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Abstract

Binary multirelations associate elements of a set with its subsets;
hence they are binary relations of type A x 24. Applications include
alternating automata, models and logics for games, program semantics
with dual demonic and angelic nondeterministic choices and concur-
rent dynamic logics. This proof document supports an arXiv article
that formalises the basic algebra of multirelations and proposes axiom
systems for them, ranging from weak bi-monoids to weak bi-quantales.
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1 Introduction

This proof document contains the formal proofs for an article on Taming
Multirelations [2]. Individual cross-references to statements in [2] have been
added to this document so that both can be read in parallel. The first part
of this document contains algebraic axiom systems and equational proofs.
Some of these proofs are presented in a human-readable style to indicate the
kind of algebraic reasoning involved. The second part contains set-theoretic
reasoning with concrete multirelations. Its main purpose is to justify the
algebraic development and to prepare the soundness proofs of the algebraic
axiomatisations with respect to the concrete multirelational model. Set-
theoretic reasoning with multirelations tends to be very tedious and showing
detailed proofs has not been the aim.

The algebras of multirelations proposed are based on Peleg’s multirela-
tional semantics for concurrent dynamic logic [3]. The most basic axiom
systems consider multirelations under the operations of sequential and con-
current composition with two corresponding units. These are enriched by
lattice operations and various fixpoints. A main source of complexity is the
set-theoretic definition of sequential composition of multirelations, which is
based on higher-order logic. Its use often requires the Axiom of Choice. In
addition, sequential composition is not associative.

Part of this formalisation is also relevant to a previous approach to con-
current dynamic algebra by Furusawa and Struth [1]. More material on
variants of multirelations, game algebras and concurrent dynamic algebras
will be added in the future.

The authors are indebted to Alasdair Armstrong and Victor Gomes for
help with some tricky Isabelle proofs.

2 C-Algebras

theory C-Algebras
imports Kleene-Algebra.Dioid
begin

no-notation
times (infixl <> 70)

2.1 C-Monoids

We start with the c-monoid axioms. These can be found in Section 4 of [2].

class proto-monoid =



fixes s-id :: 'a (<14))

and s-prod :: 'a = 'a = 'a (infixl <> 80)
assumes s-prod-idl [simpl: 1, - © =z
and s-prod-idr [simp]: z - 1, =«

class proto-bi-monoid = proto-monoid +
fixes c-id :: 'a (<1)
and c-prod :: 'a = 'a = ‘o (infix] <|> 80)
assumes c-prod-idl [simp]: 1, || x =z
and c-prod-assoc: (z || y) || 2=z | (y || 2)
and c-prod-comm: z || y =y || =

class c-monoid = proto-bi-monoid +
assumes c/ [simp}: (93 1) |z ==

and c2 [simp]: (( )||1 )-y=($~1w) Iy
and c3: (z || v) - = (z ) H (y - 1x)
and ¢/f: (z - y) - I, ==z (

and c5 [simp]: 1, || 1, = 1,
begin

Next we define domain explicitly as at the beginning of Section 4 in [2] and
start proving the algebraic facts from Section 4. Those involving concrete
multirelations, such as Proposition 4.1, are considered in the theory file for
multirelations.

definition (in c-monoid) d :: 'a = 'a where
dr=(z-1,) || 1o

lemma c-prod-idr [simp]: z || 1, =z

(proof )
We prove the retraction properties of Lemma 4.2.
lemma c-idem [simp|: 1, - 1, = 1,

{proof)

lemma d-idem [simp]: d (d z) = d z
{proof)

lemma p-id-idem: (z - 1) - 1, =z - 1,
(proof )

Lemma 4.3.
lemma c2-d:dz-y=(x-1;) | y
(proof )

lemma cd-2-var: d (v - 1) -y=(z- 1) ||y
{proof)



lemma dc-prop! [simp]: dz - 1, =12 1,
(proof )

lemma dc-prop2 [simp): d (z - 1) = dx
(proof)

lemma ds-prop [simp]: dz || 1, = dz
{proof)

lemma dc [simpl: d 1, = 1,
(proof)

Part (5) of this Lemma has already been verified above. The next two
statements verify the two algebraic properties mentioned in the proof of
Proposition 4.4.

lemma dc-iso [simp]: d (dz - 1) =dzx
{proof)

lemma cd-iso [simpl: d (x - 1) - I =z - I,
{proof)

Proposition 4.5.

lemma d-conc6: d (z || y) =dz| dy

(proof)

lemma d-conc-s-prod-az: dz || dy=dz-dy

(proof)

lemma d-rest-ax [simp|: dz -z =z
{proof)

lemma d-loc-ax [simp]: d (z - dy) = d (z - y)
(proof )

lemma d-exp-az [simp]: d (dz-y)=dz-dy
(proof)

lemma d-comm-az: dz-dy=dy-dz

(proof)

lemma d-s-id-prop [simp]: d 1, = 1,
(proof)

Next we verify the conditions of Proposition 4.6.

lemma d-s-prod-closed [simp]: d (dx-dy)=dz-dy
{proof)

lemma d-p-prod-closed [simpl: d (dz || dy)=dz | dy



{proof)

lemma d-idem?2 [simp]: dz-dz=dzx
{proof)

lemma d-assoc: (dz-dy)-dz=dz-(dy-d2z)
(proof)

lemma iso-1 [simpl: (dz - 1) | 1o =dx
{proof)
Lemma 4.7.
lemma z-c-par-idem [simpl: (z - 1) || (z - 1) =2 I,

(proof)

lemma d-idem-par [simp]: dz | dz = dz
{proof)

lemma d-inter-r: dz - (y || 2) = (dx - y) || (dz - 2)
(proof)

Now we provide the counterexamples of Lemma 4.8.

lemma (z || y)-dz=(z-dz2)| (yv-d2)
nitpick
(proof )

lemma (z - y)-dz=2z-(y-d2)
nitpick
(proof)

lemma 1, -z =1,
nitpick
{proof)

end

2.2 C-Trioids
We can now define the class of c-trioids and prove properties in this class.
This covers the algebraic material of Section 5 in [2].

class proto-dioid = join-semilattice-zero + proto-monoid +
assumes s-prod-distr: (¢ +y) - z=xz -2+ y- 2
and s-prod-subdistl: z -y +z -2 <z - (y + 2)
and s-prod-annil [simpl: 0 - 2 = 0

begin

lemma s-prod-isol: x <y = z- < z-y



{proof)

lemma s-prod-isor: x <y =2 -2<y -2

{proof)

end

class proto-trioid = proto-dioid + proto-bi-monoid +
assumes p-prod-distl: || (y + 2) =z ||y + z || 2
and p-rpd-annir [simp]: z || 0 = 0

sublocale proto-trioid C ab-semigroup-mult c-prod

(proof)

sublocale proto-trioid C dioid-one-zero (+) (||) 1 0 (<) (<)

(proof)

class c-trioid = proto-trioid + c-monoid +
assumes c6:x - 1, < 1,

begin

We show that every c-trioid is a c-monoid.

subclass c-monoid (proof)
subclass proto-trioid (proof)

lemma 1, -0 =1,
nitpick
(proof )

lemma zero-p-id-prop [simp]: (x - 0) - 1, =z - 0

{proof)

The following facts prove and refute properties related to sequential and
parallel subidentities.

lemma d-subid: dx = 2 —= = < 1,
(proof)

lemmaz < 1, —=dz ==
nitpick
(proof )

lemma p-id-term: ¢ - 1, =0 = < 1,

(proof )
lemmaz < 1,—z -1,==

nitpick

(proof )



