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Abstract

Our theories formalise various matrix properties that serve to estab-
lish existence, uniqueness and characterisation of the solution to affine
systems of ordinary differential equations (ODEs). In particular, we
formalise the operator and maximum norm of matrices. Then we use
them to prove that square matrices form a Banach space, and in this
setting, we show an instance of Picard-Lindel6f’s theorem for affine

systems of ODEs. Finally, we apply this formalisation by verifying
three simple hybrid programs.
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1 Introductory Remarks

Affine systems of ordinary differential equations (ODEs) are those whose
associated vector fields are linear transformations. That is, if there is a
matrix-valued function A : R — M,,«,,(R) and vector function B : R — R"
such that the system of ODEs 2't = f (t,zt) can be rewritten as a't =
A-(xzt)+Bt, then the system is affine. Similarly, the associated linear system
of ODEs is 't = A - (zt) for matrix-vector multiplication -. Our theories
formalise affine (hence linear) systems of ordinary differential equations.
For this purpose, we extend the ODE libraries of [6] and linear algebra
in HOL-Analysis. We add to them various results about invertibility of
matrices, their diagonalisation, their operator and maximum norms, and
properties relating them with vectors. We also define a new type of square
matrices and prove that this is a Banach space. Then we obtain results
about derivatives of matrix-vector multiplication and use them to prove
Picard-Lindel6f’s theorem as formalised in [3]. The Banach space instance
allows us to characterise the general solution to affine systems of ODEs in
terms of the matrix-exponential. Finally, we use the components of [3] to
do three simple verification examples in the style of differential dynamic
logic [7] as showcased in [1, 2, 5|. The paper [4] has a detailed overview
of the various contributions that this formalisation adds to the verification
components.

2 Mathematical Preliminaries

This section adds useful syntax, abbreviations and theorems to the Isabelle
distribution.

theory MTX-Preliminaries



imports Hybrid-Systems-VCs. HS-Preliminaries
begin

2.1 Syntax

abbreviation e k = azis k 1

syntax
-ivl-integral :: real = real = 'a = pttrn = bool («(3[ -~ (-)8/-)» [0, 0, 10] 10)

syntax-consts
-ivl-integral = tvl-integral

translations
[t f 0z = CONST ivl-integral a b (Az. f)

notation matriz-inv («-=1 [90])
abbreviation entries (A::'a ™ 'n"'m) = {A$i$j|ij. i€ UNIV Aje UNIV}

2.2 Topology and sets
lemmas compact-imp-bdd-above = compact-imp-bounded| THEN bounded-imp-bdd-above]

lemma comp-cont-image-spec: continuous-on T f = compact T = compact {f
t|t.te T}
using compact-continuous-image by (simp add: Setcompr-eg-image)

lemmas bdd-above-cont-comp-spec = compact-imp-bdd-above[ OF comp-cont-image-spec]
lemmas bdd-above-norm-cont-comp = continuous-on-norm|[ THEN bdd-above-cont-comp-spec]

lemma open-cballE: tg € T = open T = Je>0. cball tg e C T
using open-contains-cball by blast

lemma open-ballE: tg € T —> open T =— Fe>0. balltg e C T
using open-contains-ball by blast

lemma funcset-UNIV: f € A — UNIV
by auto

lemma finite-image-of-finite[simp):
fixes f::'a::finite = b
shows finite {z. 3i. x = f i}
using finite- Atleast-Atmost-nat by force

lemma finite-image-of-finite2:
fixes [ :: 'a::finite = 'b::finite = c
shows finite {fz y |z y. P z y}



proof—
have finite (Jz. {fz yly. P = y})
by simp
moreover have {fzylzy. Pz y} = (Uz. {fzyly. Pz y})
by auto
ultimately show %thesis
by simp
qed

2.3 Functions

lemma finite-sum-univ-singleton: (sum g UNIV) = sum g {i::'a::finite} + sum g
(UNIV — {i})
by (metis add.commute finite-class.finite-UNIV sum.subset-diff top-greatest)

lemma suminfI:
fixes f :: nat = 'a::{t2-space,comm-monoid-add}
shows f sums k = suminf f = k
unfolding sums-iff by simp

lemma suminf-eq-sum:
fixes f :: nat = ('a::real-normed-vector)
assumes An.n > m = fn=10
shows Y n. fn)=O_n<m. fn)

using assms by (meson atMost-iff finite-atMost not-le suminf-finite)

lemma suminf-multr: summable f = > n. fn x ¢) = O n. fn) * ¢ for
c::'az:real-normed-algebra
by (rule bounded-linear.suminf [OF bounded-linear-mult-left, symmetric])

lemma sum—if—then—else—simps[simp]:
fixes ¢ :: (‘a::semiring-0) and i :: 'n:finite

shows (ZJEUNIV fix*(ifj =ithen qelse 0)) = fz*q
and (> jeUNIV. fj* (if i = j then q else 0)) = fi * ¢
and (> jeUNIV. (if i = jthen g else 0) x fj) = q* fi
and (> jeUNIV. (if j = i then g else 0) x fj) = q * fi
by (auto simp: finite-sum-univ-singleton|of - i)

2.4 Suprema

lemma le-maz-image-of-finite[simp]:
fixes f::'a:finite = 'b::linorder
shows (f ) < Maz {z. 3i. z = fi}
by (rule Max.coboundedl, simp-all) (rule-tac x=1 in exl, simp)

lemma cSup-eq:
fixes c::’a::conditionally-complete-lattice
assumes Vz € X. zr < cand dz e X. c <z
shows Sup X = ¢
by (metis assms cSup-eg-mazimum order-class.order.antisym)



lemma cSup-mem-eq:
ceX=Vze X z<c= SupX = cfor c:'a:conditionally-complete-lattice
by (rule cSup-eq, auto)

lemma cSup-finite-ex:

finite X = X # {} = Jz€X. Sup X = z for X::'a::conditionally-complete-linorder
set

by (metis (full-types) bdd-finite(1) cSup-upper finite-Sup-less-iff order-less-le)

lemma cMaz-finite-ex:

finite X = X # {} = J2€X. Mazx X = z for X::'a::conditionally-complete-linorder
set

apply (subst cSup-eq-Max[symmetric))

using cSup-finite-ex by auto

lemma finite-nat-minimal-witness:
fixes P :: (‘a:finite) = nat = bool
assumes Vi. 3N:nat. Vn> N. Pin
shows 3N. Vi Vn> N.Pin
proof—
let %bound i = (LEAST N.Vn > N. Pin)
let YN = Max {%bound i |i. i € UNIV'}
{fix n::nat and i::'a
assume n > 2N
obtain M whereVn > M. Pin
using assms by blast
hence obs: V m > ?bound i. P im
using LeastI[of AN.¥n > N. P in] by blast
have finite {?bound i |i. i € UNIV'}
by simp
hence ?N > ?bound
using Maz-ge by blast
hence n > ?bound
using <n > ?N) by linarith
hence Pin
using obs by blast}
thus IN. Vin. N<n— Pin
by blast
qed

2.5 Real numbers

named-theorems field-power-simps simplification rules for powers to the nth

declare semiring-normalization-rules(18) [field-power-simps]
and semiring-normalization-rules(26) [field-power-simps]
and semiring-normalization-rules(27) [field-power-simps|
and semiring-normalization-rules(28) [field-power-simps)

~— —



and semiring-normalization-rules(29) [field-power-simps)

WARNING: Adding %z * 2277 = 225U¢ %0 o our tactic makes its combina-
tion with simp to loop infinitely in some proofs.

lemma sg-le-cancel:
shows (azreal) > 0 = b> 0= a 2<bxa= a<b
and (azreal) > 0 = b> 0= a 2<axb=—=a<b
apply (metis less-eq-real-def mult. commute mult-le-cancel-left semiring-normalization-rules(29))
by (metis less-eg-real-def mult-le-cancel-left semiring-normalization-rules(29))

lemma frac-diff-eql: a # b= a / (a — b) — b/ (a — b) = 1 for a::real
by (metis (no-types) ab-left-minus add.commute add-left-cancel
diff-divide-distrib diff-minus-eq-add div-self)

lemma exp-add: zxy — yxx =0 = exp (x + y) = exp z * exp y
by (rule exp-add-commuting) (simp add: ac-simps)

lemmas mult-exp-exp = exp-add[symmetric]

2.6 Vectors and matrices

lemma sum-azis[simp]:
fixes ¢ :: (‘a::semiring-0)
shows (3 jEUNIV. fjxaxisiq$j) =fixq
and (D jeUNIV. axisiq$ j*fj)=qx*[fi
unfolding azis-def by(auto simp: vec-eg-iff)

lemma sum-scalar-nth-axis: sum (Xi. (z $ 7) xse i) UNIV = z for z :: (‘a::semiring-1)"'n
unfolding vec-eq-iff axis-def by simp

lemma scalar-eq-scaleR[simp]: ¢ s ¥ = ¢ g
unfolding vec-eg-iff by simp

lemma matriz-add-rdistrib: (B + C) xx A) = (B xx A) + (C #x A)
by (vector matriz-matriz-mult-def sum.distrib[symmetric] field-simps)

lemma vec-mult-inner: (A xv v) « w = v - (transpose A xv w) for A :: real “'n"'n
unfolding matriz-vector-mult-def transpose-def inner-vec-def
apply(simp add: sum-distrib-right sum-distrib-left)
apply (subst sum.swap)
apply(subgoal-tacVij. A$i$jxvSjxwsi=0v8jx(A8i%j*xwdi))
by presburger simp

lemma uminus-azxis-eq[simp|: — azis i k = axis i (—k) for k :: 'a::ring
unfolding azis-def by(simp add: vec-eq-iff)

lemma norm-azis-eq[simpl: ||axis i k|| = ||k]|
proof(simp add: azis-def norm-vec-def L2-set-def)
let 99 = Xijk. if i = jthen k else 0



have (7€ UNIV. (|(%5x i B)I)2) = (Sgeli}. (I(20k j1R))?) + (S je(UNIV—{3}).
(11(%8x 71 BI?)
using finite-sum-univ-singleton by blast
also have ... = (||k|)?
by simp
finally show sqrt (> j€ UNIV. (norm (if j = i then k else 0))?) = norm k
by simp
qed

lemma matriz-azis-0:
fixes A :: (a::idom) 'n""'m
assumes k # 0 and h:Vi. (A xv (azis i k)) = 0
shows A = 0
proof—
{fix i::'n
have 0 = (> jeUNIV. (axis i k) $ j *s column j A)
using h matriz-mult-sum[of A axis i k] by simp
also have ... = k *s column i A
by (simp add: azis-def vector-scalar-mult-def column-def vec-eq-iff mult.commute)
finally have k xs column i A = 0
unfolding azis-def by simp
hence column i A = 0
using vector-mul-eq-0 <k # 0> by blast}

thus A =0
unfolding column-def vec-eq-iff by simp
qged

lemma scaleR-norm-sgn-eq: (||z||) *g sgn ¢ = =
by (metis divideR-right norm-eg-zero scale-eq-0-iff sgn-div-norm)

lemma vector-scaleR-commute: A xv ¢ xg x = ¢ xg (A xv z) for z :: ('a::real-normed-algebra-1)"'n
unfolding scaleR-vec-def matriz-vector-mult-def by (auto simp: vec-eq-iff scaleR-right.sum)

lemma scaleR-vector-assoc: ¢ xg (A xvz) = (c *gr A) vz for  :: (‘a::real-normed-algebra-1) "'n
unfolding matriz-vector-mult-def by(auto simp: vec-eq-iff scaleR-right.sum)

lemma mult-norm-matriz-sgn-eq:
fixes z :: (‘a::real-normed-algebra-1)"'n
shows (|4 xv sgn ) + (|l = |4 5 2]
proof—
have [|A xv z|| = [|A *v (([[z]]) & sgn )]
by (simp add: scaleR-norm-sgn-eq)
also have ... = (||A *v sgn z||) * (||z])
by (simp add: vector-scaleR-commute)
finally show ?thesis ..
qed



