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Abstract

This is a formalization of various Markov models in Isabelle/HOL.
It builds on Isabelle’s probability theory. The available models are
currently discrete-time and continuous-time Markov chains as well as
Markov decision processes. As application of these models we formal-
ize probabilistic model checking of pCTL formulas, analysis of IPv4
address allocation in ZeroConf and an analysis of the anonymity of the
Crowds protocol.
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1 Introduction

This is a formalization of probabilistic models in Isabelle/HOL. It builds on
Isabelle’s probability theory (HOL-Probability). It provides formalizations
for the following models:

o Discrete-time Markov processes with measurable state spaces [2]
o Markov decision processes on discrete spaces [5]

« Continuous-time Markov chains on discrete spaces [2]



As application of these models we formalize

o a probabilistic model checking of pCTL formulas [4],

o an analysis of IPv4 address allocation in ZeroConf [3],

o an analysis of the anonymity of the Crowds protocol [3],
o the reachability analysis on finite-state MDPs [5], and

« expected running-time semantics for pGCL [1].

The formalization of rewarded DTMCs and pCTL model checking is
discussed in detail in our paper.

2 Auxiliary Theory

Parts of it should be moved to the Isabelle repository

theory Markov-Models-Auxiliary
imports
HOL- Probability. Probability
HOL- Library. Rewrite
HOL- Library. Linear- Temporal- Logic-on-Streams
Coinductive. Coinductive-Stream
Coinductive. Coinductive-Nat
begin

lemma Ifp-upperbound: (Ay. x < fy) =z <Ifpf
unfolding Ifp-def by (intro Inf-greatest) (auto intro: order-trans)

lemma Ifp-arg: (At. ifp (Ft)) = lfp Az t. Ft (zt))
apply (auto simp: lfp-def le-fun-def fun-eq-iff introl: Inf-eql Inf-greatest)
subgoal for z y
by (rule INF-lower2[of top(z := y)]) auto
done

lemma Ifp-pair: ifp (\f (a, b). F (Aa b. f (a, b)) a b) (a,b) =lfp Fabd
unfolding Ifp-def
by (auto intro!: INF-eq simp: le-fun-def)
(auto intro!: exl[of - A(a, b). z a b for z])

lemma all-Suc-split: (Vi. P i) <— (P 0 A (Vi. P (Suc 1)))
using nat-induct by auto

definition with P fd = (if 3z. P x then f (SOME z. P x) else d)

lemma withl[case-names default exists|:
(Az. " Pz)= Qd) = (Az. Pz = Q (fz)) = Q (with P f d)



unfolding with-def by (auto intro: somel2)

context order
begin

definition
mazimal f S = {z€S. VyeS. fy < fa}

lemma mazimall: x € S = (\y.y€ S = fy < fz) = z € mazimal { S
by (simp add: mazimal-def)

lemma mazimall-trans: © € mazimal fS — fz < fy=— y € S = y € mazimal

fs

unfolding mazimal-def by (blast intro: antisym order-trans)

lemma mazimalD1: z € mazimal fS = z € §
by (simp add: mazimal-def)

lemma mazimalD2: x € mazimal fS —= ye€ S = fy < fz
by (simp add: mazimal-def)

lemma mazimal-inject: © € maximal f S = y € mazimal fS = fz = fy
by (rule order.antisym) (simp-all add: maximal-def)

lemma mazimal-empty[simp]: mazimal f {} = {}
by (simp add: mazimal-def)

lemma mazimal-singleton[simp|: mazimal f {2z} = {x}
by (auto simp add: mazimal-def)

lemma mazimal-in-S: mazimal f S C S
by (auto simp: mazximal-def)

end

context linorder
begin

lemma mazimal-ne:
assumes finite S S # {}
shows mazimal f S # {}
using assms
proof (induct rule: finite-ne-induct)
case (insert s S)
show ?Zcase
proof cases
assume VzeS. fz < fs
with insert have s € mazimal f (insert s S)
by (auto intro!: mazimall)



then show ?thesis
by auto
next
assume - (VzeS. fz < fs)
then have mazimal f (insert s S) = mazimal f S
by (auto simp: mazimal-def)
with insert show ?thesis
by auto
qed
qed simp

end

lemma mono-les:
fixes s SN and I1 12 :: 'a = real and K :: 'a = 'a pmf
defines Az =12z — 1z
assumes s: s € S and S: (|Js€S. set-pmf (K's)) CSUN
assumes int-l1[simp]: \s. s € S = integrable (K s) 1
assumes int-12[simp]: N\s. s € S = integrable (K s) 12
assumes to-N: A\s. s € § = JteN. (s, t) € (SIGMA s:UNIV. K s)*
assumes [1: \s.s € S = ([t. It K s) + cs<Ils
assumes [2: \s.s € S = 12s < ([t. 12t 0K s) + ¢ s
assumes eq: \s. s€ N = [2s<1ls
assumes finitary: finite (A ‘ (SUN))
shows 12 s < [I s

proof —
define M where M = {s€SUN.Vt€SUN. A t < A s}

have [simp]: \s. s€S = integrable (K s) A
by (simp add: A-def[abs-def])

have M-ungiue: NAst.se M = te M = As=At¢
by (auto introl: antisym simp: M-def)
have M1: A\s.se M = s€ SUN
by (auto simp: M-def)
have M2: Ast.se M =t SUN = At<As
by (auto simp: M-def)
have M3: Ast.se M = te SUN = t¢ M = At<As
by (auto simp: M-def less-le)

have N:VseN. A s < 0
using eq by (simp add: A-def)

{ fix sassume s: s€¢ M M NN = {}
then have s € § — N
by (auto dest: M1)
with to-N[of s| obtain ¢ where (s, t) € (SIGMA s:UNIV. K s)* and t € N
by (auto simp: M-def)
from this(1) <s € M» have A s < 0



proof (induction rule: converse-rtrancl-induct)
case (step s s)
then have s: s€e Mse€ Ss¢ Nand s s'€ SUNs € Ks
using S <M N N = {}» by (auto dest: M1)
have s' ¢ M
proof (rule ccontr)
assume s’ ¢ M
with <s € §» s’ «<s € M>»
have 0 < pmf (Ks) s'As'<As
by (auto intro: M2 M3 pmf-positive)

have A s < (([t. 12t 0K s) + cs) — ((Jt. L1t DK s) + ¢ s)
unfolding A-def using <s € S <s ¢ N» by (intro diff-mono 11 12) auto
then have A s < ([s. A s’ 0K s)
using s € S» by (simp add: A-def)
also have ... < ([s". A s 9K s)
using s’ € K s» <A s' < A s <s€S) S «seM>»
by (intro measure-pmf.integral-less-AE[where A={s}])
(auto simp: emeasure-measure-pmf-finite A E-measure-pmjf-iff set-pmf-iff [symmetric]
introl: M2)
finally show Fulse
using measure-pmf.prob-spacelof K s| by simp
qed
with step.IH <t N> N have A s' < 0s' e M
by auto
with «s€S) show A s < 0
by (force simp: M-def)
qed (insert N <t€N», auto) }

show ?thesis
proof cases
assume M N N = {}
have Max (A{SUN)) € A{SUN)
using <s € S by (intro Maz-in finitary) auto
then obtain ¢ where t € S U N A t = Maz (A{SUN))
unfolding image-iff by metis
then have t € M
by (auto simp: M-def finitary intro!: Maz-ge)
have A s < A ¢
using «t€ M) <s€S» by (auto dest: M2)
also have A t < 0
using «teM>» <M N N = {}» by fact
finally show ?thesis
by (simp add: A-def)
next
assume M N N # {}
then obtain ¢t where t € M t € N by auto
with N (s€S) have A s < 0
by (intro order-trans[of A s A t 0]) (auto simp: M-def)



then show ?thesis
by (simp add: A-def)
qed
qed

lemma unique-les:
fixes s S N and I1 12 :: '/a = real and K :: 'a = 'a pmf
defines A x =12z — Il z
assumes s: s € S and S: (|Js€S. set-pmf (Ks)) CSUN
assumes As. s € § = integrable (K s) l1
assumes As. s € S = integrable (K s) 12
assumes As. s € § = JteN. (s, t) € (SIGMA s:UNIV. K s)*
assumes A\s. s€ S =l s=([t. 11t 0K s)+ cs
assumes A\s. s€ S = 12s= ([t. 12t 0K s) + cs
assumes A\s. se N = 12s=11s
assumes I: finite (A ‘ (SUN))
shows I2 s =11 s
proof —
have finite (Az. (22 — 11 z) ‘ (SUN))
using 1 by (auto simp: A-def[abs-def])
moreover then have finite (uminus < (Az. 12 z — 11 z) * (SUN))
by auto
ultimately show ?thesis
using assms
by (intro antisym mono-les[of s S K N 12 11 ¢] mono-les[of s S K N 1 12 c])
(auto simp: image-comp comp-def)
qged

lemma inf-continuous-suntil-disj|order-continuous-intros):
assumes Q: inf-continuous Q
assumes disj: Az w. = (Pw A Q z w)
shows inf-continuous (A\z. P suntil Q x)
unfolding inf-continuous-def
proof (safe intro!: ext)
fix M w i assume (P suntil Q ([]i. M i)) w decseq M then show (P suntil Q
(M 1)) w
unfolding inf-continuousD[OF @ <decseq M>] by induction (auto intro: sun-
til.intros)
next
fix M w assume *: ([]i. P suntil Q (M i)) w decseq M
then have (P suntil Q (M 0)) w
by auto
from this x show (P suntil Q ([i. M i) w
unfolding inf-continuousD[OF @ <decseq M>]
proof induction
case (base w) with disjlof w M -] show %case by (auto intro: suntil.intros
elim: suntil.cases)
next
case (step w) with disjlof w M -] show ?Zcase by (auto intro: suntil.intros



elim: suntil.cases)
qed
qed

lemma inf-continuous-nt[order-continuous-intros|: inf-continuous P = inf-continuous
(Az. nat (P z) w)
by (auto simp: inf-continuous-def image-comp)

lemma sup-continuous-nat[order-continuous-intros|: sup-continuous P = sup-continuous
(Az. nzt (P ) w)
by (auto simp: sup-continuous-def image-comp)

lemma mcont-ennreal-of-enat: mcont Sup (<) Sup (<) ennreal-of-enat
by (auto introl: mcontl monotonel contl ennreal-of-enat-Sup)

lemma mcont2mcont-ennreal-of-enat|cont-introl:
mecont lub ord Sup (<) f = mcont lub ord Sup (<) (Az. ennreal-of-enat (f x))
by (auto intro: ccpo.mcont2meont|OF complete-lattice-ccpo’] mcont-ennreal-of-enat)

declare stream.ezhaust|[cases type: stream)]

lemma scount-eq-emeasure: scount P w = emeasure (count-space UNIV) {i. P
(sdrop i w)}
proof cases
assume alw (ev P) w
moreover then have infinite {i. P (sdrop { w)}
using infinite-iff-alw-ev[of P w] by simp
ultimately show ?thesis
by (simp add: scount-infinite-iff [symmetric])
next
assume - alw (ev P) w
moreover then have finite {i. P (sdrop i w)}
using infinite-iff-alw-ev]of P w]| by simp
ultimately show ?thesis
by (simp add: not-alw-iff not-ev-iff scount-eq-card)
qed

lemma measurable-scount[measurable]:
assumes [measurable]: Measurable.pred (stream-space M) P
shows scount P € measurable (stream-space M) (count-space UNIV)
unfolding scount-eq[abs-def] by measurable

lemma measurable-sfirst2:

assumes [measurable]: Measurable.pred (N @) pr stream-space M) (M(z, w). P
w)

shows (A(z, w). sfirst (P x) w) € measurable (N @ n stream-space M) (count-space
UNIV)

apply (coinduction rule: measurable-enat-coinduct)

apply simp



apply (rule exI[of - Az. 0])

apply (rule exI[of - ANz, w). (z, stl w)])
apply (rule exI[of - Mz, w). P z w))
apply (subst sfirst.simps|abs-def])
apply (simp add: fun-eg-iff)

done

lemma measurable-sfirst2[measurable (raw)]:

assumes [measurable (raw)]: f € N — stream-space M Measurable.pred (N
& a stream-space M) (Az. P (fst z) (snd z))

shows (\z. sfirst (P z) (f z)) € measurable N (count-space UNIV)

using measurable-sfirst2|measurable] by measurable

lemma measurable-sfirst{measurable]:
assumes [measurable]: Measurable.pred (stream-space M) P
shows sfirst P € measurable (stream-space M) (count-space UNIV)
by measurable

lemma measurable-epred[measurable]: epred € count-space UNIV —y; count-space
UNIV
by (rule measurable-count-space)

lemma nn-integral-stretch:

[ € borel = borel = ¢ # 0 = ([ Vu. f (¢ * ) Dlborel) = (1 / |c|::real) *
([ ta. fx Olborel)

using nn-integral-real-affine[of f ¢ 0] by (simp add: mult.assoc[symmetric] en-
nreal-mult[symmetric))

lemma prod-sum-distrib:

fixes f g :: '/a = 'b = 'c::comm-semiring-1

assumes finite I shows (Ai. i € I = finite (J i) = ([[i€l. Y. jeJi. fi])
= (> _mePig IJ. [[i€l. fi(m1i))

using «finite I>
proof induction

case (insert ¢ I) then show Zcase

by (auto simp: PiE-insert-eq finite-PiE sum.reindex inj-combinator sum.swap|of
- Pig IJ]
sum.cartesian-product’ sum-distrib-left sum-distrib-right
introl: sum.cong prod.cong arg-conglwhere f=(x) z for z])

qed simp

lemma prod-add-distrib:

fixes f g :: 'a = 'b::comm-semiring-1

assumes finite I shows ([[i€l. fi+ gi) = (D_JePowI. (J[ied. fi) x ([[iel
—J.g1))
proof —

have ([[i€l. fi + g i) = (J[¢€l. Y be{True, False}. if b then fi else g i)

by simp
also have ... = (3. mel —g {True, False}. [[i€l. if m i then fi else g i)

10



using «finite I» by (rule prod-sum-distrib) simp
also have ... = (D). JePow I. ([[ied. fi) = (J]iel — J. g 7))
by (rule sum.reindez-bij-witnessjwhere i=AJ. Ai€l. i€J and j=Am. {i€l. m

i}])
(auto simp: fun-eq-iff prod.If-cases <finite I+ introl: arg-cong2|where f=(x)]
prod.cong)
finally show ?thesis .
qed

subclass (in linordered-nonzero-semiring) ordered-semiring-0
proof qed

lemma (in linordered-nonzero-semiring) prod-nonneg: (Va€A. 0 < fa) = 0 <
prod f A
by (induct A rule: infinite-finite-induct) simp-all

lemma (in linordered-nonzero-semiring) prod-mono:
VicA. 0 < fiNfi<gi= prod fA < prod g A
by (induct A rule: infinite-finite-induct) (auto introl: prod-nonneg mult-mono)

lemma (in linordered-nonzero-semiring) prod-mono2:
assumes finite JIC J Ni.i €l = 0<giNgi<fi(Ni.ieJ—-1=1
< fi)
shows prod g I < prod f J
proof —
have prod g I = ([[i€J. if i € I then g i else 1)
using <finite J» «I C J» by (simp add: prod.If-cases Int-absorbl)
also have ... < prod f J
using assms by (intro prod-mono) auto
finally show ?thesis .
qed

lemma (in linordered-nonzero-semiring) prod-mono3:
assumes finite JIC JNi.ie J= 0<giNi.iel= gi<fi(N\i.i¢€
J—1=gi<1)
shows prod g J < prod f I
proof —
have prod g J < ([[i€J. if i € I then fi else 1)
using assms by (intro prod-mono) auto
also have ... = prod f I
using «finite J» <I C J) by (simp add: prod.If-cases Int-absorbl)
finally show ?thesis .
qed

lemma (in linordered-nonzero-semiring) one-le-prod: (N\i. i € [ = 1 < fi) =
1 < prod fI
proof (induction I rule: infinite-finite-induct)
case (insert ¢ I) then show ?Zcase
using mult-monolof 1 fi 1 prod f I]

11



by (auto intro: order-trans|OF zero-le-one])
qed auto

lemma sum-plus-one-le-prod-plus-one:
fixes p :: ‘a = 'b::linordered-nonzero-semiring
assumes N\i. i€ I = 0 <pi
shows (> iel. pi) + 1 < ([[iel.pi+ 1)
proof cases
assume [simp]: finite I
with assms have [simp]: J C I = 0 < prod p J for J
by (intro prod-nonneg) auto
have 1 + (D>Jiel. p i) = (O Jeinsert {} (Az. {z})I). ([]i€J. p i) = ([[ i€l
—J. 1))
by (subst sum.insert) (auto simp: sum.reindex)
also have ... < (3> JePow I. ([[ied. p i) = (J[iel — J. 1))
using assms by (intro sum-mono2) auto
finally show ?thesis
by (subst prod-add-distrib) (auto simp: add.commute)
qed simp

lemma summable-iff-convergent-prod:
fixes p :: nat = real assumes p: \i. 0 < p i
shows summable p «— convergent (An. [[i<n. p i+ 1)
unfolding summable-iff-convergent
proof
assume convergent (An. [[i<n. p i+ 1)
then obtain z where z: (An. [[i<n.pi+ 1) —— =
by (auto simp: convergent-def)
then have 1 < z
by (rule tendsto-lowerbound) (auto introl: always-eventually one-le-prod p)

have convergent (An. 1 4+ (3 i<n. p 7))
proof (intro Bseg-mono-convergent Bseql alll)
show 0 < z using <1 < 2> by auto
next
fix n
have norm (> i<n.pi) + 1) < ([li<n.pi+ 1)
using p by (simp add: sum-nonneg sum-plus-one-le-prod-plus-one p)
also have ... <z
using assms
by (intro tendsto-lowerbound|OF x))
(auto simp: eventually-sequentially intro!: exl[of - n] prod-mono2)
finally show norm (1 + sum p {..<n}) < z
by (simp add: add.commute)
qed (insert p, auto intro!: sum-mono2)
then show convergent (An. > i<n. p 7)
unfolding convergent-add-const-iff .
next
assume convergent (An. Y i<n. p 1)

12



then obtain z where z: (An. ezp (D i<n. pi)) —— exp x
by (force simp: convergent-def intro!: tendsto-exp)
show convergent (An. [[i<n.pi+ 1)
proof (intro Bseg-mono-convergent Bseql alll)
show 0 < exp z by simp
next
fix n
have norm ([Ji<n. pi + 1) < exp (3 i<n. p i)
using p exp-ge-add-one-self[of p -] by (auto simp add: prod-nonneg exp-sum
add.commute introl: prod-mono)
also have ... < exp x
using p
by (intro tendsto-lowerbound|OF z]) (auto simp: eventually-sequentially introl:
sum-mono2 )
finally show norm ([[i<n.pi+ 1) < exp x .
qed (insert p, auto intro: prod-mono2)
qed

primrec eexp :: ereal = ennreal
where
eexp Minfty = 0
| eexp (ereal r) = ennreal (exp )
| eexp Plnfty = top

lemma
shows eexp-minus-infty[simp|: eexp (—o0) = 0
and eexp-infty[simp|: eexp oo = top
using eexp.simps by simp-all

lemma eexp-0[simp|: eexp 0 = 1
by (simp add: zero-ereal-def)

lemma eexp-inj[simp|: eexp x = eexp y +— T =y
by (cases x; cases y; simp)

lemma eexp-mono[simp]: eexp x < eexp y +— x < y
by (cases x; cases y; simp add: top-unique)

lemma eexp-strict-mono[simp|: eexp © < eexp y +— z < y
by (simp add: less-le)

lemma exp-eq-0-iff [simp]: eexp © = 0 +— x = —00
using eezp-inj[of © —oo] unfolding eexp-minus-infty .

lemma eezp-surj: range eexp = UNIV
proof —
have part: UNIV = {0} U {0 <..< top} U {top::ennreal}
by (auto simp: less-top)
show ?thesis

13



unfolding part

by (force simp: image-iff less-top less-top-ennreal intro!: eexp.simps[symmetric]
eexp.simps dest: exp-total)
qed

lemma continuous-on-eexp’: continuous-on UNIV eexp
by (rule continuous-onI-mono) (auto simp: eexp-sury)

lemma continuous-on-eexp|continuous-intros|: continuous-on A f = continuous-on
A (Az. eexp (f x))
by (rule continuous-on-compose2|OF continuous-on-eexp’]) auto

lemma tendsto-eexp[tendsto-intros]: (f —— x) F = ((Az. eexp (fz)) —— eexp
z) F
by (rule continuous-on-tendsto-compose|OF continuous-on-eexp’]) auto

lemma measurable-eexp[measurable]: eexp € borel — pr borel
using continuous-on-eexp’ by (rule borel-measurable-continuous-onl)

lemma eexp-add: = ((z =00 Ay = —00) V (z = —00 A y = o0)) = eexp (z +
Y) = eexp T * eexp y
by (cases x; cases y; simp add: exp-add ennreal-mult ennreal-top-mult ennreal-mult-top)

lemma sum-Pinfty:
fixes f :: 'a = ereal
shows sum fI = oo «— (finite I A (Fi€l. fi = o))
by (induction I rule: infinite-finite-induct) auto

lemma sum-Minfty:
fixes [ :: 'a = ereal
shows sum f I = —oo +— (finite I N =~ (Fi€l. fi = c0) A (Fi€l. fi = —00))
by (induction I rule: infinite-finite-induct)
(auto simp: sum-Pinfty)

lemma eexp-sum: - (Fi€l. Fj€l. fi = —c0 A fj = 00) = eexp (D i€l. fi) =
(TTé€l. eexp (f 7))
proof (induction I rule: infinite-finite-induct)
case (insert i I)
have eexp (sum f (insert i I)) = eexp (f i) * eexp (sum fI)
using insert.prems insert.hyps by (auto simp: sum-Pinfty sum-Minfty intro!:
eexp-add)
then show ?case
using insert by auto
qed simp-all

lemma eexp-suming:
assumes wf-f: = {—o0, oo} C range f and f: summable f
shows (An. []i<n. eexp (fi)) —— eexp (D i. f i)
proof —
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have (An. eexp (> i<n. fi)) —— eexp (3 . f1)
by (intro tendsto-eexp summable-LIMSEQ f)
also have (An. eexp (> i<n. f1)) = (An. [[i<n. eexp (7))
using wf-f by (auto simp: fun-eq-iff image-iff eq-commute intro!: eexp-sum)
finally show ?thesis .
qed

lemma continuous-onl-antimono:
fixes f :: 'a::linorder-topology = 'b::{dense-order,linorder-topology}
assumes open (f‘A)
and mono: Az y.z2 € A —=yc A=< y= fy<fux
shows continuous-on A f
proof (rule continuous-on-generate-topology| OF open-generated-order], safe)
have monoD: N\zy. 1 € A = ye A= fy<fz=z<y
by (auto simp: not-le[symmetric] mono)
have dz. s e ANfr < bAz<aifa:a€ Aand fa: fa < bfor ab
proof —
obtain y where fa < y {fa .< y} C f4
using open-right[OF <open (f‘A)y, of f a b] a fa
by auto
obtain z where z: fa < zz < min by
using dense[of fa min b y] <fa < p «fa < b by auto
then obtain ¢ where z = fcce A
using {f a ..< y} C fA[THEN subsetD, of z] by (auto simp: less-imp-le)
with a z show ?thesis
by (auto intro!: exl[of - ¢] simp: monoD)
qed
then show 3C. open CANCNA=f—-{.<b} N Aforbd
by (intro exl[of - ((Jze{z€A. fz < b}. {z <..})])
(auto intro: le-less-trans|OF mono| less-imp-le)

have dz. s e ANb< fx Az >aifa:a€ Aand fa: b < fa for a b
proof —
note a fa
moreover
obtain y where y < fa {y <.. fa} C f'A
using open-left[OF <open (f‘A)s, of fa b] a fa
by auto
then obtain z where z: maz by < zz2 < fa
using dense[of maz by f a] <y < far <b < f a> by auto
then obtain ¢ where z = fcce A
using ({y <.. fa} C f'A)[THEN subsetD, of z] by (auto simp: less-imp-le)
with a z show ?thesis
by (auto intro!: exI[of - ¢| simp: monoD)
qed
then show 3C. open C AN CNA=f—-{b<.} NAforb
by (intro exI[of - (Jze{zcA. b < fz}. {.< z})])
(auto intro: less-le-trans[OF - mono] less-imp-le)
qed
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lemma minus-add-eg-ereal: = ((a = 00 A b= —00) V (a = —00 A b = x0)) =
— (a + buereal) = —a — b
by (cases a; cases b; simp)

lemma setsum-negf-ereal: = {—o0, oo} C fI = (> iel. — fi)=— (O iel. f
i::ereal)
by (induction I rule: infinite-finite-induct)
(auto simp: minus-add-eq-ereal sum-Minfty sum-Pinfty,
(subst minus-add-eq-ereal; auto simp: sum-Pinfty sum-Minfty image-iff mi-
nus-ereal-def)+)

lemma convergent-minus-iff-ereal: convergent (Az. — f xz::ereal) «— convergent f
unfolding convergent-def by (metis ereal-uminus-uminus ereal-Lim-uminus)

lemma summable-minus-ereal: = {—o00, oo} C range f = summable (An. f n)
= summable (An. — f n::ereal)

unfolding summable-iff-convergent

by (subst setsum-negf-ereal) (auto simp: convergent-minus-iff-ereal)

lemma (in product-prob-space) product-nn-integral-component:
assumes f € borel-measurable (M i)i € T
shows integral™ (Pipy I M) (Ax. f (x 7)) = integral™ (M i) f
proof —
from assms show ?thesis
apply (subst PiM-component[symmetric, OF <i € 1))
apply (subst nn-integral-distr| OF measurable-component-singleton))
apply simp-all
done
qed

lemma ennreal-inverse-le[simp]: inverse x < inverse y <— y < (z::ennreal)
by (cases 0 < z; cases x; cases 0 < y; cases y; auto simp: top-unique in-
verse-ennreal)

lemma inverse-inverse-ennreal[simp]: inverse (inverse z::ennreal) = x
by (cases 0 < z; cases z; auto simp: inverse-ennreal)

lemma range-inverse-ennreal: range inverse = (UNIV::ennreal set)
proof —
have 3z. y = inverse z for y :: ennreal
by (intro exI[of - inverse y]) simp
then show ?thesis
unfolding surj-def by auto
qed

lemma continuous-on-inverse-ennreal”. continuous-on (UNIV :: ennreal set) in-

verse
by (rule continuous-onl-antimono) (auto simp: range-inverse-ennreal)
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lemma sums-minus-ereal: = {— oo, oo} C f “ UNIV = (An. — f n::ereal) sums
r = fsums — x

unfolding sums-def

apply (subst ereal-Lim-uminus)

apply (subst (asm) setsum-negf-ereal)

apply auto

done

lemma suminf-minus-ereal: = {— oo, oo} C f * UNIV = summable f = (>_ n.
— fn o ereal) = — suminf f

apply (rule sums-unique[symmetric])

apply (rule sums-minus-ereal)

apply (auto simp: ereal-uminus-eq-reorder)

done

end

3 Discrete-Time Markov Chain

theory Discrete-Time-Markov-Chain
imports Markov-Models-Auxiliary
begin

Markov chain with discrete time steps and discrete state space.

lemma sstart-eq”: sstart Q (x # zs) = {w. shd w = z A stl w € sstart Q zs}
by (auto simp: sstart-eq)

lemma measure-eq-stream-space-coinduct|consumes 1, case-names left right cont):
assumes R N M
assumes R-1: AN M. R N M = N € space (prob-algebra (stream-space
(count-space UNIV)))
and R-2: ANM. RN M = M € space (prob-algebra (stream-space ( count-space
UNIV)))
and cont: ANM. RNM = AN’ M'p. Vyeset-pmfp. R (N'y) (M y)) A
(Vz. N' z € space (prob-algebra (stream-space (count-space UNIV)))) A (Vx.
M’ z € space (prob-algebra (stream-space (count-space UNIV)))) A
N = (measure-pmf p >= (Ay. distr (N'y) (stream-space (count-space UNIV))
() 1)) A
M = (measure-pmf p >= (A\y. distr (M’ y) (stream-space (count-space UNIV))
((##) v)))
shows N = M
proof —
let 25 = stream-space (count-space UNIV')
have VN M. RNM — (IN' M’ p. (Vyeset-pmfp. R (N y) (M’ y)) A
(Vz. N' x € space (prob-algebra 25)) A (Vz. M’ x € space (prob-algebra 25))
A
N = (measure-pmf p >= (Ay. distr (N'y) 25 ((##) v))) A
M = (measure-pmf p >= (Ay. distr (M’ y) 25 (##) v))))

17



using cont by auto
then obtain n m p where

p ANMy. RNM = y € set-pmf (p NM) = R (n NMy) (m N My)
and

n ANMz. RNM = n N Mz € space (prob-algebra ?S) and

n-eq: AN My. RNM = N = (measure-pmf (p N M) >= (\y. distr (n N M
y) 75 ((##) y))) and

m: ANMz. RNM = m N M z € space (prob-algebra ?S) and

m-eq: AN M y. R N M = M = (measure-pmf (p N M) >= (Ay. distr (m N
My) 7S (#4) 1)

unfolding choice-iff ' choice-iff by blast

define A where A = (SIGMA nm:UNIV. (Az. (n (fst nm) (snd nm) z, m (fst
nm) (snd nm) z)) ‘ p (fst nm) (snd nm))
have A-singleton: A ““ {nm} = (Az. (n (fst nm) (snd nm) z, m (fst nm) (snd
nm) z)) ‘p (fst nm) (snd nm) for nm
by (auto simp: A-def)

have sets-n[measurable-cong, simpl: sets (n N M y) = sets 5 if R N M for N
My
using n[OF that, of y] by (auto simp: space-prob-algebra)
have sets-m[measurable-cong, simpl: sets (m N M y) = sets ¢S if R N M for N
My
using m[OF that, of y] by (auto simp: space-prob-algebra)
have [simp]: R N M = prob-space (n N M y) for N M y
using n[of N M y] by (auto simp: space-prob-algebra)
have [simp]: R N M = prob-space (m N M y) for N M y
using m[of N M y] by (auto simp: space-prob-algebra)
have [measurable]l: R N M = n N M € count-space UNIV — s subprob-algebra
7S for N M
by (rule measurable-prob-algebraD) (auto intro: n)
have [measurable]: R N M = m N M € count-space UNIV — s subprob-algebra
25 for N M
by (rule measurable-prob-algebraD) (auto intro: m)

define n’ where n' N M y = distr (n N M y) 2S ((##) y) for N M y
define m’ where m’ N M y = distr (m N M y) 25 ((#+#) y) for N M y
have n'-e¢: R N M = N = (measure-pmf (p N M) >= n'" N M) for N M
unfolding n’-def by (rule n-eq)
have m’-e¢: R N M = M = (measure-pmf (p N M) >= m' N M) for N M
unfolding m’-def by (rule m-eq)
have [measurable]: RN M = n' N M € count-space UNIV — ) subprob-algebra
7S for N M
unfolding n’-def by (rule measurable-distr2[where M=?5]) measurable
have [measurable]: R N M = m’ N M € count-space UNIV —p; subprob-algebra
?S for N M
unfolding m’-def by (rule measurable-distr2[where M=25]) measurable

have n’-shd: R N M = distr (n’ N M y) (count-space UNIV) shd = measure-pmf
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(return-pmf y) for N M y
unfolding n’-def by (subst distr-distr) (auto simp: comp-def prob-space. distr-const
return-pmf.rep-eq)
have m’-shd: R N M = distr (m’ N M y) (count-space UNIV) shd = mea-
sure-pmf (return-pmf y) for N M y
unfolding m’-def by (subst distr-distr) (auto simp: comp-def prob-space.distr-const
return-pmf.rep-eq)
have n’-stl: R N M = distr (n" NMy) ?Sstl=n N My for NMy
unfolding n’-def by (subst distr-distr) (auto simp: comp-def distr-id2)
have m'-stl: R N M = distr (m'" NMy) 2Sstl=m N My for N My
unfolding m/’-def by (subst distr-distr) (auto simp: comp-def distr-id2)

define F' where F = (A* “ {(N, M)})
have countable F
unfolding F-def
apply (intro countable-rtrancl countable-insert[of - (N, M)] countable-empty)
apply (rule countable-Image)
apply (auto simp: A-singleton)
done
have F-NM|simp]: (N, M) € F unfolding F-def by auto
have R-F[simp]: R N' M'"if (N', M') € F for N’ M’
proof —
have ((N, M), (N', M’)) € A* using that by (auto simp: F-def)
then show R N’ M’
by (induction p==(N', M) arbitrary: N’ M’ rule: rtrancl-induct) (auto simp:
(R N M> A-def p)
qed
have nm-F: (n N' My m N'M'y) e Fifye p N'M' (N, M) € F for N'
M’y
proof —
have x: ((N, M), (N', M')) € A* using that by (auto simp: F-def)
with that show ?thesis
apply (simp add: F-def)
apply (intro rtrancl.rtrancl-into-rtrancl|OF x))
apply (auto simp: A-def)
done
qged

define Q where Q = (U (n, m)eF. set-pmf (p n m))

have [measurable]: Q € sets (count-space UNIV) by auto

have in-Q0: (N M) e F—= yepNM = yecQfor NMy
by (auto simp: Q-def Bex-def)

show ?thesis
proof (intro stream-space-eq-sstart)
from <countable F'» show countable Q)
by (auto simp add: Q-def)
show prob-space N prob-space M sets N = sets 25 sets M = sets 25
using R-1[OF <R N M>] R-2[OF <R N M>] by (auto simp add: space-prob-algebra)
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have AN M. (N, M) €e F = AEzin N.z !l i € Q for {
proof (induction i)
case () note NM = O[THEN R-F, simp| show ?case
apply (subst n'-eq|OF NM])
apply (subst AE-bind[where B=%5])
apply measurable
apply (auto intro!: AE-distrD[where f=shd and M '=count-space UNIV|
simp: AE-measure-pmf-iff n[OF NM] n’-shd in-Q[OF 0] cong:
AE-cong-simp)
done
next
case (Suc i) note NM = Suc(2)[THEN R-F, simp]
show ?case
apply (subst n'-eq|OF NM])
apply (subst AE-bind[where B=?5])
apply measurable
apply (auto intro!: AE-distrD[where f=stl and M'=2S] Suc(1)[OF nm-F]
Suc(2)
simp: AE-measure-pmjf-iff n'-stl cong: AE-cong-simp)
done
qed
then have AE-N: AN M. (N, M) € F = AE z in N. x € streams §)
unfolding streams-iff-snth AE-all-countable by auto
then show AE z in N. z € streams Q by (blast intro: F-NM)

have ANM. (N, M) e F = AEzin M.z !'i¢ec Q for i
proof (induction i arbitrary: N M)
case 0 note NM = 0[THEN R-F, simp] show ?case
apply (subst m’-eq|OF NM])
apply (subst AE-bind[where B=7?5])
apply measurable
apply (auto introl: AE-distrD[where f=shd and M'=count-space UNIV]
simp: AE-measure-pmf-iff m[OF NM]| m’-shd in-Q[OF 0] cong:
AE-cong-simp)
done
next
case (Suc i) note NM = Suc(2)[THEN R-F, simp]
show “case
apply (subst m’-eq]OF NM])
apply (subst AE-bind[where B=725])
apply measurable
apply (auto intro!: AE-distrD[where f=stl and M'=25] Suc(1)[OF nm-F)]
Suc(2)
simp: AE-measure-pmf-iff m’-stl cong: AE-cong-simp)
done
qed
then have AE-M: AN M. (N, M) € F = AF xzin M. x € streams )
unfolding streams-iff-snth AFE-all-countable by auto
then show AFE z in M. x € streams Q2 by (blast intro: F-NM)
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fix zs assume zs € lists 2
with «(N, M) € F) show emeasure N (sstart Q zs) = emeasure M (sstart §)
xs)
proof (induction xs arbitrary: N M)
case Nil
have prob-space N prob-space M sets N = sets 2S5 sets M = sets 25
using R-1[OF R-F[OF Nil(1)]] R-2|OF R-F[OF Nil(1)]] by (auto simp
add: space-prob-algebra)
have emeasure N (streams Q) = 1
by (rule prob-space.emeasure-eq-1-AE[OF <prob-space Ny - AE-N[OF
Nil(1)]))
(auto simp add: (sets N = sets 25y introl: streams-sets)
moreover have emeasure M (streams ) = 1
by (rule prob-space.emeasure-eq-1-AE[OF <prob-space M» - AE-M[OF
Nil(1)]))
(auto simp add: «sets M = sets 25> introl: streams-sets)
ultimately show ?case by simp
next
case (Cons z xs)
note NM = Cons(2)[THEN R-F, simp]
have x: (#4#) y —* sstart Q (z # xzs) = (if © = y then sstart Q zs else {})
for y
by auto
show ?case
apply (subst n'-eq|OF NM])
apply (subst (3) m’-eqOF NM])
apply (subst emeasure-bind[OF - - sstart-sets|)
apply simp ]
apply measurable ||
apply (subst emeasure-bind[OF - - sstart-sets|)
apply simp ||
apply measurable [|
apply (intro nn-integral-cong-AE AE-pmfI)
apply (subst n'-def)
apply (subst m’-def)
using Cons(3)
apply (auto intro!: Cons nm-F
stmp add: emeasure-distr sets-eq-imp-space-eq| OF sets-n] sets-eq-imp-space-eq[OF
sets-m)]
space-stream-space x)
done
qed
qed
qed

3.1 Discrete Markov Kernel
locale MC-syntax =
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fixes K :: 's = 's pmf
begin

abbreviation acc :: (‘s x 's) set where
acc = (SIGMA s:UNIV. K s)*

abbreviation acc-on :: 's set = ('s x 's) set where
acc-on S = (SIGMA s:UNIV. K s N §)*

lemma countable-reachable: countable (acc *“ {s})
by (auto intro!: countable-rtrancl countable-set-pmf simp: Sigma-Image)

lemma countable-acc: countable X = countable (acc ““ X)
apply (rule countable-Image)
apply (rule countable-reachable)
apply assumption
done

context
notes [[inductive-internals]]
begin

coinductive enabled where
enabled (shd w) (stl w) = shd w € K s = enabled s w

end

lemma alw-enabled: enabled (shd w) (stl w) = alw (Aw. enabled (shd w) (stl w))
w
by (coinduction arbitrary: w rule: alw-coinduct) (auto elim: enabled.cases)

abbreviation S = stream-space (count-space UNIV)

lemma in-S [measurable (raw)]: © € space S
by (simp add: space-stream-space)

inductive-simps enabled-iff: enabled s w

lemma enabled-Stream: enabled z (y ## w) +— y € K x A enabled y w
by (subst enabled-iff) auto

lemma measurable-enabled|measurable]:

Measurable.pred (stream-space (count-space UNIV)) (enabled s) (is Measurable.pred
25 -)

unfolding enabled-def
proof (coinduction arbitrary: s rule: measurable-gfp2-coinduct)

case (step A s)

then have [measurable]: \t. Measurable.pred ?S (A t) by auto

have x: Az. Bw t. s=t Az =w A A (shd w) (stl w) A shd w € set-pmf (K
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t)) «—
(FteK s. At (stlz) At = shd x)
by auto
note countable-set-pmf[simp)
show ?Zcase
unfolding * by measurable
qed (auto simp: inf-continuous-def)

lemma enabled-iff-snth: enabled s w +— (Vi. w !l i € K ((s ## w) ! ©))
proof safe
fix i assume enabled s w then show w !! i € K ((s ## w) ! 9)
by (induct @ arbitrary: s w)
(force elim: enabled.cases)+
next
assume Vi. w ! i € set-pmf (K ((s ## w) !! 7)) then show enabled s w
by (coinduction arbitrary: s w)
(auto elim: allE]of - Suc i for 4] allE[of - 0])
qed

primcorec force-enabled where
force-enabled z w =
(let y = if shd w € K x then shd w else (SOME y. y € K z) in y #+# force-enabled
y (st w)

lemma force-enabled-in-set-pmf[simp, intro|: shd (force-enabled x w) € K x
by (auto simp: some-in-eq set-pmf-not-empty)

lemma enabled-force-enabled: enabled x (force-enabled x w)
by (coinduction arbitrary: z w) (auto simp: some-in-eq set-pmf-not-empty)

lemma force-enabled: enabled © w = force-enabled x w = w
by (coinduction arbitrary: z w) (auto elim: enabled.cases)

lemma FEz-enabled: Jw. enabled x w
by (rule exI[of - force-enabled x undefined] enabled-force-enabled)+

lemma measurable-force-enabled: force-enabled x € measurable S S
proof (rule measurable-stream-space2)
fix n show (Aw. force-enabled © w !! n) € measurable S (count-space UNIV)
proof (induction n arbitrary: z)
case (Suc n) show ?case
apply simp
apply (rule measurable-compose-countable’|OF measurable-compose| OF mea-
surable-stl Suc], where I=set-pmf (K z)])
apply (rule measurable-compose[ OF measurable-shd))
apply (auto simp: countable-set-pmf some-in-eq set-pmf-not-empty)
done
qged (auto introl: measurable-compose] OF measurable-shd])
qed
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abbreviation D = stream-space (IIy; s€ UNIV. K s)

lemma sets-D: sets D = sets (stream-space (Ilpy s€ UNIV. count-space UNIV))
by (intro sets-stream-space-cong sets-PiM-cong) simp-all

lemma space-D: space D = space (stream-space (ILp; s€ UNIV . count-space UNIV))
using sets-eq-imp-space-eq|OF sets-D] .

lemma measurable-D-D: measurable D D =
measurable (stream-space (I1py s€ UNIV. count-space UNIV)) (stream-space
(I1ps s€ UNIV. count-space UNIV))
by (simp add: measurable-def space-D sets-D)

primcorec walk :: 's = ('s = 's) stream = 's stream where

shd (walk s w) = (if shd w s € K s then shd w s else (SOME t. t € K s))
| stl (walk s w) = walk (if shd w s € K s then shd w s else (SOME t. t € K s))
(stl w)

lemma enabled-walk: enabled s (walk s w)
by (coinduction arbitrary: s w) (auto simp: some-in-eq set-pmf-not-empty)

lemma measurable-walk[measurable]: walk s € measurable D S
proof —
note measurable-compose| OF measurable-snth, intro!]
note measurable-compose| OF measurable-component-singleton, introl]
note if-weak-cong|[cong del]
note measurable-g = measurable-compose-countable’|OF - - countable-reachable]

define n :: nat where n = 0
define g where g = (A-::('s = 's) stream. s)
then have g € measurable D (count-space (acc ““ {s}))
by auto
then have (A\z. walk (g z) (sdrop n x)) € measurable D S
proof (coinduction arbitrary: g n rule: measurable-stream-coinduct)
case (shd g) show Zcase
by (fastforce intro: measurable-g|OF - shd])
next
case (stl g) show ?case
by (fastforce simp add: sdrop.simps[symmetric] some-in-eq set-pmf-not-empty
simp del: sdrop.simps intro: rtrancl-into-rtrancl measurable-g[OF -
stl])
qed
then show ?thesis
by (simp add: g-def n-def)
qed
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3.2 Trace Space for Discrete-Time Markov Chains

definition T :: 's = 's stream measure where
T s = distr (stream-space (IIpy s€UNIV. K s)) S (walk s)

lemma space-T[simp]: space (T s) = space S
by (simp add: T-def)

lemma sets-T'[simp, measurable-cong|: sets (T s) = sets S
by (simp add: T-def)

lemma measurable-T1[simp|: measurable (T s) M = measurable S M
by (intro measurable-cong-sets) simp-all

lemma measurable-T2[simp|: measurable M (T s) = measurable M S
by (intro measurable-cong-sets) simp-all

lemma in-measurable-T1[measurable (raw)]: f € measurable S M = f € mea-
surable (T s) M
by simp

lemma in-measurable-T2[measurable (raw)]: f € measurable M S = [ € mea-
surable M (T s)
by simp

lemma AE-T-enabled: AE w in T s. enabled s w
unfolding T-def by (simp add: AE-distr-iff enabled-walk)

sublocale T': prob-space T s for s
proof —
interpret P: product-prob-space K UNIV ..
interpret prob-space stream-space (Ilpy s€e UNIV. K s)
by (rule P.prob-space-stream-space)
fix s show prob-space (T s)
by (simp add: T-def prob-space-distr)
qed

lemma emeasure-T-const[simp]: emeasure (T s) (space S) = 1
using T.emeasure-space-1[of s| by simp

lemma nn-integral-T"
assumes f[measurable]: f € borel-measurable S
shows ([TX. fX 0T s) = ([Tt (JTw. f (t ## w) 0T t) K s)
proof —
interpret product-prob-space K UNIV ..
interpret D: prob-space stream-space (I1p; s€ UNIV. K s)
by (rule prob-space-stream-space)

have T: \fs. f € borel-measurable S = ([ TX. f X 0T s) = ([ Tw. [ (walk s
w) D)
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by (simp add: T-def nn-integral-distr)

have ([*X. fX 0T s) = ([ Tw. f (walk s w) D)
by (rule T) measurable

also have ... = ([ Td. [Tw. f (walk s (d ## w)) 0D 9l i€ UNIV. K i)
by (simp add: P.nn-integral-stream-space)
also have ... = ([ Td. ([ Tw. f (d s ## walk (d s) w) * indicator {t. t € K s}

(d s) D) Ollp, i€ UNIV. K 1)

apply (rule nn-integral-cong-AFE)

apply (subst walk.ctr)

apply (simp add: frequently-def cong del: if-weak-cong)

apply (auto simp: AE-measure-pmf-iff intro: AE-component)

done

also have ... = ([ Td. [Tw. f (d s ## w) * indicator (K s) (d s) T (d s)

Ol i€ UNIV. K i)

by (subst T) (simp-all split: split-indicator)

also have ... = ([Tt [Tw. f (t ## w) * indicator (K s) t 0T t K s)
by (subst (2) PiM-component[symmetric]) (simp-all add: nn-integral-distr)
also have ... = ([Tt [Tw. f (t ## w) 0T t 0K s)

by (rule nn-integral-cong-AFE) (simp add: AE-measure-pmf-iff)
finally show ?thesis .
qged

lemma nn-integral-T-gfp:
fixes g
defines | = A\f w. g (shd w) (f (stl w))
assumes [measurable]: case-prod g € borel-measurable (count-space UNIV Q) m
borel)
assumes cont-g| THEN inf-continuous-compose, order-continuous-intros|: /\s. inf-continuous
(95)
assumes int-g: \f s. f € borel-measurable S = ([Tw. gs (fw) 0T s) =g s
(Jtw. fwdTs)
assumes bnd-g: Afs. gsf<b0<bb< oo
shows ([tw. gfp lw dT s) = gfp (\fs. [Tt. gt (ft) OK s) s
proof (rule nn-integral-gfp)
show As. sets (T s) = sets S \F. F € borel-measurable S => | F' € borel-measurable
S
by (auto simp: I-def)
show As. emeasure (T s) (space (T s)) # 0
by (rewrite T.emeasure-space-1) simp
{fix s F
have integral™ (T's) (I F) < ([ T2. b 0T s)
by (intro nn-integral-mono) (simp add: l-def bnd-g)
also have ... < c©
using bnd-g by simp
finally show integral™ (T s) (I F) < oo . }
show inf-continuous (\fs. [T t. gt (ft) OK s)
proof (intro order-continuous-intros)
fix fs
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have ([T t. gt (ft) 0K s) < ([T t. bOKs)
by (intro nn-integral-mono bnd-g)
also have ... < c©
using bnd-g by simp
finally show ([T ¢. gt (ft) 0K s) # oo
by simp
qed simp
next
fix s and F :: 's stream = ennreal assume F € borel-measurable S
then show integral™ (T's) (1 F) = ([T t. g t (integral™ (T t) F) 0K s)
by (rewrite nn-integral-T) (simp-all add: I-def int-g)
qed (auto intro!: order-continuous-intros simp: l-def)

lemma nn-integral-T-Ifp:
fixes g
defines | = A\f w. g (shd w) (f (stl w))
assumes [measurable]: case-prod g € borel-measurable (count-space UNIV Q)
borel)
assumes cont-g| THEN sup-continuous-compose, order-continuous-intros]: /\s.
sup-continuous (g s)
assumes int-g: \fs. f € borel-measurable S = ([Tw. gs (fw) 0T s) =g s
(Jtw. fwdTs)
shows ([Yw. lfplw dT s) =lfp (\fs. [Tt gt (ft) IK s) s
proof (rule nn-integral-lfp)
show As. sets (T's) = sets S \F. F € borel-measurable S = | F € borel-measurable
S
by (auto simp: I-def)
next
fix s and F :: 's stream = ennreal assume F € borel-measurable S
then show integral™ (T's) (I F) = ([ t. gt (integral™ (T t) F) 0K s)
by (rewrite nn-integral-T) (simp-all add: I-def int-g)
qed (auto simp: I-def introl: order-continuous-intros)

lemma emeasure-Collect-T:

assumes f[measurable]: Measurable.pred S P

shows emeasure (T s) {z€space (T s). P x} = ([ Tt. emeasure (T t) {xE€space
(Tt). P (t ## x)} OK s)

apply (subst (1 2) nn-integral-indicator[symmetric])

apply simp

apply simp

apply (subst nn-integral-T)

apply (auto introl: nn-integral-cong simp add: space-stream-space indicator-def)

done

lemma AE-T-iff:
assumes [measurable]: Measurable.pred S P
shows (AF win Tz. Pw) «— (VyeKz. AEw in Ty. P (y ## w))
by (simp add: AE-iff-nn-integral nn-integral-T[where s=z])
(auto simp add: nn-integral-0-iff-AE AE-measure-pmf-iff split: split-indicator)
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lemma AFE-T-alw:
assumes [measurable]: Measurable.pred S P
assumes P: As. (2, 8) € acc = AEwin Ts. Pw
shows AF w in T z. alw P w
proof —
define F' where F = (Ap z. Pz A p (stl z))
have [measurable]: Ap. Measurable.pred S p = Measurable.pred S (F p)
by (auto simp: F-def)
have almost-everywhere (T s) ((F 7 1) top)
if (z, s) € acc for i s
using that
proof (induction i arbitrary: s)
case (Suc i) then show ?Zcase
apply simp
apply (subst F-def)
apply (simp add: P)
apply (subst AE-T-iff)
apply (measurable; simp)
apply (auto dest: rtrancl-into-rtrancl)
done
qed simp
then have almost-everywhere (T z) (gfp F)
by (subst inf-continuous-gfp) (auto simp: inf-continuous-def AE-all-countable
F-def)
then show %thesis
by (simp add: alw-def F-def)
qed

lemma emeasure-suntil-disj:
assumes [measurable]: Measurable.pred S P
assumes x: A\t. AE w in Tt. = (P N (HLD X N nat (HLD X suntil P))) w
shows emeasure (T s) {wespace (T s). (HLD X suntil P) w} =
Ifp (AF s. emeasure (T s) {w€space (T s). P w} + ([ T¢. F ¢ * indicator X ¢
0K s)) s
unfolding suntil-ifp
proof (rule emeasure-lfp|where s=s|)
fix 't assume [measurable]: Measurable.pred (T s) F and
F:F<lfp(Aab Pbv HLD X b A a (stl b))
have emeasure (T t) {w € space (T's). Pw V HLD X w A F (stl w)} =
emeasure (T t) {w € space (T't). P w} + emeasure (T t) {w€space (T t). HLD
XwAF (stlw)}
proof (rule emeasure-add-AFE)
show AE zin Tt. - (z € {w € space (T't). Pw} ANz € {w € space (T t).
HLD X w A F (stl w)})
using * by eventually-elim (insert F, auto simp: suntil-lfp[symmetric])
qed auto
also have emeasure (T t) {wespace (T t). HLD X w A F (stl w)} =
(J *t. emeasure (T t) {w € space (T s). F w} * indicator X t K t)
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by (subst emeasure-Collect-T') (auto introl: nn-integral-cong split: split-indicator)
finally show emeasure (T t) {w € space (T's). PwV HLD X w A F (stl w)} =
emeasure (T t) {w € space (T't). P w} + ([T t. emeasure (T t) {w € space
(T s). F w} * indicator X t 0K t) .
qed (auto introl: order-continuous-intros split: split-indicator)

lemma emeasure-HLD-nxt:
assumes [measurable]: Measurable.pred S P
shows emeasure (T s) {wespace (T s). (X - P) w} =
([ tz. emeasure (T z) {wespace (T z). P w} * indicator X z 0K s)
by (subst emeasure-Collect-T')
(auto introl: nn-integral-cong-AE simp: AE-measure-pmf-iff split: split-indicator)

lemma emeasure-HLD:
emeasure (T s) {we€space (T s). HLD X w} = emeasure (K s) X
using emeasure-HLD-nxt[of Aw. True s X] T.emeasure-space-1 by simp

lemma emeasure-suntil-HLD:
assumes [measurable]: Measurable.pred S P
shows emeasure (T s) {zx€space (T s). (not (HLD {t}) suntil (HLD {t} aand
nat P)) z} =
emeasure (T s) {x€space (T s). ev (HLD {t}) z} * emeasure (T t) {x€space (T
t). Pz}
proof —
let ?P = emeasure (T t) {wespace (T t). P w}
let ?F = \Q F s. emeasure (T s) {wespace (T's). Qw} + ([ Tt". Ft'« indicator
(— {t}) ' OK )
have emeasure (T s) {z€space (T s). (HLD (—{t}) suntil ({t} - P)) =} = Ifp
(F ({1} - P) s
by (rule emeasure-suntil-disj) (auto simp: HLD-iff)
also have ifp (?F ({t} - P)) = (As. lfp (?F (HLD {t})) s * ?P)
proof (rule lfp-transfer[symmetric, where a=Az s. z s x emeasure (T t) {wEspace
(T 1). Pw})
fix F show (\s. 2F (HLD {t}) F s x ?P) = ¢F ({t} - P) (As. F s x ¢P)
unfolding emeasure-HLD emeasure-HLD-nzt|OF assms| distrib-right
by (auto simp: fun-eq-iff nn-integral-multc[symmetric]
introl: arg-cong2|where f=(+)] nn-integral-cong ac-simps
split: split-indicator)
qed (auto intro!: order-continuous-intros sup-continuous-mono lfp-upperbound
intro: le-funl add-nonneg-nonneg
simp: bot-ennreal split: split-indicator)
also have Ifp (?F (HLD {t})) s = emeasure (T s) {z€space (T s). (HLD (—{t})
suntil HLD {t}) =}
by (rule emeasure-suntil-disj[symmetric]) (auto simp: HLD-iff)
finally show ?thesis
by (simp add: HLD-iff [abs-def] ev-eq-suntil)
qed

lemma AFE-suntil:
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assumes [measurable]: Measurable.pred S P

shows (AE z in T s. (not (HLD {t}) suntil (HLD {t} aand nzt P)) z) <—
(AEzin T s. ev (HLD {t}) z) A (AE zin T t. P x)

apply (subst (1 2 8) T.prob-Collect-eq-1[symmetric])

apply simp

apply simp

apply simp

apply (simp-all add: measure-def emeasure-suntil-HLD del: space-T nat.simps)
apply (auto simp: T.emeasure-eq-measure mult-eq-1)

done

3.3 Fairness

definition fair :: 's = 's = 's stream = bool where
fair s t = alw (ev (HLD {s})) impl alw (ev (HLD {s} aand nat (HLD {t})))

lemma AE-T-fair:
assumes t' € K t
shows AE w in T s. fair t t' w
proof —
let /M = AP s. emeasure (T s) {w€space (T s). P w}
let 7% = HLD {t} and ?t' = HLD {t'}
define N where N = alw (ev ?t) aand alw (not (2t aand nat ?t’))
let Zuntil = not ?t suntil (9t aand nzt (not ?t’ aand nxt N))
have N-stl: Aw. N w = N (stl w)
by (auto simp: N-def)
have [measurable]: Measurable.pred S N
unfolding N-def by measurable

let %¢c = pmf (K t) t'
let YR = Az. 1 Mz * (I — ennreal ?c)
have mono ?R
by (intro monol mult-right-mono inf-mono) (auto simp: mono-def field-simps )
have As. M N s < gfp ?R
proof (induction rule: gfp-ordinal-induct|OF <mono ?R)])
fix x s assume z: \s. PM Ns <z
{ fix w assume N w
then have ev (HLD {t}) w N w
by (auto simp: N-def)
then have Zuntil w
by (induct rule: ev-induct-strong) (auto simp: N-def intro: suntil.intros dest:
N-stl) }
then have ?M N s < 2M 2until s
by (intro emeasure-mono-AE) auto
also have ... = ?M (ev ?t) s x ?M (not ?t' aand nxt N) t
by (simp-all add: emeasure-suntil-HLD del: nxt.simps space-T)
also have ... < ?M (ev ?t) s = ([ Ts’. 1 M z * indicator (UNIV — {t'}) s
0K t)
by (auto introl: mult-left-mono nn-integral-mono T.measure-le-1 emeasure-mono
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split: split-indicator simp add: z emeasure-Collect-T[of - t] simp del:
space-T)
also have ... < 1 x ([ *s" 1 Nz * indicator (UNIV — {t'}) s’ 0K t)
by (intro mult-right-mono T.measure-le-1) simp
finally show ?M N s < [ Mz * (I — ennreal ?c)
by (subst (asm) nn-integral-cmult-indicator) (auto simp: emeasure-Diff emea-
sure-pmf-single)
qed (auto intro: Inf-greatest)
also
from <mono ?R» have gfp R = ?R (gfp ?R) by (rule gfp-unfold)
then have gfp ?R < ?R (gfp ?R) by simp
with assms[THEN pmf-positive] have gfp ?R < 0
by (cases gfp ?R)
(auto simp: top-unique inf-ennreal.rep-eq field-simps mult-le-0-iff ennreal-1[symmetric]
pmf-le-1 ennreal-minus ennreal-mult[symmetric] ennreal-le-iff2
inf-min min-def
simp del: ennreal-1
split: if-split-asm)
finally have As. AEwin Ts. - N w
by (subst AE-iff-measurable]OF - refl]) (auto intro: antisym simp: le-fun-def)
then have AF w in T s. alw (not N) w
by (intro AE-T-alw) auto
moreover
{ fix w assume alw (ev (HLD {t})) w
then have alw (alw (ev (HLD {t}))) w
unfolding alw-alw .
moreover assume alw (not N) w
then have alw (alw (ev (HLD {t})) impl ev (HLD {t} aand nxt (HLD {t'})))
w
unfolding N-def not-alw-iff not-ev-iff de-Morgan-disj de-Morgan-conj not-not
imp-conv-disj .
ultimately have alw (ev (HLD {t} aand nat (HLD {t'}))) w
by (rule alw-mp) }
then have Vw. alw (not N) w — fair t t' w
by (auto simp: fair-def)
ultimately show ?thesis
by (simp add: eventually-mono)
qged

lemma enabled-imp-trancl:
assumes alw (HLD B) w enabled s w
shows alw (HLD (acc-on B ““ {s})) w
proof —
define ¢t where ¢ = s
then have (s, t) € acc-on B
by auto
moreover note <alw (HLD B) w»
moreover note <enabled s w)[unfolded «t == $)[symmetric]]
ultimately show %thesis
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proof (coinduction arbitrary: t w rule: alw-coinduct)
case stl from this(1,2,3) show Zcase
by (auto simp: enabled.simps|of - w] alw.simps|of - w] HLD-iff
introl: exl[of - shd w] rtrancl-trans|of s t])
next
case (alw t w) then show ?case
by (auto simp: HLD-iff enabled.simps|of - w] alw.simps[of - w] introl: rtrancl-trans[of
s t])
qed
qed

lemma AE-T-reachable: AE w in T s. alw (HLD (acc ““ {s})) w
using AFE-T-enabled
proof eventually-elim
fix w assume enabled s w
from enabled-imp-tranclof UNIV, OF - this]
show alw (HLD (acc ““ {s})) w
by (auto simp: HLD-iff[abs-def] all-imp-alw)
qed

lemma AFE-T-all-fair: AE w in T s. ¥V (t,t")€SIGMA t:UNIV. K t. fair t t' w
proof —
let ?Rn = SIGMA s:(acc “{s}). K s
have AE w in T s. V(t,t")€?Rn. fair t t’' w
proof (subst AE-ball-countable)
show countable ?Rn
by (intro countable-SIGMA countable-rtrancl|OF countable-Image]) (auto
stmp: Image-def)
qed (auto intro!: AE-T-fair)
then show ?thesis
using AFE-T-reachable
proof (eventually-elim, safe)
fix w t t" assume V (¢,t")€?Rn. fair t t' w t' € K t and alw: alw (HLD (acc “
{sh) w
moreover
{ assume t ¢ acc ““ {s}
then have alw (not (HLD {t})) w
by (intro alw-mono[OF alw)) (auto simp: HLD-iff)
then have not (alw (ev (HLD {t}))) w
unfolding not-alw-iff not-ev-iff by auto
then have fair t t' w
unfolding fair-def by auto }
ultimately show fair ¢t t' w
by auto
qed
qed

lemma fair-imp: assumes fair t t’ w alw (ev (HLD {t})) w shows alw (ev (HLD

{th) w
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proof —
{ fix w assume ev (HLD {t¢} aand nat (HLD {t'})) w then have ev (HLD {t'})
w
by induction auto }
with assms show ?thesis
by (auto simp: fair-def elim!: alw-mp intro: all-imp-alw)
qed

lemma AE-T-ev-HLD:
assumes eziting: \t. (s, t) € acc-on (—B) = It’€B. (¢, t) € acc
assumes fin: finite (acc-on (—B) ““{s})
shows AE w in T s. ev (HLD B) w
using AFE-T-all-fair AE-T-enabled
proof eventually-elim
fix w assume fair: V (¢, t\€(SIGMA s:UNIV. K s). fair t t' w and enabled s w

show ev (HLD B) w
proof (rule ccontr)
assume — ev (HLD B) w
then have alw (HLD (— B)) w
by (simp add: not-ev-iff HLD-iff [abs-def])
from enabled-imp-trancl[OF this <enabled s ws]
have alw (HLD (acc-on (—B) “{s})) w
by (simp add: Diff-eq)
from pigeonhole-stream|OF this fin]
obtain ¢ where (s, t) € acc-on (—B) alw (ev (HLD {t})) w
by auto
from exiting] OF this(1)] obtain ¢’ where (¢, t') € acc t’' € B
by auto
from this(1) have alw (ev (HLD {t'})) w
proof induction
case (step u w) then show ?case
using fair fair-imp[of v w w| by auto
qed fact
{ assume ev (HLD {t'}) w then have ev (HLD B) w
by (rule ev-mono) (auto simp: HLD-iff <t' € B») }
then show Fulse
using <alw (ev (HLD {t'})) w» <= ev (HLD B) w> by auto
qed
qed

lemma AE-T-ev-HLD":
assumes eziting: N\s. s ¢ X = JteX. (s, t) € acc
assumes fin: finite (—X)
shows AE w in T s. ev (HLD X) w
proof (rule AE-T-ev-HLD)
show At. (s, t) € acc-on (— X) = Ft'eX. (¢, t') € acc
using exiting by (auto elim: rtrancl.cases)
have acc-on (— X) “{s} C —X U {s}
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by (auto elim: rtrancl.cases)
with fin show finite (acc-on (— X) ““{s})
by (auto dest: finite-subset )
qed

lemma AE-T-maz-sfirst:
assumes [measurable]: Measurable.pred S X
assumes AE: AE win T c. sfirst X (¢ ## w) < oo and 0 < e
shows 3 N:nat. P(win T c. N < sfirst X (¢ ## w)) < e (isIN. PN < ¢)
proof —
have ?P ——— measure (T ¢) ((VN:=:nat. {bT € space (T ¢). N < sfirst X (c
44 DT)})
using dual-order.strict-trans enat-ord-simps(2)
by (intro T.finite-Lim-measure-decseq) (force simp: decseq-Suc-iff simp del:
enat-ord-simps)+
also have measure (T ¢) ((\N:nat. {bT € space (T ¢). N < sfirst X (¢ ##
bT)}) =
POT in T c. sfirst X (¢ ## bT) = o0)
by (auto simp del: not-infinity-eq introl: arg-conglwhere f=measure (T c)])
(metis less-irrefl not-infinity-eq)
also have P(bT in T c. sfirst X (¢ ## bT) = 0) = 0
using AE by (intro T.prob-eq-0-AE) auto
finally have 3N. Vn>N. norm (?Pn — 0) < e
using <0 < e by (rule LIMSEQ-D)
then show ?thesis
by (auto simp: measure-nonneg)
qged

3.4 First Hitting Time

lemma nn-integral-sfirst-finite”:
assumes s ¢ H
assumes [simp|: finite (acc-on (—H) ““{s})
assumes until: AE w in Ts. ev (HLD H) w
shows ([ " w. sfirst (HLD H) w 0T s) # oo

proof —
have R-ne[simp|: acc-on (—H) ““ {s} # {}
by auto
have [measurable]: H € sets (count-space UNIV')
by simp

let ?Pf = Ant. P(w in T t. enat n < sfirst (HLD H) (t ## w))
have Pf-mono: ANnt. N <n—=— ?Pfnt< ¢PfNt
by (auto intro!: T.finite-measure-mono simp del: enat-ord-code(1) simp: enat-ord-code(1)[symmetric])

have not-H: At. (s, t) € acc-on (—H) = t ¢ H
using <s ¢ H» by (auto elim: rtrancl.cases)

have V i n in sequentially. Vt€acc-on (—H){s}. ?Pfnt < 1
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proof (safe intro!: eventually-ball-finite)
fix t assume (s, t) € acc-on (—H)
then have AFE w in T t. sfirst (HLD H) (t ## w) < o©
unfolding sfirst-finite
proof induction
case (step t u) with step.IH show ?case
by (subst (asm) AE-T-iff) (auto simp: ev-Stream not-H)
qed (simp add: ev-Stream eventually-frequently-simps until)
from AFE-T-maz-sfirst|OF - this, of 1]
obtain N where ?Pf N ¢t < 1 by auto
with Pf-mono[of N] show Y g n in sequentially. ?Pfn t < 1
by (auto simp: eventually-sequentially intro: le-less-trans)
qed simp
then obtain n where At. (s, t) € acc-on (—H) = ?Pfnt < 1
by (auto simp: eventually-sequentially)
moreover define d where d = Max (?Pfn ‘ acc-on (—H) “{s})
ultimately have d: 0 < dd < 1 At. (s, t) € acc-on (—H) = ?Pf (Suc n) t
<d
using Pf-mono|of n Suc n] by (auto simp: Maz-ge-iff measure-nonneg)

let ?F = AF w. if shd w € H then 0 else F (stl w) + 1 :: ennreal
have sup-continuous ?F
by (intro order-continuous-intros)
then have mono 7F
by (rule sup-continuous-mono)
have Ifp-nonneg[simp]: Aw. 0 < Ifp ?F w
by (subst lfp-unfold[OF <mono ?F)]) auto

let 21 = AF s. [Tt (ift € Hthen Oelse Ft + 1) 0K s
have sup-continuous 21

by (intro order-continuous-intros) auto
then have mono 71

by (rule sup-continuous-mono)

define p where p = Sucn / (1 — d)
have p: p = Sucn + d * p

unfolding p-def using d(1,2) by (auto simp: field-simps)
have [simp]: 0 < p

using d(1,2) by (auto simp: p-def)

have ([ * w. sfirst (HLD H) w 0T s) = ([ T w. lfp ?F w 0T s)
proof (intro nn-integral-cong-AE)
show AF zin T s. sfirst (HLD H) z = Ilfp F x
using until
proof eventually-elim
fix w assume ev (HLD H) w then show sfirst (HLD H) w = Ifp ?F w
by (induction rule: ev-induct-strong;
subst lfp-unfold[OF <mono ?F>|, simp add: HLD-iff[abs-def] ac-simps
max-absorb?2)
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qed
qed
also have ... = Ifp (?I" " Suc n) s
unfolding Ifp-funpow[OF <mono ?I)]
by (subst nn-integral-T-Ifp)
(auto simp: nn-integral-add maz-absorb2 introl: order-continuous-intros)
also have Ifp (91" Suc n) t < pif (s, t) € acc-on (—H) for ¢
using that
proof (induction arbitrary: ¢ rule: lfp-ordinal-induct[of ?I" "Suc n])
case (step S)
have (I77%) St < i+ ?Pfit * ennreal p for i
using step(3)
proof (induction i arbitrary: t)
case ( then show ?case
using T.prob-space step(1)
by (auto simp add: zero-ennreal-def[symmetric] not-H zero-enat-def[symmetric]
one-ennreal-def[symmetric])
next
case (Suc 1)
then have ¢ ¢ H
by (auto simp: not-H)
from Suc.prems have \t". t' € Kt = t' ¢ H = (s, t') € acc-on (—H)
by (rule rtrancl-into-rtrancl) (insert Suc.prems, auto dest: not-H)
then have (21 7~ Suc i) St < ?I (At. { + ennreal (?Pfit) = p)t
by (auto simp: AE-measure-pmf-iff simp del: sfirst-eSuc space-T
intro!: nn-integral-mono-AE add-mono maz.mono Suc)
also have ... < ([ t. ennreal (Suc i) + ennreal P(w in T t. enat i < sfirst
(HLD H) (t #4# w)) * p 0K t)
by (intro nn-integral-mono) auto
also have ... < Suc i + ennreal (?Pf (Suc i) t) * p
unfolding T'.emeasure-eq-measure[symmetric)
by (subst (2) emeasure-Collect-T)
(auto simp: <t ¢ H» eSuc-enat[symmetric] nn-integral-add nn-integral-multc
ennreal-of-nat-eg-real-of-nat)
finally show ?Zcase
by (simp add: ennreal-of-nat-eq-real-of-nat)
qged
then have (21" Suc n) St < Sucn + ?Pf (Suc n) t * ennreal p .
also have ... < p
using d step by (subst (2) p) (auto intro!: mult-right-mono simp: en-
nreal-of-nat-eq-real-of-nat ennreal-mult)
finally show ?case .
qed (auto simp: SUP-least intro!: mono-pow <mono ?Iy simp del: funpow.simps)
finally show ?thesis
unfolding p-def by (auto simp: top-unique)
qed

lemma nn-integral-sfirst-finite:
assumes [simp]: finite (acc-on (—H) “{s})
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assumes until: AE w in T s. ev (HLD H) w
shows ([ " w. sfirst (HLD H) (s ## w) 0T s) # o0
proof cases
assume s ¢ H then show ?thesis
using nn-integral-sfirst-finite’[of s H| until by (simp add: nn-integral-add)
qed (simp add: sfirst.simps)

lemma prob-T:
assumes P: Measurable.pred S P
shows P(w in T's. Pw) = ([ t. P(w in T t. P (t ## w)) 0K s)
using emeasure-Collect-T[OF P, of s] unfolding T.emeasure-eq-measure
by (subst (asm) nn-integral-eq-integral)
(auto introl: measure-pmf.integrable-const-bound[where B=1])

lemma T-subprob[measurable]: T € measurable (measure-pmf I) (subprob-algebra
5)

by (auto intro!: space-bind simp: space-subprob-algebra) unfold-locales

3.5 Markov chain with Initial Distribution

definition T’ :: 's pmf = 's stream measure where
T'1 = bind I (As. distr (T s) S ((#4#) 3))

lemma distr-Stream-subprob:

(Xs. distr (T s) S ((##) s)) € measurable (measure-pmf I) (subprob-algebra S)

apply (intro measurable-distr2[OF - T-subprob))

apply (subst measurable-cong-sets[where M '=count-space UNIV &) pr S and
N'=5))

apply (rule sets-pair-measure-cong)

apply auto

done

lemma sets-T": sets (T’ I) = sets S
by (simp add: T'-def)

lemma prob-space-T": prob-space (T’ I)
unfolding T'-def
proof (rule measure-pmf.prob-space-bind)
show AF s in I. prob-space (distr (T s) S ((##) s))
by (intro AE-measure-pmf-iff[THEN iffD2] balll T.prob-space-distr) simp
qed (rule distr-Stream-subprob)

lemma AE-T":

assumes [measurable]: Measurable.pred S P

shows (AE zin T'I. Pz) «— (Vs€l. AEzin T s. P (s ## z))

unfolding T"’-def by (simp add: AE-bind|OF distr-Stream-subprob] A E-measure-pmf-iff
AE-distr-iff)

lemma emeasure-T":
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assumes [measurable]: X € sets S

shows emeasure (T'I) X = ([ Ts. emeasure (T s) {wEspace S. s ## w € X}
ol

unfolding T'-def

by (simp add: emeasure-bind|OF - distr-Stream-subprob] emeasure-distr vim-
age-def Int-def conj-ac)

lemma prob-T"
assumes [measurable]: Measurable.pred S P
shows P(zin T'I. Pz) = ([s. P(zin T s. P (s ## x)) 0I)
proof —
interpret T': prob-space T' I by (rule prob-space-T")
show ?thesis
using emeasure-T'[of {x€space (T I). P x} I]
unfolding 7"’.emeasure-eq-measure T.emeasure-eq-measure sets-eq-imp-space-eq[ OF
sets-T"]
apply simp
apply (subst (asm) nn-integral-eq-integral)
apply (auto intro!: measure-pmf.integrable-const-bound[where B=1] inte-
gral-cong arg-cong2[where f=measure]
simp: AE-measure-pmf measure-nonneg space-stream-space)
done
qed

lemma T-e¢-T" Ts=T' (K s)
proof (rule measure-eql)
fix X assume X: X € sets (T s)
then have [measurable]: X € sets S
by simp
have X-eq: X = {z€space (T s). z € X}
using sets.sets-into-space[OF X| by auto
show emeasure (T s) X = emeasure (T' (K s)) X
apply (subst X-eq)
apply (subst emeasure-Collect-T, simp)
apply (subst emeasure-T’, simp)
apply simp
done
qed (simp add: sets-T")

lemma T-eq-bind: T s = (measure-pmf (K s) >= (At. distr (T t) S ((##) 1))
by (subst T-eq-T") (simp add: T’-def)

lemma T-split:
Ts=(Ts>= (Qw. distr (T (s ## w) !l n)) S (\w'. stake n w Q@— w’)))
proof (induction n arbitrary: s)
case ( then show ?case
apply (simp add: distr-cong[OF refl sets-T[symmetric, of s] refl])
apply (subst bind-const’)
apply unfold-locales
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next
case (Suc n)
let ?K = measure-pmf (K s) and ?m = An w w'. stake n w Q— w
note sets-stream-space-cong[simp, measurable-cong]

!

have T s = (?K >= (At. distr (T t) S (##) t)))
by (rule T-eg-bind)
also have ... = (2K >= (M. distr (Tt >= (Aw. distr (T ((t ## w) ! n)) S
(7mn w))) S (#4) 1)
unfolding Suc[symmetric| ..
also have ... = (2K >= (M. Tt >= (Aw. distr (distr (T ((t ## w) I n)) S
(7mnw)) S (#4) 1)
by (simp add: distr-bind[where K=S, OF measurable-distr2[where M=S5]]
space-stream-space)
also have ... = (?K >= (A\t. Tt >= (Mw. distr (T ((t ## w) ! n)) S (?m
(Suc n) (t #4 ©)))))
by (simp add: distr-distr space-stream-space comp-def)
also have ... = (K >= (At. distr (T't) S ((##) t) >= (Aw. distr (T (w !l n))
S (?m (Suc n) w))))
by (simp add: space-stream-space bind-distr[OF - measurable-distr2[where
M=S]] del: stake.simps)
also have ... = (T s >= (A\w. distr (T (w ' n)) S (¢m (Suc n) w)))
unfolding T-eg-bind|[of s
by (subst bind-assoc[ OF measurable-distr2[where M=S] measurable-distr2[where
M=S], OF - T-subprob))
(simp-all add: space-stream-space del: stake.simps)
finally show ?case
by simp
qed

lemma nn-integral-T-split:
assumes f[measurable]: f € borel-measurable S
shows ([ Tw. fwdTs) = ([ Tw. ([Tw’ f (stake n w Q@— w’) T ((s ## w) !
n)) 0T s)
apply (subst T-split[of s n])
apply (simp add: nn-integral-bind[OF f measurable-distr2[where M=5]])
apply (subst nn-integral-distr)
apply (simp-all add: space-stream-space)
done

lemma emeasure-T-split:

assumes P[measurable]: Measurable.pred S P

shows emeasure (T s) {w€space (T s). P w} =

(| tw. emeasure (T ((s ## w) ! n)) {w'Espace (T ((s ## w) ! n)). P (stake

nw Q- w} oT s)

apply (subst T-split[of s n])

apply (subst emeasure-bind[OF - measurable-distr2[where M=S5]))

apply (simp-all add: )
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apply (simp add: space-stream-space)
apply (subst emeasure-distr)

apply simp-all

apply (simp-all add: space-stream-space)
done

lemma prob-T-split:

assumes P[measurable]: Measurable.pred S P

shows P(w in T's. Pw) = (fw. P(w"in T ((s ## w) ! n). P (stake n w Q—
w”) 0T s)

using emeasure-T-split{OF P, of s n]

unfolding T.emeasure-eq-measure

by (subst (asm) nn-integral-eq-integral)

