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Abstract

This is an improved and updated formalisation of the nominal unifi-
cation algorithm. Nominal unification is a generalisation of the classic
first-order unification to the practically important case of equations
between terms involving binding operations. A simple, possibly cap-
turing substitution of terms for variables solves such equations if it
makes the equated terms alpha-equivalent, i.e. equal up to renaming
bound names. While nominal unification can be seen as equivalent to
Miller’s higher-order pattern unification (unification problems can be
inter-coded), nominal unification has the advantage of involving only
first-order syntax. This means in the presented formalisation we only
need to reason about standard inductive datatypes and first-order op-
erations. The main improvement of this development is a much simpler
proof for establishing the equivalence relation properties for an induc-
tive definition characterising when two terms are alpha-equivalent. In
the original literature, this involved a clunky mutual induction over
the size of terms involving three properties. Here we can separate
the proofs and use just structural inductions. This results in a much
smoother formalisation of the nominal unification algorithm.
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1 Introduction

This is an improved and updated formalisation of the nominal unification al-
gorithm given in [5, 6]. The formalisation presented here is improved accord-
ing to the Rocha Oliveira et al. approach formalised in PVS [2, 4], where the
properties of symmetry, transitivity, and equivariance of the a-equivalence
relation are proved separately. This makes the proof and formalisation more
convenient. The same approach was taken by de Carvalho et al. in the Coq
formalisation of nominal c-unification and nominal C-unification [1, 3]. In
the PVS formalisation, nominal unification is presented as a functional re-
cursive algorithm, proved sound and complete, from which executable code
in Lisp can be extracted. In the Coq formalisation, non-deterministic rule-
based nominal unification procedures were presented, following the paper
by Urban et al, which were proved sound and complete; further, recursive
definitions were presented, which were proved equivalent to the inductive
procedures, and from which executable code was extracted.

2 Swappings of Pairs of Atoms

fun swapa :: (string x string) = string = string
where
swapa (by,e) a = (if b = a then c else (if ¢ = a then b else a))

fun swapas:: (string X string) list = string = string
where
swapas []

a=a
| swapas (z#pi) a =

swapa = (swapas pi a)



lemma swapas-aa[simpl:
shows swapas [(a,a)] b= b
by simp

lemma swapas-ab-ba:
shows swapas [(a,b)] = swapas [(b,a)]
by auto

lemma swapas-append:
shows swapas (pil Qpi2) a = swapas pil (swapas pi2 a)
by (induct pil) auto

lemma swapas-inv [simp]:
shows swapas (rev pi) (swapas pi a) = a
by (induct-tac pi) (auto simp add: swapas-append)

lemma swapas-rev-pi-a:
assumes swapas pi a = b
shows swapas (rev pi) b = a
using assms by auto

lemma swapas-rev-swapas-id [simp]:
shows swapas pi (swapas (rev pi) a) = a
by (metis swapas-rev-pi-a)

lemma swapas-rev-pi-b:
assumes swapas (rev pi) a = b
shows swapas pi b = a

using assms by auto

lemma swapas-comm:
shows (swapas (piQ@Q[(a,b)]) ¢) = (swapas ([(swapas pi a,swapas pi b)|Qpi) c)
by (metis swapa.simps swapas.simps(1,2) swapas-append swapas-rev-pi-a)

3 Terms

Definions for terms, occurs check and the notion of subterms.

datatype trm = Abst string trm
| Susp (string x string) list string
| Unit
| Atom string
| Paar trm trm
| Func string trm

The swapping operation on terms.

fun swap :: (string X string) list = trm = trm



where

swap pi (Unit) = Unit
| swap pi (Atom a) = Atom (swapas pi a)
| swap pi (Susp pi’ X) = Susp (pi Q@ pi") X
| swap pi (Abst a t) = Abst (swapas pi a) (swap pi t)
| swap pi (Paar t1 t2) = Paar (swap pi t1) (swap pi t2)
| swap pi (Func F't) = Func F (swap pi t)

lemma swap-id [simp]:
shows swap [| t = ¢
by (induct-tac t) (auto)

lemma swap-append:
shows swap (pil @pi2) t = swap pil (swap pi2 t)
using swapas-append by (induct t arbitrary: pil pi2) auto

lemma swap-empty:
assumes swap pi t = Susp [| X
shows pi = ||
using assms swap.elims by blast

The depth of terms used as measure.

fun depth :: trm = nat
where
depth (Unit) =90

| depth (Atom a) =0

| depth (Susp pi X) = 0

| depth (Abst at) = 1 + depth t

| depth (Func F't) = 1 + depth t

| depth (Paar tt’) = 1 + (max (depth t) (depth t'))

lemma
Suc-maz-left: Suc(maz z y) = z — = < z and
Suc-maz-right: Suc(maz zy) = 2z — y < z

by (auto)

lemma swap-depth [simp]:
shows depth (swap pi t) = depth t
by (induct t) (auto)

The occurs predicate and variables inside terms.

fun occurs :: string = trm = bool

where
occurs X (Unit) = False
| occurs X (Atom a) = False

(
(
| occurs X (Susp pi V) = (if X = Y then True else False)
| occurs X (Abst a t) = occurs X ¢
| occurs X (Paar t1 t2) = (if (occurs X t1) then True else (occurs X t2))
| occurs X (Func F't) = occurs X t



fun vars-trm :: trm = string set

where
vars-trm (Unit) ={}
| vars-trm (Atom a) = {}

(
(
| vars-trm (Susp pi X) = {X}

| vars-trm (Paar t1 t2) = (vars-trm t1)U(vars-trm t2)
| vars-trm (Abst a t) = vars-trm t

| vars-trm (Func F't) = vars-trm ¢

lemma vars-swap:
shows vars-trm (swap pi t) = vars-trm t
by (induct t) auto

Subterms and proper subterms.

fun sub-trms :: trm = trm set

where
sub-trms (Unit) = {Unit}
| sub-trms (Atom a) = {Atom a}

(
(
| sub-trms (Susp pi V) = {Susp pi Y}

| sub-trms (Abst a t) = {Abst a t} U sub-trms ¢

| sub-trms (Paar t1 t2) = {Paar t1 t2} U sub-trms t1 U sub-trms t2
| sub-trms (Func Ft) = {Func F t} U sub-trms t

fun psub-trms :: trm = trm set

where
psub-trms (Unit) ={}
| psub-trms (Atom a) = {}

(
(
| psub-trms (Susp pi X) = {}

| psub-trms (Paar t1 t2) = sub-trms t1 U sub-trms t2
| psub-trms (Abst a t) = sub-trms t

| psub-trms (Func F't) = sub-trms t

lemma psub-sub-trms:
assumes t1 € psub-trms t2
shows t1 € sub-trms t2
using assms
by (induct t2)(auto)

lemma t-sub-trms-t:
shows t € sub-trms t
by (induct t) (auto)

lemma abst-psub-trms:
assumes Abst a t1 € sub-trms t2
shows t1 € psub-trms t2
using assms
by (induct t2 arbitrary: t1)
(auto simp add: t-sub-trms-t intro: psub-sub-trms)



lemma func-psub-trms:
assumes Func F t1 € sub-trms t2
shows t1 € psub-trms t2
using assms
by (induct t2)
(auto simp add: t-sub-trms-t intro: psub-sub-trms)

lemma paar-psub-trms:
assumes Paar t1 t2 € sub-trms t3
shows t1 € psub-trms t3 and t2 € psub-trms t3
using assms
by (induct t3) (auto simp add: t-sub-trms-t intro: psub-sub-trms)

lemma t-not-in-psub-trms-t:
shows t ¢ psub-trms t
proof (induct t)
case (Abst z1 t)
then show ?case
using abst-psub-trms by auto
next
case (Susp z1 z2)
then show ?case by simp
next
case Unit
then show ?case by simp
next
case (Atom x)
then show ?case by simp
next
case (Paar t1 t2)
then have Paar t1 t2 ¢ sub-trms t1 Paar t1 t2 ¢ sub-trms t2
using paar-psub-trms by auto
then show ?case by simp
next
case (Func f t)
then show ?case
using func-psub-trms by auto
qed

lemma if-sub-not-eq-then-psub:
assumes t1 € sub-trms t2 t1 # t2
shows t1 € psub-trms t2
using assms
by (induct t2) auto

lemma depth-psub-trms:
assumes t1 € psub-trms t2
shows depth t1 < depth t2



using assms
proof (induct t2 arbitrary: t1)
case (Abst a t)
then show ?Zcase
using depth.simps(4)[of a t]
psub-trms.simps(5)[of a t] if-sub-not-eq-then-psub
by fastforce
next
case (Susp pi X)
then show ?case by simp
next
case Unit
then show ?case by simp
next
case (Atom a)
then show ?Zcase by simp
next
case (Paar t1't2’)
then show ?Zcase
using depth.simps(6)[of t1' t2’]
psub-trms.simps(4) if-sub-not-eq-then-psub by fastforce
next
case (Func f t17)
then show ?case
using depth.simps(5)[of f t17]
psub-trms.simps(6)[of f t1'] if-sub-not-eq-then-psub
by fastforce
qed

4 Facts about Atoms Occurring in Swappings

fun atms :: (string x string) list = string set where

atms [] = {} |
atms (zftxs) = ((atms zs) U {fst(x),snd(z)})

lemma atms-append|simp]:
shows atms (xsQys) = atms zs U atms ys
by (induct zs) auto

lemma atms-rev[simpl:
shows atms (rev pi) = atms pi
by (induct pi) auto

lemma a-not-in-atms:
assumes a ¢ atms pi
shows a = swapas pi a
using assms by (induct pi) auto



lemma swapas-pi-ineq-a:
assumes swapas pi a # a
shows a € atms pi
using a-not-in-atms assms by force

lemma a-ineq-swapas-pi:
assumes a # swapas pi a
shows a € atms pi
using a-not-in-atms assms by blast

lemma swapas-pi-in-atms:
assumes a € atms pi
showsswapas pi a € atms pi
using assms by (metis a-not-in-atms swapas-rev-pi-a)

5 Disagreement Sets

definition ds :: (string x string) list = (string x string) list = string set where
ds-def: dsxsys = { a.a € (atms zs U atms ys) A (swapas s a # swapas ys

a) }

lemma ds-elem:
assumes swapas pi aF£a
shows a€ds [| pi
using assms ds-def swapas-pi-ineg-a by simp

corollary ds-elem-cp:
assumes a ¢ ds || pi
shows swapas pi a = a
using assms ds-elem by blast

lemma elem-ds:
assumes a€ds [| pi
shows a#swapas pi a
using assms ds-def by simp

lemma ds-sym:
shows ds pil pi2 = ds pi2 pil
using ds-def by auto

lemma ds-trans:
assumes c € ds pil pi3
shows ¢ € ds pil pi2 V ¢ € ds pi2 pi3
using assms ds-def a-not-in-atms swapas-pi-ineq-a by auto

lemma ds-cancel-pi-left:
assumes c€ ds (pil Qpi) (pi2Qp7)



shows swapas pi ¢ € ds pil pi2
using assms ds-def swapas-append a-ineq-swapas-pi a-not-in-atms
by (metis (mono-tags, lifting) Un-iff mem-Collect-eq)

lemma ds-cancel-pi-right:
assumes swapas pi ¢ € ds pil pi2
shows ¢ € ds (pil Qpi) (pi2Qpi)
using assms
unfolding ds-def
using a-not-in-atms swapas-append by auto

lemma ds-equality:

shows (ds [| pi)—{a,swapas pi a} = (ds [| ((a,swapas pi a)#pi))—{swapas pi a}
using ds-def by auto

lemma ds-7:
assumes b # swapas pi b a € ds [| ((b,swapas pi b)#pi)
shows acds [| pi
using assms ds-def swapas-pi-in-atms a-ineq-swapas-pi sSwapas-rev-pi-a
ds-elem elem-ds swapa.simps swapas.simps(2)
by metis

lemma ds-cancel-pi-front:
shows ds (pi@Qpil) (piQpi2) = ds pil pi2
unfolding ds-def
by (metis (lifting) Un-iff a-not-in-atms swapas-append swapas-inv)

lemma ds-rev-pi-pi:
shows ds ((rev pil)Qpil) pi2 = ds [] pi2
unfolding ds-def
using a-not-in-atms swapas-append by auto

lemma ds-rev:
shows ds [| ((rev pil )Qpi2) = ds pil pi2
using ds-cancel-pi-front ds-rev-pi-pi by blast

lemma ds-acabbc:
assumes a£b b#£c cF£a
shows ds [(a, b), (b, )] [(a, ¢)] = {a, b}
using assms ds-def by auto

lemma ds-baab:
assumes a#b
shows ds [(b,a)] [(a, b)] = {}
using assms ds-def by auto

lemma ds-baab-id:
assumes a#b

shows ds ([(b,0)]Q[(a, D)]) [| = {}



using assms ds-def ds-rev ds-baab by simp

lemma ds-abab:
shows ds [] [(a, b), (a, b)] = {}
using ds-def by auto

lemma ds-comm:
shows ds (pi @ [(a,b)]) ([(swapas pi a, swapas pi b)] Q pi) = {}
using swapas-comm ds-def by simp

lemma ds-rev-pi-id:
shows ds (rev pi @ pi) [| = {}
using ds-rev-pi-pi[of pi <[]>] elem-ds
ds-symlof «(rev pi Q pi)» «[]>] by fastforce

lemma ds-pi-rev-id:
shows ds (pi @ rev pi) [| = {}
using ds-rev-pi-id[of <rev pi»] rev-rev-ident|of pi]
by simp

lemma ds-swapas-eq:
assumes ds pil pi2 = {}
shows swapas pil a = swapas pi2 a
using assms
by (metis ds-elem-cp ds-pi-rev-id ds-rev ds-sym emptyE swapas-append)

Disagreement sets as lists.

fun flatten :: (string x string)list = string list where

flatten [] =11
flatten (x#xs) = (fst x)#(snd z)#(flatten zs)

definition ds-list :: (string x string)list = (string X string)list = string list
where

ds-list-def: ds-list pil pi2 = remdups ([z. © <— (flatten (pil Qpi2)), xz€ds pil
pi2])

lemma set-flatten-eq-atms:
shows set (flatten pi) = atms pi
by (induct pi) auto

lemma ds-list-equ-ds:

set (ds-list pil pi2) = ds pil pi2
using ds-list-def ds-def set-flatten-eq-atms by auto
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6 Freshness

Defines the freshness relation and shows facts about its behaviour under
swappings.

type-synonym fresh-envs = (string X string) set

inductive fresh :: fresh-envs = string = trm = bool ( -+ - { - [80,80,80] 80)
where
fresh-abst-ab[intro!]: [nabla & a 4 t; a#b] = nabla - a § Abst b t |
fresh-abst-aa[introl]: nabla b a § Abst a ¢ |

fresh-unit[intro!]:  nabla & a § Unit |

fresh-atom[introl]:  a # b = nabla F a § Atom b |

fresh-susplintrol]:  (swapas (rev pi) a,X) € nabla = nabla - a § Susp pi X |
fresh-paarlintrol]:  [nabla - a § t1; nabla b a § t2] = nabla & a § Paar t1 t2 |
fresh-funclintrol]:  nabla b a § t = nabla & a § FPunc F' t

inductive-cases Fresh-elims:
nabla - a § Abst bt
nabla = a § Unit
nabla - a §f Atom b
nabla - a § Susp pi X
nabla & a § Paar t1 t2
nabla & a § Func F t

lemma fresh-swap-equt:
assumes nabla - a § ¢
shows nabla F swapas pi a § swap pi t
using assms
by (induct arbitrary: pi rule: fresh.induct)
(auto simp add: swapas-append dest: swapas-rev-pi-a)

lemma fresh-swap-left:
assumes nabla - a § swap pit
shows nabla b swapas (rev pi) a t ¢
using assms
proof (induct t arbitrary: a pi)
case (Abst z1 t)
have nabla - a § swap pi (Abst z1 t) by fact
then have (nabla b a § swap pi t A a # swapas pi 1) V (a = swapas pi 1)
by (metis Fresh-elims(1) swap.simps(4))
moreover {
assume as: nabla F a § swap pit A a # swapas pi z1
have nabla - swapas (rev pi) a § Abst z1 t
using Abst.hyps as by auto
}

moreover {

assume as: a = swapas pi 1
then have nabla F swapas (rev pi) a § Abst x1 t

11



by (simp add: fresh-abst-aa)
}
ultimately show nabla - swapas (rev pi) a § Abst x1 t
by argo
next
case (Susp =1 z2)
have nabla - a t swap pi (Susp z1 z2) by fact
have (swapas (rev z1) (swapas (rev pi) a), 2) € nabla
by (metis Fresh-elims(4) Susp rev-append swap.simps(8) swapas-append)
then show nabla - swapas (rev pi) a § Susp x1 22
by (simp add: fresh-susp)
next
case (Atom x)
have nabla - a f swap pi (Atom z) by fact
then have swapas pi x # a by (auto elim: Fresh-elims)
then have z # swapas (rev pi) a using swapas-rev-pi-b by blast
then show nabla b swapas (rev pi) a § Atom
by (simp add: fresh-atom)
qed (auto elim: Fresh-elims)

lemma fresh-swap-right:
assumes nabla - swapas (rev pi) a § t
shows nabla - a t swap pi t
using assms fresh-swap-equt|of nabla «swapas (rev pi) a» t pi]
swapas-rev-swapas-id[of pi a] by simp

lemma fresh-weak:
assumes nablal - a f t
shows (nablal U nabla2) - a f t
using assms
by (induct rule: fresh.induct)(auto)

lemma ds-empty-fresh-1:
assumes ds pil pi2 = {}
shows nabla - swapas pil a § t = nabla - swapas pi2 a § t
using assms ds-swapas-eq by simp

lemma ds-empty-fresh-2:
assumes ds pil pi2 = {}
shows nabla - a t swap pil t = nabla F a § swap pi2 t
using assms
proof—
assume assml: nabla b a § swap pil t
have i: swapas (rev pil) a = swapas (rev pi2) a
using assms ds-swapas-eq swapas-rev-pi-a by metis
with assms have 4i: nabla - swapas (rev pi2) a t t
using fresh-swap-left[OF assml1] i by simp
show ?thesis
using fresh-swap-right| OF ] by simp

12



qed

7 Pre-Equality

Defines the relation which captures the notion of alpha-equivalence (on open
terms) and proves this relation is an equivalence relation.

inductive equ :: fresh-envs = trm = trm = bool ( -+ - =~ - [80,80,80] 80) where
equ-abst-ablintro!]: [a#£b;(nabla - a § t2);(nabla b t1 ~ (swap [(a,d)] t2))]

= (nabla - Abst a t1 =~ Abst b t2) |
equ-abst-aa[introl]: (nabla - t1 ~ t2) = (nabla - Abst a t1 ~ Abst a t2) |

equ-ungt[introl]:  (nabla b Unit = Unit) |

equ-atom[introl]:  a=b=-nabla - Atom a = Atom b |

equ-susplintrol]: (Y ¢ € ds pil pi2. (¢,X) € nabla) = (nabla = Susp pil X =~
Susp pi2 X) |

equ-paar[introl]:  [(nabla & t1~t2);(nabla b s1~s2)] = (nabla - Paar t1 sl ~
Paar t2 s2) |

equ-funclintrol]:  (nabla & t1 =~ t2) = (nabla - Func F t1 ~ Func F t2)

inductive-cases Fqu-elims:
nabla = Atom a ~ Atom b

nabla = Unit ~ Unit

nabla - Susp pil X =~ Susp pi2 X
nabla & Paar s1 t1 =~ Paar s2 t2
nabla = Func F t1 ~ Func F t2
nabla = Abst a t1 ~ Abst a t2
nabla = Abst a t1 ~ Abst b t2

lemma equ-depth:
assumes nabla - t1 ~ t2
shows depth t1 = depth t2
using assms by (rule equ.induct, simp-all)

lemma rev-pi-pi-equ:
shows (nabla - swap (rev pi) (swap pit) =~ t)
proof (induct t)
case (Susp pi’ X)
then show ?case
using ds-cancel-pi-left[of - <rev pi Q pi» - <[]
ds-rev-pi-pt elem-ds ds-rev-pi-id by auto
qed (auto)

lemma equ-pi-right:
assumes Va € ds [| pi. nabla b a § ¢
shows nabla - t =~ swap pi t
using assms

proof (induct t arbitrary: pi)

