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Abstract

In the scope of this project, we present a formalization of martin-
gales in arbitrary Banach spaces using Isabelle/HOL.

The current formalization of conditional expectation in the Isabelle
library is limited to real-valued functions. To overcome this limitation,
we extend the construction of conditional expectation to general Ba-
nach spaces, employing an approach similar to the one described in
[2]. We use measure theoretic arguments to construct the conditional
expectation using suitable limits of simple functions.

Subsequently, we define stochastic processes and introduce the con-
cepts of adapted, progressively measurable and predictable processes
using suitable locale definitions!. We show the relation

adapted O progressive O predictable

Furthermore, we show that progressive measurability and adaptedness
are equivalent when the indexing set is discrete. We pay special atten-
tion to predictable processes in discrete-time, showing that (X, )nen is
predictable if and only if (X, 11)nen is adapted.

Moving forward, we rigorously define martingales, submartingales,
and supermartingales, presenting their first consequences and corol-
laries?. Discrete-time martingales are given special attention in the
formalization. In every step of our formalization, we make extensive
use of the powerful locale system of Isabelle.

The formalization further contributes by generalizing concepts in
Bochner integration by extending their application from the real num-
bers to arbitrary Banach spaces equipped with a second-countable
topology. Induction schemes for integrable simple functions on Ba-
nach spaces are introduced, accommodating various scenarios with or
without a real vector ordering®. Specifically, we formalize a powerful
result called the “Averaging Theorem”[4] which allows us to show that
densities are unique in Banach spaces.

In-depth information on the formalization and the proofs of the
individual theorems can be found in [3].

1Martingale .Stochastic_Process
Mart ingale.Martingale
3Mart ingale.Bochner_Integration_Addendum
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theory Measure-Space-Supplement
imports HOL— Analysis. Measure-Space
begin

1 Supplementary Lemmas for Measure Spaces

1.1 o-Algebra Generated by a Family of Functions

definition family-vimage-algebra :: 'a set = (‘a = 'b) set = 'b measure = 'a
measure where
family-vimage-algebra Q@ S M = sigma Q (Uf € S. {f —ANQ| A A e M})

For singleton S, i.e. S = {f} for some f, the definition simplifies to that of
vimage-algebra.

lemma family-vimage-algebra-singleton: family-vimage-algebra Q {f} M = vim-
age-algebra ) f M unfolding family-vimage-algebra-def vimage-algebra-def by simp

lemma
shows sets-family-vimage-algebra: sets (family-vimage-algebra Q S M) = sigma-sets
QUfesS {f-AnQ| A Ae M})
and space-family-vimage-algebra[simp]: space (family-vimage-algebra @ S M) =
Q
by (auto simp add: family-vimage-algebra-def sets-measure-of-conv space-measure-of-conv)

lemma measurable-family-vimage-algebra:
assumes f € S f € Q — space M
shows f € family-vimage-algebra Q@ S M —y M
using assms by (intro measurablel, auto simp add: sets-family-vimage-algebra)

lemma measurable-family-vimage-algebra-singleton:
assumes f € Q — space M
shows [ € family-vimage-algebra Q {f} M —y M
using assms measurable-family-vimage-algebra by blast

A collection of functions are measurable with respect to some o-algebra N,
if and only if the o-algebra they generate is contained in N.

lemma measurable-family-iff-sets:

shows (S C N =y M) <— S C space N — space M A family-vimage-algebra
(space N) SM C N
proof (standard, goal-cases)

case I

hence subset: S C space N — space M using measurable-space by fast

have {f —“ A N space N |[A. A € M} C N if f € S for f using measur-
able-iff-setsunfolded family-vimage-algebra-singleton[symmetric], of f] 1 subset that
by (fastforce simp add: sets-family-vimage-algebra)

then show ?case unfolding sets-family-vimage-algebra using sets.sigma-algebra-azioms
by (simp add: subset, intro sigma-algebra.sigma-sets-subset, blast+)



next
case 2
hence subset: S C space N — space M by simp
show ?Zcase
proof (standard, goal-cases)
case (I z)
have family-vimage-algebra (space N) {x} M C N by (metis (no-types, lifting)
1 2 sets-family-vimage-algebra SUP-le-iff sigma-sets-le-sets-iff singletonD)
thus ?case using measurable-iff-sets|unfolded family-vimage-algebra-singleton|symmetric)
subset| THEN subsetD, OF 1] by fast
qed
qed

lemma family-vimage-algebra-diff:
shows family-vimage-algebra Q S M = sigma Q (sets (family-vimage-algebra §2
(S — I) M) U family-vimage-algebra Q (S N I) M)
using sets.space-closed space-measure-of-conv
unfolding family-vimage-algebra-def sets-family-vimage-algebra
by (intro sigma-eql, blast, fastforce)
(intro sigma-sets-eql, blast, simp add: sets-measure-of-conv split: if-splits,
meson Diff-subset Sup-subset-mono in-mono inf-sup-ord(1) sigma-sets-subseteq
subset-image-iff , fastforce+)

end

theory FElementary-Metric-Spaces-Supplement
imports HOL— Analysis. Elementary-Metric-Spaces

begin

2 Supplementary Lemmas for Elementary Metric
Spaces

2.1 Diameter Lemma

lemma diameter-comp-strict-mono:
fixes s :: nat = ’a :: metric-space
assumes strict-mono r bounded {s i |i. r n < i}
shows diameter {s (ri) | i. n < i} < diameter {si | i. rn < i}
proof (rule diameter-subset)
show {s (rd) | i n < i} C{si| i rn < i} using assms(l) monotoneD
strict-mono-mono by fastforce
qed (intro assms(2))

lemma diameter-bounded-bound":
fixes S :: ‘a :: metric-space set
assumes S: bdd-above (case-prod dist < (SxS)) x € Sy e S
shows dist ¢ y < diameter S
proof —
have (z,y) € SxS using S by auto
then have dist © y < (SUP (z,y)€SxS. dist z y) by (rule ¢SUP-upper2[OF



assms(1)]) simp
with <z € S) show ?thesis by (auto simp: diameter-def)
qed

lemma bounded-imp-dist-bounded:

assumes bounded (range s)

shows bounded ((A(i, 7). dist (s i) (s7)) ‘ ({n..} x {n.}))

using bounded-dist-comp| OF bounded-fst bounded-snd, OF bounded-Times(1,1)[OF
assms(1,1)]] by (rule bounded-subset, force)

A sequence is Cauchy, if and only if it is bounded and it’s diameter tends
to zero. The diameter is well-defined only if the sequence is bounded.

lemma cauchy-iff-diameter-tends-to-zero-and-bounded:
fixes s :: nat = 'a :: metric-space
shows Cauchy s «— ((An. diameter {si | i. i > n}) —— 0 A bounded (range
s))
proof —
have {s i |i. N < i} # {} for N by blast
hence diameter-SUP: diameter {s i |i. N < i} = (SUP (i, j) € {N..} x {N..}.
dist (s 1) (sj)) for N unfolding diameter-def by (auto introl: arg-cong[of - - Sup))
show %thesis
proof (intro iffI)
assume asm: Cauchy s
have IN. Vn>N. norm (diameter {s i [i. n < i}) < e if e-pos: e > 0 for e
proof —
obtain N where dist-less: dist (s n) (s m) < (1/2) *x eif n > Nm > N
for n m using asm e-pos by (metis Cauchy-def mult-pos-pos zero-less-divide-iff
zero-less-numeral zero-less-one)
{
fix r assume r > N
hence dist (s n) (s m) < (1/2) x eif n > rm > r for n m using dist-less
that by simp
hence (SUP (i, j) € {r..} x {r..}. dist (s i) (sj)) < (1/2) % e by (intro
cSup-least) fastforce+
also have ... < e using e-pos by simp
finally have diameter {si |i. r < i} < e using diameter-SUP by presburger
}
moreover have diameter {s i |i. r < i} > 0 for r unfolding diameter-SUP
using bounded-imp-dist-bounded| OF cauchy-imp-bounded, THEN bounded-imp-bdd-above,
OF asm] by (intro cSup-upper2, auto)
ultimately show ?thesis by auto
qed
thus (An. diameter {s i |i. n < i}) —— 0 A bounded (range s) using
cauchy-imp-bounded[OF asm] by (simp add: LIMSEQ-iff)
next
assume asm: (An. diameter {s i |i. n < i}) —— 0 A bounded (range s)
have IN. Vn>N.Vm>N. dist (s n) (s m) < e if e-pos: e > 0 for e
proof —
obtain N where diam-less: diameter {s i |i. r < i} < eif r > N for r



using LIMSEQ-D asm(1) e-pos by fastforce
{
fix n massumen > Nm > N
hence dist (s n) (s m) < e using cSUP-lessD[OF bounded-imp-dist-bounded| THEN
bounded-imp-bdd-above], OF - diam-less[unfolded diameter-SUP]| asm by auto
}
thus ?thesis by blast
qed
then show Cauchy s by (simp add: Cauchy-def)
qged
qed

end

theory Bochner-Integration-Supplement

imports HOL— Analysis. Bochner-Integration HOL— Analysis.Set-Integral Elemen-
tary-Metric-Spaces-Supplement
begin

3 Supplementary Lemmas for Bochner Integration

3.1 Integrable Simple Functions

We restate some basic results concerning Bochner-integrable functions.

lemma integrable-implies-simple-function-sequence:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes integrable M f
obtains s where Ai. simple-function M (s i)
and Ai. emeasure M {y € space M. s iy # 0} # ¢
and Az. z € space M = (Ni. six) —— fux
and Az i. z € space M = norm (s i ) < 2 % norm (f z)
proof—
have f: f € borel-measurable M ([ *z. norm (f ) OM) < oo using assms
unfolding integrable-iff-bounded by auto
obtain s where s: Ai. simple-function M (s i) N\z. x € space M = (Ai. s
ix) —— fx Niz z € space M = norm (s i ) < 2 * norm (f z) using
borel-measurable-implies-sequence-metric|OF f(1)] unfolding norm-conv-dist by
metis
{
fix ¢
have ([ *tz. norm (s i z) OM) < ([ *z. ennreal (2 * norm (f z)) OM) using
s by (intro nn-integral-mono, auto)
also have ... < co using f by (simp add: nn-integral-cmult ennreal-mult-less-top
ennreal-mult)
finally have sbi: Bochner-Integration.simple-bochner-integrable M (s i) using
s by (intro simple-bochner-integrablel-bounded) auto
hence emeasure M {y € space M. s i y # 0} # oo by (auto intro: inte-



grablel-simple-bochner-integrable simple-bochner-integrable. cases)
}
thus ?thesis using that s by blast

qed

Simple functions can be represented by sums of indicator functions.

lemma simple-function-indicator-representation:
fixes f ::’a = 'b :: {second-countable-topology, banach}
assumes simple-function M f x € space M
shows fz = (D y € f ¢ space M. indicator (f —‘{y} N space M) x *p y)
(is 7l = ?r)
proof —
have ?r = (3 y € f ‘ space M.
(if y = f x then indicator (f —‘{y} N space M) x xg y else 0)) by (auto introl:

sum.cong)

also have ... = indicator (f —“{fz} N space M) = xg fx using assms by (auto
dest: simple-functionD)

also have ... = f z using assms by (auto simp: indicator-def)

finally show ?thesis by auto
qed

lemma simple-function-indicator-representation-AE:

fixes f ::’a = 'b :: {second-countable-topology, banach}

assumes simple-function M f

shows AEzin M. fz = (> y € f*space M. indicator (f —*{y} N space M) z
*R Y)

by (metis (mono-tags, lifting) AE-I2 simple-function-indicator-representation
assms)

lemmas simple-function-scaleR[intro] = simple-function-compose2[where h=(xpg)]
lemmas integrable-simple-function = simple-bochner-integrable.intros] THEN has-bochner-integral-simple-bochs
THEN integrable.intros]

Induction rule for simple integrable functions.

lemma integrable-simple-function-induct[consumes 2, case-names cong indicator
add, induct set: simple-function):
fixes f :: 'a = 'b :: {second-countable-topology, banach}
assumes f: simple-function M f emeasure M {y € space M. fy # 0} # oo
assumes cong: \f g. simple-function M [ —> emeasure M {y € space M. fy #

0} # o0
0} # oo

= simple-function M g = emeasure M {y € space M. g y #

= (Az. z € space M = fr=gz) = Pf= Py
assumes indicator: NA y. A € sets M = emeasure M A < co = P (Az.
indicator A x xp y)
assumes add: \f g. simple-function M f = emeasure M {y € space M. fy #
0} # o0 =
simple-function M g = emeasure M {y € space M. gy # 0} #
o0 —



(Az. z € space M = norm (f z + g z) = norm (f z) + norm
(9 2) =
Pf—=—Pg= P (M. fz+ gux)
shows P f
proof—
let 2f = Az. (O_ yef ‘ space M. indicat-real (f —*{y} N space M) = xg y)
have f-ae-eq: fz = ?fx if © € space M for z using simple-function-indicator-representation|OF
f(1) that] .
moreover have emeasure M {y € space M. ?f y # 0} # oo by (metis (no-types,
lifting) Collect-cong calculation f(2))
moreover have P (Az. > y€S. indicat-real (f —{y} N space M) x xg y)
simple-function M (Az. Y y€S. indicat-real (f —{y} N space M) x
*R Y)
emeasure M {y € space M. (3" z€S. indicat-real (f —*{z} N space
M) ys*gz)# 0} # 0
if S C f ‘space M for S using simple-functionD(1)[OF assms(1),
THEN rev-finite-subset, OF that] that
proof (induction rule: finite-induct)
case empty
{
case I
then show ?case using indicator|of {}] by force
next
case 2
then show ?Zcase by force
next
case 3
then show ?case by force
}
next
case (insert z F)
have (f —‘{z} N space M) C {y € space M. fy # 0} if x # 0 using that by
blast
moreover have {y € space M. fy # 0} = space M — (f —*{0} N space M)
by blast
moreover have space M — (f —¢ {0} N space M) € sets M using sim-
ple-functionD(2)[OF f(1)] by blast
ultimately have fin-0: emeasure M (f —‘ {z} N space M) < oo if  # 0
using that by (metis emeasure-mono f(2) infinity-ennreal-def top.not-eq-extremum
top-unique)
hence fin-1: emeasure M {y € space M. indicat-real (f —*{z} N space M) y *g
z # 0} # oo if © # 0 by (metis (mono-tags, lifting) emeasure-mono f(1) indica-
tor-simps(2) linorder-not-less mem-Collect-eq scaleR-eq-0-iff simple-functionD(2)
subsetl that)

have *: (> y€insert z F. indicat-real (f —“{y} N space M) za xg y) = (> yeF.
indicat-real (f —‘{y} N space M) za xg y) + indicat-real (f —* {x} N space M)
za xp z for za by (metis (no-types, lifting) Diff-empty Diff-insert0 add.commute
insert.hyps(1) insert.hyps(2) sum.insert-remove)



have *x: {y € space M. (>  z€insert x F. indicat-real (f —*{z} N space M) y
xp z) # 0} C {y € space M. (>  z€F. indicat-real (f —*{z} N space M) y xp x)
# 0} U {y € space M. indicat-real (f —*{z} N space M) y xg = # 0} unfolding
x by fastforce

{

case I
hence z: z € f ‘ space M and F: F C f ‘ space M by auto
show ?case
proof (cases z = 0)
case True
then show ?thesis unfolding  using insert(3)[OF F| by simp
next
case Fulse
have norm-argument: norm ((3_ yeF. indicat-real (f —°{y} N space M) z
xg y) + indicat-real (f —{x} N space M) z xr z) = norm (>_ y€F. indicat-real
(f = {y} N space M) z xg y) + norm (indicat-real (f —*{x} N space M) z xg x)
if z: z € space M for z
proof (cases f z = x)
case True
have indicat-real (f —‘{y} N space M) z xg y = 0 if y € F for y using
True insert(2) z that 1 unfolding indicator-def by force
hence (>  yeF. indicat-real (f —*{y} N space M) z xr y) = 0 by (meson
sum.neutral)
then show ?thesis by force
next
case False
then show ?thesis by force
qed
show ?thesis using False simple-functionD(2)[OF f(1)] insert(3,5)[OF F]
stmple-function-scaleR fin-0 fin-1 by (subst *, subst add, subst simple-function-sum)
(blast intro: norm-argument indicator)+
qed
next
case 2
hence z: z € f “ space M and F: F C f ‘ space M by auto
show ?case
proof (cases x = 0)
case True
then show ?thesis unfolding * using insert(4)[OF F| by simp
next
case Fulse
then show ?thesis unfolding  using insert(4)[OF F] simple-functionD(2)[OF
7(1)] by fast
qed
next
case 3
hence z: z € f * space M and F: F C f ¢ space M by auto
show ?Zcase
proof (cases z = 0)
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case True
then show ?thesis unfolding * using insert(5)[OF F| by simp
next
case Fulse
have emeasure M {y € space M. (> z€insert x F. indicat-real (f —* {z}
N space M) y *g x) # 0} < emeasure M ({y € space M. (> z€F. indicat-real (f
—“A{x} N space M) y xg ) # 0} U {y € space M. indicat-real (f —‘{z} N space
M) y *g x # 0})
using xx simple-functionD(2)[OF insert(4)|OF F)] simple-functionD(2)[OF
f(1)] by (intro emeasure-mono, force+)
also have ... < emeasure M {y € space M. (> z€F. indicat-real (f —‘{z}
N space M) y xg ) # 0} + emeasure M {y € space M. indicat-real (f —*{z} N
space M) y *gp  # 0}
using simple-functionD(2)[OF insert(4)[OF F|] simple-functionD(2)[OF
f(1)] by (intro emeasure-subadditive, force+)
also have ... < co using insert(5)[OF F| fin-1[OF False] by (simp add:
less-top)
finally show ?thesis by simp
qed
}
qged
moreover have simple-function M (Az. > yef ¢ space M. indicat-real (f —°{y}
N space M) x g y) using calculation by blast
moreover have P (Az. > y€ef ‘ space M. indicat-real (f —*{y} N space M) x
xg y) using calculation by blast
ultimately show ?thesis by (intro cong[OF - - f(1,2)], blast, presburger+)
qged

Induction rule for non-negative simple integrable functions

lemma integrable-simple-function-induct-nn[consumes 38, case-names cong indica-
tor add, induct set: simple-function]:

fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes f: simple-function M f emeasure M {y € space M. fy # 0} # oo Az.
z € space M — fx >0

assumes cong: \f g. simple-function M f —> emeasure M {y € space M. fy
# 0} #£ 00 = (Az. z € space M = fx > 0) = simple-function M ¢ =
emeasure M {y € space M. gy # 0} # co = (A\z. © € space M = gz > 0)
= (Az. z € space M = fr=gz) = Pf= Py

assumes indicator: NA y. y > 0 = A € sets M = emeasure M A < co =
P (Az. indicator A x *g y)

assumes add: \f g. (Az. = € space M = fx > 0) = simple-function M f
= emeasure M {y € space M. fy # 0} # co =

(Az. © € space M = g x > 0) = simple-function M g =
emeasure M {y € space M. gy # 0} # oo =
(Az. z € space M = norm (f z + g z) = norm (f z) + norm
(9 2) =
Pf—=—Pg= P (M\z. fz+ gux)
shows P f

11



proof—
let 2f = Az. (O] yef ‘ space M. indicat-real (f —*{y} N space M) = xg y)
have f-ae-eq: fz = ?fx if 2 € space M for z using simple-function-indicator-representation[OF
f(1) that] .
moreover have emeasure M {y € space M. ?fy # 0} # oo by (metis (no-types,
lifting) Collect-cong calculation f(2))
moreover have P (Az. Y ye€S. indicat-real (f —{y} N space M) x xg y)
simple-function M (Az. Y y€S. indicat-real (f —*{y} N space M) z
¥R Y)
emeasure M {y € space M. (3" z€S. indicat-real (f —*{z} N space
M) y*p z) # 0} # 0
Nz. © € space M = 0 < (> yeS. indicat-real (f —*{y} N space M)
T *R Y)
if S C f “space M for S using simple-functionD(1)[OF assms(1),
THEN rev-finite-subset, OF that] that
proof (induction rule: finite-subset-induct’)
case empty
{
case I
then show ?Zcase using indicator[of 0 {}] by force
next
case 2
then show ?Zcase by force
next
case 3
then show ?Zcase by force
next
case 4
then show Zcase by force
}
next
case (insert z F)
have (f —‘{z} N space M) C {y € space M. fy # 0} if x # 0 using that by
blast
moreover have {y € space M. fy # 0} = space M — (f —“{0} N space M)
by blast
moreover have space M — (f —¢ {0} N space M) € sets M using sim-
ple-functionD(2)[OF f(1)] by blast
ultimately have fin-0: emeasure M (f —‘ {z} N space M) < oo if  # 0
using that by (metis emeasure-mono f(2) infinity-ennreal-def top.not-eq-extremum
top-unique)
hence fin-1: emeasure M {y € space M. indicat-real (f —‘{z} N space M) y *g
z # 0} # oo if © # 0 by (metis (mono-tags, lifting) emeasure-mono f(1) indica-
tor-simps(2) linorder-not-less mem-Collect-eq scaleR-eq-0-iff simple-functionD(2)
subsetl that)

have nonneg-z: © > 0 using insert f by blast

have x: (> y€insert x F. indicat-real (f —* {y} N space M) za xr y) =
O yeF. indicat-real (f —* {y} N space M) za *g y) + indicat-real (f —{z} N

12



space M) za xg = for xza by (metis (no-types, lifting) add.commute insert.hyps(1)
insert.hyps(4) sum.insert)
have xx: {y € space M. (3" z€insert « F. indicat-real (f —*{z} N space M) y
xg x) # 0} C {y € space M. (3  z€F. indicat-real (f —*{z} N space M) y xg x)
# 0} U {y € space M. indicat-real (f —*{z} N space M) y xr x # 0} unfolding
x by fastforce
{
case ]
show Zcase
proof (cases x = 0)
case True
then show ?thesis unfolding * using insert by simp
next
case Fulse
have norm-argument: norm ((>_ yeF. indicat-real (f —*{y} N space M) z
xg y) + indicat-real (f —{x} N space M) z xg z) = norm (> y€F. indicat-real
(f —“{y} N space M) z xg y) + norm (indicat-real (f —*{x} N space M) z xr x)
if z: z € space M for z
proof (cases f z = x)
case True
have indicat-real (f —{y} N space M) z xg y = 0 if y € F for y using
True insert z that 1 unfolding indicator-def by force
hence (Y yeF. indicat-real (f —‘{y} N space M) z xr y) = 0 by (meson
sum.neutral)
thus ?thesis by force
ged (force)
show ?thesis using False fin-0 fin-1 f norm-argument by (subst *, subst add,
presburger add: insert, intro insert, intro insert, fastforce simp add: indicator-def
introl: insert(2) f(3), auto introl: indicator insert nonneg-z)
qed
next
case 2
show ?Zcase
proof (cases x = 0)
case True
then show ?thesis unfolding * using insert by simp
next
case Fulse
then show ?thesis unfolding * using insert simple-functionD(2)[OF f(1)]
by fast
qed
next
case 3
show ?Zcase
proof (cases x = 0)
case True
then show ?thesis unfolding * using insert by simp
next
case Fulse
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have emeasure M {y € space M. (> x€insert x F. indicat-real (f —* {z}
N space M) y xr ) # 0} < emeasure M ({y € space M. (> z€F. indicat-real (f
—{z} N space M) y xg x) # 0} U {y € space M. indicat-real (f —‘{z} N space
M)y gz # 0})
using sx simple-functionD(2)[OF insert(6)] simple-functionD(2)[OF f(1)]
insert.IH(2) by (intro emeasure-mono, blast, simp)
also have ... < emeasure M {y € space M. (> z€F. indicat-real (f —*{z}
N space M) y xg x) # 0} + emeasure M {y € space M. indicat-real (f —*{z} N
space M) y xp  # 0}
using simple-functionD(2)[OF insert(6)] simple-functionD(2)[OF f(1)]
by (intro emeasure-subadditive, force+)
also have ... < oo using insert(7) fin-1[OF False] by (simp add: less-top)
finally show ?thesis by simp
qed
next
case (4 €)
thus ?case using insert nonneg-z f(3) by (auto simp add: scaleR-nonneg-nonneg
intro: sum-nonneg)
}
qed
moreover have simple-function M (Az. > yef ‘ space M. indicat-real (f —*{y}
N space M) x xr y) using calculation by blast
moreover have P (Az. > yef ‘ space M. indicat-real (f —*{y} N space M) z
xgr y) using calculation by blast
moreover have \z. z € space M = 0 < fz using f(3) by simp
ultimately show ?%thesis by (intro cong[OF - - - f(1,2)], blast, blast, fast)
presburger+
qed

lemma finite-nn-integral-imp-ae-finite:

fixes [ :: 'a = ennreal

assumes [ € borel-measurable M ([ tz. fz OM) < oo

shows AE zin M. fz < o0
proof (rule ccontr, goal-cases)

case I

let A = space M N {z. fz = oo}

have x: emeasure M ?A > 0 using I assms(1) by (metis (mono-tags, lifting)
assms(2) eventually-mono infinity-ennreal-def nn-integral-noteq-infinite top.not-eq-extremum,)

have ([ Tz. f z = indicator ?A © OM) = ([ Tz. 0o * indicator ?A z OM) by
(metis (mono-tags, lifting) indicator-inter-arith indicator-simps(2) mem-Collect-eq
mult-eq-0-iff)

also have ... = 0o * emeasure M ?A using assms(1) by (intro nn-integral-cmult-indicator,
simp)
also have ... = oo using * by fastforce

finally have ([ Tz. fz * indicator ?A © OM) = oo .

moreover have ([ *z. fz % indicator ?A © OM) < ([ *z. fz OM) by (intro
nn-integral-mono, simp add: indicator-def)

ultimately show ?case using assms(2) by simp
qed

14



Convergence in L1-Norm implies existence of a subsequence which conver-
gences almost everywhere. This lemma is easier to use than the existing one
in HOL— Analysis. Bochner-Integration

lemma cauchy-L1-AE-cauchy-subseq:
fixes s :: nat = ‘a = 'b::{banach, second-countable-topology}
assumes [measurable]: A\n. integrable M (s n)
and Ae. e > 0 = IN.Vi>N.Vj>N. LINT z|M. norm (siz — sjz) <e
obtains r where strict-mono r AE z in M. Cauchy (Ai. s (r i) x)
proof—
have 3r. Vn. (Vi>rn. Vji> rn. LINT z|M. norm (siz —sjz) < (1 / 2) ~
n) A (r (Suc n) > rn)
proof (intro dependent-nat-choice, goal-cases)
case I
then show ?case using assms(2) by presburger
next
case (2 z n)
obtain N where «: LINT z|M. norm (siz — sjz) < (1 / 2) "~ Sucnifi>
N j > N for i j using assms(2)[of (1 / 2) ~ Suc n] by auto
{
fix ¢ j assume ¢ > maz N (Suc z) j > maz N (Suc z)
hence integral® M (Az. norm (siz — sjz)) < (1 / 2) ~ Suc n using x by
fastforce
}
then show ?case by fastforce
qed
then obtain r where strict-mono: strict-mono r and Vi>r n. Vj> rn. LINT
z|M. norm (six — sjz) < (1 / 2) " nfor n using strict-mono-Suc-iff by blast
hence r-is: LINT z|M. norm (s (r (Sucn)) z — s (rn) z) < (1 / 2) “nforn
by (simp add: strict-mono-leD)

define g where g = (An z. (3 i<n. ennreal (norm (s (r (Suc i)) x — s (r )

z))))

define g’ where g’ = (Az. Y i. ennreal (norm (s (r (Suc i)) x — s (r i) z)))

have integrable-g: ([ z. gnz OM) < 2 for n
proof —
have ([t z. gnz OM) = ([ * 2. (3 i<n. ennreal (norm (s (r (Suc i) z —
s (ri) z))) OM) using g-def by simp

also have ... = (3 i<n. ([ T z. ennreal (norm (s (r (Suc i)) x — s (r i) z))
OM)) by (intro nn-integral-sum, simp)
also have ... = (3. i<n. LINT z|M. norm (s (r (Suc 7)) x — s (r i) z))

unfolding dist-norm using assms(1) by (subst nn-integral-eq-integral|OF inte-
grable-norm|, auto)
also have ... < ennreal (> i<n. (1 / 2) ") by (intro ennreal-lessI[OF sum-pos
sum-strict-mono[ OF finite-atMost - r-is]], auto)
also have ... < ennreal 2 unfolding sum-gp0[of 1 / 2 n] by (intro ennreal-lel,
auto)
finally show ([T z. g n 2z OM) < 2 by simp
qed
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have integrable-g": ([T z. g’ x OM) < 2
proof —
have incseq (An. g n x) for z by (intro incseq-Sucl, auto simp add: g-def
ennreal-lel)
hence convergent (An. g n z) for z unfolding convergent-def using LIM-
SEQ-incseq-SUP by fast
hence (An. ¢ n ©) —— ¢’ z for z unfolding g-def g’-def by (intro
summable-iff-convergent'| THEN iffD2, THEN summable-LIMSEQ’], blast)
hence ([t 2. ¢’z OM) = ([ T z. liminf (An. g nz) M) by (metis lim-imp-Liminf
trivial-limit-sequentially)
also have ... < liminf (An. [ " 2. g n x OM) by (intro nn-integral-liminf, simp
add: g-def)
also have ... < liminf (An. 2) using integrable-g by (intro Liminf-mono) (simp
add: order-le-less)

also have ... = 2 using sequentially-bot tendsto-iff-Liminf-eq-Limsup by blast
finally show ?thesis .
qed

hence AE z in M. g’ x < oo by (intro finite-nn-integral-imp-ae-finite) (auto simp
add: order-le-less-trans g'-def)

moreover have summable (Ai. norm (s (r (Suc i) x — s (ri) x)) if ¢’ z # o0
for z using that unfolding g'-def by (intro summable-suminf-not-top) fastforce+

ultimately have ae-summable: AE x in M. summable (A\i. s (r (Suc i)) x — s
(r 1) z) using summable-norm-cancel unfolding dist-norm by force