(auto introl: T.integrable-const-bound[where B=1] measure-measurable-subprob-algebra2|where
N=S5]
simp: T.emeasure-eq-measure SIGMA-Collect-eq)

lemma enabled-imp-alw:
(UseX. set-pmf (Ks)) CX = 2z € X = enabled 2 w = alw (HLD X) w
proof (coinduction arbitrary: w )
case alw then show ?case
unfolding enabled.simps|of - w)
by (auto simp: HLD-iff)
qed

lemma alw-HLD-iff-sconst:
alw (HLD {z}) w +— w = sconst x
proof
assume alw (HLD {z}) w then show w = sconst =
by (coinduction arbitrary: w) (auto simp: HLD-iff)
qed (auto simp: alw-sconst HLD-iff)

lemma enabled-iff-sconst:
assumes [simp]: set-pmf (K z) = {z} shows enabled z w +— w = sconst =
proof
assume enabled z w then show w = sconst x
by (coinduction arbitrary: w) (auto elim: enabled.cases)
next
assume w = sconst ¢ then show enabled z w
by (coinduction arbitrary: w) auto
qed

lemma AFE-sconst:
assumes [simp]: set-pmf (K z) = {z}
shows (AF w in T z. P w) +— P (sconst x)
proof —
have (AF w in Tz. Pw) «— (AFEw in Tz. P w A w = sconst 1)
using AE-T-enabled]of x] by (simp add: enabled-iff-sconst)
also have ... = (AE w in T z. P (sconst x) A w = sconst x)
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by (simp del: AE-conj-iff cong: rev-conj-cong)
also have ... = (AE w in T z. P (sconst x))
using AE-T-enabled|of x] by (simp add: enabled-iff-sconst)
finally show ?thesis
by simp
qed

lemma ev-eq-lfp: ev P =ifp AMF w. Pw V (- Pw A F (stl w)))
unfolding ev-def by (intro antisym lfp-mono) blast+

lemma INF-eq-zero-iff-ennreal: (([|i€A. fi) = (0::ennreal)) = (Vz>0. Fi€A. f
i<z

using INF-eq-bot-iff [where ‘a=ennreal] unfolding bot-ennreal-def zero-ennreal-def
by auto

lemma inf-continuous-cmul:

fixes c :: ennreal

assumes f: inf-continuous f and ¢: ¢ < T

shows inf-continuous (Az. ¢ * f x)
proof (rule inf-continuous-compose[OF - f], clarsimp simp add: inf-continuous-def)

fix M :: nat = ennreal assume M: decseq M

show ¢ ([|i. M i) = ([]4. ¢ x M 1)

using M

by (intro LIMSEQ-unique| OF ennreal-tendsto-cmult|OF ¢] LIMSEQ-INF) LIM-

SEQ-INF)
(auto simp: decseq-def mult-left-mono)

qged

lemma AE-T-ev-HLD-infinite:
fixes X :: s set and r :: real
assumes r < 1
assumes 7: Az. £ € X = measure (Kz) X <r
shows AE w in T z. ev (HLD (— X)) w
proof —
{ fix z assume z € X
have 0 < r using r[OF «x € X»] measure-nonneg|of K z X| by (blast intro:
order.trans)
define P where P F z = [ Ty. indicator X y x (Fy N 1) 0K z for F z
have [measurable]: X € sets (count-space UNIV') by auto
have bnd: ([ y. indicator X y x (fy 1 1) 0K z) < 1 for z f
by (intro measure-pmf.nn-integral-le-const AE-pmfI) (auto split: split-indicator)
have emeasure (T z) {wespace (T z). alw (HLD X) w} =
emeasure (T z) {wespace (T z). gfp (A\F w. shd w € X A F (stl w)) w}
by (simp add: alw-def HLD-def)
also have ... = gfp P x
apply (rule emeasure-gfp)
apply (auto introl: order-continuous-intros inf-continuous-cmul split: split-indicator
simp: P-def)
subgoal for = f using bnd[of x f] by (auto simp: top-unique)
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subgoal for P z
apply (subst T-eq-bind)
apply (subst emeasure-bind[where N=5])
apply simp
apply (rule measurable-distr2[where M=.5])
apply (auto intro: T-subprob] THEN measurable-space] intro!: nn-integral-cong-AE
AE-pmfI
stmp: emeasure-distr split: split-indicator)
apply (simp-all add: space-stream-space T.emeasure-le-1 inf.absorbl)
done
apply (intro le-funl)
apply (subst nn-integral-indicator[symmetric])
apply simp
apply (intro nn-integral-mono)
apply (auto split: split-indicator)
done
also have ... < (INF n. ennreal v ~ n)
proof (intro INF-greatest)
have mono-P: mono P
by (force simp: le-fun-def mono-def P-def introl: nn-integral-mono intro:
le-infI1 split: split-indicator)
fix n show ¢fp Pz < ennreal ™ " n
using «z € X»
proof (induction n arbitrary: x)
case ( then show ?case
by (subst gfp-unfoldOF mono-P]) (auto intro!: measure-pmf.nn-integral-le-const
AE-pmfI split: split-indicator simp: P-def)
next
case (Suc n z)
have gfp Pz = P (gfp P) z by (subst gfp-unfold[OF mono-P]) rule
also have ... < P (Az. ennreal v " n) x
unfolding P-def[of - z] by (auto intro!: nn-integral-mono le-infl1 Suc
split: split-indicator)
also have ... < ennreal r ~ (Suc n)
using Suc by (auto simp: P-def nn-integral-multc measure-pmf.emeasure-eq-measure
introl: mult-mono ennreal-lel 1)
finally show ?case .
qed
qed
also have ... =0
unfolding ennreal-power[OF <0 < ]
proof (intro LIMSEQ-unique[OF LIMSEQ-INF])
show decseq (Ai. ennreal (r ~ 1))
using <0 < r <r < 1> by (auto intro!: ennreal-lel power-decreasing simp:
decseq-def)
have (Ai. ennreal (r ~ 1)) —— ennreal 0
using <0 < r «r < 1» by (intro tendsto-ennreall LIMSEQ-power-zero) auto
then show (\i. ennreal (r ~4)) —— 0 by simp
qed
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finally have x: emeasure (T z) {w€space (T z). alw (HLD X) w} = 0 by auto
have AE w in T z. ev (HLD (— X)) w
by (rule AE-I[OF - «|) (auto simp: not-ev-iff not-HLD[symmetric]) }
note x = this
show ?thesis
apply (clarsimp simp add: AE-T-iff[of - z])
subgoal for z’
by (cases ' € X) (auto simp add: ev-Stream x)
done
qged

3.6 Trace space with Restriction

definition rT z = restrict-space (T z) {w. enabled © w}

lemma space-rT: w € space (rT z) «— enabled z w
by (auto simp: rT-def space-restrict-space space-stream-space)

lemma Collect-enabled-S[measurable]: Collect (enabled x) € sets S
proof —
have Collect (enabled ) = {wespace S. enabled z w}
by (auto simp: space-stream-space)
then show ?thesis
by simp
qged

lemma space-rT-in-S: space (rT z) € sets S
by (simp add: rT-def space-restrict-space)

lemma sets-rT: A € sets (rT z) «+— A € sets S AN A C {w. enabled x w}
by (auto simp: rT-def sets-restrict-space space-stream-space)

lemma prob-space-rT: prob-space (rT x)
unfolding rT-def by (auto introl: prob-space-restrict-space T.emeasure-eq-1-AE
AE-T-enabled)

lemma measurable-force-enabled2[measurable]: force-enabled x € measurable S (rT
7)
unfolding rT-def
by (rule measurable-restrict-space2)
(auto intro: measurable-force-enabled enabled-force-enabled)

lemma space-rT-not-empty[simp: space (rT z) # {}
by (simp add: rT-def space-restrict-space Ez-enabled)

lemma T-eq-bind": T z = do { y + measure-pmf (K z) ; w < Ty ; return S (y

## w) }
apply (subst T-eq-bind)
apply (subst bind-return-distr[symmetric])
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apply (simp-all add: space-stream-space comp-def)
done

lemma rT-eq-bind: rT x = do { y + measure-pmf (K z) ; w < rT y ; return (rT
) (y ## w) }

unfolding rT-def

apply (subst T-eq-bind)

apply (subst restrict-space-bind[where K=5])

apply (rule measurable-distr2[where M=.5])

apply (auto simp del: measurable-pmf-measurel

simp add: Ez-enabled return-restrict-space intro!: bind-cong )
apply (subst restrict-space-bind[symmetric, where K=5])
apply (auto simp add: Ez-enabled space-restrict-space return-cong|OF sets-T]
introl:  measurable-restrict-spacel measurable-compose[OF - re-
turn-measurable)
arg-cong2[where f=restrict-space])

apply (subst bind-return-distr[unfolded comp-def])

apply (simp add: space-restrict-space Ex-enabled)

apply (simp add: measurable-restrict-spacel)

apply (rule measure-eql)

apply simp

apply (subst (1 2) emeasure-distr)

apply (auto simp: measurable-restrict-spacel )

apply (subst emeasure-restrict-space)

apply (auto simp: space-restrict-space intro!: emeasure-eq-AFE)

using AFE-T-enabled

apply eventually-elim

apply (simp add: space-stream-space)

apply (rule sets-Int-pred)

apply auto

apply (simp add: space-stream-space)

done

lemma snth-rT: (Az. z I n) € measurable (rT z) (count-space (acc ““ {z}))
proof —
have Aw. enabled z w = (z, w !l n) € acc
proof (induction n arbitrary: x)
case (Suc n) from Suc.prems Suc.IH[of shd w stl w] show ?Zcase
by (auto simp: enabled.simps|of z w| intro: rtrancl-trans)
qed (auto elim: enabled.cases)
moreover
{ fix X :: s set
have [measurable]: X € count-space UNIV by simp
have x: (Az. 2 ! n) —* X N space (rT z) = {wespace S. w !l n € X A enabled
z w}
by (auto simp: space-stream-space space-rT)
have (Az. z !l n) —* X N space (rT z) € sets S
unfolding * by measurable }
ultimately show %thesis
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by (auto simp: measurable-def space-rT sets-rT)
qed

3.7 Bisimulation

lemma T-coinduct[consumes 1, case-names prob sets cont]:
assumes R z M
assumes prob: Az M. R x M = prob-space M
and sets: Az M. R x M = sets M = sets S
and cont” Az M. Ra M = I M’ VYyecKz. Ry (M'y)) N (Vy. sets (M’ y)
= S A prob-space (M’ y)) A
M = (measure-pmf (K z) >= (Ay. distr (M y) S ((##) v)))
shows T'z = M
using (R z M)
proof (coinduction arbitrary: © M rule: measure-eg-stream-space-coinduct)
case left then show ?Zcase using T'.prob-space-axioms|of x| sets-T]of x| by (auto
simp: space-prob-algebra)
next
case (right M) with prob[of M] sets[of M] show Zcase by (auto simp: space-prob-algebra)
next
case (cont z M) with cont’|OF cont] obtain M’ where *:
(VyeK z. Ry (M'y))
(Vy. sets (M' y) = S A prob-space (M’ y))
M = (measure-pmf (K z) >= (Ay. distr (M y) S (##) v)))
by auto
show Zcase
apply (rule exI[of - T])
apply (rule exI[of - M])
apply (rule exI[of - K x])
using * T.prob-space-azioms sets-T[of z]
apply (auto simp: space-prob-algebra intro: T-eg-bind)
done
qed

lemma T-bisim:
assumes M: Az. prob-space (M z) N\z. sets (M z) = sets S
and M-eq: Nz. M © = (measure-pmf (K ) >= (As. distr (M s) S ((##) s)))
shows T'= M
proof
fix x show Tz = Mz
proof (coinduction arbitrary: x rule: T-coinduct)
case (cont z) then show ?case
apply (intro exl[of - M])
apply (subst M-eq|of z])
apply (simp add: M)
done
qed fact+
qed
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lemma T-subprob’[measurable]: T € measurable (count-space UNIV') (subprob-algebra
S)

by (auto introl: space-bind simp: space-subprob-algebra) unfold-locales

lemma T-subprob’[simp]: T a € space (subprob-algebra S)
using measurable-space|OF T-subprob’, of a] by simp

lemma AFE-not-suntil-coinduct [consumes 1, case-names ) @]:
assumes P s
assumes ¢: \s. Ps = s ¢ ¢
assumes p: Ast. Ps=scp=tc Ks= Pt
shows AE w in T s. not (HLD ¢ suntil HLD ) (s ## w)
proof —
{ fix w have = (HLD ¢ suntil HLD 1) (s ## w) +—
(Vn. = ((AR. HLD % or (HLD ¢ aand nat R)) " n) L (s ## w))
unfolding suntil-def
by (subst sup-continuous-ifp)
(auto simp add: sup-continuous-def) }
moreover
{ fix n from <P $» have AF w in T s. = (AR. HLD ¢ or (HLD ¢ aand nat
R) n) L (s 44 w)
proof (induction n arbitrary: s)
case (Suc n) then show ?case
apply (subst AE-T-iff)
apply (rule measurable-compose| OF measurable-Stream, where M1=count-space
UNIV])
apply measurable
apply simp
apply (auto simp: botl-fun-def introl: AE-impl dest: ¢ 1)
done
qged simp }
ultimately show ?thesis
by (simp add: AE-all-countable)
qed

lemma AFE-not-suntil-coinduct-strong [consumes 1, case-names i @]:
assumes P s
assumes P-i): \s. Ps = s ¢ 1
assumes P-p: Ast. Ps—=sc€p=—=t€ Ks= PtV
(AE w in T t. not (HLD ¢ suntil HLD ) (t ## w))
shows AE w in T s. not (HLD ¢ suntil HLD ) (s ## w) (is ?nuntil s)
proof —
have P s V Znuntil s
using <P s» by auto
then show ?thesis
proof (coinduction arbitrary: s rule: AE-not-suntil-coinduct)
case (¢ t s) then show ?case
by (auto simp: AE-T-iff [of - ] suntil-Stream]|of - - s] dest: P-p)
qed (auto simp: suntil-Stream dest: P-i))
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qed

end

3.8 Reward Structure on Markov Chains

locale MC-with-rewards = MC-syntax K for K :: 's = 's pmf +

fixes v :: 's = s = ennreal and o :: 's = ennreal

assumes t-nonneg: N\st. 0 < ¢ st and g-nonneg: As. 0 < o s

assumes measurable-t[measurable]: (A(a, b). ¢ a b) € borel-measurable (count-space
UNIV @ m count-space UNIV')
begin

definition reward-until :: 's set = 's = 's stream = ennreal where
reward-until X = lfp (AF s w. if s € X then 0 else p s + ¢ s (shd w) + (F (shd

w) (stl w)))

lemma measurable-o[measurable]: o € borel-measurable (count-space UNIV)
by simp

lemma measurable-reward-until[measurable (raw)]:
assumes [measurable]: f € measurable M (count-space UNIV')
assumes [measurable]: g € measurable M S
shows (\z. reward-until X (f z) (g z)) € borel-measurable M
proof —
let ?F = AF (s, w). if s € X then 0 else 0 s + ¢ s (shd w) + (F (shd w, stl w))
{fix sw
have reward-until X s w = Ilfp ?F (s, w)
unfolding reward-until-def lfp-pair[symmetric] .. }
note x = this

have [measurable]: Ifp ?F' € borel-measurable (count-space UNIV Q) pr S)
proof (rule borel-measurable-Ifp)
fix f :: (s x s stream) = ennreal
assume [measurable]: f € borel-measurable (count-space UNIV @ pr S)
show ?F f € borel-measurable (count-space UNIV @ nr S)
unfolding split-beta’
apply (intro measurable-If)
apply measurable ||
apply measurable ||
apply (rule predE)
apply (rule measurable-compose[ OF measurable-fst])
apply measurable []
done
ged (auto introl: t-nonneg p-nonneg order-continuous-intros)
show ?thesis
unfolding * by measurable
qed
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lemma continuous-reward-until:

sup-continuous (AF s w. if s € X then 0 else 9 s + ¢ s (shd w) + (F (shd w) (st
w)))

by (intro t-nonneg p-nonneg order-continuous-intros) (auto simp: sup-continuous-def
image-comp)

lemma
shows reward-until-unfold: reward-until X s w =
(if s € X then 0 else 9 s + ¢ s (shd w) + reward-until X (shd w) (stl w))
(is ?unfold)
proof —
let ?F = AF s w. if s € X then O else 9 s + ¢ s (shd w) + (F (shd w) (stl w))
{ fix s w have reward-until X s w = ?F (reward-until X) s w
unfolding reward-until-def
apply (subst ifp-unfold)
apply (rule continuous-reward-until[ THEN sup-continuous-mono, of X])
apply rule
done }
note step = this
show ?Zunfold
by (subst step) (auto introl: arg-cong2[where f=(+)])
qged

lemma reward-until-simps[simpl:
shows s € X = reward-until X s w = 0
and s ¢ X = reward-until X s w = ¢ s + ¢ s (shd w) + reward-until X (shd
w) (stl w)
unfolding reward-until-unfold[of X s w| by simp-all

lemma reward-until-SCons[simpl:

reward-until X s (t ## w) = (if s € X then 0 else 9 s + ¢ s t + reward-until X
tw)

by simp

lemma nn-integral-reward-until-finite:
assumes [simp|: finite (acc “ {s}) (is finite (?R ““ {s}))
assumes o: At. (s, t) € acc-on (—H) = pt <
assumes ©: A\t t' (s, t) € acc-on (—H) = t' e Kt = 1 tt' <
assumes ev: AFE win T s. ev (HLD H) w
shows ([T w. reward-until H s w 0T s) # oo
proof cases
assume s € H then show %thesis
by simp
next
assume s ¢ H
let YL = acc-on (—H)
define M where M = Mazx ((\(s, t). 0 s + ¢ st) “(SIGMA t:?L{s}. K t))
have ?L C 2R
by (intro rtrancl-mono) auto
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with «s ¢ H» have subset: (SIGMA ¢:?L‘{s}. K t) C (?R‘{s} x ?R‘{s})
by (auto intro: rtrancl-into-rtrancl elim: rtrancl.cases)
then have [simp, introl]: finite (M(s, t). 0 s + ¢ s t) ‘ (SIGMA t:?2L*{s}. K t))
by (intro finite-imagel) (auto dest: finite-subset)
{ fix tt'assume (s,t) € /Lt ¢ Ht' € K ¢
then have (¢, t') € (SIGMA t:?L‘{s}. K t)
by (auto intro: rtrancl-into-rtrancl)
thenhave pt + 1 tt' < M
unfolding M-def by (intro Maz-ge) auto }
note le-M = this

have fin-L: finite (¢L * {s})
by (intro finite-subset|OF - assms(1)] Image-mono <?L C ?R» order-refl)

have M < oo
unfolding M-def
proof (subst Maz-less-iff, safe)
show (SIGMA x:?L ““ {s}. set-pmf (K z)) = {} = False
using s ¢ H» by (auto simp add: Sigma-empty-iff set-pmf-not-empty)
fix t t’ assume (s, t) € ?Lt' € Ktthenshow pt + ¢ttt <
using o[of t] t[of t t'] by simp
qed

from set-pmf-not-empty[of K s] obtain ¢ where ¢t € K s
by auto
with le-M[of s t] have 0 < M
using set-pmf-not-emptylof K s] <s ¢ H» le-M|[of s] t-nonneglof s| o-nonneg|of
]
by (intro order-trans[OF - le-M]) auto

have AF w in T s. reward-until H s w < M * sfirst (HLD H) (s ## w)
using ev AE-T-enabled
proof eventually-elim
fix w assume ev (HLD H) w enabled s w
moreover define ¢t where t = s
ultimately have ev (HLD H) w enabled t w t € ?L*{s}
by auto
then show reward-until Ht w < M * sfirst (HLD H) (t ## w)
proof (induction arbitrary: t rule: ev-induct-strong)
case (base w t) then show ?case
by (auto simp: HLD-iff sfirst-Stream elim: enabled.cases intro: le-M)
next
case (step w t) from step.IH[of shd w] step.prems step.hyps show ?case
by (auto simp add: HLD-iff enabled.simps|of t] distrib-left sfirst-Stream
reward-until-simps|of t]
simp del: reward-until-simps
introl: add-mono le-M intro: rtrancl-into-rtrancl)
qed
qed
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then have ([ fw. reward-until Hs w 0T s) < ([ Tw. M x sfirst (HLD H) (s

## w) 0T s)
by (rule nn-integral-mono-AE)
also have ... < c©

using 0 < My <M < oo» nn-integral-sfirst-finite[OF fin-L ev]
by (simp add: nn-integral-cmult less-top[symmetric] ennreal-mult-eq-top-iff)
finally show ?thesis
by simp
qed

end

3.9 Bisimulation on a relation

definition rel-set-strong :: ('a = 'b = bool) = 'a set = 'b set = bool
where rel-set-strong R A B<+— Vzy. Rey — (z € A«— y € B))

lemma T-eq-rel-half[consumes 4, case-names prob sets cont):
fixes R::'s = 't = booland f :: 's = 't and S :: 's set
assumes R-def: Ast. Rst+— (s€ S A fs=1)
assumes A[measurable]: A € sets (stream-space (count-space UNIV))
and B[measurable]: B € sets (stream-space (count-space UNIV))
and AB: rel-set-strong (stream-all2 R) A B and KL: rel-fun R (rel-pmf R) K
Land zy: Rz y
shows MC-syntaz. T K x A = MC-syntax.T L y B
proof —
interpret K: MC-syntaz K by unfold-locales
interpret L: MC-syntaz L by unfold-locales

have z € S using (R z y» by (auto simp: R-def)

define g where g t = (SOME s. R s t) for t
have measurable-g: g € count-space UNIV — p; count-space UNIV by auto
have g: Rij= R (gj) jforij

unfolding g-def by (rule somel)

have K-subset: t € S =— K x C S for ¢
using KL|[THEN rel-funD, of z f x, THEN rel-pmf-imp-rel-set] by (auto simp:
rel-set-def R-def)

have in-S: AF w in K.T z. w € streams S
using K.AFE-T-enabled
proof eventually-elim
case (elim w) with «x € S) show Zcase
apply (coinduction arbitrary: z w)
subgoal for z w using K-subset by (cases w) (auto simp: K.enabled-Stream)
done
qed
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have L-eq: L y = map-pmf f (K z) if zy: Rz y for z y
proof —
have rel-pmf (Az y. = = y) (map-pmf f (K z)) (L y)
using KL[THEN rel-funD, OF zy] by (auto intro: pmf.rel-mono-strong simp:
R-def pmf.rel-map)
then show ?thesis unfolding pmf.rel-eq by simp
qed

let D = \x. distr (K.T z) K.S (smap f)
have prob-space-D: ?D x € space (prob-algebra K.S) for x
by (auto simp: space-prob-algebra K.T.prob-space-distr)

have D-eq-D: ?Dxz = ?Dx'if Rz y R z' yfor z 2’y
proof (rule stream-space-eq-sstart)
define A where A = K.acc ““{z, z'}
have z-A: z € A 2’ € A by (auto simp: A-def)
let X0 =f<A
show countable 9
unfolding A-def by (intro countable-image K.countable-acc) auto
show prob-space (D x) prob-space (?D z') by (auto introl: K.T.prob-space-distr)
show sets (D ) = sets L.S sets (¢D x’) = sets L.S by auto
have AE-streams: AE x in ¢D z". x € streams Q) if " € A for z"’
apply (simp add: space-stream-space streams-sets AE-distr-iff)
using K.AE-T-reachable|of z'] unfolding alw-HLD-iff-streams
proof eventually-elim
fix s assume s € streams (K.acc ““ {z''})
moreover have K.acc “{z""} C A
using <z € Ay by (auto simp: A-def Image-def intro: rtrancl-trans)
ultimately show smap f s € streams (f < A)
by (auto intro: smap-streams)
qed
with z-A show AE z in ?D z'. © € streams %0 AE z in ?D z. x € streams )
by auto
from <z € Ay <z’ € A that show 2D x (sstart (f * A) xs) = ?D z' (sstart (f ¢
A) zs) for zs
proof (induction zs arbitrary: z z' y)
case Nil
moreover have 7D z (streams (f ‘ A)) = 1 if x € A for z
using AE-streams|of x| that
by (intro prob-space.emeasure-eq-1-AE|OF K.T.prob-space-distr]) (auto
stmp: streams-sets)
ultimately show ?case by simp
next
case (Cons z zs ¢ z' y)
have rel-pmf (R 00 R~171) (K 1) (K z')
using KL[THEN rel-funD, OF Cons(4)] KL[THEN rel-funD, OF Cons(5)]
unfolding pmf.rel-compp pmf.rel-flip by auto
then obtain p :: (s x 's) pmf where p: Aa b. (a, b) € p = (R 00 R~'71)
a b and
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eq: map-pmf fst p = K x map-pmf snd p = K z’
by (auto simp: pmf.in-rel)
let 25 = stream-space (count-space UNIV')
have x: (#4#) y — smap f —* sstart (f * A) (z # 2zs) = (if f y = z then smap
f —*sstart (f < A) zs else {}) for y z zs
by auto
have sx: ?D z (sstart (f “ A) (z # 25)) = (/T y". (if fy' = z then 2D y'
(sstart (f < A) zs) else 0) 0K x) for x
apply (simp add: emeasure-distr)
apply (subst K.T-eq-bind)
apply (subst emeasure-bind[where N=725])
apply simp
apply (rule measurable-distr2[where M=7?5))
apply measurable
apply (intro nn-integral-cong-AE AE-pmfI)
apply (auto simp add: emeasure-distr)
apply (simp-all add: x space-stream-space)
done
have fst-A: fst ab € A if ab € p for ab
proof —
have fst ab € K x using <ab € p» set-map-pmf [of fst p| by (auto simp: eq)
with (x € A) show fst ab € A
by (auto simp: A-def intro: rtrancl.rtrancl-into-rtrancl)

qed
have snd-A: snd ab € A if ab € p for ab
proof —
have snd ab € K ' using <ab € p> set-map-pmf [of snd p] by (auto simp:
eq)
with <z’ € A> show snd ab € A
by (auto simp: A-def intro: rtrancl.rtrancl-into-rtrancl)
qed
show ?case
unfolding ** eq[symmetric] nn-integral-map-pmf
apply (intro nn-integral-cong-AE AE-pmfI)
subgoal for ab using p|of fst ab snd ab] by (auto simp: R-def intro!: Cons(1)
fst-A snd-A)
done
qed
qed

have L-eq-D: L. T y= ?D z
using <R z y»
proof (coinduction arbitrary: z y rule: L.T-coinduct)
case (cont z y)
then have Kz-Ly: rel-pmf R (K z) (L y)
by (rule KL[THEN rel-funD))
then have x: y' € L y = J2’eK z. Rz’ y' for y’
by (auto dest!: rel-pmf-imp-rel-set simp: rel-set-def)
have xx: y' € Ly = R (g y') y' for y’
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using *[of y'] unfolding g-def by (auto intro: somel)

have D-SCons-eq-D-D: distr (K.T i) K.S (Ax. z ## smap f x) = distr (7D i)
K.S (M\x. z ## z) for i z
by (subst distr-distr) (auto simp: comp-def)
have D-eq-D-gi: ?D i = ?D (g (f 1)) if i: i € K « for {
proof —
obtain jwhere j€e LyRijfi=j
using Kz-Ly ¢ by (force dest!: rel-pmf-imp-rel-set simp: rel-set-def R-def)
then show ?thesis
by (auto intro!: D-eq-D[OF (R i j3] g)
qed

have sxx: 7D © = measure-pmf (L y) >= (Ay. distr (?D (g y)) K.S (##) v))
apply (subst K.T-eq-bind)
apply (subst distr-bind[of - - K.S])
apply (rule measurable-distr2[of - - K.S])
apply (simp-all add: Pi-iff)
apply (simp add: distr-distr comp-def L-eq|OF cont] map-pmjf-rep-eq)
apply (subst bind-distr[where K=K.5])
apply measurable ||
apply (rule measurable-distr2[of - - K.S])
apply measurable []
apply (rule measurable-compose[ OF measurable-g])
apply measurable ||
apply simp
apply (rule bind-measure-pmf-conglwhere N=K.S])
apply (auto simp: space-subprob-algebra space-stream-space intro!: K.T.subprob-space-distr)
unfolding D-SCons-eq-D-D D-eq-D-gi ..
show ?case
by (intro exI[of - At. distr (K.T (g t)) (stream-space (count-space UNIV))
(smap 1))
(auto simp add: K.T.prob-space-distr sx* dest: *x)
qed (auto intro: K.T.prob-space-distr)

have stream-all2 R s t +— (s € streams S N smap f s = t) for st
proof safe
show stream-all2 R s t => s € streams S
apply (coinduction arbitrary: s t)
subgoal for s t by (cases s; cases t) (auto simp: R-def)
done
show stream-all2 R st = smap fs =t
apply (coinduction arbitrary: s t)
subgoal for s ¢t by (cases s; cases t) (auto simp: R-def)
done
qed (auto intro!: stream.rel-refl-strong simp: stream.rel-map R-def streams-iff-sset)
then have w € streams S = w € A +— smap f w € B for w
using AB by (auto simp: rel-set-strong-def)
with in-S have K.Tx A = K.T z (smap f —° B N space (K.T x))
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by (auto intro!: emeasure-eq-AE streams-sets)
also have ... = (distr (K.T z) K.S (smap f)) B
by (intro emeasure-distr[symmetric]) auto
also have ... = (L.T y) B unfolding L-eq-D ..
finally show ?thesis .
qed

3.10 Product Construction

locale MC-pair =
K1: MC-syntax K1 + K2: MC-syntax K2 for K1 K2
begin

definition Kp = A(a, b). pair-pmf (K1 a) (K2 b)
sublocale MC-syntax Kp .

definition
szipg a b = Mwl, w2). szip (K1.force-enabled a wl) (K2.force-enabled b w2)

lemma szip-rT[measurable]: (Mwl, w2). szip wl w2) € measurable (K1.rT x1
Qi K2.rT 12) §
proof (rule measurable-stream-space2)
fix n
have (Az. (case z of (w1, w2) = szip wl w2) ! n) = Aw. (fst w ! n, snd w !
")
by auto
also have ... € measurable (K1.rT z1 @ ar K2.rT 22) (count-space UNIV)
apply (rule measurable-compose-countable’|OF - measurable-compose[ OF mea-
surable-fst K1.snth-rT, of n]])
apply (rule measurable-compose-countable’|OF - measurable-compose| OF mea-
surable-snd K2.snth-rT, of n])
apply (auto introl: K1.countable-acc K2.countable-acc)
done
finally show (A\z. (case z of (w1, w2) = szipwl w2) ! n) € measurable (K1.rT
z1 @ nm K2.rT 22) (count-space UNIV)

qed

lemma measurable-szipE[measurable]: szipgp a b € measurable (K1.5 @ p K2.5)
S
unfolding szipg-def by measurable

lemma T-eg-prod: T = (M1, 22). do { wl < KI1.Tzl ;w2 + K2.T 22 ; return
S (szipg z1 22 (w1, w2)) })
(is - = ?B)
proof (rule T-bisim)
have T1z: Az. subprob-space (K1.T x)
by (rule prob-space-imp-subprob-space) unfold-locales
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interpret T12: pair-prob-space K1.T x K2.T y for z y
by unfold-locales

interpret T1K2: pair-prob-space K1.T x K2 y for z y
by unfold-locales

let P = Azl 22. K1.T z1 @ n K2.T 22

fix « show prob-space (¢B x)
by (auto simp: space-stream-space split: prod.splits
introl: prob-space.prob-space-bind prob-space-return
measurable-bind[where N=S] measurable-compose[OF -
return-measurable] AE-12)
unfold-locales

show sets (?B x) = sets S
by (simp split: prod.splits add: measurable-bind[where N=S5] sets-bind|where
N=S5] space-stream-space)

obtain a b where z-eq: © = (a, b)
by (cases x) auto
show ?B z = (measure-pmf (Kp x) >= (As. distr (?B s) S (#4#) s)))
unfolding z-eq
apply (subst K1.T-eg-bind")
apply (subst K2.T-eq-bind")
apply (auto
simp add: space-stream-space bind-assoclwhere R=S and N=S] bind-return-distr[symmetric]
Kp-def T1K2.bind-rotatelwhere N=S] split-beta’ set-pair-pmf
space-subprob-algebra
bind-pair-pmf|of case-prod M for M, unfolded split, symmetric,
where N=S5] szipg-def
stream-eg-Stream-iff bind-return[where N=S] space-bind[where
N=S5]
simp del: measurable-pmf-measurel
introl: bind-measure-pmf-congl[where N=S| subprob-space-bind[where
N=S5] subprob-space-measure-pmf
T1z bind-cong[where M=MC-syntax.T K x for K x| arg-cong2[where
f=return])
done
qed

lemma nn-integral-pT:

fixes f assumes [measurable]: f € borel-measurable S

shows ([tw. fw 0T (z, y)) = (J Twl. [Tw2. [ (szipp zy (w1, w2)) OK2.T
y OK1.T )

by (simp add: nn-integral-bind[where B=S] nn-integral-return in-S T-eq-prod)

lemma prod-eq-prob-T:
assumes [measurable]: Measurable.pred K1.5 P1 Measurable.pred K2.5 P2
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shows P(w in K1.T z1. P1 w) * P(w in K2.T z2. P2 w) =
Plw in T (z1, 22). P1 (smap fst w) A P2 (smap snd w))
proof —
have P(w in T (x1, 22). P1 (smap fst w) A P2 (smap snd w)) =
(| z. [ za. indicator {w € space S. P1 (smap fst w) A P2 (smap snd w)}
(szipg z1 22 (z, za)) OMC-syntaz. T K2 2 OMC-syntax.T K1 x1)
by (subst T-eq-prod)
(simp add: K1.T.measure-bind[where N=S5] K2.T.measure-bind[where
N=S5] measure-return)
also have ... = ([w1. [w2. indicator {wespace K1.S. P1 w} wl * indicator
{wespace K2.5. P2 w} w2 O0K2.T 22 0K1.T z1)
apply (intro integral-cong-AE)
apply measurable
using K1.AE-T-enabled
apply eventually-elim
apply (intro integral-cong-AE)
apply measurable
using K2.AFE-T-enabled
apply eventually-elim
apply (auto simp: space-stream-space szipg-def K1.force-enabled K2.force-enabled
smap-szip-snd[where g=Az. x| smap-szip-fstiwhere f=Az. z]
split: split-indicator)
done
also have ... = P(w in K1.T z1. P! w) * P(w in K2.T z2. P2 w)
by simp
finally show ?thesis ..
qged

end

end

3.11 Trace Space equal to Markov Chains

theory Trace-Space-Equals-Markov-Processes
imports Discrete- Time-Markov-Chain
begin

We can construct for each time-homogeneous discrete-time Markov chain a
corresponding probability space using Markov-Models. Discrete- Time-Markov-Chain.
The constructed probability space has the same probabilities.

locale Time-Homogeneous-Discrete-Markov-Process = M?: prob-space +
fixes S :: ‘s set and X :: nat = ‘a = s
assumes X [measurable]: \t. X t € measurable M (count-space UNIV)
assumes S: countable S An. AExzin M. Xnz €S
assumes MC: An s s'.
Pwin M.Vt<n. Xtw=st)# 0 =
Pwin M. X (Sucn) w=3s"|Vi<n. Xtw=st)=
Plwin M. X (Sucn) w=5s"|Xnw=sn)
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assumes TH: Anm s t.

PwinM. Xnw=t)#0=PwinM. Xmw=1t)# 0=

Pwin M. X (Sucn)w=s|Xnw=1t)=PlwinM. X (Sucm)w=s]X
mw = t)
begin

context
begin

interpretation pmf-as-measure .

lift-definition I :: ’s pmf is distr M (count-space UNIV') (X 0)
proof —
let ?X = distr M (count-space UNIV) (X 0)
interpret X: prob-space ?X
by (auto simp: prob-space-distr)
have AF z in ?X. measure ?X {z} # 0
using S by (subst X.AE-support-countable) (auto simp: AE-distr-iff intro!:

exl[of - S])
then show prob-space X A sets ?X = UNIV A (AE z in ?X. measure ?X {z}
#0)
by (simp add: prob-space-distr AE-support-countable)
qed

lemma [-in-S:
assumes pmf [ s # 0 shows s € §
proof —
from <pmfIs# 0> have 0 #P(zin M. X 0z = s)
by transfer (auto simp: measure-distr vimage-def Int-def conj-commute)
also have P(zin M. X 0z =s) =Plxzin M. X0z =sNsebf)
using S(2)[of 0] by (intro M.finite-measure-eq-AFE) auto
finally show ?thesis
by (cases s € S) auto
qed

lift-definition K :: 's = ’s pmf is
As. with (An. Plwin M. X nw = s) # 0)
(An. distr (uniform-measure M {wespace M. X n w = s}) (count-space UNIV')
(X (Suc n)
(uniform-measure (count-space UNIV') {s})
proof (rule withl)
fix s n assume x: P(w in M. X nw = s) # 0
let ?D = distr (uniform-measure M {w€space M. X n w = s}) (count-space
UNIV) (X (Suc n))
have D: prob-space ?D
by (intro prob-space.prob-space-distr prob-space-uniform-measure)
(auto simp: M.emeasure-eq-measure *)
then interpret D: prob-space ?D .
have sets-D: sets 2D = UNIV

o7



by simp
moreover have AF z in ?D. measure ?D {z} # 0
unfolding D.AE-support-countable[OF sets-D]
proof (intro exI[of - S| conjl)
show countable S by (rule S)
show AE xzin ?D. z € S
using * S(2)[of Suc n] by (auto simp add: AE-distr-iff AE-uniform-measure
M .emeasure-eqg-measure)
qed
ultimately show prob-space ?D A sets ?D = UNIV A (AE x in ?D. measure
?D {x} £ 0)
using D by blast
qed (auto intro!: prob-space-uniform-measure AE-uniform-measurel)

lemma pmf-K:
assumes n: 0 < P(win M. X nw = s)
shows pmf (K s) t=Pwin M. X (Sucn) w=1t|Xnw=ys)
proof (transfer fizing: n s t)
let P =An. Plwin M. Xnw=3)#0
let ?D = An. distr (uniform-measure M {wespace M. X n w = s}) (count-space
UNIV) (X (Suc n))
let ?U = uniform-measure (count-space UNIV') {s}
show measure (with 7P ¢D ?U) {t} = Plwin M. X (Sucn)w=1t| X nw = s)
proof (rule withl)
fix n’ assume 7P n’
moreover have X (Suc n’) —‘{t} N space M = {x€space M. X (Suc n’) z =
t}
by auto
ultimately show measure (?D n') {t} = Plwin M. X (Sucn)w=1t|Xnw
— 5
using n M.measure-uniform-measure-eq-cond-problof Az. X (Suc n’) z =t
Az. X n'x =4

by (auto simp: measure-distr M.emeasure-eq-measure simp del: measure-uniform-measure

introl: TH)
qed (insert n, simp)
qed

lemma pmf-K2:
(An. Plwin M. X nw =3s)=0) = pmf (K s) t = indicator {t} s
apply (transfer fizing: s t)
apply (rule withl)
apply (auto split: split-indicator)
done
end

sublocale K: MC-syntax K .

lemma bind-I-K-eq-M: K.T' I = distr M K.S (Aw. to-stream (An. X n w)) (is -
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= ?D)

proof (rule stream-space-eq-sstart)
note streams-sets|measurable]
note measurable-abs-UNIV [measurable (raw)]
note sstart-sets|measurable]

{ fix s assume s € §
from K.AE-T-enabled|of s] have AE w in K.T s. w € streams S
proof eventually-elim
fix w assume K.enabled s w from this <s€S» show w € streams S
proof (coinduction arbitrary: s w)
case streams
then have 1: pmf (K s) (shd w) # 0
by (simp add: K.enabled.simps|of s| set-pmf-iff)
have shd w € S
proof cases
assume In. 0 < Plwin M. X nw = s)
then obtain n where 0 < P(w in M. X n w = s) by auto
with 7 have 2: P(w’ in M. X (Sucn) w' =shd w A Xnw' =3)# 0
by (simp add: pmf-K cond-prob-def)
show shd w € S
proof (rule ccontr)
assume shd w ¢ S
with S(2)[of Suc n] have P(w’ in M. X (Suc n) w' = shd w A X n w’
=) =0
by (intro M.prob-eq-0-AE) auto
with 2 show Fulse by contradiction
qed
next
assume - (In. 0 < Plw in M. X nw = s))
then have pmf (K s) (shd w) = indicator {shd w} s
by (intro pmf-K2) (auto simp: not-less measure-le-0-iff)
with 1 «s€S> show ?thesis
by (auto split: split-indicator-asm)
qed
with streams show ?case
by (cases w) (auto simp: K.enabled.simps|of s])
qed
qed }
note AFE-streams = this

show prob-space (K. T’ I)
by (rule K.prob-space-T")
show prob-space 2D
by (rule M.prob-space-distr) simp

show AE zin K.T' I. x € streams S

by (auto simp add: K.AE-T' set-pmf-iff I-in-S AE-distr-iff streams-Stream
introl: AE-streams)

99



show AFE x in ?D. z € streams S

by (simp add: AE-distr-iff to-stream-in-streams AE-all-countable S)
show sets (K.T' I) = sets (stream-space (count-space UNIV))

by (simp add: K.sets-T")
show sets 7D = sets (stream-space (count-space UNIV))

by simp

fix zs’ assume zs’ # [| zs’ € lists S
then obtain s zs where zs”" zs’ = s # zs and s: s € S and zs: zs € lists S
by (auto simp: neq-Nil-conv del: in-listsD)

have emeasure (K.T'I) (sstart S zs’) = ([ *s. emeasure (K.T s) {w€space K.S.
s ## w € sstart S zs'} OI)
by (rule K.emeasure-T"') measurable
also have ... = ([ Ts" emeasure (K.T s) (sstart S xs) * indicator {s} s’ OI)
by (intro arg-cong2|where f=emeasure] nn-integral-cong)
(auto split: split-indicator simp: emeasure-distr vimage-def space-stream-space
neq-Nil-conv zs’)
also have ... = pmf I s x emeasure (K.T s) (sstart S xs)
by (auto simp add: maz-def emeasure-pmf-single intro: mult-ac)
also have emeasure (K.T s) (sstart S xs) = ennreal ([]i<length zs. pmf (K
((s#as)li)) (wsli))
using zs s
proof (induction arbitrary: s)
case Nil then show “case
by (simp add: K.T.emeasure-eq-1-AE AFE-streams)
next
case (Cons t xs)
have emeasure (K.T s) (sstart S (t # zs)) =
emeasure (K.T s) {x€space (K.T s). shd x = t N\ stl z € sstart S zs}
by (intro arg-cong2|where f=emeasure]) (auto simp: space-stream-space)
also have ... = ([ *t" emeasure (K.T t') {z€space K.5. t' =t N\ z € sstart
S zs} 0K s)
by (subst K.emeasure-Collect-T) auto
also have ... = ([ Tt emeasure (K.T t) (sstart S xs) = indicator {t} t' OK

s)
by (intro nn-integral-cong) (auto split: split-indicator simp: space-stream-space)
also have ... = emeasure (K.T t) (sstart S xs) x pmf (K s) t
by (simp add: emeasure-pmf-single maz-def)
finally show ?case
by (simp add: lessThan-Suc-eq-insert-0 zero-notin-Suc-image prod.reindex
Cons
prod-nonneg ennreal-mult[symmetric))
qed
also have pmf I s x ennreal ([[i<length xzs. pmf (K ((s#ws)!9)) (zsli)) =
Pz in M. Vi<length xs. X iz = (s # zs) ! 1)
using zs s
proof (induction xs rule: rev-induct)
case Nil
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have pmf I s = prob {z € space M. X 0 z = s}
by transfer (simp add: vimage-def Int-def measure-distr conj-commute)
then show ?case
by simp
next
case (snoc t zs)
let 2l = length zs and ?lt = length (zs @ [t]) and %zs’ = s # xs Q [¢]
have ennreal (pmf I s) x ([]i<?lt. pmf (K ((2zs’) ! %)) ((xs Q [t]) ! %)) =
(ennreal (pmf Is) = ([[i<?. pmf (K ((s # zs) ! ) (ws ! 1)) = pmf (K ((s
#xs) ! 2) ¢
by (simp add: lessThan-Suc mult-ac nth-append append-Cons[symmetric|
prod-nonneg ennreal-mult|symmetric]
del: append-Cons)

also have ... = P(zin M. Vi<?. X iz = (s # xs) ! i) x pmf (K ((s # zs) !
70)) t
using snoc by (simp add: ennreal-mult[symmetric])
also have ... = P(zin M. Vi<?lt. X ix = (%zs’) | 7)

proof cases
assume P(w in M. Vi<?l. Xiw = (s# xs) i) =10
moreover have P(z in M. Vi<?lt. X iz = (%zs’) 1 i) < P(w in M. Vi<?l.
Xiw=(s#zs)!1)
by (intro M.finite-measure-mono) (auto simp: nth-append nth-Cons split:
nat.split)
moreover have P(z in M. Vi<?l. Xix = (s# xs) ! i) < Plw in M. Vi<?l.
Xiw=(s#zs)!1)
by (intro M.finite-measure-mono) (auto simp: nth-append nth-Cons split:
nat.split)
ultimately show ¢thesis
by (simp add: measure-le-0-iff)
next
assume P(w in M. Vi<?l. X iw = (s# xs) i) # 0
then have *: 0 < P(w in M. Vi<?l. Xiw = (s # zs) ! 9)
unfolding less-le by simp
moreover have P(w in M. Vi<?l. X iw = (s# xs) ! i) < Plwin M. X ¢l
w=(s# xzs)! ?l)
by (intro M.finite-measure-mono) (auto simp: nth-append nth-Cons split:
nat.split)
ultimately have P(w in M. X 2l w = (s # xs) ! 21) £ 0
by auto
then have pmf (K (s # zs) ! 2)) t =Plwin M. X 2t w = %as’ ! 2t | X
Aw=(s# xs)! 2
by (subst pmf-K) (auto simp: less-le)
alsohave ... = Plwin M. X ?2lt w = 2as’ ! 2It | Vi<?l. Xiw = (s # zs) !
i
)
using * MClof 2l Xi. (s # xs) ! i 2zs’ | ?2lt] by simp
also have ... = P(w in M. Vi<?lt. X iw = %as’ 1 i) / Plw in M. Vi<?l.
Xiw=(s#zs)!1)
unfolding cond-prob-def
by (intro arg-cong2[where f=(/)] arg-cong2[where f=measure]) (auto simp:
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nth-Cons nth-append split: nat.splits)
finally show ?thesis
using * by simp

qed

finally show ?case .
qed
also have ... = emeasure ?D (sstart S zs’)
proof —

have AExin M.Vi. Xiz e S
using S(2) by (simp add: AE-all-countable)
then have AFE z in M. (Vi<length zs. X i x = (s # xzs) | i) = (to-stream (An.
X nx) € sstart S xs’)
proof eventually-elim
fix z assume Vi. X iz € S
then have to-stream (An. X n z) € streams S
by (auto simp: streams-iff-snth to-stream-def)
then show (Vi<length zs. X i x = (s # xs) | i) = (to-stream (An. X n z) €
sstart S xs’)
by (simp add: sstart-eq xs’ to-stream-def less-Suc-eq-le del: sstart.simps(1)
in-sstart)
qed
then show ?thesis
by (auto simp: emeasure-distr M .emeasure-eq-measure introl: M.finite-measure-eq-AE)
qed
finally show emeasure (K.T' I) (sstart S zs’) = emeasure ¢D (sstart S zs’) .
qed (rule S)

end

lemma (in MC-syntaz) is-THDTMC:
fixes I :: 's pmf
defines U = (SIGMA s:UNIV. K s)* “ 1T
shows Time-Homogeneous-Discrete-Markov-Process (T' I) U (An w. w !l n)
proof —
have [measurable]: U € sets (count-space UNIV)
by auto

interpret prob-space T' I
by (rule prob-space-T")

{fixst]
have A\t s. P(w in T s. s = t) = indicator {t} s
using T.prob-space by (auto split: split-indicator)
moreover then have At t's. Pwin Ts. shd w = t' AN s =1t) = pmf (K t)
t’ x indicator {t} s
by (subst prob-T) (auto split: split-indicator simp: pmf.rep-eq)
ultimately have P(w in T/ I. shd (stl w) =t A shd w = s) = P(w in T’ I.
shd w = s) x pmf (K s) t
by (simp add: prob-T' pmf.rep-eq) }
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note start-eq = this

{fixnstassume Plwin T'I[.w!ln=s)#0
moreover have P(win T' I.w !l (Sucn) =t Aw!ln=35)=Pwin T'I.
wlln=3s)xpmf (Ks)t
proof (induction n arbitrary: I)
case (Suc n) then show ?case
by (subst (1 2) prob-T') (simp-all del: space-T add: T-eq-T")
qged (simp add: start-eq)
ultimately have P(w in T' I. st w !l n =t | w !l n=35) = pmf (K s) t
by (simp add: cond-prob-def field-simps) }
note TH = this

{fix nw'tassume Plwin T'I.Vi<n.w !l i=w'q) # 0
moreover have P(w in T’ I. w !l (Sucn) =t A Vi<n. w !l i = w' 7)) =
Plwin T'I.Vi<n. w i =w’'i) *x pmf (K (w' n)) t
proof (induction n arbitrary: I w’)
case (Suc n)
have *[simp|: A\s P. measure (T’ (K s)) {z. s=w’ 0 AN P2} =
measure (T’ (K (w’ 0))) {z. P z} * indicator {w’ 0} s
by (auto split: split-indicator)
from Sucf[of - Ai. w’ (Suc i)] show ?case
by (subst (1 2) prob-T")
(simp-all add: T-eq-T' all-Suc-splitfwhere P=Xi. i < Suc n — @ i for
n Q] conj-commute conj-left-commute sets-eq-imp-space-eq[OF sets-T])
qged (simp add: start-eq)
ultimately have P(w in T'I. sttw ' n =1t |Vi<n.w !l i=w'i) = pmf (K
(') ¢
by (simp add: cond-prob-def field-simps) }
note MC = this

{ fix n w assume P(w in T'[.Vi<n. w !l t = w't) #

moreover have P(w in T' I. Vi<n. w !l t = w' 1) <
w' n)

by (auto intro!: finite-measure-mono-AE simp: sets-T' sets-eq-imp-space-eq|OF
sets-T)

ultimately have P(w in T'I. w ! n = w’' n) # 0

by (auto simp: neq-iff not-less measure-le-0-iff) }
note MC' = this

0
Pwin T'I.wlln=

show ?thesis
proof
show countable U
unfolding U-def by (rule countable-reachable countable-Image countable-set-pmf)+
show At. (Aw. w !!' t) € measurable (T’ I) (count-space UNIV')
by (subst measurable-cong-sets|OF sets-T' refl]) simp
next
fix n
have Vzel. AEyin Tx. (z ## y)lne U
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unfolding U-def
proof (induction n arbitrary: I)
case () then show ?case
by auto
next
case (Suc n)
{ fix z assume z € |
have AE yin T z. y!! n € (SIGMA z:UNIV. K z)* “ Kz
apply (subst AE-T-iff)
apply (rule measurable-compose[OF measurable-snth], simp)
apply (rule Suc)
done
moreover have (SIGMA z:UNIV. K z)* “ K x C (SIGMA z:UNIV. K z)*
“I
using «x € Iy by (auto intro: converse-rtrancl-into-rtrancl)
ultimately have AE yin T z. y!! n € (SIGMA x:UNIV. K z)* “1
by (auto simp: subset-eq) }
then show ?case
by simp
qed
then show AExzin T'I.z!lne U
by (simp add: AE-T')
qed (simp-all add: TH MC MC")
qed

end

4 Classifying Markov Chain States

theory Classifying-Markov-Chain-States
imports
HOL— Computational-Algebra. Group-Closure
Discrete-Time-Markov-Chain
begin

lemma eventually-mult-Ged:
fixes S :: nat set
assumes S: Ast.se S=teS=s+tel
assumes s: s € Ss> 0
shows eventually (Am. m x Ged S € S) sequentially
proof —
define T where T = insert 0 (int ©5)
with s Shaveintsce T0e Tand T:re T —=te T = r+te Tforrt
by (auto simp del: of-nat-add simp add: of-nat-add [symmetric])
have Ged T € group-closure T
by (rule Ged-in-group-closure)
also have group-closure T ={s —t|st.s€ T ANt e T}
proof (auto intro: group-closure.base group-closure.diff)
fix z assume z € group-closure T
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then show dst.z=s—tAse T ANte T
proof induction
case (base z) with <0 € T) show ?case
apply (rule-tac z=x in exl)
apply (rule-tac z=0 in exl)
apply auto
done
next
case (diff = y)
then obtain a b ¢ d where
acTbeTz=a—-10
ceTdeTy=c—d
by auto
then show ?case
apply (rule-tac x=a + d in exl)
apply (rule-tac z=b + ¢ in exl)
apply (auto intro: T)
done
qed
qed
finally obtain s’ ¢’ :: int
where s'€ Tt'e€e TGed T = s" — t’

by blast
moreover define s and ¢t where s = nat s’ and ¢t = nat t’
moreover have int (Ged S) = —intt +— S C {0} ANt =0

by auto (metis Ged-dvd-nat dvd-0-right dvd-antisym nat-int nat-zminus-int)
ultimately have

stts=0VseSt=0vteSand Ged-S: Ged S = s — 1

using T-def by safe simp-all
with s
have t < s

by (rule-tac ccontr) auto

{fixsnhave 0 <n=secS=nxseS
proof (induct n)
case (Suc n) then show ?case
by (cases n) (auto intro: S)
qed simp }
note cmult-S = this

show ?thesis

unfolding eventually-sequentially
proof cases

assume s =0Vt =10

with st Ged-S s have x: Ged S € S

by (auto simp: int-eq-iff)

then show IN.Vn>N. n x Ged S € S by (auto intro!: exI[of - 1] cmult-S)
next

assume - (s =0 V ¢t = 0)
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with st have s € St € St # 0 by auto
then have Ged S dvd t by auto

then obtain a where a: t = Ged S % a ..
with <t # 0> have 0 < a by auto

show AN.Vn>N.nx Ged S € S
proof (safe intro!: exlI[of - a * al)
fix n
define m where m = (n — a % a) div a
define r where r = (n — a % a) mod a
with <0 < a» have r < a by simp
moreover define am where am = a + m
ultimately have r < am by simp
assume a * ¢ < nthen have n: n=a*xa+ (m*xa+r)
unfolding m-def r-def by simp
have n * Ged S =am « t + r x Ged S
unfolding n a by (simp add: field-simps am-def)
alsohave ... = rx s+ (am — 7) % ¢
unfolding «Ged S = s — &
using <t < $ «r < am) by (simp add: field-simps diff-mult-distrib2)
also have ... € §
using <s € S <t € S <r < am»
by (cases r = 0) (auto introl: cmult-S S)
finally show n * Ged S € S .
qed
qged
qed

context MC-syntax
begin

4.1 Expected number of visits
definition G s t = ([ Tw. scount (HLD {t}) (s ## w) 0T s)
lemma G-eq: G st = ([ Tw. emeasure (count-space UNIV) {i. (s ## w) !l i =
t} OT s)
by (simp add: G-def scount-eq-emeasure HLD-iff)
definition p st n =P(w in Ts. (s ## w) I n = 1)
definition gf-G stz= (D_.n.pstn gz n)

definition convergence-G s t z +— summable (An. p st n x norm z ~ n)

lemma p-nonneg[simpl: 0 < pzyn
by (simp add: p-def)

lemma p-le-1: pxyn < 1
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by (simp add: p-def)

lemma p-z-2-0[simpl: p z 2 0 = 1
by (simp add: p-def T.prob-space del: space-T)

lemma p-0: pxy 0 = (if z = y then 1 else 0)
by (simp add: p-def T.prob-space del: space-T)

lemma p-in-reachable: assumes (z, y) ¢ (SIGMA z:UNIV. K z)* shows pz y n
=0
unfolding p-def
proof (rule T.prob-eq-0-AF)
from AE-T-reachable show AE w in Tz. (z ## w) ! n # y
proof eventually-elim
fix w assume alw (HLD ((SIGMA w:UNIV. K w)* “{z})) w
then have alw (HLD (— {y})) w
using assms by (auto intro: alw-mono simp: HLD-iff)
then show (z ## w) !l n#y
using assms by (cases n) (auto simp: alw-HLD-iff-streams streams-iff-snth)
qed
qed

lemma p-Suc: ennreal (p zy (Sucn)) = ([ w. pwyn IK z)
unfolding p-def T.emeasure-eq-measure[symmetric] by (subst emeasure-Collect-T')
stmp-all

lemma p-Suc”:
pry (Sucn)=(fz".pz'yndK z)
using p-Suclof z y n|
by (subst (asm) nn-integral-eq-integral)
(auto simp: p-le-1 introl: measure-pmf.integrable-const-bound|where B=1])

lemma p-add: pzy (n+m) = ([T w. pzwn *pwym dcount-space UNIV)
proof (induction n arbitrary: x)
case ()
have [simp]: Aw. (if x = w then 1 else 0) *x p wy m = ennreal (p x y m) *
indicator {z} w
by auto
show ?Zcase
by (simp add: p-0 one-ennreal-def [symmetric] maz-def)
next
case (Suc n)
define X where X = (SIGMA z:UNIV. K z)* “ K z
then have X: countable X
by (blast intro: countable-Image countable-reachable countable-set-pmf)

then interpret X: sigma-finite-measure count-space X

by (rule sigma-finite-measure-count-space-countable)
interpret XK: pair-sigma-finite K © count-space X

67



by unfold-locales

have ennreal (p zy (Sucn+ m)) = ([ T¢. ([ Tw. ptwn = pwym dcount-space
UNIV) 9K )
by (simp add: p-Suc Suc)
also have ... = ([*t. ([ Tw. ennreal (p t wn x p wy m) x indicator X w
dcount-space UNIV) 0K )
by (auto intro!: nn-integral-cong-AE simp: AE-measure-pmf-iff AE-count-space
Image-iff p-in-reachable X-def split: split-indicator)
also have ... = ([ T¢. ([ Tw. ptwn xpwym dcount-space X) OK x)
by (subst nn-integral-restrict-space[symmetric]) (simp-all add: restrict-count-space)
alsohave ... = ([Tw. ([ Tt. pt wn * pwym OK z) dcount-space X)
apply (rule XK.Fubini'[symmetric])
unfolding measurable-split-conv
apply (rule measurable-compose-countable’|OF - measurable-snd X))
apply (rule measurable-compose| OF measurable-fst])
apply simp
done
also have ... = ([ *w. ([ *t. ennreal (p t wn * p wy m) * indicator X w 0K
x) dcount-space UNIV)
by (simp add: nn-integral-restrict-space[symmetric] restrict-count-space nn-integral-multc)
also have ... = ([ Tw. ([ Tt. ennreal (p t wn x p wy m) OK x) dcount-space
UNIV)
by (auto intro!: nn-integral-cong-AE simp: AE-measure-pmf-iff AE-count-space
Image-iff p-in-reachable X-def split: split-indicator)
also have ... = ([Tw. ([ Tt. ptwn dK z) * p wy m dcount-space UNIV')
by (simp add: nn-integral-multc[symmetric] ennreal-mult)
finally show ?case
by (simp add: ennreal-mult p-Suc)
qed

lemma prob-reachable-le:
assumes [simp]: m < n
showspzym*xpyw(n—m)<pzwn
proof —
have pzym*pyw (n—m)=([Ty" ennreal (pzym *xpyw (n — m)) *
indicator {y} y' Ocount-space UNIV')
by simp
also have ... < pzw (m + (n — m))
by (subst p-add)
(auto introl: nn-integral-mono split: split-indicator simp del: nn-integral-indicator-singleton)
finally show ?thesis
by simp
qed

lemma G-eg-suminf: Gz y = (3 4. ennreal (p z y 1))
proof —

have *: A\i w. indicator {w € space S. (z ## w) ! i = y} w = indicator {i. (z
et w) i = g}

68



by (auto simp: space-stream-space split: split-indicator)

have Gz y = ([T w. (3. indicator {wespace (T z). (xz ## w) ! i = y} w)
OT )
unfolding G-eq by (simp add: nn-integral-count-space-nat[symmetric] *)
also have ... = (> 4. ennreal (p z y 7))
by (simp add: T.emeasure-eq-measure[symmetric| p-def nn-integral-suminf)
finally show ?thesis .
qed

lemma G-eg-real-suminf:
convergence-G x y (1:real) = Gz y = ennreal (D i. p z y 1)
unfolding G-eq-suminf
by (intro suminf-ennreal ennreal-suminf-neg-top p-nonneg)
(auto simp: convergence-G-def p-def)

lemma convergence-norm-G:
convergence-G © y z => summable (An. p x y n x norm z ~ n)
unfolding convergence-G-def .

lemma convergence-G:

convergence-G x y (z::'a::{banach, real-normed-div-algebra}) = summable (An.
pTymn*gz _n)

unfolding convergence-G-def

by (rule summable-norm-cancel) (simp add: abs-mult norm-power)

lemma convergence-G-less-1:
fixes z :: - :: {banach, real-normed-field}
assumes z: norm z < 1 shows convergence-G x y z
unfolding convergence-G-def
proof (rule summable-comparison-test)
have An. pz yn x norm (z "n) < 1 x norm (z ~ n)
by (intro mult-right-mono p-le-1) simp-all
then show IN.Vn>N. norm (pzxyn *normz n) < normz ~n
by (simp add: norm-power)
qed (simp add: z summable-geometric)

lemma lim-gf-G: ((A\z. ennreal (gf-G z y 2)) —— G z y) (at-left (1::real))

unfolding gf-G-def G-eq-suminf real-scaleR-def
by (intro power-series-tendsto-at-left p-nonneg p-le-1 summable-power-series)

4.2 Reachability probability
definition v z y n = P(w in T x. ev-at (HLD {y}) n w)

definition U st = P(w in T s. ev (HLD {t}) w)

definition gf-Uzyz= O_n. uxzyn g 2z Sucn)
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definition fz y n = P(w in T z. ev-at (HLD {y}) n (z ## w))
definition F s t = P(w in T s. ev (HLD {t}) (s ## w))
definition gf-Fzxyz= (> n. fzyn*z " n)

lemma f-Suc: z # y = fzy (Sucn) =uvzyn
by (simp add: u-def f-def)

lemma f-Suc-eq: fz x (Sucn) =0
by (simp add: f-def)

lemma f-0: fzy 0 = (if z = y then 1 else 0)
using T.prob-space by (simp add: f-def)

lemma shows u-nonneg: 0 < uzynand u-le-1: uzyn < 1
by (simp-all add: u-def)

lemma shows f-nonneg: 0 < fzxyn and fle-1: fryn < 1
by (simp-all add: f-def)

lemma U-nonneg[simp|: 0 < Uz y
by (simp add: U-def)

lemma U-le-1: Ust < 1
by (auto simp add: U-def introl: antisym)

lemma U-cases: Uss=1V Uss < 1
by (auto simp add: U-def introl: antisym)

lemma u-sums-U: vz y sums Uz y
unfolding u-def[abs-def] U-def ev-iff-ev-at by (intro T.prob-sums) (auto intro:
ev-at-unique)

lemma gf-U-eq-U: gf-Uzy 1 = Uxy
using u-sums-U[THEN sums-unique] by (simp add: gf-U-def U-def)

lemma f-sums-F: fx y sums Fxy
unfolding f-def[abs-def] F-def ev-iff-ev-at

by (intro T.prob-sums) (auto intro: ev-at-unique)

lemma F-nonneg[simp]: 0 < Fzy
by (auto simp: F-def)

lemma F-le-1: Fxy < 1
by (simp add: F-def)

lemma gf-F-eq-F: gf-Faxyl =Fuxy
using f-sums-F[THEN sums-unique] by (simp add: gf-F-def F-def)
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lemma gf-F-le-1:
fixes z :: real
assumes z: 0 < zz2< 1
shows gf-Fzyz <1
proof —
have gf-Fxy 2 < gf-Fxy 1
using z unfolding gf-F-def
by (intro suminf-le[OF - summable-comparison-test|OF - sums-summable OF
f-sums-F[of z y]]]] mult-left-mono alll f-nonneg)
(simp-all add: power-le-one f-nonneg mult-right-le-one-le f-le-1 sums-summable[ OF
J-sums-F|of @ y]))
also have ... < 1
by (simp add: gf-F-eq-F F-def)
finally show ?thesis .
qed

lemma u-le-p: uzyn < pazy (Sucn)
unfolding u-def p-def by (auto introl: T.finite-measure-mono dest: ev-at-HLD-imp-snth)

lemma f-le-p: fryn<pzxyn
unfolding f-def p-def by (auto intro!: T.finite-measure-mono dest: ev-at-HLD-imp-snth)

lemma convergence-norm-U:
fixes z :: - :: real-normed-div-algebra
assumes z: convergence-G x y z
shows summable (An. w z y n * norm z ~ Suc n)
using summable-ignore-initial-segment[OF convergence-norm-G[OF z], of 1]
by (rule summable-comparison-test[rotated))
(auto simp add: u-nonneg abs-mult introl: exI[of - 0] mult-right-mono u-le-p)

lemma convergence-norm-F"
fixes z :: - :: real-normed-div-algebra
assumes z: convergence-G x y z
shows summable (An. fx y n * norm z ~ n)
using convergence-norm-G|OF Z]
by (rule summable-comparison-test|[rotated))
(auto simp add: f-nonneg abs-mult intro: exI[of - 0] mult-right-mono f-le-p)

lemma gf-G-nonneg:
fixes z :: real
shows 0 < z2= 2< 1 = 0<gfGzyz
unfolding gf-G-def

by (intro suminf-nonneg convergence-G convergence-G-less-1) simp-all

lemma gf-F-nonneg:
fixes z :: real
shows 0 < z=2< 1= 0<gf-Fzyz
unfolding gf-F-def
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using convergence-norm-F[OF convergence-G-less-1, of z x |
by (intro suminf-nonneg) (simp-all add: f-nonneg)

lemma convergence-U:
fixes z :: - :: banach
shows convergence-G © y z => summable (An. uz yn x z ~ Suc n)
by (rule summable-norm-cancel)
(auto simp add: abs-mult u-nonneg power-abs dest!: convergence-norm-U)

lemma p-eg-sum-p-u: pxy (Sucn) = O i<n.pyy(n — i) x uzyi)
proof —
have Aw. w !l n =y = (34. i < n A ev-at (HLD {y}) i w)
proof (induction n)
case (Suc n)
then obtain ¢ where ¢ < n ev-at (HLD {y}) i (stl w)
by auto
then show ?case
by (auto intro!: exl|of - if HLD {y} w then 0 else Suc 1i])
qed (simp add: HLD-iff)
then have p x y (Suc n) = (> i<n. P(w in T z. ev-at (HLD {y}) iw Aw !l n
=)
unfolding p-def by (intro T.prob-sum) (auto intro: ev-at-unique)
alsohave ... = > i<n.pyy (n — i) xuzyi)
proof (intro sum.cong refl)
fix ¢ assume i: ¢ € {.. n}
then have Aw. (Suci <n —w!l (n — Suci) =y) «— (y ## w) !! (n —
i) =y)
by (auto simp: Stream-snth diff-Suc split: nat.split)
from i have ¢ < n by auto
then have P(w in T z. ev-at (HLD {y}) iw Aw!ln=1y) =
(Jw" Plwin Ty. (y ## w) !l (n — 1) = y) *
indicator {w'€space (T x). ev-at (HLD {y}) i w’ } w’' 0T x)
by (subst prob-T-splitfwhere n=_Suc i])
(auto simp: ev-at-shift ev-at-HLD-single-imp-snth shift-snth diff-Suc
split: split-indicator nat.split intro!: Bochner-Integration.integral-cong
arg-cong2[where f=measure]
simp del: stake.simps integral-mult-right-zero)
then show P(w in T z. ev-at (HLD {y}) iw Awlln=y)=pyy(n — i) x
UTY
by (simp add: p-def u-def)
qed
finally show ?thesis .
qged

lemma p-eqg-sum-p-f: pzyn= O i<n.pyy (n — i) x fzyi)
by (cases n)
(simp-all del: sum.atMost-Suc
add: f-0 p-0 p-eq-sum-p-u atMost-Suc-eq-insert-0 zero-notin-Suc-image
sum.reindex
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J-Suc f-Suc-eq)

lemma gf-G-eq-gf-F"
assumes z: norm z < 1
shows gfGryz=gf-FrzyzxgfGyyz
proof —
have g-Gzyz= O_n. > i<n.pyy(n — i) x faxyix*zn)
by (simp add: gf-G-def p-eq-sum-p-f|of z y] sum-distrib-right)
also have ... = O n. Y i<n. (feyix2z%) *x(pyy (n— i) x 2 (n — 1))
by (intro arg-conglwhere f=suminf] sum.cong ext atLeast0AtMost][symmetric))
(simp-all add: power-add[symmetric])
alsohave ... = O n. fzynxzn)«x (O _n.pyynxzn)
using convergence-norm-F|[OF convergence-G-less-1[OF z|| convergence-norm-G[OF
convergence-G-less-1[OF z]]
by (intro Cauchy-product[symmetric]) (auto simp: f-nonneg abs-mult power-abs)
also have ... = gfFzyzx*gf-Gyy=z
by (simp add: gf-F-def gf-G-def)
finally show ?thesis .
qed

lemma gf-G-eq-gf-U:
fixes z :: 'z :: {banach, real-normed-field}
assumes z: convergence-G z T 2
shows gfGezzz=1/(1 —gf-Uzzz) gf-Uzzz+# 1
proof —
{ fix n
have p z z (Suc n) g 27 Sucn = (D i<n. (prxax (n — i) x uz i) *g 2 Suc
n
)
unfolding scaleR-sum-left[symmetric] by (simp add: p-eg-sum-p-u)
also have ... = (Y i<n. (uz zi*g 2 Suci) * (pxx (n— i) *xg 2 (n — i)))
by (intro sum.cong refl) (simp add: field-simps power-diff cong: disj-cong)
finally have p z z (Suc n) xg 2 (Suc n) = (3 i<n. (v x z i *xg 2°Suc i) * (p
zz (n—1)*xg 2 (n — 1))
unfolding atLeastOAtMost . }
note gfs-Suc-eq = this

have gf-Grzxzz=1+ (D n. pzz (Sucn) g 2 (Suc n))

unfolding gf-G-def

by (subst suminf-split-initial-segment[OF convergence-G[OF z], of 1]) simp
also have ... = 1 + 3. n. > i<n. (uxz z i g 27 Suc i) *x (pzz (n — i) *R

Z(n — 1))

unfolding gfs-Suc-eq ..
alsohave ... =1 + gfUzzxz% g-Gzxzxz

unfolding gf-U-def gf-G-def

by (subst Cauchy-product)

(auto simp: u-nonneg norm-power simp del: power-Suc
introl: z convergence-norm-G convergence-norm-U)

finally show gfGzxz=1 /(1 —gf-Uzzz) gf-Uzxz+# 1

apply —
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apply (cases gf-Uzxzz=1)
apply (auto simp add: field-simps)
done

qed

lemma gf-U: (¢f-Uzy —— Uxy) (at-left 1)
proof —
have ((A\z. ennreal (3 n.uzynxz " n)) —— (O n. ennreal (uz yn))) (at-left
1)
using u-le-1 u-nonneg by (intro power-series-tendsto-at-left summable-power-series)
also have ()" n. ennreal (u z y n)) = ennreal (suminf (u z y))
by (intro u-nonneg suminf-ennreal ennreal-suminf-neg-top sums-summable| OF
u-sums-U])
also have suminf (uzy) = Uz vy
using u-sums-U by (rule sums-unique[symmetric])
finally have (\z. Y n.uzynxz "n) — Uxy) (at-left 1)
by (rule tendsto-ennrealD)
(auto simp: u-nonneg u-le-1 intro!: suminf-nonneg summable-power-series
eventually-at-left-1)
then have (M\z. z x O n.uxzyn*z " n)) — 1 x Uz y) (at-left 1)
by (intro tendsto-intros) simp
then have (A\z. > n.uzynxz Sucn) —— 1 x Uz y) (at-left 1)
apply (rule filterlim-cong|OF refl refl, THEN iffD1, rotated)])
apply (rule eventually-at-left-1)
apply (subst suminf-mult[symmetric])
apply (auto introl: summable-power-series u-le-1 u-nonneg)
apply (simp add: field-simps)
done
then show ?thesis
by (simp add: gf-U-def[abs-def] U-def)
qed

lemma gf-U-le-1: assumes 2: 0 < z z < 1 shows gf-U xzy z < (1::real)
proof —
note u = u-sums-Ulof  y, THEN sums-summable]
have gf-Uxzyz < gf-Uzvy 1
using z
unfolding gf-U-def real-scaleR-def
by (intro suminf-le alll mult-mono power-mono summable-comparison-test-ev[ OF
- u] always-eventually)
(auto simp: u-nonneg intro!: mult-left-le mult-le-one power-le-one)
also have ... < I
unfolding gf-U-eq-U by (rule U-le-1)
finally show ?thesis .
qed

lemma gf-F: (gfFzy —— Fay) (at-left 1)

proof —
have ((Az. ennreal (O n. fxyn*z " n)) —— (O n. ennreal (fzyn))) (at-left
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1)
using f-le-1 f~nonneg by (intro power-series-tendsto-at-left summable-power-series)
also have (> n. ennreal (f z y n)) = ennreal (suminf (f z y))
by (intro f-nonneg suminf-ennreal ennreal-suminf-neg-top sums-summableOF
f-sums-F))
also have suminf (fzy) =Fzy
using f-sums-F by (rule sums-unique[symmetric])
finally have ((A\z. Y. n. fzyn* 2z " n) —— Fzy) (at-left 1)
by (rule tendsto-ennrealD)
(auto simp: f-nonneg f-le-1 introl: suminf-nonneg summable-power-series
eventually-at-left-1)
then show ?thesis
by (simp add: gf-F-def[abs-def] F-def)
qed

lemma U-bounded: 0 < Uz y Uz y < 1
unfolding U-def by simp-all

4.3 Recurrent states

definition recurrent :: 's = bool where
recurrent s «— (AE w in T s. ev (HLD {s}) w)

lemma recurrent-iff-U-eq-1: recurrent s «— U s s = 1
unfolding recurrent-def U-def by (subst T.prob-Collect-eq-1) simp-all

definition H s t = P(w in T s. alw (ev (HLD {t})) w)

lemma H-eq:
recurrent s +— H s s =1
- recurrent s <— H s s =0
Hst=UstxHtt
proof —
define H' where H' t n = {wespace S. enat n < scount (HLD {t::'s}) w} for
tn
have [measurable]: Ay n. H yn € sets S
by (simp add: H'-def)
let ?H' = \s t n. measure (T s) (H' t n)
{fixzy:'sand w
have Suc 0 < scount (HLD {y}) w +— ev (HLD {y}) w
using scount-eq-0-iff [of HLD {y} w]
by (cases scount (HLD {y}) w rule: enat-coezxhaust)
(auto simp: not-ev-iff [symmetric] eSuc-enat[symmetric] enat-0 HLD-iff [abs-def])
}
then have H'-1: Nz y. PH' zy1 =Uzy
unfolding H'-def U-def by simp

