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Abstract

We present a lightweight framework for the automatic verified (func-
tional or imperative) memoization of recursive functions. Our tool can
turn a pure Isabelle/HOL function definition into a monadified version
in a state monad or the Imperative HOL heap monad, and prove a
correspondence theorem. We provide a variety of memory implemen-
tations for the two types of monads. A number of simple techniques
allow us to achieve bottom-up computation and space-efficient memo-
ization. The framework’s utility is demonstrated on a number of rep-
resentative dynamic programming problems. A detailed description of
our work can be found in the accompanying paper [2].
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0.1 State Monad

theory State_Monad _FEuxt
imports HOL— Library.State_ Monad
begin

definition fun_app lifted :: ("M,'a = ("M, 'b) state) state = ("M ,’a) state
= ('M,’d) state where
fun__app_lifted fr xp = do { f + fr; o < xp; fz }

bundle state _monad__syntar begin

notation fun__app_ lifted (infixl <.» 999)

type__synonym (‘a,’M,'b) fun_lifted = 'a = ('M,’d) state («_ == =—
) [3,1000,2] 2)

type__synonym (’a,’d) dpfun = 'a ==('a—'b)= 'b (infixr <=p» 2)
type_ notation state (<[_| _]»)

notation State_Monad.return (<{_)»)
notation (ASCII) State Monad.return (<(#_#)>)
notation Transfer.Rel (<Rel»)

end
context includes state_monad_syntax begin

qualified lemma return__app_return:

() (o) =f=z
unfolding fun__app_lifted_def bind_left identity ..

qualified lemma return__app return_meta:

(f) (w) =[x

unfolding return__app_return .

qualified definition if7 :: ('M, bool) state = (M, 'a) state = ("M, 'a)
state = ("M, 'a) state where

ifT by xp yr = do {b < br; if b then z else yr}
end

end



1 Monadification

1.1 Monads

theory Pure Monad
imports Main
begin

definition Wrap :: 'a = 'a where
Wrap x = x

definition App :: (‘a = 'b) = 'a = 'b where
App f = f

lemma Wrap_ App  Wrap:

App (Wrap f) (Wrap z) = fx
unfolding App_def Wrap_def .

end

1.2 Parametricity of the State Monad

theory DP_CRelVS
imports ./State_Monad__Ext ../ Pure_Monad
begin

definition lift_p :: (s = bool) = ('s, 'a) state = bool where
lift p Pf=
(V heap. P heap — (case State_Monad.run__state f heap of (_, heap)
= P heap))

context

fixes P f heap

assumes lift: lift_ p P f and P: P heap
begin

lemma run_ state_cases:
case State__Monad.run__state f heap of (__, heap) = P heap
using [ift P unfolding lift p def by auto

lemma lift p_ P:
P heap’ if State_ Monad.run__state f heap = (v, heap”)
using that run__state_cases by auto



end

locale state_mem__defs =
fixes lookup :: 'param = ('mem, 'result option) state
and update :: 'param = 'result = (‘mem, unit) state

begin
definition checkmem :: 'param = ('mem, 'result) state = (‘mem, 'result)

state where
checkmem param calc = do {

T < lookup param;

case © of
Some r = State_ Monad.return x

| None = do {
T <+ calc;
update param x;
State_Monad.return x

}
}

abbreviation checkmem__eq :
(‘param = ('mem, 'result) state) = 'param = ('mem, 'result) state =

bool
(«.$ __ =CHECKMEM= _) [1000,51] 51) where
(dpr$ param =CHECKMEM= calc) = (dpr param = checkmem param
cale)
term 0

definition map_of where
map__of heap k = fst (run__state (lookup k) heap)

definition checkmem’ :: ‘param = (unit = (‘mem, 'result) state) = (‘mem,

'result) state where

checkmem” param calec = do {
T < lookup param;
case  of
Some v = State_Monad.return x
| None = do {
z « cale ();

update param x;
State Monad.return x
}
}



lemma checkmem_ checkmem'
checkmem' param (A_. calc) = checkmem param calc
unfolding checkmem’ def checkmem__def ..

lemma checkmem__eq alt:
checkmem,__eq dp param calec = (dp param = checkmem' param (A _. calc))
unfolding checkmem__checkmem’ ..

end

locale mem__correct = state_mem__defs +
fixes P
assumes lookup__inv: lift_p P (lookup k) and update inv: lift_p P (update
k v)
assumes
lookup _correct: P m => map__of (snd (State_Monad.run__state (lookup
k) m) Con (map_of m)
and
update__correct: P m = map__of (snd (State__Monad.run__state (update
kwv) m)) Cp (map_of m)(k — v)

locale dp_ consistency =
mem,__correct lookup update P
for lookup :: 'param = ('mem, 'result option) state and update and P +
fixes dp :: 'param = 'result

begin

context
includes lifting syntax and state_monad__syntax
begin

definition cmem :: 'mem = bool where
cmem M = VY paramedom (map_of M). map_of M param = Some (dp
param)

definition crel_vs :: (‘a = 'b = bool) = 'a = (‘mem, 'b) state = bool
where

crel_vs Rvs=YM. cmem M N P M — (case State__Monad.run__state
s Mof (v/, M"Y = Rvv' A emem M' N P M’)

abbreviation relfun_lifted :: ('a = "¢ = bool) = ('b = 'd = bool) =
(la = ') = ('c ==_= 'd) = bool (infixr (===>7) 55) where



rel_fun_lifted R R' = R ===> crel_vs R’

term 0

definition consistentDP :: ('param == 'mem = 'result) = bool where
consistentDP = ((=) ===> crel_vs (=)) dp

term 0

private lemma cmem__intro:

assumes Aparam v M'. StateMonad.run_state (lookup param) M =
(Some v, M) = v = dp param

shows cmem M

unfolding cmem__def map_ of def

apply safe

subgoal for param y

by (cases State_ Monad.run__state (lookup param) M) (auto intro: assms)

done

lemma cmem__elim:

assumes cmem M State_Monad.run_ state (lookup param) M = (Some
v, M)

obtains dp param = v

using assms unfolding cmem__def dom__def map__of _def by auto (metis
fst__conv option.inject)
term 0

lemma crel _vs_intro:

assumes AM v’ M'. [emem M; P M; State_Monad.run__state vp M =
(v, M)] = Rvv' A ecmem M'" N P M’

shows crel_vs R v vr

using assms unfolding crel _vs def by blast
term 0

lemma crel _vs_elim:

assumes crel_vs R v vp ecmem M P M

obtains v’ M’ where State_ Monad.run__state vp M = (v, M") R v v’
cmem M’ P M’

using assms unfolding crel_vs def by blast
term 0

lemma consistentDP__intro:
assumes Aparam. Transfer.Rel (crel_vs (=)) (dp param) (dpr param)



shows consistentDP dpr
using assms unfolding consistentDP __def Rel def by blast

lemma crel _vs__return:
[ Transfer.Rel R x y] = Transfer.Rel (crel_vs R) (Wrap ) (State_ Monad.return
y)
unfolding State_Monad.return__def Wrap__def Rel_def by (fastforce in-
tro: crel_wvs__intro)
term 0

lemma crel _vs_return__ext:

[ Transfer.Rel R x y] = Transfer.Rel (crel_vs R) z (State_Monad.return
y)

by (fact crel_vs_return[unfolded Wrap__def])
term 0

private lemma cmem_ upd:

cmem M’ if emem M P M State Monad.run__state (update param (dp
param)) M = (v, M)

using update__correct]of M param dp param] that unfolding cmem__def
map__le_def by simp force

private lemma P_upd:

P M’ if P M State_Monad.run__state (update param (dp param)) M =
(v, M)

by (meson lift_p P that update_inv)

private lemma crel_vs_get:

IANM. cmem M = crel_vs R v (sf M)] = crel_vs R v (State__Monad.get
>= sf)

unfolding State Monad.get def State_Monad.bind__def by (fastforce in-
tro: crel_vs__intro elim: crel_vs__elim split: prod.split)
term 0

private lemma crel vs_ set:

[erel_vs R v sf; cmem M; P M] = crel_vs R v (State_Monad.set M
> sf)

unfolding State_Monad.set__def State__Monad.bind__def by (fastforce in-
tro: crel_wvs__intro elim: crel_vs__elim split: prod.split)
term 0

private lemma crel _vs bind__eq:
l[erel_vs (=) v s; crel_vs R (fv) (sfv)] = crel_vs R (fv) (s >= sf)



unfolding State Monad.bind__def rel_fun__def by (fastforce intro: crel_wvs__intro
elim: crel_vs__elim split: prod.split)
term 0

lemma bind__transfer[transfer__rule]:
(crel_vs R0 ===> (R0 ===>7p R1) ===> crel_vs R1) (A\v f. fv) (>=)
unfolding StateMonad.bind__def rel_fun__def by (fastforce intro: crel _vs__intro
elim: crel_vs__elim split: prod.split)

private lemma cmem__lookup:

cmem M"if emem M P M State Monad.run__state (lookup param) M =
(v, M)

using lookup__correct[of M param] that unfolding cmem__def map_le_def
by force

private lemma P_lookup:
P M'"if P M State_Monad.run__state (lookup param) M = (v, M)
by (meson lift_p P that lookup__inv)

lemma crel wvs lookup:

crel_vs (XA v v'. case v’ of None = True | Some v/ = v =v' N v =dp
param) (dp param) (lookup param)

by (auto elim: cmem__elim intro: cmem__lookup crel_vs_intro P__lookup
split: option.split)

lemma crel wvs wupdate:
crel_vs (=) () (update param (dp param))
by (auto intro: cmem__upd crel_vs__intro P_upd)

private lemma crel _vs checkmem:
lis_equality R; Transfer.Rel (crel_vs R) (dp param) s]
= Transfer.Rel (crel_vs R) (dp param) (checkmem param s)
unfolding checkmem__ def Rel def is_equality_def
by (rule bind__transfer[unfolded rel_fun__def, rule_format, OF crel_vs_lookup])
(auto 4 3 intro: crel_vs_lookup crel_vs_update crel_vs_return[unfolded
Rel__def Wrap__def] crel_vs__bind__eq
split: option.split_asm
)

lemma crel _vs_checkmem__tupled:
assumes v = dp param
shows [is_equality R; Transfer.Rel (crel_vs R) v §]
= Transfer.Rel (crel_vs R) v (checkmem param s)
unfolding assms by (fact crel_vs__checkmem)
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lemma return__transfer[transfer_rule:
(R ===>p R) Wrap State_Monad.return
unfolding rel fun_ def by (metis crel _vs_return Rel_def)

lemma fun__app_lifted_transfer[transfer _rule]:
(crel_vs (RO ===>7 R1) ===> crel_vs R0 ===> crel_vs R1) App (.)
unfolding App def fun__app_lifted_def by transfer prover

lemma crel_wvs _fun__app:

[ Transfer.Rel (crel_vs RO) = xp; Transfer.Rel (crel _vs (R0 ===>r R1))
f fr] = Transfer.Rel (crel_vs R1) (App fz) (fr . =)

unfolding Rel def using fun__app_ lifted_transfer| THEN rel_funD, THEN
rel_funD] .

lemma ifr__transfer[transfer_rule]:

(crel_vs (=) ===> crel _vs R ===> crel vs R ===> crel_vs R) If
State__Monad__Ext.if p

unfolding StateMonad_Ext.if 7 def by transfer prover
end

end
end

1.3 Miscellaneous Parametricity Theorems

theory State_ Heap Misc
imports Main
begin
context includes lifting syntar begin
lemma rel_fun_ comp:
assumes (Rl ===> S1) fg (R2 ===> S2) g h
shows (R1 OO R2 ===> 51 00 S2) fh
using assms by (auto introl: rel_funl dest!: rel _funD)

lemma el fun_ compl:
assumes (Rl ===> S1) fg (R2 ===> S2) g h R' = R1 00 R2
shows (R’ ===> S1 00 $2) fh

using assms rel__fun__comp by metis

lemma rel_fun_ comp2:

11



assumes (Rl ===> S1) fg (R2 ===> S2) g h S’ = 51 00 52
shows (R1 OO0 R2 ===> S') fh

using assms rel__fun__comp by metis

lemma rel_fun_ relcompp:

((R1 ===> S1) 00 (R2 ===> 52)) a b = ((R1 OO0 R2) ===> (51
00 82)) a b

unfolding OO _def rel_fun__def by blast

lemma rel_fun_compl”:

assumes (Rl ===> S1) fg (R2===> 52) gh A ab. R'a b = (Rl
OO R2) a b

shows (R’ ===> 51 00 S82) fh

by (auto intro: assms rel_fun_mono[OF rel_fun_ compl])

lemma rel_fun_comp2’:

assumes (Rl ===> S1) fg (R2 ===> S2) gh A\ a b. (51 00 S2) a b
— S'abd

shows (R1 OO0 R2 ===> S') fh

by (auto intro: assms rel_fun_mono[OF rel_fun_compl])

end
end

1.4 Heap Monad

theory Heap_ Monad_Ext
imports HOL—Imperative_ HOL.Imperative_ HOL
begin

definition fun_app lifted :: ('a = 'b Heap) Heap = 'a Heap = 'b Heap
where
fun__app_lifted fr xp = do { f « fr; x < zp; fo }

bundle heap_monad__syntar begin

notation fun__app_lifted (infixl <> 999)

type__synonym (’a, 'b) fun_lifted = 'a = 'b Heap («_ ==H=— _» [3,2]
2)

type__notation Heap (<[_]>)

notation Heap_ Monad.return (<(_)»)

notation (ASCII) Heap_ Monad.return (<(#_#)»)
notation Transfer.Rel (<Rel»)

12



end
context includes heap__monad__syntaxr begin

qualified lemma return__app return:

(f) Az)=f=
unfolding fun__app_lifted_def return__bind ..

qualified lemma return__app return__meta:

(f) (&) =f=

unfolding return__app_return .

qualified definition if7 :: bool Heap = 'a Heap = 'a Heap = 'a Heap
where

ifr by zp yr = do {b < bp; if b then zp else yr}
end

end

1.5 Relation Between the State and the Heap Monad

theory State Heap
imports
../state_monad/DP_CRelVS
HOL—Imperative_ HOL.Imperative HOL
State__Heap Misc
Heap_ Monad__Ext
begin

definition lift_p :: (heap = bool) = 'a Heap = bool where
lift_ pPf=
(V heap. P heap — (case execute f heap of None = False | Some (__,
heap) = P heap))

context

fixes P f heap

assumes lift: lift_ p P f and P: P heap
begin

lemma ezecute cases:

case execute f heap of None = False | Some (__, heap) = P heap
using lift P unfolding lift p def by auto

13



lemma ezecute cases”
case execute f heap of Some (__, heap) = P heap
using ezecute__cases by (auto split: option.split)

lemma lift_p_None[simp, dest]:
False if execute f heap = None
using that execute__cases by auto

lemma lift p P:
case the (execute f heap) of (__, heap) = P heap
using ezecute__cases by (auto split: option.split_asm)

lemma lift_p P
P heap’ if the (execute f heap) = (v, heap’)
using that lift_p P by auto

lemma [lift_p P’
P heap’ if execute f heap = Some (v, heap’)
using that lift_p P by auto

lemma lift _p_the Some[simp]:
execute f heap = Some (v, heap’) if the (execute f heap) = (v, heap’)
using that ezecute__cases by (auto split: option.split_asm)

lemma Iift p E:
obtains v heap’ where execute f heap = Some (v, heap’) P heap’
using ezecute__cases by (cases execute f heap) auto

end
definition state_of s = State (A heap. the (execute s heap))

locale heap__mem__defs =
fixes P :: heap = bool
and lookup :: 'k = v option Heap
and update :: 'k = v = unit Heap
begin

definition rel state :: ('a = 'b = bool) = (heap, 'a) state = 'b Heap =
bool where
rel_state R f g =
V heap. P heap —>
(case State_Monad.run__state f heap of (vl, heapl) = case execute g
heap of

14



Some (12, heap2) = R vl v2 A heapl = heap2 N\ P heap2 | None =
False)

definition lookup’ k = State (\ heap. the (execute (lookup k) heap))
definition update’ k v = State (X heap. the (execute (update k v) heap))
definition heap get = Heap Monad.Heap (X heap. Some (heap, heap))

definition checkmem :: 'k = v Heap = 'v Heap where
checkmem param calc =
Heap Monad.bind (lookup param) (X z.
case x of
Some © = return x
| None = Heap__Monad.bind calc (X .
Heap_ Monad.bind (update param ) (A _
return T

)
)
)

definition checkmem’ :: 'k = (unit = 'v Heap) = 'v Heap where
checkmem' param calc =
Heap_ Monad.bind (lookup param) (A .
case x of
Some © = return x
| None = Heap__Monad.bind (cale ()) (X z.
Heap_ Monad.bind (update param ) (A _
return

)
)
)

lemma checkmem checkmem'”
checkmem' param (A_. calc) = checkmem param calc
unfolding checkmem’ def checkmem__def ..

definition map_of heap where
map__of _heap heap k = fst (the (execute (lookup k) heap))

lemma rel state elim:
assumes rel_state R f g P heap

15



obtains heap’ v v’ where
State__Monad.run__state f heap = (v, heap’) execute g heap = Some (v/,
heap’) R v v" P heap’
apply atomize elim
using assms unfolding rel state def

apply auto

apply (cases State_Monad.run__state f heap)
apply auto

apply (auto split: option.split_asm)

done

lemma rel state intro:
assumes
N\ heap v heap’. P heap = State_ Monad.run__state f heap = (v, heap’)
= 3 v’ R v v’ A execute g heap = Some (v', heap’)
N\ heap v heap’. P heap = State_ Monad.run__state f heap = (v, heap’)
= P heap’
shows rel_state R f g
unfolding rel state def
apply auto
apply (frule assms(1)[rotated])
apply (auto intro: assms(2))
done

context
includes lifting syntax and state__monad_syntax
begin

lemma transfer__bind[transfer_rule]:

(rel_state R ===> (R ===> rel__state )) ===> rel_state Q) State_Monad.bind
Heap Monad.bind

unfolding rel fun_ def State_Monad.bind__def Heap_Monad.bind__def

by (force elim!: rel_state__elim introl: rel _state__intro)

lemma transfer _return[transfer _rule]:
(R ===> rel_state R) State_ Monad.return Heap_ Monad.return
unfolding rel_fun_ def State_ Monad.return__def Heap Monad.return__def
by (fastforce intro: rel__state__intro elim: rel_state__elim simp: execute__heap)

lemma fun_app_ lifted_ transfer:
(rel_state (R ===> rel_state Q) ===> rel_state R ===> rel_state
Q)
State__Monad__FExt.fun__app_ lifted Heap Monad__Ext.fun__app_lifted
unfolding State Monad__ Ext.fun__app_ lifted_def Heap Monad__Ext.fun__app lifted_ def
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by transfer_ _prover

lemma transfer_get[transfer _rule]:
rel__state (=) State__Monad.get heap__get
unfolding StateMonad.get_def heap__get_def by (auto intro: rel__state__intro)

end
end

locale heap inv = heap _mem_ defs _ lookup for lookup :: 'k = v option
Heap +

assumes lookup__inv: lift_p P (lookup k)

assumes update_inv: lift_p P (update k v)
begin

lemma rel_state_ lookup:

rel__state (=) (lookup’ k) (lookup k)

unfolding rel_state def lookup’ _def using lookup__inv[of k] by (auto
intro: lift_p_ P’)

lemma rel state_update:

rel_state (=) (update’ k v) (update k v)

unfolding rel_state def update’ _def using update_inv[of k v] by (auto
intro: lift_p_ P’

context
includes lifting syntax
begin

lemma transfer_lookup:
((=) ===> rel_state (=)) lookup’ lookup
unfolding rel fun_def by (auto intro: rel _state_lookup)

lemma transfer update:
(=) ===> (=) ===> rel_state (=)) update’ update
unfolding rel_fun_def by (auto intro: rel_state__update)

lemma transfer checkmem:
((=) ===> rel_state (=) ===> rel_state (=))
(state_mem,__defs.checkmem lookup’ update’) checkmem
supply [transfer_rule] = transfer_lookup transfer _update
unfolding state__mem__defs.checkmem,__def checkmem__def by transfer _prover

17



end
end

locale heap_ correct =
heap__inv +
assumes lookup__correct:
P m = map_of heap (snd (the (execute (lookup k) m)))
(map__of _heap m)
and update__correct:
P m = map_of heap (snd (the (execute (update k v) m))) Cp,
(map__of _heap m)(k — v)
begin

N
3

lemma lookup’ correct:
state_mem__defs.map__of lookup’ (snd (State_Monad.run__state (lookup’
k) m)) C,, (state_mem__defs.map__of lookup’ m) if P m
using <P m» unfolding state _mem__defs.map_of def map_le_def lookup’ def
by simp (metis (mono__tags, lifting) domlff lookup__correct map_le_ def
map__of _heap__def)

lemma update’ correct:
state_mem,__defs.map__of lookup’ (snd (State_Monad.run__state (update’
kv) m)) C,, (state_mem__defs.map__of lookup’ m)(k — v)
if Pm
unfolding state_mem__defs.map__of def map_le_def lookup’ _def update’ _def
using update__correct|of m k v] that by (auto split: if _split_asm simp:
map__le__def map_of heap__def)

lemma lookup’ inv:

DP__CRelVS.lift_p P (lookup’ k)

unfolding DP__CRelVS.lift_p_def lookup’ _def by (auto elim: lift_p P'[OF
lookup__inv))

lemma update’ inv:

DP_CRelVS.lift_p P (update’ k v)

unfolding DP_CRelVS.lift_p_def update’ _def by (auto elim: lift_p P'[OF
update__inv))

lemma mem__correct__heap: mem__correct lookup’ update’ P
by (intro mem__correct.intro lookup’ correct update’ correct lookup’ inv
update’ _inw)

end
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context heap mem_ defs
begin

context
includes lifting syntax
begin

lemma mem__correct _heap correct:
assumes correct: mem, _correct lookups updates P

and lookup: ((=) ===> rel_state (=)) lookups lookup
and update: ((=) ===> (=) ===> rel_state (=)) updates update
shows heap correct P update lookup
proof —

interpret mem: mem__correct lookups updates P
by (rule correct)
have [simp]: the (execute (lookup k) m) = run__state (lookups k) m if P
m for k m
using lookup| THEN rel_funD, OF HOL.refl, of k] <P m» by (auto elim:
rel__state__elim)
have [simp]: the (execute (update k v) m) = run__state (updates k v) m if
P mfor kvm
using update[ THEN rel_funD, THEN rel_funD, OF HOL.refl HOL.refl,
of k v] <P m»
by (auto elim: rel_state__elim)
have [simp]: map__of _heap m = mem.map__of m if P m for m
unfolding map of heap__def mem.map__of def using <P m» by simp
show ?thesis
apply standard
subgoal for &
using mem.lookup__inv|of k| lookup| THEN rel_funD, OF HOL.refl, of
k]
unfolding lift p def DP__CRelVS.lift _p_ def
by (auto split: option.splits elim: rel _state__elim)
subgoal for k v
using mem.update_inv|of k| update] THEN rel_funD, THEN rel_funD,
OF HOL.refl HOL.refl, of k v]
unfolding lift p def DP__CRelVS.lift_p_ def
by (auto split: option.splits elim: rel _state__elim)
subgoal premises prems for m k
proof —
have P (snd (run__state (lookups k) m))
by (meson DP_CRelVS.lift_p_ P mem.lookup__inv prems prod.exhaust__sel)
with mem.lookup__correctOF <P my, of k] <P m) show ?thesis
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by (simp add: prems)
qged
subgoal premises prems for m k v
proof —
have P (snd (run_state (updates k v) m))
by (meson DP_CRelVS.lift_p_ P mem.update__inv prems prod.ezhaust_ sel)
with mem.update_correct|OF <P my, of k] <P m» show ?thesis
by (simp add: prems)
ged
done
qged

end
end

end

1.6 Parametricity of the Heap Monad

theory DP_ CRelVH
imports State_ Heap
begin

locale dp_heap =
state__dp__consistency: dp__consistency lookup__st update__st P dp + heap__mem,__defs
Q lookup update
for P Q :: heap = bool and dp :: 'k = 'v and lookup :: 'k = "v option
Heap
and lookup__st update update st +
assumes
rel__state__lookup: rel_fun (=) (rel_state (=)) lookup__st lookup
and
rel__state__update: rel_fun (=) (rel_fun (=) (rel_state (=))) update__st
update
begin

context
includes lifting syntax and heap__monad__syntax
begin

definition crel_vs R v f =

Y heap. P heap N @ heap N state dp_ consistency.cmem heap —
(case execute f heap of
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None = False |
Some (v’ heap’) = P heap’ A Q heap’ N R vv' A state__dp__consistency.cmem
heap’

)

abbreviation rel_fun_lifted :: ('a = "¢ = bool) = (b = 'd = bool) =
(la = 'b) = ('ce ==H= 'd) = bool (infixr (===>7» 55) where
rel_fun_lifted R R' = R ===> crel_vs R’

definition consistentDP :: ('k = 'v Heap) = bool where
consistentDP = ((=) ===> crel_vs (=)) dp

lemma consistentDP_intro:
assumes Aparam. Transfer.Rel (crel_vs (=)) (dp param) (dpr param)
shows consistentDP dpr
using assms unfolding consistentDP _def Rel def by blast

lemma crel vs execute__None:

False if crel_vs R a b execute b heap = None P heap Q) heap state__dp consistency.cmem
heap

using that unfolding crel _vs def by auto

lemma crel vs execute Some:
assumes crel_vs R a b P heap Q heap state_dp_ consistency.cmem heap
obtains x heap’ where ezxecute b heap = Some (z, heap’) P heap’ Q heap’
using assms unfolding crel_vs_def by (cases execute b heap) auto

lemma crel vs executeD:
assumes crel_vs R a b P heap @ heap state_dp__consistency.cmem heap
obtains z heap’ where
execute b heap = Some (x, heap”) P heap’ Q heap’ state_dp__consistency.cmem
heap’ R a x
using assms unfolding crel_vs _def by (cases execute b heap) auto

lemma crel _vs_success:
assumes crel_vs R a b P heap Q heap state_dp_consistency.cmem heap
shows success b heap
using assms unfolding success def by (auto elim: crel_vs__executeD)

lemma crel_vsl: crel_vs R a b if (state_dp_ consistency.crel_vs R OO

rel_state (=)) a b
using that by (auto 4 3 elim: state__dp__consistency.crel_vs__elim rel__state__elim
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simp: crel_vs__def)

lemma transfer’ _return[transfer _rulel:

(R ===> crel_vs R) Wrap return
proof —
have (R ===> (state_dp_consistency.crel_vs R OO rel_state (=)))

Wrap return
by (rule rel_fun__compl state dp_consistency.return__transfer trans-
fer_return)+ auto
then show ?thesis
by (blast intro: rel_fun_mono crel_wvsl)
qed

lemma crel vs return:

Transfer.Rel (crel_vs R) (Wrap z) (return y) if Transfer.Rel R x y

using that unfolding Rel def by (rule transfer’ _return[unfolded rel_fun__def,
rule__format])

lemma crel vs return_ext:

[ Transfer.Rel R x y] = Transfer.Rel (crel_vs R) x (Heap_ Monad.return
v)

by (fact crel _wvs_return[unfolded Wrap__def])
term 0

lemma bind__transfer[transfer _rule]:

(crel_vs RO ===> (R0 ===> crel_vs R1) ===> crel_vs R1) (Av f. f
v) (=)

unfolding rel_fun_ def bind_def

by safe (subst crel_vs_def, auto 4 4 elim: crel_vs__execute__Some elim!:
crel_vs__executeD)

lemma crel wvs wupdate:
crel_vs (=) () (update param (dp param))
by (rule
crel_vsl relcomppl state__dp__consistency.crel_vs_update
rel__state__update[unfolded rel_fun__def, rule_format] HOL.refl
)+

lemma crel_vs_lookup:
crel _ws
(A v v’ case v’ of None = True | Some v' = v = v/ A v = dp param)
(dp param) (lookup param)
by (rule
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crel_wvsl relcomppl state__dp consistency.crel_vs__lookup
rel__state__lookup[unfolded rel_fun__def, rule_format] HOL.refl

)+

lemma crel_vs _eq eq onp:
crel_vs (eq_onp (A xz. z = v)) vsifcrel_vs (=) vs
using that unfolding crel _vs_def by (auto split: option.split simp: eq_onp__def)

lemma crel _vs bind_ eq:
[erel_vs (=) v s; crel_vs R (fv) (sf v)] = crel_vs R (fv) (s >= sf)
by (erule bind__transfer[unfolded rel_fun__def, rule_format, OF crel_vs_eq_eq onp))
(auto simp: eq _onp__def)

lemma crel vs checkmem:

Transfer.Rel (crel_vs R) (dp param) (checkmem param s) if is_equality
R Transfer.Rel (crel_vs R) (dp param) s

unfolding checkmem__def Rel _def that(1)[unfolded is__equality__def]

by (rule bind__transfer|[unfolded rel_fun__def, rule_format, OF crel _vs_lookup])

(auto 4 3 split: option.split__asm intro: crel _vs_bind__eq crel_vs update

crel_vs_return[unfolded Wrap__def Rel _def| that(2)[unfolded Rel _def that(1)[unfolded
is__equality__def]])

lemma crel_vs_checkmem__tupled:
assumes v = dp param
shows [is_equality R; Transfer.Rel (crel_vs R) v §]
= Transfer.Rel (crel_vs R) v (checkmem param s)
unfolding assms by (fact crel_vs__checkmem)

lemma transfer_fun__app_ lifted[transfer _rule]:
(crel_vs (RO ===> crel_vs R1) ===> crel_vs R0 ===> crel_vs R1)
App Heap_  Monad__ Ext.fun__app_ lifted
unfolding Heap Monad Ext.fun__app lifted_def App__def by transfer prover

lemma crel_vs_fun__app:
[ Transfer.Rel (crel_vs RO) = xp; Transfer.Rel (crel _vs (RO ===>rp R1))
f fr] = Transfer.Rel (crel_vs R1) (App fz) (fr . z1)
unfolding Rel_def using transfer__fun__app_lifted[ THEN rel_funD, THEN
rel_funD] .
end

end

locale dp_ consistency__heap = heap__correct +
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fixes dp :: 'a="b
begin

interpretation state _mem_ correct: mem__correct lookup’ update’ P
by (rule mem__correct__heap)

interpretation state dp consistency: dp_consistency lookup’ update’ P dp

lemma dp heap: dp_heap P P lookup lookup’ update update’
by (standard; rule transfer _lookup transfer _update)

sublocale dp heap P P dp lookup lookup’ update update’
by (rule dp__heap)

notation rel_fun_lifted (infixr <(===>1) 55)
end

locale heap correct_empty = heap__correct +

fixes empty

assumes empty_correct: map__of _heap empty C,, Map.empty and P__empty:
P empty

locale dp__consistency__heap__empty =
dp__consistency__heap + heap _correct__empty
begin

lemma cmem__empty:
state__dp__consistency.cmem empty
using empty correct
unfolding state_dp consistency.cmem,__def
unfolding map_ of heap__def
unfolding state dp_consistency.map__of def
unfolding lookup’ def
unfolding map_le_def
by auto

corollary memoization__correct:
dp © = v state__dp__consistency.cmem m if
consistentDP dpr Heap_ Monad.execute (dpp x) empty = Some (v, m)
using that unfolding consistentDP__def
by (auto dest!: rel _funD[where x = z] elim!: crel _vs_executeD intro:
P_empty cmem__empty)
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lemma memoized success:
success (dpr x) empty if consistentDP dpr
using that cmem__empty P__empty
by (auto dest!: rel_funD intro: crel_vs success simp: consistentDP __def)

lemma memoized:
dp x = fst (the (Heap_Monad.execute (dpr x) empty)) if consistentDP
dpr
using surjective_pairing memoization__correct(1)[OF that]
memoized__success|OF that, unfolded success _def]
by (cases execute (dpr =) empty; auto)

lemma cmem__result:
state__dp__consistency.cmem (snd (the (Heap__Monad.execute (dpp x) empty)))
if consistentDP dpp
using surjective_pairing memoization_correct(2)[OF that(1)]
memoized__success|OF that, unfolded success__def]
by (cases execute (dpr =) empty; auto)

end

end

2 Memoization

2.1 Memory Implementations for the State Monad

theory Memory
imports DP__CRelVS HOL— Library. Mapping
begin

lemma lift_pl[intro?):

lift_p P f if A\ heap z heap’. P heap = run__state f heap = (z, heap’)
= P heap’

unfolding lift _p def by (auto intro: that)

lemma mem__correct_default:
mem__correct
(A k. do {m < State_Monad.get; State Monad.return (m k)})
(A kv. do {m < State_Monad.get; State_Monad.set (m(k—v))})
(A _. True)
by standard
(auto simp: map__le__def state_mem__defs.map__of _def State_Monad.bind__def
State__Monad.get__def State__Monad.return__def State__Monad.set__def lift_p__def)
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lemma mem__correct_rbt__mapping:
mem__correct
(X k. do {m < State_Monad.get; State_Monad.return (Mapping.lookup
m k)})
(A k v. do {m < State_Monad.get; State_Monad.set (Mapping.update
kvm)})
(A _. True)
by standard
(auto simp:
map__le_def state_mem__defs.map__of def State_Monad.bind__def
State_Monad.get_def State_Monad.return__def State_ Monad.set__def lookup__update’
lift_p_def
)

locale mem__correct_empty = mem__correct +

fixes empty

assumes empty_correct: map__of empty C,, Map.empty and P__empty:
P empty

lemma (in mem__correct_empty) dom__empty[simp]:

dom (map__of empty) = {}
using empty correct by (auto dest: map_le_implies _dom, le)

lemma mem__correct__empty default:
mem__correct__empty
(A k. do {m < State_Monad.get; State_Monad.return (m k)})
(A kv. do {m < State_Monad.get; State_Monad.set (m(k—v))})
(A _. True)
Map.empty
by (intro mem__correct__empty.intro| OF mem,__correct__default] mem__correct _empty__axioms.intro,
(auto simp: state_mem__defs.map__of _def map_le_def State_Monad.bind__def
State__Monad.get__def State_Monad.return__def)

lemma mem__correct_rbt_empty_mapping:
mem,__correct__empty
(X k. do {m <« State_Monad.get; State_Monad.return (Mapping.lookup
m )})
(A k v. do {m <« State_Monad.get; State_ Monad.set (Mapping.update
kvm)})
(A _. True)
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Mapping.empty
by (mtm mem_correct_empty.intm[OF mem_correct_rbt_mappmg] mem,__correct__empty__axrioms
(auto simp: state_mem,__defs.map_ of def map__le_def State_Monad.bind__def
State_Monad.get_def State Monad.return__def lookup__empty)

locale dp_ consistency__empty =
dp__consistency + mem__correct__empty
begin

lemma cmem__empty:
cmem empty
using empty_correct unfolding cmem__ def by auto

corollary memoization__correct:

dp © = v emem m if consistentDP dpr State_Monad.run__state (dpr x)
empty = (v, m)

using that unfolding consistentDP__def

by (auto dest!: rel_funD|where x = z| elim!: crel_vs__elim intro: P__empty
cmem,__empty)

lemma memoized:
dp x = fst (State_ Monad.run_state (dpr x) empty) if consistentDP dpr
using surjective__pairing memoization__correct(1)[OF that] by blast

lemma cmem_result:
cmem (snd (State__Monad.run__state (dpr ) empty)) if consistentDP dpr
using surjective__pairing memoization__correct(2)[OF that] by blast

end

locale dp_ consistency_default =
fixes dp :: 'param = 'result
begin

sublocale dp_consistency__empty

A k. do {(m::'param — 'result) + State_Monad.get; State_Monad.return
(m k)}

A kv. do {m < State_ Monad.get; State_Monad.set (m(k—wv))}

A (_:'param — 'result). True

dp

Map.empty

by (intro

dp__consistency__empty.intro dp__consistency.intro mem__correct__default

mem,__correct__empty_default
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end

locale dp__consistency _mapping =
fixes dp :: 'param = 'result
begin

sublocale dp_consistency__empty
(A k. do {(m::("param,’result) mapping) < State_Monad.get; State_ Monad.return
(Mapping.lookup m k)})
(A k v. do {m < State_Monad.get; State_Monad.set (Mapping.update
kvm)})
(A _::("param,’result) mapping. True) dp Mapping.empty
by (intro
dp__consistency__empty.intro dp__consistency.intro mem__correct__rbt_mapping
mem,__correct_rbt_empty__mapping

