A Partition Theorem for the Ordinal w?®

Lawrence C. Paulson

March 17, 2025

Abstract

The theory of partition relations concerns generalisations of Ram-
sey’s theorem. For any ordinal a, write a — (a, m)? if for each func-
tion f from unordered pairs of elements of « into {0, 1}, either there
is a subset X C a order-isomorphic to « such that f{z,y} = 0 for all
{z,y} C X, or there is an m element set Y C « such that f{x,y} =1
for all {z,y} CY. (In both cases, with {z,y} we require  # y.) In
particular, the infinite Ramsey theorem can be written in this notation
as w — (w,w)?, or if we restrict m to the positive integers as above,
then w — (w,m)? for all m [3].

This entry formalises Larson’s proof of w® — (w®,m)? along with
a similar proof of a result due to Specker: w? — (w?,m)2. Also proved
is a necessary result by Erdds and Milner [1, 2]: w!To™ — (wlte 2m)2,

These examples demonstrate the use of Isabelle/HOL to formalise
advanced results that combine ZF set theory with basic concepts like
lists and natural numbers.
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1 Library additions

theory Library-Additions
imports ZFC-in-HOL. Ordinal-Exp HOL— Library. Ramsey Nash- Williams. Nash- Williams

begin

lemma finite-enumerate-Diff-singleton:
fixes S :: ‘a::wellorder set
assumes finite S and i: ¢ < card S enumerate S i < x
shows enumerate (S — {z}) i = enumerate S i
using ¢
proof (induction 17)
case (
have (LEAST i. i € S N\ i#z) = (LEAST i. i € 5)
proof (rule Least-equality)
have 3t. t € S A t#zx
using 0 «<finite S» finite-enumerate-in-set by blast
then show (LEAST i. i€ S) € S AN (LEASTi. i€ S) #x
by (metis 0.prems(2) Least] enumerate-0 not-less-Least)
qged (simp add: Least-le)
then show Zcase
by (auto simp: enumerate-0)



next
case (Suc 17)
then have z: enumerate S i < x
by (meson enumerate-step finite-enumerate-step less-trans)
have cardSz: Suc i < card (S — {z}) and { < card S
using Suc <finite Sy card-Diff-singleton-if[of S| finite-enumerate-Ex by fast-
force+
have (LEAST s. s € S A s#z A enumerate (S — {z}) i < s) = (LEAST s. s €
S A enumerate S i < )
(is - = 2r)
proof (intro Least-equality conjl)
show ?r € S
by (metis (lifting) Least] Suc.prems(1) assms(1) finite-enumerate-in-set fi-
nite-enumerate-step)
show 7r £ ¢
using Suc.prems not-less-Least [of - At. t € S A enumerate S i < t]
finite S» finite-enumerate-in-set finite-enumerate-step by blast
show enumerate (S — {z}) i < 7r
by (metis (full-types) Suc.IH Suc.prems(1) <i < card S» enumerate-Suc'
enumerate-step finite-enumerate-Suc’’ finite-enumerate-step x)
show Ay. y € S Ay # x A enumerate (S — {z}) i<y = r <y
by (simp add: Least-le Suc.IH i < card S» z)
qed
then show ?case
using Suc assms by (simp add: finite-enumerate-Suc'’ cardSz)
qged

lemma hd-lex: [hd ms < hd ns; length ms = length ns; ns # []] = (ms, ns) €
lex less-than
by (metis hd-Cons-tl length-0-conv less-than-iff lexord-cons-cons lexord-lex)

lemma sorted-hd-le:
assumes sorted zs © € list.set xs
shows hd zs < z
using assms by (induction zs) (auto simp: less-imp-le)

lemma sorted-le-last:
assumes sorted xs x € list.set xs
shows z < last zs
using assms by (induction zs) (auto simp: less-imp-le)

lemma hd-list-of:
assumes finite A A # {}
shows hd (sorted-list-of-set A) = Min A
proof (rule antisym)
have Min A € A
by (simp add: assms)
then show hd (sorted-list-of-set A) < Min A
by (simp add: sorted-hd-le «finite A»)



next

show Min A < hd (sorted-list-of-set A)

by (metis Min-le assms hd-in-set set-sorted-list-of-set sorted-list-of-set-eq-Nil-iff)
qed

lemma sorted-hd-le-last:
assumes sorted zs zs # ||
shows hd zs < last zs
using assms by (simp add: sorted-hd-le)

lemma sorted-list-of-set-set-of [simp]: strict-sorted | = sorted-list-of-set (list.set
D) =1
by (simp add: strict-sorted-equal)

lemma range-strict-mono-ext:
fixes f::nat = 'a:linorder
assumes eq: range [ = range g
and sm: strict-mono f strict-mono g
shows f = ¢
proof
fix n
show fn=gn
proof (induction n rule: less-induct)
case (less n)
obtain z y where zy: fn =gy fz=gn
by (metis eq imageE rangel)
then have n = y
by (metis (no-types) less.IH neg-iff sm strict-mono-less xy)
then show ?case using xy by auto
qed
qed

1.1 Other material

definition strict-mono-sets :: ['a::order set, 'a::order = 'b::order set] = bool where
strict-mono-sets A f =Vz€A YycA. ¢ < y — less-sets (fz) (fy)

lemma strict-mono-setsD:
assumes strict-mono-sets A fr < yx e Aye A
shows less-sets (f z) (f y)
using assms by (auto simp: strict-mono-sets-def)

lemma strict-mono-sets-imp-disjoint:
fixes A :: 'a:linorder set
assumes strict-mono-sets A f
shows pairwise (\z y. disjnt (fz) (fy)) A
using assms unfolding strict-mono-sets-def pairwise-def
by (meson antisym-convs disjnt-sym less-sets-imp-disjnt)



lemma strict-mono-sets-subset:
assumes strict-mono-sets B f A C B
shows strict-mono-sets A f
using assms by (auto simp: strict-mono-sets-def)

lemma strict-mono-less-sets-Min:
assumes strict-mono-sets I f finite I I # {}
shows less-sets (f (Min I)) (U (f * (I — {Min I})))
using assms by (simp add: strict-mono-sets-def less-sets-UN2 dual-order.strict-iff-order)

lemma pair-less-iff1 [simp): ((z,y), (%,2)) € pair-less «— y<z
by (simp add: pair-less-def)

lemma infinite-finite-Inter:
assumes finite A AZA{} NA. A € A = infinite A
and A\ AB.[Aec A, Bec Al—= AnNnBecA
shows infinite ((.A)
by (simp add: assms finite-Inf-in)

lemma atLeast-less-sets: [less-sets A {x}; B C {z..}] = less-sets A B
by (force simp: less-sets-def subset-iff)

1.2 The list-of function

lemma sorted-list-of-set-insert-remove-cons:
assumes finite A less-sets {a} A
shows sorted-list-of-set (insert a A) = a # sorted-list-of-set A
proof —
have strict-sorted (a # sorted-list-of-set A)
using assms less-setsD by auto
moreover have list.set (a # sorted-list-of-set A) = insert a A
using assms by force
moreover have length (a # sorted-list-of-set A) = card (insert a A)
using assms card-insert-if less-setsD by fastforce
ultimately show ?thesis
by (metis finite A> finite-insert sorted-list-of-set-unique)
qed

lemma sorted-list-of-set- Un:
assumes AB: less-sets A B and fin: finite A finite B
shows sorted-list-of-set (A U B) = sorted-list-of-set A @ sorted-list-of-set B
proof —
have strict-sorted (sorted-list-of-set A Q sorted-list-of-set B)
using AB unfolding less-sets-def
by (metis fin set-sorted-list-of-set sorted-wrt-append strict-sorted-list-of-set)
moreover have card A + card B = card (A U B)
using less-sets-imp-disjnt [OF AB|
by (simp add: assms card-Un-disjoint disjnt-def)
ultimately show ?thesis



by (simp add: assms strict-sorted-equal)
qed

lemma sorted-list-of-set-UN-lessThan:
fixes k::nat
assumes sm: strict-mono-sets {..<k} A and Ai. i < k = finite (A 7)
shows sorted-list-of-set (|Ji<k. A i) = concat (map (sorted-list-of-set o A)
(sorted-list-of-set {..<k}))
using assms
proof (induction k)
case 0
then show ?case
by auto
next
case (Suc k)
have Is: less-sets (U (A ‘ {..<k})) (A k)
using sm Suc.prems(1) strict-mono-setsD by (force simp: less-sets-UN1)
have sorted-list-of-set (|J (A ‘{..<Suc k})) = sorted-list-of-set (|J (A ‘{..<k})
U A k)
by (simp add: Un-commute less Than-Suc)
also have ... = sorted-list-of-set (|J (4 ‘{..<k})) Q sorted-list-of-set (A k)
by (rule sorted-list-of-set-Un) (auto simp: Suc.prems ls)
also have ... = concat (map (sorted-list-of-set o A) (sorted-list-of-set {..<k}))
@ sorted-list-of-set (A k)
using Suc strict-mono-sets-def by fastforce
also have ... = concat (map (sorted-list-of-set o A) (sorted-list-of-set {..<Suc
K)
using strict-mono-sets-def by fastforce
finally show ?Zcase .
qed

lemma sorted-list-of-set- UN-atMost:
fixes k::nat
assumes strict-mono-sets {..k} A and Ai. i < k = finite (A 7)
shows sorted-list-of-set (|Ji<k. A i) = concat (map (sorted-list-of-set o A)
(sorted-list-of-set {..k}))
by (metis assms lessThan-Suc-atMost less-Suc-eq-le sorted-list-of-set-UN-less Than)

1.3 Monotonic enumeration of a countably infinite set
abbreviation enum = enumerate

Could be generalised to infinite countable sets of any type

lemma nat-infinite-iff:
fixes N :: nat set
shows infinite N <— (3 funat=nat. N = range f A strict-mono f)
proof safe
assume infinite N
then show 3f. N = range (f::nat = nat) A strict-mono f
by (metis bij-betw-imp-surj-on bij-enumerate enumerate-mono strict-mono-def)



next
fix f :: nat = nat
assume strict-mono f and N = range f and finite (range f)
then show Fulse
using range-inj-infinite strict-mono-imp-inj-on by blast
qed

lemma enum-works:
fixes N :: nat set
assumes infinite N
shows N = range (enum N) A strict-mono (enum N)
by (metis assms bij-betw-imp-surj-on bij-enumerate enumerate-mono strict-monol)

lemma range-enum: range (enum N) = N and strict-mono-enum: strict-mono
(enum N)

if infinite N for N :: nat set

using enum-works [OF that] by auto

lemma enum-0-eq-Inf:
fixes N :: nat set
assumes infinite N
shows enum N 0 = Inf N
proof —
have enum N 0 € N
using assms range-enum by auto
moreover have A\z. 2 € N = enum N0 < x
by (metis (mono-tags, opaque-lifting) assms imageE le0 less-mono-imp-le-mono
range-enum strict-monoD strict-mono-enum)
ultimately show ?thesis
by (metis cInf-eq-minimum)
qed

lemma enum-works-finite:

fixes N :: nat set

assumes finite N

shows N = enum N ‘{..<card N} A strict-mono-on {..<card N} (enum N)

using assms

by (metis bij-betw-imp-surj-on finite-bij-enumerate finite-enumerate-mono less Than-iff
strict-mono-onl)

lemma enum-obtain-indez-finite:
fixes N :: nat set
assumes z € N finite N
obtains ¢ where i < card N z = enum N i
by (metis <x € N» <finite N> enum-works-finite imageE less Than-iff)

lemma enum-0-eq-Inf-finite:
fixes N :: nat set
assumes finite N N # {}



shows enum N 0 = Inf N
proof —
have enum N 0 € N
by (metis Nat.neq0-conv assms empty-is-image enum-works-finite image-eql
less Than-empty-iff less Than-iff)
moreover have enum N 0 < z if z € N for z
proof —
obtain ¢ where i < card N x = enum N i
by (metis <z € N» «finite Ny enum-obtain-indez-finite)
with assms show ?thesis
by (metis Nat.neq0-conv finite-enumerate-mono less-or-eq-imp-le)
qed
ultimately show ?thesis
by (metis cInf-eq-minimum)
qed

lemma greaterThan-less-enum:
fixes N :: nat set
assumes N C {z<..} infinite N
shows z < enum N ¢
using assms range-enum by fastforce

lemma atLeast-le-enum:
fixes N :: nat set
assumes N C {z..} infinite N
shows z < enum N ¢
using assms range-enum by fastforce

lemma less-sets-emptyl [simp]: less-sets {} A and less-sets-empty2 [simp]: less-sets

A{}
by (simp-all add: less-sets-def)

lemma less-sets-singletonl [simp]: less-sets {a} A +— (Vz€A. a < x)
and less-sets-singleton2 [simp)]: less-sets A {a} +— (Vz€A. z < a)
by (simp-all add: less-sets-def)

lemma less-sets-atMost [simp]: less-sets {..a} A +— (Vz€A. a < x)
and less-sets-alLeast [simp]: less-sets A {a..} «+— (Vaz€A. z < a)
by (auto simp: less-sets-def)

lemma less-sets-imp-strict-mono-sets:
assumes Ai. less-sets (A7) (A (Suc @) Ni. i>0 = A i # {}
shows strict-mono-sets UNIV A
proof (clarsimp simp: strict-mono-sets-def)
fix i j:nat
assume i < j
then show less-sets (A i) (A j)
proof (induction j—i arbitrary: i j)
case (Suc )



then show ?case
by (metis Suc-diff-Suc Suc-inject Suc-mono assms less-Suc-eq less-sets-trans
zero-less-Suc)
qed auto
qed

lemma less-sets-Suc-Max:

assumes finite A

shows less-sets A {Suc (Maz A)..}
proof (cases A = {})

case Fulse

then show ?thesis

by (simp add: assms less-Suc-eq-le)

qed auto

lemma infinite-nat-greater Than:
fixes m::nat
assumes infinite N
shows infinite (N N {m<_..})

proof —
have N C —{m<.} U (N N {m<..})
by blast
moreover have finite (—{m<..})
by simp

ultimately show ?thesis
using assms finite-subset by blast
qed

end

2 Ordinal Partitions

Material from Jean A. Larson, A short proof of a partition theorem for the
ordinal w¥. Annals of Mathematical Logic, 6:129-145, 1973. Also from “Par-
tition Relations” by A. Hajnal and J. A. Larson, in Handbook of Set Theory,
edited by Matthew Foreman and Akihiro Kanamori (Springer, 2010).

theory Partitions
imports Library-Additions ZFC-in-HOL.ZFC-Typeclasses ZFC-in-HOL. Cantor-NF

begin

abbreviation tp :: Vset = V
where tp A = ordertype A VWF

2.1 Ordinal Partitions: Definitions

definition partn-lst :: [('a x 'a) set, 'a set, V list, nat] = bool
where partn-lst r Ban =V f € [B]" — {.<length a}.



34 < length . 3H. H C B A ordertype Hr = (ali) A f ¢ (nsets H n)

c {i}

abbreviation partn-lst-VWF :: 'V = V list = nat = bool
where partn-lst-VWF 3 = partn-lst VIWF (elts 3)

lemma partn-ist-E:
assumes partn-lst r B a n f € nsets Bn — {..<l} | = length «
obtains 1 H where i < [ H C B
ordertype H r = ali f “ (nsets Hn) C {i}
using assms by (auto simp: partn-lst-def)

lemma partn-lst-VWFEF-nontriv:
assumes partn-lst-VWF  a nl = length o Ord B 1 > 0
obtains ¢ where i < [ ali <
proof —
have {..<l} # {}
by (simp add: <l > 0y lessThan-empty-iff)
then obtain f where f € nsets (elts 8) n — {..<l}
by (meson Pi-eq-empty equalsOl)
then obtain i H where i < | H C elts  and eq: tp H = «li
using assms by (metis partn-lst-E)
then have ali < 8
by (metis <H C elts 5> <Ord ) eq ordertype-le-Ord)
then show thesis
using i < Iy that by auto
qged

lemma partn-lst-triv0:
assumes ali = 01 < length a n # 0
shows partn-lst r B a n
by (metis partn-lst-def assms bot-least image-empty nsets-empty-iff ordertype-empty)

lemma partn-Ist-trivi
assumes ali < 17 < lengthan> 1B # {} wfr
shows partn-lst r B a n
unfolding partn-lst-def
proof clarsimp
obtain v where v € B a # ||
using assms mem-0-Ord by fastforce
have 01: ali =0V ali = 1
using assms by (fastforce simp: one-V-def)
fix f
assume f: f € [B]" — {..<length a}
with assms have ordertype {v} r = 1 A [ [{7v}]™ C {i}
ordertype {} r = 0 A f*[{}]" € {i}
by (auto simp: one-V-def ordertype-insert nsets-eq-empty)
with assms 01 show Ji<length o. 3HCB. ordertype Hr = a ! i A f {[H|" C

{4}
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using <y € B> by auto
qed

lemma partn-lst-two-swap:
assumes partn-lst r B [z,y] n shows partn-lst r B [y,z] n
proof —
{ fix f :: 'a set = nat
assume f: f € [B]" — {..<2}
then have " (Xi. 1 — i) o f € [B]" — {.<2}
by (auto simp: Pi-def)
obtain { H where i<2 H C B ordertype H r = ([z,y]!%) (Ai. 1 — ) o f)
(nsets Hn) C {i}
by (auto intro: partn-lst-E [OF assms [])
moreover have fx = Suc 0 if Suc 0 < fz z€[H]"™ for z
using f that <H C B> nsets-mono by (fastforce simp: Pi-iff)
ultimately have ordertype H r = [y,z] ! (1—i) A f[H]™ C {1—i}
by (force simp: eval-nat-numeral less-Suc-eq)
then have 3¢ H. i<2 A HCB A ordertype Hr = [y,z] ! i A f“[H|™ C {i}
by (metis Suc-1 <H C B> diff-less-Suc) }
then show ?thesis
by (auto simp: partn-lst-def eval-nat-numeral)
qged

lemma partn-Ist-greater-resource:
assumes M: partn-lst r B a nand B C C
shows partn-ist r C o n
proof (clarsimp simp: partn-lst-def)
fix f
assume f € [C]" — {..<length o}
then have f € [B]" — {..<length o}
by (metis <B C C» part-fn-def part-fn-subset)
then obtain i H where ¢ < length «
and H C B ordertype Hr = (ali)
and f ‘nsets Hn C {i}
using M partn-lst-def by metis
then show Ji<length a. IHCC. ordertype Hr =« ! i A f [H]™ C {i}
using <B C C» by blast
qged

lemma partn-Ist-less:
assumes M: partn-lst r B o n and eq: length o' = length o and List.set ' C
ON
and le: Ai. i < length o = a’li < ali
and r: wf r trans r total-on B r and small B
shows partn-lst r B o’ n
proof (clarsimp simp: partn-lst-def)
fix f
assume [ € [B]" — {..<length o'}

11



then obtain 7 H where i < length «
and H C B small H and H: ordertype H r = (i)
and fi: f “ nsets Hn C {i}
using assms by (auto simp: partn-lst-def smaller-than-small)
then have bij: bij-betw (ordermap H r) H (elts (ali))
using ordermap-bij [of r H] r
by (smt «small B> in-mono smaller-than-small total-on-def)
define H' where H' = inv-into H (ordermap H r) * (elts (a'li))
have H' C H
using bij i < length a» bij-betw-imp-surj-on le
by (force simp: H'-def image-subset-iff intro: inv-into-into)
moreover have ot: ordertype H' r = (a'li)
proof (subst ordertype-eq-iff)
show Ord (a’! i)
using assms by (simp add: <i < length o subset-eq)
show small H'
by (simp add: H'-def)
show 3f. bij-betw f H' (elts (o’ ! 9)) AN VazeH VyeH' (fz < fy) = ((z, y)
€r))
proof (intro exl conjl balll)
show bij-betw (ordermap H r) H' (elts (a’! 1))
using <H' C H>»
by (metis H'-def <i < length o bij bij-betw-inv-into-RIGHT bij-betw-subset
le less-eq-V-def)
show (ordermap H r x < ordermap Hry) = ((z, y) € 1)
ifre Hye H for z y
proof (intro iffI ordermap-mono-less)
assume ordermap H r x < ordermap H ry
then show (z, y) € r
by (metis <H C By <small H> <H' C H» leD ordermap-mono-le r subsetD
that total-on-def)
qed (use assms that <H' C H» <small Hy in auto)
qed
show total-on H' r
using r by (meson <H C By «<H' C H» subsetD total-on-def)
qged (use r in auto)
ultimately show Ji<length o’. IHCB. ordertype Hr = o' i A f ‘[H]™ C {i}
using <H C B) «i < length o fi assms
by (metis image-mono nsets-mono subset-trans)
qed

Holds because no n-sets exist!

lemma partn-lst-VWF-degenerate:
assumes k < n
shows partn-lst-VWF w (ord-of-nat k # «as) n
proof (clarsimp simp: partn-lst-def)
fix f 2 V set = nat
have [elts (ord-of-nat k)] = {}
by (simp add: nsets-eqg-empty assms finite-Ord-omega)

12



then have f  [elts (ord-of-nat k)]™ C {0}
by auto
then show 3¢ < Suc (length as). 3HCelts w. tp H = (ord-of-nat k # as) ! i A
7 H C {3)
using assms ordertype-eq-Ord [of ord-of-nat k] elts-ord-of-nat less-Suc-eq-0-disj
by fastforce
qed

lemma partn-ist-VWF-w-2:
assumes Ord o
shows partn-lst-VWF (w 1 (14a)) [2, w T (I1+a)] 2 (is partn-lst-VWF 25 - -)
proof (clarsimp simp: partn-lst-def)
fix f
assume f: f € [elts ?8]% — {..<Suc (Suc 0)}
show Ji<Suc (Suc 0). IHCelts 28. tp H = [2, 28] Vi A f ¢ [H]? C {i}
proof (cases Jx € elts 75. Fy € elts 76. x # y A f{z,y} = 0)
case True
then obtain z y where z € elts 98 y € elts 8z # y f {z, y} = 0
by auto
then have {z,y} C elts 28 tp {z,y} = 2 f * [{z, y}]? C {0}
by auto (simp add: eval-nat-numeral ordertype- VWF-finite-nat)
with <z # y» show ?thesis
by (metis nth-Cons-0 zero-less-Suc)
next
case Fulse
with f have Vz€elts ?8. Vycelts 6. ¢ # y — [ {z, y} = 1
unfolding Pi-iff using lessThan-Suc by force
then have tp (elts 28) = 28 f * [elts 28]° C {Suc 0}
by (auto simp: assms nsets-2-eq)
then show ?thesis
by (metis lessI nth-Cons-0 nth-Cons-Suc subsetl)
qed
qed

2.2 Relating partition properties on VIWF' to the general case

Two very similar proofs here!

lemma partn-Ilst-imp-partn-lst-VWE-eq:
assumes part: partn-lst r U « n and §: ordertype U r = § and small U
and r: wf r trans r total-on U r
shows partn-lst-VWF o n
unfolding partn-lst-def
proof clarsimp
fix f
assume f: f € [elts f]" — {..<length o}
define cv where cv = AX. ordermap Ur ¢ X
have bij: bij-betw (ordermap U r) U (elts f5)
using ordermap-bij [of r U] assms by blast
then have bij-cv: bij-betw cv ([U]") ([elts B]™)
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using bij-betw-nsets cv-def by blast
then have func: f o cv € [U]"™ — {..<length o} and inj-on (ordermap U r) U
using bij bij-betw-def bij-betw-apply f by fastforce+
then have cv-part: [Vz€[X]™ f (cvz) =4 X CU;a € [cv X|"] = fa=i
for a X in
by (force simp: cv-def nsets-def subset-image-iff inj-on-subset finite-image-iff
card-image)
have ot-eq [simp]: tp (cv X) = ordertype X r if X C U for X
unfolding cv-def
by (meson «small U» ordertype-image-ordermap r that total-on-subset)
obtain X ¢ where X C U and X: ordertype X r = oli (f o cv) ‘ [X]" C {i}
and 7 < length «
using part func by (auto simp: partn-lst-def)
show 3¢ < length o. 3HCelts 8. tp H = ali A f * [H]™ C {i}
proof (intro exl conjI)
show i < length «
by (simp add: <i < length o)
show cv X C elts B
using <X C U» bij bij-betw-imp-surj-on cv-def by blast
show tp (cv X) = ali
by (simp add: X (1) «X C U>»)
show f ‘ [cv X]|™ C {i}
using X <X C U» cv-part unfolding image-subset-iff cv-def
by (metis comp-apply insertCI singletonD)
qed
qged

lemma partn-lst-imp-partn-lst-VWE:
assumes part: partn-lst r U a n and [: ordertype U r < B small U
and r: wf r trans r total-on U r
shows partn-lst-VWF 8 a n
by (metis assms less-eq- V-def partn-lst-imp-partn-lst- VWF-eq partn-lst-greater-resource)

lemma partn-lst-VWF-imp-partn-lst-eq:
assumes part: partn-lst-VWF 8 « n and B: ordertype U r = 5 small U
and r: wf r trans r total-on U r
shows partn-lst r U a n
unfolding partn-lst-def
proof clarsimp
fix f
assume f: f € [U]" — {..<length o}
define cv where cv = A\X. inv-into U (ordermap U r) ‘X
have bij: bij-betw (ordermap U r) U (elts )
using ordermap-bij [of r U] assms by blast
then have bij-cv: bij-betw cv ([elts 5]™) ([U]™)
using bij-betw-nsets bij-betw-inv-into unfolding cv-def by blast
then have func: f o cv € [elts ] — {..<length a}
using bij-betw-apply f by fastforce
have inj-on (ordermap U r) U
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using bij bij-betw-def by blast
then have cv-part: [Vaze[X]|™ f (cvz) =4 X Celts f5a € [cv X]"] = fa=
ifora Xin
by (metis bij bij-betw-imp-surj-on cv-def inj-on-inv-into nset-image-obtains)
have ot-eq [simp]: ordertype (cv X) r = tp X if X C elts § for X
unfolding cv-def
proof (rule ordertype-inc-eq)
show small X
using down that by auto
show (inv-into U (ordermap U r) x, inv-into U (ordermap Ur) y) € 7
ifze Xye Xand (z,y) € VIWF for z y
proof —
have zy: © € ordermap Ur ‘ Uy € ordermap Ur ‘U
using <X C elts 5> «x € X» <y € X» bij bij-betw-imp-surj-on by blast+
then have eq: ordermap U r (inv-into U (ordermap U r) z) = z ordermap U
r (inv-into U (ordermap Ur) y) =y
by (meson f-inv-into-f)+
then have y ¢ elts z
by (metis (no-types) VWF-non-refl mem-imp-VWF that(3) trans-VWFEF
trans-def)
with r show ?thesis
by (metis (no-types) VWF-non-refl xy eq assms(3) inv-into-into ordermap-mono
that(3) total-on-def)
qed
qged (use r in auto)
obtain X ¢ where X C elts f and X: tp X = ali (f o cv) ‘[X]" C {i}
and i < length «
using part func by (auto simp: partn-lst-def)
show 3i < length a. IHCU. ordertype Hr = ali A f “[H]™ C {i}
proof (intro exl conjI)
show i < length «
by (simp add: i < length «»)
show cv X C U
using <X C elts > bij bij-betw-imp-surj-on bij-betw-inv-into cv-def by blast
show ordertype (cv X) r=a !l i
by (simp add: X(1) <X C elts 3>)
show f ¢ [cv X]™ C {i}
using X <X C elts 8> cv-part unfolding image-subset-iff cv-def
by (metis comp-apply insertCI singletonD)
qed
qed

corollary partn-lst-VWF-imp-partn-Ist:
assumes partn-lst-VWFEF  a n and §: ordertype U r > 8 small U
wf r trans r total-on U r
shows partn-Ist r U a n
by (metis assms less-eq-V-def partn-lst- VWF-imp-partn-lst-eq partn-lst-greater-resource)
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2.3 Simple consequences of the definitions

A restatement of the infinite Ramsey theorem using partition notation

lemma Ramsey-partn: partn-lst-VWF w [ww] 2
proof (clarsimp simp: partn-lst-def)
fix f
assume [ € [elts w]? — {..<Suc (Suc 0)}
then have *: Vz€elts w. Vycelts w. z #y — f {z, y} < 2
by (auto simp: nsets-def eval-nat-numeral)
obtain H i where H: H C elts w and infinite H
and ¢: ¢ < Suc (Suc 0)
and teq: VaeH. VyeH. z #y — f {x, y} =i
using Ramsey2 [OF infinite-w x| by (auto simp: eval-nat-numeral)
then have tp H = [w, w] ! {
using less-2-cases eval-nat-numeral ordertype-infinite-w by force
moreover have f ‘{N. N C H A finite N A card N = 2} C {i}
by (force simp: teq card-2-iff)
ultimately have f ‘ [H]? C {i}
by (metis (no-types) nsets-def numeral-2-eg-2)
then show Ji<Suc (Suc 0). IHCelts w. tp H = [ww] ! i A f*[H]? C {i}
using H «tp H = [w, w] ! ©» ¢ by blast
qed

This is the counterexample sketched in Hajnal and Larson, section 9.1.

proposition omega-basic-counterexample:
assumes Ord «
shows - partn-lst-VWF « [succ (veard «), w] 2
proof —
obtain 7 where funm: 7 € elts @ — elts (veard o) and injm: inj-on 7 (elts «)
using inj-into-vcard by auto
have Ordr: Ord (7 z) if z € elts « for z
using Ord-in-Ord funm that by fastforce
define f where f A = Qiznat. 3z y. A={zyt ANz <yA(mz<myAi=0
Vry<mazAi=1)for A
have f-Pi: f € [elts a]? — {..<Suc (Suc 0)}
proof
fix A
assume A € [elts o?
then obtain z y where zy: z € elts o y € elts o ¢ < y and A: A = {z,y}
apply (clarsimp simp: nsets-2-eq)
by (metis Ord-in-Ord Ord-linear-lt assms insert-commute)
considermrz<my|my<mz
by (metis Ordm Ord-linear-It injm inj-onD less-imp-not-eq2 xy)
then show f A € {..<Suc (Suc 0)}
by (metis A One-nat-def lessI lessThan-iff zero-less-Suc <z < y» A exE-some
(OF - f-def])
qed
have fiffif me <myNi=0VTy<mzAi=I1
if f: f{z,y} =iand zy: z € elts a y € elts a <y for z y ¢
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proof —
considermtz <my|my<max
using zy by (metis Ordw Ord-linear-lt injm inj-onD less-V-def)
then show ?thesis
proof cases
case I
then have f{z,y} = 0
using «z<y» by (force simp: f-def Set.doubleton-eq-iff)
then show ?thesis
using 1 f by auto
next
case 2
then have f{z,y} = 1
using «z<y» by (force simp: f-def Set.doubleton-eq-iff)
then show ?thesis
using 2 f by auto
qed
qed
have Fulse
if eq: tp H = succ (veard o) and H: H C elts «
and 0: NA. A e [H]? = fA =0 for H
proof —
have [simp]: small H
using H down by auto
have OH: Ord z if x € H for z
using H Ord-in-Ord «Ord o that by blast
have m: 7z < 7 y if xeH yeH z<y for z y
using 0 [of {z,y}] that H fiff by (fastforce simp: nsets-2-eq)
have sub-vcard: 7 ‘ H C elts (vcard «)
using H funm by auto
have tp H = tp (m ‘ H)
proof (rule ordertype-VWFEF-inc-eq [symmetric])
show 7 ‘H C ON
using H Ordw by blast
qed (auto simp: m OH subsetl)
also have ... < veard o
by (simp add: H sub-vcard assms ordertype-le-Ord)
finally show Fulse
by (simp add: eq succ-le-iff)
qed
moreover have Fulse
if eq: tp H = w and H: H C elts o
and 1: NA. A € [H? = fA = Suc 0 for H
proof —
have [simp]: small H
using H down by auto
define 1 where 1 = inv-into H (ordermap H VWF') o ord-of-nat
have bij: bij-betw (ordermap H VWF) H (elts w)
by (metis ordermap-bij <small H> eq total-on-VWF wf-VWF)
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then have bij-betw (inv-into H (ordermap H VWF)) (elts w) H
by (simp add: bij-betw-inv-into)
then have 7: bij-betw n UNIV H
unfolding 7-def
by (metis w-def bij-betw-comp-iff2 bij-betw-def elts-of-set inf inj-ord-of-nat
order-refl)
moreover have Ordn: Ord (n k) for k
by (meson H Ord-in-Ord UNIV-I n assms bij-betw-apply subsetD)
moreover obtain k where k: (7 (n(Suc k)), 7 (n k)) ¢ VWF
by (meson wf-VWFE wf-iff-no-infinite-down-chain)
moreover have m: 7y < 7w z if z€H yeH z<y for z y
using 1 [of {z,y}] that H fiff by (fastforce simp: nsets-2-eq)
ultimately have 7 (Suc k) < n k
by (metis H Ordm Ord-linear2 VWEF-iff-Ord-less bij-betw-def rangel subset-iff)
then have (n (Suc k), n k) € VWF VvV 5 (Suc k) =n k
using Ordn Ord-mem-iff-It by auto
then have ordermap H VWF (n (Suc k)) < ordermap H VWF (n k)
by (metis n <small H) bij-betw-imp-surj-on ordermap-mono-le rangel trans-VWF
wf-VWEF)
moreover have ordermap H VWF (n (Suc k)) = succ (ord-of-nat k)
unfolding n-def using bij bij-betw-inv-into-right by force
moreover have ordermap H VWF (n k) = ord-of-nat k
using n-def bij bij-betw-inv-into-right by force
ultimately show Fulse
by (simp add: less-eq-V-def)
qged
ultimately show %thesis
apply (simp add: partn-lst-def image-subset-iff)
by (metis f-Pi less-2-cases nth-Cons-0 nth-Cons-Suc numeral-2-eq-2)
qed

2.4 Specker’s theorem

definition form-split :: [nat,nat,nat,nat,nat] = bool where
form-splitabcdi=a<cA (i=0 N a<b A b<c A ¢c<d V
i=1 AN a<c A c<b A b<d V
=2 N a<c A c<d N d<b V
=3 A a=c A b#d)

definition form :: [(natxnat)set, nat] = bool where
formui=3abcd u={(ab),(c,d)} N form-split a b cdi

definition scheme :: [(natxnat)set] = nat set where
scheme u = fst “u U snd ‘ u

definition UU :: (natxnat) set
where UU = {(a,b). a < b}

lemma ordertype-UNIV-w2: ordertype UNIV pair-less = w12
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using ordertype-Times [of concl: UNIV UNIV less-than less-than)]
by (simp add: total-less-than pair-less-def ordertype-nat-w numeral-2-eq-2)

lemma ordertype-UU-ge-w?2: ordertype UNIV pair-less < ordertype UU pair-less
proof (rule ordertype-inc-le)
define 7 where © = A\(m,n). (m, Suc (m+n))
show (7 (z::nat X nat), ™ y) € pair-less if (z, y) € pair-less for z y
using that by (auto simp: w-def pair-less-def split: prod.split)
show range m C UU
by (auto simp: w-def UU-def)
qged auto

lemma ordertype-UU-w2: ordertype UU pair-less = w2
by (metis eq-iff ordertype-UNIV-w2 ordertype-UU-ge-w2 ordertype-mono small
top-greatest trans-pair-less wf-pair-less)

Lemma 2.3 of Jean A. Larson, A short proof of a partition theorem for
the ordinal w®. Annals of Mathematical Logic, 6:129-145, 1973.

lemma lemma-2-3:
fixes f :: (nat x nat) set = nat
assumes f € [UU]? — {..<Suc (Suc 0)}
obtains N js where infinite N and Ak u. [k < 4; u € [UU]?; form u k; scheme
u C N] = fu=jslk
proof —
have f-less2: f {p,q} < Suc (Suc 0)if p# qp € UU q € UU for p ¢
proof —
have {p,q} € [UU]?
using that by (simp add: nsets-def)
then show ?thesis
using assms by (simp add: Pi-iff)
qed
define f0 where f0 = (AA:nat set. THE . 3a b ¢ d. A = {a,b,c,d} N a<b A
b<c A c<d ANz = f {(a,b),(¢c,d)})
have f0: f0 {a,b,c,d} = f {(a,b),(c,d)} if a<b b<c c<d for a b c d
unfolding f0-def
apply (rule theI2 [where a = f {(a,b), (¢,d)}])
using that by (force simp: insert-eq-iff split: if-split-asm)+
have f0 X < Suc (Suc 0)
if finite X and card X = j for X
proof —
have X € [X]4
using that by (auto simp: nsets-def)
then obtain ¢ b ¢ d where X = {a,b,c,d} A a<b A b<c A ¢<d
by (auto simp: ordered-nsets-4-eq)
then show ?thesis
using f0 f-less2 by (auto simp: UU-def)
qed
then have 3N t. infinite N A t < Suc (Suc 0)
ANNVX. X CNA finite X Ncard X = 4 — f0X = t)
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using Ramsey [of UNIV 4 f0 2] by (simp add: eval-nat-numeral)
then obtain N0 j0 where infinite N0 and j0: j0 < Suc (Suc 0) and NO: \A.
Ae[NOJ = foA=jo0
by (auto simp: nsets-def)

define fI where fI = (M::nat set. THE z. Ja b ¢ d. A = {a,b,c,d} N a<b A
b<c A c<d AN z = f {(a,c),(b,d)})
have f1: fI {a,b,c,d} = f {(a,¢),(b,d)} if a<b b<c c<d for a b c d
unfolding f1-def
apply (rule theI2 [where a = f {(a,c), (b,d)}])
using that by (force simp: insert-eq-iff split: if-split-asm)+
have f1 X < Suc (Suc 0)
if finite X and card X = 4 for X
proof —
have X € [X]4
using that by (auto simp: nsets-def)
then obtain a b ¢ d where X = {a,b,c,d} A a<b A b<c A ¢<d
by (auto simp: ordered-nsets-4-eq)
then show ?thesis
using f1 f-less2 by (auto simp: UU-def)
qged
then have AN ¢. N C NO A infinite N A\ t < Suc (Suc 0)
ANNVX. X CNA finite X AN card X = | — f1 X =)
using <infinite NO»> Ramsey [of NO 4 f1 2] by (simp add: eval-nat-numeral)
then obtain NI jI where N1 C N0 infinite NI and jI: jI < Suc (Suc 0) and
Ni: NA. A € [N1)% = f1 A = j1
by (auto simp: nsets-def)

define f2 where f2 = (A::nat set. THE . 3a b ¢ d. A = {a,b,c,d} N a<b A
b<c A c<d Nz = f {(a,d),(b,c)})
have f2: f2 {a,b,c,d} = f {(a,d),(b,c)} if a<b b<c c<d for a b c d
unfolding f2-def
apply (rule theI2 [where a = f {(a,d), (b,c)}])
using that by (force simp: insert-eq-iff split: if-split-asm)+
have f2 X < Suc (Suc 0)
if finite X and card X = j for X
proof —
have X € [X]4
using that by (auto simp: nsets-def)
then obtain a b ¢ d where X = {a,b,c,d} A a<b A b<c A c<d
by (auto simp: ordered-nsets-4-eq)
then show ?thesis
using f2 f-less2 by (auto simp: UU-def)
qed
then have 3N t. N C NI A infinite N A t < Suc (Suc 0)
ANNVX. X CNA finite X Ncard X = 4 — f2X =1)
using <infinite N1» Ramsey [of N1 4 f2 2] by (simp add: eval-nat-numeral)
then obtain N2 j2 where N2 C NI infinite N2 and j2: j2 < Suc (Suc 0) and
N2: NA. A e [N2)J4 = f2 A =j2
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by (auto simp: nsets-def)

define f3 where /3 = (AA::nat set. THE . 3a b c. A = {a,b,c} A a<b A b<c
Az = f {(a,b),(a,c)})
have f3: f3 {a,b,c} = f {(a,b),(a,c)} if a<b b<c for a b ¢
unfolding f3-def
apply (rule theI2 [where a = f {(a,b), (a,c)}])
using that by (force simp: insert-eq-iff split: if-split-asm)+
have f3" 18 {a,b,c} = f {(a,b),(a,c)} if a<c ¢c<b for a b ¢
using f3 [of a ¢ b] that
by (simp add: insert-commute)
have f3 X < Suc (Suc 0)
if finite X and card X = 3 for X
proof —
have X € [X]°
using that by (auto simp: nsets-def)
then obtain a b ¢ where X = {a,b,c} A a<b A b<c
by (auto simp: ordered-nsets-3-eq)
then show ?thesis
using f3 f-less2 by (auto simp: UU-def)
qged
then have AN ¢t. N C N2 A infinite N A t < Suc (Suc 0)
ANNVX. XCNAfinite X Ncard X =3 — f3X = 1)
using <infinite N2> Ramsey [of N2 3 f3 2] by (simp add: eval-nat-numeral)
then obtain N3 j3 where N3 C N2 infinite N3 and j3: j8 < Suc (Suc 0) and
N3: NA. A € [N3]? = f3 A = j3
by (auto simp: nsets-def)

show thesis
proof
fix ku
assume k < /
and u: form u k scheme u C N3
and UU: u € [UU]?
then consider (0) k=0 | (1) k=1 (2) k=2 | (8) k=3
by linarith
then show fu = [j0,j1,j2,j3] ! k
proof cases
case (
have N3 C NO
using «<NI C NO» <N2 C N1» «<N3 C N2) by auto
then show ?thesis
using u 0
apply (auto simp: form-def form-split-def scheme-def simp flip: f0)
apply (force simp: nsets-def intro: NO)
done
next
case [
have N3 C NI
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using <N2 C N1» «<N3 C N2» by auto
then show ?thesis
using u 1
apply (auto simp: form-def form-split-def scheme-def simp flip: f1)
apply (force simp: nsets-def intro: N1)
done
next
case 2
then show ?thesis
using u «<N3 C N2
apply (auto simp: form-def form-split-def scheme-def nsets-def simp flip: f2)
apply (force simp: nsets-def intro: N2)
done
next
case 3
{fixabd
assume {(a, b), (a, d)} € [UU]?
and x: a€N3b€N3 e N3b+#d
then have a<b a<d
by (auto simp: UU-def nsets-def)
then have f {(q, b), (a, d)} = j3
using *
apply (auto simp: neg-iff simp flip: 3 f3”)
apply (force simp: nsets-def intro: N3)+
done
}
then show ?thesis
using v UU 3
by (auto simp: form-def form-split-def scheme-def)
qed
qed (rule <infinite N3»)
qed

