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Abstract

I formalise a Church-style simply-typed A-calculus, extended with
pairs, a unit value, and projection functions, and show some metathe-
ory of the calculus, such as the subject reduction property. Particular
attention is paid to the treatment of names in the calculus. A nominal
style of binding is used, but I use a manual approach over Nominal Is-
abelle in order to extract an executable type inference algorithm. More
information can be found in my undergraduate dissertation.
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theory Fresh
imports Main
begin

class fresh =
fixes fresh-in :: 'a set = 'a
assumes finite S = fresh-in S ¢ S

instantiation nat :: fresh
begin
definition fresh-in-nat :: nat set = nat where
[code]: fresh-in-nat S = (if Set.is-empty S then 0 else Max S + 1)

instance proof
fix S :: nat set
assume finite S
consider Set.is-empty S | —~Set.is-empty S by auto
thus fresh-in S ¢ S unfolding fresh-in-nat-def
proof (cases)
case I
hence S = {} using Set.is-empty-def by metis
hence 0 ¢ S by auto
thus (if Set.is-empty S then 0 else Max S + 1) ¢ S using 1 by auto
next
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case 2
have Max S + 1 ¢ S
using <finite Sy Max.coboundedl add-le-same-cancell not-one-le-zero
by blast
thus (if Set.is-empty S then 0 else Max S + 1) ¢ S using 2 by auto
next
qed
qed
end

end

theory Permutation
imports Main
begin

type-synonym ’‘a swp = ‘a X 'a
type-synonym ’a preprm = 'a swp list

definition preprm-id :: 'a preprm where preprm-id = ||

fun swp-apply :: 'a swp = 'a = 'a where
swp-apply (a, b) © = (if x = a then b else (if © = b then a else 1))

fun preprm-apply :: 'a preprm = ‘a = 'a where
preprm-apply [| z =
| preprm-apply (s # ss) © = swp-apply s (preprm-apply ss x)

definition preprm-compose :: ‘a preprm = 'a preprm = 'a preprm where
preprm-compose f g = f Q g

definition preprm-unit :: ‘a = ’‘a = 'a preprm where
preprm-unit a b = [(a, b))

definition preprm-ext :: 'a preprm = 'a preprm = bool (infix =p 100) where
T =p o = Va. preprm-apply ™ © = preprm-apply o x

definition preprm-inv :: 'a preprm = 'a preprm where
preprm-iny ™ = 1€V T

lemma swp-apply-unequal:
assumes x #* y
shows swp-apply s © # swp-apply s y
proof(cases s)
case (Pair a b)
consider z =a |z =02 # a Az # b by auto
thus %thesis proof(cases)
case I
have swp-apply s x = b using <s = (a, b)) <z = a» by simp
moreover have swp-apply s y # b using <s = (a, b)) <z = a) <z # P



by(cases y = b, simp-all)
ultimately show ?thesis by metis
next
case 2
have swp-apply s © = a using <s = (a, d)» <x = b> by simp
moreover have swp-apply s y # a using s = (a, b)) <x = b <z #
by(cases y = a, simp-all)
ultimately show ?thesis by metis
next
case 3
have swp-apply s x = = using <s = (a, b)) <z # a A x # b by simp
consider y =a|y=0b]y # a Ay +# bby auto
hence swp-apply s y # = proof(cases)
case I
hence swp-apply s y = b using <s = (a, b)> by simp
thus ?thesis using «x # a A  # b> by metis
next
case 2
hence swp-apply s y = a using s = (a, b)) by simp
thus ?thesis using <z # a A © # b> by metis
next
case 3
hence swp-apply s y = y using «s = (a, b)) by simp
thus ?thesis using «x # y» by metis
next
qged
thus ?thesis using (swp-apply s © = x> «x # y» by metis
next
qed
next
qed

lemma preprm-ext-reflexive:
shows z =p =
unfolding preprm-ext-def by auto

corollary preprm-ext-refip:
shows refip preprm-ext
unfolding refip-def using preprm-ext-refliexive by auto

lemma preprm-ext-symmetric:
assumes r =p y
shows y =p z
using assms unfolding preprm-ext-def by auto

corollary preprm-ext-symp:
shows symp preprm-ext
unfolding symp-def using preprm-ext-symmetric by auto



lemma preprm-ext-transitive:
assumes ¢ =p y and y =p 2
shows =z =p 2
using assms unfolding preprm-ezt-def by auto

corollary preprm-ext-transp:
shows transp preprm-ext
unfolding transp-def using preprm-ext-transitive by auto

lemma preprm-apply-composition:
shows preprm-apply (preprm-compose f g) © = preprm-apply f (preprm-apply g
7)
unfolding preprm-compose-def
by (induction f, simp-all)

lemma preprm-apply-unequal:
assumes t # y
shows preprm-apply ™ © # preprm-apply © y
using assms proof (induction w, simp)
case (Cons s ss)
have preprm-apply (s # ss) © = swp-apply s (preprm-apply ss x)
and preprm-apply (s # ss) y = swp-apply s (preprm-apply ss y) by auto
thus ?case using Cons.IH «x # 1y swp-apply-unequal by metis
next
qed

lemma preprm-unit-equal-id:

shows preprm-unit a a =p preprm-id
unfolding preprm-ext-def preprm-unit-def preprm-id-def
by simp

lemma preprm-unit-inaction:

assumes ¢ # a and z # b

shows preprm-apply (preprm-unit a b) z = x
unfolding preprm-unit-def using assms by simp

lemma preprm-unit-action:
shows preprm-apply (preprm-unit a b) a = b
unfolding preprm-unit-def by simp

lemma preprm-unit-commutes:

shows preprm-unit a b =p preprm-unit b a
unfolding preprm-ext-def preprm-unit-def
by simp

lemma preprm-singleton-involution:

shows preprm-compose [s] [s] =p preprm-id
unfolding preprm-ext-def preprm-compose-def preprm-unit-def preprm-id-def
proof —



obtain s s2 where sI = fst s s2 = snd s by auto
hence s = (s1, s2) by simp
thus Vz. preprm-apply ([s] @Q [s]) = = preprm-apply || =
by simp
qed

lemma preprm-unit-involution:

shows preprm-compose (preprm-unit a b) (preprm-unit a b) =p preprm-id
unfolding preprm-unit-def
using preprm-singleton-involution.

lemma preprm-apply-id:

shows preprm-apply preprm-id x = x
unfolding preprm-id-def
by simp

lemma preprm-apply-injective:
shows inj (preprm-apply )
unfolding inj-on-def proof (rule+)
fix zy
assume preprm-apply ™ x = preprm-apply 7 y
thus z = y proof(induction )
case Nil
thus “case by auto
next
case (Cons s ss)
hence swp-apply s (preprm-apply ss x) = swp-apply s (preprm-apply ss y) by
auto
thus ?case using swp-apply-unequal Cons.IH by metis
next
qed
qed

lemma preprm-disagreement-composition:
assumes a # bb# ca # ¢
shows {z.
preprm-apply (preprm-compose (preprm-unit a b) (preprm-unit b ¢)) x #
preprm-apply (preprm-unit a ¢)
} = {a, b}
unfolding preprm-unit-def preprm-compose-def proof
show {z. preprm-apply ([(a, b)] @ [(b, c)]) x # preprm-apply [(a, c)] z} € {a,
b}
proof
fix z
have z ¢ {a, b} = = ¢ {z. preprm-apply ([(a, b)] Q [(b, ¢)]) © # preprm-apply
[(a, ¢)] =}
proof —
assume z ¢ {a, b}
hence = # a A z # b by auto



hence preprm-apply ([(a, b)] @ [(b, ¢)]) = = preprm-apply [(a, ¢)] = by simp
thus z ¢ {z. preprm-apply ([(a, b)] @ [(b, c)]) = # preprm-apply [(a, c)] =}
by auto
qed
thus z € {z. preprm-apply ([(a, b)] Q [(b, ¢)]) = # preprm-apply [(a, c)] z}
= z € {a, b}
by blast
qed
show {a, b} C {z. preprm-apply ([(a, b)] @ [(b, c)]) z # preprm-apply [(a, c)]
}
proof
fix z
assume z € {a, b}
from this consider z = a | = = b by auto
thus z € {z. preprm-apply ([(a, b)] Q [(b, ¢)]) = # preprm-apply [(a, ¢)] z}
using assms by (cases, simp-all)
qed
qed

lemma preprm-compose-push:
shows
preprm-compose T (preprm-unit a b) =p
preprm-compose (preprm-unit (preprm-apply m a) (preprm-apply 7 b)) 7

unfolding preprm-ext-def preprm-unit-def
by (simp add: inj-eq preprm-apply-composition preprm-apply-injective)

lemma preprm-ext-compose-left:

assumes P =p §

shows preprm-compose m P =p preprm-compose w S
using assms unfolding preprm-ext-def
using preprm-apply-composition by metis

lemma preprm-ext-compose-right:

assumes P =p §

shows preprm-compose P m =p preprm-compose S 7
using assms unfolding preprm-ext-def
using preprm-apply-composition by metis

lemma preprm-ezt-uncompose:
assumes T =p o preprm-compose T P =p preprm-compose o S
shows P =p §

using assms unfolding preprm-ezt-def

proof —
assume x: V. preprm-apply m x = preprm-apply o x

assume Y . preprm-apply (preprm-compose © P) x = preprm-apply (preprm-compose
cS)z
hence VY z. preprm-apply © (preprm-apply P x) = preprm-apply o (preprm-apply



S )
using preprm-apply-composition by metis
hence VY z. preprm-apply © (preprm-apply P x) = preprm-apply © (preprm-apply
S )
using x by metis
thus Vz. preprm-apply P © = preprm-apply S z
using preprm-apply-injective unfolding inj-on-def by fastforce
qed

lemma preprm-inv-compose:
shows preprm-compose (preprm-inv ) © =p preprm-id
unfolding preprm-inv-def
proof (induction 7, simp add: preprm-ext-def preprm-id-def preprm-compose-def)
case (Cons p ps)
hence IH: (preprm-compose (rev ps) ps) =p preprm-id by auto

have (preprm-compose (rev (p # ps)) (p # ps)) =p (preprm-compose (rev ps)
(preprm-compose (preprm-compose [p] [p]) ps))
unfolding preprm-compose-def using preprm-ext-reflexive by simp
moreover have ... =p (preprm-compose (rev ps) (preprm-compose preprm-id
ps))
using preprm-singleton-involution preprm-ext-compose-left preprm-ext-compose-right
by metis
moreover have ... =p (preprm-compose (rev ps) ps)
unfolding preprm-compose-def preprm-id-def using preprm-ext-reflexive by
simp

moreover have ... =p preprm-id using IH.
ultimately show ¢case using preprm-ext-transitive by metis
next
qed

lemma preprm-inv-involution:
shows preprm-inv (preprm-inv 7) = «
unfolding preprm-inv-def by simp

lemma preprm-inv-ext:
assumes T =p o
shows preprm-inv m =p preprm-inv o
proof —
have
(preprm-compose (preprm-inv (preprm-inv 7)) (preprm-inv 7)) =p preprm-id
(preprm-compose (preprm-inv (preprm-inv o)) (preprm-inv o)) =p preprm-id
using preprm-inv-compose by metis+
hence
(preprm-compose 7 (preprm-inv 7)) =p preprm-id
(preprm-compose o (preprm-inv o)) =p preprm-id
using preprm-inv-involution by metis+
hence (preprm-compose m (preprm-inv w)) =p (preprm-compose o (preprm-inv

7))



using preprm-ext-transitive preprm-ezt-symmetric by metis
thus preprm-inv ™ =p preprm-inv o
using preprm-ext-uncompose assms by metis
qed

quotient-type ‘a prm = 'a preprm / preprm-ext
proof (rule equivpl)
show reflp preprm-ext using preprm-ext-refip.
show symp preprm-ext using preprm-ext-symp.
show transp preprm-ext using preprm-ext-transp.
qged

lift-definition prm-id :: ‘a prm () is preprm-id.

lift-definition prm-apply :: 'a prm = 'a = 'a (infix $ 140) is preprm-apply
unfolding preprm-ext-def
using preprm-apply.simps by auto

lift-definition prm-compose :: ‘a prm = 'a prm = 'a prm (infixr ¢ 145) is
PTEPTM-COMPOSE

unfolding preprm-ext-def

by (simp only: preprm-apply-composition, simp)

lift-definition prm-unit :: ‘a = 'a = 'a prm ([- < -]) is preprm-unit.

lift-definition prm-inv :: ‘a prm = ‘a prm is preprm-inv
using preprm-inv-ext.

lemma prm-apply-composition:
fixes fg:: ‘aprmand z :: 'a
shows fog$z=,9% (g%

by (transfer, metis preprm-apply-composition)

lemma prm-apply-unequal:
fixesm:: ‘aprmand zy :: 'a
assumes x #* y
showst$z#m$y
using assms by (transfer, metis preprm-apply-unequal)

lemma prm-unit-equal-id:
fixes a :: a
shows [a <> a] = ¢

by (transfer, metis preprm-unit-equal-id)

lemma prm-unit-inaction:
fixesabz:'a
assumes z #* g and  # b
shows [a <> b] $ 2z ==

using assms



by (transfer, metis preprm-unit-inaction)

lemma prm-unit-action:
fixes a b :: 'a
shows [a <> D] $a=b

by (transfer, metis preprm-unit-action)

lemma prm-unit-commutes:
fixes ab:: a
shows [a < b] = [b + d]
by (transfer, metis preprm-unit-commutes)

lemma prm-unit-involution:
fixes a b :: 'a
shows [a <> b o [a + b =¢
by (transfer, metis preprm-unit-involution)

lemma prm-apply-id:
fixes z :: 'a
showse $ =1z
by (transfer, metis preprm-apply-id)

lemma prm-apply-injective:
shows inj (prm-apply )
by (transfer, metis preprm-apply-injective)

lemma prm-inv-compose:
shows (prm-inv 7) o ™ = ¢
by (transfer, metis preprm-inv-compose)

interpretation ‘a prm: semigroup prm-compose
unfolding semigroup-def by (transfer, simp add: preprm-compose-def preprm-ext-def)

interpretation ‘a prm: group prm-compose prm-id prm-inv
unfolding group-def group-azioms-def
proof —
have semigroup (¢) using ’‘a prm.semigroup-azioms.
moreover have V a. € ¢ a = a by(transfer, simp add: preprm-id-def preprm-compose-def
preprm-ext-def)
moreover have Va. prm-inv a ¢ a = £ using prm-inv-compose by blast
ultimately show semigroup (¢) A (Va. e o a=a) A (Va. prm-inv a ¢ a = ¢)
by blast
qed

definition prm-set :: 'a prm = 'a set = 'a set (infix {$} 140) where
prm-set w S = image (prm-apply w) S

lemma prm-set-apply-compose:

shows 7 {$} (c {$} S) = (wr <o) {$} S



unfolding prm-set-def proof —
have 3) 7 “(§) o0 ‘S =Az. 78 z) “(A\z. 0 $ ) °S by simp

moreover have ... = (Az. 7§ (¢ $ z)) ‘S by auto

moreover have ... = (A\z. (m ¢ o) $ z) ¢ S using prm-apply-composition by
metis

moreover have ... = (1 ¢ o) {$} S using prm-set-def by metis

ultimately show (§) 7 “($) 0 S = ($) (m 0 0) S by metis

qed

lemma prm-set-membership:
assumes z € S
shows 1§z € 7 {$} S
using assms unfolding prm-set-def by simp

lemma prm-set-notmembership:
assumes z ¢ S
shows t $x ¢ 7 {$} S
using assms unfolding prm-set-def
by (simp add: inj-image-mem-iff prm-apply-injective)

lemma prm-set-singleton:
shows 7 {$} {z} = {r § =}
unfolding prm-set-def by auto

lemma prm-set-id:
shows ¢ {$§} S =9
unfolding prm-set-def

proof —
have () ¢ ‘S = (A\z. ¢ $ z) ‘S by simp
moreover have ... = (Az. z) ‘S using prm-apply-id by metis
moreover have ... = § by auto
ultimately show ($) ¢ ‘S = S by metis
qed

lemma prm-set-unit-inaction:
assumes a ¢ Sand b ¢ S
shows [a <> 0] {$§} S =5
proof
show [a < b] {$} S C S proof
fix z
assume H: z € [a + b] {3} S
from this obtain y where z = [a + b] $ y unfolding prm-set-def using
imageE by metis
hence y € S using H inj-image-mem-iff prm-apply-injective prm-set-def by
metis
hence y # a and y # b using assms by auto
hence z = y using prm-unit-inaction <x = [a <> b] $ y» by metis
thus z € S using <y € S» by auto
qed

10



show S C [a <> b] {$} S proof
fix z
assume H: z € S
hence z # a and = # b using assms by auto
hence z = [a > b] $ z using prm-unit-inaction by metis
thus z € [a <> b] {$} S unfolding prm-set-def using H by simp
qed
qed

lemma prm-set-unit-action:
assumes ¢ € Sand b ¢ S
shows [a <> b] {$§} S =8 — {a} U {b}

proof
show [a <+ ] {$} S C S — {a} U {b} proof
fix z
assume H: z € [a < b] {3} S
from this obtain y where z = [a < 0] $ y unfolding prm-set-def using

imagelE by metis
hence y € S using H inj-image-mem-iff prm-apply-injective prm-set-def by
metis
hence y # b using assms by auto
consider y = a | y # a by auto
thus z € S — {a} U {b} proof(cases)
case I
hence z = b using «z = [a <> b] § v using prm-unit-action by metis
thus “thesis by auto
next
case 2
hence z = y using <z = [a + b] $ v using prm-unit-inaction <y # b» by
metis
hence z € S and z # a using <y € S) <y # a» by auto
thus ?thesis by auto
next
qed
qed
show S — {a} U {b} C [a <> b] {3} S proof
fix z
assume H: z € S — {a} U {b}
hence z # a using assms by auto
consider z = b | z # b by auto
thus z € [a < b] {$} S proof(cases)
case I
hence z = [a + 0] $ a using prm-unit-action by metis
thus ?thesis using <a € S» prm-set-membership by metis
next

case 2
hence z € S using H by auto

moreover have z = [a + b] $ z using prm-unit-inaction <z # a> sz # b
by metis

11



ultimately show ?thesis using prm-set-membership by metis
next
qed
qed
qed

lemma prm-set-distributes-union:
shows 7 {$} (SUT)= (7 {$} S)U (n {$} T)
unfolding prm-set-def by auto

lemma prm-set-distributes-difference:
shows 7 {$} (S — T)=(n {$} S) — (= {$} T)
unfolding prm-set-def using prm-apply-injective image-set-diff by metis

definition prm-disagreement :: 'a prm = 'a prm = 'a set (ds) where
prm-disagreement m 0 = {z. 1 $ & # o $ z}

lemma prm-disagreement-ext:
showsredsmo=n$z#0c8$z
unfolding prm-disagreement-def by simp

lemma prm-disagreement-composition:
assumes a # bb# ca# ¢
shows ds ([a <> b] ¢ [b + c]) [a & ] = {a, b}
using assms unfolding prm-disagreement-def by (transfer, metis preprm-disagreement-composition)

lemma prm-compose-push:
showstoflac b =[r18acnm$bor
by (transfer, metis preprm-compose-push)

end

theory PreSimply Typed
imports Fresh Permutation
begin

type-synonym tvar = nat

datatype type =
TUnit

| TVar tvar

| TArr type type

| TPair type type

datatype ‘a ptrm =
PUnit

| PVar 'a

| PApp 'a ptrm 'a ptrm

| PFn 'a type 'a ptrm

| PPair 'a ptrm 'a ptrm
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| PFst 'a ptrm
| PSnd 'a ptrm

fun ptrm-fvs :: 'a ptrm = ’'a set where
ptrm-fvs PUnit = {}
| ptrm-fus (PVar z) = {x}
| ptrm-fus (PApp A B) = ptrm-fvs A U ptrm-fvs B
| ptrm-fus (PFn x - A) = ptrm-fus A — {z}
| ptrm-fvs (PPair A B) = ptrm-fvs A U ptrm-fvs B
| ptrm-fvs (PFst P) = ptrm-fvs P
| ptrm-fus (PSnd P) = ptrm-fvs P

fun ptrm-apply-prm :: 'a prm = 'a ptrm = 'a ptrm (infixr - 150) where
ptrm-apply-prm © PUnit = PUnit

| ptrm-apply-prm 7 (PVar ) = PVar (7 $ x)

| ptrm-apply-prm m (PApp A B) = PApp (ptrm-apply-prm = A) (ptrm-apply-prm

m B)

| ptrm-apply-prm m (PFn o T A) = PFn (n $ ) T (ptrm-apply-prm 7 A)

| ptrm-apply-prm 7 (PPair A B) = PPair (ptrm-apply-prm © A) (ptrm-apply-prm

7 B)

| ptrm-apply-prm © (PFst P) = PFst (ptrm-apply-prm © P)

| ptrm-apply-prm m (PSnd P) = PSnd (ptrm-apply-prm © P)

inductive ptrm-alpha-equiv :: 'a ptrm = 'a ptrm = bool (infix ~ 100) where
unit: PUnit = PUnit

| var: (PVar z) =~ (PVar x)

| app: [A~ B; C = D] = (PApp A C) = (PApp B D)

| fnl: A~ B= (PFnz T A)~ (PFnz T B)

| fn2: la # b; A= [a<+ b]- B;a¢ ptrm-fvs Bl = (PFna T A) ~ (PFn b
T B)

| pair: [A~ B; C = D] = (PPair A C) ~ (PPair B D)

| fst: A~ B = PFst A~ PFst B

| snd: A~ B= PSnd A~ PSnd B

inductive-cases unitF: PUnit = Y
inductive-cases varFE: PVarz ~ Y
inductive-cases appFE: PApp A B~ Y
inductive-cases fnF: PFnz T A=Y
inductive-cases pairE: PPair A B~ Y
inductive-cases fstE: PFst P~ Y
inductive-cases sndFE: PSnd P~ Y

lemma ptrm-prm-apply-id:
shows e - X = X
by (induction X, simp-all add: prm-apply-id)

lemma ptrm-prm-apply-compose:

showsm-0-X=(no0) X
by (induction X, simp-all add: prm-apply-composition)
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lemma ptrm-size-prm:
shows size X = size (7 -+ X)
by (induction X, auto)

lemma ptrm-size-alpha-equiv:
assumes X ~ Y
shows size X = size Y
using assms proof (induction rule: ptrm-alpha-equiv.induct)
case (fn2a b ABT)
hence size A = size B using ptrm-size-prm by metis
thus ?case by auto
next
qed auto

lemma ptrm-fus-finite:
shows finite (ptrm-fus X)
by (induction X, auto)

lemma ptrm-prm-fus:
shows ptrm-fvs (m - X) = m {$} ptrm-fvs X
proof (induction X)
case (PUnit)
thus ?case unfolding prm-set-def by simp
next
case (PVar z)

have ptrm-fvs (7 - PVar z) = ptrm-fvs (PVar (7 $ z)) by simp

moreover have ... = {7 § z} by simp
moreover have ... = 7 {$} {z} using prm-set-singleton by metis
moreover have ... = m {$} ptrm-fvs (PVar z) by simp
ultimately show ?case by metis

next

case (PApp A B)
have ptrm-fvs (w - PApp A B) = ptrm-fvs (PApp (7w - A) (7 - B)) by simp

moreover have ... = ptrm-fvs (7 - A) U ptrm-fvs (7 - B) by simp
moreover have ... = 7 {$} ptrm-fvs A U w {$} ptrm-fvs B using PApp.IH by
metis
moreover have ... = 7 {$} (ptrm-fuvs A U ptrm-fos B) using prm-set-distributes-union
by metis
moreover have ... = 7 {$} ptrm-fvs (PApp A B) by simp
ultimately show ?case by metis
next

case (PFnz T A)
have ptrm-fvs (m - PFn x T A) = ptrm-fvs (PFn (x $ z) T (7 - A)) by simp

moreover have ... = ptrm-fvs (7 - A) — {7 $ z} by simp
moreover have ... = 7 {$} ptrm-fus A — {w $ 2z} using PFn.IH by metis
moreover have ... = 7 {$} ptrm-fus A — = {$} {z} using prm-set-singleton
by metis
moreover have ... = 7 {$} (ptrm-fus A — {z}) using prm-set-distributes-difference