{

fix x assume summable (Xi. s (r (Suc ) ¢ — s (ri) )
hence (An. Y i<n. s (r (Suc i)z — s (ri) z) —— (O_i. s (r (Suci)) z —
s (r 1) z) using summable-LIMSEQ by blast
moreover have (An. (3 i<n. s (r (Suci)) z — s (ri) z)) = (An.s(rn) z —
s (r 0) z) using sum-lessThan-telescope by fastforce
ultimately have (An. s (rn) z — s (r0) z) —— (>_i. s (r (Suci)) z — s
(r i) z) by argo
hence (An. s (rn)z —s(r0)z+s(r0)z) —— O i. s (r (Suci)) z — s
(ri) z) + s (r 0) z by (intro isCont-tendsto-compose|of - Az. z + s (r 0) ], auto)
hence Cauchy (An. s (r n) z) by (simp add: LIMSEQ-imp-Cauchy)
}
hence AE z in M. Cauchy (\i. s (r i) z) using ae-summable by fast
thus ?thesis by (rule that|OF strict-mono(1)])
qed

3.2 Totally Ordered Banach Spaces

lemma integrable-maz|simp, introl:
fixes f :: 'a = 'b = {second-countable-topology, banach, linorder-topology}
assumes fg[measurable]: integrable M f integrable M g
shows integrable M (Ax. maz (f z) (g x))

proof (rule Bochner-Integration.integrable-bound)
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{
fixzy:'d
have norm (maz z y) < maz (norm x) (norm y) by linarith
also have ... < norm x 4+ norm y by simp
finally have norm (maz z y) < norm (norm x + norm y) by simp
}
thus AE z in M. norm (maz (f z) (g z)) < norm (norm (f x) + norm (g z)) by
stmp
qed (auto intro: Bochner-Integration.integrable-add[OF integrable-norm[OF fg(1)]
integrable-norm[OF fg(2)]])

lemma integrable-min[simp, intro):
fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology}
assumes [measurable]: integrable M f integrable M g
shows integrable M (Az. min (f z) (g x))
proof —
have norm (min (f z) (g z)) < norm (f ) V norm (min (f z) (g z)) < norm (g
z) for x by linarith
thus ?thesis by (intro integrable-bound| OF integrable-maz|OF integrable-norm(1,1),
OF assms]], auto)
qed

Restatement of integral-nonneg-AFE for functions taking values in a Banach
space.

lemma integral-nonneg-AE-banach:
fixes f :: 'a = 'b i {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}
assumes [measurable]: f € borel-measurable M and nonneg: AExzin M. 0 < fz
shows 0 < integral” M f
proof cases
assume integrable: integrable M f
hence maz: (A\z. maz 0 (f z)) € borel-measurable M Az. 0 < maz 0 (f z)
integrable M (Az. maz 0 (f x)) by auto
hence 0 < integral® M (Az. maz 0 (f 7))
proof —
obtain s where x: A\i. simple-function M (s i)
Ni. emeasure M {y € space M. s iy # 0} # ¢
Nz. © € space M = (N\i. six) —— fux
Nz i. © € space M => norm (s i z) < 2 * norm (f z) using
integrable-implies-simple-function-sequence| OF integrable] by blast
have simple: \i. simple-function M (Az. maz 0 (s i z)) using * by fast
have Ai. {y € space M. maz 0 (siy) # 0} C {y € space M. s iy # 0}
unfolding maz-def by force
moreover have Ai. {y € space M. s iy # 0} € sets M using x by measurable
ultimately have Ai. emeasure M {y € space M. maz 0 (s i y) # 0} <
emeasure M {y € space M. s iy # 0} by (rule emeasure-mono)
hence xx:\i. emeasure M {y € space M. maz 0 (s iy) # 0} # oo using *(2)
by (auto intro: order.strict-transi simp add: top.not-eq-extremum,)
have Az. z € space M = (A\i. maz 0 (six)) —— maz 0 (f z) using *(3)
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tendsto-max by blast

moreover have \z i. x € space M = norm (maz 0 (sixz)) < norm (2 *g
f z) using *(4) unfolding maz-def by auto

ultimately have tendsto: (\i. integral” M (Az. maz 0 (s i x))) — integral”
M (Az. maz 0 (f x))

using borel-measurable-simple-function simple integrable by (intro inte-

gral-dominated-convergence| OF maz(1) - integrable-norm[OF integrable-scaleR-right],
of - 2 f], blast+)

fix b 'a = 'b i {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}
assume simple-function M h emeasure M {y € space M. hy # 0} # oo \z.
x € space M — hx > 0
hence *: integmlL Mh>0
proof (induct rule: integrable-simple-function-induct-nn)
case (cong f g)
then show ?case using Bochner-Integration.integral-cong by force
next
case (indicator A y)
hence A # {} = y > 0 using sets.sets-into-space by fastforce
then show ?case using indicator by (cases A = {}, auto simp add:
scaleR-nonneg-nonneq)
next
case (add f g)
then show Zcase by (simp add: integrable-simple-function)
qed
}
thus %thesis using LIMSEQ-le-const|OF tendsto, of 0] xx simple by fastforce
qed
also have ... = integral’ M f using nonneg by (auto intro: integral-cong-AE)
finally show ?thesis .
qed (simp add: not-integrable-integral-eq)

lemma integral-mono-AE-banach:

fixes f g :: ‘a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes integrable M f integrable M g AE zin M. fx < gx

shows integral® M f < integral” M g

using integral-nonneg-AE-banach[of Az. g x — fx] assms Bochner-Integration.integral-diff[OF
assms(1,2)] by force

lemma integral-mono-banach:

fixes f g :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes integrable M f integrable M g N\z. © € space M = fz < gz

shows integral’ M f < integral” M g

using integral-mono-AE-banach assms by blast
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3.3 Integrability and Measurability of the Diameter

context
fixes s :: nat = ‘a = b :: {second-countable-topology, banach} and M
assumes bounded: \z. z € space M = bounded (range (Ai. s i x))
begin

lemma borel-measurable-diameter:

assumes [measurable]: Ni. (s i) € borel-measurable M

shows (Az. diameter {s iz |i. n < i}) € borel-measurable M
proof —

have {s iz |i. N < i} # {} for z N by blast

hence diameter-SUP: diameter {siz |i. N < i} = (SUP (i, j) € {N..} x {N..}.
dist (s i x) (s jz)) for z N unfolding diameter-def by (auto introl: arg-cong|of -
- Sup))

have case-prod dist “ ({siz |i. n < i} x {siz|i.n <i}) = (A, ). dist (s
z) (sjz)) ‘({n..} x {n.})) for z by fast

hence *: (\z. diameter {s iz |i. n < i}) = (Az. Sup (\(4, j). dist (siz) (sj
z)) ‘({n..} x {n..}))) using diameter-SUP by (simp add: case-prod-beta’)

have bounded ((A\(Z, j). dist (s iz) (sjz)) *({n..} x {n..}))if z € space M for
z by (rule bounded-imp-dist-bounded[OF bounded, OF that])

hence bdd: bdd-above ((\(i, j). dist (siz) (sjz)) “({n..} x {n..})) if z € space
M for x using that bounded-imp-bdd-above by presburger

have fst p € borel-measurable M snd p € borel-measurable M if p € s ‘ {n..} x
s “{n..} for p using that by fastforce+

hence (Az. fst p x — snd p z) € borel-measurable M if p € s ‘{n..} x s ‘{n..}
for p using that borel-measurable-diff by simp

hence (Az. case p of (f, g) = dist (fz) (g x)) € borel-measurable M if p € s *
{n..} x s “{n..} for p unfolding dist-norm using that by measurable

moreover have countable (s ‘ {n..} x s ‘{n..}) by (intro countable-SIGMA
countable-image, auto)

ultimately show ?thesis unfolding * by (auto intro!: borel-measurable-cSUP
bdd)
qed

lemma integrable-bound-diameter:
fixes [ :: 'a = real
assumes integrable M f
and [measurable]: A\i. (s 7) € borel-measurable M
and Az i. ¢ € space M = norm (siz) < fux
shows integrable M (Az. diameter {s i z |i. n < i})
proof —
have {s iz |i. N < i} # {} for z N by blast
hence diameter-SUP: diameter {s iz |i. N < i} = (SUP (i, j) € {N..} x {N..}.
dist (s i x) (s jz)) for z N unfolding diameter-def by (auto introl: arg-cong[of -
- Sup])
{

fix x assume z: x € space M
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let 25 = (A(4, j). dist (siz) (sjz)) ‘({n.} x {n.})

have case-prod dist * ({s iz |i. n < i} x {siz |i.n < i}) = (A4, j). dist (s i
z) (sjz)) ‘({n.} x {n..}) by fast

hence x: diameter {s iz |i. n < i} = Sup 25 using diameter-SUP by (simp
add: case-prod-beta’)

have bounded ?S by (rule bounded-imp-dist-bounded[ OF bounded|OF z]])
hence Sup-S-nonneg:0 < Sup 25 by (auto intro!: cSup-upper? x bounded-imp-bdd-above)

have dist (s i z) (sjz) < 2 x fa for i j by (intro dist-triangle2| THEN
order-trans, of - 0]) (metis norm-conv-dist assms(3) « add-mono mult-2)
hence Vc € 25. ¢ < 2 x fx by force
hence Sup 95 < 2 x fz by (intro cSup-least, auto)
hence norm (Sup 29) < 2 % norm (f x) using Sup-S-nonneg by auto
also have ... = norm (2 xg f z) by simp
finally have norm (diameter {s iz |i. n < i}) < norm (2 xg fz) unfolding
* .
}
hence AFE z in M. norm (diameter {s iz |i. n < i}) < norm (2 xg fx) by blast
thus integrable M (Az. diameter {s iz |i. n < i}) using borel-measurable-diameter
by (intro Bochner-Integration.integrable-bound|OF assms(1)[THEN integrable-scaleR-right[of
2]]], measurable)
qed
end

3.4 Auxiliary Lemmas for Set Integrals

lemma set-integral-scaleR-left:
assumes A € sets M ¢ # 0 = integrable M f
shows LINT t:A|M. ft xg ¢ = (LINT t:A|M. ft) xg ¢
unfolding set-lebesque-integral-def
using integrable-mult-indicator[OF assms]
by (subst integral-scaleR-left[symmetric], auto)

lemma nn-set-integral-eq-set-integral:

assumes [measurable]:integrable M f

and AEz e AinM. 0<fx A€ sets M
shows ([ Tz€A. fz OM) = ([ z € A. fz OM)

proof—

have ([ *z. indicator A © xg fz OM) = ([ =z € A. fz OM)

unfolding set-lebesgue-integral-def using assms(2) by (intro nn-integral-eg-integral[of
- Az. indicat-real A © xg f ], blast intro: assms integrable-mult-indicator, fastforce)

moreover have ([ Tz. indicator A z xg fo OM) = ([ Tz€A. fz OM) by (metis
ennreal-0 indicator-simps(1) indicator-simps(2) mult.commute mult-1 mult-zero-left
real-scaleR-def)

ultimately show ?thesis by argo
qed

lemma set-integral-restrict-space:
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fixes [ :: 'a = 'b::{banach, second-countable-topology}

assumes 2 N space M € sets M

shows set-lebesque-integral (restrict-space M Q) A f = set-lebesgue-integral M A
(Az. indicator Q x *g fz)

unfolding set-lebesgue-integral-def

by (subst integral-restrict-space, auto intro!: integrable-mult-indicator assms simp:
mult.commute)

lemma set-integral-const:

fixes ¢ :: 'b::{banach, second-countable-topology}

assumes A € sets M emeasure M A # oo

shows set-lebesgue-integral M A (A-. ¢) = measure M A g ¢

unfolding set-lebesgue-integral-def

using assms by (metis has-bochner-integral-indicator has-bochner-integral-integral-eq
infinity-ennreal-def less-top)

lemma set-integral-mono-banach:

fixes f g :: ‘a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes set-integrable M A f set-integrable M A g

Ne.ze A= fz<gzx

shows (LINT z:A|M. fz) < (LINT z:A|M. g )

using assms unfolding set-integrable-def set-lebesgue-integral-def

by (auto intro: integral-mono-banach split: split-indicator)

lemma set-integral-mono-AE-banach:

fixes f g :: 'a = b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes set-integrable M A f set-integrable M A g AE z€A in M. fz < gx

shows set-lebesque-integral M A f < set-lebesque-integral M A g using assms
unfolding set-lebesgue-integral-def by (auto simp add: set-integrable-def intro!:
integral-mono-AE-banach[of M Az. indicator A © % fx Az. indicator A © *p g ],
stmp add: indicator-def)

3.5 Averaging Theorem

We aim to lift results from the real case to arbitrary Banach spaces. Our
fundamental tool in this regard will be the averaging theorem. The proof
of this theorem is due to Serge Lang (Real and Functional Analysis) [4].
The theorem allows us to make statements about a functions value almost
everywhere, depending on the value its integral takes on various sets of the
measure space.

Before we introduce and prove the averaging theorem, we will first show the
following lemma which is crucial for our proof. While not stated exactly in
this manner, our proof makes use of the characterization of second-countable
topological spaces given in the book General Topology by Ryszard Engelking
(Theorem 4.1.15) [1].
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lemma balls-countable-basis:
obtains D :: 'a :: {metric-space, second-countable-topology} set
where topological-basis (case-prod ball * (D x (Q N {0<..})))
and countable D
and D # {}
proof —
obtain D :: ‘a set where dense-subset: countable D D # {} [open U; U # {}]
—> dy € D. y € U for U using countable-dense-exists by blast
have topological-basis (case-prod ball < (D x (Q N {0<..})))
proof (intro topological-basis-iff [ THEN iffD2], fast, clarify)
fix U and 7 :: 'a assume asm: open Uz € U
obtain e where e: e > 0 ball z e C U using asm openE by blast
obtain y where y: y € Dy € ballxz (e / 8) using dense-subset(3)|OF open-ball,
of x e | 3] centre-in-ball THEN iffD2, OF divide-pos-pos|OF e(1), of 3]] by force
obtain r where : r € Q N {e/3<..<e/2} unfolding Rats-def using of-rat-dense]| OF
divide-strict-left-mono[OF - e(1)], of 2 8] by auto

have x: z € ball y r using r y by (simp add: dist-commute)
hence ball y r C U using r by (intro order-trans[OF - e(2)], simp, metric)
moreover have ball y r € (case-prod ball * (D x (Q N {0<..}))) using y(1)
r by force
ultimately show 3 B’e(case-prod ball * (D x (Q N {0<..}))). x € B'A B’ C
U using * by meson
qed
thus ?thesis using that dense-subset by blast
qged

context sigma-finite-measure
begin

To show statements concerning o-finite measure spaces, one usually shows
the statement for finite measure spaces and uses a limiting argument to show
it for the o-finite case. The following induction scheme formalizes this.

lemma sigma-finite-measure-induct|case-names finite-measure, consumes 0]:
assumes A(N :: ‘a measure) . finite-measure N
=—> N = restrict-space M )
= € sets M
= emeasure N Q # oo
= emeasure N Q # 0
= almost-everywhere N @
and [measurable]: Measurable.pred M Q
shows almost-everywhere M @
proof —
have x: almost-everywhere N @ if finite-measure N N = restrict-space M Q
€ sets M emeasure N Q # oo for N Q using that by (cases emeasure N Q = 0,
auto intro: emeasure-0-AE assms(1))

obtain A :: nat = 'a set where A: range A C sets M (|Ji. A i) = space M and
emeasure-finite: emeasure M (A i) # oo for { using sigma-finite by metis
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note A(1)[measurable]
have space-restr: space (restrict-space M (A ©)) = A i for ¢ unfolding space-restrict-space
by simp
{
fix ¢
have x: {z € A i N space M. Q z} = {z € space M. Q z} N (A i) by fast
have Measurable.pred (restrict-space M (A 7)) @ using A by (intro measurablel,
auto simp add: space-restr introl: sets-restrict-space-iff[THEN iffD2], measurable,
auto)

}

note this|measurable]
{
fix ¢
have finite-measure (restrict-space M (A 7)) using emeasure-finite by (intro
finite-measurel, subst space-restr, subst emeasure-restrict-space, auto)
hence emeasure (restrict-space M (A 7)) {x € A i. =Q z} = 0 using emea-
sure-finite by (intro AE-iff-measurable] THEN iffD1, OF - - x|, measurable, subst
space-restr[symmetric], intro sets.top, auto simp add: emeasure-restrict-space)
hence emeasure M {z € A i. = Q z} = 0 by (subst emeasure-restrict-space[symmetric],
auto)
}
hence emeasure M (|Ji. {zx € A i. = Q z}) = 0 by (intro emeasure-UN-eq-0,
auto)
moreover have (|Ji. {zr € Ai. - Q 2}) = {z € space M. = Q z} using A by
auto
ultimately show ?thesis by (intro AE-iff-measurable THEN iffD2], auto)
qged

The Averaging Theorem allows us to make statements concerning how a
function behaves almost everywhere, depending on its behaviour on average.

lemma averaging-theorem:
fixes f::- = 'b::{second-countable-topology, banach}
assumes [measurable]:integrable M f
and closed: closed S
and AA. A € sets M = measure M A > 0 = (1 | measure M A) g
set-lebesque-integral M A f € §
shows AExin M. fz e S
proof (induct rule: sigma-finite-measure-induct)
case (finite-measure N )

interpret finite-measure N by (rule finite-measure)

have integrable[measurable]: integrable N f using assms finite-measure by (auto
sitmp: integrable-restrict-space integrable-mult-indicator)
have average: (1 / Sigma-Algebra.measure N A) xp set-lebesque-integral N A f
€ Sif A € sets N measure N A > 0 for A
proof —
have x: A € sets M using that by (simp add: sets-restrict-space-iff finite-measure)
have A = A N Q by (metis finite-measure(2,3) inf.orderE sets.sets-into-space
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space-restrict-space that(1))

hence set-lebesgue-integral N A f = set-lebesque-integral M A f unfolding
finite-measure by (subst set-integral-restrict-space, auto simp add: finite-measure
set-lebesque-integral-def indicator-inter-arith[symmetric])

moreover have measure N A = measure M A using that by (auto introl:
measure-restrict-space simp add: finite-measure sets-restrict-space-iff)

ultimately show ?thesis using that * assms(3) by presburger

qed

obtain D :: 'b set where balls-basis: topological-basis (case-prod ball * (D x (Q
N {0<..}))) and countable-D: countable D using balls-countable-basis by blast

have countable-balls: countable (case-prod ball * (D x (Q N {0<..}))) using
countable-rat countable-D by blast

obtain B where B-balls: B C case-prod ball * (D x (Q N {0<..})) UB = -8
using topological-basis| THEN iffD1, OF balls-basis| open-Compl|OF assms(2)] by
meson

hence countable-B: countable B using countable-balls countable-subset by fast

define b where b = from-nat-into (B U {{}})

have B U {{}} # {} by simp

have range-b: range b = B U {{}} using countable-B by (auto simp add: b-def
introl: range-from-nat-into)

have open-b: open (b i) for i unfolding b-def using B-balls open-ball from-nat-into|of
B U {{}} i] by force

have Union-range-b: |J (range b) = —S using B-balls range-b by simp

{

fix v r assume ball-in-Compl: ball vr C —8
define A where A = f —‘ ball v r N space N
have dist-less: dist (f x) v < r if x € A for z using that unfolding A-def
vimage-def by (simp add: dist-commute)
hence AE-less: AE © € A in N. norm (f z — v) < r by (auto simp add:
dist-norm)
have x: A € sets N unfolding A-def by simp
have emeasure N A = 0
proof —
{
assume asm: emeasure N A > 0
hence measure-pos: measure N A > 0 unfolding emeasure-eq-measure by
stmp
hence (1 / measure N A) xg set-lebesque-integral N A f — v = (1 / measure N
A) g set-lebesque-integral N A (Az. fz — v) using integrable integrable-const * by
(subst set-integral-diff (2), auto simp add: set-integrable-def set-integral-const[OF x|
algebra-simps intro!: integrable-mult-indicator)
moreover have norm ([z€A. (f x — v)ON) < ([z€A. norm (f =
— 0)ON) using * by (auto intro!: integral-norm-bound[of N Az. indicator A z
xg (f @ — v), THEN order-trans] integrable-mult-indicator integrable simp add:
set-lebesgue-integral-def)
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ultimately have norm ((1 / measure N A) xr set-lebesgue-integral N A f
— v) < set-lebesgque-integral N A (Az. norm (f x — v)) / measure N A using asm
by (auto intro: divide-right-mono)
also have ... < set-lebesgue-integral N A (Az. ) / measure N A
unfolding set-lebesgue-integral-def
using asm * integrable integrable-const AE-less measure-pos
by (intro divide-strict-right-mono integral-less-AE[of - - A] integrable-mult-indicator)
(fastforce simp add: dist-less dist-norm indicator-def)+
also have ... = r using * measure-pos by (simp add: set-integral-const)
finally have dist ((1 / measure N A) xg set-lebesque-integral N A f) v < r
by (subst dist-norm)
hence Fulse using average| OF * measure-pos] by (metis ComplD dist-commute
in-mono mem-ball ball-in-Compl)
}
thus ?thesis by fastforce
qed
}
note x = this
{
fix b’ assume b’ € B
hence ball-subset-Compl: b’ C —S and ball-radius-pos: 3v € D. Ir>0. b’ =
ball v r using B-balls by (blast, fast)
}
note xx = this
hence emeasure N (f —“ b i N space N) = 0 for i by (cases b i = {}, simp)
(metis UnE singletonD = range-b| THEN eq-refl, THEN range-subsetD])
hence emeasure N ((Ji. f —¢ b i N space N) = 0 using open-b by (intro
emeasure-UN-eq-0) fastforce+
moreover have (| Ji. f —b i N space N) = f —* (U (range b)) N space N by
blast
ultimately have emeasure N (f —‘(—=S) N space N) = 0 using Union-range-b
by argo
hence AEz in N. fz ¢ —S using open-Compl[OF assms(2)] by (intro AE-iff-measurable] THEN
iffD2], auto)
thus ?case by force
qed (simp add: pred-sets2[OF borel-closed] assms(2))

lemma density-zero:
fixes f::'a = 'b::{second-countable-topology, banach}
assumes integrable M f
and density-0: NA. A € sets M = set-lebesgue-integral M A f = 0
shows AExin M. fz =10
using averaging-theorem[OF assms(1), of {0}] assms(2)
by (simp add: scaleR-nonneg-nonneg)

The following lemma shows that densities are unique in Banach spaces.

lemma density-unique-banach:
fixes f f'::'a = 'b::{second-countable-topology, banach}
assumes integrable M f integrable M f’
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and density-eq: NA. A € sets M = set-lebesque-integral M A f = set-lebesgue-integral
MAYf
shows AEzin M. fz=f"z
proof—
{
fix A assume asm: A € sets M
hence LINT z|M. indicat-real A z xg (f v — f' ) = 0 using density-eq
assms(1,2) by (simp add: set-lebesque-integral-def algebra-simps Bochner-Integration.integral-diff[OF
integrable-mult-indicator(1,1)])
}
thus ?thesis using density-zero| OF Bochner-Integration.integrable-diff[OF assms(1,2)]]
by (simp add: set-lebesgue-integral-def)
qed

lemma density-nonneg:
fixes f::- = 'b::{second-countable-topology, banach, linorder-topology, ordered-real-vector}
assumes integrable M f
and AA. A € sets M = sel-lebesgue-integral M A f > 0
shows AExin M. fz >0
using averaging-theorem[OF assms(1), of {0..}, OF closed-atLeast] assms(2)
by (simp add: scaleR-nonneg-nonneg)

corollary integral-nonneg-eq-0-iff-A E-banach:
fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}
assumes f[measurable]: integrable M f and nonneg: AE zin M. 0 < fz
shows integral® M f = 0 < (AEzin M. fz = 0)
proof
assume *: integral® M f = 0
{
fix A assume asm: A € sets M
have 0 < integral® M (A\z. indicator A z g f z) using nonneg by (subst inte-
gral-zero[of M, symmetric], intro integral-mono-AE-banach integrable-mult-indicator
asm f integrable-zero, auto simp add: indicator-def)
moreover have ... < integral” M f using nonneg by (intro integral-mono-AE-banach
integrable-mult-indicator asm f, auto simp add: indicator-def)
ultimately have set-lebesgue-integral M A f = 0 unfolding set-lebesgque-integral-def
using * by force
}
thus AE zin M. fz = 0 by (intro density-zero f, blast)
qed (auto simp add: integral-eq-zero-AE)

corollary integral-eq-mono-AE-eq-AFE:

fixes f g :: 'a = b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes integrable M f integrable M g integral” M f = integral® M ¢ AE z in
M. fz<gzx

shows AExzin M. fr =gz
proof —
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define h where h = (A\z. gz — f x)

have AE z in M. h z = 0 unfolding h-def using assms by (subst inte-
gral-nonneg-eq-0-iff-A E-banach|[symmetric]) auto

then show ?thesis unfolding h-def by auto
qed

end

end

theory Conditional-FExpectation-Banach

imports HOL— Probability. Conditional-Expectation HOL— Probability. Independent-Family
Bochner-Integration-Supplement
begin

4 Conditional Expectation in Banach Spaces

While constructing the conditional expectation operator, we have come up
with the following approach, which is based on the construction in [2]. Both
our approach, and the one in [2] are based on showing that the conditional
expectation is a contraction on some dense subspace of the space of func-
tions L'(E). In our approach, we start by constructing the conditional
expectation explicitly for simple functions. Then we show that the condi-
tional expectation is a contraction on simple functions, i.e. [|[E(s|F)(z)| <
E(||s(z)|||F) for p-almost all z € Q with s :  — E simple and integrable.
Using this, we can show that the conditional expectation of a convergent
sequence of simple functions is again convergent. Finally, we show that this
limit exhibits the properties of a conditional expectation. This approach has
the benefit of being straightforward and easy to implement, since we could
make use of the existing formalization for real-valued functions. To use
the construction in [2] we need more tools from functional analysis, which
Isabelle/HOL currently does not have.