Proposition 5.1. is covered by the theory file on multirelations. We verify
the remaining conditions in Proposition 5.2.

lemma dip-ax: t < dz -z

{proof)

lemma d-add-az: d (z +y)=dz + dy
(proof)

lemma d-sub-id-ax: d z < 1,
(proof)

lemma d-zero-az [simpl: d 0 = 0
{proof )
We verify the algebraic conditions in Proposition 5.3.
lemma d-absorb! [simp]: dx + (dz-dy)=dzx
(proof )

lemma d-absord?2 [simp]: dz - (dz +dy)=dz
(proof)

lemma d-distl: dx - (dy+dz2)=dzx-dy+dz-d=z
(proof)

lemma d-dist2: dx + (dy-dz)=(dzx+dy) - (dz + d=z2)
(proof)

lemma d-add-prod-closed [simp]: d (dz + dy)=dzx+ dy
(proof)

The following properties are not covered in the article.
lemma z-zero-prop: (z - 0) |y=d (x-0) -y
(proof)

lemma cda-add-az: d ((z +y) - 2)=d (z-2) +d (y - 2)
{proof)

lemma d-z-zero: d (z - 0) = (z - 0) || 1+
(proof)

Lemma 5.4 is verified below because its proofs are simplified by using facts
from the next subsection.

2.3 Results for Concurrent Dynamic Algebra

The following proofs and refutation are related to Section 6 in [2]. We do
not consider those involving Kleene algebras in this section. We also do not
introduce specific notation for diamond operators.



First we prove Lemma 6.1. Part (1) and (3) have already been verified
above. Part (2) and (4) require additional assumptions which are present
in the context of concurrent dynamic algebra [1]. We also present the coun-
terexamples from Lemma 6.3.
lemma (z - y)-dz=2z-(y-d2)

nitpick

{proof)

lemma d((z - y) - 2) =d (z - d (y - 2))
nitpick
{proof )

lemma cda-azl: (z-y)-dz=x-(y-dz)=d((z-y)-2)=d(z-d(y-2)
(proof )

lemma d-inter: (z || y)-dz=(z-d2)]| (y-d=z)
nitpick
(proof )

lemma d ((z ]| y) - 2)=d(z-2)-d(y-2)
nitpick
(proof)

lemma cda-ax2:

assumes (z || y) - dz=(z-dz) || (y-dz)

shows d ((z || y) - 2)=d (z-2)-d (y- 2)
{proof)

Next we present some results that do not feature in the article.
lemma (z-y)- 0=z (y-0)

nitpick

(proof)

lemma d-z-zero-prop [simp|: d (x - 0) - 1, =z -0
{proof )

lemmaz < I, ANy<1,—z-y==zly
nitpick
(proof)

lemma z - (y [l 2) < (z-y) | (z-2)
nitpick
(proof)

lemma z < z || z
nitpick
(proof)

Lemma 5.4



lemma d-lbl: dz-dy<dzx
{proof )

lemma d-b2: dz-dy < dy
(proof )

lemma d-glb: d 2 < dzxANdz<dy=—=dz<dz-dy
(proof)

lemma d-glb-iff: d z < dzxANdz<dy+—dz<dzx-dy
(proof)

lemma z-zero-le-c: z - 0 < 1,
(proof)

lemma p-subid-lb1: (z - 0) || (y-0) <z-0
(proof)

lemma p-subid-1b2: (z - 0) || (y-0) <y-0
{proof)

lemma p-subid-idem [simpl: (x - 0) || (z - 0) =z - 0
(proof)

lemma p-subid-glb: z- 0 <z-0Nz-0<y-0=2-0<(z-0)]| (y-0)
(proof)

lemma p-subid-glb-iff: z- 0 < z-0ANz-0<y-0+—>2-0<(z-0)] (y-0)
(proof)

lemma z-c-glb: 2 - 1, <z -1, Nz -1, <y -1lp,=2 -1.<(z-1)] (v-
1)
(proof)

lemma z-c-lbl: (z- 1) || (y- 1) <z 1,
{proof)

lemma z-¢-102: (z - 1) || (y- 1) <y- 1

(proof)
lemma z-c-glb-iff: z - 1, <z -1 Nz -1, <y - I+ z -1, <(z-1) | (v
.Iﬂ)

(proof)

end

2.4 C-Lattices

We can now define c-lattices and prove the results from Section 7 in [2].



class pbl-monoid = proto-trioid +
fixes U :: a
fixes meet :: 'a = 'a = 'a (infixl <> 70)
assumes U-def: ¢ < U
and meet-assoc: (x M y)Nz=2zMN (yN 2)
and meet-comm: x My =y Nz
and meet-idem [simp]: x Mz =z
and absorpl: z M (z + y) =z
and absorp2: z + (x My) =z

begin

sublocale lattice (M) (<) (<) (+)
(proof)

lemma meet-glb: 2z <z AN z2<y=— 2<zxzMy

(proof)

lemma meet-prop: z <z Nz<y+— z<zMy
(proof)

end

class pbdl-monoid = pbl-monoid +
assumes lat-distl: z + (yMNz) = (z + y) N (z + 2)

begin

lemma lat-dist2: (M y) + 2= (z + 2) N (y + 2)
(proof)

lemma lat-dist3: x 1 (y + 2) = (x N y) + (z N 2)
(proof)

lemma lat-distf: (x + y) N z=(z N z) + (y M 2)
{proof)

lemma d-equiv-prop: Vz. z+zx=z4+yAzNz=zNy) =z =y
(proof)

end

The symbol 1, from [2] is written nc in this theory file.

class c-lattice = pbdl-monoid +
fixes nc :: a
assumes cll [simpl: z - 1. +x-nc=x-U
and cl2 [simp]: 1. N (z + nc) =z -0
and cl3: 2 (y || 2) < (z- 9) | (z - 2)
and cly: z || z<z= (x| y) - z2=(z-2) || (y-2)
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and cl6 [simp]: (z - 0) -z =z -

and cl7 [simp]: 1, || 1o = 14

and cl8 [simpl: ((z - 1) | 10) -y = (z - 1x) | y
and cl9 [simp]: 1

begin
We show that every c-lattice is a c-trioid (Proposition 7.1) Proposition 7.2
is again covered by the theory for multirelations.

subclass c-trioid
(proof )

First we verify the complementation conditions after the definition of c-
lattices.

lemma c-nc-compl [simp]: 1, + nc=TU

{proof)

lemma c-ne-comp2 [simp): 1, M ne =0
(proof)

lemma c-0:zMN1,=2x2-0
(proof)

Next we verify the conditions in Proposition 7.2.
lemma d-s-subid: dx =z +— 2 < 1,

(proof )

lemma term-p-subid: z - 1, =z +— z < 1,
(proof)

lemma term-p-subid-var: x - 0 =z +— z < 1,
(proof)

lemma vec-iff: dz - U=z<+— (z-1,) || U=z
{proof)

lemma nc-iffl: z < nc+—axMN 1, =20

(proof)

lemma nc-iff2: x < nc+—x-0=20
(proof )

The results of Lemma 7.3 are again at the multirelational level. Hence we
continue with Lemma 7.4.

lemma assoc-p-subid: (z - y) - (z- 1z) =2 (y- (2 1))

11



{proof)

lemma zero-assoc3: (z - y) - 0 =z - (y - 0)
{proof)

lemma z-zero-interr: (x - 0) || (y- 0) = (z || y) - 0
(proof)

lemma p-subid-interr: (x - z - 1) || (y-2- 1) =(z | y) 2 I
{proof)

lemma d-interr: (x - dz) || (y-dz)=(z]y) - d=z
{proof)

lemma subidem-par: z < z || x
(proof)

lemma meet-le-par: x My <z || y
(proof)

Next we verify Lemma 7.5 and prove some related properties.

lemma z-split [simp]: (x T ne) + (z N 1,) =z
(proof)

lemma z-split-var [simp]: (x N ne) + (z - 0) = =
{proof)

lemma s-subid-closed [simp]: x MneM 1, =z M 1,
(proof)

lemma sub-id-le-nc: x M 1, < nc
(proof)

lemma s-z-c [simp]: 1, N (z- 1) =0
(proof)

lemma s-z-zero [simp]: 1, M (z - 0) = 0
{proof)

lemma c-nc [simp]: (z - 1) M ne =0

(proof)

lemma zero-nc [simp]: (z - 0) M ne =0

(proof)

lemma nc-zero [simp]: (z M nc) - 0 = 0
{proof)

Lemma 7.6.

