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Abstract

A proof of the open induction schema based on [1].
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1 Binary Predicates Restricted to Elements of a

Given Set

theory Restricted-Predicates
imports Main
begin

A subset C of A is a chain on A (w.r.t. P) iff for all pairs of elements of C,
one is less than or equal to the other one.

abbreviation chain-on P C A = pred-on.chain A P C
lemmas chain-on-def = pred-on.chain-def

lemma chain-on-subset:

A C B = chain-on P C A = chain-on P C B
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(proof)

lemma chain-on-imp-subset:
chain-on P CA=— C C A

(proof)

lemma subchain-on:
assumes C C D and chain-on P D A
shows chain-on P C A

{(proof)

definition restrict-to :: (‘a = 'a = bool) = 'a set = (‘a = 'a = bool) where
restrict-to PA = (Axy. s € ANy € ANPuay)

abbreviation strict P=Azy. Pxy A - (P yx)
abbreviation incomparable P = v y. -~ Pz y AN-~Pyzx

abbreviation antichain-on P f A =V (i::nat) j. fi € A A (i < j — incomparable

P (fi) (£7))

lemma strict-reflclp-conv [simp]:
strict (P==) = strict P (proof)

lemma reflp-on-reflclp-simp [simp]:
assumes reflp-on A Pand a € Aand b€ A
shows P== ab=Pad
(proof)

lemmas refip-on-converse-simp = refip-on-conversp
lemmas irrefip-on-converse-simp = irrefip-on-converse
lemmas transp-on-converse-simp = transp-on-conversep

lemma transp-on-strict:
transp-on A P = transp-on A (strict P)

{proof)

definition wfp-on :: (‘a = 'a = bool) = 'a set = bool
where

wfp-on P A +— = (3f.Vi.fi € AN P (f (Suci)) (fi))

definition inductive-on :: ('a = 'a = bool) = 'a set = bool where
inductive-on P A +— (VQ. VycA. Vz€A. Pz y — Qz) — Qy) —
(Vzed. Q z))

lemma inductive-onl [Pure.intro):

assumes N\Q z. [z € A; (A\y. [y € A; Nz. [xr € 4; Pz y] = Q2] = Q y)]
— Q=

shows inductive-on P A



{proof)

If P is well-founded on A then every non-empty subset ) of A has a minimal
element z w.r.t. P, i.e., all elements that are P-smaller than z are not in Q.

lemma wfp-on-imp-minimal:

assumes wfp-on P A

showsVQz.2€ QAN QCA— (32€Q.Vy. Pyz — y ¢ Q)
(proof)

lemma minimal-imp-inductive-on:
assumes VQr. € QAN QCA— (F326Q.Vy. Pyz — y ¢ Q)
shows inductive-on P A

(proof)

lemmas wfp-on-imp-inductive-on =
wfp-on-imp-minimal [THEN minimal-imp-inductive-on)|

lemma inductive-on-induct [consumes 2, case-names less, induct pred: inductive-on):
assumes inductive-on P A and z € A
and A\y. [ve A, N\z. [2€ A4 Pry] = Qz] = Qy
shows @ =
(proof)

lemma inductive-on-imp-wfp-on:
assumes inductive-on P A
shows wfp-on P A

(proof)

definition qo-on :: (‘a = 'a = bool) = 'a set = bool where
go-on P A <— reflp-on A P A transp-on A P

definition po-on :: (‘a = 'a = bool) = 'a set = bool where
po-on P A «— (irreflp-on A P A transp-on A P)

lemma po-onl [Pure.introl:
[érreflp-on A P; transp-on A P] = po-on P A
(proof)

lemma po-on-converse-simp [simp):
po-on P71 A +— po-on P A
(proof )

lemma po-on-imp-qo-on:
po-on P A = go-on (P==) A
{proof)

lemma po-on-imp-irrefip-on:
po-on P A = irrefip-on A P
(proof )



lemma po-on-imp-transp-on:
po-on P A = transp-on A P
(proof )

lemma po-on-subset:
assumes A C B and po-on P B
shows po-on P A

{proof)

lemma transp-on-irreflp-on-imp-antisymp-on:
assumes transp-on A P and irreflp-on A P
shows antisymp-on A (P=7)