{fixnand zy :: s
let ?U = (not (HLD {y}) suntil (HLD {y} aand nzt (Aw. enat n < scount
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(HLD {y}) w)))
{ fix w

have enat (Suc n) < scount (HLD {y}) w +— ?U w
proof
assume enat (Suc n) < scount (HLD {y}) w
with scount-eq-0-iff[of HLD {y} w] have ev (HLD {y}) w enat (Suc n) <
scount (HLD {y}) w
by (auto simp add: not-ev-iff [symmetric] eSuc-enat[symmetric])
then show ?U w
by (induction rule: ev-induct-strong)
(auto simp: scount-simps eSuc-enat[symmetric] intro: suntil.intros)
next
assume ?U w then show enat (Suc n) < scount (HLD {y}) w
by induction (auto simp: scount-simps eSuc-enat[symmetric))
qed }
then have emeasure (T z) (H' y (Suc n)) = emeasure (T z) {wEspace (T x).
U w}
by (simp add: H’-def)
alsohave ... = Uz y* ?H' yyn
by (subst emeasure-suntil-HLD) (simp-all add: T.emeasure-eq-measure U-def
H'-def ennreal-mult)
finally have ?H' zy (Sucn) =Uzy* ?H yyn
by (simp add: T.emeasure-eq-measure) }
note H'-Suc = this
{fix mand z :: ’s
have ?H' z z (Suc m) = U xz " Suc m
using H'-1 H'-Suc by (induct m) auto }
note H'-eq = this

{fixzy
have ?H' © y —— measure (T z) ((i. H y 1)
proof (rule T.finite-Lim-measure-decseq)
show range (H' y) C T.events x
by auto
next
show decseq (H' y)
by (rule antimonol) (simp add: subset-eq H'-def order-subst2)
qed
also have ((i. H' y i) = {w€space (T z). alw (ev (HLD {y})) w}
by (auto simp: H'-def scount-infinite-iff [symmetric]) (metis Suc-ile-eq enat.exhaust
neq-iff)
finally have YH' 2y —— Hz y
unfolding H-def . }
note H'-lim = this

from H'-lim[of s s, THEN LIMSEQ-Suc]

have (An. Uss ~Sucn) — Hss
by (simp add: H'-eq)
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then have lim-H: (An. Uss " n) —— Hs's
by (rule LIMSEQ-imp-Suc)

have Uss <1 = (An. Uss "n) —— 0
by (rule LIMSEQ-realpow-zero) (simp-all add: U-def)
with lim-H have Uss < 1 = Hss= 10
by (blast intro: LIMSEQ-unique)
moreover have Uss=1 = (An. Uss ~n) —— 1
by simp
with lim-H have Uss=1 = Hss=1
by (blast intro: LIMSEQ-unique)
moreover note recurrent-iff-U-eq-1 U-cases
ultimately show recurrent s «— H s s = 1 — recurrent s <— H s s =0
by (metis one-neg-zero)+

from H'-lim[of s t, THEN LIMSEQ-Suc] H'-Suc|of s]

have (An. Ust*x ?H' ttn) —— Hst
by simp

moreover have (An. Ust* ?H' ttn) —— Ust*x Htt
by (intro tendsto-intros H'-lim)

ultimately show Hst=Ustx Htt
by (blast intro: LIMSEQ-unique)

qed

lemma recurrent-iff-G-infinite: recurrent r +— G x = o0
proof —
have ((A\z. ennreal (gf-G z z 2)) —— G z ) (at-left 1)
by (rule lim-gf-G)
then have G: ((Az. ennreal (1 / (1 — gf-Uzz2))) —— G xz) (at-left (1::real))
apply (rule filterlim-cong|OF refl refl, THEN iffD1, rotated))
apply (rule eventually-at-left-1)
apply (subst gf-G-eq-gf-U)
apply (rule convergence-G-less-1)
apply simp
apply simp
done

{ fix z :: real assume z: 0 < zz < 1
have 1: summable (u z x)
using u-sums-U by (rule sums-summable)
have gf-Uzx 2z # 1
using gf-G-eq-gf-U[OF convergence-G-less-1[of z]] z by simp
moreover
have gf Uz 2z 2 < Uzz
unfolding gf-U-def gf-U-eq-U[symmetric]
using z
by (intro suminf-le)
(auto simp add: 1 convergence-U convergence-G-less-1 u-nonneg simp del:
power-Suc
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intro!: mult-right-le-one-le power-le-one)
ultimately have gf-Uzz z < 1
using U-bounded|of z z] by simp }
note strict = this

{ assume Uz z =1
moreover have ((Aza. 1 — gf-Uz z za :: real) —— 1 — Uz z) (at-left 1)
by (intro tendsto-intros gf-U)
moreover have eventually (Az. gf-U x x z < 1) (at-left (1::real))
by (auto intro!: eventually-at-left-1 strict simp: «<U x x = 1> gf-U-eq-U)
ultimately have ((Az. ennreal (1 / (1 — gf-Uz x 2))) — top) (at-left 1)
unfolding ennreal-tendsto-top-eq-at-top
by (intro LIM-at-top-divide[where a=1] tendsto-const zero-less-one)
(auto simp: field-simps)
with G have G z z = top
by (rule tendsto-unique[rotated]) simp }
moreover
{ assume Uz z < I
then have ((Aza. ennreal (1 / (I — gf-Uz z 2a))) —— 1 / (I — Uz x))
(at-left 1)
by (intro tendsto-intros gf-U tendsto-ennreall) simp
from tendsto-unique|OF - G this] have G x © # oo
by simp }
ultimately show ?thesis
using U-cases recurrent-iff-U-eq-1 by auto
qged

definition communicating :: (‘s x ’s) set where
communicating = acc N acc™!

definition essential-class :: 's set = bool where
essential-class C «— C € UNIV // communicating A\ acc *“ C C C

lemma accl-U:

assumes 0 < Uz y shows (z, y) € acc
proof (rule ccontr)

assume *: (z, y) ¢ acc

{ fix w assume ev (HLD {y}) w alw (HLD (acc ““ {z})) w from this *+ have
False
by induction (auto simp: HLD-iff) }
with AE-T-reachable[of z] have Uz y = 0
unfolding U-def by (intro T.prob-eq-0-AF) auto
with <0 < U z y» show Fualse by auto
qed

lemma accD-pos:

assumes (z, y) € acc
shows In. 0 <pzyn
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using assms proof induction
case base with T.prob-space[of x] show ?case
by (auto introl: exI[of - 0])
next
have [simp]: Az y. (if £ = y then 1 else 0::real) = indicator {y} «
by simp
case (step w y)
then obtain n where 0 < pzwn and 0 < pmf (K w) y
by (auto simp: set-pmf-iff less-le)
then have 0 < pzwn * pmf (K w) y
by (intro mult-pos-pos)
also have ... < pzwnx*pwy (Suc0)
by (simp add: p-Suc’ p-0 pmf.rep-eq)
also have ... < pzy (Sucn)
using prob-reachable-le[of n Suc n x w y] by simp
finally show ?case ..
qed

lemma accl-pos: 0 < pzyn = (z, y) € acc
proof (induct n arbitrary: x)
case (Suc n)
then have less: 0 < ([z'. pz’ yn 0K x)
by (simp add: p-Suc’)
have 3z'¢Kz. 0 <pz'yn
proof (rule ccontr)
assume — ?thesis
then have AE 2z’ in Kx.pz'yn =10
by (simp add: AE-measure-pmf-iff less-le)
then have ([z. pz'yn 0K z) = ([2". 0 0K x)
by (intro integral-cong-AE) simp-all
with less show Fulse by simp
qed
with Suc show ?case
by (auto intro: converse-rtrancl-into-rtrancl)
qed (simp add: p-0 split: if-split-asm)

lemma recurrent-iffI-communicating:
assumes (z, y) € communicating
shows recurrent x <— recurrent y
proof —
from assms obtain n m where 0 < pxyn 0 <pyzm
by (force simp: communicating-def dest: accD-pos)
moreover
{fixzynmassume 0 <pzynl<pyzmGyy= o0
then have co = ennreal (pxynxpyam)*x Gyy
by (auto intro: mult-pos-pos simp: ennreal-mult-top)
also have ennreal (pzynxpyzm)x Gyy= O.i. ennreal (pxyn=*py
Tm)*pyuyi)
unfolding G-eg-suminf by (rule ennreal-suminf-cmult[symmetric])
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also have ... < (3 4. ennreal (p zz (n + @ + m)))
proof (intro suminf-le alll)
fix ¢
have (pzynxpyy((n+4) —n))xpyz((n+i+m)—(n+i)<pz
y(n+i)xpyz((n+it+m)—(n+1i)
by (intro mult-right-mono prob-reachable-le) simp-all
alsohave ... <pzz(n+ i+ m)
by (intro prob-reachable-le) simp-all
finally show ennreal (p zynxpyaxm)*xpyyi < ennreal (p zx (n + 14
+ m))
by (simp add: ac-simps ennreal-mult’[symmetric])
qed auto
also have ... < (D 4. ennreal (p zz (i + (n + m))))
by (simp add: ac-simps)
also have ... < (> 4. ennreal (p z x 7))
by (subst suminf-offset[of Ai. ennreal (p  z () n + m]) auto
also have ... < Gz z
unfolding G-eg-suminf by (auto intro!: suminf-le-pos)
finally have G z 2 = o0
by (simp add: top-unique) }
ultimately show ?thesis
using recurrent-iff-G-infinite by blast
qed

lemma recurrent-acc:
assumes recurrent z (z, y) € acc
shows Uyx =1 Hyax = 1recurrent y (z, y) € communicating
proof —
{ fix w y assume step: (z, w) € accy€e KwUwz =1Hwz = 1recurrent w
TFy
have measure (K w) UNIV = U w z
using step measure-pmf.prob-spaceof K w]| by simp
also have ... = ([ v. indicator {z} v + U v z * indicator (— {z}) v OK w)
unfolding U-def
by (subst prob-T)
(auto intro!: Bochner-Integration.integral-cong arg-cong2[where f=measure]
AE-I2
simp: ev-Stream T .prob-eq-1 split: split-indicator)
also have ... = measure (K w) {z} + ([ v. U vz * indicator (— {z}) v 0K
w)
by (subst Bochner-Integration.integral-add)
(auto introl: measure-pmf.integrable-const-bound|where B=1]
simp: abs-mult mult-le-one U-bounded(2) measure-pmf.emeasure-eq-measure)
finally have measure (K w) UNIV — measure (K w) {z} = (fv. Uv z *
indicator (— {z}) v 0K w)
by simp
also have measure (K w) UNIV — measure (K w) {z} = measure (K w) (UNIV
—{z})

by (subst measure-pmf.finite-measure-Diff ) auto
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finally have 0 = ([ v. indicator (— {z}) v 0K w) — ([ v. U v z * indicator
(— {2}) v OK w)
by (simp add: measure-pmf.emeasure-eqg-measure Compl-eq-Diff-UNIV)
also have ... = ([ v. (1 — Uwx) x indicator (— {z}) v 0K w)
by (subst Bochner-Integration.integral-diff [symmetric])
(auto intro!: measure-pmf.integrable-const-bound[where B=1] Bochner-Integration.integral-cong
simp: abs-mult mult-le-one U-bounded(2) split: split-indicator)
also have ... > ([v. (1 — Uy ) * indicator {y} v 0K w) (is - > ?rhs)
using <recurrent x
by (intro integral-mono measure-pmf.integrable-const-bound|where B=1])
(auto simp: abs-mult mult-le-one U-bounded(2) recurrent-iff-U-eq-1 field-simps
split: split-indicator)
also (ztrans) have ?rhs = (1 — Uy z) * pmf (K w) y
by (simp add: measure-pmf.emeasure-eq-measure pmf.rep-eq)
finally have (1 — Uy ) x pmf (K w) y =0
by (auto introl: antisym simp: U-bounded(2) mult-le-0-iff)
with <y € K w» have Uy z = 1
by (simp add: set-pmf-iff)
then have Uycs=1Hyz =1
using H-eq(3)[of y ] H-eq(1)[of x| by (simp-all add: <recurrent x»)
then have (y, z) € acc
by (intro accI-U) auto
with step have (z, y) € communicating
by (auto simp add: communicating-def intro: rtrancl-trans)
with <recurrent x> have recurrent y
by (simp add: recurrent-iffI-communicating)
note this <Uyx = 1> <Hyxz = 1> «(z, y) € communicating> }
note enabled = this

from «(z, y) € aco
show Uyxz=1Hvyx = 1recurrent y (z, y) € communicating
proof induction
case base then show Uz x = 1 Hz x = 1 recurrent x (z, x) € communicating
using <recurrent x> H-eq(1)[of ] by (auto simp: recurrent-iff-U-eq-1 commu-
nicating-def)
next
case (step w y)
with enabled|of w y] <recurrent x> H-eq(1)[of ]
have Uyz =1 ANHyx =1 A recurrent y A (z, y) € communicating
by (cases x = y) (auto simp: recurrent-iff-U-eq-1 communicating-def)
then show Uyz =1 Hyx = 1 recurrent y (z, y) € communicating
by auto
qed
qed

lemma equiv-communicating: equiv UNIV communicating
by (auto simp: equiv-def sym-def communicating-def refl-on-def trans-def)

lemma recurrent-class:
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assumes recurrent T
shows acc ““ {z} = communicating *‘ {z}
using recurrent-acc(4)[OF <recurrent )] by (auto simp: communicating-def)

lemma érreduccible-recurrent-class:
assumes recurrent © shows acc ““ {z} € UNIV // communicating
unfolding recurrent-class[OF <recurrent x»] by (rule quotientl) simp

lemma essential-classl:
assumes C: C € UNIV // communicating
assumes e¢: Az y. z € C = (z,y) € acc = y € C
shows essential-class C
by (auto simp: essential-class-def intro: C) (metis eq)

lemma essential-recurrent-class:
assumes recurrent © shows essential-class (communicating *“ {z})
unfolding recurrent-class[OF' <recurrent x>, symmetric]
apply (rule essential-classI)
apply (rule irreduccible-recurrent-class|OF assms])
apply (auto simp: communicating-def)
done

lemma essential-classD2:
essential-class C —= v € C = (z, y) € acc = y € C
unfolding essential-class-def by auto

lemma essential-classD3:
essential-class C = v € C = y € C = (=, y) € communicating
unfolding essential-class-def
by (auto elim!: quotientE simp: communicating-def)

lemma AFE-acc:

shows AE w in T z. Vm. (z, (x ## w) ! m) € acc

using AFE-T-reachable

by eventually-elim (auto simp: alw-HLD-iff-streams streams-iff-snth Stream-snth
split: nat.splits)

lemma finite-essential-class-imp-recurrent:
assumes C': essential-class C finite C and z: x € C
shows recurrent
proof —
have AF w in T z. JyeC. alw (ev (HLD {y})) w
using AFE-T-reachable
proof eventually-elim
fix w assume alw (HLD (acc ““ {z})) w
then have alw (HLD C) w
by (rule alw-mono) (auto simp: HLD-iff intro: assms essential-classD2)
then show JyeC. alw (ev (HLD {y})) w
by (rule pigeonhole-stream) fact
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qed
then have 1 = P(w in T z. 3yeC. alw (ev (HLD {y})) w)
by (subst (asm) T.prob-Collect-eq-1[symmetric]) (auto simp: <finite C»)
also have ... = measure (T z) (|JyeC. {wespace (T z). alw (ev (HLD {y}))
w})
by (intro arg-cong2|where f=measure]) auto
also have ... < (> yeC. Huzy)
unfolding H-def using «finite C» by (rule T.finite-measure-subadditive-finite)
auto
also have ... = (D yeC. Uz yx Hyy)
by (auto intro!: sum.cong H-eq)
finally have JyecC. recurrent y
by (rule-tac ccontr) (simp add: H-eq(2))
then obtain y where y € C recurrent y ..
from essential-classD3[OF C(1) z this(1)] recurrent-acc(3)[OF this(2)]
show recurrent x
by (simp add: communicating-def)
qed

lemma irreducibleD:
C € UNIV /] communicating = o € C = b € C = (a, b) € communicating
by (auto elim!: quotientE simp: communicating-def)

lemma irreducibleD2:
C € UNIV /] communicating = a € C = (a, b) € communicating = b €
c

by (auto elim!: quotientE simp: communicating-def)

lemma essential-class-iff-recurrent:

finite C = C € UNIV [/ communicating = essential-class C «— (VzeC.
recurrent x)

by (metis finite-essential-class-imp-recurrent irreducibleD2 recurrent-acc(4) es-
sential-classI)

definition U’ z y = ([ tw. eSuc (sfirst (HLD {y}) w) 0T z)

lemma U’-neg-zero[simpl: U’ zy # 0
unfolding U’-def by (simp add: nn-integral-add)

definition ¢f-U'zy 2= . n.uzyn* Sucn * z " n)
definition pos-recurrent x <— recurrent x A U’ x x # oo

lemma summable-gf-U":

assumes z: norm z < 1

shows summable (An. vz yn * Sucn * z ~ n)
proof —

have summable (An. n * |z| " n)

proof (rule root-test-convergence)
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have (An. root n n x |z|) —— 1 x |2
by (intro tendsto-intros LIMSEQ-root)
then show (An. root n (norm (n x |z| ~n))) —— |2|
by (rule filterlim-cong| THEN 4ffD1, rotated 3))
(auto introl: exI[of - 1]
simp add: abs-mult u-nonneg real-root-mult power-abs eventu-
ally-sequentially real-root-power)
qed (insert z, simp add: abs-less-iff)
note summable-mult|OF this, of 1 / |z|]
from summable-ignore-initial-segment|OF this, of 1]
show summable (An. ux y n *x Suc n x z ~ n)
apply (rule summable-comparison-test|rotated))
using z
apply (auto introl: exI[of - 1]
simp: abs-mult u-nonneg power-abs Suc-le-eq gr0-conv-Suc field-simps
le-divide-eq u-le-1
simp del: of-nat-Suc)
done
qed

lemma gf-U'-nonneg[simp]: 0 < z —= 2 < 1 = 0 < gf-U'zy z
unfolding gf-U’-def
by (intro suminf-nonneg summable-gf-U’) (auto simp: u-nonneg)

lemma DERIV-gf-U:
fixes z :: real assumes z: 0 < z 2 < 1
shows DERIV (gf-Uzxy) z:> gf-U' zy 2
unfolding gf-U-def[abs-def] gf-U’-def real-scaleR-def u-def[symmetric]
using z by (intro DERIV-power-series’|where R=1] summable-gf-U’) auto

lemma sfirst-finitel-recurrent:
recurrent © = (z, y) € acc = AE w in T z. sfirst (HLD {y}) w < o0
using recurrent-acc(1)[of y z] recurrent-acclof x y]
T.AE-prob-1[of v {wespace (T z). ev (HLD {y}) w}]
unfolding sfirst-finite U-def by (simp add: space-stream-space communicat-
ing-def)

lemma U’-eq-suminf:
assumes z: recurrent z (z, y) € acc
shows U’ zy = (3 i. ennreal (v z y i * Suc i))
proof —
have ([ Tw. eSuc (sfirst (HLD {y}) w) 0T z) =
(J tw. (3 i. ennreal (Suc i) * indicator {wespace (T y). ev-at (HLD {y}) i
w} w) 0T )
using sfirst-finitel-recurrent] OF ]
proof (intro nn-integral-cong-AE, eventually-elim)
fix w assume sfirst (HLD {y}) w < oo
then obtain n :: nat where [simp]: sfirst (HLD {y}) w = n
by auto
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show eSuc (sfirst (HLD {y}) w) = (3_ i. ennreal (Suc %) * indicator {wEspace
(T vy). ev-at (HLD {y}) i w} w)
by (subst suminf-cmult-indicator[where i=n))
(auto simp: disjoint-family-on-def ev-at-unique space-stream-space
sfirst-eq-enat-iff [symmetric] ennreal-of-nat-eq-real-of-nat
split: split-indicator)
qed
also have ... = (> i. ennreal (Suc ) * emeasure (T z) {wespace (T z). ev-at
(HLD {y}) i w})
by (subst nn-integral-suminf)
(auto introl: arg-conglwhere f=suminf] nn-integral-cmult-indicator simp:
fun-cq-iff)
finally show ?thesis
by (simp add: U’-def u-def T.emeasure-eq-measure mult-ac ennreal-mult)
qed

lemma gf-U’-tendsto-U"

assumes z: recurrent ¢ (z, y) € acc

shows ((Az. ennreal (gf-U’ z y 2)) —— U’z y) (at-left 1)

unfolding U’-eq-suminf[OF x] gf-U’-def

by (auto introl: power-series-tendsto-at-left summable-gf-U' mult-nonneg-nonneg
u-nonneg simp del: of-nat-Suc)

lemma one-le-integral-t:
assumes z: recurrent £ shows I < U’ z z
by (simp add: nn-integral-add T.emeasure-space-1 U’-def del: space-T)

lemma gf-U’'-pos:
fixes z :: real
assumes z: 0 < zz< land Uz y # 0
shows 0 < gf-U' zy 2
unfolding gf-U’-def
proof (subst suminf-pos-iff)
show summable (An. u xz y n * real (Suc n) x z ~ n)
using z by (intro summable-gf-U') simp
show pos: An. 0 < wzyn*real (Sucn) *x z " n
using u-nonneg z by auto
show 3n. 0 < uzynx*real (Sucn) x 2z " n
proof (rule ccontr)
assume - (In. 0 < wzyn * real (Sucn) x z " n)
with pos have Vn. vz y n * real (Sucn) x z " n =0
by (intro antisym alll) (simp-all add: not-less)
with z have u z y = (An. 0)
by (intro ext) simp
with u-sums-Ulof  y, THEN sums-unique] <U z y # 0> show False
by simp
qed
qed
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lemma inverse-gf-U’-tendsto:
assumes recurrent y
shows (Az. — 1 / — gf-U' yyz) — enn2real (1 / U' yy)) (at-left (1::real))
proof cases
assume inf: U' yy = oo
with gf-U'-tendsto-U’lof y y| <recurrent y»
have LIM z (at-left 1). gf-U’ y y z :> at-top
by (auto simp: ennreal-tendsto-top-eq-at-top U’-def)
then have LIM z (at-left 1). gf-U’ y y z :> at-infinity
by (rule filterlim-mono) (auto simp: at-top-le-at-infinity)
with inf show ?thesis
by (auto intro!: tendsto-divide-0)
next
assume fin: U’y y # oo
then obtain r where r: U’ y y = ennreal r and [simp]: 0 < r
by (cases U’ y y) (auto simp: U'-def)
then have eq: enn2real (1 / U'yy)=—1/—rand 1 <r
using one-le-integral-t[{OF <recurrent y»]
by (auto simp add: ennreal-1[symmetric] divide-ennreal simp del: ennreal-1)
have ((Az. ennreal (gf-U’ y y z)) —— ennreal 1) (at-left 1)
using gf-U’-tendsto-U'[OF <recurrent v, of y| v by simp
then have gf-U" (¢f-U’ y y —— ) (at-left (1::real))
by (rule tendsto-ennrealD)
(insert summable-gf-U’, auto intro!: eventually-at-left-1 suminf-nonneg simp:
gf-U’-def u-nonneg)
show %thesis
using <7/ < r unfolding eq by (intro tendsto-intros gf-U’) simp
qed

lemma gf-G-pos:
fixes z :: real
assumes 2: 0 < zz < 1 and *: (z, y) € acc
shows 0 < gf-G zy 2
unfolding gf-G-def
proof (subst suminf-pos-iff)
show summable (An. p z yn *xg z ~ n)
using z by (intro convergence-G convergence-G-less-1) simp
show pos: An. 0 < pzynx*gz n
using z by (auto introl: mult-nonneg-nonneg p-nonneg)
show dn. 0 < pzynx*gz n
proof (rule ccontr)
assume - (An. 0 < pzryn=x*rz n)
with pos have Vn.pzynxz " n=20
by (intro antisym alll) (simp-all add: not-less)
with z have An. pzyn =20
by simp
with *x[THEN accD-pos] show False
by simp
qed
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qed

lemma pos-recurrentl-communicating:
assumes y: pos-recurrent y and z: (y, z) € communicating
shows pos-recurrent x
proof —
from y z have recurrent: recurrent y recurrent z and fin: U’ y y # oo
by (auto simp: pos-recurrent-def recurrent-iffI-communicating nn-integral-add)
have pos: 0 < enn2real (1 / U’y y)
using one-le-integral-t[OF <recurrent y»| fin
by (auto simp: U’-def enn2real-positive-iff less-top|symmetric] ennreal-zero-less-divide
ennreal-divide-eq-top-iff)

from fin obtain r where r: U’ y y = ennreal r and [simp]: 0 < r
by (cases U’ y y) (auto simp: U’-def)

from 2 obtain n m where 0 < pzyn 0 <pyzm
by (auto dest!: accD-pos simp: communicating-def)

let ?L = at-left (1::real)
have le: eventually Az.pzynxpyazmx*z(n+m)< (I —gf-Uyyz) /(1
—gffUzxzxz) ?L
proof (rule eventually-at-left-1)
fix z :: real assume 2: 0 < z 2 < 1
then have conv: Az. convergence-G z x z
by (intro convergence-G-less-1) simp
have sums: (\i. (pzynxpyzm=*2z(n+m))*x (pyyix*z1i))suns ((pzx
ynxpyzmx*z(n+m)xgf-Gyyz)
unfolding gf-G-def
by (intro sums-mult summable-sums) (auto introl: conv convergence-G[where
‘a=real, simplified])
have (> i. (pzynsxpyazm*xz(n+m))x(pyyixz1%) <O ipzz(i
+(n e m) + 20+ (n o+ m))
proof (intro alll suminf-le sums-summable[OF sums| summable-ignore-initial-segment
convergence-G[where ‘a=real, simplified] convergence-G-less-1)
show norm z < 1 using z by simp
fix ¢
have (pzyn*pyy((n+i) —n))xpyz((n+i+m)—(n+id)<puz
g+ ) kpya((n+itm)—(n+i)
by (intro mult-right-mono prob-reachable-le) simp-all
also have ... <pzz (n+ i+ m)
by (intro prob-reachable-le) simp-all
finally show pxynxpyazm=xz (n+m)x (pyyi*xz i) <pzz(i
T+ (nm)) 2+ (0 + m))
using z by (auto simp add: ac-simps power-add intro!: mult-left-mono)
qed
also have ... < gf-Gzzz
unfolding g¢f-G-def

using z
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apply (subst (2) suminf-split-initial-segment[where k=n + m])
apply (intro convergence-G conv)
apply (simp add: sum-nonneg)
done
finally have (pzyn*pyam=*z(n+m)) *xgf-Gyyz<gf-Grzz
using sums-unique| OF sums] by simp
then have (pzyn+xpyazmx*x2(n+m)) < gf-Gzzz/gf-Gyyz
using z gf-G-pos|of z y y] by (simp add: field-simps)
alsohave ... = (1 — gfUyyz) /(I — gfUzz2)
unfolding gf-G-eq-gf-U[OF conv] using gf-G-eq-gf-U(2)[OF conv] by (simp
add: field-simps )
finally show pzynxpyamx*xz2(n+m) < (I —gfUyyz) /(1 — gf-U
qed

have U’z 1z # oo
proof
assume U’ zz = oo
have ((Az. (1 —gffUyyz) /(1 —gfUzzz) — 0) 7L
proof (rule lhopital-left)
show ((Az. I — gffUyyz) — 0) ?L
using gf-Ulof y] recurrent-iff-U-eq-1[of y] <recurrent y» by (auto intro!:
tendsto-eg-intros)
show ((Az. I — gf-Uzxz2z) —— 0) 7L
using gf-Ulof x| recurrent-iff-U-eq-1[of x| <recurrent x> by (auto introl:
tendsto-eq-intros)
show cventually (Az. 1 — gf-Uzz 2 # 0) ?L
by (auto intro!: eventually-at-left-1 simp: gf-G-eq-gf-U(2) convergence-G-less-1)
show eventually (A\z. — gf-U' zz 2 # 0) 7L
using gf-U’-pos|of - = x| recurrent-iff-U-eq-1[of x] <recurrent x>
by (auto intro!: eventually-at-left-1) (metis less-le)
show eventually (Az. DERIV (Aza. 1 — gf-Uz z za) 2z :> — gf-U' xx 2) ?L
by (auto intro!: eventually-at-left-1 derivative-eq-intros DERIV-gf-U)
show eventually (A\z. DERIV (Aza. 1 — gf-Uyyza) z2:> — gf-U' yyz) 7L
by (auto introl: eventually-at-left-1 derivative-eq-intros DERIV-gf-U)

have (¢f-U'yy —— U’ yvy) 7L
using <recurrent y» by (rule gf-U’-tendsto-U’) simp
then have *: (¢f-U' yy —— r) 7L
by (auto simp add: r eventually-at-left-1 dest!: tendsto-ennrealD)
moreover
have (¢gf-U' 20 —— U’z z) 7L
using <recurrent xy by (rule gf-U’-tendsto-U’) simp
then have LIM z ?L. — gf-U’ x z z :> at-bot
by (simp add: ennreal-tendsto-top-eq-at-top «U’ z x = oco» filterlim-uminus-at-top
del: ennreal-of-enat-eSuc)
then have LIM z ?L. — gf-U’ z x z :> at-infinity
by (rule filterlim-mono) (auto simp: at-bot-le-at-infinity)
ultimately show ((A\z. — gf-U'yyz/ — gfU' zz2) —— 0) ?L
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by (intro tendsto-divide-0[where c=— r| tendsto-intros)
qed
moreover
have (Az.pzynxpyazmxz(n+m)) — przyn*xpyxm) ?L
by (auto intro!: tendsto-eg-intros)
ultimately have pzyn*pyxzm < 0
using le by (rule tendsto-le]OF trivial-limit-at-left-real))
with <0 < pzyn <0 < pyxm» show False
by (auto simp add: mult-le-0-iff)
qged
with <recurrent x> show ?thesis
by (simp add: pos-recurrent-def nn-integral-add)
qed

lemma pos-recurrent-iffI-communicating:
(y, ) € communicating = pos-recurrent y <— pos-recurrent
using pos-recurrentl-communicating[of x y| pos-recurrentI-communicating|of y x|
by (auto simp add: communicating-def)

lemma U-le-F: Uzy < Fzy
by (auto simp: U-def F-def introl: T.finite-measure-mono)

lemma not-empty-irreducible: ¢ € UNIV [/ communicating = C # {}
by (auto simp: quotient-def Image-def communicating-def)

4.4 Stationary distribution

definition stat :: 's set = s measure where
stat C = point-measure UNIV (Az. indicator C z | U’ x x)

lemma sets-stat[simp]: sets (stat C') = sets (count-space UNIV')
by (simp add: stat-def sets-point-measure)

lemma space-stat[simp]: space (stat C) = UNIV
by (simp add: stat-def space-point-measure)

lemma stat-subprob:
assumes C': essential-class C and countable C' and pos: ¥V ce C. pos-recurrent ¢
shows emeasure (stat C') C < 1
proof —
let 7L = at-left (1::real)
from finite-sequence-to-countable-set[OF <countable C)]
obtain A where A: \i. A ¢ C C Ai. A i C A (Suc i) N\i. finite (A7) |J (range
A)y=7C
by blast
then have (An. emeasure (stat C) (A n)) —— emeasure (stat C) (| Ji. A )
by (intro Lim-emeasure-incseq) (auto simp: incseq-Suc-iff)
then have emeasure (stat C) (|Ji. A i) < 1
proof (rule LIMSEQ-le[OF - tendsto-const], intro exl alll impl)
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fix n
from A(1,3) have A-n: finite (A n)
by auto

from C have C # {}
by (simp add: essential-class-def not-empty-irreducible)
then obtain z where z € C by auto

have (Az. Q_y€A n. gf-Fayzx* (1 —2) /(1 —gf-Uyy2)))) — 2yl
n. Faoyxenn2real (1 / U'yy))) 7L
proof (intro tendsto-intros gf-F, rule lhopital-left)
fix y assume y € A n
with <A n C C» have y € C
by auto
show ((—) 1 —— 0) 7L
by (intro tendsto-eq-intros) simp-all
have recurrent y
using pos|THEN bspec, OF «yeCh] by (simp add: pos-recurrent-def)
then have Uy y = 1
by (simp add: recurrent-iff-U-eq-1)

show (A\z. 1 — gfUyyz) —— 0) ?L
using gf-Ulof y y] «<U y y = 1> by (intro tendsto-eg-intros) auto
show eventually (Az. 1 — gf-Uyyax # 0) ?L
using gf-G-eq-gf-U(2)[OF convergence-G-less-1, where "z=real] by (auto
introl: eventually-at-left-1)
have eventually (Az. 0 < gf-U’ y y z) L
by (intro eventually-at-left-1 gf-U'-pos) (simp-all add: <U yy = 1)
then show eventually (Az. — gf-U’' yyx # 0) ?L
by eventually-elim simp
show eventually (Az. DERIV (Axz. 1 — gf-Uyyx) x> — gf-U' yyz) 2L
by (auto intro!: eventually-at-left-1 derivative-eq-intros DERIV-gf-U)
show eventually (Axz. DERIV ((—) 1) z:> — 1) ?L
by (auto intro!: eventually-at-left-1 derivative-eg-intros)
show (Az. — 1 / — gfU" yyx) — enn2real (1 /| U’ yy)) ?L
using <recurrent y» by (rule inverse-gf-U’-tendsto)
qged
also have (> ycA n. Fzy* enn2real (1 /| U' yy)) = O yeA n. ennlreal
(1)U yy)
proof (intro sum.cong refl)
fix y assume y € A n
with <A n C C» have y € C by auto
with <z € C) have (z, y) € communicating
by (rule essential-classD3[OF C)
with <yeC» have recurrent y (y, z) € acc
using pos| THEN bspec, of y] by (auto simp add: pos-recurrent-def commu-
nicating-def)
then have Uz y = 1
by (rule recurrent-acc)
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with F-le-1[of z y] U-le-F|of  y] have F z y = 1 by simp
then show F z y x enn2real (1 / U'yy) = enn2real (1 /| U’y y)
by simp
qed
finally have le: (> y€A n. enn2real (1 | U'yy)) < 1
proof (rule tendsto-le[OF trivial-limit-at-left-real tendsto-const], intro eventu-
ally-at-left-1)
fix z :: real assume z: 0 < z 2z < 1
with <z € C» have norm z < 1
by auto
then have conv: Az y. convergence-G z y z
by (simp add: convergence-G-less-1)
have (> yeA n. gf-Fzyz /(1 —gfUyyz) =0 yeA n gf-Gay?2)
using <norm z < 1»
apply (intro sum.cong refl)
apply (subst gf-G-eq-gf-F)
apply assumption
apply (subst gf-G-eq-gf-U(1)[OF conv])

apply auto

done
also have ... = (D yeA n. Y. n.pzyn x z'n)

by (simp add: gf-G-def)
alsohave ... = (0 i. > ycAn.pxyixp 27%)

by (subst suminf-sum[OF convergence-G[OF conv]]) simp
also have ... < (Y i. 27%)

proof (intro suminf-le summable-sum convergence-G conv summable-geometric
alll)
fix [
have O yeAn.paxylxrz )= O ycAn.pzyl)*xz "1
by (simp add: sum-distrib-right)
also have ... < 2z 7
proof (intro mult-left-le-one-le)
have (> ycAn.przyl)=Pwin Tz (c ## w) 1l € An)
unfolding p-def using «finite (A n)»
by (subst T'.finite-measure-finite-Union|symmetric|)
(auto simp: disjoint-family-on-def intro!: arg-cong2|where f=measure])
then show (> yeAn. pzyl) <1
by simp
qed (insert z, auto simp: sum-nonneg)
finally show (> yeAn. pzylsxgz"1) <z"1.
qed fact
also have ... =1 /(1 — 2)
using sums-unique[OF geometric-sums, OF <norm z < 1)] ..
finally have () yeA n. gfFzyz /(1 —gfUyyz)<1/(1—-2).
then have (> yecAn. gf-Fzyz/ (1 —gf-Uyyz)* (1 —2) <1
using z by (simp add: field-simps)
then have (> yedA n. gf-Fayz/ (1 —gf-Uyyz) * (1 —2) <1
by (simp add: sum-distrib-right)
then show (> yeAn. gf-Fzyz*x((1 —2) /(1 —gf-Uyy=z)) <1
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by simp
qed

from A-n have emeasure (stat C) (A n) = (3. y€A n. emeasure (stat C) {y})
by (intro emeasure-eq-sum-singleton) simp-all
also have ... = (> y€A n. inverse (U’ y y))
unfolding stat-def U’-def using A(1)[of n]
apply (intro sum.cong refl)
apply (subst emeasure-point-measure-finite2)
apply (auto simp: divide-ennreal-def Collect-conv-if)
done
also have ... = ennreal (3 y€A n. enn2real (1 /| U’y y))
apply (subst sum-ennreal[symmetric], simp)
proof (intro sum.cong refl)
fix y assume y € A n
with <A n C C) pos have pos-recurrent y
by auto
with one-le-integral-t[of y] obtain r where U’ y y = ennreal r 1 < U’ y y
and [simp]: 0 < r
by (cases U’ y y) (auto simp: pos-recurrent-def nn-integral-add)
then show inverse (U’ y y) = ennreal (enn2real (1 /| U’y y))
by (simp add: ennreal-1[symmetric] divide-ennreal inverse-ennreal in-
verse-eq-divide del: ennreal-1)
qed
also have ... < 1
using le by simp
finally show emeasure (stat C) (A n) < 1.
qed
with A show ?thesis
by simp
qed

lemma emeasure-stat-not-C':
assumes y ¢ C
shows emeasure (stat C) {y} = 0
unfolding stat-def using <y ¢ C»
by (subst emeasure-point-measure-finite2) auto

definition stationary-distribution :: 's pmf = bool where
stationary-distribution N <— N = bind-pmf N K

lemma stationary-distributionl:
assumes le: \y. ([ 2. pmf (K z) y Omeasure-pmf N) < pmf N y
shows stationary-distribution N
unfolding stationary-distribution-def
proof (rule pmf-eql antisym)+
fix ¢
show pmf (bind-pmf N K) i < pmf N i
by (simp add: pmf-bind le)
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define Q where Q = N U (|JieN. set-pmf (K 1))
then have Q: countable Q)
by (auto intro: countable-set-pmf)
then interpret N: sigma-finite-measure count-space 2
by (rule sigma-finite-measure-count-space-countable)
interpret pN: pair-sigma-finite N count-space €}
by unfold-locales

have measurable-pmf[measurable]: (A(z, y). pmf (K z) y) € borel-measurable (N
& nm count-space Q)
unfolding measurable-split-conv
apply (rule measurable-compose-countable’|OF - measurable-snd))
apply (rule measurable-compose| OF measurable-fst])
apply (simp-all add: Q)
done

{ assume *: (['y. pmf (K y) i ON) < pmf N i
have 0 < ([y. pmf (K y) i ON)
by (intro integral-nonneg-AE) simp
with x have i: ¢ € set-pmf N i € Q
by (auto simp: set-pmf-iff Q-def not-le[symmetric])
from * have 0 < pmf Ni — ([ y. pmf (K y) i ON)
by (simp add: field-simps)
also have ... = ([t. (pmf Ni — ([y. pmf (K y) i ON)) x indicator {i} ¢
dcount-space Q)
by (simp add: 7)
also have ... < ([t.pmf Nt — [y. pmf (K y) t ON Ocount-space Q)
using le
by (intro integral-mono integrable-diff)
(auto simp: i pmf-bind[symmetric] integrable-pmf field-simps split: split-indicator)
also have ... = ([ t. pmf N ¢ dcount-space Q) — ([t. [y. pmf (K y) t ON
dcount-space Q)
by (subst Bochner-Integration.integral-diff) (auto introl: integrable-pmf simp:
pmyf-bind[symmetric])
also have ([ t. [y. pmf (K y) t ON dcount-space Q) = ([y. [t. pmf (K y) ¢
dcount-space ) ON)
apply (intro pN.Fubini-integral integrable-iff-bounded| THEN iffD2] conjl)
apply (auto simp add: N.nn-integral-fst[symmetric] nn-integral-eg-integral
integrable-pmf)
unfolding less-top[symmetric] unfolding infinity-ennreal-def|[symmetric]
apply (intro integrableD)
apply (auto introl: measure-pmf.integrable-const-bound|where B=1]
simp: AE-measure-pmf-iff integral-nonneg-AE integral-pmf)
done
also have ([ y. [t. pmf (K y) t Ocount-space Q ON) = ([ y. 1 ON)
by (intro integral-cong-AFE)
(auto simp: A E-measure-pmf-iff integral-pmf Q-def introl: measure-pmf.prob-eq-1[THEN
iffD2])

93



finally have Fulse
using measure-pmf.prob-space[of N| by (simp add: integral-pmf field-simps
not-le[symmetric]) }
then show pmf N i < pmf (bind-pmf N K) i
by (auto simp: pmf-bind not-le[symmetric])
qed

lemma stationary-distribution-iterate:
assumes N: stationary-distribution N
shows ennreal (pmf Ny) = ([ Tz. pz y n ON)
proof (induct n arbitrary: y)
have [simp]: Az y. ennreal (if x = y then 1 else 0) = indicator {y} z
by simp
case ( then show ?case
by (simp add: p-0 pmf.rep-eq measure-pmf.emeasure-eq-measure)
next
case (Suc n) with N show ?case
apply (simp add: nn-integral-eg-integral[symmetric] p-le-1 p-Suc’
measure-pmf .integrable-const-bound[where B=1])
apply (subst nn-integral-bind|[symmetric, where B=count-space UNIV])
apply (auto simp: stationary-distribution-def measure-pmf-bind[symmetric)
simp del: measurable-pmf-measurel)
done
qed

lemma stationary-distribution-iterate’:
assumes stationary-distribution N
shows measure N {y} = ([ z. p z y n ON)
using stationary-distribution-iterate] OF assms]
by (subst (asm) nn-integral-eq-integral)
(auto intro!: measure-pmf.integrable-const-bound[where B=1] simp: p-le-1
pmf.rep-eq)

lemma stationary-distributionD:
assumes C': essential-class C countable C
assumes N: stationary-distribution N N C C
shows VzeC'. pos-recurrent x measure-pmf N = stat C
proof —
have integrable-K: \f x. integrable N (As. pmf (K s) (f z))
by (rule measure-pmf.integrable-const-bound|where B=1]) (simp-all add: pmf-le-1)

have measure-C: measure N C = 1 and ae-C: AExin N. z € C
using N C measure-pmf.prob-eq-1[of C| by (auto simp: AE-measure-pmf-iff)

have integrable-p: A\n y. integrable N (Az. p x y n)
by (rule measure-pmf.integrable-const-bound|where B=1]) (simp-all add: p-le-1)

{ fix e :: real assume 0 < e
then have [simp]: 0 < e by simp

94



have FACC. finite AN 1 — e < measure N A
proof (rule ccontr)
assume contr: - (3A C C. finite AN 1 — e < measure N A)
from finite-sequence-to-countable-set|OF <countable C)
obtain F where F: A\i. Fi C C N\i. Fi C F (Suc i) \i. finite (F i) |J
(range F) = C
by blast
then have *: (An. measure N (F n)) —— measure N (|J1i. F i)
by (intro measure-pmf . finite- Lim-measure-incseq) (auto simp: incseq-Suc-iff)
with F contr have measure N (|Ji. Fi) < 1 — e
by (intro LIMSEQ-le[OF * tendsto-const]) (auto simp: not-less)
with F' <0 < e» show Fulse
by (simp add: measure-C')
qed
then obtain A where A C C finite A and e: 1 — e < measure N A by auto

{ fix y n assume y € C
from N(1) have measure N {y} = ([z. pzy n ON)
by (rule stationary-distribution-iterate’)
also have ... < ([ z. p z y n * indicator A © + indicator (C — A) z ON)
using ae-C <A C C»
by (intro integral-mono-AE)
(auto elim!: eventually-mono
introl: integral-add integral-indicator p-le-1 integrable-real-mult-indicator
integrable-add
split: split-indicator simp: integrable-p less-top[symmetric] top-unique)
also have ... = ([ z. p x y n * indicator A © ON) + measure N (C' — A)
using ae-C <A C C»
apply (subst Bochner-Integration.integral-add)
apply (auto elim!: eventually-mono
intro!: integral-add integral-indicator p-le-1 integrable-real-mult-indicator
split: split-indicator simp: integrable-p less-top|[symmetric] top-unique)
done
also have ... < ([z. p z y n * indicator A © ON) + e
using e <A C C» by (simp add: measure-pmf.finite-measure-Diff measure-C')
finally have measure N {y} < ([ z. p z y n * indicator A © ON) + e .
then have emeasure N {y} < ennreal ([ z. p zy n * indicator A x ON) + e
by (simp add: measure-pmf.emeasure-eq-measure ennreal-plus[symmetric|
del: ennreal-plus)
also have ... = ([ *z. ennreal (p z y n) * indicator A x ON) + e
by (subst nn-integral-eg-integral[symmetric])
(auto introl: measure-pmf.integrable-const-bound[where B=1]
simp: abs-mult p-le-1 mult-le-one ennreal-indicator ennreal-mult)
finally have emeasure N {y} < ([ Tz. ennreal (p z y n) * indicator A z ON)
+e.}
note v-le = this

{ fix yand z :: real assume y: y € Cand 2: 0 < z2 < 1
have summable-int-p: summable (An. ([ z. p z y n * indicator A x ON) * (1
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—2)xz n)
using <yeC» z <A C C»
by (auto intro!: summable-comparison-test|OF - summable-mult| OF summable-geometric|of
z], of 1]] exI[of - 0] mult-le-one
measure-pmf .integral-le-const integrable-real-mult-indicator
integrable-p AE-I2 p-le-1
stmp: abs-mult integral-nonneg-AE)

from y z have sums-y: (An. measure N {y} = (I — z) * z ~ n) sums measure
N {y}
using sums-mult|OF geometric-sums|of z], of measure N {y} = (1 — z)] by
stmp
then have emeasure N {y} = ennreal (> n. (measure N {y} * (1 — 2)) x z
~ )
by (auto simp add: sums-unique[symmetric] measure-pmf.emeasure-eq-measure)
also have ... = (> n. emeasure N {y} * (1 — 2) * z " n)
using z summable-mult| OF summable-geometric[of 2], of measure-pmf.prob
N {g} (1 — 2)
by (subst suminf-ennrealsymmetric))
(auto simp: measure-pmf.emeasure-eq-measure ennreal-mult[symmetric]
ennreal-suminf-neq-top)
also have ... < (3" n. (([ T=. ennreal (p z y n) * indicator A © IN) + €) *
(1 —2)%xz " n)
using (yeC» z <A C C»
by (intro suminf-le mult-right-mono v-le alll)
(auto simp: measure-pmf.emeasure-eq-measure)
also have ... = (3 n. ([ Tz. ennreal (p z y n) * indicator A © ON) x (1 —
z) %z n)+e
using 0 < e z sums-mult[OF geometric-sums|of z], of e x (1 — 2)] <0<z
z<1»
by (simp add: distrib-right suminf-add]symmetric] ennreal-suminf-cmult[symmetric)
ennreal-mult[symmetric] suminf-ennreal-eq sums-unique[symmetric|
del: ennreal-suminf-cmult)
also have ... = (3" n. ennreal (1 — 2) * (([ Tz. ennreal (p z y n) * indicator
Az ON)*xz " "n))+e
by (simp add: ac-simps)
also have ... = ennreal (1 — z) * (3 n. ([ Ta. ennreal (p z y n) % indicator
Az ON)xz "n)) +e
using z by (subst ennreal-suminf-cmult) simp-all
also have (Y n. ([ Tz. ennreal (p z y n) * indicator A  ON) * z "~ n)) =
(> n. ([ Tz ennreal (p xy n * z " n) * indicator A z ON))
using z by (simp add: ac-simps nn-integral-cmult[symmetric] ennreal-mult)
also have ... = ([ "z. ennreal (gf-G z y z) * indicator A © ON)
using 2z
apply (subst nn-integral-suminf[symmetric])
apply (auto simp add: gf-G-def simp del: suminf-ennreal
introl: ennreal-mult-right-cong suminf-ennreal2 nn-integral-cong)
apply (intro summable-comparison-test|OF - summable-mult[ OF summable-geometric|of

2, of 1] impl)
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apply (simp-all add: abs-mult p-le-1 mult-le-one power-le-one split: split-indicator)

done
also have ... = ([ tz. ennreal (gf-F z y z x gf-G y y z) * indicator A x ON)
using z by (intro nn-integral-cong) (simp add: gf-G-eq-gf-F[symmetric])
also have ... = ennreal (9f-G y y z) * ([ Tx. ennreal (gf-F z y z) * indicator
Az ON)

using z by (subst nn-integral-cmult[symmetric]) (simp-all add: gf-G-nonneg
gf-F-nonneg ac-simps ennreal-mult)
also have ... = ennreal (1 / (1 — gf-Uvyy2)) * ([ Tz. ennreal (9f-F z y 2)
* indicator A © ON)
using z <y € C) by (subst gf-G-eq-gf-U) (auto introl: convergence-G-less-1)
finally have emeasure N {y} < ennreal (1 — 2) / (1 — gf-Uyyz)) = ([ Tz
g9f-F z y z % indicator A x ON) + e
using z
by (subst (asm) mult.assoc[symmetric])
(simp add: ennreal-indicator[symmetric] ennreal-mult’[symmetric] gf-F-nonneg)
then have measure N {y} < (I —2) /(1 — gf-Uyyz)* ([z. gf-Fzyzx
indicator A x ON) + e
using z
by (subst (asm) nn-integral-eg-integral| OF measure-pmf .integrable-const-bound[where
B=1])
(auto simp: gf-F-nonneg gf-U-le-1 gf-F-le-1 measure-pmf.emeasure-eq-measure
mult-le-one
ennreal-mult'[symmetric] ennreal-plus[symmetric|
simp del: ennreal-plus) }
then have 3A C C. finite AN (VyeC.Vz. 0 < z — z < 1 — measure N
{y} <1 —2) /(1 —gfUyyz) = ([z gf-F zyz* indicator A  ON) + e)
using <A C O «finite Ay by auto }
note eps = this

{ fix y A assume y € C finite A AC C
then have ((A\z. [ z. gf-F z y z % indicator A © ON) —— [ x. F z y  indicator
A x ON) (at-left 1)
by (subst (1 2) integral-measure-pmf[of A]) (auto introl: tendsto-intros gf-F
simp: indicator-eq-0-iff ) }
note int-gf-F = this

have all-recurrent: ¥ ye C. recurrent y
proof (rule ccontr)
assume — (Y yeC. recurrent y)
then obtain = where z € C — recurrent x by auto
then have transient: Az. x € C = — recurrent z
using C by (auto simp: essential-class-def recurrent-iffI-communicating[symmetric]
elim!: quotientFE)

{ fix y assume y € C
with transient have Uy y < 1
by (metis recurrent-iff-U-eq-1 U-cases)
have measure N {y} < 0
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proof (rule dense-ge)
fix e :: real assume 0 < e
from eps[OF this] <y € C» obtain A where
A: finite A A C C and
lee Nz. 0 < z= z2< 1 = measure N {y} < (1 —2)/ (1 —gf-Uyy
z) x ([@. gf-F zy z = indicator A  ON) + e
by auto
have ((Az. (1 —2) / (I — gfFUyy2) * ([z. gf-F z y z = indicator A x
ON) +e) —
(1 —1)/ (1 = Uyy) = (Jz. Fzyx indicator A x ON) + e) (at-left
(1::real))
using A «Uyy < 1) <y € C by (intro tendsto-intros gf-U int-gf-F) auto
then have 1: (Mz. (1 —2) / (I — gf-Uyyz2) = ([ 2. gf-F z y z * indicator
Az ON) + e) —— e) (at-left (1::real))
by simp
with le show measure N {y} < e
by (intro tendsto-le[OF trivial-limit-at-left-real - tendsto-const])
(auto simp: eventually-at-left-1)
qed
then have measure N {y} = 0
by (intro antisym measure-nonneg) }
then have emeasure N C = 0
by (subst emeasure-countable-singleton) (auto simp: measure-pmf.emeasure-eq-measure
nn-integral-0-iff-AE ae-C C)
then show Fulse
using <measure N C = 1) by (simp add: measure-pmf.emeasure-eq-measure)
qed
then have A\z. 1 € C = Uz z =1
by (metis recurrent-iff-U-eq-1)

{ fix y assume y € C
then have Uy y = 1 recurrent y
using <y € C = Uy y = 1> all-recurrent by auto
have measure N {y} < enn2real (1 /| U’ y y)
proof (rule field-le-epsilon)
fix e :: real assume 0 < e
from eps[OF <0 < e] <y € C» obtain A where
A: finite A A C C and
lee Nz. 0 < 2= z2< 1 = measure N {y} < (1 —2)/ (1 — gf-Uyy=z)
* ([z. gf-F z y z * indicator A © ON) + e
by auto
let ?L = at-left (1::real)
have (M\z. (1 —2) / (I — gf-Uyyz) x ([ gf-F zyz * indicator A z ON)
+e ——
ennreal (1 / U’ yy) = ([ 2. Fzy * indicator A z ON) + €) ?L
proof (intro tendsto-add tendsto-const tendsto-mult int-gf-F,
rule lhopital-leftfwhere f'=Az. — 1 and g'=Xz. — gf-U’ y y 2])
show ((—=) I —— 0) ?L ((Az. 1 — gf-Uyyz) — 0) ?L
using gf-Ulof y y] by (auto intro!: tendsto-eq-intros simp: «<Uyy = 1))
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show y € C finite A A C C by fact+
show eventually (Az. 1 — gf-Uyyx # 0) ?L
using gf-G-eq-gf-U(2)[OF convergence-G-less-1, where "z=real] by (auto
introl: eventually-at-left-1)
show ((Az. — 1 / — gf-U'yyz) —— enn2real (1 / U’ yy)) ?L
using <recurrent y» by (rule inverse-gf-U’-tendsto)
have eventually (Az. 0 < gf-U’ y y z) L
by (intro eventually-at-left-1 gf-U'-pos) (simp-all add: <U y y = 1»)
then show eventually (Az. — gf-U’' yyx # 0) ?L
by eventually-elim simp
show eventually (Az. DERIV (Mx. 1 — gf-Uyyzx)z:>— gf-U ' yyzx) ?L
by (auto intro!: eventually-at-left-1 derivative-eq-intros DERIV-gf-U)
show eventually (Axz. DERIV ((—) 1) z:> — 1) L
by (auto intro!: eventually-at-left-1 derivative-eg-intros)
qed
then have measure N {y} < enn2real (1 /| U'yy) * ([ 2. F z y * indicator
Az ON)+ e
by (rule tendsto-le[OF trivial-limit-at-left-real - tendsto-const]) (intro even-
tually-at-left-1 le)
then have measure N {y} — e < enn2real (1 /| U' yy) * (fz. Fzy *
indicator A z ON)
by simp
also have ... < enn2real (1 /| U’y y)
using A
by (intro mult-left-le measure-pmf .integral-le-const measure-pmf .integrable-const-bound|where
B—1))
(auto simp: mult-le-one F-le-1 U'-def)
finally show measure N {y} < enn2real (1 /| U’ yy) + ¢
by simp
qed }
note measure-y-le = this

show pos: VyeC. pos-recurrent y
proof (rule ccontr)
assume — (VyeC. pos-recurrent y)
then obtain z where z: x € C — pos-recurrent © by auto
{ fix y assume y € C
with z have — pos-recurrent y
using C by (auto simp: essential-class-def pos-recurrent-iffI-communicating[symmetric)
elim!: quotientFE)
with all-recurrent <y € C» have enn2real (1 /| U' yy) =0
by (simp add: pos-recurrent-def nn-integral-add)
with measure-y-le]OF <y € C»] have measure N {y} = 0
by (auto intro!: antisym simp: pos-recurrent-def) }
then have emeasure N C = 0
by (subst emeasure-countable-singleton) (auto simp: C ae-C measure-pmf.emeasure-eq-measure
nn-integral-0-iff-AE)
then show Fulse
using <measure N C' = 1> by (simp add: measure-pmf.emeasure-eq-measure)

99



qed

{ fix A :: 's set assume [simp]: countable A
have emeasure N A = ([ Tx. emeasure N {z} Ocount-space A)
by (intro emeasure-countable-singleton) auto
also have ... < ([ *z. emeasure (stat C) {z} dcount-space A)
proof (intro nn-integral-mono)
fix y assume y € space (count-space A)
show emeasure N {y} < emeasure (stat C) {y}
proof cases
assume y € C
with pos have pos-recurrent y
by auto
with one-le-integral-t[of y] obtain r where r: U’ y y = ennreal v 1 < U’
y y and [simp]: 0 < r
by (cases U’ y y) (auto simp: pos-recurrent-def nn-integral-add)

from measure-y-le[OF <y € C)]
have emeasure N {y} < ennreal (enn2real (1 /| U’y y))
by (simp add: measure-pmf.emeasure-eq-measure)
also have ... = emeasure (stat C) {y}
unfolding stat-def using <y € C» r
by (subst emeasure-point-measure-finite2)
(auto simp add: ennreal-1[symmetric] divide-ennreal inverse-ennreal
inverse-eq-divide ennreal-mult[symmetric]
simp del: ennreal-1)
finally show emeasure N {y} < emeasure (stat C) {y}
by simp
next
assume y ¢ C
with ae-C have emeasure N {y} = 0
by (subst AE-iff-measurable[symmetric, where P=Az. z # y]) (auto elim!:
eventually-mono)
moreover have emeasure (stat C) {y} = 0
using emeasure-stat-not-C[OF «y ¢ C)] .
ultimately show ?thesis by simp
qed
qed
also have ... = emeasure (stat C) A
by (intro emeasure-countable-singleton[symmetric]) auto
finally have emeasure N A < emeasure (stat C) A . }
note N-le-C' = this

from stat-subprob[OF C(1) <countable C» pos] N-le-C[OF <countable C)] <mea-
sure N C = 1)
have stat-C-eq-1: emeasure (stat C) C = 1
by (auto simp add: measure-pmf.emeasure-eq-measure one-ennreal-def)
moreover have emeasure (stat C) (UNIV — C) = 0
by (subst AE-iff-measurable[symmetric, where P=Xz. z € ()
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(auto simp: stat-def AE-point-measure sets-point-measure space-point-measure
split: split-indicator cong del: AE-cong)
ultimately have emeasure (stat C) (space (stat C)) = 1
using plus-emeasure[of C stat C UNIV — C] by (simp add: Un-absorbl)
interpret stat: prob-space stat C
by standard fact

show measure-pmf N = stat C
proof (rule measure-eql-countable-AE)
show sets N = UNIV sets (stat C) = UNIV
by auto
show countable C AE x in N. x € C and ae-stat: AE z in stat C. z € C
using C ae-C stat-C-eq-1 by (auto intro!: stat. AE-prob-1 simp: stat.emeasure-eq-measure)

{ assume Jz. emeasure N {z} # emeasure (stat C) {z}
then obtain = where [simp]: emeasure N {z} # emeasure (stat C) {z} by
auto
with N-le-C[of {z}] have z: emeasure N {z} < emeasure (stat C) {z}
by (auto simp: less-le)
have 1 = emeasure N {z} + emeasure N (C — {z})
using ae-C
by (subst plus-emeasure) (auto intro!: measure-pmf.emeasure-eq-1-AF)
also have ... < emeasure (stat C) {z} + emeasure (stat C) (C — {z})
using z N-le-Clof C — {z}] C ae-C
by (simp add: stat.emeasure-eq-measure measure-pmf.emeasure-eq-measure
ennreal-plus[symmetric] ennreal-less-iff
del: ennreal-plus)
also have ... = 1
using ae-stat by (subst plus-emeasure) (auto introl: stat.emeasure-eq-1-AE)
finally have Fulse by simp }
then show Az. emeasure N {x} = emeasure (stat C) {z} by auto
qed
qed

lemma measure-point-measure-singleton:
z € A = measure (point-measure A X) {z} = enn2real (X z)
unfolding measure-def by (subst emeasure-point-measure-finite2) auto

lemma stationary-distribution-imp-int-t:
assumes C': essential-class C countable C stationary-distribution N N C C
assumes z: ¢ € C shows U’z = 1 / ennreal (pmf N z)
proof —
from stationary-distributionD[OF C]
have measure-pmf N = stat C' and *x: YV z€C. pos-recurrent x by auto
show ?thesis
unfolding «<measure-pmf N = stat C» pmf.rep-eq stat-def
using *[THEN bspec, OF x| x
apply (simp add: measure-point-measure-singleton)
apply (cases U’ z 1)

101



subgoal for r
by (cases r = 0)
(simp-all add: divide-ennreal-def inverse-ennreal)
apply simp
done
qed

definition period-set = {i. 0 < i N0 <pzzi}
definition period C = (SOME d. VzeC. d = Ged (period-set x))

lemma Gcd-period-set-invariant:
assumes c: (z, y) € communicating
shows Ged (period-set x) = Ged (period-set y)
proof —
{ fix z y n assume c: (z, y) € communicating x # y and n: n € period-set x
from c obtain [ k where 0 < pzyl0 <pyzk
by (auto simp: communicating-def dest!: accD-pos)
moreover with «x # y» have | # 0 ANk # 0
by (intro notl conjl) (auto simp: p-0)
ultimately have pos: 0 < [0 < kand l: 0 <pzyland k: 0 <pyzk
by auto

from mult-pos-pos[OF k I] prob-reachable-le[of k k + Ly z y] ¢
have k-I: 0 <pyy (k+ 1)
by simp
then have Ged (period-set y) dvd k + 1
using pos by (auto introl: Ged-dvd-nat simp: period-set-def)
moreover
from n have 0 < pzzn 0 < n by (auto simp: period-set-def)
from mult-pos-pos|OF k this(1)] prob-reachable-lelof k k + n y z ] ¢
have 0 < pyz (k+ n)
by simp
from mult-pos-pos|OF this(1) ] prob-reachable-le[of k + n (k+ n) + lyz y] ¢
have 0 <pyy (k+n+ 1)
by simp
then have Ged (period-set y) dvd (k + 1) + n
using pos by (auto introl: Ged-dvd-nat simp: period-set-def ac-simps)
ultimately have Gcd (period-set y) dvd n
by (metis dvd-add-left-iff add.commute) }
note this[of = y| this[of y z] ¢
moreover have (y, z) € communicating
using ¢ by (simp add: communicating-def)
ultimately show %thesis
by (auto intro: dvd-antisym Gcd-greatest Ged-dvd)
qed

lemma period-eq:

assumes C € UNIV // communicating z € C
shows period C = Ged (period-set x)
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unfolding period-def

using assms

by (rule-tac somel2[where a=Gcd (period-set x)])
(auto introl: Ged-period-set-invariant irreducibleD)

definition aperiodic C +— C € UNIV |/ communicating A period C = 1

definition not-ephemeral C +— C € UNIV // communicating A = (3z. C =
{z} ANpzzl=0)

lemma not-ephemeralD:
assumes C: not-ephemeral C x € C
shows I3n>0. 0 < pzxxn
proof cases
assume Jz. C = {z}
with <z € C» have C = {z} by auto
with C p-nonneglof z z 1] have 0 < pz z 1
by (auto simp: not-ephemeral-def less-le)
with «C = {z}» show ?thesis by auto
next
from C have irr: C € UNIV /] communicating
by (auto simp: not-ephemeral-def)
assume —(3z. C = {z})
then have Vz. C # {z} by auto
with <z € C) obtain y where y € Cz # y
by blast
with irreducibleD[OF irr, of z y] C «x € C» have c¢: (z, y) € communicating by
auto
with accD-pos[of x y] accD-pos|of y ]
obtain k [ where pos: 0 <pzxzyk 0 <pyzxl
by (auto simp: communicating-def)
with «z # y» have | # 0
by (intro notl) (auto simp: p-0)
have 0 < pzyk*xpyz (k+1—k)
using pos by auto
alsohave prykxpyc(k+1—k) <pzz(k+1
using prob-reachable-le[of k k + | x y z] ¢ by auto
finally show ?thesis
using « # 0y «x € C» by (auto introl: exI[of - k + 1))
qed

lemma not-ephemeralD-pos-period:
assumes C': not-ephemeral C
shows 0 < period C
proof —
from C not-empty-irreducible[of C] obtain z where z € C
by (auto simp: not-ephemeral-def)
from not-ephemeralD[OF C' this)
obtain n where n: 0 < pzzn 0 < n by auto
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have C”: C € UNIV // communicating
using C by (auto simp: not-ephemeral-def)

have period C' # 0
unfolding period-eq [OF C' «x € C)]
using n by (auto simp: period-set-def)
then show ?thesis by auto
qed

lemma period-posD:
assumes C: C € UNIV // communicating and 0 < period C z € C
shows I3n>0. 0 < pzxxn

proof —
from <0 < period C» have period C # 0
by auto

then show ?thesis
unfolding period-eq [OF C «x € C)]
unfolding period-set-def by auto
qed

lemma not-ephemeralD-pos-period’:
assumes C: C € UNIV // communicating
shows not-ephemeral C <— 0 < period C
proof (auto dest!: not-ephemeralD-pos-period intro: C)
from C not-empty-irreducible[of C] obtain z where z € C
by (auto simp: not-ephemeral-def)

assume 0 < period C
then show not-ephemeral C
apply (auto simp: not-ephemeral-def C')
oops — should be easy to finish

lemma eventually-periodic:
assumes C: C € UNIV // communicating 0 < period C z € C
shows eventually (Am. 0 < p z z (m * period C)) sequentially
proof —
from period-posD[OF assms| obtain n where n: 0 < px zn 0 < n by auto
have C" C € UNIV // communicating
using C by auto

have period C # 0
unfolding period-eq [OF C' <z € C)]
using n by (auto simp: period-set-def)
have eventually (Am. m * Ged (period-set x) € (period-set )) sequentially
proof (rule eventually-mult-Ged)
show n > 0 n € period-set x©
using n by (auto simp add: period-set-def)
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fix k| assume k € period-set x| € period-set
then have 0 < pzzk*xpzxzxzl0 <0<k
by (auto simp: period-set-def)
moreover have pzzksxpzzl<pzz (k+1)
using prob-reachable-le[of k k + l z z z] <z € C»
by auto
ultimately show k + | € period-set x
using <0 < I» by (auto simp: period-set-def)
qed
with eventually-ge-at-top[of 1] show eventually (Am. 0 < p z z (m * period C))
sequentially
by eventually-elim
(insert «period C # 0> period-eq|OF C' <z € C», symmetric], auto simp:
period-set-def)
qed

lemma aperiodic-eventually-recurrent:
aperiodic C «— C € UNIV [/ communicating A (Yz€C. eventually (Am. 0 <
p T xm) sequentially)
proof safe
fix z assume z € C aperiodic C
with eventually-periodic[of C ]
show eventually (Am. 0 < p z & m) sequentially
by (auto simp add: aperiodic-def)
next
assume VzeC. eventually (Am. 0 < p z x m) sequentially and C: C € UNIV
// communicating
moreover from not-empty-irreducible] OF C] obtain = where z € C by auto
ultimately obtain N where AM. M>N — 0 <pzaz M
by (auto simp: eventually-sequentially)
then have {N <..} C period-set x
by (auto simp: period-set-def)
from C show aperiodic C
unfolding period-eq [OF C «x € C)] aperiodic-def
proof
show Gcd (period-set z) = 1
proof (rule Ged-eql)
from one-dvd show 1 dvd q for q :: nat .
fix m
assume Agq. ¢ € period-set = m dvd q
moreover from ({N <..} C period-set z»
have {Suc N, Suc (Suc N)} C period-set ©
by auto
ultimately have m dvd Suc (Suc N) and m dvd Suc N
by auto
then have m dvd Suc (Suc N) — Suc N
by (rule dvd-diff-nat)

then show is-unit m
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by simp
qed simp
qed
qed (simp add: aperiodic-def)

lemma stationary-distributionD-emeasure:
assumes N: stationary-distribution N
shows emeasure N A = ([ *s. emeasure (K s) A ON)
proof —
have prob-space (measure-pmf N)
by intro-locales
then interpret subprob-space measure-pmf N
by (rule prob-space-imp-subprob-space)
show ?thesis
unfolding measure-pmf.emeasure-eq-measure
apply (subst N[unfolded stationary-distribution-def])
apply (simp add: measure-pmf-bind)
apply (subst measure-pmf.measure-bind[where N=count-space UNIV])
apply (rule measurable-compose| OF - measurable-measure-pmf])
apply (auto introl: nn-integral-eq-integral[symmetric] measure-pmf .integrable-const-bound[where
B=1))
done
qed

lemma communicatingD1 :
C € UNIV /] communicating = (a, b) € communicating — a € C = b €
C

by (auto elim!: quotientE) (auto simp add: communicating-def)

lemma communicatingD?2:
C € UNIV /| communicating = (a, b) € communicating => b € C = a €
c

by (auto elim!: quotientE) (auto simp add: communicating-def)

lemma acc-iff: (z, y) € acc +— (3n. 0 < pzyn)
by (blast intro: accD-pos accl-pos)

lemma communicating-iff: (z, y) € communicating <— (In. 0 < pzyn) A (In.
0<pyzn)
by (auto simp add: acc-iff communicating-def)

end

context MC-pair
begin

lemma p-eq-p1-p2:

p(xl,22) (yl,y2) n=Kl.pzl yl nx K2.pz2y2n
unfolding p-def K1.p-def K2.p-def
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by (subst prod-eq-prob-T')
(auto introl: arg-cong2|where f=measure] split: nat.splits simp: Stream-snth)

lemma P-accD:
assumes ((z1, z2), (y1, y2)) € accshows (z1, y1) € K1.acc (22, y2) € K2.acc
using assms by (auto simp: acc-iff K1.acc-iff K2.acc-iff p-eq-p1-p2 zero-less-mult-iff
not-le[of 0, symmetric]
cong: conj-cong)

lemma aperiodicl-pair:
assumes C1: K1.aperiodic C1 and C2: K2.aperiodic C2
shows aperiodic (C1 x C2)
unfolding aperiodic-eventually-recurrent
proof safe
from C1[unfolded K1 .aperiodic-eventually-recurrent] C2[unfolded K2.aperiodic-eventually-recurrent)
have C1: C1 € UNIV // K1.communicating and C2: C2 € UNIV /] K2.communicating
and
ev: Az. © € C1 = eventually (Am. 0 < K1.p x x m) sequentially N\z. x € C2
= eventually (Am. 0 < K2.p x z m) sequentially
by auto
{ fix z1 22 assume z: 1 € C1 22 € C2
from ev(1)[OF x(1)] ev(2)[OF z(2)]
show eventually (Am. 0 < p (z1, 22) (z1, x2) m) sequentially
by eventually-elim (simp add: p-eq-p1-p2 x) }

{ fix z1 22 y1 y2
assume acc: (z1, y1) € Kl.acc (22, y2) € K2.accxl € C1 yl € C1 22 € C2
y2 € C2
then obtain £ [ where 0 < Ki.pxzl y110 < K2.p 22 y2k
by (auto dest!: K1.accD-pos K2.accD-pos)
with acc ev(1)[of y1] ev(2)[of y2]
have eventually (Am. 0 < Kil.pxl yl 1l Kl.pyl yI m A0 < K2.p 22 y2 k
x K2.p y2 y2 m) sequentially
by (auto elim: eventually-elim?2)
then have eventually (Am. 0 < K1.pxzl yl (m+ 1) A0 < K2.p 22 y2 (m +
k)) sequentially
proof eventually-elim
fix massume 0 < Kl.pzxl yll+« Ki.pyl yl mA 0 < K2pz2y2kx*x K2.p
y2 y2 m
with acc
K1 .prob-reachable-le[of 1 | + m x1 y1 yI]
K2.prob-reachable-le[of k k + m z2 y2 y2]
show 0 < Kl.pzl yl (m+ 1) A0 < K2.pz2y2 (m+ k)
by (auto simp add: ac-simps)
qed
then have eventually (Am. 0 < KI.pzl yl m A 0 < K2.p 22 y2 m) sequentially
unfolding eventually-conj-iff by (subst (asm) (1 2) eventually-sequentially-seq)
(auto elim: eventually-elim2)
then obtain N where 0 < Ki1.p 2l yI N0 < K2.p 22 y2 N
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by (auto simp: eventually-sequentially)
with acc have 0 < p (z1, 22) (y1, y2) N
by (auto simp add: p-eq-p1-p2)
with acc have ((z1, 22), (y1, y2)) € acc
by (auto intro!: accl-pos) }
note 1 = this

{ fix 1 22 y1 y2 assume acc:((z1, z2), (yI, y2)) € acc
moreover from acc obtain k where 0 < p (21, z2) (yI, y2) k by (auto
dest!: accD-pos)
ultimately have (z1, y1) € KI.acc A (22, y2) € K2.acc
by (subst (asm) p-eq-p1-p2)
(auto introl: K1.accl-pos K2.accl-pos simp: zero-less-mult-iff not-le[of 0,
symmetric]) }
note 2 = this

from K1.not-empty-irreducible]OF C1] K2.not-empty-irreducible[OF C2]
obtain z1 22 where zC: z1 € C1 22 € C2 by auto
show C1 x C2 € UNIV // communicating

apply (simp add: quotient-def Image-def)

apply (safe introl: exI[of - x1] exI]of - 22])
proof —

fix yI y2 assume yC: y1 € C1 y2 € C2

from K1 .irreducibleD|OF C1 <zl € C1» <yl € CI] K2.irreducibleD[OF C2

@2 € C2 «y2 € C2))
show ((z1, 22), (y1, y2)) € communicating
using 1[of z1 y1 22 y2] 1]of yI z1 y2 22] zC yC

by (auto simp: communicating-def K1.communicating-def K2.commaunicating-def)
next

fix yI y2 assume ((z1, 22), (yI, y2)) € communicating

with 2[of 21 22 y1 y2] 2[of y1 y2 z1 z2]

have (z1, y1) € KI1.communicating (22, y2) € K2.communicating

by (auto simp: communicating-def K1.communicating-def K2.commaunicating-def)

with zC show y1 € C1 y2 € C2

using K1.communicatingD1[OF C1] K2.communicatingD1[OF C2] by auto
qed
qed

lemma stationary-distributionl-pair:
assumes N1: K1.stationary-distribution N1
assumes N2: K2.stationary-distribution N2
shows stationary-distribution (pair-pmf N1 N2)
unfolding stationary-distribution-def
unfolding Kp-def pair-pmf-def
apply (subst N1[unfolded K1 .stationary-distribution-def])
apply (subst N2[unfolded K2.stationary-distribution-def])
apply (simp add: bind-assoc-pmf bind-return-pmf)
apply (subst bind-commute-pmf|of N2])
apply simp
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done
end

context MC-syntax
begin

lemma stationary-distribution-imp-limit:
assumes C': aperiodic C essential-class C countable C and N: stationary-distribution
NNCC
assumes [simp]: y € C
shows (An. [z. |p y z n — pmf N z| dcount-space C) —— 0
(is 2L —— 0)
proof —
from <essential-class C» have C-comm: C' € UNIV [/ communicating
by (simp add: essential-class-def)

define K’ where K' = (ASome x = map-pmf Some (K z) | None = map-pmf
Some N)

interpret K2: MC-syntax K' .
interpret KN: MC-pair K K' .

from stationary-distributionD[OF C(2,3) N]
have pos: \z. x € C = pos-recurrent z and measure-pmf N = stat C' by auto

have pos: Az. © € C = 0 < emeasure N {z}
using pos unfolding stat-def <measure-pmf N = stat C"
by (subst emeasure-point-measure-finite2)
(auto simp: U’-def pos-recurrent-def nn-integral-add ennreal-zero-less-divide
less-top)
then have rmpos: Az. 2 € C = 0 < pmf Nz
by (simp add: measure-pmf.emeasure-eq-measure pmf.rep-eq)

have eq: Az y. (if z = y then 1 else 0) = indicator {y} = by auto

have intK: N\fz. ([ z. (fz :: real) OK' (Some z)) = ([ z. f (Some z) K x)
by (simp add: K'-def integral-distr map-pmf-rep-eq)

