p
and vars: vars p = {..<n}
shows 3 ¢ a. p = Const ¢ + (3 i<[0..<n]. Const (a i) * PVar 1)
ANe>0ANNi<n oai>0)
proof —
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have sum-zero: (\ z. x € set xs = x = 0) = sum-list (zs :: int list) = 0 for
xs by (induct xs, auto)
interpret poly-inter undefined undefined (>) :: int = - .
from coefficients-of-linear-poly| OF linear] obtain ¢ a vs
where p: p = Const ¢ + (D i<vs. Const (a i) x PVar i)
and wvsd: distinct vs set vs = vars p sorted-list-of-set (vars p) = vs
and nz: \ v. v € set vs = av # 0
and c¢: ¢ = coeff p 0
and a: A\ i. a i = coeff p (monomial 1 i) by blast
have vs: vs = [0..<n] unfolding vsd(3)[symmetric] unfolding vars
by (simp add: lessThan-atLeast0)
show ?thesis unfolding p vs
proof (intro exl conjl alll impl, rule refl)
show c: ¢ > 0 using poly[unfolded valid-poly-def, rule-format, of A -. 0,
unfolded p]
by (auto simp: coeff-add[symmetric] coeff-Const coeff-sum-list o-def co-
eff-Const-mult
coeff-Var monomial-0-iff assignment-def)
fix ¢
assume ¢ < n
hence i: i € set vs unfolding vs by auto
from nz[OF this] have a0: a i # 0 by auto
from split-list[OF i] obtain bef aft where vsi: vs = bef Q [i] Q aft by auto
with vsd(1) have i: i ¢ set (bef Q aft) by auto
define o where o = (XA z. if z = i then ¢ + 1 else 0)
have assignment o unfolding assignment-def a-def using c¢ by auto
from poly[unfolded valid-poly-def, rule-format, OF this, unfolded p)
have 0 < ¢+ (D az+bef Qaft. az * ax) + (ai* a i)
unfolding insertion-add vsi map-append sum-list-append insertion-Const
insertion-sum-list
map-map o-def insertion-mult insertion- Var
by (simp add: algebra-simps)
also have (3 z<bef @ aft. a x * o ) = 0 by (rule sum-zero, insert i, auto
simp: a-def)
also have a i = (¢ + 1) unfolding a-def by auto
finally have le: 0 < ¢ x (a4 + 1) + a i by (simp add: algebra-simps)
with c have a7 > 0
by (smt (verit, best) mult-le-0-iff)
with a0 show a i > 0 by simp
qed
qed

locale poly-input-to-solution-common = poly-input p q +
poly-inter F' I (>) :: int = int = bool for p ¢ I and F' :: (poly-input.symbol X
nat) set and argsL argsR +
assumes orient:
orient-rule (Fun f-sym ([Var y1, Var y2, a-t (encode-poly y3 p) (Var y3)] @Q
argsL),
Fun f-sym ([a-t (Var y1) zt, a-t z-t (Var y2), a-t (encode-poly y3 q) (Var y3)]
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Q@ argsR))
and len-args:length argsL = length argsR
and y123: {yl,y2,y5} N (U (vars-term  set (argsL @ argsR))) = {}
and FF’ insert (f-sym, 3 + length argsR) F C F’
and linear-mono-interpretation: (g,n) € insert (f-sym, 3 + length argsR) F —

3 ca. Ig= Const c+ (> i<]0..<n]. Const (a i) * PVar i)
Ne>0ANNi<n oai>0)
begin

abbreviation ff where ff = (f-sym, 3 + length argsR)
abbreviation args where args = [3..<length argsR + 3|

lemma extract-a-poly: 3 a0 al a2. I a-sym = Const a0 + Const al * PVar 0 +
Const a2 x PVar 1

ANal > 0Nal >0Na2 >0
proof —

have [simp]: [0 ..<2] = [0,1] by code-simp

have [simp]: (Vi<2. P i) = (P 0 A P (1 :: nat)) for P by (auto simp add:
numeral-eq-Suc less-Suc-eq)

have (a-sym,2) € insert ff F unfolding F-def by auto

from linear-mono-interpretation|OF this]

show ?thesis by force
qed

lemma extract-f-poly: 3 f0 f1 f2 3 f4. I f~sym = Const f0 + Const f1 x PVar 0
+ Const f2 x PVar 1
+ Const f3 « PVar 2 + (>_ i< args. Const (f4 i) = PVar i)
AfO>ONFL>0N2>0A3>0
proof —
have id: [0..<3 + length argsR] = [0,1,2] Q args
by (simp add: numeral-3-eq-8 upt-rec)
have ff € insert ff F' by auto
from linear-mono-interpretation[ OF this|] obtain ¢ a
where Iff: I f-sym = Const ¢ + (3 i<[0..<8 + length argsR]. Const (a i) *
PVar i)
and ¢: 0 < cand a: A i. i < 3 + length argsR = 0 < a i by blast
show ?thesis
apply (rule exI[of - c])
apply (rule exI[of - a 0])
apply (rule exI[of - a 1))
apply (rule exI[of - a 2])
apply (rule exI[of - a])
using ¢ alof 0] a[of 1] a [of 2] Iff id by auto
qed

lemma extract-z-poly: 3 ze0. I z-sym = Const ze0 A ze0 > 0

proof —
have (z-sym,0) € insert ff F unfolding F-def by auto
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from linear-mono-interpretation|OF this| show ?thesis by auto
qed

lemma solution: positive-poly-problem p q
proof —
from extract-a-poly obtain a0 al a2 where
Ia: I a-sym = Const a0 + Const al * PVar 0 + Const a2 * PVar 1
and a: 0 < a0 0 < al 0 < a2
by auto
from extract-f-poly obtain f0 f1 2 f3 f/ where
If: I f-sym = Const fO0 + Const f1 x PVar 0 + Const f2 « PVar 1 + Const f3
x PVar 2 + (> i<—args. Const (f{ i) * PVar i)
and f: 0 < f0O0<fl10<f20< {3
by auto
from extract-z-poly obtain ze() where
Iz: I z-sym = Const zel
and z: 0 < zel
by auto
{
fix x
assume z € V
hence (v-sym z, 1) € insert ff F unfolding F-def by auto
from linear-mono-interpretation|OF this)
have 3¢ a. I (v-sym x) = Const ¢ + Const a *x PVar 0 A 0 < a by auto
}
henceV 2.3 ca.z € V — I (v-sym x) = Const ¢ + Const a x PVar 0 A 0
< a by auto
from choice|OF this] obtain v0 where V z. 3 a. z € V — I (v-sym z) =
Const (v0 z) + Const a x PVar 0 A 0 < a by auto
from choice[OF this] obtain vI where
Iv: \ z. 2 € V=TI (v-sym x) = Const (v0 z) + Const (v z) * PVar 0 and
v Az.ze V= 0<vlzby auto

let ?lhs = Fun f-sym ([TVar y1, TVar y2, Fun a-sym [encode-poly y3 p, TVar
y3]] @ argsL)
let ?rhs = Fun f-sym
([Fun a-sym [TVar y1, Fun z-sym []], Fun a-sym [Fun z-sym [|, TVar y2],
Fun a-sym [encode-poly y3 q, TVar y3]] Q
argsR)

from orient[unfolded orient-rule
have gt: gt-poly (eval ?lhs) (eval ?rhs) by auto
have [simp]: Suc (Suc (Suc (Suc 0))) = 4 by simp
have [simp]: Suc (Suc 0) = 2 by simp
define restL where restL = substitute

(M. if © < length argsR + 3

then eval ((TVar y1 # TVar y2 # Fun a-sym [encode-poly y3 p, TVar y3|
# argsL) ! i) else 0)
(5>~ i<—local.args. PVar i x Const (f4 7))
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define b0 where b0 = f3 * a0 + f0

define b1 where b1 = f3 % a0 + fO0 + fI * a0 + fI * a2 % ze0 + f2 % a0 +
2 % al * ze0

define b2 where 02 = f3 x al

define b3 where b3 = f3 * a2

have 023: b2 > 0 b3 > 0 unfolding b2-def b3-def using a f by auto

let ?pt = encode-poly y3 p

let ?qt = encode-poly y3 q

from vars-encode-poly|of y3|

have vars: vars-term ?pt U vars-term ?qt C {y3} by auto

from vars-eval vars

have vars: vars (eval ?pt) U vars (eval ?qt) C {y3} by auto

have [simp]: Suc (Suc (Suc (length argsR))) = length argsR + 3

by presburger

have lhs: eval ?lhs = Const b0 +
Const f1 * PVar y1 +
Const f2 x PVar y2 +
Const b2 x eval ?pt + Const b3 x PVar y3 + restL
using If Ia len-args by (simp add: algebra-simps Const-add Const-mult b0-def
b2-def b3-def restL-def)
define 8 where § z1 22 23 = (A z. 0 == int) (yl = z1)) (y2 := 22)) (y3 =
23) for z1 22 23
have args: args = map (A z. z + 3) [0..<length argsR)]
using map-add-upt by presburger
define rl where rl = insertion (8 0 0 0) restL
{
have insRestL: insertion (§ z1 22 23) restL = (> x<-[0..<length
argsR]. (insertion (S z1 22 23) (eval (argsL ! z)) = (f{ (z + 3)))) for
z1 22 23
unfolding restL-def insertion-substitute insertion-sum-list map-map o-def
if-distrib args insertion-mult insertion- Var insertion-Const
apply (rule arg-cong[of - - sum-list])
apply (rule map-cong[OF refl]) by auto
have insRestL: insertion (8 z1 22 23) restL = rl for z1 22 23
unfolding insRestL ri-def
apply (rule arg-cong[of - - sum-list])
apply (rule map-cong[OF refl])
apply (rule arg-conglof - - X\ z. x * -])
apply (rule insertion-irrelevant-vars)
subgoal for v i unfolding len-args[symmetric] using y123 vars-eval|of argsL
I ]
by (auto simp: 5-def)
done
} note ins-restL = this

define restR where restR = substitute

(Ni. if © < length argsR + 3
then eval
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((Fun a-sym [TVar y1, Fun z-sym [|] #
Fun a-sym [Fun z-sym [|, TVar y2] # Fun a-sym [encode-poly y3 q,
TVar y3] # argsR) !
i)
else 0)
(>~ i«args. PVar i x Const (f4 i))
have rhs: eval ?rhs = Const b1 +
Const (f1 % al) * PVar y1 +
Const (f2 * a2) x PVar y2 +
Const b2 x eval ?qt + Const b3 x PVar y3 + restR
unfolding restR-def using If Ia Iz by (simp add: algebra-simps Const-add
Const-mult b1-def b2-def b3-def)
define m where rr = insertion (5 0 0 0) restR
{
have insRestR: insertion (8 z1 22 23) restR = (D x+[0..<length
argsR]. (insertion (8 z1 22 23) (eval (argsR ! x)) * (f4 (z + 3)))) for
21 22 28
unfolding restR-def insertion-substitute insertion-sum-list map-map o-def
if-distrib args insertion-mult insertion- Var insertion-Const
apply (rule arg-cong[of - - sum-list])
apply (rule map-cong[OF refl]) by auto
have insRestR: insertion (8 z1 22 23) restR = rr for z1 22 23
unfolding insRestR rr-def
apply (rule arg-cong[of - - sum-list])
apply (rule map-cong[OF refl])
apply (rule arg-conglof - - X z. x x -])
apply (rule insertion-irrelevant-vars)
subgoal for v i using y123 vars-eval[of argsR ! v]
by (auto simp: 5-def)
done
} note ins-restR = this

have [simp]: B 21 22 28 yl = 21 for z1 z2 23 unfolding §-def using y-vars by
auto
have [simp]: B z1 22 23 y2 = 22 for z1 22 z3 unfolding S3-def using y-vars by
auto
have [simp]: B z1 22 23 y3 = 23 for z1 22 z3 unfolding S3-def using y-vars by
auto
have 8: 21 > 0 = 22 > 0 = 23 > 0 = assignment (8 z1 22 23) for z1 22
28
unfolding assignment-def [-def by auto
define I1 where I1 = insertion (8 0 0 0) (eval ?lhs)
have ins-lhs: insertion (8 z1 22 0) (eval ?lhs) = f1 * z1 + f2 * 22 + 1 for 21
22
unfolding lhs l1-def
apply (simp add: insertion-add insertion-mult insertion-Const insertion-Var
ins-restL)
apply (rule disjI2)
apply (rule insertion-irrelevant-vars)
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using vars by auto

define 12 where 12 = insertion (5 0 0 0) (eval ?rhs)
have ins-rhs: insertion (8 z1 22 0) (eval ?rhs) = f1 * al * z1 + f2 x a2 * 22
+ 12 for z1 22
unfolding rhs [2-def
apply (simp add: insertion-add insertion-mult insertion-Const insertion-Var
ins-restR)
apply (rule disjI2)
apply (rule insertion-irrelevant-vars)
using vars by auto
define [ where | = 12 — [1
have gt-inst: 0 < 21 = 0 < 22 = f1 x al * z1 + f2 x a2 % 22 + 1 < fl %
z1 + f2 % 22 for z1 z2
using gt[unfolded gt-poly-def, rule-format, OF B, of z1 22 0, unfolded ins-lhs
ins-rhs]
by (auto simp: I-def)
{
define a1’ where a1’ = al — 1
define 2z where z = fI x al’
have al: al = 1 + al’ unfolding al’-def by auto
have al’”: a1’ > 0 using a unfolding al by auto
from gt-inst[of abs | 0, unfolded al]
have z x |I| + 1 < 0
by (simp add: algebra-simps z-def)
hence z < 0
by (smt (verit) mult-le-cancel-right1)
with <0 < f1» have al’ < 0 unfolding z-def
by (simp add: mult-le-0-iff)
with a1’ al have al = 1 by auto
} note al = this
{
define a2’ where a2’ = a2 — 1
define z where z = f2 *x a2’
have a2: a2 = 1 + a2’ unfolding a2’-def by auto
have a2’: a2’ > 0 using a unfolding a2 by auto
from gt-inst[of 0 abs I, unfolded a2]
have z x |I| + 1 < 0
by (simp add: algebra-simps z-def)
hence z < 0
by (smt (verit) mult-le-cancel-right1)
with <0 < f2)> have a2’ < (0 unfolding z-def
by (simp add: mult-le-0-iff)
with a2’ a2 have a2 = 1 by auto
} note a2 = this

have Ia: I a-sym = Const a0 + PVar 0 + PVar 1
unfolding Ia a1 a2 Const-1 by simp
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fix ¢ :: int
assume ¢ > 0
then obtain n where cn: ¢ = int n by (metis nonneg-eq-int)
hence natc: nat ¢ = n by auto
have 3 d. eval (encode-num y3 ¢) = Const d + Const ¢ * PVar y3
unfolding encode-num-def natc unfolding cn
by (induct n, auto simp: Iz Ia Const-0 Const-1 algebra-simps Const-add, auto
simp: Const-add[symmetric))
} note encode-num = this

fixzeft
assume z: x € V and eval: 3 c. eval t = Const ¢ + Const f * PVar y3
have 3 d. eval ((v-t x " e) t) = Const d + Const (vl )" e x f) * PVar y3
proof (induct e)

case ()

show ?case using eval by auto
next

case (Suc e)

then obtain d where IH: eval ((v-t x ~ " e) t) = Const d + Const (vl z ~

e x )« PVar y3 by auto
show Zcase by (simp add: IH Iv[OF x| algebra-simps Const-mult)
(auto simp: Const-mult[symmetric] Const-add[symmetric])
qged
} note v-pow-e = this

{

fix ¢ :: int and m
assume c: ¢ > 0
define base where base = encode-num y3 c
define zes where zes = var-list m
assume keys: keys m C V
from encode-num[OF c] obtain d where base: eval base = Const d + Const
¢ x PVar y3
by (auto simp: base-def)
from var-list[of m c]
have monom: monom m ¢ = Const ¢ x ([[ (z, )< zes . PVar z ~ e) unfolding
zes-def .
have 3 d. eval (encode-monom y3 m ¢) = Const d + Const (insertion vl
(monom m ¢)) * PVar y3
using var-list-keys[of - - m]
unfolding encode-monom-def monom xes-def[symmetric| base-def[symmetric]
proof (induct xes)

case Nil
show ?case by (auto simp: base insertion-Const)
next

case (Cons ze xes)
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obtain z ¢ where ze: ze = (z,¢e) by force
with Cons keys have z: © € V by auto
from Cons
have 3 d. eval (rec-list base (A (i, €) -. v-t i~ e) zes) =
Const d + Const (c * insertion vl ([ (x, y)<=zes. PVar z ~y)) * PVar y3
by (auto simp: insertion-mult insertion-Const)
from v-pow-e¢[OF x this, of e¢] obtain d where
id: eval ((v-t x = e) (rec-list base (A(i, €) -. v-t i~ e) zes)) =
Const d + Const (vl x ~ e * (¢ * insertion vl (][] (z, y)<zes. PVar z =
y))) * PVar y3
by auto
show ?case by (intro exl|of - d], simp add: xe id,
auto simp: Const-power Const-mult insertion-mult insertion-Const
insertion-power insertion- Var)
qed
} note encode-monom = this

{
fix r :: int mpoly
assume vars: vars v € V and pos: positive-poly r
define mcs where mcs = monom-list r
from monom-list[of r] have r: r = (3_ (m, ¢)< mcs. monom m c¢) unfolding
mcs-def by auto
have mecs-pos: (m,c) € set mes => ¢ > 0 for m ¢
using monom-list-coeff pos unfolding mcs-def positive-poly-def by auto
from monom-list-keys[of - - r, folded mcs-def] vars
have mcs-V: (m,c) € set mes = keys m C V for m ¢ by auto
have 3 d. eval (encode-poly y3 r) = Const d + Const (insertion vl r) = PVar
y3
unfolding encode-poly-def mcs-def[symmetric] unfolding r using mcs-pos
mes-V
unfolding insertion-sum-list map-map o-def
proof (induct mcs)

case Nil
show ?case by (auto simp add: Iz Const-0)
next

case (Cons mc mcs)
obtain m ¢ where mec: mec = (m,c) by force
from Cons(2) mc have c¢: ¢ > 0 by auto
from Cons(3) mc have keys m C V by auto
from encode-monom[OF c¢ this]
obtain dI where m: eval (encode-monom y3 m c¢) = Const dI + Const
(insertion vl (monom m c)) = PVar y3 by auto
from Cons(1)[OF Cons(2—3)]
obtain d2 where IH: eval (rec-list z-t (A (m,c)-. a-t (encode-monom y3 m
c)) mes) =
Const d2 + Const (> me+mes. insertion vl (case me of (m, ¢) = monom
m c)) * PVar y3
by force
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show ?case unfolding mc
apply (simp add: Ia m IH)
apply (simp add: Const-add algebra-simps)
by (auto simp flip: Const-add)
qed
} note encode-poly = this

from encode-poly|OF - pq(1)] V-def
obtain dI where p: eval (encode-poly y3 p) = Const d1 + Const (insertion vl
p) * PVar y3 by auto

from encode-poly| OF - pq(2)] V-def
obtain d2 where ¢: eval (encode-poly y8 q) = Const d2 + Const (insertion vl
q) * PVar y3 by auto

define d3 where d3 = b0 + b2 *x dI + 7l
have ins-lhs: insertion (8 0 0 23) (eval ?lhs) = d3 + (b3 + b2 * insertion vl p)
x 23 for 23
unfolding p d3-def lhs
by (simp add: insertion-add insertion-mult insertion-Const insertion- Var alge-
bra-simps ins-restL)

define d/ where d4 = b1 + b2 %« d2 + rr
have ins-rhs: insertion (8 0 0 23) (eval ?rhs) = df + (b3 + b2 x insertion vl
q) * 23 for z3
unfolding q dj-def rhs
by (simp add: insertion-add insertion-mult insertion-Const insertion-Var alge-
bra-simps ins-restR)

define d5 where d5 = d4 — d3

define left where left = b3 + b2 * insertion vl p
define right where right = b3 + b2 = insertion vl q
define diff where diff = left — right

have gt-inst: z8 > 0 = diff * 28 > d5 for 23
using gt[unfolded gt-poly-def, rule-format, OF B, of 0 0 28, unfolded ins-lhs
ins-rhs]
by (auto simp: d5-def left-def right-def diff-def algebra-simps)
from this[of abs d5]
have diff > 0
by (smt (verit) Groups.mult-ac(2) mult-le-cancel-right! mult-minus-right)
from this[unfolded diff-def left-def right-def]
have 02 x insertion vl p > b2 x insertion vl q by auto
with «<b2 > 0) have solution: insertion vl p > insertion vl q by simp

define oo where o z = (if z € V then vl z else 1) for x

from v have «: positive-interpr o unfolding positive-interpr-def a-def by auto
have insertion o ¢ = insertion vl q
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by (rule insertion-irrelevant-vars, auto simp: a-def V-def)
also have ... < insertion vl p by fact
also have ... = insertion « p
by (rule insertion-irrelevant-vars, auto simp: a-def V-def)
finally show positive-poly-problem p q
unfolding positive-poly-problem-def[OF pq] using « by auto
qed
end

locale solution-poly-input-R = poly-input p q + poly-inter F-R I (>) :: int = -
for p g I +
assumes orient: orient-rule (Ihs-R,rhs-R)
and linear-mono-interpretation: (g,n) € F-R —>
3 ca. Ig= Constc+ (3 i<][0..<n]. Const (a i) * PVar7)
ANe>0ANNi<n oai>D0)
begin

lemma solution: positive-poly-problem p q
apply (rule poly-input-to-solution-common.solution[of - - I F-R [o-t] [2-t]])
apply (unfold-locales)
subgoal using orient unfolding lhs-R-def rhs-R-def by simp
subgoal by simp
subgoal by simp
subgoal unfolding F-R-def by auto
subgoal for g n using linear-mono-interpretation|of g n] unfolding F-R-def by
auto
done
end

locale lin-term-poly-input = poly-input p q for p q +
assumes lin-term: termination-by-linear-int-poly-interpretation F-R R
begin

definition I where I = (SOME I. linear-int-poly-inter F-R I A int-poly-inter.termination-by-poly-interpretati
F-R I R)

lemma I: linear-int-poly-inter F-R I int-poly-inter.termination-by-poly-interpretation
F-RIR

using somel-ex| OF lin-term[unfolded termination-by-linear-int-poly-interpretation-def],
folded I-def] by auto

sublocale linear-int-poly-inter F-R I by (rule I(1))
lemma orient: orient-rule (lhs-R,rhs-R)
using I(2)[unfolded termination-by-interpretation-def termination-by-poly-interpretation-def]

unfolding R-def by auto

lemma extract-linear-poly: assumes g: (g,n) € F-R
shows 3 ca. [ g = Const ¢ + (3. i«[0..<n]. Const (a i) x PVar 1)
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ANez0NANNVi<n o ai>D0)
proof —
define p where p = I g
have sum-zero: (\ z. x € set xs = x = 0) = sum-list (zs :: int list) = 0 for
xs by (induct xs, auto)
from wvalid[unfolded valid-monotone-poly-inter-def, rule-format, OF ¢]
have poly: valid-poly p
and mono: monotone-poly {..<n} p
and vars: vars p = {..<n}
by (auto simp: valid-monotone-poly-def p-def)
from linear[OF g| p-def
have linear: total-degree p < 1 by auto
show ?thesis unfolding p-def[symmetric]
by (rule monotone-linear-poly-to-coeffs|OF linear poly mono vars))
qed

lemma solution: positive-poly-problem p q
apply (rule solution-poly-input-R.solution|of - - I])
apply (unfold-locales)
apply (rule orient)
apply (rule extract-linear-poly)
by auto
end

locale wm-lin-orient-poly-input = poly-input p q for p q +
assumes wm-orient: orientation-by-linear-wm-int-poly-interpretation F-R R’
begin

definition I where I = (SOME I. linear-wm-int-poly-inter F-R I N\ wm-int-poly-inter.oriented-by-interpretati
F-RIR)

lemma I: linear-wm-int-poly-inter F-R I wm-int-poly-inter.oriented-by-interpretation
F-RIR'

using somel-ex| OF wm-orient[unfolded orientation-by-linear-wm-int-poly-interpretation-def],
folded I-def] by auto

sublocale linear-wm-int-poly-inter F-R I by (rule I(1))

lemma orient-R": orient-rule (lhs-R',rhs-R’)
using I(2)[unfolded oriented-by-interpretation-def] unfolding R’-def by auto

lemma extract-linear-poly: assumes g: (g,n) € F-R
shows 3 ¢ a. I g = Const ¢ + (3 i<[0..<n]. Const (a i) * PVar i)
ANe>0ANNMi<n . ai>0)
proof —
define p where p = I g
have sum-zero: (\ z. x € set xs = x = 0) = sum-list (zs :: int list) = 0 for
xs by (induct xs, auto)
from valid[unfolded valid-weakly-monotone-inter-def valid-weakly-monotone-poly-def,
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rule-format, OF g refl p-def]
have poly: valid-poly p
and mono: weakly-monotone-poly {..<n} p
and vars: vars p C {..<n}
by (auto simp: valid-monotone-poly-def p-def)
from linear[OF g| p-def
have linear: total-degree p < 1 by auto
from coefficients-of-linear-poly| OF linear] obtain ¢ b vs
where p: p = Const ¢ + (D i«ws. Const (b i) x PVar i)
and vsd: distinct vs set vs = vars p sorted-list-of-set (vars p) = vs
and nz: \ v. v € set vs = b v # 0
and c: ¢ = coeff p 0
and b: A i. b i = coeff p (monomial 1 i) by blast
define a where a z = (if z € vars p then b x else 0) for
have p = Const ¢ + (>_ i+wvs. Const (b i) x PVar i) by fact
also have () i«—wvs. Const (b i) x PVar i) = (3. i € set vs. Const (b i) x PVar
1) using vsd(1)
by (rule sum-list-distinct-conv-sum-set)
also have ... = (>_i € set vs. Const (a i) x PVar i) + 0 by (subst sum.cong,
auto simp: a-def vsd)
also have 0 = (> i € {..<n} — set vs. Const (a i) * PVar i)
by (subst sum.neutral, auto simp: a-def vsd)
also have (> i € set vs. Const (a i) *x PVari) + ... = (> i € set vs U ({..<n}
— set vs). Const (a i) * PVar i)
by (subst sum.union-inter[symmetric|, auto)
also have set vs U ({..<n} — set vs) = set [0..<n] using vars vsd by auto
finally have pca: p = Const ¢ + (3" i < [0..<n]. Const (a 7) * PVar i)
by (subst sum-list-distinct-conv-sum-set, auto)

show ?thesis unfolding p-def[symmetric] pca
proof (intro exI congl olll impl, rule refl)
show c¢: ¢ > 0 using poly[unfolded valid-poly-def, rule-format, of A -. 0,
unfolded p|
by (auto simp: coeff-add[symmetric] coeff-Const coeff-sum-list o-def co-
eff-Const-mult
coeff-Var monomial-0-iff assignment-def)
fix ¢
assume ¢ < n
show a7 > 0
proof (cases i € set vs)
case Fulse
thus “thesis unfolding a-def using vsd by auto
next
case i: True
from nz[OF this| have a0: a i # 0 b { = a ¢ using i by (auto simp: a-def
vsd)
from split-list|OF i] obtain bef aft where vsi: vs = bef @Q [i] Q aft by auto
with vsd(1) have i: i ¢ set (bef Q aft) by auto
define o where o = (\ z. if x = i then ¢ + 1 else 0)
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have assignment o unfolding assignment-def a-def using c¢ by auto
from poly[unfolded valid-poly-def, rule-format, OF this, unfolded p]
have 0 < ¢ + (D z«bef Q aft. bz *x o z) + (b i * « 0)
unfolding insertion-add vsi map-append sum-list-append insertion-Const
insertion-sum-list
map-map o-def insertion-mult insertion- Var
by (simp add: algebra-simps)
also have (Y| z<bef Q aft. b = * a x) = 0 by (rule sum-zero, insert i, auto
simp: a-def)
also have a i = (¢ + 1) unfolding a-def by auto
finally have le: 0 < ¢+ (ai+ 1) + a ¢ using a0 by (simp add: algebra-simps)
with ¢ show a7 > 0
by (smt (verit, best) mult-le-0-iff)
qed
qed
qed

lemma extract-a-poly: 3 a0 al a2. I a-sym = Const a0 + Const al x PVar 0 +
Const a2 * PVar 1

ANal > 0Nal >0ANa2 >0
proof —

have [simp]: [0 ..<2] = [0,1] by code-simp

have [simp]: (Vi<2. P i) = (P 0 A P (1 :: nat)) for P by (auto simp add:
numeral-eq-Suc less-Suc-eq)

have (a-sym,2) € F-R unfolding F-R-def F-def by auto

from extract-linear-poly[OF this)

show ?thesis by force
qed

lemma extract-f-poly: 3 f0 f1 f2 f3 f4. I f-sym = Const f0 + Const fl x PVar 0
+ Const f2 x PVar 1
+ Const f8 x PVar 2 + Const f| « PVar 3
ANFO>O0ONFL>0N2>0NF>0NF >0
proof —
have [simp]: [0 ..<4] = [0,1,2,3] by code-simp
have [simp]: (Vi<4. Pi)= (PO AP (1 ::nat) NP2 A PS3)for P
by (auto simp add: numeral-eq-Suc less-Suc-eq)
have (f-sym,/) € F-R unfolding F-R-def by auto
from eztract-linear-poly[ OF this] obtain ¢ f where
main: I f~sym = Const ¢ + (3. i<—[0..<4]. Const (fi) x PVar i) A 0 < ¢ A
(Vi<4. 0 < f1i) by auto
show ?thesis
apply (rule exI| c
apply (rule exI| f
apply (rule exI|of - f
apply (rule exI[of - f
apply (rule exI[of - f
by (insert main, auto)
qed
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lemma solution: positive-poly-problem p q
proof —
from extract-f-poly obtain f0 f1 f2 f3 f/ where
If: I f-sym =
Const f0 + Const f1 * PVar 0 + Const f2 * PVar 1 + Const f3 « PVar 2
+ Const f4 * PVar 3
and fpos: 0 < f00 < f1 0 < f20 < f30 < f} by auto
from extract-a-poly obtain a0 al a2 where
Ia: I a-sym = Const a0 + Const al * PVar 0 + Const a2 * PVar 1
and apos: 0 < a0 0 < al 0 < a2 by auto
{
fix i
assume 1 € V
hence v: (v-sym i, 1) € F-R unfolding F-R-def F-def by auto
from extract-linear-poly|OF v] have 3 v0 v1. I (v-sym i) = Const v0 + Const
vl x PVar 0 N v0 > 0 AN vl >0
by auto
}

hence V i. 3 v0vl. i € V — I (v-sym i) = Const v0 + Const vi * PVar 0
Av0 > 0 N vl > 0 by auto
from choice| OF this] obtain v0 where V 4. 3 vl. i€ V — I (v-sym i) =
Const (v0 i) + Const vl x PVar 0 AN v0i > 0 A vl > 0 by auto
from choice[OF this] obtain v where Iv: A\ i. i € V = I (v-sym i) = Const
(v0 ©) + Const (vl i) * PVar 0
and vpos: N\ i. 1 € V= v0i> 0 A vli> 0 by auto

have (z-sym,0) € F-R unfolding F-R-def F-def by auto
from extract-linear-poly| OF this] obtain 20 where