14



by metis

moreover have ... = 7 {$} ptrm-fvs (PFn z T A) by simp
ultimately show ?case by metis

next

case (PPair A B)
thus “case

using prm-set-distributes-union ptrm-apply-prm.simps(5) ptrm-fus.simps(5)
by fastforce
next
case (PFst P)
thus ?case by auto
next
case (PSnd P)
thus ?case by auto
next
qed

lemma ptrm-alpha-equiv-fus:
assumes X ~ Y
shows ptrm-fvs X = ptrm-fus Y
using assms proof (induction rule: ptrm-alpha-equiv.induct)
case (fn2a b ABT)
have ptrm-fus (PFn a T A) = ptrm-fus A — {a} by simp

moreover have ... = ptrm-fvs ([a <> b] - B) — {a} using fn2.IH by metis

moreover have ... = ([a <> b] {3} ptrm-fvs B) — {a} using ptrm-prm-fvs by
metis

moreover have ... = ptrm-fvs B — {b} proof —

consider b € ptrm-fvs B | b ¢ ptrm-fvs B by auto
thus %thesis proof (cases)
case I
have [a <> b] {$} ptrm-fus B — {a} = [b + a] {$} ptrm-fvs B — {a}
using prm-unit-commutes by metis

moreover have ... = ((ptrm-fvs B — {b}) U {a}) — {a}
using prm-set-unit-action <b € ptrm-fvs By <a ¢ ptrm-fus B) by metis
moreover have ... = ptrm-fus B — {b} using <a ¢ ptrm-fvs B> <a # b

using Diff-insert0 Diff-insert2 Un-insert-right insert-Diff1 insert-is-Un
singletonl
sup-bot.right-neutral by blast
ultimately show ¢thesis by metis
next
case 2
hence [a + b] {$} ptrm-fvs B — {a} = ptrm-fvs B — {a}
using prm-set-unit-inaction <a ¢ ptrm-fvs B) by metis

moreover have ... = ptrm-fvs B using <a ¢ ptrm-fvs B> by simp
moreover have ... = ptrm-fvs B — {b} using b ¢ ptrm-fvs B> by simp
ultimately show ?thesis by metis
next
qed
qed
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moreover have ... = ptrm-fvs (PFn b T B) by simp
ultimately show ?case by metis
next
qed auto

lemma ptrm-alpha-equiv-prm:
assumes X ~ Y
shows 7« X ~7 .Y
using assms proof (induction rule: ptrm-alpha-equiv.induct)
case (unit)
thus ?case using ptrm-alpha-equiv.unit by simp
next
case (var z)
thus ?case using ptrm-alpha-equiv.var by simp
next
case (app A B C' D)
thus ?case using ptrm-alpha-equiv.app by simp
next
case (fnl ABuz T)
thus ?case using ptrm-alpha-equiv.fnl by simp
next
case (fn2a b ABT)
have 7 $ a # 7 $ b using <a # b> using prm-apply-unequal by metis
moreover have 7 $ a ¢ ptrm-fuvs (v - B) using <a ¢ ptrm-fvs B)
using imageE prm-apply-unequal prm-set-def ptrm-prm-fus by (metis (no-types,
lifting))
moreover haver - A~ r$a+<7$b .78
using fn2.IH prm-compose-push ptrm-prm-apply-compose by metis
ultimately show Zcase using ptrm-alpha-equiv.fn2 by simp
next
case (pair A B C D)
thus ?case using ptrm-alpha-equiv.pair by simp
next
case (fst A B)
thus ?case using ptrm-alpha-equiv.fst by simp
next
case (snd A B)
thus ?case using ptrm-alpha-equiv.snd by simp
next
qed

lemma ptrm-swp-transfer:
shows [a < b - X = Y+— X~rae bV
proof —
have I:[a < 0] - X =Y = X=[a b Y
proof —
assume [a <> 0] - X = V
hencee - X = [a < b - Y
using ptrm-alpha-equiv-prm ptrm-prm-apply-compose prm-unit-involution by
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metis
thus ?thesis using ptrm-prm-apply-id by metis
qed
have 2: X = [a b - Y = [a+v b - X =Y
proof —
assume X = [a <> b] - YV
hence [a <+ b - X =e - Y
using ptrm-alpha-equiv-prm ptrm-prm-apply-compose prm-unit-involution by
metis
thus ?thesis using ptrm-prm-apply-id by metis
qed
from 7 and 2 show [a <> b] - X = ¥V +— X = [a <> b] - Y by blast
qed

lemma ptrm-alpha-equiv-fvs-transfer:
assumes A ~ [a <> b] - B and a ¢ ptrm-fvs B
shows b ¢ ptrm-fus A
proof —
from <A = [a + b] - B) have [a < b] - A = B using ptrm-swp-transfer by
metis
hence ptrm-fuvs B = [a <> b] {$} ptrm-fus A
using ptrm-alpha-equiv-fus ptrm-prm-fvs by metis
hence a ¢ [a <> b] {$} ptrm-fuvs A using <a ¢ ptrm-fvs B> by metis
hence b ¢ [a <> b] {3} ([a « b] {8} ptrm-fus A)
using prm-set-notmembership prm-unit-action by metis
thus ?thesis using prm-set-apply-compose prm-unit-involution prm-set-id by
metis
qed

lemma ptrm-prm-agreement-equiv:
assumes Aa. a € ds T 0 = a ¢ ptrm-fus M
shows - M ~o - M
using assms proof (induction M arbitrary: © o)
case (PUnit)
thus ?case using ptrm-alpha-equiv.unit by simp
next
case (PVar 1)
consider z € ds w0 | © ¢ ds m o by auto
thus ?case proof(cases)
case I
hence = ¢ ptrm-fvs (PVar x) using PVar.prems by blast
thus %thesis by simp
next
case 2
hence 7 $ x = o $ z using prm-disagreement-ext by metis
thus “thesis using ptrm-alpha-equiv.var by simp
next
qed
next
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case (PApp A B)
hence 7 - A~o-Aand 7 - B~ o - B by auto
thus ?case using ptrm-alpha-equiv.app by auto
next
case (PFnz T A)
consider z ¢ ds m o | © € ds m o by auto
thus ?case proof(cases)
case I
hence *: 7 $ z = o $ z using prm-disagreement-ext by metis
have Aa. a € ds m 0 = a ¢ ptrm-fvs A
proof —
fix a
assume a € ds ™ o
hence a ¢ ptrm-fvs (PFn z T A) using PFn.prems by metis
hence a = z V a ¢ ptrm-fvs A by auto
thus a ¢ ptrm-fvs A using <a € ds w o) <x ¢ ds 7w o» by auto
qged
thus ?thesis using PFn.IH * ptrm-alpha-equiv.fnl ptrm-apply-prm.simps(8)
by fastforce
next
case 2
hence 7 $ = # o $ z using prm-disagreement-def CollectD by fastforce
moreover have m § z ¢ ptrm-fvs (o - A)
proof —
have y € (ptrm-fvs A) = r7$z 40 $yfory
using PFn <t $ = # o $ v prm-apply-unequal prm-disagreement-ext
ptrm-fus.simps(4)
by (metis Diff-iff empty-iff insert-iff)
hence 7 $ z ¢ o {$} ptrm-fvs A unfolding prm-set-def by auto
thus ?thesis using ptrm-prm-fuvs by metis

qed
moreover have 7 - A= [r Sz 081 -0-A4
proof —
have Aa. a € dsm ([t $ 2 <> 0 $ 2] © 0) = a ¢ ptrm-fus A proof —
fix a

assume x: a € dsw ([t $z < o $ 2] 0 0)
hence a # z using <t $z # o $ »
using prm-apply-composition prm-disagreement-ext prm-unit-action
prm-unit-commutes
by metis
hence a € ds 7 o
using * prm-apply-composition prm-apply-unequal prm-disagreement-ext
prm-unit-inaction

by metis
thus a ¢ ptrm-fvs A using <a # x> PFn.prems by auto
qed
thus ?thesis using PFn by (simp add: ptrm-prm-apply-compose)
qged

ultimately show ?thesis using ptrm-alpha-equiv.fn2 by simp
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next
qed
next
case (PPair A B)
hence 7 - A~o-Aand 7+ B~ o - B by auto
thus ?case using ptrm-alpha-equiv.pair by auto
next
case (PFst P)
hence 7 - P = o - P by auto
thus ?case using ptrm-alpha-equiv.fst by auto
next
case (PSnd P)
hence 7 - P =~ o - P by auto
thus ?case using ptrm-alpha-equiv.snd by auto
next
qed

lemma ptrm-prm-unit-inaction:
assumes a ¢ ptrm-fos X b ¢ ptrm-fvs X
shows [a +» 0] - X = X
proof —
have (Az. z € ds [a <> b] ¢ = = ¢ ptrm-fus X)
proof —
fix z
assume z € ds [a <> b €
hence [a <+ b Sz #c Sz
unfolding prm-disagreement-def
by auto
hencez =aVz=1»
using prm-apply-id prm-unit-inaction by metis
thus z ¢ ptrm-fvs X using assms by auto
qed
hence [a + b - X =e - X
using ptrm-prm-agreement-equiv by metis
thus ?thesis using ptrm-prm-apply-id by metis
qed

lemma ptrm-alpha-equiv-reflexive:
shows M ~ M
by (induction M, auto simp add: ptrm-alpha-equiv.intros)

corollary ptrm-alpha-equiv-refip:
shows refip ptrm-alpha-equiv
unfolding refip-def using ptrm-alpha-equiv-reflexive by auto

lemma ptrm-alpha-equiv-symmetric:
assumes X ~ Y
shows Y ~ X
using assms proof (induction rule: ptrm-alpha-equiv.induct, auto simp add: ptrm-alpha-equiv.intros)
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case (fn2a b ABT)
have b # a using <a # b» by auto
have B~ [b+> a] - A using ¢<[a < b] - B~ A
using ptrm-swp-transfer prm-unit-commutes by metis

have b ¢ ptrm-fvs A using <a ¢ ptrm-fvs By <A = [a <> b] - B> <a # b
using ptrm-alpha-equiv-fvs-transfer by metis

show ?case using b # a)» «<B = [b +> a] - A <b & ptrm-fus A»
using ptrm-alpha-equiv.fn2 by metis
next
qed

corollary ptrm-alpha-equiv-symp:
shows symp ptrm-alpha-equiv
unfolding symp-def using ptrm-alpha-equiv-symmetric by auto

lemma ptrm-alpha-equiv-transitive:
assumes X ~ Y and YV =~ 7
shows X ~ 7
using assms proof (induction size X arbitrary: X Y Z rule: less-induct)
fix XY Z :: 'a ptrm
assume [H: AK Y Z :: 'a ptrm. size K < size X = K~ Y = Y~ 7 =
K~7Z7
assume X ~ Y and YV = 7
show X = Z proof(cases X)
case (PUnit)
hence Y = PUnit using <X =~ Y» unitE by metis
hence Z = PUnit using <Y ~ Z» unitE by metis
thus ?thesis using ptrm-alpha-equiv.unit <X = PUnity by metis
next
case (PVar )
hence PVar x ~ Y using <X ~ Y by auto
hence Y = PVar z using varE by metis
hence PVar ¢ =~ Z using <Y = Z) by auto
hence Z = PVar z using varE by metis
thus “thesis using ptrm-alpha-equiv.var <X = PVar zy by metis
next
case (PApp A B)
obtain C' D where Y = PApp C D and A =~ C and B ~ D
using appE <X = PApp A B> <X = Y by metis
hence PApp C D ~ Z using <Y =~ Z) by simp
from this obtain E F where Z = PApp F F and C = F and D =~ F using
appE by metis

have size A < size X and size B < size X using <X = PApp A B> by auto

hence A ~ F and B~ F using I[H <A~ C)«C= E» «Bx D) D~ F)
by auto

thus ?thesis using «X = PApp A By «Z = PApp E F» ptrm-alpha-equiv.app
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by metis
next
case (PFnz T A)
from this have X: X = PFnz T A.

hence x: size A < size X by auto

obtain y B where Y = PFny T B
and Y-cases: (t=yANA=B)V(z#yANA=][z+ yl- BAz ¢ plrm-fos

using fnE <X ~ Yy <X = PFnx T A> by metis
obtain z C' where Z: Z = PFn 2 T C
and Z-cases: (y=2ANB=C)V (y#z2zANB=xy+ z]- CAvy¢ ptrm-fus

using fnE <Y =~ Z» «<Y = PFn y T B> by metis

consider

r=yA~Bandy=2B~C

|t=yA~DBandy# 2B~y <+ 2]+ Cy ¢ ptrm-fvs C

|z#£yA=[z< y-Bzé¢ pirm-fvs Band y=2 B~ C

|e £ yA~[z< yl-Bzé¢ptrmfvs Band y# 2B =y z2]- Cy¢
ptrm-fvs C and z = z

|e#AyA=[z+ yl-Baxé¢ptrmfvsBand y# 2By 2] Cy ¢
ptrm-fvs C and = # z

using Y-cases Z-cases by auto

y &

thus ?thesis proof (cases)
case I
have A ~ C using <A = B) «<B =~ C) IH * by metis
have z = z using <z = y» <y = 2> by metis
show ?thesis using <A ~ C)» «x =2 X Z
using ptrm-alpha-equiv.fnl by metis
next
case 2
have z # z using <z = ) <y # 2> by metis
have A~ [t + 2] - C using (A~ By «(B=r [y 2] - C» <x =y IH *
by metis
have z ¢ ptrm-fvs C using <z = y» <y ¢ ptrm-fus C) by metis
thus %thesis using <z # 2> <A = [z <> 2] - Oy <z ¢ ptrm-fos C» X Z
using ptrm-alpha-equiv.fn2 by metis
next
case 3
have z # z using <z # ¥ <y = 2> by metis
have [z <> y| - B~ [z < y] - C using <B ~ C) ptrm-alpha-equiv-prm by
metis
have A= [z < 2] - C
using A [z yl - Brife o yl- Bz yl - Cry=2 IH *
by metis
have = ¢ ptrm-fvs C using «B = C» <z ¢ ptrm-fvs By ptrm-alpha-equiv-fos
by metis
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thus ?thesis using «x # 2) <A =~ [x <> 2] - C) <z & ptrm-fus C» X Z
using ptrm-alpha-equiv.fn2 by metis
next
case 4
have [z ¢ y] - Bz oyl - [y 2] - C
using «B = [y <> z]| - C) ptrm-alpha-equiv-prm by metis
hence Am= [z <y [y 2] C
using <A = [z + y] - By IH x by metis
hence A = ([z + y] ¢ [y + 2]) - C using ptrm-prm-apply-compose by
metis
hence A = ([z <> y] ¢ [y ¢ z]) - C using <z = 2> by metis
hence A = ([z < y] ¢ [z + y]) - C using prm-unit-commutes by metis
hence A ~ ¢ - C using (x = 2> prm-unit-involution by metis
hence A ~ C using ptrm-prm-apply-id by metis

thus %thesis using (v = 2» (A~ C» X Z
using ptrm-alpha-equiv.fnl by metis
next
case $
have z ¢ ptrm-fvs C proof —
have ptrm-fvs B = ptrm-fus ([y < 2] - C)
using ptrm-alpha-equiv-fvs <B = [y <> z] - C» by metis
hence z ¢ ptrm-fvs ([y + 2] - C) using <z ¢ pirm-fvs By by auto
hence z ¢ [y + 2] {$} ptrm-fvs C using ptrm-prm-fus by metis
consider z € ptrm-fvs C | z ¢ ptrm-fvs C by auto
thus ?thesis proof (cases)
case I
hence [y < 2] {$} ptrm-fvs C = ptrm-fvs C — {z} U {y}
using prm-set-unit-action prm-unit-commutes
and <z € ptrm-fus C» <y ¢ ptrm-fuvs C» by metis
hence z ¢ ptrm-fvs C — {2} U {y} using <z ¢ [y <> 2| {$} ptrm-fvs
C» by auto
hence = ¢ ptrm-fvs C — {2} using <z # y» by auto
thus ?thesis using «x # 2> by auto
next
case 2
hence [y + 2] {$} ptrm-fvs C = ptrm-fvs C using prm-set-unit-inaction
<y ¢ ptrm-fvs C» by metis
thus ?thesis using <z ¢ [y <> 2] {$} ptrm-fvs C» by auto
next
qed
ged

have A = [z <> 2] - C proof —
have A~ (z < ylo [y e 2]) - C
using [H x <Arx [z y|- B Bxly+ 2z - O

and ptrm-alpha-equiv-prm ptrm-prm-apply-compose by metis

have ([z < y| o [y <> 2]) - C = [z <> 2| - C proof —
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have ds ([z < y] o [y < 2]) [z & 2] = {z, y}
using <z # Y <y # 2 x # 2> prm-disagreement-composition by

metis
hence Aa. a € ds ([z ¢ y] o [y < 2]) [z & 2] = a & ptrm-fvs C
using <z ¢ ptrm-fvs C» <y ¢ ptrm-fus C»
using Diff-iff Diff-insert-absorb insert-iff by auto
thus ?thesis using ptrm-prm-agreement-equiv by metis
qed
thus ?thesis using IH *
using A= (z o ylolye 2) - Or([xr o ylolyer 2]) - Cxz e
z] + Oy
by metis
qed
show ?thesis using «x # 2 <A = [z < 2] - C) <z ¢ ptrm-fus C) X Z
using ptrm-alpha-equiv.fn2 by metis
next
qed
next

case (PPair A B)
obtain C D where Y = PPair C D and A~ C and B ~ D
using pairE <X = PPair A B> <X = Y by metis
hence PPair C D ~ Z using <Y =~ Z» by simp
from this obtain F F where Z = PPair E F and C' ~ F and D = F using
pairE by metis

have size A < size X and size B < size X using <X = PPair A B> by auto
hence A ~ F and B~ F using [H (A~ C) «C =~ E>» B~ D) D~ F)
by auto
thus %thesis using <X = PPair A By <Z = PPair E Fs ptrm-alpha-equiv.pair
by metis
next
case (PFst P)
obtain @) where Y = PFst Q P = @ using fstF <X = PFst Py <X = Y)»
by metis
obtain R where Z = PFst R Q ~ R using fstE <Y = PFst Q» <Y = Z»
by metis

have size P < size X using <X = PFst P» by auto
hence P =~ R using IH <P =~ ()» <Q = R» by metis
thus ?thesis using <X = PFst Py «Z = PFst Ry ptrm-alpha-equiv.fst by
metis
next
case (PSnd P)
obtain Q where Y = PSnd Q P ~ @ using sndE <X = PSnd Py <X = Y»
by metis
obtain R where Z = PSnd R Q =~ R using sndE <Y = PSnd Q> <Y = 2>
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by metis

have size P < size X using <X = PSnd P» by auto
hence P ~ R using IH (P =~ (> <Q =~ R) by metis
thus ?%thesis using «X = PSnd P> <Z = PSnd R> ptrm-alpha-equiv.snd by
metis
next
qed
qed

corollary ptrm-alpha-equiv-transp:
shows transp ptrm-alpha-equiv
unfolding transp-def using ptrm-alpha-equiv-transitive by auto

type-synonym 'a typing-ctr = 'a — type

fun ptrm-infer-type :: 'a typing-ctx = 'a ptrm = type option where
ptrm-infer-type I' PUnit = Some TUnit
| ptrm-infer-type T' (PVar z) =T x
| ptrm-infer-type T (PApp A B) = (case (ptrm-infer-type T' A, ptrm-infer-type T
B) of
(Some (TArr T o), Some 7') = (if 7 = 7' then Some o else None)
| - = None
)
| ptrm-infer-type T' (PFn z 7 A) = (case ptrm-infer-type (I'(z — 7)) A of
Some o = Some (TArr T o)
| None = None
)
| ptrm-infer-type T (PPair A B) = (case (ptrm-infer-type T A, ptrm-infer-type T
B) of
(Some 7, Some o) = Some (TPair T o)
| - = None
)
| ptrm-infer-type I' (PFst P) = (case ptrm-infer-type I' P of
(Some (TPair T o)) = Some T
| - = None
)
| ptrm-infer-type T' (PSnd P) = (case ptrm-infer-type I' P of
(Some (TPair T 0)) = Some o
| - = None

