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Abstract

Monadic second-order logic on finite words (MSO) is a decidable
yet expressive logic into which many decision problems can be encoded.
Since MSO formulas correspond to regular languages, equivalence of
MSO formulas can be reduced to the equivalence of some regular struc-
tures (e.g. automata). We verify an executable decision procedure for
MSO formulas that is not based on automata but on regular expres-
sions.

Decision procedures for regular expression equivalence have been
formalized before (e.g. in Isabelle/HOL [1]), usually based on Brzo-
zowski derivatives. Yet, for a straightforward embedding of MSO for-
mulas into regular expressions an extension of regular expressions with
a projection operation is required. We prove total correctness and com-
pleteness of an equivalence checker for regular expressions extended in
that way. We also define a language-preserving translation of formu-
las into regular expressions with respect to two different semantics of
MSO.

The formalization is described in the ICFP 2013 functional pearl [2].
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1 Regular Sets

type-synonym ’a lang = 'a list set

definition conc :: 'a lang = 'a lang = 'a lang (infixr «@QQ) 75) where
A @QQ B = {zsQys | zs ys. zs:A & ys:B}

lemma [code]:
A @@ B = (%(xs, ys). zs @ ys) ‘ (A x B)
{proof)

overloading lang-pow == compow :: nat = 'a lang = 'a lang
begin
primrec lang-pow :: nat = ’a lang = 'a lang where
lang-pow 0 A = {[]} |
lang-pow (Suc n) A = A QQ (lang-pow n A)
end

definition star :: ‘a lang = 'a lang where
star A= (Jn. A 7" n)

1.1 Concatenation of Languages

lemma concl[simp,intro]: v : A = v: B— uQuv: A QQ B
(proof )

lemma concE[elim]:
assumes w € A Q@ B
obtains u v where u € A v € B w = uQu

(proof)

lemma conc-mono: AC C —= BC D— AQ@QQ BC C Q@@ D
(proof)

lemma conc-empty[simp: shows {} @@ A = {} and 4 QQ {} = {}
(proof)

lemma conc-epsilon[simp]: shows {[]} @@ A = A and 4 QQ {[|]} = A
{proof)

lemma conc-assoc: (A Q@ B) @@ C = A QQ (B @a C)
(proof)

lemma conc-Un-distrib:
shows 4 Q@ (BU C) = A @@ BU 4 Q@ C
and (AUB)@a C=4@a CuUB@aCC

{proof)

lemma conc-UNION-distrib:



shows A Q@ |J(M ‘I) = (%i. A @@ M) ‘1)
and J(WM ‘I) @@ A = ((%i. Mi@Q A) ‘1)
{proof)

lemma hom-image-conc: [Axzs ys. f (xs Q ys) = fas Q fys] = f ‘(A QQ B) =
ffAQ@af‘B
(proof )

lemma map-image-conc[simp]: map f * (A QQ B) = map f * A QQ map f ‘ B
(proof )

lemma conc-subset-lists: A C lists S = B C lists S =— A QQ B C lists S
(proof)

1.2 Iteration of Languages

lemma lang-pow-add: A " (n+ m)=A " n@Q@Q A T m
{proof)

lemma lang-pow-simps: (A =" Suc n) = (A 7" n QQ A)
{proof)

lemma lang-pow-empty: {} ~ " n = (if n = 0 then {[]} else {})
(proof )

lemma lang-pow-empty-Suc[simp]: ({}::'a lang) ~ Suc n = {}
{proof)

lemma conc-pow-comm:
shows A Q@ (A 7" n)=(A T n)Q@Qa A
{proof)

lemma length-lang-pow-ub:
ALL w: A. length w < k = w: A” n = length w < kxn

(proof)

lemma length-lang-pow-Ib:
ALL w: A. length w > k = w : A~ n = length w > kxn

{proof)

lemma lang-pow-subset-lists: A C lists S = A ~ " n C lists S
(proof )

lemma star-subset-lists: A C lists S = star A C lists S
(proof)

lemma star-if-lang-pow[simp]: w: A =" n = w : star A

{proof)



lemma Nil-in-star[iff]: [] : star A
(proof)

lemma star-if-lang[simp]: assumes w : A shows w : star A

(proof)

lemma append-in-starl[simp]:
assumes u : star A and v : star A shows uQu : star A
(proof)

lemma conc-star-star: star A QQ star A = star A
(proof )

lemma conc-star-comm:
shows A QQ star A = star A @Q A

(proof)

lemma star-induct[consumes 1, case-names Nil append, induct set: star):
assumes w : star A

and P [|

and step: 'uv. u: A = v : star A = P v = P (uQu)
shows P w

(proof)

lemma star-empty([simpl: star {} = {[|}
(proof)

lemma star-epsilon[simpl: star {[]} = {[|}
(proof)

lemma star-idemp[simp]: star (star A) = star A
{proof)

lemma star-unfold-left: star A = A QQ star A U {[]} (is ?L = ?R)
(proof)

lemma concat-in-star: set ws C A = concat ws : star A
(proof)

lemma in-star-iff-concat:
w: star A = (EX ws. set ws C A & w = concat ws & [| ¢ set ws)
(is - = (EX ws. ?R w ws))