Iz: I z-sym = Const z0

and zpos: z0 > 0 by auto

have (0-sym,0) € F-R unfolding F-R-def F-def by auto
from extract-linear-poly| OF this| obtain o0 where

Io: I o-sym = Const 00

and opos: o0 > 0 by auto

have prod-ge: (\ z. © € set xs = x > 0) = prod-list xs > 0 for zs :: int list
by (induct zs, auto)
define di where dI = prod-list ([al, a2, f1, 2, {3, f4] @ map vl V-list)
have d1: d1 > 0 unfolding dI-def using apos fpos vpos
by (intro prod-ge, auto simp: V-list)
from inter-all-symbol-pos-ctat-genericof I, OF If Ia v Iz]
obtain d where ctzt: \ t. eval (all-symbol-pos-ctzt t) =
Const d + Const d1 * eval t by (auto simp: d1-def)

{

fix B :: var = int
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assume assignment 3

from orient-R'[unfolded orient-rule split gt-poly-def, rule-format, OF this]
have insertion B (eval lhs-R') > insertion 8 (eval rhs-R") (is ?A) by auto
also have 74 «+— d1 * insertion 8 (eval lhs-R) > d1 * insertion B (eval rhs-R)

unfolding lhs-R'-def rhs-R'-def ctxt
insertion-add insertion-mult insertion-Const by auto
also have ... «+— (dI > 0 A insertion B (eval lhs-R) > insertion [ (eval
rhs-R))
using d1 by (simp add: mult-less-cancel-left-disy)
finally have d1 > 0 insertion 8 (eval lhs-R) > insertion 8 (eval rhs-R) by
auto
}
from this(2) this(1)[of X -. 0]
have d1: dI > 0 and gt: gt-poly (eval lhs-R) (eval rhs-R)
unfolding gt-poly-def by (auto simp: assignment-def)

hence orient-R: orient-rule (lhs-R, rhs-R) unfolding orient-rule by auto

from dI have dI # 0 by auto

from this[unfolded d1-def, simplified] apos fpos

have apos: a0 > 0 al > 0a2 > 0
and fpos: f0 > 0f1 > 0f2 >0f3>0f, >0
and prod: prod-list (map vl V-list) # 0 by auto

from prod have vpost: i € V= v0i > 0 A vl i > 0 for i using vpos|of ]
unfolding prod-list-zero-iff set-map V-list by auto

{
fixgn
assume (g,n) € F-R
then consider (f) (g,n) = (f-sym.4) | (a) (9;n) = (a-sym,2) | (2) (g,n) =
(z-sym,0)
| (0) (g,n) = (0-sym,0) | (v) i where (g,n) = (v-sym i, Suc 0) i € V
unfolding F-R-def F-def by auto
hence 3¢ a. I g = Const ¢ + (> i<[0..<n]. Const (a i) x PVari) A 0 < c A
(Vi<n. 0 < a i)
proof cases
case x: a
have [simp]: [0..<2] = [0,1] by code-simp
thus ?thesis using * apos la
by (intro exl[of - a0] exl[of - X i. if i = 0 then al else a2], auto)
next
case *: f
have [simp]: [0..<4] = [0,1,2,3] by code-simp
thus ?thesis using x If fpos
by (intro exI[of - f0]
exI[of - A 4. if i = 0 then f1 else if i = 1 then f2 else if i = 2 then f3 else
1], auto)

next
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case *: 2
show ?thesis using * Iz zpos by auto

next

case *: 0

show ?thesis using x lo opos by auto
next

case x: (v 1)
show ?thesis using * Iv[OF %(2)] vpos1[OF (2)]
by (intro exl|of - v0 i] exI[of - A -. v1 i], auto)
qed
} note main = this

show ?thesis
apply (rule solution-poly-input-R.solution[of - - I)
apply unfold-locales
using orient-R main by auto
qed
end

context poly-input
begin

Theorem 3.4 in paper

theorem linear-polynomial-termination-with-natural-numbers-undecidable:
positive-poly-problem p q <— termination-by-linear-int-poly-interpretation F-R
R
proof
assume positive-poly-problem p q
interpret solvable-poly-problem
by (unfold-locales, fact)
from solution-imp-linear-termination-R
show termination-by-linear-int-poly-interpretation F-R R .
next
assume termination-by-linear-int-poly-interpretation F-R R
interpret lin-term-poly-input
by (unfold-locales, fact)
from solution show positive-poly-problem p q .
qed

Theorem 3.9

theorem orientation-by-linear-wm-int-poly-interpretation-undecidable:

positive-poly-problem p q <— orientation-by-linear-wm-int-poly-interpretation F-R
R/
proof

assume positive-poly-problem p q

interpret solvable-poly-problem

by (unfold-locales, fact)
from solution-imp-linear-termination-R’
have termination-by-linear-int-poly-interpretation F-R R’ .
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from this[unfolded termination-by-linear-int-poly-interpretation-def] obtain I
where lin: linear-int-poly-inter F-R I and
R’: int-poly-inter.termination-by-poly-interpretation F-R I R’
by auto
interpret linear-int-poly-inter F-R I by fact
show orientation-by-linear-wm-int-poly-interpretation F-R R’
unfolding orientation-by-linear-wm-int-poly-interpretation-def
proof (intro exl conjI)
show linear-wm-int-poly-inter F-R I
proof
show valid-weakly-monotone-inter unfolding valid-weakly-monotone-inter-def
proof
fix f
assume f € F-R
from valid[unfolded valid-monotone-poly-inter-def, rule-format, OF this)
have wvalid-monotone-poly f by auto
thus valid-weakly-monotone-poly f
by (rule monotone-imp-weakly-monotone, auto)
qed
qed
interpret linear-wm-int-poly-inter F-R I by fact
show oriented-by-interpretation R’ unfolding oriented-by-interpretation-def
using R’ unfolding termination-by-poly-interpretation-def termination-by-interpretation-def

qed
next
assume orientation-by-linear-wm-int-poly-interpretation F-R R’
interpret wm-lin-orient-poly-input
by (unfold-locales, fact)
from solution show positive-poly-problem p q .
qed

end

Separate locale to define another interpretation, i.e., the one of Lemma 3.6
locale poly-input-non-lin-solution = poly-input

begin

Non-linear interpretation of Lemma 3.6

fun I :: symbol = int mpoly where
I f-sym = PVar 2 x PVar 8 + PVar 0 + PVar 1 + PVar 2 + PVar 8
| I a-sym = PVar 0 + PVar 1
| I z-sym = 0
| I o-sym = Const (1 + insertion (A -. 1) q)
| I (v-sym i) = PVar 0

sublocale inter-R: poly-inter F-R I (>) .

lemma inter-encode-num: assumes c¢ > 0
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shows inter-R.eval (encode-num x ¢) = Const ¢ ¥ PVar x
proof —
from assms obtain n where cn: ¢ = int n by (metis nonneg-eg-int)
hence natc: nat ¢ = n by auto
show ?thesis unfolding encode-num-def natc unfolding cn
by (induct n, auto simp: Const-0 Const-1 algebra-simps Const-add)
qed

lemma inter-v-pow-e: inter-R.eval ((v-t " €) t) = inter-R.eval t
by (induct e, auto)

lemma inter-encode-monom: assumes c: ¢ > 0
shows inter-R.eval (encode-monom y m ¢) = Const (insertion (A -.1) (monom
m ¢)) x PVary
proof —
define zes where zes = var-list m
from var-list[of m (]
have monom: monom m ¢ = Const ¢ x (][ (z, e)<— zes . PVar z ~ e) unfolding
zes-def .
show ?thesis unfolding encode-monom-def monom zes-def[symmetric]
proof (induct xes)
case Nil
show ?case by (simp add: inter-encode-num[OF c| insertion-Const)
next
case (Cons ze zes)
obtain x e where ze: ze = (z,¢) by force
show ?case by (simp add: ze inter-v-pow-e Cons Const-power
insertion-Const insertion-mult insertion-power insertion-Var Const-mult)
qed
qed

lemma inter-encode-poly: assumes positive-poly r
shows inter-R.eval (encode-poly x r) = Const (insertion (A -.1) r) * PVar x
proof —
define mcs where mcs = monom-list r
from monom-list{of r] have r: r = (> (m, ¢)+ mcs. monom m ¢) unfolding
mcs-def by auto
have mcs: (m,c) € set mes = ¢ > 0 for m ¢
using monom-list-coeff assms unfolding mcs-def positive-poly-def by auto
show ?thesis unfolding encode-poly-def mes-def[symmetric] unfolding r inser-
tion-sum-list map-map o-def
using mcs
proof (induct mcs)
case (Cons mc mcs)
obtain m ¢ where mc: me = (m,c) by force
from Cons(2) mc have c: ¢ > 0 by auto
note monom = inter-encode-monom|[OF this, of x m)]
show ?case
by (simp add: mc monom algebra-simps, subst Cons(1), insert Cons(2), auto

79



stmp: Const-add algebra-simps)
qed simp
qed

lemma valid-monotone-inter: inter-R.valid-monotone-poly-inter
unfolding inter-R.valid-monotone-poly-inter-def
proof (intro balll, unfold inter-R.valid-monotone-poly-def, clarify, intro conjI)
fix fn
assume f: (f,n) € F-R
have [simp]: vars (PVar 2 x PVar 3 + (PVar 0 :: int mpoly) + PVar (Suc 0)
+ PVar 2 + PVar 3) = {0,1,2,3}
unfolding vars-def apply (transfer, simp add: Varg-def image-comp) by
code-simp
have [simp]: vars ((PVar 0 :: int mpoly) + PVar (Suc 0)) = {0,1}
unfolding vars-def apply (transfer, simp add: Varg-def image-comp) by
code-simp
from f show vars (I f) = {..< n} unfolding F-R-def F-def by auto
have insertion (A -. 1) ¢ > 0
by (rule insertion-positive-poly[OF - pq(2)], auto)
with f show wvalid-poly (I f) unfolding F-R-def F-def
by (auto simp: valid-poly-def insertion-add assignment-def insertion-Var inser-
tion-mult insertion-Const)
have z4: 2 < 4 = 2=0V 2= Suc 0V x= 2V x= 3 for x by linarith
have 22: 2 < 2 = z = 0 V z = Suc 0 for x by linarith
have tedious-case: inter-R.monotone-poly {..<4} (I f-sym) unfolding
monotone-poly-wrt-def I.simps
proof (intro alll impl, goal-cases)
case (I « zv)
have manual: (a(z :=v)) 2 x (a(z:=v)) 3> a 2*a 3
by (intro mult-mono, insert 1, auto simp: assignment-def dest: speclof - 2])
thus ?case unfolding insertion-add insertion-mult insertion-Var using 1 x4
by auto
qed
with f show inter-R.monotone-poly {..<n} (I f) unfolding F-R-def F-def
by (auto simp: monotone-poly-wrt-def insertion-add insertion-mult insertion- Var
assignment-def
dest: x4 x2)
qged

Lemma 3.6 in the paper

lemma orient-R-main: assumes assignment [3

shows insertion 8 (inter-R.eval lhs-R) > insertion B (inter-R.eval rhs-R)
proof —

let 2a = X -. 1

have reason: insertion ?a ¢ + [ y8 + insertion ?a p x insertion %o q x 5 y3 +
insertion 2o p x 2 x B y3 > 0

by (intro add-nonneg-nonneg mult-nonneg-nonneg insertion-positive-poly pq,
insert assms, auto simp: assignment-def)
show insertion B (inter-R.eval lhs-R) > insertion B (inter-R.eval Ths-R)

80



unfolding lhs-R-def rhs-R-def
using reason
by (simp add: inter-encode-poly|OF pq(1)] inter-encode-poly[OF pq(2)]
insertion-add insertion-mult insertion-Const insertion-Var algebra-simps)
qed

lemma polynomial-termination-R: termination-by-int-poly-interpretation F-R R
unfolding termination-by-int-poly-interpretation-def
proof (intro exI conjI)
interpret int-poly-inter F-R I
by (unfold-locales, rule valid-monotone-inter)
show int-poly-inter F-R I ..
show termination-by-poly-interpretation R
unfolding termination-by-interpretation-def termination-by-poly-interpretation-def
R-def
proof (clarify, intro conjI)
show inter-R.orient-rule (Ihs-R,rhs-R)
unfolding inter-R.gt-poly-def inter-R.orient-rule
by (intro alll impl orient-R-main)
qged (insert lhs-R-F rhs-R-F, auto)
qed

lemma polynomial-termination-R': termination-by-int-poly-interpretation F-R R’
unfolding termination-by-int-poly-interpretation-def
proof (intro exI conjI)
interpret int-poly-inter F-R I
by (unfold-locales, rule valid-monotone-inter)
show int-poly-inter F-R I ..
show termination-by-poly-interpretation R’
unfolding termination-by-poly-interpretation-def termination-by-interpretation-def
R'-def
proof (clarify, intro conjI)
show inter-R.orient-rule (lhs-R',rhs-R’)
unfolding inter-R.gt-poly-def inter-R.orient-rule
proof (intro alll impl)
fix B :: var = int
assume ass: assignment (3
define zctzt where zctzt vs = z-contexts (map (Ai. (v-sym i, 1, 0)) vs) for
Vs
have zctat: inter-R.eval (zctwt vs t) = inter-R.eval t for vs ¢
unfolding zctxt-def z-contexts-def z-context-def by (induct vs, auto)
have (insertion 8 (inter-R.eval lhs-R') > insertion (B (inter-R.eval rhs-R'))
+— insertion B (inter-R.eval (zctzt V-list lhs-R)) > insertion 8 (inter-R.eval
(zctxt V-list Ths-R))
unfolding Ihs-R’-def rhs-R’-def
unfolding all-symbol-pos-ctxt-def contexts-def
unfolding z-contexts-append zctrt-def[symmetric]
by (simp add: z-contexts-def z-context-def nth-append)
also have ... <— insertion § (inter-R.eval lhs-R) > insertion § (inter-R.eval
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rhs-R)

unfolding zctzt ..

also have ... by (rule orient-R-main[OF ass))

finally show insertion [ (inter-R.eval lhs-R') > insertion B (inter-R.eval
rhs-R’) .

qed
qed (insert lhs-R'-F rhs-R'-F, auto)

qed

end
end

6 Undecidability of KBO with Subterm Coefficients

theory KBO-Subterm-Coefficients-Undecidable
imports
Hilbert10-to-Inequality
Knuth-Bendiz-Order. KBO
Linear-Poly-Termination-Undecidable
begin

lemma count-sum-list: count (sum-list ms) © = sum-list (map (A m. count m x)
ms)
by (induct ms, auto)

lemma sum-list-scf-list-prod: sum-list (map f (scf-list scf as)) = sum-list (map (A
i. scf i x f (as! 7)) [0..<length as])

unfolding scf-list-def

unfolding map-concat

unfolding sum-list-concat map-map o-def

apply (subst zip-nth-conv, force)

unfolding map-map o-def split

apply (rule arg-cong|of - - sum-list])

by (intro nth-equalityl, auto simp: sum-list-replicate)

lemma count-vars-term-different-var: assumes z: © ¢ vars-term t
shows count (vars-term-ms (scf-term scf t)) © = 0
proof —
from assms have z ¢ vars-term (scf-term scf t)
using vars-term-scf-subset by fastforce
thus “thesis
by (simp add: count-eq-zero-iff)
qed

context kbo

begin

definition kbo-orientation :: ('f,’v)rule set = bool where
kbo-orientation R = (¥ (I,r) € R. fst (kbo I 1))
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end

definition kbo-with-sc-termination :: ('f,'v)rule set = bool where
kbo-with-sc-termination R = (3 w w0 sc least pr-strict pr-weak. admissible-kbo w
w0 pr-strict pr-weak least sc
A kbo.kbo-orientation w w0 sc least pr-strict pr-weak R)

context poly-input
begin

context
fixes sc
assumes sc: sc (a-sym, Suc (Suc 0)) 0 = (1 :: nat)
sc (a-sym, Suc (Suc 0)) (Suc 0) = 1
begin
lemma count-vars-term-encode-num-nat:
count (vars-term-ms (scf-term sc (encode-num z (int n)))) z = n
unfolding encode-num-def nat-int
by (induct n, auto simp add: scf-list-def sc)

lemma count-vars-term-encode-num:
¢ > 0 = int (count (vars-term-ms (scf-term sc (encode-num x c))) x) = ¢
using count-vars-term-encode-num-nat|of x nat c] by auto

lemma count-vars-term-v-pow-e:

count (vars-term-ms (scf-term sc ((v-txz " e) t))) y

= (sc (v-sym z,1) 0) e x count (vars-term-ms (scf-term sc t)) y
proof (induct e)

case (Suc e)

thus ?case

by (simp split: if-splits add: scf-list-def sum-mset-sum-list sum-list-replicate
count-sum-list sc
flip: mset-replicate)

qed force

lemma count-vars-term-encode-monom: assumes c: ¢ > 0

shows int (count (vars-term-ms (scf-term sc (encode-monom x m c))) x)

= qnsertion (A v. int (sc¢ (v-sym v,1) 0)) (monom m c)

proof —

define zes where zes = var-list m

from var-list[of m c]

have monom: monom m ¢ = Const ¢ * ([] (z, e)< zes . PVar x ~e) unfolding
zes-def .

show ?thesis unfolding encode-monom-def monom zes-def [symmetric]

proof (induct xes)

case Nil
show ?case by (simp add: count-vars-term-encode-num|OF c| insertion-Const
s¢)
next
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case (Cons ze zes)
obtain z e where ze: ze = (z,e) by force
show ?case
by (simp add: ze count-vars-term-v-pow-e Cons
insertion-Const insertion-mult insertion-power insertion- Var when-def)
qed
qed

Lemma 4.5

lemma count-vars-term-encode-poly-generic: assumes positive-poly r
shows int (count (vars-term-ms (scf-term sc (encode-poly x r))) z) =
insertion (A v. int (sc (v-sym v,1) 0)) r
proof —
define mcs where mcs = monom-list r
from monom-list[of r] have r: r = (3_ (m, ¢)< mcs. monom m c¢) unfolding
mcs-def by auto
have mecs: (m,c) € set mes = ¢ > 0 for m ¢
using monom-list-coeff assms unfolding mcs-def positive-poly-def by auto
show ?thesis unfolding encode-poly-def mcs-def [symmetric] unfolding r inser-
tion-sum-list map-map o-def
using mcs
proof (induct mcs)
case (Cons mc mcs)
obtain m ¢ where mc: me = (m,c¢) by force
from Cons(2) mc have c: ¢ > 0 by auto
note monom = count-vars-term-encode-monom|[OF this, of x m)]
show ?case
apply (simp add: mc monom scf-list-def sc)
apply (subst Cons(1))
using Cons(2) by (auto simp: when-def)
qed simp
qed
end

Theorem 4.6

theorem kbo-sc-termination-R-imp-solution:
assumes kbo-with-sc-termination R
shows positive-poly-problem p q
proof —
from assms|[unfolded kbo-with-sc-termination-def] obtain w w0 sc least pr-strict
pr-weak
where
admissible-kbo w w0 pr-strict pr-weak least sc
and orient: kbo.kbo-orientation w w0 sc least pr-strict pr-weak R
by blast
interpret admissible-kbo w w0 pr-strict pr-weak least sc by fact
define [ where [ i = args lhs-R ! i for i
define r where r ¢ = args rhs-R ! i for ¢
define as :: nat list where as = [0,1,2,3]
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have upt-as: [0..<length as] = as unfolding as-def by auto

have lhs: lhs-R = Fun f-sym (map [ as) unfolding lhs-R-def l-def as-def by simp

have rhs: rhs-R = Fun f-sym (map r as) unfolding rhs-R-def r-def as-def by
stmp

from orient[unfolded kbo-orientation-def R-def]

have fst (kbo lhs-R rhs-R) by auto

from this[unfolded kbo.simps|of lhs-R]]

have vars-term-ms (SCF rhs-R) C# vars-term-ms (SCF lhs-R) by (auto split:
if-splits)

hence count: count (vars-term-ms (SCF rhs-R)) © < count (vars-term-ms (SCF
lhs-R)) z for z

by (rule mset-subset-eq-count)
let 2f = (f-sym, length as)

fix ¢
assume i: ¢ € set as
from ¢ have vl: vars-term (1 i) C {i} unfolding I-def lhs-R-def as-def y1-def
y2-def y3-def
using vars-encode-poly|of i p| by auto
from count-vars-term-different-var|of - 1 i sc] vl
have count-l-diff: { # j = count (vars-term-ms (SCF (1 i))) j = 0 for j by
auto
from i have vr: vars-term (r ¢) C {i} unfolding r-def rhs-R-def as-def y1-def
y2-def y3-def
using vars-encode-poly[of i q] by auto
from count-vars-term-different-var|of - r i sc] vr
have count-r-diff: i # j = count (vars-term-ms (SCF (r ©))) j = 0 for j by
auto
{
fix x
have count (vars-term-ms (SCF rhs-R)) «
= sum-list (map (X i. count (vars-term-ms (SCF (r1))) z) (scf-list (sc ?f)
as)) unfolding rhs
apply (simp add: o-def)
apply (unfold mset-map[symmetric] sum-mset-sum-list)
apply (unfold count-sum-list map-map o-def)
by simp
also have ... = (3 i<—as. sc ?f i x count (vars-term-ms (SCF (r (as ! ©))))
T
)
unfolding sum-list-scf-list-prod upt-as ..
finally have count (vars-term-ms (SCF rhs-R)) © = (> i+—as. sc ?f i x count
(vars-term-ms (SCF (r (as ! i)))) z) .
} note count-rhs = this
{
fix
have count (vars-term-ms (SCF [hs-R))
= sum-list (map (X i. count (vars-term-ms (SCF (1 ))) x) (scf-list (sc ?f)
as)) unfolding lhs
apply (simp add: o-def)
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apply (unfold mset-map|[symmetric] sum-mset-sum-list)
apply (unfold count-sum-list map-map o-def)
by simp
also have ... = (> i«as. sc ?f i * count (vars-term-ms (SCF (I (as ! i))))
z)
unfolding sum-list-scf-list-prod upt-as ..
finally have count (vars-term-ms (SCF lhs-R)) v = (D_ i<—as. sc ?f i x count
(vars-term-ms (SCF (I (as ! 1)))) z) .
} note count-lhs = this
note count-lhs count-rhs count-I-diff count-r-diff
} note ¢f = this[unfolded as-def]
let 2f = (f-sym, Suc (Suc (Suc (Suc 0))))

{
fix i :: nat
assume i: i € {0,1,2,5}
have sc ?f i x count (vars-term-ms (SCF (r1))) i = count (vars-term-ms (SCF
rhs-R)) i
by (subst ¢f(2), insert i, auto simp add: cf)
also have ... < count (vars-term-ms (SCF lhs-R)) i by fact
also have ... = sc ?f i x count (vars-term-ms (SCF (117))) @
by (subst ¢f(1), insert i, auto simp add: cf)
finally have count (vars-term-ms (SCF (r7))) i < count (vars-term-ms (SCF
(L)) i
using scf[of i Suc (Suc (Suc (Suc 0))) f-sym] i by auto
} note count-le = this

from count-le[of 0, unfolded r-def l-def rhs-R-def lhs-R-def y1-def)
have sc (a-sym, Suc (Suc 0)) 0 < 1
apply simp
apply (unfold mset-map[symmetric] sum-mset-sum-list)
by (simp add: count-sum-list sum-list-scf-list-prod)
with scf[of 0 Suc (Suc 0) a-sym)]
have a20: sc (a-sym, Suc (Suc 0)) 0 = 1 by auto

from count-le[of 1, unfolded r-def I-def rhs-R-def lhs-R-def y2-def)
have sc (a-sym, Suc (Suc 0)) 1 < 1
apply simp
apply (unfold mset-map[symmetric] sum-mset-sum-list)
by (simp add: count-sum-list sum-list-scf-list-prod)
with scf[of 1 Suc (Suc 0) a-sym)]
have a21: sc (a-sym, Suc (Suc 0)) (Suc 0) = 1 by auto

note encode = count-vars-term-encode-poly-generic|of sc, OF a20 a21|
have Suc (count (vars-term-ms (SCF (encode-poly y3 q))) y3) = count (vars-term-ms
(SCF (r 2))) 2

by (simp add: r-def rhs-R-def scf-list-def a20 a21 y3-def)
also have ... < count (vars-term-ms (SCF (I 2))) 2 using count-le[of 2] by
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simp
also have ... = Suc (count (vars-term-ms (SCF' (encode-poly y3 p))) y3)
by (simp add: l-def lhs-R-def scf-list-def a20 a21 yS3-def)
finally have int (count (vars-term-ms (SCF (encode-poly y3 q))) y3) < int
(count (vars-term-ms (SCF (encode-poly y3 p))) y3)
by auto
from this[unfolded encode[OF pq(1)] encode[OF pq(2)]]
show ?thesis
unfolding positive-poly-problem-def[OF pq]
by (intro exI[of - Av. int (sc (v-sym v, 1) 0)], auto simp: positive-interpr-def
scf)
qed
end

context solvable-poly-problem
begin

definition w0 :: nat where w0 = 1

fun sc :: symbol x nat = nat = nat where
sc (v-sym i, Suc 0) - = nat (« )
| sc--=1

context fixes wr :: nat

begin

fun w-R :: symbol x nat = nat where
w-R (f-sym,n) = (if n = 4 then 0 else 1)

| w-R (a-sym,n) = (if n = 2 then 0 else 1)

| w-R (0-sym,0) = wr

| w-R -=1

end

definition w-rhs where w-rhs = weight-fun.weight (w-R 1) w0 sc rhs-R
abbreviation w where w = w-R w-rhs

definition least where least f = (w (f, 0) = w0 A (¥ g. w (g, 0) = w0 — (g,
0 :: nat) = (f, 0)))

lemma «0: o z > 0 using «(1) unfolding positive-interpr-def by auto

sublocale admissible-kbo w w0 (X - -. False) (=) least sc
apply (unfold-locales)
subgoal for f unfolding w0-def
by (cases f, auto simp add: weight-fun.weight.simps w-rhs-def rhs-R-def)
subgoal by (simp add: w0-def)
subgoal for f g n by (cases f, auto)
subgoal for f unfolding least-def by auto
subgoal for i n f by (cases f; cases n; cases n — 1; auto intro: «0)
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by auto

lemma insertion-pos: positive-poly r = insertion o r > 0
unfolding positive-poly-def by (smt (verit) a0 insertion-nonneg)

lemma count-vars-term-encode-poly: assumes positive-poly r
shows count (vars-term-ms (SCF (encode-poly z 1))) y = (nat (insertion o r)
when T = y)
proof (cases y = x)
case Fulse
with count-vars-term-different-var|of y encode-poly x r sc] vars-encode-poly|of =
r
]
show ?thesis by (auto simp: when-def)
next
case y: True
from count-vars-term-encode-poly-genericlof sc - , OF - - assms]
have int (count (vars-term-ms (SCF (encode-poly z r))) x)
= insertion (Av. int (sc (v-sym v, 1) 0)) r by auto
also have (\v. int (sc (v-sym v, 1) 0)) = «
by (intro ext, insert a0, auto simp: order.order-iff-strict)
finally show ?thesis unfolding y
using insertion-pos|OF assms| by auto
qed

Theorem 4.7 in context

theorem kbo-with-sc-termination: kbo-with-sc-termination R
unfolding kbo-with-sc-termination-def

proof (intro exI conjI)
show admissible-kbo w w0 (X - -. False) (=) least sc ..
show kbo-orientation R unfolding R-def kbo-orientation-def
proof (clarify)

fix t :: (symbol,var)term
assume (o0-sym,0) ¢ funas-term t
hence weight-fun.weight (w-R (Suc 0)) w0 sc t = weight t (is ?id t)
proof (induct t)
case (Var z)
show ?case by (auto simp: weight-fun.weight.simps)
next
case (Fun fts)
hence t € set ts => ?id t for t by auto
hence IH: map2 (Ati i. weight-fun.weight (w-R (Suc 0)) w0 sc ti * sc (f,
length ts) @) ts
[0..<length ts] =
map2 (At i. weight ti  sc (f, length ts) i) ts [0..<length ts]
by (intro nth-equalityl, auto)
have id: w-R (Suc 0) (f, length ts) = w (f, length ts)
using Fun(2) by (cases f; cases ts, auto)
show ?case by (auto simp: id weight-fun.weight.simps Let-def TH)
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qed
} note weight-switch = this

from funas-encode-poly-q[of y3]
have 0-q: (0-sym,0) ¢ funas-term (encode-poly y3 q) by (auto simp: F-def)
have weight rhs-R = 8 + 8 * w0 + weight (encode-poly y3 q)
unfolding rhs-R-def by (simp add: scf-list-def)
also have ... = w-rhs unfolding weight-switch|OF o-q, symmetric]
unfolding w-rhs-def rhs-R-def by (simp add: weight-fun.weight.simps)
also have ... < w0 + w-rhs using w0 by auto
also have ... < weight lhs-R unfolding lhs-R-def
by (simp add: scf-list-def)
finally have weight: weight rhs-R < weight lhs-R .
from «(2) insertion-pos|OF pq(1)] insertion-pos|OF pq(2)]
have sol: nat (insertion « q) < nat (insertion « p) by auto
have vars: vars-term-ms (SCF rhs-R) C# vars-term-ms (SCF lhs-R)
proof (intro mset-subset-eql)
fix z
show count (vars-term-ms (SCF rhs-R)) © < count (vars-term-ms (SCF
lhs-R)) x
unfolding rhs-R-def lhs-R-def using y-vars sol
by (simp add: scf-list-def count-vars-term-encode-poly|OF pq(1)] count-vars-term-encode-poly[ OF
pq(2)])
qed
from weight vars show fst (kbo lhs-R rhs-R)
unfolding kbo.simps|of lhs-R rhs-R] by auto
qed
qed

end

Theorem 4.7 outside solvable-context

context poly-input
begin
theorem solvable-imp-kbo-with-sc-termination:
assumes positive-poly-problem p q
shows kbo-with-sc-termination R
by (rule solvable-poly-problem.kbo-with-sc-termination, unfold-locales, fact)