12



lemma c-def [simp]: U - 0 = 1,
{proof)

lemma c-z-prop [simp]: 1, -z = I,
(proof)

lemma U-idem-s-prod [simp]: U - U = U
{proof)

lemma U-idem-p-prod [simp]: U | U = U
(proof)

lemma U-c [simp]: U - 1, = 1,

{proof)

lemma s-le-nc: 1, < nc
(proof )

lemma nc-c [simp]: nc - 1 = 1,
(proof)

lemma nc-ne [simpl: nc - nc = nc
(proof)

lemma U-nc [simp]: U - nc = U

(proof)

lemma nc-U [simp]: nc - U = U
(proof)

lemma nc-ne-par [simp]: ne || nc = ne

(proof)

lemma U-nc-par [simp]: U || nc = nc
(proof)

We prove Lemma 7.8 and related properties.

lemma z-y-split [simp]: (zMne) - y+z-0=1z-y
(proof )

lemma z-y-prop: 1, M (zMne)-y=1,MNz -y
(proof)

lemma s-nc-U: 1, Mz -nc=1,MNz - U

(proof)

lemma sid-le-nc-var: 1, Mz < 1, Nz | nc
(proof)

13



lemma s-nc-par-U: 1, Nz || nc=1,MNz | U
(proof)

lemma z-c-nc-split: (z - 1) || nc = (x M ne) - ne + (x - 0) || ne
(proof)

lemma z-c-U-split: (z - 1) || U=2-U+ (z-0) || U
(proof)

2.5 Domain in C-Lattices
We now prove variants of the domain axioms and verify the properties of
Section 8 in [2].
lemma cl9-d [simp]: d (x T 1,) =z M 1,
(proof)

lemma cl10-d: d (x M ne) = 1, N (z M ne) - ne
{proof)

lemma cl11-d [simp]: d (x T nc) - ne = (z M nc) - ne
{proof)

lemma cl10-d-varl: d (x M ne) = 1, Mz - ne
(proof)

lemma cl10-d-var2: d (x M ne) = 1, N (x N ne) - U
{proof)

lemma cl10-d-var3: d (x M ne) = 1, Nax - U
(proof)

We verify the remaining properties of Lemma 8.1.
lemma d-U [simp]: d U = 1,
(proof)

lemma d-nc [simp]: d nc = 1,
(proof)

lemma alt-d-def-ne-ne: d (x M ne) = 1, N ((x N ne) - 1) || ne
{proof)

lemma alt-d-def-nc-U: d (x TIne) = 1, N ((xMne) - 1) || U
{proof)
We verify the identity before Lemma 8.2 of [2] together with variants.

lemma d-def-split [simp]: d (M nc) +d (z-0)=dzx
{proof)
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lemma d-def-split-var [simp]: d (x M ne) + (z-0) || 1o =d=x
{proof)

lemma az7 [simpl: (1o Nz -U)+ (z-0)|| 1, =d=
(proof)

Lemma 8.2.

lemma domi2-d: dz =1, M (x - 1) || nc

(proof)

lemma domi2-d-U: dx=1,M(z- 1) || U
(proof)

lemma dom-def-var: dz = (z - UN 1) || 1,
{proof)

Lemma 8.3.

lemma az5-d [simp]: d (x M ne) - U= (xMne)- U

(proof)

lemma az5-0 [simp]: d (z - 0) - U=(z-0)|| U
(proof)

lemma z-c-U-split2: d z - nc = (x M nc) - ne + (z - 0) || nc
(proof)

lemma z-c-U-split3: dz - U= (xMne)- U+ (z-0)]|| U
(proof)

lemma z-c-U-split-d: dz - U=2-U+ (z-0) || U
{proof)

lemma z-U-prop2: ¢ - nc = d (x M ne) - nc+ - 0
{proof)

lemma z-U-prop3: - U=d (zxMnc) - U+x-0
{proof)

lemma d-z-nc [simp]: d (z - nc) = d x
{proof)

lemma d-z-U [simp]: d (z - U) = d =
{proof)

The next properties of domain are important, but do not feature in [2].
Proofs can be found in [1].

lemma d-lipl:dze <dy=—2<dy- -z
(proof)

15



lemma d-llp2: z < dy-z=dzx<dy
(proof )

lemma demodl: d (z - y) < dz=z-dy<dz-x
(proof)

lemma demod2: z - dy<dz-z=d(z-y) <dz
(proof)

2.6 Structural Properties of C-Lattices
Now we consider the results from Section 9 and 10 in [2]. First we verify
the conditions for Proposition 9.1.
lemma d-meet-closed [simp]: d (dx M dy)=dzNdy
{proof)

lemma d-s-prod-eq-meet: dx - dy=dx T dy
(proof )

lemma d-p-prod-eg-meet: dz || dy=dzNdy
(proof )

lemma s-id-par-s-prod: (x 1 1,) || (y M 1s) = (2N 1,) - (y M 1,)
(proof)

lemma s-id-par [simpl: x N 1, |2 M 1, =2 M 1,
{proof)

We verify the remaining conditions in Proposition 9.2.
lemma p-subid-par-eg-meet: (z - 0) || (y - 0) = (z - 0) N (y - 0)
(proof)

lemma p-subid-par-eq-meet-var: (- 1) || (y - 1) =(x - 1) M (y - 1)
(proof )

lemma z-zero-add-closed: z - 0 +y - 0= (z +y) -0
(proof )

lemma z-zero-meet-closed: (z - 0) M (y - 0) = (zMNy)- 0
{proof)

The following set of lemmas investigates the closure properties of vectors,
including Lemma 9,3.

lemma U-par-zero [simpl: (0 - ¢) || U =0
{proof)

lemma U-par-s-id [simp]: (15 - 1) || U=TU
{proof)

16



lemma U-par-p-id [simp]: (1, - 1) || U=1TU
{proof)

lemma U-par-nc [simpl: (nc - 1) || U=U
{proof)

lemma d-add-var: dz - z+dy-z2=d(z+vy) -z
{proof)

lemma d-interr-U: (dz - U) || (dy-U)=d (z]|y) - U
(proof)

lemma d-meet:

assumes A zyz. (zMNyMNiy) -z=(xMN1y)-2N(yMNi,) -z
shows dz-z2MNdy-2=(dzNdy) -z

(proof )