2.7 Diagonalization

lemma invertiblel: A xx B = mat 1 — B *x A = mat 1 — invertible A
unfolding invertible-def by auto

lemma invertibleD[simp):
assumes invertible A
shows A7 %+ A = mat 1 and A *x A~! = mat 1
using assms unfolding matriz-inv-def invertible-def
by (simp-all add: verit-sko-ex”)

lemma matriz-inv-unique:
assumes A #x B = mat 1 and B xx A = mat 1
shows A=1 = B
by (metis assms invertibleD(2) invertible] matriz-mul-assoc matriz-mul-lid)

lemma invertible-matriz-inv: invertible A = invertible (A1)
using invertibleD invertiblel by blast

lemma matriz-inv-idempotent[simp]: invertible A = A='"1 = A
using invertibleD matriz-inv-unique by blast

lemma matriz-inv-matriz-mul:
assumes invertible A and invertible B
shows (A #x B)™! = B71 sx A71
proof (rule matriz-inv-unique)
have A xx B #x (B71 sx A7) = A xx (B xx B71) #x A7}
by (simp add: matriz-mul-assoc)
also have ... = mat 1
using assms by simp
finally show A xx B sx (B~! %% A7) = mat 1 .
next
have B™1 s A7! s (A #x B) = B™! sx (A7! %% A) xx B
by (simp add: matriz-mul-assoc)
also have ... = mat I
using assms by simp
finally show B~! xx A~1 %% (A #x B) = mat 1 .
qed

lemma mat-inverse-simps|simp):
fixes c :: 'a::division-ring
assumes ¢ # 0
shows mat (inverse c¢) *x mat ¢ = mat 1
and mat ¢ xx mat (inverse ¢) = mat 1
unfolding matriz-matriz-mult-def mat-def by (auto simp: vec-eg-iff assms)

lemma matriz-inv-mat[simpl: ¢ # 0 = (mat ¢)~! = mat (inverse c) for c :
'a:: division-ring
by (simp add: matriz-inv-unique)



lemma invertible-mat[simp]: ¢ # 0 = invertible (mat c) for c :: 'a::division-ring
using invertiblel mat-inverse-simps(1) mat-inverse-simps(2) by blast

lemma matriz-inv-mat-1: (mat (1::'a::division-ring))~! = mat 1
by simp

lemma invertible-mat-1: invertible (mat (1::’a::division-ring))

by simp
definition similar-matriz :: (‘a::semiring-1)"'m™'m = (‘a::semiring-1)"'n"'n =
bool (infixr «~» 25)

where similar-matriz A B <— (3 P. invertible P N A = P~! xx B *x P)

lemma similar-matriz-refl[simp]: A ~ A for A :: 'a::division-ring"'n"'n
by (unfold similar-matriz-def, rule-tac x=mat 1 in exl, simp)
lemma similar-matriz-simm: A ~ B = B ~ A for A B :: (‘a::semiring-1) "'n"'n
apply(unfold similar-matriz-def, clarsimp)
apply(rule-tac z=P~! in exl, simp add: invertible-matriz-inv)
by (metis invertible-def matriz-inv-unique matriz-mul-assoc matriz-mul-lid ma-
triz-mul-rid)

lemma similar-matriz-trans: A ~ B = B ~ C = A ~ C for A B C :
('a::semiring-1)"'n"'n
proof (unfold similar-matriz-def, clarsimp)
fix P Q)
assume A = P71 sk (Q L sx Cxx Q) »x Pand B= Q! #x C *x Q
let YR = Q *x P
assume inverts: invertible Q) invertible P
hence ?R™! = P71 xx Q!
by (rule matriz-inv-matriz-mul)
also have invertible 7R
using inverts invertible-mult by blast
ultimately show 3 R. invertible R A P71 sx (Q71 sx C #x Q) #x P = R™1 xx
C *x R
by (metis matriz-mul-assoc)
qed

lemma mat-vec-nth-simps[simp):
i=j=matc$i$j=c
iZj=matc$i$j=10
by (simp-all add: mat-def)

definition diag-mat f = (x @ j. if i = j then f i else 0)

lemma diag-mat-vec-nth-simps|simp:
i=j = diag-mat f $i$j=[i
i #j = diag-mat f $i{$j=10
unfolding diag-mat-def by simp-all



lemma diag-mat-const-eq[simp|: diag-mat (Ai. ¢) = mat ¢
unfolding mat-def diag-mat-def by simp

lemma matriz-vector-mul-diag-mat: diag-mat f xv s = (x i. fi * s$)
unfolding diag-mat-def matriz-vector-mult-def by simp

lemma matriz-vector-mul-diag-axis[simp|: diag-mat f =v (axis i k) = azis i (f i *
k)
by (simp add: matriz-vector-mul-diag-mat azis-def fun-eq-iff)

lemma matriz-mul-diag-matl: diag-mat f xx A = (x ©j. f{ * A$i$j)
unfolding diag-mat-def matriz-matriz-mult-def by simp

lemma matriz-matriz-mul-diag-matr: A ** diag-mat f = (x i j. A$i8j * f§)
unfolding diag-mat-def matriz-matriz-mult-def apply(clarsimp simp: fun-eq-iff)
subgoal for i j

by (auto simp: finite-sum-univ-singleton|of - j])
done

lemma matriz-mul-diag-diag: diag-mat [ *x diag-mat g = diag-mat (Ni. fi % g 7)
unfolding diag-mat-def matriz-matriz-mult-def vec-eq-iff by simp

lemma compow-matriz-mul-diag-mat-eq: ((xx) (diag-mat f) " n) (mat 1) = diag-mat
(M. fi™n)

apply (induct n, simp-all add: matriz-mul-diag-matl)

by (auto simp: vec-eg-iff diag-mat-def)

lemma compow-similar-diag-mat-eq:

assumes invertible P

and A = P~! xx (diag-mat f) *x P
shows ((¥*) A "7 n) (mat 1) = P~ xx (diag-mat (\i. fi"n)) %+ P

proof (induct n, simp-all add: assms)

fix n:nat

have P~1 xx diag-mat f %+ P % (P~! %% diag-mat (\i. fi ~n) *x P) =

P~ xx diag-mat f *x diag-mat (Xi. fi " n) xx P (is ?lhs = -)

by (metis (no-types, lifting) assms(1) invertibleD(2) matriz-mul-rid matriz-mul-assoc)

also have ... = P! s diag-mat (Xi. fi % fi " n) #x P (is - = ?rhs)
by (metis (full-types) matriz-mul-assoc matriz-mul-diag-diag)
finally show ?lhs = ?rhs .
qged

lemma compow-similar-diag-mat:
assumes A ~ (diag-mat f)
shows ((xx) A 7" n) (mat 1) ~ diag-mat (Ai. fi™n)
proof (unfold similar-matriz-def)
obtain P where invertible P and A = P~' xx (diag-mat f) *x P
using assms unfolding similar-matriz-def by blast

10



thus 3 P. invertible P A (%) A "~ n) (mat 1) = P~ %% diag-mat (\i. fi " n)
xx P
using compow-similar-diag-mat-eq by blast
qed

no-notation matriz-inv (<-—1 [90])
and similar-matriz (infixr <~» 25)

end

3 Matrix norms

Here, we explore some properties about the operator and the maximum
norms for matrices.

theory MTX-Norms
imports MTX-Preliminaries

begin

3.1 Matrix operator norm

abbreviation op-norm :: (‘a:real-normed-algebra-1)"n"'m = real (<(1||-llop)
[65] 61)
where || A|op = onorm (Az. A v z)

lemma norm-matriz-bound:
fixes A :: (‘a::real-normed-algebra-1)"'n""m
shows [lof] = 1 — |4 +v ol < [(x ij. 488 jl)) +v 1]
proof—
fix z :: (‘a, 'n) vec assume |z|| = 1
hence zi-lel:\i. ||z $ i|]| < 1
by (metis Finite-Cartesian-Product.norm-nth-le)
{fix j::'m
have ||(>Ji€UNIV. A$jSixx$ )| < (O icUNIV. [|[AS$jSix*zx$ il
using norm-sum by blast
also have ... < (> ¢€UNIV. (JA$7$ i) = (= $ 7))
by (simp add: norm-mult-ineq sum-mono)
also have ... < (> i€UNIV. (|[A$j$i|) * 1)
using zi-lel by (simp add: sum-mono mult-left-le)
finally have |3 i€UNIV. A$j$ixz8$4)| < (O i€cUNIV. (|A$5 8%
x 1) by simp}
hence Aj. [[(A xv ) § jl| < ((x i1 i2. [|[A$ il $42|)*v1)$j
unfolding matriz-vector-mult-def by simp
hence (3 jeUNIV. (||(A *v z) $ j])*) < (X JjeUNIV. (||((x il i2. [|[A$ il $
i2||) v 1) $ j[)?)
by (metis (mono-tags, lifting) norm-ge-zero power2-abs power-mono real-norm-def
sum-mono)

11



thus [|[A «v zl| < [[(x ij. |4 S8 j||) «v 1]
unfolding norm-vec-def L2-set-def by simp
qed

lemma onorm-set-proptys:
fixes A :: (‘a:real-normed-algebra-1)""'n""'m
shows bounded (range (Az. (||A =v z||) / (||z])))
and bdd-above (range (Az. (||A xv z||) / (||z]))))
and (range (Az. (A v z)) / ([=[)) # {}
unfolding bounded-def bdd-above-def image-def dist-real-def
apply(rule-tac z=0 in exl)
by (rule-tac z=||(x 7 j. ||A $ ¢ $ j||) *v 1| in ezl, clarsimp,
subst mult-norm-matriz-sgn-eq[symmetric], clarsimp,
rule-tac x=sgn - in norm-matriz-bound, simp add: norm-sgn)+ force

lemma op-norm-set-proptys:
fixes A :: (‘a::real-normed-algebra-1)"'n"'m
shows bounded {||A v z| | z. ||z|| = 1}
and bdd-above {||A v z|| | z. ||z = 1}
and {[|[A v z|| | z. [l = 1} # {}
unfolding bounded-def bdd-above-def apply safe
apply(rule-tac x=0 in exl, rule-tac z=||(x i j. [|[A $ ¢ $ j||) *v 1| in exl)
apply(force simp: norm-matriz-bound dist-real-def)
apply(rule-tac z=||(x i j. ||A $ 7 $ j||) *v 1| in exl, force simp: norm-matriz-bound)
using ez-norm-eq-1 by blast

lemma op-norm-def: |Allop = Sup {||A *v z|| | z. ||z|]| = 1}
apply(rule antisym[OF onorm-le cSup-least|OF op-norm-set-proptys(3)]])
apply(case-tac x = 0, simp)
apply (subst mult-norm-matriz-sgn-eq[symmetric|, simp)
apply(rule cSup-upper|OF - op-norm-set-proptys(2)])
apply(force simp: norm-sgn)
unfolding onorm-def
apply(rule cSup-upper[OF - onorm-set-proptys(2)])
by (simp add: image-def, clarsimp) (metis div-by-1)

lemma norm-matriz-le-op-norm: ||z = 1 = |4 *v z|| < || 4]lop
apply (unfold onorm-def, rule cSup-upper|OF - onorm-set-proptys(2)])
unfolding image-def by (clarsimp, rule-tac =z in exl) simp

lemma op-norm-ge-0: 0 < ||Alop
using ez-norm-eq-1 norm-ge-zero norm-matriz-le-op-norm. basic-trans-rules(23)

by blast

lemma norm-sgn-le-op-norm: ||A v sgn z|| < ||Allop
by (cases x=0, simp-all add: norm-sgn norm-matriz-le-op-norm op-norm-ge-0)

lemma norm-matriz-le-mult-op-norm: ||A v z|| < (||Allop) * (||z]])
proof—

12



have |4 v al| = (|4 +v sgn z]) * (|lz])
by (simp add: mult-norm-matriz-sgn-eq)
also have ... < (||4]lop) * (||z]])
using norm-sgn-le-op-norm[of A] by (simp add: mult-mono’)
finally show ?thesis by simp
qed
lemma blin-matriz-vector-mult: bounded-linear ((xv) A) for A :: ('a::real-normed-algebra-1) "'n"'m
by (unfold-locales) (auto intro: norm-matriz-le-mult-op-norm simp:
mult.commute matriz-vector-right-distrib vector-scale R-commute)
lemma op-norm-eq-0: (||Allop = 0) = (A= 0) for A :: (‘a::real-normed-field) “'n™'m
unfolding onorm-eq-0[OF blin-matriz-vector-mult] using matriz-azis-0[of 1 A]
by fastforce

