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Abstract

We develop the basic theory of Octonions, including various iden-
tities and properties of the octonions and of the octonionic product, a
description of 7D isometries and representations of orthogonal trans-
formations. To this end we first develop the theory of the vector cross
product in 7 dimensions. The development of the theory of Octonions
is inspired by that of the theory of Quaternions by Lawrence Paulson.
However, we do not work within the type class real algebra__ 1 because
the octonionic product is not associative.
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1 Vector Cross Product in 7 Dimensions

theory Cross-Product-7
imports HOL— Analysis. Multivariate- Analysis
begin

1.1 Elementary auxiliary lemmas.

lemma exhaust-7:
fixes z :: 7
showsrz=1Vzr=2Vz=8Vaez=4Vrz=5Vr=6 V=7
proof (induct x)
case (of-int z)
then have 0 < z and z < 7 by simp-all
thenhave 2z =0V 2=1V 2=2V2=8Vz2=4V2z2=5Vz=6V2z2=7
by arith
then show ?case by auto
qed

lemma forall-7: (Vi::7. Pi)+— P1 ANP2ANP3ANP4ANP5ANPGANPT
by (metis exhaust-7)

lemma vector-7 [simp]:

(vector [z1,22,x3,24 25,26 ,27) ::("a::zero) "7)$1 = x1
(vector |z1,22,13,24,75,26,x7] :('a::zero) "7)$2 = z2
(vector |z1,22,13,24,75,26,x7] :('a::zero) "7)$3 = z3
(vector [x1,22,23,x4 25,26 ,27] ::('a::zero) ~7)$4 = x4
(vector [x1,22,23 24 ,x5,26,27] ::("a::zero) "7)$5 = x5
(vector [z1,22,23,x4,x5,26,27] ::('a::zero) ~7)$6 = z6
(vector [z1,22,23,x4,x5,26,27] ::('a::zero) ~7)$7 = z7

unfolding vector-def by auto

lemma forall-vector-7:

(Vv:'azizero™. P v) +— (Yl 22 28 z4 x5 26 z7. P(vector|xl, z2, z3, 14, x5,
z6, z7]))

apply auto

apply (erule-tac z=v$1 in allE)

apply (erule-tac x=v$2 in allE)

apply (erule-tac z=v$3 in allE)

apply (erule-tac z=v$4 in allE)

apply (erule-tac z=v$5 in allE)

apply (erule-tac z=v$6 in allE)



apply (erule-tac z=v$7 in allE)

apply (subgoal-tac vector [v$1, v$2, v833, v$4, v85, v86, v§7] = v)
apply simp

apply (vector vector-def)

apply (simp add: forall-7)

done

lemma UNIV-7: UNIV = {1:7, 2::7, 8:7, 47, 527, 6::7, 727}
using erhaust-7 by auto

lemma sum-7: sum f (UNIV::7set) =f1 +f2+f3+f4+f5+f6+f7
unfolding UNIV-7 by (simp add: ac-simps)

lemma not-equal-vector7 :

fixes z::real”™7 and y::real”7

assumes z = vector|zl,r2,23 14 ,25,26,27) and y= vector [y1,y2,y3,y4,y5,y6,y7]
and 281 # y$1 VvV 282 # y$2 Vv 283 #£ y$3 Vv 284 # y$4 VvV 285 £ y$5 Vv 286
+ y$6 v 287 # y$7

shows z # y using assms by blast

lemma equal-vector?:

fixes z:real”™7 and y::real”7

assumes z = vector[zl,z2,23,x4 ,25,26,27] and y= vector [y1,y2,y3,y4,y5,y6,y7)
and z =y
shows 281 = y$1 N 282 = y$2 A 283 = y$3 A 284 = y$4 N 285 = y$5 A 286
=y$6 N 287 = y$7

using assms by blast

lemma numeral-4-eq-4: 4 = Suc( Suc (Suc (Suc 0)))
by (simp add: eval-nat-numeral)
lemma numeral-5-eq-5: 5 = Suc(Suc( Suc (Suc (Suc 0))))
by (simp add: eval-nat-numeral)
lemma numeral-6-eq-6: 6 = Suc( Suc(Suc( Suc (Suc (Suc 0)))))
by (simp add: eval-nat-numeral)
lemma numeral-7-eq-7: 7 = Suc(Suc( Suc(Suc( Suc (Suc (Suc 0))))))
by (simp add: eval-nat-numeral)

1.2 The definition of the 7D cross product and related lem-
mas

Note: in total there exist 480 equivalent multiplication tables for the defini-
tion, the following is based on the one most widely used:

definition cross7 :: [real™7, real™7] = real”™7 (infixr <x7> 80)
where a x7 b =
vector [a$2 * b$4 — a$4 x b$2 + a$3 *x b$7 — a$7 x 83 + a$5 x b$6 —
a$6 * b$5 |
a$3 * b$5 — a$s x b33 + a$4 * b$1 — a$1 * b$4 + a$6 x b7 —
a$7 * b$6 ,
a$4 * b6 — a$6 * b3/ + a$5 * b$2 — a$2 * bS5 + a$7 x b$I —



a$1 x b$7 ,
a$5 * 087 — a$7 * bS5 + a$6 * b$3 — a$3 x b$6 + a$1 * b$2 —

a$2 x b$1 ,

a$6 * b$1 — a$1 * b36 + a$7 * b$4 — a$4 * b$7 + a$2 x b$S —
a$3 x b$2 ,

a$7 x b$2 — a$2 % b87 + a$1 * b$5 — a$5 * b$1 + a$3 x b$) —
a$4 * b$3 ,

a$1 % b$3 — a$3 x b1 + a$2 * V$6 — a$6 * V$2 + a$/ x V35 —
a$s x b$4 |

lemmas cross7-simps = cross7-def inner-vec-def sum-7 det-def vec-eq-iff vector-def
algebra-simps

lemma dot-cross7-self: z - (x X7 y) =0z - (y Xy 2) =0 (z x7y) - y=0 (y Xy
z)-y=10
by (simp-all add: orthogonal-def cross7-simps)

lemma orthogonal-cross7: orthogonal (z X7 y) x orthogonal (z X7 y) y
orthogonal y (xx7 y) orthogonal (x X7 y)
by (simp-all add: orthogonal-def dot-cross7-self)

lemma cross7-zero-left [simpl: 0 X7 x = 0
and cross7-zero-right [simp]: ¥ x7 0 = 0
by (simp-all add: cross7-simps)

lemma cross7-skew: (x x7 y) = —(y X7 x)
by (simp add: cross7-simps)

lemma cross7-refl [simp]: © X7 © = 0
by (simp add: cross7-simps)

lemma cross7-add-left: (x + y) X7 2 = (x X7 2) + (y X7 2)
and cross7T-add-right: © X7 (y + 2) = (z X7 y) + (¢ X7 2)
by (simp-all add: cross7-simps)

lemma cross7-mult-left: (¢ xg ) X7 y = ¢ *r (x X7 Y)
and cross7-mult-right:  x7 (¢ *xgr y) = ¢ *g (¢ X7 y)
by (simp-all add: cross7-simps)

lemma cross7-minus-left [simp]: (—z) x7 y = — (x X7 y)
and cross7-minus-right [simp]: © x7 —y = — (x X7 y)
by (simp-all add: cross7-simps)

lemma left-diff-distrib: (z — y) X7 2 =@ X7 2 — y X7 2
and right-diff-distrib: x X7 (y — 2) = ¢ X7 y — ¢ X7 2
by (simp-all add: cross7-simps)

hide-fact (open) left-diff-distrib right-diff-distrib



lemma cross7-triplel: (x X7 y) + z = (y X7 2) -
and cross7-triple2: (x x7 y) « z =12+ (y X7 2)
by (simp-all add: cross7-def inner-vec-def sum-7 vec-eg-iff algebra-simps)

lemma scalar?-triplel: z - (y X7 z2) =y - (2 X7 )
and scalar7-triple2: © - (y X7 2) =z - (x X7y )
by (simp-all add: cross7-def inner-vec-def sum-7 vec-eq-iff algebra-simps)

lemma cross7-components:

(z x7 y)81 = 232 = y$4 — x84 * y$32 + 283 » y$7 — 237 % y$3 + 235 * y$6
— 286 = y$5

(z x7 9)$2 = 284 * y$1 — 281 * y$4 + 233 x y$5 — 285 = y$3 + 2$6 * y$7
— 287 * y$6

(z x7 y)88 = 285 = y$2 — 282 * y$35 + 2%/ * y$6 — 2%6 * y$4 + 237 = y$1
— %1 * y$7

(z X7 9)%4 = 281 * y$2 — 282 * y$1 + 236 x y$3 — 233 = y$6 + 285 * y$7
— 287 = y$5

(z X7 9)85 = 286 * y$1 — 281 * y$6 + 232 x y$3 — 283 * y$2 + 287 * y$4
— 284 * y$7

(z x7 9)$6 = 281 = y$5 — 285 *« y$1 + 287 x y$2 — 282 = y$7 + 233 * y$4
— x$4 * y$3

(z x7 )87 = 281 * y$3 — 283 * y$1 + 284 = y$5 — 285 * y$4 + 282 * y$6
— %6 * y$2

by (simp-all add: cross7-def inner-vec-def sum-7 vec-eq-iff algebra-simps)

Nonassociativity of the 7D cross product showed using a counterexample

lemma cross7-nonassociative:
= (V (cireal™7) (azreal™7) ( bureal™) . ¢ X7 (a X7 b) = (¢ X7 a ) X7 b)
proof—
have x: 3 (cureal™7) (a:real™7) (( bureal™) . ¢ x7 (a X7 b) # (¢ X7 a ) X7
b

proof—

) 9 ) ) ) 9

define f::real™7 where f = vector| 0, 0, 0, 0, 0, 1, 1]
define g::real”7 where g = vector[ 0, 0, 0, 1, 0, 0, 0]
define h::real”™7 where h = vector[ 1, 0, 1, 0, 0, 0, 0]

define v where u= (g x7 h)
define v where v= (f x7 g)

have 1: u = vector[0, 1, 0, 0, 0, —1, 0]
unfolding cross7-def g-def h-def f-def u-def by simp
have 3: f x7 u = vector[0, 1, 0, 0, 0, 1, —1 ]
unfolding cross7-def f-def using 1 by simp

have 2: v = vector[0, 0, —1, 0, 1, 0, 0]
unfolding cross7-def g-def h-def f-def v-def by simp
have 4: v x7 h = vector[0, —1, 0, 0, 0, —1, 1]
unfolding cross7-def h-def using 2 by simp

define z::real”7 where z= vector|0, 1, 0, 0, 0, 1, —1]



define y::real”7 where y= vector[0, —1, 0, 0, 0,—1, 1]

have x: 2$2 = 1 unfolding z-def by simp
have **: y$2 = —1 unfolding y-def by simp

have sxx: z # y using * ** by auto
have 5: f x7ru# v X7 h
unfolding z-def y-def
using s

by (simp add: 3 4 x-def y-def)
have 6: f X7 (g x7 h) # (f X7 g ) X7 h using 5 by (simp add: u-def v-def)

show ?thesis unfolding f-def g-def h-def using 6 by blast
qed

show ?thesis using * by blast

qed

The 7D cross product does not satisfy the Jacobi Identity(shown using
a counterexample)

lemma cross7-not-Jacobi:
= (V (cureal™) (azreal™7) ((bureal”™) . (¢ x7 a) X7 b+ (b X7 ¢) X7 a
—|—(a><7b)><7c=0 )

proof—

have x: 3 (cireal™7) (azreal™7) ( bureal™) . (¢ X7 a ) X7 b+ (b X7 ¢) X7
a
+ (a X7b) X7C750

proof—

define f::real”7 where f= vector| 0, 0, 0
define g::real™7 where g= vector| 0, 0, 0
define h::real™7 where h= vector] 1, 0, 1
define u where u= (g x7 h)

define v where v= (f x7 g)

define w where w = (h X7 f)