Before we can talk about 'the’ conditional expectation, we must define what
it means for a function to have a conditional expectation.

definition has-cond-exp :: 'a measure = 'a measure = ('a = 'b) = ('a = 'b::{real-normed-vector,
second-countable-topology}) = bool where
has-cond-exp M F fg= (VA€ sets F. ([ z € A. fez OM) = ([ z € A. g
oM))
A integrable M f
A integrable M g
A g € borel-measurable F)

This predicate precisely characterizes what it means for a function f to have
a conditional expectation g, with respect to the measure M and the sub-o-
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algebra F.

lemma has-cond-expl”:
assumes NA. A€ sets F = ([ 2 € A. fz OM) = ([ 2 € A. gz OM)
integrable M f
integrable M g
g € borel-measurable F
shows has-cond-exp M F f g
using assms unfolding has-cond-exp-def by simp

lemma has-cond-expD:
assumes has-cond-exp M F f g
shows N\A. Acsets F = ([ 2 € A. fz OM) = ([ z€ A gz OM)
integrable M f
integrable M g
g € borel-measurable F
using assms unfolding has-cond-exp-def by simp+

Now we can use Hilberts e-operator to define the conditional expectation,
if it exists.

definition cond-ezp :: 'a measure = 'a measure = ('a = 'b) = (‘a = 'b::{banach,
second-countable-topology}) where

cond-exp M F' f = (if 3g. has-cond-exp M F f g then (SOME g. has-cond-exp M
F fyg) else (\-. 0))

lemma borel-measurable-cond-exp|measurable]: cond-exp M F f € borel-measurable
F
by (metis cond-exp-def somel has-cond-exp-def borel-measurable-const)

lemma integrable-cond-expintro|: integrable M (cond-exp M F f)
by (metis cond-exp-def has-cond-expD(8) integrable-zero somel)

lemma set-integrable-cond-explintro]:

assumes A € sets M

shows set-integrable M A (cond-exp M F f) using integrable-mult-indicator| OF
assms integrable-cond-exp, of F f] by (auto simp add: set-integrable-def intro!: in-
tegrable-mult-indicator[OF assms integrable-cond-exp))

lemma has-cond-exp-self:
assumes integrable M f
shows has-cond-exp M (vimage-algebra (space M) f borel) f f
using assms by (auto intro!: has-cond-expl’ measurable-vimage-algebral)

lemma has-cond-exp-sets-cong:
assumes sets F' = sets G
shows has-cond-exp M F = has-cond-exp M G
using assms unfolding has-cond-exp-def by force

lemma cond-exp-sets-cong:
assumes sets F' = sets G
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shows AE x in M. cond-exp M F fx = cond-exp M G fx
by (intro AE-12, simp add: cond-exp-def has-cond-exp-sets-cong(OF assms, of
M)

context sigma-finite-subalgebra
begin

lemma borel-measurable-cond-exp’|measurable]: cond-exp M F f € borel-measurable
M

by (metis cond-exp-def somel has-cond-exp-def borel-measurable-const subalg mea-
surable-from-subalg)

lemma cond-exp-null:
assumes # ¢g. has-cond-exp M F f g
shows cond-exp M F f = (A-. 0)
unfolding cond-exp-def using assms by argo

We state the tower property of the conditional expectation in terms of the
predicate has-cond-exp.

lemma has-cond-exp-nested-subalg:
fixes f :: 'a = 'b::{second-countable-topology, banach}
assumes subalgebra G F has-cond-exp M F f h has-cond-exp M G f h'
shows has-cond-exp M F h' h
by (intro has-cond-expl’) (metis assms has-cond-expD in-mono subalgebra-def )+

The following lemma shows that the conditional expectation is unique as an
element of L1, given that it exists.

lemma has-cond-exp-charact:
fixes f :: 'a = 'b::{second-countable-topology, banach}
assumes has-cond-exp M F f g
shows has-cond-exp M F f (cond-exp M F f)
AE zin M. cond-exp M F fz = g x
proof —
show cond-exp: has-cond-exp M F f (cond-exp M F f) using assms somel
cond-exp-def by metis
let YMF = restr-to-subalg M F
interpret sigma-finite-measure YMF by (rule sigma-fin-subalg)
{
fix A assume A € sets ?MF
then have [measurable]: A € sets F using sets-restr-to-subalg| OF subalg] by
stmp
have ([z € A. gz 9?MF) = ([ z € A. gz M) using assms subalg by (auto
stmp add: integral-subalgebra?2 set-lebesque-integral-def dest!: has-cond-expD)

also have ... = ([z € A. cond-exp M F f z OM) using assms cond-exp by
(simp add: has-cond-exp-def)
also have ... = ([ z € A. cond-exp M F fz 9?MF) using subalg by (auto simp

add: integral-subalgebra2 set-lebesque-integral-def)
finally have ([z € A. g 2 9?MF) = ([ z € A. cond-exp M F f z ?MF) by
stmp
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}

hence AE z in ?MF. cond-exp M F fx = g = using cond-exp assms subalg by
(intro density-unique-banach, auto dest: has-cond-expD intro!: integrable-in-subalg)
then show AFE z in M. cond-exp M F f x = g z using AE-restr-to-subalg|OF
subalg] by simp
qed

corollary cond-exp-charact:

fixes f :: 'a = 'b::{second-countable-topology, banach}

assumes NA. A€ sets F = ([ 2 € A. fz OM) = ([ z € A. gz OM)
integrable M f
integrable M g
g € borel-measurable F

shows AE x in M. cond-exp M F fz =gz
by (intro has-cond-exp-charact has-cond-expl’ assms) auto

Identity on F-measurable functions:

If an integrable function f is already F-measurable, then cond-exp M F f =
f p-a.e. This is a corollary of the lemma on the characterization of cond-exp.

corollary cond-exp-F-meas[intro, simp):
fixes f :: 'a = 'b::{second-countable-topology, banach}
assumes integrable M f
f € borel-measurable F
shows AFE x in M. cond-exp M F fx = fzx
by (rule cond-exp-charact, auto intro: assms)

Congruence

lemma has-cond-exp-cong:
assumes integrable M f N\z. z € space M = fx = g x has-cond-exp M F g h
shows has-cond-exp M F f h
proof (intro has-cond-expI |OF - assms(1)])
fix A assume asm: A € sets F
hence set-lebesgue-integral M A f = set-lebesque-integral M A g by (intro set-lebesgue-integral-cong)
(meson assms(2) subalg in-mono subalgebra-def sets.sets-into-space subalgebra-def
subsetD)+
thus set-lebesgue-integral M A [ = set-lebesque-integral M A h using asm assms(3)
by (simp add: has-cond-exp-def)
qed (auto simp add: has-cond-expD][OF assms(3)])

lemma cond-exp-cong:

fixes f :: 'a = 'b::{second-countable-topology,banach}

assumes integrable M f integrable M g Az. © € space M = fzr =gz

shows AE x in M. cond-exp M F fx = cond-exp M F g x
proof (cases I h. has-cond-exp M F f h)

case True

then obtain h where h: has-cond-exp M F f h has-cond-exp M F g h using
has-cond-exp-cong assms by metis

show ?thesis using h[THEN has-cond-exp-charact(2)] by fastforce
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next

case Fulse

moreover have 3 h. has-cond-exp M F g h using False has-cond-exp-cong assms
by auto

ultimately show %thesis unfolding cond-exp-def by auto
qed

lemma has-cond-exp-cong-AE:

assumes integrable M f AE zin M. fx = g x has-cond-exp M F g h

shows has-cond-exp M F f h

using assms(1,2) subalg subalgebra-def subset-iff

by (intro has-cond-expl’, subst set-lebesgue-integral-cong-AE[OF - assms(1)[THEN
borel-measurable-integrable] borel-measurable-integrable(1)[OF has-cond-expD(2)[OF
assms(3)]]])

(fast intro: has-cond-expD[OF assms(3)] integrable-cong-AE-imp[OF - - AE-symmetric])+

lemma has-cond-exp-cong-AE":

assumes h € borel-measurable F AE x in M. h x = h' z has-cond-exp M F f h’

shows has-cond-exp M F f h

using assms(1, 2) subalg subalgebra-def subset-iff

using AE-restr-to-subalg2[OF subalg assms(2)] measurable-from-subalg

by (intro has-cond-expl’, subst set-lebesque-integral-cong-AE[OF - measurable-from-subalg(1,1)[OF
subalg), OF - assms(1) has-cond-expD(4)[OF assms(3)]])

(fast intro: has-cond-expD[OF assms(3)] integrable-cong-AE-imp|OF - - AE-symmetric])+

lemma cond-exp-cong-AE:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes integrable M f integrable M g AE zin M. fx = gx
shows AE z in M. cond-exp M F fx = cond-exp M F g x
proof (cases 3 h. has-cond-exp M F f h)
case True
then obtain h where h: has-cond-exp M F f h has-cond-exp M F g h using
has-cond-exp-cong-AE assms by (metis (mono-tags, lifting) eventually-mono)
show ?thesis using h[THEN has-cond-exp-charact(2)] by fastforce
next
case Fulse
moreover have #h. has-cond-exp M F g h using Fulse has-cond-exp-cong-AE
assms by auto
ultimately show ?thesis unfolding cond-exp-def by auto
qed

The conditional expectation operator on the reals, real-cond-exp, satisfies
the conditions of the conditional expectation as we have defined it.

lemma has-cond-exp-real:
fixes f :: 'a = real
assumes integrable M f
shows has-cond-exp M F f (real-cond-exp M F f)
by (intro has-cond-expl’, auto introl: real-cond-exp-intA assms)

31



lemma cond-exp-real[intro]:
fixes [ :: 'a = real
assumes integrable M f
shows AFE z in M. cond-exp M F fx = real-cond-exp M F f x
using has-cond-exp-charact has-cond-exp-real assms by blast

lemma cond-exp-cmult:
fixes [ :: 'a = real
assumes integrable M f
shows AE z in M. cond-exp M F (Ax. ¢ * fz) © = ¢ * cond-exp M F fz
using real-cond-exp-cmult|OF assms(1), of c| assms(1)[THEN cond-exp-real]
assms(1)[THEN integrable-mult-right, THEN cond-exp-real, of c| by fastforce

4.1 Existence

Showing the existence is a bit involved. Specifically, what we aim to show is
that has-cond-exp M F f (cond-exp M F f) holds for any Bochner-integrable
f- We will employ the standard machinery of measure theory. First, we will
prove existence for indicator functions. Then we will extend our proof by
linearity to simple functions. Finally we use a limiting argument to show
that the conditional expectation exists for all Bochner-integrable functions.

Indicator functions

lemma has-cond-exp-indicator:

assumes A € sets M emeasure M A < oo

shows has-cond-exp M F (Az. indicat-real A z xr y) (Az. real-cond-exp M F
(indicator A) z xg y)
proof (intro has-cond-expl’, goal-cases)

case (1 B)

have [zeB. (indicat-real A © xr y) OM = ([ z€B. indicat-real A © OM) *g
y using assms by (intro set-integral-scaleR-left, meson 1 in-mono subalg subalge-

bra-def, blast)

also have ... = ([ z€B. real-cond-exp M F (indicator A) x OM) *g y using I
assms by (subst real-cond-exp-intA, auto)
also have ... = [z€B. (real-cond-exp M F (indicator A) z xp y) OM using

assms by (intro set-integral-scaleR-left[symmetric], meson 1 in-mono subalg subal-
gebra-def, blast)

finally show ?Zcase .
next

case 2

show ?Zcase using integrable-scaleR-left integrable-real-indicator assms by blast
next

case 3

show Zcase using assms by (intro integrable-scaleR-left, intro real-cond-exp-int,
blast+)
next

case 4

show ?case by (intro borel-measurable-scaleR, intro Conditional-Ezpectation.borel-measurable-cond-ezp,
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stmp)
qed

lemma cond-exp-indicator|intro):

fixes y :: 'b::{second-countable-topology,banach}

assumes [measurable]: A € sets M emeasure M A < oo

shows AFE z in M. cond-exp M F (\z. indicat-real A x xr y) © = cond-exp M F
(indicator A) © xg y
proof —

have AE z in M. cond-exp M F (Az. indicat-real A x xR y) © = real-cond-exp M F
(indicator A) © xr y using has-cond-exp-indicator|OF assms| has-cond-exp-charact
by blast

thus ?thesis using cond-exp-real[ OF integrable-real-indicator, OF assms| by fast-
force
qed

Addition

lemma has-cond-exp-add:

fixes f g :: 'a = 'b::{second-countable-topology,banach}

assumes has-cond-exp M F f f' has-cond-exp M F g ¢’

shows has-cond-exp M F (Az. fz + gz) (Az. f 'z + g’ z)
proof (intro has-cond-expl’, goal-cases)

case (1 A)

have [z€A. (fz + g 2)0M = ([z€A. fz OM) + ([z€A. g x OM) using
assms|THEN has-cond-expD(2)] subalg 1 by (intro set-integral-add(2), auto simp
add: subalgebra-def set-integrable-def intro: integrable-mult-indicator)

also have ... = ([z€A. f'  OM) + ([z€A. ¢’ © OM) using assms|THEN
has-cond-expD(1)[OF - 1]] by argo
also have ... = [z€A. (f' z + ¢’ ©)0M using assms[THEN has-cond-expD(3)]

subalg 1 by (intro set-integral-add(2)[symmetric], auto simp add: subalgebra-def
set-integrable-def intro: integrable-mult-indicator)

finally show ?Zcase .
next

case 2

show ?case by (metis Bochner-Integration.integrable-add assms has-cond-expD(2))
next

case 3

show ?case by (metis Bochner-Integration.integrable-add assms has-cond-expD(3))
next

case 4

show ?case using assms borel-measurable-add has-cond-expD(4) by blast
qed

lemma has-cond-exp-scaleR-right:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes has-cond-exp M F [ f'
shows has-cond-exp M F (A\z. ¢ g fz) (Az. ¢ xg [’ z)
using has-cond-expD][OF assms] by (intro has-cond-expl’, auto)
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lemma cond-exp-scaleR-right:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes integrable M f
shows AE z in M. cond-exp M F (A\x. ¢ g fx) x = ¢ xg cond-exp M F fz
proof (cases 3f'. has-cond-exp M F f f')
case True
then show ?thesis using assms has-cond-exp-charact has-cond-exp-scaleR-right
by metis
next
case Fulse
show ?thesis
proof (cases ¢ = 0)
case True
then show #?thesis by simp
next
case c-nonzero: False
have 3 f’. has-cond-exp M F (\z. ¢ xp fx) f'
proof (standard, goal-cases)
case I
then obtain f’ where f” has-cond-exp M F (Az. ¢ xg fz) f' by blast
have has-cond-exp M F f (Ax. inverse ¢ xg f' x) using has-cond-expD[OF
1] divideR-right|OF c-nonzero| assms by (intro has-cond-expl’, auto)
then show ?case using Fulse by blast
qed
then show ?thesis using cond-exp-null|OF False] cond-exp-null by force
qged
qged

lemma cond-exp-uminus:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes integrable M f
shows AE z in M. cond-exp M F (Az. — fz) x = — cond-exp M F [z
using cond-exp-scaleR-right|OF assms, of —1] by force

Together with the induction scheme integrable-simple-function-induct, we
can show that the conditional expectation of an integrable simple function
exists.

corollary has-cond-exp-simple:

fixes f :: 'a = 'b::{second-countable-topology,banach}

assumes simple-function M f emeasure M {y € space M. fy # 0} # o

shows has-cond-exp M F f (cond-exp M F f)

using assms
proof (induction rule: integrable-simple-function-induct)

case (cong f g)

then show ?case using has-cond-exp-cong by (metis (no-types, opaque-lifting)
Bochner-Integration.integrable-cong has-cond-expD(2) has-cond-exp-charact(1))
next

case (indicator A y)

then show ?case using has-cond-exp-charact[OF has-cond-exp-indicator] by fast
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next

case (add u v)

then show ?case using has-cond-exp-add has-cond-exp-charact(1) by blast
qed

Now comes the most difficult part. Given a convergent sequence of integrable
simple functions s, we must show that the sequence An. cond-exp M F (s
n) is also convergent. Furthermore, we must show that this limit satisfies
the properties of a conditional expectation. Unfortunately, we will only be
able to show that this sequence convergences in the L1-norm. Luckily, this
is enough to show that the operator cond-exp M F preserves limits as a
function from L1 to L1.

In anticipation of this result, we show that the conditional expectation op-
erator is a contraction for simple functions. We first reformulate the lemma
real-cond-exp-abs, which shows the statement for real-valued functions, us-
ing our definitions. Then we show the statement for simple functions via
induction.

lemma cond-exp-contraction-real:

fixes [ :: 'a = real

assumes integrable[measurable]: integrable M f

shows AFE z in M. norm (cond-exp M F fz) < cond-exp M F (Az. norm (fz)) z
proof—

have int: integrable M (Az. norm (f z)) using assms by blast

have x: AExin M. 0 < cond-exp M F (Az. norm (fz)) x using cond-exp-real| THEN
AE-symmetric, OF integrable-norm|[OF integrable]] real-cond-exp-ge-c[OF integrable-norm|[OF
integrable], of 0] norm-ge-zero by fastforce

have xx: A € sets F = [z€A. |f 2| OM = [z€A. real-cond-exp M F (\z.
norm (f x)) © OM for A unfolding real-norm-def using assms integrable-abs
real-cond-exp-intA by blast

have norm-int: A € sets F = ([ z€A. |fz| OM) = ([ Tz€A. |f 2| OM) for A
using assms by (intro nn-set-integral-eq-set-integral[symmetric], blast, fastforce)
(meson subalg subalgebra-def subsetD)

have AE zin M. real-cond-exp M F (Az. norm (fx)) x > 0 using int real-cond-exp-ge-c
by force

hence cond-exp-norm-int: A € sets F = ([ z€A. real-cond-exp M F (Az. norm
(fz)) z OM) = ([ Tz€A. real-cond-exp M F (Az. norm (f z)) z OM) for A using
assms by (intro nn-set-integral-eq-set-integral[symmetric], blast, fastforce) (meson
subalg subalgebra-def subsetD)

have A € sets F = [tuzcA. |f z|0M = [taz€A. real-cond-exp M F (Ax.
norm (f ©)) © OM for A using xx norm-int cond-exp-norm-int by (auto simp
add: nn-integral-set-ennreal)

moreover have (A\z. ennreal |f z|) € borel-measurable M by measurable

moreover have (Az. ennreal (real-cond-exp M F (Ax. norm (fz)) x)) € borel-measurable
F by measurable
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ultimately have AE z in M. nn-cond-exp M F (A\z. ennreal |f x|) x = real-cond-exp
M F (Az. norm (f z)) « by (intro nn-cond-exp-charact| THEN AE-symmetric],
auto)

hence AFE z in M. nn-cond-exp M F (\x. ennreal |f z|) © < cond-exp M F (Az.
norm (f x)) x using cond-exp-real[OF int] by force

moreover have AF x in M. |real-cond-exp M F f x| = norm (cond-exp M F [ x)
unfolding real-norm-def using cond-exp-realOF assms| x by force

ultimately have AFE z in M. ennreal (norm (cond-exp M F fz)) < cond-exp M F
(Az. norm (f z)) z using real-cond-exp-abs| OF assms| THEN borel-measurable-integrable)
by fastforce

hence AE z in M. enn2real (ennreal (norm (cond-exp M F f z))) < ennZreal
(cond-exp M F (Az. norm (f z)) x) using ennreal-le-iff2 by force

thus ?thesis using * by fastforce
qed

lemma cond-exp-contraction-simple:

fixes [ :: 'a = 'b::{second-countable-topology, banach}

assumes simple-function M f emeasure M {y € space M. fy # 0} # o

shows AFE z in M. norm (cond-exp M F' f z) < cond-exp M F (Az. norm (fz)) =

using assms
proof (induction rule: integrable-simple-function-induct)

case (cong f g)

hence ae: AE x in M. fz = g x by blast

hence AE x in M. cond-exp M F fx = cond-exp M F g x using cong has-cond-exp-simple
by (subst cond-exp-cong-AE) (auto introl: has-cond-expD(2))

hence AFE z in M. norm (cond-exp M F f x) = norm (cond-exp M F ¢ x) by
force

moreover have AE z in M. cond-exp M F (Az. norm (f z)) z = cond-exp M F
(Az. norm (g z)) = using ae cong has-cond-exp-simple by (subst cond-exp-cong-AE)
(auto dest: has-cond-expD)

ultimately show ?case using cong(6) by fastforce
next

case (indicator A y)

hence AF z in M. cond-exp M F (\a. indicator A a xp y) * = cond-exp M F
(indicator A) z xr y by blast

hence x: AE xin M. norm (cond-exp M F (Aa. indicat-real A a xg y) ) < norm y
x cond-exp M F (Azx. norm (indicat-real A x)) x using cond-exp-contraction-real| OF
integrable-real-indicator, OF indicator] by fastforce

have AE zin M. norm y x cond-exp M F (Az. norm (indicat-real A x)) x = norm
y * real-cond-exp M F (Az. norm (indicat-real A z)) z using cond-exp-real| OF
integrable-real-indicator, OF indicator] by fastforce

moreover have AF z in M. cond-exp M F (Ax. norm y * norm (indicat-real
A z)) x = real-cond-exp M F (Az. norm y * norm (indicat-real A z)) x using
indicator by (intro cond-exp-real, auto)

ultimately have AF z in M. norm y * cond-exp M F (Az. norm (indicat-real A
z)) ¢ = cond-exp M F (Az. norm y * norm (indicat-real A x)) x using real-cond-exp-cmult|[of
Az. norm (indicat-real A ) norm y] indicator by fastforce

moreover have (A\z. norm y x norm (indicat-real A x)) = (Az. norm (indicat-real
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A z *r y)) by force

ultimately show ?case using * by force
next

case (add u v)

have AFE z in M. norm (cond-exp M F (Aa. v a + v a) ) = norm (cond-exp M
Fuz + cond-exp M F v x) using has-cond-exp-charact(2)[OF has-cond-exp-add,
OF has-cond-exp-simple(1,1), OF add(1,2,3,4)] by fastforce

moreover have AF z in M. norm (cond-exp M F v x + cond-exp M F v x) <
norm (cond-exp M F u x) + norm (cond-exp M F v z) using norm-triangle-ineq
by blast

moreover have AFE z in M. norm (cond-exp M F u z) + norm (cond-exp M F v
z) < cond-exp M F (Az. norm (u z)) z + cond-exp M F (Az. norm (v z)) = using
add(6,7) by fastforce

moreover have AF z in M. cond-exp M F (Az. norm (v z))  + cond-exp M F
(Az. norm (v z)) © = cond-exp M F (Az. norm (u x) + norm (v z)) z using in-
tegrable-simple-function|OF add(1,2)] integrable-simple-function| OF add(3,4)] by
(intro has-cond-exp-charact(2)[OF has-cond-exp-add|OF has-cond-exp-charact(1,1)],
THEN AE-symmetric], auto intro: has-cond-exp-real)

moreover have AE z in M. cond-exp M F (Az. norm (u z) + norm (v z)) x =
cond-exp M F (Az. norm (uz + v x)) z using add(5) integrable-simple-function|OF
add(1,2)] integrable-simple-function|OF add(3,4)] by (intro cond-exp-cong, auto)

ultimately show Zcase by force
qed

lemma has-cond-exp-simple-lim:
fixes f :: 'a = 'b::{second-countable-topology, banach}

assumes integrable[measurable]: integrable M f
and Ai. simple-function M (s i)
and Ai. emeasure M {y € space M. siy # 0} # o
and Az. z € space M = (M\i. siz) —— fux
and Az i. ¢ € space M = norm (s i ) < 2 * norm (f )

obtains r

where strict-mono r has-cond-exp M F f (Az. lim (Ai. cond-exp M F (s (r 7))

7))
AFE x in M. convergent (Ai. cond-exp M F (s (r 1)) x)

proof —

have [measurable]: (s i) € borel-measurable M for i using assms(2) by (simp
add: borel-measurable-simple-function)

have integrable-s: integrable M (Az. s i x) for i using assms integrable-simple-function
by blast

have integrable-4f: integrable M (Az. 4 * norm (f z)) using assms(1) by simp

have integrable-2f: integrable M (Az. 2 % norm (f z)) using assms(1) by simp

have integrable-2-cond-exp-norm-f: integrable M (Ax. 2 * cond-exp M F (\z.
norm (f x)) z) by fast

have emeasure M {y € space M. s iy — sjy # 0} < emeasure M {y €
space M. s iy # 0} + emeasure M {y € space M. s j y # 0} for i j using
simple-functionD(2)[OF assms(2)] by (intro order-trans|OF emeasure-mono emea-
sure-subadditive], auto)
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hence fin-sup: emeasure M {y € space M. s i y — s jy # 0} # oo for
i j using assms(3) by (metis (mono-tags) ennreal-add-eq-top linorder-not-less
top.not-eq-extremum infinity-ennreal-def)

have emeasure M {y € space M. norm (s iy — sjy) # 0} < emeasure M
{y € space M. s iy # 0} + emeasure M {y € space M. s jy # 0} for i j us-
ing simple-functionD(2)[OF assms(2)] by (intro order-trans|OF emeasure-mono
emeasure-subadditive], auto)

hence fin-sup-norm: emeasure M {y € space M. norm (siy — sjy) # 0} # o0
for i j using assms(3) by (metis (mono-tags) ennreal-add-eq-top linorder-not-less
top.not-eq-extremum infinity-ennreal-def)

have Cauchy: Cauchy (An. s n z) if © € space M for z using assms(4) LIM-
SEQ-imp-Cauchy that by blast

hence bounded-range-s: bounded (range (An. s n z)) if z € space M for z using
that cauchy-imp-bounded by fast

Since the sequence An. s n z is Cauchy for almost all z, we know that the
diameter tends to zero almost everywhere.

Dominated convergence tells us that the integral of the diameter also con-
verges to zero.

have AE z in M. (An. diameter {s i x | i. n < i}) —— 0 using Cauchy
cauchy-iff-diameter-tends-to-zero-and-bounded by fast
moreover have (A\z. diameter {s i z |i. n < i}) € borel-measurable M for n
using bounded-range-s borel-measurable-diameter by measurable
moreover have AFE z in M. norm (diameter {s iz |i. n < i}) < 4 * norm (f
z) for n
proof —
{
fix z assume z: z € space M
have diameter {s i = |i. n < i} < 2 % norm (f z) + 2 * norm (f z)
by (intro diameter-le, blast, subst dist-norm[symmetric], intro dist-triangle3| THEN
order-trans, of 0], intro add-mono) (auto intro: assms(5)[OF x])
hence norm (diameter {s i z |i. n < i}) < 4 % norm (f z) using diame-
ter-ge-0[OF bounded-subset|OF bounded-range-s|, OF xz, of {s i z |i. n < i}] by
force

thus ?thesis by fast
qed
ultimately have diameter-tendsto-zero: (An. LINT x| M. diameter {s iz | i. n <
i}) — 0 by (intro integral-dominated-convergence[ OF borel-measurable-const|of
0] - integrable-4f, simplified)) (fast+)

have diameter-integrable: integrable M (Az. diameter {s i x | i. n < i}) for n
using assms(1,5)

by (intro integrable-bound-diameter|OF bounded-range-s integrable-2f], auto)

have dist-integrable: integrable M (Az. dist (six) (sjz)) for ij using assms(5)
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dist-triangle3[of s i - - 0, THEN order-trans, OF add-mono, of - 2 x norm (f -)]
by (intro Bochner-Integration.integrable-bound|OF integrable-4f]) fastforce+

Since cond-exp M F' is a contraction for simple functions, the following se-
quence of integral values is also Cauchy.

This follows, since the distance between the terms of this sequence are always
less than or equal to the diameter, which itself converges to zero.

Hence, we obtain a subsequence which is Cauchy almost everywhere.

have AN. Vi>N.VYj>N. LINT z|M. norm (cond-exp M F (s i) x — cond-exp
MF (sj)z) < eif e-pos: e > 0 for e
proof —
obtain N where x: LINT z|M. diameter {s iz | i. n < i} < eif n > N for
n using that order-tendsto-iff[ THEN iffD1, OF diameter-tendsto-zero, unfolded
eventually-sequentially] e-pos by presburger
{
fix i j z assume asm: ¢ > Nj > Nz € space M
have case-prod dist * ({s iz |i. N < i} x {six |i. N < i}) = case-prod (\i
j.dist (six) (sjx)) ‘({N..} x {N..}) by fast
hence diameter {sixz | i. N < i} = (SUP (i, j) € {N..} x {N..}. dist (s
z) (s j z)) unfolding diameter-def by auto
moreover have (SUP (i, j) € {N..} x {N..}. dist (six) (sjz)) > dist (s
i z) (s j x) using asm bounded-imp-bdd-above| OF bounded-imp-dist-bounded, OF
bounded-range-s|] by (intro cSup-upper, auto)
ultimately have diameter {s i z | i. N < i} > dist (s i z) (s j z) by
presburger
}
hence LINT z|M. dist (s i z) (sjz) < eif i > Nj > N for i j using
that * by (intro integral-mono|OF dist-integrable diameter-integrable, THEN or-
der.strict-trans1), blast+)
moreover have LINT x| M. norm (cond-exp M F (s i) * — cond-exp M F (s
j) z) < LINT z|M. dist (s i z) (sjz) for ij
proof —
have LINT z|M. norm (cond-exp M F (s i) x — cond-exp M F (sj) ) = LINT
z|M. norm (cond-exp M F (s i) © + — 1 xg cond-exp M F (s j) z) unfolding
dist-norm by simp
also have ... = LINT z|M. norm (cond-exp M F (Az. six — s jz) z) using
has-cond-exp-charact(2)[OF has-cond-exp-add|OF - has-cond-exp-scaleR-right, OF
has-cond-exp-charact(1,1), OF has-cond-exp-simple(1,1)[OF assms(2,3)]], THEN
AE-symmetric, of i —1 j] by (intro integral-cong-AE) force+
also have ... < LINT z|M. cond-exp M F (Az. norm (six — sjz))  using
cond-exp-contraction-simple[OF - fin-sup, of i j| integrable-cond-exp assms(2) by
(intro integral-mono-AE, fast+)
also have ... = LINT x| M. norm (s i x — s j z) unfolding set-integral-space(1)[OF
integrable-cond-exp, symmetric| set-integral-space|OF dist-integrable[unfolded dist-norm],
symmetric] by (intro has-cond-expD(1)[OF has-cond-exp-simple| OF - fin-sup-norm],
symmetric]) (metis assms(2) simple-function-composel simple-function-diff, metis
sets.top subalg subalgebra-def)
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finally show ?thesis unfolding dist-norm .
qed
ultimately show ?thesis using order.strict-transl by meson
qed
then obtain r where strict-mono-r: strict-mono r and AE-Cauchy: AE z in
M. Cauchy (A\i. cond-exp M F (s (ri)) x)
by (rule cauchy-L1-AE-cauchy-subseq| OF integrable-cond-exp], auto)
hence ae-lim-cond-exp: AE z in M. (An. cond-exp M F (s (r n)) ) —— lim
(An. cond-exp M F (s (rn)) z) using Cauchy-convergent-iff convergent-LIMSEQ-iff
by fastforce

Now that we have a candidate for the conditional expectation, we must show
that it actually has the required properties.

Dominated convergence shows that this limit is indeed integrable.

Here, we again use the fact that conditional expectation is a contraction on
simple functions.

have cond-exp-bounded: AE xin M. norm (cond-exp M F (s (rn)) z) < cond-exp
MPF (Az. 2 x norm (f z)) = for n
proof —
have AFE z in M. norm (cond-exp M F (s (r n)) z) < cond-exp M F (Az. norm
(s (rn) x)) z by (rule cond-exp-contraction-simple[OF assms(2,3)])
moreover have AF z in M. real-cond-exp M F (Axz. norm (s (r n) z)) x <
real-cond-exp M F (Az. 2 x norm (f z)) x using integrable-s integrable-2f assms(5)
by (intro real-cond-exp-mono, auto)
ultimately show ?thesis using cond-exp-real| OF integrable-norm, OF inte-
grable-s, of r n| cond-exp-real| OF integrable-2f] by force
qed
have lim-integrable: integrable M (Az. lim (Xi. cond-exp M F (s (r ©)) x))
by (intro integrable-dominated-convergence|OF - borel-measurable-cond-exp’ inte-
grable-cond-exp ae-lim-cond-exp cond-exp-bounded], simp)

Moreover, we can use the DCT twice to show that the conditional expecta-
tion property holds, i.e. the value of the integral of the candidate, agrees
with f on sets A € sets F.