(proof )

lemma star-conv-concat: star A = {concat ws|ws. set ws C A & [| ¢ set ws}
{proof)

lemma star-insert-eps[simpl: star (insert [| A) = star(A)

(proof)



lemma star-decom:
assumes a: ¢ € star A x # |
shows Jab.z=aQbAa#[[Na€ANDEstar A

(proof)

lemma Ball-starl: Y a € set as. [a] € A = as € star A
{proof)

lemma map-image-star[simpl: map f ¢ star A = star (map f * A)

(proof)

1.3 Left-Quotients of Languages
definition IQuot :: 'a = 'a lang = ’a lang
where [Quot v A = { xs. z#xs € A }

definition [Quots :: 'a list = 'a lang = 'a lang
where [Quots xs A = { ys. zs Q ys € A }

abbreviation
IQuotss :: 'a list = 'a lang set = 'a lang
where

IQuotss s As = |J (IQuots s © As)

lemma [Quot-empty[simp]: [Quot a {} = {}
and [Quot-epsilon[simp]: 1Quot a {[]} = {}
and [Quot-char[simp]:  1Quot a {[b]} = (if a = b then {[]} else {})
and [Quot-chars[simp]: 1Quot a {[b] | b. P b} = (if P a then {[]} else {})
and [Quot-union[simp]: [Quot a (A U B) = lQuot a A U lQuot a B
and [Quot-inter[simp]: 1Quot a (A N B) = lQuot a A N IQuot a B
and [Quot-compl[simp]: 1Quot a (—A) = — IQuot a A
(proof )

lemma [Quot-conc-subset: 1Quot a A @QQ B C [Quot a (A Q@ B) (is 7L C %R)
(proof )

lemma [Quot-conc [simp]: IQuot ¢ (A QQ B) = (IQuot ¢ A) Q@ B U (if [| € A
then lQuot ¢ B else {})
{proof)

lemma [Quot-star [simp]: [Quot ¢ (star A) = (IQuot ¢ A) QQ star A
(proof)

lemma [Quot-diff [simp]: IQuot ¢ (A — B) = lQuot ¢ A — IQuot ¢ B
(proof)

lemma [Quot-lists[simp]: ¢ : S = IQuot ¢ (lists S) = lists S



{proof)

lemma [Quots-simps [simp]:
shows [Quots [| A= A
and [Quots (¢ # s) A = lQuots s (IQuot ¢ A)
and [Quots (s1 @Q s2) A = IQuots s2 (IQuots s1 A)
(proof )

lemma [Quots-append[iff]: v € lQuots w A +— w Q@ v € A
(proof )

1.4 Right-Quotients of Languages

definition rQuot :: ‘a = 'a lang = 'a lang
where rQuot t A = { zs. zs Q [z] € A }

definition rQuots :: ‘a list = 'a lang = 'a lang
where rQuots s A = { ys. ys Q rev as € A }

abbreviation
rQuotss :: 'a list = 'a lang set = 'a lang
where

rQuotss s As = | (rQuots s < As)

lemma rQuot-rev-lQuot: rQuot x A = rev ‘ [Quot x (rev ¢ A)
(proof)

lemma rQuots-rev-lQuots: rQuots x A = rev ‘ l[Quots z (rev * A)
(proof )

lemma rQuot-empty[simp]: rQuot a {} = {}
and rQuot-epsilon[simp]: rQuot a {[]} = {}
and rQuot-char[simp]:  rQuot a {[b]} = (if a = b then {[]} else {})
and rQuot-union[simpl:  rQuot a (A U B) = rQuot a A U rQuot a B
and rQuot-inter[simp]: rQuot a (A N B) = rQuot a A N rQuot a B
and rQuot-compl[simp|: rQuot a (—A) = — rQuot a A
(proof)

lemma [Quot-rQuot: lQuot a (rQuot b A) = rQuot b (IQuot a A)
(proof )

lemma rQuot-lQuot: rQuot a (IQuot b A) = IQuot b (rQuot a A)
(proof )

lemma rev-simp-invert: (xzs Q [z] = rev z8) = (28 = x # rev xs)
{proof)

lemma rev-append-invert: (zs Q ys = rev zs) = (28 = rev ys Q rev xs)
{proof)