)

QQNQ
Q“QQ
S o~
S o~

) )

have 1: u = vector[0, 1, 0, 0, 0, —1, 0]
unfolding cross7-def g-def h-def f-def u-def by simp
have 3: u x7 f = vector[0,— 1, 0, 0, 0,— 1, 1]
unfolding cross7-def f-def using 1 by simp

have 2: v = vector[0, 0, —1, 0, 1, 0, 0]
unfolding cross7-def g-def h-def f-def v-def by simp
have 4: v x7 h = vector[0, —1, 0, 0, 0, —1, 1]
unfolding cross7-def h-def using 2 by simp
have 8: w = wvector[l, 0, —1, —1, —1, 0, 0]
unfolding cross7-def h-def f-def w-def by simp
have 9: w x7 g = vector[0, —1, 0, 0, 0, —1, 1]



unfolding cross7-def h-def f-def w-def g-def apply simp done
have &: (u x7 f)$24+( v x7 h) $24+( w X7 g) $2 =—3 using 3 4 9 by simp
have &&: u x7 f + v X7 h + w X7 g # 0 using &

by (metis vector-add-component zero-index zero-neq-neg-numeral)

show ?thesis using && u-def v-def w-def by blast
qed

show ?thesis using * by blast
qed

The vector triple product property fulfilled for the 3D cross product does
not hold for the 7D cross product. Shown below with a counterexample.

lemma cross7-not-vectortriple:
(Y (cureal™7) (azreal™7) ((bureal™).( ¢ X7 a ) X7 b=(c +b)*ga— (c -

a )*R b)
proof—
have *: 3 (c::ireal™7) (a::real™7) ( bireal”™7). (¢ X7 a) X7 b# (¢ b) *gp a — (c
ca )*R b
proof—
define g:: real ~ 7 where g = vector[0, 0, 0, 1, 0, 0, 0]
define h:: real = 7 where h = vector(1, 0, 1, 0, 0, 0, 0]
define f:: real ~ 7 where f = vector[0, 0, 0, 0, 0, 1, 1]

define u where u = (g X7 h)

have 1: u = vector|0, 1, 0, 0, 0, —1, 0]
unfolding cross7-def g-def h-def f-def u-def by simp

have 2: u x; f = vector[0,— 1, 0, 0, 0,— 1, 1]
unfolding cross7-def f-def using 1 by simp

have 3: (g - f) *r h = 0 unfolding g-def f-def inner-vec-def
by (simp add: sum-7)

have 4: (¢ - h) xg f = 0 unfolding g-def h-def inner-vec-def
by (simp add: sum-7)

have 5: (g-f)*r h —(g - h) xg f =10
using 3 4 by auto

have 6: u x7 f # 0 using 2
by (metis one-neg-zero vector-7(7) zero-index)

have 7: (g X7 h) X7 f # 0 using 2 6 u-def by blast
have 8: (9 x7 h) x7 f # (- f) *r h — (g h) *& |
using 5 7 by simp
show ?thesis using 8 by auto
qed
show ?thesis using * by auto
qed

lemma azis-nth-neq [simp]: i # j = axis iz $j =0
by (simp add: azis-def)

lemma cross7-basis:



(axis 1 1) x7 (awis 2 1) = axis 4 1 (axis 2 1) x7 (axis 1 1) = —(azis 4 1)
(azis 2 1) x7 (awis 3 1) = axis 5 1 (axis 3 1) x7 (awis 2 1) = —(azis 5 1)
(azis 3 1) x7 (awis 4 1) = axis 6 1 (axis 4 1) x7 (azis 3 1) = —(azis 6 1)
(azis 2 1) x7 (axis 4 1) = axis 1 1 (axis 4 1) x7 (axis 2 1) = —(axis 1 1)
(axis 4 1) x7 (axis 5 1) = axis 71 (axis 5 1) x7 (axis 4 1) = —(axis 7 1)
(azis 3 1) x7 (axis 5 1) = axis 2 1 (axis 5 1) X7 (azxis 3 1) = —(axis 2 1)
(axis 4 1) x7 (awis 6 1) = axis 3 1 (axis 6 1) x7 (awis 4 1) = —(azis 3 1)
(azis 5 1) x7 (awis 71) = axis 4 1 (axis 7 1) x7 (azis 5 1) = —(azis 4 1)
(azis 4 1) x7 (axis 1 1) = axis 2 1 (axis 1 1) x7 (azxis 4 1) = —(azis 2 1)
(azis 5 1) x7 (axis 2 1) = axis 3 1 (axis 2 1) x7 (axis 5 1) = —(axis 3 1)
(azis 6 1) x7 (axis 8 1) = axis 4 1 (awis 3 1) X7 (axis 6 1) = —(axis 4 1)
(axis 7 1) x7 (awis 4 1) = axis 5 1 (axis 4 1) x7 (axis 71) = —(azis 5 1)
(azis 5 1) x7 (awis 6 1) = axis 1 1 (axis 6 1) x7 (azis 5 1) = —(azis 1 1)
(azis 6 1) x7 (axis 7 1) = axis 2 1 (axis 7 1) x7 (axis 6 1) = —(azis 2 1)
(axzis 7 1) x7 (axis 1 1) = axis 3 1 (axis 1 1) x7 (axis 71) = —(axis 3 1)
(azis 6 1) x7 (axis 1 1) = axis 5 1 (awis 1 1) X7 (axis 6 1) = —(axis 5 1)
(azis 7 1) x7 (awis 2 1) = axis 6 1 (axis 2 1) x7 (axis 71) = —(azis 6 1)
(azis 1 1) x7 (awis 3 1) = axis 71 (axis 3 1) x7 (avis 1 1) = —(azis 7 1)
(axis 1 1) x7 (awis 5 1) = axis 6 1 (axis 5 1) x7 (awis 1 1) = —(azis 6 1)
(azis 2 1) x7 (axis 6 1) = axis 7 1 (axis 6 1) x7 (axis 2 1) = —(axis 7 1)
(axzis 3 1) x7 (axis 71) = axis 1 1 (axis 7 1) x7 (axis 3 1) = —(axis 1 1)

by (simp-all add: vec-eq-iff forall-7 cross’7—comp0nents)

lemma cross7-basis-zero:

u=0 = (u X7 azis 1 1 = 0) A (u X7 azis 21 = 0) A (u X7 azxis 31 = 0)
A(uxyazis {1 =0)N(uxrazis51=0)N(ux7azis61=20)

A (u x7 axis 71 = 0)

by auto

lemma cross7-basis-nonzero:
“(uXxyaris11=0)V-(uxyaxis21=20)V - (ux7axis31=0)

V= (uxrazis 41 =0) V- (uX7aris51=0)V - (ux7azis61=20)
Vo (uxrazis71=0) = u#0

by auto

Pythagorean theorem/magnitude

lemma norm-square-vec-eq: normz ~ 2 = (D i€UNIV.z $ i~ 2)
by (auto simp: norm-vec-def L2-set-def intro!: sum-nonneg)

lemma norm-cross7-dot-magnitude: (norm (z x7 y))? = (norm x)? * (norm y)?

— (z - y)?

unfolding norm-square-vec-eq sum-7 cross7-components inner-vec-def real-norm-def
inner-real-def

by algebra
lemma cross7-eq-0: © X7 y = 0 <— collinear {0, z, y}
proof —
have z x7 y = 0 <— norm (z x7 y) = 0
by simp



also have ... «— (norm z * norm y)? = (z - y)?

using norm-cross7-dot-magnitude [of z y| by (auto simp: power-mult-distrib)
also have ... +— |z - y| = norm = * norm y
using power2-eq-iff
by (metis (mono-tags, opaque-lifting) abs-minus abs-norm-cancel
abs-power2 norm-mult power-abs real-norm-def)
also have ... «+— collinear {0, =, y}
by (rule norm-cauchy-schwarz-equal)
finally show ?thesis .
qed

lemma cross7-eq-self: t xr y=x+—zx=0x X7 y=y<+—>y=10
apply (metis cross7-zero-left dot-cross7-self (1) inner-eg-zero-iff)
apply (metis cross7-zero-right dot-cross7-self(2) inner-eq-zero-iff)
done

lemma norm-and-cross7-eq-0:
zry=0ANx xX7y=0<—>x=0Vy=_0 (is ?lhs = ?rhs)
proof
assume ?lhs
then show ?rhs
using cross7-eq-0 norm-cauchy-schwarz-equal by force
next
assume ?rhs
then show ?lhs
by auto
qged

lemma bilinear-cross7: bilinear (X7)
apply (auto simp add: bilinear-def linear-def)
apply unfold-locales
apply (simp-all add: cross7-add-right cross7-mult-right cross7-add-left cross7-mult-left)
done

1.3 Continuity

lemma continuous-cross?: [continuous F f; continuous F g] = continuous F (Az.

fzx7g1)
by (subst continuous-componentwise)(auto introl: continuous-intros simp: cross7-simps)

lemma continuous-on-cross:

fixes [ :: 'a::t2-space = real”7

shows [continuous-on S f; continuous-on S g] = continuous-on S (A\z. fz X7
9 )

by (simp add: continuous-on-eq-continuous-within continuous-cross?)

end

10



2 Theory of Octonions

theory Octonions
imports Cross-Product-7
begin

2.1 Basic definitions

As with the complex numbers, coinduction is convenient.