13



case (Abst b t')
have swapas pi b = bV swapas pi b # b by simp
moreover
{ assume eq: swapas pi b = b
have nabla - Abst b t' =~ Abst b (swap pi t’)
by (metis Abst.hyps Abst.prems Fresh-elims(1) elem-ds eq equ-abst-aa)
then have nabla b Abst b t' ~ swap pi (Abst b t') using eq by simp
}
moreover
{ assume neq: b # swapas pi b
obtain ¢ where c-def: ¢ = swapas pi b by simp
have ¢ € ds [] pi
by (metis append.right-neutral c-def ds-cancel-pi-front ds-cancel-pi-left ds-elem
neq)
then have one: nabla - ¢ § Abst b t’ using assms Abst.prems by auto
have two: b # ¢ using neq c-def by blast
have nabla - ¢ f t' using one two by cases auto
have nabla - Abst b t' = Abst ¢ (swap pi t')
proof (rule equ-abst-ab)
show b # ¢ using neq c-def by blast
have b-is-swap: b = swapas (rev pi) c¢ using c-def by simp
show nabla - b § swap pi t’
using Abst.prems Fresh-elims(1) ds-elem fresh-swap-right neq swapas-rev-pi-a
by metis
show nabla b t’ ~ swap [(b, ¢)] (swap pi t’)
proof —
have fresh-ext:
Va € ds|] ((b,c) # pi). nabla - a § t’
proof (rule balll)
fix a assume A: a € ds [| ((b,c)#pi)
then have a = ¢V a € ds || pi
using c-def ds-7 neq by auto
then show nabla - a ff t’
proof
assume ¢ = c
with <nabla - c §f t'» show ?thesis by simp
next
assume a € ds [| pi
show ?thesis
proof (rule Fresh-elims(1)[of nabla a b t'], goal-cases)
case I
then show ?case
using Abst.prems <a € ds [ pD»>
by simp
next
case 2
then show ?Zcase by simp
next
case 3

14



have a # swapas ((b, ¢) # pi) a
using A elem-ds
by blast
hence a # b using c-def A
by (auto simp add: if-split)
hence Fulse using 3 by simp
then show ?Zcase by simp
qed
qed
qed
from Abst.hyps[OF fresh-ext]
have nabla b t' = swap ([(b,c)]@pi) t’
by simp
moreover have swap ([(b,c)|@Qpi) t' = swap [(b,c)] (swap pi t’)
using swap-append by blast
ultimately show ?%thesis by simp
qed
qed
then have nabla - Abst b t’ ~ swap pi (Abst b t’) using neq c-def by force
}
ultimately show ?case by argo
next
case (Susp pi’ X)
have Va€ds [| pi. nabla b a  Susp pi’ X by fact
then have nabla - Susp pi’ X = Susp (pi Q pi") X
using Fresh-elims(4) equ-susp ds-def ds-cancel-pi-left
by (metis (lifting) append-self-conv2 swapas-rev-pi-a)
then show Zcase by simp
next
case Unit
then show ?case
using equ-unit swap.simps(2) by force
next
case (Atom b)
then show ?case
apply simp
apply (rule equ-atom)
using Fresh-elims(8) ds-elem-cp
by metis
next
case (Paar t1 t2)
then have hypspl: (Va€ds || pi. nabla b a f§ t1)
and hypsp2: (Va€ds || pi. nabla - a § t2)
using Paar.prems Fresh-elims(5) by meson+
have nabla = Paar t1 t2 ~ Paar (swap pi t1) (swap pi t2)
using Paar.hyps(1,2) hypspl hypsp2 by blast
then show ?case by simp
next
case (Func ft')

15



then have hypsf: V a€ds [| pi. nabla b a § t’ using fresh-func
by (metis Fresh-elims(6))
have nabla - Func ft' = Func f (swap pi t')
using Func.hyps hypsf by blast
then show ?case
by simp
qed

lemma pi-comm:
shows nabla + (swap (pi @ [(a,b)]) t) =~ (swap ([(swapas pi a, swapas pi b)] Q
pi) t)
proof (induct t)
case (Abst c t)
then show ?case using swapas-comm by force
next
case (Susp 7' X)
have rew!:
swap (pi @ [(a,b)]) (Susp ©’ X) = Susp (pi Q [(a,b)] @ ') X
by simp
have rew2:
swap ([(swapas pi a, swapas pi b)] Q pi) (Susp 7' X)
= Susp ([(swapas pi a, swapas pi b)) Q pi Q 7') X
by simp
have fresh:
Ve e ds (pi @Q[(a,b)] Q@ 7') ([(swapas pi a, swapas pi b)] Q@ pi @ ©'). (¢, X) €
nabla
using swapas-append swapas-comm ds-def by simp
from rewl! rew2 fresh
show ?Zcase
using equ-susp by simp
next
case Unit
then show ?case by force
next
case (Atom c)
then show ?case
using equ-atom swapas-comm by auto
next
case (Paar t1 t2)
then show ?case by force
next
case (Func f t)
then show ?case by force
qed

lemma [3-jud:
assumes (nabla - t1 =~ t2)
shows (nabla - a § t1) — (nabla - a § t2)
using assms
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proof (induction rule: equ.induct)
case (equ-abst-ab b ¢ nabla t2 t1)
then show ?case
using fresh-swap-left Fresh-elims(1) fresh-abst-aa fresh-abst-ab rev-singleton-conv
swapa.simps swapas.simps(1,2)
by metis
next
case (equ-abst-aa nabla t1 t2 b)
then show ?case
using fresh-swap-left Fresh-elims(1) fresh-abst-aa fresh-abst-ab
by metis
next
case (equ-unit nabla)
then show ?case
by blast
next
case (equ-atom b ¢ nabla)
then show ?case
by simp
next
case (equ-susp pil pi2 X nabla)
then show ?case
using Fresh-elims(4) ds-elem-cp ds-rev fresh-susp swapas-append swapas-rev-pi-a
by metis
next
case (equ-paar nabla t1 t2 s1 s2)
then show ?case
using Fresh-elims(5) by blast
next
case (equ-func nabla t1 t2 f)
then show ?Zcase
using Fresh-elims(6) by blast
qed

lemma ds-empty-equiv-1:
assumes ds pil pi2 = {}
shows nabla - swap pil t1 ~ t2 — nabla b swap pi2 t1 ~ t2
using assms
proof (induction t1 arbitrary: t2)
case (Abst a t17)
then obtain b 2’
where t2: t2 = Abst b t2'
by (auto elim: equ.cases)
with Abst have i: nabla - Abst (swapas pil a) (swap pil t1') ~ Abst b t2'
using swap.simps(4) by simp
then show ?case
proof(cases <swapas pil a = b)
case True
then have nabla & swap pil t1' =~ t2'
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using Abst i Equ-elims(6) by blast
then have ii: nabla - swap pi2 t1' ~ t2’
using Abst by simp
then have nabla - Abst (swapas pi2 a) (swap pi2 t1') ~ Abst b t2’
using True ds-swapas-eq[OF Abst(3), of a] equ-abst-aa[OF ii, of <swapas pi2

ay]
by simp
then show ?thesis
using t2 by simp
next

case Fulse
then have equ-ab-pil: nabla b swap pil t1' = swap [(swapas pil a, b)] t2'
and fresh-ab-pil: nabla - swapas pil a § t2'
using i Equ-elims(7)[of nabla <swapas pil ar <swap pil t1’» b t2’]
by blast+
have equ-ab-pi2: nabla b swap pi2 t1' ~ swap [(swapas pi2 a, b)] t2’
using equ-ab-pil ds-swapas-eq[OF Abst(3), of al
Abst(3) Abst(1)[of «swap [(swapas pil a, b)] 2] by auto
have fresh-ab-pi2: nabla & swapas pi2 a £ 2’
using fresh-ab-pil ds-swapas-eq|OF Abst(83), of a] by simp
with equ-ab-pi2 have nabla - Abst (swapas pi2 a) (swap pi2 t1') = Abst b t2’
using equ-abst-ab|OF Fulse, of nabla t2'] ds-swapas-eq[OF Abst(3), of a] by
stmp
then show ?thesis using t2 by simp
qed
next
case (Susp pi X)
then obtain pi’
where t2: t2 = Susp pi’ X
by (auto elim:equ.cases)
with Susp have i: nabla - Susp (pil @Q pi) X =~ Susp pi’ X
by simp
then have V ¢ € ds (pil@Qpi) pi’. (¢,X) € nabla
using Fqu-elims(3)[OF i| by auto
with Susp have V ¢ € ds (pi2Qpi) pi’. (¢,X) € nabla
using ds-cancel-pi-left ds-sym ds-trans
by blast
then have nabla - Susp (pi2 @ pi) X = Susp pi’ X
using equ-susp by simp
then show ?case using t2 swap.simps(3) by simp
next
case (Atom a)
then show ?case
using ds-swapas-eq[OF Atom(2), of al
by (auto elim: equ.cases)
qed (auto elim: equ.cases)

lemma ds-empty-equiv-2:
assumes ds pil pi2 = {}
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shows nabla - t1 ~ swap pil t2 = nabla - t1 ~ swap pi2 t2
using assms
proof (induction t2 arbitrary: pil pi2 t1)
case (Abst b t2’)
then obtain a t1’
where t1: t1 = Abst a t1'
by(auto elim: equ.cases)
with Abst have i: nabla b Abst a t1’ ~ Abst (swapas pil b) (swap pil 12"
using swap.simps(4) by simp
then show ?Zcase
proof(cases <swapas pil b = ay)
case True
then have nabla & t1' =~ swap pil t2'
using Abst i Equ-elims(6) by blast
then have ii: nabla - t1' =~ swap pi2 t2'
using Abst by simp
then have nabla b Abst a t1’ =~ Abst (swapas pi2 b) (swap pi2 t2')
using True ds-swapas-eq[OF Abst(3), of b] equ-abst-aa[OF ii, of <swapas pi2

b]

by simp

then show ?thesis
using t1 by simp

next

case Fulse

then have equ-ab: nabla - t1' =~ swap [(a, swapas pil b)] (swap pil t2)
and fresh-ab-pil: nabla &+ a f swap pil t2'
using i Equ-elims(7) by blast+

then have equ-ab-pil: nabla b t1’ ~ swap ([(a, swapas pil b)|Q pil) t2’
using swap-append|of <[(a, swapas pil b)]> pil t2] by simp

have ds-empty: ds ([(a, swapas pil b)] @ pil) ([(a, swapas pi2 b)] Q pi2) = {}
using Abst(3) ds-swapas-eq[OF Abst(3), of b

ds-cancel-pi-front|of <[(a, swapas pil b)]y pil pi2] by simp

hence nabla b t1' =~ swap ([(a, swapas pi2 b)|Q pi2) t2’
using Abst(1)[OF equ-ab-pil ds-empty] by simp

hence equ-ab-pi2: nabla - t1' = swap [(a, swapas pi2 b)| (swap pi2 t2’)
using swap-append[of <[(a, swapas pi2 b)]> pi2 t2'] by simp

have fresh-ab-pi2: nabla & a f swap pi2 t2'
using ds-empty-fresh-2 Abst(3) fresh-ab-pil by auto

with equ-ab-pi2 have nabla - Abst a t1' ~ Abst (swapas pi2 b) (swap pi2 t2')
using equ-abst-ab ds-swapas-eq False assms Abst(3) by auto

then show ?thesis using t1 by simp

qed
next

case (Susp pi’ X)
then obtain pi
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where t1: t1 = Susp pi X
by (auto elim:equ.cases)
with Susp have i: nabla - Susp pi X = Susp (pil Q pi’) X
by simp
then have V ¢ € ds pi (pil @ pi’). (¢,X) € nabla
using FEqu-elims(3)[OF i] by auto
with Susp have V ¢ € ds pi (pi2 Q pi’). (¢,X) € nabla
using ds-cancel-pi-left ds-sym ds-trans
by blast
then have nabla - Susp pi X = Susp (pi2 Q pi’) X
using equ-susp by simp
then show ?case using t1 swap.simps(3) by simp
next
case (Atom a)
then show ?Zcase
using ds-swapas-eq by (auto elim: equ.cases)
qed (auto elim: equ.cases)

lemma equ-equivariance:
assumes nabla - t1 ~ t2
shows nabla F swap pi t1 ~ swap pi t2
using assms
proof (induct rule: equ.induct)
case (equ-abst-ab a b nabla t2' t1”)
have i: nabla F swapas pi a § swap pi t2'
using fresh-swap-equt| OF equ-abst-ab(2), of pi| by simp

have nabla - swap pi t1' =~ swap (pi @ [(a,b)]) t2'
using equ-abst-ab(4) swap-append|of pi [(a,b)]> t2'] by simp
then have nabla - swap pi t1' =~ swap ([(swapas pi a, swapas pi b)] Q pi) 2’
using ds-empty-equiv-2[OF ds-comm[of pi a b]] by auto
then have ii: nabla b swap pi t1' = swap [(swapas pi a, swapas pi b)] (swap pi
t2")
using ds-empty-equiv-2[OF ds-comm|of pi a b]]
swap-append|of «[(swapas pi a, swapas pi b)]» pi t2’] by simp

have 7ii: swapas pi a # swapas pi b
using equ-abst-ab.hyps(1) swapas-rev-pi-a by blast

with 7 i

have nabla - Abst (swapas pi a) (swap pi t1’) = Abst (swapas pi b) (swap pi t2)
using equ.equ-abst-ab by auto

hence nabla b swap pi (Abst a t1') ~ swap pi (Abst b t2')
using swap.simps(4) by simp

then show ?case by simp

next

case (equ-abst-aa nabla t1' t2' a)

then show ?case
using equ.equ-abst-aa by simp
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next
case (equ-susp pil pi2 X nabla)
then show ?case using ds-cancel-pi-front
by auto
qed (auto)

lemma swap-inv-side:
shows nabla b swap pi t1 =~ t2 = nabla - t1 ~ swap (rev pi) t2
proof

{assume assm1: nabla & swap pi t1 ~ t2
from equ-equivariance] OF assml, of <rev pi)]
have nabla - swap (rev pi @ pi) t1 =~ swap (rev pi) t2
using swap-append|of <rev piy pi t1] by simp
then show nabla - t1 = swap (rev pi) t2
using ds-empty-equiv-1[OF ds-rev-pi-id|of pi], of nabla t1 <swap (rev pi) t2>]
swap-id[of t1] by simp}

{assume assm2: nabla b t1 ~ swap (rev pi) t2
from equ-equivariance] OF assm2, of pi]
have nabla = swap pi t1 ~ swap (pi Q rev pi) t2
using swap-append|of pi <rev pi> t2] by simp
then show nabla - swap pi t1 ~ t2
using ds-empty-equiv-2[OF ds-pi-rev-id|of pi], of nabla «swap pi t1» t2]
swap-id[of t2] by simp}
qged

lemma equ-swap-abba:
assumes n = depth t1
shows nabla - swap [(a,b)] t1 ~ t2 = nabla - t1 ~ swap [(b,a)] t2
proof—
assume nabla - swap [(a,b)] t1 ~ t2
with ds-baab[of b d]
have nabla - swap [(b,a)] t1 ~ 2
using ds-empty-equiv-1 by blast
then show ?thesis
using swap-inv-side[of nabla <[(b,a)]’] by simp
qged

lemma equ-equiv-pi:
assumes Y a € ds pil pi2. nabla - a f t
shows nabla F swap pil t = swap pi2 t
using assms equ-pi-right[of <rev pil Q pi2» nabla t]
swap-inv-side|of nabla pil t (swap pi2 t»] ds-rev swap-append by simp

lemma equ-symm:

shows (nabla - t1 =~ t2) = (nabla - t2 =~ t1)
proof (induction rule: equ.induct)

case (equ-abst-ab a b nabla t2' t1’)
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have i: nabla - b ¢ swap [(a, b)] t2’
using fresh-swap-equt|of nabla a t2' [(a,b)]] equ-abst-ab(2) by auto
with equ-abst-ab(4)
have b-fresh: nabla - b f t1’
using [3-jud by blast
from equ-abst-ab(4)
have 4 nabla - t2’ =~ swap [(b, a)] t1’
using equ-swap-abba by simp
show ?Zcase
using equ.equ-abst-ab[OF equ-abst-ab(1)[symmetric] b-fresh ii] by simp
next
case (equ-abst-aa nabla t1' t2' a)
then show ?case
using equ.equ-abst-aa[|OF equ-abst-aa(2), of a] by simp
next
case (equ-unit nabla)
then show ?case by auto
next
case (equ-atom a b nabla)
then show “case by auto
next
case (equ-susp pil pi2 X nabla)
then show ?case
using ds-sym by auto
next
case (equ-paar nabla t1't2' s1' s2”)
then show ?Zcase by auto
next
case (equ-func nabla t1' t2' f)
then show ?case
using equ.equ-func[OF equ-func(2), of f] by simp
qed

lemma equ-trans:
assumes nabla - t1 =~ t2 nabla - t2 ~ t3
shows nabla - t1 ~ t3
using assms
proof (induction «depth t1> arbitrary: t1 t2 t3 rule: nat-less-induct)
case [
note IH = this
have IH-usable:
depth t1' < depth t1 = nabla + t1' =~ t2' = nabla F t2' = t3' = nabla
Ftl’ ~ t3’
for t1’ t2' t3' using IH by blast
have nabla - t1 ~ t2 = nabla F t2 =~ t3 = nabla - t1 ~ t3
proof—
assume t12: nabla - t1 ~ t2 and t23: nabla - t2 ~ t3
show ?thesis
proof(cases rule: equ.cases|OF <nabla & t1 =~ t2)])
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case (1 a b nabla t2' t17)
from 1(2) have depthtl: depth t1' < depth t1
using depth.simps(4) by auto
from t23 show ?thesis
proof(cases rule: equ.cases)
case (equ-abst-ab b ¢ t3' t2")
then show ?thesis
proof(cases a = ¢)
case True
have i: nabla - swap [(¢,b)] t2' = swap ([(¢,b)]Q[(b,c)]) 8’
using equ-equivariance[OF equ-abst-ab(5), of «[(¢,b)]] 1(1)
swap-append|of «[(¢,b)]> <[(b,c)]> t3'] by simp
have ii: nabla b swap [(¢,b)] t2' =~ ¢3’
using ds-empty-equiv-2[OF ds-baab-id|OF equ-abst-ab(3)] i] by simp
with equ-abst-ab 1 True
have 4i: nabla - t1' =~ swap [(c, b)] t2' by blast
with i have nabla - t1’ ~ t3'
using IH-usable[OF deptht1, of <swap [(c, b)] t2" t3] 1(1)
by simp
then show ?thesis using True equ-abst-ab(2) 1(1,2) by auto
next
case Fulse

have deptht2: depth (swap [(a,b)] t27) < depth t1
using depth.simps(4) equ-depth|OF 1(6)] swap-depth 1(8) deptht!
equ-abst-ab(1) by simp

from equ-abst-ab(1,4,5) 1(1,3,5)
have ii: nabla - a § swap [(b,c)] 3’
using [3-jud by simp

then have a-fresh-t3: nabla & a 4 t3'

using fresh-swap-left|OF ii] False equ-abst-ab 1 by simp
have b-fresh-t3: nabla - b § t3’

using equ-abst-ab(4) 1(1) by simp

from 1(1) equ-abst-ab(5)

have nabla & swap [(a,b)] t2' ~ swap ([(a,b)]Q[(b,c)]) t3’
using equ-equivariance[OF equ-abst-ab(5)]

swap-append|of «[(a, b)]> <[(b,c)]> t8'] by simp

then have iii: nabla b swap [(a,b)] t2' =~ swap ([(a,b),(b,c)]) t3’
by simp

have ds [(a,), (b,0)] [(a,)] = {a.b}
using ds-acabbc equ-abst-ab 1 Fualse by simp

with a-fresh-t3 b-fresh-t3

have v: nabla + swap [(a,b),(b,c)] t3' = swap [(a,c)] t3’
using equ-equiv-pi by simp
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with 1(1) #i have nabla b swap [(a,b)] t2' = swap [(a,c)] 3’
using [H-usable[OF deptht2, of <swap ([(a,b),(b,c)]) t8" <swap [(a,c)]
t3"]
by simp

with 1(1,3,6) have nabla - t1' =~ swap [(a,c)] t3'
using [H-usable]|OF depthtl, of <swap [(a, b)] t2" «swap [(a,c)] t3"]
equ-abst-ab(1) by simp

with 1(1,2) equ-abst-ab(2)
show ?thesis using equ.equ-abst-ab]OF False a-fresh-t3] by simp
qed
next
case (equ-abst-aa t2' t3'b)
from this(38) 1(1)
have i: nabla - swap [(a,b)] t2' ~ swap [(a,b)] t3'
using equ-equivariance[of nabla t2' t3' <[(a,b)]’] by simp

have nabla - b § swap [(a,b)] t2’
using 1(1,3,4,5) equ-abst-aa(1) fresh-swap-equt[of nabla a t2' <[(a,b)]]
by auto
then have ii: nabla - b § swap [(a,b)] 3’
using [3-jud[OF i, of b] by simp
have nabla F swapas [(a,b)] b § t3’
using fresh-swap-left|OF ii] by simp
then have a-fresh-t3: nabla - a § t3'
using 1(8,4) equ-abst-aa(1) by simp

have is-equ: nabla b t1' =~ swap [(a,b)] t3’
using 1 i TH-usable[OF depthtl, of <swap [(a,b)] 2" <swap [(a,b)] t3"]
equ-abst-aa(1) by auto

from a-fresh-t3 is-equ show ?thesis
using 1 equ-abst-aa(1,2) equ.equ-abst-ab by simp
qed (auto simp add: 1 t12)
next
case (2 nabla t1' t2' a)
have depthtl: depth t1' < depth t1
using depth.simps(4) 2(2) by simp
from 23 show ?thesis
proof(cases rule: equ.cases)
case (equ-abst-ab a ¢ t3' t27)
have nabla F t1' = swap [(a,c)] t3’
using 2(1,2,3,4) I[H-usable|OF depthtl, of «t2" <swap [(a,c)] t3"]
equ-abst-ab(1,4.,5) by simp
then show ?thesis
using equ.equ-abst-ab[OF equ-abst-ab(3)]
2(1,2,8) equ-abst-ab(1,2,4) by auto
next

