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Abstract

Binary multirelations form a model of alternating nondeterminism

useful for analysing games, interactions of computing systems with
their environments or abstract interpretations of probabilistic pro-
grams. We investigate this alternating structure in a relational lan-
guage based on power allegories extended with specific operations on
multirelations. We develop algebras of modal operators over multire-
lations, related to concurrent dynamic logics, in this language.
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The basic algebra of homogeneous binary multirelations is formalised
in [4]. The present theories consider heterogeneous binary multirelations,
which may have different source and target sets. While homogeneous mul-
tirelations arise as a special case where source and target sets coincide, we
do not attempt to generalise the algebras of [4] to the heterogeneous case
but study new concepts instead. Thus the present theories and [4] are com-
plementary. A unification of the two approaches based on category theory
is possible future work.

Algebraic structures for multirelations with Parikh composition are for-
malised in [5].

1 Properties of Binary Relations
theory Relational-Properties
imports Main

begin

This is a general-purpose theory for enrichments of Rel, which is still
quite basic, but helpful for developing properties of multirelations.

notation relcomp (infixl ; 75)
notation converse (-~ [1000] 999)

type-synonym (’a,’b) rel = (a x 'b) set

lemma modular-law: R ; SN T C(RNT;S57); 8
by blast

lemma compl-conv: —(R~) = (—R)~
by fastforce

definition top :: (‘a,’b) rel where
top = {(a,d) |a b. True}

abbreviation neg R = Id N —R

1.1 Univalence, totality, determinism, and related
properties

definition univalent :: (‘a,’d) rel = bool where
univalent R = (R~ ; R C Id)

definition total :: (‘a,’d) rel = bool where
total R=(Id C R; R™)

definition injective :: (‘a,’d) rel = bool where



injective R = (R ; R~ C Id)

definition surjective :: (‘a,’b) rel = bool where
surjective R = (Id C R~ ; R)

definition deterministic :: ('a,’d) rel = bool where
deterministic R = (univalent R A total R)

definition bijective :: (‘a,’b) rel = bool where
bijective R = (injective R N\ surjective R)

lemma univalent-set: univalent R = (Va b c. (a,b) € R A (a,c) € R — b= ¢)
unfolding univalent-def converse-unfold Id-def by force

Univalent relations feature as single-valued relations in Main.

lemma univ-single-valued: univalent R = single-valued R
unfolding univalent-set single-valued-def by auto

lemma total-set: total R = (Va. 3b. (a,b) € R)
unfolding total-def converse-unfold Id-def by force

lemma total-var: total R = (R ; top = top)
unfolding total-set top-def by force

lemma deterministic-set: deterministic R = (Va . 3B . (a,B) € R)
unfolding deterministic-def univalent-set total-set by force

lemma deterministic-varl: deterministic R = (R ; —Id = —R)
unfolding deterministic-set Id-def by force

lemma deterministic-var2: deterministic R = (VS. R; =S = —(R; 5))
unfolding deterministic-set by (standard, force, blast)

lemma inj-univ: injective R = univalent (R™)
by (simp add: injective-def univalent-def)

lemma injective-set: injective S = (Ya b c. (a,c) € S A (bye) € S — a = b)
by (meson converseD conversel inj-univ univalent-set)

lemma surj-tot: surjective R = total (R™)
by (simp add: surjective-def total-def)

lemma surjective-set: surjective S = (¥b. Ja. (a,b) € 5)
by (simp add: surj-tot total-set)

lemma surj-var: surjective R = (R~ ; top = top)
by (simp add: surj-tot total-var)

lemma bij-det: bijective R = deterministic (R™)



by (simp add: bijective-def deterministic-def inj-univ surj-tot)

lemma univ-relcomp: univalent R = univalent S = univalent (R ; S)
by (simp add: single-valued-relcomp univ-single-valued)

lemma tot-relcomp: total R = total S = total (R ; S)
by (meson relcomp.simps total-set)

lemma det-relcomp: deterministic R = deterministic S = deterministic (R ;
5)

by (simp add: deterministic-def tot-relcomp univ-relcomp)

lemma inj-relcomp: injective R = injective S = injective (R ; S)
by (simp add: converse-relcomp inj-univ univ-relcomp)

lemma surj-relcomp: surjective R = surjective S = surjective (R ; S)
by (simp add: converse-relcomp surj-tot tot-relcomp)

lemma bij-relcomp: bijective R = bijective S = bijective (R ; S)
by (simp add: bijective-def inj-relcomp surj-relcomp)

lemma det-Id: deterministic Id
by (simp add: deterministic-varl)

lemma bij-1d: bijective Id
by (simp add: bij-det det-1d)

lemma tot-top: total top
by (simp add: top-def total-set)

lemma tot-surj: surjective top
by (simp add: surjective-set top-def)

lemma det-meet-distl: univalent R— R ; (SN T)=R;SNR; T
unfolding univalent-set relcomp-def relcompp-apply by force

lemma inj-meet-distr: injective T — (RN S); T=R; TNS; T
unfolding injective-def converse-def Id-def relcomp.simps by force

lemma univ-modular: univalent S =— R; SN T=(RNT;S57); S
unfolding univalent-set converse-unfold relcomp.simps by force

1.2 Inverse image and the diagonal and graph functors
definition Invim :: ('a,’d) rel = 'b set = ’a set where
Invim R = Image (R™)

definition Delta :: 'a set = ('a,’a) rel (A) where
AP =A{(pp)Ip-pe P}



definition Grph :: (‘a = 'b) = (‘a,’b) rel where
Grph f ={(z,y). y = [z}

lemma I'mage-Grph [simp]: Image o Grph = image
unfolding Image-def Grph-def image-def by auto

1.3 Relational domain, codomain and modalities

Domain and codomain (range) maps have been defined in Main, but they
return sets instead of relations.

definition dom :: (‘a,’d) rel = ('a,’a) rel where
dom R=1dN R: R~

definition cod :: (‘a,’d) rel = (’b,’b) rel where
cod R = dom (R™)

definition rel-fdia :: (‘a,’d) rel = ('b,’b) rel = ('a,’a) rel ((|-)-) [61,81] 82)
where
|R) @ = dom (R ; dom Q)

definition rel-bdia :: (‘a,’d) rel = ('a,’a) rel = ('b,’d) rel (({-|-) [61,81] 82)
where
rel-bdia R = rel-fdia (R™)

definition rel-fboz :: (‘a,’d) rel = ('b,’d) rel = ('a,’a) rel ((|-]-) [61,81] 82)
where
IRQ = neg (dom (R ; neg (dom Q)))

definition rel-bbox :: ('a,’d) rel = (‘a,’a) rel = ('b,'d) rel (([-|-) [61,81] 82)
where

rel-bbox R = rel-fbox (R™)

lemma rel-bdia-def-var: rel-bdia = rel-fdia o converse
unfolding rel-fdia-def fun-eq-iff comp-def rel-bdia-def by simp

lemma dom-set: dom R = {(a,a) |a. 3b. (a,b) € R}
unfolding dom-def Id-def converse-unfold relcomp-unfold by force

lemma dom-Domain: dom = A o Domain
unfolding fun-eg-iff dom-set Delta-def Domain-def by clarsimp blast

lemma cod-set: cod R = {(b,b) |b. Ja. (a,b) € R}
by (smt (verit) Collect-cong cod-def converseD conversel dom-set)

lemma cod-Range: cod = A o Range
unfolding fun-eq-iff cod-set Delta-def Range-def by clarsimp blast

lemma rel-fdia-set: |Ry Q = {(a,a) |a. 3b. (a,b) € R A (b,b) € dom Q}



unfolding rel-fdia-def dom-set relcomp-unfold by force

lemma rel-bdia-set: (R| P = {(b,b) |b. Ja. (a,b) € R A (a,a) € dom P}
by (smt (verit, best) Collect-cong converseD conversel rel-bdia-def rel-fdia-set)

lemma rel-fboz-set: |R] Q = {(a,a) |a. Vb. (a,b) € R — (b,b) € dom Q}
unfolding rel-fbox-def dom-set relcomp-unfold by force

lemma rel-bboz-set: [R| P = {(b,b) |b. Va. (a,b) € R — (a,a) € dom P}
by (smt (verit) Collect-cong converseD conversel rel-bbox-def rel-fbox-set)

lemma dom-alt-def: dom R = Id N R ; top
unfolding dom-set top-def Id-def by force

lemma dom-gla: (dom R C IdN S)=(RC (IdN S); R)
unfolding dom-set Id-def relcomp-unfold by blast

lemma dom-gla-top: (dom R C Id N S) = (R C (Id N S) ; top)
unfolding dom-set Id-def top-def relcomp-unfold by blast

lemma dom-subid: (dom R = R) = (R = Id N R)
by (metis (no-types, lifting) Id-O-R R-O-Id dom-alt-def dom-gla-top equalityD1
inf.absorb-iff2 inf.commute inf.idem le-inf-iff relcomp-mono)

lemma dom-cod: (dom R = R) = (cod R = R)
by (metis dom-def cod-def converse-Id converse-Int converse-converse
converse-relcomp)

lemma dom-top: R ; top = dom R ; top
unfolding dom-set top-def by blast

lemma top-dom: dom R = dom (R ; top)
unfolding dom-def top-def by blast

lemma cod-top: cod R = Id N top ; R
by (metis dom-def cod-def converse-Id converse-Int converse-converse
converse-relcomp dom-alt-def surj-var tot-surj)

lemma dom-conv [simp]: (dom R)~ = dom R
by (simp add: dom-def converse-Int converse-relcomp)

lemma total-dom: total R = (dom R = Id)
by (metis dom-def inf.orderE inf-le2 total-def)

lemma surj-cod: surjective R = (cod R = Id)
by (simp add: cod-def surj-tot total-dom)

lemma fdia-demod: ( |R) P C dom Q) = (R ; dom P C dom @ ; R)
unfolding rel-fdia-set dom-set relcomp-unfold by force



lemma bboz-demod: (dom P C [R| Q) = (R ; dom P C dom @ ; R)
unfolding rel-bboz-set dom-def by force

lemma bdia-demod: ((R| P C dom Q) = (dom P ; R C R ; dom Q)
proof —
have ((R| P C dom Q) = ( |[R~) P C dom Q)
by (simp add: rel-bdia-def)

also have ... = ((R7) ; dom P C dom @ ; (R™))
by (simp add: fdia-demod)

also have ... = (((dom P ; R)~) C (R ; dom Q)™))
by (simp add: converse-relcomp)

also have ... = (dom P ; R C R ; dom Q)
by simp

finally show ?thesis.

qed

lemma fboz-demod: (dom P C |R] Q) = (dom P ; R C R ; dom Q)
unfolding rel-fbox-set dom-set relcomp-unfold by force

lemma fdia-demod-top: ( |R) P C dom Q) = (R ; dom P ; top C dom @Q ; top)
by (metis dom-def dom-gla-top rel-fdia-def top-dom)

lemma bboz-demod-top: (dom P C [R| Q) = (R ; dom P ; top C dom Q ; top)
unfolding rel-bbozx-def rel-fbox-def dom-def top-def by force

lemma fdia-bbox-galois: ( |R) P C dom Q) = (dom P C [R| Q)
by (meson bboz-demod-top fdia-demod-top)

lemma bdia-fboz-galois: ((R| P C dom Q) = (dom P C |R] Q)
by (simp add: fdia-bboz-galois rel-bbozx-def rel-bdia-def)

lemma fdia-bdia-conjugation: ( |R) P C neg (dom Q)) = ((R| Q C neg (dom P))
unfolding rel-fdia-set rel-bdia-set dom-set by force

lemma bfoz-bbox-conjugation: (neg (dom Q) C |R] P) = (neg (dom P) C [R] Q)
unfolding rel-fbox-set rel-bboz-set dom-set by clarsimp blast

1.4 Residuation

definition lres :: (‘a,’c) rel = (’b,’c) rel = (‘a,’b) rel (infixl | 75)
where R / S = {(a,b). Ve. (byc) € S — (a,c) € R}

definition rres :: (‘c,’a) rel = ('¢,’d) rel = ('a,’d) rel (infixl \ 75)
where R \ S = {(b,a). Ve. (¢,b) € R — (c,a) € S}

lemma rres-lres-conv: R\ S = (S~ ) R7)~
unfolding rres-def lres-def by clarsimp fastforce



lemma lres-galois: (R; SC T)=(RC T /) S)
unfolding lres-def by blast

lemma rres-galois: (R; SC T)=(SCR\T)
by (metis converse-converse converse-mono converse-relcomp lres-galois
rres-lres-conv)

lemma lres-compl: R | S = —(—R ; S7)
unfolding lres-def converse-unfold by force

lemma rres-compl: R\ S = —(R~ ; —9)
unfolding rres-def converse-unfold by force

lemma lres-simp [simp]: (R J R) ; R =R
by (metis Id-O-R lres-galois relcomp-mono subsetl subsetl subset-antisym)

lemma rres-simp [simp]: R ; (R \ R) = R
by (metis converse-converse converse-relcomp Ires-simp rres-lres-conw)

lemma lres-curry: R ) (T ; S)=(R ) S) ) T
by (metis (no-types, opaque-lifting) O-assoc dual-order.refl lres-galois
subset-antisym)

lemma rres-curry: (R; )\ T =S\ (R\ T)
by (simp add: converse-relcomp lres-curry rres-lres-conv)

lemma lres-Id: Id C R J/ R
unfolding lres-def Id-def by force

lemma det-lres: deterministic R = (R; S) J/ S=R; (S ) S)
by (metis (no-types, lifting) O-assoc deterministic-var2 lres-compl)

lemma det-rres: deterministic (R~) = S\ (S; R)=(S\ S); R
by (simp add: converse-relcomp det-lres rres-lres-conv)

lemma rres-bij: bijective S = (R\ T); S=R\ (T;59)
unfolding bijective-def injective-set surjective-set relcomp-unfold cod-def I1d-def
rres-def by clarsimp blast

lemma lres-bij: bijective S = (R ) T7); S=R J (T ; S)~
unfolding bijective-def injective-set surjective-set relcomp-unfold cod-def Id-def
lres-def converse-unfold by blast

lemma dom-rres-top: (dom P C R\ (dom Q ; top)) = (dom P ; top C R\ (dom

Q ; top))
unfolding dom-def top-def rres-def relcomp-unfold Id-def converse-unfold by

clarsimp blast

lemma dom-rres-top-var: (dom P C R\ (dom @Q ; top)) = (P ; top C R\ (@ ;



top))
by (metis dom-rres-top dom-top)

lemma fdia-rres-top: ( |R)P C dom Q) = (dom P C R\ (dom @ ; top))
by (metis dom-alt-def dom-gla-top rel-fdia-def rres-galois)

lemma fdia-rres-top-var: ( |R) P C dom @) = (dom P C R\ (Q ; top))
by (metis dom-top fdia-rres-top)

lemma dom-galois-var2: (|R) (IdNP)CIdN Q)= IdNPCR\ ((IdNn Q) ;

top))
by (metis dom-subid fdia-rres-top-var inf-sup-aci(4))

lemma rres-top: R\ (dom Q ; top) ; top = R\ (dom Q ; top)
unfolding rres-def top-def dom-def relcomp-unfold by clarsimp

lemma ddd-var: ( |R) P C dom Q) = (dom P C dom ((R\ (dom @Q ; top)) ;

top))
unfolding rel-fdia-def dom-def rres-def top-def relcomp-unfold Id-def by force

lemma wip-prop: dom ((R \ (dom @Q ; top)) ; top) = neg (cod (neg (dom Q); R))
unfolding rres-def Id-def cod-def dom-def top-def relcomp-unfold by fastforce

lemma wlip-prop-var: dom ((R \ (dom Q ; top))) = neg (cod ((neg (dom Q)); R))
by (metis rres-top wlp-prop)

lemma dom-demod: (|R) (IdNP)CIldN Q)= (R;(IdNP)C(IdN Q) ; R)
proof
assume |[R) (IdNP)CIdN Q
hence R; (IdNP)C(IdNn Q) ; R; (Idn P)
by (metis O-assoc dom-gla dom-subid inf.absorb-iff2 inf-lel rel-fdia-def)
thus R; (IdNP)C(IdN Q) ; R
by auto
next
assume R; (IdNP)C (Idn Q); R
hence |R) (Id N P) C dom ((Id N Q) ; R)
by (metis (no-types, lifting) dom-subid dom-top fdia-demod-top inf.absorb-iff2
inf-lel relcomp-distrib2 sup.order-iff)
hence |R) (Id N P) C (Id N Q) N dom R
unfolding dom-def Id-def by blast
thus [R) (Id N P)CIdN Q
by blast
qed

lemma fdia-bbox-galois-var: ( |R) (Id N P)CIldN Q)= IdN P CIdN — cod
(Id N —@Q); R))
unfolding rel-fdia-def dom-def cod-def Id-def by blast

lemma dom-demod-var2: (|[R) (IdNP)CIdNQ)=IdNPCR\ ((Idn Q)
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; R))
by (meson dom-demod rres-galois)

1.5 Symmetric quotient

definition syq :: ('c,’a) rel = ('c,’d) rel = ('a,’d) rel (infixl =+ 75)
where R+~ S=(R\ S)N (R~ J S7)

lemma syg-set: R ~ S = {(a,b). Ve. (¢,a) € R +— (¢,b) € S}
unfolding syq-def relcomp-unfold lres-def rres-def by force

lemma converse-syq [simp]: (R = S)~ =S5 + R
unfolding sygq-def converse-def rres-def lres-def by blast

lemma syg-compl: R + S =— (R~ ; -5 N —(—(R7);9)
by (simp add: lres-compl rres-compl syq-def)

lemma syg-compl2 [simp]: —R + —S =R + S
unfolding syq-compl by blast

lemma syg-ezpandl: R ; (R + S) =S5 N (top ; (R + 5))
unfolding syg-set top-def relcomp-unfold by force

lemma syg-expand2: (R + S); S~ =R~ N (R + S) ; top)
unfolding syg-set top-def relcomp-unfold by force

lemma syg-compl: (R +8);(S+T)=(R+T)nN (top; (S + T))
unfolding syg-set top-def relcomp-unfold by fastforce

lemma syg-comp2: (R +S);(S+~T)=(R+T)N (R = S9); top)
unfolding syq-set top-def relcomp-unfold by fastforce

lemma syq-bij: bijective T — (R + S); T=R + (5; T)
by (simp add: bijective-def inj-meet-distr lres-bij rres-bij syq-def)

end

2 Properties of Power Allegories

theory Power-Allegories-Properties
imports Relational-Properties
begin

2.1 Power transpose, epsilon, epsiloff

definition Lambda :: ('a,’d) rel = (‘a,’d set) rel (A) where
A R ={(a,B) |a B. B={b. (a,b) € R}}
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definition epsilon :: (‘a,’a set) rel where
epsilon = {(a,4). a € A}

definition epsiloff = {(4,a). a € A}

definition alpha :: ('a,’b set) rel = ('a,’d) rel (o) where
a R = R ; epsiloff

alpha can be seen as a relational approximation of a multirelation. The
next lemma provides a relational definition of Lambda.

lemma Lambda-syq: A R = R~ + epsilon
unfolding Lambda-def syq-set epsilon-def by blast

lemma epsiloff-epsilon: epsiloff = epsilon™
unfolding epsiloff-def epsilon-def converse-unfold by simp

lemma alpha-set: o R = {(a,b) |a b. b € J{B. (a,B) € R}}
unfolding alpha-def epsiloff-def by force

lemma alpha-relcomp [simp]: « (R; S) = R;a S
by (simp add: O-assoc alpha-def)

lemma Lambda-epsiloff-upl: f = A R=— R=a f
unfolding Lambda-def alpha-set by simp

lemma Lambda-epsiloff-up2: deterministic f = R=a f = f= AR
unfolding Lambda-def alpha-set deterministic-set
apply safe
apply force
by (clarsimp, smt (verit, best) mem-Collect-eq set-eq-iff)

lemma Lambda-epsiloff-up:
assumes deterministic f
shows (R=a f) = (f=AR)
by (meson Lambda-epsiloff-upl Lambda-epsiloff-up?2 assms)

lemma det-lambda: deterministic (A R)
unfolding Lambda-def deterministic-set by simp

lemma Lambda-alpha-canc: deterministic f = A (o f) = f
using Lambda-epsiloff-up2 by blast

lemma alpha-Lambda-canc [simp]: a (A R) = R
using Lambda-epsiloff-up! by blast

lemma alpha-cancel:

assumes deterministic f
and deterministic g

12



showsa f=ag9g= f=yg
by (metis Lambda-epsiloff-up2 assms)

lemma Lambda-fusion:
assumes deterministic f
shows A (f; R)=f; AR
proof —
have h: deterministic (f ; A R)
by (simp add: assms det-lambda det-relcomp)
have f ; R=«a (f; A R)
by simp
also have ... = f; a (A R)
by simp
thus ?thesis
by (simp add: alpha-cancel det-lambda h)
qed

lemma Lambda-fusion-var: A (A R; S)=AR;AS
by (simp add: Lambda-fusion det-lambda)

lemma Lambda-epsiloff [simp]: A epsiloff = Id

proof —
have A epsiloff = A (Id ; epsiloff)
by simp
also have ... = Id

by (metis Lambda-epsiloff-up alpha-def det-I1d)
finally show ?thesis.
qed

lemma alpha-epsiloff [simp]: « Id = epsiloff
by (simp add: alpha-def)

lemma alpha-Sup-pres: « ((JR) = (UR € R. a R)
unfolding alpha-def by force

lemma alpha-ord-pres: R C S = alpha R C alpha S
unfolding alpha-def by force

lemma alpha-inf-pres: a {(a,A). 3B C. A= BN C A (a,B) € R A (a,C) € S}
=aRNals
unfolding alpha-set by blast

2.2 Relational image functor

definition pow :: (‘a, 'b) rel = (‘a set, 'b set) rel (P) where
P R = A (epsiloff ; R)

lemma pow-set: P R = {(A,B). B = Image R A}
unfolding pow-def epsiloff-def Lambda-def relcomp-def Image-def by force
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lemma pow-set-var: P R = {(A,B). B = {b. 3a € A. (a,b) € R}}
unfolding pow-set Image-def by simp

lemma pow-converse-set: P (R~) = {(Q,P). P = {a. 3b. (a,b) € RA b€ Q}}
unfolding pow-set Image-def by force

lemma det-pow: deterministic (P R)
unfolding pow-set deterministic-set Image-def by simp

lemma Lambda-pow: A (R; S)=AR;P S
proof —
have AR; P S =AR; A (epsiloff ; 5)
by (simp add: pow-def)

also have ... = A (A R ; epsiloff ; )
by (simp add: Lambda-fusion-var O-assoc)
also have ... = A (R; 5)

by (metis alpha-Lambda-canc alpha-def)
finally show ?thesis..
qed

lemma pow-funcl [simpl: P Id = Id
by (simp add: pow-def)

lemma pow-func2: P (R; S)=P R; P S
by (metis Lambda-pow pow-def O-assoc)

lemma Grph-Image [simp]: Grph o Image = P
apply (simp add: fun-eq-iff)
unfolding pow-def Grph-def Image-def Lambda-def epsiloff-def by blast

lemma lambda-alpha-idem [simp]: A (o (A (o R))) = A (a R)
by simp

2.3 Unit and multiplication of powerset monad

definition cta :: (‘a,’a set) rel (n) where
n=AId

definition mu :: ('a set set, 'a set) rel (u) where
u = pow epsiloff

lemma eta-set: n = {(a,{a}) |a. True}
unfolding eta-def Lambda-def Id-def by simp

lemma alpha-eta [simp]: a n = Id
by (simp add: eta-def)

lemma det-eta: deterministic n

14



unfolding deterministic-set eta-set by simp

lemma mu-set: p = {(4,B). B={b.3C. C € ANbe C}}
unfolding mu-def pow-def Lambda-def epsiloff-def by force

lemma det-mu: deterministic u
unfolding deterministic-set mu-set by simp

lemma Lambda-eta:
assumes deterministic R
shows A R=R ;7

proof —
have A R = A (R ; Id)
by simp
also have ... = R; A Id
using Lambda-fusion assms by blast
also have ... = R ; n

by (simp add: eta-def)
finally show ?thesis.
qed

lemma eta-nat-trans:
assumes deterministic R
shows ;P R=R;n
proof —
haven;PR=AId;P R
by (simp add: eta-def)

also have ... = A (Id ; R)
using Lambda-pow by blast
also have ... = A R
by simp
also have ... = R ; n

by (simp add: Lambda-eta assms)
finally show ?thesis.
qed

lemma mu-nat-trans:
assumes deterministic R
shows P (PR);u=p; PR
by (metis pow-def alpha-Lambda-canc alpha-def mu-def pow-func2)

The standard axioms for the powerset monad are derivable.

lemma pow-monadl [simp|: P u;pu=p;u
by (metis pow-def alpha-Lambda-canc alpha-def mu-def pow-func2)

lemma pow-monad2 [simp): P n; pn=1Id

by (metis alpha-Lambda-canc alpha-def eta-def mu-def pow-funcl pow-func2)

lemma pow-monad3 [simpl: n ; p = Id
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by (metis Lambda-epsiloff Lambda-pow alpha-def alpha-epsiloff eta-def mu-def)

lemma Lambda-mu:
assumes deterministic R
shows A(R) ; u = R
proof —
have AR, u=R;n;u
by (simp add: Lambda-eta assms)
also have ... = R
by (simp add: O-assoc)
finally show %thesis.
qed

lemma pow-Lambda-mu [simp]: P (A R) ; p =P R
by (metis alpha-Lambda-canc alpha-def mu-def pow-func2)

lemma lambda-alpha-mu: A (o« R) = A R ; pb
by (simp add: Lambda-pow alpha-def mu-def)

lemma alpha-eta-pow [simpl: « (n ; P R) = R
proof —
have o (n; P R) =a (A Id; P R)
by (simp add: eta-def)

also have ... = o (A (Id ; R))
by (metis Lambda-pow)
also have ... = R
by simp
finally show ?thesis.
qed

lemma eta-pow-Lambda [simpl: n; P R =A R
by (metis Id-O-R Lambda-pow eta-def)

lemma pow-propl: PRC S = R C a (n;595)
by (metis alpha-eta-pow alpha-ord-pres relcomp-distrib subset-Un-eq)

lemma pow-prop-2: RCP S = a(n;R)CS
by (metis alpha-eta-pow alpha-ord-pres relcomp-distrib subset-Un-eq)

lemma pow-prop: R=P S = a(n; R) =S
using alpha-eta-pow by blast

lemma alpha-eta-id [simp]: « (R ;n) = R
by simp

lemma eta-alpha-idem [simp]: a (o R;m) ;n=a R ;n
by simp

lemma lambda-eta-alpha [simp]: A (a (o R ;1)) = A (o R)
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by simp

lemma eta-lambda-idem [simp]: o (A (&« R)) ;n=a R ;7
by simp

lemma Grph-eta [simp]: Grph (A\z. {z}) =7
unfolding Grph-def eta-def Lambda-def Id-def by force

lemma Grph-epsiloff [simp]: Grph (Az. {x}) ; epsiloff = Id
by (metis Grph-eta alpha-def alpha-eta)

lemma Image-epsiloff [simp]: Image epsiloff o (Ax. {z}) = id
unfolding Image-def epsiloff-def id-def by force

2.4 Subset relation

definition Omega :: ('a set, 'a set) rel (2) where
Q = epsilon \ epsilon

lemma Omega-set: Q = {(4,B). A C B}
unfolding Omega-def rres-def epsilon-def by force

lemma conv-Omega: Omega™ = epsiloff | epsiloff
by (simp add: Omega-def epsiloff-epsilon rres-lres-conv)

lemma epsilon-eta-Omega [simpl: n ; Q = epsilon
unfolding eta-set Omega-set epsilon-def by force

lemma epsiloff-eta-Omega [simp]: O~ ; n~ = epsiloff
by (metis converse-relcomp epsiloff-epsilon epsilon-eta-Omega)

lemma epsilon-Omega [simp]: epsilon ; Q = epsilon
by (simp add: Omega-def)

lemma conv-Omega-epsiloff [simp]: Q~ ; epsiloff = epsiloff
by (simp add: conv-Omega)

lemma Lambda-conv [simp]: (A R)~ = epsilon + R~
by (simp add: Lambda-syq)

lemma Lambda-Omega: A R ; Q@ = R~ \ epsilon
proof —
have A R ; Q = A R ; (epsilon \ epsilon)
by (simp add: Omega-def)
also have ... = A R ; —(epsiloff ; —epsilon)
by (simp add: epsiloff-epsilon rres-compl)
also have ... = —(A R ; epsiloff ; —epsilon)
by (metis O-assoc det-lambda deterministic-var2)
also have ... = — (R ; —epsilon)
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by (metis alpha-Lambda-canc alpha-def)
also have ... = R~ \ epsilon
by (simp add: rres-compl)
finally show ?thesis.
qed

lemma syg-epsiloff-prop [simpl: O~ ; (epsilon +~ R) = epsiloff | R~
by (metis Lambda-Omega Lambda-syq converse-converse converse-relcomp
converse-syq epsiloff-epsilon rres-lres-conv)

lemma pow-semicomm: (P,Q) € P R;Q)=(AP; RCR;A Q)
unfolding pow-set Image-def Omega-def rres-def epsilon-def Delta-def by blast

2.5 Complementation relation

definition Compl :: ('a set,’a set) rel (C) where
C = epsilon + —epsilon

lemma Compl-set: C = {(4,—A) |A. True}
unfolding Compl-def syg-set epsilon-def by force

lemma Compl-Compl [simp]: C ; C = Id

by (metis Compl-def Lambda-syq
boolean-algebra-class.boolean-algebra.double-compl converse-converse converse-syq
det-lambda deterministic-def set-eg-subset syq-compl2 total-def univalent-def)

lemma Compl-def-var: C = A (—epsiloff)

by (metis Compl-def Lambda-syq
boolean-algebra-class.boolean-algebra.double-compl compl-conv converse-converse
epsiloff-epsilon syq-compl2)

lemma converse-Compl [simp]: C~ = C
by (metis Compl-def converse-syq double-complement syq-compl2)

lemma det-Compl: deterministic C
by (simp add: Compl-def-var det-lambda)

lemma bij-Compl: bijective C
by (simp add: bij-det det-Compl)

lemma Compl-compl-epsiloff [simp]: C ; —epsiloff = epsiloff
by (metis Compl-Compl Compl-def-var alpha-Lambda-canc alpha-epsiloff
alpha-relcomp)

lemma Compl-epsiloff [simp]: C ; epsiloff = —epsiloff
by (smt (23) Compl-def-var alpha-Lambda-canc alpha-def)

lemma compl-epsilon-Compl [simp]: —epsilon ; C = epsilon
by (metis Compl-compl-epsiloff compl-conv converse-Compl converse-converse
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converse-relcomp epsiloff-epsilon)

lemma epsilon-Compl [simp]: epsilon ; C = —epsilon
by (metis Compl-epsiloff compl-conv converse-Compl converse-converse
converse-relcomp epsiloff-epsilon)

lemma Lambda-Compl-var: A R ; C = R~ + —epsilon
by (simp add: Lambda-syq bij-det det-Compl syq-bij)

lemma Lambda-Compl: A R ; C = A (—R)
proof —
have A R;C = A R ; A (—epsiloff)
by (simp add: Compl-def-var)
also have ... = A (A R ; —epsiloff)
by (simp add: Lambda-fusion-var)
also have ... = A (—(A R ; epsiloff))
by (metis det-lambda deterministic-var2)
also have ... = A (—R)
by (metis alpha-Lambda-canc alpha-def)
finally show ?thesis.
qed

2.6 Kleisli lifting and Kleisli composition

definition klift :: (‘a,’b set) rel = ('a set,’b set) rel (-p [1000] 999) where
(R)p =P (a R)

definition kcomp :: (‘a,’d set) rel = ('b,’c set) rel = (‘a,’c set) rel (infixl -p
70) where
R-pS=R;(9p

lemma klift-var: (R)p = A (epsiloff ; R ; epsiloff)
by (simp add: pow-def O-assoc alpha-def klift-def)

lemma klift-set: (R)p = {(A4,B). B =J (Image R A)}
unfolding klift-def Image-def pow-set alpha-set by force

lemma klift-set-var: (R)p = {(A,B). B=J{C. 3a € A.(a,C) € R}}
unfolding klift-set Image-def by auto

lemma klift-mu: (R)p =P R ; u
proof —
have (R)p = P (R ; epsiloff)
by (simp add: alpha-def klift-def)

also have ... =P R ; P epsiloff
by (simp add: pow-func2)
also have ... =P R;

by (simp add: mu-def)
finally show ?thesis.
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qed

lemma klift-empty: ({},4) € (R)p +— A = {}
using klift-set by auto

lemma klift-extl: (R ; (S)p)p = (R)p ; (S)p
by (metis (no-types, opaque-lifting) Lambda-epsiloff-upl Lambda-fusion-var
O-assoc alpha-def klift-var)

lemma klift-ext2: deterministic R = n; (R)p = R
by (metis Id-O-R Lambda-alpha-canc Lambda-pow eta-def klift-def)

lemma klift-ext3 [simp]: (n)p = Id
by (simp add: klift-def)

lemma pow-klift [simp]: (R ;n)p =P R
by (simp add: klift-def)

lemma mu-klift [simp]: (Id)p = p
by (simp add: klift-def mu-def)

lemma kcomp-var: R -p S=R;P S;pu
by (simp add: O-assoc kcomp-def klift-mu)

lemma kcomp-assoc: R p (S p T)=(R-p S) pT
proof —
have R -p (S p T) = R; (S; (T)p)p
by (simp add: kcomp-def)

also have ... =R ; ((S)p ; (T)p)
by (simp add: klift-ext1)
alsohave ... = (Rp S) p T

by (simp add: O-assoc kcomp-def)
finally show ?thesis.
qed

lemma kcomp-oner: R -p n =R
by (simp add: kcomp-def)

lemma kcomp-onel: deterministic R = n -p R = R
by (simp add: kcomp-def klift-ext2)

2.7 Relational box

definition rboz :: ('a,’b) rel = (b set, 'a set) rel where
rbox R = A (epsiloff | R)

lemma rboz-set: rhox R = {(Q,P). P = {a. V. (a,b) € R — b € Q}}
unfolding rboz-def Lambda-def lres-def epsiloff-def
by force
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lemma rboz-exp: ((Q,P) € (rbox (R::('a,’d) rel))) = (P = —{a. 3b. (a,b) € R A
be—-Q})

by (smt (23) Collect-cong Collect-neg-eq ComplD ComplI case-prodD case-prodl
mem-Collect-eq rbozx-set)

lemma rboz-subset: rboz R ; @~ = {(Q,P). P C {a. Vb. (a,b) € R — b € Q}}
unfolding rbox-set Omega-set by blast

lemma rboz-semicomm: (Q,P) € rboxr R ; @~ = (A P; RCR; A Q)
unfolding rboz-subset Delta-def by blast

lemma rboz-semicomm-var: (Q,P) € rbox R ; @~ = (A PC (R; A Q) / R)
by (simp add: lres-galois rboz-semicomm)

lemma rbox-omega: rbox epsiloff = A (1)
by (simp add: conv-Omega rboz-def)

lemma Omega-rbox: Q@ = (a (rbox epsiloff))~
by (simp add: rboz-omega)

lemma pow-rboz: ((Q,P) € rhox R ; @) = ((P,Q) € P R; Q)
proof —
have (Q,P) € rboz R ; Q7 =(AP; RCR;A Q)
by (simp add: rbox-semicomm)
also have ... = ((P,Q) € P R; Q)
by (simp add: pow-semicomm)
finally show ?thesis.
qed

lemma rbox-pow-Compl: rbox R =C ; P (R7) ; C
proof —
have C ; P (R™) ; C = A (—epsiloff) ; P (R7) ; C
by (simp add: Compl-def-var)

also have ... = A (—epsiloff ; R7) ; C
by (simp add: Lambda-pow)

also have ... = A (—(—epsiloff ; R7))
by (simp add: Lambda-Compl)

also have ... = A (epsiloff /| R)
by (simp add: lres-compl)

also have ... = rboz R

by (simp add: rbox-def)
finally show ?thesis..
qed

lemma pow-rboz-Compl: P R = C ; rbox (R™) ; C

by (metis Compl-Compl Id-O-R O-assoc R-O-Id converse-converse
rbox-pow-Compl)
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lemma pow-conjugation: C ; (P (R7) ; Q" =P R;C; Q™
proof —
have P R ; C; Q~ = A (—(epsiloff ; R)) ; —(— epsiloff ; epsilon)
by (simp add: Lambda-Compl pow-def conv-Omega epsiloff-epsilon lres-compl)
also have ... = —(A (—(epsiloff ; R)) ; — epsiloff ; epsilon)
by (metis (no-types, opaque-lifting) alpha-Lambda-canc alpha-def
converse-converse det-lambda det-lres deterministic-var?2 epsiloff-epsilon
lres-compl)

also have ... = —(A (—(epsiloff ; R)) ; C ; epsiloff ; epsilon)
by (metis Compl-epsiloff alpha-def alpha-relcomp)

also have ... = —(A (epsiloff ; R) ; epsiloff ; epsilon)
by (simp add: Lambda-Compl)

also have ... = —(epsiloff ; R ; epsilon)
by (metis Lambda-epsiloff-up! alpha-def)

also have ... = —(C ; —epsiloff ; (epsiloff ; R~)7)

by (metis Compl-compl-epsiloff O-assoc converse-converse converse-relcomp
epsiloff-epsilon)
also have ... = C ; (epsiloff J (epsiloff ; R™))
by (metis (no-types, opaque-lifting) Compl-def-var Lambda-Compl
Lambda-fusion-var pow-def alpha-Lambda-canc
boolean-algebra-class.boolean-algebra.double-compl converse-converse
pow-rbox-Compl rboz-def)
also have ... =C; (P (R7) ; Q)~
by (simp add: Lambda-Omega pow-def epsiloff-epsilon rres-lres-conv)
finally show ?thesis..
qged

lemma pow-rboz-eq: rbox R ; @~ = (P R ; Q)~
by (metis (no-types, lifting) Compl-Compl O-assoc R-O-Id converse-converse

converse-relcomp pow-conjugation rboz-pow-Compl)

end

3 Basic Properties of Multirelations

theory Multirelations-Basics
imports Power-Allegories-Properties

begin

This theory extends a previous AFP entry for multirelations with one
single objects to proper multirelations in Rel.