codatatype octo =
Octo (Ree: real) (Im1: real) (Im2: real) (Im3: real) (Im4: real)
(Im5: real) (Im6: real) (Im7: real)

lemma octo-eql [intro?):
[Ree x = Ree y; Iml x = Iml y; Im2 z = Im2 y; Im3 z = Im3 y;
Im4 z=1Im4 y;Imbx=Imby; Imb6x=1Im6y; Im7z=Im7y] = z=y
by (rule octo.expand) simp

lemma octo-eq-iff:
x=y<4+— Reex = Ree y N Iml xz=1ImlyAIn2z=1Im2y A Im3x=Im3
y A
Imjx=ImjyANImbe=ImbyANIm6z=1Im6y NIm7zx=1ImTy
by (auto intro: octo.expand)

context
begin

primcorec octo-e0 :: octo (<e0»)
where Ree e = 1 | Im1 el =0 | Im2e0 =0 | Im3 el = 0
| Imj e0 = 0| Im5e0 = 0| Im6e0 = 0| Im7e0) =20

primcorec octo-el :: octo (<el)
where Ree el = 0 | Imlel =1 |Im2el =0 | Im3el =0
| Imj el =0 | Imbel =0 |Imb6el =0 | Im7el =0

primcorec octo-e2 :: octo («e2)
where Ree e2 = 0 | Im1 e2 =0 | Im2 e2 =1 | Im3 e2
| Imj e2 =0 |Imbe2=0]|Im6e2=20]|1Im7e2 =20

|
>

primcorec octo-e3 :: octo ((e3»)
where Ree e3 = 0 | Iml1 e3 =0 |Im2e3 =0 |Im3e3 =1
| Imj e3 =0 |Imbe3 =0]|Im6e3 =0]|Im7e3 =20

primcorec octo-e4 :: octo (<e4»)
where Ree e = 0 | Imle4 =0 |Im2e4 =0 |Im3ef =0
| Imjef=1|Imsef =0 |Imbej =0]|Im7e) =20

primcorec octo-e5 :: octo (<e5»)
where Ree e5 = 0 | Im1 e5 = 0 | Im2e5 = 0 | Im3 e5

|
S

11



| Imj e5 =0 |Imbe5 =1]|Im6e5 =0]|1Im7e5 =0

primcorec octo-e6 :: octo (<e6»)
where Ree e6 = 0 | Im1 e6 = 0 | Im2e6 = 0 | Im3 e6 = 0
| Im4 e6 = 0 | Im&e6 =0 | Im6e6 =1 | Im7e6 =0

primcorec octo-e7 :: octo (<e7»)
where Ree ¢7 =0 | Im1 e7 =0 |Im2e7 =0 | Im3e7 =10
| Imj e7 =0 | Imse7=0|Im6e7=20|1Im7e7 =1

end

2.2 Addition and Subtraction: An Abelian Group

instantiation octo :: ab-group-add
begin

primcorec zero-octo
where Ree 0 = 0 |Im1 0
|

0] Im20 =
Imj 0 =0 |Im50=0|Im60 =0 |

0
0| Im7

(=
S QL
S
I
=)

= |
Im 0
primcorec plus-octo
where
Ree (z + y) = Ree z + Ree y

| Im1 (z + y) = Iml z + Imly

| Im2 (x + y) = Im2z + Im2 y

| Im3 (x + y) = Im3z + Im3 y

| Im4 (z + y) = Imf =z + Imj y

| Im5 (x + y) =Imbz + Imb y

| Im6 (x + y) = Im6z + Imb6 y

| Im7 (x + y) = Im7z + Im7y
primcorec uminus-octo

where

Ree (— x) = — Ree x

| Im1 (— z) = — Im!l x

| Im2 (—z) = — Im2«x

| Im3 (—z) = — Im3 x

| Imj (— z) = — Imj x

| Imb (— z) = — Im5 x

| Im6 (— z) = — Imb x

| Im7 (— z) = — Im7x

primcorec minus-octo
where
Ree (z — y) = Ree x — Ree y
| Im1 (x — y) = Imlz — Imly
| Im2 (x — y) = Im2z — Im2 y
| Im3 (z — y) = Im8z — Im3 y
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| img (& — ) = Imf © — Imj y
| Imb (x — y) = Imbz — Imb y
| Im6 (z — y) = Im6z — Im6 y
| Im7 (x — y) = Im7 2z — Im7y

instance
by standard (simp-all add: octo-eq-iff)

end

lemma octo-eq-0-iff:
r=0+—>Reex " 2+Imlzx 2+ Im2z 2+ Imd8z "2+
Imjz " 2+Imbz "2+ Imbx "2+ Im7zx "2 =0
proof
assume (octo.Ree z)?> + (Im1 1)? + (Im2 x)* + (Im3 2)? + (Im4 2)* + (Imb
7)2 + (Imé6 7)?
+ (Im7z)? =0
then have Vqa. qa — z = qa
by (simp add: add-nonneg-eq-0-iff minus-octo.ctr)
then show z = 0
by simp
qed auto

2.3 A Normed Vector Space

instantiation octo :: real-vector
begin
primcorec scaleR-octo

where
Ree (scaleR rx) = 1 % Ree x

| Im1 (scaleR rz) = r * Iml z
| Im2 (scaleR rz) = r * Im2 x
| Im3 (scaleR rz) = r % Im3 «
| Im4 (scaleR rz) =1 % Imj x
| Im5 (scaleR rz) = r % Imb x
| Im6 (scaleR rx) =1 % Im6 x
| Im7 (scaleR rz) = r * Im7 x

instance
by standard (auto simp: octo-eq-iff distrib-left distrib-right scaleR-add-right)

end
instantiation octo::one

begin
primcorec one-octo
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where
Ree 1 =1| Im11=0|Im21=0] Im31 =20 |
Im{1=0| Imé1=0|Im61=0]|Im71=20

instance by standard
end

fun octo-proj
where
octo-proj x 0 = ( Ree (x))
| octo-proj x (Suc 0) = (
| octo-proj x (Suc (Suc 0)) = ( Im2 (
| octo-proj x (Suc (Suc (Suc 0))) = ( (
| octo-proj x (Suc (Suc (Suc (Suc 0)))) = ( Im4(
| octo-proj x ( Suc (Suc ( )
| octo-proj x (Suc(Suc (Suc (Suc (Suc
( Suc (Suc (

| octo-proj x (Suc( Suc(Suc (Su

o

lemma octo-proj-add:
assumes 1 < 7
shows octo-proj (z+y) i = octo-proj © ¢ + octo-proj y @

proof —

consider i =0 |i=1]i=2]|i=8|i=4|i=5]i=6]|i=7
using assms by force

then show ?thesis
by cases (auto simp: numeral-2-eq-2 numeral-3-eq-3 numeral-4-eq-4 numeral-5-eq-5

numeral-6-eq-6 numeral-7-eq-7 numeral-7-eq-7)
qed

instantiation octo ::real-normed-vector
begin

definition norm z = sqrt ((Ree v)? + (Im1 z)? + (Im2 z)?> + (Im3 z)*> +
(Im4 z)? + (Im5 z)?> + (Im6 z)?>+ (Im7 z)? ) for z::octo

definition sgn © = x /g norm z for z :: octo
definition dist z y = norm (z — y) for z y :: octo

definition [code del]:
(uniformity :: (octo x octo) filter) = (INF ec{0 <..}. principal {(z, y). dist z y

< e})

definition [code del]:
open (U :: octo set) +— (VzeU. eventually (A(z', y). 2’ =z — y € U)
uniformity)
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lemma norm-eq-L2: norm x = L2-set (octo-proj x) {..7}
by (simp add: norm-octo-def L2-set-def eval-nat-numeral)

instance proof
fix r :: real and z y :: octo and S :: octo set
show (norm z = 0) +— (z = 0)
by (simp add: norm-octo-def octo-eq-iff add-nonneg-eq-0-iff)
have eq: L2-set (octo-proj (z + y)) {..7} = L2-set (Xi. octo-proj z i + octo-proj
yi) {.7}
by (rule L2-set-cong) (auto simp: octo-proj-add)
show norm (z + y) < norm x 4+ norm y
by (simp add: norm-eq-L2 eq L2-set-triangle-ineq)
show norm (scaleR r z) = |r| * norm z
by (simp add: norm-octo-def octo-eq-iff
power-mult-distrib distrib-left [symmetric] real-sqrt-mult)
qed (rule sgn-octo-def dist-octo-def open-octo-def uniformity-octo-def)+

end

lemma norm-octo-squared:
normz 2=Reex "2+ Imlz " 2+ Im2z 2+ Im3z 2 +
Imjz "2+ Imbx "2+ Im6x "2+ Im7z "2
by (simp add: norm-octo-def)

instantiation octo :: real-inner
begin

definition inner-octo where
inner-octo x y = Ree x x Ree y + ImIl x x Im1 y + Im2 z x Im2 y + Im3 x *
Im3y
+ImjxxImjy~+ ImbxxImby+ Imb6x*xImby+ Im7zxx*Im7y for
T y::octo

instance
by standard (auto simp: inner-octo-def algebra-simps norm-octo-def
power2-eq-square octo-eq-iff add-nonneg-eq-0-iff)
end
lemma octo-inner-1 [simpl: inner 1 x = Ree x
and octo-inner-1-right [simp]: inner x 1 = Ree z
unfolding inner-octo-def by simp-all
lemma octo-inner-el-left [simpl: inner el z = Im1 x
and octo-inner-el-right [simpl: inner z el = Iml x

unfolding inner-octo-def by simp-all

lemma octo-inner-e2-left [simpl: inner e2 x = Im2 x
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and octo-inner-e2-right [simp|: inner  e2 = Im2 x
unfolding inner-octo-def by simp-all

lemma octo-inner-e3-left [simpl: inner e3 x = Im3 x
and octo-inner-e3-right [simp]: inner x e3 = Im3 x
unfolding inner-octo-def by simp-all

lemma octo-inner-e4-left [simpl: inner e4 z = Imj z
and octo-inner-ej-right [simp|: inner z e/ = Imj x
unfolding inner-octo-def by simp-all

lemma octo-inner-e5-left [simp]: inner e5 © = Imb x
and octo-inner-e5-right [simp]: inner x e5 = Im5
unfolding inner-octo-def by simp-all

lemma octo-inner-e6-left [simpl: inner e6 © = Im6 x
and octo-inner-e6-right [simp|: inner ¢ e6 = Im6 x
unfolding inner-octo-def by simp-all

lemma octo-inner-e7-left [simpl: inner e7 z = Im7 x
and octo-inner-e7-right [simp|: inner © e7 = Im7 x
unfolding inner-octo-def by simp-all

lemma octo-norm-pow-2-inner: (norm z) ~ 2 = inner ¢ z for x::octo
by (simp add: dot-square-norm)

lemma octo-norm-property:

inner vy = (1/2)* ((norm(z+y)) 2 — (norm(z)) "2 — (norm(y))"2) for z y
:zocto

by (simp add: dot-norm norm-octo-def)