24



case (equ-abst-aa t2' t3' a)
then show ?thesis
using 1 2(1,2,3,4) by auto
qged (auto simp add: 2)
next
case (3 nabla)
from t28 show ?%thesis
proof(cases rule: equ.cases)
case equ-unit
then show ?thesis using t12 by auto
qed (auto simp add: 3)
next
case (4 a b nabla)
from t23 show ?thesis
proof(cases rule: equ.cases)
case (equ-atom a b)
then show ?thesis
using t12 by auto
qed (auto simp add: 4)
next
case (J pil pi2 X nabla)
from t28 show ?thesis
proof(cases rule: equ.cases)
case (equ-susp pil pi2 X)
then show ?thesis
using ds-trans 5 by blast
qed (auto simp add: 5)
next
case (6 nabla t1' 12" s1' s2”)
from t23 show ?thesis
proof(cases rule: equ.cases)
case (equ-paar t2' t3' s2' s3’)
have depthtl: depth t1' < depth t1
using 6(2) by simp
have depthsi: depth s1’ < depth t1
using 6(2) by simp
have a: nabla - t1' =~ t2'
using 6(8,4) equ-paar by auto
have b: nabla - s1' =~ s2'
using 6 equ-paar by auto
from a have t1-equal-t3: nabla - t1' ~ t3'
using TH-usable[of t1' t2' t3'] equ-paar(8) 6(1) depthtl
by simp
from b have sI-equal-s3: nabla - s1’ ~ s3'
using [H-usable[of s1' s2' s8] equ-paar(4) 6(1) depthsl
by simp
from t1-equal-t3 si1-equal-s8 show ?thesis
using equ.equ-paar|of nabla t1' t3' s1’ s3'] 6(1,2) equ-paar(2)
by simp
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qed (auto simp add: 6)
next
case (7 nabla t1 t2 F)
from t23 show ?thesis
proof(cases rule: equ.cases)
case (equ-func t1 t2 F)
then show ?thesis
using 1 7(1,2,3,4) by auto
qed (auto simp add: 7)
qed
qed
then show ?case
using IH(2,3) by blast
qed

lemma pi-right-equ-help:
assumes (n = depth t)
shows nabla b t ~ swap pit =V a € ds [] pi. nabla - a f t
using assms
proof (induction n arbitrary: t pi rule: nat-less-induct)
case (1 n)
note IH = this
then show ?case
proof (cases rule: equ.cases|OF <nabla - t = swap pi t)])
case (1 b ¢ nabla t2 1)
have depthtl: depth t1 < n
using 1 depth.simps(4) IH by simp
have swap-pi-t1-is-t2: swap pi t1 = t2
using 1(2,3) by auto
have swap-pi-b-is-c: swapas pi b = ¢
using 1(2,3) by auto
with swap-pi-t1-is-t2 have nabla & t1 =~ swap [(b, swapas pi b)] (swap pi
t1)
using 1(1,6) by simp
then have nabla - t1 ~ swap ([(b, swapas pi b)] Q pi) t1
using swap-append|of «[(b, swapas pi b)]» pi t1] by simp
with deptht! have ¥V a € ds [| ((b, swapas pi b)#pi). nabla - a § t1
using 1.IH 1 by auto
then have ds-minus-bc: V a € ds [| pi — {b, c}. nabla - a § t1
using ds-equality swap-pi-b-is-c by auto
have c-fresh-t1: nabla - c § t1
using 1 equ-symm [3-jud fresh-swap-equt Equ-elims equ-abst-ab by meson
with ds-minus-bc have V a € ds [| pi — {b}. nabla - a § t1
by auto
then have ds-minus-b: ¥V a € ds [| pi — {b}. nabla - a § Abst b t1
using fresh-abst-ab by blast
have b-fresh-abst-t1: nabla - b § Abst b t1
using fresh-abst-aa by simp
have V a € ds [] pi. nabla - a § Abst b t1
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proof(rule, goal-cases)
case (1 a)
then show ?case
using b-fresh-abst-t1 ds-minus-b
by (cases a=b, auto)
qged
with 7 show ?thesis
by auto
next
case (2 nabla t1 t2'b)
have depthtl: depth t1 < n
using 2 depth.simps(4) IH by simp
have swap-pi-t1-is-t2: swap pi t1 = t2
using 2(2,3) by auto
from swap-pi-t1-is-t2 depthtl
have V¥ a € ds [] pi. nabla - a f t1
using 1.IH 2(1,4) by auto
then show ?thesis
using 2(1,2,3) elem-ds by fastforce
next
case (3 nabla)
then show ?thesis
by blast
next
case (4 a b nabla)
then show ?thesis
using elem-ds by force
next
case (9 pil pi2 X nabla)
have swap pi t = Susp (piQpil) X
using 5(2) by auto
also have ... = Susp pi2 X
using 5(3) calculation by simp
then have piQpil = pi2 by simp
hence V ceds pil (piQpil). (¢, X) € nabla
using 5(4) by simp
then show ?thesis
using 5(1,2) fresh-susp ds-cancel-pi-right[of - - [] -]
by simp
next
case (6 nabla t1 t2 s1 s2)
have depthtl: depth t1 < n
using 6 depth.simps(5) IH
by simp
have depths!: depth s1 < n
using 6 depth.simps(5) IH
by simp
from deptht! depthsl show ?thesis
using 1.IH 6 by auto
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next
case (7 nabla t1 t2 f)
have deptht1: depth t1 < n
using 7(2) depth.simps(5) IH
by auto
have nabla - t1 ~ swap pi t1
using 7 by simp
then have V a € ds || pi. nabla b a §f t1
using 7(1) IH deptht! by simp
then show ?thesis
using 7(1,2) fresh-func[of nabla - t1 f]
by simp
qed
qed

8 Equality

Proves various facts about the equivalence relation.

lemma equ-refi:
shows nabla -t ~ t
by (induct t, auto simp add: ds-def)

lemma equ-dec-pi:
assumes nabla - swap pi t1 ~ swap pi t2
shows nabla - t1 ~ t2
proof—
have i: nabla - swap (rev pi) (swap pi t1) ~ t1
nabla = swap (rev pi) (swap pi t2) ~ t2
using rev-pi-pi-equ by auto
then have nabla - swap (rev pi) (swap pi t1) ~ swap (rev pi) (swap pi t2)
using equ-equivariance assms by simp
then show ?thesis using i equ-symm equ-trans by meson
qed

lemma equ-involutive-left:
shows nabla b swap (rev pi) (swap pi tl) ~ t2 = nabla b t1 ~ 2
proof (auto)
have i: nabla - t1 =~ swap (rev pi) (swap pi t1)
using rev-pi-pi-equ equ-symm by blast
show nabla - swap (rev pi) (swap pi t1) =~ t2 = nabla F t1
using ¢ equ-trans by blast
show nabla - t1 ~ t2 = nabla - swap (rev pi) (swap pi t1) ~ t2
using i equ-trans equ-symm by blast
qed

t2

Q

lemma equ-pi-to-left:
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shows nabla b swap (rev pi) t1 ~ t2 = nabla b t1 =~ swap pi t2
proof

{assume i: nabla b swap (rev pi) t1 ~ t2

have nabla - swap pi (swap (rev pi) t1) = swap pi t2
using equ-equivariance[OF i, of pi] by simp

then show nabla - t1 ~ swap pi t2
using equ-involutive-left[of nabla <rev pi» t1 <swap pi t2)] rev-rev-ident|of pi]
by simp}

{assume i: nabla & t1 ~ swap pi t2
have ii: nabla b swap (rev pi) t1 = swap (rev pi) (swap pi t2)
using equ-equivariance[OF i, of <rev pi>] by simp
then have iii: nabla b swap (rev pi) (swap pi t2) =~ swap (rev pi) t1
using equ-symm[OF ii] by simp
then have iv: nabla b t2 ~ swap (rev pi) t1
using equ-involutive-left[of nabla pi t2 <swap (rev pi) t1)] by simp
then show nabla - swap (rev pi) t1 ~ t2
using equ-symm/|[OF iv] by simp}

qed

lemma equ-pi-to-right:
shows nabla-t1 =~ swap (rev pi) t2 = nablaF-swap pi t1~t2
proof
{assume i: nabla b t1 ~ swap (rev pi) t2
then show nabla - swap pi t1 ~ t2
using equ-involutive-left equ-dec-pi by blast}
{assume ii: nabla - swap pi t1 ~ 12
then show nabla - t1 ~ swap (rev pi) 2
using equ-involutive-left equ-equivariance by blast}
qed

lemma equ-involutive-right:
shows nabla F t1 ~ swap (rev pi) (swap pi t2) = nabla b t1 ~ t2
using equ-dec-pi[of nabla pi t1 t2] equ-equivariance|of nabla t1 t2 pi)
equ-pi-to-right|of nabla t1 pi <swap pi t2)]
by auto

lemma equ-pil-pi2-add:
assumes Y a€ ds pil pi2. nablataft
shows nablak-swap pil t =~ swap pi2 t
proof—
have nabla - t =~ swap (rev pil Q pi2) t
using assms ds-rev equ-pi-right by simp
hence nabla - t = swap (rev pil) (swap pi2 t)
using swap-append by auto
then show nablat-swap pil t ~ swap pi2 t
using equ-pi-to-right by simp
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qed

lemma pi-right-equ:
assumes nabla - t =~ swap pi t
shows Va€ ds || pi. nabla - a § ¢
using assms pi-right-equ-help by blast

lemma equ-pil-pi2-dec:
assumes nabla F swap pil t ~ swap pi2 t
shows V a € ds pil pi2. nablata § ¢
proof—
have nabla - ¢ =~ swap ((rev pil) Q pi2) t
using assms equ-pi-to-right swap-append by simp
then show V a € ds pil pi2. nablata f t
using pi-right-equ ds-rev|of pil pi2] by simp
qed

lemma equ-weak:
assumes nablal - t1 ~ t2
shows (nablal U nabla2) + t1 ~ t2
using assms by (erule-tac equ.induct) (auto simp add: fresh-weak)

No term can be equal to one of its proper subterm.

lemma psub-trm-not-equ:
shows V t2 € psub-trms t1. (=(3 pi. (nabla - t1 =~ swap pi t2)))
proof
fix t2
assume i: t2 € psub-trms t1
show — (3 pi. nabla - t1 ~ swap pi t2)
proof
assume dpi. nabla - t1 =~ swap pi t2
then obtain pi where H:
nabla - t1 ~ swap pi t2 by blast

from equ-depth[OF H]

have depth t1 = depth (swap pi t2)
by simp

hence depth t1 = depth t2
by simp

moreover have depth t2 < depth t1
using i depth-psub-trms
by simp

ultimately show Fulse by auto

qed
qed
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9 Substitutions

Defines substitutions and composition of substitutions, and establishes some
facts of substitution and the equivalence relation.

type-synonym substs = (string X trm) list
fun look-up :: string = substs = trm where
look-up X [] = Susp [] X |
look-up X (z#txs) = (if (X = fst z) then (snd ) else look-up X xs)

fun subst :: substs = trm = trm where

subst-unit: subst s (Unit) = Unit |

subst-susp: subst s (Susp pi X) = swap pi (look-up X s) |
subst-atom: subst s (Atom a) = Atom a |

subst-abst: subst s (Abst a t) = Abst a (subst s t) |

subst-paar: subst s (Paar t1 t2) = Paar (subst s t1) (subst s t2) |
subst-func: subst s (Func F t) = Punc F (subst s t)

declare subst-susp [simp del]

The notion of composition of substitutions (adapted from Martin Coen’s
Classical Computational Logic).

fun alist-rec :: substs = substs = (string=-trm=>substs=substs=>substs) = substs
where

alist-rec || ¢ d = ¢ |

alist-rec (p # al) ¢ d = d (fst p) (snd p) al (alist-rec al ¢ d)

definition comp :: substs = substs = substs (infixl ¢<-» 81) where
sl + s2 = alist-rec s2 s1 (X x y xs g. (z,subst sl y) # g)

The domain of substitutions.

definition domn :: (trm = trm) = string set where
domn s = {X. (s (Susp [] X)) # (Susp [] X)}

substitutions extend freshness environments.

definition ext-subst :: fresh-envs = (trm = trm) = fresh-envs = bool ( - |= - -
[80,80,80] 80) where
nablal = s nabla2 = (V¥ (a,X)€nabla2. nablalt-af s (Susp [| X))

Alpha-equality for substitutions

definition subst-equ :: fresh-envs = (trm=-trm) = (trm=-trm) = bool ( - &= - =
- 80,80,80] 80)

where

nabla = sl ~ s2 = VYV Xe(domn s1Udomn s2). (nabla F s1 (Susp [| X) =~ s2
(Susp [] X))

lemma subst-equ-symm:
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assumes nabla = s1 =~ s2
shows nabla = s2 ~ s1
using assms equ-symm subst-equ-def|[of nabla sl s2]
subst-equ-def|of nabla s2 s1] Un-commutelof <domn s1» «domn s2>] by blast

lemma subst-equ-refi:
shows nabla = s =~ s
using equ-refl subst-equ-def Un-absorb by simp

lemma not-in-domn:
assumes X ¢ (domn s)
shows s (Susp [] X) = (Susp [] X)
using assms domn-def by simp

lemma subst-swap-comm:
shows subst s (swap pi t) = swap pi (subst s t)
using swap-append subst-susp by (induct t) auto

lemma subst-not-occurs:
assumes —(occurs X t)
shows subst [(X,t2)] t = ¢
proof—
have i: =(occurs X t) — subst [(X,t2)] t =t
using subst-susp by (induct t) auto
then show “thesis using assms by simp
qed

lemma id-subst [simp]:
shows subst [| t = ¢
using subst-susp by (induct t) auto

lemma subst-comp-id [simp]:
shows subst (s - []) = subst s
using comp-def by simp

lemma id-comp-subst [simp]:
shows subst ([] - s) = subst s
proof(rule ext)
fix ¢
show subst ([] - s) t = subst s t
proof (induction t arbitrary: s)
case (Susp pi X)
then show ?case using comp-def subst-susp
proof (induction s)
case Nil
then show ?case
using comp-def subst-susp by simp
next
case (Cons a s)
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then show ?case
using comp-def subst-susp by simp
qed
qged (simp-all)
qed

lemma subst-comp-expand:
shows subst (s1 « s2) t = subst s1 (subst s2 t)
proof (induct t)
case (Susp rl1 22)
then show ?case
proof (induct s2)
case Nil
then show ?case using comp-def subst-susp subst-swap-comm by simp
next
case (Cons a s2)
then show ?case using comp-def subst-susp subst-swap-comm by simp
qed
qed (simp-all)

lemma subst-assoc:
shows subst (s1 + (s2 + 83)) = subst ((s1 - s2) - s3)
proof(rule ext)
fix ¢
show subst (s1 - (s2 - 83)) t = subst (s1 - s2 - 83) t
proof (induct t)
case (Susp pi X)
then show ?case using subst-comp-expand by simp
qed (simp-all)
qed

lemma fresh-subst:
assumes nablal - a f t
and nabla2 = (subst s) nablal
shows nabla2 - a § subst st
using assms
proof (induction rule: fresh.induct)
case (fresh-susp pi a X nabla)
then show ?case
using ext-subst-def subst-susp fresh-swap-right
by auto
qged (auto)

lemma equ-subst:
assumes nablalt- t1 ~t2
and nabla2 = (subst s) nablal
shows nabla2 (subst s t1)~(subst s t2)
using assms
proof (induction rule: equ.induct)
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case (equ-abst-ab a b nabla t2 t1)
then show ?case
using subst-swap-comm fresh-subst equ.equ-abst-ab by simp
next
case (equ-susp pil pi2 X nabla)
then show ?case
using subst-susp equ-pil-pi2-add ext-subst-def subst-susp
by fastforce
qed (auto)

lemma unif-1:
assumes nabla b subst s (Susp pi X) =~ subst s t
shows nabla = subst (s - [(X, swap (rev pi) t)]) ~ subst s
using assms
apply(simp only: subst-equ-def)
proof
fix Xa
assume hyps: nabla b subst s (Susp pi X) ~ subst s t
Xa € domn (subst (s« [(X, swap (rev pi) t)])) U domn (subst s)
show nabla b subst (s - [(X, swap (rev pi) t)]) (Susp [| Xa) =~ subst s (Susp []
Xa)
proof—
have one:
nabla b subst (s + [(X, swap (rev pi) t)]) (Susp pi Xa) ~
subst s (subst [(X, swap (rev pi) t)] (Susp pi Xa))
using subst-comp-expand equ-refl by simp
have two:
nabla = subst s (subst [(X, swap (rev pi) t)] (Susp pi Xa)) =
subst s (swap pi (look-up Xa [(X, swap (rev pi) t)]))
using equ-refl subst-susplof «[(X, swap (rev pi)t)] pi Xa]
by simp
have nabla F subst (s - [(X, swap (rev pi) t)]) (Susp pi Xa) ~
subst s (swap pi (look-up Xa [(X, swap (rev pi) t)]))
using equ-trans|OF one two] by simp
hence nabla - swap pi (look-up Xa (s - [(X, swap (rev pi) t)])) =
subst s (swap pi (look-up Xa [(X, swap (rev pi) t)]))
using subst-susplof (s - [(X, swap (rev pi) t)])»] by simp
hence swap-pi-outside: nabla & swap pi (look-up Xa (s + [(X, swap (rev pi)
1)) ~
swap pi (subst s (look-up Xa [(X, swap (rev pi) t)]))
using subst-swap-comm by simp
hence nabla b (look-up Xa (s - [(X, swap (rev pi) t)])) =~
(subst s (look-up Xa [(X, swap (rev pi) t)]))
using equ-dec-pi| OF swap-pi-outside] by simp
hence three:
nabla b subst (s + [(X, swap (rev pi) t)]) (Susp [] Xa) ~
(subst s (look-up Xa [(X, swap (rev pi) t)]))
using subst-susp by simp
then show “thesis
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proof(cases Xa = X)
case True
hence subst s (look-up Xa [(X, swap (rev pi) t)]) = subst s (swap (rev pi) t)
by simp
with three have
nabla b subst (s - [(X, swap (rev pi) t)]) (Susp [|] Xa) =~ swap (rev pi)
(subst s t)
using subst-swap-comm by auto
hence i: nabla b swap pi (subst (s - [(X, swap (rev pi) t)]) (Susp [| Xa))
~ subst s t using swap-inv-side by simp
hence nabla & swap pi (subst (s - [(X, swap (rev pi) t)]) (Susp [|] Xa))
~ subst s (Susp pi Xa)
using True equ-trans|OF i equ-symm|[OF assms(1)]] by simp
hence nabla b swap pi (subst (s - [(X, swap (rev pi) t)]) (Susp [] Xa))
~ swap pi (look-up Xa s)
using subst-susp by simp
then show nabla - (subst (s« [(X, swap (rev pi) t)]) (Susp [] Xa))
~ subst s (Susp [] Xa)
using equ-dec-pi subst-susp by simp
next
case Fulse
hence subst s (look-up Xa [(X, swap (rev pi) t)]) = subst s (Susp [| Xa)
by simp
with three show ?thesis by auto
qed
qged
qed