{fixmand z y :: ’s
have K2.p (Some z) (Some y) m =pzxym
by (induct m arbitrary: x)
(auto introl: integral-cong simp add: K2.p-Suc’ p-Suc’ intK K2.p-0 p-0) }
note K-p-eq = this

{ fix n and z :: 's have K2.p (Some z) Nonen = 0
by (induct n arbitrary: x) (auto simp: K2.p-Suc’ K2.p-0 intK cong: inte-

gral-cong) }
note K-S-None = this
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from not-empty-irreducible] OF C-comm] obtain c0 where c0: c0 € C by auto

have K2-acc: Nz y. (Some z, y) € K2.acc +— (Fz. y = Some z A (z, z) € acc)
apply (auto simp: K2.acc-iff acc-iff K-p-eq)
apply (case-tac y)
apply (auto simp: K-p-eq K-S-None)
done

have K2-communicating: N\c . ¢ € C = (Some ¢, z) € K2.communicating
+— (3c’eC. z = Some ¢’)
proof safe
fix x c assume ¢ € C (Some ¢, z) € K2.communicating
then show J¢’eC. z = Some ¢’
by (cases x)
(auto simp: communicating-iff K2.communicating-iff K-p-eq K-S-None intro!:
irreducibleD2[OF C-comm (c€Ch])
next
fix cc’zassume ce Cc'e C
with irreducibleD[OF C-comm this] show (Some ¢, Some ¢’) € K2.communicating
by (auto simp: K2.communicating-iff communicating-iff K-p-eq)
qed

have Some * C € UNIV /] K2.communicating
by (auto simp add: quotient-def Image-def c0 K2-communicating
introl: exI[of - Some c0])
then have K2.essential-class (Some ¢ C)
by (rule K2.essential-classI)
(auto simp: K2-acc essential-classD2[OF <essential-class C»)])

have K2.aperiodic (Some ‘ C')
unfolding K2.aperiodic-eventually-recurrent
proof safe
fix  assume z € C then show eventually (Am. 0 < K2.p (Some z) (Some
x) m) sequentially
using <aperiodic C» unfolding aperiodic-eventually-recurrent
by (auto elim!: eventually-mono simp: K-p-eq)
qed fact
then have aperiodic: KN.aperiodic (C' x Some ¢ C)
by (rule KN .aperiodicI-pair|OF <aperiodic C5))

have KN-essential: KN.essential-class (C x Some ¢ C)
proof (rule KN.essential-classl)

show C x Some * C € UNIV // KN.communicating

using aperiodic by (simp add: KN.aperiodic-def)

next

fix z y assume z € C x Some ‘ C (z, y) € KN.acc

with KN.P-accD|of fst x snd x fst y snd y]

show y € C x Some ‘ C
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by (cases x y rule: prod.ezhaust|case-product prod.exhaust])
(auto simp: K2-acc essential-classD2[OF <essential-class C»))
qed

{fixnand zy :: ’s
have measure N {y} = P(w in K2.T None. (None ## w) ! (Suc n) = Some
y)
unfolding stationary-distribution-iterate’|OF N(1), of y n]
apply (subst K2.p-def[symmetric])
apply (subst K2.p-Suc’)
apply (subst K'-def)
apply (simp add: map-pmf-rep-eq integral-distr K-p-eq)
done
then have measure N {y} = P(w in K2.T None. w ! n = Some y)
by simp }
note measure-y-eq = this

define D where D = {z::'s x 's option. Some (fst x) = snd z}

have [measurable]:
AP::('s x 's option = bool). P € measurable (count-space UNIV') (count-space
UNIV)
by simp

{fixnand z :: 's
have P(w in KN.T (y, None). Ji<n. snd (w!! n) = Some z A ev-at (HLD D)
fw) =
(> i<n. P(w in KN.T (y, None). snd (w!! n) = Some z A ev-at (HLD D) 1
@)

by (subst KN.T.finite-measure-finite- Union[symmetric])
(auto simp: disjoint-family-on-def intro!: arg-cong2[where f=measure] dest:
ev-at-unique)
also have ... = (3> i<n. P(w in KN.T (y, None). fst (w!! n) = z A ev-at
(HLD D) i w))
proof (intro sum.cong refl)
fix ¢ assume i: 7 € {..< n}
show P(w in KN.T (y, None). snd (w !! n) = Some z A ev-at (HLD D) i w)

P(w in KN.T (y, None). fst (w !l n) = z A ev-at (HLD D) i w)
apply (subst (1 2) KN.prob-T-splitfwhere n=_Suc i])
apply (simp-all add: ev-at-shift snth-Stream del: stake.simps KN.space-T')
unfolding ev-at-shift snth-Stream
proof (intro Bochner-Integration.integral-cong refl)
fix w :: (‘s x 's option) stream let ?s = Iw’. stake (Suc i) w Q— w’
show P(w’in KN.T (w ! i). snd (?s w’ !l n) = Some z A ev-at (HLD D) i
w) =
Pw’in KN.T (w ! 4). fst (?sw’!! n) =z A ev-at (HLD D) i w)
proof cases
assume ev-at (HLD D) i w
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from ev-at-imp-snth[OF this]
have eq: snd (w !! i) = Some (fst (w !l 7))
by (simp add: D-def HLD-iff)

have P(w’ in KN.T (w ! ©). fst (w' " (n — Suci)) = x) =
Plw’in T (fst (w ! 9)). w' ! (n — Suci)=2z)* Plw'in K2.T (snd (w
1'4)). True)
by (subst KN .prod-eq-prob-T) simp-all

also have ... = p (fst (w ! 7)) z (Suc (n — Suc 7))
using K2.T.prob-space by (simp add: p-def)
also have ... = K2.p (snd (w !! 1)) (Some z) (Suc (n — Suc 7))
by (simp add: K-p-eq eq)
also have ... = P(w’ in T (fst (w ! ©)). True) * P(w’ in K2.T (snd (w

). w' !l (n — Suc i) = Some x)
using T.prob-space by (simp add: K2.p-def)
also have ... = P(w’ in KN.T (w ! 4). snd (w'!! (n — Suc 7)) = Some
T
)
by (subst KN .prod-eq-prob-T) simp-all
finally show ?thesis using <ev-at (HLD D) i w»
by (simp del: stake.simps)
qged simp
qed
qed
also have ... = P(w in KN.T (y, None). (Fi<n. fst (w !l n) = z A ev-at
(HLD D) i w))
by (subst KN.T.finite-measure-finite-Union[symmetric])
(auto simp add: disjoint-family-on-def dest: ev-at-unique
introl: arg-cong2|where f=measure))
finally have eq: P(w in KN.T (y, None). (i<n. snd (w !! n) = Some z A
ev-at (HLD D) i w)) =
P(w in KN.T (y, None). (3i<n. fst (w ! n) = z A ev-at (HLD D) i w)) .

have p y z (Suc n) — measure N {z} = Plwin Ty. w!! n =12) — Plw in
K2.T None. w !l n = Some )
unfolding p-def by (subst measure-y-eq) simp-all
also have P(win Ty.w!ln=2)=Pwin Ty. w !l n = z) * Plw in K2.T
None. True)
using K2.T.prob-space by simp

also have ... = P(w in KN.T (y, None). fst (w!! n) = z)
by (subst KN .prod-eq-prob-T) auto
also have ... = P(w in KN.T (y, None). (Fi<n. fst (w !l n) = z A ev-at

(HLD D) i w)) +
P(w in KN.T (y, None). fst (w!! n) =z A = (Fi<n. ev-at (HLD D) i w))
by (subst KN.T.finite-measure- Union|symmetric))
(auto introl: arg-cong2|where f=measure])
also have P(w in K2.T None. w !l n = Some z) = P(w in T y. True) * P(w
in K2.T None. w ! n = Some x)
using T.prob-space by simp
also have ... = P(w in KN.T (y, None). snd (w !l n) = Some x)
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by (subst KN .prod-eq-prob-T) auto
also have ... = P(w in KN.T (y, None). (i<n. snd (w !! n) = Some z A
ev-at (HLD D) i w)) +
P(w in KN.T (y, None). snd (w!! n) = Some z A = (Fi<n. ev-at (HLD D)
i w))
by (subst KN.T.finite-measure-Union[symmetric])
(auto introl: arg-cong2|where f=measure])
finally have | p y z (Suc n) — measure N {z} | =
| P(w in KN.T (y, None). fst (w!! n) =z A = (Fi<n. ev-at (HLD D) i w))

P(w in KN.T (y, None). snd (w!! n) = Some z A = (Fi<n. ev-at (HLD D)
iw) |
unfolding eq by
also have ... </|
(HLD D) i w)) | +
| P(w in KN.T (y, None). snd (w !! n) = Some z A = (Fi<n. ev-at (HLD
D) iw)|
by (rule abs-triangle-ineqs )
also have ... < P(w in KN.T (y, None). fst (w !l n) =2 A = (Fi<n. ev-at
(HLD D) i w)) +
P(w in KN.T (y, None). snd (w!! n) = Some z A = (Fi<n. ev-at (HLD D)
iw))
by simp
finally have | p y  (Suc n) — measure N {z} | < ... .}
note mono = this

(simp add: field-simps)
P(w in KN.T (y, None). fst (w!! n) =z A = (Fi<n. ev-at

{ fix n :: nat
have ([ *z. | p y z (Suc n) — measure N {z} | dcount-space C') <
([ *z. ennreal (P(w in KN.T (y, None). fst (w!! n) =z A = (Fi<n. ev-at
(HLD'D) i w))) +
ennreal (P(w in KN.T (y, None). snd (w !! n) = Some & A = (Fi<n. ev-at
(HLD D) i w))) Ocount-space C)
using mono by (intro nn-integral-mono) (simp add: ennreal-plus[symmetric]
del: ennreal-plus)
also have ... = ([ Tz. P(w in KN.T (y, None). fst (w!! n) =z A = (Fi<n.
ev-at (HLD D) i w)) dcount-space C') +
(J*tz. P(w in KN.T (y, None). snd (w ! n) = Some z A = (Fi<n. ev-at
(HLD D) i w)) dcount-space C)
by (subst nn-integral-add) auto
also have ... = emeasure (KN.T (y, None)) (JzeC. {wespace (KN.T (y,
None)). fst (w ! n) = ¢ A = (Fi<n. ev-at (HLD D) i w)}) +
emeasure (KN.T (y, None)) (UzeC. {wespace (KN.T (y, None)). snd (w !!
n) = Some z A = (Fi<n. ev-at (HLD D) i w)})
by (subst (1 2) emeasure-UN-countable)
(auto simp add: disjoint-family-on-def KN.T.emeasure-eq-measure C)
also have ... < ennreal (P(w in KN.T (y, None). = (3i<n. ev-at (HLD D)
iw))) + ennreal (P(w in KN.T (y, None). = (3i<n. ev-at (HLD D) i w)))
unfolding KN.T.emeasure-eq-measure
by (intro add-mono) (auto introl: KN.T.finite-measure-mono)
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also have ... < 2 x P(w in KN.T (y, None). =~ (3i<n. ev-at (HLD D) i w))
by (simp add: ennreal-plus[symmetric| del: ennreal-plus)
finally have 7L (Suc n) < 2 « P(w in KN.T (y, None). = (Fi<n. ev-at (HLD
D) i w))
by (auto intro!: integral-real-bounded simp add: pmf.rep-eq) }
note le-2 = this

have c0-D: (c0, Some c0) € D
by (simp add: D-def c0)

let 2N’ = map-pmf Some N
interpret NP: pair-prob-space N 2N’ ..

have pos-recurrent: YV xeC x Some ¢ C. KN.pos-recurrent x
proof (rule KN.stationary-distributionD(1)[OF KN-essential - KN.stationary-distributionl-pair[ OF
N1
show K2.stationary-distribution ¢N’
unfolding K2.stationary-distribution-def
by (subst N(1)[unfolded stationary-distribution-def])
(auto introl: bind-pmf-cong simp: K'-def map-pmf-def bind-assoc-pmf
bind-return-pmf)
show countable (C x Some‘C)
using C by auto
show set-pmf (pair-pmf N (map-pmf Some N)) C C x Some ‘ C
using <N C C» by auto
qged

from c0-D have P(w in KN.T (y, None). alw (not (HLD D)) w) < P(w in
KN.T (y, None). alw (not (HLD {(c0, Some c0)})) w)
apply (auto introl: KN.T.finite-measure-mono)
apply (rule alw-mono, assumption)
apply (auto simp: HLD-iff)
done
also have ... =0
apply (rule KN.T.prob-eq-0-AFE)
apply (simp add: not-ev-iff [symmetric])
apply (subst KN.AE-T-iff)
apply simp
proof
fix t assume ¢: t € KN.Kp (y, None)
then obtain a b where t-eq: t = (a, Some b) a € Kybe N
unfolding KN.Kp-def by (auto simp: K'-def)
with <y € C> have a € C
using essential-classD2[OF <essential-class Cy <y € C»] by auto
have b € C
using <N C C» <b € N» by auto

from pos-recurrent| THEN bspec, of (c0, Some c0)]
have recurrent-c0: KN.recurrent (c0, Some c0)
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by (simp add: KN.pos-recurrent-def c0)
have C x Some ‘ C € UNIV |/ KN.communicating
using aperiodic by (simp add: KN.aperiodic-def)
then have ((c0, Some c0), t) € KN.communicating
by (rule KN .irreducibleD) (simp-all add: t-eq c0 <b € C» <a € C»)
then have ((c0, Some c0), t) € KN.acc
by (simp add: KN.communicating-def)
then have KN.U t (c0, Some c0) = 1
by (rule KN.recurrent-acc(1)[OF recurrent-c0))
then show AF w in KN.T t. ev (HLD {(c0, Some c0)}) (t ## w)
unfolding KN.U-def by (subst (asm) KN.T.prob-Collect-eq-1) (auto simp
add: ev-Stream)
qed
finally have P(w in KN.T (y, None). alw (not (HLD D)) w) = 0
by (intro antisym measure-nonneg)

have (An. P(w in KN.T (y, None). = (Fi<n. ev-at (HLD D) i w))) ——
measure (KN.T (y, None)) ((n. {wespace (KN.T (y, None)). = (Fi<n. ev-at
(HLD D) i w)})
by (rule KN.T.finite-Lim-measure-decseq) (auto simp: decseq-def)
also have (" n. {wespace (KN.T (y, None)). = (Fi<n. ev-at (HLD D) i w)})
{wespace (KN.T (y, None)). alw (not (HLD D)) w}
by (auto simp: not-ev-iff [symmetric] ev-iff-ev-at)
also have P(w in KN.T (y, None). alw (not (HLD D)) w) = 0 by fact
finally have *: (An. 2 * P(w in KN.T (y, None). = (Fi<n. ev-at (HLD D) i
w))) —— 0
by (intro tendsto-eq-intros) auto

show ?thesis
apply (rule LIMSEQ-imp-Suc)
apply (rule tendsto-sandwich|OF - - tendsto-const *])
using le-2
apply (simp-all add: integral-nonneg-AFE)
done
qed

lemma stationary-distribution-imp-p-limit:
assumes aperiodic C essential-class C' and [simp]: countable C
assumes N: stationary-distribution N N C C
assumes [simp]: z € Cy € C
shows pry —— pmf Ny
proof —
define D where Dyn=|pxzyn — pmf Ny| for yn

from stationary-distribution-imp-limit|OF assms(1,2,3,4,5,6)]

have INT: (An. [y. D y n dcount-space C) —— 0
unfolding D-def .
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{ fix n
have D y n < ([ z. D y n x indicator {y} z dcount-space C)
by simp
also have ... < ([ y. D y n dcount-space C')
by (intro integral-mono)
(auto split: split-indicator simp: D-def p-def disjoint-family-on-def
intro!: Bochner-Integration.integrable-diff integrable-pmf T .integrable-measure)
finally have D y n < ([ y. D y n dcount-space C) . }
note x = this

have D-nonneg: An. 0 < D y n by (simp add: D-def)

have Dy —— 0
by (rule tendsto-sandwich[OF - - tendsto-const INT])
(auto simp: eventually-sequentially * D-nonneg)
then show ?thesis
using Lim-null[where I=pmf N y and net=sequentially and f=p x y]
by (simp add: D-def [abs-def] tendsto-rabs-zero-iff)
qed

end

lemma (in MC-syntaz) essential-classI2:
assumes X # {}
assumes accl: Azy. 2 € X = ye€ X = (z, y) € acc
assumes FD: Nz y. 2 € X = y € set-pmf (Kz) = y € X
shows essential-class X
proof (rule essential-classI)
{ fix z y assume (z, y) € accz € X
then show y € X
by induct (auto dest: ED)}
note accD = this
from <X # {}> obtain z where z € X by auto
from «x € X> show X € UNIV // communicating
by (auto simp add: quotient-def Image-def communicating-def accl dest: accD
introl: exlI[of - x])
qed

end

5 Markov Decision Processes
theory Markov-Decision-Process
imports Discrete- Time-Markov-Chain

begin

lemma some-elem-ne: s # {} = some-elem s € s
unfolding some-elem-def by (auto intro: somel)
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5.1 Configurations

We want to construct a non-free codatatype 's c¢fg = Cfg (state: 's) (action:
's pmf) (cont: 's = 's cfg). with the restriction state (cont cfg s) = s

hide-const cont

codatatype 's scheduler = Scheduler (action-sch: 's pmf) (cont-sch: 's = 's sched-
uler)

lemma equivp-rel-prod: equivp R = equivp Q = equivp (rel-prod R Q)
by (auto intro: equivpl prod.rel-symp prod.rel-transp prod.rel-reflp elim: equivpE)

coinductive eg-scheduler :: 's scheduler = 's scheduler = bool
where
AD. action-sch sc1 = D = action-sch sc2 = D =
(VseD. eg-scheduler (cont-sch scl s) (cont-sch sc2 s)) = eg-scheduler scl sc2

lemma eg-scheduler-refi[intro]: eg-scheduler sc sc
by (coinduction arbitrary: sc) auto

quotient-type s ¢fg = 's x 's scheduler |/ rel-prod (=) eg-scheduler
proof (intro equivp-rel-prod equivpl reflpl sympl transpl)
show eg-scheduler scl sc2 = eq-scheduler sc2 scl for scl sc2 :: 's scheduler
by (coinduction arbitrary: scl sc2) (auto elim: eq-scheduler.cases)
show eg-scheduler sc1 sc2 = eq-scheduler sc2 sc3 = eq-scheduler sc1 sc3
for scl sc2 sc3 :: 's scheduler
by (coinduction arbitrary: scl sc2 sc3)
(subst (asm) (1 2) eg-scheduler.simps, auto)
qed auto

lift-definition state :: s cfg = s is fst
by auto

lift-definition action :: s ¢fg = 's pmf is A(s, sc). action-sch sc
by (force elim: eq-scheduler.cases)

lift-definition cont :: s ¢fg = 's = 's cfg is
A(s, sc) t. if t € action-sch sc then (t, cont-sch sc t) else
(t, cont-sch sc (some-elem (action-sch sc)))
apply (simp add: rel-prod-conv split: prod.splits)
apply (subst (asm) eg-scheduler.simps)
apply (auto simp: Let-def set-pmf-not-empty| THEN some-elem-ne])
done

lift-definition Cfg :: 's = ‘s pmf = (s = 's ¢fg) = 's ¢fg is
As D c. (s, Scheduler D (At. snd (c t)))
by (auto simp: rel-prod-conv split-beta’ eq-scheduler.simps[of Scheduler - -])

lift-definition cfg-corec :: 's = ('a = 's pmf) = ('a = 's = 'a) = "a = 's ¢fy
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is
As D C x. (s, corec-scheduler D (Az s. Inr (C z s)) x)

lemma state-cont[simpl: state (cont cfg s) = s
by transfer (simp split: prod.split)

lemma state-Cfg[simp]: state (Cfg s d’' ¢') = s
by transfer simp

lemma action-Cfg[simp]: action (Cfg s d' ¢’) = d’
by transfer simp

lemma cont-Cfg[simp|: t € set-pmf d’ => state (¢’ t) = t = cont (Cfg s d’ ¢’)
t=c't
by transfer (auto simp add: rel-prod-conv split: prod.split)

lemma state-cfg-corec[simp): state (cfg-corec s d ¢ ) = s
by transfer auto

lemma action-cfg-corec[simpl: action (cfg-corec s d ¢ x) = d x
by transfer auto

lemma cont-cfg-corec[simpl: t € set-pmf (d x) = cont (cfg-corec s d ¢ z) t =
cfg-corec t d ¢ (¢ x t)
by transfer auto

lemma cfg-coinduct[consumes 1, case-names state action cont, coinduct pred]:
Xcd= (Acd. X cd= state ¢ = state d) = (A\c d. X ¢ d = action c
= action d) =
(Acdt. X cd=t e set-pmf (action ¢) = X (cont c t) (cont d t)) = ¢
=d
proof (transfer, clarsimp)
fix X :: (a x 'a scheduler) = ('a x 'a scheduler) = bool and B s1 s2 scl sc2
assume X: X (s1, scl) (s2, sc2) and rel-fun cr-cfg (rel-fun cr-cfg (=)) X B
and 1: A\sI scl s2 sc2. X (s1, scl) (s2, sc2) = sl = s2
and 2: Asl scl s2 sc2. X (s1, scl) (82, sc2) = action-sch sc1 = action-sch
sc2
and 3: AsI scl s2 sc2t. X (s1, scl) (s2, sc2) = t € set-pmf (action-sch
sc2) =
X (t, cont-sch sc1 t) (t, cont-sch sc2 t)
from X show egq-scheduler scl sc2
by (coinduction arbitrary: sl s2 scl sc2)
(blast dest: 2 3)
qed

coinductive rel-cfg :: (a = 'b = bool) = 'a ¢fg = 'b ¢fg = bool for P :: 'a =
‘b = bool
where

P (state cfgl) (state cfg2) =
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rel-pmf (As t. rel-cfg P (cont cfgl s) (cont cfg2 t)) (action cfgl) (action cfg2)
—

rel-cfg P cfgl cfg2

lemma rel-cfg-state: rel-cfg P cfgl cfg2 = P (state cfgl) (state cfg2)
by (auto elim: rel-cfg.cases)

lemma rel-cfg-cont:
rel-cfg P cfgl cfg?2 —
rel-pmf (As t. rel-cfg P (cont cfgl s) (cont cfg2 t)) (action cfgl) (action cfg2)
by (auto elim: rel-cfg.cases)

lemma rel-cfg-action:
assumes P: rel-cfg P cfgl cfg2 shows rel-pmf P (action cfgl) (action cfg2)
proof (rule pmf.rel-mono-strong)
show rel-pmf (As t. rel-cfg P (cont cfgl s) (cont cfg2 t)) (action cfgl) (action
cfg2)
using P by (rule rel-cfg-cont)
qed (auto dest: rel-cfg-state)

lemma rel-cfg-eq: rel-cfg (=) cfgl cfg2 +— cfgl = cfg2
proof safe
show rel-cfg (=) cfgl cfg2 = cfgl = cfg2
proof (coinduction arbitrary: cfgl cfg2)
case cont
have action cfgl = action cfg2
using «rel-cfg (=) cfgl cfg2> by (auto dest: rel-cfg-action simp: pmf.rel-eq)
then have rel-pmf (As t. rel-cfg (=) (cont cfgl s) (cont cfg2 t)) (action cfgl)
(action cfgl)
using cont by (auto dest: rel-cfg-cont)
then have rel-pmf (As t. rel-cfg (=) (cont cfgl s) (cont cfg2 t) A s = t) (action
cfgl) (action cfgl)
by (rule pmf.rel-mono-strong) (auto dest: rel-cfg-state)
then have pred-pmf (As. rel-cfg (=) (cont cfgl s) (cont cfg2 s)) (action cfgl)
unfolding pmf.pred-rel by (rule pmf.rel-mono-strong) (auto simp: eq-onp-def)
with <t € action cfgl» show ?case
by (auto simp: pmf.pred-set)
qed (auto dest: rel-cfg-state rel-cfg-action simp: pmf.rel-eq)
show rel-cfg (=) cfg2 cfg2
by (coinduction arbitrary: cfg2) (auto introl: rel-pmf-refil)
qed

5.2 Configuration with Memoryless Scheduler
definition memoryless-on f s = cfg-corec s f (M- t. t) s
lemma

shows state-memoryless-on[simp|: state (memoryless-on fs) = s
and action-memoryless-on[simp|: action (memoryless-on fs) = fs
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and cont-memoryless-on[simp]: t € (f s) = cont (memoryless-on f s) t =
memoryless-on f t
by (simp-all add: memoryless-on-def)

definition K-cfg :: 's ¢fg = 's c¢fg pmf where
K-cfg cfg = map-pmf (cont cfg) (action cfg)

lemma set-K-cfg: set-pmf (K-cfg cfg) = cont cfg ¢ set-pmf (action cfg)
by (simp add: K-cfg-def)

lemma nn-integral-K-cfg: ([ *cfg. fcfg OK-cfg cfg) = ([ Ts. f (cont cfg s) Daction

cfg)
by (simp add: K-cfg-def map-pmf-rep-eq nn-integral-distr)

5.3 MDP Kernel and Induced Configurations

locale Markov-Decision-Process =
fixes K :: 's = 's pmf set
assumes K-wf: As. K s # {}
begin

definition E = (SIGMA s:UNIV. |J DeK s. set-pmf D)

coinductive cfg-onp :: 's = ’s ¢fg = bool where
N\s. state cfg = s = action c¢fg € K s = (\t. t € action c¢fg = cfg-onp t
(cont cfg t)) =
cfg-onp s cfg

definition cfg-on s = {cfg. cfg-onp s cfg}

lemma
shows cfg-onD-actionlintro, simp|: cfg € cfg-on s = action cfg € K s
and cfg-onD-cont[intro, simpl: c¢fg € cfg-on s = t € action c¢fg => cont cfg t
€ cfg-on t
and cfg-onD-state[simp]: cfg € cfg-on s => state cfg = s
and cfg-onl: state cfg = s => action cfg € K s = (\t. t € action cfg =
cont cfg t € cfg-on t) = cfg € cfg-on s
by (auto simp: cfg-on-def intro: cfg-onp.intros elim: cfg-onp.cases)

lemma cfg-on-coinduct|coinduct set: cfg-on):
assumes P s cfyg
assumes Acfg s. P s cfg = state cfg = s
assumes Acfg s. P s cfg = action cfg € K s
assumes Acfg st. P s cfg = t € action cfg = P t (cont cfyg t)
shows cfg € cfg-on s
using assms cfg-onp.coinduct[of P s cfg] by (simp add: cfg-on-def)

lemma memoryless-on-cfg-onl:
assumes As. fs € K s
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shows memoryless-on f s € cfg-on s
by (coinduction arbitrary: s) (auto intro: assms)

lemma cfg-of-cfg-onl:
DeKs= (Nt. t€ D= ct€ cfgront) = CfgsDc € cfg-ons
by (rule c¢fg-onl) auto

definition arb-act s = (SOME D. D € K s)

lemma arb-actl[simpl: arb-act s € K s
by (simp add: arb-act-def some-in-eq K-wf)

lemma cfg-on-not-empty[intro, simpl: cfg-on s # {}
by (auto intro: memoryless-on-cfg-onl arb-actl)

sublocale MC: MC-syntax K-cfg .

abbreviation St :: s stream measure where
St = stream-space (count-space UNIV')

5.4 Trace Space
definition T cfg = distr (MC.T cfg) St (smap state)

sublocale T': prob-space T cfg for cfqg
by (simp add: T-def MC.T.prob-space-distr)

lemma space-T[simp]: space (T cfg) = space St
by (simp add: T-def)

lemma sets-T[simp]: sets (T cfg) = sets St
by (simp add: T-def)

lemma measurable-T1[simp]: measurable (T cfg) N = measurable St N
by (simp add: T-def)

lemma measurable-T2[simp|: measurable N (T cfg) = measurable N St
by (simp add: T-def)

lemma nn-integral-T:

assumes [measurable]: f € borel-measurable St

shows ([ TX. fX 0T cfg) = ([ Tcfg’. ([ Ta. f (state cfg’ ## ) OT cfg’) OK-cfg
cfg)

by (simp add: T-def MC .nn-integral-T]of - cfg] nn-integral-distr)

lemma T-eq:
T cfg = (measure-pmf (K-cfg cfg) >= (Acfq’. distr (T cfg’) St (Aw. state cfg’
## w)))

proof (rule measure-eql)
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fix A assume A € sets (T cfg)
then show emeasure (T cfg) A =
emeasure (measure-pmf (K-cfg cfg) >= (Acfg’. distr (T cfg’) St (Aw. state cfg’
Bt w))) A
by (subst emeasure-bind[where N=S5t])
(auto simp: space-subprob-algebra nn-integral-distr nn-integral-indicator[symmetric)
nn-integral-T]of - cfq]
simp del: nn-integral-indicator intro!: prob-space-imp-subprob-space
T .prob-space-distr)
qged simp

lemma T-memoryless-on: T (memoryless-on ct s) = MC-syntaz. T ct s
proof —
interpret ct: MC-syntax ct .
have T o (memoryless-on ct) = MC-syntaz.T ct
proof (rule ct.T-bisim[symmetric])
fix s show (T o memoryless-on ct) s =
measure-pmf (ct s) >= (As. distr ((T o memoryless-on ct) s) St ((##) s))
by (auto simp add: T-eq[of memoryless-on ct s| K-cfg-def map-pmf-rep-eq
bind-distr[where K=St
space-subprob-algebra T.prob-space-distr prob-space-imp-subprob-space
intro!: bind-measure-pmf-cong)
qed (simp-all, intro-locales)
then show %thesis by (simp add: fun-eg-iff)
qed

lemma nn-integral-T-Ifp:
assumes [measurable]: case-prod g € borel-measurable (count-space UNIV Q) m
borel)
assumes cont-g: \s. sup-continuous (g s)
assumes int-g: \f cfg. f € borel-measurable (stream-space (count-space UNIV))
[
([ tw. g (state cfg) (f w) T cfg) = g (state cfg) ([ Tw. f w IT cfg)
shows ([ tw. Ifp (\f w. g (shd w) (f (stl w))) w OT cfg) =
Ufp (\f cfg. [*t. g (state t) (ft) OK-cfg cfg) cfg
proof (rule nn-integral-lfp)
show As. sets (T s) = sets St
NF. F € borel-measurable St = (\a. g (shd a) (F (stl a))) € borel-measurable
St
by auto
next
fix s and F :: 's stream = ennreal assume F € borel-measurable St
then show ([ a. g (shd a) (F (stl a)) 9T s) =
(J " cfg. g (state cfg) (integral™ (T cfg) F) OK-cfg s)
by (rewrite nn-integral-T) (simp-all add: int-g)
qed (auto introl: order-continuous-intros cont-g| THEN sup-continuous-compose))

lemma emeasure-Collect-T"
assumes [measurable]: Measurable.pred St P
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shows emeasure (T cfg) {x€space St. Pz} =

([ Tefg'. emeasure (T cfg’) {z€space St. P (state cfg’ #4 x)} OK-cfg cfg)
using MC.emeasure-Collect-T|of Axz. P (smap state z) cfg]
by (simp add: nn-integral-distr emeasure-Collect-distr T-def)

definition E-sup :: 's = ('s stream = ennreal) = ennreal
where

E-sup s f = (I cfg€cfg-on s. [Ta. fz OT cfg)

lemma FE-sup-const: 0 < ¢ = E-sup s (A-. ¢) = ¢
using T.emeasure-space-1 by (simp add: E-sup-def)

lemma E-sup-mult-right:
assumes [measurable]: f € borel-measurable St and [simp]: 0 < ¢
shows E-sup s (Az. ¢ % fz) = ¢ x E-sup s f
by (simp add: nn-integral-cmult E-sup-def SUP-mult-left-ennreal)

lemma E-sup-mono:
(Aw. fw<gw)= FE-supsf < E-supsyg
unfolding FE-sup-def by (intro SUP-subset-mono order-refl nn-integral-mono)

lemma FE-sup-add:
assumes [measurable]: f € borel-measurable St g € borel-measurable St
shows E-sup s (Az. fz + gz) < E-sup s f + E-sup s g
proof —
have E-sup s (Az. fz + g z) = (I cfoccfg-ons. ([t fzdT cfg) + ([ Tz g=
oT cfg))
by (simp add: E-sup-def nn-integral-add)
also have ... < (| |cfgecfg-on s. [Tz fz 0T cfg) + (L cfgccfg-ons. ([ Tz g
)
by (auto simp: SUP-le-iff intro!: add-mono SUP-upper)
finally show ?thesis
by (simp add: E-sup-def)
qed

lemma E-sup-add-left:
assumes [measurable]: f € borel-measurable St
shows F-sup s (Az. fz + ¢) = E-supsf + ¢
by (simp add: nn-integral-add E-sup-def T.emeasure-space-1[simplified] ennreal-SUP-add-left)

lemma FE-sup-add-right:
f € borel-measurable St = E-sup s (A\z. ¢ + fz) = ¢ + E-sup s f
using E-sup-add-left[of f s c] by (simp add: add.commute)

lemma FE-sup-SUP:
assumes [measurable]: Ni. fi € borel-measurable St and [simp]: incseq f
shows E-sup s (Az. | |i. fiz) = (]i. E-sup s (f1))
by (auto simp add: E-sup-def nn-integral-monotone-convergence-SUP intro: SUP-commute)
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lemma E-sup-iterate:
assumes [measurable]: f € borel-measurable St
shows E-sup s f = (UDeK s. [T t. E-sup t (Mw. f (¢t ## w)) Omeasure-pmf
D)
proof —
let 20 = At. [Tx. f (state t ## z) 0T ¢
let %p = At. E-sup t (Mw. f (¢t ## w))
have E-sup s f = (| ¢fgecfg-on s. [Tt. 2vt OK-cfg cfg)
unfolding E-sup-def by (intro SUP-cong refl) (subst nn-integral-T, simp-all
add: cfg-on-def)
also have ... = (| |DeK s. [*t. ?p t Omeasure-pmf D)
proof (intro antisym SUP-least)
fix cfg :: 's c¢fg assume cfg: cfg € cfg-on s
then show ([t t. vt 0K-cfg cfg) < (SUP DEK s. [ Tt. ?p t Omeasure-pmf
D)
by (auto simp: E-sup-def nn-integral-K-cfg A E-measure-pmf-iff
intro!: nn-integral-mono-AE SUP-upper2)
next
fix D assume D: D € K s show ([ Tt. ?p t D) < (SUP c¢fg € cfg-on s. [T
t. 2vt OK-cfg cfy)
proof cases
assume p-finite: Vt€eD. ?p t < oo
show ?thesis
proof (rule ennreal-le-epsilon)
fix e :: real assume 0 < e
have VteD. Jcfgccfg-ont. 7pt < %v cfg + e
proof
fix t assume t € D
moreover have (SUP cfg € cfg-on t. %v cfg) = p t
unfolding E-sup-def by (simp add: cfg-on-def)
ultimately have (SUP cfg € cfg-on t. 2v cfg) # oo
using p-finite by auto
from SUP-approz-ennreal|OF <0<e> - refl this)
show I cfgecfg-ont. 7pt < 2v cfg + e
by (auto simp add: E-sup-def intro: less-imp-le)
qed
then obtain cfg’ where v-cfg”: \t. t € D = ?p ¢t < v (¢fg’ t) + e and
cfg-on-cfg”: Nt. t € D = ¢fg’ t € cfg-on t
unfolding Bex-def bchoice-iff by blast

let ?cfg = Cfg s D cfg’
have cfg: K-cfg ?cfg = map-pmf cfg’ D
by (auto simp add: K-cfg-def fun-eq-iff cfg-on-cfg’ introl: map-pmf-cong)

have ([T t. ?pt D) < ([ Tt. 2v (¢fg' t) + e OD)

by (intro nn-integral-mono-AE) (simp add: v-cfg’ AE-measure-pmjf-iff)
also have ... = ([ *t. 2v (¢fg’ t) D) + e

using <0 < e» measure-pmf.emeasure-space-1[of D]

by (subst nn-integral-add) (auto intro: cfg-on-cfg’)
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also have ([ Tt. %v (¢fg' t) D) = ([ Tt. vt OK-cfg ?cfg)
by (simp add: cfg map-pmf-rep-eq nn-integral-distr)
also have ... < (SUP cfgecfg-on s. ([ Tt. vt OK-cfg cfg))
by (auto intro!: SUP-upper intro!: cfg-of-cfg-onI D cfg-on-cfg’)
finally show ([t ¢. ?p ¢t D) < (SUP cfg € cfg-ons. [T t. 2vt OK-cfg
cfg) + e
by (blast intro: add-mono)
qed
next
assume — (Vt€D. ?p t < o0)
then obtain ¢t where t € D ?p t = o0
by (auto simp: not-less top-unique)
then have co = pmf (D) t * ?p t
by (auto simp: ennreal-mult-top set-pmf-iff)
also have ... = (SUP cfg € cfg-on t. pmf (D) t * ?v cfg)
unfolding FE-sup-def
by (auto simp: SUP-mult-left-ennreal[symmetric))
also have ... < (SUP cfg € cfg-on s. [T t. vt OK-cfg cfg)
unfolding E-sup-def
proof (intro SUP-least SUP-upper2)
fix cfg :: 's cfg assume cfg: cfg € cfg-on t

let ?cfg = Cfg s D ((memoryless-on arb-act) (t := cfg))
have C: K-cfg ?cfg = map-pmf ((memoryless-on arb-act) (t := cfg)) D
by (auto simp add: K-cfg-def fun-eq-iff introl: map-pmf-cong simp: cfg)

show ?cfg € cfg-on s
by (auto introl: cfg-of-cfg-onI D cfg memoryless-on-cfg-onl)

have ennreal (pmf (D) t) « ([T z. f (state cfg ## z) OT cfg) =
(J Tt ([T z. f (state cfg ## ) OT cfg) * indicator {t} t’ D)
by (auto simp add: max-def emeasure-pmj-single intro: mult-ac)

also have ... = ([ Tcfg. v cfg * indicator {t} (state cfg) OK-cfg ?cfg)
unfolding C using cfg
by (auto simp add: nn-integral-distr map-pmf-rep-eq split: split-indicator

simp del: nn-integral-indicator-singleton
introl: nn-integral-cong)

also have ... < ([ *cfg. v cfg OK-cfg ?cfy)
by (auto introl: nn-integral-mono split: split-indicator)

finally show ennreal (pmf (D) t) = ([T z. f (state cfg ## z) OT cfg)
< ([Tt [T f (state t #4 x) OT t OK-cfg %cfg) .

qed
finally show ?thesis
by (simp add: top-unique del: Sup-eq-top-iff SUP-eq-top-iff)
qed
qed
finally show ?thesis .
qed

lemma FE-sup-bot: E-sup s L = 0
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by (auto simp add: E-sup-def bot-ennreal)

lemma E-sup-Ifp:
fixes g
defines | = A\f w. g (shd w) (f (stl w))
assumes measurable-g[measurable]: case-prod g € borel-measurable (count-space
UNIV @ n borel)
assumes cont-g: \s. sup-continuous (g s)
assumes int-g: \f c¢fg. f € borel-measurable St —
(J© w. g (state cfg) (f w) OT cfg) = g (state cfg) (integral™ (T cfg) f)
shows (As. E-sup s (Ifp 1)) = lfp (\fs. ||DeK s. [*t. gt (ft) Omeasure-pmf
D)
proof (rule lfp-transfer-bounded[where a=AF s. E-sup s F and f=[ and P=M\f.
f € borel-measurable St])
show sup-continuous (\f s. | |z€K s. [T t. g t (ft) Omeasure-pmf z)
using cont-g| THEN sup-continuous-compose] by (auto intro!: order-continuous-intros)
show sup-continuous [
using cont-g[ THEN sup-continuous-compose] by (auto introl: order-continuous-intros
simp: l-def)
show AF. (Xs. E-sup s L) < (As. | |DeK s. [T t. gt (Ft) Omeasure-pmf D)
using K-wf by (auto simp: E-sup-bot le-fun-def intro: SUP-upper2 )
next
fix [ :: 's stream = ennreal assume f: f € borel-measurable St
moreover
have E-sup s (Aw. g s (f w)) = g s (E-sup s f) for s
unfolding E-sup-def using int-g[OF f]
by (subst SUP-sup-continuous-ennreal| OF cont-g, symmetric])
(auto intro!: SUP-cong simp del: cfg-onD-state dest: cfg-onD-state[symmetric])
ultimately show (As. E-sup s (I f)) = (As. |[UDeK s. [t t. gt (E-sup tf)
Omeasure-pmf D)
by (subst E-sup-iterate) (auto simp: l-def int-g fun-eq-iff introl: SUP-cong
nn-integral-cong)
qed (auto simp: bot-fun-def I-def SUP-apply|abs-def] E-sup-SUP)

definition P-sup s P = (| | ¢fg€cfg-on s. emeasure (T cfg) {xE€space St. P z})
lemma P-sup-eq-E-sup:

assumes [measurable]: Measurable.pred St P

shows P-sup s P = E-sup s (indicator {xEspace St. P x})

by (auto simp add: P-sup-def E-sup-def intro!: SUP-cong nn-integral-cong)
lemma P-sup-True[simp|: P-sup t (Aw. True) = 1

using T.emeasure-space-1

by (auto simp add: P-sup-def SUP-constant)

lemma P-sup-False[simp]: P-sup ¢t (Aw. False) = 0
by (auto simp add: P-sup-def SUP-constant)

lemma P-sup-SUP:

126



fixes P :: nat = 's stream = bool
assumes mono P and P[measurable]: N\i. Measurable.pred St (P i)
shows P-sup s (Az. 3i. Pix) = (| |i. P-sup s (P 1))
proof —
have P-sup s (Az. | |i. Pix) = (] cfg€cfg-on s. emeasure (T cfg) (. {xE€space
St. P iz}))
by (auto simp: P-sup-def introl: SUP-cong arg-cong2|where f=emeasure])
also have ... = (|| ¢fg€cfg-on s. | |i. emeasure (T cfg) {xEspace St. P i x})
using <mono P> by (auto introl: SUP-cong SUP-emeasure-incseq|symmetric]
simp: mono-def le-fun-def)
also have ... = (| ]i. P-sup s (P 1))
by (subst SUP-commute) (simp add: P-sup-def)
finally show ?thesis
by simp
qed

lemma P-sup-Ifp:
assumes Q: sup-continuous Q
assumes f: f € measurable St M
assumes Q-m: AP. Measurable.pred M P = Measurable.pred M (Q P)
shows P-sup s (Az. Ifp Q (fz)) = (| ]i. P-sup s (A\z. (@ " i) L (fx)))
unfolding sup-continuous-ifp|OF Q]
apply simp
proof (rule P-sup-SUP)
fix i show Measurable.pred St (Axz. (Q ~ i) L (fz))
apply (intro measurable-compose[OF f])
by (induct ) (auto intro!: Q-m)
qed (intro mono-funpow sup-continuous-mono[OF Q] mono-compose[where f=f])

lemma P-sup-iterate:

assumes [measurable]: Measurable.pred St P

shows P-sup s P = (| |DeK s. [T t. P-sup t (\w. P (t ## w)) Omeasure-pmf
D)
proof —

have [simp]: Az s. indicator {z € space St. P xz} (z ## s) = indicator {s €
space St. P (z ## s)} s

by (auto simp: space-stream-space split: split-indicator)

show ?thesis

using E-sup-iterate|[of indicator {z€space St. Pz} s] by (auto simp: P-sup-eq-E-sup)
qed

definition E-inf s f = ([ cfgccfg-on s. [Tx. fz OT cfg)

lemma E-inf-const: 0 < ¢ = E-infs (A-. ¢) = ¢
using T.emeasure-space-1 by (simp add: E-inf-def)

lemma E-inf-mono:

(Nw. fw<gw) = E-infsf < E-infsg
unfolding F-inf-def by (intro INF-superset-mono order-refl nn-integral-mono)
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lemma FE-inf-iterate:
assumes [measurable]: f € borel-measurable St
shows E-infsf = ([1DeK s. [+ t. E-inft (Aw. [ (t ## w)) Omeasure-pmf D)
proof —
let 20 = At. [Tx. f (state t ## z) 0T ¢
let 7p = At. E-inf t (Dw. f (t ## w))
have E-inf s f = ([ c¢fgEcfg-on s. [ Tt. 2v ¢t OK-cfg cfg)
unfolding E-inf-def by (intro INF-cong refl) (subst nn-integral-T, simp-all
add: cfg-on-def)
also have ... = ([|DeK s. [*t. ?p t Omeasure-pmf D)
proof (intro antisym INF-greatest)
fix cfg :: 's c¢fg assume cfg: cfg € cfg-on s
then show (INF DeK s. [Tt. ?p t Omeasure-pmf D) < ([ t. 2v t OK-cfg

cfg)
by (auto simp add: E-inf-def nn-integral-K-cfg AE-measure-pmf-iff intro!:
nn-integral-mono-AE INF-lower2)
next
fix D assume D: D € K s show (INF cfg € cfg-on s. [T t. vt OK-cfg cfg)
< ([Tt %t oD)
proof (rule ennreal-le-epsilon)
fix e :: real assume 0 < e
have VteD. cfgecfg-on t. v cfg < ?pt + e
proof
fix ¢t assume t € D
show Jcfgecfg-ont. v cfg < %pt + e
proof cases
assume ?p t = oo with cfg-on-not-empty|of t| show ?Zthesis
by (auto simp: top-add simp del: cfg-on-not-empty)
next
assume p-finite: ?p t # oo
note ¢t € D
moreover have (INF cfg € cfg-on t. v cfg) = %p t
unfolding E-inf-def by (simp add: cfg-on-def)
ultimately have (INF' cfg € cfg-on t. %v cfg) # oo
using p-finite by auto
from INF-approz-ennreal|OF <0 < es refl this]
show dcfgecfg-ont. 2vcfg < ?pt + e
by (auto simp: E-inf-def intro: less-imp-le)
qed
qed
then obtain cfg’ where v-cfg”: \t. t € D = v (¢fg’ t) < ?p t + e and
cfg-on-cfg”: Nt. t € D = cfg’ t € cfg-on t
unfolding Bex-def bchoice-iff by blast

let ?cfg = Cfg s D cfg’
have cfg: K-cfg ?cfg = map-pmf cfg’ D

by (auto simp add: K-cfg-def cfg-on-cfg’ intro!: map-pmf-cong)
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have ?cfg € c¢fg-on s
by (auto intro: D cfg-on-cfg’ cfg-of-cfg-onl)
then have (INF cfg € cfg-ons. [T t. vt OK-cfgcfg) < ([T t. pt+ e
oD)
by (rule INF-lower2) (auto simp: cfg map-pmf-rep-eq nn-integral-distr v-cfg’
AE-measure-pmf-iff intro!: nn-integral-mono-AFE)
also have ... = ([ " t. &pt OD) + e
using <0 < e) by (simp add: nn-integral-add measure-pmf.emeasure-space-1[simplified])
finally show (INF cfg € cfg-ons. [T t. 2vt OK-cfg cfg) < ([T t. ?p t OD)
+ e.
qed
qed
finally show ?thesis .
qed

lemma emeasure-T-const[simp]: emeasure (T s) (space St) = 1
using T.emeasure-space-1[of s| by simp

lemma E-inf-greatest:
(Acfg. cfg € cfg-ons = o < ([ Ta. fz OT cfg)) = = < E-inf s f
unfolding F-inf-def by (rule INF-greatest)

lemma FE-inf-lower2:
cfg € cfg-on s = ([Va. fo 0T c¢fg) <z = E-infsf<uz
unfolding E-inf-def by (rule INF-lower2)

Maybe the following statement can be generalized to infinite K s.

lemma E-inf-ifp:
fixes g
defines | = A\f w. g (shd w) (f (stl w))
assumes measurable-g[measurable]: case-prod g € borel-measurable (count-space
UNIV @ nr borel)
assumes cont-g: \s. sup-continuous (g s)
assumes int-g: \f cfg. f € borel-measurable St —>
(J T w. g (state cfg) (f w) OT cfg) = g (state cfg) (integral™ (T cfg) f)
assumes K-finite: \s. finite (K s)
shows (Xs. E-infs (Ifp 1)) = Iifp (\fs. [1DeK s. [ Tt. gt (ft) Omeasure-pmf D)
proof (rule antisym)
let F = A\F s.[1DeK s. [T t. gt (Ft) Omeasure-pmf D
let 21 = AD. ([ Tt. gt (Ifp ?F t) Omeasure-pmf D)
have mono-F: mono ?F
using sup-continuous-mono|OF cont-g]
by (force intro!: INF-mono nn-integral-mono monol simp: mono-def le-fun-def)
define ¢t where ct s = (SOME D. D € K s A (Ifp ?F s = ?I D)) for s
{ fix s
have finite (91 ‘ K s)
by (auto intro: K-finite)
then obtain D where D € K s 2I D = Min (7] ‘ K s)
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by (auto simp: K-wf dest!: Min-in)
note this(2)

also have ... = (INF'D € K s. ?I D)
using K-wf by (subst Min-Inf) (auto intro: K-finite)
also have ... = [fp ?F s

by (rewrite in - = X Ifp-unfold[OF mono-F)) auto
finally have 3D. D € K s A (Iifp ¢F s = ?I D)
using <D € K sy by auto
then have ct s € K s A (ifp ?F s = I (ct s))
unfolding ct-def by (rule somel-ex)
then have ct s € K s lfp ?F s = 71 (ct s)
by auto }
note ct = this
then have ct-cfg-on[simp]: \s. memoryless-on ct s € cfg-on s
by (intro memoryless-on-cfg-onl) simp
then show (\s. E-infs (Ifp 1)) < Ilfp ?F
proof (intro le-funl, rule E-inf-lower2)
fix s
define P where P fcfg = [T . g (state t) (ft) OK-cfg cfg for [ cfg
have integral’™ (T (memoryless-on ct s)) (Ifp 1) = Ifp P (memoryless-on ct s)
unfolding P-def I-def using measurable-g cont-g int-g by (rule nn-integral-T-Ifp)
also have ... = (SUP i. (P " i) L) (memoryless-on ct )
by (rewrite sup-continuous-lfp)
(auto intro!: order-continuous-intros cont-g| THEN sup-continuous-compose]
simp: P-def)
also have ... = (SUP i. (P " 4) L (memoryless-on ct s))
by (simp add: image-comp)
also have ... < fp ?F s
proof (rule SUP-least)
fix ¢ show (P 7 i) L (memoryless-on ct s) < lfp ?F s
proof (induction i arbitrary: s)
case ( then show ?case
by simp
next
case (Suc n)
have (P 7~ Suc n) L (memoryless-on ct s) =
(J*tt.gt (P " n)L (memoryless-on ct t)) dct s)
by (auto simp add: P-def K-cfg-def AE-measure-pmf-iff intro!: nn-integral-cong-AFE)
alsohave ... < ([T t. gt (Ifp ?F t) Oct s)
by (intro nn-integral-mono sup-continuous-mono|OF cont-g, THEN monoD)|
Suc)
also have ... = [fp ?F s
by (rule ct(2) [symmetric])
finally show ?Zcase .
qed
qed
finally show integral™ (T (memoryless-on ct s)) (Ifp 1) < Ifp ?F s .
qged
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have cont-I: sup-continuous I
by (auto simp: l-def intro!: order-continuous-intros cont-g| THEN sup-continuous-compose])

show Ifp ?F < (Xs. E-inf s (ifp 1))
proof (intro lfp-lowerbound le-funl)
fix s show ([JzeK s. [T t. gt (E-inft (Ifp 1)) Omeasure-pmf z) < E-inf s (Ifp
1)

proof (rewrite in - < ©t E-inf-iterate)
show [: Ifp | € borel-measurable St
using cont-l by (rule borel-measurable-lfp) (simp add: I-def)
show ([1DeK s. [T t. gt (E-inft (Ifp 1)) Omeasure-pmf D) <
(MDeK s. [+ t. E-inft (Aw. lfp | (t ## w)) Omeasure-pmf D)
proof (rule INF-mono nn-integral-mono bexl)+
fix t D assume D € K s
{ fix cfg assume cfg € cfg-on t
have ([T w. g (state cfg) (Ifp l w) OT cfg) = g (state cfg) ([T w. (fp 1
w) 0T cfg)
using [ by (rule int-g)
with «cfg € c¢fg-on & have =: ([T w. gt (Ifplw)dT cfg) =gt ([T w
(Ifp lw) OT cfg)
by simp }
then
have x: g t ([ cfg€cfg-on t. integral™ (T cfg) (Ifp 1)) < ([ cfgE€cfg-on t.
ST w gt (lfplw)dT cfg)
apply simp
apply (rule INF-greatest)
apply (rule sup-continuous-mono[OF cont-g, THEN monoD))
apply (rule INF-lower)
apply assumption
done
show g t (E-inft (lfp 1)) < E-inft (Aw. ifp | (t ## w))
apply (rewrite in - < X lfp-unfold[OF sup-continuous-mono[OF cont-1]])
apply (rewrite in - < x I-def)
apply (simp add: E-inf-def )
done
qed
qged
qed
qed

definition P-inf s P = ([ | c¢fg€cfg-on s. emeasure (T cfg) {x€space St. P z})
lemma P-inf-eq-E-inf:

assumes [measurable]: Measurable.pred St P

shows P-inf s P = E-inf s (indicator {x€space St. P z})

by (auto simp add: P-inf-def E-inf-def intro!: SUP-cong nn-integral-cong)

lemma P-inf-True[simp]: P-inf t (Aw. True) = 1
using T'.emeasure-space-1
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by (auto simp add: P-inf-def SUP-constant)

lemma P-inf-False[simp]: P-inf t (Aw. False) = 0
by (auto simp add: P-inf-def SUP-constant)

lemma P-inf-INF:
fixes P :: nat = 's stream = bool
assumes decseq P and P[measurable]: \i. Measurable.pred St (P i)
shows P-inf s (Ax. Vi. Pix) = ([i. P-infs (P 1))
proof —
have P-inf s (\z. []i. Piz) = ([]cfg€cfg-on s. emeasure (T cfg) () i. {zx€space
St. Pix}))
by (auto simp: P-inf-def introl: INF-cong arg-cong2|where f=emeasure])
also have ... = ([| ¢fgecfg-on s. []i. emeasure (T cfg) {xEspace St. P i x})
using <decseq P»
by (auto intro!: INF-cong INF-emeasure-decseq[symmetric]
simp: decseq-def monotone-def le-fun-def)
also have ... = ([]i. P-inf s (P 1))
by (subst INF-commute) (simp add: P-inf-def)
finally show ?thesis
by simp
qged

lemma P-inf-gfp:
assumes Q: inf-continuous Q)
assumes f: f € measurable St M
assumes Q-m: \P. Measurable.pred M P —> Measurable.pred M (Q P)
shows P-inf s (Az. gfp @ (f2)) = (T17. P-inf s (Az. (Q 1) T ()
unfolding inf-continuous-gfp[OF Q]
apply simp
proof (rule P-inf-INF)
fix i show Measurable.pred St (A\z. (Q ~"4) T (fz))
apply (intro measurable-compose[OF f])
by (induct ) (auto intro!: @-m)
next
show decseq (Aiz. (Q " i) T (fx))
using inf-continuous-mono|OF Q, THEN funpow-increasing|rotated]]|
unfolding decseq-def monotone-def le-fun-def by auto
qed

lemma P-inf-iterate:

assumes [measurable]: Measurable.pred St P

shows P-infs P = ([1DeK s. [T t. P-inft (Aw. P (¢t ## w)) Omeasure-pmf
D)
proof —

have [simp]: Az s. indicator {z € space St. P xz} (x ## s) = indicator {s €
space St. P (z ## s)} s

by (auto simp: space-stream-space split: split-indicator)
show ?thesis
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using E-inf-iterate[of indicator {xE€space St. Pz} s| by (auto simp: P-inf-eq-E-inf)
qed

end

5.5 Finite MDPs

locale Finite-Markov-Decision-Process = Markov-Decision-Process K for K :: s
= 's pmf set +

fixes S :: s set

assumes S-not-empty: S # {}

assumes S-finite: finite S

assumes K-closed: A\s. s € S = (|UD€eK s. set-pmf D) C S

assumes K-finite: \s. s € S = finite (K s)
begin

lemma action-closed: s € S = cfg € cfg-on s = t € action ¢fg = t € S
using c¢fg-onD-action|of cfg s| K-closed|of s] by auto

lemma set-pmf-closed: s € S = De Ks=teD=1tcS
using K-closed by auto

lemma Pi-closed: ¢t € PiS K —= se€ S=teccts=1te€S
using set-pmf-closed by auto

lemma E-closed: s € S = (s, t) ¢ E=1t€ §
using K-closed by (auto simp: E-def)

lemma set-pmf-finite: s € S = D € K s = finite D
using K-closed by (intro finite-subset|OF - S-finite]) auto

definition valid-cfg = (|J s€S. c¢fg-on s)

lemma wvalid-cfgl: s € S = cfg € cfg-on s = ¢fg € valid-cfg
by (auto simp: valid-cfg-def)

lemma valid-cfgD: cfg € valid-cfg = cfg € cfg-on (state cfg)
by (auto simp: valid-cfg-def)

lemma
shows walid-cfg-state-in-S: cfg € valid-cfg = state cfg € S
and valid-cfg-action: cfg € valid-cfg = s € action cfg = s € S
and valid-cfg-cont: cfg € valid-cfg = s € action c¢fg = cont cfg s € valid-cfg
by (auto simp: valid-cfg-def intro!: bexI[of - s] intro: action-closed)

lemma valid-K-cfglintro]: cfg € valid-cfg = cfg’ € K-cfg cfg = cfg’ € valid-cfy
by (auto simp add: K-cfg-def valid-cfg-cont)

definition simple ct = memoryless-on (As. if s € S then ct s else arb-act s)
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lemma simple-cfg-on[simpl: ¢t € Pi S K = simple ct s € cfg-on s
by (auto simp: simple-def introl: memoryless-on-cfg-onl)

lemma simple-valid-cfg[simp]: ¢t € Pi S K = s € S = simple ct s € valid-cfy
by (auto intro: valid-cfgI)

lemma cont-simple[simp]: s € S = t € set-pmf (ct s) = cont (simple ct s) ¢
= simple ct t
by (simp add: simple-def)

lemma state-simple[simp]: state (simple ct s) = s
by (simp add: simple-def)

lemma action-simple[simp]: s € S = action (simple ct s) = ct s
by (simp add: simple-def)

lemma simple-valid-cfg-iff: ¢t € Pi S K = simple ct s € valid-cfg +— s € S
using cfg-onD-state|of simple ct s] by (auto simp add: valid-cfg-def intro!: bexI|of

- 8])
end

end

theory MDP-Reachability-Problem
imports Markov-Decision-Process

begin

inductive-set directed-towards :: 'a set = ('a x 'a) set = 'a set for A r where
start: Nxz. © € A = z € directed-towards A r
| step: Az y. y € directed-towards A r = (z, y) € r = z € directed-towards A r

hide-fact (open) start step

lemma directed-towards-mono:
assumes s € directed-towards A F F C G shows s € directed-towards A G
using assms by induct (auto intro: directed-towards.intros)

lemma directed-eq-rtrancl: © € directed-towards A r <— (Fa€A. (z, a) € r*)
proof
assume z € directed-towards A r then show JacA. (z, a) € 1
by induction (auto intro: converse-rtrancl-into-rtrancl)
next
assume Ja€A. (z, a) € r*
then obtain a where (z, a) € r* a € A by auto
then show z € directed-towards A r
by (induction rule: converse-rtrancl-induct)
(auto intro: directed-towards.start directed-towards.step)
qed

*
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lemma directed-eq-rtrancl-Image: directed-towards A r = (r*)~1 “ A
unfolding set-eq-iff directed-eq-rtrancl Image-iff by simp

locale Reachability-Problem = Finite-Markov-Decision-Process K S for K :: 's =
's pmf set and S +

fixes S1 52 :: 's set

assumes S1: S1 C S and §2: S2 C S and S1-52: S1 N S2 = {}
begin

lemma [measurable]:

S € sets (count-space UNIV') S1 € sets (count-space UNIV) S2 € sets (count-space
UNIV)

by auto

definition
v = (Acfgewvalid-cfg. emeasure (T cfg) {x€space St. (HLD S1 suntil HLD S2)
(state cfg #+# )})

lemma v-eq: cfg € valid-cfg =
v cfg = emeasure (T cfg) {z€space St. (HLD S1 suntil HLD S2) (state cfg ##

)}
by (auto simp add: v-def)

lemma real-v: ¢fg € valid-cfg = enn2real (v cfg) = P(w in T cfg. (HLD S1 suntil
HLD S2) (state cfg #4# w))
by (auto simp add: v-def T.emeasure-eg-measure)

lemma v-le-1: ¢fg € valid-cfg = v cfg < 1
by (auto simp add: v-def T.emeasure-eq-measure)

lemma v-neg-Pinf[simp]: cfg € valid-cfg = v cfg # top
by (auto simp add: v-def)

lemma v-1-AE: cfg € valid-cfg = v ¢fg = 1 +— (AF w in T cfg. (HLD S1
suntil HLD S2) (state cfg ## w))
unfolding v-eq T.emeasure-eq-measure ennreal-eq-1 space-T[symmetric, of cfg]
by (rule T.prob-Collect-eq-1) simp

lemma v-0-AE: cfg € valid-cfg = v ¢fg = 0 +— (AE z in T cfg. not (HLD S1
suntil HLD S2) (state cfg #+# x))

unfolding v-eq T.emeasure-eq-measure space-T[symmetric, of cfg] ennreal-eq-zero-iff[OF
measure-nonneg|

by (rule T.prob-Collect-eq-0) simp

lemma v-S2[simp|: cfg € valid-cfg = state c¢fg € S2 = v cfg = 1
using S2 by (subst v-1-AE) (auto simp: suntil-Stream)

lemma v-nS12[simpl: cfg € valid-cfg => state cfg ¢ S1 = state cfg ¢ S2 = v
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cfg=10
by (subst v-0-AE) (auto simp: suntil-Stream)

lemma v-nS[simp|: cfg ¢ valid-cfg = v c¢fg = undefined
by (auto simp add: v-def)

lemma v-S1:
assumes cfg[simp, intro]: cfg € valid-cfg and cfg-S1[simp]: state cfg € S1
shows v ¢fg = ([ *s. v (cont cfg s) Daction cfg)
proof —
have [simp]: state cfg ¢ S2
using cfg-S1 §1-52 S1 by blast
show ?thesis
by (auto simp: v-eq emeasure-Collect-T[of - cfg] K-cfg-def map-pmjf-rep-eq
nn-integral-distr
AE-measure-pmf-iff suntil-Stream]|of - - state cfg]
valid-cfg-cont
introl: nn-integral-cong-AFE)
qed

lemma real-v-integrable:
integrable (action cfg) (As. enn2real (v (cont cfg s)))
by (rule measure-pmf.integrable-const-bound[where B=maz 1 (enn2real unde-

fined)])

(auto simp add: v-def measure-def[symmetric] le-max-iff-disj)

lemma real-v-integral-eq:
assumes cfg[simpl: cfg € valid-cfg
shows enn2real ([ s. v (cont cfg s) daction cfg) = [ s. enn2real (v (cont cfg
s)) Qaction cfg
by (subst integral-eq-nn-integral)
(auto simp: AE-measure-pmf-iff v-eq T.emeasure-eq-measure valid-cfg-cont
intro!: arg-cong[where f=enn2real] nn-integral-cong-AE)

lemma v-eg-0-coinduct[consumes 3, case-names valid nS2 cont):
assumes *: P cfg
assumes valid: A\cfg. P cfg = cfg € valid-cfg
assumes n52: N\cfg. P cfg = state cfg ¢ S2
assumes cont: Ncfg cfg’. P cfg = state cfg € S1 = c¢fg’ € K-cfg c¢fg = P
cfg’ vV vcefg' =0
shows v cfg = 0
proof —
from * valid[OF ]
have AFE x in MC-syntaz. T K-cfg c¢fg. = (HLD S1 suntil HLD S2) (state cfg #+#
smap state x)
unfolding stream.map[symmetric] suntil-smap hld-smap’
proof (coinduction arbitrary: cfg rule: MC.AE-not-suntil-coinduct-strong)
case (¢ cfg) then show ?case
by (auto simp del: cfg-onD-state dest: nS2)

136



next
case (¢ cfg’ cfg)
then have x: P cfg state cfg € S1 cfg’ € K-cfg cfg and [simp, intro]: cfg €
valid-cfg
by auto
with cont[OF %] show ?case
by (subst (asm) v-0-AF)
(auto simp: suntil-Stream T-def AE-distr-iff suntil-smap hld-smap’ cong del:
AE-cong)
qged
then have AE w in T cfg. - (HLD S1 suntil HLD S2) (state cfg ## w)
unfolding T-def by (subst AE-distr-iff) simp-all
with valid[OF x| show ?thesis
by (simp add: v-0-AE)
qed

definition p = (As€S. P-sup s (Aw. (HLD S1 suntil HLD S2) (s ## w)))

lemma p-eq-SUP-v: s € S = p s = || (v ‘ cfg-on s)
by (auto simp add: p-def v-def P-sup-def T.emeasure-eq-measure intro: valid-cfgl
intro!: SUP-cong cong: SUP-cong-simp)

lemma v-le-p: cfg € valid-cfg = v cfg < p (state cfg)
by (subst p-eq-SUP-v) (auto introl: SUP-upper dest: valid-cfgD valid-cfg-state-in-S)

lemma p-eq-0-imp: cfg € valid-cfg => p (state cfg) = 0 = v cfg = 0
using v-le-p[of cfg] by (auto intro: antisym,)

lemma p-eq-0-iff: s € S = p s = 0 «— (VY cfgecfg-on s. v cfg = 0)
unfolding p-eq-SUP-v by (subst SUP-eq-iff) auto

lemma p-le-1: s€ S = ps< 1
by (auto simp: p-eq-SUP-v introl: SUP-least v-le-1 intro: valid-cfgl)

lemma p-undefined[simp]: s ¢ S = p s = undefined
by (simp add: p-def)

lemma p-not-inf[simpl: s € S = p s # top
using p-le-1[of s] by (auto simp: top-unique)

lemma p-S1: s € S1 = ps= (|DeK s. [T t. p t dmeasure-pmf D)
using S1 51-52 K-closed|of s] unfolding p-def
by (simp add: P-sup-iterate[of - s| subset-eq set-eq-iff suntil-Stream[of - - s])
(auto introl: SUP-cong nn-integral-cong-AE simp add: AE-measure-pmf-iff)

lemma p-S2[simpl: s € 52 = p s =1
using S2 by (auto simp: v-S2[OF valid-cfgl] p-eq-SUP-v)
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lemma p-nSi12: s€ S = s¢ Sl = s¢ 52 = ps=10
by (auto simp: p-eq-SUP-v v-nS12[OF wvalid-cfql))

lemma p-pos:
assumes (s, t) € (SIGMA s:51. | DEK s. set-pmf D)* t € S2 shows 0 < p s
using assms proof (induction rule: converse-rtrancl-induct)
case (step s t')
then obtain D where s € SIDe Kst'e D0 <pt’
by auto
with S1 set-pmf-closed[of s D] have in-S: A\t. t € D =t € S
by auto
from <t € Dy <0 < p t» have 0 < pmf D t'x pt’
by (auto simp add: ennreal-zero-less-mult-iff pmf-positive)
also have ... < ([ Tt pt’* indicator {t'} tOD)
using in-S[OF «t' € D»]
by (subst nn-integral-cmult-indicator) (auto simp: ac-simps emeasure-pmf-single)
also have ... < ([*t. pt dD)
by (auto intro!: nn-integral-mono-AFE split: split-indicator simp: in-S A E-measure-pmf-iff
stmp del: nn-integral-indicator-singleton)
also have ... < ps
using «s € S1» <D € K s by (auto intro: SUP-upper simp add: p-S1)
finally show ?case .
qed simp

definition F-sup :: (s = ennreal) = 's = ennreal where
F-sup f = (As€S. if s € S2 then 1 else if s € S1 then SUP DeK s. [Tt ft
Omeasure-pmf D else 0)

lemma F-sup-cong: (\s. s € S = fs=gs) = F-supfs= F-supgs
using K-closed|of s
by (auto simp: F-sup-def AE-measure-pmf-iff subset-eq
intro!: SUP-cong nn-integral-cong-AFE)

lemma continuous-F-sup: sup-continuous F-sup

unfolding sup-continuous-def fun-eq-iff F-sup-def|abs-def]

by (auto simp: SUP-apply|abs-def] nn-integral-monotone-convergence-SUP intro:
SUP-commute)

lemma mono-F-sup: mono F-sup
by (intro sup-continuous-mono continuous-F-sup)

lemma [fp-F-sup-iterate: lfp F-sup = (SUP i. (F-sup ~ 1) (Az€S. 0))
proof —
{ have (SUP i. (F-sup ~ i) L) = (SUP i. (F-sup ~ i) (Az€S. 0))
proof (rule SUP-eq)
fix ¢ show Jje UNIV. (F-sup ~ i) L < (F-sup ~j) (Az€S. 0)
by (intro bexl|of - i] funpow-mono mono-F-sup) auto
have x: (Az€S. 0) < F-sup L
using K-wf by (auto simp: F-sup-def le-fun-def)
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show 3j€UNIV. (F-sup ~ i) (Az€S. 0) < (F-sup ~ " j) L
by (auto intro!: exI[of - Suc i] funpow-mono mono-F-sup x
simp del: funpow.simps simp add: funpow-Suc-right le-funl)
qed }
then show ?thesis
by (auto simp: sup-continuous-lifp continuous-F-sup)
qed

lemma p-eq-lfp-F-sup: p = lfp F-sup
proof —
{ fix s assume s € S let ?F' = \P. HLD S2 or (HLD S1 aand nxt P)

have P-sup s (Aw. (HLD S1 suntil HLD S2) (s ## w)) = (4. P-sup s (A\w.
(PF i) L (s 44 w)

proof (simp add: suntil-def, rule P-sup-ifp)

show (##) s € measurable St St
by simp

fix P assume P: Measurable.pred St P
show Measurable.pred St (HLD S2 or (HLD S1 aand (Aw. P (stl w))))
by (intro pred-intros-logic measurable-compose| OF - P] measurable-compose[OF
measurable-shd]) auto
qed (auto simp: sup-continuous-def)
also have ... = (SUP i. (F-sup ~ i) (Az€S. 0) s)
proof (rule SUP-cong)
fix i from <s € S) show P-sup s (Aw. (?F "7 i) L (s##w)) = (F-sup " i)
(Az€S. 0) s
proof (induct i arbitrary: s)
case (Suc n) show ?case
proof (subst P-sup-iterate)

show Measurable.pred St (Aw. (?F 7 Suc n) L (s ## w))
apply (intro measurable-compose[OF measurable-Stream|OF measur-
able-const measurable-ident-sets| OF refl]] measurable-predpow))
apply simp
apply (simp add: bot-fun-def|abs-def])
apply (intro pred-intros-logic measurable-compose| OF measurable-stl]
measurable-compose[ OF measurable-shd))
apply auto
done
next
show (L |DeK s. [T t. P-supt (\w. (?F 7~ Suc n) L (s ## t ## w))
dmeasure-pmf D) =
(F-sup 7~ Suc n) (Az€S. 0) s
unfolding funpow.simps comp-def
using S1 52 <s € S
by (subst F-sup-cong[OF Suc(1)[symmetric]])
(auto simp add: F-sup-def measure-pmf.emeasure-space-1[simplified]
K-wf subset-eq)
qged
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qed simp
qed simp
finally have Ifp F-sup s = P-sup s (Aw. (HLD S1 suntil HLD S2) (s ## w))
by (simp add: lfp-F-sup-iterate image-comp) }
moreover have \s. s ¢ S = Ifp F-sup s = undefined
by (subst lfp-unfold[OF mono-F-sup)) (auto simp add: F-sup-def)
ultimately show ?thesis
by (auto simp: p-def)
qed

definition S, = {s€S. p s = 0}

lemma S.: S. C S
by (auto simp add: S.-def)

lemma v-S.: ¢fg € valid-cfg = state c¢fg € Se = v cfg = 0
using p-eq-0-implof cfg] by (auto simp: S.-def)

lemma S.-nS2: S. N S2 = {}
by (auto simp: S.-def)

lemma S.-El: s€ Se NSl = (s,t) e E=t€ S,
unfolding S.-def using S1
by (auto simp: p-S1 SUP-eq-iff K-wf nn-integral-0-iff-AE AE-measure-pmf-iff
E-def
intro: set-pmf-closed antisym
cong: rev-conj-cong)
lemma S.-E2: s€ S1 = (A\t. (s,t) e E= 1€ S8.) = se S,
unfolding S.-def using S1 51-52
by (force simp: p-S1 SUP-eq-iff K-wf nn-integral-0-iff-AE AE-measure-pmf-iff
E-def

cong: rev-conj-cong)

lemma S.-E-iff: s € S1 = s € S, «— (Vt. (s, t) e E — t € S,)
using S.-E1[of s| S.-E2[of s] by blast

definition S, = 5 — (S, U 52)

lemma S,.: S, C S
by (auto simp: S,-def)

lemma S,.-S1: S, C S1
by (auto simp: p-nS12 S,-def S.-def)

lemma S,-eq: S, = S1 — S,
using S1-52 S1 S2 by (auto simp add: S,-def S.-def p-nS12)

lemma v-neq-0-imp: cfg € valid-cfg = v cfg # 0 = state cfg € S, U S2

140



using p-eq-0-imp|of cfg] by (auto simp add: S,.-def S.-def valid-cfg-state-in-S)

lemma valid-cfg-action-in-K: cfg € valid-cfg = action cfg € K (state cfg)
by (auto dest!: valid-cfgD)

lemma K-cfg-E: cfg € valid-cfg = cfg’ € K-cfg cfg = (state cfq, state cfg’) €
E
by (auto simp: E-def K-cfg-def valid-cfg-action-in-K)

lemma S, -directed-towards-S2:
assumes s: s € S,
shows s € directed-towards S2 {(s, t) | st. s € S, A (s, t) € E} (is s € ?D)
proof —
{ fix ¢fg assume s ¢ ?D cfg € cfg-on s
with s S, have state cfg € S, state cfg ¢ ?D cfg € valid-cfg
by (auto intro: valid-cfgl)
then have v ¢fg = 0
proof (coinduction arbitrary: cfg rule: v-eq-0-coinduct)
case (cont cfg’ cfg)
with v-neg-0-imp|of cfg’] show ?case
by (auto intro: directed-towards.intros K-cfg-F)
qed (auto intro: directed-towards.intros) }
with p-eq-0-iff[of s] s show %thesis
unfolding S..-def S.-def by blast
qed

definition proper ct +— ct € Pig S K N (Vs€S,.. v (simple ct s) > 0)

lemma S,-nS2: s € S, = s ¢ 52
by (auto simp: S,.-def)

lemma properD1: proper ct — ct € Pig S K
by (auto simp: proper-def)

lemma proper-eq:
assumes ct[simp, intro]: ¢t € Pig S K
shows proper ct «+— S, C directed-towards S2 (SIGMA s:S,.. ct s)
(is - +— - C ?D)
proof —
have x[simp]: N\s. s € S, = s € Sand ct": ¢t € Pi S K
using ct by (auto simp: S,.-def simp del: ct)
{fixsthavese S=tects=1teS
using K-closed|[of s] ct’ by (auto simp add: subset-eq) }
note ct-closed = this

let 2C' = simple ct

from ct have valid-C[simp]: N\s. s € S = ?C s € wvalid-cfy
by (auto simp add: PiE-def)