(proof)

lemma po-on-imp-antisymp-on:
assumes po-on P A
shows antisymp-on A P

(proof)

lemma strict-reflclp [simp):
assumes z € Aand y € A4
and transp-on A P and irreflp-on A P
shows strict (P==)zy=Puzxy
{proof)

lemma qo-on-imp-refip-on:
qgo-on P A = reflp-on A P
(proof)

lemma go-on-imp-transp-on:
qo-on P A —> transp-on A P

{proof)

lemma qo-on-subset:
AC B = qo-on PB = gqo-on P A
(proof )

Quasi-orders are instances of the preorder class.

lemma qo-on-UNIV-conv:
go-on P UNIV <— class.preorder P (strict P) (is ?lhs = ?rhs)

(proof)

lemma wfp-on-iff-inductive-on:
wfp-on P A «— inductive-on P A

{proof)

lemma wfp-on-iff-minimal:
wfp-on P A +— (V Q z.



r€EQRQNQCA—
(F2€Q.VYy. Pyz— y & Q)
(proof)

Every non-empty well-founded set A has a minimal element, i.e., an element
that is not greater than any other element.

lemma wfp-on-imp-has-min-elt:
assumes wfp-on P A and A # {}
shows Jz€A. VycA. - Pyx

(proof)

lemma wfp-on-induct [consumes 2, case-names less, induct pred: wfp-on:
assumes wfp-on P Aand z € A
and A\y. [ve A, N\z. [2€ A4 Pzy] = Qz] = Qy
shows @ =
(proof )

lemma wfp-on-UNIV [simp]:
wfp-on P UNIV <— wfP P
(proof )

1.1 Measures on Sets (Instead of Full Types)

definition
inv-image-betw ::
('b="b = bool) = ('a="b) = 'a set = 'b set = ('a = 'a = bool)
where
inv-image-betw PfA B= (Azy. 2 € ANye ANfze BANfye BAP (fx)
(f9)

definition

measure-on :: ('a = nat) = 'a set = 'a = 'a = bool
where

measure-on f A = inv-image-betw (<) f A UNIV

lemma in-inv-image-betw [simp):

inv-image-betw P fA Bzy+—ax € ANye ANfae BAfye BAP (fx)
(fy)

{proof)

lemma in-measure-on [simp, code-unfold):
measure-on fAzy+—x € ANy EANfz < fuy

{proof)

lemma wfp-on-inv-image-betw [simp, introl]:

assumes wfp-on P B

shows wfp-on (inv-image-betw P f A B) A (is wfp-on ?P A)
(proof)



lemma wfp-less:
wfp-on (<) (UNIV :: nat set)
{proof)

lemma wfp-on-measure-on [iff]:
wfp-on (measure-on f A) A
{proof )

lemma wfp-on-mono:

ACB= (\ty 1€ A=—=ye A= Pry = Qzry) = wfp-on Q B—=
wfp-on P A

(proof)

lemma wfp-on-subset:
A C B = wfp-on P B = wfp-on P A

(proof)

lemma restrict-to-iff [iff]:
restrict-to PAxzy+—x € ANye ANPzxy
(proof )

lemma wfp-on-restrict-to [simp):
wfp-on (restrict-to P A) A = wfp-on P A
(proof)

lemma irrefip-on-strict [simp, intro]:
irreflp-on A (strict P)
(proof)

lemma transp-on-map”:
assumes transp-on B Q
and g ‘ACB
and h ‘A CB
and A\z. 2 € A = Q== (hz) (g )
shows transp-on A (Az y. Q (g z) (h y))
{proof)

lemma transp-on-map:
assumes transp-on B Q)

and h “ACB
shows transp-on A Az y. Q (h z) (hy))
(proof)

lemma irrefip-on-map:
assumes irrefip-on B Q)

and h “ACB
shows irreflp-on A Az y. Q (h z) (hy))
(proof)



lemma po-on-map:
assumes po-on @ B

and h “ACB
shows po-on Az y. Q (hz) (hy)) A
(proof )

lemma chain-transp-on-less:
assumes Vi. fi € AN P (fi) (f (Suc?)) and transp-on A P and ¢ < j
shows P (f4) (fj)