lemma op-norm0: ||(0::('a::real-normed-field) ~"n"'m)|op = 0
using op-norm-eg-0[of 0] by simp

lemma op-norm-triangle: |A + Bllop < (||A]lop) + (| Bllop)
using onorm-triangle[ OF blin-matriz-vector-mult[of A] blin-matriz-vector-mult[of
B)
matriz-vector-mult-add-rdistrib[symmetric, of A - B] by simp

lemma op-norm-scaleR: ||¢ *r Allop = |c| * (||Allop)
unfolding onorm-scaleR[OF blin-matriz-vector-mult, symmetric] scaleR-vector-assoc

lemma op-norm-matriz-matriz-mult-le: ||A s« Bllop < (|[Allop) * (| Bllop)
proof (rule onorm-le)
have 0 < ([|A[op)
by (rule onorm-pos-le[OF blin-matriz-vector-mult])
fix « have ||A #x B xv z|| = ||A v (B v z)||
by (simp add: matriz-vector-mul-assoc)
also have ... < (||Allop) * (|| B *v z||)
by (simp add: norm-matriz-le-mult-op-norm[of - B xv z])
also have ... < (| Allop) * ((1Blop) * (lo]))
using norm-matriz-le-mult-op-norm[of B z] <0 < (||Allop)> mult-left-mono by
blast
finally show [[A xx B xv x| < ([[Allop) * ([|Bllop) * (ll2[])
by simp
qed

lemma norm-matriz-vec-mult-le-transpose:
llz|| = 1 = (||A *v z||) < sqrt (||transpose A xx A||op) * (||z]||) for A :: real™'n""n
proof—
assume ||z| = I
have (||A *v z||)? = (A *v z) - (A *v 1)
using dot-square-norm[of (A *v z)] by simp
also have ... = z - (transpose A v (A v x))
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using vec-mult-inner by blast

also have ... < (J|z|]) * (||transpose A xv (A *xv x)]|)
using norm-cauchy-schwarz by blast

also have ... < (||[transpose A sx Al|,p) * (||z]]) "2
apply (subst matriz-vector-mul-assoc)
using norm-matriz-le-mult-op-norm|of transpose A xx A x]
by (simp add: «||z|]| = 1)

finally have (| A +0 al))) 2 < (|[transpose A = All,p) * (al)) "2
by linarith

thus (||A *v z||) < sqrt ((||transpose A % Allop)) * (||l z])
by (simp add: «||z]| = 1> real-le-rsqrt)

qed

lemma op-norm-le-sum-column: ||Allop < (3. i€ UNIV. |column i A|) for A :
real 'n"'m
proof (unfold op-norm-def, rule cSup-least|OF op-norm-set-proptys(3)], clarsimp)
fix z :: real”'n assume z-def:||z|| = 1
hence z-hyp:\i. ||z $ i|| < 1
by (simp add: norm-bound-component-le-cart)
have (||4A v z||) = ||(O_ i€ UNIV. z $ i xs column i A)||
by (subst matriz-mult-sum[of A, simp)
also have ... < (> i€UNIV. ||z $ i *s column i A||)
by (simp add: sum-norm-le)
also have ... = (3 ¢€UNIV. (||lz $ i||) * (||column i A||))
by (simp add: mult-norm-matriz-sgn-eq)
also have ... < (> i€ UNIV. || column i A||)
using z-hyp by (simp add: mult-left-le-one-le sum-mono)
finally show ||A4 v z| < (i€ UNIV. |column i A]|) .
qed

lemma op-norm-le-transpose: || Allop < |[transpose A|l,p, for A :: real™n"'n
proof—
have obs:Vz. |z|| = 1 — (J]A *v z||) < sqrt ((||transpose A xx Allop)) * (||z]])
using norm-matriz-vec-mult-le-transpose by blast
have (|| Allop) < sgrt ((||transpose A xx Allop))
using obs apply(unfold op-norm-def)
by (rule cSup-least[OF op-norm-set-proptys(3)]) clarsimp
hence ((||[A]op))? < (||transpose A xx Al|op)
using power-mono|of (||Allop) - 2] op-norm-ge-0
by (metis not-le real-less-lsqrt)
also have ... < (||transpose Al|op) * (|| A4]lop)
using op-norm-matriz-matriz-mult-le by blast
finally have ((|4]lop))* < (|transpose Allop) * (14]op)
by linarith
thus (|Alop) < (ltranspose Allp)
using sq-le-cancel[of (||Allop)] op-norm-ge-0 by metis
qed
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3.2 Matrix maximum norm

abbreviation maz-norm :: real”'n"'m = real (<(1]-||maz)* [65] 61)
where [|A|lmax = Max (abs ‘ (entries A))

lemma maz-norm-def: ||Allmaz = Maz {|A $ i $ j||ij. icUNIV A jeUNIV}
by (simp add: image-def, rule arg-cong|of - - Maz], blast)

lemma maz-norm-set-proptys: finite {|{A $ ¢ $ j| |ij. i € UNIV A j € UNIV} (is
finite 2X)
proof—
have A:. finite {|A$i8$j||j. je UNIV}
using finite- Atleast-Atmost-nat by fastforce
hence finite ((JicUNIV. {|A$ i $ j| | j. j € UNIV}) (is finite ?Y)
using finite-class.finite-UNIV by blast
also have 2X C ?2Y
by auto
ultimately show ?thesis
using finite-subset by blast
qed

lemma maz-norm-ge-0: 0 < ||A||lmaz
unfolding maz-norm-def
apply(rule order.trans|OF abs-ge-zero[of A $ - $ -] Maz-ge])
using max-norm-set-proptys by auto

lemma op-norm-le-maz-norm:
fixes A :: real ('n::finite) ('m::finite)
shows ||Al|,p < real CARD('m)  real CARD('n) * (||Allmaz)
apply(rule onorm-le-matriz-component)
unfolding maz-norm-def by(rule Maz-ge|OF max-norm-set-proptys]) force

lemma sqrt-Sup-power2-eq-Sup-abs:
finite A => A # {} = sqrt (Sup {(fi)? |i. i € A}) = Sup {|f 4] |i. i € A}
proof (rule sym)
assume assms: finite A A # {}
then obtain i where i-def: i € A A Sup {(fi)?]i. i € A} = (fi)72
using cSup-finite-ex|of {(f)?|i. i € A}] by auto
hence lhs: sqrt (Sup {(fi)? |i. i € A}) = |f i
by simp
have finite {(f i)?|i. i € A}
using assms by simp
hence VjeA. (fj)* < (fi)?
using i-def cSup-upper|of - {(f)? |i. i € A}] by force
hence VjcA. |fj| < |f 1]
using abs-le-square-iff by blast
also have |fi| € {|f 1] |i. i € A}
using i-def by auto
ultimately show Sup {|fi| |i. i € A} = sqrt (Sup {(f©)? |i. i € A})
using cSup-mem-eqlof |f i| {|f i| |i. i € A}] lhs by auto
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qed

lemma sqrt-Maz-power2-eq-max-abs:
finite A = A # {} = sqrt (Maz {(fi)?|i. i € A}) = Maz {|fi| |i. i € A}
apply (subst cSup-eq-Mazx[symmetric], simp-all)+
using sqrt-Sup-power2-eq-Sup-abs .

lemma op-norm-diag-mat-eq: ||diag-mat f|op, = Maz {|f ¢| |i. i € UNIV} (is - =
Mazx ?A)
proof (unfold op-norm-def)
have obs: Az i. (fi)? * (z $ 9)? < Max {(fi)?|i. i € UNIV} * (z $ i)?
apply (rule mult-right-mono|OF - zero-le-power2])
using le-maz-image-of-finite[of Ai. (f ©) 2] by simp

{fix r assume r € {||diag-mat f *v z|| |z. ||z|| = 1}
then obtain z where z-def: ||diag-mat f xv z|| = r A ||z|]| = 1
by blast

hence r? = (Y. i€ UNIV. (fi)? x (z $ 9)?)
unfolding norm-vec-def L2-set-def matriz-vector-mul-diag-mat
apply (simp add: power-mult-distrib)
by (metis (no-types, lifting) z-def norm-ge-zero real-sqrt-ge-0-iff real-sqrt-pow?2)
also have ... < (Max {(fi)2|i. i € UNIV}) x (3. i€UNIV. (z $ 4)?)
using obs[of - z] by (simp add: sum-mono sum-distrib-left)
also have ... = Max {(f4)?|i. i € UNIV}
using z-def by (simp add: norm-vec-def L2-set-def)
finally have r < sqrt (Maz {(f 7)?|i. i € UNIV})
using z-def real-le-rsqrt by blast
hence r < Mazx ?A
by (subst (asm) sqrt-Maz-power2-eq-maz-abs[of UNIV f], simp-all)}
hence 1: Vze{||diag-mat f xv z|| |z. ||z|]| = 1}. 2 < Max ?A
unfolding diag-mat-def by blast
obtain ¢ where i-def: Maz ?A = ||diag-mat f *v e i
using cMaz-finite-ex|of ?A] by force
hence 2: 3ze{| diag-mat f *v z|| |z. ||z|| = 1}. Maz ?A < x
by (metis (mono-tags, lifting) abs-1 mem-Collect-eq norm-axis-eq order-refl
real-norm-def)
show Sup {||diag-mat f xv x| |z. |z|| = 1} = Maz ?A
by (rule cSup-eq[OF 1 2])
qged

lemma op-maz-norms-eq-at-diag: ||diag-mat fllop = || diag-mat f||maz
proof (rule antisym)
have {|f i| |i. i € UNIV} C {|diag-mat f $ i $ j| |ij. ¢ € UNIV A j € UNIV}
by (smt Collect-mono diag-mat-vec-nth-simps(1))
thus ||diag-mat f|op < ||diag-mat f|lmas
unfolding op-norm-diag-mat-eq maz-norm-def
by (rule Maz.subset-imp) (blast, simp only: finite-image-of-finite2)
next
have Sup {|diag-mat f $ ¢ $ j| |ij. i € UNIV A j € UNIV} < Sup {|fi] |i. i €
UNIV'}
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apply(rule cSup-least, blast, clarify, case-tac i = j, simp)
by (rule cSup-upper, blast, simp-all) (rule cSup-upper2, auto)
thus ||diag-mat f||maes < ||diag-mat f|op
unfolding op-norm-diag-mat-eq maz-norm-def
apply (subst cSup-eq-Max[symmetric], simp only: finite-image-of-finite2, blast)
by (subst cSup-eq-Max|[symmetric], simp, blast)
qed

end

4 Square Matrices

The general solution for affine systems of ODEs involves the exponential
function. Unfortunately, this operation is only available in Isabelle for the
type class “banach”. Hence, we define a type of square matrices and prove
that it is an instance of this class.

theory SQ-MTX
imports MTX-Norms

begin

4.1 Definition

typedef 'm sg-mtx = UNIV::(real'm™'m) set
morphisms to-vec to-mtx by simp

declare to-mtz-inverse [simp]
and to-vec-inverse [simp]

setup-lifting type-definition-sq-mtx
lift-definition sq-miz-ith :: 'm sg-miz = 'm = (real™'m) (infixl «$$» 90) is ($) .

lift-definition sqg-mta-vec-mult :: 'm sg-mtx = (real”’m) = (real”’'m) (infix] ¢xy»
90) is (xv) .

lift-definition vec-sg-mtz-prod :: (real”'m) = 'm s¢-mitz = (real™'m) is (v%) .
lift-definition sq-mtz-diag :: (('m::finite) = real) = (‘m::finite) sg-mtx (binder
«diag » 10)

is diag-mat .

lift-definition sg-mta-transpose :: ('m::finite) sg-mtx = 'm sg-mtx (<-1)) is trans-
pose .

lift-definition s¢-mtz-inv :: (‘m::finite) sg-mtx = 'm s¢-mtz («-—1 [90]) is ma-
triz-inv .
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/,

lift-definition sg-miz-row :: 'm = ('m:finite) sg-mtx = real’'m (<row») is row .