lemma subst-equ-a:

assumes nabla |= (subst s1) ~ (subst s2)
and nabla b (subst s2 t1) ~ t2

shows nabla b (subst s t1) =~ 2

using assms

proof (induct t1 arbitrary: t2)

case (Abst a t17)

then obtain 2’ b
where t2: t2 = Abst b t2’
by (auto elim: equ.cases)

with Abst(3) have
i: nabla b Abst a (subst s2 t1') ~ Abst b 2’
using subst-abst by simp

then show “case

proof(cases a=b)
case True
hence nabla - (subst s2 t1') = 12’

using Equ-elims(7)[OF i] by auto
with Abst(1)[OF Abst(2), of t27]
have nabla & subst s1 t1' ~ t2’
by simp
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hence nabla - Abst a (subst s1 t1') =~ Abst b t2’
using True equ-abst-aa by simp
with t2 show ?thesis
using subst-abst|[of sl a t1'] by simp
next
case Fulse
hence nabla & (subst s2 t1') = swap [(a,b)] t2’
and fresh: nabla & a § 2’
using Fqu-elims(7)[OF i] by auto
with Abst(1)[OF Abst(2), of <swap [(a,b)] t2"]
have nabla & subst s1 t1' ~ swap [(a,b)] t2’
by simp
hence nabla - Abst a (subst s1 t1') = Abst b 2’
using equ-abst-ab[OF False fresh] by simp
with t2 show ?thesis
using subst-abst[of s1 a t1'] by simp
qed
next
case (Susp pi X)
hence nabla b swap pi (look-up X s2) ~ t2
using subst-susp by simp
hence nabla F (look-up X s2) =~ swap (rev pi) t2
using subst-susp swap-inv-side by simp
hence i: nabla b subst s2 (Susp [| X) ~ swap (rev pi) t2
using subst-susplof s2 ¢[]»] by simp

with Susp(1) subst-equ-def[of nabla <subst s1) <subst s2>]
have nabla - subst s1 (Susp [] X) ~ subst s2 (Susp [] X)
using UnClI equ-refl not-in-domn by metis

with ¢ have nabla b subst s1 (Susp [|] X) =~ swap (rev pi) t2
using equ-trans by blast
hence nabla F (look-up X s1) = swap (rev pi) t2
using subst-susp by simp
hence nabla - swap pi (look-up X s1) ~ 2
using swap-inv-side by simp
then show ?case
using subst-susp by simp
next
case (Paar t11 t12)
then obtain t21 t22
where t2: t2 = Paar t21 t22
by (auto elim: equ.cases)
with Paar(4)
have paar-i: nabla - subst s2 t11 ~ t21
and paar-ii: nabla - subst s2 t12 ~ t22
by (auto elim: equ.cases)
from t2 show ?case
using equ-paar[OF Paar(1)[OF Paar(3) paar-i| Paar(2)[OF Paar(3) paar-ii]]
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subst-paar by simp
next
case (Func ft1)
then obtain t2’
where t2: t2 = Func f t2'
by (auto elim: equ.cases)
with Func(3)
have func: nabla & subst s2 t1' ~ t2'
by (auto elim: equ.cases)
from t2 show ?case
using equ-func|OF Func(1)[OF Func(2) func], of f] by simp
qed (simp-all)

lemma unif-2a:
assumes nablaf=subst s1~subst s2
and (nabla-subst s2 t1 =~ subst s2 t2)
shows(nablal-subst s1 t1 = subst s1 t2)
proof—
have i: (nablatsubst s1 t1 ~ subst s2 t2)
using subst-equ-a[OF assms(1,2)] by simp
show (nablat-subst s1 t1 ~ subst sl t2)
using subst-equ-a| OF assms(1) equ-symm[OF i]] equ-symm by auto
qed

lemma unif-2b:
assumes nabla = subst s1 =~ subst s2
and nabla b a § subst s2 t
shows nabla b a f subst s1t
using assms
proof (induct t)
case (Abst b t’)
then show ?case
proof(cases a=b)
case True
then show ?thesis
using fresh-abst-aa by simp
next
case Fulse
with Abst show Zthesis
using Fresh-elims(1) subst-abst fresh-abst-ab
by metis
qed
next
case (Susp pi X)
then show ?case
using equ-refl equ-symm [3-jud subst-equ-a by meson
next
case (Paar t1 t2)
then show ?case
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using Fresh-elims(5) subst-paar fresh-paar
by metis
next
case (Func ft')
then show ?case
using Fresh-elims(6) subst-func fresh-func
by metis
qed (simp-all)

lemma subst-equ-to-trm:
assumes nabla |= subst s1 ~ subst s2
shows nablal-subst s1 t ~ subst s2 t
using assms equ-refl subst-equ-a by simp

lemma subst-cancel-right:
assumes nablaf=(subst s1)~(subst s2)
shows nablaf=(subst (s1-s))~(subst (s2-5))
using assms subst-comp-expand subst-equ-def subst-equ-to-trm
by simp

lemma subst-trans:
assumes nablaf=subst s1 ~ subst s2 nabla |= subst s2 ~ subst s3
shows nablal=subst s1azsubst s3
using assms equ-trans subst-equ-def subst-equ-to-trm by meson

If occurs holds, then one subterm is equal to (subst s (Susp pi X))

lemma occurs-sub-trm-equ:
assumes occurs X t1
shows 3 t2 € sub-trms (subst s t1). (3 pi.(nabla-subst s (Susp pil X)~(swap pi
12))
using assms
proof (induct t1)
case (Susp pi’ X)
then show ?case
using equ-pi-to-left equ-involutive-left
equ-refl subst-susp swap-append t-sub-trms-t
occurs.simps(3) by metis
next
case (Paar t11 t12)
then show ?case
using subst-paar Un-iff occurs.simps(5) psub-sub-trms
psub-trms.simps(4) by (metis)
qed(auto)

lemma ext-subst-strong:
assumes nablal |= (subst s) (nabla2 U nabla3)
shows nablal = (subst s) nabla2 and nablal = (subst s) nabla3
using assms
unfolding ext-subst-def by auto
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lemma ext-subst-id:
shows nabla = (subst []) nabla
unfolding ext-subst-def id-subst by auto

10 Most General Unifiers

Defines the notion of unification problems and reduction rules over sets of
such problems; proves that every reduction leading to the empty set produces
an mgu.

syntax equ-prob :: trm = trm = (trm x trm) (infix ~? 81)
fresh-prob :: string = trm = (string x trm) (infix §? 81)
translations

t1 ~? 12 — (i1, 12)

at?t — (a,)

All solutions for a unification problem.

type-synonym problem-type = ((trm x trm) list) x ((string x trm) list)
type-synonym unifier-type = fresh-envs X substs

definition U:: problem-type = (unifier-type set)
where all-solutions-def:
UP = {(nabla, s).
(V (t1,t2) € set (fst P). nabla - subst s t1 ~ subst s t2) A
(V (a,t) € set (snd P). nabla b a § subst s t)}

The set of variables in unification problems.
type-synonym eprobs = ((trm x trm) list)
type-synonym fprobs = ((string x trm) list)
type-synonym probs = eprobs x fprobs

fun vars-fprobs:: ((string x trm) list) = (string set)
where

vars-fprobs [| = {} |
vars-fprobs (z#xs) = (vars-trm (snd z))U(vars-fprobs xs)

fun wvars-eprobs :: ((trm x trm) list) = (string set)
where
vars-eprobs [| = {} |
vars-eprobs (x#xs) = (vars-trm (snd x))U(vars-trm (fst x))U(vars-eprobs xs)

definition vars-probs :: problem-type = nat
where vars-probs P = card((vars-fprobs (snd P))U(vars-eprobs (fst P)))

Most general unifier
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definition mgu :: problem-type = unifier-type = bool
where mgu P unif =
V (nabla,s1)e U P. (3 s2. (nabla = (subst s2) (fst unif)) A
(nabla |= subst (s2 -(snd unif)) ~ subst s1))

Idempotency of a unifier

definition idem :: unifier-type = bool
where idem unif = (fst unif)= subst ((snd unif)-(snd unif)) ~ subst (snd unif)

Application of a substitution to a problem

definition apply-subst-eprobs :: substs = eprobs = eprobs
where apply-subst-eprobs s P = map (A(t1, t2). (subst s t1 ~? subst s t2)) P

definition apply-subst-fprobs :: substs = fprobs = fprobs
where apply-subst-fprobs s P = map (A(a, t). (a §2 subst s t)) P

definition apply-subst :: substs = problem-type = problem-type
where apply-subst s P = (map (A(t1, t2). (subst s t1 ~=? subst s t2)) (fst P),
map (A(a, t). (a £ (subst s t))) (snd P))

Equality reductions

inductive s-red :: problem-type = substs = problem-type = bool (- F - ~ -
80,80,80] 80)
where
unit-sred[introl]:  ((Unit =2 Unit) # xs, ys) F [] ~ (s, ys) |
paar-sred[introl]:  ((Paart1t2 ~? Paar s1 s2)#xs,ys) F{]~ ((t1~?s1)#(12~?s2)#xs,ys)
|
func-sred[introl]:  ((Func F t1 =% Func F t2)#xs,ys) F[]~ ((t1~2t2)#xs,ys) |
abst-aa-sred[introl]: ((Abst a t1 ~=? Abst a t2)#xs,ys) F[|~ ((t1~=7t2)H#xs,ys) |
abst-ab-sred|introl]: a£b =
((Abst a t1~=?Abst b t2)#wxs,ys) F[]~ ((t1~=%swap [(a,b)]
£2) s, (a8 712) o) |
atom-sred[intro]:  ((Atom am?Atom a)#zs,ys) F[]~ (xs,ys) |
susp-sred[introl]:  ((Susp pil X~ 2Susp pi2 X)#xs,ys)
F[]~ (zs,(map (Aa. af? Susp [] X) (ds-list pil pi2))Qys) |
var-1-sred[introl]:  —(occurs X t) = ((Susp pi X~ ?t)#xs,ys)
(X ,swap (rev pi) t)]~ apply-subst [(X,swap (rev pi) t)]
(e5.95) |
var-2-sred[introl]:  —(occurs X t) = ((t=?Susp pi X)#xs,ys)
F[(X,swap (rev pi) t)]~ apply-subst [(X,swap (rev pi) t)]
(ws,ys)

inductive-cases s-red-elims:

((Unit ~? Unit) # xs, ys) F[] ~ (xs, ys

((Paar t1 t2 =% Paar sl s2)#xs,ys) F[|~ ((t1~2s1)#(t2~7s2)#1s,ys)
((Punc F t1 =% Func F t2)#xs,ys) F[]~ ((t1~=2t2)#xs,ys)

((Abst a t1 ~? Abst a t2)#xs,ys) F[]~ ((t1~?t2)#xs,ys)

((Abst a t1~=?Abst b t2)#xs,ys) F[]~ ((t1~2swap [(a,b)] t2)#xs,(al 2t2)#ys)
((Atom am?Atom a)#xs,ys) F[]~ (zs,ys)
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((Susp pil X~?Susp pi2 X)#xs,ys) F[]~ (zs,(map (Aa. aff? Susp [| X) (ds-list pil

lemma sred-symm:
assumes ((t1 ~? t2) # xs, ys) b s ~ P2
shows 3 P3. ((t2 =% t1) # zs, ys) b s ~ P3
using assms
proof (cases rule: s-red.cases)
case (var-1-sred X pt)
have ((t2, Susp pi X) # s,
ys) F [(X, swap (rev pi) t2)] ~ apply-subst [(X, swap (rev pi) t2)] (zs, ys)
using var-2-sred[OF «— occurs X t2)] by simp
then show ?thesis using var-1-sred by blast
next
case (var-2-sred X pi)
have ((Susp pi X, t1) # s,
ys) F [(X, swap (rev pi) t1)] ~ apply-subst [(X, swap (rev pi) t1)] (zs, ys)
using var-1-sred[OF «— occurs X t1)] by simp
then show ?thesis using var-2-sred by blast
qed (auto)

Weakening of freshness

lemma solution-weak:
assumes (nablal, s) € U P
shows (nablal U nabla3, s) € U P
using assms
unfolding all-solutions-def using fresh-weak equ-weak by auto

lemma solution-comp-id:
shows ((nabla, s) € U P) = ((nabla, s - []) € U P) and
((nabla, s) € U P) = ((nabla, [] -+ s) € U P)
unfolding all-solutions-def by auto

lemma solutions-subst-assoc:
((nabla, s1 - (s2 + s3)) € U P) = ((nabla, (s1 + s2) - s3) € U P)
unfolding all-solutions-def using subst-assoc by simp

Freshness reductions

inductive c-red :: problem-type = fresh-envs = problem-type = bool (- + - — -
[80,80,80] 80)
where
unit-credintro!]:  ([J,(a §2 Unit)#xs) H{}— ([],xs) |
paar-cred|[introl]:  ([],(a §2 Paar t1 t2)#xs) H{}— ([],(at 7t1)#(at 9t2)#xs) |
func-cred[intro]:  ([],(a §¢ Func F t)#xs) H{}— ([],(at 9t)#zs) |
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abst-aa-cred[introl]: ([],(a 42 Abst a t)#xs) H{}— ([],zs) |

abst-ab-cred[introl]: a#b =([],(a 87 Abst b t)#xs) H{}— ([],(af 7t)#xs) |
atom-cred[introl]:  a#b =>([],(a §2 Atom b)#xs) H{}— ([],zs) |
susp-cred[introl]:  ([],(a §2 Susp pi X)#xs) F {((swapas (rev pi) a),X)}— ([],2s)

It only reduces the freshness part after the equations list is empty

lemma c-red-egs-empty:
assumes PI1 - s — P2
shows fst P1 = ||
using assms by (auto elim: c-red.cases)

Unification reduction sequences

inductive red-plus :: problem-type = unifier-type = problem-type = bool (- | -
= - [80,80,80] 80)

where

sred-single[introl]: [P1Fsl ~» P2] = P1E=({},s1)=P2 |

cred-single[introl]: [P1Fnablal —P2] = P1 = (nablal,[]) = P2 |

sred-steplintrol]: [P1ts1~»P2; P2=(nabla2,s2)=P3] = P1E=(nabla2,(s2-51))=P3

|
cred-steplintro]: [P1Fnablal —P2; P2=(nabla2,[])= P3] = P1E(nabla2Unablal [])=P3

Symmetry of the reduction

lemma red-plus-symm:
assumesP! = ((t1 ~? t2) # zs, ys)
and P! | (nabla, s) = P2
shows 3 nablal s1 P3. ((t2 =? t1) # zs, ys) = (nablal, s1) = P3
using assms
proof (induction arbitrary: nabla s rule: red-plus.induct|OF assms(2)])
case (I P1 sl P)
hence (((¢1, t2) # xs, ys)) b s1 ~ P by simp
hence 3 P3. ((t2 =% t1) # s, ys) - sl ~ P38
using sred-symm by simp
hence 3 P3. ((t2 ~? t1) # s, ys) = ({}, s1) = P38
using sred-single by auto
then show Jnablal s1 P3. ((t2, t1) # zs, ys) = (nablal, s1) = P3 by auto
next
case (2 P1 nablal P2)
hence fst P1 # [| by simp
moreover from 2(1) have fst P1 = [|
using c-red-eqs-empty by simp
ultimately have Fulse by simp
then show ?case by simp
next
case (8 P1 s1 P’ nabla2 s2 P3)
hence (((t1, t2) # xs, ys)) b s1 ~ P’ by simp
hence 3 P3. ((t2 ~? t1) # xs, ys) b sl ~ P38
using sred-symm by simp
hence 3 P3. ((t2 =? t1) # s, ys) = ({}, s1) = P3
using sred-single by auto
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then show Jnablal s1 P3. ((t2, t1) # zs, ys) = (nablal, s1) = P3 by auto
next

case (4 P1 nablal P’ nabla2 P3)

hence fst P1 # [] by simp

moreover from /(1) have fst P1 = [|

using c-red-eqs-empty by simp

ultimately have Fulse by simp

then show ?case by simp
qed

lemma mgu-idem:
assumes (nablal,s1) € U P
and V (nabla2,s2) € U P. nabla2 =(subst s2) nablal N nabla2k=subst(s2 -
s1)mzsubst s2
shows mgu P (nablal,s1) A idem (nablal,sl)
using assms mgu-def idem-def by auto

lemma problem-subst-comm:
shows ((nabla,s2) € U (apply-subst s1 P)) = ((nabla,(s2-s1))eU P)
using all-solutions-def apply-subst-def subst-comp-expand by auto