{ fix s assume s € ?D
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then have 0 < v (?2C s)
proof induct
case (step s t)
then have s: s € S, and t: t € ¢t s and [simp]: s € S
by auto
with S,-S1 ¢t have v (?C's) = ([ Tt. v (?C' t) dct s)
by (subst v-S1) (auto intro!: nn-integral-cong-AE AE-pmfI)
also have ... # 0
using ct t step
by (subst nn-integral-0-iff-AE) (auto simp add: AE-measure-pmf-iff zero-less-iff-neq-zero)
finally show ?case
using ct by (auto simp add: less-le)
qed (subst v-S2, insert S2, auto) }
moreover
{ fix sassume s: s ¢ ?Dsec S,
with ct’ have C: ?C s € cfg-on s and [simp]: s € S
by auto
from s have v (?C s) = 0
proof (coinduction arbitrary: s rule: v-eq-0-coinduct)
case (cont cfg s)
with SI obtain ¢t where ¢fg = ?Ctt € ctsse S
by (auto simp: set-K-cfg subset-eq)
with cont(1,2) v-neg-0-imp|of ?C t] ct-closed[of s t]| show ?case
by (intro exI[of - t] disjCI) (auto intro: directed-towards.intros)
qged (auto simp: S,-nS2) }
ultimately show “thesis
unfolding proper-def using ct by (force simp del: v-nS v-S2 v-nS12 ct)
qed

lemma exists-proper:
obtains ct where proper ct
proof atomize-elim
define r where r = rec-nat 52 (M- S'. {s€S,. FteS’. (s, t) € E})
then have [simp]: r 0 = S2 An. r (Suc n) = {s€S,. Itern. (s, t) € E}
by simp-all

{ fix s assume s € S,
then have s € directed-towards S2 {(s, t) | st. s € S, A (s, t) € E}
by (rule S,-directed-towards-S2)
from this (s€S,» have dn. s € rn
proof induction
case (step s t)
show ?case
proof cases
assume t € S2 with step.prems step.hyps show ?thesis
by (intro exI[of - Suc 0]) force
next
assume ¢ ¢ S2
with step obtain n where t € rnt e S,
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by (auto elim: directed-towards.cases)
with «t€S,) step.hyps show ?thesis
by (intro exI[of - Suc n]) force
qed
qged (simp add: S,-def) }
note r = this

{ fix s assume s € S
have 3DeK s. s € S, — (3teD. In.tern A (Vm. s € rm — n < m))
proof cases
assume s: s € S,
define n where n = (LEAST n. s € r n)
then have s€ rnand n: N\i. i <n= s ¢ ri
using r s by (auto intro: LeastI-ex dest: not-less-Least)
with s have n # 0
by (intro notl) (auto simp: S,.-def)
then obtain n’ where n = Suc n’
by (cases n) auto
with «s € r n) obtain t D where D € Kst€ Dt € rn’
by (auto simp: E-def)
with n <n = Suc n’» s show ?thesis
by (auto intro!: bexl|of - D] bexI[of - t] exI[of - n'] simp: not-less-eq[symmetric])
qed (insert K-wf <s€S», auto) }
then obtain ¢t where ct: \s. s€ S = cts€ K s
Ns.seS = seS, = TJtects.In.ternA¥m.s€rm— n<m)
by metis
then have *: restrict ct S € Pigp S K
by auto

moreover
{ fix s assume s € S,
then obtain n where s € rn
by (metis r)
with <s € S,» have s € directed-towards S2 (SIGMA s : S,. ct s)
proof (induction n arbitrary: s rule: less-induct)
case (less n s)
moreover with S, have s € S by auto
ultimately obtain t m where t € ct st e rmm < n
using ct[of s| by (auto simp: E-def)
with less.IH[of m t] <s € S,» show ?case
by (cases m) (auto intro: directed-towards.intros)

qed }

ultimately show 3 ct. proper ct
using S, 52
by (auto simp: proper-eq[OF x| subset-eq
introl: exI|of - restrict ct S|
cong: Sigma-cong)
qed
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definition l-desc X ct | s +—
s € directed-towards S2 (SIGMA s : X. {l s}) A
v (simple ct s) < v (simple ct (I 5)) A
I s € mazimal (As. v (simple ct s)) (ct s)

lemma exists-I-desc:
assumes ct: proper ct
shows (eSS, — S, U §2.VseS,. l-desc S, ctls
proof —
have ct-closed: N\st. s€e S=tccts=tec S
using ct K-closed by (auto simp: proper-def PiE-iff)
have ct-Pi: ¢t € Pi S K
using ct by (auto simp: proper-def)

have finite S,
using S-finite by (auto simp: S,.-def)
then show ?thesis
proof (induct rule: finite-induct-select)
case (select X)
then obtain [ where I: [ € X — X U 52 and desc: As. s € X = l-desc X
ctls
by auto
obtain z where z: z € §, — X
using «X C S,» by auto
then have z € S
by (auto simp: S,.-def)

let ?C' = simple ct
let 2v = As. v (?C s) and ?E = As. set-pmf (ct s)
let ?M = A\s. mazimal ?v (?E s)

have finite-E[simp]: \s. s € S = finite (?E s)
using K-closed ct by (intro finite-subset|OF - S-finite]) (auto simp: proper-def
subset-eq)

have valid-Clsimp]: \s. s € S = ?C s € valid-cfg
using ct by (auto simp: proper-def intro!: simple-valid-cfq)

have E-ne[simp]: N\s. ?E s # {}
by (rule set-pmf-not-empty)

have 3s€S5, — X. 3te?Ms. t € S2 U X
proof (rule ccontr)
assume — ?thesis
then have not-M: As. s€ S, — X = ?MsnN (S2U X) ={}
by auto

let 2S,, = mazimal %v (S, — X)
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have finite (S, — X) S, — X # {}

using <X C S, by (auto intro!: finite-subset|OF - S-finite] simp: S,-def)
from mazimal-ne[OF this] obtain s, where s,,: s;, € 25,

by force

have 3s0€%S,,. It€?E so. t ¢ 25,
proof (rule ccontr)
assume — ?thesis
then have S,,: Aso t. sp € 95, = t € ?E s9 = t € 25, by blast
from <s,, € 95, have [simp]: s,, € S and s, € S,
by (auto simp: S,.-def dest: maximalD1)

from «s,, € 25, have v (?Cs,,) = 0
proof (coinduction arbitrary: s, rule: v-eq-0-coinduct)
case (cont t s,,) with S1 show ?case
by (intro exI[of - state t] disjCI congl S, [of sm state t])
(auto simp: set-K-cfg)
qed (auto simp: S,.-def ct-Pi dest!: mazimalD1)
with <s,, € S,» <proper ct> show False
by (auto simp: proper-def)
qed
then obtain sy ¢t where sy € 95, and t: t € ?Eso ¢t ¢ 25,
by metis
with 5,.-S1 have sg: s € S, — X and [simp]: s € S and sy € S1
by (auto simp: S,-def dest: maximalD1)

from <proper cty <sg € S» sop have %v 59 # 0
by (auto simp add: proper-def)
then have 0 < %v sy by (simp add: zero-less-iff-neg-zero)

{fix tassume t € S, US2U Xt € ?Esyand vsy < %vt
moreover have t € S, — vt =0
by (simp add: p-eq-0-imp S.-def ct-Pi)
ultimately have t: t € S2 U X t € ?F s
using 0 < ?v so» by (auto simp: S.-def)

have mazimal %v (?E so N (S2 U X)) # {}
using finite-E ¢ by (intro mazimal-ne) auto
moreover
{fixzyassume z: z € S2U Xz € ?E s
and x: Vye?E so N (S2 U X). 2oy < vz and y: y € 7F s
with 52 sy € Sy[THEN ct-closed] have [simp]: z € Sy € S
by auto

have vy < vz

proof cases
assume y € S, — X
then have vy < %v s
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using <sp € 25,,» by (auto intro: mazimalD2)
also note «?v sg < v t»
also have vt < vz
using * t by auto
finally show ?thesis .
next
assume y ¢ S, — X with y x show %thesis
by (auto simp: S,.-def v-Sc[of ?C y] ct-Pi)
qed }
then have mazimal ?v (?E so N (S2 U X)) C mazimal ?v (?E sp)
by (auto simp: mazimal-def)
moreover note not-M[OF so]
ultimately have Fualse
by (blast dest: maximalD1) }
then have less-so: At. t € S, US2 U X = te€ Esy= wit< s
by (auto simp add: not-le[symmetric))

let ?K = ct s

have ?vs) = ([ * z. 2vz O?K)
using v-S1[of ?C sg] <sg € S1» <89 € S»
by (auto simp add: ct-Pi intro!: nn-integral-cong-AE AE-pmfI)
also have ... < ([ Tz. %v sy 9?K)
proof (intro nn-integral-less)
have ([ Tz. vz 0?K) < ([ Tz. 1 07K)
using ct ct-closed|of so]
by (intro nn-integral-mono-AE)
(auto introl: v-le-1 simp: AE-measure-pmf-iff proper-def ct-Pi)
then show ([ *z. vz 0?K) #
by (auto simp: top-unique)
have ?v t < %v sg
proof cases
assume t € S, U S2 U X then show ?Zthesis
using less-solof t] t by simp
next
assume ¢t ¢ S, U S2 U X
with #(1) ct-closed[of so t] have t € S, — X
unfolding S,.-def by (auto simp: E-def)
with t(2) show ?thesis
using <sg € 25, by (auto simp: mazimal-def not-le intro: less-le-trans)
qed
then show — (AE zin ?K. %v sg < %v x)
using ¢ by (auto simp: not-le AE-measure-pmf-iff E-def cong del: AE-cong

introl: exI[of - t])

show AE z in ?K. 2vx < ?v 39

proof (subst AE-measure-pmf-iff, safe)
fix t assume t: t € ?EF sg
show 2v ¢t < %v 39
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proof cases
assume ¢t € S, U §2 U X then show ?thesis
using less-sg[of t] ¢ by simp
next
assume ¢t ¢ S, U 52 U X with t <sg € 25> <so € S» show ?Zthesis
by (elim mazimalD2) (auto simp: S,-def intro: ct-closed[of - t])

qed
qed
qed (insert ct-closed|of so, auto simp: AE-measure-pmf-iff)
also have ... = 2v s

using <sop € S» measure-pmf.emeasure-space-1[of ct so| by simp
finally show Fulse
by simp
qed
then obtain s t where s: s € S, — Xand t:t € S2U Xt e ?Ms
by auto
with 52 <X C S;» have s ¢ S2 and s € S A s ¢ 52 and s ¢ Xand [simp]: t
es
by (auto simp add: S,.-def)
define !’ where I’ = (s := t)
then have ['-s[simp, intro]: I s = ¢
by simp

let ?D = \X I. directed-towards S2 (SIGMA s : X. {l s})
{ fix s"assume s’ € ?D X [s' € X
from this(1) have s’ € 7D (insert s X) I
by (rule directed-towards-mono) (auto simp: l'-def <s ¢ X») }
note directed-towards-1' = this

show ?case
proof (intro bexl balll, elim insertE)
show s € S, — X by fact
show [’ € insert s X — insert s X U S2
using s ¢ | by (auto simp: '-def)
next
fix s’ assume s s’ € X
moreover
from desc[OF s'| have s’ € ?D X land *: vs' < %v (Is) ls' € ?M s’
by (auto simp: l-desc-def)
moreover have [’ s' = [ s’
using <s’ € X» s by (auto simp add: '-def)
ultimately show I-desc (insert s X) ct 1’ s’
by (auto simp: l-desc-def intro!: directed-towards-l")
next
fix s’ assume s’ = s
show I-desc (insert s X) ctl' s
unfolding <s’ = s) I-desc-def I’-s
proof (intro conjl)
show s € ?D (insert s X) I’

/
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proof cases
assume ¢ ¢ S2
with ¢t have t € X by auto
with desc have t € 7D X |
by (simp add: I-desc-def)
then show ?thesis
by (force intro: directed-towards.step[OF directed-towards-l'] <t € X»)
qed (force intro: directed-towards.step directed-towards.start)

from <s € S, — X» S,-S1 have [simp]: s € S1s€ S
by (auto simp: S,.-def)

show %vs < %v ¢
using t(2)[THEN mazimalD2] ct
by (auto simp add: v-S1 AE-measure-pmf-iff proper-def Pi-iff PiE-def

introl: measure-pmf.nn-integral-le-const)
qed fact
qed
qed simp
qed

lemma F-v-memoryless:
obtains ¢t where ct € Pig S K vosimple ct = F-sup (vosimple ct)
proof atomize-elim
define R where R = {(ct(s := D), ct) | ¢t s D.
ct € Pip S K N proper ¢t A s € S, N D € K s A wv (simple ct s) < ([Tt v
(simple ct t) OD) }

{ fix ct ct’ assume ct-ct”: (ct’, ct) € R
let v = A\s. v (simple ct s) and 20’ = Xs. v (simple ct’ s)

from ct-ct’ obtain s D where ct € Pig S K proper ct and s: s € S, and D:
DeKs
and not-mazimal: 2vs < ([ *t. 2v ¢t dD) and ct’-eq: ct’ = ct(s :== D)
by (auto simp: R-def)
with S,.-51 have ct: ¢t € Pi S K and s € S and s € S1
by (auto simp: S,-def)
then have valid-ct[simp]: N\s. s € S = simple ct s € cfg-on s
by simp

from ct’-eq have [simp|: ¢t s =D Nt. t #s = ct't = ct t
by simp-all

from ct-ct’ S, have ct’-E: ct' € Pig S K
by (auto simp: ct’-eq R-def)

from ct s D have ct”: ¢t’ € Pi S K
by (auto simp: ct’-eq)

then have valid-ct’[simp]: N\s. s € S = simple ct’ s € cfg-on s
by simp
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from exists-l-desc[OF <proper ct)]
obtain [ where I: [ € S, — 5, U S2 and As. s € S, = l-desc S, ctls
by auto
then have directed-I: N\s. s € S, = s € directed-towards S2 (SIGMA s:S,.
{Is})
and v-l-mono: A\s. s € S, = v s < %v (I 3)
and l-in-Ea: \s. s€ S, = ls€ cts
by (auto simp: l-desc-def dest!: mazimalD1)

let ?E = Act. SIGMA s:S,. ct s
let ?D = Act. directed-towards S2 (?E ct)

have finite-E[simp]: \s. s € S = finite (ct’ s)
using ct’ K-closed by (intro rev-finite-subset| OF S-finite]) auto

have mazimal %v (ct' s) # {}
using ct’ D «s€S) finite-E[of s] by (intro mazimal-ne set-pmf-not-empty)
(auto simp del: finite-E)
then obtain s’ where s": s’ € mazimal ?v (ct’ s)
by blast
with K-closed[OF «s € S)] D have s’ € S
by (auto dest!: mazimalD1)

have s’ # s
proof
assume [simp]: s’ = s
have ?vs < ([Tt %v ¢ dD)
by fact
also have ... < ([ *t. 2v s dD)
using <s € S» s’ D by (intro nn-integral-mono-AE) (auto simp: AE-measure-pmj-iff
intro: mazximalD2)
finally show Fulse
using measure-pmf.emeasure-space-1[of D] by (simp add: <s € S» ct)
qed

have p s’ # 0
proof
assume p s’ = 0
then have 7v s’ = 0
using v-le-p[of simple ct s'] ct <s’ € Sy by (auto introl: antisym ct)
then have ([ *t. vt 9D) = 0
using mazimalD2[OF s'] by (subst nn-integral-0-iff-AE) (auto simp: <s€S»
D AE-measure-pmf-iff)
then have %v s < 0
using not-mazimal by auto
then show Fulse
using «s€S» by (simp add: ct)
qed
with <s’ € §)» have s’ € S2 U S,
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by (auto simp: Sy-def S.-def)

have l-acyclic: (s', s) ¢ (SIGMA s:S,.. {l s}) ™+
proof
assume (s, s) € (SIGMA s:S.. {l s}) ™+
then have v s’ < %0 s
by induct (blast intro: order-trans v-l-mono)+
also have ... < ([Tt ?v ¢ 9D)
using not-mazximal .
also have ... < ([ *t. 2v s’ 9D)
using s’ by (intro nn-integral-mono-AE) (auto simp: <s € Sy D AE-measure-pmf-iff
intro: maximalD2)
finally show Fulse
using measure-pmf.emeasure-space-1[of D] by (simp add:<s’ € S» ct)
qed

from s’ € S2 U S,» have s’ € 2D ct’
proof
assume s’ € 9,
then have [ s’ € directed-towards S2 (SIGMA s:5,. {l s})
using [ directed-l[of | s'] by (auto intro: directed-towards.start)
moreover from s’ € S,» have (s', [ s') € (SIGMA s:S,.. {l s}) ™+
by auto
ultimately have [ s’ € 2D ct’
proof induct
case (step t t')
then have t: t £ste€ S, t'=1¢
using l-acyclic by auto

from step have (s/, t') € (SIGMA s:S,. {l s})™
by (blast intro: trancl-into-trancl)
from step(2)[OF this] show ?case
by (rule directed-towards.step) (simp add: l-in-Ea t)
qged (rule directed-towards.start)
then show s’ € 2D ct’
by (rule directed-towards.step)
(simp add: l-in-Ea <s'" € Sy s € Spr 8" #£ &)
qed (rule directed-towards.start)

have proper: proper ct’
unfolding proper-eq|OF ct’-E]
proof
fix t assume ¢t € S,
from directed-l[OF this| show t € ?D ct’
proof induct
case (step t t')
show ?case
proof cases
assume ¢ = s
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with «s € S,y s|THEN mazimalD1] have (t, s') € ?E ct’
by auto
with «s’ € 2D ct’y show ?thesis
by (rule directed-towards.step)
next
assume t # s
with step have (¢, t') € ?F ct’
by (auto simp: l-in-Ea)
with step.hyps(2) show ?thesis
by (rule directed-towards.step)
ged
qged (rule directed-towards.start)
qed

have %v < %’
proof (intro le-funI lel notl)
fix t’ assume *: v’ t' < v t’
then have t' € §
by (metis v-nS simple-valid-cfg-iff ct’ ct order.irrefl)

define A where A ¢t = enn2real (%v t) — enn2real (?v’ t) for t
with x <t/ € S» have 0 < A ¢’
by (cases ?v t' 2v’ t' rule: ennreal2-cases) (auto simp add: ct’ ct en-
nreal-less-iff)

{ fix ¢t assume ¢: ¢ € mazimal A S
with <t/ € S» have A t' < A ¢t
by (auto intro: mazimalD2)
with <0 < A t» have 0 < A ¢ by simp
with ¢t have t € S,
by (auto simp add: S,-def v-S. ct ct’ A-def dest!: mazimalD1) }
note max-is-S, = this

{ fix s assume s € S
with v-le-1[of simple ct’ s| v-le-1[of simple ct s
have |A s| < 1
by (cases ?v s v’ s rule: ennreal2-cases) (auto simp: A-def ct ct’) }
note A-le-1[simp] = this
then have ennreal-A: \s. s € S = A s=2vs— %v's
by (auto simp add: A-def v-def T.emeasure-eq-measure ct ct’ ennreal-minus)

from (s € S) S-finite have mazimal A S # {}
by (intro mazimal-ne) auto

then obtain ¢t where ¢t € mazximal A S by auto

from maz-is-S,[OF this| proper have ¢t € ?D ct’
unfolding proper-eq|OF ct’-E] by auto

from this <t € mazximal A S» show Fulse

proof induct
case (start t)
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then have t € S,
by (intro max-is-Sy)
with ¢ € 52 show Fulse
by (auto simp: S,-def)
next
case (step t t')
then have t: t' € ct’tand t € S, and t: t € mazimal A S
by (auto intro: maz-is-S, simp: comp-def)
then have t' € Ste Si1te S
using S,-S1 S1
by (auto simp: Pi-closed|OF ct’))

have A t < At/
proof (intro lel notl)
assume less: At/ < At
have ([s. A sdct't) < ([s. At dct’t)
proof (intro measure-pmf.integral-less-AE)
show emeasure (ct’ t) {t'} # 0 {t'} € sets (ct’t)
AE sin ct't. se{t’} — A s# At
using t’ less by (auto simp add: emeasure-pmf-single-eq-zero-iff)
show AE sinct’'t. A s < At
using ct’ ct t D
by (auto simp add: AE-measure-pmf-iff ct <t€S» Pi-iff E-def Pi-closed|OF
ct’]
introl: mazimalD2[of t Al intro: Pi-closed|OF ct’] mazimalD1)
show integrable (ct’ t) (A-. A t) integrable (ct’ t) A
using ct ct’ <t € S» D
by (auto intro!: measure-pmf.integrable-const-bound[where B=1] A-le-1
simp: AE-measure-pmf-iff dest: Pi-closed)
qed
also have ... = At
using measure-pmf.prob-space|of ct’ t| by simp
also have A ¢ < ([ s. enn2real (?v s) dct’ t) — ([ s. enn2real (?v" s) dct’

proof —
have ?v ¢ < ([Ts. %vs dct' t)
proof cases
assume ¢ = s with not-maximal show ?thesis by simp
next
assume t # s with S1 <t€S1» <t € S ct ct’ show ?thesis
by (subst v-S1) (auto introl: nn-integral-mono-AE AE-pmfI)
qed
also have ... = ennreal ([ s. enn2real (?v s) dct’ t)
using ct ct’ «teS»
by (intro measure-pmf.ennreal-integral-real[symmetric, where B=1])
(auto simp: AE-measure-pmf-iff one-ennreal-def[symmetric]
introl: v-le-1 simple-valid-cfg intro: Pi-closed)
finally have enn2real (?v t) < ([ s. enn2real (?v s) dct’ t)
using ct <t€S» by (simp add: v-def T.emeasure-eq-measure)
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moreover
{ have 2v't = ([ *s. 20" s dct’ 1)
using ct ct’ <t € Sy <t € S1y S1 by (subst v-S1) (auto introl:
nn-integral-cong-AE AE-pmfI)
also have ... = ennreal ([ s. ennZreal (70" s) dct’ t)
using ct’ <teS»
by (intro measure-pmf.ennreal-integral-real[symmetric, where B=1])
(auto simp: AE-measure-pmf-iff one-ennreal-def[symmetric]
introl: wv-le-1 simple-valid-cfg intro: Pi-closed)
finally have enn2real (v’ t) = ([ s. enn2real (?v’ s) dct’ t)
using ct’ <t€S) by (simp add: v-def T.emeasure-eg-measure) }
ultimately show ¢thesis
using <t € S» by (simp add: A-def ennreal-minus-mono)
qed
also have ... = ([s. A s dct' t)
unfolding A-def using Pi-closed[OF ct «t€S] Pi-closed[OF ct’ <t€S)]
ct ct’
by (intro Bochner-Integration.integral-diff [symmetric] measure-pmf .integrable-const-bound[where
B=1])
(auto simp: AE-measure-pmf-iff real-v)
finally show Fulse
by simp
qged
with ¢{{THEN mazimalD2] <t € S) «t' € S» have A t = A ¢’
by (auto intro: antisym)
with ¢ <t/ € ) have ¢’ € mazimal A S
by (auto simp: mazimal-def)
then show ?case
by fact
qed
qed
moreover have v s < %0’ s
proof —
have %vs < ([Tt ?vt OD)
by fact
also have ... < ([ *t. 2’ t 9D)
using «%v < %0’ «s€8) D ct ct’
by (intro nn-integral-mono) (auto simp: le-fun-def)
also have ... = v’ s
using (s€S1» S1 ct’ <s € S by (subst (2) v-S1) (auto introl: nn-integral-cong-AE
AE-pmfT)
finally show ?thesis .
qed
ultimately have %v < %v’
by (auto simp: less-le le-fun-def fun-eq-iff)
note this proper ct’ }
note v-strict = this(1) and proper = this(2) and sc’-R = this(3)

have finite (Pig S K x Pig S K)
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by (intro finite-PiE S-finite K-finite finite-Sigmal)
then have finite R
by (rule rev-finite-subset) (auto simp add: PiE-iff S,-def R-def intro: exten-
sional-arb)
moreover
from wv-strict have acyclic R
by (rule acyclicI-order)
ultimately have wf R
by (rule finite-acyclic-wyf)

from ezists-proper obtain ct’ where ct’: proper ct’ .
define ¢t where ct = restrict ct’ S
with ct’ have sc-Pi: ¢t € Pi S K and ct' € Pi S K
by (auto simp: proper-def)
then have ct: ¢t € {ct € Pig S K. proper ct}
using ct’ directed-towards-mono[where F=SIGMA s:5,. ct’ s and G=SIGMA
§:Sy. ct 8
apply simp
apply (subst proper-eq)
by (auto simp: ct-def proper-eq[OF properD1[OF ct’]] subset-eq S..-def)

show Jct. ¢t € Pig S K N\ vosimple ct = F-sup (vosimple ct)
proof (rule wfE-min|OF «wf R» ct])
fix ct assume ct: ct € {ct € Pig S K. proper ct}
then have ct € Pi S K proper ct
by (auto simp: proper-def)
assume min: Act’. (ct’, ct) € R = ct’ ¢ {ct € Pig S K. proper ct}
let 2v = As. v (simple ct s)
{ fix sassume s € Sse€ S s¢ 52
with ct have ct s € K s ?v s < integral™ (ct s) ?v
by (auto simp: v-S1 PiE-def intro!: nn-integral-mono-AE AE-pmfI)
moreover
{ have 0 < %v s
using <s€S» ct by (simp add: PiE-def)
also assume v-less: 2v s < (L|DeK s. [T s. v (simple ct s) Omeasure-pmf
D)
also have ... < ps
unfolding p-S1[OF <s€S1>] using <s€S» ct v-le-p[OF simple-valid-cfg,
OF «ct € Pi S K»)
by (auto intro!: SUP-mono nn-integral-mono-AE bexl
simp: PiE-def AE-measure-pmf-iff set-pmf-closed)
finally have s € 5,
using <s€S» «s¢52» by (simp add: S,-def Se-def)

from v-less obtain D where D € K s %v s < integral™ D %v
by (auto simp: less-SUP-iff)

with ct (s€S> «s€S,» have (ct(s:=D), ct) € R ct(s:=D) € Pigp S K
unfolding R-def by (auto simp: PiE-def extensional-def)

from proper|OF this(1)] min[OF this(1)] ct <D € K $» <s€S» this(2)
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have Fulse
by simp }
ultimately have ?v s = (L|DeK s. [T s. v s Omeasure-pmf D)
by (auto intro: antisym SUP-upper2|where i=ct s| lel)
also have ... = (|| DEK s. integral™ (measure-pmf D) (As€S. ?v s))
using (s€S» by (auto intro!: SUP-cong nn-integral-cong v-nS simp: ct
stmple-valid-cfg-iff <ct € Pi S K»)
finally have v s = (| | DEK s. integral™ (measure-pmf D) (As€S. ?v s)) . }
then have ?v = F-sup v
unfolding F-sup-def using ct
by (auto intro!: ext v-S2 simple-cfg-on v-nS v-nS12 SUP-cong nn-integral-cong
simp: PiE-def simple-valid-cfg-iff)
with ct show ?thesis
by (auto simp: comp-def)
qed
qed

lemma p-v-memoryless:
obtains ct where ct € Pig S K p = vosimple ct
proof —
obtain ct where ct-PiE: ¢t € Pig S K and eq: vosimple ¢t = F-sup (vosimple
ct)
by (rule F-v-memoryless)
then have ct: ¢t € Pi S K
by (simp add: PiE-def)
have p = vosimple ct
proof (rule antisym)
show p < vosimple ct
unfolding p-eq-lfp-F-sup by (rule fp-lowerbound) (metis order-refl eq)
show vosimple ct < p
proof (rule le-funl)
fix s show (vosimple ct) s < ps
using v-le-p[of simple ct s]
by (cases s € S) (auto simp del: simp add: v-def ct)
qed
qed
with ct-PiF that show thesis by auto
qged

definition n = (As€S. P-inf s (Aw. (HLD S1 suntil HLD S2) (s ## w)))
lemma n-eg-INF-v: s € S = n s = ([ | cfg€cfg-on s. v cfg)

by (auto simp add: n-def v-def P-inf-def T.emeasure-eq-measure valid-cfgl intro!:
INF-cong)

lemma n-le-v: s € S = ¢fg € ¢fg-on s = n s < v c¢fy
by (subst n-eq-INF-v) (blast intro!: INF-lower)+

lemma n-eq-1-imp: s € S => c¢fg € ¢fg-ons = ns=1 = vcfg =1
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using n-le-v[of s cfg] v-le-1[of cfg] by (auto intro: antisym valid-cfgl)

lemma n-eg-1-iff: s € S = ns =1 +— (Vefgecfg-ons. vefg=1)
apply rule
apply (metis n-eq-1-imp)
apply (auto simp: n-eq-INF-v intro!: INF-eql)
done

lemma n-le-1: s € S = ns < I
by (auto simp: n-eq-INF-v introl: INF-lower2|OF simple-cfg-on|of arb-act]] v-le-1)

lemma n-undefined[simp]: s ¢ S = n s = undefined
by (simp add: n-def)

lemma n-eq-0: s € S = ¢fg € ¢fg-ons = vcfg=0=ns=10
using n-le-v[of s cfg] by auto

lemma n-not-inf[simp]: s € S = n s # top
using n-le-1[of s] by (auto simp: top-unique)

lemma n-S1: s € S1 = ns= ([|DeK s. [T t. nt Imeasure-pmf D)
using S1 S§1-52 unfolding n-def
apply auto
apply (subst P-inf-iterate)
apply (auto introl: nn-integral-cong-AE INF-cong intro: set-pmjf-closed
simp: AE-measure-pmf-iff suntil-Stream set-eq-iff)
done

lemma n-S2[simp|: s € S2 = ns =1
using S2 by (auto simp add: n-eq-INF-v valid-cfgl)

lemma n-nS12: s€ S = s¢ S1 = s ¢ S2 = ns=10
by (auto simp add: n-eq-INF-v valid-cfgI)

lemma n-pos:
assumes P ss € S1 wf R
assumes cont: As D. Ps —= s € S1 = D € K s = JweD. ((w, s) € R A
weSIANPw)VO<nw
shows 0 < n s
using «wf R» <P $» <s€S1»
proof (induction s)
case (less s)
with S7 have [simp]: s € S by auto
let ?I = AD:'s pmf. [T¢. nt 0D
have 0 < Min (?I‘'K s)
proof (safe introl: Min-gr-iff [THEN iffD2])
fix D assume [simp]: D € K s
from cont[OF <P s» <s € S1» <D € K ]
obtain w where w: we D0 < nw
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by (force intro: less. IH)
have in-S: N\t.te D = te S

using set-pmf-closed[OF <s € S» «D € K )] by auto
from w have 0 < pmf D w *x n w

by (simp add: pmf-positive ennreal-zero-less-mult-iff )
also have ... = ([ *t. n w * indicator {w} t 9D)

by (subst nn-integral-cmult-indicator)

(auto simp: ac-simps emeasure-pmf-single in-S <w € D)

also have ... < ([ *t. nt dD)

by (intro nn-integral-mono-AE) (auto split: split-indicator simp: AE-measure-pmf-iff

in-S)
finally show 0 < ([ t. nt dD) .
qed (insert K-wf K-finite <s€S», auto)
also have ... = n s
unfolding n-S1[OF «<s € S1)]
using K-wf K-finite <s€S» by (intro Min-Inf) auto
finally show 0 < n s .
qed

definition F-inf :: (s = ennreal) = ('s = ennreal) where
F-inf f = (As€S. if s € S2 then 1 else if s € SI1 then ([|DeK s. [t t. ft
Omeasure-pmf D) else 0)

lemma F-inf-n: F-infn =mn
by (simp add: F-inf-def n-nS12 n-S1 fun-eq-iff)

lemma F-inf-nS[simpl: s ¢ S = F-inf f s = undefined
by (simp add: F-inf-def)

lemma mono-F-inf: mono F-inf
by (auto introl: INF-superset-mono nn-integral-mono simp: mono-def F-inf-def

le-fun-def)

lemma S1-nS2: s € S1 = s ¢ 52
using S1-52 by auto

lemma n-eq-lfp-F-inf: n = Ifp F-inf
proof (intro antisym lfp-lowerbound le-funl)
fix slet I = AD. ([ t. Ifp F-inf t Omeasure-pmf D)
define ct where ct s = (SOME D. D € K s A (s € S1 — Ifp F-inf s = ?I D))
for s
{ fix s assume s: s € §
then have finite (¢ ‘ K s)
by (auto intro: K-finite)
with s obtain D where D € K s ([ Tt. lfp F-inf t D) = Min (?I ‘ K s)
by (auto simp: K-wf dest!: Min-in)
note this(2)
also have ... = (INF D € K s. ?I D)
using s K-wf by (subst Min-Inf) (auto intro: K-finite)
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also have s € S1 = ... = Ifp F-inf s
using s S51-S2 by (subst (3) Ilfp-unfold|OF mono-F-inf]) (auto simp add:
F-inf-def)
finally have 3D. D € K s A (s € S1 — Ifp F-inf s = ?I D)
using <D € K sy by auto
then have ct s € Ks A (s € S1 — Ifp F-infs = I (ct s))
unfolding ct-def by (rule somel-ex)
then have ct s € Kss € S1 = Ifp F-inf s = ?I (ct s)
by auto }
note ct = this
then have Pi-ct: ¢t € Pi S K
by auto
then have valid-ct[simp]: \s. s € S = simple ct s € valid-cfg
by simp
let ?F = AP. HLD 52 or (HLD S1 aand nzt P)
define P where P s n =
emeasure (T (simple ct s)) {x€space (T (simple ct s)). (?F " n) (Az. False)
(s ## 7))
for s n
{ assume s € S
with SI1 have [simp, measurable]: s € S by auto
then have n s < v (simple ct s)
by (intro n-le-v) (auto intro: simple-cfg-on[OF Pi-ct))
also have ... = emeasure (T (simple ct s)) {z€space (T (simple ct s)). lfp ¢F
(s #4# @)}
using S1-52
by (simp add: v-eq[OF simple-valid-cfg|OF Pi-ct <s€S»]])
(simp add: suntil-lfp space-T[symmetric, of simple ct s] del: space-T)
also have ... = (| |n. P s n) unfolding P-def
apply (rule emeasure-lfp2[where P=AM. 3s. M = T (simple ct s) and
M=T (simple ct s)])
apply (intro exI[of - s] refl)
apply (auto simp: sup-continuous-def) []
apply auto []
proof safe
fix A s assume AN. 3s. N = T (simple ct s) = Measurable.pred N A
then have As. Measurable.pred (T (simple ct s)) A
by metis
then have As. Measurable.pred St A
by simp
then show Measurable.pred (T (simple ct s)) (Axs. HLD S2 zs vV HLD S1 xs
A nat A xs)
by simp
qed
also have ... < Ifp F-inf s
proof (intro SUP-least)
fix n from ¢s€S» show P s n < Ifp F-inf s
proof (induct n arbitrary: s)
case 0 with S1 show ?Zcase
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by (subst lfp-unfold|OF mono-F-inf]) (auto simp: P-def)
next
case (Suc n)

show ?case
proof cases
assume s € S1 with 51-52 S1 have s[simp|: s ¢ S2s € Ss € S1 by
auto
have P s (Suc n) = ([ Tt. Ptn dct s)
unfolding P-def space-T
apply (subst emeasure-Collect-T)
apply (rule measurable-compose[OF measurable-Stream[OF measur-
able-const measurable-ident-sets|OF refl]]])
apply (measurable, assumption)
apply (auto simp: K-cfg-def map-pmf-rep-eq nn-integral-distr
intro!: nn-integral-cong-AE AE-pm/fI)
done
also have ... < ([ Tt Ifp F-inf t dct s)
using Pi-closed|OF Pi-ct «s € S)]
by (auto intro!: nn-integral-mono-AE Suc simp: AE-measure-pmf-iff)
also have ... = [fp F-inf s
by (intro ct(2)[symmetric]) auto
finally show ?thesis .
next
assume s ¢ S1 with 52 «s € S» show Zcase
using T.emeasure-space-1[of simple ct s]
by (subst lfp-unfold|OF mono-F-inf]) (auto simp: F-inf-def P-def)
qed
qed
qed
finally have n s < Ifp F-infs . }
moreover have s ¢ S = n s < fp F-inf s
by (subst lfp-unfold[OF mono-F-inf]) (simp add: n-def F-inf-def)
ultimately show n s < Ifp F-inf s
by blast
qed (simp add: F-inf-n)

lemma real-n: s € S = ennreal (enn2real (n s)) =ns
by (cases n s) simp-all

lemma real-p: s € S = ennreal (enn2real (p s)) =p s
by (cases p s) simp-all

lemma p-ub:
fixes x
assumes s € S
assumes solution: As D.s€ S1 = D e Ks= () teS.pmfDtxzt)<zs
assumes solution-0: N\s. s€ S =ps=0=2xs=10
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assumes solution-S2: \s. s € S2 = s =1
shows enn2real (p s) <z s (is 7y s < -)
proof —
let ?p = As. ennZreal (p )
from p-v-memoryless obtain sc where sc € Pig S K and p-eq: p = v o simple
sc
by auto
then have sch: \s. s € S = sc s € K s and sc-Pi: sc € Pi S K
by (auto simp: PiE-iff)

interpret sc: MC-syntax sc .

define N where N = {s€S.ps= 0} U 52
{ fix sassume s € Ss ¢ N
with p-nS12 have s € S1
by (auto simp add: N-def) }
note N = this

have N-S: N C S
using S2 by (auto simp: N-def)

have finite-sc[intro]: s € S = finite (sc s) for s
using <sc € Pig S K» by (auto simp: PiE-iff intro: set-pmf-finite)

show ?thesis
proof cases
assume s € S — N
then show ?thesis
proof (rule mono-les)
show (|Jz€S — N. set-pmf (scz)) TS — NUN
using Pi-closed[OF sc-Pi] by auto
show finite ((As. ?p s — zs) (S — N U N))
using N-S by (intro finite-imagel finite-subset|OF - S-finite]) auto
next
fix s assume s € N then show %p s < z s
by (auto simp: N-def solution-S2 solution-0)
next
fix s assume s: s € S — N
then show integrable (sc s) x integrable (sc s) ?p
by (auto introl: integrable-measure-pmf-finite set-pmf-finite sch)

from s have s € S1se€ §
using p-nS12[of s] by (auto simp: N-def)
then show 2p s < ([ ¢. ?pt dscs) + 0
unfolding p-eq using real-v-integral-eq|of simple sc s
by (auto simp add: v-S1 sc-Pi introl: integral-mono-AFE integrable-measure-pmf-finite
AE-pmfT)
show ([ t.ztdscs)+ 0<uzs
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using solution[OF «s € S1» sch[OF (s € S]]
by (subst integral-measure-pmf[where A=S5])
(auto intro: S-finite Pi-closed|OF sc-Pi] <s € Sy simp: ac-simps)

define X where X = (SIGMA z:UNIV. sc x)
show JteN. (s, t) € X*
proof (rule ccontr)
assume — ?Zthesis
then have *: V{eN. (s, t) ¢ X*
by auto
with <s€S» have v (simple sc s) = 0
proof (coinduction arbitrary: s rule: v-eq-0-coinduct)
case (valid t) with sch show ?case
by auto
next
case (nS2 s) then show ?case
by (auto simp: N-def)
next
case (cont cfg s)
then have (s, state cfg) € X*
by (auto simp: X-def set-K-cfq)
with cont show ?case
by (auto simp: set-K-cfg introl: exI intro: Pi-closed|OF sc-Pi))
(blast intro: rtrancl-trans)
qed
then have p s = 0
unfolding p-eq by simp
with «s€S» have se N
by (auto simp: N-def)
with * show Fulse
by auto
qed
qed
next
assume s ¢ S — N with s € S» show %ps < zs
by (auto simp: N-def solution-0 solution-S2)
qged
qed

lemma n-lb:
fixes x
assumes s € S
assumes solution: As D. s € S1 = De Ks= xs< (D_teS. pmf Dt « zt)
assumes solution-n0: A\s. s€ S =ns=0=zxs=10
assumes solution-S2: \s. s € S2 = zs=1
shows z s < enn2real (n s) (is - < %y s)
proof —
let ?I = AD:'s pmf. [Ta. na dD
{ fix s assume s € S1
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with S1 S1-S2 have n s = ([|DeK s. 21 D)
by (subst n-eg-lfp-F-inf, subst lfp-unfold|OF mono-F-inf])
(auto simp add: F-inf-def n-eq-lfp-F-inf)
moreover have ([|DeK s. [tz. n o dmeasure-pmf D) = Min (?I'K s)
using s € S1» S1 K-uwf
by (intro cInf-eq-Min finite-imagel K-finite) auto
moreover have Min (?I'K s) € ?I'K s
using s € S1» S1 K-wf by (intro Min-in finite-imagel K-finite) auto
ultimately have 3DeK s. ([tz. n2 dD) = ns
by auto }
then have \s. s€ S = 3DeKs. se€ S1 — ([Tz.n2zdD) =ns
using K-wf by auto
then obtain sc where sch: \s. s€ S = scs€ K s
and n-sc: \s. s € S1 = ([Tz. nz dscs) =ns
by (metis S1 subsetD)
then have sc-Pi: sc € Pi S K
by auto

define N where N = {s€S. ns= 0} U S2
with 52 have N-S: N C §
by auto
{ fix sassume s € Ss¢ N
with n-nS12 have s € S1
by (auto simp add: N-def) }
note N = this

let n = \s. enn2real (n s)
show ?thesis
proof cases
assume s € S — N
then show ?thesis
proof (rule mono-les)
show (|JzeS — N. set-pmf (scz)) C S — NUN
using Pi-closed[OF sc-Pi] by auto
show finite ((As. zs — %ns) ‘(S — N U N))
using N-S by (intro finite-imagel finite-subset| OF - S-finite]) auto
next
fix s assume s € N then show z s < ?n s
by (auto simp: N-def solution-S2 solution-n0)
next
fix s assume s: s € S — N
then show integrable (sc s) x integrable (sc s) ?n
by (auto intro!: integrable-measure-pmf-finite set-pmf-finite sch)

from s have s € S1s€ S
using n-nS12[of s| by (auto simp: N-def)
then have ([ t. nt dscs) = ?n s
apply (subst n-sc[symmetric, of s])
apply simp-all
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apply (subst integral-eg-nn-integral)
apply (auto simp: Pi-closed|OF sc-Pi] AE-measure-pmf-iff
introl: arg-conglwhere f=enn2real| nn-integral-cong-AE real-n)
done
then show ([ t. ?nt dscs) + 0 < ?ns
by simp

show z s < ([ t.ztdscs)+ 0
using solution[OF «s € S1» sch[OF (s € S)]]
by (subst integral-measure-pmf[where A=S5])
(auto intro: S-finite Pi-closed|OF sc-Pi] <s € S» simp: ac-simps)

define X where X = (SIGMA z:UNIV. sc x)
show JteN. (s, t) € X*
proof (rule ccontr)
assume — ?thesis
then have x: VteN. (s, t) ¢ X*
by auto
with (s€S» have v (simple sc s) = 0
proof (coinduction arbitrary: s rule: v-eq-0-coinduct)
case (valid t) with sch show ?case
by auto
next
case (nS2 s) then show ?case
by (auto simp: N-def)
next
case (cont cfg s)
then have (s, state cfg) € X*
by (auto simp: X-def set-K-cfg)
with cont show ?case
by (auto simp: set-K-cfg introl: exl intro: Pi-closed|OF sc-Pi))
(blast intro: rtrancl-trans)
qed
from n-eq-0[OF «s € Sy simple-cfg-on this] have n s = 0
by (auto simp: sc-Pi)
with (s€S» have se N
by (auto simp: N-def)
with x show False
by auto
qed
qed
next
assume s ¢ S — N with (s € Sy show z s < 7n s
by (auto simp: N-def solution-n0 solution-S2)
qed
qed

end
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end

6 Discrete-time Markov Processes

In this file we construct discrete-time Markov processes, e.g. with arbitrary
state spaces.

theory Discrete-Time-Markov-Process
imports Markov-Models-Auxiliary
begin

lemma measure-eql-PiM-sequence:

fixes M :: nat = 'a measure

assumes x[simp|: sets P = PiM UNIV M sets Q = PiM UNIV M

assumes eq: NA n. (\i. A i € sets (M i)) =

P (prod-emb UNIV M {..n} (Pig {.n} A)) = Q (prod-emb UNIV M {..n}

(Pig {..n} A))

assumes A: finite-measure P

shows P = ()
proof (rule measure-eqI-PiM-infinite|OF x - A))

fix J :: nat set and F’

assume J: finite J \i. i € J = F' i € sets (M i)

define n where n = (if J = {} then 0 else Max J)
define F where F i = (if i € J then F' i else space (M 7)) for ¢
then have F[simp, measurable]: F i € sets (M 7) for i
using J by auto
have emb-eq: prod-emb UNIV M J (Pig J F') = prod-emb UNIV M {..n} (Pig
proof cases
assume J = {} then show %thesis
by (auto simp add: n-def F-def[abs-def] prod-emb-def PiE-def)
next
assume J # {} then show %thesis
by (auto simp: prod-emb-def PiE-iff F-def n-def less-Suc-eq-le «finite J» split:
if-split-asm)
qed

show emeasure P (prod-emb UNIV M J (Pig J F')) = emeasure Q (prod-emb
UNIV M J (Pig J F'))
unfolding emb-eq by (rule eq) fact
qed

lemma distr-cong-simp:

M = K = sets N = sets L = (A\z. z € space M =simp=> fz = g z) =
distr M N f = distr K L g

unfolding simp-implies-def by (rule distr-cong)
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6.1 Constructing Discrete-Time Markov Processes

locale discrete-Markov-process =
fixes M :: 'a measure and K :: 'a = 'a measure
assumes K[measurable]: K € M — s prob-algebra M
begin

lemma space-K: © € space M = space (K x) = space M
using K unfolding prob-algebra-def unfolding measurable-restrict-space2-iff
by (auto dest: subprob-measurableD)

lemma sets-K[measurable-cong): © € space M = sets (K z) = sets M
using K unfolding prob-algebra-def unfolding measurable-restrict-space2-iff
by (auto dest: subprob-measurableD)

lemma prob-space-K: x € space M = prob-space (K x)
using measurable-space]OF K| by (simp add: space-prob-algebra)

definition K’ :: ‘a = nat = (nat = ’a) = 'a measure
where
K'zn'w' =K (case-nat x w’ n')

lemma IT-K":
assumes z: © € space M shows Ionescu-Tulcea (K' z) (A-. M)
unfolding lonescu-Tulcea-def K'-def[abs-def]
proof safe
fix ¢ show (\w’. K (case i of 0 = x| Suc z = w' x)) € Piy {0..<i} (A\-. M)
—nr subprob-algebra M
using z by (intro measurable-prob-algebraD measurable-compose| OF - K|) mea-
surable
next
fix 7 :: nat and w assume w: w € space (Pipy {0..<i} (A-. M))
with z have (case i of 0 = z | Suc t = w z) € space M
by (auto simp: space-PiM split: nat.split)
then show prob-space (K (case i of 0 = | Suc © = w 1))
using K unfolding measurable-restrict-space2-iff prob-algebra-def by auto
qed

definition lim-sequence :: 'a = (nat = 'a) measure
where

lim-sequence x = projective-family.lim UNIV (Ionescu-Tulcea.CI (K'z) (A-. M))
(A-. M)

lemma
assumes z: ¢ € space M
shows space-lim-sequence: space (lim-sequence z) = space (Ily; i€ UNIV. M)
and sets-lim-sequence[measurable-congl: sets (lim-sequence x) = sets (Il
i€ UNIV. M)
and emeasure-lim-sequence-emb: \J X. finite J = X € sets (I jeJ. M)
_—
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emeasure (lim-sequence ) (prod-emb UNIV (A-. M) J X) =
emeasure (Ionescu-Tulcea.CI (K’ x) (A-. M) J) X
and emeasure-lim-sequence-emb-I100: An X. X € sets (Upr i € {0..<n}. M)
—
emeasure (lim-sequence ) (prod-emb UNIV (A-. M) {0..<n} X) =
emeasure (Ionescu-Tulcea.C (K’ ) (A-. M) 0 n (Az. undefined)) X
proof —
interpret lonescu-Tulcea K' © A-. M
using z by (rule IT-K')
show space (lim-sequence x) = space (I ¢€ UNIV. M)
unfolding lim-sequence-def by simp
show sets (lim-sequence x) = sets (Il i€ UNIV. M)
unfolding lim-sequence-def by simp

{ fix J :: nat set and X assume finite J X € sets (Il jeJ. M)
then show emeasure (lim-sequence x) (PF.emb UNIV J X) = emeasure (CI
J) X
unfolding lim-sequence-def by (rule lim) }
note emb = this

have up-to-10o[simp]: up-to {0..<n} = n for n
unfolding up-to-def by (rule Least-equality) auto

{ fix n :: nat and X assume X € sets (Il j€{0..<n}. M)
then show emeasure (lim-sequence z) (PF.emb UNIV {0..<n} X) = emeasure
(C 0 n (Ax. undefined)) X
by (simp add: space-C emb CI-def space-PiM distr-id2 sets-C' cong: distr-cong-simp)
}

qed

lemma lim-sequence[measurable]: lim-sequence € M — py prob-algebra (I, i€ UNIV.
M)
proof (intro measurable-prob-algebra-generated| OF sets-PiM Int-stable-prod-algebra
prod-algebra-sets-into-space))
fix a assume [simp|: a € space M
interpret Ionescu-Tulcea K' a A-. M
by (rule IT-K') simp
have sp: space (lim-sequence a) = prod-emb UNIV (A-. M) {} (Ilg je{}. space
M) space (CI {}) = {} =g space M
by (auto simp: space-lim-sequence space-PiM prod-emb-def PF.space-P)
show prob-space (lim-sequence a)
apply standard
using PF.prob-space-P[THEN prob-space.emeasure-space-1, of {}]
apply (simp add: sp emeasure-lim-sequence-emb del: PiE-empty-domain)
done
show sets (lim-sequence a) = sets (Pipy UNIV (Ai. M))
by (simp add: sets-lim-sequence)
next
fix X :: (nat = 'a) set assume X € prod-algebra UNIV (Ai. M)
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then obtain J :: nat set and F where J: J # {} finite JF € J — sets M
and X: X = prod-emb UNIV (A-. M) J (Pig J F)
unfolding prod-algebra-def by auto

then have Pi-F: finite J Pig J F € sets (Piyg J (M- M))
by (auto intro: sets-PiM-I-finite)

define n where n = (LEAST n. Vi>n. i ¢ J)
have J-le-n: J C {0..<n}

unfolding n-def

using «finite J»

apply —

apply (rule LeastI2[of - Suc (Max J)))

apply (auto simp: Suc-le-eq not-le[symmetric])

done

have C: (\z. Ionescu-Tulcea.C (K' x) (A-. M) 0 n (Az. undefined)) € M —
subprob-algebra (Piy {0..<n} (A-. M))
apply (induction n)
apply (subst measurable-cong)
apply (rule ITonescu-Tulcea.C.simps|OF IT-K "))
apply assumption
apply (rule measurable-compose[OF - return-measurable])
apply simp
apply (subst measurable-cong)
apply (rule Ionescu-Tulcea.C.simps|OF IT-K))
apply assumption
apply (rule measurable-bind")
apply assumption
apply (subst measurable-cong)
proof —
fix n :: nat and w assume w € space (M @ v Pipe {0..<n} (A-. M))
then show (case w of (z, za) = Ionescu-Tulcea.eP (K’ z) (A-. M) (0 + n)
za) =
(case w of (x, za) = distr (K’ z n za) (5 i€{0..<Suc n}. M) (fun-upd za
")

by (auto simp: space-pair-measure Ionescu-Tulcea.eP-def[OF IT-K'] split:
prod.split)
next
fix n show (Aw. case w of (z, za) = distr (K' z n za) (Pip {0..<Suc n} (Ai.
M)) (fun-upd za n))
€ M Q@ Piy {0..<n} (A-. M) — s subprob-algebra (Pipr {0..<Suc n}
(A-. 1))
unfolding K'-def
apply measurable
apply (rule measurable-distr2where M=M])
apply (rule measurable-PiM-single’)
apply (simp add: split-beta’)
subgoal for i by (cases i = n) auto
subgoal by (auto simp: split-beta’ PiE-iff extensional-def Pi-iff space-pair-measure
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space-PilM)
apply (rule measurable-prob-algebraD)
apply (rule measurable-compose|OF - K])
apply measurable
done
qed

have (Aa. emeasure (lim-sequence a) X) € borel-measurable M <—
(Aa. emeasure (Ionescu-Tulcea.CI (K’ a) (A-. M) J) (Pig J F)) € borel-measurable
M
unfolding X using J Pi-F by (intro measurable-cong emeasure-lim-sequence-emb)
auto
also have ...
apply (intro measurable-compose| OF - measurable-emeasure-subprob-algebra| OF
Pi-F(2)])
apply (subst measurable-cong)
apply (subst Ionescu-Tulcea.CI-def[OF IT-K])
apply assumption
apply (subst Tonescu-Tulcea.up-to-def|OF IT-K))
apply assumption
unfolding n-def[symmetric]
apply (rule refl)
apply (rule measurable-compose| OF - measurable-distr| OF measurable-restrict-subset| OF
J-le-n]]])
apply (rule C)
done
finally show (Aa. emeasure (lim-sequence a) X) € borel-measurable M .
qed

lemma step-C:
assumes z: © € space M
shows Tonescu-Tulcea.C (K’ z) (A-. M) 01 (A-. undefined) >= Ionescu-Tulcea.C
(K'z) (\-. M) 1 n=
K z >= (\y. Ionescu-Tulcea.C (K’ z) (A-. M) 1 n (case-nat y (A-. undefined)))
proof —
interpret lonescu-Tulcea K' © A-. M
using z by (rule IT-K')

have [simp]: space (K z) # {}
using space-K[OF z] x by auto

have [simp]: ((A-. undefined::'a)(0 := z)) = case-nat = (A\-. undefined) for x
by (auto simp: fun-eq-iff split: nat.split)

have C 0 1 (\-. undefined) >= C 1 n = eP 0 (A-. undefined) >= C 1 n
using measurable-eP[of 0] measurable-Clof 1 n, measurable del]
by (simp add: bind-return[where N=Piy; {0} (A-. M)])

also have ... = Kz >= (\y. C 1 n (case-nat y (A-. undefined)))
using measurable-Clof 1 n, measurable del] z[THEN sets-K]
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by (simp add: eP-def K'-def bind-distr cong: measurable-cong-sets)
finally show C 0 1 (A-. undefined) >= C 1 n = Kz >= (Ay. C 1 n (case-nat
y (A-. undefined))) .
qed

lemma lim-sequence-eq:
assumes z: & € space M
shows lim-sequence v = bind (K z) (Ay. distr (lim-sequence y) (IIpy je UNIV.
M) (case-nat y))
(is - = ?B )
proof (rule measure-eqI-PiM-infinite)
show sets (lim-sequence x) = sets (Il je UNIV. M)
using z by (rule sets-lim-sequence)
have [simp]: space (K x) # {}
using space-K[OF z] x by auto
show sets (?B z) = sets (Piyy UNIV (Nj. M))
using z by (subst sets-bind) auto
interpret lim-sequence: prob-space lim-sequence x
using lim-sequence z by (auto simp: measurable-restrict-space2-iff prob-algebra-def)
show finite-measure (lim-sequence x)
by (rule lim-sequence.finite-measure)

interpret Ionescu-Tulcea K' © A\-. M
using z by (rule IT-K')

let 2U = A-:nat. undefined :: 'a

fix J :: nat set and F’
assume J: finite J Ni. i € J = F' i € sets M

define n where n = (if J = {} then 0 else Max J)
define F where F i = (if i € J then F' i else space M) for i
then have F[simp, measurable]: F i € sets M for i
using J by auto
have emb-eq: PF.emb UNIV J (Pig J F') = PF.emb UNIV {0..<Suc n} (Pig
{0..<Suc n} F)
proof cases
assume J = {} then show %thesis
by (auto simp add: n-def F-def[abs-def] prod-emb-def PiE-def)
next
assume J # {} then show %thesis
by (auto simp: prod-emb-def PiE-iff F-def n-def less-Suc-eq-le «finite J» split:
if-split-asm)
qed

have emeasure (lim-sequence x) (PF.emb UNIV J (Pig J F')) = emeasure (C
0 (Suc n) ?U) (Pig {0..<Suc n} F)
using z unfolding emb-eq by (rule emeasure-lim-sequence-emb-I0o) (auto
introl: sets-PiM-I-finite)
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also have C 0 (Suc n) ?U = Kz >= (Ay. C 1 n (case-nat y ?2U))
using split-Clof ?U 0 Suc 0 n] step-C[OF z] by simp
also have emeasure (K x >= (Ay. C 1 n (case-nat y ?U))) (Pig {0..<Suc n}
F) =
([ ty. C1n (case-naty ?U) (Pig {0..<Suc n} F) 0K x)
using measurable-Clof 1 n, measurable del] [ THEN sets-K| F z
by (intro emeasure-bind[OF - measurable-compose[OF - measurable-C]])
(auto cong: measurable-cong-sets introl: measurable-PiM-single’ split: nat.split-asm)
also have ... = ([ Ty. distr (lim-sequence y) (Pipy UNIV (Aj. M)) (case-nat
y) (PF.emb UNIV J (Pig J F')) OK x)
proof (intro nn-integral-cong)
fix y assume y € space (K z)
then have y: y € space M
using z by (simp add: space-K)
then interpret y: Tonescu-Tulcea K' y A-. M
by (rule IT-K')

let 2y = case-nat y
have [simp]: %y ?U € space (Pip {0} (Ni. M))
using y by (auto simp: space-PiM PiE-iff extensional-def split: nat.split)
have yM[measurable]: 2y € Pips {0..<m} (A-. M) — s Pipr {0..<Suc m} (\i.
M) for m
using y by (intro measurable-PiM-single’) (auto simp: space-PiM PiE-iff
extensional-def split: nat.split)

have y" %y ?U € space (Pip {0..<1} (M. M))
by (simp add: space-PiM PiE-def y extensional-def split: nat.split)

have eql: ?y — Pig {0..<Suc n} F N space (Pipr {0..<n} (A-. M)) =
(if y € F 0 then Pig {0..<n} (FoSuc) else {})
unfolding set-eq-iff using y sets.sets-into-space[OF F)|
by (auto simp: space-PiM PiE-iff extensional-def Ball-def split: nat.split
nat.split-asm)

have eq2: %y —¢ PF.emb UNIV {0..<Suc n} (Pig {0..<Suc n} F) N space
(Pipy UNIV (A~ M)) =
(if y € F 0 then PF.emb UNIV {0..<n} (Pig {0..<n} (FoSuc)) else {})
unfolding set-eg-iff using y sets.sets-into-space[OF F)|
by (auto simp: space-PiM PiE-iff prod-emb-def extensional-def Ball-def split:
nat.split nat.split-asm)

let ?I = indicator (F 0) y
have C 1 n (?y ?U) = distr (y.C 0 n ?2U) (Il i€{0..<Suc n}. M) %y
proof (induction n)

case (Suc m)

have C 1 (Suc m) (?y ?U) = distr (y.C 0 m ?U) (Pip {0..<Suc m} (\i.
M)) 2y >= eP (Suc m)
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using Suc by simp
also have ... = 4.C 0 m ?2U >= (Az. eP (Suc m) (?y z))
by (intro bind-distrjlwhere K=Piys {0..<Suc (Suc m)} (A-. M)]) (simp-all
add: y y.space-C y.sets-C cong: measurable-cong-sets)
also have ... = y.C 0 m ?U >= (A\z. distr (y.eP m z) (Pip {0..<Suc (Suc
m)} (vi. M)) )
proof (intro bind-cong refl)
fix w’ assume w’: w’ € space (y.C 0 m ?2U)
moreover have K’ z (Suc m) (?y w’) = K'y m w’
by (auto simp: K'-def)
ultimately show eP (Suc m) (?y w’) = distr (y.eP m w’) (Pip {0..<Suc
(Suc m)} (Ni. M)) 2y
unfolding eP-def y.eP-def
by (subst distr-distr)
(auto simp: y.space-C' y.sets-P split: nat.split cong: measurable-cong-sets
introl: distr-cong measurable-fun-upd[where J={0..<m}])
qed
also have ... = distr (y.C 0 m ?U >= y.eP m) (Piy {0..<Suc (Suc m)}
(A\i. M) 2y
by (intro distr-bind[symmetric, OF - - yM]) (auto simp: y.space-C y.sets-C
cong: measurable-cong-sets)
finally show ?case
by simp
qed (use y in <simp add: PiM-empty distr-returny)
then have C I n (case-nat y ?U) (Pig {0..<Suc n} F) =
(distr (y.C 0 n 2U) (I i€{0..<Suc n}. M) ?y) (Pig {0..<Suc n} F) by
stmp
also have ... = 2] x y.C 0 n ?U (Pig {0..<n} (F o Suc))
by (subst emeasure-distr) (auto simp: y.sets-C y.space-C eql cong: measur-
able-cong-sets)

also have ... = 2 x lim-sequence y (PF.emb UNIV {0..<n} (Pig {0..<n}
(F o Suc)))
using y by (simp add: emeasure-lim-sequence-emb-100 sets-PiM-I-finite)
also have ... = distr (lim-sequence y) (Pipy UNIV (Nj. M)) ?y (PF.emb

UNIV {0..<Suc n} (Pig {0..<Suc n} F))
using y by (subst emeasure-distr) (simp-all add: eq2 space-lim-sequence)
finally show emeasure (C' 1 n (case-nat y (A-. undefined))) (Pig {0..<Suc n}
F) =
emeasure (distr (lim-sequence y) (Pipy UNIV (Aj. M)) (case-nat y)) (PF.emb
UNIV J (Pig J F))
unfolding emb-eq .
qed
also have ... =
emeasure (K © >= (\y. distr (lim-sequence y) (Pipy UNIV (Aj. M)) (case-nat
y))) (PF.emb UNIV J (Pig J F'))
using J
by (subst emeasure-bind[where N=PiM UNIV (A-. M)])
(auto simp: sets-K x introl: measurable-distr2[OF - measurable-prob-algebraD[OF
lim-sequence]] cong: measurable-cong-sets)
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finally show emeasure (lim-sequence x) (PF.emb UNIV J (Pig J F')) =
emeasure (K © >= (\y. distr (lim-sequence y) (Pipy UNIV (Aj. M)) (case-nat

)
(PF.emb UNIV J (Pig J F')) .

lemma AE-lim-sequence:

assumes z[simp]: © € space M and P[measurable]: Measurable.pred (I1; i€ UNIV.
M) P

shows (AE w in lim-sequence . P w) «— (AE yin K z. AE w in lim-sequence
y. P (case-nat y w))

apply (simp add: lim-sequence-eq cong del: AE-cong)

apply (subst AE-bind)

apply (rule measurable-prob-algebraD)

apply measurable

apply (auto intro!: AE-cong simp add: space-K AE-distr-iff)

done

definition lim-stream :: 'a = 'a stream measure
where
lim-stream x = distr (lim-sequence x) (stream-space M) to-stream

lemma space-lim-stream: space (lim-stream x) = streams (space M)
unfolding lim-stream-def by (simp add: space-stream-space)

lemma sets-lim-stream[measurable-congl: sets (lim-stream x) = sets (stream-space
M)
unfolding lim-stream-def by simp

lemma lim-stream|[measurable]: lim-stream € M — ) prob-algebra (stream-space
M)

unfolding lim-stream-def[abs-def] by (intro measurable-distr-prob-space2[OF
lim-sequence]) auto

lemma space-stream-space-M-ne: x € space M = space (stream-space M) # {}
using sconst-streams|of x space M| by (auto simp: space-stream-space)

lemma prob-space-lim-stream: x € space M => prob-space (lim-stream )
using measurable-space| OF lim-stream, of x] by (simp add: space-prob-algebra)

lemma lim-stream-eq:

assumes z: © € space M

shows lim-stream © = do { y + K z; w < lim-stream y; return (stream-space
M) (y 44 w) }

unfolding lim-stream-def

apply (subst lim-sequence-eq[OF )

apply (subst distr-bind[OF - - measurable-to-stream])

subgoal

by (auto simp: sets-K x cong: measurable-cong-sets
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intro!: measurable-prob-algebraD measurable-distr-prob-space2|where
M=Piy; UNIV (Xj. M)] lim-sequence) []
subgoal
using = by (auto simp add: space-K)
apply (intro bind-cong refl)
apply (subst distr-distr)
apply (auto simp: space-K sets-lim-sequence © cong: measurable-cong-sets introl:
distr-cong)
apply (subst bind-return-distr’)
apply (auto simp: space-stream-space-M-ne)
apply (subst distr-distr)
apply (auto simp: space-K sets-lim-sequence x to-stream-nat-case cong: measur-
able-cong-sets intro!: distr-cong)
done

lemma AFE-lim-stream:
assumes z[simp|: € space M and P[measurable]: Measurable.pred (stream-space
M) P
shows (AE w in lim-stream z. P w) <— (AE y in K . AE w in lim-stream y.
P (y ## w))
unfolding lim-stream-eq[OF ]
by (simp-all add: space-K space-lim-stream space-stream-space AE-return AE-bind[OF
measurable-prob-algebraD P] cong: AE-cong-simp)

lemma emeasure-lim-stream:
assumes z[measurable, simp|: © € space M and A[measurable, simp]: A € sets
(stream-space M)
shows lim-stream © A = ([ Ty. emeasure (lim-stream y) (((##) y) —* A N space
(stream-space M)) OK x)
apply (subst lim-stream-eq, simp)
apply (subst emeasure-bind|[OF - - A], simp add: prob-space.not-empty prob-space-K)
apply (rule measurable-prob-algebraD)
apply measurable
apply (intro nn-integral-cong)
apply (subst bind-return-distr’)
apply (auto introl: prob-space.not-empty prob-space-lim-stream simp: space-K
emeasure-distr)
apply (simp add: space-lim-stream space-stream-space)
done

lemma lim-stream-eq-coinduct|case-names in-space step:
fixes R :: ‘a = 'a stream measure = bool
assumes z: R x B x € space M
assumes R: Az B. R x B = 3B’'eM — 1 prob-algebra (stream-space M).
(AEyin Kx. Ry (B'y) V lim-stream y = B’ y) A
B=do{y<+ Kuz;w<+ B'y; return (stream-space M) (y ## w) }
shows lim-stream v = B
using z
proof (coinduction arbitrary: x B rule: stream-space-coinduct[where M=M, case-names

173



step])
case (step = B)
from R[OF (R z B)] obtain B’ where B": B’ € M — 1 prob-algebra (stream-space
)
and ae: AEyin Kx. Ry (B'y) V lim-stream y = B’ y
and eq: B= Kz >= (\y. By >= (Aw. return (stream-space M) (y ## w)))
by blast
show ?Zcase
apply (rule bexI|of - K x|, rule bexI[OF - lim-stream], rule bexI[OF - B'])
apply (intro congl)
subgoal
using ae AE-space by eventually-elim (insert <x€space M», auto simp:
space-K)
subgoal
by (rule lim-stream-eq) fact
subgoal
by (rule eq)
subgoal
using K «x € space M> by (rule measurable-space)
done
qed

lemma prob-space-lim-sequence: x € space M = prob-space (lim-sequence x)
using measurable-space| OF lim-sequence, of z] by (simp add: space-prob-algebra)

end

6.2 Strong Markov Property for Discrete-Time Markov Pro-
cesses

The filtration adopted to streams, i.e. to the n-th projection.

definition stream-filtration :: 'a measure = enat = 'a stream measure
where stream-filtration M n = (SUP i€{i:nat. i < n}. vimage-algebra (streams
(space M)) (Aw . w ! §) M)

lemma measurable-stream-filtrationl: enat i < n = (Aw. w ! i) € stream-filtration
Mn —M M
by (auto intro!: measurable-SUP1 measurable-vimage-algebral snth-in simp: stream-filtration-def)

lemma measurable-stream-filtration2:
f € space N — streams (space M) = (N\i. enat i < n = (Az. fz!li) € N
—u M) = f € N = stream-filtration M n
by (auto simp: stream-filtration-def enat-0
introl: measurable-SUP2 measurable-vimage-algebra?2 elim!: allE|of - 0::nat])

lemma space-stream-filtration: space (stream-filtration M n) = space (stream-space
M)

by (auto simp add: space-stream-space space-Sup-eq-UN stream-filtration-def enat-0
elim!: ollE[of - 0])
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lemma sets-stream-filteration-le-stream-space: sets (stream-filtration M n) C sets
(stream-space M)

unfolding sets-stream-space-eq stream-filtration-def

by (intro SUP-subset-mono le-measureD2) (auto simp: space-Sup-eq-UN enat-0
elim!: allE[of - 0])

interpretation stream-filtration: filtration space (stream-space M) stream-filtration
M
proof
show space (stream-filtration M i) = space (stream-space M) for i
by (simp add: space-stream-filtration)
show sets (stream-filtration M ©) C sets (stream-filtration M j) if ¢ < j for i j
proof (rule le-measureD?2)
show stream-filtration M i < stream-filtration M j
using i < j» unfolding stream-filtration-def by (intro SUP-subset-mono)
auto
qed (simp add: space-stream-filtration)
qed

lemma measurable-stopping-time-stream:
stopping-time (stream-filtration M) T => T € stream-space M — p; count-space
UNIV
using sets-stream-filteration-le-stream-space
by (subst measurable-cong-sets| OF refl sets-borel-eq-count-space[symmetric, where
‘a=enat]])
(auto intro!: measurable-stopping-time simp: space-stream-filtration)

lemma measurable-stopping-time-All-eq-0:
assumes T stopping-time (stream-filtration M) T
shows {z€space M. Vwestreams (space M). T (x ## w) = 0} € sets M
proof —
have {westreams (space M). T w = 0} € vimage-algebra (streams (space M))
Aw.w ! 0) M
using stopping-timeD[OF T, of 0] by (simp add: stream-filtration-def pred-def
enat-0-iff )
then obtain 4
where A: A € sets M
and *: {w € streams (space M). T w = 0} = (Aw. w !l 0) —° A N streams
(space M)
by (auto simp: sets-vimage-algebra2 streams-shd)
have A = {zespace M. Ywestreams (space M). T (z ## w) = 0}
proof safe
fix x w assume ¢ € A w € streams (space M)
then have z ## w € {w € streams (space M). T w = 0}
unfolding * using A[THEN sets.sets-into-space] by auto
then show T (z ## w) = 0 by auto
next
fix © assume = € space M Y westreams (space M). T (x ## w) = 0
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then have Ywestreams (space M). © ## w € {w € streams (space M). T w
_
by simp
with <x€space M» show z € A
unfolding * by (auto simp: streams-empty-iff)
qed (use A[THEN sets.sets-into-space] in auto)
with (A € sets M» show ?thesis by auto
qed

lemma stopping-time-0:
assumes T stopping-time (stream-filtration M) T
and z: z € space M and w: w € streams (space M) T (z ## w) > 0
and w” w’ € streams (space M)
shows T (z ## w’) > 0
unfolding zero-less-iff-neg-zero
proof
assume T (z ## w') =0
with z w’ have 2" © ## w’ € {w € streams (space M). T w = 0}
by auto

have {westreams (space M). T w = 0} € vimage-algebra (streams (space M))
Aw.w ! 0) M
using stopping-timeD[OF T, of 0] by (simp add: stream-filtration-def pred-def
enat-0-iff)
then obtain A
where A: A € sets M
and *: {w € streams (space M). T w = 0} = (Aw. w !l 0) —* A N streams
(space M)
by (auto simp: sets-vimage-algebra2 streams-shd)
with 2z’ have z € A
by auto
with w z have = ## w € (Aw. w !! 0) —¢ A N streams (space M)
by auto
with w show Fulse
unfolding *[symmetric] by auto
qed

lemma stopping-time-epred-SCons:
assumes T stopping-time (stream-filtration M) T
and z: z € space M and w: w € streams (space M) T (z ## w) > 0
shows stopping-time (stream-filtration M) (Aw. epred (T (z ## w)))
proof (rule stopping-timel, rule measurable-cong| THEN iffD2])
show w € space (stream-filtration M t) = (epred (T (z ## w)) < t) = (T (=
## w) < eSuc t) for t w
by (cases T (x ## w) rule: enat-coexhaust)
(auto simp add: space-stream-filtration space-stream-space dest!: stopping-time-0[OF
Tz wl)
show Measurable.pred (stream-filtration M t) (Aw. T (z ## w) < eSuc t) for ¢
proof (rule measurable-compose|of SCons z])
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show (#+#) z € stream-filtration M t — ; stream-filtration M (eSuc t)
proof (intro measurable-stream-filtration2)
show enat i < eSuc t = (Aza. (x #F# za) ! ©) € stream-filtration M t — s
M for i
using <re€space M)
by (cases i) (auto simp: eSuc-enat[symmetric] intro!: measurable-stream-filtrationl)
qed (auto simp: space-stream-filtration space-stream-space <z€space M)
qed (rule T[THEN stopping-timeD))
qed

context discrete-Markov-process
begin

lemma lim-stream-strong-Markov:
assumes z: © € space M and T: stopping-time (stream-filtration M) T
shows lim-stream z =
lim-stream © >= (Aw. case T w of
enat © = distr (lim-stream (w ! 7)) (stream-space M) (Aw’. stake (Suc ©) w
Q- w’)
| 0 = return (stream-space M) w)
(is - = 7L T z)
using assms
proof (coinduction arbitrary: x T rule: lim-stream-eg-coinduct)
case (step z T)
note T = <stopping-time (stream-filtration M) T»| THEN measurable-stopping-time-stream,
measurable]
define L where L Tz = 7L Tz for T x
have L{measurable (raw)]:
Mz, w). Tz w) € N Qa stream-space M —pr count-space UNIV —>
fe€N—=-y M= (Az. L (Tz)(fz)) € N = prob-algebra (stream-space M)
for f::’'a='aand NT
unfolding L-def
by (intro measurable-bind-prob-space2| OF measurable-compose[OF - lim-stream]]
measurable-case-enat
measurable-distr-prob-space2[| OF measurable-compose[ OF - lim-stream]]
measurable-return-prob-space measurable-stopping-time-stream,)
auto

define S where Sz = (if Ywéestreams (space M). T (z##w) = 0 then lim-stream
z else L (Aw. epred (T (z ## w))) z) for z
then have S-eq: Vwestreams (space M). T (z##w) = 0 = S z = lim-stream
x
- (Vwestreams (space M). T (z##w) = 0) = Sz =L (Aw. epred (T (x ##
w))) z for
by auto
have [measurable]: S € M —r prob-algebra (stream-space M)
unfolding S-def[abs-def]
by (subst measurable-If-restrict-space-iff , safe introl: L)
(auto intro!: measurable-stopping-time-All-eq-0 step measurable-restrict-spacel
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lim-stream
measurable-compose| OF - measurable-epred] measurable-compose| OF
- T]
measurable-Stream measurable-compose| OF measurable-fst)
simp: measurable-split-conv)

show ?Zcase
unfolding L-def[symmetric]
proof (intro bexI|of - S| conjl AE-I2)
fix y assume y € space (K z)
then show (3z T.y =2 A Sy=L Tz Az € space M A stopping-time
(stream-filtration M) T) V
lim-stream y = S y
using <x€space M>
by (cases Vwéestreams (space M). T (y##w) = 0)
(auto simp add: S-eq space-K introl: exI[of - dw. epred (T (y ## w))]
stopping-time-epred-SCons step)
next
note <z€space M>[simp]
have L Tx = Kz >=
(Ay. lim-stream y >= (Aw. case T (y##w) of
enat i = distr (lim-stream ((y##w) ! ©)) (stream-space M) (\w’. stake
(Suc i) (y##w) G- o)
| 0 = return (stream-space M) (y##w))) (is - = K z >= ?L’)
unfolding L-def
apply (subst lim-stream-eq[OF <x€space M>))
apply (subst bind-assoc[where N=stream-space M and R=stream-space M,
OF measurable-prob-algebraD measurable-prob-algebraD];
measurable)
apply (rule bind-cong[OF refl])
apply (simp add: space-K)
apply (subst bind-assoc[where N=stream-space M and R=stream-space M,
OF measurable-prob-algebraD measurable-prob-algebraD];
measurable)
apply (rule bind-cong[OF refl])
apply (simp add: space-lim-stream)
apply (subst bind-return[where N=stream-space M, OF measurable-prob-algebraD])
apply (measurable; fail) []
apply (simp add: space-stream-space)
apply rule
done
also have ... = Kz >= (A\y. Sy >= (Aw. return (stream-space M) (y ##
w)))
proof (intro bind-cong[of K z] refl)
fix y assume y € space (K x)
then have [simp]: y € space M
by (simp add: space-K)
show ?L'y = S y >= (A\w. return (stream-space M) (y ## w))
proof cases
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assume Ywestreams (space M). T (y##Hw) = 0
with z show ?thesis
by (auto simp: S-eq space-lim-stream shift.simps|abs-def] streams-empty-iff
bind-const’|OF - prob-space-imp-subprob-space] prob-space-lim-stream
prob-space.prob-space-distr
introl: bind-return-distr'[symmetric]
cong: bind-cong-simp)
next
assume *x: — (Ywestreams (space M). T (y##w) = 0)
then have T-pos: w € streams (space M) = T (y ## w) # 0 for w
using stopping-time-0[OF <stopping-time (stream-filtration M) T», of y -
w] by auto
show ?thesis
apply (simp add: S-eq(2)[OF | L-def)
apply (subst bind-assoc[where N=stream-space M and R=stream-space
M, OF measurable-prob-algebraD measurable-prob-algebraD];
measurable)
apply (intro bind-cong refl)
apply (auto simp: T-pos enat-0 space-lim-stream shift.simps|abs-def]
diff-Suc space-stream-space
introl: bind-return[where N=stream-space M, OF measur-
able-prob-algebraD, symmetric]
bind-distr-return[symmetric]
split: nat.split enat.split)
done
qed
qed
finally show L Tz = Kz >= (Ay. Sy >= (Aw. return (stream-space M) (y
) -
qed fact
qged fact

end

end

7 Continuous-time Markov chains

theory Continuous-Time-Markov-Chain
imports Discrete- Time-Markov-Process Discrete-Time-Markov-Chain
begin
7.1 Trace Operations: relate (‘a x real) stream and real = 'a

partial-function (tailrec) trace-at :: 'a = (real x 'a) stream = real = 'a
where
trace-at s w j = (case w of (t', s")##Hw = if t' < j then trace-at s’ w j else s)

lemma trace-at-simp[simpl: trace-at s ((t', s')##w) j = (if t' < j then trace-at s’
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w j else s)
by (subst trace-at.simps) simp

lemma trace-at-eq:
trace-at s w j = (case sfirst (A\x. j < fst (shd x)) w of oo = undefined | enat i
= (s #4# smap snd w) ! 7)
proof (split enat.split; safe)
assume sfirst (Az. j < fst (shd z)) w = o0
with sfirst-finite[of \z. j < fst (shd z) w
have alw (A\z. fst (shd z) < j) w
by (simp add: not-ev-iff not-less)
then show trace-at s w j = undefined
by (induction arbitrary: s w rule: trace-at.fixp-induct) (auto split: stream.split)
next
show sfirst (Az. j < fst (shd z)) w = enat n => trace-at s w j = (s ## smap
snd w) ! n for n
proof (induction n arbitrary: s w)
case ( then show ?case
by (subst trace-at.simps) (auto simp add: enat-0 sfirst-eq-0 split: stream.split)
next
case (Suc n) show ?case
using sfirst.simps[of Azx. j < fst (shd z) w] Suc.prems Suc.IH][of stl w snd
(shd w))
by (cases w) (auto simp add: eSuc-enat[symmetric] split: stream.split if-split-asm)
qed
qged

lemma trace-at-shift: trace-at s (smap (A(t, s'). (t + t, s")) w) t = trace-at s w (t
_ t/)
by (induction arbitrary: s w rule: trace-at.fixp-induct) (auto split: stream.split)

primcorec merge-at :: (real X 'a) stream = real = (real X 'a) stream = (real x
‘a) stream
where

merge-at w j w’' = (case w of (¢, 8) ## w = if t < j then (L, s)##merge-at w j
w’ else w)

lemma merge-at-simp[simp|: merge-at (z##w) jw’' = (if fst x < j then z#H#merge-at
wjw' else w’)
by (cases x) (subst merge-at.code; simp)