Combining 4.6 and 4.7

corollary solvable-iff-kbo-with-sc-termination:
positive-poly-problem p q <— kbo-with-sc-termination R
using solvable-imp-kbo-with-sc-termination kbo-sc-termination- R-imp-solution by
blast
end
end
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7 Undecidability of Polynomial Termination over
Integers

theory Poly-Termination-Undecidable
imports
Linear-Poly- Termination- Undecidable
Preliminaries-on-Polynomials-2
begin

context poly-input
begin

definition y4 :: var where yj = 3
definition y5 :: var where y5 = J
definition y6 :: var where y6 = 5
definition y7 :: var where y7 = 6

abbreviation ¢-t where ¢-t ¢t = Fun g¢-sym [t]
abbreviation h-t where h-t t = Fun h-sym [t]
abbreviation g-t where g-t t1 t2 = Fun g-sym [t1, t2]

Definition 5.1

definition lhs-S = Fun f-sym |
Var y1,

a-t (enCOde poly y3 p) (Var y3),
4 (et (Var y4),

-t (Var y5),

-t (Var y6),

-t (Var y7) o-t]

definition rhs-S = Fun f-sym |
-t (Var y1) 2zt
a-t z-t (Var y2),
a-t (encode-poly y3 q) (Var y3),
h-t (h-t (g-t (Var y4))),
foldr v-t V-list (a-t (Var y5) (Var y5)),
Fun f-sym (replicate 7 (Var y6)),
-t (Var y7) z-t]

definition S where S = {(lhs-S, rhs-S)}

definition F-S where F-S = {(f-sym,7), (h-sym,1), (g-sym,2), (o-sym,0), (¢-sym,1)}
UF

lemma [hs-S-F: funas-term lhs-S C F-S
proof —
from funas-encode-poly-p
show funas-term lhs-S C F-S unfolding lhs-S-def by (auto simp: F-S-def F-def)
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qed

lemma funas-fold-vs[simp]: funas-term (foldr v-t V-list t) = (X i. (v-sym 4,1)) ‘' V
U funas-term t
proof —
have id: funas-term (foldr v-t zs t) = (X i. (v-sym i,1)) ‘ set xs U funas-term t
for zs
by (induct zs, auto)
show ?thesis unfolding id
by (auto simp: V-list)
qged

lemma vars-fold-vs[simp|: vars-term (foldr v-t vs t) = vars-term t
by (induct vs, auto)

lemma funas-term-r5: funas-term (foldr v-t V-list (a-t (Var y5) (Var y5))) C F-S
by (auto simp: F-S-def F-def)

lemma rhs-S-F: funas-term rhs-S C F-S
proof —
from funas-encode-poly-q funas-term-r5
show funas-term rhs-S C F-S unfolding rhs-S-def by (auto simp: F-S-def F-def)
qed
end

lemma poly-inter-eval-cong: assumes A fa. (f,a) € funas-termt = If=1'f
shows poly-inter.eval I t = poly-inter.eval I’ t
using assms
proof (induct t)
case (Var z)
show ?case by (simp add: poly-inter.eval.simps)
next
case (Fun f ts)
{
fix ¢
assume i < length ts
hence ts ! i € set ts
by auto
with Fun(1)[OF this Fun(2)]
have poly-inter.eval I (ts! i) = poly-inter.eval I’ (ts ! i) by force
} note IH = this
from Fun(2) have I f = I’ f by auto
thus ?case using IH
by (auto simp: poly-inter.eval.simps insertion-substitute introl: mpoly-extl in-
sertion-irrelevant-vars)
qed

The easy direction of Theorem 5.4
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context solvable-poly-problem
begin

definition c¢-S where ¢-S = maz 7 (2 * prod-list (map o V-list))
lemma c-S: ¢-S > 0 unfolding c-S-def by auto

fun -5 :: symbol = int mpoly where
I-S f-sym = PVar 0 + PVar 1 + PVar 2 + PVar 8 + PVar /4 + PVar 5 +
PVar 6
| I-S a-sym = PVar 0 + PVar 1
| I-S z-sym = 0
| I-S o-sym = 1
| I-S (v-sym i) = Const (« i) x PVar 0
| I-S g-sym = mmonom (monomial 2 0) c¢-S — ¢ * (PVar 0)?
| I-S g-sym = PVar 0 + PVar 1
| I-S h-sym = mmonom (monomial 1 0) ¢-S— ¢ x PVar 0

declare single-numeral[simp del]
declare insertion-monom[simp del]

interpretation inter-S: poly-inter F-S I-S (>) .

lemma inter-S-encode-poly: assumes positive-poly r
shows inter-S.eval (encode-poly x r) = Const (insertion o r) * PVar z
by (rule inter-encode-poly-generic|OF - - - - assms|, auto)

lemma valid-monotone-inter-S: inter-S.valid-monotone-poly-inter
unfolding inter-S.valid-monotone-poly-inter-def
proof (intro balll)
fix fn
assume f: fn € F-§
show inter-S.valid-monotone-poly fn
proof (cases fn € F)
case True
show inter-S.valid-monotone-poly fn
by (rule valid-monotone-inter-F[OF - - - - a(1) Truel, auto)
next
case Fulse
with f have f: fn € F-S — F by auto
have [simp]: vars ((PVar 0 :: int mpoly) + PVar (Suc 0) + PVar 2 + PVar 8
+ PVar 4 + PVar 5 + PVar 6) = {0,1,2,3,4,5,6}
unfolding vars-def apply (transfer’, simp add: Varg-def image-comp) by
code-simp
have [simp]: vars ((PVar 0 :: int mpoly) + PVar (Suc 0)) = {0,1}
unfolding vars-def apply (transfer’, simp add: Varg-def image-comp) by
code-simp
show ?thesis unfolding inter-S.valid-monotone-poly-def using f
proof (intro balll impI alll, clarify, intro conjl)
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fix fn
assume f: (f,n) € F-S (f,;n) ¢ F
from f show wvars (I-S f) = {..< n} unfolding F-S-def using c-S
by (auto simp: vars-monom-single-cases)
from f ¢-S show walid-poly (I-S f) unfolding F-S-def
by (auto simp: valid-poly-def insertion-add assignment-def)
have 22: © < 2 = z = 0 V z = Suc 0 for z by linarith
have z7: c < 7=z =0Vax=SucO0Vz=2Vaez=8Vzr=4Vz=195
V z = 6 for z by linarith
from f ¢-S show inter-S.monotone-poly {..<n} (I-S f) unfolding F-S-def
by (auto simp: monotone-poly-wrt-def insertion-add assignment-def power-strict-mono
dest: z2 z7)
qed
qed
qed

interpretation inter-S: int-poly-inter F-S I-S
proof

show inter-S.valid-monotone-poly-inter by (rule valid-monotone-inter-S)
qed

lemma orient-trs: inter-S.termination-by-poly-interpretation S
unfolding inter-S.termination-by-poly-interpretation-def
inter-S.termination-by-interpretation-def S-def inter-S.orient-rule
proof (clarify, intro congl)
have [hs-S: inter-S.eval lhs-S =
(PVar y1 +
PVar y2 +
(Const (insertion o p) + 1) x PVar y3 +
(Const ¢-S)78 x (PVar y4) "2 +
Const ¢-S * PVar y5 +
Const ¢-S * PVar y6 +
PVar y7) +
1
unfolding lhs-S-def by (simp add: inter-S-encode-poly[OF pq(1)]
power2-eq-square power3-eq-cube algebra-simps)
have foldr: inter-S.eval (foldr (Ai t. Fun (v-sym @) [t]) V-list (Fun a-sym [T Var
y5, TVar y5))) =
Const (prod-list (map o V-list)) * 2 « PVar y5
by (subst inter-foldr-v-t, auto)
have rhs-S: inter-S.eval rhs-S =
(PVar y1 +
PVar y2 +
(Const (insertion a q) + 1) x PVar y3 +
(Const c-S)"3 * (PVar y4)? +
Const (prod-list (map o V-list)) = 2 « PVar y5 +
7« PVar y6 +
PVar y7) +
0
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unfolding rhs-S-def by (simp add: inter-S-encode-poly|OF pq(2)] Const-add
power2-eq-square power3-eq-cube algebra-simps foldr)
show inter-S.gt-poly (inter-S.eval lhs-S) (inter-S.eval rhs-S)
unfolding inter-S.gt-poly-def
proof (intro alll impl)
fix B :: var = int
assume ass: assignment [3
hence : A z. 8 z > 0 unfolding assignment-def by auto
have a0: a z > 0 for z using a(1)[unfolded positive-interpr-def, rule-format,
of ] by auto
from c-S have c0: c-S > 0 by simp
have 7: 7 = (Const 7 :: int mpoly) by code-simp
have 2: 2 = (Const 2 :: int mpoly) by code-simp
have ins7: insertion 8 7 = (7 :: int) unfolding 7 insertion-Const by simp
have ins2: insertion 8 2 = (2 :: int) unfolding 2 insertion-Const by simp
show insertion B (inter-S.eval lhs-S) > insertion B (inter-S.eval rhs-S)
unfolding [hs-S rhs-S insertion-add ins7 ins2 insertion-mult insertion-Var
insertion-Const insertion-Const insertion-power
proof (intro add-le-less-mono add-mono mult-mono add-nonneg-nonneg zero-le-power
a(2) B c0)
show 0 < insertion o p by (intro insertion-positive-poly|OF a0 pq(1)])
show 7 < ¢-S unfolding c-S-def by auto
show prod-list (map o V-list) * 2 < ¢-S unfolding c¢-S-def by simp
qed (force+)
qed
qed (insert lhs-S-F rhs-S-F, auto)

lemma solution-imp-poly-termination: termination-by-int-poly-interpretation F-S
S

unfolding termination-by-int-poly-interpretation-def

by (intro exl, rule conjI[OF - orient-trs|, unfold-locales)

end

Towards Lemma 5.2

lemma (in int-poly-inter) monotone-imp-weakly-monotone: assumes monotone-poly
xS p

shows weakly-monotone-poly s p

unfolding monotone-poly-wrt-def
proof (intro alll impl)

fix o :: var = int and z v

assume assignment @ r € s a T < v

from assms[unfolded monotone-poly-wrt-def, rule-format, OF this(1—2), of v]
this(3)

show insertion a p < insertion (a(x := v)) p

by (cases a © < v, auto)

qed

context
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fixes gt :: ‘a :: linordered-idom = 'a = bool

assumes trans-gt: transp gt

and gt-imp-ge: Nz y. gtz y = x>y
begin

lemma monotone-poly-wrt-insertion-main: assumes monotone-poly-wrt gt xs p
and a: assignment (a :: var = 'a :: linordered-idom)
and b: A\ z. z € s = gt== (b z) (a )
Nr.zdrs—=— az=bx
shows gt== (insertion b p) (insertion a p)
proof —
from sorted-list-of-set(1)[OF vars-finite|of p]] sorted-list-of-set[of vars p] obtain
ys where
ysp: set ys = vars p and dist: distinct ys by auto
define ¢ where ¢ ys = (X z. if © € set ys then a z else b x) for ys
have ass: assignment (¢ ys) for ys unfolding assignment-def
proof
fix z
show 0 < ¢ ys z using b[of x| a[unfolded assignment-def, rule-format, of ]
gt-imp-gel[of b z a x]
unfolding c-def by auto linarith
qed
have id: insertion a p = insertion (c ys) p unfolding c-def ysp
by (rule insertion-irrelevant-vars, auto)
also have gt == (insertion b p) (insertion (c ys) p) using dist
proof (induct ys)
case Nil
show ?case unfolding c-def by auto
next
case (Cons z ys)
show ?Zcase
proof (cases € xs)
case Fulse
from b(2)[OF this| have ¢ (Cons x ys) = ¢ ys
unfolding c-def by auto
thus “thesis using Cons by auto
next
case True
from b(1)[OF this| have ab: gt == (b z) (a z) by auto
let ?c = ¢ (Cons z ys)
have idl: ¢ ys = ?c(z = b 1)
using Cons(2) unfolding c-def by auto
have id2: ¢ (z # ys) x = a = using True unfolding c-def by auto
have [H: gt == (insertion b p) (insertion (c ys) p) using Cons by auto
have gt ™== (insertion (?c(z := b z)) p) (insertion ?c p)
proof (cases bz = a 1)
case True
hence ?c(z := b z) = ?c using id1 id2
by (intro ext, auto)
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thus ?thesis by simp
next
case Fulse
with ab have ab: gt (b z) (a z) by auto
have gt(insertion (?c(xz := b x)) p) (insertion ?c p)
proof (rule assms(1)[unfolded monotone-poly-wrt-def, rule-format, OF ass
True))
show gt (b z) (¢ (z # ys) =) unfolding id2 by fact
qed
thus “thesis by auto
qed
also have insertion (c(z := b z)) p = insertion (¢ ys) p unfolding id1 ..
finally have gt ™== (insertion (c ys) p) (insertion (¢ (x # ys)) p) .
from transpE[OF trans-gt] IH this
show ?thesis by auto
qed
qed
finally show ?thesis .
qed

lemma monotone-poly-wri-insertion: assumes monotone-poly-wrt gt (vars p) p

and a: assignment (a :: var = 'a :: linordered-idom)

and b: \ z. ¢ € vars p => ¢gt== (b z) (a x)
shows gt== (insertion b p) (insertion a p)
proof —

define b’ where b’ © = (if © € vars p then b z else a z) for x

have gt == (insertion b’ p) (insertion a p)

by (rule monotone-poly-wrt-insertion-main|OF assms(1—2)], insert b, auto

simp: b’-def)

also have insertion b’ p = insertion b p

by (rule insertion-irrelevant-vars, auto simp: b’-def)

finally show ?thesis .

qed

lemma partial-insertion-mono-wrt: assumes mono: monotone-poly-wrt gt (vars

p)p
and a: assignment a
and b: \ y. y # 2z = gt=~ (by) (ay)
andd: Ny y>d= gt== y 0
shows 3 ¢. V y. y > d — ¢ < poly (partial-insertion a x p) y
A poly (partial-insertion a z p) y < poly (partial-insertion b z p) y
proof —
define pa where pa = partial-insertion a = p
define pb where pb = partial-insertion b x p
define ¢ where ¢ = insertion (a(z := 0)) p
{
fixy:'a
assume y: y > d
with d have gty: gt== y 0 by auto
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from a have ass: assignment (a(z := 0)) unfolding assignment-def by auto
from monotone-poly-wrt-insertion] OF mono ass, of a(z := y)]
have gt== (insertion (a(z := y)) p) (insertion (a(x := 0)) p) using gty by
auto
from this|folded c-def] gt-imp-ge|of - ]
have ¢ < insertion (a(z := y)) p by auto
} note le-c = this
{
fixy:'a
assume y: y > d
with d have gty: gt== y 0 by auto
from y a gty gt-imp-ge[of y] have ass: assignment (a(z := y)) unfolding
assignment-def by auto
from monotone-poly-wrt-insertion| OF mono this, of b(z := y)]
have gt== (insertion (b(z := y)) p) (insertion (a(x := y)) p)
using b by auto
with gt-imp-ge
have insertion (a(z := y)) p < insertion (b(z := y)) p by auto
} note le-ab = this
have id: poly (partial-insertion a x p) y = insertion (a(xz := y)) p for a y
using insertion-partial-insertion|of z a a(z := y) p] by auto
{
fixy:'a
assume y: y > d
from le-ab[OF y, folded id, folded pa-def pb-def]
have poly pa y < poly pb y by auto
} note lel = this
show ?thesis
proof (intro exlI|of - c|, intro alll impI conjl lel [unfolded pa-def pb-def])
fixy:'a
assume y: y > d
show ¢ < poly (partial-insertion a = p) y using le-c[OF y] unfolding id .
qed
qed

context

assumes poly-pinfty-ge: N\ p b. 0 < lead-coeff (p :: 'a poly) = degree p # 0
= dn. Vz>n. b < poly p x
begin

context
fixes p d
assumes mono: monotone-poly-wrt gt (vars p) p
andd: ANy.y>d= gt== y 0

begin

lemma degree-partial-insertion-mono-generic: assumes
a: assignment a

and b: N y. y £z = gt== (b y) (ay)
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shows degree (partial-insertion a x p) < degree (partial-insertion b x p)
proof —
define ga where ga = partial-insertion a x p
define ¢b where ¢b = partial-insertion b x p
from partial-insertion-mono-wrt[OF mono a b d, of x d]
obtain ¢ where ¢: A y. y > d = ¢ < poly qa y
and ab: \ y. y > d = poly qa y < poly ¢b y
by (auto simp: qa-def gb-def)
show ?thesis
proof (cases degree qa = 0)
case True
thus ?thesis unfolding ga-def by auto
next
case Fulse
let ?lc = lead-coeff
have lc-pos: ?lc qa > 0
proof (rule ccontr)
assume — ?thesis
with Fualse have ?lc qa < 0 using leading-coeff-neq-0 by force
hence ?ic (—ga) > 0 by simp
from poly-pinfty-ge[OF this, of — ¢ + 2] False
obtain n where le: A z. 2 > n= — ¢ + 2 < — poly qa z by auto
from le[of maz n d] c[of maxz n d] show False by auto
qed
from this ab have degree ga < degree gb by (intro degree-mono-generic|OF
poly-pinfty-ge], auto)
thus ?thesis unfolding qa-def gb-def by auto
qed
qed

lemma degree-partial-insertion-stays-constant-generic:
3 a. assignment a N
(V b (V y. gt== (b y) (a y)) — degree (partial-insertion a x p) = degree
(partial-insertion b x p))
proof —
define n where n = mdegree p x
define pi where pi a = partial-insertion a = p for a
have n: assignment a = degree (pi a) < n for a unfolding n-def pi-def
by (rule degree-partial-insertion-bound)
thus ?thesis unfolding pi-def|[symmetric]
proof (induct n rule: less-induct)
case (less n)
show ?Zcase
proof (cases 3 a. assignment a A degree (pi a) = n)
case True
then obtain ¢ where a: assignment a and deg: degree (pi a) = n by auto
show ?thesis
proof (intro exI[of - a] conjI a alll impl)
fix b
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assume ge: Vy. gt== (b y) (ay)
with a gt-imp-ge[of b y a y for y] have b: assignment b unfolding assign-
ment-def
using order-trans[of 0 a y for y] by fastforce
have degree (pi a) < degree (pi b)
by (rule degree-partial-insertion-mono-generic[OF a, of z b, folded pi-def],
insert ge, auto)
with less(2)[of b] deg b
show degree (pi a) = degree (pi b) by simp
qed
next
case Fulse
with less(2) have deg: assignment b = degree (pi b) < n for b by fastforce
have ass: assignment (X -. 0 :: 'a) unfolding assignment-def by auto
define m where m =n — 1
from deg[OF ass] have mn: m < n and less-id: © < n «— z < m for z
unfolding m-def by auto
from less(1)[OF mn deg[unfolded less-id]] show ?thesis by auto
qed
qed
qed
end

lemma monotone-poly-partial-insertion-generic:
assumes delta-order: Nz y. gtyz +— y >z + 06
and delta: § > 0
and eps-delta: € x 6 > 1
and ceil-nat: \ z :: 'a. of-nat (ceil-nat ) > x
assumes z: T € IS
and mono: monotone-poly-wrt gt xs p
and ass: assignment a
shows 0 < degree (partial-insertion a x p)
lead-coeff (partial-insertion a © p) > 0
valid-poly p = poly (partial-insertion a x p) (§ * of-nat y) > § * of-nat y
proof —
define ¢ where ¢ = partial-insertion a © p
{
fix wl w2:: 'a
assume w: 0 < wl gt w2 wl
from gt-imp-ge[OF w(2)] w have w2: w2 > 0 by auto
have assw: assignment (a (z := wl)) using ass w(1) w2 unfolding assign-
ment-def by auto
note main = insertion-partial-insertion|of x - - p, symmetric]
have gt (insertion (a(x := w2)) p) (insertion (a(z := wl)) p)
using mono[unfolded monotone-poly-wrt-def, rule-format, OF assw z, of w2]
by (auto simp: w)
also have insertion (a(x := w2)) p = poly (partial-insertion a z p) w2 using
main[of a a(z := w2)] by auto
also have insertion (a(x := wl1)) p = poly (partial-insertion a x p) wl using
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mainfof a a(z := wl)] by auto
finally have gt (poly ¢ w2) (poly q w1) by (auto simp: g-def)
} note gt = this
have 0 < a z using ass unfolding assignment-def by auto
from gt[OF this, of a © + ¢] have poly q (a z) # poly q (a z + §) unfolding
delta-order using delta by auto
hence deg: degree ¢ > 0
using degree0-coeffs|of q] by force
show 0 < degree (partial-insertion a x p) unfolding ¢-def[symmetric] by fact

have unbounded: poly q (6 * of-nat n) > poly ¢ 0 + § * of-nat n for n
proof (induct n)
case (Suc n)
have poly ¢ 0 + ¢ * of-nat (Suc n) = (poly ¢ 0 + 6 * of-nat n) + & by (simp
add: algebra-simps)
also have ... < poly q (0 * of-nat n) + § using Suc by simp
also have ... < poly ¢ (§ * of-nat n + 9)
by (rule gt[unfolded delta-order], insert delta, auto)
finally show ?case by (simp add: algebra-simps)
qed force
let ?lc = lead-coeff
have ?lc ¢ > 0
proof (rule ccontr)
define d where d = poly q 0
assume — ?thesis
hence ?lc ¢ < 0 by auto
moreover have ?lc ¢ # 0 using deg by auto
ultimately have ?lc ¢ < 0 by auto
hence ?ic (—q) > 0 by auto
from poly-pinfty-ge[OF this, of —d] deg obtain n where le: \ z. 2 > n =
— d < — poly q x by auto
have d: © > n = d > poly q = for x using le[of z] by linarith
define m where m = ¢ *x (mazxn 0 + 1)
from eps-delta delta have eps: € > 0
by (metis mult.commute order-less-le-trans zero-less-mult-pos zero-less-one)
hence m: m > 0 unfolding m-def by auto
from ceil-nat[of m] m have cm: ceil-nat m > 0
using linorder-not-less by force
have poly q (6 * of-nat (ceil-nat m)) < d
proof (rule d)
have n < mazx n 0 x 1 by simp
also have ... < maz n 0 x (¢ * 0) using eps-delta
by (simp add: maz-def)

also have ... = 0 * m — ¢ x ¢ unfolding m-def by (simp add: field-simps)
also have ... < § *x m using eps-delta by (auto simp: ac-simps)
also have ... < ¢ * of-nat (ceil-nat m)

by (rule mult-left-mono[OF ceil-nat], insert delta, auto)
finally show n < § x of-nat (ceil-nat m) .
qed
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also have ... < poly ¢ 0 + 0 * of-nat (ceil-nat m) unfolding d-def using
delta cm by auto
also have ... < poly ¢q (0 * of-nat (ceil-nat m)) by (rule unbounded)
finally show Fulse by simp
qed
thus lead-coeff ¢ > 0 unfolding ¢-def .

assume valid: valid-poly p
{
fix y :: nat
let 2y = § * of-nat y
from unbounded|of y)
have poly q ?y > poly q 0 + 7y .
moreover have poly ¢ 0 = insertion (a(z := 0)) p unfolding ¢-def
using insertion-partial-insertion|of x a a(x := 0) p| by auto
moreover have ... > (
by (intro valid[unfolded valid-poly-def, rule-format], insert ass, auto simp:
assignment-def)
ultimately have poly ¢ ?y > ?y by auto
thus poly (partial-insertion a z p) ?y > ?y unfolding ¢-def .
} note ge = this
qed
end
end

context poly-inter
begin

lemma monotone-poly-eval-generic:
assumes valid: valid-monotone-poly-inter
and trans-gt: transp (=)
and gt-imp-ge: Nz y. z -y = y < z
and gt-exists: Nz.z> 0= F y. y = x
and gt-irrefl: \ z. - (z > )
and tF: funas-term t C F
shows monotone-poly (vars-term t) (eval t) vars (eval t) = vars-term t
proof —
have monotone-poly (vars-term t) (eval t) A vars (eval t) = vars-term t using
tF
proof (induct t)
case (Var z)
show ?case by (auto simp: monotone-poly-wrt-def)
next
case (Fun fts)
{
fix ¢
assume ¢ € set ts
with Fun(1)[OF this] Fun(2)

have monotone-poly (vars-term t) (eval t)
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vars (eval t) = vars-term t
by auto
} note IH = this
let ?n = length ts
let 2f = (f,%n)
define p where p = I f
from Fun have ?f € F by auto
from walid[unfolded valid-monotone-poly-inter-def, rule-format, OF this, un-
folded valid-monotone-poly-def]
have valid: valid-poly p and mono: monotone-poly (vars p) p and vars: vars p
= {.<%n}
unfolding p-def by auto
have wm: assignment b = (A\z. v € varsp = (>)== (a z) (bz)) = (>)
(insertion a p) (insertion b p)
for b a using monotone-poly-wrt-insertion|OF trans-gt gt-imp-ge mono| by
auto
have id: eval (Fun fts) = substitute (Ai. if i < length ts then eval (ts! i) else
0) p
unfolding eval.simps p-def[symmetric] id by simp

have mono: monotone-poly (vars-term (Fun f ts)) (eval (Fun f ts))
unfolding monotone-poly-wrt-def
proof (intro alll impl)
fixa:-='aand z v
assume «: assignment «
and z: x € vars-term (Fun f ts)
and v: v > a x
define § where § = a(z := v)
define o’ where o’ = (X i. if i < ?n then insertion « (eval (ts! 7)) else 0)
define 5’ where 3’/ = (X i. if i < ?n then insertion § (eval (ts! 7)) else 0)
{
fix ¢
assume n: i < n
hence tsi: ts ! i € set ts by auto
{
assume z € vars-term (ts ! i)
from IH(1)[OF tsi, unfolded monotone-poly-wrt-def, rule-format, OF «
this v]
have ins: 8’ i = o’ i unfolding §-def a’-def '-def using n by auto
} note gt = this
{
assume z ¢ vars-term (ts ! i)
with TH(2)[OF tsi] have z: z ¢ vars (eval (ts ! i)) by auto
hence o’ i = 8’ i unfolding «a'-def '-def using n
by (auto simp: B-def intro: insertion-irrelevant-vars)
}

with gt have gt == (8’ i) (a’ i) by fastforce

note gt this
} note gt-le = this
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have a': assignment o’ unfolding o’-def assignment-def using Fun(2)
by (force introl: valid-imp-insertion-eval-pos|OF assms(1) - o] set-conv-nth)

define v where v n i = (if i < n then 8’ i else a’ i) for n i
have v: n < n = assignment (v n) for n unfolding v-def using gt-le(2)
a’ gt-imp-ge
unfolding assignment-def using order.trans[of 0 « z 8 z for z|
by (smt (verit, best) dual-order.strict-trans dual-order.trans sup2F)

from z obtain ¢ where z: © € vars-term (ts! i) and i: ¢ < ?n by (auto
sitmp: set-conv-nth)
from ¢ vars have iv: i € vars p by auto
have ~vi: (v (Suc ©)) = (v 9)( ¢ := B’ i) unfolding vy-def using i by (intro
ext, auto)
have 1: gt "== (insertion (v i) p) (insertion ' p)
by (rule monotone-poly-wrt-insertion|OF trans-gt gt-imp-ge mono '], insert
gt-le i, auto simp: v-def)
have 2: gt (insertion (v (Suc ©)) p) (insertion (v %) p)
using mono|unfolded monotone-poly-wrt-def, rule-format, OF ~v[OF 1] iv,
of B’ 1] gt-le(1)[OF i x]
unfolding ~i by (auto simp: v-def)
have 3: gt "== (insertion (y ?n) p) (insertion (v (Suc 7)) p)
proof (cases Suc i < 7n)
case True
show ?thesis
by (rule monotone-poly-wrt-insertion| OF trans-gt gt-imp-ge mono y[OF
Truel], insert gt-le True, auto simp: y-def)
next
case Fulse
with ¢ have Suc i = ?n by auto
thus ?thesis by simp
qed
have /: insertion 8’ p = (insertion (y %n) p)
unfolding v-def by (rule insertion-irrelevant-vars, insert vars, auto)
from 1 2 3
have gt (insertion 8’ p) (insertion o’ p) using trans-gt unfolding /
by (metis (full-types) sup2F transp-def)
moreover have insertion o’ p = insertion o (eval (Fun fts)) A
insertion B’ p = insertion (a(z := v)) (eval (Fun f ts))
unfolding id insertion-substitute
unfolding 8’-def a'-def if-distrib 5-def[symmetric]
by (auto intro: insertion-irrelevant-vars)

ultimately show gt (insertion (a(z := v)) (eval (Fun f ts))) (insertion «
(eval (Fun f ts))) by auto
qed
define t’ where t' = Fun f ts
define oo where a = (X - :: nat. 0 :: 'a)

have ass: assignment « by (auto simp: assignment-def «-def)
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show ?Zcase
proof (intro conjl mono, unfold t'-def[symmetric])
have vars (eval t') C vars-term t' by (rule vars-eval)
moreover have vars-term t’ C vars (eval t')
proof (rule ccontr)
assume — ?thesis
then obtain z where zt: © € vars-term t' and z: = ¢ vars (eval t') by
auto
from gt-exists|of « z] obtain [ where [: | > a z unfolding a-def by auto

from mono|folded t’-def, unfolded monotone-poly-wrt-def, rule-format, OF
ass wt ]
have insertion (a(z := 1)) (eval t’) = insertion « (eval t') by auto
also have insertion (a(z := 1)) (eval t') = insertion « (eval t')
by (rule insertion-irrelevant-vars, insert z, auto)
finally show Fulse using gt-irrefl by auto

qed
ultimately show vars (eval t') = vars-term t' by auto
qed
qged
thus monotone-poly (vars-term t) (eval t) vars (eval t) = vars-term t by auto
qed
end

context int-poly-inter
begin

lemma degree-mono: assumes pos: lead-coeff p > (0 :: int)
and le: A z. 2 > ¢ = poly p x < poly q x

shows degree p < degree q
by (rule degree-mono-generic|OF poly-pinfty-ge-int assms))

lemma degree-mono’: assumes A z. z > ¢ = (bnd :: int) < poly p x A poly p =
< polyqx

shows degree p < degree q

by (rule degree-mono’-generic[OF poly-pinfty-ge-int assms))

lemma weakly-monotone-insertion: assumes weakly-monotone-poly (vars p) p
and assignment (a :: - = int)
and Az.z €varsp = az < bux
shows insertion a p < insertion b p
proof —
from monotone-poly-wrt-insertion|OF - - assms(1,2), of b] assms(3)
show ?thesis by auto
qed