{

fix A assume A-in-sets-F: A € sets F
have AFE z in M. norm (indicator A © xg cond-exp M F (s (r n)) z) < cond-exp
MPF (Az. 2 x norm (f z)) = for n
proof —
have AE z in M. norm (indicator A x xg cond-exp M F (s (r n)) z) < norm
(cond-exp M F (s (r n)) z) unfolding indicator-def by simp
thus ?thesis using cond-exp-bounded|of n] by force
qed
hence lim-cond-exp-int: (An. LINT x:A|M. cond-exp M F (s (r n)) x) ——
LINT z:A|M. lim (An. cond-exp M F (s (r n)) x)
using ae-lim-cond-exp measurable-from-subalg| OF subalg borel-measurable-indicator,
OF A-in-sets-F| cond-exp-bounded
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unfolding set-lebesgue-integral-def
by (intro integral-dominated-convergence| OF borel-measurable-scaleR borel-measurable-scaleR
integrable-cond-exp)) (fastforce simp add: tendsto-scaleR)+

have AF z in M. norm (indicator A x xr s (rn) z) < 2 *x norm (f z) for n
proof —
have AE z in M. norm (indicator A x xr s (rn) x) < norm (s (r n) z)
unfolding indicator-def by simp
thus ?thesis using assms(5)[of - r n] by fastforce
qed
hence lim-s-int: (An. LINT z:A|M. s (r n) ) —— LINT ©:A|M. fx
using measurable-from-subalg| OF subalg borel-measurable-indicator, OF A-in-sets-F]
LIMSEQ-subseq-LIMSEQ[OF assms(4) strict-mono-r] assms(9)
unfolding set-lebesgue-integral-def comp-def
by (intro integral-dominated-convergence[ OF borel-measurable-scaleR borel-measurable-scaleR
integrable-2f]) (fastforce simp add: tendsto-scaleR)+

have LINT z:A|M. lim (An. cond-exp M F (s (r n)) ) = lim (An. LINT
z:A|M. cond-exp M F (s (r n)) z) using limI[OF lim-cond-exp-int] by argo

also have ... = lim (An. LINT xz:A|M. s (r n) z) using has-cond-expD(1)[OF
has-cond-exp-simple[ OF assms(2,3)] A-in-sets-F, symmetric|] by presburger
also have ... = LINT z:A|M. f x using limI[OF lim-s-int] by argo

finally have LINT z:A|M. lim (An. cond-exp M F (s (rn)) ) = LINT z:A|M.
fz.
}

Putting it all together, we have the statement we are looking for.

hence has-cond-exp M F f (Az. lim (\i. cond-exp M F (s (r 7)) z)) using
assms(1) lim-integrable by (intro has-cond-expl’, auto)

thus thesis using AE-Cauchy Cauchy-convergent strict-mono-r by (auto introl:
that)
qed

Now, we can show that the conditional expectation is well-defined for all
integrable functions.

corollary has-cond-expl:

fixes f :: 'a = 'b::{second-countable-topology,banach}

assumes integrable M f

shows has-cond-exp M F f (cond-exp M F f)
proof —

obtain s where s-is: A\i. simple-function M (s i) \i. emeasure M {y € space M.
sty# 0} # 0o Az. x € space M = (M\i. six) —— fax Az i. x € space M =
norm (siz) < 2 x norm (f x) using integrable-implies-simple-function-sequence[ OF
assms| by blast

show ?thesis using has-cond-exp-simple-lim|[OF assms s-is| has-cond-exp-charact(1)
by metis
qed
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4.2 Properties

The defining property of the conditional expectation now always holds, given
that the function f is integrable.

lemma cond-exp-set-integral:
fixes [ :: 'a = 'b::{second-countable-topology,banach}
assumes integrable M f A € sets F
shows ([ z € A. fz OM) = ([ = € A. cond-exp M F [z OM)
using has-cond-expD(1)[OF has-cond-expl, OF assms] by argo

The following property of the conditional expectation is called the "Tower
Property".

lemma cond-exp-nested-subalg:

fixes f :: 'a = 'b::{second-countable-topology,banach}

assumes integrable M f subalgebra M G subalgebra G F

shows AE £ in M. cond-exp M F f £ = cond-exp M F (cond-exp M G f) &

using has-cond-expl assms sigma-finite-subalgebra-def by (auto intro!: has-cond-exp-nested-subalg| THEN
has-cond-exp-charact(2), THEN AE-symmetric] sigma-finite-subalgebra.has-cond-expI[OF
sigma-finite-subalgebra.intro| OF assms(2)]] nested-subalg-is-sigma-finite)

The conditional expectation is linear.

lemma cond-exp-add:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes integrable M f integrable M g
shows AE z in M. cond-exp M F (Ax. fx + g ) x = cond-exp M F fz +
cond-exp M F g x
using has-cond-exp-add|OF has-cond-expl(1,1), OF assms, THEN has-cond-exp-charact(2)]

lemma cond-exp-diff:

fixes f :: 'a = 'b :: {second-countable-topology, banach}

assumes integrable M f integrable M g

shows AE z in M. cond-exp M F (Az. fx — g z) © = cond-exp M F fz —
cond-exp M F g x

using has-cond-exp-add[OF - has-cond-exp-scaleR-right, OF has-cond-expI(1,1),
OF assms, THEN has-cond-exp-charact(2), of —1] by simp

lemma cond-exp-diff "

fixes f :: 'a = 'b = {second-countable-topology, banach}

assumes integrable M f integrable M g

shows AE z in M. cond-exp M F (f — g) © = cond-exp M F fx — cond-exp M
Fgzx

unfolding fun-diff-def using assms by (rule cond-exp-diff)

lemma cond-exp-scaleR-left:
fixes f :: 'a = real
assumes integrable M f
shows AE z in M. cond-exp M F (Az. fx *p ¢) © = cond-exp M F fx xp c
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using cond-exp-set-integral| OF assms| subalg assms unfolding subalgebra-def
by (intro cond-exp-charact,

subst set-integral-scaleR-left, blast, intro assms,

subst set-integral-scaleR-left, blast, intro integrable-cond-exp)

auto

The conditional expectation operator is a contraction, i.e. a bounded linear
operator with operator norm less than or equal to 1.

To show this we first obtain a subsequence Az i. s (r %) x, such that \i.
cond-exp M F (s (r i)) = converges to cond-exp M F f x a.e. Afterwards,
we obtain a sub-subsequence Az i. s (r (r'i)) x, such that \i. cond-exp M
F (Az. norm (s (r i))) = converges to cond-exp M F (Az. norm (f x)) x
a.e. Finally, we show that the inequality holds by showing that the terms
of the subsequences obey the inequality and the fact that a subsequence of
a convergent sequence converges to the same limit.

lemma cond-exp-contraction:

fixes f :: 'a = 'b::{second-countable-topology, banach}

assumes integrable M f

shows AE z in M. norm (cond-exp M F fz) < cond-exp M F (Az. norm (f x))
x
proof —

obtain s where s: Ai. simple-function M (s i) \i. emeasure M {y € space M.
siy# 0} #00 Ne. x € space M = (Mi. sizx) —— fz Nix. x € space M
= norm (sixz) < 2 x norm (f x)

by (blast intro: integrable-implies-simple-function-sequence| OF assms])

obtain r where r: strict-mono r and has-cond-exp M F f (Az. lim (\i. cond-exp
MF (s(ri))x)) AEzin M. (\i. cond-exp M F (s (1)) x) — lim (\i. cond-exp
MF (s (ri) z)
using has-cond-exp-simple-lim[OF assms s| unfolding convergent-LIMSEQ-iff
by blast
hence r-tendsto: AE x in M. (\i. cond-exp M F (s (r i)) £) —— cond-exp M
F f © using has-cond-exp-charact(2) by force

have norm-s-r: \i. simple-function M (Az. norm (s (r ) x)) N\i. emeasure M
{y € space M. norm (s (r i) y) # 0} # oo A\z. © € space M = (Ai. norm (s (r
i) z)) — norm (fz) Niz. x € space M = norm (norm (s (r i) z)) < 2 x*
norm (norm (f x))

using s by (auto intro: LIMSEQ-subseq-LIMSEQ[OF tendsto-norm r, unfolded
comp-def] simple-function-composel )

obtain r’ where r': strict-mono r’ and has-cond-exp M F (Az. norm (f z)) (Ax.
lim (X\i. cond-exp M F (Az. norm (s (r (r’ %)) z)) z)) AE x in M. (\i. cond-exp
M F (Az. norm (s (r (r' %)) z)) x) —— lim (\i. cond-exp M F (Az. norm (s
(r (r' %)) z)) =) using has-cond-exp-simple-lim|[OF integrable-norm norm-s-r, OF
assms] unfolding convergent-LIMSEQ-iff by blast

hence r'-tendsto: AE x in M. (\i. cond-exp M F (Ax. norm (s (r (v’ %)) z)) z)
—— cond-exp M F (Az. norm (f z)) x using has-cond-exp-charact(2) by force
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have AE z in M.V i. norm (cond-exp M F (s (r (r' 7)) z) < cond-exp M F (\x.
norm (s (r (r' 7)) z)) = using s by (auto intro: cond-exp-contraction-simple simp
add: AE-all-countable)

moreover have AE z in M. (A\i. norm (cond-exp M F (s (r (r' i))) ©)) ——
norm (cond-exp M F [ x) using r-tendsto LIMSEQ-subseq-LIMSEQ[OF tend-
sto-norm r', unfolded comp-def] by fast

ultimately show ?thesis using LIMSEQ-le r’'-tendsto by fast
qed

The following lemmas are called "pulling out whats known". We first show
the statement for real-valued functions using the lemma real-cond-exp-intg,
which is already present. We then show it for arbitrary g using the lecture
notes of Gordan Zitkovic for the course "Theory of Probability I" [5].

lemma cond-exp-measurable-mult:
fixes fg :: 'a = real
assumes [measurable]: integrable M (Az. fx x g x) integrable M g f € borel-measurable
F
shows integrable M (Ax. fx x cond-exp M F g x)
AE zin M. cond-exp M F (Az. fz x gz) x = fx % cond-exp M F g x
proof—
show integrable: integrable M (Ax. fz * cond-exp M F g x) using cond-exp-real|OF
assms(2)] by (intro integrable-cong-AE-imp| OF real-cond-exp-intg(1), OF assms(1,3)
assms(2)[THEN borel-measurable-integrable]] measurable-from-subalg]OF subalg])
auto
interpret sigma-finite-measure restr-to-subalg M F by (rule sigma-fin-subalg)
{
fix A assume asm: A € sets F
hence asm” A € sets M using subalg by (fastforce simp add: subalgebra-def)
have set-lebesgue-integral M A (cond-exp M F (A\z. fx x g x)) = set-lebesgue-integral
M A (Az. fz % g x) by (simp add: cond-exp-set-integral|OF assms(1) asm])
also have ... = set-lebesgue-integral M A (A\z. f x * real-cond-exp M F ¢
z) using borel-measurable-times| OF borel-measurable-indicator| OF asm] assms(3)]
borel-measurable-integrable] OF assms(2)] integrable-mult-indicator[OF asm’ assms(1)]
by (fastforce simp add: set-lebesgue-integral-def mult.assoc[symmetric] intro: real-cond-exp-intg(2)[symmetric])
also have ... = set-lebesque-integral M A (\z. f z * cond-exp M F g x) using
cond-exp-real| OF assms(2)] asm’ borel-measurable-cond-exp’ borel-measurable-cond-exp2
measurable-from-subalg| OF subalg assms(3)] by (auto simp add: set-lebesgue-integral-def
intro: integral-cong-AF)
finally have set-lebesque-integral M A (cond-exp M F (Az. fz = gz)) = [z€A.
(fz * cond-exp M F g 2)OM .
}
hence AE z in restr-to-subaly M F. cond-exp M F (Az. fz * gz) 2 = f
x * cond-exp M F g x by (intro density-unique-banach integrable-cond-exp inte-
grable integrable-in-subalg subalg, measurable, simp add: set-lebesque-integral-def
integral-subalgebra2| OF subalg] sets-restr-to-subalg|OF subalg))
thus AF z in M. cond-exp M F (Az. fz x gx) © = fz * cond-exp M F g x by
(rule AE-restr-to-subalg|OF subalg])
qed
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lemma cond-exp-measurable-scaleR:

fixes f :: '/a = real and g :: ‘a = 'b :: {second-countable-topology, banach}

assumes [measurable]: integrable M (Az. fx xg g x) integrable M g f € borel-measurable
F

shows integrable M (Ax. f x xr cond-exp M F g x)

AFE xin M. cond-exp M F (Az. fz xgr gz) x = fz *g cond-exp M F gz

proof —

let ?F = restr-to-subalg M F

have subalg’: subalgebra M (restr-to-subalg M F) by (metis sets-eq-imp-space-eq
sets-restr-to-subalg subalg subalgebra-def)

{

fix z assume asm[measurable]: integrable M (Az. zx % g x) z € borel-measurable
?F
hence asm'[measurable]: z € borel-measurable F using measurable-in-subalg’
subalg by blast
have integrable M (Az. z © xg cond-exp M F g x) LINT z|M. z x xp g x =
LINT z|M. z x xg cond-exp M F g
proof —
obtain s where s-is: \i. simple-function ?F (s i) \z. © € space F = (\i.
six) —— za Niz. z € space PF = norm (s i z) < 2 % norm (z z) using
borel-measurable-implies-sequence-metric| OF asm(2), of 0] by force

We need to apply the dominated convergence theorem twice, therefore we
need to show the following prerequisites.

have s-scaleR-g-tendsto: AE x in M. (Mi. s i © *p g &) ——— 2% *g g &
using s-is(2) by (simp add: space-restr-to-subalg tendsto-scaleR)

have s-scaleR-cond-exp-g-tendsto: AE x in ¢F. (\i. s i x *g cond-exp M F ¢
x) — z x *p cond-exp M F g x using s-is(2) by (simp add: tendsto-scaleR)

have s-scaleR-g-meas: (Az. s i © *gr g x) € borel-measurable M for i us-
ing s-is(1)[THEN borel-measurable-simple-function, THEN subalg'| THEN measur-
able-from-subalg]] by simp
have s-scaleR-cond-exp-g-meas: (\z. s iz xr cond-exp M F g x) € borel-measurable
?F for i using s-is(1)[THEN borel-measurable-simple-function] measurable-in-subalg| OF
subalg borel-measurable-cond-exp] by (fastforce intro: borel-measurable-scaleR)

have s-scaleR-g-AE-bdd: AFE z in M. norm (s i x *g g ) < 2 % norm
(z x xgp g x) for i using s-is(3) by (fastforce simp add: space-restr-to-subalg
mult.assoc[symmetric] mult-right-mono)

fix ¢
have asm: integrable M (Az. norm (z x) * norm (g z)) using asm(1)[THEN
integrable-norm| by simp
have AFE z in 9F. norm (s i x *p cond-exp M F g z) < 2 % norm (z z) *
norm (cond-exp M F g z) using s-is(3) by (fastforce simp add: mult-mono)
moreover have AFE z in ?F. norm (zx) % cond-exp M F (Az. norm (gz)) x =
cond-exp M F (Az. norm (z ) * norm (g x)) z by (rule cond-exp-measurable-mult(2)[ THEN
AE-symmetric, OF asm integrable-norm, OF assms(2), THEN AE-restr-to-subalg2[OF
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subalg]], auto)

ultimately have AE z in ?F. norm (s i © xr cond-exp M F g ) < 2 *
cond-exp M F (Az. norm (z z *xg g z)) = using cond-exp-contraction| OF assms(2),
THEN AE-restr-to-subalg2[OF subalg]] order-trans|OF - mult-mono] by fastforce

}

note s-scaleR-cond-exp-g-AE-bdd = this

In the following section we need to pay attention to which measures we
are using for integration. The rhs is F-measurable while the lhs is only
M-measurable.

{
fix ¢

have s-meas-M|[measurable]: s i € borel-measurable M by (meson borel-measurable-simple-function
measurable-from-subalg s-is(1) subalg’)

have s-meas-F[measurable]: s i € borel-measurable F' by (meson borel-measurable-simple-function
measurable-in-subalg’ s-is(1) subalg)

have s-scaleR-eq: s i © xg h v = (3 y€s i © space M. (indicator (s i
—“{y} N space M) z *p y) *xg h z) if z € space M for z and h :: ‘a = 'b
using simple-function-indicator-representation| OF s-is(1), of = i] that unfolding
space-restr-to-subalg scaleR-left.sum[of - - h x, symmetric] by presburger

have LINT z|M. s i x xg g © = LINT z|M. (> y€s i * space M. in-
dicator (s i —* {y} N space M) = xr y *g g ©) using s-scaleR-eq by (intro
Bochner-Integration.integral-cong) auto
also have ... = (3 yes @ ‘ space M. LINT z|M. indicator (s i —°
{y} N space M) z xg y *xg g z) by (intro Bochner-Integration.integral-sum in-
tegrable-mult-indicator|OF - integrable-scaleR-right] assms(2)) simp

also have ... = (D y€s i ‘ space M. y xg set-lebesque-integral M (s i —*
{y} N space M) g) by (simp only: set-lebesgue-integral-def[symmetric]) simp
also have ... = (D" y€s i ‘ space M. y *p set-lebesque-integral M (s i —*{y}

N space M) (cond-exp M F g)) using assms(2) subalg borel-measurable-vimage[OF
s-meas-F] by (subst cond-exp-set-integral, auto simp add: subalgebra-def)

also have ... = (3" y€s i ‘ space M. LINT x| M. indicator (s i —‘{y} N space
M) z *p y *g cond-exp M F g z) by (simp only: set-lebesgue-integral-def[symmetric])
stmp

also have ... = LINT z|M. (3_ y€s i ‘ space M. indicator (s i —‘{y} N space
M) z *g y *g cond-exp M F g z) by (intro Bochner-Integration.integral-sum|symmetric]
integrable-mult-indicator|OF - integrable-scaleR-right]) auto

also have ... = LINT z|M. s i x xg cond-exp M F g z using s-scaleR-eq

by (intro Bochner-Integration.integral-cong) auto

finally have LINT z|M. s i ¢ xg g x = LINT z|?F. s i x xg cond-exp M F
g z by (simp add: integral-subalgebra2[OF subalg])

}

note integral-s-eq = this

Now we just plug in the results we obtained into DCT, and use the fact that
limits are unique.

show integrable M (\z. zx % cond-exp M F g x) using s-scaleR-cond-exp-g-meas
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asm(2) borel-measurable-cond-exp’ by (intro integrable-from-subalg|OF subalg) in-
tegrable-cond-exp integrable-dominated-convergence| OF - - - s-scaleR-cond-exp-g-tendsto
s-scaleR-cond-exp-g-AE-bdd]) (auto intro: measurable-from-subalg] OF subalg] inte-
grable-in-subalg measurable-in-subalg subalg)

have (Ai. LINT z|M. s i ¢ xg g t) — LINT z|M. z © *p ¢ x using
s-scaleR-g-meas asm(1)[THEN integrable-norm] asm’ borel-measurable-cond-exp’
by (intro integral-dominated-convergence[OF - - - s-scaleR-g-tendsto s-scaleR-g-AE-bdd))
(auto intro: measurable-from-subalg|OF subalg))

moreover have (\i. LINT z|?F. s i © g cond-ezp M F g ) ——
LINT z|?F. z x *g cond-exp M F g x using s-scaleR-cond-exp-g-meas asm(2)
borel-measurable-cond-exp’ by (intro integral-dominated-convergence[OF - - - s-scaleR-cond-exp-g-tendsto
s-scaleR-cond-exp-g-AE-bdd]) (auto intro: measurable-from-subalg[OF subalg] inte-
grable-in-subalg measurable-in-subalg subalg)

ultimately show LINT z|M. z x xg g x = LINT xz|M. z © *p cond-exp
M F g z using integral-s-eq using subalg by (simp add: LIMSEQ-unique inte-
gral-subalgebra2)

qed

}

note * = this

The main statement now follows with z = (Az. indicat-real A = * f z).

show integrable M (Az. f © xr cond-exp M F g z) using * assms measur-
able-in-subalg| OF subalg] by blast

{

fix A assume asm: A € F
hence integrable M (Az. indicat-real A z xg f x xr g z) using subalg by
(fastforce simp add: subalgebra-def intro!: integrable-mult-indicator assms(1))
hence set-lebesgue-integral M A (Ax. fx xr g ©) = set-lebesque-integral M A
(Az. fz xg cond-exp M F g z) unfolding set-lebesgue-integral-def using asm by
(auto introl: x measurable-in-subalg|OF subalg))
}
thus AF z in M. cond-exp M F (\z. fz *xg gx) © = fx *g cond-exp M F g z
using borel-measurable-cond-exp by (intro cond-exp-charact, auto introl: x assms
measurable-in-subalg| OF subalg))
qed

lemma cond-exp-sum [intro, simp):

fixes f :: 't = 'a = 'b 1 {second-countable-topology,banach}

assumes [measurable]: \i. integrable M (f i)

shows AE z in M. cond-exp M F (Az. > i€l. fiz) x = (D i€l. cond-exp M F
(i) 1)
proof (rule has-cond-exp-charact, intro has-cond-expl”’)

fix A assume [measurable]: A € sets F

then have A-meas [measurable]: A € sets M by (meson subsetD subalg subalge-
bra-def)

have ([z€A. (3o i€l. fix)OM) = ([ . (3 i€l. indicator A © *g fi x)OM)
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unfolding set-lebesgue-integral-def by (simp add: scaleR-sum-right)

also have ... = (}_i€l. ([ z. indicator A © g fiz OM)) using assms by (auto
introl: Bochner-Integration.integral-sum integrable-mult-indicator)

also have ... = (3" i€l. ([ z. indicator A z xg cond-exp M F (fi) x OM)) using
cond-exp-set-integral| OF assms| by (simp add: set-lebesgue-integral-def)

also have ... = ([z. (3 i€l. indicator A © *g cond-exp M F (f i) z)0M)
using assms by (auto intro!: Bochner-Integration.integral-sum[symmetric| inte-
grable-mult-indicator)

also have ... = ([ z€A. (}_ i€l. cond-exp M F (fi) z)0M) unfolding set-lebesgue-integral-def
by (simp add: scaleR-sum-right)

finally show ([ z€A. (3 iel. fiz)OM) = ([ z€A. (3 i€l. cond-exp M F (f i)
z)OM) by auto
qed (auto simp add: assms integrable-cond-exp)

4.3 Linearly Ordered Banach Spaces

In this subsection we show monotonicity results concerning the conditional
expectation operator.

lemma cond-exp-gr-c:
fixes f :: 'a = 'b 2 {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}
assumes integrable M f AE zin M. fx > ¢
shows AE z in M. cond-exp M F fx > ¢
proof —
define X where X = {z € space M. cond-exp M F fz < ¢}
have [measurable]: X € sets F unfolding X-def by measurable (metis sets.top
subalg subalgebra-def)
hence X-in-M: X € sets M using sets-restr-to-subalg subalg subalgebra-def by
blast
have emeasure M X = 0
proof (rule ccontr)
assume emeasure M X # 0
have emeasure (restr-to-subalyg M F) X = emeasure M X by (simp add: emea-
sure-restr-to-subalg subalg)
hence emeasure (restr-to-subalg M F) X > 0 using <—(emeasure M X) = 0»
gr-zerol by auto
then obtain A where A: A € sets (restr-to-subalg M F') A C X emeasure
(restr-to-subalg M F) A > 0 emeasure (restr-to-subalg M F') A < oo
using sigma-fin-subalg by (metis emeasure-notin-sets ennreal-0 infinity-ennreal-def
le-less-linear neq-top-trans not-gr-zero order-refl sigma-finite-measure.approz-PInf-emeasure-with-finite)
hence [simp]: A € sets F using subalg sets-restr-to-subalg by blast
hence A-in-sets-M[simp]: A € sets M using sets-restr-to-subalg subalg subal-
gebra-def by blast
have [simp]: set-integrable M A (Az. ¢) using A subalg by (auto simp add:
set-integrable-def emeasure-restr-to-subalg)
have [simp]: set-integrable M A f unfolding set-integrable-def by (rule inte-
grable-mult-indicator, auto simp add: assms(1))
have AE x in M. indicator A x xr ¢ = indicator A ¢ *g fx
proof (rule integral-eqg-mono-AFE-eq-AE)
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have ([ z€A. c OM) < ([ z€A. fz OM) using assms(2) by (intro set-integral-mono-AE-banach)
auto
moreover

have ([zc€A. fz OM) = ([z€A. cond-exp M F f x OM) by (rule
cond-exp-set-integral, auto simp add: assms)
also have ... < ([ z€A. ¢ M) using A by (auto intro!: set-integral-mono-banach
stmp add: X-def)
finally have ([ z€A. fz OM) < ([ 2z€A. ¢ M) by simp

ultimately show LINT z|M. indicator A © xg ¢ = LINT z|M. indicator A
z *g [ unfolding set-lebesgque-integral-def by simp
show AFE z in M. indicator A x xg ¢ < indicator A z % [z using assms by
(auto simp add: X-def indicator-def)
qged (auto simp add: set-integrable-def[symmetric])
hence AE z€A in M. ¢ = fz by auto
hence AE z€A in M. False using assms(2) by auto
hence A € null-sets M using AFE-iff-null-sets A-in-sets-M by metis
thus False using A(3) by (simp add: emeasure-restr-to-subalg null-setsD1
subalg)
qged
thus ?thesis using AFE-iff-null-sets[OF X-in-M] unfolding X-def by auto
qed

corollary cond-exp-less-c:

fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes integrable M f AEzin M. fz < ¢

shows AE z in M. cond-exp M F fz < ¢
proof —

have AE z in M. cond-exp M F fx = — cond-exp M F (Az. — f z) x using
cond-exp-uminus|OF assms(1)] by auto

moreover have AF z in M. cond-exp M F (Az. — fx) © > — ¢ using assms
by (intro cond-exp-gr-c) auto

ultimately show ?thesis by (force simp add: minus-less-iff)
qed

lemma cond-exp-mono-strict:

fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes integrable M f integrable M g AExin M. fz < gx

shows AE z in M. cond-exp M F fx < cond-exp M F g x

using cond-exp-less-c[OF Bochner-Integration.integrable-diff, OF assms(1,2), of
0]

cond-exp-diff [OF assms(1,2)] assms(3) by auto

lemma cond-exp-ge-c:

fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

49



assumes [measurable]: integrable M f
and AEzin M. fz > ¢
shows AE xz in M. cond-exp M F fx > ¢
proof —
let ?F = restr-to-subalg M F
interpret sigma-finite-measure restr-to-subalg M F using sigma-fin-subalg by
auto
{
fix A assume asm: A € sets ?F 0 < measure ?F A
have [simp]: sets ?F = sets F measure ?F A = measure M A using asm by (auto
simp add: measure-def sets-restr-to-subalg|OF subalg] emeasure-restr-to-subalg| OF
subalg))
have M-A: emeasure M A < oo using measure-zero-top asm by (force simp
add: top.not-eq-extremum)
hence F-A: emeasure ?F A < oo using asm(1) emeasure-restr-to-subalg subalg
by fastforce
have set-lebesque-integral M A (A-. ¢) < set-lebesque-integral M A f using
assms asm M-A subalg by (intro set-integral-mono-AE-banach, auto simp add:
set-integrable-def integrable-mult-indicator subalgebra-def sets-restr-to-subalg)
also have ... = set-lebesque-integral M A (cond-exp M F f) using cond-exp-set-integral| OF
assms(1)] asm by auto
also have ... = set-lebesgue-integral ?F A (cond-exp M F f) unfolding set-lebesgue-integral-def
using asm borel-measurable-cond-exp by (intro integral-subalgebra2[OF subalg, sym-
metric], simp)
finally have (1 / measure ?F A) g set-lebesque-integral ?F A (cond-exp M F f)
€ {c..} using asm subalg M-A by (auto simp add: set-integral-const subalgebra-def
introl: pos-divideR-le-eq| THEN iffD1])

thus ?thesis using AFE-restr-to-subalg|OF subalg] averaging-theorem[OF inte-
grable-in-subalg closed-atLeast, OF subalg borel-measurable-cond-exp integrable-cond-exp]
by auto
qed

corollary cond-exp-le-c:

fixes f :: ‘a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes integrable M f

and AEzin M. fz<c

shows AE z in M. cond-exp M F fx < ¢
proof —

have AE z in M. cond-exp M F fx = — cond-exp M F (Az. — f z) x using
cond-exp-uminus|OF assms(1)] by force

moreover have AE x in M. cond-exp M F (Az. — fx) > — ¢ using assms
by (intro cond-exp-ge-c) auto

ultimately show ?thesis by (force simp add: minus-le-iff)
qed

corollary cond-exp-mono:
fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-

50



dered-real-vector}
assumes integrable M f integrable M g AEzin M. fx < gx
shows AE z in M. cond-exp M F fx < cond-exp M F g x
using cond-exp-le-c[OF Bochner-Integration.integrable-diff, OF assms(1,2), of
0]
cond-exp-diff[OF assms(1,2)] assms(3) by auto

corollary cond-exp-min:

fixes f :: 'a = 'b i {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes integrable M f integrable M g

shows AFE & in M. cond-exp M F (Az. min (fz) (g 2)) & < min (cond-exp M F
f €) (cond-exp M F g €)
proof —

have AE ¢ in M. cond-exp M F (Az. min (fz) (g z)) £ < cond-exp M F f & by
(intro cond-exp-mono integrable-min assms, simp)

moreover have AF & in M. cond-exp M F (Az. min (f z) (g z)) £ < cond-exp
M F g £ by (intro cond-exp-mono integrable-min assms, simp)

ultimately show AE & in M. cond-exp M F (Az. min (f z) (g z)) £ < min
(cond-exp M F f £) (cond-exp M F g &) by fastforce
qed

corollary cond-exp-max:

fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector}

assumes integrable M f integrable M g

shows AF £ in M. cond-exp M F (Az. maz (fz) (g x)) £ > max (cond-exp M F

1 €) (cond-eap M F g ¢)
proof —

have AE & in M. cond-exp M F (Az. maz (fz) (g x)) & > cond-exp M F f £ by
(intro cond-exp-mono integrable-maz assms, simp)

moreover have AFE £ in M. cond-exp M F (Az. max (f ) (g x)) € > cond-exp
M F g £ by (intro cond-exp-mono integrable-maz assms, simp)

ultimately show AFE ¢ in M. cond-exp M F (Az. maz (f z) (g z)) & > mazx
(cond-exp M F f &) (cond-exp M F g &) by fastforce
qed

corollary cond-ezxp-inf:

fixes f :: 'a = 'b :: {second-countable-topology, banach, linorder-topology, or-
dered-real-vector, lattice}

assumes integrable M f integrable M g

shows AE & in M. cond-exp M F (Az. inf (fz) (g z)) & < inf (cond-exp M F f
&) (cond-exp M F g &)

unfolding inf-min using assms by (rule cond-exp-min)

corollary cond-exp-sup:

fixes f :: 'a = 'b i {second-countable-topology, banach, linorder-topology, or-
dered-real-vector, lattice}

assumes integrable M f integrable M g
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shows AFE & in M. cond-exp M F (A\z. sup (fz) (g x)) & > sup (cond-exp M F f
&) (cond-exp M F g &)
unfolding sup-maz using assms by (rule cond-exp-max)

end

4.4 Probability Spaces

lemma (in prob-space) sigma-finite-subalgebra-restr-to-subalg:

assumes subalgebra M F

shows sigma-finite-subalgebra M F
proof (intro sigma-finite-subalgebra.intro)

interpret F: prob-space restr-to-subalg M F using assms prob-space-restr-to-subalg
prob-space-axioms by blast

show sigma-finite-measure (restr-to-subalg M F) by (rule F.sigma-finite-measure-azioms)
qed (rule assms)

lemma (in prob-space) cond-exp-trivial:

fixes f :: 'a = 'b = {second-countable-topology, banach}

assumes integrable M f

shows AE z in M. cond-exp M (sigma (space M) {}) fx = expectation f
proof —

interpret sigma-finite-subalgebra M sigma (space M) {} by (auto intro: sigma-finite-subalgebra-restr-to-subalg
simp add: subalgebra-def sigma-sets-empty-eq)

show ?thesis using assms by (intro cond-exp-charact) (auto simp add: sigma-sets-empty-eq
set-lebesque-integral-def prob-space cong: Bochner-Integration.integral-cong)
qed

