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Abstract

MiniSail is a kernel language for Sail [1], an instruction set architecture (ISA) specification
language. Sail is an imperative language with a light-weight dependent type system similar to
refinement type systems such as [2]. From an ISA specification, the Sail compiler can generate
theorem prover code and C (or OCaml) to give an executable emulator for an architecture. The
idea behind MiniSail is to capture the key and novel features of Sail in terms of their syntax,
typing rules and operational semantics, and to confirm that they work together by proving
progress and preservation lemmas. We use the Nominal2 library to handle binding.
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Chapter 1

Prelude

Some useful Nominal lemmas. Many of these are from Launchbury.Nominal-Utils.

1.1 Lemmas helping with equivariance proofs

lemma perm-rel-lemma:
assumes Amzy. r(m-z)(rm-y) = rzy
shows r (7w - z) (m - y) «— rzy (is 9l +— or)
by (metis (full-types) assms permute-minus-cancel(2))

lemma perm-rel-lemma2:
assumes Amzy. ray=r (r-2) (7-y)
shows rz y «— r (7 - z) (7 - y) (is 7l +— ?r)
by (metis (full-types) assms permute-minus-cancel(2))

lemma fun-equtl:

assumes f-equt[equt]: (A pz.p- (fz)=f (p- 2))
shows p - f = f by perm-simp rule

lemma equt-at-apply:
assumes equit-at f x
shows (p- f)z=fz
by (metis (opaque-lifting, no-types) assms equt-at-def permute-fun-def permute-minus-cancel(1))

lemma equt-at-apply’”:
assumes equt-at f x
shows p-fz=f(p- 1)
by (metis (opaque-lifting, no-types) assms equt-at-def)

lemma equt-at-apply’”
assumes equt-at f
shows (p- f) (p-2)=f (p- )
by (metis (opaque-lifting, no-types) assms equt-at-def permute-fun-def permute-minus-cancel(1))

lemma size-list-equt[equt]: p - size-list f x = size-list (p - f) (p - z)
proof (induction x)
case (Cons z zs)



have fz = p - (f x) by (simp add: permute-pure)

also have ... = (p - f) (p - z) by simp

with Cons

show ?case by (auto simp add: permute-pure)
qed simp

1.2 Freshness via equivariance

lemma equt-fresh-congl: (Ap z. p- (fz)=f(p-2)) = afz = affz
apply (rule fresh-fun-equt-applof f1)
apply (rule equtl)
apply (rule eg-reflection)
apply (rule ext)
apply (metis permute-fun-def permute-minus-cancel(1))
apply assumption
done

lemma equt-fresh-cong2:
assumes cqut: (Ap 7 9. p - (fzy) = (p - 7) (p - 9))
and freshl: o § = and fresh2: a § y
shows a § fz y
proof—
have equt (A (z,y). fz y)
using equt
apply (— , auto simp add: equt-def)
by (rule ext, auto, metis permute-minus-cancel(1))
moreover
have a £ (z, y) using freshl fresh2 by auto
ultimately
have a § (A (z,y). fz y) (z, y) by (rule fresh-fun-equt-app)
thus %thesis by simp
qed

lemma equt-fresh-star-congl:
assumes equt: (Apz.p- (fz)=f (p- x))
and freshl: a fi* x
shows a i fz
by (metis fresh-star-def equt-fresh-congl assms)

lemma equi-fresh-star-cong2:
assumes equt: (\p zy. p - (fz ) = f (9 2) (p - 1)
and freshl: a §* z and fresh2: a fix y
shows a % fz y
by (metis fresh-star-def equt-fresh-cong2 assms)

lemma equt-fresh-cong3:
assumes cqut: (Ap 2y 2 p- (foy2) =f (p-2) (0 9) (p - 2)
and freshl: a § x and fresh2: a § y and fresh3: a § z
shows a § fzx y 2
proof—
have equt (A (z,y,2). fz y 2)
using equt



apply (— , auto simp add: equit-def)
by (rule ext, auto, metis permute-minus-cancel(1))
moreover
have a § (z, y, z) using fresh! fresh2 freshd by auto
ultimately
have a § (A (z,y,2). fz y 2) (z, y, 2) by (rule fresh-fun-equt-app)
thus ?thesis by simp
qed

lemma equt-fresh-star-cong3:
assumes equt: (Apzyz.p- (fzyz)=f(p-2)(p-y) (p-2)
and freshl: a §* z and fresh2: a fix y and fresh3: a f* z
shows a fix fz y 2
by (metis fresh-star-def equt-fresh-cong3 assms)

1.3 Additional simplification rules

lemma not-self-fresh[simp): atom z § x <— False
by (metis fresh-at-base(2))

lemma fresh-star-singleton: { = } fx e «+— x f e
by (simp add: fresh-star-def)

1.4 Additional equivariance lemmas

lemma equt-cases:
fixes fz
assumes equi: Az. 7+ fz = f (7 - )
obtains fz f (- 2) |~ fz —f (7 - x)
using assms|[symmetric]
by (cases f x) auto

lemma range-equt: © - range Y = range (7w - Y)
unfolding image-equt UNIV-equt ..

lemma case-option-equt[equt]:
7 - case-option d f x = case-option (7w - d) (7 - f) (7 - x)
by(cases z)(simp-all)

lemma supp-option-equt:
supp (case-option d fz) C supp d U supp f U supp z
apply (cases z)
apply (auto simp add: supp-Some )
apply (metis (mono-tags) Un-iff subsetCE supp-fun-app)
done

lemma funpow-equt[simp,equt]:
m-((f'a="Tazpt) T"n)=(n-f) " (7-n)

by (induct n,simp, rule ext, simp, perm-simp,simp)

lemma delete-equt|equt]:



7 - AList.delete ¢ T' = AList.delete (w - z) (w - T)
by (induct T, auto)

lemma restrict-equt[equt]:
7 - AList.restrict S T' = AList.restrict (x - S) (w - T)
unfolding AList.restrict-eq by perm-simp rule

lemma supp-restrict:
supp (AList.restrict S T') C supp T’
by (induction T') (auto simp add: supp-Pair supp-Cons)

lemma clearjunk-equt]equt]:
7 - AList.clearjunk T' = AList.clearjunk (m - T')
by (induction T' rule: clearjunk.induct) auto

lemma map-ran-equt|equt]:
7w« map-ran f T' = map-ran (7 - f) (7 - T)
by (induct T, auto)

lemma dom-perm:
dom (7 - f) = 7 - (dom f)
unfolding dom-def by (perm-simp) (simp)

lemmas dom-perm-rev[simp,equt] = dom-perm[symmetric]

lemma ran-perm][simp):
7 - (ran f) = ran (7 - f)
unfolding ran-def by (perm-simp) (simp)

lemma map-add-equt]equt]:
7w (ml +4+ m2) = (7 - ml) ++ (7 - m2)
unfolding map-add-def
by (perm-simp, rule)

lemma map-of-equt|equt]:
7+ map-of | = map-of (7 - 1)
by (induct l, simp add: permute-fun-def,simp,perm-simp,auto)

lemma concat-equt[equt]: 7 - concat | = concat (m + 1)
by (induction I)(auto simp add: append-equt)

lemma tranclp-equt[equt]: m « tranclp P vy vy = tranclp (m - P) (7w - v1) (7 + vg)
unfolding tranclp-def by perm-simp rule

lemma rtranclp-equtequt]: © « rtranclp P vy va = rtranclp (7 + P) (7« v1) (7 + vg)
unfolding rtranclp-def by perm-simp rule

lemma Set-filter-equt[equt]: 7 - Set.filter P S = Set.filter (w - P) (7 - 5)
unfolding Set.filter-def

by perm-simp rule

lemma Sigma-equt'[equt]: m - Sigma = Sigma



apply (rule ext)

apply (rule ext)

apply (subst permute-fun-def)
apply (subst permute-fun-def)
unfolding Sigma-def

apply perm-simp

apply (simp add: permute-self)
done

lemma override-on-equt[equt):
7 - (override-on m1 m2 S) = override-on (w - m1) (w - m2) (7 - 5)
by (auto simp add: override-on-def )

lemma card-equt|equt]:
7« (card S) = card (7 - S)
by (cases finite S, induct rule: finite-induct) (auto simp add: card-insert-if mem-permute-iff permute-pure)

lemma Projl-permute:

assumes a: Jy. f = Inly

shows (p - (Sum-Type.projl f)) = Sum-Type.projl (p - f)
using a by auto

lemma Projr-permute:

assumes a: Jy. f = Inry

shows (p - (Sum-Type.projr f)) = Sum-Type.projr (p - f)
using a by auto

1.5 Freshness lemmas

lemma fresh-list-elem:
assumes a f I’
and e € set T’
shows a § e
using assms
by (induct T')(auto simp add: fresh-Cons)

lemma set-not-fresh:
z € set L = —(atom z § L)
by (metis fresh-list-elem not-self-fresh)

lemma pure-fresh-star[simp): a fx (z :: 'a :: pure)
by (simp add: fresh-star-def pure-fresh)

lemma supp-set-mem: x € set L = supp © C supp L
by (induct L) (auto simp add: supp-Cons)

lemma set-supp-mono: set L C set L2 — supp L C supp L2
by (induct L)(auto simp add: supp-Cons supp-Nil dest:supp-set-mem)

lemma fresh-star-at-base:



fixes z :: 'a :: at-base

shows S #x z +— atomz ¢ S
by (metis fresh-at-base(2) fresh-star-def)

1.6 Freshness and support for subsets of variables

lemma supp-mono: finite (B::'a::fs set) = A C B = supp A C supp B
by (metis infinite-super subset-Un-eq supp-of-finite-union)

lemma fresh-subset:
finite B=—= x § (B :: ‘a::at-base set) —= AC B= x4 A
by (auto dest:supp-mono simp add: fresh-def)

lemma fresh-star-subset:
finite B=> x #x (B :: ‘a::at-base set) = A C B= z tx A
by (metis fresh-star-def fresh-subset)

lemma fresh-star-set-subset:
z #x (B :: 'a:at-base list) = set A C set B = z fx A
by (metis fresh-star-set fresh-star-subset| OF finite-set])

1.7 The set of free variables of an expression

definition fv :: ‘a::pt = 'b::at-base set
where fv e = {v. atom v € supp e}

lemma fu-equt[simp,equt]: © « (fve) = fu (7w - €)
unfolding fv-def by simp

lemma fu-Nil[simp]: fu [| = {}
by (auto simp add: fo-def supp-Nil)

lemma fu-Cons[simp]: fo (z # xs) = fox U fo xs
by (auto simp add: fo-def supp-Cons)

lemma fv-Pair[simp|: fo (z, y) = foz U foy
by (auto simp add: fo-def supp-Pair)

lemma fu-append[simp]: fo (z Q y) = foz U foy
by (auto simp add: fo-def supp-append)

lemma fv-at-base[simp]: fv a = {a::'a::at-base}
by (auto simp add: fo-def supp-at-base)

lemma fu-pure[simp|: fv (a::’a::pure) = {}
by (auto simp add: fo-def pure-supp)

lemma fu-set-at-base[simp): fo (I :: (‘o :: at-base) list) = set |
by (induction ) auto

lemma flip-not-fv: a ¢ foe —= b ¢ fvz = (a< b)) -z =1
by (metis flip-def fresh-def fu-def mem-Collect-eq swap-fresh-fresh)

lemma fv-not-fresh: atom z f e +— x ¢ fv e
unfolding fv-def fresh-def by blast

10



lemma fresh-fu: finite (fv e :: 'a set) = atom (z :: ('a::at-base)) § (fv e =
unfolding fv-def fresh-def
by (auto simp add: supp-finite-set-at-base)

lemma finite-fo[simp): finite (fv (e::'a::fs) = ('b::at-base) set)
proof—
have finite (supp e) by (metis finite-supp)
hence finite (atom —* supp e :: 'b set)
apply (rule finite-vimagel)
apply (rule inj-onl)
apply (simp)
done
moreover
have (atom —‘ supp e :: 'b set) = fv e unfolding fuv-def by auto
ultimately
show ?thesis by simp
qed

definition fv-list :: ‘a::fs = 'b::at-base list
where fv-list e = (SOME I. set | = fv e)

lemma set-fo-list[simp]: set (fv-list €) = (fv e :: ('b::at-base) set)
proof—

have finite (fv e :: 'b set) by (rule finite-fv)

from finite-list[OF finite-fv)

obtain [ where set | = (fv e :: 'b set)..

thus ?thesis

unfolding fv-list-def by (rule somel)

qed

lemma fresh-fu-list[simp):
a tt (fv-list e :: 'bi:at-base list) +— a f (fv e :: 'b::at-base set)
proof—
have a # (fv-list e :: 'b::at-base list) +— a § set (fv-list e :: 'b::at-base list)
by (rule fresh-set[symmetric])
also have ... «+— a £ (fv e :: 'b::at-base set) by simp
finally show ?thesis.
qed

1.8 Other useful lemmas

lemma pure-permute-id: permute p = (X z. (z::'a::pure))
by rule (simp add: permute-pure)

lemma supp-set-elem-finite:
assumes finite S
and (m:'a:fs) € S
and y € supp m
shows y € supp S
using assms supp-of-finite-sets
by auto

11
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lemmas fresh-star-Cons = fresh-star-list(2)

lemma mem-permute-set:
showsz €p:-S+— (—p-2)€Ss
by (metis mem-permute-iff permute-minus-cancel(2))

lemma flip-set-both-not-in:
assumes z ¢ S and 2’ ¢ S
shows ((z' < z) - 5) =S
unfolding permute-set-def
by (auto) (metis assms flip-at-base-simps(3))+

lemma inj-atom: inj atom by (metis atom-eq-iff injl)
lemmas image-Int[OF inj-atom, simp)

lemma equt-uncurry: equt f = equt (case-prod f)
unfolding equt-def
by perm-simp simp

lemma supp-fun-app-equt2:
assumes a: equt f
shows supp (f z y) C supp = U supp y

proof—
from supp-fun-app-equt[OF equt-uncurry [OF al]
have supp (case-prod f (z,y)) C supp (z,y).
thus ?thesis by (simp add: supp-Pair)

qed

lemma supp-fun-app-equt3:
assumes a: equt f
shows supp (fz y z) C supp x U supp y U supp z
proof—
from supp-fun-app-equt2[OF equt-uncurry [OF a]
have supp (case-prod f (z,y) z) C supp (z,y) U supp z.
thus ?thesis by (simp add: supp-Pair)
qed

lemma permute-0[simp: permute 0 = (X z. x)
by auto
lemma permaute-comp[simp|: permute z o permute y = permute (z + y) by auto

lemma map-permute: map (permute p) = permute p
apply rule
apply (induct-tac x)
apply auto
done

lemma fresh-star-restrictA[intro]: a §x I' => a #x AList.restrict V. T'
by (induction T') (auto simp add: fresh-star-Cons)

12



lemma Abs-lst-Nil-eq[simp]: [[|]lst. (z::'a::fs) = [zs]lst. ' +— (([,z) = (s, ')
apply rule
apply (frule Abs-Ist-fcb2[where f = XA zy - . (z,y) and as = [] and bs = xs and ¢ = ()])
apply (auto simp add: fresh-star-def)
done

lemma Abs-lst-Nil-eq2[simp]: [xs]ist. (z::'ax:fs) = [[|Jist. 2’ +— ((zs,z) = ([], z'))
by (subst eg-commute) auto

lemma prod-cases8 [cases type]:
obtains (fields) a b ¢ d e f g h where y = (a, b, ¢, d, e, f, g,h)
by (cases y, case-tac g) blast

lemma prod-induct8 [case-names fields, induct type]:
(Aabcdefgh P(a, b c,d e f,g,h)=— Pz
by (cases x) blast

lemma prod-cases9 [cases type]:
obtains (fields) a b cde fghiwherey = (a,b, ¢, d, e f, g,h)
by (cases y, case-tac h) blast

lemma prod-induct9 [case-names fields, induct type:
(Aabcdefghi.P(a, b, c, d ef, g h i) = Pz
by (cases x) blast

named-theorems nominal-prod-simps
named-theorems ms-fresh Facts for helping with freshness proofs

lemma fresh-prod2[nominal-prod-simps,ms-fresh]: £ (a,b) = (z a Az §b)
using fresh-def supp-Pair by fastforce

lemma fresh-prod3[nominal-prod-simps,ms-fresh]:  f (a,b,c) = (xfa ANz b Nztc)
using fresh-def supp-Pair by fastforce

lemma fresh-prods [nominal-prod-simps,ms-fresh]: (a,b,c,d) = (xfa ANzt b ANzfc ANzfd)
using fresh-def supp-Pair by fastforce

lemma fresh-prod5[nominal-prod-simps,ms-fresh]: = § (a,b,c,dye) = (xfa Az b Nazffc ANxfdA
z§e)
using fresh-def supp-Pair by fastforce

lemma fresh-prod6[nominal-prod-simps,ms-fresh): x § (a,b,c,d,e,f) = (xfaANax b ANztec ANxfdA

zheNztf)
using fresh-def supp-Pair by fastforce

lemma fresh-prod7[nominal-prod-simps,ms-fresh|: = t (a,b,c,d,e,f,g) = (xfaAztb ANztc ANzt d
NzxfeNztifAztg)
using fresh-def supp-Pair by fastforce

lemma fresh-prod8[nominal-prod-simps,ms-fresh]: x § (a,b,c,d,e,f,g,h) = (xfa ANzt b Nz tec ANzt
dNzteNztfAztdgAhzth)
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using fresh-def supp-Pair by fastforce

lemma fresh-prod9[nominal-prod-simps,ms-fresh]: z t (a,b,c,d,e,f,g,hi) = (zfa ANz b ANz tc Az
gdAhzfencifAztghcthAzdi)
using fresh-def supp-Pair by fastforce

lemma fresh-prod10[nominal-prod-simps,ms-fresh]: z § (a,b,c,d,e,f,g,h,i,j) = (xfa ANz b Nztc A
zfdAhzieNcsfActtgNhzthAztiAzE))
using fresh-def supp-Pair by fastforce