Proposition 9.4

lemma nc-zero-closed [simpl: 0 M nec = 0
{proof)

lemma nc-s [simpl: 1, N ne =1,
(proof)

lemma nc-add-closed: (z M ne) + (y M ne) = (z + y) N nc
{proof)

lemma nc-meet-closed: (x M ne) N (y M ne) =z My M ne
(proof)

lemma nc-scomp-closed: ((z M nc) - (y N ne)) < ne
(proof)

lemma nc-scomp-closed-alt [simp]: ((z T ne) - (y M ne)) M ne = (x M ne) - (y M
nce)
(proof)

lemma nc-ccomp-closed: (z M ne) || (y M ne) < ne

(proof)

lemma nc-ccomp-closed-alt [simp]: (z || (y M ne)) M ne =z || (y N nc)
{proof)

Lemma 9.6.

lemma tarski-prod:

assumes Az. z M ne # 0 = nc - ((z N nc) - nc) = ne

and Azyz. dz-(y-2)=(dz-y) -z

shows ((z M nc) - nc) - ((y M ne) - ne) = (if (y N ne) = 0 then 0 else (x M ne)

17



- nc)
(proof)

We show the remaining conditions of Proposition 9.8.
lemma nc-prod-auz [simp]: ((x M nc) - ne) - nc = (z M ne) - ne

(proof)

lemma nc-vec-add-closed: ((z M ne) - nc + (y M ne) - ne) - nc = (z M ne)
+ (y M ne) - nc
(proof)

- nc

lemma nc-vec-par-closed: (((xz M ne) - ne) || ((y M ne) - ne)) - ne = ((x M ne) -

ne) || ((y 1 ne) - ne)
{proof)

lemma nc-vec-par-is-meet:

assumes A zyz (daeMNdy)-z=dzx-2z2MNdy-z

shows ((z M nc) - ne) || ((y M ne) - ne) = ((x M ne) - ne) N ((y M ne) - ne)
(proof )

lemma nc-vec-meet-closed:
assumes A zyz (daeMNdy)-z=dzx-2z2MNdy -z
shows ((z M ne) - ne M (y M ne) - ne) - nec= (x M ne) - nel (yMne) - ne

(proof)

lemma nc-vec-seq-closed:
assumes Az. z M ne # 0 = nc - ((z M nc) - ne) = ne
and Azyz.dz-(y-2)=(dz-y)- 2z

shows (((z M ne) - ne) - ((y M ne) - ne)) - ne = ((x M ne) - ne) - ((y N ne) -

(proof)

Proposition 10.1 and 10.2.

lemma iso3 [simp]: d (dz - U) =dz
{proof)

lemma iso4 [simp]: d ((z - 1) || U) - U=(z-1,) || U
(proof)

lemma iso5 [simp]: ((z - 1) || U) I =2 1,
{proof)

lemma iso6 [simp]: ((z - 1) || U) - 1) || U=(x-1,) || U
(proof)

lemma iso3-sharp [simp]: d (d (z M ne) - ne) = d (z M ne)
{proof)

lemma iso4-sharp [simp]: d ((z M nc) - ne) - ne = (z N ne) - nc
(proof)
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lemma iso5-sharp [simp]: ((zx M ne) - 1) || ne) - 1 = (x M ne) - 15
{proof)

lemma iso6-sharp [simp]: (((z M ne) - ne) - 1) || ne = (z M ne) - ne
(proof )
We verify Lemma 15.2 at this point, because it is helpful for the following
proofs.
lemma uc-par-meet: z | UNy || U=2 || U|y|| U
(proof)

lemma uc-unc [simp): x || U ||z || U=2| U
{proof)

lemma uc-interr: (z || y) - (z || U)=(z- (2] U)) || (y- (2] U))
(proof)

We verify the remaining cases of Proposition 10.3.
lemma sc-hom-meet: (dzMNdy) -1, =(dz) - 1,0 (dy) - 1
(proof)

lemma sc-hom-seq: (dz-dy) -1, =(dzNdy) - I,
{proof)

lemma cs-hom-meet: d (v - 1, Ny - 1) =d(x-1)MNd (y- 1)
{proof)

lemma sv-hom-meet: (dxMdy) - U=(dz)-UnN(dy)-U
(proof)

lemma sv-hom-par: (z || y) - U= (z-U)| (y- U)
{proof)

lemma vs-hom-meet: d (((x - 1) || U)N ((y - 1) | U) =d ((z- 1) || U) 1M
d((y-1x) | U)
(proof)

lemma cv-hom-meet: (x - 1, Ny - 1) || U=(z- 1) | UN(y-1,) || U
(proof)

lemma cv-hom-par [simp]: z | Uy || U=(x|y) || U
{proof)

lemma ve-hom-meet: ((z - 1) | UN (y - 12) | U) - 1o =z 1) || U) - 1
Ny 1)1 U) - 15
{proof)

19



lemma ve-hom-seq: (((z - 1) || U) - ((y - 1) [| U)) - 1z = (((& - 1) [| U) - 17)
(((y - 1) | U) - 1)
(proof)

Proposition 10.4.
lemma nsv-hom-meet: (dx M dy) - nc=(dz) - ncM(dy) - nc

(proof)

lemma nsv-hom-par: (z || y) - nc = (z - ne) || (y - ne)
{proof)

lemr)na ve)c-p-prod-meet: ((z M ne) - ne) || ((y M ne) - ne) = ((zMNne) - ne) M ((y
M ne) - ne
(proof )

lemma nvs-hom-meet: d (((z N ne) - ne) O ((y N ne) - ne)) = d ((z M nc) - ne)
nd ((y N ne) - ne)
(proof )

lemma ncv-hom-meet: (x - 1, Ny - 1) || nc=(z- 1) || ncM (y- 1) | nc
{proof)

lemma ncv-hom-par: (z || y) || nc =z || nc | y || nc
(proof)

lemma nvc-hom-meet: ((z M nc) - ne M (y N ne) - ne) - 1, = ((z M ne) - nc) -
10 ((yMNne)- ne)- 1,
{proof)

2.7 Terminal and Nonterminal Elements

Now we define the projection functions on terminals and nonterminal parts
and verify the properties of Section 11 in [2].

definition tau :: ‘a = 'a (¢7») where

Tr=ux-0

definition nu :: ‘a = 'a («v») where
ve=uxllnc

Lemma 11.1.

lemma tau-int: 7z <
(proof)

lemma nu-int: vz < x
(proof )

lemma tau-ret [simp|: 7 (T ) =T x
{proof)
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lemma nu-ret [simp|: v (v z) = v x
{proof)

lemma tau-iso: t <y =712 <TY
{proof)

lemma nu-iso: t < y=—=vae<vy
(proof )

Lemma 11.2.

lemma tau-zero [simpl: 7 0 = 0
{proof)

lemma nu-zero [simp]: v 0 = 0
{proof )

lemma tau-s [simp]: 7 1, = 0
(proof )

lemma nu-s [simpl: v 1, = 1,
{proof)

lemma tau-c [simpl: 7 1 = 1,
(proof )

lemma nu-c [simp]: v 1, = 0
{proof)

lemma tau-nc [simp]: 7 nc = 0
{proof )

lemma nu-nc [simpl: v nc = nc
{proof)

lemma tau-U [simp]: 7 U = 1,
{proof )

lemma nu-U [simp]: v U = nc
(proof )

Lemma 11.3.