Lemma 2.4 of Jean A. Larson, ibid.

lemma lemma-2-/:
assumes infinite N k < 4
obtains M where M € [UU]™ Au. u € [M]? = form u k \u. u € [M]? =
scheme uw C N
proof —
obtain f:: nat = nat where bij-betw f UNIV N strict-mono f
using assms by (meson bij-enumerate enumerate-mono strict-monol)
then have iff[simp]: fz = fy+— =y fz < fy+— z<yfor zy
by (simp-all add: strict-mono-eq strict-mono-less)
have [simp]: fz € N for z
using bij-betw-apply [OF <bij-betw f UNIV N»] by blast
define M0 where M0 = ()\z' (f(2%7), f(Suc(2%7)))) ‘{..<m}
define M1 where M1 = (Xi. (f 4, f(m+17))) ‘ {..<m}
define M2 where M2 = (Xi. (f 4, f(2xm—1))) ‘{..<m}
define M3 where M3 = (\i (fO [ (Suc9)) “{.<m}
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consider (0) k=0 | (1) k=1 | (2) k=2 (3) k=3
using assms by linarith
then show thesis
proof cases
case (
show ?thesis
proof
have inj-on (Ai. (f (2 x i), f (Suc (2 % i)))) {..<m}
by (auto simp: inj-on-def)
then show M0 € [UU|™
by (simp add: MO0-def nsets-def card-image UU-def image-subset-iff)
next
fix u
assume u: (u::(nat x nat) set) € [M0]?
then obtain z y where v = {z,y} * # yz € M0y € M0
by (auto simp: nsets-2-eq)
then obtain i j where i<j j<m and uweq: u = {(f(2x7), f(Suc(2x7))),
(F(25), F(Suc(2))}
apply (clarsimp simp: MO0-def)
apply (metis (full-types) insert-commute less-linear)+
done
moreover have f (2 x i) < f (2 * j)
by (simp add: <i<j> less-imp-le-nat)
ultimately show form u k
apply (simp add: 0 form-def form-split-def nsets-def)
apply (rule-tac z=f (2 x i) in exl)
apply (rule-tac z=f (Suc (2 * 7)) in exl)
apply (rule-tac z=f (2 * j) in exl)
apply (rule-tac z=f (Suc (2 * 7)) in exl)
apply auto
done
show scheme u C N
using ueq by (auto simp: scheme-def)
qed
next
case I
show ?thesis
proof
have inj-on (Ai. (f i, f(m+1))) {..<m}
by (auto simp: inj-on-def)
then show M1 € [UU]™
by (simp add: MI1-def nsets-def card-image UU-def image-subset-iff)
next
fix u
assume u: (u::(nat x nat) set) € [M1]?
then obtain z y where u = {z,y}  # yz € M1 y € M1
by (auto simp: nsets-2-eq)
then obtain i j where i<j j<m and ueq: v = {(f i, f(m+17)), (f7, f(m+5))}
apply (auto simp: M1-def)
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apply (metis (full-types) insert-commute less-linear)+
done

then show form u k
apply (simp add: 1 form-def form-split-def nsets-def)
by (metis iff (2) nat-add-left-cancel-less nat-less-le trans-less-addl)
show scheme u C N
using ueq by (auto simp: scheme-def)
qed
next
case 2
show ?thesis
proof
have inj-on (Ai. (f 4, f(2xm—1))) {..<m}
by (auto simp: inj-on-def)
then show M2 € [UU|™
by (auto simp: M2-def nsets-def card-image UU-def image-subset-iff)
next
fix u
assume u: (u::(nat x nat) set) € [M2]?
then obtain z y where u = {z,y} * # yz € M2y € M2
by (auto simp: nsets-2-eq)
then obtain ¢ j where i<j j<m and ueq: v = {(f ¢, f(2xm—1)), (f J,
f(25m—))}
apply (auto simp: M2-def)
apply (metis (full-types) insert-commute less-linear)+
done
then show form u k
apply (simp add: 2 form-def form-split-def nsets-def)
apply (rule-tac z=f i in exl)
apply (rule-tac z=f (2 * m — i) in exl)
apply (rule-tac z=fj in exl)
apply (rule-tac z=f (2 * m — j) in exl)
apply (auto simp: less-imp-le-nat)
done
show scheme u C N
using ueq by (auto simp: scheme-def)
qged
next
case 3
show ?thesis
proof
have inj-on (Xi. (f 0, f (Suc 7))) {..<m}
by (auto simp: inj-on-def)
then show M3 ¢ [UU]™
by (auto simp: M3-def nsets-def card-image UU-def image-subset-iff)
next
fix u
assume u: (u::(nat x nat) set) € [M3]?
then obtain z y where v = {z,y} £ yz € M3y € M3
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by (auto simp: nsets-2-eq)
then obtain ¢ j where i<j j<m and ueq: v = {(f 0, f(Suc 7)), (f 0, f(Suc
it
apply (auto simp: M3-def)
apply (metis (full-types) insert-commute less-linear)+
done
then show form u k
by (fastforce simp: 8 form-def form-split-def nsets-def)
show scheme u C N
using ueq by (auto simp: scheme-def)
qed
qed
qed

Lemma 2.5 of Jean A. Larson, ibid.

lemma lemma-2-5:
assumes infinite N
obtains X where X C UU ordertype X pair-less = wt2
Au. u € [X]? = (3k<4. form u k) A scheme u C N
proof —
obtain C
where dis: pairwise (\i j. disjnt (C %) (Cj)) UNIV
and N: ({Ji. Ci) C N and infC: Ai:nat. infinite (C 7)
using assms infinite-infinite-partition by blast
then have Jy::nat = nat. inj ¢ A range ¢ = C i N\ strict-mono ¢ for @
by (metis nat-infinite-iff strict-mono-on-imp-inj-on)
then obtain ¢:: [nat,nat] = nat
where ¢: Ai. inj (p ©) A range (¢ i) = C i A strict-mono (p 7)
by metis
then have 7-in-C [simp]: ¢ ij € Ci' +— i'=ifor ii'j
using dis by (fastforce simp: pairwise-def disjnt-def)
have less-iff [simp]: p ij' < pij+— j < jforij'j
by (simp add: ¢ strict-mono-less)
let %0 = ¢ 0
define X where X = {(?ai,b) | ib. 2ai < bAbe C (Suci)}
show thesis
proof
show X C UU
by (auto simp: X-def UU-def)
show ordertype X pair-less = w12
proof (rule antisym)
have ordertype X pair-less < ordertype UU pair-less
by (simp add: <X C UU>» ordertype-mono)
then show ordertype X pair-less < wt?2
using ordertype-UU-w2 by auto
define m where m = A(i,j::nat). (%a 4, ¢ (Suc i) (%a 7))
have \ij. i <j= v 01 < ¢ (Suc i) (¢ 037)
by (meson @ le-less-trans less-iff strict-mono-imp-increasing)
then have subX: 7 * UU C X
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by (auto simp: UU-def w-def X-def)
then have ordertype (w * UU) pair-less < ordertype X pair-less
by (simp add: ordertype-mono)
moreover have ordertype (v ‘ UU) pair-less = ordertype UU pair-less
proof (rule ordertype-inc-eq)
show (7 z, ™ y) € pair-less
ifz € UUy € UU and (z, y) € pair-less for x y
using that by (auto simp: UU-def w-def pair-less-def)
qed auto
ultimately show w12 < ordertype X pair-less
using ordertype-UU-w2 by simp
qed
next
fix U
assume U € [X]?
then obtain a b ¢ d where Ueq: U = {(a,b),(¢,d)} and ne: (a,b) # (c,d) and
inX: (a,b) € X (¢,d) € X and a < ¢
apply (auto simp: nsets-def subset-iff eval-nat-numeral card-Suc-eq Set.doubleton-eq-iff)
apply (metis nat-le-linear)+
done
show (Fk</. form U k) A scheme U C N
proof
show scheme U C N
using inX N ¢ by (fastforce simp: scheme-def Ueq X-def)
next
consider a < c|la=cAb#d
using <a < ¢ ne nat-less-le by blast
then show 3k</. form Uk
proof cases
case I
have x: a < b b# cc< d
using inX by (auto simp: X-def)
moreover have J[a < c;c< b ~d< b = b< d
using inX apply (clarsimp simp: X-def not-less)
by (metis ¢ m-in-C imageE nat.inject nat-less-le)
ultimately consider (k0) a<b A b<c A e¢<d | (kI) a<c A ¢<b A b<d |
(k2) a<c N c<d A d<b
using 1 less-linear by blast
then show ?thesis
proof cases
case k0
then have form U 0
unfolding form-def form-split-def using Ueq <a < ¢» by blast
then show ?thesis by force
next
case kI
then have form U 1
unfolding form-def form-split-def using Ueq <a < ¢» by blast
then show ?thesis by force
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next
case k2
then have form U 2
unfolding form-def form-split-def using Ueq <a < c¢» by blast
then show ?thesis by force
qged
next
case 2
then have form-split a b ¢ d 3
by (auto simp: form-split-def)
then show ?thesis
using Ueq form-def lel by force
qed
qed
qed
qed

Theorem 2.1 of Jean A. Larson, ibid.

lemma Specker-auz:
assumes a € elts w
shows partn-lst pair-less UU [w12,a] 2
unfolding paritn-Ilst-def
proof clarsimp
fix f
assume f: f € [UU]? — {..<Suc (Suc 0)}
let 2P0 = 3X C UU. ordertype X pair-less = w2 N f° [)92 C {0}
let ?P1 =3 M C UU. ordertype M pair-less = o A f[M]~ C {1}
have t: 7P0 v ?P1
proof (rule disjCI)
assume - ?P1
then have notl: A\M. [M C UU; ordertype M pair-less = o] = Jze[M]?. f
x # Suc 0
by auto
obtain m where m: « = ord-of-nat m
using assms elts-w by auto
then have f-eg-0: M € [UU]™ = 3z€[M]?. fz = 0 for M
using notl [of M| finite-ordertype-eq-card [of M pair-less m] f
apply (clarsimp simp: nsets-def eval-nat-numeral Pi-def)
by (meson less-SucO not-less-less-Suc-eq subset-trans)
obtain N js where infinite N and N: Ak u. [k < 4: u € [UU]%; form u k;
scheme u C N| = fu = jslk
using f lemma-2-3 by blast
obtain M0 where M0: M0 € [UU]™ Au. u € [M0)? = form u 0 Au. u €
[M0)? = scheme u C N
by (rule lemma-2-4 [OF <infinite N»]) auto
obtain M1 where M1: M1 € [UU]™ Au. u € [M1]? = form u 1 \u. u €
[M1]? = scheme u C N
by (rule lemma-2-4 [OF <infinite N»]) auto
obtain M2 where M2: M2 € [UU]™ Au. u € [M2)? = form u 2 Nu. u €
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[M2)? = scheme u C N
by (rule lemma-2-4 [OF <infinite N»]) auto
obtain M3 where M3: M3 € [UU]™ Au. u € [M3]? = form u 3 Nu. u €
[M3)? = scheme u C N

by (rule lemma-2-4 [OF <infinite N»]) auto
have jsl0 = 0

using N [of 0 | MO f-eq-0 [of MO0] by (force simp: nsets-def eval-nat-numeral)
moreover have js!1 = 0

using N [of 1] M1 f-eq-0 [of M1] by (force simp: nsets-def eval-nat-numeral)
moreover have js!2 = (

using N [of 2 | M2 f-eq-0 [of M2] by (force simp: nsets-def eval-nat-numeral)
moreover have js!8 = 0

using N [of 3 | M3 f-eq-0 [of M3] by (force simp: nsets-def eval-nat-numeral)
ultimately have js0: jslk = 0 if k < 4 for k

using that by (auto simp: eval-nat-numeral less-Suc-eq)
obtain X where X C UU and otX: ordertype X pair-less = w12

and X: Au. u € [X]? = (3k<4. form u k) A scheme u C N

using <infinite N> lemma-2-5 by auto
moreover have f ‘ [X]? C {0}
proof (clarsimp simp: image-subset-iff)

fix u

assume u: u € [X]?

then have u-UU2: u € [UU]?

using <X C UU» nsets-mono by blast

show fu =0
using X u N [OF - u-UU2] jsO by auto
qed
ultimately show 3 X C UU. ordertype X pair-less = w2 A f ¢ [X]Q C {0}
by blast
qed
then show Ji<Suc (Suc 0). IHCUU. ordertype H pair-less = w12, a] 1 i A f
[H)? C {1}

by (metis One-nat-def lessI nth-Cons-0 nth-Cons-Suc zero-less-Suc)
qed

theorem Specker: a € elts w = partn-lst-VWF (w12) [w12,a] 2
using partn-lst-imp-partn-lst-VWF-eq |OF Specker-auzx] ordertype-UU-w2 wf-pair-less
by blast

end
theory FErdos-Milner
imports Partitions
begin
2.5 Erds-Milner theorem

P. Erds and E. C. Milner, A Theorem in the Partition Calculus. Canadian
Math. Bull. 15:4 (1972), 501-505. Corrigendum, Canadian Math. Bull.
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17:2 (1974), 305.

The paper defines strong types as satisfying the criteria below. It re-
marks that ordinals satisfy those criteria. Here is a (too complicated) proof.

proposition strong-ordertype-eq:
assumes D: D C elts § and Ord 3
obtains L where |J (List.set L) = D AX. X € List.set L = indecomposable
(tp X)
and AM.[M C D; AX. X € Listset L= tp (M NX)>tp X] = tp M =
tp D
proof —
define ¢ where ¢ = inv-into D (ordermap D VWF)
then have bij-p: bij-betw ¢ (elts (tp D)) D
using D bij-betw-inv-into down ordermap-bij by blast
have ¢-cancel-left: Ad. d € D = ¢ (ordermap D VWF d) = d
by (metis D o-def bij-betw-inv-into-left down ordermap-bij total-on-VWFE wf-VWF)
have p-cancel-right: \vy. v € elts (tp D) = ordermap D VWF (p v) = v
by (metis @-def f-inv-into-f ordermap-surj subsetD)
have small D D C ON
using assms down elts-subset-ON [of (] by auto
then have @-less-iff: Ny d. [y € elts (tp D); 0 € elts (tp D)] = p v < ¢ 0
—r <9
by (metis p-def inv-ordermap-VWF-mono-iff inv-ordermap-mono-eq less- V-def)
obtain as where List.set as C ON and w-dec as and tpD-eq: tp D = w-sum
as
using Ord-ordertype w-nf-exists by blast — Cantor normal form of
the ordertype
have ord [simp]: Ord (as! k) Ord (w-sum (take k «s)) if k < length as for k
using that <list.set as € ON»
by (auto simp: dual-order.trans set-take-subset elim: ON-imp-Ord)
define E where E = A\k. lift (w-sum (take k as)) (w(as'k))
define L where L = map (A\k. ¢ * (elts (E k))) [0..<length «s]
have lengthL [simp]: length L = length as
by (simp add: L-def)
have in-elts-E-less: elts (E k') < elts (E k) if k'<k k < length as for k k'
— The ordinals have been partitioned into disjoint intervals
proof —
have ordw: Ord (w T as ! k')
using that by auto
from that id-take-nth-drop [of k' take k «s]
obtain [ where take k as = take k' as Q (aslk’) # 1
by (simp add: min-def)
then show ?thesis
using that unfolding FE-def lift-def less-sets-def
by (auto dest!: OrdmemD [OF ordw] intro: less-le-trans)
qed
have elts-E: elts (E k) C elts (w-sum as)
if k£ < length as for k
proof —
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have w 1 (aslk) < w-sum (drop k as)
by (metis that Cons-nth-drop-Suc w-sum-Cons add-le-cancel-left0)
then have (+) (w-sum (take k as)) ‘elts (w 1 (aslk)) C elts (w-sum (take k
as) + w-sum (drop k as))
by blast
also have ... = clts (w-sum «s)
using w-sum-take-drop by auto
finally show ?thesis
by (simp add: lift-def E-def)
qged
have w-sum-in-tpD: w-sum (take k as) + v € elts (tp D)
if v € elts (w T aslk) k < length as for v k
using elts-F lift-def that tpD-eq by (auto simp: E-def)
have Ord-p: Ord (¢ (w-sum (take k as) + 7))
if v € elts (w T aslk) k < length as for v k
using w-sum-in-tpD <D C ON» bij-p bij-betw-imp-surj-on that by fastforce
define m where m = Ak. ((A\y. odiff y (w-sum (take k «s))) o ordermap D VWF)
— mapping the segments of D into some power of w
have bij-m: bij-betw (7 k) (¢ elts (Ek)) (elts (w 1 (aslk)))
if k£ < length as for k
using that by (auto simp: bij-betw-def w-def E-def inj-on-def lift-def image-comp
w-sum-in-tpD p-cancel-right that)
have 7-iff: m kz < 7w ky «— (z,y) € VWF
ifxe ‘ets (BEk)ye e ‘elts (Ek)k < length as for k z y
using that
by (auto simp: w-def E-def lift-def w-sum-in-tpD -cancel-right Ord-p -less-iff)
have tp-E-eq [simp]: tp (¢ ‘elts (E k) = wi(aslk)
if k: k < length as for k
by (metis Ord-w Ord-oexp w-iff bij-m ord(1) ordertype-VWEF-eq-iff replacement
small-elts that)
have tp-L-eq [simp]: tp (L'k) = wi(aslk) if k < length as for k
by (simp add: L-def that)
have UL-eq-D: |J (list.set L) = D
proof (rule antisym)
show |J (list.set L) C D
by (force simp: L-def tpD-eq bij-betw-apply [OF bij-p] dest: elts-E)
show D C |J (list.set L)
proof
fix ¢
assume 6 € D
then have ordermap D VWF § € elts (w-sum as)
by (metis <small Dy ordermap-in-ordertype tpD-eq)
then show ¢ € |J (list.set L)
using § € Dy p-cancel-left in-elts-w-sum
by (fastforce simp: L-def E-def image-iff lift-def)
qed
qed
show thesis
proof
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show indecomposable (tp X) if X € list.set L for X
using that by (auto simp: L-def indecomposable-w-power)
next
fix M
assume M C D and x: AX. X € list.set L = tp X < tp (M N X)
show tp M = tp D
proof (rule antisym)
show tp M < tp D
by (simp add: <M C D) <small Dy ordertype-VWF-mono)
define o where o = AX. inv-into (M N X) (ordermap (M N X) VWF)
— The bijection from an w-power into the appropriate
segment of M
have bij-o: bij-betw (o X) (elts (tp (M N X))) (M N X) for X
unfolding o-def
by (meson <M C D) «small Dy bij-betw-inv-into inf-lel ordermap-bij
smaller-than-small total-on-VWFE wf-VWF)
have Ord-c: Ord (0 X «) if a € elts (tp (M N X)) for a X
using <D C ON» <M C D bij-betw-apply [OF bij-o| that by blast
have o-cancel-right: Ny X. v € elts (tp (M N X)) = ordermap (M N X)
VWF (0 X v) =«
by (metis o-def f-inv-into-f ordermap-surj subsetD)
have smM: small (M N X) for X
by (meson <M C D> <small D> inf-lel subset-iff-less-eq-V)
have 3k < length as. v € elts (E k) if v: v € elts (tp D) for v
proof —
obtain X where X € set Land X: p vy € X
by (metis UL-eq-D ~v Union-iff p-def in-mono inv-into-into ordermap-sury)
then have 3k < length as. v € elts (E k) AN X = ¢ ‘elts (E k)
apply (clarsimp simp: L-def)
by (metis v p-cancel-right elts-E in-mono tpD-eq)
then show ?thesis
by blast
qed
then obtain K where K: A\v. v € elts (tp D) = K v < length as A vy €
elts (E (K 7))

by metis — The index from tp D to the appropriate segment number
define ¢y where ¢ = Ad. o (L ! K (ordermap D VWF d)) (n (K (ordermap
D VWF d)) d)

show tp D < tp M
proof (rule ordertype-inc-le)
show small D small M
using <M C D) «small D> subset-iff-less-eq-V by auto
next
fix d' d
assume zy: d' € D d € D and (d',d) € VWF
then have d’ < d
using ON-imp-Ord <D C ON) by auto
let 9/ = ordermap D VWF d’
let ?v = ordermap D VWF d
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have len”: K %y’ < length as and elts” 2y’ € elts (E (K ?v'))
and len: K %y < length as and elts: %y € elts (E (K 7))
using K <d’ € D) «<d € D) by (auto simp: <small Dy ordermap-in-ordertype)
have Ord-oL: Ord (o (L'k) (7 k d)) if d € ¢ ‘elts (E k) k < length as for
kd
by (metis (mono-tags) * Ord-o bij-m bij-betw-apply lengthL nth-mem that
tp-L-eq vsubsetD)
have ¢/ < %y
by (simp add: «(d’, d) € VWF» <small D> ordermap-mono-less zy)
then have K 7/ < K %y
using elts’ elts in-elts-F-less by (meson lel len’ less-asym less-sets-def)
then consider (less) K 9y' < K 9y | (equal) K 7' = K 2y
by linarith
then have o (L! K ?¢) (n (K ?y) d) <o (L! K ?y) (n (K ?y) d)
proof cases
case less
obtain f: 0 (L! K &) (w (K ?#v)dYe M NL! K ?/'o (L! K %) (7
(K?7y)d)e MNL!IK %y
using elts’ elts len’ len x [THEN vsubsetD]
by (metis lengthL @-cancel-left bij-m bij-o bij-betw-imp-surj-on imagel
nth-mem tp-L-eq zy)
then have ordermap D VWF (o (L! K %9') (= (K ?¢') d")) € elts (E (K
?v)) ordermap D VWF (o (L! K ?y) (7w (K ?vy) d)) € elts (E (K %))
using len’ len elts-E tpD-eq
by (fastforce simp: L-def p-cancel-right)+
then have ordermap D VWF (o (L! K ?¢') (7 (K %y) d)) < ordermap
D VWF (o (L! K ?y) (7 (K ?v) d))
using in-elts-E-less len less by (meson less-sets-def)
moreover have o (L! K %) (n (K %¢') d') € Do (L! K %) (7 (K %)
d)eD
using <M C D» t by auto
ultimately show ?thesis
by (metis <small Dy @-cancel-left p-less-iff ordermap-in-ordertype)
next

case equal
have o-less: AX v 6. [y < 0; v € elts (tp (M N X)); 6 € elts (tp (M N

X))l
=0 Xv<oX56
by (metis <D C ON» «M C D) o-def dual-order.trans inv-ordermap-VWF-strict-mono-iff
le-infl1 smM)
have 7 (K ?y) d' < 7 (K ?v) d
by (metis equal <(d’, d) € VWF» p-cancel-left m-iff elts elts’ imagel len

y)
then show ?thesis
unfolding equal
by (metis x [THEN vsubsetD] lengthL o-cancel-left o-less bij-m
bij-betw-imp-surj-on elts elts’ image-eql len local.equal nth-mem tp-L-eq
y)

qged
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moreover have Ord (o (L! K ?v') (v (K ?v') d)) Ord (¢ (L! K ?y) («
(K #9) d))
using Ord-o L p-cancel-left elts len elts’ len’ zy by fastforce+
ultimately show (¢ d’, ¢ d) € VWF
by (simp add: ¥-def)
next
show ¢ ‘D C M
proof (clarsimp simp: 1-def)
fix d
assume d € D
let 7y = ordermap D VWF d
have len: K 7y < length as and elts: ?y € elts (E (K ?v))
using K «d € D» by (auto simp: <small Dy ordermap-in-ordertype)
have 7 (K ?y) d € elts (tp (L! (K %v)))
using bij-m [OF len] «d € D»
by (metis @-cancel-left bij-betw-apply elts imagel len tp-L-eq)
then show o (L ! K (ordermap D VWF d)) (n (K (ordermap D VWF
d) d)eM
by (metis x lengthL Int-iff bij-o bij-betw-apply len nth-mem vsubsetD)
qed
qed auto
qed
qed (simp add: UL-eg-D)
qed

The “remark” of FErds and E. C. Milner, Canad. Math. Bull. Vol. 17
(2), 1974

proposition indecomposable-imp-FEx-less-sets:
assumes indec: indecomposable o and o > w
and A: tp A = a small A A C ON
and z € Aand Al: tp Al =a A1 C A
obtains A2 where tp A2 =« A2 C Al {z} < A2
proof —
have Ord «
using indec indecomposable-imp-Ord by blast
have Limit o
by (meson w-gt1 assms indec indecomposable-imp-Limit less-le-trans)
define ¢ where ¢ = inv-into A (ordermap A VWF)
then have bij-p: bij-betw ¢ (elts a)) A
using A bij-betw-inv-into down ordermap-bij by blast
have bij-om: bij-betw (ordermap A VWF) A (elts «)
using A down ordermap-bij by blast
define v where v = ordermap A VWF
have v: v € elts «
unfolding v-def using A <z € Ay down by auto
then have Ord ~
using Ord-in-Ord «Ord «» by blast
define B where B = ¢ ‘ (elts (succ 7))
have B: {y € A. ordermap A VWF y < ordermap A VWF z} C B
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apply (clarsimp simp add: B-def v-def image-iff p-def)
by (metis Ord-linear Ord-ordermap OrdmemD bij-betw-inv-into-left bij-om leD)
show thesis
proof
have small A1
by (meson «small A> A1 smaller-than-small)
then have tp (A1 — B) < tp Al
by (simp add: ordertype-VWF-mono)
moreover have tp (A1 — B) > «
proof —
have - (o < tp B)
unfolding B-def
proof (subst ordertype-VWF-inc-eq)
show elts (succ v) C ON
by (auto simp: y-def ordertype-VWF-inc-eq intro: Ord-in-Ord)
have sub: elts (succ ) C elts «
using Ord-trans v <Ord o> by auto
then show ¢ ‘ elts (succ v) C ON
using <A C ON» bij-p bij-betw-imp-surj-on by blast
have succ v € elts «
using v Limit-def «Limit o by blast
with A sub show ¢ u < p v
if u € elts (succ v) and v € elts (succ ) and v < v for u v
by (metis @-def inv-ordermap-VWE-strict-mono-iff subsetD that)
show — a < tp (elts (succ 7))
by (metis Limit-def Ord-succ v «Limit > <Ord v> mem-not-refl order-
type-eq-Ord vsubsetD)
qed auto
then show ?thesis
using indecomposable-ordertype-ge [OF indec, of A1 B] <small A1)» Al by
(auto simp: B-def)
qed
ultimately show tp (A1 — B) = «
using A1 by blast
have {z} < (A — B)
using assms B
apply (clarsimp simp: less-sets-def p-def subset-iff)
by (metis Ord-not-le VWF-iff-Ord-less less-V-def order-refl ordermap-mono-less
trans-VWE wf-VWF)
with (A1 C Ay show {z} < (A1 — B) by auto
qed auto
qged

the main theorem, from which they derive the headline result

theorem FErdos-Milner-auz:
assumes part: partn-lst-VWF « [k, 7] 2
and indec: indecomposable « and k > 1 Ord v and B: 8 € elts wi
shows partn-lst-VWEF (axf3) [ord-of-nat (2xk), min v (wxf3)] 2
proof (cases a<1 V =0)
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case True
have Ord o
using indec indecomposable-def by blast
show ?thesis
proof (cases f=0)
case True then show ?Zthesis
by (simp add: partn-lst-triv0 [where i=1])
next
case Fulse
then consider (0) a=0| (1) a=1
by (metis Ord-0 OrdmemD True <Ord oy mem-0-Ord one-V-def order.antisym
succ-le-iff)
then show ?thesis
proof cases
case (
with part show ?thesis
by (force simp add: partn-lst-def nsets-empty-iff less-Suc-eq)
next
case I
then obtain Ord
by (meson ON-imp-Ord Ord-w1 True B elts-subset-ON)
then obtain ¢ where i < Suc (Suc 0) [ord-of-nat k, 4] ! i < «
using partn-lst-VWF-nontriv [OF part] 1 by auto
then have v < 1
using <a=1» <k > 1> by (fastforce simp: less-Suc-eq)
then have min v (wxf) < 1
by (metis Ord-1 Ord-w Ord-linear-le Ord-mult «Ord 8> min-def order-trans)
then show ?thesis
using Fualse by (auto simp: True <Ord By <f#£0> «a=1) introl: partn-lst-trivl
[where i=1])
qed
qed
next
case Fulse
then have o > w
by (meson Ord-1 Ord-not-less indec indecomposable-def indecomposable-imp-Limit
omega-le-Limit)
have 0 € elts 5 5 # 0
using False Ord-w1 Ord-in-Ord B mem-0-Ord by blast+
show ?thesis
unfolding partn-lst-def
proof clarsimp
fix f
assume f € [elts (axB)]? = {..<Suc (Suc 0)}
then have f: f € [elts (axf)]? — {..<2:nat}
by (simp add: eval-nat-numeral)
obtain ord [iff]: Ord a Ord 8 Ord (axp3)
using Ord-w! Ord-in-Ord B indec indecomposable-imp-Ord Ord-mult by blast
have *: False

35



if ¢ [rule-format]: Y H. tp H = ord-of-nat (2xk) — H C elts (axff) — = f
()2 C {0}
and ii [rule-format): VH. tp H = v — H C elts (axf8) — — f “ [H]? C
{1}
and iii [rule-format]: YV H. tp H = (wxf3) — H C elts (axf) — — f ‘[H]?
c {1}
proof —
have Ak0: 3X € [A]*. f ¢ [X]? C {0} — remark (8) about A C S
if A-af: A C elts (axf) and ot: tp A > « for A
proof —
let ?g = inv-into A (ordermap A VWF)
have small A
using down that by auto
then have inj-g: inj-on ?g (elts a)
by (meson inj-on-inv-into less-eq-V-def ordermap-surj ot subset-trans)
have om-A-less: Nz y. [z € A; y € A; © < y] = ordermap A VWF z <
ordermap A VWF y
using ord
by (meson A-af Ord-in-Ord VWE-iff-Ord-less <small Ay in-mono or-
dermap-mono-less trans-VWE wf-VWF)
have «-sub: elts o C ordermap A VWF A
by (metis <small As elts-of-set less-eq-V-def ordertype-def ot replacement)
have g: 99 € elts a — elts (axf3)
by (meson A-af8 Pi-I’ a-sub inv-into-into subset-eq)
then have fg: f o (AX. %9 * X) € [elts a]® — {..<2}
by (rule nsets-compose-image-funcset [OF f - inj-g])
obtain ¢ H where 7 < 2 H C elts
and ot-eq: tp H = [ky]li (f o (AX. 29 ‘ X)) ‘ (nsets H 2) C {i}
using it partn-lst-E [OF part fg] by (auto simp: eval-nat-numeral)
then consider (0) i=0 | (1) i=1
by linarith
then show ?thesis
proof cases
case (
then have f * [inv-into A (ordermap A VWF) ‘ H]? C {0}
using ot-eq «(H C elts a» a-sub by (auto simp: nsets-def [of - K]
inj-on-inv-into elim!: nset-image-obtains)
moreover have finite H A\ card H = k
using 0 ot-eq <H C elts o> down by (simp add: finite-ordertype-eq-card)
then have inv-into A (ordermap A VWF) ‘ H € [A]*
using «H C elts ay a-sub by (auto simp: nsets-def [of - k] card-image
inj-on-inv-into inv-into-into)
ultimately show #thesis
by blast
next
case !
have gH: ?g ‘* H C elts (ax/3)
by (metis A-af a-sub <H C elts a» image-subsetl inv-into-into subset-eq)
have g-less: gz < gy ifz < yx € elts a y € elts a for z y
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using Pi-mem [OF g ord that
by (meson A-af Ord-in-Ord Ord-not-le <small Ay dual-order.trans
elts-subset-ON inv-ordermap-VWE-mono-le ot vsubsetD)
have [simpl: tp (79 ‘H) =tp H
by (meson <H C elts o> ord down dual-order.trans elts-subset-ON gH
g-less ordertype-VWF-inc-eq subsetD)
show ?thesis
using ii [of ?g ¢ H| subset-inj-on [OF inj-g <H C elts ] ot-eq 1
by (auto simp: gH elim!: nset-image-obtains)
qged
qed
define K where K = i z. {y € elts (axf). z # y A f{z,y} = i}
have small-K: small (K i z) for i
by (simp add: K-def)
define KT where KI = \i X. (Nz€X. K i x)
have KI-disj-self: X N KIi X = {} for i1 X
by (auto simp: KI-def K-def)
define M where M = A\D A z. {v:V.ve DAtp (K1zNAv) > a}
have M-sub-D: M D2 x C D for D 2 x
by (auto simp: M-def)
have small-M [simp]: small (M D 2 z) if small D for D A z
by (simp add: M-def that)
have 9: tp {x € A. tp (M D A z) > tp D} > « (is ordertype ?AD - > «)
if inD: indecomposable (tp D) and D: D C elts f and A: A C elts (axf)
and pA: tp A = «
and 2A: A € D — {X. X Celts (axf) ANtp X = a} for D A A
— remark (9), assuming an indecomposable order type
proof (rule ccontr)
define A’ where A'={z € A. - tp (MDA z) > tp D}
have small [iff]: small A small D
using A D down by (auto simp: M-def)
have small-2: small (A 6) if § € D for §
using that 2A by (auto simp: Pi-iff subset-iff-less-eq-V')
assume not-a-le: ~a < tp{z € A. tp (M D A z) > tp D}
moreover
obtain small A small A" A’ C A and A’-sub: A’ C elts (axf3)
using A’-def A down by auto
moreover have A’ = A — 7AD
by (force simp: A’-def)
ultimately have A’-ge: tp A’ > «
by (metis (no-types, lifting) dual-order.refl indec indecomposable-ordertype-eq
mem-Collect-eq subsetl tpA)
obtain X where X C A’ finite X card X = k and fX0: f ‘ [X]? C {0}
using Ak0 [OF A'-sub A’-ge] by (auto simp: nsets-def [of - k])
then have {: - tp (M DA z) > tp Dif z € X for z
using that by (auto simp: A’-def)
obtain z where z € X
using <card X = ky <k>1) by fastforce
have - D C (| zeX. M D A x)
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proof
assume not: D C ((JzeX. M D 2 x)
have 3 XeM DA ‘X. tp D < tp X
proof (rule indecomposable-ordertype-finite-ge [OF inD])
show M D2 ‘X # {}
using A’-def A’-ge not not-a-le by auto
show small (U (M D2 ‘X))
using «finite X» by (simp add: finite-imp-small)
qged (use <finite X» not in auto)
then show Fulse
by (simp add: 1)
qed
then obtain v where v € Dand v: v ¢ (| z€X. M D A z)
by blast
define A where A= {KI0XNAv, JzeX K1znNAv, X N A v}
have af: X C elts (ax8) A v C elts (ax8)
using A’-sub <X C A A «wv € D) by auto
then have KT 0 X U (JzeX. K 1 z) U X = elts (axp)
using <z € X> f by (force simp: K-def KI-def Pi-iff less-2-cases-iff)
with o8 have 2v-A: finite AA v C YA
by (auto simp: A-def)
then have = tp (K 1z N™Av) > aifz € X for z
using that «v € D> v <k > 1) <card X = k» by (fastforce simp: M-def)
moreover have sm-K1: small ((JzeX. K1z N Av)
by (meson Finite-V Int-lower2 v € Dy (finite X> small-2 small-UN
smaller-than-small)
ultimately have notl: = tp (JzeX. K1zNAv) > «
using «finite X» <x € X) indecomposable-ordertype-finite-ge [OF indec, of
(M. K1zNn2Av) ‘X] by blast
moreover have ~ tp (X NAv) > «
using <finite X» «a > w»
by (meson finite-Int mem-not-refl ordertype-VWF-w vsubsetD)
moreover have a < #p (A v)
using A v € Dy small- by fastforce+
moreover have small (|J A)
using v € Dy small-2 by (fastforce simp: A-def intro: smaller-than-small
sm-K1)
ultimately have K0%2-ge: tp (KI0 X N A v) > «
using indecomposable-ordertype-finite-ge [OF indec Av-A] by (auto simp:
A-def)
have v: A v C elts (axf) tp (A v) =«
using v € D) A by blast+
then obtain Y where Ysub: Y C KI 0 X N A v and finite Y card Y = k
and fY0: f“[Y])? C {0}
using Ak0 [OF - K0%-ge] by (auto simp: nsets-def [of - k])
have : X N'Y = {}
using Ysub KI-disj-self by blast
then have card (X U Y) = 2xk
by (simp add: <card X = k» <card Y = k» <finite X»> (finite Y