lemma image-rev-lists|simp|: rev  lists S = lists S
(proof)

lemma image-rev-conc[simp]: rev ‘ (A QQ B) = rev * B QQ rev ‘ A
{proof)

lemma image-rev-star[simp): rev ¢ star A = star (rev © A)
{proof)

lemma rQuot-conc [simp]: rQuot ¢ (A QQ B) = A QQ (rQuot ¢ B) U (if [] € B
then rQuot ¢ A else {})
{proof )

lemma rQuot-star [simp]: rQuot ¢ (star A) = star A QQ (rQuot ¢ A)
(proof)

lemma rQuot-diff [simp]: rQuot ¢ (A — B) = rQuot ¢ A — rQuot ¢ B
(proof )

lemma rQuot-lists[simpl: ¢ : S = rQuot ¢ (lists S) = lists S
{proof)

lemma rQuots-simps [simpl:
shows rQuots [| A = A
and rQuots (¢ # s) A = rQuots s (rQuot ¢ A)
and rQuots (s1 @ s2) A = rQuots s2 (rQuots s1 A)
(proof )

lemma rQuots-append[iff]: v € rQuots w A +— v @ revw € A
(proof )
1.5 Two-Sided-Quotients of Languages

definition biQuot :: 'a = 'a = 'a lang = 'a lang
where biQuot x y A ={azs.x # xsQlyl € 4}

definition biQuots :: ‘a list = 'a list = 'a lang = 'a lang
where biQuots 2s ys A = { zs. 1s Q zs Q rev ys € A }

abbreviation
biQuotss :: 'a list = 'a list = 'a lang set = 'a lang
where

biQuotss xs ys As = | (biQuots xs ys * As)

lemma biQuot-rQuot-lQuot: biQuot x y A = rQuot y (IQuot = A)
(proof)

lemma biQuot-lIQuot-rQuot: biQuot x y A = IQuot z (rQuot y A)



{proof)

lemma biQuots-rQuots-lQuots: biQuots vy A = rQuots y (IQuots z A)
(proof )

lemma biQuots-lQuots-rQuots: biQuots z y A = lQuots z (rQuots y A)
(proof )

lemma biQuot-empty[simp]:  biQuot a b {} = {}
and biQuot-epsilon[simp]: biQuot a b {[|} = {}
and biQuot-char[simp]:  biQuot a b {[c]} = {}
and biQuot-union[simp]: biQuot a b (A U B) = biQuot a b A U biQuot a b B
and biQuot-inter[simp]:  biQuot a b (A N B) = biQuot a b A N biQuot a b B
and biQuot-compl[simpl:  biQuot a b (—A) = — biQuot a b A
(proof )

lemma biQuot-conc [simp]: biQuot a b (A Q@ B) =
IQuot a A QQ rQuot b B U
(if | € AN € B then biQuot a b A U biQuot a b B
else if || € A then biQuot a b B
else if [] € B then biQuot a b A
else {})
(proof)

lemma biQuot-star [simp]: biQuot a b (star A) = biQuot a b A U lQuot a A QQ
star A QQ rQuot b A

{proof)

lemma biQuot-diff[simp]: biQuot a b (A — B) = biQuot a b A — biQuot a b B
(proof )

lemma biQuot-lists[simp]: a : S = b: S = biQuot a b (lists S) = lists S

{proof)

lemma biQuots-simps [simp):
shows biQuots [| [ A = A
and biQuots (aftas) (b#bs) A = biQuots as bs (biQuot a b A)
and [length s1 = length t1; length s2 = length t2] =
biQuots (s1 @ s2) (t1 Q t2) A = biQuots s2 t2 (biQuots sl t1 A)

{proof)

lemma biQuots-append[iff]: v € biQuots u w A +— v Q v Q@ rev w € A
(proof)

1.6 Arden’s Lemma

lemma arden-helper:
assumes eq: X = A @@ X U B
shows X = (A 7~ Suc n) @@ X U (m<n. (A 7" m) QQ B)



(proof)

lemma Arden:
assumes [| ¢ A
shows X = A @Q X U B<+— X = star A Q@ B

(proof)

lemma reversed-arden-helper:

assumes e¢q: X = X QQ AU B

shows X = X QQ (A 7" Suc n) U (Um<n. BQQ (4 ™" m))
(proof)

theorem reversed-Arden:
assumes nemp: [| ¢ A
shows X = X Q@ A U B +— X = B QQ star A

(proof)

1.7 Lists of Fixed Length
abbreviation listsN where listsN n S = {xs. zs € lists S A length s = n}

lemma tl-listsN: A C listsN (n+ 1) S = tl * A C listsNn S
(proof)

lemma map-tl-listsN: A C lists (listsN (n + 1) S) = map tl * A C lists (listsN
n S)
(proof)