)

end

2.1.1 Tracing Memory

context state__mem__ defs
begin

definition
lookup _trace k =
State (A (log, m). case State_Monad.run__state (lookup k) m of
(None, m) = (None, (("Missed”, k) # log, m)) |
(Some v, m) = (Some v, (("Found", k) # log, m))
)

definition
update_trace k v =
State (A (log, m). case State_Monad.run__state (update k v) m of
(., m) = (0), ("Stored”, k) # log, m))
)

end

context mem__correct
begin
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lemma map_ of simp:
state__mem,__defs.map__of lookup trace = map_ of o snd
unfolding state_mem,_ defs.map_of def lookup__trace def
by (rule ext) (auto split: prod.split option.split)

lemma mem__correct__tracing: mem__correct lookup__trace update__trace (P
0 snd)
by standard
(auto
introl: lift_pl
elim: lift_p_P[OF lookup__inv]
simp: lookup__trace _def update_trace def state_mem__defs.map__of def
map__of _simp
split: prod.splits option.splits;
metis snd__conv lookup correct update_correct lift _p P update inv
lookup__inv lift_p P
)+

end

context mem__correct _empty
begin

lemma mem__correct_tracing empty:
mem,__correct__empty lookup__trace update_trace (P o snd) ([], empty)
by (intm mem,__correct__empty.intro mem__correct__tracing mem_correct_empty_am’oms.intm)
(simp add: map__of simp empty_correct P_empty)+

end

locale dp__consistency__mapping_tracing =
fixes dp :: 'param = 'result
begin

interpretation mapping: dp_ consistency_mapping .

sublocale dp_consistency__empty
mapping.lookup__trace mapping.update_trace (A __. True) o snd dp ([],
Mapping.empty)
by (rule
dp__consistency__empty.intro dp__consistency.intro
mapping.mem__correct__tracing _empty mem__correct__empty.axioms(1)
)+
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end

end

2.2 Pair Memory

theory Pair_Memory
imports ../state_monad/Memory
begin

lemma map_add_mono:

(ml +4+ m2) C,, (ml" ++ m2') if m1 C,;, ml’ m2 C,, m2’ dom ml N
dom m2' = {}

using that unfolding map_le def map__add__def dom__def by (auto split:
option.splits)

lemma map_add__upd2:
fl@a—=y) ++ 9= (f ++ g9)(z = y) if dom f N dom g = {} = ¢ dom g
apply (subst map__add_comm)
defer
apply simp
apply (subst map__add__comm)
using that
by auto

locale pair_mem_ defs =
fixes lookupl lookup2 :: 'a = ('mem, "v option) state
and updatel update2 :: 'a = 'v = (‘'mem, unit) state
and movel2 :: k1 = (‘mem, unit) state
and get_kl get k2 :: (‘'mem, 'k1) state
and P :: 'mem = bool
fixes keyl :: 'k = 'kl and key2 :: 'k = 'a
begin

We assume that look-ups happen on the older row, so it is biased towards
the second entry.

definition
lookup__pair k = do {
let k' = keyl k;
k2 < get k2;
ik = k2
then lookup2 (key2 k)
else do {
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kl < get k1;

if k' =kl

then lookupl (key2 k)

else State_Monad.return None

We assume that updates happen on the newer row, so it is biased towards
the first entry.

definition
update_pair kv = do {
let k' = keyl k;
k1l < get kl;
if k' =kl
then updatel (key2 k) v
else do {
k2 < get k2;
if k' = k2
then update2 (key2 k) v
else (movel2 k' > updatel (key2 k) v)
}
}

sublocale pair: state_mem,__defs lookup__pair update_pair .
sublocale meml: state_mem__defs lookupl updatel .
sublocale mem?2: state_mem__defs lookup2 update2 .

definition
nv__pair heap =
let
kl = fst (State_Monad.run__state get_kl heap);
k2 = fst (State_Monad.run__state get_k2 heap)
in
(V k € dom (meml.map_of heap). 3 k' keyl k' = k1 A key2 k' = k) A
(V k € dom (mem2.map__of heap). 3 k'. keyl k' = k2 A key2 k' = k) A
k1l £ k2 A P heap

definition
map__ofl m k = (if keyl k = fst (State__Monad.run__state get_kl m) then
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meml.map__of m (key2 k) else None)

definition
map__of2 m k = (if keyl k = fst (State_Monad.run__state get_k2 m) then
mem2.map__of m (key2 k) else None)

end

locale pair_mem = pair_mem__defs +
assumes get_state:
State__Monad.run__state get_k1 m = (k, m') = m' = m
State_Monad.run__state get_k2 m = (k, m') = m’=m
assumes movel2_correct:
P m = State_Monad.run__state (movel2 k1) m = (z, m’) = meml.map__of
m' C,, Map.empty
P m = State_Monad.run__state (movel2 k1) m = (z, m’) = mem2.map__of
m’ C,, meml.map_of m
assumes movel2_ keys:
State_ Monad.run__state (movel2 k1) m = (z, m’) = fst (State_Monad.run__state
get_k1 m') = kl
State_ Monad.run__state (movel2 k1) m = (z, m') = fst (State_Monad.run__state
get_k2 m') = fst (State_Monad.run__state get_kl m)
assumes movel2 inv:
lift_p P (movel2 k1)
assumes lookup _inv:
lift_p P (lookupl k') lift_p P (lookup2 k')
assumes update inv:
lift_p P (updatel k' v) lift_p P (update2 k' v)
assumes lookup keys:
P m = State_Monad.run__state (lookupl k') m = (v, m’) =
fst (State__Monad.run__state get_k1 m') = fst (State_Monad.run__state
get_kl m)
P m = State_Monad.run__state (lookupl k') m = (v/, m') =
fst (State__Monad.run__state get k2 m’) = fst (State_Monad.run__state
get_k2 m)
P m = State_Monad.run__state (lookup2 k') m = (v, m") =
fst (State_Monad.run__state get_kl m') = fst (State_Monad.run__state
get_kl m)
P m = State_Monad.run__state (lookup2 k') m = (v, m") =
fst (State__Monad.run__state get_k2 m') = fst (State_Monad.run__state
get_k2 m)
assumes update_keys:
P m = State_Monad.run__state (updatel k' v) m = (z, m") =
fst (State_Monad.run__state get_kl m') = fst (State_Monad.run__state
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get_k1 m)
P m = State_Monad.run__state (updatel k' v) m = (z, m') =
fst (State__Monad.run__state get_k2 m') = fst (State_Monad.run__state
get_k2 m)
P m = State_Monad.run__state (update2 k' v) m = (z, m') =
fst (State__Monad.run__state get_kl m') = fst (State_Monad.run__state
get_kl m)
P m = State_Monad.run__state (update2 k' v) m = (z, m") =
fst (State__Monad.run__state get_k2 m') = fst (State_Monad.run__state
get_k2 m)
assumes
lookup__correct:
P m = meml.map_of (snd (State_Monad.run__state (lookupl k')
m)) Sy (meml.map_of m)
P m = mem2.map__of (snd (State_Monad.run__state (lookupl k')
m)) Sy, (mem2.map__of m)
P m = meml.map_of (snd (State_Monad.run__state (lookup2 k')
m)) T, (meml.map_of m)
P m = mem2.map_ of (snd (State_Monad.run__state (lookup2 k')
m)) Ty, (mem2.map__of m)
assumes
update__correct:
P m = meml.map_ of (snd (State_Monad.run__state (updatel k' v)
m)) Ty (meml.map_of m)(k' — v)
P m = mem2.map__of (snd (State_Monad.run__state (update2 k' v)
m)) Ty (mem2.map_of m)(k' — v)
P m = mem2.map__of (snd (State_Monad.run__state (updatel k' v)
m)) Cp, mem2.map__of m
P m = meml.map_of (snd (State_Monad.run__state (update2 k' v)
m)) S, meml.map_of m
begin

lemma map_ of le_pair:
pair.map__of m T, map_ofl m ++ map_of2 m
if inv_pair m
using that
unfolding pair.map_ of def map_ ofl__def map_of2__ def
unfolding lookup pair_def inv_pair_def map__of def map_le def dom__def
map__add__def
unfolding State Monad.bind__def
by (auto 4 4
stmp: mem2.map__of _def meml.map__of def Let_ def
dest: get__state split: prod.split__asm if _split _asm

)
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lemma pair_le _map_ of:

map__ofl m ++ map_of2 m C,, pair.map__of m

if inv_pair m

using that

unfolding pair.map_ of def map_ ofl__def map_of2_ def

unfolding lookup pair_def inv_pair_def map__of def map_le def dom__def
map__add__def

unfolding State Monad.bind__def

by (auto

simp: mem2.map__of _def meml.map_ of def State__Monad.run__state_return
Let__def
dest: get_state split: prod.splits if _split__asm option.split

)

lemma map_of eq pair:
map_ofl m +4+ map_of2 m = pair.map__of m
if inv_pair m
using that
unfolding pair.map_ of def map_ofl__def map_of2_ def
unfolding lookup pair__def inv_pair_def map__of def map_le def dom__def

map__add__def
unfolding State_ Monad.bind__def
by (auto 4 4
simp: mem2.map__of _def meml.map_ of def State_Monad.run__state return
Let__def

dest: get__state split: prod.splits option.split

)

lemma inv_pair_neq[simp]:

False if invy__pair m fst (State_Monad.run__state get_k1 m) = fst (State__Monad.run__state
get_k2 m)

using that unfolding inv_pair_def by auto

lemma inv_pair P_D:
P m if inv_pair m
using that unfolding inv_pair_def by (auto simp: Let_def)

lemma inv_pair_domD]intro:

dom (map_ofl m) N dom (map_of2 m) = {} if inv_pair m

using that unfolding inv_pair_def map_ofl__def map_of2__def by (auto
split: if _split_asm)

lemma movel2_ correctl:
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map__ofl heap’ C,, Map.empty if State_ Monad.run__state (movel2 k1)
heap = (x, heap’) P heap

using mowvel2__correct[OF that(2,1)] unfolding map_ ofl__def by (auto
simp: movel2__keys map_le def)

lemma mowvel2 correct2:

map__of2 heap’ C,, map__ofl heap if State_Monad.run__state (movel2 kl)
heap = (z, heap’) P heap

using movel2_correct(2)[OF that(2,1)] that unfolding map ofl def
map__of2__def

by (auto simp: movel2__keys map__le_def)

lemma dom__empty[simp]:

dom (map__ofl heap’) = {} if State_Monad.run__state (movel2 k1) heap
= (z, heap’) P heap

using movel2__correctl[OF that] by (auto dest: map__le__implies_dom__le)

lemma inv_pair_lookupl:

inv_pair m’ if State_ Monad.run__state (lookupl k) m = (v, m’) inv_ pair
m

using that lookup__inv|[of k] inv_pair_P_D[OF <inv_pair m)| unfolding
inv_pair_def

by (auto 4 4

simp: Let_def lookup_ keys
dest: lift_p_ P lookup__correct[of __ k, THEN map__le_implies _dom__le]

)

lemma inv_pair_lookup?2:

inv__pair m’ if State_Monad.run__state (lookup2 k) m = (v, m’) inv_pair
m

using that lookup__inv[of k] inv_pair_P_D[OF <inv_pair m)| unfolding
mu__pair__def

by (auto 4 4

stmp: Let__def lookup__keys
dest: lift_p_ P lookup__correctlof _ k, THEN map__le_implies _dom.__le]

)

lemma inv_pair_updatel:

inv__pair m’

if State_ Monad.run__state (updatel (key2 k) v) m = (v’, m') inv_pair m
fst (State__Monad.run__state get_kl m) = keyl k

using that update__inv[of key2 k v] inv_pair_P__D[OF <inv_pair m)] un-
folding inv_pair_def

apply (auto
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simp: Let_def update_keys
dest: lift_p P update__correct|of __ key2 kv, THEN map__le__implies__dom.__le]
)
apply (frule update__correct[of __ key2 kv, THEN map__le__implies_dom__le];
auto 13 2; fail)
apply (frule update__correct[of __ key2 kv, THEN map__le__implies__dom__le];
auto 13 2; fail)

done

lemma inv_pair_update?:
inv__pair m'
if State_ Monad.run__state (update2 (key2 k) v) m = (v’, m') inv_pair m
fst (State__Monad.run__state get_k2 m) = keyl k
using that update__inv]of key2 k v] inv_pair_P__D[OF <inv_pair m)] un-
folding inv_pair_def
apply (auto
simp: Let_def update_keys
dest: lift_p_ P update__correct[of __ key2 kv, THEN map_le_implies _dom __le]
)
apply (frule update__correct[of __ key2 kv, THEN map__le_implies_dom__le];
auto 13 2; fail)
apply (frule update__correct[of __ key2 kv, THEN map__le__implies__dom__le];
auto 13 2; fail)
done

lemma inv_pair_movel2:
inv__pair m’
if State_ Monad.run__state (movel2 k) m = (v’, m') inv_pair m fst (State_Monad.run__state
get_kl m) # k
using that movel2__inv|[of k] inv_pair_P_D[OF <inv_pair m)] unfolding
inv__pair__def
apply (auto
simp: Let_def movel2__keys
dest: lift_p_ P movel2__correct|of _ k, THEN map__le_implies_dom,__le]
)
apply (blast dest: movel2__correct[of __ k, THEN map__le__implies__dom,__le])
done

lemma mem__correct_ pair:

mem,__correct lookup__pair update__pair inv__pair

if injective: V k k. keyl k = keyl k' A key2 k = key2 k' — k = k'
proof (standard, goal_cases)

case (1 k) — Lookup invariant

show Zcase
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unfolding lookup_pair_def Let def
by (auto 4 4
introl: lift _pl
dest: get_ state inv__pair_lookupl inv_pair_lookup2
simp: State_Monad.bind__def State_Monad.run__state _return
split: if _split_asm prod.split_asm
)
next
case (2 k v) — Update invariant
show Zcase
unfolding update_pair _def Let def
apply (auto 4 4
introl: lift _pl intro: inv__pair_updatel inv_pair_update2
dest: get__state
simp: State_Monad.bind__def get_state State Monad.run__state_return
split: if _split_asm prod.split_asm
)+
apply (elim inv_pair_updatel inv_pair_movel2)
apply (((subst get_state, assumption)+)?, auto intro: movel2__keys
dest: get_state; fail)+
done
next
case (3 m k)
{
let ?m = snd (State_Monad.run__state (lookup2 (key2 k)) m)
have map_ofl ?m C,, map_ofl m
by (smt 3 domlIff inv_pair_P_D local.lookup_keys lookup__correct
map__le_def map_ ofl__def surjective_ pairing)
moreover have map_of2 ?m C,, map_of2 m
by (smt 3 domlIff inv_pair_P_D local.lookup_ keys lookup__correct
map__le__def map__of2__def surjective__pairing)
moreover have dom (map_ofl ?m) N dom (map_of2 m) = {}
using 3 <map__ofl ?m C,,, map_ofl m» inv_pair_domD map_le implies _dom__le
by fastforce
moreover have inv_pair ?m
using 3 inv_pair_lookup2 surjective__pairing by metis
ultimately have pair.map_of ?m C,, pair.map_of m
apply (subst map__of _eq pair[symmetric))
defer
apply (subst map__of _eq pair[symmetric])
by (auto intro: 3 map__add_mono)

}

moreover

{
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let ?m = snd (State_Monad.run__state (lookupl (key2 k)) m)
have map_ofl ?m C,, map_ofl m
by (smt 3 domlIff inv_pair_P_D local.lookup_keys lookup__correct
map__le__def map__ofl__def surjective__pairing)
moreover have map_ of2 ?m C,, map_of2 m
by (smt 3 domlff inv_pair_P_D local.lookup_keys lookup_ correct
map__le__def map__of2__def surjective__pairing)
moreover have dom (map_ofl ?m) N dom (map_of2 m) = {}
using 3 <map__ofl ?m C,,, map_ ofl m» inv_pair_domD map_le implies _dom__le
by fastforce
moreover have inv_pair ?m
using 3 inv_pair_lookupl surjective_pairing by metis
ultimately have pair.map_of ?m C,, pair.map_of m
apply (subst map__of eq pair[symmetric))
defer
apply (subst map__of _eq pair[symmetric])
by (auto intro: 3 map__add_mono)
}
ultimately show ?case
by (auto
split:if _split prod.split
simp: Let__def lookup__pair _def State_ Monad.bind__def State_Monad.run__state_return
dest: get_state intro: map_le_ refl
)
next
case prems: (4 m k v)
let ?ml = snd (State_Monad.run__state (updatel (key2 k) v) m)
let #m2 = snd (State_Monad.run__state (update2 (key2 k) v) m)
from prems have disjoint: dom (map_ ofl m) N dom (map_of2 m) = {}
by (simp add: inv_pair_domD)
show Zcase
apply (auto
intro: map_le refl dest: get_state
split: prod.split
simp: Let__def update pair_def State_Monad.bind__def StateMonad.run__state_return
)
proof goal cases
case (1 m)
then have m’ = m
by (rule get__state)
from 1 prems have map_ofl ?ml C,, (map_ofl m)(k — v)
by (smt inv_pair_P_D map_le_def map_ofl__def surjective_pairing
domlIff
fst_conv fun__upd__apply injective update__correct update keys
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)

moreover from prems have map_of2 ?ml C,, map_of2 m
by (smt domlff inv_pair_P__D update__correct update _keys map_le_def
map__of2__def surjective _pairing)
moreover from prems have dom (map__ofl ?ml) N dom (map_of2 m)
={}
by (smt inv_pair_P_D[OF <inv_pair m)] domlff Int_emptyl eq _snd__iff
MU__pair_neq
map__ofl__def map__of2__def update_keys(1)
)
moreover from 1 prems have k ¢ dom (map_of2 m)
using inv_pair_neq map__of2__def by fastforce
moreover from 1 prems have inv_pair ?ml
using inv_pair_updatel fst_conv surjective_pairing by metis
ultimately show pair.map__of (snd (State_Monad.run__state (updatel
(key2 k) v) m')) Cp, (pair.map__of m)(k — v)
unfolding «m’ = m) using disjoint
apply (subst map__of _eq pair[symmetric))
defer
apply (subst map_of _eq _pair[symmetric], rule prems)
apply (subst map__add__upd2[symmetric])
by (auto intro: map__add_mono)

next
case (2 k1 m’' m")
then have m’'= m m”" = m

by (auto dest: get_state)
from 2 prems have map_of2 ?m2 C,, (map_of2 m)(k — v)
unfolding «m’' = m) «m" = m»
by (smt inv_pair_P_D map_le_def map_of2__def surjective_pairing
domlIff
fst_conv fun__upd__apply injective update__correct update_keys
)
moreover from prems have map_ofl ?m2 C,, map_ofl m
by (smt domlIff inv_pair_P__D update__correct update _keys map__le_def
map__ofl__def surjective _pairing)
moreover from 2 have dom (map_ofl ?m2) N dom ((map_of2 m)(k
—v)) ={}
unfolding «<m' = m»
by (smt domIff <map_ofl m2 C,, map__ofl m» disjoint_iff not_equal
fst_conv fun__upd__apply
map_le_def map_ofl__def map__of2__def
)
moreover from 2 prems have inv_pair ?m2
unfolding «m’' = m»

39



using inv_pair_update2 fst_conv surjective_pairing by metis
ultimately show pair.map__of (snd (State_Monad.run__state (update2
(key2 k) v) m")) C,, (pair.-map__of m)(k — v)

unfolding «m’ = m» «m" = m>
apply (subst map__of _eq pair[symmetric))
defer

apply (subst map__of eq pair[symmetric|, rule prems)
apply (subst map__add__upd[symmetric])
by (rule map__add_mono)
next
case (3 k1 ml k2 m2 m3)
then have ml = m m2 = m
by (auto dest: get_state)
let ?m3 = snd (State_ Monad.run__state (updatel (key2 k) v) m3)
from 3 prems have map_ofl ?m3 C,, (map_of2 m)(k — v)
unfolding «<m2 = m»
by (smt inv_pair_P_D map_le_def map__ofl__def surjective__pairing
domlIff
fst_conv fun__upd_apply injective
nu__pair_movel2 movel2_ correct movel2__keys update_correct
update__keys
)
moreover have map_of2 ?m3 C,, map_ofl m
proof —
from prems 3 have P m P m3
unfolding «<ml = m) (m2 = m»
using inv_pair_P_D[OF prems|] by (auto elim: lift p P[OF
movel2__inv])
from 3(3)[unfolded <m2 = m>| have mem2.map__of ?m3 C,,, meml.map__of
m
by — (erule map_le_trans|OF update__correct(3)[OF <P m3)] movel2__ correct(2)[OF
(P m>]])
with 3 prems show ?thesis
unfolding <ml = m) «<m2 = m> map_le def map_of2__def
apply auto
apply (frule movel2__keys(2), simp)
by (metis
doml inv__pair_def map__ofl__def surjective__pairing
inv_pair_movel2 movel2__keys(2) update _keys(2)
)
qed
moreover from prems 3 have dom (map_ofl ?m3) N dom (map_ of1
m) = {}

unfolding <ml = m» «<m2 = m»
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by (smt inv_pair_P_D disjoint_iff _not__equal map__ofl__def surjec-
tive__pairing domlff
fst_conv inv_pair_movel2 movel2__keys update__keys
)
moreover from 3 have £ ¢ dom (map_ofl m)
by (simp add: domIff map__ofl__def)
moreover from 3 prems have inv_pair ?m3
unfolding «(m2 = m»
by (metis inv__pair_movel2 inv__pair_updatel movel2__keys(1) fst__conv
surjective__pairing)
ultimately show ?case
unfolding «(ml = m> (m2 = m» using disjoint
apply (subst map__of _eq_pair[symmetric])
defer
apply (subst map__of _eq_pair[symmetric])
apply (rule prems)
apply (subst (2) map__add__comm)
defer
apply (subst map__add__upd2[symmetric|)
apply (auto intro: map__add_mono)
done
qed
qed

lemma emptyl:

assumes ny_pair m meml.map_of m C,, Map.empty mem2.map__of m
Cm Map.empty

shows pair.map__of m C,, Map.empty

using assms by (auto simp: map__ofl__def map_of2__def map_le_def
map__of _eq__pair[symmetric])

end

datatype ('k, 'v) pair_storage = Pair_Storage 'k 'k v 'v

context mem__correct__empty
begin

context
fixes key :: 'a = 'k
begin

We assume that look-ups happen on the older row, so it is biased towards
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the second entry.

definition
lookup__pair k =
State (A mem.
(
case mem of Pair_Storage k1 k2 ml m2 = let k' = key k in
if k' = k2 then case State_Monad.run__state (lookup k) m2 of (v, m)
= (v, Pair_Storage k1 k2 ml m)
else if k' = kl then case State_Monad.run__state (lookup k) ml of
(v, m) = (v, Pair_Storage k1 k2 m m2)
else (None, mem,)
)

)

We assume that updates happen on the newer row, so it is biased towards
the first entry.

definition
update__pair k v =
State (A mem.
(
case mem of Pair_Storage k1 k2 m1 m2 = let k' = key k in
if k' = k1 then case State_Monad.run__state (update k v) ml of (_,
m) = ((), Pair_Storage k1 k2 m m2)
else if k' = k2 then case State_Monad.run__state (update k v) m2 of
(_, m) = ((),Pair_Storage k1 k2 ml m)
else case State_Monad.run__state (update k v) empty of (_, m) =
((), Pair_Storage k' k1 m ml)

)
)

interpretation pair: state__mem__defs lookup_ pair update pair .

definition
inv_pair p = (case p of Pair_Storage k1 k2 m1 m2 =
key ¢ dom (map_of ml) C {k1} A key ‘ dom (map_of m2) C {k2} A k1
# k2N P ml AN Pm2

)

lemma map_ of le_pair:
pair.map__of (Pair_Storage k1 k2 ml m2) C,, (map_of ml ++ map_ of
m2)
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if inv_pair (Pair_Storage k1 k2 ml m2)

using that

unfolding pair.map_ of _def

unfolding lookup_ pair_definv_pair_def map_of def map_le def dom__def
map__add__def

apply auto

apply (auto 4 6 split: prod.split_asm if _split_asm option.split simp:
Let__def)

done

lemma pair_le _map_ of:

map__of ml ++ map_of m2 C,, pair.map__of (Pair_Storage k1 k2 ml
m2)

if inv_pair (Pair_Storage k1 k2 ml m2)

using that

unfolding pair.map_ of def

unfolding lookup_ pair_definv_pair_def map_of def map_le def dom__def
map__add__def

by (auto 4 5 split: prod.split_asm if _split_asm option.split simp: Let_def)

lemma map_of eq pair:

map__of ml ++ map__of m2 = pair.map__of (Pair_Storage k1 k2 ml m2)

if inv_pair (Pair_Storage k1 k2 ml m2)

using that

unfolding pair.map__of _def

unfolding lookup_ pair_definv_pair_def map_of def map_le def dom__def
map__add__def

by (auto 4 7 split: prod.split_asm if _split_asm option.split simp: Let__def)

lemma inv_pair_neq[simp, dest]:
False if inv_pair (Pair_Storage k k x y)
using that unfolding inv_pair_def by auto

lemma inv_pair_P_D1:
P ml if inv_pair (Pair_Storage k1 k2 ml m2)
using that unfolding inv_pair_def by auto

lemma inv_pair P D2:
P m2 if inv_pair (Pair_Storage k1 k2 m1 m2)
using that unfolding inv_pair_def by auto

lemma inv_pair_domD]intro:

dom (map__of ml) N dom (map_of m2) = {} if inv_pair (Pair_Storage
k1 k2 ml m2)
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using that unfolding inv_pair_def by fastforce

lemma mem__correct_ pair:
mem,__correct lookup__pair update__pair inv__pair
proof (standard, goal_cases)
case (1 k) — Lookup invariant
with lookup__inv[of k| show ?case
unfolding lookup_pair_def Let_def
by (auto intro!: lift_pl split: pair_storage.split_asm if _split_asm prod.split_asm)
(auto dest: lift_p_P simp: inv_pair_def,
(force dest!: lookup__correct[of __ k| map_le_implies _dom__le)+
)
next
case (2 k v) — Update invariant
with update_inv[of k v] update_correct|OF P_empty, of k v] P_empty
show ?case
unfolding update_pair_def Let def
by (auto intro!: lift_pl split: pair_storage.split_asm if _split_asm prod.split_asm)
(auto dest: lift_p_ P simp: inv_pair_def,
(force dest: lift_p__ P dest!: update__correct[of __ k v] map__le_implies_dom__le)+
)
next
case (3 m k)
{
fix ml vl ml’ m2 v2 m2’ k1 k2
assume assms:
State__Monad.run__state (lookup k) ml = (vl, ml’) State_Monad.run__state
(lookup k) m2 = (v2, m2’)
inv_pair (Pair_Storage k1 k2 ml m2)
from assms have P ml P m2
by (auto intro: inv_pair_P__D1 inv_pair_P_D2)
have [intro]: map__of m1’ C,, map__of ml map_of m2" C,,, map__of m2
using lookup__correct|OF <P mly, of k] lookup__correct|OF <P m2», of
k] assms by auto
from inv_pair_domD[OF assms(3)] have 1: dom (map__of m1’) N dom
(map_of m2) = {}
by (metis (no__types) <map__of m1’ C,,, map__of ml» disjoint_iff _not_equal
domlIff map__le_def)
have invl: inv_pair (Pair_Storage (key k) k2 m1’ m2) if k2 # key k k1
= key k
using that <P mly <P m2) unfolding inv_pair_def
apply clarsimp
apply safe
subgoal for z’ y
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using assms(1,3) lookup__correct|OF <P ml», of k, THEN map__le_implies_dom__le]
unfolding inv_pair_def by auto
subgoal for z’ y
using assms(3) unfolding inv_pair_def by fastforce
using lookup__inv|of k] assms unfolding lift _p_def by force
have inv2: inv_pair (Pair_Storage k1 (key k) m1 m2') if k2 = key k k1
#+ key k
using that <P mly <P m2) unfolding inv_pair_def
apply clarsimp
apply safe
subgoal for z’ y
using assms(3) unfolding inv_pair_def by fastforce
subgoal for z z’ y
using assms(2,3) lookup__correct|OF <P m2), of k, THEN map__le_implies_dom__le]
unfolding inv_pair_def by fastforce
using lookup__inv|of k] assms unfolding lift _p_def by force
have A:
pair.map__of (Pair_Storage (key k) k2 ml’ m2) C,, pair.map_of
(Pair_Storage (key k) k2 ml m2)
if k2 # key k k1 = key k
using invl assms(3) 1
by (auto intro: map__add_mono map__le_refl simp: that map__of _eq _pair[symmetric])
have B:
pair.map__of (Pair_Storage k1 (key k) ml m2') C,, pair.map_of
(Pair_Storage k1 (key k) ml m2)
if k2 = key k k1l # key k
using inv2 assms(3) that
by (auto intro: map__add_mono map__le__refl simp: map__of _eq__pair|symmetric]
dest: inv_pair_domD)
note A B
}
with <inv_pair m» show ?case
by (auto split: pair__storage.split if _split prod.split simp: Let__def lookup__pair__def)
next
case (4 m k v)
{
fix ml vl ml’ m2 12 m2’ m3 k1 k2
assume assms:
State__Monad.run__state (update k v) ml = ((), ml’) State_Monad.run__state
(update k v) m2 = ((), m2')
State__Monad.run__state (update k v) empty = ((), m3)
inv_pair (Pair_Storage k1 k2 m1 m2)
from assms have P ml P m2
by (auto intro: inv_pair_P__D1 inv_pair_P__D2)
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from assms(3) P_empty update_inv]of k v] have P m3
unfolding lift _p def by auto
have [intro|: map_of ml’ C,, (map_of ml)(k — v) map_of m2' C,,
(map__of m2)(k — v)
using update__correct[OF <P mly, of k v] update__correct[OF <P m2»,
of k v] assms by auto
have map_ of m3 C,,, (map__of empty)(k — v)
using assms(3) update__correct|OF P_empty, of k v] by auto
also have ... C,,, (map__of m2)(k — v)
using empty correct by (auto elim: map__le_ trans introl: map_le _upd)
finally have map_ of m3 C,,, (map_of m2)(k — v) .
have 1: dom (map_of ml) N dom ((map_of m2)(k — v)) = {} if k1 #
key k
using assms(4) that by (force simp: inv_pair_def)
have 2: dom (map__of m3) N dom (map_of ml) = {} if k1l # key k
using <local.map__of m3 C,, (map_of empty)(k — v)» assms(4) that
by (fastforce dest!: map__le _implies _dom__le simp: inv_pair_def)
have inv: inv_pair (Pair_Storage (key k) kI m3 ml) if k2 # key k k1
=+ key k
using that <P mly <P m2)> <P m3> unfolding inv_pair_def
apply clarsimp
apply safe
subgoal for z z’ y
using assms(3) update__correct{OF P_empty, of kv, THEN map__le__implies__dom.__le]
empty__correct
by (auto dest: map_le_implies _dom__le)
subgoal for z 2’ y
using assms(4) unfolding inv_pair_def by fastforce
done
have A:
pair.map_of (Pair_Storage (key k) k1 m3 ml) C,, (pair.map_ of
(Pair_Storage k1 k2 m1 m2))(k — v)
if k2 # key k k1 # key k
using inv assms(4) <map__of m3 C,,, (map_of m2)(k — v)» 1
apply (simp add: that map__of _eq pair[symmetric])
apply (subst map__add__upd|[symmetric|, subst Map.map__add__comm,
rule 2, rule that)
by (rule map__add_mono; auto)
have invl: inv_pair (Pair_Storage (key k) k2 m1’ m2) if k2 # key k k1
= key k
using that <P mly <P m2) unfolding inv_pair_def
apply clarsimp
apply safe
subgoal for z’ y
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using assms(1,4) update__correct|OF <P mly, of kv, THEN map__le_implies__dom.__le]
unfolding inv_pair_def by auto
subgoal for z’ y
using assms(4) unfolding inv_pair_def by fastforce
using update__inv|of k v] assms unfolding lift _p_def by force
have inv2: inv_pair (Pair_Storage k1 (key k) m1 m2') if k2 = key k k1
#+ key k
using that <P mly <P m2) unfolding inv_pair_def
apply clarsimp
apply safe
subgoal for z’ y
using assms(4) unfolding inv_pair_def by fastforce
subgoal for z z’ y
using assms(2,4) update__correct|OF <P m2), of kv, THEN map__le_implies _dom.__le]
unfolding inv_pair_def by fastforce
using update__inv|of k v] assms unfolding lift _p def by force
have C:
pair.map__of (Pair_Storage (key k) k2 m1’ m2) C,,
(pair.map__of (Pair_Storage (key k) k2 m1 m2))(k — v)
if k2 # key k k1 = key k
using invl[OF that] assms(4) <inv_pair m»
by (simp add: that map_of _eq_pair[symmetric])
(subst map__add__upd2[symmetric]; force simp: inv_pair_def intro:
map__add_mono map__le_refl)
have B:
pair.map__of (Pair_Storage k1 (key k) ml m2') C,,
(pair.map__of (Pair_Storage k1 (key k) ml m2))(k — v)
if k2 = key k k1 # key k
using inv2[OF that] assms(4)
by (simp add: that map__of _eq_pair[symmetric])
(subst map__add__upd|[symmetric|; rule map__add_mono; force simp:
inv_pair_def)
note A B C
}
with <inv_pair m» show ?case
by (auto split: pair_storage.split if _split prod.split simp: Let_def up-
date__pair_def)
qed

end
end

end
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2.3 Indexing

theory Indexing
imports Main
begin

definition injective :: nat = ('k = nat) = bool where
injective size to__index =V a b.
to_inder a = to__index b
A to_index a < size
A to_index b < size
—>a=25
for size to__index

lemma index__mono:
fixes a b a0 b0 :: nat
assumes a: a < a0 and b: b < b0
shows a * b0 + b < a0 * b0
proof —
have a * b0 + b < (Suc a) * b0
using b by auto
also have ... < a0 * b0
using a|THEN Suc_lel, THEN mult_le_monol] .
finally show ?thesis .
qed

lemma index_eq iff:
fixes a b ¢ d b0 :: nat
assumes b < b0 d < b0 a * b0 + b= c * b0 + d
shows a = c AN b=d
proof (rule conjl)
{fixabcd: nat
assume ac: ¢ < c and b: b < b0
have a % b0 + b < (Suc a) * b0
using b by auto
also have ... < ¢ x b0
using ac[THEN Suc_lel, THEN mult_le_monol] .
also have ... < ¢ * b0 + d
by auto
finally have a = b0 + b # ¢ % 00 + d
by auto
} note ac = this

