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Abstract

Binary multirelations form a model of alternating nondeterminism

useful for analysing games, interactions of computing systems with
their environments or abstract interpretations of probabilistic pro-
grams. We investigate this alternating structure in a relational lan-
guage based on power allegories extended with specific operations on
multirelations. We develop algebras of modal operators over multire-
lations, related to concurrent dynamic logics, in this language.
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The basic algebra of homogeneous binary multirelations is formalised
in [4]. The present theories consider heterogeneous binary multirelations,
which may have different source and target sets. While homogeneous mul-
tirelations arise as a special case where source and target sets coincide, we
do not attempt to generalise the algebras of [4] to the heterogeneous case
but study new concepts instead. Thus the present theories and [4] are com-
plementary. A unification of the two approaches based on category theory
is possible future work.

Algebraic structures for multirelations with Parikh composition are for-
malised in [5].

1 Properties of Binary Relations

theory Relational-Properties
imports Main

begin

This is a general-purpose theory for enrichments of Rel, which is still
quite basic, but helpful for developing properties of multirelations.

notation relcomp (infixl ; 75)
notation converse (-~ [1000] 999)

type-synonym (’a,’b) rel = (a x 'b) set

lemma modular-law: R ; SN T C(RNT;S57); 8
(proof)

lemma compl-conv: —(R~) = (—R)~

(proof)

definition top :: (‘a,’b) rel where
top = {(a,d) |a b. True}

abbreviation neg R = Id N —R

1.1 Univalence, totality, determinism, and related
properties

definition univalent :: (‘a,’d) rel = bool where
univalent R = (R~ ; R C Id)

definition total :: (‘a,’d) rel = bool where
total R=(Id C R; R™)

definition injective :: (‘a,’d) rel = bool where



injective R = (R ; R~ C Id)

definition surjective :: (‘a,’b) rel = bool where
surjective R = (Id C R~ ; R)

definition deterministic :: ('a,’d) rel = bool where
deterministic R = (univalent R A total R)

definition bijective :: (‘a,’b) rel = bool where
bijective R = (injective R N\ surjective R)

lemma univalent-set: univalent R = (Va b c. (a,b) € R A (a,c) € R — b= ¢)
(proof)
Univalent relations feature as single-valued relations in Main.
lemma univ-single-valued: univalent R = single-valued R

{proof)

lemma total-set: total R = (Va. 3b. (a,b) € R)
(proof)

lemma total-var: total R = (R ; top = top)
{proof)

lemma deterministic-set: deterministic R = (Va . 3B . (a,B) € R)
(proof)

lemma deterministic-varl: deterministic R = (R ; —Id = —R)

(proof)

lemma deterministic-var2: deterministic R = (VS. R; =S = —(R; 5))
(proof)

lemma inj-univ: injective R = univalent (R™)

(proof)

lemma injective-set: injective S = (Ya b c. (a,c) € S A (bye) € S — a = b)
{proof)

lemma surj-tot: surjective R = total (R™)
{proof)

lemma surjective-set: surjective S = (Vb. Ja. (a,b) € 5)
(proof)

lemma surj-var: surjective R = (R~ ; top = top)

{proof)

lemma bij-det: bijective R = deterministic (R™)



{proof)

lemma univ-relcomp: univalent R = univalent S = univalent (R ; S)
{proof)

lemma tot-relcomp: total R = total S = total (R ; S)
(proof)

lemma det-relcomp: deterministic R = deterministic S = deterministic (R ;
5)

(proof)
lemma inj-relcomp: injective R = injective S = injective (R ; S)

{proof)

lemma surj-relcomp: surjective R = surjective S = surjective (R ; S)
(proof)

lemma bij-relcomp: bijective R = bijective S = bijective (R ; S)
(proof )

lemma det-Id: deterministic Id
(proof )

lemma bij-1d: bijective Id
(proof )

lemma tot-top: total top
(proof)

lemma tot-surj: surjective top
(proof )

lemma det-meet-distl: univalent R— R ; (SN T)=R;SNR; T
(proof )

lemma inj-meet-distr: injective T — (RN S); T=R; TNS; T
(proof )

lemma univ-modular: univalent S =— R; SN T=(RNT;S57); S

{proof)

1.2 Inverse image and the diagonal and graph functors
definition Invim :: ('a,’d) rel = 'b set = ’a set where
Invim R = Image (R™)

definition Delta :: 'a set = ('a,’a) rel (A) where
AP =A{(pp)Ip-pe P}



definition Grph :: (‘a = 'b) = (‘a,’b) rel where
Grph f ={(z,y). y = [z}

lemma I'mage-Grph [simp]: Image o Grph = image
(proof)

1.3 Relational domain, codomain and modalities

Domain and codomain (range) maps have been defined in Main, but they
return sets instead of relations.

definition dom :: (‘a,’d) rel = ('a,’a) rel where
dom R=1dN R: R~

definition cod :: (‘a,’d) rel = (’b,’d) rel where
cod R = dom (R™)

definition rel-fdia :: (‘a,’d) rel = ('b,’b) rel = ('a,’a) rel ((|-)-) [61,81] 82)
where
|R) @ = dom (R ; dom Q)

definition rel-bdia :: (‘a,’d) rel = ('a,’a) rel = ('b,’d) rel (({-|-) [61,81] 82)
where
rel-bdia R = rel-fdia (R™)

definition rel-fboz :: (‘a,’d) rel = ('b,’d) rel = ('a,’a) rel ((|-]-) [61,81] 82)
where
IRQ = neg (dom (R ; neg (dom Q)))

definition rel-bbox :: ('a,’d) rel = (‘a,’a) rel = ('b,'d) rel (([-|-) [61,81] 82)
where

rel-bbox R = rel-fbox (R™)

lemma rel-bdia-def-var: rel-bdia = rel-fdia o converse

(proof )

lemma dom-set: dom R = {(a,a) |a. 3b. (a,b) € R}
{proof)

lemma dom-Domain: dom = A o Domain
(proof)

lemma cod-set: cod R = {(b,b) |b. Ja. (a,b) € R}
{proof)

lemma cod-Range: cod = A o Range
(proof)

lemma rel-fdia-set: |Ry Q = {(a,a) |a. 3b. (a,b) € R A (b,b) € dom Q}



{proof)

lemma rel-bdia-set: (R| P = {(b,b) |b. Ja. (a,b) € R A (a,a) € dom P}
{proof)

lemma rel-fboz-set: |R] Q = {(a,a) |a. Vb. (a,b) € R — (b,b) € dom Q}
(proof)

lemma rel-bboz-set: [R| P = {(b,b) |b. Va. (a,b) € R — (a,a) € dom P}
{proof)

lemma dom-alt-def: dom R = Id N R ; top
(proof)

lemma dom-gla: (dom R C IdN S)=(RC (IdN S); R)
{proof)

lemma dom-gla-top: (dom R C Id N S) = (R C (Id N S) ; top)
{proof)

lemma dom-subid: (dom R = R) = (R = Id N R)
(proof)

lemma dom-cod: (dom R = R) = (cod R = R)
{proof)

lemma dom-top: R ; top = dom R ; top
(proof )

lemma top-dom: dom R = dom (R ; top)
{proof)

lemma cod-top: cod R = Id N top ; R
(proof )

lemma dom-conv [simp]: (dom R)~ = dom R
(proof)

lemma total-dom: total R = (dom R = Id)
{proof)

lemma surj-cod: surjective R = (cod R = Id)
(proof )

lemma fdia-demod: ( |R) P C dom Q) = (R ; dom P C dom @ ; R)
{proof)

lemma bboz-demod: (dom P C [R] Q) = (R ; dom P C dom Q ; R)
(proof)



lemma bdia-demod: ((R| P C dom Q) = (dom P ; R C R ; dom Q)
(proof)

lemma fboz-demod: (dom P C |R] Q) = (dom P ; R C R ; dom Q)
(proof)

lemma fdia-demod-top: ( |R) P C dom Q) = (R ; dom P ; top C dom Q ; top)
(proof )

lemma bboz-demod-top: (dom P C [R| Q) = (R ; dom P ; top C dom @ ; top)
(proof)

lemma fdia-bbox-galois: ( |R) P C dom Q) = (dom P C [R| Q)
(proof )

lemma bdia-fboz-galois: ((R| P C dom Q) = (dom P C |R] Q)
{proof)

lemma fdia-bdia-conjugation: ( |R) P C neg (dom Q)) = ((R|] Q@ C neg (dom P))
{proof)

lemma bfoz-bbox-conjugation: (neg (dom Q) C |R] P) = (neg (dom P) C [R] Q)
{proof)

1.4 Residuation

definition Ires :: (‘a,’c) rel = ('b,’c) rel = ('a,’d) rel (infixl J 75)
where R J S = {(a,b). Vc. (b,c) € S — (a,c) € R}

definition rres :: (“c,’a) rel = ('c,’b) rel = ('a,’d) rel (infixl \ 75)
where R\ § = {(b,a). Vc. (¢,b) € R — (¢,a) € S}

lemma rres-lres-conv: R\ S = (S~ ) R~)~
(proof)

lemma lres-galois: (R; SC T)=(RC T /) S)
{proof)

lemma rres-galois: (R; SC T)=(SCR\T)
(proof)

lemma lres-compl: R | S = —(—R ; S7)
(proof)

lemma rres-compl: R\ S = —(R~ ; —9)
(proof)

lemma lres-simp [simp]: (R J/ R) ; R=R



{proof)

lemma rres-simp [simp]: R ; (R\ R) = R
{proof)

lemma lres-curry: R ) (T ; S)=(R ) S) ) T
{proof)

lemma rres-curry: (R; S)\ T=S\(R\ T)
(proof )

lemma lres-Id: Id C R J/ R
(proof)

lemma det-lres: deterministic R— (R; S) J/ S=R; (S /) 5)
{proof)

lemma det-rres: deterministic (R~) = S\ (S; R)=(S\ 9); R
(proof)

lemma rres-bij: bijective S = (R\ T); S=R\ (T ; 9)
(proof)

lemma lres-bij: bijective S = (R ) T7); S=R J (T ; S)~
{proof)

lemma dom-rres-top: (dom P C R\ (dom @Q ; top)) = (dom P ; top C R\ (dom
Q ; top))
(proof)

lemma dom-rres-top-var: (dom P C R\ (dom @ ; top)) = (P ; top C R\ (Q ;
top))
{proof )

lemma fdia-rres-top: ( |[R)P C dom Q) = (dom P C R\ (dom @Q ; top))
{proof)

lemma fdia-rres-top-var: ( |R) P C dom Q) = (dom P C R\ (Q ; top))
(proof)

lemma dom-galois-var2: (|R) (IdNP)CIdN Q)= IdNPC R\ ((IdN Q) ;
top))
(proof )

lemma rres-top: R \ (dom @Q ; top) ; top = R\ (dom @Q ; top)
(proof )

lemma ddd-var: ( |R) P C dom Q) = (dom P C dom ((R\ (dom @Q ; top)) ;
top))



{proof)

lemma wlip-prop: dom ((R \ (dom Q ; top)) ; top) = neg (cod (neg (dom Q); R))
(proof)

lemma wip-prop-var: dom ((R\ (dom @ ; top))) = neg (cod ((neg (dom @)); R))
(proof)

lemma dom-demod: (|R) (IdNP)CIdN Q)=(R;(IdNP)C(IdN Q); R)
(proof)

lemma fdia-bbox-galois-var: ( |R) (Id N P)CIldN Q)= IdN P CIdN — cod
((1d N =@Q); R))
{proof)

lemma dom-demod-var2: (|R) (IdNP)CIdNQ)={IdNPCR\ ((IdN Q)
; R))
(proof)

1.5 Symmetric quotient

definition syq :: ('c,’a) rel = (’c,’d) rel = (‘a,’d) rel (infixl = 75)
where R+ S=(R\ S)N (R~ J S7)

lemma syg-set: R ~ S = {(a,b). Ve. (¢,a) € R +— (¢,b) € S}
(proof)

lemma converse-syq [simp]: (R =~ S)~ =85 + R
{proof)

lemma syg-compl: R + S =— (R~ ;-5 N —(—(R7);9)
(proof)

lemma syg-compl2 [simp]: —R + —S =R + S
(proof)

lemma syg-ezpandl: R ; (R + S) =S5 nN (top ; (R + 5))
(proof)

lemma syg-expand2: (R + S); S~ =R~ N (R + S) ; top)
(proof)

lemma syg-compl: (R +S);(S+T)=(R+T)N (top; (S + T))
(proof)

lemma syg-comp2: (R +S);(S+T)=(R+T)N (R = 9); top)
(proof)

lemma syq-bij: bijective T — (R + S); T=R + (5; T)
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{proof)

end

2 Properties of Power Allegories

theory Power-Allegories-Properties
imports Relational-Properties

begin

2.1 Power transpose, epsilon, epsiloff
definition Lambda :: ('a,’d) rel = ('a,’b set) rel (A) where
AR = {(a,B) |a B. B={b. (a,b) € R}}

definition epsilon :: (‘a,’a set) rel where
epsilon = {(a,A). a € A}

definition epsiloff = {(A,a). a € A}
definition alpha :: ('a,’b set) rel = ('a,’d) rel (o) where
a R = R ; epsiloff

alpha can be seen as a relational approximation of a multirelation. The
next lemma provides a relational definition of Lambda.

lemma Lambda-syq: A R = R~ + epsilon
(proof )

lemma epsiloff-epsilon: epsiloff = epsilon™

{proof)

lemma alpha-set: a R = {(a,b) |a b. b € |J{B. (a,B) € R}}
(proof)

lemma alpha-relcomp [simp]: « (R; S) =R ;a S
(proof)

lemma Lambda-epsiloff-upl: f = A R=— R=a f
(proof )

lemma Lambda-epsiloff-up2: deterministic f —= R=a f = f=AR
(proof)

lemma Lambda-epsiloff-up:
assumes deterministic f
shows (R=a f) = (f = A R)
(proof)

11



lemma det-lambda: deterministic (A R)
{proof)

lemma Lambda-alpha-canc: deterministic f = A (a f) = f
(proof )

lemma alpha-Lambda-canc [simp]: « (A R) = R
{proof)

lemma alpha-cancel:
assumes deterministic f
and deterministic g
showsa f=ag9g= f=y

(proof)

lemma Lambda-fusion:
assumes deterministic f
shows A (f; R)=f; AR
(proof)

lemma Lambda-fusion-var: A (A R; S)=AR;AS
(proof)

lemma Lambda-epsiloff [simp]: A epsiloff = Id
(proof)

lemma alpha-epsiloff [simp]: o Id = epsiloff
(proof )

lemma alpha-Sup-pres: « ((JR) = (UR € R. a R)
{proof)

lemma alpha-ord-pres: R C S = alpha R C alpha S
(proof)

lemma alpha-inf-pres: a {(a,4). 3B C. A= BN C A (a,B) € R A (a,C) € S}
=aRNals
(proof)

2.2 Relational image functor

definition pow :: (‘a, 'b) rel = (‘a set, 'b set) rel (P) where
P R = A (epsiloff ; R)

lemma pow-set: P R = {(A4,B). B = Image R A}
{proof)

lemma pow-set-var: P R = {(A,B). B = {b. 3a € A. (a,b) € R}}

12



{proof)

lemma pow-converse-set: P (R~) = {(Q,P). P = {a. 3b. (a,b) € RA b€ Q}}

{proof)

lemma det-pow: deterministic (P R)
{proof )

lemma Lambda-pow: A (R; S)=AR;P S
(proof)

lemma pow-funcl [simp]: P Id = Id
(proof )

lemma pow-func2: P (R; S)=PR;P S
(proof)

lemma Grph-Image [simp]: Grph o Image = P
(proof )

lemma lambda-alpha-idem [simp]: A (o (A (o R))) = A (o R)
(proof)

2.3 Unit and multiplication of powerset monad
definition cta :: (‘a,’a set) rel (n) where

n=AId

definition mu :: (‘a set set, 'a set) rel (u) where
u = pow epsiloff

lemma eta-set: n = {(a,{a}) |a. True}
{proof)

lemma alpha-eta [simp]: a n = Id

{proof)

lemma det-eta: deterministic n
{proof)

lemma mu-set: p = {(A,B). B={b.3C. C € ANbe C}}
(proof)

lemma det-mu: deterministic p
(proof )

lemma Lambda-eta:

assumes deterministic R
shows A R=R;n

13



(proof)

lemma eta-nat-trans:
assumes deterministic R
shows ;P R=R;n
(proof)

lemma mu-nat-trans:
assumes deterministic R
shows P (PR);u=p; PR
(proof )
The standard axioms for the powerset monad are derivable.
lemma pow-monadl [simp]: P 3 u=p; u
(proof)

lemma pow-monad?2 [simp]: P n; p = Id
{proof)

lemma pow-monad3 [simpl: n ; u = Id
(proof)

lemma Lambda-mu:
assumes deterministic R
shows A(R) ; u =R
(proof)

lemma pow-Lambda-mu [simp]: P (A R) ; p =P R
{proof)

lemma lambda-alpha-mu: A (a« R) = A R ; b
{proof)

lemma alpha-eta-pow [simp]: a (n; P R) = R
(proof)

lemma eta-pow-Lambda [simpl: n; P R =A R
(proof )

lemma pow-propl: P RCS= RCa(n;5)
(proof)

lemma pow-prop-2: RCP S = a(n; R)CS
(proof)

lemma pow-prop: R=P S = a(n; R) =5
(proof )

lemma alpha-eta-id [simp]: o (R ;1) = R

14



{proof)

lemma eta-alpha-idem [simp]: a (o R;m) ;n=a R ;n
(proof)

lemma lambda-eta-alpha [simp]: A (o (o R ;1)) = A (a R)
(proof)

lemma eta-lambda-idem [simp]: o (A (¢ R)) ;n=a R ;n
{proof)

lemma Grph-eta [simp]: Grph (Az. {z}) =n
{proof)

lemma Grph-epsiloff [simp]: Grph (Az. {x}) ; epsiloff = Id
{proof)

lemma Image-epsiloff [simp]: Image epsiloff o (Az. {z}) = id
(proof )

2.4 Subset relation

definition Omega :: ('a set, ‘a set) rel (1) where
Q = epsilon \ epsilon

lemma Omega-set: Q = {(4,B). A C B}
{proof)

lemma conv-Omega: Omega™ = epsiloff | epsiloff
(proof)

lemma epsilon-eta-Omega [simpl: n ; Q = epsilon
(proof )

lemma epsiloff-eta-Omega [simp]: O~ ; n~ = epsiloff
(proof )

lemma epsilon-Omega [simp]: epsilon ; Q = epsilon
(proof )

lemma conv-Omega-epsiloff [simp]: ¥ ; epsiloff = epsiloff
(proof)

lemma Lambda-conv [simp]: (A R)~ = epsilon + R~
{proof)

lemma Lambda-Omega: A R ; Q@ = R~ \ epsilon
(proof)
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lemma syg-epsiloff-prop [simp]: @~ ; (epsilon +~ R) = epsiloff | R~
(proof )

lemma pow-semicomm: ((P,Q) € PR;Q)=(AP;RCR;AQ)
(proof)