3.1 Peleg composition, parallel composition (inner union)

and units

type-synonym (‘a,’b) mrel = (‘a,’b set) rel
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definition s-prod :: (‘a,’b) mrel = ('b,’c) mrel = (‘a,’c) mrel (infixl - 75)
where

R-S={(a,A). 3B.(a,B) e RN 3f. WVbe B.(bfb)e S)yNnA=U("°
B)))}

definition s-id :: (‘a,’a) mrel (1,) where

1o = (Uea {(a,{a})})

definition p-prod :: (‘a,’b) mrel = ('a,’b) mrel = (‘a,’b) mrel (infixl || 70)
where
R|S={(a,4). 3BC.A=BUCA (a,B) € RA (a,C) € S)}

definition p-id :: ('a,’b) mrel (1) where

Iz = (Ue {(a{})})

definition U :: (‘a,’b) mrel where
U={(a,A) |a A. True}

abbreviation NC = U — 1,
named-theorems mr-simp
declare s-prod-def [mr-simp| p-prod-def [mr-simp| s-id-def [mr-simp] p-id-def

[mr-simp] U-def [mr-simp]

lemma s-prod-idl [simp]: 1, - R = R
by (auto simp: mr-simp)

lemma s-prod-idr [simp]: R - 1, = R
by (auto simp: mr-simp) (metis UN-singleton)

lemma p-prod-ild [simp]: 1. || R = R
by (simp add: mr-simp)

lemma c-prod-idr [simp]: R || 1, = R
by (simp add: mr-simp)

lemma cl7 [simp]: 1, || 1, = 1,
by (auto simp: mr-simp)

lemma p-prod-assoc: R || S || T=R| (S| T)
apply (rule set-eql, clarsimp simp: mr-simp)

by (metis (no-types, lifting) sup-assoc)

lemma p-prod-comm: R || S =S| R
by (auto simp: mr-simp)

lemma subidem-par: R C R || R
by (auto simp: mr-simp)
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lemma meet-le-par: RN S CR| S
by (auto simp: mr-simp)

lemma s-prod-distr: (RUS) - T=R-TUS-T
by (auto simp: mr-simp)

lemma s-prod-sup-distr: (JX)-S= (R e X.R-5)
by (auto simp: mr-simp)

lemma s-prod-subdistl: R - SUR-TCR-(SUT)
by (auto simp: mr-simp)

lemma s-prod-sup-subdistl: X # {} = (US € X.R-S)CR-UX
by (simp add: mr-simp) blast

lemma s-prod-isol:. RC S — R-TCS-T
by (metis s-prod-distr sup.order-iff)

lemma s-prod-isor: RC S = T -RC T S
by (metis le-supFE s-prod-subdistl sup.absorb-iff1)

lemma s-prod-zerol [simp]: {} - R = {}
by (force simp: mr-simp)

lemma s-prod-wzeror: R - {} C R
by (force simp: mr-simp)

lemma p-prod-zeror [simp]: R || {} = {}
by (simp add: mr-simp)

lemma s-prod-p-idl [simp]: 1, - R = 1,
by (force simp: mr-simp)

lemma p-id-st: R - 1, = {(a,{}) |a. 3B. (a,B) € R}
by (force simp: mr-simp)

lemma c6: R- 1, C 1,
by (clarsimp simp: mr-simp)

lemma p-prod-distl: R || (SUT)=R| SUR| T
by (fastforce simp: mr-simp)

lemma p-prod-sup-distl: R || (JX)=(UJS € X.R| S)
by (fastforce simp: mr-simp)

lemma p-prod-isol: RC S = R| TCS| T
by (metis p-prod-comm. p-prod-distl sup.orderE sup.orderl)

lemma p-prod-isor: RC S = T| RC T| S
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by (simp add: p-prod-comm p-prod-isol)

lemma s-prod-assocl: (R-S)- T CR-(S-T)
by (clarsimp simp: mr-simp) metis

lemma seg-conc-subdistr: (R || S)- TCR-T||S-T
by (clarsimp simp: mr-simp Unll Unl2) blast

lemma U-U [simp]: U - U =1U
by (simp add: mr-simp) blast

lemma U-par-idem [simp]: U || U = U
by (simp add: U-def equalityl subidem-par)

lemma p-id-NC: R — 1, = RN NC
by (simp add: Diff-eq U-def)

lemma NC-NC [simp]: NC - NC = NC
by (rule set-eql, clarsimp simp: mr-simp, metis SUP-bot-conv(2) UN-constant
insert-not-empty)

lemma nc-par-idem [simp]: NC || NC = NC
by (force simp: mr-simp)

lemma cl4:
assumes T | T C T
shows R-T||S-TC(R|S) T
proof clarify
fix a A
assume (¢,A) e R-T| S - T
hence 3IBC. A=BUCA(3D. (a,D) e RN 3f. ¥de D.(d,fd) e T)
B= (Mz. fz) D)) A (JE. (a,E) € SA(Tg. YVe€ E. (e,ge) e T) AN C
U (. g 2)° B))
by (simp add: mr-simp)
hence 3D E. (a,DUE)e R| SAN(3fg (VdeD. (dfd)e T)N(Vee€ E.
(ege) e T) N A= (U ((Az. fz) D)) U (U (A2 g2)° E)))
by (auto simp: mr-simp)
hence ADE. (a,DUE)e R|| SA(3fg. T) e
E—D.(e,ge)GT)/\(VxEDﬂE( fz)e TA(z,gz) e T)NA=( ((\z.
72) SDED) U (O 00) “(E-P)U U (O SvU ) (D1 E))
y auto blast
hence 3D E. (a,DUE)e R| SA((3fg. (Vde D-E. (d,fd) € T)/\(VeE
E—D.(e,ge)eT)/\(VmEDﬂE(,fogx)eT)/\A U (A\z. fz)
(D-E)) U (U (. g2)  (B=D) U (U (Ay. fy U gy) * (DA E))))
apply clarify
subgoal for D E f g
apply (rule exI[of - D])
apply (rule exI[of - E])
apply clarify

A\

(Vd € D—E. (dfd) € T) A (Ve €
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apply (rule exI[of - f])
apply (rule exI[of - g])
using assms by (auto simp: p-prod-def, blast)
done
hence 3D E. (a,DUE)€e R| SA(3h. (Vd e D-E. (dhd) e T)AN (Ve €
E-D.(e,he) e TYANNzeDNE. (z,hx) e T)YANA=U (A\z. hz) *
(D-E)) U (U (O hz) * (B-D) U (U (g hy) (D1 E)))
apply clarify
subgoal for D E f g
apply (rule exI[of - D])
apply (rule exI[of - E])
apply clarify
apply (rule exI[of - Az. if x € (D — E) then fx else (if x € D N E then (fz
U g ) else g z)])
by auto
done
hence (3B. (a,B) € R|| S A (Fh. (VbeB. (bhb) € T) N A= ((Az. hz) *
B)))
by clarsimp blast
thus (a¢,4) € (R| S)- T
by (simp add: mr-simp)
qged

lemma cl3: R- (S| T)CR-S|R-T
proof clarify
fix a A
assume (a,A) e R- (S| T)
hence 3B. (a,B) € RA 3f. ¥be B.3CD. fb=CUDA(b,C)e S A
(b,D)e TY N A= ((A\z. fz) *B))
by (clarsimp simp: mr-simp)
hence 3B. (a,B) € RA (3fgh. (Vb€ B. fb=gbUhbA (bgb)eS A (bh
by e TY NA=U((A\z. fz) *B))
by (clarsimp simp: bchoice, metis)
hence 3B. (a,B) € RA (Fgh. (WVbe B. (bgb) € SA(bhd)e T)NA=(
(. g2) B) U (U (s ha) * B)))
by blast
hence 3C D. (3B. (a,B) € RA (Jg. (Vbe B. (bygb) e S) A C=U ((Az. ¢
z) ‘B))) A(3B. (a,B) € RA(Fh. Vbe B. (byhb)ye TYAND = (A\z. hx)*
BY)YANA=CUD
by blast
thus (¢,4) e R-S||R-T
by (auto simp: mr-simp)
qed

lemma p-id-assocl: (1. - R)-S =1, -(R-5)
by simp

lemma p-id-assoc2: (R - 1) - T=R-(1,-T)
by (rule set-eql, clarsimp simp: mr-simp) fastforce
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lemma cl! [simp]: R- 1, UR-NC=R-U
by (rule set-eql, clarsimp simp: mr-simp, metis UN-constant UN-empty)

lemma tarski-auz:
assumes R — 1, # {}
and (a,A) € NC
shows (a,4) € NC - (R — 1) - NC)
using assms apply (clarsimp simp: mr-simp)
by (metis UN-constant insert-not-empty singletonD)

lemma tarski:

assumes R — 1, # {}

shows NC - (R — 1,) - NC) = NC

by standard (simp add: U-def p-id-def s-prod-def, force, metis assms tarski-aux
subrell)

lemma tarski-var:
assumes R N NC # {}
shows NC - (RN NC) - NC) = NC
by (metis assms p-id-NC' tarski)

lemma s-le-nc: 1, C NC
by (auto simp: mr-simp)

lemma U-nc [simp]: U - NC = U
by (metis NC-NC' cll1 s-prod-distr s-prod-idl s-prod-p-idl)

lemma z-y-split [simp]: (RN NC)- SUR-{} =R S
by (auto simp: mr-simp)

lemma c-ne-compl [simp]: 1, U NC = U
using cli1 s-prod-idl by blast

3.2 Tests

lemma s-id-st: R N 1, = {(a,{a}) |a. (a,{a}) € R}
by (force simp: mr-simp)

lemma subid-auz2:
assumes (a,A) € RN 1,
shows A = {a}
using assms by (auto simp: mr-simp)

lemma s-prod-test-auzl:
assumes (¢,4) € R- (PN 1,)
shows ((a,4A) € R A (Va € A. (a,{a}) € (PN 1,)))
using assms by (auto simp: mr-simp)
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lemma s-prod-test-aux2:
assumes (a,A) € R
and Va € A. (a,{a}) € S
shows (a,A) € R - §
using assms by (fastforce simp: mr-simp)

lemma s-prod-test: (a,A) € R - (PN 1,) < (a,4) € RN Va € A. (a,{a}) €
(PnN1,))
by (meson s-prod-test-auzl s-prod-test-auz2)

lemma s-prod-test-var: R - (P N 1,) = {(a,4). (a,A) € RN (Va € A. (a,{a}) €
(PN 1))}

apply (rule antisym)

by (fastforce simp: mr-simp)+

lemma test-s-prod-auzl:
assumes (a,A) € (PN 1,) - R
shows (a,{a}) € (PN 1,) A (a,A) € R
using assms by (auto simp: mr-simp)

lemma test-s-prod-auz2:
assumes (a,4) € R
and (a,{a}) € P
shows (a,A) € P - R
using assms s-prod-def by fastforce

lemma test-s-prod: (a,A) € (PN 1,) - R +— (a,{a}) € (PN 1,) A (a,4) € R
by (meson test-s-prod-auxl test-s-prod-auz2)

lemma test-s-prod-var: (P N 1,) - R = {(a,4). (a,{a}) € (PN 1,) A (a,A) € R}
by (simp add: set-eq-iff test-s-prod)

lemma test-assocl: (R- (PN 1,))-S=R-(PN1,)-5)
apply (rule antisym)
apply (simp add: s-prod-assocl)
apply (clarsimp simp: mr-simp)
by (metis UN-singleton)

lemma test-assoc2: (PN 1,) - R)-S=(PnN1,)-(R-S5)
apply (rule antisym)
apply (simp add: s-prod-assocl)
by (fastforce simp: mr-simp s-prod-assocl)

lemma test-assoc3: (R-S) - (PN1,)=R-(S-(PNlI1,))
proof (rule antisym)
show (R-S)-(PN1,)CR-(S-(PnNl1y,))
by (simp add: s-prod-assocl)
show R-(S-(PN1,)C(R-8) - (PNl,)
proof clarify
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fix a A
assume hypl: (a, A) € R- (S - (PN 1,))
hence 3B. (a,B) € R A (3f. (VbeB. (b,fb) e S-(PNi,)ANA=U((Ae f
5) *B)
by (simp add: s-prod-test s-prod-def)
hence 3B. (a,B) € R A (3f. (VbeB. (b,fb) € S A Vagfb. (a,{a}) € (PN
1) A4 =U((w fz) * B))
by (simp add: s-prod-test)
hence 3B. (a,B) € RA (3f. (VbeB. (b,fb) € S) A (VaeJ ((Az. fz) * B).
(@(a) € (P OL10) A A=l 1) “B)
y auto
hence 3B. (a,B) € R A (3f. (VbeB. (bfb) € S) A (VaeA. (a,{a}) € (PN
1) A4 =U((. f2) ° B))
by auto blast
hence (a,A) € R - S A (Va€A. (a,{a}) € (PN 1,))
by (auto simp: mr-simp)
thus (¢,4) € (R-S) - (PN 1,)
by (simp add: s-prod-test)
qed
qed

lemma s-distl-test: (PN 1,)- (SUT)=(PN1l,)-SUPNI,) T
by (fastforce simp: mr-simp)

lemma s-distl-sup-test: (PN 1,) - JX =(USe X. (PN 1, -5
by (auto simp: mr-simp)

lemma subid-par-idem [simp]: (PN 1,) || (PN 1,) = (PN 1,)
by (auto simp: mr-simp)

lemma seq-conc-subdistrl: (PN 1,) - (S| T)=(PNi1y)-S) || (PN1iy)-T)
apply (rule antisym)
apply (simp add: cl3)
by (fastforce simp: mr-simp)

lemma test-s-prod-is-meet [simpl: (PN 1,) - (Q@QN1,)=PNQNI,
by (auto simp: mr-simp)

lemma test-p-prod-is-meet [simp]: (PN 1,) | (@ N 1,)=(PNi,)N(QNI1,)
by (auto simp: mr-simp)

lemma test-multipliciativer: (PN QN 1) - T=(PN1iy,)-T)N{(QN 1,)-
T)

by (auto simp: mr-simp)

lemma cl9 [simp]: (RN 1,) 1| 1o =RN 1,
by (auto simp: mr-simp)

lemma s-subid-closed [simp]: RN NCNI1,=RNI,
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using s-le-nc by auto

lemma sub-id-le-nc: RN 1, C NC
by (simp add: le-infI2 s-le-nc)

lemma z-y-prop: 1, N (RN NC)-S)=1,NR-S
by (auto simp: mr-simp)

lemma s-nc-U: 1I,NR-NC=1,NR-U
by (rule set-eql, clarsimp simp: mr-simp, metis SUP-constant UN-empty
insert-not-empty)

lemma sid-le-nc-var: 1, "R C 1, N (R || NC)
using meet-le-par s-le-nc by fastforce

lemma s-nc-par-U: 1, N (R || NC) =1, N (R | U)
by (metis c-nc-compl c-prod-idr inf-sup-distrib1 le-iff-sup p-prod-distl
sid-le-nc-var)

lemma s-id-par-s-prod: (PN 1,) || (@ N 1,)=(PN1,)-(QN1,)
by force

3.3 Parallel subidentities

lemma p-id-zero-st: RN 1, = {(a,{}) |a. (a,{}) € R}
by (auto simp: mr-simp)

lemma p-subid-iff: RC 1, +— R-1, =R
by (clarsimp simp: mr-simp, safe, simp-all) blast+

lemma p-subid-iff-var: RC 1, +— R-{} =R
by (clarsimp simp: mr-simp, safe, simp-all) blast+

lemma term-par-idem [simp: (RN 1) || (RN 1;)= (RN 1)
by (metis Int-Un-eq(4) c-prod-idr p-prod-distl subidem-par subset-Un-eq)

lemma c! [simp]: R- 1, || R=R
apply (rule set-eql, clarsimp simp: mr-simp)
by (metis (no-types, lifting) SUP-bot SUP-bot-conv(2) sup-bot-left)

lemma p-id-zero: RN 1, = R - {}
by (auto simp: mr-simp)

lemma cl5: (R-S)-(T-{})=R-(S-(T-{}))
proof (rule antisym)
show (R-8) - (T-{}) CR-(S-(T-{}))
by (metis s-prod-assocl)
show R-(S-(T-{})C(R-S)-(T-{})
proof clarify
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fix a::'a and A::'f set
assume (a,A) € R - (S - (T - {}))
hence 3B. (a,B) € RN 3f. Wbe B.(3 C. (b,C) e SA(3g. Vz e C.
(zgz)e T-{HAfb=U(Az gz) *C)))) A
by (clarsimp simp: mr-simp)
hence 3B. (a,B) e RA(3f. (WVbe B. (3 C. (b,C) e SANzeC. (z{}) €
T-{HAarb={}))nA=U(Az fz) B))
by (clarsimp simp: mr-simp) fastforce
hence 3B. (a,B) € RA(Vbe B. (3 C. (b,C) e SANVze C.(z{}) e T-
) AA={}
by fastforce
hence 3B. (a,B) € RA (3f. (Vbe B. (bfb) e SANze fb. (z{}) e T-
) nAd={}
by (metis (mono-tags))
hence 3B. (a¢,B) € RN 3f. (Vbe B. (b,fb) e S) A Vaz e J((\z. fz) ‘B).
(z{H)eT -{})rnAd={}
by (metis UN-E)
hence 3C B. (a,B) e RN (3f. (Vbe B.(b,fb) e )Y N C = ((A\z. fz)
B) /\b(V:E eC.(z{hH)eT -{}H))NA={}
metis
her}llce 3C. (a,C) e R-SANVzeC.(z{})eT -{HNA={}
by (auto simp: mr-simp)
thus (a,A) € (R-S) - (T - {})
by (clarsimp simp: mr-simp) blast
qed
qged

lemma c¢f: (R-S) -1, =R-(S- 1)
proof —
have (R-S) - 1, ={(a,{}) | a. 3B. (a,B) € R - S}
by (simp add: p-id-st)

also have ... = R - {(a,{}) | a. 3B. (a,B) € S}
apply (clarsimp simp: mr-simp)
apply safe

apply blast
apply clarsimp
by metis
also have ... =R - (S - 1)
by (simp add: p-id-st)
finally show ?thesis.
qed

lemma ¢3: (R||S)-1,=R- 1| S I
by (simp add: Orderings.order-eq-iff clf seq-conc-subdistr)

lemma p-id-idem [simp]: (R - 1) - 1. =R -1,
by (simp add: c4)

lemma z-c-par-idem [simp]: R - 1. || R- 1, =R - 1,
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by (metis c1 p-id-idem)

lemma z-zero-le-c: R - {} C 1,
by (simp add: c4 p-subid-iff)

lemma p-subid-Ib1: R -{} || S-{} C R - {}
by (metis c-prod-idr p-prod-isor x-zero-le-c)

lemma p-subid-b2: R -{} || S-{} €S- {}
using p-prod-comm p-subid-lb1 by blast

lemma p-subid-idem [simp]: R - {} | R-{} = R - {}
by (simp add: p-subid-lb1 subidem-par subset-antisym)

lemma p-subid-glb: T- {} CR-{} =T -{}CS-{} =T -{}C(R-{}) |
(s -{h

by (auto simp: mr-simp)

lemma p-subid-glb-iff: T - {} CR- {3} AT -{} S -{}«— T -{} C(R-{})
(5 {})

by (auto simp: mr-simp)

lemma z-c-glb: (T::(’a,’d) mrel) - 1, C (R::('a,’b) mrel) - 1, = T - 1, C
(S:("a, by mrel) - 1, = T -1, C(R-1,) ] (S 1)

by (smt (verit, best) order-substl p-id-idem p-prod-isol p-prod-isor s-prod-isol
x-c-par-idem)

lemma z-c-lbl: R- 1, S -1, CR- 1,
by (metis c6 c-prod-idr p-prod-isor)

lemma z-¢-b2: R -1, || S-1,C S 1,
using p-prod-comm z-c-l1b1 by blast

lemma z-c-glb-iff: (T::('a,’d) mrel) - 1. C (R::(a,’d) mrel) - 1o AT - 1, C
(S::('a,’D) mrel) - 1, +— T -1, C(R- 1) (S 1)
by (meson subset-trans z-c-glb x-c-1b1 z-c-1b2)

lemma nc-iffi: RC NC +— RN 1, ={}
by (metis (no-types, lifting) Diff-Diff-Int Int-Diff Int-absorb diff-shunt-var
p-id-NC)

lemma nc-iff2: RC NC «— R - {} = {}
by (metis ¢4 nc-iff1 p-id-zero s-prod-zerol)

lemma zero-assoc3: (R - S) - {} =R - (S-{})
by (metis cl5 s-prod-zerol)

lemma z-zero-interr: R - {} | S - {} = (R | S) - {}
by (clarsimp simp: mr-simp) blast
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lemma p-subid-interr: R - T - 1. || S - T -1, =(R||S)- T 1,
proof —
have R- T -1, S-T 1= (R {(a,{}) |a. 3B. (a,B) € T}) || (S -
{(a}) la. 3B. (a,B) € T})
by (metis c4 p-id-st)
also have ... = (R || S) - {(a,{}) |a. 3B. (a,B) € T}
apply (rule antisym)
apply (metis cl) dual-order.refl p-id-st xz-c-par-idem)
by (simp add: seq-conc-subdistr)
alsohave ...=(R||S)- T I,
by (metis c4 p-id-st)
finally show ?thesis.
qed

lemma ci2 [simp]: 1, N (RU NC) =R - {}
by (metis Diff-disjoint Int-Un-distrib inf-commute p-id-zero
sup-bot.right-neutral)

lemma cl6 [simp]: R-{}-S=R-{}
by (metis ¢4 p-id-assoc2 s-prod-p-idl s-prod-zerol)

lemma cl11 [simp]: (R N NC) - 1. || NC = (RN NC) - NC

apply (rule antisym)

apply (clarsimp simp: mr-simp)

apply (metis UN-constant)

apply (clarsimp simp: mr-simp)

by (metis UN-empty2 UN-insert Un-empty-left equalsOI insert-absorb
sup-bot-right)

lemma z-split [simp]: (RN NC)U (RN 1,) =R
by (metis Un-Diff-Int p-id-NC)

lemma z-split-var [simp]: (RN NC)UR-{} =R
by (metis p-id-zero z-split)

lemma s-z-c [simp]: 1, "R - 1, = {}
using c6 s-le-nc by fastforce

lemma s-z-zero [simp]: 1, N R - {} = {}
using cl6 s-z-c by blast

lemma c-nc [simp]: R - 1, N NC = {}
using c6 by blast

lemma zero-nc [simp]: R - {} N NC = {}
using z-zero-le-c by fastforce

lemma nc-zero [simp]: (R N NC) - {} = {}
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using nc-iff2 by auto

lemma c-def [simp]: U - {} = 1,
by (metis c-nc-compl cl2 cl6 inf-commute p-id-zero s-prod-p-idl)

lemma U-c [simp]: U - 1, = 1,
by (metis U-U c-def zero-assoc3)

lemma nc-c [simp]: NC - 1, = 1,
by (auto simp: mr-simp)

lemma nc-U [simp]: NC - U =U
using NC-NC' c-nc-compl cll nc-c by blast

lemma z-c-nc-split [simp]: (R N NC) - NC) U (R -{} || NC)=(R - 1,) || NC
by (metis cl11 p-prod-comm p-prod-distl x-y-split)

lemma z-c-U-split [simp]: R- UU(R-{}||U)=R- 1. || U
apply (rule set-eql, clarsimp simp: mr-simp)
by (metis SUP-constant UN-extend-simps(2))

lemma p-subid-par-eg-meet [simp]: R - {} || S-{}=R-{}nS-{}
by (auto simp: mr-simp)

lemma p-subid-par-eq-meet-var [simp]: R - 1, || S-1=R-1,NS - I,
by (metis c-def p-subid-par-eq-meet zero-assoc3)

lemma z-zero-add-closed: R - {} US - {} = (RUS) - {}
by (simp add: s-prod-distr)

lemma z-zero-meet-closed: R - {} N S -{} =(RNS) - {}
by (force simp: mr-simp)

lemma scomp-univalent-pres: univalent R = univalent S = univalent (R - S)
unfolding univalent-set s-prod-def
apply clarsimp
by (metis Sup.SUP-cong)

lemma univalent s-id
unfolding univalent-set s-id-def by simp

lemma det-peleg: deterministic R = deterministic S = deterministic (R - S)
unfolding deterministic-set s-prod-def
apply clarsimp
apply safe
apply metis
apply (metis UN-I)
by (metis UN-T)

34



lemma deterministic-sid: deterministic 1.
unfolding deterministic-set s-id-def by simp

3.4 Domain

definition Dom :: (‘a,’b) mrel = ('a,’a) mrel where
Dom R = {(a,{a}) |a. 3B. (a,B) € R}

named-theorems mrd-simp
declare mr-simp [mrd-simp] Dom-def [mrd-simp)

lemma d-def-exzpl: Dom R =R - 1, || 1,
by (force simp: mrd-simp set-eql)

lemma s-subid-iff2: (RN 1, = R) = (Dom R = R)
by (metis c6 cl9 d-def-expl inf.order-iff p-prod-comm p-prod-ild p-prod-isor)

lemma cl8-var: Dom R-S =R -1, S
apply (rule antisym)
apply (metis d-def-expl p-id-assoc2 s-prod-idl s-prod-p-idl seq-conc-subdistr)
by (force simp: mrd-simp)

lemma cl8 [simp]: R- 1, || 1o - S=R -1, S
by simp

lemma cl10-var: Dom (R — 1) =1, N (R — 1) - NC)
apply (rule set-eql, clarsimp simp: mrd-simp)

apply safe
apply (metis SUP-constant insert-not-empty)
by blast

lemma c10: (RN NC) - 1, || 1o = 1, N ((RN NC) - NC)
by (metis Int-Diff cl10-var d-def-expl)

lemma cl9-var [simp]: Dom (RN 1,) = RN 1,
by (simp add: d-def-expl)

lemma d-s-id [simp]: Dom RN 1, = Dom R
by (metis cl8-var d-def-expl p-prod-comm p-prod-ild s-subid-iff2)

lemma d-s-id-ax: Dom R C 1,
by (simp add: le-iff-inf)

lemma d-assocl: Dom R - (S - T)=(Dom R-S)-T
by (metis d-s-id test-assoc2)

lemma d-meet-distr-var: (Dom R N Dom S) - T = Dom R- T N Dom S - T
by (metis (no-types, lifting) d-s-id inf-assoc test-multipliciativer)
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lemma d-idem [simp]: Dom (Dom R) = Dom R
by (meson d-s-id s-subid-iff2)

lemma cd-2-var: Dom (R - 1;)-S=R-1,| S
by (simp add: cl8-var p-id-assoc2)

lemma dc-prop! [simp]: Dom R - 1, = R - 1,
by (simp add: cl8-var)

lemma dc-prop2 [simp]: Dom (R - 1) = Dom R
by (simp add: d-def-expl p-id-assoc2)

lemma ds-prop [simp]: Dom R || 1, = Dom R
by (simp add: p-prod-assoc d-def-expl)

lemma dc [simp]: Dom 1, = 1,
by (simp add: d-def-expl)

lemma cd-iso [simp]: Dom (R - 1) 1, =R - 1,
by simp

lemma dc-iso [simp]: Dom (Dom R - 1) = Dom R
by simp

lemma d-s-id-inter [simp]: Dom R - Dom S = Dom R N Dom S
by (metis d-s-id inf-assoc test-s-prod-is-meet)

lemma d-conc6: Dom (R || S) = Dom R || Dom S
by (metis (no-types, lifting) c¢3 d-def-expl ds-prop p-prod-assoc p-prod-comm)

lemma d-conc-inter [simp]: Dom R | Dom S = Dom R N Dom S
by (metis d-s-id test-p-prod-is-meet)

lemma d-conc-s-prod-az: Dom R || Dom S = Dom R - Dom S
by simp

lemma d-rest-az [simp]: Dom R - R = R
by (simp add: cl8-var)

lemma d-loc-az [simp]: Dom (R - Dom S) = Dom (R - S)
by (metis c4 de-propl dc-prop2)

lemma assoc-p-subid: (R - S) - (T - 1,)=R-(S-(T - 1))
by (smt (verit, del-insts) c4 cd-iso d-idem d-loc-ax p-id-idem s-subid-iff2

test-assoc3)

lemma d-exp-ax [simp]: Dom (Dom R - S) = Dom R - Dom S
by (metis d-conc6 d-conc-s-prod-ax d-idem d-loc-ax)
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lemma d-comm-ax: Dom R - Dom S = Dom S - Dom R
by force

lemma d-s-id-prop [simp]: Dom 1, = 1,
by (simp add: d-def-expl)

lemma d-s-prod-closed [simp]: Dom (Dom R - Dom S) = Dom R - Dom S
using d-exp-az d-loc-ax by blast

lemma d-p-prod-closed [simp]: Dom (Dom R || Dom S) = Dom R || Dom S
using d-s-prod-closed by auto

lemma d-idem?2 [simp]: Dom R - Dom R = Dom R
by (metis d-exp-azx d-rest-ax)

lemma d-assoc: (Dom R - Dom S) - Dom T = Dom R - (Dom S - Dom T)
using d-assocl by blast

lemma iso-1 [simp]: Dom R - 1, || 1, = Dom R
using d-def-expl by force

lemma d-idem-par [simp]: Dom R || Dom R = Dom R
by (simp add: d-conc-s-prod-ax)

lemma d-inter-r: Dom R - (S || T) = Dom R - S || Dom R - T
by (metis d-s-id seq-conc-subdistrl)

lemma d-add-ax: Dom (R U S) = Dom R U Dom S
by (simp add: d-def-expl p-prod-comm p-prod-distl s-prod-distr)

lemma d-sup-add: Dom (JX) = (UR € X. Dom R)
by (auto simp: mrd-simp)

lemma d-distl: Dom R - (S U T) = Dom R -S U Dom R - T
by (metis d-s-id s-distl-test)

lemma d-sup-distl: Dom R - |JX = (US € X. Dom R - S)
by (metis d-s-id s-distl-sup-test)

lemma d-zero-az [simp]: Dom {} = {}
by (simp add: d-def-expl p-prod-comm,)

lemma d-absorb! [simp]: Dom R U Dom R - Dom S = Dom R
by simp

lemma d-absorb2 [simp]: Dom R - (Dom R U Dom S) = Dom R
by (metis d-absorbl d-idem2 d-s-id s-distl-test)

lemma d-dist1: Dom R - (Dom S U Dom T) = Dom R - Dom S U Dom R -
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Dom T
by (simp add: cl8-var p-prod-distl)

lemma d-dist2: Dom R U (Dom S - Dom T) = (Dom R U Dom S) - (Dom R U
Dom T)
by (smt (verit) boolean-algebra.disj-conj-distrib d-add-azx d-s-id-inter dc-prop2)

lemma d-add-prod-closed [simp]: Dom (Dom R U Dom S) = Dom R U Dom S
by (simp add: d-add-azx)

lemma z-zero-prop: R - {} || S = Dom (R - {}) - S
by (simp add: cl8-var)

lemma cda-add-az: Dom (RUS) - T) = Dom (R - T) U Dom (S - T)
by (simp add: d-add-az s-prod-distr)

lemma d-z-zero: Dom (R-{}) =R -{}| 1,
by (simp add: d-def-expl)

lemma cda-az2:
assumes (R || S)- Dom T =R-Dom T | S- Dom T
shows Dom (R || S) - T) = Dom (R-T) - Dom (S - T)
by (metis assms d-conc6 d-conc-s-prod-az d-loc-az)

lemma d-lb1: Dom R - Dom S C Dom R
using d-absorb! by blast

lemma d-1b2: Dom R - Dom S C Dom S
using d-comm-ax d-Ib1 by blast

lemma d-glb: Dom T C Dom R AN Dom T C Dom S = Dom T C Dom R -
Dom S
by simp

lemma d-glb-iff: Dom T C Dom R N Dom T C Dom S <— Dom T C Dom R -
Dom S
by force

lemma d-interr: R - Dom P || S - Dom P = (R || S) - Dom P
by (simp add: clf seq-conc-subdistr subset-antisym)

lemma cl10-d: Dom (RN NC) =1, N (RN NC) - NC
by (simp add: ¢10 d-def-expl)

lemma cl11-d [simp]: Dom (R N NC) - NC = (Rn NC) - NC
by (simp add: cl8-var)

lemma cl10-d-varl: Dom (RN NC) =1, N R - NC
by (simp add: cl10-d z-y-prop)
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lemma cl10-d-var2: Dom (RN NC) =1, N (RN NC) - U
by (simp add: cl10-d-varl s-nc-U z-y-prop)

lemma cl10-d-var3: Dom (RN NC) =1, NR-U
by (simp add: cl10-d-varl s-nc-U)

lemma d-U [simp]: Dom U = 1,
by (metis U-c dc de-prop2)

lemma d-nc [simp]: Dom NC = 1,
by (metis dc de-prop2 ne-c)

lemma alt-d-def-nc-nc: Dom (RN NC) =1, N (((RN NC) - 1) | NC)
using c10 cl11-d cl8-var d-def-expl by blast

lemma alt-d-def-nc-U: Dom (RN NC) =1, N (RN NC) - 1,) ] U)
using alt-d-def-nc-nc s-nc-par-U by blast

lemma d-def-split [simp]: Dom (R N NC) U Dom (R - {}) = Dom R
by (metis d-add-ax d-loc-ax d-zero-az p-id-zero x-split)

lemma d-def-split-var [simp]: Dom (R N NC) U (R -{}) || 15) = Dom R
using d-def-split d-z-zero by blast

lemma az7 [simp]: (1o " R-U)U (R -{}| 15) = Dom R
using cl10-d-var3 d-def-split d-z-zero by blast

lemma dom12-d: Dom R =1, N (R - 1, || NC)
by (metis cl10-d-var3 cl8-var d-idem d-s-id inf.orderE s-nc-par-U sub-id-le-nc)

lemma dom12-d-U: Dom R =1, N (R - 1, | U)
by (simp add: dom12-d s-nc-par-U)

lemma dom-def-var: Dom R = (R-UnN1;) | 1,
by (simp add: d-def-expl p-id-zero zero-assoc3)

lemma az5-d [simp]: Dom (RN NC)- U= (RN NC)-U
by (metis cll cl11-d dc-propl)

lemma az5-0 [simp]: Dom (R -{}) - U=R-{} || U
using z-zero-prop by auto

lemma z-c-U-split2: Dom R - NC = (RN NC) - NC U (R - {} || NC)
by (simp add: cl8-var)

lemma z-c-U-split3: Dom R - U = (RN NC)- UU(R-{}| U)
by (metis ax5-0 ax5-d d-def-split s-prod-distr)
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lemma z-c-U-split-d: Dom R - U=R-UU (R -{}| U)
by (simp add: cl8-var)

lemma z-U-prop2: R - NC = Dom (RN NC) - NC UR - {}
by simp

lemma z-U-prop3: R - U = Dom (RN NC) - UUR - {}
by (metis az5-d z-y-split)

lemma d-z-nc [simp]: Dom (R - NC) = Dom R
by (metis d-loc-ax d-nc dc de-prop2)

lemma d-z-U [simp]: Dom (R - U) = Dom R
by (metis d-U d-loc-ax dc de-prop2)

lemma d-llp1: Dom R C Dom S — R C Dom S - R
by (metis d-rest-ax s-prod-isol)

lemma d-llp2: R C Dom S - R = Dom R C Dom S
by (metis d-assocl d-exp-ax d-meet-distr-var d-rest-az d-s-id-inter
inf.absorb-iff2)

lemma demodl: Dom (R - S) C Dom T = R - Dom S C Dom T - R
proof —
assume h: Dom (R - S) C Dom T
have R - Dom S = Dom (R - Dom S) - (R - Dom S)
using d-rest-ax by blast
also have ... C Dom T - (R - Dom S)
by (metis d-loc-az h s-prod-distr subset-Un-eq)
alsohave ... C Dom T - R
by (metis d-s-id-az s-prod-idr s-prod-isor)
finally show R - Dom S C Dom T - R.
qed

lemma demod2: R - Dom S C Dom T - R = Dom (R - S) C Dom T
proof —
assume h: R - Dom S C Dom T - R
have Dom (R - S) = Dom (R - Dom S)
by auto
also have ... C Dom (Dom T - R)
by (metis d-add-az h subset-Un-eq)

also have ... = Dom T - Dom R
by simp
also have ... C Dom T

by (simp add: d-1b1)
finally show Dom (R - S) C Dom T.
qed

lemma d-meet-closed [simp]: Dom (Dom x N Dom y) = Dom x N Dom y
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by (metis d-s-id inf-assoc s-subid-iff2)

lemma d-add-var: Dom P - R U Dom @ - R = Dom (PU @) - R
by (simp add: d-add-azx s-prod-distr)

lemma d-interr-U: Dom z - U || Domy - U = Dom (z || y) - U
by (metis U-nc U-par-idem cl4 d-conc6 seq-conc-subdistr subset-antisym)

lemma d-meet: Dom z - z N Dom y - z = (Dom x N Dom y) - z
by (simp add: d-meet-distr-var)

lemma cs-hom-meet: Dom (z - 1 Ny - 1) = Dom (x - 1) N Dom (y - 1)
by (metis d-conc6 d-conc-inter de-prop2 p-subid-par-eq-meet-var)

lemma iso3 [simp]: Dom (Dom xz - U) = Dom x
by simp

lemma iso4 [simp]: Dom (x - 1, | U) - U=z -1, || U
by (metis cl8-var iso3)

lemma iso3-sharp [simp]: Dom (Dom (z N NC) - NC) = Dom (z N NC)
by simp

lemma iso4-sharp [simp]: Dom ((x N NC) - NC) - NC = (¢ N NC) - NC
by simp

3.5 Vectors

lemma vec-iff1:
assumes Ya. (3A. (a,A) € R) — (VA. (a,4) € R)
shows R- 1, || U=R
using assms by (auto simp: mr-simp)

lemma vec-iff2:
assumes R - 1, || U=R
shows (Va. (34. (a,4) € R) — (VA. (a,A) € R))
using assms apply (clarsimp simp: mr-simp)
by (smt (23) SUP-bot case-prod-conv mem-Collect-eq sup-bot-left)

lemma vec-iff: (Va. (34. (a,4) € R) — (VA. (0,A) €R))+— R- 1| U=R
by (metis vec-iff1 vec-iff2)

lemma U-par-zero [simp]: {} - R || U = {}
by (simp add: p-prod-comm)

lemma U-par-s-id [simp]: 1, - 1, || U=1TU
by auto

lemma U-par-p-id [simp]: 1, - 1, || U=U
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by auto

lemma U-par-nc [simp]: NC - 1, || U=U
by auto

3.6 Up-closure and Parikh composition

definition s-prod-pa :: (‘a,’b) mrel = ('b,’c) mrel = ('a,’c) mrel (infixl @ 75)
where
R® S ={(a,4). (AB. (a,B) € RN (Vb€ B. (b,A) € 9))}

lemma U-par-st: (a,A) € R|| U +— (3B. BC A A (a,B) € R)
by (auto simp: mr-simp)

lemma p-id-U: R || U = {(a,B). 3A. (a,A) € RN AC B}
by (clarsimp simp: mr-simp) blast

lemma ucl-iff: (Va A B. (a,A) e RNACB— (a,B)e R)«— R| U=R
by (clarsimp simp: mr-simp) blast

lemma upclosed-ext: R C R || U
by (clarsimp simp: mr-simp) blast

lemma onelem: R - S || UC R® (S| U)
by (auto simp: s-prod-def p-prod-def U-def s-prod-pa-def)

lemma twolem: R® (S| U)CR-S|| U
proof clarify
fix a A
assume (a,A) € R® (S || U)
hence 3B. (a,B) € RN (Vbe B. (bA) € S| U)
by (auto simp: s-prod-pa-def)
hence 3B. (a,B) e RN (Vbe B.3C. C C AN (b,C) €S)
by (clarsimp simp: mr-simp) blast
hence 3B. (a,B) e RA (3f. (Vbe B. fbC AN (bfb) €5))
by metis
hence 3C. C C AA(3B.(a,B) e RN (3f. ¥be B. (bfb)e S) N C=J
((\a. £2) * B)
by clarsimp blast
hence 3C. CC A A (a,C) € R- S
by (clarsimp simp: mr-simp)
thus (¢, A) € (R-S) || U
by (clarsimp simp: mr-simp) blast
qed

lemma pe-pa-sim: R - S || U=R® (S| U)

by (metis antisym onelem twolem)

lemma pe-pa-sim-var: (R || U) - (S| U) || U=(R| U)® (S| U)
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apply (rule order.antisym)
by (simp add: p-prod-assoc pe-pa-sim)+

|1|efél)n)ﬂa pa-assocl: (R || U) @ (S| U)) @ (T || U) € (R || U)® (S| U) @ (T

by (clarsimp simp: p-prod-def s-prod-pa-def U-def, metis)

lemma up-closed-par-is-meet: (R || U) || (S| U)=(R || U)n (S| U)
by (auto simp: mr-simp)

lemma U-nc-par [simp]: NC || U = NC
by (metis c-nc-compl c-prod-idr ne-par-idem p-prod-distl sup-idem)

lemma uc-par-meet: (R || U)N(S|| U)=R| U S|U
using p-prod-assoc up-closed-par-is-meet by blast

lemma uc-unc [simp]: R|| U|| R| U=R| U
using uc-par-meet by auto

lemma uc-interr: (R || S) - (T || U)=R-(T|U)||S-(T]| U)
by (simp add: Orderings.order-eq-iff clf seq-conc-subdistr up-closed-par-is-meet)

lemma iso5 [simp]: (R- 1, || U) -1 =R - 1,
by (simp add: ¢3)

lemma iso6 [simp]: (R - 1, || U) - 1| U=R-1,|| U
by simp

lemma sv-hom-par: (R || S)-U=R-U|S-U
by (metis U-par-idem uc-interr)

lemma vs-hom-meet: Dom (R- 1. || U)N (S 1| U))=Dom (R- 1, | U)
N Dom (S 1, U)
by (metis d-conc6 d-conc-inter de-prop2 iso5 up-closed-par-is-meet)

lemma cv-hom-meet: (R - 1, NS - 1) | U=(R- 1| U)N(S 1] U)
by (metis U-par-idem p-prod-assoc p-prod-comm p-subid-par-eq-meet-var
uc-par-meet)

lemma cv-hom-par [simp]: R| U S| U=(R| S)| U
by (metis U-par-idem p-prod-assoc p-prod-comm,)

lemma ve-hom-meet: (R 1, || U)N(S- 1| U)) - 1,=(R-1.||U) - 1)
by (metis ¢4 cl8-var cv-hom-meet iso5 p-subid-par-eq-meet-var)

lemma ve-hom-seq: (R - 1, || U) - (S- 1| U)) - 1. =(R- 1| U)- 1) -

(8- 1| U) - 1z)
proof —
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have (R 15 | U)- (S 1o | U) - 1x = (R- 15 | U)- (S - 1)
by (metis c4 is0))

alsohave ... =R - 1. | U - (S 1)
by (metis cl8-var d-assocl)

alsohave ... =R - 1, || (NC - (S 1)U 1z-(S- 1))
by (metis c-nc-compl s-prod-distr sup-commute)

also have ... = R - 1. || I
by (metis Un-absorbl c4 c6 s-prod-p-idl)

thus ?thesis
by (simp add: assoc-p-subid calculation)

qed

3.7 Nonterminal and terminal multirelations

definition tau :: (‘a,’b) mrel = (‘a,’b) mrel (1) where

TR=R-{}

definition nu :: (‘a,’db) mrel = (‘a,’b) mrel (v) where
v R=RnNNC

lemma nc-s [simp|: v 1, = 1,
using nu-def s-le-nc by auto

lemma nc-scomp-closed: v R - v S C NC
by (simp add: nu-def nc-iff1 p-id-zero zero-assoc3)

lemma ne-scomp-closed-alt [simpl: v (W R-v S)=v R-v S
by (metis inf.orderE nc-scomp-closed nu-def)

lemma nc-ccomp-closed: v R || v S € NC
unfolding nu-def by (clarsimp simp: mr-simp)

lemma nec-ccomp-closed-alt [simp): v (R|| v S)=R| v S
unfolding nu-def by (clarsimp simp: mr-simp) blast

lemma tarski-prod: (v R - NC) - (v S - NC) = (if v S = {} then {} else v R -
NC)
proof (cases v S = {})
case True
show ?thesis
by (metis True nc-zero nu-def p-id-NC' s-prod-zerol zero-assoc3)
next
case Fulse
hence a: NC - (v § - NC) = NC
unfolding nu-def by (metis p-id-NC tarski)
have (v R - NC) - (v § - NC) = (Dom (v R) - NC) - (v S - NC)
by (simp add: nu-def)
also have ... = Dom (v R) - (NC - (v S - NC))
using d-assocl by blast
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also have ... = Dom (v R) - NC
by (simp add: a)
also have ... = v R - NC
by (simp add: nu-def)
finally have (v R - NC) - (v S - NC) =v R - NC.
thus ?thesis
using False by auto
qed

lemma nc-prod-auzx [simp]: (v R - NC) - NC =v R - NC
apply (clarsimp simp: mr-simp)
apply safe
apply clarsimp
apply (smt (verit) SUP-bot-conv(1) ex-in-conv)
apply clarsimp
by (smt (verit, best) SUP-bot-conv(2) UNIV-I UN-constant)

lemma nc-vec-add-closed: (v R- NCUv S - NC)- NC=v R-NCUvS-NC
by (simp add: s-prod-distr)

lemma nc-vec-par-is-meet: v R - NC ||[v S- NC=v R -NCnNnvS-NC
by (metis (no-types, lifting) U-nc-par cl11 nu-def p-prod-assoc
up-closed-par-is-meet)

lemma nc-vec-meet-closed: (v R- NCNv S-NC)-NC=vR-NCnNnvS-NC
apply (clarsimp simp: nu-def mr-simp)
apply safe
apply (metis SUP-const UN-I ex-in-conv)
apply (clarsimp, smt (verit) SUP-bot-conv(2) ex-in-conv)
by (clarsimp, smt (verit, ccfv-threshold) SUP-bot-conv(1) SUP-const UNIV-I
all-not-in-conv)

lemma nc-vec-par-closed: (v R - NC || v S - NC)- NC=v R-NC|vS-NC
by (metis U-nc-par nc-prod-auz uc-interr)