The following lemma shows that independent o-algebras don’t matter for
the conditional expectation. The proof is adapted from [5].

lemma (in prob-space) cond-exp-indep-subalgebra:

fixes f :: 'a = 'b :: {second-countable-topology, banach, real-normed-field}

assumes subalgebra: subalgebra M F subalgebra M G

and independent: indep-set G (sigma (space M) (F U vimage-algebra (space

M) f borel))

assumes [measurable]: integrable M f

shows AFE x in M. cond-exp M (sigma (space M) (F U G)) fx = cond-exp M F
fx
proof —

interpret Un-sigma: sigma-finite-subalgebra M sigma (space M) (F U G) using
assms(1,2) by (auto intro!: sigma-finite-subalgebra-restr-to-subalg sets.sigma-sets-subset
stmp add: subalgebra-def space-measure-of-conv sets-measure-of-conuv)

interpret sigma-finite-subalgebra M F using assms by (auto intro: sigma-finite-subalgebra-restr-to-subalg)

fix A
assume asm: A € sigma (space M) {aNb|ab. a€ FAbe G}
have in-events: sigma-sets (space M) {a N b |a b. a € sets F N b € sets

G} C events using subalgebra by (intro sets.sigma-sets-subset, auto simp add:
subalgebra-def)
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have Int-stable {aNb|ab.a€ FAbe G}
proof —

fix af bf ag bg

assume F: of € Fbf € Fand G: ag € Gbg € G

have af N bf € F by (intro sets.Int F)

moreover have ag N bg € G by (intro sets.Int G)

ultimately have Ja b. af Nag N (bf Nbg) = aNbAa€ sets FANDbE
sets G by (metis inf-assoc inf-left-commute)

thus ?thesis by (force introl: Int-stablel)
qed
moreover have {a N b | ab. a € FANbe G} C Pow (space M) using
subalgebra by (force simp add: subalgebra-def dest: sets.sets-into-space)
moreover have A € sigma-sets (space M) {aNb|ab.a € FAbe G} using
calculation asm by force
ultimately have set-lebesgue-integral M A f = set-lebesque-integral M A
(cond-exp M F f)
proof (induction rule: sigma-sets-induct-disjoint)
case (basic A)
then obtain a b where A: A =anNba€ Fbe G by blast

hence events[measurable]: a € events b € events using subalgebra by (auto
stmp add: subalgebra-def)

have [simp]: sigma-sets (space M) {indicator b —* A N space M |A. A € borel}
cG
using borel-measurable-indicator|OF A(3), THEN measurable-sets] sets.top
subalgebra
by (intro sets.sigma-sets-subset’) (fastforce simp add: subalgebra-def)+

have Un-in-sigma: F U vimage-algebra (space M) f borel C sigma (space M) (F
U vimage-algebra (space M) f borel) by (metis equalityE le-supl sets.space-closed
sigma-le-sets space-vimage-algebra subalg subalgebra-def)

have [intro]: indep-var borel (indicator b) borel (Aw. indicator a w *r f w)
proof —
have [simp]: sigma-sets (space M) {(Aw. indicator a w xg f w) — A N space
M |A. A € borel} C sigma (space M) (F U vimage-algebra (space M) f borel)
proof —
have *: (\w. indicator a w xg f w) € borel-measurable (sigma (space M)
(F U vimage-algebra (space M) f borel))
using borel-measurable-indicator|OF A(2), THEN measurable-sets, OF
borel-open] subalgebra
by (intro borel-measurable-scaleR borel-measurablel Un-in-sigma| THEN
subsetD))
(auto simp add: space-measure-of-conv subalgebra-def sets-vimage-algebra2)
thus %thesis using measurable-sets|OF ] by (intro sets.sigma-sets-subset’,
auto simp add: space-measure-of-conuv)
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qged

have indep-set (sigma-sets (space M) {indicator b —‘ A N space M |A. A €
borel}) (sigma-sets (space M) {(Aw. indicator a w g f w) —° A N space M |A. A
€ borel})

using independent unfolding indep-set-def by (rule indep-sets-mono-sets,
auto split: bool.split)

thus %thesis by (subst indep-var-eq, auto intro!: borel-measurable-scaleR)

qed

have [intro]|: indep-var borel (indicator b) borel (Aw. indicat-real a w *g
cond-exp M F f w)
proof —
have [simp]:sigma-sets (space M) {(Aw. indicator a w *p cond-exp M F f
w) —“A N space M |A. A € borel} C sigma (space M) (F U vimage-algebra (space
M) f borel)
proof —
have x: (A\w. indicator a w xg cond-exp M F f w) € borel-measurable (sigma
(space M) (F U vimage-algebra (space M) f borel))
using borel-measurable-indicator|OF A(2), THEN measurable-sets, OF
borel-open| subalgebra
borel-measurable-cond-exp| THEN measurable-sets, OF borel-open, of
- MF ]
by (intro borel-measurable-scaleR borel-measurablel Un-in-sigma| THEN
subsetD))
(auto simp add: space-measure-of-conv subalgebra-def)
thus ?thesis using measurable-sets[OF ] by (intro sets.sigma-sets-subset’,
auto simp add: space-measure-of-conuv)
qed
have indep-set (sigma-sets (space M) {indicator b —° A N space M |A. A €
borel}) (sigma-sets (space M) {(Aw. indicator a w *xgr cond-exp M F f w) —* A N
space M |A. A € borel})
using independent unfolding indep-set-def by (rule indep-sets-mono-sets,
auto split: bool.split)
thus ?thesis by (subst indep-var-eq, auto intro!: borel-measurable-scaleR)
qed

have set-lebesgque-integral M A f = (LINT z|M. indicator b x * (indicator a
x *p f 1))
unfolding set-lebesque-integral-def A indicator-inter-arith
by (intro Bochner-Integration.integral-cong, auto simp add: scaleR-scaleR[symmetric]
indicator-times-eq-if (1))
also have ... = (LINT z|M. indicator b x) * (LINT z|M. indicator a x xg f
x)

by (intro indep-var-lebesgue-integral
Bochner-Integration.integrable-bound|OF integrable-const[of 1 :: 'b]
borel-measurable-indicator]
integrable-mult-indicator|OF - assms(4)], blast) (auto simp add:
indicator-def)
also have ... = (LINT z|M. indicator b x) * (LINT z|M. indicator a x *g
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cond-exp M F f x)
using cond-exp-set-integral|OF assms(4) A(2)] unfolding set-lebesgue-integral-def
by argo
also have ... = (LINT z|M. indicator b x x (indicator a x xr cond-exp M
F )
by (intro indep-var-lebesgue-integral]symmetric]
Bochner-Integration.integrable-bound| OF integrable-const[of 1 :: 'b]
borel-measurable-indicator]
integrable-mult-indicator|OF - integrable-cond-exp|, blast) (auto simp
add: indicator-def)
also have ... = set-lebesgue-integral M A (cond-exp M F f)
unfolding set-lebesque-integral-def A indicator-inter-arith
by (intro Bochner-Integration.integral-cong, auto simp add: scaleR-scaleR[symmetric]
indicator-times-eq-if (1))
finally show ?case .
next
case empty
then show ?case unfolding set-lebesque-integral-def by simp
next
case (compl A)
have A-in-space: A C space M using compl using in-events sets.sets-into-space
by blast
have set-lebesgue-integral M (space M — A) f = set-lebesque-integral M (space
M — AU A) f — set-lebesque-integral M A f
using compl(1) in-events
by (subst set-integral-Un|of space M — A A], blast)
(simp | intro integrable-mult-indicator|folded set-integrable-def, OF -
assms(4)], fast)+
also have ... = set-lebesque-integral M (space M — A U A) (cond-exp M F f)
— set-lebesque-integral M A (cond-exp M F f)
using cond-exp-set-integral| OF assms(4) sets.top] compl subalgebra by (simp
add: subalgebra-def Un-absorb2[OF A-in-space))
also have ... = set-lebesgue-integral M (space M — A) (cond-exp M F f)
using compl(1) in-events
by (subst set-integral-Un[of space M — A A], blast)
(simp | intro integrable-mult-indicator(folded set-integrable-def, OF -
integrable-cond-exp), fast)+
finally show ?case .
next
case (union A)
have set-lebesque-integral M (|J (range A)) f = (3. 4. set-lebesgue-integral M
(49 f)
using union in-events
by (intro lebesgue-integral-countable-add) (auto simp add: disjoint-family-onD
introl: integrable-mult-indicator(folded set-integrable-def, OF - assms(4)])

also have ... = (D i. set-lebesque-integral M (A i) (cond-exp M F' f)) using
union by presburger
also have ... = set-lebesgue-integral M (|J (range A)) (cond-exp M F f)

using union in-events
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by (intro lebesgue-integral-countable-add[symmetric]) (auto simp add: dis-
joint-family-onD intro!: integrable-mult-indicator|folded set-integrable-def, OF - in-
tegrable-cond-exp))
finally show ?case .
qed
}
moreover have sigma (space M) {aNb|ab.a € F Abe G} = sigma (space
M) (FUQG)
proof —
have sigma-sets (space M) {a N b |a b. a € sets F N\ b € sets G} = sigma-sets
(space M) (sets F' U sets Q)
proof —
{
fix a b assume asm: a € Fbe G
hence a N b € sigma-sets (space M) (F U G) using subalgebra unfolding
Int-range-binary by (intro sigma-sets-Inter|OF - binary-in-sigma-sets)) (force simp
add: subalgebra-def dest: sets.sets-into-space)+

}

moreover
{
fix a
assume a € sets F
hence a € sigma-sets (space M) {a N b |a b. a € sets F N b € sets G}
using subalgebra sets.top|of G] sets.sets-into-space[of - F|
by (intro sigma-sets.Basic, auto simp add: subalgebra-def)

}

moreover
{
fix a assume a € sets F'V a € sets G a ¢ sets F
hence a € sets G by blast
hence a € sigma-sets (space M) {a N b |a b. a € sets F AN b € sets G}
using subalgebra sets.top[of F) sets.sets-into-space|of - G|
by (intro sigma-sets.Basic, auto simp add: subalgebra-def)
}
ultimately show ?thesis by (intro sigma-sets-eql) auto
qed
thus ?thesis using subalgebra by (intro sigma-eql) (force simp add: subalge-
bra-def dest: sets.sets-into-space)+
qed
moreover have (cond-exp M F f) € borel-measurable (sigma (space M) (sets F
U sets G))
proof —
have F C sigma (space M) (F U G) by (metis Un-least Un-upperl mea-
sure-of-of-measure sets.space-closed sets-measure-of sigma-sets-subseteq subalg sub-
algebra(2) subalgebra-def)
thus ?thesis using borel-measurable-cond-exp| THEN measurable-sets, OF borel-open,
of - M F f] subalgebra by (intro borel-measurablel, force simp only: space-measure-of-conv
subalgebra-def)
qed
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ultimately show ?thesis using assms(4) integrable-cond-exp by (intro Un-sigma.cond-exp-charact)
presburger+
qed

If a random variable is independent of a o-algebra F, its conditional expec-
tation cond-exp M F f is just its expectation.

lemma (in prob-space) cond-exp-indep:
fixes f :: 'a = 'b :: {second-countable-topology, banach, real-normed-field}
assumes subalgebra: subalgebra M F
and independent: indep-set F' (vimage-algebra (space M) f borel)
and integrable: integrable M f
shows AE z in M. cond-exp M F f x = expectation f
proof —
have indep-set F' (sigma (space M) (sigma (space M) {} U (vimage-algebra (space
M) f borel)))
using independent unfolding indep-set-def
by (rule indep-sets-mono-sets, simp add: bool.split)
(metis bot.extremum dual-order.refl sets.sets-measure-of-eq sets.sigma-sets-subset’
sets-vimage-algebra-space space-vimage-algebra sup.absorb-iff2)
hence cond-exp-indep: AE x in M. cond-exp M (sigma (space M) (sigma (space
M) {} UPF)) fz = expectation f
using cond-exp-indep-subalgebra] OF - subalgebra - integrable, of sigma (space
M) {}] cond-exp-trivial|OF integrable]
by (auto simp add: subalgebra-def sigma-sets-empty-eq)
have sets (sigma (space M) (sigma (space M) {} U F)) = F
using subalgebra sets.top[of F] unfolding subalgebra-def
by (simp add: sigma-sets-empty-eq, subst insert-absorb|of space M F|, blast)
(metis insert-absorb| OF sets.empty-sets] sets.sets-measure-of-eq)
hence AFE x in M. cond-exp M (sigma (space M) (sigma (space M) {} U F)) f
x = cond-exp M F fx by (rule cond-exp-sets-cong)
thus ?thesis using cond-exp-indep by force
qed

end

theory Filtered-Measure
imports HOL— Probability. Conditional- Expectation
begin

5 Filtered Measure Spaces

5.1 Filtered Measure

locale filtered-measure =
fixes M F and tg :: 'b :: {second-countable-topology, order-topology, t2-space}
assumes subalgebras: \i. to < i = subalgebra M (F 1)
and sets-F-mono: N\ij. to < ¢ = i < j = sets (F'i) < sets (Fj)
begin
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lemma space-F[simp]:
assumes ty < ¢
shows space (F i) = space M
using subalgebras assms by (simp add: subalgebra-def)

lemma subalgebra-F[introl:
assumes tg < 11 < j
shows subalgebra (F j) (F i)
unfolding subalgebra-def using assms by (simp add: sets-F-mono)

lemma borel-measurable-mono:
assumes tg < 11 < j
shows borel-measurable (F i) C borel-measurable (F j)
unfolding subset-iff by (metis assms subalgebra-F measurable-from-subalg)

end

locale linearly-filtered-measure = filtered-measure M F tg for M and F :: - :
{linorder-topology} = - and t

locale nat-filtered-measure = linearly-filtered-measure M F 0 for M and F :: nat
:> -
locale real-filtered-measure = linearly-filtered-measure M F 0 for M and F :: real
= -

5.2 o-Finite Filtered Measure

The locale presented here is a generalization of the sigma-finite-subalgebra
for a particular filtration.

locale sigma-finite-filtered-measure = filtered-measure +
assumes sigma-finite-initial: sigma-finite-subalgebra M (F ty)

lemma (in sigma-finite-filtered-measure) sigma-finite-subalgebra-F[intro):

assumes ty < ¢

shows sigma-finite-subalgebra M (F 7)

using assms by (metis dual-order.refl sets-F-mono sigma-finite-initial sigma-finite-subalgebra.nested-subalg-is
subalgebras subalgebra-def)

locale nat-sigma-finite-filtered-measure = sigma-finite-filtered-measure M F 0 ::
nat for M F
locale real-sigma-finite-filtered-measure = sigma-finite-filtered-measure M F 0 ::
real for M F

sublocale nat-sigma-finite-filtered-measure C sigma-finite-subalgebra M F i by
blast

sublocale real-sigma-finite-filtered-measure C sigma-finite-subalgebra M F |i| by
fastforce
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5.3 Finite Filtered Measure

locale finite-filtered-measure = filtered-measure + finite-measure

sublocale finite-filtered-measure C sigma-finite-filtered-measure
using subalgebras by (unfold-locales, blast, meson dual-order.refl finite-measure-azxioms
finite-measure-def finite-measure-restr-to-subalg sigma-finite-measure.sigma-finite-countable)

locale nat-finite-filtered-measure = finite-filtered-measure M F 0 :: nat for M F
locale real-finite-filtered-measure = finite-filtered-measure M F 0 :: real for M F

sublocale nat-finite-filtered-measure C nat-sigma-finite-filtered-measure ..
sublocale real-finite-filtered-measure C real-sigma-finite-filtered-measure ..

5.4 Constant Filtration

lemma filtered-measure-constant-filtration:
assumes subalgebra M F
shows filtered-measure M (A-. F) tg
using assms by (unfold-locales) blast+

sublocale sigma-finite-subalgebra C constant-filtration: sigma-finite-filtered-measure
M X- 't i {second-countable-topology, linorder-topology}. F to
using subalg by (unfold-locales) blast+

lemma (in finite-measure) filtered-measure-constant-filtration:
assumes subalgebra M F
shows finite-filtered-measure M (A-. F) tg
using assms by (unfold-locales) blast+

end

theory Stochastic-Process
imports Filtered-Measure Measure-Space-Supplement HOL— Probability. Independent-Family
begin

6 Stochastic Processes

6.1 Stochastic Process

A stochastic process is a collection of random variables, indexed by a type
b

locale stochastic-process =

fixes Mty and X :: ‘b :: {second-countable-topology, order-topology, t2-space} =
'a = 'c i {second-countable-topology, banach}

assumes random-variable[measurable]: Ni. tog < i = X i € borel-measurable M
begin
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definition left-continuous where left-continuous = (AE & in M. YV t. continuous

(at-left t) (Mi. X i &))
definition right-continuous where right-continuous = (AE £ in M.V t. continuous
(at-right t) (Mi. X i §))

end

We specify the following locales to formalize discrete time and continuous
time processes.

locale nat-stochastic-process = stochastic-process M 0 :: nat X for M X
locale real-stochastic-process = stochastic-process M 0 :: real X for M X

lemma stochastic-process-const-fun:
assumes f € borel-measurable M
shows stochastic-process M to (A-. f) using assms by (unfold-locales)

lemma stochastic-process-const:
shows stochastic-process M to (Ai -. ¢ ©) by (unfold-locales) simp

In the following segment, we cover basic operations on stochastic processes.

context stochastic-process
begin

lemma compose-stochastic:
assumes Ai. tg < { = f1i € borel-measurable borel
shows stochastic-process M to (Ai €. (fi) (X i &)
by (unfold-locales) (intro measurable-compose| OF random-variable assms])

lemma norm-stochastic: stochastic-process M to (Ai & norm (X i &)) by (fastforce
intro: compose-stochastic)

lemma scaleR-right-stochastic:

assumes stochastic-process M ty Y

shows stochastic-process M to (Mi §. (Y i &) xr (X i §))

using stochastic-process.random-variable[ OF assms] random-variable by (unfold-locales)
simp

lemma scaleR-right-const-fun-stochastic:
assumes f € borel-measurable M
shows stochastic-process M tog (Ai €. f € xp (X i §))
by (unfold-locales) (intro borel-measurable-scaleR assms random-variable)

lemma scaleR-right-const-stochastic: stochastic-process M to (M &. ¢ i xp (X 1 §))
by (unfold-locales) simp

lemma add-stochastic:

assumes stochastic-process M ty Y
shows stochastic-process M to (AMi §. X i &6+ Y i§)
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using stochastic-process.random-variable] OF assms] random-variable by (unfold-locales)
stmp

lemma diff-stochastic:

assumes stochastic-process M ty Y

shows stochastic-process M to (Mi £ X i€ — Y i&)

using stochastic-process.random-variable[ OF assms] random-variable by (unfold-locales)
simp

lemma uminus-stochastic: stochastic-process Mty (—X) using scale R-right-const-stochastic|of
A-. —1] by (simp add: fun-Compl-def)

lemma partial-sum-stochastic: stochastic-process M to (An €. > i€{to..n}. X i §)
by (unfold-locales) simp

lemma partial-sum’-stochastic: stochastic-process M to (An €. 3 i€{to..<n}. X ¢
&) by (unfold-locales) simp

end

lemma stochastic-process-sum:

assumes Ai. i € I = stochastic-process M to (X )

shows stochastic-process M to (Ak €. > i € I. X i k £) using assms[THEN
stochastic-process.random-variable] by (unfold-locales, auto)

6.1.1 Natural Filtration

The natural filtration induced by a stochastic process X is the filtration

generated by all events involving the process up to the time index ¢, i.e. F

t=0c({Xs|s s<t}).

definition natural-filtration :: ’'a measure = 'b = ('b = 'a = 'c :: topologi-

cal-space) = 'b :: {second-countable-topology, order-topology} = 'a measure where
natural-filtration M ty Y = (At. family-vimage-algebra (space M) {Y i | i. i €

{to..t}} borel)

abbreviation nat-natural-filtration = AM. natural-filtration M (0 :: nat)
abbreviation real-natural-filtration = AM. natural-filtration M (0 :: real)

lemma space-natural-filtration[simpl: space (natural-filtration M to X t) = space
M unfolding natural-filtration-def space-family-vimage-algebra ..

lemma sets-natural-filtration: sets (natural-filtration M to X t) = sigma-sets (space
M) (Uie{to..t}. {Xi—“AnN space M | A. A € borel})

unfolding natural-filtration-def sets-family-vimage-algebra by (intro sigma-sets-eql)
blast+

lemma sets-natural-filtration’:
assumes borel = sigma UNIV S
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shows sets (natural-filtration M ty X t) = sigma-sets (space M) (|Ji€{to..t}. {X
i — AN space M | A. A € S})
proof (subst sets-natural-filtration, intro sigma-sets-eql, clarify)
fix i and A :: 'a set assume asm: i € {¢y..t} A € sets borel
hence A € sigma-sets UNIV S unfolding assms by simp
thus X i —° A N space M € sigma-sets (space M) (Jic{to..t}. {X i —“ AN
space M |A. A € S})
proof (induction)
case (Compl a)
have X ¢ —“ (UNIV — a) N space M = space M — (X i —‘ a N space M) by
blast
then show ?case using Compl(2)[THEN sigma-sets. Compl] by presburger
next
case (Union a)
have X i —“|J (range a) N space M = |J (range (A\j. X i —“a j N space M))
by blast
then show Zcase using Union(2)[THEN sigma-sets. Union] by presburger
qed (auto intro: asm sigma-sets. Empty)
qed (intro sigma-sets.Basic, force simp add: assms)

lemma sets-natural-filtration-open:

sets (natural-filtration M ty X t) = sigma-sets (space M) (|Jie{to..t}. {X i —*
A N space M | A. open A})

using sets-natural-filtration’ by (force simp only: borel-def mem-Collect-eq)

lemma sets-natural-filtration-oi:

sets (natural-filtration M to X t) = sigma-sets (space M) ((Ji€{to..t}. {Xi—‘A
N space M | A :: - :: {linorder-topology, second-countable-topology} set. A € range
greaterThan})

by (rule sets-natural-filtration’|OF borel-Ioi])

lemma sets-natural-filtration-io:

sets (natural-filtration M to X t) = sigma-sets (space M) (| Ji€{to..t}. {Xi —‘A4A
N space M | A :: - :: {linorder-topology, second-countable-topology} set. A € range
lessThan})

by (rule sets-natural-filtration’|OF borel-Iio))

lemma sets-natural-filtration-ci:

sets (natural-filtration M to X t) = sigma-sets (space M) (Jie{to..t}. {X i —*
AN space M | A :: real set. A € range atLeast})

by (rule sets-natural-filtration’|OF borel-Ici))

context stochastic-process
begin

lemma subalgebra-natural-filtration:

shows subalgebra M (natural-filtration M ty X 7)

unfolding subalgebra-def using measurable-family-iff-sets by (force simp add:
natural-filtration-def)
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lemma filtered-measure-natural-filtration:

shows filtered-measure M (natural-filtration M ty X) to

by (unfold-locales) (intro subalgebra-natural-filtration, simp only: sets-natural-filtration,
intro sigma-sets-subseteq, force)

In order to show that the natural filtration constitutes a filtered o-finite
measure, we need to provide a countable exhausting set in the preimage of
X to.

lemma sigma-finite-filtered-measure-natural-filtration:

assumes ezhausting-set: countable A (|J A) = space M Na. a € A = emeasure
Ma# 0o Na.a€ A= 3b e borel. a = X tg — b N space M

shows sigma-finite-filtered-measure M (natural-filtration M ty X) to

proof (unfold-locales)

have A C sets (restr-to-subalg M (natural-filtration M to X to)) using exhaust-
ing-set by (simp add: sets-restr-to-subalg|OF subalgebra-natural-filtration] sets-natural-filtration)
fast

moreover have |J A = space (restr-to-subalg M (natural-filtration M ty X to))
unfolding space-restr-to-subalg using exhausting-set by simp

moreover have VacA. emeasure (restr-to-subalg M (natural-filtration M to X
to)) a # oo using calculation(1) exhausting-set(3)

by (auto simp add: sets-restr-to-subalg|OF subalgebra-natural-filtration] emea-

sure-restr-to-subalg] OF subalgebra-natural-filtration))

ultimately show 3 A. countable A N A C sets (restr-to-subalg M (natural-filtration
Mty X tog)) AU A = space (restr-to-subalg M (natural-filtration M ty X t9)) A
(V a€A. emeasure (restr-to-subalg M (natural-filtration M tg X tg)) a # co) using
ezhausting-set by blast

show Aij. [to < i; i < j] = sets (natural-filtration M to X ©) C sets (natural-filtration
Mty X j) using filtered-measure.subalgebra-F|OF filtered-measure-natural-filtration]
by (simp add: subalgebra-def)
qed (auto intro: subalgebra-natural-filtration)

lemma finite-filtered-measure-natural-filtration:

assumes finite-measure M

shows finite-filtered-measure M (natural-filtration M to X) to

using finite-measure.axioms[OF assms| filtered-measure-natural-filtration by in-
tro-locales

end

Filtration generated by independent variables.

lemma (in prob-space) indep-set-natural-filtration:

assumes tg < s s < t indep-vars (A-. borel) X {to..}

shows indep-set (natural-filtration M ty X s) (vimage-algebra (space M) (X t)
borel)
proof —

have indep-sets (Ai. {X i —“ AN space M |A. A € sets borel}) (| (range (case-bool

{to--s} {1})))

using assms
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by (intro assms(3)[unfolded indep-vars-def, THEN conjunct2, THEN indep-sets-monol)
(auto simp add: case-bool-if)
thus ?thesis unfolding indep-set-def using assms
by (intro indep-sets-cong[ THEN iff D1, OF refl - indep-sets-collect-sigmalof Ai.
{Xi—*“AnN space M | A. A € borel} case-bool {to..s} {t}]])
(simp add: sets-natural-filtration sets-vimage-algebra split: bool.split, simp,
intro Int-stablel, clarsimp, metis sets.Int vimage-Int Int-commute Int-left-absorb
Int-left-commute, force simp add: disjoint-family-on-def split: bool.split)
qed

6.2 Adapted Process

We call a collection a stochastic process X adapted if X ¢ is F' i-borel-
measurable for all indices 1.

locale adapted-process = filtered-measure M F ty for M F ty and X :: - = - = -
:: {second-countable-topology, banach} +

assumes adapted[measurable]: Ni. to < i => X i € borel-measurable (F 1)
begin

lemma adaptedE[elim]:
assumes [Aji. to < j = j < i= X j € borel-measurable (F i)] = P
shows P
using assms using adapted by (metis dual-order.trans borel-measurable-subalgebra
sets-F-mono space-F)

lemma adaptedD:
assumes tg < jj < 1
shows X j € borel-measurable (F i) using assms adaptedE by meson

end

locale nat-adapted-process = adapted-process M F 0 :: nat X for M F' X
locale real-adapted-process = adapted-process M F 0 :: real X for M F X

sublocale nat-adapted-process C nat-filtered-measure ..
sublocale real-adapted-process C real-filtered-measure ..

lemma (in filtered-measure) adapted-process-const-fun:
assumes f € borel-measurable (F to)
shows adapted-process M F ty (A-. f)
using measurable-from-subalg subalgebra-F assms by (unfold-locales) blast

lemma (in filtered-measure) adapted-process-const:
shows adapted-process M F ty (\i -. ¢ i) by (unfold-locales) simp

Again, we cover basic operations.

context adapted-process
begin
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lemma compose-adapted:
assumes Ai. tg < i = fi € borel-measurable borel
shows adapted-process M F ty (\i €. (f 1) (X i §))
by (unfold-locales) (intro measurable-compose[OF adapted assms])

lemma norm-adapted: adapted-process M F to (Ai . norm (X i £)) by (fastforce
intro: compose-adapted)

lemma scaleR-right-adapted:
assumes adapted-process M F tog R
shows adapted-process M F tg (Mi . (R i &) *r (X 7 §))
using adapted-process.adapted|OF assms| adapted by (unfold-locales) simp

lemma scaleR-right-const-fun-adapted:
assumes | € borel-measurable (F tg)
shows adapted-process M F to (Mi €. f € xp (X 1 §))
using assms by (fast intro: scaleR-right-adapted adapted-process-const-fun)

lemma scaleR-right-const-adapted: adapted-process M F to (Ai §. ¢ i xg (X i §))
by (unfold-locales) simp

lemma add-adapted:
assumes adapted-process M F ty Y
shows adapted-process M F tog (Mi . X i &+ Y i§)
using adapted-process.adapted|OF assms] adapted by (unfold-locales) simp

lemma diff-adapted:
assumes adapted-process M F ty Y
shows adapted-process M F to (AMi . X1 — Y i)
using adapted-process.adapted|OF assms] adapted by (unfold-locales) simp

lemma uminus-adapted: adapted-process M F to (—X) using scaleR-right-const-adapted|of
A-. —1] by (simp add: fun-Compl-def)

lemma partial-sum-adapted: adapted-process M F to (An €. > i€{tg..n}. X i §)
proof (unfold-locales)

fixi:'b

have X j € borel-measurable (F i) if tg < jj < ¢ for j using that adaptedE by
meson

thus (\. > ie{to..i}. X i &) € borel-measurable (F i) by simp
qged

lemma partial-sum’-adapted: adapted-process M F to (An £. > i€{tg..<n}. X i &)
proof (unfold-locales)
fixi:'b

have X j € borel-measurable (F i) if tg < jj < i for j using that adaptedE by
fastforce
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thus (M. > ie{to..<i}. X i &) € borel-measurable (F i) by simp
qed

end

In the dicrete time case, we have the following lemma which will be useful
later on.

lemma (in nat-adapted-process) partial-sum-Suc-adapted: nat-adapted-process M
F (An & Y i<n. X (Suc i) §)
proof (unfold-locales)
fix ¢
have X j € borel-measurable (F i) if j < ¢ for j using that adaptedD by blast
thus (A\¢. > i<i. X (Suc i) &) € borel-measurable (F i) by auto
qed

lemma (in filtered-measure) adapted-process-sum:
assumes Ai. i € I = adapted-process M F ty (X ©)
shows adapted-process M F to (At €. > i€ 1. Xik¢)
proof —
{
fix ¢ k assume 7 € I and asm: t5g < k
then interpret adapted-process M F ty X i using assms by simp
have X i k € borel-measurable M X i k € borel-measurable (F k) using mea-
surable-from-subalg subalgebras adapted asm by (blast, simp)
}
thus ?thesis by (unfold-locales) simp
qed

An adapted process is necessarily a stochastic process.

sublocale adapted-process C stochastic-process using measurable-from-subalg sub-
algebras adapted by (unfold-locales) blast

sublocale nat-adapted-process C nat-stochastic-process ..
sublocale real-adapted-process C real-stochastic-process ..