2.5 Complementation relation

definition Compl :: ('a set,’a set) rel (C) where
C = epsilon + —epsilon

lemma Compl-set: C = {(4,—A) |A. True}
{proof)

lemma Compl-Compl [simp]: C ; C = Id
(proof )

lemma Compl-def-var: C = A (—epsiloff)
(proof)

lemma converse-Compl [simp]: C~ = C
{proof)

lemma det-Compl: deterministic C
(proof)

lemma bij-Compl: bijective C
(proof )

lemma Compl-compl-epsiloff [simp]: C ; —epsiloff = epsiloff
(proof )

lemma Compl-epsiloff [simp]: C ; epsiloff = —epsiloff
(proof)

lemma compl-epsilon-Compl [simp]: —epsilon ; C = epsilon
(proof)

lemma epsilon-Compl [simp]: epsilon ; C = —epsilon
(proof )

lemma Lambda-Compl-var: A R ; C = R~ + —epsilon
(proof )

lemma Lambda-Compl: A R ;C = A (—R)
(proof)

2.6 Kleisli lifting and Kleisli composition
definition klift :: (‘a,’b set) rel = (‘a set,’b set) rel (-p [1000] 999) where
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(R)p =P (o R)
definition kcomp :: (‘a,’d set) rel = ('b,’c set) rel = (‘a,’c set) rel (infixl -p
70) where

R-pS=R;(9p

lemma klift-var: (R)p = A (epsiloff ; R ; epsiloff)
(proof )

lemma klift-set: (R)p = {(A,B). B =J (Image R A)}
(proof)

lemma klift-set-var: (R)p = {(A,B). B=J{C. Ja € A.(a,C) € R}}
{proof)

lemma klift-mu: (R)p =P R ; u
(proof)

lemma klift-empty: ({},A) € (R)p +— A = {}
(proof)

lemma klift-extl: (R ; (S)p)p = (R)p ; (S)p
(proof)

lemma klift-ext2: deterministic R = n; (R)p = R
(proof)

lemma klift-ext3 [simp]: (n)p = Id
{proof)

lemma pow-klift [simp]: (R ;n)p =P R
(proof)

lemma mu-klift [simp]: (Id)p = u
{proof)

lemma kcomp-var: R -p S=R;P S;pu
(proof)

lemma kcomp-assoc: R -p (S -p T)=(R-p S) -pT
(proof)

lemma kcomp-oner: R -p n = R
(proof)

lemma kcomp-onel: deterministic R = n -p R = R

(proof)
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2.7 Relational box

definition rbox :: (‘a,’d) rel = ('b set, 'a set) rel where
rbox R = A (epsiloff | R)

lemma rbozx-set: rbox R = {(Q,P). P = {a. V). (a,b) € R — b € Q}}
(proof)

lemma rboz-exp: ((Q,P) € (rbox (R::('a,’d) rel))) = (P = —{a. 3b. (a,b) € R A
be-Q})
(proof )

lemma rboz-subset: rbox R ; O~ = {(Q,P). P C {a. Vb. (a,b) € R — b € Q}}
{proof)

lemma rbox-semicomm: (Q,P) € rbox R ; @~ =(AP; RCR; A Q)
(proof)

lemma rboz-semicomm-var: (Q,P) € rbox R ; Q~ = (A PC(R; A Q) / R)
{proof)

lemma rbox-omega: rbox epsiloff = A (1)
(proof)

lemma Omega-rbox: Q = (a (rbox epsiloff))~
(proof)

lemma pow-rboz: ((Q,P) € rhox R ; Q) = ((P,Q) € P R; Q)
(proof)

lemma rboz-pow-Compl: rbox R =C ; P (R™) ; C
(proof)

lemma pow-rboz-Compl: P R = C ; rboz (R™) ; C
(proof)

lemma pow-conjugation: C ; (P (R7); Q)" =P R;C;Q~
(proof)

lemma pow-rboz-eq: rbox R ; @~ = (P R ; Q)~
(proof)

end

3 Basic Properties of Multirelations

theory Multirelations-Basics

imports Power-Allegories-Properties
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begin

This theory extends a previous AFP entry for multirelations with one
single objects to proper multirelations in Rel.

3.1 Peleg composition, parallel composition (inner union)
and units

type-synonym (’a,’b) mrel = (‘a,’b set) rel

definition s-prod :: ('a,’b) mrel = (’b,’c) mrel = ('a,’c) mrel (infixl - 75)
where

R-S={(aA). (3B. (a,B) e RAN3f.Vbe B. (bfb)e SYyNA=(*
B)))}

definition s-id :: (‘a,’a) mrel (1,) where

1o = (Ua. {(a,{a})})
definition p-prod :: (‘a,’b) mrel = ('a,’b) mrel = (‘a,’d) mrel (infixl || 70)
where

R||S={(ad). 3BC.A=BUCA (a,B) € R A (a,C) € 5)}

definition p-id :: ('a,’b) mrel (1,) where

Iz = (Ue {(a{})})

definition U :: ('a,’b) mrel where
U = {(a,A) |a A. True}

abbreviation NC = U — 1,

named-theorems mr-simp
declare s-prod-def [mr-simp| p-prod-def [mr-simp] s-id-def [mr-simp| p-id-def
[mr-simp] U-def [mr-simp]

lemma s-prod-idl [simp]: 1, - R = R
{proof)

lemma s-prod-idr [simp]: R - 1, = R
(proof)

lemma p-prod-ild [simp]: 1. || R = R
{proof)

lemma c-prod-idr [simp]: R || 1, = R
{proof)

lemma cl7 [simp]: 1, || 1, = 1,

(proof)
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lemma p-prod-assoc: R || S| T=R || (S| T)
(proof)

lemma p-prod-comm: R || S =S| R
{proof)

lemma subidem-par: R C R || R
(proof)

lemma meet-le-par: RN S CR| S
(proof)

lemma s-prod-distr: (RUS) - T=R-TUS-T
{proof)

lemma s-prod-sup-distr: (JX)-S=(JRe X.R-S5)
{proof)

lemma s-prod-subdistl: R - SUR-TCR-(SUT)
{proof)

lemma s-prod-sup-subdistl: X # {} = (USe€ X.R-S)CR-UX
{proof)

lemma s-prod-isol: RC S — R-TCS-T
(proof )

lemma s-prod-isor: RC S = T -RC T S
(proof )

lemma s-prod-zerol [simp]: {} - R = {}
(proof)

lemma s-prod-wzeror: R - {} C R
{proof)

lemma p-prod-zeror [simp]: R || {} = {}
{proof)

lemma s-prod-p-idl [simp]: 1, - R = 1,
(proof )

lemma p-id-st: R - 1, = {(a,{}) |a. 3B. (a,B) € R}
{proof)

lemma c6: R- 1, C 1,
(proof)
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lemma p-prod-distl: R || (SUT)=R|| SUR| T
(proof)

lemma p-prod-sup-distl: R || (UX) = (US € X. R | 5)
(proof)

lemma p-prod-isol: RC S = R|TC S| T
{proof)

lemma p-prod-isor: RC S = T | RCT| S
(proof)

lemma s-prod-assocl: (R-S)- T CR-(S-T)
{proof)

lemma seg-conc-subdistr: (R || S)- TCR-T | S-T
(proof)

lemma U-U [simp]: U - U =U
(proof)

lemma U-par-idem [simpl: U || U = U
(proof)

lemma p-id-NC: R — 1, = RN NC
(proof )

lemma NC-NC [simp]: NC - NC = NC
{proof)

lemma nc-par-idem [simp]: NC || NC = NC
{proof)

lemma cly:

assumes T || T C T

shows R-T||S-TC(R||S)-T
(proof)

lemma cl3: R- (S| T)CR-S|R-T
(proof)

lemma p-id-assocl: (1 - R)-S =1, -(R-5)
{proof)

lemma p-id-assoc2: (R - 1) - T=R- (1, -T)
{proof)

lemma cl! [simp]: R- 1 UR-NC=R-U
{proof)
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lemma tarski-auz:
assumes R — 1, # {}
and (a,A) € NC
shows (a,A) € NC - (R — 1) - NC)
(proof )

lemma tarski:
assumes R — 1, # {}
shows NC - (R — 1) - NC) = NC
(proof )

lemma tarski-var:
assumes R N NC # {}
shows NC - (RN NC) - NC) = NC

(proof)

lemma s-le-nc: 1, C NC
(proof )

lemma U-nc [simp]: U - NC = U
{proof)

lemma z-y-split [simp]: (RN NC)- SUR-{}=R-S
(proof )

lemma c-ne-compl [simp]: 1, U NC = U
{proof)

3.2 Tests

lemma s-id-st: R N 1, = {(a,{a}) |a. (a,{a}) € R}
(proof)

lemma subid-auz?:
assumes (a,A) € RN 1,
shows A4 = {a}
{proof)

lemma s-prod-test-auzl:
assumes (¢,4) € R - (PN 1,)
shows ((a,4A) € RN (Va € A. (a,{a}) € (PN 1,)))
(proof)

lemma s-prod-test-auzr2:
assumes (a,4) € R
andVa € A. (a,{a}) € S
shows (a,4A) € R - S
(proof)
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lemma s-prod-test: (a,A) € R- (PN 1,) «— (a,A) € RN (Va € A. (a,{a}) €
(PN1,))
(proof)

lemma s-prod-test-var: R - (P N 1,) = {(a,4). (a,A) € RA Va € A. (a,{a}) €
(PNis))}
(proof)

lemma test-s-prod-auzl:
assumes (a,A) € (PN 1,) - R
shows (a,{a}) € (PN 1,) A (a,A) € R
(proof)

lemma test-s-prod-aux2:
assumes (a,4) € R
and (a,{a}) € P
shows (a,A) € P - R
(proof)

lemma test-s-prod: (a,A) € (PN 1,) - R +— (a,{a}) € (PN 1,) A (a,4) € R
{proof)

lemma test-s-prod-var: (P N 1,) - R = {(a,A). (a,{a}) € (PN 1,) A (a,A) € R}
{proof)

lemma test-assocl: (R- (PN 1,)-S=R-((PN1,)-595)
(proof)

lemma test-assoc2: (PN 1,)-R)-S=(PN1,) - (R-S)
(proof)

lemma test-assoc3: (R-S) - (PN1,)=R-(S-(PNlI1,))
(proof)

lemma s-distl-test: (PN 1,)- (SUT)=(PN1l,)-SU(PNI1,) T
(proof)

lemma s-distl-sup-test: (PN 1,) - JX =(USe X. (PN 1,) -5
{proof)

lemma subid-par-idem [simp]: (PN 1,) || (PN 1,) = (PN 1,)
{proof)

lemma seq-conc-subdistrl: (PN 1,) - (S| T)=(PN1y)-S) | (PN1y)-T)
{proof)

lemma test-s-prod-is-meet [simp]: (PN 1,) - (Q@N1,)=PNQNI,
(proof)
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lemma test-p-prod-is-meet [simpl: (P N 1,) | (@ N 1,)=(PNi,)N(QNI1,)
{proof)

lemma test-multipliciativer: (PN QN 1,) - T=(PN1iy,)-T)N{(QN 1,)-
T)
(proof)

lemma cl9 [simp: (RN 1,) - 1| I, =RN 1,
{proof)

lemma s-subid-closed [simp]: RN NCN1,=RN 1,
(proof )

lemma sub-id-le-nc: RN 1, C NC
(proof )

lemma z-y-prop: 1, N (RN NC)-S)=1,NR-S
(proof )

lemma s-nc-U: 1I,NR-NC=1,NR-U
(proof)

lemma sid-le-nc-var: 1, "N R C 1, N (R || NC)
(proof)

lemma s-nc-par-U: 1, N (R || NC) =1, N (R || U)
(proof)

lemma s-id-par-s-prod: (PN 1,) | (@ N 1,)=(PN1,)-(QN1,)
(proof)

3.3 Parallel subidentities

lemma p-id-zero-st: R N 1, = {(a,{}) |a. (a,{}) € R}
{proof)

lemma p-subid-iff: RC 1, +— R -1, =R
(proof )

lemma p-subid-iff-var: RC 1, +— R-{} =R
(proof)

lemma term-par-idem [simp]: (RN 1) || (RN 1;)= (RN 1)
{proof)

lemma c! [simp]: R- 1. || R =R
{proof)
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lemma p-id-zero: RN 1, = R - {}

{proof )
lemma cl5: (R-S) - (T-{}))=R-(S-(T-{}))
(proof)
lemma c¢f: (R-S) - 1,=R- (S 1)
(proof )
lemma c¢3: (R||S)-1,=R-1,| 8- 1
(proof )
lemma p-id-idem [simp]: (R - 1) - 1 =R - 1,
{proof)
lemma z-c-par-idem [simp]: R - 1. || R- 1, =R - 1,
{proof )
lemma z-zero-le-c: R - {} C 1,
{proof)
lemma p-subid-Ib1: R - {} || S-{} C R {}
{proof )
lemma p-subid-b2: R -{} || S-{} €S- {}
(proof )
lemma p-subid-idem [simp]: R - {} || R - {} = R - {}
{proof )
}emr?}e;p-subid-glb: T-{JCR-{}=T -JCsS-{{=T-{JCR-{I
S -
{proof )
lemma p-subid-glb-iff: T - {} CR- {3} AT -{} S -{}«— T -{} C(R-{})
(S - {h)
(proof )

lemma z-c-glb: (T::("a,’d) mrel) - 1, C (R::('a,’b) mrel) - 1, = T - 1, C
(S:("a, by mrel) - 1, = T -1, C(R-1,) ] (S 1)
{proof)

lemma z-¢c-lbl: R- 1, S -1, CR- 1,
(proof)

lemma z-c-b2: R -1, || S -1, C S 1,
(proof )

lemma z-c-glb-iff: (T::('a,’b) mrel) - 1, C (R:('a,’b) mrel) - 1 AT - 1, C
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(S:z:("a,)b) mrel) - 1o «— T -1, C(R-1,) | (S 1)
{proof)

lemma nc-iffi: RC NC +— RN 1, ={}
(proof)

lemma nc-iff2: R C NC +— R - {} ={}
(proof)

lemma zero-assoc3: (R-S)-{}=R-(S-{})
(proof )

lemma z-zero-interr: R - {} || S-{} = (R | 9) - {}
(proof)

lemma p-subid-interr: R - T - 1. || S - T -1, =(R||S)- T 1,
(proof)

lemma cl2 [simp]: 1, N (RU NC) =R - {}
(proof)

lemma cl6 [simp]: R-{}-S=R-{}
{proof)

lemma cl11 [simp]: (R N NC) - 1. || NC = (RN NC) - NC
(proof)

lemma z-split [simp]: (RN NC)U (RN 1,) =R
{proof)

lemma z-split-var [simp]: (RN NC)UR-{} =R
{proof)

lemma s-z-c [simp]: 1, N R - 1, = {}
{proof)

lemma s-z-zero [simp]: 1, N R - {} = {}
(proof )

lemma c-nc [simp]: R - 1, N NC = {}
{proof)

lemma zero-nc [simp]: R - {} N NC = {}
{proof)

lemma nc-zero [simp]: (R N NC) - {} = {}
(proof)

lemma c-def [simp]: U - {} = 1,
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{proof)

lemma U-c [simp]: U - 1. = 1,
{proof)

lemma nc-c [simp]: NC - 1, = 1,
{proof)

lemma nc-U [simp]: NC - U =1U
{proof)

le<mm:}>x—c—nc—5plit [simp]: (RN NC) - NC)U (R-{} || NC)=(R- 1) || NC
proo

lemma z-c-U-split [simp]: R- UU (R-{}||U)=R- 1, || U
{proof)

lemma p-subid-par-eq-meet [simp]: R - {} || S-{} =R -{} nS-{}
{proof)

lemma p-subid-par-eq-meet-var [simp]: R+ 1, || S-1=R-1,NS - 1,
(proof)

lemma z-zero-add-closed: R - {} U S - {} = (RUS) - {}
(proof)

lemma z-zero-meet-closed: R - {} N S -{} = (RN S) - {}
{proof)

lemma scomp-univalent-pres: univalent R = univalent S = univalent (R - S)

(proof)

lemma univalent s-id
(proof )

lemma det-peleg: deterministic R = deterministic S = deterministic (R - )
(proof)

lemma deterministic-sid: deterministic 1,
(proof)

3.4 Domain

definition Dom :: (‘a,’b) mrel = (‘a,’a) mrel where
Dom R = {(a,{a}) |a. 3B. (a,B) € R}

named-theorems mrd-simp
declare mr-simp [mrd-simp] Dom-def [mrd-simp)
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lemma d-def-expl: Dom R =R - 1, || 1,
{proof)

lemma s-subid-iff2: (RN 1, = R) = (Dom R = R)
(proof)

lemma cl8-var: Dom R - S =R -1, | S
(proof)

lemma cl8 [simp]: R - 1, || 1o - S=R -1, S
(proof)

lemma cl10-var: Dom (R — 1) =1, N (R — 1.) - NC)
{proof)

lemma c10: (RN NC) - 1, || 1o = 1o N (RN NC) - NC)
(proof)

lemma cl9-var [simp]: Dom (RN 1,) = RN 1,
{proof)

lemma d-s-id [simp]: Dom R N 1, = Dom R
{proof)

lemma d-s-id-ax: Dom R C 1,
(proof)

lemma d-assocl: Dom R - (S - T)=(DomR-S)-T
{proof)

lemma d-meet-distr-var: (Dom R N\ Dom S) - T = Dom R- T N Dom S - T
{proof)

lemma d-idem [simp]: Dom (Dom R) = Dom R
{proof)

lemma cd-2-var: Dom (R - 1;)-S=R-1,| S
(proof)

lemma dc-propl [simp]: Dom R - 1. =R - 1,
(proof)

lemma dc-prop2 [simp]: Dom (R - 1) = Dom R
(proof)

lemma ds-prop [simp]: Dom R || 1, = Dom R
{proof)

lemma dc [simp]: Dom 1, = 1,
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{proof)

lemma cd-iso [simp]: Dom (R - 1) - 1. = R - 1,
{proof)

lemma dc-iso [simp]: Dom (Dom R - 1) = Dom R
{proof)

lemma d-s-id-inter [simp]: Dom R - Dom S = Dom R N Dom S
{proof)

lemma d-conc6: Dom (R || S) = Dom R || Dom S
{proof)

lemma d-conc-inter [simp]: Dom R | Dom S = Dom R N Dom S
{proof)

lemma d-conc-s-prod-az: Dom R || Dom S = Dom R - Dom S
{proof)

lemma d-rest-azx [simp]: Dom R - R = R
{proof)

lemma d-loc-az [simp]: Dom (R - Dom S) = Dom (R - S)
{proof)

lemma assoc-p-subid: (R - S) - (T -1,)=R-(S-(T - 1))
(proof)

lemma d-exp-azx [simp]: Dom (Dom R - S) = Dom R - Dom S
{proof)

lemma d-comm-ax: Dom R - Dom S = Dom S - Dom R
(proof )

lemma d-s-id-prop [simp]: Dom 1, = 1,
(proof )

lemma d-s-prod-closed [simp]: Dom (Dom R - Dom S) = Dom R - Dom S
{proof)

lemma d-p-prod-closed [simp]: Dom (Dom R || Dom S) = Dom R || Dom S
{proof)

lemma d-idem?2 [simp]: Dom R - Dom R = Dom R
{proof)

lemma d-assoc: (Dom R - Dom S) - Dom T = Dom R - (Dom S - Dom T)
(proof)
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lemma iso-1 [simp]: Dom R - 1, || 1o = Dom R
{proof)

lemma d-idem-par [simp]: Dom R || Dom R = Dom R
{proof)

lemma d-inter-r: Dom R - (S || T) = Dom R - S || Dom R - T
{proof)

lemma d-add-az: Dom (R U S) = Dom R U Dom S
(proof)

lemma d-sup-add: Dom ((JX) = (UR € X. Dom R)
{proof)

lemma d-distl: Dom R - (S U T)=Dom R-S U Dom R - T
{proof)

lemma d-sup-distl: Dom R - | JX = (US € X. Dom R - S)
{proof)

lemma d-zero-ax [simp]: Dom {} = {}
(proof)

lemma d-absorb! [simp]: Dom R U Dom R - Dom S = Dom R
{proof)

lemma d-absord2 [simp]: Dom R - (Dom R U Dom S) = Dom R
{proof)

lemma d-dist1: Dom R - (Dom S U Dom T) = Dom R - Dom S U Dom R -
Dom T

{proof)

lemma d-dist2: Dom R U (Dom S - Dom T) = (Dom R U Dom S) - (Dom R U
Dom T)