lemma nc-vec-seq-closed: (v R - NC) - (v S- NC))- NC=(wR-NC)-(v S -
NO)
proof (cases v S = {})
case True thus ?thesis
by simp
next
case Fulse thus ?thesis
by (simp add: tarski-prod)
qed

lemma iso5-sharp [simp]: (W R - 1, || NC) -1, =v R 1,
by (simp add: c3)

lemma iso6-sharp [simp]: (v R - NC - 1) || NC =v R - NC
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by (simp add: ¢4 nu-def)

lemma nsv-hom-par: (R || S) - NC =R - NC | S - NC
by (simp add: clj seq-conc-subdistr subset-antisym)

lemma nvs-hom-meet: Dom (v R - NCNv S - NC)= Dom (v R- NC) N Dom
(v S-NC)
by (rule antisym) (fastforce simp: nu-def mrd-simp)+

lemma ncv-hom-meet: R - 1, NS -1, || NC=(R- 1 || NC)N (S 1, ] NC)
by (metis ¢4 cl8-var d-exp-ax d-meet d-s-id-inter p-subid-par-eq-meet-var)

lemma ncv-hom-par: (R || S) || NC =R | NC | S| NC
by (metis nc-par-idem p-prod-assoc p-prod-comm,)

lemma nvc-hom-meet: (v R- NCNv S -NC)-1,=wR-NC)-1,N({vS -
NC) - 1,
by (rule antisym) (fastforce simp: nu-def mr-simp)+

lemma tau-int: 7 R < R
using p-id-zero tau-def by auto

lemma nu-int: v R < R
by (simp add: nu-def)

lemma tau-ret [simp]: 7 (Tt R) =7 R
by (simp add: tau-def)

lemma nu-ret [simp]: v (v R) = v R
by (simp add: nu-def)

lemma tau-iso: R< S= 7t R<71S8
by (simp add: inf.order-iff tau-def x-zero-meet-closed)

lemma nu-iso: R< S = v R<v S
by (metis Int-mono nu-def order-refl)

lemma tau-zero [simp]: T {} = {}
by (simp add: tau-def)

lemma nu-zero [simp]: v {} = {}
using nu-def by auto

lemma tau-s [simp]: 7 1, = {}
by (simp add: tau-def)

lemma tau-c [simpl: T 1 = 1,
by (simp add: tau-def)
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lemma nu-c [simp]: v 1, = {}
by (simp add: nu-def)

lemma tau-nc [simp]: 7 NC = {}
by (metis nc-iff2 order-refl tau-def)

lemma nu-nc [simp]: v NC = NC
using nu-def by auto

lemma tau-U [simp]: 7 U = 1,
by (simp add: tau-def)

lemma nu-U [simp]: v U = NC
by (simp add: Diff-eq nu-def)

lemma tau-add [simp]: 7 (RUS) =7 RUT S
by (simp add: tau-def z-zero-add-closed)

lemma nu-add [simp]: v (RUS)=v RUv S
by (simp add: Int-Un-distrib2 nu-def)

lemma tau-meet [simp]: T (RN S) =7 RNT S8
by (simp add: tau-def z-zero-meet-closed)

lemma nu-meet [simp]: v (RN S)=v RNv S
by (simp add: inf-commute inf-left-commute nu-def)

lemma tau-seq: 7 (R-S)=7TRUv R -78
unfolding nu-def tau-def
by (metis sup-commute x-y-split zero-assoc3)

lemma tau-par [simp]: 7 (R|| S)=7R| 7S
by (metis U-par-zero tau-def uc-interr)

lemma nu-par-auzl: R || 7 S = Dom (1 §) - R
by (metis p-prod-comm tau-def z-zero-prop)

lemma nu-par-auz3 [simp: v (v R||7S)=v R| 1S
by (metis nc-ccomp-closed-alt p-prod-comm)

lemma nu-par-auxs [simp]: v (t R || 7 S) = {}
by (metis nu-def tau-def tau-par zero-nc)
lemma nu-par: v (R || S) = Dom (t R) -v SUDom (1 S)- v RU(WR|vS)
apply (rule antisym)
apply (fastforce simp: mrd-simp nu-def tau-def)
by (auto simp: mrd-simp nu-def tau-def)

lemma sprod-tau-nu: R - S =717 RUv R - S
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by (metis nu-def sup-commute tau-def z-y-split)

lemma pprod-tau-nu: R || S= (v R| v S)U Dom (r R) -v SU Dom (1 5) - v
RU(rR| TS

by (smt (verit) nu-def nu-par sup-assoc sup-left-commute tau-def tau-par
x-split-var)

lemma tau-idem [simp]: T R-T R=7 R
by (simp add: tau-def)

lemma tau-interr: (R||S) -7 T=R-7T|S-7T
by (simp add: tau-def clj seq-conc-subdistr subset-antisym)

lemma tau-le-c: 7 R < 1,
by (simp add: tau-def z-zero-le-c)

lemma c-le-tauc: 1, <7 1,
by simp

lemma z-alpha-tau [simp]: v RUT R =R
by (simp add: nu-def tau-def)

lemma alpha-tau-zero [simp): v (7 R) = {}
by (simp add: nu-def tau-def)

lemma tau-alpha-zero [simp]: 7 (v R) = {}
by (simp add: nu-def tau-def)

lemma sprod-tau-nu-var [simpl: v (v R - S) =v (R - S5)
by (metis nu-add nu-def nu-ret x-y-split zero-nc)

lemma tau-s-prod [simp]: 7 (R-S)=R-71 S
by (simp add: tau-def zero-assocd)

lemma alpha-fp: v R =R +— R - {} = {}
by (metis inf.orderE nc-iff2 nc-zero nu-def)

lemma p-prod-tau-alpha: R || S=(R||v S)U@ R || S)U(Tr R| 7595)
by (smt (verit) p-prod-comm p-prod-distl sup.idem sup-assoc sup-commute
z-alpha-taw)

lemma p-prod-tau-alpha-var: R || S=(R||v S)UWw R || S)ur (R| S)
using p-prod-tau-alpha tau-par by blast

lemma alpha-par: v (R || S)=w R || S)U (R | v S)
by (metis alpha-tau-zero nc-ccomp-closed-alt nu-add p-prod-comm

p-prod-tau-alpha sup-bot-right tau-par)

lemma alpha-tau [simp]: v (R -7 S) = {}
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by (metis alpha-tau-zero tau-s-prod)

lemma nu-par-prop: v R=R=—=v (R|| S)=R| S
by (metis nc-ccomp-closed-alt p-prod-comm)

lemma tau-seg-prop: T R=R—=— R-S =R
by (metis cl6 tau-def)

lemma tau-seq-prop2: T R=R=—717(R-S)=R- S
by (metis cl6 tau-def)

lemma d-nu: v (Dom R - S) = Dom R -v S
by (auto simp: nu-def mrd-simp)

lemma nu-ideall: v R=R=— S<R=—v =S5
unfolding nu-def by blast

lemma tau-ideall: T R=R=— S<R=—75=1S5
by (metis dual-order.trans p-subid-iff-var tau-def)

lemma nu-ideal2: vR=R—=v S=S = v (RUS)=RUS
by simp

lemma tau-ideal2: T R=R—7175=5S=7(RUS)=RUS
by simp

lemma tau-add-precong: T R< 7S =7 (RUT)<7(SUT)
by auto

lemma tau-meet-precong: T R< 7S =717 (RNT)<7(5NT)
by force

lemma tau-par-precong: T R< 7S =717 (R|| T) <7 (S| T)
by (simp add: p-prod-isol)

lemma tau-seg-precongl: T R <78 =7 (T -R) <71 (T-5)
by (simp add: s-prod-isor)

lemma nu-add-precong: v R<v S = v (RUT)<v (SUT)
by auto

lemma nu-meet-precong: v R<v S = v (RNT)<v (SNT)
by force

lemma nu-seq-precongr: v R<v S = v (R-T)<v (S-T)
by (metis nu-iso s-prod-isol sprod-tau-nu-var)

definition
tcgRS=(TR<7SATS<7R)
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definition
nggRS=wWR<vSAvS<vR)

lemma tcg-refi: tcg R R
by (simp add: tcg-def)

lemma tcg-trans: tcg R S = teg S T = tcg R T
by (meson subset-trans tcg-def)

lemma tcg-sym: tcg R S = tcg S R
by (simp add: tcg-def)

lemma ncg-refl: ncg R R
using ncg-def by blast

lemma ncg-trans: ncg R S = ncg ST = ncg R T
by (meson ncg-def order-trans)

lemma ncg-sym: ncg R S = ncg S R
by (simp add: ncg-def)

lemma tcg-alt: tecg RS = (tr R=1719)
using tcg-def by auto

lemma ncg-alt: ncg RS = (v R=v 5)
by (simp add: Orderings.order-eq-iff ncg-def)

lemma itcg-add: T R=78 =7 (RUT)=7(SUT)
by simp

lemma tcg-meet: T R=785S =7 (RN T)=7(5SNT)
by simp

lemma tcg-par: T R=785 =7 (R| T)=7 (S| T)
by simp

lemma tcg-seq: TR=75 = 7 (T -R)=7(T-5)
by simp

lemma ncg-add: v R=v S = v (RUT)=v (SUT)
by simp

lemma ncg-meet: vR=v S = v (RNT)=v (SN T)
by simp

lemma ncg-seqgr: v R=v S = v (R-T)=v (S-T)
by (metis sprod-tau-nu-var)
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3.8 Powers

primrec p-power :: (‘a,’a) mrel = nat = ('a,’a) mrel where
p-power R 0 =1, |
p-power R (Suc n) = R - p-power R n

primrec power-rd :: (
power-rd R 0
power-rd R (Suc n

‘a,’a) mrel = nat = ('a,’a) mrel where
{}
=1

|
+ U R - power-rd R n

primrec power-sq :: ('a,’a) mrel = nat = ('a,’a) mrel where
power-sq R 0 =1,
power-sq R (Suc n) = 1, U R - power-sq R n

lemma power-rd-chain: power-rd R n < power-rd R (n + 1)

apply (induct n)

apply simp

by (smt (verit, best) Suc-eq-plusl Un-subset-iff le-iff-sup power-rd.simps(2)
s-prod-subdistl subsetl)

lemma power-sq-chain: power-sq R n < power-sq R (n + 1)

apply (induct n)

apply clarsimp

by (smt (verit, ccfo-SIG) UnCI Un-subset-iff add.commute le-iff-sup
plus-1-eq-Suc power-sq.simps(2) s-prod-subdistl subsetl)

lemma pow-chain: p-power (1, U R) n < p-power (1, U R) (n + 1)
apply (induct n)
apply simp
by (simp add: s-prod-isor)

lemma pow-prop: p-power (1, UR) (n+ 1) =1, U R - p-power (1, U R) n

apply (induct n)

apply simp

by (smt (verit, best) add.commute p-power.simps(2) plus-1-eq-Suc s-prod-distr
s-prod-idl s-prod-subdistl subset-antisym sup.commute sup.left-commute
sup.right-idem sup-gel)

lemma power-rd-le-sq: power-rd R n < power-sq R n

apply (induct n)

apply simp

by (smt (verit, best) UnCI UnE le-iff-sup power-rd.simps(2) power-sq.simps(2)
s-prod-subdistl subsetl)

lemma power-sg-le-rd: power-sq R n < power-rd R (Suc n)

apply (induct n)

apply simp

by (smt (verit, del-insts) UnCI UnE power-rd.simps(2) power-sq.simps(2)
s-prod-subdistl subsetl sup.absorb-iff1)
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lemma power-sg-power: power-sq R n = p-power (1, U R) n
apply (induct n)
apply simp
using pow-prop by auto

3.9 Star

lemma iso-prop: mono (AX. S U R - X)
by (rule monol, (clarsimp simp: mr-simp), blast)

lemma gfp-ifp-prop: gfp A X. R- X)Ulfp A X. SUR-X)Cgfp (A X. SUR -
X)
by (simp add: lfp-le-gfp gfp-mono iso-prop)

definition star :: (‘a,’a) mrel = (‘a,’a) mrel where
star R = lfp (AX. s-id U R - X)

lemma star-unfold: 1, U R - star R < star R
unfolding star-def using iso-prop lfp-unfold by blast

lemma star-induct: 1, UR- S < S = star R< S
unfolding star-def by (meson Ifp-lowerbound)

lemma star-refl: 1, < star R
using star-unfold by auto

lemma star-unfold-part: R - star R < star R
using star-unfold by auto

lemma star-ext-aur: R < R - star R
by (metis s-prod-idr s-prod-isor star-refl)

lemma star-ext: R < star R
using star-ext-auz star-unfold-part by blast

lemma star-co-trans: star R < star R - star R
by (metis s-prod-idr s-prod-isor star-refl)

lemma star-iso: R < § = star R < star S
by (metis (no-types, lifting) le-sup-iff s-prod-distr star-induct star-refl
star-unfold-part subset-Un-eq)

lemma star-unfold-eq [simp]: 1, U R - star R = star R
by (metis iso-prop lfp-unfold star-def)

lemma nu-starl:

assumes A(R::('a,’a) mrel) (S::('a,’a) mrel) (T::("a,’a) mrel). R - (S - T) =
(R-8)-T

shows star (R::('a,’a) mrel) < star (v R) - (1, U T R)
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by (smt (verit, ccfo-threshold) assms s-prod-distr s-prod-idl sprod-tau-nu
star-induct star-unfold-eq subset] sup-assoc)

lemma nu-star2:

assumes A(R::(’a,’a) mrel). star R - star R < star R

shows star (v (R::(‘a,’a) mrel)) - (1, U7 R) < star R

by (smt (verit) assms le-sup-iff nu-int s-prod-isol s-prod-isor star-ext star-refl
star-iso subsel-trans tau-int)

lemma nu-star:

assumes A(R::('a,’a) mrel). star R - star R < star R

and A(R:('a,’a) mrel) (S::("a,’a) mrel) (T::('a,’a) mrel). R - (S - T) = (R-5)
- T

shows star (v (R::('a,’a) mrel)) - (1o U T R) = star R

using assms nu-starl nu-star2 by blast

lemma tau-star: star (r R) = 1, UT R
by (metis cl6 tau-def star-unfold-eq)

lemma tau-star-var:

assumes A(R::('a,’a) mrel) (S::('a,’a) mrel) (T::("a,’a) mrel). R - (S - T) =
(R-8)-T

and A(R::('a,’a) mrel). star R - star R < star R

shows 7 (star (R::('a,’a) mrel)) = star (v R) - 7 R

by (metis (mono-tags, lifting) assms nu-star s-prod-distr s-prod-zerol sup-bot-left
tau-def tau-s)

lemma nu-star-sub: star (v R) < v (star R)
proof —
have a: 1, C star R
by (simp add: star-refl)
have b: (R N NC) - (star R N NC) C star R
by (metis nu-def nu-int s-prod-isol s-prod-isor star-unfold-part subset-trans)
have ¢: 1, C NC
by (simp add: s-le-nc)
have (R N NC) - (star RN NC) C NC
by (metis nc-scomp-closed nu-def)
thus ?thesis
by (metis Un-least a b ¢ le-infl nu-def star-induct)
qed

lemma nu-star-nu [simpl: v (star (v R)) = star (v R)
using nu-int nu-star-sub by fastforce

lemma nu-star-tau [simp]: v (star (7 R)) = 1,
using tau-star by (metis alpha-tau-zero nu-add tau-s z-alpha-tau)

lemma tau-star-tau [simp]: T (star (1 R)) =7 R
by (simp add: tau-star)
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lemma tau-star-nu [simp]: T (star (v R)) = {}
using alpha-fp tau-def nu-star-nu by metis

lemma d-star-unfold [simp]: Dom S U Dom (R - Dom (star R - S)) = Dom (star
R-S)
proof —
have Dom S U Dom (R - Dom (star R - S)) = Dom S U Dom (R - (star R -
Dom S))
by (metis d-loc-ax)
also have ... = Dom (1, - Dom S U (R - (star R - Dom S)))
by (simp add: d-add-az)
also have ... = Dom (1, - Dom S U (R - star R) - Dom S)
by (metis d-comm-az d-s-id-inter d-s-id-prop s-prod-idl test-assoc3)
moreover have ... = Dom ((1, U R - star R) - Dom S)
using s-prod-distr by metis
ultimately show ?thesis
by simp
qed

lemma d-star-sim1:
assumes AR S T. Dom (T::('a,’b) mrel) U (R::(a,’a) mrel) - (S::('a,’a) mrel)
<SS = starR-Dom T < S
shows (R::('a,’a) mrel) - Dom (T::('a,’b) mrel) < Dom T - (S::("a,’a) mrel)
= star R - Dom T < Dom T - star S
proof —
fix R S::("a,’a) mrel and T ::('a,’b) mrel
assume a: R - Dom T < Dom T - S
hence (R - Dom T) - star S < (Dom T - S) - star S
by (simp add: s-prod-isol)
hence b: R - (Dom T - star S) < Dom T - (S - star S)
by (metis d-assocl d-s-id-ax inf.order-iff test-assocl)
hence R - (Dom T - star S) < Dom T - star S
by (meson order-trans s-prod-isor star-unfold-part)
hence Dom T'U R - (Dom T - star S) < Dom T - star S
by (metis le-supl s-prod-idr s-prod-isor star-refl)
thus star R - Dom T < Dom T - star S
using assms by presburger
qed

lemma d-star-induct:

assumes AR S T. Dom (T::('a,’b) mrel) U (R::('a,’a) mrel) - (S::(‘a,’a) mrel)
< S = star R-Dom T < S

shows Dom ((R::('a,’a) mrel) - (S::("a,’a) mrel)) < Dom S = Dom (star R -
S) < Dom §

by (metis assms d-star-sim1 dc-prop2 demodl demod?2)
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3.10 Omega

definition omega :: (‘a,’a) mrel = ('a,’a) mrel where
omega R = gfp (AX. R - X)

lemma om-unfold: omega R < R - omega R
unfolding omega-def
by (metis (no-types, lifting) gfp-least gfp-upperbound order-trans s-prod-isor)

lemma om-coinduct: S < R - S = S < omega R
unfolding omega-def by (simp add: gfp-upperbound omega-def)

lemma om-unfold-eq [simp]: R - omega R = omega R
by (rule antisym) (auto simp: om-coinduct om-unfold s-prod-isor)

lemma om-iso: R < § = omega R < omega S
by (metis om-coinduct s-prod-isol om-unfold-eq)

lemma zero-om [simp]: omega {} = {}
using om-unfold-eq s-prod-zerol by blast

lemma s-id-om [simpl]: omega 1, = U
by (simp add: U-def eq-iff om-coinduct)

lemma p-id-om [simpl]: omega 1, = 1,
using om-unfold-eq s-prod-p-idl by blast

lemma nc-om [simp]: omega NC = U
by (metis dual-order.refl nc-U om-coinduct s-id-om s-prod-idl subset-antisym)

lemma U-om [simp]: omega U = U
by (metis U-U dual-order.refl om-coinduct s-id-om s-prod-idl subset-antisym)

lemma tau-oml: 7 R < 7 (omega R)
by (metis om-unfold-eq order-refl sup.boundedFE tau-seq)

lemma tau-om2 [simpl: omega (T R) =7 R
by (metis cl6 om-unfold-eq tau-def)

lemma tau-om3: omega (T R) < 7 (omega R)
by (simp add: tau-om1)

lemma om-nu-tau: omega (v R) U star (v R) - 7 R < omega R
proof —
have omega (v R) U star (v R) - 7 R = omega (v R) U (1, Uv R - star (v

R))-TR
by auto
also have ... = omega (v R)UT RUv R - star (WR) - TR
using s-prod-distr s-prod-idl by blast
also have ... =7 RUv R - omega (v R) Uv R - (star (v R) - 7 R)
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by (simp add: cl5 sup-commute tau-def)
also have ... <7 RUwv R - (omega (v R) U star (v R) - 7 R)
by (smt (verit) Un-subset-iff s-prod-isor sup.cobounded? sup.coboundedI?2
sup-commute)
also have ... = R - (omega (v R) U star (v R) - 7 R)
using sprod-tau-nu by blast
finally show ?thesis
using om-coinduct by blast
qed

end

4 Multirelational Properties of Power Allegories

theory Power-Allegories-Multirelations
imports Multirelations-Basics

begin
We start with random little properties.
lemma eta-s-id: n = s-id

unfolding s-id-def eta-set by force

lemma Lambda-empty [simp]: A {} = p-id
unfolding Lambda-def p-id-def by blast

lemma alpha-pid [simp]: o p-id = {}
unfolding alpha-def epsiloff-def p-id-def by force

4.1 Peleg lifting

definition plift :: (‘a,’b) mrel = ('a set,’b set) rel (- [1000] 999) where
R. ={(4,B). 3f. Ya € A. (a,f(a)) e R) AB=(f A}

lemma pcomp-plift: R - S =R ; S,
unfolding s-prod-def plift-def relcomp-unfold by simp

lemma det-plift-klift: deterministic R = R, = (R)p
unfolding deterministic-set plift-def klift-set-var
apply (simp add: set-eq-iff)
apply safe
by metis+

lemma plift-ext2 [simp]: n ; R« = R
by (metis eta-s-id pcomp-plift s-prod-idl)

lemma pliftext-3 [simp]: n. = Id
by (simp add: det-eta det-plift-klift)
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lemma d-dom-plift: (Dom R). = dom (R.)
unfolding Dom-def dom-set plift-def
apply clarsimp
apply safe
apply (metis (full-types) UN-singleton image-cong)
by (metis UN-singleton)

lemma d-pid-plift: (Dom R). C Id
by (metis d-dom-plift d-idem dom-subid inf.absorb-iff2)

lemma d-plift-sub: A C B = (B,B) € (Dom R), = (A,A) € (Dom R).
by (smt (23) Pair-inject UN-singleton Dom-def mem-Collect-eq plift-def
split-conv subsetD)

lemma plift-empty: ({},4) € R, «— A = {}
using plift-def by auto

lemma univ-plift-klift:
assumes univalent R
shows R, = (Dom R). ; (R)p
proof —
have VA B . (A,B) € R. «— (A,B) € (Dom R). ; (R)p
proof (intro alll, rule iffI)
fix A B
assume 1: (A,B) € R,
hence (A,B) € (R)p
unfolding klift-set-var
apply clarsimp
by (smt (23) Collect-cong Pair-inject Union-eq assms case-prodE image-iff
mem-Collect-eq plift-def univalent-set)
thus (A,B) € (Dom R). ; (R)p
using 1 d-dom-plift dom-set by fastforce
next
fix A B
assume (4,B) € (Dom R). ; (R)p
from this obtain C where 2: (A4,C) € (Dom R). A (C,B) € (R)p
by auto
from this obtain f where 3: (Va € A. (a,f(a)) € Dom R) AN C =J(f * A)
by (smt (verit) Pair-inject case-prodE mem-Collect-eq plift-def)
hence Vae€ A.3D . (a,D) € R
by (simp add: Dom-def)
from this obtain g where 4: Va € A . (a,9(a)) € R
by metis
hence Va € A. f(a) = {a}
using 3 by (simp add: Dom-def)
hence A = C
using 2 3 by (smt (verit) Pair-inject UN-singleton case-prodE image-cong
mem-Collect-eq plift-def)
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hence (A,B) € (R)p
using 2 by simp
thus (A,B) € R,
unfolding plift-def klift-set-var
apply clarsimp
apply (rule exl[where ?z=g|)
using / by (smt (verit, ccfv-SIG) Collect-cong assms image-def
univalent-set)
qed
thus R, = (Dom R). ; (R)p
by force
qed

lemma plift-ext!:
assumes univalent f
shows (R ; f.)« = Ry ; [«
proof —
have VA B . (A,B) € (R ; (Dom ). ; (f)p)« ¢— (A,B) € R, ; (Dom f)« ; (f)p
proof (intro alll, rule iffI)
fix A B
assume I: (A,B) € (R; (Dom f). ; (f)p)«
from this obtain g where 2: (Va € A. (a,9(a)) € R; (Dom f).; (f)p) A B
— Ul A)
by (smt (verit) Pair-inject case-prodE mem-Collect-eq plift-def)
hence Vae A.3CD . (a,C) € RA(C,D) € (Dom f). N (D,g(a)) € (f)p
by (meson relcompEpair)
hence Vae A.3C . (a,C) € RN (C,C) € (Dom f). A (Cog(a)) € (f)p
using d-pid-plift by fastforce
from this obtain h where 3: Va € A . (a,h a) € R A (h a,h a) € (Dom f).
A (b ag(a)) € ()p
by metis
let b =J(h “ A)
have /: (A,?h) € R,
using 3 plift-def by fastforce
have 5: (?h,?h) € (Dom f).
using 3
unfolding plift-def Dom-def
apply clarsimp
by (metis UN-extend-simps(9) UN-singleton)
have (?h,B) € (f)p
using 2 3
unfolding klift-set
by auto
thus (4,B) € R. ; (Dom f). ; (f)p
using 4 5 by blast
next
fix A B
assume (A4,B) € R, ; (Dom f). ; (f)p
from this obtain C' D where 6: (A,C) € R. A (C,D) € (Dom f). A (D,B)
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€ (fr
by blast

hence 7: C =D
using d-pid-plift by auto
from 6 obtain g where 8: (Va € A. (a,9(a)) € R) A C =J(g ‘ A)
by (smt (verit) Pair-inject case-prodE mem-Collect-eq plift-def)
hence 9: Va € A. (9(a),9(a)) € (Dom f).
using 6 7 by (metis d-plift-sub UN-iff subsetl)
let b =Xa . J(f “ga)
have Va € A. (g9(a),?h a) € (f)p
using 6 by (simp add: klift-set)
hence 10: Va € A. (a,?h a) € R; (Dom f)s 5 (f)p
using 8 9 by blast
have B=J(f “ D)
using 6 klift-set by fastforce
hence 11: B = (JacA . ?h a)
using 7 8 image-empty by blast
show (A,B) € (R ; (Dom f). ; (/)p)-
apply (subst plift-def)
apply clarsimp
apply (rule exI[where ?z=7?h])
using 10 11 by simp
qed
hence (R ; (Dom f). ; (f)p)x = Re 5 (Dom f)s ;5 (f)p
by force
thus ?thesis
by (metis (no-types, opaque-lifting) assms univ-plift-klift O-assoc)
qed

lemma plift-assoc-univ: univalent f = (R -S)-f=R- (S - f)
by (simp add: pcomp-plift O-assoc plift-ext1)

lemma Lambda-funct: A (R; S)=AR-AS
by (simp add: Lambda-pow det-lambda det-plift-klift klift-def pcomp-plift)

lemma eta-funct: R; S;n=(R;n)-(S;n)
proof —
have (R ;n) - (S;n)=R;n;(5;n)
by (simp add: pcomp-plift)

also have ... =R ; (n- (S ;7))
by (simp add: O-assoc pcomp-plift)
alsohave ...=R; S ;n

by (simp add: O-assoc pcomp-plift)
finally show ?thesis..
qed

lemma alpha-funct-det: deterministic R = deterministic S = a (R - S) = «

R;,alfS
by (metis Lambda-epsiloff-up2 Lambda-funct alpha-Lambda-canc)
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lemma pcomp-det: deterministic S = R - S = R ; (S)p
by (simp add: det-plift-klift pcomp-plift)

lemma pcomp-det2: deterministic R = deterministic S = (R - S)p = (R)p ;

(S)p
by (simp add: klift-ext1 pcomp-det)

lemma pcomp-alpha: o (R - S) = R; a ((9)«)
by (simp add: pcomp-plift)

4.2 Fusion and fission

definition fus :: ('a,’b) mrel = ('a,’b) mrel where

fus R =A (o R)

definition fis :: (‘a,’d) mrel = (‘a,’b) mrel where
fisR=aR;n

lemma fus-set: fus R = {(a,B) |a B. B =J(Image R {a})}
unfolding fus-def Lambda-def alpha-set by force

lemma fis-set: fis R = {(a,{b}) |a b. b € |J(Image R {a})}
unfolding fis-def alpha-set eta-set relcomp-unfold by force

lemma fis-det-comp: deterministic R = deterministic S = fis (R - S) = fis R

- fis S
by (simp add: alpha-funct-det eta-funct fis-def)

lemma fis-fiz-det: deterministic R = (fus R = R)
by (metis Lambda-alpha-canc det-lambda fus-def)

4.3 Galois connections for multirelations

lemma sub-subh: R C S = R C S ; (epsiloff ) epsiloff)
by (metis R-O-1d alpha-def alpha-epsiloff lres-galois order-refl relcomp-mono)

lemma alpha-Lambda-galois: (¢ R € ) = (R C A S ; (epsiloff | epsiloff))
proof —
have a: (¢ R C S) = (R C S/ epsiloff)
by (simp add: alpha-def lres-galois)
have S/ epsiloff = (A S ; epsiloff) J epsiloff
by (metis alpha-Lambda-canc alpha-def)
also have ... = A S ; (epsiloff | epsiloff)
by (simp add: det-lambda det-lres)
finally have S / epsiloff = A S ; (epsiloff /| epsiloff)

thus ?2thesis

using a by presburger
qed

60



lemma alpha-Lambda-galois-set: (¢ R € S) = (R C {(a,A). 3B. (a,B) € A S A

A C B})
unfolding alpha-set Lambda-def by blast

lemma epsiloff-eta-lres: epsiloff ; n C epsiloff /| epsiloff
proof —
have epsiloff ; n ; epsiloff = epsiloff ; a (A Id)
by (simp add: O-assoc alpha-def eta-def)
also have ... = epsiloff
by simp
finally have epsiloff ; n ; epsiloff = epsiloff.
thus ?thesis
by (smt (verit) lres-galois order-refl)
qed

lemma eta-alpha-galois: (R ;n C S ; (epsiloff ) epsiloff)) = (R C a S)
proof
assume R ;7 C S ; (epsiloff ) epsiloff)
hence R C S ; (epsiloff /| epsiloff) ; epsiloff
by (metis R-O-Id alpha-def alpha-eta alpha-ord-pres alpha-relcomp)
thus RC o S
by (simp add: O-assoc alpha-def)
next
assume R C o S
hence R;nCaS;n
by (simp add: relcomp-mono)
hence R ; n C S ; epsiloff ; n
by (simp add: alpha-def)
thus R ;n C S ; (epsiloff | epsiloff)
using epsiloff-eta-lres in-mono by fastforce
qed

lemma eta-alpha-galois-set: (R ; n C {(a,A). 3B. (a,B) € SANAC B}) =(R

a S)
unfolding eta-set alpha-set by auto

lemma Lambda-iso: R C S = A R C A S ; (epsiloff | epsiloff)
by (metis alpha-Lambda-canc alpha-Lambda-galois)

lemma eta-iso: R C S = R;n C S ;n; (epsiloff | epsiloff)
by (simp add: eta-alpha-galois)

lemma alpha-iso: R C S ; (epsiloff | epsiloff) =— a R C «a S

c

by (metis (no-types, lifting) alpha-def alpha-ord-pres alpha-relcomp conv-Omega

conv-Omega-epsiloff)

lemma Lambda-canc-dcl: R C A (« R) ; (epsiloff /| epsiloff)
using alpha-Lambda-galois by blast
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lemma eta-canc-dcl: « R ; n C R ; (epsiloff | epsiloff)
by (simp add: eta-alpha-galois)

lemma alpha-surj: surj o
using alpha-Lambda-canc by blast

lemma Lambda-inj: inj A
by (metis alpha-Lambda-canc injI)

lemma eta-inj: inj (M\z. = ; n)
by (metis alpha-eta-id injl)

lemma fus-least-odet:
assumes A (o §) = S
and R C S ; (epsiloff /| epsiloff)
shows A (a R) C S ; (epsiloff /| epsiloff)
proof —
havea RCa S
by (simp add: alpha-iso assms(2))
hence A (o R) C A (a S) ; (epsiloff ) epsiloff)
by (simp add: Lambda-iso)
thus ?thesis
using assms(1) by auto
qed

lemma fis-greatest-idet:
assumes a S ;n =S
and S C R ; (epsiloff ) epsiloff)
shows S C «a R ; n ; (epsiloff /| epsiloff)
proof —
have oo S C o R
by (simp add: alpha-iso assms(2))
hence o S ;n C a R ; n; (epsiloff | epsiloff)
by (simp add: eta-iso)
thus ?thesis
using assms(1) by auto
qged

lemma fis-fus-galois: (a R ;n C S ; (epsiloff | epsiloff)) = (R C A (a 5) ;

(epsiloff || epsiloff))
by (simp add: alpha-Lambda-galois eta-alpha-galois)

4.4 Properties of alpha, fission and fusion

lemma alpha-laz: « (R-S) Ca R;a S
unfolding alpha-def s-prod-def epsiloff-def relcomp-unfold by blast

lemma alpha-down [simp]: a (R ; Q) =a R
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by (metis alpha-def alpha-relcomp conv-Omega-epsiloff)

lemma fis-fis [simp]: fis o fis = fis
unfolding fun-eq-iff fis-def by simp

lemma fus-fus [simp]: fus o fus = fus
unfolding fun-eq-iff fus-def by simp

lemma fis-fus [simp]: fis o fus = fis
unfolding fun-eq-iff fus-def fis-def by simp

lemma fus-fis [simp]: fus o fis = fus
unfolding fun-eq-iff fus-def fis-def by simp

lemma fis-alpha: fis R- S=a R; S
by (simp add: O-assoc fis-def pcomp-plift)

lemma fis-laz: fis (R - S) C fis R - fis S
by (metis fis-def alpha-laz eta-funct relcomp-mono subsetl)

lemma klift-fus: (R)p = fus (epsiloff ; R)
by (simp add: alpha-def fus-def klift-var)

lemma fus-eta-klift: fus R =1 ; (R)p
by (metis Id-O-R Lambda-pow eta-def fus-def klift-def)

lemma fus-Lambda-mu: fus R = A R ; p
by (simp add: fus-def lambda-alpha-mu)

4.5 Properties of fusion, fission, nu and tau
lemma alpha-tau [simp]: « (7 R) = {}

by (metis alpha-ord-pres alpha-pid subset-empty tau-le-c)

lemma alpha-nu [simp]: « (v R) = a R
unfolding alpha-def nu-def epsiloff-def U-def p-id-def relcomp-unfold by force

lemma nu-fis [simp]: v (fis R) = fis R
by (metis alpha-fp empty-iff equalsOI fis-alpha relcompE)

lemma nu-fis-var: v (fis R) = fis (v R)
by (metis alpha-nu fis-def nu-fis)

lemma tau-fis [simp]: T (fis R) = {}
by (metis nu-fis tau-alpha-zero)
Properties of tests and domain

lemma subid-plift: (P N n). = {(A,A)|A.Va € A. (a,{a}) € (PN 1)}
unfolding plift-def eta-set by safe auto
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lemma U-subid: R ; (PN n).=RNU; (PNn
unfolding plift-def U-def eta-set relcomp-unfold
apply safe
apply force
apply blast
by force

lemma subid-plift-down: U ; (PN n).; Q7 = U; (P NN
unfolding U-def relcomp-unfold plift-def Omega-set eta-set converse-def
apply safe
apply clarsimp
apply (metis IntE UN-singleton inf.orderE)
by blast

lemma nu-subid-plift: v (R ; (PN n)) =v R; ( PNn).
unfolding nu-def relcomp-unfold plift-def U-def p-id-def eta-set by safe
fastforce+

lemma dom-fis1: dom (fis R) = dom (a R)
unfolding dom-set fis-set alpha-set by blast

lemma dom-fis2: dom (fis R) = dom (« (v R))
by (simp add: dom-fis1)

lemma dom-fis3: dom (fis R) = dom (v R)
unfolding dom-set fis-set nu-def U-def p-id-def by safe fastforce+

lemma dom-fis4: dom (fis R) = dom (v (fus R))
by (metis comp-eq-dest-lhs dom-fis3 fis-fus)

lemma dom-alpha: dom (a« R ; (PN 7)) =dom (v (R;Q7); (PNn))

unfolding dom-set alpha-set eta-set Omega-set plift-def nu-def relcomp-unfold
U-def p-id-def

apply safe

apply (clarsimp, metis empty-iff empty-subsetl insert-subset singletonD
singletonI UN-singleton)

by clarsimp fastforce

4.6 Box and diamond

definition boz :: (‘a, 'b) mrel = ('b set, 'a set) rel where
box R = rbozx (o R)

definition dia :: (“a, 'b) mrel = ('b set, 'a set) rel where
dia R="P ((a R)™)

lemma boz-set: box R = {(B, A). A ={a.VC. (a, C) € R — C C B}}
unfolding box-def rbox-set alpha-set by force

64



lemma dia-set: dia R = {(B, A). A={a.3C. (a, C) € RN CN B #{}}}
unfolding dia-def pow-set Image-def alpha-set converse-def by force

lemma boz-Omega: bor R = A (X~ J R)
unfolding box-set Lambda-def lres-def Omega-set by auto

end
theory Multirelations

imports Power-Allegories-Multirelations
begin
lemma nonempty-set-card:

assumes finite S

shows S # {} «— card S > 1

using assms card-0-eq by fastforce

no-notation one-class.one (1)
no-notation times-class.times (infixl * 70)

no-notation rel-fdia ((|-)-) [61,81] 82)
no-notation rel-bdia (({-|-) [61,81] 82)
no-notation rel-foox ((|-]-) [61,81] 82)
no-notation rel-bboz (([-|-) [61,81] 82)

declare s-prod-pa-def [mr-simp)

notation s-prod (infixl * 70)
notation s-id (1)

lemma sp-oi-subdist:
(PNQ)«(RNS)CPx*xR
unfolding s-prod-def by blast

lemma sp-oi-subdist-2:
(PN« (RNS)C(PxR)N(Qx*S)
unfolding s-prod-def by blast

5 Inner Structure

5.1 Inner union, inner intersection and inner complement

abbreviation inner-union (infixl UU 65)
where inner-union = p-prod

definition inner-intersection :: ('a,’b) mrel = ('a,’d) mrel = ('a,’b) mrel (infixl
NN 65) where
RN S={(aB).3CD.B=CNDA(aC)eRA (aD)eS}
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definition inner-complement :: ('a,’b) mrel = (‘a,’b) mrel (~ - [80] 80) where
~R={(a,B).(a,~B) € R}

abbreviation iu-unit (1,y)
where 1,y = p-id

definition #-unit :: ('a,’a) mrel (1qn)
where 11 ={ (a,UNIV) | a . True }

declare inner-intersection-def [mr-simp| inner-complement-def [mr-simp]
ti-unit-def [mr-simp)

lemma iu-assoc:
(RUUS)UWU T=RUU(SUWUT)
by (simp add: p-prod-assoc)

lemma iu-commute:
RuUUS=SUUR
by (simp add: p-prod-comm)

lemma ju-unit:
R uu IUU - R
by simp

lemma ii-assoc:
(RN S) NN T = RN (SNN T)
apply (clarsimp simp: mr-simp)
by (metis (no-types, opaque-lifting) semilattice-inf-class.inf-assoc)

lemma 7i-commute:
RMnS=SNM~R

by (auto simp: mr-simp)

lemma i-unit [simp):
R nN me = R
by (simp add: mr-simp)

lemma pa-ic:
~(R® ~S)=R® S

by (clarsimp simp: mr-simp)

lemma ic-involutive [simp]:
~~R =R
by (simp add: mr-simp)

lemma ic-injective:

by (metis ic-involutive)
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lemma ic-antidist-iu:
~(RUU 8§) = ~R NN ~8
apply (clarsimp simp: mr-simp)
by (metis (no-types, opaque-lifting) compl-sup double-compl)

lemma ic-antidist-ii:
~(RNN 8) = ~R UU ~8
by (metis ic-antidist-iu ic-involutive)

lemma ic-iu-unit [simpl:
~Iuu = Inn
unfolding 7i-unit-def p-id-def inner-complement-def by force

lemma ic-ii-unit [simp):
~Inn = Iuu
by (metis ic-involutive ic-iu-unit)

lemma ii-unit-split-iu [simp:
1 Uu N] - Zﬂﬁ
by (force simp: mr-simp)

lemma aquz-1:
B={a}ND= —D={a} = B=1{}
by auto

lemma iu-unit-split-ii [simp):
1 NN NI - IUU
by (metis ic-antidist-iu ic-ii-unit ic-involutive #i-commute ti-unit-split-iu)

lemma iu-right-dist-ou:
(RUS)UU T =(RUUT)U (SUUT)
unfolding p-prod-def by auto

lemma idi-right-dist-ou:
(RUS) NN T=(RNN T)u (SNN T)
by (auto simp: mr-simp)

lemma iu-left-isotone:
RCS=RUWUTCSuWWT
by (metis iu-right-dist-ou subset-Un-eq)

lemma iu-right-isotone:
RCS=TUURCTUWS
by (simp add: iu-commute iu-left-isotone)

lemma fu-isotone:

RCS—PCQ—RUUPCSUUACQ
by (meson dual-order.trans iu-left-isotone iu-right-isotone)
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lemma ii-left-isotone:
RCS=RMTCSMNT
by (metis ii-right-dist-ou subset-Un-eq)

lemma ii-right-isotone:
RCS=TmMRCTMS
by (simp add: ii-commute ii-left-isotone)

lemma ii-isotone:
RCS—=—PCQ=—RMPCSNNQ
by (meson ii-left-isotone ii-right-isotone order-trans)

lemma fu-right-subdist-ii:
(RN S) W T C(RUWT)NN (SuUU T)
apply (clarsimp simp: mr-simp)
by (metis sup-inf-distrib2)

lemma i-right-subdist-iu:
(RUUS) M T C (RN T)ud (SNn T)
apply (clarsimp simp: mr-simp)
by (metis inf-sup-distrib2)

lemma ic-isotone:
RCS= ~RC~S
by (simp add: inner-complement-def subset-eq)

lemma ic-bot [simp]:

~={

by (simp add: mr-simp)

lemma ic-top [simp]:
~U=U
by (auto simp: mr-simp)

lemma ic-dist-ou:
~(RUS) =~RU~S
by (auto simp: mr-simp)

lemma ic-dist-oi:
~(RNS)=~RN~S
by (auto simp: mr-simp)

lemma ic-dist-oc:
~—R = —(~R)

by (auto simp: mr-simp)

lemma ii-sub-idempotent:
RCRMR
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unfolding inner-intersection-def by force

definition inner-Union :: (i = (‘a,’b) mrel) = 'i set = (‘a,’d) mrel (JU-|-
[80,80] 80) where
UUXII={ (a.B).3f. B = (Uiel . fi) A (Viel . (a.f i) € X ) }

definition inner-Intersection :: ('t = ('a,’b) mrel) = i set = ('a,’b) mrel
(NN -I- [80,80] 80) where
NNX|I={(a,B).3f.B=(Niel.fi)N Viel . (a,fi)e X1i)}

declare inner-Union-def [mr-simp| inner-Intersection-def [mr-simp)

lemma iU-empty:

UUXH} = luu

by (auto simp: mr-simp)

lemma il-empty:

ﬂﬂXl{} = Inn

by (auto simp: mr-simp)

lemma ic-antidist-iU:
~JUXI|I = NN (éinner-complement o X)|I
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (metis (mono-tags, lifting) Compl-UN double-compl)
by (clarsimp simp: mr-simp) blast

lemma ic-antidist-il:
~NNX|I = UU (inner-complement o X)|I
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (metis Compl-INT double-complement)
by (clarsimp simp: mr-simp) blast

lemma iu-right-dist-oU:
UXuwuT=(UReX.RWT)
by (clarsimp simp: mr-simp) blast

lemma ii-right-dist-oU:
UXnT=(UReX. RN T)
by (clarsimp simp: mr-simp) blast

lemma iu-right-subdist-il:
ANXIITuwu T CONAi. Xiuu DI
apply (clarsimp simp: mr-simp)
by (metis INT-simps(6))

lemma ii-right-subdist-iU:
UUuXiInnTcyyni. Xinn T)|I
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by (clarsimp simp: mr-simp, metis UN-extend-simps(4))

lemma ic-dist-oU:
~JX = U (inner-complement * X)
by (auto simp: mr-simp)

lemma ic-dist-ol:
~N X = (inner-complement * X)
by (auto simp: mr-simp)

lemma sp-left-subdist-iU:
R+ (UUXI) CUUWi . Rx X i)|I
apply (clarsimp simp: mr-simp)
subgoal for a B f proof —
assume [: (a,B) € R
assume VbeB . Jg . fb=U(g ‘1) A (Viel . (bgi) € X i)
from this obtain g where 2: VbeB . fb=J(gb ‘1) A (Viel . (bgbi) €
X 9)
by metis
hence 3: |J(f *B) = (JUbeB.J(g b ‘1))
by (meson SUP-cong)
let 2h=Xi . |JbeB . gbi
have |J(f *B) =U(%h ‘I) A (Viel .3B . (a,B) € RN (3f . (VbeB . (bf
bye Xi)A?hi=( " DB)))
using 1 2 8 by (metis SUP-commute)
thus ?thesis
by auto
qed
done

lemma sp-right-subdist-iU:

UUXI) + RCUUWi. Xi*R)I

by (clarsimp simp: mr-simp, blast)

lemma sp-right-dist-iU:
assumes VJ::'a set . J #{} — (UUNj . R)|J) C R
shows (UUXI|I) * R=UU i . X ix R)|(I::'a set)
apply (rule antisym)
using sp-right-subdist-iU apply blast
apply (clarsimp simp: mr-simp)
subgoal for o f proof —
assume Vi€l . 3B . (a,B) € Xi A (Fg.(VbeB . (bygd) e RA)ANfi=(g"°
B))
from this obtain B g where 1: Vi€l . (a,Bi) € X i A (VbeB i . (b,gib) €
RyAfi=U(gi B i)
by metis
let 7B = |J(B ‘1)
let 2g=Xb.J{gib|i.i€cIANDEBI}
have Vbe?B . (b,%g b) € R
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proof (rule balll)
fix b
let 2I ={i|i.i€cIANbe Bi}
assume 2: b€ J(B ‘1)
have (b,%2g b) e JU(\j . R)|?]
apply (clarsimp simp: mr-simp)
apply (rule exI[of - Xi . g i b])
using 1 by blast
thus (b,%g b) € R
using 2 by (smt (verit) assms UN-E empty-Collect-eq subset-iff)
qed
hence ?B=J(B ‘I) A (Viel . (a,Bi) € Xi) AN (Vbe?B . (b,%b) € R) A
UG 1) = Ul(% " 7B)
using 1 by auto
thus 3B . (3f. B=U({f ‘1) A (Viel . (a,fi) € X)) AN (Bg. (VbeEB . (byyg
neR) AUG T =Ul " B)
by (metis (no-types, lifting))
qed
done

5.2 Dual

abbreviation dual :: ('a,’b) mrel = ('a,’b) mrel (-1 [100] 100)
where R? = ~—R

lemma dual:
R*={(a,B) . (a,-B) ¢ R}

by (simp add: inner-complement-def)
declare dual [mr-simp]

lemma dual-antitone:
RCS = S1CR?
by (simp add: ic-isotone)

lemma ic-oc-dual:
~R = —R?
by (simp add: ic-dist-oc)

lemma dual-involutive [simpl:
Rid = R
by (simp add: ic-dist-oc)

lemma dual-antidist-ou:
(RUS)dszﬂSd
by (simp add: ic-dist-ot)

lemma dual-antidist-oi:
(RﬂS)d:RdUSd
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by (simp add: ic-dist-ou)

lemma dual-dist-oc:
(—R)d — _Rd
by (fact ic-dist-oc)

lemma dual-dist-ic:
(~R)4 = ~R?
by (simp add: ic-dist-oc)

lemma dual-antidist-oU:

UX)? =N (dual ‘ X)

by (simp add: ic-dist-ol uminus-Sup)

lemma dual-antidist-ol:

(NX)? = U (dual * X)

by (simp add: ic-dist-oU uminus-Inf)

5.3 Co-composition

definition co-prod :: (‘a,’b) mrel = ('b,’c) mrel = ('a,’c) mrel (infixl © 70)
where

,0) . 3B . (a,B)e RAN3f.(VbeB.(bfb)e S)yANC=N{f
}

lemma co-prod-im:
R@S:{O{(a,C).HB.(a,B)GR/\(EIf.(VbGB.(b,fb)GS)/\C:
N((Az . fz) “B)) }

by (auto simp: co-prod-def)

lemma co-prod-iff:
(a,C) e (RO S)«— 3B . (a,B)e RAN3f.(Vbe B.(bfb)eS)NC=

AN{fblb.beB}))
by (unfold co-prod-im, auto)

declare co-prod-im [mr-simp]

lemma co-prod:

R®S=r~(R=x*~S)

apply (clarsimp simp: mr-simp)

by (smt (verit) Collect-cong Compl-INT Compl-UN case-prodI2
double-complement old.prod.case)

lemma cp-left-isotone:
RCS=ROTCSOT

by (simp add: co-prod ic-isotone s-prod-isol)

lemma cp-right-isotone:
RCS=TORCTO®OGS
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by (smt (verit) co-prod-iff in-mono subrell)

lemma cp-isotone:
RCS=PCQQ=ROPCSOQ
by (meson cp-left-isotone cp-right-isotone order-trans)

lemma ic-dist-cp:
~(R®S)=R=x*~S
by (simp add: co-prod)

lemma ic-dist-sp:
~(Rx*xS)=Ro~S
by (simp add: co-prod)

lemma ic-cp-ic-unit:
~R=RO ~1
by (simp add: co-prod)

lemma cp-left-zero [simpl:

{} o R={}

by (simp add: co-prod-im)

lemma cp-left-unit [simp]:
1®©R=R
by (simp add: co-prod)

lemma cp-ic-unit [simp):
~l ©~1=1
using ic-cp-ic-unit ic-involutive by blast

lemma cp-right-dist-ou:
(RUS Yo T=RoTH)U(Se T
by (simp add: co-prod ic-dist-ou s-prod-distr)

lemma cp-left-iu-unit [simpl:
Iuu © R = 1nn
by (simp add: co-prod)

lemma cp-right-ii-unit:

R® 1nn € RUU ~R

apply (clarsimp simp: mr-simp)

by (metis double-compl sup-compl-top)
lemma sp-right-iu-unit:

Rx 1y, CRNN~R

apply (clarsimp simp: mr-simp)

by (metis Compl-disjoint double-complement)

lemma cp-left-subdist-ii:
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Ro(SmMT)C(ReS) MR T)
by (metis cl3 co-prod ic-antidist-ii ic-antidist-iu ic-isotone)

lemma cp-right-subantidist-iu:
(RUWS)eTC(RoT)mM(Soe T
by (metis co-prod ic-antidist-iu ic-isotone seq-conc-subdistr)

lemma cp-right-antidist-iu:

assumes TN T C T

shows (RUUS)© T=(ReoT)M (S e T)

by (smt (verit) assms clf co-prod cp-right-subantidist-iu ic-antidist-ii
ic-involutive ic-isotone subset-antisym)

lemma cp-right-dist-oU:
UXeT=(UReX.R0OT)
by (auto simp: mr-simp)

lemma cp-left-subdist-il:
Ro (NNXIH <cNNOi.Re X i)l
proof —
have R © (NN X|I) = ~(R * (U (inner-complement o X)|I))
by (simp add: co-prod ic-antidist-il)
also have ... C ~(JU A7 . R x ~(X 9))|])
apply (rule ic-isotone)
using sp-left-subdist-iU by force
also have ... =N (Ai. R® X i)|I
apply (subst ic-antidist-iU)
by (metis co-prod comp-apply)
finally show ?thesis

qed

lemma cp-right-subantidist-iU:
UUXIHeo RCNNWi.Xie R)|I
proof —
have (JU X|I) © R = ~(UUX[I) * ~R)
by (simp add: co-prod)
also have ... C ~((UU i . X i % ~R)|I))
by (simp add: ic-isotone sp-right-subdist-iU)
also have ... = (A . X7 ©® R)|I
apply (subst ic-antidist-iU)
by (metis co-prod comp-apply)
finally show ?thesis

qed

lemma cp-right-antidist-iU:
assumes V J::'a set . J # {} — (NN (N . R)|

shows (UUX|I) © R=NNi. X706 R)|(I:'

)C R
a set)
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proof —
have 1: AJ . JUU . ~ R)|J = ~NN(Nj . R)|J
apply (subst ic-antidist-iI)
by (metis comp-apply)
have (UUXIT) © R = ~(UUXIT)  ~F)
by (simp add: co-prod)
also have ... = ~((UUJ(\i . X i x ~R)|]))
by (simp add: 1 assms sp-right-dist-iU ic-isotone)
also have ... = N (Ai. X i ©® R)|I
apply (subst ic-antidist-iU)
by (metis co-prod comp-apply)
finally show ?thesis

qed

5.4 Inner order

definition inner-order-iu :: 'a x 'b set = 'a x 'b set = bool (infix <, 50)
where
ruyY=fstx=fstyANsndx C sndy

definition inner-order-ii :: 'a x 'b set = 'a x 'b set = bool (infix <nn 50)
where
TN Y= fstx=fstyAsndx D sndy

lemma inner-order-dual:
U Y=Y 2nn
by (metis inner-order-ii-def inner-order-iu-def)

interpretation inner-order-iu: order (Xyu) A\ey .z Sgu Yy Az #y
by (unfold-locales, auto simp add: inner-order-iu-def)

5.5 Up-closure, down-closure and convex-closure

abbreviation up :: (‘a,’b) mrel = (‘a,’d) mrel (-1 [100] 100)
where RT = RUU U

abbreviation down :: (‘a,’d) mrel = ('a,’b) mrel (-] [100] 100)
where Rl = RN U

abbreviation convez :: (‘a,’d) mrel = ('a,’b) mrel (-] [100] 100)
where R} = Rt N R}

lemma up:
Rt={(a,B).3C.(a,C) e RACCBY}
by (simp add: p-id-U)

lemma down:

Rl ={(a,B).3C.(a,C) e RANBCC}

by (auto simp: mr-simp)
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lemma convez:
Rt={(e,B).3CD . (a,C)e RN (a,D)e RNCCBANBCD}
by (auto simp: mr-simp)

declare up [mr-simp] down [mr-simp| convex [mr-simp]

lemma ic-up:
~(RT) = (~R)|
by (simp add: ic-antidist-iu)

lemma ic-down:

~(R]) = (~R)T
by (simp add: ic-antidist-it)

lemma ic-convex:

~(R]) = (~R)]

by (simp add: ic-dist-oi ic-down ic-up inf-commute)

lemma up-isotone:
RC S — Rt C 5t
by (fact iu-left-isotone)

lemma up-increasing:
R C R?
by (simp add: upclosed-ext)

lemma up-idempotent [simp):

Rt = Rt
by (simp add: iu-assoc)

lemma up-dist-ou:
(RUST=RTU ST
by (simp add: iu-right-dist-ou)

lemma up-dist-iu:
(RUU S)T = Rt Uy St
using cv-hom-par p-prod-assoc by blast

lemma up-dist-ii:
(R NN S)t = Rt NN St
proof (rule antisym)
show (R NN S)t C Rt NN ST
by (simp add: iu-right-subdist-ii)
next

have Aa BCDE . (a,B)e R= (a,C) e S = 3F.(3G.(BUD)N(C
UE)=FUG ANBHI.F=HNIA (a,H) € RA (a,) €5)

proof —

fixaBCDE
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assume [: (a,B) € R
assume 2: (q,C) € S
let 2F =BnNnC
let /G=(BNE)U(DNC)U (DN E)
have (BUD)N (CUE)=?FU ?G
by auto
thus3F . (3G . (BUD)N(CUE)=FUG AGBHI.F=HnIA
(a,H) € R A (a,]) € 5)
using 1 2 by auto
qged
thus RT NN ST C (R NN S)T
by (clarsimp simp: mr-simp)
qed

lemma down-isotone:
RCS—=— R|CS|
by (fact ii-left-isotone)

lemma down-increasing:
R CR]
by (metis ic-involutive ic-isotone ic-up up-increasing)

lemma down-idempotent [simp]:
Rl = R|

by (simp add: ic-down ic-injective)

lemma down-dist-ou:
(RUS) =RlUS]|
by (fact ii-right-dist-ou)

lemma down-dist-iu:
(RuUU S)) = Rl WU S}

by (simp add: ic-antidist-ii ic-antidist-iu ic-injective up-dist-ii)

lemma down-dist-ii:
(RNN S)l =Rl NN S|
by (metis down-idempotent #i-assoc ii-commute)

lemma convez-isotone:
RC S = R} C 8%

by (meson Int-mono down-isotone up-isotone)

lemma convex-increasing:
R C R}
by (simp add: down-increasing up-increasing)

lemma convez-idempotent [simp]:

R{L = R{

by (smt (verit, ccfo-threshold) U-par-idem convex-increasing conver-isotone
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ic-top ic-up ti-assoc iu-assoc le-inf-iff subsetl subset-antisym)

lemma down-sp:
Rl=R=x* (1uuU 1)
proof —
have Va B.(3C.(3D.B=CnND)A(a,C)€ER)«— (IC.(a,C) €RA
3f . VeeC . fe={}Vvfe={c})) AB=(Jcel . f0)))
proof (intro alll, rule iffI)
fix a« B
assume 3C . (3D .B=CnND)A (a,C) €R
from this obtain C' where 1: 3D . B= C N D and 2: (¢,C) € R
by auto
let 7f = Ac . if ¢ € B then {c} else {}
have (JceC . %fc¢) = (JceB . ?fc) U (JceCN=B . ?f¢)
using 1 by blast
hence 3: B = (JceC . ?f ¢)
by auto
have VceeC . ofc={} V % c = {c}
by auto
thus 3C . (a,C0) € RA(3f . (VeeC . fe={}Vfe={c}H) AB=(JceC.
fe))
using 2 3 by smt
next
fix a B
assume 3C . (a,C) € RA3f. VeeC . fe={}Vfe={c}) ANB=
(UceC . fo))
from this obtain C where 4: (a,C) € Rand 3f . (VceC . fec={}V fc=
{ch) A B=(JceC . fc)
by auto
hence B C C
by auto
thus 3C . (3D .B=CnD)A(a,C)€ER
using 4/ by auto
qed
thus ?thesis
by (clarsimp simp: mr-simp)
qed

lemma up-cp:
Rt =~R O (Inn U ~1)
by (metis co-prod down-sp ic-dist-ou ic-ii-unit ic-involutive ic-up)

lemma down-dist-sp:
(R+S)L=Rx S|
proof (rule antisym)
show (R * S){ C R« S|
by (simp add: down-sp s-prod-assocl)
next

have Aa Bf . (a,B) € R=VYbcB .3C .(3D.fb=CnNnD)A(bC)eS
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= 3JdF.@3F.beB.fb)=FENF)AN3B.(a,B)e RN (Fg. (VbeB . (byg
b) e S)ANE = (UbeB . gb)))
proof —
fix a Bf
assume I: (a,B) € R
assume VbeB .3C . (AD . fb=CnN D) A (bC)eS
hence 3¢9 .VbeB . (3D . fb=gbnN D) A (bgb) € S
by metis
from this obtain ¢ where 2: Vb€B . (3D . fb=gbN D) A (bgb) €S
by auto
hence (|JbeB . fb) C (IJbeB . gb)
by blast
thus 3E. 3F . (UbeB . fb)=ENF)A3B.(a,B)e RA(Qg. (VbeB .
(b,gb) € S)yNE = (JbeB . gb)))
using 1 2 by (metis semilattice-inf-class.inf.absorb-iff2)
qged
thus R+ S| C (R * S)|
by (clarsimp simp: mr-simp)
qed

lemma up-dist-cp:
(ROST =R ST
by (metis co-prod down-dist-sp ic-down ic-up)

lemma u-up-oi:
Rt UU St = Rt N St
by (fact up-closed-par-is-meet)

lemma 7i-down-o1:
Rl S =Rl NS|

by (metis ic-antidist-ii ic-dist-oi ic-down ic-involutive up-closed-par-is-meet)

lemma down-dist-ii-o1:
Rl NS, =(RNN S

by (simp add: down-dist-ii ii-down-ot)

lemma up-dist-iu-oi:
Rt N ST =(RUU ST
by (simp add: up-closed-par-is-meet up-dist-iu)

lemma oi-down-sub-up:
RLN ST C (RLN S

by (auto simp: mr-simp)

lemma oi-down-up:

RINS={}= RnSt={}

by (metis (no-types, lifting) cp-left-zero down-increasing ic-bot inf.orderE
inf-assoc inf-bot-right oi-down-sub-up up-cp)
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lemma oi-down-up-iff:
RINS={}+—= RN St={}
proof (rule iff)
show Rl NS ={} = RN St={}
by (simp add: oi-down-up)
next
assume 1: RN St = {}
have (~S)| = ~(51)
by (metis (no-types) ic-down ic-involutive)
hence ~(Rl N S) = {}
using 1 by (metis Int-commute ic-bot ic-dist-oi ic-down oi-down-up)
thus Rl N S = {}
by (metis (no-types) ic-bot ic-involutive)
qed

lemma down-double-complement-up:
RLCS+—= RC—((-91)
by (metis disjoint-eq-subset-Compl double-compl oi-down-up-iff)

lemma up-double-complement-down:
Rt CS+— RC —((—-95))
by (metis Compl-subset-Compl-iff double-compl down-double-complement-up)

lemma below-up-oi-down:
RC Rt N R|
by (fact convex-increasing)

lemma cp-pa-sim:
(RoOS=R® S|

by (metis co-prod ic-involutive ic-up pa-ic pe-pa-sim)

lemma domain-up-down-conjugate:
(Rt N S)* 1oy = (RN S * 1oy
apply (rule set-eql, clarsimp simp: mr-simp)
by (smt (verit, del-insts) Int-Un-eq(1) SUP-bot SUP-bot-conv(1) Un-Int-eq(1))

lemma down-below-sp-top:
RICRxU
apply (clarsimp simp: mr-simp)
by (metis Int-Union UN-constant image-empty inf-commute)

lemma down-oi-up-closed:
assumes QT = @
shows Rl N Q C (RN Q)
using assms apply (clarsimp simp: mr-simp)
by (metis (no-types, lifting) assms inf.cobounded! ucl-iff)

lemma up-dist-oU:

UX)t =U(uwp * X)
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by (simp add: iu-right-dist-oU)

lemma up-dist-iU:
assumes [ # {}
shows (UU XI1)T = UU (wp 0 X)|7
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (metis UN-simps(2) assms)
apply (clarsimp simp: mr-simp)
subgoal for « f
proof —
fix a f
assume Viel . 3B . (3C.fi=BUC)A (a,B) € X4
from this obtain g where Viel . (3C . fi=g¢giU C) A (a,9i) € X i
by metis
hence 3C . U(f‘H=Ug‘HuC)AnUg‘I)=U(g ‘I N (Viel.
(a.g7) € X 1))
by auto
thus3B. (3C .U I)=BUC)ANQ@Sf.B=U{I) AN (Viel . (afi) €
X )
by auto
qed
done

lemma up-dist-il:
(NAXIDT = AN (0 X)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (smt (28) INT-simps(10) sup-Inf sup-commute)
apply (clarsimp simp: mr-simp)
subgoal for « f
proof —
assume Viel . 3B . (3C.fi=BUC)A (a,B) € X4
from this obtain g where Vicl . (3C . fi=¢giU C) A (a,917) € X i
by metis
hence 3C . N =N HuC)AN(N@*D)=N(g ‘1) N (Viel.
(a,g9 i) € X))
by auto
thus3B. 3C . N()=BUC)ANEf.B=N{“I) A NViel . (a,f1) €
X i)
by auto
qed
done

I

lemma down-dist-oU:
(UX)) = U (down * X)
by (simp add: ii-right-dist-oU)

lemma down-dist-iU:
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(U XD = UU (down 0 X)|T
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (metis UN-extend-simps(4))
apply (clarsimp simp: mr-simp)
subgoal for a f
proof —
assume Viel . 3B . (3C.fi=BNC)A(a,B) e X4
from this obtain g where Viel . 3C .fi=giN C) A (a,9i) € X i
by metis
hence 3C . U(f‘DH=U‘HnC)AN U *‘I)=U(g ‘I N (Viel.
(a4) € X )
by auto
thus 3B.(3C. UG D) =BnC)A3Rf.B=U(fI) A Nicl . (afi) €
X 1))
by auto
qed
done

lemma down-dist-il:
assumes [ # {}
shows (NN X|D){ = NN (down o X)|I
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (smt (verit, del-insts) INF-const INT-absorb Int-commute assms
semilattice-inf-class.inf-left-commute)
apply (clarsimp simp: mr-simp)
subgoal for a f
proof —
assume Viel .3B.(3C.fi=BNC)A(a,B) € Xi
from this obtain g where Viel . 3C .fi=giN C) A (a,9i) € X i
by metis
hence 3C . N(f‘DH =N HnC)AN(N(¢g‘I)=N(g D) AN (Viel .
(a.g7) € X 1))
by auto
thus3B.(3C . N =BNnC)AN@f.B=N({1) N (Viel . (afi) €
X )
by auto
qed
done

lemma iU-up-ol:
assumes I # {}
shows JUJ (up o X)|I = (up ‘ X ‘1)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (metis UN-absorb sup-assoc)
apply (clarsimp simp: mr-simp)
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by (metis UN-constant assms)

lemma il-down-ol:
assumes [ # {}
shows () (down o X)|I = () (down ‘X ‘1I)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (metis INF-absorb Int-assoc)
apply (clarsimp simp: mr-simp)
using INF-eq-const assms by auto

lemma down-dist-il-ol:

N (down * X * I) = (NN XD

apply (rule antisym)

apply (clarsimp simp: mr-simp)

apply (metis INF-const INF-greatest INT-absorb empty-iff
semilattice-inf-class.inf.absorb-iff2 semilattice-inf-class.le-inf-iff)

apply (clarsimp simp: mr-simp)

by blast

lemma up-dist-iU-ol:
N(up * X 1) = (UUXIDT
apply (rule antisym)
apply (clarsimp simp: mr-simp)
subgoal for a D proof —
assume Viel .3B.(3C.D=BUC)A (a,B) € Xi
from this obtain f where 1:Viel . (3C . D=fiUC) A (a,fi) € X i
by metis
hence 3C . D=(f*I)u C
by auto
thus ?thesis
using 1 by auto
qed
apply (clarsimp simp: mr-simp)
by blast

lemma u-up:
(RUU R)T = R?
using up-dist-iu-oi by auto

lemma i-down:
(RNN R)] = R]
using down-dist-ii-oi by blast

lemma (U-up:
assumes [ # {}
shows (UU (Aj - R)II)T = RT
apply (rule antisym)
apply (clarsimp simp: mr-simp)
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using assms apply blast
apply (clarsimp simp: mr-simp)
by (metis UN-constant assms)

lemma il-down:
assumes [ # {}
shows (NN (N - B = Rl
apply (rule antisym)
apply (clarsimp simp: mr-simp)
using assms apply blast
apply (clarsimp simp: mr-simp)
by (metis INF-const assms)

lemma u-unit-up:
Iyt =U
by (simp add: iu-commute)

lemma u-unit-down:
Iuud = 1uu
by (simp add: down-sp)

lemma iu-unit-conver:
1ol = 1w
by (simp add: iu-unit-down p-id-zero)

lemma di-unit-up:
InnT = Inn
by (simp add: up-cp)

lemma #i-unit-down:
Innd =U
using ii-commute i-unit by blast

lemma di-unit-convez:
1nnl = 1nn
using down-increasing ii-unit-up by blast

lemma sp-unit-down:
1\1/ - 1 U JUU
by (simp add: down-sp inf-sup-aci(5))

lemma sp-unit-convez:
17=1
unfolding convex s-id-def by force

lemma top-up:

Ur=0U
by simp
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lemma top-down:
Ul=10U
by (metis U-par-idem ic-top ic-up)

lemma top-convez:
ut=0U
by (simp add: top-down)

lemma bot-up:

{r=1{

by (simp add: p-prod-comm)

lemma bot-down:

{H=1{

using oi-down-up-iff by fastforce

lemma bot-convez:

{3 =4
by (simp add: bot-down)

lemma down-oi-up-convex:

(RLN ST} = RL N St

unfolding up down convexr by blast

lemma convez-iff-down-oi-up:
Q=Ql+— 3FRS.Q=RLNST

using down-oi-up-convex by blast

lemma convex-closed-ol:
(NReX . RN = (NReX . RY)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (smt (verit, best) semilattice-inf-class.inf-commute
semilattice-inf-class.inf-left-commute sup-commute sup-left-commute)
by (meson convez-increasing)

lemma convez-closed-oi:

(BRI N SPL = RE N ST

using convez-closed-ol[of {R,S}] by simp
lemma
(RT UU S7)F = RT UU ST
nitpick|ezpect=genuine,card=1,3]
oops
6 Powerdomain Preorders
abbreviation lower-less-eq :: (‘a,’b) mrel = (‘a,’b) mrel = bool (infixl C°| 50)

where
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RCLS=RCS|

abbreviation upper-less-eq :: ('a,’d) mrel = ('a,’b) mrel = bool (infixl C1 50)
where
RCtS=SC Rt

abbreviation convez-less-eq :: (‘a,’b) mrel = (’a,’b) mrel = bool (infixl T 50)
where
RCIS=RC|SARLCTS

abbreviation Convez-less-eq :: (‘a,’b) mrel = ('a,’b) mrel = bool (infix] C{f
50) where
RCyS=RC ST

lemma lower-less-eq:
RCl S«+— (VaB.(a,B)e R— (3C . (a,0) e SANBC())
apply (clarsimp simp: mr-simp)
apply safe
apply blast
by (metis inf.absorb-iff2)

lemma upper-less-eq:
RCtS+— (VaC.(a,C) e S— (3B.(a,B) e RANBCC())
by (meson U-par-st subrell subsetD)

lemma Convex-less-eq:

RCfS+— (VaC.(a,C) e R— (3BD . (a,B) € SA(a,D)e SABCC
A C C D))

by (meson lower-less-eq semilattice-inf-class.le-inf-iff upper-less-eq)

lemma Convex-lower-upper:
RCfS+— RLC|SASCTR
by auto

lemma lower-reflexive:
RCIR
by (fact down-increasing)

lemma upper-refiexive:
RCET R
by (fact up-increasing)

lemma convez-reflexive:
RCIR
by (simp add: lower-reflexive upper-reflexive)

lemma Convez-reflezive:

RCyR
by (fact convex-increasing)
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lemma lower-transitive:
RClS=SC]| T=RLC|T
using down-idempotent down-isotone by blast

lemma upper-transitive:
RCt S =St T=RLCT T
using up-idempotent up-isotone by blast

lemma convez-transitive:
RClS= SCI{T= RC]T

by (meson lower-transitive upper-transitive)

lemma Convez-transitive:
RCyS= SC{T= RC{ T
by (metis le-inf-iff lower-transitive upper-transitive)

lemma bot-lower-least:

{}SIR
by simp

lemma top-upper-least:
ULCTR

by (metis U-par-idem iu-assoc le-inf-iff up-dist-iu-ot upper-reflexive)

lemma bot-Convex-least:

{JEOR

by simp

lemma top-lower-greatest:
RClU
using U-par-idem top-down top-upper-least by blast

lemma bot-upper-greatest:

RCT{}
by simp

lemma top-Convex-greatest:
RCQ U
using U-par-idem top-down top-upper-least by auto

lemma lower-iu-increasing:
RC|LRUUR

by (meson dual-order.trans lower-reflexive subidem-par)
lemma upper-iu-increasing:

RCTRUUS
using p-prod-isor top-upper-least by auto
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lemma convex-iu-increasing:
RCIRUUR
by (simp add: lower-iu-increasing upper-iu-increasing)

lemma Convez-iu-increasing:
RCy{ RUUR
by (simp add: iu-up lower-iu-increasing upper-reflexive)

lemma lower-ii-decreasing:
RN SCl R
by (metis ii-right-isotone top-down top-lower-greatest)

lemma upper-ii-decreasing:
RNMM RCT R
using convez-reflexive ii-sub-idempotent by fastforce

lemma convex-ii-decreasing:
RNMNRLCIR
by (simp add: lower-ii-decreasing upper-ii-decreasing)

lemma Convez-ii-increasing:
RCE RN R
by (simp add: ii-down lower-reflexive upper-ii-decreasing)

lemma iu-lower-left-isotone:
RCl]S=RWTLC|SUWT
by (simp add: down-dist-iu iu-isotone lower-reflexive)

lemma iu-upper-left-isotone:
RCTS= RUWTLCtSWT
by (metis (no-types, lifting) iu-assoc iu-commute iu-left-isotone)

lemma iu-convex-left-isotone:
RClS=RUWTLCISWT
by (simp add: iu-lower-left-isotone tu-upper-left-isotone)

lemma iu-Convez-left-isotone:
RC{S=RWTLCLSWT
by (simp add: iu-lower-left-isotone tu-upper-left-isotone)

lemma iu-lower-right-isotone:

RClS= TUURLC| TUWJUS

by (simp add: iu-commute iu-lower-left-isotone)
lemma iu-upper-right-isotone:

RCTS= TUURLCT TUUS

by (simp add: iu-assoc iu-right-isotone)

lemma iu-convez-right-isotone:
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RCIS= TUWRLCI TUWS
by (simp add: iu-lower-right-isotone iu-upper-right-isotone)

lemma iu-Convez-right-isotone:
RC{S= TUJURLCJTUUS
by (simp add: iu-lower-right-isotone iu-upper-right-isotone)

lemma ju-lower-isotone:
RClS=PCl Q= RUWPLC|SUUQ
by (simp add: down-dist-iu iu-isotone)

lemma du-upper-isotone:
RCTS=PLTQ=RUUPLCTSUUQ
by (simp add: iu-isotone up-dist-iu)

lemma ju-convex-isotone:
RCIS= PLCl Q= RUWPLCISUUQ
by (simp add: iu-lower-isotone {u-upper-isotone)

lemma iu-Convez-isotone:
RCyS= PLCE Q= RUUPLCSUUAQ
by (simp add: down-dist-iu iu-isotone up-dist-iu)

lemma ii-lower-left-isotone:
RCLS— RANTCLSNNT
by (simp add: down-dist-ii fi-isotone lower-reflexive)

lemma idi-upper-left-isotone:
RCTS=RMTCtSNNT
by (simp add: i-isotone up-dist-ii upper-reflexive)

lemma ii-convez-left-isotone:
RCIS=RMTLCISNT
by (simp add: ii-lower-left-isotone ii-upper-left-isotone)

lemma 7i- Convex-left-isotone:
RCS=RMTCLSNNT
by (simp add: ii-lower-left-isotone ii-upper-left-isotone)

lemma idi-lower-right-isotone:
RCLS— TN RCL TN S
by (simp add: ii-assoc ii-right-isotone)

lemma di-upper-right-isotone:
RCTS=TMRCTTNNS

by (simp add: ii-commute ii-upper-left-isotone)

lemma ii-convez-right-isotone:
RClS=TMRCITMS
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by (simp add: ii-lower-right-isotone ii-upper-right-isotone)

lemma - Convex-right-isotone:
RCES= TN RCE TN S
by (simp add: ii-lower-right-isotone ii-upper-right-isotone)

lemma 7i-lower-isotone:
RC|S=PLClQ=RMPLCLSNNQ
by (simp add: down-dist-ii ii-isotone)

lemma idi-upper-isotone:
RCTS=PCTQ@=RMPLCTSNNQ
by (simp add: i-isotone up-dist-ii)

lemma 7i-convex-isotone:
RCIS=PCIQ=RMPLCLSNNQ

by (simp add: ii-lower-isotone ii-upper-isotone)

lemma - Convex-isotone:
RC{S=PLCI Q= RN PLCESNNQ
by (simp add: ii-lower-isotone ii-upper-isotone)

lemma ou-lower-left-isotone:
RClS= RUTC|SUT
by (meson le-sup-iff lower-reflexzive lower-transitive)

lemma ou-upper-left-isotone:
RCtS=RUTLCTSUT
by (metis Un-subset-iff sup.coboundedll up-dist-ou upclosed-ext)

lemma ou-convez-left-isotone:
RClS= RUTCISUT

by (meson ou-lower-left-isotone ou-upper-left-isotone)

lemma ou-Convez-left-isotone:
RCy{S= RUTLCSUT
by (meson le-inf-iff ou-lower-left-isotone ou-upper-left-isotone)

lemma ou-lower-right-isotone:
REClS= TURLC|TUS
by (metis Un-commute ou-lower-left-isotone)

lemma ou-upper-right-isotone:
Rt S= TURLCTTUS
by (metis Un-commute ou-upper-left-isotone)

lemma ou-convex-right-isotone:

RClS= TURC]ITUS
by (meson ou-lower-right-isotone ou-upper-right-isotone)
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lemma ou-Convez-right-isotone:
RCyS= TURCJTUS
by (metis Un-commute ou-Convez-left-isotone)

lemma ou-lower-isotone:
RClS=PLCl Q= RUPLC|SUQ
using down-dist-ou by blast

lemma ou-upper-isotone:
REtS=PC1TQ=RUPLCTSUQ
by (simp add: iu-right-dist-ou sup.coboundedll sup.coboundedI2)

lemma ou-convex-isotone:
RClS= PLCl Q= RUPLCISUQ
by (meson ou-lower-isotone ou-upper-isotone)

lemma ou-Convezx-isotone:
RCy{S=PLI Q= RUPLCSUQ
by (metis le-inf-iff ou-lower-isotone ou-upper-isotone)

lemma sp-lower-left-isotone:
RClS= T«RC| TxS
by (simp add: down-dist-sp s-prod-isor)

lemma sp-upper-left-isotone:
RCTS=— T+«RC1TTxS

by (meson cl8 dual-order.trans s-prod-isor upper-iu-increasing)

lemma sp-convex-left-isotone:
RC}S= T*RCJ TxS
by (simp add: sp-lower-left-isotone sp-upper-left-isotone)

lemma sp-Convez-left-isotone:
RCyS= T+«RC}TxS
by (simp add: sp-lower-left-isotone sp-upper-left-isotone)

lemma cp-lower-left-isotone:

REC]|S=TORLC|TO®S

by (smt (verit) co-prod ic-antidist-ii ic-antidist-iu ic-isotone ic-top
sp-upper-left-isotone)

lemma cp-upper-left-isotone:
Rt S=TORCTTO®O®S
by (simp add: cp-right-isotone up-dist-cp)

lemma cp-convez-left-isotone:

RClS=TORLCITGOGS
by (simp add: cp-lower-left-isotone cp-upper-left-isotone)

91



lemma cp-Convex-left-isotone:
RCS= TORLCJTOS
by (simp add: cp-lower-left-isotone cp-upper-left-isotone)

lemma lower-ic-upper:
RCl S +— ~SCT~R
by (metis ic-down ic-involutive ic-isotone)

lemma upper-ic-lower:
RCt S +— ~SLC|~R
by (simp add: lower-ic-upper)

lemma convez-ic:
RCL S +— ~SCL~R
by (meson lower-ic-upper upper-ic-lower)

lemma Convez-ic:
RCy S+— ~RC ~S
by (metis le-inf-iff lower-ic-upper upper-ic-lower)

lemma up-lower-isotone:
RC| S — RfC| St
by (fact iu-lower-left-isotone)

lemma up-upper-isotone:
RCT S = RTCt ST
by (fact iu-left-isotone)

lemma up-convez-isotone:
RCIS — RiCp ST
by (fact iu-convez-left-isotone)

lemma up-Convez-isotone:
RC{ S = RTC{ 51
by (fact iu-Convez-left-isotone)

lemma down-lower-isotone:
RCl §S= R|C] S|
by (fact down-isotone)

lemma down-upper-isotone:
RCT S = RLCt S|
by (fact #i-upper-left-isotone)

lemma down-convex-isotone:

RLTS— RLCTS)
by (fact ii-convez-left-isotone)
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lemma down-Convezx-isotone:
RC) S — Rl C Sl
by (fact ii-Convez-left-isotone)

lemma convex-lower-isotone:
RC|S= RJLC| ST
by (metis convez-idempotent convez-increasing le-inf-iff lower-transitive)

lemma convez-upper-isotone:
RCt S = R} LCtT ST
by (simp add: convezx-lower-isotone ic-convex upper-ic-lower)

lemma convex-convex-isotone:
RClS= Rl C] ST
by (simp add: convez-lower-isotone convex-upper-isotone)

lemma convex-Convex-isotone:
RC{ S= RJC{ ST

by (fact convez-isotone)

lemma subset-lower:
RCS=RLC|S
using lower-reflexive by auto

lemma subset-upper:
RCS=SCTR
using upper-reflexive by blast

lemma subset-Converz:
RCS= RC} S
by (simp add: subset-lower subset-upper)

lemma oi-subset-lower-left-isotone:
RCS=RNTC|SNT
using lower-reflexive by fastforce

lemma oi-subset-upper-left-antitone:
RCS=SNTCtRNT
using upper-reflexive by force

lemma oi-subset-Convez-left-isotone:

RCS=RNTCHSNT

by (simp add: oi-subset-lower-left-isotone oi-subset-upper-left-antitone)
lemma oi-subset-lower-right-isotone:

RCS= TNRC|TnNnS

by (simp add: oi-subset-lower-left-isotone semilattice-inf-class.inf-commute)

lemma oi-subset-upper-right-antitone:
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RCS=TnNSCTTNR
by (simp add: oi-subset-upper-left-antitone semilattice-inf-class.inf-commute)

lemma oi-subset-Convez-right-isotone:
RCS= TNRLCETNS
using oi-subset- Convex-left-isotone by blast

lemma oi-subset-lower-isotone:
RCS=—PCQQ=RNPLCISNAQ
by (meson Int-mono subset-lower)

lemma oi-subset-upper-antitone:
RCS=PCQRQ=SNQCTRNP
by (meson Int-mono subset-upper)

lemma oi-subset-Convex-isotone:
RCS=PCQ=RNPLCESNQ
by (simp add: oi-subset-lower-isotone oi-subset-upper-antitone)

lemma sp-iu-unit-lower:
Rx 1,0 ELR
using lower-ii-decreasing sp-right-iu-unit by blast

lemma cp-ii-unit-upper:
RET RO Inn
by (meson cp-right-ii-unit in-mono subsetl upper-iu-increasing)

lemma lower-ii-down:
RC|lS+«— Rl =(RNN S)J
apply safe
apply (metis down-dist-ii-oi inf.orderE lower-ii-decreasing lower-transitive)
using ii-assoc lower-ii-decreasing apply blast
by (metis IntE down-dist-ii-oi lower-reflexive subset-eq)

lemma lower-ii-lower-bound:
RClS+— RCRMS
by (clarsimp simp: mr-simp) blast

lemma upper-ii-up:

RCT S +— St=(RUU ST

by (metis inf.absorb-iff2 up-dist-iu-oi upclosed-ext upper-iu-increasing
upper-transitive)

lemma upper-ii-upper-bound:
RCT S+— SCRUWWS

by (clarsimp simp: mr-simp) blast

lemma
RClS+— R=RNNS
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nitpick|[ezpect=genuine,card=1]
oops

lemma
Rt S+«+— S=RUUS
nitpick|[ezpect=genuine,card=1]
oops

lemma convex-oi-Convex-iu:
RINSICERWS
by (meson inf-lel inf-le2 iu-Convex-isotone order-trans subidem-par)

lemma convez-oi-Convez-ii:
RINSICERMS
by (meson ii-Convez-isotone ii-sub-idempotent inf-lel inf-le2 order-trans)

lemma convex-oi-iu-ii:
RTINSt =(RUJ ST N (RNNS)]

by (metis down-dist-ii-oi inf-assoc inf-left-commute up-dist-iu-ot)

lemma ii-lower-iu:
RNN SCL RUUS
apply (clarsimp simp: mr-simp)
by (metis Un-Int-eq(2) inf-left-commute)

lemma di-upper-iu:
RNN SCtRUUS

by (simp add: ic-antidist-ii ic-antidist-iu ii-lower-iu upper-ic-lower)

lemma 7i-convex-iu:
RN SCIRUWWS
by (simp add: ii-lower-iu ii-upper-iu)

lemma convex-oi-iu-ii-convex:

RINST=(RUJ ST N(RNN ST

by (metis convez-oi-iu-ii fi-lower-iu ii-upper-iu inf.commute lower-ii-down
upper-ii-up)

6.1 Functional properties of multirelations

lemma id-one-converse:

Id=1;1"

unfolding Id-def converse-def relcomp-unfold s-id-def by force
lemma dom-explicit:

Dom R=R;UnN|I1

by (clarsimp simp: mr-simp Dom-def) blast

lemma dom-explicit-2:
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Dom R =R ; top N 1
apply (clarsimp simp: mr-simp Dom-def)
apply safe

apply (simp add: relcomp.relcompl top-def)
apply blast
by blast

lemma total-dom:

total R <— Dom R = 1

unfolding total-def dom-explicit-2

apply (rule iffT)

using top-def apply fastforce

by (metis Int-subset-iff dom-def dom-gla-top dom-top id-one-converse inf.idem
inf-lel)

lemma total-eq:
total R < ZUU = R * JUU
by (metis total-dom U-c cd-iso dc de-prop2)

lemma domain-pointwise:
T € Rx* 1,0 (JaB.(a,B) € RNz = (af}))
by (smt mem-Collect-eq p-id-st)

card only works for finite sets

lemma univalent-2:
univalent R «— (Y a . finite { B . (a,B) € R} A card { B. (a,B) € R} <
one-class.one)
proof
assume 1: univalent R
show Va . finite { B. (a,B) € R} A card { B . (a,B) € R } < one-class.one
proof
fix a
let B={ B . (a,B) € R}
show finite B A card ?B < one-class.one
proof (rule conjI)
show 2: finite 7B
proof (rule ccontr)
assume 3: infinite B
from this obtain B where 4: (a,B) € R
using not-finite-existsD by auto
have ?B = {B}
proof
show ¢B C {B}
using 1 / by (metis (no-types, lifting) univalent-set insertCI
mem-Collect-eq subsetl)
next
show {B} C B
using 4 by simp
qed
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thus Fulse
using 3 by auto
qed
show card ?B < one-class.one
proof (rule ccontr)
assume 5: — card ?B < one-class.one
from this obtain B where 6: (a,B) € R
by fastforce
hence card (7B — {B}) > one-class.one
using 2 5 by auto
from this obtain C' where (a,C) € R A B # C
using 5 by (metis (no-types, lifting) CollectD One-nat-def
card.insert-remove card-Diff-singleton-if card.empty card-mono empty-iff
finite.emptyl finite.insertl insert-iff subsetl)
thus Fulse
using 1 6 by (meson univalent-set)
qed
qed
qed
next
assume 5: Va . finite { B. (a,B) € R} ANcard { B. (a,B) € R} <
one-class.one
haveVa B C . (a,B) e RA (a,C) € R— B=C
proof (intro alll, rule impl)
fix a BC
let YB={B.(a,B) € R}
have 6: finite 7B
using 5 by simp
assume (a,B) € R A (a,C) € R
hence {B,C} C ?B
by simp
hence card {B,C} < one-class.one
using 5 6 by (meson card-mono le-trans)
thus B = C
by (metis One-nat-def card.empty card-insert-disjoint empty-iff finite.emptyl
finite.insertl insert-absord lessI not-le singleton-insert-inj-eq)
qged
thus univalent R
by (simp add: univalent-set)
qed

lemma univalent-3:
univalent R +— (VS . Rx 1uyu=S* I,LwuASCR— S=R)
proof
assume 1: VS . Rx 1yu=S*«1,uNSCR—S=R
haveVa B C . (a,B) € RA (a,C) € R— B=C
proof (intro alll, rule impl)
fix a BC
assume 2: (a,B) € R A (a,C) € R
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show B = C
proof (rule ccontr)
assume 3: B # C
let S =R — { (a,C) }
have 4: R x 1yy = 25 * 1yy
proof
show R x 1,y C 25 x 1y
proof
fix z::’a x 'f set
assume x € R x 1y
from this obtain b D where (b,D) € R A z = (b,{})
by (meson domain-pointwise)
thus z € 25 % 1y
using 2 3 by (metis domain-pointwise Pair-inject insertE insert-Diff)
qed
next
show 25 x 1y C R * 1yuy
by (simp add: s-prod-isol)
qed
have 75 # R
using 2 by blast
thus Fulse
using 1 4 by blast
qed
qed
thus univalent R
by (simp add: univalent-set)
next
assume 5: univalent R
showVS . Rx1y,u=S*100ANSCR—S=R
proof
fix S
show Rx 1, =S*I,uANSCR—S=R
proof
assume 6: R« I, =89« IouNSCR
have R C S
proof
fix z
assume 7: z € R
from this obtain a B where 8: z = (a,B)
by fastforce
show z € S
proof (cases 3C . C # B A (a,C) € §)
case True
thus ?thesis
using 5 6 7 8 by (metis subsetD univalent-set)
next
case Fulse
thus ?thesis
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using 6 7 8 by (metis (no-types, lifting) domain-pointwise prod.inject)

qged
qed
thus S = R
using 6 by simp
qed
qed

qed

lemma total-2:
total R <— (Va . { B . (a,B) € R} #{})
by (simp add: total-set)

lemma total-3:

total R «+— (Va . finite { B. (a,B) € R} — card { B . (a,B) € R } >
one-class.one)

by (metis finite.emptyl nonempty-set-card total-2)

lemma total-4: total R <— 1uy C R x 14y
by (simp add: c6 order-antisym-conv total-eq)

lemma deterministic-2:

deterministic R «— (Va . card { B . (a,B) € R } = one-class.one)

apply (rule iffI)

apply (metis One-nat-def bot-nat-0.extremum-unique deterministic-def
le-simps(2) less-Suc-eq nonempty-set-card total-2 univalent-2)

by (metis card-1-singletonE deterministic-def finite.emptyl finite-insert
order.refl total-3 univalent-2)

lemma univalent-convex:
assumes univalent S
shows S = S
apply (rule antisym)
apply (simp add: lower-reflexive upper-reflexive)
apply (clarsimp simp: mr-simp)
by (metis assms lattice-class.sup-inf-absorb sup-left-idem univalent-set)

lemma univalent-iu-idempotent:
assumes univalent S
shows S = SUU S
apply (rule antisym)
apply (meson convex-reflexive upper-ii-upper-bound)
apply (clarsimp simp: mr-simp)
by (metis assms sup.idem univalent-set)

lemma univalent-ii-idempotent:
assumes univalent S
shows S =S5 NN S
apply (rule antisym)

99



apply (simp add: ii-sub-idempotent)
apply (clarsimp simp: mr-simp)
by (metis assms semilattice-inf-class.inf.idem univalent-set)

lemma univalent-down-iu-idempotent:
assumes univalent S
shows S = S| UU §
apply (rule antisym)
apply (meson convex-reflexive subset-upper upper-ii-upper-bound)
apply (clarsimp simp: mr-simp)
by (metis assms lattice-class.sup-inf-absorb sup-commute univalent-set)

lemma univalent-up-ii-idempotent:
assumes univalent S
shows S = ST NN S
apply (rule antisym)
apply (metis assms ii-left-isotone univalent-ii-idempotent upclosed-ext)
apply (clarsimp simp: mr-simp)
by (metis Int-commute assms lattice-class.inf-sup-absorb univalent-set)

lemma univalent-convex-iu-idempotent:
assumes univalent S
shows S = ST UU S
by (metis assms univalent-conver univalent-iu-idempotent)

lemma univalent-convex-ii-idempotent:
assumes univalent S
shows S = ST N S
by (metis assms univalent-convex univalent-ii-idempotent)

lemma univalent-iu-closed:
univalent R => univalent S = univalent (R UU S)
by (smt (verit, best) case-prodD mem-Collect-eq p-prod-def univalent-set)

lemma univalent-ii-closed:

univalent R = univalent S = univalent (R NN S)

by (smt (verit, ccfv-SIG) CollectD Pair-inject case-prodE inner-intersection-def
univalent-set)

lemma total-lower:
total R +— —ZUU Ei, R
unfolding lower-less-eq
by (simp add: p-id-def total-set)

lemma total-upper:
total R +— R ;T _me
unfolding upper-less-eq
by (simp add: @i-unit-def total-set)
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lemma total-lower-iu:
assumes total T
shows RC| RUU T
by (metis assms iu-lower-right-isotone tu-unit total-lower)

lemma total-upper-ii:

assumes total T

shows RN T CT R

by (smt (verit, ccfv-threshold) U-par-idem assms iu-assoc iu-commute
lower-ii-lower-bound total-lower-iu up-dist-ii upper-ii-up)

lemma total-univalent-lower-iu:
assumes total T
and univalent S

and T C] S
shows TUU S = 8
proof —

have 1:Va.3B.(a, B) € T
by (meson assms(1) total-set)
have 2:Va B C. (a, B)e SN (a,C)e S — B=C
by (meson assms(2) univalent-set)
hence 3: TUU S C S
by (metis assms(2,3) iu-left-isotone univalent-down-iu-idempotent)
hence S C T UU S
apply (clarsimp simp: mr-simp)
using 1 2 by (metis (mono-tags, lifting) Collect] Un-iff case-prodl
subset-Un-eq)
thus ?thesis
using 3 by (simp add: subset-antisym)
qed

lemma total-iu-closed:
total R = total S = total (R UU S)
by (meson lower-transitive total-lower total-lower-iu)

lemma total-ii-closed:
total R = total S = total (R NN S)
by (metis down-dist-ii-oi le-inf-iff total-lower)

lemma deterministic-lower:

assumes deterministic V

shows RC| V<— (VaBC.(a,B) € RA (a,C) e V — BCC()
proof —

have RC| V +— (Va B. (a,B) € R — (3C . (a,C) € VA B C C))

by (simp add: lower-less-eq)

also have ... «+— (Va B . (¢,B) e R — (VC . (a,C) € V — B C ())

by (metis assms deterministic-set)
finally show ?thesis
by blast
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qed

lemma deterministic-upper:
assumes deterministic V
shows VCt R+— (VaBC . (a,B) € RA (a,C) € V — C C B)
proof —
have VCT R +— (Va C . (a,C) ¢ R— (3B . (a,B) € VA B C ())
by (simp add: upper-less-eq)
also have ... +— (Va C . (¢,C) € R— (VB . (a,B) € V — B C ())
by (metis assms deterministic-set)
finally show ?thesis
by blast
qed

lemma deterministic-iu-closed:
deterministic R = deterministic S = deterministic (R UU S)
by (simp add: deterministic-def univalent-iu-closed total-iu-closed)

lemma deterministic-ii-closed:
deterministic R = deterministic S = deterministic (R NN S)
by (simp add: deterministic-def univalent-ii-closed total-ii-closed)

lemma total-univalent-lower-implies-upper:
assumes total T
and wunivalent S
and T C] S
shows T C1 S
by (simp add: assms total-univalent-lower-iu upper-ii-upper-bound)

lemma total-univalent-lower-implies-conver:
assumes total T
and univalent S
and T C| S
shows T'C] S
by (simp add: assms total-univalent-lower-implies-upper)

lemma total-univalent-upper-implies-lower:
assumes total T
and univalent S
and SCT T
shows S C| T
proof (clarsimp simp: mr-simp)
fix a B
assume [: (a,B) € S
from this obtain C where 2: (¢,C) € T
by (meson assms(1) total-set)
hence (a,C) € St
using assms(3) by auto
from this obtain D where 3: (a,D) € SA D C C
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using 2 by (meson assms(3) upper-less-eq)
hence D = B
using 1 by (meson assms(2) univalent-set)
thus 3C . (3D.B=CND)A (a,C) € T
using 2 3 by (metis Int-absorbl)
qed

lemma total-univalent-upper-implies-conver:
assumes total T
and wunivalent S
and SCT T
shows S CJ T
by (simp add: assms total-univalent-upper-implies-lower)

lemma deterministic-lower-upper:
assumes deterministic T
and deterministic S
shows SC| T +— SCt T
by (meson assms deterministic-def total-univalent-lower-implies-convex
total-univalent-upper-implies-lower)

lemma deterministic-lower-convex:
assumes deterministic T
and deterministic S
shows SC| T «— SCI T
by (simp add: assms deterministic-lower-upper)

lemma deterministic-upper-convex:
assumes deterministic T
and deterministic S
shows SCt T «— SCI T
by (simp add: assms deterministic-lower-upper)

lemma total-down-sp-sp-down:
assumes total T
shows R| + TC R* T|
proof —
have Rl * TC Rx ((1uu U 1) x T)
by (simp add: down-sp s-prod-assocl)

also have ... = R x (1yy U T * 1)
by (simp add: s-prod-distr)
alsohave ... = R (T x Iy U T x 1)

by (metis assms c6 order-antisym-conv total-4)
also have ... C R« (T % (1_u U 1))

by (metis down-sp le-supl s-prod-isor sp-iu-unit-lower sup-ge2)
also have ... = R x T

by (simp add: down-sp)
finally show ?thesis

by simp
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qed

lemma total-down-sp-semi-commute:
total T = Rl * T C (R« T)]
by (simp add: down-dist-sp total-down-sp-sp-down,)

lemma total-down-dist-sp:

total T = (R * T)] = R} = T|

by (smt (verit, best) down-dist-sp equalityl #i-assoc ii-isotone lower-reflexive
s-prod-isol top-down total-down-sp-semi-commute)

lemma univalent-ic-closed:
univalent R <— univalent (~R)
apply (unfold univalent-set)
apply (clarsimp simp: mr-simp)
by (metis double-compl)

lemma total-ic-closed:

total R <— total (~R)

by (metis total-dom d-def-expl domain-up-down-conjugate equalityl ic-down
ic-top ic-up i-commute inf.orderE lower-ic-upper top-down top-lower-greatest
total-lower total-upper-ii)

lemma deterministic-ic-closed:
deterministic R +— deterministic (~R)
by (meson deterministic-def total-ic-closed univalent-ic-closed)

lemma du-unit-deterministic:
deterministic (1,y)
by (metis Lambda-empty det-lambda)

lemma di-unit-deterministic:
deterministic (1nn)
using deterministic-ic-closed iu-unit-deterministic by force

lemma univalent-upper-iu:
assumes univalent R
shows (RC1 S) +— (RUU S = 9)
proof —
have 1: RuU S =8 = RLCT S
using upper-iu-increasing by blast
have 2:. RCT S — SCRUUS
by (simp add: upper-ii-upper-bound)
have RCTS=— RUU S C S
apply (clarsimp simp: mr-simp)
by (smt (verit) Ball-Collect assms case-prodD le-iff-sup subset-refl
sup.bounded-iff univalent-set)
thus ?thesis
using 1 2 by blast
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qed

lemma univalent-lower-iz:

assumes univalent S

shows (RC] S) = (R NN S = R)

apply (clarsimp simp: mr-simp)

apply safe

apply (smt (23) CollectD Collect] Collect-cong Int-iff assms case-prodD

inf-set-def subsetD univalent-set)

apply blast

by (smt (verit, ccfo-threshold) CollectD Pair-inject case-prodE inf-commute)

6.2 Equivalences induced by powerdomain preorders

abbreviation lower-eq :: ('a,’b) mrel = ('a,’b) mrel = bool (infix]l =] 50)
where
R=lS=RC|SASC|R

abbreviation upper-eq :: (‘a,’d) mrel = (‘a,’d) mrel = bool (infixl =1 50)
where

R=tS=RCTSASCTR

abbreviation convez-eq :: (‘a,’b) mrel = (‘a,’b) mrel = bool (infixl =] 50)
where
R={S=RC}SASCIR

lemma Convex-eq:
R=}S=RCySASCLR
by (smt (23) semilattice-inf-class.le-inf-iff)

lemma convez-lower-upper:
R=}S+—R=lSAR=tS
by auto

lemma lower-eq-down:
R=lS+— Rl =S5]
using down-idempotent down-lower-isotone lower-reflexive by blast

lemma upper-eq-up:
R=S+—> Rt =57
by (metis p-prod-comm upclosed-ext upper-ii-up)

lemma convex-eq-convex:
R=}S+— R} =57
by (metis Convez-lower-upper lower-eq-down upper-eq-up)

lemma lower-eq:

R=lS«—> (aB.(3C.(a,C) e RABCC)+ (3C.(a,0) € SABC
Q)
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by (meson lower-less-eq order-refl order-trans)

lemma upper-eq:
R=tS+— VVaC.(3B.(a,B)e RABCC(C)+— (IB.(a,B)e SANBC
)

by (meson order-refl order-trans upper-less-eq)

lemma lower-eq-reflexive:
R=|R
by (simp add: lower-reflexive)

lemma upper-eq-reflexive:
R=tR
by (simp add: upper-reflexive)

lemma convez-eg-reflexive:
R=lR
by (simp add: lower-reflexive upper-reflezive)

lemma lower-eq-symmetric:
R=lS=S=|R
by simp

lemma upper-eq-symmetric:
R=S= S=tR
by simp

lemma convez-eg-symmetric:
R=lS= S=IR
by simp

lemma lower-eq-transitive:
R=lS=—S=lT=R=|T
using lower-transitive by auto

lemma upper-eq-transitive:
R=S=S=T=R=T
using upper-transitive by auto

lemma convez-eq-transitive:
R=lS=S=lT=R=T
by (meson lower-transitive upper-transitive)

lemma ou-lower-eg-left-congruence:
R=lS=RUT=lSUT
using ou-lower-left-isotone by blast

lemma ou-upper-eq-left-congruence:
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using ou-upper-left-isotone by blast

lemma ou-convez-eg-left-congruence:
by (meson ou-lower-left-isotone ou-upper-left-isotone)

lemma ou-lower-eq-right-congruence:
R=lS§=TUR=|TUS
using ou-lower-right-isotone by blast

lemma ou-upper-eqg-right-congruence:
R=tS=TUR=tTUS
using ou-upper-right-isotone by blast

lemma ou-convex-eq-right-congruence:
R=S= TUR=]TUS

by (meson ou-lower-right-isotone ou-upper-right-isotone)

lemma ou-lower-eq-congruence:
R=lS=P=lQ=RUP=L5UQ
using ou-lower-isotone by blast

lemma ou-upper-eq-congruence:
R=tS=P=Q=RUP=tSUQCQ
using ou-upper-isotone by blast

lemma O0U-CONVET-€Eq-congruence:
R=lS=—P=lQ=RUP=L5UQ
by (meson ou-lower-isotone ou-upper-isotone)

lemma iu-lower-eq-left-congruence:
R=lS=RuUWT=LSUWT
using iu-lower-left-isotone by blast

lemma iu-upper-eq-left-congruence:
R=tS=RuUUT=tSuWwWT
using iu-upper-left-isotone by blast

lemma iu-convex-eq-left-congruence:
R=lS=—RWT=SwWT
by (simp add: iu-lower-left-isotone tu-upper-left-isotone)

lemma ju-lower-eq-right-congruence:
R=lS=TUUR=lTUUS
using iu-lower-right-isotone by blast

lemma iu-upper-eq-right-congruence:

R=tS=TUUR=tTUUS
using iu-upper-right-isotone by blast
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lemma iu-convex-eq-right-congruence:
R=l{S= TWR=TWS
by (simp add: iu-lower-right-isotone iu-upper-right-isotone)

lemma iu-lower-eq-congruence:
R=lS=P=lQ=RUUP=5SUUQ
using iu-lower-isotone by blast

lemma iu-upper-eq-congruence:
R=tS=P=Q= RUUP=tSUUQ
using iu-upper-isotone by blast

lemma iu-convez-eq-congruence:
R=lS=P=Q= RUUP=]SUUQ
by (simp add: iu-lower-isotone iu-upper-isotone)

lemma ii-lower-eq-left-congruence:
R=lS=RmMT=S5SNNT
using i-lower-left-isotone by blast

lemma ii-upper-eqg-left-congruence:
R=S=RMMNT=S5SNNT
using i-upper-left-isotone by blast

lemma ii-convez-eq-left-congruence:
R=lS=RMMT=SNT

by (simp add: ii-lower-left-isotone ii-upper-left-isotone)

lemma ii-lower-eq-right-congruence:
R=lS=TmMR=LTNNS
using ii-lower-right-isotone by blast

lemma di-upper-eq-right-congruence:
R=tS=TMR=tTNNS
using i-upper-right-isotone by blast

lemma ii-convez-eq-right-congruence:
R=S=TnNMR=LTNNS
by (simp add: i-lower-right-isotone ii-upper-right-isotone)

lemma ii-lower-eq-congruence:
R=lS=P=lQ=RMP=L5NNQ

using ii-lower-isotone by blast
lemma ii-upper-eq-congruence:

R=tS=P=Q=—RNMP=S5SNNQ
using ii-upper-isotone by blast
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lemma ii-convez-eq-congruence:
R=lS=P={Q=RmMP=LSNNQ
by (simp add: ii-lower-isotone ii-upper-isotone)

lemma sp-lower-eq-left-congruence:
R=]lS=—Tx+«R=|TxS8
by (simp add: sp-lower-left-isotone)

lemma sp-upper-eq-left-congruence:
by (simp add: sp-upper-left-isotone)

lemma sp-convex-eq-left-congruence:
by (simp add: sp-lower-left-isotone sp-upper-left-isotone)

lemma cp-lower-eg-left-congruence:
R=lS=TOGR=lTOS
by (simp add: cp-lower-left-isotone)

lemma cp-upper-eqg-left-congruence:
R=S=TOR=STOS
by (simp add: cp-upper-left-isotone)

lemma cp-convez-eq-left-congruence:
R=lS=TGoR=TOS
by (simp add: cp-lower-left-isotone cp-upper-left-isotone)

lemma lower-eq-ic-upper:
R=]8+— ~R=1~8
using lower-ic-upper by auto

lemma upper-eq-ic-lower:
R=tS+—>~R=]~S

using upper-ic-lower by auto

lemma convez-eq-ic-lower:
R=yS+—> ~R=}~S
by (meson lower-ic-upper upper-ic-lower)

lemma up-lower-eq-congruence:
R=|S= Rt =] 51
by (fact iu-lower-eg-left-congruence)
lemma up-upper-eq-congruence:
R=tS= Rt =157
by (fact iu-upper-eq-left-congruence)

lemma up-convex-eq-congruence:
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R =S = Rt=} 5t
by (fact iu-convez-eg-left-congruence)

lemma down-lower-eq-congruence:
R=lS5S= R] =] 5!
by (fact ii-lower-eq-left-congruence)

lemma down-upper-eq-congruence:
R=1tS= R] =150
by (fact @-upper-eq-left-congruence)

lemma down-convez-eq-congruence:
R=S= Rl =15|

by (fact ii-convez-eg-left-congruence)

lemma convez-lower-eq-congruence:
R=]S= R} =] 57
by (simp add: convez-lower-isotone)

lemma convez-upper-eq-congruence:
R=18 = R} =t S}
by (simp add: convez-upper-isotone)

lemma CONVET-CONVET-EG-CONGTUENCE:
R=} 8= Rl =15}

by (simp add: convez-lower-isotone convex-upper-isotone)

lemma univalent-lower-eq-subset:
assumes univalent S

and S =] R
shows S C R
proof —

have 1:Va B C. (a,B) € SA(a,C) e S— B=C
using assms(1) by (simp add: univalent-set)
have Va B. (3A. (a,A) € SABC A) = (3A. (a,A) € RN B C A)
by (meson assms(2) lower-eq)
hence Va B. (a,B) € S — (a,B) € R
using 1 by (smt (verit, del-insts) assms(2) lower-less-eq subset-antisym,)
thus ?thesis
by (simp add: subset-iff)
qed

lemma univalent-lower-eq:
assumes univalent R
and univalent S
and R =] S
shows R = §
by (meson assms subset-antisym univalent-lower-eq-subset)
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lemma univalent-lower-eq-iff:
assumes univalent R
and wunivalent S
shows (R =] 5) +— (R=9)
using assms lower-reflezive univalent-lower-eq by auto

lemma univalent-upper-eq-subset:
assumes univalent S

and S =1 R
shows S C R
proof —

have 1:Va B C. (a,B) € SA(a,C) e S—B=C
using assms(1) by (simp add: univalent-set)

have Va B. (3A. (a,A) € SANACB)=(3A. (a,4) € RN AC B)
by (meson assms(2) upper-eq)

hence Va B. (a,B) € S — (a,B) € R
using 1 by (smt (verit) order-refl subset-antisym)

thus ?thesis
by (simp add: subset-iff)

qed

lemma univalent-upper-eq:
assumes univalent R
and univalent S
and R =1 S
shows R = §
by (meson assms subset-antisym univalent-upper-eq-subset)

lemma univalent-upper-eq-iff:
assumes univalent R
and univalent S
shows (R =1 S) +— (R =95)

using assms univalent-upper-eq upclosed-ext by blast

lemma univalent-convez-eq-iff:
assumes univalent R
and univalent S
shows (R =] S) «— (R=19)
by (metis assms univalent-lower-eq-iff univalent-upper-eq-iff)

lemma total-univalent-upper-ii:
assumes total T
and wunivalent S
and SCT T
shows T NN S =S5
apply (rule antisym)
apply (metis assms(2,3) ii-left-isotone univalent-up-ii-idempotent)
by (metis assms ii-commute lower-ii-lower-bound
total-univalent-upper-implies-lower)
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lemma lower-eq-down-closed:
R =| R]
by (simp add: subset-lower)

lemma upper-eq-up-closed:
R =1 Rt
by (simp add: subset-upper)

lemma convez-eq-up-closed:
R =] R]
by (simp add: subset-lower subset-upper)

lemma lower-join:
(VP.QCLP+— RLC|PASC|IP)+— Q=lRUS
by (meson Un-subset-iff lower-reflexive lower-transitive)

lemma lower-meet:

(VP.PClQ+— PLCI|RAPLC]S)+—Q=lRMNS

by (metis (no-types, lifting) down-dist-ii-oi le-inf-iff lower-eq-down
lower-reflexive)

lemma upper-join:

(VP.QCTP+— RCTPASCTP)+— Q=TRUUS

by (metis (no-types, lifting) convez-increasing le-inf-iff up-dist-iu-oi
upper-eq-up)

lemma upper-meet:
(VP.PCt Q+— PCTRAPCTS)«— Q=tRUS
by (meson Un-subset-iff upper-reflexive upper-transitive)

lemma lower-ii-idempotent:
RN R=|R
using ii-down lower-reflexive by blast

lemma upper-iu-idempotent:
RUUR=TR
using iu-up upper-reflexive by auto

lemma lower-il-idempotent:

14 (= (NN . BID =L R

by (metis il-down lower-eq-down)
lemma upper-iU-idempotent:
I'#{} = UUW - BI) =T R
by (metis iU-up upper-eq-up)
lemma down-closed-intersection-closed:

R=RL—VI.I#{} — (NN .RI)CR
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by (metis lower-il-idempotent)

lemma up-closed-union-closed:
R=Rt=VI.IT#{} — UUWN .RI|)CR
by (metis upper-iU-idempotent)

lemma ou-down-lower-eq-ou:
RLUS|=lRUS

using down-dist-ou lower-eq-down-closed by blast

lemma oi-down-lower-eq-ii:
RlNSI=lRMN S
by (simp add: down-dist-ii-oi lower-reflexive)

lemma ou-up-upper-eq-ou:
RTUST=TRUS

by (metis ou-upper-isotone up-idempotent upper-reflexive)

lemma oi-up-upper-eq-iu:
Rt N ST =t RUU S
by (simp add: up-dist-iu-oi upper-reflexive)

lemma oU-down-lower-eq-oU:

(UREX . RI) = UX

by (metis down-dist-oU lower-eq-down-closed)

lemma ol-down-lower-eq-il:

(Niel . X i) = NOX|T

apply safe

using down-dist-il-ol apply fastforce

by (metis (no-types, lifting) down-dist-il-ol image-cong image-image
lower-eg-down subsetD)

lemma oU-up-upper-eq-oU:

(UReX . Rt) =t UX
by (metis up-dist-oU upper-eq-up-closed)

lemma ol-up-upper-eq-il:

(Niel . X it) =t UUX|T
by (smt (23) INT-extend-simps(10) Sup.SUP-cong U-par-idem p-prod-assoc
p-prod-comm top-upper-least up-dist-iU-ol upper-ii-upper-bound)

lemma down-order-lower:
R, CSl+«— RLC|] S
by (meson lower-eq-down-closed lower-transitive)

lemma up-order-upper:

RTCSTt+— SCTR
by (meson upper-eq-up-closed upper—tmnsitive)

113



lemma convez-order-lower-upper:
Rl CS«+— RC|SASCTR

by (meson conver-eq-up-closed le-inf-iff lower-transitive upper-transitive)

lemma convex-order-Convex:
R} CSt+«— RLC] S
by (meson Convez-lower-upper convex-order-lower-upper)

7 Fusion and Fission

7.1 Atoms and co-atoms

definition atoms :: (‘a,’d) mrel (Auy)
where Ayy ={ (a,{b}) | a b . True }

definition co-atoms :: ('a,’b) mrel (Ann)
where Ann = { (a,UNIV — {b}) | a b . True }

declare atoms-def [mr-simp| co-atoms-def [mr-simp]

lemma atoms-solution:
Auut = —1uu
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (clarsimp simp: mr-simp)
by (metis equalsOI insert-is-Un mk-disjoint-insert)

lemma atoms-least-solution:
assumes RT = —1y
shows Ay, C R
proof
fix z :: 'a x 'b set
assume 1: z € Ayy
from this obtain a b where 2: z = (a,{b})
by (smt CollectD atoms-def)
have 3: z € RY
using 1 assms atoms-solution upper-reflexive by fastforce
have (a,{}) ¢ R}
by (metis ComplD IntE U-c U-par-idem assms domain-pointwise p-prod-assoc
up-dist-iu-o01)
thus z € R
using 2 3 by (smt (verit) U-par-st subsetD subset-singletonD upclosed-ext)
qed

lemma ic-atoms:
~Auu = Ann
apply (clarsimp simp: mr-simp)
by fastforce
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lemma ic-co-atoms:
~Ann = Auu
by (metis ic-atoms ic-involutive)

lemma co-atoms-solution:

Anpd = —1nn
by (metis atoms-solution ic-atoms ic-dist-oc ic-iu-unit ic-up)

lemma co-atoms-least-solution:

assumes R| = —1nn

shows Ann C R

by (metis assms atoms-least-solution ic-atoms ic-dist-oc ic-down ic-ii-unit
ic-involutive ic-isotone)

lemma ju-unit-atoms-disjoint:
Tuu N Auu = {}
by (metis Compl-disjoint atoms-solution iu-unit-down oi-down-up-iff)

lemma di-unit-co-atoms-disjoint:
Inn N Ann = {}
using co-atoms-solution lower-reflexive by fastforce

lemma atoms-sp-idempotent:
Auu * Auu = Auu
by (auto simp: mr-simp)

lemma atoms-sp-cp:
(RNAuu) * S=(RNAu,) © S
by (auto simp: mr-simp)

7.2 Inner-functional properties

abbreviation inner-univalent :: (‘a,’b) mrel = bool where
inmer-univalent R = R C 1,y U Auy

abbreviation inner-total :: ('a,’b) mrel = bool where
inner-total R = R C —1y

abbreviation inner-deterministic :: (‘a,’b) mrel = bool where
inner-deterministic R = inner-total R N inner-univalent R

lemma inner-deterministic-atoms:
inner-deterministic R +—— R C Ay,
using atoms-solution upper-reflexive by fastforce

lemma inner-univalent:

inner-ungvalent R <— (VabcB.(a,B)e RANbeE BANceB—b=c¢)
apply (clarsimp simp: mr-simp, safe)
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apply blast
by (smt (23) UNIV-I UN-iff equalsOI insertll insert-absorb
singleton-insert-inj-eq’ subsetl)

lemma inner-univalent-2:

inner-univalent R <— (Va B . (a,B) € R — finite B A card B <
one-class.one)

apply (rule iffI)

apply (metis card-eq-0-iff finite.emptyl inner-univalent is-singletonl’
is-singleton-altdef linear nonempty-set-card)

by (metis all-not-in-conv card-1-singletonE eq-iff inner-univalent
nonempty-set-card singletonD)

lemma inner-total:

inner-total R +— (Va B . (a,B) € R — (3b. b € B))

apply (rule iffT)

apply (smt (verit, del-insts) Collect-empty-eq all-not-in-conv
disjoint-eq-subset-Compl p-id-zero-st)

by (smt (verit) Collect-empty-eq disjoint-eq-subset-Compl ez-in-conv
p-id-zero-st)

lemma inner-total-2:
inner-total R +— (Va B . (a,B) € R — B # {})
by (meson all-not-in-conv inner-total)

lemma inner-total-3:
inner-total R +— (Va B . (a,B) € R A finite B — card B > one-class.one)
by (metis finite.emptyl inner-total-2 nonempty-set-card)

lemma inner-deterministic:
inner-deterministic R +— (Va B . (¢,B) € R — (3!b . b € B))
by (metis (no-types, lifting) inner-total inner-univalent)

lemma inner-deterministic-2:
inner-deterministic R «+— (Va B . (a,B) € R — card B = one-class.one)
by (metis card-1-singletonE eq-iff finite.emptyl finite-insert inner-total-3
inner-univalent-2)

lemma inner-deterministic-sp-unit:
inner-deterministic 1
by (simp add: inner-deterministic s-id-def)

lemma inner-univalent-down:
assumes inner-univalent S
shows S| C S U 1uy
using assms by (auto simp: mr-simp)

lemma inner-deterministic-lower-eq:
assumes inner-deterministic V
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and inner-deterministic W
and V =] W
shows V = W
using assms inner-univalent-down by blast

lemma inner-total-down-closed:
inner-total T —> R C T — inner-total R
by simp

lemma inner-univalent-down-closed:
inner-unialent T =— R C T = inner-univalent R
by simp

lemma inner-deterministic-down-closed:
inner-deterministic T —> R C T — inner-deterministic R
by blast

lemma inner-univalent-convex:

assumes inner-univalent R

shows R = R}

apply (rule antisym)

using convez-increasing apply blast

apply (clarsimp simp: mr-simp)

by (smt (verit) Un-Int-eq(2) Un-Int-eq(3) assms boolean-algebra-cancel.sup0
disjoint-iff inner-univalent semilattice-inf-class.inf.orderE subsetl)

lemma inner-deterministic-alt-closure:
inner-deterministic R = (R O converse 1 O 1 = R)
apply (clarsimp simp: mr-simp)
apply safe
apply force
by blast+

lemma inner-deterministic-s-id-conv-epsiloff:
inner-deterministic R = R O converse s-id = R O epsiloff
apply (clarsimp simp: mr-simp)
unfolding epsiloff-def
by blast

lemma inner-deterministic-lower-iff:

assumes inner-deterministic R

and inner-deterministic S

shows (RC] S) +— (RC9)

apply standard

apply (smt (verit, ccfo-threshold) Un-commute assms disjoint-eg-subset-Compl
inf.orderE inf.orderl inf-commute inf-sup-distrib2 inner-univalent-down
sup.orderE sup-bot-left)

by (simp add: subset-lower)
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lemma inner-deterministic-upper-iff:

assumes inner-deterministic R

and inner-deterministic S

shows (RCT S) +— (S C R)

apply standard

apply (clarsimp simp: mr-simp)

using inner-deterministic apply (smt (verit, del-insts) Ball-Collect
Un-subset-iff assms case-prodD subsetD subsetl subset-antisym,)

by (simp add: subset-upper)

lemma inner-deterministic-lower-eg-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =] §) «+— (R=5)
by (meson assms inner-deterministic-lower-eq lower-reflexive)

lemma inner-deterministic-upper-eq-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =1 5) +— (R=9)
by (simp add: antisym assms inner-deterministic-upper-iff)

lemma inner-deterministic-convex-eq-iff:
assumes inner-deterministic R
and inner-deterministic S
shows (R =] S) «+— (R=19)
by (metis assms inner-deterministic-lower-eg-iff
inner-deterministic-upper-eq-iff )

lemma
inner-univalent R = inner-univalent S = inner-univalent (R UU S)
nitpick|ezpect=genuine,card=1,2]
oops

lemma inner-univalent-ii-closed:
inner-univalent R = inner-univalent S = inner-univalent (R NN S)
by (metis (no-types, lifting) Un-subset-iff convex-reflexive down-dist-ii-oi
inner-univalent-down inner-univalent-down-closed le-inf-iff subsetl)

lemma inner-total-iu-closed:

inner-total R = inner-total S = inner-total (R UU S)

by (metis U-par-idem U-par-p-id atoms-solution c-prod-idr iu-upper-isotone
s-prod-p-idl top-upper-least)

lemma
inner-total R = inner-total S = inner-total (R NN S)
nitpick|ezpect=genuine,card=1,2]
oops
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7.3 Fusion

lemma fusion-set:
fusR={(a,B).B=U{C .(a,C)€R}}
unfolding fus-set Image-singleton
by (smt (verit) Collect-cong Pair-inject case-prodE case-prodI2)

declare fusion-set [mr-simp)

lemma fusion-lower-increasing:
R CJ fus R
apply (clarsimp simp: mr-simp)
by blast

lemma fusion-deterministic:
deterministic (fus R)
by (simp add: deterministic-set fusion-set)

lemma fusion-least:
assumes R C| S
and deterministic S
shows fus R C| S
proof (clarsimp simp: mr-simp)
fix a::'a
from assms(2) obtain C::'b set where 1: (a,C) € S
by (meson deterministic-set)
hence J{ B . (¢,B)e R} C C
using assms deterministic-lower by (smt (verit, del-insts) Sup-le-iff
mem-Collect-eq)
thus 3C. 3D .J{B.(ae,B)eR}=CnND)A(a,C) €S
using 1 by blast
qed

lemma fusion-unique:
assumes VR . RC| fR
and V R . deterministic (f R)
and VRS .RLC| S A deterministic S — fRC| S
shows f T = fus T
apply (rule univalent-lower-eq)
using assms(2) deterministic-def apply blast
using deterministic-def fusion-deterministic apply blast
by (simp add: assms fusion-deterministic fusion-least fusion-lower-increasing)

lemma fusion-down-char:

(fus R)L = —((=(R}) N Auu)?)
proof
show (fus R)l € —((=(R}) N Auu)?)
apply (clarsimp simp: mr-simp)
by blast
next
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show —((—(R}) N Auu)?) € (fus R)
proof (clarsimp simp: mr-simp)
fix a A
assume [:VB.(VC.A#BUC)Vv(3C.(3D.B=CnND)A (a,C) €
R)V (Vb . B # {b})
have ACU{ C . (a,C) € R}
proof
fix z
assume z € A
from this obtain C where z € C' A (a,C) € R
using I by (metis IntD1 insert-Diff insert-is-Un singletonI)
thusz € JU{ C . (a,C) € R}
by blast
qed
thus3D . A=U{C.(a,C)€eR}ND
by auto
qed
qed

lemma fusion-up-char:
(fus R)T = —((~(R]) N Ann)d)
proof
show (fus R)T C —((~(R4) N Anr)d)
apply (clarsimp simp: mr-simp)
by blast
next
show —((~(Rl) N Ann)l) C (fus R)T
proof (clarsimp simp: mr-simp)
fix a A
assume 1:VC . (VD.A#CNnD)vV(¥VB.(VD.—-C#BnD)V (aB)
¢ R)V (Vb. C # UNIV — {b})
have | J{ C . (¢,C) e R} C A
proof
fix z
assume z € |J{ C . (a,C) € R }
from this obtain C where 2 € C' A (a,C) € R
by blast
thus z € A4
using I by (metis Compl-eq-Diff-UNIV Diff-Diff-Int Diff-cancel Diff-eq
Diff-insert-absorb Int-commute double-complement insert-Diff insert-inter-insert)
qed
thus3C . A=U{C.(a,C)eR}UC
by auto
qed
qed

lemma fusion-up-char-2:

(fus R)T = —(((BL N Auy) = ~1)1)

by (simp add: atoms-sp-cp co-prod fusion-up-char ic-atoms ic-dist-o1)
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lemma fusion-char:

fus B = —((—(RY) N Auo)t) N —((~(RY) N Ann)d)

by (metis deterministic-def fusion-deterministic fusion-down-char
fusion-up-char inf-commute univalent-conver)

lemma fusion-char-2:

fus R = —((=(RY) N Auu)) N —(((RY N Au) * ~1))

using fusion-char fusion-up-char fusion-up-char-2 by blast

lemma fusion-lower-isotone:

RC|S= fus RC| fus S

by (meson fusion-deterministic fusion-least fusion-lower-increasing
lower-transitive)

lemma fusion-iu-idempotent:
fus R UU fus R = fus R
using deterministic-def fusion-deterministic univalent-iu-idempotent by blast

lemma fusion-down:
fus R = fus (R{)
by (simp add: fusion-char)

lemma fusion-iu-total:

total T = T UU fus T = fus T

by (meson deterministic-def fusion-deterministic fusion-lower-increasing
total-univalent-lower-iu)

lemma fusion-deterministic-fixpoint:

deterministic R <— R = fus R

by (metis deterministic-def fusion-deterministic fusion-iu-total fusion-least
lower-reflexive p-prod-comm total-univalent-lower-iu)

abbreviation non-empty :: (‘a,’d) mrel = ('a,’b) mrel (ne - [100] 100)
where ne R= RN —1,y

lemma non-empty:
neR={(a,B)|aB.(a,B) e RANB#{}}
by (auto simp: mr-simp)

lemma ne-equality:
neR=R+—> RC —1yy
by blast

lemma ne-dist-ou:
ne (RUS)=mneRUneS
by (fact inf-sup-distrib2)

lemma ne-down-idempotent:
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ne ((ne (RL)J) = ne (RY)

by (auto simp: mr-simp)

lemma ne-up:
(ne R)t = ne R x 11
proof
show (ne R)t C ne R x 11
apply (clarsimp simp: mr-simp)
by (metis UN-constant Un-insert-left insert-absorb)
next
show ne R x 11 C (ne R)T
proof (clarsimp simp: mr-simp)
fix a B f
assume I: (a,B) € Rand 2: B# {} and VbeB .3C . fb = insert b C
hence B C (| Jz€B . fz)
by blast
thus 3D . (3C . (JzeB . fz)=DU C) A (a,D) € RAND # {}
using 1 2 by blast
qed
qed

lemma ne-dist-down-sp:
ne (R} = S) = ne (R}) * ne S
proof (rule antisym)
show ne (R} * S) C ne (R]) * ne S
proof (clarsimp simp: mr-simp)
fixa CfDx
assume [: (¢,C) € Rand 2:VbeCND . (b,fb) € S and 3: fz # {} and 4:
ze€ Cand 5:z€ D
let /B={beCnND.fb#{}}
have 6: 3C . (3D . B=CnN D) A (a,C) €R
using 1 by auto
have 7: 7B # {}
using 3 4 5 by auto
have 8: Vbe?B . (b,fb) € S A fb#{}
using 2 by auto
have (JzeCND . fz) = (Jz€?B . f )
by auto
thus 3B.(3C.(3D.B=CnND)A(a,C) e R) NB#{} AN (Tyg . (VbeB
(bgd)e SAgb#{}) AN (UzeCND . fz)=(JzeB . gx))
using 6 7 8 by blast
qed
next
show ne (R]) *x ne S C ne (R| * S)
by (clarsimp simp: mr-simp) blast
qed

lemma total-ne-down-dist-sp:
total T = ne (R * T))) = ne (R]) x ne (T])
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by (simp add: ne-dist-down-sp total-down-dist-sp)

lemma inner-univalent-char:
inner-univalent S +— (VR . fus R = fus S A RC] S — ne R = ne S)
proof
assume 1: inner-univalent S
show VR . fus R=fus SARLC| S — neR=mneS
proof (rule alll, rule impl)
fix R
assume 2: fus R = fus S A RC|] S
show ne R = ne S
proof (rule antisym)
show ne R C ne S
proof
fix =
assume 3: z € ne R
from this obtain a B where 4: z = (a,B) Az € RN B # {}
by (metis Int-iff Int-lower2 inner-total-2 surj-pair)
from this obtain C where 5: B C C A (a,C) € S
using 2 by (meson lower-less-eq)
from this obtain b where C = {b}
using 1 / by (metis Un-empty inner-univalent is-singletonl’
is-singleton-the-elem subset-Un-eq)
hence B = C
using 4 5 by blast
thus z € ne S
using 3 4 5 by blast
qed
next
show ne S C ne R
proof
fix =
assume 6: x € ne S
from this obtain a B where 7: z = (a,B) Az € S AN B # {}
by (metis Int-absorb Int-iff inner-total-2
semilattice-inf-class.inf.absorb-iff2 surj-pair)
from this obtain b where 8: B = {b}
using 1 by (meson antisym card-1-singletonE inner-univalent-2
nonempty-set-card)
from this obtain C where 9: b € C A (a,C) € fus S
using 7 by (meson fusion-lower-increasing insert-subset lower-less-eq)
hence (a,C) € fus R
using 2 by simp
hence C =J{ D . (a,D) € R}
by (clarsimp simp: mr-simp)
from this obtain D where 10: b € D A (a,D) € R
using 9 by blast
from this obtain F where 11: D C E A (a,E) € S
using 2 by (meson lower-less-eq)
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from this obtain ¢ where F = {c}
using 1 10 by (metis antisym card-1-singletonE empty-iff
inner-univalent-2 nonempty-set-card subsetl)
hence D = {b}
using 10 11 by blast
thus z € ne R
using 6 7 8 10 by blast
qed
qed
qged
next
assume 12: VR . fus R=fus SARC| S —neR=mnelS
show inner-univalent S
proof (unfold inner-univalent, intro alll, rule impl)
fixabcB
assume 13: (a,B) € SAbe BAce B
let R={ (f{e}) | fe.TC.(f,C)eSANeeC}
have 1j: fus ?R = fus S
apply (clarsimp simp: mr-simp)
by blast
have PR C| S
using lower-less-eq by fastforce
hence ne ?R = ne S
using 12 14 by simp
hence (a,B) € ?R
using 13 by (smt (verit, del-insts) empty-iff mem-Collect-eq non-empty)
thus b = ¢
using 13 by blast
qed
qed

lemma ne-dist-oU:

ne (UX) = U (non-empty “ X)
by blast

7.4 Fission

lemma fission-set:
fis R={(a,{b})|ab.3B.(a,B)e RANDbE B}
unfolding fis-set Image-singleton
by simp

declare fission-set [mr-simp)
lemma fission-var:
ﬁS R = R\L N AUU

apply (clarsimp simp: mr-simp)
by blast
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lemma fission-lower-decreasing:
fis REL R
by (simp add: fission-var)

lemma fission-inner-deterministic:
inner-deterministic (fis R)
by (simp add: fission-var inner-deterministic-atoms)

lemma fission-greatest:
assumes S C| R
and inner-deterministic S
shows S C| fis R
proof (clarsimp simp: mr-simp)
fix a B
assume [: (a,B) € S
from this obtain b where 2: B = {b}
using assms(2) by (meson card-1-singletonE inner-deterministic-2)
from 1 obtain C where B C C A (a,C) € R
using assms(1) by (meson lower-less-eq)
thus3C . 3D.B=CnNnD)A@b.C={b} ANFE.(a,E) € RN bEE))
using 2 by auto
qged

lemma fission-unique:
assumes VR . fRC| R
and V R . inner-deterministic (f R)
and VR S . S C| R A inner-deterministic S — S C| f R
shows fT = fis T
apply (rule inner-deterministic-lower-eq)
apply (simp add: assms(2))
apply (simp add: fission-inner-deterministic)
by (simp add: assms fission-greatest fission-inner-deterministic
fission-lower-decreasing)

lemma fission-lower-isotone:

RC|lS= fisRC| fis S

by (meson fission-greatest fission-inner-deterministic fission-lower-decreasing
lower-transitive)

lemma fission-idempotent:
fis (fis R) = fis R
by (metis comp-apply fis-fis)

lemma fission-top:
ﬁS U = AUU

using fission-var top-down top-upper-least by fastforce

lemma fission-down:

fis B = fis (R])
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by (simp add: fission-var)

lemma fission-ne-fixpoint:
fis R = ne (fis R)
using fission-inner-deterministic by blast

lemma fission-down-ne-fixpoint:

fis R = ne ((fis R)})

by (metis fission-inner-deterministic fission-ne-fixpoint fusion-down
inner-univalent-char lower-ii-decreasing)

lemma fission-inner-deterministic-fixpoint:

inner-deterministic R «+— R = fis R

apply (rule iffT)

apply (metis comp-eg-dest-lhs fission-lower-decreasing fission-ne-fixpoint fus-fis
inner-univalent-char le-iff-inf)

using fission-inner-deterministic by auto

lemma fission-sp-subdist:
fis (R+S) C fis R« fis S
proof
fix z
assume z € fis (R x 5)
from this obtain ¢ b B where 1: z = (a,{0}) A (¢,B) e R+ SAbe B
by (smt CollectD fission-set)
from this obtain C f where 2: (a,C) € RA (Vece C . (¢fc) € S)AB=
U{fclec.ceC}
by (simp add: mr-simp) blast
from this obtain ¢ where 3: b€ fc A ce C
using 1 by blast
let B = {c}
let 2f = Az . {b}
have /: (a,?B) € fis R
using 2 3 fission-set by blast
have 5: Vbe?B . (b,2f b) € fis S
using 2 3 fission-set by blast
have {b} =J{ ?fb|b.be ?B}
by simp
hence 3f . (Vbe?B . (b,fb) € fis S) A{b} =U{fb|b.be ?B}
using 5 by auto
hence (a,{b}) € fis R * fis S
apply (unfold s-prod-def)
using 4 by auto
thus z € fis R x fis S
using 1 by simp
qed

lemma fission-sp-total-dist:
assumes total T
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shows fis (R*x T) = fis R x fis T
by (metis assms atoms-sp-idempotent fis-lax fission-var sp-oi-subdist-2
subset-antisym total-down-dist-sp)

lemma fission-dist-ou:
fis(RUS)=fisRU fis S
by (simp add: down-dist-ou fission-var inf-sup-distrib2)

lemma fission-sp-iu-unit:

fis (R 1uu) = {}
by (metis c-nc down-sp fission-lower-decreasing nu-def nu-fis nu-fis-var
s-prod-zerol subset-empty)

lemma fission-fusion-lower-decreasing:

fis (fus R) C} R
apply (clarsimp simp: mr-simp)
by blast

lemma fusion-fission-lower-increasing:
R C| fus (fis R)
apply (clarsimp simp: mr-simp)
by blast

lemma fission-fusion-galois:

fisRC|l S +— RLC| fus S

apply (rule iffT)

apply (meson fusion-fission-lower-increasing fusion-lower-isotone
lower-transitive)

by (meson fission-fusion-lower-decreasing fission-lower-isotone lower-transitive)

lemma fission-fusion:

fis (fus R) = fis R

by (metis fission-fusion-lower-decreasing fission-idempotent
fission-inner-deterministic fission-lower-isotone fusion-lower-increasing
inner-deterministic-lower-eq)

lemma fusion-fission:

fus (fis R) = fus R
by (metis comp-def fus-fis)

lemma same-fusion-fission-lower:

fus R = fus S = fis RC| S

by (metis fission-fusion-galois fusion-lower-increasing)
lemma fission-below-ne-down-fusion:

fis R C ne ((fus R){)

using fission-fusion fission-inner-deterministic fission-lower-decreasing by blast

lemma ne-fusion-fission:
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(ne ((fus R)]))T = (fis R)T
by (metis (mono-tags, lifting) atoms-solution fission-below-ne-down-fusion
fission-fusion oi-down-sub-up subsel-trans upper-eq-up upper-reflexive fission-var)

lemma fission-up-ne-down-up:

(fis R)T = (ne (RL))T

by (metis (mono-tags, lifting) atoms-solution fission-ne-fizpoint fission-top
oi-down-sub-up semilattice-inf-class.inf-le2 semilattice-inf-class.inf-left-commute
subset-trans upper-eq-up fission-var)

lemma fusion-idempotent:
fus (fus R) = fus R
by (metis fission-fusion fusion-fission)

lemma fission-dist-oU:

fis (UX) = U(fis * X)
by (metis (no-types, lifting) SUP-cong UN-simps(4) fission-var @i-right-dist-oU)

7.5 Co-fusion and co-fission

definition co-fusion :: (‘a,’d) mrel = ('a,’b) mrel ([[] - [80] 80) where
[MTR={(a,B) . B=N{C.(a,C)€R}}

declare co-fusion-def [mr-simp]

lemma co-fusion-upper-decreasing:
[MTRCT R
apply (clarsimp simp: mr-simp)
by blast

lemma co-fusion-deterministic:
deterministic (['1[ | R)
by (simp add: deterministic-set co-fusion-def)

lemma co-fusion-greatest:
assumes S CT R
and deterministic S
shows S CT ][R
proof (clarsimp simp: mr-simp)
fix a
from assms(2) obtain B where 1: (a,B) € S
by (meson deterministic-set)
hence BCN{ C.(a,C) € R}
using assms deterministic-upper by (smt (verit, ccfu-threshold) Inter-greatest
mem-Collect-eq)
thus 3B. (3D .N{C.(a,0) € R} =BUD)A(a,B) €S
using 1 by blast
qed
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lemma co-fusion-unique:
assumes VR . fRCT R
and V R . deterministic (f R)
and VR S .S CT R A deterministic S — S CT f R
shows fT =[][1T
apply (rule univalent-upper-eq)
using assms(2) deterministic-def apply blast
using co-fusion-deterministic deterministic-def apply blast
by (simp add: assms co-fusion-deterministic co-fusion-greatest
co-fusion-upper-decreasing)

lemma co-fusion-up-char:
M R)T = =((=(RT) N Ann)d)
proof
show (MR € ~((~(R1) N Ann)))
apply (clarsimp simp: mr-simp)
by blast
next
show —((=(B1) N Ann)d) € ([111TR)T
proof (clarsimp simp: mr-simp)
fix a A
assume 1:VB.(VC.A#BnNnC)v(3C.3D.B=CUD)A (a,0) €
R) Vv (Vb . B # UNIV — {b})
have {{ C . (¢,C) e R} C A
proof
fix z
assume z € (\{ C . (¢,C) € R }
hence VC . A # (UNIV — {z}) n C
using 1 by blast
thus z € 4
by blast
qed
thus3D. A=N{C.(a,C) € R}UD
by auto
qed
qed

lemma co-fusion-down-char:
(TR = —((~(RT) N Auu)T)
proof
show ([1[1R) € —((~(RT) N Auu)T)
apply (clarsimp simp: mr-simp)
by blast
next
show —((~(RT) N Auu)t) € ([1TTR)L
proof (clarsimp simp: mr-simp)
fix a A
assume 1:VC.(VD.A#CUD)VvV (¥YB.(VD.—- C# BUD)V (a,B)
¢R)V (V. C £ (b))
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have ACN{ C . (a,C) € R}
proof
fix z
assume z € A
hence VB . (VD .- {z} # BUD)V (a,B) ¢ R
using 1 by blast
thusz € N{ C.(a,C) € R}
by blast
qed
thus3C . A=N{C.(aC)eR}NC
by auto
qed
qed

lemma co-fusion-down-char-2:

(MR = =((BT N Ann) © ~1)1)

by (metis co-fusion-down-char ic-co-atoms ic-cp-ic-unit ic-dist-o1)

lemma co-fusion-char:

1R = —((—=(R1) N Anq)d) 0 =((~(RT) N Auu)?t)
by (metis deterministic-def co-fusion-deterministic co-fusion-down-char
co-fusion-up-char univalent-conver)

lemma co-fusion-char-2:

MR = =((=(R1) N Ann)d) N =(((RT N Ann) © ~1)1)

using co-fusion-char co-fusion-down-char co-fusion-down-char-2 by blast

lemma co-fusion-upper-isotone:

RCt S =TIMR NS
by (meson co-fusion-deterministic co-fusion-greatest co-fusion-upper-decreasing
upper-transitive)

lemma co-fusion-ii-idempotent:

MR NATIME =TIk

by (metis deterministic-def co-fusion-deterministic univalent-ii-idempotent)

lemma co-fusion-up:

MR = M &)

by (simp add: co-fusion-char)

lemma co-fusion-ii-total:

total T = T NN[][1T =T11T

by (meson co-fusion-deterministic co-fusion-upper-decreasing deterministic-def
total-univalent-upper-ii)

lemma co-fusion-deterministic-fixpoint:
deterministic R +— R =[][|R
apply (rule iffI)
apply (metis deterministic-def co-fusion-deterministic co-fusion-greatest
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co-fusion-ii-total ii-commute total-univalent-upper-ii upper-reflexive)
by (metis co-fusion-deterministic)

abbreviation co-fission :: (‘a,’b) mrel = (‘a,’d) mrel (atnn - [80] 80) where
atmm R = RT n Amm

lemma co-fission:
atrn R={(a,B)|aB.(3b.-B={b})) A3C.(a,C)e RANCCB)}
apply (clarsimp simp: mr-simp)
by blast

declare co-fission [mr-simp]

lemma co-fission-upper-increasing:
R T athn R
by (fact semilattice-inf-class.inf-lel)

lemma co-fission-ic-inner-deterministic:
inner-deterministic (~atnn R)
by (simp add: ic-co-atoms ic-dist-oi inner-deterministic-atoms)

lemma co-fission-least:
assumes R CT S
and inner-deterministic (~S)
shows atnn R CT S
proof (clarsimp simp: mr-simp)
fix a B
assume [: (a,B) € S
hence (a¢,—B) € ~S
by (simp add: inner-complement-def)
from this obtain b where 2: —B = {b}
using assms(2) by (meson card-1-singletonE inner-deterministic-2)
from 1 obtain C where C C B A (a,C) € R
using assms(1) by (meson upper-less-eq)
thus 3C . (3D. B=CUD)A(FE.(3D.C=EUD)A(a,F) € R)A (T
. C = UNIV — {b})
using 2 by (metis Compl-eq-Diff-UNIV double-compl subset-Un-eq sup.idem)
qged

lemma co-fission-unique:
assumes VR . RCT fR
and V R . inner-deterministic (~f R)
and VR S . R Ct S A inner-deterministic (~S) — fRCT S
shows f T = athn T
apply (rule ic-injective)
apply (rule inner-deterministic-lower-eq)
apply (simp add: assms(2))
apply (simp add: co-fission-ic-inner-deterministic)
by (meson assms co-fission-ic-inner-deterministic co-fission-least
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semilattice-inf-class.inf-le1 upper-ic-lower)

lemma co-fission-upper-isotone:
R ET S = atmm R ET G/tmm S
by (simp add: oi-subset-upper-left-antitone upper-transitive)

lemma co-fission-idempotent:

CLtmm (atmm R) = atmm R

by (meson equalityl semilattice-inf-class.inf-lel semilattice-inf-class.inf-le2
semilattice-inf-class.le-inf-iff upper-reflexive upper-transitive)

lemma co-fission-top:
atnn U = Ann
using top-lower-greatest U-par-idem top-down by blast

lemma co-fission-up:
atﬁm R = atmﬁ (RT)
by simp

lemma co-fission-ic-inner-deterministic-fixrpoint:

inner-deterministic (~R) +— R = atnn R

apply (rule iffT)

apply (simp add: fission-var fission-inner-deterministic-fizpoint ic-antidist-iu
ic-co-atoms ic-dist-ot ic-injective ic-up)

by (metis co-fission-ic-inner-deterministic)

lemma co-fusion-co-fission-upper-decreasing:
[l (atnn R) T R
proof (clarsimp simp: mr-simp)
fix a B
assume [: (a,B) € R
have N{D.(3E.(3F.D=EUF)A (¢,E) € R) A (3b.D = UNIV —
(bh}CB
proof
fix z
assume 2: z € (\{D.(3E. 3F.D=EUF)A (a,E) € R)AN(Tb.D =
UNIV — {b}) }
show z € B
proof (rule ccontr)
let D = —{z}
assume 3: z ¢ B
hence B C ?D
by simp
hence \{D.(3E.(3F.D=EUF)A(a,E) € R)AN(Ib.D = UNIV
— [} C D
using 1 by (smt Collect] Compl-eq-Diff-UNIV Inf-lower subset-Un-eq)
thus Fulse
using 2 by auto
qed
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qed
thus3C . B={D.(3E.(3F.D=FUF)A(a,F) € R)AN(b.D =
UNIV — {b}) }u C
by auto
qed

lemma co-fission-co-fusion-upper-increasing:
R ET atnn ([11R)
proof (clarsimp simp: mr-simp)
fixabB
assume (|{ C . (a,C) € R} U B = UNIV — {b}
hence b ¢ { C . (a,C) € R}
by blast
hence 3C . b ¢ C A (a,C) € R
by blast
thus 3C . (3D . UNIV — {b} = CU D) A (a,C) € R
by blast
qed

lemma co-fusion-co-fission-galois:

apply (rule iffT)

apply (meson co-fission-co-fusion-upper-increasing co-fission-upper-isotone
upper-transitive)

by (meson co-fusion-co-fission-upper-decreasing co-fusion-upper-isotone
upper-transitive)

lemma co-fission-co-fusion:

atmm (HHR) = atmm R

using co-fission-co-fusion-upper-increasing co-fission-idempotent
co-fission-upper-isotone co-fusion-upper-decreasing by blast

lemma co-fusion-co-fission:

MM (atan B) =171 R

apply (rule antisym)

apply (metis deterministic-def co-fission-co-fusion
co-fission-co-fusion-upper-increasing co-fusion-co-fission-upper-decreasing
co-fusion-deterministic co-fusion-upper-isotone univalent-upper-eq-subset)

by (metis deterministic-def co-fission-co-fusion
co-fission-co-fusion-upper-increasing co-fusion-co-fission-upper-decreasing
co-fusion-deterministic co-fusion-upper-isotone univalent-upper-eq-subset)

lemma same-co-fusion-co-fission-upper:

MR =[S = S =t aton R

by (metis co-fusion-co-fission-galois co-fusion-upper-decreasing)
lemma co-fusion-idempotent:

CTIrTR) = T17TR

by (metis co-fission-co-fusion co-fusion-co-fission)
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8 Modalities

8.1 Tests

abbreviation test :: (‘a,’a) mrel = bool where
test R=R C 1

lemma test:
test R +— (Va B . (a,B) € R — B = {a})
by (force simp: s-id-def)

lemma test-fiz: test R= RN 1, =R
by (simp add: le-iff-inf)

lemma test-ou-closed:
test p = test ¢ = test (p U q)
by (fact sup-least)

lemma test-oi-closed:
test p = test (p N q)
by blast

abbreviation test-complement :: (‘a,’a) mrel = ('a,’a) mrel (1 - [80] 80) where
R=-RnN1I

lemma test-complement-closed:

test (2 p)
by simp

lemma test-double-complement:
testp<—p=11lp
by blast

lemma test-complement:
(a.{a}) €tp+— ~(afa}) €p
by (simp add: s-id-def)

declare test-complement [mr-simpl

lemma test-complement-antitone:
assumes test p
shows p C g«—1q¢Cp
using assms(1) by blast

lemma test-complement-huntington:
testp=p=10QpUlq UIQpUq)
by blast

abbreviation test-implication :: ('a,’a) mrel = (‘a,’a) mrel = (‘a,’a) mrel
(infix] — 65) where
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p—>q=lpUyg

lemma test-implication-closed:
test ¢ = test (p — q)
by simp

lemma test-implication:

(a{a}) € p = ¢ < ((a{a}) € p — (a{a}) € q)
by (simp add: s-id-def)

declare test-implication [mr-simp)

lemma test-implication-left-antitone:
assumes test p
shows p Cr—=1r —-qCp—q
by blast

lemma test-implication-right-isotone:
assumes test p
shows ¢ Cr—=p—>qCp—r
by blast

lemma test-sp-idempotent:
testp == p*p=2p
by (metis d-rest-az inf.order-iff s-subid-iff2)

lemma test-sp:
assumes test p
showspx R=(px U)NR
apply (clarsimp simp: mr-simp)
apply safe
apply blast
using assms subid-auz2 by fastforce+

lemma sp-test:

testp = R*xp=RnN (U * p)

apply (rule antisym)

apply (metis (no-types, lifting) U-par-idem inf.absorb-iff2 inf.idem le-inf-iff
s-prod-idr sp-oi-subdist top-upper-least)

using test-fiz by (smt IntE s-prod-test-auzl s-prod-test-auz2 subrell)

lemma sp-test-dist-oi:

testp = (RN S)*xp=(Rx*p)N (S xp)

by (smt Int-left-commute semilattice-inf-class.inf.assoc
semilattice-inf-class.inf .right-idem sp-test)

lemma sp-test-dist-oi-left:

testp= (RN S)*xp=(R=xp) NS
by (smt Int-commute semilattice-inf-class.inf.left-commute sp-test)

135



lemma sp-test-dist-oi-right:
testp= (RN S)*p=RN (S *p)
by (metis semilattice-inf-class.inf.commute sp-test-dist-oi-left)

lemma sp-test-sp-oi-left:
testp = (RN (Uxp))* T=Rx*xpx T
by (metis sp-test)

lemma sp-test-sp-oi-right:
testp = Rx((px U)NT)=Rx+xpxT
by (metis inf.orderE test-assocl test-sp)

lemma test-sp-ne:
test p => p * ne R = ne (p * R)
by (smt lattice-class.inf-sup-aci(1) lattice-class.inf-sup-aci(3) test-sp)

lemma ne-sp-test:
test p = ne R * p = ne (R * p)
by (fact sp-test-dist-oi-left)

lemma top-sp-test-down-closed:
assumes test p
shows U x p = (U * p)|
proof —
have I: pNi,=0p
using assms by blast
hence (U * p)| = {(a,4). (a,4) € UAN Va € A. (a,{a}) € p)} NN U
by (smt (verit) Collect-cong case-prodI2 case-prod-conv s-prod-test-var)
also have ... = {(¢,4). Va € A. (a,{a}) € p} NN T
by (smt (verit) Collect-cong ii-assoc lower-ii-down mem-Collect-eq split-cong
subsetD top-down)

also have ... = {(a,4). (a,A) € U AN (Va € A. (a,{a}) € p)}
by (auto simp: mr-simp)
also have ... = U x p

using 1 by (smt (verit) Collect-cong case-prodI2 case-prod-conv
s-prod-test-var)
finally show ?thesis
by blast
qed

lemma oc-top-sp-test-up-closed:

test p = —(U * p) = (—(U * p))*

by (metis antisym convez-reflexive disjoint-eq-subset-Compl inf-compl-bot
oi-down-up-iff semilattice-inf-class.inf.commute top-sp-test-down-closed)

lemma top-sp-test:

test p = (a,B) € U * p +— (VbeB . (b,{b}) € p)
using test-fix by (metis IntE UNIV-I s-prod-test sp-test)
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lemma oc-top-sp-test:
test p = (a,B) € —(U * p) +— (FbeB . (b,{b}) ¢ p)
by (simp add: top-sp-test)

declare top-sp-test [mr-simp| oc-top-sp-test [mr-simp)

lemma oc-top-sp-test-0:
—1yu xtp =mne (U *1p)
by (metis Int-lowerl semilattice-inf-class.inf.commute sp-test)

lemma oc-top-sp-test-1:
assumes test p
shows —(U % p) = (ne (U x ! p))T
proof (rule antisym)
show —(U « p) C (ne (U =1 p))t
proof
fix z::'c x 'a set
assume 1: z € —(U * p)
from this obtain ¢ B where 2: z = (a,B)
by force
from this obtain ¢ where 3: ¢ € B A (¢,{c}) ¢ p
using I by (meson assms oc-top-sp-test)
hence 4: (a,{c}) € U =1 p
by (metis singletonD test-complement test-complement-closed top-sp-test)
have (a,{c}) € —1yu
using oc-top-sp-test by (smt (verit, del-insts) Compll Int-iff assms
boolean-algebra.conj-cancel-left inf.coboundedI? p-id-zero s-prod-test-auxl
singleton-iff)
hence (a,{c}) € ne (U * 1 p)
using 4 by simp
thus z € (ne (U * ! p))T
using 2 3 by (metis (no-types, lifting) U-par-st singletonD subset-eq)
qed
next
have (U *x p)l = U % p
using assms top-sp-test-down-closed by auto
also have ... C —(—1yy * 1 p)
by (smt (verit) Compl-disjoint assms disjoint-eq-subset-Compl inf-commaute
oc-top-sp-test-0 p-id-zero s-prod-idl sp-test-dist-oi-right test-assocl
test-double-complement)
also have ... = —ne (U x 1 p)
by (simp add: oc-top-sp-test-0)
finally have U * p C —((ne (U * 1 p))?1)
by (simp add: down-double-complement-up)
thus (ne (U * ! p))T € —(U * p)
by auto
qed
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lemma oc-top-sp-test-2:
test p = —(U * p) = (—1yy * 1 p)?T
by (simp add: oc-top-sp-test-1 oc-top-sp-test-0)

lemma split-sp-test:
assumes test p
shows R = (R x p) U (ne RN (ne (RL * 1 p))1)
proof (rule antisym)
show R C (R * p) U (ne RN (ne (R} x 1 p))1)
proof
fix z
assume 1: z € R
from this obtain ¢ B where 2: z = (a,B)
by force
show z € (R x p) U (ne RN (ne (R} 1 p))?T)
proof (cases VbeB . (b,{b}) € p)
case True
hence (a,B) € U * p
by (simp add: assms top-sp-test)
thus ?thesis
using 1 2 by (metis Int-iff UnCI assms sp-test)
next
case Fulse
from this obtain b where 3: {b} C B A (b,{b}) ¢ p
by auto
hence (a,{b}) € R|
using 1 2 down by fastforce
hence (a,{b}) € Rl 1 p
using 3 by (metis s-prod-test-auz2 singletonD test-complement)
hence (a,{b}) € ne (R} * 1 p)
by (simp add: non-empty)
hence (a,B) € (ne (R} x 1 p))t
using 3 by (meson U-par-st)
thus ?thesis
using 1 2 8 non-empty by auto
qed
qged
next
show (R % p) U (ne RN (ne (Rl * ! p))T) C R
using assms sp-test by auto
qed

lemma top-sp-test-down-iff-1:
assumes test p
shows RC Uxp<+— R, CU=x*p
by (smt (verit, del-insts) assms down-order-lower top-sp-test-down-closed)

lemma test-ne:
testp = nep=p
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using inner-deterministic-sp-unit by blast

lemma ne-test-up:

test p = ne (p1) = pt
by (metis atoms-solution ne-equality test-ne up-idempotent up-isotone)

lemma ne-sp-test-up:
test p => (ne (R *x p))t = ne R x p?t
using test-fix by (smt ne-up sp-test-dist-oi-left test-assocl test-ne)

lemma ne-down-sp-test-up:

test p = ne (R} * pT) = ne (R]) * pt
by (simp add: ne-dist-down-sp ne-test-up)

lemma test-up-sp:
testp = pt =px 17
by (metis ne-up test-ne)

lemma top-test-oi-top-complement:

test p = (U * p) N (U * 1 p) = 1,y

by (smt (verit) Compl-disjoint U-par-idem inf.absorb-iff2 inf-commute p-id-zero
s-prod-idl sp-test-dist-oi-right test-assocl top-upper-least)

lemma sp-test-oi-complement:

testp = (R+xp)N(R*1p)=RN 1uu

by (smt semilattice-inf-class.inf-idem sp-test sp-test-dist-oi-left
sp-test-dist-oi-right test-complement-closed top-test-oi-top-complement)

lemma ne-top-sp-test-complement:

assumes test p

shows ne (U * p) x 1 p = {}

by (metis Compl-disjoint Int-assoc assms oc-top-sp-test-0
semilattice-inf-class.inf-le2 sp-test-dist-oi-right top-test-oi-top-complement)

lemma complement-test-sp-top:
assumes test p
shows —(px U) =1px*x U
proof —
have —(p + U) = —{(a,4). (a{a}) € p A (a,4) € U}
by (metis (no-types, lifting) Collect-cong assms inf.orderE split-cong
test-s-prod-var)

also have ... = —{(a,4). (a,{a}) € p}
using top-upper-least by auto
also have ... = {(a,4). (a,{a}) ¢ p}
by force
also have ... = {(a,4). (a,{a}) € 1 p}
by (meson test-complement)
also have ... = {(a,4). (a,{a}) € 1 p A (a,A) € U}

using U-par-idem top-upper-least by auto
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alsohave ... = 1 px U
by (simp add: test-s-prod-var)
finally show ?thesis

qed

lemma top-sp-test-shunt:

assumes test p

shows RC Uxp— Rx!pC 1yy

by (metis assms inf.absorb-iff1 sp-test sp-test-dist-oi test-complement-closed
top-test-oi-top-complement)

lemma top-sp-test-down-iff-2:
assumes test p
shows Rl C U xp+— Rl x!pC 1uy
proof
assume R| C U * p
thus R| x ! p C 1,y
using assms top-sp-test-shunt by blast
next
assume 1: R| * 1 p C 1,y
have RC U * p
proof
fix z
assume z € R
from this obtain a B where 2: z = (a,B) Az € R
by force
have VbeB . (b{b}) € p
proof
fix b
assume 3: b € B
have (b,{b}) ¢ 1 p
proof
assume 4: (b{b}) €1 p
have (a,{b}) € R]
using 2 & down by fastforce
hence (a,{b}) € R} * 1 p
using 4 by (simp add: s-prod-test)
thus Fulse
using 1 by (metis Pair-inject domain-pointwise insert-not-empty
p-subid-iff)
qed
thus (b,{b}) € p
by (meson test-complement)
qed
thusz € U xp
using 2 by (simp add: assms top-sp-test)
qged
thus Rl C U % p
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using assms top-sp-test-down-iff-1 by blast
qed

lemma top-sp-test-down-iff-3:
by (simp add: disjoint-eq-subset-Compl ne-sp-test)

lemma top-sp-test-down-iff-4:

assumes test p

shows Rl N (U x1p) C 1yu «— Rl C 1y U (U % p)

by (metis assms lattice-class.sup-inf-absorb semilattice-inf-class.inf-le2 sp-test
sup-commute top-sp-test-down-iff-2 top-test-oi-top-complement)

lemma top-sp-test-down-iff-5:

assumes test p

shows Rl C U xp<+— R C 1,y U (U * p)

by (metis assms semilattice-inf-class.inf-lel sup.absorb2
top-test-oi-top-complement)

lemma ju-test-sp-left-zero:
assumes ¢ C 1y
shows ¢ x R = ¢
by (metis assms p-id-assoc?2 p-subid-iff s-prod-p-idl)

lemma test-iu-test-split:
tC1Uluyuw«— 3pgqg.pC1ANgCIuuANt=pUyg)
by (meson subset-UnE sup.mono)

lemma test-iu-test-sp-assoc-1:

tC1Ulyu=1t*x(RxS)=(t+«R)*S

unfolding test-iu-test-split

by (smt (verit, ccfo-threshold) inf.orderE p-id-assoc2 p-subid-iff s-prod-distr
s-prod-p-idl test-assoc2)

lemma test-iu-test-sp-assoc-2:
tCIloju=Rx*x(txS)=(Rx*t)*S
proof —
assume 1:t C 1y
have R+ (t * S) = R (t * {})
using 1 by (metis iu-test-sp-left-zero p-id-assoc2 s-prod-p-idl)
also have ... = (R« t) x {}
by (metis cl5 s-prod-idl)
also have ... C (R« t) x S
by (simp add: s-prod-isor)
finally have R x (t x S) C (R *t) * S

thus ?thesis

by (simp add: s-prod-assocl set-eq-subset)
qed
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lemma test-iu-test-sp-assoc-3:
assumes t C 1 U 1y
shows R (t x S) = (R*t) « S
proof
let 2g = A\b . if (b,{b}) € t A (b,{}) & t then {b} else {}
show R« (t*S) C(Rxt)xS
proof
fix z
assume z € R * (t x S)
from this obtain a B C' f where 1: z = (a,C) A (a,B) € R A (VbeB . (b,f
byetxS)ANC=U{fb|b.beB}
by (simp add: mr-simp) blast
hence Vb€B . 3D . (b,D) e t A (3g. (VeeD . (e,ge) € S)ANfb=U{ge]|
e.e€D})
by (simp add: mr-simp Setcompr-eq-image)
hence 3Db . VbeB . (b,Dbb) € t A (g. (VecDbb.(e,ge) € S)ANfb=
U{gele.ecDbb})
by (rule bchoice)
from this obtain Db where 2: VbeB . (b,Dbb) € t A (g . (Ve€Db b . (eyg
e)e S)Nfb=U{gele.eecDbb})
by auto
let /D={Dbb|b.be B}
have VbeB . (b,Db b) € t
using 2 by auto
hence 3: VbeB . Db b= {b} vV Db b= {}
using assms by (metis Pair-inject Un-iff domain-pointwise inf.orderE
p-subid-iff subid-aux? test-iu-test-split)
have 4: (a,?D) € R = t
apply (simp add: mr-simp)
apply (rule exI[where ?z=B])
apply (rule conjI)
using 1 apply simp
apply (rule exI[where ?z=Db])
using 2 by auto
have 5: Vbe?D . (b,fb) € S
proof
fix b
assume b € 2D
hence b € B A Db b = {b}
using 3 by auto
thus (b,fb) € S
using 2 by force
qed
have 6: C ={fb|b.be ?D}
proof
show C CJ{fb|b.be ?D}
proof
fix y
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assume y € C
from this 1 obtain b where 7: b€ BAy € fb
by auto
hence Db b = {b}
using 2 3 by blast
thusye U{fb|b.be ?D}
using 7 by blast
qed
next
show J{fb|b.be ?D}CC
proof
fix y
assume y € |J{ fb|b.be ?D}
from this obtain b where 8: b€ ?D ANy € fb
by auto
hence b € B
using 3 by auto
thus y € C
using 1 8 by auto
qed
qed
have (a,C) € (Rxt) % S
using / 5 6 apply (clarsimp simp: mr-simp) by blast
thus z € (R*t) xS
using 1 by simp
qged
next
show (Rxt)* S C Rx (t x9)
using s-prod-assocl by blast
qed

lemma test-iu-test-sp-assoc-4:
tCIloju=R*x(S*t)=(R=*S5)«t
by (metis cl5 iu-test-sp-left-zero)

lemma test-iu-test-sp-assoc-5:
assumes t C 1 U Iy
shows R (S *t) = (Rx*S5) xt
proof
show R x (S xt) C(Rx*S5)*t
proof
fix z
assume z € R % (S * t)
from this obtain a B C f where 1: z = (a,C) A (a,B) € R A (VbEB . (b,f
bye Sxt)NC=U{fb|b.beB}
by (clarsimp simp: mr-simp) blast
hence VboeB . 3D . (b,D) € SA(Fg.(VeeD . (e,ge) et) Afb=U{ge]
e.e€D})

by (clarsimp simp: mr-simp Setcompr-eq-image)
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hence 3Db . VbeB . (b,Dbb) € SA(Jg. (VecDbb. (e,ge) €t)ANfb=
U{gele.ecDbb})
by (rule bchoice)
from this obtain Db where 2: VbeB . (b,Dbb) € S A (Jg. (Ve€Db b . (eyg
e)et)ANfb=U{ge|le.ecDbb})
by auto
hence 3gb . VbeB . (Ve€Dbb . (egbbe)e t) Nfb=J{gbbe|e.cc
Dbb )
by (auto intro: bchoice)
from this obtain gb where 3: VbeB . (VeeDb b . (e,gb be) € t) A fb=J{
ghbe|le.ec Dbb}
by auto
let g =Xz . J{gbba|b.be BAzeDbb}
have 4: VbeB .VecDbb.gbbe={}V gbbe={e}
proof (intro balll)
fixbe
assume b € Bec Dbb
hence (e, gb b e) € t
using 3 by simp
thus gbbe={} VvV gbbe={e}
by (metis Un-iff assms domain-pointwise inf.orderE p-subid-iff prod.inject
subid-auz2 test-iu-test-split)

qed

hence Ve . ?g e C {e}
by auto

hence 5: Ve . %ge={} V %9 e = {e}
by auto

let /D={Dbb|b.be B}
have 6: (a,?D) € R x S
apply (unfold s-prod-def)
using 1 2 by blast
have 7: Vbe?D . (b,29 b) € t
proof
fix e
assume ¢ € ?D
from this obtain b where 8: b € BA e € Db b
by auto
show (e,?g e) € ¢
proof (cases ?g e = {})
case True
hence gb b e = {}
using 8 by auto
thus ?thesis
using 3 8 True by metis
next
case Fulse
hence 9: %5 e = {e}
using 5 by auto
from this obtain bb where 10: bb € B AN e € Dbbb A ee€ gbbbe
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by auto
hence gb bb e = {¢}
using 4 by auto
thus ?thesis
using 3 9 10 by force
qed
qed
have 11: C=U{ %gele.ec ?D}
proof
show C CJ{ %ge|e.ec ?D}
proof
fix y
assume y € C
from this obtain b where 12: b€ BAy € fb
using 1 by auto
from this 3 obtain e where e € Db b Ay e gbbe
by auto
thusye U{ %gele.ec ?D}
using 4 12 by auto
qed
next
show J{ %ge|e.ec 2D} C C
proof
fix y
assume y € J{ %ge|e.ec ?D}
from this obtain b e where 13: b€ BAec€ DbbANyecgbbe
by auto
hence y € fb
using 3 by auto
thus y € C
using 1 13 by auto
qed
qed
have (a,0) € (R % S) = ¢
apply (simp add: mr-simp)
apply (rule exI[where ?x=2D))
apply (rule conjI)
using 6 apply (simp add: mr-simp)
apply (rule exI[where ?z="7%g|)
using 7 11 by auto
thus z € (R % S) x ¢
using 1 by simp
qed
next
show (R + S) «t C R« (S * t)
using s-prod-assocl by blast
qed

lemma inner-deterministic-sp-assoc:
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assumes inner-univalent t
shows t * (R* S) = (t*x R) * S
proof (rule antisym)
show ¢t x (R+ S) C (t*x R) xS
proof
fix x
assume z € t * (R x 5)
from this obtain a B D f where 1: z = (a,D) A (a,B) € t A (VbeB . (b,fb)
€ER+S)AD=U{fb|b.beB}
by (simp add: mr-simp) blast
have (a,D) € (t * R) = S
proof (cases (a,B) € 1)

case True
hence B = {}

by (metis Pair-inject domain-pointwise iu-test-sp-left-zero order-refl)
hence D = {}

using 1 by fastforce
hence (a,D) € ¢t * (R * {})
using 1 «(B::'b::type set) = {}» s-prod-def by fastforce
hence (a,D) € (t * R) * {}
by (metis clb s-prod-idl)
thus ?thesis
using s-prod-isor by auto
next
case Fulse
hence (a,B) € Ay
using 1 assms by blast
from this obtain b where 2: B = {b}
by (smt atoms-def Pair-inject mem-Collect-eq)
hence D =fb A (bfb) € R %S
using 1 by auto
from this obtain C' g where 3: (b,C) € RA (VceC . (¢c,gc) € S) AN D =
U{gc|ec.ceC}
by (clarsimp simp: mr-simp) blast
have (a,C) € t x R
apply (simp add: mr-simp)
apply (rule exI[where ?x=B])
using 1 2 3 by auto
thus ?thesis
using & s-prod-def by blast
qed
thus z € (t * R) « S
using 1 by auto
qed
next
show (¢t *x R) * S Ct* (R« 9)
using s-prod-assocl by blast
qed
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lemma du-unit-below-top-sp-test:
IojuCU=*R
by (clarsimp simp: mr-simp) force

lemma ne-oi-complement-top-sp-test-1:
ne (RN —(U=xS5)=RnN—(Ux.9)
using iu-unit-below-top-sp-test by auto

lemma ne-oi-complement-top-sp-test-2:
ne RN —(UxS)=RnN—(U=xJ.S)
using iu-unit-below-top-sp-test by auto

lemma schroeder-test:

assumes test p

shows RxpC S +— —S*pC —R

by (metis assms disjoint-eg-subset-Compl double-compl
semilattice-inf-class.inf-commute sp-test-dist-oi-right)

lemma complement-test-sp-test:
testp = —p*xp C —1
by (simp add: schroeder-test)

lemma test-sp-commute:
test p — test q =— px q = q * p
by (metis s-prod-idl sp-test-dist-oi-left sp-test-dist-oi-right test-fir)

lemma test-shunting:
assumes test p
and test ¢
and test r
shows px g Cr+«—pCrulyg
proof
assume [/:px g Cr
have p=p*x qUpxq
by (smt (verit, del-insts) Int-Un-distrib assms(1,2) inf-sup-aci(1)
inf-sup-ord(2) le-iff-inf s-distl-test s-prod-idr sup-neg-inf)
also have ... C r U g
using 1 by (metis assms(1) inf-le2 sup.mono test-sp)
finally show p C r U ¢

next
assume p C r U q
hence px g C p *x r
by (smt (verit) assms boolean-algebra-class.boolean-algebra.double-compl
inf.orderE inf-lel le-inf-iff schroeder-test sup-neg-inf test-double-complement
test-s-prod-is-meet test-sp-commute)
also have ... C r
using assms(1) test-sp by auto
finally show p x ¢ C r
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qed

lemma test-sp-is-iu:

test p = test q = p * ¢ = p UU ¢q

by (metis Int-assoc inf.right-idem p-prod-comm s-prod-idr test-p-prod-is-meet
test-sp)

lemma test-set:

testp = p = { (a,{a}) | a. (a,{a}) € p}
using s-id-st by blast

lemma test-sp-is-ii:
assumes test p
and test ¢
shows p x ¢ = p NN ¢
proof —
have p N ¢ = { (a.{a}) | a. (a{a}) € p } N { (afa}) | a. (afa}) € ¢ }
using assms test-set by blast
also have ... = { (a,{a}) | a . (a,{a}) € p } N { (a,{a}) | a. (a,{a}) € ¢}
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (rule Int-greatest)
apply (clarsimp simp: mr-simp)
by (clarsimp simp: mr-simp)
also have ... = p NN ¢
using test-set[symmetric, OF assms(1)] test-set[symmetric, OF assms(2)] by
stmp
finally show p x ¢ = p NN ¢
by (metis assms inf.orderE test-oi-closed test-s-prod-is-meet)
qed

lemma test-galois-1:
assumes test p
and test q
shows px ¢ Cr<—qCp—r
by (metis (no-types, lifting) Int-Un-eq(2) assms inf.orderE sup-neg-inf
test-double-complement test-s-prod-is-meet test-sp-commute)

lemma test-sp-shunting:

assumes test p

shows lp* RC{} +— RCpx*R

apply (rule iffT)

apply (metis (no-types, opaque-lifting) assms complement-test-sp-top
disjoint-eq-subset-Compl double-compl semilattice-inf-class.inf.absorb-iff2
semilattice-inf-class.inf-commute semilattice-inf-class.inf-right-idem test-sp)

by (metis (no-types, opaque-lifting) assms complement-test-sp-top
disjoint-eq-subset-Compl double-compl semilattice-inf-class.inf-commute
semilattice-inf-class.inf-lel subset-antisym test-sp)
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lemma test-oU-closed:
VpeX . test p = test (IJX)
by blast

lemma test-ol-closed:
IpeX . test p = test (N X)
by blast

lemma sp-test-dist-ol:
assumes test p
and X # {}
shows (N X) xp=(ReX . R x p)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply blast
apply (clarsimp simp: mr-simp)
subgoal for a C proof —
assume /: VREX . 3B . (a,B) e RA(3f.(VbeB . (bfb)ep) A C=U(f
B))
have 2: (VReX . (a,C) € R A (VbeC . (b,{b}) € p))
proof
fix R
assume R € X
from this obtain B where 3: (a,B) € R A (3f . (VbeB . (b,fb) € p) A C
— UG B)
using 1 by force
from this obtain f where /: VbeB . (b,fb) € pand 5: C = |J(f * B)
by auto
hence 6: VbeB . fb = {b}
using assms(1) test by blast
hence 7: C = B
using 5 by auto
hence (a,C) € R
using 3 by auto
thus (a,C) € R A (VbeC . (b,{b}) € p)
using 4 6 7 by fastforce
qed
show ?thesis
apply (rule exI[of - C])
apply (rule conjI)
using 2 apply simp
apply (rule exI[of - Az . {z}])
apply (rule conjI)
using 2 assms(2) apply blast
by simp
qed
done
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lemma test-iU-is-il:
assumes Viel . test (X i)
and I # {}
shows JUUX|I = NN X|I
apply (rule antisym)
apply (clarsimp simp: mr-simp)
subgoal for a f proof —
assume 1: Vi€l . (a,fi) € X i
hence Viel . fi = {a}
using assms(1) by (meson test)
hence J(f ‘1) =N ‘1) A (Viel . (a,fi) € X 1)
using 1 assms(2) by auto
thus ?thesis
by meson
qed
apply (clarsimp simp: mr-simp)
by (metis (no-types, opaque-lifting) INF-eq-const SUP-eq-const assms test)

lemma test-iU-is-ol:
assumes Vi€l . test (X 7)
and I # {}
shows YU X[ I =N(X ‘1)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (metis (no-types, opaque-lifting) SUP-eg-const assms test)
apply (clarsimp simp: mr-simp)
by (metis UN-constant assms(2))