2 [I-Extended Regular Expressions

2.1 Syntax of regular expressions

datatype ‘a rexp =
Zero |
Full |
One |
Atom 'a |
Plus ('a rexp) ('a rexp) |
Times ('a rexp) ('a rexp) |
Star ('a rexp) |
Not ('a rexp) |
Inter ('a rezp) ('a rexp) |
Pr ('a rexp)
derive linorder rexp

Lifting constructors to lists

fun rexp-of-list where
rexp-of-list OPERATION N [| = N
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| rexp-of-list OPERATION N [z] = z
| rexp-of-list OPERATION N (z # zs) = OPERATION z (rexp-of-list OPERA-
TION N xs)

abbreviation PLUS = rexp-of-list Plus Zero
abbreviation TIMES = rexp-of-list Times One
abbreviation INTERSECT = rexp-of-list Inter Full

lemma list-singleton-induct [case-names nil single cons|:
assumes nil: P |]
assumes single: \z. P[]
assumes cons: Az y zs. P (y # zs) = P (z # (y # s))
shows P zs

{proof)

2.2 ACI normalization

fun toplevel-summands :: 'a rexp = 'a rewp set where
toplevel-summands (Plus r s) = toplevel-summands r U toplevel-summands s
| toplevel-summands r = {r}

abbreviation (input) flatten LISTOP X = LISTOP (sorted-list-of-set X)

lemma toplevel-summands-nonempty|simpl:
toplevel-summands r # {}

(proof)

lemma toplevel-summands-finite[simp):
finite (toplevel-summands r)

(proof)

primrec ACI-norm :: (‘a:linorder) rexp = 'a rexp (<«-»») where
«Zeroy = Zero

| «Fully = Full

| «One» = One

| «Atom a» = Atom a

| «Plus r s» = flatten PLUS (toplevel-summands (Plus «r» «s»))

| «Times r s» = Times «r» «s»

| «Star r» = Star «r»

| «Not r» = Not «r»

| «Inter r s» = Inter «T» «$»

| «Prry = Pr «r»

lemma Plus-toplevel-summands:
Plus r s € toplevel-summands t => False

{proof)

lemma toplevel-summands-not-Plus|[simp]:
(Vrs. x # Plus rs) = toplevel-summands x = {z}

11



{proof)

lemma toplevel-summands-PLUS-strong:
[xs # []; list-all (Az. =(3r s. © = Plus r s)) xs] = toplevel-summands (PLUS
xs) = set xs

{proof)

lemma toplevel-summands-flatten:

[X # {}; finite X; Vo € X. =(3rs. x = Plus r s)] = toplevel-summands (flatten
PLUS X) = X

(proof )

lemma ACI-norm-Plus:
«r» = Plus st = dst. r = Plus st

(proof)

lemma toplevel-summands-flatten-ACI-norm-image:
toplevel-summands (flatten PLUS (ACI-norm ‘ toplevel-summands r)) = ACI-norm
‘ toplevel-summands r

{proof)

lemma toplevel-summands-flatten-ACI-norm-image-Union:
toplevel-summands (flatten PLUS (ACI-norm ‘ toplevel-summands v U ACI-norm
“ toplevel-summands s)) =
ACI-norm ‘ toplevel-summands r U ACI-norm ‘ toplevel-summands s

(proof)

lemma toplevel-summands-ACI-norm:
toplevel-summands «r» = ACI-norm * toplevel-summands r

{proof)

lemma ACI-norm-flatten:
«r» = flatten PLUS (ACI-norm ¢ toplevel-summands r)

{proof)

theorem ACI-norm-idem|[simp]:
QLTHH = KT

(proof)

fun ACI-nPlus :: 'a:linorder rexp = 'a rexp = 'a rexp
where

ACI-nPlus (Plus r1 r2) s = ACI-nPlus r1 (ACI-nPlus r2 s)
| ACI-nPlus r (Plus s1 s2) =

(if r = s1 then Plus sl s2

else if r < sl then Plus r (Plus s1 s2)

else Plus s1 (ACI-nPlus r s2))
| ACI-nPlus r s =

(if r = s then r

else if r < s then Plus r s

12



else Plus s r)

fun ACI-norm-alt where
ACI-norm-alt Zero = Zero
| ACI-norm-alt Full = Full
| ACI-norm-alt One = One
| ACI-norm-alt (Atom a) = Atom a
| ACI-norm-alt (Plus r s) = ACI-nPlus (ACI-norm-alt r) (ACI-norm-alt s)
| ACI-norm-alt (Times r s) = Times (ACI-norm-alt r) (ACI-norm-alt s)
| ACI-norm-alt (Star r) = Star (ACI-norm-alt r)
| ACI-norm-alt (Not r) = Not (ACI-norm-alt 1)
| ACI-norm-alt (Inter r s) = Inter (ACI-norm-alt ) (ACI-norm-alt s)
| ACI-norm-alt (Pr r) = Pr (ACI-norm-alt r)