2.4 The Octonionic product and related properties and lem-
mas

The multiplication is defined following one of the 480 equivalent multiplica-
tion tables in an analogy to the definition of the 7D cross product.

instantiation octo :: times
begin

definition times-octo :: [octo, octo] = octo
where
(a % b) = (let
t0 = Ree a x Ree b — Im1 a x Im1 b — Im2 a * Im2 b— Im3 a x Im3 b
—ImfaxImjb —ImsbaxImbb— Im6axIm6b —Im7axIm7b,
t1 = Reea*xImlb+ Imlax Reeb+ Im2axImjb-+ImSax*xIm7b—
Imja*xIm2 b +Im5a*Im6b— Imb6ax*xImbb— Im7axIm3b,;
t2 = Reeax Im2b — Iml ax Imj b+ Im2a * Reeb + Im3 a x Imb b
+Im4axImlb — ImbaxIm3b+ Im6axIm7b— Im7ax*xIm6b ;
t3 = Reeax Im3b—ImlaxIm7b—Im2axImbb+Im3 ax Ree b+ Imj

16



a*x Im6 b
4+ Im&a*xIm2b — Im6a*x Imj b+ Im7axImlb;
ty = Reeax Imf b+ ImlaxIm2b— Im2axImib—Im3axIm6b+ Im4
a x Ree b
+Im& a x Im7b +Im6 a * Im3 b —Im7 a x Im5 b ;
t5 = Ree a x Im5b — Im1 a x Im6 b +Im2 a x Im3 b —Im3 a * Im2 b —Imj,
ax Im7b
+Imb a x Ree b +Imé6 a x Im1 b + Im7 a * Im4 b;
t6 = Ree a * Im6 b+ Imi1 ax Imdb— Im2axIm7b+Im3ax*Imjb— Imy
ax Im3b
—ImbaxImib+ Imbax Reeb+ Im7axIm2b ;
t7 = Ree a * Im7 b+ Im1 ax Im3b+Im2a*Im6b— ImS3ax*Imlb+ Im4
a*x Imb b
—ImbaxImfb— Im6axIm2b-+Im7ax Reeb
in Octo t0 t1 t2 t3 t4 t5 16 t7)

instance by standard
end

instantiation octo ::inverse
begin

primcorec inverse-octo
where
Ree (inverse x) = Reex [ (Reex "2 + Imlx "2+ Im2z " 2+ Im3z 2
+Imfz "2+ Imbz "2+ Imbz "2+ Im7xz "2 )

| Im1 (inverse ©) = — (Im1z) / (Reex "2+ Imlz "2+ Im2z "2+ Im3zx
-2
+Imjx "2+ Imbz "2+ Imb6x "2+ Im7x "2)
| Im2 (inverse z) = — (Im2z) / (Reex "2+ Imlz "2+ Im2z "2+ Im3z
=2
+Imiz "2+ Imbx "2+ Im6zx "2+ Im7x"2)
| Im3 (inverse ©) = — (Im3z) / (Reex "2+ Imlxz "2+ Im2z "2+ Im3
-2
+Imfx "2+ Imbc "2+ Im6z "2+ Im7z72 )
| Im4 (inverse z) = — (Im4 z) / (Reex "2+ Imlz "2+ Im2z "2 4+ Im3z
=2
+Imfxz "2+ Imbx " 24+ Imbzx "2+ Im7z 72 )
| Im5 (inverse ©) = — (Imbz) / (Reex "2+ Imlx "2+ Im2z "2+ Im3«x
-2
+Imfx "2+ Imbz "2+ Im6x " 2 + Im7x "2)
| Im6 (inverse x) = — (Im6x) / (Reex "2+ Imlx "2+ Im2z 2 + Im3 z
=2
+Imfxz "2+ Imbx "2+ Imbzx "2+ Im7z "2 )
| Im7 (inverse ) = — (Im7x) / (Reex "2 +Imlxz "2+ Im2z 2 + Im8
-2

+Imjx "2+ Imbc "2+ Im6z "2+ Im7z "2 )
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definition z div y = = * ( inverse y) for z y :: octo
instance by standard
end

lemma octo-mult-components:
Ree (x x y )= Reex* Reey — Imlzx*Imly— Im2z+Im2y— Im3z
Im3y
—ImfzxImjy—Imdbz*xImby — Imb6zx Imb6y— Im7z*Im7y
Imi (x x y) = Reexx Imly+ Imlzx* Reey+ Im2z* Imj y+Im8 z *
Im7y —
ImjxxIm2y +ImbxxIm6y— Imb6axxImdy— Im7xxIm3y
Im2 (z * y) = Reex*x Im2y — Iml z x Imj y+ Im2x % Reey + Im3 x
* Imb y
+ImfzxImly —Imbzx Im38y + Imb6xx Im7y — Im7z xImb y
Im8 (xxy )= Reexzx Im3y —Iml xx Im7y —Im2x «Im5y +Im3 x * Ree
y+ Img zx Imb6 y
+ ImbzxxIm2y — Im6xx Imjy+ Im7x*Imly
Im{ (xxy )= ReexxImiy+ ImlzxIm2y — Im2x % Imly—Im3 z x
Im6 y + Im4 x x Ree y
+Imb x x Im7y +Im6 x x Im8 y —Im7 x x Imb y
Im5 (xxy)=ReexxImby— Imlz*Imb6y+Im2zx*Im3y —Im3 x *
Im2y —Im4 x x Im7y
+Imbxzx Reey +Imb6z * Imly+ Im7z x Im4 y
Im6 (z % y)=ReexxImb6y+ ImlxzxImby — Im2zxIm7y +Im3 z *
Im4y— ImjfzxIm3y
—Imbxz*x Imly+ Imbx* Reey + Im7x % Im2 y
Im7 (z xy) = Reex x Im7y + Iml z x Im8y +Im2 x x Im6 y — Im3 z *
Imiy+ Im4xxImdy
—Imb5zxImjy— Imb6z*xIm2y +Im7z * Ree y
unfolding times-octo-def by auto

lemma octo-distrib-left :
a*x(b+c)=a*xb+ ax*cforabc:octo
unfolding times-octo-def plus-octo-def minus-octo-def uminus-octo-def scaleR-octo-def
by (simp add: octo-eq-iff octo-mult-components algebra-simps)

lemma octo-distrib-right :
(b+c¢)xa=bxa+ cxaforabc:octo
unfolding times-octo-def plus-octo-def minus-octo-def uminus-octo-def scaleR-octo-def
by (simp add: octo-eq-iff octo-mult-components algebra-simps)

lemma multiplicative-norm-octo: norm (z * y) = norm x % norm y for z y ::octo
proof —
have norm (z * y) ~ 2 =normz ~ 2 x normy ~ 2
unfolding norm-octo-squared octo-mult-components by algebra
also have ... = (norm = * norm y) ~ 2
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by (simp add: power-mult-distrib)
finally show ?thesis by simp
qed

lemma mult-1-right-octo [simp]: z %« 1 = (z :: octo)
and mult-1-left-octo [simp]: 1 * x = (z :: octo)
by (simp-all add: times-octo-def)

instance octo :: power ..

lemma power2-eq-square-octo: z ~ 2 = (x * x :: octo)
by (simp add: numeral-2-eq-2 times-octo-def)

lemma octo-product-alternative-left: x x (z * y) = (x * z :: octo) x y
unfolding octo-eq-iff octo-mult-components by algebra

lemma octo-product-alternative-right: x * (y x y) = (z * y :: octo) * y
unfolding octo-eq-iff octo-mult-components by algebra

lemma octo-product-flexible: (z * y) x © = x * (y * x = octo)
unfolding octo-eq-iff octo-mult-components by algebra

lemma octo-power-commutes: x "y x x = x * (x ~ y = octo)
by (induction y) (simp-all add: octo-product-flexible)

lemma octo-product-noncommutative: ~(V z y::octo. (z * y = y * x))
by (auto simp: times-octo-def)
(metis (no-types, lifting) Iml1-def add-0 mult.commute mult-1 mult-zero-left
octo.case
octo-e5.simps(2) octo-e5.simps(3) octo-e5.simps(4) octo-e5.simps(5) octo-e5.simps(6)
octo-e5.simps(8) zero-neg-numeral)

lemma octo-product-nonassociative :
~(V zy zuocto. T % (y x 2) = (x x y) * 2)
proof—
define z where z = Octo 1 0001000
define y where y = Octo 1 3000100
define z where z = Octo 01 011100
have z x (y x 2) # (z x y) * 2
by (simp add: octo-eg-iff octo-mult-components z-def y-def z-def)
thus ?thesis by blast
qged

2.5 Embedding of the Reals into the Octonions

definition octo-of-real :: real = octo
where octo-of-real r = scaleR r 1

definition octo-of-nat :: nat = octo
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where octo-of-nat r = scaleR r 1

definition octo-of-int :: int = octo
where octo-of-int v = scaleR r 1

lemma octo-of-nat-sel [simpl:
Ree (octo-of-nat z) = of-nat x Im1 (octo-of-nat ) = 0 Im2 (octo-of-nat ) = 0
Im3 (octo-of-nat x) = 0 Im4 (octo-of-nat x) = 0 Im5 (octo-of-nat z) = 0
Im6 (octo-of-nat x) = 0 Im7 (octo-of-nat x) = 0
by (simp-all add: octo-of-nat-def)

lemma octo-of-real-sel [simp]:
Ree (octo-of-real x) = x Im1 (octo-of-real x) = 0 Im2 (octo-of-real z) = 0
Im3 (octo-of-real z) = 0 Im4 (octo-of-real ) = 0 Im5 (octo-of-real z) = 0
Im6 (octo-of-real ) = 0 Im7 (octo-of-real x) = 0
by (simp-all add: octo-of-real-def)

lemma octo-of-int-sel [simp]:
Ree (octo-of-int x) = of-int © Im1 (octo-of-int x) = 0 Im2 (octo-of-int x) = 0
Im3 (octo-of-int x) = 0 Im4 (octo-of-int x) = 0 Im5 (octo-of-int x) = 0
Im6 (octo-of-int x) = 0 Im7 (octo-of-int x) = 0
by (simp-all add: octo-of-int-def)

lemma scaleR-conv-octo-of-real: scaleR r x = octo-of-real r x x
by (simp add: octo-eq-iff octo-mult-components octo-of-real-def)

lemma octo-of-real-0 [simp]: octo-of-real 0 = 0
by (simp add: octo-of-real-def)
lemma octo-of-real-1 [simp]: octo-of-real 1 = 1

by (simp add: octo-of-real-def)

lemma octo-of-real-add [simp]: octo-of-real (x + y) = octo-of-real x + octo-of-real