lemma tau-add [simp): 7 (t +y) =72+ Ty
{proof)

lemma nu-add [simpl: v (z +y)=vz+rvy
{proof)

lemma tau-meet [simp]: 7 (M y)=72zNTY

21



{proof)

lemma nu-meet [simpl: v (z M y)=vazNvy

{proof)

lemma tau-seq: 7 (z - y) =Tx+va- Ty
(proof )

lemma tau-par [simpl: 7 (z || y) =72z || Ty

(proof)

lemma nu-par-auzl: z |7 y=4d (ty) -z
(proof)

lemma nu-par-auz2 [simpl: v vz ||vy) =va|vy

(proof)

lemma nu-par-auz3 [simp]: v vz | Ty =val| Ty
{proof)

lemma nu-par-aux [simp): v (T z || 7 y) =0
{proof)

lemma nu-par: v (z || y) =d (tz) - vy+d(ty) - ve+va|vy
(proof )

Lemma 11.5.

lemma sprod-tau-nu: x - y=71zr+ vz -y

{proof)

lemma pprod-tau-nu: z || y=ve|vy+d(rz) - vy+d(Ty)  -ve+71z]
TY
(proof)

We now verify some additional properties which are not mentioned in the
paper.
lemma tau-idem [simp|: Tz -Tx =T

(proof )

lemma tau-interr: (z || y) -7 2= (z-72) | (y-7 2)
(proof)

lemma tau-le-c: 7z < 1,

{proof)

lemma c-le-tauc: 1, < 7 1,
(proof )

lemma z-alpha-tau [simpl: vz + T2 =z
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{proof)

lemma alpha-tau-zero [simpl: v (T ) = 0
{proof)

lemma tau-alpha-zero [simpl: 7 (v ) = 0
(proof)

lemma sprod-tau-nu-var [simpl: v (v z - y) = v (x - y)

{(proof)

lemma tau-s-prod [simp]: 7 (z - y) =z - Ty
{proof)

lemma alpha-fp: vz =xz+—z-0=10
(proof )

lemma alpha-prod-closed [simpl: v (v x -vy)=va- vy
(proof )

lemma alpha-par-prod [simpl: v (z || vy) =z || vy
(proof)

lemma p-prod-tau-alpha: z || y=z ||vy+va|y+12z| 7y
(proof)

lemma p-prod-tau-alpha-var: x |y =z ||vy+va|y+ 7 (z| v)
(proof )

lemma alpha-par: v (z ||y) =va|y+z]|vy

{(proof)

lemma alpha-tau [simp]: v (z - T y) = 0
{proof)

lemma nu-par-prop: vz =z = v (z||y) =z |y
(proof)

lemma tau-seg-prop: Tx = =z -y ==z
(proof)

lemma tau-seg-prop2: Ty =y =71 (x-y) =x -y
(proof )

lemma d-nu:v (dz-y)=dz-vy
(proof)

Lemma 11.6 and 11.7.

lemma nu-ideall: [vz =2y < 2] = vy=y

23



{proof)

lemma tau-ideall: [Tz =z y<z] =T1y=1y
(proof )

lemma nu-ideal2: vz =nvy=y] =v(z+y) =z +y
{proof)

lemma tau-ideal2: [T =z 7y=y] =71+ y)=z+y
(proof)

lemma tau-ideald: Tz =2 =7 (x-y) =2 -y
(proof)

We prove the precongruence properties of Lemma 11.9.
lemma tou-add-precong: Tz < 1Ty =17 (r + 2) <7 (y + 2)

(proof)

lemma tau-meet-precong: Tt < Ty= 7 (x M 2) <7 (y N 2)
(proof)

lemma tau-par-precong: Tz < 1Ty= 71 (2 || 2) <7 (y || 2)

(proof)

lemma tau-seq-precongl: Tz < T y=17(2-2) <7 (2 Y)
(proof )

lemma nu-add-precong: v e <vy= v (z + 2) <v (y + 2)

(proof)

lemma nu-meet-precong: vz <vy= v (zNz) <v(ynz)
(proof)

lemma nu-seg-precongr: vz <vy= v (z-2) <v(y-2)
(proof)

We prove the congruence properties of Corollary 11.11.

definition ¢cg :: ‘a = 'a = bool where
tegzy=(rTac<1TyATy<TZI)

definition ncg :: ‘a = 'a = bool where
ngry=wvae<vyAvy<vaz)

lemma tcg-refl: tcg x x
(proof)

lemma tcg-trans: [teg x y; teg y 2] = teg x 2
(proof )
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lemma tcg-sym: tcg .y = teg y x
{proof)

lemma ncg-refl: ncg x x
(proof )

lemma ncg-trans: [neg z y; neg y 2] = neg x 2
(proof )

lemma ncg-sym: ncg vy = ncg y ¢
(proof)

lemma tcg-alt: tegzy = (1 2 =7 y)
(proof )

lemma ncg-alt: ncgxy = vz =v y)
(proof)

lemma tcg-add: Tz =7Ty= 7 (x + 2) =7 (y + 2)
(proof )

lemma tcg-meet: Tz =Ty= T (zM2) =7 (yN 2)
(proof)

lemma teg-par: T =7y= 71 (x| 2) =7 (y || 2)
(proof)

lemma tcg-seq: T =7y=17(2-2) =7 (2-y)
{proof)

lemma neg-add: ve=vy=v(z+2) =v (y + 2)
(proof)

lemma neg-meet: vz =vy= v (zNz) =v (yNz)
{proof)

lemma ncg-seqgr:ve=vy=v(z-2)=v (y-2)
(proof)

end

2.8 Powers in C-Algebras

We define the power functions from Section 6 in [2] after Lemma 12.4.
context proto-dioid

begin

primrec p-power :

‘a = nat = 'a where
p-power z 0 =1,
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p-power z (Suc n) = - p-power T n

primrec power-rd :: ’a = nat = 'a where
power-rd x 0 = \
power-rd x (Suc n) = 1, + = - power-rd x n

primrec power-sq :: 'a = nat = 'a where
power-sq x 0 =1,
power-sq x (Suc n) 1, + z - power-sq z n

Lemma 12.5

lemma power-rd-chain: power-rd x n < power-rd x (n + 1)
(proof)

lemma power-sq-chain: power-sq x n < power-sq x (n + 1)
(proof)

lemma pow-chain: p-power (1, + z) n < p-power (1, + z) (n + 1)
(proof)

lemma pow-prop: p-power (1, + z) (n + 1) = 1, + = - p-power (1, + z) n
(proof)

Next we verify facts from the proofs of Lemma 12.6.

lemma power-rd-le-sq: power-rd x n < power-sq  n
(proof)

lemma power-sg-le-rd: power-sq x n < power-rd x (Suc n)
(proof)

lemma power-sg-power: power-sq x n = p-power (1, + z) n
(proof )

end

2.9 C-Kleene Algebras

The definition of c-Kleene algebra is slightly different from that in Section 6
of [2]. It is used to prove properties from Section 6 and Section 12.

class c-kleene-algebra = c-lattice + star-op +
assumes star-unfold: 1, + x - x* < z*
and star-induct: 1, +z-y<y=— a* <y
begin

lemma star-irr: 1, < z*
(proof )
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lemma star-unfold-part: x - z* < z*
(proof)

lemma star-ext-aux: v < z - x*

(proof)

lemma star-ext: © < z*
(proof)

lemma star-co-trans: x* < z* - z*

(proof)

lemma star-iso: v < y = z* < y*
(proof)

lemma star-unfold-eq [simp]: 1, + © - ©* =z

(proof)
Lemma 12.2.

lemma nu-starl:
assumes A\zyz. z-(y-2)=(z-y) -z
shows z* < (v z)* - (1, + T )

(proof)

lemma nu-star2:
assumes Az. z* - z* < z*
shows (v z)* - (1, + 7 z) < z*

(proof)

lemma nu-star:
assumes Az. z* - ¥ < z

and A\zyz. 2z (y-2)
shows (v z)* - (I, + T 2) ==z

(proof)
Lemma 12.3.