lemma fresh-prod12[nominal-prod-simps,ms-fresh): « § (a,b,c,d,e.f,g,h,i,j.k,01) = (xfaANaxdb Nztec
ANztdAhzteNastifAzighazihAzstiNcsijAzdikAzt])
using fresh-def supp-Pair by fastforce

lemmas fresh-prodN = fresh-Pair fresh-prod3 fresh-prods fresh-prod5 fresh-prod6 fresh-prod7 fresh-prod8
fresh-prod9 fresh-prod10 fresh-prod12

lemma fresh-prod2I:
fixes z and z! and z2
assumes z f§ 2! and z § 22
shows z # (21,22) using fresh-prod2 assms by auto

lemma fresh-prod3I:
fixes z and z!/ and z2 and z3
assumes z § 2! and z § z2 and z § z3
shows z f (z1,22,23) using fresh-prod3 assms by auto

lemma fresh-prod4I:
fixes x and z1 and z2 and z3 and 24
assumes z f 2! and z § 22 and z f§ z3 and z § 4
shows z t (z1,22,23,24) using fresh-prod/ assms by auto

lemma fresh-prod5I:
fixes x and z1 and z2 and z3 and x4/ and z5
assumes z ff 2! and z § 22 and z § z3 and z § 4/ and z § z5
shows z f (z1,22,23,24,25) using fresh-prod5 assms by auto

lemma flip-collapse[simp]:
fixes b1::'a::pt and bvl::'b::at and bv2::'b::at
assumes atom bv2 § b1 and atom ¢ § (bvl,bv2,b1) and bvl # bv2
shows (bv2 < ¢) « (bvl <> bv2) - b1l = (bvl > ¢) - bl
proof —
have ¢ # bvl and bv2 # bvl using assms by auto+
hence (bv2 <> ¢) + (bvl < bv2) + (bv2 + ¢) = (bvl > ¢) using flip-triple[of ¢ bvl bv2] flip-commute
by metis
hence (bv2 < ¢) - (bvl <> bv2) - (w2 > ¢) - bl = (bvl <> ¢) + bl using permute-plus by metis
thus ?thesis using assms flip-fresh-fresh by force
qed

lemma triple-equt[simpl:

pe(z,be)=(p-z p-b,p-c
proof —
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have (z,b,c) = (z,(b,c)) by simp
thus ?thesis using Pair-equt by simp
qed

lemma Ist-fst:
fixes z::'a::at and t1::'b::fs and z":'a::at and t2::c::fs
assumes ([[atom z]]lst. (t1,t2) = [[atom z']]lst. (¢1',t2"))
shows ([[atom z]]lst. t1 = [[atom z']]lst. t17)
proof —
have (Vc. atom ¢t (t2,t2") — atom ¢ § (z, 2/, t1, t1") — (x <> ¢) - t1 = (z' <> ¢) - t17)
proof (rule,rule,rule)
fix ¢::'a
assume atom ¢ § (¢2,t2') and atom ¢ § (z, «’, t1, t17)
hence atom ¢ § (z, =/, (t1,t2), (t1',t2")) using fresh-prod2 by simp
thus (z < ¢) - t1 = (z/ < ¢) - t1' using assms Absi-eg-iff-all(8) Pair-equt by simp
qed
thus ?thesis using Absi-eq-iff-all(3)[of x t1 z' t1' (t2,t27)] by simp
qed

lemma Ist-snd:
fixes z::’a::at and t1::'b::fs and z'::'a::at and t2::c::fs
assumes ([[atom z]]lst. (t1,t2) = [[atom z']]lst. (¢1',t2))
shows ([[atom z]]lst. t2 = [[atom z]]Ist. t27)
proof —
have (Vc. atom ¢ ¢ (t1,t1') — atom ¢ § (z, 2/, 12, t2') — (x < ¢) - 12 = (z' < ¢) - t27)
proof (rule,rule,rule)
fix c::'a
assume atom ¢ § (t1,t1') and atom c £ (z, z’, 12, t27)
hence atom c t (z, =/, (t1,t ) (t1',t2")) using fresh prod2 by simp
thus (z <> ¢) « t2 = (2’ <> ¢) « t2’ using assms Abs1-eq-iff-all(3) Pair-equt by simp
qed
thus ?thesis using Absi-eq-iff-all(3)[of z t2 z' t2' (t1,t17)] by simp
qed

lemma Ist-head-cons-pair:
fixes yl::’a ::at and y2::'a::at and z1:'b:fs and 22::'b::fs and xs1:('b::fs) list and zs2:('b::fs) list
assumes [[atom y1]]lst. (1 # xs1) = [[atom y2]|lst. (22 # xs2)
shows [[atom y1]]lst. (x1,xs1) = [[atom y2]]lst. (£2,252)
proof (subst Absi-eq-iff-all(3)[of y1 (x1,xs1) y2 (22,x52)],rule,rule,rule)
fix c::'a
assume atom ¢ § (z1#xsl,x2#xs2) and atom c § (y1, y2, (z1, xsl), 2, 1s2)
thus (yI < ¢) - (21, zs1) = (y2 < ¢) + (22, xs2) using assms Absl-eg-iff-all(3) by auto
qed

lemma [st-head-cons-neq-nil:
fixes y1::'a ::at and y2::’a::at and x1::'b::fs and x2::'b::fs and xs1:('b::fs) list and xs2::('b::fs) list
assumes [[atom yl]]lst. (x1 # xs1) = [[atom y2]]lst. (zs2)
shows zs2 # ||
proof
assume as:zs2 = [|
thus False using AbsI-eq-iff (3)[of y1 x1#uxsl y2 Nil] assms as by auto
qed
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lemma Ist-head-cons:
fixes y1::'a ::at and y2::a::at and x1::'b::fs and x2::'b::fs and xs1:('b::fs) list and xs2::('b::fs) list
assumes [[atom y1]]lst. (x1 # xs1) = [[atom y2]]ist. (x2 # xs2)
shows [[atom y1]]lst. z1 = [[atom y2]]ist. 2 and [[atom y1]]ist. xs1 = [[atom y2]]lst. zs2
using Ist-head-cons-pair lst-fst Ist-snd assms by metis+

lemma Ist-pure:
fixes z1::'a ::at and ¢1::'b::pure and z2::'a ::at and £2::'b::pure
assumes [[atom z1]]lst. t1 = [[atom z2]]lst. t2
shows t1=t2
using assms Absl-eq-iff-all(3) pure-fresh flip-fresh-fresh
by (metis AbsI-eq(3) permute-pure)

lemma [st-supp:

assumes [[atom z1]]lst. t1 = [[atom z2]]lst. t2
shows supp t1 — {atom x1} = supp t2 — {atom z2}
proof —

have supp ([[atom x1]]lst.t1) = supp ([[atom z2]]lst.t2) using assms by auto
thus ?thesis using Abs-finite-supp

by (metis assms empty-set list.simps(15) supp-lst.simps)
qed

lemma Ist-supp-subset:
assumes [[atom z1]]lst. t1 = [[atom z2]]lst. t2 and supp t1 C {atom z1} U B
shows supp t2 C {atom 22} U B
using assms lst-supp by fast

lemma projl-inl-equt:

fixes 7 :: perm

shows 7 - (projl (Inl z)) = projl (Inl (7 - z))
unfolding projl-def Inl-equt by simp

end
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Chapter 2

Syntax

Syntax of MiniSail programs and the contexts we use in judgements.

2.1 Program Syntax

2.1.1 AST Datatypes

type-synonym num-nat = nat

atom-decl z
atom-decl u
atom-decl bv

type-synonym f = string
type-synonym dc = string
type-synonym tyid = string

Basic types. Types without refinement constraints

nominal-datatype b =
B-int | B-bool | B-id tyid

| B-pair b b (<[ -, -]»)
| B-unit | B-bitvec | B-var bv
| B-app tyid b

nominal-datatype bit = BitOne | BitZero

Literals

nominal-datatype [ =
L-num int | L-true | L-false | L-unit | L-bitvec bit list

Values. We include a type identifier, tyid, in the literal for constructors to make typing and
well-formedness checking easier

nominal-datatype v =
V-lit 1 (<[ -1")
| V-var z (<[ -]")
| Vepair v (<[ -, - 1)
| V-cons tyid dc v
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| V-consp tyid dc b v
Binary Operations
nominal-datatype opp = Plus ( «plus)) | LEq (<leqy) | Eq (<eq»)

Expressions

nominal-datatype e =
AE-val v (<-1% )

| AB-app fvo  (<[-(-)]9)

| AE-appP fbo (<[-[-](-)]%)

| AE-op opp v v («[---] )

| AE-concat v v (([-@@-]%)
| AE-fst v (J#I-1 )

| AE-snd v (<[#2-1 )

| AE-mvar u (<[ -] )

| AE-len v (-1 )

| AE-splitvv (<« -/-1% )

Expressions for constraints

nominal-datatype ce =

CE-val v (<[ -] )

| CE-op opp ce ce (<[ - --] > )

| CE-concat ce ce («-@@ -1 )

| CE-fst ce ( <[#1]°® )

| CE-snd ce ( <[#2-]°® )

| CE-len ce (<[] -1 )
Constraints

nominal-datatype ¢ =
C-true («TRUE» [] 50)
| C-false ( <FALSE» [] 50 )
| C-conj c ¢ («- AND - [50, 50] 50)
| C-disj c ¢ («- OR - > [50,50] 50)
| C-not ¢ («—->1]50)
| C-imp c c (- IMP - [50, 50] 50)
| C-eq ce ce (x- == - [50, 50] 50)

Refined types
nominal-datatype 7 =

T-refined-type x:x b c:c binds zinc ( -:- | - [ [50, 50] 1000)
Statements

nominal-datatype

S =

AS-val v (<[]%»)

| AS-let x::x e si:sbinds zins  ( «(LET -=-IN -)»)

| AS-let2 x::x 7 ssusbinds zin s («((LET -:-= - 1IN -)»)

| AS-ifvs s ( «(IF - THEN - ELSE -)) [0, 61, 0] 61)
| AS-var vi:u 7 vs:s binds uins ( (VAR -:-=-1IN-)»)

| AS-assign u v («(-u= -)>)

| AS-match v branch-list («(MATCH - WITH { - })»)
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| AS-while s s («(WHILE - DO { -} )» [0, 0] 61)
| AS-seq s s (<«(-3-) [1000, 61] 61)
| AS-assert ¢ s ( <(ASSERT - IN - )» )
and branch-s =
AS-branch dc z::x si:sbinds zins («(--=-))
and branch-list =
AS-final branch-s (q{-p)
| AS-cons branch-s branch-list («(-1-)»n)

Function and union type definitions
nominal-datatype fun-typ =

AF-fun-typ x::x b ci:c 77 sus binds z in ¢ T s

nominal-datatype fun-typ-q =
AF-fun-typ-some buv::bv ft::fun-typ binds bv in ft
| AF-fun-typ-none fun-typ

nominal-datatype fun-def = AF-fundef f fun-typ-q

nominal-datatype type-def =
AF-typedef string (string * 7) list
| AF-typedef-poly string bv::bv dclist::(string * 7) list binds bv in dclist

lemma check-typedef-poly:
AF-typedef-poly "option’ bv [ (""None', { zz : B-unit | TRUE |}), (""Some", {| zz : B-var bv | TRUE

H1=
AF-typedef-poly "option’ bv2 | (""None', { zz : B-unit | TRUE |}), (""Some"”, { 2z : B-var bv2 |
TRUE }) |
by auto

nominal-datatype var-def = AV-defu T v

Programs

nominal-datatype p =
AP-prog type-def list fun-def list var-def list s ({\PROG - - - -»)

declare l.supp [simp] v.supp [simp] e.supp [simp] s-branch-s-branch-list.supp [simp] T.supp [simp]
c.supp [simp] b.supp|simp]

2.1.2 Lemmas

These lemmas deal primarily with freshness and alpha-equivalence

Atoms

lemma z-not-in-u-atoms[simp):
fixes u:u and z::z and us::u set
shows atom x ¢ atom‘us
by (simp add: image-iff)

lemma z-fresh-u[simp]:
fixes u:u and z::x
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shows atom = § u
by auto

lemma z-not-in-b-set[simpl:
fixes z::xz and bs:bv fset
shows atom z ¢ supp bs
by (induct bs,auto, simp add: supp-finsert supp-at-base)

lemma z-fresh-b[simp):
fixes z::z and b::b
shows atom = § b
apply (induct b rule: b.induct, auto simp: pure-supp)
using pure-supp fresh-def by blast+

lemma z-fresh-bv[simp):
fixes z::x and bv:bv
shows atom z § bv
using fresh-def supp-at-base by auto

lemma u-not-in-z-atoms[simpl:
fixes ui:w and z::x and zs:z set
shows atom u ¢ atom‘cs
by (simp add: image-iff)

lemma bv-not-in-z-atoms[simpl:
fixes bv::bv and z::x and zs:z set
shows atom bv ¢ atom‘xs
by (simp add: image-iff)

lemma u-not-in-b-atoms[simpl:
fixes b :: b and u::u
shows atom u ¢ supp b
by (induct b rule: b.induct,auto simp: pure-supp supp-at-base)

lemma u-not-in-b-set[simp):
fixes wu::u and bs::bv fset
shows atom u ¢ supp bs
by (induct bs, auto simp add: supp-at-base supp-finsert)

lemma u-fresh-b[simp]:
fixes z::u and b::b
shows atom z £ b
by (induct b rule: b.induct, auto simp: pure-fresh )

lemma supp-b-v-disjoint:
fixes z::x and bv::bv
shows supp (V-var z) N supp (B-var bv) = {}
by (simp add: supp-at-base)

lemma supp-b-u-disjoint[simp):

fixes b::b and u::u
shows supp u N supp b = {}
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by(nominal-induct b rule:b.strong-induct,(auto simp add: pure-supp b.supp supp-at-base)+)

lemma u-fresh-bv[simp]:
fixes wu:w and b::bv
shows atom u t b
using fresh-at-base by simp

Basic Types

nominal-function b-of :: 7 = b where
bof {z:b|cl=0b
apply(auto,simp add: equt-def b-of-graph-auz-def )
by (meson T.exhaust)
nominal-termination (equt) by lexicographic-order

lemma supp-b-empty|simp]:
fixes b :: b and z::x
shows atom x ¢ supp b
by (induct b rule: b.induct, auto simp: pure-supp supp-at-base x-not-in-b-set)

lemma flip-b-id[simp]:
fixes z::x and b::b
shows (z <> z’) - b =0
by (rule flip-fresh-fresh, auto simp add: fresh-def)

lemma flip-2-b-cancel[simpl:
fixes z::x and y::z and b::b and bv::bv
shows (z <> y) - b= b and (z < y) - bv = bv
using flip-b-id apply simp
by (metis b.eq-iff (7) b.perm-simps(7) flip-b-id)

lemma flip-bv-a-cancel[simp):
fixes bv::bv and z::bv and z::z
shows (bv « 2) - © = x using flip-fresh-fresh|of bv z 2] fresh-at-base by auto

lemma flip-bu-u-cancel[simp]:
fixes bv::bv and z::bv and z::u
shows (bv ¢ z) - © = z using flip-fresh-fresh|of bv z 2] fresh-at-base by auto

Literals

lemma supp-bitvec-empty:

fixes bv::bit list

shows supp bv = {}
proof (induct bv)

case Nil

then show ?case using supp-Nil by auto
next

case (Cons a bv)

then show ?case using supp-Cons bit.supp

by (metis (mono-tags, opaque-lifting) bit.strong-ezhaust l.supp(5) sup-bot.right-neutral)

qed
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lemma bitvec-pure[simpl:
fixes bv::bit list and z::x
shows atom z f bv using fresh-def supp-bitvec-empty by auto

lemma supp-l-empty[simp):
fixes I:: [
shows supp (V-lit [) = {}
by (nominal-induct  rule: l.strong-induct,
auto simp add: l.strong-exhaust pure-supp v.fv-defs supp-bitvec-empty)

lemma type-l-nosupp|simpl:
fixes z::z and [::]
shows atom x ¢ supp ({ z: b | [[2]"]°® == [[]"]°° |})
using supp-at-base supp-l-empty ce.supp(1) c.supp T.supp by force

lemma flip-bitvecO:
fixes z::bit list
assumes atom ¢ i (2, z, 2')
shows (z & ¢)-z=(2"<¢) -z
proof —
have atom z ff z and atom 2z’ { x
using flip-fresh-fresh assms supp-bitvec-empty fresh-def by blast+
moreover have atom c ff = using supp-bitvec-empty fresh-def by auto
ultimately show ?thesis using assms flip-fresh-fresh by metis
qed

lemma flip-bitvec:
assumes atom c t (z, L-bitvec x, 2')
shows (z < ¢)cz=(2" < ¢) -z
proof —
have atom z § z and atom 2’ f x
using flip-fresh-fresh assms supp-bitvec-empty fresh-def by blast+
moreover have atom c ff © using supp-bitvec-empty fresh-def by auto
ultimately show ?thesis using assms flip-fresh-fresh by metis
qed

lemma type-l-eq:
shows { z: b | [[z]]c == [V-litl]c } = ({ 2":b | [[2]"]°c == [V-lit ]]°c |})
by (auto,nominal-induct | rule: l.strong-induct,auto, metis permute-pure, auto simp add: flip-bitvec)

lemma flip-i-eq:
fixes x::l
shows (z < ¢)-z=(2"<¢) -z
proof —
have atom z ff x and atom c f x and atom 2z’ § x
using flip-fresh-fresh fresh-def supp-l-empty by fastforce+
thus ?thesis using flip-fresh-fresh by metis
qed

lemma flip-l-eq1:
fixes z::l

assumes (z ¢ ¢)-z= (2" ¢) -z’
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shows 2z’ =z
proof —
have atom z ff x and atom ¢ f ' and atom ¢ §f x and atom 2’ § =
using flip-fresh-fresh fresh-def supp-l-empty by fastforce+
thus “thesis using flip-fresh-fresh assms by metis
qed

!