Preservation of solutions

lemma P1-to-P2-sred:
assumes (nablal,s1) € U P1 and P1 s2 ~ P2
shows (nablal,s1) € U P2 A (nablal=subst (s1-s2)~subst s1)
using assms
proof (induction arbitrary: nablal s1 rule: s-red.induct|OF <P1 t s2 ~~ P2)])
case (1 zs ys)
then have subst: nablal | subst (s1 - []) =~ subst s1
using equ-refl subst-equ-def by simp
from I
have egs: V (t1,t2) € set xs. nablal F subst sl t1 ~ subst sl t2
and fresh: V (a,t) € set ys. nablal - a f subst s1 ¢
using all-solutions-def by simp-all
with subst show ?Zcase
using all-solutions-def by auto
next
case (2 t1 t2 t3 t4 s ys)
then have subst: nablal |= subst (s1- []) = subst s1
using equ-refl subst-equ-def by simp

from 2
have fresh: ¥ (a,t) € set ys. nablal & a § subst st
using all-solutions-def by simp

from 2

have i: V (t1,t2) € set ((Paar t1 t2, Paar t3 t4) # zs). nablal - subst s1 t1
~ subst s1 t2
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using all-solutions-def by simp
hence nablal - subst s1 t1 ~ subst s1 t3
nablal = subst s1 t2 ~ subst s1 tj
using Equ-elims(4)[of nablal <(subst s1 t1)» «(subst s1 t2)» «(subst sI t3)»
((subst s1 t4)]
subst-paar|of s1] by auto+
with ¢ have egs:
Y (t1,t2) € set ((t1,t3)#(t2, t4) # xs). nablal & subst s1 t1 ~ subst s1 t2
by auto

from fresh eqs subst
show ?case using all-solutions-def by simp
next
case (3 F t1 t2 xs ys)
then have subst: nablal |= subst (s1 - []) =~ subst sl
using equ-refl subst-equ-def by simp

from &
have fresh: ¥V (a,t) € set ys. nablal & a § subst s1 t
using all-solutions-def by simp

from 3
have i: V (t1,t2) € set ((Func F t1, Func F t2) # zs). nablal - subst s1 t1 =~
subst s1 t2
using all-solutions-def by simp
hence nablal + subst s1 t1 ~ subst s1 t2
using Fqu-elims(5)[of nablal F <subst s1 t1» <subst s1 t2)]
subst-func by auto
with ¢ have egs:
Y (t1,t2) € set ((t1, t2) # xs). nablal & subst s1 t1 ~ subst s1 t2
by auto

from subst fresh eqs
show ?case using all-solutions-def by simp
next
case (4 a t1 t2 xs ys)
then have subst: nablal |= subst (s1 - []) =~ subst sl
using equ-refl subst-equ-def by simp

from /
have fresh: V (a,t) € set ys. nablal & a § subst st
using all-solutions-def by simp

from /
have i: V (t1,t2) € set ((Abst a t1, Abst a t2) # xs). nablal F subst s1 t1 =~
subst s1 t2
using all-solutions-def by simp
hence nablal + subst s1 t1 ~ subst sl t2
using Fqu-elims(6)[of nablal a <subst s1 t15 <subst s1 t2)]
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subst-abst by auto

with ¢ have egs:
Y (t1,t2) € set ((t1, t2) # xs). nablal &+ subst s1 t1 ~ subst sl t2
by auto

from subst fresh eqs
show ?case using all-solutions-def by simp
next
case (5 a b t1 t2 s ys)
then have subst: nablal |= subst (s1 - []) =~ subst sl
using equ-refl subst-equ-def by simp

from 5
have eqsP1:V (t1,t2) € set ((Abst a t1, Abst b t2) # xs). nablal + subst sI t1
~ subst s1 t2
using all-solutions-def by simp
hence i: nablal - Abst a (subst s1 t1) = Abst b (subst s1 t2)
using subst-abst[of s1] by simp

from 5

have : V (a,t) € set ys. nablal & a § subst st
using all-solutions-def by auto

from 54

have nablal F a § subst s1 t2
using Fqu-elims(7) by blast

with i

have fresh: ¥ (a,t) € set ((a,t2) # ys). nablal & a f subst sI ¢
by simp

from i 5
have nablal F subst s1 t1 ~ subst s1 (swap [(a, b)] t2)
using 5 Equ-elims(7)[of nablal a <subst s1 t1> b <subst s1 t2)]
subst-swap-comm by simp
with eqsP1 have egs:
V (t1,t2) € set ((t1, swap [(a,b)] t2) # xs). nablal b subst s t1 ~ subst s1 t2
by auto

from subst fresh eqs
show ?case using all-solutions-def by simp
next
case (6 a zs ys)
then have subst: nablal |= subst (s1 - []) =~ subst sl
using equ-refl subst-equ-def by simp

from 6
have fresh: ¥V (a,t) € set ys. nablal & a § subst s1 t

using all-solutions-def by auto

from 6
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have egs: V (t1,t2) € set xs. nablal + subst s1 t1 ~ subst sl t2
using all-solutions-def by auto

from subst fresh eqs
show ?case using all-solutions-def by simp
next
case (7 pil X pi2 xs ys)
then have subst: nablal |= subst (s1 - []) = subst sl
using equ-refl subst-equ-def by simp

from 7
have i: V (t1,t2) € set ((Susp pil X, Susp pi2 X) # xs). nablal b subst s1 t1
~ subst s1 t2
Y (a,t) € set ys. nablal - a ff subst s1t
using all-solutions-def by simp—+

from 7(1)
have nablal + swap pil (look-up X s1) =~ swap pi2 (look-up X s1)
using all-solutions-def subst-susp by simp
hence V a€ds pil pi2. nablal F a § (look-up X s1)
using equ-pil-pi2-dec by simp
hence V a€ set (ds-list pil pi2). nablal & a f subst s1 (Susp [] X)
using subst-susp ds-list-equ-ds|of pil pi2] by simp
hence V (a,t) € set (map (Aa. a §2 Susp [| X) (ds-list pil pi2)). nablal + a 4
subst s1t
by (auto split: prod.splits)
with 7 (2)
have fresh:
vV (a,t) € set (map (Na. (a, Susp [| X)) (ds-list pil pi2) Q ys). nablal + a §
subst s1t
by auto

from (1)

have egs:

YV (t1,t2) € set zs. nablal & subst s1 t1 =~ subst s1 t2
by simp

from subst fresh egs
show ?case using all-solutions-def by simp
next

case (8 X t/ pi xs ys)

hence nablal + subst s1 (Susp pi X) ~ subst s1 t’
using all-solutions-def|of «((Susp pi X, t') # xs, ys))] by auto

hence subst: nablal | subst (s1 - [(X, swap (rev pi) t')]) ~ subst sl
using unif-1 by simp

from 8
have egs-old:
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Y (t1,t2)€set xs. nablal - subst s1 t1 ~ subst s1 t2
and fresh-old:

Y (a,t)eset ys. nablal - a f subst s1t

using all-solutions-def by auto

from egs-old
have egs: ¥V (t1,t2)€set xs.
nablal b subst (s1 - [(X, swap (rev pi) t")]) t1 ~ subst (s1 - [(X, swap (rev
pi) t)]) t2
using unif-2a[OF subst] by auto

from fresh-old
have fresh: V (a,t)€set ys. nablal + a § subst (s1 - [(X, swap (rev pi) t')]) ¢
using unif-2b[OF subst] by auto

from eqs fresh

have (nablal, (s1 - [(X, swap (rev pi) t)])) € U (zs, ys)
using all-solutions-def by simp

hence U: (nablal, s1) € U (apply-subst [(X, swap (rev pi) t)] (ws, ys))
using problem-subst-comm by simp

from subst U
show ?case by simp
next

case (9 X t/ pi xs ys)

hence nablal b subst s1 t’' = subst s1 (Susp pi X)
using all-solutions-def[of <((t', Susp pi X) # xs, ys)»] by simp

hence subst: nablal | subst (s1 - [(X, swap (rev pi) t')]) ~ subst sI
using unif-1[OF equ-symm)| by blast

from 9

have egs-old:

Y (t1,t2)€set xs. nablal - subst s1 t1 =~ subst s1 t2
and fresh-old:

Y (a,t)€ set ys. nablal & a t subst s1t
using all-solutions-def by auto

from egs-old
have egs: V (t1,t2)€set xs.
nablal b subst (s1 - [(X, swap (rev pi) t")]) t1 ~ subst (s1 - [(X, swap (rev
pi) t)]) t2
using unif-2a[OF subst] by auto

from fresh-old

have fresh: V (a,t)€set ys. nablal + a § subst (s1 - [(X, swap (rev pi) t')]) ¢
using unif-2b[OF subst] by auto

from eqs fresh

have (nablal, (s1 - [(X, swap (rev pi) t")])) € U (zs, ys)
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using all-solutions-def by simp
hence U: (nablal, s1) € U (apply-subst [(X, swap (rev pi) t)] (xs, ys))
using problem-subst-comm by simp

from subst U
show ?case by simp
qed

Auxiliary lemma for completeness

lemma P1-from-P2-sred:
assumes (nablal,s1)e U P2 and P1+Fs2~»P2
shows (nablal,s1-s2)e U P1
using assms
proof (induction arbitrary: nablal si rule: s-red.induct|OF <P1 - s2 ~~ P2)])
case (1 zs ys)
hence V (t1,t2) € set xs. nablal + subst (s1 - []) t1 ~ subst (s1 - []) t2
and fresh: V (a,t) € set ys. nablal & a § subst (s1 - []) ¢
using all-solutions-def by simp-all
hence egs:
Y (t1,t2) € set ((Unit, Unit) # xs). nablal = subst (s1 « []) t1 ~ subst (sI -
1) 2
using subst-unit[of «(s1 - [])»] equ-refllof nablal Unit] by auto
from fresh eqs show Zcase
using all-solutions-def by simp
next
case (2 t1 12 t3 t4 s ys)
hence egs-old: ¥ (t1,t2) € set ((t1, t3) # (12, t4) # xs). nablal + subst (sl -
[]) t1 =~ subst (s1 - []) t2
and fresh: ¥V (a,t) € set ys. nablal & a § subst (s1 - []) ¢
using all-solutions-def by simp-all
hence nablal & subst (s1 -+ []) t1 ~ subst (s - []) t3
nablal & subst (s1 - []) t2 = subst (s - []) t4 by simp-all
hence nablal & subst (s1 - []) (Paar t1 t2) = subst (s1 - []) (Paar t3 t4)
using equ-paar by simp
with egs-old have egs:
YV (t1,t2) € set ((Paar t1 t2, Paar t3 t4) # xs). nablal - subst (s1 - []) t1
subst (s1 - []) t2
by auto
from fresh eqs show Zcase
using all-solutions-def by simp
next
case (3 ft1 t2 xs ys)
hence egs-old: V (t1,t2) € set ((t1, t2) # xs). nablal b subst (s1 - []) tI
subst (s1 - []) t2
and fresh: ¥V (a,t) € set ys. nablal & a § subst (s1 - []) ¢
using all-solutions-def by simp-all
hence nablal + subst (s1 - []) (Func f t1) = subst (s1 + []) (Func f t2)
using equ-func by simp
with egs-old have egs:
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Y (t1,t2) € set ((Func ft1, Func f t2) # xs). nablal & subst (s1 - []) t1 =~
subst (s1 - []) t2
by auto
from fresh eqs show ?case
using all-solutions-def by simp
next
case (4 a t1 t2 xs ys)
hence egs-old: V (¢1,t2) € set ((t1, t2) # xs). nablal b subst (s - []) t1 =~
subst (s1 - []) t2
and fresh: V (a,t) € set ys. nablal & a § subst (s1 - []) ¢
using all-solutions-def by simp-all
hence nablal + subst (s1 - []) (Abst a t1) ~ subst (s1 - []) (Abst a t2)
using equ-abst-aa by simp
with egs-old have egs:
V (t1,t2) € set ((Abst a t1, Abst a t2) # xs). nablal + subst (sl - []) tI =~
subst (s1 - []) t2
by auto
from fresh eqs show ?case
using all-solutions-def by simp
next
case (J a b t1 t2 xs ys)
hence egs-old: V (t1,t2) € set ((t1, swap [(a, b)] t2) # xs). nablal & subst (s!
< []) t1 = subst (s1 - []) t2
and fresh: V (a,t) € set ((a, t2) # ys). nablal F a f subst (s - []) t
using all-solutions-def by simp-all
hence nablal F subst (s1 - []) t1 ~ swap [(a, b)] (subst (s - []) t2)
nablal - a f subst (s1 - []) t2
using subst-swap-comml[of «(s1 -« [])» <[(a, b)]» t2] by simp-all
hence nablal & subst (s1 « []) (Abst a t1) ~ subst (s - []) (Abst b t2)
using equ-abst-ab[OF 5(1) <nablal F a § subst (sI - []) t2»] subst-abst by simp
with egs-old have egs:
YV (t1,t2) € set ((Abst a t1, Abst b t2) # xs). nablal b subst (sl - []) tI =~
subst (s1 - []) t2
by auto
from fresh eqs show ?case
using all-solutions-def by simp
next
case (6 a zs ys)
hence V (11,t2) € set xs. nablal - subst (s1 - []) t1 ~ subst (s1 - []) t2
and fresh: V (a,t) € set ys. nablal & a § subst (s1 - []) ¢
using all-solutions-def by simp-all
hence egs:
Y (t1,t2) € set ((Atom a, Atom a) # xs). nablal & subst (s1 - []) t1 =~ subst
(s - ]) 12
using subst-unit[of «(s1 - [])] equ-refl[of nablal Unit] by auto
from fresh eqs show ?case
using all-solutions-def by simp
next
case (7 pil X pi2 xs ys)
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hence egs-old: V (t1,t2) € set xs. nablal - subst (s1 - []) t1 ~ subst (sI - []) t2
and fresh-old:
V (a,t) € set (map (Na. (a, Susp [| X)) (ds-list pil pi2) Q ys). nablal + a §
subst (s1 - []) t
using all-solutions-def by simp-all
hence V c€ set (ds-list pil pi2). nablal b ¢ subst (s1 - []) (Susp [| X)
by (auto split: prod.splits)
hence V¢ € ds pil pi2. nablal + ¢ ff subst (s1 - []) (Susp [] X)
using ds-list-equ-ds by simp
hence V¢ € ds pil pi2. nablal + ¢t (look-up X (s1 - []))
using subst-susplof «(s1 - [|)» <[> X] swap-id by simp
hence nablal F subst (s1 « []) (Susp pil X) =~ subst (s - []) (Susp pi2 X)
using equ-equiv-pi subst-susplof <(sI - [])» - X] by auto
with egs-old fresh-old have
eqs: ¥ (t1,t2) € set ((Susp pil X, Susp pi2 X)#uxs).
nablal & subst (sl - []) t1 = subst (s1 - []) t2
and fresh: V (a,t) € set ys. nablal & a f subst (s1 - []) ¢
by simp-all
then show ?case
using all-solutions-def by simp
next
case (8 X t' pi xs ys)
hence (nablal, s1 - [(X, swap (rev pi) t)]) € U (zs, ys)
using problem-subst-comm by simp
hence egs-old:
YV (t1,t2) € set xs.
nablal F subst (s1 - [(X, swap (rev pi) t')]) t1 = subst (s1 - [(X, swap (rev pi)
) 12
and fresh: V (a,t) € set ys. nablal b a § subst (s1 - [(X, swap (rev pi) t)]) ¢
using all-solutions-def by simp-all

have subst (s1 - [(X, swap (rev pi) t)]) (Susp pi X) = subst s1 (swap pi (swap
(rev pi) 1)
using subst-susp subst-swap-comm subst-comp-expand eq-fst-iff look-up.simps(2)
snd-eqD by metis
also have ... = swap pi (swap (rev pi) (subst sl t'))
using subst-swap-comm by simp
hence nablal + subst (s1 - [(X, swap (rev pi) t)]) (Susp pi X) ~ subst s1 t’
using equ-refl calculation rev-pi-pi-equlof nablal pi <subst sl t"]
equ-trans|of nablal <subst (s1 - [(X, swap (rev pi) t')]) (Susp pi X)»
<swap (rev pi) (swap pi (subst s1 t'))» «subst s1 t")
swap-inv-side by auto

with 8§ egs-old
have egs: V (t1,t2) € set ((Susp pi X, t)#us).
nablal F subst (s1 - [(X, swap (rev pi) t')]) t1 =~ subst (s1 - [(X, swap (rev pi)
t]) t2
using subst-comp-expand subst-not-occurs by simp
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from fresh eqs show Zcase
using all-solutions-def by simp
next
case (9 X t/ pi xs ys)
hence (nablal, s1 - [(X, swap (rev pi) t')]) € U (zs, ys)
using problem-subst-comm by simp
hence egs-old:
Y (t1,t2) € set zs.
nablal F subst (s1 - [(X, swap (rev pi) t')]) t1 =~ subst (s1 - [(X, swap (rev pi)
o)) 22
and fresh: ¥V (a,t) € set ys. nablal & a § subst (s1 - [(X, swap (rev pi) t)]) ¢
using all-solutions-def by simp-all

have subst (s1 - [(X, swap (rev pi) t)]) (Susp pi X) = subst s1 (swap pi (swap
(rev pi) t'))
using subst-susp subst-swap-comm subst-comp-expand eq-fst-iff look-up.simps(2)
snd-eqD by metis
also have ... = swap pi (swap (rev pi) (subst s1 t'))
using subst-swap-comm by simp
hence nablal F subst (s1 - [(X, swap (rev pi) t')]) (Susp pi X) ~ subst sl t’
using equ-refl calculation rev-pi-pi-equ|of nablal pi <subst s1 t")
equ-trans[of nablal «subst (s1 - [(X, swap (rev pi) t")]) (Susp pi X)»
<swap (rev pi) (swap pi (subst s1 t'))y «subst s1 t"]
swap-inv-side by auto
hence nablal b subst s1 t' = subst (s1 - [(X, swap (rev pi) t")]) (Susp pi X)
using equ-symm by simp

with 9 egs-old
have egs: V (t1,t2) € set ((t', Susp pi X)F#us).
nablal F subst (s1 - [(X, swap (rev pi) t')]) t1 =~ subst (s1 - [(X, swap (rev pi)
th]) t2
using subst-comp-expand subst-not-occurs by simp

from fresh eqs show ?case
using all-solutions-def by simp
qed

lemma P1-to-P2-cred:
assumes (nablal,s1)e U P1
and PI Fnabla?2 — P2
shows (nablal,s1)e U P2 A (nablal=(subst s1) nabla2)
using assms
proof (induction arbitrary: nablal s1 rule: c-red.induct[OF <P1 Fnabla2— P2)])
case (2 a t1 t2 ys)
hence fresh-old: ¥V (a,t) € set ((a, Paar t1 t2) # ys). nablal - a § subst s1 t
and egs: V (¢1,t2) € set [|. nablal F subst s1 t1 ~ subst sl t2
using all-solutions-def by simp-all
hence nablal & a § subst s1 (Paar t1 t2)
by simp
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hence nablal & a § subst s1 t1 nablal F a t subst s1 t2
using Fresh-elims(5)[of nablal a <subst s1 t1»
<subst s1 t2»] by auto
with fresh-old have
fresh: ¥V (a,t) € set ((a, t1) # (a, t2) # ys). nadblal & a f subst sI t
by auto
from fresh egs
show ?Zcase
using all-solutions-def ext-subst-def by simp
next
case (3 a ftys)
hence fresh-old: ¥V (a,t) € set ((a, Func ft) # ys). nablal - a §f subst s1 ¢
and egs: YV (t1,t2) € set [|. nablal - subst s1 t1 =~ subst s1 t2
using all-solutions-def by simp-all
hence nablal F a t subst s1 (Func f t)
by simp
hence nablal F a § subst s1t
using Fresh-elims(6) by auto
with fresh-old have
fresh: ¥ (a,t) € set ((a, t) # ys). nablal & a § subst s1t
by auto
from fresh egs
show ?Zcase
using all-solutions-def ext-subst-def by simp
next
case (5 a bt ys)
hence fresh-old: V (a,t’) € set ((a, Abst b t) # ys). nablal & a § subst s1 t’
and egs: V (t1,t2) € set [|. nablal F subst sl t1 ~ subst sl t2
using all-solutions-def by simp-all
hence nablal & a  subst s1 (Abst b t)
by simp
hence nablal + a § subst sIt
using 5 Fresh-elims(1)[of nablal a b <subst s1 ] by auto
with fresh-old have
fresh: ¥ (a,t’) € set ((a, t) # ys). nablal & a § subst s1t’
by auto
from fresh egs
show Zcase
using all-solutions-def ext-subst-def by simp
next
case (7 b pi X ys)
hence fresh-old: ¥V (a,t) € set ((b, Susp pi X) # ys). nablal & a § subst st
and egs: V (t1,t2) € set [|. nablal F subst sl t1 ~ subst sl t2
using all-solutions-def by simp-all
hence fresh: ¥V (a,t) € set ys. nablal - a f subst s1 t by simp
from fresh-old have
nablal + b subst s1 (Susp pi X) by simp
hence nablal b swapas (rev pi) b § subst s1 (Susp || X)
using fresh-swap-left subst-susp by simp