lift-definition sqg-mta-col :: 'm = ('m::finite) sg-mtx = real”m (<coly) is column

lemma to-vec-eq-ith: (to-vec A) $ i = A $$ i
by transfer simp

lemma to-mta-ith[simp:
(to-mtx A) $$ i1 = A $ il
(to-mtz A) $$ i1 $i2 =A% i1 § 42
by (transfer, simp)-+

lemma to-mtz-vec-lambda-ith[simp: to-mtz (x 7j. v ij) $8 i1 $ 2 = x il 2
by (simp add: sq-mtz-ith-def)

lemma sqg-mtz-eq-iff:
shows A=B=(Vij. A$$i$j=DBS%$i$,
and A=B=(Vi. A$$i= B$$ i)
by (transfer, simp add: vec-eq-iff )+

lemma sq-mitz-diag-simps[simp]:
i=7 = sq-miz-diag f $$ i $ j =
i # 7= sq-miz-diag f $$ i $ j =
sq-mtz-diag f $% ¢ = axis i (f ©)
unfolding sg-mitz-diag-def by (simp-all add: azis-def vec-eq-iff)

fi
0

lemma sq-mitz-diag-vec-mult: (diag . f1) *xy s = (x . fi * s$7)
by (simp add: matriz-vector-mul-diag-mat sq-mtz-diag.abs-eq sg-mtz-vec-mult.abs-eq)

lemma sq-mitz-vec-mult-diag-azis: (diag i. f i) *v (azis i k) = axis i (fi * k)
unfolding sq-mitz-diag-vec-mult axis-def by auto

lemma sq-miz-vec-mult-eq: m *y x = (x 0. sum (A\j. (m $$ i $ ) x (z $ ) UNIV)
by (transfer, simp add: matriz-vector-mult-def)

lemma sq-mtz-transpose-transpose[simpl: (AT)T = A
by (transfer, simp)

lemma transpose-mult-vec-canon-row[simp): (A") *y (e i) = row i A
by transfer (simp add: row-def transpose-def azis-def matriz-vector-mult-def)

lemma row-ith[simp]: tow i A = A $$ i
by transfer (simp add: row-def)

lemma mtz-vec-mult-canon: A xy (e i) = col i A
by (transfer, simp add: matriz-vector-mult-basis)

18



4.2 Ring of square matrices

instantiation s¢-mtz :: (finite) ring
begin

lift-definition plus-sg-miz :: 'a s¢-mtx = 'a s¢-mitx = 'a s¢-miz is (+) .
lift-definition zero-sq-mtx :: 'a sg-mtz is 0 .

lift-definition uminus-sqg-mtz :: 'a s¢-mtx = 'a s¢-mix is uminus .
lift-definition minus-sg-mix :: 'a sg-mtx = 'a s¢g-mtx = 'a s¢-mix is (—) .
lift-definition times-sg-mtz :: 'a s¢-mitxz = 'a sg¢-mtx = 'a sg-miz is (xx) .

declare plus-sg-mtz.rep-eq [simp]
and minus-sq-mtz.rep-eq [simp]

instance apply intro-classes
by (transfer, simp add: algebra-simps matriz-mul-assoc matriz-add-rdistrib ma-
triz-add-ldistrib)+

end

lemma sg-mtz-zero-ith[simp]: 0 $$ i = 0
by (transfer, simp)

lemma sg-mtx-zero-nth[simpl: 0 $$ i $ j = 0
by transfer simp

lemma sg-mtz-plus-eq: A + B = to-mtx (x i j. A$$i$j + B$3$i$))
by transfer (simp add: vec-eq-iff)

lemma sq-mtz-plus-ith[simp]:(A + B) $$ i = A $$ ¢ + B $% ¢
unfolding sg-miz-plus-eq by (simp add: vec-eq-iff)

lemma sg-mtz-uminus-eq: — A = to-mtx (x i j. — A$%i%7)
by transfer (simp add: vec-eq-iff)

lemma sg-mtr-minus-eq: A — B = to-mtx (x ij. A$$i$j — B$$i$))
by transfer (simp add: vec-eq-iff)

lemma sg-mitz-minus-ith[simp):(A — B) $$ i = A $$ i — B $$ ¢
unfolding sg-mtz-minus-eq by (simp add: vec-eq-iff)

lemma sq-mtz-times-eq: A * B = to-mtx (x ij. sum (\k. A$$i$k x B$$k$j) UNIV)
by transfer (simp add: matriz-matriz-mult-def)

lemma s¢-mta-plus-diag-diag[simp): sq¢-miz-diag [ + s¢-miz-diag g = (diag i. f i
+g1)
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by (subst sg-miz-eq-iff) (simp add: axis-def)

lemma sg-miz-minus-diag-diag[simpl: sq¢-mtz-diag f — sq-miz-diag g = (diag i. f
i— gi)
by (subst sg-mitz-eq-iff) (simp add: axis-def)

lemma sum-sq-mtz-diag[simp]: (3. n<m. s¢-miz-diag (g n)) = (diag 7. > n<m.
(g n 7)) for m:nat
by (induct m, simp, subst sqg-mtz-eq-iff, simp-all)

lemma sq-mtz-mult-diag-diag[simp]: sq-mtz-diag f * sq-mtx-diag g = (diag . f i *
919
by (simp add: matriz-mul-diag-diag sq-mtz-diag.abs-eq times-sq-mtz.abs-eq)

lemma sg-mtz-mult-diagl: (diag i. fi) x A = to-mtx (x ij. fi*x A$%¢$ )
by transfer (simp add: matriz-mul-diag-matl)

lemma sq-mtz-mult-diagr: A x (diag i. fi) = to-miz (x ij. A$$ 18 j = f7)
by transfer (simp add: matriz-matriz-mul-diag-matr)

lemma mtz-vec-mult-0l[simp]: 0 vy = = 0
by (simp add: sq-mtz-vec-mult.abs-eq zero-sq-mix-def)

lemma mtz-vec-mult-0r[simp]: A xy 0 = 0
by (transfer, simp)

lemma mtz-vec-mult-add-rdistr: (A + B) xy £ = Ay  + B xy x
unfolding plus-sq-mtz-def

apply (transfer)
by (simp add: matriz-vector-mult-add-rdistrib)

lemma mtz-vec-mult-add-rdistl: A xy (z + y) = A xy x + A xy y
unfolding plus-sq-mtz-def
apply transfer
by (simp add: matriz-vector-right-distrib)

lemma mtz-vec-mult-minus-rdistrib: (A — B) xy x = A*y © — By «
unfolding minus-sq-mtz-def by (transfer, simp add: matriz-vector-mult-diff-rdistrib)

lemma mtz-vec-mult-minus-ldistrib: A xy (z — y) = Axy o — Axy y
by (metis (no-types, lifting) add-diff-cancel diff-add-cancel

matriz-vector-right-distrib sq-mtxz-vec-mult.rep-eq)

lemma sq-mtz-times-vec-assoc: (A * B) xy x = A xy (B xy x)
by (transfer, simp add: matriz-vector-mul-assoc)

lemma sg-mtz-vec-mult-sum-cols: A xy x = sum (Ai.  $ ¢ xg col i A) UNIV
by (transfer) (simp add: matriz-mult-sum scalar-mult-eg-scaleR)
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4.3 Real normed vector space of square matrices

instantiation s¢-mtx :: (finite) real-normed-vector
begin

definition norm-sg-mtz :: ‘a sg-mtx = real where || A| = ||to-vec Al|op
lift-definition scaleR-sq-mtz :: real = 'a sq-mitz = 'a sq-mitz is scaleR .

definition sgn-sq-mtz :: 'a sq¢-mix = 'a sq-mix
where sgn-sg-mixz A = (inverse (||A]])) *r A

definition dist-s¢-mtz :: 'a s¢-mtz = 'a s¢-mix = real
where dist-s¢-mtz A B = ||A — B

definition uniformity-sq-mtz :: (‘a sg-miz x 'a sqg-mtzx) filter
where uniformity-s¢-mtx = (INF ec{0<..}. principal {(z, y). dist x y < e})

definition open-sq-mtz :: ‘a sg-miz set = bool
where open-s¢-mitz U = (VzeU. V r (2', y) in uniformity. 2’ = ¢ — y € U)

instance apply intro-classes
unfolding sgn-sq-mtz-def open-sq-mix-def dist-sq-mitx-def uniformity-sq-mix-def
prefer 10
apply (transfer, simp add: norm-sq-mtz-def op-norm-triangle)
prefer 9
apply(simp-all add: norm-sg-mtz-def zero-sq-mtz-def op-norm-eg-0)
by (transfer, simp add: norm-sq-mtz-def op-norm-scaleR algebra-simps)+

end

lemma sg-mtz-scaleR-eq: ¢ xg A = to-mtz (x ij. c xp A$$ i $ j)
by transfer (simp add: vec-eq-iff)

lemma scaleR-to-mitz-ith[simp|: ¢ xg (to-miz A) $$ i1 $i2 =cx A $ i1 $ 2
by transfer (simp add: scaleR-vec-def)

lemma sq-mtz-scaleR-ith[simp|: (c xg A) $$ i = (¢ *r (4 $3$ 1))
by (unfold scaleR-sq-mta-def, transfer, simp)

lemma scaleR-sq-mitz-diag: ¢ xg sq¢-miz-diag f = (diag i. ¢ * f i)
by (subst sq-mtz-eq-iff, simp add: axis-def)

lemma scaleR-mtz-vec-assoc: (¢ xg A) *y x = ¢ *xg (A *y )
unfolding scaleR-sq-mtz-def sq-mtz-vec-mult-def apply simp
by (simp add: scaleR-matriz-vector-assoc)

lemma mtz-vec-scaleR-commute: A xy (¢ g ) = ¢ *r (A *y )

unfolding scaleR-sq-mitz-def sq-miz-vec-mult-def apply(simp, transfer)
by (simp add: vector-scaleR-commute)
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lemma mtz-times-scaleR-commute: A x (¢ *g B) = ¢ xg (A * B) for A:('n::finite)
sq-mix

unfolding sq-mtz-scaleR-eq sq-mtz-times-eq

apply(simp add: to-mtz-inject)

apply(simp add: vec-eg-iff fun-eq-iff)

by (simp add: semiring-normalization-rules(19) vector-space-over-itself .scale-sum-right)

lemma le-mtz-norm: m € {||A *v z| |z. ||z]| = 1} = m < ||4]|
using cSup-upper|of - {||(to-vec A) xv x| | z. ||z|]| = 1}]
by (simp add: op-norm-set-proptys(2) op-norm-def norm-sq-miz-def sq-miz-vec-mult.rep-eq)

lemma norm-vec-mult-le: ||A v z|| < (||A]]) * (||=])
by (simp add: norm-matriz-le-mult-op-norm norm-sq-miz-def sq-mtz-vec-mult.rep-eq)

lemma bounded-bilinear-sg-miz-vec-mult: bounded-bilinear (AA s. A xy s)
apply (rule bounded-bilinear.intro, simp-all add: mtz-vec-mult-add-rdistr
miz-vec-mult-add-rdistl scale R-mtz-vec-assoc mtz-vec-scaleR-commute)

by (rule-tac z=1 in ezl, auto intro!: norm-vec-mult-le)

lemma norm-sqg-mtz-def2: ||A|| = Sup {||4 *v z|| |z. ||z| = 1}
unfolding norm-sq-mtz-def op-norm-def sq-mtz-vec-mult-def by simp

lemma norm-sqg-mtz-def3: ||A|| = (SUP z. (|4 *v =) / (||z]))
unfolding norm-sq-mtz-def onorm-def sq-mtz-vec-mult-def by simp

lemma norm-sq-mtz-diag: ||sg-mtz-diag f|| = Maz {|f i| |i. i € UNIV}
unfolding norm-sq-miz-def apply transfer
by (rule op-norm-diag-mat-eq)

lemma sg-mtz-norm-le-sum-col: |A|| < (- i€ UNIV. ||col i A|)
using op-norm-le-sum-column|of to-vec A]
apply(simp add: norm-sq-mtz-def)
by (transfer, simp add: op-norm-le-sum-column)

lemma norm-le-transpose: ||A| < ||Af||
unfolding norm-sq-mtz-def by transfer (rule op-norm-le-transpose)

lemma norm-eg-norm-transpose[simp]: | AT|| = || A
using norm-le-transpose|of A] and norm-le-transpose[of At] by simp

lemma norm-column-le-norm: ||A $$ i|| < ||A]l
using norm-vec-mult-le[of AT e i] by simp