NN N N N

lemma toplevel-summands-ACI-nPlus:
toplevel-summands (ACI-nPlus r s) = toplevel-summands (Plus r )

(proof)

lemma toplevel-summands-ACI-norm-alt:
toplevel-summands (ACI-norm-alt r) = ACI-norm-alt * toplevel-summands r

(proof)

lemma ACI-norm-alt-Plus:
ACI-norm-alt r = Plus st = dst. r = Plus s t

{proof)

lemma toplevel-summands-flatten-ACI-norm-alt-image:
toplevel-summands (flatten PLUS (ACI-norm-alt ‘ toplevel-summands r)) = ACI-norm-alt
‘ toplevel-summands r

{proof)

lemma ACI-norm-ACI-norm-alt: « ACI-norm-alt r» = «r»

(proof)

lemma ACI-nPlus-singleton-PLUS:
[zs # []; sorted xs; distinct xs; Vo € {x} U set zs. =(3r s. = Plus r s)] =
ACI-nPlus x (PLUS 1s) = (if z € set xs then PLUS s else PLUS (insort x xs))

(proof)

lemma ACI-nPlus-PLUS:

[wst # []; xs2 # [|; V& € set (xs1 Q zs2). (I s. x = Plus r s); sorted xs2;
distinct xs2]—

ACI-nPlus (PLUS zs1) (PLUS xs2) = flatten PLUS (set (zs1 @ z52))

(proof)

lemma ACI-nPlus-flatten-PLUS:
[X1 # {}; X2 # {}; finite XI; finite X2; Vo € X1 U X2. ~(3r s. x = Plus r
ACI-nPlus (flatten PLUS X1) (flatten PLUS X2) = flatten PLUS (X1 U X2)

13



{proof)

lemma ACI-nPlus-ACI-norm[simp]: ACI-nPlus «r» «s» = «Plus 1 s»
{proof)

lemma ACI-norm-alt:
ACI-norm-alt v = «r»

{proof)

declare ACI-norm-alt[symmetric, code]

2.3 Finality

primrec final :: 'a rexp = bool
where
final Zero = False
| final Full = True
| final One = True
| final (Atom -) = False
| final (Plus r s) = (final v V final s)
| final (Times v s) = (final r A final s)
| final (Star -) = True
| final (Not r) = (™ final 1)
| final (Inter r1 r2) = (final r1 A final r2)
| final (Prr) = final v

lemma toplevel-summands-final:
final s = (I retoplevel-summands s. final 1)

{proof)

lemma final-PLUS:
final (PLUS xs) = (3r € set xs. final )

(proof)

theorem ACI-norm-final[simp]:
final «r» = final r

(proof)

2.4 Wellformedness w.r.t. an alphabet

locale alphabet =

fixes ¥ :: nat = ‘a set (X -»)

and wf-atom :: nat = 'b :: linorder = bool
begin

primrec wf :: nat = 'b rexp = bool
where

wf n Zero = True |

wf n Full = True |

wf n One = True |

14



n (Atom a) = (wf-atom n a) |
wfn(Plusrs):(wfnr/\wfns)\
wfn (Timesrs) = (wfnr A wns)|
wf n (Star r) = wfn r |
wfn (Notr) = wfnr|
wfn (Inter v s) = (wfnr A wfns)|
wfn (Prr)=wf(n+1)r

primrec wf-word where
wf-word n [| = True
| wf~word n (w # ws) = (w € ¥ n) A wf-word n ws)

lemma wf-word-snoc[simp]: wf-word n (ws Q [w]) = (w € ¥ n) A wf-word n ws)
{proof)

lemma wf-word-append[simp]: wf-word n (ws @ vs) = (wf-word n ws A wf-word n
vs)
(proof)

lemma wf-word: wf-word n w = (w € lists (X n))
{proof)

lemma toplevel-summands-wf:
wf n s = (Vretoplevel-summands s. wf n r)

{proof)

lemma wf-PLUS|[simp]:
wfn (PLUS xs) = (Vr € set zs. wfn 1)
{proof)

lemma wf-TIMES|simp]:
wf n (TIMES zs) = (Vr € set xs. wfnr)
{proof )

lemma wf-flatten- PLUS|simp]:
finite X = wf n (flatten PLUS X) = (Vr € X. wfn r)
(proof)

theorem ACI-norm-wf|[simp]:
wfn «ry = wfnr
(proof)

lemma wf-INTERSECT[simp]:
wf n (INTERSECT xs) = (VY r € set zs. wf n r)