A stochastic process is always adapted to the natural filtration it generates.

lemma (in stochastic-process) adapted-process-natural-filtration: adapted-process
M (natural-filtration M tg X) to X

using filtered-measure-natural-filtration

by (intro-locales) (auto simp add: natural-filtration-def intro!: adapted-process-azioms.intro
measurable-family-vimage-algebra)

6.3 Progressively Measurable Process

locale progressive-process = filtered-measure M F to for M F ty and X :: - = -
= - {second-countable-topology, banach} +

assumes progressive[measurable]: N\t. to < t = (A\(i, ). X i x) € borel-measurable
(restrict-space borel {to..t} Q nm F t)
begin
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lemma progressiveD:

assumes S € borel

shows (A(4, §). X7 &) —°S N ({to..i} x space M) € (restrict-space borel {ty..i}
Q@ Fi)

using measurable-sets| OF progressive, OF - assms, of i]

by (cases tg < i) (auto simp add: space-restrict-space sets-pair-measure space-pair-measure)

end

locale nat-progressive-process = progressive-process M F 0 :: nat X for M F X
locale real-progressive-process = progressive-process M F 0 :: real X for M F X

lemma (in filtered-measure) progressive-process-const-fun:

assumes f € borel-measurable (F to)

shows progressive-process M F to (A-. f)
proof (unfold-locales)

fix 7 assume asm: tog < i

have f € borel-measurable (F i) using borel-measurable-mono|OF order.refl asm)|
assms by blast

thus case-prod (A-. f) € borel-measurable (restrict-space borel {to..i} Q v F ©)
using measurable-compose[ OF measurable-snd] by simp
qed

lemma (in filtered-measure) progressive-process-const:

assumes c¢ € borel-measurable borel

shows progressive-process M F to (N\i -. ¢ )

using assms by (unfold-locales) (auto simp add: measurable-split-conv introl:
measurable-compose] OF measurable-fst] measurable-restrict-spacel)

context progressive-process
begin

lemma compose-progressive:
assumes case-prod f € borel-measurable borel
shows progressive-process M F to (i &. (fi) (X i €))
proof
fix 7 assume asm: tog < 7
have (\(4, €). (4, X j &)) € (restrict-space borel {tg..i} @ v F i) —pr borel @
borel
using progressive[OF asm] measurable-fst”’| OF measurable-restrict-spacel, OF
measurable-id]
by (auto simp add: measurable-pair-iff measurable-split-conv)
moreover have (A(j, £). £ (X j £)) = case-prod f o (A(i, 9)- (> ) 0 (\G €).
(. X j €))) by fastforce
ultimately show (A(j, £). (f7) (X j &)) € borel-measurable (restrict-space borel
{to..i} @ p F i) using assms by (simp add: borel-prod)
qed
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lemma norm-progressive: progressive-process M F to (Ai &. norm (X i £)) us-
ing measurable-compose| OF progressive borel-measurable-norm] by (unfold-locales)
stmp

lemma scaleR-right-progressive:

assumes progressive-process M F ty R

shows progressive-process M F to (Ai §&. (R i &) g (X { &))

using progressive-process.progressive[ OF assms| by (unfold-locales) (simp add:
progressive assms)

lemma scaleR-right-const-fun-progressive:
assumes f € borel-measurable (F to)
shows progressive-process M F tog (A €. f € xp (X © &))
using assms by (fast intro: scaleR-right-progressive progressive-process-const-fun)

lemma scaleR-right-const-progressive:
assumes c € borel-measurable borel
shows progressive-process M F tog (Mi §. ¢ i xp (X i §))
using assms by (fastforce intro: scaleR-right-progressive progressive-process-const)

lemma add-progressive:

assumes progressive-process M F to Y

shows progressive-process M F to (M §&. Xi &+ Y i§)

using progressive-process.progressive[ OF assms| by (unfold-locales) (simp add:
progressive assms)

lemma diff-progressive:

assumes progressive-process M F ty Y

shows progressive-process M F to (M §. Xi&§ — Y i &)

using progressive-process.progressive| OF assms| by (unfold-locales) (simp add:
progressive assms)

lemma uminus-progressive: progressive-process M F to (— X) using scale R-right-const-progressive|of

A-. —1] by (simp add: fun-Compl-def)
end

A progressively measurable process is also adapted.

sublocale progressive-process C adapted-process using measurable-compose-rev| OF
progressive measurable-Pairl’|

unfolding prod.case space-restrict-space

by unfold-locales simp

sublocale nat-progressive-process C nat-adapted-process ..
sublocale real-progressive-process C real-adapted-process ..

In the discrete setting, adaptedness is equivalent to progressive measurabil-
ity.

theorem nat-progressive-iff-adapted: nat-progressive-process M F X <— nat-adapted-process
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MFX
proof (intro iffI)
assume asm: nat-progressive-process M F X
interpret nat-progressive-process M F X by (rule asm)
show nat-adapted-process M F X ..
next
assume asm: nat-adapted-process M F X
interpret nat-adapted-process M F' X by (rule asm)
show nat-progressive-process M F X
proof (unfold-locales, intro borel-measurablel)
fix S :: 'b set and 7 :: nat assume open-S: open S
{
fix j assume asm: j < i
hence X j —‘ S N space M € F i using adaptedD|of j, THEN measurable-sets]
space-F open-S by fastforce
moreover have case-prod X —* S N {j} x space M = {j} x (Xj—SnN
space M) for j by fast
moreover have {j :: nat} € restrict-space borel {0..i} using asm by (simp
add: sets-restrict-space-iff)
ultimately have case-prod X —¢ S N {j} X space M € restrict-space borel
{0..i} @ m F i by simp

hence (A\j. (A(z, y). Xz y) —*S N {j} x space M) ‘{..i} C restrict-space borel
{0..i} @ m F i by blast

moreover have case-prod X —*S N space (restrict-space borel {0..i} Q@ F
i) = (Uj<i. case-prod X — S N {j} x space M) unfolding space-pair-measure
space-restrict-space space-F by force

ultimately show case-prod X —*S N space (restrict-space borel {0..i} @
F i) € restrict-space borel {0..i} @ pr F i by (metis sets.countable-UN)

qed

qed

6.4 Predictable Process

We introduce the constant X p to denote the predictable o-algebra.

context linearly-filtered-measure
begin

definition Xp :: (‘b X ‘a) measure where predictable-sigma: Xp = sigma ({to..}
x space M) ({{s<.t} x A|Ast. A€ FsNtyg<sAs<tyU{{te} x A| A
AeF to})

lemma space-predictable-sigma[simp|: space Xp = ({tg..} X space M) unfolding
predictable-sigma space-measure-of-conv by blast

lemma sets-predictable-sigma: sets Xp = sigma-sets ({tg..} x space M) ({{s<..t}

x Al Ast. Aec FsNtg<sANs<ttU{{to} x A| A A€ Fiy})

unfolding predictable-sigma using space-F sets.sets-into-space by (subst sets-measure-of)
fastforce+
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lemma measurable-predictable-sigma-snd:

assumes countable T T C {{s<..t} | st. to < s A s <t} {to<.} C(UT)

shows snd € Xp —u F i
proof (intro measurablel)

fix S :: ‘a set assume asm: S € F tg

have countable: countable (M. I x S) ‘Z) using assms(1) by blast

have (A\[. I x S) ‘T C{{s<.t} x A|Ast. A€ FsAty<sA s<t}using
sets-F-mono|OF order-refl, THEN subsetD, OF - asm] assms(2) by blast

hence ((JI€Z. I x S) U {to} x S € p unfolding sets-predictable-sigma using
asm by (intro sigma-sets-Un|OF sigma-sets-UNION|OF countable] sigma-sets. Basic]
sigma-sets. Basic) blast+

moreover have snd —‘S N space ¥p = {tg..} x S using sets.sets-into-space[OF
asm] by fastforce

moreover have {ty} U {tp<..} = {t0..} by auto

moreover have ((JI€Z. I x S) U {tg} x S = {to..} x S using assms(2,3)
calculation(3) by fastforce

ultimately show snd —‘ S N space ¥p € ¥p by argo
qed (auto)

lemma measurable-predictable-sigma-fst:
assumes countable T T C {{s<..t} | st. to < s A s < t} {to<..} C(UT)
shows fst € Xp — s borel
proof —
have A x space M € sets Xp if A € sigma-sets {to..} {{s<. .t} | st. to <sAs
< t} for A unfolding sets-predictable-sigma using that
proof (induction rule: sigma-sets.induct)
case (Basic a)
thus ?case using space-F sets.top by blast
next
case (Compl a)
have ({to..} — a) x space M = {tg..} x space M — a x space M by blast
then show ?case using Compl(2)[THEN sigma-sets. Compl] by presburger
next
case (Union a)
have |J (range a) x space M = |J (range (\i. a i x space M)) by blast
then show ?case using Union(2)[THEN sigma-sets. Union] by presburger
qed (auto)
moreover have restrict-space borel {ty..} = sigma {to..} {{s<..t} | st. to <s
As <t}
proof —
have sigma-sets {to..} ((N) {to..} ¢ sigma-sets UNIV (range greaterThan)) =
sigma-sets {to..} {{s<..t} |st. to < sAs<t}
proof (intro sigma-sets-eql ; clarify)
fix A :: 'b set assume asm: A € sigma-sets UNIV (range greater Than)
thus {to..} N 4 € sigma-sets {to..} {{s<..t} |st. to < sAs <t}
proof (induction rule: sigma-sets.induct)
case (Basic a)
then obtain s where s: a = {s<..} by blast

70



show ?Zcase
proof (cases tg < s)
case True
hence x: {tg..} Na = (Ji € Z. {s<..} N i) using s assms(3) by force
have ((N) {s<..} ‘Z) C sigma-sets {to..} {{s<. .t} | st to < sAs<t}
proof (clarify)
fix A assume A € 7
then obtain s’ ¢’ where A: A = {s'<..t'} to < s’ s’ < t' using assms(2)
by blast
hence {s<..} N A = {maz s s'<..t'} by fastforce
moreover have ty < maz s s’ using A True by linarith
moreover have maz s s’ < t’' if s < t' using A that by linarith
moreover have {s<.} N A = {} if = s < ¢’ using A4 that by force
ultimately show {s<..} N A € sigma-sets {to..} {{s<..t} |st. to < s
A s < t} by (cases s < t') (blast, simp add: sigma-sets. Empty)
qed
thus ?thesis unfolding * using assms(1) by (intro sigma-sets-UNION)
auto
next
case Fulse
hence {ty..} N a = {ty..} using s by force
thus ?thesis using sigma-sets-top by auto
qged
next
case (Compl a)
have {tyg..} N (UNIV — a) = {to..} — ({to..} N a) by blast
then show ?case using Compl(2)[THEN sigma-sets. Compl] by presburger
next
case (Union a)
have {t9..} N |J (range a) = |J (range (M\i. {tp..} N a i)) by blast
then show ?Zcase using Union(2)[THEN sigma-sets. Union| by presburger
qed (simp add: sigma-sets. Empty)
next
fix s t assume asm: tg < ss <t
hence x: {s<..t} = {s<..} N ({t0..} — {t<..}) by force
have {s<..} € sigma-sets {tog..} ((N) {to..} ‘sigma-sets UNIV (range greaterThan))
using asm by (intro sigma-sets.Basic) auto
moreover have {{y..} — {t<..} € sigma-sets {to..} ((N) {to..} ¢ sigma-sets
UNIV (range greaterThan)) using asm by (intro sigma-sets. Compl sigma-sets. Basic)
auto
ultimately show {s<..t} € sigma-sets {to..} ((N) {to..} * sigma-sets UNIV
(range greaterThan)) unfolding x Int-range-binary|of {s<..}] by (intro sigma-sets-Inter|OF
- binary-in-sigma-sets|) auto
qed
thus ?thesis unfolding borel-Ioi restrict-space-def emeasure-sigma by (force
intro: sigma-eql)
qed
ultimately have restrict-space borel {to..} @ ar sigma (space M) {} C sets Xp
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unfolding sets-pair-measure space-restrict-space space-measure-of-conv
using space-predictable-sigma sets.sigma-algebra-azioms|of ¥ p|
by (intro sigma-algebra.sigma-sets-subset) (auto simp add: sigma-sets-empty-eq
sets-measure-of-conv)
moreover have space (restrict-space borel {tg..} @ ar sigma (space M) {}) =
space Yp by (simp add: space-pair-measure)
moreover have fst € restrict-space borel {tg..} @ a sigma (space M) {} — s
borel by (fastforce intro: measurable-fst''|OF measurable-restrict-spacel , of Az. x])

ultimately show ?thesis by (meson borel-measurable-subalgebra)
qged

end

locale predictable-process = linearly-filtered-measure M F ty for M F ty and X ::
- = - = - {second-countable-topology, banach} +

assumes predictable: (A(t, z). X t x) € borel-measurable ¥ p
begin

lemmas predictableD = measurable-sets|OF predictable, unfolded space-predictable-sigmal

end

locale nat-predictable-process = predictable-process M F 0 :: nat X for M F X
locale real-predictable-process = predictable-process M F 0 :: real X for M F X

lemma (in nat-filtered-measure) measurable-predictable-sigma-snd”:

shows snd € Xp =) F O

by (intro measurable-predictable-sigma-snd|of range (Az. {Suc z})]) (force | simp
add: greaterThan-0)+

lemma (in nat-filtered-measure) measurable-predictable-sigma-fst”:

shows fst € Xp — s borel

by (intro measurable-predictable-sigma-fst[of range (Az. {Suc z})]) (force | simp
add: greaterThan-0)+

lemma (in real-filtered-measure) measurable-predictable-sigma-snd’:

shows snd € Xp =) F 0O

using real-arch-simple by (intro measurable-predictable-sigma-snd|of range (Az::nat.
{0<..real (Suc x)})]) (fastforce intro: add-increasing)+

lemma (in real-filtered-measure) measurable-predictable-sigma-fst’:

shows fst € Xp — s borel

using real-arch-simple by (intro measurable-predictable-sigma-fst[of range (Az::nat.
{0<..real (Suc x)})]) (fastforce intro: add-increasing)+

We show sufficient conditions for functions constant in one argument to
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constitute a predictable process. In contrast to the cases before, this is not
a triviality.

lemma (in linearly-filtered-measure) predictable-process-const-fun:
assumes snd € Xp —p F to f € borel-measurable (F to)
shows predictable-process M F to (M- f)
using measurable-compose-rev|OF assms(2)] assms(1) by (unfold-locales) (auto
simp add: measurable-split-conv)

lemma (in nat-filtered-measure) predictable-process-const-fun'[intro):

assumes f € borel-measurable (F' 0)

shows nat-predictable-process M F (A-. f)

using assms by (intro predictable-process-const-fun|OF measurable-predictable-sigma-snd’,
THEN nat-predictable-process.intro|)

lemma (in real-filtered-measure) predictable-process-const-fun’[intro]:

assumes f € borel-measurable (F' 0)

shows real-predictable-process M F (\-. f)

using assms by (intro predictable-process-const-fun|OF measurable-predictable-sigma-snd’,
THEN real-predictable-process.intro))

lemma (in linearly-filtered-measure) predictable-process-const:
assumes fst € borel-measurable ¥p ¢ € borel-measurable borel
shows predictable-process M F to (Mi -. ¢ i)
using assms by (unfold-locales) (simp add: measurable-split-conv)

lemma (in linearly-filtered-measure) predictable-process-const-const[intro]:
shows predictable-process M F ty (- -. ¢)
by (unfold-locales) simp

lemma (in nat-filtered-measure) predictable-process-const'[intro):

assumes c¢ € borel-measurable borel

shows nat-predictable-process M F (\i -. ¢ ©)

using assms by (intro predictable-process-const| OF measurable-predictable-sigma-fst’,
THEN nat-predictable-process.intro|)

lemma (in real-filtered-measure) predictable-process-const’[intro]:

assumes c € borel-measurable borel

shows real-predictable-process M F (Ai -. ¢ )

using assms by (intro predictable-process-const| OF measurable-predictable-sigma-fst’,
THEN real-predictable-process.intro))

context predictable-process
begin

lemma compose-predictable:
assumes fst € borel-measurable X.p case-prod f € borel-measurable borel
shows predictable-process M F to (Mi &. (fi) (X i £))

proof
have (A(i, §). (i, X i §)) € Ep —n borel Q) ar borel using predictable assms(1)
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by (auto simp add: measurable-pair-iff measurable-split-conv)

moreover have (A(i, &). fi (X i &) = case-prod f o (A(i, £). (i, X © £)) by
fastforce

ultimately show (A(¢, §). fi (X i §)) € borel-measurable ¥ p unfolding borel-prod
using assms by simp
qed

lemma norm-predictable: predictable-process M F to (Ai . norm (X i £)) using
measurable-compose| OF predictable borel-measurable-norm)
by (unfold-locales) (simp add: prod.case-distrib)

lemma scaleR-right-predictable:

assumes predictable-process M F ty R

shows predictable-process M F to (A\i £&. (R &) xr (X i §))

using predictable predictable-process.predictable]OF assms| by (unfold-locales)
(auto simp add: measurable-split-conv)

lemma scaleR-right-const-fun-predictable:
assumes snd € Xp — ) F to f € borel-measurable (F tg)
shows predictable-process M F tog (Mi €. f € xg (X i §))
using assms by (fast intro: scaleR-right-predictable predictable-process-const-fun)

lemma scaleR-right-const-predictable:
assumes fst € borel-measurable ¥p ¢ € borel-measurable borel
shows predictable-process M F to (Mi &. ¢ i xg (X i §))
using assms by (fastforce intro: scaleR-right-predictable predictable-process-const)

lemma scaleR-right-const’-predictable: predictable-process M F to (Ai €. ¢ xg (X i

£))

by (fastforce intro: scaleR-right-predictable)

lemma add-predictable:

assumes predictable-process M F tq Y

shows predictable-process M F tg (Mi §. X i &+ Yi§)

using predictable predictable-process.predictable]OF assms| by (unfold-locales)
(auto simp add: measurable-split-conv)

lemma diff-predictable:

assumes predictable-process M F ty Y

shows predictable-process M F tg (Mi §. X i & — Yi§)

using predictable predictable-process.predictable]OF assms| by (unfold-locales)
(auto simp add: measurable-split-conv)

lemma uminus-predictable: predictable-process M F to (—X) using scale R-right-const’-predictable|of
—1] by (simp add: fun-Compl-def)

end

Every predictable process is also progressively measurable.
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sublocale predictable-process C progressive-process
proof (unfold-locales)
fix ¢ :: 'b assume asm: tg < i
{
fix S :: (b x 'a) set assume S € {{s<..t} x A|Ast. A€ FsNtg<sAs
<t}U{{te} x A| A. A€ Fip}
hence (A\z. z) —*S N ({to..i} X space M) € restrict-space borel {to..i} Q p F

proof
assume S € {{s<.t} x A|Ast. A€ FsNtyg<sAhs<t}
then obtain s t A where S-is: § = {s<.t} x Atmp < ss<tAeFshby
blast
hence (A\z. z) —* S N ({to..i} x space M) = {s<..min i t} x A using
sets.sets-into-space| OF S-is(4)] by auto
then show ?thesis using S-is sets-F-mono[of s i] by (cases s < i) (fastforce
simp add: sets-restrict-space-iff )+
next
assume S € {{to} x A| A. A € F i}
then obtain A where S-is: S = {t,} x A A € F ¢y by blast
hence (Az. ) —*S N ({to..i} x space M) = {to} x A using asm sets.sets-into-space| OF
S-is(2)] by auto
thus %thesis using S-is(2) sets-F-mono|OF order-refl asm| asm by (fastforce
stmp add: sets-restrict-space-iff)
qed
hence (Az. ) — S N space (restrict-space borel {tg..i} Q npr F i) € restrict-space
borel {tg..i} @ F i by (simp add: space-pair-measure space-F[OF asm))

moreover have {{s<..t} x A |Ast. A€ sets (Fs)Ntg<sAs<t}U{{to}
x A |A. A € sets (F tg)} C Pow ({tg..} x space M) using sets.sets-into-space by
force

ultimately have (A\z. z) € restrict-space borel {to..i} @ n F i =y Xp us-
ing space-F[OF asm] by (intro measurable-sigma-sets|OF sets-predictable-sigmal))
(fast, force simp add: space-pair-measure)

thus case-prod X € borel-measurable (restrict-space borel {to..i} @Q am F i) using
predictable by simp
qed

sublocale nat-predictable-process C nat-progressive-process ..
sublocale real-predictable-process C real-progressive-process ..

The following lemma characterizes predictability in a discrete-time setting.

lemma (in nat-filtered-measure) sets-in-filtration:
assumes (|Ji. {i} x Ai) € Zp
shows A (Suci) e Fi A0 € FO0
using assms unfolding sets-predictable-sigma
proof (induction (|Ji. {i} x A i) arbitrary: A)
case Basic

{
assume 3 5. (Ji. {i} x A4i) ={0} x S

75



then obtain S where S: (|Ji. {i} x A i) = {bot} x S unfolding bot-nat-def
by blast

hence S € F bot using Basic by (fastforce simp add: times-eq-iff bot-nat-def)

moreover have A i = {} if i # bot for ¢ using that S by blast

moreover have A bot = S using S by blast

ultimately have A (Suc i) € F i A 0 € F 0 for i unfolding bot-nat-def by
(auto simp add: bot-nat-def)

}

note * = this

assume 5. (Ji. {i} x Ai)={0} x S

then obtain s ¢t B where B: (| Ji. {i} x A i) = {s<..t} x B B € sets (F s)
s < t using Basic by auto

hence A i = B if i € {s<..t} for i using that by fast

moreover have A i = {} if i ¢ {s<..t} for i using B that by fastforce

ultimately have A (Suc i) € Fi A 0 € F 0 for i unfolding bot-nat-def using
B sets-F-mono by (auto simp add: bot-nat-def) (metis less-Suc-eq-le sets.empty-sets
subset-eq)

note xx = this
show A (Suc i) € sets (F i) A 0 € sets (F 0) using *(1)[of i] *(2) =x(1)[of 1]
xx(2) by blast+
next
case Empty
{
case I
then show ?case using Empty by simp
next
case 2
then show ?case using Empty by simp
}
next
case (Compl a)
have a-in: a C {0..} x space M using Compl(1) sets.sets-into-space sets-predictable-sigma
space-predictable-sigma by metis
hence A-in: A i C space M for ¢ using Compl(4) by blast
have a: a = {0..} x space M — (|Ji. {i} x A i) using a-in Compl(4) by blast
also have ... = — (Nj. — ({4} x (space M — A j))) by blast
also have ... = (|Jj. {j} x (space M — A j)) by blast
finally have x: (space M — A (Suc 7)) € F i (space M — A 0) € F 0 using
Compl(2,3) by auto

case I
then show ?case using x A-in by (metis bot-nat-0.extremum double-diff
sets. Diff sets.top sets-F-mono sets-le-imp-space-le space-F)
next
case 2
then show ?case using x A-in by (metis bot-nat-0.extremum double-diff
sets. Diff sets.top sets-F-mono sets-le-imp-space-le space-F)
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}

next
case (Union a)
have a-in: a i C {0..} X space M for i using Union(1) sets.sets-into-space
sets-predictable-sigma space-predictable-sigma by metis
hence A-in: A i C space M for i using Union(4) by blast
have snd z € snd ‘ (a i N ({fst £} x space M)) if z € a ¢ for i z using that
a-in by fastforce
hence a-i: a i = (Jj. {4} x (snd ‘ (a i N ({j} x space M)))) for i by force
have A-i: A i = snd ‘ (U (range a) N ({i} x space M)) for i unfolding
Union(4) using A-in by force
have x: snd ‘ (a j N ({Suc i} x space M)) € Fisnd ‘(ajn ({0} x space M))
€ F 0 for j using Union(2,3)[OF a-i| by auto
{
case ]
have (|Jj. snd ‘ (a j N ({Suc i} x space M))) € F i using * by fast
moreover have (|Jj. snd ‘ (a j N ({Suc i} x space M))) = snd “ (| (range
a) N ({Suc i} x space M)) by fast
ultimately show ?case using A-i by metis
next
case 2
have (|Jj. snd “ (aj N ({0} x space M))) € F 0 using * by fast
moreover have (|Jj. snd ‘ (a7 N ({0} x space M))) = snd “ (|IJ (range a) N
({0} x space M)) by fast
ultimately show ?case using A-i by metis

}

qged

This leads to the following useful fact.

lemma (in nat-predictable-process) adapted-Suc: nat-adapted-process M F (Ai. X
(Suc 1))
proof (unfold-locales, intro borel-measurablel)

fix S :: 'b set and i assume open-S: open S

have {Suc i} = {i<..Suc i} by fastforce

hence {Suc i} x space M € Yp using space-F[symmetric, of i] unfolding
sets-predictable-sigma by (intro sigma-sets.Basic) blast

moreover have case-prod X —¢ S N (UNIV X space M) € ¥p unfolding
atLeast-0[symmetric] using open-S by (intro predictableD, simp add: borel-open)

ultimately have case-prod X —¢ S N ({Suc i} X space M) € Y p unfolding
sets-predictable-sigma using space-F' sets.sets-into-space

by (subst Times-Int-distrib1[of {Suc i} UNIV space M, simplified], subst
inf.commute, subst Int-assoc[symmetric], subst Int-range-binary)
(intro sigma-sets-Inter binary-in-sigma-sets, fast)+

moreover have case-prod X —°S N ({Suc i} x space M) = {Suc i} x (X (Suc
i) —*S N space M) by (auto simp add: le-Suc-eq)

moreover have ... = (|Jj. {j} x (if j = Suc i then (X (Suc i) —*S N space M)
else {})) by (force split: if-splits)

ultimately have (|Jj. {j} x (ifj = Suc i then (X (Suc i) —* S N space M) else
{})) € Zp by argo
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thus X (Suc i) —¢ S N space (F i) € sets (F i) using sets-in-filtration[of Aj.
if j = Suc i then (X (Suc i) —¢ 8 N space M) else {}] space-F[OF zero-le] by
presburger
qed

The following lemma characterizes predictability in the discrete setting.

theorem nat-predictable-process-iff: nat-predictable-process M F' X <— nat-adapted-process
MF (Mi. X (Suc i)) A X 0 € borel-measurable (F 0)
proof (intro iffI)
assume asm: nat-adapted-process M F (Ai. X (Suc ©)) A X 0 € borel-measurable
(F 0)
interpret nat-adapted-process M F Xi. X (Suc ) using asm by blast
have (A\(z, y). X z y) € borel-measurable ¥ p
proof (intro borel-measurablel)
fix S :: ‘b set assume open-S: open S
have {i} x (X7 -8 N space M) € sets Ep for i
proof (cases ©)
case (
then show ?thesis unfolding sets-predictable-sigma
using measurable-sets|OF - borel-open|OF open-S], of X 0 F 0] asm by auto
next
case (Suc 1)
have {Suc i} = {i<..Suc i} by fastforce
then show ?thesis unfolding sets-predictable-sigma
using measurable-sets|OF adapted borel-open|OF open-S|, of i
by (intro sigma-sets.Basic, auto simp add: Suc)
qed
moreover have (A(z, y). Xz y) —“S N space Tp = (U4 {i} x (Xi—-9nN
space M)) by fastforce
ultimately show (A(z, y). Xz y) —° S N space Xp € sets Xp by simp
qed
thus nat-predictable-process M F' X by (unfold-locales)
next
assume asm: nat-predictable-process M F X
interpret nat-predictable-process M F X by (rule asm)
show nat-adapted-process M F (Xi. X (Suc ©)) A X 0 € borel-measurable (F 0)
using adapted-Suc by simp
qed

end

theory Martingale
imports Stochastic-Process Conditional-Expectation-Banach

begin
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7 DMartingales

The following locales are necessary for defining martingales.