lemma tau-star: (1 z)* = 1, + Tz
(proof)

lemma tau-star-var:
assumes Az yz. z-(y-2)=(x-y)- 2z
and Az. z* - ¥ < z*
shows 7 (z*) = (v 2)* - 7 x
(proof)

lemma nu-star-sub: (v z)* < v (z*)
{proof)

lemma nu-star-nu [simp]: v ((v z)*) = (v 2)*
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{proof)

lemma nu-star-tau [simpl: v ((7 2)*) = 1,
(proof )

lemma tau-star-tau [simpl: 7 (1 2)*) =7 =
(proof)

lemma tau-star-nu [simpl: 7 (v z)*) = 0
{proof)
Finally we verify Lemma 6.2. Proofs can be found in [1].

lemma d-star-unfold [simp]:

assumes Az y z. (z-y) - dz= (y d z)
shows dy + d (z-d (z* - y)) = ( - y)
(proof)

lemma d-star-sim1:

assumes A zyz dz+ 2z y<y=— z*
and Nzyz (z-dy)-z=z-(dy - 2)
and Azyz (dz-y)-z2=dx- (y- 2)
shows z - dz2<dz - y= 2" -dz<dz

(proof)

-dz<y

lemma d-star-induct:

assumes Azyz. dz+z-y<y=a*-dz<y
and ANzyz (z-dy)-z=z-(dy- 2)

and ANzyz (de-y)-z=dz- (y-2)

shows d (z - y) < dy=d(z* - y) < dy
(proof)

end

2.10 C-Omega Algebras

These structures do not feature in [2], but in fact, many lemmas from Sec-
tion 13 can be proved in this setting. The proto-quantales and c-quantales
using in [2] provide a more expressive setting in which least and greatest
fixpoints need not be postulated; they exists due to properties of sequential
composition and addition over complete lattices.

class c-omega-algebra = c-kleene-algebra 4+ omega-op +
assumes om-unfold: z* < z - ¥
and om-coinduct: y < x -y = y < a¥

begin
Lemma 13.4.

lemma om-unfold-eq [simp]: x - 2% = ¥
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(proof )

lemma om-iso: ¢ < y = ¥ < ¥
(proof)

Lemma 13.5.

lemma zero-om [simp]: 0 = 0

{proof)

lemma s-id-om [simpl: 1,% = U
{proof)

lemma p-id-om [simpl]: 1,¥ = 1,

{proof)

lemma nc-om [simp]: nc¥ = U
(proof)

lemma U-om [simp]: U¥ = U
{proof)
Lemma 13.6.

lemma tau-omi: 7z < 7 (2v)

{proof)

lemma tau-om2 [simp]: T ¥ =T x
{proof)

lemma tau-om3: (7 z)¥ < 7 (2¥)
(proof)

Lemma 13.7.

lemma om-nu-tau: (v z)¥ + (v z)* - 72 < z¥
(proof)

end

2.11 C-Nabla Algebras
Nabla-algebras provide yet another way of formalising non-terminating be-
haviour in Section 13.

class c-nabla-algebra = c-omega-algebra +
fixes nabla :: 'a = 'a (V)
assumes nabla-unfold: V. z < d (z - V z)
and nabla-coinduct: dy < d (z-y) = dy <V z

begin
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lemma nabla-unfold-eq [simp]: V z = d (x - V z)
(proof)

lemma nabla-le-s: V ¢ < 1,
(proof)

lemma nabla-nu [simp]: v (V z) =V z
{proof)

Proposition 13.9.

lemma nabla-omega-U:

assumes Az yz. 2z -(dy-2)=(z-dy) -z
shows (v )Y =V (vz)- U

(proof )

Corollary 13.10.

lemma nabla-omega-U-cor:

assumes Azyz. z-(dy-2)=(z-dy) -z

shows V (v o) - U+ (va)* -7z < a¥
(proof)

Lemma 13.11.

lemma nu-om-nu:
assumes Azyz. z-(dy-2)=(x-dy) -z
shows v ((v 2)¥) =V (v z) - nc

(proof)

lemma tau-om-nu:

assumes Azyz. z-(dy-2)=(x-dy) -z
shows 7 (v 2)¥) =V (v z) - 1,

(proof )

Proposition 13.12.

lemma wf-eq-defl: Vy. dy<d(z-y) —dy=0)+— Vy.y<z-y—y
= 0)
(proof)

lemma defl-eq-om-trivial: 2 = 0 +— Vy. y <z -y — y = 0)
(proof )

lemma wf-eg-om-trivial: 2 = 0 «— NVy. dy < d(z-y) — dy=0)
(proof )

end

2.12 Proto-Quantales

Finally we define the class of proto-quantales and prove some of the remain-
ing facts from the article. Full c-quantales, as defined there, are not needed
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for these proofs.

class proto-quantale = complete-lattice + proto-monoid +
assumes Sup-mult-distr: Sup X -y = Sup {z - y | z. x € X}
andiso. 2 <y=—=z -z<z-y

begin

sublocale pd?: proto-dioid 1, (-) sup (<) (<) Sup {}
(proof)

definition star-rd :: 'a = 'a where
star-rd x = Sup {power-rd z i |i. i € N}

definition star-sq :: 'a = ’a where
star-sq x = Sup {power-sq x i |i. i € N}

Now we prove Lemma, 12.6.

lemma star-rd-le-sq: star-rd x < star-sq x
(proof)

lemma star-sq-le-rd: star-sq x < star-rd x

(proof)

lemma star-rd-sq: star-rd x = star-sq
(proof)

lemma star-sqg-power: star-sq x = Sup {pd.p-power (sup 1, x) i | i. i € N}
(proof )

The following lemma should be somewhere close to complete lattices.

end

lemma mono-auz: mono (\y. sup (z:: 'a :: proto-quantale) (z - y))
{proof)

lemma gfp-lfp-prop: sup (gfp (A(y :: 'a :: proto-quantale). = - y)) (Ifp (A\y. sup z (z
y) < afp (Ay. sup z (z - y))
(proof )

end

3 Multirelations

theory Multirelations
imports C-Algebras
begin
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3.1 Basic Definitions

We define a type synonym for multirelations.

type-synonym ‘a mrel = (‘a * ('a set)) set

no-notation s-prod (infixl <» 80)
no-notation s-id (¢1,))
no-notation c-prod (infixl ¢||> 80)
no-notation c-id (<1,>)

Now we start with formalising the multirelational model. First we define se-
quential composition and paraellel composition of multirelations, their units
and the universal multirelation as in Section 2 of the article.

definition s-prod :: 'a mrel = 'a mrel = 'a mrel (infixl <> 70) where
R-S={(a,4). (3B. (a,B) € RN (If. Ybe B. (b,fb)e S)y N A=U{fDb|b.
b€ B}))}

definition s-id :: ‘a mrel (<1,>) where

1o = Ua. {(a,{a})}

definition p-prod :: ‘a mrel = 'a mrel = 'a mrel (infixl ¢|» 70) where
R S={(a,4). 3BC.A=BUCA (a,B) € RA (a,C) € S)}

definition p-id :: 'a mrel (<1,)) where

1z =Ua {(a{})}

definition U :: ‘a mrel where
U={(a,A) |a A. a € UNIV N A C UNIV}

abbreviation NC = U — 1,
We write NC where 1, is written in [2].