)
by (simp add: octo-of-real-def scaleR-left-distrib)

lemma octo-of-real-minus [simp|: octo-of-real (— x) = — octo-of-real x
by (simp add: octo-of-real-def)

lemma octo-of-real-diff [simp]: octo-of-real (x — y) = octo-of-real x — octo-of-real

)
by (simp add: octo-of-real-def scaleR-left-diff-distrib)

lemma octo-of-real-mult [simp]: octo-of-real (z * y) = octo-of-real x * octo-of-real
)
using octo-of-real-def

by (metis scaleR-conv-octo-of-real scaleR-scaleR)

lemma octo-of-real-sum[simpl: octo-of-real (sum fs) = (D x€s. octo-of-real (f x))
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by (induct s rule: infinite-finite-induct) auto

lemma octo-of-real-power [simp]:
octo-of-real (z ~ y) = (octo-of-real x :: octo) "y
by (induct y)(simp-all)

lemma octo-of-real-eq-iff [simp]: octo-of-real x = octo-of-real y «— z =y
using octo-of-real-def
by (simp add: octo-of-real-def one-octo.code zero-octo.code)

lemmas octo-of-real-eq-0-iff [simp] = octo-of-real-eq-iff [of - 0, simplified]
lemmas octo-of-real-eq-1-iff [simp] = octo-of-real-eq-iff [of - 1, simplified]

lemma minus-octo-of-real-eq-octo-of-real-iff [simp]: —octo-of-real © = octo-of-real
y+— —r =1y
using octo-of-real-eq-iff [of —x y] by (simp only: octo-of-real-minus)

lemma octo-of-real-eq-minus-of-real-iff [simp]: octo-of-real x = —octo-of-real y <—
r=—y
using octo-of-real-eq-iff [of x —y| by (simp only: octo-of-real-minus)

lemma octo-of-real-of-nat-eq [simp]: octo-of-real (of-nat x) = octo-of-nat x
unfolding octo-of-real-def
by (simp add: octo-of-nat-def)

lemma octo-of-real-of-int-eq [simp]: octo-of-real (of-int z) = octo-of-int z
unfolding octo-of-real-def
by (simp add: octo-of-int-def)

lemma octo-of-int-of-nat: octo-of-int (of-nat n) = octo-of-nat n
by (simp add: octo-eq-iff)

lemma octo-of-nat-add [simp]: octo-of-nat (a + b) = octo-of-nat a + octo-of-nat
b

and octo-of-nat-mult [simp]: octo-of-nat (a * b) = octo-of-nat a * octo-of-nat b

and octo-of-nat-diff [simp]: b < a = octo-of-nat (a — b) = octo-of-nat a —
octo-of-nat b

and octo-of-nat-0 [simp]: octo-of-nat 0 = 0

and octo-of-nat-1 [simp]: octo-of-nat 1 = 1

and octo-of-nat-Suc-0 [simp]: octo-of-nat (Suc 0) = 1

by (simp-all add: octo-eq-iff octo-mult-components)

lemma octo-of-int-add [simp]: octo-of-int (a + b) = octo-of-int a + octo-of-int b
and octo-of-int-mult [simp]: octo-of-int (a * b) = octo-of-int a * octo-of-int b
and octo-of-int-diff [simp]: b < a = octo-of-int (a — b) = octo-of-int a —

octo-of-int b
and octo-of-int-0 [simpl: octo-of-int 0 = 0
and octo-of-int-1 [simp]: octo-of-int 1 = 1
by (simp-all add: octo-eq-iff octo-mult-components)

21



instance octo :: numeral ..

lemma numeral-octo-conv-of-nat: numeral © = octo-of-nat (numeral x)
proof (induction x)
case(Bit0 z)
have numeral z+ numeral = octo-of-nat(numeral x+ numeral z)
unfolding Bit0.IH octo-of-nat-add ..
thus ?case by (simp add: numeral-Bit0)
next
case(Bitl z)
have numeral x+ numeral x + numeral num.One=
octo-of-nat (numeral x + numeral x + numeral num.One)
unfolding Bit1.IH octo-of-nat-add by simp
thus ?case by (simp add: numeral-Bitl)
qed auto

lemma numeral-octo-sel [simp]:
Ree (numeral n) = numeral n Im1 (numeral n) = 0 Im2 (numeral n) = 0
Im8 (numeral n) = 0 Im4 (numeral n) = 0 Im5 (numeral n) = 0
Im6 (numeral n) = 0 Im7 (numeral n) = 0
by (simp-all add: numeral-octo-conv-of-nat)

lemma octo-of-real-numeral [simp): octo-of-real (numeral w) = numeral w
by (simp add: numeral-octo-conv-of-nat octo-of-real-def octo-of-nat-def)

lemma octo-of-real-neg-numeral [simp|: octo-of-real (— numeral w) = — numeral
w
by simp

lemma octo-of-real-times-commute: octo-of-real r * ¢ = q * octo-of-real r
using octo-of-real-def times-octo-def by simp

lemma octo-of-real-times-conv-scaleR: octo-of-real x * y = scaleR x y
by (simp add: octo-eq-iff octo-mult-components)

lemma octo-mult-scaleR-left: (r xg ) x y = r *g (z * y = octo)
by (simp add: octo-eq-iff octo-mult-components algebra-simps)

lemma octo-mult-scaleR-right: x * (r xg y) = r *xg (x * y :: octo)
by (simp add: octo-eq-iff octo-mult-components algebra-simps)

lemma scaleR-octo-of-real [simpl: scaleR r (octo-of-real s) = octo-of-real (r * )
by (simp add: octo-of-real-def)

lemma octo-of-real-times-left-commute: octo-of-real v x (z % q) = x * (octo-of-real

r* q)
unfolding octo-of-real-times-conv-scaleR by (simp add: octo-mult-scaleR-right)
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lemma nonzero-octo-of-real-inverse:
z # 0 = octo-of-real (inverse x) = inverse (octo-of-real x :: octo)
by (simp add: octo-eq-iff power2-eq-square divide-simps)

lemma octo-of-real-inverse [simp]:
octo-of-real (inverse x) = inverse (octo-of-real x )
by (simp add: octo-eq-iff power2-eq-square divide-simps)

lemma nonzero-octo-of-real-divide:
y # 0 = octo-of-real (x / y) = (octo-of-real x | octo-of-real y ::octo)
by (simp add: divide-inverse divide-octo-def)

lemma octo-of-real-divide [simp]:
octo-of-real (z / y) = (octo-of-real x | octo-of-real y :: octo)
using divide-inverse divide-octo-def octo-of-real-def octo-of-real-inverse
by (metis octo-of-real-mult)

lemma octo-of-real-inverse-collapse [simp]:
assumes ¢ # 0
shows octo-of-real ¢ * octo-of-real (inverse c) = 1
octo-of-real (inverse ¢) * octo-of-real ¢ = 1
using assms by (simp-all add: octo-eg-iff octo-mult-components power2-eq-square)

lemma octo-divide-numeral:
fixes z::octo shows z / numeral y = z /g numeral y
using octo-of-real-times-commute|of inverse (numeral y)]
by (simp add: scaleR-conv-octo-of-real divide-octo-def flip: octo-of-real-numeral)

lemma octo-divide-numeral-sel [simp]:

Ree (z / numeral w) = Ree © / numeral w

Im1 (z / numeral w) = Im1 z / numeral w
(z / numeral w) = Im2 x / numeral w
(z / numeral w) = Im3 x / numeral w
(z / numeral w) = Imj x / numeral w
(z / numeral w) = Imb5 © / numeral w
(z / numeral w) = Im6 x / numeral w
Im7 (z / numeral w) = Im7 z / numeral w
unfolding octo-divide-numeral by simp-all

NN N NN g

lemma octo-norm-units [simp):

norm octo-el = 1 norm (e2::octo) = 1 norm (e3::octo) = 1

norm (e4::octo) = 1 norm (e5::octo) = 1 norm (e6::octo) = 1 norm (e7::o0cto)
=1

by (auto simp: norm-octo-def)

lemma el-nz [simp]: el # 0
and e2-nz [simpl: e2 # 0
and e3-nz [simpl: e3 # 0
and e/-nz [simp]: e/ # 0
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and e5-nz [simp]: e5 # 0
and e6-nz [simp]: e6 # 0
and e7-nz [simp]: e7 # 0
by (simp-all add: octo-eq-iff)

2.6 "Expansion" into the traditional notation

lemma octo-unfold:
g = (Ree q) xr €0 + (Im1 q) xg el + (Im2 q) *xg €2 + (Im3 q) *r €3
+ (Im4 q) *r €4 + (Im5 q) *g €5 + (Im6 q) xg €6 + (Im7 q) *xp €7
by (simp add: octo-eq-iff)

lemma octo-trad: Octo zyzwuwvqg=
rxp el +y*xgpel + z*xgp e2 + w*xp e3 + ux*xgpes + v*g ed + q xR
eb6 + g*r e7
by (simp add: octo-eq-iff)

lemma octo-of-real-eq-Octo: octo-of-real a = Octo a 0 0 0 0 0 0 0
by (simp add: octo-eq-iff)

lemma el-squared [simp]: el ~ 2 = —1
and e2-squared [simp]: e2 T2 = —1
and e3-squared [simp]: e3 ~ 2 = —1
and e4-squared [simp]: e4 ~ 2 = —1

[simp]:
[simp]:
and ej-squared [simp]: e5 T2 = —1
and e6-squared [simp]: e6 ~ 2 = —1
and e7-squared [simp]: e7 2 = —1
by (simp-all add: octo-eq-iff power2-eq-square-octo octo-mult-components)

lemma inverse-el [simp|: inverse el = —el
and inverse-e2 [simp]: inverse e2 = —e2
and inverse-e3 [simp]: inverse e3 = —e8
and inverse-e4 [simp]: inverse e/ = —e4
and inverse-e5 [simp]: inverse e5 = —ed
and inverse-e6 [simp]: inverse e6 = —e6
and inverse-e7 [simp]: inverse e7 = —e7

by (simp-all add: octo-eg-iff)