Types

lemma flip-base-eq:
fixes b::b and z::xz and y::x
shows (z <> y) - b=0
using b.fresh by (simp add: flip-fresh-fresh fresh-def)

Obtain an alpha-equivalent type where the bound variable is fresh in some term t

lemma has-fresh-z0:
fixes t::'b:fs
shows Jz. atom z § (¢;)N{z" b | P ={z:0|(z¢2"):-c])
proof —
obtain z::z where fr: atom z f (¢’,t) using obtain-fresh by blast
moreover hence ({ z': b | /) ={z:0|(ze2)-c}})
using 7.eq-iff Absl-eq-iff
by (metis flip-commute flip-fresh-fresh fresh-PairD(1))
ultimately show ?thesis by fastforce
qed

lemma has-fresh-z:
fixes ¢::'b::fs
shows Jzbc. atomzttANT={z:b]|c]|

proof —
obtain 2z’ and b and ¢’ where teq: 7 = ({ z': b | ¢’ |}) using 7.ezhaust by blast
obtain z::z where fr: atom z § (t,¢’) using obtain-fresh by blast
hence ({z':b | ') ={ z:b| (24 2)-c'|}) using 7.eq-iff Absi-eq-iff

flip-commute flip-fresh-fresh fresh-PairD(1) by (metis fresh-PairD(2))

hence atom z § t A7 = ({ 2:b| (24 2') - ¢'|}) using fr teq by force
thus “thesis using teq fr by fast

qed

lemma obtain-fresh-z:
fixes t::'b::fs
obtains z and b and ¢ where atom z§t AT ={z:b]|c}
using has-fresh-z by blast

lemma has-fresh-z2:
fixes t::'b::fs
shows 3z c. atomzft A7 ={z:b-of 7| c|
proof —
obtain z and b and ¢ where atom z § t A7 ={ z:b| c | using obtain-fresh-z by metis
moreover then have b-of 7 = b using 7.eq-iff by simp
ultimately show ?thesis using obtain-fresh-z T.eq-iff by auto
qed

lemma obtain-fresh-z2:
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fixes t::'b:fs
obtains z and ¢ where atom z § t AT ={ z:b-of T|c|
using has-fresh-z2 by blast

Values

lemma u-notin-supp-v[simp):

fixes u::u and v::v

shows atom u ¢ supp v
proof (nominal-induct v rule: v.strong-induct)

case (V-lit I)

then show ?case using supp-l-empty by auto
next

case (V-var z)

then show ?Zcase

by (simp add: supp-at-base)

next

case (V-pair vl v2)

then show ?Zcase by auto
next

case (V-cons tyid list v)

then show ?case using pure-supp by auto
next

case (V-consp tyid list b v)

then show ?Zcase using pure-supp by auto
qed

lemma u-fresh-zv[simpl:
fixes u::u and z::z and v::v
shows atom u § (z,v)
proof —
have atom u § = using fresh-def by fastforce
moreover have atom u § v using fresh-def u-notin-supp-v by metis
ultimately show ?thesis using fresh-prod2 by auto
qed

Part of an effort to make the proofs across inductive cases more uniform by distilling the non-
uniform parts into lemmas like this

lemma v-flip-eq:
fixes v::v and va::v and z::z and c:z
assumes atom ¢ § (v, va) and atom c § (z, za, v, va) and (z < ¢) + v = (
shows ((v= V-litl — 3. va= V-lit ' N (x4 ¢)-1=(za+ c) 1))
((v=V-vary — (Fy". va=Vwary' A (z < ¢)-y=(za+c)-y"))) A
((v = V-pair vone vtwo — (Fvl’ v2'. va = V-pair vi’ v2' A (z < ¢) - vone = (za <> ¢) - v1’
A (x> ¢) - vtwo = (za + ¢) - v2'))) A
((v = V-cons tyid dc vone — (Jvl'. va = V-cons tyid dc vI'A (x <> ¢) - vone = (za <> ¢) -
01)) A
((v = V-consp tyid dc b vone — (Fvl’. va = V-consp tyid dc b vI’A (z < ¢) - vone = (za
c) + vl)))
using assms proof(nominal-induct v rule:v.strong-induct)
case (V-lit I)
then show Zcase using assms v.perm-simps
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empty-iff flip-def fresh-def fresh-permute-iff supp-l-empty swap-fresh-fresh v.fresh
by (metis permute-swap-cancel2 v.distinct)
next
case (V-var z)
then show ?case using assms v.perm-simps
empty-iff flip-def fresh-def fresh-permute-iff supp-l-empty swap-fresh-fresh v.fresh
by (metis permute-swap-cancel2 v.distinct)
next
case (V-pair vl v2)
have (V-pair vl v2 = V-pair vone vtwo — (Fv1’ v2'. va = V-pair v’ v2’' A (z <> ¢) - vone = (za
< c)-vl’'A(z 4 ) - vtwo = (za + ¢) - v2')) proof
assume V-pair v1 v2= V-pair vone vtwo
thus (Jv1’ v2'". va = V-pair v’ v2' A (z < ¢) - vone = (za <> ¢) « v1' A (z ¢ ¢) » viwo = (za
~c) - v2)
using V-pair assms
by (metis (no-types, opaque-lifting) flip-def permute-swap-cancel v.perm-simps(3))
ged
thus ?case using V-pair by auto
next
case (V-cons tyid dc vl)
have (V-cons tyid dc vi = V-cons tyid dc vone — (3 vl'. va = V-cons tyid dc vl’' A (z + ¢) -
vone = (za < ¢) - vl’)) proof
assume as: V-cons tyid dc vl = V-cons tyid dc vone
hence (z <> ¢) + (V-cons tyid dc vone) = V-cons tyid dc ((z <> ¢) + vone) proof —
have (z + ¢) - dc = dc using pure-permute-id by metis
moreover have (z < ¢) - tyid = tyid using pure-permute-id by metis
ultimately show ?thesis using v.perm-simps(4) by simp
qed
then obtain v!’ where (za <> ¢) - va = V-cons tyid dc v1' A (z <> ¢) - vone = v1’ using assms
V-cons
using as by fastforce
hence wva = V-cons tyid de ((za < ¢) - v1’) A (z + ¢) - vone = vl’ using permute-flip-cancel
empty-iff flip-def fresh-def supp-b-empty swap-fresh-fresh
by (metis pure-fresh v.perm-simps(4))

thus (Jv1’. va = V-cons tyid dc v’ A (z <> ¢) - vone = (za <> ¢) - v1’)
using V-cons assms by simp
qed
thus ?case using V-cons by auto
next
case (V-consp tyid dc b v1)
have (V-consp tyid dc b vi = V-consp tyid dc b vone — (3 vl’. va = V-consp tyid de b vi’' A (z
< ¢) - vone = (za + ¢) - vl’)) proof
assume as: V-consp tyid dc b vl = V-consp tyid dc b vone
hence (z + ¢) + (V-consp tyid dc b vone) = V-consp tyid dc b ((z < ¢) - vone) proof —
have (z > ¢) - dc = dc using pure-permute-id by metis
moreover have (z « ¢) - tyid = tyid using pure-permute-id by metis
ultimately show ?thesis using v.perm-simps(4) by simp
qged
then obtain v!’ where (za <+ ¢) - va = V-consp tyid dc b v1’ A (z <> ¢) - vone = v1’ using assms
V-consp
using as by fastforce
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hence wva = V-consp tyid dc b ((za <> ¢) - v1') A (z <> ¢) - vone = v’ using permute-flip-cancel
empty-iff flip-def fresh-def supp-b-empty swap-fresh-fresh
pure-fresh v.perm-simps
by (metis (mono-tags, opaque-lifting))
thus (Jvl’. va = V-consp tyid dc b vl’ A (z < ¢) - vone = (za < ¢) - v1')
using V-consp assms by simp
qged
thus ?case using V-consp by auto
qed

lemma flip-eq:

fixes z::x and za::x and s::’a::fs and sa::'a:fs

assumes (Vc. atom c § (s, sa) — atom ¢ § (z, za, s, sa) — (z <> ¢) + s = (za <> ¢) - sa) and z
#+ za

shows (z <> za) - s = sa
proof —

have ([[atom z]]lst. s = [[atom za]]lst. sa) using assms Absi-eq-iff-all by simp

hence (za =2 A sa=sV za# z A sa= (za<> x) s A atom za § s) using assms AbsI-eq-iff[of
za sa z S| by simp

thus ?thesis using assms

by (metis flip-commute)

qed

lemma swap-v-supp:

fixes v::v and d::z and z::z

assumes atom d f v

shows supp ((z <> d ) - v) C supp v — { atom z } U { atom d}

using assms
proof(nominal-induct v rule:v.strong-induct)

case (V-lit )

then show ?Zcase using [.supp by (metis supp-l-empty empty-subsetl [.strong-exhaust pure-supp
supp-equt v.supp)
next

case (V-var x)

hence d # x using fresh-def by fastforce

thus ?case apply(cases z = z) using supp-at-base V-var «d#x» by fastforce+
next

case (V-cons tyid dc v)

show ?case using v.supp(4) pure-supp

using V-cons.hyps V-cons.prems fresh-def by auto

next

case (V-consp tyid dc b v)

show ?case using v.supp(4) pure-supp

using V-consp.hyps V-consp.prems fresh-def by auto

qed(force+)

Expressions

lemma swap-e-supp:
fixes e::e and d::x and z::z
assumes atom d § e
shows supp ((z > d ) - e) C supp e — { atom z } U { atom d}
using assms
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proof (nominal-induct e rule:e.strong-induct)
case (AE-val v)
then show ?Zcase using swap-v-supp by simp
next
case (AFE-app f v)
then show ?case using swap-v-supp by (simp add: pure-supp)
next
case (AE-appP b f v)
hence df: atom d § v using fresh-def e.supp by force
have supp ((z <> d ) - (AE-appP b fv)) = supp (AE-appP b f ((z <> d ) - v)) using e.supp
by (metis b.eq-iff (3) b.perm-simps(3) e.perm-simps(3) flip-b-id)
also have ... = supp b U supp f U supp ((z <> d ) - v) using e.supp by auto
also have ... C supp b U supp f U supp v — { atom z } U { atom d} using swap-v-supp[OF df]
pure-supp by auto
finally show ?case using e.supp by auto
next
case (AE-op opp vl v2)
hence df: atom d § vl A atom d § v2 using fresh-def e.supp by force
have ((z <» d ) - (AE-op opp vl v2)) = AE-op opp ((z <> d) - vl) ((z > d ) - v2) using
e.perm-simps flip-commute opp.perm-simps AE-op opp.strong-exhaust pure-supp
by (metis (full-types))

hence supp ((z <> d) - AE-op opp vl v2) = supp (AE-op opp ((z <> d) -v1) ((z > d) -v2)) by simp
also have ... = supp ((z > d) -v1) U supp ((z <> d) -v2) using e.supp
by (metis (mono-tags, opaque-lifting) opp.strong-exhaust opp.supp sup-bot.left-neutral)
also have ... C (supp v — { atom z } U { atom d}) U (supp v2 — { atom z } U { atom d}) using
swap-v-supp AE-op df by blast
finally show ?case using e.supp opp.supp by blast
next
case (AE-fst v)
then show ?case using swap-v-supp by auto
next
case (AE-snd v)
then show ?case using swap-v-supp by auto
next
case (AE-mvar u)
then show ?case using
Diff-empty Diff-insert0 Un-upperl atom-z-sort flip-def flip-fresh-fresh fresh-def set-eq-subset supp-equt
swap-set-in-eq
by (metis sort-of-atom-eq)
next
case (AE-len v)
then show Zcase using swap-v-supp by auto
next
case (AE-concat vl v2)
then show ?case using swap-v-supp by auto
next
case (AE-split vl v2)
then show Zcase using swap-v-supp by auto
qed

lemma swap-ce-supp:
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fixes e::ce and d::z and z:z
assumes atom d § e
shows supp ((z <» d ) - €) C supp e — { atom z } U { atom d}
using assms
proof (nominal-induct e rule:ce.strong-induct)
case (CE-val v)
then show ?case using swap-v-supp ce.fresh ce.supp by simp
next
case (CE-op opp vl v2)
hence df: atom d § vl A atom d § v2 using fresh-def e.supp by force
have ((z <+ d ) - (CE-op opp vl v2)) = CE-op opp ((z > d ) - vl) ((z > d ) - v2) using
ce.perm-simps flip-commute opp.perm-simps CE-op opp.strong-exhaust x-fresh-b pure-supp
by (metis (full-types))

hence supp ((z ¢+ d) - CE-op opp vl v2) = supp (CE-op opp ((z <> d) -v1) ((z ¢ d) -v2)) by simp
also have ... = supp ((z & d) -v1) U supp ((z < d) -v2) using ce.supp
by (metis (mono-tags, opaque-lifting) opp.strong-exhaust opp.supp sup-bot.left-neutral)
also have ... C (supp v — { atom z } U { atom d}) U (supp v2 — { atom z } U { atom d}) using
swap-v-supp CE-op df by blast
finally show ?case using ce.supp opp.supp by blast
next
case (CE-fst v)
then show ?case using ce.supp ce.fresh swap-v-supp by auto
next
case (CE-snd v)
then show Zcase using ce.supp ce.fresh swap-v-supp by auto
next
case (CE-len v)
then show ?case using ce.supp ce.fresh swap-v-supp by auto
next
case (CE-concat vl v2)
then show ?Zcase using ce.supp ce.fresh swap-v-supp ce.perm-simps
proof —
have Vz v za. = atom (x::z) § (viiv) V supp ((za < z) + v) C supp v — {atom za} U {atom z}
by (meson swap-v-supp)
then show ?thesis
using CE-concat ce.supp by auto
qed
qed

lemma swap-c-supp:
fixes c::c and d::z and z::z
assumes atom d § ¢
shows supp ((z <> d ) - ¢) C supp ¢ — { atom z } U { atom d}
using assms
proof (nominal-induct ¢ rule:c.strong-induct)
case (C-eq el e2)
then show ?Zcase using swap-ce-supp by auto
qged(auto+)

lemma type-e-eq:
assumes atom z § e and atom 2z’ { e
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shows § 2 b | [[)¢ == e} = (1 25 b | [2F] == e })
by (auto,metis (full-types) assms(1) assms(2) flip-fresh-fresh fresh-PairD(1) fresh-PairD(2))

lemma type-e-eq2:
assumes atom z £ e and atom 2z’ f e and b=0b’
shows { z:b | [[2]']“==¢e[f=({2":0" | [2]']“==¢])

using assms type-e-eq by fast

lemma e-flip-eq:
fixes e::e and ea::e
assumes atom c f (e, ea) and atom c § (z, za, e, ea) and (z <> ¢) - e = (za < ¢) - ea
shows (e = AE-val w — (Jw’. ea = AFE-val w' A (z <> ¢) - w = (za + ¢) - w')) V
(e = AE-op opp vl v2 — (vl v2'. ea = AS-0p opp v1' v2' A (z + ¢) - vl = (za + ¢) - v1’)
ANz c)v2=(za<>c):v2)V
(e = AE-fst v — (v’ ea = AE-fst v/ A (z < ¢) - v = (za + ¢) - V') V
(e = AE-snd v — (v’ ea = AE-snd v/ A (x > ¢) - v = (za < ¢) - v)) V
(e = AE-len v — (Jv’. ea = AE-len v/ A (x > ¢) - v = (za < ¢) - v)) V
(e = AE-concat vl v2 — (vl v2'. ea = AS-concat v1' v2' A (x < ¢) + vl = (za < ¢) - v1’)
ANz c)v2=(za<c) v2)V
(e = AE-app fv — (3v'. ea = AE-app f v' A (z <> ¢) - v = (za < ¢) - V')
by (metis assms e.perm-simps permute-flip-cancel2)

lemma fresh-opp-all:
fixes opp::opp
shows z § opp
using e.fresh opp.exhaust opp.fresh by metis

lemma fresh-e-opp-all:
shows (z § v A 2z v2) = 2§ AE-op opp vl v2
using e.fresh opp.exhaust opp.fresh fresh-opp-all by simp

lemma fresh-e-opp:
fixes z::x
assumes atom z § vl A atom z § v2
shows atom z § AFE-op opp vl v2
using e.fresh opp.ezhaust opp.fresh opp.supp by (metis assms)

Statements

lemma branch-s-flip-eq:
fixes v::v and wva::v
assumes atom ¢ £ (v, va) and atom ¢ § (x, za, v, va) and (z > ¢) - s = (za < ¢) - sa
shows (s = AS-val w — (3w’ sa = AS-val w' A (z < ¢) - w = (za + ¢) - w')) V
(s = AS-seq s1 s2 — (s1’ 2’ sa = AS-seq s1' s2' N (x <> ¢) » s1 = (wa < ¢) - s1') A (z
“—c)-82=(za>c)-s2)V
(s = AS-if v sl s2 — (Fv' s1' s2'. sa = AS-if seq s1' s2' N (z <> ¢) - s1 = (za <> ¢) - s1') A
(zc)-s2=(rarc)-s2'N(x¢c):c=(za$c)-0)
by (metis assms s-branch-s-branch-list.perm-simps permute-flip-cancel2)
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2.2 Context Syntax

2.2.1 Datatypes

Type and function/type definition contexts

type-synonym & = fun-def list
type-synonym O = type-def list
type-synonym B = bv fset

datatype I' =
GNil
| GCons zxbxc T (infixr «#r> 65)

datatype A =
DNil («[]a»)
| DCons uxt A (infixr #a> 65)