Next we prove some basic set-theoretic properties.

lemma s-prod-im: R - S = {(a,A). (3B. (a,B) € RA (3f. (Vb e B. (bfb) €S)
A<A :fL>J(()\I- fz) *B)))}
Proo,

lemma s-prod-iff: (a,A) € (R - S) +— (IB. (a,B) € R A (3f. (Vb € B. (bfD)
€<5) Af;‘l = U((Az. fz) * B)))
proo

lemma s-id-iff: (a,4) € 1, +— A = {a}

(proof)
lemma p-prod-iff: (a,A) € R|| S +— (3IBC. A=BUC A (a,B) € RA (a,C)

€9
(proof )
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named-theorems mr-simp
declare s-prod-im [mr-simp| p-prod-def [mr-simp| s-id-def [mr-simp]| p-id-def [mr-simp]
U-def [mr-simp]

3.2 Multirelations and Proto-Dioids

We can now show that multirelations form proto-trioids. This is Proposition
5.1, and it subsumes Proposition 4.1,

interpretation mrel-proto-trioid: proto-trioid 1, (-) 1. (||) (U) (S) (<) {}
(proof)

3.3 Simple Properties

This covers all the identities in the display before Lemma 2.1 except the two
following ones.

lemma s-prod-assocl: (R-S ) - TCR-(S-1T)
{proof)

lemma seg-conc-subdistr: (R || S) - TC(R-T) | (S-T)
(proof)

Next we provide some counterexamples. These do not feature in [2].
lemma R - {} = {}

nitpick

{proof)

lemma R- (SUT)=R-SUR-T
{proof)

lemmaR-(S-T)C(R-S)-T
{proof)

lemma (R|R)-T=(R-T)||(R-T)
quickcheck
(proof)

Next we prove the distributivity and associativity laws for sequential subiden-
tities mentioned before Lemma 2.1

lemma subid-auz2:
assumes R C ! and (a,A) € R
shows A = {a}

{proof )

lemma s-prod-test-auzi:

assumes S C 1,

and (a,A) € R-S

shows ((a,4A) € RA (Va € A. (a,{a}) € 9))
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{proof)

lemma s-prod-test-aux?2:

assumes (a,4) € R

and Va € A. (a,{a}) € S

shows (a,A) € R - S
(proof)

lemma s-prod-test:

assumes P C 1,

shows (a,A) € R - P <— (a,A) € RA (Va € A. (a,{a}) € P)
(proof)

lemma test-s-prod-auzi:

assumes P C 1,

and (a,A) € P- R

shows (a,{a}) € P A (a,4) € R
(proof)

lemma test-s-prod-auz2:

assumes (a,4) € R

and (a,{a}) € P

shows (a,A) € P - R
(proof)

lemma test-s-prod:

assumes P C 1,

shows (a,A) € P - R <— (a,{a}) € P A (a,A) € R
(proof)

lemma test-assocl:

assumes P C 1,

shows (R-P)-S=R-(P-5)
(proof)

lemma test-assoc2:

assumes P C 1,

shows (P-R)-S=P-(R-5)
(proof)

lemma test-assoc3:

assumes P C 1,

shows (R-S)-P=R-(S:P)
(proof)

lemma s-distl-test:

assumes R C 1,

shows R- (SUT)=R-SUR-T
(proof )
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Next we verify Lemma 2.1.

lemma subid-par-idem:
assumes R C 1,
shows R| R=R

{proof)

lemma term-par-idem:
assumes R C 1,
shows R | R=R

(proof)

lemma U-par-idem: U || U = U
(proof)

lemma nc-par-idem: NC | NC = NC
{proof)

Next we prove the properties of Lemma 2.2 and 3.2. First we prepare to
show that multirelations form c-lattices.

We define the domain operation on multirelations and verify the explicit
definition from Section 3.

definition d :: 'a mrel = 'a mrel where

d R ={(a,{a}) |a. 3B. (a,B) € R}

named-theorems mrd-simp
declare mr-simp [mrd-simp| d-def [mrd-simp]

lemma d-def-expl: d R = (R - 1) || 1+
{proof)

interpretation mrel-pbdi-monoid: pbdl-monoid 1, (-) 1. (||) (V) (C) () {} U
(M)

{proof)

Here come the properties of Lemma 2.2.

lemma c1: (R-1,) || R=R
(proof)

lemma t-auz: T || TC T = (Va BC. (a,B) € TA (a,C) € T= (¢,BU C)
e7T)
(proof)

lemma cl4:

assumes T | T C T

shows (R-T)||(S-T)C(R| S) T
(proof)
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lemma cl3: R- (S| T)C(R-S)||(R-T)
(proof)

lemma cl5: (R-S) - (T-{}))=R-(S-(T-{}))
(proof)

We continue verifying other c-lattice axioms

lemma cl8var: dR-S=(R-1,)] S

(proof)

lemma cl9-var: d (RN 1,) = RN 1,
{proof)

lemma cl10-var: d (R — 1) =1, N ((R — 1) - NC)
{proof)

3.4 Multirelations and C-Lattices

Next we show that multirelations form c-lattices (Proposition 7.3) and prove
further facts in this setting.

interpretation mrel-c-lattice: c-lattice 1, (-) 1, (||) (U) (C) (C) {} U (n) NC
(proof)

The following facts from Lemma 2.2 remain to be shown.

lemma p-id-assocl: (1 - R)-S =1, -(R-5)
{proof)

lemma p-id-assoc2: (R - 1;)- T=R- (1, -T)
{proof)

lemma seq-conc-subdistri:

assumes P C 1,

shows P- (S| T)=(P-S) || (P-T)
(proof )

lemma test-s-prod-is-meet [simp]:
assumes R C 1,

and S C 1,
shows R-S=RNS
(proof )

lemma test-p-prod-is-meet:
assumes R C 1,

and S C 1,
shows R | S=RnNS
{proof)

lemma test-multipliciativer:
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assumes R C 1,

and S C 1,

shows (RNS) - T=(R-T)Nn(S-T)
(proof)

Next we verify the remaining fact from Lemma 2.2; in fact it follows from
the corresponding theorem of c-lattices.
lemma c6: R -1, C 1,

{proof)

Next we verify Lemma 3.1.

lemma p-id-st: R - 1, = {(a,{}) |a. 3 B. (a,B) € R}
(proof )

lemma p-id-zero: RN 1, = R - {}
(proof)

lemma p-id-zero-st: R N 1, = {(a,{}) |a. (a,{}) € R}
(proof )

lemma s-id-st: R N 1, = {(a,{a}) |a. (a,{a}) € R}
(proof)

lemma U-seg-st: (a,A) € R- U +— (A={}A(a{}) € R)V (IB.B#{} A
(a,B) € R)
{proof)

lemma U-par-st: (a,A) € R|| U +— (3B. BC A A (a,B) € R)
(proof)

Next we verify the relationships after Lemma 3.1.

lemma s-subid-iffl: RC 1, «— RN 1, =R
(proof)

lemma s-subid-iff2: RC 1, +— d R =R
(proof )

lemma p-subid-iff: RC 1, +— R -1, =R
(proof )

lemma vec-iff1:
assumes Va. (4. (a,4) € R) — (VA. (a,4) € R)
shows (R-1,)|| U=R

(proof)

lemma vec-iff2:

assumes (R - 1) || U =

shows (Va. (3A4. (a,4) €
{proof)

R
R) — (VA. (a,4) € R))

37



lemma vec-iff: (Va. (3A. (a,4) € R) — (VA. (a,A) € R))«— (R - 1,) || U=
R
(proof)

lemma ucl-iff: (Va A B. (a,A) e RNACB— (a,B)e R)+— R||U=R
(proof)

lemma nt-iff: RC NC +— RN NC =R
(proof)