{ assume a # ¢

48



then consider (le) a < ¢ | (ge) a > ¢
by fastforce
hence Fulse proof cases
case le show ?thesis using ac[OF le assms(1)] assms(3) ..
next
case ge show ?thesis using ac[OF ge assms(2)] assms(3)[symmetric]

qged

}

then show a = ¢
by auto

with assms(3) show b = d
by auto
qed

locale prod_order _def =
orderQ: ord less__eq0 lessO +
orderl: ord less _eql lessl
for less eq0 lessO less__eql lessl
begin

fun less :: 'a x 'b = 'a x 'b = bool where
less (a,b) (c,d) «— lessO a ¢ A lessl b d

fun less_eq :: 'a x 'b = 'a x 'b = bool where
less_eq ab cd <— less ab cd V ab = cd

end

locale prod_order =
prod__order__def less__eq0 lessO less__eql lessl +
order(: order less _eq0 lessO +
orderl: order less eql lessl
for less eq0 lessO less _eql lessl
begin

sublocale order less_eq less
proof qed fastforce+

end
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locale option__order =
order(: order less__eq0 less0
for less eq0 lessO

begin

fun less eq option :: 'a option = 'a option = bool where
less _eq option None _ <— True

| less _eq option (Some _) None +— False

| less_eq option (Some a) (Some b) «— less _eq0 a b

fun less option :: 'a option = 'a option = bool where
less__option ao bo <— less_eq option ao bo A ao # bo

sublocale order less_eq option less _option
apply standard
subgoal for z y by (cases z; cases y) auto
subgoal for z by (cases x) auto
subgoal for z y z by (cases x; cases y; cases z) auto
subgoal for z y by (cases ; cases y) auto
done

end
datatype 'a bound = Bound (lower: 'a) (upper:'a)

definition in_bound :: ('a = 'a = bool) = ('a = 'a = bool) = 'a bound
= 'a = bool where

in__bound less__eq less bound © = case bound of Bound | r = less_eq | x
A less x r for less eq less

locale index_locale def = ord less eq less for less eq less :: 'a = 'a =
bool +
fixes idz :: 'a bound = 'a = nat
and size :: ‘a bound = nat

locale index_locale = index_locale__def + idx_ord: order +
assumes idx_valid: in__bound less_eq less bound x = idx bound x <
size bound
and idz_inj : [in_bound less_eq less bound x; in_bound less__eq less
bound y; idz bound x = idx bound y] = z =y

locale prod_index def =

index0: index_locale__def less _eq0 lessO ida0) sizeQ) +
indexl: index_locale__def less eql lessl idxl sizel
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for less eq0 lessO ida0 sizeO less _eql lessl idxl sizel
begin

fun idz :: ("a x 'b) bound = 'a x 'b = nat where
idz (Bound (10, 10) (11, r1)) (a, b) = (id20 (Bound I0 I1) a) * (sizel (Bound
10 71)) + idzl (Bound 10 r1) b

fun size :: (‘a x 'b) bound = nat where
size (Bound (0, 10) (11, 1)) = size0 (Bound 10 11) * sizel (Bound 10 rl)

end

locale prod_index = prod_index_def less eq0 lessO idi0 sizeQ less eql
lessl idxl sizel +

indeaQ: index_locale less eq0 lessO idz0 size0 +

index]l: index_locale less_eql lessl idrl sizel

for less eq0 lessO idx0 sizeO less _eql lessl idrl sizel
begin

sublocale prod_order less_eq0 lessO less__eql lessl ..

sublocale index locale less eq less idx size proof
{ fix ab :: ‘a x 'b and bound :: (‘a x 'b) bound
assume bound: in__bound less _eq less bound ab

obtain a b I0 10 /1 71 where defs:ab = (a, b) bound = Bound (l0, 10)
(11, r1)
by (cases ab; cases bound) auto

with bound have a: in_bound less_eq0 lessO (Bound 10 I1) a and b:
in__bound less eql lessl (Bound 10 11) b
unfolding in_ bound__def by auto

have idzx (Bound (10, r0) (I1, r1)) (a, b) < size (Bound (0, r0) ({1, rl))
using index__mono[OF index0.idz_valid[OF a] indexl.idx_valid[OF b]]
by auto

thus idx bound ab < size bound
unfolding defs .

}

{ fix ab cd :: 'a x 'b and bound :: (a x 'b) bound
assume bound: in__bound less__eq less bound ab in__bound less_eq less
bound cd
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and idx_eq: idx bound ab = idx bound cd

obtain a b ¢ d 10 70 {1 r1 where
defs: ab = (a, b) c¢d = (¢, d) bound = Bound (10, 11) (10, rl)

by (cases ab; cases cd; cases bound) auto

from defs bound have
a: in_bound less__eq0 lessO (Bound 0 10) a
and b: in__bound less_eql lessl (Bound 1 1) b
and c: in__bound less__eq0 lessO (Bound 10 10) ¢
and d: in__bound less__eql lessl (Bound I1 1) d
unfolding in_ bound_def by auto

from index_eq iff[OF indexl.idz_valid[OF b] indexl.idz_valid[OF d|
idz__eqlunfolded defs, simplified]]

have ac: id20 (Bound 10 10) a = id20 (Bound 10 10) ¢ and bd: idxl
(Bound I1 r1) b = idzl (Bound I1 r1) d by auto

show ab = cd

unfolding defs using index0.idz_inj|OF a ¢ ac] indexl.idx_inj[OF b
d bd] by auto
}

qed
end

locale option_index =
indeaQ: index_locale less eq0 lessO idax0 size(
for less eq0 lessO ida0 sizeO

begin

fun idz :: 'a option bound = 'a option = nat where
idz (Bound (Some l) (Some r)) (Some a) = ida0 (Bound lr) a
| ide = undefined

end

locale nat_index_def = ord (<) :: nat = nat = bool (<)
begin

fun idz :: nat bound = nat = nat where
ide (Boundl_) i =1 —1

fun size :: nat bound = nat where
size (Bound lr) = r — [
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sublocale index_locale (<) (<) idx size
proof qed (auto simp: in__bound__def split: bound.splits)

end
locale nat_index = nat_index def + order (<) :: nat = nat = bool (<)

locale int_index_def = ord (<) :: int = int = bool (<)
begin

fun idz :: int bound = int = nat where
idx (Bound I _) i = nat (i — 1)

fun size :: int bound = nat where
size (Bound [ r) = nat (r — 1)

sublocale index_locale (<) (<) idx size
proof qed (auto simp: in__bound__def split: bound.splits)

end
locale int_index = int_index_def + order (<) :: int = int = bool (<)
class indexr =
fixes less eq less :: 'a = 'a = bool
and idz :: 'a bound = 'a = nat
and size :: ‘a bound = nat
assumes is_locale: index_locale less_eq less idz size
locale bounded_index =
fixes bound :: 'k :: index bound

begin

interpretation index_locale less eq less idx size
using is_locale .

definition size = index_class.size bound for size

definition checked_idr x = if in__bound less__eq less bound x then idx bound
T else size

lemma checked__idx__injective:
injective size checked_idx
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unfolding injective def

unfolding checked idx_def

using idzx_inj by (fastforce split: if _splits)
end

instantiation nat :: index
begin

interpretation nat_index ..
thm index locale _axioms

definition [simp|: less_eq nat = (<) :: nat = nat = bool
definition [simp]: less_nat = (<) :: nat = nat = bool
definition [simp]: idz_nat = idx

definition size_nat where [simp]: size_nat = size

instance by (standard, simp, fact index_locale__azxioms)
end

instantiation int :: index
begin

interpretation int_index ..
thm index locale _axioms

definition [simp]: less_eq _int = (<) :: int = int = bool
definition [simp|: less_int = (<) :: int = int = bool
definition [simp]: idz_int = idx

definition [simp]: size_int = size

lemmas size_int = size.simps

instance by (standard, simp, fact indez_locale__axioms)
end

instantiation prod :: (index, index) index
begin

interpretation prod_indez

less _eq::'a = 'a = bool less idx size

less _eq::'b = 'b = bool less idx size

by (rule prod__index.intro; fact is_locale)
thm index_locale__axioms
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definition [simp|: less_eq prod = less_eq
definition [simp]: less_prod = less

definition [simp|: idz_prod = idz

definition [simp]: size__prod = size for size_prod

lemmas size prod = size.simps
instance by (standard, simp, fact indez_locale__axioms)
end

lemma bound__int__simp[code]:

bounded__index.size (Bound (11, 12) (ul, u2)) = nat (ul — I1) * nat (u2 —
12)

by (simp add: bounded index.size__def ,unfold size__int_def[symmetric]
size__prod,simp add: size_int)

lemmas [code] = bounded__index.size__def bounded__index.checked _idx__def

lemmas [code] =
nat__index_def.size.simps
nat__index__def.idx.simps

lemmas [code] =
int_index__def.size.simps
int_index__def.idx.simps

lemmas [code] =
prod__index__def .size.simps
prod__index__def.idx.simps

lemmas [code] =
prod__order__def.less__eq.simps
prod__order__def.less.simps
lemmas index_size defs =
prod__index__def.size.simps int__index__def.size.simps nat__index__def.size.simps

bounded__index.size__def

end

95



2.4 Heap Memory Implementations

theory Memory Heap

imports State_Heap DP_CRelVH Pair_Memory HOL— Fisbach. Eisbach
../ Indexing
begin

Move

abbreviation result_of ¢ h = fst (the (execute ¢ h))
abbreviation heap of ¢ h = snd (the (execute ¢ h))

lemma map__emptyl:
m C,, Map.empty if \ . m x = None
using that unfolding map le def by auto

lemma result_of return[simp]:
result_of (Heap_Monad.return z) h = z
by (simp add: execute__simps)

lemma get_result _of lookup:
result_of () heap = x if Ref.get heap r = x
using that by (auto simp: execute__simps)

context
fixes size :: nat
and to_index :: ('k2 :: heap) = nat
begin

definition
mem__empty = (Array.new size (None :: ("v :: heap) option))

lemma success__empty[intro]:
success mem,__empty heap
unfolding mem__empty_def by (auto intro: success__intros)

lemma length _mem__empty:
Array.length
(heap__of (mem__empty:: (('b :: heap) option array) Heap) h)
(result__of (mem__empty :: ('b option array) Heap) h) = size
unfolding mem__empty_ def by (auto simp: execute__simps Array.length__alloc)

lemma nth__mem__empty:

result__of
(Array.nth (result_of (mem__empty :: ('b option array) Heap) h) i)
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(heap__of (mem_empty :: (('b :: heap) option array) Heap) h) = None
if ¢ < size
apply (subst execute_nth(1))
apply (simp add: length_mem__empty that)
apply (simp add: execute__simps mem__empty_def Array.get_alloc that)
done

context
fixes mem :: (v :: heap) option array
begin

definition
mem__lookup k = (let i = to_index k in
if 1 < size then Array.nth mem i else return None

)

definition
mem__update k v = (let i = to_index k in
if i < size then (Array.upd i (Some v) mem >= (A __. return ()))
else return ()

)

context assumes injective: injective size to__index
begin

interpretation heap correct Aheap. Array.length heap mem = size mem__update
mem,__lookup
apply standard
subgoal lookup inv
unfolding State_Heap.lift_p__def mem__lookup__def by (simp add: Let__def
execute__simps)
subgoal update inv
unfolding State Heap.lift_p_ def mem__update def by (simp add:
Let__def execute__simps)
subgoal for k heap
unfolding heap__mem__defs.map__of heap def map_le def mem__lookup_ def
by (auto simp: execute__simps Let__def split: if _split_asm)
subgoal for heap k
unfolding heap__mem__defs.map_of heap def map le def mem__lookup_def
mem,__update__def
apply (auto simp: execute__simps Let__def length__def split: if _split_asm)
apply (subst (asm) nth_list _update_neq)
using injective[unfolded injective__def] apply auto
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done
done

lemmas mem__heap correct = heap__correct__axioms

context
assumes [simp|: mem = result_of mem__empty Heap.empty
begin

interpretation heap correct__empty
Aheap. Array.length heap mem = size mem_ update mem__lookup
heap__of (mem__empty :: 'v option array Heap) Heap.empty
apply standard
subgoal
apply (rule map__emptyl)
unfolding map__of heap__def mem__lookup__def by (auto simp: Let__def
nth_mem__empty)
subgoal
by (simp add: length_mem__empty)
done

lemmas array_heap emptyl = heap_ correct__empty__axioms
context
fixes dp :: 'R2 = v
begin
interpretation dp_consistency__heap__empty
Aheap. Array.length heap mem = size mem__update mem,__lookup dp
heap_of (mem__empty :: 'v option array Heap) Heap.empty
by standard
lemmas array_consistent] = dp__consistency__heap _empty axioms
end
end
end

end

lemma ezecute bind_success”
assumes success f h execute (f >= g) h = Some (y, h"')
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obtains z b’ where ezecute f h = Some (x, h') execute (g z) h' = Some
(y, h")

using assms by (auto simp: execute_simps elim: successE)

lemma success bind_I:
assumes success f h
and A z h'. execute f h = Some (z, h') = success (g z) b’
shows success (f >= g) h
by (rule successE[OF assms(1)]) (auto elim: assms(2) intro: success__bind__executel)

definition
alloc_pair a b = do {
rl < ref a;
2 < ref b;
return (rl, 12)

}

lemma alloc_pair_alloc:
Ref.get heap’ r1 = a Ref.get heap’ 12 = b
if execute (alloc_pair a b) heap = Some ((rl, 12), heap’)
using that unfolding alloc_pair_def
by (auto simp: execute_simps elim!: execute_bind__success’|OF success__refI])
(metis Ref.get__alloc fst__conv get__alloc__neq next _present present__alloc_neq
snd__conv)+

lemma alloc_pairD1:
r =l=1rl A r == 12 A\ Ref.present heap’ r
if execute (alloc_pair a b) heap = Some ((rl, 12), heap’) Ref.present heap
-
using that unfolding alloc_pair _def
by (auto simp: execute simps elim!: execute bind_success'|OF success_refI])
(metis next_fresh noteq I Ref.present_alloc snd__conv)+

lemma alloc_pairD2:
rl =!= 12 A Ref.present heap’ 12 N Ref.present heap’ r1
if execute (alloc_pair a b) heap = Some ((rl, r2), heap’)
using that unfolding alloc_pair_def
by (auto simp: execute__simps elim!: execute_bind__success'|OF success__refI])
(metis next_fresh next_present noteq I Ref.present__alloc snd__conv)+

lemma alloc__pairD3:

Array.present heap’ r

if execute (alloc_pair a b) heap = Some ((rl, 12), heap’) Array.present
heap r
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using that unfolding alloc_pair_def
by (auto simp: execute__simps elim!: execute__bind__success'|OF success__refI])
(metis array_present__alloc snd__conv)

lemma alloc_pairD4:
Ref.get heap' r = z
if execute (alloc_pair a b) heap = Some ((rl, r2), heap’)
Ref.get heap r = = Ref.present heap r
using that unfolding alloc_pair_def
by (auto simp: execute simps elim!: execute_bind__success’|OF success _refI])
(metis Ref.not_present__alloc Ref.present__alloc get__alloc_neq noteq I
snd__conv)

lemma alloc_pair_array_get:

Array.get heap’ r = x

if execute (alloc_pair a b) heap = Some ((rl, 12), heap’) Array.get heap r
=z

using that unfolding alloc_pair_def

by (auto simp: execute__simps elim!: execute__bind__success'|OF success__refI])
(metis array__get__alloc snd__conv)

lemma alloc_pair_array_length:
Array.length heap’ r = Array.length heap r
if ezecute (alloc_pair a b) heap = Some ((rl, 12), heap’)
using that unfolding alloc_pair _def
by (auto simp: execute__simps elim!: execute_bind__success'{OF success__refI])
(metis Ref.length_alloc snd_conv)

lemma alloc_pair_nth:

result_of (Array.nth r i) heap’ = result_of (Array.nth r i) heap

if execute (alloc_pair a b) heap = Some ((r1, 12), heap’)

using alloc__pair_array_get|OF that(1) HOL.refl, of r] alloc__pair_array_length[OF
that(1), of ]

by (cases (Ah. i < Array.length h r) heap; simp add: execute_simps Ar-
ray.nth__def)

lemma succes__alloc__pair|intro]:
success (alloc__pair a b) heap
unfolding alloc_pair _def by (auto intro: success_intros success_bind_I)

definition
init__state__inner k1 k2 ml m2 = do {
(k_refl, k_ref2) < alloc__pair k1 k2;
(m_refl, m_ref2) < alloc__pair ml m2;
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return (k_refl, k_ref2, m_refl, m_ ref2)
¥

lemma init_state inner alloc:
assumes
execute (init_state_inner k1 k2 ml m2) heap = Some ((k_refl, k_ref2,
m,__refl, m_ref2), heap’)
shows
Ref.get heap’ k_refl = k1 Ref.get heap’ k_ref2 = k2
Ref.get heap’ m__refl = ml Ref.get heap’ m_ref2 = m2
using assms unfolding init_state_inner_def
by (auto simp: execute__simps elim!: execute_ _bind__success'|OF succes__alloc__pair])
(auto intro: alloc_pair_alloc dest: alloc__pairD2 elim: alloc__pairDA4)

lemma init _state inner distinct:
assumes
execute (init_state_inner k1 k2 ml m2) heap = Some ((k_refl, k_ref2,

m,__refl, m_ref2), heap’)

shows
m_refl == m_ref2 A m_refl ==k _refl A m_refl == k_ref2 A
m_ref2 == k_refl

ANm_ref2 ==k ref2 N k_refl ==k _ref2
using assms unfolding init_state_inner def
by (auto simp: execute__simps elim!: execute_bind__success’|OF succes _alloc__pair])
(blast dest: alloc__pairD1 alloc__pairD2 intro: noteq _sym)+

lemma init_state__inner_present:
assumes
execute (init_state_inner k1 k2 ml m2) heap = Some ((k_refl, k_ref2,
m__refl, m__ref2), heap’)
shows
Ref.present heap’ k_refl Ref.present heap’ k_ref2
Ref.present heap’ m__refl Ref.present heap’ m_ ref2
using assms unfolding init_state_inner def
by (auto simp: execute__simps elim!: execute_bind__success’|OF succes _alloc__pair))
(blast dest: alloc__pairD1 alloc__pairD2)+

lemma inite_state_inner present’:
assumes
execute (init_state_inner k1 k2 ml m2) heap = Some ((k_refl, k_ref2,
m__refl, m_ref2), heap’)
Array.present heap a
shows
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Array.present heap’ a
using assms unfolding init_state inner def
by (auto simp: execute_simps elim!: execute bind_success’|OF suc-
ces__alloc__pair] alloc__pairD3)

lemma succes_init__state__inner|intro:

success (init_state__inner k1 k2 ml m2) heap

unfolding init_state_inner _def by (auto 4 3 intro: success_intros suc-
cess_bind_I)

lemma init_state inner_nth:
result_of (Array.nth r i) heap’ = result_of (Array.nth r i) heap
if ezecute (init_state_inner k1 k2 ml m2) heap = Some ((rl, r2), heap’)
using that unfolding init_state_inner_def
by (auto simp: execute__simps alloc__pair_nth elim!: execute_bind__success'|OF
succes__alloc__pair))

definition
init__state k1 k2 = do {
ml < mem__empty;
m2 <— mem__emply;
init_state _inner k1 k2 ml m2

}

lemma succes_init_state[introl:
success (init__state k1 k2) heap
unfolding init_state_def by (auto intro: success__intros success__bind_T)

definition
inv__distinct k_refl k_ref2 m__refl m_ref2 =
m_refl =l= m_ref2 AN m_refl ==k _refl A m_refl ==k _ref2 A
m_ref2 ==k _refl

ANm_ref2 ==k _ref2 N k_refl ==k _ref2

lemma init state distinct:

assumes

execute (inil_state k1 k2) heap = Some ((k_refl, k_ref2, m_refl,

m__ref2), heap’)

shows

inv__distinct k_refl k_ref2 m__refl m_ ref2
using assms unfolding init_state def inv_ distinct_def
by (elim execute_bind__success’|OF success_empty| init__state__inner__distinct)
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lemma init_state_present:
assumes
execute (init_state k1 k2) heap = Some ((k_refl, k_ref2, m_refl,
m__ref2), heap’)
shows
Ref.present heap’ k_refl Ref.present heap’ k_ref2
Ref.present heap’ m__refl Ref.present heap’ m_ ref2
using assms unfolding init_state def
by (auto
simp: execute__simps elim!: emecuteﬁbindfsuccess’[OF success__empty]
dest: init_state inner_present
)

lemma empty_present:
Array.present h' x if execute mem__empty heap = Some (z, h')
using that unfolding mem__empty def
by (auto simp: execute__simps) (metis Array.present__alloc fst__conv snd__conv)

lemma empty present’:

Array.present h' a if execute mem__empty heap = Some (z, h') Array.present
heap a

using that unfolding mem__empty def

by (auto simp: execute__simps Array.present__def Array.alloc__def Array.set__def
Let__def)

lemma init_state present2:
assumes
execute (init_state k1 k2) heap = Some ((k_refl, k_ref2, m_refl,
m__ref2), heap’)
shows
Array.present heap’ (Ref.get heap’ m__refl) Array.present heap’ (Ref.get
heap’ m__ref2)
using assms unfolding init_state_ def
by (auto 4 3
simp: execute__simps init_state_inner_alloc elim!: execute_bind_success’|OF
success__empty|
dest: inite_state_inner_ _present’ empty present empty present’

)

lemma init_state_neq:
assumes
execute (init_state k1 k2) heap = Some ((k_refl, k_ref2, m_refl,

m,__ref2), heap’)
shows
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Ref.get heap’ m__refl =!"= Ref.get heap’ m__ref2
using assms unfolding init_state_ def
by (auto 4 3
simp: execute__simps init__state_inner_alloc elim!: execute_bind__success’|OF
success__empty|
dest: inite_state_inner_present’ empty present empty present’
)
(metis empty_present execute_new fst_conv mem__empty_def option.inject
present__alloc__noteq)

lemma present_alloc__get:

Array.get heap’ a = Array.get heap a

if Array.alloc zs heap = (a', heap’) Array.present heap a

using that by (auto simp: Array.alloc__def Array.present__def Array.get_def
Let__def Array.set__def)

lemma init_state_length:
assumes
execute (init_state k1 k2) heap = Some ((k_refl, k_ref2, m_ refl,
m__ref2), heap’)
shows
Array.length heap’ (Ref.get heap’ m_refl) = size
Array.length heap’ (Ref.get heap’ m__ref2) = size
using assms unfolding init_state_ def
apply (auto
simp: execute__simps init__state_inner_alloc elim!: execute_bind__success’|OF
success__empty|
dest: inite_state_inner_present’ empty present empty present’
)
apply (auto
simp: execute__simps init__state_inner__def alloc__pair__def mem__empty def
Array.length__def
elim!: execute_bind__success'|OF success__refl|
)
apply (metis
Array.alloc__def Array.get__set _eq Array.present__alloc array_get _alloc
fst_conv length__replicate
present__alloc__get snd__conv
)+
done

context
fixes keyl :: 'k = ('k1 :: heap) and key2 :: 'k = 'k2

and m_refl m_ref2 :: (v :: heap) option array ref
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and k_refl k_ref2 :: ('kl :: heap) ref
begin

We assume that look-ups happen on the older row, so this is biased towards
the second entry.

definition
lookup__pair k = do {
let k' = keyl k;

k2 <« k_ref2;
if k' = k2 then
do {

m2 < !m_ ref2;
mem,__lookup m2 (key2 k)

}

else
do {
k1 « k_refl;
if k' = k1 then
do {

ml « Im_ refl;
mem,__lookup ml (key2 k)
}
else
return None

We assume that updates happen on the newer row, so this is biased towards
the first entry.

definition
update_pair k v = do {
let k' = keyl k;
kl < k_refl;
if k' = k1 then do {
m < Im_ refl;
mem,__update m (key2 k) v
}
else do {
k2 < k_ref2;
if k' = k2 then do {
m < m_ ref2;
mem__update m (key2 k) v

}
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else do {
do {
kl < k_refl;
m <— mem_ empty;
ml + Im_ refl;
k_ref2 := kl;
k_refl == k';
m_ref2 := ml;
m_refl ;= m
}
m < !m_ refl;
mem__update m (key2 k) v
}
}
}

definition
inv__pair_weak heap = (

let
ml = Ref.get heap m_ refl;
m2 = Ref.get heap m__ref2

in Array.length heap ml = size A Array.length heap m2 = size
A Ref.present heap k_refl N\ Ref.present heap k_ref2
A Ref.present heap m_ refl N Ref.present heap m__ref2
A Array.present heap ml N\ Array.present heap m2
A ml == m2

definition
inv__pair heap = inv__pair_weak heap N inv_distinct k_refl k_ref2 m__refl
m__ref2

lemma init state inv:
assumes
execute (inil_state k1 k2) heap = Some ((k_refl, k_ref2, m_refl,
m__ref2), heap’)
shows inv_pair_weak heap’
using assms unfolding inv_pair_weak def Let def
by (auto intro:
init__state_present init__state__present2 init__state_neq init_state length
init_state _distinct
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)

lemma inv_pair_lengthD1:
Array.length heap (Ref.get heap m_refl) = size if inv_pair_weak heap
using that unfolding inv_pair_weak__def by (auto simp: Let def)

lemma inv_pair_lengthD2:
Array.length heap (Ref.get heap m_ref2) = size if inv_pair_weak heap
using that unfolding inv_pair_weak__def by (auto simp: Let def)

lemma inv_pair_presentD:

Array.present heap (Ref.get heap m__refl) Array.present heap (Ref.get
heap m__ref2)

if inv_pair_weak heap

using that unfolding inv_pair_weak__def by (auto simp: Let_def)

lemma inv_pair_presentD2:
Ref.present heap m__refl Ref.present heap m_ ref2
Ref.present heap k_refl Ref.present heap k_ref2
if inv_pair _weak heap
using that unfolding inv_pair _weak_def by (auto simp: Let def)

lemma inv_pair_not__eqD:
Ref.get heap m__refl == Ref.get heap m_ref2 if inv_pair_weak heap
using that unfolding inv_pair_weak_def by (auto simp: Let def)
definition lookupl k = state_of (do {m < !m__refl; mem__lookup m k})

definition lookup2 k = state_of (do {m < !m__ref2; mem__lookup m k})

definition updatel k v = state_of (do {m < !m_refl; mem__update m k

v})

definition update2 k v = state_of (do {m < !m__ref2; mem__update m k

v})

definition movel2 k = state_of (do {
k1l < 'k_refl;
m <— mem__empty;
ml + !m_ refl;
k_ref2 := kl;
k_refl := k;
m_ref2 := ml;
m_refl := m
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definition get_kl = state_of ('k_refl)
definition get k2 = state_of (k_ref2)

lemma run__state_state__of [simp]:
State_ Monad.run__state (state_of p) m = the (execute p m)
unfolding state_of def by simp

context assumes injective: injective size to__index
begin

context
assumes inv_ distinct: inv__distinct k_refl k_ref2 m_refl m__ref2
begin

lemma disjoint|[simp]:
m_refl == m_ref2 m_refl ==k _refl m_refl ==k _ref2
m_ref2 == k_refl m_ref2 == k_ref2
k_refl ==k _ref2
using inv_distinct unfolding inv_distinct__def by auto

lemmas [simp] = disjoint[ THEN noteq__sym)|

lemma [simp):
Array.get (snd (Array.alloc xs heap)) a = Array.get heap a if Array.present
heap a
using that unfolding Array.alloc_def Array.present def
apply (simp add: Let__def)
apply (subst Array.get_set_neq)
subgoal
by (simp add: Array.noteq def)
subgoal
unfolding Array.get def by simp
done

lemma [simp]:

Ref.get (snd (Array.alloc zs heap)) r = Ref.get heap r if Ref.present heap
-

using that unfolding Array.alloc_def Ref.present def

by (simp add: Let_def Ref.get_def Array.set_ def)
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lemma alloc_present:
Array.present (snd (Array.alloc zs heap)) a if Array.present heap a
using that unfolding Array.present def Array.alloc_def by (simp add:
Let__def Array.set__def)

lemma alloc_present’:

Ref .present (snd (Array.alloc xs heap)) r if Ref.present heap r

using that unfolding Ref.present def Array.alloc_def by (simp add:
Let__def Array.set__def)

lemma length__get upd[simp]:
length (Array.get (Array.update a i x heap) r) = length (Array.get heap r)
unfolding Array.get def Array.update_def Array.set_def by simp

method solvel =
(frule inv__pair_lengthD1, frule inv__pair_lengthD2, frule inv_pair_not__eqD)?,
auto split: if split_asm dest: Array.noteq sym

interpretation pair: pair_mem lookupl lookup2 updatel update2 mowvel?2
get_k1 get k2 inv_pair_weak
supply [simp] =
mem,__empty_ def state_mem__defs.map__of def map_le_ def
movel2__def updatel__def update2__def lookupl__def lookup2__def get__kl1__def
get_k2_ def
mem,__update__def mem__lookup__def
execute__bind__success|OF success_newl| execute_simps Let_def Ar-
ray.get_alloc length__def
inu__pair__presentD inv__pair_presentD?2
Memory_Heap.lookupl__def Memory_Heap.lookup2 _def Memory_Heap.mem__lookup__def
apply standard
apply (solvel; fail)+
subgoal
apply (rule lift_pl)
unfolding inv_pair_weak _def
apply (auto simp:
intro: alloc__present alloc_present’
elim: present__alloc_noteq| THEN Array.noteq _sym]
)
done
apply (rule lift_pl, unfold inv_pair_weak__def, auto split:
if _split_asm; fail)+
apply (solvel; fail)+
subgoal
using injective[unfolded injective__def] by — (solvel, subst (asm) nth__list_update_neq,
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auto)

subgoal

using injective[unfolded injective__def] by — (solvel, subst (asm) nth__list_update_ neq,
auto)

apply (solvel; fail)+

done

lemmas mem,__correct__pair = pair.mem__correct_pair

definition
mem,__lookupl k = do {m < !m__refl; mem__lookup m k}

definition
mem__lookup2 k = do {m <« !m__ref2; mem__lookup m k}

definition get k1’ =k refl
definition get k2’ =k ref2
definition updatel’ k v = do {m <« !m_refl; mem__update m k v}
definition update2’ k v = do {m < !m_ref2; mem__update m k v}

definition movel2’ k = do {
k1l < 'k_refl;
m <— mem__empty;
ml + !m_ refl;
k_ref2 := kl;
k_refl := k;
m_ref2 := ml;
m_refl ;= m