4.4 Real normed algebra of square matrices

instantiation s¢-mtx :: (finite) real-normed-algebra-1
begin
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lift-definition one-sg-miz :: 'a s¢-mix is to-mtz (mat 1) .

lemma sq-mtz-one-idty: 1 x A=A Ax 1 = A for A :: 'a sq-mix
by (transfer, transfer, unfold mat-def matriz-matriz-mult-def , simp add: vec-eq-iff )+

lemma sg-mtz-norm-1: ||(1::'a sg-mizx)|| = 1
unfolding one-sq-mtz-def norm-sq-mtz-def
apply(simp add: op-norm-def)
apply (subst cSup-eq|of - 1])
using ez-norm-eg-1 by auto

lemma sq-mtz-norm-times: ||A x B|| < (||A|]) = (||B]]) for A :: 'a sg-mtx
unfolding norm-sg-miz-def times-sq-mta-def by (simp add: op-norm-matriz-matriz-mult-le)

instance

apply intro-classes

apply(simp-all add: sq-mtz-one-idty sq-mtz-norm-1 sg-mtz-norm-times)

apply (simp-all add: to-mtz-inject vec-eq-iff one-sq-mta-def zero-sq-miz-def mat-def)
by (transfer, simp add: scalar-matriz-assoc matriz-scalar-ac)+

end

lemma sq-mitz-one-ith-simps[simpl: 1 $$ i$i=1i#j=183:i$5=10
unfolding one-sq-mtz-def mat-def by simp-all

lemma of-nat-eq-sq-mtz-diag[simpl: of-nat m = (diag i. m)
by (induct m) (simp, subst sqg-mtz-eq-iff, simp add: axis-def)+

lemma mtz-vec-mult-1[simp|: 1 xy s = s
by (auto simp: sq-mtz-vec-mult-def one-sq-mtz-def
mat-def vec-eg-iff matriz-vector-mult-def)

lemma sq-mtz-diag-one[simp): (diag . 1) = 1
by (subst sq-mitz-eq-iff, simp add: one-sq-miz-def mat-def axis-def)

abbreviation mitz-invertible A = invertible (to-vec A)

lemma mitz-invertible-def: mtz-invertible A +— (A A’x A=1NAxA'=1)

apply (unfold sq-mitz-inv-def times-sq-mtz-def one-sq-mta-def invertible-def, clar-
simp, safe)

apply(rule-tac x=to-mtzx A’ in exl, simp)

by (rule-tac z=to-vec A’ in exl, simp add: to-mtz-inject)
lemma mtz-invertiblel:

assumes A x B=1 and Bx A =1

shows mtz-invertible A

using assms unfolding miz-invertible-def by auto

lemma mitz-invertible D[simp]:
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assumes miz-invertible A

shows A= ' x A=7and A+« A1 =1

apply (unfold sq-mtz-inv-def times-sq-mtz-def one-sg-miz-def)
using assms by simp-all

lemma mtz-invertible-inv[simp|: mtz-invertible A = mtz-invertible (A1)
using mitz-invertibleD mtx-invertiblel by blast

lemma mta-invertible-one[simp|: miz-invertible 1
by (simp add: one-sq-mitz.rep-eq)

lemma sg-mtz-inv-unique:
assumes A x B=1 and Bx A =1
shows A=! = B
by (metis (no-types, lifting) assms mtz-invertibleD(2)
mtz-invertiblel mult.assoc sq-mtx-one-idty(1))

lemma sg-mtz-inv-idempotent|simp: mtz-invertible A = A=171 = A
using mitz-invertibleD sq-mtz-inv-unique by blast

lemma sqg-mtz-inv-mult:
assumes mitz-invertible A and mtz-invertible B
shows (A x B)™! = B~ 1 x A~
by (simp add: assms matriz-inv-matriz-mul sq-miz-inv-def times-sq-mtz-def)

lemma sq-mtz-inv-one[simp|: 1-1 = 1
by (simp add: sq-miz-inv-unique)

definition similar-sg-mtz :: ('n:finite) sg-mtz = 'n s¢-mitx = bool (infixr <~
25)
where (A ~ B) «— (3 P. mtz-invertible P N A = P~1 x B x P)

lemma similar-sqg-mtax-matriz: (A ~ B) = similar-matriz (to-vec A) (to-vec B)
apply(unfold similar-matriz-def similar-sq-mitz-def, safe)
apply (metis sq-mtz-inv.rep-eq times-sg-miz.rep-eq)
by (metis UNIV-I sq-mtz-inv.abs-eq times-sq-miz.abs-eq to-mtz-inverse to-vec-inverse)

lemma similar-sq-mta-refl[simp]: A ~ A
by (unfold similar-sq-mitz-def, rule-tac z=1 in exl, simp)
lemma similar-sq-mtz-simm: A ~ B=— B ~ A
apply (unfold similar-sg-mtz-def, clarsimp)
apply(rule-tac z=P~! in exl, simp add: mult.assoc)

by (metis mtz-invertibleD(2) mult.assoc mult.left-neutral)

lemma similar-sq-mtz-trans: A~ B=— B~ (C = A~ C
unfolding similar-sq-mtz-matriz using similar-matriz-trans by blast

lemma power-sg-mitz-diag: (sq-mtz-diag f) n = (diag i. fi™n)
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by (induct n, simp-all)

lemma power-similiar-sq-mtx-diag-eq:
assumes mtz-invertible P
and A = P~! x (s¢g-mtz-diag f) * P
shows A™n = P~! % (diag i. fi"n) x P
proof (induct n, simp-all add: assms)
fix n:nat
have P~! x sg-mta-diag f * P (P~! x (diag i. fi "n) x P) =
P~ x sg-mta-diag f * (diag 7. fi ~n) x P
by (metis (no-types, lifting) assms(1) miz-invertibleD(2) mult.assoc mult.right-neutral)
also have ... = P~ % (diag i. fi x fi "n) * P
by (simp add: mult.assoc)
finally show P~! x s¢-mtaz-diag f x P x (P~' x (diag i. fi " n) * P) =
P~lx (diag . fix fi "n) x P.
qed

lemma power-similar-sq-mtz-diag:
assumes A ~ (s¢-miz-diag f)
shows A™n ~ (diag i. fin)
using assms power-similiar-sq-miz-diag-eq
unfolding similar-sq-mtz-def by blast

4.5 Banach space of square matrices

lemma Cauchy-cols:
fixes X :: nat = (‘a::finite) s¢-mtx
assumes Cauchy X
shows Cauchy (An. col i (X n))
proof(unfold Cauchy-def dist-norm, clarsimp)
fix e::real assume € > 0
then obtain M where M-def:Y m>M.V¥n>M. [ X m — X n| < ¢
using «Cauchy X unfolding Cauchy-def by (simp add: dist-sq-mtz-def) metis
{fix m n assume m > M and n > M
hence ¢ > [|[X m — X n||
using M-def by blast
moreover have || X m — X n|| > [|(X m — X n) xy e |
by (rule le-mtz-norm[of - X m — X n], force)

moreover have |[[(Xm — X n) xy e || = [ X m*y e i — X nxy e i
by (simp add: mtz-vec-mult-minus-rdistrib)
moreover have ... = ||col ¢ (X m) — col 7 (X n)||

by (simp add: mtz-vec-mult-minus-rdistrib mtz-vec-mult-canon)
ultimately have |col ¢ (X m) — col ¢ (X n)|| < ¢
by linarith}
thus 3IM. Vm>M.Vn>M. |jcol i (X m) —col i (X n)|| < e
by blast
qed

lemma col-convergence:
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assumes Vi. (An. col i (X n)) — L§ i
shows X — to-mizx (transpose L)
proof(unfold LIMSEQ-def dist-norm, clarsimp)
let ?L = to-mtx (transpose L)
let a = CARD('a) fix e::real assume ¢ >
hence € / %a > 0 by simp
hence Vi. 3 N.Vn>N. |col i (X n) — L$i|| <e/%
using assms unfolding LIMSEQ-def dist-norm convergent-def by blast
then obtain N where Vi. Vn>N. |col i (X n) — L $i|| <e&/%
using finite-nat-minimal-witness[of A i n. ||col ¢ (X n) — L $ i|| < e/%a] by
blast
also have Ain. (col { (X n) — L$ i) = (col i (Xn— ?L))
unfolding minus-sq-mtz-def by(transfer, simp add: transpose-def vec-eq-iff
column-def)
ultimately have N-def:Vi. Vn>N. |jcol i (X n — ?L)|| < e/%a
by auto
have Vn>N. [|[Xn — ?2L|| < ¢
proof(rule alll, rule impl)
fix n::nat assume N < n
hence V i. |col i (X n — ?L)|| < ¢/%a
using N-def by blast
hence (> i€ UNIV. ||col i (X n — 2L)||) < (3 (i::’a)e UNIV. ¢/ ?a)
using sum-strict-mono[of - Ai. ||col ¢ (X n — ?L)||] by force
moreover have || X n — ?L|| < (3 ¢€UNIV. |col i (X n — ?L)]|)
using sq¢-mtz-norm-le-sum-col by blast
moreover have (> (i::'a)€UNIV. e/ %a) = ¢
by force
ultimately show || X n — ?L|| < ¢
by linarith
qed
thus 3no. Vn>no. | X n — 7L < e
by blast
qed

instance sqg-mtz :: (finite) banach
proof(standard)
fix X :: nat = 'a s¢-mizx
assume Cauchy X
hence Ai. Cauchy (An. col i (X n))
using Cauchy-cols by blast
hence obs: Vi. 3! L. (An. col i (X n)) — L
using Cauchy-convergent convergent-def LIMSEQ-unique by fastforce
define L where L = (x 4. lim (An. col i (X n)))
hence Vi. (An. col i (X n)) — L $ i
using obs thel-unique[of AL. (An. col - (X n)) — L L $ -] by (simp add:
lim-def)
thus convergent X
using col-convergence unfolding convergent-def by blast
qed
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lemma exp-similiar-sq-mtx-diag-eq:
assumes mtz-invertible P
and A = P! x (diag 7. fi) * P
shows exp A = P~! x exp (diag i. fi) x P
proof(unfold exp-def power-similiar-sq-mtz-diag-eq OF assms])
have (> n. P~ x (diag i. fi " n) * P /g fact n) =
(>>n. P~Y x ((diag 4. fi " n) /gr fact n) x P)
by simp
also have ... = (3. n. P~ % ((diag i. fi ~n) /g fact n)) * P
apply (subst suminf-multr| OF bounded-linear.summable] OF bounded-linear-mult-right]])
unfolding power-sg-mtz-diag[symmetric] by (simp-all add: summable-exp-generic)
also have ... = P~! x (Y. n. (diag 4. fi " n) /gr fact n) x P
apply (subst suminf-mult[of - P~1])
unfolding power-sq-miz-diag[symmetric)
by (simp-all add: summable-exp-generic)
finally show (3. n. P~ x (diag i. fi "n) * P /g fact n) =
P~ % (3> n. sg¢-mtz-diag f " n /g fact n) x P
unfolding power-sq-mtz-diag by simp
qed

lemma exp-similiar-sq-mtz-diag:
assumes A ~ sg-mitz-diag f
shows exp A ~ exp (sg-miz-diag f)
using assms exp-similiar-sq-mtz-diag-eq
unfolding similar-sq-mtz-def by blast

lemma suminf-sq¢-mtz-diag:
assumes Vi. (An. fn i) sums (suminf (An. fn 7))
shows (3" n. (diag i. fn 1)) = (diag i. Y n. fn i)
proof (rule suminfI, unfold sums-def LIMSEQ-iff, clarsimp simp: norm-sq-mtz-diag)
let 2g = Ani. [O_n<n. fni)— (O n. fni)
fix r::real assume r > 0
have Vi. dno. Vn>no. 9gni <r
using assms <r > 0» unfolding sums-def LIMSEQ-iff by clarsimp
then obtain N where key: Vi. Vn>N. %gni<r
using finite-nat-minimal-witness[of Ai n. ?g n i < r] by blast
{fix n:nat
assume n > N
obtain i where i-def: Max {z. 3i. 2 = gni} = %gni
using cMaz-finite-ex[of {z. i. = ?g n i}] by auto
hence %gni<r
using key <n > N> by blast
hence Maz {z. i.x = %gni} <r
unfolding i-def[symmetric] .}
thus IN. Vn>N. Maz {z. 3i. 2 = %gni} <r
by blast
qed
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lemma exp-sg-miz-diag: exp (sq-miz-diag f) = (diag i. exp (f 7))
apply(unfold exp-def, simp add: power-sqg-mta-diag scaleR-sq-mtz-diag)
apply(rule suminf-sq-mtz-diag)
using exp-converges|of f -]
unfolding sums-def LIMSEQ-iff exp-def by force

lemma exp-scaleR-diagonall:
assumes mtz-invertible P and A = P~ x (diag i. f4) * P
shows exp (t xg A) = P~1 x (diag i. exp (t * fi)) x P
proof—
have exp (t xp A) = exp (P~ * (t xgr sg-mtz-diag f) * P)
using assms by simp
also have ... = P~ x (diag 4. exp (t * fi)) * P
by (metis assms(1) exp-similiar-sq-mta-diag-eq exp-sq-miz-diag scaleR-sq-mtx-diag)
finally show exp (t xg A) = P~ x (diag 4. exp (t * fi)) * P .
qed

lemma exp-scaleR-diagonal?2:
assumes mtz-invertible P and A = P x (diag . fi) * P~!
shows exp (t xg A) = P * (diag . exp (t * fi)) * P~1
apply (subst sg-mtz-inv-idempotent[OF assms(1), symmetric])
apply(rule exp-scaleR-diagonall )
by (simp-all add: assms)