Lemma 5.2
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lemma degree-partial-insertion-stays-constant: assumes mono: monotone-poly (vars

p)p

shows 3 a. assignment (a :: - = int) A

(V b.(V y. ay < by) — degree (partial-insertion a x p) = degree (partial-insertion
bz p))

using degree-partial-insertion-stays-constant-generic| OF - - poly-pinfty-ge-int mono,
of 0 z
by (simp, metis le-less)

lemma degree-partial-insertion-stays-constant-wm: assumes wm: weakly-monotone-poly
(vars p) p
shows 3 a. assignment (a :: - = int) A
(V b. (V y. ay < by) — degree (partial-insertion a x p) = degree (partial-insertion
bz p))
using degree-partial-insertion-stays-constant-generic| OF - - poly-pinfty-ge-int wm,
of 0 z
by auto

Lemma 5.3

lemma subst-same-var-weakly-monotone-imp-same-degree:
assumes wm: weakly-monotone-poly (vars p) (p :: int mpoly)
and ¢p: poly-to-mpoly = q = substitute (Ai. PVar z) p
shows total-degree p = degree q
proof (cases total-degree p = 0)
case Fulse
from False have p0: p # 0 by auto
obtain d where dq: degree ¢ = d by blast
let ?mc = (A m. mmonom m (mcoeff p m))
let Zcfs = {m . mcoeff p m # 0}
let ?lc = lead-coeff
note fin = finite-coeff-support|of p)
define M where M = total-degree p
from degree-monom-eq-total-degree| OF p0]
obtain mM where mM: mcoeff p mM # 0 degree-monom mM = M unfolding
M-def by blast
from degree-substitute-same-var|of « p, folded M-def qp]
have dM: d < M unfolding dq degree-poly-to-mpoly .
from Fulse M-def have M1: M > 1 by auto
define p! where pI = sum ?mc (?cfs N {m. degree-monom m = M})
define p2 where p2 = sum ?mc (?cfs N {m. degree-monom m < M})
have p = sum ?mc ?cfs
by (rule mpoly-as-sum)
also have ?cfs = ?cfs N {m. degree-monom m = M}
U 2efs N {m. degree-monom m # M} by auto
also have ?cfs N {m. degree-monom m # M} = %cfs N {m. degree-monom m <
M}
using degree-monon-le-total-degree|of p, folded M-def] by force
also have sum ?mc (?cfs N {m. degree-monom m = M} U ...) = pl + p2
unfolding p1-def p2-def
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using fin by (intro sum.union-disjoint, auto)
finally have p-split: p = p1 + p2 .
have total-degree p2 < M — 1 unfolding p2-def
by (intro total-degree-sum-lel, subst total-degree-monom, auto)
also have ... < M using M1 by auto
finally have deg-p”: total-degree p2 < M by auto
have p! # 0
proof
assume pl = 0
hence p = p2 unfolding p-split by auto
hence M = total-degree p2 unfolding M-def by simp
with deg-p’ show False by auto
qed
with mpoly-ext-bounded-int[of 0 p1 0] obtain b
where b: A\ v. b v > 0 and bpm0: insertion b p1 # 0 by auto
define B where B = Mazx (insert 1 (b ‘ vars p))
define X where X = (0 :: nat)
define pb where pb p = mpoly-to-poly X (substitute (A v. Const (b v) x PVar
X) p) for p
have varsX: vars (substitute (A v. Const (b v) * PVar X) p) C {X} for p
by (intro vars-substitute order.trans|OF vars-mult], auto)
have pb: substitute (A v. Const (b v) * PVar X) p = poly-to-mpoly X (pb p) for
p
unfolding pb-def
by (rule mpoly-to-poly-inverse[symmetric, OF varsX])
have poly-pb: poly (pb p) x = insertion (Av. b v * z) p for z p
using arg-cong|OF pb, of insertion (X -. ),
unfolded insertion-poly-to-mpoly]
by (auto simp: insertion-substitute insertion-mult)
define Ib where [b = insertion (A -. 0) p

{

fix x
have poly (pb p) = = insertion (Av. b v x z) p by fact
also have ... = insertion (Av. b v * z) pl + insertion (Av. b v * z) p2

unfolding p-split
by (simp add: insertion-add)
also have insertion (Av. b v * z) pl = insertion b pl x ™M
unfolding p1-def insertion-sum insertion-mult insertion-monom sum-distrib-right

power-mult-distrib
proof (intro sum.cong[OF refl], goal-cases)

case (1 m)
from 7 have M: M = degree-monom m by auto
have { v. lookup m v # 0} C keys m

by (simp add: keys.rep-eq)
from finite-subset| OF this] have fin: finite { v. lookup m v # 0} by auto
have ([Tv. b v " lookup m v x = ~ lookup m v)

= ([Tv. bv " lookup m v) x ([[v.  ~ lookup m v)
by (subst (1 2 3) Prod-any.expand-superset|OF fin])
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(insert zero-less-iff-neg-zero, force simp: prod.distrib)+
also have ([[v.  ~ lookup m v) = ¢ = M unfolding M degree-monom-def
by (smt (verit) Prod-any.conditionalize Prod-any.cong finite-keys in-keys-iff
power-0 power-sum)
finally show ?Zcase by simp
qed
also have insertion (Av. b v * ) p2 = poly (pb p2) z unfolding poly-pb ..
finally have poly (pb p) x = poly (monom (insertion b p1) M + pb p2) = by
(simp add: poly-monom)
}
hence pbp-split: pb p = monom (insertion b p1) M + pb p2 by blast
have degree (pb p2) < total-degree p2 unfolding pb-def
apply (subst degree-mpoly-to-poly)
apply (simp add: varsX)
by (rule degree-substitute-const-same-var)
also have ... < M by fact
finally have deg-pbp2: degree (pb p2) < M .
have degree (monom (insertion b p1) M) = M using bpm0 by (rule de-
gree-monom-eq)
with deg-pbp2 pbp-split have deg-pbp: degree (pb p) = M unfolding pbp-split
by (subst degree-add-eq-left, auto)
have ?ic (pb p) = insertion b pl unfolding pbp-split
using deg-pbp2 bpm0 coeff-eq-0 deg-pbp pbp-split by auto
define bnd where bnd = insertion (A -. 0) p

{
fix x = int
assume z: z > (0
have ass: assignment (A v. b v x z) unfolding assignment-def using z b by
auto
have poly (pb p) © = insertion (Av. b v % x) p by fact
also have insertion (A v. b v * x) p < insertion (A v. B * z) p
proof (rule weakly-monotone-insertion| OF wm ass])
fix v
show v € vars p => b v x © < B x z using b[of v]  unfolding B-def
by (intro mult-right-mono, auto introl: Maz-ge vars-finite)
qged

also have ... = poly ¢ (B * z) unfolding poly-to-mpoly-substitute-same| OF
qp] -
also have ... = poly (q o, [:0, B:]) z by (simp add: poly-pcompose ac-simps)

finally have ineq: poly (pb p) z < poly (q o, [:0, Bi]) z .
have bnd < insertion (Av. b v * z) p unfolding bnd-def
by (intro weakly-monotone-insertion|OF wm], insert b z, auto simp: assign-
ment-def)
also have ... = poly (pb p) z using poly-pb by auto
finally have bdnd < poly (pb p) z by auto
note this ineq
} note pb-approz = this
have M = degree (pb p) unfolding deg-pbp ..
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also have ... < degree (g o, [:0, B:])
by (intro degree-mono’[of 0 bnd], insert pb-approx, auto)
also have ... < d by (simp add: dq)
finally have deg-pbp: M < d .
with dM have M = d by auto
thus ?thesis unfolding M-def dq .
next
case True
then obtain ¢ where p: p = Const ¢ using degree-0-imp-Const by blast
with gp have poly-to-mpoly © ¢ = p by auto
thus ?thesis
by (metis True degree-Const degree-poly-to-mpoly p)
qed

lemma monotone-poly-partial-insertion:
assumes 1: T € IS
and mono: monotone-poly xs p
and ass: assignment a
shows 0 < degree (partial-insertion a x p)
lead-coeff (partial-insertion a x p) > 0
valid-poly p = y > 0 = poly (partial-insertion a x p) y > y
valid-poly p = insertion a p > a x
proof —
have 0: transp ((>) :: int = -) by auto
have 1: (z < y) = (¢ + 1 < y) for z y :: int by auto
have 2: x < int (nat x) for = by auto
note main = monotone-poly-partial-insertion-genericlof (>) 1 1 nat, OF 0 -
poly-pinfty-ge-int 1 - - 2 x mono ass, simplified]
show 0 < degree (partial-insertion a x p) 0 < lead-coeff (partial-insertion a x p)

using main by auto
assume valid: valid-poly p
{

fix y :: int

assume y > 0

then obtain n where y: y = int n

by (metis int-nat-eq)

from main(3)[OF valid, of n, folded y]

show y < poly (partial-insertion a x p) y by auto
} note estimation = this
from ass have a © > 0 unfolding assignment-def by auto
from estimation|OF this| show insertion a p > a x

using insertion-partial-insertion|of ¢ a a p] by auto

qed

end
context int-poly-inter

begin
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lemma insertion-eval-pos: assumes funas-term t C F
and assignment o

shows insertion a (eval t) > 0
by (rule valid-imp-insertion-eval-pos| OF valid assms])

lemma monotone-poly-eval: assumes funas-term t C F
shows monotone-poly (vars-term t) (eval t) vars (eval t) = vars-term t
proof —
have Jy. z < y for z :: int by (intro exl[of - x + 1], auto)
from monotone-poly-eval-generic[OF valid - - this - assms]
show monotone-poly (vars-term t) (eval t) vars (eval t) = vars-term t by auto
qed
end

locale term-poly-input = poly-input p q for p q +
assumes terminating-poly: termination-by-int-poly-interpretation F-S S
begin

definition I where I = (SOME I. int-poly-inter F-S I A\ int-poly-inter.termination-by-poly-interpretation
F-STIS)

lemma I: int-poly-inter F-S I int-poly-inter.termination-by-poly-interpretation F-S
18

using somel-ex| OF terminating-poly[unfolded termination-by-int-poly-interpretation-def],
folded I-def] by auto

sublocale int-poly-inter F-S I by (rule I(1))

lemma orient: orient-rule (lhs-S,rhs-S)
using I(2)[unfolded termination-by-interpretation-def termination-by-poly-interpretation-def]
unfolding S-def by auto

lemma solution: positive-poly-problem p q
proof —

from orient[unfolded orient-rule

have gt: gt-poly (eval lhs-S) (eval rhs-S) by auto

from walid[unfolded valid-monotone-poly-inter-def]

have wvalid: A\ f. f € F-S = walid-monotone-poly f by auto

let ?lc = lead-coeff

let ?f = (f-sym,7)

have ?f € F-S unfolding F-S-def by auto

from valid[OF this, unfolded valid-monotone-poly-def] obtain f where

If: I f-sym = [ and f: valid-poly f monotone-poly (vars f) fvars f = {.< 7}

by auto

from f(2) have wmf: weakly-monotone-poly (vars f) f by (rule monotone-imp-weakly-monotone)

define [ where [ i = args (Ihs-S) ! i for ¢

define r where 7 i = args (rhs-S) ! i for ¢
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have list: [0..<7] = [0,1,2,3,4,5,6 :: nat] by code-simp
have [hs-S: lhs-S = Fun f-sym (map | [0..<7]) unfolding lhs-S-def I-def by
(auto simp: list)
have rhs-S: rhs-S = Fun f-sym (map r [0..<7]) unfolding rhs-S-def r-def by
(auto simp: list)
{
fix ¢ :: var
define vs where vs = V-list
assume i < 7
hence choice: i =0V i=1Vi=2Vi=38Vi=4Vi=5Vi=~06 by
linarith
have set: {0..<7 :: nat} = {0,1,2,3,4,5,6} by code-simp
from choice have vars: vars-term (1 i) = {i} vars-term (r i) = {i} unfolding
l-def lhs-S-def r-def rhs-S-def
using vars-encode-poly[of 2 p| vars-encode-poly|of 2 q]
by (auto simp: y1-def y2-def y3-def y4-def y5-def y6-def y7-def vs-def [symmetric])
from choice set have funs: funas-term (1 i) U funas-term (r i) C F-S using
rhs-S-F lhs-S-F unfolding [hs-S rhs-S
by auto
have Ir € {l,r} = vars-term (Ir i) = {i} Ir € {l;r} = funas-term (Ir i) C
F-S for Ir
by (insert vars funs, force)+
} note signature-l-r = this
{
fix 7 :: var and Ir
assume i: { < 7 and Ir: Ir € {l,r}
from signature-I-r[OF i Ir] monotone-poly-evallof Ir i]
have vars: vars (eval (Ir 7)) = {i}
and mono: monotone-poly {i} (eval (Ir 7)) by auto
} note eval-lI-r = this

define upoly where upoly l-or-r i = mpoly-to-poly i (eval (I-or-r i)) for l-or-r :
var = (-,-)term and ¢

{

fix Ir and 7 :: nat and a :: - = int
assume a: assignment a and i: ¢ < 7 and Ir: Ir € {l,r}
with eval-lI-r[OF i] signature-l-r[OF 1]
have vars: vars (eval (Ir 7)) = {i} and mono: monotone-poly {i} (eval (Ir 7))
and funs: funas-term (Ir i) C F-S by auto
from insertion-eval-pos|OF funs]
have valid: valid-poly (eval (Ir 7)) unfolding valid-poly-def by auto
from monotone-poly-partial-insertion| OF - mono a, of i) valid
have deg: degree (partial-insertion a i (eval (Ir i))) > 0
and lc: ?lc (partial-insertion a @ (eval (Ir ©))) > 0
and ineq: insertion a (eval (Ir i)) > a i by auto
moreover have partial-insertion a i (eval (Ir i)) = upoly Ir i unfolding
upoly-def
using vars eval-I-r[OF i, of r, simplified]
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by (intro poly-ext)
(metis i insertion-partial-insertion-vars poly-eg-insertion poly-inter.vars-eval
signature-l-r(1)[of - r, simplified] singletonD)
ultimately
have degree (upoly Ir i) > 0 ?lc (upoly Ir i) > 0
insertion a (eval (Ir ©)) > a i by auto
} note upoly-pos-subterm = this

{
fix ¢ :: var
assume i: ¢ < 7
from degree-partial-insertion-stays-constant[OF f(2), of {] obtain a where
a: assignment a and
deg-a: \ b. (N y. a y < b y) = degree (partial-insertion a i f) = degree
(partial-insertion b i f)
by auto
define ¢ where c j = (if j < 7 then insertion a (eval (1 7)) else a j) for j
define e where e j = (if j < 7 then insertion a (eval (r j)) else a j) for j
{
fix z :: int
assume z: z > (
have ass: assignment (a (i := z)) using z « unfolding assignment-def by
auto
from gt[unfolded gt-poly-def, rule-format, OF ass, unfolded rhs-S lhs-S]
have insertion (a(i := z)) (eval (Fun f-sym (map r [0..<7])))
< insertion (a(i := z)) (eval (Fun f-sym (map 1 [0..<7]))) by simp
also have insertion (a(i := z)) (eval (Fun f-sym (map r [0..<7]))) =
insertion (Aj. insertion (a(i := z)) (eval (rj))) f
by (simp add: If insertion-substitute, intro insertion-irrelevant-vars, auto
simp: f)
also have ... = poly (partial-insertion e i f) (poly (upoly r %) x)
proof —
let %a = (Aj. insertion (a(i := z)) (eval (7 j)))
have insi: poly (upoly r i) z = insertion (a(i := z)) (eval (r 7))
unfolding upoly-def using eval-I-r(1)[OF i, of ]
by (subst poly-eg-insertion, force)
(intro insertion-irrelevant-vars, auto)
show ?thesis unfolding insi
proof (rule insertion-partial-insertion-vars|of i f e %a, symmetric])
fix j
show j # i = j € vars f = e j = insertion
unfolding e-def f using eval-lI-r[of j
tion-irrelevant-vars)
qed
qed
also have insertion (a(i := z)) (eval (Fun f-sym (map 1 [0..<7]))) =
insertion (Aj. insertion (a(i := z)) (eval (1§))) f
by (simp add: If insertion-substitute, intro insertion-irrelevant-vars, auto

a(i = x)) (eval (rj))

( =
f by (auto introl: inser-
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simp: f)
also have ... = poly (partial-insertion ¢ i f) (poly (upoly l i) x)
proof —
let %a = (Nj. insertion (a(i := x)) (eval (1])))
have insi: poly (upoly 1 ©) © = insertion (a(i := z)) (eval (I 7))
unfolding upoly-def using eval-lI-r[OF i]
by (subst poly-eg-insertion, force)
(intro insertion-irrelevant-vars, auto)
show ?thesis unfolding insi
proof (rule insertion-partial-insertion-varsof i f ¢ %o, symmetric])
fix j
show j # { = j € vars f = ¢ j = insertion (a(i := z)) (eval (1))
unfolding c-def f using eval-l-r[of j] f by (auto introl: inser-
tion-irrelevant-vars)
qed
qed

finally have poly (partial-insertion c i f) (poly (upoly 1 i) x)
> poly (partial-insertion e i f) (poly (upoly r i) x) .
} note 1 = this

define er where er = partial-insertion e i f o, upoly r i
define cl where cl = partial-insertion c i f o, upoly 1 i
define d where d = degree (partial-insertion e i f)
{
fix z
haveaz < cazNaz<ez
proof (cases x € vars f)
case Fulse
thus “thesis unfolding c-def e-def f by auto
next
case True
hence id: (z < 7) = True and z: z < 7 unfolding f by auto
show ?thesis unfolding c-def e-def id if- True using upoly-pos-subterm(3)[OF
a z] by auto
qed
hence a z < cz a z < e z by auto
} note a-ce = this

have d-eq: d = degree (partial-insertion c i f) unfolding d-def
by (subst (1 2) deg-a[symmetric], insert a-ce, auto)

have e: assignment e using a a-ce(2) unfolding assignment-def
by (smt (verit, del-insts))

have d-pos: d > 0 unfolding d-def

by (intro monotone-poly-partial-insertion[OF - f(2) e], insert f i, auto)
have lc-e-pos: ?lc (partial-insertion e © f) > 0

by (intro monotone-poly-partial-insertion[OF - f(2) e], insert f i, auto)
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have lc-r-pos: ?lc (upoly r i) > 0 by (intro upoly-pos-subterm[OF a i, auto)
have deg-r: 0 < degree (upoly r i) by (intro upoly-pos-subterm[OF a i], auto)
have Ic-er-pos: ?lc er > 0 unfolding er-def

by (subst lead-coeff-comp|OF deg-r], insert lc-e-pos deg-r lc-r-pos, auto)

from 1[folded poly-pcompose, folded er-def cl-def]
have er-cl-poly: 0 < x = poly er x < poly cl x for xz by auto
have degree er < degree cl
proof (intro degree-mono|of - 0])
show 0 < ?lc er using lc-er-pos by auto
show 0 < z = poly er x < poly cl xz for x using er-cl-poly[of z] by auto
qed
also have degree er = d x degree (upoly r ©)
unfolding er-def d-def by simp
also have degree ¢l = d * degree (upoly 1 7)
unfolding cl-def d-eq by simp
finally have degree (upoly i) > degree (upoly r i) using d-pos by auto
} note deg-inequality = this

{
fix p :: int mpoly and x
assume p: monotone-poly {x} p vars p = {z}
define ¢ where ¢ = mpoly-to-poly = p
from mpoly-to-poly-inverse|of p
have pq: p = poly-to-mpoly = q using p unfolding ¢-def by auto
from pq p(2) have deg: degree ¢ > 0
by (simp add: degree-mpoly-to-poly degree-pos-iff ¢-def)
from deg pqg have 3 ¢q. p = poly-to-mpoly x q¢ N\ degree ¢ > 0 unfolding g-def
by auto
} note mono-unary-poly = this

{
fix f
assume | € {¢-sym, h-sym} U v-sym ‘ V
hence (f, 1) € F-S unfolding F-S-def F-def by auto
from valid[OF this, unfolded valid-monotone-poly-def] obtain p
where p: p = I f monotone-poly {..<1} p vars p = {0} by auto
have id: {.< (1 :: nat)} = {0} by auto
have 3 ¢. I f = poly-to-mpoly 0 q N\ degree ¢ > 0 unfolding p(1)[symmetric]
by (intro mono-unary-poly, insert p(2—3)|unfolded id], auto)
} note unary-symbol = this

{

fix f and n :: nat and z :: var

assume [ € {f-sym,a-sym} f = f-sym = n=7f = a-sym = n = 2
hence n: n > 1 and f: (f,n) € F-S unfolding F-def F-S-def by force+
define p where p = I f

from wvalid[OF f, unfolded valid-monotone-poly-def, rule-format, OF refl p-def]
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have mono: monotone-poly (vars p) p and wars: vars p = {..<n} and wvalid:
valid-poly p by auto
let %t = Fun f (replicate n (TVar 1))
have t-F: funas-term 2t C F-S using f by auto
have ot: vars-term 2t = {z} using n by auto
define ¢ where ¢ = eval %t
from monotone-poly-eval|OF t-F, unfolded vt, folded q-def]
have monotone-poly {z} q vars ¢ = {z} by auto
from mono-unary-poly|OF this| obtain ¢’ where
qq’: q = poly-to-mpoly = q' and dq’: degree q' > 0 by auto
have ¢'t: poly-to-mpoly x ¢’ = eval ?t unfolding qq'[symmetric] ¢-def by simp
also have ... = substitute (Ai. if i < n then eval (replicate n (TVar x) ! i) else
0) p
by (simp add: p-def[symmetric])
also have (\i. if i < n then eval (replicate n (TVar z) ! i) else 0) = (\i. if i
< n then PVar x else 0)
by (intro ext, auto)
also have substitute ... p = substitute (X i. PVar z) p using vars
unfolding substitute-def using vars-replace-coeff[of Const, OF Const-0]
by (intro insertion-irrelevant-vars, auto)
finally have eq: poly-to-mpoly © ¢’ = substitute (\i. PVar z) p .
have 3 p ¢. I f = p N eval ?t = poly-to-mpoly x g N poly-to-mpoly x q =
substitute (Ni. PVar x) p A degree ¢ > 0
A wars p = {..<n} A monotone-poly (vars p) p
by (intro exI|of - p] exI|[of - q'] conjI valid eq dq’ p-def[symmetric] q't[symmetric]
mono vars)
} note f-a-sym = this

from unary-symbol|of ¢-sym] obtain ¢ where Iq: I g-sym = poly-to-mpoly 0 q
and dgq: degree ¢ > 0 by auto

from unary-symbol[of h-sym| obtain h where Ih: I h-sym = poly-to-mpoly 0 h
and dh: degree h > 0 by auto

from unary-symbol|of v-sym i for i] have V i. 3 ¢q. i € V — I (v-sym i) =
poly-to-mpoly 0 g A 0 < degree q by auto
from choice[OF this] obtain v where
Iv:i € V= I (v-sym i) = poly-to-mpoly 0 (v i) and
dv: i € V= degree (vi) > 0
for i by auto

have eval-pm-Var: eval (TVar y) = poly-to-mpoly y [:0,1:] for y
unfolding eval.simps mpoly-of-poly-is-poly-to-mpoly[symmetric] by simp
have id: (if 0 = (0 :: nat) then eval ([t] ! 0) else 0) = eval t for t by simp
{
have y: eval (TVar y4) = poly-to-mpoly y4 [:0,1:] (is - = poly-to-mpoly -
?polyl) by fact
have hy: eval (Fun h-sym [TVar y4]) = poly-to-mpoly y4 h using Ih
apply (simp)
apply (subst substitute-poly-to-mpolylof - - y4 ?polyl])
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apply (unfold id, intro y)
by simp
have ghy: eval (Fun g-sym [Fun h-sym [T Var y/]]) = poly-to-mpoly y4 (pcompose
q h) using Iq
apply (simp)
apply (subst substitute-poly-to-mpoly|of - - y4 h])
apply (unfold id, intro hy)
by simp
hence [3: eval (1 8) = poly-to-mpoly y4 (pcompose q h) unfolding I-def lhs-S-def
by simp

have qy: eval (Fun g-sym [TVar y4]) = poly-to-mpoly y4 q using Iq
apply (simp)
apply (subst substitute-poly-to-mpoly|of - - y4 ?polyl])
apply (unfold id, intro y)
by simp
have hqy: eval (Fun h-sym [Fun g-sym [TVar y4]]) = poly-to-mpoly y4 (pcompose
h q) using Ih
apply (simp)
apply (subst substitute-poly-to-mpoly|of - - y4 q))
apply (unfold id, intro qy)
by simp
have hhqy: eval (Fun h-sym [Fun h-sym [Fun g-sym [T Var y4]]]) = poly-to-mpoly
y4 (pcompose h (pcompose h q)) using Ih
apply (simp)
apply (subst substitute-poly-to-mpoly|of - - y4 pcompose h q)
apply (unfold id, intro hqy)
by simp
hence r3: eval (r 8) = poly-to-mpoly y4 (pcompose h (pcompose h q)) unfolding
r-def rhs-S-def by simp

from deg-inequality[of 3] have deg: degree (upoly r 3) < degree (upoly I 3) by
stmp
hence degree h x (degree h * degree q) < degree q x degree h
unfolding upoly-def 13 r3 y4-def poly-to-mpoly-inverse by simp
with dq have degree h x degree h < degree h by simp
with dh have degree h = 1 by auto
} note dh = this

define tayy where tayy = Fun a-sym (replicate 2 (TVar y5))
from f-a-sym[of a-sym 2 y5, folded tayy-def] obtain a ayy where
la: I a-sym = a
and eval-ayy: eval tayy = poly-to-mpoly y5 ayy
and dayy: degree ayy > 0 and payy: poly-to-mpoly y5 ayy = substitute (Ai.
PVar y5) a
and monoa: monotone-poly (vars a) a and varsa: vars a = {..<2} by blast

{

define vs where vs = V-list
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have vs: set vs C V unfolding vs-def V-list by auto
have r 4 = foldr (Ai t. Fun (v-sym i) [t]) vs tayy unfolding tayy-def r-def
rhs-S-def sub-def vs-def
by (simp add: numeral-eq-Suc)

also have 3 q. eval ... = poly-to-mpoly y5 q N degree ¢ = prod-list (map (X i.
degree (v i)) vs) * degree ayy
using vs
proof (induct vs)
case Nil
show ?case using eval-ayy by auto
next

case (Cons z vs)
from Cons obtain ¢ where IH1: eval (foldr (Ait. Fun (v-sym i) [t]) vs tayy)
= poly-to-mpoly y5 q
and TH2: degree ¢ = (][] i+—vs. degree (v i)) x degree ayy by auto
from Cons have z: x € V by auto
have eval: eval (foldr (i t. Fun (v-sym 7) [t]) (z # vs) tayy) = poly-to-mpoly
y5 (v z o, q) using [v[OF z]
apply simp
apply (subst substitute-poly-to-mpoly|of - - y5 q])
apply (unfold id, intro IHI1)
by simp
show ?case unfolding eval by (intro exI[of - v x o, ¢|, auto simp: IH2)
qed
finally obtain ¢ where
r4: eval (r 4) = poly-to-mpoly y5 q and
q: degree q = prod-list (map (X i. degree (v 7)) vs) * degree ayy
by auto

have y: eval (TVar y5) = poly-to-mpoly y5 [:0,1:] (is - = poly-to-mpoly -
?poly1) by fact
have hy: eval (Fun h-sym [TVar y5]) = poly-to-mpoly y5 h using Ih
apply (simp)
apply (subst substitute-poly-to-mpolylof - - y5 ?poly1])
apply (unfold id, intro y)
by simp

hence U: eval (I 4) = poly-to-mpoly y5 h unfolding I-def lhs-S-def by simp

from deg-inequality[of 4] have deg: degree (upoly r 4) < degree (upoly | 4) by
stmp
hence degree q < degree h
unfolding upoly-def 14 r4 y5-def poly-to-mpoly-inverse by simp
hence degq: degree ¢ < 1 unfolding dh by simp
hence (V z € set vs. degree (vz) = 1) A degree ayy = 1 N\ degree ¢ = 1 using
vs unfolding ¢
proof (induct vs)
case Nil
thus ?case using dayy by auto
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next
case (Cons z vs)
define rec where rec = ([ i<vs. degree (v i)) * degree ayy
have id: ([] i< # vs. degree (v 1)) * degree ayy = degree (v x) * rec
unfolding rec-def by auto
from Cons(2)[unfolded id] have prems: degree (v z) * rec < 1 by auto
from Cons(3) have z: € V and sub: set vs C V by auto
from dv[OF z] have dv: degree (v z) > 1 by auto
from dv prems have rec < 1
by (metis dual-order.trans mult.commute mult.right-neutral mult-le-mono2)
from Cons(1)[folded rec-def, OF this sub]
have IH: (Vz€set vs. degree (v x) = 1) degree ayy = 1 rec = 1 by auto
from IH(3) dv prems have dvx: degree (v z) = 1 by simp
show ?case unfolding id using dvx IH by auto
qed
from this[unfolded vs-def V-list]
have dv: \ z. z € V = degree (v x) = 1 and dayy: degree ayy = 1 by auto