}

interpretation heap mem__defs inv_pair_weak lookup _pair update__pair

lemma rel_state_ofI:
rel__state (=) (state_of m) m if
YV heap. inv__pair_weak heap — success m heap
lift_p inv_pair_weak m
using that unfolding rel state def
by (auto split: option.split intro: lift_p P simp: success__def)

lemma inv_pair_iff:
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mu__pair_weak = inv__pair
unfolding inv_pair def using inv_distinct by simp

lemma lift _p_inv_pairl:
State_Heap.lift _p inv_pair m if State_ Heap.lift _p inv_pair _weak m
using that unfolding inv_pair_iff by simp

lemma lift _p success:

State_Heap.lift _p inv_pair_weak m

if DP__CRelVS.lift_p inv_pair_weak (state__of m)V heap. inv_pair_weak
heap — success m heap

using that

unfolding lift p_def DP_CRelVS.lift_p_ def

by (auto simp: success__def split: option.split)

lemma rel_state ofI2:
rel _state (=) (state__of m) m if
YV heap. inv_pair_weak heap —> success m heap
DP_CRelVS.lift_p inv_pair_weak (state__of m)
using that by (blast intro: rel_state_ofI lift_p_success)

context
includes lifting syntax
begin

lemma [transfer _rule]:
((=) ===> rel_state (=)) movel2 movel2’
unfolding movel2_def movel2’ def
apply (intro rel_funl)
apply simp
apply (rule rel_state_ ofI2)
subgoal
by (auto
simp: mem__empty_def inv_pair_lengthD1 execute__simps Let def
intro: success__intros intro!: success _bind_ I
)
subgoal
using pair.movel2__inv unfolding movel2 def .
done

lemma [transfer rule]:
((=) ===> rel_state (rel_option (=))) lookupl mem_ lookupl
unfolding lookupl__def mem__lookupl__def
apply (intro rel_funl)
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apply (simp add: option.rel_eq)
apply (rule rel_state_ofI2)
subgoal
by (auto 4 4
simp: mem,__lookup__def inv__pair_lengthD1 execute__simps Let def
intro: success _bind__executel success returnl Array.success nthl
)
subgoal
using pair.lookup__inv(1) unfolding lookupl__def .
done

lemma [transfer _rule]:
((=) ===> rel_state (rel_option (=))) lookup2 mem__lookup2
unfolding lookup2__def mem__lookup2__def
apply (intro rel_funl)
apply (simp add: option.rel_eq)
apply (rule rel_state_ ofI2)
subgoal
by (auto 4 3
stmp: mem__lookup__def inv__pair_lengthD2 execute simps Let_ def
intro: success__intros intro!: success bind I
)
subgoal
using pair.lookup _inv(2) unfolding lookup2_def .
done

lemma [transfer_rulel:

rel_state (=) get_kl get_ k1’

unfolding get k1 def get k1’ def

apply (rule rel_state_ ofI2)

subgoal

by (auto intro: success_lookupl)

subgoal

unfolding get_kl__def[symmetric] by (auto dest: pair.get_state(1) intro:
lift_pl)

done

lemma [transfer_rulel:
rel_state (=) get_k2 get_ k2’
unfolding get k2 def get k2’ def
apply (rule rel_state_ ofI2)
subgoal
by (auto intro: success_lookupl)
subgoal
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unfolding get_ k2 def[symmetric] by (auto dest: pair.get_state(2) intro:

lift_pI)
done

lemma [transfer_rulel:
(=) ===> (=) ===> rel_state (=)) updatel updatel’
unfolding updatel__def updatel’ def
apply (intro rel_funl)
apply simp
apply (rule rel_state_ ofI2)
subgoal
by (auto 4 3
simp: mem__update_def inv_pair_lengthD1 execute_simps Let def
intro: success__intros intro!: success bind_ I
)
subgoal
using pair.update_inv(1) unfolding updatel_ def .
done

lemma [transfer__rule]:
(=) ===> (=) ===> rel_state (=)) update2 update2’
unfolding update2 def update2’ def
apply (intro rel_funl)
apply simp
apply (rule rel_state_ ofI2)
subgoal
by (auto 4 3
simp: mem__update__def inv_pair_lengthD2 execute__simps Let def
intro: success__intros intro!: success bind_ I
)
subgoal
using pair.update_inv(2) unfolding update2_ def .
done

lemma [transfer _rule]:

((=) ===> rel_state (rel_option (=))) lookupl mem__lookupl

unfolding lookupl__def mem__lookupl__def

apply (intro rel_funl)

apply (simp add: option.rel_eq)

apply (rule rel_state_ ofI2)

subgoal

by (auto 4 3

stmp: mem,__lookup__def inv__pair_lengthD1 execute_simps Let__def
intro: success__intros intro!: success _bind_I
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)

subgoal
using pair.lookup__inv(1) unfolding lookupl__def .
done

lemma rel_state_ lookup:

((=) ===> rel_state (=)) pair.lookup__pair lookup__pair
unfolding pair.lookup__pair_def lookup__pair_def
unfolding

mem,__lookupl__def[symmetric] mem__lookup2__def[symmetric]
get_k2__def[symmetric] get_k2' _def[symmetric]
get_k1__def[symmetric] get_k1'_def[symmetric]

by transfer _prover

lemma rel_state__update:

(=) ===> (=) ===> rel_state (=)) pair.update_ pair update pair

unfolding pair.update pair_def update__pair_def

unfolding movel2’ def[symmetric]

unfolding
updatel’ _def[symmetric] update2’ _def[symmetric]
get_k2__def[symmetric] get k2" _def[symmetric]
get_k1__def[symmetric] get_k1'_def[symmetric]

by transfer__prover

interpretation mem: heap__mem__defs pair.inv__pair lookup__pair update_pair

lemma inv_pairD:
nv__pair_weak heap if pair.inv_pair heap
using that unfolding pair.inv_pair_def by (auto simp: Let_def)

lemma mem_ rel_state_ ofI:
mem.rel_state (=) m’ m if
rel_state (=) m’ m
N\ heap. pair.inv_pair heap —>
(case State_Monad.run__state m' heap of (__, heap) = inv_pair_weak
heap — pair.inv__pair heap)
proof —
show ?thesis
apply (rule mem.rel_state__intro)
subgoal for heap v heap’
by (auto elim: rel_state_elim[OF that(1)] dest!: inv_pairD)
subgoal premises prems for heap v heap’
proof —
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from prems that(1) have inv_pair_weak heap’
by (fastforce elim: rel_state__elim dest: inv_pairD)
with prems show ?thesis
by (auto dest: that(2))
qed
done
qed

lemma mem_ rel_state_ofI”:
mem.rel__state (=) m' m if
rel_state (=) m' m
DP_CRelVS.lift_p pair.inv_pair m’
using that by (auto elim: DP_CRelVS.lift_p_ P intro: mem__rel_state_ofI)

context
assumes keys: Vk k. keyl k = keyl k' A key2 k = key2 k' — k = k'
begin

interpretation mem__correct pair.lookup _pair pair.update__pair pair.inv__pair
by (rule mem__correct_pair[OF keys])

lemma rel_state lookup”:
((=) ===> mem.rel_state (=)) pair.lookup__pair lookup__pair
apply (intro rel_funl)
apply simp
apply (rule mem__rel_state_ofI")
using rel_state_lookup apply (rule rel _funD) apply (rule refl)
apply (rule lookup__inv)
done

lemma rel_state update”:

(=) ===> (=) ===> mem.rel_state (=)) pair.update_ pair update _pair
apply (intro rel_funl)
apply simp

apply (rule mem__rel_state_ofI")
subgoal for z y a b

using rel_state_update by (blast dest: rel_funD)
by (rule update_inv)

interpretation heap correct pair.inv_pair update pair lookup_pair
by (rule mem.mem__correct_heap__correct|OF __ rel_state__lookup’ rel _state__update’])

standard

lemmas heap correct _pairl = heap correct _axioms
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lemma mem_rel state resultD:

result_of m heap = fst (run__state m’ heap) if mem.rel_state (=) m’' m
pair.iny__pair heap

by (metis (mono__tags, lifting) mem.rel_state__elim option.sel that)

lemma map_of heap eq:
mem.map__of _heap heap = pair.pair.map__of heap if pair.inv_pair heap
unfolding mem.map__of heap__def pair.pair.map__of def
using that by (simp add: mem__rel_state_resultD[OF rel_state_lookup’| THEN
rel__funD]])

context

fixes k1 k2 heap heap’

assumes init: exvecute (init_state k1 k2) heap = Some ((k_refl, k_ref2,
m__refl, m__ref2), heap’)
begin

lemma init_state__emptyl:
pair.meml.map_of heap’ k = None
using init
unfolding pair.meml.map_ of def lookupl__def mem__lookup__def init_state def
by (auto
simp: init__state__inner_nth init_state_inner_alloc(3) execute _simps
Let__def
elim!: execute_bind__success’|OF success_empty))
(metis
Array.present__alloc Memory Heap.length _mem__empty execute new
execute_nth(1) fst_conv
length__def mem__empty_def nth__mem__empty option.sel present__alloc__get
snd__conv

)

lemma init_state__empty2:

pair.mem2.map__of heap’ k = None

using init

unfolding pair.mem2.map__of def lookup2__def mem__lookup__def init_state def

by (auto

simp: execute__simps init_state__inner_nth init_state_inner__alloc(4)
Let__def
elim!: execute_bind__success|OF success__empty|

)

(metis fst_conv nth_mem__empty option.sel snd__conv)
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lemma
shows init_state k1: result_of ('k_refl) heap’ = kl
and init_state_k2: result_of ('k_ref2) heap’ = k2
using init init_state_inner__alloc
by (auto simp: execute__simps init__state__def elim!: execute_bind__success'|OF
success__empty|)

context
assumes neq: k1 # k2
begin

lemma init_state inv":
pair.inv_pair heap’
unfolding pair.inv_pair_def
apply (auto simp: Let__def)
subgoal
using init_state__emptyl by simp
subgoal
using init_state__empty2 by simp
subgoal
using neq init by (simp add: get_k1__def get k2__def init_state_kl
init__state_k2)
subgoal
by (rule init_state inv[OF init])
done

lemma init_state__empty:

pair.pair.map__of heap’ C,, Map.empty

using neq by (intro pair.emptyl init_state_inv’ map__emptyl init_state _emptyl
init__state__empty?2)

interpretation heap correct__empty pair.inv_pair update__pair lookup_ pair
heap’
apply (rule heap__correct _empty.intro)
apply (rule heap__correct_pairl)
apply standard
subgoal
by (subst map_of heap _eq; intro init_state_inv’ init_state__empty)
subgoal
by (rule init_state_inv")
done

lemmas heap_correct_empty pair]l = heap__correct__empty axioms
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context
fixes dp :: 'k = v
begin
interpretation dp_consistency__heap__empty

pair.inv__pair update_ pair lookup_pair dp heap’
by standard

lemmas consistent__empty pairl = dp__consistency__heap__empty azxioms
end
end
end
end
end
end
end
end
end

end

2.5 Tool Setup

theory Transform Cmd

imports
../ Pure__Monad
../ state_monad/DP_CRelVS
../heap_monad/DP _CRelVH

keywords
memoize__fun :: thy decl
and monadifies :: thy_decl
and memoize__correct :: thy_goal
and with__memory :: quasi_command
and default_proof :: quasi_command
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begin

ML_ file «../transform/ Transform__Misc. ML»
ML__file «../transform/ Transform__Const. ML»
ML_ file «../transform/ Transform__Data.ML»
ML_ file «../transform/ Transform__Tactic. ML»
ML__file «../transform/ Transform__Term.ML»
ML_ file «../transform/ Transform.ML»

ML_ file «../transform/ Transform__Parser.ML»
ML <

val =

O;fer_Syntax.local_theory @{ command__keyword memoize_fun}
(Transform__Parser.dp__fun__partl__parser >> Transform__DP.dp_fun_partl__cmd)

val =
Outer_Syntaz.local__theory Q{command__keyword monadifies}
(Transform__Parser.dp__fun__part2__parser >> Transform__DP.dp_fun_part2__cmd)

val =

Outer__Syntaz.local _theory_to_ proof @Q{command_keyword memoize__correct}

(Scan.succeed Transform__DP.dp__correct_cmd)

method__setup memoize_prover = «
Scan.succeed (fn ctzt => SIMPLE _METHOD' (
Transform__Data.get_last_cmd__info ctat
|> Transform__ Tactic.solve_consistentDP_tac ctxt))

method__setup memoize_prover__init = «
Scan.succeed (fn ctat => SIMPLE METHOD' (
Transform__Data.get_last _cmd__info ctxt
|> Transform__Tactic.prepare__consistentDP _tac ctat))

method__setup memoize prover case init = «
Scan.succeed (fn ctat => SIMPLE METHOD' (
Transform__Data.get_last _cmd__info ctxt
|> Transform__Tactic.prepare__case_tac ctxt))

method__setup memoize prover _match_step = «
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Scan.succeed (fn ctat => SIMPLE METHOD' (
Transform__Data.get_last_cmd__info ctat
|> Transform__ Tactic.step_tac ctxt))

method__setup memoize__unfold_defs = «
Scan.option (Scan.lift (Args.parens Args.name) —— Args.term) >>
(fn tm__opt => fn ctzt => SIMPLE METHOD'
(Transform__Data.get_or_last_cmd__info ctxt tm__opt
|> Transform__Tactic.dp__unfold_defs tac ctxt))

method__setup memoize__combinator_init = «
Scan.option (Scan.lift (Args.parens Args.name) —— Args.term) >>
(fn tm__opt => fn ctat => SIMPLE _METHOD'
(Transform__Data.get_or_last_cmd__info ctxt tm__opt
|> Transform__Tactic.prepare__combinator_tac ctxt))

end

2.6 Bottom-Up Computation

theory Bottom__ Up_Computation
imports ../state_monad/Memory ../state_monad/DP _CRelVS
begin

fun iterate state where
iterate__state f [| = State__Monad.return () |
iterate__state f (x # xs) = do {f x; iterate_state f xs}

locale iterator _defs =
fixes cnt :: 'a = bool and nat :: 'a = 'a
begin

definition
iter__state f =
wfrec
{(nat z, z) | z. ent z}
(X rec x. if ent x then do {f x; rec (nxzt x)} else State_Monad.return

0)

definition
iterator _to_list =

80



wfrec {(nzt z, ) | x. ent z} (X rec x. if cnt x then x # rec (nxt ) else

1)

end

locale iterator = iterator defs +
fixes sizef :: 'a = nat
assumes terminating:
finite {x. ent £} V x. ent © —> sizef © < sizef (nat x)
begin

lemma admissible:
adm__wf
{(nat z, z) | z. ent =}
(X rec z. if ent x then do {f x; rec (nxzt z)} else State Monad.return

0)

unfolding adm_wf def by auto

lemma wellfounded:
wf {(nat z, x) | x. ent z} (is wf 25)
proof —
from terminating have acyclic 25
by (auto intro: acyclicl _order[where f = sizef])
moreover have finite ¢S
using [[simproc add: finite_Collect]] terminating(1) by auto
ultimately show ?thesis
by — (rule finite_acyclic_wf)
qed

lemma iter_state_unfold:

iter_state fx = (if ent x then do {f x; iter__state f (nxt z)} else State Monad.return
0)

unfolding iter_state def by (simp add: wfrec_fizpoint|OF wellfounded
admissible])

lemma idterator _to_ list_unfold:
iterator_to_list x = (if ent x then x # iterator_to_list (nzt x) else [])
unfolding iterator__to_list _def by (simp add: adm__wf _def wfrec_fixpoint[OF
wellfounded))

lemma iter state iterate state:

iter_state f x = iterate_state f (iterator to_list x)
apply (induction iterator _to_list x arbitrary: x)
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apply (simp add: iterator_to__list_unfold split: if _split_asm)
apply (simp add: iter__state__unfold)

apply (subst (asm) (3) iterator_to_list_unfold)

apply (simp split: if _split_asm)

apply (auto simp: iterator_to__list_unfold iter__state__unfold)
done

end

context dp_ consistency
begin

context
includes lifting syntax
begin

lemma crel _vs_iterate_ state:
crel_vs (=) () (iterate_state fzs) if ((=) ===>r R) g f
proof (induction xs)
case Nil
then show ?case
by (simp; rule crel_vs_return__ext[unfolded Transfer.Rel def]; simp;
fail)
next
case (Cons x zs)
have unit _expand: () = Naf. fa) () (A _. () ..
from Cons show ?case
by simp
(rule
bind__transfer|[unfolded rel_fun__def, rule_format, unfolded unit_expand)]
that[unfolded rel_fun__def, rule_format] HOL.refl
)+
qed

lemma crel _vs_bind__ignore:

crel_vs R a (do {d; b}) if crel_vs R a b crel_vs Scd
proof —

have unit_expand: a = (A a f. fa) () (A _. a) ..

show ?thesis

by (subst unit_expand)
(rule bind_transfer[unfolded rel fun__def, rule_format, unfolded

unit__expand| that)+
qed
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lemma crel _wvs_iterate__and__compute:

assumes ((=) ===>r R) g f
shows crel_vs R (g x) (do {iterate_state f zs; f x})
by (rule

crel_vs_bind_ignore crel_vs_iterate state HOL.refl
assmslunfolded rel _fun__def, rule_format] assms
)+

end
end

locale dp__consistency__iterator =
dp__consistency lookup update + iterator cnt nxt sizef
for lookup :: 'a = ('b, 'c option) state and update
and cnt :: 'a = bool and nzt and sizef
begin

lemma crel _wvs iter _and__compute:

assumes ((=) ===>r R) g f

shows crel_vs R (g x) (do {iter_state f y; f z})

unfolding iter_state iterate_state using crel_vs_iterate__and__compute[OF
assms| .

lemma consistentDP__iter _and__compute:
assumes consistentDP f
shows crel_vs (=) (dp z) (do {iter_state f y; f x})
using assms unfolding consistentDP__def by (rule crel _vs__iter _and__compute)

end

locale dp__consistency iterator _empty =
dp__consistency__iterator + dp__consistency__empty
begin

lemma memoized:
dp x = fst (run__state (do {iter_state fy; f x}) empty) if consistentDP f
using consistentDP_iter_and__compute[OF that, of z y|
by (auto elim!: crel_vs__elim intro: P_empty cmem__empty)

lemma cmem_ result:
cmem (snd (run__state (do {iter_state fy; f x}) empty)) if consistentDP

f
using consistentDP_iter_and__compute| OF that, of x y]
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by (auto elim!: crel _vs__elim intro: P_empty cmem__empty)
end

lemma dp_consistency_iterator _emptyl:
dp__consistency__iterator__empty P lookup update cnt
naxt sizef empty
if dp_ consistency__empty lookup update P empty
iterator cnt nxt sizef
for empty
by (meson
dp__consistency__empty.axioms(1) dp__consistency__iterator _def
dp__consistency__iterator_empty def that

)

context
fixes m :: nat — Width of a row
and n :: nat — Number of rows
begin

lemma table iterator__up:
iterator
A(z,y).z<nAy<m)
(A (z, y). if y < m then (z, y + 1) else (z + 1, 0))
Az, y). zx(m+ 1)+ y)
by standard auto

lemma table iterator down:
iterator
A(z,y).z<nAy<mAz>D0)
A (z, y). if y > 0 then (z, y — 1) else (z — 1, m))
(A (2, 9). (0 — 2) * (m + 1) + (m - y))
using [[simproc add: finite_ Collect]] by standard (auto simp: Suc_ diff le)

end

end
theory Bottom_ Up Computation_Heap

imports ../state_monad/Bottom__Up__Computation ../heap__monad/DP_CRelVH
begin

definition (in iterator__defs)

iter_heap f =
wfrec
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{(nat z, z) | z. ent }
(X rec x. if cnt x then do {f x; rec (nxt z)} else return ())

lemma (in iterator) iter__heap__unfold:
iter_heap fx = (if ent « then do {f x; iter_heap f (nxt z)} else return ())
unfolding iter heap_ def
by (simp add: wfrec_ fixzpoint| OF iterator.wellfounded, OF iterator.intro, OF
terminating] adm_wf _def)

locale dp_ consistency_iterator _heap =
dp__consistency__heap P update lookup dp + iterator cnt nxt sizef
for lookup :: 'a = (’c option) Heap and update and P dp
and cnt :: 'a = bool and nzt and sizef
begin

context
includes lifting syntax
begin

term iter heap
term crel wvs

lemma crel _vs_iterate_state:
crel_vs (=) () (iter_heap f ) if ((=) ===> crel_ vs R) g f
using wellfounded
proof induction
case (less )
have unit_expand: () = A a f. fa) () (A _. () ..
from less show ?case
by (subst iter__heap__unfold)
(auto intro:
bind__transfer|unfolded rel_fun__def, rule_format, unfolded unit_expand)]
crel_vs_return__ext|unfolded Transfer.Rel_def] that[unfolded rel_fun_ def,
rule__format]

)

qged

lemma crel _vs_bind_ignore:
crel_vs R a (do {d; b}) if crel vs R a b crel_vs Scd
proof —
have unit_expand: a = (A a f. fa) () (A _. a) ..
show ?thesis
by (subst unit_expand)
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(rule bind__transfer[unfolded rel_fun_def, rule_format, unfolded
unit__expand| that)+
qed

lemma crel _wvs_iter _and__compute:

assumes ((=) ===> crel_vs R) g f
shows crel_vs R (g x) (do {iter_heap fy; fz})
by (rule

crel_vs__bind_ignore crel_vs_iterate state HOL.refl
assms[unfolded rel_fun_def, rule_format] assms
)+

lemma consistent DP_iter _and__compute:
assumes consistentDP f
shows consistentDP (X x. do {iter_heap fy; fz})
apply (rule consistentDP__intro)
using assms unfolding consistentDP__def Rel def
by (rule crel_vs_iter_and__compute)

end
end

end

2.7 Setup for the Heap Monad

theory Solve Cong
imports Main HOL— Eisbach.Fisbach
begin

Method for solving trivial equalities with congruence reasoning

named__theorems cong rules

method solve_cong methods solve =
rule HOL.refl |
rule cong__rules; solve__cong solve |
solve; fail

end
theory Heap Main
imports
../heap_monad/Memory__Heap
../ transform/ Transform__Cmd
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Bottom__Up__ Computation__ Heap
..Jutil/ Solve__Cong
begin

context includes heap__monad_syntax begin

thm if cong
lemma ifT_cong:
assumes b=cc=—=zcr=uc= y="v
shows Heap_Monad_Ext.ifp (b) xy = Heap Monad_Ext.ifp (¢) u v
unfolding Heap_ Monad_ Ext.ifp_ def
unfolding return_ bind
using if _cong[OF assms] .

lemma return__app_ return__cong:
assumes fz = gy

shows (f) . (z) = (g) . (y)

unfolding Heap Monad_FExt.return__app_ return__meta assms ..

lemmas [fundef cong| =
return__app__return__cong
ifT__cong
end
memoize__fun compr: comp monadifies (heap) comp__def
thm compr’.simps
lemma (in dp__consistency__heap) shows compr__transfer|[transfer _rule]:
crel_vs (Rl ===>p R2) ===>7p (R0 ===>7p Rl) ===>7 (R0 ===>
R2)) comp compr
apply memoize__combinator _init
subgoal premises [H [transfer_rule] by memoize_unfold defs trans-
fer_prover
done

memoize__fun mapyp: map monadifies (heap) list.map
lemma (in dp_ consistency__heap) mapr__transfer|transfer _rule:
crel_vs (RO ===>7p Rl) ===>7 list_all2 R0 ===>7¢ list_all2 R1)
map mapr
apply memoize__combinator _init
apply (erule list_all2__induct)
subgoal premises [transfer__rule] by memoize__unfold__defs transfer__prover
subgoal premises [transfer__rule] by memoize__unfold__defs transfer__prover
done

memoize__fun foldr: fold monadifies (heap) fold.simps
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lemma (in dp_ consistency__heap) foldr__transfer|transfer _rule:
crel_vs (RO ===>p Rl ===>7 R1) ===>7 list_all2 R0 ===>7 R1
===>7p R1) fold foldp
apply memoize__combinator _init
apply (erule list_all2__induct)
subgoal premises [transfer__rule] by memoize__unfold__defs transfer__prover
subgoal premises [transfer__rule] by memoize__unfold__defs transfer__prover
done

context includes heap monad_syntax begin

thm map_cong
lemma mapT _cong:
assumes s = ys \z. z€set ys = fr =gz
shows mapr . (f) . (xs) = mapr . (g) . (ys)
unfolding mapr_ def
unfolding assms(1)
using assms(2) by (induction ys) (auto simp: Heap_Monad__Ext.return__app__return__meta)

thm fold cong
lemma foldT cong:
assumes s = ys \z. z€set ys = fr =g
shows foldr . (f) . (zs) = foldr . (g) . (ys)
unfolding foldr_ def
unfolding assms(1)
using assms(2) by (induction ys) (auto simp: Heap_ Monad__Ext.return__app__return__meta)

lemma abs_unit_cong:

assumes r = y
shows (A_::unit. ) = (\_. y)
using assms ..

lemma arg_congd:
fabcd=fa' b c'difa=a"b=bc=c"d=4d
by (simp add: that)

lemmas [fundef _cong, cong_rules] =
return__app__return__cong
ifT"_cong
mapT _cong
foldT _cong
abs__unit_cong
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lemmas [cong_rules] =
arg__congd[where f = heap_mem__defs.checkmem]
arg__cong2[where f = fun__app_lifted]

end

context dp_consistency heap begin
context includes lifting syntar and heap monad_syntar begin

named__theorems dp match_rule

thm if cong
lemma ifr_ cong2:

assumes Rel (=) b ¢ ¢ = Rel (crel_vs R) z x7 -¢ = Rel (crel_vs R)
yyr

shows Rel (crel_vs R) (if (Wrap b) then z else y) (Heap_ Monad__Ext.ifp
() zr yr)

using assms unfolding Heap Monad_Ext.if p_ def bind_left identity
Rel _def Wrap__def

by (auto split: if _split)

lemma mapr__cong2:
assumes
is__equality R
Rel R xs ys
Nz. z€set ys = Rel (crel_vs S) (fz) (fr' )
shows Rel (crel_vs (list_all2 S)) (App (App map (Wrap f)) (Wrap zs))
(mapr . (fr) - (ys))
unfolding mapr_ def
unfolding Heap Monad__Ext.return__app_ return_meta
unfolding assms(2)[unfolded Rel_def assms(1)[unfolded is_equality_def]]
using assms(3)
unfolding Rel def Wrap_ def App_ def
apply (induction ys)
subgoal premises by (memoize__unfold _defs (heap) map) transfer _prover
subgoal premises prems for a ys
apply (memoize__unfold_defs (heap) map)
apply (unfold Heap_ Monad__Ext.return__app__return_meta Wrap__ App_ Wrap)
supply [transfer__rule] =
prems(2)[OF list.set_intros(1)]
prems(1)[OF prems(2)[OF list.set__intros(2)], simplified]
by transfer_ _prover
done
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lemma foldr_ cong2:

assumes

is__equality R

Rel R s ys

Nz. z€set ys = Rel (crel_vs (S ===> crel_vs S)) (fz) (fr' z)
shows

Rel (crel_vs (S ===> crel_vs S)) (fold f zs) (foldr . (fr’) . (ys))
unfolding foldr__def
unfolding Heap Monad__FExt.return__app_ return_ meta
unfolding assms(2)[unfolded Rel _def assms(1)[unfolded is__equality_def]]
using assms(3)
unfolding Rel def
apply (induction ys)
subgoal premises by (memoize__unfold__defs (heap) fold) transfer _prover
subgoal premises prems for a ys

apply (memoize_unfold defs (heap) fold)

apply (unfold Heap Monad__Ext.return__app__return_meta Wrap__ App_ Wrap)

supply [transfer _rule] =

prems(2)[OF list.set__intros(1)]
prems(1)[OF prems(2)[OF list.set_intros(2)], simplified]

by transfer__prover

done

lemma refi2:
is_equality R — Rel R x x
unfolding is_equality def Rel def by simp

lemma relfun2:
assumes is_equality RO N\z. Rel R1 (f z) (g x)
shows Rel (rel_fun RO R1) fg
using assms unfolding is equality def Rel def by auto

lemma crel wvs return__app return:
assumes Rel R (fz) (g z)
shows Rel R (App (Wrap f) (Wrap z)) ({g) . (z))
using assms unfolding Heap Monad_FExt.return__app__return_ meta Wrap_ App_ Wrap

thm option.case__cong[no__vars]

lemma option__case_cong”:

Rel (=) option’ option =

(option = None = Rel R fl gl) =

(A22. option = Some 12 = Rel R (2 12) (g2 12)) =
Rel R (case option’ of None = fl | Some 22 = f2 12)

90



(case option of None = gl | Some 12 = ¢2 12)
unfolding Rel def by (auto split: option.split)

thm prod.case__cong[no__vars]
lemma prod_ case cong’: fixes prod prod’ shows
Rel (=) prod prod’ —>
(Azl 22. prod’ = (z1, 12) = Rel R (f 21 22) (g 21 22)) =
Rel R (case prod of (x1, 12) = fxl 12)
(case prod’ of (x1, 12) = ¢ 21 22)
unfolding Rel def by (auto split: prod.splits)

lemmas [dp__match_rule] = prod__case__cong’ option__case__cong’

lemmas [dp__match_rule] =
crel_vs_return__app_ return

lemmas [dp_match_rule] =
mapr__cong2
foldr__cong2
ifr__cong2

lemmas [dp__match_rule] =
crel _wvs_return

crel_vs_fum__app
refi2
rel_fun2

end
end

2.7.1 More Heap

lemma execute heap ofD:
heap_of ¢ h = h'if execute ¢ h = Some (v, h')
using that by auto

lemma ezecute result ofD:
result_of ¢ h = v if execute ¢ h = Some (v, h')

using that by auto

locale heap_correct_init_defs =
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fixes P :: 'm = heap = bool
and lookup :: 'm = 'k = v option Heap
and update :: 'm = 'k = v = unit Heap
begin

definition map_of heap’ where
map__of _heap’ m heap k = fst (the (execute (lookup m k) heap))

end

locale heap_ correct_init_inv = heap_ correct_init_ defs +
assumes lookup__inv: \ m. lift_p (P m) (lookup m k)
assumes update_inv: \ m. lift_p (P m) (update m k v)

locale heap correct_init =
heap__correct_init_inv +
assumes lookup__correct:
N\ a. P am = map_of heap’ a (snd (the (execute (lookup a k) m)))
Cm (map_of heap’ a m)
and update_correct:
Na Pam=—
map__of _heap’ a (snd (the (execute (update a kv) m))) C,, (map_of _heap
am)(k — v)
begin