)

lemma ptrm-infer-type-swp-types:

assumes a # b

shows ptrm-infer-type (T'(a — T, b — S)) X = ptrm-infer-type (I'(a — S, b —
7)) ([a < 0] - X)
using assms proof (induction X arbitrary: T S T)

case (PUnit)
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thus ?case by simp
next
case (PVar z)
consider z =a |z =0z +# a Az # bby auto
thus ?case proof(cases)
assume z = a
thus %thesis using <a # b by (simp add: prm-unit-action)
next

assume z = b

thus ?thesis using <a # b
using prm-unit-action prm-unit-commutes fun-upd-same fun-upd-twist
by (metis ptrm-apply-prm.simps(2) ptrm-infer-type.simps(2))

next

assume r # a Az # b
thus ?thesis by (simp add: prm-unit-inaction)
next
qed
next
case (PApp A B)
thus ?case by simp
next
case (PFnz 1 A)
hence x:
ptrm-infer-type (T'(a — T, b — S)) A = ptrm-infer-type (T'(a — S, b — T))
(la <> 0] - A)
for TST
by metis

consider z =a |z =02z +# a Az # bby auto
thus ?case proof(cases)
case I
hence
ptrm-infer-type (I'(a — S, b — T)) (Ja <> b] - PPnz 7 A)
= ptrm-infer-type (T(a — S, b— T)) (PFn b1 ([a < b] - A))
using prm-unit-action ptrm-apply-prm.simps(4) by metis

moreover have ... = (case ptrm-infer-type (I'(a — S, b +— 7)) ([a <> b] -
A) of None = None | Some o = Some (TArr T o))
by simp
moreover have ... = (case ptrm-infer-type (T'(a — 7, b — S)) A of None

= None | Some o = Some (TArr 7 7))
using * by metis
moreover have ... = (case ptrm-infer-type (C(b— S, a— T, a— 7)) A
of None = None | Some o = Some (TArr 7 0))
using <a # by fun-upd-twist fun-upd-upd by metis

moreover have ... = ptrm-infer-type (T'(b — S, a— T)) (PFnz 7 A)
using <z = a» by simp
moreover have ... = ptrm-infer-type (I'(a — T, b — S)) (PFnz 7 A)
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using <a # b fun-upd-twist by metis
ultimately show ?thesis by metis
next
case 2
hence
ptrm-infer-type (T'(a — S, b— T)) ([a <> b] - PFnz 7 A)
= ptrm-infer-type (I'(a — S, b— T)) (PFn a 7 ([a <> b] -+ A4))
using prm-unit-action prm-unit-commutes ptrm-apply-prm.simps(4) by

metis
moreover have ... = (case ptrm-infer-type (T'(a — S, b— T, a — 7)) ([a
< 0] - A) of None = None | Some 0 = Some (TArr T o))
by simp
moreover have ... = (case ptrm-infer-type (I'(a — 7, b — T)) ([a <> b] -

A) of None = None | Some o = Some (TArr T o))
using fun-upd-upd fun-upd-twist <a # b> by metis
moreover have ... = (case ptrm-infer-type (I'(a — T, b — 7)) A of None
= None | Some 0 = Some (TArr 7 7))
using *x by metis
moreover have ... = (case ptrm-infer-type (I'(a — T, b — S, b— 1)) A
of None = None | Some o = Some (TArr 7 o))
using <a # by fun-upd-upd by metis

moreover have ... = ptrm-infer-type (I'(b — S, a — T)) (PFn z 7 A)
using <z = b by simp
moreover have ... = ptrm-infer-type (I'(a — T, b — S)) (PFnz 7 A)

using <a # by fun-upd-twist by metis
ultimately show ?thesis by metis
next
case 3
hence z # a x # b by auto
hence
ptrm-infer-type (T(a — S, b— T)) ([a > b] - PFnxz 7 A)
= ptrm-infer-type (T'(a — S, b— T)) (PFnz 7 ([a + b] - A))
by (simp add: prm-unit-inaction)

moreover have ... = (case ptrm-infer-type (T'(a — S, b— T, 2z — 7)) ([a
< b] - A) of None = None | Some o = Some (TArr 7 o))
by simp
moreover have ... = (case ptrm-infer-type (T'(z — 7, a — S, b = T)) ([a

< 0] - A) of None = None | Some 0 = Some (TArr T 0))
using x # a» <z # by fun-upd-twist by metis
moreover have ... = (case ptrm-infer-type (L(z — 7, a — T, b— §)) A
of None = None | Some o = Some (TArr 7 o))
using * by metis
moreover have ... = (case ptrm-infer-type (C(a — T, b — S, z— 7)) A
of None = None | Some 0 = Some (TArr 7 o))
using x # a» <z # by fun-upd-twist by metis

moreover have ... = ptrm-infer-type (I'(a — T, b — S)) (PFnz 7 A) by
simp
ultimately show ?thesis by metis
next
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qed
next
case (PPair A B)
thus ?case by simp
next
case (PFst P)
thus ?case by simp
next
case (PSnd P)
thus ?case by simp
next
qed

lemma ptrm-infer-type-swp:
assumes a # b b ¢ ptrm-fus X
shows ptrm-infer-type (I'(a — 7)) X = ptrm-infer-type (T(b — 7)) ([a + b] -
X)
using assms proof (induction X arbitrary: T T')
case (PUnit)
thus ?case by simp
next
case (PVar z)
hence z # b by simp
consider z = a | z # a by auto
thus ?case proof(cases)
case I
hence [a <> b] - (PVar z) = PVar b
and ptrm-infer-type (I'(a — 7)) (PVar z) = Some 7 using prm-unit-action
by auto
thus ?thesis by auto

next
case 2
hence *: [a <> b] - PVar x = PVar z using <z # b> prm-unit-inaction by
stmp
consider Jo. ' z = Some o | ' £ = None by auto
thus ?thesis proof (cases)
assume Jo. ' x = Some o
from this obtain o where I' z = Some o by auto
thus ?thesis using * <z # a) <x # b by auto
next
assume [' x = None
thus ?thesis using * <x # a) <x # b by auto
qed
next
qed
next

case (PApp A B)
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have b ¢ ptrm-fvs A and b ¢ ptrm-fvs B using PApp.prems by auto
hence ptrm-infer-type (I'(a — 7)) A = ptrm-infer-type (I'(b — 7)) ([a <> b] -
A4)
and ptrm-infer-type (I'(a — 7)) B = ptrm-infer-type (I'(b — 7)) ([a < b] -
B)
using PApp.IH assms by metis+

thus ?case by (metis ptrm-apply-prm.simps(83) ptrm-infer-type.simps(3))
next
case (PFnz o A)
consider b # z A b ¢ ptrm-fvs A | b = z using PFn.prems by auto
thus ?case proof(cases)
case I
hence b # z b ¢ ptrm-fvs A by auto
hence x: A7 T'. ptrm-infer-type (I'(a — 7)) A = ptrm-infer-type (T'(b — 1))
(la < 0] - 4)
using PFn.IH assms by metis
consider a = z | a # z by auto
thus ?thesis proof (cases)
case I
hence ptrm-infer-type (I'(a — 7)) (PFn x 0 A) = ptrm-infer-type (T'(a
— 7)) (PFnao A)
and
ptrm-infer-type (T(b — 7)) (J[a <> b] - PPhz o A) =
ptrm-infer-type (T(b — 7)) (PFn b o ([a + b] - A))
by (auto simp add: prm-unit-action)
thus ?thesis using x ptrm-infer-type.simps(4) fun-upd-upd by metis
next

case 2
hence
ptrm-infer-type (I'(b — 7)) (J[a <> b] - PPhz o A)
= ptrm-infer-type (I'(b — 7)) (PFn z o ([a <> b] - A))
using <b # x> by (simp add: prm-unit-inaction)

moreover have ... = (case ptrm-infer-type (I'(b — 7, z — o)) ([a + b
- A) of None = None | Some ¢’ = Some (TArr o o))
by simp
moreover have ... = (case ptrm-infer-type (I'(z — o, b — 7)) ([a < b

- A) of None = None | Some o' = Some (TArr o o))
using <b # > fun-upd-twist by metis
moreover have ... = (case ptrm-infer-type (I'(z — o, a — 7)) A of
None = None | Some o' = Some (TArr o c'))
using * by metis
moreover have ... = (case ptrm-infer-type (I'(a — 7, z + o)) A of
None = None | Some o' = Some (TArr o o))
using <a # x> fun-upd-twist by metis
moreover have ... = ptrm-infer-type (I'(a — 7)) (PFn z o A)
by simp
ultimately show ?thesis by metis

28



next
qged
next

case 2
hence a # = using assms by auto
have
ptrm-infer-type (I'(a — 7, b — 0)) A =
ptrm-infer-type (T(b — 7, a — o)) ([a < b] - A)
using ptrm-infer-type-swp-types using <a # by fun-upd-twist by metis
thus ?thesis
using <b = x> prm-unit-action prm-unit-commutes
using ptrm-infer-type.simps(4) ptrm-apply-prm.simps(4) by metis
next
qed
next
case (PPair A B)
thus ?case by simp
next
case (PFst P)
thus ?case by simp
next
case (PSnd P)
thus ?case by simp
next
qged

lemma ptrm-infer-type-alpha-equiv:
assumes X ~ Y
shows ptrm-infer-type I' X = ptrm-infer-type I' Y
using assms proof (induction arbitrary: T')
case (fn2a b ABTT)
hence ptrm-infer-type (I'(a — T)) A = ptrm-infer-type (T'(b — T)) B
using ptrm-infer-type-swp prm-unit-commutes by metis
thus ?case by simp
next
qed auto

end

theory Simply Typed
imports PreSimply Typed
begin

quotient-type ‘a trm = 'a ptrm / ptrm-alpha-equiv

proof (rule equivpl)
show reflp ptrm-alpha-equiv using ptrm-alpha-equiv-refip.
show symp ptrm-alpha-equiv using ptrm-alpha-equiv-symp.
show transp ptrm-alpha-equiv using ptrm-alpha-equiv-transp.

qed

29



lift-definition Unit :: ‘a trm is PUnit.

lift-definition Var :: ‘a = 'a trm is PVar.

lift-definition App :: ‘a trm = 'a trm = 'a trm is PApp using ptrm-alpha-equiv.app.

lift-definition Fn :: 'a = type = ’a trm = 'a trm is PFn using ptrm-alpha-equiv.fnl.

lift-definition Pair :: ‘a trm = 'a trm = 'a trm is PPair using ptrm-alpha-equiv.pair.

lift-definition Fst :: 'a trm = 'a trm is PFst using ptrm-alpha-equiv.fst.

lift-definition Snd :: ‘a trm = 'a trm is PSnd using ptrm-alpha-equiv.snd.

lift-definition fvs :: ‘a trm = 'a set is ptrm-fvs using ptrm-alpha-equiv-fus.

lift-definition prm :: ‘a prm = 'a trm = 'a trm (infixr - 150) is ptrm-apply-prm
using ptrm-alpha-equiv-prm.

lift-definition depth :: ‘a trm = nat is size using ptrm-size-alpha-equiv.

lemma depth-prm:
shows depth (- A) = depth A
by (transfer, metis ptrm-size-prm)

lemma depth-app:
shows depth A < depth (App A B) depth B < depth (App A B)
by (transfer, auto)+

lemma depth-fn:
shows depth A < depth (Fnz T A)
by (transfer, auto)

lemma depth-pair:
shows depth A < depth (Pair A B) depth B < depth (Pair A B)
by (transfer, auto)+

lemma depth-fst:
shows depth P < depth (Fst P)
by (transfer, auto)

lemma depth-snd:
shows depth P < depth (Snd P)
by (transfer, auto)

lemma unit-not-var:
shows Unit # Var x
proof (transfer)
fix z:: 'a
show — PUnit ~ PVar z
proof (rule classical)
assume —— PUnit =~ PVar z
hence Fulse using unitE by fastforce
thus ?thesis by blast
qed
qed
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lemma unit-not-app:
shows Unit # App A B
proof (transfer)
fix A B :: 'a ptrm
show — PUnit ~ PApp A B
proof (rule classical)
assume —— PUnit =~ PApp A B
hence Fulse using unitE by fastforce
thus ?thesis by blast
qged
qed

lemma unit-not-fn:
shows Unit # Fnx T A
proof (transfer)
fixz:’aand T A
show — PUnit ~ PFnz T A
proof (rule classical)
assume —— PUnit =~ PFnx T A
hence Fulse using unitE by fastforce
thus ?thesis by blast
qed
qed

lemma unit-not-pair:
shows Unit # Pair A B
proof (transfer)
fix A B :: 'a ptrm
show — PUnit ~ PPair A B
proof(rule classical)
assume —— PUnit ~ PPair A B
hence Fulse using unitE by fastforce
thus ?thesis by blast
qed
qed

lemma unit-not-fst:
shows Unit # Fst P
proof (transfer)
fix P :: 'a ptrm
show — PUnit ~ PFst P
proof (rule classical)
assume —— PUnit =~ PFst P
hence Fulse using unitE by fastforce
thus ?thesis by blast
qed
qed

lemma unit-not-snd:
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shows Unit # Snd P
proof (transfer)
fix P :: 'a ptrm
show — PUnit ~ PSnd P
proof (rule classical)
assume —— PUnit =~ PSnd P
hence Fualse using unitE by fastforce
thus ?thesis by blast
qed
qed

lemma var-not-app:
shows Var x # App A B
proof (transfer)
fixz: 'acand A B
show - PVar x ~ PApp A B
proof(rule classical)
assume ——PVar ¢ =~ PApp A B
hence Fulse using varFE by fastforce
thus ?thesis by blast
qged
qed

lemma var-not-fn:
shows Varx #= Fny T A
proof (transfer)
fixzy: 'aand T A
show —=PVar z =~ PFny T A
proof (rule classical)
assume -~ PVarz ~ PFny T A
hence Fulse using varE by fastforce
thus ?thesis by blast
qed
qed

lemma var-not-pair:
shows Var x # Pair A B
proof (transfer)
fix z::'‘aand A B
show —PVar x =~ PPair A B
proof (rule classical)
assume -~ PVar z ~ PPair A B
hence Fulse using varFE by fastforce
thus ?thesis by blast
qed
qed

lemma var-not-fst:
shows Var z # Fst P
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proof (transfer)
fix z :: ‘a and P
show —PVar ¢ ~ PFst P
proof (rule classical)
assume -~ PVar z ~ PFst P
hence Fulse using varFE by fastforce
thus ?thesis by blast
qed
qed

lemma var-not-snd:
shows Var z # Snd P
proof (transfer)
fix z :: ‘a and P
show —=PVar z ~ PSnd P
proof (rule classical)
assume ——PVar z ~ PSnd P
hence Fualse using varE by fastforce
thus ?thesis by blast
qed
qed

lemma app-not-fn:
shows App AB# Fny TX
proof (transfer)
fixy:’‘aand A BTX
show —PApp A B~ PFny T X
proof(rule classical)
assume ——PApp A B~ PFny T X
hence Fulse using appF by auto
thus ?thesis by blast
qed
qed

lemma app-not-pair:
shows App A B # Pair C D
proof (transfer)
fix A BCD : 'aptrm
show —PApp A B =~ PPair C D
proof(rule classical)
assume ——PApp A B =~ PPair C D
hence Fulse using appE by auto
thus ?thesis by blast
qed
qed

lemma app-not-fst:

shows App A B # Fst P
proof (transfer)
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fix A B P ::'aptrm

show —PApp A B =~ PFst P

proof(rule classical)
assume ——PApp A B ~ PFst P
hence Fulse using appE by auto
thus ?thesis by blast

qed

qed

lemma app-not-snd:
shows App A B # Snd P
proof (transfer)
fix A BP ::'aptrm
show —=PApp A B ~ PSnd P
proof (rule classical)
assume -~ PApp A B =~ PSnd P
hence Fulse using appFE by auto
thus ?thesis by blast
qed
qed

lemma fn-not-pair:
shows Fnx T A # Pair C D
proof (transfer)
fixz:'eand TACD
show =PFn x T A ~ PPair C D
proof (rule classical)
assume ——PFn z T A =~ PPair C D
hence Fulse using fnE by fastforce
thus ?thesis by blast
qed
qed

lemma fn-not-fst:
shows Fnx T A #+ Fst P
proof (transfer)
fixz:’aand TA P
show - PFn x T A = PFst P
proof(rule classical)
assume -~ PFnz T A ~ PFst P
hence Fulse using fnE by fastforce
thus ?thesis by blast
qed
qed

lemma fn-not-snd:
shows Fn o T A # Snd P
proof (transfer)
fixz:’aand T A P
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show —PFn z T A ~ PSnd P
proof(rule classical)
assume ——PFnx T A~ PSnd P

hence Fulse using fnE by fastforce

thus ?thesis by blast
qed
qed

lemma pair-not-fst:
shows Pair A B # Fst P
proof (transfer)
fix A B P ::'aptrm
show —PPair A B = PFst P
proof(rule classical)
assume ——PPair A B ~ PFst P
hence Fulse using pairE by auto
thus ?thesis by blast
qed
qed

lemma pair-not-snd:
shows Pair A B # Snd P
proof (transfer)
fix A BP: 'aptrm
show —PPair A B ~ PSnd P
proof (rule classical)
assume ——PPair A B =~ PSnd P
hence Fulse using pairFE by auto
thus ?thesis by blast
qed
qed

lemma fst-not-snd:
shows Fst P # Snd @
proof (transfer)
fix P Q :: 'a ptrm
show —PFst P ~ PSnd Q
proof (rule classical)
assume ——PFst P ~ PSnd @)
hence Fulse using fstE by auto
thus ?thesis by blast
qed
qed

lemma trm-simp:

shows
Varx = Vary =z =y
App AB=App CD — A= C
App AB=App CD — B =D
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FnzTA=FnySB—=
(e=yANT=SNA=B)V(e#yANT=SANz¢fusBNA=[z+y]-
B)
Pair AB=PairCD = A=7C
Pair A B= Pair CD—=— B=1D
FstP=Fst Q= P =(Q
Snd P=5nd Q = P =Q
proof —
show Var ¢ = Var y = = = y by (transfer, insert ptrm.inject varE, fastforce)
show App A B = App C D = A = C by (transfer, insert ptrm.inject appFE,
auto)
show App A B = App C D = B = D by (transfer, insert ptrm.inject appFE,
auto)
show Pair A B = Pair C D = A = C by (transfer, insert ptrm.inject pairE,
auto)
show Pair A B = Pair C D = B = D by (transfer, insert ptrm.inject pairE,
auto)
show Fst P = Fst Q = P = @ by (transfer, insert ptrm.inject fstE, auto)
show Snd P = Snd Q = P = @ by (transfer, insert ptrm.inject sndE, auto)
show Fna TA=FnySB—
(x=yANT=SANA=B)V(e#yANT=SANz¢fussBNA=][x+y]-
B)
proof (transfer’)
fixzy:'aand TS :: type and A B :: 'a ptrm
assume *x: PFnx T A~ PFny S B
thusze =y AT =SANA=BVz#yANT=8ANz¢ptrm-fovs BN A= [z
<yl -B
proof (induction rule: fnE[where z=x and T=T and A=A and Y=PFn y S
B, metis *)
case (2 C)
thus “case by simp
next
case (3 z C)
thus ?case by simp
next
qed
qged
qged

lemma fn-eq:
assumes z £ yr ¢ fus BA=[z+ y|-B
shows Ffnx TA=Fny TB
using assms by (transfer’, metis ptrm-alpha-equiv.fn2)

lemma trm-prm-simp:
shows
7w - Unit = Unit
7 Varz = Var (7 $ z)
7w App A B = App (x - A) (7 - B)
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FnxTA=Fn(r$z) T (m- A
- Pair A B = Pair (v - A) (7 - B)
- Fst P = Fst (w - P)
7w Snd P = Snd (7 - P)
apply (transfer, auto simp add: ptrm-alpha-equiv-reflexive)
apply (transfer’, auto simp add: ptrm-alpha-equiv-reflexive)
apply ((transfer, auto simp add: ptrm-alpha-equiv-reflexive)+)
done