4.6 Examples

definition mizx A = to-mix (vector (map vector A))

lemma vector-nth-eq: (vector A) $ i = foldr Az fn. (f (n+ 1))(n:=2z)) A (An
x. 0) 114
unfolding vector-def by simp

lemma mtz-ith-eq[simp): mtx A $3 i $ j = foldr (A\z fn. (f (n + 1))(n = 2))
(map (Al. vec-lambda (foldr Az fn. (f (n+ 1))(n:=2z)) I (Anz. 0) 1)) A) (An
z.0)1i8$j
unfolding mtz-def vector-def by (simp add: vector-nth-eq)

4.6.1 2x2 matrices

lemma mtx2-eq-iff: (mtx
(a1, b1] #
[c1, d1] # []) = 2 s¢-miz) = miz
(a2, b2) #
[c2,d2] # ) «— al = a2 ANbl =b2 ANcl =c2 Adl =d2
apply(simp add: sq-miz-eq-iff, safe)
using ezhaust-2 by force+

lemma miz2-to-mtx: mtx

([a, O] #
[e, d] # []) =
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to-mtx (x @ j::2. if i=1 A j=1 then a
else (if i=1 A j=2 then b

else (if i=2 A j=1 then ¢

else d)))

apply (subst sg-mtz-eq-iff)

using ezhaust-2 by force

abbreviation diag?2 :: real = real = 2 sq¢-mtz
where diag2 11 1o = miz
([[’17 0} #
[Ov [/2] # H)

lemma diag2-eq: diag2 (v 1) (v 2) = (diag 4. ¢ ©)
apply(simp add: sq-miz-eq-iff)
using ezhaust-2 by (force simp: axis-def)

lemma one-miz2: (1::2 s¢-mitzx) = diag2 1 1

apply(subst sq-mtz-eq-iff)
using ezhaust-2 by force

lemma zero-mtx2: (0::2 s¢-mitzx) = diag2 0 0
by (simp add: sq-mitz-eq-iff)

lemma scaleR-mtx2: k xgp mtx
([a, 0] #
[e, d] # []) = mtx
([kxa, kxb] #

[kxc, kxd) # [])
by (simp add: sq-miz-eg-iff)

lemma uminus-mtx2: —mtz
([a, b] #
e, d] # [) = (mtz
([7@, *b] #
[—c, =d] # [])::2 sg-mtx)
by (simp add: sq-mtz-uminus-eq sq-mtz-eq-iff)

lemma plus-mtx2: mtz

([at, b1) #

[cl, dI] # []) + miz

([a2, b2] #

[c2, d2] # []) = ((mix

([al+a2, b14b2] #
[c1+c2, dI+d2] # []))::2 s¢-mix)
by (simp add: sq-mitz-eq-iff)

lemma minus-mtx2: miz

([al, b1] #
[c1, dI] # [)) — miz
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([a2, b2] #

[c2, d2] # [) = ((mta

([al—a2, b1—02] #

[c1—c2, d1—d2] # []))::2 sq-mix)
by (simp add: sq-mtz-eq-iff)

lemma times-mtz2: mix
(a1, b1) #
[e1, d1] # []) * mtx
([a2, b2] #
[c2, d2] # []) = ((miz
([al*a2+b1xc2, al*xb2+b1*d2] #
[c1xa2+d1xc2, c1xb2+4d1*d2] # []))::2 s¢-mix)
unfolding sq-mitz-times-eq UNIV-2
by (simp add: sq-mtz-eq-iff)

4.6.2 3x3 matrices

lemma mtz3-to-mtr: mix
([a11, a12, a13] #
[a21, a2, a23] #
laz1, a3z, azs3] # []) =
to-mix (x ©j::8. if i=1 A j=1 then a1
else (if i=1 A j=2 then a2
else (if i=1 A j=3 then a3
else (if i=2 A j=1 then a2
else (if i=2 A j=2 then ags
else (if i=2 A j=3 then ags
else (if i=8 A j=1 then as1
else (if i=38 A j=2 then ags
else az3))))))))
apply(simp add: sq-miz-eq-iff)
using ezhaust-3 by force

abbreviation diag3 :: real = real = real = 3 sq¢-mix
where diag3 11 12 13 = mix
([Llﬁ 0, 0] #
[0, L2, 0} #
[0, 0, ] # ()

lemma diag3-eq: diag3 (v 1) (¢ 2) (v 8) = (diag 4. ¢ ©)
apply(simp add: sq-mtz-eq-iff)
using ezhaust-3 by (force simp: azis-def)

lemma one-mitz3: (1::8 s¢-miz) = diag3 1 1 1
apply (subst sg-mtx-eq-iff)

using ezhaust-3 by force

lemma zero-mtz3: (0::3 sq¢-mizx) = diag3 0 0 0
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by (simp add: sq-miz-eq-iff)

lemma scaleR-mtz3: k *p mic
([a11, a12, a13] #
la21, a2z, a23] #
las1, a3z, ass] # []) = mtz
([k*all, k*alg, k*alg] #
[]{7*(121, k*(1227 k*(lgg} #
[k*agl, k*(132, k*agg} # [])
by (simp add: sq-mtz-eq-iff)

lemma plus-mtz3: mtzx
([allv ai2, (113} #
[a21, a2z, a3] #
las1, a3z, ass] # []) + mtz
([b11, bi2, bis] #
[b21, baa, bag] #
[b31, b2, bas] # []) = (mtz
([ar1+b11, ar12+b12, arz+bi3] #
[a21+b21, a20+Dba2, azs+bas] #
[a314D31, aza+Db32, azz+b33] # [])::3 sq-mix)
by (subst sg-mtz-eq-iff) simp

lemma minus-mtz3: mtz

([a11, a12, a13] #

la21, a2, az3] #

[a31, a32, az3] # [|) — miz

([b11, bi2, bis] #

[b21, ba2, bas] #
[b31, b3z, bas] # []) = (mtz
([ar1—=b11, a12—b12, a13—b13] #
[a21—b21, a22—522, a23—523] #
la31—031, aza—b32, az3—b33] #
by (simp add: sq-mtz-eq-iff)

[)::8 sg-mix)

lemma times-mtx3: mix

([a11, a12, a13] #

[a21, a2, 023] s

las1, a2, azs] # [|) * mix

([b11, D12, b13] #

[b21, bag, bas] #

[b31, b3z, bas] # [|) = (mtz
([a11%b11+a12%b21+a13%b31, a11%b1a+a12%bao+a13%b32, a11%b13+a12%bag+ar3*bss]

s

[a21%b11+a22%bo1+a23%b31, G21%bio+a22%bao+as3*b3a, az1%bi3+ago%bag+ass*bss)
#

[az1%b11+ag2%ba1+ag3*bs1, az1*bio+aszokbao+ags*bsa, agi*biz+aza*xbaz+assxbss]
# [])::3 sg-mtx)

unfolding sg-mitz-times-eq
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unfolding UNIV-3 by (simp add: sq-mtz-eq-iff)

end

5 Affine systems of ODEs

Affine systems of ordinary differential equations (ODEs) are those whose
vector fields are linear operators. Broadly speaking, if there are functions
A and B such that the system of ODEs X't = f (X ) turns into X't =
(At)- (X t)+ (Bt), then it is affine. The end goal of this section is to prove
that every affine system of ODEs has a unique solution, and to obtain a
characterization of said solution.

theory MTX-Flows
imports
SQ-MTX
Hybrid-Systems-VCs. HS-ODEs

begin

5.1 Existence and uniqueness for affine systems

definition matriz-continuous-on :: real set = (real = (‘a::real-normed-algebra-1) "n""m)
= bool

where matriz-continuous-on TA = NVt € T.Ve > 0.3 § > 0.V7eT. |t —
<6 —|[AT — At]op <e)

lemma continuous-on-matriz-vector-multl:
assumes matriz-continuous-on T A
shows continuous-on T (\t. A t xv s)
proof(rule continuous-onl, simp add: dist-norm)
fix e t::real assume 0 < eand t € T
let % = e/(||(if s = 0 then 1 else s)]|)
have % > 0
using <0 < e» by simp
then obtain § where dHyp: 6 > 0 A (VT€T. |71 —t| <6 — ||AT — A t]op
< %)
using assms <t € T» unfolding dist-norm matriz-continuous-on-def by fast-
force
{fix 7 assume 7 € T and |7 — t| < §
have obs: % « (||s]|) = (if s = 0 then 0 else e)
by auto
have |AT+vs — Atxvs||=|[(AT — A L) *v s
by (simp add: matriz-vector-mult-diff-rdistrib)
also have ... < (JJA 7 — A t]lop) * (|Is])
using norm-matriz-le-mult-op-norm by blast
also have ... < % * (||s]])
using dHyp «t € T» |7 — t| < & mult-right-mono norm-ge-zero by blast
finally have |[A7xvs — At xvs| <e
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by (subst (asm) obs) (metis (mono-tags) <0 < e» less-eq-real-def order-trans)}
thus 3d>0.V7eT. |71 —t|<d — ||[AT7*xvs — Atxvs|| <e
using dHyp by blast
qed

lemma lipschitz-cond-affine:
fixes A :: real = ’'a::real-normed-algebra-1""n"'m and T::real set
defines L = Sup {||A t|lop |t. t € T}
assumes t € T and bdd-above {||4 t|op |t t € T}
shows ||[Atxve — Atxvy| < Lx*(|lz—y|)
proof—
have obs: |4 t|lop < Sup {||4 tlop |t- t € T}
apply(rule cSup-upper)
using continuous-on-subset assms by (auto simp: dist-norm)
have ||[Atxvz — At xvy|| = ||A t xv (z — y)||
by (simp add: matriz-vector-mult-diff-distrib)
also have ... < (||A t]lop) * (lz — yl)
using norm-matriz-le-mult-op-norm by blast
also have ... < Sup {||4 t|lop |t. t € T} = (|lz — yl|)
using obs mult-right-mono norm-ge-zero by blast
finally show [[A t xvax — At xvyl| < Lx* (|lz — y|)
unfolding assms .
qed

lemma local-lipschitz-affine:
fixes A :: real = ’'a::real-normed-algebra-1""n"'m
assumes open T and open S
and Ahyp: Nt e.e > 0 =717 € T = cball T ¢ C T = bdd-above {||A4 t||op
|t. t € cball T £}
shows local-lipschitz T S (At's. At *vs+ Bt)
proof (unfold local-lipschitz-def lipschitz-on-def, clarsimp)
fix st assume s € Sand t € T
then obtain el e2 where cball t e1 C T and cball s e2 C S and min el e2 >
0
using open-cballE[OF - <open T>] open-cballE[OF - <open S»] by force
hence obs: cball t (min el e2) C T
by auto
let 2L = Sup {||A 7|lop |T. T € cball t (min el e2)}
have [|A t]lop € {||A Tllop |T. T € cball t (min el e2)}
using <min el e2 > 0) by auto
moreover have bdd: bdd-above {||4 T||op |7 T € cball t (min el e2)}
by (rule Ahyp, simp only: <min el e2 > 0>, simp-all add: <t € T»> obs)
moreover have Sup {||A 7|op |7. 7 € cball t (min el e2)} > 0
apply (rule order.trans|OF op-norm-ge-0[of A t]])
by (rule cSup-upper[OF calculation))
moreover have Vzeccball s (min el e2) N S. Vyecball s (min el e2) N S.
Vrecball t (min el e2) N T. dist (AT xvzx) (AT xvy) < 2L * distxy
apply(clarify, simp only: dist-norm, rule lipschitz-cond-affine)
using (min el e2 > 0> bdd by auto
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ultimately show de>0. IL. Viccballt enN T. 0 < L A
(Vzecball s e N S.Vyechall s e N S. dist (At xvzx) (At*vy) <L« dist zy)
using <min el e2 > 0) by blast
qed

lemma picard-lindeloef-affine:
fixes A :: real = 'a::{banach,real-normed-algebra-1,heine-borel} ~'n"'n
assumes Ahyp: matriz-continuous-on T A
and At e. 7 € T = ¢ > 0 = bdd-above {||A t|op |t. dist T ¢t < &}
and Bhyp: continuous-on T B and open S
and ¢y € T and Thyp: open T is-interval T
shows picard-lindeloef (A ts. Atxvs+ Bt) TSty
apply (unfold-locales, simp-all add: assms, clarsimp)
apply (rule continuous-on-add[OF continuous-on-matriz-vector-multl OF Ahyp)