2.2.2 Functions and Lemmas

lemma TI'-induct [case-names GNil GCons| : P GNil = (Az b c¢T'. PT' = P ((z,b,c) #r T'')) =
pPT
proof (induct T' rule:T.induct)
case GNil
then show ?Zcase by auto
next
case (GCons x1 z2)
then obtain z and b and ¢ where z1=(xz,b,c) using prod-cases3 by blast
then show ?case using GCons by presburger
qed

instantiation A :: pt
begin

primrec permute-A
where
DNil-equt: p - DNil = DNil
| DCons-equt: p - (x #a x8) = p + x #a p - (z5:A)

instance by standard (induct-tac [\] z, simp-all)
end

lemmas [equt] = permute-A.simps

lemma A-induct [case-names DNil DCons] : P DNil = (Aut A". P A’ = P ((u,t) #a A')) = P
A
proof (induct A rule: A.induct)
case DNil
then show ?Zcase by auto
next
case (DCons x1 22)
then obtain v and ¢ where z1=(u,t) by fastforce
then show ?case using DCons by presburger
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qed

lemma ®-induct [case-names PNil PConsNone PConsSome] : P [| = (AfzbecT s ®. PO = P
((AF-fundef f (AF-fun-typ-none (AF-fun-typ z b ¢ 7 s'))) # ®')) =
(ANfbvzber s'®. PO = P ((AF-fundef f
(AF-fun-typ-some bv (AF-fun-typ x b ¢ T s)) # ®')) — P P
proof (induct ® rule: list.induct)
case Nil
then show ?Zcase by auto
next
case (Cons z1 z2)
then obtain f and ¢ where ft: 1 = (AF-fundef f t)
by (meson fun-def.exhaust)
then show Zcase proof(nominal-induct t rule:fun-typ-q.strong-induct)
case (AF-fun-typ-some bv ft)
then show ?case using Cons ft
by (metis fun-typ.ezhaust)
next
case (AF-fun-typ-none ft)
then show ?case using Cons ft
by (metis fun-typ.ezhaust)
qed
qed

lemma ©-induct [case-names TNil AF-typedef AF-typedef-poly] : P [| = (A\tid dclist ©'. P ©' = P
((AF-typedef tid dclist) # ©')) =
(A\tid bv dclist ©'. P ©' = P ((AF-typedef-poly

tid bv dclist ) # ©')) = P ©
proof (induct © rule: list.induct)

case Nil

then show ?Zcase by auto
next

case (Cons td T)

show ?case by(cases td rule: type-def.exhaust, (simp add: Cons)+)
qed

instantiation I' :: pt
begin

primrec permute-I"
where
GNil-equt: p + GNil = GNil
| GCons-equt: p - (x #r xs) = p - x #r p - (zs:T)

instance by standard (induct-tac [\] x, simp-all)
end

lemmas [equt] = permute-T".simps
lemma G-cons-equt][simp]:

fixes I'::T
shows p - (2,b,¢) #0 T) = ((p- @, p-b,p-c) #r (p-T ) (is 74 = 7B
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using Cons-equt triple-equt supp-b-empty by simp

lemma G-cons-flip[simp]:
fixes z::x and I'::T

shows (z<z') - ((z")b,c) #r T) = ((ze2') - 2, b, (z2)) - ¢) #r ((zez)) -

using Cons-equt triple-equt supp-b-empty by auto

lemma G-cons-flip-fresh[simp]:
fixes z:z and I':T
assumes atom z § (¢,I') and atom z' § (¢,I)
shows (zez') - ((z/,b,e) #r T) = ((z, b,c) #r T)
using G-cons-flip flip-fresh-fresh assms by force

lemma G-cons-flip-fresh?2[simp]:
fixes z:z and I':T
assumes atom z § (¢,I') and atom z' § (¢,T)
shows (z<z') - ((z,b,c) #r T) = ((&/;, b, c) #r 1)
using G-cons-flip flip-fresh-fresh assms by force

lemma G-cons-flip-fresh3|[simp]:
fixes z:z and I':T
assumes atom z f I and atom z' § T
shows (z¢z') - ((z,b,c) #1r T) = ((z, b, (x<z) - ¢) #r T)
using G-cons-flip flip-fresh-fresh assms by force

lemma negq-GNil-conv: (xs # GNil) = (3y ys. zs = y #r ys)
by (induct xs) auto

nominal-function toList :: I' = (axbxc) list where
toList GNil = ||
| toList (GCons xzbc G) = xbc#(toList G)
apply (auto, simp add: equt-def toList-graph-auz-def )
using neq-GNil-conv surj-pair by metis
nominal-termination (equt)
by lexicographic-order

nominal-function toSet :: I' = (zxbxc) set where
toSet GNil = {}
| toSet (GCons xzbc G) = {xbc} U (toSet G)
apply (auto,simp add: equt-def toSet-graph-auz-def )
using neq-GNil-conv surj-pair by metis
nominal-termination (equt)
by lexicographic-order

nominal-function append-g :: ' = I' = T (infixr <@) 65) where
append-g GNil g = g
| append-g (zbe #r g1) g2 = (zbe #r (91Qg2))
apply (auto,simp add: equt-def append-g-graph-aux-def )
using neq-GNil-conv surj-pair by metis
nominal-termination (equt) by lexicographic-order

nominal-function dom :: I' = z set where
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dom T' = (fst‘ (toSet T'))
apply auto
unfolding equt-def dom-graph-aux-def Ifp-equt toSet.equt by simp
nominal-termination (equt) by lexicographic-order

Use of this is sometimes mixed in with use of freshness and support for the context however it
makes it clear that for immutable variables, the context is ‘self-supporting’

nominal-function atom-dom :: T' = atom set where
atom-dom I' = atom‘(dom T)
apply auto

unfolding equt-def atom-dom-graph-auz-def lfp-equt toSet.equt by simp
nominal-termination (equt) by lexicographic-order

2.2.3 Immutable Variable Context Lemmas

lemma append-GNil[simp]:
GNil@ G =G
by simp

lemma append-g-toSetU [simp]: toSet (G1QG2) = toSet G1 U toSet G2
by (induct G1, auto+)

lemma supp-GNil:
shows supp GNil = {}
by (simp add: supp-def)

lemma supp-GCons:
fixes zs:I'
shows supp (z #r xs) = supp U supp zs
by (simp add: supp-def Collect-imp-eq Collect-neg-eq)

lemma atom-dom-eq[simp]:
fixes G::T’
shows atom-dom ((z, b, ¢) #r G) = atom-dom ((z, b, ¢') #r G)
using atom-dom.simps toSet.simps by simp

lemma dom-append|simpl:
atom-dom (I'QI'") = atom-dom T’ U atom-dom T’
using image-Un append-g-toSetU atom-dom.simps dom.simps by metis

lemma dom-cons[simp):
atom-dom ((z,b,c) #r G) = { atom z } U atom-dom G
using image-Un append-g-toSetU atom-dom.simps by auto

lemma fresh-GNil[ms-fresh):
shows a # GNil
by (simp add: fresh-def supp-GNil)

lemma fresh-GCons[ms-fresh]:
fixes zs:I'
shows a # (z #r zs) «— attz A af zs
by (simp add: fresh-def supp-GCons)
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lemma dom-supp-g[simp):
atom-dom G C supp G
apply(induct G rule: T'-induct,simp)
using supp-at-base supp-Pair atom-dom.simps supp-GCons by fastforce

lemma fresh-append-g[ms-fresh):
fixes zs::I"
shows a # (zs @ ys) «— af xs A atf ys
by (induct xs) (simp-all add: fresh-GNil fresh-GCons)

lemma append-g-assoc:
fixes xs::I'
shows (zs @ ys) @Q zs = s @ (ys @ zs)
by (induct zs) simp-all

lemma append-g-inside:
fixes zs::I"
shows zs Q (z #r ys) = (zs Q (z #r GNil)) Q ys
by (induct zs,auto+)

lemma finite-I":
finite (toSet T)
by (induct T rule: T-induct,auto)

lemma supp-T':
supp T' = supp (toSet T')
proof (induct T' rule: T'-induct)
case GNil
then show ?case using supp-GNil toSet.simps
by (simp add: supp-set-empty)
next
case (GCons z b ¢ TV)
then show ?case using supp-GCons toSet.simps finite-I' supp-of-finite-union
using supp-of-finite-insert by fastforce
qed

lemma supp-of-subset:
fixes G::('a::fs set)
assumes finite G and finite G’ and G C G’
shows supp G C supp G’
using supp-of-finite-sets assms by (metis subset-Un-eq supp-of-finite-union)

lemma supp-weakening:
assumes toSet G C toSet G’
shows supp G C supp G’
using supp-I' finite-I' by (simp add: supp-of-subset assms)

lemma fresh-weakening[ms-fresh):
assumes toSet G C toSet G'and z § G’
shows z § G

proof (rule ccontr)
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assume -z f G
hence z € supp G using fresh-def by auto
hence z € supp G’ using supp-weakening assms by auto
thus Fulse using fresh-def assms by auto
qed

instance I :: fs
by (standard, induct-tac x, simp-all add: supp-GNil supp-GCons finite-supp)

lemma fresh-gamma-elem:
fixes I'::T
assumes a f I’
and e € toSet I’
shows a f e
using assms by (induct T';auto simp add: fresh-GCons)

lemma fresh-gamma-append:
fixes zs::I'
shows a # (zs @ ys) «+— af xs A atf ys
by (induct zs, simp-all add: fresh-GNil fresh-GCons)

lemma supp-triple[simp):
shows supp (z, y, z) = supp x U supp y U supp z
proof —
have supp (z,y,2) = supp (z,(y,2)) by auto
hence supp (z,y,2) = supp z U (supp y U supp z) using supp-Pair by metis
thus “thesis by auto
qed

lemma supp-append-g:
fixes xs::T'
shows supp (xs Q ys) = supp xs U supp ys
by (induct zs,auto simp add: supp-GNil supp-GCons )

lemma fresh-in-g[simp]:

fixes I':T" and z':z

shows atom z' § T/ Q (z, b0, c0) #r T' = (atom 2’ & supp T" U supp x U supp b0 U supp c0 U supp
r)
proof —

have atom z' TV Q (z, b0, c0) #r T = (atom z’ ¢ supp (I’ Q((z,b0,c0) #r I)))

using fresh-def by auto

also have ... = (atom x’ ¢ supp T'" U supp ((,b0,c0) #r T')) using supp-append-g by fast

also have ... = (atom z' ¢ supp T U supp x U supp b0 U supp ¢0 U supp T') using supp-GCons
supp-append-g supp-triple by auto

finally show ?thesis by fast
qed

lemma fresh-suffiz[ms-fresh]:
fixes I'::T
assumes atom z f§ I''QT
shows atom z § T’
using assms by (induct T/ rule: T-induct, auto simp add: append-g.simps fresh-GCons)
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lemma not-GCons-self [simp]:
fixes zs::I’
shows zs # z #r s
by (induct zs) auto

lemma not-GCons-self2 [simp]:
fixes zs::I'
shows x #r xs # zs
by (rule not-GCons-self [symmetric])

lemma fresh-restrict:
fixes y::xz and I'::T"
assumes atom y t (I''Q (x, b, ¢) #r I)
shows atom y £ (I''QT)
using assms by(induct T/ rule: T'-induct, auto simp add:fresh-GCons fresh-GNil )

lemma fresh-dom-free:
assumes atom z f I’
shows (z,b,c) ¢ toSet T’
using assms proof (induct I' rule: T'-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z' b’ ¢' T)
hence z#z’ using fresh-def fresh-GCons fresh-Pair supp-at-base by blast
moreover have atom z § T'' using fresh-GCons GCons by auto
ultimately show ?case using toSet.simps GCons by auto
qed

lemma I'-set-intros: © € toSet ( © #r zs) and y € toSet s => y € toSet (x #r zs)
by simp+

lemma fresh-dom-free2:
assumes atom = ¢ atom-dom T’
shows (z,b,c) ¢ toSet T’
using assms proof (induct I' rule: T'-induct)
case GNil
then show ?Zcase by auto
next
case (GCons z' b' ¢' T)
hence z#z’ using fresh-def fresh-GCons fresh-Pair supp-at-base by auto
moreover have atom x ¢ atom-dom T/ using fresh-GCons GCons by auto
ultimately show ?case using toSet.simps GCons by auto
qed

2.2.4 Mutable Variable Context Lemmas

lemma supp-DNil:
shows supp DNil = {}
by (simp add: supp-def)

lemma supp-DCons:
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fixes zs::A
shows supp (z #a zs) = supp = U supp xs
by (simp add: supp-def Collect-imp-eq Collect-neg-eq)

lemma fresh-DNil[ms-fresh]:
shows a # DNil
by (simp add: fresh-def supp-DNil)

lemma fresh-DCons|ms-fresh]:
fixes xs::A
shows a f (x #a xs) +— afx A af xs
by (simp add: fresh-def supp-DCons)

instance A :: fs
by (standard, induct-tac x, simp-all add: supp-DNil supp-DCons finite-supp)

2.2.5 Lookup Functions

nominal-function lookup :: I' = = = (bxc) option where

lookup GNil z = None
| lookup ((z,b,c)#rG) y = (if =y then Some (b,c) else lookup G y)

by (auto,simp add: equit-def lookup-graph-auz-def, metis neq-GNil-conv surj-pair)
nominal-termination (equt) by lexicographic-order

nominal-function replace-in-g : I' = ¢ = ¢ = ' («-[++——-]» [1000,0,0] 200) where
replace-in-g GNil - - = GNil
| replace-in-g ((z,b,c)#rG) =’ ¢/ = (if z=xz' then ((z,b,c")#r G) else (z,b,c)#r(replace-in-g G z' ¢’))
apply(auto,simp add: equt-def replace-in-g-graph-aux-def)
using surj-pair I'.erhaust by metis
nominal-termination (equt) by lexicographic-order

Functions for looking up data-constructors in the Pi context

nominal-function lookup-fun :: ® = f = fun-def option where
lookup-fun [| g = None
| lookup-fun ((AF-fundef f ft)#1I1) g = (if (f=g) then Some (AF-fundef f ft) else lookup-fun II g)
apply(auto,simp add: equt-def lookup-fun-graph-auz-def )
by (metis fun-def.exhaust neq-Nil-conv)
nominal-termination (equt) by lexicographic-order

nominal-function lookup-td :: © = string = type-def option where

lookup-td [] ¢ = None
| lookup-td ((AF-typedef s Ist ) # (©::0)) g = (if (s = g) then Some (AF-typedef s Ist ) else lookup-td
© 9)
| lookup-td ((AF-typedef-poly s bv lst ) # (©::0)) g = (if (s = g) then Some (AF-typedef-poly s bv st
) else lookup-td © g)

apply(auto,simp add: equt-def lookup-td-graph-auz-def )

by (metis type-def.exhaust neg-Nil-conv)

nominal-termination (equt) by lexicographic-order

nominal-function name-of-type ::type-def = f where
name-of-type (AF-typedef f-) = f
| name-of-type (AF-typedef-poly f - -) = f
apply (auto,simp add: equt-def name-of-type-graph-auz-def )
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using type-def.exhaust by blast
nominal-termination (equt) by lexicographic-order

nominal-function name-of-fun ::fun-def = f where
name-of-fun (AF-fundef f ft) = f
apply(auto,simp add: equi-def name-of-fun-graph-auz-def )
using fun-def.ezhaust by blast
nominal-termination (equt) by lexicographic-order

nominal-function remove2 :: ‘a::pt = ‘a list = 'a list where

remove2 x || =[] |

removel x (y # xs) = (if © = y then zs else y # remove2 x xs)

by (simp add: equt-def remove2-graph-auz-def,auto+,meson list.exhaust)
nominal-termination (equt) by lexicographic-order

nominal-function base-for-lit :: | = b where
base-for-lit (L-true) = B-bool
| base-for-lit (L-false) = B-bool
| base-for-lit (L-num n) = B-int
| base-for-lit (L-unit) = B-unit
| base-for-lit (L-bitvec v) = B-bitvec
apply (auto simp: equt-def base-for-lit-graph-auz-def )
using [.strong-exhaust by blast
nominal-termination (equt) by lexicographic-order

lemma neg-DNil-conv: (xs # DNil) = (Jy ys. s = y #a ys)
by (induct xs) auto

nominal-function setD :: A = (uxT) set where
setD DNil = {}
| setD (DCons zbe G) = {zbc} U (setD G)
apply (auto,simp add: equt-def setD-graph-auz-def )
using neq-DNil-conv surj-pair by metis
nominal-termination (equt) by lexicographic-order

lemma equt-triple:
fixes y::’a::at and ya::'a::at and za::'c::at and va::'d::fs and s::s and sa::s and fisx'cx'd = s
assumes atom y § (za, va) and atom ya § (za, va) and
V. atom c § (s, sa) — atom ¢ § (y, ya, s, sa) — (y <> ¢) - s = (ya <> ¢) + sa
and equt-at [ (s,za,va) and equt-at [ (sa,za,va) and
atom ¢ § (s, va, za, sa) and atom c § (y, ya, f (s, za, va), f (sa, za, va))
shows (y <> ¢) - f (s, za, va) = (ya <> ¢) - f (sa, za, va)

proof —
have (y <> ¢) - f (s, za, va) = f ( (y ¢ ¢) - (s,za,va)) using assms equt-at-def by metis
also have ... = f ((y & ¢) + s, (y <> ¢) - za ,(y < ¢) - va) by auto
also have ... = f ( (ya < ¢) - sa, (ya <> ¢) + za ,(ya < ¢) - va) proof —

have (y <> ¢) - s = (ya < ¢) + sa using assms Abs1-eg-iff-all by auto

moreover have ((y < ¢) - za) = ((ya ¢ ¢) - za) using assms flip-fresh-fresh fresh-prodN by
metis

moreover have ((y <> ¢) - va) = ((ya < ¢) - va) using assms flip-fresh-fresh fresh-prodN by
metis

ultimately show ?thesis by auto
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qged

also have ... = f ( (ya < ¢) - (sa,za,va)) by auto

finally show ?thesis using assms equt-at-def by metis
qed

2.3 Functions for bit list/vectors

inductive split :: int = bit list = bit list * bit list = bool where
split 0 xs ([], xs)

| split m xs (ys,zs) = split (m~+1) (z#xs) ((z # ys), 25)

equivariance split

nominal-inductive split .