}

hence dv: \ z. £ € V = degree (v z) = 1 and dayy: degree ayy = 1 by auto

define tfyy where tfyy = Fun f-sym (replicate 7 (TVar y6))
from f-a-sym|of f-sym 7 y6, folded tfyy-def] obtain f fyy where
If: I f-sym = f
and eval-fyy: eval tfyy = poly-to-mpoly y6 fyy
and dfyy: degree fyy > 0 and pfyy: poly-to-mpoly y6 fyy = substitute (Ai. PVar
y6) f

and monof: monotone-poly (vars f) f and varsf: vars f = {..<7} by blast

{
have y: eval (TVar y6) = poly-to-mpoly y6 [:0,1:] (is - = poly-to-mpoly -
?poly1) by fact
have hy: eval (Fun h-sym [TVar y6]) = poly-to-mpoly y6 h using Ih
apply (simp)
apply (subst substitute-poly-to-mpoly|of - - y6 ?poly1])
apply (unfold id, intro y)
by simp

hence 15: eval (I 5) = poly-to-mpoly y6 h unfolding I-def lhs-S-def by simp
have r 5 = tfyy unfolding tfyy-def r-def rhs-S-def by simp
hence 75: eval (r 5) = poly-to-mpoly y6 fyy using eval-fyy by simp

from deg-inequality[of 5] have deg: degree (upoly r 5) < degree (upoly I 5) by
stmp
from this[unfolded upoly-def 15 r5 y6-def poly-to-mpoly-inverse dh]
have degree fyy < 1.
}
with dfyy
have dfyy: degree fyy = 1 by auto
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note lemma-5-3 = subst-same-var-weakly-monotone-imp-same-degree[ OF mono-
tone-imp-weakly-monotone)

from lemma-5-3[OF monof] dfyy pfyy have df: total-degree f = 1 by auto

from lemma-5-3[OF monoa] dayy payy have da: total-degree a = 1 by auto

let 2argsL = [¢-t (h-t (Var y4)),
h-t (Var y5),
h-t (Var y6),
g-t (Var y7) o-t

let ZargsR = [h-t (h-t (¢-t (Var y4))),
foldr v-t V-list (a-t (Var y5) (Var y5)),
Fun f-sym (replicate 7 (Var y6)),
g-t (Var y7) z-t

show ?thesis
apply (rule poly-input-to-solution-common.solution|of - - I F-S ?argsL ?argsR))
apply (unfold-locales)
subgoal using orient unfolding lhs-S-def rhs-S-def by simp
subgoal by simp
subgoal using signature-l-r(1)[of 4 ]
by (auto simp: y1-def y2-def y3-def y4-def y5-def y6-def y7-def r-def rhs-S-def)
subgoal unfolding F-S-def by auto
subgoal for g n
proof (goal-cases)
case I
hence ch: (g,n) = (f-sym,7) V (g,n) € F by auto
hence (g,n) € F-S unfolding F-S-def by auto
from wvalid[rule-format, OF this, unfolded valid-monotone-poly-def, rule-format,
OF refl refi]
have x: valid-poly (I g) monotone-poly {..<n} (I g) vars (I g) = {..<n}
by auto
show ?case
proof (intro monotone-linear-poly-to-coeffs *)
show total-degree (I g) < 1
proof (rule ccontr)
assume not: - ?thesis
with ch df da If Ia have (g,n) € F — {(a-sym,2)} by auto
then consider (V) i where i € Vg=wv-symin=1|(z) g = z-symn
=0
unfolding F-def by auto
thus Fulse
proof cases
case V
have total-degree (I g) = 1 unfolding dv[OF V (1), symmetric]
proof (rule lemma-5-3[OF *(2)[folded %(3)]])
show poly-to-mpoly 0 (v i) = substitute (Ai. PVar 0) (I g)
unfolding V Iv[OF V(1)]
by (intro mpoly-extl, auto simp: insertion-substitute)
qed
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with not show Fulse by auto
next
case 2
with x have vars (I g) = {} by auto
from vars-empty-Const[OF this] obtain ¢ where I g = Const ¢ by auto
hence total-degree (I g) = 0 by simp
with not show Fualse by auto
qed
qed
qed
qed
done
qed
end

context poly-input
begin

Theorem 5.4 in paper

theorem polynomial-termination-with-natural-numbers-undecidable:
positive-poly-problem p q +— termination-by-int-poly-interpretation F-S S
proof
assume positive-poly-problem p q
interpret solvable-poly-problem
by (unfold-locales, fact)
from solution-imp-poly-termination
show termination-by-int-poly-interpretation F-S S .
next
assume termination-by-int-poly-interpretation F-S S
interpret term-poly-input
by (unfold-locales, fact)
from solution show positive-poly-problem p q .
qed

end

Now head for Lemma 5.6

locale poly-input-omega-solution = poly-input
begin

fun I :: symbol = int list = int where
I o-sym xzs = insertion (A -. 1) q
| I z-sym zs = 0
| I a-sym xs = xs! 0 + zs! 1
| Igsymas=(xs! 1 +1)*as! 0+ as! 1
| Th-symaxs = (zs!0)72 + 7% (zs!0) + 4
| If-symaxs=xs! 2 % xs! 6 + sum-list xs
| I g-sym zs = 5 (nat (zs ! 0))
| I (v-sym i) s =xs! 0
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lemma I-encode-num: assumes ¢ > 0
shows I[encode-num z cJa = ¢ * a
proof —
from assms obtain n where cn: ¢ = int n by (metis nonneg-eq-int)
hence natc: nat ¢ = n by auto
show ?thesis unfolding encode-num-def natc unfolding cn
by (induct n, auto simp: algebra-simps)
qed

lemma I-v-pow-e: I [(v-tz " e) tla = I [t]a
by (induct e, auto)

lemma I-encode-monom: assumes c: ¢ > 0

shows I[encode-monom z m cJa = ¢ * o
proof —

define zes where zes = var-list m

from war-list|of m c]

have monom: mmonom m ¢ = Const ¢ * ([ (z, e)+ zes . PVar z ~e) unfolding
zes-def .

show ?thesis unfolding encode-monom-def monom zes-def[symmetric]

by (induct zes, auto simp: I-encode-num[OF ¢]| I-v-pow-e)

qed

lemma I-encode-poly: assumes positive-poly r
shows I [encode-poly x r]ac = insertion (A -. 1) r * a x
proof —
define mcs where mcs = monom-list r
from monom-list[of r] have r: r = (3. (m, ¢)+ mcs. mmonom m c) unfolding
mcs-def by auto
have mecs: (m,c) € set mes = ¢ > 0 for m ¢
using monom-list-coeff assms unfolding mcs-def positive-poly-def by auto
show ?thesis unfolding encode-poly-def mcs-def [symmetric] unfolding r inser-
tion-sum-list map-map o-def
using mcs
proof (induct mcs)
case (Cons mc mcs)
obtain m ¢ where mc: me = (m,c) by force
from Cons(2) mc have c¢: ¢ > 0 by auto
note monom = I-encode-monom|[OF this, of © m]
show ?case
by (simp add: me monom algebra-simps, subst Cons(1), insert Cons(2), auto
simp: Const-add algebra-simps)
qed simp
qed
end

lemma length2-cases: length xs = 2 = 3 z y. xs = [z,y]
by (cases xs; cases tl xs, auto)
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lemma length7-cases: length vs = 7 =—> 3 x1 22 x3 x4 x5 26 7. zs = [x1,22,23 x4 ,25 26,27

apply (cases s, force)

apply (cases drop 1 xs, force)

apply (cases drop 2 xs, force)

apply (cases drop 3 s, force)

apply (cases drop 4 xs, force)

apply (cases drop 5 xs, force)

by (cases drop 6 xs, force+)

lemma lengthl-cases: length xs = Suc 0 = 3 z. xs = [z]
by (cases xs; auto)

lemma less2-cases: i < 2 = i =0V (i = nat) = 1
by auto

lemma less7-cases: i < 7= i=0V (i::nat) =1Vi=2Vi=3Vi=/
Vi=5oVi=6
by auto

context poly-input-omega-solution
begin

sublocale inter-S: term-algebra F-S I (>) .
sublocale inter-S: omega-term-algebra F-S I
proof (unfold-locales, unfold inter-S.valid-monotone-inter-def, intro balll)
fix fn
assume fn € F-S
note F' = this[unfolded F-S-def F-def]
show inter-S.valid-monotone-fun fn
unfolding inter-S.valid-monotone-fun-def
proof (intro alll impl, clarify)
fix fn
assume fn: fn = (f,n)
note defs = valid-fun-def monotone-fun-wrt-def
show valid-fun n (I f) A inter-S.monotone-fun n (I f)
proof (cases f)
case f: a-sym
with F fn have n: n = 2 by auto
show ?thesis unfolding f n
by (auto simp: defs dest!: length2-cases less2-cases)
next
case f: g-sym
with F fn have n: n = 2 by auto
show ?thesis unfolding f n
by (auto simp: defs dest!: length2-cases less2-cases)
(smt (verit, ccfo-SIG) mult-mono’)
next
case f: z-sym
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with F fn have n: n = 0 by auto
show ?thesis unfolding f n
by (auto simp: defs)
next
case f: o-sym
with F' fn have n: n = 0 by auto
show ?thesis unfolding f n
by (auto simp: defs introl: insertion-positive-poly pq)
next
case f: f-sym
with F' fn have n: n = 7 by auto
show ?thesis unfolding f n
by (auto simp: defs introl: add-le-less-mono mult-mono
dest!: length7-cases less7-cases)
next
case f: (v-sym i)
with F' fn have n: n = 1 by auto
show ?thesis unfolding f n
by (auto simp: defs)
next
case f: g-sym
with F' fn have n: n = 1 by auto
show ?thesis unfolding f n
by (auto simp: defs dest: lengthl-cases)
next
case f: h-sym
with F' fn have n: n = 1 by auto
show ?thesis unfolding f n
by (auto simp: defs power2-eq-square dest!: lengthl-cases)
(insert mult-strict-mono’, fastforce)
qed
qed
qed

Lemma 5.6

lemma S-is-omega-terminating: omega-termination F-S S
unfolding omega-termination-def
proof (intro exI[of - I] conjI)
show omega-term-algebra F-S I ..
show inter-S.termination-by-interpretation S
unfolding inter-S.termination-by-interpretation-def S-def
proof (clarify, intro conjI)
show funas-term lhs-S U funas-term rhs-S C F-S using lhs-S-F rhs-S-F by
auto
show inter-S.orient-rule (lhs-S, rhs-S) unfolding inter-S.orient-rule-def split
proof (intro alll impl)
fix a :: var = int
assume assignment o
hence a: a ¢ > 0 for z unfolding assignment-def by auto
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from «[of y4] obtain n4 where nj: « y4 = int n4
using nonneg-int-cases by blast
define ¢ where q1 = insertion (A-. 1) ¢
have ¢I: g1 > 0 unfolding q¢I-def using pq(2)
by (simp add: insertion-positive-poly)
define p! where p1 = insertion (A-. 1) p
have pI: p! > 0 unfolding p1-def using pq(1)
by (simp add: insertion-positive-poly)
have [simp]: I[foldr (Xit. Fun (v-sym i) [t]) zs tja = I[t]a for zs t
by (induct xs, auto)
define | where [ i = args (lhs-S) ! i for i
define r where r i = args (rhs-S) ! i for i
note defs = I-def r-def lhs-S-def rhs-S-def
have 1: Il O]Ja > I[r 0]« unfolding defs by auto
have 2: I[l 1]a > I[r 1]« unfolding defs by auto
have 5: I[l 4]Ja > I[r 4]a unfolding defs using afof y5] by auto
have 6: Il 5]a > I[r 5]a unfolding defs using afof y6] by (auto simp:
power2-eq-square)
have 7: I[l 6]a > I[r 6]« unfolding defs using «fof y7] ¢1
by (auto simp: q1-def[symmetric] field-simps)

have n{{: n4 * 4 = n4 + n4d + n4d + n4 by simp
have r3: I[r 8Ja =1+ 54 *n4) + 14 * 5(3 * nf) + 64 x 5(2 * n4)
+ 105 x« 5 nd + 48 x 570
unfolding defs by (simp add: nj field-simps power-mult power2-eq-square)
(simp flip: power-add power-mult add: field-simps n44)
let Zlarge = 125 « 5 (nf 2 + 7 x n4)
have [3: I[l 8]Ja = ?large + ?large + ?large + ?large + ?large
unfolding defs by (simp add: nj power2-eq-square nat-add-distrib nat-mult-distrib
power-add)
have /: I[l 8]Ja > I[r 3]a unfolding 13 r3
by (intro add-mono mult-mono power-increasing, auto)

have I[r 2]a = I[r 6]a + I[r 2]«

=gl +1)xay?7+ql +1)*xays

unfolding defs by (simp add: I-encode-poly|OF pq(2)] ql-def field-simps)
alsohave ... < ((¢ + 1) xa y7 + ql + 1) * ((pI + 1) * o y3)

by (rule mult-left-mono, insert p1 q1 «, auto simp: field-simps)
also have ... = I[l 2]a = I[l 6]a + I[I 2]«

unfolding defs by (simp add: I-encode-poly[OF pq(1)] ql-def pi-def
field-simps)

finally have 57: I[l 2]« * I[l 6]a + I[l 2]a > I[r 2]« * I[r 6] + I[r 2]

have lhs: lhs-S = Fun f-sym (map 1 [0,1,2,3,4,5,6]) unfolding lhs-S-def I-def
by simp
have rhs: rhs-S = Fun f-sym (map r [0,1,2,3,4,5,6]) unfolding rhs-S-def
r-def by simp
have I[rhs-SJa = (I[r 2]a * I[r 6]a + I[r 2]a) +
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(I[r 0]a + I[r 1]a + I[r 3]a + I[r 4]a + I[r 6]a) + I[r 5]
unfolding rhs by simp
also have ... < (I[l 2]« * I[I 6]a + I[I 2]c) +
(Il 0] + Il 1] + 1[I 8] + Il 4] + I[L 6]c) + I[I 5]
apply (rule add-le-less-mono[OF - 6])
apply (rule add-mono[OF 37])
by (intro add-mono 1 2 4 5 7)

also have ... = [[lhs-S]a unfolding lhs by simp
finally show I[lhs-S]a > I[rhs-S]a .
qed
qed
qed
end
end

8 Undecidability of Polynomial Termination using
0-Orders

theory Delta-Poly- Termination- Undecidable
imports
Poly-Termination- Undecidable
begin

context poly-input
begin

definition y8 :: var where y§ = 7
definition y9 :: var where y9 = 8

Definition 6.3

definition lhs-Q = Fun f-sym |
ot (bt (Var y1),
h-t (Var y2),
h-t (Var y3),
gt (gt (Var y4)) (het (het (et (Var g4))),
ot (Var y5),
a-t (Var y6) (Var y6),
Var y7,
Var y8,
h-t (a-t (encode-poly y9 p) (Var y9))]

fun g-list :: - = (symbol,var)term where
g-list [| = 2t
| g-list ((f,n) # fs) = g-t (Fun f (replicate n z-t)) (g-list fs)
definition symbol-list where symbol-list = [(f-sym,9),(q-sym,1),(h-sym,1),(a-sym,2)]
@ map (X i. (v-sym i, 1)) V-list
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definition t-t :: (symbol,var)term where t-t = (g-list ((z-sym,0) # symbol-list))

definition rhs-Q = Fun f-sym |
h-t (h-t (g-t (Var y1))),
g-t (Var y2) (Var y2),
Fun f-sym (replicate 9 (Var y3)),
¢t (g-t (Var y4) t-t),
a-t (Var y5) (Var y5),
ot (Var y6),
a-t z-t (Var y7),
a-t (Var y8) z-t,
a-t (encode-poly y9 q) (Var y9)]

definition @ where Q = {(lhs-Q, rhs-Q)}
definition F-@Q where F-Q = {(f-sym,9), (h-sym,1), (g-sym,2), (¢-sym,1)} U F

lemma lhs-Q-F: funas-term lhs-Q C F-Q
proof —
from funas-encode-poly-p
show funas-term lhs-Q C F-Q unfolding lhs-Q-def by (auto simp: F-Q-def
F-def)
qed

lemma g-list-F: set zs C F-Q = funas-term (g-list zs) C F-Q

proof (induct zs)
case Nil
thus ?case by (auto simp: F-Q-def F-def)

next
case (Cons fa ts)
then obtain f ¢ where fa: fa = (f,a) and inF: (f,a) € F-Q by (cases fa, auto)
have {(g-sym,Suc (Suc 0)),(z-sym,0)} C F-Q by (auto simp: F-Q-def F-def)
with Cons fa inF show Zcase by auto

qed

lemma symbol-list: set symbol-list C F-@Q unfolding symbol-list-def F-Q-def F-def
using V-list by auto

lemma ¢-F: funas-term t-t C F-Q
unfolding t-t-def using g-list-F[OF symbol-list]
by (auto simp: F-Q-def F-def)

lemma vars-g-list[simp]: vars-term (g-list zs) = {}
by (induct zs, auto)

lemma vars-t: vars-term t-t = {}
unfolding t-t-def by simp
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lemma rhs-Q-F: funas-term rhs-Q C F-Q
proof —
from funas-encode-poly-q
show funas-term rhs-Q C F-Q unfolding rhs-Q-def using ¢-F by (auto simp:
F-Q-def F-def)
qed

context
fixes I :: symbol = 'a :: linordered-field mpoly and 6 :: ‘a and a3 a2 al a0 20 v
assumes I: [ a-sym = Const a3 x PVar 0 x PVar 1 + Const a2 = PVar 0 +
Const al x PVar 1 + Const a0
I z-sym = Const 20
I (v-sym ) = mpoly-of-poly 0 (v i)
and a: a3 > 0a2 > 0al > 0a0 > 0
and z: z0 > 0
and v: nneg-poly (v i) degree (v i) > 0
begin

lemma nneg-combination: assumes nneg-poly r
shows nneg-poly ([:al, a3:] * r + [:a0, a2:])
by (intro nneg-poly-add nneg-poly-mult assms, insert a, auto)

lemma degree-combination: assumes nneg-poly r
shows degree ([:al, a8:] x r + [:a0, a2:]) = Suc (degree )
using nneg-poly-degree-add-1[OF assms, OF a(1) a(2)] by auto

lemma degree-eval-encode-num: assumes c: ¢ > 0
shows 3 p. mpoly-of-poly © p = poly-inter.eval I (encode-num x ¢) N\ nneg-poly
p A int (degree p) = ¢
proof —
interpret poly-inter UNIV I .
from assms obtain n where cn: ¢ = int n by (metis nonneg-eq-int)
hence natc: nat ¢ = n by auto
note [simp] = I
show ?thesis unfolding encode-num-def natc unfolding cn int-int-eq
proof (induct n)
case (
show ?case using z by (auto simp: intro!: exl[of - [:20:]])
next
case (Suc n)
define ¢t where ¢t = (((At. Fun a-sym [TVar z, t]) = n) (Fun z-sym []))
from Suc obtain p where mp: mpoly-of-poly x p = eval t
and deg: degree p = n and p: nneg-poly p by (auto simp: t-def)
show ?case apply (simp add: t-def[symmetric])
apply (unfold deg[symmetric])
apply (intro exI[of - [: al, a8:] * p + [:a0, a2:]] conjl mpoly-ext] de-
gree-combination p nneg-combination)
by (simp add: mp insertion-add insertion-mult field-simps)
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qed
qed

lemma degree-eval-encode-monom: assumes c: ¢ > 0
and a: a = (A i. int (degree (v i)))
shows 3 p. mpoly-of-poly y p = poly-inter.eval I (encode-monom y m ¢) A nneg-poly
p A
int (degree p) = insertion o (mmonom m c) A degree p > 0
proof —
interpret poly-inter UNIV I .
define zes where zes = var-list m
from wvar-list[of m ¢
have monom: mmonom m ¢ = Const ¢ * (][ (z, )< zes . PVar z ~e) unfolding
zes-def .
show ?thesis unfolding encode-monom-def monom zes-def[symmetric]
proof (induct zes)
case Nil
show ?case using degree-eval-encode-num|of ¢ y] ¢ by auto
next
case (Cons ze zes)
obtain x e where ze: ze = (z,¢) by force
define expr where expr = rec-list (encode-num y c¢) (Aa. case a of (i, €) =
A-. (At. Fun (v-sym i) [t]) " e)
define exes where exes = expr xes
define izes where izes = insertion o (Const ¢ * ([] a< zes. case a of (z, a)
= PVarz " a))
have step: expr (ze # zes) = ((At. Fun (v-sym z) [t]) 7 e) (exes)
unfolding ze expr-def exes-def by auto
have step’: insertion a (Const ¢ * (]| a+—ze # zes. case a of (z, a) = PVarz
~a))
= (a z) e x izes
unfolding ze izes-def by (simp add: insertion-mult insertion-power)
from Cons(1)[folded expr-def exes-def izes-def] obtain p where
IH: mpoly-of-poly y p = eval exes nneg-poly p
int (degree p) = izes degree p > 0
by auto
show ?Zcase
unfolding expr-def[symmetric]
unfolding step step’
proof (induct e)
case (
thus “case using IH by auto
next
case (Suc e)
define rec where rec = ((At. Fun (v-sym z) [t]) ~ e) exes
from Suc[folded rec-def] obtain p where
IH: mpoly-of-poly y p = eval rec nneg-poly p int (degree p) = o & ~ e * ixes
degree p > 0 by auto
have ((At. Fun (v-sym z) [t]) = Suc e) exes = Fun (v-sym x) [rec]
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unfolding rec-def by simp
also have eval ... = substitute (A\i. if i = 0 then eval ([rec] ! i) else 0)
(poly-to-mpoly 0 (v x))
by (simp add: T mpoly-of-poly-is-poly-to-mpoly)
also have ... = poly-to-mpoly y (v & o, p)
by (rule substitute-poly-to-mpoly, auto simp: IH (1)[symmetric] mpoly-of-poly-is-poly-to-mpoly)
finally have id: eval (((At. Fun (v-sym x) [t]) " Suc e) exes) = poly-to-mpoly
y (vaopp).
show ?case unfolding id mpoly-of-poly-is-poly-to-mpoly
proof (intro exI[of - v x o, p| congl refl)
show int (degree (v z o, p)) = a z ~ Suc e * izes
unfolding degree-pcompose using IH(3) by (auto simp: «)
show nneg-poly (v z o, p) using IH(2) v]of z]
by (intro nneg-poly-pcompose, insert IH, auto)
show 0 < degree (v z o, p) unfolding degree-pcompose using IH(4) v[of
z] by auto
qed
qed
qed
qed

Lemma 6.2

lemma degree-eval-encode-poly-generic: assumes positive-poly r
and a: a = (A i. int (degree (v i)))
shows 3 p. poly-to-mpoly x p = poly-inter.eval I (encode-poly x ) A nneg-poly p
N
int (degree p) = insertion a r
proof —
interpret poly-inter UNIV I .
define mcs where mcs = monom-list r
from monom-list[of r] have r: r = (3  (m, ¢)+ mcs. mmonom m c) unfolding
mcs-def by auto
{
fix m ¢
assume mc: (m,c) € set mes
hence ¢ > 0
using monom-list-coeff assms unfolding mcs-def positive-poly-def by auto
moreover from mc have ¢ # (0 unfolding mcs-def
by (transfer, auto)
ultimately have ¢ > 0 by auto
} note mcs = this
note [simp] = I
show ?thesis unfolding encode-poly-def mes-def[symmetric] unfolding r inser-
tion-sum-list map-map o-def
unfolding mpoly-of-poly-is-poly-to-mpoly[symmetric]
using mcs
proof (induct mes)
case Nil
show ?case by (rule exI[of - [:20:]], insert z, auto)
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next
case (Cons mc mcs)
define trm where trm = rec-list (Fun z-sym []) (Aa. case a of (m, ¢) = A- .
Fun a-sym [encode-monom x m ¢, t])
define expr where expr mes = (Y z<—mes. insertion « (case z of (x, za) =
mmonom z za)) for mcs
obtain m ¢ where mc: me = (m,c) by force
from Cons(2) mc have c: ¢ > 0 by auto
from degree-eval-encode-monom|[OF this «, of x m]
obtain ¢ where monom: mpoly-of-poly x ¢ = eval (encode-monom x m c)
nneg-poly q int (degree q) = insertion « (mmonom m c)
and dgq: degree ¢ > 0 by auto
from Cons(1)[folded trm-def expr-def, OF Cons(2)]
obtain p where IH: mpoly-of-poly x p = eval (trm mcs) nneg-poly p int (degree
p) = expr mcs by force
have step: trm (mc # mcs) = Fun a-sym [encode-monom x m ¢, trm mcs]
unfolding mc trm-def by simp
have step”: expr (mc # mcs) = insertion o (mmonom m ¢) + expr mcs
unfolding mc expr-def by simp
have deg: degree ([:a8:] * ¢ * p + ([:a2:] * ¢ + [:al:] * p + [:a0:])) = degree p
+ degree q
by (rule nneg-poly-degree-add, insert a IH monom, auto)
show ?case unfolding expr-def[symmetric] trm-def|symmetric]
unfolding step step’
unfolding IH(3)[symmetric] monom(8)[symmetric|
apply (intro exl[of - [:a83:] * ¢ * p + [:a2:] * ¢ + [:al:] x p + [:a0:]] congl)
subgoal by (intro mpoly-extl, simp add: IH(1)[symmetric] monom(1)[symmetric]
insertion-mult insertion-add)
subgoal by (intro nneg-poly-mult nneg-poly-add IH monom, insert a, auto)
subgoal using deg by (auto simp: ac-simps)
done
qed
qed
end
end

context delta-poly-inter
begin

lemma transp-gt-delta: transp (A z y. © > y + J) using §0
by (auto simp: transp-def)

lemma gt-delta-imp-ge: y + § < x = y < z using 60 by auto

lemma weakly-monotone-insertion: assumes mono: monotone-poly (vars p) p
and a: assignment (a :: - = 'a)
and gt: Az.z €varsp = az+d<bzx

shows insertion a p < insertion b p
using monotone-poly-wrt-insertion| OF transp-gt-delta gt-delta-imp-ge mono a, of
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b] gt 60 by auto

Lemma 6.5

lemma degree-partial-insertion-stays-constant: assumes mono: monotone-poly (vars
p)p

shows 3 a. assignment a A

vV b (V yay+ 95 <by) — degree (partial-insertion a z p) = degree
(partial-insertion b x p))

using degree-partial-insertion-stays-constant-generic

[OF transp-gt-delta gt-delta-imp-ge poly-pinfty-ge mono, of 6 x, simplified)
by metis

lemma degree-mono: assumes pos: lead-coeff p > (0 :: 'a)
and le: A z. 2 > ¢ = poly p x < poly q x

shows degree p < degree q
by (rule degree-mono-generic[OF poly-pinfty-ge assms])

lemma degree-mono’: assumes A\ z. © > ¢ = (bnd :: 'a) < poly p x A poly p =
< polyquz

shows degree p < degree q

by (rule degree-mono’-generic|OF poly-pinfty-ge assms])

Lemma 6.6

lemma subst-same-var-monotone-imp-same-degree:
assumes mono: monotone-poly (vars p) (p :: 'a mpoly)
and gp: poly-to-mpoly x q = substitute (\i. PVar z) p
shows total-degree p = degree q
proof (cases total-degree p = 0)
case Fulse
from Fulse have p0: p # 0 by auto
obtain d where dq: degree ¢ = d by blast
let 9mc = (A m. mmonom m (mcoeff p m))
let ?cfs = {m . mcoeff p m # 0}
let ?lc = lead-coeff
note fin = finite-coeff-support|of p]
define M where M = total-degree p
with False have M1: M > 1 by auto
from degree-monom-eg-total-degree| OF p0]
obtain mM where mM: mcoeff p mM # 0 degree-monom mM = M unfolding
M-def by blast
from degree-substitute-same-var|of z p, folded M-def qp)
have dM: d < M unfolding dq degree-poly-to-mpoly .
define p! where pI = sum ?mc (?cfs N {m. degree-monom m = M})
define p2 where p2 = sum ?mc (?cfs N {m. degree-monom m < M})
have p = sum ?mc ?cfs
by (rule mpoly-as-sum)
also have ?cfs = ?cfs N {m. degree-monom m = M}
U Zcfs N {m. degree-monom m # M} by auto
also have %cfs N {m. degree-monom m # M} = Zcfs N {m. degree-monom m <
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!
using degree-monon-le-total-degree|of p, folded M-def] by force
also have sum ?mc (?cfs N {m. degree-monom m = M} U ...) = pl + p2
unfolding p1-def p2-def
using fin by (intro sum.union-disjoint, auto)
finally have p-split: p = p1 + p2 .
have total-degree p2 < M — 1 unfolding p2-def
by (intro total-degree-sum-lel, subst total-degree-monom, auto)
also have ... < M using M1 by auto
finally have deg-p”: total-degree p2 < M by auto
have p!1 # 0
proof
assume pl = 0
hence p = p2 unfolding p-split by auto
hence M = total-degree p2 unfolding M-def by simp
with deg-p’ show Fualse by auto
qed
with mpoly-ext-bounded-field[of maz 1 § p1 0] obtain b
where b: A\ v. b v > maz 1 § and bpm0: insertion b pI # 0 by auto
from b have b1: A\ v. bv > 1 and b5: A\ v. b v > 6 by auto
define ¢ where ¢ = Max (insert 1 (b ‘wvars p)) + ¢
define X where X = (0 :: nat)
define pb where pb p = mpoly-to-poly X (substitute (A v. Const (b v) x PVar
X) p) for p
have cI: ¢ > 1 unfolding c-def using vars-finite[of p] §0 Maz-ge[of - 1 :: 'a)
by (meson add-increasing?2 finite.insertl finite-imagel insertll nless-le)
have varsX: vars (substitute (A v. Const (b v) *x PVar X) p) C {X} for p
by (intro vars-substitute order.trans|OF vars-mult], auto)
have pb: substitute (A v. Const (b v) *x PVar X) p = poly-to-mpoly X (pb p) for
p
unfolding pb-def
by (rule mpoly-to-poly-inverse[symmetric, OF varsX])
have poly-pb: poly (pb p) = = insertion (Av. b v x z) p for = p
using arg-cong[OF pb, of insertion (A -. z),
unfolded insertion-poly-to-mpoly)
by (auto simp: insertion-substitute insertion-mult)
define Ib where (b = insertion (A -. 0) p