52



hence ext: nablal | (subst s1) {(swapas (rev pi) b, X)}
using ext-subst-def by simp
from fresh eqs ext
show ?case using all-solutions-def by simp
qged (auto simp add: all-solutions-def ext-subst-def)

lemma P1-from-P2-cred:
assumes (nablal,s1)eU P2
and P! Fnabla2— P2 and nabla3}=(subst s1) nabla2
shows (nabla1Unabla3,s1)e U P1
using assms
proof (induction arbitrary: nablal s1 rule: c-red.induct[OF <P1 Fnabla2— P2)])
case (2 a t1 t2 xs)
hence fresh-old:
Y (b,t)eset ((a,t1)#(a,t2)#xs). nablal & b § subst s1 ¢
and V (t1, t2) € set [|. nablal + subst sl t1 ~ subst sl t2
using all-solutions-def by auto
hence weak!: V (b,t)€set xs. (nablal U nabla3) - b § subst s1 ¢
vV (t1, t2) € set []. (nablal U nabla3) b subst s1 t1 =~ subst sI t2
using fresh-weak by auto
from fresh-old have nablal + a § subst s1 t1 nablal & a § subst s1 t2
by simp+
hence nablal F a t subst s1 (Paar t1 t2)
using fresh-paar subst-paar by auto
hence (nablal U nabla8) b a t subst s1 (Paar t1 t2)
using fresh-weak by auto
with weak1
have fresh: ¥ (b,t)€set ((a,Paar t1 t2)#xs). (nablal U nabla3) & b § subst s1 t
by simp
with weak!(2) show ?case
using all-solutions-def ext-subst-def by simp
next
case (3 a ft' zs)
hence fresh-old:
YV (b,t)eset ((a,t’)#xs). nablal & b § subst sI ¢
and V (t1, t2) € set [|. nablal + subst sl t1 ~ subst sl t2
using all-solutions-def by auto
hence weak1: V (b,t)€set zs. (nablal U nablad) - b § subst s1 t
V (1, t2) € set [|. (nablal U nabla3) - subst s1 t1 ~ subst sl t2
using fresh-weak by auto
from fresh-old have nablal + a § subst s1 t’
by simp
hence nablal + a ff subst s1 (Func ft')
using fresh-paar subst-paar by auto
hence (nablal U nabla3) - a § subst s1 (Func ft')
using fresh-weak by auto
with weak1
have fresh: ¥V (b,t)€set ((a, Func f t")#xs). (nablal U nablad) & b § subst s1 ¢
by simp
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with weak! (2) show ?case
using all-solutions-def ext-subst-def by simp
next
case (5 a b t' xs)
hence fresh-old:
Y (¢c,t)eset ((a,t")#xs). nablal + ¢ ff subst s1t
and V (t1, t2) € set [|. nablal + subst sl t1 ~ subst s1 t2
using all-solutions-def by auto
hence weak!: V (c,t)Eset xs. (nablal U nabla3) b ¢t subst sI t
YV (t1, t2) € set [|. (nablal U nabla3) - subst s1 t1 ~ subst sl t2
using fresh-weak by auto
from fresh-old have nablal & a § subst s1 ¢’
by simp
hence nablal & a f subst s1 (Abst b t’)
using fresh-abst-ab|OF <nablal & a ff subst s1 t's 5(1)] subst-abst by auto
hence (nablal U nablal) + a f subst s1 (Abst b t')
using fresh-weak by auto
with weakl
have fresh: V (b,t)eset ((a, Abst b t")#xs). (nablal U nablal) b bt subst sI ¢
by simp
with weak1(2) show ?case
using all-solutions-def ext-subst-def by simp
next
case (7 b pi X zs)
hence fresh-old: ¥V (a,t) € set xs. nablal & a § subst s1 ¢
and egs: V (t1,t2) € set [|. nablal F subst sl t1 ~ subst sl t2
using all-solutions-def by simp-all
hence weak!: V (a,t)€set zs. (nablal U nabla3) & a f subst s1 t
Y (t1, t2) € set []. (nablal U nabla3) = subst s1 t1 ~ subst s1 t2
using fresh-weak by auto
from 7 have nabla3 F swapas (rev pi) bt subst s1 (Susp [| X)
using ezt-subst-def by auto
hence nablad F b £ subst s1 (Susp pi X)
using fresh-swap-right subst-susp by auto
hence weak2: (nablal U nabla3) F b § subst s1 (Susp pi X)
using fresh-weak[of nabla3 b - nablal] Un-commute|of nablad nablal] by auto
with weak! (1)
have V (a,t)eset ((b,Susp pi X)#xs). (nablal U nabla3) b a § subst sI t
by simp
with weak?2 show ?Zcase
using ext-subst-def all-solutions-def by simp
qed (auto simp add: ext-subst-def all-solutions-def fresh-weak)

lemma P1-to-P2-red-plusl:
assumes P! |= (nabla,s) = P2
and (nablal,sl) € U P1
shows (nablal,s1) € U P2
using assms
proof (induction P1=P1 nabla=(nabla, s) P2=P2 arbitrary: s nablal nabla s1 P1
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P2 rule: red-plus.induct)
case (sred-single P1 s P2 nablal s1)
have P1 F s ~» P2 (nablal, s1) € U P1 by fact+
then show (nablal, s1) € U P2
using PI-to-P2-sred by blast
next
case (cred-single P1 nablal P2 nabla2 s1)
have P1 F nablal —P2 (nabla2, s1) € U P1 by fact+
then show (nabla2, s1) € U P2
using PI1-to-P2-cred by blast
next
case (sred-step P1 s P2 nabla2 s2 P3 nablal s1)
have P1 F s ~ P2 and (nablal, s1) € U P1 by fact+
then have (nablal, s1) € U P2 using P1-to-P2-sred by blast
moreover
have IH: (nablal, s1) € U P2 = (nablal, s1) € U P3 by fact
ultimately
show (nablal, s1) € U P3 by simp
next
case (cred-step P1 nablal P2 nabla2 P3 nablas s1)
have P! F nablal — P2 and (nabla3, s1) € U PI by fact+
then have (nabla3, s1) € U P2 using P1-to-P2-cred by blast
moreover
have IH: (nabla3, s1) € U P2 = (nabla3, s1) € U P3 by fact
ultimately show (nabla3, s1) € U P3 by simp
qged

lemma P1-to-P2-red-plus3:

assumes P! |= (nabla,s) = P2

and (nablal,sl)e U P1

shows nablal |=(subst s1) nabla

using assms
proof (induction P1=P1 nabla=(nabla, s) P2=P2 arbitrary: s nablal nabla s1 P1
P2 rule: red-plus.induct)

case (sred-single P1 s P2 nablal s1)

then show nablal = (subst s1) {} by (simp add: ext-subst-def)
next

case (cred-single P1 nablal P2 nabla2 s1)

have PI1 + nablal — P2 (nabla2, s1) € U P1 by fact+

then show nabla2 |= (subst s1) nablal using PI-to-P2-cred by blast
next

case (sred-step P1 s P2 nabla2 s2 P3 nablal s1)

have P1 + s ~» P2 (nablal, s1)e U P1 by fact+

then have (nablal, s1)€ U P2 using P1-to-P2-sred by blast

moreover have IH: (nablal, s1)e U P2 = nablal = (subst s1) nabla2 by
fact

ultimately show nablal = (subst s1) nabla2 by simp
next

case (cred-step P1 nablal P2 nabla2 P3 nabla3 s1)
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have IH: (nabla3, s1) € U P2 = nabla3 |= (subst s1) nabla2 by fact
have as: P1 F nablal — P2 (nabla3, s1) € U P1 by fact+

from as have nabla3 |= (subst s1) nablal using PI-to-P2-cred by blast
moreover
from as have (nabla3, s1) € U P2 using P1-to-P2-cred by blast
then have nabla3 |= (subst s1) nabla2 using IH by blast
ultimately show nabla3 |= (subst s1) (nabla2 U nablal)
by (auto simp add: ext-subst-def)
qed

lemma P1-to-P2-red-plus2:
assumes P! |= (nabla, s) = P2
and (nablal, s1) € U P1
shows nablal |= subst (s1 - s) = subst s1
using assms
proof (induction P1=P1 nablas=(nabla, s) P2=P2 arbitrary: s nablal nabla s1 P1
P2 rule: red-plus.induct)
case (sred-single P1 s P2 nablal s1)
have PI ks ~~P2 (nablal, s1) € U PI by fact+
then show nablal = subst (s - s) ~subst s1
using PI-to-P2-sred by blast
next
case (cred-single P1 nablal P2 nabla2 s1)
show nabla2 = subst (sl - []) ~subst s1
by (simp add: subst-equ-refl)
next
case (sred-step P1 s P2 nabla2 s2 P3 nablal s1)
have [H: (nablal, s1) € U P2 = nablal |= subst (s1 - s2) ~subst s1 by fact
have as: P1 ks ~»P2 (nablal, s1) € U P1 by fact+

from as have (nablal, s1) € U P2 using P1-to-P2-sred by blast
with IH have nablal |= subst (s1 - s2) ~ subst s1 by blast
then have nablal = subst ((s1 - s2) « s) ~ subst (s1 - s)
by (simp add: subst-cancel-right)
moreover
from as have nablal |= subst (s1 - s) ~subst sl
using PI-to-P2-sred by blast
ultimately
show nablal = subst (s1 « (s2 + s)) =~ subst s1
using subst-assoc subst-trans by metis
next
case (cred-step P1 nablal P2 nabla2 P3)
show nablal = subst (sl -« []) =~ subst s1
by (simp add: subst-equ-refl)
qed

lemma P1-from-P2-red-plus:
assumes P! |=(nabla,s)= P2
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and (nablal,s1)e U P2 and nabla3}=(subst s1)(nabla)
shows (nablalUnabla3,(s1 - s))e U P1
using assms
proof (induction P1 = PI1 nablas=(nabla, s) P2=P2 arbitrary: s nablal nabla
nablal s1 P1 P2 rule: red-plus.induct)
case (sred-single P1 s P2 nablal nablad)
have PI1 + s ~ P2 (nablal, s1) € U P2 by fact+
then have (nablal, st «s) € U P1
using PI1-from-P2-sred by simp
then show (nablal U nabla3, sl - s) € U P1
using PI1-from-P2-sred solution-weak by simp
next
case (cred-single P1 nabla P2 nablal nabla3)
have P1 F nabla — P2
(nablal, s1) € U P2
nablal = (subst s1) nabla by fact+
hence (nablal U nabla3, s1) € U P1
using PI-from-P2-cred by simp
then show (nablal U nablas, s1 - []) € U P1
using solution-comp-id by auto
next
case (sred-step P1 s P2 nabla2 s2 P3 nablal nabla3)
have IH: (nablal, s1) € U P83 =
nabla3 |= (subst s1) nabla2 = (nablal U nabla3, s1 - s2) € U P2 by fact+
have as: (nablal, s1) € U P8
nabla3 = (subst s1) nabla2
Pi F s~ P2 by fact+
hence (nablal U nabla3, s1 - s2) € U P2
using IH by simp
hence (nablal U nabla3, (s1 - s2) - s) € UP1
using as(3)
by (simp add: P1-from-P2-sred)
then show (nablal U nabla3, s1 - (s2 - s)) € U P1
using solutions-subst-assoc by simp
next
case (cred-step P1 nabla P2 nabla2 P3)
have IH: (nablal, s1) € U P38 =
nabla3 |= (subst s1) nabla2 = (nablal U nabla3, s1 « []) € U P2 by fact
have as: P1 + nabla — P2
(nablal, s1) € U P3
nabla3 = (subst s1) (nabla2 U nabla) by fact+
have ext-substs: nabla3 = (subst s1) (nabla2)
nablal = (subst s1) nabla
using ext-subst-strong[OF as(3)] by simp+
hence a: (nablal U nabla3, st - []) € U P2
using IH as(2) by simp
hence (nablal U nablad U nabla3, s1 - []) € U P1
using as(1) ext-substs(2) P1-from-P2-cred solution-comp-id by blast
then show (nablal U nabla3, st - []) € U P1
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unfolding all-solutions-def using Un-absorb by simp
qed

lemma mgu:
assumes P =(nabla,s)=([],[])
shows mgu P (nabla,s) A idem (nabla,s)
proof(rule mgu-idem,)
have i: ({},[]) € U ([.[})
unfolding all-solutions-def by simp
then show (nabla, s) € U P
using P1-from-P2-red-plus[OF assms i
ext-subst-id solution-comp-id(2) by simp

show V (nabla2, s2)e U P. nabla2 = (subst s2) nabla A
nabla2 = subst (s2 - s) = subst s2
proof
fix z
assume z € U P
then show case z of (nabla2, s2) =
nabla2 = (subst s2) nabla A
nabla2 = subst (s2 - s) = subst s2
proof (cases )
case (Pair nabla2 s2)
hence (nabla2,s2) € U P
using <z € U P» by auto
hence nabla2 |= (subst s2) nabla A nabla2 = subst (s2 - s) ~ subst s2
using assms P1-to-P2-red-plus2 P1-to-P2-red-plus3 by auto+
with Pair show ?thesis by simp
qed
qed
qed

11 Termination

Defines a lexicographic termination measure and proves that all the unifica-
tion reductions decrease this measure.

lemma apply-subst-equivalence:
shows apply-subst s P = (apply-subst-eprobs s (fst P), apply-subst-fprobs s (snd

P))

unfolding apply-subst-def apply-subst-eprobs-def apply-subst-fprobs-def by simp

fun size-trm :: trm = nat
where
size-trm (Unit) =1 |
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size-trm (Atom a) 1|
size-trm (Susp pi X) = 1 |
size-trm (Abst a t) = 1 + size-trm t |
size-trm (Func F't) = 1 + size-trm t |

size-trm (Paar t t") = 1 + (size-trm t) + (size-trm t’)

fun size-fprobs :: fprobs = nat
where
size-fprobs [| = 0 |
size-fprobs (z#xs) = (size-trm (snd z))+(size-fprobs xs)

fun size-eprobs :: eprobs = nat
where
size-eprobs [| = 0 |
size-eprobs (x#txs) = (size-trm (fst x))+(size-trm (snd x))+(size-eprobs xs)

lemma size-swap [simp)]: size-trm (swap pi t) = size-trm t
by (induct t) auto

definition rank-r
where
rank-r = measures [A(eprobs, fprobs). card (vars-eprobs eprobs),
A(eprobs, fprobs). size-eprobs eprobs,
A(eprobs, fprobs). size-fprobs fprobs)

lemma vars-term-finite [simp|: finite (vars-trm t)
by (induct t) auto

lemma vars-eprobs-finite [simp]: finite (vars-eprobs P)
by (induct P) auto

lemma not-occurs-trm: —occurs X t — X¢& vars-trm t
by (induct t) auto

lemma not-occurs-subst: —occurs X t1— X¢ vars-trm (subst [(X,swap pi2 t1)]
t2)
using subst-susp not-occurs-trm by (induct t2) (auto simp add: vars-swap)

lemma not-occurs-list: — occurs X t —

X ¢ wvars-eprobs (apply-subst-eprobs [(X, swap pi t)] zs)
using not-occurs-subst apply-subst-eprobs-def by (induct xs) auto

lemma vars-equ:
assumes —occurs X t1 and occurs X t2
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shows vars-trm (subst [(X, swap pi t1)] t2) = (vars-trm t1 U vars-trm t2)—{ X}
using assms
proof (induct t2)
case (Susp pi’ Y)
hence eq: X=Y
unfolding occurs.simps(3) by argo
have subst-i: subst [(X, swap pi t1)] (Susp pi’ V) = swap pi'(look-up X [(X,
swap pi t1)])
using eq subst-susp by simp
also have ... = swap pi'(swap pi t1) by simp
hence vars-trm (subst [(X, swap pi t1)] (Susp pi’ Y)) = wvars-trm t1
using subst-i swap-append vars-swap by simp
thus
vars-trm (subst [(X, swap pi t1)] (Susp pi’ Y)) =
vars-trm t1 U vars-trm (Susp pi’ V) — {X}
using eq assms(1) not-occurs-subst[of X t1 pi <Susp pi’ Y>] by auto
next
case (Paar t21 t22)
hence occurs X t21 V occurs X t22
unfolding occurs.simps(5) by argo
then show Zcase
proof
assume occurs X t21
hence vars-trm (subst [(X, swap pi t1)] t21) = vars-trm t1 U vars-trm t21 —
{X}
using assms(1) Paar by auto
hence vars-trm (subst [(X, swap pi t1)] (Paar t21 t22)) =
(vars-trm t1 U vars-trm t21 — {X}) U (vars-trm t1 U vars-trm t22 — {X})
using Paar.hyps(2) assms(1) subst-not-occurs[of X t22 «swap pi t1>] not-occurs-trm
by (cases occurs X t22) auto
thus vars-trm (subst [(X, swap pi t1)] (Paar t21 t22)) =
vars-trm t1 U vars-trm (Paar t21 t22) — {X} by auto
next
assume occurs X t22
hence vars-trm (subst [(X, swap pi t1)] t22) = vars-trm t1 U vars-trm t22 —
{x)
using assms(1) Paar by auto
hence vars-trm (subst [(X, swap pi t1)] (Paar t21 t22)) =
(vars-trm t1 U vars-trm t21 — {X}) U (vars-trm t1 U vars-trm t22 — {X})
using Paar.hyps(1) assms(1) subst-not-occurs[of X t21 <swap pi t1>] not-occurs-trm
by (cases occurs X t21) auto
thus vars-trm (subst [(X, swap pi t1)] (Paar t21 t22)) =
vars-trm t1 U vars-trm (Paar t21 t22) — {X} by auto
qed
qed (simp-all)

lemma vars-subseteq:
assumes —occurs X t
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shows wvars-eprobs (apply-subst-eprobs [(X, swap pi t)] xs) C (vars-trm t U
vars-eprobs xs)
using assms
proof (induct xs)
case Nil
have apply-subst-eprobs [(X, swap pi t)] [| = []
unfolding apply-subst-eprobs-def by simp
hence vars-eprobs (apply-subst-eprobs [(X, swap pi t)] []) = {}
by simp
thus vars-eprobs (apply-subst-eprobs [(X, swap pi t)] []) C vars-trm t U vars-eprobs

[
by simp
next
case (Cons a zs)
have apply-subst-eprobs [(X, swap pi t)] (a # xs) =
(subst [(X, swap pit)] (fst a), subst [(X, swap pit)] (snd a)) # (apply-subst-eprobs[(X,
swap pi t)] xs)
unfolding apply-subst-eprobs-def case-prod-beta by simp
hence A: vars-eprobs (apply-subst-eprobs [(X, swap pi t)] (a # xs)) =
(vars-trm (subst [(X, swap pi t)] (snd a)))U(vars-trm (subst [(X, swap pi t)]
(fst a)))
U(vars-eprobs (apply-subst-eprobs|[(X, swap pi t)] xs))
by auto
then show wvars-eprobs (apply-subst-eprobs [(X, swap pi t)] (a # xs))
C wars-trm t U vars-eprobs (a # xs)
proof(cases occurs X (fst a))
case True
have X-in-fst:
occurs X (fst a) by fact
hence vars-fst:
vars-trm (subst [(X, swap pi t)] (fst a)) = (vars-trm t U vars-trm (fst a))—{X}
using vars-equ[OF assms X-in-fst] by simp
then show vars-eprobs (apply-subst-eprobs [(X, swap pi t)] (a # xs))
C wars-trm t U vars-eprobs (a # 1s)
proof (cases occurs X (snd a))
case True
have X-in-snd: occurs X (snd a) by fact
hence vars-snd:
vars-trm (subst [(X, swap pi t)] (snd a)) = (vars-trm ¢t U vars-trm (snd
@)~ {X}
using vars-equ[OF assms X-in-snd] by simp
with vars-fst
have vars-trm (subst [(X, swap pi t)] (snd a)) U vars-trm (subst [(X, swap
pi )] (fst @) =
vars-trm ¢t U vars-trm (snd a) U vars-trm (fst a) — {X}
by auto
hence vars-trm (subst [(X, swap pi t)] (snd a)) U vars-trm (subst [(X, swap
pi 1)] (st a)) €