{proof)

lemma wf-flatten-INTERSECT [simp]:
finite X = wf n (flatten INTERSECT X) = (Vr € X. wfn r)

{proof)
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end

2.5 Language

locale project =
alphabet ¥ wf-atom for ¥ :: nat = 'a set and wf-atom :: nat = 'b :: linorder =
bool +
fixes project :: 'a = a
and lookup :: 'b = 'a = bool
assumes project: Aa. a € ¥ (Suc n) = project a € ¥ n
begin

primrec lang :: nat = 'b rexp => 'a lang where
lang n Zero = {} |

lang n Full = lists (X n) |

lang n One = {[]} |

lang n (Atom b) = {[z] | z. lookup bz Nz € ¥ n} |
lang n (Plus r s) = (lang n r) U (lang n s) |

lang n (Times r s) = conc (lang n r) (lang n s) |
lang n (Star r) = star (lang n r) |

lang n (Not r) = lists (¥ n) — lang n r |

lang n (Inter r s) = (lang n r N lang n s) |

lang n (Pr r) = map project ‘lang (n + 1) r

lemma wf-word-map-project[simp): wf-word (Suc n) ws = wf-word n (map project
ws)
(proof )

lemma wf-lang-wf-word: wf n r = Yw € lang n r. wf~word n w
(proof)

lemma lang-subset-lists: wf n r = lang n r C lists (X n)

{(proof)

lemma toplevel-summands-lang:
r € toplevel-summands s = lang n r C lang n s

{proof)

lemma toplevel-summands-lang-UN':
lang n s = (|J retoplevel-summands s. lang n r)
(proof)

lemma toplevel-summands-in-lang:
w € lang n s = (I r&toplevel-summands s. w € lang n r)

{proof)

lemma lang-PLUS[simp]:
lang n (PLUS zs) = (Ur € set xs. lang n 1)
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{proof)

lemma lang-TIMES|simp]:
lang n (TIMES xs) = foldr (QQ) (map (lang n) xs) {[|}

(proof)

lemma lang-flatten-PLUS:
finite X = lang n (flatten PLUS X) = (Jr € X. lang n r)

{proof)

theorem ACI-norm-lang[simp]:
lang n «r» = lang n r

(proof)

lemma lang-final: final v = ([] € lang n r)
(proof )

lemma in-lang-INTERSECT:
wf-word n w = w € lang n (INTERSECT xs) = (Vr € set zs. w € lang n 1)

{proof)

lemma lang-INTERSECT:

lang n (INTERSECT zs) = (if xs = [] then lists (X n) else (\r € set zs. lang n
r)

{proof)

lemma lang-flatten-INTERSECT [simp]:

assumes finite X X # {} VreX. wfnr

shows w € lang n (flatten INTERSECT X) = (Vr € X. w € langn r) (is L =
?R)
(proof)

end

3 Derivatives of [I-Extended Regular Expressions

locale embed = project ¥ wf-atom project lookup
for X :: nat = 'a set
and wf-atom :: nat = 'b :: linorder = bool
and project :: ‘a = a
and lookup :: 'b = 'a = bool +
fixes embed :: 'a = 'a list
assumes embed: Na. a € ¥ n => b € set (embed a) = (b € ¥ (Suc n) A project
b=a)
begin
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3.1 Syntactic Derivatives

primrec lderiv :: ‘a = 'b rexp = 'b rexp where
lderiv - Zero = Zero
| lderiv - Full = Full
| lderiv - One = Zero
| lderiv a (Atom b) = (if lookup b a then One else Zero)
| lderiv a (Plus r s) = Plus (lderiv a ) (lderiv a s)
| lderiv a (Times r s) =
(let r's = Times (lderiv a r) s
in if final r then Plus r's (lderiv a s) else r's)
| lderiv a (Star r) = Times (lderiv a r) (Star r)
| lderiv a (Not r) = Not (lderiv a r)
| lderiv a (Inter r s) = Inter (lderiv a r) (lderiv a s)
| lderiv a (Prr) = Pr (PLUS (map (A\a'. lderiv o’ r) (embed a)))

primrec lderivs where
lderivs [| = r
| lderivs (w#ws) r = lderivs ws (Ideriv w )

3.2 Finiteness of ACI-Equivalent Derivatives

lemma toplevel-summands-lderiv:
toplevel-summands (lderiv as r) = (|J s€toplevel-summands r. toplevel-summands
(Ideriv as s))