SEEEE

lemma trm-prm-apply-compose:
showsm-0-A=(noo)- A
by (transfer’, metis ptrm-prm-apply-compose ptrm-alpha-equiv-reflexive)

lemma fuvs-finite:
shows finite (fus M)
by (transfer, metis ptrm-fvs-finite)

lemma fuvs-simp:
shows
fvs Unit = {} and
fus (Var z) = {z}
fus (App A B) = fus AU fus B
fus (Fna T A) = fus A — {z}
fus (Pair A B) = fus AU fvs B
fus (Fst P) = fus P
fus (Snd P) = fvs P
by ((transfer, simp)+)

lemma var-prm-action:
shows [a <> b] - Var a = Var b
by (transfer’, simp add: prm-unit-action ptrm-alpha-equiv.intros)

lemma var-prm-inaction:
assumes a # b #
shows [a < b] - Var x = Var x
using assms by(transfer’, simp add: prm-unit-inaction ptrm-alpha-equiv.intros)

lemma trm-prm-apply-id:
showse - M = M
by (transfer’, auto simp add: ptrm-prm-apply-id)

lemma trm-prm-unit-inaction:
assumes a ¢ fus X b ¢ fus X
shows [a & 0] - X = X
using assms by(transfer’, metis ptrm-prm-unit-inaction)

lemma trm-prm-agreement-equiv:

assumes Aa. a € dsmo = a ¢ fos M
showsm - M =0 - M
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using assms by (transfer, metis ptrm-prm-agreement-equiv)

lemma trm-induct:
fixes P :: 'a trm = bool
assumes
P Unit
Nz. P (Var z)
AA B. [P 4; P B] = P (App A B)
NeTA PA= P (FnzTA)
NA B. [P A; P Bl = P (Pair A B)
NA. P A= P (Fst A)
NA. P A= P (Snd A)
shows P M
proof —
have AX. P (abs-trm X)
proof (rule ptrm.induct)
show P (abs-trm PUnit)
using assms(1) Unit.abs-eq by metis
show P (abs-trm (PVar z)) for z
using assms(2) Var.abs-eq by metis
show [P (abs-trm A); P (abs-trm B)] = P (abs-trm (PApp A B)) for A B
using assms(3) App.abs-eq by metis
show P (abs-trm A) = P (abs-trm (PFnz T A)) for z T A
using assms(4) Fn.abs-eq by metis
show [P (abs-trm A); P (abs-trm B)] = P (abs-trm (PPair A B)) for A B
using assms(5) Pair.abs-eq by metis
show P (abs-trm A) = P (abs-trm (PFst A)) for A
using assms(6) Fst.abs-eq by metis
show P (abs-trm A) = P (abs-trm (PSnd A)) for A
using assms(7) Snd.abs-eq by metis
qed
thus ?thesis using trm.abs-induct by auto
qed

lemma trm-cases:
assumes
M=Unit= PM
Ne. M = Varz = P M
NAB M=Ap AB=— PM
N TA M=FnzTA= PM
NA B. M = Pair AB=— P M
NA.- M =FstA=— PM
NA.- M =5Sd A= PM
shows P M
using assms by (induction rule: trm-induct, auto)

lemma trm-depth-induct:

assumes
P Unit
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Nz. P (Var z)
NA B. [AK. depth K < depth (App A B) — P K] = P (App A B)
AM 2z T A (AK. depth K < depth (Fnz T A) = PK) = P (Fnaz T A)
AA B. [AK. depth K < depth (Pair A B) = P K| = P (Pair A B)
NA. [AK. depth K < depth (Fst A) = P K| = P (Fst A)
NA. [AK. depth K < depth (Snd A) = P K] = P (Snd A)

shows P M

proof (induction depth M arbitrary: M rule: less-induct)

fix M :: 'a trm

assume [H: depth K < depth M — P K for K

hence

M=Unt—= PM

Ne. M=Vaerz=— PM
NAB. M=App AB=— PM
NeTA M=FnzTA=— PM
ANAB. M= PairAB= PM
NA. M=FstA= PM
ANA. M=5SndA= PM
using assms by blast+

thus P M using trm-casesjwhere M=M] by blast

qed

context fresh begin

lemma fresh-fn:

fixes z :: ‘a and S :: 'a set

assumes finite S

showsJyB.y¢ SAB=[ycz]- AN (FnzTA=FnyTDB)
proof —

have «: finite ({2} U fus A U S) using fvs-finite assms by auto

obtain y where y = fresh-in ({z} U fus A U S) by auto

hence y ¢ ({z} U fus A U S) using fresh-axioms * unfolding class.fresh-def
by metis

hence y #zy ¢ fus A y ¢ S by auto

obtain B where B: B = [y + z] - A by auto
hence Fnx T A = Fn y T B using fn-eq <y # x> <y ¢ fus A> by metis
thus ?thesis using <y # z» <y ¢ S» B by metis

qed

lemma trm-strong-induct:

fixes P :: 'a set = 'a trm = bool

assumes
P S Unit
Nz. P S (Var z)
NA B.[PSA; PSB)]= PS (Adpp A B)
NeT.2¢S = (NA.PSA= PS (FnaTA)
NA B.[P S A; PSB] = PS (Pair A B)
NA.PSA=— PS (FstA)
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AA. P S A= P 3§ (Snd A)
finite S
shows P S M
proof —
have A7. P S (7 - M)
proof (induction M rule: trm-induct)

case I

thus ?case using assms(1) trm-prm-simp(1) by metis
next
case (2 z)

thus ?case using assms(2) trm-prm-simp(2) by metis
next
case (3 A B)

thus ?case using assms(3) trm-prm-simp(3) by metis
next

case (4 z T A)
have finite S finite (fvs (7w - A)) finite {r $ z}
using «<finite S» fvs-finite by auto
hence finite (S U fus (7 - A) U {7 $ z}) by auto

obtain y where y = fresh-in (S U fus (7 - A) U {r $ z}) by auto
hence y ¢ S U fuos (m - A) U {m $ z} using fresh-azioms unfolding
class.fresh-def
using «finite (S U fuvs (v - A) U {m $ z})> by metis
hence y #n $zy ¢ fus (m- A) y ¢ S by auto
hence x: N\A. PS A= P S (Fny T A) using assms(4) by metis

have P S (([y <+ 7 $ 2] o ) - A) using 4 by metis

hence PS (Fny T (([y <> m $ z] o m) - A)) using * by metis

moreover have (Fny T (([y<> 7 $z]jom) - A) =Fn(n$z) T (nm-A)
using trm-prm-apply-compose fn-eq <y # m $ > <y ¢ fus (v - A)» by metis

ultimately show ?case using trm-prm-simp(4) by metis

next
case (5 A B)
thus ?case using assms(5) trm-prm-simp(5) by metis
next
case (6 A)
thus ?case using assms(6) trm-prm-simp(6) by metis
next
case (7 A)
thus ?case using assms(7) trm-prm-simp(7) by metis
next
qed

hence P S (¢ - M) by metis
thus P S M using trm-prm-apply-id by metis
qed

lemma trm-strong-cases:
fixes P :: 'a set = 'a trm = bool
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assumes
M=Unt =—PSM
Ne. M=Varz = PSM
NAB. M=Ap AB = PSM
NeTAM=FnzTA=—=z2¢S—=—PSM
NAB. M= PairAB=— PSM
NA. M=FstA = PSM
NA. M=S5ndA = PSM
finite S
shows P S M
using assms by (induction S M rule: trm-strong-induct, metis+)

lemma trm-strong-depth-induct:
fixes P :: ‘a set = 'a trm = bool
assumes
P S Unit
Nz. P S (Var z)
NA B. [AK. depth K < depth (App A B) =— P S K| = P S (App A B)
NeT. 2z ¢ S = (ANA. (AK. depth K < depth (Fnz T A) = PSK) = P
S (Fnz T A))
NA B. [AK. depth K < depth (Pair A B) = P S K] = P S (Pair A B)
NA. [AK. depth K < depth (Fst A) = P S K] = P S (Fst A)
NA. [AK. depth K < depth (Snd A) = P S K] = P S (Snd A)
finite S
shows P S M
proof (induction depth M arbitrary: M rule: less-induct)
fix M :: 'a trm
assume [H: depth K < depth M — P S K for K
hence
M=Unit = PSM
Ne. M=Vaerz =—PSM
NAB. M=Ap AB = PSM
NeTAM=FnzTA=z2¢S=PSM
NAB. M= PairAB=— PSM
NA. M=FstA = PSM
NA. M=5S5ndA = PSM
finite S
using assms IH by metis+
thus P S M using trm-strong-cases[where M=M] by blast
qed

lemma trm-prm-fus:
shows fvs (7 - M) = w {$} fos M
by (transfer, metis ptrm-prm-fvs)

inductive typing :: 'a typing-ctz = 'a trm = type = bool (- - - : -) where
tunit: I' = Unit : TUnit

| tvar: T o = Somer =T+ Varz:r

| tapp: [T Ff:(TArr7o);Tha:7]=TFAppfz:0
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| tfn: T(z—T1T)FAio=TFFoaor A: (TArr 7 0)

| tpair: [ A:7; T B:o] = T'F Pair A B: (TPair 7 o)
| tfst: ' P:(TPair to) =T F FstP:T

| tsnd: TH P :(TPair 7o) = THFSnd P:o

lemma typing-prm:
assumes ' M : 7 Ay yefuis M =T y=A (7 $y)
shows A7 - M: 71
using assms proof (induction arbitrary: A rule: typing.induct)
case (tunit T')
thus ?case using typing.tunit trm-prm-simp(1) by metis
next
case (tvar I' z 1)
thus ?case using typing.tvar trm-prm-simp(2) fvs-simp(2) singletonl by metis
next
case (tapp ' A 7 0 B)
thus ?case using typing.tapp trm-prm-simp(3) fus-simp(3) UnCI by metis
next
case ({fn "z 7 A o)
have y € fus A= T(z— 7)) y=(A(r$z— 7)) (m $y) for y
proof(cases y = x)
case True
thus ?thesis using fun-upd-apply by simp
next
case Fulse
assume y € fus A
hence y € fus (Fn z 7 A) using fus-simp(4) <y # x> DiffI singletonD by
fastforce
hence I' y = A (7 $ y) using tfn.prems by metis
thus ?thesis by (simp add: prm-apply-unequal)
next
qed
hence A(r $ 2 — 7) - 7 - A : o using tfn.IH by metis
thus ?case using trm-prm-simp(4) typing.tfn by metis
next
case (tpair T A B)
thus ?case using typing.tpair trm-prm-simp(5) fvs-simp(5) UnCI by metis
next
case (ifst ' P 1 o)
thus ?case using typing.tfst trm-prm-simp(6) fvs-simp(6) by metis
next
case (tsnd T' P 7 o)
thus ?case using typing.tsnd trm-prm-simp(7) fus-simp(7) by metis
next
qed

lemma typing-swp:

assumes ['(a — o) - M : 7 b ¢ fus M
showsT'(b— o) F[a< b -M: 7
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proof —
have y € fus M = (I'(a — o)) y = (I'(b— 0)) (Ja <> b] $ y) for y
proof —
assume y € fus M
hence y # b using assms(2) by auto
consider y = a | y # a by auto
thus (IT'(a — o)) y = (T(b— o)) (J[a < V] $ y)
by (cases, simp add: prm-unit-action, simp add: prm-unit-inaction <y # b)
qed
thus ?thesis using typing-prm assms(1) by metis
qed

lemma typing-unitk:
assumes I' = Unit : 7
shows 7 = TUnit
using assms
apply cases
apply blast
apply (auto simp add: unit-not-var unit-not-app unit-not-fn unit-not-pair unit-not-fst
unit-not-snd)
done

lemma typing-vark:

assumes ' - Varz : 7

shows I' z = Some T
using assms

apply cases

prefer 2

apply (metis trm-simp(1))

apply (metis unit-not-var)

apply (auto simp add: var-not-app var-not-fn var-not-pair var-not-fst var-not-snd)
done

lemma typing-appk:

assumes ' - App A B : o

shows 37. T F A: (TArr 7 0)) AT+ B: 1)
using assms

apply cases

prefer 3

apply (metis trm-simp(2, 3))

apply (metis unit-not-app)

apply (metis var-not-app)

apply (auto simp add: app-not-fn app-not-pair app-not-fst app-not-snd)
done

Py

lemma typing-fnkE:

assumes ' Fnz T A : 9

shows Jo. 9 = (TArr T o) AN T(z— T)F A : 0)
using assms proof (cases)
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case (tfn y S B o)
from this consider
r=yANT=SANA=Blz#yANT=SNzé¢fusBNA=[z+ y|-B
using trm-simp(4) by metis
thus ?thesis proof (cases)
case I
thus ?thesis using tfn by metis
next
case 2
thus “thesis using tfn typing-swp prm-unit-commutes by metis
next
qed
next
qed (
metis unit-not-fn,
metis var-not-fn,
metis app-not-fn,
metis fn-not-pair,
metis fn-not-fst,
metis fn-not-snd

)

lemma typing-pairk:

assumes I' - Pair A B : ¥

shows 37 0. 9 = (TPair ro) AN(TFA:7)AN(TF B: o)
using assms proof(cases)

case (tpair A T B o)

thus ?thesis using trm-simp(5) trm-simp(6) by blast

next
qed (

metis unit-not-pair,

metis var-not-pair,

metis app-not-pair,

metis fn-not-pair,

metis pair-not-fst,

metis pair-not-snd

)

lemma typing-fstE:

assumes ' - Fst P : 1

shows Jo. (' F P : (TPair T o))
using assms proof(cases)

case (tfst P o)

thus ?thesis using trm-simp(7) by blast

next
qed (

metis unit-not-fst,

metis var-not-fst,

metis app-not-fst,
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metis fn-not-fst,
metis pair-not-fst,
metis fst-not-snd

)

lemma typing-sndE:

assumes ' - Snd P : o

shows 37. (' P : (TPair T 0))
using assms proof(cases)

case (tsnd P o)

thus ?thesis using trm-simp(8) by blast

next
qged (

metis unit-not-snd,

metis var-not-snd,

metis app-not-snd,

metis fn-not-snd,

metis pair-not-snd,

metis fst-not-snd

)

theorem typing-weaken:
assumes ' M : 7y ¢ fuos M
shows I'(y — o) - M : 7
using assms proof (induction rule: typing.induct)
case (tunit T')
thus ?case using typing.tunit by metis
next
case (tvar I' z 1)
hence y # z using fvs-simp(2) singletonl by force
hence (T'(y — o)) = Some 7 using tvar.hyps fun-upd-apply by simp
thus ?case using typing.tvar by metis
next
case (tapp I f 7 7" x)
from <y ¢ fus (App fz)> have y ¢ fus fy ¢ fus x using fus-simp(3) Un-iff by
force+
hence I'(y — o) b f: (TArr 7 7") T'(y — o) & z : 7 using tapp.[H by metis+
thus ?case using typing.tapp by metis
next
case (tfn Tz 7 A 7')
from «y ¢ fus (Fnz 7 A)) consider y =z | y# a2 ANy & fos A
using fus-simp(4) Diffl empty-iff insert-iff by fastforce
thus ?case proof(cases)
case I
hence (I'(y — o, z +— 7)) b A : 7/ using tfn.hyps fun-upd-upd by simp
thus “thesis using typing.tfn by metis
next
case 2
hence y # z y ¢ fus A by auto
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hence I'(z — 7, y — o) b A : 7/ using tfn.JH by metis
hence I'(y — o, z — 7) - A : 7/ using (y # x> fun-upd-twist by metis
thus “thesis using typing.tfn by metis
next
qed
next
case (tpair ' AT B o)
thus ?case using typing.tpair fus-simp(5) UnCI by metis
next
case (tfst ' P 1 o)
thus ?case using typing.tfst fvs-simp(6) by metis
next
case (tsnd I' P 7 o)
thus ?case using typing.tsnd fus-simp(7) by metis
next
qed

lift-definition infer :: 'a typing-ctx = 'a trm = type option is ptrm-infer-type
using ptrm-infer-type-alpha-equiv.

export-code infer fresh-nat-inst.fresh-in-nat in Haskell

lemma infer-simp:
shows
infer T' Unit = Some TUnit
infer T (Varz) =T z
infer T' (App A B) = (case (infer T' A, infer T' B) of
(Some (TArr T o), Some ') = (if 7 = 7' then Some o else None)
| - = None

infer T (Fn z 7 A) = (case infer (T'(x — 7)) A of
Some o = Some (TArr T o)

| None = None

)

infer T' (Pair A B) = (case (infer T A, infer T' B) of
(Some 7, Some o) = Some (TPair T o)

| - = None

)

infer I' (Fst P) = (case infer ' P of
(Some (TPair T 0)) = Some T

| - = None

infer T' (Snd P) = (case infer T' P of
(Some (TPair T 0)) = Some o
| - = None

)

by ((transfer, simp)+)
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lemma infer-unitE:
assumes infer I' Unit = Some T
shows 7 = TUnit

using assms by(transfer, simp)

lemma infer-vark:
assumes infer I' (Var x) = Some 7
shows I' z = Some 7

using assms by (transfer, simp)

lemma infer-appE:

assumes infer I' (App A B) = Some 7

shows Jo. infer ' A = Some (TArr o 7) A infer I' B = Some o
using assms proof (transfer)

fix ' :: 'a typing-ctr and A B 7

assume H: ptrm-infer-type T' (PApp A B) = Some 7

have ptrm-infer-type I' A # None
proof(rule classical, auto)
assume ptrm-infer-type I' A = None
hence ptrm-infer-type T' (PApp A B) = None by auto
thus Fulse using H by auto
qed
from this obtain T where *: ptrm-infer-type I' A = Some T by auto

have T # TVar z for z
proof(rule classical, auto)
fix z
assume T = TVarz
hence ptrm-infer-type T' A = Some (TVar z) using * by metis
hence ptrm-infer-type T' (PApp A B) = None by simp
thus Fulse using H by auto
qed
moreover have T # TUnit
proof(rule classical, auto)
fix z
assume T = TUnit
hence ptrm-infer-type I' A = Some TUnit using * by metis
hence ptrm-infer-type T' (PApp A B) = None by simp
thus Fulse using H by auto
qed
moreover have T # TPair 7 o for 7 ¢
proof(rule classical, auto)
fix 7o
assume T = TPair 7 o
hence ptrm-infer-type I' A = Some (TPair T o) using * by metis
hence ptrm-infer-type T' (PApp A B) = None by simp
thus Fulse using H by auto
qed
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ultimately obtain o 7’/ where T = TArr o 7/ by(cases T, blast, auto)
hence *: ptrm-infer-type I' A = Some (TArr o 7') using * by metis

have ptrm-infer-type I' B # None
proof (rule classical, auto)
assume ptrm-infer-type I' B = None
hence ptrm-infer-type T' (PApp A B) = None using * by auto
thus Fulse using H by auto
qed
from this obtain o’ where *x: ptrm-infer-type I' B = Some o’ by auto

have ¢ = ¢’
proof (rule classical)
assume o # o’
hence ptrm-infer-type T' (PApp A B) = None using * #x by simp
hence Fulse using H by auto
thus o = ¢’ by blast
qed
hence xx: ptrm-infer-type I' B = Some o using xx by auto

have ptrm-infer-type T' (PApp A B) = Some 7’ using * xx by auto
hence 7 = 7/ using H by auto
hence *: ptrm-infer-type ' A = Some (TArr o 7) using * by auto

show Jo. ptrm-infer-type T' A = Some (TArr o 7) A ptrm-infer-type T B =
Some o
using * xx by auto
qed

lemma infer-fnk:

assumes infer I' (Fnz T A) = Some 7

shows Jo. 7 = TArr T o A infer (T(x — T)) A = Some o
using assms proof (transfer)

fixz:'aand T T AT

assume H: ptrm-infer-type I' (PFn x T A) = Some 7

have ptrm-infer-type (U'(z — T)) A # None
proof(rule classical, auto)
assume ptrm-infer-type (I'(x — T)) A = None
hence ptrm-infer-type I' (PFn x T A) = None by auto
thus Fulse using H by auto
qed
from this obtain o where x: ptrm-infer-type (I'(x — T)) A = Some o by auto

have ptrm-infer-type T' (PFn o T A) = Some (TArr T o) using * by auto
hence 7 = TArr T o using H by auto
thus 30. 7 = TArr T o A ptrm-infer-type (I'(z — T)) A = Some o
using * by auto
qed
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lemma infer-pairk:

assumes infer I' (Pair A B) = Some T

shows 3T S. 7= TPair T S N infer T' A = Some T A infer ' B = Some S
using assms proof (transfer)