7.2 Exponential Distribution

definition exponential :: real = real measure
where
exponential | = density lborel (exponential-density I)

lemma space-ezponential: space (exponential l) = UNIV
by (simp add: exponential-def)
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lemma sets-exponential[measurable-congl: sets (exponential [) = sets borel
by (simp add: exponential-def)

lemma prob-space-exponential: 0 < | = prob-space (exponential [)
unfolding exponential-def by (intro prob-space-exponential-density)

lemma AFE-exponential: 0 < | = AE x in exponential l. 0 < z
unfolding ezponential-def using AE-lborel-singleton[of 0] by (auto simp add:
AE-density exponential-density-def)

lemma emeasure-exponential-Ioi-cutoff:
assumes 0 < [
shows emeasure (exponential 1) {z <..} = exp (— (max 0 ) * 1)
proof —
interpret prob-space exponential |
unfolding exponential-def using <0<!s by (rule prob-space-exponential-density)
have x: prob {za € space (exponential l). max 0 x < za} = exp (— mazx 0 x * [)
apply (rule exponential-distributedD-gt[OF - - <0<D)])
apply (auto simp: exponential-def distributed-def)
apply (subst (6) distr-id[symmetric])
apply (subst (2) distr-cong)
apply simp-all
done
have emeasure (exponential I) {x <..} = emeasure (exponential l) {maz 0 z <..}
using AE-exponential|OF <0<D)] by (intro emeasure-eq-AFE) auto
also have ... = exp (— (max 0 z) * 1)
using * unfolding emeasure-eq-measure by (simp add: space-exponential
greaterThan-def)
finally show ?thesis .
qed

lemma emeasure-exponential-Ioi:
0 <= 0 <z = emeasure (exponential l) {z <.} = exp (— z x )
using emeasure-exponential-loi-cutoff[of I z] by simp

lemma exponential-eq-stretch:
assumes 0 < [
shows exponential | = distr (exponential 1) borel (Ax. (1/1) x z)
proof (intro measure-eql)
fix A assume A € sets (exponential [)
then have [measurable]: A € sets borel
by (simp add: sets-exponential)
then have [measurable]: (Az.  / 1) —° A € sets borel
by (rule measurable-sets-borel[rotated]) simp
have emeasure (exponential l) A =
([ ta. ennreal | x (indicator (((x) (1/1) —<A) N {0 ..}) (I *x z) * ennreal (exp
(= (I x)))) Olborel)
using <0 < D

181



by (auto simp: ac-simps emeasure-distr exponential-def emeasure-density expo-
nential-density-def
ennreal-mult zero-le-mult-iff
introl: nn-integral-cong split: split-indicator)
also have ... = ([ Tz. indicator (((x) (1/1) —*A) N {0 ..}) = * ennreal (exp
(= z)) Olborel)
using <0<l
apply (subst nn-integral-stretch)
apply (auto simp: nn-integral-cmult)
apply (simp add: ennreal-mult[symmetric] mult.assoc[symmetric))
done
also have ... = emeasure (distr (exponential 1) borel (Az. (1/1) x z)) A
by (auto simp add: emeasure-distr exponential-def emeasure-density exponen-
tial-density-def
introl: nn-integral-cong split: split-indicator)
finally show emeasure (exponential I) A = emeasure (distr (exponential 1) borel
(Az. (1/1) xz)) A .

qed (simp add: sets-exponential)

lemma uniform-measure-exponential:
assumes 0 < [0 <t
shows uniform-measure (exponential 1) {t <..} = distr (exponential ) borel ((+)
t) (is YL = ¢R)
proof (rule measure-eql-lessThan)
fix z
have 0 < emeasure (exponential 1) {t<..}
unfolding emeasure-exponential-Ioi[OF assms] by simp
with assms show ?L {z<..} < 0o
by (simp add: ennreal-divide-eq-top-iff less-top[symmetric| lessThan-Int-lessThan
emeasure-exponential-Iot)
have *: ((+) t —¢{z<..} N space (exponential 1)) = {z — t <..}
by (auto simp: space-exponential)
show ?L {z<.} = 7R {z<..}
using assms by (simp add: lessThan-Int-lessThan emeasure-exponential-Ioi
divide-ennreal
emeasure-distr x emeasure-exponential-Ioi-cutoff exp-diff [symmetric] field-simps
split: split-mazx)
qed (auto simp: sets-exponential)

lemma emeasure-PiM-exponential-loi-finite:

assumes J C [finite J Ni. i€ ] = 0 < Ri0 < «x

shows emeasure (IIp; i€1. exponential (R 7)) (prod-emb I (\i. exponential (R
i) J (g jed. {z<..})) = exp (— z * (D> i€J. R 7))
proof (subst emeasure-PiM-emb)

from assms show ([] i€ J. emeasure (exponential (R i)) {z<..}) = ennreal (exp
(— z % sum R J))

by (subst prod.cong|OF refl emeasure-exponential-Toi])
(auto simp add: prod-ennreal exp-sum sum-negf[symmetric] sum-distrib-left)

qed (insert assms, auto intro!: prob-space-exponential)
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lemma emeasure-PiM-exponential-Ioi-sequence:
assumes R: summable R \i. 0 < Ri 0 <z
shows emeasure (I i€ UNIV. exponential (R i)) (IL ¢€UNIV. {x<..}) = exp
(— x * suminf R)
proof —
let ?R = Xi. exponential (R i) let ?P = Il i€ UNIV. ?R
let ?N = An:nat. prod-emb UNIV 7R {..<n} (Ilg i€{..<n}. {z<..})
interpret prob-space ?P
by (intro prob-space-PiM prob-space-exponential R)
have (IIp; i€ UNIV. exponential (R i)) ((\n. N n) = (INF n. (II); i€ UNIV.
exponential (R i)) (?N n))
by (intro INF-emeasure-decseq[symmetric] decseq-emb-PiE) (auto simp: inc-

seq-def)

also have ... = (INF n. ennreal (exp (— z % (D i<n. R i))))

using R by (intro INF-cong emeasure- PiM-exponential-Ioi-finite) auto
also have ... = ennreal (exp (— z * (SUP n. (3 i<n. R 1))))

using R

by (subst continuous-at-Sup-antimono[where f=Ar. ennreal (exp (— = * 1))])
(auto introl: bdd-abovel2[where M=) 1i. R i] sum-le-suminf summable-mult
mult-left-mono
continuous-mult continuous-at-ennreal continuous-within-exp| THEN
continuous-within-compose3] continuous-minus
stmp: less-imp-le antimono-def image-comp)
also have ... = ennreal (exp (— z * (D 4. R 17)))
using R by (subst suminf-eq-SUP-real) (auto simp: less-imp-le)
also have ((\n. ?N n) = (Il € UNIV. {z<..})
by (fastforce simp: prod-emb-def Pi-iff PiE-iff space-exponential)
finally show ?thesis
using R by simp
qed

lemma emeasure- PiM-exponential-Ioi-countable:
assumes R: J C [ countable J \i. i € I = 0 < Ri 0 < z and finite: integrable
(count-space J) R
shows emeasure (IIp; i€1. exponential (R 7)) (prod-emb I (\i. exponential (R
i) J (g jeJ. {z<..})) =
exp (— z * (LINT i|count-space J. R 1))
proof cases
assume finite J with assms show ?thesis
by (subst emeasure- PiM-exponential-loi-finite)
(auto simp: lebesgue-integral-count-space-finite)
next
assume infinite J
let ?R = Xi. exponential (R i) let ?P = Iy i€l. 7R i
define f where f = from-nat-into J
have J-eq: J = range f and f: inj ff € UNIV — |
using from-nat-into-inj-infinite[of J| range-from-nat-into[of J| <countable J»
<infinite JJy «J C I
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by (auto simp: inj-on-def f-def simp del: range-from-nat-into)
have Bf: bij-betw f UNIV J
unfolding J-eq using inj-on-imp-bij-betw|OF f(1)] .

have summable-R: summable (\i. R (f 7))
using finite unfolding integrable-bij-count-space[OF Bf, symmetric] inte-
grable-count-space-nat-iff
by (rule summable-norm-cancel)

have emeasure (I1; i€ UNIV. exponential (R (f¢))) (Il i€ UNIV. {2<..}) = exp
(— o+ (D R (7))
using finite assms unfolding J-eq by (intro emeasure- PiM-exponential-Ioi-sequence] OF
summable-R)) auto
also have (IIy; t€ UNIV. exponential (R (f i))) = distr YP (Ilpy i€ UNIV. ex-
ponential (R (f4))) (Aw. Mie UNIV. w (f 7))
using R by (intro distr-PiM-reindex[symmetric, OF - f] prob-space-exponential)
auto
also have ... (Il (€ UNIV. {z<..}) = ?P ((Aw. M€UNIV. w (f i)) — (II
i€ UNIV. {z<..}) N space ?P)
using f(2) by (intro emeasure-distr infprod-in-sets) (auto simp: Pi-iff)
also have (Aw. M€ UNIV. w (f i)) —¢ (Il ¢€UNIV. {z<..}) N space ?P =
prod-emb I R J (Il jeJ. {z<..})
by (auto simp: prod-emb-def space-PiM space-exponential Pi-iff J-eq)
also have (3" i. R (fi)) = (LINT i|count-space J. R 1)
using finite
by (subst integral-count-space-nat[symmetric|)
(auto simp: integrable-bij-count-space| OF Bf| integral-bij-count-space[OF Bf])
finally show ?thesis .
qed

lemma A E-PiM-exponential-suminf-infty:
fixes R :: nat = real
assumes R: An. 0 < R n and finite: (3. n. ennreal (1 / R n)) = top
shows AE w in IIpy ne UNIV. exponential (R n). (3. n. ereal (w n)) = oo
proof —
let P = Iy n€ UNIV. exponential (R n)
interpret prob-space exponential (R n) for n
by (intro prob-space-exponential R)
interpret product-prob-space An. exponential (R n) UNIV
proof qed

have AFE-pos: AF win ?P.Vi. 0 < w i
unfolding A E-all-countable by (intro AE-PiM-component alll prob-space-exponential
R AFE-exponential) simp

have indep: indep-vars (Ai. borel) (Ai z. x ¢) UNIV
using PiM-component
apply (subst P.indep-vars-iff-distr-eq-PiM)
apply (auto simp: restrict-UNIV distr-id2)
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apply (subst distr-id2)

apply (intro sets-PiM-cong)

apply (auto simp: sets-exponential cong: distr-cong)
done

have [simp]: 0 <z +z* Ri+— 0 < zforzi
using zero-le-mult-iff [of x 1 + R 4] R[of i] by (simp add: field-simps)

have ([ Tw. eexp (3 n. — ereal (w n)) d?P) = ([ Tw. (INF n. []i<n. eexp (—
ereal (w 7))) O¢P)
proof (intro nn-integral-cong-AE, use AE-pos in eventually-elim)
fix w :: nat = real assume w: Vi. 0 < w i
show eexp (> n. — ereal (w n)) = ([|n. [[i<n. eexp (— ereal (w 7)))
proof (rule LIMSEQ-unique[OF - LIMSEQ-INF))
show (Ai. []i<i. eexp (— ereal (w i))) —— eexp (D n. — ereal (w n))
using w by (intro eexp-suminf summable-minus-ereal summable-ereal-pos)
(auto intro: less-imp-le)
show decseq (An. [[i<n. eexp (— ereal (w 7)))
using w by (auto simp: decseq-def introl: prod-mono8 intro: less-imp-le)
qed
qged
also have ... = (INF n. ([ Tw. ([[i<n. eexp (— ereal (w 7))) O?P))
proof (intro nn-integral-monotone-convergence-INF-AE')
show AF w in ?P. (J[i<Suc n. eexp (— ereal (w 7))) < ([[i<n. eexp (— ereal
(w 7))) for n
using AFE-pos
proof eventually-elim
case (elim w)
show ?Zcase
by (rule prod-mono8) (auto simp: elim le-less)

qed
qed (auto simp: less-top[symmetric])
also have ... = (INF n. ([Ti<n. ([ Tw. eeap (— ereal (w 7)) d?P)))

proof (intro INF-cong refl indep-vars-nn-integral)
show indep-vars (A-. borel) (Ai w. eexp (— ereal (w 7))) {..<n} for n
proof (rule indep-vars-compose2[of - - - Ai x. eexp(— ereal z)])
show indep-vars (Ai. borel) (Ai z. z i) {..<n}
by (rule indep-vars-subset[OF indep]) auto
qed auto
qged auto
also have ... = (INF n. ([Ti<n. R i = ([ T=. indicator {0 ..} ((1 + R i) x z)
x ennreal (exp (— (1 + R i) % x))) Olborel)))
by (subst product-nn-integral-component)
(auto simp: field-simps exponential-def nn-integral-density ennreal-mult’[symmetric]
ennreal-mult''[symmetric]
exponential-density-def exp-diff exp-minus nn-integral-cmult[symmetric|
introl: INF-cong prod.cong nn-integral-cong split: split-indicator)
also have ... = (INF n. (J[[i<n. ennreal (R i / (1 + R 1))))
proof (intro INF-cong prod.cong refl)
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show R i x ([t . indicator {0..} ((1 + R i) * z) * ennreal (exp (— ((I + R
i) x x))) Olborel) =
ennreal (R i/ (1 + R 1)) for ¢
using nn-intergal-power-times-exp-Ici[of 0] <0 < R ©
by (subst nn-integral-stretch[where c=1 + R i)
(auto simp: mult.assoc[symmetric] ennreal-mult’[symmetric] less-imp-le
mult.commute)
qed
also have ... = (INF n. ennreal ([[i<n. Ri/ (1 + R 1))
using R by (intro INF-cong refl prod-ennreal divide-nonneg-nonneg) (auto simp:
less-imp-le)

also have ... = (INF n. ennreal (inverse (J[[i<n. (I + R i) / R 1)))
by (subst prod-inversef[symmetric]) simp-all
also have ... = (INF n. inverse (ennreal ([[i<n. (1 + R i) / R i)))

using R by (subst inverse-ennreal) (auto introl: prod-pos divide-pos-pos simp:
add-pos-pos)
also have ... = inverse (SUP n. ennreal ([[i<n. (1 + R i) / R i))
by (subst continuous-at-Sup-antimono [where f = inverse])
(auto simp: antimono-def image-comp introl: continuous-on-imp-continuous-within[OF
continuous-on-inverse-ennreal’])
also have (SUP n. ennreal (J[[i<n. (1 + R %) / R %)) = top
proof (cases SUP n. ennreal (][ i<n. (I + R i) / R 7))
case (real 1)
have (An. ennreal ([[i<n. (I + Ri)/ Ri) —— r
using R unfolding real(2)[symmetric]
by (intro LIMSEQ-SUP monol ennreal-lel prod-mono2) (auto intro!: di-
vide-nonneg-nonneg add-nonneg-nonneg intro: less-imp-le)
then have (An. ([[i<n. ({ + Ri) / Ri)) —— 1
by (rule tendsto-ennrealD)
(use R real in <auto intro!: always-eventually prod-nonneg divide-nonneg-nonneg
add-nonneg-nonneg intro: less-imp-le»)
moreover have (I + Ri) /Ri=1/ Ri+ 1 for i
using <0 < R © by (auto simp: field-simps)
ultimately have convergent (An. [[i<n. 1 / Ri+ 1)
by (auto simp: convergent-def)
then have summable (Xi. 1 / R i)
using R by (subst summable-iff-convergent-prod) (auto intro: less-imp-le)
moreover have 0 < 1 / R i for i
using R by (auto simp: less-imp-le)
ultimately show ?thesis
using finite ennreal-suminf-neg-top[of Xi. 1 / R i| by blast
qed
finally have ([ Tw. eeap (3_n. — ereal (w n)) 97P) = 0
by simp
then have AEF w in ?P. eexp (D n. — ereal (w n)) = 0
by (subst (asm) nn-integral-0-iff-AE) auto
then show ?thesis
using AFE-pos
proof eventually-elim
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show (Vi. 0 < w i) = eexp (3 n. — ereal (wn)) = 0 = (>_ n. ereal (w n))
= oo for w
apply (auto simp del: uminus-ereal.simps simp add: uminus-ereal.simps|symmetric]|
introl: summable-iff-suminf-neq-top intro: less-imp-le)
apply (subst (asm) suminf-minus-ereal)
apply (auto introl: summable-ereal-pos intro: less-imp-le)
done
qed
qed

7.3 Transition Rates

locale transition-rates =
fixes R :: 'a = 'a = real
assumes R-nonneg[simpl: Az y. 0 < Rzy
assumes R-diagonal-0[simp]: Az. Rz z = 0
assumes finite-weight: \z. ([ Ty. R z y dcount-space UNIV) < oo
assumes positive-weight: Nz. 0 < ([ Ty. R z y dcount-space UNIV)
begin

abbreviation S :: (real X 'a) measure
where S = (borel Q pr count-space UNIV)

abbreviation T :: (real X 'a) stream measure
where T = stream-space S

abbreviation I :: ‘a = ‘a set
where Iz = {y. 0 < R z y}

lemma I-countable: countable (I x)
proof —
let ?P = point-measure UNIV (R z)
interpret finite-measure ?P
proof
show emeasure ?P (space ?P) # oo
using finite-weight
by (simp add: emeasure-density point-measure-def less-top)
qed
from countable-support emeasure-point-measure-finite2[of {-} UNIV R z]
show ?thesis
by (simp add: emeasure-eq-measure less-le)
qed

definition escape-rate :: ‘a = real where
escape-rate x = [ y. R z y dcount-space UNIV

lemma ennreal-escape-rate: ennreal (escape-rate x) = (f*y R x y Ocount-space

UNIV)
using finite-weight|of ] unfolding escape-rate-def
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by (intro nn-integral-eq-integral[symmetric]) (auto simp: integrable-iff-bounded)

lemma escape-rate-pos: 0 < escape-rate x
using positive-weight unfolding ennreal-escape-rate[symmetric] by simp

lemma nonneg-escape-rate[simpl: 0 < escape-rate
using escape-rate-pos| THEN less-imp-le] .

lemma prob-space-exponential-escape-rate: prob-space (exponential (escape-rate x))
using escape-rate-pos by (rule prob-space-exponential)

lemma measurable-escape-rate[measurable]: escape-rate € count-space UNIV —
borel
by auto

lemma measurable-exponential-escape-rate[measurable]: (Az. exponential (escape-rate
z)) € count-space UNIV — pr prob-algebra borel
by (auto simp: space-prob-algebra sets-exponential prob-space-exponential-escape-rate)

interpretation pmf-as-function .

lift-definition J :: ‘a = ‘a pmf is Az y. Rz y / escape-rate x
proof safe
show 0 < Rz y / escape-rate x for z y
by (auto introl: integral-nonneg-AE divide-nonneg-nonneg R-nonneg simp: es-
cape-rate-def)
show ([ Ty. Rz y / escape-rate x dcount-space UNIV) = 1 for
using escape-rate-pos|of z]
by (auto simp add: divide-ennreal[symmetric] nn-integral-divide ennreal-escape-rate|symmetric]
introl: ennreal-divide-self)
qed

lemma set-pmf-J: set-pmf (Jz) = Iz
using escape-rate-pos[of z] by (auto simp: set-pmf-iff J.rep-eq less-le)

interpretation ezp-esc: pair-prob-space distr (exponential (escape-rate x)) borel
((+) t) Jx for x
proof —
interpret prob-space distr (exponential (escape-rate z)) borel ((+) t)
by (intro prob-space.prob-space-distr prob-space-exponential-escape-rate) simp
show pair-prob-space (distr (exponential (escape-rate x)) borel ((4) t)) (measure-pmf
(J z))
by standard
qed

7.4 Continuous-time Kernel

definition K :: (real x 'a) = (real x 'a) measure where
K = (A(t, z). (distr (exponential (escape-rate x)) borel ((+) t)) @ am J )
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interpretation K: discrete-Markov-process borel Q) ns count-space UNIV K
proof
show K € borel Q) pr count-space UNIV — pp prob-algebra (borel Q) ar count-space
UNIV)
unfolding K-def
apply measurable
apply (rule measurable-snd[ THEN measurable-compose))
apply (auto simp: space-prob-algebra prob-space-measure-pmf)
done
qged

interpretation DTMC: MC-syntax J .

lemma in-space-S[simpl: © € space S
by (simp add: space-pair-measure)

lemma in-space-T[simp]: x € space T
by (simp add: space-pair-measure space-stream-space)

lemma in-space-lim-stream: w € space (K.lim-stream )
unfolding K.space-lim-stream space-stream-space[symmetric] by simp

lemma prob-space-K-lim: prob-space (K .lim-stream x)
using K.lim-stream| THEN measurable-space] by (simp add: space-prob-algebra)

definition select-first :: 'a = ('a = real) = 'a = bool
where select-first cpy = (y€ la AN (Vy'elz — {y}. py < py’))

lemma select-firstD1: select-first xpy —= y € Iz
by (simp add: select-first-def)

lemma select-first-unique:
assumes y: select-first x p yl select-first © p y2 shows yl = y2
proof —
have y1 # y2 = pyl < py2yl # y2 = p y2 < p yl
using y by (auto simp: select-first-def)
then show y1 = y2
by (rule-tac ccontr) auto
qed

lemma The-select-first[simp|: select-first x p y = The (select-first x p) = y
by (intro the-equality select-first-unique)

lemma select-first-INF':
select-first x py = (INFz€lz. pz)=py
by (intro antisym cINF-greatest cINF-lower bdd-belowI2[where m=p y])
(auto simp: select-first-def le-less)
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lemma measurable-select-first[measurable]:

(Ap. select-first z p y) € (Ilpr y€I x. borel) —pr count-space UNIV

using I-countable unfolding select-first-def by (intro measurable-pred-countable
pred-intros-conjl') measurable

lemma measurable- THE-select-first[measurable]:

(Ap. The (select-first x p)) € (Upr yel x. borel) —pr count-space UNIV

by (rule measurable-THE) (auto intro: select-first-unique I-countable dest: se-
lect-firstD1)

lemma sets-S-eq: sets S = sigma-sets UNIV { {t .} x A|tA AC —TzV
(selz. A={s})}
proof (subst sets-pair-eq)

let ?CI = Aa::real. {a ..} let ?Ea = range ?CI

show ?Ea C Pow (space borel) sets borel = sigma-sets (space borel) ?Ea
unfolding borel-Ici by auto

show ?CI‘Rats C ?Ea (|Ji€Rats. ?CI i) = space borel
using Rats-dense-in-real[of © — 1 z for z] by (auto intro: less-imp-le)

let ?Eb = Pow (— I'z) U (As. {s}) ‘Iz
have b € sigma-sets UNIV (Pow (— I z) U (As. {s}) ‘I z) for b
proof —
have b = (b — Iz) U (Uzeb N Iz {z})
by auto
also have ... € sigma UNIV (Pow (— I z) U (As. {s}) ‘Tx)
using I-countable by (intro sets.Un sets.countable-UN') auto
finally show ?thesis
by simp
qed
then show sets (count-space UNIV) = sigma-sets (space (count-space UNIV))
?Eb
by auto
show countable ({— Iz} U (Jsel z. {{s}}))
using I-countable by auto
show sets (sigma (space borel x space (count-space UNIV)) {a x b |a b. a €
?Fa A b € ?Eb}) =
sigma-sets UNIV {{t ..} x A|tA. AC —TzV (3sclz. A= {s})}
apply simp
apply (intro arg-cong|where f=sigma-sets -])
apply auto
done
qed (auto intro: countable-rat)

7.5 Kernel equals Parallel Choice

abbreviation PAR :: '‘a = ('a = real) measure

where
PAR z = (Ilps yel x. exponential (R z y))
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lemma PAR-least:
assumes y: y € I z
shows PAR x {pe€space (PAR z). t < p y A select-first x p y} =
emeasure (exponential (escape-rate x)) {t ..} * ennreal (pmf (J z) y)
proof —
let E = \y. exponential (R z y) let 2P’ =1l yelz — {y}. ?E y
interpret P’ prob-space ?P’
by (intro prob-space-PiM prob-space-exponential) simp
have x: PAR z = (Il y<insert y (I z — {y}). ?E y)
using y by (intro PiM-cong) auto
have 0 < Rz y
using y by simp
have sx: (A(z, X). X(y := z)) € exponential (R zy) Qv Piny Iz — {y}) (M.
exponential (R x )) =y PAR x
using y
apply (subst measurable-cong-sets| OF sets-pair-measure-cong| OF sets-exponential
sets-PiM-cong| OF refl sets-exponential]] sets-PiM-cong[OF refl sets-exponential]])
apply measurable
apply (rule measurable-fun-upd[where J=I z — {y}])
apply auto
done
have PAR z {pe€space (PAR z). t < py AN (Vy'elz—{y}. py <py)} =
(| *ty. indicator {t..} ty * 2P’ {pespace ?P'.Vy'el z—{y}. ty < p y'} I?E y)
unfolding * using <y € I >
apply (subst distr-pair-PiM-eq-PiM [symmetric])
apply (auto introl: prob-space-exponential simp: emeasure-distr insert-absorb)
apply (subst emeasure-distr[OF *x))
subgoal
using I-countable by (auto simp: pred-def[symmetric])
apply (subst P’.emeasure-pair-measure-alt)
subgoal
using I-countable|of z]
apply (intro measurable-sets|OF xx|)
apply (auto simp: pred-def[symmetric])
done
apply (auto introl: nn-integral-cong arg-cong2|where f=emeasure| split: split-indicator
if-split-asm
simp: space-exponential space-PiM space-pair-measure PiE-iff extensional-def)
done
also have ... = ([ Tty. indicator {t..} ty * ennreal (exp (— ty * (escape-rate x
— Ray))) 07 y)
apply (intro nn-integral-cong-AE)
using AE-exponential|[OF <0 < R z y]
proof eventually-elim
fix ty :: real assume 0 < ty
have escape-rate © =
(Jty" R z y’ * indicator {y} y' dcount-space UNIV) + ([ty". R z y’ *
indicator (I x — {y}) y’ Ocount-space UNIV)
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unfolding ennreal-escape-rate by (subst nn-integral-add[symmetric]) (auto
sitmp: less-le split: split-indicator introl: nn-integral-cong)
also have ... = Rz y + ([ Ty" Rz y' dcount-space (I z — {y}))
by (auto simp add: nn-integral-count-space-indicator less-le simp del: nn-integral-indicator-singleton
introl: arg-cong2[where f=(+)] nn-integral-cong split: split-indicator)
finally have ([ *y’ R z y’ dcount-space (I x — {y})) = escape-rate x — R x
y AN R zy < escape-rate x
using escape-rate-pos| THEN less-imp-le]
by (cases ([ Ty". R zy' dcount-space (I z — {y})))
(auto simp: add-top ennreal-plus[symmetric] simp del: ennreal-plus)
then have integrable (count-space (I x — {y})) (R z) (LINT y’'|count-space (I
z — {y}). Rz y') = escape-rate z — Rz y
by (auto simp: nn-integral-eg-integrable)
then have 7P’ (prod-emb (I z—{y}) ?E (I z—{y}) (g je(I z—{y}). {ty<..}))
= exp (— ty * (escape-rate x — R x y))
using I-countable <0 < tys> by (subst emeasure- PiM-exponential-Ioi-countable)
auto
also have prod-emb (I z—{y}) ?E (I z—{y}) (g je(I z—{y}). {ty<..}) =
{p€space ?P'. Vy'el z—{y}. ty < p y'}
by (simp add: set-eq-iff prod-emb-def space-PiM space-exponential ac-simps
Pi-iff)
finally show indicator {t..} ty * 2P’ {p€space ?P'. Vy'el z—{y}. ty < p y'}

indicator {t..} ty x ennreal (exp (— ty * (escape-rate  — R z y)))
by simp
qged
also have ... = ([ Tty. ennreal (R z y) x (ennreal (exp (— ty * escape-rate x))
x indicator {maz 0 t..} ty) Olborel)
by (auto simp add: exponential-def exponential-density-def nn-integral-density
ennreal-mult|symmetric] exp-add[symmetric| field-simps
introl: nn-integral-cong split: split-indicator)
also have ... = (R z y / escape-rate z) x emeasure (exponential (escape-rate x))
{maz 0t..}
using escape-rate-pos|of z]
by (auto simp: exponential-def exponential-density-def emeasure-density nn-integral-cmult[symmetric|
ennreal-mult]symmetric]
split: split-indicator intro!: nn-integral-cong )
also have ... = pmf (J z) y x emeasure (exponential (escape-rate x)) {t..}
using AE-exponential| OF escape-rate-pos|of x|
by (intro arg-cong2|where f=(x)] emeasure-eq-AE) (auto simp: J.rep-eq )
finally show ?thesis
using assms by (simp add: mult-ac select-first-def)
qged

lemma AFE-PAR-least: AE p in PAR x. dyel x. select-first x p y
proof —
have D: disjoint-family-on (\y. {p € space (PAR x). select-first x p y}) (I )
by (auto simp: disjoint-family-on-def dest: select-first-unique)
have PAR z {p€space (PAR z). Ay€el x. select-first x p y} =
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PAR xz (Jyel z. {pespace (PAR z). select-first = p y})
by (auto introl: arg-cong2[where f=emeasure])
also have ... = ([ Ty. PAR z {p€Espace (PAR z). select-first z p y} dcount-space
(1 2))
using I-countable by (intro emeasure- UN-countable D) auto
also have ... = ([ Ty. PAR z {pespace (PAR z). 0 < p y A select-first z p y}
Ocount-space (I x))
proof (intro nn-integral-cong emeasure-eq-AFE, goal-cases)
case (1 y) with AFE-PiM-component[of I x Ay. exponential (R z y) y (<) 0]
AE-exponential[of R © y] show ?case
by (auto simp: prob-space-exponential)
qed (insert I-countable, auto)
also have ... = ([ Ty. emeasure (exponential (escape-rate x)) {0 ..} = ennreal
(pmf (J z) y) Ocount-space (I ))
by (auto simp add: PAR-least intro!: nn-integral-cong)
also have ... = ([ Ty. emeasure (ezponential (escape-rate x)) {0 ..} dJ x)
by (auto simp: nn-integral-measure-pmf nn-integral-count-space-indicator ac-simps
pmf-eq-0-set-pmf set-pmf-J
stmp del: nn-integral-const introl: nn-integral-cong split: split-indicator)
also have ... = 1
using A E-exponential|of escape-rate x]
by (auto intro!: prob-space.emeasure-eq-1-AE prob-space-exponential simp: es-
cape-rate-pos less-imp-le)
finally show ?thesis
using I-countable
by (subst prob-space. A E-iff-emeasure-eq-1 prob-space-PiM prob-space-exponential)
(auto intro!: prob-space-PiM prob-space-exponential simp del: Set.bex-simps(6))
qed

lemma K-alt: K (t, «) = distr (U yel z. exponential (R zy)) S (Ap. (t + (INF
yel x. p y), The (select-first z p))) (is - = ?R)
proof (rule measure-eql-generator-eq-countable)
let 2E = {{t..} x A | (tureal) A. AC — ITzV (Iselz. A={s})}
show Int-stable 7FE
apply (auto simp: Int-stable-def)
subgoal for t1 A1 t2 A2
by (intro exI[of - max t1 t2] exI[of - A1 N A2]) auto
subgoal for t1 t2 y1 y2
by (intro exI[of - max t1 t2] exI[of - {y1} N {y2}]) auto
done
show sets (K (t, z)) = sigma-sets UNIV ?E
unfolding K.sets-K[OF in-space-S] by (subst sets-S-eq) rule
show sets ?R = sigma-sets UNIV ?E
using sets-S-eq by simp
show countable (A(t, A). {t ..} x A) “(Q x ({—= Iz} U (Xs. {s}) ‘Ix)))
by (intro countable-image countable-SIGMA countable-rat countable-Un I-countable)
auto

have x: (+) t —“{t"..} N space (exponential (escape-rate z)) = {t’' — t..} for ¢’
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by (auto simp: space-exponential)
{ fix X assume X € ?F
then consider
t'swhere s € Iz X = {t' ..} x {s}
|t Awhere AC —TzX={t'.} x4
by auto
then show K (¢, z) X = ?R X
proof cases
case I
have AE p in PAR z. (t' — t < p s A select-first z p s) =
(t'<t+ ([z€lz. px) A The (select-first z p) = s)
using AF-PAR-least by eventually-elim (auto dest: select-first-unique simp:
select-first-INF)
with 1 I-countable show ?thesis
by (auto simp add: K-def measure-pmf.emeasure-pair-measure- Times emea-
sure-distr emeasure-pmf-single *
PAR-least[symmetric] introl: emeasure-eq-AE)
next
case 2
moreover
then have emeasure (measure-pmf (Jx)) A = 0
by (subst AE-iff-measurable[symmetric, where P=Az. z ¢ A])
(auto simp: AE-measure-pmf-iff set-pmf-J subset-eq)
moreover
have PAR z ((A\p. (t + [](p ‘(I z)), The (select-first z p))) —* ({t'..} x A)
N space (PAR )) = 0
using <4 C — I 2» AE-PAR-least[of x| I-countable
by (subst AE-iff-measurable[symmetric, where P=MAp. (t + [](p ¢ (I x)),
The (select-first x p)) ¢ {t'..} x A])
(auto simp del: all-simps(5) simp add: imp-ex imp-conjL subset-eq)
ultimately show ?Zthesis
using I-countable
by (simp add: K-def measure-pmf.emeasure-pair-measure-Times emea-
sure-distr )

qed }

interpret prob-space K ts for ts
by (rule K.prob-space-K) simp
show emeasure (K (t, z)) a # oo for a
using emeasure-finite by simp
qed (insert Rats-dense-in-real[of © — 1 z for z|, auto, blast intro: less-imp-le)

lemma AE-K: AE yin Kz fstx < fst y A sndy € J (snd x)

unfolding K-def split-beta

apply (subst exp-esc.AE-pair-iff [symmetric])

apply measurable

apply (simp-all add: AE-distr-iff AE-measure-pmf-iff exponential-def AE-density
exponential-density-def cong del: AE-cong)

using AE-lborel-singleton[of 0]
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apply eventually-elim

apply simp
done

lemma AFE-lim-stream:
AFE w in K.lim-stream z. Vi. snd ((x ## w) ! i) € DTMC.acc*{snd x} A snd
(wli) e J (snd (x ## w) 1) A fst (z #H# w) i) < fst (w!l i)
(is AE w in K.lim-stream . Vi. 7P w 1)
unfolding A E-all-countable
proof
let F = Niz w. fst ((z #4# w) 1 i) and 25 = \i z w. snd ((z ## w) ! ©)
fix { show AF w in K.lim-stream x. ?P w i
proof (induction i arbitrary: x)
case 0 with AE-K|of z] show ?case
by (subst K.AE-lim-stream) (auto simp add: space-pair-measure cong del:
AE-cong)
next
case (Suc 17)
show ?Zcase
proof (subst K.AE-lim-stream, goal-cases)
case 2 show “case
using DTMC'.countable-reachable
by (intro measurable-compose-countable-restrictiwhere f=25 (Suc i) z])
(simp-all del: Image-singleton-iff)
next
case 3 show “case
apply (simp del: AE-conj-iff cong del: AE-cong)
using AE-K|of ]
apply eventually-elim
subgoal premises K-prems for y
using Suc
by eventually-elim (insert K-prems, auto intro: converse-rtrancl-into-rtrancl)
done
qed (simp add: space-pair-measure)
qed
qed

lemma measurable-merge-at[measurable]: (A(w, w'). merge-at w j w’) € (T @ m
T) —M T
proof (rule measurable-stream-space2)
define F where F x n = (case z of (w:(real x 'a) stream, w') = merge-at w j
w) 'nfor zn
fix n
have (Az. F z n) € stream-space S Q) n stream-space S —pr S
proof (induction n)
case () then show ?case
by (simp add: F-def split-beta’ stream.case-eq-if )
next
case (Suc n)
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from Suc[measurable]
have eq: F' z (Suc n) = (case fst x of (t, s) ## w = if t < j then F (w, snd
z) n else snd z ! Suc n) for
by (auto simp: F-def split: prod.split stream.split)
show ?Zcase
unfolding eq stream.case-eq-if by measurable
qed
then show (Az. (case z of (w, w') = merge-at w j w’) !! n) € stream-space S
QR am stream-space S —pr S
unfolding F-def by auto
qged

lemma measurable-trace-at[measurable]: (A(s, w). trace-at s w j) € (count-space
UNIV @ m T) = count-space UNIV
unfolding trace-at-eq by measurable

lemma measurable-trace-at’: (A((s, j), w). trace-at s w j) € ((count-space UNIV
Q s borel) @ ar T) — s count-space UNIV
unfolding trace-at-eq split-beta’ by measurable

lemma K-time-split:
assumes t < j and [measurable]: f € S —pr borel
shows ([ *z. fz x indicator {j <..} (fst z) OK (¢, s)) = ([ Tz. fz OK (j, s)) *
exponential (escape-rate s) {j — t <..}
proof —
have ([T y. [T z. f (t + =z, y) * indicator {j<.} (t + z) Oexponential
(escape-rate s) 0J s) =
(J" y. [T a f(t+ 2 y) = indicator {j — t<..} = Dexponential (escape-rate
s) 0J s)
by (intro nn-integral-cong) (auto split: split-indicator)
also have ... = ([T y. [T . f (¢t + z, y) Quniform-measure (exponential
(escape-rate s)) {j—t <..} 0J s) *
emeasure (exponential (escape-rate s)) {j — t <..}
using <t < j» escape-rate-pos
by (subst nn-integral-uniform-measure)
(auto simp: nn-integral-divide ennreal-divide-times emeasure-exponential-Ioi)
alsohave ... = ([T y. [T 2. f (j + 2, y) Dexponential (escape-rate s) OJ s) *
emeasure (exponential (escape-rate s)) {j — t <..}
using ¢ < j» escape-rate-pos by (simp add: uniform-measure-exponential
nn-integral-distr)
finally show ?thesis
by (simp add: K-def exp-esc.nn-integral-snd|[symmetric] nn-integral-distr)
qged

lemma K-in-space[simp|: K x € space (prob-algebra S)
by (rule measurable-space [OF K.K]) simp

lemma L-in-space[simp]: K.lim-stream x € space (prob-algebra T)
by (rule measurable-space [OF K .lim-stream]) simp

196



7.6 Markov Chain Property

lemma lim-time-split:
t < j = K.lim-stream (t, s) = do { w < K.lim-stream (t, s) ; w' + K.lim-stream
(4, trace-at s w j) ; return T (merge-at w j w')}
(is-=-=7DOts)
proof (coinduction arbitrary: t s rule: K.lim-stream-eq-coinduct)
case step let ?L = K.lim-stream

note measurable-compose[ OF measurable-prob-algebraD measurable-emeasure-subprob-algebra,
measurable (raw)]

define B’ where B’ = (A(t/, s). if t' < j then 2DO t’ s else 2L (t', s))
show ?Zcase
proof (intro bexl conjl AE-12)
show [measurable]: B’ € S —r prob-algebra T
unfolding B’-def by measurable
show (3ts.y=(t, ) NB'y=9?DOtsANt<j)V ?Ly= B yfory
by (cases y; cases fst y < j) (auto simp: B’-def)
let 2C = Az. do { w + 7L z; w’ + ?L (j, trace-at s (z#H#w) j); return T
(merge-at (s#4) § ) }
have ?DOts=do{z+ K (t,s); ?Cz }
apply (subst K.lim-stream-eq[OF in-space-S])
apply (subst bind-assoc| OF measurable-prob-algebraD measurable-prob-algebraD))
apply (subst measurable-cong-sets|OF K .sets-K[OF in-space-S| refl])
apply measurable
apply (subst bind-assoc| OF measurable-prob-algebraD measurable-prob-algebraD))
apply measurable
apply (subst bind-cong[OF refl bind-cong|OF refl bind-return[OF measur-
able-prob-algebraD]]])
apply measurable
done
also have ... = K (¢, s) >= (A\y. B’y >= (Aw. return T (y ## w))) (is DO’
= ?R)
proof (rule measure-eql)
have sets DO’ = sets T
by (intro sets-bind’|OF K-in-space]) measurable
moreover have sets R = sets T
by (intro sets-bind'|OF K-in-space]) measurable
ultimately show sets ?DO’ = sets 7R
by simp
fix A assume A € sets ?DO’
then have A[measurable]: A € T
unfolding <sets ?DO’ = sets T» .
have ?DO' A = ([ Tz. ?2Cz A 0K (i, s))
by (subst emeasure-bind-prob-algebra| OF K-in-space]) measurable
also have ... = ([ *z. 2C z A x indicator {.. j} (fst z) OK (t, s)) +
(Jtz. 2C x A « indicator {j <..} (fst z) OK (¢, s))
by (subst nn-integral-add[symmetric]) (auto introl: nn-integral-cong split:
split-indicator)
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also have ([ Tz. ?C z A * indicator {.. j} (fst ) OK (t, s)) =
(J Ty. emeasure (B' y >= (Aw. return T (y ## w))) A x indicator {.. j}
(fst ) K (1, 5))
proof (intro nn-integral-cong ennreal-mult-right-cong refl arg-cong2[where
f=emeasure])
fix z :: real x 'a assume indicator {..j} (fst ) # (0::ennreal)
then have fst x < j
by (auto split: split-indicator-asm)
then show ?C z = (B’ z >= (Aw. return T (z ## w)))
apply (cases z)
apply (simp add: B'-def)
apply (subst bind-assoc[OF measurable-prob-algebraD measurable-prob-algebraD])
apply measurable
apply (subst bind-assoc[OF measurable-prob-algebraD measurable-prob-algebraD))
apply measurable
apply (subst bind-return)
apply measurable
done
qed
also have ([ Tz. 2C = A * indicator {j <..} (fst z) OK (t, s)) =
(J Ty. emeasure (B' y >= (Aw. return T (y ## w))) A * indicator {j <..}
(fst y) OK (t, s))
proof —
have x: (+) t —‘{j<.} ={j — t <.}
by auto

have ([ Tz. 2C z A * indicator {j <..} (fst ) 0K (t, s)) =
(f Tz 2L (4, s) A = indicator {j <..} (fst ) OK (¢, s))
by (intro nn-integral-cong ennreal-mult-right-cong refl arg-cong2|where
f=emeasure])
(auto simp: K.sets-lim-stream bind-return’’ bind-const’ prob-space-K-lim
prob-space-imp-subprob-space split: split-indicator-asm)
also have ... = ?L (j, s) A * exponential (escape-rate s) {j — t <..}
by (subst nn-integral-cmult) (simp-all add: K-def exp-esc.nn-integral-snd|symmetric]
emeasure-distr space-exponential *)
also have ... = ([ "z. emeasure (?L z >= (Aw. return T (z ## w))) A
0K (j, s)) = exponential (escape-rate s) {j — t <..}
by (subst K.lim-stream-eq) (auto simp: emeasure-bind-prob-algebra OF
K-in-space - A])
also have ... = ([ Ty. emeasure (?L y >= (Dw. return T (y ## w))) A *
indicator {j <..} (fsty) 0K (¢, s))
using <t < j» by (rule K-time-split|symmetric]) measurable
also have ... = ([ Ty. emeasure (B' y >= (A\w. return T (y ## w))) A
indicator {j <..} (fsty) 0K (¢, s))
by (intro nn-integral-cong ennreal-mult-right-cong refl arg-cong2|where
f=emeasure])
(auto simp add: B’-def split: split-indicator-asm)
finally show ?thesis .
qed
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also have ([ *y. emeasure (B’ y >= (Mw. return T (y ## w))) A * indicator
{- g} (st y) OK (¢, 5)) +
(J Ty. emeasure (B' y >= (Aw. return T (y ## w))) A * indicator {j <..}
(fst y) OK (¢, 5)) =
(J ty. emeasure (B y >= (Mw. return T (y ## w))) A 0K (t, s))
by (subst nn-integral-add[symmetric]) (auto intro!: nn-integral-cong split:
split-indicator)
also have ... = emeasure (K (t, s) >= (Ay. B' y >= (Qw. return T (y ##
w)))) A
by (rule emeasure-bind-prob-algebra[symmetric, OF K-in-space - A]) auto
finally show ?DO’ A = emeasure (K (t, s) >= (Ay. B y >= (A\w. return T
(y 44 w))) A .
qed
finally show ?DO t s = K (¢, s) >= (Ay. By >= (Aw. return T (y ## w)))

qged
qed (simp add: space-pair-measure)

lemma K-eq: K (t, s) = distr (exponential (escape-rate s) @ J s) S (A(t/, s).
(t+ 1, 5))
proof —
have distr (exponential (escape-rate s)) borel ((4+) t) @Q s distr (J s) (J s) (Az.
x) =
distr (exponential (escape-rate s) @ p J 8) (borel @ v J 5) (M(z, y). (¢t + z,
v)
proof (intro pair-measure-distr)
interpret prob-space distr (measure-pmf (J s)) (measure-pmf (J s)) (A\z. z)
by (intro measure-pmf.prob-space-distr) simp
show sigma-finite-measure (distr (measure-pmf (J s)) (measure-pmf (J s)) (Az.

z))
by unfold-locales
qed auto
also have ... = distr (ezponential (escape-rate s) @ nr J s) S (A(z, y). (¢t + =,

y))
by (intro distr-cong refl sets-pair-measure-cong) simp
finally show ?thesis
by (simp add: K-def)
qged

lemma K-shift: K (t + t/, s) = distr (K (¢, s)) S (A(t, 8). (t + ¢/, s))
unfolding K-eq by (subst distr-distr) (auto simp: comp-def split-beta’ ac-simps)

lemma K-not-empty: space (K z) # {}
by (simp add: K-def space-pair-measure split: prod.split)

lemma lim-stream-not-empty: space (K.lim-stream z) # {}
by (simp add: K.space-lim-stream space-pair-measure split: prod.split)

lemma lim-shift: — Generalize to bijective function on K.lim-stream invariant on
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K
K.lim-stream (t + t’, s) = distr (K.lim-stream (t, s)) T (smap (A(¢, s). (¢t + t/,
)
(is-= ?D ts)
proof (coinduction arbitrary: t s rule: K.lim-stream-eq-coinduct)
case step then show Zcase
proof (intro bexl[of - A(t, s). 2D (t — t') s]| conjI)
show ?Dts =K (t + t/, s) >= (Ay. (case y of (t, s) = ?D (¢t — t) 5) >=
(Qw. return T (y ## w)))
apply (subst K .lim-stream-eq[ OF in-space-S])
apply (subst K-shift)
apply (subst distr-bind[OF measurable-prob-algebraD K-not-empty)
apply (measurable; fail)
apply (measurable; fail)
apply (subst bind-distr[|OF - measurable-prob-algebraD K-not-empty])
apply (measurable; fail)
apply (measurable; fail)
apply (intro bind-cong refl)
apply (subst distr-bind[OF measurable-prob-algebraD lim-stream-not-empty)
apply (measurable; fail)
apply (measurable; fail)
apply (simp add: distr-return split-beta)
apply (subst bind-distr|OF - measurable-prob-algebraD lim-stream-not-empty))
apply (measurable; fail)
apply (measurable; fail)
apply (simp add: split-beta’)
done
qed (auto cong: conj-cong intro!: exI[of - - — t'])
qed simp

lemma lim-0: K.lim-stream (t, s) = distr (K.lim-stream (0, s)) T (smap (A\(t/,

s). (t'+ 1, 5)))
using lim-shift[of 0 t s] by simp

7.7 Explosion time

definition ezplosion :: (real x ’a) stream = ereal
where explosion w = (SUP i. ereal (fst (w ! 7)))

lemma ball-less-Suc-eq: (Vi<Suc n. P i) +— (P 0 A (Vi<n. P (Suc 7)))
using less-Suc-eq-0-disj by auto

lemma lim-stream-timediff-eq-exponential-1:
distr (K .lim-stream ts) (PiM UNIV (A-. borel))
(Aw 4. escape-rate (snd ((ts##Hw) 1 Q) = (fst (w @) — fst ((ts#H#w) 1 7)) =
PiM UNIV (A-. exponential 1)
(is ?D = ?P)
proof (rule measure-eqI-PiM-sequence)
show sets 7D = sets (PiM UNIV (A-. borel)) sets ?P = sets (PiM UNIV (A-.
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borel))
by (auto intro!: sets-PiM-cong simp: sets-exponential)
have [measurable]: ts € space S
by auto
{ interpret prob-space ?D
by (intro prob-space.prob-space-distr K.prob-space-lim-stream measurable-abs-UNIV')
auto
show finite-measure 2D
by unfold-locales }

interpret E: prob-space exponential 1
by (rule prob-space-exponential) simp

interpret P: product-prob-space \-. exponential 1 UNIV
by unfold-locales

let distr - - (?fts) = ?D

fix A :: nat = real set and n :: nat assume A[measurable]: \i. A i € sets borel
define n’ where n’ = Suc n
have emeasure ?D (prod-emb UNIV (A-. borel) {..n} (Pig {.n} A)) =
emeasure (K .lim-stream ts) {w€space (stream-space S). Vi<n' ftsw i€ A
i}

apply (subst emeasure-distr)
apply (auto introl: measurable-abs-UNIV arg-cong|where f=emeasure -])
apply (auto simp: prod-emb-def K .space-lim-stream space-pair-measure n'-def)
done
also have ... = ([[i<n’. emeasure (exponential 1) (A 7))
using A
proof (induction n’ arbitrary: A ts)
case ( then show ?case
using prob-space.emeasure-space-1[OF prob-space-K-lim]
by (simp add: K.space-lim-stream space-pair-measure)
next
case (Suc n A ts)
from Suc.prems[measurable]
have [measurable]: ts € space S
by auto

have emeasure (K.lim-stream ts) {w € space (stream-space S). ¥ i<Suc n. f
tswieAdi} =
([ *ts'. indicator (A 0) (escape-rate (snd ts) * (fst ts’ — fst ts)) x
emeasure (K.lim-stream ts') {w € space (stream-space S). Vi<n. ?f ts' w i
€ A (Suc i)} OK ts)
apply (subst K.emeasure-lim-stream)
apply simp
apply measurable
apply (auto introl: nn-integral-cong arg-cong2|where f=emeasure] split:
split-indicator
simp: ball-less-Suc-eq)
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done
also have ... = ([ Tts’. indicator (A 0) (escape-rate (snd ts) = (fst ts' — fst
ts)) OK ts)
(ITi<n. emeasure (exponential 1) (A (Suc i)))
by (subst Suc.IH) (simp-all add: nn-integral-multc)
also have ([ Tts’. indicator (A 0) (escape-rate (snd ts) = (fst ts’" — fst ts)) OK
ts) =
([ *t. indicator (A 0) (escape-rate (snd ts) = t) Dexponential (escape-rate (snd
ts)))
by (simp add: K-def exp-esc.nn-integral-snd[symmetric] nn-integral-distr split:
prod.split)
also have ... = emeasure (exponential 1) (A 0)
using escape-rate-pos|of snd ts]
by (subst exponential-eg-stretch) (simp-all add: nn-integral-distr)
also have emeasure (exponential 1) (A 0) x (] i<n. emeasure (exponential 1)
(A (Suc i) =
(ITi<Suc n. emeasure (exponential 1) (A i))
by (rule prod.less Than-Suc-shift[symmetric])
finally show ?case .
qed
also have ... = emeasure ?P (prod-emb UNIV (\-. borel) {..<n'} (Pig {..<n'}
4))
using P.emeasure-PiM-emblof {..<n'} A] by (simp add: prod-emb-def space-exponential)
finally show emeasure ¢D (prod-emb UNIV (A-. borel) {..n} (Pig {..n} A)) =
emeasure ?P (prod-emb UNIV (A-. borel) {..n} (Pig {..n} A))
by (simp add: n’-def lessThan-Suc-atMost)
qged

lemma A E-explosion-infty:
assumes bdd: bdd-above (range escape-rate)
shows AFE w in K.lim-stream x. explosion w = 0o
proof —
have escape-rate undefined < (SUP z. escape-rate x)
using bdd by (intro cSUP-upper) auto
then have SUP-escape-pos: 0 < (SUP z. escape-rate x)
using escape-rate-pos|[of undefined] by simp
then have SUP-escape-nonneg: 0 < (SUP x. escape-rate x)
by (rule less-imp-le)

have [measurable]: x € space S by auto
have (> 4. 1:ennreal) = top
by (rule sums-unique[symmetric]) (auto simp: sums-def of-nat-tendsto-top-ennreal)
then have AF w in (PiM UNIV (A-. exponential 1)). (3 i. ereal (w 7)) = oo
by (intro AE-PiM-exponential-suminf-infty) auto
then have AF w in K.lim-stream x.
(5" i. ereal (escape-rate (snd ((x##w) 1 @) * (fst (w i) — fst ((z#H#w) !
i)))) = o0
apply (subst (asm) lim-stream-timediff-eq-exponential-1[symmetric, of x])
apply (subst (asm) AE-distr-iff)
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apply (auto intro!: measurable-abs-UNIV)
done
then show ?thesis
using AFE-lim-stream
proof eventually-elim
case (elim w)
then have le: fst ((z##w) ! n) < fst ((z ## w) ! m) if n < m for n m
by (intro lift--Suc-mono-le[OF - <n < my, of Ai. fst ((z ## w) ! 1)]) (auto
intro: less-imp-le)
have [simp]: fst © < fst ((z#H#w) I 0) fst ((x#H#w) 1 i) < fst (w ! §) for i
using le[of i Suc 7] le[of 0 7] by auto

have (> i. ereal (escape-rate (snd ((x ## w) 1 49)) * (fst (w1 7) — fst ((xv #H#
W) i) =
(SUP n. > i<n. ereal (escape-rate (snd ((z ## w) 1 1)) x (fst (w1 7) — fst
((z ## w) 1 9))))
by (intro suminf-ereal-eq-SUP) (auto introl: mult-nonneg-nonneq)
also have ... < (SUP n. (SUP z. escape-rate x) * (ereal (fst ((x ## w) !l n))
— ereal (fst z)))
proof (intro SUP-least SUP-upper2)
fix n
have (3" i<n. ereal (escape-rate (snd ((z ## w) ! 0)) = (fst (w i) — fst ((z
o w0) 1)) <
(>~ i<n. ereal ((SUP i. escape-rate i) = (fst (w !l i) — fst ((x #4# w) 1 ©))))
using elim bdd by (intro sum-mono) (auto introl: ¢SUP-upper)
also have ... = (SUP i. escape-rate i) x (> i<n. fst ((x ## w) ! Suc i) —
fst ((z ## w) 119))
using elim bdd by (subst sum-ereal) (auto simp: sum-distrib-left)
also have ... = (SUP i. escape-rate i) * (fst ((z ## w) ! n) — fst x)
by (subst sum-less Than-telescope) simp
finally show (3 i<n. ereal (escape-rate (snd ((z ## w) 1 7)) = (fst (w ! ©)
— fst ((z #4 w) 1 9))))
< (SUP z. escape-rate x) x (ereal (fst ((z ## w) ! n)) — ereal (fst x))
by simp
qed simp
also have ... = (SUP z. escape-rate z) x ((SUP n. ereal (fst ((z ## w) !! n)))
— ereal (fst x))
using elim SUP-escape-nonneg by (subst SUP-ereal-mult-left) (auto simp:
SUP-ereal-minus-left[symmetric])
also have (SUP n. ereal (fst ((z ## w) !l n))) = explosion w
unfolding explosion-def
apply (intro SUP-eq)
subgoal for ¢ by (intro bexI[of - i]) auto
subgoal for ¢ by (intro bexI[of - Suc i]) auto
done
finally show explosion w = oo
using elim SUP-escape-pos by (cases explosion w) (auto split: if-splits)
qged
qed
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7.8 Transition probability p;

context
begin

declare [[inductive-internals = true]

inductive trace-in :: ‘a set = real = ’'a = (real x 'a) stream = bool for St
where

t<t'= se 8§ = trace-in St s ((t, s)#H#w)
| t > t' = trace-in St s’ w = trace-in St s ((t', s")#H#w)

end

lemma trace-in-simps[simp):
trace-in ss t s (s#H#w) = (if t < fst x then s € ss else trace-in ss t (snd z) w)
by (cases x) (subst trace-in.simps; auto)

lemma trace-in-eq-Ifp:
trace-in ss t = Ifp (AF s. A(t/, s")##w = if t < t' then s € ss else F' s’ w)
unfolding trace-in-def by (intro arg-conglwhere f=Ifp| ext) (auto split: stream.splits)

lemma trace-in-shiftD: trace-in ss t s w = trace-in ss (t + t') s (smap (A(Z, s').
(t+ 1t ) w)
by (induction rule: trace-in.induct) auto

lemma trace-in-shift[simp: trace-in ss t s (smap (A(t, s'). (t + t/, s')) w) +—
trace-in ss (t — t') s w
using trace-in-shiftD[of ss t s smap (A(t, s). (t + t', 8')) w — ¢
trace-in-shiftD]of ss t — t' s w t]
by (auto simp add: stream.map-comp prod.case-eq-if )

lemma measurable-trace-in':
Measurable.pred (borel Q) ar count-space UNIV @ pr T) (A(t, s, w). trace-in ss t
s w)
(is ?M (\(t, s, w). trace-in ss t s w))
proof —
let F = AF. A(t, s, (t, s )##w) = if t < t' then s € ss else F (t, s', w)
have [measurable]: Measurable.pred (count-space UNIV) (Az. z € ss)
by simp
have trace-in ss = (At s w. lfp ?F (¢, s, w))
unfolding trace-in-def
apply (subst lfp-arg)
apply (subst lfp-rollinglwhere g=AF t s w. F (t, s, w)])
subgoal by (auto simp: mono-def le-fun-def split: stream.splits)
subgoal by (auto simp: mono-def le-fun-def split: stream.splits)
subgoal
by (intro arg-conglwhere f=Ifp])
(auto simp: mono-def le-fun-def split-beta’ not-less fun-eq-iff split: stream.splits
intro!: arg-cong[where f=Ifp])
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done
then have eq: (A(¢, s, w). trace-in ss t s w) = Ilfp ?F
by simp
have sup-continuous ?F
by (auto simp: sup-continuous-def fun-eq-iff split: stream.splits)
then show ?thesis
unfolding eq
proof (rule measurable-lfp)
fix F assume ?M F then show ?M (?F F)
by measurable
qed
qed

lemma measurable-trace-in[measurable (raw)]:

assumes [measurable]: f € M —p; borel g € M — s count-space UNIV h € M
—m T

shows Measurable.pred M (Az. trace-in ss (f ) (g z) (h x))

using measurable-composelof \z. (fz, g x, h ) M, OF - measurable-trace-in'[of
ss]] by simp

definition p :: 'a = 'a = real = real
where p s s’ t = P(w in K.lim-stream (0, s). trace-in {s'} t s w)

lemma p[measurable]: (A(s, t). p s s’ t) € (count-space UNIV Q) pr borel) —
borel
proof —
have x: (SIGMA z:space (count-space UNIV Q) ar borel). {w € streams (space
S). trace-in {s'} (snd ) (fst z) w}) =
{z€space ((count-space UNIV Q) rs borel) @ pr T). trace-in {s'} (snd (fst z))
(fst (fot ) (snd 2)}

by (auto simp: space-pair-measure)

note measurable-trace-at'[measurable]
show ?thesis
unfolding p-def[abs-def] split-beta’
by (rule measure-measurable-prob-algebra2[where N=T1])
(auto simp: K.space-lim-stream x pred-def|[symmetric]
introl: pred-count-space-constl measurable-trace-at'lunfolded split-beta’])
qed

lemma p-nonpos: assumes t < 0 shows p s s’ t = of-bool (s = s')
proof —
have AF w in K.lim-stream (0, s). trace-in {s'} t sw = (s = )
proof (subst K.AE-lim-stream)
show AE y in K (0, s). AFE w in K.lim-stream y. trace-in {s'} t s (y ## w)
= (s =5
using AE-K
proof eventually-elim
fix y :: real x 'a assume fst (0, s) < fst y A snd y € set-pmf (J (snd (0,
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with «t<0» show AE w in K.lim-stream y. trace-in {s'} t s (y ## w) = (s

by (cases y) auto

qed
qed auto
then have p s s’ t = P(w in K.lim-stream (0, s). s = s)

unfolding p-def by (intro prob-space.prob-eq-AE K .prob-space-lim-stream) auto
then show ?thesis

using prob-space.prob-space[OF K .prob-space-lim-stream| by simp

qged

lemma p-0: p s s’ 0 = of-bool (s = s')
using p-nonpos|of 0] by simp

lemma in-sets-T[measurable (raw)]: Measurable.pred T P — {w. P w} € sets T
unfolding pred-def by simp

lemma distr-id": sets M = sets N = distr M N (M\z. ) = M
by (subst distr-conglof M M N M - Azx. z] ) simp-all

lemma p-nonneg[simpl: 0 < p s s't
by (simp add: p-def)

lemma p-le-1[simpl: p s s’ t < 1
unfolding p-def by (intro prob-space.prob-le-1 K .prob-space-lim-stream) simp

lemma p-eq:
assumes (0 < ¢
shows p s s’ t = (of-bool (s = s") + (LINT w:{0..t}|lborel. escape-rate s * exp
(escape-rate s * u) x (LINT s'|J s. p s’ s'" u))) / exp (t * escape-rate s)
proof —
have *: (+) 0 = (Az::real. )
by auto
interpret L: prob-space K.lim-stream x for x
by (rule K.prob-space-lim-stream) simp
interpret E: prob-space exponential (escape-rate s) for s
by (intro escape-rate-pos prob-space-exponential)
have p s s” t = emeasure (K.lim-stream (0, s)) {we€space T. trace-in {s"'} t s
w}
by (simp add: p-def L.emeasure-eq-measure K .space-lim-stream space-stream-space
del: in-space-T)
also have ... = ([ *y. emeasure (K.lim-stream y) {wespace T. trace-in {s"} ¢
s (y#t) } OK (0,'))
apply (subst K.lim-stream-eq[OF in-space-S])
apply (subst emeasure-bind-prob-algebra| OF K-in-space))
apply (measurable; fail)
apply (measurable; fail)
apply (subst bind-return-distr'|OF lim-stream-not-empty])
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apply (measurable; fail)
apply (simp add: emeasure-distr)
done
also have ... = ([ Ty. indicator {t <..} (fst y) * of-bool (s = s") + indicator
{0<..t} (fsty) = p (snd y) s” (t — fst y) OK (0, s))
apply (intro nn-integral-cong-AE)
using AE-K
apply eventually-elim
subgoal for y
using L.emeasure-space-1
apply (cases y)
apply (auto split: split-indicator simp del: in-space-T)
subgoal for t’ s2
unfolding p-def L.emeasure-eq-measure[symmetric] K.space-lim-stream
space-stream-space|symmetric]
by (subst lim-0) (simp add: emeasure-distr)
subgoal
by (auto split: split-indicator cong: rev-conj-cong simp add: K .space-lim-stream
space-stream-space simp del: in-space-T')
done
done
also have ... = ([ Tu. [Ts" indicator {t <..} u * of-bool (s = s") +
indicator {0<..t} u* p s’ s" (t — u) 0J s Dexponential (escape-rate s))
unfolding K-def
by (simp add: K-def measure-pmf.nn-integral-fst[symmetric] = distr-id’ sets-exponential)
also have ... = ennreal (exp (— t * escape-rate s) x of-bool (s = s")) +
(J Tu. indicator {0<..t} uw x [Ts" p s’ s (t — u) dJ s Dexponential
(escape-rate s))
using «0<t) by (simp add: nn-integral-add nn-integral-cmult ennreal-indicator
ennreal-mult emeasure-exponential-Ioi escape-rate-pos)
also have ([ Tu. indicator {0<..t} u* [Ts'. ps's” (t — u) OJ s Dexponential
(escape-rate s)) =
([ Tu. indicator {0<..t} uw xg (LINT s'|J s. p s’ s" (t — u)) Dexponential
(escape-rate s))
by (simp add: measure-pmf.integrable-const-bound|of - 1] nn-integral-eg-integral
ennreal-mult ennreal-indicator)
also have ... = (LINT u:{0<..t}|exponential (escape-rate s). (LINT s'|J s. p s’
s" (t — u)))
unfolding set-lebesgue-integral-def
by (intro nn-integral-eq-integral E.integrable-const-bound|of - 1] AE-12)
(auto introl: mult-le-one measure-pmf .integral-le-const measure-pmf .integrable-const-bound|of
1)
also have ... = (LINT w:{0<..t}|lborel. escape-rate s * exp (— escape-rate s *
u) * (LINT s'|J s. p s’ s" (t — w)))
unfolding exponential-def set-lebesque-integral-def
by (subst integral-density)
(auto simp: ac-simps exponential-density-def fun-eq-iff split: split-indicator
simp del: integral-mult-right integral-mult-right-zero introl: arg-cong2[where
f=integrall])

207



also have ... = (LINT u:{0..t}|lborel. escape-rate s * exp (— escape-rate s x (i
— u)) * (LINT s'|J s. p s" 8" u))
using A E-lborel-singleton|of 0] AE-lborel-singleton|of t] unfolding set-lebesgue-integral-def
by (subst lborel-integral-real-affinelwhere t=t and c=—1])
(auto introl: integral-cong-AE split: split-indicator)
also have ... = exp (— ¢ * escape-rate s) * escape-rate s x (LINT u:{0..t}|lborel.
exp (escape-rate s x u) x (LINT s'|J s. p s’ s"" u))
by (simp add: field-simps exp-diff exp-minus)
finally show p s s”' t = (of-bool (s = s") + (LBINT w:{0..t}. escape-rate s *
exp (escape-rate s x u) x (LINT s'|J s. p s’ s" w))) / exp (t % escape-rate s)
unfolding set-lebesgue-integral-def
by (simp del: ennreal-plus add: ennreal-plus[symmetric] exp-minus field-simps)
qed

lemma continuous-on-p: continuous-on A (p s s’)
proof —
interpret E: prob-space exponential (escape-rate s'’) for s
by (intro escape-rate-pos prob-space-exponential)
have continuous-on {..0} (p s s’)
by (simp add: p-nonpos continuous-on-const cong: continuous-on-cong-simp)
moreover have continuous-on {0..} (p s s')
proof (subst continuous-on-cong| OF refl p-eq))
let ?I = At. escape-rate s x exp (escape-rate s * t) x (LINT s"|J s. p s'" s’ t)
show continuous-on {0..} (At. (of-bool (s = s') + (LBINT w:{0..t}. ?I u)) /
exp (t * escape-rate s))
proof (intro continuous-intros continuous-on-LBINT|[THEN continuous-on-subset])
fix ¢ :: real assume ¢: 0 < ¢
then have 0 < z = z < t = exp (z * escape-rate s) * (LINT s"|J s. p s
s z) < exp (t * escape-rate s) * 1 for z
by (intro mult-mono) (auto introl: mult-mono measure-pmf.integral-le-const
measure-pmf .integrable-const-bound|[of - 1])
with t show set-integrable lborel {0..t} I
using escape-rate-pos|of s] unfolding set-integrable-def
by (intro integrablel-bounded-set-indicator[where B=escape-rate s * exp
(escape-rate s * t)])
(auto simp: field-simps)
qged auto
qed simp
ultimately have continuous-on ({0..} U {..0}) (p s s’)
by (intro continuous-on-closed-Un) auto
also have {0..} U {..0::real} = UNIV by auto
finally show ?thesis
by (rule continuous-on-subset) simp
qed

1

lemma p-vector-derivative: — Backward equation

assumes (0 < t

shows (p s s’ has-vector-derivative (LINT s'|count-space UNIV. R s s" % p s
s't) — escape-rate s x p s s’ t)

"
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(at t within {0..})
(is (- has-vector-derivative ?A) -)
proof —
let ?I = At. escape-rate s * exp (escape-rate s * t) % (LINT s"|J s. p s” s' t)
let ?p = At. (of-bool (s = s’) + integral {0..t} ?I) % exp (t xg — escape-rate s)

{ fix t :: real assume 0 < t
have p s s’ t = (of-bool (s = s') + (LBINT w:{0..t}. 2I u)) * exp (— ¢ *
escape-rate s)
using p-eq[OF <0 < t», of s s'| by (simp add: exp-minus field-simps)
also have (LBINT u:{0..t}. ?I u) = integral {0..t} ?I
proof (intro set-borel-integral-eq-integral)
have 0 <z = z < t = exp (z * escape-rate s) x (LINT s”'|J s. p s" s’ x)
< exp (t * escape-rate s) x 1 for x
by (intro mult-mono) (auto intro!: mult-mono measure-pmf.integral-le-const
measure-pmf .integrable-const-bound|of - 1])
with (0<t» show set-integrable lborel {0..t} ?2I
using escape-rate-pos|of s] unfolding set-integrable-def
by (intro integrablel-bounded-set-indicator[where B=escape-rate s x exp
(escape-rate s * t)])
(auto simp: field-simps)
qed
finally have pss't = ?p ¢
by simp }
note p-eq = this

have at-eq: at t within {0..} = at t within {0 .. t + 1}
by (intro at-within-nhd[where S={..< t+1}]) auto

have c-I: continuous-on {0..t + 1} ?I
by (intro continuous-intros continuous-on-LINT-pmf[where B=1] continu-
ous-on-p) simp

show ?thesis
proof (subst has-vector-derivative-cong-ev)
show Vp uwinnhdst. u € {0.} — pss’u=9%pupss't="9%%t
using «0<t) by (simp-all add: p-eq)
have (?p has-vector-derivative escape-rate s x ((LINT s"|Js. p s s't) —ps
s 1)) (at t within {0..})
unfolding at-eq
apply (intro refl derivative-eg-intros)
apply rule
apply (rule integral-has-vector-derivative] OF c-1))
apply (simp add: <0 < t»)
apply rule
apply (rule exp-scaleR-has-vector-derivative-right)
apply (simp add: field-simps exp-minus p-eq <0<t> split del: split-of-bool)
done
also have escape-rate s x (LINT s"|Js. p s” s't) —pss't)=

209



(LINT s”|count-space UNIV. R s s" x p 8" s’ t) — escape-rate s * p s s' t
using escape-rate-pos|of s]
by (simp add: measure-pmf-eq-density integral-density J.rep-eq field-simps)
finally show (%p has-vector-derivative ?A) (at t within {0..}) .
qed
qed

coinductive wf-times :: real = (real X 'a) stream = bool
where
t < t' = wf-times t' w = wf-times t ((t', s") ## w)

lemma wf-times-simp[simp]: wf-times t (z ## w) +— t < fst © N wf-times (fst
z) w
by (cases x) (subst wf-times.simps; simp)

lemma trace-in-merge-at:
assumes w’ wf-times t’ w’
shows trace-in ss t x (merge-at w t’' w’) +—
(if t < t’ then trace-in ss t x w else Jy. trace-in {y} t'  w A trace-in ss t y w’)
(is ?merge «+— ?cases)
proof safe
assume ?merge from this w’ show ?cases
proof (induction w=merge-at w t' w’ arbitrary: w w’)
case (1j s’ yw”) then show ?case
by (cases w) (auto split: if-splits)
next
case (2jz w' s’ ww”) then show ?case
by (cases w) (auto split: if-splits)
qed
next
assume ?cases then show ?merge
proof (split if-split-asm)
assume trace-in ss t r w t < t’ from this w’ show ?thesis
proof induction
case 1 then show ?case
by (cases w’) auto
qged auto
next
assume Jy. trace-in {y} t' z w A trace-in ssty w’' =t < t’
then obtain y where trace-in {y} t' z w trace-in sst y w' t' < ¢
by auto
from this w’ show ?thesis
by induction auto
qed
qed

lemma AFE-lim-wf-times: AE w in K.lim-stream (t, s). wf-times t w

using AFE-lim-stream
proof eventually-elim
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fix w assume *: Vi. snd (((¢, s) ## w) 1 i) € DTMC.acc *““ {snd (t, s)} A
snd (w !l i) € J (snd (((t, s) ## w) 1 0)) A
fst (((¢, s) ## w) N i) < fst (w ! 9)
have (¢t ## smap fst w) !l i < fst (w ! 7) for i
using *x[THEN spec, of i| by (cases i) auto
then show wf-times t w
proof (coinduction arbitrary: t w)
case wf-times from this] THEN spec, of 0] this| THEN spec, of Suc i for i
show Zcase
by (cases w) auto
qed
qed

lemma wf-times-shiftD: wf-times t' (smap (A\(t', y). (t' + t, y)) w) = wf-times
(t'—t) w
apply (coinduction arbitrary: t' t w)
subgoal for ¢’ t w
apply (cases w; cases shd w)
apply auto
subgoal for w’ j z
by (rule exI[of - j + t]) auto
done
done

lemma wf-times-shift[simpl: wf-times t’ (smap (A(t', y). (t' + ¢, y)) w) = wf-times
(t'—t) w

using wf-times-shiftD[of t' — t —t smap (A(t/, y). (t' + t, y)) w]

by (auto simp: stream.map-comp stream.case-eq-if prod.case-eq-if wf-times-shiftD)

lemma trace-in-unique: trace-in {yl} t © w = trace-in {y2} tz w = yl = y2
by (induction rule: trace-in.induct) auto

lemma trace-at-eq: trace-in {2} t * w = trace-at x w t = z
by (induction rule: trace-in.induct) auto

lemma AE-lim-acc: AE w in K.lim-stream (t, ). V't z. trace-in {z} t z w — (z,
z) € DTMC.acc
using AFE-lim-stream
proof (eventually-elim, safe)
fix t' z w assume *: Vi. snd (((¢, ) ## w) 1 i) € DTMC.acc ““ {snd (¢, )} A
snd (w1 4) € J (snd (((¢, ) ## w) 1 D) A fst (((¢, z) ## w) 1 ) < fst (w
I 9)
and t: trace-in {z} t' z w
define X where X = DTMC.acc ““ {z}
have (z ## smap snd w) ! i € X for ¢
using x[THEN spec, of i| by (cases i) (auto simp: X-def)
from ¢ this have z € X
proof induction
case (1 jy z w) with 1.prems[of 0] show ?case
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by simp
next
case (2 jy w z) with 2.prems|of Suc i for i] show ?Zcase
by simp
qed
then show (z, z) € DTMC.acc
by (simp add: X-def)
qed

lemma p-add:
assumes 0 < t 0 < t’
shows p z y (t + t') = (LINT z|count-space (DTMC.acc{x}). pxzt*pzy
t)
proof —
interpret L: prob-space K.lim-stream zy for zy
by (rule K.prob-space-lim-stream) simp
interpret A: sigma-finite-measure count-space (DTMC.acc*{x})
by (intro sigma-finite-measure-count-space-countable DTMC'.countable-acc) simp
interpret LA: pair-sigma-finite count-space (DTMC.acc‘{z}) K.lim-stream xy
for zy
by unfold-locales

have pzy (t + t') = ([T w. [Tw’ indicator {wespace T. trace-in {y} (t + t')
z w} (merge-at w t w')
OK .lim-stream (t, trace-at © w t) OK .lim-stream (0, x))
unfolding p-def L.emeasure-eq-measure[symmetric]
apply (subst lim-time-splitfOF <0 < 1)])
apply (subst emeasure-bind|OF lim-stream-not-empty measurable-prob-algebraD))
apply (measurable; fail)
apply (measurable; fail)
apply (intro nn-integral-cong)
apply (subst emeasure-bind| OF lim-stream-not-empty measurable-prob-algebraD])
apply (measurable; fail)
apply (measurable; fail)
apply (simp add: in-space-lim-stream)
done
also have ... = ([T w. [Tw’. indicator {wespace T. trace-in {y} (t + t') z w}
(merge-at w t (smap (A(t", s). (t"" 4+ t, 8)) w'))
OK .lim-stream (0, trace-at x w t) OK.lim-stream (0, x))
unfolding lim-0[of t] by (subst nn-integral-distr) (measurable; fail)+
also have ... = ([T w. [Tw’. of-bool (326 DTMC.acc*{z}. trace-in {z} t z w
A trace-in {y} t' z w’)
OK .lim-stream (0, trace-at z w t) OK.lim-stream (0, x))
apply (rule nn-integral-cong-AE)
using AE-lim-wf-times AE-lim-acc
apply eventually-elim
subgoal premises w for w
apply (rule nn-integral-cong-AE)
using AE-lim-wf-times AE-lim-acc

212



apply eventually-elim
using w assms
apply (auto simp add: trace-in-merge-at indicator-eq-1-iff)
done
done
also have ... = ([T w. [Tw’ [Tz of-bool (trace-in {z} t  w A trace-in {y}
t' 2z w’)
Odcount-space (DTMC.acc*{z}) OK.lim-stream (0, trace-at  w t) OK .lim-stream
(0, 2))
by (intro nn-integral-cong of-bool-Bex-eq-nn-integral) (auto dest: trace-in-unique)
also have ... = ([T w. [Tz [Tw’ of-bool (trace-in {z} t © w A trace-in {y}
t' 2z w’)
OK .lim-stream (0, trace-at © w t) dcount-space (DTMC .acc*{z}) OK .lim-stream
(0, 2))
apply
apply
apply
apply
done
alsohave ... = ([ Tz. [T w. of-bool (trace-in {z} t z w) * [ Tw’. of-bool (trace-in
{yh 1"z o)
OK .lim-stream (0, z) OK .lim-stream (0, x) Ocount-space (DTMC.acc‘{x}))
apply (subst LA.Fubini’)
apply (subst measurable-split-conv)
apply (rule measurable-compose-countable’|OF - measurable-fst))
apply (rule nn-integral-measurable-subprob-algebra2)
(
(
(

subst LA.Fubini’)

subst measurable-split-conv)

rule measurable-compose-countable’|OF - measurable-fst])
auto simp: DTMC'.countable-acc)

Py

apply (measurable; fail)
apply (rule measurable-prob-algebraD)
apply (auto simp: DTMC'.countable-acc trace-at-eq intro!: nn-integral-cong)
done
also have ... = ([ Tz. (/7 w. of-bool (trace-in {z} t x w)OK .lim-stream (0, x))
*
(J Tw’. of-bool (trace-in {y} t' z w’) OK.lim-stream (0, z)) dcount-space
(DTMC.acc‘{z}))
by (auto introl: nn-integral-cong simp: nn-integral-multc)
also have ... = ([ Tz ennreal (p z 2z t) * ennreal (p z y t') dcount-space
(DTMC.acc*{z}))
unfolding p-def L.emeasure-eq-measure[symmetric]
by (auto introl: nn-integral-cong arg-cong2[where f=(x)]
simp: nn-integral-indicator|[symmetric] simp del: nn-integral-indicator )
finally have ([ Tz. pz 2zt p zy t' dcount-space (DTMC.acc*{z})) =pzy (¢
1)
by (simp add: ennreal-mult)
then show ?thesis
by (subst (asm) nn-integral-eq-integrable) auto
qed

end
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end

theory Markov-Models

imports
Markov-Models- Auziliary
Discrete-Time-Markov-Chain
Trace-Space- Equals-Markov-Processes
Classifying-Markov-Chain-States
Markov-Decision-Process
MD P-Reachability- Problem
Discrete-Time-Markov-Process
Continuous-Time-Markov-Chain

begin

end
theory Example-A

imports ../ Classifying-Markov-Chain-States
begin

8 Example A

We formalize the following Markov chain:

First we define the state space as its own type:

datatype state = A | B | C1 | C2 | C3

Now the state space is UNIV :: state set
lemma UNIV-state: UNIV = {A, B, C1, C2, C3}

using state.nchotomy by auto

instance state :: finite
by standard (simp add: UNIV-state)

The transition function tau is easily defined using the case statement, this
allows us to give a sparse specification as all 0 cases are collected at the end.

definition tau :: state = state = real where
tau s t = (case (s, t) of
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(A, B) =1/2|(A Cl)=1/2

|(B, By =1/2|(B, C1)=1/2

| (C1,C1)=1/8]|(C1,C2)=1/8]|(C1,C3)=1/3
1 (C2,C1)=1/3]|(C2,C2)=1/38]|(C2, C3)=1/3
1 (C3, C1)=1/4](C3,C2)=1/4](C3, C3)=1/2
| -=0)

lift-definition K : state = state pmf is tau
by (auto simp: tau-def nn-integral-count-space-finite UNIV-state split: state.split
simp del: ennreal-plus)

We use the finite-pmf-locale which introduces the point measure tau.M, and
provides us with the necessary simplifier setup.

interpretation A: MC-syntax K .