{

fix z
have poly (pb p) = = insertion (Av. b v x z) p by fact
also have ... = insertion (Av. b v % z) pl + insertion (Av. b v * x) p2

unfolding p-split
by (simp add: insertion-add)
also have insertion (Av. b v * z) pl = insertion b pl * ™M
unfolding p1-def insertion-sum insertion-mult insertion-monom sum-distrib-right

power-mult-distrib

proof (intro sum.cong[OF refl], goal-cases)
case (1 m)
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from 7 have M: M = degree-monom m by auto
have { v. lookup m v # 0} C keys m
by (simp add: keys.rep-eq)
from finite-subset| OF this] have fin: finite { v. lookup m v # 0} by auto
have ([Tv. b v " lookup m v x x ~ lookup m v)
= (JJv. b v " lookup m v) x (J[v. z ~ lookup m v)
by (subst (1 2 3) Prod-any.ezpand-superset|OF fin])
(insert zero-less-iff-neg-zero, force simp: prod.distrib)+
also have ([Jv. z ~ lookup m v) = @ =~ M unfolding M degree-monom-def
by (smt (verit) Prod-any.conditionalize Prod-any.cong finite-keys in-keys-iff
power-0 power-sum)
finally show ?case by simp
qed
also have insertion (Av. b v * ) p2 = poly (pb p2) = unfolding poly-pb ..
finally have poly (pb p) © = poly (monom (insertion b p1) M + pb p2) = by
(simp add: poly-monom)
}
hence pbp-split: pb p = monom (insertion b p1) M + pb p2 by blast
have degree (pb p2) < total-degree p2 unfolding pb-def
apply (subst degree-mpoly-to-poly)
apply (simp add: varsX)
by (rule degree-substitute-const-same-var)
also have ... < M by fact
finally have deg-pbp2: degree (pb p2) < M .
have degree (monom (insertion b p1) M) = M using bpm0 by (rule de-
gree-monom-eq)
with deg-pbp2 pbp-split have deg-pbp: degree (pb p) = M unfolding pbp-split
by (subst degree-add-eg-left, auto)
have ?ic (pb p) = insertion b pl unfolding pbp-split
using deg-pbp2 bpm0 coeff-eq-0 deg-pbp pbp-split by auto
define bnd where bnd = insertion (A -. 0) p

{
fixz:'a
assume z1: x > 1
hence z: x > 0 by simp
have ass: assignment (A v. b v * z) unfolding assignment-def using z b1

by (meson linorder-not-le mult-le-cancel-right1 order-trans)
have poly (pb p) = = insertion (Av. b v x z) p by fact
also have insertion (A v. b v * z) p < insertion (A v. ¢ x z) p
proof (rule weakly-monotone-insertion| OF mono ass|)
fix v
assume v: v € vars p
have b v + § < ¢ unfolding c-def using vars-finite[of p] v Maz-ge[of - b v]
by auto
thus b v x 2 + § < ¢ * z using blof v] zI ¢l 60
by (smt (verit) c-def add-le-imp-le-right add-mono comm-semiring-class. distrib
mult.commute mult-le-cancel-right] mult-right-mono order.asym x)
qed
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also have ... = poly ¢ (¢ x z) unfolding poly-to-mpoly-substitute-same[OF qp]

also have ... = poly (q o, [:0, ¢:]) = by (simp add: poly-pcompose ac-simps)
finally have ineq: poly (pb p) z < poly (q o, [:0, ¢]) = .
have bnd < insertion (Av. b v *x z) p unfolding bnd-def
apply (intro weakly-monotone-insertion]| OF mono))
subgoal by (simp add: assignment-def)
subgoal for v using bd[of v] 1 60
by simp (metis dual-order.trans less-le-not-le mult-le-cancel-left1)
done
also have ... = poly (pb p) = using poly-pb by auto
finally have bnd < poly (pb p) z by auto
note this ineq
} note pb-approz = this
have M = degree (pb p) unfolding deg-pbp ..
also have ... < degree (q o, [:0, c])
by (intro degree-mono’[of 1 bnd], insert pb-approx, auto)
also have ... < d by (simp add: dq)
finally have deg-pbp: M < d .
with dM have M = d by auto
thus ?thesis unfolding M-def dq .
next
case True
then obtain ¢ where p: p = Const ¢ using degree-0-imp-Const by blast
with ¢p have poly-to-mpoly © ¢ = p by auto
thus ?thesis
by (metis True degree-Const degree-poly-to-mpoly p)
qed

lemma monotone-poly-partial-insertion:
assumes z: T € s
and mono: monotone-poly xs p
and ass: assignment a
shows 0 < degree (partial-insertion a x p)
lead-coeff (partial-insertion a © p) > 0
valid-poly p = y > 0 = poly (partial-insertion a x p) y >y — ¢
valid-poly p = insertion a p > a x — J
proof —
have 0: 1 < inverse § * § using 60 by auto
define ceil-nat :: '‘a = nat where ceil-nat x = nat (ceiling z) for
have I: x < of-nat (ceil-nat z) for x unfolding ceil-nat-def
by (simp add: of-nat-ceiling)
note main = monotone-poly-partial-insertion-generic| OF transp-gt-delta gt-delta-imp-ge
poly-pinfty-ge refl 60 0 1 x mono ass, simplified]
show 0 < degree (partial-insertion a x p) 0 < lead-coeff (partial-insertion a x p)

using main by auto

assume valid: valid-poly p
from main(3)[OF this] have estimation: § * of-nat y < poly (partial-insertion a
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z p) (6 x of-nat y) for y by auto
{
fixy:'a
assume y: y > 0
with ass have ass’: assignment (a(z := y)) unfolding assignment-def by auto
from walid[unfolded valid-poly-def, rule-format, OF ass’]
have ge0: insertion (a(z := y)) p > 0 by auto
have id: poly (partial-insertion a x p) y = insertion (a(z = y)) p
using insertion-partial-insertion|of = a a(x:=y) p| by auto
show y — ¢ < poly (partial-insertion a © p) y
proof (cases y > §)
case Fulse
with geO|folded id] y show ?thesis by auto
next
case True
define z where z = y — §
from True have 20: z > 0 unfolding z-def by auto
define n where n = nat (floor (z x inverse 0))
have § * of-nat n < z unfolding n-def using §0 20
by (metis field-class.field-divide-inverse mult-of-nat-commute mult-zero-left
of-nat-floor pos-le-divide-eq)
hence gt: § * of-nat n + 6 < y unfolding z-def by auto

define b where b = a(z := § * of-nat n)

have ass-b: assignment b using 60 ass unfolding b-def assignment-def by
auto

from mono[unfolded monotone-poly-wrt-def, rule-format, OF ass-b z, of y] gt

have gt: insertion b p < insertion (b(z := y)) p — ¢ by (auto simp: b-def)

have § * of-nat n + § > z unfolding n-def using 60 20
by (smt (verit, del-insts) comm-semiring-class.distrib field-class.field-divide-inverse
floor-divide-upper inverse-nonnegative-iff-nonnegative mult. commute mult-cancel-left2
mult-nonneg-nonneg of-nat-nat order-less-le z-def z-def z-def zero-le-floor)
hence y — 2 x 0 < § * of-nat n unfolding z-def by auto
also have § * of-nat n < poly (partial-insertion a x p) (6 * of-nat n)
by fact
also have ... = insertion b p using insertion-partial-insertion[of z a b p]
by (auto simp: b-def)
also have ... < insertion (b(z := y)) p — § by fact
also have insertion (b(z := y)) p = poly (partial-insertion a x p) y
using insertion-partial-insertion|of  a b(z := y) p)
by (auto simp: b-def)
finally show ?thesis by simp
qed
} note estimation = this
from ass have a z > 0 unfolding assignment-def by auto
from estimation[OF this] show insertion a p > axz — §
using insertion-partial-insertion|of = a a p] by auto
qed
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end

context solvable-poly-problem
begin

context
assumes SORT-CONSTRAINT('a :: floor-ceiling)
begin

context
fixes h :: 'a
begin

fun IQ :: symbol = 'a mpoly where

1Q f-sym = PVar 0 + PVar 1 + PVar 2 + PVar 8 + PVar 4 + PVar 5 + PVar
6 + PVar 7 + PVar 8
Q a-sym = PVar 0 « PVar 1 + PVar 0 + PVar 1

Q g-sym = PVar 0 x PVar 0 + Const 2 x PVar 0
Q g-sym = PVar 0 + PVar 1

1Q h-sym = Const h * PVar 0 + Const h

| IQ o-sym = 0

I
I
1Q (v sym i) = PVar 0 ~ (nat (« 7))
I
I

interpretation inter@: poly-inter F-Q IQ Az y. z > y + (1 == 'a)) .

Lemma 6.2 specialized for this interpretation

lemma degree-eval-encode-poly: assumes positive-poly r
shows Jp. poly-to-mpoly y9 p = interQ.eval (encode-poly y9 r) N\ nneg-poly p A
int (degree p) = insertion « r
proof —
define v where v i = (monom 1 (nat (a 7)) :: 'a poly) for ¢
define v where v = (\i. int (degree (v i)))
have nneg-v: nneg-poly (vi) 0 < degree (v i) for i unfolding v-def using a1 [of
d
by (auto simp: nneg-poly-def degree-monom-eq poly-monom)
have id: int (Polynomial.degree (v i)) = « i for { unfolding v-def
using a[of 7] by (auto simp: nneg-poly-def degree-monom-eq)
have IQ (v-sym i) = mpoly-of-poly 0 (v i) for i
unfolding v-def by (intro mpoly-extl, simp add: insertion-power poly-monom)
from degree-eval-encode-poly-genericlof IQ 1 110 0 v -y, OF - - this, simplified,
OF nneg-v assms y-def,
unfolded id]
show ?thesis by auto
qed

definition pp where pp = (SOME pp. poly-to-mpoly y9 pp = interQ.eval (encode-poly
y9 p) N nneg-poly pp A int (degree pp) = insertion « p)
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lemma pp: interQ.eval (encode-poly y9 p) = poly-to-mpoly y9 pp
nneg-poly pp int (degree pp) = insertion « p
using somel-ex[OF degree-eval-encode-poly| OF pq(1)], folded pp-def] by auto

definition gq where gq = (SOME qq. poly-to-mpoly y9 qq = interQ.eval (encode-poly
y9 q) N nneg-poly qq N int (degree qq) = insertion « q)

lemma qq: inter@.eval (encode-poly y9 q) = poly-to-mpoly y9 qq
nneg-poly qq int (degree qq) = insertion « q
using somel-ex[OF degree-eval-encode-poly| OF pq(2)], folded qq-def] by auto

definition ppp = pp * [:1,1:] + [:0,1]
definition ¢qq = qq * [:1,1:] + [:0,1]

lemma degree-ppp: int (degree ppp) = 1 + insertion a p
unfolding ppp-def pp(3)[symmetric|
using nneg-poly-degree-add-1[OF pp(2), of 1 1 1 0] by simp

lemma degree-qqq: int (degree qqq) = 1 + insertion « q
unfolding qqq-def qq(3)[symmetric]
using nneg-poly-degree-add-1[OF qq(2), of 1 1 1 0] by simp

lemma ppp-qqq: degree ppp > degree qqq
using degree-ppp degree-qqq «(2) by auto

lemma nneg-ppp: nneg-poly ppp
unfolding ppp-def
by (intro nneg-poly-add nneg-poly-mult pp, auto)

definition H where H = (SOME H.¥Y h > H.Vz>0. poly qqq x < h * poly ppp
z + h)

lemma H: h > H =z > 0 = poly qqq x < h * poly ppp x + h
proof —
from poly-degree-le-large-const| OF ppp-qqq nneg-poly-nneg| OF nneg-pppl]
have dH. Vh>H. Vx>0. poly qqq x < h * poly ppp x + h by auto
from somel-ex|OF this, folded H-def)
show h > H = x > 0 = poly qqq = < h * poly ppp © + h by auto
qed
end

definition h where h = maz 9 (H 1)

lemma h: h > I unfolding h-def by auto

abbreviation I-Q) where I-Q = IQ h

interpretation inter-Q: poly-inter F-Q I-Q (A\z y. = > y + (1 :: 'a)) .

Well-definedness of Interpretation in Theorem 6.4
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lemma valid-monotone-inter-Q:
inter-Q.valid-monotone-poly-inter
unfolding inter-Q.valid-monotone-poly-inter-def
proof (intro balll)
note [simp] = insertion-add insertion-mult
fix fn
assume f: fn € F-Q)
then consider
(a) fn = (a-sym,2)
| (9) fn = (g-sym,2)

| (h) fn = (h-sym,1)
| (¢) fn = (g-sym,1)
| (f) fn = (fsym,9)
| (2) fn = (z-sym,0)
| (v) i where fn = (v-symi, 1) i € V

unfolding F-Q-def F-def by auto
thus inter-Q.valid-monotone-poly fn
proof cases
case *: a
have vars: vars (PVar 0 * PVar 1 + PVar 0 + PVar 1 :: 'a mpoly) = {0,1}
apply (intro vars-eql)
subgoal by (intro vars-mult-subl vars-add-subl, auto)
subgoal for v by (intro exlof - A -. 1] exI[of - 0], auto)
done
show ?thesis unfolding inter-Q.valid-monotone-poly-def *
apply (intro alll impl, clarify, unfold IQ.simps vars valid-poly-def
monotone-poly-wrt-def
insertion-mult insertion-add insertion-Var,
intro congl alll impl)
subgoal for « unfolding assignment-def by simp
subgoal for - - -a z v
proof goal-cases
case 1
from assignmentD[OF 1(1)] have 0: a 0 > 0 o 1 > 0 by auto
from 7 have x = 0 V z = 1 by auto
thus ?case using 0 1(3) mult-right-mono[OF 1(8), of a (x — 1)]
by (auto simp: field-simps)

(smt (verit, ccfv-threshold) 1(3) add.assoc add.commute add-increasing
add-le-imp-le-right add-right-mono diff-ge-0-iff-ge le-add-diff-inverse2 mult-right-mono
zero-less-one-class.zero-le-one)

qed
subgoal by auto
done
next
case *: f
have vars: vars (PVar 0 + PVar 1 + PVar 2 + PVar 8 + PVar 4 + PVar 5
+ PVar 6 + PVar 7 + PVar 8 :: 'a mpoly) = {0,1,2,8,4,5,6,7,8}

apply (intro vars-eql)
subgoal by (intro vars-mult-subl vars-add-subl, auto)
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subgoal for v by (intro exl[of - A -. 1] exI[of - 0], auto)
done
show ?thesis unfolding inter-Q.valid-monotone-poly-def *
apply (intro alll impl, clarify, unfold 1Q.simps vars valid-poly-def
monotone-poly-wrt-def
insertion-mult insertion-add insertion- Var,
intro congl alll impl)
subgoal for « unfolding assignment-def by simp
subgoal for - - -a z v
proof goal-cases
case I
hence z € {0,1,2,3,4,5,6,7,8} by auto
thus ?case using 1(3) by auto
qed
subgoal by auto
done
next
case *: h
have vars: vars (Const h * PVar 0 + Const h :: 'a mpoly) = {0}
apply (intro vars-eql)
subgoal by (intro vars-mult-subl vars-add-subl, auto)
subgoal for v using h by (intro exI[of - A -. 1] exI[of - 0], auto)
done
show ?thesis unfolding inter-Q.valid-monotone-poly-def *
apply (intro alll impl, clarify, unfold IQ.simps vars valid-poly-def
monotone-poly-wrt-def
insertion-mult insertion-add insertion- Var,
intro congl alll impl)
subgoal for « using h unfolding assignment-def by simp
subgoal for - - -a z v
proof goal-cases
case I
from assignmentD[OF 1(1), of 0]
show ?case using 1 h
by (auto simp: field-simps)

(smt (verit, ccfo-threshold) add.commute add-le-cancel-left distrib-left
linordered-nonzero-semiring-class. zero-le-one mult. commute mult-cancel-left1 mult-left-mono
nle-le order-trans)

qed
subgoal by auto
done
next
case z
thus %thesis by (auto simp: inter-Q.valid-monotone-poly-def valid-poly-def
monotone-poly-wrt-def)
next
case *: ¢
have vars: vars (PVar 0 + PVar 1 :: 'a mpoly) = {0,1}
apply (intro vars-eql)
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subgoal by (intro vars-mult-subl vars-add-subl, auto)
subgoal for v by (intro exlof - A -. 1] exI[of - 0], auto)
done
show ?thesis unfolding inter-Q.valid-monotone-poly-def *
apply (intro alll impl, clarify, unfold IQ.simps vars valid-poly-def
monotone-poly-wrt-def
insertion-mult insertion-add insertion-Var,
intro congl alll impl)
subgoal for a unfolding assignment-def by simp
subgoal for - - -a z v
proof goal-cases
case 1
hence = € {0,1} by auto
thus ?case using 1(8) by auto
qed
subgoal by auto
done
next
case *: ¢
have vars: vars (PVar 0 « PVar 0 + Const 2 x PVar 0 :: 'a mpoly) = {0}
apply (intro vars-eql)
subgoal by (intro vars-mult-subl vars-add-subl, auto)
subgoal for v by (intro exlof - A -. 1] exI[of - 2], auto)
done
show ?thesis unfolding inter-Q.valid-monotone-poly-def *
apply (intro alll impl, clarify, unfold IQ.simps vars valid-poly-def
monotone-poly-wrt-def
insertion-mult insertion-add insertion-Var,
intro congl alll impl)
subgoal for « unfolding assignment-def by simp
subgoal for - - -a z v
proof goal-cases
case 1
hence [simp]: = 0 by auto
from 1(1) have a 0 > 0 unfolding assignment-def by simp
thus ?case using 1(3)
by auto
(metis (no-types, opaque-lifting) add.assoc add-mono le-add-same-cancell
mult-2 mult-mono order-trans zero-less-one-class.zero-le-one)
qed
subgoal by auto
done
next
case *: (v 1)
from «[unfolded positive-interpr-def] have pos: a i > 0 by auto
have vars: vars ((PVar 0) (nat (« ©)):: 'a mpoly) = {0}
apply (intro vars-eql)
subgoal by (metis Preliminaries-on-Polynomials-1.vars-Var vars-power)
subgoal for v using pos apply (intro exlof - A -. 2] exI[of - 1])
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by (auto simp: insertion-power)
(metis less-numeral-extra(4) one-less-numeral-iff one-less-power semir-
ing-norm(76) zero-less-nat-eq)
done
show ?thesis unfolding inter-Q.valid-monotone-poly-def *
apply (intro alll impl, clarify, unfold 1Q.simps vars valid-poly-def
monotone-poly-wrt-def
insertion- Var insertion-power,
intro congl alll impl)

subgoal for - - - 8 using pos unfolding assignment-def by simp
subgoal for - - - S z v
proof goal-cases

case I

hence [simp]: = 0 by auto
from 7(1) have b0: § 0 > 0 unfolding assignment-def by simp
from pos obtain k where nik: nat (« i) = Suc k
using gr0-implies-Suc zero-less-nat-eq by presburger
define b0 where b0 = 3 0
have 5 0 "nat (i) + 1 < (8 0 + 1) " nat (o« ¢) using b0 unfolding
nik b0-def [symmetric]
proof (induct k)
case (Suc k)
define sk where sk = Suc k
from Suc show ?case unfolding sk-def[symmetric]
by (auto simp: field-simps add-mono ordered-comm-semiring-class.comm-mult-left-mono)
ged auto
also have ... < v " nat («a ) using 1(3) by (simp add: b0 power-mono)
finally show ?case by simp
qed
subgoal by auto
done
qed
qed

lemma I-Q-delta-poly-inter: delta-poly-inter F-Q I-Q (1 :: 'a)
by (unfold-locales, rule valid-monotone-inter-Q, auto)

interpretation inter-Q: delta-poly-inter F-Q I-Q 1 :: 'a by (rule I-Q-delta-poly-inter)

Orientation part of Theorem 6.4

lemma orient-Q: inter-Q.orient-rule (lhs-Q, Ths-Q)

unfolding inter-Q.orient-rule-def split inter-Q.I’-is-insertion-eval
proof (intro alll impl)

fixz:-="a

assume assignment x

hence z: z 7 > 0 for ¢ unfolding assignment-def by auto

have h9: h > 9 unfolding h-def by auto

define [ where [ i = args (lhs-Q) ! i for ¢

define r where r i = args (rhs-Q) ! i for i
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let ?e = inter-Q.eval

let Zpoly = A t. insertion z (%e t)

note defs = [-def r-def lhs-Q-def rhs-Q-def

let ?nums = [0,1,2,3,4,5,6,7,8] :: nat list

note [simp] = insertion-add insertion-mult y1-def y2-def y3-def y4-def y5-def
yb-def y7-def y8-def y9-def

have e-lhs: ?e lhs-Q = sum-list (map (X i. (%e (14))) ?nums)
unfolding defs by simp

have e-rhs: ?e rhs-Q = sum-list (map (X i. (e (r©))) ?nums)
unfolding defs by simp

have [simp]: 2 = (Const (2 :: 'a))
by (metis mpoly-Const-1 mpoly-Const-add one-add-one)

have Zpoly (r0) = h" 2 x ((z 0)"2+ 2%z 0)+ h™2 + h
by (simp add: field-simps power2-eq-square defs)

alsohave ... < (hxx 0 4+ h) 2 + 2 % (h x x 0 + h) using h z[of 0]
by (simp add: field-simps power2-eq-square)

also have ... = Zpoly (1 0)
by (simp add: field-simps power2-eq-square defs)

finally have 1: Zpoly (I 0) > ?poly (r 0) .

from h9 have h2: h > 2 by auto

have ?poly (r1) =2 xz 1
by (simp add: field-simps defs)

also have ... < h x x I 4+ h using mult-right-mono|OF h2 z[of 1]] h
by auto

also have ... = ?Zpoly (I 1)
by (simp add: field-simps power2-eq-square defs)

finally have 2: ?poly (1 1) > ?poly (r 1) .

have %poly (r2) + 1 = 9 x 2 + 1 unfolding defs by simp
alsohave ... < hxz 2 + h
by (intro add-mono h mult-right-mono h9 x)
also have ... = %poly (I 2) unfolding defs by simp
finally have 3: Zpoly (I 2) > ?poly (r 2) + 1 .

have eval-vs: insertion = (inter-Q.eval (g-list (map (Ai. (v-sym i, Suc 0)) zs)))
=0
for zs by (induct zs, auto simp: insertion-power «l)
have [simp]: insertion x (inter-Q.eval t-t) = h unfolding t-t-def symbol-list-def
by (simp add: eval-vs)
have %poly (r8) = (x 3+ h) 2 + 2 % (z 8 + h)
by (simp add: field-simps power2-eq-square defs)
alsohave ... < (z3) 24+ 2%xx3+h 3xx3+h 3+ h 2+ h(is 2<%
proof —
have 2 x 1 < hx h
by (intro mult-mono, insert h2, auto)

141



hence hh: h x h > 2 by auto
have i< r«— 1 xh+ (2xh)xz38 < (hxh)xh+ ((h*xh)«h) xz8
by (auto simp: field-simps power2-eq-square defs power3-eq-cube)
also have ...
by (intro add-mono mult-right-mono z, insert h hh, auto)
finally show ?%thesis .
qed
also have ... = Zpoly (I 3)
by (simp add: field-simps power2-eq-square defs power3-eq-cube)
finally have 4: ?poly (1 3) > ?poly (r 3) .

have ?poly (r 4) = ((z 4)"2 + 2 *x x /)

by (simp add: field-simps power2-eq-square defs)
also have ... = ?Zpoly (1 4)

by (simp add: field-simps power2-eq-square defs)
finally have 5: ?poly (1 4) > %poly (r 4) by simp

have Zpoly (r5) =(x5) 2+ 2%z 5

by (simp add: field-simps power2-eq-square defs)
also have ... = Zpoly (1 5)

by (simp add: field-simps power2-eq-square defs)
finally have 6: ?poly (I 5) > %poly (r &) by simp

have 7: ?poly (1 6) > ?poly (r 6) unfolding defs using h z[of 6]
by (simp add: add-increasing?2 linorder-not-le mult-le-cancel-right1)

have 8: ?poly (1 7) > ?poly (r 7) unfolding defs using h z[of 7]
by (simp add: add-increasing?2 linorder-not-le mult-le-cancel-right1)

have 9: ?poly (1 8) > ?poly (r 8)
proof —
have r: e (r 8) = poly-to-mpoly 8 (qqq h)
unfolding defs qqq-def
by (simp add: qq[unfolded y9-def] algebra-simps smult-conv-mult-Const Const-mult
flip: mpoly-of-poly-is-poly-to-mpoly)
have [: ?e (1 8) = poly-to-mpoly 8 ([:h:] * (ppp h) + [:h:])
unfolding defs ppp-def
by (simp add: pp[unfolded y9-def] algebra-simps smult-conv-mult-Const Const-mult
flip: mpoly-of-poly-is-poly-to-mpoly)
{
fix r
assume r: r € {p,q}
with funas-encode-poly-p funas-encode-poly-q
have funas: funas-term (encode-poly y9 r) C F by auto
have poly-inter.eval (IQ 1) (encode-poly y9 r) = inter-Q.eval (encode-poly y9
)
by (rule poly-inter-eval-cong, insert funas, auto simp: F-def)
} note encode-eq = this
have pp-eq: pp h = pp 1 unfolding pp-def using encode-eq[of p] by auto
have gg-eq: gq h = qq 1 unfolding qg¢-def using encode-eq[of ¢] by auto
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have ppp-eq: ppp h = ppp 1 unfolding ppp-def pp-eq ..

have qqg-eq: qqq h = qqq 1 unfolding qqq-def qg-eq ..

have H h = H 1 unfolding H-def ppp-eq qqq-eq ..

also have ... < h unfolding h-def by auto

finally have h: h > Hh .

show ?thesis unfolding | r using H[OF h z[of 8]] by simp
qed

have ?poly rhs-Q + 1 =
Ppoly (r 0) + Zpoly (r 1) + (?poly (r 2) + 1) + ?poly (r 3) + Zpoly (r 4) +
Zpoly (r &) + ?poly (r 6) + Zpoly (r 7) + ?poly (r 8)
unfolding e-rhs by simp
also have ... < ?poly (1 0) + ?poly (1 1) + ?poly (I 2) + %poly (1 3) + ?poly (I
4) + ?poly (15) + ?poly (1 6) + ?poly (1 7) + Zpoly (1 8)
by (intro add-mono 1 23 456 789)
also have ... = ?poly lhs-Q
unfolding e-lhs by simp

finally show ?poly rhs-Q + 1 < ?poly lhs-Q by auto
qed
end
end

context poly-input
begin

Theorem 6.4

theorem solution-impl-delta-termination-of-Q:
assumes positive-poly-problem p q
shows termination-by-delta-poly-interpretation (TYPE('a :: floor-ceiling)) F-Q
Q
proof —
interpret solvable-poly-problem
by (unfold-locales, fact)
interpret I: delta-poly-inter F-Q I-Q (1 :: 'a) by (rule I-Q-delta-poly-inter)
show ?thesis
unfolding termination-by-delta-poly-interpretation-def
proof (intro exI[of - 1 :: 'a] exI[of - I-Q] conjl I-Q-delta-poly-inter)
show [.termination-by-delta-interpretation Q
unfolding [.termination-by-delta-interpretation-def Q-def
proof (clarify, intro conjI)
show funas-term lhs-Q U funas-term rhs-QQ C F-Q using lhs-Q-F rhs-Q-F
by auto
show [.orient-rule (lhs-Q, rhs-Q) using orient-Q by simp
qed
qed
qed

end
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context delta-poly-inter
begin

lemma insertion-eval-pos: assumes funas-term t C F
and assignment o

shows insertion o (eval t) > 0
by (rule valid-imp-insertion-eval-pos| OF valid assms])

lemma monotone-poly-eval: assumes funas-term t C F

shows monotone-poly (vars-term t) (eval t) vars (eval t) = vars-term t
proof —

have 3y. z + § < y for z :: 'a by (intro exlI|of - z + §], auto)

from monotone-poly-eval-generic| OF wvalid transp-gt-delta gt-delta-imp-ge this -
assms| 60

show monotone-poly (vars-term t) (eval t) vars (eval t) = vars-term t by auto
qed

lemma monotone-linear-poly-to-coeffs: fixes p :: 'a mpoly
assumes linear: total-degree p < 1
and poly: valid-poly p
and mono: monotone-poly {..<n} p
and vars: vars p = {..<n}
shows 3 ¢ a. p = Const ¢ + (3 i<[0..<n]. Const (a 7) * PVar 1)
ANez0NANNVi<n o ai>1)
proof —
have sum-zero: (\ z. x € set xs = z = 0) = sum-list (zs :: int list) = 0 for
xs by (induct xs, auto)
from coefficients-of-linear-poly| OF linear] obtain ¢ a vs
where p: p = Const ¢ + (D i<vs. Const (a i) x PVar i)
and vsd: distinct vs set vs = vars p sorted-list-of-set (vars p) = vs
and nz: A\ v. v € setvs = av # 0
and c¢: ¢ = mcoeff p 0
and a: A i. a i = mcoeff p (monomial 1 i) by blast
have vs: vs = [0..<n| unfolding vsd(%)[symmetric] unfolding vars
by (simp add: lessThan-atLeast0)
show ?thesis unfolding p vs
proof (intro exI conjl olll impl, rTule refl)
show c¢: ¢ > 0 using poly[unfolded valid-poly-def, rule-format, of A -. 0,
unfolded p]
by (auto simp: coeff-add[symmetric] coeff-Const coeff-sum-list o-def co-
eff-Const-mult
coeff-Var monomial-0-iff assignment-def)
fix ¢
assume ¢ < n
hence i: i € set vs unfolding vs by auto
from nz[OF i] have a0: a i # 0 by auto
from split-list[OF i] obtain bef aft where vsi: vs = bef Q [i] Q aft by auto
with vsd(1) have i: i ¢ set (bef Q aft) by auto
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define oo where o = (A z :: var. 0 :: 'a)
have assignment o unfolding assignment-def a-def using c¢ by auto
from mono|unfolded monotone-poly-wrt-def, rule-format, OF this, of i 8] «i <
n
have insertion a p + 0 < insertion (a(i := 0)) p by (auto simp: a-def)
from this[unfolded p vsi insertion-add insertion-sum-list insertion-Const map-map
o-def insertion-mult insertion-Var
have (> z+ bef Q aft. az x a z) + § < (O z<bef Q aft. a z * (a(i := 9))
z)+ai*d
by (auto simp: a-def)
also have (> z<bef Q aft. a z x (a(i :=9)) z) = O z<bef Q aft. a  *x «
x
)
by (subst map-cong|OF refl, of - - X\ x. a  * « x|, insert i, auto simp: a-def)
finally have § < a 7 x § by auto
with 60 show a ¢ > 1 by simp
qged
qed

end

Lemma 6.7

lemma criterion-for-degree-2: assumes qg-def: qq = q o, [:¢, a:] — smult a ¢
and dgq: degree ¢ > 2
and ineq: \ z :: 'a :: linordered-field. > 0 = poly qq = < poly p x
and dp: degree p < 1
and al: a > 1
and [q0: lead-coeff ¢ > 0
and c: ¢ > 0
shows degree ¢ = 2. a = 1
proof —
have deg: degree (q o, [:c, a:]) = degree q
unfolding degree-pcompose using al by simp
have coeff-dq: coeff qq (degree q) = lead-coeff q¢ * (a ~ degree ¢ — a)
apply (simp add: qq-def)
apply (subst deg[symmetric])
apply (subst lead-coeff-comp)
subgoal using a! by simp
subgoal using a! by (simp add: field-simps)
done
have deg-qq: degree qq < degree q using deg
by (simp add: degree-diff-le qq-def)