fix AB:aptrmand T 7

assume H: ptrm-infer-type I' (PPair A B) = Some T

have ptrm-infer-type ' A # None
proof (rule classical, auto)
assume ptrm-infer-type I' A = None
hence ptrm-infer-type T' (PPair A B) = None by auto
thus Fulse using H by auto
qed
moreover have ptrm-infer-type I' B # None
proof(rule classical, auto)
assume ptrm-infer-type ' B = None
hence ptrm-infer-type I' (PPair A B) = None by (simp add: option.case-eq-if)
thus Fulse using H by auto
qed
ultimately obtain T S
where 7 = TPair T S ptrm-infer-type ' A = Some T ptrm-infer-type I' B =
Some S
using H by auto
thus 3T S. 7 = TPair T S A ptrm-infer-type ' A = Some T A ptrm-infer-type
I' B = Some S by auto
qed

lemma infer-fstk:

assumes infer I' (Fst P) = Some T

shows 3T S. infer I' P = Some (TPair TS) A7 =T
using assms proof (transfer)

fix P::'aptrmand ' 7

assume H: ptrm-infer-type I' (PFst P) = Some T

have ptrm-infer-type I' P # None
proof (rule classical, auto)
assume ptrm-infer-type I' P = None
thus False using H by simp
qed
moreover have ptrm-infer-type I' P # Some TUnit
proof (rule classical, auto)
assume ptrm-infer-type I' P = Some TUnit
thus False using H by simp
qed
moreover have ptrm-infer-type I' P # Some (TVar z) for z
proof (rule classical, auto)
assume ptrm-infer-type I' P = Some (TVar x)
thus Fulse using H by simp
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qed
moreover have ptrm-infer-type I' P # Some (TArr T S) for T S
proof(rule classical, auto)
assume ptrm-infer-type I' P = Some (TArr T S)
thus Fulse using H by simp
qed
ultimately obtain 7' S where
ptrm-infer-type I' P = Some (TPair T S)
using type.distinct type.erhaust option.exhaust by metis
moreover hence ptrm-infer-type ' (PFst P) = Some T by simp
ultimately show 3 T S. ptrm-infer-type T P = Some (TPair TS) N7 =T
using H by auto
qed

lemma infer-sndFE:

assumes infer I' (Snd P) = Some 1

shows 3T S. infer I' P = Some (TPair TS) AT =5
using assms proof (transfer)

fix P:'aptrmand T 7

assume H: ptrm-infer-type I' (PSnd P) = Some T

have ptrm-infer-type I' P # None
proof(rule classical, auto)
assume ptrm-infer-type ' P = None
thus Fulse using H by simp
qged
moreover have ptrm-infer-type I' P # Some TUnit
proof(rule classical, auto)
assume ptrm-infer-type I' P = Some TUnit
thus Fulse using H by simp
qed
moreover have ptrm-infer-type T' P # Some (TVar z) for z
proof(rule classical, auto)
assume ptrm-infer-type I' P = Some (TVar z)
thus Fulse using H by simp
qed
moreover have ptrm-infer-type T P # Some (TArr T S) for T S
proof(rule classical, auto)
assume ptrm-infer-type I' P = Some (TArr T S)
thus Fulse using H by simp
qed
ultimately obtain 7 S where
ptrm-infer-type T P = Some (TPair T S)
using type.distinct type.erhaust option.exhaust by metis
moreover hence ptrm-infer-type I' (PSnd P) = Some S by simp
ultimately show 3T S. ptrm-infer-type I' P = Some (TPair T S) N7 =S
using H by auto
qed
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lemma infer-sound:
assumes infer I' M = Some 7
shows ' - M : 7
using assms proof (induction M arbitrary: T 7 rule: trm-induct)
case I
thus ?case using infer-unitE typing.tunit by metis
next
case (2 1)
hence I' z = Some 7 using infer-varE by metis
thus ?case using typing.tvar by metis
next
case (3 A B)
from <infer I' (App A B) = Some 1) obtain o
where infer I' A = Some (TArr o 7) and infer I' B = Some o
using infer-appE by metis
thus ?case using 3.1H typing.tapp by metis
next
case (4 TAT 1)
from <nfer I' (Fn o T A) = Some 7> obtain ¢
where 7 = TArr T o and infer (I'(z — T)) A = Some o
using infer-fnE by metis
thus ?case using /.IH typing.tfn by metis
next
case () ABT 1)
thus ?case using typing.tpair infer-pairE by metis
next
case (6 PT 1)
thus ?case using typing.tfst infer-fstE by metis
next
case (7P T 1)
thus ?case using typing.tsnd infer-sndE by metis
next
qed

lemma infer-complete:
assumes ' - M : 7
shows infer ' M = Some 7
using assms proof (induction)
case (tfn Tz 7 A o)
thus ?case by (simp add: infer-simp(4) tfn.IH)
next
qed (auto simp add: infer-simp)

theorem infer-valid:
shows (I' - M : 7) = (infer T M = Some )

using infer-sound infer-complete by blast

inductive substitutes :: 'a trm = ‘a = 'a trm = 'a trm = bool where
unit: substitutes Unit y M Unit
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| varl: x = y = substitutes (Var ) y M M

| var2: x # y = substitutes (Var z) y M (Var x)

| app: [substitutes A x M A, substitutes B & M B'] = substitutes (App A B) z
M (App A’ B)

| fni [z # y; y & fus M; substitutes A ¢ M A'] = substitutes (Fny T A) + M
(Fny T A"

| pair: [substitutes A x M A’; substitutes B x M B'] = substitutes (Pair A B) z
M (Pair A’ B)

| fst: substitutes P & M P’ = substitutes (Fst P) x M (Fst P’)

| snd: substitutes P x M P' = substitutes (Snd P) x M (Snd P’)

lemma substitutes-prm:
assumes substitutes A © M A’
shows substitutes (m - A) (n $ z) (m - M) (zw - A')
using assms proof (induction)
case (unit y M)
thus ?case using substitutes.unit trm-prm-simp(1) by metis
case (varl zy M)
thus ?case using substitutes.varl trm-prm-simp(2) by metis
next
case (var2 z y M)
thus ?case using substitutes.var2 trm-prm-simp(2) prm-apply-unequal by metis
next
case (app Az M A’ B B)
thus ?case using substitutes.app trm-prm-simp(8) by metis
next
case (fnxy M A A’ T)
thus ?case
using substitutes.fn trm-prm-simp(4) prm-apply-unequal prm-set-notmembership
trm-prm-fus
by metis
next
case (pair Az M A’ B B)
thus ?case using substitutes.pair trm-prm-simp(5) by metis
next
case (fst P« M P’)
thus ?case using substitutes.fst trm-prm-simp(6) by metis
next
case (snd P x M P’)
thus ?case using substitutes.snd trm-prm-simp(7) by metis
next
qged

lemma substitutes-fvs:
assumes substitutes A x M A’
shows fus A’ C fus A — {z} U fus M
using assms proof (induction)
case (unit y M)
thus ?case using fus-simp(1) by auto
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case (varl zy M)
thus ?case by auto
next
case (var2 z y M)
thus Zcase
using fus-simp(2) Un-subset-iff Un-upper2 insert-Diff-if insert-is-Un single-
tonD sup-commute
by metis
next
case (app A x M A’ B B’)
hence fus A’ U fus B’ C (fvs A — {z} U fus M) U (fvs B — {z} U fus M) by
auto
hence fus A’ U fus B’ C (fus AU fus B) — {z} U fus M by auto
thus ?case using fus-simp(3) by metis
next
case (fnxy M A A’ T)
hence fus A" — {y} C fus A — {y} — {z} U fus M by auto
thus ?case using fus-simp(4) by metis
next
case (pair Az M A’ B B
hence fvs A’ U fus B’ C (fus A — {z} U fus M) U (fus B — {z} U fus M) by
auto
hence fvs A’ U fvs B’ C (fvs A U fus B) — {z} U fus M by auto
thus ?case using fus-simp(5) by metis
next
case (fst P« M P’)
thus ?case using fvs-simp(6) by fastforce
next
case (snd P x M P’)
thus ?case using fus-simp(7) by fastforce
next
qed

inductive-cases substitutes-unitE’: substitutes Unit y M X
lemma substitutes-unitFE:
assumes substitutes Unit y M X
shows X = Unit
by (
rule substitutes-unitE’'[where y=y and M=M and X=X],
metis assms,
auto stmp add: unit-not-var unit-not-app unit-not-fn unit-not-pair unit-not-fst
unit-not-snd

)

inductive-cases substitutes-varE": substitutes (Var ) y M X
lemma substitutes-vark:

assumes substitutes (Var ) y M X

shows (1 =y AM=X)V (z#yANX=Varz)
by(
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rule substitutes-varE'[where z=x and y=y and M=M and X=X],
metis assms,

metis unit-not-var,

metis trm-simp(1),

metis trm-simp(1),

auto simp add: var-not-app var-not-fn var-not-pair var-not-fst var-not-snd

)

inductive-cases substitutes-appE": substitutes (App A B) x M X
lemma substitutes-appk:

assumes substitutes (App A B) © M X

shows 3 A’ B’. substitutes A x M A’ N substitutes Bx M B’ N X = App A’ B’
by(

cases rule: substitutes-appE'[where A=A and B=B and z=z and M=M and
X=x],

metis assms,

metis unit-not-app,

metis var-not-app,

metis var-not-app,

metis trm-simp(2,3),

auto simp add: app-not-fn app-not-pair app-not-fst app-not-snd

)

inductive-cases substitutes-fnE": substitutes (Fny T A) x M X
lemma substitutes-fnkE:
assumes substitutes (Fny TA) s M Xy £ zy ¢ fos M
shows 3 A’. substitutes Az M A'\NX =Fny T A’
using assms proof (induction rule: substitutes-fnE’'[where y=y and T=T and
A=A and z=z and M=M and X=X])
case (6 z BB'S)
consider y=2 AT =SANA=B|y#z2ANT=SANy¢foss BNA=]y+
z] - B
using <Fny T A = Fn 2 S B> trm-simp(4) by metis
thus ?case proof(cases)
case I
thus “thesis using 6 by metis
next
case 2
hence y # 2T =Sy ¢ fus BA= [y <+ z] - B by auto
have substitutes ([y <> 2] - B) ([y <> 2] $z) ([y < 2] - M) ([y + 2] - B)
using substitutes-prm <substitutes B x M B’y by metis
hence substitutes A ([y <> 2] $ z) ([y <> 2] - M) ([y <> 2] - B')
using (A = [y « 2] - B> by metis
hence substitutes A z ([y <> 2] - M) ([y <> 2] - B)
using y # z» <z # 2> prm-unit-inaction by metis
hence *: substitutes A x M ([y < 2] - B)
using <y ¢ fus M» <z ¢ fus M» trm-prm-unit-inaction by metis

have y ¢ fvs B’
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using
substitutes-fus «substitutes B x M B"» <y & fuvs By <y & fus M>
Diff-subset UnE rev-subsetD
by blast
hence X = Fny T ([y + 2] - B)
using <X = FnzS B <y # 2 <T = 5> fn-eq
by metis

thus “thesis using * by auto
next

qed

next
qged (

metis assms(1),
metis unit-not-fn,
metis var-not-fn,
metis var-not-fn,
metis app-not-fn,
metis fn-not-pair,
metis fn-not-fst,
metis fn-not-snd

)

inductive-cases substitutes-pairE’: substitutes (Pair A B) + M X
lemma substitutes-pairk:

assumes substitutes (Pair A B) @ M X

shows 3 A’ B’. substitutes A © M A’ A substitutes Bx M B’ AN X = Pair A’ B’
proof (cases rule: substitutes-pairE’[where A=A and B=B and z=z and M=M
and X=X])

case (7A A’ B B’

thus ?thesis using trm-simp(5) trm-simp(6) by blast

next
qed (

metis assms,

metis unit-not-pair,

metis var-not-pair,

metis var-not-pair,

metis app-not-pair,

metis fn-not-pair,

metis pair-not-fst,

metis pair-not-snd

)

inductive-cases substitutes-fstE": substitutes (Fst P) © M X

lemma substitutes-fstE:
assumes substitutes (Fst P) x M X
shows 3 P’. substitutes Pz M P’ N X = Fst P’

proof (cases rule: substitutes-fstE'[where P=P and z=z and M=M and X=X])
case (8 P P)
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thus ?thesis using trm-simp(7) by blast

next

qed (
metis assms,
metis unit-not-fst,
metis var-not-fst,
metis var-not-fst,
metis app-not-fst,
metis fn-not-fst,
metis pair-not-fst,
metis fst-not-snd

)

inductive-cases substitutes-sndE'": substitutes (Snd P) x M X
lemma substitutes-sndE:

assumes substitutes (Snd P) © M X

shows 3 P’. substitutes P x M P' A X = Snd P’
proof(cases rule: substitutes-sndE'[where P=P and z=z and M=M and X=X])

case (9 P P

thus ?thesis using trm-simp(8) by blast

next
qed (

metis assms,

metis unit-not-snd,

metis var-not-snd,

metis var-not-snd,

metis app-not-snd,

metis fn-not-snd,

metis pair-not-snd,

metis fst-not-snd

)

lemma substitutes-total:
shows 3 X. substitutes A x M X

proof (induction A rule: trm-strong-induct[where S={z} U fus M])
show finite ({z} U fus M) using fvs-finite by auto
next

case 1
obtain X :: ‘a trm where X = Unit by auto
thus ?case using substitutes.unit by metis
next
case (2 y)
consider = = y | z # y by auto
thus ?case proof(cases)
case I
obtain X where X = M by auto
hence substitutes (Var y) © M X using «x = y» substitutes.varl by metis
thus ?thesis by auto
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next
case 2
obtain X where X = (Var y) by auto
hence substitutes (Var y) @ M X using <z # y» substitutes.var2 by metis
thus ?thesis by auto
next
qed
next
case (3 A B)
from this obtain A’ B’ where A’: substitutes A x M A’ and B’: substitutes B
z M B’ by auto
obtain X where X = App A’ B’ by auto
hence substitutes (App A B) z M X using A’ B’ substitutes.app by metis
thus ?case by auto
next
case (4 y T A)
from this obtain A’ where A’ substitutes A v M A’ by auto
from «y ¢ ({z} U fus M)> have y # z y ¢ fuvs M by auto
obtain X where X = Fn y T A’ by auto
hence substitutes (Fn y T A) x M X using substitutes.fn <y # xy <y ¢ fus M>»
A’ by metis
thus ?case by auto
next
case (5 A B)
from this obtain A’ B’ where substitutes A x M A’ substitutes B x M B’ by
auto
from this obtain X where X = Pair A’ B’ by auto
hence substitutes (Pair A B) © M X
using substitutes.pair <substitutes A x M A’y <substitutes B x M B’
by metis
thus ?case by auto
next
case (6 P)
from this obtain P’ where substitutes P © M P’ by auto
from this obtain X where X = F'st P’ by auto
hence substitutes (Fst P) x M X using substitutes.fst <substitutes P x M P’
by metis
thus ?case by auto
next
case (7 P)
from this obtain P’ where substitutes P z M P’ by auto
from this obtain X where X = Snd P’ by auto
hence substitutes (Snd P) © M X using substitutes.snd <substitutes P x M P"
by metis
thus ?case by auto
next
qed

lemma substitutes-unique:
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assumes substitutes A © M B substitutes A x M C

shows B = C
using assms proof (induction A arbitrary: B C rule: trm-strong-induct[where
S={z} U fuvs M])

show finite ({z} U fus M) using fvs-finite by auto

next
case I

thus ?case using substitutes-unitE by metis
next
case (2 y)

thus ?case using substitutes-varE by metis
next
case (3 X Y)

thus ?case using substitutes-appFE by metis
next

case (4 y T A)

hence y # z and y ¢ fvs M by auto

thus ?case using /4 substitutes-fnE by metis
next
case (5 A B CD)

thus ?case using substitutes-pairE by metis
next
case (6 P Q R)

thus ?case using substitutes-fstE by metis
next
case (7P Q R)

thus ?case using substitutes-sndE by metis
next

qed

lemma substitutes-function:
shows 3! X. substitutes A © M X
using substitutes-total substitutes-unique by metis

definition subst :: ‘a trm = 'a = 'a trm = 'a trm (-[- == -]) where
subst A x M = (THE X. substitutes A x M X)

lemma subst-simp-unit:

shows Unit[z ::= M] = Unit
unfolding subst-def by (rule, metis substitutes.unit, metis substitutes-function sub-
stitutes.unit)

lemma subst-simp-vari:
shows (Var z)[x o= M| =M
unfolding subst-def by(rule, metis substitutes.varl, metis substitutes-function sub-

stitutes.varl)

lemma subst-simp-var2:
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assumes t # y
shows (Var z)[y = M| = Varz
unfolding subst-def by(
rule,
metis substitutes.var2 assms,
metis substitutes-function substitutes.var2 assms

)

lemma subst-simp-app:
shows (App A B)[z := M] = App (Alz := M]) (Blz == M])
unfolding subst-def proof
obtain A’ B’ where A" A’ = (A[z := M]) and B": B’ = (B[z ::= M]) by auto
hence substitutes A © M A’ substitutes B x M B’
unfolding subst-def
using substitutes-function thel by metis+
hence substitutes (App A B) © M (App A’ B’) using substitutes.app by metis
thus x: substitutes (App A B) x M (App (THE X. substitutes A x M X) (THE
X. substitutes B z M X))
using A’ B’ unfolding subst-def by metis

fix X
assume substitutes (App A B) x M X
thus X = App (THE X. substitutes A x M X) (THE X. substitutes B x M X)
using substitutes-function * by metis
qed

lemma subst-simp-fn:

assumes z # y y ¢ fus M

shows (Fny T A)[z == M| = Fny T (Alz == M))
unfolding subst-def proof

obtain A’ where A" A’ = (Alz ::= M]) by auto

hence substitutes A x M A’ unfolding subst-def using substitutes-function thel
by metis

hence substitutes (Fny T A) © M (Fn y T A’) using substitutes.fn assms by
metis

thus «: substitutes (Fny T A) « M (Fny T (THE X. substitutes A © M X))

using A’ unfolding subst-def by metis

fix X

assume substitutes (Fny T A) x M X

thus X = Fny T (THE X. substitutes A x M X) using substitutes-function x
by metis
qed

lemma subst-simp-pair:
shows (Pair A B)[z ::= M] = Pair (Alz == M]) (Blz ::= M])

unfolding subst-def proof
obtain A’ B’ where A" A’ = (A[z ::= M]) and B" B’ = (B[z ::= M]) by auto
hence substitutes A © M A’ substitutes B x M B’
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unfolding subst-def using substitutes-function thel by metis+
hence substitutes (Pair A B) © M (Pair A’ B') using substitutes.pair by metis
thus *: substitutes (Pair A B) * M (Pair (THE X. substitutes A ¢ M X) (THE
X. substitutes B x M X))
using A’ B’ unfolding subst-def by metis

fix X
assume substitutes (Pair A B) x M X
thus X = Pair (THE X. substitutes A ¢ M X) (THE X. substitutes B x M X)
using substitutes-function x by metis
qged

lemma subst-simp-fst:

shows (Fst P)[z := M| = Fst (Plz ::= M])
unfolding subst-def proof

obtain P’ where P": P/ = (P[z := M]) by auto

hence substitutes P © M P’ unfolding subst-def using substitutes-function thel
by metis

hence substitutes (Fst P) © M (Fst P') using substitutes.fst by metis

thus «: substitutes (Fst P) x M (Fst (THE X. substitutes P x M X))

using P’ unfolding subst-def by metis

fix X

assume substitutes (Fst P) ¢ M X

thus X = Fst (THE X. substitutes P x M X) using substitutes-function * by
metis
qged

lemma subst-simp-snd:

shows (Snd P)[z = M] = Snd (Plz == M))
unfolding subst-def proof

obtain P’ where P": P/ = (P[z == M]) by auto

hence substitutes P © M P’ unfolding subst-def using substitutes-function thel
by metis

hence substitutes (Snd P) x M (Snd P’) using substitutes.snd by metis

thus «: substitutes (Snd P) © M (Snd (THE X. substitutes P x M X))

using P’ unfolding subst-def by metis

fix X

assume substitutes (Snd P) x M X

thus X = Snd (THE X. substitutes P x M X) using substitutes-function * by
metis
qed

lemma subst-prm:

shows (7 - (M[z == N])) = ((r - M)[x $ z === - N])
unfolding subst-def using substitutes-prm substitutes-function thel-equality by
(metis (full-types))
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lemma subst-fvs:
shows fus (M[z == N]) C (fus M — {z}) U fus N
unfolding subst-def using substitutes-fvs substitutes-function thel2 by metis

lemma subst-free:
assumes y ¢ fus M
shows M[y := N] =M

using assms proof (induction M rule: trm-strong-induct|where S={y} U fus NJ)
show finite ({y} U fus N) using fus-finite by auto

case I
thus ?case using subst-simp-unit by metis
next
case (2 x)
thus ?case using subst-simp-var2 by (simp add: fvs-simp)
next

case (3 A B)
thus ?case using subst-simp-app by (simp add: fvs-simp)
next

case (4 z T A)
hence y # =z ¢ fus N by auto

have y ¢ fus A — {z} using <y # = <y ¢ fus (Fn z T A)) fus-simp(4) by
metis
hence y ¢ fus A using <y # > by auto
hence A[y ::== N] = A using 4.IH by blast
thus ?case using <y # ) <y ¢ fus A <x ¢ fuos N» subst-simp-fn by metis
next