8.1 The essential classs {C1, C2, C3}

context
begin

interpretation pmf-as-function .

lemma A-F-eq:
set-pmf (K z) = (casex of A= {B, C1} | B= {B, C1} | - = {C1, C2, C3})
using state.nchotomy by transfer (auto simp: tau-def split: prod.split state.split)

lemma A-essential: A.essential-class {C1, C2, C3}
by (rule A.essential-classI2) (auto simp: A-E-eq)

lemma A-aperiodic: A.aperiodic {C1, C2, C3}
unfolding A.aperiodic-def
proof safe
have eq: Az'. (if ' = C1 then 1 else 0) = indicator {C1} z' by auto

show {C1, C2, C3} € UNIV /] A.communicating
using A-essential by (simp add: A.essential-class-def)
then have A.period {C1, C2, C3} = Ged (A.period-set C1)
by (rule A.period-eq) simp
also have ... = 1
by (rule Ged-nat-eg-one) (simp add: A-E-eq A.period-set-def A.p-Suc’ A.p-0 eq
measure-pmf-single pmf-positive)
finally show A.period {C1, C2, C8} =1 .
qged

8.2 The stationary distribution n

Similar to tau we introduce n using the finite-pmf-locale.

lift-definition n :: state pmf is \C1 = 0.8 | C2 = 0.3 | C3 = 0.4 |-= 0
by (auto simp: UNIV-state nn-integral-count-space-finite split: state.split)
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lemma stationary-distribution-N: A.stationary-distribution n
unfolding A.stationary-distribution-def
apply (auto introl: pmf-eql simp: pmf-bind integral-measure-pmf|of UNIVY)
apply transfer
apply (auto simp: UNIV-state tau-def split: state.split)
done

lemma exclusive-N[simp|: set-pmfn = {C1, C2, C3}
using state.nchotomy by transfer (auto split: state.splits)

end

lemma n-is-limit:

assumes z: z € {C1, C2, C3} and y: y € {C1, C2, C3}

shows (A.pry) —— pmfny

using A.stationary-distribution-imp-p-limit|OF A-aperiodic A-essential - station-
ary-distribution-N - z y]

by simp

lemma C-is-pos-recurrent: © € {C1, C2, C3} = A.pos-recurrent
using A.stationary-distributionD(1)[OF A-essential - stationary-distribution-N]
by auto

lemma C-recurrence-time:
assumes z: ¢ € {C1, C2, C3}
shows AU zz=1/pmfnz
proof —
from A.stationary-distributionD(2)[OF A-essential - stationary-distribution-N -|
have A.stat {C1, C2, C3} = n by simp
with z have 1 / pmfn z = 1 / emeasure (A.stat {C1, C2, C3}) {z}
by (simp add: emeasure-pmf-single pmf-positive divide-ennreal ennreal-1[symmetric]
del: ennreal-1)
also have ... = AUz x
unfolding A.stat-def using x
by (subst emeasure-point-measure-finite) (simp-all add: A.U’-def)
finally show ?thesis ..
qged

end
theory Fxample-B

imports ../ Classifying-Markov-Chain-States
begin

9 Example B

We now formalize the following Markov chain:
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As state space we have the set of natural numbers, the transition function
tau has three cases:

definition K :: nat = nat pmf where
K x = map-pmf (ATrue = © + 1 | False = = — 1) (bernoulli-pmf (1/3))

For the special case when z = 0 we have z — I = 0 and hence tau 0 0 =
(2::'a) | (8:a).

We pack this transition function into a discrete Markov kernel.

We call the locale of the Markov chain B, hence all constants and theorems
from this Markov chain get a B prefix.

interpretation B: MC-syntax K .

9.1 Enabled, accessible and communicating states

For each step the predecessor and the successor are enabled (in the 0 case,
the predecessor is again (. Hence every state is accessible from everywhere
and every states is communicating with each other state. Finally we know
that the state space is an essential class.
lemma B-E-eq: set-pmf (Kz) ={z — 1,z + 1}

by (auto simp: set-pmf-bernoulli K-def split: bool.split)

lemma B-E-Suc: Suc © € set-pmf (K z) x € set-pmf (K (Suc z))
unfolding B-F-eq by auto

lemma B-accessible[intro]: (i, j) € B.acc
proof (cases i j rule: linorder-le-cases)
assume 7 < j then show ?thesis
by (induct rule: inc-induct) (auto intro: B-E-Suc converse-rtrancl-into-rtrancl)
next
assume j < i then show ?thesis
by (induct rule: dec-induct) (auto intro: B-E-Suc converse-rtrancl-into-rtrancl)
qed
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lemma B-communicating[introl: (i, j) € B.communicating
by (simp add: B.communicating-def B-accessible)

lemma B-essential: B.essential-class UNIV
by (rule B.essential-classI2) auto

9.2 B is aperiodic

lemma B-aperiodic: B.aperiodic UNIV
unfolding B.aperiodic-def
proof safe
have eq: Az'. (if z' = 0 then 1 else 0) = indicator {0} =’ by auto

show UNIV € UNIV // B.communicating
using B-essential by (simp add: B.essential-class-def)
then have B.period UNIV = Gcd (B.period-set 0)
by (rule B.period-eq) simp
also have ... = 1
by (rule Gcd-nat-eg-one) (simp add: B.period-set-def B.p-Suc’ B.p-0 eq mea-
sure-pmf-single pmf-positive-iff K-def set-pmf-bernoulli UNIV-bool)
finally show B.period UNIV = 1 .
qed

9.3 The stationary distribution N

abbreviation N :: nat pmf where
N = geometric-pmf (1 | 2)

lemma stationary-distribution-N: B.stationary-distribution N
unfolding B.stationary-distribution-def
proof (rule pmf-eql)
fix a show pmf N a = pmf (bind-pmf N K) a
apply (simp add: pmf-bind K-def map-pmf-def)
apply (subst integral-measure-pmflof {a — 1, a + 1}])
apply (auto split: split-indicator-asm nat.splits simp: minus-nat.diff-Suc)
done
qed

9.4 Limit behavior and recurrence times

lemma limit: (B.p ij) — (1/2) Suc j
proof —
have B.pij —— pmf N j
by (rule B.stationary-distribution-imp-p-limit| OF B-aperiodic B-essential - sta-
tionary-distribution-N|)
auto
then show ?thesis
by (simp add: ac-simps)
qed
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lemma pos-recurrent: B.pos-recurrent i
using B.stationary-distributionD(1)[OF B-essential - stationary-distribution-N -]
by auto

lemma recurrence-time: B.U' i i = 27 Suc i
proof —
have B.stat UNIV = N
using B.stationary-distributionD(2)[|OF B-essential - stationary-distribution-N
-] by simp
then have 27Suc i = 1 / emeasure (B.stat UNIV) {i}
apply (simp add: field-simps emeasure-pmf-single pmf-positive)
apply (subst divide-ennreal[symmetric])
apply (auto simp: ennreal-mult ennreal-power|symmetric])
done
also have ... = B.U' i i
unfolding B.stat-def
by (subst emeasure-point-measure-finite2)
(simp-all add: B.U’-def)
finally show ?thesis
by simp
qed

end

theory PCTL
imports
../ Discrete-Time-Markov-Chain
Gauss— Jordan— Elim— Fun. Gauss-Jordan-Elim-Fun
HOL- Library. While-Combinator
HOL- Library. Monad-Syntax
begin

10 Adapt Gauss-Jordan elimination to DTMCs

locale Finite-DTMC =
fixes K :: 's = 'spmf and S :: 's set and ¢ :: 's = real and ¢ :: 's = 's = real
assumes t-nonneg[simpl: As t. 0 < ¢ s t and p-nonneg[simp]: A\s. 0 < o s
assumes measurable-t: (M a, b). ¢ a b) € borel-measurable (count-space UNIV
& amr count-space UNIV')
assumes finite-S[simp]: finite S and S-not-empty: S # {}
assumes F-closed: (|Js€S. set-pmf (K s)) C S
begin

lemma measurable-t'[measurable (raw)]:
f € measurable M (count-space UNIV) =—> g € measurable M (count-space
UNIV) =
(Az. v (fz) (9 ) € borel-measurable M
using measurable-compose|OF - measurable-t, of \x. (f z, g ) M] by simp
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lemma measurable-p[measurable]: o € borel-measurable (count-space UNIV)
by simp

sublocale R?. MC-with-rewards K ¢ o
by standard (auto intro: t-nonneg p-nonneg)

lemma single-l:
fixes s and z :: real assumes s € S
shows (> s'eS. (if s'=sthen 1 else 0) x ls) =z +— ls==x
by (simp add: assms if-distrib [of Az. x % a for a] cong: if-cong)

definition order = (SOME f. bij-betw f {..< card S} S)

lemma
shows bij-order|simp]: bij-betw order {..< card S} S
and inj-order[simp]: inj-on order {..<card S}
and image-order(simp|: order ‘ {..<card S} = §
and order-S[simp, intro]: N\i. i < card S = order i € S
proof —
from finite-same-card-bij|OF - finite-S] show bij-betw order {..< card S} S
unfolding order-def by (rule somel-ex) auto
then show inj-on order {..<card S} order ‘ {..<card S} = S
unfolding bij-betw-def by auto
then show Ai. i < card S = orderi € S
by auto
qged

lemma order-Ez:
assumes s € S obtains 7 where i < card S s = order ¢
proof —
from <s € 5> have s € order ‘ {..<card S}
by simp
with that show thesis
by (auto simp del: image-order)
qed

definition jorder = the-inv-into {..<card S} order

lemma bij-iorder: bij-betw iorder S {..<card S}
unfolding iorder-def by (rule bij-betw-the-inv-into bij-order)+

lemma iorder-image-eq: iorder ¢S = {..<card S}
and inj-iorder: inj-on iorder S
using bij-iorder unfolding bij-betw-def by auto

lemma order-iorder: N\s. s € S = order (iorder s) = s

unfolding jorder-def using bij-order
by (intro f-the-inv-into-f) (auto simp: bij-betw-def)
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definition gauss-jordan’:: ('s = 's = real) = ('s = real) = ('s = real) option
where
gauss-jordan’ M a = do {
let M' = (X\ij. if j = card S then a (order i) else M (order i) (order 7)) ;
sol < gauss-jordan M’ (card S) ;
Some (Ai. sol (iorder i) (card S))

}

lemma gauss-jordan’-correct:
assumes gauss-jordan’ M a = Some f
shows VseS. (D s'€S. Mss'xfs)=uas
proof —
note <gauss-jordan’ M a = Some f>
moreover define M’ where M’ = (\ij. if j = card S then
a (order i) else M (order i) (order j))
ultimately obtain sol where sol: gauss-jordan M’ (card S) = Some sol
and f: f = (Ai. sol (iorder i) (card S))
by (auto simp: gauss-jordan’-def Let-def split: bind-split-asm)

from gauss-jordan-correct[OF sol]
have Vie{..<card S}. (3 j<card S. M (order i) (order j) * sol j (card S)) = a
(order 1)
unfolding solution-def M'-def by (simp add: atLeastOLessThan)
then show ?thesis
unfolding iorder-image-eq[symmetric] f using inj-iorder
by (subst (asm) sum.reindex) (auto simp: order-iorder)
qged

lemma gauss-jordan’-complete:
assumes ezists: Vs€S. (D s'€S. Mss'xxs)=as
assumes unique: \y. Vs€S. (D.s'€S. Mss'xys)=as= VseS. ys==zxs
shows Jy. gauss-jordan’ M a = Some y
proof —
define M’ where M’ = (\ij. if j = card S then
a (order i) else M (order i) (order j))

{ fix z
have iorder-neq-card-S: \s. s € S = iorder s # card S
using iorder-image-eq by (auto simp: set-eq-iff less-le)
have solution2 M’ (card S) (card S) x +—
(Vse{..<card S}. (3] s'e{..<card S}. M' s s’ x xs") = M’ s (card 9))
unfolding solution2-def by (auto simp: atLeastOLessThan)
also have ... +— (Vse€S. (3. s'€S. M s s' x x (iorder s')) = a s)
unfolding iorder-image-eq[symmetric] M'-def
using inj-iorder iorder-neq-card-S
by (simp add: sum.reindex order-iorder)
finally have solution2 M’ (card S) (card S) z +—
(VseS. (3°s'eS. M s s' x x (iorder s')) = as) . }
note sol2-eq = this
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have usolution M’ (card S) (card S) (Ni. = (order 1))
unfolding usolution-def
proof safe
from exists show solution2 M’ (card S) (card S) (Mi. z (order 7))
by (simp add: sol2-eq order-iorder)
next
fix y j assume y: solution2 M' (card S) (card S) y and j < card S
then have VseS. (3" s'€S. M s s' * y (iorder s')) = a s
by (simp add: sol2-eq)
from unique[OF this]
have Vie{..<card S}. y i = x (order i)
unfolding iorder-image-eq[symmetric]
by (simp add: order-iorder)
with «j < card S» show y j = z (order j) by simp
qed
from gauss-jordan-complete[OF - this)
show ?thesis
by (auto simp: gauss-jordan’-def simp: M’-def)
qed

end

11 pCTL model checking

11.1 Syntax
datatype realrel = LessEqual | Less | Greater | GreaterEqual | Equal

datatype ’s sform = true

| Label 's set

| Neg ’s sform

| And s sform 's sform

| Prob realrel real 's pform

| Exp realrel real 's eform
and s pform = X 's sform

| U nat 's sform 's sform

| Ulnfinity s sform 's sform (<U»)
and 's eform = Cumm nat («C<»)

| State nat (<I=»)

| Future 's sform

primrec bound-until where
bound-until 0 ¢ ¢ = ¢
| bound-until (Suc n) ¢ ¥ = 1 or (¢ aand nat (bound-until n ¢ ¥))

lemma measurable-bound-until[measurable]:
assumes [measurable]: Measurable.pred (stream-space M) ¢ Measurable.pred (stream-space

M)
shows Measurable.pred (stream-space M) (bound-until n ¢ 1)

222



by (induct n) simp-all

11.2 Semantics

primrec inrealrel :: realrel = 'a = (‘a::linorder) = bool where
inrealrel LessEqual 7 q <+— q < 1 |

inrealrel Less r q — g <r]
inrealrel Greater r q —qg> |
inrealrel GreaterEqual v q <— q¢ > 7 |
inrealrel Equal v q —q=r

context Finite-DTMC
begin

abbreviation prob s P = measure (T s) {x€space (T s). P z}
abbreviation F s = set-pmf (K s)

primrec svalid :: 's sform = s set
and pvalid :: 's pform = 's stream = bool
and reward :: 's eform = 's stream = ennreal where

svalid true =5
svalid (Label L) ={se S sel}]
svalid (Neg F) =S — svalid F |

(
svalid (And F1 F2) = svalid F1 N svalid F2 |

svalid (Prob rel r F) = {s € S. inrealrel rel r P(w in T s. pvalid F (s ## w)) } |
svalid (Exp rel 7 F) = {s € S. inrealrel rel (ennreal v) ([ w. reward F (s ##
w) 0T 3) } |

pualid (X F) = nxt (HLD (svalid F)) |
pvalid (U k F1 F2) = bound-until k (HLD (svalid F1)) (HLD (svalid F2)) |
pvalid (U F1 F2) = HLD (svalid F1) suntil HLD (svalid F2) |

reward (C< k) = (Aw. i<k o (W i)+ ¢ (w!li) (w! (Suci)))) |
reward (I= k) = (Aw. 0 (w !l k) |

reward (Future F) = (Aw. if ev (HLD (svalid F)) w then reward-until (svalid
F) (shd w) (stl w) else 00)

lemma svalid-subset-S: svalid F C S
by (induct F') auto

lemma finite-svalid[simp, intro|: finite (svalid F)
using svalid-subset-S finite-S by (blast intro: finite-subset)

lemma svalid-sets[measurable]: svalid F € sets (count-space S)
using svalid-subset-S by auto

lemma puvalid-sets[measurable]: Measurable.pred R.S (pvalid F)
by (cases F') (auto introl: svalid-sets)

223



lemma reward-measurable[measurable]: reward F € borel-measurable R.S
by (cases F') auto

11.3 Implementation of Sat
11.3.1  Prob0

definition Prob0) where
Prob0 ® U = S — while (AR. 3s€®. RN Es#{} ANs¢ R) (AR. RU {s€d. R

NEs#{}}) ¥

lemma Prob0-subset-S: Prob0 & ¥ C §
unfolding Prob0-def by auto

lemma Prob0-iff-reachable:
assumes ® C SV C S
shows Prob0) @ ¥ = {s € S. ((SIGMA z:®. Ez)* “{s}) N ¥ = {}} (is - = ?U)
unfolding Prob0-def
proof (intro while-rulelwhere Q=AR. S — R = ?U and P=AR. Y C R A R C
S — 2U] congl)
show wf {(B, A). AC BA BC S}
by (rule wf-bounded-setjwhere ub=A-. S and f=Az. z]) auto
show ¥ C § — 2U
using assms by auto

let A = AR. {s€®. RN E s # {}}

{fix Rassume R: V CRARCS — ?Uand 3s€¢P. RNEs# {} As¢ R

with assms show (RU A R, R) € {(B,A). ACBABCS}PCRUP?AR
by auto

{fix s s’ assume s: s € & s’ € R s’ € Esand r: (Sigma ® E)* “{s} N¥ =
{
with R have (s, s') € (Sigma ® E)* s' € & — U
by (auto elim: converse-rtranclE)
moreover with <s’ € B> R obtain s’ where (s’, s") € (Sigma ® E)* s" €
v
by auto
ultimately have (s, s') € (Sigma ® E)* s € U
by auto
with r have Fulse
by auto }
with «» C S» Rshow RU A RC S — ?U by auto }

{fix Rassume R: WC RARCS — ?U and dR: = (3s€®. RN Es# {} A
s ¢ R)
{ fix st assume s: s € S — R
assume s-t: (s, t) € (Sigma ® E)* then have t € S — R
proof induct
case (step t u) with R dR E-closed show ?case
by auto
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qed fact
then have ¢ ¢ U
using R by auto }
with R show S — R = ?U
by auto }
qed rule

lemma Prob0-iff:
assumes ® C SV C S
shows Prob0 ® ¥ = {s€S. AE win T s. = (HLD ® suntil HLD V) (s ## w)}
(is - = ?U)
unfolding Prob0-iff-reachable]OF assms]
proof (intro Collect-cong conj-cong refl iffI)
fix s assume s: s € S (Sigma @ E)* “{s} N ¥ = {}
{ fix w assume (HLD ® suntil HLD V) w enabled (shd w) (stl w) (Sigma ® E)*
“Ashd w} N T = {}
from this have False
proof induction
case (step w)
moreover
then have (shd w, shd (stl w)) € (Sigma ® E)*
by (auto simp: enabled.simps|of - stl w| HLD-iff)
then have (Sigma ® E)* ““ {shd (stl w)} C (Sigma ® E)* “ {shd w}
by auto
ultimately show Zcase
by (auto simp add: enabled.simps|of - stl w])
qed (auto simp: HLD-iff) }
from s this[of s ## w for w] show AF w in T s. = (HLD ® suntil HLD ¥) (s
Bt w)
using AE-T-enabled|of s| by auto
next
fix s assume s: AE w in T s. = (HLD ® suntil HLD W) (s ## w)
{ fix t assume (s, t) € (Sigma ® E)* from this s have ¢t ¢ ¥
proof (induction rule: converse-rtrancl-induct)
case (step s u) then show ?case
by (simp add: AE-T-iff[where z=s] suntil-Stream|[of - - s])
qged (simp add: suntil-Stream) }
then show (Sigma ® E)* “{s} N ¥ = {}
by auto
qed

lemma E-rtrancl-closed:

assumes s € S (s, t) € (SIGMA ©:A. Bz)* A\z. x € A= Bz C E z shows t
€S

using assms(2,3,1) E-closed by induction force+

11.3.2 Probl

definition Probl where
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Prob1 Y ® ¥ = Prob0 (¢ — ¥) Y

lemma Probl1-iff:
assumes ® C ST C S
shows Probl (Prob0 ® U) ® U = {s€S. AE w in T s. (HLD ® suntil HLD ¥)
(s ## w)}
(is Probl ?P0 - - = {s€S. ?pU s})
proof —
note PO = Prob0-iff-reachable[OF assms]
have x: ® — VW C S 2P0 C S
using P0 assms by auto

have P0-subset: S — ® — ¥ C 2P0
unfolding PO by (auto elim: converse-rtranclE)

have Probl ?P0 @ ¥ = {s € S. (Sigma (& — V) E)* “{s} N 2P0 = {}}
unfolding Prob0-iff-reachable]OF x| Probl-def ..
also have ... = {s€S. AE w in T s. (HLD ® suntil HLD V) (s ## w)}
proof (intro Collect-cong conj-cong refl iffI)
fix s assume s: s € S (Sigma (P — V) E)* “{s} n 2P0 = {}
then have s ¢ 7P0
by auto
then have s € ® — ¥V Vse ¥
using P0-subset <s € S» by auto
moreover
{ assume s € & — U
have AE w in T s. ev (HLD (V¥ U ?P0)) w
proof (rule AE-T-ev-HLD)
fix t assume s-t: (s, t) € acc-on (— (¥ U 7P0))
from s € S) s-t have t € §
by (rule E-rtrancl-closed) auto

show 3t'e¥ U ?P0. (t, t') € acc
proof cases
assume t € ?P0 then show ?thesis by auto
next
assume ¢ ¢ ?P0
with (€S> obtain s where ¢-s: (¢, s) € (SIGMA z:®. Ex)* and s € ¥
unfolding P0 by auto
from t-s have (t, s) € acc
by (rule rev-subsetD) (intro rtrancl-mono Sigma-mono, auto)
with <s € U) show ?thesis by auto
qged
next
have acc-on (— (¥ U 7P0)) “{s} C S
using «s € S» by (auto intro: E-rtrancl-closed)
then show finite (acc-on (— (¥ U 2P0)) “{s})
using finite-S by (auto dest: finite-subset)
qed
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then have AE w in T s. (HLD ® suntil HLD ¥) w
using AFE-T-enabled
proof eventually-elim
fix w assume ev (HLD (¥ U ?P0)) w enabled s w
from this s <s € ® — Uy show (HLD ® suntil HLD V) w
proof (induction arbitrary: s)
case (base w) then show Zcase
by (auto simp: HLD-iff enabled.simps|of s] intro: suntil.intros)
next
case (step w)
then have (s, shd w) € (Sigma (& — ¥) E)
by (auto simp: enabled.simps|of s])
then have x: (Sigma (& — U) E)* “{shd w} N 2P0 = {}
using step.prems by (auto intro: converse-rtrancl-into-rtrancl)
then have shd w e ® — ¥V V shdw € ¥ shd w € S
using P0-subset step.prems(1,2) E-closed by (auto simp add: en-
abled.simps|of s])
then show ?case
using step.prems(1) step.IH[OF - - ] <shd w € S»
by (auto simp add: suntil.simps|of - - w] HLD-iff[abs-def] enabled.simps|of
s wl)
qged
qed }
ultimately show AE w in T s. (HLD ® suntil HLD V) (s ## w)
by (cases s € & — V) (auto simp add: suntil-Stream)
next
fix sassume s: s € S AE w in T s. (HLD ® suntil HLD V) (s ## w)
{ fix ¢t assume (s, t) € (SIGMA s:—-V. E 5)*
from this <s € S» have (AE w in T t. (HLD ® suntil HLD V) (t ## w)) A
tes
proof induction
case (step t u) with E-closed show ?case
by (auto simp add: AE-T-iff[of - t| suntil-Stream)
qged (insert s, auto)
then have ¢ ¢ ?P0
unfolding Prob0-iff[OF assms] by (auto dest: T.AE-contr) }
then show (Sigma (® — U) E)* ““{s} N Prob0 ® ¥ = {}
by auto
qed
finally show ?thesis .
qed

11.3.3 ProbU, ExpCumm, and EzpState
abbreviation 7 s t = pmf (K s) t
fun ProbU :: 's = nat = 's set = 's set = real where

ProbU q 0 S1 52 = (if ¢ € S2 then 1 else 0) |
ProbU q (Suc k) S1 52 =
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(if g € S1 — S2 then (3. q'€S. 7 q ¢’ x ProbU q' k S1 52)
else if ¢ € S2 then 1 else 0)

fun ExpCumm :: 's = nat = ennreal where
EzpCumm s 0 =0 |
ExpCumm s (Suck) =0 s+ (3_s'€S. 758" % (1L ss" + ExpCumm s’ k))

fun EzpState :: 's = nat = ennreal where
EzpState s 0 =05
ExzpState s (Suc k) = (> s'€S. 7 s s’ x FExpState s k)

11.3.4 LES

definition LES :: 's set = 's = ’'s = real where
LESFrc=
(if r € F then (if ¢ = r then 1 else 0)
else (if c=rthen trc— lelseT rc))

11.3.5 ProbUinfty, compute unbounded until

definition ProbUinfty :: 's set = 's set = ('s = real) option where
ProbUinfty S1 S2 = gauss-jordan’ (LES (Prob0 S1 S2 U 52))
(Ai. if i € S2 then 1 else 0)

11.3.6 FExpFuture, compute unbounded reward

definition EzpFuture :: 's set = ('s = ennreal) option where
EzpFuture F = do {
let N = Prob0 S F
let Y = Probl NS F
sol < gauss-jordan’ (LES (S — Y U F))
M.ifie YNi¢g Fthen — i — (D, s'e€S.7is x114s') else 0);
Some (As. if s € Y then ennreal (sol s) else 0o)

}
11.3.7 Sat
fun Sat :: 's sform = s set option where
Sat true = Some S |
Sat (Label L) = Some {s € S. s € L} |
Sat (Neg F) =do{ F + Sat F ; Some (S — F) } |
Sat (And F1 F2) =do{ F1 < Sat F1 ; F2 < Sat F2 ; Some (F1 N F2)
3
Sat (Prob rel r (X F)) = do { F < Sat F ; Some {q € S. inrealrel rel r

(X a'eF.-7qq)} } |
Sat (Prob rel r (U k F1 F2)) = do { F1 < Sat F1 ; F2 < Sat F2 ; Some {q €

S. inrealrel rel v (ProbU q k F1 F2) } } |
Sat (Prob rel v (U® F1 F2)) = do { FI < Sat F1 ; F2 + Sat F2 ; P +
ProbUinfty F1 F2 ; Some {q € S. inrealrel rel v (P q) } } |
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Sat (Ezp rel v (Cumm k)) = Some {s € S. inrealrel rel v (ExpCumm s k) } |
Sat (Exp rel v (State k)) = Some {s € S. inrealrel rel r (EzpState s k) } |

Sat (Exp rel r (Future F)) = do{ F < Sat F ; E < EzpFuture F ; Some {q €
S. inrealrel rel (ennreal r) (E q) } }

lemma prob-sum:

s € § = Measurable.pred R.S P = Pw in T's. Pw) = (> teS. 7 st * Plw
in Tt. P (t## w)))

unfolding prob-T using E-closed by (subst integral-measure-pmf[OF finite-S])
(auto simp: mult.commute)

lemma nn-integral-eq-sum:
s € S = f € borel-measurable R.S = ([tz. fz 0T s) = (3 teS. 7 st *
(J *a. f (¢ 4 2) OT 1))
unfolding nn-integral-T using E-closed
by (subst nn-integral-measure-pmf-support| OF finite-S])
(auto simp: mult.commute)

lemma T-space[simp]: measure (T s) (space R.S) = 1
using T.prob-space by simp

lemma emeasure-T-space|[simp|: emeasure (T s) (space R.S) = 1
using T.emeasure-space-1 by simp

lemma 7-distr[simp]: s € S = (D teS. 7 st) = 1
using prob-sum|of s A\-. True] by simp

lemma ProbU:
q € S = ProbU q k (svalid F1) (svalid F2) = P(w in T q. pvalid (U k F1 F2)
(q ## w))
proof (induct k arbitrary: q)
case 0 with T.prob-space show ?case by simp
next
case (Suc k)

have P(w in T q. pvalid (U (Suc k) F1 F2) (q ## w)) =

(if q € svalid F2 then 1 else if ¢ € svalid F1 then
>teS. 7 gt x Plw in Tt pvalid (U k F1 F2) (t #4# w)) else 0)

using <q € S» by (subst prob-sum) simp-all

also have ... = ProbU q (Suc k) (svalid F1) (svalid F2)
using Suc by simp

finally show ?Zcase ..

qed

lemma Prob0-imp-not-Psi:

assumes & C S ¥ C S s € Prob0 ® ¥ shows s ¢ ¥
proof —
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have s € S using «s € Prob0 ® U) Prob0-subset-S by auto
with assms show ?thesis by (auto simp add: Prob0-iff suntil-Stream)
qed

lemma Psi-imp-not-Prob0:
assumes ® C S U C S shows s € U = s ¢ Prob0) & ¥
using Prob0-imp-not-Psi|OF assms| by metis

11.3.8 Finite expected reward
abbreviation s0 = SOMFE s. s € S

lemma s0-in-S: s0 € S
using S-not-empty by (auto introl: somel-ex[of Axz. x € 5])

lemma nn-integral-reward-finite:
assumes s € S
assumes until: AE w in T s. (HLD S suntil HLD (svalid F)) (s ## w)
shows ([ * w. reward (Future F) (s ## w) 0T s) # o0
proof —
have ([T w. reward (Future F) (s ## w) 0T s) = ([ T w. reward-until (svalid
F)swdTs)
using until by (auto introl: nn-integral-cong-AE ev-suntil)
also have ... # oo
proof cases
assume s ¢ svalid F
show ?thesis
proof (rule nn-integral-reward-until-finite)
have acc “{s} C S
using E-rtrancl-closed[of s - - E] «<s € S» by auto
then show finite (acc “ {s})
using finite-S by (auto dest: finite-subset)
show AE w in T s. (ev (HLD (svalid F))) w
using until by (auto simp add: suntil-Stream <s ¢ svalid F'y intro: ev-suntil)
qed auto
qed simp
finally show ?thesis .
qed

lemma unique:
assumes in-S: ® C SV CSNCSProb0 PV CNIYWCN
assumes l1: \s.s€ S= s¢ N=1lls—cs=().s'€S. 758" %115
assumes [2: \s. s€ S = s ¢ N =125 —cs=(D>.s'€S. 7ss" x12s)
assumes eq: \s. s€ N =1 s =125
shows VseS. Il s =12 s
proof
fix s assume s € S
show l1 s =12 s
proof cases

230



assume s € N then show ?thesis
by (rule eq)
next
assume s ¢ N
show ?thesis
proof (rule unique-les[of - S — N K NJ)
show finite (Az. Il x — 122) ‘(S — NUN)) (UzeS — N.Ez) C S - N
UnN
using FE-closed finite-S <N C S» by (auto dest: finite-subset)
show A\s. s € N = I s =2 s by fact
{ fix s assume s € S — N with E-closed finite-S show integrable (K s) 1
integrable (K s) 12
by (auto intro!: integrable-measure-pmf-finite dest: finite-subset)
obtain ¢ where (1 € ¥ A (s, t) € (Sigma ® E)*) Vse N
using «s € S — N» in-S(4) unfolding Prob0-iff-reachable[OF in-S(1,2)]
by auto
moreover have (Sigma ® E)* C acc
by (intro rtrancl-mono Sigma-mono) auto
ultimately show 3teN. (s, t) € acc
using «<¥ C N» by auto
show [1 s = integral® (K s) 11 + c s
using F-closed 1 <s € S — N»
by (subst integral-measure-pmf[OF finite-S]) (auto simp: subset-eq field-simps)
show 12 s = integral” (K s) 12 + c s
using F-closed 12 <s € S — N»
by (subst integral-measure-pmf|[OF finite-S]) (auto simp: subset-eq field-simps)

}
qed (insert <s ¢ N> «s € Sy, auto)
qed
qed

lemma uniqueness-of-ProbU:
assumes sol:
Vse§. (3 s’eS. LES (Prob0 (svalid F1) (svalid F2) U svalid F2) s s« 1 s’) =
(if s € svalid F2 then 1 else 0)
shows VseS. I s = P(w in T s. pvalid (U F1 F2) (s ## w))
proof (rule unique)
show svalid F'1 C S svalid F2 C S
Prob0 (svalid F1) (svalid F2) C Prob0 (svalid F1) (svalid F2) U svalid F2
svalid F2 C Prob0 (svalid F1) (svalid F2) U svalid F2
Prob0 (svalid F1) (svalid F2) U svalid F2 C S
using svalid-subset-S by (auto simp: Prob0-def)
next
fix s assume s: s € S s ¢ Prob0 (svalid F1) (svalid F2) U svalid F2
have (3" s'eS. (if s'=sthen T ss' — LelseT ss') x1s') =
(>-s'eS. mss' x1s' — (if s’ = s then 1 else 0) x | s’
by (auto introl: sum.cong simp: field-simps)
also have ... = (3 s’eS. 7 ss'x1s') —1Is
using <s € S by (simp add: sum-subtractf single-l)
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finally show [ s — 0 = (> s’eS. 7 ss'x1s)
using sol[THEN bspec, of s| s by (simp add: LES-def)
next
fix s assume s: s € S s ¢ Prob0 (svalid F1) (svalid F2) U svalid F2
then show P(w in T s. pvalid (U F1 F2) (s ## w)) — 0 =
5oteS. 7 st * P(win Tt. pvalid (U F1 F2) (t ## w)))
unfolding Prob0-iff[OF svalid-subset-S svalid-subset-S|
by (subst prob-sum) (auto simp add: suntil-Stream)
next
fix s assume s € Prob0 (svalid F1) (svalid F2) U svalid F2
then show [ s = P(w in T s. pvalid (U F1 F2) (s #4# w))
proof
assume P0: s € Prob0 (svalid F1) (svalid F2)
then have s € S AF w in T s. = (HLD (svalid F1) suntil HLD (svalid F2))
(s ## w)
unfolding Prob0-iff[OF svalid-subset-S svalid-subset-S| by auto
then have P(w in T s. pvalid (U F1 F2) (s ## w)) = 0
by (intro T.prob-eq-0-AE) simp
moreover have | s = 0
using <s € S» P0 sol[THEN bspec, of s] Prob0-subset-S
Prob0-imp-not-Psi[OF svalid-subset-S svalid-subset-S P0]
by (auto simp: LES-def single-l split: if-split-asm)
ultimately show [ s = P(w in T s. pvalid (U F1 F2) (s ## w)) by simp
next
assume s: s € svalid F'2
moreover with svalid-subset-S have s € S by auto
moreover note Psi-imp-not-Prob0[OF svalid-subset-S svalid-subset-S s
ultimately have [ s = 1
using sol[THEN bspec, of s]
by (auto simp: LES-def single-l dest: Psi-imp-not-Prob0[OF svalid-subset-S
svalid-subset-S])
then show [ s = P(w in T s. pvalid (U F1 F2) (s ## w))
using s by (simp add: suntil-Stream)
qed
qed

lemma infinite-reward:
fixes s I
defines N = Prob0 S (svalid F') (is - = Prob0 S ¢F)
defines Y = Probl N S (svalid F)
assumes s: s€ Ss ¢ Y
shows ([ Tw. reward (Future F) (s ## w) 0T s) = 00
proof —
{ assume (AF w in T s. ev (HLD ?F) w)
with AE-T-enabled have (AE w in T s. (HLD S suntil HLD ?F) w)
proof eventually-elim
fix w assume ev (HLD ?F) w enabled s w
from this <s € S» show (HLD S suntil HLD ?F) w
proof (induction arbitrary: s)
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case (step w) show ?case
using E-closed step. IH[of shd w] step.prems
by (auto simp: subset-eq enabled.simps|of s| suntil.simps|of - - w] HLD-iff)
qed (auto intro: suntil.intros)
qed }
moreover have — (AF w in T s. (HLD S suntil HLD ?F) (s ## w))
using s svalid-subset-S unfolding N-def Y-def by (simp add: Prob1-iff)
ultimately have x: = (AE w in T s. ev (HLD ?F) (s ## w))
using s € S» by (cases s € ?F) (auto simp add: suntil-Stream ev-Stream)

show ?thesis

proof (rule ccontr)
assume — ?thesis
from nn-integral-PInf-AE[OF - this] (s€S»
have AF w in T s. ev (HLD ?F) (s ## w)

by (simp split: if-split-asm)

with x show False ..

qed

qed

11.3.9 The expected reward implies a unique LES

lemma existence-of-ExpFuture:

fixes s I

assumes N-def: N = Prob0 S (svalid F) (is - = Prob0 S ?F)

assumes Y-def: Y = Probl N S (svalid F)

assumes s: s € Ss¢ S — (Y — ?F)

shows enn2real ([ Tw. reward (Future F) (s #4# w) 0T s) — (0 s + (3. s’€S. T
ss'x1ss’)) =

(>°s’€S. 7 s s ennZreal ([ Tw. reward (Future F) (s’ ## w) 0T s'))

proof —

let YR = reward (Future F)

from s have s € Probl (Prob0 S ?F) S 7F
unfolding Y-def N-def by auto

then have AF-until: AE w in T s. (HLD S suntil HLD (svalid F)) (s ## w)
using Probl-iff[of S ?F] svalid-subset-S by auto

from s have s ¢ ?F by auto

let 7E = \s'. [ w. reward (Future F) (s’ ## w) 0T s’
have x: (> s’€S. 7 s 8" x 2E ') = (D s’€S. ennreal (7 s 8" x enn2real (7E s')))
proof (rule sum.cong)
fix s’ assume s’ € §
show 7 s s’ * ?E s’ = ennreal (7 s s’ * ennZreal (?E s’))
proof cases
assume 7 s s’ # 0
with <s € §) <s’ € S» have s’ € E s by (simp add: set-pmf-iff)
from s ¢ ?F) AE-until have AF w in T s. (HLD S suntil HLD ?F) (s #+#
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w
)
using svalid-subset-S <s € S» by simp
with nn-integral-reward-finite|OF <s’ € Sy, of F| «<s € Sy «<s' € E s» <s ¢ ?F»
have ?F s’ # oo
by (simp add: AE-T-iff[of - s| AE-measure-pmf-iff suntil-Stream
del: reward.simps)
then show %thesis by (cases ?E s’) (auto simp: ennreal-mult)
qed simp
qed simp

have AF win T's. R (s ## w) =0 s+ ¢ s (shd w) + R w
using <s ¢ svalid F» by (auto simp: ev-Stream )
then have ([ Tw. ?R (s ## w) 0T s) = ([ Tw. (0 s + ¢ s (shd w)) + Rw OT

s)
by (rule nn-integral-cong-AE)
also have ... = ([Tw. 0 s+ ¢ s (shdw) 0T s) +
(JtTw. PRw T s)
using (s € S»
by (subst nn-integral-add)
(auto simp add: space-PiM PiE-iff simp del: reward.simps)
also have ... = ennreal (0 s + (D_s'€S. 7ss"x1ss') + ([ Tw. PRw IT s)
using <s € S
by (subst nn-integral-eq-sum)
(auto simp: field-simps sum.distrib sum-distrib-left[symmetric] ennreal-mult[symmetric|
sum-nonneq)
finally show ?thesis
apply (simp del: reward.simps)
apply (subst nn-integral-eq-sum[OF <s € S) reward-measurable])
apply (simp del: reward.simps ennreal-plus add: * ennreal-plus[symmetric]
sum-nonneq)
done
qed

lemma uniqueness-of-ExpFuture:
fixes F
assumes N-def: N = Prob0 S (svalid F) (is - = Prob0 S ?F)
assumes Y-def: Y = Probl N S (svalid F)
assumes const-def: const = As. if s € Y A s ¢ svalid F then — o s — (3. s'€S.
Tss x1ss’) else0
assumes sol: N\s. s€S = (> s'€S. LES (S — Y U ?F) s s’ x | s’) = const s
shows Vs€S. I s = enn2real ([ *w. reward (Future F) (s ## w) 0T s)
(is VseS. s = enn2real ([ Tw. 7R (s ## w) 0T s))
proof (rule unique)
show S C § ?F C S using svalid-subset-S by auto
show S — (Y — 2F) C S Prob0 S ?F C S — (Y — 9F) YF C S — (Y — ?F)
using svalid-subset-S
by (auto simp add: Y-def N-def Probl-iff)
(auto simp add: Prob0-iff dest!: T.AE-contr)
next
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fix sassume s € Ss¢ S — (Y — 2F)
then show enn2real ([ Tw. ?R (s ## w) 0T s) — (0 s+ (D_s'€S. 7 ss' x v s
1) =
(>°s'€S. 7 s 8"« ennlreal ([ Tw. 2R (s' ## w) 0T s'))
by (rule ezistence-of-ExpFuture]OF N-def Y-def])
next
fix sassume s € Ss¢ S — (Y — 2F)
then have s € Y s ¢ ?F by auto
have (3 s'eS. (if s'=sthen T ss' — LelseT ss') x1s') =
(>-s'eS. tss'xls" — (if s' = s then 1 else 0) x | s’
by (auto introl: sum.cong simp: field-simps)
also have ... = (D s’€eS. 7 ss'x1s') —1Is
using <s € ) by (simp add: sum-subtractf single-l)
finally have [ s = (> s’eS. 7 ss'x1ls') — (D s'e€S. (if s' = s then T ss" — 1
else 7 s s") * 1 s')
by (simp add: field-simps)
then show [ s — (0 s+ (D_s'€S. 7ss' %1 ss8) = s'e€S. 7ss" %15
using sol[OF «s € Sy] «<s € Yy «s ¢ ?F» by (simp add: const-def LES-def)
next
fix s assume s: s € § — (Y — 7F)
with sol[of s] have | s = 0
by (cases s € ?F) (simp-all add: const-def LES-def single-l)
also have 0 = enn2real ([ *w. reward (Future F) (s ## w) 0T s)
proof cases
assume s € ?F then show %thesis
by (simp add: HLD-iff ev-Stream)
next
assume s ¢ ?F
with s have s € S — Y by auto
with infinite-reward|of s F] show ?thesis
by (simp add: Y-def N-def del: reward.simps)
qed
finally show [ s = enn2real ([ Tw. ?R (s ## w) 0T s) .
qed

11.4 Soundness of Sat

theorem Sat-sound:
Sat F # None = Sat F = Some (svalid F)
proof (induct F rule: Sat.induct)
case (5 rel r F)
{ fix g assume g € S
with svalid-subset-S have sum (1 q) (svalid F) = P(w in T q. HLD (svalid F')
w)
by (subst prob-sum[OF «q€S>]) (auto introl: sum.mono-neutral-cong-left) }
with 5 show Zcase
by (auto split: bind-split-asm)

next
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case (6 rel r k F1 F2)
then show ?case
by (simp add: ProbU cong: conj-cong split: bind-split-asm)

next
case (7 rel r F1 F2)
moreover
define constants :: 's = real where constants = (As. if s € (svalid F2) then 1
else 0)
moreover define distr where distr = LES (Prob0 (svalid F1) (svalid F2) U
svalid F2)
ultimately obtain [ where eq: Sat F1 = Some (svalid F1) Sat F2 = Some
(svalid F'2)
and I: gauss-jordan’ distr constants = Some |
by atomize-elim (simp add: ProbUinfty-def split: bind-split-asm)

from [ have P: ProbUinfty (svalid F1) (svalid F2) = Some |
unfolding ProbUinfty-def constants-def distr-def by simp

have Vs€S. [ s = P(w in T s. pvalid (U™ F1 F2) (s ## w))
proof (rule uniqueness-of-ProbU)
show VseS. (3] s’eS. LES (Prob0 (svalid F1) (svalid F2) U svalid F2) s s’
ls") =
(if s € svalid F2 then 1 else 0)
using gauss-jordan’-correct| OF 1]
unfolding distr-def constants-def by simp
qed
then show ?case
by (auto simp add: eq P)
next
case (8 rel r k)
{ fix s assume s € S
then have ExpCumm s k = ([ T z. ennreal (3 i<k. o ((s ## z) Vi) + ¢ ((s
#HH# ) WD) (x 1 4) 0T s)
proof (induct k arbitrary: s)
case () then show ?case by simp
next
case (Suc k)
have ([ tw. ennreal (3" i<Suc k. o ((s ## w) 1 i) + ¢ ((s ## w) 1 i) (w !
7)) 0T s)
= ([ Tw. ennreal (0 s+ ¢ s (w! 0)) + ennreal (3 i<k. o (w!li)+ ¢ (w!
i) (w ! (Suci))) 0T s)
by (auto intro!: nn-integral-cong
simp del: ennreal-plus
simp: ennreal-plus[symmetric] sum-nonneg sum.reindex less Than-Suc-eq-insert-0
zero-notin-Suc-image)
alsohave ... = ([Tw.os+ s (w!0)dTs) +
(JTw. i<k 0 (w!d) + 0 (w!d) (w!! (Suci))) T s)
using <s € S»
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by (intro nn-integral-add AE-12) (auto simp: sum-nonneq)

also have ... = (3 s’eS. 7ss'*x (0s+1ss) +
(Jtw. i<k 0 (w i) + ¢ (w!id) (w!! (Suci))) dT s)
using <s € Sy by (subst nn-integral-eq-sum)
(auto simp del: ennreal-plus simp: ennreal-plus[symmetric] ennreal-mult[symmetric]

sum-nonneq)

also have ... = (D s’eS.7ss'*x (9 s+ 1 ss) +
(>-s'e€S. 7 s 5"« ExpCumm s’ k)
using <s € S» by (subst nn-integral-eg-sum) (auto simp: Suc)

also have ... = ExpCumm s (Suc k)
using <s € S»

by (simp add: field-simps sum.distrib sum-distrib-left[symmetric] ennreal-mult]symmetric]

ennreal-plus[symmetric] sum-nonneg del: ennreal-plus)
finally show ?case by simp
qed }
then show ?Zcase by auto

next

case (9 rel r k)

{ fix s assume s € S
then have EzpState s k = ([T z. ennreal (o ((s ## z) 1 k)) 0T s)
proof (induct k arbitrary: s)

case (Suc k) then show ?case by (simp add: nn-integral-eq-sum|of s|)

qed simp }

then show “case by auto

next
case (10 rel v F)
moreover
let ?F = svalid F
define N where N = Prob0 S ?F
moreover define Y where Y = Probl N S ?F
moreover define const where const = (As. if s € Y N s ¢ ?2F then — p s —
(3-s'eS. T ss %1 s38") else 0)
ultimately obtain /
where [: gauss-jordan’ (LES (S — Y U ?F)) const = Some |
and F: Sat F = Some ?F
by (auto simp: ExpFuture-def Let-def split: bind-split-asm)

from [ have EF: EzpFuture ?F =
Some (As. if s € Y then ennreal (I s) else c0)
unfolding EzpFuture-def N-def Y-def const-def by auto

let ?R = reward (Future F')
have l-eq: Vs€S. | s = enn2real ([ Tw. ?R (s ## w) T s)
proof (rule uniqueness-of-ExpFuture|OF N-def Y-def const-def])
fix s assume s € §
show As. s€S = (D s'€S. LES (S — Y U 2F) s s’ x l s’) = const s
using gauss-jordan’-correct|OF 1] by auto
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qed
{ fix s assume [simp]: s€ Ss€ Y
then have s € Probl (Prob0 S ?F) S ¢F
unfolding Y-def N-def by auto
then have AE w in T s. (HLD S suntil HLD ?F) (s ## w)
using svalid-subset-S by (auto simp add: Probl-iff)
from nn-integral-reward-finite[OF «s € S»] this
have ([ Tw. reward (Future F) (s ## w) 0T s) # oo
by simp
with l-eq <s € S) have ([ Tw. reward (Future F) (s ## w) 0T s) = ennreal
(I's)
by (auto simp: less-top) }
moreover
{fix sassume s € Ss¢ YV
with infinite-reward[of s F]
have ([ Tw. reward (Future F) (s ## w) 0T s) = 00
by (simp add: Y-def N-def) }
ultimately show ?case
apply (auto simp add: EF F simp del: reward.simps)
apply (case-tac z € Y)
apply auto
done
qed (auto split: bind-split-asm)

11.5 Completeness of Sat

theorem Sat-complete:
Sat F # None
proof (induct F rule: Sat.induct)
case (7 rrel ® U)
then have F: Sat ® = Some (svalid ®) Sat ¥ = Some (svalid ¥)
by (auto intro!: Sat-sound)

define constants :: 's = real where constants = (Xs. if s € svalid ¥ then 1 else
0)
define distr where distr = LES (Prob0 (svalid ®) (svalid ¥) U svalid )
have 1. gauss-jordan’ distr constants = Some 1
proof (rule gauss-jordan’-complete| OF - uniqueness-of-ProbU])
show VseS. (D] s'eS. distr s s’ « P(w in T s’. pvalid (U & V) (s’ ## w)))
= constants s
apply (simp add: distr-def constants-def LES-def del: pvalid.simps space-T)
proof safe
fix s assume s € svalid ¥ s € S
then show (> s'€S. (if s’ = s then I else 0) x P(w in T s'. pvalid (U™ ®
W) (s’ #t W) = 1
by (simp add: single-l suntil-Stream)
next
fix s assume s: s ¢ svalid ¥ s € S
let 22 = As”. P(w in T s'. pvalid (U* @ U) (s' ## w))
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show (> s’eS. (if s € Prob0 (svalid ®) (svalid ¥) then if s' = s then 1 else
Oelseif s'"=sthent ss' — lelseT ss')x %xs’)=10
proof cases
assume s € Prob0 (svalid ®) (svalid V)
with s show ?thesis
by (simp add: single-l Prob0-iff svalid-subset-S T.prob-eq-0-AFE del: space-T)
next
assume s-not-0: s ¢ Prob0 (svalid ®) (svalid V)
with s have «:\s’ w. s’ € § = puvalid (U® O V) (s ## s’ ## w) =
pualid (U® ® U) (s' ## w)
by (auto simp: suntil-Stream Prob0-iff svalid-subset-S)

have (> s’e€S. (if s' = sthen 7 s s’ — L else T ss') x 2z s') =
(3-s'eS. T s x 2x s’ — (if s = s then 1 else 0) x %z s')
by (auto introl: sum.cong simp: field-simps)
also have ... = (D s’€S. 758" * ws’) — %xs
using s by (simp add: single-l sum-subtractf)
finally show ?thesis
using * prob-sum[OF (s € S)] s-not-0 by (simp del: pvalid.simps)
qed
qed
qed (simp add: distr-def constants-def)
then have P: 3. ProbUinfty (svalid ®) (svalid ¥) = Some 1
unfolding ProbUinfty-def constants-def distr-def by simp
with F show Zcase
by auto
next
case (10 rel r )
then have F: Sat ® = Some (svalid @)
by (auto introl: Sat-sound)

let ?F = svalid ®
define N where N = Prob0 S ?F
define Y where Y = Probl N S 7F
define const where const = (As. if s€ Y A s ¢ ?F then —ps — (D s'€S. 7 s
s'x 1 ss') else 0)
let ?E = \s'. [ w. reward (Future ®) (s’ ## w) 0T s’
have 31. gauss-jordan’ (LES (S — Y U 2F)) const = Some [
proof (rule gauss-jordan’-complete| OF - uniqueness-of-ExpFuture] OF N-def Y-def
const-def]])
show Vse§. (3 s’eS. LES (S — Y U svalid @) s s’ x enn2real (?E s')) =
const s
proof
fix s assume s € S
show (> s’eS. LES (S — Y U svalid ®) s s’ * enn2real (?E s')) = const s
proof cases
assume s: s € S — (Y — svalid @)
show ?thesis
proof cases
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assume s € Y
with <s € S s <s € Y» show ?thesis
by (simp add: LES-def const-def single-l ev-Stream)
next
assume s ¢ YV
with infinite-reward[of s ®] Y-def N-def s <s € S»
show ?thesis by (simp add: const-def LES-def single-l del: reward.simps)
qed
next
assume s: s ¢ S — (Y — svalid ®)

have (3" s’e€S. (if s' = sthen T ss" — 1 else 7 s 8') x ennZreal (?F s')) =
(>>s'eS. 7 s 8" % ennZreal (?E s") — (if s’ = s then 1 else 0) x ennZreal
(?E s"))
by (auto introl: sum.cong simp: field-simps)
also have ... = (> s’€S. 7 s s’ % enn2real (?E s")) — enn2real (?E s)
using <s € S) by (simp add: sum-subtractf single-I)
finally show ?thesis
using s ¢<s € S» existence-of-FErpFuture]OF N-def Y-def <s € S) ]
by (simp add: LES-def const-def del: reward.simps)
qed
qed
qed simp
then have P: 31. ExpFuture (svalid ®) = Some |
unfolding EzpFuture-def const-def N-def Y-def by auto
with F show Zcase
by auto
qed (force split: bind-split)+

11.6 Completeness and Soundness Sat

corollary Sat: Sat ® = Some (svalid D)
using Sat-sound Sat-complete by auto

end

end

12 Probabilistic Guarded Command Language (pGCL)

theory PGCL
imports ../ Markov-Decision-Process
begin

12.1 Syntax

datatype ’s pgcl =
Skip
| Abort
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| Assign 's = 's

| Seq 's pgcl 's pgcl

| Par ’s pgcl 's pgcl

| If 's = bool 's pgcl 's pgcl

| Prob bool pmf s pgcl 's pgel
| While 's = bool 's pgcl

12.2 Denotational Semantics

primrec wp :: 's pgcl = ('s = ennreal) = ('s = ennreal) where
wp Skip f =f
| wp Abort f = (A-. 0)
| wp (Assign u) f = fou
| wp (Seq ¢1 ¢c2) f = wp ¢y (wp ca f)
| wp (If b er c2) f = (As. if b s then wp ¢ f s else wp ca f )
| wp (Parci co) f =wper fwpcsf
| wp (Prob p ¢y c3) f = (As. pmf p True * wp ¢1 fs + pmf p False x wp co [ 3)
| wp (While b ¢) f = lfp (AX s. if b s then wp ¢ X s else [ s)

lemma wp-mono: mono (wp c)
by (induction c)
(auto simp: monotone-def le-fun-def intro: order-trans le-infl1 le-infI2
introl: add-mono mult-left-mono lfp-mono[ THEN le-funD))

abbreviation det :: s pgel = s = ('s pgel x 's) pmf set (<< -, - >») where
det ¢ s = {return-pmf (¢, s)}

12.3 Operational Semantics

fun step :: (’s pgel x 's) = ('s pgel x 's) pmf set where
step (Skip, s) = K Skip, s>
| step (Abort, s) = < Abort, s>
| step (Assign u, s) = <Skip, u s>
| step (Seq c1 co, 8) = (map-pmf (M(pl1', s'). (if p1’ = Skip then co else Seq p1’
62, 5)) * step (e1, 9)
| step (If b c1 ca, s) = (if b s then K¢y, s3> else Kca, $3>)
| step (Par ci ca, 5) = <eq, > U Kcg, >
| step (Prob p c1 co, s) = {map-pmf (Ab. if b then (c1, s) else (ca, s)) p}
| step (While b ¢, s) = (if b s then <Seq ¢ (While b ¢), s> else < Skip, $>>)

lemma step-finite: finite (step z)
by (induction z rule: step.induct) simp-all

lemma step-non-empty: step © # {}
by (induction z rule: step.induct) simp-all

interpretation step: Markov-Decision-Process step
proof qed (rule step-non-empty)
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definition rF :: ('s = ennreal) = (('s pgcl x 's) stream = ennreal) = (s pgcl x
's) stream = ennreal where
rF fF w = (if fst (shd w) = Skip then f (snd (shd w)) else F' (stl w))

abbreviation r :: (‘s = ennreal) = ('s pgcl x 's) stream = ennreal where

rf=1ifp (rF [)

lemma continuous-rF: sup-continuous (rF f)
unfolding rF-def[abs-def]
by (auto simp: sup-continuous-def fun-eq-iff SUP-sup-distrib [symmetric] im-
age-comp
split: prod.splits pgcl.splits)

lemma mono-rF: mono (rF f)
using continuous-rF by (rule sup-continuous-mono)

lemma r-unfold: v f w = (if fst (shd w) = Skip then f (snd (shd w)) else r f (st

w))
by (subst lfp-unfold|OF mono-rF|) (simp add: rF-def)

lemma mono-m F < = rFw<rGuw
by (rule le-funD[of - - w], Tule ifp-mono)
(auto introl: lfp-mono simp: rF-def le-fun-def maz.coboundedI2)

lemma measurable-rF:
assumes F[measurable]: F € borel-measurable step.St
shows rF f F € borel-measurable step.St
unfolding rF-def[abs-def]
apply measurable
apply (rule measurable-compose] OF measurable-shd))
apply measurable ||
apply (rule measurable-compose[OF measurable-stl])
apply measurable [|
apply (rule predE)
apply (rule measurable-compose] OF measurable-shd))
apply measurable
done

lemma measurable-rmeasurable]: r f € borel-measurable step.St
using continuous-rF measurable-rF by (rule borel-measurable-Ifp)

lemma mono-r’s mono (AF s. [|Destep s. [T t. (if fst t = Skip then f (snd t)
else F t) Omeasure-pmf D)
by (auto intro!: monol le-funI INF-mono|OF bexl| nn-integral-mono simp: le-fun-def)

lemma E-inf-r:

step.E-inf s (r f) =

Ifp (\F s.[|Destep s. [+ t. (if fst t = Skip then f (snd t) else F t) Omeasure-pmf
D) s
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proof —
have step.E-inf s (r f) =
Ufp (A\F s.[|Destep s. [+ . (if fst t = Skip then f (snd t) else F t) Omeasure-pmf
D) s
unfolding rF-def[abs-def]
proof (rule step. E-inf-lfp| THEN fun-cong))
let F = At . (if fst t = Skip then f (snd t) else x)
show (A(s, z). ?F s x) € borel-measurable (count-space UNIV Q) ps borel)
apply (simp add: measurable-split-conv split-beta’)
apply (intro borel-measurable-maz borel-measurable-const measurable-If predE
measurable-compose| OF measurable-snd] measurable-compose[ OF measur-
able-fst])
apply measurable
done
show As. sup-continuous (?F s)
by (auto simp: sup-continuous-def SUP-sup-distrib[symmetric] split: prod.split
pgcl.split)
show AF cfg. ([ Tw. ?F (state cfg) (F w) Ostep.T cfg) =
?F (state cfg) (nn-integral (step.T cfg) F')
by (auto simp: split: pgcl.split prod.split)
qed (rule step-finite)
then show ?thesis
by simp
qed

lemma E-inf-r-unfold:

step.E-inf s (r f) = ([1Destep s. [T t. (if fst t = Skip then f (snd t) else
step.E-inf t (r f)) Omeasure-pmf D)

unfolding E-inf-r by (simp add: lfp-unfold|OF mono-r'])

lemma FE-inf-r-induct[consumes 1, case-names step):
assumes P sy
assumes x: AFsy. Psy—
(Asy.Psy= Fs<y) = (A\s. Fs<step.E-infs (rf)) =
(M Destep s. [T t. (if fst t = Skip then f (snd t) else F t) Omeasure-pmf D) <
)
shows step.E-inf s (rf) <y
using <P s
unfolding E-inf-r
proof (induction arbitrary: s y rule: lfp-ordinal-induct|OF mono-r'[where f=f]])
case (1 F) with x[of s y F] show ?case
unfolding le-fun-def E-inf-rlwhere f=f, symmetric] by simp
qed (auto intro: SUP-least)

lemma E-inf-Skip: step.E-inf (Skip, s) (rf) = fs
by (subst E-inf-r-unfold) simp

lemma E-inf-Seq:
assumes [simp]: A\z. 0 < fz
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shows step.E-inf (Seq a b, s) (r f) = step.E-inf (a, s) (r (As. step.E-inf (b, s)
(r 1))
proof (rule antisym)
show step.E-inf (Seq a b, s) (r f) < step.E-inf (a, s) (r (As. step.E-inf (b, s) (r
)
proof (coinduction arbitrary: a s rule: E-inf-r-induct)
case step then show ?case
by (rewrite in - < x E-inf-r-unfold)
(force introl: INF-mono|OF bexI| nn-integral-mono intro: le-infI2
simp: E-inf-Skip image-comp)
qed
show step.E-inf (a, s) (r (As. step.E-inf (b, s) (r f))) < step.E-inf (Seq a b, s)
(r 1)
proof (coinduction arbitrary: a s rule: E-inf-r-induct)
case step then show Zcase
by (rewrite in - < 1 E-inf-r-unfold)
(force introl: INF-mono|OF bexI] nn-integral-mono intro: le-infI2
simp: E-inf-Skip image-comp)
qed
qed

lemma FE-inf-While:
step.E-inf (While g ¢, s) (r f) =
Ifp (A\F s. if g s then step.E-inf (c, s) (r F) else f s) s
proof (rule antisym)
have E-inf-While-step: step.E-inf (While g ¢, s) (r f) =
(if g s then step.E-inf (¢, s) (r (As. step.E-inf (While g ¢, s) (r f))) else f )
for fs
by (rewrite E-inf-r-unfold) (simp add: min-absorbl E-inf-Seq)

have mono (AF s. if g s then step.E-inf (¢, s) (r F) else f s) (is mono ?F)
by (auto intro!: mono-r step. E-inf-mono simp: mono-def le-fun-def mazx.coboundedI2)
then show Ifp ?F s < step.E-inf (While g ¢, s) (1 f)
proof (induction arbitrary: s rule: lfp-ordinal-induct|consumes 1))
case mono then show ?case
by (rewrite E-inf-While-step) (auto introl: step.E-inf-mono mono-r le-funl)
qged (auto intro: SUP-least)

define w where w F s = ([|Destep s. [+ t. (if fst t = Skip then if g (snd t)
then F (¢, snd t) else f (snd t) else F t) Omeasure-pmf D)
for F' s
have mono w
by (auto simp: w-def mono-def le-fun-def introl: INF-mono|OF bexI| nn-integral-mono)
[

define d where d = ¢

define ¢ where ¢t = Seq d (While g ¢)

then have (t = Whilegc ANd=c A gs)Vt= Seqd (While g c)
by auto
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then have step.E-inf (t, s) (r f) < lfp w (d, s)
proof (coinduction arbitrary: t d s rule: E-inf-r-induct)
case (step F't d s)
from step(1)
show ?Zcase
proof (elim conjE disjE)
{ fix shave ~gs = F (While g ¢, s) < fs
using step(3)[of (While g ¢, s)] by (simp add: E-inf-While-step) }
note [simp] = this
assume ¢t = Seq d (While g ¢) then show ?thesis
by (rewrite lfp-unfold[OF <mono w»])
(auto simp: maz.absorb2 w-def introl: INF-mono[ OF bexI| nn-integral-mono
step)
ged (auto intro!: step)
qed
also have Ifp w = Ifp (A\F s. step.E-inf s (r (As. if g s then F (¢, s) else [ s)))
unfolding FE-inf-r w-def
by (rule lfp-lfp[symmetric]) (auto simp: le-fun-def intro!: INF-mono|OF bex!]
nn-integral-mono)
finally have step.E-inf (While g ¢, s) (rf) < (if g s then ... (¢, s) else f s)
unfolding ¢-def d-def by (rewrite E-inf-r-unfold) simp
also have ... = Ifp ?F s
by (rewrite Ifp-rolling[symmetric, of AF s. if g s then F (c, s) else f s AF s.
step.E-inf s (r F)])
(auto simp: mono-def le-fun-def sup-apply|abs-def] if-distriblof max 0] maz.coboundedI2
maz.absorb2
intro!: step.E-inf-mono mono-r cong del: if-weak-cong)
finally show step.E-inf (While g ¢, s) (rf) < ...

qed

12.4 Equate Both Semantics

lemma FE-inf-r-eq-wp: step.E-inf (¢, s) (rf) = wp c fs
proof (induction ¢ arbitrary: f s)
case Skip then show ?case
by (simp add: E-inf-Skip)
next
case Abort then show ?case
proof (intro antisym)
have lfp (A\F s. [|Destep s. [T t. (if fst t = Skip then f (snd t) else F t)
Omeasure-pmf D) <
(As. if 3t. s = (Abort, t) then 0 else T)
by (intro lfp-lowerbound) (auto simp: le-fun-def)
then show step. E-inf (Abort, s) (r f) < wp Abort f s
by (auto simp: E-inf-r le-fun-def split: if-split-asm)
qed simp
next
case Assign then show ?case
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by (rewrite E-inf-r-unfold) (simp add: min-absorbl)
next
case (If b c¢1 ¢2) then show Zcase
by (rewrite E-inf-r-unfold) auto
next
case (Prob p cl ¢2) then show ?case
apply (rewrite E-inf-r-unfold)
apply auto
apply (rewrite nn-integral-measure-pmf-support[of UNIV ::bool set])
apply (auto simp: UNIV-bool ac-simps)
done
next
case (Par c1 ¢2) then show ?case
by (rewrite E-inf-r-unfold) (auto intro: inf.commute)
next
case (Seq ¢l c2) then show ?case
by (simp add: E-inf-Seq)
next
case (While g ¢) then show Zcase
apply (simp add: E-inf-While)
apply (rewrite While)
apply auto
done
qed

end

13 Formalization of the Crowds-Protocol

theory Crowds-Protocol
imports ../ Discrete- Time-Markov-Chain
begin

lemma cond-prob-nonneg[simp]: 0 < cond-prob M A B
by (auto simp: cond-prob-def)

lemma (in MC-syntaz) emeasure-suntil-geometric:

assumes [measurable]: Measurable.pred S P

assumes s € X and x[simp]: 0 < p 0 < r

assumes 7: \s. s € X = emeasure (T s) {wespace (T s). P w} = ennreal r

assumes p: A\s. s € X = emeasure (K s) X = ennreal p p < 1

assumes At. AE win Tt - (PN (HLD X N nzt (HLD X suntil P))) w

shows emeasure (T s) {we€space (T s). (HLD X suntil P) w} =r [/ (1 — p)
proof (subst emeasure-suntil-disj)

let ?F = A\F s. emeasure (T s) {w € space (T s). P w} + [T t. F t x indicator
XtOoKs

let ?f = Az. ennreal r + ennreal p x x

have mono ?F mono ?f
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by (auto intro!: monol maz.mono add-mono nn-integral-mono mult-left-mono
mult-right-mono simp: le-fun-def)

have 1: ifp ?f < Ifp 9F s
using <s € X»
proof (induction arbitrary: s rule: lfp-ordinal-induct[OF <mono ?f>])
case step: (1 z)
then have 7fz < ?2F (A-. ) s
by (auto simp: p r[simplified] nn-integral-cmult mult.commute[of - z]
introl: add-mono mult-right-mono)
also have ?F (A-. z) < 2F (ifp ?F)
using step
by (intro le-funl add-mono order-refl nn-integral-mono) (auto simp: split:
split-indicator)
finally show ?case
by (subst lfp-unfold[OF <mono ?F>]) (auto simp: le-fun-def)
qed (auto introl: Sup-least)
also have 2: lfp YFs<r /(1 — p)
using <s € X»
proof (induction arbitrary: s rule: lfp-ordinal-induct[OF <mono ?F>))
case (1 9)
with r have ?F S's < ennreal v + ([ Tz. ennreal (r / (1 — p)) * indicator X
z 0K s)
by (intro add-mono nn-integral-mono) (auto split: split-indicator)
also have ... < ennreal r + ennreal (r x p / (1 — p))
using «s € X» by (simp add: nn-integral-cmult-indicator p ennreal-mult''[symmetric])
also have ... = ennreal (r / (1 — p))
using «p < 1y by (simp add: field-simps ennreal-plus[symmetric] del: en-
nreal-plus)
finally show ?case .
qged (auto introl: SUP-least)
finally obtain = where x: Ifp ?f = ennreal z and [simp]: 0 < z
by (cases Iifp ?f) (auto simp: top-unique)
from (p < Irhave Az.z=r+pxzx=axz=1r/(1 — p)
by (auto simp: field-simps)
with [fp-unfold[OF <mono 73] <p < 1» have Ifp ?f =r / (1 — p)
unfolding z by (auto simp add: ennreal-plus[symmetric] ennreal-mult[symmetric]
simp del: ennreal-plus)
with 1 2 show Ifp ?F' s = ennreal (r / (1 — p))
by auto
ged fact+