{proof)

lemma d-add-prod-closed [simp]: Dom (Dom R U Dom S) = Dom R U Dom S
{proof)

lemma z-zero-prop: R - {} || S = Dom (R - {}) - S
{proof)

lemma cda-add-ax: Dom (RUS) - T) = Dom (R - T) U Dom (S - T)
{proof)

lemma d-z-zero: Dom (R - {}) = R-{} || 1,

30



{proof)

lemma cda-az2:
assumes (R || S)- Dom T =R-Dom T | S- Dom T
shows Dom (R || S) - T) = Dom (R - T) - Dom (S - T)
(proof )

lemma d-ib1: Dom R - Dom S C Dom R
(proof)

lemma d-1b2: Dom R - Dom S C Dom S
(proof )

lemma d-glb: Dom T'C Dom R AN Dom T C Dom S = Dom T C Dom R -
Dom S

(proof)

lemma d-glb-iff: Dom T C Dom R N Dom T C Dom S «— Dom T C Dom R -
Dom S

{proof)

lemma d-interr: R - Dom P || S - Dom P = (R || S) - Dom P
(proof)

lemma cl10-d: Dom (RN NC) =1, N (RN NC) - NC
(proof)

lemma cl11-d [simp]: Dom (R N NC) - NC = (RN NC) - NC
{proof)

lemma cl10-d-varl: Dom (RN NC) =1, N R - NC
{proof)

lemma cl10-d-var2: Dom (RN NC) =1, N (RN NC) - U
(proof)

lemma cl10-d-var3: Dom (RN NC)=1,NR-U
{proof)

lemma d-U [simp]: Dom U = 1,
{proof)

lemma d-nc [simp]: Dom NC = 1,
{proof)

lemma alt-d-def-nc-nc: Dom (RN NC) = 1, N (RN NC) - 1) || NC)
{proof)

lemma alt-d-def-nc-U: Dom (RN NC) =1, N (RN NC) - 1) | U)
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{proof)

lemma d-def-split [simp]: Dom (R N NC) U Dom (R - {}) = Dom R
{proof)

lemma d-def-split-var [simp]: Dom (RN NC)U (R -{}) || 15) = Dom R
(proof)

lemma az7 [simp]: (1o " R-U)U (R -{}| 1,) = Dom R
{proof)

lemma domi2-d: Dom R =1, N (R - 1, || NC)
(proof)

lemma dom12-d-U: Dom R=1,N (R - 1, || U)
{proof)

lemma dom-def-var: Dom R = (R- U N 1,) | 1,
{proof)

lemma az5-d [simp]: Dom (RN NC)- U= (RN NC)-U
{proof)

lemma az5-0 [simp]: Dom (R -{}) - U=R-{} || U
(proof)

lemma z-c-U-split2: Dom R - NC = (RN NC) - NC U (R - {} || NC)
(proof)

lemma z-c-U-split: Dom R - U = (RN NC)- UU(R-{}| U)
(proof)

lemma z-c-U-split-d: Dom R - U=R-UU (R-{} | U)
(proof)

lemma z-U-prop2: R - NC = Dom (RN NC) - NC UR - {}
(proof)

lemma z-U-prop3: R - U = Dom (RN NC) - UUR - {}
(proof)

lemma d-z-nc [simp]: Dom (R - NC) = Dom R
{proof)

lemma d-z-U [simp]: Dom (R - U) = Dom R
{proof)

lemma d-llp1: Dom R C Dom S — R C Dom S - R
(proof )
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lemma d-llp2: R C Dom S - R = Dom R C Dom S
(proof )

lemma demod1: Dom (R -S) € Dom T => R - Dom S C Dom T - R
(proof)

lemma demod2: R - Dom S C Dom T - R = Dom (R - S) C Dom T
(proof)

lemma d-meet-closed [simp]: Dom (Dom x N Dom y) = Dom x N Dom y

{proof)

lemma d-add-var: Dom P - R U Dom @ - R = Dom (PU @) - R
{proof)

lemma d-interr-U: Dom z - U || Domy - U = Dom (z || y) - U
{proof )

lemma d-meet: Dom z - z N Dom y - z = (Dom x N Dom y) - z
{proof)

lemma cs-hom-meet: Dom (x - 1 Ny - 1) = Dom (x - 1) N Dom (y - 1)
{proof )

lemma iso3 [simp]: Dom (Dom z - U) = Dom x
{proof)

lemma iso4 [simp]: Dom (x - 1, | U) - U=z -1, || U
{proof)

lemma iso3-sharp [simp]: Dom (Dom (z N NC) - NC) = Dom (z N NC)
(proof)

lemma iso4-sharp [simp]: Dom ((x N NC) - NC) - NC = (¢ N NC) - NC
{proof)

3.5 Vectors

lemma vec-iff1:
assumes Va. (3A. (a,4) € R) — (VA. (a,4) € R)
shows R- 1, || U=R
(proof)

lemma vec-iff2:
assumes R - 1, || U =R
shows (Va. (34. (a,4) € R) — (VA. (a,A) € R))
(proof)
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lemma vec-iff: (Va. (3A. (a,A) € R) — (VA. (a,A) € R))«— R -1, || U=R
{proof )
lemma U-par-zero [simpl: {} - R || U = {}
{proof)
lemma U-par-s-id [simp]: 1, - 1. || U=1TU
{proof )
lemma U-par-p-id [simp]: 1, - 1, || U=TU
(proof )

lemma U-par-nc [simp]: NC - 1, || U=U
{proof)

3.6 Up-closure and Parikh composition

definition s-prod-pa :: ('a,’b) mrel = ('b,’c) mrel = (‘a,’c) mrel (infixl @ 75)
where
R® S ={(a,4). (AB. (a,B) € RN (Vb€ B. (b,A) € 5))}

lemma U-par-st: (a,A) € R|| U +— (3B. BC A A (a,B) € R)
{proof)

lemma p-id-U: R || U = {(a,B). 3A. (a,A) € RN AC B}
(proof)

lemma ucl-iff: (Va A B. (a,A) ¢ RANACB— (a,B)e R)+— R|U=R
{proof)

lemma upclosed-ext: R C R || U
(proof)

lemma onelem: R - S || UCR® (S| U)
{proof)

lemma twolem: R® (S| U)CR-S|| U
(proof)

lemma pe-pa-sim: R - S || U=R® (S || U)
(proof)

lemma pe-pa-sim-var: (R || U) - (S| U) | U=(R|| U)® (S| U)
(proof )

|1|erél)n)fla pa-assocl: (R || U) @ (S || U)) @ (T [ U) C(R| V) (5] U)e (T
(proof )
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lemma up-closed-par-is-meet: (R || U) || (S| U)=(R || U)n (S| U)
(proof)

lemma U-nc-par [simp]: NC || U = NC
{proof)
lemma uc-par-meet: (R || U)N (S| U)=R||U|S|U
{proof )
lemma uc-unc [simp]: R|| U| R| U=R| U
(proof )
lemma uc-interr: (R || S) - (T || U)=R-(T|U)|S-(T] U)
(proof)
lemma iso5 [simp]: (R- 1, || U) -1 =R - I,
{proof )
lemma iso6 [simpl: (R- 1. || U)- 1| U=R-1,|| U
(proof)
lemma sv-hom-par: (R || S) - U=R-U| S -U
{proof )
lemma vs-hom-meet: Dom (R - 1, || U)N(S - 1] U))=Dom (R- 1, | U)
N Dom (S 1, U)
(proof )
lemma cv-hom-meet: (R - 1, NS 1) || U=(R-1,||U)N(S- 1| U)
(proof)
lemma cv-hom-par [simp]: R| U S| U=(R]|S)| U
{proof )
lemma ve-hom-meet: (R- 1, || U)N(S -1, || U)) - 1.=(R- -1 || U)- 1)
N ((S'Ifr ” U) : 17?)
(proof)
lemma ve-hom-seq: (R - 1, || U) - (S - 1| U)) - 1. =(R- 1| U) - 1,) -

(proof)

3.7 Nonterminal and terminal multirelations

definition tau :: (‘a,’b) mrel = (‘a,’b) mrel (1) where
TR=R-{}

definition nu :: (‘a,’d) mrel = ('a,’b) mrel (v) where
v R=RnNNC
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lemma nc-s [simp|: v 1, = 1,
{proof)

lemma nc-scomp-closed: v R - v § C NC
(proof)

lemma nec-scomp-closed-alt [simp: v (W R-v S)=v R-v S
{proof)

lemma nc-ccomp-closed: v R || v S € NC
(proof)

lemma nc-ccomp-closed-alt [simp]: v (R ||v S) =R || v S

(proof)

lemma tarski-prod: (v R - NC) - (v S - NC) = (if v § = {} then {} else v R -
NC)
(proof)

lemma nc-prod-auzx [simp]: (v R - NC) - NC =v R - NC
{proof)

lemma nc-vec-add-closed: (v R- NCUv S - NC)- NC=v R-NCUv S -NC
{proof)

lemma nc-vec-par-is-meet: v R - NC || v S- NC=v R-NCnNnvS§-NC
(proof)

lemma nc-vec-meet-closed: (v R- NCNv S-NC) - NC=vR-NCnvS§-NC
{proof)

lemma nc-vec-par-closed: (v R - NC || v S - NC)- NC=v R-NC|vS-NC
{proof)

lemma nc-vec-seq-closed: (v R - NC) - (v S- NC))- NC=(wR-NC)-(v S -
NC)
(proof)

lemma iso5-sharp [simp]: (W R - 1, || NC) -1, =v R 1,
{proof)

lemma iso6-sharp [simp]: (v R - NC - 1) || NC =v R - NC
(proof)

lemma nsv-hom-par: (R || S) - NC =R - NC | §- NC
{proof)

lemma nvs-hom-meet: Dom (v R - NC Nv S - NC) = Dom (v R- NC) N Dom
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(v S-NC)
{proof)

lemma ncv-hom-meet: R - 1, NS -1, || NC=(R- 1 || NC)N (S 1, ] NC)
{proof)

lemma ncv-hom-par: (R || S) || NC =R | NC | S| NC
{proof)

lemma nvc-hom-meet: (v R- NCNv S -NC)-1,=wR-NC)-1,N (v S -
NC) - 1,
{proof)

lemma tau-int: 7 R < R

(proof)

lemma nu-int: v R < R
(proof )

lemma tau-ret [simp): 7 (t R) =7 R
{proof)

lemma nu-ret [simp]: v (v R) = v R
{proof)

lemma tau-iso: R< S= 7t R<71S8
(proof )

lemma nu-iso: R< S=v R<v S
(proof)

lemma tau-zero [simp]: 7 {} = {}

{proof)

lemma nu-zero [simp]: v {} = {}
{proof)

lemma tau-s [simp]: 7 1, = {}
{proof)

lemma tau-c [simpl: 7 1 = 1,
(proof)

lemma nu-c [simpl: v 1, = {}
{proof)

lemma tau-nc [simp]: 7 NC = {}
(proof)
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lemma nu-nc [simp]: v NC = NC
{proof)

lemma tau-U [simp]: T U = 1,
(proof)

lemma nu-U [simp]: v U = NC
{proof)

lemma tau-add [simp]: 7 (RUS) =7 RUT S
(proof)

lemma nu-add [simp]: v (RUS)=v RUv S
{proof)

lemma tau-meet [simp]: T (RN S)=7RN7TS
(proof)

lemma nu-meet [simp): v (RN S)=v RNv S
{proof)

lemma tau-seq: 7 (R-S)=7RUv R -7 8
(proof)

lemma tau-par [simpl]: 7 (R|| S)=7R| 7S
(proof)

lemma nu-par-auzl: R || 7 S = Dom (1 S) - R
{proof)

lemma nu-par-auz3 [simp: v (v R||7S)=v R| 7S
{proof)

lemma nu-par-auzs [simpl: v (t R || 7 S) = {}
(proof)

lemma nu-par: v (R || S) = Dom (t R) v SUDom (rS)- v RUWR|vS)
{proof)

lemma sprod-tau-nu: R - S =71 RUv R - S

(proof )
lemma pprod-tau-nu: R || S=(w R| v S)U Dom (tr R) -v SUDom (15) v
RU(TR|TS)

(proof)

lemma tau-idem [simp]: T R-7 R=7 R
{proof)
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lemma tau-interr: (R || S) -7 T=R-7T|S-7T

(proof)

lemma tau-le-c: 7 R < 1,
(proof )

lemma c-le-tauc: 1, <7 1,

{proof)

lemma z-alpha-tau [simp]: v RUT R = R
(proof)

lemma alpha-tau-zero [simpl: v (T R) = {}
(proof)

lemma tau-alpha-zero [simp): 7 (v R) = {}
(proof)

lemma sprod-tau-nu-var [simpl: v (v R - S) =v (R - 5)
{proof)

lemma tau-s-prod [simp]: 7 (R-S)=R-7 8
(proof)

lemma alpha-fp: v R = R +— R - {} = {}
(proof)

lemma p-prod-tau-alpha: R || S=(R||v S)UW@ R|| S)U(Tr R| 7 595)
(proof)

lemma p-prod-tau-alpha-var: R || S=(R||v S)UWw R | S)ur (R| S)
{proof)

lemma alpha-par: v (R || S)=w R || S)U (R | v S)
(proof)

lemma alpha-tau [simp]: v (R -7 S) = {}
(proof )

lemma nu-par-prop: v R=R=—v (R|| S)=R| S
(proof)

lemma tau-seg-prop: T R=R=— R-S =R
(proof)

lemma tau-seg-prop2: T R=R=—717(R-S)=R-S
(proof)

lemma d-nu: v (Dom R - S) = Dom R -v S
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{proof)

lemma nu-ideall: v R=R=— S<R=—vS=2S5
(proof)

lemma tau-ideall: T R=R — S<R=—78=2S8
(proof )

lemma nu-ideal2: v R=R=—=v S=5S=v (RUS)=RUS
{proof)

lemma tau-ideal2: T R=R—75=5S=7(RUS)=RUS
(proof)

lemma tau-add-precong: T R< 78S =7 (RUT)<7(SUT)
{proof)

lemma tau-meet-precong: T R< 7S =717 (RNT)<7(S5NT)
(proof)

lemma tau-par-precong: T R< 7S =7 (R| T)<7 (S| T)
(proof)

lemma tau-seq-precongl: T R <178 =7 (T -R) <7 (T-5)
{proof)

lemma nu-add-precong: v R<v S = v (RUT)<v (SUT)
(proof)

lemma nu-meet-precong: v R<v S=v (RN T)<v (SNT)

(proof)

lemma nu-seg-precongr: v R<v S = v (R-T)<v (S-T)
{proof )

definition
tcgRS=(TR<7SATS<7TR)

definition
nggRS=wWR<vSAvS<vR)

lemma tcg-refi: tcg R R
(proof)

lemma tcg-trans: tcg R S = teg ST = tcg R T
(proof )

lemma tcg-sym: tcg R S = tcg S R
(proof)
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lemma ncg-refi: ncg R R
(proof)

lemma ncg-trans: ncg RS = ncg ST = ncg R T
(proof)

lemma ncg-sym: ncg R S = ncg S R
(proof )

lemma tcg-alt: tcg RS = (tr R=1719)
(proof)

lemma ncg-alt: ncg R S = (v R=v S)
{proof)

lemma itcg-add: T R=78 =7 (RUT)=7(SUT)
(proof)

lemma tcg-meet: TR=78 =7 (RN T)=7(5SNT7T)
{proof)

lemma tcg-par: T R=785 =7 (R| T)=7 (S| T)
(proof)

lemma tcg-seq: TR=75 = 7 (T -R)=7(T-5)
(proof)

lemma ncg-add: v R=v S =v (RUT)=v (SUT)
{proof)

lemma ncg-meet: vR=v S = v (RN T)=v (SN T)
{proof)

lemma ncg-seqgr: v R=v S = v (R-T)=v (5 -T)
{proof)

3.8 Powers

primrec p-power :: (‘a,’a) mrel = nat = ('a,’a) mrel where
p-power R 0 =1,
p-power R (Suc n) = R - p-power R n

primrec power-rd :: ('a,’a) mrel = nat = (‘a,’a) mrel where
power-rd R 0 ={}]
power-rd R (Suc n) = 1, U R - power-rd R n

/

primrec power-sq :: ('a,’a) mrel = nat = (‘a,’a) mrel where

power-sq R 0 =1,
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power-sq R (Suc n) = 1, U R - power-sq R n

lemma power-rd-chain: power-rd R n < power-rd R (n + 1)
(proof )

lemma power-sg-chain: power-sq R n < power-sq R (n + 1)
(proof )

lemma pow-chain: p-power (1, U R) n < p-power (1, U R) (n + 1)
{proof)

lemma pow-prop: p-power (1, UR) (n+ 1) =1, U R - p-power (1, U R) n
(proof )

lemma power-rd-le-sq: power-rd R n < power-sq R n
(proof)

lemma power-sg-le-rd: power-sq R n < power-rd R (Suc n)
(proof)

lemma power-sg-power: power-sq R n = p-power (1, U R) n
(proof )

3.9 Star
lemma iso-prop: mono (AX. S U R - X)
(proof)
lemma gfp-ifp-prop: gfp AX. R- X)Ulfp AX. SUR-X) C gfp A\ X. SUR -
X)
(proof)

definition star :: (‘a,’a) mrel = (‘a,’a) mrel where
star R = lfp (A\X. s-id U R - X)

lemma star-unfold: 1, U R - star R < star R
(proof )

lemma star-induct: 1, UR -5 < S = star R< S
(proof)

lemma star-refi: 1, < star R
(proof)

lemma star-unfold-part: R - star R < star R
(proof)

lemma star-ext-aux: R < R - star R
(proof )
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lemma star-ext: R < star R
(proof)

lemma star-co-trans: star R < star R - star R
(proof )

lemma star-iso: R < S = star R < star S
(proof)

lemma star-unfold-eq [simp]: 1, U R - star R = star R
{proof)

lemma nu-starl:

assumes A(R::(’a,’a) mrel) (S::('a,’a) mrel) (T::("a,’a) mrel). R - (S - T) =
(R-8)-T

shows star (R::('a,’a) mrel) < star (v R) - (1, U T R)

(proof)

lemma nu-star2:
assumes A(R::(’a,’a) mrel). star R - star R < star R
shows star (v (R::(‘a,’a) mrel)) - (1, U7 R) < star R
{proof )

lemma nu-star:

assumes A(R::(’a,’a) mrel). star R - star R < star R

and A(R:('a,’a) mrel) (S::('a,’a) mrel) (T::('a,’a) mrel). R - (S - T) = (R - 9)
T

shows star (v (R::('a,’a) mrel)) - (1o U T R) = star R

(proof)

lemma tau-star: star (1 R) = 1, UT R

{proof)

lemma tau-star-var:

assumes A(R::(‘a,’a) mrel) (S::('a,’a) mrel) (T::("a,’a) mrel). R - (S - T) =
(R-8)-T

and A(R:('a,’a) mrel). star R - star R < star R

shows 7 (star (R::('a,’a) mrel)) = star (v R) - 7 R

(proof)

lemma nu-star-sub: star (v R) < v (star R)