case (5 A B)

thus ?case using subst-simp-pair by (simp add: fvs-simp)
next
case (6 P)

thus ?case using subst-simp-fst by (simp add: fvs-simp)
next
case (7 P)

thus ?case using subst-simp-snd by (simp add: fvs-simp)
next

qed

lemma subst-swp:

assumes y ¢ fus A

shows ([y <> 2] - A)[y == M] = (A[z == M])
using assms proof (induction A rule: trm-strong-induct|where S={y, z} U fus
M)

show finite ({y, z} U fus M) using fus-finite by auto

next

case I
thus ?case using trm-prm-simp(1) subst-simp-unit by metis
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next
case (2 1)
hence y # z using fvs-simp(2) by force
consider = = z | z # z by auto
thus ?case proof(cases)
case I
thus %thesis using subst-simp-varl trm-prm-simp(2) prm-unit-action
prm-unit-commutes by metis
next
case 2
thus ?thesis using subst-simp-var2 trm-prm-simp(2) prm-unit-inaction <y
# x> by metis
next
qed
next
case (3 A B)
from <y ¢ fus (App A B)) have y ¢ fus A y ¢ fuvs B by (auto simp add:
fvs-simp(3))
thus ?case using 3.1H subst-simp-app trm-prm-simp(3) by metis
next
case (4 z T A)
hence =z # yx # z z ¢ fus M by auto
hence y ¢ fvs A using <y ¢ fus (Fn z T A)) fus-simp(4) by force
hence x: ([y +> 2] - A)[y == M| = (A[z ::= M]) using /.IH by metis

have ([y <> 2] - Fnz T Ay == M| = (Fn ([y & 2| $2) T ([y & 2] - A)[y

= M])
using trm-prm-simp(4) by metis
also have ... = (Fnz T ([y <> 2] - A))[y == M])
using prm-unit-inaction <x # y» <x # 2> by metis
also have ... = Fnz T (([y ¢ 2] - A)[y == M))
using subst-simp-fn <x # y» <x ¢ fus M»> by metis
also have ... = Fn z T (A[z ::= M]) using * by metis
also have ... = ((Fnz T A)[z := M])

using subst-simp-fn <x # 2> <x ¢ fus M> by metis
finally show ?case.
next
case (5 A B)
from <y ¢ fvs (Pair A B)> have y ¢ fus A y ¢ fvs B by (auto simp add:
fvs-simp(5))
hence ([y + z] - A)|y == M| = (Alz == M]) (ly + 2] - B)[y == M] = (B[z
= M)
using 5./H by metis+
thus ?case using trm-prm-simp(5) subst-simp-pair by metis
next
case (6 P)
from <y ¢ fus (Fst P)» have y ¢ fvs P by (simp add: fus-simp(6))
hence ([y <> 2] - P)[y == M] = (P[z == M]) using 6.IH by metis
thus ?case using trm-prm-simp(6) subst-simp-fst by metis
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next
case (7 P)
from «y ¢ fus (Snd P)) have y ¢ fus P by (simp add: fvs-simp(7))
hence ([y <> 2] - P)[y == M] = (P[z == M]) using 7.IH by metis
thus ?case using trm-prm-simp(7) subst-simp-snd by metis
next
qed

lemma barendregt:

assumes y # zy ¢ fus L

shows M|y := N]|[z == L] = (M[z := L][y =:== N[z == L]])
using assms proof (induction M rule: trm-strong-induct[where S={y, z} U fus N
U fus L)

show finite ({y, 2z} U fus N U fvs L) using fus-finite by auto

next

case I
thus ?case using subst-simp-unit by metis
next
case (2 )
consider z =y |z =2z |z # y Az # z by auto
thus ?case proof(cases)
case I
hence z = y = # z using assms(1) by auto
thus “thesis using subst-simp-varl subst-simp-var2 by metis
next
case 2
hence z # y x = z using assms(1) by auto
thus ?thesis using subst-free <y ¢ fvs Ly subst-simp-varl subst-simp-var2
by metis
next
case 3
then show ?thesis using subst-simp-var2 by metis
next
qed
next
case (3 A B)
thus ?case using subst-simp-app by metis
next
case (4 z T A)
hence x: Ay ::= N][z == L] = (A[z ::= L][y ::= N[z ::= L]]) by blast
from «x ¢ {y, 2} U fus N U fus L) have © # yx # zz ¢ fus Nz ¢ fus L by
auto
hence z ¢ fvs (N[z ::= L|) using subst-fus by auto

have (Fnx T A)[y =:= N][z : | = Fnz T (Aly == N][z == L])
using subst-simp- fn r # y> (T # 2 (T §é fus N> <x ¢ fus Ly by metis
also have ... = Fna T (Alz : L}[ [ := L]]) using x by metis

also have ... = ((Fn TA)[ ][ Nz == L]])
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using subst-simp-fn «x £ v x £ 2 @ ¢ fos (N[z == L])» <x ¢ fus L) by
metis
finally show ?case.

next
case (5 A B)
thus ?case using subst-simp-pair by metis
next
case (6 P)
thus ?case using subst-simp-fst by metis
next
case (7 P)
thus ?case using subst-simp-snd by metis
next
qed

lemma typing-subst:

assumes 'z —» 7)F M : 0 THN: 7

shows I' - M[z := N]: o
using assms proof (induction M arbitrary: T o rule: trm-strong-depth-induct[where
S={z} U fus NJ)

show finite ({z} U fus N) using fvs-finite by auto

next

case I

thus ?case using subst-simp-unit typing.tunit typing-unitE by metis
next
case (2 1)

hence *: (I'(z — 7)) x = Some o using typing-varE by metis

consider z = z | z # z by auto
thus ?case proof(cases)
case [
hence (I'(z — 7)) x = Some o using * by metis
hence 7 = ¢ by auto
thus “thesis using <I' = N : 7 subst-simp-varl <x = z» by metis
next
case 2
hence I' z = Some o using * by auto
hence I' - Var x : o using typing.tvar by metis
thus ?thesis using «x # 2> subst-simp-var2 by metis
next
qed
next
case (3 A B)
have *: depth A < depth (App A B) A depth B < depth (App A B)
using depth-app by auto

from I'(z — 7) F App A B : o) obtain ¢’ where
T(z—71)F A:(TArr o' o)
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I(z—71)FB:o'
using typing-appFE by metis
hence
'k (Alz == N]) : (TArr o' 0)
'k (B[z :=N]): 0o’
using 3 x by metis+
hence I' - App (A[z := N]) (B[z ::= N]) : o using typing.tapp by metis
thus ?case using subst-simp-app by metis
next
case (4 z T A)
hence = # z x ¢ fvs N by auto
hence x: I'(z — T) + N : 7 using typing-weaken 4 by metis
have xx: depth A < depth (Fn « T A) using depth-fn.

from <I'(z — 7) = Fnz T A : o) obtain ¢’ where
o= TArr T o'
Fz—71,2—>T)FA: 0’
using typing-fnE by metis
hence I'(z — T, z+— 7) F A : o' using «x # 2 fun-upd-twist by metis
hence I'(x — T) F A[z ::= N] : 0’ using 4 x *x by metis
hence I' F Fnz T (A[z ::= NJ) : o using typing.tfn <c = TArr T o’y by metis
thus ?case using <z # 2> «x ¢ fuvs N> subst-simp-fn by metis
next
case (5 A B)
from this obtain T S where 0 = TPair TST(z—» 1) A: TT(z2— 1) F
B:S
using typing-pairE by metis
moreover have depth A < depth (Pair A B) and depth B < depth (Pair A
B)
using depth-pair by auto
ultimately have I' - A[z ::= N] : T T' B[z := N| : S using 5 by metis+
hence T + Pair (A[z == N]) (B[z == N]) : o using <o = TPair T S
typing.tpair by metis
thus ?case using subst-simp-pair by metis
next
case (6 P)
from this obtain o’ where I'(z — 7) b P : (TPair o o') using typing-fstE
by metis
moreover have depth P < depth (Fst P) using depth-fst by metis
ultimately have I' b Pz := N] : (TPair o ¢’) using 6 by metis
hence I' b Fst (P|z ::= N]) : o using typing.tfst by metis
thus ?case using subst-simp-fst by metis
next
case (7 P)
from this obtain ¢’ where I'(z — 7) b P : (TPair ¢’ o) using typing-sndE
by metis
moreover have depth P < depth (Snd P) using depth-snd by metis
ultimately have I' - P[z == N] : (TPair ¢’ o) using 7 by metis
hence I'  Snd (P[z ::= NJ) : o using typing.tsnd by metis
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thus ?case using subst-simp-snd by metis
next
qed

inductive beta-reduction :: 'a trm = 'a trm = bool (- = -) where
beta: (App (Fnz T A) M) =3 (Alz == M])

| appl: A -8 A’ = (App A B) —f (App A’ B)

| app2: B =3 B' = (App A B) =8 (App A B)

| fne A—pB A= (FnzTA) =B (FnxTA)

| pairl: A -8 A’ = (Pair A B) —f (Pair A’ B)

| pair2: B -0 B’ = (Pair A B) =3 (Pair A B’)

| fst1: P =3 P' = (Fst P) = (Fst P’)

| fst2: (Fst (Pair A B)) —p A

| sndl: P —p P'= (Snd P) = (Snd P’)

| snd2: (Snd (Pair A B)) —8 B

lemma beta-reduction-fus:
assumes M —[ M’
shows fvs M’ C fvs M
using assms proof (induction)

case (beta z T A M)
thus ?case using fus-simp(8) fus-simp(4) subst-fvs by metis

next

case (appl A A’ B)
hence fvs A’ U fvs B C fus A U fvs B by auto
thus ?case using fus-simp(3) by metis

next

case (app2 B B’ A)
hence fvs A U fus B’ C fus A U fvs B by auto
thus ?case using fus-simp(3) by metis

next

case (fn A A’z T)
hence fus A’ — {z} C fvs A — {z} by auto
thus ?case using fvs-simp(4) by metis

next

case (pairl A A’ B)
hence fvs A’ U fus B C fus A U fvs B by auto
thus ?case using fus-simp(5) by metis

next

case (pair2 B B’ A)
hence fvs A U fvs B’ C fus A U fvs B by auto
thus ?case using fus-simp(5) by metis

next

case (fst1 P P’)
thus ?case using fus-simp(6) by metis

next

case (fst2 A B)
thus ?case using fvs-simp(5, 6) by force
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next
case (sndl P P’)
thus ?case using fus-simp(7) by metis
next
case (snd2 A B)
thus ?case using fvs-simp(5, 7) by force
next
qed

lemma beta-reduction-prm:
assumes M —(5 M’
shows (7 - M) —f (m - M)
using assms by (induction, auto simp add: beta-reduction.intros trm-prm-simp subst-prm)

lemma beta-reduction-left-unitE:

assumes Unit —(3 M’

shows Fulse
using assms by(cases, auto simp add: unit-not-app unit-not-fn unit-not-pair unit-not-fst
unit-not-snd)

lemma beta-reduction-left-vark:

assumes (Var z) -8 M’

shows Fulse
using assms by(cases, auto simp add: var-not-app var-not-fn var-not-pair var-not-fst
var-not-snd)

lemma beta-reduction-left-appE:
assumes (App A B) =3 M’
shows
HzTX A=FnzTX)ANM = (X[z:=B])V
(FA" (A =B AYANM' = App A’ B) vV
(3B'. (B —B B) A M' = App A B')

using assms by(
cases,
metis trm-simp(2, 3),
metis trm-simp(2, 3),
metis trm-simp(2, 3),
auto simp add: app-not-fn app-not-pair app-not-fst app-not-snd

)

lemma beta-reduction-left-fnE:

assumes (Fnz T A) =8 M’

shows 3A". (A -8 A)ANM'= (Fnz T A
using assms proof (cases)

case (fn BB’y S)

consider t =y AT=SAA=Bla#yANT=8SANz¢ fusBNA=|z
<yl - B
using trm-simp(4) «<Fnx T A = Fn y S B> by metis
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thus %thesis proof(cases)
case I
thus ?thesis using fn by auto
next
case 2
thus ?thesis using fn beta-reduction-fvs beta-reduction-prm fn-eq by fastforce
next
qed
next
qged (
metis app-not-fn,
metis app-not-fn,
metis app-not-fn,
auto simp add: fn-not-pair fn-not-fst fn-not-snd

)

lemma beta-reduction-left-pairk:

assumes (Pair A B) =8 M’

shows (34" (A =8 A) AN M' = (Pair A’ B)) V (3B’. (B =8 B’) AN M' = (Pair
A B")
using assms

apply cases

prefer 5

apply (metis trm-simp(5, 6))

prefer 5

apply (metis trm-simp(5, 6))

apply (metis app-not-pair, metis app-not-pair, metis app-not-pair, metis fn-not-pair,
metis pair-not-fst, metis pair-not-fst, metis pair-not-snd, metis pair-not-snd)
done

lemma beta-reduction-left-fstE:
assumes (Fst P) =0 M’
shows (3P". (P =B P') A M' = (Fst P)) V (3A B. P = (Pair A B) A M' =
4)
using assms proof (cases)
case (fst1 P P’)
thus ?thesis using trm-simp(7) by blast
next
case (fst2 B)
thus ?thesis using trm-simp(7) by blast
next
qed (
metis app-not-fst,
metis app-not-fst,
metis app-not-fst,
metis fn-not-fst,
metis pair-not-fst,
metis pair-not-fst,
metis fst-not-snd,
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metis fst-not-snd

)

lemma beta-reduction-left-sndE:
assumes (Snd P) -3 M’
shows (3P". (P -8 P)ANM'= (Snd P")) V(A B. P= Pair A BN M'= B)
using assms proof (cases)
case (sndl P P’)
thus ?thesis using trm-simp(8) by blast
next
case (snd2 A)
thus ?thesis using trm-simp(8) by blast
next
qed (
metis app-not-snd,
metis app-not-snd,
metis app-not-snd,
metis fn-not-snd,
metis pair-not-snd,
metis pair-not-snd,
metis fst-not-snd,
metis fst-not-snd

)

lemma preservation”:
assumes ' M : 7 and M —3 M’
shows ' M': 7
using assms proof (induction arbitrary: M' rule: typing.induct)
case (tunit I)
thus ?case using beta-reduction-left-unitEl by metis
next
case (tvar T z T)
thus ?case using beta-reduction-left-varE by metis
next
case (tapp T A 70 B M')
from «(App A B) —3 M" consider
FzTX A= (FnzTX)NM = (X[z:= B]))|
(FA. (A—=B A)ANM' = App A’ B) |
(3B'. (B —p B) AN M'= App A B') using beta-reduction-left-appE by metis

thus ?case proof(cases)
case 1
from this obtain z T X where A = Fnz T X and %: M’ = (X[z ::= B])
by auto

have I'(z — 7) b X : 0 using typing-fnE '+ A : (TArr 7 o)y <A = Fnz
T X type.inject
by blast
hence I' - (X[z ::= B]) : o using typing-subst <I' = B : 7> by metis
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thus ?thesis using * by auto
next
case 2
from this obtain A’ where A —3 A’ and *: M’ = (App A’ B) by auto
hence I' - A’ : (TArr 7 o) using tapp.IH(1) by metis
hence I' - (App A’ B) : 0 using I' - B : 7) typing.tapp by metis
thus ?thesis using * by auto
next
case 3
from this obtain B’ where B —( B’ and x: M’ = (App A B') by auto
hence I' - B’ : 7 using tapp.IH(2) by metis
hence I' - (App A B’) : o using <I' - A : (TArr 7 o)) typing.tapp by metis
thus ?thesis using * by auto
next
qed
next
case (tfn Tz T A o)
from this obtain A’ where A —8 A’ and «: M’ = (Fnz T A"
using beta-reduction-left-fnE by metis
hence I'(x — T) - A’ : o using tfn.IH by metis
hence '+ (Fnax T A') : (TArr T o) using typing.tfn by metis
thus ?case using * by auto
next
case (tpair I' AT B o)
from this consider
JA. (A =B A) AN M’ = (Pair A’ B)
| 3B’ (B =8 B’) AN M’ = (Pair A B’)
using beta-reduction-left-pairE by metis
thus ?case proof(cases)
case I
from this obtain A’ where A —3 A’ and M’ = Pair A’ B by auto
thus ?thesis using tpair typing.tpair by metis
next
case 2
from this obtain B’ where B — B’ and M’ = Pair A B’ by auto
thus “thesis using tpair typing.tpair by metis
next
qed
next
case (ifst ' P 1 o)
from this consider
3P (P —-p P)YANM'= Fst P’
| 3A B. P = Pair A B A M’ = A using beta-reduction-left-fstE by metis
thus ?case proof(cases)
case I
from this obtain P’ where P — P’ and M’ = Fst P’ by auto
thus “thesis using tfst typing.tfst by metis
next
case 2
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from this obtain A B where P = Pair A B and M’ = A by auto
thus ?thesis using I' b P : (TPair T 0)» typing-pairE by blast
next
qed
next
case (tsnd T' P 7 o)
from this consider
IP. (P —p PYAN M= Snd P’
| 3A B. P = Pair A B A M’ = B using beta-reduction-left-sndE by metis
thus ?case proof(cases)
case [
from this obtain P’ where P —3 P’ and M’ = Snd P’ by auto
thus ?thesis using tsnd typing.tsnd by metis
next
case 2
from this obtain A B where P = Pair A B and M’ = B by auto
thus ?thesis using I' b P : (TPair 7 o) typing-pairE by blast
next
qed
next
qed

inductive NF' :: ‘a trm = bool where
unit: NF Unit
| var: NF (Var z)
| app: [A # Fnax T A'; NF A; NF B] = NF (App A B)
| fn: NF A= NF (Fnz T A)
| pair: [NF A; NF B] = NF (Pair A B)
| fst: [P # Pair A B; NF P] = NF (Fst P)
| snd: [P # Pair A B; NF P] = NF (Snd P)

theorem progress:
assumes ' - M : 7
shows NF M v 3M'. (M =5 M)
using assms proof (induction M arbitrary: T' T rule: trm-induct)
case I
thus ?case using NF.unit by metis
next
case (2 1)
thus ?case using NF.var by metis
next
case (3 A B)
from "+ App A B : 7> obtain o
where ' - A: (TArr o 7)and T'H B : o
using typing-appFE by metis
hence A: NF AV (3A". (A =B A')) and B: NF BV (3B'. (B =3 B’))
using 3.IH by auto

consider NF' B | 3B’. (B —f B’) using B by auto
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thus ?case proof(cases)
case I
consider NF A | 3A". (A =B A’) using A by auto
thus ?thesis proof(cases)
case I
consider 3z T A" A= Fnx TA'| Bz T A'. A= Fnz T A by auto
thus %thesis proof(cases)
case I
from this obtain z T A’ where A = Fn x T A’ by auto
hence (App A B) =3 (A'[x = B]) using beta-reduction.beta by
metis
thus ?thesis by blast
next
case 2
thus ?thesis using «NF Ay <NF By NF.app by metis
next
qed
next
case 2
thus ?thesis using beta-reduction.appl by metis
next
qged
next
case 2
thus “thesis using beta-reduction.app2 by metis
next
qed
next
case (4 z T A)
from <I' - Fnz T A : 7)> obtain o
where 7 = TArr Toand 'z — T)F A : o
using typing-fnE by metis
from ('(x — T)F A : 0> consider NF A |JA". (A —p A
using 4.IH by metis

thus ?case proof(cases)
case I
thus ?thesis using NF'.fn by metis
next
case 2
from this obtain A’ where A —3 A’ by auto
obtain M’ where M’ = Fn xz T A’ by auto
hence (Fnz T A) =0 M' using <A =3 A" beta-reduction.fn by metis
thus ?thesis by auto
next
qed
next
case (5 A B)
thus ?case using typing-pairE beta-reduction.pairl beta-reduction.pair? NF .pair
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by meson
next
case (6 P)
from this consider NF P | 3P’ (P —f P’) using typing-fstE by metis
thus ?case proof(cases)
case I
consider 34 B. P = Pair A B| #A B. P = Pair A B by auto
thus ?thesis proof (cases)
case I
from this obtain A B where P = Pair A B by auto
hence (Fst P) —f A using beta-reduction.fst2 by metis
thus ?thesis by auto
next
case 2
thus ?thesis using «(NF Py NF.fst by metis
next
qged
next
case 2
thus ?thesis using beta-reduction.fst1 by metis
next
qed
next
case (7 P)
from this consider NF P | 3P’ (P —f P’) using typing-sndE by metis
thus ?case proof(cases)
case [
consider 34 B. P = Pair A B | #A B. P = Pair A B by auto
thus ?thesis proof(cases)
case I
from this obtain A B where P = Pair A B by auto
hence (Snd P) =8 B using beta-reduction.snd2 by metis
thus ?thesis by auto
next
case 2
thus ?thesis using «(NF Py NF.snd by metis
next
qed
next
case 2
thus ?thesis using beta-reduction.sndl by metis
next
qed
next
qed

inductive beta-reduces :: 'a trm = 'a trm = bool (- —* -) where

reflezive: M —p* M
| transitive: [M —p* M's M' =8 M"]| = M —p* M"
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lemma beta-reduces-composition:
assumes A’ —38* A" and A —3* A’
shows A —3* A"
using assms proof (induction)
case (reflexive B)
thus ?case.
next
case (transitive B B’ B"')
thus ?case using beta-reduces.transitive by metis
next
qed