lemma split-concat:
assumes split n v (v1,v2)
shows v = append vl v2
using assms proof (induct (v1,v2) arbitrary: vl v2 rule: split.inducts)
case I
then show ?Zcase by auto
next
case (2 m zs ys zs T)
then show ?case by auto
qed

lemma split-n:
assumes split n v (vl,v2)
shows 0 < n A n < int (length v)
using assms proof (induct rule: split.inducts)
case (1 zs)
then show ?Zcase by auto
next
case (2 m s ys 28 x)
then show ?case by auto
qed

lemma split-length:
assumes split n v (v1,v2)
shows n = int (length v1)
using assms proof (induct (v1,v2) arbitrary: vl v2 rule: split.inducts)
case (1 zs)
then show ?Zcase by auto
next
case (2 m s ys zs x)
then show ?Zcase by auto
qed

lemma obtain-split:
assumes 0 < n and n < int (length bv)
shows 3 bul bv2. split n bv (bvl , bv2)
using assms proof (induct bv arbitrary: n)
case Nil
then show ?Zcase using split.intros by auto
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next
case (Cons b bv)
show ?Zcase proof(cases n = 0)
case True
then show ?thesis using split.intros by auto
next
case Fulse
then obtain m where m:n=m+1 using Cons
by (metis add.commute add-minus-cancel)
moreover have 0 < m using Fualse m Cons by linarith
then obtain bv! and bv2 where split m bv (bvl , bv2) using Cons m by force
hence split n (b # bv) ((b#bvl), bv2) using m split.intros by auto
then show ?thesis by auto
qed
qed

end
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Chapter 3

Immutable Variable Substitution

Substitution involving immutable variables. We define a class and instances for all of the term
forms

3.1 Class

class has-subst-v = fs +
fixes subst-v :: ‘a:fs = x = v = ‘anfs  («-[-n=-]y» [1000,50,50] 1000)
assumes fresh-subst-v-if: y t (subst-v a zv) «— (atomzfaAyfa)V(yfovA(ytaVy=atom

z))

and  forget-subst-v[simp]: atom x § a = subst-va T v =a

and  subst-v-id[simp]: subst-v a © (V-var z) = a
and  equt[simp,equt]: (p::perm) - (subst-v a x v) = (subst-v (p + a) (p -z) (p -v))
and  flip-subst-v[simp]: atom z § ¢ = ((z ¢ 2) - ¢) = c[z::=[2]"]»

and  subst-v-simple-commute[simp]: atom z § ¢ =>(c[z::=[x]"]y)[x::=b], = ¢[z:=b]y
begin

lemma subst-v-flip-eq-one:
fixes z1::z and 22::z and z1::z and z2:z
assumes [[atom z1]]lst. ¢cI = [[atom 22]]lst. c2
and atom x1 § (21,22,c1,c2)
shows (cI[z1:=[z1]"]y) = (c2[22:=[z1]"],)
proof —
have (cI[z1:=[z1]"],) = (21 <> z1) - ¢l using assms flip-subst-v by auto
moreover have (c2[z2:=[z1]"],) = (x1 < 22) - ¢2 using assms flip-subst-v by auto
ultimately show ?thesis using AbsI-eq-iff-all(3)[of 21 c1 22 ¢2 z1] assms
by (metis AbsI-eq-iff-fresh(3) flip-commute)
qed

lemma subst-v-flip-eq-two:
fixes z1::2z and 22::x and z!::xz and z2::x

assumes [[atom z1]]lst. ¢cI = [[atom 22]]lst. c2
shows (c1[z1:=b],) = (c2[22::=b],)
proof —

obtain z::x where x:atom z f (21,22,c1,c2) using obtain-fresh by metis
hence (c![z1:=[z]"],) = (c2[22::=[z]"],) using subst-v-flip-eq-one| OF assms, of x| by metis
hence (cI[z1:=[x]"],)[x::=b], = (c2[22::=[2]"],)[z::=b], by auto
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thus ?thesis using subst-v-simple-commute * fresh-prod4 by metis

qed

lemma subst-v-flip-eq-three:
assumes [[atom z1]]lst. ¢cI = [[atom z1))ist. ¢1’' and atom z § ¢1 and atom =’ § (z,21,21', c1, c1”)
shows (z < z') - (cl[z1:=[2]"]y) = cl'[z1":=[z]"],

proof —
have atom z'f c1[z1::=[z]"], using assms fresh-subst-v-if by simp

hence (z < z’) « (cl[z1:=[z]")y) = cl[z1:=[z]"][z:=[2]"], using flip-subst-v[of z' c1[z1:=[z]"],
z] flip-commute by metis

also have ... = c1[z1::=[z"]"], using subst-v-simple-commute fresh-prod4 assms by auto
also have ... = c1/[z1":=[z']"], using subst-v-flip-eg-one[of z1 c1 z1' c1' z'] using assms by auto
finally show ?thesis by auto

qed

end

3.2 Values

nominal-function
subst-vv :: v = ¥ = v = v where
subst-vv (V-lit l) x v = V-lit |
| subst-vv (V-var y) v = (if £ = y then v else V-var y)
| subst-vv (V-cons tyid ¢ v') z v = V-cons tyid ¢ (subst-vv v' z v)
| subst-vv (V-consp tyid ¢ b v') z v = V-consp tyid ¢ b (subst-vv v’ z v)
| subst-vo (V-pair v1 v2) x v = V-pair (subst-vv v1 z v ) (subst-vv v2 z v )
by (auto simp: equt-def subst-vv-graph-aux-def, metis v.strong-exhaust)
nominal-termination (equt) by lexicographic-order

abbreviation
subst-vv-abbrev :: v = & = v = v ((-[-:=-]yy» [1000,50,50] 1000)
where
v[z:=v"yy = subst-vv vz v’

lemma fresh-subst-vv-if [simp]:
Jitli=x]py = ((atom it AjEO)V Gtz AGHELEV = atomi)))
using supp-l-empty apply (induct t rule: v.induct,auto simp add: subst-vv.simps fresh-def, auto)
by (simp add: supp-at-base |metis b.supp supp-b-empty )+

lemma forget-subst-vv [simp: atom a § tm = tm[a::=x],, = tm
by (induct tm rule: v.induct) (simp-all add: fresh-at-base)

lemma subst-vv-id [simp]: tm[a::=V-var al,, = tm
by (induct tm rule: v.induct) simp-all

lemma subst-vv-commute [simp):
atom j 8 tm = tm[iz=t]yy[j:=ulpy = tmiz=t[j:=ulvy]ve
by (induct tm rule: v.induct) (auto simp: fresh-Pair)

lemma subst-vv-commute-full [simp]:

atom j# t = atom { § u = i # j = tm[in=t]ps[Ji=U|ps = tM[Jr=U]py[i:=1]pe
by (induct tm rule: v.induct) auto
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lemma subst-vv-var-flip[simp]:
fixes v::v
assumes atom y f v
shows (y < z) - v = v [zz=V-var yly,
using assms apply (induct v rule:v.induct)
apply auto

using

l.fresh l.perm-simps l.strong-exhaust supp-l-empty permute-pure permute-list.simps fresh-def

flip-fresh-fresh apply fastforce
using permute-pure apply blast+

done

instantiation v :: has-subst-v

begin

definition
subst-v = subst-vv

instance proof
fix j::atom and ::x and z::v and t::v
show (jff subst-vtiz)= ((atomiftAjit)V(itaA(GttVj= atomi)))
using fresh-subst-vv-if [of j t © x] subst-v-v-def by metis

fix a::xz and tm::v and z::v
show atom a § tm = subst-v tm a x = tm
using forget-subst-vv subst-v-v-def by simp

fix a::z and tm::v
show subst-v tm a (V-var a) = tm using subst-vv-id subst-v-v-def by simp

fix p::perm and x1::x and v::v and t1:v

show p
using

- subst-v t1 z1 v = subst-v (p-tl) (p-xzl) (p - v)

subst-v-v-def by simp

fix z::x and c::v and z:z
show atom z § ¢ = ((z < 2) - ¢) = c[z:=[z]"],

using

subst-v-v-def by simp

fix z::x and c::v and 22
show atom z § ¢ = clzi:=[z]"]y[z:=0], = c[zi:=0],

using
qed

end

subst-v-v-def by simp

3.3 Expressions

nominal-function subst-ev :: e = © = v = e where
subst-ev ( (AF-val v') ) z v = ( (AE-val (subst-vv v’ z v)) )

| subst-ev
| subst-ev
| subst-ev

((AE-app fv') ) zv = ( (AFE-app [ (subst-vv v’ xv)) )
( (AE-appP fbv') ) z v = ( (AE-appP f b (subst-vv v' zv)) )
( (AE-op opp v1v2) )z v = ( (AE-op opp (subst-vv vl x v ) (subst-vv v2x v )) )
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| subst-ev [#1 v]® xv = [#1 (subst-vv v' z v )|°
| subst-ev [#2 v']® x v = [#2 (subst-vv v" z v )|°
| subst-ev ( (AE-mvar u)) x v = AE-mvar u
| subst-ev [| v'|]¢ z v = (subst-vv v zv) |]
| subst-ev ( AE-concat vl v2) z v = AE-concat (subst-vv vl z v ) (subst-vv v2 x v )
| subst-ev ( AE-split vl v2) z v = AE-split (subst-vv v1 z v ) (subst-vv v2 z v )

by (simp add: equi-def subst-ev-graph-auz-def,auto)(meson e.strong-exhaust)

€

nominal-termination (equt) by lexicographic-order

abbreviation
subst-ev-abbrev :: e = x = v = e (-[-:=-]¢» [1000,50,50] 500)
where
el::=v"ley, = subst-ev ez v’

lemma size-subst-ev [simp]: size ( subst-ev A i x) = size A
apply (nominal-induct A avoiding: i x rule: e.strong-induct)
by auto

lemma forget-subst-ev [simp]: atom a § A = subst-ev A azx = A
apply (nominal-induct A avoiding: a x rule: e.strong-induct)
by (auto simp: fresh-at-base)

lemma subst-ev-id [simp]: subst-ev A a (V-var a) = A
by (nominal-induct A avoiding: a rule: e.strong-induct) (auto simp: fresh-at-base)

lemma fresh-subst-ev-if [simp]:
jt (subst-ev Aiz )= ((atomif ANFjEAV Gz AGEAVF=atomi)))
apply (induct A rule: e.induct)
unfolding subst-ev.simps fresh-subst-vv-if apply auto+
using pure-fresh fresh-opp-all apply metis+
done

lemma subst-ev-commute [simp]:
atom j # A = (A[i::=t]ev)[J1:=Ulew = Alin=t[j::=1t]v0]en
by (nominal-induct A avoiding: i j t u rule: e.strong-induct) (auto simp: fresh-at-base)

lemma subst-ev-var-flip[simp]:
fixes e::e and y::z and z::z
assumes atom y f e
shows (y <> z) + e = e [z::=V-var y|e,
using assms apply(nominal-induct e rule:e.strong-induct)
apply (simp add: subst-v-v-def)
apply (metis (mono-tags, lifting) b.eq-iff b.perm-simps e.fresh e.perm-simps flip-b-id subst-ev.simps
subst-vv-var-flip)
apply (metis (mono-tags, lifting) b.eg-iff b.perm-simps e.fresh e.perm-simps flip-b-id subst-ev.simps
subst-vv-var-flip)
subgoal for x
apply (rule-tac y=x in opp.strong-exhaust)
using subst-vv-var-flip flip-def by (simp add: flip-def permute-pure)+
using subst-vv-var-flip flip-def by (simp add: flip-def permute-pure)+
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lemma subst-ev-flip:
fixes e::e and ea::e and c::z
assumes atom ¢ § (e, ea) and atom ¢ t (x, za, e, ea) and (z <> ¢) - e = (za <> ¢) + ea
shows e[z:=v"]., = ea[za:=v,,

proof —
have e[z::=v"., = (e[z::=V-var c|ey)[c::=v"]¢, using subst-ev-commute assms by simp
also have ... = ((¢ ¢ z) - e)[c::=0"]¢r using subst-ev-var-flip assms by simp
also have ... = ((¢ > za) - ea)[c::=v"]¢, using assms flip-commute by metis
also have ... = ea[za::=v']., using subst-ev-var-flip assms by simp
finally show ?thesis by auto
qed

lemma subst-ev-var|simp]:
(AE-val (V-var z))[z::=[2]"]ev = AE-val (V-var z)
by auto

instantiation e :: has-subst-v
begin

definition
subst-v = subst-ev

instance proof
fix j::atom and i::x and z::v and t::e
show (jff subst-vtiz)= ((atomiftAjit)V (GdaA(GttVj= atomi)))
using fresh-subst-ev-if [of j t i x] subst-v-e-def by metis

fix a::xz and tm::e and z::v
show atom a § tm = subst-v tm a x = tm
using forget-subst-ev subst-v-e-def by simp

fix a::x and tm::e
show subst-v tm a (V-var a) = tm using subst-ev-id subst-v-e-def by simp

fix p::perm and x1::x and v::v and t1::e
show p - subst-v t1 z1 v = subst-v (p - t1) (p - x1) (p - v)
using subst-ev-commute subst-v-e-def by simp

fix z::z and c::e and z::x
show atom z § ¢ = ((z < 2) - ¢) = c[z:=[z]"]s
using subst-v-e-def by simp

fix z::2 and c::e and z::z
show atom z § ¢ = clzi:=[z]"]y[2:=0], = c[z::=0],
using subst-v-e-def by simp
qed
end

lemma subst-ev-commute-full:
fixes e::e and w::v and v::v
assumes atom z § v and atom z § w and = # 2
shows subst-ev (e[z::=w|e,) T v = subst-ev (e[z::=0]cy) 2z W
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using assms by(nominal-induct e rule: e.strong-induct,simp+)

lemma subst-ev-v-flip1 [simp]:
fixes e::e
assumes atom zI § (z,e) and atom z1'{ (z,e)
shows(zl < z1') - e[zu:=0]cy, = e[zi= ((21 © 217) - V)]ew
using assms proof(nominal-induct e rule:e.strong-induct)
qed (simp add: flip-def fresh-Pair swap-fresh-fresh)+

3.4 Expressions in Constraints

nominal-function subst-cev :: ce = © = v = ce where
subst-cev ( (CE-val v’) ) z v = ( (CE-val (subst-vv v' zv)) )

| subst-cev ( (CE-op opp vl v2) ) z v = ( (CE-op opp (subst-cev vl x v ) (subst-cev v2z v)))
| subst-cev ( (CE-fst v')) x v = CE-fst (subst-cev v’ zv)

| subst-cev ( (CE-snd v")) x v = CE-snd (subst-cev v’ x v )

| subst-cev ( (CE-len v")) x v = CE-len (subst-cev v’z v)

| subst-cev ( CE-concat vl v2) x v = CE-concat (subst-cev vl x v ) (subst-cev v2 x v )

apply (simp add: equt-def subst-cev-graph-auz-def ,auto)
by (meson ce.strong-exhaust)

nominal-termination (equt) by lexicographic-order

abbreviation
subst-cev-abbrev 1 ce = x = v = ce (4-[-:="]cer> [1000,50,50] 500)
where
e[z::=0v"cer = subst-cev ez v’

lemma size-subst-cev [simp): size ( subst-cev A iz ) = size A
by (nominal-induct A avoiding: i z rule: ce.strong-induct,auto)

lemma forget-subst-cev [simp]: atom a § A = subst-cev A ax = A
by (nominal-induct A avoiding: a x rule: ce.strong-induct, auto simp: fresh-at-base)

lemma subst-cev-id [simp]: subst-cev A a (V-var a) = A
by (nominal-induct A avoiding: a rule: ce.strong-induct) (auto simp: fresh-at-base)

lemma fresh-subst-cev-if [simp]:

jtt (subst-cev Aiz )= ((atomid ANFLEANV (GitaA(GEAV = atomi)))
proof(nominal-induct A avoiding: i x rule: ce.strong-induct)

case (CE-op opp vl v2)

then show Zcase using fresh-subst-vv-if subst-ev.simps e.supp pure-fresh opp.fresh

fresh-e-opp
using fresh-opp-all by auto

qed(auto)+

lemma subst-cev-commute [simp]:
atom j f A => (subst-cev (subst-cev A it ) j u) = subst-cev A i (subst-vv ¢t j u )

by (nominal-induct A avoiding: i j t u rule: ce.strong-induct) (auto simp: fresh-at-base)

lemma subst-cev-var-flip[simp):
fixes e::ce and y::x and z::z
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assumes atom y f e
shows (y <> z) - e = e [z:=V-var y|cey
using assms proof(nominal-induct e rule:ce.strong-induct)
case (CE-val v)
then show ?Zcase using subst-vv-var-flip by auto
next
case (CE-op opp vl v2)
hence yf: atom y § v A atom y § v2 using ce.fresh by blast
have (y <> z) + (CE-op opp vl1 v2 ) = CE-op ((y <> z) - opp) ( (y <> z) - vl ) ((y > z) - v2)
using opp.perm-simps ce.perm-simps permute-pure ce.fresh opp.strong-exhaust by presburger
also have ... = CE-op ((y <> ) - opp) (v1[x::=V-var yleey) (V2 [x:=V-var ylee,) using yf
by (simp add: CE-op.hyps(1) CE-op.hyps(2))
finally show ?case using subst-cev.simps opp.perm-simps opp.strong-exhaust
by (metis (full-types))
qged( (auto simp add: permute-pure subst-vv-var-flip)+)

lemma subst-cev-flip:
fixes e::ce and ea::ce and c::z
assumes atom c § (e, ea) and atom ¢ t (x, za, e, ea) and (z <> ¢) - e = (za <> ¢) + ea
shows e[z:=v"]cc, = ealza::=0v"]ceo

proof —
have e[z:=v"cc, = (e[zi:=V-var c|cey)[c::=0"cer using subst-ev-commute assms by simp
also have ... = ((¢ ¢ 1) - e)[c::=0"|cer using subst-ev-var-flip assms by simp
also have ... = ((¢ > za) - ea)[c::=0"]ccr using assms flip-commute by metis
also have ... = ea[za::=v'|¢cer, using subst-ev-var-flip assms by simp
finally show ?thesis by auto
qed

lemma subst-cev-var|[simp):
fixes z::z and z::x
shows [[z]"]* [z::=[2]"]cco = [[2]"]*
by auto

instantiation ce :: has-subst-v
begin

definition
subst-v = subst-cev

instance proof
fix j::atom and i::x and z::v and t:ce
show (jf subst-vitiz)= ((atomiftAjdt)V (itazA(GHEtVj= atomi)))
using fresh-subst-cev-if [of j t i x] subst-v-ce-def by metis

fix a::x and tm::ce and z::v
show atom a § tm = subst-v tm a x = tm

using forget-subst-cev subst-v-ce-def by simp

fix a::x and tm::ce
show subst-v tm a (V-var a) = tm using subst-cev-id subst-v-ce-def by simp

fix p::perm and x1::x and v::v and t1::ce
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show p - subst-v t1 x1 v = subst-v (p - t1) (p-z1) (p - v)
using subst-cev-commute subst-v-ce-def by simp

fix z::z and c::ce and z::z
show atom z f ¢ = ((z <> 2) - ¢) = ¢ [z::=V-var z],
using subst-v-ce-def by simp

fix z::z and c::ce and z::z
show atom z § ¢ = ¢ [zu=V-var z],[z::=v], = c[z:=v],
using subst-v-ce-def by simp
qed

end

lemma subst-cev-commute-full:
fixes e::ce and w::v and v::v
assumes atom z § v and atom z § w and z # 2
shows subst-cev (e[z::=w]cey) T v = subst-cev (e[T:=V]cer) 2 W
using assms by (nominal-induct e rule: ce.strong-induct,simp+)

lemma subst-cev-v-flip1[simp]:

fixes e::ce
assumes atom z1 £ (z,e) and atom 21’ 4§ (z,€)
shows(z1 <> z1') - e[z:=V]cer = elzii= ((21 + 217) + V)]cew

using assms apply(nominal-induct e rule:ce.strong-induct)
by (simp add: flip-def fresh-Pair swap-fresh-fresh)+