(proof)

lemma nu-star-nu [simp]: v (star (v R)) = star (v R)
{proof)

lemma nu-star-tau [simpl: v (star (1 R)) = 1,

{proof)
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lemma tau-star-tau [simp]: 7 (star (7 R)) =7 R
(proof )

lemma tau-star-nu [simp]: T (star (v R)) = {}
(proof)

lemma d-star-unfold [simp]: Dom S U Dom (R - Dom (star R - S)) = Dom (star
R-9)
(proof)

lemma d-star-sim1:

assumes AR S T. Dom (T::("a,’d) mrel) U (R::('a,’a) mrel) - (S::('a,’a) mrel)
< S = star R-Dom T < S8

shows (R::('a,’a) mrel) - Dom (T::('a,’b) mrel) < Dom T - (S::('a,’a) mrel)
= star R - Dom T < Dom T - star S

(proof)

lemma d-star-induct:

assumes AR S T. Dom (T::('a,’b) mrel) U (R::(‘a,’a) mrel) - (S::(“a,’a) mrel)
<S=starR-Dom T < 8§

shows Dom ((R::('a,’a) mrel) - (S::("a,’a) mrel)) < Dom S = Dom (star R -
S) < Dom S

(proof)

3.10 Omega

definition omega :: (‘a,’a) mrel = (‘a,’a) mrel where
omega R = gfp (AX. R - X)

lemma om-unfold: omega R < R - omega R
(proof)

lemma om-coinduct: S < R - S = S < omega R
(proof)

lemma om-unfold-eq [simp]: R - omega R = omega R
(proof )

lemma om-iso: R < S = omega R < omega S
(proof)

lemma zero-om [simp|: omega {} = {}
{proof)

lemma s-id-om [simp]: omega 1, = U
{proof)

lemma p-id-om [simp]: omega 1, = 1,
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{proof)

lemma nc-om [simp]: omega NC = U
{proof)

lemma U-om [simp]: omega U = U
(proof)

lemma tau-om!: 7 R < 7 (omega R)
{proof)

lemma tau-om2 [simp]: omega (T R) =7 R
{proof)

lemma tau-om3: omega (1 R) < 7 (omega R)
{proof)

lemma om-nu-tau: omega (v R) U star (v R) - 7 R < omega R
(proof)

end

4 Multirelational Properties of Power Allegories

theory Power-Allegories-Multirelations
imports Multirelations-Basics

begin
We start with random little properties.

lemma eta-s-id: n = s-id
{proof )

lemma Lambda-empty [simp]: A {} = p-id
{proof)

lemma alpha-pid [simp]: o p-id = {}
{proof)

4.1 Peleg lifting

definition plift :: (‘a,’b) mrel = ('a set,’b set) rel (-. [1000] 999) where
R. ={(A,B). 3f. Va € A. (a,f(a)) € R) N B=U(f “A)}

lemma pcomp-plift: R - S = R ; S,
(proof )

lemma det-plift-klift: deterministic R = R, = (R)p
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{proof)

lemma plift-ext2 [simp]: n ; R« = R
(proof)

lemma pliftext-3 [simp]: n., = Id
(proof)

lemma d-dom-plift: (Dom R). = dom (R.)
(proof)

lemma d-pid-plift: (Dom R),. C Id
(proof )

lemma d-plift-sub: A C B = (B,B) € (Dom R), = (A,A) € (Dom R).
{proof)

lemma plift-empty: ({},4) € R, «— A ={}
{proof)

lemma univ-plift-klift:
assumes univalent R
shows R, = (Dom R). ; (R)p
(proof)

lemma plift-ext?:
assumes univalent f
shows (R ; f.)« = Ry ; [«
(proof)

lemma plift-assoc-univ: univalent f = (R - S) - f =R - (S - f)
(proof )

lemma Lambda-funct: A (R; S)=AR-AS
{proof)

lemma eta-funct: R ; S;n=(R;n)-(S;n)
(proof)

lemma alpha-funct-det: deterministic R = deterministic S = o (R - S) = «
R;alfS
(proof)

lemma pcomp-det: deterministic S = R - S = R ; (S)p
(proof )

lemma pcomp-det2: deterministic R = deterministic S = (R - S)p = (R)p ;

(S)r
(proof)
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lemma pcomp-alpha: « (R - S) = R ; a ((5)«)
(proof)

4.2 Fusion and fission

definition fus :: (‘a,’b) mrel = ('a,’b) mrel where
fus R = A (a R)

definition fis :: (‘a,’d) mrel = ('a,’b) mrel where
fisR=aR;n

lemma fus-set: fus R = {(a,B) |a B. B = J(Image R {a})}
(proof)

lemma fis-set: fis R = {(a,{b}) |a b. b € U (Image R {a})}
(proof )

lemma fis-det-comp: deterministic R = deterministic S = fis (R - S) = fis R

- fis S
(proof)

lemma fis-fiz-det: deterministic R = (fus R = R)
(proof )

4.3 Galois connections for multirelations

lemma sub-subh: R C S = R C S ; (epsiloff | epsiloff)
(proof )

lemma alpha-Lambda-galois: (¢« R C S) = (R C A S ; (epsiloff ) epsiloff))
(proof)

lemma alpha-Lambda-galois-set: (¢« R C S) = (R C {(a,4). 3B. (a,B) € A S A
A C B}
(proof)

lemma epsiloff-eta-lres: epsiloff ; n C epsiloff /| epsiloff
(proof)

lemma eta-alpha-galois: (R ;n C S ; (epsiloff ) epsiloff)) = (R C a S)
(proof)

lemma eta-alpha-galois-set: (R ; n C {(a,4). 3B. (a,B) € SN AC B}) = (R C
a S)
{proof)

lemma Lambda-iso: R C S = A R C A S ; (epsiloff | epsiloff)
(proof )
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lemma eta-iso: R C S = R ;n C S ;n; (epsiloff | epsiloff)
(proof )

lemma alpha-iso: R C S ; (epsiloff ) epsiloff) = a R C o S
(proof )

lemma Lambda-canc-dcl: R C A (a R) ; (epsiloff ) epsiloff)
{proof)

lemma eta-canc-del: « R ;n C R ; (epsiloff | epsiloff)
(proof )

lemma alpha-surj: surj o
(proof )

lemma Lambda-inj: inj A
(proof)

lemma eta-inj: inj (Az. = ; n)
{proof)

lemma fus-least-odet:

assumes A (o S) = S

and R C S ; (epsiloff ) epsiloff)

shows A (a R) C S ; (epsiloff /| epsiloff)
(proof)

lemma fis-greatest-idet:

assumes a S ;n =S5

and S C R ; (epsiloff /| epsiloff)

shows S C « R ; n ; (epsiloff /| epsiloff)
(proof)

lemma fis-fus-galois: (a R ;n C S ; (epsiloff | epsiloff)) = (R C A (a 5) ;
(epsiloff | epsiloff))
(proof )

4.4 Properties of alpha, fission and fusion

lemma alpha-laz: « (R-S) CaR;a S
{proof)

lemma alpha-down [simp]: o (R ; Q7)) =a R
{proof)

lemma fis-fis [simp]: fis o fis = fis
(proof )

lemma fus-fus [simp]: fus o fus = fus
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{proof)

lemma fis-fus [simp]: fis o fus = fis
(proof)

lemma fus-fis [simp]: fus o fis = fus
(proof)

lemma fis-alpha: fis R- S=a R; S
(proof )

lemma fis-laz: fis (R - S) C fis R - fis S
(proof )

lemma klift-fus: (R)p = fus (epsiloff ; R)
(proof)

lemma fus-eta-klift: fus R =1 ; (R)p
(proof )

lemma fus-Lambda-mu: fus R = A R ; p
(proof)

4.5 Properties of fusion, fission, nu and tau
lemma alpha-tau [simp]: « (7 R) = {}
(proof )

lemma alpha-nu [simp]: « (v R) = a R
{proof )
lemma nu-fis [simp]: v (fis R) = fis R
(proof)
lemma nu-fis-var: v (fis R) = fis (v R)
{proof )
lemma tau-fis [simp]: 7 (fis R) = {}
(proof )
Properties of tests and domain
lemma subid-plift: (P N 7). = {(4,4)|A.Va € A. (a,{a}) € (P N1n)}
{proof )
lemma U-subid: R ; (PN n),=RNU; (PNn
(proof)

lemma subid-plift-down: U ; (P N )y ; Q~ = U ; (P N7,
(proof )
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lemma nu-subid-plift: v (R ; (P N n).) =v R; ( PNn.
(proof )

lemma dom-fisl: dom (fis R) = dom (a R)
(proof )

lemma dom-fis2: dom (fis R) = dom (o (v R))
{proof)

lemma dom-fis3: dom (fis R) = dom (v R)
(proof)

lemma dom-fisj: dom (fis R) = dom (v (fus R))
(proof)

lemma dom-alpha: dom (a R ; (P N n)) =dom (v (R; Q7)) ; (P N1
(proof)

4.6 Box and diamond

definition boz :: (“a, 'b) mrel = ('b set, 'a set) rel where
boz R = rbozx (o R)

definition dia :: (‘a, 'b) mrel = ('b set, 'a set) rel where
dia R =P ((a« R)7)

lemma boz-set: box R = {(B, A). A ={a.VC. (a, C) € R— C C B}}
{proof)

lemma dia-set: dia R = {(B, A). A={a.3C. (a, C) € RACN B #{}}}
{proof)

lemma boz-Omega: box R = A (0~ /| R)
(proof)

end
theory Multirelations

imports Power-Allegories-Multirelations
begin
lemma nonempty-set-card:

assumes finite S
shows S # {} +— card S > 1

{proof)

no-notation one-class.one (1)
no-notation times-class.times (infixl % 70)
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no-notation rel-fdia ((|-)-) [61,81] 82)
no-notation rel-bdia (({-|-) [61,81] 82)
no-notation rel-fbox ((|-]-) [61,81] 82)
no-notation rel-bboz (([-|-) [61,81] 82)

declare s-prod-pa-def [mr-simp)

notation s-prod (infixl * 70)
notation s-id (1)

lemma sp-oi-subdist:
(PN« (RNS)CPx*xR
(proof )

lemma sp-oi-subdist-2:

(PNQ)«x(RNS)C(PxR)N(Qx*S9)
(proof)

5 Inner Structure

5.1 Inner union, inner intersection and inner complement

abbreviation inner-union (infixl UU 65)
where inner-union = p-prod

definition inner-intersection :: ('a,’b) mrel = (‘a,’b) mrel = ('a,’d) mrel (infixl
NN 65) where
RnS={(a,B).3CD.B=CNDA(a,C)eRA(a,D)e S}

definition inner-complement :: ('a,’b) mrel = (‘a,’b) mrel (~ - [80] 80) where
~R={(a,B) . (a,—B) € R}

abbreviation iu-unit (1,y)
where 1,y = p-id

definition é-unit :: ('a,’a) mrel (1qn)
where 11 = { (a,UNIV) | a . True }

declare inner-intersection-def [mr-simp| inner-complement-def [mr-simp]
ti-unit-def [mr-simp)

lemma fu-assoc:
(RUUS)UU T =RUU (SUUT)

{proof)

lemma u-commute:
RUUS=S5SUUR

(proof)
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lemma fu-unit:
R Uu -ZUU == R
(proof)

lemma 7i-assoc:
(RN S)NN T =RNN(SNN T)
(proof )

lemma 7i-commute:

RNNS=SNNR
{proof )

lemma éi-unit [simp):
R nN Iﬂﬂ = R
{proof)

lemma pa-ic:

~R®~S)=R® S

(proof)

lemma ic-involutive [simp]:
~~R =R
(proof)

lemma ic-injective:
(proof)

lemma ic-antidist-iu:
~(RUU S) =~R NN ~S
(proof)

lemma ic-antidist-ii:
~(RNN 8) = ~R UU ~8
(proof)

lemma ic-iu-unit [simpl:
~Iyu = Inn
{proof)

lemma ic-ii-unit [simp):
~Inn = Iuu
{proof)

lemma ii-unit-split-iu [simp]:
1 Uu N] = Zﬂﬁ
{proof)
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lemma aqux-1:
B={a}ND= -D={a} = B={}
(proof)

lemma iu-unit-split-ii [simp):
1 ﬂﬂ NI = JUU
{proof )

lemma iu-right-dist-ou:
(RUSYUWUW T=(RUUT)U(SUWU T)
(proof)

lemma idi-right-dist-ou:
(RUS)NMN T =(RNN T) U (S NN T)
(proof )

lemma iu-left-isotone:
RCS= RWTCSWT

{proof)

lemma iu-right-isotone:
RCS= TUURCTUWS

{proof)

lemma fu-isotone:
RCS—PCQ—RUUPCSUUAQ

{proof)

lemma ii-left-isotone:
RCS=RMTCSNNT

(proof)

lemma ii-right-isotone:
RCS=TmMRCTMS
{proof )

lemma 7i-isotone:
RCS=—PCQ=—RMPCSNNQ

{proof)

lemma iu-right-subdist-ii:
(RONS)UU T C (RUU T) NN (S UU T)
(proof)

lemma ii-right-subdist-iu:
(RUUS)NM TC(RNMN T)uwd (SnNn T)
(proof )

lemma ic-isotone:
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RCS=~RC~S
{proof)

lemma ic-bot [simp]:
~{ =1{}

{proof)

lemma ic-top [simp]:
{proof)

lemma ic-dist-ou:
~(RUS)=~RU~S
(proof)

lemma ic-dist-oi:
~(RNS)=~RN~S

(proof )
lemma ic-dist-oc:
(proof )

lemma i-sub-idempotent:
RCRMR

(proof)

definition inner-Union :: (i = (‘a,’b) mrel) = 'i set = (‘a,’d) mrel (JU-|-
[80,80] 80) where
UUX|I ={(a,B).3f.B=(Jiel.fi)N Viel . (a,fi) e X1i)}

definition inner-Intersection :: (i = (‘a,’b) mrel) = i set = ('a,’b) mrel
(NN -I- [80,80] 80) where
NNX|I={(a,B).3f.B=(Niel.fi)N NViel. (a,fi) e X1i)}

declare inner-Union-def [mr-simp| inner-Intersection-def [mr-simp)

lemma iU-empty:

UUXH} = Iuu
(proof )

lemma il-empty:

ﬂﬂXl{} = Inn

(proof )
lemma ic-antidist-iU:

~UJUXI|IT = NN (inner-complement o X)|I
(proof )
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lemma ic-antidist-il:
~NNX|I = UU (inner-complement o X)|I
{proof)

lemma ju-right-dist-oU:
UXuwwT=(UReX.RWT)
(proof)

lemma i-right-dist-oU:
UXnT=(UReX.RNN T)
(proof)

lemma du-right-subdist-il:
ANXIITwu T CONOi. XiuUu DI
(proof )

lemma 7i-right-subdist-iU:
UUXiInmnTCcyyni. Xinn T)|I
{proof )

lemma ic-dist-oU:
~J X = U (inner-complement * X)
(proof)

lemma ic-dist-ol:
~N X = (inner-complement * X)
(proof )

lemma sp-left-subdist-iU:
Rx (UUXI) CUUWN . R*x X 9)|I
(proof)

lemma sp-right-subdist-iU:
UUXIDH) « RCUUWi. Xix R)II
{proof )

lemma sp-right-dist-iU:
assumes VJ::'a set . J £ {} — (UUj . R)|J) C R
shows (UUX|I) * R=UJU i . X ix R)|(I::'a set)
(proof)

5.2 Dual
abbreviation dual :: ('a,’b) mrel = ('a,’b) mrel (-1 [100] 100)
where R? = ~—R

lemma dual:
R*={(a,B) . (a,-B) ¢ R}
(proof )
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declare dual [mr-simp]

lemma dual-antitone:
RC S = 8% C R?
(proof )

lemma ic-oc-dual:
~R = —R¢
(proof)

lemma dual-involutive [simp]:
Rid = R
{proof)

lemma dual-antidist-ou:
(RuU S)4 = Rin 54
(proof )

lemma dual-antidist-oi:
(RN S)4 =Ry 54

(proof )

lemma dual-dist-oc:
(~R)! = R
(proof)

lemma dual-dist-ic:
(~R)! = ~RY
(proof)

lemma dual-antidist-oU:
(UX)? =N (dual ‘ X)
(proof )

lemma dual-antidist-ol:
(NX)¢ = U (dual “ X)

{proof)

5.3 Co-composition

definition co-prod :: (‘a,’d) mrel = ('b,’c) mrel = (‘a,’c) mrel (infixl © 70)
where

,C).3B.(a,B) e RAN3f.(VbeB.(bfb)eS)yANC=N{f
}

lemma co-prod-im:
R@S:]E(a,C).HB.(a,B)eR/\(Hf.(VbeB.(b,fb)eS)/\C:
N((Az . fz) “B)) }
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{proof)

lemma co-prod-iff:

(a,0) € (R® S) «+— (3B . (a,B)e RA (3f . (Vbe B . (bfb) € S) A C

N{fblb.beBY}))
(proof)

declare co-prod-im [mr-simp]

lemma co-prod:
R® S =~(Rx*x~S)
(proof)

lemma cp-left-isotone:
RCS=ROTCSOT

(proof)

lemma cp-right-isotone:
RCS=TORCTO®OGS
(proof )

lemma cp-isotone:

RCS=—=PCQ=—ROPCSOQ

{proof)

lemma ic-dist-cp:
~(R® S8)=R=x~S
(proof)

lemma ic-dist-sp:
~(Rx*xS)=R0O®~S
(proof )

lemma ic-cp-ic-unit:
~R=R0O ~1
(proof )

lemma cp-left-zero [simp]:

{(} ©R=1{}
(proof)

lemma cp-left-unit [simp]:
1®©R=R
{proof)

lemma cp-ic-unit [simp):
~1 ©~1 =1
{proof)
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lemma cp-right-dist-ou:
(RUS YO T=RoTH)U(S e T
{proof )

lemma cp-left-iu-unit [simp]:
Iuu ©® R=1Inn
{proof )

lemma cp-right-ii-unit:
R®I1Inn € RUUA~R
(proof)

lemma sp-right-iu-unit:
R % -ZUU Q R NN ~R
(proof )

lemma cp-left-subdist-ii:
Ro(SmMT)C(ReoS) MR T)
{proof )

lemma cp-right-subantidist-iu:
(RUWS)eoTC(RoT)mM(Se T
(proof)

lemma cp-right-antidist-iu:
assumes ' NN T C T
shows (RUUS) 0 T=(ROT)M (SO T)
(proof)

lemma cp-right-dist-oU:
UXeoeT=(UReX.R0OT)
(proof )

lemma cp-left-subdist-il:
Ro (NNXIH <cNNOi.Re X i)l
(proof)

lemma cp-right-subantidist-iU:
UUXIHeoe RCNNWi.Xie R)|I
(proof)

lemma cp-right-antidist-iU:
assumes V J::'a set . J # {} — (NN (N . R)|
shows (UUX|I) © R=NNi. X706 R)|(I:'
(proof)