7.1 Additional Locale Definitions

locale sigma-finite-adapted-process = sigma-finite-filtered-measure M F ty + adapted-process
MFtonOI‘MFtQX

locale nat-sigma-finite-adapted-process = sigma-finite-adapted-process M F 0 :: nat
X for MF X

locale real-sigma-finite-adapted-process = sigma-finite-adapted-process M F 0 ::
real X for M F X

sublocale nat-sigma-finite-adapted-process C nat-sigma-finite-filtered-measure ..
sublocale real-sigma-finite-adapted-process C real-sigma-finite-filtered-measure ..

locale finite-adapted-process = finite-filtered-measure M F tg + adapted-process M
FtonOI‘MFtQX

sublocale finite-adapted-process C sigma-finite-adapted-process ..

locale nat-finite-adapted-process = finite-adapted-process M F 0 :: nat X for M F
X

locale real-finite-adapted-process = finite-adapted-process M F 0 :: real X for M
FX

sublocale nat-finite-adapted-process C nat-sigma-finite-adapted-process ..
sublocale real-finite-adapted-process C real-sigma-finite-adapted-process ..

locale sigma-finite-adapted-process-order = sigma-finite-adapted-process M F ty X
for M F tg and X :: - = - = - :: {order-topology, ordered-real-vector}

locale nat-sigma-finite-adapted-process-order = sigma-finite-adapted-process-order
MFO: nat X for M F X

locale real-sigma-finite-adapted-process-order = sigma-finite-adapted-process-order
MFO: real X for M F X

sublocale nat-sigma-finite-adapted-process-order C nat-sigma-finite-adapted-process
sublocale real-sigma-finite-adapted-process-order C real-sigma-finite-adapted-process
locale finite-adapted-process-order = finite-adapted-process M F to X for M F tg

and X :: - = - = - :: {order-topology, ordered-real-vector}

locale nat-finite-adapted-process-order = finite-adapted-process-order M F 0 :: nat
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Xfor MF X
locale real-finite-adapted-process-order = finite-adapted-process-order M F 0 :: real
Xfor MFX

sublocale nat-finite-adapted-process-order C nat-sigma-finite-adapted-process-order

sublocale real-finite-adapted-process-order C real-sigma-finite-adapted-process-order

locale sigma-finite-adapted-process-linorder = sigma-finite-adapted-process-order
MFty X for MFitand X :: - = - = -:: {linorder-topology}

locale nat-sigma-finite-adapted-process-linorder = sigma-finite-adapted-process-linorder
MFO: nat X for M F X
locale real-sigma-finite-adapted-process-linorder = sigma-finite-adapted-process-linorder

MFO: real X for M F X
sublocale nat-sigma-finite-adapted-process-linorder C nat-sigma-finite-adapted-process-order

sublocale real-sigma-finite-adapted-process-linorder C real-sigma-finite-adapted-process-order

locale finite-adapted-process-linorder = finite-adapted-process-order M F ty X for
MFtyand X :: - = - = - {linorder-topology}

locale nat-finite-adapted-process-linorder = finite-adapted-process-linorder M F 0
mnat X for M F X
locale real-finite-adapted-process-linorder = finite-adapted-process-linorder M F 0
wreal X for M F X

sublocale nat-finite-adapted-process-linorder C nat-sigma-finite-adapted-process-linorder

sublocale real-finite-adapted-process-linorder C real-sigma-finite-adapted-process-linorder

7.2 Martingale

A martingale is an adapted process where the expected value of the next
observation, given all past observations, is equal to the current value.

locale martingale = sigma-finite-adapted-process +
assumes integrable: N\i. to < i = integrable M (X 1)
and martingale-property: Nij. to < i —= i< j= AE{in M. Xi ¢ =
cond-exp M (F i) (X j) &

locale martingale-order = martingale M F ty X for M F to and X :: - = - = -

:: {order-topology, ordered-real-vector}
locale martingale-linorder = martingale M F ty X for M F tg and X :: - = - =
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- {linorder-topology, ordered-real-vector}
sublocale martingale-linorder C martingale-order ..

lemma (in sigma-finite-filtered-measure) martingale-const-fun|intro):

assumes integrable M f f € borel-measurable (F tg)

shows martingale M F to (A-. f)

using assms sigma-finite-subalgebra.cond-exp-F-meas[OF - assms(1), THEN AE-symmetric]
borel-measurable-mono

by (unfold-locales) blast+

lemma (in sigma-finite-filtered-measure) martingale-cond-exp[introl:
assumes integrable M f
shows martingale M F' ty (\i. cond-exp M (F' i) f)
using sigma-finite-subalgebra.borel-measurable-cond-exp’ borel-measurable-cond-exp

by (unfold-locales) (auto intro: sigma-finite-subalgebra.cond-exp-nested-subalg| OF
- assms| simp add: subalgebra-F subalgebras)

corollary (in sigma-finite-filtered-measure) martingale-zero|intro]: martingale M
Fty (A- -. 0) by fastforce

corollary (in finite-filtered-measure) martingale-const[intro]: martingale M F tg
(A- - ¢) by fastforce

7.3 Submartingale

A submartingale is an adapted process where the expected value of the
next observation, given all past observations, is greater than or equal to the
current value.
locale submartingale = sigma-finite-adapted-process-order +
assumes integrable: N\i. to < i = integrable M (X i)
and submartingale-property: Nij. to <i = i <j=—= AE{inM. Xi &<
cond-exp M (F i) (X j) &

locale submartingale-linorder = submartingale M F tq X for M F ty5 and X :: -
= - = - :: {linorder-topology}

sublocale martingale-order C submartingale using martingale-property by (unfold-locales)
(force simp add: integrable)+
sublocale martingale-linorder C submartingale-linorder ..

7.4 Supermartingale

A supermartingale is an adapted process where the expected value of the
next observation, given all past observations, is less than or equal to the
current value.

locale supermartingale = sigma-finite-adapted-process-order +
assumes integrable: N\i. to < i = integrable M (X i)
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and supermartingale-property: Nij. to <i=—=i<j=— AE{in M. Xi¢
> cond-exp M (F i) (X j) &

locale supermartingale-linorder = supermartingale M F ty X for M F ty; and X
it - = - = - {linorder-topology}

sublocale martingale-order C supermartingale using martingale-property by (unfold-locales)
(force simp add: integrable)+
sublocale martingale-linorder C supermartingale-linorder ..

A stochastic process is a martingale, if and only if it is both a submartingale
and a supermartingale.

lemma martingale-iff:
shows martingale M F ty X <— submartingale M F ty X A supermartingale M
Fity X
proof (rule iffI)
assume asm: martingale M F tg X
interpret martingale-order M F ty X by (intro martingale-order.intro asm)
show submartingale M F tq X A supermartingale M F ty X using submartin-
gale-axioms supermartingale-axioms by blast
next
assume asm: submartingale M F ty X N supermartingale M F tg X
interpret submartingale M F to X by (simp add: asm)
interpret supermartingale M F to X by (simp add: asm)
show martingale M F ty X using submartingale-property supermartingale-property
by (unfold-locales) (intro integrable, blast, force)
qed

7.5 Martingale Lemmas

In the following segment, we cover basic properties of martingales.

context martingale
begin

lemma cond-exp-diff-eq-zero:
assumes tg < 11 < j
shows AE £ in M. cond-exp M (Fi) (M. Xj&E—Xi& E=0
using martingale-property| OF assms] assms
sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable adapted, of i)
sigma-finite-subalgebra.cond-exp-diff[OF - integrable(1,1), of F i j i] by
fastforce

lemma set-integral-eq:

assumes A € Fity<ii1<j

shows set-lebesgue-integral M A (X i) = set-lebesgue-integral M A (X j)
proof —

interpret sigma-finite-subalgebra M F i using assms(2) by blast

have [z € A. X i1z OM = [z € A. cond-exp M (F i) (X j) x OM using
martingale-property| OF assms(2,3)] borel-measurable-cond-exp’ assms subalgebras
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subalgebra-def by (intro set-lebesgue-integral-cong-AE[OF - random-variable]) fast-
force+

also have ... = [z € A. X j x OM using assms by (auto simp: integrable intro:
cond-exp-set-integral[ symmetric])

finally show ?thesis .
qed

lemma scaleR-const[intro]:
shows martingale M F to (Ai z. ¢ xgp X i 1)
proof —
{
fix 77 :: 'b assume asm: tg < i1 < j
interpret sigma-finite-subalgebra M F i using asm by blast
have AE z in M. ¢ xgp X i x = cond-exp M (F i) (A\x. ¢ xg X j z) z us-
ing asm cond-exp-scaleR-right[OF integrable, of j, THEN AE-symmetric] martin-
gale-property[ OF asm] by force

thus ?thesis by (unfold-locales) (auto simp add: integrable martingale.integrable)
qed

lemma uminus[intro]:
shows martingale M F ty (— X)
using scaleR-const[of —1] by (force intro: back-subst[of martingale M F' to])

lemma add[intro]:
assumes martingale M F tg Y
shows martingale M Fto (M & X i &+ Yi&)
proof —
interpret Y: martingale M F' ty Y by (rule assms)
{
fix 7§ :: 'b assume asm: tg < i1 < j
hence AEE{in M. X i &+ Yié&=cond-exp M (Fi) (M. Xjao+ Yjx)é
using sigma-finite-subalgebra.cond-exp-add[OF - integrable martingale.integrable| OF
assms|, of F'i jj, THEN AE-symmetric]
martingale-property| OF asm] martingale.martingale-property| OF assms
asm] by force
}
thus ?thesis using assms
by (unfold-locales) (auto simp add: integrable martingale.integrable)
qed

lemma diff[intro:
assumes martingale M F tg Y
shows martingale M F ¢ty (Miz. Xix — Y izx)
proof —
interpret Y: martingale M F' ty Y by (rule assms)
{
fix ij:: ‘b assume asm: tp < i i < j
hence AE{in M. X i & — Yié&=cond-exp M (Fi)(Mx. Xjao—Yjz)€
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using sigma-finite-subalgebra.cond-exp-diff | OF - integrable martingale.integrable[ OF
assms|, of F'ijj, THEN AE-symmetric]
martingale-property| OF asm] martingale.martingale-property| OF assms
asm) by fastforce

thus ?thesis using assms by (unfold-locales) (auto simp add: integrable martin-
gale.integrable)
qed

end

Using properties of the conditional expectation, we present the following
alternative characterizations of martingales.

lemma (in sigma-finite-adapted-process) martingale-of-cond-exp-diff-eq-zero:
assumes integrable: N\i. tg < i = integrable M (X i)
and diff-zero: Nij. to <i =i < j= AE xin M. cond-exp M (F i) (X.
Xjée—Xi&z=20
shows martingale M F tg X
proof
{
fix 7 j :: 'b assume asm: tg < i1 < j
thus AE £ in M. X i & = cond-exp M (F i) (X j) ¢
using diff-zero[OF asm] sigma-finite-subalgebra.cond-exp-diff [OF - integrable(1,1),
of Fiji]
sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable adapted, of i] by
fastforce

}

qed (intro integrable)

lemma (in sigma-finite-adapted-process) martingale-of-set-integral-eq:
assumes integrable: N\i. tg < i = integrable M (X i)
and NAij to <i= i< j=— A€ Fi—= set-lebesque-integral M A (X
i) = set-lebesgue-integral M A (X j)
shows martingale M F tg X
proof (unfold-locales)
fix i j:: 'b assume asm: tg < i1 < j
interpret sigma-finite-subalgebra M F i using asm by blast
interpret r: sigma-finite-measure restr-to-subalg M (F i) by (simp add: sigma-fin-subalg)
{
fix A assume A € restr-to-subalg M (F )
hence *: A € F i using sets-restr-to-subalg subalgebras asm by blast
have set-lebesgue-integral (restr-to-subalg M (F 1)) A (X i) = set-lebesgue-integral
M A (X i) using * subalg asm by (auto simp: set-lebesque-integral-def intro: inte-
gral-subalgebra? borel-measurable-scaleR adapted borel-measurable-indicator)
also have ... = set-lebesgue-integral M A (cond-exp M (F i) (X j)) using x
assms(2)[OF asm] cond-exp-set-integral| OF integrable] asm by auto
finally have set-lebesgue-integral (restr-to-subalg M (F i)) A (X i) = set-lebesque-integral
(restr-to-subalg M (F i)) A (cond-exp M (F i) (X j)) using * subalg by (auto simp:
set-lebesgque-integral-def intro!: integral-subalgebra2[symmetric] borel-measurable-scaleR
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borel-measurable-cond-exp borel-measurable-indicator)

}

hence AFE & in restr-to-subalg M (F i). X i £ = cond-exp M (F i) (X j) € us-
ing asm by (intro r.density-unique-banach, auto intro: integrable-in-subalg subalg
borel-measurable-cond-exp integrable)

thus AE £ in M. X i & = cond-exp M (F i) (X j) € using AE-restr-to-subalg|OF
subalg] by blast
qed (simp add: integrable)

7.6 Submartingale Lemmas

context submartingale
begin

lemma cond-exp-diff-nonneg:

assumes tg < 117 < j

shows AE z in M. cond-exp M (Fi) (M. XjE—Xi& x>0

using submartingale-property| OF assms| assms sigma-finite-subalgebra.cond-exp-diff [OF
- integrable(1,1), of - j i] sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable
adapted, of 7] by fastforce

lemma add[intro:
assumes submartingale M F ty Y
shows submartingale M F tg (A\i §&. X i &+ Yi§)
proof —
interpret Y: submartingale M F ty Y by (rule assms)
{
fix 7§ :: 'b assume asm: tg < i1 < j
hence AE{in M. Xi &+ Yi&<condexp M (Fi) Az. Xjao+ Yjx)é
using sigma-finite-subalgebra.cond-exp-add[OF - integrable submartingale.integrable] OF
assms|, of Fij j
submartingale-property| OF asm| submartingale.submartingale-property| OF
assms asm| add-monolof X i - - Y i -] by force
}
thus ?thesis using assms by (unfold-locales) (auto simp add: borel-measurable-add
random-variable adapted integrable Y.random-variable Y .adapted submartingale.integrable)

qed

lemma diff [intro]:
assumes supermartingale M F ty Y
shows submartingale M F ty (Mi & X i €& — Y i¢)
proof —
interpret Y: supermartingale M F ty Y by (rule assms)
{
fix i j:: ‘b assume asm: tp < i i < j
hence AE{in M. Xi & — Yié&<condexp M (Fi)(Ma. Xjao—Yjz)é
using sigma-finite-subalgebra.cond-exp-diff [ OF - integrable supermartingale.integrable] OF
assms|, of F i j j]
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submartingale-property| OF asm] supermartingale.supermartingale-property| OF
assms asm| diff-monolof X i - - - Y i -] by force
}
thus ?thesis using assms by (unfold-locales) (auto simp add: borel-measurable-diff
random-variable adapted integrable Y .random-variable Y .adapted supermartingale.integrable)

qed

lemma scaleR-nonneg:
assumes ¢ > (
shows submartingale M F ty (M\i &. ¢ xp X i &)
proof
{
fix 7§ :: 'b assume asm: tg < i1 < j
thus AE £ in M. ¢ xgp X i £ < cond-exp M (F i) (M. cxp X&) &
using sigma-finite-subalgebra.cond-exp-scaleR-right|OF - integrable, of F i
j ] submartingale-property|OF asm] by (fastforce intro!: scaleR-left-mono[OF -
assms|)

qed (auto simp add: borel-measurable-integrable borel-measurable-scaleR integrable
random-variable adapted borel-measurable-const-scaleR)

lemma scaleR-le-zero:
assumes ¢ <
shows supermartingale M F tg (Ai &. ¢ xg X i &)
proof
{
fix 77 :: 'b assume asm: tg < i1 < j
thus AE{in M. ¢ xg X1 & > cond-exp M (F i) (M. cxp Xj&) &
using sigma-finite-subalgebra.cond-exp-scaleR-right|OF - integrable, of F i j
c] submartingale-property| OF asm)]
by (fastforce intro!: scaleR-left-mono-neg|OF - assms])

qed (auto simp add: borel-measurable-integrable borel-measurable-scaleR integrable
random-variable adapted borel-measurable-const-scaleR)

lemma uminus[intro]:
shows supermartingale M F ty (— X)
unfolding fun-Compl-def using scaleR-le-zero[of —1] by simp

end

context submartingale-linorder
begin

lemma set-integral-le:
assumes A € Fity<ii<j
shows set-lebesgue-integral M A (X i) < set-lebesgue-integral M A (X j)
using submartingale-property[OF assms(2), of j| assms subalgebras
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by (subst sigma-finite-subalgebra.cond-exp-set-integral|OF - integrable assms(1),
of 1)
(auto introl: scaleR-left-mono integral-mono-A E-banach integrable-mult-indicator
integrable simp add: subalgebra-def set-lebesgue-integral-def)

lemma maz:
assumes submartingale-linorder M F to Y
shows submartingale-linorder M F to (Ai §&. maz (X 1 &) (Y i §))
proof (unfold-locales)
interpret Y: submartingale-linorder M F to Y by (rule assms)
{
fix 77 :: 'b assume asm: tg < i1 < j
have AE & in M. maz (X i &) (Y i &) < mazx (cond-exp M (F i) (X j) &)
(cond-exp M (F i) (Y §) &) using submartingale-property Y .submartingale-property
asm unfolding mazx-def by fastforce
thus AE € in M. maz (X i &) (Yi&) < cond-exp M (F i) (M. maz (Xj&) (Y
j &) & using sigma-finite-subalgebra.cond-exp-maz|OF - integrable Y .integrable, of
F ijj] asm by (fast intro: order.trans)

show Ai. tg < i = (A,. maz (X i &) (Y i &)) € borel-measurable (F i) \i.
to < i = integrable M (AE. maz (X i &) (Y i §)) by (force intro: Y.integrable
integrable assms)+
qed

lemma maz-0:
shows submartingale-linorder M F to (Ai . maz 0 (X i §))
proof —
interpret zero: martingale-linorder M F ty A- -. 0 by (force intro: martin-
gale-linorder.intro martingale-order.intro)
show ?thesis by (intro zero.mazx submartingale-linorder.intro submartingale-azioms)
qed

end

lemma (in sigma-finite-adapted-process-order) submartingale-of-cond-exp-diff-nonneg:
assumes integrable: N\i. tg < i = integrable M (X 1)
and diff-nonneg: \ij. to < i = i < j = AE xin M. cond-exp M (F i)
N XjE-—Xi&z>0
shows submartingale M F tq X
proof (unfold-locales)
{
fix 7 j :: 'b assume asm: tg < i1 < j
thus AE £ in M. X i & < cond-exp M (F i) (Xj) ¢
using diff-nonneg[OF asm] sigma-finite-subalgebra.cond-exp-diff [OF - inte-
grable(1,1), of F ij1i]
sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable adapted, of i] by
fastforce

}

qed (intro integrable)
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lemma (in sigma-finite-adapted-process-linorder) submartingale-of-set-integral-le:
assumes integrable: N\i. to < { = integrable M (X 7)
and NAij to <i= i< j= A€ Fi—= set-lebesque-integral M A (X
i) < set-lebesque-integral M A (X j)
shows submartingale M F tq X
proof (unfold-locales)
{
fix 7§ :: 'b assume asm: tg < i1 < j
interpret r: sigma-finite-measure restr-to-subalg M (F i) using asm sigma-finite-subalgebra.sigma-fin-subalg
by blast
{
fix A assume A € restr-to-subalg M (F i)
hence x: A € F i using asm sets-restr-to-subalg subalgebras by blast
have set-lebesgue-integral (restr-to-subalg M (F 1)) A (X ) = set-lebesgue-integral
M A (X i) using * asm subalgebras by (auto simp: set-lebesque-integral-def intro:
integral-subalgebra2 borel-measurable-scaleR adapted borel-measurable-indicator)
also have ... < set-lebesque-integral M A (cond-exp M (F i) (X j)) using
x assms(2)[OF asm] asm sigma-finite-subalgebra.cond-exp-set-integral| OF - inte-
grable] by fastforce
also have ... = set-lebesgue-integral (restr-to-subalg M (F i)) A (cond-exp M
(Fi) (X 7)) using * asm subalgebras by (auto simp: set-lebesgue-integral-def intro!:
integral-subalgebra2[symmetric| borel-measurable-scaleR borel-measurable-cond-exp
borel-measurable-indicator)
finally have 0 < set-lebesgue-integral (restr-to-subalg M (F i)) A (X,. cond-exp
M (Fi)(Xj) & — Xi&) using * asm subalgebras by (subst set-integral-diff,
auto simp add: set-integrable-def sets-restr-to-subalg intro!: integrable adapted inte-
grable-in-subalg borel-measurable-scaleR borel-measurable-indicator borel-measurable-cond-exp
integrable-mult-indicator)
}
hence AFE ¢ in restr-to-subalg M (F i). 0 < cond-exp M (F i) (Xj) & — Xi¢
by (intro r.density-nonneqg integrable-in-subalg asm subalgebras borel-measurable-diff
borel-measurable-cond-exp adapted Bochner-Integration.integrable-diff integrable-cond-exp
integrable)
thus AE £ in M. X i & < cond-exp M (F i) (X j) £ using AFE-restr-to-subalg|OF
subalgebras] asm by simp

qed (intro integrable)

7.7 Supermartingale Lemmas

The following lemmas are exact duals of the ones for submartingales.

context supermartingale
begin

lemma cond-exp-diff-nonneg:
assumes tg < 17 < j
shows AE z in M. cond-exp M (F i) (M. Xi&—Xj&) x>0
using assms supermartingale-property| OF assms| sigma-finite-subalgebra.cond-exp-diff[OF
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- integrable(1,1), of F i i j)
sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable adapted, of i| by
fastforce

lemma add[intro]:
assumes supermartingale M F ty Y
shows supermartingale M F to (Mi £ X i &+ Y i)
proof —
interpret Y: supermartingale M F ty Y by (rule assms)
{
fix i j:: ‘b assume asm: tp < ii < j
hence AE{in M. X i &+ Yié&> cond-exp M (Fi) (M. Xjao+ Yjz)€
using sigma-finite-subalgebra.cond-exp-add[OF - integrable supermartingale.integrable[ OF
assms|, of F i j j]
supermartingale-property| OF asm] supermartingale.supermartingale-property| OF
assms asm| add-monolof - X i - - Y i -] by force
}
thus ?thesis using assms by (unfold-locales) (auto simp add: borel-measurable-add
random-variable adapted integrable Y.random-variable Y .adapted supermartingale.integrable)

qed

lemma diff[intro]:
assumes submartingale M F ty Y
shows supermartingale M F tog (Mi &. X i & — Y i¢)
proof —
interpret Y: submartingale M F ty Y by (rule assms)
{
fix ij :: 'b assume asm: tg < ii < j
hence AESin M. Xi & — Yié&> cond-exp M (Fi)( M. Xjao— Yjz)€
using sigma-finite-subalgebra.cond-exp-diff [OF - integrable submartingale.integrable| OF
assms|, of F i j j, unfolded fun-diff-def]
supermartingale-property| OF asm] submartingale.submartingale-property] OF
assms asm| diff-monolof - X i - Y i -] by force
}
thus ?thesis using assms by (unfold-locales) (auto simp add: borel-measurable-diff
random-variable adapted integrable Y .random-variable Y .adapted submartingale.integrable)

qed

lemma scaleR-nonneg:
assumes ¢ > (
shows supermartingale M F to (Ai & ¢ xgp X i &)
proof
{
fix i j :: 'b assume asm: tg < i1 < j
thus AE £ in M. ¢ xgp X i € > cond-exp M (F i) (M. cxp X&) &
using sigma-finite-subalgebra.cond-exp-scaleR-right[OF - integrable, of F i
j ] supermartingale-property[OF asm] by (fastforce intro!: scaleR-left-mono[OF -
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assms|)

}
qed (auto simp add: borel-measurable-integrable borel-measurable-scaleR integrable
random-variable adapted borel-measurable-const-scaleR)

lemma scaleR-le-zero:
assumes ¢ < (
shows submartingale M F ty (Ai &. ¢ *p X i &)
proof
{
fix i j:: ‘b assume asm: tp < ii < j
thus AE §in M. ¢ xg X1 & < cond-exp M (F i) (M. cxp Xj&) &
using sigma-finite-subalgebra.cond-exp-scaleR-right]| OF - integrable, of F i j |
supermartingale-property| OF asm] by (fastforce intro!: scaleR-left-mono-neg|OF -
assms))

qed (auto simp add: borel-measurable-integrable borel-measurable-scaleR integrable
random-variable adapted borel-measurable-const-scaleR)

lemma uminus[intro]:
shows submartingale M F to (— X)
unfolding fun-Compl-def using scaleR-le-zero[of —1] by simp

end

context supermartingale-linorder
begin

lemma set-integral-ge:

assumes A € Fity<ii<j

shows set-lebesgue-integral M A (X ©) > set-lebesgue-integral M A (X j)

using supermartingale-property| OF assms(2), of j] assms subalgebras

by (subst sigma-finite-subalgebra.cond-exp-set-integral|OF - integrable assms(1),
of 7)

(auto introl: scaleR-left-mono integral-mono-AE-banach integrable-mult-indicator

integrable simp add: subalgebra-def set-lebesgue-integral-def)

lemma min:
assumes supermartingale-linorder M F ty Y
shows supermartingale-linorder M F to (Ai & min (X&) (Y i§))
proof (unfold-locales)
interpret Y: supermartingale-linorder M F ty Y by (rule assms)
{
fix 77 :: 'b assume asm: tog < i1 < j
have AE  in M. min (X i &) (Yi&) > min (cond-exp M (F i) (Xj) &) (cond-exp
M (F i) (Yj) &) using supermartingale-property Y .supermartingale-property asm
unfolding min-def by fastforce
thus AE & in M. min (X i &) (Yi&) > cond-exp M (F i) (A. min (X j&) (Y
j &) &€ using sigma-finite-subalgebra.cond-exp-min[OF - integrable Y .integrable, of
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F ijj] asm by (fast intro: order.trans)

show Ai. tp < i = (M. min (X 7 &) (Y i &) € borel-measurable (F i) \i.
to < i = integrable M (A\&. min (X i &) (Y i &) by (force intro: Y .integrable
integrable assms)+
qed

lemma min-0:

shows supermartingale-linorder M F to (Ai & min 0 (X i §))
proof —

interpret zero: martingale-linorder M F ty A- -. 0 by (force intro: martin-
gale-linorder.intro)

show %thesis by (intro zero.min supermartingale-linorder.intro supermartin-
gale-axioms)
qed

end

lemma (in sigma-finite-adapted-process-order) supermartingale-of-cond-exp-diff-le-zero:
assumes integrable: N\i. to < i = integrable M (X i)
and diff-le-zero: Ni j. to < i = i < j = AE xz in M. cond-exp M (F i)
N XjE-—Xi&z<0
shows supermartingale M F ty X
proof
{
fix 7 j :: 'b assume asm: tg < i1 < j
thus AE £ in M. X i & > cond-exp M (F i) (Xj) ¢
using diff-le-zero[OF asm] sigma-finite-subalgebra.cond-exp-diff [OF - inte-
grable(1,1), of F ij1i]
sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable adapted, of i] by
fastforce

}

qed (intro integrable)

lemma (in sigma-finite-adapted-process-linorder) supermartingale-of-set-integral-ge:
assumes integrable: N\i. to < i = integrable M (X i)
and NAij to <i= i< j=— A€ Fi—= set-lebesque-integral M A (X
j) < set-lebesgue-integral M A (X ©)
shows supermartingale M F ty X
proof —
interpret -: adapted-process M F ty —X by (rule uminus-adapted)
interpret uminus-X: sigma-finite-adapted-process-linorder M F to —X ..
note x = set-integral-uminus[unfolded set-integrable-def, OF integrable-mult-indicator| OF
- integrable])
have supermartingale M F ty (—(— X))
using ord-eg-le-trans|OF * ord-le-eq-trans[ OF le-imp-neg-le[ OF assms(2)] *[symmetric]]]
subalgebras
by (intro submartingale.uminus uminus-X.submartingale-of-set-integral-le)
(clarsimp simp add: fun-Compl-def subalgebra-def integrable | fastforce)+
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thus ?thesis unfolding fun-Compl-def by simp
qed

Many of the statements we have made concerning martingales can be sim-
plified when the indexing set is the natural numbers. Given a point in time
i € N, it suffices to consider the successor i + (1::'a), instead of all future
times 7 < j.