/

end

locale dp_consistency__heap_init = heap__correct__init __ lookup for lookup
2 'm = 'k = v option Heap +
fixes dp :: 'k = v
fixes init :: 'm Heap
assumes success: success init Heap.empty
assumes empty_correct:
)\ empty heap. execute init Heap.empty = Some (empty, heap) —>
map__of _heap’ empty heap C,, Map.empty
and P_empty: )\ empty heap. execute init Heap.empty = Some (empty,
heap) = P empty heap
begin

definition init _mem = result_of init Heap.empty
sublocale dp_consistency_heap

where P=P init _mem
and lookup=Ilookup init_mem
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and update=update init_mem
apply standard
apply (rule lookup__inv[of init_mem))
apply (rule update__inv[of init_mem))
subgoal
unfolding heap mem__defs.map_of heap def
by (rule lookup__correct|of init_mem, unfolded map__of heap’ _def])
subgoal
unfolding heap__mem__defs.map_of heap_ def
by (rule update_correct|of init_mem, unfolded map _of heap’ def])
done

interpretation consistent: dp_ consistency__heap__empty
where P=P init _mem
and lookup=Ilookup init_mem
and update=update init_mem
and empty= heap_ of init Heap.empty
apply standard
subgoal
apply (rule successE[OF success])
apply (frule empty_correct)
unfolding heap mem__defs.map_of heap def init_mem__def map_of heap’ def
by simp
subgoal
apply (rule successE[OF success))
apply (frule P_empty)
unfolding init_mem_ def
by simp
done

lemma memoized__empty:
dp x = result_of (init >= (Amem. dpp mem x)) Heap.empty
if consistentDP (dpr (result_of init Heap.empty))
by (simp add: execute__bind__success consistent.memoized| OF that(1)] suc-
cess
)

end

locale dp_consistency_heap__init’ = heap__correct_init__ lookup for lookup
2 'm = 'k = v option Heap +

fixes dp :: 'k = v

fixes init :: 'm Heap

assumes success: success init Heap.empty

assumes empty_correct:
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)\ empty heap. execute init Heap.empty = Some (empty, heap) —>
map__of _heap’ empty heap C,, Map.empty
and P_empty: )\ empty heap. execute init Heap.empty = Some (empty,
heap) = P empty heap
begin

sublocale dp_consistency_heap
where P=P init _mem
and lookup=Ilookup init _mem
and update=update init_mem
apply standard
apply (rule lookup__inv[of init_mem))
apply (rule update__inv[of init_mem))
subgoal
unfolding heap mem__defs.map__of heap def
by (rule lookup__correct|of init_mem, unfolded map__of heap’ _def])
subgoal
unfolding heap__mem__defs.map_of heap def
by (rule update__correct|of init_mem, unfolded map_of heap’ _def])
done

definition init_mem = result_of init Heap.empty

interpretation consistent: dp_ consistency__heap__empty
where P=P init _mem
and lookup=Ilookup init_mem
and update=update init_mem
and empty= heap_ of init Heap.empty
apply standard
subgoal
apply (rule successE[OF success])
apply (frule empty_correct)
unfolding heap mem__defs.map_of heap def init_mem__def map_of heap’ def
by simp
subgoal
apply (rule successE[OF success))
apply (frule P_empty)
unfolding init_mem__def
by simp
done

lemma memoized__empty:

dp = = result_of (init >= (Amem. dpp mem x)) Heap.empty
if consistentDP init_mem (dpr (result_of init Heap.empty))
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by (simp add: execute__bind__success consistent.memoized|OF that(1)] suc-
cess)

end

locale dp_ consistency__new =
fixes dp :: 'k = v
fixes P :: 'm = heap = bool
and lookup :: 'm = 'k = 'v option Heap
and update :: 'm = 'k = v = unit Heap
and init
assumes
success: success init Heap.empty
assumes
inv_init: \ empty heap. execute init Heap.empty = Some (empty, heap)
= P empty heap
assumes consistent:
)\ empty heap. execute init Heap.empty = Some (empty, heap)
= dp__consistency__heap__empty (P empty) (update empty) (lookup
empty) heap
begin

sublocale dp_consistency__heap__empty
where P=P (result_of init Heap.empty)
and lookup=lookup (result_of init Heap.empty)
and update=update (result_of init Heap.empty)
and empty= heap__of init Heap.empty
using success by (auto 4 3 intro: consistent successE)

lemma memoized__empty:
dp x = result_of (init >= (Amem. dpr mem z)) Heap.empty
if consistentDP (dpr (result_of init Heap.empty))
by (simp add: execute bind_success memoized[OF that(1)] success)

end

locale dp _consistency new’ =

fixes dp :: 'k = v

fixes P :: 'm = heap = bool
and lookup :: 'm = 'k = v option Heap
and update :: 'm = 'k = v = unit Heap
and init
and mem :: 'm

assumes mem,__is_init: mem = result_of init Heap.empty

95



assumes
success: success init Heap.empty
assumes
inv_init: \ empty heap. execute init Heap.empty = Some (empty, heap)
= P empty heap
assumes consistent:
/\ empty heap. execute init Heap.empty = Some (empty, heap)
= dp__consistency__heap__empty (P empty) (update empty) (lookup
empty) heap
begin

sublocale dp_consistency__heap__empty
where P=P mem
and lookup=Ilookup mem
and update=update mem
and empty= heap__of init Heap.empty
unfolding mem__is_init
using success by (auto 4 3 intro: consistent successE)

lemma memoized__empty:
dp = = result_of (init >= (Amem. dpp mem x)) Heap.empty
if consistentDP (dpr (result_of init Heap.empty))
by (simp add: execute bind__success memoized|OF that(1)] success)

end

locale dp_consistency heap array new’ =
fixes size :: nat
and to_index :: ('k :: heap) = nat
and mem :: ('v::heap) option array
and dp :: 'k = 'v::heap
assumes mem__is_init: mem = result_of (mem__empty size) Heap.empty
assumes injective: injective size to_index
begin

sublocale dp consistency new’
where P = X\ mem heap. Array.length heap mem = size
and lookup = X\ mem. mem__lookup size to__indexr mem
and update = A mem. mem__update size to__indexr mem

and init = mem__empty size

and mem = mem
apply (rule dp__consistency_new’.intro)
subgoal

by (rule mem__is_init)
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subgoal
by (rule success__empty)
subgoal for empty heap
using length_mem__empty by (metis fst_conv option.sel snd__conv)
subgoal
apply (frule execute__heap__ofD[symmetric])
apply (frule execute _result _ofD[symmetric])
apply simp
apply (rule array_consistentI[OF injective HOL.refl])
done
done

thm memoized__empty
end

locale dp_ consistency__heap array new =
fixes size :: nat
and to_index :: ('k :: heap) = nat
and dp :: 'k = 'v::heap
assumes injective: injective size to__index
begin

sublocale dp_consistency_new
where P = X\ mem heap. Array.length heap mem = size
and lookup = A mem. mem,__lookup size to__index mem
and update = X\ mem. mem__update size to__index mem

and init = mem__empty size
apply (rule dp__consistency_new.intro)
subgoal

by (rule success__empty)
subgoal for empty heap

using length__mem__empty by (metis fst_conv option.sel snd__conv)
subgoal

apply (frule execute__heap__ofD[symmetric])

apply (frule execute result _ofD[symmetric])

apply simp

apply (rule array__consistent] [OF injective HOL.refl])

done
done

thm memoized__empty

end
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locale dp_ consistency__heap__array =
fixes size :: nat
and to_index :: ('k :: heap) = nat
and dp :: 'k = "v::heap
assumes injective: injective size to_index
begin

sublocale dp_ consistency__heap__init
where P=Amem heap. Array.length heap mem = size
and lookup=X\ mem. mem__lookup size to_indexr mem
and update=\ mem. mem__update size to__indexr mem
and init=mem__empty size
apply standard
subgoal lookup_inv
unfolding lift p def mem_lookup def by (simp add: Let_def exe-
cute__simps)
subgoal update inv
unfolding State Heap.lift_p_ def mem__update def by (simp add:
Let__def execute__simps)
subgoal for £ heap
unfolding heap correct init_defs.map_of heap’ def map_le_def mem_ lookup def
by (auto simp: execute_simps Let__def split: if _split_asm)
subgoal for heap k
unfolding heap correct_init _defs.map of heap’ def map le def mem_lookup def
mem__update__def
apply (auto simp: execute_simps Let__def length__def split: if _split_asm)
apply (subst (asm) nth_list_update_neq)
using injective[unfolded injective__def] apply auto
done
subgoal
by (rule success _empty)
subgoal for empty’ heap
unfolding heap correct_init_defs.map_of heap’ def mem_ lookup def
by (auto introl: map__emptyl simp: Let_def ) (metis fst_conv option.sel
snd__conv nth_mem__empty)
subgoal for empty’ heap
unfolding heap correct_init_defs.map_of heap’ def mem_ lookup def
map__le_def
using length__mem__empty by (metis fst_conv option.sel snd__conv)
done

end
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locale dp _consistency heap__array pair’ =
fixes size :: nat
fixes keyl :: '’k = (‘K1 :: heap) and key2 :: 'k = 'k2 :: heap
and to_index :: k2 = nat
and dp :: 'k = 'vi:heap
and k1 k2 :: 'kl
and mem :: (k1 ref x
k1 ref x
v option array ref x
"v option array ref)
assumes mem,__is_init: mem = result__of (init__state size k1 k2) Heap.empty
assumes injective: injective size to_index
and keys injective: Vk k' keyl k = keyl k' N key2 k = key2 k' — k
=k’
and keys neq: k1 # k2
begin

definition
inv_pair’ = (X (k_refl, k_ref2, m_refl, m_ref2).
pair_mem,__defs.inv__pair (lookupl size to__index m__refl)
(lookup2 size to__index m__ref2) (get k1 k_refl)
(get_k2 k_ref2)
(inv__pair_weak size m__refl m_ref2 k_refl k_ref2) keyl key2)

sublocale dp_consistency new’
where P=inv_pair’
and lookup=\ (k_refl, k_ref2, m_refl, m_ref2).
lookup__pair size to__index keyl key2 m_refl m_ref2 k_refl k_ref2
and update=\ (k_refl, k_ref2, m_refl, m_ ref2).
update__pair size to__index keyl key2 m_refl m_ref2 k_refl k_ref2
and init=1init _state size k1 k2
apply (rule dp__consistency_new’.intro)
subgoal
by (rule mem__is__init)
subgoal
by (rule succes init_ state)
subgoal for empty heap
unfolding inv_pair’ _def
apply safe
apply (rule init_state inv’)
apply (rule injective)
apply (erule init_state_distinct)
apply (rule keys_injective)
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apply assumption
apply (rule keys_neq)
done
apply safe
unfolding inv_pair’ def
apply simp
apply (rule consistent__empty_pairl)
apply (rule injective)
apply (erule init__state__distinct)
apply (rule keys_injective)
apply assumption
apply (rule keys_neq)
done

end

locale dp_ consistency__heap__array_pair_iterator =
dp__consistency__heap _array_pair’ where dp = dp + iterator where cnt
= cnt
for dp :: 'k = 'vi:heap and cnt :: 'k = bool
begin

sublocale dp_consistency_iterator__heap
where P = inv_pair’ mem
and update = (case mem of
(k_refl, k_ref2, m_refl, m_ref2) =
update__pair size to_index keyl key2 m_refl m_ref2 k_refl k_ref2)
and lookup = (case mem of
(k_refl, k_ref2, m_refl, m_ref2) =
lookup__pair size to__index keyl key2 m__refl m_ref2 k_refl k_ref2)

end

locale dp_ consistency__heap__array pair =
fixes size :: nat
fixes keyl :: 'k = (k1 :: heap) and key2 :: 'k = 'k2 :: heap
and to_index :: k2 = nat
and dp :: 'k = "v::heap
and k1 k2 :: k1
assumes injective: injective size to_index
and keys_injective: Vk k'. keyl k = keyl k' A key2 k = key2 k' — k
=k’
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and keys neq: k1 # k2
begin

definition
inv_pair’ = (X (k_refl, k_ref2, m_refl, m_ref2).
pair_mem__defs.inv_pair (lookupl size to_index m__refl)
(lookup2 size to__index m__ref2) (get_kl1 k_refl)
(get_k2 k_ref2)
(inv_pair_weak size m_refl m_ref2 k_refl k_ref2) keyl key2)

sublocale dp_consistency_new
where P=inv_pair’
and lookup=\ (k_refl, k_ref2, m_refl, m_ref2).
lookup__pair size to__index keyl key2 m_refl m_ref2 k_refl k_ref2
and update=\ (k_refl, k_ref2, m_refl, m_ref2).
update__pair size to__index keyl key2 m__refl m_ref2 k_refl k_ref2
and init=1init_state size k1 k2
apply (rule dp__consistency_new.intro)
subgoal
by (rule succes__init_state)
subgoal for empty heap
unfolding inv_pair’ def
apply safe
apply (rule init_state__inv’)
apply (rule injective)
apply (erule init__state__distinct)
apply (rule keys_injective)
apply assumption
apply (rule keys_neq)
done
apply safe
unfolding inv_pair’ _def
apply simp
apply (rule consistent__empty_pairl)
apply (rule injective)
apply (erule init_state_distinct)
apply (rule keys__injective)
apply assumption
apply (rule keys neq)
done

end
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2.7.2 Code Setup

lemmas [code__unfold] = heap__mem__defs.checkmem__checkmem'[symmetric]
lemmas [code] =

heap__mem,__defs.checkmem' _def

Heap Main.mapp__def

end

2.8 Setup for the State Monad

theory State Main
imports
../transform/ Transform__ Cmd
Memory
begin

context includes state_monad__syntax begin

thm if cong
lemma if T cong:
assumes b=cc= r =u c = Yy =10
shows State Monad_Ext.ifr (b) x y = State_Monad_ Ext.ifr (c) u v
unfolding State_ Monad__Ext.if p__def
unfolding bind_left identity
using if _cong|OF assms]| .

lemma return__app_ return__cong:
assumes fz = gy

shows (f) . (z) = (g) . (v)

unfolding State_ Monad__Ext.return__app_return_meta assms ..

lemmas [fundef cong| =
return__app__return__cong
ifT__cong

end

memoize__fun compr: comp monadifies (state) comp__def
lemma (in dp_ consistency) compr__transfer|transfer _rule]:

crel_vs (Rl ===>p R2) ===>7 (R0 ===>7 Rl) ===>7 (R0 ===>7
R2)) comp compr

apply memoize__combinator__init

subgoal premises [H [transfer _rule] by memoize_unfold_defs trans-
fer_prover
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done

memoize__fun mapr: map monadifies (state) list.map
lemma (in dp__consistency) mapr__transfer|[transfer__rule]:
crel_vs (RO ===>7p R1) ===>7 list_all2 R0 ===>7¢ list_all2 R1)
map mapr
apply memoize__combinator_init
apply (erule list_all2__induct)
subgoal premises [transfer__rule] by memoize__unfold__defs transfer__prover
subgoal premises [transfer _rule] by memoize__unfold__defs transfer _prover
done

memoize__fun foldr: fold monadifies (state) fold.simps
lemma (in dp_ consistency) foldr__transfer[transfer _rule]:
crel_vs (RO ===>p Rl ===>7p R1) ===>7 list_all2 R0 ===>71 R1
===>p R1) fold foldp
apply memoize__combinator__init
apply (erule list_all2__induct)
subgoal premises [transfer__rule] by memoize__unfold__defs transfer _prover
subgoal premises [transfer__rule] by memoize__unfold__defs transfer__prover
done

context includes state__monad_syntax begin

thm map_cong
lemma mapT _cong:
assumes zs = ys \z. z€set ys = fr =gz
shows mapr . (f) . (zs) = mapr . (g) . (ys)
unfolding mapr_ def
unfolding assms(1)
using assms(2) by (induction ys) (auto simp: State_Monad__Ext.return_app_return_meta)

thm fold cong
lemma foldT cong:
assumes zs = ys \z. z€set ys = fr =gz
shows foldy . (f) . (zs) = foldr . (g) . (ys)
unfolding foldr_ def
unfolding assms(1)
using assms(2) by (induction ys) (auto simp: State__Monad__Ext.return__app__return__meta)

lemma abs_unit_cong:

assumes = y
shows (A_::unit. ) = (A_. y)
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using assms ..

lemmas [fundef cong| =
return__app__return__cong
if T__cong
mapT _cong
foldT _cong
abs__unit_cong

end

context dp_ consistency begin
context includes lifting syntar and state _monad_syntax begin

named__theorems dp_match_rule

thm if cong
lemma ifr_ cong2:

assumes Rel (=) b ¢ ¢ = Rel (crel_vs R) x x7 -¢ = Rel (crel_vs R)
yyr

shows Rel (crel_vs R) (if (Wrap b) then z else y) (State_Monad__Ext.ifp
(¢) z7 yr)

using assms unfolding State. Monad_Ext.ifp_ def bind_left identity
Rel _def Wrap__def

by (auto split: if _split)

lemma mapr_ cong2:
assumes
is__equality R
Rel R xs ys
Nz. z€set ys = Rel (crel_vs S) (fz) (fr' z)
shows Rel (crel_vs (list_all2 S)) (App (App map (Wrap f)) (Wrap zs))
(mapr . (fr) - (ys))
unfolding mapy_ def
unfolding State_ Monad__Ext.return__app_return_meta
unfolding assms(2)[unfolded Rel _def assms(1)[unfolded is__equality def]]
using assms(3)
unfolding Rel def Wrap_def App_def
apply (induction ys)
subgoal premises by (memoize__unfold__defs (state) map) transfer__prover
subgoal premises prems for a ys
apply (memoize_unfold_defs (state) map)
apply (unfold State_ Monad__Ext.return__app__return_meta Wrap__ App_ Wrap)
supply [transfer _rule] =
prems(2)[OF list.set_intros(1)]
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prems(1)[OF prems(2)[OF list.set__intros(2)], simplified]
by transfer prover
done

lemma foldp_ cong2:

assumes

is__equality R

Rel R xs ys

Nz. z€set ys = Rel (crel_vs (S ===> crel_vs S)) (fz) (fr' z)
shows

Rel (crel_wvs (S ===> crel_vs S)) (fold f zs) (foldr . (fr’) . (ys))
unfolding foldr_ def
unfolding State_ Monad__ Ext.return__app__return_ meta
unfolding assms(2)[unfolded Rel def assms(1)[unfolded is__equality def]]
using assms(3)
unfolding Rel def
apply (induction ys)
subgoal premises by (memoize__unfold__defs (state) fold) transfer _prover
subgoal premises prems for a ys

apply (memoize__unfold _defs (state) fold)

apply (unfold State_ Monad__Ext.return__app_ return_meta Wrap_ App_ Wrap)

supply [transfer _rule] =

prems(2)[OF list.set__intros(1)]
prems(1)[OF prems(2)[OF list.set__intros(2)], simplified]

by transfer_ _prover

done

lemma refi2:
is_equality R =— Rel R x x
unfolding is_equality def Rel def by simp

lemma rel_fun2:
assumes is_equality RO A\z. Rel R1 (f z) (g x)
shows Rel (rel_fun RO R1) fg
using assms unfolding is equality def Rel def by auto

lemma crel _vs return__app__return:
assumes Rel R (fz) (g x)
shows Rel & (App (Wrap f) (Wrap z)) ((g) - (z))
using assms unfolding State Monad_Ext.return__app_return_meta Wrap__ App_ Wrap

thm option.case__cong[no__vars]
lemma option_case_cong”:
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Rel (=) option’ option =

(option = None = Rel R f1 g1) =

(A\x2. option = Some 12 = Rel R (f2 22) (g2 12)) =

Rel R (case option’ of None = f1 | Some 12 = f2 12)

(case option of None = gl | Some 12 = ¢2 a2)
unfolding Rel def by (auto split: option.split)

thm prod.case__cong[no__vars]
lemma prod_ case_cong’: fixes prod prod’ shows
Rel (=) prod prod’ =
(Azl 22. prod’ = (21, 12) = Rel R (f z1 12) (g 21 12)) =
Rel R (case prod of (x1, 12) = fxl 12)
(case prod’ of (21, 12) = g z1 12)
unfolding Rel def by (auto split: prod.splits)

thm nat.case__cong[no__vars]
lemma nat_case_cong’: fixes nat nat’ shows
Rel (=) nat nat’ =
(nat'=0= Rel R fl g1) =
(A22. nat’ = Suc 12 = Rel R (f2 12) (g2 12)) =
Rel R (case nat of 0 = f1 | Suc 12 = f2 12) (case nat’ of 0 = gl | Suc 22
= g2 12)
unfolding Rel def by (auto split: nat.splits)

lemmas [dp__match_rule] =
prod__case__cong’
option__case__cong’
nat__case__cong’

lemmas [dp__match_rule] =
crel_vs_return__app_return

lemmas [dp__match_rule] =
mapr__cong2
foldr__cong2
ifr__cong2

lemmas [dp_match_rule] =
crel _wvs_return
crel_vs_fun__app
refi2
relfun2
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end
end

2.8.1 Code Setup

lemmas [code__unfold] =
state__mem,__defs.checkmem__checkmem'[symmetric]
state__mem,__defs.checkmem’ _def
mapy__def

end

3 Examples

3.1 Misc

theory Ezample  Misc
imports
Main
HOL— Library. Extended
../ state_monad/State_ Main
begin

Lists fun min_ list :: 'a::ord list = 'a where
min_list (z # xs) = (case zs of [| = = | _ = min z (min_list xs))

lemma fold min__commute:
fold min xs (min a b) = min a (fold min xzs b) for a :: 'a :: linorder
by (induction xs arbitrary: a; auto; metis min.commute min.assoc)

/

lemma min_ list_fold:

min__list (z # xs) = fold min zs x for z :: 'a :: linorder

by (induction zs arbitrary: x; auto simp: fold_min__commute[symmetricl;
metis min.commute)

lemma induct_list012:
[P; Nx. Plz]; Az yzs. P (y # 28) = P (z # y # 2s)] = P as
by induction__schema (pat_completeness, lexicographic_order)

lemma min_ list_Min: xs # [| = min__list s = Min (set xs)
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by (induction xs rule: induct_list012)(auto)

Extended Data Type lemma Pinf add_right[simp]:
o+ =00
by (cases z; simp)

Syntax bundle app syntaxr begin

notation App (infixl «$» 999)
notation Wrap («{_)»)

end

end
theory Tracing
imports
../heap_monad/Heap__Main
HOL—Library.Code__Target Numeral
Show.Show Instances
begin

NB: A more complete solution could be built by using the following entry:
https://www.isa-afp.org/entries/Show.html.

definition writeln :: String.literal = unit where
writeln = (X s. ())

code_ printing
constant writeln — (SML) writeln __

definition {race where
trace s © = (let a = writeln s in x)

lemma trace__alt_def[simp]:
trace s ¢ = (N _. z) (writeln s)
unfolding trace_def by simp

definition (in heap__mem__defs) checkmem__trace :
('k = String.literal) = 'k = (unit = "v Heap) = v Heap
where
checkmem__trace trace__key param calc =
Heap_Monad.bind (lookup param) (A .
case x of
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Some x = trace (STR "Hit " + trace_key param) (return z)
| None = trace (STR ""Miss "' + trace_key param)
Heap_ Monad.bind (calc ()) (A .
Heap_Monad.bind (update param z) (A _
return

)
)
)

lemma (in heap__mem__defs) checkmem__checkmem__trace:
checkmem param calc = checkmem__trace trace_key param (A_. calc)
unfolding checkmem__trace_def checkmem__def trace alt def ..

definition nat_to_ string :: nat = String.literal where
nat__to_string © = String.implode (show )

definition nat_pair_to_string :: nat X nat = String.literal where
nat_pair_to_string © = String.implode (show )

value show (3 :: nat)

Code Setup lemmas [code] =
heap__mem__defs.checkmem__trace__def

lemmas [code__unfold] =
heap__mem,__defs.checkmem__checkmem__tracelwhere trace_key = nat__to_ string]
heap__mem__defs.checkmem__checkmem__trace[where trace_key = nat_pair_to__string]

end
theory Ground Function
imports Main
keywords
ground__function :: thy_decl
begin

ML_ file «../util/ Ground_ Function.ML»

ML «
fun ground__function__cmd ((termination, binding), thm__refs) lthy =
let
val def _thms = Attrib.eval _thms lthy thm_ refs
in
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Ground__Function.mk__fun (termination <> NONE) def thms binding
lthy

end

val ground__function__parser =

Scan.option (Parse.$$$ ( |—— Parse.reserved prove__termination ——| Parse.$$$
)

—— (Parse.binding ——| Parse.$$$ :) (x scope, e.g., bf T *)

—— Parse.thmsl

val =
Outer__Syntaz.local__theory @Q{command__keyword ground_ function}
Define a new ground constant from an existing function definition
(ground__function__parser >> ground__function__cmd)

end

3.2 The Bellman-Ford Algorithm

theory Bellman_ Ford
imports

HOL—- Library.1Array
HOL- Library.Code__Target_ Numeral
HOL— Library. Product _Lexorder
HOL—Library.RBT _Mapping
../heap_monad/Heap_Main
Ezxample_ Misc
..Jutil/ Tracing
..Jutil | Ground__Function

begin

3.2.1 Misc

lemma nat _le cases:
fixes n :: nat
assumes ; < n
obtains i < n |i=n
using assms by (cases i = n) auto

context dp_ consistency_iterator
begin

lemma crel _vs_iterate_ state:

110



crel_vs (=) () (iter_state fx) if ((=) ===>r R) g f
by (metis crel _vs_iterate__state iter__state__iterate__state that)

lemma consistent _crel _wvs__iterate state:
crel_vs (=) () (iter_state f x) if consistentDP f
using consistentDP__def crel_vs_iterate_ state that by simp

end

instance eztended :: (countable) countable
proof standard
obtain to_nat :: 'a = nat where inj to_nat
by auto
let ?f = X\ z. case z of Fin n = to_nat n + 2 | Pinf = 0 | Minf = 1
from «inj _ > have inj ?f
by (auto simp: inj_def split: extended.split)
then show Jto nat :: 'a extended = nat. inj to_nat
by auto
qged

instance eztended :: (heap) heap ..

instantiation eztended :: (conditionally__complete_lattice) complete_lattice
begin

definition
Inf A= (
if A={}V A = {oo} then oo
else if —oo € AV = bdd_below (Fin —¢ A) then —oo
else Fin (Inf (Fin —* A)))

definition
Sup A = (
if A={}V A= {—o0} then —0
else if co € AV = bdd__above (Fin —° A) then oo
else Fin (Sup (Fin —* A)))

instance
proof standard
have [dest]: Inf (Fin —* A) < z if Fin z € A bdd_below (Fin —* A) for
Aand z :: 'a
using that by (intro cInf_lower) auto
have x: False if = z < Inf (Fin —“ A) N\z. 2 € A = Fin z < z Fin z
€ Afor Aand z 2 :: 'a
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using cInf greatest|of Fin —° A z] that vimage__eq by force
show Inf A < z if z € A for z :: 'a extended and A
using that unfolding Inf extended_def by (cases x) auto
show 2z < Inf Aif A\z. z € A = 2 < z for 2 :: 'a extended and A
using that
unfolding Inf extended def
apply (clarsimp; safe)
apply force

apply force
subgoal

by (cases z; force simp: bdd__below__def)
subgoal
by (cases z; force simp: bdd__below__def)
subgoal for z y
by (cases z; cases y) (auto elim: x)
subgoal for z y
by (cases z; cases y; simp; metis x less_eq__extended.elims(2))
done
have [dest]: © < Sup (Fin —‘ A) if Fin ¢ € A bdd__above (Fin —* A) for
Aand z :: 'a
using that by (intro cSup_upper) auto
have x: False if = Sup (Fin —* A) < z A\z. 2 € A = 2 < Fin z Fin x
€ Afor Aand z 2 :: 'a
using cSup_least[of Fin —* A z| that vimage__eq by force
show z < Sup A if z € A for z :: 'a extended and A
using that unfolding Sup_extended__def by (cases x) auto
show Sup A < zif \z. 2 € A = z < z for z :: 'a extended and A
using that
unfolding Sup extended def
apply (clarsimp; safe)
apply force

apply force
subgoal

by (cases z; force)
subgoal
by (cases z; force)
subgoal for z y
by (cases z; cases y) (auto elim: x)
subgoal for z y
by (cases z; cases y; simp; metis * extended.exhaust)
done
show Inf {} = (top::'a extended)
unfolding Inf extended_def top__extended__def by simp
show Sup {} = (bot::'a extended)
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unfolding Sup extended_def bot__extended def by simp
qged

end

instance eztended :: ({ conditionally__complete__lattice,linorder}) complete__linorder

lemma Minf eq zero[simp|: —oo = 0 «— False and Pinf eq zero[simp]:
oo = 0 <— False
unfolding zero__extended__def by auto

lemma Sup_int:
fixes z :: int and X :: int set
assumes X # {} bdd__above X
shows Sup X € X A (VyeX. y < Sup X)
proof —
from assms obtain z y where X C {..y} z € X
by (auto simp: bdd__above__def)
then have x: finite (X N {z..y}) X N{z.y} #{} and 2z < y
by (auto simp: subset__eq)
have JlzeX. (VyeX. y < )
proof
{ fix z assume z € X
have z < Maz (X N {z..y})
proof cases
assume z < z with <z € X»> <X C {..y}p> *(1) show Zthesis
by (auto intro!: Max__ge)
next
assume - 1 < 2
then have z < z by simp
also have z < Maz (X N {z..y})
using «z € X» %(1) «<x < y» by (intro Maz__ge) auto
finally show ?thesis by simp
qed }
note le = this
with Maz in[OF x| show ex: Mazx (X N {z..y}) € X A (VzeX. z <
Maz (X N {z..y})) by auto

fix z assume x: z € X A (VyeX. y < 2)
with le have z < Maz (X N {z..y})

by auto
moreover have Maz (X N {z..y}) < z
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using * ex by auto
ultimately show z = Maz (X N {z..y})
by auto
qed
then show Sup X € X A (VyeX. y < Sup X)
unfolding Sup_int_def by (rule thel’)
qed

lemmas Sup_int_in = Sup__int[THEN conjunctl]

lemma Inf int_in:

fixes S :: int set

assumes S # {} bdd_below S

shows Inf S € S

using assms unfolding Inf int_def by (smt Sup__int_in bdd__above__uminus
image__iff image__is_empty)

lemma finite_setcompr_eq_image: finite {f = |x. P x} <— finite (f ‘ {z.
P x})
by (simp add: setcompr_eq _image)

lemma finite_lists _length_lel: finite {xs. length xs < i A set zs C {0..(n::nat)}}
for
by (auto intro: finite__subset[OF __ finite_lists_length_le[OF finite_atLeastAtMost]])

lemma finite_lists length_le2: finite {xs. length xs + 1 < i A set zs C
{0..(n::nat)}} for ¢
by (auto intro: finite_subset|OF __ finite_lists length_lel[of i]])

lemmas [simp] =
finite__setcompr_eq_image finite_lists_length__le2]simplified] finite_lists_length_lel

lemma get_ return:
run__state (State__Monad.bind State_ Monad.get (A m. State_ Monad.return

(fm))) m = (f m, m)
by (simp add: State_Monad.bind__def State_ Monad.get__def)

lemma list pidgeonhole:
assumes set s C S card S < length zs finite S
obtains as a bs cs where zs = as Q a # bs Q a # cs
proof —
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from assms have — distinct xs
by (metis card_mono distinct__card not_le)
then show ?thesis
by (metis append.assoc append__Cons not__distinct _conv__prefiz split_list
that)
qged

lemma path_eq cycleE:

assumes v # ys Q [t] = as Q a # bs Q a # cs

obtains (Nil Nil) as=[cs=[|v=aa=1tys = bs

| (Nil_Cons) cs’ where as =[] v=ays = bs Q a # cs’' ¢cs = ¢s' Q [¢]

| (Cons_Nil) as’ where as = v # as’ cs =] a =t ys = as’ Q a # bs

| (Cons_Cons) as’ cs’ where as = v # as’ ¢cs = ¢s’ Q [t] ys = as’' Q a
# bs Q a # cs’

using assms by (auto simp: Cons__eq _append__conv append__eq Cons__conv
append__eq__append__conv2)

lemma le _add same_cancell:
a+b>a+—>b>0ifa < o0 —oco < afor ab :: int extended
using that by (cases a; cases b) (auto simp add: zero__extended__def)

lemma add_ gt minfI:
assumes —00 < a —00 < b
shows —oco < a + b
using assms by (cases a; cases b) auto

lemma add_Ilt_infI:
assumes ¢ < 00 b < 00
shows a + b < o0
using assms by (cases a; cases b) auto

lemma sum,_ list _not_infI:
sum_list s < o0 if V z € set xs. x < oo for zs :: int extended list
using that
apply (induction xs)
apply (simp add: zero__extended__def)+
by (smt less__extended__simps(2) plus__extended.elims)

lemma sum_ list_not_minfl:

sum_list s > —o0 if V x € set xs. x > —oo for xs :: int extended list
using that by (induction xs) (auto intro: add__gt_minfl simp: zero__extended__def)
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3.2.2 Single-Sink Shortest Path Problem
datatype bf result = Path nat list int | No__Path | Computation_ Error

context
fixes n :: nat and W :: nat = nat = int extended
begin

context
fixes ¢ :: nat — Final node
begin

The correctness proof closely follows Kleinberg & Tardos: "Algorithm De-
sign", chapter "Dynamic Programming" [1]

fun weight :: nat list = int extended where
weight [v] =0
| weight (v # w # xs) = W w + weight (w # xs)

definition
OPT iv = (
{weight (v # zs Q [t]) | zs. length zs + 1 < i A set zs C {0..n}} U
{if t = v then 0 else oo}
)
)

lemma weight_alt_def":
weight (s # xs) + w = snd (fold (N\j (i, x). (4, Wij+ x)) xs (s, w))
by (induction xs arbitrary: s w; simp; smt add.commute add.left _commute)

lemma weight_alt_def:
weight (s # zs) = snd (fold (A\j (i, ). (j, Wij + z)) zs (s, 0))
by (rule weight_alt_def’[of s xs 0, simplified])

lemma weight_append:
weight (zs @Q a # ys) = weight (zs Q [a]) + weight (a # ys)
by (induction xs rule: weight.induct; simp add: add.assoc)

lemma OPT O:
OPT 0 v = (if t = v then 0 else o)
unfolding OPT _def by simp

3.2.3 Functional Correctness

lemma OPT cases:
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obtains (path) zs where OPT i v = weight (v # zs Q [t]) length xs + 1
< i set zs C {0..n}

| (sink) v=1tOPTiv=0

| (unreachable) v # t OPT i v = oo

unfolding OPT def

using Min_in[of {weight (v # zs Q [t]) |xs. length xs + 1 < i A set s
C {0..n}}

U {if t = v then 0 else co}]
by (auto simp: finite_lists_length__le2[simplified] split: if _split_asm)

lemma OPT Suc:
OPT (Suc i) v = min (OPT iv) (Min {OPTiw+ Wovw| w. w < n})
(is Zlhs = ?rhs)
ift<n
proof —
have OPT i w + Wwvw > OPT (Suc i) vif w < n for w
using OPT _cases|of i w]
proof cases
case (path xs)
with (w < n) show ?thesis
by (subst OPT _def) (auto introl: Min_le exI[where © = w # s
simp: add.commute)
next
case sink
then show ?Zthesis
by (subst OPT_def) (auto introl: Min_le exI[where z = [|])
next
case unreachable
then show ?thesis
by simp
qged
then have Min {OPT iw + Wo w |w. w < n} > OPT (Suc i) v
by (auto intro!: Min.boundedl)
moreover have OPT i v > OPT (Suc i) v
unfolding OPT _def by (rule Min__antimono) auto
ultimately have ?lhs < ?rhs
by simp

from OPT _cases|of Suc i v] have ?lhs > ?rhs
proof cases
case (path xs)
note [simp| = path(1)
from path consider
(zero) i = 0 length zs = 0 | (new) i > 0 length xs = i | (old) length zs
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<1
by (cases length xs = i) auto
then show ?Zthesis
proof cases
case zero
with path have OPT (Suci) v= Wuot
by simp
also have Wot = OPTit+ Wu't
unfolding OPT def using «¢ = 0> by auto
also have ... > Min {OPTiw+ Wow |w. w< n}
using <t < n» by (auto intro: Min__le)
finally show ?thesis
by (rule min.coboundedI2)
next
case new
with < = ) obtain u ys where [simp|: zs = u # ys
by (cases xs) auto
from path have OPT i u < weight (u # ys Q [t])
unfolding OPT def by (intro Min__le) auto
from path have Min {OPT iw + Wow |w. w < n} < Wou+ OPT
iU
by (intro Min_le) (auto simp: add.commute)
also from <OPT iu < _» have ... < OPT (Suc i) v
by (simp add: add__left _mono)
finally show ?thesis
by (rule min.coboundedI2)
next
case old
with path have OPT i v < OPT (Suc i) v
by (auto 4 3 intro: Min_le simp: OPT _def)
then show ?thesis
by (rule min.coboundedIl)
ged
next
case unreachable
then show ?Zthesis
by simp
next
case sink
then have OPT i v < OPT (Suc i) v
unfolding OPT def by simp
then show ?thesis
by (rule min.coboundedIl)
qed
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with (%lhs < ?rhs) show ?thesis
by (rule order.antisym)
qged

fun bf :: nat = nat = int ertended where
bf0 v = (if t = v then 0 else co)
| of (Suc i) v = min_list
(bfiv# [Wow+ bfiw. w< [0..< Suc n]])

lemmas [simp del] = bf.simps
lemmas bf simps[simp|] = bf.simps[unfolded min__list_fold]

lemma bf correct:
OPT ij=bfijif <t <m
proof (induction i arbitrary: 7)
case 0
then show ?case
by (simp add: OPT _0)
next
case (Suc 1)
have x:
{bfiw+ Wjiwl|w w<n}=set (map (Aw. Wjw+ bfiw) [0..<Suc
n))
by (fastforce simp: add.commute image__def)
from Suc <t < ny show ?Zcase
by (simp add: OPT _Suc del: upt_Suc, subst Min.set__eq__fold[symmetric|,
auto simp: *)
qed