38



card-Un-disjoint)
moreover have X U Y C elts (axf)
using A’-sub «X C A" QU/%] )<Y C KI0XnNn2Awv by auto
moreover have f ‘ [X U Y]° C {0}
using fX0 fY0 Ysub by (auto simp: T nsets-disjoint-2 image-Un image-UN
KI-def K-def)
ultimately show Fulse
using ¢ <finite X» «finite Y ordertype- VWEF-finite-nat by auto
qed
have IX: tp {r € A. tp (M D A z) > tp D} > «
if D: D C elts B and A: A C elts (axf) and tpA: tp A = «
and A: A€ D — {X. X Celts (axp) Ntp X =a} for D AA
— remark (9) for any order type
proof —
obtain L where UL: |J(List.set L) C D
and indL: AX. X € List.set L = indecomposable (tp X)
and eqL: AM. [M C D; AX. X € List.set L = tp (M N X) > tp X]
= tpM=1tpD
using ord by (metis strong-ordertype-eq D order-refl)
obtain A” where A”: A” C Atp A" > «
and Az X. [x € A"; X € List.set L] = tp (MDA 2N X)>tp X
using UL indL
proof (induction L arbitrary: thesis)
case (Cons X L)
then obtain A’ where A" A C Atp A" > aand X C D
and ge-X: Az X. [xr € A”; X € Listset L] = tp (MDA znN X) > tp
X by auto
then have tp-A": tp A" = «
by (metis A antisym down ordertype-VWF-mono tpA)
have ge-a: tp{z € A”. tp M X A z) > tp X} > «
by (rule 9) (use A A" tp-A"" Cons.prems <D C elts §» <X C D> 2 in
auto)
let PA={zc A" tp MDAzN X)>tp X}
have M-e MDA xzNX=MXAzifz e A" for z
using that <X C D) by (auto simp: M-def)
show thesis
proof (rule Cons.prems)
show a < tp ?A
using ge-a by (simp add: M-eq cong: conj-cong)
show tp Y <tp MDA zNY)ifex e A Y € list.set (X # L) forz YV
using that ge-X by force
ged (use A" in auto)
qged (use tpA in auto)
then have tp-M-ge: tp (M D A z) > tp D if z € A" for x
using eqL that by (auto simp: M-def)
have o < tp A"
by (simp add: A"
also have ... < tp{z € A”. tp (M D A x) > tp D}
by (metis (mono-tags, lifting) tp-M-ge eq-iff mem-Collect-eq subsetl)
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alsohave ... < tp{z € A tp D<tp (MDA x)}

by (rule ordertype-mono) (use A" A down in auto)
finally show ?thesis

qed

have IX tp{z € A tp (K1zN A) > a} >«
if A: A Celts (axB) tp A = and A A’ C elts (axp) tp A’ =« for A A’
proof —

have  a<tp (K1tNA)if1 <tp{r.v=0ANa<itp(K1tn A)} for
using that

by (metis Collect-empty-eq less-eq-V-0-iff ordertype-empty zero-neg-one)
have tp {r € A 1 <tp{r.v=0ANa<tp (K1zn A)}}
<tp{re A a<ip(KIl1zn A}

by (rule ordertype-mono) (use I A’ in <auto simp: down))
then show ?thesis

using IX [of {0} A’ Az. A] that <0 € elts B> by (force simp: M-def)
qed

have 10: 320 € A. 3 g € elts § — elts B. strict-mono-on (elts B) g N (Vv €
F.gv=v)

ANNVveeltsp. tp(K1z0NA(gv)) > a)
if F: finite F F C elts 8
and A: A C elts (axp) tp A

and A: A € elts § — {X. X C
for F A2

proof —

«
elts (axf) N tp X = a}

define p where p = card F
have g ¢ F

using that by auto
then obtain ¢ :

nat = V where biju: bij-betw ¢ {..p} (insert § F) and
monc: strict-mono-on {..p} ¢

using ZFC-Cardinals. ex-bij-betw-strict-mono-card [of insert 3 F) elts-subset-ON
«Ord B F
by (simp add: p-def lessThan-Suc-atMost) blast
have less-t-1: 1 k <t lif k<1l < pfor kl
using mont that by (auto simp: strict-mono-on-def)
then have less-.-D: k< [if 1k <11k < pforkl

by (metis less-asym linorder-neqE-nat that)
have Ord-t: Ord (v k) if k < p for k

by (metis (no-types, lifting) ON-imp-Ord atMost-iff insert-subset mem-Collect-eq
order-trans <F C elts B> biju bij-betwE elts-subset-ON «Ord 8> that)
have le-t0 [simp]: N\j. 1< p= 10 <]
by (metis eq-refl lel le-0-eq less-t-I less-imp-le)
have le-v: 1 i < ¢ (j — Suc 0) ifi < jj < pforij
proof (cases )
case ( then show ?thesis

using le-.0 that by auto
next

case (Suc i’) then show ?thesis
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by (metis (no-types, opaque-lifting) Suc-pred le-less less-Suc-eq less-Suc-eq-0-disj
less-1-1 not-less-eq that)
qed

have [simp]: c p =
proof —
obtain k where k: 1 k=0 k < p
by (meson atMost-iff biju bij-betw-iff-bijections insertl1)
then have k=pV k< p
by linarith
then show ?thesis
using bije ord k that(2)
by (metis OrdmemD atMost-iff bij-betw-iff-bijections insert-iff leD less-1-D
order-refl subsetD)
qed

have F-imp-Fx: 3k < p. £ =1 kif £ € F for &
proof —
obtain k where k: k < p & =1k
by (metis <£ € F» atMost-iff biji bij-betw-def imageE insert-iff)
then show ?thesis
using <8 ¢ F» « p = [ le-imp-less-or-eq that by blast
qged
have F-imp-ge: £ > 1 0 if £ € F for £
using F-imp-Ex [OF that] by (metis dual-order.order-iff-strict le0 less-1-I)
define D where D = A\k. (if k=0 then {..<¢ 0} else {v (k—1)<..<¢ k}) N
elts B
have D3: D k C elts § for k
by (auto simp: D-def)
then have small-D [simp]: small (D k) for k
by (meson down)
have M-Int-D: M (elts 8) Az N Dk=M (Dk)Azifk < pforzk
using DS by (auto simp: M-def)
have -le-if-D: « k < p if p € D (Suc k) for p k
using that by (simp add: D-def order.order-iff-strict)
have mono-D: Di < Djifi<jj<pforij
proof (cases j)
case (Suc j’)
with that show Zthesis
apply (simp add: less-sets-def D-def Ball-def)
by (metis One-nat-def diff-Suc-1 le-v less-le-trans less-trans)
qged (use that in auto)
then have disjnt-DD: disjnt (D i) (Dj)ifi#£ji<pj<pforij
by (meson disjnt-sym less-linear less-sets-imp-disjnt that)
have UN-D-eq: (Jl < k. D) ={.<ck} N (elts p — F)if k < p for k
using that
proof (induction k)
case (
then show ?case
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by (auto simp: D-def F-imp-ge leD)
next
case (Suc k)
have D (Suc k) U {.<c k} N (elts B — F) = {..<¢ (Suc k)} N (elts B — F)
(is 2lhs = ?rhs)
proof
show ?lhs C ?rhs
using Suc.prems
by (auto simp: D-def if-split-mem2 intro: less--1I less-trans dest!: less-1-D
F-imp-Fx)
have Az. [x < ¢ (Suck);z € elts ¢ F; ok <z] =1k <ux
using Suc.prems (F C elts 5> biju le-imp-less-or-eq
by (fastforce simp: bij-betw-iff-bijections)
then show 2rhs C ?2lhs
using Suc.prems by (auto simp: D-def Ord-not-less Ord-in-Ord [OF
«Ord (] Ord-v if-split-mem2)
qed
then
show ?Zcase
using Suc by (simp add: atMost-Suc)
qged
have S-decomp: elts 8 = F U (Uk < p. D k)
using <F C elts 8> OrdmemD [OF <Ord ()] by (auto simp: UN-D-eq)
define Bidx where Side = Av. Qk. v € DENE < p
have fidz: v € D (Bidx v) A Bide v < p if v € elts 8 — F for v
using that by (force simp: Bidz-def S-decomp intro: somel-ex del: conjl)
have any-imp-pide: k = Bidzevif v e Dkk < pfor kv
proof (rule ccontr)
assume non: k # fBidr v
have v ¢ F
using that UN-D-eq by auto
then show Fulse
using disjnt-DD [OF non| by (metis DB Diff-iff Bidx disjnt-iff subsetD
that)
qed
have 3A" A’ C AANtpA'=a NNz e AL F C M (elts 5) A x)
using F
proof induction
case (insert v F)
then obtain A’ where A’ C A and A" A’ C elts (axf8) tp A’ = a and
FN: N\z.z € A= F C M (elts B) A z
using A(1) by auto
define A” where A" ={z € A a<tp(K1znNAv)}
have v € elts B F C elts B
using insert by auto
note ordertype-eq-Ord [OF <Ord 3, simp]
show ?Zcase
proof (intro exl conjI)
show A" C A
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using <A’ C Ay by (auto simp: A"'-def)
show tp A" = «
proof (rule antisym)
show tp A" < «
using <A’ C Ay down ordertype-VWF-mono A by blast
have 2l v C elts (axf) tp (A v) = «
using 2 «v € elts §> by auto
then show o < tp A"
using IX' [OF - - A] by (simp add: A"-def)
qed
show VaeA". insert v F C M (elts §) A x
using A’-def FN M-def «v € elts ) by blast
qed
qged (use A in auto)
then obtain A’ where A" A’C Atp A’=caand FN: A\e. 2 €¢ A’ = F
C M (elts B) A x
by metis
have Fulse
if «: N20 g. [20 € A; g € elts B — elts B; strict-mono-on (elts ) ¢]
= (GuveF. gv £ v)V Queelts . tp (K120 NA (g v)) < «)
proof —
{ fix z — construction of the monotone map g mentioned above
assume z € A’
with A’ have z € A by blast
have 3k. k< pAtp (M (Dk)Az) <tp (DEk) (is ?P)
proof (rule ccontr)
assume - ?P
then have le: tp (D k) < tp (M (D k) A z)if k < pfor k
by (meson Ord-linear?2 Ord-ordertype that)
have 3feD k — M (D k) A z. inj-on f (D k) A (strict-mono-on (D
B f)
if £ < p for k
using le [OF that] that VWF-iff-Ord-less
apply (clarsimp simp: ordertype-le-ordertype strict-mono-on-def)
by (metis (full-types) DB M-sub-D Ord-in-Ord PiE VWEF-iff-Ord-less
ord(2) subsetD)
then obtain h where fun-h: Ak. k<p=—=hkeDk—- M (Dk) Az
and inj-h: Nk. k < p = inj-on (h k) (D k)
and mono-h: Nk z y. k < p = strict-mono-on (D k) (h k)
by metis
then have fun-hD: N\k. k<p=—=hke Dk— Dk
by (auto simp: M-def)
have h-increasing: v < h kv
ifk<pveDkforkv
by (meson DB Ord-mono-imp-increasing ord dual-order.trans
elts-subset-ON fun-hD mono-h that)
define g where g = \v. if v € F then v else h (Bidz v) v
have [simp]: gv =v if v € F for v
using that by (auto simp: g-def)
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have fun-g: g € elts 8 — elts 3
proof (rule Pi-I)
fix © assume z € elts
then have z € D (fidz z) fidex < pifz ¢ F
using that by (auto simp: Bidr)
then show g z € elts
by (metis fun-h DB M-sub-D <z € elts 8> PiE g-def subsetD)
qed
have h-in-D: h (Bidz v) v € D (Bidz v) if v ¢ F v € elts 8 for v
using Fidz fun-hD that by fastforce
have 1: ¢ k < h (Bidz v) v
ifk<pandvivé¢ FveeltsfBand . k <vfor kv
by (meson that h-in-D [OF v] Bidz DiffI h-increasing order-less-le-trans)
moreover have 2: h (Bidz p) p < ¢ k
ifpopg¢ Fueceltsfand k< pp<itkforpk
proof —
have pide p < k
proof (rule ccontr)
assume - Bidr p < k
then have k < fidz p
by linarith
then show Fulse
using t-le-if-D Bidz that by (metis Diff-iff Suc-pred le0 leD le-
le-less-trans)
qed
then show ?thesis
using that h-in-D [OF u]
by (smt (verit, best) Int-lower!l UN-D-eq UN-I atMost-iff less Than-iff
less-imp-le subset-eq)
qed
moreover have h (fidz p) p < h (Bide v) v
ifuppg¢ Fueeisfandv:v ¢ Fuv e elts fand p < v for p v
proof —
have le: fide p < fide v if « (Bide p — Suc 0) < h (Bide p) p h
(Bidz v) v < v (Bidx v)
by (metis 2 Diffl Bidz p v <u < vy order.strict-trans h-increasing
lel le-v order-less-asym order-less-le-trans that)
have h 0 p < h 0 v if Bide p = 0 Bide v =0
using that mono-h unfolding strict-mono-on-def
by (metis Diff-iff fide p v < < v»)
moreover have h 0 p < h (Bide v) v
if 0 < BidevhOp<e0and (Bide v — Suc 0) < h (Bide v) v
by (meson Diffl Bidx v le-v le-less-trans less-le-not-le that)
moreover have Sidr v # 0
if 0 <BidecpuhOv<i0(Bide pw— Suc 0) < h (Bide p) p
using le le-0-eq that by fastforce
moreover have h (Bide p) p < h (Bide v) v
if ¢ (Bidz p — Suc 0) < h (Bide p) p h (Bide v) v < ¢ (Bidx v)
h (Bide p) p < v (Bidz p) v (Bide v — Suc 0) < h (Bidz v) v
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using mono-h unfolding strict-mono-on-def
by (metis le Diff-iff Bidx p v <u < vy le-t le-less le-less-trans that)
ultimately show #thesis
using h-in-D [OF p] h-in-D [OF v] by (simp add: D-def split:
if-split-asm)
qed
ultimately have sm-g: strict-mono-on (elts ) ¢
by (auto simp: g-def strict-mono-on-def dest!: F-imp-Ex)
have False if v € elts fand v: tp (K 12N A (gv)) < a for v
proof —
have F C M (elts B) A z
by (meson FN «x € A")
then have False if tp (K (Suc 0) 2 NAv)<aveF
using that by (auto simp: M-def)
moreover have False if tp (K (Suc 0) tNA (gv)) <av e Dkk
<pv¢Ffork
proof —
have h (Bidz v) v € M (D (Bidz v)) A x
using fun-h fidz v € elts f» «w ¢ F» by auto
then show False
using that by (simp add: M-def g-def leD)
qed
ultimately show Fulse
using «v € elts B> v by (force simp: B-decomp)
qed
then show Fulse
using * [OF «x € A» fun-g sm-g] by auto
qed
then have 3. I < p Atp (M (elts B) Az N DI) <tp (DI
using M-Int-D by auto
}
then obtain [ where Ip: A\z. 2 € A/—= 1z <0p
and lless: Nz. v € A'=> tp (M (elts ) Az N D (lz)) < tp (D (Il z))
by metis
obtain A" L where A" C A’ and A": A" C elts (ax3) tp A” = o and
IL: Ne.z e AV = laz=1
proof —
have eq: A’ = (Ji<p. {z € A". lz = i})
using Ip by auto
have 3Xe(M\i. {zr € A lz=1i}) ‘{p}.a<itpX
proof (rule indecomposable-ordertype-finite-ge [OF indec])
show small (|Ji<p. {z € A". lz = i})
by (metis A'(1) A(1) eq down smaller-than-small)
ged (use A’ eq in auto)
then show thesis
proof
fix A"
assume A": A" e (Ni. {z e A lz=14}) ‘{.p}and a < tp A"
then obtain L where L: Az. z € A" = lz =1L
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by auto
have A" C A’
using A’ by force
then have tp A” < tp A’
by (meson A" A down order-trans ordertype-VWF-mono)
with «a < tp A’» have tp A" = «
using A'(2) by auto
moreover have A" C elts (ax[3)
using A’ A (A" C A’ by auto
ultimately show thesis
using L that [OF <A” C A"] by blast
qed
qed
have AD: A € DL — {X. X C elts (axB) A tp X = a}
using 2 D3 by blast
have c: a < tp{z € A”. tp (D L) < tp (M (D L) A x)}
using IX [OF D3 A" AD] by simp
have M (elts B) AxN DL =M (DL)2A zforz
using DS by (auto simp: M-def)
then have tp (M (D L) z) <tp (DL)ifz e A" for
using lless that (A" C A’y IL by force
then have [simp]: {z € A”. tp (DL) <tp (M (DL)Ax)} =}
using leD by blast
show Fulse
using a <a > w» by simp
qged
then show ?thesis
by (meson Ord-linear?2 Ord-ordertype <Ord o)
qed
let ?U = UNIV :: nat set
define i where u = fst o from-nat-into (elts § x 2U)
define ¢ where ¢ = to-nat-on (elts 8 x ?U)
have co-fU: countable (elts  x ?U)
by (simp add: 8 less-w 1-imp-countable)
moreover have elts 3 x ?U # {}
using <0 € elts B> by blast
ultimately have range (from-nat-into (elts 8 x ?U)) = (elts § x ?U)
by (metis range-from-nat-into)
then have p-in-g [simp]: p i € elts § for ¢
by (metis SigmaE p-def comp-apply fst-conv range-eql)

then have Ord-y [simp]: Ord (u @) for 4
using Ord-in-Ord by blast

have inf-BU: infinite (elts B x ?U)
using <0 € elts B> finite-cartesian-productD2 by auto

have 11 [simp]: p (¢ (v,n)) = v if v € elts  for v n
by (simp add: p-def g-def that co-BU)
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have range-p [simp]: range p = elts 8
by (auto simp: image-iff) (metis 11)
have [simp|: KI i {} = UNIV KI i (insert a X) = Kia N KIi{ X for ia X
by (auto simp: KI-def)
define ® where ® = Anunat. XA z. (Vv € elts 8. A v C elts (axB) A tp (U
v) = a)
Az {.<n} C elts (axp)
ANUveeltsp Av) C KI1 (z°{.<n})
A strict-mono-sets (elts §) 2
define ¥ where ¥ = A\n::nat. A\g A2’ zn. g € elts 8 — elts B A strict-mono-on
(elts B) g
A (Visn. g (p i) = p i)
ANNveeltsp. A vCKIlannA(gv))
A{an} < (A (pn) Aan €A (un)
let R0 = \v. plus (a * v)  elts «
have base: ® 0 20 z for
by (auto simp: ®-def add-mult-less add-mult-less-add-mult ordertype-image-plus
strict-mono-sets-def less-sets-def)
have step: Ex (Mg, 2" 2n). U n g A A an A @ (Suc n) A’ (z(n:=zn))) if O
n2AzfornAzx
proof —
have 2A: Av. v € elts = A v C elts (axB) A tp (A v) = «
and z: = ‘ {..<n} C elts (axp)
and sub: |J (A ‘elts ) C KI (Suc 0) (z ‘{..<n})
and sm: strict-mono-sets (elts ) A
and pf: p ‘{..n} C elts f and Asub: A ( n) C elts (axf)
and 2fun: A € elts § — {X. X C elts (axf) A tp X = a}
using that by (auto simp: ®-def)
then obtain zn g where zn: 2n € A (1 n) and ¢: g € elts § — elts 8
and sm-g: strict-mono-on (elts B) g and g-u: Vv € p{.n}. gv =v
and g-a: Vv € elts B. a < tp (K 1azn N A (g v))
using 10 [OF - pf Asub - Afun] by (auto simp: A)
have tp1: tp (K 1an N A (g v)) = o if v € elts B for v
by (metis antisym Int-lower2 PiE A down ¢ g-« ordertype- VWF-mono
that)
have tp2: tp (A (p n)) = «
by (auto simp: A)
obtain small (A (u n)) A (v n) € ON
by (meson Asub ord down elts-subset-ON subset-trans)
then obtain A2 where A2: tp A2 =a A2 C K1annA(un){zn} <€
A2
using indecomposable-imp-Ez-less-sets [OF indec <o > w» tp2]
by (metis p-in- atMost-iff image-eql inf-le2 le-refl zn tpl g-u)
then have A2-sub: A2 C A (u n) by simp
let R =M. if v=pnthen A2else K 1anN A (g v)
have [simp]: ({..<Suc n} N {z. z # n}) = ({..<n})
by auto
have K (Suc 0) zn N (Jze€elts S N {v. v # pn}. A (g z)) C KI (Suc 0)

(z “{.<n})
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using sub g by (auto simp: KI-def)
moreover have A2 C KI (Suc 0) (z ‘ {..<n}) A2 C elts (axf) zn € elts
(af)
using Asub sub A2 xn by fastforce+
moreover have strict-mono-sets (elts §) 2
using sm sm-g g g-p A2-sub
unfolding strict-mono-sets-def strict-mono-on-def less-sets-def Pi-iff sub-
set-iff Ball-def Bex-def image-iff
by (simp (no-asm-use) add: if-split-mem2) (smt order-refl)
ultimately have ® (Suc n) 2 (z(n := an))
using tpl x A2 by (auto simp: ®-def K-def)
with A2 show ?thesis
by (rule-tac z=(g,?A,zn) in exl) (simp add: V-def g sm-g g-u zn)
qed
define G where G = An 2 z. Q(gA"z"). Jan. T n g A A azn A 2’ =
(z(n:=2n)) A ® (Suc n) A’ z’
have G®: (A(g,2",2"). ® (Sucn) A" z’) (Gn A z)
and GU: (\(g2A'z"). T ngAA (z'n) (GnAz) if DnAzfornAzx
using step [OF that] by (force simp: G-def dest: some-eq-imp)+
define H where H = rec-nat (id, 200 ,undefined) (An (¢0,2,20). G n A z0)
have (A(g,2,z). ® n A z) (H n) for n
unfolding H-def by (induction n) (use G® base in fastforce)+
then have H-imp-®: ® n A z if Hn = (¢2,2) for g A z n
by (metis case-prodD that)
then have H-imp-U: (A(g,2",2"). let (g0,2,2) = Hnin ¥ n g A A’ (2’ n))
(H (Suc n)) for n
using GV by (fastforce simp: H-def split: prod.split)
define ¢ where g = An. (A\(g,2,z). ¢g) (H (Suc n))
have g: g n € elts f — elts 8 and sm-g: strict-mono-on (elts B) (g n)
and 13: Ai. i<n = gn (p i) = p i for n
using H-imp-V [of n] by (auto simp: g-def U-def)
define 2[ where 20 = A\n. (A(¢,2,x). A) (H n)
define z where z = An. (A(¢,2,z).  n) (H (Suc n))
have 14: A (Sucn) v C K1 (zn)NAn(gnv)if veels fforvn
using H-imp-V [of n| that by (force simp: V-def A-def z-def g-def)
then have z14: A (Sucn) v CUAn (gnv)if v € elts § for v n
using that by blast
have 15: xn € A n (u n) and 16: {z n} < (A (Suc n) (u n)) for n
using H-imp-V [of n| by (force simp: U-def A-def z-def )+
have 2A-af: A n v C elts (axf) if v € elts § for v n
using H-imp-® [of n] that by (auto simp: ®-def A-def split: prod.split)
have 12: strict-mono-sets (elts §) (A n) for n
using H-imp-® [of n] that by (auto simp: ®-def A-def split: prod.split)
let ?Z = range x
have S-dec: |J (A (m+k) “elts B) C|J (A m *elts ) for k m
by (induction k) (use 14 g in <fastforce+»)
have xn € K 1 (z m) if m<n for m n
proof —
have zn € (v € elts . A n v)
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k (g

©14)

by (meson 15 UN-I p-in-f3)
also have ... C (v € elts 8. A (Suc m) v)
using S-dec [of Suc m] less-iff-Suc-add that by auto
also have ... C K 1 (zm)
using 1/ by auto
finally show ?thesis .
qed
then have f{z m, z n} = 1 if m<n for m n
using that by (auto simp: K-def)
then have Z-K1: [ “[?Z]% C {1}
by (clarsimp simp: nsets-2-eq) (metis insert-commute less-linear)
moreover have Z-sub: ¢Z C elts (ax[3)
using 15 A-af p-in-G by blast
moreover have tp 77 > w *x 3
proof —
define g where g = \i j z. wfrec (measure (\k. j—k)) (Mg k. if k<j then g
(Suc k)) else x) @
have g: g i j z = (if i<j then g i (g (Suc ©) j z) else z) for i j =
by (simp add: g-def wfrec cut-apply)
have 17:gkj(pi)=piifi<kforijk
using wf-measure [of Ak. j—k| that
by (induction k rule: wf-induct-rule) (simp add: 13 g le-imp-less-Suc)
have g-in-8: gijv € elts Bif v € elts § for i jv
using wf-measure [of Ak. j—k| that
proof (induction i rule: wf-induct-rule)
case (less i)
with g show ?case by (force simp: g [of i])
qed
then have g-fun: g i j € elts f — elts g for i j
by simp
have sm-g: strict-mono-on (elts §) (g i j) for i j
using wf-measure [of k. j—k]
proof (induction i rule: wf-induct-rule)
case (less )
with sm-g show ?case
by (auto simp: g [of i] strict-mono-on-def g-in-f3)
qged
have x: A j (uj) CAi(gij(pyj) ifi < jforij
using wf-measure [of Ak. j—Fk] that
proof (induction i rule: wf-induct-rule)
case (less i)
then have j — Suci < j — i
by (metis (no-types) Suc-diff-Suc lessI)
with less g-in-3 show ?case
by (simp add: g [of i]) (metis 17 Suc-lessI p-in-f order-refl order-trans

qed

have le-iff: g ij (nj) <pi+— pj<piforij
using sm-g unfolding strict-mono-on-def
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by (metis 17 Ord-in-Ord Ord-linear2 p-in-g leD le-refl less-V-def «Ord [3))
then have less-iff: gij (uj) <pi<+— pj<piforij
by (metis (no-types, lifting) 17 p-in-g less-V-def order-refl sm-g strict-mono-on-def)
have eg-iffigij(uj)=pi+— pj=piforij
by (metis eq-refl le-iff less-iff less-le)
have p-if-ne: pm < pnif mn: A m (um) K An (un) m+#nfor mn
proof —
have zmn: zm < z n
using 15 less-setsD that(1) by blast
have Ordg: Ord (g n m (u m))
using Ord-in-Ord g-in-8 p-in-3 ord(2) by presburger
have = A m (um) < An (un)if un=pm
using * 15 eq-iff that unfolding less-sets-def
by (metis in-mono less-irrefl not-less-iff-gr-or-eq)
moreover
have A n (un) CAm(gmn(pn) VAm(pm) CAn (gnm(um))
using * mn
by (meson antisym-conv3)
then have Fualse if pn < pm
using strict-mono-setsD [OF 12] 15 xmn g-in-f p-in-f3 that
by (smt (verit, best) Ordg Ord-p Ord-linear2 leD le-iff less-asym less-iff
less-setsD subset-iff)
ultimately show y m < pun
by (meson that(1) Ord-u Ord-linear-It)
qed
have 18: A m (um) < A n (un) «— pm< unfor mn
proof (cases n m rule: linorder-cases)
case less
show ?thesis
proof (intro iffI)
assume pm < pn
then have A n (gnm (um)) < An (un)
by (metis 12 g-in-f p-in-B eq-iff le-iff less-V-def strict-mono-sets-def)
then show A m (u m) < A n (u n)
by (meson * less less-sets-weakenl)
qged (use p-if-ne less in blast)
next
case equal
with 15 show ?thesis by auto
next
case greater
show %thesis
proof (intro iffI)
assume pm < pun
then have A m (u m) < (A m (g mn (1 n)))
by (meson 12 Ord-in-Ord Ord-linear?2 g-in-B u-in-g le-iff leD ord(2)
strict-mono-sets-def)
then show A m (u m) < A n (u n)
by (meson * greater less-sets-weaken2)

50



qed (use p-if-ne greater in blast)
qged
have A-increasing-p: A n (un) CAm (um)if m<npum=pnformn
by (metis x 17 dual-order.order-iff-strict that)
moreover have INF: infinite {n. n > m A pm = p n} for m
proof —
have infinite (range (An. ¢ (u m, n)))
unfolding ¢-def
using to-nat-on-infinite [OF co-BU inf-B U] finite-image-iff
by (simp add: finite-image-iff inj-on-def)
moreover have (range (An. ¢ (u m, n))) C {n. g m = p n}
using 11 [of p m] by auto
ultimately have infinite {n. u m = p n}
using finite-subset by auto
then have infinite ({n. p m = p n} — {.<m})
by simp
then show ?thesis
by (auto simp: finite-nat-set-iff-bounded Bez-def not-less)
qed
let Zequ = Am. {n. m < n A pum=pn}
have sm-z: strict-mono-on (?equ m) x for m
proof (clarsimp simp: strict-mono-on-def)
fix np
assume m < nup=pnpum=pnn<p
with 16 [of n] show zn < zp
by (metis x 15 17 Suc-lessI insert-absorb insert-subset le-Sucl less-sets-singleton )
ged
then have inj-x: inj-on z (Zequ m) for m
using strict-mono-on-imp-inj-on by blast
define ZA where ZA = Am. ?Z N A m (u m)
have small-ZA [simp]: small (ZA m) for m
by (metis ZA-def inf-lel small-image-nat smaller-than-small)
have 19: tp (ZA m) > w for m
proof —
havez ‘{n.m<nApm=pn} CZAm
unfolding ZA-def using 15 A-increasing-p by blast
then have infinite (ZA m)
using INF [of m] finite-image-iff [OF inj-z] by (meson finite-subset)
then show ?thesis
by (simp add: ordertype-infinite-ge-w)
qed
have 3f € elts w — ZA m. strict-mono-on (elts w) f for m
proof —
obtain Z where Z C ZAmtp Z = w
by (meson 19 Ord-w le-ordertype-obtains-subset small-ZA)
moreover have 74 m C ON
using Ord-in-Ord A-af p-in-g unfolding ZA-def by blast
ultimately show ?thesis
by (metis strict-mono-on-ordertype Pi-mono small-ZA smaller-than-small
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subset-iff)
qged
then obtain ¢ where ¢: Am. ¢ m € elts w — ZA m
and sm-p: Am. strict-mono-on (elts w) (¢ m)
by metis
have Ex(A(m,v). v € elts B Ny = w * v + ord-of-nat m) if v € elts (w *
8) for
using that by (auto simp: mult [of w f] lift-def elts-w)
then obtain split where split: \y. v € elts (w * ) =
(A(mv). v € elts B Ay = w * v + ord-of-nat m)(split )
by meson
have split-eq [simp]: split (w * v + ord-of-nat m) = (m,v) if v € elts 8 for

proof —
have [simp]: w * v + ord-of-nat m = w * £ + ord-of-nat n +— & = v A
n=mif £ € elts § for £ n
by (metis Ord-w that Ord-mem-iff-less-TC mult-cancellation-lemma
ord-of-nat-w ord-of-nat-inject)
show ?thesis
using split [of wxv + m] that by (auto simp: mult [of w B] lift-def cong:
conj-cong)
qged
define m where m = My. (A\(m,v). ¢ (q(v,0)) m)(split v)
have 7-Pi: m € elts (w x §) — (Um. ZA m)
using ¢ by (fastforce simp: w-def mult [of w B] lift-def elts-w)
moreover have (| Jm. ZA m) C ON
unfolding ZA-def using A-af p-in-g elts-subset-ON by blast
ultimately have Ord-n-Pi: w € elts (w *x §) — ON
by fastforce
show tp ?Z > w *x 8
proof —
have t: ((Um. ZA m) = ?Z
using 15 by (force simp: ZA-def)
moreover
have &p (elts (w * B)) < tp (Um. ZA m)
proof (rule ordertype-inc-le)
show 7 ‘elts (w x 8) C (Um. ZA m)
using 7-Pi by blast
next
fix uv
assume z: u € elts (w * §) and y: v € elts (w * 8) and (u,v) € VWF
then have u<v
by (meson Ord-w Ord-in-Ord Ord-mult VWF-iff-Ord-less ord(2))
moreover
obtain m v n £ where ueq: © = w *x v + ord-of-nat m and v: v € elts
and veq: v = w x £ + ord-of-nat n and &: £ € elts
using z y by (auto simp: mult [of w B] lift-def elts-w)
ultimately have v < ¢
by (meson Ord-w Ord-in-Ord Ord-linear2 <Ord $» add-mult-less-add-mult
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less-asym ord-of-nat-w)
consider (eq) v =¢ | (It) v < ¢
using v < &) le-neg-trans by blast
then have 7 v < T v
proof cases
case eq
then have m < n
using ueq veq <u<vy by simp
then have ¢ (¢ (£, 0)) m < ¢ (¢ (&, 0)) n
using sm-p strict-mono-onD by blast
then show ?thesis
using eq ueq veq v <m < ny by (simp add: w-def)
next
case [t

have ¢ (q(v,0)) m € A (q(v,0)) (u(q(v,0))) ¢ (g (£,0)) n € A (q(£,0))

(n(q(§,0)))
using ¢ unfolding ZA-def by blast+

then show ?thesis
using It ueq veq v & 18 [of q(v,0) q(£,0)]
by (simp add: w-def less-sets-def)
qed
then show (7 u, 7 v) € VWF
using 7-Pi by (metis Ord-n-Pi PiE VWF-iff-Ord-less  y mem-Collect-eq)
qged (use 1 in auto)
ultimately show ?thesis by simp
qged
qed
then obtain Z where Z C ?Ztp Z = w * (8
by (meson Ord-w Ord-mult ord Z-sub down le-ordertype-obtains-subset)
ultimately show Fulse
using iii [of Z] by (meson dual-order.trans image-mono nsets-mono)
qed
have Fulse
if 0:VH. tp H = ord-of-nat (2xk) — H C elts (ax) — = f * [H]? C iO}
and 1: VH. tp H=min v (w* ) — H C elts (ax8) — = f *[H]* C
{1}
proof (cases wxf < )
case True
then have 1: 3H'CH. tp H' = w x B if tp H = v small H for H
by (metis Ord-w Ord-w1 Ord-in-Ord Ord-mult B le-ordertype-obtains-subset
that)
have [simp]: min v (wx8) = w*f
by (simp add: min-absorb2 that True)
then show ?thesis
using * [OF 0] 1 True
by simp (meson 1 down image-mono nsets-mono subset-trans)
next
case Fulse
then have 1: 3H'CH. tp H' =~ if tp H = w * 8 small H for H
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by (metis Ord-linear-le Ord-ordertype «Ord > le-ordertype-obtains-subset
that)
then have v < wxf
by (meson Ord-w Ord-wl Ord-in-Ord Ord-linear-le Ord-mult § <Ord v»
False)
then have [simp]: min v (wxf5) = v
by (simp add: min-absorbl)
then show ?thesis
using * [OF 0] 1 False
by simp (meson t down image-mono nsets-mono subset-trans)
qed
then show Ji<Suc (Suc 0). AHCelts (axp). tp H = [ord-of-nat (2xk), min
v (wxB)] Vi A fC[H)? C {i}
by force
qed
qed

theorem Erdos-Milner:
assumes v: v € elts wl
shows partn-lst-VWF (wi(1 + v * n)) [ord-of-nat (27n), wi(1+v)] 2
proof (induction n)
case ()
then show ?case
using partn-lst-VWF-degenerate [of 1 2] by simp
next
case (Suc n)
have Ord v
using Ord-w1 Ord-in-Ord assms by blast
have 1+v < v+1
by (simp add: <Ord vy one-V-def plus-Ord-le)
then have [simp]: min (w1 (I +v)) (Wxw Tv) =w T (I+v)
by (simp add: <Ord v» oexp-add min-def)
have ind: indecomposable (w T (1 + v * ord-of-nat n))
by (simp add: <Ord vy indecomposable-w-power)
show ?Zcase
proof (cases n = 0)
case True
then show ?thesis
using partn-lst-VWF-w-2 <Ord vy one-V-def by auto
next
case Fulse
then have Suc 0 < 2 " n
using less-2-cases not-less-eq by fastforce
then have partn-ist-VWF (w1 (I + v % n) * w T v) [ord-of-nat (2 * 2 " n),
w?T (I +v)]2
using FErdos-Milner-auz [OF Suc ind, where = wtv] <Ord v» v
by (auto simp: countable-oexp)
then show ?thesis
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using «Ord vy by (simp add: mult-succ mult.assoc oexp-add)
qed
qed

corollary remark-3: partn-lst-VWF (w1 (Suc(4*k))) [4, wt(Suc(2xk))] 2
using Erdos-Milner [of 2%k 2]
apply (simp flip: ord-of-nat-mult ord-of-nat.simps)
by (simp add: one-V-def)

Theorem 3.2 of Jean A. Larson, ibid.

corollary Theorem-3-2:
fixes k n::nat
shows partn-lst-VWF (wT(n*k)) [wTn, ord-of-nat k] 2
proof (cases n=0 V k=0)
case True
then show ?thesis
by (auto intro: partn-lst-triv0 [where i=1] partn-lst-trivl [where i=0])
next
case Fulse
then have n > 0k > 0
by auto
from <k > 0> less-exp [of <k — I>] have <k < 2 ™ (k — 1)
by (cases k) (simp-all add: less-eq-Suc-le)
have PV: partn-lst-VWF (w 1 (I + ord-of-nat (n—1) % ord-of-nat (k—1)))
[ord-of-nat (2 ~ (k—1)), w T (1 + ord-of-nat (n—1))] 2
using Erdos-Milner [of ord-of-nat (n—1) k—1] Ord-w1 Ord-mem-iff-It less-imp-le
by blast
have k+n < Suc (k * n)
using Fulse not0-implies-Suc by fastforce
then have 1 + (n — 1) x (k — 1) < nxk
using False by (auto simp: algebra-simps)
then have (1 + ord-of-nat (n — 1) x ord-of-nat (k — 1)) < ord-of-nat(nxk)
by (metis (mono-tags, lifting) One-nat-def one-V-def ord-of-nat.simps ord-of-nat-add
ord-of-nat-mono-iff ord-of-nat-mult)
then have z: w 1 (1 + ord-of-nat (n — 1) * ord-of-nat (k — 1)) < wh(nxk)
by (simp add: oexp-mono-le)
then have partn-lst-VWF (w(nxk)) [w 1 (1 + ord-of-nat (n—1)), ord-of-nat (2
~(h-1)) 2
by (metis PV partn-lst-two-swap Partitions.partn-lst-greater-resource less-eq-V-def)
then have partn-lst-VWF (wt(nxk)) [w T n, ord-of-nat (2 ~ (k—1))] 2
using ord-of-minus-1 [OF <n > 0)] by (simp add: one-V-def)
then show ?thesis
using <k < 2 " (k — 1)
by (auto elim!: partn-lst-less simp add: less-Suc-eq)
qed

end
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3 An ordinal partition theorem by Jean A. Larson

Jean A. Larson, A short proof of a partition theorem for the ordinal w“.
Annals of Mathematical Logic, 6:129-145, 1973.

theory Omega-Omega
imports HOL— Library. Product-Lezorder Erdos-Milner

begin

abbreviation list-of = sorted-list-of-set

3.1 Cantor normal form for ordinals below w T w

Unlike Cantor-sum, there is no list of ordinal exponents, which are instead
taken as consecutive. We obtain an order-isomorphism between w 1 w and
increasing lists of natural numbers (ordered lexicographically).