2.7 Conjugate of an octonion and related properties.

primcorec cnj :: octo = octo

where
Ree (cnj z) = Ree z

| Im1 (cnj z) = — Im1 2
| Im2 (enj z) = — Im2 z
| Im3 (enj z) = — Im3 z
| Im4 (enj z) = — Im4 2
| Im5 (enj z) = — Im5 z
| Im6 (cnj z) = — Im6 2
| Im7 (enj z) = — Im7 2
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lemma cnj-cancel-iff [simp]: cnjz = cnjy +— x =1y

proof
show cnjz=cnjy =z =y
by (simp add: octo-eq-iff)
qed auto

lemma cnj-cnj [simp]:
enj(enj q) = q
by (simp add: octo-eq-iff)

lemma cnj-of-real [simp]: cnj(octo-of-real x) = octo-of-real
using octo-eq-iff
by (simp add: octo-of-real-eq-Octo)

lemma cnj-zero [simp]: enj 0 = 0
by (simp add: octo-eq-iff)

lemma cnj-zero-iff [iff]: ecnjz =0 +— 2= 0
using cnj-cnj by (metis cnj-zero)

lemma cnj-one [simp]: ecnj 1 = 1
by (simp add: octo-eq-iff)

lemma cnj-one-iff [simp]: enjz =1 +— z=1
by (simp add: octo-eq-iff)

lemma octo-norm-cnj [simp]: norm(cnj q) = norm q
by (simp add: norm-octo-def)

lemma cnj-add [simp]: cnj (z + y) = enjx + cnj y
using octo-eq-iff inner-real-def of-real-0 of-real-inner-1 by simp

lemma cnj-sum [simp]: enj (sum fS) = (O xz€S. cnj (f z))
by (induct S rule: infinite-finite-induct) auto

lemma cnj-diff [simp]: cnj (x — y) = enjz — cnj y
using octo-eq-iff

by (metis add.commute add-left-cancel cnj-add diff-add-cancel)

lemma cnj-minus [simp]: cnj (— ) = — cnj z
using octo-eq-iff cnj-cnj by auto

lemma cnj-inverse [simpl: cnj (inverse x) = inverse (cnj x) for x y ::octo
using octo-eq-iff inner-real-def real-inner-1-right by auto

lemma cnj-mult [simp]: cnj (z x y) = cnj y * cnj x for z y ::octo
using octo-eq-iff times-octo-def octo-mult-components cnj-cnj
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mult-not-zero nonzero-inverse-mult-distrib by simp

lemma cnj-divide [simp]: enj (z / y) = (inverse (cnjy) ) x cnj x
for z y ::octo
unfolding divide-octo-def times-octo-def
using cnj-inverse cnj-mult octo-mult-components by (metis times-octo-def)

lemma cnj-power [simp]: cnj (x " y) = (enj z) "y for z::octo
by (induction y) (simp-all add: octo-power-commutes)

lemma cnj-of-nat [simpl: cnj (octo-of-nat ) = octo-of-nat( x)
using cnj-of-real octo-of-real-of-nat-eq by metis

lemma cnj-of-int [simpl]: cnj (octo-of-int ) = octo-of-nat( x)
using octo-of-real-def octo-of-real-of-int-eq octo-of-int-def octo-of-nat-def
cnj-of-real by auto

lemma cnj-numeral [simpl: cnj (numeral ) = numeral ©
by (simp add: numeral-octo-conv-of-nat)

lemma cnj-neg-numeral [simp]: enj (— numeral £) = — numeral
by (simp add: numeral-octo-conv-of-nat)

lemma cnj-scaleR [simp]: cnj (scaleR r x) = scaleR v (cnj z)
using octo-eq-iff inner-real-def In-one of-real-inner-1 by simp

lemma cnj-units [simp]: cnj el = —el cnj e2 = —e2 cnj e3 = —e3
cnjes = —e4 cnjed = —ed cnje6 = —eb cnj el = —e7
by (simp-all add: octo-eg-iff)

lemma cnj-eq-of-real: cnj ¢ = octo-of-real x +— q = octo-of-real x
proof
show cnj q = octo-of-real ©t = q = octo-of-real x
by (metis cnj-of-real cnj-cnj)
qed auto

lemma octo-trad-cnj : cnj g = (Ree q) *xg €0 — (Iml q) g el — (Im2 q)*gp e2

— (Im3 q) *r €3 —

(Im4 q) *r e4 — (Im5 q) *p e5 — (Im6 q) xgr e6 — (Im7 q)*xr €7 for q:octo
using cnj-cnj octo-unfold octo-trad cnj-def Octonions.cnj.code by auto

lemma octonion-conjugate-property:
enjr=—(1/6) xr (z + (el xz) % el + (e2 xx)xe2+ (e3 *x1z)* el +
(e4 ) *xef + (e5 *x) xed + (el x1x)*eb + (7 % x) * e7)
by (simp add: octo-eq-iff octo-mult-components)

lemma octo-add-cnj: ¢ + cnj g = 2 =g (Ree q) *xg €0 cnj ¢ + ¢ = (2xg (Ree

q)*r €0)
by (simp-all add: octo-eg-iff)
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lemma octo-add-cnjl: ¢ + cnj g = octo-of-real (2xr (Ree q))
cnj ¢ + q = octo-of-real (2xr (Ree q))
by (auto simp: octo-eq-iff octo-mult-components)

lemma octo-subtract-cnj:
g—cnjq=2xp (Iml q xg el + Im2 q xg €2 + Im3 q xp €8 +
Imj q xr e4 + Im5 q xg e5 + Im6 qxr e6 + Im7 q xr e7)
by (simp add: octo-eq-iff)

lemma octo-mult-cnj-commute: cnj x x © = x % cnj x
using times-octo-def by auto

lemma octo-cnj-mult-conv-norm: cnj x x & = octo-of-real (norm x) ~ 2
by (simp add: octo-eq-iff octo-mult-components norm-octo-def power2-eq-square
flip: octo-of-real-power)

lemma octo-mult-cnj-conv-norm: x * cnj & = octo-of-real (norm x) ~ 2
by (simp add: octo-eq-iff octo-mult-components norm-octo-def power2-eq-square
flip: octo-of-real-power)

lemma octo-mult-cnj-conv-norm-auz: octo-of-real (norm z ~ 2) = x x ¢nj x
using octo-mult-cnj-conv-norm[of x| by (simp add: octo-mult-cnj-commute)

lemma octo-norm-conj: octo-of-real ( inner x y) = (1/2) xg (x * (cnj y) + y *
(enj x))
by (simp add: octo-eq-iff octo-mult-components inner-octo-def)

lemma octo-inverse-cnj: inverse © = c¢cnj x /g (norm z ~ 2)
by (auto simp: octo-eg-iff norm-octo-def field-simps)

lemma inverse-octo-1: x # 0 = x x inverse x = (1 :: octo)
by (simp add: octo-mult-scaleR-right octo-mult-cng-conv-norm-auzx [symmetric]
divide-simps octo-inverse-cnj
del: octo-of-real-power)

lemma inverse-octo-1-sym: © # 0 = inverse x x © = (1 :: octo)
by (metis cnj-cnj cnj-inverse cnj-mult enj-one cnj-zero inverse-octo-1)

lemma inverse-0-octo [simp]: inverse 0 = (0 :: octo)
by (simp add: octo-eq-iff)

lemma inverse-octo-commutes: inverse x * © = x * (inverse x :: octo)
by (cases x = 0) (simp-all add: inverse-octo-1 inverse-octo-1-sym)

lemma octo-inverse-mult: inverse (x * y) = inverse y * inverse z for z y::octo
proof—
have inverse (z * y) = (cnjy * cnj z) /r (norm (z x y) ~ 2)
by (simp add: octo-inverse-cnyj)
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also have ... = (enjy /g normy ~ 2) x (enjx /g norm z ~ 2)
by (simp add: octo-mult-scaleR-left octo-mult-scaleR-right multiplicative-norm-octo
power2-eq-square)
also have ... = inverse y * inverse z
by (simp add: octo-inverse-cnyj)
finally show ?thesis .
qed

lemma octo-inverse-eq-cnj: norm ¢ = 1 = inverse ¢ = cnj q for g::octo
by (simp add: octo-inverse-cnj)

lemma octo-in-Reals-if-Re: fixes q ::real shows Ree( octo-of-real(q)) = q
by simp

lemma octo-in-Reals-if-Re-con: assumes Ree (octo-of-real q) = ¢
shows ¢ € Reals
by (metis Reals-of-real inner-real-def mult.right-neutral of-real-inner-1)

lemma octo-in-Reals-if-cnj: fixes gq:: real shows cnj( octo-of-real( q)) = octo-of-real

q
by simp

lemma octo-in-Reals-if-cnj-con: assumes cnj( octo-of-real( q)) = octo-of-real q
shows ¢ € Reals
by (metis Reals-of-real inner-real-def mult.right-neutral of-real-inner-1)

lemma norm-power2: norm q ~ 2 = Ree (¢nj q * q)
by (simp add: octo-mult-components norm-octo-def power2-eq-square)

lemma norm-power2-cnj: norm q¢ ~ 2 = Ree (q * cnj q)
by (simp add: octo-mult-components norm-octo-def power2-eq-square)

lemma octo-norm-imaginary: Ree x = 0 = x * © = —(octo-of-real (norm z))?
by (simp add: octo-eg-iff octo-mult-components norm-octo-def power2-eq-square
flip: octo-of-real-power octo-of-real-mult)

2.8 Linearity and continuity of the components.

lemma bounded-linear-Ree: bounded-linear Ree

and bounded-linear-Im1: bounded-linear Im1

and bounded-linear-Im2: bounded-linear Im2

and bounded-linear-Im3: bounded-linear Im3

and bounded-linear-Imj: bounded-linear Imj

and bounded-linear-Im5: bounded-linear Imb

and bounded-linear-Im6: bounded-linear Im6

and bounded-linear-Im7: bounded-linear Im’7

by (simp-all add: bounded-linear-intro [where K=1] norm-octo-def real-le-rsqrt
add.assoc)
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lemmas Cauchy-Ree = bounded-linear.Cauchy [OF bounded-linear-Ree]
lemmas Cauchy-Im1 = bounded-linear. Cauchy [OF bounded-linear-Im1]
lemmas Cauchy-Im2 = bounded-linear.Cauchy [OF bounded-linear-Im?2)
lemmas Cauchy-Im3 = bounded-linear. Cauchy [OF bounded-linear-Im3]
lemmas Cauchy-Im4 = bounded-linear. Cauchy [OF bounded-linear-Im4]
lemmas Cauchy-Imb = bounded-linear. Cauchy [OF bounded-linear-Im5)
lemmas Cauchy-Im6 = bounded-linear. Cauchy [OF bounded-linear-Im6]
lemmas Cauchy-Im7 = bounded-linear.Cauchy [OF bounded-linear-Im7|

lemmas tendsto-Re [tendsto-intros] = bounded-linear.tendsto [OF bounded-linear-Ree]

lemmas tendsto-Im1 [tendsto-intros| = bounded-linear.tendsto [OF bounded-linear-Im1
lemmas tendsto-Im2 [tendsto-intros| = bounded-linear.tendsto [OF bounded-linear-Im2
lemmas tendsto-Im3 [tendsto-intros| = bounded-linear.tendsto [OF bounded-linear-Im3
lemmas tendsto-Im4 [tendsto-intros] = bounded-linear.tendsto [OF bounded-linear-Im/
lemmas tendsto-Imé [tendsto-intros] = bounded-linear.tendsto [OF bounded-linear-Im5
lemmas tendsto-Im6 [tendsto-intros] = bounded-linear.tendsto [OF bounded-linear-Im6
lemmas tendsto-Im7 [tendsto-intros| = bounded-linear.tendsto [OF bounded-linear-Im7

lemmas isCont-Ree [simp] = bounded-linear.isCont [OF bounded-linear-Ree]
lemmas isCont-Im1 [simp] = bounded-linear.isCont [OF bounded-linear-Im1
lemmas isCont-Im2 [simp|] = bounded-linear.isCont [OF bounded-linear-Im2