3.2.4 Functional Memoization

memoize__fun bf,,: bf with__memory dp consistency mapping monad-
ifies (state) bf.simps

Generated Definitions

context includes state_monad_syntax begin
thm bf,,".simps bf,, def
end

Correspondence Proof

memoize__correct
by memoize__prover
print__theorems
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lemmas [code] = bf,,.memoized__correct

interpretation iterator
Az, y).z2<nAy<mn
Az, y). ify < nthen (z, y + 1) else (z + 1, 0)
Azyy).zx(n+1)+y
by (rule table_iterator _up)

interpretation bottom__up: dp_ consistency_iterator _empty

A (_::(nat x nat, int extended) mapping). True

Az, y). bfzy

A k. do {m < State_Monad.get; State_Monad.return (Mapping.lookup m
k :: int extended option)}

A kwv. do {m <« State_Monad.get; State_Monad.set (Mapping.update k v
m)}

Az, y).z<nAy<n

Az, y). if y < nthen (z, y + 1) else (z + 1, 0)

Az, y).zx(n+1)+y

Mapping.empty ..

definition
iter_bf = iter_state (A (z, y). bfm’ T y)

lemma iter_bf unfold[code]:
iter_bf = (X (7, j).
(ifi<nAj<n
then do {
bfm' i s
iter_bf (if 7 < n then (i, j + 1) else (i + 1, 0))
¥
else State_Monad.return ()))
unfolding iter bf def by (rule ext) (safe, clarsimp simp: iter__state _unfold)

lemmas bf memoized = bf ,.memoized|OF bf,.crel]
lemmas bf bottom__up = bottom__up.memoized[OF bf,.crel, folded iter bf _def]

This will be our final implementation, which includes detection of negative
cycles. See the corresponding section below for the correctness proof.

definition
bellman_ ford =
do {
_ < dter_bf (n, n);
zs < State_ Main.mapp’ (Ni. bfy," n i) [0..<n+1];
ys « State_Main.mapp’ (Xi. bfy,' (n 4+ 1) @) [0..<n+1];
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State__Monad.return (if xs = ys then Some zs else None)

}

context
includes state__monad__syntaz
begin

lemma bellman__ford alt_ def:
bellman_ ford =
do {
_ <« dter_bf (n, n);
((\zs. (Ays. State__Monad.return (if xs = ys then Some s else None))
. (State_ Main.mapy . (Xi. bfy," (n + 1) 7) . ([0..<n+1]))))
. (State__Main.mapp . (\i. bf," n i) . ([0..<n+1]))
}
unfolding
State__Monad__Fxt.fun__app_lifted_def bellman__ford_def State Main.mapr__def
bind__left_identity

end

3.2.5 Imperative Memoization

context

fixes mem :: nat ref x nat ref X int extended option array ref X int
extended option array ref

assumes mem,__is_init: mem = result__of (init_state (n + 1) 1 0) Heap.empty
begin

lemma [intro|:
dp__consistency__heap__array_pair’ (n + 1) fst snd id 1 0 mem
by (standard; simp add: mem__is_init injective__def)

interpretation iterator
Az, y).z<nAy<n
A (z, ). if y < nthen (z, y + 1) else (z + 1, 0)
Az, y).zx(n+1)+y
by (rule table__iterator _up)

lemma [intro]:
dp__consistency__heap__array_pair_iterator (n + 1) fst snd id 1 0 mem
A\ (z, y). if y < nthen (z, y + 1) else (z + 1, 0))
A (z,9). 2% (n+1)+y)
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Az, y).2<nAy<n)
by (standard; simp add: mem__is_init injective__def)

memoize_ fun bfy: bf
with__memory (default__proof) dp_ consistency_heap__array_pair_iterator
where size = n + 1
and keyl = fst :: nat X nat = nat and key2 = snd :: nat X nat = nat
and k1 =1 :: nat and k2 = 0 :: nat
and to index = id :: nat = nat
and mem = mem
and ent = A (z,y). 2 <nAy<n
and nzt = A (z == nat, y). if y < n then (z, y + 1) else (z + 1, 0)
and sizef = A (z,y). z*x(n+ 1) +y
monadifies (heap) bf.simps

memoize__correct
by memoize__prover

lemmas memoized _empty = bf,.memoized__empty| OF bf},.consistent_DP__iter _and__compute| OF
bfp,.crel]]
lemmas iter _heap_unfold = iter__heap__unfold

end

3.2.6 Detecting Negative Cycles

definition
shortest v = (
Inf (
{weight (v # zs Q [t]) | zs. set zs C {0..n}} U
{if t = v then 0 else oo}
)
)

definition
is_path xs = weight (zs Q [t]) < oo

definition

has__negative__cycle =

das a ys. set (a # zs Q ys) C {0..n} A weight (a # zs Q [a]) < 0 A
is_path (a # ys)

definition
reaches a = Jxs. is_path (a # xs) A a < n A set zs C {0..n}
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lemma fold_sum__auz’
assumes Vu € set (a # xs). Vv € set (zs Q [b]). fo+ Wuv> fu
shows sum__list (map f (a # xs)) < sum__list (map f (zs @ [b])) + weight
(a # 25 G [B]
using assms
by (induction xs arbitrary: a; simp)
(smt ab__semigroup__add__class.add__ac(1) add.left_commute add_mono)

lemma fold sum__auz:
assumes Vu € set (a # xs). Vv € set (a # xs). fv+ Wuov> fu
shows sum__list (map f (a # xs Q [a])) < sum__list (map f (a # zs Q
[a])) + weight (a # xs Q [a])
using fold_sum__auz'[of a zs a f] assms
by auto (metis (no__types, opaque__lifting) add.assoc add.commute add__left _mono)

context
begin

private definition is path2 xs = weight s < oo

private lemma is_path2__remove_ cycle:
assumes is_path2 (as @ a # bs Q a # cs)
shows is_path2 (as @ a # cs)
proof —
have weight (as Q a # bs Q a # c¢s) =
weight (as Q [a]) + weight (a # bs Q [a]) + weight (a # cs)
by (metis Bellman__Ford.weight__append append__Cons append__assoc)
with assms have weight (as Q [a]) < oo weight (a # cs) < 00
unfolding is path2_ def
by (simp, metis Pinf _add_right antisym less__extended__simps(4) not__less
add.commute)+
then show ?thesis
unfolding is path2__def by (subst weight_append) (rule add_lt_infI)
qged

private lemma is path_ eq:
is_path xs «— is_path2 (xs Q [t])
unfolding is path_ def is path2_ def ..

lemma is path_remowve_ cycle:
assumes is_path (as Q a # bs Q a # cs)
shows is_path (as @ a # cs)
using assms unfolding is_path__eq by (simp add: is_path2__remove__cycle)
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lemma is_path_remove_ cycle2:
assumes is_path (as Q t # cs)
shows is_path as
using assms unfolding is_path__eq by (simp add: is_path2__remove__cycle)

end

lemma is path_shorten:
assumes is_path (i # xs) i < nsetaxs C{0.n} t < nt#i
obtains zs where is_path (i # xs) i < n set zs C {0..n} length zs < n
proof (cases length xs < n)
case True
with assms show ?thesis
by (auto intro: that)
next
case Fulse
then have length s > n
by auto
with assms(1,3) show ?thesis
proof (induction length xs arbitrary: xs rule: less_induct)
case less
then have length (i # zs Q [t]) > card ({0..n})
by auto
moreover from less.prems i < ny <t < n» have set (i # zs Q [t]) C
{0..n}
by auto
ultimately obtain a as bs cs where x: i # zs Q [t] = as Q a # bs @
a # cs
by (elim list__pidgeonhole) auto
obtain ys where ys: is_path (i # ys) length ys < length zs set (i #
ys) C {0..n}
apply atomize__elim
using *
proof (cases rule: path_eq cycleE)
case Nil Nil
with <t # @ show Jys. is_path (i # ys) A length ys < length xs A
set (i # ys) C {0..n}
by auto
next
case (Nil_Cons cs’)
then show Jys. is_path (i # ys) A length ys < length zs N\ set (i #
ys) C {0..n}
using «set (i # zs Q [t]) € {0..n}> <is_path (i # xs)> is_path__remove__cycle|of
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by — (rule exl[where z = cs'], simp)
next
case (Cons__Nil as’)
then show Jys. is_path (i # ys) A length ys < length zs N\ set (i #
ys) € {0..n}
using «set (i # xs Q [t]) C {0..n}> <is_path (i # xs)»
by — (rule exI[where = = as'], auto intro: is_path_remove__cycle2)
next
case (Cons_Cons as’ cs’)
then show Jys. is_path (i # ys) A length ys < length zs N\ set (i #

ys) C {0..n}
using «set (i # zs Q [t]) C {0..n}> <is_path (i # xs)> is_path__remove__cycle|of
i # as’]
by — (rule exl[where z = as’ @ a # cs'], auto)
qed

then show ?Zthesis
by (cases n < length ys) (auto intro: that less)
qed
ged

lemma reaches _non__inf path:
assumes reaches i1 i < nt<n
shows OPT n ¢ < o0
proof (cases t = 1)
case True
with <7 < n) <t < n» have OPT ni <0
unfolding OPT _def
by (auto intro: Min__le simp: finite_lists_length__le2[simplified])
then show ?thesis
using less_linear by (fastforce simp: zero__extended__def)
next
case Fulse
from assms(1) obtain zs where is_path (i # xs) i < n set xs C {0..n}
unfolding reaches def by safe
then obtain zs where zs: is_path (i # zs) i < n set zs C {0..n} length
xs < n
using <t # > <t < n» by (auto intro: is__path__shorten)
then have weight (i # zs Q [t]) < oo
unfolding is_path def by auto
with zs(2—) show ?Zthesis
unfolding OPT def
by (elim order.strict_transl[rotated))
(auto simp: setcompr_eq_image finite_lists_length__le2[simplified))
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qed

lemma OPT sink le 0:
OPTit<0
unfolding OPT _def by (auto simp: finite_lists_length__le2[simplified))

lemma is path__appendD:
assumes is_path (as Q a # bs)
shows is_path (a # bs)
using assms weight__append|of as a bs Q [t]] unfolding is path_def
by simp (metis Pinf_add_right add.commute less__extended__simps(4)
not_less_iff _gr_or_eq)

lemma has_negative__cyclel:

assumes set (a # zs Q ys) C {0..n} weight (a # xs Q [a]) < 0 is_path
(a # ys)

shows has_negative_ cycle

using assms unfolding has_negative cycle def by auto

lemma OPT cases2:
obtains (path) zs where
v # t OPT i v # oo OPT i v = weight (v # s Q [t]) length zs + 1 < i
set zs C {0..n}
| (unreachable) v # t OPT i v = oo
| (sink) v=1tOPT iv <0
unfolding OPT def
using Min_in[of {weight (v # zs Q [t]) |zs. length s + 1 < i A set xs
C {0..n}}
U {if t = v then 0 else co}]
by (cases v = t; force simp: finite_lists_length__le2][simplified] split: if _split_asm)

lemma shortest _le OPT:

assumes v < n

shows shortest v < OPT i v

unfolding OPT def shortest def

apply (subst Min__Inf)

apply (simp add: setcompr_eq_image finite_lists__length__le2[simplified];
fail)+

apply (rule Inf superset_mono)

apply auto

done

context

126



assumes W_wellformed: Vi < n.Vj<n Wij> -
assumes t < n
begin

lemma weight not_minfl:

—o0 < weight xs if set xs C {0..n} zs # |]

using that using W_wellformed <t < n»

by (induction xs rule: induct_list012) (auto intro: add__gt_minfI simp:
zero__extended__def)

lemma OPT not_minfl:
OPTni>—-ifi<mn
proof —
have OPT n i €
{weight (i # zs Q [t]) |xs. length s + 1 < n A set xs C {0..n}} U {if ¢
= 7 then 0 else oo}
unfolding OPT _def
by (rule Min__in) (auto simp: setcompr_eq _image finite_lists_length__le2[simplified))
with that ¢ < ny show ?2thesis
by (auto 4 3 introl: weight_not_minfl simp: zero__extended__def)
qed

theorem detects cycle:
assumes has_negative__cycle
shows 3¢ < n. OPT (n+ 1) i< OPT ni
proof —
from assms <t < n> obtain zs a ys where cycle:
a < nsetxs C {0..n} set ys C {0..n}
weight (a # zs Q [a]) < 0 is_path (a # ys)
unfolding has_negative__cycle_def by clarsimp
then have reaches a
unfolding reaches def by auto
have reaches: reaches z if ¢ € set zs for z
proof —
from that obtain as bs where zs = as Q x # bs
by atomize__elim (rule split_list)
with cycle have weight (x # bs Q [a]) < o0
using weight__append[of a # as x bs Q [a]
by simp (metis Pinf _add_right Pinf _le add.commute less__eq _extended.simps(2)
not__less)

moreover from <reaches a» obtain cs where local.weight (a # cs @

[t]) < oo set es C {0..n}
unfolding reaches def is_path__def by auto
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ultimately show ?thesis
unfolding reaches def is_path__def
using <a < n) weight__append[of x # bs a cs Q [t]] cycle(2) <zs =
by — (rule exl[where z = bs Q [a] Q cs|, auto intro: add__It_infI)
qed
let 2S = sum__list (map (OPT n) (a # xs Q [a]))
obtain u v where u < nv < nOPTnv+ Wuv< OPTnu
proof (atomize__elim, rule ccontr)
assume fuv. u <nAv<nAOPTnv+ Wuv< OPTnu
then have 25 < 25 + weight (a # xs Q [a])
using cycle(1—-3) by (subst fold_sum__auz; fastforce simp: subset__eq)
moreover have 25 > —oo
using cycle(1—4) by (intro sum__list_not_minfI, auto intro': OPT _not_minfI)
moreover have 75 < oo
using reaches <t < n) cycle(1,2)
by (intro sum__list_not_infl) (auto intro: reaches _mnon__inf path
<reaches a> simp: subset__eq)
ultimately have weight (a # s @Q [a]) > 0
by (simp add: le_add__same__cancell)
with (weight _ < 0> show Fulse
by simp
qed
then show ?thesis
by —
(rule exI[where = = u,
auto 4 4 intro: Min.coboundedl min.strict__coboundedI2 elim: or-
der.strict__transl[rotated)
simp: OPT _Suc[OF <t < m»))
qed

corollary bf detects cycle:
assumes has_negative__cycle
shows 3¢ < n. bf (n+1)i<bfni
using detects__cycle]OF assms| unfolding bf correct|OF <t < n»] .

lemma shortest_cases:

assumes v < n

obtains (path) xs where shortest v = weight (v # zs Q [t]) set zs C
{0..n}

| (sink) v = t shortest v =0

| (unreachable) v # t shortest v = oo

| (negative_cycle) shortest v = —oo Vx. Jus. set xs C {0..n} A weight (v
# s Q [t]) < Fin x
proof —

128



let 7S = {weight (v # zs Q [t]) | xs. set zs C {0..n}} U {if t = v then O
else oo}
have 75 # {}
by auto
have Minf lowest: False if —oo < a —oo = a for a :: int extended
using that by auto
show “thesis
proof (cases shortest v)
case (Fin x)
then have —co ¢ 25 bdd_below (Fin —* 2S) 25 # {oo} z = Inf (Fin
—¢29)
unfolding shortest_def Inf extended__def by (auto split: if _split_asm)
from this(1—3) have z € Fin —‘ 75
unfolding <z = _»
by (intro Inf_int_in, auto simp: zero__extended__def)
(smt empty__iff extended.exhaust insertl2 mem__Collect__eq vimage__eq)
with <shortest v = » show ?Zthesis
unfolding vimage__eq by (auto split: if _split_asm intro: that)
next
case Pinf
with <25 # {}» have t # v
unfolding shortest_def Inf _extended__def by (auto split: if _split_asm)
with « = oco)» show ?thesis
by (auto intro: that)
next
case Minf
then have 25 # {} 95 # {oo} —oc0 € 25 V = bdd_below (Fin —* 25)
unfolding shortest_def Inf _extended__def by (auto split: if _split_asm)
from this(3) have V. Jzs. set s C {0..n} A weight (v # zs Q [t]) <
Fin x
proof
assume —oo € 25
with weight _not_minfl have False
using v < n» <t < ny by (auto split: if _split_asm elim: Minf _lowest[rotated))
then show ?thesis ..
next
assume — bdd__below (Fin —* ¢5)
show “thesis
proof
fix z :: int
let ?m = min z (—1)
from «— bdd_below > obtain m where Fin m € 25 m < ?m
unfolding bdd_below _def by — (simp, drule speclof __ ?m], force)
then show Jus. set xs C {0..n} A weight (v # xs Q [t]) < Fin z
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by (auto split: if _split_asm simp: zero__extended__def) (metis
less _extended_simps(1))+

qed
qged
with (shortest v = » show ?¢thesis
by (auto intro: that)
qed

qed

lemma simple_paths:
assumes — has_negative_cycle weight (v # xs Q [t]) < oo set xs C {0..n}
v<n
obtains ys where
weight (v # ys Q [t]) < weight (v # xs Q [t]) set ys C {0..n} length ys
<nlv=t
using assms(2—)
proof (atomize__elim, induction length xs arbitrary: xs rule: less_induct)
case (less ys)
note ys = less.prems(1,2)
note IH = less.hyps
have path: is_path (v # ys)
using is_path__def not_less_iff _gr_or_eq ys(1) by fastforce
show ?case
proof (cases length ys > n)
case True
with ys «v < n» <t < n)» obtain a as bs cs where v # ys Q [t] = as @
a # bs Q a # cs
by — (rule list_pidgeonhole[of v # ys @Q [t] {0..n}], auto)
then show “thesis
proof (cases rule: path__eq cycleE)
case Nil Nil
then show ?thesis
by simp
next
case (Nil_Cons cs’)
then have x: weight (v # ys Q [t]) = weight (a # bs Q [a]) + weight
(a # cs’ @ [t])
by (simp add: weight__append[of a # bs a cs’ Q [t], simplified])
show %thesis
proof (cases weight (a # bs Q [a]) < 0)
case True
with Nil__Cons <set ys C _» path show ?thesis
using assms(1) by (force intro: has_negative__cyclel[of a bs ys])
next
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case Fulse
then have weight (a # bs @Q [a]) > 0
by auto
with % ys have weight (a # cs' Q [t]) < weight (v # ys Q [¢])
using add_mono not_le by fastforce
with Nil__Cons <length ys > n> ys show ?thesis
using IH|[of ¢s| by simp (meson le_less_trans order_trans)
qed
next
case (Cons_Nil as’)
with ys have *: weight (v # ys Q [t]) = weight (v # as’ Q [t]) +
weight (a # bs Q [a])
using weight__append[of v # as’ t bs Q [t]] by simp
show “thesis
proof (cases weight (a # bs Q [a]) < 0)
case True
with Cons_Nil <set ys C _» path assms(1) show ?thesis
using is_path__appendD|of v # as'] by (force intro: has_negative _cyclel[of
a bs bs])
next
case Fulse
then have weight (a # bs Q [a]) > 0
by auto
with x ys(1) have weight (v # as’ @ [t]) < weight (v # ys Q [¢])
using add__left _mono by fastforce
with Cons_Nil <length ys > n» <v < n» ys show ?thesis
using IH|[of as’] by simp (meson le_less_trans order_trans)
qed
next
case (Cons_Cons as’ cs’)
with ys have x:
weight (v # ys Q [t]) = weight (v # as’ Q a # cs’ Q [t]) + weight
(a # bs @ [a])
using
weight__append|[of v # as’ a bs Q a # cs’ Q [t]]
weight__append[of a # bs a cs’ Q [t]]
weight__append|of v # as’ a ¢s’ Q [t]]
by (simp add: algebra__simps)
show %thesis
proof (cases weight (a # bs Q [a]) < 0)
case True
with Cons_Cons <set ys C _» path assms(1) show ?thesis
using is_path__appendD|of v # as]
by (force intro: has_negative__cyclel[of a bs bs @ a # cs'])
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next

case Fulse
then have weight (a # bs Q [a]) > 0
by auto
with * ys have weight (v # as’ Q@ a # cs’ Q [t]) < weight (v # ys
Q [t])
using add__left _mono by fastforce
with Cons Cons <v < n» ys show ?thesis
using is_path__remove__cycle2 IH|[of as’ @ a # cs/]
by simp (meson le_less_trans order _trans)
qed
qed
next
case Fulse
with «set ys C _ ) show ?thesis
by auto
qed
qed

theorem shorter _than_OPT n_ has_negative_cycle:
assumes shortest v < OPTnvv < n
shows has_negative__cycle
proof —
from assms obtain ys where ys:
weight (v # ys Q [t]) < OPT n v set ys C {0..n}
apply (cases rule: OPT _cases2[of v nl; cases rule: shortest_cases|OF
w < nyl; simp)
apply (metis uminus__extended.cases)
using less_extended__simps(2) less_trans apply blast
apply (metis less _eq _extended.elims(2) less _extended _def zero__extended__def)
done
show ?thesis
proof (cases v = t)
case True
with ys «t < n) show ?Zthesis
using OPT _sink_le_0[of n] unfolding has_negative__cycle defis_path__def
using less extended_ def by force
next
case Fulse
show ?thesis
proof (rule ccontr)
assume — has_negative cycle
with False False ys <v < n» obtain xs where
weight (v # xs Q [t]) < weight (v # ys Q [t]) set zs C {0..n} length

132



zs < n
using less__extended _def by (fastforce elim!: simple__paths[of v ys])
then have OPT n v < weight (v # xs Q [t])
unfolding OPT __def by (intro Min__le) auto
with « < weight (v # ys Q [t])) «weight (v # ys Q [t]) < OPT n v
show Fulse
by simp
qged
qed
qged

corollary detects cycle _has_negative__cycle:

assumes OPT (n+ 1) v < OPTnvv<n

shows has negative__cycle

using assms shortest_le_OPT[of vn + 1] shorter_than_ OPT _n__has_negative__cycle[of
v] by auto

corollary bellman_ ford detects cycle:
has__negative_cycle +— (v < n. OPT (n + 1) v < OPT n v)
using detects cycle _has_negative_cycle detects_cycle by blast

corollary bellman_ ford shortest_paths:
assumes — has_negative_ cycle
shows Vv < n. bf n v = shortest v
proof —
have OPT n v < shortest v if v < n for v
using that assms shorter _than_OPT _n__has_negative__cycle[of v] by
force
then show ?thesis
unfolding bf correct|OF «t < ny, symmetric]
by (safe, rule order.antisym) (auto elim: shortest le OPT)
qged

lemma OPT mono:
OPT muv < OPTnovif «v <mn n<m
using that unfolding OPT def by (intro Min__antimono) auto

corollary bf fiz:
assumes — has_negative cycle m > n
shows Vv < n. bf mv = bf n v
proof (intro alll impI)
fix v assume v < n
from <v < n» <n < m» have shortest v < OPT m v
by (simp add: shortest le OPT)
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moreover from v < ny «<n < m» have OPT m v < OPT n v
by (rule OPT _mono)
moreover from v < ny assms have OPT n v < shortest v
using shorter_than_OPT _n__has_negative__cycle|of v| by force
ultimately show bf m v = bfn v
unfolding bf correct|OF «t < ny, symmetric] by simp
qed

lemma bellman_ ford__correct”:
bf m-crel_vs (=) (if has_negative__cycle then None else Some (map shortest
[0..<n+1])) bellman_ ford
proof —
include state _monad__syntar and app_ syntax
let 2l = if has_negative_cycle then None else Some (map shortest [0..<n
+ 1)
let r = (Aws. ()\ys (if zs = ys then Some s else None))
" $ (map $ (bf (n + 1)) $ ([0..<n 4+ 1]))) $ (map $ (bf n) $ ([0..<n +
1
note crel_bf,," = bf . crel[unfolded bf ,.consistentDP _def, THEN rel_funD,
of (m, x) (m, y) for m x y, unfolded prod.case]
have ?[ = ?r
supply [simp del] = bf _simps
supply [simp add] =
bf _fix[rule_format, symmetric| bellman__ford__shortest_paths[rule_ format,
symmetric]
unfolding Wrap_def App_def using bf detects_cycle by (fastforce
elim: nat_le__cases)
— Slightly transform the goal, then apply parametric reasoning like usual.
show ?thesis
— Roughly
unfolding bellman_ ford_alt_def <?l = ?ry — Obtain parametric form.
apply (rule bfy,.crel_vs_bind_ignore[rotated]) — Drop bind.
apply (rule bottom__up.consistent__crel _vs__iterate__state[OF bf,.crel,
folded iter__bf def])
apply (subst Transfer.Rel_def[symmetric]) — Setup typical goal for
automated reasoner.
— We need to reason manually because we are not in the context where
bf ., was defined.
— This is roughly what memoize__prover_match__step/ Transform__Tactic.step__tac
does.
apply (tactic « Transform__Tactic.solve__relator _tac context 1)
| rule HOL.refl
| rule bf,.dp_match_rule
| rule bf p,.crel _vs_return__ext
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| (subst Rel_def, rule crel_bf,,"
| tactic < Transform__Tactic.transfer _raw_tac context 1))+
done
qged

theorem bellman__ford correct:
fst (run__state bellman__ford Mapping.empty) =
(if has_negative_cycle then None else Some (map shortest [0..<n+1]))
using bf,.cmem__empty bellman__ford__correct’[unfolded bf,.crel_vs_def,
rule_ format, of Mapping.empty|
unfolding bf,,.crel_vs def by auto

end
end

end

3.2.7 Extracting an Executable Constant for the Imperative Im-
plementation

ground__function (prove__termination) bfy’ _impl: bfy’.simps

lemma bf;,” impl_def:
fixes n :: nat
fixes mem :: nat ref x nat ref X int extended option array ref X int
extended option array ref
assumes mem,__is_init: mem = result__of (init_state (n + 1) 1 0) Heap.empty
shows bfy,” impl n w t mem = bfy,’ n wt mem
proof —
have bf,” impln wt mem ij= bf,’ n wt memijfor ij
by (induction rule: bfy . induct|OF mem__is_init];
simp add: bfy".simps|OF mem__is__init]; solve_cong simp
)
then show ?thesis
by auto
qed

definition
iter_bf _heap n w t mem = iterator_defs.iter__heap
Mz, y). z<nAy<n)
Mz, y). if y < n then (z, y + 1) else (z + 1, 0))
Mz, y). bfp,” _impl n w t mem z y)
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lemma iter_bf heap_unfold[code]:
iter_bf _heap n w t mem = (A (4, j).
(fi<nAj<n
then do {
bfn," _impln w t mem 1 j;
iter_bf _heap n w t mem (if j < n then (i, j + 1) else (i + 1, 0))
}
else Heap Monad.return ()))
unfolding iter_bf heap__def by (rule ext) (safe, simp add: iter_heap__unfold)

definition
bf impln wtij= do{
mem <— (init_state (n + 1) (1::nat) (0::nat) :
(nat ref x nat ref X int extended option array ref x int extended
option array ref) Heap);
iter_bf heap n w t mem (0, 0);
bfr' _impln w t mem i j

}

lemma bf impl_correct:
bf nwtij= result_of (bf impln wtij) Heap.empty
using memoized__empty|OF HOL.refl, of n w t (i, j)]
by (simp add:
execute__bind__success|OF succes__init_state] bf _impl_def bf," _impl_def
iter_bf heap__def

)

3.2.8 Test Cases
definition

G1_list = [[(1 == nat,—6 :: int), (2,4), (3,5)], [(3,10)], [(3,2)], []]

definition
Go__list = [[(1 :: nat,—6 :: int), (2,4), (3,5)], [(3,10)], [(3,2)], [(0, —5)]]

definition
Gs__list = [[(1 :: nat,—1 =z int), (2,2)], [(2,5), (3,4)], [(3,2), (4,3)], [(2,—2),
(4,2)], Il

definition
Gy__list = [[(1 == nat,—1 == int), (2,2)], [(2,5), (3,4)], [(3,2), (4,3)], [(2,—3),
(4.2)], ]l

definition
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graph__of a i j = case__option oo (Fin o snd) (List.find (X p. fst p = j) (a

I4))
definition test_bf = bf impl 3 (graph__of (IArray G1__list)) 330

code__reflect Test functions test bf

One can see a trace of the calls to the memory in the output

ML «Test.test_bf ()»

lemma bottom__up__alt[code]:
bfn Wtij—
fst (run__state
(iter_bf n Wt (0,0) >= (A_. bf,’ n Wtij))
Mapping.empty)
using bf bottom__up by auto

definition
bf dan Witij= (let W = graph_of (IArray W) in
fst (run__state
(iter_bf n W't (i, ) >= (A_. bfw,' n W't ij))
Mapping.empty)

)

— Component tests.
lemma

fst (run__state (bf '3 (graph__of (IArray G1__list)) 3 3 0) Mapping.empty)
=4

bf 3 (graph_of (IArray Gy_list)) 330 =4

by eval+

— Regular test cases.
lemma

fst (run__state (bellman_ford 3 (graph_of (IArray Gy__list)) 3) Map-
ping.empty) = Some [4, 10, 2, 0]

fst (run__state (bellman_ford 4 (graph_of (IArray Gs_list)) 4) Map-
ping.empty) = Some [4, 5, 3, 1, 0]

by eval+

— Test detection of negative cycles.
lemma

fst (run_state (bellman_ford 3 (graph_of (IArray Go_list)) 3) Map-
ping.empty) = None

fst (run_state (bellman_ford 4 (graph_of (IArray Ga list)) 4) Map-
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ping.empty) = None
by eval+

end
theory Heap_ Default
imports
Heap Main
../ Indezing
begin

locale dp_ consistency heap__default =
fixes bound :: 'k :: {index, heap} bound
and mem :: "v::heap option array
and dp :: 'k = v
begin

interpretation idx: bounded index bound .

sublocale dp_consistency_heap

where P=MAheap. Array.length heap mem = idx.size
and lookup=mem__lookup idz.size idx.checked__idx mem
and update=mem__update idx.size idx.checked idxr mem

apply (rule dp__consistency__heap.intro)

apply (rule mem__heap__correct)

apply (rule idz.checked _idx_injective)

done

context
fixes empty
assumes empty: map__of heap empty C,, Map.empty
and len: Array.length empty mem = idz.size
begin

interpretation consistent: dp__ consistency__heap__empty
where P=MAheap. Array.length heap mem = idx.size
and lookup=mem__lookup idz.size idx.checked__idx mem
and update=mem__update idx.size idx.checked__idx mem
by (standard; rule len empty)

lemmas memoizedl = consistent.memoized
lemmas successI = consistent.memoized_success

end
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lemma mem__empty empty:
map__of heap (heap_of (mem__empty idz.size :: v option array Heap)
Heap.empty) C,, Map.empty
if mem = result_of (mem__empty idz.size) Heap.empty
by (auto intro!: map__emptyl simp:
that length__mem__empty Let_def nth_mem__empty mem__lookup_ def
heap__mem__defs.map_ of heap__def

)

lemma memoized__empty:
dp z = result_of ((mem_empty idx.size :: 'v option array Heap) >=
(Amem. dpp mem x)) Heap.empty

if consistentDP (dpr mem) mem = result_of (mem__empty idz.size)
Heap.empty

apply (subst execute bind__success)

defer

apply (subst memoizedI[OF __ __ that(1)])
using mem__empty__empty[OF that(2)] by (auto simp: that(2) length_mem__empty)

lemma init_success:

success ((mem__empty idx.size :: 'v option array Heap) >= (Amem. dpp
mem x)) Heap.empty

if consistentDP (dpp mem) mem = result_of (mem__empty idz.size)
Heap.empty

apply (rule success _bind_I[OF success__empty)

apply (frule execute_result_ofD)

apply (drule execute__heap_ ofD)

using mem__empty__empty that by (auto simp: length__mem__empty intro:
successl)

end

end

3.3 The Knapsack Problem

theory Knapsack
imports
HOL— Library.Code__Target_Numeral
../ state_monad/ State_ Main
../heap_monad/Heap_ Default
Example_ Misc
begin
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3.3.1 Definitions

context
fixes w :: nat = nat
begin

context
fixes v :: nat = nat
begin

fun knapsack :: nat = nat = nat where
knapsack 0 W = 0 |
knapsack (Suc i) W = (if W < w (Suc 1)
then knapsack i@ W
else maz (knapsack i@ W) (v (Suc i) + knapsack i (W — w (Suc 7))))

no_ notation fun_app_ lifted (infixl <.» 999)