3.5 Constraints

nominal-function subst-cv :: ¢ = © = v = ¢ where
subst-cv (C-true) z v = C-true

| subst-cv (C-false) x v = C-false

| subst-cv (C-conj cl ¢2) z v = C-conj (subst-cv ¢l x v ) (subst-cv c2 z v )
| subst-cv (C-disj ¢l ¢2) z v = C-disj (subst-cv ¢1 x v ) (subst-cv c2 z v )
| subst-cv (C-imp c1 c2) © v = C-imp (subst-cv c1 z v ) (subst-cv c2 z v )
| subst-cv (el == e2) z v = ((subst-cev el z v ) == (subst-cev e2 x v ))

| subst-cv (C-not ¢) x v = C-not (subst-cv ¢ z v )

apply (simp add: equt-def subst-cv-graph-auz-def ,auto)
using c.strong-exhaust by metis
nominal-termination (equt) by lexicographic-order

abbreviation
subst-cv-abbrev :: ¢ = x = v = ¢ (-[-i=-]e> [1000,50,50] 1000)
where
clzi=v"ey, = subst-cv ¢ z v’

lemma size-subst-cv [simpl: size ( subst-cv A i x ) = size A
by (nominal-induct A avoiding: i x rule: c.strong-induct,auto)

lemma forget-subst-cv [simpl: atom a § A = subst-cv A az = A
by (nominal-induct A avoiding: a = rule: c.strong-induct, auto simp: fresh-at-base)
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lemma subst-cv-id [simp]: subst-cv A a (V-var a) = A
by (nominal-induct A avoiding: a rule: c.strong-induct) (auto simp: fresh-at-base)

lemma fresh-subst-cv-if [simp]:
jt(subst-cvAiz)«— (atomif ANFEA)V (GtaAGHE AV = atomi))
by (nominal-induct A avoiding: i x rule: c.strong-induct, (auto simp add: pure-fresh)+)

lemma subst-cv-commute [simp):
atom j § A = (subst-cv (subst-cv A it ) ju) = subst-cv A i (subst-vv tju )
by (nominal-induct A avoiding: i j t u rule: c.strong-induct) (auto simp: fresh-at-base)

lemma let-s-size [simp]: size s < size (AS-let x e s)
apply (nominal-induct s avoiding: e x rule: s-branch-s-branch-list.strong-induct(1))
apply auto
done

lemma subst-cv-var-flip[simp]:
fixes c::c
assumes atom y § ¢
shows (y + z) - ¢ = c[zuz=V-var y]e,
using assms by(nominal-induct ¢ rule:c.strong-induct,(simp add: flip-subst-v subst-v-ce-def)+)

instantiation c :: has-subst-v
begin

definition
subst-v = subst-cv

instance proof
fix j::atom and ::x and z::v and t:c
show (jff subst-vtiz)= ((atomiftAjit)V(itaA(GttVj= atomi)))
using fresh-subst-cv-if [of j t © x] subst-v-c-def by metis

fix a::z and tm::c and z::v
show atom a § tm = subst-v tm a x = tm
using forget-subst-cv subst-v-c-def by simp

fix a::x and tm::c
show subst-v tm a (V-var a) = tm using subst-cv-id subst-v-c-def by simp

fix p::perm and z1::x and v::v and t1::c
show p - subst-v t1 x1 v = subst-v (p - t1) (p-z1) (p - v)
using subst-cv-commute subst-v-c-def by simp

fix z::z and c::c and z:x
show atom z ff ¢ = ((z <> 2) - ¢) = clzu=[z]"]»
using subst-cv-var-flip subst-v-c-def by simp

fix z::2z and c::c and z::z

show atom z § ¢ = clzi:=[z]"]y[z:=0], = c[zi:=0],
using subst-cv-var-flip subst-v-c-def by simp
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qed
end

lemma subst-cv-var-flip1 [simp]:
fixes c::c
assumes atom y f ¢
shows (z < y) + ¢ = c[zu=V-var y]c,
using subst-cv-var-flip flip-commute
by (metis assms)

lemma subst-cv-v-flip3[simp):

fixes c::c

assumes atom z1 § ¢ and atom z1' 4§ ¢

shows(z1 < z1') - c[z:=[21]"]co = c[z::=[21"]"]cw
proof —

consider z1' =z | z1 = z | atom z1 § z A atom z1' § z by force
then show ?thesis proof(cases)

case I

then show ?thesis using 1 assms by auto
next

case 2

then show ?thesis using 2 assms by auto
next

case 3

then show ?thesis using assms by auto
qed

qed

lemma subst-cv-v-flip[simp]:
fixes c::c
assumes atom z § ¢
shows ((z <> 2) - ¢)[z:=V]ey = ¢ [2::=0]cy
using assms subst-v-c-def by auto

lemma subst-cv-commute-full:

fixes c::c

assumes atom z v and atom = § w and z#z

shows (clzii=w]ey)[2::=0]cr = (c[z:=0]c0) [2:=W]

using assms proof(nominal-induct ¢ rule: c.strong-induct)

case (C-eq el e2)

then show ?Zcase using subst-cev-commute-full by simp
qged(force+)

lemma subst-cv-eq[simp]:
assumes atom z1 f el

shows (CE-val (V-var z1) == el )[z1:=[x]"]¢cv = (CE-val (V-var z) == el ) (is A = ?B)
proof —
have ?A = (((CE-val (V-var z1))[z1 :=[z]"]cev) == el) using subst-cv.simps assms by simp
thus ?thesis by simp
qed
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3.6 Variable Context

The idea of this substitution is to remove x from the context. We really want to add the
condition that x is fresh in v but this causes problems with proofs.

nominal-function subst-gv :: I' = z = v = ' where

subst-gv GNil =z v = GNil
| subst-gv ((y,b,¢) #r T') zv = (if z = y then T else ((y,b,c[z::=v]ey)#r (subst-gv T zv)))
proof(goal-cases)

case I

then show %case by(simp add: equi-def subst-gu-graph-auz-def )
next

case (3 P x)

then show ?Zcase by (metis neq-GNil-conv prod-cases3)
qed(fast+)
nominal-termination (equt) by lexicographic-order
abbreviation

subst-gu-abbrev :: T = & = v = T («-[-:=-|p,» [1000,50,50] 1000)

where

glz::=v|r, = subst-gv g x v

lemma size-subst-gv [simp]: size ( subst-gv G iz ) < size G
by (induct G,auto)

lemma forget-subst-gv [simp]: atom a § G = subst-gv G a z = G
apply (induct G ,auto)
using fresh-GCons fresh-PairD(1) not-self-fresh apply blast
apply (simp add: fresh-GCons)+
done

lemma fresh-subst-guv: atom a § G = atom a § v => atom a § subst-gv G z v
proof (induct G)
case GNil
then show ?case by auto
next
case (GCons zbc Q)
obtain z’ and b’ and ¢’ where zbc: zbc = (z’,b’,c’) using prod-cases3 by blast
show ?case proof(cases z=x")
case True
have atom a § G using GCons fresh-GCons by blast
thus ?thesis using subst-gv.simps(2)[of z' b’ ¢’ G] GCons zbc True by presburger
next
case Fulse
then show ?thesis using subst-gv.simps(2)[of z' b’ ¢’ G] GCons xbc False fresh-GCons by simp
ged
qed

lemma subst-gv-flip:

fixes z::z and za::xz and z::z and c::c and b::b and I'::T

assumes atom za § ((z, b, c[z::=[z]"]cy) #r T') and atom za § T and atom z § T and atom z § (z,
¢) and atom za £ (z, ¢)

shows (z <> za) -+ ((z, b, c[z::=[2]"]cv) #r T) = (20, b, c[zu=V-var zale,) #r T
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proof —
have (z < za) - ((z, b, c[zi:=[2]"]co) #r T) = (((z <> 2a) + z, b, (z > za) - c[z:=[z]"]cv) #r
((z < za) - T))
using subst Cons-equt flip-fresh-fresh using G-cons-flip by simp

also have ... = ((za, b, (z < za) - c[z:=[2]"]cv) #r ((z < za) - T)) using assms by fastforce
also have ... = ((za, b, c[z:=V-var za)e,) #r ((z < za) - T)) using assms subst-cv-var-flip by
fastforce
also have ... = ((za, b, c[z:=V-var za].,) #r T') using assms flip-fresh-fresh by blast
finally show ?thesis by simp
qed
3.7 Types

nominal-function subst-tv :: 7 = x = v = 7 where
atom z 4 (z,0) = subst-tv { z:b|clzv ={2z:0b]| clz=v]e |}
apply (simp add: equt-def subst-tv-graph-aux-def )
apply auto
subgoal for P a aa b
apply(rule-tac y=a and c=(aa,b) in 7.strong-exhaust)
by (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)
apply (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)
proof —
fix z::zand ¢ :: cand za :: z and za :: x and va :: v and ca :: c and ¢b :: x
assume al: atom za § va and a2: atom z § va and a3: ¥V cb. atom ¢b §f ¢ A atom ¢b f ca — cb #
z A cb # za — clzu=V-var cb|e, = calza::=V-var cble,
assume a4: atom cb §f ¢ and a5: atom cb § ca and a6: cb # z and a7: cb # za and atom cb § va
and a8: za # za and a9: z # za
assume al0:cb # za
note assms = al0 a9 a8 a7 ab ad a4 a3 a2 al

have c[z:=V-var cb]., = calza::=V-var cbl., using assms by auto
hence c[z::=V-var ¢bl.y[za::=val., = calza:=V-var cb)e,[za::=valq, by simp
moreover have c[z::=V-var cb]q, [za::=valey = c[Ta::=va)cy[2::= V-var ¢bl., using  subst-cv-commute-full|of
z va xza V-var c¢b ] assms fresh-def v.supp by fastforce
moreover have ca[za::=V-var cbl.y[ra:=va|., = caza:=valcy[za::=V-var cble,
using  subst-cv-commute-full[of za va za V-var ¢b| assms fresh-def v.supp by fastforce

ultimately show c[za::=va]c,[2::=V-var cbl., = calza::=va]qy[2a::=V-var cbl., by simp
qed

nominal-termination (equt) by lexicographic-order

abbreviation
subst-tv-abbrev :: T = x = v = T (-[-1=-]+> [1000,50,50] 1000)
where
tz:=v];y = subst-tvtz v

lemma size-subst-tv [simp]: size ( subst-tv A iz ) = size A
proof (nominal-induct A avoiding: i x rule: T.strong-induct)
case (T-refined-type z' b’ ¢')
then show ?Zcase by auto
qed
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lemma forget-subst-tv [simp]: atom a § A = subst-tv A azxz = A
apply (nominal-induct A avoiding: a x rule: T.strong-induct)
apply(auto simp: fresh-at-base)
done

lemma subst-tv-id [simp]: subst-tv A a (V-var a) = A
by (nominal-induct A avoiding: a rule: T.strong-induct) (auto simp: fresh-at-base)

lemma fresh-subst-tv-if [simp]:
jt(subst-tv Aiz)+— (atomig ANjEA) NV (GHazA(GHEAVJ= atomi))
apply (nominal-induct A avoiding: i x rule: T.strong-induct)
using fresh-def supp-b-empty z-fresh-b by auto

lemma subst-tv-commute [simp):
atom y § 7 = (T[zi:= t]ro)[Y::=0]70 = T[zi= tyn=0]pe]r0
by (nominal-induct T avoiding: = y t v rule: T.strong-induct) (auto simp: fresh-at-base)

lemma subst-tv-var-flip [simp]:
fixes z::xz and za::x and 77
assumes atom za f T
shows (z < za) - 7 = 7[x::=V-var za|,
proof —
obtain z::z and b and ¢ where zbc: atom z £ (z,za, V-var za) AT ={z:b]c}
using obtain-fresh-z by (metis prod.inject subst-tv.cases)
hence atom za ¢ supp ¢ — { atom z } using 7.supplof z b c| fresh-def supp-b-empty assms
by auto
moreover have za # z using zbc fresh-prod3 by force
ultimately have zaf: atom za f§ ¢ using fresh-def by auto
have (z <> za) - 7={ 2z:b| (z < za) - c}
by (metis T.perm-simps empty-iff flip-at-base-simps(3) flip-fresh-fresh fresh-PairD(1) fresh-PairD(2)
fresh-def not-self-fresh supp-b-empty v.fresh(2) zbc)
also have ... = { z: b | c[z::=V-var za]., | using subst-cv-v-flip zaf
by (metis permute-flip-cancel permute-flip-cancel2 subst-cv-var-flip)
finally show ?thesis using subst-tv.simps zbc
using fresh-PairD(1) not-self-fresh by force
qed

instantiation 7 :: has-subst-v
begin

definition
subst-v = subst-tv

instance proof
fix j::atom and i::x and z::v and t::7
show (jff subst-vtiz)= ((atomiftANjit)Vv(GdaA(@ttVj= atomi)))

proof (nominal-induct t avoiding: i x rule:T.strong-induct)
case (T-refined-type z b ¢)
hence jt#{z:b | c}lin=z]y, = 78 2:b | clin=x]co | using subst-tv.simps subst-v-T-def
fresh-Pair by simp
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alsohave ... = (atom it {z:b |cfAjt{z:b |chpVidan(Gt{z:b|cl}Vj=atomi))
unfolding 7.fresh using subst-v-c-def fresh-subst-v-if
using T-refined-type.hyps(1) T-refined-type.hyps(2) z-fresh-b by auto
finally show ?case by auto
qed

fix a::x and tm::7 and x::v
show atom a § tm = subst-v tm a x = tm
apply(nominal-induct tm avoiding: a x rule:T.strong-induct)
using subst-v-c-def forget-subst-v subst-tv.simps subst-v-T-def fresh-Pair by simp

fix a::x and tm:T
show subst-v tm a (V-var a) = tm
apply(nominal-induct tm avoiding: a rule:T.strong-induct)
using subst-v-c-def forget-subst-v subst-tv.simps subst-v-T-def fresh-Pair by simp

fix p::perm and z!::x and v::v and t1::7

show p - subst-v t1 z1 v = subst-v (p - t1) (p - x1) (p - v)
apply(nominal-induct tm avoiding: a x rule:T.strong-induct)
using subst-v-c-def forget-subst-v subst-tv.simps subst-v-T-def fresh-Pair by simp

fix z::x and c:7 and z:x
show atom z § ¢ = ((z + 2) - ¢) = c[z:=[z]"],
apply(nominal-induct ¢ avoiding: z x rule:T.strong-induct)
using subst-v-c-def flip-subst-v subst-tv.simps subst-v-T-def fresh-Pair by auto

fix z::x and c:7 and z:x
show atom z § ¢ = clzi:=[z]"]y[z:=0], = c[z::=0],
apply(nominal-induct ¢ avoiding: x v z rule:T.strong-induct)
using subst-v-c-def subst-tv.simps subst-v-T-def fresh-Pair
by (metis flip-commute subst-tv-commute subst-tv-var-flip subst-v-t-def subst-vv.simps(2))
qed

end

lemma subst-tv-commute-full:
fixes cuT
assumes atom z v and atom = § w and z#z
shows (clzi:=w];y)[z::=0]7y = (c[T::=0]7y)[2::=W] 7y
using assms proof(nominal-induct ¢ avoiding: x v z w rule: T.strong-induct)
case (T-refined-type xla x2a x3a)
then show ?Zcase using subst-cv-commute-full by simp
qed

lemma type-eq-subst-eq:
fixes v::v and c1::c
assumes { 21 : b1 | el f={22:02 | 2}
shows cI[z1:=v]¢y = ¢2[22::=0]¢,
using subst-v-flip-eq-twolof z1 c1 22 c2 v] T.eq-iff assms subst-v-c-def by simp