lemma beta-reduces-fus:
assumes A —3* A’
shows fuvs A’ C fus A
using assms proof (induction)
case (reflexive M)
thus ?case by auto
next
case (transitive M M’ M")
hence fvs M C fvs M’ using beta-reduction-fvs by metis
thus ?case using <fus M’ C fus M> by auto
next
qed

lemma beta-reduces-app-left:
assumes A —3* A’
shows (App A B) —(* (App A’ B)
using assms proof (induction)
case (reflexive A)
thus ?case using beta-reduces.reflexive.
next
case (transitive A A’ A"
thus ?case using beta-reduces.transitive beta-reduction.appl by metis
next
qed

lemma beta-reduces-app-right:
assumes B —(3* B’
shows (App A B) —=3* (App A B’)
using assms proof (induction)
case (reflexive B)
thus ?case using beta-reduces.reflexive.
next
case (transitive B B’ B"')
thus ?case using beta-reduces.transitive beta-reduction.app2 by metis
next
qed
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lemma beta-reduces-fn:
assumes A —[(* A’
shows (Fnz T A) =»p* (Fnax T A')
using assms proof (induction)
case (reflexive A)
thus ?case using beta-reduces.reflexive.
next
case (transitive A A’ A"
thus ?case using beta-reduces.transitive beta-reduction.fn by metis
next
qed

lemma beta-reduces-pair-left:
assumes A —3* A’
shows (Pair A B) —p* (Pair A’ B)
using assms proof (induction)
case (reflexive M)
thus ?case using beta-reduces.reflexive.
next
case (transitive M M’ M")
thus ?case using beta-reduces.transitive beta-reduction.pairl by metis
next
qed

lemma beta-reduces-pair-right:
assumes B —(* B’
shows (Pair A B) —f* (Pair A B’)
using assms proof (induction)
case (reflexive M)
thus ?case using beta-reduces.reflexive.
next
case (transitive M M’ M")
thus ?case using beta-reduces.transitive beta-reduction.pair? by metis
next
qed

lemma beta-reduces-fst:
assumes P —3* P’
shows (Fst P) —(* (Fst P’
using assms proof (induction)
case (reflexive M)
thus ?case using beta-reduces.reflexive.
next
case (transitive M M’ M"")
thus ?case using beta-reduces.transitive beta-reduction.fst! by metis
next
qed
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lemma beta-reduces-snd:
assumes P —3* P’
shows (Snd P) —3* (Snd P’)
using assms proof (induction)
case (reflexive M)
thus ?case using beta-reduces.reflexive.
next
case (transitive M M’ M"")
thus ?case using beta-reduces.transitive beta-reduction.sndl by metis
next
qged

theorem preservation:
assumes M —3* M'T'+- M : 7
shows ' M': 7
using assms proof (induction)
case (reflexive M)
thus ?case.
next
case (transitive M M’ M"")
thus ?case using preservation’ by metis
next
qed

theorem safety:
assumes M —p* M'T'F M : 7
shows NF M'v 3M". (M'—p M)
using assms proof (induction)
case (reflexive M)
thus ?case using progress by metis
next
case (transitive M M’ M")
hence I' = M’ : 7 using preservation by metis
hence I' = M : 7 using preservation’ <M’ —S M’ by metis
thus ?case using progress by metis
next
qed

inductive parallel-reduction :: 'a trm = 'a trm = bool (- >> -) where
refl: A >> A

| beta: [A >> A'; B >> B'| = (App (Fnz T A) B) >> (A'[x =:= B/])

| eta: A>> A= (Fna T A) >> (Fnz T A)

| app: [A >> A’; B >> B'] = (App A B) >> (App A’ B’)

| pair: [A >> A'; B >> B']| = (Pair A B) >> (Pair A’ B)

| fst1: P >> P' = (Fst P) >> (Fst P’)

| fst2: A >> A’ = (Fst (Pair A B)) >> A’

| sndl: P >> P’ = (Snd P) >> (Snd P’)

| snd2: B >> B’ = (Snd (Pair A B)) >> B’
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lemma parallel-reduction-prm:
assumes A >> A’
shows (7 - A) >> (7 - A')
using assms
apply induction
apply (rule parallel-reduction.refl)
apply (metis parallel-reduction.beta subst-prm trm-prm-simp(3, 4))
apply (metis parallel-reduction.eta trm-prm-simp(4))
apply (metis parallel-reduction.app trm-prm-simp(3))
apply (metis parallel-reduction.pair trm-prm-simp(5))
apply (metis parallel-reduction.fst1 trm-prm-simp(6))
apply (metis parallel-reduction.fst2 trm-prm-simp(5, 6))
apply (metis parallel-reduction.sndl trm-prm-simp(7))
apply (metis parallel-reduction.snd2 trm-prm-simp(5, 7))
done

lemma parallel-reduction-fuvs:
assumes A >> A’
shows fus A’ C fvs A
using assms proof (induction)
case (refl A)
thus ?case by auto
next
case (beta A A’ BB’z T)
have x:fvs (App (Fn xz T A) B) = fus A — {z} U fus B using fus-simp(3, 4)
by metis
have fvs (A'|z == B']) C fus A" — {z} U fus B’ using subst-fvs.
also have ... C fus A — {z} U fus B using beta.IH by auto
finally show ?case using fus-simp(3, 4) by metis
next
case (eta A A’z T)
thus ?case using fus-simp(4) Un-Diff subset-Un-eq by metis
next
case (app A A’ B B’)
thus ?case using fus-simp(8) Un-mono by metis
next
case (pair A A’ B B)
thus ?case using fus-simp(5) Un-mono by metis
next
case (fst1 P P’)
thus ?case using fus-simp(6) by force
next
case (fst2 A A’ B)
thus ?case using fvs-simp(5, 6) by force
next
case (sndl P P’)
thus ?case using fus-simp(7) by force
next

case (snd2 B B’ A)
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thus ?case using fvs-simp(5, 7) by force
next
qed

inductive-cases parallel-reduction-unitE’: Unit >> A
lemma parallel-reduction-unitE:
assumes Unit >> A
shows A = Unit
using assms
apply (rule parallel-reduction-unitE'[where A=A])
apply blast
apply (auto simp add: unit-not-app unit-not-fn unit-not-pair unit-not-fst unit-not-snd)
done

inductive-cases parallel-reduction-varE" (Var ) >> A
lemma parallel-reduction-varE:
assumes (Var z) >> A
shows A = Var z
using assms
apply (rule parallel-reduction-varE'[where z=1z and A=A])
apply blast
apply (auto simp add: var-not-app var-not-fn var-not-pair var-not-fst var-not-snd)
done

inductive-cases parallel-reduction-fnE": (Fnxz T A) >> X
lemma parallel-reduction-fnE:
assumes (Fnz T A) >> X
shows X = Fna TAV (3A. (A>>AYANX=FnzTA
using assms proof (induction rule: parallel-reduction-fnE’'[where z=r and T=T
and A=A and X=X])
case (4 BBy S)
from this consider t =y AT =SANA=Blz#yANT=SANz¢ fosBA
A=[z+ y|-B
using trm-simp(4) by metis
thus ?case proof(cases)
case I
hence t =y T = S A = B by auto
thus ?thesis using / by metis
next
case 2
hence z #y T =Sz ¢ fus BA= [z <+ y|- B Dby auto
hence = ¢ fus B’ A >> ([z + y] - B
using parallel-reduction-fvs parallel-reduction-prm «B >> B'» by auto
thus ?thesis using fn-eq <X = Fny S B" <x # y <T = S» by metis
next
qed
next
qed (

metis assms,
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blast,

metis app-not-fn,
metis app-not-fn,
metis fn-not-pair,
metis fn-not-fst,

metis fn-not-fst,

metis fn-not-snd,
metis fn-not-snd

)

inductive-cases parallel-reduction-redexE": (App (Fnx T A) B) >> X
lemma parallel-reduction-redezE:
assumes (App (Fnz T A) B) >> X
shows
(X = App (Fnz T A) B) v
(FA’"B. (A >> AN (B>>B)ANX = (Alz == B')) Vv
(FA'B. (FnzTA)>> (FnzTA)AN(B>>B)ANX = (App (Fnz T A’)
BY)

using assms proof (induction rule: parallel-reduction-redexE'[where x=z and T=T
and A=A and B=B and X=X))
case (5 C C' D D"
from <App (Fnxz T A) B= App C D> have C: C = Fnxz T Aand D: D =B
by (metis trm-simp(2), metis trm-simp(3))
from C and «C >> C" obtain A’ where C": C'= Fnz T A’
using parallel-reduction-fnE by metis
thus ?thesis using C C’' D <C >> C'y <D >> D"y <X = App C' D'y by metis
next
case (3C C'DD’y?S)
from <App (Fnxz T A) B= App (Fny S C) D> have Fnx TA=Fny S C
and B: B=D
by (metis trm-simp(2), metis trm-simp(3))
from this consider
r=yANT=8NA=C
A yANT=SNA=[z+< vy -CAzé¢fisC
using trm-simp(4) by metis
thus ?case proof(cases)
case [
thus %thesis using «C >> C" «X = (C'ly == D’])» <D >> D’ B by metis
next
case 2
hence z #y T =Sand A: A=[z+ y] - Cz ¢ fus C by auto
have z ¢ fvs C’ using parallel-reduction-fvs <z ¢ fvs C» «C >> C'» by
force

have A >> ([z <> y] - C)

using parallel-reduction-prm «C >> C"» A by metis
moreover have X = (([z <> y] - C')[z == D))

using «X = (C'ly == D'])» subst-swp <x ¢ fvs C') by metis
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ultimately show ?thesis using <D >> D’ B by metis
next

qed

next
qged (

metis assms,
blast,
metis app-not-fn,
metis app-not-pair,
metis app-not-fst,
metis app-not-fst,
metis app-not-snd,
metis app-not-snd

)

inductive-cases parallel-reduction-nonredexzE" (App A B) >> X
lemma parallel-reduction-nonredezE:

assumes (App A B) >> X and Ae TA". A# Fnz T A’

shows 3A’ B". (A >> A) A (B>> B') A X = (App A’ B)
using assms proof (induction rule: parallel-reduction-nonredexE’'[where A=A and
B=B and X=X))

case (5 C C' D D"

hence A = C B = D using trm-simp(2, 3) by auto
thus ?case using <C >> C’ «D >> D’ «X = App C’ D"y by metis

next
qed (

metis assms(1),

metis parallel-reduction.refi,

metis trm-simp(2, 3) assms(2),

metis app-not-fn,

metis app-not-pair,

metis app-not-fst,

metis app-not-fst,

metis app-not-snd,

metis app-not-snd

)

inductive-cases parallel-reduction-pairE". (Pair A B) >> X
lemma parallel-reduction-pairk:
assumes (Pair A B) >> X
shows 3A’ B". (A >> A’) A (B >> B’) A (X = Pair A’ B')
using assms proof (induction rule: parallel-reduction-pairE[where A=A and B=B
and X=X])
case 2
thus ?case using parallel-reduction.refl by blast
next
case (6 A A’ B B’
thus ?case using parallel-reduction.pair trm-simp(5, 6) by fastforce
next
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qed (

metis assms,

metis app-not-pair,
metis fn-not-pair,
metis app-not-pair,
metis pair-not-fst,
metis pair-not-fst,
metis pair-not-snd,
metis pair-not-snd

)

inductive-cases parallel-reduction-fstE'": (Fst P) >> X
lemma parallel-reduction-fstE:
assumes (Fst P) >> X
shows (3P'. (P >> P) AN X = (Fst P')) Vv (3A A’ B. (P = Pair A B) A (A
>> AN X =4
using assms proof (induction rule: parallel-reduction-fstE’'[where P=P and X=X])
case (7 P P’)
thus ?case using parallel-reduction.fst1 trm-simp(7) by metis
next
case (8 A B)
thus ?case using parallel-reduction.fst2 trm-simp(7) by metis
next
qed (
metis assms,
insert parallel-reduction.refl, metis,
metis app-not-fst,
metis fn-not-fst,
metis app-not-fst,
metis pair-not-fst,
metis fst-not-snd,
metis fst-not-snd

)

inductive-cases parallel-reduction-sndE’: (Snd P) >> X
lemma parallel-reduction-sndE:
assumes (Snd P) >> X
shows (3P’. (P >> P) A X = (Snd P")) vV (3A BB’. (P = Pair A B) A (B
>> B) AN X = B’)
using assms proof (induction rule: parallel-reduction-sndE’'[where P=P and X=X])
case (9 P P)
thus ?case using parallel-reduction.snd1 trm-simp(8) by metis
next
case (10 A B)
thus ?case using parallel-reduction.snd2 trm-simp(8) by metis
next
qed (
metis assms,
insert parallel-reduction.refl, metis,
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metis app-not-snd,
metis fn-not-snd,
metis app-not-snd,
metis pair-not-snd,
metis fst-not-snd,
metis fst-not-snd

)

lemma parallel-reduction-subst-inner:
assumes M >> M/’
shows X[z := M| >> (X[z == M)
using assms proof (induction X rule: trm-strong-induct[where S={z} U fos M U

fus M)
show finite ({z} U fus M U fus M) using fus-finite by auto

case I

thus ?case using subst-simp-unit parallel-reduction.refl by metis
next
case (2 1)

thus ?case by(cases x = z, metis subst-simp-varl, metis subst-simp-var2 par-

allel-reduction.refl)

next
case (3 A B)

thus ?case using subst-simp-app parallel-reduction.app by metis
next
case (4 z T A)

hence = # 2z ¢ fus M x ¢ fus M’ by auto

thus ?case using / subst-simp-fn parallel-reduction.eta by metis
next
case (5 A B)

thus ?case using subst-simp-pair parallel-reduction.pair by metis
next
case (6 P)

thus ?case using subst-simp-fst parallel-reduction.fst1 by metis
next
case (7 P)

thus ?case using subst-simp-snd parallel-reduction.sndl by metis
next

qed

lemma parallel-reduction-subst:

assumes X >> X' M >> M’

shows X[z := M| >> (X'[z == M)
using assms proof (induction X arbitrary: X' rule: trm-strong-depth-induct|where
S={z} U fus M U fus M])

show finite ({z} U fus M U fus M) using fus-finite by auto

next

case 1
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hence X' = Unit using parallel-reduction-unitE by metis
thus ?case using parallel-reduction.refl subst-simp-unit by metis
next
case (2 x)
hence X' = Var x using parallel-reduction-varE by metis
thus ?case using parallel-reduction-subst-inner <M >> M’y by metis
next
case (3 C D)
consider 31 TA. C=Fnaz TA|#z T A C = Fnx T A by metis
thus ?case proof(cases)
case [
from this obtain © T' A where C: C = Fn x T A by auto
have depth C < depth (App C D) depth D < depth (App C D)
using depth-app by auto

consider
X'= App (Fnxz T A) D
| A’ D" (Fnz T A) >> (Fna T AN) AN (D >> D) AN X' = (App (Fn z
T A’y D'
| A’ D" (A >> A AN (D >> D) A X' = (A']lxz := D))
using parallel-reduction-redexE <(App C D) >> X'» C by metis
thus ?thesis proof (cases)
case I
thus ?thesis using parallel-reduction-subst-inner <M >> M"y C by metis
next
case 2
from this obtain A’ D’
where (Fnz T A) >> (Fnz T A’) D >> D’and X" X' = App (Fn
xTA) D’
by auto
have x: ((Fnz T A)[z := M]) >> ((Fnz T A')[z == M)
using 3.IH «depth C < depth (App C D)y C «(Fnxz T A) >> (Fnx T
Ay «M >> M)
by metis
have xx: (D[z := M]) >> (D'[z == M)
using 3.IH «depth D < depth (App C D)) <D >> D" «M >> M"
by metis

have (App C D)[z := M] = App (Fn z T A)[z == M]) (D]z == M])
using subst-simp-app C by metis

moreover have ... >> (App (Fnz T A"z == M']) (D'[z == M']))
using * xx parallel-reduction.app by metis

moreover have ... = ((App (Fnz T A") D)[z == M)
using subst-simp-app by metis
moreover have ... = (X'[z := M)

using X' by metis
ultimately show ?Zthesis by metis
next
case 3
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from this obtain A’ D’ where A >> A’ D >> D’and X" X' = (4'[z

= D)
by auto
have depth A < depth (App C D)
using C depth-app depth-fn dual-order.strict-trans by fastforce
have finite ({z} U fus M U fus M’ U fus A’) using fus-finite by auto
from this obtain y
where y ¢ {2z} U fus MU fus M'U fus A’and C: C = Fny T ([y <
z] - A)

using fresh-fn C' by metis
hence y # zy ¢ fus My ¢ fus M’ y ¢ fus A’ by auto
have ([y <> z] - A) >> ([y <> z] - 4') using parallel-reduction-prm <A
>> A’y by metis
hence *: ([y <> z] - A)[z == M] >> (([y > 2] - A))[z == M)
using 3.IH «depth A < depth (App C D)) depth-prm
using «(([y <> z] - A) >> ([y « 2] -A')» <M >> M’ by metis
have xx: (D[z := M]) >> (D'[z == M)
using 3.IH «depth D < depth (App C D)) <D >> D" «M >> M"
by metis

have (App C D)[z == M] = (App (Fny T (Jy <> 2] - A))[z == M])

(Dlz 2= M)))
using C subst-simp-app by metis
) moreover have ... = (App (Fny T (([y < z] - A)[z == M])) (D]z ==
M

using <y # 2> <y & fus M» subst-simp-fn by metis
moreover have ... >> (([y ¢ 2] - Az == M|[y == D'[z == M']))
using parallel-reduction.beta * *x by metis

moreover have ... = (([y <> z] - A')[y == D[z == M)
using barendregt <y # 2> <y ¢ fus M"» by metis
moreover have ... = (A'[z == D'|[z == M])
using subst-swp <y ¢ fuvs A"y by metis
moreover have ... = (X'[z := M) using X' by metis
ultimately show ?thesis by metis
next
qed
next
case 2

from this obtain C’ D’ where C >> C’' D >> D’and X" X' = App C'
D/
using parallel-reduction-nonredexE «(App C D) >> X'y by metis

have depth C < depth (App C D) depth D < depth (App C D)
using depth-app by auto
hence *: (C[z ::= M]) >> (C'[z == M]) and *x: (D[z == M]) >> (D’[z
n= M)
using 3.1H «C >> C" <D >> D"y <M >> M"» by metis+
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have (App C D)[z ::== M] = App (Clz == M]) (D[z == M])
using subst-simp-app by metis

moreover have ... >> (App (C'[z == M) (D']z == M]))
using parallel-reduction.app * *x by metis

moreover have ... = ((App C' D')[z == M)
using subst-simp-app by metis
moreover have ... = (X'[z ::= M']) using X' by metis
ultimately show ?thesis by metis
next
qed

next
case (4 z T A)
hence z # zx ¢ fus Mz ¢ fus M’
by auto

from «(Fnz T A) >> X’y consider
X' =FnzTA
| FA. (A >> A) A X' = Fnz T A’ using parallel-reduction-fnE by metis
thus ?case proof(cases)
case I
thus ?thesis using parallel-reduction-subst-inner <M >> M'y by metis
next
case 2
from this obtain A’ where A >> A’and X": X' = Fnxz T A’ by auto

hence *: (A[z == M]) >> (A']z == M)
using 4.IH depth-fn <A >> A» <M >> M by metis

have (Fnz T A)[z == M]) = (Frnz T (A[z == M])))
using subst-simp-fn <x # 2z» «x & fus M» by metis

moreover have ... >> (Fnz T (A']z == M))
using parallel-reduction.eta = by metis

moreover have ... = (Fnz T A))[z == M)
using subst-simp-fn <z # 2> «x & fus M’y by metis
moreover have ... = (X'[z := M)

using X' by metis
ultimately show ?thesis by metis

next
qed
next
case (5 A B)
from «(Pair A B) >> X’y consider
X' = Pair A B

|3A" B (A >> A A (B>> B’) A X'= Pair A’ B’
using parallel-reduction-pairE by metis
thus ?case proof(cases)
case [
thus ?thesis using parallel-reduction-subst-inner <M >> M'y by metis
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next
case 2
from this obtain A’ B’ where A >> A’ B >> B’and X" X' = Pair A’
B’ by auto

have x: (A[z == M]) >> (A'[z == M']) and *x: (B[z == M]) >> (B'[z
n= M)

using 5.7H <A >> A" <B >> By <M >> M"» by (metis depth-pair(1),
metis depth-pair(2))

have (Pair A B)[z := M| = (Pair (Alz == M]) (B[z == M]))
using subst-simp-pair by metis

moreover have ... >> (Pair (A']z == M) (B'|z == M)
using parallel-reduction.pair * xx by metis

moreover have ... = ((Pair A’ B)[z == M])
using subst-simp-pair by metis
moreover have ... = (X'[z := M]) using X' by metis
ultimately show ?thesis by metis
next
qed
next
case (6 P)

from «(Fst P) >> X' consider
3P (P >> P)ANX'= Fst P’
| 3A A" B. P=Pair ABAN(A>>AYANX'=A'
using parallel-reduction-fstE by metis
thus ?case proof(cases)
case I
from this obtain P’ where P >> P’ and X" X' = Fst P’ by auto