[simp] ]

[simp] [ ]
lemmas isCont-Im3 [simp] = bounded-linear.isCont [OF bounded-linear-Im3]
lemmas isCont-Im4 [simp] = bounded-linear.isCont [OF bounded-linear-Im4]
lemmas isCont-Im5 [simp] = bounded-linear.isCont [OF bounded-linear-Im5]
lemmas isCont-Im6 [simp] = bounded-linear.isCont [OF bounded-linear-Im6]
lemmas isCont-Im7 [simp] = bounded-linear.isCont [OF bounded-linear-Im7]

lemmas continuous-Ree [simp] = bounded-linear.continuous [OF bounded-linear-Ree]

lemmas continuous-Im1 [simp] = bounded-linear.continuous [OF bounded-linear-Im1]
lemmas continuous-Im2 [simp] = bounded-linear.continuous [OF bounded-linear-Im2]
lemmas continuous-Im3 [simp] = bounded-linear.continuous [OF bounded-linear-Ims3)
lemmas continuous-ImJ [simp] = bounded-linear.continuous [OF bounded-linear-Im4]
lemmas continuous-Ims [simp] = bounded-linear.continuous [OF bounded-linear-Im5]
lemmas continuous-Imé6 [simp] = bounded-linear.continuous [OF bounded-linear-Im6]
lemmas continuous-Im7 [simp] = bounded-linear.continuous [OF bounded-linear-Im’7]

lemmas continuous-on-Ree [continuous-intros] = bounded-linear.continuous-on[OF
bounded-linear-Ree)
lemmas continuous-on-Im1 [continuous-intros| = bounded-linear.continuous-on[OF
bounded-linear-Im1]
lemmas continuous-on-Im2 [continuous-intros] = bounded-linear.continuous-on[OF
bounded-linear-Im2]
lemmas continuous-on-Im3 [continuous-intros] = bounded-linear.continuous-on[OF
bounded-linear-Im3]
lemmas continuous-on-Imj4 [continuous-intros| = bounded-linear.continuous-on[OF
bounded-linear-ImJ]
lemmas continuous-on-Imb [continuous-intros] = bounded-linear.continuous-on[OF
bounded-linear-Im5]
lemmas continuous-on-Imé [continuous-intros] = bounded-linear.continuous-on[OF
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bounded-linear-Im6]
lemmas continuous-on-Im7 [continuous-intros| = bounded-linear.continuous-on[OF
bounded-linear-Im7)

lemmas has-derivative-Ree [derivative-intros] = bounded-linear.has-derivative| OF
bounded-linear- Ree]
lemmas has-derivative-Im1 [derivative-intros] = bounded-linear.has-derivative| OF
bounded-linear-Im1]
lemmas has-derivative-Im2 [derivative-intros] = bounded-linear.has-derivative| OF
bounded-linear-Im2]
lemmas has-derivative-Im3 [derivative-intros] = bounded-linear.has-derivative| OF
bounded-linear-Im3]
lemmas has-derivative-Im4 [derivative-intros] = bounded-linear.has-derivative| OF
bounded-linear-ImJ]
lemmas has-derivative-Im5 [derivative-intros] = bounded-linear.has-derivative| OF
bounded-linear-Im5]
lemmas has-derivative-Im6 [derivative-intros] = bounded-linear.has-derivative| OF
bounded-linear-Im6]
lemmas has-derivative-Im7 [derivative-intros] = bounded-linear.has-derivative| OF
bounded-linear-Im’7]

lemmas sums-Ree = bounded-linear.sums [OF bounded-linear-Ree)
lemmas sums-Im1 = bounded-linear.sums [OF bounded-linear-Im1]
lemmas sums-Im2 = bounded-linear.sums [OF bounded-linear-Im2]
lemmas sums-Im3 = bounded-linear.sums [OF bounded-linear-Im3)
lemmas sums-Imj = bounded-linear.sums [OF bounded-linear-Im/]
lemmas sums-Imb5 = bounded-linear.sums [OF bounded-linear-Im5]
lemmas sums-Im6 = bounded-linear.sums [OF bounded-linear-Im6]
lemmas sums-Im7 = bounded-linear.sums [OF bounded-linear-Im7

2.8.1 Octonionic-specific theorems about sums.

lemma Ree-sum [simp]: Ree (sum fS) = sum (A\x. Ree(fz)) S
and ImI-sum [simp]: Im1 (sum fS) = sum (Az. Im1 (fz)) S
and Im2-sum [simpl: Im2 (sum fS) = sum (Az. Im2 (fz)) S
and Im3-sum [simpl: Im3 (sum fS) = sum (Az. Im3 (fz)) S
and Im4-sum [simpl: Im4 (sum fS) = sum (Az. Im4 (fz)) S
and Im5-sum [simp]: Im& (sum fS) = sum (Az. Im5 (fz)) S
and Im6-sum [simp]: Im6 (sum fS) = sum (Az. Im6 (fz)) S
and Im7-sum [simp]: Im7 (sum fS) = sum (Az. Im7 (fz)) S
by (induct S rule: infinite-finite-induct; szmp)—i—

2.8.2 Bound results for real and imaginary components of limits.

lemma Ree-tendsto-upperbound:

[(f —— limit) net; Vg x in net. octo.Ree (f x) < b; net # bot] = Ree limit
<%b

by (blast intro: tendsto-upperbound [OF tendsto-Re])

lemma Im1-tendsto-upperbound:
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[(f —— limit) net; ¥ p x in net. Im1 (f z) < b; net # bot] = Iml1 limit < b
by (blast intro: tendsto-upperbound [OF tendsto-Im1))

lemma Im2-tendsto-upperbound:
[(f —— limit) net; ¥V p x in net. Im2 (f z) < b; net # bot] = Im2 limit < b
by (blast intro: tendsto-upperbound [OF tendsto-Im?2])

lemma Im3-tendsto-upperbound:
[(f —— limit) net; ¥V F x in net. Im3 (f x) < b; net # bot] = Im3 limit < b
by (blast intro: tendsto-upperbound [OF tendsto-Im3))

lemma Im/-tendsto-upperbound:
[(f —— limit) net; Vg x in net. Imj (f z) < b; net # bot] = Im4 limit < b
by (blast intro: tendsto-upperbound [OF tendsto-Im4))

lemma Ims-tendsto-upperbound:

[(f —— limit) net; ¥V p x in net. Im5 (f z) < b; net # bot] = Im5 limit < b
by (blast intro: tendsto-upperbound [OF tendsto-Im5))

lemma Im6-tendsto-upperbound:
[(f —— limit) net; ¥V p x in net. Im6 (f x) < b; net # bot] = Im6 limit < b

by (blast intro: tendsto-upperbound [OF tendsto-Im6))

lemma Im7-tendsto-upperbound:
[(f —— limit) net; ¥V F x in net. Im7 (f x) < b; net # bot] = Im7 limit < b
by (blast intro: tendsto-upperbound [OF tendsto-Im7))

lemma Ree-tendsto-lowerbound:

[(f —— limit) net; YV x in net. b < octo.Ree (f x); net # bot] = b < Ree
limit

by (blast intro: tendsto-lowerbound [OF tendsto-Re])

lemma ImI-tendsto-lowerbound:
[(f —— limit) net; Vp x in net. b < Im1 (f x); net # bot] = b < Iml limit
by (blast intro: tendsto-lowerbound [OF tendsto-Im1])

lemma Im2-tendsto-lowerbound:
[(f —— limit) net; Vp zin net. b < Im2 (f x); net # bot] = b < Im2 limit
by (blast intro: tendsto-lowerbound [OF tendsto-Im2])

lemma Im3-tendsto-lowerbound:
[(f —— limit) net; Vp zin net. b < Im3 (f x); net # bot] = b < Im3 limit
by (blast intro: tendsto-lowerbound [OF tendsto-Im3])

lemma Im/-tendsto-lowerbound:
[(f —— limit) net; Vp x in net. b < Im4 (f x); net # bot] = b < Im4 limit
by (blast intro: tendsto-lowerbound [OF tendsto-Im4])

lemma Im5-tendsto-lowerbound:
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[(f —— limit) net; Vp zin net. b < Imb (f x); net # bot] = b < Imb limit
by (blast intro: tendsto-lowerbound [OF tendsto-Im5])

lemma Imé6-tendsto-lowerbound:
[(f —— limit) net; Vp zin net. b < Im6 (f x); net # bot] = b < Im6 limit
by (blast intro: tendsto-lowerbound [OF tendsto-Im6])

lemma Im7-tendsto-lowerbound:
[(f —— limit) net; Vr zin net. b < Im7 (f x); net # bot] = b < Im7 limit
by (blast intro: tendsto-lowerbound [OF tendsto-Im7])

lemma octo-of-real-continuous [continuous-intros:
continuous net f = continuous net (Ax. octo-of-real (f x))
by (auto simp: octo-of-real-def intro: continuous-intros)

lemma octo-of-real-continuous-on [continuous-intros]:
continuous-on S f = continuous-on S (Ax. octo-of-real (f x))
by (auto simp: octo-of-real-def intro: continuous-intros)

lemma of-real-continuous-iff: continuous net (\z. octo-of-real (f x)) +— contin-
uous net f
proof safe

assume continuous net (Az. octo-of-real (f x))

hence continuous net (Az. Ree (octo-of-real (f z)))

by (rule continuous-Ree)

thus continuous net f by simp

qed (auto intro: continuous-intros)

lemma of-real-continuous-on-iff:

continuous-on S (Az. octo-of-real(f x)) <— continuous-on S f
proof safe

assume continuous-on S (Az. octo-of-real (f x))

hence continuous-on S (Az. Ree (octo-of-real (f z)))

by (rule continuous-on-Ree)

thus continuous-on S f by simp

qed (auto intro: continuous-intros)