Next we provide a counterexample for the final paragraph of Section 3.
lemma I, N R-U=R

nitpick

(proof )

Next we present a counterexample for vectors mentioned before Lemma 9.3.
lemmad (dR-U)-(dS-U)-U=(dR-U)-(dS-U)

nitpick

(proof)

Next we prove Tarski’ rule (Lemma 9.3).

lemma tarski-aux:

assumes R — 1, # {}

and (a,A) € NC

shows (a,4) € NC - (R — 1) - NC)
(proof)

lemma tarski:

assumes R — 1, # {}

shows NC - (R — 1) - NC) = NC
{proof)

Next we verify the assumptions of Proposition 9.8.
lemma d-assocl: dR-(S-T)=(dR-S)-T
(proof )

lemma d-meet-distr-var: (d RNdS)-T=dR-T)N(dS-T)
{proof)

Lemma 10.5.

lemma (RN 1,)-(SN1,) 1.=(RN1,) 1) -(SN1y)- 1)
nitpick
(proof )
lemmad (R-1;) (S -1z)=d(R-1;)-d(S-1,)
nitpick
(proof )
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lemma (RN 1,)-(SN1,) - U=({(RN1,) -U)-(SN1,)-0U)
nitpick
{proof)

lemma d (R - 1) | U) - ((S- 1) [| U)) =d ((R- 1) [| U)-d ((S- 1) [l U)
nitpick
(proof)

lemma ((R - 1) - (S 1) | U= ((R- 1) || U)- ((S- 1) || U)
nitpick
(proof)

lemma ((R — 1) N 1) - (S — 15) N 1)) - 15 = (R — 1) N 1) - 1,) -
(((S - 17r) n 10) : Zw)

nitpick

(proof)

leznl;na d (((R - 17r) : -Zﬂ') : ((S - 17r) : 171')) =d ((R - -Zﬂ') ! ‘Zﬂ‘) -d ((S - -Z'n')
nTirtpick
(proof)

lemma (R— 1,)N1,)-((S—1,)N1,)) -NC=((R-1)N1,) - NC)-
(((S - 17r) n 10) : NC)
(proof)

lemma d (R — 1) - 1x) || NC) - (S = 1z) - 1) || NC)) = d (R — Ix) -
12) | 1}’>C) ~d (8 = 1x) - 1x) | NO)
proo,

lemma ((R — 1) - 1) - ((8 = 1x) - 12)) | NC = ((R — 1x) - 1) || NC) -
((§ = 1z) - 1) || NO)

nitpick

(proof)

lemma (((R — 1) - 1) || NC) - (S = 17) - 1) || NC)) - 1z = (R — 1)
1x) | NCO) - 1x) - (S = 1x) - 17) | NC) - 17)

nitpick

(proof)

3.5 Terminal and Nonterminal Elements

Lemma 11.4
lemma (B -S5) - {} =(R-{})-(5-{})

nitpick
(proof )

lemma (R-S)— 1, =(R—1,) (S — 1,)
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{proof)

lemma (R||S)—1,=(R— 1) | (S — 1)
nitpick
{proof)

Lemma 11.8.

lemma (R- 1) -(S—1;) —1,=(R-1;)- (S — 1,)
nitpick
(proof)

lemma ((S — 1) - (R-1z)—1,=(5S— 1) - (R- 1)
nitpick
(proof)

lemma (R - 1) || (S = 1z)) - 1z = (R - 1) || (S — 1z)
nitpick

(proof )
Lemma 11.10.
lemmaR-{}CS - {} = (R-T)-{}CS-T)-{}
nitpick

(proof)
lemmaR—-1,CS -1, = R|T)-1,C(S|T) - 1,
nitpick

(proof)
lemmaR—-1,CS—-—1,= (T -R)—1,C(T-8)— 1,
(proof )

Corollary 11.12

lemmaR-{}=8 - {}=(R-T)-{}=(5-T)-{}
nitpick
(proof)

lemmaR—1,=8S—1,= (R||T)—1,=(S || T)— I
nitpick
(proof)
lemmaR—-1,=8—-1,= (T -R)—1,=(T-8)— 1,
{proof)

3.6 Multirelations, Proto-Quantales and Iteration

interpretation mrel-proto-quantale: proto-quantale 1, (-) Inter Union (N) (C)

@ O{v

{proof)
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We reprove Corollary 13.2. because Isabelle does not pick it up from the
quantale level.

lemma iso-prop: mono (AX. S U R - X)
(proof)

lemma gfp-ifp-prop: gfp (AX. R-X)Ulfp AX. SUR-X)Cygfp (A X. SUR -
X)
(proof )

3.7 Further Counterexamples

Lemma 14,1. and 14.2

lemma R||RCR
nitpick
(proof)

lemma RCR| S
nitpick

(proof)

lemma R|SNR|TCR|(SNT)
nitpick
(proof)

lemma R - (S| T)=(R-S)|(R-T)
nitpick
{proof)

lemmaR-(S-T)C(R-S)-T
{proof)

lemma [R| R=R; S| S=85T|T=T]=R-S|T)=(R-9) | (R-
T)

nitpick

(proof)

lemma [R # {}; S #{};Va. (a,{}) ¢ RUS]= R-SCR| S
quickcheck
(proof)

lemma [R # {}; S#{};Va. (a.{}) ¢ RUS]= R||SCR-S
quickcheck
(proof)

lemma [R # {}; S #{} T #{}Va (a{}) ¢ RUSUT] = (R 5) - T C
R (S-T)

quickcheck

(proof)
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lemma [R # {}; S # {}; T # {}i Va. (a,{}) ¢ RUSU T] — R | (S - T) C
(RS- T

quickcheck

(proof)

lemma [R # {}; S £ {}; T # {}i Va. (a,{}) ¢ RUSU T] — R - (S || T) C
(R-S)| T

quickcheck

(proof)

lemma [R # {}: S # {}; T # {}: Va. (af}) ¢ RUSU T] = (R- 8) | T C
R- (S| T)

quickcheck

(proof)

|1|e?;mas)[[3 #{S#{EVa (a{}) ¢ RUS] = (R S) - (R S) C(R-R)
quickcheck
(proof )

EIT‘HE; [R#{:S#{Va (a{}) ¢RUS] = (R-R) [ (§-S5)C(R]S9)-
quickcheck
(proof )

3.8 Relationship with Up-Closed Multirelations

We now define Parikh’s sequential composition.

definition s-prod-pa :: 'a mrel = 'a mrel = 'a mrel (infixl «®) 70) where
R® S = {(a,4). 3B. (a,B) € R A (Vb € B. (bA) € )}

We show that Parikh’s definition doesn’t preserve up-closure.

lemma up-closed-prop: (R || U) - (S| U)) || U=(R| U)-(S| U)
(proof)

Lemma 15.1.

lemma onelem: (R-S)|| UC R® (S| U)
(proof)

lemma twolem: R (S || U) C(R-S5)|| U
(proof)

lemma pe-pa-sim: (R-S) || U=R® (S| U)
(proof )

lemma pe-pa-sim-var: (R || U) - (S| U) || U=(R||U)® (S| U)
(proof)
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|1|erél)n)r1a pa-assocl: (R || U) @ (S || U)) @ (T [ U) C(R| V) ((S]U)e (T
(proof )

The converse direction of associativity remains to be proved.

Corollary 15.3.

lemma up-closed-par-is-meet: (R || U) || (S| U)=(R || U)n (S| U)
{proof)

end
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