The correctness proof closely follows Kleinberg & Tardos: "Algorithm De-
sign", chapter "Dynamic Programming" [1]

definition
OPTn W =Max {d i€ S vi|S SC{ln} A, i€ S wi)<
W}

lemma OPT 0:
OPTO W =0
unfolding OPT def by simp

3.3.2 Functional Correctness

lemma Max_add_left:
(z :: nat) + Maz S = Maz (((+) z) ©S) (is 24 = ?B) if finite S S # {}
proof —
have 24 < 7B
using that by (force intro: Min.boundedl)
moreover have 7B < 74
using that by (force intro: Min.boundedl)
ultimately show ?thesis
by simp
qged

lemma OPT Suc:
OPT (Suc i) W = (
if W < w (Suc 1)
then OPT i W
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else max(v (Suc i) + OPT i (W — w (Suc 7))) (OPT i W)
) (is ?lhs = ?rhs)
proof —
have OPT in: OPTn W e {d> ie S.vi|S. SC{l.n} N> ieS.
wi) < W} forn W
unfolding OPT _def by — (rule Maz__in; force)
from OPT in[of Suc i W] obtain S where S:
S C {1..8uc i} sum w S < W and [simp]: OPT (Suc i) W = sum v S
by auto

have OPT i W < OPT (Suc i) W
unfolding OPT _def by (force intro: Max_mono)
moreover have v (Suc i) + OPT i (W — w (Suc i)) < OPT (Suc i) W
if w (Suci) < W
proof —
have x:
v (Suc i) + sum v S = sum v (S U {Suci}) A (S U {Suci}) C {1..Suc

i
}
A sum w (S U {Suci}) < Wif § C {l..i} sum w S < W — w (Suc
i) for S
using that <w (Suc i) < W»
by (subst sum.insert_if | auto intro: finite _subset|OF __ finite _atLeastAtMost])+
show ?thesis
unfolding OPT def
by (subst Maz__add_left;
fastforce intro: Max_mono finite__subset|OF __ finite__atLeastAtMost]
dest: *

)
qed
ultimately have ?lhs > ?rhs
by auto

from S have *x: sum v S < OPT i W if Suci ¢ S
using that unfolding OPT _def by (auto simp: atLeastAtMostSuc__conv
intro!: Max__ge)

have sum v S < OPT i W if W < w (Suc 1)
proof (rule *, rule ccontr, simp)

assume Suc i € §

then have sum w S > w (Suc 1)

using S(1) by (subst sum.remove) (auto intro: finite__subset[OF __
finite__atLeastAtMost))
with «W < _» « < W) show Fulse
by simp
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qed
moreover have
OPT (Suc i) W < maxz(v (Suc i) + OPT i (W — w (Suc 7))) (OPT i
W) if w (Suc i) < W
proof (cases Suc i € S)
case True
then have [simp|:
sum v S = v (Suc i) + sum v (S — {Suc i}) sum w S = w (Suc i) +
sum w (S — {Suc i})
using S(1) by (auto intro: finite__subset[OF __ finite__atLeastAtMost]
sum.remove)
have OPT i (W — w (Suc ©)) > sum v (S — {Suc i})
unfolding OPT _def using S by (fastforce intro!: Maz__ge)
then show “thesis
by simp
next
case Fulse
then show “thesis
by (auto dest: *)
qed
ultimately have ?lhs < ?rhs
by auto
with («?lhs > ?rhs) show ?thesis
by simp
qed

theorem knapsack__correct:
OPT n W = knapsack n W
by (induction n arbitrary: W; auto simp: OPT_0 OPT _Suc)

3.3.3 Functional Memoization

memoize__fun knapsack,,: knapsack with__memory dp_ consistency mapping
monadifies (state) knapsack.simps

Generated Definitions

context includes state_monad_syntax begin
thm knapsack,,’.simps knapsack,, _def
end

Correspondence Proof

memoize__correct
by memoize__prover
print__theorems
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lemmas [code] = knapsack,,.memoized__correct

3.3.4 Imperative Memoization

context fixes
mem :: nat option array
and n W :: nat

begin

memoize__fun knapsackp: knapsack

with__memory dp_consistency_heap__default where bound = Bound
(0, 0) (n, W) and mem=mem

monadifies (heap) knapsack.simps

context includes heap_monad__syntaxr begin
thm knapsackr'.simps knapsackr__def
end

memoize__correct
by memoize__prover

lemmas memoized__empty = knapsackr.memoized__empty

end

Adding Memory Initialization

context
includes heap monad_syntax
notes [simp del] = knapsacky'.simps
begin

definition
knapsack, = X i j. Heap_Monad.bind (mem__empty (i * j)) (A mem.
knapsacky’ mem i j i j)

lemmas memoized__empty’ = memoized__empty|
of mem n W X m. \(4,j). knapsackp’ m n Wi j,
OF knapsackp.crellof mem n W), of (n, W) for mem n W

]

lemma knapsack__heap:

knapsack n W = result__of (knapsackp, n W) Heap.empty

unfolding knapsacky__def using memoized__empty’[of _ n W] by (simp
add: indez__size__defs)
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end
end

fun su :: nat = nat = nat where
su0 W =0|
su (Suc i) W = (if W < w (Suc i)
then su i W
else maz (sui W) (w (Suc i) + sui (W — w (Suc 7))))

lemma su_knapsack:
sun W = knapsack wn W
by (induction n arbitrary: W; simp)

lemma su_ correct:
Max {> i€ S.wi|S. SC{l.n} A i€ S wi)<W}=sunW
unfolding su_ knapsack knapsack__correct|symmetric] OPT _def ..

3.3.5 Memoization

memoize__fun su,,: su with__memory dp_ consistency_mapping monad-
ifies (state) su.simps

Generated Definitions

context includes state_monad_syntax begin
thm su,,’.simps su,, def
end

Correspondence Proof

memoize__correct
by memoize__prover
print__theorems
lemmas [code] = su,.memoized__correct

end

3.3.6 Regression Test

definition
knapsack_test = (knapsacky (X i. [2,3,4] ! (i — 1)) (XA 4. [2,3,4] ! (¢ — 1))
3 8)

code_ reflect Test functions knapsack test
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ML <« Test.knapsack__test ()»

end
theory Counting Tiles
imports

HOL— Library.Code__Target_ Numeral
HOL— Library. Product__Lexorder
HOL—Library. RBT _Mapping
../ state_monad/State__Main
Example_ Misc

begin

3.4 A Counting Problem

This formalization contains verified solutions for Project Euler problems

o #114 (https://projecteuler.net/problem=114) and

o #115 (https://projecteuler.net/problem=115).

This is the problem description for #115:

A row measuring n units in length has red blocks with a minimum
length of m units placed on it, such that any two red blocks (which
are allowed to be different lengths) are separated by at least one black
square. Let the fill-count function, F(m, n), represent the number of
ways that a row can be filled.

For example, F(3, 29) = 673135 and F(3, 30) = 1089155.

That is, for m = 3, it can be seen that n = 30 is the smallest value
for which the fill-count function first exceeds one million. In the same
way, for m = 10, it can be verified that F(10, 56) = 880711 and F(10,
57) = 1148904, so n = 57 is the least value for which the fill-count
function first exceeds one million.

For m = 50, find the least value of n for which the fill-count function
first exceeds one million.

3.4.1 Misc

lemma lists _of len_ finl:
finite (lists A N {l. length | = n}) if finite A
using that

proof (induction n)
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case 0 thus ?case
by auto
next
case (Suc n)
have lists A N { I. length | = Suc n } = (A(a,l). a#l) < (A x (lists AN
{l. length | = n}))
by (auto simp: length__Suc__conv)
moreover from Suc have finite ...
by auto
ultimately show ?Zcase
by simp
qed

lemma disjEl:
AVB=—= (A= P)— (A= B= P)= P
by metis

3.4.2 Problem Specification

Colors

datatype color = R | B

Direct natural definition of a valid line

context
fixes m :: nat
begin

inductive valid where

valid [] |
valid s = valid (B # ws) |
valid rs = n > m = valid (replicate n R Q xs)

Definition of the fill-count function

definition F n = card {l. length | = n A valid I}

3.4.3 Combinatorial Identities

This alternative variant helps us to prove the split lemma below.

inductive valid’ where
valid’ ] |
n > m = valid’ (replicate n R) |
valid" ts = valid’ (B # xs) |

146



valid" xs = n > m = wvalid’ (replicate n R Q@ B # s)

lemma valid valid"
valid | = valid’ |
by (induction rule: valid.induct)
(auto 4 4 intro: valid'.intros elim: valid'.cases
sitmp: replicate__add[symmetric] append__assoc[symmetric]

)

lemmas valid _red = valid.intros(3)[OF valid.intros(1), simplified]

lemma valid’ valid:
valid" | = wvalid |
by (induction rule: valid’.induct) (auto intro: valid.intros valid__red)

lemma valid_eq wvalid”:
valid’' | = wvalid 1
using wvalid_wvalid’ valid’_valid by metis

Additional Facts on Replicate

lemma replicate_iff:
(Vi<length l. 1! i = R) <— (3 n. | = replicate n R)
by auto (metis (full _types) in__set__conv_nth replicate__eql)

lemma replicate iff2:
(Vi<n. l!'i=R)+— (3 U'. | = replicate n R @Q 1) if n < length |
using that by (auto simp: list_eq_iff _nth__eq nth__append intro: exl[where
xz = drop n l])

lemma replicate_ Cons__eq:

replicate n . = y # ys <— (3 n’. n = Suc n’ A z = y A replicate n’ x =
ys)

by (cases n) auto

Main Case Analysis on Qterm wvalid

lemma valid_split:
valid | +—
=1V
(110 = B A walid (t 1)) V
length 1 > m AN (VY @ < length . 1!i=R)V
Fj<lengthl.j>mANNi<jl!i=R)ANIl!j= B A valid (drop
G+1) 1)
unfolding valid__eq_valid'[symmetric]
apply standard
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subgoal
by (erule valid'.cases) (auto simp: nth_append nth__Cons split: nat.splits)
subgoal
apply (auto intro: valid'.intros simp: replicate__iff elim!: disjE1)
apply (fastforce intro: valid’.intros simp: neq_Nil _conv)
apply (subst (asm) replicate_iff2; fastforce intro: valid’.intros simp:
neq_Nil_conv nth__append)+
done
done

Base cases

lemma valid_line_just B:
valid (replicate n B)
by (induction n) (auto intro: valid.intros)

lemma F base 0 auz:

{l.1=1 AN walid 1} = {[}

by (auto intro: valid.intros)

lemma F base 0: F0O =1
by (auto simp: F_base_0__aux F_def)

lemma F_base_aux: {l. length I=n A wvalid I} = {replicate n B} if n > 0
n<m
using that
proof (induction n)
case 0
then show “case
by simp
next
case (Suc n)
show Zcase
proof (cases n = 0)
case True
with Suc.prems show ?thesis
by (auto intro: valid.intros elim: valid.cases)
next
case Fulse
with Suc.prems show ?thesis
apply safe
using Suc.IH
apply —
apply (erule valid.cases)
apply (auto intro: valid.intros elim: valid.cases)
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done
qed
qed

lemma F base 1:
Fn=1ifn>0n<m
using that unfolding F_def by (simp add: F_base__auz)

lemma valid_m_ Rs [simp]:
valid (replicate m R)
using valid__red[of m, simplified] by simp

lemma F_base_aux_2: {l. length I=m A valid I} = {replicate m R, repli-
cate m B}
apply (auto simp: valid_line_just_B)
apply (erule Counting_Tiles.valid.cases)
apply auto
subgoal for zs
using F_base__auz[of length xs| by (cases zs = []) auto
done

lemma F_base 2:
Fm=2if0<m
using that unfolding F_def by (simp add: F_base__aux_2)

The recursion case

lemma finite_valid_length:
finite {l. length | = n A wvalid 1} (is finite 25)
proof —
have 7S C lists {R, B} N {l. length | = n}
by (auto intro: color.exhaust)
moreover have finite ...
by (auto intro: lists_of len_ finl)
ultimately show ?thesis
by (rule finite__subset)
qed

lemma valid_line aux:

{l. length | = n A valid I} # {} (is ¢S # {})
using valid_line_just_B[of n| by force

lemma replicate__unequal aux:

replicate x R @ B # | # replicate y R @ B # 1’ (is 7l # ?r) if <z <
for [ I’
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proof —
have ?I' 2 =B %r!'z2 =R
using that by (auto simp: nth__append)
then show ?thesis
by auto
qged

lemma valid_prepend_B__iff:

valid (B # xs) <— valid zs if m > 0

using that

by (auto 4 3 intro: valid.intros elim: valid.cases simp: Cons_replicate__eq
Cons__eq__append__conv)

lemma F_rec: Fn=F (n—1) + 1+ (O i=m..<n. F (n—i—1)) if <n>m»
m > 0
proof —
have {l. length | = n A valid I}
= {l. length | = n A wvalid (tl 1) A 110=B}
U {l. length | = n A
Fii<nANi>mANE<illk=R)ANIli=BA valid
(drop (i + 1) 1))}
U {l. length l = n A (Vi<n. lli=R)}
(is YA = ?BU ?D U ?C)
using <n > m» by (subst valid_split) auto

let ?B1 = ((#) B) ‘{l. length | = n — Suc 0 A wvalid I}
from <n > m) have ?B = ?B1

apply safe

subgoal for [

by (cases 1) (auto simp: valid_prepend_B__iff)

by auto
have 1: card ?Bl = F (n—1)

unfolding F_def by (auto intro: card_image)

have ?C = {replicate n R}
by (auto simp: nth__equalityl )
have 2: card {replicate n R} =1
by auto

let ?D1=( i € {m..<n}. (A l. replicate i R @ B # 1) {l. length | = n
— ¢ — 1 A valid l})
have ?D =
(Ui e {m.<n}. {l.lengthl=n AN~V k< i llk=R)ANIlli=DBA
valid (drop (i + 1) 1)})
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by auto
have {l. length l =n A (VY k < i. llk = R) A lYi = B A wvalid (drop (i +
1) D}

0
if i < n for i
apply safe
subgoal for [
apply (rule image__eql[where x = drop (i + 1) I])
apply (rule nth__equalityl )
using that
apply (simp__all split: nat.split add: nth__Cons nth__append)
using add_ diff _inverse nat apply fastforce
done
using that by (simp add: nth__append; fail)+

= (A L. replicate i R @ B # 1) {l. length l = n — i — 1 A valid

then have D_eq: ?D = ?D1
unfolding «?D = _» by auto

have inj: inj _on (Al. replicate x R @ B # 1) {l. length | = n — Suc x A
valid 1} for z
unfolding inj on_def by auto

have x:
(AL replicate x R @ B # 1) “{l. length | = n — Suc x A wvalid [} N
(Al replicate y R @ B # 1) ‘{l. length | = n — Suc y A valid I} =
{}
ifm<zr<yy<nforzy
using that replicate__unequal _auz[OF <z < ] by auto

have 3: card D1 = (> i=m..<n. F (n—i—1))
proof (subst card__Union__disjoint, goal _cases)
case 1
show Zcase
unfolding pairwise def disjnt_def
proof (clarsimp, goal cases)
case prems: (1 z y)
from prems show ?Zcase
apply —
apply (rule linorder _cases[of x y)])
apply (rule *; assumption)
apply (simp; fail)
apply (subst Int_commute; rule x; assumption)
done
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qed
next
case 3
show Zcase
proof (subst sum.reindex, unfold inj_on__def, clarsimp, goal _cases)
case prems: (1 x y)
with x[of y z] *[of z y] valid_line _auz[of n — Suc z] show ?case
by — (rule linorder__cases[of x y], auto)
next
case 2
then show “case
by (simp add: F_def card_image[OF inj))
qed
qed (auto intro: finite__subset[OF __ finite_wvalid_length))

show ?thesis
apply (subst F_def)
unfolding «?A = _» ?B=_1»<«?C =_)» D _eq
apply (subst card_Un__disjoint)

apply (blast intro: finite_subset|OF __ finite_valid_length))+

subgoal
using Cons_replicate__eq[of B _ n R] replicate__unequal_aux by fast-

force
apply (subst card__Un__disjoint)

apply (blast intro: finite__subset|OF __ finite_valid_length))+

unfolding 1 2 3 using <m > 0> by (auto simp: Cons_replicate__eq

Cons__eq__append__conv)
qged

3.4.4 Computing the Fill-Count Function

fun lcount :: nat = nat where

lcount n = (
if n < m then 1
else if n = m then 2
else lcount (n — 1) + 1 4+ (D i < [m..<n]. lcount (n — i — 1))

)

lemmas [simp del] = lcount.simps
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lemma lcount correct:
lcount n = Fnifm >0
proof (induction n rule: less_induct)
case (less n)
from <m > 0> show Zcase
apply (cases n = 0)
subgoal
by (simp add: lcount.simps F_base_0)
by (subst lcount.simps)
(simp add: less.IH F_base_1 F_base_2 F__rec interv_sum__list_conv__sum__set_nat)
qged

3.4.5 Memoization

memoize_ fun [count,,: lcount with__memory dp consistency_mapping
monadifies (state) lcount.simps

memoize__correct
by memoize__prover

lemmas [code] = lcount,,.memoized__correct

end

3.4.6 Problem solutions

Example and solution for problem #114

value lcount 3 7
value lcount 3 50

Examples for problem #115

value lcount 3 29
value lcount 3 30
value [count 10 56
value [count 10 57

Binary search for the solution of problem #115

value [count 50 100
value [count 50 150
value [count 50 163
value lcount 50 166
value [count 50 167
value lcount 50 168 — The solution
value [count 50 169
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value [count 50 175
value [count 50 200
value [count 50 300
value [count 50 500
value [count 50 1000

We prove that 168 is the solution for problem #115

theorem
(LEAST n. F 50 n. > 1000000) = 168
proof —
have lcount 50 168 > 1000000
by eval
moreover have V n € {0..<168}. lcount 50 n < 1000000
by eval
ultimately show ?thesis
by — (rule Least__equality; rule ccontr; force simp: not__le lcount__correct)
qed

end

3.5 The CYK Algorithm

theory CYK

imports
HOL— Library.1Array
HOL- Library.Code__Target_Numeral
HOL— Library. Product _Lexorder
HOL—Library. RBT _Mapping
../ state_monad/State_ Main
../heap_monad/Heap__Default
Example  Misc

begin

3.5.1 Misc

lemma append_iff take drop:

w = u@Qu <— (Fk € {0..length w}. v = take k w A v = drop k w)
by (metis (full_types) append__eq conv__conj append__take__drop__id atLeas-
tAtMost_iff 1e0 le__addl length__append)

lemma append iff take dropl: u # [| = v # [| =

w = uQuv +— (Fk € {l..length w — 1}. u = take k w A v = drop k w)
by (auto simp: append__iff take _drop)
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3.5.2 Definitions
datatype ('n, t) ths = NN 'n 'n | T 't

type__synonym ('n, 't) prods = ('n x ('n, 't) rhs) list

context
fixes P :: ('n :: heap, 't) prods
begin

inductive yield :: 'n = 't list = bool where
(A, T a) € set P = yield A [a] |
[ (A, NN B C) € set P; yield B u; yield C v | = yield A (uQu)

lemma yield not_Nil: yield A w = w # |
by (induction rule: yield.induct) auto

lemma yield eql:
yield A [a] +— (A, T a) € set P (is /L = ?R)
proof
assume ¢L thus 7R
by (induction A [a] arbitrary: a rule: yield.induct)
(auto simp add: yield_not_Nil append_eq Cons_conv)
qed (simp add: yield.intros)

lemma yield eq2: assumes length w > 1
shows yield A w <— (3B u C v. yield B u A yield Cv A w = uQuv A (A,
NN B C) € set P)
(is /L = ?R)
proof
assume ?L from this assms show ?R
by (induction rule: yield.induct) (auto)
next
assume ¢YR with assms show ?L
by (auto simp add: yield.intros)
qed

3.5.3 CYK on Lists

fun cyk :: 't list = 'n list where
cyk [ =1 |
cyk [a) = [A . (A, T a') <— P, a’=a] |
cyk w =
[A. k <— [l..<length w], B <— cyk (take k w), C <— cyk (drop k w), (A,
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NN B' C') <— P, B'= B, C' = (]

lemma set_cyk_simp2[simp|: length w > 2 = set(cyk w) =

(Uk € {1..length w — 1}. | B € set(cyk (take k w)). | C € set(cyk (drop
k w)). {A. (A, NN B C) € set P})
apply(cases w)
apply simp
subgoal for _ w
apply(case__tac w’)
apply auto

apply force

apply force

apply force
using le_Suc_eq le_simps(3) apply auto[l]
by (metis drop__Suc__Cons le_Suc__eq le_antisym not_le take_Suc__Cons)
done

!/

declare cyk.simps(3)[simp del]

lemma cyk_correct: set(cyk w) = {N. yield N w}
proof (induction w rule: cyk.induct)
case 1 thus %case by (auto dest: yield_not_Nil)
next
case 2 thus Zcase by (auto simp add: yield_eql)
next
case (3 v vb vc)
let 2w = v # vb # vc
have set(cyk ?w) = (|Jke{1..length ?w—1}. {N.3JA B. (N, NN A B) €
set P A
yield A (take k ?w) A yield B (drop k ?w)})
by (auto simp add:3.1H simp del:upt_Suc)
also have ... = {N. 34 B. (N, NN A B) € set P N\
(Fu v. yield A u A yield Bv A 2w = uQu)}
by (fastforce simp add: append__iff take_dropl yield_not_ Nil)

also have ... = {N. yield N ?w} using yield_eq2[of ?w] by(auto)
finally show ?case .
qged

3.5.4 CYK on Lists and Index

fun cyk2 :: 't list = nat * nat = 'n list where
cyk2 w (4,0) = [| |

cyk2 w (i,Suc 0) = [A . (A, T a) <— P, a = wli] |
cyk2 w (i,n) =
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[A. k <— [l..<n], B <— cyk2 w (i,k), C <— cyk2 w (i+k,n—k), (A, NN
B'C") <— P, B'= B, C'= (]

lemma set aux: (|Jzbeset P. {A. (A, NN B C) = zb}) = {A. (A, NN B
C) € set P}
by auto

lemma cyk2 eq cyk: i+n < length w = set(cyk2 w (i,n)) = set(cyk (take
n (drop i w)))
proof (induction w (i,n) arbitrary: i n rule: cyk2.induct)

case 1 show ?case by(simp)
next

case 2 show ?case using 2.prems

by (auto simp: hd__drop__conv_nth take_Suc)

next

case (3 wim)

show ?case using 3.prems

by (simp add: 3(1,2) min.absorbl min.absorb2 drop_take atLeastLessThanSuc__atLeastAtMost
set _aur

del:upt_Suc cong: SUP_cong__simp)
(simp add: add.commute)

qged

definition CYK S w = (S € set(cyk2 w (0, length w)))

theorem CYK correct: CYK S w = yield S w
by (simp add: CYK__def cyk2__eq cyk cyk__correct)

3.5.5 CYK With Index Function

context
fixes w :: nat = 't
begin

fun cyk iz :: nat * nat = 'n list where
ey in (10) = [ |
cyk_ix (i,Suc0) = [A . (A, Ta) <— P, a=wi|
cyk_iz (i,n) =
[A. k <— [l.<n], B <— cyk_iz (i,k), C <— cyk_iz (i+k,n—k), (A, NN
B'C") <— P, B'= B, C'= (]

3.5.6 Correctness Proof

lemma cyk iz simp2: set(cyk iz (i,Suc(Suc n))) =
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(Uk € {1..8uc n}. U B € set(cyk_iz (i,k)). | C € set(cyk_iz (i+k,n+2—k)).
{A. (A, NN B C) € set P})
by (simp add: atLeastLessThanSuc__atLeastAtMost set_aux del: upt_Suc)

declare cyk ix.simps(3)[simp del]
abbreviation (input) slice f i j = map f [i..<J]

lemma slice _append_iff take dropl: u # || = v # [| =
sliccewij=uQuv+— Bk 1<kAk<j—i—1Asliccwi(i+k)=u

A slice w (i + k) j = v)

by (subst append__iff take__dropl) (auto simp: take__map drop_map Bex__def)

lemma cyk iz correct:
set(cyk_ix (i,n)) = {N. yield N (slice wi (i+n))}
proof (induction (i,n) arbitrary: i n rule: cyk_izx.induct)
case 1 thus Zcase by (auto simp: dest: yield_not_ Nil)
next
case 2 thus %case by (auto simp add: yield_eql)
next
case (3 im)
let ?n = Suc(Suc m) let 2w = slice w i (i+%n)
have set(cyk_iz (i,%n)) = (Jke{l..Suc m}. {N.3A B. (N, NN A B) €
set P A
yield A (slice w i (i+k)) A yield B (slice w (i+k) (i+n))})
by (auto simp add: 3 cyk_ix_simp2 simp del: upt_Suc)
also have ... = {N. 34 B. (N, NN A B) € set P N\
(Fu v. yield A u A yield B v A slice w i (i+%n) = u@Qu)}
by (fastforce simp del: upt_Suc simp: slice__append__iff _take__dropl yield not_ Nil
cong: conj__cong)

also have ... = {N. yield N ?w} using yield_eq2[of ?w] by(auto)
finally show ?case .
ged

3.5.7 Functional Memoization

memoize_ fun cyk_ix,,: cyk iz with__memory dp consistency_mapping
monadifies (state) cyk_iz.simps
thm cyk iz,  simps

memoize__correct

by memoize__prover
print__theorems
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lemmas [code] = cyk__ix,,.memoized__correct

3.5.8 Imperative Memoization

context
fixes n :: nat
begin

context
fixes mem :: 'n list option array
begin

memoize_ fun cyk ixp: cyk_ix

with__memory dp_consistency_heap__default where bound = Bound
(0, 0) (n, n) and mem=mem

monadifies (heap) cyk_iz.simps

context includes heap__monad_syntax begin
thm cyk_izy,’.simps cyk iz, def
end

memoize_correct
by memoize__prover

lemmas memoized__empty = cyk_ixy.memoized__empty
lemmas init_success = cyk__izy.init_success
end

definition cyk_iz_impl i j = do {mem < mem_empty (n * n); cyk_ iz’
mem (i, j)}

lemma cyk iz _impl_success:
success (cyk_ix_impl i j) Heap.empty
using init_success|of _ cyk_izy' (i, j), OF cyk_izy.crel]
by (simp add: cyk_iz_impl_def index__size__defs)

lemma min__ wpl_heap:
cyk_iz (i, j) = result_of (cyk_ix_impl i j) Heap.empty
unfolding cyk ix impl_def
using memoized__emptylof _ cyk_ixy’ (i, j), OF cyk_ixy.crel]
by (simp add: index_size__defs)
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end
end
definition CYK iz Swn = (S € set(cyk iz w (0,n)))

theorem CYK ix_correct: CYK_ iz S wn = yield S (slice w0 n)
by (simp add: CYK__ix_def cyk_ix_correct)

definition cyk_list w = cyk_ iz (Ai. w ! ) (0,length w)

definition
CYK__iz_impl S wn = do {R <+ cyk_ixz_impl w n 0 n; return (S € set

R)}

lemma CYK_ iz impl_correct:
result _of (CYK__iz_impl S w n) Heap.empty = yield S (slice w 0 n)
unfolding CYK iz impl def
by (simp add: execute bind__success|OF cyk_iz_impl_success]
min__wpl_heap[symmetric] CYK_iz_correct CYK__ix__def[symmetric]

)

end

3.5.9 Functional Test Case

value
(let P = [(0::int, NN 1 2), (0, NN 2 3),

(1, NN21), (1, T (CHR "a"}),
(2, NN 3 3), (2, T (CHR ")),
(3, NN12), (3, T (CHR "a"))]
in map (Aw. cyk2 P w (0,length w)) ["baaba”, ""baba’))
value
(let P = [(0::int, NN 1 2), (0, NN 2 3),
(1, NN21), (1, T (C’HR "a'")),
(2, NN 3 3), (2, T (CHR "b")),
(3, NN12), (3, T (CHR "a"))]
(

in map (cyk_list P) [”baaba” "baba’)

definition cyk_ia P w = (let a = IArray w in cyk_iz P (Ai. a !! ©) (0,length
w))

value
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(let P = [(0::int, NN 1 2), (0, NN 2 3),
(1, NN 2 1), (1, T (CHR "a")),
(2, NN 3 3), (2, T (CHR 'b")),
(3, NN12), (3, T (CHR "a"))]
in map (cyk_ia P) ["baaba’, "baba’))

3.5.10 Imperative Test Case

definition cyk_ia’ P w = (let a = IArray w in cyk_iz_impl P (N\i. a !! 7)
(length w) 0 (length w))

definition
test = (let P = [(0::int, NN 1 2), (0, NN 2 3),
(1, NN21), (1, T (CHR "a")),
(2, NN 3 3), (2, T (CHR "b")),
(3, NN12), (3, T (CHR "a"))]
in map (cyk_ia" P) ["baaba”, "baba’))

code_reflect Test functions test
ML «List.map (fn f => f () Test.tests

end

3.6 Minimum Edit Distance

theory Min_FEd_Dist0

imports
HOL- Library.IArray
HOL— Library.Code__Target_Numeral
HOL- Library. Product__Lexorder
HOL—Library. RBT _Mapping
../ state_monad/State_Main
../heap_monad/Heap__Main
Example_Misc
..Jutil/ Tracing
..Jutil/ Ground__Function

begin

3.6.1 Misc

Executable argmin

fun argmin :: ('a = 'b:order) = 'a list = 'a where
argmin f [a] = a |
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argmin [ (a#as) = (let m = argmin f as in if f a < fm then a else m)

fun argmin2 :: ('a = 'b::order) = 'a list = 'a x 'b where

argmin2 f [a] = (a, f a) |

argmin2 f (a#as) = (let fa = fa; (am,m) = argmin2 f as in if fa < m then
(a, fa) else (am,m))

3.6.2 Edit Distance

datatype ‘a ed = Copy | Repl 'a | Ins 'a | Del

fun edit :: 'a ed list = 'a list = 'a list where
edit (Copy # es) (z # xs) = x # edit es s |
edit (Repl a # es) (x # xs) = a # edit es zs |
edit (Ins a # es) s = a # edit es s |

edit (Del # es) (z # xs) = edit es xs |

edit (Copy # es) [| = edit es || |

edit (Repl a # es) [| = edit es [] |

edit (Del # es) [| = edit es [] |

edit || zs = xs

abbreviation cost where
cost es = length [e <— es. e # Copy]

3.6.3 Minimum Edit Sequence

fun min_eds :: 'a list = 'a list = 'a ed list where

min_eds [| [| =[] |
min__eds [| (y#ys) = Ins y # min_eds [| ys |
min__eds (z#xs) [| = Del # min__eds zs || |

min__eds (x#zs) (y#ys) =
argmin cost [Ins y # min__eds (z#xs) ys, Del # min__eds zs (y#ys),
(if x=y then Copy else Repl y) # min__eds s ys]
lemma min__eds ""vintner' "writers’” =
[Ins CHR "w”, Repl CHR "r"", Copy, Del, Copy, Del, Copy, Copy, Ins
CHR "'s"]
by eval

lemma min__eds_correct: edit (min__eds xs ys) xs = ys
by (induction xs ys rule: min__eds.induct) auto
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lemma min__eds _same: min__eds xs xs = replicate (length xs) Copy
by (induction xs) auto

lemma min__eds _eq Nil_iff: min_eds zs ys = [| «— xs =[] A ys =[]
by (induction xs ys rule: min__eds.induct) auto

lemma min__eds Nil: min__eds [| ys = map Ins ys
by (induction ys) auto

lemma min__eds Nil2: min__eds zs [| = replicate (length xs) Del
by (induction xs) auto

lemma if edit_Nil2: edit es ([)::'a list) = ys = length ys < cost es
apply (induction es [|::'a list arbitrary: ys rule: edit.induct)

apply auto

done

lemma if edit_eq Nil: edit es xs = [| = length xs < cost es
by (induction es s rule: edit.induct) auto

lemma min__eds_minimal: edit es xs = ys = cost(min__eds s ys) < cost
es
proof (induction xs ys arbitrary: es rule: min__eds.induct)
case 1 thus Zcase by simp
next
case 2 thus Zcase by (auto simp add: min__eds_Nil dest: if _edit_ Nil2)
next
case 3
thus ?case by(auto simp add: min__eds_ Nil2 dest: if edit_eq Nil)
next
case 4
show ?case
proof (cases es)
case Nil then show ?thesis using 4.prems by (auto simp: min__eds__same)
next
case [simp]: (Cons e es’)
show ?thesis
proof (cases e)
case Copy
thus ?thesis using 4.prems 4.IH (3)[of es’] by simp
next
case (Repl a)
thus ?thesis using 4.prems 4.1H(3)[of es]
using [[simp__depth__limit=1]] by simp
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next
case (Ins a)
thus ?thesis using 4.prems 4.IH (1)[of es’]
using [[simp__depth_limit=1]] by auto
next
case Del
thus ?thesis using 4.prems 4.IH (2)[of es’]
using [[simp__depth_limit=1]] by auto
ged
qed
qged

3.6.4 Computing the Minimum Edit Distance

fun min_ed :: 'a list = 'a list = nat where
min_ed [| [] =0 |
min_ed [| (y#ys) =1 + min_ed [] ys |
min__ed (z#xs) [| = 1 + min_ed zs [] |
min__ed (z#zs) (y#ys) =

Min {1 + min_ed (z#zs) ys, 1 + min_ed xs (y#ys), (if z=y then 0 else
1) + min_ed xs ys}

lemma min__ed _min__eds: min__ed xs ys = cost(min__eds s ys)
apply (induction xs ys rule: min__ed.induct)

apply (auto split!: if _splits)

done

lemma min__ed "madagascar’ "bananas’” = 6
by eval

Exercise: Optimization of the Copy case

fun min_eds2 :: 'a list = 'a list = 'a ed list where
min_eds2 || [| = [] |
min_eds2 [| (y#ys) = Ins y # min_eds2 [] ys |
min__eds2 (x#xs) [| = Del # min__eds2 xs [] |
min__eds2 (x#xs) (y#ys) =