vars-trm t U vars-eprobs (a # xs) by auto
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thus ?thesis using A Cons by auto
next
case Fulse
hence vars-snd: vars-trm (subst [(X, swap pi t)] (snd a)) = vars-trm (snd a)
using subst-not-occurs by auto
with vars-fst
have vars-trm (subst [(X, swap pi t)] (snd a)) U vars-trm (subst [(X, swap
pi )] (st @) =
vars-trm t U vars-trm (snd a) U vars-trm (fst a) — {X}
using Fualse not-occurs-trm by auto
hence vars-trm (subst [(X, swap pi t)] (snd a)) U vars-trm (subst [(X, swap
pi 1)] (fst a)) C
vars-trm t U vars-eprobs (a # xs) by auto
thus ?thesis using A Cons by auto
qed
next
case Fulse
hence vars-fst:
vars-trm (subst [(X, swap pi t)] (fst a)) = vars-trm (fst a)
using subst-not-occurs by simp
then show wvars-eprobs (apply-subst-eprobs [(X, swap pi t)] (a # xs))
C wvars-trm t U vars-eprobs (a # xs)
proof(cases occurs X (snd a))
case True
have X-in-snd: occurs X (snd a) by fact
hence vars-snd:
vars-trm (subst [(X, swap pi t)] (snd a)) = (vars-trm ¢t U vars-trm (snd
@)~ {X}
using vars-equ[OF assms X-in-snd] by simp
with vars-fst
have vars-trm (subst [(X, swap pi t)] (snd a)) U vars-trm (subst [(X, swap
pi b)) (st 0)) =
vars-trm t U vars-trm (snd a) U vars-trm (fst a) — {X}
using False not-occurs-trm by auto
hence vars-trm (subst [(X, swap pi t)] (snd a)) U vars-trm (subst [(X, swap
pit)] (fst a)) C
vars-trm t U vars-eprobs (a # xs) by auto
thus ?thesis using A Cons by auto
next
case Fulse
hence vars-snd: vars-trm (subst [(X, swap pi t)] (snd a)) = vars-trm (snd a)
using subst-not-occurs by auto
with vars-fst
have vars-trm (subst [(X, swap pi t)] (snd a)) U vars-trm (subst [(X, swap
pi )] (st ) =
vars-trm (snd a) U vars-trm (fst a)
by simp
hence vars-trm (subst [(X, swap pi t)] (snd a)) U vars-trm (subst [(X, swap
pi )] (fot @) C
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vars-trm t U vars-eprobs (a # xs) by auto
thus ?thesis using A Cons by auto
qed
qed
qed

lemma vars-decrease:
assumes —occurs X t
shows card (vars-eprobs (apply-subst-eprobs [(X, swap pi t)] xs))
< card (insert X (vars-trm t U vars-eprobs xs))
using assms
proof(cases X € (vars-trm t U vars-eprobs xs))
case True
hence insert X (vars-trm t U vars-eprobs xs) = vars-trm t U vars-eprobs s
using insert-absorb by auto
moreover have subset:
vars-eprobs (apply-subst-eprobs [(X, swap pi t)] xs) C vars-trm t U vars-eprobs
xs
using assms vars-subseteq by simp
hence
vars-eprobs (apply-subst-eprobs [(X, swap pi t)] xs) C vars-trm t U vars-eprobs
xs — {X}
using not-occurs-list assms subset-Diff-insert by auto
ultimately have
card (vars-eprobs (apply-subst-eprobs [(X, swap pi t)] xs))
< card (vars-trm t U vars-eprobs zs — {X})
using Finite-Set.card-mono
by (metis finite-Diff finite-Un vars-eprobs-finite vars-term-finite)
thus card (vars-eprobs (apply-subst-eprobs [(X, swap pi t)] xs))
< card (insert X (vars-trm t U vars-eprobs xs))
by (simp add: card.insert-remove)
next
case Fulse
hence card (vars-trm t U vars-eprobs zs) < card (insert X (vars-trm t U vars-eprobs
zs))
by auto
moreover have subset:
vars-eprobs (apply-subst-eprobs [(X, swap pi t)] xs) C vars-trm t U vars-eprobs
xs
using assms vars-subseteq by simp
hence card (vars-eprobs (apply-subst-eprobs [(X, swap pi t)] zs))
< card (vars-trm t U vars-eprobs xs)
using Finite-Set.card-mono
by (metis finite-Un vars-eprobs-finite vars-term-finite)
ultimately show
card (vars-eprobs (apply-subst-eprobs [(X, swap pi t)] xs))
< card (insert X (vars-trm t U vars-eprobs xs))
by simp
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qed

lemma rank-r-cred:

assumes P1+(nabla)— P2

shows (P2, P1) € rank-r

unfolding rank-r-def by (cases rule: c-red.cases|OF «P1 b nabla — P2)],
stmp-all)

lemma rank-r-sred:
assumes P! F s ~~P2
shows (P2,P1) € rank-r
proof(cases rule: s-red.cases|OF <P1t s ~>P2)])
case (2 t1 t2 sl s2 xs ys)
case (2 t1 t2 sl s2 xs ys)
let Zunion = vars-trm s1 U vars-trm s2 U vars-trm t1 U vars-trm t2 U vars-eprobs
xs
and ?size = size-trm t1 + size-trm t2 + size-trm s1 + size-trm s2 + size-eprobs
xs
from 2 have vars-eprobs ((Paar t1 t2, Paar sl s2) # xs) = ?union
unfolding vars-eprobs.simps vars-trm.simps by auto
moreover from 2 have
size-eprobs ((Paar t1 t2, Paar s1 s2) # xs) = 2 + ?size
unfolding size-eprobs.simps using size-trm.simps(6) by auto
from 2 have
vars-eprobs ((t1, s1) # (2, s2) # xs) = Zunion
unfolding vars-eprobs.simps by auto
moreover from 2 have
size-eprobs ((t1, s1) # (12, s2) # xs) = Psize
unfolding size-eprobs.simps by simp
ultimately have
size-eprobs ((t1, s1) # (t2, s2) # xs) < size-eprobs ((Paar t1 t2, Paar sl s2)
4 13)
card (vars-eprobs ((t1, s1) # (t2, s2) # xs)) = card (vars-eprobs ((Paar t1 t2,
Paar s1 s2) # xs))
by simp+
with 2 show (P2, P1) € rank-r
unfolding rank-r-def by simp
next
case (7 pil X pi2 xs ys)
let ?mapds = map (Aa. (a, Susp [| X)) (ds-list pil pi2) Q ys
let Zunion = {X} U vars-eprobs xs
from 7 have
vars: vars-eprobs ((Susp pil X, Susp pi2 X) # xs) = 2union and
size: size-eprobs ((Susp pil X, Susp pi2 X) # xs) = 2 + size-eprobs zs
unfolding vars-eprobs.simps size-eprobs.simps by simp+
then show (P2, P1) € rank-r
proof(cases X € vars-eprobs xs)
case True
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hence card ?union = card (vars-eprobs xs)
by (simp add: insert-absorb)
with 7 show (P2, P1) € rank-r
unfolding rank-r-def by simp
next
case Fulse
hence card ?union = 1 + card (vars-eprobs xs)
by auto
with 7 show (P2, P1) € rank-r
unfolding rank-r-def by simp
qed
next
case (8 X t pi xs ys)
let Zunion = insert X (vars-trm t U vars-eprobs zs)
and ?size = size-trm t + size-eprobs xs
from 8 have
vars: vars-eprobs ((Susp pi X, t) # xzs) = Zunion and
size: size-eprobs ((Susp pi X, t) # xs) = 1 + Zsize
unfolding vars-eprobs.simps size-eprobs.simps by simp+
moreover from 8§ have
P2 = (apply-subst-eprobs [(X, swap (rev pi) t)] xs,
apply-subst-fprobs [(X, swap (rev pi) t)] ys)
using apply-subst-equivalence by auto
ultimately show ?thesis
using 8 vars-decrease| OF 8(/)] unfolding rank-r-def by simp
next
case (9 X t pi zs ys)
let ?union = insert X (vars-trm t U vars-eprobs xs)
and Zsize = size-trm t + size-eprobs xs
from 9 have
vars: vars-eprobs ((t, Susp pi X) # xs) = Zunion and
size: size-eprobs ((t, Susp pi X) # xs) = 1 + size
unfolding vars-eprobs.simps size-eprobs.simps by simp+
moreover from 9 have
P2 = (apply-subst-eprobs [(X, swap (rev pi) t)] xs,
apply-subst-fprobs [(X, swap (rev pi) t)] ys)
using apply-subst-equivalence by auto
ultimately show #thesis
using 9 vars-decrease] OF 9(4)] unfolding rank-r-def by simp
qed (unfold rank-r-def, auto simp add: vars-swap)

lemma rank-r-trans: [(P1,P2) € rank-r; (P2,P8) € rank-r]— (P1,P3)€ rank-r
unfolding rank-r-def by auto

lemma rank-r-red-plus:
assumes PI1|= (s,nabla)= P2
shows (P2, P1) € rank-r
using assms
by (induct rule: red-plus.induct)(auto dest: rank-r-sred rank-r-cred rank-r-trans)
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lemma wf-rank-r:
shows wf (rank-r)
unfolding rank-r-def by simp

12 Unification

Proves that all problems that are stuck and fail, have no unifier.

definition stuck :: problem-type set where
stuck-def: stuck = { P1. —(3 P2 nabla s. P1 =(nabla,s)=P2)}

inductive fail :: problem-type = bool where

fail-occur-abst [introl]: Joccurs X t]=> fail ((Susp pi X ~=? Abst a t) # xs, ys) |
fail-occur-func [introl]: [occurs X t]=> fail (Susp pi X ~?Func F t#xs,ys) |
fail-occur-paar [introl]: Joccurs X t1Voccurs X t2]—> fail (Susp pi X~?Paar t1
t24#xs,ys) |

fail-fresh-atom [introl]: fail ([],af? Atom a#tys)|

fail-diff-atoms [intro!]: a#£b=— fail (Atom a~? Atom b#uxs,ys) |

fail-abst-unit [intro!]: fail (Abst a t~?Unit#xs,ys) |

fail-abst-atom [intro!]: fail (Abst a t=?Atom b#wxs,ys) |

fail-abst-paar [introl]: fail (Abst a t<?Paar t1 t24#1s,ys) |

fail-func-abst [intro!]: fail (Func F t1~=?Abst a t#xs,ys) |

fail-atom-unit [introl]: fail (Atom b= ?Unit#xs,ys) |

fail-paar-unit [introl]: fail (Paar t1 t2~?Unit#xs,ys) |

fail-func-unit [introl]: fail (Func F t1~?Unit#xs,ys) |

fail-atom-paar [introl]: fail (Atom am?Paar t1 t24xs,ys) |

fail-func-atom [intro!]: fail (Func F t1~%Atom a#xs,ys) |

fail-func-paar [intro!]: fail (Func F t~?Paar t1 t2#us,ys) |

fail-diff-func [introl]: [F1#F2]= fail (Func F1 t1~%Func F2 t2#us,ys) |
fail-sym [introl]: fail (s =% t # xs, ys) = fail (t =% s # xs, ys)

definition

normal-form :: problem-type = problem-type set where

normal-form P1 = if P1 € stuck then {P1} else { P2. 3 nabla s. P1=(nabla,s)= P2
A P2¢estuck}

lemma U-equ-symm:
shows U (sx?t#uxs, ys) = U (t=?s#xs, ys)
by (auto simp add: all-solutions-def equ-symm,)
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lemma fail-then-empty:
assumes fail P1
shows U P1 = {}
using assms
proof (induct rule: fail.induct)
case (fail-occur-abst X t pi a s ys)
let 2P = (Susp pi X ~? Abst a t # xs, ys)
{ assume U ((Susp pi X, Abst a t) # xs, ys) # {}
then obtain s nabla where eql: nabla - subst s (Susp pi X) = Abst a (subst
st)
by (auto simp add: all-solutions-def)
moreover
have occurs X t by fact
then obtain ¢’ pi’ where
eq2: nabla - subst s (Susp pi X) = swap pi’ t’ t'Esub-trms (subst s t)
using occurs-sub-trm-equ by blast
moreover
have eq3: — nabla b (Abst a (subst s t)) =~ swap pi’ t’
using eq2 psub-trm-not-equ by auto
then have Fulse using eql eq?2 eq3
by (metis equ-symm equ-trans)
}
then show U ?P = {} by auto
next
case (fail-occur-func X t pi F xs ys)
let ?P = (Susp pi X =% Func F t # xs, ys)
{ assume U ((Susp pi X, Func F t) # xs, ys) # {}
then obtain s nabla where eql: nabla b subst s (Susp pi X) ~ Func F (subst
st)
by (auto simp add: all-solutions-def)
moreover
have occurs X t by fact
then obtain ¢’ pi’ where
eq2: nabla = subst s (Susp pi X) ~ swap pi’ t’ t'€sub-trms (subst s t)
using occurs-sub-trm-equ by blast
moreover
have eg8: = nabla b (Func F (subst s t)) = swap pi’ t’
using eq?2 psub-trm-not-equ by auto
then have Fulse using eql eq2 eq3
by (metis equ-symm equ-trans)
}
then show U ?P = {} by auto
next
case (fail-occur-paar X t1 t2 pi s ys)
let ?P = (Susp pi X ~? Paar t1 t2 # xs, ys)
have occurs X t1 V occurs X t2 by fact
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then show U ?P = {}
proof
{assume occurs X t1
{assume U ((Susp pi X, Paar t1 t2) # zs, ys) # {}
then obtain s nabla where eql: nabla - subst s (Susp pi X) ~ Paar (subst s
t1) (subst s t2)
by (auto simp add: all-solutions-def)
moreover
have occurs X t1 by fact
then obtain ¢’ pi’ where
eq2: nabla = subst s (Susp pi X) ~ swap pi’ t’ t'€sub-trms (subst s t1)
using occurs-sub-trm-equ by blast
moreover
have eq3: — nabla b (Paar (subst s t1) (subst s t2)) ~ swap pi’ t’
using eq?2 psub-trm-not-equ by auto
then have Fulse using eq! eq2 eq3
by (metis equ-symm equ-trans)}

then show U ?P = {} by auto}

{assume occurs X t2
{assume U ((Susp pi X, Paar t1 t2) # zs, ys) # {}
then obtain s nabla where eql: nabla - subst s (Susp pi X) ~ Paar (subst
s t1) (subst s t2)
by (auto simp add: all-solutions-def)
moreover
have occurs X t2 by fact
then obtain ¢’ pi’ where
eq2: nabla b subst s (Susp pi X) =~ swap pi’ t’ t'€sub-trms (subst s t2)
using occurs-sub-trm-equ by blast
moreover
have eq3: = nabla b (Paar (subst s t1) (subst s t2)) ~ swap pi’ t’
using eq2 psub-trm-not-equ by auto
then have Fualse using eq! eq2 eq3
by (metis equ-symm equ-trans)
}

then show U ?P = {} by auto}
qged
next
case (fail-fresh-atom a ys)
let 2P = ([], a t? Atom a # ys)
have 7 nabla s. nabla - a § subst s (Atom a)
using subst-atom Fresh-elims(3) by auto
thus U 2P = {}
using all-solutions-def by simp
next
case (fail-diff-atoms a b s ys)
let 2P = (Atom a ~? Atom b # xs, ys)
from <a # b> have 3 nabla s. nabla - subst s (Atom a) ~ subst s (Atom b)
using FEqu-elims(1) by auto
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thus U ?P = {}
using all-solutions-def by simp
next
case (fail-abst-unit a t xs ys)
let ?P = (Abst a t ~? Unit # zs, ys)
have # nabla s. nabla - subst s (Abst a t) ~ subst s Unit
by (auto elim: equ.cases)
thus U 9P = {}
using all-solutions-def by simp
next
case (fail-abst-atom a t b s ys)
let ?P = (Abst a t ~? Atom b # wxs, ys)
have 7 nabla s. nabla - subst s (Abst a t) ~ subst s (Atom b)
by (auto elim: equ.cases)
thus U 7P = {}
using all-solutions-def by simp
next
case (fail-abst-paar a t t1 t2 zs ys)
let 7P = (Abst a t =? Paar t1 t2 # xs, ys)
have # nabla s. nabla - subst s (Abst a t) ~ subst s (Paar t1 t2)
by (auto elim: equ.cases)
thus U ?P = {}
using all-solutions-def by simp
next
case (fail-func-abst F t1 a t zs ys)
let 2P = (Func F t1 ~? Abst a t # s, ys)
have # nabla s. nabla - subst s (Func F t1) ~ subst s (Abst a t)
by (auto elim: equ.cases)
thus U ?P = {}
using all-solutions-def by simp
next
case (fail-atom-unit b zs ys)
let 7P = (Atom b ~? Unit # wxs, ys)
have 7 nabla s. nabla - subst s (Atom b) ~ subst s (Unit)
by (auto elim: equ.cases)
thus U ?P = {}
using all-solutions-def by simp
next
case (fail-paar-unit t1 t2 xs ys)
let ?P = (Paar t1 t2 =% Unit # s, ys)
have # nabla s. nabla - subst s (Paar t1 t2) ~ subst s (Unit)
by (auto elim: equ.cases)
thus U 2P = {}
using all-solutions-def by simp
next
case (fail-func-unit F' t1 s ys)
let 2P = (Func F t1x? Unit # xs, ys)
have # nabla s. nabla - subst s (Func F t1) ~ subst s (Unit)
by (auto elim: equ.cases)
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thus U ?P = {}
using all-solutions-def by simp
next
case (fail-atom-paar b t1 t2 xs ys)
let 2P = (Atom b =% Paar t1 t2 # wxs, ys)
have # nabla s. nabla - subst s (Atom b) ~ subst s (Paar t1 t2)
by (auto elim: equ.cases)
thus U 9P = {}
using all-solutions-def by simp
next
case (fail-func-atom F t1 b s ys)
let 9P = (Func F t1 ~? Atom b # xs, ys)
have 7 nabla s. nabla - subst s (Func F t1) ~ subst s (Atom b)
by (auto elim: equ.cases)
thus U 7P = {}
using all-solutions-def by simp
next
case (fail-func-paar F t t1 t2 zs ys)
let P = (Func F't =% Paar t1 t2 # xs, ys)
have # nabla s. nabla - subst s (Func F t) ~ subst s (Paar t1 t2)
by (auto elim: equ.cases)
thus U ?P = {}
using all-solutions-def by simp
next
case (fail-diff-func F1 F2 t1 t2 zs ys)
let P = (Func F1 t1 ~? Func F2 t2 # zs, ys)
from «F1 # F2) have 3 nabla s. nabla - subst s (Func F1 t1) ~ subst s (Func
F2 2)
by (auto elim: equ.cases)
thus U 7P = {}
using all-solutions-def by simp
next
case (fail-sym s t xs ys)
let 2P = (t =% s # xs, ys)
have fail ((s, t) # xs, ys)
U ((s, t) # s, ys) = {} by fact+
thus U 7P = {}
using all-solutions-def U-equ-symm by simp
qed

lemma not-reduce-then-fail:
assumes — (Inabla s P'. ((¢1 =7 t2) # s, ys) = (nabla,s) = P’)
shows fail ((t1 ~? t2) # s, ys)
using assms
proof(cases t1)
case (Abst a t1')
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have t1-def: t1 = Abst a t1’ by fact
then show fail ((t1, t2) # s, ys)
proof(cases t2)
case (Abst b t2)
with t1-def
have ((t1 ~? t2)#as,ys) F[]~ ((t1'=2t2"\#xs,ys) V
((t1=? t2)#as,ys) F[]~ ((¢t1'=%swap [(a,b)] t2")H#xs,(af ?t2")H#ys)
using abst-aa-sred abst-ab-sred by (cases a=b) auto
hence 3 P2. ((t1 =? t2)#uxs,ys) E({},]))=P2
using sred-single by blast
thus fail ((¢1, t2) # xs, ys)
using assms by simp
next
case (Susp pi X)
have t2-def: t2 = Susp pi X by fact
with t1-def
show fail ((t1, t2) # wxs, ys)
proof(cases occurs X t1)
case True
with t1-def t2-def
show fail ((t1, t2) # wxs, ys)
using fail-sym|[OF fail-occur-abst|OF Truel] by simp
next
case Fualse
with t1-def
have not-occurs: = occurs X t1 by simp
hence ((t1~? Susp pi X)#xs,ys)
(X ,swap (rev pi) t1)]~ apply-subst [(X,swap (rev pi) t1)] (xs,ys)
using t1-def var-2-sred[OF not-occurs| by simp
hence 3 P2 s. ((t1 ~? t2)#uxs,ys) =({},s)=P2
using t1-def t2-def sred-single by blast
thus fail ((t1, t2) # xs, ys)
using assms by simp
qed
qed (auto)
next
case (Susp pi X)
have ti-def: t1 = Susp pi X by fact
then show fail ((t1, t2) # xs, ys)
proof(cases occurs X t2)
case True
then show fail ((t1, t2) # s, ys)
proof (cases t2)
case (Abst a t27)
have t2-def: t2 = Abst a t2' by fact
with True
have occurs X t2' unfolding occurs.simps(4) t2-def by argo
thus fail ((t1, t2) # xs, ys)
using t1-def t2-def fail-occur-abst by simp
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next
case (Susp pi’ Y)
have t2-def: t2 = Susp pi’ Y by fact