fun omega-sum-aur where
Nil: omega-sum-auz 0 - = 0
| Suc: omega-sum-auz (Suc n) [| = 0
| Cons: omega-sum-auz (Suc n) (m#ms) = (whn) * (ord-of-nat m) + omega-sum-auz
n ms

abbreviation omega-sum where omega-sum ms = omega-sum-auz (length ms)
ms

A normal expansion has no leading zeroes

inductive normal:: nat list = bool where
normal-Nil[iff]: normal ||
| normal-Cons: ~ m > 0 = normal (m#ms)

inductive-simps normal-Cons-iff [simp]: normal (m#ms)

lemma omega-sum-0-iff [simp]: normal ns = omega-sum ns = 0 <— ns = ||
by (induction ns rule: normal.induct) auto

lemma Ord-omega-sum-auz [simp]: Ord (omega-sum-aux k ms)
by (induction rule: omega-sum-auz.induct) auto

lemma Ord-omega-sum: Ord (omega-sum ms)
by simp

lemma omega-sum-less-ww [intro]: omega-sum ms < wlw
proof (induction ms)
case (Cons m ms)
have w 1 (length ms) * ord-of-nat m € elts (w 1 Suc (length ms))
using Ord-mem-iff-lt by auto
then have w?(length ms) * ord-of-nat m € elts (wlw)
using Ord-ord-of-nat oexp-mono-le omega-nonzero ord-of-nat-le-omega by blast

o6



with Cons show ?case
by (auto simp: mult-succ OrdmemD oexp-less indecomposableD indecompos-
able-w-power)
qed (auto simp: zero-less-Limit)

lemma omega-sum-auz-less: omega-sum-aux k ms < w 1T k
proof (induction rule: omega-sum-auz.induct)
case (8 n m ms)
have wftn *x ord-of-nat m + win < win * w
by (metis Ord-ord-of-nat w-power-succ-gtr mult-suce oexp-succ ord-of-nat.simps(2))
with 3 show ?Zcase
using dual-order.strict-trans by force
qed auto

lemma omega-sum-less: omega-sum ms < w 1 (length ms)
by (rule omega-sum-auz-less)

lemma omega-sum-ge: m # 0 = w 1 (length ms) < omega-sum (m#ms)
apply clarsimp
by (metis Ord-ord-of-nat add-le-cancel-left0 le-mult Nat.neq0-conv ord-of-eq-0-iff
vsubsetD)

lemma omega-sum-length-less:
assumes normal ns length ms < length ns
shows omega-sum ms < omega-sum ns
using assms
proof (induction rule: normal.induct)
case (normal-Cons n ns’)
have w 1 length ms < w 1 length ns’
using normal-Cons oexp-mono-le by auto
then show ?case
by (metis gr-implies-not-zero less-le-trans normal-Cons.hyps omega-sum-auzx-less
omega-sum-ge)
qed auto

lemma omega-sum-length-leD:
assumes omega-sum ms < omega-sum ns normal ms
shows length ms < length ns
by (meson assms leD lel omega-sum-length-less)

lemma omega-sum-less-eqlen-iff-cases [simp]:

assumes length ms = length ns

shows omega-sum (m#ms) < omega-sum (n#ns) «— m<n V m=n A omega-sum
ms < omega-sum ns

using omega-sum-less [of ms] omega-sum-less [of ns|

by (metis Kirby.add-less-cancel-left Omega-Omega.Cons Ord-w Ord-oexp Ord-omega-sum
Ord-ord-of-nat assms length-Cons linorder-neqE-nat mult-nat-less-add-less order-less-asym)

lemma omega-sum-less-iff-cases:
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assumes m > 0 n > 0
shows omega-sum (m#ms) < omega-sum (n#ns)
+— length ms < length ns
V length ms = length ns A m<n
V length ms = length ns A m=n A\ omega-sum ms < omega-sum ns
by (smt (verit) assms length-Cons less-eq-Suc-le less-le-not-le nat-less-le nor-
mal-Cons not-le
omega-sum-length-less omega-sum-less-eqlen-iff-cases)

lemma omega-sum-less-iff:
((length ms, omega-sum ms), (length ns, omega-sum ns)) € less-than <xlexx>
VWF
+— (ms,ns) € lenlex less-than
proof (induction ms arbitrary: ns)
case (Cons m ms)
then show Zcase
proof (induction ns)
case (Cons n ns’)
show ?case
using Cons.prems Cons-lenlez-iff omega-sum-less-eqlen-iff-cases by fastforce
ged auto
qed auto

lemma eg-omega-sum-less-iff:
assumes length ms = length ns
shows (omega-sum ms, omega-sum ns) € VWF «— (ms,ns) € lenlex less-than
by (metis assms in-lex-prod less-not-refl less-than-iff omega-sum-less-iff)

lemma eq-omega-sum-eq-iff:
assumes length ms = length ns
shows omega-sum ms = omega-sum ns +— ms=ns
proof
assume omega-sum ms = 0Mmega-sum ns
then have (omega-sum ms, omega-sum ns) ¢ VWF (omega-sum ns, omega-sum
ms) ¢ VWF
by auto
then obtain (ms,ns) ¢ lenlex less-than (ns,ms) ¢ lenlex less-than
using assms eq-omega-sum-less-iff by metis
moreover have total (lenlex less-than)
by (simp add: total-lenlex total-less-than)
ultimately show ms=ns
by (meson UNIV-I total-on-def)
qged auto

lemma inj-omega-sum: inj-on omega-sum {l. length | = n}
unfolding inj-on-def using eq-omega-sum-eq-iff by fastforce

lemma Ezx-omega-sum: v € elts (wTn) = Ins. v = omega-sum ns A length ns =
n
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proof (induction n arbitrary: )
case (
then show ?case
by (rule-tac z=]] in exl) auto
next
case (Suc n)
then obtain k::nat where k: v € elts (w T n * k)
and kmin: Nk’ k'<k = v ¢ elts (w T n * k')
by (metis Ord-ord-of-nat elts-mult-wE oexp-succ ord-of-nat.simps(2))
show ?Zcase
proof (cases k)
case (Suc k')
then obtain § where 6: v = (w Tt n* k') + 6
by (metis lessI mult-succ ord-of-nat.simps(2) k kmin mem-plus-V-E)
then have din: § € elts (w T n)
using Suc k mult-succ by auto
then obtain ns where ns: 6 = omega-sum ns and len: length ns = n
using Suc.IH by auto
moreover have omega-sum ns < win
using OrdmemD ns din by auto
ultimately show ?Zthesis
by (rule-tac z=Fk'#ns in exl) (simp add: §)
qed (use k in auto)
qed

lemma omega-sum-drop [simp]: omega-sum (drop While (An. n=0) ns) = omega-sum
ns
by (induction ns) auto

lemma normal-drop [simp]: normal (drop While (An. n=0) ns)
by (induction ns) auto

lemma omega-sum-ww:
assumes v € elts (wlw)
obtains ns where v = omega-sum ns normal ns
proof —
obtain ms where v = omega-sum ms
using assms Ex-omega-sum by (auto simp: oexp-Limit elts-w)
then show thesis
by (metis normal-drop omega-sum-drop that)
qed

definition Cantor-ww :: V = nat list
where Cantor-ww = Ax. SOMFE ns. x = omega-sum ns A\ normal ns

lemma
assumes 7y € elts (wlw)
shows Cantor-ww: omega-sum (Cantor-ww v) = 7
and normal-Cantor-ww: normal (Cantor-ww 7)
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by (metis (mono-tags, lifting) Cantor-ww-def assms omega-sum-ww somel )+

3.2 Larson’s set W(n)

definition WW :: nat list set
where WW = {l. strict-sorted I}

fun into-WW :: nat = nat list = nat list where
into-WW k[ =]
| into-WW k (n#ns) = (k+n) # into-WW (Suc (k+n)) ns

fun from-WW :: nat = nat list = nat list where
from-WWk || = ]
| from-WW k (n#ns) = (n — k) # from-WW (Suc n) ns

lemma from-into-WW [simp|: from-WW k (into-WW k ns) = ns
by (induction ns arbitrary: k) auto

lemma inj-into-WW: inj (into-WW k)
by (metis from-into-WW ingI)

lemma into-from-WW-aux:
[strict-sorted ns; ¥ nelist.set ns. k < n] = into-WW k (from-WW k ns) = ns
by (induction ns arbitrary: k) (auto simp: Suc-lel)

lemma into-from-WW [simp]: strict-sorted ns = into-WW 0 (from-WW 0 ns)
= ns
by (simp add: into-from-WW-aux)

lemma into- WW-imp-ge: y € List.set (into-WW zns) = z < y
by (induction ns arbitrary: x) fastforce+

lemma strict-sorted-into-WW: strict-sorted (into-WW z ns)
by (induction ns arbitrary: x) (auto simp: dest: into-WW-imp-ge)

lemma length-into-WW: length (into-WW x ns) = length ns
by (induction ns arbitrary: z) auto

lemma WW-eg-range-into: WW = range (into-WW 0)
proof —
have Ans. strict-sorted ns => ns € range (into-WW 0)
by (metis into-from-WW rangel)
then show %thesis by (auto simp: WW-def strict-sorted-into-WW)
qed

lemma into-WW-lenlex-iff: (into-WW k ms, into-WW k ns) € lenlex less-than
> (ms, ns) € lenlex less-than
proof (induction ms arbitrary: ns k)

case Nil
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then show ?case
by simp (metis length-0-conv length-into-WW)
next
case (Cons m ms)
then show ?case
by (induction ns) (auto simp: Cons-lenlez-iff length-into-WW)
qed

lemma wf-lit [simp]: wf (lenlex less-than) and trans-lit [simp]: trans (lenlex less-than)
by blast+

lemma total-llt [simp]: total-on A (lenlex less-than)
by (meson UNIV-I total-lenlex total-less-than total-on-def)

lemma omega-sum-1-less:
assumes (ms,ns) € lenlex less-than shows omega-sum (1#ms) < omega-sum
(14ns)
proof —
have omega-sum (1#ms) < omega-sum (1#ns) if length ms < length ns
using omega-sum-less-iff-cases that zero-less-one by blast
then show ?thesis
using assms by (auto simp: mult-succ simp flip: omega-sum-less-iff)
qed

lemma ordertype-WW-1: ordertype WW (lenlex less-than) < ordertype UNIV
(lenlex less-than)
by (rule ordertype-mono) auto

lemma ordertype- WW-2: ordertype UNIV (lenlex less-than) < wlw
proof (rule ordertype-inc-le-Ord)
show range (Ams. omega-sum (1#ms)) C elts (wlw)
by (meson Ord-w Ord-mem-iff-lt Ord-oexp Ord-omega-sum image-subset-iff
omega-sum-less-ww)
qed (use omega-sum-1-less in auto)

lemma ordertype-WW-3: wtw < ordertype WW (lenlex less-than)
proof —
define m where 7 = into-WW 0 o Cantor-ww
have ww: wtw = &p (elts (wtw))
by simp
also have ... < ordertype WW (lenlex less-than)
proof (rule ordertype-inc-le)
fix a 8
assume a: o € elts (wtw) and B: 3 € elts (wlw) and (o, §) € VWF
then obtain x: Ord o Ord 8 a<f
by (metis Ord-in-Ord Ord-ordertype VWE-iff-Ord-less ww)
then have length (Cantor-ww «) < length (Cantor-ww B)
using « 8 by (simp add: Cantor-ww normal-Cantor-ww omega-sum-length-leD)
with « 8 x have (Cantor-ww «, Cantor-ww ) € lenlex less-than
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by (auto simp: Cantor-ww simp flip: omega-sum-less-iff)
then show (7 a, m 3) € lenlex less-than
by (simp add: w-def into-WW-lenlex-iff)
qged (auto simp: w-def WW-def strict-sorted-into-WW)
finally show wiw < ordertype WW (lenlex less-than) .
qed

lemma ordertype-WW: ordertype WW (lenlex less-than) = wiw
and ordertype-UNIV-ww: ordertype UNIV (lenlex less-than) = wiw
using ordertype- WW-1 ordertype-WW-2 ordertype- WW-3 by auto

lemma ordertype-ww:
fixes F' :: nat = nat list set
assumes A\j::nat. ordertype (F j) (lenlex less-than) = w1y
shows ordertype (Uj. F j) (lenlex less-than) = wiw
proof (rule antisym)
show ordertype (| (range F')) (lenlex less-than) < w 1 w
by (metis ordertype- UNIV-ww ordertype-mono small top-greatest trans-l1t wf-1it)
have An. w 1 ord-of-nat n < ordertype (|J (range F)) (lenlex less-than)
by (metis TC-small Union-upper assms ordertype-mono rangel trans-llt wf-1it)
then show w 1 w < ordertype (|J (range F)) (lenlex less-than)
by (auto simp: oexp-w-Limit ZFC-in-HOL.SUP-le-iff elts-w)
qed

definition WW-seg :: nat = nat list set
where WW-seg n = {l € WW. length | = n}

lemma WW-seg-subset-WW: WW-seg n C WW
by (auto simp: WW-seg-def)

lemma WW-eq-UN-WW-seg: WW = (IJ n. WW-seg n)
by (auto simp: WW-seg-def)

lemma ordertype-list-seg: ordertype {l. length | = n} (lenlex less-than) = win
proof —
have bij-betw omega-sum {l. length | = n} (elts (wn))
unfolding WW-seg-def bij-betw-def
by (auto simp: inj-omega-sum Ord-mem-iff-It omega-sum-less dest: Ex-omega-sum)
then show ?thesis
by (force simp: ordertype-eq-iff simp flip: eq-omega-sum-less-iff)
qed

lemma ordertype- WW-seg: ordertype (WW-seg n) (lenlex less-than) = win
(is ordertype ?W ¢R = win)

proof —
have ordertype {l. length | = n} ?R = ordertype ¢W ?R
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proof (subst ordertype-eq-ordertype)
show 3f. bij-betw f {l. length | = n} W N (Vze{l. length | = n}. Vye{l.
length 1 = n}. (fz, fy) € lenlex less-than) = ((z, y) € lenlex less-than))
proof (intro exl conjl)
have inj-on (into-WW 0) {l. length | = n}
by (metis from-into-WW inj-onlI)
then show bij-betw (into-WW 0) {l. length | = n} ?W
by (auto simp: bij-betw-def WW-seg-def WW-eg-range-into length-into- WW')
qged (simp add: into-WW-lenlez-iff)
ged auto
then show ?thesis
using ordertype-list-seqg by auto
qed

3.3 Definitions required for the lemmas

3.3.1 Larson’s "<"-relation on ordered lists

instantiation list :: (ord)ord
begin

definition zs < ys = xs # [| A ys # [| — last zs < hd ys for zs ys :: 'a list
definition zs < ys = xs < ys V xs = ys for zs ys :: 'a list

instance
by standard

end

lemma less-Nil [simp]: xs < [] [| < s
by (auto simp: less-list-def)

lemma less-sets-imp-list-less:
assumes list.set xs < list.set ys
shows zs < ys
by (metis assms last-in-set less-list-def less-sets-def list.set-sel(1))

lemma less-sets-imp-sorted-list-of-set:
assumes A < B finite A finite B
shows list-of A < list-of B
by (simp add: assms less-sets-imp-list-less)

lemma sorted-list-of-set-imp-less-sets:
assumes zs < ys sorted s sorted ys
shows list.set s < list.set ys
using assms sorted-hd-le sorted-le-last
by (force simp: less-list-def less-sets-def intro: order.trans)

lemma less-list-iff-less-sets:
assumes sorted xs sorted ys
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shows xs < ys <— list.set s < list.set ys
using assms sorted-hd-le sorted-le-last
by (force simp: less-list-def less-sets-def intro: order.trans)

lemma strict-sorted-append-iff:

strict-sorted (xs @ ys) «+— xs < ys A strict-sorted xs A strict-sorted ys

by (metis less-list-iff-less-sets less-setsD sorted-wrt-append strict-sorted-imp-less-sets
strict-sorted-imp-sorted)

lemma singleton-less-list-iff: sorted s = [n] < xs <— {..n} N list.set xs = {}
apply (simp add: less-list-def disjoint-iff)
by (metis empty-iff less-le-trans list.set(1) list.set-sel(1) not-le sorted-hd-le)

lemma less-hd-imp-less: xs < [hd ys] = zs < ys
by (simp add: less-list-def)

lemma strict-sorted-concat-I:
assumes Az. x € list.set xs = strict-sorted x
An. Suc n < length xs = zsln < zslSuc n
zs € lists (— {[]})
shows strict-sorted (concat s)
using assms
proof (induction xs)
case (Cons z zs)
then have z < concat xs
apply (simp add: less-list-def)
by (metis Compl-iff hd-concat insertll length-greater-0-conv length-pos-if-in-set
list.sel(1) lists.cases nth-Cons-0)
with Cons show ?case
by (force simp: strict-sorted-append-iff)
qed auto

3.4 Nash Williams for lists

3.4.1 Thin sets of lists

inductive initial-segment :: 'a list = 'a list = bool
where initial-segment xs (xsQys)

definition thin :: ‘a list set = bool
where thin A= - (3zy. 2 € ANy € ANz #y A initial-segment z y)

lemma initial-segment-ne:
assumes initial-segment xs ys xs # ||
shows ys # [] A hd ys = hd xs
using assms by (auto elim!: initial-segment.cases)

lemma take-initial-segment:

assumes initial-segment xs ys k < length xs
shows take k zs = take k ys

64



by (metis append-eg-conv-conj assms initial-segment.cases min-def take-take)

lemma initial-segment-length-eq:
assumes initial-segment xs ys length xs = length ys
shows zs = ys
using assms initial-segment.cases by fastforce

lemma initial-segment-Nil [simp]: initial-segment [| ys
by (simp add: initial-segment.simps)

lemma initial-segment-Cons [simp]: initial-segment (z#xs) (y#ys) +— z=y A
initial-segment s ys
by (metis append-Cons initial-segment.simps list.inject)

lemma init-segment-iff-initial-segment:
assumes strict-sorted xs strict-sorted ys
shows init-segment (list.set xs) (list.set ys) «— initial-segment xs ys (is ?lhs =
2rhs)
proof
assume ?lhs
then obtain S’ where S list.set ys = list.set xs U S’ list.set xs < S’
by (auto simp: init-segment-def)
then have finite S’
by (metis List.finite-set finite-Un)
have ys = zs Q list-of S’
using S’ <strict-sorted s
proof (induction xs)
case Nil
with <strict-sorted ys» show ?case
by auto
next
case (Cons a xs)
with <finite S» have ys = a # xs Q list-of S’
by (metis List.finite-set append-Cons assms(2) sorted-list-of-set-Un sorted-list-of-set-set-of )
then show ?case
by (auto simp: Cons)
qged
then show ?rhs
using initial-segment.intros by blast
next
assume ?rhs
then show ?lhs
proof cases
case (1 ys)
with assms show ?thesis
by (simp add: init-segment-Un strict-sorted-imp-less-sets)
qed
qed
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theorem Nash- Williams-WW:
fixes h :: nat list = nat
assumes infinite M and h: h “{l € A. List.set | C M} C {..<2} and thin A A
cC wWw
obtains { N where ¢ < 2 infinite NN C M h ‘{l € A. List.set] C N} C {i}
proof —
define AM where AM = {l € A. List.set | C M}
have thin-set (list.set * A)
using <thin Ay <A C WW) unfolding thin-def thin-set-def WW-def
by (auto simp: subset-iff init-segment-iff-initial-segment)
then have thin-set (list.set * AM)
by (simp add: AM-def image-subset-iff thin-set-def)
then have Ramsey (list.set < AM) 2
using Nash- Williams-2 by metis
moreover have (h o list-of) € list.set * AM — {..<2}
unfolding AM-def
proof clarsimp
fix [
assume [ € A list.set | C M
then have strict-sorted [
using WW-def <A C WW> by blast
then show h (list-of (list.setl)) < 2
using h <l € Ay <list.set | C M)> by auto
qed
ultimately obtain N i where N: N C M infinite N i<2
and list.set * AM N Pow N C (h o list-of) —*{i}
unfolding Ramsey-eq by (metis <infinite M»)
then have N-disjoint: (h o list-of) —‘ {1—i} N (list.set * AM) N Pow N = {}
unfolding subset-vimage-iff less-2-cases-iff by force
have h “ {l € A. list.set | C N} C {i}
proof clarify
fix [
assume | € A and list.set | C N
then have h [ < 2
using h <N C M> by force
with <i<2) have hl £ Suc 0 — i = hl=1
by (auto simp: eval-nat-numeral less-Suc-eq)
moreover have strict-sorted [
using <A C WW» <l € A> unfolding WW-def by blast
moreover have h (list-of (list.set 1)) = 1 — i — — (list.set | C N)
using N-disjoint <N C M» <l € A> by (auto simp: AM-def)
ultimately show h [ = ¢
using N <N C M <« € Ay «list.set ] C N»
by (auto simp: vimage-def set-eq-iff AM-def WW-def subset-iff)
qed
then show thesis
using that <i<2> N by auto
qed
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3.5 Specialised functions on lists

lemma mem-lists-non-Nil: xss € lists (— {[|]}) +— (Vz € list.set zss. z # [])
by auto

fun acc-lengths :: nat = ‘a list list = nat list
where acc-lengths acc [| = |]
| acc-lengths acc (I#1s) = (acc + length 1) # acc-lengths (acc + length 1) s

lemma length-acc-lengths [simp]: length (acc-lengths acc ls) = length s
by (induction ls arbitrary: acc) auto

lemma acc-lengths-eq-Nil-iff [simp]: acc-lengths acc ls = [| <+— Is =[]
by (metis length-0-conv length-acc-lengths)

lemma set-acc-lengths:
assumes s € lists (— {[]}) shows list.set (acc-lengths acc ls) C {acc<..}
using assms by (induction ls rule: acc-lengths.induct) fastforce+

Useful because acc-lengths.simps will sometimes be deleted from the
simpset.

lemma hd-acc-lengths [simp]: hd (acc-lengths acc (I1#1s)) = acc + length |
by simp

lemma last-acc-lengths [simp]:
s # [] = last (acc-lengths acc ls) = acc + sum-list (map length ls)
by (induction acc ls rule: acc-lengths.induct) auto

lemma nth-acc-lengths [simpl:

[ls # [J; k < length Is] = acc-lengths acc ls | k = acc + sum-list (map length
(take (Suc k) ls))

by (induction acc ls arbitrary: k rule: acc-lengths.induct) (fastforce simp: less-Suc-eq
nth-Cons’)+

lemma acc-lengths-plus: acc-lengths (m+n) as = map ((+)m) (acc-lengths n as)
by (induction n as arbitrary: m rule: acc-lengths.induct) (auto simp: add.assoc)

lemma acc-lengths-shift: NO-MATCH 0 acc = acc-lengths acc as = map ((+)acc)
(acc-lengths 0 as)
by (metis acc-lengths-plus add.comm-neutral)

lemma length-concat-acc-lengths:
Is # [| = k + length (concat ls) € list.set (acc-lengths k ls)
by (metis acc-lengths-eq-Nil-iff last-acc-lengths last-in-set length-concat)

lemma strict-sorted-acc-lengths:
assumes Is € lists (— {[]}) shows strict-sorted (acc-lengths acc ls)
using assms

proof (induction ls rule: acc-lengths.induct)
case (2 acc 1 ls)
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then have strict-sorted (acc-lengths (acc + length 1) ls)
by auto
then show ?case
using set-acc-lengths 2.prems by auto
qed auto

lemma acc-lengths-append:

acc-lengths acc (xs @Q ys)

= acc-lengths acc xs Q acc-lengths (acc + sum-list (map length xs)) ys
by (induction acc xs rule: acc-lengths.induct) (auto simp: add.assoc)

lemma length-concat-ge:
assumes as € lists (— {[]})
shows length (concat as) > length as
using assms
proof (induction as)
case (Cons a as)
then have length a > Suc 0 \l. | € list.set as => length | > Suc 0
by (auto simp: Suc-lel)
then show ?case
using Cons.IH by force
qged auto

fun interact :: 'a list list = 'a list list = 'a list

where
interact [] ys = concat ys
| interact xs [| = concat xs

| interact (zftxs) (y#ys) = z Q y @ interact s ys

lemma (in monoid-add) length-interact:
length (interact zs ys) = sum-list (map length xs) + sum-list (map length ys)
by (induction rule: interact.induct) (auto simp: length-concat)

lemma length-interact-ge:
assumes zs € lists (— {[]}) ys € lists (— {[]})
shows length (interact xs ys) > length zs + length ys
by (metis add-mono assms length-concat length-concat-ge length-interact)

lemma set-interact [simp]:
shows list.set (interact xs ys) = list.set (concat xs) U list.set (concat ys)
by (induction rule: interact.induct) auto

lemma interact-eq-Nil-iff [simp]:
assumes xs € lists (— {[|}) ys € lists (— {[]})
shows interact zs ys = [| «— xs=[] A ys=]]
using length-interact-ge [OF assms] by fastforce
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lemma interact-sing [simpl: interact [x] ys = = @ concat ys
by (metis (no-types) concat.simps(2) interact.simps neq-Nil-conv)

lemma hd-interact: [zs # [|; hd xs # [|]] = hd (interact zs ys) = hd (hd zs)
by (smt (verit, best) hd-append2 hd-concat interact.elims list.sel(1))

lemma acc-lengths-concat-injective:
assumes concat as’ = concat as acc-lengths n as’ = acc-lengths n as
shows as’ = as
using assms
proof (induction as arbitrary: n as’)
case Nil
then show ?case
by (metis acc-lengths-eq-Nil-iff)
next
case (Cons a as)
then obtain a’ bs where as’ = a'#bs
by (metis Suc-length-conv length-acc-lengths)
with Cons show ?case
by simp
qed

lemma acc-lengths-interact-injective:
assumes interact as’ bs' = interact as bs acc-lengths a as’ = acc-lengths a as
acc-lengths b bs' = acc-lengths b bs
shows as’ = as A\ bs' = bs
using assms
proof (induction as bs arbitrary: a b as’ bs’ rule: interact.induct)
case (I cs) then show Zcase
by (metis acc-lengths-concat-injective acc-lengths-eq-Nil-iff interact.simps(1))
next
case (2 ¢ cs)
then show ?case
by (metis acc-lengths-concat-injective acc-lengths-eq-Nil-iff interact.simps(2)
list.exhaust)
next
case (3 x5 y ys)
then obtain a’ us b’ vs where as’ = a'#us bs’ = b'#uvs
by (metis length-Suc-conv length-acc-lengths)
with & show Zcase
by auto
qged

lemma strict-sorted-interact-1:
assumes length ys < length zs length s < Suc (length ys)
Nz. z € list.set xs = strict-sorted
Ny. y € list.set ys = strict-sorted y
An. n < length ys = xzsln < ysln
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An. Suc n < length s = ys!n < zs!Suc n
assumes zs € lists (— {[]}) ys € lists (— {[]})
shows strict-sorted (interact s ys)
using assms
proof (induction rule: interact.induct)
case (3 z s y ys)
then have z < y
by force
moreover have strict-sorted (interact xs ys)
using 3 by simp (metis Suc-less-eq nth-Cons-Suc)
moreover have y < interact xs ys
using 3 apply (simp add: less-list-def)
by (metis hd-interact le-zero-eq length-greater-0-conv list.sel(1) list.set-sel(1)
list.size(3) lists.simps mem-lists-non-Nil nth-Cons-0)
ultimately show ?case
using 3 by (simp add: strict-sorted-append-iff less-list-def)
qed auto

3.6 Forms and interactions

3.6.1 Forms

inductive Form-Body :: [nat, nat, nat list, nat list, nat list] = bool
where Form-Body ka kb xs ys zs
if length zs < length ys xs = concat (aftas) ys = concat (b#bs)
a#as € lists (— {[]}) b#bs € lists (— {[]})
length (a#as) = ka length (b#bs) = kb
¢ = acc-lengths 0 (a#tas)
d = acc-lengths 0 (b#bs)
28 = concat [c, a, d, b] @ interact as bs
strict-sorted zs

inductive Form :: [nat, nat list set] = bool
where Form 0 {zs,ys} if length zs = length ys zs # ys
| Form (2xk—1) {xs,ys} if Form-Body k k xs ys zs k > 0
| Form (2xk) {ws,ys} if Form-Body (Suc k) k xs ys zs k > 0

inductive-cases Form-0-cases-raw: Form 0 u

lemma Form-elim-upair:
assumes Form | U
obtains zs ys where zs # ys U = {zs,ys} length zs < length ys
using assms
by (smt (verit, best) Form.simps Form-Body.cases less-or-eg-imp-le nat-neq-iff)

lemma assumes Form-Body ka kb s ys zs
shows Form-Body-WW: zs € WW
and Form-Body-nonempty: length zs > 0
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and Form-Body-length: length xs < length ys
using Form-Body.cases [OF assms| by (fastforce simp: WW-def)+

lemma form-cases:
fixes [::nat
obtains (zero) | = 0 | (nz) ka kb where | = ka+kb — 1 0 < kb kb < ka ka <
Suc kb
proof —
have | = 0V (3ka kb. Il = ka+kb — 1 AN 0 < kb A kb < ka A ka < Suc kb)
by presburger
then show thesis
using nz zero by blast
qed

3.6.2 Interactions

lemma interact:

assumes Form | U [>0

obtains ka kb xs ys zs where | = ka+kb — 1 U = {zs,ys} Form-Body ka kb s
ys zs 0 < kb kb < ka ka < Suc kb

using assms

unfolding Form.simps

by (smt (verit, best) add-Suc diff-Suc-1 lessI mult-2 nat-less-le order-refl)

definition inter-scheme :: nat = nat list set = nat list
where inter-scheme | U =
SOME zs. 3k zs ys. U = {xs,ys} A
(I = 2xk—1 A Form-Body k k xs ys zs V | = 2xk N\ Form-Body (Suc k)
k xs ys zs)

lemma inter-scheme:
assumes Form | U [>0
obtains ka kb xs ys where | = ka+kb — 1 U = {xs,ys} Form-Body ka kb zs ys
(inter-scheme 1 U) 0 < kb kb < ka ka < Suc kb
using interact [OF <Form [ U>)
proof cases
case (2 ka kb s ys zs)
then have §: Aka kb zs. = Form-Body ka kb ys s zs
using Form-Body-length less-asym’ by blast
have Form-Body ka kb xzs ys (inter-scheme | U)
proof (cases ka = kb)
case True
with 2 have I: Vk. [ # k x 2
by presburger
have [simp]: Ak. kb + kb — Suc 0 = k * 2 — Suc 0 +— k=kb
by auto
show ?thesis
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unfolding inter-scheme-def using 2 [ True
by (auto simp: § <l > 0> Set.doubleton-eg-iff conj-disj-distribR ex-disj-distrib
algebra-simps some-eg-ex)
next
case Fulse
with 2 have I: Vk. [ # k * 2 — Suc 0 and [simp]: ka = Suc kb
by presburger+
have [simp]: Nk. kb + kb =k * 2 +— k=kb
by auto
show ?thesis
unfolding inter-scheme-def using 2 [ Fulse
by (auto simp: § <l > 0> Set.doubleton-eg-iff conj-disj-distribR ex-disj-distrib
algebra-simps some-eg-ex)
qed
then show ?thesis
by (simp add: 2 that)
qed (use <I > 0» in auto)

lemma inter-scheme-strict-sorted:
assumes Form | U (>0
shows strict-sorted (inter-scheme [ U)
using Form-Body.simps assms inter-scheme by fastforce

lemma inter-scheme-simple:
assumes Form | U [>0
shows inter-scheme | U € WW A length (inter-scheme 1 U) > 0
using inter-scheme [OF assms| by (meson Form-Body-WW Form-Body-nonempty)

3.6.3 Injectivity of interactions

proposition inter-scheme-injective:
assumes Form | U Form | U’ | > 0 and eq: inter-scheme | U’ = inter-scheme |
U
shows U’ = U
proof —
obtain ka kb zs ys
where [: | = ka+kb — 1 and U: U = {zs,ys}
and FB: Form-Body ka kb xs ys (inter-scheme | U)
and kb: 0 < kb kb < ka ka < Suc kb
using assms inter-scheme by blast
then obtain a as b bs c d
where zs: xs = concat (a#as) and ys: ys = concat (b#bs)
and len: length (aftas) = ka length (b#bs) = kb
and c: ¢ = acc-lengths 0 (a#as)
and d: d = acc-lengths 0 (b#bs)
and Ueq: inter-scheme | U = concat [c, a, d, b] @Q interact as bs
by (auto simp: Form-Body.simps)
obtain ka’ kb’ zs’ ys'
where [ | = ka’+kb’ — 1 and U" U’ = {zs’,ys'}
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and FB": Form-Body ka' kb’ zs’ ys' (inter-scheme | U’)
and kb 0 < kb’ kb’ < ka' ka' < Suc kb’
using assms inter-scheme by blast
then obtain a’ as’ b’ bs’ ¢’ d’
where s’ s’ = concat (a'#as’) and ys”: ys' = concat (b'#bs’)
and len”: length (a'#as’) = ka’ length (b'#bs’) = kb’
and ¢ ¢’ = acc-lengths 0 (a'#as’)
and d’: d' = acc-lengths 0 (b'#bs’)
and Ueq': inter-scheme | U’ = concat [¢', o, d’, b'] Q interact as’ bs’
using Form-Body.simps by auto
have [simp]: ka’ = ka A kb' = kb
using <« > 0> 11’ kb kb’ le-SucE le-antisym mult-2 by linarith
have [simp]: length ¢ = length ¢’ length d = length d’
using c ¢’ d d’ len’ len by auto
have c-off: ¢/'=ca’ @ d' @ b’ Q interact as’ bs' = a Q d @ b Q interact as bs
using eq by (auto simp: Ueq Ueq’)
then have len-a: length o’ = length a
by (metis acc-lengths.simps(2) add.left-neutral ¢ ¢’ nth-Cons-0)
with c-off have § o’ = a d' = d b’ Q interact as’ bs’ = b Q interact as bs
by auto
then have length (interact as’ bs’) = length (interact as bs)
by (metis acc-lengths.simps(2) add-left-cancel append-eq-append-conv d d’ list.inject)
with § have b’ = b interact as’ bs’ = interact as bs
by auto
moreover have acc-lengths 0 as’ = acc-lengths 0 as
using <a’ = @ <¢’ = ¢ by (simp add: ¢’ ¢ acc-lengths-shift)
moreover have acc-lengths 0 bs’ = acc-lengths 0 bs
using b’ = by «d' = d> by (simp add: d’ d acc-lengths-shift)
ultimately have as’ = as A bs’ = bs
using acc-lengths-interact-injective by blast
then show ?thesis
by (simp add: <o’ = a> U U’ b’ = by zs x5’ ys ys’)
qed

lemma strict-sorted-interact-imp-concat:
strict-sorted (interact as bs) = strict-sorted (concat as) A strict-sorted (concat
bs)
proof (induction as bs rule: interact.induct)
case (3 xs y ys)
have z < concat zs
using 3.prems
by (smt (verit, del-insts) Un-iff hd-in-set interact.simps(3) last-in-set less-list-def
set-append set-interact sorted-wrt-append)
moreover have y < concat ys
using 3 sorted-wrt-append strict-sorted-append-iff by fastforce
ultimately show ?case
using 3 by (auto simp add: strict-sorted-append-iff)
qed auto

73



lemma strict-sorted-interact-hd:
[strict-sorted (interact cs ds); cs # []; ds # [|; hd ¢s # []; hd ds # []]
= hd (hd ¢s) < hd (hd ds)
by (metis append-is-Nil-conv hd-append2 hd-in-set interact.simps(3) list.exhaust-sel
sorted-wrt-append)

the lengths of the two lists can differ by one

proposition interaction-scheme-unique-aux:
assumes concat as = concat as’ and ys’: concat bs = concat bs’
and as € lists (— {[|}) bs € lists (— {[]})
and strict-sorted (interact as bs)
and length bs < length as length as < Suc (length bs)
and as’ € lists (— {[|}) bs’ € lists (— {[|})
and strict-sorted (interact as’ bs’)
and length bs’ < length as’ length as’ < Suc (length bs’)
and length as = length as’ length bs = length bs’
shows as = as’ A\ bs = bs’
using assms
proof (induction length as arbitrary: as bs as’ bs’)
case ( then show ?case
by auto
next
case SUC: (Suc k)
show ?Zcase
proof (cases k)
case (
with SUC obtain a o’ where aa”: as = [a] as’ = [a]]
by (metis Suc-length-conv length-0-conv)
show ?thesis
proof
show as = as’
using aa’ <concat as = concat as’» by force
with SUC 0 show bs = bs’
by (metis Suc-lel append-Nil2 concat.simps impossible-Cons le-antisym
length-greater-0-conv list.exhaust)
qed
next
case (Suc k')
then obtain a cs b ds where eq: as = aftcs bs = b#ds
using SUC
by (metis le0 list.exhaust list.size(3) not-less-eq-eq)
have length as’ # 0
using SUC by force
then obtain a’ cs’ b’ ds’ where eq”: as’ = a'#cs’ bs' = b'#ds’
by (metis <length bs = length bs"y eq(2) length-0-conv list.exhaust)
obtain k: k = length cs k < Suc (length ds)
using eq SUC by auto