8.2 Domain and antidomain

declare Dom-def [mr-simp]

abbreviation aDom :: ('a,’b) mrel = (‘a,’a) mrel where
aDom R =1 Dom R

lemma ad-set: aDom R = {(a,{a})| a. ~(F A. (a,A) € R)}
by (clarsimp simp: mr-simp) force

lemma d-test:
test (Dom R)
unfolding Dom-def using s-id-def by fastforce

lemma ad-test:
test (aDom R)
by simp

lemma ad-expl:

aDom R=—((R* Iy,) WU 1) N 1
by (simp add: d-def-expl)
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lemma ad-expl-2:
aDom (R::('a,’b) mrel) = —((R % (1yu:('b,’a) mrel))t) N (1:('a,’a) mrel)
proof
have —(R* Iyu)t) N1 =—-((R* 1yu) WU TU) N 1
by simp
also have ... C —((R* Iyu) LU 1) N 1
by (metis c6 convex-increasing iu-commute ifu-isotone fu-unit sp-unit-convex
test-complement-antitone upper-iu-increasing)
also have ... = aDom R
by (simp add: d-def-expl)
finally show —((R x 1)) N1 C aDom R
using Q ((R:(Ya::type x 'bitype set) set) = 1,0)T C U (R x 1yu UU 1)) by
blast
have aDom R = {(a,{a}) |a. ~(3B. (a,B) € R)}
by (simp add: ad-set)
also have ... C {(a,{a}) |a. (a,{a}) ¢ (R * (p-id::('b,’a) mrel))1}
by (simp add: U-par-st domain-pointwise)
also have ... = {(a,{a}) |a. (a,{a}) € —(R = (p-id::("d,’a) mrel))T N 1}
using test-complement by fastforce
finally show aDom R C —((R * (1yyu::('b,/a) mrel))T) N (1::('a,’a) mrel)
by blast
qed

lemma aDom:
aDom R = { (a,{a}) | a . ~(3B . (a,B) € R) }
by (simp add: ad-set)

declare aDom [mr-simp]

lemma d-down-oi-up-1:
Dom (R} N S) = Dom (RN ST)

by (metis Int-commute d-def-expl domain-up-down-conjugate)

lemma d-down-oi-up-2:
Dom (RL N S) = Dom (R}, N ST)
by (simp add: d-down-oi-up-1)

lemma d-ne-down-dp-complement-test:

assumes test p

shows Dom (R N —(U * p)) = Dom (ne (R]) * ! p)

by (simp add: assms d-down-oi-up-1 oc-top-sp-test-0 oc-top-sp-test-1
sp-test-dist-oi-right)

lemma d-strict:
R={}+— Dom R ={}
using Dom-def by fastforce

lemma d-sp-strict:
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R+« S={}«+— Rx*DomS =}
apply (clarsimp simp: mr-simp)
apply safe

apply metis

by (metis UN-singleton)

lemma d-complement-ad:
Dom R =1 aDom R
using d-test by blast

lemma down-sp-below-iu-unit:
Rl S C 1y, — RCU=xaDom (nebS)
proof —
have R| « S C Iy, +— ne (Rl x S) = {}
by (simp add: disjoint-eq-subset-Compl)
also have ... +— ne (R]) * ne S = {}
by (simp add: ne-dist-down-sp)
also have ... «— ne (R|) * Dom (ne S) = {}
using d-sp-strict by auto
also have ... +— ne (R}) * ! aDom (ne S) = {}
by (metis d-complement-ad)
also have ... «+— R C U % aDom (ne S)
by (metis top-sp-test-down-iff-1 top-sp-test-down-iff-2 top-sp-test-down-iff-3
ad-test subset-empty)
finally show ?thesis

qged

lemma ad-sp-bot:
aDom R x R = {}
by (simp add: d-s-id-ax d-sp-strict inf-sup-aci(1) sp-test-dist-oi-left)

lemma sp-top-d:
RxUCDomRx*x U
by (simp add: cl8-var iu-unit-up sp-upper-left-isotone)

lemma d-sp-top:
Dom (R x U) = Dom R
by (clarsimp simp: mr-simp) blast

lemma d-down:

Dom (R|) = Dom R

by (metis U-par-idem d-down-oi-up-1 inf.orderE top-down top-lower-greatest)
lemma d-up:

Dom (R1) = Dom R

by (metis Int-absorbl U-par-idem d-down-oi-up-1 top-down top-upper-least)

lemma d-isotone:
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RC S = Dom R C Dom S
unfolding Dom-def by blast

lemma ad-antitone:
RC S = aDom S C aDom R
by (simp add: Int-commute d-isotone semilattice-inf-class.le-infI2)

lemma d-dist-ou:
Dom (R U S) = Dom R U Dom S
unfolding Dom-def by blast

lemma d-dist-iu:
Dom (R UUJ S) = Dom R % Dom S
by (clarsimp simp: mr-simp) auto

lemma d-dist-ii:
Dom (R NN S) = Dom R * Dom S
by (metis antisym-conv d-U d-dist-iu d-down d-isotone ii-convex-iu s-prod-idr)

lemma d-loc:
Dom (R * Dom S) = Dom (R % S)
apply (clarsimp simp: mr-simp)
apply safe
apply metis
by (metis UN-singleton)

lemma ad-loc:
aDom (R % Dom S) = aDom (R x S)
by simp

lemma d-ne-down:
Dom (ne (R})) = Dom (ne R)

by (metis atoms-solution d-down-oi-up-1 d-down-oi-up-2)

lemma ne-sp-iu-unit-up:

neR=R=— (R* Iyu)l=Rx U

apply (clarsimp simp: mr-simp)

apply safe

apply (metis (no-types, lifting) Compl-iff IntE Inter-iff UNIV-I UN-simps(2)
image-eql singletonl)

apply clarsimp

by (metis SUP-bot sup-bot-left)

lemma ne-d-expl:
neR=R=—DomR=Rx+xUnNI
by (metis cl8-var d-def-expl d-test ne-sp-iu-unit-up test-sp)

lemma ne-a-expl:
ne R=R= aDom R=—(Rx U)N 1
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by (simp add: ad-expl-2 ne-sp-iu-unit-up)

lemma d-dist-oU:
Dom (JX) = U (Dom ¢ X)
apply (clarsimp simp: mr-simp)
by blast

lemma d-dist-iU-il:

Dom (UU X[I) = Dom (1 X|I)

by (clarsimp simp: mr-simp)

lemma d-dist-iU-ol:
assumes [ # {}
shows Dom (UU X|I) = N (Dom ‘X ‘1)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply blast
apply (clarsimp simp: mr-simp)
by (meson all-not-in-conv assms)

8.3 Left residual

definition sp-lres :: (‘a,’c) mrel = ('b,’c) mrel = (‘a,’b) mrel (infixl @ 65)
where

QoR={(e,B).Vf.(YVbe B.(bfb)eR)— (aU{fbD|b.bEB}) €
Q}

declare sp-lres-def [mr-simp)

lemma sp-lres-galois:
S*xRCQ+—SCQOR
proof
assume 1: S« R C @
show SC QO R
proof
fix x
assume z € §
from this obtain ¢ B where 2: z = (a,B) A (a,B) € S
by (metis surj-pair)
have Vf . (Vbe B.(bfb) € R) — (a,{fb|b.beB})e€Q
proof (rule alll, rule impl)
fix f
assume Vb € B . (b,fb) € R
hence (a,J{ fb|b.beB}) e SR
apply (unfold s-prod-def)
using 2 by auto
thus (a,J{ fb|b.be€eB}) e Q
using 1 by auto
qed
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thusz € QO R
using 2 sp-lres-def by auto
qed
next
assume 3: S C Q @
have (Q @ R) * R C
proof
fix z
assume z € (Q © R) x R
from this obtain a D where /: 2 = (a,D) A (a,D) € (Q @ R) * R
by (metis surj-pair)
from this obtain C where (a,0) € Q @ RA (3g. (VcelC . (¢,gc) € R) A
D=U{gecl|lc.ceC})
by (simp add: mr-simp) blast
thus z € @
apply (unfold sp-lres-def)
using 4/ by auto
qed
thus S «x R C @
using 3 by (meson dual-order.trans s-prod-isol)
qed

R
Q

lemma sp-lres-expl:
QoR=U{S.S«RCQ}
using sp-lres-galois by blast

lemma bot-sp-lres-d:
{}oR={}) ® Dom R
by (metis d-sp-strict order-refl sp-lres-galois subset-antisym subset-empty)

lemma bot-sp-lres-expl:

{}  R=—(U * Dom R)

apply (rule antisym)

apply (metis d-sp-strict d-test disjoint-eq-subset-Compl order-refl sp-lres-galois
sp-test subset-empty)

by (metis Compl-disjoint2 bot-sp-lres-d d-test sp-lres-galois sp-test subset-empty)

lemma sp-lres-sp-below:
(QOR)=«RCQ
by (simp add: sp-lres-galois)

lemma sp-lres-left-isotone:
QCS=QoRCSOR

by (meson dual-order.refl sp-lres-galois subset-trans)
lemma sp-lres-right-antitone:

SCR=QORCQoS
by (meson dual-order.trans s-prod-isor sp-lres-galois sp-lres-sp-below)
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lemma sp-lres-down-closed-1:
QloR=QlLoR]
proof
show Q| @ R C Q] © R]
by (metis down-dist-sp down-idempotent down-isotone sp-lres-galois
sp-lres-sp-below)
next
show Ql @ Rl C Ql © R
by (simp add: lower-reflexive sp-lres-right-antitone)
qged

lemma sp-lres-down-closed-2:
assumes R| = R
and total T
shows (Ro T)l=Ro T
proof —
have (Ro )| C RO T
by (metis assms lower-transitive sp-lres-galois sp-lres-sp-below
total-down-sp-semi-commute)
thus ?thesis
by (simp add: lower-reflexive subset-antisym)
qged

lemma down-sp-sp:
Rl xS=Rx(1yuUS)
proof —
have Rl * S=Rx (I,oU 1) * S
by (simp add: down-sp)

also have ... = R x ((Iyy U 1) * 9)
by (simp add: test-iu-test-sp-assoc-3)
also have ... = R % (1, U S)
apply (clarsimp simp: mr-simp)
apply safe
apply (smt (23) Sup-empty ccpo-Sup-singleton image-empty image-insert
singletonl)

by (smt (verit, del-insts) Sup-empty all-not-in-conv ccpo-Sup-singleton
image-insert image-is-empty singletonD)
finally show ?thesis

qed

lemma u-unit-sp-lres-iu-unit-ou:
U x aDom (ne R) = 1yu, @ (1uu U R)
apply (rule antisym)
apply (metis down-sp-sp sp-lres-galois down-sp-below-iu-unit order-refl)
by (metis down-sp-sp sp-lres-galois down-sp-below-iu-unit order-refl)

lemma bot-sl-below-complement-d:
{}  RC — Dom R
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by (metis Compl-anti-mono bot-sp-lres-expl d-test dual-order.refl inf.order-iff
sp-test test-s-prod-is-meet)

lemma sp-unit-oi-bot-sp-lres:

IN—DomR=1nN{}2R)

by (smt (verit, ccfo-SIG) ad-sp-bot boolean-algebra-cancel.infl
bot-sl-below-complement-d inf.orderE inf-bot-right inf-commute inf-le2
sp-lres-galois)

lemma ad-explicit-d:
aDom R = —(U * Dom R) N 1
by (simp add: bot-sp-lres-expl lattice-class.inf-sup-aci(1) sp-unit-oi-bot-sp-lres)

lemma top-test-sp-lres-total-expl-1:
assumes test p
shows VS .S, C(Uxp) @ R+— S C U=x*aDom (RN —(U % p))
proof
fix S:('b,’c) mrel
have S C U % aDom (RN —(U % p)) <— ne (S}) * Dom (RN —(U * p)) =

{}
by (metis (no-types, lifting) d-complement-ad inf-le2 subset-empty
top-sp-test-down-iff-1 top-sp-test-down-iff-2 top-sp-test-down-iff-3)
also have ... +— ne (S]) x Dom (ne (R|) * ! p) = {}
by (simp add: assms d-ne-down-dp-complement-test)
also have ... +— ne (S)) * (ne (R}) x 1 p) = {}
using d-sp-strict by auto
also have ... +— ne (S{) * ne (R}) x 1 p = {}
by (simp add: test-assoc3)
also have ... «— ne ((S} * R)|) x 1 p = {}
by (simp add: down-dist-sp ne-dist-down-sp)
also have ... +— S| * RC U xp
by (metis assms top-sp-test-down-iff-1 top-sp-test-down-iff-2
top-sp-test-down-iff-3 subset-empty)
also have ... +— S| C (Uxp) O R
by (simp add: sp-lres-galois)
finally show S| C (U * p) @ R+— S C U % aDom (RN —(U * p))
by simp
qged

lemma top-test-sp-lres-total-expl-2:
assumes test p

and total T
shows (U x p) @ T = U * aDom (T N —(U * p))
proof —

have VS . SC(Uxp)@ T <— S C U x aDom (T N —(U = p))
by (smt assms lower-reflexive sp-lres-down-closed-2 subset-trans
top-sp-test-down-closed top-test-sp-lres-total-expl-1)
thus ?thesis
by blast
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qed

lemma top-test-sp-lres-total-expl-3:
assumes test p
shows ((U x p) @ R) N 1 = aDom (RN —(U % p))
proof
have ((Uxp) @ R)N 1) *R=((U*xp) @ R)N1)x*(luuUR)
using down-sp-sp by blast
alsohave ... = (Uxp) @ R)N1)*x Is,u U ((Uxp) @ R)N1)* R
by (simp add: s-distl-test)
also have ... C I,y U ((Uxp) @ R)N1)* R
using c6 by auto
also have ... C 1,y U (U * p) @ R) * R
by (metis Un-Int-eq(4) inf-le2 iu-unit-convex iu-unit-down sp-oi-subdist
SUp.Mmono)
also have ... C 13, U U x p
using sp-lres-sp-below by auto
also have ... = U % p
by (simp add: iu-unit-below-top-sp-test sup.absorb2)
finally have (U *xp) @ R)n 1)} C (U xp) © R
by (simp add: sp-lres-galois)
hence (U * p) @ R) N1 C U x aDom (RN —(U % p))
by (metis assms top-test-sp-lres-total-expl-1)
thus (U * p) @ R) N 1 C aDom (RN —(U % p))
by (metis (no-types, lifting) inf.idem inf.orderE inf-commute sp-oi-subdist
sp-test test-s-prod-is-meet)
next
have aDom (RN —(U % p)) = U * aDom (RN —(U * p)) N 1
by (metis (no-types, lifting) inf.absorb-iff2 inf.idem inf-commute inf-le2
sp-test test-s-prod-is-meet)
thus aDom (RN —(U x p)) € (U *xp) @ R) N 1
by (metis Int-mono ad-test assms order-refl top-sp-test-down-closed
top-test-sp-lres-total-expl-1)
qed

lemma top-test-sp-lres-total-expl-4:
assumes test p
shows aDom (ne (R}) * 1 p) = (U *x p) @ R) N 1
by (simp add: assms d-ne-down-dp-complemeni-test top-test-sp-lres-total-expl-3)

lemma oi-complement-top-sp-test-top-1:

assumes test p

shows (RN —(U xp)) « U= (R, N —(U % p)) *« U
proof (rule antisym)

show (RN —(U *p))x UC (RN —(U=xp)xU

by (metis (no-types, lifting) assms cl8-var d-down-oi-up-1 equalityD2

ne-oi-complement-top-sp-test-1 ne-sp-iu-unit-up oc-top-sp-test-up-closed)
next

have Rl N —(U * p) C (RN —(U = p))|

158



by (metis oc-top-sp-test-up-closed down-oi-up-closed assms)
also have ... C (RN —(U % p)) * U
by (simp add: down-below-sp-top)
finally show (R, N —(U xp)) « U C (RN —(U *p)) * U
by (metis assms domain-up-down-conjugate inf-commute
ne-oi-complement-top-sp-test-1 ne-sp-iu-unit-up oc-top-sp-test-up-closed
set-eq-subset)
qed

lemma oi-complement-top-sp-test-top-2:
assumes test p
shows (Rl N —(U xp)) « U=mne (R]) x1p*x U
proof (rule antisym)
have R N —(U % p) x U C Dom (RL N —(U * p)) * U
using sp-top-d by blast
also have ... = Dom (ne (R}) x 1 p) x U
by (simp add: assms d-ne-down-dp-complement-test)
also have ... = Dom (ne (R} * 1 p)) * U
by (simp add: ne-sp-test)

also have ... = ne (R} x 1 p) * U
by (simp add: cl8-var ne-sp-iu-unit-up)
also have ... = ne (R]) xlpx U

by (simp add: ne-sp-test)
finally show (R, N —(U % p)) * U Cne (R]) x 1px U

next
have ne (R]) * 1 p C —(U * p)
by (metis assms disjoint-eq-subset-Compl double-complement
inf-compl-bot-right schroeder-test sp-test test-complement-closed
top-test-oi-top-complement)
thus ne (R]) x 1 px U C (RLN—(U xp))x U
by (metis (no-types) assms cl8-var d-down-oi-up-1
d-ne-down-dp-complement-test ne-oi-complement-top-sp-test-1 ne-sp-iu-unit-up
oc-top-sp-test-up-closed sp-top-d)
qed

lemma oi-complement-top-sp-test-top-3:

assumes test p

shows (Rl N —(U * p)) x U = ne (R]) x —(p x U)

by (simp add: assms complement-test-sp-top oi-complement-top-sp-test-top-2
test-assocl)

lemma split-sp-test-2:
testp = RC Rx* pUmne (R])*(Qpt
proof —
assume test p
hence R C R * p U (ne (R] x U p))t
by (smt (verit, best) IntE UnCI UnE split-sp-test subsetl)
thus R C R % p U ne (R}) * (L p)t
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by (simp add: ne-sp-test-up)
qed

lemma split-sp-test-3:

testp = RC RxpUR|*(Qp?T

by (smt IntE UnCI UnE ne-dist-down-sp ne-sp-test-up ne-test-up split-sp-test
subsetl)

lemma split-sp-test-4:
assumes test p
and test q
shows R x (p U ¢q) C R * p U ne (R]) * ¢qT
proof —
have 1: (pUq) xp=1p
by (metis Un-Int-eq(1) assms sp-test-dist-oi-left test-ou-closed
test-sp-commute test-sp-idempotent)
have (R x (pU q))l x1p C R| % ¢
proof —
have (R* (pU )l *tp=Rx* (pUq) = (1uu Ul p)
using down-sp-sp by blast
alsohave ... = R ((pU ¢q) * Iuu U (pU q) * ! p)
by (smt (verit) assms inf.orderE s-distl-test test-assocl test-ou-closed)
also have ... C R * (15 U (p U q) * 1 p)
by (meson c6 s-prod-isor subset-refl sup.mono)

also have ... = R x ((p U q) * ! p)
using down-sp-sp by blast
also have ... = Rl * (p* L p U g * 1 p)

by (metis assms ti-right-dist-ou inf-commute inf-lel test-ou-closed
test-sp-is-it)
also have ... = R| * (¢ * ! p)
by (metis Compl-disjoint assms(1) inf-commute inf-lel s-prod-idl
sp-test-dist-oi-left subset-Un-eq test-sp-commute)
also have ... C R| % ¢
by (metis inf-lel inf-le2 s-prod-isor sp-test)
finally show ?thesis

qged
hence 2: ne (R * (p U ¢))d) * 1 p C ne (R]) * ¢
by (metis assms(2) inf-le2 ne-dist-ou ne-sp-test subset-Un-eq)
have R+ (pU q) C R* (pU q) xpUne ((R*(pUq)l)*Qp)t
by (simp add: assms split-sp-test-2)
also have ... = R x p U ne (R * (p U q)l) x @ p)t
using 1 by (metis assms(1) inf.orderE test-assoc3)
also have ... C R x p U ne (R]}) * ¢qT
using 2 by (metis (no-types, lifting) Un-Int-eq(1) assms(2) inf-le2 iu-isotone
ne-sp-test ne-sp-test-up sup.mono)
finally show ?thesis

qed
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lemma split-sp-test-5:
assumes test p
and test q
shows R x (p U q) C Rx*pU R| x ¢
proof —
have R x (p U q) C R x p U ne (R]) * qt
by (simp add: assms split-sp-test-4)
thus ?thesis
by (metis (no-types, lifting) assms(2) le-inf-iff ne-dist-down-sp ne-test-up
sup-neg-inf)
qed

lemma split-sp-test-6:
assumes test p
and test q
shows Dom (R * (p U q)) € Dom (R % p U ne (R]) * q)
proof —
have Dom (R * (p U q)) € Dom (R % p U ne (R]) * qT)
by (simp add: assms d-isotone split-sp-test-4 )
also have ... = Dom (R * p U (ne (R}) * ¢)1)
by (simp add: assms(2) ne-sp-test ne-sp-test-up)
also have ... C Dom (R % p U ne (R]) * q)
by (metis d-up subsetl up-dist-ou up-idempotent)
finally show ?thesis

qged

lemma split-sp-test-7:

assumes test p

and test q

shows Dom (ne (R}) * (p U q)) = Dom (ne (R]) x p U ne (R]) * q)

apply (rule antisym)

apply (metis assms ne-down-idempotent split-sp-test-6)

by (smt (verit, ccfv-SIG) Un-Int-eq(1) Un-subset-iff assms(2) d-isotone
inf.orderE inf-lel le-inf-iff lower-eq-down ne-dist-ou sp-oi-subdist-2 subset-Un-eq
Sup.mono)

lemma test-sp-left-dist-iu-1:
testp = p*x (RUUS)=px RUUS
by (metis cl8-var inf.orderE p-prod-assoc s-subid-iff2)

lemma test-sp-left-dist-iu-2:
testp = px (RUUS)=RUUp=x* S
by (metis iu-commute test-sp-left-dist-iu-1)

lemma d-sp-below-iu-down:

Dom R xS C (RUU S)|
by (simp add: cl8-var iu-lower-left-isotone sp-iu-unit-lower)
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lemma d-sp-ne-down-below-ne-iu-down:
Dom R * ne (S)) C ne (R UU S)J)
proof —
have Dom R x S| C (R UU S)|
by (simp add: cl8-var iu-lower-isotone sp-iu-unit-lower)
hence ne (Dom R * S]) C ne ((R UU S)J)
by blast
thus ?thesis
by (smt d-test test-sp-ne)
qged

lemma top-test:
testp = U x p={ (a,B) . (VbeB . (b,{b}) € p) }
apply (unfold test)
apply (clarsimp simp: mr-simp)
by fastforce

lemma iu-oi-complement-top-test-ou-up:
testp = (RUUS)N —(U xp) C((RUS)N—(U = p))t
apply (unfold top-test)
apply (clarsimp simp: mr-simp)
by blast

lemma d-ne-iu-down-sp-test-ou:
assumes test p
shows Dom (ne (R UU S){) * p) € Dom ((ne (R]) U ne (S])) * p)
proof —
have Dom (ne (R UU S){) * p) = Dom ((RUU S) N —(U * 1 p))
by (metis assms d-ne-down-dp-complement-test test-double-complement)
also have ... C Dom ((RU S) N —(U 1 p))
by (metis iu-oi-complement-top-test-ou-up d-isotone d-up
semilattice-inf-class.inf-le2)
also have ... = Dom (ne ((R U S)|) * p)
by (metis assms d-ne-down-dp-complement-test test-double-complement)
finally show ?thesis
by (simp add: down-dist-ou ne-dist-ou)
qged

lemma test-sp-left-dist-iU:

assumes test p

and I # {}
shows p x (JUX|I) = UU i . p*x X )|I
apply (rule antisym)

apply (clarsimp simp: mr-simp)
subgoal for a B f proof —

assume [: (a,B) € p

hence 2: B = {a}

by (metis assms(1) test)
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assume VbeB . 3g . fb=U(g ‘1) A (Viel . (bgi) € X i)
from this obtain g where 3: fa =J(g ‘1) A (Viel . (a,97) € X i)
using 2 by auto
have J(f*B)=U(g ‘1) A (Viel .3IB . (a,B) € p A (3f. (VbEB . (b,fb)
exingi=U( B)
apply (rule conjI)
using 2 3 apply blast
apply (rule balll)
apply (rule exI[of - B])
apply (rule congl)
using 1 apply simp
subgoal for i
apply (rule exI[of - \b . g i])
using 2 3 by blast
done
thus ?thesis
by auto
qed
apply (clarsimp simp: mr-simp)
subgoal for a f proof —
assume 4: Vi€l . 3B . (a,B) € p A (Tg.(VbeB . (bgb) € Xi) A fi=
Ul * B))
have (a,{a}) € p A (Bg. Vo{a} . If . gb=U{ ‘D) A (Viel . (bfi) e X
NAUG ) =Ul * {a})
apply (rule conjI)
using 4 apply (metis assms equalsOI test)
apply (rule exI[of - Aa . J(f ‘ I)])
apply clarsimp
apply (rule exI[of - f])
using 4 assms(1) test by fastforce
thus ?thesis
by auto
qed
done

8.4 Modal operations

definition adia :: ('a,’b) mrel = ('b,’b) mrel = ('a,’a) mrel (| - ) - [50,90] 95)
where
|IR)p ={ (a,{a}) | a.3IB . (a,B) € RN (VbeB . (b{b}) € p) }

definition aboz :: (‘a,’b) mrel = ('b,’d) mrel = (‘a,’a) mrel (| -] - [50,90] 95)
where
|Rlp ={ (a,{a}) | a . VB . (a,B) € R — (VbeB . (b{b}) € p) }

definition edia :: (‘a,’b) mrel = ('b,’b) mrel = (a,’a) mrel (| -)) - [50,90] 95)

where
[R)p={(a{a}) | a.3B.(a,B) € RN (3B . (b{b}) € p) }
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definition eboz :: (‘a,’b) mrel = (’b,’b) mrel = (‘a,’a) mrel (| -]] - [50,90] 95)
where
|Rllp ={ (a,{a}) | a .VB . (a,B) € R— (3beB . (b,{b}) € p) }

declare adia-def [mr-simp| abox-def [mr-simp] edia-def [mr-simp] eboz-def
[mr-simp]

lemma adia:
assumes test p
shows |R)p = Dom (R * p)
proof
show |R)p C Dom (R * p)
proof
fix z
assume z € |R)p
from this obtain a B where I1: z = (a,{a}) A (a,B) € R A (VbeB . (b,{b})
€p)
by (smt adia-def surj-pair mem-Collect-eq)
have (a,B) € R * p
apply (clarsimp simp: s-prod-def)
apply (rule exI[where ?z=DB])
apply (rule conjI)
using 1 apply simp
apply (rule exI[where ?z=M\z . {z}])
using 1 by auto
thus z € Dom (R * p)
using 1 Dom-def by auto
qed
next
show Dom (R x p) C |R)p
proof
fix z
assume z € Dom (R * p)
from this obtain a A where 2: z = (a,{a}) A (a,A) € R*p
by (smt Dom-def surj-pair mem-Collect-eq)
from this obtain B f where 3: (a,B) € R A (VbeB . (b,fb) € p) N A =J{
fblb.be B}
by (simp add: mr-simp) blast
hence VbeB . (b,{b}) € p
using assms subid-aux2 by fastforce
thus z € |R)p
using 2 3 adia-def by blast
qed
qed

lemma abox-1:

assumes test p

shows |R]p = aDom (RN —(U * p))
proof
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show |R]p C aDom (RN —(U * p))
proof
fix z
assume z € |R]p
from this obtain « where 1: z = (a,{a}) A (VB . (a,B) € R — (VbEB .
(b,{b}) € p))
by (smt abox-def surj-pair mem-Collect-eq)
have ~(3B . (a,B) € RN —(U % p))
proof
assume 3B . (a,B) € RN —(U * p)
from this obtain B where (a,B) € R A (a,B) ¢ U * p
by auto
thus Fulse
using 1 by (metis (no-types, lifting) assms top-sp-test)
qed
thus z € aDom (R N —(U x* p))
using 1 aDom by blast
qed
next
show aDom (RN —(U x p)) C |R]p
proof
fix z
assume z € aDom (RN —(U * p))
from this obtain a where 2: z = (a,{a}) A 2(3B . (a,B) € RN —(U % p))
by (smt aDom surj-pair mem-Collect-eq)
hence VB . (a,B) € R — (VbeB . (b,{b}) € p)
using assms by (metis (no-types, lifting) Intl oc-top-sp-test)
thus z € |R]p
using 2 aboz-def by blast
qed
qed

lemma aboz:
assumes test p
shows |R|p = aDom (ne (R]) * U p)
by (simp add: aboz-1 assms d-ne-down-dp-complement-test)

lemma edia-1:
assumes test p
shows |R))p = Dom (RN —(U % 1 p))
proof
show |R))p C Dom (RN —(U % p))
proof
fix z
assume z € |R))p
from this obtain a b B where I: z = (a,{a}) A (a,B) € RANb€E BA
(b.{6}) € p
by (smt edia-def surj-pair mem-Collect-eq)
hence (a,B) € —(U * 1 p)
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by (metis (no-types, lifting) lattice-class.inf-sup-ord(2) oc-top-sp-test
test-complement)
thus z € Dom (RN —(U x 1 p))
using 1 Dom-def by auto
qed
next
show Dom (RN —(U =1 p)) C |R))p
proof
fix z
assume z € Dom (RN —(U * 1 p))
from this obtain a B where 2: z = (a,{a}) A (a,B) € R A (a,B) € —(U
p)
by (smt Dom-def surj-pair mem-Collect-eq IntE)
hence 3b€B . (b,{b}) € p
by (meson oc-top-sp-test test-complement test-complement-closed)
thus z € |R))p
using 2 edia-def by blast
qed
qed

lemma edia:
assumes test p
shows |R))p = Dom (ne (R|) * p)
by (metis assms d-ne-down-dp-complement-test edia-1 test-double-complement)

lemma ebozx:
assumes test p
shows |R]]p = aDom (R % U p)
proof
show |R]]p C aDom (R 1 p)
proof
fix z
assume z € |R]|p
from this obtain « where 1: z = (a,{a}) A (VB . (a,B) € R — (3beB .
(5.{0}) € p))
by (smt eboz-def surj-pair mem-Collect-eq)
hence ~(3B . (a,B) € R x 1 p)
by (metis (no-types, lifting) s-prod-test test-complement)
thus z € aDom (R * ! p)
using 1 aDom by blast
qed
next
show aDom (R = p) C |R]]p
proof
fix z
assume z € aDom (R * ! p)
from this obtain a where 2: x = (a,{a}) A =(3B . (a,B) € R %1 p)
by (smt aDom surj-pair mem-Collect-eq)
have VB . (a,B) € R — (3beB . (b,{b}) € p)
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proof (rule alll, rule impl)
fix B
assume (a,B) € R
hence (a,B) ¢ U x ! p
using 2 by (metis Int-iff Int-lower2 sp-test)
thus 3beB . (b,{b}) € p
by (meson test-complement test-complement-closed top-sp-test)
qed
thus z € |R]|p
using 2 ebox-def by blast
qed
qed

lemma abox-2:
assumes test p
shows |Rlp = —((RN —(U xp)) « U)N I

by (simp add: abox-1 assms ne-a-expl ne-oi-complement-top-sp-test-1)

lemma abox-3:
assumes test p
shows |R]p = —(ne (Ry) xlp* U) N 1
by (simp add: abox assms ne-a-expl ne-sp-test)

lemma abox-4:
assumes test p
shows |R|p = ((U*p) @ R)N 1
by (simp add: abox-1 assms top-test-sp-lres-total-expl-3)

lemma aboz-eboz:
assumes test p
shows |R]p = |ne (R1)]p
by (simp add: abox assms ebox)

lemma aboz-edia:
assumes test p
shows |R]p =t |R))(2 p)
by (simp add: abox assms edia)

lemma aboz-adia:
assumes test p
shows |R|p =1 [ne (R))(2 p)
by (simp add: abox adia assms)

lemma edia-adia:
assumes test p
shows |R))p = |ne (R]))p

by (simp add: adia assms edia)

lemma edia-aboz:
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assumes test p

shows |R))p = 1 [R]( p)

by (metis abox-1 assms d-complement-ad edia-1
semilattice-inf-class.inf.cobounded?2)

lemma edia-eboz:
assumes test p
shows [R))p = 1 |ne (RLI( p)
by (simp add: abox assms ebox edia-abox)

lemma aboz-ne-down:
assumes test p
shows |R]p = |ne (R{)]p
by (simp add: abox assms ne-down-idempotent)

lemma edia-ne-down:
assumes test p
shows |R))p = |ne (R])))p
by (simp add: assms edia ne-down-idempotent)

lemma adia-up:
assumes test p
shows [R)p = |R1)p
proof —
have |RT)p = Dom (Rt N U x p)
by (metis adia assms tu-assoc iu-unit-up up-dist-iu-o1)
also have ... = Dom (RN U x p)
by (metis assms d-def-expl domain-up-down-conjugate sp-test-dist-oi-right
top-sp-test-down-closed)
also have ... = |R)p
by (metis adia assms inf.absorb-iff2 inf-commute top-down top-lower-greatest)
finally show ?thesis
by simp
qed

lemma eboz-up:
assumes test p
shows |R]lp = |R1]lp
by (metis Int-commute adia adia-up assms ebox semilattice-inf-class.inf-lel)

lemma adia-ebox:

assumes test p

shows [R)p = ¢ |RI|( p)

by (metis (no-types, lifting) adia assms d-complement-ad ebox
test-double-complement)

lemma ebox-adia:

assumes test p
shows [R]lp = 1 |R)( p)
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by (simp add: adia assms ebox)

lemma aboz-down:
assumes test p
shows |R]p = |R|]p
by (simp add: abox assms)

lemma edia-down:
assumes test p
shows |R))p = |R|))p
by (simp add: assms edia)

lemma fusion-oi-complement-top-test-up:
test p = fus RN —(U % p) C (RN —(U * p))T
apply (unfold top-test)
apply (clarsimp simp: mr-simp)
by blast

lemma adia-left-isotone:
testp = R C S = |R)p C |S)p
by (metis adia d-isotone inf.absorb-iff1 sp-test-dist-01)

lemma adia-right-isotone:

test p = test ¢ = p C ¢ = |R)p C |R)q

by (metis (no-types, opaque-lifting) adia d-isotone inf.orderE inf-commute
inf-lel sp-test test-assoc3 test-s-prod-is-meet)

lemma aboz-left-antitone:
testp = R C S = |S]p C |R]p
apply (clarsimp simp: mr-simp) by force

lemma aboz-right-isotone:
test p = test ¢ = p C ¢ = |R]p C |R]q
by (smt (verit, ccfv-threshold) IntE abox-def inf.orderE mem-Collect-eq subsetl)

lemma edia-left-isotone:
testp = R C S = |R))p C |S))p
by (metis Int-mono adia-left-isotone down-isotone edia-adia order-refl)

lemma edia-right-isotone:
test p = test ¢ => p C ¢ = |R))p C |R))q
by (simp add: adia-right-isotone edia-adia)
lemma eboz-left-antitone:
testp = R C S = |S]]p C |R]]p
by (metis (no-types, lifting) adia-ebox adia-left-isotone eboz-adia

test-complement-antitone test-double-complement)

lemma eboz-right-isotone:
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test p = test ¢ = p C ¢ = |R]]p C |R]]q
by (smt (verit, ccfv-SIG) adia-ebox adia-right-isotone ebox inf-le2
test-complement-antitone test-double-complement)

lemma edia-fusion:
assumes test p
shows |R))p = |fus R))p
proof
have |fus R))p = Dom (fus R N —(U * ! p))
using assms edia-1 by blast
also have ... € Dom (RN —(U * 1 p))
by (metis fusion-oi-complement-top-test-up d-isotone d-up
semilattice-inf-class.inf-le2)
also have ... = |R))p
using assms edia-1 by blast
finally show |fus R))p C |R))p

next
have |R)p C |(fus R)4))p
by (simp add: assms edia-left-isotone fusion-lower-increasing)
thus [R))p C |fus R))p
using assms edia-down by blast
qed

lemma aboz-fusion:
assumes test p
shows |R]p = |fus R]p

by (metis Int-lower2 aboz-edia assms edia-fusion)

lemma aboz-fission:
assumes test p
shows |R|p = |fis R]p

by (metis assms aboz-fusion fusion-fission)

lemma edia-fission:
assumes test p
shows |R))p = |fis R))p
by (metis assms edia-fusion fusion-fission)

lemma fission-below:
fisRCS«+— (VabB.(a,B)e RANbe B — (a,{b}) € 5)
apply standard
apply (simp add: basic-trans-rules(31) fission-set)
apply (clarsimp simp: mr-simp)
by blast

lemma below-fission-up:

SC(fisR) «— (VaB.(a,B)e S — (3C.(a,C) € RANCNB#{}))
proof
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assume S C (fis R)T
thusVa B . (a,B) € S — (3C . (a,C) € RN CN B#{})
apply (clarsimp simp: mr-simp)
by fastforce
next
assume [:Va B . (a,B)e S — (3C.(a,C) e RANCNB#A{})
show S C (fis R)t
proof
fix z
assume z € S
from this obtain a B where 2: z = (a,B) A (a,B) € S
by (metis surj-pair)
hence 3C . (a,C) e RN CN B #{}
using 1 by simp
from this obtain C b where 3: (a,C) e RAbe CANbEB
by auto
hence (a,{b}) € fis R
using fission-set by blast
thus z € (fis R)1
using 2 8 U-par-st by fastforce
qged
qged

lemma ebox-below-abox:
assumes test p
and fis RC S
shows |S]]p C |R]p
by (metis abox-ebox abox-fission assms ebox-left-antitone
fission-down-ne-fizpoint)

lemma abox-below-ebozx:
assumes test p
and S C (fis R)t
shows |R]p C |S]]p
by (metis abox-eboxr abox-fission assms ebox-left-antitone ebox-up
fission-down-ne-fizpoint)

lemma abozx-eg-ebox:
assumes test p
and fis RC S
and S C (fis R)T
shows |R]p = |9]]p
by (simp add: abox-below-ebox assms eboxr-below-aboxr subset-antisym)

lemma aboz-eq-eboz-sufficient:
S=fisRVS=mne(R)VS=(ne(R))I —fisRCSANSC(fisR?T
apply (unfold imp-disjL)
apply (intro conjI)
apply (simp add: convezx-reflexive)
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apply (simp add: fission-inner-deterministic fission-up-ne-down-up
oi-subset-upper-right-antitone same-fusion-fission-lower)
by (metis convez-reflezive fission-up-ne-down-up order-refl)

lemma ebox-fission-abox:
test p = |R]p = |fis R]]p
by (metis abox aboz-fission ebox fission-down-ne-fixpoint)

lemma ebox-down-ne-up-abox:

test p = |R]p = |(ne (R}))1]lp
using aboz-ebox ebox-up by blast

lemma same-fusion:
assumes fis RC| S
and S C| fus R
shows fis R = fis S

by (metis assms fission-down fission-fusion fission-fusion-galois subset-antisym)

lemma same-abox:
assumes fis RC| §
and S C| fus R
and test p
shows |R]p = |S]p
by (metis assms ebox-fission-abox same-fusion)

lemma aboz-eboz-inner-deterministic:
assumes test p
and inner-deterministic R
shows |R]p = |R]]p
apply (rule aboz-eg-ebox)
apply (simp add: assms(1))
using assms(2) fission-inner-deterministic-fixpoint apply blast
by (metis assms(2) convez-reflexive fission-inner-deterministic-fizpoint)

lemma adia-edia-inner-deterministic:
assumes test p
and inner-deterministic R
shows |R)p — |R))p
by (metis assms edia-adia fission-down-ne-fizpoint
fission-inner-deterministic-fixpoint)

lemma aboz-adia-deterministic:
assumes test p
and deterministic R
shows |R]p = |R)p
proof
show |R]p C |R)p
proof
fix z
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assume z € |R]p
from this obtain « where 1: z = (a,{a}) A (VB . (a,B) € R — (VbeB .
(b.4B}) € p))
using abox-def by force
from assms(2) obtain B where (a,B) € R
by (meson deterministic-set)
thus z € |R)p
using 1 adia-def by fastforce
qed
next
show [R)p C |R]p
proof
fix
assume z € |R)p
from this obtain a B where 2: z = (a,{a}) A (a,B) € R A (VbeB . (b,{b})
€p)
by (smt adia-def mem-Collect-eq)
have VC . (a,0) € R — (VbeC . (b,{b}) € p)
proof (rule alll, rule impl)

fix C
assume (a,C) € R
hence B = C

using 2 by (metis assms(2) deterministic-set)
thus VbeC . (b,{b}) € p
using 2 by simp
qged
thus z € |R]p
using 2 aboz-def by blast
qed
qed

lemma eboz-edia-deterministic:
assumes test p
and deterministic R
shows |R]]p = |R))p
by (simp add: assms aboz-adia-deterministic eboz-adia edia-abozx)

lemma aboz-eboz-fusion:
assumes test p
shows |fis R]p = |fis R]]p
by (metis aboz-fission assms eboz-fission-abox)

lemma aboz-fission-edia-fusion:

assumes test p

shows |fis R|p = |fus R)p

by (simp add: aboz-adia-deterministic aboz-fusion assms fusion-deterministic
fusion-fission)

lemma aboz-adia-fusion:
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assumes test p
shows |fus R]p = |fus R)p
by (simp add: aboz-adia-deterministic assms fusion-deterministic)

8.5 Goldblatt’s axioms without star

lemma abox-sp-unit:
|R|1 = 1
apply (clarsimp simp: mr-simp) by force

lemma ou-unit-abox:

test p = [{}p =1

by (metis abox-1 abox-sp-unit disjoint-eq-subset-Compl empty-subset]
inf.absorb-iff2 test-complement-closed)

lemma ou-unit-test-implication:
testp = {} - p=1
by blast

lemma sp-unit-abox:

testp = |1lp=p

by (smt (verit) Int-left-commute abox-1 c1 cl8-var convez-reflexive
d-ne-down-dp-complement-test fission-down-ne-fixrpoint
fission-inner-deterministic-fixpoint inf.absorb-iff2 inf-commute
inner-deterministic-sp-unit s-subid-iff2 test-double-complement test-sp)

lemma sp-unit-test-implication:
testp =1 —=>p=p
by simp

lemma test-abox-ebox:

test p = test ¢ = |q]p = [q]lp

apply (rule antisym)

apply (metis abox-ebox-inner-deterministic dual-order.trans
inner-deterministic-sp-unit subset-refl)

by (metis abox-eboz-inner-deterministic dual-order.eq-iff
inner-deterministic-sp-unit inner-univalent-down-closed ne-equality test-ne)

lemma test-abox:

test p = test q = |qlp=q — p

by (smt Int-commute Int-lower2 abox cl9-var compl-sup d-complement-ad
d-ne-down-dp-complement-test lattice-class.inf-sup-aci(2) sp-unit-abox
test-ou-closed)

lemma aboz-ou-adia-sp-unit:
assumes test p
shows |R]p U |R)I = 1
apply (rule antisym)
apply (simp add: assms abox adia-ebox)
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by (clarsimp simp: mr-simp)

lemma d-test-sp:
test p => Dom (p * R) = p x Dom R
by (simp add: ¢4 d-def-expl test-sp-left-dist-iu-1)

lemma ad-test-sp:

test p = aDom (p x R) =1 p U aDom R

by (metis (no-types, opaque-lifting) Int-commute boolean-algebra.conj-disj-distrib
boolean-algebra.de-Morgan-conj d-s-id-inter d-test-sp s-subid-iff2 test-fir)

lemma adia-test-sp:
test p = test ¢ = |p * R)qg = p % |R)q
by (metis (no-types, lifting) adia d-test-sp test-assoc3 test-double-complement)

lemma eboz-test-sp:
test p = test ¢ = |p * R]]¢ = L p U |R]]q
by (simp add: ad-test-sp eboz test-assocd)

lemma abozx-test-sp:
assumes test p

and test q
shows |p * Rl¢ =1 p U |R]q
proof —

have |p x R]qg = aDom ((p * R) N —(U * q))
by (simp add: abox-1 assms(2))

also have ... = aDom (p * (RN —(U * q)))
by (metis Int-assoc assms(1) test-sp)
also have ... = p U |R]q

by (simp add: aboz-1 ad-test-sp assms)
finally show ?thesis

qed

lemma aboz-test-sp-2:
test p = test ¢ = p U |R]q = [l p * R]q
by (simp add: abox-test-sp test-double-complement)

lemma aboz-test-sp-3:
test p = test ¢ = p — |R]q = |p * R]q
by (simp add: aboz-test-sp)

lemma fission-sp-dist:
fis (R % S) = fis (R* Dom S) * fis S
proof —
have S = Dom S % (S U aDom S * 1)
by (auto simp: mr-simp)
hence fis (R * S) = fis (R * Dom S * (S U aDom S * 1,0))
by (metis d-s-id-ax sp-test-sp-oi-right test-sp)
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also have ... = fis (R * Dom S) * fis (S U aDom S % 1,y)
apply (rule fission-sp-total-dist)
by (smt (verit) total-dom Compl-disjoint ad-sp-bot ad-test-sp c6 compl-inf-bot
d-complement-ad d-dist-ou inf-le2 tu-unit-down subset-Un-eq sup-ge2
sup-inf-absorb total-lower)
also have ... = fis (R x Dom S) * (fis S U fis (aDom S * 1))
by (simp add: fission-dist-ou)
also have ... = fis (R « Dom S) * fis S
by (simp add: fission-sp-iu-unit)
finally show ?thesis

qed

lemma aboz-test:
test p = test ( |R]p )
by (simp add: abox)

lemma adia-test:
test p = test ( |R)p )
by (simp add: adia d-test)

lemma eboz-test:
test p = test ( |R]]p )
by (simp add: ebox)

lemma edia-test:
test p = test ( |R))p )
by (simp add: edia d-test)

lemma abox-sp:
assumes test p

and test q
shows |R](p = q) = [R]p * |R]q
proof —

have |R](p * ¢) = aDom (ne (R}) * QA p U1 q))
by (metis (no-types, lifting) abox-1 ad-test-sp assms cl9-var
d-ne-down-dp-complement-test sp-test test-double-complement test-oi-closed)
also have ... = aDom (ne (R|) * 1 p) * aDom (ne (R{) * 1 q)
by (smt ad-test-sp cl9-var d-complement-ad d-dist-ou d-test-sp
semilattice-inf-class.inf-le2 split-sp-test-7)
also have ... = |R]p * |R]q
by (simp add: abox assms)
finally show ?thesis

qed
lemma adia-ou-below-ne-down:

assumes test p
shows |R)(p U q) C |R)p U [ne (R1))(Q q)

176



by (metis adia assms d-dist-ou split-sp-test-6 test-complement-closed
test-ou-closed)

lemma aboz-adia-mp:
assumes test p
and test q
shows |R)(p — q) = [R]p C |R)q
by (smt adia-ou-below-ne-down test-shunting abox adia assms d-complement-ad
sup-commute test-complement-closed test-implication-closed)

lemma adia-abox-mp:
assumes test p

and test ¢
shows |R)p * |R](p — q) € |R)q
proof —

have p Cp — g — ¢
using assms(1) by blast
hence [R)p C [R)((p — q) = q)
by (simp add: adia-right-isotone assms)
thus ?thesis
by (smt aboz-adia-mp abox-test adia-test assms(2)
semilattice-inf-class.inf.orderE semilattice-inf-class.le-infI2 test-implication-closed
test-shunting)
qed

lemma abox-implication-adia:
assumes test p
and test q
shows |R|(p — ¢q) C |R)p — |R)q
by (metis adia-aboz-mp test-shunting test-sp-commute Int-lower2 Un-commute
aboz-test adia-test assms test-ou-closed)

lemma aboz-adia-implication:
assumes test p

and test q
shows |R]p C |R)q — [R)(p * q)
proof —

have p C ¢ — p *x ¢
by (metis assms subset-refl test-galois-1 test-sp-commute)
hence |R]p C |R](¢ = p * q)
by (simp add: abox-right-isotone assms test-galois-1)
thus ?thesis
by (metis (no-types, lifting) Int-Un-eq(2) aboz-implication-adia assms
le-sup-iff subset-Un-eq test-galois-1)
qed

lemma abox-mp:

assumes test p
and test ¢
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shows |R]p « |R](p — q) € |R]q

by (metis (no-types, lifting) aboz-right-isotone aboz-sp assms
semilattice-inf-class.inf.absorb-iff1 sp-test-dist-oi-left subset-refl sup-commute
test-implication-closed test-shunting test-sp-commute)

lemma abozx-implication:
assumes test p
and test ¢
shows |R](p — ¢) C [R]p — |R]q
by (metis abox-mp test-shunting test-sp-commute aboz-test assms sup-commaute
test-implication-closed)

lemma ebox-left-dist-ou:
assumes test p
shows |R U S]p = [R]]p = [S]]p
by (auto simp: mr-simp)

lemma abozx-left-dist-ou:
assumes test p
shows |R U S|p = |R]p * |S]p
by (simp add: abox-ebox assms eboz-left-dist-ou ii-right-dist-ou ne-dist-ou)

lemma adia-left-dist-ou:
assumes test p
shows |R U S)p = |R)p U |S)p
by (auto simp: mr-simp)

lemma edia-left-dist-ou:
assumes test p
shows [R U S))p = |R))p U |S))p
by (simp add: assms boolean-algebra.conj-disj-distrib2 d-dist-ou edia-1)

lemma aboz-dist-iu-1:
assumes test p
shows |R UU S]p = |Dom R * ne (S{)]]p * |[Dom S * ne (R{)]]p
proof
have 1: |[R UU Slp C |Dom R * ne (S{)]]p
by (metis abox-ebox assms d-sp-ne-down-below-ne-iu-down eboz-left-antitone)
have |R UU S]p C |Dom S * ne (R])]]p
by (metis aboz-ebox assms d-sp-ne-down-below-ne-iu-down eboz-left-antitone
iu-commute)
thus |R UU S]p C |Dom R * ne (S])]]p * |[Dom S * ne (R])]]p
using 1 by (simp add: assms ebox)
next
have |Dom R * ne (S])]|]p * |[Dom S * ne (R])]]p C |Dom R % Dom S * ne
(S]lp * |Dom S * ne (R])]]p
apply (clarsimp simp: mr-simp)
by (metis UN-I singletonl)
also have ... C |Dom R x Dom S x ne (S])]]p * |[Dom R x Dom S * ne (R])]]p
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by (simp add: assms d-1b2 ebox-left-antitone s-prod-isol s-prod-isor)

also have ... = |Dom R * Dom S * ne (S]) U Dom R * Dom S % ne (R])]]p
using assms ebox-left-dist-ou by blast

also have ... = |ne (Dom R * Dom S % S|) U ne (Dom R * Dom S % R|)|]p
by (metis d-dist-ii d-test test-sp-ne)

also have ... = |ne ((Dom R * Dom S x S)]) U ne ((Dom R x Dom S = R)])]|p
by (simp add: down-dist-sp)

also have ... = aDom ((ne ((Dom R * Dom S * S)]) U ne ((Dom R * Dom S

* R)])) * U p)

using assms ebox by blast
also have ... C aDom ((ne ((Dom R x Dom S x S UJ Dom R * Dom S

R)])) * ¥ p)
using d-ne-iu-down-sp-test-ou by blast
also have ... = |Dom R * Dom S % S UU Dom R x Dom S x R|p
using abox assms by blast
also have ... = |Dom R « Dom S % (R UU S)]p
by (metis d-assocl d-inter-r p-prod-comm)
also have ... = |R UU S]p

by (metis c1 cl8-var d-dist-iu)
finally show |Dom R * ne (S|)]]p * [Dom S * ne (R{)]]p C |R UU S]p

qged

lemma aboz-dist-iu-2:
assumes test p
shows |R UU S]p = |Dom R x S]p = |[Dom S * R]p
proof —
have |Dom R * ne (S})]]p * |[Dom S * ne (R])]]p = |ne ((Dom R % S)|)]]p *
Ine ((Dom S « R)L)lp
by (simp add: d-test down-dist-sp test-sp-ne)
also have ... = |Dom R x S]p = |Dom S * R]p
by (simp add: abox-ebox assms)
finally show ?thesis
using assms aboz-dist-iu-1 by blast
qed

lemma aboz-dist-iu-3:
assumes test p
shows |[R UU Slp = (|RYI — |S]p ) = (|S)1 — |R]p)
by (metis abox-dist-iu-2 adia assms aboz-test-sp d-test s-prod-idr subset-refl)

lemma abozx-adia-sp-one-set:
|R||S)I ={ (a,{a}) | a.VB.(a,B) € R— (YbeB.3D. (b,D) € 5)}
by (auto simp: abox-def Dom-def adia)

lemma aboz-aboz-set:
|R]|S]p = { (a,{a}) | a . VB . (a,B) € R— (VC . (3beB . (b,C) € S) —

(Veel . (e{ch) € p)) }
by (auto simp: aboz-def)
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lemma sp-abox-set:

IR« Slp={(a{a}) | a.VB.(a,B)e R— (VC.(3f.(VbeB . (bfb) €
SYANC=U{fb|b.beB}) — (Vcel . (¢,{c}) € p)) }

apply (unfold aboz-def s-prod-def)

by blast

lemma abox-sp-1:
assumes test p
shows |R]|S)1 = |R * S]p C |R]|S]p
proof —
have |R]|S)1 = |R x S]p = |R]|S)I N |R % S|p
by (smt (verit, ccfo-SIG) abox-test adia-test assms convez-increasing
inf.orderE inf-assoc sp-unit-convez test-s-prod-is-meet)
also have ... C |R]|S]p
proof
fix x
assume z € |R]|S)1 N |R * S]p
from this obtain a where 1: z = (a,{a}) Az € |R]|S)I Az €|R=* S]p
by (metis Int-iff aboz-test adia-test order-refl subid-auz2 subsetD surj-pair)
hence 2: VB . (a,B) € R — (VbeB . 3D . (b,D) € 5)
by (smt abox-adia-sp-one-set mem-Collect-eq old.prod.inject)
have 3: VB . (a,B) € R — (VC . (3f . (VbeB . (bfb)ye SyYANC=U{fb
|b.be B}) — (VeeC . (¢,{c}) € p))
using 1 by (smt sp-aboz-set mem-Collect-eq old.prod.inject)
have VB . (a,B) € R — (VC . (3b€B . (b,C) € §) — (VceC . (c,{c}) €
p))
proof (rule alll, rule impl)
fix B
assume 4: (a,B) € R
hence 3DD . VbeB . (b,DD b) € S
using 2 by (auto intro: bchoice)
from this obtain DD where 5: VbeB . (b,DD b) € S
by auto
show VC . (3beB . (b,C) € S) — (VeeC . (¢,{c}) € p)
proof (rule alll, rule impl)
fix C
assume 3b€B . (b,C) € S
from this obtain b where 6: b € B A (b,C) € S
by auto
let 2f = Az . if x = b then C else DD
let 2C=CUU{ %x|z.2€BANz#Db}
have 3f . (VbeB . (bfb) e S)yA?2C=J{fb|b.be B}
apply (rule exI[where ?z=?f])
using 5 6 by auto
hence Vce?C . (¢,{c}) € p
using 3 4 by auto
thus VceC . (¢,{c}) € p
by blast
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qed
qed
thus z € |R]|S]p
using 1 aboz-aboz-set by blast
qed
finally show ?thesis

qed

lemma abox-sp-2:
assumes test p
shows |R]|S]p = |R| = S]p
proof —
have |R]|S]p = aDom (ne (R}) * Dom (ne (S{) * ! p))
by (metis abox abox-test assms d-complement-ad)
also have ... = aDom (ne (R]) * ne (S|) * ! p)
by (simp add: test-assoc3)
also have ... = aDom (ne (R} = S)|) * U p)
by (simp add: down-dist-sp ne-dist-down-sp)
also have ... = |R] = S]p
by (simp add: abox assms)
finally show ?thesis

qed

lemma abox-sp-3:
assumes test p
shows |R]|S]p C |R = S]p
by (clarsimp simp: mr-simp) auto

lemma abox-sp-4:
assumes test p
shows |R * S]p C |R]|SY1 — |R]|S]p
proof —
have |R]|S)1 = |R x S]p C |R]|S]p
by (auto simp: assms abox-sp-1)
hence |R]|S)I N |R x S]p C |R]|S]p
by (smt (verit) abox-test adia-test assms convez-increasing inf.orderE
sp-unit-convez test-oi-closed test-s-prod-is-meet)
thus ?thesis
using abox-test assms by blast
qged

lemma aboz-sp-5:
assumes test p
shows |R]|S)1 * |R * S]p = |R]|S)1 * |R]|S]p
proof (rule antisym)
have |R x S]p C |R]|S)1 — |R]|S]p
by (simp add: aboz-sp-4 assms)
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hence |R]|S)1 N |R * S]p C |R]|S]p
by blast
hence |R]|S)I N |R « S]p C |R]|S)1 N |R]|S]p
by blast
thus |R]|S)I * |R * S]p C |R]|S)I = |R]|S]p
by (smt (verit, del-insts) aboz-test adia-test assms conver-increasing
inf.orderE sp-unit-convez test-oi-closed test-s-prod-is-meet)
show |R]|S)1 + |R)|S]p C [R]|S)1 = |R + S]p
by (simp add: aboz-sp-3 assms s-prod-isor)
qged

lemma aboz-sp-6:

assumes test p

shows |R]|S)1 — |R * S]p = |R]|S)1 — |R]|S]p

by (smt Int-commute abox-sp-3 abox-sp-4 assms inf-sup-distrib2
lattice-class.inf-sup-absorb semilattice-inf-class.inf.absorb-iff2 sup-commute)

lemma aboz-sp-7:
assumes test p
and total S
shows |R * S]p = |R]|S]p
by (metis (no-types, lifting) aboz-ebox aboz-sp-2 assms down-dist-sp
total-down-dist-sp)

lemma adia-sp-associative:
assumes test p
shows |@Q % (R * S))p =|(Q * R) x S)p
proof —
have [Q « (R * $))p = |Q)( [R)(15)p))
by (metis (no-types, lifting) adia adia-test assms d-loc-azx inf.orderE
test-assoc3)
also have ... = |(Q * R) * S)p
by (smt (verit, best) adia adia-test assms d-loc test-assoc3
test-double-complement)
finally show |Q * (R * S))p = [(Q * R) * S)p

qed

lemma eboz-sp-associative:
assumes test p
shows |Q x (R * S)]lp = [(Q = R) = S]|p
by (simp add: adia-sp-associative assms ebox-adia)

lemma edia-sp-associative:
assumes test p
shows [Q + (R + $)))p = (@ + )  S))p
proof —
S)I;a;ve Ifis (@ x (R * S))))p = |fis (Q * Dom (R * S)) x (fis (R x Dom S) x fis
p
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by (metis fission-sp-dist)
also have ... = |(fis (Q * Dom (R % S)) * fis (R * Dom S)) * fis S))p
by (simp add: inner-deterministic-sp-assoc semilattice-inf-class.inf-commute
semilattice-inf-class.le-infl1 fission-var)

also have ... = |fis (Q x Dom (R * Dom S)) x fis (R * Dom S) * fis S))p
by simp

also have ... = |fis (Q * (R * Dom S)) * fis S))p
by (metis fission-sp-dist)

also have ... = |fis ((Q * R) * Dom S) x fis S))p
by (metis d-complement-ad test-assocd)

also have ... = |fis ((Q * R) x S)))p

by (metis fission-sp-dist)
finally show ?thesis
using assms edia-fission by blast
qed

lemma abox-sp-associative:
assumes test p
shows |Q * (R * S)]p = |(Q * R) * S]p

by (simp add: edia-sp-associative assms aboz-edia)

lemma aboz-ol:
assumes X # {}
shows |R]N X = (N peX . |R]p)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply (clarsimp simp: mr-simp)
using assms by blast

lemma eboz-left-dist-oU:
assumes X # {}
shows | X]lp = (N REX . [R]lp)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply blast
apply (clarsimp simp: mr-simp)
using assms by blast

lemma aboz-left-dist-oU:
assumes X # {}
shows ||JX]p = (N ReX . |R]p)
apply (rule antisym)
apply (clarsimp simp: mr-simp)
apply blast
apply (clarsimp simp: mr-simp)
using assms by blast

lemma adia-left-dist-oU:
UX)p = (UReX . |R)p)
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apply (clarsimp simp: mr-simp)
by blast

lemma edia-left-dist-oU:
UX))p = (UReX . |R))p)
apply (clarsimp simp: mr-simp)
by blast

8.6 Goldblatt’s axioms with star

no-notation rtrancl ((-*) [1000] 999)
notation star (-* [1000] 999)

lemma star-induct-1:
assumes I C X
and R* X C X
shows R* C X
apply (unfold star-def)
apply (rule lfp-lowerbound)
by (simp add: assms)

lemma star-induct:
assumes S C 1 U 1y
and S C X
and R X C X
shows R* * S C X
proof —
have R* C X © S
proof (rule star-induct-1)
show 1 C X © S
by (metis (no-types, opaque-lifting) Int-subset-iff assms(2) dual-order.eq-iff
sp-lres-galois test-sp)
next
have (X © S) « S C X
by (simp add: sp-lres-sp-below)
hence R+« (X @ S)* SC Rx X
by (metis assms(1) s-prod-isor test-iu-test-sp-assoc-5)
also have ... C X
by (simp add: assms(3))
finally show Rx (X 2 S) C X 0 §
by (simp add: sp-lres-galois)
qed
thus ?thesis
by (simp add: sp-lres-galois)
qed

lemma star-total:

total (R*)
by (metis s-prod-idl s-prod-isol star-refl total-4)
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lemma star-down:
R} = (RL)* U 14y
proof
have R* x (1 U 1uy) C (R})* U 1yy
proof (rule star-induct)
show 1 U 15y C 1 U 14y
by simp
next
show 1 U 1yy C (R)* U 1yy
using star-refl by auto
next
have ne (R * ((Rl)* U 1yuy)) € ne (R] = ((R})* U 1,0))
by (simp add: down-sp-sp sup-commute)
also have ... = ne (R]) * ne ((RL)* U 1uy)
by (simp add: ne-dist-down-sp)
also have ... = ne (R]) * ne ((R})*)
by (metis down-idempotent down-sp-sp ne-dist-down-sp sup-commute)
also have ... C R| * (R|)*
using sp-oi-subdist by blast
also have ... C (R])*
using star-unfold-eq by blast
finally show R x ((R})* U Iyyu) € (RL)* U 1y
by blast
qed
thus R*| C (R})* U 1uu
by (simp add: down-sp sup-commute)
next
have (R])* C R*|
proof (rule star-induct-1)
show 1 C R*|
by (simp add: star-refl subset-lower)
next
show R| * R*| C R*|
by (metis total-dom Un-Int-eq(1) d-isotone d-test ii-right-dist-ou inf-le2
le-sup-iff s-subid-iff2 star-unfold-eq subset-antisym total-down-dist-sp)
qged
thus (R])* U Iy C R*|
using star-total total-lower by blast
qed

lemma ne-star-down:
ne (R*|) = ne ((R1)")
by (simp add: ne-dist-ou star-down)

lemma ne-down-star:
ne ((R])*) = (ne (R]))*
proof
have (R])* C (ne (R}))* U 1yuu
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proof (rule star-induct-1)
show 1 C (ne (R}))* U Iuu
by (simp add: le-supll star-refl)
next
have ne (R] * ((ne (R]))* U 1uu)) = ne (R]) = ne ((ne (R]))*)
by (metis down-idempotent down-sp-sp ne-dist-down-sp sup-commute)
also have ... C (ne (R]))*
by (metis (no-types, lifting) IntE UnCI inf.absorb-iff2 sp-oi-subdist
star-unfold-eq subsetl)
finally show Rl + ((ne (R1)* U 1,0) € ((ne (R1)* U 1u0)
by blast
qed
thus ne ((R})*) C (ne (R{))*
by (smt Compl-disjoint2 Int-commute Int-left-commute ne-dist-ou
semilattice-inf-class.le-iff-inf sup-bot.right-neutral)
next
show (ne (R1))* C ne ((R1)")
proof (rule star-induct-1)
show 1 C ne ((R})*)
using star-refl test-ne by auto
next
show ne (R]) * ne ((R})*) C ne ((R})*)
by (metis IntE Intl UnCI ne-dist-down-sp star-unfold-eq subsetl)
qed
qed

lemma aboz-star-unfold:
test p = |R*]p = p = |R]|[R*]p
by (metis aboz-left-dist-ou abox-sp-7 sp-unit-abox star-total star-unfold-eq)

lemma star-sp-test-commute:
assumes S C 1 U 1y
and Q@ *x S C S *x R
shows Q* + S C S x R*
proof (rule star-induct)
show S C 1 U 1y
by (simp add: assms(1))
next
show S C § * R*
by (metis s-prod-idr s-prod-isor star-refl)
next
have Q *x (S x R*) C S * R« R*
by (metis (no-types, lifting) assms s-prod-distr subset-Un-eq
test-iu-test-sp-assoc-3)
thus Q * (S * R*) C S x R*
by (metis (no-types, lifting) UnCI dual-order.trans s-prod-assocl s-prod-isor
star-unfold subset-eq)
qed
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lemma adia-star-induct:
assumes test p
shows |R)p C p +— |R*)p C p
proof
assume |R)p C p
hence ! p * Dom (R * p) = {}
by (metis adia assms d-idem?2 s-prod-isol subset-empty test-sp-shunting)
hence R« p C p x (R * p)
by (metis assms d-sp-strict subset-refl test-sp-shunting)
hence R*p C px R
by (metis assms inf.absorb-iff2 inf-commute sp-test-dist-oi-right test-assocd
test-sp-idempotent)
hence R* * p C p x R*
by (simp add: assms le-supll star-sp-test-commute)
hence R* x p C p = (R* * p)
by (metis assms inf.absorb-iff2 inf.orderE sp-oi-subdist test-assoc8
test-sp-idempotent)
hence ! p * (R* x p) = {}
by (meson assms subset-empty test-sp-shunting)
hence ! p * Dom (R* * p) = {}
using d-sp-strict by blast
thus |[R*)p C p
by (metis adia assms d-test empty-subset] semilattice-inf-class.le-inf-iff sp-test
test-sp-shunting)
next
assume |R*)p C p
thus |R)p C p
by (metis adia-left-isotone assms dual-order.trans s-prod-idr s-prod-isor
star-refl star-unfold sup.coboundedI2)
qed

lemma eboz-star-induct:

assumes test p

shows p C [R]]p «— p C |R"]]p

by (smt (verit, best) adia adia-star-induct assms d-complement-ad ebox-adia
test-complement-antitone test-double-complement)

lemma aboz-star-induct:
assumes test p
shows p C [R]p +— p C |R*]p
proof —
have p C [ne (RD]Jp «— p C |ne (R*L)]lp
by (metis assms ebox-star-induct ne-down-star ne-star-down)
thus ?thesis
by (metis aboz-ebox assms)
qed

lemma edia-star-induct:
assumes ftest p
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shows [R))p C p «— |[R*))p C p
by (metis adia-star-induct assms edia-adia ne-down-star ne-star-down)

lemma abox-star-induct-1:
assumes test p
and test q
and ¢ C p * |R]q
shows ¢ C |R*|p
proof —
have ¢ C p A ¢ C |R*]q
by (metis Int-subset-iff aboz-star-induct aboz-test assms test-sp
test-sp-commute)
thus ?thesis
using aboz-right-isotone assms(1,2) by blast
qed

lemma adia-star-induct-1:
assumes test p
and test q
and p U [R)q C ¢
shows |R*)p C ¢
by (meson adia-right-isotone adia-star-induct assms order.trans sup.bounded-iff)

lemma abox-segerberg:
assumes test p
shows |R*|(p — |R]p) € p — |R*]p
proof —
have p « [R*](p — |R]p) C |R*]p
proof (rule abox-star-induct-1)
show test p
by (simp add: assms)
next
show test (p * |R*](p — |R]p))
by (simp add: aboz-test assms test-galois-1)
next
have p « [R*|(p — |R]p) = p = (p — |R]p) = |R]|R*](p — |R]p)
by (metis aboz-star-unfold aboz-test assms inf-le2 le-infE sp-unit-convex
sp-unit-down test-iu-test-sp-assoc-1 test-ou-closed)
also have ... = p x |R]p * |R||R*](p — |R]p)
by (smt (verit, best) Un-Int-eq(4) aboz-left-dist-ou abox-test assms
equalityD1 le-infE s-prod-isol sp-unit-abox sp-unit-convex sp-unit-down
subset-Un-eq subset-antisym test-galois-1 test-iu-test-sp-assoc-1 test-ou-closed
test-sp-commute)
also have ... = p x |R](p x |R*](p — |R]p))
by (metis (no-types, lifting) aboxz-sp abox-test abox-test-sp-3 assms
test-assoc? test-double-complement)
finally show p x [R*](p — |R]p) C p * [R](p * |[R*|(p — |R]p))
by simp
qed

188



thus ?thesis
by (meson aboz-test assms test-galois-1 test-implication-closed)
qed

lemma aboz-segerberg-adia:
assumes test p
shows |[R*]( [R)p — p) C |R*)p = p
proof —
let 7q = [R*]( |[R)p — p )
have |R*)p C ?2¢ — p
proof (rule adia-star-induct-1)
show test p
by (simp add: assms)
next
show test ( ¢ — p)
by (simp add: assms)
next
have |R)(?q — p) = |R|?q « (|R)p — p) C |[R)p = (|R)p = p)
by (metis (no-types, lifting) aboz-adia-mp aboz-test assms inf.absorb-iff2
sp-test-dist-oi test-implication-closed)
also have ... C p
by (meson adia-test assms equalityD2 test-galois-1 test-implication-closed)
finally have |R)(?¢ — p) C (|R)p — p ) * |R]?¢ — p
by (smt (verit) abox-star-unfold aboz-test adia assms d-complement-ad
test-assoc3 test-double-complement test-galois-1 test-implication-closed
test-sp-commute)
also have ... = 29 —> p
by (metis abozx-star-unfold assms test-implication-closed)
finally show p U |[R)( ¢ > p) C %9 — p
by (metis le-sup-iff order-refl)
qed
thus ?thesis
by (smt abox-test adia-test assms sup-commute test-galois-1
test-implication-closed test-shunting)
qed

lemma (s-id U p-id) *x R = R U p-id
by (simp add: s-prod-distr)

9 Counterexamples

locale counterexamples
begin

lemma counter-01:
= ((U=("a,’d) mrel) x —((U::("b,’c) mrel) * (R::(c,’d) mrel)) C —(U * R))
by (metis UNIV-I U-par-zero disjoint-eq-subset-Compl emptyFE
tu-unit-below-top-sp-test iu-unit-up le-inf-iff s-prod-zerol subset-empty
top-upper-least)
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abbreviation a-1 = finite-1.a,

lemma counter-02:

3 R::(Enum.finite-1,Enum.finite-1) mrel . Ip . = (test p — (R N —(U * p)) x*
U=Rx*—(px*U))

apply (rule exI[where ?z={(a-1,{})}])

apply (rule exI[where ?2={}])

apply (clarsimp simp: s-id-def)

by (smt (verit, ccfv-SIG) Compl-empty-eq Diff-eq Int-insert-left-if0 U-par-p-id
cl8-var complement-test-sp-top d-U d-sp-strict dc empty-subsetl inf-le2 inf-top-left
inner-total-2 insert-not-empty s-prod-zerol z-split-var z-y-split zero-nc)

lemma counter-03:

3 R::(Enum.finite-1,Enum.finite-1) mrel . Ip . = (test p — (R N —(U * p)) x*
Ioo=R+*(—(p+U)N 1,0))

apply (rule exI[where ?z={(a-1,{})}])

apply (rule exI[where ?z={}])

apply (clarsimp simp: s-id-def)

by (smt (23) Int-Un-eq(3) Int-absorb2 U-c ad-sp-bot cd-iso de-propl
disjoint-eq-subset-Compl inf-compl-bot-right inner-total-2 insertl1 p-id-zero
singleton-Un-iff sp-oi-subdist)

abbreviation b-1 = finite-2.a,
abbreviation b-2 = finite-2.as
abbreviation b-1-0 = (b-1,{})
abbreviation b-1-1
abbreviation b-1-2
abbreviation b-1-3
abbreviation b-2-0
abbreviation b-2-1
abbreviation b-2-2
abbreviation b-2-3
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lemma counter-04:
3 R::(Enum.finite-2, Enum.finite-2) mrel . Ip q . - (test p — test ¢ — |R *
pla = |R]|plq)
apply (rule exI[where ?x={b-1-3}])
apply (rule exI[where ?z={b-1-1}])
apply (rule exI[where ?2={}])
apply (subst sp-test)
apply (clarsimp simp: s-id-def)
apply (subst top-test)
apply (clarsimp simp: s-id-def)
apply (unfold aboz-def)
apply (clarsimp simp: s-id-def)
by blast

lemma counter-05:
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~(3f.VRp.testp — [R)p = |f R]p)
by (smt (verit, ccfo-threshold) Int-lowerl Int-lower2 abox-sp-unit adia-test-sp
counter-01 iu-test-sp-left-zero s-prod-idl subset-refl)

lemma counter-06:

—(3f .VRp.testp — |R]lp = |f R]p)

by (metis abox-adia-fusion aboz-fusion abox-sp-unit adia counter-05
d-complement-ad disjoint-eq-subset-Compl eboz-adia empty-subsetl s-prod-idr
order-refl)

lemma counter-07:
= (3f.monofANNR. fus R=1Ifp (AX . fR X)))
proof
assume 3 f::('a,’b) mrel = ('a,’b) mrel = (‘a,’d) mrel . mono f A (VR . fus R
— Ifp \X . [ R X))
from this obtain f :: ('a,’b) mrel = ('a,’b) mrel = (‘a,’b) mrel where mono f
ANNVR . fus R=1Ifp (A X . fR X))
by auto
hence fus {} C fus (U::(a,’d) mrel)
by (simp add: le-fun-def mono-def lfp-mono)
thus False
by (auto simp: mr-simp)
qed

abbreviation c-1 = finite-3.a1
abbreviation c¢-2 = finite-3.a4
abbreviation c¢-3 = finite-3.a3

lemma counter-08:
= (~(1::(Enum.finite-3,Enum.finite-8) mrel) x ~1 € {1, ~1})
proof —
let %c = (c-1,{c-1,c-2,c-3})
have 1: %c € ~1 % ~1
apply (clarsimp simp: mr-simp)
apply (rule exl[where ?z={c-2,c-3}])
using UNIV-finite-3 by auto
have ?c ¢ 1 A %c ¢ ~1
by (auto simp: mr-simp)
thus ?thesis
using 1 by auto
qed

lemma counter-09:
= (~(1::(Enum.finite-3,Enum.finite-3) mrel) © 1 € {1, ~1})
by (metis counter-08 co-prod empty-iff ic-involutive insert-iff)

lemma ez-2-cases:

3b.b=10-1 Vb= 10b-2
by auto
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lemma all-2-cases:
(Vb. b=0b-2 ANb=b-1) = False
by auto

lemma impl-2-cases:
U{X.3b.(b=b-1 - X=Y)Ab=b2 —>X=2)}=YUZ
by auto

lemma ex-2-set-cases:
(3 B::Enum.finite-2 set . P B) «— P {} V P {b-1} vV P {b-2} vV P {b-1,b-2}
proof —
let U = UNIV::Enum.finite-2 set set
have ?U C {{},{b-1},{b-2},{b-1,b-2}}
proof
fix z
have z C {b-1,b-2}
by auto
thus z € {{}{b-1},{b-2},{b-1,b-2}}
by auto
qged
hence ?U = {{},{b-1},{b-2},{b-1,b-2}}
by auto
thus ?thesis
by (metis UNIV-I empty-iff insertE)
qged

abbreviation B-0 = {}::Enum.finite-2 set
abbreviation B-1 = {b-1}

abbreviation B-2 = {b-2}

abbreviation B-3 = {b-1,b-2}

abbreviation mkf z y = Az . if z = b-1 then z else y

lemma mkf:

f=mkf (fb-1) (f b-2)
by auto

lemma mkf2:
forl =XANfo-2=Y = f=mkfXY
by auto

lemma ex-2-mrel-cases:
(3 f::Enum.finite-2 = Enum.finite-2 set . P f) +—

P (mkf B-0 B-0) V P (mkf B-0 B-1) V P (mkf B-0 B-2) v P (mkf B-0 B-3) V
P (mkf B-1 B-0) V P (mkf B-1 B-1) V P (mkf B-1 B-2) vV P (mkf B-1 B-3) V
P (mkf B-2 B-0) V P (mkf B-2 B-1) V P (mkf B-2 B-2) V P (mkf B-2 B-8) V
P (mkf B-8 B-0) V P (mkf B-8 B-1) V P (mkf B-3 B-2) V P (mkf B-3 B-3)

proof
assume 3 f::Enum.finite-2 = Enum.finite-2 set . P f
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from this obtain f where 1: P f
by auto
have Az . fz C B-8
by auto
hence 2: Ao . fa =B-0V fx=B-1V fo=DB-2V fz = B-3
by auto
have f = mkf B-0 B-0 vV f = mkf B-0 B-1 V f = mkf B-0 B-2 V f = mkf B-0
B-8 v
f=mkf B-1 B-0V f=mkf B-1 B-1V f=mkf B-1 B-2V f = mkf B-1
B-8 v
f=mkf B-2B-0V f = mkf B-2 B-1 V f = mkf B-2 B-2 V f = mkf B-2
B-8 v
f=mkf B-3 B-0V f = mkf B-8 B-1 V f = mkf B-3 B-2 V f = mkf B-3 B-3
using 2[of b-1] 2[of b-2] mkf2[of f] by blast
thus P (mkf B-0 B-0) V P (mkf B-0 B-1) V P (mkf B-0 B-2) V P (mkf B-0
B-3) Vv
P (mkf B-1 B-0) V P (mkf B-1 B-1) V P (mkf B-1 B-2) V P (mkf B-1
B-3) v
P (mkf B-2 B-0) V P (mkf B-2 B-1) V P (mkf B-2 B-2) V P (mkf B-2
B-3) v
P (mkf B-3 B-0) V P (mkf B-3 B-1) V P (mkf B-3 B-2) V P (mkf B-3 B-3)
using 1 by auto
next
assume P (mkf B-0 B-0) V P (mkf B-0 B-1) V P (mkf B-0 B-2) V P (mkf B-0
B-3) v
P (mkf B-1 B-0) V P (mkf B-1 B-1) V P (mkf B-1 B-2) V P (mkf B-1
B-3) v
P (mkf B-2 B-0) V P (mkf B-2 B-1) V P (mkf B-2 B-2) V P (mkf B-2
B-3) v
P (mkf B-3 B-0) V P (mkf B-8 B-1) V P (mkf B-3 B-2) V P (mkf B-3
B-3)
thus 3 f:: Enum.finite-2 = Enum.finite-2 set . P f
by auto
qed

lemma counter-10:

3 R::(Enum.finite-2, Enum.finite-2) mrel . = (U::(Enum.finite-2, Enum.finite-2)
mrel) x (U x R) C U x R

apply (rule exI[where ?x={b-1-1,b-1-2}])

apply (unfold s-prod-def)

apply (unfold ex-2-set-cases)

apply (unfold ex-2-mrel-cases)

apply (clarsimp simp: mr-simp ex-2-cases all-2-cases impl-2-cases)

by auto

lemma counter-11:

3 (R::(Enum.finite-2, Enum.finite-2) mrel) (s::(Enum.finite-2, Enum.finite-2)
mrel) (t:(Enum.finite-2,Enum.finite-2) mrel) . = (inner-univalent s A
inner-univalent t — R % (s % t) = (R * s) * 1)
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apply (rule exI[where ?z={b-1-3}])

apply (rule exI[where ?x={b-1-1,b-2-1}])

apply (rule exl[where 2z={b-1-1,b-1-2}])

apply (unfold s-prod-def)

apply (unfold ex-2-set-cases)

apply (unfold ex-2-mrel-cases)

apply (clarsimp simp: mr-simp ex-2-cases all-2-cases impl-2-cases)
by (auto simp: times-eq-iff)

lemma counter-12:

=35 . 1,008 = 1u0)

by (metis Int-absorb2 UNIV-I U-U cl9 co-prod cp-ii-unit-upper
disjoint-iff-not-equal ic-antidist-ii ic-iu-unit ic-top tu-unit-down p-prod-comm
p-prod-ild s-prod-idl s-prod-p-idl)
lemma counter-13:

-(3S.VR.R® S =R)

by (meson counter-12)

end

end
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