{proof)

lemma lderivs-Zero[simp|: lderivs xs Zero = Zero
{proof)

lemma Iderivs-Full[simp]: lderivs zs Full = Full
{proof)

lemma lderivs-One: lderivs xs One € {Zero, One}
(proof)

lemma lderivs-Atom: lderivs zs (Atom as) € {Zero, One, Atom as}
(proof)

lemma lderivs-Plus: lderivs xs (Plus r s) = Plus (Iderivs zs r) (lderivs xs s)
{proof)

lemma lderivs-PLUS: lderivs xs (PLUS ys) = PLUS (map (Iderivs zs) ys)
{proof)

lemma toplevel-summands-lderivs-Times: toplevel-summands (lderivs xs (Times r
) C

{Times (lderivs xs ) s} U

{r’. Jys zs. v’ € toplevel-summands (lderivs ys s) N ys # [] A zs Q ys = zs}

(proof)
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lemma toplevel-summands-lderivs-Star-nonempty:
zs # [| = toplevel-summands (lderivs xs (Star r)) C
{Times (lderivs ys r) (Star r) | ys. Fzs. ys # [| A zs Q ys = xs}
(proof)

lemma toplevel-summands-lderivs-Star:
toplevel-summands (lderivs xs (Star r)) C
{Star r} U {Times (lderivs ys r) (Star r) | ys. Jzs. ys £ [| A 28 Q ys = xs}
{proof)

lemma ex-lderivs-Pr: 3 s. lderivs ass (Prr) = Pr s

{proof)

lemma toplevel-summands-PLUS:
zs # [| = toplevel-summands (PLUS (map fxs)) = (U r € set zs. toplevel-summands
(fr)

{proof )

lemma [deriv-toplevel-summands-Zero:

[lderivs xs (Prr) = Prs; toplevel-summands r = {Zero}] = toplevel-summands
s = {Zero}
(proof )

lemma toplevel-summands-lderivs-Pr:

[xs # [); lderivs xs (Pr r) = Pr s] =

toplevel-summands s C {Zero} V toplevel-summands s C (| zs. toplevel-summands
(lderivs xs T))

(proof)

lemma Iderivs-Pr:
{lderivs xs (Prr) | zs. True} C
{Pr s | s. toplevel-summands s C {Zero} V
toplevel-summands s C (|J xs. toplevel-summands (lderivs xzs 1))}
(is 7L C?R)
(proof)

lemma ACI-norm-toplevel-summands-Zero: toplevel-summands r C {Zero} =
«r» = Zero

{proof)

lemma ACI-norm-lderivs-Pr:
ACI-norm *{lderivs xs (Prr) | xs. True} C
{Pr Zero} U {Pr «s» | s. toplevel-summands s C (|Jzs. toplevel-summands
«lderivs zs r»)}

(proof)

lemma finite-ACI-norm-toplevel-summands: finite B = finite {f «s» |s. toplevel-summands
s C B}
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{proof)

lemma Iderivs-Not: lderivs xs (Not r) = Not (lderivs zs r)
{proof)

lemma Iderivs-Inter: lderivs zs (Inter r s) = Inter (lderivs zs r) (lderivs xs )
(proof)

theorem finite-lderivs: finite {«lderivs xs r» | zs . True}

{(proof)

3.3 Wellformedness and language of derivatives

lemma wf-lderiv[simp]: wf n r = wf n (Ideriv w r)
{proof)

lemma wf-lderivs[simp]: wf n r = wf n (Iderivs ws r)
{proof)

lemma [Quot-map-project:

assumes as € X n A C lists (X (Suc n))

shows [Quot as (map project < A) = map project “ (|Ja € set (embed as). IQuot a
A) (is ?L = ?R)

(proof)

lemma lang-lderiv: [wf n r; w € ¥ n] = lang n (lderiv w r) = [Quot w (lang n
r)
(proof)

lemma lang-lderivs: [wf n r; wf~word n ws] = lang n (Iderivs ws r) = [Quots ws
(lang n 1)
(proof )

corollary lderivs-final:
assumes wf n r wf~-word n ws
shows final (lderivs ws r) +— ws € lang n r

{proof)

abbreviation lderivs-set n r s = {(«lderivs w r», «lderivs w s») | w. wf-word n

w}

3.4 Deriving preserves ACI-equivalence

lemma ACI-norm-PLUS:
list-all2 (Ar s. «r» = «s») xs ys => «PLUS xs» = «PLUS ys»

(proof)

lemma toplevel-summands-ACI-norm-lderiv:
(U actoplevel-summands r. toplevel-summands «lderiv as «a»») = toplevel-summands
«lderiv as «r»»
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(proof)

theorem ACI-norm-lderiv:

«lderiv as «r»» = «lderiv as r»

(proof)

corollary lderiv-preserves: «r» = «s» = «lderiv as r» = «lderiv as s$»
(proof )

lemma Ilderivs-snoc[simp): lderivs (ws Q [w]) r = (lderiv w (lderivs ws T))
(proof)

theorem ACI-norm-lderivs:
«lderivs ws «r»» = «lderivs ws r»