74



case (Suc k')
obtain [simp]: b # (| b # | a# [ a’ £ |
using SUC by (simp add: eq eq’)
then have hd b’ = hd b
using SUC by (metis concat.simps(2) eq'(2) eq(2) hd-append2)
have ss-ab: strict-sorted (concat as) strict-sorted (concat bs)
using strict-sorted-interact-imp-concat SUC.prems(5) by blast+
have sw-ab: strict-sorted (a @ b @ interact cs ds)
by (metis SUC.prems(5) eq interact.simps(3))
then obtain a < b strict-sorted a strict-sorted b
by (metis append-assoc strict-sorted-append-iff)
have b-cs: strict-sorted (concat (b # cs))
by (metis append.simps(1) concat.simps(2) interact.simps(8) strict-sorted-interact-imp-concat
sw-ab)
then have b < concat cs
using strict-sorted-append-iff by auto
have strict-sorted (a @Q concat cs)
using eq(1) ss-ab(1) by force
have list.set a = list.set (concat as) N {..< hd b}
proof —
have z € list.set a
if v < hd b and [ € list.set cs and z € list.set | for z [
using b-cs sorted-hd-le strict-sorted-imp-sorted that by fastforce
then show ?thesis
using «b # [|» sw-ab by (force simp: strict-sorted-append-iff sorted-wrt-append
eq)
qed
moreover
have ss-ab” strict-sorted (concat as’) strict-sorted (concat bs’)
using strict-sorted-interact-imp-concat SUC.prems(10) by blast+
have sw-ab’: strict-sorted (a' @ b’ @ interact cs’ ds’)
by (metis SUC.prems(10) eq’ interact.simps(3))
then obtain a’ < b’ strict-sorted a’ strict-sorted b’
by (metis append-assoc strict-sorted-append-iff)
have b-cs’: strict-sorted (concat (b' # cs'))
by (metis (no-types) SUC .prems(10) append-Nil eq’ interact.simps(8) strict-sorted-append-iff
strict-sorted-interact-imp-concat)
then have b’ < concat cs’
by (simp add: strict-sorted-append-iff)
then have hd b’ ¢ list.set (concat cs’)
by (metis Un-iff <b’ % []» list.set-sel(1) not-less-iff-gr-or-eq set-interact
sorted-wrt-append sw-ab’)
have strict-sorted (a’ @ concat cs’)
using eq’(1) ss-ab’(1) by force
then have b-cs”: strict-sorted (b’ @Q concat cs’)
using (b’ < concat cs’y eq'(2) ss-ab’(2) strict-sorted-append-iff by auto
have list.set o’ = list.set (concat as’) N {..< hd b'}
proof —
have z € list.set a’
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if r < hd b"and [ € list.set ¢cs’ and = € list.set | for z |
using b-cs’ sorted-hd-le strict-sorted-imp-sorted that by fastforce
then show ?thesis
using b’ # []» sw-ab’ by (force simp: strict-sorted-append-iff sorted-wrt-append
eq’)
qed
ultimately have a=a’
by (simp add: SUC.prems(1) <hd b’ = hd b> <strict-sorted o> <strict-sorted
ay strict-sorted-equal)
moreover
have ccat-cs-cs”: concat ¢cs = concat cs’
using SUC.prems(1) <a = a’» eq’(1) eq(1) by fastforce
have b=0’
proof (cases ds =[] V ds' = [])
case True
then show ?thesis
using SUC eq’(2) eq(2) by fastforce
next
case Fulse
then have ds # [| ds’ # [] sorted (concat ds) sorted (concat ds’)
using eq(2) ss-ab(2) eq'(2) ss-ab’(2) strict-sorted-append-iff strict-sorted-imp-sorted
by auto
have strict-sorted b strict-sorted b’
using b-cs b-cs’ sorted-wrt-append by auto
moreover
have cs # [|
using k local.Suc by auto
then obtain hd cs # [| hd ds # ||
using SUC.prems(3) SUC.prems(4) eq list.set-sel(1)
by (simp add: «ds # [> mem-lists-non-Nil)
then have concat cs # []
using «cs # [ hd-in-set by auto
have hd (concat cs) < hd (concat ds)
using strict-sorted-interact-hd

by (metis <cs # [ <ds # [|» <hd cs # []» <hd ds # []» hd-concat sorted-wrt-append
sw-ab)

have list.set b = list.set (concat bs) N {..< hd (concat cs)}
proof —
have 1: z € list.set b
if x < hd (concat cs) and | € list.set ds and z € list.set | for z

using <hd (concat cs) < hd (concat ds)> <sorted (concat ds)» sorted-hd-le
that by fastforce

have 2: [ < hd (concat cs) if | € list.set b for 1

by (metis <concat cs # [|» b-cs concat.simps(2) list.set-sel(1) sorted-wrt-append
that)

show “thesis

using 1 2 by (auto simp: strict-sorted-append-iff sorted-wrt-append eq)
qed
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moreover
have cs’ # ||
using k Suc <concat c¢s # []» ccat-cs-cs’ by auto
then obtain hd cs’ # [| hd ds’ # []
using SUC.prems(8,9) <ds’ # [> eq’(1) eq’(2) list.set-sel(1) by auto
then have concat cs’ # |]
using <cs’ # [|» hd-in-set by auto
have hd (concat cs’) < hd (concat ds’)
using strict-sorted-interact-hd
by (metis <cs’ # []» «ds’ # [|» <hd cs’ # [|» <hd ds’ # [ hd-concat
sorted-wrt-append sw-ab’)
have list.set b’ = list.set (concat bs’) N {..< hd (concat cs’)}
proof —
have 1: x € list.set b’
if © < hd (concat cs’) and | € list.set ds’ and z € list.set | for z |
using <hd (concat cs”) < hd (concat ds')y <sorted (concat ds’)y sorted-hd-le
that by fastforce
have 2: [ < hd (concat cs’) if | € list.set b’ for |
by (metis <concat cs’ # []» b-cs’ list.set-sel(1) sorted-wrt-append that)
show ?thesis
using 1 2 by (auto simp: strict-sorted-append-iff sorted-wrt-append eq’)
qed
ultimately show b = b’
by (simp add: SUC.prems(2) ccat-cs-cs’ strict-sorted-equal)
qed
moreover
have ¢s = ¢s’' A ds = ds’
proof (rule SUC.hyps)
show k = length cs
using eq SUC.hyps(2) by auto[1]
show concat ds = concat ds’
using SUC.prems(2) <b = b"» eq'(2) eq(2) by auto
show strict-sorted (interact cs ds)
using eq SUC.prems(5) strict-sorted-append-iff by auto
show length ds < length cs length cs < Suc (length ds)
using eq SUC k by auto
show strict-sorted (interact cs' ds’)
using eq’ SUC.prems(10) strict-sorted-append-iff by auto
show length cs = length cs’
using SUC eq'(1) k(1) by force
qged (use ccat-cs-cs’ eq eq’ SUC.prems in auto)
ultimately show ?thesis
by (simp add: <a = a’» <b = b") eq eq’)
qed
qed

proposition Form-Body-unique:
assumes Form-Body ka kb s ys zs Form-Body ka kb zs ys zs’ and kb < ka ka <
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Suc kb
shows zs' = zs
proof —
obtain a as b bs c d
where zs: xs = concat (a#as) and ys: ys = concat (b#bs)
and ne: aftas € lists (— {[]}) b#bs € lists (— {[]})
and len: length (aftas) = ka length (b#bs) = kb
and c: ¢ = acc-lengths 0 (a#as)
and d: d = acc-lengths 0 (b#bs)
and Ueq: zs = concat [c, a, d, b] Q interact as bs
and ss-zs: strict-sorted zs
using Form-Body.cases [OF assms(1)] by (metis (no-types))
obtain a’ as’ b’ bs' ¢’ d’
where s’ zs = concat (a'#as’) and ys”: ys = concat (b'#bs’)
and ne” a'#as’ € lists (— {[]}) b'#bs’ € lists (— {[]})
and len”: length (a'#as’) = ka length (b'#bs’) = kb
and ¢ ¢’ = acc-lengths 0 (a'#as’)
and d": d' = acc-lengths 0 (b'#bs’)
and Ueq”: zs' = concat [¢, a’, d’, b] Q interact as’ bs’
and ss-zs": strict-sorted zs’
using Form-Body.cases [OF assms(2)] by (metis (no-types))
have [simp]: length ¢ = length ¢’ length d = length d’
using ¢ ¢’ d d’ len’ len by auto
note acc-lengths.simps [simp del]
have a < b
using ss-zs by (auto simp: Ueq strict-sorted-append-iff less-list-def ¢ d)
have a’ < b’
using ss-zs’ by (auto simp: Ueq’ strict-sorted-append-iff less-list-def ¢’ d’)
have a#tas = a'#as’ A b#bs = b'#bs’
proof (rule interaction-scheme-unique-auzr)
show strict-sorted (interact (a # as) (b # bs))
using ss-zs <a < by by (auto simp: Ueq strict-sorted-append-iff less-list-def d)
show strict-sorted (interact (a’ # as’) (b’ # bs'))
using ss-zs’ «a’ < b’ by (auto simp: Ueq' strict-sorted-append-iff less-list-def
d"
show length (b # bs) < length (a # as) length (b’ # bs’) < length (a’ # as’)
using «kb < ka> len len’ by auto
show length (a # as) < Suc (length (b # bs))
using <ka < Suc kby len by linarith
then show length (a’ # as’) < Suc (length (b # bs’))
using len len’ by fastforce
qged (use len len’ zs s’ ys ys' ne ne’ in fastforce)+
then show ?thesis
using Ueq Ueq’ ¢ ¢’ d d’ by blast
qed

lemma Form-Body-imp-inter-scheme:
assumes F'B: Form-Body ka kb xs ys zs and 0 < kb kb < ka ka < Suc kb
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shows zs = inter-scheme ((ka+kb) — Suc 0) {xs,ys}
proof —
have length zs < length ys
by (meson Form-Body-length assms(1))
have [simp]: a + a = b+ b+— a=b a+ a— Suc 0 =b+ b— Suc0 +—
a=b for a b::nat
by auto
show ?thesis
proof (cases ka = kb)
case True
show ?thesis
unfolding inter-scheme-def
apply (rule some-equality [symmetric|, metis One-nat-def True FB mult-2)
using assms <length xs < length ys
by (auto simp: True mult-2 Set.doubleton-eq-iff Form-Body-unique dest:
Form-Body-length, presburger)
next
case Fulse
then have eq: ka = Suc kb
using assms by linarith
show ?thesis
unfolding inter-scheme-def
apply (rule some-equality [symmetric], use assms False mult-2 one-is-add eq
in fastforce)
using assms <length xs < length ys»
by (auto simp: eq mult-2 Set.doubleton-eq-iff Form-Body-unique dest: Form-Body-length,
presburger)
qed
qed

3.7 For Lemma 3.8 AND PROBABLY 3.7

definition grab :: nat set = nat = nat set x nat set
where grab N n = (N N enumerate N “ {..<n}, N N {enumerate N n..})

lemma grab-0 [simp]: grab N 0 = ({}, N)
by (fastforce simp: grab-def enumerate-0 Least-le)

lemma less-sets-grab:
infinite N = fst (grab N n) < snd (grab N n)
by (auto simp: grab-def less-sets-def intro: enumerate-mono less-le-trans)

lemma finite-grab [iff]: finite (fst (grab N n))
by (simp add: grab-def)

lemma card-grab [simp):

assumes infinite N shows card (fst (grab N n)) = n
proof —

have N N enumerate N ‘ {..<n} = enumerate N ‘ {..<n}
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using assms by (auto simp: enumerate-in-set)
with assms show ?thesis
by (simp add: card-image grab-def strict-mono-enum strict-mono-imp-inj-on)
qed

lemma fst-grab-subset: fst (grab N n) C N
using grab-def range-enum by fastforce

lemma snd-grab-subset: snd (grab N n) C N
by (auto simp: grab-def)

lemma grab-Un-eq:
assumes infinite N shows fst (grab N n) U snd (grab N n) = N
proof
show N C fst (grab N n) U snd (grab N n)
unfolding grab-def
using assms enumerate-Ex le-less-linear strict-mono-enum strict-mono-less by
fastforce
qed (simp add: grab-def)

lemma finite-grab-iff [simpl: finite (snd (grab N n)) +— finite N
by (metis finite-grab grab-Un-eq infinite-Un infinite-super snd-grab-subset)

lemma grab-eqD:
[grab N n = (A,M); infinite N]
= A <K M A finite AN card A =n A infinite M NACNAMCN
using card-grab grab-def less-sets-grab finite-grab-iff by auto

lemma less-sets-fst-grab: A < N = A < fst (grab N n)
by (simp add: fst-grab-subset less-sets-weaken2)

Possibly redundant, given grab
definition nzt where nzt = AN. An:nat. N N {n<..}

lemma infinite-nztN: infinite N = infinite (nat N n)
by (simp add: infinite-nat-greaterThan nat-def)

lemma nzt-subset: nxtt Nn C N
unfolding nzt-def by blast

lemma nat-subset-greaterThan: m < n = nat N n C {m<..}
by (auto simp: nat-def)

lemma nat-subset-atLeast: m < n = nzt N n C {m..}
by (auto simp: nxt-def)

lemma enum-nat-ge: infinite N = a < enum (nzt N a) n
by (simp add: atLeast-le-enum infinite-nztN nxt-subset-atLeast)
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lemma inj-enum-nzt: infinite N => inj-on (enum (nazt N a)) A
by (simp add: infinite-natN strict-mono-enum strict-mono-imp-ing-on)

3.8 Larson’s Lemma 3.11

Again from Jean A. Larson, A short proof of a partition theorem for the
ordinal w*. Annals of Mathematical Logic, 6:129-145, 1973.

lemma lemma-3-11:
assumes | > 0
shows thin (inter-scheme | * {U. Form | U})
using form-cases [of ]
proof cases
case zero
then show ?thesis
using assms by auto
next
case (nz ka kb)
note acc-lengths.simps [simp del]
show ?thesis
unfolding thin-def
proof clarify
fix U U’
assume ne: inter-scheme | U # inter-scheme | U’ and init: initial-segment
(inter-scheme | U) (inter-scheme [ U”)
assume Form | U
then obtain kp kq zs ys where | = kp+kq — 1 U = {xs,ys}
and U: Form-Body kp kq zs ys (inter-scheme | U) and 0 < kq kg < kp
kp < Suc kq
using assms inter-scheme by blast
then have kp = ka A kq = kb
using nz by linarith
then obtain a as b bs ¢ d
where len: length (a#tas) = ka length (b#bs) = kb
and c: ¢ = acc-lengths 0 (a#as)
and d: d = acc-lengths 0 (b#bs)
and Ueq: inter-scheme | U = concat [c, a, d, b] @Q interact as bs
using U by (auto simp: Form-Body.simps)
assume Form [ U’
then obtain kp’ kq’ xs’ ys’ where | = kp'+kq' — 1 U’ = {zs',ys'}
and U" Form-Body kp’ kq' xs’ ys' (inter-scheme | U') and 0 < kq’ kq’
< kp' kp’ < Suc kq'
using assms inter-scheme by blast
then have kp’ = ka A kq' = kb
using nz by linarith
then obtain o’ as’ b’ bs’ ¢’ d’
where len”: length (a'#as’) = ka length (b'#bs") = kb
and ¢’ ¢’ = acc-lengths 0 (a'#as’)
and d” d’' = acc-lengths 0 (b'#bs")
and Ueq": inter-scheme | U’ = concat [¢’, o', d’, b'] Q interact as’ bs’

81



using U’ by (auto simp: Form-Body.simps)
have [simp]: length bs’ = length bs length as’ = length as
using len len’ by auto
have inter-scheme | U # [] inter-scheme | U’ # ||
using Form-Body-nonempty U U’ by auto
define u! where ul = hd (inter-scheme | U)
have ul-eq”: ul = hd (inter-scheme | U’)
using <inter-scheme 1 U # [|» init ul-def initial-segment-ne by fastforce
have aul: ul = length a
by (simp add: ul-def Ueq c)
have aul’: ul = length a’
by (simp add: ul-eq’ Ueq’ ¢’)
have len-egk: length ¢’ = ka length d’ = kb length ¢’ = ka length d’ = kb
using ¢ d len ¢’ d’ len’ by auto
have take: take (ka + ul + kb) (cQa@dQl)=cQa@d
take (ka + ul + kb) (¢’ @Qa’@ d' Q) =¢'"@a’ @ d'for |
using ¢ d ¢’ d’ len by (simp-all flip: aul aul’)
have leU: ka + ul + kb < length (inter-scheme | U)
using ¢ d len by (simp add: aul Ueq)
then have take (ka + ul + kb) (inter-scheme | U) = take (ka + ul + kb)
(inter-scheme 1 U”)
using take-initial-segment init by blast
then have §: cQa@Q d =¢"Q a’ @ d’
by (metis Ueq Ueq’ append.assoc concat.simps(2) take)
have length (inter-scheme | U) = ka + (¢ @ a @Q d)!(ka—1) + kb + last d
by (simp add: Ueq ¢ d length-interact nth-append flip: len)
moreover have length (inter-scheme | U') = ka + (¢’ Q@ o’ @ d")!(ka—1) +
kb + last d’
by (simp add: Ueq’ ¢’ d’ length-interact nth-append flip: len’)
moreover have last d = last d’
using § ¢ d d' len’(1) len-eqk(1) by auto
ultimately have length (inter-scheme | U) = length (inter-scheme | U”)
by (simp add: §)
then show Fulse
using nit initial-segment-length-eq ne by blast
qed
qed

3.9 Larson’s Lemma 3.6

proposition lemma-3-6:

fixes g :: nat list set = nat

assumes g: g € [WW]? — {0,1}

obtains N j where infinite N

and Ak u. [k > 0; u € [WW]? Form k u; [enum N k] < inter-scheme k u;

List.set (inter-scheme ku) C N] = gu=jk
proof —

define ® where ® = Am::nat. AM. infinite M N m < Inf M

define ¥ where ¥ = Al m n:nat. \M Nj.n>mANCMAneM
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ANNU. FormlUANUC WW A [n] < inter-scheme I U A list.set
(inter-scheme l U) C N — g U = j)
have x:: An Nj. P n NAV Imn MNjifl > 0 ® m M for | m:nat and M
:: nat set
proof —
define FF where FF = {U € [WW]?. Form | U}
define h where h = \zs. g (inv-into FF (inter-scheme l) zs)
have thin (inter-scheme | ¢ FF')
using <l > 0» lemma-3-11 by (simp add: thin-def FF-def)
moreover
have inter-scheme l * FFF C WW
using inter-scheme-simple <0 < > FF-def by blast
moreover
have h ‘ {zs € inter-scheme | * FF. List.set xs C M} C {..<2}
using g inv-into-intolof concl: FF inter-scheme ]
by (force simp: h-def FF-def Pi-iff)
ultimately
obtain j N where j < 2 infinite NN C M and hj: h ‘ {zs € inter-scheme | *
FF. List.set zs C N} C {j}
using «® m M» unfolding ®-def by (blast intro: Nash-Williams-WW [of
M)
let on = Inf N
have ?n > m
using <® m M) <infinite N> unfolding ®-def Inf-nat-def infinite-nat-iff-unbounded
by (metis Leastl-ex <N C M» le-less-trans not-less not-less-Least subsetD)
have ¢ U = j if Form | U U C WW [?n] < inter-scheme | U list.set
(inter-scheme | U) C N — {?n} for U
proof —
obtain zs ys where zys: zs # ys U = {as,ys}
using Form-elim-upair <Form | Uy by blast
moreover have inj-on (inter-scheme l) FF
using <0 < Iy inj-on-def inter-scheme-injective FF-def by blast
moreover
have g (inv-into FF (inter-scheme 1) (inter-scheme | U)) = j
using hj that zys subset-Diff-insert by (fastforce simp: h-def FF-def image-iff)
ultimately show ?Zthesis
using that FF-def by auto
qed
moreover have ?n < Inf (N — {%n})
by (metis Diff-iff Inf-nat-def Inf-nat-defl <infinite N» finite.emptyl infi-
nite-remove linorder-neqE-nat not-less-Least singletonl)
moreover have ?n €¢ M
by (metis Inf-nat-defl <N C M» <infinite N> finite.emptyl subsetD)
ultimately have ® ?n (N — {?n}) AW Im ?n M (N — {?n}) j
using «® m M)> <infinite N> <N C M» «?n > m» by (auto simp: ®-def U-def)
then show ?thesis
by blast
qged
have base: ® 0 {0<..}
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unfolding ®-def by (metis infinite-Ioi Inf-nat-defl greaterThan-iff greater Than-non-empty)
have step: Ex (A(n,N,j). D n NAVIimn MNj)if m MI> 0 for m M1
using * [of | m M| that by (auto simp: ®-def)
define G where G = Xlm M. Q(n,N,j). 2 n N A Y (Sucl) mn M N j
have G®: (A\(n,N,j). ® n N) (Gl m M) and GU: (A(n,N,j). ¥ (Sucl) mn M
Nj) (Glm M)
if ®m M for lm M
using step [OF that, of Suc l] by (force simp: G-def dest: some-eq-imp)+
have G-increasing: (A(n,N,j). n > m  ANCMAne M) (GimM) if & m
M for lm M
using GV [OF that, of l] that by (simp add: V-def split: prod.split-asm)
define H where H = rec-nat (0,{0<..},0) (Al (m,M,j). Glm M)
have H-simps: H 0 = (0,{0<..},0) Al. H (Sucl) = (case Hl of (m,M,j) = G
Im M)
by (simp-all add: H-def)
have H®: (A(n,N,j). ® n N) (H ) for |
by (induction ) (use base G® in <auto simp: H-simps split: prod.split-asmy)
define v where v = (Al. case Hl of (n,M,j) = n)
have H-inc: v [ > [ for |
proof (induction l)
case (Suc )
then show ?case
using H® [of | G-increasing [of v ]
apply (clarsimp simp: H-simps v-def split: prod.split)
by (metis (no-types, lifting) case-prodD leD le-less-trans not-less-eq-eq)
ged auto
let ?N = range v
define j where j = A\l. case H 1 of (n,M,j) = j
have H-increasing-Suc: (case H k of (n, N, ) = N) D (case H (Suc k) of (n,
N, j") = insert n N) for k
using H® [of k]
by (force simp: H-simps split: prod.split dest: G-increasing [where [=F])
have H-increasing-superset: (case H k of (n, N, j') = N) D (case H (n+k) of
(n, N, j") = N) for kn
proof (induction n)
case (Suc n)
then show ?case
using H-increasing-Suc [of n+k] by (auto split: prod.split-asm)
qged auto
then have H-increasing-less: (case H k of (n, N, j') = N) D (case H 1 of (n,
N, j") = insert n N)
if k<! for kI
by (smt (verit, best) H-increasing-Suc add.commute less-natE order-trans that)
have v k£ < v (Suc k) for k
using H® [of k] unfolding v-def
by (auto simp: H-simps split: prod.split dest: G-increasing [where [=Fk])
then have strict-mono-v: strict-mono v
by (simp add: strict-mono-Suc-iff)
then have enum-N: enum ?N = v
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by (metis enum-works nat-infinite-iff range-strict-mono-ext)
have xx: 2N N {n<.} C N'if H: Hk = (n, N', j) for n N' k j
proof clarify
fix [
assume n < v [
then have Fulse if | < k
using that strict-monoD [OF strict-mono-v, of l k| H by (force simp: v-def)
then have k£ < [ using not-less by blast
then obtain M j where Mj: Hl = (v [,M,j)
unfolding v-def
by (metis (mono-tags, lifting) case-prod-conv old.prod.exhaust)
then show v [ € N’
using that H-increasing-less [OF <k<ly] Mj by auto
qed
show thesis
proof
show infinite (?N::nat set)
using H-inc infinite-nat-iff-unbounded-le by auto
next
fix | U
assume (0 < [ and U: U € [WW]?
and interU: [enum ¢N 1] < inter-scheme I U Form | U
and sub: list.set (inter-scheme | U) C ¢N
obtain k where k: | = Suc k
using <0 < Iy gr0-conv-Suc by blast
have g U =vif Hk = (m, M, j0) and Gkm M = (n, N, v)
for m M jOn N' v
proof —
have n: v (Suc k) = n
using that by (simp add: v-def H-simps)
have {..enum (range v) 1} N list.set (inter-scheme | U) = {}
using inter-scheme-strict-sorted <0 < Iy interU singleton-less-list-iff strict-sorted-iff
by blast
then have list.set (inter-scheme (Suc k) U) C N’
using that sub xx [of Suc k n N’ v] Suc-le-eq not-less-eq-eq
by (fastforce simp: k n enum-N H-simps)
then show ?thesis
using that interU U GV [of m M k] H® [of k]
by (auto simp: V-def k enum-N H-simps n nsets-def)
qed
with U show g U = j I
by (auto simp: k j-def H-simps split: prod.split)
qed
qed

3.10 Larson’s Lemma 3.7
3.10.1 Preliminaries

Analogous to ordered-nsets-2-eq, but without type classes
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lemma total-order-nsets-2-eq:
assumes tot: total-on A r and irr: irrefl r
shows nsets A 2 = {{z,y} |zy. € ANy e AN (z,y) €1}
(is - = ?rhs)
proof
show nsets A 2 C ?rhs
using tot
unfolding numeral-nat total-on-def nsets-def
by (fastforce simp: card-Suc-eq Set.doubleton-eg-iff not-less)
show ?rhs C nsets A 2
using irr unfolding numeral-nat by (force simp: nsets-def card-Suc-eq ir-
refl-def)
qed

lemma lenlex-nsets-2-eq: nsets A 2 = {{z,y} |z y. 2 € ANy e AN (y) €
lenlex less-than}
using total-order-nsets-2-eq by (simp add: total-order-nsets-2-eq irrefl-def)

lemma sum-sorted-list-of-set-map: finite I = sum-list (map f (list-of I)) = sum
FI
proof (induction card I arbitrary: I)
case (Sucn I)
then have [simp]: I # {}
by auto
have sum-list (map f (list-of (I — {Min I}))) = sum f (I — {Min I})
using Suc by auto
then show ?case
using Suc.prems sum.remove [of I Min I f]
by (simp add: sorted-list-of-set-nonempty Suc)
qed auto

lemma sorted-list-of-set-UN-eq-concat:
assumes [: strict-mono-sets I f finite I and fin: \i. finite (f ©)
shows list-of ((Ji € I. fi) = concat (map (list-of o f) (list-of I))
using J
proof (induction card I arbitrary: I)
case (Sucn I)
then have I # {} and lexp: I = insert (Min I) (I — {Min I})
using Min-in Suc.hyps(2) Suc.prems(2) by fastforce+
have IH: list-of (J (f (I — {Min I}))) = concat (map (list-of o f) (list-of (I
— {Min 1})))
using Suc unfolding strict-mono-sets-def
by (metis DiffE Iexp card-Diff-singleton diff-Suc-1 finite-Diff insertl1)
have list-of (U (f ‘1)) = list-of (U (f ‘ (insert (Min I) (I — {Min I}))))
using lexp by auto

also have ... = list-of (f (MinI) U (f (I — {Min I})))
by (metis Union-image-insert)
also have ... = list-of (f (Min I)) Q list-of (U (f * (I — {Min I})))
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proof (rule sorted-list-of-set-Un)
show f (Min I) < J (f (I — {Min I}))
using Suc.prems I # {}» strict-mono-less-sets-Min by blast
show finite (J (f < (I — {Min 1})))
by (simp add: <finite I fin)
qed (use fin in auto)
also have ... = list-of (f (Min I)) @ concat (map (list-of o f) (list-of (I —
{Min 1}))
using [H by metis
also have ... = concat (map (list-of o f) (list-of I))
by (simp add: Suc.prems(2) <I # {}» sorted-list-of-set-nonempty)
finally show ?Zcase .
qed auto

3.10.2 Lemma 3.7 of Jean A. Larson, ibid.

proposition lemma-3-7:
assumes infinite N1 > 0
obtains M where M € [WW]™
AU. U € [M]? = Form | U A List.set (inter-scheme | U) C N
proof (cases m < 2)
case True
obtain w where w: w € WW
using WW-def strict-sorted-into-WW by auto
define M where M = if m=0 then {} else {w}
have M: M € [WW]™
using True by (auto simp: M-def nsets-def w)
have [simp]: [M]? = {}
using True by (auto simp: M-def nsets-def w dest: subset-singletonD)
show ?thesis
using M that by fastforce
next
case Fulse
then have m > 2
by auto
have nonz: (enum N o Suc) i > 0 for ¢
using assms(1) le-enumerate less-le-trans by fastforce
note infinite-nzt-N = infinite-nztN [OF <nfinite N>, iff]
note <infinite N» | iff]
have [simp]: {n<..<Suc n} = {} {.<1:unat} = {0} for n
by auto
note One-nat-def [simp del]

define DF-Suc where DF-Suc = Ak D. enum (nzt N (enum (nzt N (Maz D))
(Inf D — 1))) “{..<Suc k}
define DF where DF = Ak n. (DF-Suc k " n) ((enum N o Suc) ‘{..<Suc k})
have DF-simps: DF k 0 = (enum N o Suc) ‘{..<Suc k} DF k (Suc i) = DF-Suc
k (DF ki) for i k
by (auto simp: DF-def)
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have card-DF: card (DF k i) = Suc k for i k
proof (induction 1)
case (
have inj-on (enum N o Suc) {..<Suc k}
by (simp add: assms(1) strict-mono-def strict-mono-imp-inj-on)
with 0 show Zcase
using card-image DF-simps by fastforce
next
case (Suc 17)
then show ?case
by (simp add: <infinite Ny DF-simps DF-Suc-def card-image infinite-natN
strict-mono-enum strict-mono-imp-inj-on)
qed
have DF-ne: DF ki # {} for i k
by (metis card-DF card-lessThan less Than-empty-iff nat.simps(3))

have finite-DF: finite (DF k i) for i k
by (induction i) (auto simp: DF-simps DF-Suc-def)
have DF-Suc: DF ki < DF k (Suc i) for i k
unfolding less-sets-def
by (force simp: finite-DF DF-simps DF-Suc-def
introl: greaterThan-less-enum nxt-subset-greater Than atLeast-le-enum nxt-subset-atLeast
infinite-nztN [OF <infinite N»])
have DF-DF: DF ki < DF kjif i<jfor ijk
by (meson DF-Suc DF-ne UNIV-I less-sets-imp-strict-mono-sets strict-mono-setsD
that)
then have sm-DF: strict-mono-sets UNIV (DF k) for k
by (simp add: strict-mono-sets-def)

have DF-gt0: 0 < Inf (DF ki) for i k
proof (cases i)
case (
then show ?thesis
by (metis DF-ne DF-simps(1) Inf-nat-defl imageE nonz)
next
case (Suc n)
then show ?thesis
by (metis DF-Suc DF-ne Inf-nat-defl grol gr-implies-not0 less-sets-def)
qed
have DF-N: DFF ki C N for i k
proof (induction 1)
case (
then show ?case
using <infinite Ny range-enum by (auto simp: DF-simps)
next
case (Suc 17)
then show ?case
unfolding DF-simps DF-Suc-def image-subset-iff
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by (metis IntE <infinite Ny enumerate-in-set infinite-nztN nzt-def)
qed

have sm-enum-DF: strict-mono-on {..k} (enum (DF k i)) for ki
by (metis card-DF enum-works-finite finite-DF less Than-Suc-atMost)

define AF where AF = Mk i. enum (nat N (Maz (DF k7)) ‘ {..<Inf (DF k
0}
have AF-ne: AF ki # {} for i k
by (auto simp: AF-def lessThan-empty-iff DF-gt0)
have finite-AF [simp]: finite (AF k i) for i k
by (simp add: AF-def)
have card-AF: card (AF ki) =[] (DF k1) for ki
by (simp add: AF-def card-image inj-enum-nzt)

have DF-AF: DF ki < AF ki for i k
unfolding less-sets-def AF-def
by (simp add: finite-DF' greater Than-less-enum naxt-subset-greaterThan)

have E: [z < y; infinite M| = enum M z < enum (nat N (enum M y)) z for
xyzM

by (metis infinite-nat-N dual-order.eq-iff enumerate-mono greater Than-less-enum
nat-less-le nxt-subset-greaterThan)

have AF-DF-Suc: AF ki < DF k (Suc i) for i k
by (auto simp: DF-simps DF-Suc-def less-sets-def AF-def E)

have AF-DF: AF kp < DF k q if p<q for k p q
by (metis AF-DF-Suc DF-ne Suc-lessI UNIV-I less-sets-trans sm-DF strict-mono-sets-def
that)

have AF-Suc: AF ki < AF k (Suc i) for i k
using AF-DF-Suc DF-AF DF-ne less-sets-trans by blast
then have sm-AF: strict-mono-sets UNIV (AF k) for k
by (simp add: AF-ne less-sets-imp-strict-mono-sets)

define del where del = Ak i j. enum (DF ki) j — enum (DF ki) (j — 1)

define QF where QF k = wfrec pair-less (Af (j,i).
if j=0 then AF k i
else let r = (if i=0 then f (j—1,m—1) else f (j,i—1)) in
enum (nzt N (Suc (Maz 1))) “{..< del k (if j=k then m — Suc i else
i) )

for k
note cut-apply [simp)

have finite-QF [simp]: finite (QF k p) for p k

using wf-pair-less
proof (induction p rule: wf-induct-rule)
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case (less p)
then show ?case
by (simp add: def-wfrec |[OF QF-def, of k p| split: prod.split)
qed

have del-gt-0: [j < Suck; 0 < j] = 0 < delkijforijk
by (simp add: card-DF del-def finite-DF')

have QF-ne [simp]: QF k (j,i) # {} if j: j < Suc k for j i k

using wf-pair-less j
proof (induction (j,7) rule: wf-induct-rule)

case less

then show ?case

by (auto simp: def-wfrec [OF QF-def, of k (j,i)] AF-ne lessThan-empty-iff
del-gt-0)

qged

have QF-0 [simp]: QF k (0,i) = AF ki for i k
by (simp add: def-wfrec [OF QF-def])

have QF-Suc: QF k (Suc 7,0) = enum (nat N (Suc (Max (QF k (4, m — 1)))))
{..< del k (if Suc j = k then m — 1 else 0) (Suc j)} for j k
apply (simp add: def-wfrec [OF QF-def, of k (Suc 4,0)] One-nat-def)
apply (simp add: pair-less-def cut-def)
done

have QF-Suc-Suc: QF k (Suc j, Suc 1)
= enum (nzt N (Suc (Maz (QF k (Suc j, ©))))) ‘{..< del k (if Suc
j =k then m — Suc(Suc i) else Suc i) (Suc j)}
for ijk
by (simp add: def-wfrec [OF QF-def, of k (Suc j,Suc 7)])

have less-QF1: QF k (j, m — 1) < QF k (Suc j,0) for j k
by (auto simp: def-wfrec [OF QF-def, of k (Suc j,0)] pair-lessI1 enum-nat-ge
introl: less-sets-weaken2 [OF less-sets-Suc-Maz))

have less-QF2: QF k (j,i) < QF k (j, Suc i) for ji k
by (auto simp: def-wfrec [OF QF-def, of k (j, Suc )] pair-lessI2 enum-nzt-ge
intro: less-sets-weaken2 [OF less-sets-Suc-Maz] strict-mono-setsD [OF
sm-AF))

have less-QF-same: QF k (j,i') < QF k (j,7)
ifi'<ij<kfori'ijk
proof (rule strict-mono-setsD [OF less-sets-imp-strict-mono-sets|)
show QF k (4, i) < QF k (j, Suc 7) for ¢
by (simp add: less-QF2)
show QF k (j, 1) # {} if 0 < i for i
using that by (simp add: j < ky le-imp-less-Suc)
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qed (use that in auto)

have less-QF-step: QF k (j—1,i") < QF k (j,i)
ifo<jj<ki’'<mforji' ik
proof —
have less-QF1" QF k (j — 1, m—1) < QF k (4,0) if j > 0 for j
by (metis less-QF1 that Suc-pred One-nat-def)
have QF k (j—1, i") < QF k (4,0)
proof (casesi'=m — 1)
case True
then show ?thesis
using less-QF1' <0 < j» by blast
next
case Fulse
show ?thesis
using Fualse that less-sets-trans [OF less-QF-same less-QF1' QF-ne] by auto
qed
then show ?thesis
by (metis QF-ne less-QF-same less-Suc-eq-le less-sets-trans <j < k» zero-less-iff-neg-zero)
qed

have less-QF: QF k (§',i") < QF k (j,7)
ifj:j/'<jj<kandii’'<mi<mforj ji' ik
using j

proof (induction j—j’ arbitrary: j)
case (Suc d)
show ?case
proof (cases j' < j — 1)

case True
then have QF k (j/, i) < QF k (j — 1, 1)
using Suc.hyps Suc.prems(2) by force
then show ?thesis
by (rule less-sets-trans [OF - less-QF-step QF-ne]) (use Suc i in auto)
next
case Fulse
then have j' = j — 1
using «j’ < j» by linarith
then show ?thesis
using Suc.hyps <j < k> less-QF-step i by auto
qed
qed auto

have sm-QF: strict-mono-sets ({..k} x {.<m}) (QF k) for k
unfolding strict-mono-sets-def
proof (intro strip)
fix p q
assume p: p € {.k} x {.<m} and ¢: ¢ € {..k} x {..<m} and p < ¢
then obtain j' i’ j i where § p = (j,i") ¢ = (ji) i’ <mi<mj <kj<k
using surj-pair [of p| surj-pair [of ¢] by blast
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with <p < ¢ have j' < jV ji'=jANi' <
by auto
then show QF kp < QF k q
using § less-QF less-QF-same by presburger
qed
then have sm-QF1: strict-mono-sets {..<ka} (A\j. QF k (4,7))
if i<m Suc k > ka ka > k for ka k i
proof —
have {..<ka} C {..k}
by (metis lessThan-Suc-atMost less Than-subset-iff «Suc k > kay)
then show ?thesis
by (simp add: less-QF strict-mono-sets-def subset-iff that)
qed

have disjoint-QF: i'=i A j'=j if - disjnt (QF k (j', ¢')) (QF k (j,9)) 7' < kj <
ki'’<mi<mfori ij jk
using that strict-mono-sets-imp-disjoint [OF sm-QF]
by (force simp: pairwise-def)

have card-QF: card (QF k (j,i)) = (if j=0 then [| (DF k i) else del k (if j = k
then m — Suc i else 7) j)
for i kj
proof (cases j)
case (
then show ?thesis
by (simp add: AF-def card-image inj-enum-nat)
next
case (Suc j’)
show ?thesis
by (cases i; simp add: Suc One-nat-def QF-Suc QF-Suc-Suc card-image
inj-enum-nat)
qed
have AF-non-Nil: list-of (AF ki) # || for k ¢
by (simp add: AF-ne)
have QF-non-Nil: list-of (QF k (4,i)) # [| if j < Suc k for i j k
by (simp add: that)

have AF-subset-N: AF ki C N for i k
unfolding AF-def image-subset-iff
using nxt-subset enumerate-in-set infinite-nztN <infinite N» by blast

have QF-subset-N: QF k (j,i) C N for i j k
proof (induction j)

case (Suc j)

show “case

by (cases i) (use nxt-subset enumerate-in-set in «(force simp: QF-Suc QF-Suc-Suc)+»)
qged (use AF-subset-N in auto)

obtain ka k where k>0 and kka: k < ka ka < Suc k1 = ((ka+k) — 1)
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by (metis One-nat-def assms(2) diff-add-inverse form-cases le0 le-refl)
then have ka > 0
using dual-order.strict-transl by blast
have ka-k-or-Suc: ka = k V ka = Suc k
using kka by linarith
have lessThan-k: {..<k} = insert 0 {0<..<k} if k>0 for k::nat
using that by auto
then have sorted-list-of-set-k: list-of {..<k} = 0 # list-of {0<..<k} if k>0 for
k::nat
using sorted-list-of-set-insert-remove-cons [of concl: 0 {0<..<k}] that by simp

define RF where RF = )\ji. if j = k then QF k (j, m — Suc @) else QF k (j,7)
have RF-subset-N: RF ji C N if i<m for i j
using that QF-subset-N by (simp add: RF-def)
have finite-RF [simp]: finite (RF k p) for p k
by (simp add: RF-def)
have RF-0: RF 01 = AF k i for i
using RF-def <0 < k» by auto
have disjoint-RF: i'=i A j'=j if = disjnt (RF j'i") (RFji)j' < kj<ki <
mi<mfori'ij'j
using disjoint-QF that
by (auto simp: RF-def split: if-split-asm dest: disjoint-QF)

have sum-card-RF [simp]: (3 j<n. card (RF ji)) = enum (DF ki) nif n <k
i< mforin
using that
proof (induction n)
case (
then show ?case
using DF-ne [of k 1] finite-DF [of k 1] <k>0>
by (simp add: RF-def AF-def card-image inj-enum-nzt enum-0-eq-Inf-finite)
next
case (Suc n)
then have enum (DF ki) 0 < enum (DF ki) n A enum (DF k i) n < enum
(DF k i) (Suc n)
using sm-enum-DF [of k 1]
by (metis card-DF finite-DF finite-enumerate-mono-iff le-imp-less-Suc less-nat-zero-code
linorder-not-le nless-le)
with Suc show Zcase
by (auto simp: RF-def card-QF del-def)
qed
have DF-in-N: enum (DF ki) j € N if j < k for i j
by (metis DF-N card-DF finite-DF finite-enumerate-in-set le-imp-less-Suc sub-
setD that)
have Inf-DF-N: [|(DF k p) € N for kp
using DF-N DF-ne Inf-nat-defl by blast
have RF-in-N: (>_j<n. card (RF ji)) € Nifn < ki< mforin
by (auto simp: DF-in-N that)
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have ka — 1 <k
using kka(2) by linarith
then have sum-card-RF’ [simp]:
(> j<ka. card (RF ji)) = enum (DF k i) (ka — 1) if i < m for ¢
using sum-card-RF [of ka — 1 1]
by (metis Suc-diff-1 <0 < kay lessThan-Suc-atMost that)

have enum-DF-le-iff [simp]:
enum (DF k i) j < enum (DF ki') j +— ¢ < i’ (is %lhs = -)
if j < kfor i'ijk
proof
show ¢ < ¢’ if 2lhs
proof —
have enum (DF ki) j € DF ki
by (simp add: card-DF finite-enumerate-in-set finite-DF le-imp-less-Suc <j
< k)
moreover have enum (DF ki) j € DF ki’
by (simp add: <j < k> card-DF finite-enumerate-in-set finite-DF le-imp-less-Suc
that)
ultimately have enum (DF ki) j < enum (DF ki) jif i’ < i
using sm-DF [of k] by (meson UNIV-I less-sets-def strict-mono-setsD that)
then show ?thesis
using not-less that by blast
qed
show %lhs if i < i’
by (metis DF-DF <j < k» card-DF finite-DF finite-enumerate-in-set le-eq-less-or-eq

less-Suc-eq-le less-sets-def that)
qed
then have enum-DF-eq-iff [simp]:
enum (DF ki) j=enum (DF ki) j+—i=7d"ifj<kfori ijk
by (metis le-antisym order-refl that)
have enum-DF-less-iff [simp]:
enum (DF ki) j < enum (DF ki) j«— i<i'ifj<kfori ijk
by (meson enum-DF-le-iff not-less that)

have card-AF-sum: card (AF k i) + (3. je{0<..<ka}. card (RF j i)) = enum
(DF ki) (ka—1)
if i < m for i
using that <k > 0> <k < ka> <ka < Suc k>
by (simp add: lessThan-k RF-0 flip: sum-card-RF'")

have sorted-list-of-set-iff [simp]: list-of {0<..<k} =[] «+— k = 1 if k>0 for
k:nat
using atLeastSucLessThan-greaterThanLessThan that by fastforce
show thesis — proof of main result
proof
have inj: inj-on (Ai. list-of (Jj<ka. RF j 1)) {..<m}
proof (clarsimp simp: inj-on-def)
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fix z y
assume z < m y < m list-of ((Jj<ka. RF j x) = list-of (|Jj<ka. RF jy)
then have eq: (Jj<ka. RF jz) = (Uj<ka. RF jy)
by (simp add: sorted-list-of-set-inject)
show z = y
proof —
obtain n where n: n € RF 0z
using AF-ne QF-0 <0 < k> Inf-nat-def1 <k < ka» by (force simp: RF-def)
with eq <ka > 0)> obtain j’ where j' < kan € RF j' y
by blast
then show ?thesis
using disjoint-QF [of k 0 x j'] n <z < m» <y < m» <ka < Suc ky <0 < k»
by (force simp: RF-def disjnt-iff simp del: QF-0 split: if-split-asm)
qed
qed