(if =y then Copy # min__eds2 zs ys

else argmin cost

[Ins y # min__eds2 (z#xs) ys, Del # min__eds2 xs (y#ys), Repl y #

min__eds2 xs ys|)
value min_eds2 ""madagascar’ "bananas’

lemma cost_ Copy_ Del: cost(min_eds zs ys) < cost (min__eds xs (z#ys))
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+1

apply (induction xs ys rule: min__eds.induct)

apply(auto simp del: filter _True filter_False split!: if _splits)
done

lemma cost_Copy__Ins: cost(min__eds xs ys) < cost (min__eds (z#xs) ys)
+1

apply (induction s ys rule: min__eds.induct)

apply(auto simp del: filter__True filter_False split!: if _splits)

done

lemma cost(min__eds2 xs ys) = cost(min__eds xs ys)
proof (induction zs ys rule: min__eds2.induct)
case (4 = zs y ys) thus Zcase
apply (auto split!: if _split)
apply (metis (mono__tags, lifting) Suc__eq_plusl Suc__lel cost_Copy_ Del
cost_Copy__Ins le_imp__less_Suc le_neq_implies_less not_less)
apply (metis Suc__eq_plusl cost_Copy_Del le__antisym)
by (metis Suc_eq plusl cost_Copy_Ins le__antisym)
qed simp_all

lemma min__eds2 rs ys = min__eds xs ys
oops

3.6.5 Indexing

Indexing lists

context

fixes zs ys :: 'a list
fixes m n :: nat
begin

function (sequential)

min_ed iz’ :: nat * nat = nat where
min__ed_iz' (i,j) =

(if i > m then

if 7 > n then 0 else 1 + min_ed iz’ (i,j+1) else

if 7 > n then 1 + min_ed_iz' (i+1, j)

else

Min {1 + min_ed iz’ (i,j41), 1 + min_ed iz’ (i+1, j),

(if zsli = yslj then O else 1) + min_ed_ix' (i+1,j4+1)})

by pat__completeness auto
termination by (relation measure(\(4,j). (m — i) + (n — 7))) auto
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declare min__ed_iz'.simps[simp del]
end

lemma min_ed iz’ min_ ed:
min__ed_iz" xs ys (length xs) (length ys) (i, j) = min__ed (drop i zs) (drop
7 ys)
apply(induction (i,j) arbitrary: i j rule: min_ed_iz'induct[of length xs
length ys))
apply(subst min__ed_iz'.simps)
apply(simp add: Cons_nth__drop__Suc[symmetric])
done

Indexing functions

context

fixes zs ys :: nat = 'a
fixes m n :: nat
begin

function (sequential)

min_ed_ixr :: nat X nat = nat where
min__ed_ix (i, j) =

(if i > m then

if 7 > n then 0 else n—j else

if j > n then m—i

else

min__list [1 + min_ed_iz (i, j+1), 1 + min_ed iz (i+1, j),

(if zs i = ys j then 0 else 1) + min_ed iz (i+1, j+1)])

by pat__completeness auto
termination by(relation measure(\(4,j). (m — i) + (n — 7))) auto

3.6.6 Functional Memoization

memoize__ fun min_ed iz,,: min__ed_ iz with__memory dp_ consistency__mapping
monadifies (state) min__ed_ix.simps
thm min_ed iz, .simps

memoize__correct
by memoize__prover

print__theorems

lemmas [code] = min__ed_ix,,.memoized__correct
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declare min__ed_iz.simps[simp del]

3.6.7 Imperative Memoization

context

fixes mem :: nat ref X nat ref x nat option array ref X nat option array
ref

assumes mem__is_init: mem = result_of (init_state (n + 1) m (m +
1)) Heap.empty
begin

interpretation iterator
Az, y).z<mAy<nAz>0
Az, y). ify >0 then (z, y — 1) else (x — 1, n)
A (2, 9) (m—2) % (n+1) + (n— g)
by (rule table__iterator__down)

lemma [intro:
dp__consistency__heap__array_pair’ (n + 1) fst snd id m (m + 1) mem
by (standard; simp add: mem__is_init injective__def)

lemma [intro):
dp__consistency__heap__array__pair_iterator (n + 1) fst snd id m (m + 1)
mem
(A (z, y). if y > 0 then (z, y — 1) else (z — 1, n))
(A (@ 9). (m—a)+ (n+ 1) + (n — )
AN(z,y).z<mAy<nAz>0)

by (standard; simp add: mem__is_init injective__def)

memoize_fun min_ ed irp: min_ed iz
with__memory (default__proof) dp_ consistency__heap__array__pair_iterator
where size = n + 1

and keyl=fst :: nat x nat = nat and key2=snd :: nat X nat = nat
and kl=m :: nat and K2=m + 1 :: nat
and to index = id :: nat = nat
and mem = mem
and ent = A (z,y). z2<mAy<nAz>0
and nat = X\ (z:nat, y). if y > 0 then (z, y — 1) else (zr — 1, n)
and sizef = A (z,y). (m —z)* (n+ 1)+ (n —y)

monadifies (heap) min__ed_iz.simps

memoize_ correct
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by memoize__prover

lemmas memoized__empty =

min__ed__ixp.memoized__empty| OF min__ed__izy.consistent_DP__iter__and__compute]|OF
min__ed__ixy.crel]]
lemmas iter_heap_ unfold = iter__heap unfold

end

end

3.6.8 Test Cases
abbreviation (input) slice xs i j = map zs [i..<j]

lemma min__ed_Nill: min_ed [| ys = length ys
by (induction ys) auto

lemma min__ed_ Nil2: min__ed zs || = length xs
by (induction xs) auto

lemma min_ed_iz_min_ed: min_ed_ iz xs ys m n (i,j) = min__ed (slice

xs i m) (slice ys j n)

apply (induction (i,j) arbitrary: i j rule: min__ed_ix.induct[of m n])
apply(simp add: min__ed_ix.simps upt_conv_Cons min__ed_ Nill min__ed_ Nil2
Suc__diff _Suc)

done

Functional Test Cases
definition min_ed_list xs ys = min__ed_ iz (\i. xsli) (Ai. ysli) (length xs)
(length ys) (0,0)

lemma min__ed_list "madagascar’ "bananas’” = 6
by eval

definition min_ed_ia zs ys = (let a = IArray xs; b = [Array ys
in min__ed_iz (Ai. alli) (Ni. b)0) (length xzs) (length ys) (0,0))

lemma min__ed_ia "madagascar’” "bananas’” = 6
by eval

Extracting an Executable Constant for the Imperative Implementation

ground__function min_ed ix,’ impl: min__ed iz . simps
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termination
by (relation measure(A(zs, ys, m, n, mem, i, j). (m — i) + (n — 7))) auto

lemmas [simp del] = min__ed_izy’ _impl.simps min__ed_izy'.simps

lemma min__ed iz’ impl_def:
includes heap monad_syntax
fixes m n :: nat
fixes mem :: nat ref x nat ref X nat option array ref X nat option array
ref
assumes mem__is_init: mem = result_of (init_state (n + 1) m (m +
1)) Heap.empty
shows min_ed_ iz’ impl xs ys m n mem = min__ed_ix,’ xs ys m n mem
proof —
have min__ed_izy’ _impl xs ys m n mem (i, j) = min_ed_izxy’ xs ys m n
mem (i, j) for i j
apply (induction rule: min__ed_izy . induct|OF mem__is_init])
apply (subst min__ed_izy’ impl.simps)
apply (subst min__ed_izp' simps|OF mem__is_init])
apply (solve__cong simp)
done
then show ?thesis
by auto
qed

definition
iter_min__ed_ix xs ys m n mem = iterator_defs.iter__heap
Az, y).z<mAy<nAz>0)
A (z, y). if y > 0 then (z, y — 1) else (z — 1, n))
(min__ed_izp" impl xs ys m n mem)

lemma iter _min__ed_ix_unfold|code]:
iter_min__ed_ix xs ys m n mem = (A (4, 7).
(ifi>0Ni<mAj<n
then do {
min__ed_ixy"_impl xs ys m n mem (i, j);
iter_min__ed_ix xs ys m n mem (if j > 0 then (i, j — 1) else (¢
-1 n))
}
else Heap Monad.return ()))
unfolding iter_min__ed_iz_def by (rule ext) (safe, simp add: iter _heap__unfold)

definition
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min__ed_ix_impl zs ys mn i j = do {
mem <« (init_state (n + 1) (m:nat) (m + 1) =
(nat ref x nat ref x nat option array ref X nat option array ref)
Heap);
iter_min__ed_ix xs ys m n mem (m, n);
min__ed__ixy"_impl xs ys m n mem (i, j)

}

lemma bf impl_correct:
min__ed_ix xs ys m n (i, j) = result_of (min__ed_ix_impl xs ys m n i j)
Heap.empty
using memoized__empty|OF HOL.refl, of xs ys m n (i, j) A _. (m, n)]
by (simp add:
execute__bind__success|OF succes__init_state] min__ed_ix_impl_def
min__ed_ixy' _impl_def
iter_min__ed_ix_ def

)

Imperative Test Case

definition
min__ed_iap s ys = (let a = IArray xs; b = IArray ys
in min__ed__ix_impl (Ai. alli) (Xi. b!i) (length zs) (length ys) 0 0)

definition
test _case = min__ed_iap "madagascar” "bananas’”

export__code min_ed_ir in SML module__name 7Test

code_ reflect Test functions test case

One can see a trace of the calls to the memory in the output

ML «Test.test_case ()

end

3.7 Optimal Binary Search Trees

The material presented in this section just contains a simple and non-optimal
version (cubic instead of quadratic in the number of keys). It can now be
viewed to be superseded by the AFP entry Optimal BST. It is kept here as
a more easily understandable example and for archival purposes.

theory OptBST
imports

HOL— Library. Tree
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HOL— Library.Code__Target_ Numeral
../ state_monad/State_Main
../heap_monad/Heap__Default
Example_ Misc
HOL— Library. Product__Lezorder
HOL-Library.RBT _Mapping

begin

3.7.1 Function argmin

Function argmin iterates over a list and returns the rightmost element that
minimizes a given function:
fun argmin :: (‘a = ('b::linorder)) = 'a list = 'a where
argmin f (x#zxs) =
(if xs = || then x else
let m = argmin f xs in if fx < f m then x else m)

Note that arg _min_ list is similar but returns the leftmost element.

lemma argmin_ forall: zs # [| = (\z. z€set xs = P ) = P (argmin

 as)
by (induction xs) (auto simp: Let _def)

lemma argmin_Min: xs # [| = f (argmin f zs) = Min (f * set xs)
by (induction xs) (auto simp: min__def intro!: antisym)

3.7.2 Misc
lemma upto_join: [ i < j;j < k] = [i.j—1] Q j # [j+1..k] = [i..k]

using upto_recl upto__splitl by auto

lemma atLeastAtMost _split:
{t.J} ={i. b} U{k+1.j}if i < kk <jforijk: int
using that by auto

lemma atLeastAtMost _split__insert:
{i..k} = insert k {i..k—1} if k > i for 7 :: int
using that by auto

3.7.3 Definitions

context
fixes W :: int = int = nat
begin
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fun wpl :: int = int = int tree = nat where
wpl i j Leaf = 0
| wpl i j (Node Lk r) = wpli(k—1) 1+ wpl (k+1)jr+ Wij

function min_wpl :: int = int = nat where
min_wpl 1 j =
(if ¢ > j then O
else min__list (map (ANk. min_wpl i (k—1) + min_wpl (k+1) j + Wi j)
[4..3]))
by auto
termination by (relation measure (A(i,j) . nat(j—i+1))) auto
declare min_wpl.simps[simp del]

function opt bst :: int = int = int tree where
opt_bstij =
(if © > j then Leaf else argmin (wpl i j) [(opt_bst i (k—1), k, opt__bst (k+1)
Pk [i.40)
by auto
termination by (relation measure (A(4,7) . nat(j—i+1))) auto
declare opt_bst.simps[simp del]

3.7.4 Functional Memoization

context
fixes n :: nat
begin

context fixes
mem :: nat option array
begin

memoize__fun min_wplp: min_wpl

with__memory dp_consistency_heap__default where bound = Bound
(0, 0) (int n, int n) and mem=mem

monadifies (heap) min_wpl.simps

context includes heap_monad__syntaxr begin
thm min_ wply'.simps min_wply__def

end

memoize__correct
by memoize__prover

lemmas memoized__empty = min_wplp.memoized__empty
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end

context
includes heap monad_syntax
notes [simp del] = min_wply’.simps
begin

definition min_wply, = X ©j. Heap_ Monad.bind (mem__empty (n * n)) (A
mem. min_wply’ mem i j)

lemma min_wpl_heap:

min_wpl i j = result_of (min_wply, i j) Heap.empty

unfolding min_ wpl,__ def

using memoized__emptylof _ X m. X\ (a, b). min_wply’ m a b (i, j), OF
min__wplp.crel]

by (simp add: index__size__defs)

end
end
context includes state__monad_syntax begin

memoize__fun min_ wpl,,: min_wpl with__memory dp consistency_mapping
monadifies (state) min_wpl.simps
thm min_ wpl,,’ simps

memoize__correct
by memoize__prover
print__theorems
lemmas [code] = min_wpl,,.memoized__correct

memoize__ fun opt_bst,,: opt_bst with__memory dp_consistency _mapping
monadifies (state) opt_bst.simps
thm opt_bst,,”.simps

memoize__correct
by memoize__prover
print__theorems

lemmas [code] = opt_bst,,.memoized__correct

end
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3.7.5 Correctness Proof

lemma min__ wpl_minimal:
inorder t = [i..j] = min_wplij < wplijt
proof (induction i j t rule: wpl.induct)
case (1 7j)
then show ?Zcase by (simp add: min_wpl.simps)
next
case (2ijlkr)
then show ?case
proof cases
assume ¢ > j thus ?thesis by(simp add: min__wpl.simps)
next
assume [arith]: = ¢ > j
have kk_ij: k€set[i..j] using 2
by (metis set_inorder tree.set_intros(2))

let ?M = ((Ak. min_wpl i (k—1) + min_wpl (k+1) j + Wij) ‘{i.j})
let 2w = min_wpl i (k—1) + min_wpl (k+1) j + Wij

have auz _min:Min ?M < %w
proof (rule Min__le)

show finite ?M by simp

show ?w € ?M using kk_ij by auto
qed

haveinorder (l,k,r) = inorder | Qk#inorder r by auto

from this have C:[i..j| = inorder | Q k#inorder r using 2 by auto

have D: [i..j] = [i..k—1]Qk#[k+1..j] using kk_ij upto_recl upto_ splitl
by (metis atLeastAtMost__iff set_upto)

have [_inorder: inorder | = [i..k—1]

by (smt C' D append__Cons__eq_iff atLeastAtMost_iff set_upto)
have r_inorder: inorder r = [k+1..j]

by (smt C D append__Cons__eq_iff atLeastAtMost_iff set_upto)

have min_wplij= Min ?M by (simp add: min__wpl.simps min__list_Min)

also have ... < %w by (rule auz_min)

also have ... < wpl i (k—1) | + wpl (k+1) jr + Wi j using |_inorder
r_inorder 2.IH by simp

also have ... = wpl i j (I,k,r) by simp
finally show ?thesis .
qed
qged
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lemma opt_bst_correct: inorder (opt_bst i j) = [i..j]
by (induction i j rule: opt_bst.induct)
(clarsimp simp: opt__bst.simps upto__join | rule argmin__forall)+

lemma wpl opt_bst: wpl i j (opt_bst i j) = min_wpl ij
proof (induction i j rule: min_wpl.induct)
case (1 7j)
show ?case
proof cases
assume ¢ > j thus %thesis by (simp add: min__wpl.simps opt__bst.simps)
next
assume x[arith]: = i > j
let ?ts = [(opt_bst i (k—1), k, opt_bst (k+1) j). k <— [i..j]]
let ?M = ((Ak. min_wpl i (k—1) + min_wpl (k+1) j + Wij) ‘{i.j})
have ?ts # [| by (auto simp add: upto.simps)
have wpl i j (opt_bst i j) = wpl i j (argmin (wplij) ?ts) by (simp add:
opt__bst.simps)

also have ... = Min (wpl i j ¢ (set ?ts)) by (rule argmin_ Min[OF «?ts
# )
also have ... = Min ?M

proof (rule arg_cong[where f=Min])
show wpl i j ‘ (set ?ts) = ?M
by (fastforce simp: Bex__def image__iff 1{OF x])

qed
also have ... = min_wplij by (simp add: min_wpl.simps min__list__Min)
finally show ?thesis .
qed
qed

lemma opt_bst_is optimal:
inorder t = [i..j] = wpl i j (opt_bst ij) < wplijt
by (simp add: min_wpl_minimal wpl_opt_bst)

end

3.7.6 Access Frequencies

Usually, the problem is phrased in terms of access frequencies. We now
give an interpretation of wpl in this view and show that we have actually
computed the right thing.

context
— We are given a range [i..j] of integer keys with access frequencies p.
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These can be thought of as a probability distribution but are not required
to represent one. This model assumes that the tree will contain all keys in
the range [i..j]. See Optimal _BST for a model with missing keys.

fixes p :: int = nat
begin

— The weighted path path length (or cost) of a tree.
fun cost :: int tree = nat where
cost Leaf = 0
| cost (Node I k r) = sum p (set_tree l) + cost | + p k + cost r + sum p
(set__tree 1)

— Deriving a weight function from p.
qualified definition W where
Wij= sump {i.j}

— We will use this later for computing W efficiently.
lemma W _rec:
Wij=(ifj > ithen Wi (j — 1)+ pjelse0)
unfolding W__def by (simp add: atLeastAtMost__split_insert)

— The weight function correctly implements costs.
lemma inorder_wpl_correct:
inorder t = [i..j] = wpl Wijt = costt
proof (induction t arbitrary: i j)
case Leaf
show Zcase
by simp
next
case (Node | k 1)
from <inorder (I, k, r) = [i..j) have x: i < kk < j
by — (simp, metis atLeastAtMost_iff in__set__conv_decomp set_upto)+
moreover from i < k) <k < j» have inorder | = [i..k—1] inorder r =
[k+1..5]
using <inorder (I, k, r) = [i..j])[symmetric] by (simp add: upto__split3
append__Cons__eq_iff )+
ultimately show ?case
by (simp add: Node.IH, subst W_def, subst atLeastAtMost__split)
(simp add: sum.union__disjoint atLeastAtMost_split_insert flip: set_inorder)+
qed

The optimal binary search tree has minimal cost among all binary search
trees.

lemma opt_bst_has_optimal cost:
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inorder t = [i..j] = cost (opt_bst Wi j) < cost t
using inorder__wpl_correct opt__bst_is_optimal opt_bst_correct by metis

The function min__ wpl correctly computes the minimal cost among all binary
search trees:

o Its cost is a lower bound for the cost of all binary search trees

e Its cost actually corresponds to an optimal binary search tree

lemma min_ wpl_minimal__cost:
inorder t = [i..7] = min_wpl Wi j < cost t
using inorder_wpl__correct min__wpl_minimal by metis

lemma min__ wpl_tree:
cost (opt_bst Wi j) = min_wpl Wij
using wpl_opt_bst opt_bst__correct inorder__wpl__correct by metis

An alternative view of costs. fun depth :: ‘a = 'a tree = nat extended
where

depth = Leaf = oo
| depth © (Node 1 k r) = (if ¢ = k then 1 else min (depth x 1) (depth x r) +
1)

fun the_ fin where
the_fin (Fin z) = z | the_fin _ = undefined

definition cost’ :: int tree = nat where
cost’ t = sum (Ax. the_fin (depth z t) * p ) (set_tree t)

lemma [simp]:
the_finl =1
by (simp add: one__extended__def)

lemma set_tree_ depth:
assumes z ¢ set_tree t
shows depth © t = oo
using assms by (induction t) auto

lemma depth_inf iff:
depth x t = 00 «— z ¢ set_tree t
apply (induction t)
apply (auto simp: one__extended__def)
subgoal for ¢1 k 2
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by (cases depth x t1; cases depth z t2) auto
subgoal for t1 k 2

by (cases depth x t1; cases depth z t2) auto
subgoal for 1 k 2

by (cases depth x t1; cases depth z t2) auto
subgoal for t1 k 2

by (cases depth x t1; cases depth z t2) auto
done

lemma depth_not_neg_inf[simp):
depth x t = —oo +— False
apply (induction t)
apply (auto simp: one__extended__def)
subgoal for t1 k 2
by (cases depth z t1; cases depth  t2) auto
done

lemma depth_ FinD:
assumes ¢ € set tree t
obtains d where depth x t = Fin d
using assms by (cases depth z t) (auto simp: depth_inf iff)

lemma cost’_Leaf[simp]:
cost” Leaf = 0
unfolding cost’ def by simp

lemma cost’ Node:

distinct (inorder (I, x, r)) =

cost' (I, z, ) = sum p (set_tree l) + cost’' | + p x + cost’ r + sum p
(set_tree )

unfolding cost’ def

apply simp

apply (subst sum.union__disjoint)

apply (simp; fail)+

apply (subst sum.cong[OF HOL.refl, where h = Az. (the_fin (depth x l)
+1) % pa]

subgoal for &

using set__tree__depth by (force simp: one__extended__def elim: depth__FinD)

apply (subst (2) sum.cong|OF HOL.refl, where h = Az. (the_fin (depth
zr)+ 1) pax])

subgoal

using set__tree__depth by (force simp: one__extended__def elim: depth__FinD)

apply (simp add: sum.distrib)

done
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— The two variants coincide

lemma weight_correct:
distinct (inorder t) = cost’ t = cost t
by (induction t; simp add: cost’_Node)

3.7.7 Memoizing Weights

function W_ fun where
W_funij= (if i > jthen 0 else W_funi (j — 1) + pj)
by auto

termination
by (relation measure (A(i::int, j:int). nat (j — i + 1))) auto

lemma W_ fun_ correct:
W _funij= Wij
by (induction rule: W_fun.induct) (simp add: W_def atLeastAtMost__split__insert)

memoize_ fun W,,: W_fun
with__memory dp consistency_mapping
monadifies (state) W_ fun.simps

memoize_correct
by memoize__prover

definition
compute_ W n = snd (run__state (State_Main.mapp’ (Ni. W,,," i n) [0..n])
Mapping.empty)

notation W,.crel vs (<crel)

lemmas W,,__crel = W,,.crel[unfolded W ,.consistentDP__def, THEN rel_funD,
of (m, x) (m, y) for m x y, unfolded prod.case]

lemma compute_ W __correct:
assumes Mapping.lookup (compute_W n) (i, j) = Some x
shows Wij=z
proof —
include state _monad__syntar and app_syntax and lifting syntax
let ?p = State_ Main.mapy’ (Ni. Wy," i n) [0..n]
let g = map (Ai. Win) [0..n]
have ?q¢ = map $ ((\i. W_fun in)) $ ([0..n])
unfolding Wrap_ def App_def W__fun__correct ..

179



have ?p = State_Main.mapy . (\i. W,,," i n) . ([0..n])
unfolding State Monad__ Ext.fun__app_ lifted_def State_ Main.mapr__def
bind__left_identity ..
— Not forgetting to write list_all2 (=) instead of (=) was the tricky part.
have W,,.crel_wvs (list_all2 (=)) ?q ?p
unfolding «%p = _» <%g = _»
apply (subst Transfer.Rel__def[symmetric|)
apply memoize__prover _match__step+
apply (subst Rel_def, rule W,,__crel, rule HOL.refl)
done
then have W,,.cmem (compute W n)
unfolding compute_ W_def by (elim W,.crel_vs__elim[OF _ W ,.cmem__empty];
simp del: W, .simps)
with assms show ?thesis
unfolding W__fun__correct|symmetric| by (elim W,,.cmem__elim) (simp)+
qed

definition
man_wpl’ ij =
let
M = compute_ W j;
W = (Xij. case Mapping.lookup M (i, j) of None = W ij| Some x =
x
)

i min_wpl Wij

lemma W__compute: Wi j = (case Mapping.lookup (compute_ W n) (i, j)
of None = Wij| Somez = 1)
by (auto dest: compute_ W __correct split: option.split)

lemma min_wpl’_correct:
man_wpl’ i j = min_wpl Wij
using W__compute unfolding min_wpl’ _def by simp

definition
opt_bst'ij =
let
M = compute_ W j;
W = (\ij. case Mapping.lookup M (i, j) of None = W ij| Some x =
x)
in opt_bst Wij

lemma opt_bst’ correct:
opt_bst’' i j = opt_bst Wij
using W__compute unfolding opt_bst’ _def by simp
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end

3.7.8 Test Case

Functional Implementations
lemma min_wpl (A\i j. nat(i+j)) 0 4 = 10
by eval

lg;fnma opt_bst (Ai j. nat(i+j)) 04 = (((((), 0, O), 1, (), 2, ), 3, (), 4,

by eval

Using Frequencies

definition
list_to_p xs (iint) = (if i — 1 > 0 A nat (i — 1) < length xs then xs !
nat (i — 1) else 0)

definition
ex_p_1 = [10, 30, 15, 25, 20]

definition
opt_tree_1 =

lemma opt_bst’ (list_to_p ex_p 1) 15 = opt_tree_1
by eval

Imperative Implementation

code__thms min_ wpl
definition min_wpl _test = min_wply (\i j. nat(i+j)) 40 4
code__reflect Test functions min_wpl test

ML «Test.min__wpl_test ()
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end

3.8 Longest Common Subsequence

theory Longest_ Common_ Subsequence
imports

HOL— Library.Sublist
HOL- Library.IArray
HOL—Library.Code__Target_ Numeral
HOL-— Library. Product__Lexorder
HOL—Library. RBT Mapping
../ state_monad/State__Main

begin

3.8.1 Misc

lemma finite subseq:
finite {xs. subseq zs ys} (is finite ?5)
proof —
have 25 C {zs. set zs C set ys N\ length zs < length ys}
by (auto elim: list_emb__set intro: list_emb__length)
moreover have finite ...
by (intro finite_lists length le finite set)
ultimately show ?thesis
by (rule finite__subset)
qged

lemma subseq singleton__right:
subseq zs [z] = (zs = [z] V x5 = [])
by (cases xzs; simp add: subseq _append_le__same__iff[of _ [], simplified])

lemma subseq append__single right:
subseq zs (ys Q [z]) = ((3 zs'. subseq xs’ ys N\ zs = xs’ @Q [z]) V subseq zs

ys)
by (auto simp: subseq _append__iff subseq singleton__right)

lemma Maxz_nat_plus:
Maz (((+) n) *S) = (n = nat) + Maz S if finite S S # {}
using that by (auto introl: Maz__ge Maz_in Max_eql)

3.8.2 Definitions

context
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fixes A B :: 'a list
begin

fun lcs :: nat = nat = nat where

lesO_ =0 |

les _0=0|

les (Suc ) (Suc j) = (if Ali = Bljthen 1 + lcs i j else mazx (les i (j + 1))
(les (i + 1) )

definition OPT i j = Max {length xs | xs. subseq xs (take i A) N\ subseq xs
(take j B)}

lemma finite OPT:
finite {xs. subseq zs (take i A) N subseq zs (take j B)} (is finite 25)
proof —
have 7S C {zs. subseq xs (take i A)}
by auto
moreover have finite ...
by (rule finite__subseq)
ultimately show ?thesis
by (rule finite__subset)
qged

3.8.3 Correctness Proof

lemma non__empty OPT:
{zs. subseq xs (take i A) N subseq xs (take j B)} # {}
by auto

lemma OPT 0_ left:

OPT0j =0

unfolding OPT _def by (simp add: subseq _append_le_same__iff[of __ [],
simplified])

lemma OPT _0_ right:

OPTi0=0

unfolding OPT _def by (simp add: subseq _append_le _same__iff[of __ [],
simplified))

lemma OPT recl:
OPT (i +1) (j+1) =1+ OPTij (is 2l = 7r)
if Ali = Blji < length A j < length B
proof —
let 25 = {length xs |xs. subseq xs (take (i + 1) A) A subseq xs (take (j +
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1) B}
let R = {length xs + 1 |zs. subseq xs (take i A) N\ subseq xzs (take j B)}
have 7S = {length zs | zs. subseq xs (take i A) N subseq xs (take j B)}
U {length xs | xs. 3 ys. subseq ys (take i A) N subseq ys (take j B) A xs
= ys @ [Bli]}

using that
apply (simp add: take Suc__conv_app_ nth)
apply (simp add: subseq _append__single__right)

apply auto
apply (metis length__append__singleton list_emb__prefix subseq _append)+
done
moreover have ... = {length zs | zs. subseq xs (take i A) A subseq xs
(take j B)}
U {length xs + 1 | zs. subseq zs (take i A) N\ subseq s (take j B)}
by force
moreover have Max ... = Max 7R

using finite_ OPT by — (rule Maz__eq if, auto)
ultimately show ?[ = r
unfolding OPT def
using finite_ OPT non__empty_OPT
by (subst Maz_nat_plus[symmetric]) (auto simp: image__def intro: arg__cong|where
f = Maxz])
qed

lemma OPT rec2:
OPT (i + 1) (j + 1) = maz (OPT i (j + 1)) (OPT (i + 1) j) (is 2 =
7r)
if Ali £ Blji < length A j < length B
proof —
have {length zs |xs. subseq zs (take (i + 1) A) A subseq xs (take (j + 1)
B)}
= {length xs |zs. subseq xs (take i A) N subseq xs (take (j + 1) B)}
U {length xs |zs. subseq xs (take (i + 1) A) A subseq zs (take j B)}
using that by (auto simp: subseq _append__single__right take__Suc__conv_app_nth)
with finite_ OPT non__empty_OPT show ¢l = ?r
unfolding OPT __def by (simp) (rule Maz__Un, auto)
qed

lemma lcs correct”:

OPT ij=lecsijifi <length Aj < length B

using that OPT _recl OPT _rec2 by (induction i j rule: les.induct; simp
add: OPT _0_left OPT _0_ right)
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theorem lcs correct:

Mazx {length xs | zs. subseq xs A N subseq xs B} = lcs (length A) (length
B)

by (simp add: OPT _def lcs__correct’[symmetric])

end

3.8.4 Functional Memoization

context
fixes A B :: 'a iarray
begin

fun les ia :: nat = nat = nat where
les a0 _=0]
les ia__ 0=0|
les_da (Suc i) (Suc j) =
(if Alli = Bllj then 1 + lcs_ia i j else maz (les_da i (j + 1)) (les_ia (¢
£ 1) )

lemma lcs lcs ia:
lesxs ysij =les daijif A = IArray xs B = IArray ys
by (induction i j rule: les_ia.induct; simp; simp add: that)

memoize__fun lcs,,: lcs _ia with__memory dp_ consistency mapping monad-
ifies (state) lcs_ia.simps

memoize__correct
by memoize__prover

lemmas [code] = lcs,,.memoized__correct

end

3.8.5 Test Case

definition Ics, where
lesq xs ys = (let A = IArray xs; B = IArray ys in lcs_ia A B (length xs)
(length ys))

lemma lcs, correct:

les zs ys (length xs) (length ys) = lcsq s ys
unfolding lcs,_def by (simp add: lcs_lcs_ia)
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value lcs, "ABCDGH" "AEDFHR"

value lcs, "AGGTAB" "GXTXAYB"

end

theory All_FEzamples
imports
Bellman__Ford
Knapsack
Counting _Tiles
CYK
Min_Ed_Dist0
OptBST
Longest_ Common__Subsequence

begin

end

References

[1] J. M. Kleinberg and E. Tardos. Algorithm Design. Addison-Wesley, 2006.

[2] S. Wimmer, S. Hu, and T. Nipkow. Verified memoization and dynamic
programming. In J. Avigad and A. Mahboubi, editors, ITP 2018, Pro-
ceedings, Lecture Notes in Computer Science. Springer, 2018.

186



	State Monad
	Monadification
	Monads
	Parametricity of the State Monad
	Miscellaneous Parametricity Theorems
	Heap Monad
	Relation Between the State and the Heap Monad
	Parametricity of the Heap Monad

	Memoization
	Memory Implementations for the State Monad
	Tracing Memory

	Pair Memory
	Indexing
	Heap Memory Implementations
	Tool Setup
	Bottom-Up Computation
	Setup for the Heap Monad
	More Heap
	Code Setup

	Setup for the State Monad
	Code Setup


	Examples
	Misc
	The Bellman-Ford Algorithm
	Misc
	Single-Sink Shortest Path Problem
	Functional Correctness
	Functional Memoization
	Imperative Memoization
	Detecting Negative Cycles
	Extracting an Executable Constant for the Imperative Implementation
	Test Cases

	The Knapsack Problem
	Definitions
	Functional Correctness
	Functional Memoization
	Imperative Memoization
	Memoization
	Regression Test

	A Counting Problem
	Misc
	Problem Specification
	Combinatorial Identities
	Computing the Fill-Count Function
	Memoization
	Problem solutions

	The CYK Algorithm
	Misc
	Definitions
	CYK on Lists
	CYK on Lists and Index
	CYK With Index Function
	Correctness Proof
	Functional Memoization
	Imperative Memoization
	Functional Test Case
	Imperative Test Case

	Minimum Edit Distance
	Misc
	Edit Distance
	Minimum Edit Sequence
	Computing the Minimum Edit Distance
	Indexing
	Functional Memoization
	Imperative Memoization
	Test Cases

	Optimal Binary Search Trees
	Function 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 argmin
	Misc
	Definitions
	Functional Memoization
	Correctness Proof
	Access Frequencies
	Memoizing Weights
	Test Case

	Longest Common Subsequence
	Misc
	Definitions
	Correctness Proof
	Functional Memoization
	Test Case