)C R
a set)

se
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5.4 Inner order

definition inner-order-iu :: 'a x 'b set = 'a x 'b set = bool (infix <y 50)
where
U Y= fstz=fsty A sndx C sndy

definition inner-order-ii :: 'a x 'b set = 'a x 'b set = bool (infix <~n 50)
where
T2 yY=fstz=fstyAsndxDsndy

lemma inner-order-dual:
T30 Y Y nn T
(proof )

interpretation inner-order-iu: order (Jyu) Az y .z Igu YN T # Y
(proof )

5.5 Up-closure, down-closure and convex-closure

abbreviation up :: (‘a,’b) mrel = ('a,’d) mrel (-1 [100] 100)
where Rt = RuUU U

abbreviation down :: (‘a,’b) mrel = (‘a,’b) mrel (-] [100] 100)
where Rl = RN U

abbreviation convez :: ('a,’b) mrel = (‘a,’b) mrel (- [100] 100)
where R} = Rt N R}

lemma up:
Rt={(a,B).3C.(a,C) e RNCCB}
(proof)

lemma down:
Rl ={(a,B).3C.(a,C) e RABCC}
(proof)

lemma convex:
Rt={(e,B).3CD . (a,C)e RN (a,D)e RNCCBABCD}
(proof)

declare up [mr-simp] down [mr-simp| convex [mr-simp]

lemma ic-up:
~(RT) = (~R)!
(proof )

lemma ic-down:

~(R1) = (~R)T
(proof)
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lemma ic-convex:
~(R]) = (~R)T
(proof)

lemma up-isotone:
RCS= Rt CST
(proof )

lemma up-increasing:
R C RY
(proof)

lemma up-idempotent [simp):
Rt = RY
(proof )

lemma up-dist-ou:
(RUS)T=RTU ST
(proof)

lemma up-dist-iu:
(RUU S)t = RT LU St
(proof)

lemma up-dist-ii:
(R NN S)t = Rt NN St
(proof)

lemma down-isotone:
RCS= R|CS]
(proof)

lemma down-increasing:
R CR|
{proof )

lemma down-idempotent [simp]:
Rl = R|
{proof)

lemma down-dist-ou:
(RUS)=RLUS]
(proof )

lemma down-dist-iu:
(RuUU S)) = Rl WU S|
(proof)

lemma down-dist-ii:



(RN S)L = R, NN S|
(proof)

lemma convex-isotone:
RCS= R} C S}
(proof )

lemma convez-increasing:
R C R}
(proof )

lemma convez-idempotent [simpl:
R{T = RY

{proof)

lemma down-sp:
(proof)

lemma up-cp:
Rt =~R O (1nn U ~1)
{proof)

lemma down-dist-sp:
(R S) =Rx*S|
(proof)

lemma up-dist-cp:
(ROST=R0OST
(proof )

lemma ju-up-o1:
Rt UU ST =Rt N ST
(proof)

lemma 7i-down-o1:
RL.NN Sl =Rl NS
(proof )

lemma down-dist-ii-o1:
Rl N SL=(RNN S
(proof)

lemma up-dist-iu-oi:
Rt N ST =(RUU ST
(proof )

lemma oi-down-sub-up:

RLN ST C (RLN S
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{proof)

lemma oi-down-up:
RlNS={}=RnST={}
(proof)

lemma oi-down-up-iff:
RINS={}+—RNSTt={}
(proof)

lemma down-double-complement-up:
RLCS+—= RC—((-91
(proof)

lemma up-double-complement-down:
Rt CS+—= RC —((-9)))
(proof )

lemma below-up-oi-down:
RC RTNR]
(proof )

lemma cp-pa-sim:
(ROS=R® S|
(proof )

lemma domain-up-down-conjugate:
(RTNS)* 1oy = (RN S * 1oy
(proof)

lemma down-below-sp-top:
RICRxU
(proof )

lemma down-oi-up-closed:
assumes Q1 = @
shows Rl N Q C (RN Q)|
(proof)

lemma up-dist-oU:
(UX)t=U(up * X)

(proof )

lemma up-dist-iU:
assumes [ # {}
shows (UU X|1)1T = UU (up o X)|1
(proof)

lemma up-dist-il:



(AXIDT = NN (up o X)I
(proof )

lemma down-dist-oU:
(UX)) = U(down * X)
(proof )

lemma down-dist-iU:

(UU XD = UU (down o X)|1

(proof)

lemma down-dist-il:
assumes [ # {}
shows (NN X|D){ = NN (down o X)|I
{proof)

lemma iU-up-ol:
assumes [ # {}
shows U (up o X)|I =N (up ‘X ‘1)
(proof )

lemma ¢I-down-ol:
assumes [ # {}
shows ([ (down o X)|I = () (down ‘X ‘1)

(proof)

lemma down-dist-il-ol:
N (down * X 1) = (N X|1)4
(proof)

lemma up-dist-iU-ol:
N(up * X 1) = (UUX[I)T
(proof)

lemma u-up:
(RUU R)t = R?
(proof)

lemma 7i-down:
(RNN R)) = R}
(proof )

lemma (U-up:
assumes [ # {}
shows (UU (X - R)I)T = RY
(proof )

lemma 7/-down:
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assumes [ # {}

shows (NN (Aj - R)|1)L = R

(proof )

lemma u-unit-up:
1 UUT =U
(proof )

lemma fu-unit-down:
Iuud = 1uu
(proof )

lemma fu-unit-convex:
1uul = 1uu
(proof)

lemma di-unit-up:
InnT = Inn
(proof )

lemma 7i-unit-down:
Innd =U
(proof )

lemma 7i-unit-convex:
1nnl = 1nn
(proof )

lemma sp-unit-down:
I\I, = .Z @] IUU
(proof )

lemma sp-unit-convex:
17=1

{proof)

lemma top-up:
Ur=10U
(proof)

lemma top-down:
Uul=U
(proof)

lemma top-conver:
ut=10U
(proof )

lemma bot-up:
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=14
(proof )

lemma bot-down:

{H=1{

{proof)

lemma bot-convez:

{3=1{
(proof)

lemma down-oi-up-convex:

(RLN S1)E = RL N 81
(proof)

lemma convex-iff-down-oi-up:
RQ=Ql+— (3IRS.Q=RlNSY
(proof)

lemma convex-closed-ol:

(NReX . RN} = (NReX . RY)

{proof)

lemma convex-closed-oi:
(RE N SPT = RN ST
(proof)

lemma
(RT UU S7)F = R UU ST
nitpick|ezpect=genuine,card=1,3]

(proof)

6 Powerdomain Preorders

abbreviation lower-less-eq :: ('a,’d) mrel = ('a,’b) mrel = bool (infixl C| 50)
where
RC]lS=RCS|

abbreviation upper-less-eq :: (‘a,’b) mrel = ('a,’b) mrel = bool (infixl C1 50)
where
RCtS=S8CRt

abbreviation convez-less-eq :: (‘a,’b) mrel = ('a,’b) mrel = bool (infixl CJ 50)
where

RCIS=RC|SARLCT S
abbreviation Convez-less-eq :: ('a,’b) mrel = ('a,’b) mrel = bool (infixl Cf

50) where
RC{S=RC St
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lemma lower-less-eq:
RC|S+— VaB.(a,B)e R— (3C . (a,C) e SANBCC(C))
(proof )

lemma upper-less-eq:
RCtS«+«— (VaC.(a,C)eS— (3B.(a,B)e RANBC())
{proof )

lemma Convex-less-eq:

RCfS+— (VaC.(a,C) e R— (3BD . (a,B) € SA(a,D)e SABCC
A C C D))

(proof )

lemma Convex-lower-upper:
RC{S+— RLC|SASCTR
(proof )

lemma lower-reflexive:
RCIR
(proof )

lemma upper-refiexive:
RCT R
(proof )

lemma convez-reflexive:
RCIR
(proof)

lemma Convez-reflexive:
RC{R
(proof)

lemma lower-transitive:
RClS=SC|T=RLC| T
(proof)

lemma upper-transitive:
ROt S= ST T=RCTT
(proof)

lemma convez-transitive:
RClS= SC{T= RC]T
(proof )

lemma Convez-transitive:

RC{S= SC{T= RC{ T
{proof )
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lemma bot-lower-least:
{JELR
(proof)

lemma top-upper-least:
UCTR
(proof)

lemma bot-Convex-least:
R

{proof)

lemma top-lower-greatest:
RCL U
(proof )

lemma bot-upper-greatest:

RCT {}
(proof )

lemma top-Convex-greatest:
RCQ U
{proof )

lemma lower-iu-increasing:
RCLRUUR
{proof )

lemma upper-iu-increasing:
RCT RUUS
(proof )

lemma convez-iu-increasing:
RCIRUR
(proof)

lemma Convez-iu-increasing:
RCyPRUUR
{proof )

lemma lower-ii-decreasing:
RNNSC|R
(proof )

lemma upper-ii-decreasing:
RANMM RCT R
(proof )
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lemma convex-ii-decreasing:
RNMNRLCIR
{proof)

lemma Convez-ii-increasing:
RCE RN R
(proof)

lemma iu-lower-left-isotone:
RClS=RUUTLC|SWT

(proof)

lemma iu-upper-left-isotone:
ROt S= RUWTLCTSWT
(proof )

lemma iu-convex-left-isotone:
RCIS= RUUTLCISUWT
{proof)

lemma iu-Convez-left-isotone:
RC{S=RWTLCLSWT
(proof)

lemma iu-lower-right-isotone:
RClS= TUURLC|TUWUJUS

{proof)

lemma iu-upper-right-isotone:
RCTS= TUURCTTUUS
(proof )

lemma iu-convex-right-isotone:
RCIS=— TUWRLCITUWS
{proof)

lemma iu-Convez-right-isotone:
RC{S= TUJURLCJTUUS
(proof)

lemma fu-lower-isotone:
RC|S— PL| Q—=— RUUPLC|] SUUQ
(proof )

lemma iu-upper-isotone:
RCTS=PLCTQ=RUUPLCTSUUQ
(proof )

lemma 7u-convex-isotone:
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RC}S= PLCl Q= RUWPLCISUUQ
{proof )

lemma iu-Convex-isotone:
RC{S=PLC{ Q= RUUPLC SUUQ
(proof )

lemma ii-lower-left-isotone:
RClS=RMNMTLCL ST
(proof )

lemma di-upper-left-isotone:
RCTS=RMTCtSNNT
(proof )

lemma ii-convez-left-isotone:
RCS=RMTCISNT
(proof)

lemma 7i- Convex-left-isotone:
RCS=RMTCLSNNT
(proof)

lemma idi-lower-right-isotone:
RClS=TMRLCL TN S
(proof )

lemma idi-upper-right-isotone:
RCTS=TMRCTTNNS
(proof )

lemma ii-convez-right-isotone:
RClS=TMRCITMS
{proof )

lemma - Convex-right-isotone:
RC{S= TN RCLTNNS
(proof)

lemma 7i-lower-isotone:
RClS=PLClQ=RMPLCLSNNQ
(proof)

lemma di-upper-isotone:
RCTS=PLTQ@=RNMPLCT SN Q
(proof )

lemma 7i-convex-isotone:
RCIS= PLCIQ@Q=RMPLCLSNNQ
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{proof)

lemma 7i- Convez-isotone:
RC{S=PLCIQ=RNMPLCESNNQ
(proof)

lemma ou-lower-left-isotone:
RClS= RUTC|SUT
(proof )

lemma ou-upper-left-isotone:
REtS= RUTLCTSUT
(proof)

lemma ou-convez-left-isotone:
RClS= RUTCISUT
(proof)

lemma ou-Convez-left-isotone:
RC{S= RUTLCSUT
(proof )

lemma ou-lower-right-isotone:
RClS=TURC|TUS
(proof )

lemma ou-upper-right-isotone:
RCYTS=— TURLCTTUS
(proof )

lemma ou-convex-right-isotone:
RClS= TURC]ITUS
(proof)

lemma ou-Convez-right-isotone:
RCy{S= TURLCJTUS
(proof )

lemma ou-lower-isotone:
RCl|S=PL| Q= RUPLC]SUQ
(proof)

lemma ou-upper-isotone:
RCTS=—PCTQ=—=RUPLCTSUQ
(proof )

lemma ou-convez-isotone:
RC}S= PCl Q= RUPLCISURQ
(proof )
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lemma ou-Convez-isotone:
RCyS= PCEQ=RUPLCESUQ
(proof)

lemma sp-lower-left-isotone:
RC|S= T«RC| TxS
(proof)

lemma sp-upper-left-isotone:
RCTS= T+«RC1TTxS
(proof)

lemma sp-convex-left-isotone:
RCIS= T+«RLCITxS
(proof )

lemma sp-Convez-left-isotone:
RCyS= T+«RC TxS
(proof )

lemma cp-lower-left-isotone:
RC|S= TORLC|TOS
(proof)

lemma cp-upper-left-isotone:
RO S=TORLCTTOS
(proof)

lemma cp-convez-left-isotone:
RCIS= TGOGRLCITOS
(proof )

lemma cp-Convez-left-isotone:
RCyS= TORLCJTOS
(proof )

lemma lower-ic-upper:
RCl S +— ~SLCT~R
(proof)

lemma upper-ic-lower:
RCT S +— ~SLC|~R
(proof)

lemma convex-ic:
RLC] S +— ~SLC]~R
(proof)
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lemma Convez-ic:
RC S +— ~RLC{ ~S
(proof )

lemma up-lower-isotone:
RCLS— R Cl S
(proof)

lemma up-upper-isotone:
RET S = Rt CT 5T
(proof)

lemma up-convex-isotone:
REL § = Rt CT St
(proof)

lemma up-Convez-isotone:
RC{ S = Rt C{ ST
(proof)

lemma down-lower-isotone:
RCLS— RLCI S|
(proof )

lemma down-upper-isotone:
RCHS— RLCT 8]
(proof)

lemma down-convex-isotone:
RClS= Rl C] S|
(proof)

lemma down-Convez-isotone:
RC) S = RLC{ S
(proof )

lemma convez-lower-isotone:
RC|S= RJLC| ST
(proof )

lemma convex-upper-isotone:
RCt S = R} CtT ST
(proof)

lemma convex-convex-isotone:
RCL S = R{C] ST
(proof)

lemma convex-Convex-isotone:
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RC{ S = R} Cf S
(proof)

lemma subset-lower:
RCS=—RLC|]S
(proof )

lemma subset-upper:
RCS=— SLCTR
(proof )

lemma subset-Convex:
RCS=RLC( S
(proof)

lemma oi-subset-lower-left-isotone:
RCS=RNTC|SNT
(proof)

lemma oi-subset-upper-left-antitone:
RCS=SNTCTRNT

{proof)

lemma oi-subset-Convez-left-isotone:
RCS=RNTCESNT
(proof )

lemma oi-subset-lower-right-isotone:
RCS=TNRC|TNS
(proof )

lemma oi-subset-upper-right-antitone:
RCS=TNSCTTNR
(proof)

lemma oi-subset-Convez-right-isotone:
RCS= TNRCETNS
(proof)

lemma oi-subset-lower-isotone:
RCS=—PCQQ=RNPLCLSNAQ
(proof)

lemma oi-subset-upper-antitone:
RCS—PCQ=SNQECTRNP
(proof )

lemma oi-subset-Convex-isotone:
RCS=PCQ=RNPLCESNAQ
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{proof)

lemma sp-iu-unit-lower:
R+x1uuCl R
(proof )

lemma cp-ii-unit-upper:
RET RO Inn
(proof )

lemma lower-ii-down:
RC|l S«+«— Rl=(RNN S)}
(proof )

lemma lower-ii-lower-bound:
RClS+— RCRMNMS
(proof )

lemma upper-ii-up:
RLCT S «+— STt =(RUUST
(proof )

lemma upper-ii-upper-bound:
RETS+— SCRUWS
(proof )

lemma
RClS+«— R=RMNS
nitpick|[ezpect=genuine,card=1]
(proof )

lemma
RCtS+—S=RUUS
nitpick|[ezpect=genuine,card=1]
(proof)

lemma convex-oi-Convex-iu:
RINSICEgRWS
(proof )

lemma convez-oi-Convexr-ii:
RLNSICHERMAN S
(proof )

lemma convex-oi-iu-ii:
RN ST =(RUJ ST N (RNNS)]
(proof)

lemma 7i-lower-iu:
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RNNSCLRUUS
(proof)

lemma di-upper-iu:
RNN SCTtRUUS
(proof)

lemma 7i-convex-iu:
RNMNSCIRUJS

(proof)

lemma convex-oi-iu-ii-convex:
RINST=(RUJ ST N (RNN ST
(proof )

6.1 Functional properties of multirelations

lemma id-one-converse:
Id=1;1"
(proof )

lemma dom-explicit:
Dom R=R;UnN|I1
(proof)

lemma dom-explicit-2:
Dom R =R ; top N 1
(proof)

lemma total-dom:
total R <—— Dom R = 1

(proof)

lemma total-eq:
tOt(llR < ZUU = R * JUU

{proof)

lemma domain-pointwise:
z€Rx*1yu— (FaB.(a,B) € RAzx=(a{}))
(proof )

card only works for finite sets

lemma univalent-2:
univalent R «— (Va . finite { B. (a,B) € R} A card { B. (a,B) € R} <
one-class.one)

(proof)

lemma univalent-3:
univalent R «+— (VS . Rx 1yu=S* I,LwuASCR— S=R)
(proof)
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lemma total-2:
total R +— (Va .{ B . (a,B) € R} #{})

{proof)

lemma total-3:

total R +— (Va . finite { B. (a,B) € R} —> card { B. (a,B) € R} >
one-class.one)

{proof)

lemma total-4: total R +— 1y, C R *x 14y
(proof)

lemma deterministic-2:
deterministic R +— (Va . card { B . (a,B) € R } = one-class.one)

(proof)

lemma univalent-convez:
assumes univalent S
shows S = S
(proof )

lemma univalent-iu-idempotent:
assumes univalent S
shows S = SUU S

(proof)

lemma univalent-ii-idempotent:
assumes univalent S
shows S =S5 NN S

(proof)

lemma univalent-down-iu-idempotent:
assumes univalent S
shows S = S| UU §

{proof)

lemma univalent-up-ii-idempotent:
assumes univalent S
shows S = ST NN S

{proof)

lemma univalent-convex-iu-idempotent:
assumes univalent S

shows S = ST UU S
(proof)

lemma univalent-convex-ii-idempotent:
assumes univalent S
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shows S = ST N S
{proof )

lemma univalent-iu-closed:
univalent R = univalent S = univalent (R UU S)

{proof)

lemma univalent-ii-closed:
univalent R = univalent S = univalent (R NN S)

(proof)

lemma total-lower:
tOt(ll R “— -ZUU E\L R

{proof)

lemma total-upper:
total R <— R ET an

{proof)

lemma total-lower-iu:
assumes total T
shows RC| RuU T

{proof)

lemma total-upper-ii:
assumes total T
shows RN T CT R

{proof)

lemma total-univalent-lower-iu:
assumes total T
and univalent S
and T C| S
shows TUU S = §
(proof)

lemma total-iu-closed:
total R = total S = total (R UU S)

{proof)

lemma total-ii-closed:
total R = total S = total (R NN S)

{proof)

lemma deterministic-lower:

assumes deterministic V

shows RC| V +— (VaBC.(a,B) € RA (a,C) e V — BC ()
(proof)
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lemma deterministic-upper:

assumes deterministic V

shows VCt R++— (Va B C . (a,B) € RA (a,C) € V— C C B)
(proof )

lemma deterministic-iu-closed:
deterministic R = deterministic S = deterministic (R UU S)