{(proof)

lemma wfp-on-imp-irrefip-on:
assumes wfp-on P A
shows irrefip-on A P

(proof)

inductive
accessible-on :: (a = 'a = bool) = 'a set = 'a = bool
for P and A
where
accessible-onl [Pure.intro]:
[x € A; Ny. [y € A; Py z] = accessible-on P A y] = accessible-on P A «

lemma accessible-on-imp-mem:
assumes accessible-on P A a
shows a € A

{proof)

lemma accessible-on-induct [consumes 1, induct pred: accessible-on]:
assumes *: accessible-on P A a
and IH: A\z. [accessible-on P A z; Ny. [y € 4; Pyzr] = Quy] = Qz
shows @ a

{proof)

lemma accessible-on-downward:
accessible-on P A b =— a € A = P a b = accessible-on P A a

(proof)

lemma accessible-on-restrict-to-downwards:
assumes (restrict-to P A)*" a b and accessible-on P A b
shows accessible-on P A a

(proof )

lemma accessible-on-imp-inductive-on:
assumes V z€A. accessible-on P A z
shows inductive-on P A

{(proof)

lemmas accessible-on-imp-wfp-on = accessible-on-imp-inductive-on [THEN induc-



tive-on-imp-wfp-on]

lemma wfp-on-tranclp-imp-wfp-on:
assumes wfp-on (PT1) A
shows wfp-on P A

{proof)

lemma inductive-on-imp-accessible-on:
assumes inductive-on P A
shows VzcA. accessible-on P A x

(proof)

lemma inductive-on-accessible-on-conv:
inductive-on P A «— (Vz€A. accessible-on P A )

(proof)

lemmas wfp-on-imp-accessible-on =
wfp-on-imp-inductive-on [THEN inductive-on-imp-accessible-on]

lemma wfp-on-accessible-on-iff:
wfp-on P A +— (Vz€A. accessible-on P A x)

{proof)

lemma accessible-on-tranclp:
assumes accessible-on P A x
shows accessible-on ((restrict-to P A)T™T) A z
(is accessible-on ?P A x)

{proof)

lemma wfp-on-restrict-to-tranclp:
assumes wfp-on P A
shows wfp-on ((restrict-to P A)TT) A

{proof)

lemma wfp-on-restrict-to-tranclp”:
assumes wfp-on (restrict-to P A)T™+ A
shows wfp-on P A

{proof)

lemma wfp-on-restrict-to-tranclp-wfp-on-conv:
wfp-on (restrict-to P A)*T A «— wfp-on P A

(proof)
lemma tranclp-idemp [simp]:
(PTH)T+ = Pt (is 2l = 2r)
(proof)

lemma stepfun-imp-tranclp:



assumes f 0 = z and f (Suc n) = z
and Vi<n. P (f i) (f (Suc 1))
shows PtF z 2

{proof)

lemma tranclp-imp-stepfun:
assumes PtT g 2
shows 3fn. fO=a A f (Sucn)=2ANi<n. P (fi) (f (Suci)))
(is3fn. PPz zfn)
(proof )

lemma tranclp-stepfun-conv:
Pt oy+— 3fn. fO=azANf (Sucn)=yA Vi<n. P (fi) (f (Suci))))
(proof)

1.2 Facts About Predecessor Sets

lemma qo-on-predecessor-subset-conv’:
assumes qo-on P Aand BC Aand C C A
shows {z€A. 3yeB. Pz y} C {z€A. JyeC. Pz y} «— (VzeB.JyeC. Pz y)

{proof)

lemma qo-on-predecessor-subset-conv:
[qo-on P A; x € A; y € A] = {2€A. Pzxz} C {2€A. Pzy} «— Puzy
(proof)

lemma po-on-predecessors-eq-conv:
assumes po-on P Aand z € Aand y € A
shows {z€A. P== z2} = {2€A. P== zy} +—z =y
(proof)

lemma restrict-to-rtranclp:
assumes transp-on A P
and z € Aand y € A
shows (restrict-to P A)** zy «— P~ zy