Bhyp])
by (rule local-lipschitz-affine) (simp-all add: assms)

lemma picard-lindeloef-autonomous-affine:
fixes A :: 'a::{banach,real-normed-field,heine-borel} “'n"'n
shows picard-lindeloef (A ts. A xv s+ B) UNIV UNIV t,
using picard-lindeloef-affine[of - At. A \t. B]
unfolding matriz-continuous-on-def by (simp only: diff-self op-norm0, auto)

lemma picard-lindeloef-autonomous-linear:
fixes A :: ‘a::{banach,real-normed-field,heine-borel} “'n"'n
shows picard-lindeloef (X t. (xv) A) UNIV UNIV t,
using picard-lindeloef-autonomous-affine[of A 0] by force

lemmas unique-sol-autonomous-affine = picard-lindeloef .ivp-unique-solution| OF
picard-lindeloef-autonomous-affine UNIV-I - subset-UNIV]

lemmas unique-sol-autonomous-linear = picard-lindeloef .ivp-unique-solution| OF
picard-lindeloef-autonomous-linear UNIV-I - subset-UNIV]

5.2 Flow for affine systems

5.2.1 Derivative rules for square matrices

declare has-derivative-component [simp del]

lemma has-derivative-exp-scaleRl|derivative-intros|:
fixes f::real = real
assumes D f — [’ at t within T
shows D (At. exp (ft xg A)) — (Mh. f" h g (exp (ft xg A) * A)) at t within T
proof —
have bounded-linear f'
using assms by auto
then obtain m where obs: f' = (Ah. h * m)
using real-bounded-linear by blast
thus ?thesis
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using vector-diff-chain-within[OF - exp-scaleR-has-vector-derivative-right]
assms obs by (auto simp: has-vector-derivative-def comp-def)
qed

lemma vderiv-on-exp-scaleRII [poly-derivatives]:

assumes D f = f'on T and g’ = (A\z. f' x *g exp (fz xg A) x A)

shows D (A\z. exp (fz xg A)) =g’ on T

using assms unfolding has-vderiv-on-def has-vector-derivative-def apply clar-
stmp

by (rule has-derivative-exp-scaleRl, auto simp: fun-eq-iff)

lemma has-derivative-mtz-ith|derivative-intros|:

fixes t::real and T :: real set

defines ty = netlimit (at t within T')

assumes D A — (Ah. h xg A’ t) at t within T

shows D (At. At 83 i) — (Ah. hxg A’ ¢ $$ 4) at t within T

using assms unfolding has-derivative-def apply safe

apply(force simp: bounded-linear-def bounded-linear-axioms-def)

apply(rule-tac F=Ar. (A7 — Aty — (1 — to) *r A’ t) /r (|7 — to]) in
tendsto-zero-norm-bound)

by (clarsimp, rule mult-left-mono, metis (no-types, lifting) norm-column-le-norm

sq-mitxz-minus-ith sq-mtz-scaleR-ith) simp-all

lemmas has-derivative-mtz-vec-mult[derivative-intros] =
bounded-bilinear. FDERIV[OF bounded-bilinear-sq-mtz-vec-mult]

lemma vderiv-on-mtz-vec-multl [poly-derivatives]:
assumes Du=u"on Tand DA =A"on T
and g = (Mt. Atxy u' t+ At sy ut)
shows D (A\t. At xy ut)=gon T
using assms unfolding has-vderiv-on-def has-vector-derivative-def apply clarify
apply(erule-tac =z in ballE, simp-all)+
apply(rule derivative-eg-intros)
by (auto simp: fun-eq-iff mtz-vec-scaleR-commute pth-6 scaleR-miz-vec-assoc)

lemmas has-vderiv-on-ivl-integral = i-integral-has-vderiv-on| OF vderiv-on-continuous-on]
declare has-vderiv-on-ivl-integral [poly-derivatives]

lemma has-derivative-miz-vec-multl[derivative-intros):

assumes A\ ij. D (M. (At) $8 i 8 j) — (\r. 7 xg (A" t) $$ ¢ $ j) (at t within
7)

shows D (At. A t xy z) — (AT. 7 g (A’ t) *y z) at t within T

unfolding sq¢-mtz-vec-mult-sum-cols

apply(rule-tac f'1=Xi 7. 7 xg (x $ @ xg col i (A’ t)) in derivative-eq-intros(10))

apply(simp-all add: scaleR-right.sum)

apply (rule-tac g'1=A7. 7 xg col i (A’ t) in derivative-eg-intros(4 ), simp-all add:
mult.commute)
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using assms unfolding sg-mitx-col-def column-def
by (transfer, simp add: has-derivative-component)

declare has-derivative-component [simp)

lemma continuous-on-mitz-vec-multr: continuous-on S ((xy) A)
by transfer (simp add: matriz-vector-mult-linear-continuous-on)

Isabelle automatically generates derivative rules from this subsubsection

thm derivative-eg-intros(140—)

5.2.2 Existence and uniqueness with square matrices

Finally, we can use the exp operation to characterize the general solutions
for affine systems of ODEs. We show that they satisfy the local-flow locale.

lemma continuous-on-sq-mtx-vec-multl:
fixes A :: real = ('n::finite) sg-mtx
assumes continuous-on T A
shows continuous-on T (At. A t xy s)
proof—
have matriz-continuous-on T (At. to-vec (A t))
using assms by (force simp: continuous-on-iff dist-norm norm-sq-mtx-def ma-
triz-continuous-on-def)
hence continuous-on T (At. to-vec (A t) *v s)
by (rule continuous-on-matriz-vector-multl)
thus ?thesis
by transfer
qed

lemmas continuous-on-affine = continuous-on-add|[OF continuous-on-sq-mitz-vec-multl]

lemma local-lipschitz-sq-mix-affine:
fixes A :: real = ('n::finite) sq-mtx
assumes continuous-on T A open T open S
shows local-lipschitz T S (At s. At xy s+ Bt)
proof—
have obs: AT e. 0 <e = 7€ T = cball T ¢ C T = bdd-above {||A t| |t.
t € chall T e}
by (rule bdd-above-norm-cont-comp, rule continuous-on-subset|OF assms(1)],
simp-all)
hence A7 e. 0 <e = 7€ T = chall 7 ¢ C T = bdd-above {||to-vec (A
Ollop |t t € cball T e}
by (simp add: norm-sq-mta-def)
hence local-lipschitz T S (At s. to-vec (A t) xv s + B t)
using local-lipschitz-affine[OF assms(2,3), of At. to-vec (A t)] by force
thus ?thesis
by transfer
qed
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lemma picard-lindeloef-sq-mtz-affine:
assumes continuous-on T A and continuous-on T B
and ty € T is-interval T open T and open S
shows picard-lindeloef (At s. Atxy s+ Bt) TSty
apply(unfold-locales, simp-all add: assms, clarsimp)
using continuous-on-affine assms apply blast
by (rule local-lipschitz-sq-mtx-affine, simp-all add: assms)

lemmas sg-mtz-unique-sol-autonomous-affine = picard-lindeloef .ivp-unique-solution| OF

picard-lindeloef-sq-mtz-affine[ OF
continuous-on-const
continuous-on-const
UNIV-I is-interval-univ
open-UNIV open-UNIV|
UNIV-I - subset-UNIV]

lemma has-vderiv-on-sq-mtx-linear:
D (Mt. exp ((t — to) *r A) *xv 8) = (At. A =y (exp ((t — to) *r A) *xy 5)) on
{to——t}

by (rule poly-derivatives)+ (auto simp: exp-times-scaleR-commute sq-mitz-times-vec-assoc)

lemma has-vderiv-on-sq-mitz-affine:

fixes to::real and A :: (‘a:finite) sg-mix

defines [Sol ¢ t = exp ((c * (t — to)) *r A)

shows D (At. ISol 1 ¢ xy s + 1Sol 1 ¢t v ([0 (ISol (—1) T %y B) 97)) =

(At. Ay (ISol 1 ¢ xy s+ 1Sol 1t =y ([ 4" (ISol (—1) T v B) 7)) + B) on
{to——t}

unfolding assms apply(simp only: mult.left-neutral mult-minus1)

apply (rule poly-derivatives, (force)?, (force)?, (force)?, (force)?)+

by (simp add: mtz-vec-mult-add-rdistl sq-mta-times-vec-assoc[symmetric]

exp-minus-inverse exp-times-scaleR-commute mult-exp-exp scale-left-distrib[symmetric])

lemma autonomous-linear-sol-is-exp:
assumes D X = (Mt. Ay X t) on {to0——t} and X ¢y = s
shows X t = exp ((t — to) *r A) *v s
apply(rule sg-mtz-unique-sol-autonomous-affine[of As. {to——t} - t X A 0])
using assms apply(simp-all add: ivp-sols-def)
using has-vderiv-on-sq-mtz-linear by force+

lemma autonomous-affine-sol-is-exp-plus-int:
assumes D X = (M. A*y Xt + B) on {to——1t} and X t; = s
shows X ¢t = exp ((t — to) xg A) xv s + exp ((t — to) *r A) *v ([ 0" (ezp (—
(1 — to) *g A) *y B)OT)
apply(rule sg-mtz-unique-sol-autonomous-affineof As. {to——t} -t X A B])
using assms apply(simp-all add: ivp-sols-def)
using has-vderiv-on-sq-mtz-affine by force+
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lemma local-flow-sq-mtz-linear: local-flow ((xy) A) UNIV UNIV (At s. exp (t *gr
A) %y s)

unfolding local-flow-def local-flow-axioms-def apply safe

using picard-lindeloef-sq-mitz-affine[of - At. A At. 0] apply force

using has-vderiv-on-sg-mtz-linear[of 0] by auto

lemma local-flow-sq-mta-affine: local-flow (As. A xy s + B) UNIV UNIV
(At s. exp (t xg A) *y s + exp (¢t xg A) v ([o'(ezp (— 7 *r A) *y B)OT))
unfolding local-flow-def local-flow-axioms-def apply safe
using picard-lindeloef-sq-mtz-affine[of - \t. A \t. B] apply force
using has-vderiv-on-sg-mtz-affine[of 0 A] by auto

end

6 Verification examples

theory MTX-Examples
imports
MTX-Flows
Hybrid-Systems-VCs. HS-VC-Spartan

begin

6.1 Examples

abbreviation hoareT :: ('a = bool) = ('a = 'a set) = ('a = bool) = bool
(<PRE- HP - POST - [85,85]85) where PRE P HP X POST Q = (P < |X]Q)