define M where M = (\i. list-of (Jj<ka. RF j17)) ‘ {..<m}
have finite M
unfolding M-def by blast
moreover have card M = m
by (simp add: M-def <k < ka» card-image inj)
moreover have M C WW
by (force simp: M-def WW-def)
ultimately show M € [WIW]™
by (simp add: nsets-def)

have sm-RF': strict-mono-sets {..<ka} (\j. RF j i) if i<m for ¢
using sm-QF1 that kka
by (simp add: less-QF RF-def strict-mono-sets-def)

have RF-non-Nil: list-of (RF ji) # [] if j < Suc k for i j
using that by (simp add: RF-def)

have less-RF-same: RF ji' < RF ji
ifi’<ij<kforiij
using that by (simp add: less-QF-same RF-def)

have less-RF-same-k: RF k i’ < RF k ¢ — reversed version for k
ifi<i' i< mfori i
using that by (simp add: less-QF-same RF-def)

show Form | U A list.set (inter-scheme | U) C N if U € [M]? for U
proof —
from that obtain z y where U = {z,y} z € My € M and zy: (z,y) € lenlex
less-than
by (auto simp: lenlez-nsets-2-eq)
let R = Ap. list-of o (Aj. RF j p)
obtain p ¢ where z: x = list-of ((Jj<ka. RF j p)
and y: y = list-of (|Jj<ka. RFjq)and p < mqg<m
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using <z € My <y € M)» by (auto simp: M-def)
then have pq: p<q length z < length y
using zy <k < kay <ka < Suc k> lezl-not-refl [OF irrefl-less-than)
by (auto simp: lenlex-def sm-RF sorted-list-of-set-UN-lessThan length-concat
sum-sorted-list-of-set-map)
have zc: x = concat (map (?R p) (list-of {..<ka}))
by (simp add: x sorted-list-of-set-UN-eq-concat <k < ka) <ka < Suc ky <p <
my sm-RF)
have yc: y = concat (map (?R q) (list-of {..<ka}))
by (simp add: y sorted-list-of-set- UN-eq-concat <k < kar <ka < Suc ky <q <
my sm-RF)
have enum-DF-AF: enum (DF k p) (ka — 1) < hd (list-of (AF k p)) for p
proof (rule less-setsD [OF DF-AF))
show enum (DF k p) (ka — 1) € DF kp
using <ka < Suc k> card-DF finite-DF by (auto simp: finite-enumerate-in-set)
show hd (list-of (AF kp)) € AF kp
using AF-non-Nil finite-AF hd-in-set set-sorted-list-of-set by blast
qed

have less-RF-RF: RFnp < RFn qif n < k for n
using that <p<q> by (simp add: less-RF-same)

have less-RF-Suc: RF n ¢ < RF (Suc n) q if n < k for n
using <q < m» that by (auto simp: RF-def less-QF)

have less-RF-k: RF kg < RF kp
using <q¢ < m» less-RF-same-k «p<q> by blast

have less-RF-k-ka: RF (k—1) p < RF (ka — 1) ¢
using ka-k-or-Suc less-RF-RF
by (metis One-nat-def RF-def <0 < k> <ka — 1 < k» «<p < m» diff-Suc-1

diff-Suc-less less-QF-step)

have Inf-DF-eq-enum: [| (DF k i) = enum (DF k i) 0 for k i

by (simp add: Inf-nat-def enumerate-0)

have Inf-DF-less: [| (DF ki) <[] (DF ki) if i'<i for i’ i k
by (metis DF-ne enum-0-eq-Inf enum-0-eq-Inf-finite enum-DF-less-iff le0
that)
have AF-Inf-DF-less: Nz. x € AF ki =[] (DF ki) <z ifi'<ifori' ik
using less-setsD [OF DF-AF] DF-ne that
by (metis Inf-DF-less Inf-nat-def! dual-order.order-iff-strict dual-order.strict-trans)

show ?thesis — The general case requires I < k, necessitating a painful special
case
proof (cases k=1)
case True
with kka consider ka=1 | ka=2 by linarith
then show ?thesis
proof cases

case I
define zs where zs = card (AF 1 p) # list-of (AF 1 p)
Q@ card (AF 1 q) # list-of (AF 1 q)
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have zs: Form-Body ka k = y zs
proof (intro that exI conjl Form-Body.intros)
show z = concat ([list-of (AF k p)]) y = concat ([list-of (AF k q)])
by (simp-all add: z y 1 lessThan-Suc RF-0)
have AF k p < insert ([| (DF k q)) (AF k q)
by (metis AF-DF DF-ne Inf-nat-defl RF-0 <0 < k» insert-iff less-RF-RF
less-sets-def pq(1))
then have strict-sorted (list-of (AF kp) @[] (DF k q) # list-of (AF k
7))
by (auto simp: strict-sorted-append-iff intro: less-sets-imp-list-less
AF-Inf-DF-less)
moreover have A\z. v € AFkq=1[]| (DFkp) <z
by (meson AF-Inf-DF-less less-imp-le-nat <p < @)
moreover have A\z. x € AF 1 p=-[] (DF 1p)<uz
by (meson DF-AF DF-ne Inf-nat-def1 less-setsD)
ultimately show strict-sorted zs
using <p < ¢ True Inf-DF-less DF-AF DF-ne
by (auto simp: zs-def less-sets-def card-AF AF-Inf-DF-less)
qed (auto simp: <k=1) <ka=1» zs-def AF-ne <length © < length y»)
have zs-N: list.set zs C N
using AF-subset-N by (auto simp: zs-def card-AF Inf-DF-N <k=15)
show ?thesis
proof
have [ = 1
using kka <k=1> <ka=1)> by auto
have Form (2x1—1) {z,y}
using 1 Form.intros(2) True zs by fastforce
then show Form [ U
by (simp add: <U = {z,y}> <l = 1> One-nat-def)
show list.set (inter-scheme [ U) C N
using kka zs zs-N <k=1» Form-Body-imp-inter-scheme by (fastforce
simp: «U = {z,y})
qed
next
case 2 — Still in our painful special case
note True [simp] note 2 [simp]
have [simp]: {0<..<2} = {I:nat}
by auto

have enum-DF1-eq: enum (DF 1 i) 1 = card (AF 1) + card (RF 1 4)
if i < m for ¢
using card-AF-sum that by (simp add: One-nat-def)
have card-RF: card (RF 1 i) = enum (DF 14) 1 — enum (DF 114) 0 if i
< m for i
using that by (auto simp: RF-def card-QF del-def)
have list-of-AF-RF: list-of (AF 1 ¢ U RF 1 q) = list-of (AF 1 q) Q list-of
(RF 1q)
by (metis One-nat-def RF-0 True <0 < k> finite-RF less-RF-Suc
sorted-list-of-set-Un)
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define zs where zs = card (AF 1 p) # (card (AF 1 p) + card (RF 1 p))
# list-of (AF 1 p)
Q@ (card (AF 1 q) + card (RF 1 q)) # list-of (AF 1 q) Q list-of (RF
1 q) Q list-of (RF 1 p)
have zs: Form-Body ka k = y zs
proof (intro that exI conjl Form-Body.intros)
have = = list-of (RF 0 p U RF 1 p)
by (simp add: x eval-nat-numeral lessThan-Suc RF-0 Un-commute
One-nat-def)
also have ... = list-of (RF 0 p) Q list-of (RF 1 p)
using RF-def True <p < m» less-QF-step
by (metis QF-0 RF-0 diff-self-eq-0 finite-RF' le-refl sorted-list-of-set-Un
zero-less-one)
finally show = = concat ([list-of (AF 1 p),list-of (RF 1 p)])
by (simp add: RF-0)

have x: i € AF1qVi€ RF1qV i€ RF1p=— enum (DF 1q) 1
< ¢ for ¢
using True card-DF finite-enumerate-in-set[OF finite-DF)
by (metis AF-ne DF-AF One-nat-def RF-0 RF-non-Nil finite-RF' lessI
less-RF-Suc less-RF-k less-setsD
less-sets-trans sorted-list-of-set.sorted-key-list-of-set-eq-Nil-iff)

show y = concat [list-of (RF 1 ¢ U AF 1 q)]
by (simp add: y eval-nat-numeral lessThan-Suc RF-0 One-nat-def)
show zs: zs = concat [[card (AF 1 p), card (AF 1 p) + card (RF 1 p)],
list-of (AF 1 p),
[card (AF 1 q) + card (RF 1 q)], list-of (RF 1 qU AF
1 q)] Q interact [list-of (RF 1 p)] ||
using list-of-AF-RF by (simp add: zs-def Un-commute)

show strict-sorted zs
proof (simp add: <p<m> <q<m> p<q> zs-def strict-sorted-append-iff,
intro conjl strip)
show 0 < card (RF 1 p)
using «p<m> by (simp add: card-RF card-DF finite-DF')
show G1I1: card (AF 1 p) < card (AF 1 q) + card (RF 1 q)
by (simp add: Inf-DF-less card-AF <p<gq> trans-less-add1)
show card (AF 1p) <z
ifre AF1pU(AF1qU(RF1qURF1p))forx
using that <¢ < m» *
by (metis (no-types) order-refl AF-Inf-DF-less Un-iff G1 card-AF
order.strict-trans enum-DF1-eq that)
show G2: card (AF 1 p) + card (RF' 1 p) < card (AF 1 q) + card (RF
1q)

le-refl)

using (p < ¢ «(p < m» <q < my by (metis enum-DF1-eq enum-DF-less-iff

show card (AF 1 q) + card (RF 1 q) < z
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ifz € AF1qU(RF1qURF1p)forz
using that <¢ < m» * enum-DF1-eq by force
then show card (AF 1 p) + card (RF' 1 p) < x
ifre AF1pU (AF 1 qU (RF1qU RF 1p)) for x
using that <p < m» finite-enumerate-in-set[OF finite-DF
by (metis DF-AF G2 Un-iff card-DF dual-order.strict-trans enum-DF1-eq
lessI less-setsD)
have list-of (AF 1 p) < list-of {enum (DF 1 q) 1}
proof (rule less-sets-imp-sorted-list-of-set)
show AF 1 p < {enum (DF 1 q) 1}
by (metis AF-DF card-DF empty-subsetl finite-DF finite-enumerate-in-set
insert-subset
less-Suc-eq less-sets-weaken? <p<q»)
qed auto
then show list-of (AF 1 p) < (card (AF 1 q) + card (RF 1 q)) #
list-of (AF 1 q) Q list-of (RF 1 q) Q list-of (RF 1 p)
using <q < m) by (simp add: less-list-def enum-DF1-eq)
have list-of (AF 1 q) < list-of (RF 1 q)
by (metis One-nat-def RF-0 True <0 < k> finite-RF' less-RF-Suc
less-sets-imp-sorted-list-of-set)
then show list-of (AF 1 q) < list-of (RF 1 q) @ list-of (RF 1 p)
using RF-non-Nil by (auto simp: less-list-def)
show list-of (RF 1 q) < list-of (RF 1 p)
using True finite-RF less-RF-k less-sets-imp-sorted-list-of-set by metis
qed
show [list-of (AF 1 p), list-of (RF 1 p)] € lists (— {[]})
using RF-non-Nil <0 < k> by (auto simp: zs-def AF-ne)
show [card (AF 1 q) + card (RF 1 q)] = acc-lengths 0 [list-of (RF 1 q
U AF 1 q)]
using list-of-AF-RF by (auto simp: zs-def AF-ne sup-commute)
qged (auto simp: zs-def AF-ne «length x < length y»)
have zs-N: list.set zs C N
using <p < m) <¢ < m> DF-in-N enum-DF1-eq [symmetric]
by (auto simp: zs-def card-AF AF-subset-N RF-subset-N Inf-DF-N)
show ?thesis
proof
have Form (2x1) {z,y}
by (metis 2 Form.simps Suc-1 True zero-less-one 2s)
with kka show Form | U
by (simp add: <U = {z,y}>)
show list.set (inter-scheme l U) C N
using kka zs zs-N <k=1» Form-Body-imp-inter-scheme by (fastforce
simp: «U = {z, y}»)
qed
qed
next
case Fulse
then have k£ > 2 ka > 2
using kka <k>0> by auto
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then have k-minus-1 [simp]: Suc (k — Suc (Suc 0)) = k — Suc 0
by auto
have [simp]: Suc (k — 2) = k—1
using <k > 2» by linarith
define PP where PP = map (R p) (list-of {0<..<ka})
define QQ where QQ = map (?R q) (list-of {0<..<k—1}) Q ([list-of (RF
(k=1) qU RF (ka—1) q)])
let 2INT = interact PP QQ
— No separate sets A and B as in the text, but instead we treat both cases
as once
have [simp]: length PP = ka — 1
by (simp add: PP-def)
have [simp]: length QQ = k—1
using <k > 2» by (simp add: QQ-def)

have PP-n: PP ! n = list-of (RF (Suc n) p)
if n < ka—1 for n
using that kka by (auto simp: PP-def nth-sorted-list-of-set-greater ThanLess Than)

have QQ-n: QQ ! n = (if n < k—2 then list-of (RF (Suc n) q)
else list-of (RF (k—1) ¢ U RF (ka — 1) q))
ifn < k—1 for n
using that kka by (auto simp: QQ-def nth-append nth-sorted-list-of-set-greaterThanLess Than)

have QQ-n-same: QQ ! n = list-of (RF (Suc n) q)
if n < k—1 k=ka for n
using that kka Suc-diff-Suc
by (fastforce simp: One-nat-def QQ-def nth-append nth-sorted-list-of-set-greater ThanLess Than)

have split-nat-interval: {0<..<n} = insert (n—1) {0<.<n—1} if n > 2
for n::nat
using that by auto
have split-list-interval: list-of {0<..<n} = list-of {0<..<n—1} Q [n—1] if n
> 2 for n::nat
proof (intro sorted-list-of-set-unique [THEN iffD1] conjl)
have list-of {0<..<n — 1} < [n — 1]
by (auto intro: less-sets-imp-list-less)
then show strict-sorted (list-of {0<..<n — 1} @ [n — 1])
by (auto simp: strict-sorted-append-iff)
qed (use <n > 2> in auto)

have list-of-RF-Un: list-of (RF (k—1) ¢ U RF k q) = list-of (RF (k—1) q)
@ list-of (RF k q)
by (metis Suc-diff-1 <0 < k> finite-RF lessI less-RF-Suc sorted-list-of-set-Un)

have card-AF-sum-QQ: card (AF k q) + sum-list (map length QQ) =
(3> j<ka. card (RF j q))
proof (cases ka = Suc k)
case True

100



have RF (k—1) ¢ N RF k ¢ = {}
using less-RF-Suc [of k—1] <k > 0> by (auto simp: less-sets-def)
then have card (RF (k—1) ¢ U RF k q) = card (RF (k—1) q) + card
(REk q)
by (simp add: card-Un-disjoint)
then show ?thesis
using <k>2> g < m»
apply (simp add: QQ-def True flip: RF-0)
apply (simp add: lessThan-k split-nat-interval sum-sorted-list-of-set-map)
done
next
case Fulse
with kka have ka=Fk by linarith
with <k>2> show ?thesis by (simp add: QQ-def lessThan-k split-nat-interval
sum-sorted-list-of-set-map flip: RF-0)
qged

define LENS where LENS = \i. acc-lengths 0 (list-of (AF k i) # map
(2R @) (list-of {0<..<ka}))
have LENS-subset-N: list.set (LENS i) C N if ¢ < m for i
proof —
have eq: (list-of (AF ki) # map (?R i) (list-of {0<..<ka})) = map (?R
i) (list-of {..<ka})
using RF-0 <0 < kay sorted-list-of-set-k by auto
let ?f = rec-nat [card (AF k)] (Anr. r Q [(]j<Suc n. card (RF j1))])
have f: acc-lengths 0 (map (?R i) (list-of {..v})) = ?f v for v
by (induction v) (auto simp: RF-0 acc-lengths-append sum-sorted-list-of-set-map)
have 3: list.set (?fv) C N if v < k for v
using that
proof (induction v)
case (
have card (AF ki) € N
by (metis DF-N DF-ne Inf-nat-defl card-AF subsetD)
with 0 show ?case by simp
next
case (Suc v)
then have enum (DF k i) (Suc v) € N
by (metis DF-N card-DF finite-enumerate-in-set finite-DF in-mono
le-imp-less-Suc)
with Suc < < m) show ?case
by (simp del: sum.atMost-Suc)
ged
show ?thesis
unfolding LENS-def
by (metis 3 Suc-pred’ <0 < ka) <ka — 1 < k> eq f lessThan-Suc-atMost)
qed
define LENS-QQ where LENS-QQ = acc-lengths 0 (list-of (AF k q) #

QQ)
have LENS-QQ-subset: list.set LENS-QQ C list.set (LENS q)
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proof (cases ka = Suc k)
case True
with (¢ > 2) show “thesis
unfolding QQ-def LENS-QQ-def LENS-def
by (auto simp: list-of-RF-Un split-list-interval acc-lengths-append)
next
case Fulse
then have ka=Fk
using kka by linarith
with <k > 2 show ?thesis
by (simp add: QQ-def LENS-QQ-def LENS-def split-list-interval)
qed
have ss-INT': strict-sorted ?INT
proof (rule strict-sorted-interact-I)
fix n
assume n < length QQ
then have n: n < k—1
by simp
haven =%k - 2if ~n<k - 2
using n that by linarith
moreover have list-of (RF (Suc (k — 2)) p) < list-of (RF (k—1) q U
RF (ka — 1) q)
by (auto simp: less-sets-imp-sorted-list-of-set less-sets-Un2 less-RF-RF
less-RF-k-ka <0 < k»)
ultimately show PP ! n < QQ ! n
using <k < ka) n by (auto simp: PP-n QQ-n less-sets-imp-sorted-list-of-set
less-RF-RF)
next
fix n
have V: [Suc n < ka — 1] = list-of (RF (Suc n) q) < list-of (RF (Suc
(Suc n)) p) for n
by (smt RF-def Suc-lel <ka — 1 < k> <¢ < m» diff-Suc-1 finite-RF
less-QF-step less-le-trans less-sets-imp-sorted-list-of-set nat-neq-iff zero-less-Suc)
have RF (k — 1) ¢ < RFkp
by (metis One-nat-def REF-non-Nil Suc-pred <0 < k» finite-RF lessl
less-RF-Suc less-RF-k less-sets-trans sorted-list-of-set-eq-Nil-iff )
with kka have RF (k—1) q U RF (ka — 1) ¢ < RF kp
by (metis less-RF-k One-nat-def less-sets-Unl antisym-conv2 diff-Suc-1
le-less-Suc-eq)
then have VI: list-of (RF (k—1) ¢ U RF (ka — 1) q) < list-of (RF k p)
by (rule less-sets-imp-sorted-list-of-set) auto
assume Suc n < length PP
with <ka < Suc ky VI
show QQ ! n < PP ! Sucn
apply (clarsimp simp: PP-n QQ-n V)
by (metis One-nat-def Suc-1 Suc-lessl add.right-neutral add-Suc-right
diff-Suc-Suc ka-k-or-Suc less-diff-conv)
next
show PP € lists (— {[|})

102



using RF-non-Nil kka
by (clarsimp simp: PP-def) (metis RF-non-Nil less-le-trans)
show QQ € lists (— {[|})
using RF-non-Nil kka
by (clarsimp simp: QQ-def) (metis RF-non-Nil Suc-pred <0 < k> less-Sucl
One-nat-def)
qed (use kka PP-def QQ-def in auto)
then have ss-QQ: strict-sorted (concat QQ)
using strict-sorted-interact-imp-concat by blast

obtain zs where zs: Form-Body ka k x y zs and zs-N: list.set zs C N
proof (intro that exI conjl Form-Body.intros [OF <length x < length y»])
show z = concat (list-of (AF k p) # PP)
using <ka > 0> by (simp add: PP-def RF-0 zc sorted-list-of-set-k)
let ?YR = (map (list-of o (Aj. RF j q)) (list-of {0<..<ka}))
have concat ?YR = concat QQ
proof (rule strict-sorted-equal [OF ss-QQ)])
show strict-sorted (concat ?YR)
proof (rule strict-sorted-concat-1, simp-all)
fix n
assume 0: Suc n < ka — Suc 0
then have Suc n < k
by (metis One-nat-def <ka — 1 < k> less-le-trans)
then show list-of (RF (list-of {0<..<ka} ! n) q) < list-of (RF (list-of
{0<..<ka} ! Suc n) q)
by (simp add: Suc-lessD 0 less-RF-Suc less-sets-imp-sorted-list-of-set
nth-sorted-list-of-set-greater ThanLess Than)
next
show ?YR € lists (— {[]})
using RF-non-Nil <ka < Suc k» by (auto simp: mem-lists-non-Nil)
qed auto
show list.set (concat ?YR) = list.set (concat QQ)
using ka-k-or-Suc
proof
assume ka = k
then show list.set (concat (map (list-of o (Aj. RF j q)) (list-of
{0<..<ka}))) = list.set (concat QQ)
using <k>2» by simp (simp add: split-nat-interval QQ-def)
next
assume ka = Suc k
then show list.set (concat (map (list-of o (Aj. RF j q)) (list-of
{0<..<ka}))) = list.set (concat QQ)
using <k>2» by simp (auto simp: QQ-def split-nat-interval)
qed
qed
then show y = concat (list-of (AF k q) # QQ)
using <ka > 0> by (simp add: RF-0 yc sorted-list-of-set-k)
show list-of (AF k p) # PP € lists (— {[]}) list-of (AF k q) # QQ € lists
(= {0
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using RF-non-Nil kka by (auto simp: AF-ne PP-def QQ-def eq-commute

lof 1)
show list.set ((LENS p Q@ list-of (AF' k p) @ LENS-QQ Q list-of (AF k
q) @ ?INT)) C N
using AF-subset-N RF-subset-N LENS-subset-N <p < my <q¢ < m»
LENS-QQ-subset
by (auto simp: subset-iff PP-def QQ-def)
show length (list-of (AF k p) # PP) = ka length (list-of (AF k q) # QQ)
=k
using <0 < ka> <0 < k> by auto
show LENS p = acc-lengths 0 (list-of (AF k p) # PP)
by (auto simp: LENS-def PP-def)
show strict-sorted (LENS p Q list-of (AF k p) @ LENS-QQ @ list-of (AF
k q) @ ?INT)
unfolding strict-sorted-append-iff
proof (intro conjl ss-INT)
show LENS p < list-of (AF k p) @ LENS-QQ Q list-of (AF k q) @
?INT
using AF-non-Nil [of k p] <k < ka> <ka < Suc ky <p < my card-AF-sum
enum-DF-AF
by (simp add: enum-DF-AF less-list-def card-AF-sum LENS-def
sum-sorted-list-of-set-map
del: acc-lengths.simps)
show strict-sorted (LENS p)
unfolding LENS-def
by (rule strict-sorted-acc-lengths) (use RF-non-Nil AF-non-Nil kka in
cauto simp: in-lists-conv-set»)
show strict-sorted LENS-QQ
unfolding LENS-QQ-def QQ-def
by (rule strict-sorted-acc-lengths) (use RF-non-Nil AF-non-Nil kka in
cauto simp: in-lists-conv-set))
have last-AF-DF: last (list-of (AF kp)) <[] (DFk q)
using AF-DF [OF «p < ¢, of k] AF-non-Nil [of k p] DF-ne [of k q]
by (metis Inf-nat-def1 finite-AF last-in-set less-sets-def set-sorted-list-of-set)
then show list-of (AF k p) < LENS-QQ Q list-of (AF k q) @ ?INT
by (simp add: less-list-def card-AF LENS-QQ-def)
show LENS-QQ < list-of (AF k q) Q@ ?INT
using AF-non-Nil [of k ¢] <¢ < m> card-AF-sum enum-DF-AF
card-AF-sum-QQ
by (auto simp: less-list-def AF-ne hd-append card-AF-sum LENS-QQ-def)
show list-of (AF k q) < 2INT
proof —
have AFkq< RF 1p
using <0 < k» <p < m» <¢ < m» by (simp add: RF-def less-QF flip:
QF-0)
then have last (list-of (AF k q)) < hd (list-of (RF 1 p))
proof (rule less-setsD)
show last (list-of (AF k q)) € AF k ¢
using AF-non-Nil finite-AF last-in-set set-sorted-list-of-set by blast
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show hd (list-of (RF 1 p)) € RF1p
by (metis One-nat-def RF-non-Nil <0 < k> finite-RE hd-in-set
not-less-eq set-sorted-list-of-set)
qed
with <k > 0> <ka > 2> RF-non-Nil show ?thesis
by (simp add: One-nat-def hd-interact less-list-def sorted-list-of-set-greater ThanLess Than
PP-def QQ-def)
qed
qed auto
qed (auto simp: LENS-QQ-def)
show ?thesis
proof (cases ka = k)
case True
then have | = 2xk—1
by (simp add: kka(3) mult-2)
then show ?thesis
by (metis One-nat-def Form.intros(2) Form-Body-imp-inter-scheme True
0 < ky «U = {x, yp» kka zs zs-N)
next
case Fulse
then have | = 2xk
using kka by linarith
then show ?thesis
by (metis One-nat-def False Form.intros(3) Form-Body-imp-inter-scheme
0 < kb «U ={z, yp antisym kka le-SucE zs zs-N)
qged
qed
qed
qed
qed

3.11 Larson’s Lemma 3.8
3.11.1 Primitives needed for the inductive construction of b
definition IJ where IJ = \k. Sigma {..k} (Mj=nat. {..<j})

lemma IJ-iff: uw € IJ k +— (3ji. u = (j,i) A i<j A j<k)
by (auto simp: IJ-def)

lemma finite-1J: finite (IJ k)
by (auto simp: IJ-def)

fun prev where
prev 0 0 = None
| prev (Suc 0) 0 = None
| prev (Suc j) 0 = Some (j, j — Suc 0)
| prev j (Suc i) = Some (34,i)

lemma prev-eq-None-iff: prevji = None «— j < Suc 0 N i =0
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by (auto simp: le-Suc-eq elim: prev.elims)

lemma prev-pair-less:

prev j i = Some ji' = (ji’, (j,i)) € pair-less

by (auto simp: pair-lessI1 elim: prev.elims)
lemma prev-Some-less: [prev j i = Some (j',i"); i < j] = i’ < j'
by (auto elim: prev.elims)

lemma prev-mazimal:
[prev j i = Some (§',i"); (ji", (4,i)) € pair-less; ji'"" € IJ k]
= (ji", (j',i")) € pair-less V ji"" = (j',i’)
by (force simp: IJ-def pair-less-def elim: prev.elims)

lemma pair-less-prev:
assumes (u, (j,i)) € pair-less u € IJ k
shows prev j i = Some u V (. (u, z) € pair-less N\ prev j i = Some )
using assms
proof (cases prev j i)
case None
then show ?thesis
using assms by (force simp: prev-eq-None-iff pair-less-def IJ-def split: prod.split)
next
case (Some a)
then show ?thesis
by (metis assms prev-maximal prod.exhaust-sel)
qged

3.11.2 Special primitives for the ordertype proof

definition USigma :: ‘a set set = (‘a set = 'a set) = 'a set set
where USigma A B =|JXeA. Jy € B X. {insert y X}

definition usplit
where usplit f A = f (A — {Maz A}) (Maz A)

lemma USigma-empty [simp]: USigma {} B = {}
by (auto simp: USigma-def)

lemma USigma-iff:
assumes A\Ij. I €T = I < JI A finite I
shows z € USigma T J +— usplit M j. I €e I Nje JI Nz =1insertjl)x
proof —
have [simp]: NIj. [I € I; j € JI| = Max (insert jI) = j
by (meson Max-insert2 assms less-imp-le less-sets-def)
show ?thesis
proof —
have § j¢ Iif IeZTje JlforIj
using that by (metis assms less-irrefl less-sets-def)
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have 31e€Z. JjeJ 1. x = insert j I
if v — {Maz z} € T and Maz z € J (z — {Maz z})  # {}
using that by (metis Maz-in assms infinite-remove insert-Diff)
then show ?thesis
by (auto simp: USigma-def usplit-def §)
qed
qed

proposition ordertype-append-image-1J:
assumes lenB [simp]: Nij. i € T = j € Ji = length (Bj) = ¢
and AB: N\ij.i €T = jeJi=— Ai<Bj
and IJ: \i.i € T = i < J i A finite i
and 8: A\i. i € T = ordertype (B ‘ J i) (lenlex less-than) = 8
and A: inj-on AT
shows ordertype (usplit (\ij. A i @Q B j) ‘ USigma I J) (lenlex less-than)
= B * ordertype (A ‘T) (lenlex less-than)
(is ordertype ?AB ?R = - % %)
proof (cases T = {})
case Fulse
have Ord
using (8 False wf-Ord-ordertype by fastforce
show ?thesis
proof (subst ordertype-eq-iff)
define split where split = A::nat list. (take (length | — ¢) I, (drop (length | —
c) 1))
have oB: ordermap (B ‘Ji) YR (Bj)C Bif <i e D) <j € Ji» for ij
using [ less-TC-iff that by fastforce
then show Ord (f * %)
by (intro «Ord B> wf-Ord-ordertype Ord-mult; simp)
define f where f = \u. let (x,y) = split u in let i = inv-into T A z in
B = ordermap (AT) ?R x + ordermap (B‘J i) ?R y
have inv-into-IA [simp]: inv-into T A (A i) =i if i € T for {
by (simp add: A that)
show 3 f. bij-betw f ?AB (elts (8 * 2a)) N (Vz€?AB. Vye?AB. (fz < fy) =
((z, y) € ?R))
unfolding bij-betw-def
proof (intro exI conjl strip)
show inj-on f ?AB
proof (clarsimp simp: f-def inj-on-def split-def USigma-iff 1J usplit-def)
fix zy
assume §: § x ordermap (A ‘Z) ?R (A (x — {Maz z})) + ordermap (B *
J (z — {Maz z})) ?R (B (Maz x))
= B x ordermap (A ‘I) ?R (A (y — {Max y})) + ordermap (B ‘J
(y — {Maz y})) 7R (B (Mas 9))
and z: x — {Maz z} €T
and y: y — {Maz y} € Z
and mz: Maz z € J (z — {Maz z})
and z = insert (Maz ) ©
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and my: Maz y € J (y — {Maz y})
have ordermap (AZ) ?R (A (v — {Max z})) = ordermap (AZT) ?R (A (y
— {Maz y}))
and B-eq: ordermap (B “J (z — {Max z})) ?R (B (Max x)) = ordermap
(B*J (y — {Maz y})) 2R (B (Mas ))
using mult-cancellation-lemma [OF §] oB mxz my x y by blast+
then have A (z — {Maz z}) = A (y — {Maz y})
using z y by auto
then have © — {Maz z} = y — {Maz y}
by (metis z y inv-into-IA)
then show A (z — {Maz z}) = A (y — {Mazx y}) AN B (Maz z) = B (Max

y)
using B-eq mx my by auto
qed
show [ 2AB = elts (8 * %)
proof

show f ¢ 2AB C elts (8 * %)
using «Ord 5>
apply (clarsimp simp add: f-def split-def USigma-iff 1J usplit-def)
by (metis TC-small 8 add-mult-less image-eql ordermap-in-ordertype
trans-1lt wf-Ord-ordertype wf-1it)
show elts (8 * %a) C f ¢ ?AB
proof (clarsimp simp: f-def split-def image-iff USigma-iff IJ usplit-def Bex-def
elim!: elts-multE split: prod.split)
fix v
assume 0: § € elts § and : v € elts %o
have v € ordermap (A ‘I) (lenlex less-than) ‘A ‘T
by (meson v ordermap-surj subset-iff)
then obtain ¢ where ¢ € 7 and yv: v = ordermap (AZ) ?R (A 1)
by blast
have 0 € ordermap (B ‘ J i) (lenlex less-than) ‘B “ J i
by (metis (no-types) 8§ «<i € I in-mono ordermap-sury)
then obtain j where j € J i and zu: § = ordermap (B‘J ©) ?R (B j)
by blast
then have mji: Mazx (insert j i) = j
by (meson IJ Max-insert2 «i € I» less-imp-le less-sets-def)
have [simp]: i — {j} =i
using IJ i € T» j € J 0> less-setsD by fastforce
show 31. (3K. K — {Maxr K} € T AN Max K € J (K — {Maz K}) N K
= insert (Mazx K) K A
l=A (K —{Mazx K}) QB (Max K)) NB*x~v+ 6§ =
B *
ordermap (A ‘T) ?R (take (length | — ¢) 1) +
ordermap (B ¢ J (inv-into T A (take (length | — ¢) 1)))
?R (drop (length Il — ¢) 1)
proof (intro conjl exI)
let 2ji = insert j i
show A i Q Bj= A (%i — {Maz ?ji}) Q@ B (Mazx %ji)
by (auto simp: mji)
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qed (use i € Iy j € J i» mji zu yv in auto)
qged
qed
next
fix pq
assume p € YAB and ¢q € ?AB
then obtain z y where peq: p = A (z — {Maz z}) @ B (Maz x)
and geq: ¢ = A (y — {Maz y}) @ B (Maz y)
and 2: ¢ — {Max 2z} € T
and y: y — {Maz y} € Z
and mz: Maz z € J (z — {Maz z})
and my: Mazy € J (y — {Maz y})
by (auto simp: USigma-iff IJ usplit-def)
let ?mz = x — {Maz z}
let #my = y — {Max y}
show (fp < fq) «— ((p, 9) € ?R)
proof
assume fp < fgq
then
consider ordermap (AZ) ?R (A (z — {Maz z})) < ordermap (AZ) 7R (A
(y — {Maz y}))
| ordermap (AT) ?R (A (x — {Mazx z})) = ordermap (AT) ?R (A (y —
{Maz y})
ordermap (B‘J (x — {Max z})) ?R (B (Max z)) < ordermap (B‘J (y —
{Maz y})) ?R (B (Maz y))
using z y mz my
by (auto dest: mult-cancellation-less simp: f-def split-def peq qeq 0B)
then have (A ?mz Q B (Maz x), A ?my Q B (Maz y)) € ?R
proof cases
case I
then have (A ?mz, A ?my) € ?R
using z y by (force simp: Ord-mem-iff-lt intro: converse-ordermap-mono)
then show ?thesis
using = y mxz my lenB lenlex-appendl by blast
next
case 2
then have A ?mx = A my
using «?my € Iy «?mx € I» by auto
then have eq: ?mz = ?my
by (metis <?my € I» «?mz € I» inv-into-IA)
then have (B (Maz z), B (Maz y)) € 7R
using mz my 2 by (force simp: Ord-mem-iff-It intro: converse-ordermap-mono)
with 2 show #thesis
by (simp add: eq irrefl-less-than)
qed
then show (p,q) € 7R
by (simp add: peq geq f-def split-def sorted-list-of-set-Un AB)
next
assume pgR: (p,q) € ?R
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then have §: (A ?mz Q@ B (Maz z), A ?my @Q B (Maz y)) € ?R
using peq qeq by blast
then consider (A Ymz, A ?my) € R | A ?mx = A ?my A (B (Maz z), B
(Maz y)) € ?R
proof (cases (A ?mxz, A ?my) € ?R)
case Fulse
have False if (A ?my, A ?mz) € ?R
by (metis <?my € T» «?mz € T> § «(Maz y) € J ?my> «((Maz z) € J
?mx> lenB lenlex-appendl omega-sum-1-less order.asym that)
then have A ?mz = A ?my
by (meson False UNIV-I total-llt total-on-def)
then show ?thesis
using § irrefl-less-than that by auto
qed (use that in blast)
then have ( x ordermap (AT) ?R (A ?mz) + ordermap (B‘J ?mz) ?R (B
(Maz x))
< B x ordermap (AT) ?R (A ?my) + ordermap (B‘J ?my) ?R (B
(Maz 1))
proof cases
case 1
show ?thesis
proof (rule add-mult-less-add-mult)
show ordermap (AT) (lenlex less-than) (A ?mz) < ordermap (AT)
(lenlex less-than) (A ?my)
by (simp add: 1 «?my € I» «?mx € I» ordermap-mono-less)
show Ord (ordertype (AT) ?R)
using wf-Ord-ordertype by blast
show ordermap (B ‘J ¢mz) ?R (B (Maz x)) € elts
using Ord-less-TC-mem «Ord By «?mx € I) «(Maz z) € J ?mz> oB
by blast
show ordermap (B “J ?my) R (B (Maz y)) € elts 3
using Ord-less-TC-mem <Ord B> «?my € T> «(Max y) € J ?my> oB
by blast
qed (use «?my € I» <?mx € I» <Ord /> in auto)
next
case 2
with «?mz € 7> show %thesis
using «((Maz y) € J my> «(Maz z) € J ?mx> ordermap-mono-less
by (metis (no-types, opaque-lifting) Kirby.add-less-cancel-left TC-small
image-iff inv-into-IA trans-llt wf-l1lt y)
qed
then show fp < fgq
using «?my € T» «?mz € T» «(Maz y) € J ?my> «(Maz z) € J ?mz>
by (auto simp: peq qeq f-def split-def AB)
qed
qed
qed auto
qed auto
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3.11.3 The final part of 3.8, where two sequences are merged

inductive merge :: [nat list list,nat list list,nat list list,nat list list] = bool
where NullNull: merge [| [] 1] []
| Null: as # [| = merge as [| [concat as] []
| App: [as1 # [J; bs1 # [|;
concat asl < concat bsl; concat bsl < concat as2; merge as2 bs2 as
bs]
= merge (as1Qas2) (bs1@Qbs2) (concat asl # as) (concat bsl # bs)

inductive-simps Nulll [simp]: merge [] bs us vs
inductive-simps Null2 [simp]: merge as [] us vs

lemma merge-single:

[concat as < concat bs; concat as # [|; concat bs # [|]] = merge as bs [concat
as] [concat bs]

using merge. App [of as bs [] []]

by (fastforce simp: less-list-def)

lemma merge-lengthl-nonempty:
assumes merge as bs us vs as € lists (— {[]})
shows us € lists (— {[]})
using assms by induction (auto simp: mem-lists-non-Nil)

lemma merge-length2-nonempty:
assumes merge as bs us vs bs € lists (— {[]})
shows vs € lists (— {[]})
using assms by induction (auto simp: mem-lists-non-Nil)

lemma merge-length1-gt-0:
assumes merge as bs us vs as # ||
shows length us > 0
using assms by induction auto

lemma merge-length-le:
assumes merge as bs us vs
shows length vs < length us
using assms by induction auto

lemma merge-length-le-Suc:
assumes merge as bs us vs
shows length us < Suc (length vs)
using assms by induction auto

lemma merge-length-less2:
assumes merge as bs us vs
shows length vs < length as
using assms

proof induction

case (App asl bsl as2 bs2 as bs)
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then show ?case
using length-greater-0-conv [of asl] by (simp, presburger)
qed auto

lemma merge-preserves:
assumes merge as bs us vs
shows concat as = concat us N\ concat bs = concat vs
using assms by induction auto

lemma merge-interact:
assumes merge as bs us vs strict-sorted (concat as) strict-sorted (concat bs)
bs € lists (— {[]})
shows strict-sorted (interact us vs)
using assms
proof induction
case (App asl bsl as2 bs2 as bs)
then have bs: concat bs1 < concat bs concat bsl < concat as
and nonmt: concat bsl # ]
using merge-preserves strict-sorted-append-iff by fastforce+
then have concat bs1 < interact as bs
unfolding less-list-def using App bs
by (metis (no-types, lifting) Un-iff concat-append hd-in-set last-in-set merge-preserves
set-interact sorted-wrt-append strict-sorted-append-iff)
with App show ?case
by (metis append-in-lists-conv concat-append hd-append2 interact.simps(3)
less-list-def strict-sorted-append-iff nonmit)
qged auto

lemma acc-lengths-mergel :
assumes merge as bs us vs
shows list.set (acc-lengths k us) C list.set (acc-lengths k as)
using assms
proof (induction arbitrary: k)
case (App asl bsl as2 bs2 as bs)
then show ?case
apply (simp add: acc-lengths-append strict-sorted-append-iff length-concat-acc-lengths)
by (simp add: le-supI2 length-concat)
qed (auto simp: length-concat-acc-lengths)

lemma acc-lengths-merge2:
assumes merge as bs us vs
shows list.set (acc-lengths k vs) C list.set (acc-lengths k bs)
using assms
proof (induction arbitrary: k)
case (App asl bsl as2 bs2 as bs)
then show ?case
apply (simp add: acc-lengths-append strict-sorted-append-iff length-concat-acc-lengths)
by (simp add: le-supI2 length-concat)
qed (auto simp: length-concat-acc-lengths)
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lemma length-hd-le-concat:

assumes as # || shows length (hd as) < length (concat as)

by (metis (no-types) add.commute assms concat.simps(2) le-add?2 length-append
list.exhaust-sel)

lemma length-hd-merge2:
assumes merge as bs us vs
shows length (hd bs) < length (hd vs)
using assms by induction (auto simp: length-hd-le-concat)

lemma merge-less-sets-hd:
assumes merge as bs us vs strict-sorted (concat as) strict-sorted (concat bs) bs
€ lists (— {[1})
shows list.set (hd us) < list.set (concat vs)
using assms
proof induction
case (App asl bsl as2 bs2 as bs)
then have §: list.set (concat bsl) < list.set (concat bs2)
by (force simp: dest: strict-sorted-imp-less-sets)
have «: list.set (concat asl) < list.set (concat bs1)
using App by (metis concat-append strict-sorted-append-iff strict-sorted-imp-less-sets)
then have list.set (concat asl) < list.set (concat bs)
using App § less-sets-trans merge-preserves
by (metis List.set-empty append-in-lists-conv le-zero-eq length-0-conv length-concat-ge)
with x App.hyps show Zcase
by (fastforce simp: less-sets-UNI less-sets-UN2 less-sets-Un2)
qed auto

lemma set-take While:
assumes strict-sorted (concat as) as € lists (— {[]})
shows list.set (takeWhile (Az. © < y) as) = {z € list.set as. z < y}
using assms
proof (induction as)
case (Cons a as)
have a < y
if a: a < concat as strict-sorted a strict-sorted (concat as) z < yz # [] © €
list.set as
for z
proof —
have §: last © € list.set (concat as)
using set-concat that by fastforce
have last a < hd (concat as)
using Cons.prems that by (auto simp: less-list-def)
also have ... < hd y if y # |]
using that a
by (meson § order.strict-trans less-list-def not-le sorted-hd-le strict-sorted-imp-sorted)
finally show ?%thesis
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by (simp add: less-list-def)
qed
then show ?case
using Cons by (auto simp: strict-sorted-append-iff)
qed auto

proposition merge-exists:
assumes strict-sorted (concat as) strict-sorted (concat bs)
as € lists (— {[]}) bs € lists (— {[]})
hd as < hd bs as # [] bs # ||
and disj: Na b. [a € list.set as; b € list.set bs] = a<b V b<a
shows Jus vs. merge as bs us vs
using assms
proof (induction length as + length bs arbitrary: as bs rule: less-induct)
case (less as bs)
obtain asi as2 bsl bs2
where A: asl # [] bsl # [] concat asl < concat bsl concat bsl < concat as2
and B: as = as1@Qas2 bs = bs1@Qbs2 and C: bs2 =[] V (as2 # [| A hd as2
< hd bs2)
proof
define as! where as! = takeWhile (Az. © < hd bs) as
define as2 where as2 = dropWhile (Az. © < hd bs) as
define bs! where bs! = if as2=][] then bs else take While (Azx. x < hd as2) bs
define bs2 where bs2 = if as2=[| then [| else dropWhile (Az. z < hd as2) bs

have asl: asl = takeWhile (Az. last x < hd (hd bs)) as

using less.prems by (auto simp: asl-def less-list-def cong: take While-cong)
have as2: as2 = dropWhile (Az. last x < hd (hd bs)) as

using less.prems by (auto simp: as2-def less-list-def cong: drop While-cong)

have hd-as2: as2 # [| = — hd as2 < hd bs
using as2-def hd-drop While by metis
have hd-bs2: bs2 # [| = — hd bs2 < hd as2
using bs2-def hd-drop While by metis
show asl # |]
by (simp add: asl-def less.prems take While-eq-Nil-iff )
show bs1 # []

by (metis as2 bs1-def hd-as2 hd-in-set less.prems(7) less.prems(8) set-drop WhileD

take While-eq-Nil-iff)
show bs2 =[] V (as2 # || A hd as2 < hd bs2)
by (metis as2-def bs2-def hd-bs2 less.prems(8) list.set-sel(1) set-drop WhileD)
have AB: list.set A < list.set B
if A € list.set asl B € list.set bs for A B
proof —
have A € list.set as
using that by (metis asl set-take WhileD)
then have sorted A
by (metis concat.simps(2) concat-append less.prems(1) sorted-append
split-list-last strict-sorted-imp-sorted)
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moreover have sorted (hd bs)
by (metis concat.simps(2) hd-Cons-tl less.prems(2) less.prems(7) strict-sorted-append-iff
strict-sorted-imp-sorted)
ultimately show ?thesis
using that less.prems
apply (clarsimp simp add: as1-def set-take While less-list-iff-less-sets less-sets-def)
by (metis (full-types) UN-I hd-concat less-le-trans list.set-sel(1) set-concat
sorted-hd-le strict-sorted-imp-sorted)
qed
show as = aslQas2
by (simp add: as1-def as2-def)
show bs = bs1@Qbs2
by (simp add: bs1-def bs2-def)
have list.set (concat asl) < list.set (concat bsl)
using AB set-takeWhileD by (fastforce simp: asl-def bsi-def less-sets-UN1
less-sets-UN2)
then show concat asl < concat bsl
by (rule less-sets-imp-list-less)
have list.set (concat bsl) < list.set (concat as2) if as2 # ||
proof (clarsimp simp add: bsi-def less-sets-UN1 less-sets-UN2 set-take While
less.prems)
fix A B
assume A € list.set as2 B € list.set bs B < hd as2
with that show list.set B < list.set A
using hd-as2 less.prems(1,2)
apply (clarsimp simp add: less-sets-def less-list-def)
apply (auto simp: as2-def)
apply (simp flip: as2-def)
by (smt (verit, ccfv-SIG) UN-I <as = asl Q as2> concat.simps(2) con-
cat-append hd-concat in-set-conv-decomp-first le-less-trans less-le-trans set-concat
sorted-append sorted-hd-le sorted-le-last strict-sorted-imp-sorted that)
qed
then show concat bs1 < concat as2
by (simp add: bs1-def less-sets-imp-list-less)

qed
obtain cs ds where merge as2 bs2 cs ds
proof (cases as2 =[] V bs2 = [])

case True

then show thesis

using that C NullNull Null by metis
next

have {: length as2 + length bs2 < length as + length bs
by (simp add: A B)

case Fulse

moreover have strict-sorted (concat as2) strict-sorted (concat bs2)
as?2 € lists (— {[]}) bs2 € lists (— {[]})
Na b. [a € list.set as2; b € list.set bs2] = a < bV b < a
using B less.prems strict-sorted-append-iff by auto

ultimately show Zthesis
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using C'less.hyps [OF {| False that by force
qed
then obtain cs where merge (as! @ as2) (bs! Q bs2) (concat asl # cs) (concat
bsl # ds)
using A merge.App by blast
then show ?case
using B by blast
qed

3.11.4 Actual proof of Larson’s Lemma 3.8

proposition lemma-3-8§:
assumes infinite N
obtains X where X C WW ordertype X (lenlex less-than) = wiw
Au. v € [X]? =
31. Formlu A (I > 0 — [enum N I] < inter-scheme | u A List.set
(inter-scheme [ u) C N)
proof —
let ?LL = lenlex less-than
define bf where bf = AM q. wfrec pair-less (Af (j,1).
let R = (case prev j i of None = M | Some u = snd (f
u))

in grab R (q 7 1))

have bf-rec: bf M q (j,i) =
(let R = (case prev j i of None = M | Some u = snd (bf M q u))
in grab R (qji)) for M qji
by (subst (1) bf-def) (simp add: Let-def wfrec bf-def cut-apply prev-pair-less
cong: conj-cong split: option.split)

have infinite (snd (bf M q u)) = infinite M A fst (bf M q u) C M A snd (bf M
qgu) € M for Mqu
using wf-pair-less
proof (induction u rule: wf-induct-rule)
case (less u)
then show ?case
proof (cases u)
case (Pair j 1)
with less.IH prev-pair-less show ?thesis
apply (simp add: bf-rec [of M q j i] split: option.split)
using fst-grab-subset snd-grab-subset by blast
qed
qed
then have infinite-bf [simp]: infinite (snd (bf M q u)) = infinite M
and bf-subset: fst (bf M qu) C M A snd (bf M qu) C M for M qu
by auto

have bf-less-sets: fst (bf M q ij) < snd (bf M q ) if infinite M for M q ij
using wf-pair-less
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proof (induction ij rule: wf-induct-rule)
case (less u)
then show ?case
by (metis bf-rec finite-grab-iff infinite-bf less-sets-grab prod.exhaust-sel that)
qed

have card-fst-bf: finite (fst (bf M q (j,i))) A card (fst (bf M q (4,4))) = q j i if
infinite M for M ¢ j i
by (simp add: that bf-rec [of M q j i] split: option.split)

have bf-cong: bf M qu = bf M ¢’ u
if snd u < fst u and eq: Ay z. [2<y; y<fstu] = ¢’ yz =qyzfor M qq’ u
using wf-pair-less that
proof (induction u rule: wf-induct-rule)
case (less u)
show ?case
proof (cases u)
case (Pair j 1)
with less.prems show ?Zthesis
proof (clarsimp simp add: bf-rec [of M - j i] split: option.split)
fix j’ i’
assume *: prev j ¢ = Some (j',i')
then have *x: ((j/, i), u) € pair-less
by (simp add: Pair prev-pair-less)
moreover have i’ < j’
using Pair less.prems by (simp add: prev-Some-less [OF x))
moreover have Az y. [ < y; y <j] = ¢ yvr=qyz
using *x less.prems by (auto simp: pair-less-def Pair)
ultimately show grab (snd (bf M q (j',i"))) (¢ j i) = grab (snd (bf M q’
i) (a7 )
using less.IH by auto
qed
qed
qed

define ediff where ediff = A\D:: nat = nat set. Aj i. enum (D j) (Suc i) — enum
(D) i
define F' where F = Al (dl,a0::nat set,b0::nat x nat = nat set,M).
let (d,Md) = grab (nzt M (enum N (Suc (2 * Suc l)))) (Suc ) in
let (a,Ma) = grab Md (Min d) in
let Gb = bf Ma (ediff (di(l := d))) in
let dI’ = di(l := d) in
(dl’, a, fst o Gb, snd (Gb(l, I—1)))
define DF where DF = rec-nat (Mi€{..<0}. {}, {}, Ap. {}, N) F
have DF-simps: DF 0 = (Aie{..<0}. {}, {}, Ap. {}, N)
DF (Sucl) = F 1 (DF ) for |
by (auto simp: DF-def)
note cut-apply [simp]
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have inf [rule-format]: ¥ dl al bl L. DF' | = (dl,al,bl,L) — infinite L for |
by (induction 1) (auto simp: DF-simps F-def Let-def grab-eqD infinite-nztN
assms split: prod.split)

define ¥ where
U = \(dl, a, b, M). Al::nat.
dll < aAcarda >0 N
(Vji<l. card (dlj) = Suc j) N a < | (range b) A range b C Collect finite
VAN
a C N A U (range b) C N A infinite M A b(l,l—-1) < M AN M C N
have U-DF: ¥ (DF (Suc 1)) [ for |
proof (induction 1)
case 0
show ?case
using assms
apply (clarsimp simp add: bf-rec F-def DF-simps V-def split: prod.split)
apply (drule grab-egD, blast dest: grab-eqD infinite-natN)+
apply (auto simp: less-sets-UN2 less-sets-grab card-fst-bf elim!: less-sets-weaken?2)
apply (metis card-1-singleton-iff Min-singleton greater Than-iff insertl1 le0
nat-subset-greater Than subsetD)
using nzt-subset snd-grab-subset bf-subset by blast+
next
case (Suc )
then show ?case
using assms
unfolding Let-def DF-simps(2)[of Suc l] F-def U-def
apply (clarsimp simp add: bf-rec DF-simps split: prod.split)
apply (drule grab-eqD, metis grab-eqD infinite-nztN)+
apply (safe, simp-all add: less-sets-UN2 less-sets-grab card-fst-bf card-Suc-eq-finite)
apply (meson less-sets-weaken?2)
apply (metis Min-in grOI greaterThan-iff insert-not-empty le-inf-iff
less-asym nxt-def subsetD)
apply (meson bf-subset less-sets-weaken?2)
apply (meson nat-subset subset-eq)
apply (meson bf-subset nxt-subset subset-eq)
using bf-rec infinite-bf apply force
using bf-less-sets bf-rec apply force
by (metis bf-rec bf-subset nat-subset subsetD)
qed

define d where d = A\k. let (dk,ak,bk,M) = DF(Suc k) in dk k
define a where a = Ak. let (dk,ak,bk,M) = DF(Suc k) in ak
define b where b = A\k. let (dk,ak,bk,M) = DF(Suc k) in bk
define M where M = M\k. let (dk,ak,bk,M) = DF k in M

have infinite-M [simp]: infinite (M k) for k
by (auto simp: M-def inf split: prod.split)

have M-Suc-subset: M (Suc k) C M k for k
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apply (clarsimp simp add: Let-def M-def F-def DF-simps split: prod.split)
by (metis bf-subset in-mono nat-subset snd-conv snd-grab-subset)

have Inf-M-Suc-ge: Inf (M k) < Inf (M (Suc k)) for k
by (simp add: M-Suc-subset cInf-superset-mono infinite-imp-nonempty)

have Inf-M-telescoping: {Inf (M k)..} C {Inf (M k')..} if k": k'<k for k k'
using that Inf-nat-defl infinite-M unfolding Inf-nat-def atLeast-subset-iff
by (metis M-Suc-subset finite.emptyl le-less-linear lift-Suc-antimono-le not-less-Least
subsetD)

have d-eq: d k = fst (grab (nzt (M k) (enum N (Suc (2 * Suc k)))) (Suc k)) for
k
by (simp add: d-def M-def Let-def DF-simps F-def split: prod.split)
then have finite-d [simp]: finite (d k) for k
by simp
then have d-ne [simp]: d k # {} for k
by (metis card.empty card-grab d-eq infinite-M infinite-natN nat.distinct(1))
have a-eq: AM. a k = fst (grab M (Min (d k))) A infinite M for k
apply (simp add: a-def d-def M-def Let-def DF-simps F-def split: prod.split)
by (metis fst-conv grab-eqD infinite-nztN local.inf)
then have card-a: card (a k) = Inf (d k) for k
by (metis cInf-eq-Min card-grab d-ne finite-d)

have d-eq-dl: d k = dl k if (dl,a,b,P) = DF lk < lfor kldlab P
using that
by (induction 1 arbitrary: dl a b P) (simp-all add: d-def DF-simps F-def Let-def
split: prod.split-asm prod.split)

have card-d [simp): card (d k) = Suc k for k
by (auto simp: d-eq infinite-nztN )

have d-ne [simp]: d j # {} and a-ne [simp]: a j # {}
and finite-d [simp]: finite (d j) and finite-a [simp]: finite (a j) for j
using U-DF [of j] by (auto simp: VU-def a-def d-def card-gt-0-iff split: prod.split-asm)

have da: d k < a k for k
using VU-DF [of k] by (simp add: U-def a-def d-def split: prod.split-asm)

have ab-same: a k < | (range(b k)) for k
using U-DF [of k] by (simp add: V-def a-def b-def M-def split: prod.split-asm)

have snd-bf-subset: snd (bf M r (j,i)) C snd (bf M r (§',i"))
if ji: ((j',¢)), (j,9)) € pair-less (j',i") € 1IJ k
for Mrkijiji
using wf-pair-less ji

proof (induction rule: wf-induct-rule [where a= (j,7)])
case (less u)
show ?case
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proof (cases u)
case (Pair j 1)
then consider prev j i = Some (j/, i’) |  where ((j/, i), z) € pair-less prev
ji= Somezx
using less.prems pair-less-prev by blast
then show ?thesis
proof cases
case 2 with less.IH show ?thesis
unfolding bf-rec Pair
by (metis in-mono option.simps(5) prev-pair-less snd-grab-subset subset]
that(2))
qged (simp add: Pair bf-rec snd-grab-subset)
qed
qed

have less-bf: fst (bf M r (§',i")) < fst (bf M r (j,i))
if ji: ((4',1)), (4,1)) € pair-less (j',i") € IJ k and infinite M
for Mrkijiji
proof —
consider prev j i = Some (', i’) | 7" i" where ((j/, i'), (j",i")) € pair-less
prev j i = Some (j",i")
by (metis pair-less-prev ji prod.ezhaust-sel)
then show ?thesis
proof cases
case I
then show ?thesis
using bf-less-sets bf-rec less-sets-fst-grab <infinite M»> by force
next
case 2
then have fst (bf M r (§',i)) < snd (bf M r (5",i"))
by (meson bf-less-sets snd-bf-subset less-sets-weaken2 that)
with 2 show ?Zthesis
using bf-rec bf-subset less-sets-fst-grab <infinite M> by auto
qed
qed

have aM: a k < M (Suc k) for k
apply (clarsimp simp add: a-def M-def DF-simps F-def Let-def split: prod.split)
by (meson bf-subset grab-eqD infinite-natN less-sets-weaken?2 local.inf)
then have a k < a (Suc k) for k
by (metis IntE card-d card.empty d-eq da fst-grab-subset less-sets-trans less-sets-weaken2
nat.distinct(1) nat-def subsetl)
then have aa: a j < a k if j<k for k j
by (meson UNIV-I a-ne less-sets-imp-strict-mono-sets strict-mono-sets-def that)
then have ab: a k' < b k (j,7) if k'<k for k k' j i
by (metis a-ne ab-same le-less less-sets-UN2 less-sets-trans rangel that)
have db: d j < b k (j,i) if j<k for k j i
by (meson a-ne ab da less-sets-trans that)
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have bMkk: b k (k,k—1) < M (Suc k) for k
using U-DF [of k]
by (simp add: V-def b-def d-def M-def split: prod.split-asm)

have b: 3P C M k. infinite P N (Vji. i<j — j<k — b k (j,i) = fst (bf P
(ediff d) (4,7))) for k
proof (clarsimp simp: b-def DF-simps F-def Let-def split: prod.split)
fixaa' d dlob P M M"
assume gr: grab M"' (Min d’) = (a’;, M) grab (nzt P (enum N (Suc (Suc (Suc
(2 % £)))))) (Suc k) = (d', M")
and DF: DF k = (dl, a, bb, P)
have deq: d j = (if j = k then d’ else dl j) if j<k for j
proof (cases j < k)
case True
then show ?thesis by (metis DF d-eq-dl less-not-refl)
next
case Fulse
then show ?thesis
using that DF gr by (auto simp: d-def DF-simps F-def Let-def split: prod.split)
qed
have M'C P
by (metis gr in-mono nat-subset snd-conv snd-grab-subset subsetl)
also have P C M k
using DF by (simp add: M-def)
finally have M' C M k .
moreover have infinite M’
using DF by (metis (mono-tags) finite-grab-iff gr infinite-nztN local.inf
snd-conv)
moreover
have ediff (di(k := d')) ji = ediff d jiif j<k for ji
by (simp add: deq that ediff-def)
then have bf M’/ (ediff (di(k := d"))) (4,7)
= bf M’ (ediff d) (j,i) if i < jj<k for j i
using bf-cong that by fastforce
ultimately show 3 PCM k. infinite P A
Vjii<j—j<k
s gt (of MY (ediff (dih := d)) (i)
= fst (bf P (ediff d) (j,i)))
by auto
qed

have card-b: card (b k (4,7)) = enum (d j) (Suc ©) — enum (d j) i if j<k for k j
i
— there’s a short proof of this from the previous result but it would need 7 < j
proof (clarsimp simp: b-def DF-simps F-def Let-def split: prod.split)
fix di
and a a’ d’: nat set
and bb M M' M"
assume gr: grab M (Min d') = (a’, M) grab (nzt M (enum N (Suc (Suc (Suc
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(2 % ) (Suc k) = (4, M")
and DF: DF k = (dl, a, bb, M)
have d j = (if j = k then d’ else dl j)
proof (cases j < k)
case True
then show %thesis by (metis DF d-eq-dl less-not-refl)
next
case Fulse
then show ?thesis
using that DF gr by (auto simp: d-def DF-simps F-def Let-def split: prod.split)
qed
then show card (fst (bf M’ (ediff (di(k := d"))) (4,7)))
= enum (d j) (Suc i) — enum (d j) ¢
using DF gr card-fst-bf grab-eqD infinite-nxtN local.inf ediff-def by auto
qed

have card-b-pos: card (b k (4,7)) > 0 if i < jj<k for k j{
by (simp add: card-b that finite-enumerate-step)

have b-ne [simp]: bk (j,i) # {}if i < jj<k for kji
using card-b-pos [OF that] less-imp-neq by fastforce+

have card-b-finite [simp]: finite (b k u) for k u
using U-DF [of k] by (fastforce simp: U-def b-def)

have bM: b k (j,i) < M (Suc k) if i<j j<k for i j k
proof —
obtain M’ where M’ C M k infinite M’
and bk: \j i. i<j = j<k = bk (j,i) = fst (bf M' (ediff d) (j.7))
using b by (metis (no-types, lifting))
show ?thesis
proof (cases j=k N i = k—1)
case Fulse
show ?thesis
proof (rule less-sets-trans [OF - bMkk])
show b k (j,0) < bk (k, k—1)
using that <infinite M’y False
by (force simp: bk pair-less-def IJ-def intro: less-bf)
show b k (k, k—1) # {}
using b-ne that by auto
qed
qged (use bMkk in auto)
qed

have b-InfM: |J (range (b k)) C {[1(M k)..} for k
proof (clarsimp simp add: U-def b-def M-def DF-simps F-def Let-def split:
prod.split)
fix r dl :: nat = nat set
and a band d' ' M M’ P and z j' i’ :: nat
assume gr: grab M" (Min d) = (a’, M)
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grab (nat P (enum N (Suc (Suc (Suc (2 * k)))))) (Suc k) = (d', M)

and DF: DF k = (dl, a, b, P)
and z: z € fst (bf M’ (ediff (di(k := d"))) (5, i)

have infinite P
using DF local.inf by blast

then have M’ C P
by (meson gr grab-eqD infinite-natN nat-subset order.trans)

with bf-subset show [| P < z
using Inf-nat-def x le-less-linear not-less-Least by fastforce

qged

have b-Inf-M-Suc: b k (4,i) < {Inf(M (Suc k))} if i<j j<k for k j i
using bMkk [of k| that
by (metis Inf-nat-def1 bM finite.emptyl infinite-M less-setsD less-sets-singleton2)

have bb-same: b k (j',i") < b k (4,1)
if ((4',i), (4,1)) € pair-less (j',i") € IJ k for kjij' i’
using that
unfolding b-def DF-simps F-def Let-def
by (auto simp: less-bf grab-eqD infinite-natN local.inf split: prod.split)

have bb: b k' (j',i") < b k (4,7)
if j: i/ < j'j’<k’and k: k'<k for i i jj' k' k
proof (rule atLeast-less-sets)
show b k' (j/, i') < {Inf(M (Suc k'))}
using Suc-lessD b-Inf-M-Suc nat-less-le j by blast
show b k (j,i) C {Inf(M (Suc k'))..}
by (meson Inf-M-telescoping Suc-lel Unionl b-InfM rangel subset-eq k)
qed

have M-subset-N: M k C N for k
proof (cases k)

case (Suc k')

with U-DF [of k| show ?thesis

by (auto simp: M-def Let-def U-def split: prod.split)

qed (auto simp: M-def DF-simps)
have a-subset-N: a k C N for k

using U-DF [of k] by (simp add: a-def V-def split: prod.split prod.split-asm)
have d-subset-N: d k C N for k

using M-subset-N [of k] d-eq fst-grab-subset nzt-subset by blast
have b-subset-N: b k (j,i) C N for k j i

using U-DF [of k] by (force simp: b-def U-def)

define K:: [nat,nat] = nat set set
where K = \j0 j. nsets {jO0<..} j

have K-finite: finite K and K-card: card K = j if K € K j0 j for K j0 j
using that by (auto simp add: K-def nsets-def)

have KC-enum: j0 < enum Kiif K € K jO0ji < card K for K jO j i
using that by (auto simp: K-def nsets-def finite-enumerate-in-set subset-eq)
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have K-0 [simp]: K k 0 = {{}} for k
by (auto simp: K-def)

have K-Suc: K jO (Suc j) = USigma (K j0 j) (AK. {Maz (insert jO K)<..}) (is
?lhs = ?rhs)
for j jo
proof
show K jO (Suc j) C USigma (K j0 j) (AK. {Maz (insert j0 K)<..})
unfolding K-def nsets-def USigma-def
proof clarsimp
fix K
assume K: K C {j0<..} finite K card K = Suc j
then have Maz K € K
by (metis Maz-in card-0-eq nat.distinct(1))
then obtain ¢ where Maz (insert j0 (K — {Mazx K})) < i K = insert i (K
— {Maz K})
using K
by (simp add: subset-iff) (metis DiffE Mazx.coboundedl insertCI insert-Diff
le-neg-implies-less)
then show 3 LC{jo<..}. finite L A card L = j A (3i€{Max (insert j0 L)<..}.
K = insert i L)
using K
by (metis <Max K € K> card-Diff-singleton-if diff-Suc-1 finite-Diff greater Than-iff
insert-subset)
qed
show ?rhs C K jO (Suc )
by (force simp: K-def nsets-def USigma-def)
qed

define BB where BB = \j0 j K. list-of (a j0 U ({Ji<j. b (enum K i) (j0,i)))
define XX where XX = \j. BBjj ‘K jj

have less-list-of: BB ji K < list-of (b1 (j,7))
ifK: KeKjivVjeK.j<landi<jj<lforjiKI
unfolding BB-def
proof (rule less-sets-imp-sorted-list-of-set)
have \i. i < card K = b (enum K ) (j,i) < bl (j, card K)
using that by (metis K-card K-enum K-finite bb finite-enumerate-in-set
nat-less-le less-le-trans)
then show a j U (|Ji<i. b (enum K i) (4,7)) < b1 (4,%)
using that unfolding K-def nsets-def
by (auto simp: less-sets-Unl less-sets-UN1 ab finite-enumerate-in-set subset-eq)
qed auto
have BB-Suc: BB j0 (Suc j) K = usplit (AL k. BB jO j L @ list-of (b k (j0, j)))
K
if j: j < j0 and K: K € K jO (Suc j) for jO j K
— towards the ordertype proof
proof —
have Kj: K C {jo<..} and [simp]: finite K and cardK: card K = Suc j
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using K by (auto simp: K-def nsets-def)
have KMK: K — {Maz K} € K j0 j
using that by (simp add: K-Suc USigma-iff K-finite less-sets-def usplit-def)
have jO < Maz K
by (metis Kj Maz-in cardK card-gt-0-iff greaterThan-iff subsetD zero-less-Suc)
have MazK: Max K = enum K j
proof (rule Maz-eqI)
fix k
assume k € K
with K cardK show k < enum K j
by (metis «finite K> finite-enumerate-Ex finite-enumerate-mono-iff lel lessI
not-less-eq)
qed (auto simp: cardK finite-enumerate-in-set)
have ene: i<j = enum (K — {enum K j}) i = enum K i for i
using finite-enumerate-Diff-singleton [OF <finite K>] by (simp add: cardK)
have BB j0 (Suc j) K = list-of ((a jO U (Jz<j. b (enum K z) (jO, x))) U b
(enum K j) (j0, 7))
by (simp add: BB-def lessThan-Suc Un-ac)
also have ... = list-of ((a jO U (Ui<j. b (enum K i) (§0, 7)))) @ list-of (b
(enum K j) (j0, 7))
proof (rule sorted-list-of-set-Un)
have b (enum K i) (jO, i) < b (enum K j) (j0, j) if i<j for ¢
using K K-enum bb cardK j le-eq-less-or-eq that by auto
moreover have a j0 < b (enum K j) (jO, 7)
using MaxK <j0 < Max K> ab by auto
ultimately show a jO U (Jz<j. b (enum K z) (jO, z)) < b (enum K j) (jO,

7)
by (simp add: less-sets-Unl less-sets-UNT)

qed (auto simp: finite-Unl)

also have ... = BB j0 j (K — {Maz K}) Q list-of (b (Maz K) (50, j))
by (simp add: BB-def MazK ene)

also have ... = usplit (AL k. BB jO j L @ list-of (b k (50, j))) K
by (simp add: usplit-def)

finally show ?thesis .

qed

have enum-d-0: enum (d j) 0 = Inf (d j) for j
using enum-0-eq-Inf-finite by auto

have Inf-b-less: [](b k' (j',i")) < [1(b k (j,%))
if j: i’ < j'i < jj'<k' j<k and k: k'<k for i i' j j' k' k
using bb [of i’ j' k' k j 1] that b-ne [of i’ ' k'] b-ne [of i j k]
by (simp add: less-sets-def Inf-nat-def1)

have b-ge-k: [] (b k (k, k—1)) > k—1 for k
proof (induction k)

case (Suc k)

show ?case

proof (cases k=0)
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case Fulse
then have [| (b k (k, k — 1)) <[] (b (Suc k) (Suc k, k))
using Inf-b-less by auto
with Suc show ?thesis
by simp
qed auto
qged auto

have b-ge: [ (b k (j,i)) > k—1if k> jj > iforkji

by (metis Inf-b-less Suc-lel b-ge-k diff-Suc-1 lessI not-less that diff-le-mono)
have hd-b: hd (list-of (b k (j,4))) =[] (b k (j,0))

ifi<jj<kforkji

using that by (simp add: hd-list-of cInf-eq-Min)

have b-disjoint-less: b (enum K i) (§0, i) N b (enum K ') (50, i") = {}
if K: K C {jo<..} finite K card K > j0i' < ji < i'j < j0 for ii' jjO K
proof (intro bb less-sets-imp-disjnt [unfolded disjni-def])
show i < j0
using that by linarith
then show jO < enum K ¢
by (meson K finite-enumerate-in-set greaterThan-iff less-imp-le-nat less-le-trans
subsetD)
show enum K i < enum K i’
using K «j < j0» that by auto
qed

have b-disjoint: b (enum K i) (jO, i) N b (enum K i') (jO, i') = {}
if K: K C {j0<..} finite Kcard K > j0i < ji' <ji#1i' j<j0forii jjoK
using that b-disjoint-less inf-commute neq-iff by metis

have otw: ordertype ((Ak. list-of (b k (4,i))) ¢ {Max (insert j K)<..}) ?LL = w
(is ?lhs = -)
fK:KekKjij>iforjik
proof —
have Sucj: Suc (Max (insert j K)) > j
using K-finite that(1) le-Suc-eq by auto
let ?N = {Inf(b k (4,i))| k. Maz (insert j K) < k}
have infN: infinite ?N
proof (clarsimp simp add: infinite-nat-iff-unbounded-le)
fix m
show I3n>m. 3k. n =[] (b k (4,7)) A Maz (insert j K) < k
using b-ge <j > o Sucj

by (metis (no-types, lifting) diff-Suc-1 le-Sucl le-trans less-Suc-eq-le nat-le-linear)

qed

have [simp]: Maz (insert j K) < k +— j < kAN (VaeK. a < k) for k
using that by (auto simp: K-finite)

have ?lhs = ordertype ?N less-than

proof (intro ordertype-eql strip)
have list-of (b k (j,i)) = list-of (b k' (4,7))
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if j <kj<k’ hd (list-of (bk (j,0))) = hd (list-of (b k' (4,7)))
for k k'
by (metis Inf-b-less <i < j» hd-b nat-less-le not-le that)
moreover have 3k’ j’ i’. hd (list-of (b k (j,9))) =[] (b k' (5, i) Ni' < j’
AjGI< k!
if j < k for k
using that <i < j» hd-b less-imp-le-nat by blast
moreover have 3k’ hd (list-of (b k (4,1))) =[] (b k" (j,0)) A j < k' A
(Va€eK. a < k')
ifj<kVaeK. a <k for k
using that K hd-b less-imp-le-nat by blast
moreover have [ ] (b k (4,i)) € hd * (Ak. list-of (b k (j,i))) ¢ {Max (insert j
K)<.}
ifj<kVaeK. a <k fork
using that K by (auto simp: hd-b image-iff)
ultimately
show bij-betw hd ((Mk. list-of (b k (j,7))) ‘ {Maz (insert j K)<..}) {[] (b k
(4,9)) |k. Maz (insert j K) < k}
by (auto simp: bij-betw-def inj-on-def)
next
fix ms ns
assume ms € (Ak. list-of (b k (j,i))) ‘ {Max (insert j K)<..}
and ns € (k. list-of (b k (4,7))) ¢ {Mazx (insert j K)<..}
with that obtain k k' where
ms: ms = list-of (b k (j,i)) and ns: ns = list-of (b k' (j,7))
and j < kj < k’and It-k: VacK. a < k and It-k" VacK. a < k’
by (auto simp: K-finite)
then have len-eq [simp]: length ns = length ms
by (simp add: card-b)
have nz: length ns # 0
using b-ne i < j» <j < k> ns by auto
show (hd ms, hd ns) € less-than <— (ms, ns) € ?LL
proof
assume (hd ms, hd ns) € less-than
then show (ms, ns) € ?LL
using that nz
by (fastforce simp: lenlex-def K-finite card-b intro: hd-lex)
next
assume §: (ms, ns) € ?LL
then have (list-of (b k' (j,i)), list-of (b k (j,i))) ¢ ?LL
using less-asym ms ns omega-sum-1-less by blast
then show (hd ms, hd ns) € less-than
using j < k> «j < k' Inf-b-less [of © j i j] ms ns
by (metis Cons-lenlez-iff § len-eq b-ne card-b-finite diff-Suc-1 hd-Cons-tl hd-b
length-Cons less-or-eq-imp-le less-than-iff linorder-neqE-nat sorted-list-of-set-eq- Nil-iff
that(2))
qed
qed auto
also have ... = w
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using infN ordertype-nat-w by blast
finally show ?thesis .
qed

have otwj: ordertype (BB jO j ‘ K jO j) ?LL = w?j if j < j0 for j j0
using that
proof (induction j) — a difficult proof, but no hints in Larson’s text
case 0
then show ?case
by (auto simp: XX-def)
next
case (Suc j)
then have ih: ordertype (BB j0j ‘K j0j) ?LL=w 1 j
by simp
have j < j0
by (simp add: Suc.prems Suc-leD) ‘
have inj-BB: inj-on (BB j0 j) ([{j0<..}})
proof (clarsimp simp: inj-on-def BB-def nsets-def sorted-list-of-set-Un less-sets-UN2)
fix XY
assume X: X C {j0<..} and V: YV C {jo<..}
and finite X finite Y
and jeq: j = card X
and card Y = card X
and eq: list-of (a 70 U (Ui<card X. b (enum X ©) (j0,7)))
= list-of (a jO U (Ji<card X. b (enum Y i) (j0,7)))
have enumX: An. [n < card X] = j0 < enum X n
using X «<finite X» finite-enumerate-in-set less-imp-le-nat by blast
have enumY: An. [n < card X] = jO < enum Y n
using subsetD [OF Y]
by (metis <card Y = card X «finite Y finite-enumerate-in-set greaterThan-iff
less-imp-le-nat)
have smX: strict-mono-sets {..<card X} (Ai. b (enum X ) (jO, ©))
and smY: strict-mono-sets {..<card X} (Mi. b (enum Y 7) (§0, 7))
using Suc.prems <card Y = card X»> <finite X» <finite Y bb enumX enumY
jeq
by (auto simp: strict-mono-sets-def)

have len-eq: length ms = length ns
if (ms, ns) € list.set (zip (map (list-of o (Ai. b (enum X ©) (4j0,7))) (list-of

{-<n}))

n < card X
for ms ns n
using that
by (induction n rule: nat.induct) (auto simp: card-b enumX enumY)
have concat (map (list-of o (Ai. b (enum X i) (j0, 7))) (list-of {..<card X}))
= concat (map (list-of o (Ai. b (enum Y i) (40, ©))) (list-of {..<card X}))
using eq