(proof)

lemma refip-on-restrict-to-rtranclp:
assumes refip-on A P and transp-on A P
and z € Aand y € A
shows (restrict-to P A)** zy+— Pxy

{proof)

end

2 Open Induction

theory Open-Induction
imports Restricted-Predicates



begin

2.1 (Greatest) Lower Bounds and Chains

A set B has the lower bound z iff x is less than or equal to every element of
B.

definition b P B z +— (VyeB. P== z y)

lemma [bI [Pure.introl:
(A\y.ye B= P==zy) = 1WPBzx
(proof)

A set B has the greatest lower bound x iff x is a lower bound of B and less
than or equal to every other lower bound of B.

definition glb PBx «— b PBaz AN (Vy. lbPBy — P== yux)

lemma glbI [Pure.intro):
bPBx= (A\y. WPBy— P~ yz) = glb PBux

(proof)

Antisymmetric relations have unique glbs.

lemma glb-unique:
antisymp-on AP —=zr € A= yec A= glbPBx = gbPBy— 2=y
(proof)

context pred-on
begin

lemma chain-glb:

assumes transp-on A (C)

shows chain C = glb (C) Cz =€ A= ye€ A= y T ¢z = chain ({y}
u Q)
(proof)

2.2 Open Properties

definition open Q <— (VY C. chain C N C # {} A (3z€A. glb (C) Cz A Q z)
— (JyeC. Q)

lemma openl [Pure.intro]:

(AC. chain C = C # {} = Jz€A. glb (C) Cz N Qz = Fyel. Qy) =
open @)
(proof)

lemma open-glb:

[chain C; C # {}; open Q;VzeC. = Quz;z € A; glb (C) Cz] = - Q«x
(proof)
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2.3 Downward Completeness

A relation C is downward-complete iff every non-empty C-chain has a great-
est lower bound.

definition downward-complete <— (V¥ C. chain C N C # {} — (Jz€A. glb (T)
C z))

lemma downward-completel [Pure.introl:
assumes A\C. chain C = C # {} = Jz€A. glb (T) Cx
shows downward-complete

(proof)

end

abbreviation open-on P ) A = pred-on.open A P @
abbreviation dc-on P A = pred-on.downward-complete A P
lemmas open-on-def = pred-on.open-def

and dc-on-def = pred-on.downward-complete-def

lemma dc-onl [Pure.intro]:
assumes A\C. chain-on P C A = C # {} = Jz€A. gb PCz
shows dc-on P A

(proof)

lemma open-onl [Pure.intro:

(AC. chain-on P C A = C # {} = Fa€A. gb P Cz AN Qrz = JyeC. Q
y) = open-on P @ A
(proof)

lemma chain-on-reficlp:
chain-on P== A C +— chain-on P A C
(proof)

lemma [b-reficlp:
IbP== Bx+— b PBx

(proof)

lemma glb-reficlp:
glb PP~= Bx +— glb PBz
(proof )

lemma dc-on-reficlp:
dc-on P== A <— dc-on P A

(proof)

2.4 The Open Induction Principle

lemma open-induct-on [consumes 4, case-names less|:
assumes qo: go-on P A and dc-on P A and open-on P Q A
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and z € A
and ind: Az. [z € A; N\y. [y € A; strict Pyz] = Qy] = Q=
shows @ z

(proof)

2.5 Open Induction on Universal Domains

Open induction on quasi-orders (i.e., preorder).

lemma (in preorder) dc-open-induct [consumes 2, case-names less|:
assumes dc-on (<) UNIV
and open-on (<) Q UNIV
and Az. (A\y.vy<z2= Qy) = Q=
shows Q =

(proof)

2.6 Type Class of Downward Complete Orders

class dcorder = preorder +
assumes dc-on-UNIV: dc-on (<) UNIV
begin

Open induction on downward-complete orders.

lemmas open-induct [consumes 1, case-names less] = dc-open-induct [OF dc-on-UNIV]
end

end
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