{proof)

lemma deterministic-ii-closed:
deterministic R => deterministic S = deterministic (R NN S)
(proof)

lemma total-univalent-lower-implies-upper:
assumes total T
and univalent S
and T C| S
shows T' C1 S
(proof)

lemma total-univalent-lower-implies-convez:
assumes total T
and univalent S
and T C| S
shows T CJ S
(proof )

lemma total-univalent-upper-implies-lower:
assumes total T
and wunivalent S
and SCT T
shows S C| T
(proof)

lemma total-univalent-upper-implies-conver:
assumes total T
and univalent S
and SCT T
shows S CJ T
(proof)

lemma deterministic-lower-upper:
assumes deterministic T
and deterministic S
shows SC| T +— SCT T
(proof )

lemma deterministic-lower-convex:
assumes deterministic T
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and deterministic S
shows SC| T+— SCI T
(proof )

lemma deterministic-upper-convex:
assumes deterministic T
and deterministic S
shows SCT T+— SCI T
(proof )

lemma total-down-sp-sp-down:
assumes total T
shows Rl « T C R* T|
(proof )

lemma total-down-sp-semi-commute:
total T = Rl « T C (Rx* T)|

{proof)

lemma total-down-dist-sp:
total T = (R * T)] = R| = T|
(proof )

lemma univalent-ic-closed:
univalent R +— univalent (~R)

(proof)

lemma total-ic-closed:
total R <— total (~R)

{proof)

lemma deterministic-ic-closed:
deterministic R <— deterministic (~R)

{proof)

lemma fu-unit-deterministic:
deterministic (1,0)
(proof )

lemma 7i-unit-deterministic:
deterministic (1nn)
(proof)

lemma univalent-upper-iu:

assumes univalent R

shows (R C1 S) «+— (RUU S = 9)
{proof )

lemma univalent-lower-ii:
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assumes univalent S
shows (RC] S) = (RNN S = R)
(proof )

6.2 Equivalences induced by powerdomain preorders

abbreviation lower-eq :: (‘a,’b) mrel = ('a,’b) mrel = bool (infixl =] 50)
where
R=]S=RC|SASC|R

abbreviation upper-eq :: ('a,’d) mrel = ('a,’d) mrel = bool (infixl =1 50)
where
R=tS=RCtSASCIR

abbreviation convez-eq :: (‘a,’b) mrel = (‘a,’b) mrel = bool (infixl =] 50)
where
R=lS=RC]JSASCIR

lemma Convex-eq:
R=lS=RCy{SASC{R
(proof)

lemma convez-lower-upper:
R=S+—>R=lSAR=tS
(proof)

lemma lower-eq-down:
R=lS+—> Rl =25]
(proof )

lemma upper-eq-up:
R=S+— Rt=5"
(proof )

lemma CONVET-EQ-CONVET:
R=}S+— R} =50
{proof )

lemma lower-eq:

R=lS+— (VaB.(3C.(a,C)e RABCC(C)+— (3C.(a,0)e SANBC
)

(proof)
lemma upper-eq:

R=tS+— VVaC.(3B.(a,B)e RANBCC(C)+— (IB.(a,B)e SANBC
o)

(proof)

lemma lower-eq-reflexive:
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R=|R
(proof )

lemma upper-eq-refiexive:
R=TR
(proof)

lemma convex-eq-reflexive:
R=1R
(proof)

lemma lower-eq-symmetric:
R=]lS=S=|lR
(proof )

lemma upper-eq-symmetric:
R=S=—S=TR
(proof )

lemma convex-eq-symmetric:
R=}5= S={R
(proof)

lemma lower-eq-transitive:
R=lS=S=lT=R=]T
(proof )

lemma upper-eq-transitive:
R="S=S=T=R=T
(proof)

lemma convez-eq-transitive:
R=S=S={T=—R=T
(proof )

lemma ou-lower-eqg-left-congruence:
R=lS=RUT=lS5UT
(proof)

lemma ou-upper-eq-left-congruence:
R=tS=RUT=tSUT
(proof )

lemma ou-convez-eg-left-congruence:
R=lS=— RUT=SUT
(proof )

lemma ou-lower-eq-right-congruence:
R=]lS=TUR=LTUS



{proof)

lemma ou-upper-eq-right-congruence:
R=tS=TUR=TTUS
(proof )

lemma ou-convex-eq-right-congruence:
R=lS= TUR=JTUS
(proof )

lemma ou—lower—eq—congruence:
R=lS=P=Q=RUP=,5SUQ
(proof )

lemma ou-upper-eq-congruence:
R=S=P=Q=RUP=SUQ
(proof )

lemma OU-CONVET-€Eqg-congruence:
R=lS=P=lQ=RUP=L5UQ
(proof)

lemma iu-lower-eq-left-congruence:
R=lS=RuWwWIT=SuWT
(proof )

lemma iu-upper-eq-left-congruence:
R=tS=RuUwUT=SuWwWT
(proof)

lemma ju-convex-eq-left-congruence:
R=lS=RWT=SWIT

{proof)

lemma iu-lower-eq-right-congruence:
R=lS=TUUR=]TUUS

(proof)

lemma du-upper-eq-right-congruence:
R=tS=TUUR=1tTUUS
(proof )

lemma ju-convex-eq-right-congruence:
R=S=— TUWR=TUWS
{proof )

lemma iu-lower-eq-congruence:
R=lS=P=lQ=RUUP=L5SUUQ
(proof)
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lemma iu-upper-eq-congruence:
R=tS=P=1Q= RUUP=1TSUUCQ
(proof)

lemma z'u—convea:—eq—congruence:
R=lS=P=Q= RUWP=LSUUQ
{proof )

lemma ii-lower-eq-left-congruence:
R=lS=RMT=SNnT
(proof)

lemma ii-upper-eq-left-congruence:
R=tS=RmMNT=SNT
(proof )

lemma ii-convez-eq-left-congruence:
R=lS=RmMT=SnNT
(proof )

lemma ii-lower-eq-right-congruence:
R=]S=TmMR=]TnNNS
(proof)

lemma ii-upper-eq-right-congruence:
R=tS=TmMMR=TNNS
(proof)

lemma ii-convez-eq-right-congruence:
R=lS=TMR=TMS
(proof )

lemma ii-lower-eq-congruence:
R=l§=P=lQ=RMP=L5SNNAQ
(proof )

lemma ii-upper-eq-congruence:
R="S=P=Q=RMP=TSNNQE
(proof )

lemma ii-convez-eq-congruence:
R=lS=P=lQ=RmMP=LSNNQ
(proof )

lemma sp-lower-eq-left-congruence:

R=]lS=—Tx+«R=|TxS8
(proof )
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lemma sp-upper-eq-left-congruence:
R=S=T+«R=TxS
(proof)

lemma sp-convex-eq-left-congruence:

R=]lS=Tx+«R=LTxS
{proof)

lemma cp-lower-eq-left-congruence:
R=lS=TOoOR=lT0oOS
(proof)

lemma cp-upper-eqg-left-congruence:
R=tS=TOR="TOS
(proof )

lemma cp-convez-eg-left-congruence:

R=lS=TOR=[ToS
{proof )

lemma lower-eq-ic-upper:
R=lS+—>~R=1~S
(proof)

lemma upper-eq-ic-lower:
R=S+—>~R=]~§
(proof)

lemma convez-eq-ic-lower:
R=]S+—~R=}~S
(proof )

lemma up-lower-eq-congruence:
R=|S= Rt =] 5
(proof)

lemma up-upper-eq-congruence:
R=S= Rt =157
(proof )

lemma up-convez-eq-congruence:
R=S= Rt=] 51
(proof)

lemma down-lower-eq-congruence:
R=l 5= Rl =|85]
(proof )

lemma down-upper-eq-congruence:
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R =18 = Rl =18
(proof )

lemma down-convez-eq-congruence:
R=}S= Rl =S|
(proof)

lemma com}ex—lower—eq—congruence:
R=| 8= R} =] 8%
(proof)

lemma convex-upper-eq-congruence:
R=tS= R} =157
(proof)

lemma convez-conver-eg-congruence:
R=yS= R} =057
(proof)

lemma univalent-lower-eq-subset:
assumes univalent S

and S =] R
shows S C R
(proof)

lemma univalent-lower-eq:
assumes univalent R
and univalent S

and R =] S
shows R = §
(proof)

lemma univalent-lower-eq-iff:
assumes univalent R
and univalent S
shows (R =] 5) +— (R=9)
(proof )

lemma univalent-upper-eq-subset:
assumes univalent S

and S =1 R
shows S C R
(proof)

lemma univalent-upper-eq:
assumes univalent R
and univalent S
and R =1 §
shows R = S
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{proof)

lemma univalent-upper-eq-iff:
assumes univalent R
and univalent S
shows (R =1 S) +— (R =95)
(proof)

lemma univalent-convez-eq-iff:
assumes univalent R
and wunivalent S
shows (R =] S) «— (R=19)
{proof )

lemma total-univalent-upper-ii:
assumes total T
and univalent S
and SCT T
shows TnNN S =S5
(proof )

lemma lower-eq-down-closed:
R=| R|
(proof)

lemma upper-eq-up-closed:
R =1 Rt
(proof)

lemma convez-eq-up-closed:
R =] R]
(proof )

lemma lower-join:
(VP.QClP+— RLC|PASC]|P)+— Q=LRUS
(proof )

lemma lower-meet:
(VP.PClQ+— PLClRAPLC]S)+— Q@=lRMNS
(proof )

lemma upper-join:
(VP.QCTP+— RCtTPASCTP)+— Q=tRUUS
(proof )

lemma upper-meet:

VP.PCt1 Q+— PLCTRAPLCTS)+— Q@=tRUS
(proof)
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lemma lower-ii-idempotent:
RN R=|R
(proof)

lemma upper-iu-idempotent:
RUJUR=TR
(proof)

lemma lower-il-idempotent:
I'#{3 = NNK - BI) = R
(proof)

lemma upper-iU-idempotent:
I'#{} = (UUW . BII) =t R
(proof )

lemma down-closed-intersection-closed:
R=RL—VI.1#{}— (ONNN.R)I)CR
(proof )

lemma up-closed-union-closed:
R=Rt—VI.1#{} — (UUN.RID)CR
(proof)

lemma ou-down-lower-eq-ou:
RIUSI=lRUS
(proof)

lemma oi-down-lower-eq-ii:
RlNSl=lRMNMN S
(proof )

lemma ou-up-upper-eq-ou:
RTUSTt=tRUS
{proof )

lemma oi-up-upper-eq-iu:
RTNST=tTRUUS
(proof )

lemma oU-down-lower-eq-oU:

(UREX . RY) =L UX
(proof)

lemma ol-down-lower-eq-il:
(Niel . X il) =L NN X|I
(proof )

lemma oU-up-upper-eq-oU:
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(UReX . R) =t UX
(proof)

lemma ol-up-upper-eq-il:
(Niel . X it) =t UUX|I
(proof )

lemma down-order-lower:
RLCSl«+«—RLC|S
(proof)

lemma up-order-upper:
Rt CSt+«— SCTR
(proof)

lemma convez-order-lower-upper:
R} CSl+—RC|SASLCHR
(proof)

lemma convex-order-Convex:
R} CSl+— RLC] S
(proof)

7 Fusion and Fission

7.1 Atoms and co-atoms

definition atoms :: ('a,’b) mrel (Auy)
where Ayy = { (a,{b}) | a b . True }

definition co-atoms :: ('a,’b) mrel (Ann)
where Ann = { (a,UNIV — {b}) | a b . True }

declare atoms-def [mr-simp| co-atoms-def [mr-simp]

lemma atoms-solution:

Auut = —1uu
(proof)

lemma atoms-least-solution:
assumes RT = —1y
shows A,y C R

(proof)
lemma ic-atoms:
~Auu = Ann

{proof)

lemma ic-co-atoms:
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NAOO = AUU

(proof)
lemma co-atoms-solution:

Annd = —1an

(proof )

lemma co-atoms-least-solution:
assumes R| = —1nn
shows Aﬂﬁ - R

(proof)

lemma fu-unit-atoms-disjoint:
Iuu N Auu = {}
(proof )

lemma ii-unit-co-atoms-disjoint:
Inn N Ann = {}
{proof )

lemma atoms-sp-idempotent:
Auu * Auu = Auu
(proof)

lemma atoms-sp-cp:

(RNAu) *S=(RNA) O S
(proof)

7.2 Inner-functional properties

abbreviation inner-univalent :: ('a,’b) mrel = bool where
inner-univalent R = R C 1,y U Auu

abbreviation inner-total :: ('a,’b) mrel = bool where
inmer-total R = R C —1y

abbreviation inner-deterministic :: ('a,’b) mrel = bool where
inner-deterministic R = inner-total R N\ inner-univalent R

lemma inner-deterministic-atoms:
inner-deterministic R <— R C Ayy

{proof)

lemma inner-univalent:
inner-univalent R +— (WabcB.(a,B)€ RAbEBANcEB—b=c¢)

{proof)

lemma inner-univalent-2:
inner-ungvalent R <— (Va B . (a,B) € R — finite B A card B <
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one-class.one)
{proof)

lemma inner-total:
inner-total R «+— (Va B . (a,B) € R — (3b. b € B))
(proof )

lemma inner-total-2:
inner-total R +— (Va B . (a,B) € R — B # {})

(proof)

lemma inner-total-3:
inner-total R <— (Ya B . (a,B) € R A finite B — card B > one-class.one)

{proof)

lemma inner-deterministic:
inner-deterministic R <— (Va B . (a,B) € R — (3!b . b € B))
(proof)

lemma inner-deterministic-2:
inner-deterministic R «— (Va B . (a,B) € R — card B = one-class.one)

{proof)

lemma inner-deterministic-sp-unit:
inner-deterministic 1

(proof)

lemma inner-univalent-down:
assumes inner-univalent S
shows S| C S U 1y

(proof)

lemma inner-deterministic-lower-eq:
assumes inner-deterministic V
and inner-deterministic W

and V =] W
shows V = W
(proof )

lemma inner-total-down-closed:
inner-total T — R C T — inner-total R

(proof )

lemma inner-univalent-down-closed:
inner-univalent T ' — R C T — inner-univalent R

{proof)

lemma inner-deterministic-down-closed:
inner-deterministic T —> R C T — inner-deterministic R
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{proof)

lemma inner-univalent-convex:
assumes inner-univalent R
shows R = R}

{proof)

lemma inner-deterministic-alt-closure:
inner-deterministic R = (R O converse 1 O 1 = R)

(proof)

lemma inner-deterministic-s-id-conv-epsiloff:
inner-deterministic R = R O converse s-id = R O epsiloff
(proof )

lemma inner-deterministic-lower-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (RC| S) «+— (RC S5)
(proof )

lemma inner-deterministic-upper-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (RCT S) +— (S C R)
(proof )

lemma inner-deterministic-lower-eq-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =] 5) +— (R=9)
(proof )

lemma inner-deterministic-upper-eq-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =1 5) +— (R=9)
(proof)

lemma inner-deterministic-convex-eq-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =] S) «— (R=19)
(proof)

lemma
inner-univalent R = inner-univalent S = inner-univalent (R UU S)
nitpick|ezpect=genuine,card=1,2]

{proof)
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lemma inner-univalent-ii-closed:
inner-ungvalent R = inner-univalent S = inner-univalent (R NN S5)

{proof)

lemma inner-total-iu-closed:
inner-total R = inner-total S = inner-total (R UU §)

{proof)

lemma
inner-total R = inner-total S = inner-total (R NN S)
nitpick|[ezpect=genuine,card=1,2)]
(proof)

7.3 Fusion

lemma fusion-set:
fusR={(a,B).B=U{ C.(a,C)€R}}
(proof)

declare fusion-set [mr-simp)

lemma fusion-lower-increasing:
R C| fus R
(proof )

lemma fusion-deterministic:
deterministic (fus R)

(proof )

lemma fusion-least:
assumes R C| S
and deterministic S
shows fus R C| S
(proof)

lemma fusion-unique:
assumes VR . RC| fR
and V R . deterministic (f R)
and VRS .RLC| S A deterministic S — fRC| S
shows f T = fus T
(proof)

lemma fusion-down-char:
(fus R) = —((=(R{) N Auu)T)
(proof)

lemma fusion-up-char:

(fus R)T = =((~(R{) N Ann)d)
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(proof)

lemma fusion-up-char-2:
(fus R)T = —(((RL N Auy) = ~1)1)
(proof)

lemma fusion-char:

Jus R = —((—=(R}) N Auu)T) N =((~(R]) N Ann)d)
{proof)

lemma fusion-char-2:
fus B = —((—(RY) N Aso)t) N —((RL N Auo) + ~1)1)
(proof)

lemma fusion-lower-isotone:
RC|S= fus RC| fus S
(proof)

lemma fusion-iu-idempotent:
fus R UU fus R = fus R
(proof )

lemma fusion-down:
fus R = fus (R))
(proof )

lemma fusion-iu-total:
total T =—> T UU fus T = fus T

{proof)

lemma fusion-deterministic-fixpoint:
deterministic R +— R = fus R

{proof)

abbreviation non-empty :: ('a,’d) mrel = ('a,’b) mrel (ne - [100] 100)
where ne R= RN —1,y

lemma non-empty:
neR={(a,B) | aB.(a,B)e RANB#{}}
(proof)

lemma ne-equality:
n6R=R<—>RQ—1UU
(proof )

lemma ne-dist-ou:
ne (RUS)=mneRUneS

(proof)
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lemma ne-down-idempotent:
ne ((ne (RL)) = ne (R)
(proof)

lemma ne-up:
(ne R)t = ne R x 11
(proof)

lemma ne-dist-down-sp:
ne (RL x S) = ne (R]) * ne S
(proof)

lemma total-ne-down-dist-sp:
total T = ne (R * T)}) = ne (R]) x ne (T{)
(proof)

lemma inner-univalent-char:
inner-univalent S <— (VR . fus R = fus SARC| S — ne R = ne S)
(proof)

lemma ne-dist-oU:
ne (UX) = U (non-empty “ X)
(proof)

7.4 Fission

lemma fission-set:
fis R={(a,{b})|ab.3B.(a,B)e RANDbE B}
(proof )

declare fission-set [mr-simp)

lemma fission-var:
ﬁS R = R\L n AUU
(proof )

lemma fission-lower-decreasing:
fis RC| R
(proof )

lemma fission-inner-deterministic:
inner-deterministic (fis R)

{proof)

lemma fission-greatest:
assumes S C| R
and inner-deterministic S

shows S C| fis R
(proof)
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lemma fission-unique:
assumes VR . fRC| R
and V R . inner-deterministic (f R)
and VR S . S C| R A inner-deterministic S — S C| f R
shows fT = fis T
(proof)

lemma fission-lower-isotone:
RClS= fisRC] fis S
(proof)

lemma fission-idempotent:
fis (fis R) = fis R
(proof )

lemma fission-top:
fis U = Auu
(proof)

lemma fission-down:
fis R = fis (R|)
(proof)

lemma fission-ne-fixpoint:
fis R = ne (fis R)
(proof)

lemma fission-down-ne-fixpoint:
fis R = ne ((fis R){)
(proof )

lemma fission-inner-deterministic-firpoint:
inner-deterministic R «+— R = fis R
(proof)

lemma fission-sp-subdist:
fis (R*x8)C fisR x fis S
(proof)

lemma fission-sp-total-dist:
assumes total T
shows fis (R+* T)=fisRx fis T
(proof)

lemma fission-dist-ou:

fis(RUS)=FfisRU fis S
(proof)
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lemma fission-sp-iu-unit:
ﬁS (R * Zuu) = {}
(proof)

lemma fission-fusion-lower-decreasing:
fis (fus R) E| R
(proof)

lemma fusion-fission-lower-increasing:
R Tl fus (fis R)
(proof)

lemma fission-fusion-galois:
fis RC| S «— RC| fus S
(proof )

lemma fission-fusion:
fis (fus R) = fis R
{proof )

lemma fusion-fission:
fus (fis R) = fus R
(proof)

lemma same-fusion-fission-lower:
fus R = fus S = fis RC| S
(proof)

lemma fission-below-ne-down-fusion:
fis R C ne ((fus R){)
(proof )

lemma ne-fusion-fission:

(ne ((fus R)L))T = (fis R)1
(proof )

lemma fission-up-ne-down-up:
(fis R)t = (ne (R|))T
(proof)

lemma fusion-idempotent:
fus (fus R) = fus R
(proof)

lemma fission-dist-oU:

fis (UX) =U(fis * X)
(proof)
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7.5 Co-fusion and co-fission

definition co-fusion :: (‘a,’d) mrel = ('a,’b) mrel ([[] - [80] 80) where
[MMR={(a,B).B=N{C.(a,C) € R} }

declare co-fusion-def [mr-simp]

lemma co-fusion-upper-decreasing:
[MMTEET R
(proof )

lemma co-fusion-deterministic:

deterministic (['1[ | R)
{proof)

lemma co-fusion-greatest:
assumes S CT R
and deterministic S
shows S CT ][R
(proof)

lemma co-fusion-unique:
assumes VR . fRCT R
and V R . deterministic (f R)
and VRS .S CT R A deterministic S — S CT f R
shows fT =[][1T
(proof)

lemma co-fusion-up-char:
MR = =((=(R1) N Ann)d)
(proof)

lemma co-fusion-down-char:

(ITTR) = =((~(B1) N Auu)?)
{proof)

lemma co-fusion-down-char-2:

(MR = =((BT N Ann) © ~1)1)
(proof )

lemma co-fusion-char:
[MTTR = —((=(RT) N Ann)d) N —((~(RT) N Auu)T)
(proof)

lemma co-fusion-char-2:
|<7ﬂ1;;>= —((=(R1) N Anr)d) N =(((RT N Ann) © ~1)1)
proo,

lemma co-fusion-upper-isotone:

RET S =TIMNRETTINS
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{proof)

lemma co-fusion-ii-idempotent:

TR ON PN R =T R

(proof)

lemma co-fusion-up:

MR = TR

{proof)

lemma co-fusion-ii-total:
total T= TN [[1T=[11T
(proof)

lemma co-fusion-deterministic-fizpoint:
deterministic R +— R =[][|R
(proof)

abbreviation co-fission :: ('a,’b) mrel = ('a,’d) mrel (atnn - [80] 80) where
atmm R = RT n Aﬁﬁ

lemma co-fission:
atnrn R={(a,B) | aB.3b. -B={b) A(3C.(a,C) e RANCCB)}
(proof)

declare co-fission [mr-simp]

lemma co-fission-upper-increasing:
R CT athn R
(proof )

lemma co-fission-ic-inner-deterministic:
inner-deterministic (~atnn R)
(proof)

lemma co-fission-least:
assumes R CT S
and inner-deterministic (~S)
shows atnn R CT S

(proof)

lemma co-fission-unique:
assumes VR . RCT fR
and V R . inner-deterministic (~f R)
and VR S . R CT S A inner-deterministic (~S) — fRCtT S
shows f T = athn T
(proof )

lemma co-fission-upper-isotone:
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R ET S — atmn R ET atnm S
{proof)

lemma co-fission-idempotent:
atmm (atmﬂ R) = G/tmm R
(proof)

lemma co-fission-top:
atnn U = Ann
(proof )

lemma co-fission-up:
atmm R = atmm (RT)
(proof )

lemma co-fission-ic-inner-deterministic-firpoint:
inner-deterministic (~R) <— R = atnn R
(proof)

lemma co-fusion-co-fission-upper-decreasing:
[1(atnn R) CT R
(proof)

lemma co-fission-co-fusion-upper-increasing:
R ET atmm ([—Il_lR)
(proof)

lemma co-fusion-co-fission-galois:
(proof )

lemma co-fission-co-fusion:
atmm (I_H—lR) = atmm R
(proof)

lemma co-fusion-co-fission:

[11(atnn R) =T1[1R

{proof)

lemma same-co-fusion-co-fission-upper:
(proof )

lemma co-fusion-idempotent:

T R) =TI R
{proof)
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8 Modalities

8.1 Tests

abbreviation test :: (‘a,’a) mrel = bool where
test R=R C 1

lemma test:
test R +— (Va B . (a,B) € R — B = {a})
(proof )

lemma test-fiz: test R= RN 1, =R
(proof )

lemma test-ou-closed:
test p = test ¢ = test (p U q)
(proof)

lemma test-oi-closed:
test p = test (p N q)
(proof )

abbreviation test-complement :: (‘a,’a) mrel = ('a,’a) mrel (1 - [80] 80) where
R=-RnN1I

lemma test-complement-closed:
test (2 p)
(proof )

lemma test-double-complement:
testp<—p=11lp
(proof )

lemma test-complement:
(a{a}) €tp+— ~(afa}) €p
(proof)

declare test-complement [mr-simpl

lemma test-complement-antitone:
assumes test p
shows p C g«—1q¢Cp
(proof )

lemma test-complement-huntington:
testp=p=10QpUlq UIQpUq)
(proof)

abbreviation test-implication :: ('a,’a) mrel = (‘a,’a) mrel = (‘a,’a) mrel
(infix] — 65) where
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p—>q=lpUyg

lemma test-implication-closed:
test ¢ = test (p — q)

(proof)

lemma test-implication:
(a.{a}) € p = ¢ +— ((a{a}) € p — (a{a}) € q)
(proof )

declare test-implication [mr-simp)

lemma test-implication-left-antitone:
assumes test p
shows p Cr—=1r —-qCp—q
(proof )

lemma test-implication-right-isotone:
assumes test p
shows ¢ Cr=p—=-q¢qCp—r
(proof )

lemma test-sp-idempotent:
testp == p*p=2p
(proof )

lemma test-sp:
assumes test p
showspx R=(px U)NR
(proof)

lemma sp-test:
testp = R*p=RnN (U x p)
(proof )

lemma sp-test-dist-oi:
testp = (RN S)*p=(Rx*p)N(Sxp)
(proof)

lemma sp-test-dist-oi-left:
testp = (RN S)xp=(Rxp) NS
(proof )

lemma sp-test-dist-oi-right:
testp = (RN S)*p=RN (S *p)
(proof)

lemma sp-test-sp-oi-left:
testp = (RN (Ux*p)* T=Rx*xpx*x T
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{proof)

lemma sp-test-sp-oi-right:
testp=Rx((p*U)NT)=RxpxT
(proof )

lemma test-sp-ne:
test p = p * ne R = ne (p * R)
(proof )

lemma ne-sp-test:
test p => ne R *x p = ne (R * p)
(proof )

lemma top-sp-test-down-closed:
assumes test p
shows U x p = (U x p){
(proof)

lemma oc-top-sp-test-up-closed:
test p = —(U * p) = (=(U = p))T
(proof)

lemma top-sp-test:
test p = (a,B) € U x p +— (VbeB . (b,{b}) € p)
(proof )

lemma oc-top-sp-test:
test p = (a,B) € —(U * p) +— (FbeB . (b,{b}) ¢ p)
(proof)

declare top-sp-test [mr-simp] oc-top-sp-test [mr-simp)

lemma oc-top-sp-test-0:
—I1uuxtp=mne (U *p)
(proof )

lemma oc-top-sp-test-1:

assumes test p

shows —(U * p) = (ne (U * 0 p))T
(proof)

lemma oc-top-sp-test-2:
test p = —(U % p) = (—1uu * L p)t
(proof)

lemma split-sp-test:

assumes test p
shows R = (R * p) U (ne RN (ne (R} * 1 p))?1)
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(proof)

lemma top-sp-test-down-iff-1:
assumes test p
shows RC Uxp<+— R, CU=x*p
(proof)

lemma test-ne:
lestp = nep=p
(proof )

lemma ne-test-up:

test p = ne (p?) = pt
(proof)

lemma ne-sp-test-up:
test p = (ne (R % p))T = ne R x pt
(proof )

lemma ne-down-sp-test-up:
test p => ne (R} * p?) = ne (R{) * pt
(proof)

lemma test-up-sp:
testp = pt =p = 171
(proof )

lemma top-test-oi-top-complement:
testp = (U xp) N (U *x1p) = 1yy
(proof )

lemma sp-test-oi-complement:
testp = (R*p) N (R*1p)=RNIuu
{proof )

lemma ne-top-sp-test-complement:
assumes test p
shows ne (U * p) * 1 p = {}
(proof)

lemma complement-test-sp-top:
assumes test p
shows —(p*x U)=1p*x U
(proof)

lemma top-sp-test-shunt:
assumes test p
shows RC Uxp— Rx!pC 1y

{proof)
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lemma top-sp-test-down-iff-2:

assumes test p

shows Rl C Uxp+— Rl *x1pC 1,y
(proof)

lemma top-sp-test-down-iff-3:
Rl*x1pC iy ne(R))x1pC{}
(proof )

lemma top-sp-test-down-iff-4:
assumes test p
shows Rl N (U x1p) C 1yy +— R} C 140 U (U x p)
(proof)

lemma top-sp-test-down-iff-5:
assumes test p
shows Rl C U % p+— Rl C 1y U (U % p)
(proof)

lemma ju-test-sp-left-zero:
assumes ¢ C 1y
shows ¢ * R = ¢
(proof)

lemma test-iu-test-split:
tC1Ulpu+— Fpqg.pC1AgCIouANt=pUqg)
(proof)

lemma test-iu-test-sp-assoc-1:
tCI1UIlyu=1t*x(R*xS)=({=*R)=xS
(proof )

lemma test-iu-test-sp-assoc-2:
tClou=Rx(txS)=(Rx*xt)xS
(proof )

lemma test-iu-test-sp-assoc-3:
assumes t C 1 U 1y
shows R « (t x S) = (R*t)* S
(proof)

lemma test-iu-test-sp-assoc-4:
tCIloju=Rx*x(S*t)=(Rx*S5) =t
(proof )

lemma test-iu-test-sp-assoc-5:

assumes t C 1 U Iy
shows R x (S xt) = (RxS5) «xt
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(proof)

lemma inner-deterministic-sp-assoc:
assumes inner-univalent t
shows t %« (R* S) = (t « R) * S

(proof)

lemma fu-unit-below-top-sp-test:
IUU g Ux R
(proof )

lemma ne-oi-complement-top-sp-test-1:
ne (RN —(UxS))=RnN—(Ux.9)
(proof )

lemma ne-oi-complement-top-sp-test-2:
neRN—(UxS)=RnN—(U=xY95)
(proof )

lemma schroeder-test:
assumes test p
shows R« pC S¢+— —-S*pC —R
(proof)

lemma complement-test-sp-test:
testp —= —pxp C —1
(proof)

lemma test-sp-commute:
test p = test q = px q = q * p

(proof)

lemma test-shunting:
assumes test p
and test q
and test r
shows px ¢ Cr+«—pCrulyg
(proof)

lemma test-sp-is-iu:
test p = test ¢ = p * ¢ = p UU ¢
(proof )

lemma test-set:
testp = p={(afa}) | a.(afa})ep}
(proof )

lemma test-sp-is-ii:
assumes ftest p
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and test q
shows px ¢ = p NN ¢
(proof)

lemma test-galois-1:
assumes test p
and test q
shows px ¢ Cr+—q¢Cp—r
(proof )

lemma test-sp-shunting:
assumes test p
shows ! px RC{}«— RCp=x*xR
(proof)

lemma test-oU-closed:
VpeX . test p = test (JX)

{proof)

lemma test-ol-closed:
IpeX . test p = test (N X)
(proof )

lemma sp-test-dist-ol:
assumes test p
and X # {}
shows (N X) * p = (NREX . R * p)
(proof)

lemma test-iU-is-il:
assumes Vi€l . test (X 7)

and I # {}
shows U X|I = NN X|I

{proof)

lemma test-iU-is-ol:
assumes Viel . test (X 7)

and I # {}
shows YU XTI =N(X ‘1)

{proof)

8.2 Domain and antidomain

declare Dom-def [mr-simp]

abbreviation aDom :: (‘a,’b) mrel = ('a,’a) mrel where
aDom R =1 Dom R

lemma ad-set: aDom R = {(a,{a})| a. 7(3 4. (a,A) € R)}
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{proof)

lemma d-test:
test (Dom R)

(proof)

lemma ad-test:
test (aDom R)

{proof)

lemma ad-expl:
aDom R = —((R* 1yy) WU 1) N 1
(proof )

lemma ad-expl-2:
aDom (R::('a,’b) mrel) = —((R * (1yu::('b,’a) mrel))t) N (1::('a,’a) mrel)
(proof)

lemma aDom:
aDom R = { (a,{a}) | a . ~(3B . (a,B) € R) }
(proof)

declare aDom [mr-simp]

lemma d-down-oi-up-1:
Dom (RL N S) = Dom (R N S1)
(proof)

lemma d-down-oi-up-2:
Dom (R} N S) = Dom (RL N S7)
(proof )

lemma d-ne-down-dp-complement-test:
assumes test p
shows Dom (RN —(U % p)) = Dom (ne (R]) * ! p)
(proof )

lemma d-strict:
R={} «— Dom R = {}
(proof )

lemma d-sp-strict:
RxS={}+— Rx*Dom S ={}
(proof )

lemma d-complement-ad:
Dom R =1 aDom R

(proof)
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lemma down-sp-below-iu-unit:
Rl xS C 1yy«— RC U =% aDom (neS)
(proof)

lemma ad-sp-bot:
aDom R x R = {}

{proof)

lemma sp-top-d:
R*xUC DomRx U
(proof)

lemma d-sp-top:
Dom (R % U) = Dom R
(proof)

lemma d-down:
Dom (R|) = Dom R
(proof )

lemma d-up:
Dom (R1) = Dom R
(proof )

lemma d-isotone:
RC S = Dom R C Dom S

{proof)

lemma ad-antitone:
RCS = aDom S C aDom R

(proof)

lemma d-dist-ou:
Dom (R U S) = Dom R U Dom S

{proof)

lemma d-dist-iu:
Dom (R UUJ S) = Dom R * Dom S
(proof)

lemma d-dist-ii:
Dom (R NN S) = Dom R * Dom S
(proof )

lemma d-loc:
Dom (R = Dom §) = Dom (R % S)
(proof)

lemma ad-loc:
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aDom (R % Dom S) = aDom (R x S)
{proof)

lemma d-ne-down:
Dom (ne (Rl)) = Dom (ne R)
(proof)

lemma ne-sp-iu-unit-up:
neR=R=— (R* Iyu)l=Rx U
(proof )

lemma ne-d-expl:
neR=R=—DomR=Rx+xUnNI

{proof)

lemma ne-a-expl:
neR=R= aDom R=—(Rx U)N 1
(proof )

lemma d-dist-oU:
Dom (JX) = U (Dom ‘ X)
(proof)

lemma d-dist-iU-i1:
Dom (UU X|I) = Dom (NN X|I)

(proof)

lemma d-dist-iU-ol:
assumes [ # {}
shows Dom (UU X|I) = N (Dom ‘X ‘1)
{proof)

8.3 Left residual

definition sp-ires :: ('a,’c) mrel = (’b,’c) mrel = ('a,’b) mrel (infixl @ 65)
where

QoR={(aB).Vf.(VbeB.(bfb)eR) — (aU{fb|b.beB}) ¢
Q}

declare sp-lres-def [mr-simp]

lemma sp-lres-galois:
S*xRCQRQ+—=SCQOR
(proof)

lemma sp-lres-expl:
QoR=U{S.S«RCQ}
(proof)
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lemma bot-sp-lres-d:
{} R={} @ Dom R
(proof)

lemma bot-sp-lres-expl:
{} @ R =—(U * Dom R)
(proof )

lemma sp-lres-sp-below:
(QoR)xRCQ
(proof)

lemma sp-lres-left-isotone:
QCS=QoORCSOR
(proof )

lemma sp-lres-right-antitone:
SCR=QORCQ0S
{proof )

lemma sp-lres-down-closed-1:

QloR=Ql®R|
(proof)

lemma sp-lres-down-closed-2:
assumes R| = R
and total T
shows (RO T)l=Ro T
(proof)

lemma down-sp-sp:
(proof)

lemma u-unit-sp-lres-iu-unit-ou:
U x aDom (ne R) = 1,y @ (1uu U R)
(proof )

lemma bot-si-below-complement-d:
{} @ RC — Dom R
(proof )

lemma sp-unit-oi-bot-sp-lres:
IN—DomR=1nNn{} @R
(proof)

lemma ad-explicit-d:
aDom R = —(U * Dom R) N 1
(proof )
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lemma top-test-sp-lres-total-expl-1:
assumes test p
shows VS .Sl C (U xp) @ R+— S C U« aDom (RN —(U % p))

(proof)

lemma top-test-sp-lres-total-expl-2:
assumes test p

and total T
shows (U xp) @ T = U x aDom (T N —(U x* p))
(proof )

lemma top-test-sp-lres-total-expl-3:

assumes test p

shows ((U * p) @ R) N 1 = aDom (R N —(U * p))
(proof)

lemma top-test-sp-lres-total-expl-4:
assumes test p
shows aDom (ne (Ry) * 1 p) = (U xp) @ R) N 1
(proof )

lemma oi-complement-top-sp-test-top-1:

assumes test p

shows (RN —(U xp)) « U= (RN —(U xp)) =« U
(proof)

lemma oi-complement-top-sp-test-top-2:

assumes test p

shows (Rl N —(U x p)) x U =mne (R]) x1p*x U
(proof)

lemma oi-complement-top-sp-test-top-3:
assumes test p
shows (Rl N —(U * p)) x U = ne (R]) x —(p x U)
(proof )

lemma split-sp-test-2:
testp = RC RxpUne (R *xQpT
(proof)

lemma split-sp-test-3:
testp = RC R*xpUR|]x*Qp?T
(proof )

lemma split-sp-test-4:
assumes test p
and test q
shows R x (pU ¢q) C R * p U ne (R]) * ¢qT
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(proof)

lemma split-sp-test-5:
assumes test p
and test q
shows R (pU ¢) C R*xpU R x ¢
(proof)

lemma split-sp-test-6:
assumes test p
and test q
shows Dom (R = (p U q)) € Dom (R % p U ne (R]) * q)
(proof)

lemma split-sp-test-7:
assumes test p
and test q
shows Dom (ne (R}) * (p U q)) = Dom (ne (R]) x p U ne (R{) * q)
(proof)

lemma test-sp-left-dist-iu-1:
testp = px (RUUS)=px RUU S
(proof )

lemma test-sp-left-dist-iu-2:
testp = p*x (RUUS)=RUUpxS
(proof )

lemma d-sp-below-iu-down:
Dom R + S C (R UU S)|
(proof )

lemma d-sp-ne-down-below-ne-iu-down:
Dom R % ne (S]) C ne (R UU S)J)
(proof)

lemma top-test:
testp = U xp=1{(a,B). (VbeB . (b{b}) € p) }
(proof )

lemma iu-oi-complement-top-test-ou-up:
testp = (RUUJS)N —(U xp) C((RUS)N—=(U = p)t
(proof)

lemma d-ne-iu-down-sp-test-ou:
assumes test p
shows Dom (ne ((R UU S)}) * p) € Dom ((ne (R}) U ne (S1)) = p)