13.1 Definition of the Crowds-Protocol
datatype ‘a state = Start | Init 'a | Miz 'a | End

lemma inj-Miz[simp]: inj-on Mixz A
by (auto intro: inj-onl)
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lemma inj-Init[simpl: inj-on Init A
by (auto intro: inj-onl)

lemma distinct-state-image[simp):
Start ¢ Miz ‘A Init j ¢ Miz ‘A End ¢ Mix ‘A Mizj € Miz ‘A+— j€ A
Start ¢ Init * A Mixz j ¢ Init “ A End ¢ Init ‘A Initj € Init ‘A +— j€ A
by auto

lemma Init-cut-Miz[simp]:
Init “H N Miz *J = {}
by auto

abbreviation Jondo B = Init‘B U Mix‘B

locale Crowds-Protocol =
fixes J :: ‘a set and C :: 'a set and p-f :: real and p-i :: 'a = real
assumes J-not-empty: J # {} and finite-J[simp]: finite J
assumes C-smaller: C C J and C-non-empty: C # {}
assumes p-f: 0 < p-fp-f < 1
assumes p-i-nonneg[simpl: N\j. j € J = 0 < p-i j
assumes p-i-distr: (>_jeJ. p-ij) = 1
assumes p-i-C: \j.j € C = p-ij=0
begin

abbreviation H :: ‘a set where
H=J-C

definition p-j = 1 / card J

lemma p-f-nonneg[simp]: 0 < p-f p-f < 1
using p-f by simp-all

lemma p-j-nonneg[simpl: 0 < p-j
by (simp add: p-j-def)

definition p-H = card H / card J

lemma p-H-nonneg[simp]: 0 < p-H p-H < 1
by (auto simp: p-H-def divide-le-eq-1 card-gt-0-iff intro!: card-mono )

definition next-prob :: 'a state = ’'a state = real where
next-prob s t = (case (s, t) of (Start, Init j) = if j € H then p-i j else 0
| (Init j, Mix j') = if j' € J then p-j else 0
| (Miz j, Miz j") = if j' € J then p-f = p-j else 0
| (Miz j, End) :> 1 — p-f
| (End End) =
| -=0)

definition N s = embed-pmf (next-probd s)
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interpretation MC-syntax N .
abbreviation ¢ = T Start
abbreviation F s = set-pmf (N s)

lemma finite-C[simp): finite C
using C-smaller finite-J by (blast intro: finite-subset)

lemma sum-p-i-C[simp]: sum p-i C = 0
by (auto intro: sum.neutral p-i-C')

lemma sum-p-i-H[simp]: sum p-i H = 1
using C-smaller by (simp add: sum-diff p-i-distr)

lemma possible-jondo:
obtains j where j € Jj ¢ Cp-ij# 0
proof (atomize-elim, rule ccontr)
assume - (3j.j€ JANj¢ C Ap-ij#0)
with p-i-C have VjeJ. p-ij = 0
by auto
with p-i-distr show Fualse
by simp
qed

lemma C-le-J[simp]: card C < card J
using C-smaller
by (intro psubset-card-mono) auto

lemma p-H: 0 < p-H p-H < 1

using J-not-empty C-smaller C-non-empty

by (simp-all add: p-H-def card-Diff-subset card-mono field-simps zero-less-divide-iff
card-gt-0-iff )

lemma p-H-p-f-pos: 0 < p-H * p-f
using p-f p-H by (simp add: zero-less-mult-iff)

lemma p-H-p-f-less-1: p-H x p-f < 1
proof —
have p-H * p-f < 1 x 1
using p-H p-f by (intro mult-strict-mono) auto
then show p-H x p-f < 1 by simp
qed

lemma p-j-pos: 0 < p-j
unfolding p-j-def using J-not-empty by auto

lemma H-compl: 1 — p-H = real (card C) / real (card J)
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using C-non-empty J-not-empty C-smaller
by (simp add: p-H-def card-Diff-subset card-mono of-nat-diff divide-eq-eq field-simps)

lemma H-compl2: 1 — p-H = card C * p-j
unfolding H-compl p-j-def by simp

lemma H-eq2: card H * p-j = p-H
unfolding p-j-def p-H-def by simp

lemma pmf-next-pmf[simpl: pmf (N s) t = next-prob s ¢
unfolding N-def
proof (rule pmf-embed-pmf)
show Az. 0 < next-prob s z
using p-j-pos p-f by (auto simp: next-prob-def intro: p-i-nonneg split: state.split)
show ([ z. ennreal (next-prob s z) dcount-space UNIV) = 1
using p-f J-not-empty
by (subst nn-integral-count-space’|where A=Init‘H U Miz‘J U {End}])
(auto simp: next-prob-def sum.reindex sum.union-disjoint p-i-distr p-j-def
split: state.split)
qed

lemma next-prob-Start[simp|: next-prob Start (Init j) = (if j € H then p-i j else
0)
by (auto simp: next-prob-def)

lemma next-prob-to-Init[simp): j € H = next-prob s (Init j) =
(case s of Start = p-ij | -= 0)
by (cases s) (auto simp: next-prob-def)

lemma next-prob-to-Mix[simp|: j € J = next-prob s (Mix j) =
(case s of Init j = p-j | Miz j = p-f x p-j | - = 0)
by (cases s) (auto simp: next-prob-def)

lemma next-prob-to-End[simp]: next-prob s End =
(case sof Mixj =1 —p-f | End=1|-=0)
by (cases s) (auto simp: next-prob-def)

lemma next-prob-from-End[simp]: next-prob End s = 0 <— s # End
by (cases s) (auto simp: next-prob-def)

lemma next-prob-Miz-Mizl: 3j. s = Miz j = 3jeJ. s’ = Miz j = next-prob s

s' = p-f * pj
by (cases s) auto

lemma E-Start: E Start = {Initj | j.j€ HAp-ij# 0}
using p-i-C by (auto simp: set-pmf-iff next-prob-def split: state.splits if-split-asm)

lemma FE-Init: E (Init j) = {Mizj|j.je J}
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using p-j-pos C-smaller by (auto simp: set-pmf-iff next-prob-def split: state.splits
if-split-asm)

lemma E-Miz: E (Miz j) = {Mizj|j.j€J}U/{End}
using p-j-pos p-f by (auto simp: set-pmf-iff next-prob-def split: state.splits if-split-asm)

lemma E-End: E End = {End}
by (auto simp: set-pmf-iff next-prob-def split: state.splits if-split-asm)

lemma enabled-End:
enabled End w <— w = sconst End
proof safe
assume enabled End w then show w = sconst End
proof (coinduction arbitrary: w)
case Eg-stream then show ?case
by (auto simp: enabled.simps|of - w] E-End)
qed
next
show enabled End (sconst End)
by coinduction (simp add: E-End)
qed

lemma AFE-Fnd: (AE w in T End. P w) «— P (sconst End)
proof —
have (AE w in T End. P w) <— (AE w in T End. P w A w = sconst End)
using AE-T-enabled]of End] by (simp add: enabled-End)

also have ... = (AE w in T End. P (sconst End) A w = sconst End)
by (simp add: enabled-End del: AE-conj-iff cong: rev-conj-cong)
also have ... = (AE w in T End. P (sconst End))

using AE-T-enabled]of End] by (simp add: enabled-End)
finally show ?thesis
by simp
qed

lemma emeasure-Init-eq-Miz:
assumes [measurable]: Measurable.pred S P
assumes AE-End: AE zin T End. — P (End ## x)
shows emeasure (T (Init j)) {x€space (T (Init j)). P x} =
emeasure (T (Miz j)) {z€space (T (Miz j)). Pz} / p-f
proof —
have «: {Mizj|j.je J} = Mix*‘J
by auto
show ?thesis
using emeasure-eq-0-AE[OF AE-End] p-f
apply (subst (1 2) emeasure-Collect-T)
apply simp
apply (subst (1 2) nn-integral-measure-pmf-finite)
apply (auto simp: E-Miz E-Init * sum.reindex sum-distrib-right[symmetric]
divide-ennreal
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ennreal-times-divide[symmetric])
done
qed

What is the probability that the server sees a specific jondo (including the
initiator) as sender.

definition visit :: 'a set = 'a set = ’'a state stream = bool where
visit I L = Init(I N H) - (HLD (Miz‘J) suntil (Miz{(L N J) - HLD {End}))

lemma visit-uniquel :
visit 11 L1 w = wisit I2 L2 w = 11 N 12 # {}
by (auto simp: visit-def HLD-iff)

lemma visit-unique2:
assumes visit 11 L1 w visit I2 L2 w
shows L1 N L2 # {}
proof —
let U = AL w. (HLD (Miz‘J) suntil ((Miz“(LNJ)) - HLD {End})) w
have ?U L1 (stl w) U L2 (stl w)
using assms by (auto simp: visit-def)
then show L1 N L2 # {}
proof (induction stl w arbitrary: w rule: suntil-induct-strong)
case base then show ?case
by (auto simp add: suntil.simps|of - - stl (stl w)] suntil.simps|of - - stl w]
HLD-iff)
next
case step
show ?case
proof cases
assume ((Miz‘(L2NJ)) - HLD {End}) (stl w)
with step.hyps show ?thesis
by (auto simp: inj-Mix HLD-iff elim: suntil.cases)
next
assume — ((Miz{(L2NJ)) - HLD {End}) (stl w)
with step.prems have ?U L2 (stl (stl w))
by (auto elim: suntil.cases)
then show ?thesis
by (rule step.hyps(4)[OF refi])
qed
qed
qed

lemma visit-imp-in-H: visit {i} Jw = (€ H
by (auto simp: visit-def HLD-iff)

lemma emeasure-visit:

assumes [: ] C Hand L: L C J

shows emeasure P {wespace P. visit I L w} = (Y i€l. p-i i) * (card L % p-j)
proof —
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let ?J = HLD (Miz‘J) and ?E = (Miz‘L) - HLD {End}
let ?2p = ?2J aand not ?F
let ?P = Az P. emeasure (T z) {w€space (T ). P w}

have [intro]: finite L

using finite-J <L C J» by (blast intro: finite-subset)
have [simp, introl: finite I

using finite-J <I C H» by (blast intro: finite-subset)

{ fix j assume j: j € H
have ?P (Mix j) (2J suntil ?E) = (p-f * p-j * (I — p-f) * card L) / (1 — p-f)
proof (rule emeasure-suntil-geometric)
fix s assume s: s € Miz ‘ J
then have ?P s ?E = ([ Tx. ennreal (1 — p-f) * indicator (Miz‘L) = ON s)
by (auto simp add: emeasure-HLD-nxt emeasure-HLD AE-measure-pmf-iff
emeasure-pmf-single
split: state.split split-indicator simp del: space-T nxt.simps
intro!: nn-integral-cong-AFE)

also have ... = ennreal (1 — p-f) * emeasure (N s) (Miz‘L)
using p-f by (intro nn-integral-cmult-indicator) auto
also have ... = ennreal ((I — p-f) * card L * p-j % p-f)

using s assms
by (subst emeasure-measure-pmf-finite)
(auto simp: sum.reindex subset-eq ennreal-mult mult-ac)
finally show ?P s ?E = p-f * p-j x (I — p-f) * card L
by simp
next
show A\t. AE win T t. = (?E N (2J N nxt (2] suntil ?E))) w
by (intro AE-12) (auto simp: HLD-iff elim: suntil.cases)
qed (insert p-f j, auto simp: emeasure-measure-pmf-finite sum.reindex p-j-def)
then have 7P (Init j) (9] suntil ?E) = (p-f * p-j x (I — p-f) * card L) / (1
- pf)/ pf
by (subst emeasure-Init-eq-Miz) (simp-all add: suntil.simps|[of - - x #+# s for
x 8] divide-ennreal p-f)
then have ?P (Init j) (2J suntil ?E) = p-j * card L
using p-f by simp }
note J-suntil-E = this

have ?P Start (visit I L) = ([ Ya. 2P z (2J suntil ?E) = indicator (Init‘l) z ON
Start)
unfolding visit-def using I L by (subst emeasure-HLD-nzt) (auto simp:
Int-absorb?2)
also have ... = ([ Tz. ennreal (p-j * card L) * indicator (Init‘l) x ON Start)
using [ J-suntil-E
by (intro nn-integral-cong ennreal-mult-right-cong)
(auto split: split-indicator-asm)
also have ... = ennreal ((>i€l. p-i i) x card L % p-j)
using p-j-pos assms
by (subst nn-integral-cmult-indicator)
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(auto simp: emeasure-measure-pmf-finite sum.reindex subset-eq ennreal-mult[symmetric]
sum-nonneq)
finally show ?thesis by (simp add: ac-simps)
qed

lemma measurable-visit|measurable]: Measurable.pred S (visit I L)
by (simp add: visit-def)

lemma AFE-visit: AE w in B. visit H J w
proof (rule T.AE-I-eq-1)
show emeasure P {wespace P. visit H J w} = 1
using J-not-empty by (subst emeasure-visit ) (simp-all add: p-j-def)
qed simp

13.2 Server gets no information

lemma server-view!: j € J = P(w in P. visit H {j} w) = p-j
unfolding measure-def by (subst emeasure-visit) simp-all

lemma server-view-indep:

LCJ=ICH= PlwinP. visit | L w) = P(w in P. visit H L w) * P(w
in P. visit I J w)

unfolding measure-def

by (subst (1 2 8) emeasure-visit) (auto simp: p-j-def sum-nonneg subset-eq)

lemma server-view: P(w in B. Ij€H. visit {j} {j} w) = p-j
using finite-J
proof (subst T.prob-sum[where I=H and P=M\j. visit {j} {j}])
show (> jeH. P(w in B. visit {j} {j} w)) = p-j
by (auto simp: measure-def emeasure-visit sum-distrib-right[symmetric] simp
del: space-T sets-T)
show AE z in B. (VneH. visit {n} {n} © — (3jeH. visit {7} {j} z)) A
((3jeH. visit {j} {j} x) — 3!n. n € H A visit {n} {n} z))
by (auto dest: visit-uniquel)
qed simp-all

13.3 Probability that collaborators gain information

definition hit-C = Init'H - ev (HLD (Miz‘C))
definition before-C B = (HLD (Jondo H)) suntil ((Jondo (B N H)) - HLD (Mix
£0))

lemma measurable-hit-C[measurable]: Measurable.pred S hit-C
by (simp add: hit-C-def)

lemma measurable-before-C[measurable]: Measurable.pred S (before-C' B)
by (simp add: before-C-def)

lemma before-C:
assumes w: enabled Start w
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shows before-C' B w +—
((Init‘H - (HLD (Miz‘H) suntil (Miz(B N H) - HLD (Miz‘C)))) or (Init(B N
H) - HLD (Miz‘C))) w
proof —
{ fix w s assume ((HLD (Jondo H)) suntil (Jondo (B N H) - HLD (Mix ‘ C)))
w
enabled s w s € Jondo H
then have (HLD (Miz ¢ H) suntil (Miz ‘(BN H) - (HLD (Miz ‘ C)))) w
proof (induction arbitrary: s)
case (base w) then show ?case
by (auto simp: HLD-iff enabled.simps|of - w] E-Init E-Mix introl: sun-
til.intros(1))
next
case (step w) from step.prems step.hyps step.IH|of shd w]| show ?case
by (auto simp: HLD-iff enabled.simps|of - w] E-Init E-Mix
suntil.simps|of - - w] enabled-End suntil-sconst)
qed }
note this[of stl w shd w]
moreover
{ fix w s assume (HLD (Miz * H) suntil (Miz ‘(BN H) - (HLD (Miz ‘ C)))) w
enabled s w s € Jondo H
then have ((HLD (Jondo H)) suntil ((Jondo (B N H)) - HLD (Miz ‘ C))) w
proof (induction arbitrary: s)
case (step w) from step.prems step.hyps step.IH[of shd w]| show ?case
by (auto simp: HLD-iff enabled.simps|of - w] E-Init E-Mix
suntil.simps|of - - w] enabled-End suntil-sconst)
qed (auto intro: suntil.intros simp: HLD-iff) }
note this[of stl w shd w]
ultimately show ?thesis
using assms
using <enabled Start w»
unfolding before-C-def suntil.simps[of - - w] enabled.simps|of - w]
by (auto simp: E-Start HLD-iff)
qed

lemma before-C-unique:
assumes w: before-C 11 w before-C I2 w shows I1 N I2 # {}
using w unfolding before-C-def
proof induction
case (base w) then show Zcase
by (auto simp add: suntil.simps|of - - w] suntil.simps|of - - stl w] HLD-iff)
next
case (step w) then show ?case
by (auto simp add: suntil.simps|of - - w] suntil.simps|of - - stl w] HLD-iff)
qed

lemma hit-C-imp-before-C"

assumes enabled Start w hit-C w shows before-C' H w
proof —
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let ?X = Init‘H U Mix‘H

{ fix w s assume ev (HLD (Miz‘C)) w s€?X enabled s w
then have ((HLD (Jondo H)) suntil (?X - HLD (Miz ‘< C))) (s ## w)
proof (induction arbitrary: s rule: ev-induct-strong)

case (step w s) from step.IH|of shd w| step.prems step.hyps show ?case
by (auto simp: enabled.simps|of - w]| suntil-Stream E-Init E-Mix HLD-iff
enabled-End ev-sconst)

qed (auto simp: suntil-Stream) }

from this[of stl w shd w| assms show ?thesis
by (auto simp: before-C-def hit-C-def enabled.simps|of - w] E-Start)

qged

lemma before-C-single:

assumes before-C' I w shows 3i€l N H. before-C {i} w

using assms unfolding before-C-def by induction (auto simp: HLD-iff intro:
suntil.intros)

lemma before-C-imp-in-H: before-C {i} w = i € H
by (auto dest: before-C-single)

13.4 The probability that the sender hits a collaborator

lemma Pr-hit-C: P(w in B. hit-C w) = (1 — p-H) / (1 — p-H * p-f)
proof —

let P = Az P. emeasure (T z) {w€space (T z). P w}

let M = HLD (Miz ¢ C) and ?I = Init‘H and ?J = Miz‘H

let %p = (HLD 2J) aand not ?M

{ fix s assume s: s € Jondo J
have AE w in T s. ev M w «— (HLD ?J suntil M) w
using AE-T-enabled
proof eventually-elim
fix w assume w: enabled s w
show ev ?M w <— (HLD ?J suntil ?M) w
proof
assume ev M w
from this w s show (HLD ?J suntil ?M) w
proof (induct arbitrary: s rule: ev-induct-strong)
case (step w) then show ?case
by (auto simp: HLD-iff enabled.simps|of - w] suntil.simps|of - - w] E-End
E-Init E-Mix
enabled-End ev-sconst)
qed (auto simp: HLD-iff E-Init intro: suntil.intros)
qed (rule ev-suntil)
qed }
note ev-eq-suntil = this

have ?P Start hit-C = ([ Tz. 2P z (ev M) * indicator ?I x ON Start)
unfolding hit-C-def by (rule emeasure-HLD-nzt) measurable
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also have ... = ([ Tz. ennreal ((1 — p-H) / (1 — p-f * p-H)) * indicator ?I x
ON Start)
proof (intro nn-integral-cong ennreal-mult-right-cong refl)
fix « assume indicator (Init * H) z # 0
then have z € ¢/
by (auto split: split-indicator-asm,)
{ fix j assume j: j € H
with ev-eq-suntil[of Miz j] have ?P (Miz j) (ev ?M) = 2P (Miz j) ((HLD
2J) suntil M)
by (intro emeasure-eq-AE) auto
also have ... = (((1 — p-H) * p-f)) / (1 — p-H * p-f)
proof (rule emeasure-suntil-geometric)
fix s assume s: s € Miz ‘ H
from s C-smaller show ?P s ?M = ennreal ((1 — p-H) * p-f)
by (subst emeasure-HLD)
(auto simp add: emeasure-measure-pmyf-finite sum.reindex subset-eq p-j-def
H-compl)
from s show emeasure (N s) (Miz‘H) = p-H * p-f
by (auto simp: emeasure-measure-pmf-finite sum.reindex p-H-def p-j-def)
qed (insert j, auto simp: HLD-iff p-H-p-f-less-1)
finally have ?P (Init j) (ev ?M) = (1 — p-H) / (1 — p-H * p-f)
using p-f
by (subst emeasure-Init-eq-Mix)
(auto simp: ev-Stream AE-End ev-sconst HLD-iff mult-le-one divide-ennreal)
}
then show ?P z (ev ?M) = (1 — p-H) / (1 — p-f * p-H)
using <z € ?I» by (auto simp: mult-ac)
qed
also have ... = ennreal ((1 — p-H) / (1 — p-H * p-f))
using p-j-pos p-H p-H-p-f-less-1
by (subst nn-integral-cmult-indicator)
(auto simp: emeasure-measure-pmf-finite sum.reindex subset-eq mult-ac
intro!: divide-nonneg-nonneg)
finally show ?thesis
by (simp add: measure-def mult-le-one)
qed

lemma before-C-imp-hit-C"
assumes enabled Start w before-C B w
shows hit-C' w
proof —
{ fix w j assume ((HLD (Jondo H)) suntil (Jondo (B N H) - HLD (Mix * C)))
w
j € H enabled (Miz j) w
then have ev (HLD (Miz‘C)) w
proof (induction arbitrary: j rule: suntil-induct-strong)
case (step w) then show ?case

by (auto simp: enabled.simps|of - w| E-Mix enabled-End ev-sconst suntil-sconst
HLD-iff)
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qed auto }
from this[of stl (stl w)] assms show hit-C' w
by (force simp: before-C-def hit-C-def E-Start HLD-iff E-Init
enabled.simps|of - w| ev.simps|of - w| suntil.simps[of - - w]
enabled.simps|of - stl w] ev.simps[of - stl w] suntil.simps[of - - stl w])
qed

lemma negE: - P = P = Fulse
by blast

lemma Pr-visit-before-C'"

assumes L: L C Hand I: I C H

shows P(w in P. visit I J w A before-C L w | hit-C w ) =

(oiel. p-ii) * card L * p-j x p-f + (O i€l N L. p-i i) x (I — p-H * p-f)

proof —

let ?M = Miz‘H

let P = Az P. emeasure (T z) {w€space (T z). P w}

let ?V = (wisit I J aand before-C L) aand hit-C

let ?U = HLD ¢M suntil (Miz‘L - HLD (Miz‘C))

let 7L = HLD (Miz‘C)

have IJ: x € | = z € J for z
using [ by auto

have [simp, intro|: finite I finite L
using L I by (auto dest: finite-subset)

have ?P Start ?V = ¢P Start ((Init‘I - ¢U) or (InitI N L) - ?L))
proof (rule emeasure-Collect-eq-AFE)
show AE w in P. 2V w — ((Init’l - ?U) or (InitI N L) - L)) w
using AFE-T-enabled AE-visit
proof eventually-elim
case (elim w)
then show ?case
using before-C-imp-hit-Clof w L] before-Clof w L] I L
by (auto simp: visit-def HLD-iff Int-absorb2)
qged
show Measurable.pred P ((Init‘I - ¢U) or (Init(I N L) - ?L))
by measurable
qged measurable
also have ... = ¢P Start (Init‘l - ?2U) + ¢P Start (Init{I N L) - ?L)
using L |
apply (subst plus-emeasure)
apply (auto intro!: arg-cong2[where f=emeasure])
apply (subst (asm) suntil.simps)
apply (auto simp add: HLD-iff [abs-def] elim: suntil.cases)
done
also have ?P Start (Init{I N L) - ?L) = (>_4€INL. p-i i % (1 — p-H))
using L I C-smaller p-j-pos
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apply (subst emeasure-HLD-nzt emeasure-HLD, simp)+
apply (subst nn-integral-indicator-finite)
apply (auto simp: emeasure-measure-pmf-finite sum.reindex next-prob-def sum.If-cases
Int-absorb2 H-compl2 ennreal-mult[symmetric] sum-nonneg
sum-distrib-left[symmetric] sum-distrib-right[symmetric]
intro!: sum.cong sum-nonneg)
apply (subst (asm) ennreal-inj)
apply (auto introl: mult-nonneg-nonneg sum-nonneg sum.mono-neutral-left
elim!: negF)
done
also have ?P Start (Init‘l - ?U) = (> i€l. ?P (Init i) 2U * p-i i)
using [
by (subst emeasure-HLD-nzxt, simp)
(auto simp: nn-integral-indicator-finite sum.reindex emeasure-measure-pmyf-finite
introl: sum.cong|[OF refl])
also have ... = (> i€l. ennreal (p-f * (1 — p-H) * p-j x card L / (1 — p-H x
p-f)) * p-i i)
proof (intro sum.cong refl arg-cong2|where f=(x)])
fix ¢ assume 7 € |
with I have i: ¢ €¢ H
by auto
have ?P (Miz i) ?U = (p-f * p-f * (I — p-H) * p-jx card L / (1 — p-H %
p-f))
unfolding before-C-def
proof (rule emeasure-suntil-geometriclwhere X=2M])
show Miz i € ?M
using i by auto
next
fix s assume s € ?M
with p-f p-j-pos L C-smaller|[ THEN less-imp-le]
show ?P s (Miz‘L - (HLD (Mix © C))) = ennreal (p-f * p-f * (I — p-H) *
p-j * card L)
apply (simp add: emeasure-HLD emeasure-HLD-nxt del: nat.simps space-T')
apply (subst nn-integral-measure-pmf-support|of Miz‘L])
apply (auto simp add: subsel-eq emeasure-measure-pmf-finite sum.reindex
H-compl p-j-def
ennreal-mult[symmetric] ennreal-of-nat-eq-real-of-nat)
done
next
fix s assume s € ?M then show emeasure (N s) ?M = ennreal (p-H * p-f)
by (auto simp add: emeasure-measure-pmf-finite sum.reindex H-eq2)
next
show AF w in Tt. - (Miz ‘L - L) N (HLD (Miz * H) N nat ?U)) w for t
using L
apply (simp add: AE-T-iff[of - t])
apply (subst AE-T-iff; simp)
apply (auto simp: HLD-iff suntil-Stream)
done
qed (insert L, auto simp: p-H-p-f-less-1 E-Miz)
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then show ¢P (Init i) U = p-f x (1 — p-H) * p-j * card L |/ (1 — p-H x
p-f)
by (subst emeasure-Init-eq-Mix)
(auto simp: AE-End suntil-Stream divide-ennreal mult-le-one p-f)
qged
finally have *: P(w in T Start. 2V w) =
(-f * (1 — p-H) 5 pj % (card L) | (1 — p- % pf)) * (Sl pei i) +
SCieI N L. p-id) « (1 — p-H)
using sum-nonneg [of I N L p-i] sum-nonneg [of I p-i]
by (simp add: mult-ac measure-def sum-distrib-right[symmetric] sum-distrib-left]symmetric]
sum-divide-distrib[symmetric] 1J ennreal-mult[symmetric]
mult-le-one ennreal-plus[symmetric]
del: ennreal-plus)
show ?thesis
unfolding cond-prob-def Pr-hit-C *
using x
using p-f p-H p-j-pos p-H-p-f-less-1 by (simp add: divide-simps) (simp add:
field-simps)
qed

lemma Pr-visit-eq-before-C"
P(w inB. jeH. visit {j} J w A before-C {j} w | hit-C w ) = 1 — (p-H — p-j)
* p-f

proof —
let 2V = \j. visit {j} J aand before-C {j} and ?H = hit-C
let 2J = H

have P(w in B. (Fje?J. ?Vjw) A ?H w) = (D je?]. P(w in P. (¢?V j aand
7H) w))
proof (rule T.prob-sum)
show AE w in P. (Vje?J. (?Vjaand ?H) w — ((3j€?J. ?Vjw) A 7H w))

A
((Fje?]. ?2Vjw) A ?H w) — (3. je?J A (?V jaand ?H) w))
by (auto intro!: AE-I2 dest: visit-uniquel)
qged auto
then have P(w in P. (3j€?J. 2Vjw) | ?H w) = (> je?J. Plw in P. 2V jw
| 2 w))
by (simp add: cond-prob-def sum-divide-distrib)
also have ... = p-j x p-f + (1 — p-H * p-f)

by (simp add: Pr-visit-before-C' sum-distrib-right[symmetric] sum.distrib)
finally show ?thesis
by (simp add: field-simps)
qged

lemma probably-innocent:
assumes approz: 1 / (2 x (p-H — p-j)) < p-f and p-H # p-j
shows P(w in P. FjeH. visit {j} J w A before-C {j} w | hit-C w ) < 1/ 2
unfolding Pr-visit-eq-before-C
proof —
have [simp]: An = nat. 1 < real n «— 1 < n by auto

260



have 0 < p-j unfolding p-j-def by auto
then have 1 x p-j < p-H
unfolding H-eq2[symmetric] using C-smaller
by (intro mult-mono) (auto simp: Suc-le-eq card-Diff-subset not-le)
with <p-H # p-j» have p-j < p-H by auto
with approx show 1 — (p-H — p-j) xp-f <1/ 2
by (auto simp add: field-simps divide-le-eq split: if-split-asm)
qed

lemma Pr-before-C"
assumes L: L C H
shows P(w in P. before-C L w | hit-C w ) =
card L x p-j x p-f + (D_I€L. p-il) x (I — p-H * p-f)
proof —
have P(w in PB. before-C L w | hit-C w ) =
P(w in PB. visit H J w A before-C L w | hit-C w )
using AFE-visit by (auto introl: T.cond-prob-eq-AFE)
also have ... = card L * p-j * p-f + (O i€L. p-i i) x (I — p-H * p-f)
using L by (subst Pr-visit-before-C[OF L order-refl]) (auto simp: Int-absorbl)
finally show ?thesis .
qed

lemma P-visit:
assumes [: ] C H
shows P(w in P. visit I J w | hit-C w ) = (D i€l. p-i i)
proof —
have P(w in B. visit [ J w | hit-C w ) =
Pw in P. visit I J w A before-C H w | hit-C w )
proof (rule T.cond-prob-eq-AE)
show AFE x in B. hit-C x —
visit I Jx = (visit I J x A before-C H )
using AE-T-enabled by eventually-elim (auto intro: hit-C-imp-before-C)
qged auto
also have ... = sum p-i [
using [ by (subst Pr-visit-before-C[OF order-refl]) (auto simp: Int-absorb2
field-simps p-H-def p-j-def)
finally show ?thesis .
qed

13.5 Probability space of hitting a collaborator
definition hC' = uniform-measure P {wespace P. hit-C w}

lemma emeasure-hit-C-not-0: emeasure P {w € space P. hit-C w} # 0
using p-H p-H-p-f-less-1 unfolding Pr-hit-C' T.emeasure-eq-measure by auto

lemma measurable-hCmeasurable (raw)]:

A € sets S = A € sets hC
f € measurable M S = f € measurable M hC
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g € measurable S M = g € measurable hC' M
A N space S € sets S = A N space hC' € sets S
unfolding hC-def uniform-measure-def

by simp-all

lemma vimage-Int-space-C|simp]:
[ —“{z} N space hC = {wespace S. f w = z}
by (auto simp: hC-def)

sublocale hC': information-space hC 2
proof —
interpret hC': prob-space hC
unfolding hC-def
using emeasure-hit-C-not-0
by (intro prob-space-uniform-measure) auto
show information-space hC 2
by standard simp
qed

abbreviation

mutual-information-Pow-CP («Z'(- ; -')») where

Z(X ; Y) = hC.mutual-information 2 (count-space (X‘space hC)) (count-space
(Yéspace hC)) X Y

lemma simple-functionl:
assumes finite (range f)
assumes [measurable]: Az. {wEspace S. f w = z} € sets S
shows simple-function hC' f
using assms unfolding simple-function-def hC-def
by (simp add: vimage-def space-stream-space)

13.6 Estimate the information to the collaborators

lemma measure-hC|[simp]:

assumes A[measurable]: A € sets S

shows measure hC A = P(w in P. w € A | hit-C w )

unfolding hC-def cond-prob-def

using emeasure-hit-C-not-0 A

by (subst measure-uniform-measure) (simp-all add: T.emeasure-eq-measure Int-def
conj-ac)

13.6.1 Setup random variables for mutual information
definition first-J w = (THE i. visit {i} J w)
lemma first-J-eq:

visit {1} J w = first-J w = 1

unfolding first-J-def by (intro the-equality) (auto dest: visit-uniquel)

lemma AE-first-J:
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AE w in B. wvisit {i} J w +— first-J w =i
using AFE-visit
proof eventually-elim
fix w assume visit H J w
then obtain j where visit {j} Jwj€ H
by (auto simp: visit-def HLD-iff)
then show visit {i} J w «— first-J w =1
by (auto dest: visit-uniquel first-J-eq)
qed

lemma measurbale-first-J[measurable]: first-J € measurable S (count-space UNIV')
unfolding first-J-def[abs-def]
by (intro measurable-THE|where I=H])
(auto dest: visit-imp-in-H visit-uniquel intro: countable-finite)

definition last-H w = (THE i. before-C {i} w)

lemma measurbale-last-H[measurable]: last-H € measurable S (count-space UNIV')
unfolding last-H-def [abs-def]
by (intro measurable-THE[where I=H])
(auto dest: before-C-single before-C-unique intro: countable-finite)

lemma last-H-eq:
before-C {i} w = last-H w = 1
unfolding last-H-def by (intro the-equality) (auto dest: before-C-unique)

lemma last-H:
assumes enabled Start w hit-C' w
shows before-C {last-H w} w last-H w € H
by (metis before-C-single hit-C-imp-before-C last-H-eq Int-iff assms)+

lemma AFE-last-H:

AE w in B. hit-C w — before-C {i} w «— last-H w = i

using AFE-T-enabled
proof eventually-elim

fix w assume enabled Start w then show hit-C w — before-C {i} w = (last-H
w = 1)

by (auto dest: last-H last-H-eq)

qed

lemma information-flow:

defines h = real (card H)

assumes init-uniform: \i. i € H = p-ii =1/ h

shows Z(first-J ; last-H) < (1 — (h — 1) % p-j * p-f) * log 2 h
proof —

let 2il = Xil. P(w in P. visit {i} J w A before-C {I} w | hit-C w )

let 20 = Ai. P(w in PB. visit {i} Jw | hit-C w )

let 21 = Al. P(w in PB. before-C {I} w | hit-C w )
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from init-uniform have init-H: N\i. i € H = p-ii=p-j /| p-H
by (simp add: p-j-def p-H-def h-def)

from h-def have 1/h = p-j/p-Hh = p-H | p-j p-H = h * p-j
by (auto simp: p-H-def p-j-def field-simps)

from C-smaller have h-pos: 0 < h
by (auto simp add: card-gt-0-iff h-def)

let s = (h — 1) * p-j
let f = %s x p-f

from psubset-card-mono[OF - C-smaller]
have 1 < card J — card C
by (simp del: C-le-J)
then have 1 < h
using C-smaller
by (simp add: h-def card-Diff-subset card-mono field-simps del: C-le-J)

have log-le-0: 2f x log 2 (p-H * p-f) < ?f % log 2 1
using p-H-p-f-less-1 p-H-p-f-pos p-j-pos p-f «1 < h»
by (intro mult-left-mono log-mono mult-nonneg-nonneg) auto

have (h — 1) x p-j < 1

using <1 < hy C-smaller

by (auto simp: h-def p-j-def divide-less-eq card-Diff-subset card-mono)
then have 1: (h — 1) * p-jxp-f < 1 1

using p-f by (intro mult-strict-mono) auto

{ fix w have first-J w € H V first-J w = (THE z. False)
apply (cases Vi. = visit {i} J w)
apply (simp add: first-J-def)
apply (auto dest: visit-imp-in-H first-J-eq)
done }
then have range-fj: range first-J C H U {THE z. False}
by auto

have sf-fj: simple-function hC first-J
by (rule simple-functionl) (auto intro: finite-subset|OF range-fj))

have sd-fj: simple-distributed hC first-J i
apply (rule hC.simple-distributedI[OF sf-fj])
apply (auto intro!: T.cond-prob-eq-AF)
apply (auto simp: space-stream-space)
using AFE-first-J
apply eventually-elim
apply auto
done

{ fix w have last-H w € H V last-H w = (THE x. False)
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apply (cases Vi. = before-C {i} w)
apply (simp add: last-H-def)
apply (auto dest: before-C-imp-in-H last-H-eq)
done }
then have range-lnc: range last-H C H U {THE z. False}
by auto

have sf-lnc: simple-function hC' last-H
by (rule simple-functionl) (auto intro: finite-subset| OF range-Inc])

have sd-Inc: simple-distributed hC last-H ?1
apply (rule hC.simple-distributedI[OF sf-Inc])
apply (auto introl: T.cond-prob-eq-AF)
apply (auto simp: space-stream-space)
using AFE-last-H
apply eventually-elim
apply auto
done

have sd-fj-Inc: simple-distributed hC (Aw. (first-J w, last-H w)) (A(4, 1). 2l i)
apply (rule hC.simple-distributedI)
apply (rule simple-function-Pair[OF sf-fj sf-Inc])
apply (auto intro!: T.cond-prob-eq-AF)
apply (auto simp: space-stream-space)
using AFE-last-H AE-first-J
apply eventually-elim
apply auto
done

define ¢ where ¢ = (SOME j. j € C)
have c: c € C
using C-non-empty unfolding ex-in-conv[symmetric] c-def by (rule somel-ex)

let Zinner = Xi. Y I€H. %ilil«log 2 (%ilil [ (%11« ?L1))
{ fix i assume i: ¢ € H
with h-pos have card-idz: real-of-nat (card (H — {i})) = p-H / p-j — 1
by (auto simp add: p-j-def p-H-def h-def)

have neq0: p-j # 0 p-H # 0
unfolding p-j-def p-H-def
using C-smaller i by auto

from i have %inner i =
(S IeH — {i}. #ililxlog 2 (%l ) (%00 % 2L0))) +
il iixlog 2 (%ilii) (%iix ?11))
by (simp add: sum-diff)
also have ... =
(>_teHd — {d}. p-j/p-H * p-j * p-f * log 2 (p-j * p-f | (p-j * p-f + p-j/p-H
« (1 — p-H * p-f)))) +
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p-j/p-H * (p-j * p-f + (1 — p-H * p-f)) * log 2 ((p-j * p-f + (1 — p-H *
p-f)) / (p-j * p-f + p-j/p-H * (1 — p-H * p-f)))
using ¢ p-f p-j-pos p-H
apply (simp add: Pr-visit-before-C' P-visit init-H Pr-before-C
del: sum-constant)
apply (simp add: divide-simps distrib-left)
apply (intro arg-cong2[where f=(x)] refl arg-cong2[where f=log])
apply (auto simp: field-simps)
done
also have ... = (?f xlog 2 (h % p-j x p-f) + (1 — 2f) x log 2 ((1 — ?f) = h))
/ h
using neq0 p-f by (simp add: card-idz field-simps <p-H = h x p-j»)
finally have Zinner i = (2f x log 2 (h * p-j *x p-f) + (1 — 2f) * log 2 ((1 —
o) 5 h) ) b}
then have (> i€H. Zinner i) = 2f x log 2 (h * p-j * p-f) + (I — 2f) *x log 2
((1 — ) = b)
using h-pos by (simp add: h-def[symmetric])
also have ... = ?f x log 2 (p-H * p-f) + (1 — ?2f) x log 2 ((I — ?f) % h)
by (simp add: <h = p-H | p-j)
also have ... < (1 — ?f) xlog 2 (1 — ?f) = h)
using log-le-0 by simp
also have ... < (1 — ?f) xlog 2 h
using h-pos <1 < hy 1 p-j-pos p-f
by (intro mult-left-mono log-mono mult-pos-pos mult-nonneg-nonneg) auto
finally have (> icH. Zinner i) < (1 — 2f) xlog 2 h .
also have () i€H. %inner i) =
> (4, De(first-Jspace S) x (last-H'space S). 2il i 1l * log 2 (?il i1/ (%i 7 *
)
unfolding sum.cartesian-product
proof (safe intro!: sum.mono-neutral-cong-left del: DiffE DiffI)
show finite ((first-J  space S) x (last-H * space S))
using sf-fj sf-lnc by (auto simp add: hC-def dest!: simple-functionD(1))
next
fix ¢ assume i € H
then have visit {i} J (Init i ## Miz i #+# sconst End)
before-C {i} (Init i #4# Mix ¢ ## sconst End)
by (auto simp: before-C-def visit-def suntil-Stream HLD-iff c)
then show i € first-J ‘ space S i € last-H ‘ space S
by (auto simp: space-stream-space image-iff eq-commute dest!: first-J-eq
last-H-eq)
next
fix i [ assume (i, [) € first-J ‘ space S x last-H * space S — H x H
then have H: i ¢ HV I ¢ H
by auto
have P(w in PB. (visit {i} J w A before-C {I} w) A hit-C w) = 0
using H by (intro T.prob-eq-0-AE) (auto dest: visit-imp-in-H before-C-imp-in-H )
then show 2il il xlog 2 (?ilil /[ (?iix ?11) =0
by (simp add: cond-prob-def)
qed
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also have ... = Z(first-J ; last-H)
unfolding sum.cartesian-product
apply (subst hC.mutual-information-simple-distributed| OF sd-fj sd-Inc sd-fj-Inc])
apply (simp add: hC-def)
proof (safe intro!: sum.mono-neutral-right imagel)
show finite ((first-J  space S) x (last-H * space S))
using sf-fj sf-lnc by (auto simp add: hC-def dest!: simple-functionD(1))
next
fix i [ assume (first-J 4, last-H 1) ¢ (\z. (first-J z, last-H x)) * space S
moreover
{fixilassumeic Hl € H
then have visit {i} J (Init i ## Mic | ## Miz ¢ ## sconst End)
before-C {1} (Init ¢ ## Miz | ## Mix ¢ ## sconst End)
using ¢ C-smaller by (auto simp: before-C-def visit-def HLD-iff suntil-Stream)
then have first-J (Init i ## Miz | ## Miz ¢ ## sconst End) = i
last-H (Init i ## Mix | #4# Miz ¢ ## sconst End) = |
by (auto intro!: first-J-eq last-H-eq) }
note this|of first-J i last-H [
ultimately have (first-J i, last-H 1) ¢ HxH
by (auto simp: space-stream-space image-iff eq-commute) metis
then have P(w in B. (visit {first-J i} J w A before-C {last-H I} w) A hit-C
w) =20
by (intro T.prob-eq-0-AE) (auto dest: visit-imp-in-H before-C-imp-in-H)
then show %l (first-J i) (last-H )
log 2 (?il (first-J 7) (last-H 1) | (2i (first-J i) * 21 (last-H 1))) = 0
by (simp add: cond-prob-def)
qed
finally show ?thesis by simp
qed

end

end

14 Formalizing the IPv4-address allocation in Ze-
roConf

theory Zeroconf-Analysis
imports ../ Discrete- Time-Markov-Chain
begin

declare UNIV-bool|simp]

14.1 Definition of a ZeroConf allocation run

datatype zc-state = start
| probe nat
| ok
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| error

lemma inj-probe: inj-on probe X
by (auto simp: inj-on-def)

Countability of zc-state simplifies measurability of functions on zc-state.

instance zc-state :: countable
proof
have countable ({start, ok, error} U probe‘UNIV')
by auto
also have {start, ok, error} U probe‘UNIV = UNIV
using zc-state.nchotomy by auto
finally show 3 f::zc-state = nat. inj f
using inj-on-to-nat-on[of UNIV :: zc-state set] by auto
qed

locale Zeroconf-Analysis =
fixes N :: nat and p q r e :: real
assumes p: 0 < pp< land ¢ 0<qq<1
assumes r[simp]: 0 < r and e[simp]: 0 < e
begin

lemma p-bounds[simp]: 0 < pp < 1
using p by auto

lemma g-bounds[simp]: 0 < q ¢ < 1
using ¢ by auto

abbreviation states where
states = probe ‘ {.. N} U {start, ok, error}

primrec T :: zc-state = zc-state pmf where
T start = map-pmf (ATrue = probe 0 | False = ok) (bernoulli-pmf q)
| 7 (probe n) = map-pmf (ATrue = (if n < N then probe (Suc n) else error) |
False = start) (bernoulli-pmf p)
| 7 ok = return-pmf ok
| T error = return-pmf error

primrec o :: zc-state = zc-state = real where
o start = (A-. 0) (probe 0 :=r, ok := 1 % (N + 1))
| 0 (probe n) = (if n < N then (A-. 0) (probe (Suc n) := 1) else (A-. 0) (error :=
)
| 0 ok = (A-. 0) (ok := 0)
| 0 error = (A-. 0) (error := 0)

lemma g-nonneg’[simp]: 0 < o st
using r e by (cases s) auto

sublocale MC-with-rewards T 0 As. 0
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proof ged (simp-all add: pair-measure-countable)

14.2 The allocation run is a rewarded DTMC

abbreviation E s = set-pmf (T s)

lemma enabled-ok: enabled ok w <— w = sconst ok
by (simp add: enabled-iff-sconst)

lemma finite-E[intro, simpl: finite (E s)
by (cases s) auto

lemma E-closed: s € states — E s C states
using p ¢ by (cases s) (auto split: bool.splits)

lemma enabled-error: enabled error w <— w = sconst error
by (simp add: enabled-iff-sconst)

lemma pos-neg-g-pn: 0 < 1 — q¢ x (I — p-Suc N)
proof —
have p ~ Suc N < 1 ~ Suc N
using p by (intro power-mono) auto
with p ¢ have ¢ * (I — p"Suc N) < 1 * 1
by (intro mult-strict-mono) (auto simp: field-simps simp del: power-Suc)
then show ?thesis by simp
qed

lemma to-error: assumes n < N shows (probe n, error) € acc
using <n < N»
proof (induction rule: inc-induct)
case (step n’) with p show ?case
by (intro rtrancl-trans|OF r-into-rtrancl step.IH]) auto
qed (insert p, auto)

14.3 Probability of a erroneous allocation

definition P-err s = P(w in T s. ev (HLD {error}) (s ## w))

lemma P-err:
defines p-start == (¢« p ~Suc N) / (1 — ¢* (1 — p ~ Suc N))
defines p-probe == (An. p = Suc (N — n) + (I — p~Suc (N — n))  p-start)
assumes s: s € states — {ok, error}
shows P-err s = (case s of ok = 0 | error = 1 | probe n = p-probe n | start
= p-start)
(is... =?Es)
using s
proof (rule unique-les)
have [arith]: 0 < p* (¢ xp "~ N)
using p ¢ by simp
have p-eq: p-start = p-probe 0 * q
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An. n < N = p-probe n = p-probe (Suc n) x p + p-start x (1 — p)
p-probe N = p + p-start x (1 — p)
using p ¢
by (auto simp: p-probe-def p-start-def power-Suc[symmetric] Suc-diff-Suc di-
vide-simps
simp del: power-Suc)
(auto simp: field-simps)
fix s assume s: s € states — {ok, error}
then show ?E s = ([t. ?Et 91 s) + 0
using p ¢ by (auto intro: p-eq)
show 3te{ok, error}. (s, t) € acc
using s q to-error by auto
from s show P-err s = integral” (measure-pmf (7 s)) P-err + 0
unfolding P-err-def[abs-def] by (subst prob-T) (auto simp: ev-Stream simp
del: UNIV-bool)
next
fix s assume s € {ok, error} then show P-err s = ?E s
by (auto introl: T.prob-eq-0-AE T.prob-Collect-eq-1[THEN iffD2)
simp: P-err-def AE-sconst ev-sconst HLD-iff ev-Stream T .prob-space
simp del: space-T sets-T )
qed (insert p ¢, auto intro!: integrable-measure-pmf-finite split: if-split-asm)

lemma P-err-start: P-err start = (¢ * p ~ Suc N) / (1 — ¢ * (I — p ~ Suc N))
by (simp add: P-err)

14.4 An allocation run terminates almost surely

lemma states-closed:
assumes s € states
assumes (s, t) € acc-on (— {error, ok})
shows t € states
using assms(2,1) p q by induction (auto split: if-split-asm)

lemma finite-reached:
assumes s: s € states shows finite (acc-on (— {error, ok}) ““ {s})
using states-closed[OF s]
by (rule-tac finite-subset|of - states]) auto

lemma AFE-reaches-error-or-ok:

assumes s: s € states

shows AE w in T s. ev (HLD {error, ok}) w
proof (rule AE-T-ev-HLD)

{ fix ¢t assume ¢: (s, t) € acc-on (— {error, ok})

with states-closed[OF s t] to-error p q¢ show 3t’'e{error, ok}. (t, t') € acc
by auto }

qed (rule finite-reached[OF s])

14.5 Expected runtime of an allocation run

definition R s = ([ T w. reward-until {error, ok} s w OT s)
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definition R’ s = ennZreal (R s)

lemma R-iter: s # error = s # ok => R s = ([ Tt. ennreal (0 s t) + R t 01
s)
unfolding R-def using T.emeasure-space-1
by (subst nn-integral-T)
(auto simp del: T.simps o.simps simp add: AE-measure-pmf-iff nn-integral-add
introl: nn-integral-cong-AE)

lemma R-finite:
assumes s: s € states
shows R s # oo
unfolding R-def
proof (rule nn-integral-reward-until-finite)
{ fix t assume (s, t) € acc from this s p ¢ have ¢ € states
by induction (auto split: if-split-asm) }
then have acc “ {s} C states
by auto
then show finite (acc ““ {s})
by (auto dest: finite-subset)
qed (auto simp: AE-reaches-error-or-ok[OF s])

lemma R-less-top: s € states = R s < top
using R-finite[of s] by (subst less-top[symmetric]) simp

lemma R'-iter: assumes s: s € states s # error s # ok shows R’ s = ([t. 0 st
+ Rt 0T s)
unfolding R’-def R-iter[OF s(2,3)]
proof (rule enn2real-nn-integral-eq-integral)
havet € Fs — Rt < top for t
using (s€statesy E-closed|of s] by (intro R-less-top) auto
then show AE tin 7 s. ennreal (9 st) + Rt = ennreal (0 st + ennZreal (R
t))
by (auto simp: AE-measure-pmf-iff intro!: ennreal-ennZreal[symmetric])
qed auto

lemma cost-from-start:
R’ start =
(gx(r+pSucNxe+rxpx(1l —p N)/ (1 —0p)+ (I —q)=*(r=* Suc
N)) /
(1 — g+ qg*p Suc N)
proof —
have ok-error: R’ ok = 0 N R’ error = 0
unfolding R’-def R-def by (subst (1 2) reward-until-unfold[abs-def]) simp

then have R-start: R’ start = q * (r + R’ (probe 0)) + (1 — q) * (r x (N +
1))

using ¢ r by (subst R'-iter) (simp-all add: field-simps)
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have R-probe: An. n < N = R’ (probe n) = p x R’ (probe (Suc n)) + p x r +
(1 — p) x R’ start
using p r by (subst R'-iter) (simp-all add: field-simps distrib-right)

have R-N: R’ (probe N) = p * e + (1 — p) * R’ start
using p e ok-error by (subst R'-iter) (auto simp: mult.commute )

{ fix n
assume n < N
then have R’ (probe (N — n)) =
p " Sucnxe+ (I —pm)xrxp/ (1 —p)+ (I —p Sucn)x* R’ start
proof (induct n)
case ( with R-N show ?Zcase by simp
next
case (Suc n)
moreover then have Suc (N — Suc n) = N — n by simp
ultimately show Zcase
using R-probe[of N — Suc n] p by (simp-all add: field-simps Suc)
qed }
from this[of N|
have [simp]: R’ (probe 0) = p " Suc Nxe+ (I —p N)xrxp /(1 —p) +
(1 — p~Suc N) = R’ start
by simp
have R’ start — ¢ * (1 — p~Suc N) x R’ start =
gx(r+pSucN«e+ (1 —p N)ysxrxp/ (1l —-p)+ (1 —¢q=*(r=*(N
+ 1))
by (subst R-start) (simp-all add: field-simps)
then have R’ start = (¢ (r + p"Suc N x e+ (I — p"N)xrxp /(1 — p))
+ (1 — q) % (r* Suc N)) /
(I —qx* (1 — p-SucN))
using pos-neg-q-pn by (simp-all add: field-simps)
then show ?thesis
by (simp add: field-simps)
qed

end

interpretation ZC: Zeroconf-Analysis 2 16 |/ 65024 :: real 0.01 0.002 3600
by standard auto

lemma ZC.P-err start < 1 / 10712
unfolding ZC'.P-err-start by (simp add: power-divide power-one-over|symmetric])

lemma ZC.R' start < 0.007
unfolding ZC'.cost-from-start by (simp add: power-divide power-one-over|[symmetric])

end
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15 Formalization of the Gossip-Broadcast

theory Gossip-Broadcast
imports ../ Discrete- Time-Markov-Chain
begin

lemma inj-on-upd-PiE:
assumes i ¢ I shows inj-on (A(z.f). f(i .= z)) (M x (Ilg i€l. A 7))
unfolding PiFE-def
proof (safe intro!: inj-onl ext)
fix fg:'a="band zy :: b
assume *: f(i := z) = g(i :== y) [ € extensional I g € extensional T
then show = = y by (auto simp: fun-eq-iff split: if-split-asm)
fix i’ from * i ¢ I» show fi' = g i’
by (cases i’ = i) (auto simp: fun-eq-iff extensional-def split: if-split-asm)
qed

lemma sum-folded-product:
fixes I :: 'i set and [ :: 's = i = 'a::{semiring-0, comm-monoid-mult}
assumes finite I N\i. i € I = finite (S 7)
shows (> z€Pig I S. [[i€l. f (z i) i) = ([[i€l. > s€Si. fsi)
using assms proof (induct I)
case empty then show Zcase by simp
next
case (insert i I)
have *: Pig (insert i I) S = (M=, f). f(i :=x)) ‘(Si x Pig I5)
by (auto simp: PiE-def introl: image-eql ext dest: extensional-arb)
have (> z€Pig (insert i I) S. [[i€insert i I. f (x 4) i) =
sum ((Az. [[i€insert i I. f (z %) i) o (M(z, f). f(i :=1x)))) (Si X Pig IS)

unfolding * using insert by (intro sum.reindex) (auto introl: inj-on-upd-PiE)

also have ... = (> (a, 2)€(Si x Pig I S). faix ([[i€l. f (z 1) 7))
using insert by (force introl: sum.cong prod.cong arg-cong2|where f=(x)])
also have ... = (> a€Si. faix O zePig IS.[[i€l. f (z1) 7))

by (simp add: sum.cartesian-product sum-distrib-left)
finally show ?case
using insert by (simp add: sum-distrib-right)
qed

15.1 Definition of the Gossip-Broadcast
datatype state = listening | sending | sleeping
type-synonym sys-state = (nat X nat) = state

lemma state-UNIV: UNIV = {listening, sending, sleeping}
by (auto intro: state.ezhaust)

locale gossip-broadcast =

fixes size :: nat and p :: real
assumes size: 0 < size
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assumes p: 0 < pp < I
begin

interpretation pmf-as-function .

definition states :: sys-state set where
states = ({..< size} x {..< size}) — g {listening, sending, sleeping}

definition start :: sys-state where
start = (Aze{..< size}x{..< size}. listening)((0, 0) := sending)

definition neighbour-sending where
neighbour-sending s = (A\(z,y).
(x>0Ns(z—1,y) = sending) V
(z < size A s (z + 1, y) = sending) V
(y>0ANs(z,y— 1)= sending) V
(y < size A s (z, y + 1) = sending))

definition node-trans :: sys-state = (nat x nat) = state = state = real where
node-trans g © s = (case s of
listening = (if neighbour-sending g x
then (A-.0) (sending := p, sleeping := 1 — p)
else (A-.0) (listening := 1))
| sending = (A-.0) (sleeping = 1)
| sleeping = (A-.0) (sleeping := 1))

lemma node-trans-sum-eq-1[simp]:

node-trans g x s’ listening + (node-trans g © s’ sending + node-trans g z s’
sleeping) = 1

by (simp add: node-trans-def split: state.split)

lemma node-trans-nonneg[simpl: 0 < node-trans s z i j
using p by (auto simp: node-trans-def split: state.split)

lift-definition proto-trans :: sys-state = sys-state pmf is
As s’ if s € states then ([]z€{..< size}x{..< size}. node-trans s = (s x) (s’ z))
else 0
proof
let 2f = As s'. if s’ € states then (J]z€{..< size} x{..< size}. node-trans s = (s
z) (s’ z)) else 0
fix s show Vit. 0 < ?fst
using p by (auto introl: prod-nonneg simp: node-trans-def split: state.split)
show ([ T¢. ?f st dcount-space UNIV) = 1
apply (subst nn-integral-count-space’|of states))
apply (simp-all add: prod-nonneg)
proof —
show (3 z€states. [| zac{..<size} x {..<size}. node-trans s za (s wa) (x xa))
=1
unfolding states-def by (subst sum-folded-product) simp-all
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show finite states
by (auto simp: states-def intro!: finite-PiE)
qed
qed

end

15.2 The Gossip-Broadcast forms a DTMC

sublocale gossip-broadcast C MC-syntax proto-trans .

end

16 Certification of Reachability Problems on MDPs

theory MDP-RP-Certification
imports

../ MDP-Reachability-Problem

HOL—- Library.IArray

HOL— Library.Code-Target-Numeral
begin

context Reachability-Problem
begin

lemma p-ub”:

fixes z

assumes I: s€ S AsD.s€ Sl = De Ks= (D teS.pmfDtxxt)<uzs

assumes 2: A\s. s € SI = x5 # 0 = (3t€S52. (s, t) € (SIGMA s:51. |y DeK
s. set-pmf D)*)

assumes 3: A\s.s€ S —S1 —S2 = zs=10

assumes 4: \s. s € 2 = v s=1

shows enn2real (p s) < z s
proof (rule p-ub[OF 1 - 4])

fix s assume s € S p s = 0 with 2[of s] p-pos|of s] p-S2[of s] 3[of s] show z s
=0

by (cases x s = 0) auto

qed

lemma n-lb":

fixes z

assumes wf R

assumes I: s€ SAsD.s€ Sl = De Ks=zs< (D teS.pmfDtxuxt)
assumes 2: AsD.s€ S1 = De Ks= zs# 0= 3teD. ((t,s) € RNt
eESIANzt#£0)Vite S2

assumes 3: N\s.s€ § — 51 —S2 = 2s=10

assumes 4: \s. s € 2 = x5 = 1

shows z s < enn2real (n s)
proof (rule n-Ib[OF 1 - 4])
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fix s assume x: s € Sns=10
show z s = 0
proof (rule ccontr)
assume z s #
with x n-S2[of s] n-nS12[of s] 3[of s] have s € S1
by (metis DiffI zero-neg-one)
have 0 < n s
by (intro n-pos[of As. x s # 0, OF «x s # 0) <s € S1» «wf Ry])
(metis zero-less-one n-S2 2)
with <n s = 0> show Fualse by auto
qed
qed

end

no-notation Stream.snth (infixl !y 100) — we use !! for TArray

16.1 Computable representation

record mdp-reachability-problem =
state-count :: nat
distrs :: (nat x rat) list list iarray
statesI :: bool tarray
states2 :: bool iarray

record 'a RP-sub-cert =
solution :: rat iarray
witness :: ('a x nat) iarray

record RP-cert =
pos-cert :: (nat X nat) RP-sub-cert
neg-cert :: nat list RP-sub-cert

definition sparse-mult sz y = sum-list (map (A(n, z). z * y !l n) sz)

primrec lookup where
lookup d || z = d
| lookup d (y#vys) x = (if fst y = x then snd y else lookup d ys x)

lemma lookup-eq-map-of: lookup d xs © = (case map-of zs x of Some © = x | None
= d)
by (induct zs) simp-all

lemma lookup-in-set:
distinct (map fst xs) = x € set xs = lookup d zs (fst z) = snd x
unfolding lookup-eq-map-of by (subst map-of-is-Somel [where y=snd x]) simp-all

lemma lookup-not-in-set:
z & fst ‘ set xs = lookup d xs z = d
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unfolding lookup-eq-map-of
by (subst map-of-eq-None-iff [of xs x, THEN iffD2]) auto

lemma lookup-nonneg:

(Az v. (z, v) € set xs = 0 < v) = (0::a::ordered-comm-monoid-add) < lookup
0zsz

apply (induction xs)

apply simp

apply force

done

lemma sparse-mult-eq-sum-lookup:
fixes zs :: (nat X 'a::comm-semiring-1) list
assumes list-all (A(n, ). n < M) xs distinct (map fst zs)
shows sparse-mult zs y = (3> i<M. lookup 0 xs i x y !! )
proof —
from «<distinct (map fst zs)» have distinct zs inj-on fst (set xs)
by (simp-all add: distinct-map)
then have sparse-mult zs y = (> z€set xs. snd z * y ! fst x)
by (auto intro!: sum.cong simp add: sparse-mult-def sum-list-distinct-conv-sum-set)

also have ... = (>  z€set zs. lookup 0 zs (fst x) = y !l fst )
by (intro sum.cong refl arg-cong2[where f=(x)]) (simp add: lookup-in-set
assms)
also have ... = (3 zefst “ set xs. lookup 0 zs z * y !! z)
using <inj-on fst (set zs)» by (simp add: sum.reindex)
also have ... = (> a<M. lookup 0 zs z * y !l x)

using assms(1)
by (intro sum.mono-neutral-cong-left)
(auto simp: list-all-iff lookup-eqg-map-of map-of-eq-None-iff THEN iffD2])
finally show ?thesis .
qed

lemma sum-list-eq-sum-lookup:
fixes zs :: (nat X 'a::comm-semiring-1) list
assumes list-all (A(n, ). n < M) xs distinct (map fst s)
shows sum-list (map snd xs) = (> i<M. lookup 0 zs 7)
proof —
from <distinct (map fst zs)» have distinct zs inj-on fst (set xs)
by (simp-all add: distinct-map)
then have sum-list (map snd zs) = (3 z€set zs. snd x)
by (auto intro!: sum.cong simp add: sparse-mult-def sum-list-distinct-conv-sum-set)

also have ... = (3 z€set xs. lookup 0 xs (fst x))
by (intro sum.cong refl arg-cong2|where f=(x)]) (simp add: lookup-in-set
assms)
also have ... = (D z€fst ‘ set xs. lookup 0 xs x)
using <inj-on fst (set zs)» by (simp add: sum.reindex)
also have ... = (> a<M. lookup 0 zs x)

using assms(1)
by (intro sum.mono-neutral-cong-left)
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(auto simp: list-all-iff lookup-eq-map-of map-of-eq-None-iff THEN iffD2])
finally show ?thesis .
qed

definition
valid-mdp-rp mdp +—
0 < state-count mdp A
IArray.length (distrs mdp) = state-count mdp A
TArray.length (statesl mdp) = state-count mdp A
TArray.length (states2 mdp) = state-count mdp A
(Vi<state-count mdp. — (states1 mdp ! i A states2 mdp ! i) A
list-all (Ads. distinct (map fst ds) A list-all (AM(n, ). 0 < z A n < state-count
mdp) ds A
sum-list (map snd ds) = 1) (distrs mdp ! i) A
= List.null (distrs mdp ! 7))

definition
valid-sub-cert mdp ¢ ord check +—
IArray.length (witness c) = state-count mdp N
TArray.length (solution ¢) = state-count mdp A
(Vi<state-count mdp.
if states2 mdp !! i then solution ¢! i = 1
else if states! mdp !! i then 0 < solution ¢ !! i A
(list-all (Nds. ord (sparse-mult ds (solution c)) (solution c 1! 7)) (distrs mdp
i) A
(0 < solution ¢ ! i — check (distrs mdp ! i) (witness ¢ ! 7))
else solution ¢ ' i = 0)

definition
valid-pos-cert mdp ¢ <—
valid-sub-cert mdp ¢ (<)
(AD ((4, a), n). j < state-count mdp A snd (witness ¢!l j) < n A 0 < solution
cllj A
a < length D N lookup 0 (D! a) j # 0)

definition
valid-neg-cert mdp ¢ +—
valid-sub-cert mdp ¢ (>)
(AD (J, n). list-all2 (A\j d. j < state-count mdp N snd (witness ¢ ! j) < n A
lookup 0 dj # 0 N 0 < solution ¢ 1! j) J D)

definition
valid-cert mdp ¢ <— valid-pos-cert mdp (pos-cert ¢) A valid-neg-cert mdp (neg-cert

)

lemma valid-mdp-rpD-length:
assumes valid-mdp-rp mdp
shows 0 < state-count mdp IArray.length (distrs mdp) = state-count mdp
IArray.length (states! mdp) = state-count mdp IArray.length (states2 mdp) =
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state-count mdp
using assms by (auto simp: valid-mdp-rp-def)

lemma valid-mdp-rpD:
assumes valid-mdp-rp mdp ¢ < state-count mdp
shows — (statesl mdp ! i A states2 mdp !! 7)
and Ads n x. ds € set (distrs mdp Il i) = (n, z) € set ds = n < state-count
mdp
and A\ds n z. ds € set (distrs mdp ! i) = (n, z) € set ds = 0 < x
and Ads. ds € set (distrs mdp ! i) = sum-list (map snd ds) = 1
and Ads. ds € set (distrs mdp ! i) = distinct (map fst ds)
and distrs mdp ! ¢ # |]
using assms by (auto simp: valid-mdp-rp-def list-all-iff List.null-def elim!: allE|of

- i])

lemma valid-mdp-rp-sparse-mult:
assumes valid-mdp-rp mdp i < state-count mdp ds € set (distrs mdp !! ©)
shows sparse-mult ds y = (> i<state-count mdp. lookup 0 ds i x y !! 7)
using valid-mdp-rpD(2,5)[OF assms] by (intro sparse-mult-eq-sum-lookup) (auto
simp: list-all-iff)

lemma valid-sub-certD:
assumes valid-mdp-rp mdp valid-sub-cert mdp ¢ ord check i < state-count mdp
shows — statesl mdp !! i = — states2 mdp ! i = solution ¢ !l i = 0
and states2 mdp ! i = solution ¢! i = 1
and states! mdp ! i — 0 < solution ¢ !! i
and Ads. states! mdp ! i = ds € set (distrs mdp ! i) = ord (sparse-mult
ds (solution c)) (solution ¢ ! 7)
and Ads. states! mdp !l i = 0 < solution ¢ ! i — check (distrs mdp !l ©)
(witness ¢ ! 7)
using assms(2,3) valid-mdp-rpD(1)[OF assms(1,3)]
by (auto simp add: valid-sub-cert-def list-all-iff)

lemma valid-pos-certD:

assumes valid-mdp-rp mdp valid-pos-cert mdp c i < state-count mdp statesI mdp
i

0 < solution ¢ ! i witness ¢ ! i = ((4, a), n)

shows snd (witness ¢ 1! j) < n A j < state-count mdp A a < length (distrs mdp

i) A
lookup 0 ((distrs mdp ! ©) 1 a) 5 # 0 A 0 < solution c 1! j

using valid-sub-certD(5)[OF assms(1) assms(2)[unfolded valid-pos-cert-def] assms(3,4)]

assms(5—) by auto

lemma valid-neg-certD:
assumes valid-mdp-rp mdp valid-neg-cert mdp c i < state-count mdp statesl mdp
1y
0 < solution ¢ ! i witness ¢ ! i = (js, n)
shows list-all2 (N\j ds. j < state-count mdp A snd (witness ¢ 1! ) < n A lookup
0dsj+# 0 N0 < solution ¢! j) js (distrs mdp ! ©)
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using valid-sub-certD(5)[OF assms(1) assms(2)[unfolded valid-neg-cert-def] assms(3)]
assms(4—) by auto

context
fixes mdp c
assumes 7p: valid-mdp-rp mdp
assumes cert: valid-cert mdp ¢
begin

interpretation pmf-as-function .

abbreviation S = {..< state-count mdp}
abbreviation S1 = {i. i < state-count mdp A (statesl mdp) ! i}
abbreviation 52 = {i. i < state-count mdp A (states2 mdp) !l i}

lift-definition K :: nat = nat pmf set is
Ai. if © < state-count mdp then
{ (N\j. of-rat (lookup 0 D j) :: real) | D. D € set (distrs mdp !! ©) }
else { indicator {0} }
proof (auto split: if-split-asm simp del: TArray.sub-def)
fix n D assume n: n < state-count mdp and D: D € set (distrs mdp !! n)
from wvalid-mdp-rpD(3)[OF rp this] show nn: Ai. 0 < lookup 0 D i
by (auto simp add: lookup-eg-map-of split: option.split dest: map-of-SomeD)
show ([T z. ennreal (real-of-rat (lookup 0 D z)) dcount-space UNIV) = 1
using valid-mdp-rpD(2,8,4,5)[OF rp n D]
apply (subst nn-integral-count-space’[of {..< state-count mdp}])
apply (auto intro: nn lookup-not-in-set simp: of-rat-sum|[symmetric] lookup-nonneg)
apply (subst sum-list-eq-sum-lookup[symmetric])
apply (auto simp: list-all-iff lookup-eq-map-of split: option.split)
done
next
show ([ z. ennreal (indicator {0} z) dcount-space UNIV) = 1
by (subst nn-integral-count-space’[of {0}]) auto
qed

interpretation MDP: Reachability-Problem K S S1 S2
proof
show S1NS2={}S1CS52CS
using valid-mdp-rpD(1)[OF rp] by auto
show finite S S # {}
using <valid-mdp-rp mdps by (auto simp add: valid-mdp-rp-def)
show As. K s # {}
using valid-mdp-rpD(6)[OF rp] by transfer simp
show As. finite (K s)
by transfer simp

fix s assume s € S then show (|J DeK s. set-pmf D) C S

using valid-mdp-rpD(2)[OF rp]
by transfer (auto simp: lookup-eg-map-of split: option.splits dest!: map-of-SomeD)
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qed

definition P-maz s = enn2real (MDP.p s)
definition P-min s = ennZ2real (MDP.n s)

lemma
assumes i < state-count mdp
shows P-maz: P-maz i < real-of-rat (solution (pos-cert ¢) !! i) (is ?max)
and P-min: P-min i > real-of-rat (solution (neg-cert ¢) ! i) (is ?min)
proof —
have valid-pos-cert mdp (pos-cert ¢) valid-neg-cert mdp (neg-cert c)
using <wvalid-cert mdp ¢y by (auto simp: valid-cert-def)
note pos = this(1)[unfolded valid-pos-cert-def] and neg = this(2)[unfolded valid-neg-cert-def)

let 2z = As. real-of-rat (solution (pos-cert c) 1! s)
have enn2real (MDP.p i) < 2z i
proof (rule MDP.p-ub")
show i € S using assms by simp
next
fix s Dassume s € SI D € K s
then obtain j where j: j < length (distrs mdp !! s)
Ni. i < state-count mdp = pmf D i = real-of-rat (lookup 0 (distrs mdp !! s
1)) )
by transfer (auto simp: in-set-conv-nth)
with valid-sub-certD(4)[OF <valid-mdp-rp mdpy pos, of s distrs mdp !! s ! j] «s
e St
valid-mdp-rp-sparse-mult| OF <valid-mdp-rp mdp», of s distrs mdp 1! s ! j
solution (pos-cert c)]
show (> teS. pmf Dt =« %xt) < %xs
by (simp add: of-rat-mult[symmetric] of-rat-sum[symmetric| of-rat-less-eq j)
next
fix s a assume s € S2 then show %z s = 1
using valid-sub-certD[OF <wvalid-mdp-rp mdp> pos] by simp
next
fix s define X where X = (SIGMA s:51. |JD€eK s. set-pmf D)
assume s € S1 %z s # 0
with valid-sub-certD(3)[OF rp pos, of s]
have 0 < %z s
by simp
with (s€S1» show 3t€S2. (s, t) € X*
proof (induction n=snd (witness (pos-cert ¢) I ) arbitrary: s rule: less-induct)
case (less s)
obtain ¢ a n where eq: witness (pos-cert ¢) ! s = ((¢, a), n)
by (metis prod.ezhaust)
from wvalid-pos-certD[OF rp <walid-pos-cert mdp (pos-cert c¢)» - - - this]
less.prems
have ord: snd (witness (pos-cert ¢) ! t) < snd (witness (pos-cert ¢) !l s)
and ¢: lookup 0 (distrs mdp ! s a) t # 00 < 2zt teS a < length (distrs
mdp ! s)
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unfolding eq by auto
with (s€S1» have X: (s, t) € X
unfolding X-def
by (transfer fizing: s t a c)
(auto simp: X-def in-set-conv-nth
introl: exI[of - Aj. real-of-rat (lookup 0 (distrs mdp !! s a) j)]
exl[of - distrs mdp ! s ! a] exI[of - a])
show ?case
proof cases
assume t € S1
with less.hyps|OF ord - <0 < %z t»] X show ?thesis
by auto
next
assume ¢ ¢ S1
with valid-sub-certD[OF <wvalid-mdp-rp mdpy pos, of t] <0 < 2z t» t€S»
have t € 52
by auto
with X show %thesis
by auto
qed
qed
next
fix s assume s € § — S1 — 52 then show %z s = 0
using valid-sub-certD(1)[OF <valid-mdp-rp mdps pos, of s| by simp
qed
then show ?maz
by (simp add: P-maz-def)

let %z = As. real-of-rat (solution (neg-cert ¢) !l s)
have ?z i < enn2real (MDP.n i)
proof (rule MDP.n-1b’)
show i € S using assms by simp
next
fix s D assume s € S1 D€ K s
then obtain j where j: j < length (distrs mdp ! s)
Ni. @ < state-count mdp = pmf D i = real-of-rat (lookup 0 (distrs mdp !! s
) )
by transfer (auto simp: in-set-conv-nth)
with valid-sub-certD(4)|OF <valid-mdp-rp mdpy neg, of s distrs mdp ! s j] <s
e St
valid-mdp-rp-sparse-mult|OF <wvalid-mdp-rp mdp», of s distrs mdp 1! s ! j
solution (neg-cert c)]
show %z s < (- teS. pmf Dt x %z t)
by (simp add: of-rat-mult[symmetric] of-rat-sum[symmetric] of-rat-less-eq j)
next
fix s a assume s € 52 then show %z s = 1
using valid-sub-certD[OF <valid-mdp-rp mdp> neg] by simp
next
show wf ((S x S N {(s, t). snd (witness (neg-cert c) I t) < snd (witness
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(neg-cert ¢) ! s)})71) (is wf 2F)

using MDP.S-finite

by (intro finite-acyclic-wf-converse acyclicl-order[where f=\s. snd (witness
(neg-cert ¢) I s)]) auto

fix s D assume 2: s € S1 D€ Ksand %zs # 0
then have 0 < %z s
using valid-sub-certD(3)[OF <valid-mdp-rp mdps neg, of s] by auto

from 2 obtain a where a: a < length (distrs mdp !! s)
Ni. i < state-count mdp = pmf D i = real-of-rat (lookup 0 (distrs mdp !! s

a) 7)

by transfer (auto simp: in-set-conv-nth)

obtain js n where eq: witness (neg-cert ¢) !! s = (js, n)
by (metis prod.ezhaust)
from wvalid-neg-certD[OF <valid-mdp-rp mdp> <valid-neg-cert mdp (neg-cert c)»
---eqlacseSH W0 < s
have *: length js = length (distrs mdp ! s) js! a € S
snd (witness (neg-cert ¢) ! (js ! a)) < snd (witness (neg-cert ¢) !l s)
lookup 0 (distrs mdp !l s a) (js ! a) # 0
0< %z (js! a)
unfolding eq by (auto dest: list-all2-nthD2 list-all2-lengthD)
with a <s € S1) have js-a: js! a € D (js! a, s) € ?F
by (auto simp: set-pmf-iff)

show 3teD. (t,s) €e PFANt €SI NZxt#0ViEeS2
proof cases
assume js ! a € S1 with js-a <0 < %z (js! a)» show ?thesis by auto
next
assume js ! a ¢ S1
with <0 < %z (js ! a)y <jsla € S» valid-sub-certD]OF rp neg, of js ! a
have js ! a € 52
by (auto simp: less-le)
with s ! a € D> show ?thesis
by auto
qged
next
fix s assume s € S — S1 — S2 then show %z s = 0
using valid-sub-certD(1)[OF <valid-mdp-rp mdp> neg, of s] by simp
qed
then show ?min
by (simp add: P-min-def)
qed

end

end
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