have X = Y
using True unfolding ¢2-def occurs.simps(3)
by argo

hence ((Susp pi X~ 2Susp pi’ Y)#xs,ys)
Fl]~ (zs,(map (Ma. aff? Susp [| X) (ds-list pi pi’))Qys)
using susp-sred by simp
hence 3 P2. ((t1 =? t2)#uxs,ys) E({},])=P2
using sred-single t1-def t2-def by blast
thusfail ((t1, t2) # s, ys)
using assms by simp
next
case (Paar t21 t22)
have t2-def: t2 = Paar t21 t22 by fact
with True
have occurs X t21 V occurs X t22 unfolding occurs.simps(5) t2-def by argo
thus fail ((t1, t2) # xs, ys)
using t1-def t2-def fail-occur-paar by simp
next
case (Func f t2)
have t2-def: t2 = Func f t2' by fact
with True
have occurs X t2' unfolding occurs.simps(6) t2-def by argo
thus fail ((t1, t2) # xs, ys)
using t1-def t2-def fail-occur-func by simp
qed (auto simp add: True)
next
case Fulse
hence ((Susp pi X, t2) # xs, ys) b
[(X, swap (rev pi) t2)] ~ apply-subst [(X, swap (rev pi) t2)] (xs, ys)
using var-1-sred[OF False] by simp
hence 3 P2 s. ((t1 =7 t2)#us,ys) =({},s)=P2
using t1-def sred-single by blast
thus fail ((t1, t2) # xs, ys)
using assms by simp
qed
next
case Unit
have ti-def: t1 = Unit by fact
then show fail ((t1, t2) # xs, ys)
proof(cases t2)
case (Susp pi X)
have t2-def: t2 = Susp pi X by fact
with t1-def have not-occurs: = occurs X t1 by simp
hence ((t1~? Susp pi X)#xs,ys)
F[(X,swap (rev pi) t1)]~ apply-subst [(X,swap (rev pi) t1)] (zs,ys)
using t1-def var-2-sred|OF not-occurs] by simp
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hence 3 P2 s. ((t1 =% t2)#uxs,ys) =({},s)=P2
using t1-def t2-def sred-single by blast
thus fail ((t1, t2) # xs, ys)
using assms by simp
next
case Unit
with t1-def
have ((t1 =? t2)#axs,ys) F[]~ (xs,ys)
using unit-sred by auto
hence 3 P2. ((t1 =? t2)#uxs,ys) E({},]))=P2
using sred-single by blast
thus fail ((¢1, t2) # xs, ys)
using assms by simp
qed (auto)
next
case (Atom a)
have t1-def: t1 = Atom a by fact
then show fail ((t1, t2) # s, ys)
proof(cases t2)
case (Susp pi X)
have t2-def: t2 = Susp pi X by fact
with t1-def have not-occurs: = occurs X t1 by simp
hence ((t1x? Susp pi X)#xs,ys)
H[(X,swap (rev pi) t1)]~ apply-subst [(X,swap (rev pi) t1)] (zs,ys)
using t1-def var-2-sred[OF not-occurs] by simp
hence 3 P2 s. ((t1 ~? t2)#us,ys) =({},s)=P2
using t1-def t2-def sred-single by blast
thus fail ((¢1, t2) # zs, ys)
using assms by simp
next
case (Atom b)
have t2-def: t2 = Atom b by fact
then show fail ((t1, t2) # zs, ys)
proof(cases a=b)
case True
hence ((t1 ~? t2)#xs,ys) F[]~ (xs,ys)
using t2-def t1-def atom-sred by simp
hence 3 P2. ((t1 =? t2)#uzs,ys) E({},])=P2
using sred-single by blast
thus fail ((t1, t2) # xs, ys)
using assms by simp
qged (simp add: t1-def t2-def fail-diff-atoms)
qed(auto)
next
case (Paar t11 t12)
have t1-def: t1 = Paar t11 t12 by fact
then show fail ((t1, t2) # xs, ys)
proof(cases t2)
next
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case (Susp pi X)
have t2-def: t2 = Susp pi X by fact
then show fail ((t1, t2) # zs, ys)
proof(cases occurs X t11 V occurs X t12)
case True
then show fail ((t1, t2) # s, ys)
using t1-def t2-def fail-sym|[OF fail-occur-paar[OF True]] by simp
next
case Fulse
hence — occurs X t1
using t1-def by simp
hence ((t1~2Susp pi X)#xs,ys)
FH[(X,swap (rev pi) t1)]~ apply-subst [(X,swap (rev pi)
t1)] (ws,ys)
by auto
hence 3 P2 s. ((t1 ~? t2)#uxs,ys) =({},s)=P2
using t1-def t2-def sred-single by blast
thus fail ((t1, t2) # xs, ys)
using assms by simp
qed
next
case (Paar t21 t22)
have t2-def: t2 = Paar t21 t22 by fact
with t1-def have
((t1 ~2 t2)#xs,ys) B[]~ ((t11=2t21)#(t12~222)#x5,ys)
using paar-sred by simp
hence 3 P2. ((t1 =? t2)#uzs,ys) E({},]))=P2
using sred-single by blast
thus fail ((t1, t2) # zs, ys)
using assms by simp
qged(auto)
next
case (Func ft17)
have t1-def: t1 = Func f t1' by fact
then show fail ((t1, t2) # s, ys)
proof(cases t2)
case (Susp pi X)
have t2-def: t2 = Susp pi X by fact
with ¢1-def
show fail ((t1, t2) # wxs, ys)
proof(cases occurs X t1)
case True
with t1-def t2-def
show fail ((t1, t2) # xs, ys)
using fail-sym[OF fail-occur-func|OF True]] by simp
next
case Fulse
with t1-def
have not-occurs: = occurs X t1 by simp
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hence ((t1~? Susp pi X)#xs,ys)
F[(X,swap (rev pi) t1)]~ apply-subst [(X,swap (rev pi) t1)] (xs,ys)
using t1-def var-2-sred|OF not-occurs] by simp
hence 3 P2 s. ((t1 ~? t2)#uxs,ys) =({},s)=P2
using t1-def t2-def sred-single by blast
thus fail ((t1, t2) # xs, ys)
using assms by simp
qed
next
case (Func g t2)
have t2-def: t2 = Func g t2’ by fact
then show fail ((t1, t2) # wxs, ys)
proof(cases f=g)
case True
hence ((t1 ~? t2)#uxs,ys) F[]~ ((t1'=?t2")#xs,ys)
using t1-def t2-def func-sred by simp
hence 3 P2. ((t1 =? t2)#uzs,ys) =E({},]])=P2
using sred-single by blast
thus fail ((t1, t2) # xs, ys)
using assms by simp
next
case Fulse
then show fail ((t1, t2) # zs, ys)
using t1-def t2-def fail-diff-func[OF False] by simp
qed
qged(auto)
qged

lemma fresh-reduces-if-not-atom:
assumes t # Atom a
shows 3 P2 nabla s. ([], (a 2 t) # xs) = (nabla,s) = P2
using assms cred-single
proof (cases t)
case (Abst b t’)
then show 3 P2 nabla s. ([], (a §7 t) # xs) = (nabla, s) = P2
proof(cases a=b)
case True
hence ([}, (a 27 £) # as) (1= ([L29)
unfolding Abst using abst-aa-cred by simp
then show 3 P2 nabla s. ([], (a §7 t) # xs) = (nabla, s) = P2
using cred-single by blast
next
case Fulse
hence ([, (a 87 ¢) # @) F{}— (Il (at? ¢) # 25)
unfolding Abst using abst-ab-cred by simp
then show 3 P2 nabla s. ([], (a §7 t) # xs) = (nabla, s) = P2
using cred-single by blast
qed
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next
case (Atom b)
with assms
have a # b by simp
hence ([], (a 47 t) # ws) = {}— ([],as)
unfolding Atom using atom-cred by simp
then show 3 P2 nabla s. ([], (a §7 t) # xs) = (nabla, s) = P2
using cred-single by blast
qed (simp add: cred-single, blast+)

lemma empty-stuck:
shows ([],[]) € stuck
proof—
have — (3 P2 nabla s. ([,]]) E (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
thus ([],[]) € stuck
unfolding stuck-def by auto
qed

lemma fail-is-stuck:
assumes fail P
shows P € stuck
using assms
proof (induct rule: fail.induct)
case (fail-occur-abst X t pi a s ys)
have t-occurs: occurs X t by fact
moreover have — (3 P2 nabla s. ((Susp pi X ~? Abst a t) # zs, ys) = (nabla,s)
= P2)
proof
assume 3 P2 nabla s. ((Susp pi X ~? Abst a t) # s, ys) E (nabla,s) = P2
then obtain P2 nabla s where
red: ((Susp pi X ~=? Abst a t) # zs, ys) E (nabla,s) = P2
by auto
thus Fulse
proof (cases rule: red-plus.cases)
case sred-single
have ((Susp pi X, Abst a t) # zs, ys) b s ~ P2 by fact
hence — occurs X t
by (auto elim: s-red.cases)
with t-occurs show Fualse by simp
next
case cred-single
have ((Susp pi X, Abst a t) # zs, ys) b nabla — P2 by fact
moreover have fst ((Susp pi X, Abst a t) # s, ys) # ||
by simp
ultimately show False
using c-red-eqs-empty by blast
next
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case (sred-step s1 P3 s2)
have ((Susp pi X, Abst a t) # zs, ys) = sl ~» P3 by fact
hence — occurs X t
by (auto elim: s-red.cases)
with t-occurs show Fualse by simp
next
case (cred-step nablal P3 nabla2)
have ((Susp pi X, Abst a t) # zs, ys) F nablal — P3 by fact
moreover have fst ((Susp pi X, Abst a t) # xs, ys) # ||
by simp
ultimately show Fulse
using c-red-eqs-empty by blast
qed
qed
then show ((Susp pi X, Abst a t) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-occur-func X t pi F xs ys)
have t-occurs: occurs X t by fact
moreover have - (3 P2 nabla s. ((Susp pi X ~? Func F t) # zs, ys) = (nabla,s)
= P2)
proof
assume 3 P2 nabla s. ((Susp pi X ~? Func F t) # xs, ys) = (nabla,s) = P2
then obtain P2 nabla s where
red: ((Susp pi X ~? Func F t) # zs, ys) = (nabla,s) = P2
by auto
thus Fulse
proof (cases rule: red-plus.cases)
case sred-single
have ((Susp pi X, Func F't) # zs, ys) b s ~ P2 by fact
hence — occurs X t
by (auto elim: s-red.cases)
with t-occurs show Fulse by simp
next
case cred-single
have ((Susp pi X, Func F t) # xs, ys) - nabla — P2 by fact
moreover have fst ((Susp pi X, Func F t) # xs, ys) # ||
by simp
ultimately show Fulse
using c-red-eqs-empty by blast
next
case (sred-step s1 P3 s2)
have ((Susp pi X, Func F t) # zs, ys) b s1 ~~ P3 by fact
hence — occurs X t
by (auto elim: s-red.cases)
with t-occurs show Fulse by simp
next
case (cred-step nablal P3 nabla2)
have ((Susp pi X, Func F t) # zs, ys) F nablal — P3 by fact
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moreover have fst ((Susp pi X, Func F t) # xs, ys) # ||
by simp
ultimately show Fulse
using c-red-eqs-empty by blast
qed
qed
then show ((Susp pi X, Func F' t) # zs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-occur-paar X t1 t2 pi s ys)
have occurs X t1 V occurs X t2 by fact
hence t-occurs: occurs X (Paar t1 t2)
using occurs.simps(5) by auto
moreover have — (3 P2 nabla s. ((Susp pi X ~? Paar t1 t2) # zs, ys) E
(nabla,s) = P2)
proof
assume 3 P2 nabla s. ((Susp pi X =¢ Paar t1 t2) # zs, ys) = (nabla,s) = P2
then obtain P2 nabla s where
red: ((Susp pi X =? Paar t1 t2) # xs, ys) = (nabla,s) = P2
by auto
thus Fulse
proof (cases rule: red-plus.cases)
case sred-single
have ((Susp pi X, Paar t1 t2) # wxs, ys) b s ~ P2 by fact
hence — occurs X (Paar t1 t2)
by (auto elim: s-red.cases)
with t-occurs show Fulse by simp
next
case cred-single
have ((Susp pi X, Paar t1 t2) # wxs, ys) b nabla — P2 by fact
moreover have fst ((Susp pi X, Paar t1 t2) # xs, ys) # |]
by simp
ultimately show Fulse
using c-red-eqs-empty by blast
next
case (sred-step s1 P3 s2)
have ((Susp pi X, Paar t1 t2) # xs, ys) b s1 ~» P8 by fact
hence — occurs X (Paar t1 t2)
by (auto elim: s-red.cases)
with t-occurs show Fulse by simp
next
case (cred-step nablal P3 nabla2)
have ((Susp pi X, Paar t1 t2) # wxs, ys) b nablal — P3 by fact
moreover have fst ((Susp pi X, Paar t1 t2) # xs, ys) # [|
by simp
ultimately show Fulse
using c-red-eqs-empty by blast
qed
qed
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then show ((Susp pi X, Paar t1 t2) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-fresh-atom a ys)
have — (3 P2 nabla s. ([], (a, Atom a) # ys) E (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ([, (a, Atom a) # ys) € stuck
unfolding stuck-def by simp
next
case (fail-diff-atoms a b zs ys)
hence — (3 P2 nabla s. ((Atom a, Atom b) # s, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Atom a, Atom b) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-abst-unit a t s ys)
hence — (3 P2 nabla s. ((Abst a t, Unit) # zs, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Abst a t, Unit) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-abst-atom a t b xs ys)
hence — (3 P2 nabla s. ((Abst a t, Atom b) # xs, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Abst a t, Atom b) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-abst-paar a t t1 t2 zs ys)
hence — (3 P2 nabla s. ((Abst a t, Paar t1 t2) # xs, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Abst a t, Paar t1 t2) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-func-abst F t1 a t zs ys)
hence — (3 P2 nabla s. ((Func F t1, Abst a t) # s, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Func F t1, Abst a t) # zs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-atom-unit b zs ys)
hence — (3 P2 nabla s. ((Atom b, Unit) # zs, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Atom b, Unit) # zs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-paar-unit t1 t2 xs ys)
hence — (3 P2 nabla s. ((Paar t1 t2, Unit) # zs, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Paar t1 t2, Unit) # zs, ys) € stuck
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unfolding stuck-def by simp
next
case (fail-func-unit F' t1 zs ys)
hence — (3 P2 nabla s. ((Func F t1, Unit) # xs, ys) E (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Func F t1, Unit) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-atom-paar a t1 t2 zs ys)
hence — (3 P2 nabla s. ((Atom a, Paar t1 t2) # xs, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Atom a, Paar t1 t2) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-func-atom F t1 a xs ys)
hence — (3 P2 nabla s. ((Func F t1, Atom a) # xs, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Func F t1, Atom a) # zs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-func-paar F t t1 t2 zs ys)
hence — (3 P2 nabla s. ((Func F t, Paar t1 t2) # zs, ys) E (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Func F't, Paar t1 t2) # xs, ys) € stuck
unfolding stuck-def by simp
next
case (fail-diff-func F1 F2 t1 t2 xs ys)
hence — (3 P2 nabla s. (Func F1t1, Func F2t2) # xs, ys) = (nabla,s) = P2)
by (auto elim: red-plus.cases s-red.cases c-red.cases)
then show ((Func F'1 t1, Func F2 t2) # s, ys) € stuck
unfolding stuck-def by simp
next
case (fail-sym s t xs ys)
hence not-reduce: § P2 nabla s1. ((s, t) # xs, ys) = (nabla, s1) = P2
unfolding stuck-def by simp
have P2 nabla s1. ((t, s) # s, ys) = (nabla, s1) = P2
proof
assume 3 P2 nabla s1. ((t, s) # zs, ys) E (nabla, s1) = P2
then obtain P2 nabla s1 where
reduces: ((t, s) # s, ys) = (nabla, s1) = P2
by auto
hence 3 P3 nablal s2. ((s, t) # zs, ys) = (nablal, s2) = P3
using red-plus-symm[of <((t, s) # xs, ys)» t s xs ys nabla s P2] by auto
with not-reduce show Fulse by simp
qed
then show ((¢, s) # zs, ys) € stuck unfolding stuck-def by simp
qed
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lemma stuck-equiv:
shows stuck = {([],[))} U {P1. fail P1}
proof (rule set-eql, rule iffI)
fix P
{assume P-is-stuck: P € stuck
then obtain egs freshs where
P-def: P = (egs, freshs) by (cases P)
show P € {([], [)} U {P1. fail P1}
proof(cases eqs)
case Nil
then show P € {([], [))} U {P1. fail P1}
proof(cases freshs)
case Nil
with (egs = [»
show P € {([], )} U {P1. fail P1} using P-def by simp
next
case (Cons c freshs’)
then obtain a t where c-def: ¢ = a §? ¢ by force
have t = Atom a
using fresh-reduces-if-not-atom P-is-stuck
unfolding stuck-def P-def Nil Cons c-def by blast
hence fail P
unfolding P-def Nil Cons c-def using fail-fresh-atom by simp
thus P € {([], [))} U {P1. fail P1} by auto
qed
next
case(Cons e eqs’)
then obtain s ¢t where e-def: e = s =2 t by force
have fail P
using P-is-stuck unfolding P-def Cons e-def
stuck-def using not-reduce-then-fail by simp
thus P € {([], [))} U {P1. fail P1} by auto
qed }

{assume P € {([], [|)} U {P1. fail P1}
then show P € stuck
using empty-stuck fail-is-stuck by blast
}
qed

lemma u-empty-sred:
assumes PIFs~P2 and U P2 ={}
shows U P1 = {}
using assms P1-from-P2-sred all-solutions-def P1-to-P2-sred by blast

81



lemma u-empty-cred:
assumes PIFnabla—P2 and U P2 ={}
shows U P1={}
using assms P1-from-P2-cred all-solutions-def P1-to-P2-cred by blast

lemma u-empty-red-plus:
assumes PI=(nabla,s)=P2 and U P2 ={}
shows U P1={}
using assms P1-from-P2-red-plus all-solutions-def P1-to-P2-red-plusl by fast

lemma empty-then-fail:
assumes U P1={}
shows (V P € normal-form P1. fail P)
proof
fix P
assume P-is-nf: P € normal-form P1
hence P-is-stuck: P € stuck
using normal-form-def by (cases P1 € stuck) auto
hence P-is-empty-or-fails: P = ([],]]) V fail P
using stuck-equiv by auto
have P # ([1.[])
proof
assume P-empty: P = ([],[])
hence solution: ({},]]) € UP
using all-solutions-def by simp
hence P-neq: P # P1
using assms by auto
show Fulse
proof(cases P1€ stuck)
case True
then have normal-form P1 = {P1}
unfolding normal-form-def by simp
with P-is-nf have P = PI by simp
with P-neq show Fulse by simp
next
case Fulse
with P-is-nf
obtain nabla s where PI-goes-to-P: P! = (nabla, s) = P
unfolding normal-form-def by auto
hence ({} U nabla, [] - s) € U P1
using PI-from-P2-red-plus|OF P1-goes-to-P solution ext-subst-id] by simp
with assms show False by simp
qed
qged
thus fail P
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using P-is-empty-or-fails by simp
qed

lemma not-empty-then-not-fail:
assumes U P1#{}
shows —(3 P€ normal-form P1. fail P)
proof(simp, rule balll)
fix P
assume P-is-nf: P € normal-form P1
show - fail P
proof
assume P-fails: fail P
show Fulse
proof(cases P1€ stuck)
case True
have normal-form P1 = {P1}
unfolding normal-form-def using True by simp
hence P = P1 using P-is-nf by simp
with P-fails have U P1 = {}
using fail-then-empty by simp
thus Fulse using assms by simp
next
case Fulse
with P-is-nf
obtain nabla s where PI-goes-to-P: P1 = (nabla, s) = P
unfolding normal-form-def by auto
moreover have U P = {}
using P-fails fail-then-empty by simp
ultimately have U P1 = {}
using u-empty-red-plus by simp
then show Fulse
using assms by simp
qed
qged
qed
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