(proof)
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lemma test-sp-left-dist-iU:
assumes test p
and I # {}
shows p x (JUX|I) = UU i . p*x X )|I
(proof )

8.4 Modal operations

definition adia :: (‘a,’b) mrel = ('b,’b) mrel = (a,’a) mrel (| -) - [50,90] 95)
where
|IR)p ={ (a,{a}) | a.3IB . (a,B) € RN (VbeB . (b{b}) € p) }

definition aboz :: ('a,’b) mrel = ('b,’b) mrel = ('a,’a) mrel (| -] - [50,90] 95)
where
|IRlp ={ (a,{a}) | a.¥YB . (a,B) € R — (VbeB . (b{b}) €p) }

definition edia :: ('a,’b) mrel = ('b,’b) mrel = ('a,’a) mrel (| -)) - [50,90] 95)
where
B))p = { (e{a}) | a. 3B . (aB) € R A GbeB . (b)) € p) }

definition eboz :: (‘a,’d) mrel = (’b,’d) mrel = ('a,’a) mrel (| -] - [50,90] 95)
where
|IR|lp = { (a,{a}) | a . VB . (a,B) € R — (3b€B . (b,{b}) € p) }

declare adia-def [mr-simp] abox-def [mr-simp] edia-def [mr-simp] ebox-def
[mr-simp]

lemma adia:

assumes test p

shows |R)p = Dom (R * p)
(proof)

lemma abox-1:

assumes test p

shows |R]p = aDom (RN —(U x p))
(proof)

lemma aboz:
assumes test p
shows |R]p = aDom (ne (R]) * U p)
(proof)

lemma edia-1:

assumes test p

shows |R))p = Dom (RN —(U * 1 p))
(proof)

lemma edia:
assumes test p
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shows |R))p = Dom (ne (R|) * p)
{proof)

lemma eboz:

assumes test p

shows |R]]p = aDom (R * ! p)
(proof)

lemma abox-2:
assumes test p
shows |R]p = —((RN —(U xp)) = U)N 1
(proof)

lemma abox-3:
assumes test p
shows |R]p = —(ne (R}) xlp* U) N 1
(proof )

lemma abox-4:
assumes test p
shows |Rlp= ((U*p) @ R)N 1
(proof )

lemma aboz-ebox:
assumes test p
shows |R]p = |ne (R})]]p
(proof )

lemma abozx-edia:
assumes test p
shows |R]p = |R))(2 p)
(proof )

lemma aboz-adia:
assumes test p
shows |R]p = 1 [ne (R]))(Q p)
(proof )

lemma edia-adia:
assumes test p
shows |R))p = ne (Rl))p
(proof )

lemma edia-abox:
assumes test p
shows |R))p = ¢ [R](2 p)
(proof )

lemma edia-ebox:
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assumes test p
shows |R))p = 1 |[ne (R])]](2 p)
(proof)

lemma aboz-ne-down:
assumes test p
shows |Rp = |ne (R{)]p
(proof )

lemma edia-ne-down:
assumes test p
shows |R))p = |ne (RL))p
(proof)

lemma adia-up:
assumes test p
shows |R)p = [R1)p
(proof)

lemma ebox-up:
assumes test p
shows |R]]p = [R1]]p
(proof)

lemma adia-ebozx:
assumes test p
shows |R)p = ¢ |R]]( p)
(proof)

lemma eboz-adia:
assumes test p
shows |R]]p = ¢ [R)(1 p)
(proof)

lemma abox-down:
assumes test p
shows |R]p = |R|]p
(proof)

lemma edia-down:
assumes test p
shows |R))p = |R|))p
(proof)

lemma fusion-oi-complement-top-test-up:
test p = fus RN —(U * p) C (RN —(U % p))t
(proof )

lemma adia-left-isotone:
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testp = RC S = |R)p C|9p
(proof)

lemma adia-right-isotone:
test p = test g = p C ¢ = |R)p C |R)q
(proof )

lemma aboz-left-antitone:
testp = R C S = |S]p C |R]p
(proof )

lemma aboz-right-isotone:
test p = test ¢ = p C ¢ = |R|p C |R]q
(proof )

lemma edia-left-isotone:
testp = R C S = |R))p C |S))p
(proof)

lemma edia-right-isotone:
test p => test q = p C ¢ = |R))p C |R))q
(proof)

lemma ebox-left-antitone:
test p => R C S = |S]]p C |Rllp
(proof )

lemma eboz-right-isotone:
test p = test ¢ = p C ¢ = |R]]p C |R]]q
(proof )

lemma edia-fusion:
assumes test p
shows | R))p — |fus R))p
(proof)

lemma aboz-fusion:
assumes test p
shows |R]|p = |fus R]p
(proof)

lemma aboz-fission:
assumes test p
shows |R]p = |fis R]p
(proof)

lemma edia-fission:

assumes test p
shows |R))p = |fis R))p
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{proof)

lemma fission-below:
fisRCS+— NVabB.(a,B)e RANbE B — (a,{b}) € 9)
(proof )

lemma below-fission-up:
SC(fisR)t+— (VaB.(a,B)eS— (3C.(a,C) e RANCNB#A{}))
(proof)

lemma eboz-below-aboz:
assumes test p
and fis RC S
shows [S]]p C |R]p
(proof )

lemma aboz-below-ebozx:
assumes test p
and S C (fis R)1
shows |R]p C [S]]p
(proof )

lemma abozx-eg-ebox:
assumes test p
and fis RC S
and S C (fis R)t
shows |R]p = |S]]p
(proof)

lemma aboz-eq-eboz-sufficient:
S=fisRVS=ne(R,)VS=(ne(R)I— fisRCSASC(fis RA)T
(proof )

lemma ebox-fission-abox:
test p = |R|p = |fis R]|p
(proof )

lemma eboz-down-ne-up-abox:

test p = |R]p = |(ne (R}))1]]p
(proof)

lemma same-fusion:
assumes fis RC| S
and S C| fus R
shows fis R = fis S
(proof )

lemma same-abox:
assumes fis RC| S
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and S C| fus R

and test p
shows |R]|p = |S]p
(proof)

lemma aboz-eboz-inner-deterministic:
assumes test p
and inner-deterministic R
shows [R]p = |R]]p
(proof )

lemma adia-edia-inner-deterministic:
assumes test p
and inner-deterministic R
shows |R)p = |R))p
(proof )

lemma aboz-adia-deterministic:
assumes test p
and deterministic R
shows |R]p = |R)p
(proof)

lemma eboz-edia-deterministic:
assumes test p
and deterministic R
shows |R]]p = [R))p
(proof)

lemma aboz-eboz-fusion:
assumes test p
shows |fis R|p = |fis R]|p
(proof)

lemma aboz-fission-edia-fusion:
assumes test p
shows |fis R|p = |fus R)p
(proof)

lemma aboz-adia-fusion:
assumes test p
shows |fus R]p = |fus R)p
(proof)

8.5 Goldblatt’s axioms without star

lemma abox-sp-unit:
|R]1 = 1
(proof)
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lemma ou-unit-abox:
test p = |{}p = 1
(proof)

lemma ou-unit-test-implication:
testp = {} = p=1
(proof )

lemma sp-unit-abox:
testp = |1]lp=p
(proof)

lemma sp-unit-test-implication:
testp—=1—>p=7p
(proof )

lemma test-aboz-ebox:
test p = test ¢ = |q]p = [q]]p
(proof)

lemma test-aboz:
test p = test q = |qlp = q — p
(proof )

lemma aboz-ou-adia-sp-unit:
assumes test p
shows |R]p U |R)I = 1
(proof)

lemma d-test-sp:
test p = Dom (p * R) = p x Dom R
(proof )

lemma ad-test-sp:
test p => aDom (p * R) = p U aDom R

(proof)

lemma adia-test-sp:
test p = test ¢ = |p x R)q = p = |R)q
(proof )

lemma eboz-test-sp:
test p = test ¢ = |p * R]]¢ = L p U |R]]q
(proof )

lemma abox-test-sp:

assumes test p
and test ¢

119



shows |p * R]g =1 p U |R]q
(proof)

lemma abox-test-sp-2:
test p = test ¢ = p U |R]q = [l p * R]q
(proof )

lemma aboz-test-sp-3:
test p = test ¢ = p — |R]q = |p * R|q
(proof )

lemma fission-sp-dist:
fis (R + S) = fis (R* Dom S) * fis §
(proof)

lemma abozx-test:
test p = test ( |R]p )
(proof )

lemma adia-test:
test p = test ( |R)p )

{proof)

lemma ebox-test:
test p = test ( |R]]p )

(proof)

lemma edia-test:
test p = test ( |R))p )
{proof)

lemma aboz-sp:
assumes test p

and test ¢
shows |R](p * q) = |R]p * [R]q
(proof)

lemma adia-ou-below-ne-down:
assumes test p
shows [R)(p U q) € [R)p U [ne (RL)(Q q)
(proof )

lemma aboz-adia-mp:
assumes test p
and test ¢
shows [R)(p — q) = |R]p C |R)q
(proof)

lemma adia-abox-mp:
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assumes test p
and test ¢
shows |R)p * |R](p — q) € |R)q
(proof )

lemma abox-implication-adia:
assumes test p
and test ¢
shows |R](p — q) C |[R)p — |R)q
(proof)

lemma abozx-adia-implication:
assumes test p
and test q
shows |R|p C |R)q — |R)(p * q)
(proof )

lemma abox-mp:
assumes test p
and test q
shows |R]p « |R](p — q) € |R]q
(proof)

lemma abox-implication:
assumes test p
and test q
shows |R|(p — q) € |Rlp — |R]q
(proof)

lemma ebox-left-dist-ou:
assumes test p
shows [R U S]lp = [R]]p = |S]]p
(proof )

lemma aboz-left-dist-ou:
assumes test p
shows |[R U S|p = |R]p = |S]p
(proof)

lemma adia-left-dist-ou:
assumes test p
shows |R U S)p = |R)p U |S)p
(proof)

lemma edia-left-dist-ou:
assumes test p
shows |R U S))p = [R))p U |5))p
(proof )
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lemma aboz-dist-iu-1:

assumes test p

shows |R UU S]p = |Dom R * ne (S{)]]p * |[Dom S * ne (R{)]]p
(proof)

lemma aboz-dist-iu-2:

assumes test p

shows |R UU S]p = |Dom R * S|p * |Dom S * R]p
(proof)

lemma abox-dist-iu-3:
assumes test p
shows |[R UU Slp = (|RYI — |S]p ) = (|S)1 — |R]p)
(proof )

lemma abozx-adia-sp-one-set:
|R]|SY!I ={ (a,{a}) | a.VB.(a,B) € R— (VbeB .3D . (b,D) € S) }
(proof )

lemma aboz-aboz-set:
|R]|S]p = { (a,{a}) | a . VB . (a,B) € R — (VC . (3beB . (b,C) € S) —

(V<060f-> (c.{c}) € p) }
PTOO

lemma sp-abox-set:

IR« Slp={(aa}) | a.VB.(a,B)e R— (VC.(3f.(VbeB . (bfb) €
S)</\CJL>:U{fb|b-bEB}) (Veel . (e{c}) € ))}

Proo

lemma abox-sp-1:

assumes test p

shows |R]|S)1 = |R * S]p C |R]|S]p
(proof)

lemma aboz-sp-2:

assumes test p

shows |R]|S]p = |R] = S]p
(proof)

lemma aboz-sp-3:
assumes test p
shows |R]|S]p C |R = S|p
(proof)

lemma abox-sp-4:

assumes test p

shows |R * S]p C |R]|S)1 — |R]|S]p
(proof)
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lemma aboz-sp-5:

assumes test p

shows |R]|S)1 * |R * S]p = |R]|S)1 * |R]|S]p
(proof )

lemma aboz-sp-6:
assumes test p
shows |R]|S)1 — |R = S]p = |R]|S)1 — |R]|S]p
(proof )

lemma aboz-sp-7:
assumes test p
and total S
shows |R * S]p = |R]|S]p
(proof )

lemma adia-sp-associative:

assumes test p

shows [Q * (R * §))p = |(Q = R) = S)p
(proof)

lemma eboz-sp-associative:
assumes test p
shows |Q x (R * S)]lp = [(Q = R) = S]lp
(proof )

lemma edia-sp-associative:

assumes test p

shows [Q « (R x 5)))p = [(Q = R)  S))p
(proof)

lemma abox-sp-associative:
assumes test p
shows [Q « (R * S)|p = [(Q = R) * S]p
(proof )

lemma aboz-ol:
assumes X # {}
shows |R|NX = (NpeX . |R]p)
(proof)

lemma ebox-left-dist-oU:
assumes X # {}
shows |J X]lp = (N ReX . [R]]p)
(proof)

lemma aboz-left-dist-oU:

assumes X # {}
shows ||J X]p = (N ReX . |R]p)
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{proof)

lemma adia-left-dist-oU:
UX)p = (UREX . [R)p)
(proof )

lemma edia-left-dist-oU:

UX)p = (UReX . [R))p)
(proof )

8.6 Goldblatt’s axioms with star

no-notation rtrancl ((-*) [1000] 999)
notation star (-* [1000] 999)

lemma star-induct-1:
assumes I C X
and R« X C X
shows R* C X

{proof)

lemma star-induct:
assumes S C 1 U 1y
and S C X
and R X C X
shows R* * S C X
(proof)

lemma star-total:
total (R*)
(proof )

lemma star-down:
Ry = (RV)* U 1oy
(proof)

lemma ne-star-down:
ne (R*4) = ne ((R)")
(proof)

lemma ne-down-star:
ne (R])*) = (ne (R]))*
(proof)

lemma aboz-star-unfold:
test p => |R*]p = p * |R]|R*]p
(proof)

lemma star-sp-test-commute:
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assumes S C 1 U 14y
and Q@ * S C S xR
shows Q* * S C S x R*
(proof )

lemma adia-star-induct:
assumes test p
shows |R)p C p+— |[R")p Cp
(proof )

lemma eboz-star-induct:
assumes test p
shows p C |R]]p <— p C [R*]]p
(proof )

lemma aboz-star-induct:
assumes test p
shows p C |R]p «— p C [R*]p
(proof)

lemma edia-star-induct:
assumes test p
shows |R))p C p «— [R*))p C p
(proof)

lemma aboz-star-induct-1:
assumes test p
and test q
and ¢ C p * |R]q
shows ¢ C |R*|p
(proof)

lemma adia-star-induct-1:
assumes test p
and test q
and p U [R)q C ¢
shows |R*)p C ¢
(proof)

lemma abox-segerberg:

assumes test p

shows |R*|(p — |R]p) € p — |R*]p
(proof)

lemma abox-segerberg-adia:

assumes test p

shows |R*]( [R)p = p) C |[R*)p = p
{proof )
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lemma (s-id U p-id) * R = R U p-id
{proof)

9 Counterexamples

locale counterexamples
begin

lemma counter-01:
= ((U=("a,'d) mrel) * —((U::('b,’c) mrel) = (R::(c,’d) mrel)) C —(U * R))
(proof )

abbreviation a-1 = finite-1.aq

lemma counter-02:

3 R::(Enum.finite-1,Enum.finite-1) mrel . Ip . = (test p — (R N —(U * p)) x*
U=Rx—(px*U))

{proof )

lemma counter-03:

3 R::(Enum.finite-1,Enum.finite-1) mrel . Ip . = (test p — (R N —(U * p)) x*
Isu=Rx*(=(px U)N 1,0))

{proof )

abbreviation b-1 = finite-2.a4
abbreviation b-2 = finite-2.a,

abbreviation b-1-0 = (b-1,{})
abbreviation b-1-1 = (b-1,{b-1})
abbreviation b-1-2 = (b-1,{b-2})
abbreviation b-1-3 = (b-1,{b-1,b-2})
abbreviation b-2-0 = (b-2,{})
abbreviation b-2-1 = (b-2,{b-1})
abbreviation b-2-2 = (b-2,{b-2})
abbreviation b-2-3 = (b-2,{b-1,b-2})

lemma counter-04:

3 R::(Enum.finite-2, Enum.finite-2) mrel . Ip q . - (test p — test ¢ — |R
plg = [R][plq)

(proof)

lemma counter-05:
~(3f.VRp.testp — [R)p = |f R]p)
(proof)

lemma counter-06:
~(3f.VRp.testp — [R]lp = |f R]p)
(proof )

lemma counter-07:
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= (3f.monofNNR. fus R=1Ifp (AX . fR X)))
(proof)

abbreviation c-1 = finite-3.a1
abbreviation c¢-2 = finite-3.as
abbreviation c¢-3 = finite-3.a3

lemma counter-08:
= (~(1::(Enum.finite-3,Enum.finite-3) mrel) * ~1 € {1, ~1})
{(proof)

lemma counter-09:
= (~(1::(Enum.finite-3,Enum.finite-3) mrel) © 1 € {1, ~1})
{proof)

lemma ez-2-cases:
db.b=b-1V b= b-2
(proof )

lemma all-2-cases:
(Vb. b =b-2ANb=b-1) = False
(proof )

lemma impl-2-cases:
U{X.3b.(b=b-1 - X=YV)A(b=b2 —>X=2)}=YUZ
(proof )

lemma ez-2-set-cases:
(3 B::Enum.finite-2 set . P B) «— P {} vV P {b-1} v P {b-2} v P {b-1,b-2}
(proof)

abbreviation B-0 = {}::Enum.finite-2 set
abbreviation B-1 = {b-1}

abbreviation B-2 = {b-2}

abbreviation B-3 = {b-1,b-2}

abbreviation mkf z y = Az . if z = b-1 then z else y

lemma mkf:
f=mkf (fb-1) (f b-2)
{proof )

lemma mkf2:
fo-l1=XANfb2=Y = f=mkfXY
(proof )

lemma ex-2-mrel-cases:
(3 f::Enum.finite-2 = Enum.finite-2 set . P f) +—
P (mkf B-0 B-0) vV P (mkf B-0 B-1) V P (mkf B-0 B-2) V P (mkf B-0 B-3) V
P (mkf B-1 B-0) V P (mkf B-1 B-1) V P (mkf B-1 B-2) V P (mkf B-1 B-3) V
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P (mkf B-2 B-0) V P (mkf B-2 B-1) V P (mkf B-2 B-2) V P (mkf B-2 B-3) V
P (mkf B-8 B-0) V P (mkf B-8 B-1) V P (mkf B-3 B-2) V P (mkf B-3 B-3)
{proof )

lemma counter-10:

3 R::(Enum.finite-2, Enum.finite-2) mrel . = (U::(Enum.finite-2, Enum. finite-2)
mrel) x (U x R) C U x R

(proof)

lemma counter-11:

3 (R:(Enum.finite-2, Enum.finite-2) mrel) (s::(Enum.finite-2, Enum.finite-2)
mrel) (t::(Enum.finite-2, Enum.finite-2) mrel) . = (inner-univalent s A
inner-univalent t — R % (s x t) = (R x s) % )

(proof)

lemma counter-12:
_|(E|S . IUU © S - Zuu)
(proof )

lemma counter-13:
-(3S.VR.R® S =R)

(proof)
end

end
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