{

assume a # 1

with af have al: a > 1 by auto

hence a ~ degree ¢ > a ~ 1 using dq

by (metis add-strict-increasing linorder-not-less one-add-one power-le-imp-le-exp
zero-less-one)
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hence coeff: coeff qq (degree q) > 0
unfolding coeff-dq using dg by (auto intro!: mult-pos-pos lq0)
hence degree qq > degree q
by (simp add: le-degree)
with deg-qq have eq: degree qq = degree q by auto
from coeff[folded eq] have lcqq: lead-coeff qqg > 0 by auto
from dg[folded eq] have 2 < degree qq by auto
also have degree qq < degree p using ineq lcqq
by (metis Preliminaries-on-Polynomials-2.poly-pinfty-ge degree-mono-generic
linorder-le-less-linear order-less-not-sym)
also have ... < 1 by fact
finally have Fulse by simp
}
thus al: a = I by auto
hence ¢q: qq = q o, [:¢c, 1:] — ¢ unfolding gg-def by auto
from coeff-dq[unfolded a1] have coeff qq (degree q) = 0 by simp
with deg-qq dg have deg-qq: degree qq < degree q
using degree-less-if-less-eql by fastforce
define m where m = degree ¢
define m! where mi = m — 1
from dq have mm1: m = Suc m1 unfolding m1i1-def m-def by auto
define ¢gi where ¢i = coeff ¢
define ¢f where c¢f ki = (¢i k x of-nat (k choose i) x ¢ ~ (k — 1)) for i k
define inner where inner k = (> i<k. monom (cf k i) i) for k
define rem where rem = (3 i< ml1. monom (c¢f m %) ©) + sum inner {..<m}
{
fix z
define e where ¢ i k = of-nat (k choose i) x x "ix ¢~ (k — i) for k¢
have poly qq x = poly (¢ op [:¢, 1:]) z — poly ¢ z unfolding qg by simp
also have ... = O k<m. qi k *x (x + ¢) " k) — O k<m. ¢i k x x " k)
unfolding qi-def
by (subst (1 2) poly-as-sum-of-monoms|of q, symmetric, folded m-def])
(simp add: poly-sum poly-pcompose poly-monom ac-simps)
also have ... = D k<m. qi k x (> i<k. eik)) — O_k<m. qik xz " k)
by (subst binomial-ring, auto simp: e-def)
also have ... = O k<m. qik x (ekk + O i<k. eik))) — O_k<m. qi k =
x k)
by (intro arg-conglof - - X\ z. & — -] sum.cong refl arg-cong2[of - - - - (x)])
(metis add.commute lessThan-Suc-atMost sum.lessThan-Suc)
also have ... = O k<m. qgik x ek k) + O_k<m. qi k x (> i<k. ei k)) —
O k<m. qik*xx " k)
by (simp add: field-simps sum.distrib)

also have ... = (3 k<m. qi k x (O] i<k. e i k))
unfolding e-def by simp
also have ... = poly (> k<m. inner k) z unfolding e-def inner-def cf-def

by (simp add: poly-sum poly-monom ac-simps sum-distrib-left)
finally have poly qq * = poly (sum inner {.m}) z .

}

hence gq = sum inner {..m} by (intro poly-ext, auto)
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also have ... = inner m + sum inner {..<m}
by (metis add.commute less Than-Suc-atMost sum.lessThan-Suc)
also have inner m = monom (¢f m m1) ml + (> i< m1. monom (cf m 7) 7)
unfolding inner-def mm1 by simp
finally have qq: g¢ = monom (¢f m m1) m1 + rem by (simp add: rem-def)
have c¢f-mm1: ¢f m m1 > 0 unfolding cf-def
proof (intro mult-pos-pos)
show 0 < ¢i m unfolding ¢i-def m-def by fact
show 0 < (of-nat (m choose m1) :: 'a) unfolding mmI
by (simp add: add-strict-increasing)
show 0 < ¢ ~(m — m1) using ¢ by simp
qed
{
fix k
assume k: k > ml
have coeff rem k = (3 i<m. coeff (inner i) k) using k
by (simp add: rem-def Polynomial.coeff-sum)

also have ... = 0
proof (intro sum.neutral balll)
fix ¢

show i € {..<m} = coeff (inner i) k=0
unfolding inner-def Polynomial.coeff-sum using k mm1
by auto
qed
finally have coeff rem k = 0 .
} note zero = this
from cf-mm1 zero[of m1]
have q¢-m1: coeff q¢ m1 > 0 unfolding gq by auto
{
fix k
assume k£ > ml
with zero[of k] have coeff qq k = 0 unfolding qq by auto
}
with qg-m1 have deg-qq: degree qq = m1
by (metis coeff-0 le-degree leading-coeff-0-iff order-less-le)
with gg-m1 have lc-qq: lead-coeff qqg > 0 by auto

from ineq lc-qq have degree qq < degree p
by (metis Preliminaries-on-Polynomials-2.poly-pinfty-ge degree-mono-generic

linorder-le-less-linear order-less-not-sym)

also have ... < 1 by fact

finally have m! < I unfolding deg-qq by simp

with mm1 have m < 2 by auto

hence degree ¢ < 2 unfolding m-def by auto

with dq show degree ¢ = 2 by auto
qed
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locale term-delta-poly-input = poly-input p q for p q +

fixes type-of-field :: 'a :: floor-ceiling itself

assumes terminating-delta-poly: termination-by-delta-poly-interpretation TYPE('a)
F-Q Q
begin

definition I where I = (SOME I. 3 4. delta-poly-inter F-Q I (6 :: 'a) A
delta-poly-inter.termination-by-delta-interpretation F-Q I § Q)

definition § where § = (SOME §. delta-poly-inter F-Q I (§ :: 'a) A
delta-poly-inter.termination-by-delta-interpretation F-Q I § Q)

lemma I: delta-poly-inter F-Q I § delta-poly-inter.termination-by-delta-interpretation
F-QI46Q
using somel-ex|OF somel-ex|OF terminating-delta-poly[unfolded termination-by-delta-poly-interpretation-def
folded I-def], folded 6-def)
by auto

sublocale delta-poly-inter F-Q I § by (rule I(1))

lemma orient: orient-rule (lhs-Q,rhs-Q)
using 1(2)[unfolded termination-by-delta-interpretation-def] unfolding Q-def
by auto

lemma eval-t-t-gt-0: assumes Ig: I g-sym = Const g0 + Const g1 * PVar 0 +
Const g2 * PVar 1
and Iz: I z-sym = Const z0
and z0: 20 > 0
and ¢0: g0 > 0
and ¢g12: g1 > 092 > 0
shows insertion § (eval t-t) > 0
proof —
define oo where a = (A - :: var. 0 :: 'a)
have a: assignment o by (auto simp: assignment-def a-def)
have id: insertion § (eval t-t) = insertion « (eval t-t)
by (rule insertion-irrelevant-vars, insert vars-t vars-eval, auto)
note pos = insertion-eval-pos|OF - a
show ?thesis
proof (rule ccontr)
assume <~ ?thesis
from this[unfolded id] have insertion o (eval t-t) < 0 by auto
with pos[OF t-F| have 0: insertion « (eval t-t) = 0 by auto
note [simp] = insertion-add insertion-mult insertion-substitute

define /A where IA ¢ = insertion « (eval t) for ¢
note pos = pos|folded TA-def)

let 22z = g-list symbol-list

from pos[OF g-list-F[OF symbol-list]]
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have zz: 0 < IA ?zz by auto
have 0: 0 = IA t-t using 0 by (auto simp: IA-def)
also have ... = g0 + g1 * 20 + g2 * IA ?zz unfolding t-t-def by (simp add:
Ig IA-def Iz)
finally have ¢g0: g0 = 0 and g1 * 20 = 0 g2 x IA %2z = 0
using g0 20 g12 zz mult-nonneg-nonneglof g1 20] mult-nonneg-nonneg|of g2
IA ?2z2]
by linarith-+
with ¢12 have 20: 20 = 0 and 0: IA %2z = 0 by auto
from Ig g0 have Ig: I g-sym = Const g1 = PVar 0 4+ Const g2 « PVar 1 by
stmp
from 20 Iz have Iz: I z-sym = 0 by auto

{
fix fsfa
assume set fs C F-Q and IA (g-list fs) = 0
and (f,a) € set fs
hence mcoeff (If) 0 =20
proof (induct fs)
case (Cons kb fs)
obtain k£ b where kb: kb = (k,b) by force
let 9t = Fun k (replicate b 2-t) :: (symbol,var)term
from Cons(3)[unfolded kb
have 0: g1 * IA 2t + g2 x IA (g-list fs) = 0
by (simp add: IA-def Ig)
from Cons(2)[unfolded kb] have (k,b) € F-Q by auto
hence funas-term 2t C F-Q by (force simp: F-Q-def F-def)
from pos[OF this| have posi: 0 < IA 2t by auto
from Cons(2) have fs: set fs C F-Q by auto
from pos|OF g-list-F[OF this]] have pos2: 0 < IA (g-list fs) by auto
from 0 g12 pos! pos2 mult-nonneg-nonneg[of g1 IA %]
mult-nonneg-nonneglof g2 IA (g-list fs)]
have g1 x IA %t = 0 g2 % IA (g-list fs) = 0
by linarith+
with g12 have ¢: IA ?t = 0 and 0: IA (g-list fs) = 0 by auto
from Cons(1)[OF fs 0] have IH: (f, a) € set fs = mcoeff (If) 0 = 0 by
auto
show ?Zcase
proof (cases (f,a) = (k,b))

case Fulse

with IH Cons(4) kb show ?thesis by auto
next

case True

have 0 = IA %t using t by simp

also have ... = insertion « (I k)

apply (simp add: IA-def)

apply (rule insertion-irrelevant-vars)
subgoal for v by (auto simp: Iz a-def)
done
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also have ... = mcoeff (I k) 0 unfolding «-def by simp
finally show ?thesis using True by simp
qed
qed auto
} note main = this

{
fix k ka

assume (k,ka) € F-Q
then consider (z) (k,ka) = (z-sym,0) | (g9) (k,ka) = (g-sym,2) | (2l) (k,ka)
€ set symbol-list
unfolding symbol-list-def F-Q-def F-def using V-list by auto
hence mcoeff (I'k) 0 =0
proof cases
case (zl)
from main[OF symbol-list 0 zI] show ?thesis .
next
case 2
thus ?thesis using Iz by simp
next
case ¢
thus ?thesis using Ig by (simp add: coeff-Const-mult coeff-Var)
qed
} note coeff-0 = this

have ins-0: funas-term t C F-Q = insertion « (eval t) = 0 for ¢

proof (induct t)
case (Var z)
show ?case by (auto simp: a-def coeff-Var)
next
case (Fun fts)
{
fix ¢
assume i < length ts
hence ts! i € set ts by auto
from Fun(1)[OF this] Fun(2) this
have insertion a (eval (ts ! i)) = 0 by auto
} note IH = this
have insertion « (eval (Fun f ts)) = insertion a (I f)
apply (simp)
apply (intro insertion-irrelevant-vars)
subgoal for v using IH[of v] by (auto simp: a-def)

done
also have ... = mcoeff (I f) 0 unfolding «-def by simp
also have ... = 0 using Fun(2) coeff-0 by auto
finally show ?case by simp
qed

150



from orient[unfolded orient-rule gt-poly-def, rule-format, OF «] ins-0[OF
lhs-Q-F) ins-0[OF rhs-Q-F]
show Fulse using 60 by auto

qed
qed
Theorem 6.8
theorem solution: positive-poly-problem p q
proof —
let ¢ = ¢

from orient[unfolded orient-rule]
have gt: gt-poly (eval lhs-Q) (eval rhs-Q) by auto
from valid[unfolded valid-monotone-poly-inter-def]
have valid: A\ f. f € F-Q = valid-monotone-poly f by auto
let ?lc = lead-coeff
let 2f = (f-sym,9)
have ?f € F-Q unfolding F-Q-def by auto
from valid[OF this, unfolded valid-monotone-poly-def] obtain f where
If: I f-sym = f and f: valid-poly f monotone-poly (vars f) fvars f = {..< 9}
by auto
note mono = f(2)
define [ where [ i = args (lhs-Q) ! i for i
define r where r ¢ = args (rhs-Q) ! i for i
have list: [0..<9] = [0,1,2,3,4,5,6,7,8 :: nat] by code-simp
have lhs-Q: lhs-Q = Fun f-sym (map 1 [0..<9]) unfolding [hs-Q-def I-def by
(auto simp: list)
have rhs-Q: rhs-Q = Fun f-sym (map r [0..<9]) unfolding rhs-Q-def r-def by
(auto simp: list)
{
fix ¢ :: var
define vs where vs = V-list
assume ¢ < 9
hence choice: i =0V i=1Vi=2Vi=8Vi=4Vi=5Vi=6VIi
= 7V i = 8 by linarith
have set: {0..<9 :: nat} = {0,1,2,3,4,5,6,7,8} by code-simp
from choice have vars: vars-term (1 i) = {i} vars-term (r i) = {i} unfolding
l-def lhs-Q-def r-def rhs-Q-def
using vars-encode-poly|of 8 p| vars-encode-poly|of 8 q| vars-t
by (auto simp: y1-def y2-def y3-def y4-def y5-def y6-def y7-def y8-def y9-def
vs-def [symmetric))
from choice set have funs: funas-term (1 i) U funas-term (r i) C F-Q using
rhs-Q-F lhs-Q-F unfolding [hs-Q rhs-Q
by auto
have Ir € {l,r} = vars-term (Ir i) = {i} Ir € {l;r} = funas-term (Ir i) C
F-Q for Ir
by (insert vars funs, force)+
} note signature-l-r = this
{

fix 7 :: var and Ir
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assume i: { < 9 and Ir: Ir € {l,r}
from signature-I-r[OF i Ir] monotone-poly-evallof Ir i]
have vars: vars (eval (Ir 7)) = {i}
and mono: monotone-poly {i} (eval (Ir i)) by auto
} note eval-lI-r = this

define upoly where upoly l-or-r i = mpoly-to-poly i (eval (I-or-r i)) for l-or-r :
var = (-,-)term and ¢

{

fix Irand i :: nat and a :: - = a
assume a: assignment a and i: ¢ < 9 and Ir: Ir € {l,r}
with eval-I-r[OF 4] signature-l-r[OF 1]
have vars: vars (eval (Ir 7)) = {i} and mono: monotone-poly {i} (eval (Ir 7))
and funs: funas-term (Ir i) C F-Q by auto
from insertion-eval-pos|OF funs]
have wvalid: valid-poly (eval (Ir i)) unfolding valid-poly-def by auto
from monotone-poly-partial-insertion|OF - mono a, of i] valid
have deg: degree (partial-insertion a i (eval (Ir i))) > 0
and le: ?lc (partial-insertion a i (eval (Ir ©))) > 0
and ineq: insertion a (eval (Ir i)) > a i — ¢ by auto
moreover have partial-insertion a i (eval (Ir ©)) = upoly Ir i unfolding
upoly-def
using vars eval-I-r[OF i, of r, simplified]
by (intro poly-ext)
(metis i insertion-partial-insertion-vars poly-eg-insertion poly-inter.vars-eval
signature-l-r(1)[of - r, simplified] singletonD)
ultimately
have degree (upoly Ir i) > 0 ?lc (upoly lr i) > 0
insertion a (eval (Ir 7)) > a ¢ — § by auto
} note upoly-pos-subterm = this

{
fix ¢ :: var
assume i: ¢ < 9
from degree-partial-insertion-stays-constant[OF f(2), of i] obtain o’ where
a': assignment a’ and
deg-a’= \ b. (A y. a’ y + § < b y) = degree (partial-insertion a’ i f) =
degree (partial-insertion b i f)
by auto
define @ where a j = a’j + 2 * ¢ for j
from a’ have a: assignment a unfolding assignment-def a-def using 60 by
auto
{
fix b
assume le: A y.ay—95<by
have o’ y + 6 < b y for y using le[of y] unfolding a-def by auto
from deg-a’[OF this]
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have 1: degree (partial-insertion o’ i f) = degree (partial-insertion b i f) by
auto
have o' y + § < a y for y unfolding a-def using §0 by auto
from deg-a'[OF this] 1
have degree (partial-insertion a i f) = degree (partial-insertion b i f) by auto
} note deg-a = this

define ¢ where ¢ j = (if j < 9 then insertion a (eval (1 7)) else a j) for j
define e where e j = (if j < 9 then insertion a (eval (1 j)) else a j) for j
{
fix z:: 'a
assume z: z > 0
have ass: assignment (a (¢ := z)) using z « unfolding assignment-def by
auto
from gtlunfolded gt-poly-def, rule-format, OF ass, unfolded rhs-Q lhs-Q)
have insertion (a(i := z)) (eval (Fun f-sym (map r [0..<9]))) + &
< insertion (a(i := z)) (eval (Fun f-sym (map [ [0..<9]))) by simp
also have insertion (a(i := z)) (eval (Fun f-sym (map r [0..<9]))) =
insertion (Aj. insertion (a(i := z)) (eval (rj))) f
by (simp add: If insertion-substitute, intro insertion-irrelevant-vars, auto
simp: f)
also have ... = poly (partial-insertion e i f) (poly (upoly r %) x)
proof —
let a0 = (Aj. insertion (a(i := z)) (eval (7 j)))
have insi: poly (upoly r i) x = insertion (a(i := z)) (eval (r 7))
unfolding upoly-def using eval-lI-r(1)[OF i, of ]
by (subst poly-eg-insertion, force)
(intro insertion-irrelevant-vars, auto)
show ?thesis unfolding insi
proof (rule insertion-partial-insertion-vars|of i f e %a, symmetric])
fix j
show j # { = j € vars f = e j = insertion (a(i := z)) (eval (rj))
unfolding e-def f using eval-l-r[of j] f by (auto intro!: inser-
tion-irrelevant-vars)
qed
qed
also have insertion (a(i := z)) (eval (Fun f-sym (map 1 [0..<9]))) =
insertion (Aj. insertion (a(i := z)) (eval (17))) f
by (simp add: If insertion-substitute, intro insertion-irrelevant-vars, auto
sitmp: f)
also have ... = poly (partial-insertion c i f) (poly (upoly 1 %) z)
proof —
let %a = (\j. insertion (a(i := z)) (eval (17)))
have insi: poly (upoly 1 i) z = insertion (a(i := z)) (eval (1 7))
unfolding upoly-def using eval-I-r[OF i]
by (subst poly-eg-insertion, force)
(intro insertion-irrelevant-vars, auto)
show ?thesis unfolding insi
proof (rule insertion-partial-insertion-vars[of i f ¢ ?a, symmetric])
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fix j
show j # i = j € vars f = ¢ j = insertion
unfolding c-def f using eval-lI-r[of j
tion-irrelevant-vars)
qged
qed

(a(i += 2)) (cval (1))
f by (auto intro!: inser-

finally have poly (partial-insertion c i f) (poly (upoly 1 ) x)
> poly (partial-insertion e i f) (poly (upoly r i) z) + & .
} note 1 = this

define er where er = partial-insertion e i f o, upoly r i
define cl where cl = partial-insertion c i f o, upoly | i
define d where d = degree (partial-insertion e i f)
{
fix z
haveaz — 6 <czNaz—-—0<ex
proof (cases x € vars f)
case Fulse
thus “thesis unfolding c-def e-def f using 00 by auto
next
case True
hence id: (z < 9) = True and z: z < 9 unfolding f by auto
show ?thesis unfolding c-def e-def id if- True using upoly-pos-subterm(3)[OF
a ]
by auto
qed
hence az — d < czax — 0 < ez by auto
} note a-ce = this

have d-eq: d = degree (partial-insertion ¢ i f) unfolding d-def
by (subst (1 2) deg-a[symmetric], insert a-ce, auto)

have e: assignment e using a’ a-ce(2) §0 unfolding assignment-def a-def
by (metis (no-types, lifting) diff-ge-0-iff-ge gt-delta-imp-ge le-add-same-cancel2
linorder-not-less mult-2 order-le-less-trans)

have d-pos: d > 0 unfolding d-def

by (intro monotone-poly-partial-insertion[OF - f(2) e], insert f i, auto)
have lc-e-pos: ?lc (partial-insertion e i f) > 0

by (intro monotone-poly-partial-insertion|OF - f(2) e], insert f i, auto)

have lc-r-pos: ?lc (upoly r i) > 0 by (intro upoly-pos-subterm|[OF a i, auto)
have deg-r: 0 < degree (upoly r i) by (intro upoly-pos-subterm[OF a i|, auto)
have [c-er-pos: ?lc er > (0 unfolding er-def

by (subst lead-coeff-comp|OF deg-r], insert lc-e-pos deg-r lc-r-pos, auto)

from 1[folded poly-pcompose, folded er-def cl-def]
have er-cl-poly: 0 < ©z = poly er x + § < poly cl x for = by auto
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have degree er < degree cl
proof (intro degree-mono|of - 0])
show 0 < ?lc er using lc-er-pos by auto
show 0 < 2z = poly er x < poly cl z for = using er-cl-poly[of x] 60 by auto
qed
also have degree er = d x degree (upoly r i)
unfolding er-def d-def by simp
also have degree cl = d * degree (upoly 1 7)
unfolding cl-def d-eq by simp
finally have degree (upoly [ i) > degree (upoly r i) using d-pos by auto
} note deg-inequality = this

{
fix p :: 'a mpoly and z
assume p: monotone-poly {z} p vars p = {z}
define ¢ where ¢ = mpoly-to-poly x p
from mpoly-to-poly-inverse[of p x|
have pq: p = poly-to-mpoly x q using p unfolding ¢-def by auto
from pq p(2) have deg: degree ¢ > 0
by (simp add: degree-mpoly-to-poly degree-pos-iff g-def)
from deg pq have 3 ¢. p = poly-to-mpoly = g A degree ¢ > 0 unfolding g¢-def
by auto
} note mono-unary-poly = this

{
fix f

assume [ € {¢-sym, h-sym} U v-sym ‘ V

hence (f, 1) € F-Q unfolding F-Q-def F-def by auto

from valid[OF this, unfolded valid-monotone-poly-def] obtain p
where p: p = I f monotone-poly {..<1} p vars p = {0} by auto

have id: {.< (1 :: nat)} = {0} by auto

have 3 ¢. I f = poly-to-mpoly 0 q N\ degree ¢ > 0 unfolding p(1)[symmetric]
by (intro mono-unary-poly, insert p(2—3)[unfolded id], auto)

} note unary-symbol = this

fix f and n :: nat and z :: var

assume [ € {g-sym, f-sym,a-sym} f = f-sym = n = 9 f € {a-sym,g-sym}
= n=2

hence n: n > 1 and f: (f,n) € F-Q unfolding F-def F-Q-def by force+

define p where p = [ f

from valid[OF f, unfolded valid-monotone-poly-def, rule-format, OF refl p-def]

have mono: monotone-poly (vars p) p and vars: vars p = {..<n} and valid:
valid-poly p by auto

let %t = Fun f (replicate n (TVar x))

have t-F: funas-term ?t C F-Q using f by auto

have ot: vars-term ?t = {z} using n by auto

define ¢ where ¢ = eval %t

from monotone-poly-eval|OF t-F, unfolded vt, folded q-def]
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have monotone-poly {z} q vars ¢ = {z} by auto
from mono-unary-poly|OF this| obtain ¢’ where
qq": q = poly-to-mpoly = ¢’ and dq’: degree q' > 0 by auto
have ¢'t: poly-to-mpoly x ¢’ = eval ?t unfolding qq'[symmetric] ¢-def by simp
also have ... = substitute (Ai. if i < n then eval (replicate n (TVar z) ! i) else
0) p
by (simp add: p-def[symmetric])
also have (Ai. if i < n then eval (replicate n (TVar x) ! ©) else 0) = (Ai. if i
< n then PVar x else 0)
by (intro ext, auto)
also have substitute ... p = substitute (X i. PVar z) p using vars
unfolding substitute-def using vars-replace-coeff[of Const, OF Const-0]
by (intro insertion-irrelevant-vars, auto)
finally have eq: poly-to-mpoly z q' = substitute (\i. PVar z) p .
have 3 p ¢. I f = p A eval 2t = poly-to-mpoly x q N\ poly-to-mpoly © q =
substitute (Ni. PVar x) p A degree ¢ > 0
A wvars p = {..<n} A monotone-poly (vars p) p A valid-poly p
by (intro exI|of - p| exl|[of - q'] conjI valid eq dq’ p-def[symmetric] q't[symmetric]
mono vars)
} note g-f-a-sym = this

from unary-symbol[of ¢-sym] obtain ¢ where Iq: I g-sym = poly-to-mpoly 0 q
and dgq: degree ¢ > 0 by auto

from unary-symbol[of h-sym| obtain h where Ih: I h-sym = poly-to-mpoly 0 h
and dh: degree h > 0 by auto

from g-f-a-sym[of f-sym 9, of y3] obtain f fu where
If: I f-sym = f
and eval-fyy: eval (Fun f-sym (replicate 9 (TVar y3))) = poly-to-mpoly y3 fu
and poly-f: poly-to-mpoly y3 fu = substitute (\i. PVar y3) f
and df: 0 < degree fu
and vars-f: vars f = {..<9}
and mono-f: monotone-poly (vars f) f
and wvalid-f: valid-poly f by auto

from g-f-a-sym[of a-sym 2, of y5] obtain a au where
la: I a-sym = a
and eval-ayy: eval (Fun a-sym (replicate 2 (TVar y5))) = poly-to-mpoly y5 au
and poly-a: poly-to-mpoly y5 au = substitute (\i. PVar y5) a
and da: 0 < degree au
and vars-a: vars a = {..<2}
and valid-a: valid-poly a
and mono-a: monotone-poly (vars a) a by auto

with g-f-a-sym|of a-sym 2, of y6] obtain au’ where
eval-ayy”: eval (Fun a-sym (replicate 2 (TVar y6))) = poly-to-mpoly y6 au’
and poly-a”: poly-to-mpoly y6 au’ = substitute (Ai. PVar y6) a
and da: 0 < degree au’
by auto
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from g-f-a-symlof g-sym 2, of y2] obtain g gu where
Ig: I g-sym = g
and eval-gyy: eval (Fun g-sym (replicate 2 (TVar y2))) = poly-to-mpoly y2 gu
and poly-g: poly-to-mpoly y2 gu = substitute (\i. PVar y2) g
and dg: 0 < degree gu
and vars-g: vars g = {..<2}
and valid-g: valid-poly g
and mono-g: monotone-poly (vars g) g by auto

from unary-symbol[of v-sym i for i| have ¥V .3 ¢q. i € V — I (v-sym i) =
poly-to-mpoly 0 ¢ N\ 0 < degree q by auto
from choice[OF this| obtain v where
Iv:i € V= I (v-sym i) = poly-to-mpoly 0 (v i) and
dv: i € V = degree (v i) > 0
for i by auto

have eval-pm-Var: eval (TVar y) = poly-to-mpoly y [:0,1:] for y
unfolding eval.simps mpoly-of-poly-is-poly-to-mpoly|symmetric] by simp
have id: (if 0 = (0 :: nat) then eval ([t] ! 0) else 0) = eval t for t by simp

{
fix y

have y: eval (TVar y) = poly-to-mpoly y [:0,1:] (is - = poly-to-mpoly - ?polyl)
by fact
have hy: eval (Fun h-sym [TVar y]) = poly-to-mpoly y h using Ih
apply (simp)
apply (subst substitute-poly-to-mpoly|of - - y ?polyl])
apply (unfold id, intro y)
by simp
have qy: eval (Fun g-sym [TVar y]) = poly-to-mpoly y q using Iq
apply (simp)
apply (subst substitute-poly-to-mpoly|of - - y ?polyl])
apply (unfold id, intro y)
by simp
have ghy: eval (Fun g-sym [Fun h-sym [TVar y]]) = poly-to-mpoly y (pcompose
q h) using Iq
apply (simp)
apply (subst substitute-poly-to-mpolylof - - y h])
apply (unfold id, intro hy)
by simp
have hqy: eval (Fun h-sym [Fun ¢-sym [TVar y]]) = poly-to-mpoly y (pcompose
h q) using Ih
apply (simp)
apply (subst substitute-poly-to-mpoly|of - - y ql)
apply (unfold id, intro qy)
by simp
have hhqy: eval (Fun h-sym [Fun h-sym [Fun g-sym [TVar y]]]) = poly-to-mpoly
y (pcompose h (pcompose h q))
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apply (simp)
apply (subst Ih)
apply (subst substitute-poly-to-mpoly|of - - y pcompose h q])
apply (unfold id, intro hqy)
by simp
{
assume y: y = 0
have [: eval (1 0) = poly-to-mpoly 0 (pcompose g h) unfolding
I-def lhs-Q-def using y ghy by (simp add: Ih y1-def)
have r: eval (r 0) = poly-to-mpoly 0 (pcompose h (pcompose h ¢)) unfolding

r-def rhs-Q-def using y hhqy by (simp add: Ih y1-def)
from deg-inequality[of 0, unfolded upoly-def | r poly-to-mpoly-inverse]
have dh: degree h = 1 using dq and dh by auto
} note hy qy this
}
hence dh: degree h = 1
and hy: A\ y. eval (Fun h-sym [TVar y]) = poly-to-mpoly y h
and qy: A\ y. eval (Fun g-sym [TVar y]) = poly-to-mpoly y q
by auto