Extract constraint from a type. We cannot just project out the constraint as this would mean
alpha-equivalent types give different answers
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nominal-function c-of :: 7 = z = ¢ where
atom z § £ => c-of (T-refined-type z b ¢) © = c[z:=[z]"]cv
proof(goal-cases)
case I
then show ?Zcase using equt-def c-of-graph-auz-def by force
next
case (2 z y)
then show ?case using equt-def c-of-graph-aux-def by force
next
case (3 P x)
then obtain z/::7 and z2::z where x:z = (z1,22) by force
obtain 2z’ and b’ and ¢’ where z1 = { 2’ : b’ | ¢’ } A atom 2’ § x2 using obtain-fresh-z by metis
then show ?case using 3 x by auto
next
case (4 z1 x1 b1 ¢l 22 22 b2 c2)
then show Zcase using subst-v-flip-eq-two 7.eg-iff by (metis prod.inject type-eq-subst-eq)
qed

nominal-termination (equt) by lexicographic-order

lemma c-of-eq:
shows cof {z:b|clz=c

proof (nominal-induct { = : b | ¢ | avoiding: x rule: T.strong-induct)
case (T-refined-type z' ¢’)
moreover hence c-of { z':b| ¢’ |} x = ¢'[z':=V-var z]., using c-of .simps by auto
moreover have { z': b | ¢’} ={ z:0b | ¢ |} using T-refined-type T7.eq-iff by metis
moreover have ¢’[z":=V-var z]., = ¢ using T-refined-type Absi-eq-iff flip-subst-v subst-v-c-def

by (metis subst-cv-id)

ultimately show ?Zcase by auto

qed

lemma obtain-fresh-z-c-of
fixes t::'b:fs
obtains z where atom z § t A7 ={ z:b-of 7| cof T 2 |
proof —
obtain z and ¢ where atom z § t A7 ={ z: b-of 7| ¢ | using obtain-fresh-z2 by metis
moreover hence ¢ = c-of 7 z using c-of .simps using c-of-eq by metis
ultimately show ?thesis
using that by auto
qed

lemma c-of-fresh:
fixes z::x
assumes atom z § (¢,2)
shows atom = § c-of t 2
proof —
obtain 2z’ and ¢’ where z:t = {| 2’ : b-of t | ¢’ } A atom z'§ (x,2) using obtain-fresh-z-c-of by metis
hence *:c-of t z = ¢/[z':=V-var z]., using c-of .simps fresh-Pair by metis
have (atom = § ¢’ V atom x € set [atom 2]) A atom z § b-of t using 7.fresh assms z fresh-Pair by
metis
hence atom z 4 ¢’ using fresh-Pair z fresh-at-base(2) by fastforce
moreover have atom z ff V-var z using assms fresh-Pair v.fresh by metis
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ultimately show ?thesis using assms fresh-subst-v-if [of atom z ¢’ 2’ V-var z] subst-v-c-def x by
metis
qed

lemma c-of-switch:
fixes z::x
assumes atom z f t
shows (c-of t z)[z::=V-var ], = c-of t x
proof —
obtain 2z’ and ¢’ where z:t = {| 2’ : b-of t | ¢’ } A atom z'§ (x,z) using obtain-fresh-z-c-of by metis
hence (atom z § ¢’ V atom z € set [atom 2']) A atom z § b-of t using .fresh|of atom z z’ b-of t ¢/]
assms by metis
moreover have atom z ¢ set [atom 2’| using z fresh-Pair by force
ultimately have xx:atom z f ¢’ using fresh-Pair z fresh-at-base(2) by metis

have (c-of t z)[z:=V-var z]e, = '[2":=V-var z]ey[2:=V-var )., using c-of .simps fresh-Pair z by
metis

also have ... = ¢/[z":=V-var 1], using subst-v-simple-commute subst-v-c-def assms c-of .simps z *x
by metis

finally show ?thesis using c-of .simps[of z’ = b-of t ¢/] fresh-Pair z by metis
qed

lemma type-eq-subst-eql:
fixes v::v and c1::c
assumes { z1 : b1 | ¢l f=({22:02 | ¢2|) and atom z1 § c2
shows c1[z1:=v]c, = ¢2[22:=v]., and bI1=02 and c¢I = (21 + 22) - 2
proof —
show c1[z1:=0]cy, = ¢2[22:=0|., using type-eq-subst-eq assms by blast
show b1=5b2 using 7.eq-iff assms by blast
have z1 = 22 ANel =2V 21 # 22 A cl = (21 < 22) - ¢2 A atom 21 § ¢2
using 7.eq-iff Absi-eq-iff[of z1 c1 22 c2] assms by blast
thus ¢l = (21 < 22) - ¢2 by auto
qed

lemma type-eq-subst-eq2:

fixes v::v and cl::c

assumes { z1 : b1 | ¢l f=({22:02 | 2}

shows c1[z1::=v]sy, = c2[22::=0]., and bI=>b2 and [[atom z1]]lst. cI = [[atom z2]]lst. c2
proof —

show c1[z1:=v]., = ¢2[22::=v]., using type-eq-subst-eq assms by blast

show b1=02 using 7.eq-iff assms by blast

show [[atom z1]]lst. c1 = [[atom 22]]Ist. c2
using 7.eq-iff assms by auto
qed

lemma type-eq-subst-eq3:
fixes v::v and cl::c
assumes { z1 : b1 | ¢l }=({22:02 | ¢2|) and atom zI § c2
shows ¢l = ¢2[22:=V-var z1]., and b1=>2
using type-eq-subst-eql assms subst-v-c-def
by (metis subst-cv-var-flip)+

o6



lemma type-eq-flip:
assumes atom ¢ f ¢
shows {z:b0 |cf}={z:b|(z2)-c}
using 7.eq-iff Abs1-eq-iff assms
by (metis (no-types, lifting) flip-fresh-fresh)

lemma c-of-true:
c-of { 2z’ B-bool | TRUE |} © = C-true
proof (nominal-induct { z': B-bool | TRUE |} avoiding: x rule:T.strong-induct)
case (T-refined-type zla z3a)
hence { z’: B-bool | TRUE |} = { zla : B-bool | x3a |} using 7.eq-iff by metis
then show ?case using subst-cv.simps c-of .simps T-refined-type
type-eq-subst-eq3
by (metis type-eq-subst-eq)
qed

lemma type-eq-subst:
assumes atom ¢ f ¢
shows {z:0 | c}={z:b]| clze=[z]"]co |}
using 7.eq-iff Abs1-eq-iff assms
using subst-cv-var-flip type-eq-flip by auto

lemma type-e-subst-fresh:
fixes z::x and z::z
assumes atom z § (z,v) and atom z § e
shows { z : b | CE-val (V-var z) == e [}au=vl;y ={ 2:b | CE-val (V-var z) == e |
using assms subst-tv.simps subst-cv.simps forget-subst-cev by simp

lemma type-v-subst-fresh:

fixes z::x and z::2

assumes atom z { (z,v) and atom = £ v’

shows { z : b | CE-val (V-var z) == CE-val v’ [Hz:=v];p, = { 2:b | CE-val (V-var z) ==
CE-val v' |}

using assms subst-tv.simps subst-cv.simps by simp

lemma subst-tbase-eq:
b-of T = b-of T[x::=0]74
proof —
obtain z and b and ¢ where zbc: 7 = { z:b|c} A atom z § (x,v) using T.ezhaust
by (metis prod.inject subst-tv.cases)
hence b-of { z:b|c} = b-of { z:b|c}[z::=v],, using subst-tv.simps by simp
thus “thesis using zbc by blast
qed

lemma subst-tv-if:
assumes atom zI § (z,v) and atom 2’ § (z,v)
shows { z1 : b | CE-val (v'[z::=v]yy) == CE-val (V-lit1) IMP (c'[z:=0]cy)[z":=[21]"]co | =
{21:b | CE-val v’ == CF-val (V-litl) IMP c'[z":=[21]"]cv [}z:=0]r0
using subst-cv-commute-full[of 2z’ v & V-var z1 ¢/| subst-tv.simps subst-vv.simps(1) subst-ev.simps
subst-cv.simps assms
by simp
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lemma subst-tv-tid:
assumes atom za § (z,v)
shows { za : B-id tid | TRUE || = { za : B-id tid | TRUE [[z:=0],
using assms subst-tv.simps subst-cv.simps by presburger

lemma b-of-subst:
b-of (t[z::=0]ry) = b-of T

proof —
obtain z b ¢ where x:7 = { z: b | ¢ | A atom z § (z,v) using obtain-fresh-z by metis
thus %thesis using subst-tv.simps * by auto

qed

lemma subst-tv-flip:
assumes 7'[z::=v];, = 7 and atom z § (v,7) and atom z' § (v,7)
shows ((z' < z) - 7)[z":=0];y = T
proof —
have (z' <> z) - v=v A (¢' <> x) - 7 = 7 using assms flip-fresh-fresh by auto
thus ?thesis using subst-tv.equt[of (z' <> z) 7'z v ] assms by auto
qed

lemma subst-cu-true:
{z:B-idtid | TRUE | = { z: B-id tid | TRUE [}[z::=0]+y
proof —
obtain za::z where atom za § (z,v) using obtain-fresh by auto
hence { z : B-id tid | TRUE || = { za: B-id tid | TRUE |} using 7.eq-iff AbsI-eq-iff by fastforce
moreover have { za: B-id tid | TRUE |} = { za : B-id tid | TRUE [}[z::=0],
using subst-cv.simps subst-tv.simps by (simp add: <atom za § (z, v)»)
ultimately show ?thesis by argo
qed

lemma t-eq-supp:
assumes ({ z:b|cf})=({ 21 :01|cl|)
shows supp ¢ — { atom z } = supp ¢! — { atom z1 }
proof —
have supp ¢ — { atom z } U supp b = supp c1 — { atom z1 } U supp bl using 7.supp assms
by (metis list.set(1) list.simps(15) sup-bot.right-neutral supp-b-empty)
moreover have supp b = supp b1 using assms T.eq-iff by simp
moreover have atom z1 ¢ supp bl A atom z ¢ supp b using supp-b-empty by simp
ultimately show ?thesis
by (metis T.eq-iff T.supp assms b.supp(1) list.set(1) list.set(2) sup-bot.right-neutral)
qed

lemma fresh-t-eq:
fixes z::z
assumes ({z:0 |c})={ 22:b]| cc]}) and atom z § ¢ and z # zz
shows atom z £ cc
proof —
have supp ¢ — { atom z } U supp b = supp cc — { atom zz } U supp b using 7.supp assms
by (metis list.set(1) list.simps(15) sup-bot.right-neutral supp-b-empty)
moreover have atom z ¢ supp ¢ using assms fresh-def by blast
ultimately have atom z ¢ supp cc — { atom zz } U supp b by force
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hence atom z ¢ supp cc using assms by simp
thus ?thesis using fresh-def by auto
qed

3.8 Mutable Variable Context

nominal-function subst-dv :: A = z = v = A where
subst-dv DNil x v = DNil
| subst-dv ((u,t) #a A) zv = ((u,t[z:=0]r) #a (subst-dv A zv))
apply (simp add: equt-def subst-dv-graph-auz-def,auto )
using delete-aux.elims by (metis A.exhaust surj-pair)
nominal-termination (equt) by lexicographic-order

abbreviation
subst-dv-abbrev :: A = . = v = A (-[-:=-]a» [1000,50,50] 1000)
where
Alz::=v]a, = subst-dv A z v

nominal-function dmap :: (ux7 = ux7) = A = A where
dmap f DNil = DNil
| dmap f ((u,t)#ad) = (f (ut) #a (dmap [ A))
apply (simp add: equt-def dmap-graph-auz-def,auto )
using delete-auz.elims by (metis A.ezhaust surj-pair)
nominal-termination (equt) by lexicographic-order

lemma subst-dv-iff:
Alz:=v]a, = dmap (Mu,t). (u, tfz:=0v];,)) A
by (induct A, auto)

lemma size-subst-dv [simp)]: size ( subst-dv G i z) < size G
by (induct G,auto)

lemma forget-subst-dv [simp]: atom a § G = subst-dv G a x = G
apply (induct G ,auto)
using fresh-DCons fresh-PairD(1) not-self-fresh apply fastforce
apply (simp add: fresh-DCons)+
done

lemma subst-dv-member:
assumes (u,7) € setD A
shows (u, T[z::=v],,) € setD (Alz:=v]ay)
using assms by(induct A rule: A-induct,auto)

lemma fresh-subst-dv:
fixes z::z
assumes atom za § A and atom xa § v
shows atom za $A[z::=v]a,
using assms proof (induct A rule:A-induct)
case DNil
then show ?Zcase by auto
next
case (DCons ut A)
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then show ?case using subst-dv.simps subst-v-7-def fresh-DCons fresh-Pair by simp
qed

lemma fresh-subst-dv-if:

fixes j::atom and i:x and z::v and :A

assumes j it A ji

shows (j # subst-dv t i x)

using assms proof (induct t rule: A-induct)

case DNil

then show ?case using subst-gv.simps fresh-GNil by auto
next

case (DCons u' t' D)

then show ?case unfolding subst-dv.simps using fresh-DCons fresh-subst-tv-if fresh-Pair by metis
qed

3.9 Statements

Using ideas from proofs at top of AFP /Launchbury/Substitution.thy. Subproofs borrowed from
there; hence the apply style proofs.

nominal-function (default case-sum (Az. Inl undefined) (case-sum (Az. Inl undefined) (Az. Inr unde-
fined)))
subst-sv i s =T = v = s
and subst-branchv :: branch-s = z = v = branch-s
and subst-branchlv :: branch-list = © = v = branch-list where
subst-sv ( (AS-val v') ) z v = (AS-val (subst-vv v’ z v ))
| atom y § (z,0) = subst-sv (AS-let y e s) zv= (AS-let y (e[z::=0]ey) (subst-sv s T v ))
| atom y § (x,0) => subst-sv (AS-let2 y t s1 s2) x v = (AS-let2 y (t[z::=v];,) (subst-sv s1 x v ) (subst-sv
s2xv))
| subst-sv (AS-match v’ cs) © v = AS-match (v'[z:=v]y,) (subst-branchlv cs z v )
| subst-sv (AS-assign y v') z v = AS-assign y (subst-vv v’ z v )
| subst-sv ( (AS-if v’ s1 s2) ) xz v = (AS-if (subst-vv v’ z v ) (subst-sv s1 v ) (subst-svs2zv ) )
| atom u § (z,v) = subst-sv (AS-var u 7 v’ s) x v = AS-var u (subst-tv T z v ) (subst-vv v’ x v )
(subst-sv s x v )
| subst-sv (AS-while s1 s2) x v = AS-while (subst-sv s1 z v ) (subst-sv s2 z v )
| subst-sv (AS-seq s1 s2) x v = AS-seq (subst-sv s1 x v ) (subst-sv s2zv)
| subst-sv (AS-assert ¢ s) © v = AS-assert (subst-cv ¢ x v) (subst-sv s z v)
| atom z1 § (z,0) = subst-branchv (AS-branch dc x1 s1 ) x v = AS-branch dc x1 (subst-sv s1 z v )

| subst-branchlv (AS-final cs) z v = AS-final (subst-branchv cs x v)

| subst-branchlv (AS-cons cs css) x v = AS-cons (subst-branchv cs x v ) (subst-branchlv css z v )
apply (auto,simp add: equt-def subst-sv-subst-branchv-subst-branchlv-graph-auz-def )

proof(goal-cases)

have equt-at-proj: )\ s za va . equt-at subst-sv-subst-branchv-subst-branchlv-sumC (Inl (s, za, va)) =

equt-at (Aa. projl (subst-sv-subst-branchv-subst-branchlv-sumC (Inl a))) (s, za, va)
apply(simp add: equt-at-def)
apply(rule)
apply(subst Projl-permute)
apply(thin-tac -)+
apply (simp add: subst-sv-subst-branchv-subst-branchlv-sumC-def)
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apply (simp add: THE-default-def)
apply (case-tac Exl (subst-sv-subst-branchv-subst-branchlv-graph (Inl (s,za,va))))
apply simp
apply (auto)[1]
apply (erule-tac z=z in allF)
apply simp
apply(cases rule: subst-sv-subst-branchv-subst-branchlv-graph.cases)
apply (assumption)
apply(rule-tac z=Sum-Type.projl = in exl,clarify,rule thel-equality,blast,simp (no-asm)
only: sum.sel)+
apply blast +

apply (simp)+
done

case (1 P z')
then show ?case proof(cases z')
case (Inl a) thus P
proof (cases a)
case (fields aa bb cc)
thus P using Inl 1 s-branch-s-branch-list.strong-exhaust fresh-star-insert by metis
qed
next
case (Inr b) thus P
proof (cases b)
case (Inl a) thus P proof(cases a)
case (fields aa bb cc)
then show ?thesis using Inr Inl 1 s-branch-s-branch-list.strong-exhaust fresh-star-insert by
metis
qed
next
case Inr2: (Inr b) thus P proof(cases b)
case (fields aa bb cc)
then show ?thesis using Inr Inr2 1 s-branch-s-branch-list.strong-echaust fresh-star-insert by
metis
qed
qed
qed
next
case (2 y s ya za va sa c)
thus ?case using equit-triple equt-at-proj by blast
next
case (3 y s2 ya za va sla s2a c)
thus ?case using equi-triple equt-at-proj by blast
next
case (4 u za va s ua sa c)
moreover have atom u § (za, va) A atom ua § (za, va)
using fresh-Pair u-fresh-zv by auto
ultimately show ?case using equt-triple[of u za va ua s sa] subst-sv-def equt-at-proj by metis
next
case (5 z1 sl zla za va sla c)
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thus ?2case using equi-triple equt-at-proj by blast
}
qed
nominal-termination (equt) by lexicographic-order

abbreviation
subst-sv-abbrev :: s = T = v = 5 («-[-11=-]5> [1000,50,50] 1000)
where
s[xi=v]s, = subst-sv s z v
abbreviation
subst-branchv-abbrev :: branch-s = © = v = branch-s («-[-::=-]s,> [1000,50,50] 1000)
where
s[x:=v]s, = subst-branchv s x v

lemma size-subst-sv [simp|: size (subst-sv A i x ) = size A and size (subst-branchv B i z ) = size B
and size (subst-branchlv C' iz ) = size C
by (nominal-induct A and B and C avoiding: i x rule: s-branch-s-branch-list.strong-induct,auto)

lemma forget-subst-sv [simp]: shows atom a § A = subst-sv A a ¢ = A and atom a § B =
subst-branchv B a x = B and atom a § C = subst-branchlv Ca xz = C

by (nominal-induct A and B and C avoiding: a x rule: s-branch-s-branch-list.strong-induct,auto simp:
fresh-at-base)

lemma subst-sv-id [simp]: subst-sv A a (V-var a) = A and subst-branchv B a (V-var a) = B and
subst-branchlv C a (V-var a) = C
proof (nominal-induct A and B and C avoiding: a rule: s-branch-s-branch-list.strong-induct)
case (AS-let x option e s)
then show ?case
by (metis (no-types, lifting) fresh-Pair not-None-eq subst-ev-id subst-sv.simps(2) subst-sv.simps(3)
subst-tv-id v.fresh(2))
next
case (AS-match v branch-s)
then show ?Zcase using fresh-Pair not-None-eq subst-ev-id subst-sv.simps subst-sv.simps subst-tv-id
v.fresh subst-vv-id
by metis
qged(auto)+

lemma fresh-subst-sv-if-ri:
shows
(atomz gt sAjds)VEtovA(GHsVj=atomz)) = ji (subst-sv sz v ) and
(atomz g esANjtes)V(EitoA(GEesVj=atomz)) = ji (subst-branchv cs z v) and
(atom z f ess ANjtess) V(oA (Gt cssV j= atomx)) = jt (subst-branchlv css z v )
apply(nominal-induct s and cs and css avoiding: v z rule: s-branch-s-branch-list.strong-induct)
using pure-fresh by force+

lemma fresh-subst-sv-if-r:
shows j ff (subst-sv s xv) = (atomz s Ajts)V (v
J # (subst-branchv cs © v) = (atom x § cs N j§ cs) vV (j 4
j t (subst-branchlv css x v ) = (atom x § css A j i css) V
proof(nominal-induct s and cs and css avoiding: v © rule: s-
case (AS-branch list x s )