2.9 Octonions for describing 7D isometries

2.9.1 The HIm operator

definition HIm :: octo = real”7 where
HIm q = vector[Im1 q, Im2 q, Im8 q, Im4 q, Im5 q, Im6 q, Im7 ¢

lemma HIm-Octo: HIm (Octo w z y z u v q g) = vector|[z,y,z, u, v, ¢, g]
by (simp add: HIm-def)

lemma him-eq: HIm a = HIm b «— Im1 a = Im1 b A Im2 a = Im2 b N Im3 a

=Im3b
ANIm4a=1Im4bANImba=1ImsbANIm6a=Im6bAIm7a=1Im7b
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by (metis HIm-def vector-7)

lemma him-of-real [simp]: HIm(octo-of-real a) = 0
by (simp add:octo-of-real-eq-Octo HIm-Octo vec-eq-iff vector-def)

lemma him-0 [simp]: HIm 0 = 0
by (metis him-of-real octo-of-real-0)

lemma him-1 [simp]: HIm 1 = 0
using HIm-def him-0 by auto

lemma him-cnj: HIm(cnj q) = — HIm q
by (simp add: HIm-def vec-eq-iff vector-def)

lemma him-mult-left [simp]: HIm (a *g q¢) = a *g HIm ¢
by (simp add: HIm-def vec-eq-iff vector-def)

lemma him-mult-right [simp]: HIm (q * octo-of-real a) = HIm q * of-real a
by (metis Octonions.scaleR-conv-octo-of-real Real-Vector-Spaces.scale R-conv-of-real
him-mult-left octo-of-real-times-commute semiring-normalization-rules(7))

lemma him-add [simp]: HIm (z + y) = HIm z + HIm y
and him-minus [simp]: HIm (—z) = — HIm z

and him-diff [simp]: HIm (z — y) = HIm x — HIm y
by (simp-all add: HIm-def vec-eq-iff vector-def)

lemma him-sum [simp]: HIm (sum fS) = (> z€S. HIm (f z))
by (induct S rule: infinite-finite-induct) auto

lemma linear-him: linear HIm
by (simp add: linearl)

2.9.2 The Hv operator

definition Hv :: real”7 = octo where

Hv v = Octo 0 (v$1) (v$2) (v$3) (v$4) (v85) (v86) (v$7)

lemma Hu-sel [simp]:
Ree (Hyv) = 0Iml (Hvv)=v8$ 1Im2 (Hvv)=v$ 2Im3 (Hvv)=v3$3
Imj (Hvv)=v$ 4 Imb (Hvv)=v$ 5Im6 (Hvv)=v$ 6Im7 (Hvv)=0v$7
by (simp-all add: Hv-def)

lemma hv-vec: Hv(vec 1) = Octo O rrrrorrr
by (simp add: Hv-def)

lemma hv-eg-zero [simpl: Hv v = 0 +— v = 0
by (simp add: octo-eq-iff vec-eq-iff ) (metis exhaust-7)
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lemma hv-zero [simp]: Hv 0 = 0
by simp

lemma hv-vector [simpl: Hv(vector|z,y,z,u,v,q,9]) = Octo 0z y zu v q g
by (simp add: Hv-def)

lemma hv-basis:
Hv(azis 1 1) = el Hv(axis 2 1) = e2 Hv(azis 3 1) = e3
Hv(azis 4 1) = e Hv(axzis 5 1) = e5 Hv(azis 6 1) = e6 Hv(axis 71) = e7
by (simp-all add: octo-eq-iff)

lemma hv-add [simp]: Hv(x + y) = Hvx + Hv y
by (simp add: Hv-def octo-eq-iff)

lemma hv-minus [simp]: Hu(—z) = —Hv x
by (simp add: Hv-def octo-eq-iff)

lemma hv-diff [simp]: Hv(z — y) = Hvax — Hvy
by (simp add: Hv-def octo-eq-iff)

lemma hv-cmult [simp:
Hv(scaleR a ) = scaleR a ( Hv x)
by (simp add: Hv-def octo-eq-iff)

lemma hv-sum [simp]: Hv (sum fS) = (> x€S. Hv (f z))
by (induct S rule: infinite-finite-induct) auto

lemma hv-inj: Hvx = Hvy +— x =y
by (simp add: Hv-def octo-eq-iff vec-eq-iff) (metis (full-types) exhaust-7)

lemma linear-hv: linear Hv
using octo-of-real-def by (simp add: linearI)

lemma him-hv [simp]: HIm(Hv z) = z
using HIm-def hv-inj octo-eq-iff by fastforce

lemma cnj-hv [simpl: cnj(Hv v) = —Hv v
by (simp add: octo-eq-iff)

lemma hv-him: Hv(HIm q) = Octo 0 (Im1 q) (Im2 q) (Im3 q) (Im4 q) (Im5 q)
(Imé6 q) (Im7 q)
by (simp add: HIm-def)

lemma hv-him-eq: Ho(HIm q) = q +— Ree ¢ = 0
by (simp add: hv-him octo-eq-iff)

lemma dot-hv [simp]: Hvu - Hhv =u - v
by (simp add: Hv-def inner-octo-def inner-vec-def sum-7)

34



lemma norm-hv [simp: norm (Hv v) = norm v
by (simp add: norm-eq)

2.9.3 Related basic identities

lemma mult-hv-eq-cross-dot: Hv x « Hv y = Hv(z X7 y) — octo-of-real (inner x
y)
by (simp add: octo-eq-iff inner-octo-def cross7-components octo-mult-components
inner-vec-def sum-7)

lemma octonion-identity1-cross7 :
Hv (z x7 y) = (1/2) *r (Hvz * Hvy — Hv y * Hov )
by (simp add: octo-eq-iff octo-mult-components cross7-components)

lemma octonion-identity2-cross7:

Hv (z x7 (y X7 2) + y x7 (2 X7 2) + 2 X7 (x X7 9)) =

—(8/2) *g ((Hvz * Hvy) * Hv 2 — Hvz * (Hv y * Hv z))
unfolding octo-eq-iff octo-mult-components cross7-components Hv-sel scaleR-octo.sel
vector-add-component minus-octo.sel mult-zero-left mult-zero-right
add-0-left
add-0-right diff-0 diff-0-right
by algebra

2.10 Representing orthogonal transformations as conjuga-
tion or congruence with an octonion.

lemma HIm-nth [simp]:
Hmz$1=ImlzHmz$2=Im2xHImz$3=1Im3z Hmz$ /= Im4
x
Hmz$5=ImbxHmz$ 6 =Im6xHm=z$ 7=1Im7x
by (simp-all add: HIm-def)

lemma orthogonal-transformation-octo-congruence:
assumes norm q = 1
shows orthogonal-transformation (Az. HIm(cnj q¢ * Hv z * q))
proof —
have ng: (Ree ¢)? + (Im1 ¢)? + (Im2 q)* + (Im3 ¢)® + (Im4 ¢)* + (Im5 q)* +
(Im6 ¢)* + (Im7 q)* = 1
using assms norm-octo-def by auto
have Vector-Spaces.linear (xg) (xg) (Az. HIm (Octonions.cnj q * Hv z * q))
by unfold-locales (simp-all add: octo-distrib-left octo-distrib-right
octo-mult-scaleR-left octo-mult-scaleR-right)
moreover have HIm (Octonions.cnj q * Hv v * q) - HIm (Octonions.cnj q¢ * Hv
w o q) =
((Ree q)* + (Im1 q)* + (Im2 q)* + (Im3 ¢)*+ (Im4 q)* + (Im5
9)% + (Im6 q)* +
(Im7 ¢)%)72 * (v - w) for v w
unfolding octo-mult-components cnj.sel Hv-sel inner-vec-def sum-7 HIm-nth
inner-real-def
by algebra
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ultimately show ?thesis

by (simp add: orthogonal-transformation-def linear-def nq)
qed

lemma orthogonal-transformation-octo-conjugation:
assumes ¢ # 0
shows orthogonal-transformation (Ax. HIm (inverse q¢ x Hv z * q))
proof —
obtain ¢ d where eq: ¢ = octo-of-real ¢ x d and 1: norm d = 1
proof
show 1: ¢ = octo-of-real (norm q) * (inverse (octo-of-real (norm q)) * q)
using assms norm-eq-zero right-inverse multiplicative-norm-octo
by (metis Octonions.scaleR-conv-octo-of-real octo-of-real-inverse scaleR-one
scaleR-scaleR)
show norm (inverse (octo-of-real (norm q)) * q) = 1
using assms 1 norm-octo-def norm-mult inverse-octo-1 inverse-octo-1-sym
nonzero-octo-of-real-inverse octo-inverse-eq-cnj
cnj-of-real mult-cancel-left2 multiplicative-norm-octo
norm-eq-zero norm-octo-squared norm-power2-cnj octo-mult-cnj-conv-norm
power2-eq-square-octo

by metis
qed
have ¢ # 0

using assms eq by (metis Octonions.scaleR-conv-octo-of-real scale-zero-left)

then have HIm (Octonions.cnj d * Hvx x d) =
HIm (inverse (octo-of-real ¢ * d) x Hv x x (octo-of-real ¢ * d)) for =z
proof(simp add: flip: octo-inverse-eq-cnj [OF 1] of-real-inverse)
assume c # 0
then have inverse d = inverse d * inverse (c xg 1) * ¢ g 1
using octo-of-real-def octo-of-real-inverse octo-of-real-inverse-collapse(1)
octo-of-real-times-commute octo-of-real-times-left-commute by force
then have inverse d * Hv z x d = inverse (¢ xg 1 * d) *x Hvx x ¢ xg (d * 1)
by (metis (no-types) mult-1-right-octo octo-inverse-mult octo-mult-scaleR-left
octo-mult-scaleR-right)
then show
HIm (inverse d x Hv z x d) = HIm (inverse (octo-of-real ¢ x d) x Hv x *
(octo-of-real ¢ x d))
using octo-mult-scaleR-right octo-of-real-def octo-of-real-times-commute by
presburger
qed

then show ?thesis
using orthogonal-transformation-octo-congruence [OF 1]
by (simp add: eq)
qed

bundle octonion-syntax
begin
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notation octo-e0 (<e0>)
notation octo-el (<el»)
notation octo-e2 (<e2)
notation octo-e3 (<e3»)
notation octo-e¢4 (<e4»)
notation octo-e5 (<e5»)
notation octo-e6 (<e6))
notation octo-e7 (<e7»)
end

unbundle no octonion-syntaz
hide-const (open) Octonions.cnj

end
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