(map (list-of o (Ai. b (enum Y 7) (j0,7))) (list-of
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by (simp add: sorted-list-of-set-Un less-sets-UN2 sorted-list-of-set-UN-lessThan
ab enumX enumY smX smY)
then have map-eq: map (list-of o (Mi. b (enum X @) (4O, 7))) (list-of {..<card
X}
= map (list-of o (Ai. b (enum Y i) (j0, 7))) (list-of {..<card X})
by (rule concat-injective) (auto simp: len-eq split: prod.split)
have enum X i = enum Y i if i < card X for i
proof —
have Inf (b (enum X ©) (j0,i)) = Inf (b (enum Y 7) (40,7))
using iffD1 [OF map-eq-conv, OF map-eq] Suc.prems that
by (metis (mono-tags, lifting) card-b-finite comp-apply finite-lessThan
lessThan-iff set-sorted-list-of-set)
moreover have Inf (b (enum X i) (j0,i)) € (b (enum X 7) (j0,7))
Inf (b (enum Y i) (j0,i)) € (b (enum Y i) (j0,i)) i < jO
using Inf-nat-defl Suc.prems b-ne enumX enumY jeq that by auto
ultimately show ?thesis
by (metis Inf-b-less enumX enumY lel nat-less-le that)
qed
then show X = Y
by (simp add: <card Y = card X» <finite X> <finite Y finite-enum-ext)
qed
have BB-Suc”: BB jO (Suc j) X = usplit (AL k. BB j0 j L @ list-of (b k (50,
M x
if X € USigma (K j0 7) (AK. {Mazx (insert jO K)<..}) for X
using that
by (simp add: USigma-iff K-finite less-sets-def usplit-def K-Suc BB-Suc <j <
j0)
have ordertype (BB j0 (Suc j) ‘K jO (Suc j)) ?LL
= ordertype
(usplit (AL k. BB j0 j L @ list-of (b k (40, 7))) ¢ USigma (K jO j) (AK.
{Maz (insert jO K)<..})) ?LL
by (simp add: BB-Suc’ K-Suc)

also have ... = w * ordertype (BB jO j ‘ K jO j) ?LL
proof (intro ordertype-append-image-1J)
fix L k

assume L € K j0 j and k € {Max (insert jO L)<..}
then have j0 < kand L: NAa. e € L = a < k
by (simp-all add: K-finite)
then show BB j0 j L < list-of (b k (jO, j))
by (simp add: <L € K j0 j5 <j < jO» K-finite less-list-of)
next
show inj-on (BB j0 j) (K jO j)
by (simp add: K-def inj-BB)
next
fix L
assume L: L € K jO j
then show L < {Max (insert j0 L)<..} A finite L
by (simp add: K-finite less-sets-def)
show ordertype ((Ai. list-of (b i (jO, j))) ¢ {Max (insert jO L)<..}) ?LL = w
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using L Suc.prems Suc-le-lessD otw by blast
qed (auto simp: K-finite card-b)
also have ... = w 1 ord-of-nat (Suc j)
by (simp add: oexp-mult-commute ih)
finally show ?case .
qed

define seqs where seqs = A\j0 j K. list-of (a jO) # (map (list-of o (Ai. b (enum
K i) (j0.7))) (list-of {..<j}))

have length-segs [simp]: length (segqs jO j K) = Suc j for jO j K
by (simp add: seqs-def)

have BB-eq-concat-seqs: BB j0 j K = concat (segs j0 j K)
and segs-ne: seqs j0 j K € lists (— {[|})
if K: K e Kj0jand j < jo for K jj0
proof —
have jO: Ni. i < card K = j0 < enum K i and le-j0: card K < j0
using finite-enumerate-in-set that unfolding K-def nsets-def by fastforce+
show BB j0 j K = concat (seqs jO j K)
using that unfolding BB-def KC-def nsets-def seqs-def
by (fastforce simp: jO ab bb less-sets-UN2 sorted-list-of-set-Un
strict-mono-sets-def sorted-list-of-set-UN-lessThan)
have b (enum K i) (40, i) # {} if i < card K for ¢
using j0 le-j0 less-le-trans that by simp
moreover have card K = j
using K K-card by blast
ultimately show segs j0 j K € lists (— {[|})
by (clarsimp simp: seqs-def) (metis card-b-finite sorted-list-of-set-eq-Nil-iff)
qed

have BB-decomp: Jcs. BB j0 j K = concat cs A c¢s € lists (— {[]})
if K: K € Kj0jand j < jo for K jj0
using BB-eq-concat-seqs seqs-ne K that(2) by blast

have a-subset-M: a k C M k for k
apply (clarsimp simp: a-def M-def DF-simps F-def Let-def split: prod.split-asm)
by (metis (no-types) fst-conv fst-grab-subset nxt-subset snd-conv snd-grab-subset
subsetD)
have ba-Suc: b k (j,i) < a (Suck)ifi<jj<kforijk
by (meson a-subset-M bM less-sets-weaken2 nat-less-le that)
have ba: bk (jyi) < arifi<jj<kk<rforijkr
by (metis Suc-lessl a-ne aa ba-Suc less-sets-trans that)

have disjnt-ba: disjnt (b k (j,i)) (ar)ifi<jj<kforijkr
by (meson ab ba disjnt-sym less-sets-imp-disjnt not-le that)

have bb-disjnt: disjnt (b k (4,7)) (b1 (r,q))
ifg<ri<jj<kr<lj<rforijqrkl
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proof (cases k=)
case True
with that show ?Zthesis
by (force simp: pair-less-def 1J-def intro: bb-same less-sets-imp-disjnt)
next
case Fulse
with that show ?Zthesis
by (metis bb less-sets-imp-disjnt disjnt-sym nat-neg-iff’)
qed

have sum-card-b: (3 i<j. card (b (enum K i) (jO, ©))) = enum (d j0) j — enum
(d j0) 0
if K: K C {j0<..} finite K card K > j0 and j < jO for jO j K
using «j < jO»
proof (induction j)
case (
then show ?case
by auto
next
case (Suc j)
then have j < card K
using that(3) by linarith
have dis: disjnt (b (enum K 7) (50, 7)) (Ui<j. b (enum K i) (jO, 7))
unfolding disjoint- UN-iff
by (meson Suc.prems b-disjoint-less disjnt-def disjnt-sym less Than-iff less-Suc-eq
that)
have j0-less: jO0 < enum K j
using K (j < card K» by (force simp: finite-enumerate-in-set)
have (> i<Suc j. card (b (enum K 7) (40, 7)))
= card (b (enum K j) (50, j)) + (O i<j. card (b (enum K 7) (jO, ©)))
by (simp add: lessThan-Suc card-Un-disjnt [OF - - dis))

also have ... = card (b (enum K j) (j0, j)) + enum (d jO) j — enum (d jO) 0
using «Suc j < jO» by (simp add: Suc.IH split: nat-diff-split)
also have ... = enum (d jO) (Suc j) — enum (d jO) 0

using j0-less Suc.prems card-b less-or-eq-imp-le by force
finally show ?case .
qged

have card-UN-b: card (|Ji<j. b (enum K i) (jO, i)) = enum (d j0) j — enum (d
j0) 0
if K: K C {j0<..} finite K card K > j0 and j < j0 for jO j K
using that by (simp add: card-UN-disjoint sum-card-b b-disjoint)

have len-BB: length (BB jj K) = enum (d j) j
ifK: KeKjjand j<jforjK
proof —
have dis-ab: A\i. i < j = disjnt (a j) (b (enum K i) (j,7))
using K KC-card K-enum ab less-sets-imp-disjnt nat-less-le by blast
show ?thesis
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using K unfolding BB-def K-def nsets-def
by (simp add: card-UN-b card-Un-disjnt dis-ab card-a cInf-le-finite finite-enumerate-in-set
enum-0-eg-Inf-finite)
qed

have d k < d (Suc k) for k
by (metis aM a-ne d-eq da less-sets-fst-grab less-sets-trans less-sets-weaken2
nxt-subset)
then have dd: d k' < d kif k' < k for k' k
by (meson UNIV-I d-ne less-sets-imp-strict-mono-sets strict-mono-sets-def that)

show thesis
proof
show (|J (range XX)) C WW
by (auto simp: XX-def BB-def WW-def)
show ordertype (IJ (range XX)) (LL) = w T w
using otwj by (simp add: XX-def ordertype-ww)
next
fix U
assume U: U € [J (range XX)]?
then obtain z y where Ueq: U = {z,y} and len-zy: length x < length y
by (auto simp: lenlez-nsets-2-eq lenlex-length)

show 31. Form Il U A (0 < | — [enum N ] < inter-scheme | U A list.set
(inter-scheme | U) C N)
proof (cases length © = length y)
case True
then show ?thesis
using Form.intros(1) U Ueq by fastforce
next
case Fulse
then have xy: length © < length y
using len-zy by auto
obtain j r K L where K: K € K jjand zeq: x = BB jj K and ne: BB j j
K#BBrrlL
and L: Le K rrand yeq: y= BBrr L
using U by (auto simp: Ueq XX-def)
then have length © = enum (d j) j length y = enum (d r) r
by (auto simp: len-BB)
then have j < r
using xy dd
by (metis card-d finite-enumerate-in-set finite-d lessI less-asym less-setsD
linorder-neqE-nat)
then have aj-ar: a j < ar
using aa by auto
have Ksub: K C {j<..} and finite K card K > j
using K by (auto simp: K-def nsets-def)
have Lsub: L C {r<..} and finite L card L > r
using L by (auto simp: K-def nsets-def)
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have enumK: enum K i > jif i < j for ¢
using K K-card K-enum that by blast
have enumL: enum L i > r if i < r for i
using L K-card K-enum that by blast
have list.set (acc-lengths w (seqs 50 j K)) C (+) w “ d jO
if K: K C {j0<..} finite K card K > jO and j < jO for jO j K w
using <j < j0»
proof (induction j arbitrary: w)
case ()
then show ?case
by (simp add: seqs-def Inf-nat-defl card-a)
next
case (Suc j)
let ?db =11 (djO) + (> i<j. card (b (enum K i) (§0,7))) + card (b (enum
K j) (j0.4)))
have j0 < enum K j
by (meson Suc.prems Suc-le-lessD finite-enumerate-in-set greaterThan-iff
le-trans subsetD K)
then have enum (d jO) j > [] (d j0)
using Suc.prems card-d by (simp add: cInf-le-finite finite-enumerate-in-set)
then have ?db = enum (d j0) (Suc j)
using Suc.prems that
by (simp add: cInf-le-finite finite-enumerate-in-set sum-card-b card-b
enum-d-0 jO < enum K j» less-or-eq-imp-le)
then have ?db € d jO
using Suc.prems finite-enumerate-in-set by (auto simp: finite-enumerate-in-set)
moreover have list.set (acc-lengths w (seqs 70 j K)) C (+) w ‘ d j0O
by (simp add: Suc Suc-leD)
then have list.set (acc-lengths (w + [] (d jO))
(map (list-of o (Ai. b (enum K 1) (§0,7))) (list-of {..<j})))
C(+) wdjo
by (simp add: seqs-def card-a subset-insertl)
ultimately show Zcase
by (simp add: seqs-def acc-lengths-append image-iff Inf-nat-def1
sum-sorted-list-of-set-map card-a)
qed
then have acc-lengths-subset-d: list.set (acc-lengths 0 (seqs j0 j K)) C d j0O
if K: K C {j0<..} finite K card K > jO and j < jO for jO j K
by (metis image-add-0 that)

have strict-sorted x strict-sorted y
by (auto simp: xeq yeq BB-def)
have disjnt-zy: disjnt (list.set ) (list.set y)
proof —
have disjnt (a j) (a 1)
using <j < ™ aa less-sets-imp-disjnt by blast
moreover have disjnt (b (enum K i) (4,i)) (a r) if ¢ < j for {
by (simp add: disjnt-ba enumK less-imp-le-nat that)
moreover have disjnt (a j) (b (enum L q) (r,q)) if ¢ < r for ¢
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by (meson disjnt-ba disjnt-sym enumlL less-imp-le-nat that)
moreover have disjnt (b (enum K i) (4,7)) (b (enum L q) (r,q)) if i < j ¢
< rfor igq
by (meson <j < r» bb-disjnt enumK enumlL less-imp-le that)
ultimately show ?thesis
by (simp add: zeq yeq BB-def)
qed
have Jus vs. merge (seqs j j K) (seqs r r L) us vs
proof (rule merge-exists)
show strict-sorted (concat (seqs jj K))
using BB-eg-concat-seqs K <strict-sorted x> weq by auto
show strict-sorted (concat (seqs r r L))
using BB-eq-concat-seqs L <strict-sorted y» yeq by auto
show segs j j K € lists (— {[|}) segs r r L € lists (— {[]})
by (auto simp: K L seqs-ne)
show hd (seqs jj K) < hd (seqs r r L)
by (simp add: aj-ar less-sets-imp-list-less seqs-def)
show seqs jj K # || seqs r v L # ]
using segs-def by blast+
have less-bb: b (enum K i) (j,i) < b (enum L p) (r, p)
if = b (enum L p) (r,p) < b (enum K i) (j,i) and i < jp < r
for ip
by (metis IJ-iff <j < r> bb bb-same enumK enumlL less-imp-le-nat
linorder-neqE-nat pair-lessl1 that)
show u < vV v <u
if u € list.set (seqs jj K) and v € list.set (seqs r r L) for u v
using that enumK enumlL unfolding seqs-def
apply (auto simp: seqs-def aj-ar intro!: less-bb less-sets-imp-list-less)
apply (meson ab ba less-imp-le-nat not-le)+
done
qed
then obtain wus vvs where merge: merge (seqs j j K) (seqs r r L) uwus vvs
by metis
then have uus # []
using merge-length1-gt-0 by (auto simp: seqs-def)
then obtain ul us where us: ul#us = wus
by (metis neq-Nil-conv)
define ku where ku = length (ul#us)
define ps where ps = acc-lengths 0 (ul#tus)
have us-ne: ul#us € lists (— {[]})
using merge-length1-nonempty seqs-ne us merge us K by auto
have zu-eq: © = concat (ul#us)
using BB-eg-concat-seqs K merge merge-preserves us xeq by auto
then have strict-sorted ul
using <strict-sorted x» strict-sorted-append-iff by auto
have u-sub: list.set ps C list.set (acc-lengths 0 (seqs j j K))
using acc-lengths-mergel merge ps-def us by blast
have vvs # ||
using merge BB-eg-concat-seqs L merge-preserves ty yeq by auto
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then obtain v! vs where vs: vi#vs = vus
by (metis neq-Nil-conv)
define kv where kv = length (v1#tvs)
define ¢s where ¢s = acc-lengths 0 (v1#wvs)
have vs-ne: vi#tvs € lists (— {[]})
using L merge merge-length2-nonempty seqs-ne vs by auto
have yv-eq: y = concat (v1#vs)
using BB-eq-concat-seqs L merge merge-preserves vs yeq by auto
then have strict-sorted v1
using «<strict-sorted y» strict-sorted-append-iff by auto
have v-sub: list.set gs C list.set (acc-lengths 0 (seqs r r L))
using acc-lengths-merge2 merge gs-def vs by blast

have ss-concat-jj: strict-sorted (concat (segqs j j K))
using BB-eq-concat-seqs K <strict-sorted x> xeq by auto
then obtain k: 0 < kv kv < ku ku < Suc kv kv < Suc j
using us vs merge-length-le merge-length-le-Suc merge-length-less2 merge

unfolding ku-def kv-def by fastforce

define zs where zs = concat [ps,ul,qs,v1] @ interact us vs
have ss: strict-sorted zs
proof —
have ssp: strict-sorted ps
unfolding ps-def by (meson strict-sorted-acc-lengths us-ne)
have ssq: strict-sorted qs
unfolding ¢s-def by (meson strict-sorted-acc-lengths vs-ne)

have d j < list.set «
using da [of j] db [of j] K K-card K-enum nat-less-le
by (auto simp: zeq BB-def less-sets-Un2 less-sets-UN2)
then have ac-z: acc-lengths 0 (seqs jj K) < x
by (meson Ksub <finite K> <j < card K> acc-lengths-subset-d le-refl
less-sets-imp-list-less less-sets-weakenl)
then have ps < z
by (meson Ksub «d j < list.set x> <finite K> <j < card K» acc-lengths-subset-d
le-refl less-sets-imp-list-less less-sets-weakenl u-sub)
then have ps < ul
by (metis Nil-is-append-conv concat.simps(2) hd-append?2 less-list-def zu-eq)

have d r < list.set y
using da [of r] db [of r] L K-card K-enum nat-less-le
by (auto simp: yeq BB-def less-sets-Un2 less-sets-UN2)
then have acc-lengths 0 (seqs v r L) < y
by (meson Lsub <finite Ly <r < card L> acc-lengths-subset-d le-refl
less-sets-imp-list-less less-sets-weakenl)
then have ¢s < y
by (metis L Lsub K-card «d r < list.set y» <finite L> acc-lengths-subset-d
less-sets-imp-list-less less-sets-weakenl order-refl v-sub)
then have ¢s < v1
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by (metis concat.simps(2) gr-implies-not0 hd-append2 less-list-def list.size(3)
xy yv-eq)

have carda-v1: card (a r) < length v1
using length-hd-merge2 [OF merge] unfolding vs [symmetric] by (simp
add: seqs-def)
have ab-enumK: N\i. i < j = aj < b (enum K i) (j,i)
by (meson ab enumK le-trans less-imp-le-nat)

have ab-enumL: Nq. ¢ < r = aj < b (enum L q) (r,q)
by (meson <j < v ab enumlL le-trans less-imp-le-nat)
then have ay: a j < list.set y
by (auto simp: yeq BB-def less-sets-Un2 less-sets-UN2 aj-ar)

have disjnt-hd-last-K-y: disjnt {hd l..last 1} (list.set y)
if I: | € list.set (seqs j j K) for |
proof (clarsimp simp add: yeq BB-def disjnt-iff Ball-def, intro conjl strip)
fix u
assume u: u < last land hd | < u
with [ consider u < last (list-of (a 7)) hd (list-of (a j)) < u
| ¢ where i<j u < last (list-of (b (enum K ©) (4,7))) hd (list-of (b (enum
K i) (j,i)) < u
by (force simp: seqs-def)
note [-cases = this
then show u ¢ a r
proof cases
case [
then show ?thesis
by (metis a-ne aj-ar finite-a last-in-set leD less-setsD set-sorted-list-of-set
sorted-list-of-set-eq- Nil-iff )
next
case 2
then show ?thesis
by (metis enumK ab ba Inf-nat-defl b-ne card-b-finite hd-b last-in-set
less-asym less-setsD not-le set-sorted-list-of-set sorted-list-of-set-eq-Nil-iff)
qed
fix ¢
assume ¢ < 1
show u ¢ b (enum L q) (r,q)
using [-cases
proof cases
case I
then show ?thesis
by (metis <¢ < r a-ne ab-enumlL finite-a last-in-set leD less-setsD
set-sorted-list-of-set sorted-list-of-set-eq-Nil-iff)
next
case 2
show ?thesis
proof (cases enum K i = enum L q)

136



case True
then show ?thesis
using 2 bb-same |of concl: enum L gjirq) < < u
by (metis IJ-iff b-ne card-b-finite enumK last-in-set leD less-imp-le-nat
less-setsD pair-lessll set-sorted-list-of-set sorted-list-of-set-eq-Nil-iff )
next
case Fulse
with 2 bb enumK enumL show Zthesis
unfolding less-sets-def
by (metis <q¢ < r b-ne card-b-finite last-in-set leD less-imp-le-nat
list.set-sel(1) nat-neq-iff set-sorted-list-of-set sorted-list-of-set-eq-Nil-iff )
qed
qed
qed

have ul-y: list.set ul < list.set y
using vs yv-eq L <strict-sorted y> merge merge-less-sets-hd merge-preserves
seqs-ne ss-concat-jj us by fastforce
have ul-subset-segs: list.set ul C list.set (concat (seqs jj K))
using merge-preserves [OF merge] us by auto

have b k (j,i) < d (Suc k) if j<ki<j for k j i

by (metis bM d-eq less-sets-fst-grab less-sets-weaken2 nxt-subset that)
then have bd: b k (j,i) < d k' if j<ki<jk < k'for kk'ji

by (metis Suc-lessI d-ne dd less-sets-trans that)

have a k < d (Suc k) for k

by (metis aM d-eq less-sets-fst-grab less-sets-weaken? nat-subset)
then have ad: o k < d k' if k<k’ for k k'

by (metis Suc-lessI d-ne dd less-sets-trans that)

have ul < y
by (simp add: ul-y less-sets-imp-list-less)
have n < Inf (d r) if n: n € list.set ul for n
proof —
obtain [ where [: | € list.set (seqs j j K) and n: n € list.set |
using n ul-subset-seqs by auto
then consider | = list-of (a j) | i where | = list-of (b (enum K 1) (j,i))
1<j
by (force simp: seqs-def)
then show ?thesis
proof cases
case [
then show ?thesis
by (metis Inf-nat-def1 <j < r» ad d-ne finite-a less-setsD n set-sorted-list-of-set)
next
case 2
then have hd (list-of (b (enum K 7) (4,7))) = Min (b (enum K 7) (4,7))
by (meson b-ne card-b-finite enumK hd-list-of less-imp-le-nat)
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also have ... < n
using 2 n by (simp add: less-list-def disjnt-iff less-sets-def)
also have f8: n < hd y
using less-setsD that ul-y
by (metis gr-implies-not0 list.set-sel(1) list.size(3) xy)
finally have [ < y
using 2 disjni-hd-last-K-y [OF ]
by (simp add: disjnt-iff) (metis lel less-imp-le-nat less-list-def
list.set-sel(1))
moreover have last (list-of (b (enum K %) (4,i))) < hd (list-of (a 1))
using «I < y» L n by (auto simp: 2yeq BB-eq-concat-seqs seqs-def
less-list-def)
then have enum K i < r
by (metis 2(1) a-ne ab card-b-finite empty-iff finite.emptyl finite-a
last-in-set lel less-asym less-setsD list.set-sel(1) n set-sorted-list-of-set)
moreover have j < enum K i
by (simp add: 2(2) enumK less-imp-le-nat)
ultimately show ¢thesis
using 2 n bd [of j enum K i i r] Inf-nat-def1 less-setsD by force
qed
qged
then have last ul < Inf (d )
using <uus # []> us-ne by auto
also have ... < length v1
using card-a carda-vl by auto
finally have last ul < length v1 .
then have ul < gs
by (simp add: gs-def less-list-def)

have strict-sorted (interact (ul#us) (vI#wvs))
using L «strict-sorted x> <strict-sorted y» merge merge-interact merge-preserves
seqs-ne us vs xu-eq yv-eq by auto
then have strict-sorted (interact us vs) vl < interact us vs
by (auto simp: strict-sorted-append-iff)
moreover have ps < ul @Q gs Q v1 Q interact us vs
using ¢ps < ul» us-ne unfolding less-list-def by auto
moreover have ul < ¢gs @ vl @ interact us vs
by (metis <ul < gs» <vvs # []» acc-lengths-eq-Nil-iff hd-append less-list-def
gs-def vs)
moreover have ¢s < vl Q@ interact us vs
using «gs < vl» us-ne <last ul < length vl> vs-ne by (auto simp:
less-list-def)
ultimately show ?thesis
by (simp add: zs-def strict-sorted-append-iff ssp ssq <strict-sorted ul»
«strict-sorted v1»y)
qed
have ps-subset-d: list.set ps C d j
using K Ksub K-card <finite K> acc-lengths-subset-d u-sub by blast
have ps-less-ul: ps < ul
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by (metis append.assoc concat.simps(2) ss strict-sorted-append-iff zs-def)
have gs-subset-d: list.set qs C d r
using L Lsub K-card <finite L) acc-lengths-subset-d v-sub by blast
have ¢s-less-v1: qs < vl
by (metis append.assoc concat.simps(2) ss strict-sorted-append-iff zs-def)
have FB: Form-Body ku kv = y zs
unfolding Form-Body.simps ku-def kv-def
using ps-def qs-def ss us-ne vs-ne xzu-eq xy yv-eq zs-def by blast
then have zs = (inter-scheme ((ku+kv) — Suc 0) {z,y})
by (simp add: Form-Body-imp-inter-scheme k)
obtain [ where | < 2 x (Suc j) and I: Form | U and zs-eq-interact: zs =
inter-scheme | {x,y}
proof
show ku+kv—1 < 2 % (Suc 7)
using k£ by auto
show Form (ku+kv—1) U
proof (cases ku=kv)
case True
then show ?thesis
using FB Form.simps Ueq <0 < kv» by (auto simp: mult-2)
next
case Fulse
then have ku = Suc kv
using k£ by auto
then show ?thesis
using FB Form.simps Ueq <0 < kv» by auto
ged
show zs = inter-scheme (ku + kv — 1) {z, y}
using Form-Body-imp-inter-scheme by (simp add: FB k)
qed
then have enum N1 < enum N (Suc (2 * Suc 7))
by (simp add: assms less-imp-le-nat)
also have ... < Min (d j)
by (smt (verit, best) Min-gr-iff d-eq d-ne finite-d fst-grab-subset greater Than-iff
in-mono le-inf-iff nxt-def)
finally have Is: {enum NI} < d j
by simp
have | > 0
by (metis | False Form-0-cases-raw Set.doubleton-eq-iff Ueq grOI)
show ?thesis
unfolding Ueq
proof (intro exl conjl impl)
have zs-subset: list.set zs C list.set (acc-lengths 0 (seqs j j K)) U list.set
(acc-lengths 0 (seqs v r L)) U list.set x U list.set y
using u-sub v-sub by (auto simp: zs-def zu-eq yv-eq)
also have ... C N
proof (simp, intro conjl)
show list.set (acc-lengths 0 (seqs jj K)) C N
using d-subset-N Ksub <finite K> <j < card K> acc-lengths-subset-d by
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blast
show list.set (acc-lengths 0 (seqgs r v L)) C N
using d-subset-N Lsub <finite Ly <r < card L> acc-lengths-subset-d by
blast
show list.set © C N list.set y C N
by (simp-all add: xeq yeq BB-def a-subset-N UN-least b-subset-N)
qged
finally show list.set (inter-scheme | {z, y}) C N
using zs-eq-interact by blast
have [enum N ] < ps
using ps-subset-d s
by (metis empty-set less-sets-imp-list-less less-sets-weaken2 list.simps(15))
then show [enum N I] < inter-scheme | {z, y}
by (simp add: zs-def less-list-def ps-def flip: zs-eq-interact)
qged (use Ueq | in blast)
qed
qed
qed

3.12 The main partition theorem for w 1T w

definition iso-ll where iso-ll A B = iso (lenlex less-than N (Ax A)) (lenlex less-than
N (BxB))

corollary ordertype-eq-ordertype-iso-ll:

assumes Field (Restr (lenlex less-than) A) = A Field (Restr (lenlex less-than)
B) =B

shows (ordertype A (lenlex less-than) = ordertype B (lenlex less-than))

+— (3f. iso-ll A B f)

proof —

have total-on A (lenlex less-than) A total-on B (lenlex less-than)

by (meson UNIV-I total-lenlex total-on-def total-on-less-than)

then show ?thesis

by (simp add: assms wf-lenlex lenlex-transl iso-1l-def ordertype-eq-ordertype-iso-Restr)
qed

theorem partition-ww-aux:

assumes « € elts w

shows partn-lst (lenlex less-than) WW [wiw,a] 2 (is partn-lst PR WW [wiw,q]
2)
proof (cases o < 1)

case True

then show ?thesis

using strict-sorted-into- WW unfolding WW-def by (auto intro!l: partn-lst-trivl [where
i—1])
next

case Fulse

obtain m where m: o = ord-of-nat m

using assms elts-w by auto
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then have m>1
using False by auto
show ?thesis
unfolding partn-Ilst-def
proof clarsimp
fix f
assume f: f € [WW]? = {..<Suc (Suc 0)}
let 2P0 = 3X C WW. ordertype X ?R = wiw A f ¢ [XQ]Q c {0}
let P1 =3M C WW. ordertype M R = o A f * [M]* C {1}
have {: ?P0 v ?P1
proof (rule disjCI)
assume notl: -~ ?P1
have 3 W'. ordertype W' ?R = win A f “[W? C {0} A W/ C WW-seg
(nxm) for n::nat
proof —
have fum: f € [WW-seg (nxm)]? — {..<Suc (Suc 0)}
using f WW-seg-subset-WW [of nxm] by (meson in-mono nsets-Pi-contra)
have *: partn-lst R (WW-seg (nxm)) [wln, ord-of-nat m] 2
using ordertype- WW-seg [of nxm]
by (simp add: partn-lst-VWFE-imp-partn-lst [OF Theorem-3-2])
show ?thesis
using partn-lst-E [OF * fnm, simplified]
by (metis One-nat-def WW-seg-subset-WW less-2-cases m notl nth-Cons-0
nth-Cons-Suc numeral-2-eq-2 subset-trans)
qed
then obtain W': nat = nat list set
where otW'" An. ordertype (W' n) ?R = win
and W'’ A\n. f[W'n]? C {0}
and seg-W' An. W' n C WW-seg (nxm)
by metis
define WIW’' where WW’' = ((Jn. W' n)
have WW'C WW
using seg- W' WW-seg-subset-WW by (force simp: WW'-def)
with f have f f € [WW'? = {..<Suc (Suc 0)}
using nsets-mono by fastforce
have ot” ordertype WW' R = wiw
proof (rule antisym)
have ordertype WW' ?R < ordertype WW ?R
by (simp add: <WW' C WW) lenlex-transl ordertype-mono wf-lenlex)
with ordertype-WW
show ordertype WW' ?R < w t w
by simp
have w 1 n < ordertype (U (range W')) ?R for n::nat
using oexp-Limit ordertype-ww otW' by auto
then show w 1T w < ordertype WW' ?R
by (auto simp: elts-w oexp-Limit ZFC-in-HOL.SUP-le-iff WW'-def)
qed
have FR-WW: Field (Restr (lenlex less-than) WW) = WW
by (simp add: Limit-omega-oexp Limit-ordertype-imp-Field-Restr order-
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type-WW)
have FR-WW'. Field (Restr (lenlex less-than) WW') = WW'
by (simp add: Limit-omega-oexp Limit-ordertype-imp-Field-Restr ot’)
have FR-W: Field (Restr (lenlex less-than) (WW-seg n)) = WW-seg n if
n>0 for n
by (simp add: Limit-omega-oexp ordertype- WW-seg that Limit-ordertype-imp-Field-Restr)
have FR-W' Field (Restr (lenlex less-than) (W' n)) = W' n if n>0 for n
by (simp add: Limit-omega-oexp otW' that Limit-ordertype-imp-Field-Restr)
have 3 h. iso-1l (WW-seg n) (W' n) h if n>0 for n
proof (subst ordertype-eq-ordertype-iso-ll [symmetric])

show ordertype (WW-seg n) (lenlex less-than) = ordertype (W' n) (lenlex
less-than)

by (simp add: ordertype-WW-seg ot W)
qed (auto simp: FR-W FR-W' that)
then obtain h-seg where h-seg: An. n > 0 = iso-ll (WW-seg n) (W' n)
(h-seg n)
by metis
define h where h = Al. if =[] then || else h-seg (length I) |

have bij-h-seg: An. n > 0 = bij-betw (h-seg n) (WW-seg n) (W' n)
using h-seg by (simp add: iso-ll-def iso-iff2 FR-W FR-W')
have len-h-seg: length (h-seg (length 1) 1) = length | x m
if length 1 > 01 € WW for |
using bij-betwE [OF bij-h-seg] seg-W' that by (simp add: WW-seg-def
subset-iff )
have hlen: length (h x) = length (h y) +— length © = length y if x € WW y
e WW for z y
using that <1 < m» h-def len-h-seq by force

have h: iso-ll WW WW' h
unfolding iso-ll-def iso-iff2 FR-WW FR-WW'
proof (intro conjl strip)
have W'-ne: W' n # {} for n
using otW' [of n] by auto
then have [| € WW'
using seg-W' [of 0] by (auto simp: WW'-def WW-seg-def)
let ?2g = M. if I=[] then | else inv-into (WW-seg (length | div m)) (h-seg
(length | div m)) 1
have h-seg-iff: An a b. [a € WW-seg n; b € WW-seg n; n>0] =
(a, b) € lenlex less-than <—
(h-seg n a, h-seg n b) € lenlex less-than A h-segn a € W' n
A h-segnbe W'n
using h-seg by (auto simp: iso-ll-def iso-iff2 FR-W FR-W')

show bij-betw h WW WW'
unfolding bij-betw-iff-bijections
proof (intro exI congl balll)
fix [
assume [ € WW
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then have [: | € WW-seg (length 1)
by (simp add: WW-seg-def)
have h | € W' (length 1)
proof (cases I=]])
case True
with seg-W' [of 0] W'-ne show ?thesis
by (auto simp: WW-seg-def h-def)
next
case Fulse
then show ?thesis
using bij-betwkE bij-h-seg h-def | by fastforce
qed
show hle WW'
using WW'-def <h |l € W' (length l)» by blast
show ?g (h 1) =1
proof (cases I=]])
case Fulse
then have length | > 0
by auto
then have h-seg (length 1) | # []
using <1 < m»y <l € WWy len-h-seg by fastforce
moreover have bij-betw (h-seg (length 1)) (WW-seg (length 1)) (W'
(length 1))
using <0 < length > bij-h-seqg by presburger
ultimately show ?thesis
using <l € WW)> bij-betw-inv-into-left h-def | len-h-seq by fastforce
qed (auto simp: h-def)
next
fix [
assume [ € W’
then have [: | € W’ (length | div m)
using WW-seg-def <1 < m) seg-W' by (fastforce simp: WW'-def)
show %9l € WW
proof (cases [=[])
case Fulse
then have [ ¢ W' 0
using WW-seg-def seqg-W' by fastforce
with [ have inv-into (WW-seg (length | div m)) (h-seg (length | div m))
l € WW-seg (length | div m)
by (metis Nat.neq0-conv bij-betwE bij-betw-inv-into bij-h-seg)
then show ?thesis
using False WW-seg-subset-WW by auto
qed (auto simp: WW-def)

show h (%9 1) =1
proof (cases I=]])
case Fulse
then have 0 < length | div m
using WW-seg-def | seg-W' by fastforce
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then have inv-into (WW-seg (length | div m)) (h-seg (length [ div m)) |
€ WW-seg (length | div m)
by (metis bij-betw-imp-surj-on bij-h-seg inv-into-into 1)
then show ?thesis
using bij-h-seg [of length | div m] WW-seg-def <0 < length | div m»
bij-betw-inv-into-right [
by (fastforce simp: h-def)
qed (auto simp: h-def)
qed
fix a b
assume a € WWbe WW
show (a, b) € Restr (lenlex less-than) WW <«— (h a, h b) € Restr (lenlex
less-than) WW'
(is ?lhs = %rhs)
proof
assume L: ?lhs
then consider length a < length b | length a = length b (a, b) € lex
less-than
by (auto simp: lenlez-conv)
then show ?rhs
proof cases
case 1
then have length (h a) < length (h b)
using <1 < m> <a € WW» «<b € WW) h-def len-h-seg by auto
then have (h a, h b) € lenlex less-than
by (auto simp: lenlex-conv)
then show ?thesis
using <a € WW» <b € WW) «bij-betw h WW WW" bij-betwE by
fastforce
next
case 2
then have ab: a € WW-seg (length a) b € WW-seg (length a)
using <a € WW) <b € WW)» by (auto simp: WW-seg-def)
have length (h a) = length (h b)
using 2 <a € WW) <b € WW) h-def len-h-seg by force
moreover have (a, b) € lenlex less-than
using L by blast
then have (h-seg (length a) a, h-seg (length a) b) € lenlex less-than
using 2 ab h-seg-iff by blast
ultimately show ?thesis
using 2 <a € WW» «<b € WW> <bij-betw h WW WW' bij-betwE h-def
by fastforce
qed
next
assume R: ?rhs
then have R": (h a, h b) € lenlex less-than
by blast
then consider length a < length b
| length a = length b (h a, h b) € lex less-than
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using <a € WW) <be WW» «<m > 1»
by (auto simp: lenlez-conv h-def len-h-seg split: if-split-asm)
then show ?lhs
proof cases
case I
then show ?thesis
using omega-sum-less-iff <a € WW» <b € WW)» by auto
next
case 2
then have ab: a € WW-seg (length a) b € WW-seg (length a)
using <a € WW) <b € WW)» by (auto simp: WW-seg-def)
then have (q, b) € lenlex less-than
using bij-betwE [OF bij-h-seg] <a € WW> <b € WW» R’ 2
by (simp add: h-def h-seg-iff split: if-split-asm)
then show %thesis
using <a € WW» «<b € WW) by blast
qed
qed
qed

let fh = f o image h
have bij-betw h WW WW'
using h unfolding iso-ll-def iso-iff2 by (fastforce simp: FR-WW FR-WW')
moreover have {..<Suc (Suc 0)} = {0,1}
by auto
ultimately have fh: 2fh € [WW]? — {0,1}
unfolding Pi-iff using bij-betwE ' bij-betw-nsets by (metis PiE comp-apply)
have f{z,y} = 0 if z € WW'y € WW' length v = length y z # y for z y
proof —
obtain p ¢ where z € W/ pand y € W' q
using WW'-def «<x € WW" «y € WW" by blast
then obtain n where {z,y} € [W' n]?
using seg-W' <1 < m) <length x = length y» «x # y»
by (auto simp: WW'-def WW-seg-def subset-iff)
then show f{z,y} = 0
using f-W' by blast
qed
then have fh-eg-0-eqlen: ?fh{z,y} = 0 if z € WW y € WW length z = length
y x#£y for x y
using <bij-betw h WW WW"s that hlen by (simp add: bij-betw-iff-bijections)
metis
have m-f-0: 3z€[M]?. fz = 0 if M C WW card M = m for M
proof —
have finite M
using False m that by auto
with not! [simplified, rule-format, of M| that
have ﬂwe[M]g. fx# Suco
by (simp add: image-subset-iff finite-ordertype-eq-card m)
with that show ?thesis

145



by (metis PiE [ lessThan-iff less-2-cases nsets-mono numeral-2-eq-2
subset-iff)
qed
have m-fh-0: 3z€[M]?. ?fh z = 0 if M C WW card M = m for M
proof —
have h ‘M C WW
using «WW' C WW» <bij-betw h WW WW'y bij-betwE that(1) by fastforce
moreover have card (h * M) = m
by (metis <bij-betw h WW WW" bij-betw-def bij-betw-subset card-image
that)
ultimately have 3z € [h * M]%. fz = 0
by (metis m-f-0)
then obtain Y where Y: f (h ‘Y) = 0Y C M and finite (h ‘' Y) card
(hY)=2
by (auto simp: nsets-def subset-image-iff)
then have card Y = 2
using «bij-betw h WW WW" <M C WW>
by (metis bij-betw-def card-image inj-on-subset)
with Y card.infinite[of Y] show ?thesis
by (auto simp: nsets-def)
qed

obtain N j where infinite N
and N: Ak u. [k > 0; u € [WW]?; Form k u; [enum N k] < inter-scheme
k u; List.set (inter-scheme k u) C N] = ?fhu=jk
using lemma-3-6 [OF fh] by blast

have infN’: infinite (enum N ‘ {k<..}) for k
by (simp add: <infinite Ny enum-works finite-image-iff infinite-loi strict-mono-imp-inj-on)
have j-0: j k = 0 if k>0 for k
proof —
obtain M where M: M € [WW]™
and MF: \u. u € [M]? = Form k u
and Mi: Au. v € [M]|? = List.set (inter-scheme k u) C enum N °
{k<..}
using lemma-3-7 [OF infN’ <k > 0] by metis
obtain u where u: u € [M]? ?fhu = 0
using m-fh-0 [of M] M [unfolded nsets-def] by force
moreover
have §: Form k u List.set (inter-scheme k u) C enum N ‘ {k<..}
by (simp-all add: MF Mi <u € [M]?)
then have hd (inter-scheme k u) € enum N ‘ {k<..}
using hd-in-set inter-scheme-simple that by blast
then have [enum N k] < inter-scheme k u
using strict-mono-enum [OF (infinite N»] by (auto simp: less-list-def
strict-mono-def)
moreover have u € [WIW]?
using M u by (auto simp: nsets-def)
moreover have enum N ‘ {k<..} C N
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using <infinite N> range-enum by auto
ultimately show ?thesis
using N § that by auto
qed
obtain X where X C WIW and otX: ordertype X (lenlex less-than) = wlw
and X: Au. u € [X]? =
3. Formlu A (I > 0 — [enum N l] < inter-scheme | u A List.set
(inter-scheme [ u) C N)
using lemma-3-8 [OF <infinite N»] ot’ by blast
have 0: ?fh * [X]? C {0}
proof clarsimp
fix u
assume u: u € [X]?
obtain [ where Form [ v and I: | > 0 — [enum N ] < inter-scheme [ u
A List.set (inter-scheme | u) C N
using v X by blast
have ?fh u = 0
proof (cases [ = 0)
case True
then show ?thesis
by (metis Form-0-cases-raw <Form [ uy <X C WW) doubleton-in-nsets-2
fh-eq-0-eqlen subset-iff u)
next
case Fulse
then obtain [enum N I] < inter-scheme | u List.set (inter-scheme [ u) C
Njl=0
using Nat.neq0-conv j-0 | by blast
with False show ?thesis
using <X C WW) N inter-scheme «Form |l u» doubleton-in-nsets-2 u by
(auto simp: nsets-def)
qed
then show f (h ‘u) = 0
by auto
qed
show ?P0
proof (intro exl conjI)
show h ‘X C WW
using «WW'C WW» <X C WW) <bij-betw h WW WW's bij-betw-imp-surj-on
by fastforce
show ordertype (h “ X) (lenlex less-than) = w T w
proof (subst ordertype-inc-eq)
show (h z, h y) € lenlex less-than
ifze Xye X (z,y) € lenlex less-than for x y
using that h <X C WW> by (auto simp: FR-WW FR-WW' iso-iff2
iso-ll-def)
qed (use otX in auto)
show f “[h “ X]? C {0}
proof (clarsimp simp: image-subset-iff nsets-def)
fix Y
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assume Y: Y C h ‘ X finite Y card Y = 2
then have inv-into WWh ‘Y C X
by (metis <X C WW) <bij-betw h WW WW" bij-betw-inv-into-LEFT
image-mono)
moreover have finite (inv-into WW h ¢ Y)
using «<finite Y» by blast
moreover have card (inv-into WWh ¢ Y) = 2
using Y by (metis <X C WW) card-image inj-on-inv-into subset-image-iff
subset-trans)
ultimately have f (h ‘ inv-into WW h ‘' Y) = 0
using 0 by (auto simp: image-subset-iff nsets-def)
then show f Y = 0
by (metis <X C WW» <Y C h * X» image-inv-into-cancel image-mono
order-trans)
qed
qed
qed
then show Ji<Suc (Suc 0). IHCWW. ordertype H R = [wlw, o] 1 i A f ¢
[H]? C {i}
by (metis One-nat-def lessI nth-Cons-0 nth-Cons-Suc zero-less-Suc)
qged
qed

Theorem 3.1 of Jean A. Larson, ibid.

theorem partition-ww: o € elts w = partn-lst-VWF (wiw) [wiw,a] 2
using partn-lst-imp-partn-lst-VWF-eq [OF partition-ww-auz] ordertype-WW by
auto

end
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