7.8 Discrete Time Martingales

locale nat-martingale = martingale M F 0 :: nat X for M F X
locale nat-submartingale = submartingale M F 0 :: nat X for M F X
locale nat-supermartingale = supermartingale M F 0 :: nat X for M F X

locale nat-submartingale-linorder = submartingale-linorder M F 0 :: nat X for M
FX
locale nat-supermartingale-linorder = supermartingale-linorder M F 0 :: nat X

for M F X

sublocale nat-submartingale-linorder C nat-submartingale ..
sublocale nat-supermartingale-linorder C nat-supermartingale ..

A predictable martingale is necessarily constant.

lemma (in nat-martingale) predictable-const:
assumes nat-predictable-process M F X
shows AEin M. Xié=Xj¢&
proof —
have x: AE{in M. Xi1&=X0 € for i
proof (induction 1)
case (
then show ?case by (simp add: bot-nat-def)
next
case (Suc 17)
interpret S: nat-adapted-process M F \i. X (Suc i) by (intro nat-predictable-process.adapted-Suc
assms)
show ?case using Suc S.adapted|of i] martingale-property|OF - le-Sucl, of i]
sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable, of F i Suc i] by fastforce
qed
show ?thesis using *[of i| *[of j] by force
qed

lemma (in nat-sigma-finite-adapted-process) martingale-of-set-integral-eq-Suc:
assumes integrable: \i. integrable M (X ©)
and AA i. A € Fi = set-lebesque-integral M A (X i) = set-lebesgue-integral
M A (X (Suci))
shows nat-martingale M F X
proof (intro nat-martingale.intro martingale-of-set-integral-eq)
fix i j A assume asm: i < j A € sets (F' i)
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show set-lebesgue-integral M A (X i) = set-lebesque-integral M A (X j) using
asm
proof (induction j — i arbitrary: i j)
case (
then show ?case using asm by simp
next
case (Suc n)
hence *: n = j — Suc i by linarith
have Suc i < j using Suc(2,3) by linarith
thus ?case using sets-F-mono[OF - le-Sucl] Suc(4) Suc(1)[OF %] by (auto
intro: assms(2)[THEN trans])
qed
qed (simp add: integrable)

lemma (in nat-sigma-finite-adapted-process) martingale-nat:
assumes integrable: \i. integrable M (X ©)
and A\i. AE & in M. X i & = cond-exp M (F i) (X (Suc i))
shows nat-martingale M F X
proof (unfold-locales)
fix 7j :: nat assume asm: 7 < j
show AF £ in M. X i £ = cond-exp M (F i) (X j) £ using asm
proof (induction j — i arbitrary: i j)
case 0
hence j = i by simp
thus ?case using sigma-finite-subalgebra.cond-exp-F-meas| OF - integrable adapted,
THEN AE-symmetric] by blast
next
case (Suc n)
have j: j = Suc (n + ¢) using Suc by linarith
have n: n = n + i — { using Suc by linarith
have x: AE € in M. cond-exp M (F (n + 1)) (Xj) £ = X (n + i) £ unfolding
j using assms(2)[THEN AE-symmetric] by blast
have AFE £ in M. cond-exp M (F i) (X j) & = cond-exp M (F i) (cond-exp M
(F (n+ 1)) (X)) € by (intro cond-exp-nested-subalg integrable subalg, simp add:
subalgebra-def sets-F-mono)
hence AE & in M. cond-exp M (F i) (X j) € = cond-exp M (F i) (X (n + 1))
¢ using cond-exp-cong-AE[OF integrable-cond-exp integrable x| by force
thus ?case using Suc(1)[OF n] by fastforce
qed
qed (simp add: integrable)

lemma (in nat-sigma-finite-adapted-process) martingale-of-cond-exp-diff-Suc-eg-zero:

assumes integrable: \i. integrable M (X ©)

and Ai. AE € in M. cond-exp M (F i) (A X (Suci)é —Xi&) =0
shows nat-martingale M F X

proof (intro martingale-nat integrable)

fix ¢

show AFE & in M. X { £ = cond-exp M (F i) (X (Suc i)) £ using cond-exp-diff [ OF
integrable(1,1), of i Suc i 1] cond-exp-F-meas|OF integrable adapted, of 7] assms(2)[of
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i] by fastforce
qed

7.9 Discrete Time Submartingales

lemma (in nat-submartingale) predictable-mono:

assumes nat-predictable-process M F X 1 < j

shows AE{in M. Xi&< Xj¢&

using assms(2)
proof (induction j — i arbitrary: i j)

case ()

then show ?case by simp
next

case (Suc n)

hence x: n = j — Suc i by linarith

interpret S: nat-adapted-process M F Ai. X (Suc ©) by (intro nat-predictable-process.adapted-Suc
assms)

have Suc i < j using Suc(2,3) by linarith

thus ?case using Suc(1)[OF x| S.adapted|of i] submartingale-property[OF -
le-Sucl, of i| sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable, of F i Suc
i] by fastforce
qed

lemma (in nat-sigma-finite-adapted-process-linorder) submartingale-of-set-integral-le-Suc:
assumes integrable: \i. integrable M (X 1)
and \A i. A € Fi = sel-lebesgque-integral M A (X i) < set-lebesgue-integral
M A (X (Suc Q)
shows nat-submartingale M F X
proof (intro nat-submartingale.intro submartingale-of-set-integral-le)
fix i j A assume asm: i < j A € sets (F i)
show set-lebesgue-integral M A (X i) < set-lebesque-integral M A (X j) using
asm
proof (induction j — i arbitrary: i j)
case (
then show ?case using asm by simp
next
case (Suc n)
hence *: n = j — Suc i by linarith
have Suc i < j using Suc(2,3) by linarith
thus ?case using sets-F-mono[OF - le-Sucl] Suc(4) Suc(1)[OF %] by (auto
intro: assms(2)[THEN order-trans))
qed
qed (simp add: integrable)

lemma (in nat-sigma-finite-adapted-process-linorder) submartingale-nat:
assumes integrable: \i. integrable M (X ©)
and A\i. AE & in M. X i & < cond-exp M (F i) (X (Suci)) &
shows nat-submartingale M F X
using subalg integrable assms(2)
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by (intro submartingale-of-set-integral-le-Suc ord-le-eq-trans| OF set-integral-mono-AE-banach
cond-exp-set-integral[symmetric]], simp)
(meson in-mono integrable-mult-indicator set-integrable-def subalgebra-def, me-
son integrable-cond-exp in-mono integrable-mult-indicator set-integrable-def subal-
gebra-def, fast+)

lemma (in nat-sigma-finite-adapted-process-linorder) submartingale-of-cond-exp-diff-Suc-nonneg:

assumes integrable: \i. integrable M (X 7)

and Ai. AE € in M. cond-exp M (F i) (M. X (Suci) & —Xi&)&>0
shows nat-submartingale M F X

proof (intro submartingale-nat integrable)

fix 7

show AFE & in M. X i & < cond-exp M (F i) (X (Suc 7)) € using cond-exp-diff [ OF
integrable(1,1), of i Suc i i] cond-exp-F-meas| OF integrable adapted, of i assms(2)[of
i] by fastforce
qed

lemma (in nat-submartingale-linorder) partial-sum-scaleR:
assumes nat-adapted-process M F C Ni. AE & in M. 0 < Ci & Ni. AE € in
M. Ci¢ <R
shows nat-submartingale M F (An €. > i<n. Ci & xg (X (Suci) & — X i §))
proof—
interpret C: nat-adapted-process M F C by (rule assms)
interpret C': nat-adapted-process M F Ai §&. C (i — 1) € xgp (X i & — X (i
— 1) &) by (intro nat-adapted-process.intro adapted-process.scaleR-right-adapted
adapted-process. diff-adapted, unfold-locales) (auto intro: adaptedD C.adaptedD)+
interpret C'": nat-adapted-process M F An &. > i<n. Ci & xg (X (Suc i) & —
X i &) by (rule C'.partial-sum-Suc-adapted|unfolded diff-Suc-1])
interpret S: nat-sigma-finite-adapted-process-linorder M F (An €. > i<n. C'i &
g (X (Suci) &€ — Xig)..
have integrable M (A\z. Cix g (X (Suci) z — X i z)) for i using assms(2,3)[of
i] by (intro Bochner-Integration.integrable-bound[OF integrable-scaleR-right, OF
Bochner-Integration.integrable-diff, OF integrable(1,1), of R Suc i i]) (auto simp
add: mult-mono)
moreover have AE & in M. 0 < cond-exp M (F i) (X. (O] i<Suci. Ci & xp
(X (Suci)§ —Xi&)) — (Oi<i. Ci&xp (X (Suci) & — Xi&))) & for i
using sigma-finite-subalgebra.cond-exp-measurable-scaleR[OF - calculation -
C.adapted, of 1]
cond-exp-diff-nonneg| OF - le-Sucl, OF - order.refl, of i] assms(2,3)[of i]
by (fastforce simp add: scaleR-nonneg-nonneg integrable)
ultimately show ?thesis by (intro S.submartingale-of-cond-exp-diff-Suc-nonneg
Bochner-Integration.integrable-sum, blast+)
qged

lemma (in nat-submartingale-linorder) partial-sum-scaleR'":

assumes nat-predictable-process M F C Ni. AE £ in M. 0 < Ci& Ni. AE € in
M.Ci¢<R

shows nat-submartingale M F (An €. Y i<n. C (Suc i) £ g (X (Suci) & — X

i€))
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proof —
interpret C: nat-predictable-process M F C by (rule assms)
interpret Suc-C': nat-adapted-process M F \i. C (Suc i) using C.adapted-Suc .
show ?thesis by (intro partial-sum-scaleR[of - R] assms) (intro-locales)

qed

7.10 Discrete Time Supermartingales

lemma (in nat-supermartingale) predictable-mono:

assumes nat-predictable-process M F X i < j

shows AE Ein M. Xié&>Xj¢&

using assms(2)
proof (induction j — i arbitrary: i j)

case (

then show Zcase by simp
next

case (Suc n)

hence x: n = j — Suc i by linarith

interpret S: nat-adapted-process M F \i. X (Suc i) by (intro nat-predictable-process.adapted-Suc
assms)

have Suc i < j using Suc(2,3) by linarith

thus ?case using Suc(1)[OF x| S.adapted|of i| supermartingale-property[OF -
le-Sucl, of i] sigma-finite-subalgebra.cond-exp-F-meas|OF - integrable, of F i Suc
i] by fastforce
qged

lemma (in nat-sigma-finite-adapted-process-linorder) supermartingale-of-set-integral-ge-Suc:
assumes integrable: \i. integrable M (X i)
and AA i. A € Fi = set-lebesque-integral M A (X i) > set-lebesgue-integral
M A (X (Suc 7))
shows nat-supermartingale M F X
proof —
interpret -: adapted-process M F 0 —X by (rule uminus-adapted)
interpret uminus-X: nat-sigma-finite-adapted-process-linorder M F —X ..
note x = set-integral-uminus[unfolded set-integrable-def, OF integrable-mult-indicator[ OF
- integrable]]
have nat-supermartingale M F (—(— X))
using ord-eq-le-trans|OF * ord-le-eq-trans[ OF le-imp-neg-le[ OF assms(2)] *[symmetric]]]
subalgebras
by (intro nat-supermartingale.intro submartingale.uminus nat-submartingale.axioms
uminus-X .submartingale-of-set-integral-le-Suc)
(clarsimp simp add: fun-Compl-def subalgebra-def integrable | fastforce)+
thus ?thesis unfolding fun-Compl-def by simp
qed

lemma (in nat-sigma-finite-adapted-process-linorder) supermartingale-nat:
assumes integrable: \i. integrable M (X 7)
and A\i. AE & in M. X i & > cond-exp M (F i) (X (Suc i))
shows nat-supermartingale M F X
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proof —

interpret -: adapted-process M F 0 —X by (rule uminus-adapted)

interpret uminus-X: nat-sigma-finite-adapted-process-linorder M F —X ..

have AE ¢ in M. — X i £ < cond-exp M (F i) (Az. — X (Suc i) z) € for ¢ using
assms(2) cond-exp-uminus[OF integrable, of i Suc i] by force

hence nat-supermartingale M F (—(— X)) by (intro nat-supermartingale.intro
submartingale. uminus nat-submartingale.azioms uminus-X .submartingale-nat) (auto
stmp add: fun-Compl-def integrable)

thus ?thesis unfolding fun-Compl-def by simp
qed

lemma (in nat-sigma-finite-adapted-process-linorder) supermartingale-of-cond-exp-diff-Suc-le-zero:

assumes integrable: \i. integrable M (X ©)

and Ai. AE € in M. cond-exp M (F i) (M. X (Suci) & — Xi&) <0
shows nat-supermartingale M F X

proof (intro supermartingale-nat integrable)

fix ¢

show AE & in M. X i & > cond-exp M (F i) (X (Suc 7))  using cond-exp-diff [ OF
integrable(1,1), of i Suc i i] cond-exp-F-meas|OF integrable adapted, of 7] assms(2)[of
i] by fastforce
qed

end

theory FEzample-Coin-Toss
imports Martingale HOL— Probability. Stream-Space HOL— Probability. Probability-Mass- Function
begin

8 Example: Coin Toss

Consider a coin-tossing game, where the coin lands on heads with probability
p € [0, 1]. Assume that the gambler wins a fixed amount ¢ > 0 on a heads
outcome and loses the same amount ¢ on a tails outcome. Let (X,),en be
a stochastic process, where X,, denotes the gamblers fortune after the n-th
coin toss. Then, we have the following three cases.

1. If p = 1/2, it means the coin is fair and has an equal chance of landing
heads or tails. In this case, the gambler, on average, neither wins nor loses
money over time. The expected value of the gamblers fortune stays the same
over time. Therefore, (X, )nen is a martingale.

2. If p > 1/2 , it means the coin is biased in favor of heads. In this case, the
gambler is more likely to win money on each bet. Over time, the gamblers
fortune tends to increase on average. Therefore, (X, )nen is a submartingale.

3. If p < 1/2 , it means the coin is biased in favor of tails. In this sce-
nario, the gambler is more likely to lose money on each bet. Over time,
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the gamblers fortune decreases on average. Therefore, (X,),en is a super-
martingale.

To formalize this example, we first consider a probability space consisting
of infinite sequences of coin tosses.

definition bernoulli-stream :: real = (bool stream) measure where
bernoulli-stream p = stream-space (measure-pmf (bernoulli-pmf p))

lemma space-bernoulli-stream|[simp): space (bernoulli-stream p) = UNIV by (simp
add: bernoulli-stream-def space-stream-space)

We define the fortune of the player at time n to be the number of heads
minus number of tails.

definition fortune :: nat = bool stream = real where
fortune n = (As. > b < stake (Suc n) s. if b then 1 else —1)

definition toss :: nat = bool stream = real where
toss n = (As. if snth s n then 1 else —1)

lemma toss-indicator-def: toss n = indicator {s. s ! n} — indicator {s. = s !l n}
unfolding toss-def indicator-def by force

lemma range-toss: range (toss n) = {—1, 1}
proof —
have sconst True !! n by simp
moreover have —sconst False !! n by simp
ultimately have 3z. z !! n 3z. -z !! n by blast+
thus ?thesis unfolding toss-def image-def by auto
qed

lemma vimage-toss: tossn — A = (if 1 € A then {s. s n} else {}) U (if —1 €
A then {s. s I! n} else {})
unfolding vimage-def toss-def by auto

lemma fortune-Suc: fortune (Suc n) s = fortune n s + toss (Suc n) s
by (induction n arbitrary: s) (simp add: fortune-def toss-def)+

lemma fortune-toss-sum: fortune n s = (>4 € {..n}. toss i s)
by (induction n arbitrary: s) (simp add: fortune-def toss-def, simp add: for-
tune-Suc)

lemma fortune-bound: norm (fortune n s) < Suc n by (induction n) (force simp
add: fortune-toss-sum toss-def)+

Our definition of bernoulli-stream constitutes a probability space.

interpretation prob-space bernoulli-stream p unfolding bernoulli-stream-def by
(simp add: measure-pmf.prob-space-azxioms prob-space.prob-space-stream-space)

98



abbreviation toss-filtration p = nat-natural-filtration (bernoulli-stream p) toss

The stochastic process toss is adapted to the filtration it generates.

interpretation toss: nat-adapted-process bernoulli-stream p nat-natural-filtration
(bernoulli-stream p) toss toss
by (intro nat-adapted-process.intro stochastic-process.adapted-process-natural-filtration)
(unfold-locales, auto simp add: toss-def bernoulli-stream-def)

Similarly, the stochastic process fortune is adapted to the filtration generated
by the tosses.

interpretation fortune: nat-finite-adapted-process-linorder bernoulli-stream p nat-natural-filtration
(bernoulli-stream p) toss fortune
proof —
show nat-finite-adapted-process-linorder (bernoulli-stream p) (toss-filtration p)
fortune
unfolding fortune-toss-sum
by (intro nat-finite-adapted-process-linorder.intro
finite-adapted-process-linorder.intro
finite-adapted-process-order.intro
finite-adapted-process.intro
toss.partial-sum-adapted|folded atMost-atLeast0]) intro-locales
qed

lemma integrable-toss: integrable (bernoulli-stream p) (toss n)

using toss.random-variable

by (intro Bochner-Integration.integrable-bound[OF integrable-const[of - 1 :: real]])
(auto simp add: toss-def)

lemma integrable-fortune: integrable (bernoulli-stream p) (fortune n) using for-
tune-bound

by (intro Bochner-Integration.integrable-bound[OF integrable-const[of - Suc n]
fortune.random-variable]) auto

We provide the following lemma to explicitly calculate the probability of
events in this probability space.

lemma measure-bernoulli-stream-snth-pred:

assumes (0 < p and p < I and finite J

shows prob p {w € space (bernoulli-stream p). VjeJ. Pj = w !l j} = p = card
(J N Collect P) x (1 — p) ~ (card (J — Collect P))
proof —

let ?PiE = (Ilg i€J. if P i then {True} else {False})

have product-prob-space (A-. measure-pmf (bernoulli-pmf p)) by unfold-locales

hence *: to-stream —* {s. VieJ. Pi= sl i} = {s. VieJ. P i = s i} using
assms by (simp add: to-stream-def)

also have ... = prod-emb UNIV (A-. measure-pmf (bernoulli-pmf p)) J ¢?PiE

proof —

{
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fix s assume (VieJ. Pi = s1)
hence (VieJ. Pi=si) = (s € prod-emb UNIV (\-. measure-pmf (bernoulli-pmf
p)) J ?PiE)
by (subst prod-emb-iff[of s]) (smt (verit, best) not-def assms(3) id-def
PiE-eq-singleton UNIV-I extensional-UNIV insert-iff singletonD space-measure-pmf)

}

moreover
{
fix s assume —(VieJ. Pi= s 1)
then obtain ¢ where i € J P i # s i by blast
hence (VieJ. Pi=si) = (s € prod-emb UNIV (\-. measure-pmf (bernoulli-pmf
p)) J ?PiE)
by (simp add: restrict-def prod-emb-iff[of s]) (smt (verit, ccfv-SIG) PiE-mem
assms(3) id-def insert-iff singleton-iff)
}
ultimately show #thesis by auto
qed
finally have inteq: (to-stream —* {s. VieJ. P { = s !l i}) = prod-emb UNIV
(A-. measure-pmf (bernoulli-pmf p)) J ?PiE .
let ?M = (Pipy UNIV (M- measure-pmf (bernoulli-pmf p)))
have emeasure (bernoulli-stream p) {s € space (bernoulli-stream p). VieJ. P i
= s 1 i} = emeasure ?M (to-stream —*‘{s. VieJ. Pi = sl i})
using assms emeasure-distr|of to-stream ?M (vimage-algebra (streams (space
(measure-pmf (bernoulli-pmf p)))) () ¢M) {s. VieJ. P i = s !l i}, symmetric|
measurable-to-stream[of (measure-pmf (bernoulli-pmf p))]
by (simp only: bernoulli-stream-def stream-space-def *, simp add: space-PiM )
(smt (verit, best) emeasure-notin-sets in-vimage-algebra inf-top.right-neutral sets-distr
vimage-Collect)

also have ... = emeasure ?M (prod-emb UNIV (A-. measure-pmf (bernoulli-pmf
p)) J ?PiF) using inteq by (simp add: space-PiM)
also have ... = ([[i€J. emeasure (measure-pmf (bernoulli-pmf p)) (if P i then

{True} else {False}))

by (subst emeasure-PiM-emb) (auto simp add: prob-space-measure-pmf assms(3))

also have ... = (J[][i€J N Collect P. ennreal p) * (][ i€J — Collect P. ennreal
(1 - p)

unfolding emeasure-pmf-single[of bernoulli-pmf p True, unfolded pmjf-bernoulli- True[ OF
assms(1,2)], symmetric]

emeasure-pmf-single[of bernoulli-pmf p False, unfolded pmf-bernoulli-False[ OF
assms(1,2)], symmetric]
by (simp add: prod.Int-Diff [OF assms(3), of - Collect P))

also have ... = p ~card (J N Collect P) * (1 — p) ~card (J — Collect P) using
assms by (simp add: prod-ennreal ennreal-mult’ ennreal-power)

finally show ?thesis using assms by (intro measure-eg-emeasure-eq-ennreal)
auto

qed
lemma

assumes (0 < pand p < 1
shows measure-bernoulli-stream-snth: prob p {w € space (bernoulli-stream p). w
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Wi} =p
and measure-bernoulli-stream-neg-snth: prob p {w € space (bernoulli-stream p).
~wlli}=1-p
using measure-bernoulli-stream-snth-pred| OF assms, of {i} Ax. True]
measure-bernoulli-stream-snth-pred|OF assms, of {i} \z. False] by auto

Now we can express the expected value of a single coin toss.

lemma integral-toss:
assumes 0 < pp < 1
shows expectation p (tossn) = 2 x p — 1
proof —
have [simp]:{s. s !l n} € events p using measurable-snth[ THEN measurable-sets,
of {True} measure-pmf (bernoulli-pmf p) n, folded bernoulli-stream-def]
by (simp add: vimage-def)
have ezpectation p (toss n) = Bochner-Integration.simple-bochner-integral (bernoulli-stream
p) (toss n)
using toss.random-variable[of n, THEN measurable-sets)
by (intro simple-bochner-integrable-eq-integral[symmetric] simple-bochner-integrable.intros)
(auto simp add: toss-def simple-function-def image-def)
also have ... = p — prob p {s. = s !l n} unfolding simple-bochner-integral-def
using measure-bernoulli-stream-snth| OF assms]
by (simp add: range-toss, simp add: toss-def)
also have ... = p — (1 — prob p {s. s !! n}) by (subst prob-compl[symmetric],
auto simp add: Collect-neg-eq Compl-eq-Diff-UNIV)
finally show ?thesis using measure-bernoulli-stream-snth[OF assms| by simp
qed

Now, we show that the tosses are independent from one another.

lemma indep-vars-toss:
assumes 0 < pp < I
shows indep-vars p (A-. borel) toss {0..}
proof (subst indep-vars-def, intro conjl indep-sets-sigma)
{
fix A J assume asm: J # {} finite J VjeJ. A j € {toss j —* A N space
(bernoulli-stream p) |A. A € borel}
hence VjeJ. 3B € borel. A j = toss j —° B N space (bernoulli-stream p) by
auto
then obtain B where B-is: A j = toss j —‘ B j N space (bernoulli-stream p)
B j € borel if j € J for j by metis

have prob p (| (4 “J)) = ([[j€J. prob p (A 7))
proof cases

We consider the case where there is a zero probability event.
assume dj€ J. 1 ¢ BjA—-1¢ Bj
then obtain j where j-is: j € J1 ¢ Bj—1 ¢ B j by blast
hence A-j-empty: A j = {} using B-is by (force simp add: toss-def vimage-def)
hence (| (A ‘J) = {} using j-is by blast
moreover have prob p (A j) = 0 using A-j-empty by simp
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ultimately show ?thesis using j-is asm(2) by auto
next

We now assume all events have positive probability.

assume ~(3j€ J. 1 ¢ BjA—1¢ Bj)
hence x: 1 € BjV —1 € Bjif j € J for j using that by blast

define J’ where [simp]: J'={j € J. (1 € Bj) «— (—1 ¢ Bj)}

hence toss jw € Bj«— (1 € Bj) =w!l jif j € J' for wj using that
unfolding toss-def by simp

hence () (A ‘ J')) = {w € space (bernoulli-stream p). VjeJ'. (1 € B j) =
w ! j} using B-is by force

hence prob-J": probp (N (A “J) =p “card (J'N{j. 1 € Bj}) = (1 —
p) “card (J' — {j. 1 € Bj})

using measure-bernoulli-stream-snth-pred[OF assms finite-subset| OF -

asm(2)], of J' Aj. 1 € B j] by auto

The index set J’ consists of the indices of all non-trivial events.

have A-j-True: A j = {w € space (bernoulli-stream p). w ! j} if j € J' N {j.
1 € B j} for j
using that by (auto simp add: toss-def B-is(1) split: if-splits)

have A-j-False: A j = {w € space (bernoulli-stream p). ~w Il j} if j € J' —
{j. 1 € Bj} for j
using that B-is by (auto simp add: toss-def)

have A-j-top: A j = space (bernoulli-stream p) if j € J — J' for j using that
* by (auto simp add: B-is toss-def)

hence | (A ‘J) =) (4 ‘J’) by auto

hence prob p () (A “J)) = prob p (| (A ¢ J')) by presburger

also have ... = ([[jeJ' N {j. 1 € Bj}. probp (A j) = ([[jeJ’ — {j. 1 €
B j}. probp (4 7))

by (simp only: prob-J' A-j-True A-j-False measure-bernoulli-stream-snth| OF
assms| measure-bernoulli-stream-neg-snth|OF assms| cong: prod.cong) simp

also have ... = ([[jeJ". prob p (A j)) using asm(2) by (intro prod.Int-Diff [symmetric])

auto

also have ... = ([[jeJ’. prob p (4 j)) = ([[j€J — J'. prob p (A j)) using
A-j-top prob-space by simp
also have ... = ([[j€J. prob p (A4 7)) using asm(2) by (metis (no-types,

lifting) J'-def mem-Collect-eq mult.commute prod.subset-diff subsetl)
finally show ?thesis .
qed

}

thus indep-sets p (Ai. {toss i —° A N space (bernoulli-stream p) |A. A € sets
borel}) {0..} using measurable-sets|OF toss.random-variable]

by (intro indep-setsl subsetl) fastforce
qed (simp, intro Int-stablel, simp, metis sets.Int vimage-Int)

The fortune of a player is a martingale (resp. sub- or supermartingale) with
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respect to the filtration generated by the coin tosses.

theorem fortune-martingale:

assumes p = /2

shows nat-martingale (bernoulli-stream p) (toss-filtration p) fortune

using cond-exp-indep| OF fortune.subalg indep-set-natural-filtration integrable-toss,
OF zero-order(1) lessl indep-vars-toss, of p]

integral-toss assms
by (intro fortune.martingale-of-cond-exp-diff-Suc-eq-zero integrable-fortune)

(force simp add: fortune-toss-sum)

theorem fortune-submartingale:
assumes 1/2 < pp < 1
shows nat-submartingale (bernoulli-stream p) (toss-filtration p) fortune
proof (intro fortune.submartingale-of-cond-exp-diff-Suc-nonneg integrable-fortune)
fix n
show AFE ¢ in bernoulli-stream p. 0 < cond-exp (bernoulli-stream p) (toss-filtration
p n) (AE. fortune (Suc n) & — fortune n &) &
using cond-exp-indep| OF fortune.subalg indep-set-natural-filtration integrable-toss,
OF zero-order(1) lessl indep-vars-toss, of p n]
integral-toss[of p Suc n| assms
by (force simp add: fortune-toss-sum)
qed

theorem fortune-supermartingale:

assumes 0 < pp < 1/2

shows nat-supermartingale (bernoulli-stream p) (toss-filtration p) fortune
proof (intro fortune.supermartingale-of-cond-exp-diff-Suc-le-zero integrable-fortune)

fix n

show AF ¢ in bernoulli-stream p. 0 > cond-exp (bernoulli-stream p) (toss-filtration
p n) (AE. fortune (Suc n) & — fortune n £) &

using cond-exp-indep| OF fortune.subalg indep-set-natural-filtration integrable-toss,
OF zero-order(1) lessl indep-vars-toss, of p n]

integral-toss[of p Suc n| assms
by (force simp add: fortune-toss-sum)

qged

end
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