A (Gt sVj=atomx)) and

vA(jfesVj= atom z)) and
(GEuvA (Gt essVj= atom z))
branch-s-branch-list.strong-induct)
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then show ?case using s-branch-s-branch-list.fresh fresh-Pair list.distinct(1) list.set-cases pure-fresh
set-ConsD subst-branchv.simps by metis
next
case (AS-let y e s')
thus ?case proof(cases atom x § (AS-let y e s'))
case True
hence subst-sv (AS-let y e s’) xv = (AS-let y e s') using forget-subst-sv by simp
hence j§f (AS-let y e s’) using AS-let by argo
then show %thesis using True by blast
next
case False
have subst-sv (AS-let y e s') v v = AS-let y (e[x::=v]ey) (8[2::=0]5,) using subst-sv.simps(2)
AS-let by force
hence ((j § s'[z::=v]s V j € set [atom y]) A j§ None A j i e[z::=v]¢,) using s-branch-s-branch-list.fresh
AS-let
by (simp add: fresh-None)
then show ?thesis using AS-let fresh-None fresh-subst-ev-if list.discl list.set-cases s-branch-s-branch-list.fresh
set-ConsD
by metis
qed
next
case (AS-let2 y T s1 s2)
thus ?case proof(cases atom x § (AS-let2 y T s1 s2))
case True
hence subst-sv (AS-let2 y 7 s1 s2) xzv = (AS-let2 y 7 s1 s2) using forget-subst-sv by simp
hence j ff (AS-let2 y 7 sl s2) using AS-let2 by argo
then show %thesis using True by blast
next
case Fulse
have subst-sv (AS-let2 y 7 s1 s2) v = AS-let2 y (T[x:=0]ry) (s1[T::=0]sy) (s2][x::=1]5,) using
subst-sv.simps AS-let2 by force
then show #%thesis using AS-let2
fresh-subst-tv-if list.discl list.set-cases s-branch-s-branch-list.fresh(4) set-ConsD by auto
qed
qged(auto)+

lemma fresh-subst-sv-if [simp]:
fixes z::x and v:iv
shows j #f (subst-sv s zv) «— (atomz 8 sAjtts) V(v A(GtsVj= atomz)) and
J # (subst-branchv cs © v) «— (atomx fcs ANjhes)V (v A (G esVj= atom x))
using fresh-subst-sv-if-Ir fresh-subst-sv-if-rl by metis+

lemma subst-sv-commute [simp]:
fixes A::s and t::v and j:z and iz
shows atom j§ A = (subst-sv (subst-sv A i t) ju ) = subst-sv A i (subst-vv tj u ) and
atom j B = (subst-branchv (subst-branchv B it ) ju ) = subst-branchv B i (subst-vv ¢t j u ) and
atom j § C = (subst-branchlv (subst-branchlv C i t) ju ) = subst-branchlv C i (subst-vv tju )
apply(nominal-induct A and B and C avoiding: i j t u rule: s-branch-s-branch-list.strong-induct)
by (auto simp: fresh-at-base)

lemma c-eq-perm:
assumes ( (atom z) = (atom 2')) - ¢ = ¢’ and atom 2z’ § ¢
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shows {z:b|cl={2":b]|c}
using 7.eq-iff AbsI-eq-iff (3)
by (metis Nominal2-Base.swap-commute assms(1) assms(2) flip-def swap-fresh-fresh)

lemma subst-sv-flip:

fixes s::s and sa::s and v'::v

assumes atom ¢ § (s, sa) and atom ¢ § (v',z, za, s, sa) atom z § v/ and atom za § v/ and (z < ¢) -
s = (za <> ¢) - sa

shows s[z::=v']s, = sa[ra:=0v"]s,
proof —

have atom z § (s[z::=v"5,) and zafr: atom za § (salza:=v"s,)

and atom c § ( s[z::=v"]s,, salza::=v"]s,) using assms using fresh-subst-sv-if assms by( blast+

Jorce)

hence s[z:=v"]s, = (z & ¢) « (s[z::=0"]5,) by (simp add: flip-fresh-fresh fresh-Pair)
(

alsohave ...=((z < ¢) - s)[ ((z < ¢) - x) == ((z ¢ ¢) - v') |50 using subst-sv-subst-branchv-subst-branchlv.equt
by blast

also have ... = ((za <> ¢) - sa)[ ((z <> ¢) - z) == ((z + ¢) - V') |5, using assms by presburger

also have ... = ((za < ¢) - sa)] ((za + ¢) + za) == ((za < ¢) - v') |5, using assms

by (metis flip-at-simps(1) flip-fresh-fresh fresh-PairD(1))

also have ... = (za < ¢) - (salza::=v"]s,) using subst-sv-subst-branchv-subst-branchlv.equt by pres-
burger

also have ... = sa[za::=v'];, using zafr assms by (simp add: flip-fresh-fresh fresh-Pair)

finally show ?thesis by simp
qed

lemma if-type-eq:
fixes I'::I' and v::v and z1::x
assumes atom z1'§ (v, ca, (2, b, ¢) #r I, (CE-val v == CE-val (V-lit Il) IMP ca[za::=[21]"]cy
)) and atom z1 £ v
and atom zI § (za,ca) and atom z1'§ (za,ca)

shows ({ z1': ba | CE-val v == CE-val (V-litll) IMP calza:=[z1"]"]¢v [}) =4 21 : ba | CE-val
v == CE-val (V-lit ll) IMP calza:=[z1]"]cv |}
proof —
have atom z1'§ (CE-val v == CE-val (V-lit ll) IMP caza::=[21]"]¢y ) using assms fresh-prod4 by
blast
moreover hence (CE-val v == CE-val (V-lit ll) IMP ca[za:=[21"]"]cy) = (21’ < 21) - (CE-val
v == CE-val (V-lit ll) IMP calza:=[21]"]cy )
proof —
have (z1' <> z1) « (CE-val v == CE-val (V-lit ll) IMP calza:=[21]"]cy ) = ( (21’ > 21) -
(CE-val v == CE-val (V-lit 1)) IMP ((21' <> z1) - calza:=[21]"]cv ))
by auto
also have ... = ((CE-val v == CE-val (V-lit ll)) IMP ((z21' 4 z1) - calza:=[21]"]cy ))

using <atom zI1 § v» assms
by (metis (mono-tags) <atom 21’4 (CE-val v == CE-val (V-lit ll) IMP calza::=[21]"]cy )> c.fresh(6)
c.fresh(7) ce.fresh(1) flip-at-simps(2) flip-fresh-fresh fresh-at-base-permute-iff fresh-def supp-l-empty v.fresh(1))
also have ... = ((CE-val v == CE-val (V-lit ll)) IMP (ca[za:=[21"]"]cy ))
using assms by fastforce
finally show ?thesis by auto
qged
ultimately show ?thesis
using 7.eq-iff AbsI-eq-iff (8)[of 21’ CE-val v == CE-val (V-lit ll) IMP calza::=[21"]"]cv
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z1 CE-val v == CE-val (V-lit ll) IMP ca[za::=[21]"]cv] by blast
qed

lemma subst-sv-var-flip:
fixes z::z and s::s and z::z
shows atom z § s = ((z + 2) - ) = s[z:=[z]"]s,» and
atom z § cs = ((z < 2) + ¢s) = subst-branchv cs z [z]’ and
atom x § css = ((x <> z) + ¢ss) = subst-branchlv css z [z]¥
apply(nominal-induct s and cs and css avoiding: z x rule: s-branch-s-branch-list.strong-induct)
using [[simproc del: alpha-lst])
apply (auto )
using subst-tv-var-flip flip-fresh-fresh v.fresh s-branch-s-branch-list.fresh
subst-v-T-def subst-v-v-def subst-vv-var-flip subst-v-e-def subst-ev-var-flip pure-fresh apply auto
defer 1
using z-fresh-u  apply blast
defer 1
using z-fresh-u  apply blast
defer 1
using z-fresh-u AbsI-eq-iff '(3) flip-fresh-fresh
apply (simp add: subst-v-c-def)
using z-fresh-u Abs1-eq-iff (3) flip-fresh-fresh
by (simp add: flip-fresh-fresh)

v

instantiation s :: has-subst-v
begin

definition
subst-v = subst-sv

instance proof
fix j::atom and i::x and z::v and t::s
show (jff subst-vtiz)= ((atomiftAjit)V(itaA(GttVj= atomi)))
using fresh-subst-sv-if subst-v-s-def by auto

fix a::z and tm:s and z::v
show atom a § tm = subst-v tm a x = tm
using forget-subst-sv subst-v-s-def by simp

fix a::x and tm::s
show subst-v tm a (V-var a) = tm using subst-sv-id subst-v-s-def by simp

fix p::perm and z1::z and v::v and t1::s
show p - subst-v t1 x1 v = subst-v (p - t1) (p-z1) (p - v)
using subst-sv-commute subst-v-s-def by simp

fix z::z and c::s and z::z
show atom z ff ¢ = ((z <> 2) - ¢) = clzu=[z]"]»
using subst-sv-var-flip subst-v-s-def by simp

fix z::2z and c::s and z:x

show atom z § ¢ = clzi:=[z]"]y[z:=0], = c[zi:=0],
using subst-sv-var-flip subst-v-s-def by simp
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qed
end

3.10 Type Definition

nominal-function subst-ft-v :: fun-typ = = = v = fun-typ where
atom z § (z,v) = subst-ft-v ( AF-fun-typ z b ¢ t (s::8)) x v = AF-fun-typ z b c[x:=0]cy t[T:=0]ry
slx=v]s0
apply(simp add: equt-def subst-ft-v-graph-aua-def )
apply(simp add:fun-typ.strong-ezhaust )
apply (auto)
apply(rule-tac y=a and c=(aa,b) in fun-typ.strong-exhaust)
apply (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)

proof(goal-cases)
case (1 zza va ¢ t s za ca ta sa cb)

hence clz:=[ cb |"]co = calza:=[ ¢b ]"]co
by (metis flip-commute subst-cv-var-flip)
hence c[z::=] ¢b |"]co[za:=va]cy = calzai:=[ cb |*]cp[Ta:=va]c, by auto

then show ?case using subst-cv-commute atom-eq-iff fresh-atom fresh-atom-at-base subst-cv-commute-full
v.fresh
using 1 subst-cv-var-flip flip-commute by metis

next
case (2 zza va ¢ t s za ca ta sa cb)
hence t[z::=] ¢b |"];o = ta[za::=[ ¢b Y]+, by melis
hence t[z:=[ ¢b |"];y[za::=va];, = ta[za::=[ ¢b |*];y[Ta::=va], by auto

then show ?case using subst-tv-commute-full 2
by (metis atom-eq-iff fresh-atom fresh-atom-at-base v.fresh(2))
qed

nominal-termination (equt) by lexicographic-order

nominal-function subst-ftq-v :: fun-typ-¢ = = = v = fun-typ-¢ where
atom bv § (z,0) => subst-ftg-v (AF-fun-typ-some bv ft) x v = (AF-fun-typ-some bv (subst-ft-v ft x v))
| subst-ftg-v (AF-fun-typ-none ft) x v = (AF-fun-typ-none (subst-ft-v ft x v))
apply(simp add: equt-def subst-ftq-v-graph-auz-def )
apply(simp add:fun-typ-q.strong-exhaust )
apply (auto)
apply(rule-tac y=a and c¢=(aa,d) in fun-typ-q.strong-exhaust)
apply (auto simp: equt-at-def fresh-star-def fresh-Pair fresh-at-base)
proof(goal-cases)
case (I bv ft bva fta za va c)
then show ?Zcase using subst-ft-v.simps by (simp add: flip-fresh-fresh)
qed
nominal-termination (equt) by lexicographic-order

lemma size-subst-ft[simp|: size (subst-ft-v A z v) = size A
by(nominal-induct A avoiding: x v rule: fun-typ.strong-induct,auto)

lemma forget-subst-ft [simp]: shows atom x § A = subst-ft-v A x a = A
by (nominal-induct A avoiding: a x rule: fun-typ.strong-induct,auto simp: fresh-at-base)
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lemma subst-ft-id [simp]: subst-ft-v A a (V-var a) = A
by (nominal-induct A avoiding: a rule: fun-typ.strong-induct,auto)

instantiation fun-typ :: has-subst-v
begin

definition
subst-v = subst-ft-v

instance proof

fix j::atom and i::x and z::v and ¢:fun-typ
show (jff subst-vtiz)= ((atomiftAjit)V (GtaA(GttVj= atomi)))
apply(nominal-induct t avoiding: i x rule:fun-typ.strong-induct)
apply(simp only: subst-v-fun-typ-def subst-ft-v.simps )
using fun-typ.fresh fresh-subst-v-if apply simp
by auto

fix a::x and tm:: fun-typ and z::v
show atom a § tm = subst-v tm a x = tm
proof (nominal-induct tm avoiding: a z rule: fun-typ.strong-induct)
case (AF-fun-typ xla x2a ©3a T4a x5a)
then show ?case unfolding subst-ft-v.simps subst-v-fun-typ-def fun-typ.fresh using forget-subst-v
subst-ft-v.simps subst-v-c-def forget-subst-sv subst-v-T-def by fastforce
qed

fix a::x and tm::fun-typ
show subst-v tm a (V-var a) = tm
proof(nominal-induct tm avoiding: a x rule:fun-typ.strong-induct)
case (AF-fun-typ zla z2a x3a T4a x5a)
then show ?case unfolding subst-ft-v.simps subst-v-fun-typ-def fun-typ.fresh using forget-subst-v
subst-ft-v.simps subst-v-c-def forget-subst-sv subst-v-T-def by fastforce
ged

fix p::perm and x1::x and v::v and t1::fun-typ
show p - subst-v t1 z1 v = subst-v (p - t1) (p - x1) (p - v)
proof (nominal-induct t1 avoiding: x1 v rule:fun-typ.strong-induct)
case (AF-fun-typ xla x2a x3a T4a x5a)
then show ?case unfolding subst-ft-v.simps subst-v-fun-typ-def fun-typ.fresh using forget-subst-v
subst-ft-v.simps subst-v-c-def forget-subst-sv subst-v-T-def by fastforce
qed

fix z::xz and c:fun-typ and z::z
show atom z § ¢ = ((z < 2) - ¢) = c[z:=[z]"],
apply(nominal-induct ¢ avoiding: x z rule:fun-typ.strong-induct)
by (auto simp add: subst-v-c-def subst-v-s-def subst-v-T-def subst-v-fun-typ-def)

fix z::xz and c:fun-typ and z::z
show atom x § ¢ = clzi:=[z]"]y[2:=0], = c[zi:=0],
apply(nominal-induct ¢ avoiding: z x v rule:fun-typ.strong-induct)
apply auto
by (auto simp add: subst-v-c-def subst-v-s-def subst-v-T-def subst-v-fun-typ-def )

67



qed
end

instantiation fun-typ-q :: has-subst-v
begin

definition
subst-v = subst-ftq-v

instance proof
fix j::atom and i::x and z::v and t::fun-typ-q
show (jff subst-vtiz)= ((atomiftANjit)V(itaA(GttVj= atomi)))
apply(nominal-induct t avoiding: i x rule: fun-typ-q.strong-induct,auto)
apply(auto simp add: subst-v-fun-typ-def subst-v-s-def subst-v-T-def subst-v-fun-typ-q-def
fresh-subst-v-if )
by (metis (no-types) fresh-subst-v-if subst-v-fun-typ-def)+

fix i::x and t:fun-typ-q and z::v
show atom i 