6.1.1 Verification by uniqueness.

abbreviation mtz-circ 1 2 sg-miz (<A»)
where A = mix
([0, 1] #
(=1, 01 # )

abbreviation mtz-circ-flow :: real = real™2 = real”2 («p»)
where ¢ t s = (x i. if i = 1 then s$1 = cos t + s$2 * sin t else — s$1 * sin t
+ $$2 % cos t)

lemma mta-cire-flow-eq: exp (t xg A) xy s =@ t s
apply (rule local-flow.eg-solution| OF local-flow-sq-mta-linear, symmetric, of - As.
UNIV], simp-all)
apply (rule ivp-solsI, simp-all add: sq-mtz-vec-mult-eq vec-eq-iff)
unfolding UNIV-2 using ezhaust-2

by (force intro!: poly-derivatives simp: matriz-vector-mult-def )+

lemma mtz-circe:
PRE(Xs. > =(s$ 1)+ (s $ 2)?)
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HP z'=(xy) A & G

POST (As. 72 =(s$1)> + (s$ 2)?)

apply (subst local-flow.foox-g-ode-subset| OF local-flow-sq-miz-linear])
unfolding mtz-circ-flow-eq by auto

no-notation mitz-circ (<A»)
and mtz-circ-flow (:¢»)

6.1.2 Flow of diagonalisable matrix.

abbreviation mtz-hOsc :: real = real = 2 s¢-miz (<A»)
where A a b = mizx
([0, 1] #
[a, b] # (1)

abbreviation miz-chB-hOsc :: real = real = 2 sg-mix (<P»)
where P a b = miz
([a, b] #
(2, 1] # 1))

lemma inv-mtz-chB-hOsc:
a#b= (Pab)~t=(1/(a — b)) *xg miz
([ -Za 7b} #
(=1, a #1)
apply (rule sg-mtz-inv-unique, unfold scaleR-mtz2 times-mtx2)
by (simp add: diff-divide-distrib[symmetric] one-mtx2)+

lemma invertible-mtz-chB-hOsc: a # b = mtx-invertible (P a b)
apply (rule mtz-invertiblel[of - (P a b)~1])
apply (unfold inv-mta-chB-hOsc scaleR-mtx2 times-miz2 one-mtx2)
by (subst sg-mtz-eq-iff, simp add: vector-def frac-diff-eql )+

lemma mtz-hOsc-diagonalizable:
fixes a b :: real
defines 1, = (b — sqrt (b7 2+4%a))/2 and 12 = (b + sqrt (b"2+/4*a))/2
assumes b> + a x 4/ > 0 and a # 0
shows A a b= P (—ta/a) (—t1/a) = (diag i. if i = 1 then 1y else 12) * (P (—t2/a)
(—uafa)) !
unfolding assms apply (subst inv-mtz-chB-hOsc)
using assms(3,4) apply(simp-all add: diag2-eq[symmetric])
unfolding sq-mta-times-eq sq-mta-scaleR-eq UNIV-2 apply(subst sq-mitz-eq-iff)
using exhaust-2 assms by (auto simp: field-simps, auto simp: field-power-simps)

lemma mtz-hOsc-solution-eq:
fixes a b :: real
defines 1; = (b — sqrt (b®+4x*a))/2 and 13 = (b + sqrt (b*+4x*a))/2
defines ® t = miz (
[toxerp(t*iy) — tixexp(txia),  exp(triz)—exp(t*ir)|#
[axexp(txia) — axexp(txiy), toxerp(tkig)—t1xexp(txe)]#(])
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assumes b2 + ax 4 > 0 and a # 0

shows P (—u/a) (—t1/a) = (diag i. exp (t * (if i=1 then 11 else t2))) * (P
(~t2/a) (—t1/a))!

= (1/sqrt (0> + a x 4)) g (® t)

unfolding assms apply(subst inv-mtz-chB-hOsc)

using assms apply (simp-all add: miz-times-scaleR-commute, subst sq-mtz-eq-iff)
unfolding UNIV-2 sq-mitz-times-eq sq-miz-scaleR-eq sq-miz-uminus-eq apply (simp-all
add: azis-def)

by (auto simp: field-simps, auto simp: field-power-simps)-+

lemma local-flow-miz-hOsc:
fixes a b
defines 1 = (b — sqrt (b"2+4%a))/2 and 12 = (b + sqrt (b"2+4*a))/2
defines ® ¢ = miz (
[toxexp(tker) — tyxexp(tkia),  exp(tkia)—exp(tkir)]#
[axexp(txio) — axexp(tkiy), toxerp(txie)—t1xerp(txiy)]|#(])
assumes b2 + ax 4 > 0 and a # 0
shows local-flow ((*v) (A a b)) UNIV UNIV (At. (xv) ((1/sqrt (b* + a * 4))
*R (0] LL))
unfolding assms using local-flow-sq-mtz-linear[of A a b] assms
apply (subst (asm) exp-scaleR-diagonal2[OF invertible-mtz-chB-hOsc mitz-hOsc-diagonalizable])
apply(simp, simp, simp)
by (subst (asm) miz-hOsc-solution-eq) simp-all

lemma overdamped-door-arith:
assumes b2 + ax 4 >0and a < 0 and b < 0 and t > 0 and s > 0
shows 0 < ((b + sqrt (b + 4 * a)) * exp (t * (b — sqrt (b + 4 xa)) / 2) / 2
(b — sqrt (b> + 4 * a)) x exp (t * (b + sqrt (B> + 4 % a)) /] 2) / 2) * s1 ] sqrt
(02 4+ ax 4)
proof (subst diff-divide-distrib[symmetric], simp)
have f0: s1 / (2 x sqrt (b> + a * 4)) > 0 (is s1/%2c3 > 0)
using assms(1,5) by simp
have f1: (b — sqrt (b + 4 * a)) < (b + sqrt (b*> + 4 * a)) (is ?c2 < ?cl)
and f2: (b + sqrt (b> + 4 % a)) < 0
using sqrt-ge-absD[of b b> + 4 * a] assms by (force, linarith)
hence f3: exp (t * ?¢2 / 2) < exp (¢t x %c1 | 2) (is exp ?t1 < exp ?t2)
unfolding exp-le-cancel-iff
using assms(4) by (case-tac t=0, simp-all)
hence 7¢2 x exp 712 < 2¢2 % exp ?t1
using f1 2 mult-le-cancel-left-pos[of —%c2 exp ?t1 exp ?t2] by linarith
also have ... < %cl x exp %t1
using fI by auto
also have... < %cl x exp ?t1
using f1 f2 by auto
ultimately show 0 < (%cl * exp 7t1 — 2¢2 = exp ?t2) x s1 | %c3
using f0 f1 assms(5) by auto
qed
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abbreviation open-door s = {s. s$1 > 0 A 582 = 0}

lemma overdamped-door:
assumes b2 + a % 4 > 0 and a < 0 and b < 0
shows PRE (As. s$1 = 0)
HP (LOOP open-door; (x'=((xv) (A a b)) & G) INV (Xs. 0 < s$1))
POST (Xs. 0 < s$ 1)
apply(rule fboz-loopl, simp-all add: le-fun-def)
apply (subst local-flow.foox-g-ode-subset| OF local-flow-mtz-hOsc[OF assms(1)]])
using assms apply(simp-all add: le-fun-def fboz-def)
unfolding sq¢-mtz-scaleR-eq UNIV-2 sq-mtx-vec-mult-eq
by (clarsimp simp: overdamped-door-arith)

no-notation mtz-hOsc (<A»)
and mitz-chB-hOsc (<P»)

6.1.3 Flow of non-diagonalisable matrix.

abbreviation mtz-cnst-ace 1 3 s¢-mtz (<K»)
where K = miz (
[0,1,0] #
[0,0,1] #
[0,0,0] # [))

lemma pow2-scaleR-mtz-cnst-ace: (t xp K)? = mtx (
[0,0,%] 4
[0,0,0] #
[0,0,0] # 1))
unfolding power2-eq-square apply(subst sqg-mtz-eq-iff)
unfolding sg-mitz-times-eq UNIV-8 by auto

lemma powN-scaleR-miz-cnst-acc: n > 2 => (t *gp K) n =0
apply(induct n, simp, case-tac n < 2)
apply(subgoal-tac n = 2, erule ssubst)
unfolding power-Suc2 pow2-scaleR-mix-cnst-acc sq-mtz-times-eq UNIV-3
by (auto simp: sq-mtz-eq-iff)

lemma exp-mtr-cnst-acc: exp (t xp K) = ((t ¥g K)?/g 2) + (t ¥g K) + 1
unfolding exp-def apply(subst suminf-eq-sum[of 2])
using powN-scaleR-mtz-cnst-ace by (simp-all add: numeral-2-eq-2)

lemma exp-mtz-cnst-acc-simps:

exp (t+xr K)$$ 181 =1exp (txp K) 33182 =texp(t+gr K)$818% 5=
2/2

exp (txr K)$8 281 =0exp (t g K)$$ 282 =1exp (t*r K)$$28$ 3 =
t

exp (t*xp K)$$ 381 =0exp (txg K)$$ 382 =0exp (t+xg K)$8 38 3 =
1
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unfolding exp-miz-cnst-acc one-mtzs pow2-scaleR-mtz-cnst-acc by simp-all

lemma exp-mtz-cnst-acc-vec-mult-eq: exp (t xg K) xy s =
vector [s$3 x t72/2 + s$2 x t + s$1, s$3 x ¢t + s$2, s$3]
apply (subst exp-mtz-cnst-ace, subst pow2-scaleR-mtx-cnst-acc)
apply(simp add: sq-miz-vec-mult-eq vector-def)
unfolding UNIV-3 by (simp add: fun-eq-iff)

lemma local-flow-mix-cnst-acc:
local-flow ((xv) K) UNIV UNIV (Ats. ((t xgp K)?/r 2 + (t xp K) + 1) *y )
using local-flow-sq-mtx-linear[of K| unfolding exp-mtz-cnst-acc .

lemma docking-station-arith:
assumes (d::real) > z and v > 0
shows (v=1v>xt/(2xd—2%xz)+—> (vt —0>xt2/)(fxd— 4 x*uzx)
+ 2z =4d)
proof
assume v = 2 xt / (2 xd — 2 * 1)
hence v x t = 2 % (d — 1)
using assms by (simp add: eq-divide-eq power2-eq-square)
hence vt — v xt2 /(4 xd— 4 x2)+2=2%(d—12)— 4 *(d—12)?/
(4 *(d—x) +z
apply (subst power-mult-distrib[symmetric])
by (erule ssubst, subst power-mult-distrib, simp)
also have ... = d
apply(simp only: mult-divide-mult-cancel-left-if )
using assms by (auto simp: power2-eq-square)
finally show vt — v« 2 / (f xd — 4 1) + 2 =d .
next
assume v ¥t — 2 x t2 / (4 xd — 4 *x2)+ 2 =4d
hence 0 = v x> / (4 * (d —z)) + (d —2) — v =t
by auto
hence 0 = (4 * (d —z)) * (V> xt2 / (4 * (d — 2)) + (d — ) — v * t)
by auto
also have ... = v? x 2 + / x (d — 2)2 — (4 * (d — ) * (v * 1)
using assms apply(simp add: distrib-left right-diff-distrib)
apply(subst right-diff-distrib[symmetric])+
by (simp add: power2-eq-square)
also have ... = (v* t — 2 x (d — 2))?
by (simp only: power2-diff, auto simp: field-simps power2-diff)
finally have 0 = (vt — 2 % (d — z))? .
hence v x t = 2 % (d — )
by auto
thusv =12t/ (2%d— 2xz)
apply (subst power2-eq-square, subst mult.assoc)
apply (erule ssubst, subst right-diff-distrib[symmetric])
using assms by auto
qed
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lemma docking-station:
assumes d > zg and vg > 0
shows PRE (As. s$1 = z9 A s$2 = vo)
HP ((3 == (As. —(v972/(2%(d—1x0))))); z"'=(xv) K & G)
POST (Xs. s$2 = 0 «— s$1 = d)

apply (clarsimp simp: le-fun-def local-flow.fbox-g-ode-subset| OF local-flow-sq-mitz-linear|of

K1)

unfolding exp-mtz-cnst-acc-vec-mult-eq using assms by (simp add: docking-station-arith)

no-notation mtz-cnst-acc (<K»)

end
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