have x: (P[z == M]) >> (P']z == M)
using 6.1H depth-fst <P >> P’ <M >> M' by metis

have (Fst P)[z ::= M| = Fst (P[z == M)])
using subst-simp-fst by metis

moreover have ... >> (Fst (P'[z == M"))
using parallel-reduction.fstl x by metis

moreover have ... = ((Fst P)[z == M)
using subst-simp-fst by metis
moreover have ... = (X'[z ::= M']) using X' by metis
ultimately show ?thesis by metis
next
case 2

from this obtain A A’ B where P: P = Pair A BA >> A’and X1 X’
= A’ by auto

have depth A < depth (Fst P)

using P depth-fst depth-pair dual-order.strict-trans by fastforce
hence : (A[z := M]) >> (A'[z == M)
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using 6.IH <A >> A" <M >> M"» by metis

have (Fst P)[z := M| = (Fst (Pair (Alz == M]) (Blz == M])))
using P subst-simp-fst subst-simp-pair by metis

moreover have ... >> (A'[z == M)
using parallel-reduction.fst2 x by metis
moreover have ... = (X'[z := M)

using X' by metis
ultimately show ?thesis by metis
next
qed
next
case (7 P)
from «(Snd P) >> X' consider
3P (P >>P)ANX = 5Snd P’
|3ABB.P=Pair ABA(B>>B)AX' =B
using parallel-reduction-sndE by metis
thus ?case proof(cases)
case I
from this obtain P’ where P >> P’ and X" X' = Snd P’ by auto

have *: (P[z := M]) >> (P'[z == M)
using 7.IH depth-snd <P >> P’» «M >> M’ by metis

have (Snd P)[z ::= M] = Snd (P[z =:= M))
using subst-simp-snd by metis

moreover have ... >> (Snd (P'[z == M))
using parallel-reduction.sndl x by metis

moreover have ... = ((Snd P')[z == M)
using subst-simp-snd by metis

moreover have ... = (X'[z := M’]) using X' by metis
ultimately show ?thesis by metis

next

case 2

from this obtain A B B’ where P: P = Pair A BB >> B’and X" X’
= B’ by auto

have depth B < depth (Snd P)

using P depth-snd depth-pair dual-order.strict-trans by fastforce
hence *: (B[z := M]) >> (B'[z == M)

using 7.IH <B >> B’y <M >> M’y by metis

have (Snd P)[z ::= M] = (Snd (Pair (A[z := M]) (B[z == M])))
using P subst-simp-snd subst-simp-pair by metis

moreover have ... >> (B'[z == M)
using parallel-reduction.snd2 * by metis

moreover have ... = (X'[z :== M)
using X' by metis

ultimately show ?thesis by metis
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next
qed
next
qed

inductive complete-development :: 'a trm = 'a trm = bool (- >>> -) where
ungt: Unit >>> Unit

| var: (Var z) >>> (Var z)

| beta: [A >>> A, B >>> B'] = (App (Fnz T A) B) >>> (A'[x == B’))

| eta: A >>> A'= (Fnxz T A) >>> (Fnax T A)

| app: [A >>> A", B>>> B, (A\e TM. A# Fnaz T M)] = (4dpp A B) >>>

(App A" B)

| pair: [A >>> A'; B >>> B'] = (Pair A B) >>> (Pair A’ B)

| fst1: [P >>> P'; (NA B. P # Pair A B)] = (Fst P) >>> (Fst P’)

| fst2: A >>> A’ = (Fst (Pair A B)) >>> A’

| sndl: [P >>> P’; (NA B. P # Pair A B)] = (Snd P) >>> (Snd P’)

| snd2: B >>> B’ = (Snd (Pair A B)) >>> B’

lemma not-fn-prm:
assumes Ao TM. A# Fna T M
shows 7w - A# Fnaz T M
proof(rule classical)
fixe T M
obtain 7’ where *: 7’ = prm-inv ™ by auto
assume —(7m - A # Fnax T M)
hence 7 - A = Fnx T M by blast
hence 7’ - (m - A) =7’ Fnx T M by fastforce
hence (n'o7w) - A=7n"-Fna TM
using trm-prm-apply-compose by metis
hence A=xn'-FnxzTM
using * prm-inv-compose trm-prm-apply-id by metis
hence A = Fn (v’ $ z) T (x' - M) using trm-prm-simp(4) by metis
hence Fulse using assms by blast
thus ?thesis by blast
qed

lemma not-pair-prm:
assumes AA B. P # Pair A B
shows 7 - P # Pair A B
proof(rule classical)
fix A B
obtain 7’ where *: 7/ = prm-inv ™ by auto
assume —(7 - P # Pair A B)
hence 7 - P = Pair A B by blast
hence 7’ - m - P = «' - (Pair A B) by fastforce
hence (' o 7) - P =x'- (Pair A B)
using trm-prm-apply-compose by metis
hence P = /- (Pair A B)
using * prm-inv-compose trm-prm-apply-id by metis
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hence P = Pair (7' - A) (v’ - B) using trm-prm-simp(5) by metis
hence Fualse using assms by blast
thus ?thesis by blast

qed

lemma complete-development-prm:
assumes A >>> A’
shows (7 - A) >>> (w - 4")
using assms proof (induction)
case unit
thus ?case using complete-development.unit trm-prm-simp(1) by metis
next
case (var z)
thus ?case using complete-development.var trm-prm-simp(2) by metis
next
case (beta A A’BB' z T)
thus Zcase using complete-development.beta subst-prm trm-prm-simp(3, 4) by
metis
next
case (eta A A’z T)
thus ?case using complete-development.eta trm-prm-simp(4) by metis
next
case (app A A’ B B’)
thus ?Zcase using complete-development.app by (simp add: trm-prm-simp(3)
not-fn-prm)
next
case (pair A A’ B B)
thus ?case using complete-development.pair trm-prm-simp(5) by metis
next
case (fst1 P P')
hence 7 - P # Pair A B for A B using not-pair-prm by metis
thus Zcase using trm-prm-simp(6) fst1.IH complete-development.fst1 by metis
next
case (fst2 A A’ B)
thus ?case using trm-prm-simp(5, 6) complete-development.fst2 by metis
next
case (sndl P P’)
hence 7 - P # Pair A B for A B using not-pair-prm by metis
thus ?case using trm-prm-simp(7) sndl.IH complete-development.sndl by
metis
next
case (snd2 B B’ A)
thus ?case using trm-prm-simp(5, 7) complete-development.snd2 by metis
next
qed

lemma complete-development-fus:

assumes A >>> A’
shows fus A’ C fus A
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using assms proof (induction)
case unit
thus ?case using fvs-simp by auto
next
case (var z)
thus ?case using fvs-simp by auto
next
case (beta A A’BB' z T)
have fus (A'|z := B']) C fus A" — {z} U fus B’ using subst-fvs.
also have ... C fus A — {z} U fus B using beta.IH by auto
also have ... C fus (Fnz T A) U fus B using fus-simp(4) subset-refl by force
also have ... C fus (App (Fn z T A) B) using fus-simp(3) subset-refl by force
finally show ?case.
next
case (eta A A’z T)
thus Zcase using fus-simp(4) using Un-Diff subset-Un-eq by (metis (no-types,
lifting))
next
case (app A A’ B B’)
thus ?case using fus-simp(3) Un-mono by metis
next
case (pair A A’ B B)
thus ?case using fus-simp(5) Un-mono by metis
next
case (fst1 P P’)
thus ?case using fus-simp(6) by force
next
case (fst2 A A’ B)
thus ?case by (simp add: fvs-simp(5, 6) sup.coboundedll)
next
case (sndl P P’)
thus ?case using fvs-simp(7) by fastforce
next
case (snd2 B B' A)
thus ?case using fus-simp(5, 7) by fastforce
next
qed

lemma complete-development-fnkE:
assumes (Fnz T A) >>> X
shows 3A". (A >>> AYANX =Fnaz TA’
using assms proof(cases)
case (eta B B' y S)
hence T = S using trm-simp(4) by metis
from eta consider t =y ANA=B|les#yANcs ¢ fusBNA=[z+ yl B
using trm-simp(4) by metis
thus ?thesis proof (cases)
case I
hence z = y and A = B by auto
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obtain A’ where A’ = B’ by auto
hence A >>> A’and X = Fnz T A’ using eta <A = B) <z = p «T =
Sy by auto
thus “thesis by auto
next
case 2
hence z # y = ¢ fus Band A: A = [z < y] - B by auto
hence z ¢ fus B’ using (B >>> B’y complete-development-fus by auto
obtain A’ where A" A’ = [z + y] - B’ by auto
hence A >>> A’ using A (B >>> B’ complete-development-prm by auto
have X = Fnz T A’
using fn-eq «x # y» <x ¢ fus By A'«X = Fny S B <T = S» by metis
thus ?thesis using (A >>> A’ by auto
next
qed
next
qed (
metis unit-not-fn,
metis var-not-fn,
metis app-not-fn,
metis app-not-fn,
metis fn-not-pair,
metis fn-not-fst,
metis fn-not-fst,
metis fn-not-snd,
metis fn-not-snd

)

lemma complete-development-pairk:

assumes (Pair A B) >>> X

shows 34’ B". (A >>> A) A (B >>> B’) A X = Pair A’ B’
using assms

apply cases

apply (metis unit-not-pair, metis var-not-pair, metis app-not-pair, metis fn-not-pair,
metis app-not-pair)

apply (metis trm-simp(5, 6))

apply (metis pair-not-fst, metis pair-not-fst, metis pair-not-snd, metis pair-not-snd)
done

lemma complete-development-exists:
shows 3 X. (4 >>> X)
proof (induction A rule: trm-induct)
case I
obtain X :: ‘a trm where X = Unit by auto
hence Unit >>> X using complete-development.unit by metis
thus ?case by auto
next
case (2 1)
obtain X where X = Var z by auto

91



hence (Var z) >>> X using complete-development.var by metis
thus ?case by auto
next
case (3 A B)
from this obtain A’ B’ where A: A >>> A’and B": B >>> B’ by auto
consider 3z TM. A=FnazTM)|-(32T M. A= FnzTM) by auto
thus ?case proof(cases)
case I
from this obtain ¢ T M where A: A = Fnz T M by auto
from this obtain M’ where A'= Fnz T M'and M >>> M’
using complete-development-fnE A’ by metis
obtain X where X = (M'[z ::= B’]) by auto
hence (App A B) >>> X
using complete-development.beta <M >>> M’y B’ A by metis
thus “thesis by auto
next
case 2
thus ?thesis using complete-development.app A’ B’ by metis
next
qed
next
case (4 z T A)
from this obtain A’ where A”: A >>> A’ by auto
obtain X where X = Fnz T A’ by auto
hence (Fn z T A) >>> X using complete-development.eta A’ by metis
thus ?case by auto
next
case (5 A B)
thus ?case using complete-development.pair by blast
next
case (6 P)
consider 3A B. P = Pair A B| 3 A B. P = Pair A B by auto
thus ?case proof(cases)
case I
from this obtain A B X where P = Pair A B P >>> X using 6 by auto
from this obtain A’ B’ where A >>> A’ B >>> B’ X = Pair A’ B’
using complete-development-pairE by metis
thus ?thesis using complete-development.fst2 <P = Pair A B> by metis
next
case 2
thus “thesis using complete-development.fst1 6 by blast
next
qed
next
case (7 P)
consider 34 B. P = Pair A B| #A B. P = Pair A B by auto
thus ?case proof(cases)
case [
from this obtain A B X where P = Pair A B P >>> X using 7 by auto
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from this obtain A’ B’ where A >>> A’ B >>> B’ X = Pair A’ B’
using complete-development-pairE by metis
thus ?thesis using complete-development.snd2 <P = Pair A B) by metis
next
case 2
thus ?thesis using complete-development.sndl 7 by blast
next
qed
next
qed

lemma complete-development-triangle:
assumes A >>> D A >> B
shows B >> D
using assms proof (induction arbitrary: B rule: complete-development.induct)
case unit
thus ?case using parallel-reduction-unitE parallel-reduction.refl by metis
next
case (var z)
thus ?case using parallel-reduction-varE parallel-reduction.refl by metis
next
case (beta A A" CC'zT)
hence A >> A’ C >> (' using parallel-reduction.refl by metis+
from «((App (Fnz T A) C) >> B) consider
B=App (Fnz T A) C
| FA" CV. (A>> A") AN (C >> C'"YANB=(A"[z == C")
| 3A" CV. (Fna T A) >> (Fnz T A")) A (C >> C")NB = (App (Fn z
TA//) C//)
using parallel-reduction-redexE by metis
thus ?case proof(cases)
case I
thus ?thesis using parallel-reduction.beta <A >> A"y «C >> C’y by metis
next
case 2
from this obtain A” C' where A >> A" C >> C" and B: B = (A"
= C"]) by auto
hence A" >> A’ C" >> (' using beta.IH by metis+
thus ?thesis using B parallel-reduction-subst by metis
next
case 3
from this obtain A" C'"
where (Fnz T A) >> (Fnxz T A”) C >> C"”and B: B= App (Fnz T
A//) C//
by auto
hence C'' >> C' using beta.IH by metis
have A" >> A’
proof —
thm parallel-reduction-fnE
from «(Fnz T A) >> (Fnz T A”)) consider
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FnzTA=FnzxzTA"
| 3A" (A >>A"YANFnx TA"=FnazTA"
using parallel-reduction-fnE by metis
hence A >> A’ proof(cases)
case I
hence A = A" using trm-simp(4) by metis
thus ?thesis using parallel-reduction.refl by metis

next
case 2
from this obtain A’ where A >> A" Fnxz T A" = Fnxz T A" by
auto
thus ?thesis using trm-simp(4) by metis
next
qed
thus ?thesis using beta.IH by metis
qged
thus ?thesis using B <C'"' >> C"» parallel-reduction.beta by metis
next
qed
next

case (eta A A’z T B)
from this consider
B=FnzTA
|FA”. (A >> A") AN B= Fnx T A" using parallel-reduction-fnE by metis
thus ?case proof(cases)
case I
thus %thesis using eta.IH parallel-reduction.refl parallel-reduction.eta by
metis
next
case 2
from this obtain A" where A >> A" and B = Fnxz T A" by auto
thus ?thesis using eta.IH parallel-reduction.eta by metis
next
qed
next
case (app A A’ C C)
from this obtain A" C'" where A >> A" C >> C'" and B: B = App A"
C//
using parallel-reduction-nonredexE by metis
hence A" >> A’ C"” >> (' using app.IH by metis+
thus ?case using B parallel-reduction.app by metis
next
case (pair A A’ C C")
from ¢(Pair A C) >> B> and parallel-reduction-pairE obtain A" C'" where
A>> A" C >> C"” B = Pair A” C" by metis
thus ?case using pair.IH parallel-reduction.pair by metis
next
case (fst1 P P’)
from this obtain P where P >> P’ B = Fst P"
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using parallel-reduction-fstE by blast
thus ?case using fst1.IH parallel-reduction.fst1 by metis
next
case (fst2 A A’ C B)
from this consider
3AP". (Pair A C) >> P") AN B = Fst P”
| 3A”. (A >> A"y A (B=A")
using parallel-reduction-fstE[where P=(Pair A C) and X=DB] using trm-simp(5)
by metis
thus ?case proof(cases)
case [
from this obtain P’ where (Pair A C') >> P” and B = Fst P" by auto
from this obtain A" C'' where P" = Pair A" C"" A >> A" C >> C"
using parallel-reduction-pairE by metis
thus ?thesis using fst2 parallel-reduction.fst2 <B = Fst P'"y by metis
next
case 2
from this obtain A" where A >> A" B = A’ by metis
thus ?thesis using fst2 by metis
next
qed
next
case (sndl P P’)
from this obtain P’ where P >> P"" B = Snd P"
using parallel-reduction-sndE by blast
thus ?case using sndl.IH parallel-reduction.sndl by metis
next
case (snd2 C A’ A B)
from this consider
3P”. ((Pair A C) >> Py A B = Snd P"
[3C". (C>>C")AN(B=1C")
using parallel-reduction-sndE[where P=(Pair A C) and X=B] using
trm-simp(5, 6) by metis
thus ?case proof(cases)
case I
from this obtain P’ where (Pair A C') >> P’ and B = Snd P" by auto
from this obtain A" C'' where P" = Pair A" C" A >> A" C >> C"
using parallel-reduction-pairE by metis
thus ?thesis using snd2 parallel-reduction.snd2 <B = Snd P'"» by metis
next
case 2
from this obtain C' where C >> C'" B = (' by metis
thus ?thesis using snd2 by metis
next
qed
next
qed

lemma parallel-reduction-diamond:
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assumes A >> B A >> (C
shows 3D. (B >> D) A (C >> D)
proof —
obtain D where A >>> D using complete-development-exists by metis
hence (B >> D) A (C >> D) using complete-development-triangle assms by
auto
thus ?thesis by blast
qed

inductive parallel-reduces :: 'a trm = 'a trm = bool (- >>* -) where
reflexive: A >>* A
| transitive: [A >>* A A’ >> A'] = A >>* A"

lemma parallel-reduces-diamond’:
assumes A >>* C A >> B
shows 3D. (B >>* D) A (C >> D)
using assms proof (induction)
case (reflexive A)
thus ?case using parallel-reduces.reflexive by metis
next
case (transitive A A" A")
from this obtain C where B >>* C A’ >> C by metis
from <A’ >> C) <A’ >> A"y obtain D where C >> D A" >> D
using parallel-reduction-diamond by metis
thus ?case using parallel-reduces.transitive <B >>* C» by metis
next
qed

lemma parallel-reduces-diamond:
assumes A >>* B A >>* C
shows 3D. (B >>* D) A (C >>* D)
using assms proof (induction)
case (reflexive A)
thus ?case using parallel-reduces.reflexive by metis
next
case (transitive A A’ A"
from this obtain C'/ where A’ >>* C’ C >>* C' by metis
from this obtain D where A" >>* D C' >> D
using <A’ >> A"y <A’ >>* C" parallel-reduces-diamond’ by metis
thus ?case using parallel-reduces.transitive «C >>* C'y by metis
next
qed

lemma beta-reduction-is-parallel-reduction:
assumes A =3 B
shows A >> B
using assms
apply induction
apply (metis parallel-reduction.beta parallel-reduction.refl)
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apply (metis parallel-reduction.app parallel-reduction.refl)

apply (metis parallel-reduction.app parallel-reduction.refl)

apply (metis parallel-reduction.eta)

apply (metis parallel-reduction.pair parallel-reduction.refl)

apply (metis parallel-reduction.pair parallel-reduction.refl)

apply (metis parallel-reduction.fst1)

apply (metis parallel-reduction.fst2 parallel-reduction.refl)

apply (metis parallel-reduction.sndl)

apply (metis parallel-reduction.snd2 parallel-reduction.refl)
done

lemma parallel-reduction-is-beta-reduction:
assumes A >> B
shows A —3* B
using assms proof (induction)
case (refl A)
thus ?case using beta-reduces.reflexive.
next
case (beta A A’BB' z T)
hence (App (Fnz T A) B) —=8* (App (Fnz T A') B)
using <4 —p* A"
beta-reduces-fn beta-reduces-app-left beta-reduces-app-right beta-reduces-composition
by metis
moreover have (App (Fnz T A') B') =8 (A'[z ::= B])
using beta-reduction.beta.
ultimately show ?case using beta-reduces.transitive by metis
next
case (eta A A"z T)
thus ?case using beta-reduces-fn by metis
next
case (app A A’ B B’)
thus ?case using beta-reduces-app-left beta-reduces-app-right beta-reduces-composition
by metis
next
case (pair A A’ B B)
thus ?case using beta-reduces-pair-left beta-reduces-pair-right beta-reduces-composition
by metis
next
case (fst1 P P
thus ?case using beta-reduces-fst by metis
next
case (fst2 A A’ B)
thus ?case
using beta-reduces-pair-left beta-reduction.fst2 beta-reduces.intros beta-reduces-composition
by blast
next
case (sndl P P’)
thus ?case using beta-reduces-snd by metis
next
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case (snd2 B B’ A)
thus ?case
using beta-reduces-pair-left beta-reduction.snd2 beta-reduces.intros beta-reduces-composition
by blast
next
qed

lemma parallel-beta-reduces-equivalent:
shows (A >>* B) = (A —6* B)
proof —
have —: (A >>* B) = (4 —3* B)
proof (induction rule: parallel-reduces.induct)
case (reflexive A)
thus ?case using beta-reduces.reflexive.
next
case (transitive A A" A"
thus ?case using beta-reduces-composition parallel-reduction-is-beta-reduction
by metis
next
qed

have <—: (A —»38* B) = (A >>* B)
proof (induction rule: beta-reduces.induct)
case (reflezive A)
thus ?case using parallel-reduces.reflexive.
next
case (transitive A A" A")
thus ?case using parallel-reduces.transitive beta-reduction-is-parallel-reduction
by metis
next
qed

from <— show (4 >>* B) = (4 —f* B) by blast
qed

theorem confluence:
assumes A —»3* B A —=p* C
shows 3D. (B —»f* D) A (C —p* D)
proof —
from assms have A >>* B A >>* C using parallel-beta-reduces-equivalent by
metis+
hence 3D. (B >>* D) A (C >>* D) using parallel-reduces-diamond by metis
thus 3D. (B —»8* D) A (C —p* D) using parallel-beta-reduces-equivalent by
metis
qed

end
end
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