{
have [: eval (I 1) = poly-to-mpoly 1 h unfolding
l-def lhs-Q-def using hy by (simp add: Ih y2-def)
have eval (r 1) = eval (Fun g-sym (replicate 2 (TVar y2))) unfolding r-def
rhs-Q-def
apply (simp)
apply (intro arg-conglof - - A z. substitute x -] ext)
subgoal for i by (cases i; cases i — 1; auto)
done
also have ... = poly-to-mpoly y2 gu by fact
finally have r: eval (r 1) = poly-to-mpoly 1 gu by (auto simp: y2-def)
from deg-inequality[of 1, unfolded upoly-def I r poly-to-mpoly-inverse] dh dg
have degree gu = 1 by auto
with subst-same-var-monotone-imp-same-degree| OF mono-g poly-g]
have total-degree g = 1 by auto

}

hence dg: total-degree g = 1 by auto

{
have [: eval (I 2) = poly-to-mpoly 2 h unfolding
I-def lhs-Q-def using hy by (simp add: Ih y3-def)
have cval (r 2) = eval (Fun f-sym (replicate 9 (TVar y3))) unfolding r-def
rhs-Q-def
by simp
also have ... = poly-to-mpoly y3 fu by fact
finally have r: eval (r 2) = poly-to-mpoly 2 fu by (auto simp: y3-def)
from deg-inequality|of 2, unfolded upoly-def I r poly-to-mpoly-inverse] df dh
have degree fu = 1 by auto
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with subst-same-var-monotone-imp-same-degree[ OF mono-f poly-f]
have total-degree f = 1 by auto

}

hence df: total-degree f = 1 by auto

{
fix gs g
assume gs: (gs,1) € F-Q and I: I gs = poly-to-mpoly 0 g and dg: degree g =
1
from valid[OF gs, unfolded valid-monotone-poly-def, rule-format, OF refl I[symmetric]]
have wvalid: valid-poly (poly-to-mpoly 0 g) monotone-poly {..<1} (poly-to-mpoly
09)
vars (poly-to-mpoly 0 g) = {..<1}
by auto
hence mono: monotone-poly (vars (I gs)) (I gs) unfolding I by auto
have total-degree (I gs) = 1 unfolding dg[symmetric]
proof (rule subst-same-var-monotone-imp-same-degree[ OF mono, of 0])
show poly-to-mpoly 0 g = substitute (Ai. PVar 0) (I gs) unfolding I
by (intro mpoly-extl, auto simp: insertion-substitute)
qed
hence total-degree (I gs) < 1 by auto
from monotone-linear-poly-to-coeffs|OF this valid[folded I|]
obtain ¢ a where I I gs = Const ¢ + Const a * PVar 0 and pos: 0 < ¢ 1
<a
by auto
from I’ have I gs = poly-to-mpoly 0 [:¢, a:]
unfolding mpoly-of-poly-is-poly-to-mpoly[symmetric] by simp
from arg-cong|OF this[unfolded I], of mpoly-to-poly 0]
have g = [:¢,a:] by (simp add: poly-to-mpoly-inverse)
with I’ pos have 3 c a. I gs = Const ¢ + Const a x PVar 0 AN 0 < c AN 1 <
a A g = [c,a] by auto
} note unary-linear = this[unfolded F-Q-def F-def]

from unary-linear|OF - Ih dh] obtain h0 h1 where
In': I h-sym = Const h0 + Const h1 = PVar 0
and h0: 0 < h0
and hi: 1 < hl
and h: b = [:h0,h1]
by auto

from df have total-degree f < 1 by auto
from monotone-linear-poly-to-coeffs| OF this valid-f mono-f[unfolded vars-f] vars-f]

obtain f0 fi where f: f = Const f0 + (3 i<—[0..<9]. Const (fi i) x PVar i)

and f0: 0 < f0 and fi: A\ i. i<9 = 1 < fii
by auto
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from dg have total-degree g < 1 by auto
from monotone-linear-poly-to-coeffs| OF this valid-g mono-g[unfolded vars-g| vars-g]

obtain g0 gi where g: g = Const g0 + (>_ i+[0..<2]. Const (gi i) * PVar i)
and ¢g0: 0 < g0 and gi: \ i.i<2 = 1 < gi i
by auto

define g1 where g1 = gi 0

define g2 where g2 = gi 1

have id2: [0..<2] = [0,1 :: nat] by code-simp

from gi[of 0] gi[of 1] have gI: g1 > 1 and g¢2: g2 > 1 by (auto simp: g1-def

g2-def)

have g: ¢ = Const g0 + Const g1 * PVar 0 + Const g2 x PVar 1

unfolding g g1-def g2-def by (auto simp: id2)

define o where a = (A z :: var. 0 :: 'a)
have a: assignment o unfolding «a-def assignment-def by auto
{
fix ¢ :: nat
assume i: ¢ < 9
from ¢ have i € set [0..<9] by auto
from split-list| OF this] obtain bef aft where id: [0..<9] = bef @Q [{] @ aft by
auto
define ba where ba = bef Q aft
have distinct [0..<9] by simp
from this[unfolded id)
have i ¢ set (bef Q aft) by auto
with id have iba: set ba = {0..<9} — {i} unfolding ba-def
by (metis Diff-insert-absorb Un-insert-right append-Cons append-Nil list.simps(15)
set-append set-upt)
have len: length [0..<9] = 9 by simp
define diff where diff = (> x<ba. fi x * insertion a (eval (r z))) — (O x+ba.
fi x * insertion « (eval (1 x))) + 0
{
fix z:: 'a
assume z: ¢ > 0
define a where a = a(i := z)
have a: assignment a using a unfolding a-def assignment-def using z by
auto
from gt[unfolded gt-poly-def, rule-format, OF this]
have insertion a (eval rhs-Q) + ¢ < insertion a (eval lhs-Q) by auto
also have insertion a (eval lhs-Q) = f0 + (> x+[0..<9]. fi z * insertion a
(eval (I 2)))
unfolding lhs-Q eval.simps If f length-map len insertion-substitute inser-
tion-add insertion-Const
insertion-sum-list insertion-mult map-map o-def insertion-Var
by (intro arg-conglof - - X z. (+) - (sum-list )] map-cong refl arg-conglof -
- (%) -], simp)
also have (> 2<[0..<9]. fi z * insertion a (eval (I z))) =
(3" z¢ba. fi z = insertion a (eval (I z))) + fi i % insertion a (eval (I 7))

160



unfolding id ba-def by simp
a (eval (I z)))

also have (> z<ba. fi x x insertion a (eval (1 x))) = (O z<ba. fi x * insertion
insertion-irrelevant-vars)

apply (intro arg-conglof - - sum-list] map-cong refl arg-cong[of - - () -]

done

subgoal for v j unfolding iba using eval-lI-r[of v I] by (auto simp: a-def)

(eval (r x)))

also have insertion a (eval rhs-Q) = f0 + (D> 2+[0..<9]. fi x * insertion a
tion-add insertion-Const

unfolding rhs-Q eval.simps If f length-map len insertion-substitute inser-

insertion-sum-list insertion-mult map-map o-def insertion-Var
by (intro arg-conglof - - X z. (+) - (sum-list )] map-cong refl arg-conglof -
(%) -], simp)
also have ()" 2<[0..<9]. fi z * insertion a (eval (r x))) =
unfolding id ba-def by simp

insertion o (eval (r z)))

0
(3" z¢ba. fi x = insertion a (eval (r x))) + fi i % insertion a (eval (r 7))
also have (> z+ba. fi x x insertion a (eval (r z))) = (O z+ba. fi z *

insertion-irrelevant-vars)

apply (intro arg-conglof - - sum-list] map-cong refl arg-cong[of - - () -]

subgoal for v j unfolding iba using eval-l-r[of v r] by (auto simp: a-def)
done

i) — diff

finally have ineq: fi i * insertion a (eval (r 7)) < fi i x insertion a (eval (I
unfolding diff-def by (simp add: algebra-simps)

from fi[OF i] have fi: fi i # 0 and inv: inverse (fi i) > 0 by auto
from mult-left-mono[ OF ineq inv]
diff)

have insertion a (eval (r i) < insertion a (eval (I 7)) + (— inverse (fi 7) *
using fi by (simp add: field-simps)
}

hence 3 diff. ¥V « > 0. insertion (a(i
7)) (eval (1)) + diff

by blast
}

hence V i. 3 diff. i < 9 — (V z > 0. insertion (a(i := z)) (eval (r 7)) <
insertion (a(i := x)) (eval (11)) + diff)
by auto

z)) (eval (r 7)) < insertion (a(i

from choice|OF this]
Inequality (2) in paper

by auto

obtain diff where inequality2: \ iz. i < 9 = =z
insertion (a(i := z)) (eval (r 7)) < insertion («(i

0 —

>

z)) (eval (1)) + diff i

note [simp] = insertion-mult insertion-add insertion-substitute
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define delt2 where delt2 = h0 + diff 1 — g0
{
fix z
assume z > (0 :: 'a)
from inequality2]of 1, OF - this]
have insertion (a(1 := z)) (eval (r 1)) < insertion (a(1 := z)) (eval (1 1)) +
diff 1 by auto
also have insertion (a(1 := z)) (eval (r 1)) = g0 + g1 x z + g2 * x
by (simp add: r-def rhs-Q-def Ig g y2-def)
also have insertion (a(1 := z)) (eval (1 1)) = h0 + x * hi
by (simp add: l-def lhs-Q-def Ih h y2-def)
finally have (g1 + g2 — h1) x z < delt2 unfolding delt2-def
by (simp add: algebra-simps)
} note ineq2 = this
from bounded-negative-factor[OF this] have g1 + g2 < h1 by auto
with g1 g2 have h1: h1 > 2 by auto

{

assume degree q = 1
from wunary-linear[OF - Iq this]
obtain ¢0 q1 where Iq": I g-sym = Const q0 + Const q1 * PVar 0
and ¢0: 0 < g0 and qI: 1 < ¢qI and ¢: ¢ = [:q0, ¢q1:]
by auto
define dI where dI = h0 + hO x h1 + h1 % h1 * q0
define d2 where d2 = q0 + h0 * ql
define delt! where delt] = d2 + diff 0 — d1
define fact! where factl = (g1 * h1 x h1 — h1 % q1)
{
fix z:: 'a
assume z: r > 0
from inequality2[of 0, OF - this]
have insertion (a(0 := z)) (eval (r 0)) < insertion (a(0 := z)) (eval (I 0))
+ diff 0 by auto
also have insertion (a(0 := z)) (eval (r 0)) = d1 + q1 * hl x hl * z
by (simp add: r-def rhs-Q-def Ih h Iq q y1-def field-simps d1-def)
also have insertion (a(0 := x)) (eval (1 0)) = d2 + hl % qf * x
by (simp add: l-def lhs-Q-def Ih h Iq q y1-def field-simps d2-def)
finally have fact! x = < delt] by (simp add: field-simps delt1-def fact1-def)
} note ineql = this
from bounded-negative-factor[OF this)
have fact1 < 0.
from this[unfolded facti-def] h1 q1 have False by auto
}

with dg have dq: degree ¢ > 2 by (cases degree q; cases degree ¢ — 1; auto)

have (z-sym, 0) € F-Q unfolding F-def F-Q-def by auto
from valid[OF this, unfolded valid-monotone-poly-def, rule-format, OF refl refl]
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obtain z where Iz: I z-sym = z and vars-z: vars z = {} and valid-z: valid-poly
z by auto

from vars-empty-Const[OF vars-z] obtain z0 where z: z = Const 20 by auto

from wvalid-z[unfolded valid-poly-def, rule-format, OF «, unfolded z] have z0: z0
> 0 by auto

{
fix 7

assume 1 € V
hence v-sym i € {g-sym, h-sym} U v-sym ‘ V by auto
note unary-symbol[ OF this]
}
hence V i. 3q. i € V. — I (v-sym i) = poly-to-mpoly 0 ¢ N\ 0 < degree q by
auto
from choice[OF this] obtain v where Iv: A\ i. i € V = I (v-sym i) =
poly-to-mpoly 0 (v 1)
and dv: A\ i. i € V= 0 < degree (v i)
by auto

define const-t where const-t = insertion a (eval t-t)
have const-t: const-t > 0
unfolding const-t-def
by (rule eval-t-t-gt-0[OF Ig[unfolded g] Iz|unfolded 2], insert z0 g0 g1 g2, auto)

define dI where dI = g0 + g2 « h0 + g2 * h1 % h0 + g2 % h1 % hl * h0
define ¢ where ¢ = g0 + g2 * const-t
define delt, where delt) = d1 + diff 3
have [simp]: insertion a (eval t-t) = const-t for a unfolding const-t-def
by (rule insertion-irrelevant-vars, insert vars-t vars-eval, force)
let 2qq = q o, [tc, g1:] — smult g1 ¢
define gq where gq = ?qq
define hhh where hhh = [:deltf, g2 * h1 * hl % hl:
{
fix z :: a
assume z: z > 0
from inequality2[of 3, OF - this]
have insertion (a(8 := z)) (eval (r 3)) < insertion (a(3 := z)) (eval (I 3))
+ diff 3 by auto
also have insertion (a(8 := z)) (eval (r 8)) = poly q (90 + g1 * © + g2
const-t)
by (simp add: r-def rhs-Q-def y4-def Iq Ig g)
also have insertion (a(3 := z)) (eval (I 3)) =
gl * poly gz + g2 *« h1 % h1 x hl *x x + di
by (simp add: I-def lhs-Q-def y4-def Iq Ig g Ih h field-simps d1-def)
finally have poly q (g0 + g1 * x + g2 * const-t) — poly (smult g1 q) z — g2
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x hl % h1 x hl x z < delt}
by (simp add: delt-def)
also have g2 % hl x hl % hl = © = poly [:0, g2 * hl x hl * hi:] z by simp
also have poly q (g0 + g1 * & + g2 * const-t) = poly (pcompose q [:c, g1 :])

by (simp add: poly-pcompose ac-simps c-def)
finally have poly qq x < poly hhh x
by (simp add: qq-def hhh-def)
} note ineq3 = this

have lq0: lead-coeff ¢ > 0
proof (rule ccontr)
assume — ?thesis
with dg have lg: lead-coeff (— q) > 0 by (cases ¢ = 0, auto)
from poly-pinfty-ge[OF this, of 1] dq obtain n where A z. z > n = poly
qgr < —1 by auto
from this[of maz n 0] have 1: poly q (mazx n 0) < — 1 by auto
let 2a = X z :: var. maz n 0
have a: assignment ?a unfolding assignment-def by auto
have (¢g-sym,1) € F-Q unfolding F-Q-def by auto
from valid[OF this, unfolded valid-monotone-poly-def, rule-format, OF refl
Ig[symmetric]]
have wvalid-poly (poly-to-mpoly 0 q) by auto
from this|unfolded valid-poly-def, rule-format, OF a]
have 0 < poly ¢ (maxz n 0) by auto
with 7 show Fulse by auto
qed

from const-t g0 g2 have c: ¢ > 0 unfolding c-def
by (metis le-add-same-cancel2 linorder-not-le mult-less-cancel-right2 order-le-less-trans
order-less-le)

have degree hhh < 1 unfolding hhh-def by simp

from criterion-for-degree-2|OF qq-def dq ineq3 this g1 lq0 c]
have degree ¢ = 2 g1 = 1 by auto

}

hence dq: degree ¢ = 2 and g1: g1 = 1 by auto

{
have [: eval (1 4) = poly-to-mpoly 4 q unfolding
l-def lhs-Q-def using qy by (simp add: y5-def)
have eval (r 4) = eval (Fun a-sym (replicate 2 (TVar y5))) unfolding r-def
rhs-Q-def
apply (simp)
apply (intro arg-conglof - - X z. substitute = -] ext)
subgoal for i by (cases i; cases i — 1; auto)
done
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also have ... = poly-to-mpoly y5 au by fact

finally have r: eval (r 4) = poly-to-mpoly 4 au by (auto simp: y5-def)
from deg-inequality|of 4, unfolded upoly-def I r poly-to-mpoly-inverse]
have degree au < degree q by auto

with subst-same-var-monotone-imp-same-degree[ OF mono-a poly-al
have total-degree a < degree q by auto

}

hence d-aq: total-degree a < degree ¢ by auto

{
have r: eval (r 5) = poly-to-mpoly 5 ¢ unfolding
r-def rhs-Q-def using qy by (simp add: y6-def)
have eval (1 5) = eval (Fun a-sym (replicate 2 (TVar y6))) unfolding I-def
lhs-Q-def
apply (simp)
apply (intro arg-conglof - - A z. substitute = -] ext)
subgoal for i by (cases i; cases i — 1; auto)
done
also have ... = poly-to-mpoly y6 au’ by fact
finally have [: eval (I 5) = poly-to-mpoly 5 au’ by (auto simp: y6-def)
from deg-inequality[of 5, unfolded upoly-def I r poly-to-mpoly-inverse]
have degree q < degree au’ by auto
with subst-same-var-monotone-imp-same-degree[ OF mono-a poly-a’| da’
have degree q < total-degree a by auto

}

with d-aq
have d-aq: total-degree a = degree q by auto

with dq have da: total-degree a = 2 by simp
have vars a = {0,1} unfolding vars-a by code-simp

from binary-degree-2-poly| OF - this] da
obtain a0 al a2 a3 a4 a5 where a: a = Const a0 + Const al * PVar 0 +
Const a2 * PVar 1 +
Const a8 x PVar 0 x PVar 0 + Const a4 * PVar 1 « PVar 1 +
Const a5 x PVar 0 x PVar 1 by auto

define dI where dI = a0 + al * 20 + a3 * 20 * 20
define d2 where d2 = (a2 + a5 * 20)
define delt7 where delt7 = diff 6 — d1
{
fix z
assume z > (0 :: 'a)
from inequality2|of 6, OF - this]
have insertion (a(6 := z)) (eval (r 6)) < insertion (a(6 := z)) (eval (1 6)) +
diff 6 by auto
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also have insertion (a(6 := z)) (eval (r 6)) = af * x x x + d2 x ¢ + dI
by (simp add: r-def rhs-Q-def Ig g y7-def Ia a Iz z algebra-simps d1-def d2-def)
also have insertion (a(6 = z)) (eval (1 6)) =z
by (simp add: I-def lhs-Q-def Ih h y7-def)
finally have 0 > poly [:—delt7,d2 — 1,a4:]  unfolding delt7-def
by (simp add: algebra-simps)
} note ineq7 = this
{
define p where p = [:—delt7,d2 — 1,a4:]
assume a4 > 0
hence lead-coeff p > 0 degree p > 0 by (auto simp: p-def)
with poly-pinfty-ge|OF this(1), of 1] obtain n where A z. 2>n — 1 < poly
p x by blast
from this[of maz n 0] ineq7[of maz n 0] have False unfolding p-def by auto

}

hence a4: a4 < 0 by force

note valid-a = valid-alunfolded a valid-poly-def, rule-format]
{
define p where p = [—a0,—a2,—a/:]
assume a4 < 0
hence p: lead-coeff p > 0 degree p # 0 unfolding p-def by auto
{
fix z :: 'a
assume z > (
hence assignment (X v. if v = 1 then x else 0) unfolding assignment-def by
auto
from valid-a] OF this]
have 0 > poly p x by (auto simp: algebra-simps p-def)
}
with poly-pinfty-ge[OF p] have Fualse
by (metis (no-types, opaque-lifting) dual-order.trans nle-le not-one-le-zero)
}

with a4 have a4: a4 = 0 by force

define dI where dI = a0 + a2 * 20
define d2 where d2 = (a5 * 20 + al)
define delt§ where delt§ = diff 7 — d1
{
fix x
assume z > (0 :: 'a)
from inequality2][of 7, OF - this]
have insertion (a(7 := z)) (eval (r 7)) < insertion (a(7 := z)) (eval (I 7)) +
diff 7 by auto
also have insertion (a(7 := z)) (eval (r 7)) = dl + a3 *x (x x z) + d2 x z
by (simp add: r-def rhs-Q-def Ig g y8-def Ia a a4 Iz z algebra-simps d1-def
d2-def)

also have insertion (a(7 := x)) (eval (1 7)) =z
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by (simp add: l-def lhs-Q-def Ih h y8-def)
finally have 0 > poly [:—delt8,d2 — 1,a3:] z unfolding delt8-def
by (simp add: algebra-simps)
} note ineq8 = this
{
define p where p = [:—delt8,d2 — 1,a3:]
assume a3 > 0
hence lead-coeff p > 0 degree p > 0 by (auto simp: p-def)
with poly-pinfty-ge[ OF this(1), of 1] obtain n where A z. z>n = 1 < poly
p x by blast
from this[of maz n 0] ineg8of maz n 0] have False unfolding p-def by auto

}

hence a3: a8 < 0 by force
{
define p where p = [:—a0,—al,—a3:]
assume a3 < 0
hence p: lead-coeff p > 0 degree p # 0 unfolding p-def by auto
{
fix z :: 'a
assume z > (
hence assignment (X v. if v = 0 then x else 0) unfolding assignment-def by
auto
from wvalid-a[OF this, simplified)
have 0 > poly p « by (auto simp: algebra-simps p-def)

with poly-pinfty-ge[OF p] have Fualse
by (metis (no-types, opaque-lifting) dual-order.trans nle-le not-one-le-zero)
}

with a3 have a3: a3 = 0 by force

from a a3 a4 have a: a = Const a5 * PVar 0 x PVar 1 + Const al = PVar 0
+ Const a2 *= PVar 1 + Const a0 by simp

note valid-a = valid-a[unfolded a3 a4]

from valid-a[OF «, simplified, unfolded a-def]

have a0: a0 > 0 by auto

note mono-a’ = mono-aunfolded monotone-poly-wrt-def, rule-format, unfolded
vars-a, OF «, unfolded a, simplified,

unfolded a-def, simplified)
from mono-a'[of 0] have al: 6 < z = § < al * z for z by auto
from mono-a'[of 1] have a2: 6 < 2 = § < a2 * z for z by auto
{

fix a

assume a € {al,a2}

with af a2 have § < z = § < a * z for = by auto

with 60 have a > 1

using mult-le-cancel-right! by auto
hence a > 0 by simp
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}

hence ai1: al > 0 and a2: a2 > 0 by auto

{

assume ad: ad = 0
from dalunfolded a a5)
have 2 = total-degree (Const al * PVar 0 + Const a2 * PVar (Suc 0) +
Const a0) by simp
also have ... < 1
by (intro total-degree-add total-degree-Const-mult, auto)
finally have Fulse by simp

}
hence a5: a5 # 0 by force

{
define p where p = [:—a0, —al —a2, — a5]
assume ad: adb < 0
hence p: lead-coeff p > 0 degree p # 0 by (auto simp: p-def)
{
fix z :: 'a
assume z > (
hence assignment (A -. z) by (auto simp: assignment-def)
from wvalid-a[OF this]
have 0 > poly p « by (simp add: p-def algebra-simps)
}
with poly-pinfty-ge[OF p] have False
by (metis (no-types, opaque-lifting) dual-order.trans nle-le not-one-le-zero)

with a5 have a5: a5 > 0 by force

define I’ where I’ = (A f. if f € v-sym ‘ (UNIV — V) then PVar 0 else I f)
define v’ where v/ = (A i. if i € V then v i else [:0,1:])
have Iv": I’ (v-sym i) = poly-to-mpoly 0 (v’ i) for i
unfolding I’-def v'-def using Iv by (auto simp: mpoly-of-poly-is-poly-to-mpoly[symmetric])
have dv”: 0 < degree (v’ i) for i using dv[of i] by (auto simp: v’-def)
have Ia": I’ a-sym = a unfolding I’-def using Ia by auto
have Iz": I’ z-sym = z unfolding I’-def using Iz by auto
{
fix ¢
have nneg-poly (v’ i)
proof (casesi € V)
case Fulse
thus ?thesis by (auto simp: v’-def)
next
case i: True
hence id: v’ i = v i by (auto simp: v'-def)
from ¢ have (v-sym i, 1) € F-Q unfolding F-Q-def F-def by auto
from valid[OF this, unfolded valid-monotone-poly-def] Iv[OF i]
have wvalid: valid-poly (poly-to-mpoly 0 (v i) ) by auto
define p where p = v i
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have valid: 0 < z = 0 < poly p x for z unfolding p-def
using valid[unfolded valid-poly-def, rule-format, of X\ -. x]
by (auto simp: assignment-def)
hence nneg-poly p by (intro nneg-polyl, auto)
thus ?thesis unfolding id p-def .
qed
} note nneg-v = this

{

fix rx

assume r € {p,?q}

with pq funas-encode-poly-p[of x| funas-encode-poly-q[of x]

have pos: positive-poly r and inF: funas-term (encode-poly x r) C F by auto
from degree-eval-encode-poly-genericof I', unfolded mpoly-of-poly-is-poly-to-mpoly,

OF Ia'unfolded a] Iz'[unfolded z] - a5 al a2 a0 20, of v', OF Iv’ nneg-v dv’
pos refl, of x
obtain rr where id: poly-to-mpoly x rr = poly-inter.eval I’ (encode-poly x r)
and deg: int (degree rr) = insertion (\i. int (degree (v’ i))) r
and nneg: nneg-poly rr
by auto
have poly-to-mpoly © rr = poly-inter.eval I (encode-poly x r) unfolding id
proof (rule poly-inter-eval-cong)
fix fa
assume (f,a) € funas-term (encode-poly x r)
hence (f,a) € F using inF by auto
thus I’ f = I f unfolding F-def I'-def by auto
qed
with deg nneg have 3 p. mpoly-of-poly x p = eval (encode-poly = r) A
int (degree p) = insertion (\i. int (degree (v’ i))) r A nneg-poly p
by (auto simp: mpoly-of-poly-is-poly-to-mpoly)
} note encode = this
from encode[of p y9]
obtain pp where pp: mpoly-of-poly y9 pp = eval (encode-poly y9 p)
int (degree pp) = insertion (Ai. int (degree (v’ i))) p
nneg-poly pp by auto

from encode|of ?q y9]

obtain ¢q where qq: mpoly-of-poly y9 qq = eval (encode-poly y9 %q)
int (degree qq) = insertion (\i. int (degree (v’ 7))) ?q
nneg-poly qq by auto

define ppp where ppp = (pp * [:al, a5:] + [:a0, a2:])
from deg-inequality|of 8]
have degree (upoly r 8) < degree (upoly | 8) by simp
also have upoly r 8 = mpoly-to-poly 8
(mpoly-of-poly y9 [: al, a5 :] * mpoly-of-poly y9 qq + mpoly-of-poly y9 [: a0,
a2:])
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unfolding r-def rhs-Q-def by (simp add: upoly-def Ia a qq algebra-simps)
also have ... = qq * [:al, a5:] + [:a0, a2:] unfolding mpoly-of-poly-add]symmetric]
mpoly-of-poly-mult[symmetric]
unfolding mpoly-of-poly-is-poly-to-mpoly y9-def poly-to-mpoly-inverse by simp

also have degree ... = 1 + degree qq
by (rule nneg-poly-degree-add-1[OF qq(3)], insert a5 a2, auto)
also have upoly | 8§ = mpoly-to-poly 8
(mpoly-of-poly y9 [: h0 :] + mpoly-of-poly y9 [: h1:] x (mpoly-of-poly y9 [: al,
ad :] * mpoly-of-poly y9 pp + mpoly-of-poly y9 [: a0, a2:]))
unfolding I-def lhs-Q-def by (simp add: upoly-def Ih h mpoly-of-poly-is-poly-to-mpoly|symmetric]
Ia a pp algebra-simps)
also have ... = [:h0:] + [: k1 :] x ppp unfolding mpoly-of-poly-add[symmetric]
mpoly-of-poly-mult[symmetric] ppp-def
unfolding mpoly-of-poly-is-poly-to-mpoly y9-def poly-to-mpoly-inverse by simp

also have degree ... = degree ([:h1:] x ppp)
by (metis degree-add-eq-right degree-add-le degree-pCons-0 le-zero-eq zero-less-iff-neq-zero)
also have ... = degree ppp using hl by simp
also have ... = 1 + degree pp unfolding ppp-def
by (rule nneg-poly-degree-add-1[OF pp(3)], insert a5 a2, auto)
finally have deg-qq-pp: int (degree qq) < int (degree pp) by simp

show ?thesis unfolding positive-poly-problem-def|OF pq|

proof (intro exl[of - (Ai. int (Polynomial.degree (v’ ©)))] conjl deg-qq-pp[unfolded
pp(2) qq(2)])

show positive-interpr (Ai. int (Polynomial.degree (v’ 7)))
unfolding positive-interpr-def using dv’ by auto

qed
qed
end

context poly-input
begin

corollary polynomial-termination-with-delta-orders-undecidable:
positive-poly-problem p q +—
termination-by-delta-poly-interpretation (TYPE('a :: floor-ceiling)) F-Q Q
proof
show positive-poly-problem p ¢ => termination-by-delta-poly-interpretation TYPE('a)
F-QQ
using solution-impl-delta-termination-of-@Q by blast
assume termination-by-delta-poly-interpretation TYPE('a) F-Q Q
interpret term-delta-poly-input p ¢ TYPE('a)
by (unfold-locales, fact)
from solution show positive-poly-problem p q by auto
qed

end
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