(proof)

lemma Ilderivs-alt: «lderivs w r» = fold (Aa r. «lderiv a r») w «r»
{proof)

lemma finite-fold-lderiv: finite {fold (Aa r. «lderiv a r») w «s» |w. True}
(proof)

end

4 Some Useful Regular Operators

primrec REV :: 'a rezp = 'a rexp where
REV Zero = Zero

| REV Full = Full

| REV One = One

| REV (Atom a) = Atom a

| REV (Plus r s) = Plus (REV r) (REV s)

| REV (Times r s) = Times (REV s) (REV r)

| REV (Star r) = Star (REV 1)

| REV (Not r) = Not (REV r)

| REV (Inter r s) = Inter (REV r) (REV s)

| REV (Prr) = Pr (REVr)

lemma REV-REV|[simp]: REV (REV r) =r
{proof)

lemma final-REV [simp]: final (REV 1) = final r
{proof)

lemma REV-PLUS: REV (PLUS xs) = PLUS (map REV xs)
(proof)
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lemma (in alphabet) wf-REV [simp|: wf n r = wfn (REV r)
{proof)

lemma (in project) lang-REV [simp]: lang n (REV r) = rev ‘lang n r
{proof)

context embed
begin

primrec rderiv :: 'a = 'b rexp = 'b rexp where
rderiv - Zero = Zero
| rderiv - Full = Full
| rderiv - One = Zero
| rderiv a (Atom b) = (if lookup b a then One else Zero)
| rderiv a (Plus v s) = Plus (rderiv a r) (rderiv a s)
| rderiv a (Times r s) =
(let s’ = Times r (rderiv a )
in if final s then Plus rs’ (rderiv a r) else rs’)
| rderiv a (Star r) = Times (Star r) (rderiv a r)
| rderiv a (Not r) = Not (rderiv a 1)
| rderiv a (Inter r s) = Inter (rderiv a r) (rderiv a s)
| rderiv a (Prr) = Pr (PLUS (map (A\a'. rderiv a’ ) (embed a)))

primrec rderivs where
rderivs [| r = r
| rderivs (w#ws) r = rderivs ws (rderiv w r)

lemma rderivs-snoc: rderivs (ws Q [w]) r = rderiv w (rderivs ws 1)
{proof)

lemma rderivs-append: rderivs (ws @ ws’) r = rderivs ws’ (rderivs ws 1)

{proof)

lemma rderiv-lderiv: rderiv as 1 = REV (lderiv as (REV 1))
(proof)

lemma rderivs-lderivs: rderivs w r = REV (lderivs w (REV 1))
(proof)

lemma wf-rderiv[simp]: wf n r = wf n (rderiv w r)
(proof)

lemma wf-rderivs[simp]: wf n r = wf n (rderivs ws r)
{proof)

lemma lang-rderiv: [wf n r; as € ¥ n] = lang n (rderiv as r) = rQuot as (lang
nr)

{proof)
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lemma lang-rderivs: [wf n r; wf-word n w] = lang n (rderivs w r) = rQuots w
(lang n 1)
(proof )

corollary rderivs-final:
assumes wf n r wf~word n w
shows final (rderivs w r) <— rev w € lang n

{proof)

lemma toplevel-summands-REV [simp]: toplevel-summands (REV r) = REV ‘ toplevel-summands
r

(proof )

lemma ACI-norm-REV: « REV «r»» = «REV r»

(proof)

lemma ACI-norm-rderiv: «rderiv as «r»» = «rderiv as r»
(proof )

lemma ACI-norm-rderivs: «rderivs w «r»» = «rderivs w r»
(proof )

theorem finite-rderivs: finite {«rderivs xs r» | zs . True}
{proof)

lemma [lderiv-PLUS|[simp]: lderiv a (PLUS xs) = PLUS (map (lderiv a) xs)
(proof)

lemma rderiv-PLUS[simp]: rderiv a (PLUS xzs) = PLUS (map (rderiv a) xs)
{proof)

lemma lang-rderiv-lderiv: lang n (rderiv a (lderiv b r)) = lang n (Ideriv b (rderiv

ar))
(proof)

lemma lang-lderiv-rderiv: lang n (Ideriv a (rderiv b 1)) = lang n (rderiv b (lderiv

ar))
{proof)

lemma lang-rderiv-lderivs[simp): [wf n r; wf-word n w; a € ¥ n] =
lang n (rderiv a (lderivs w r)) = lang n (Iderivs w (rderiv a 1))
(proof )

lemma lang-lderiv-rderivs[simp]: [wf n r; wf-word n w; a € ¥ n] =
lang n (lderiv a (rderivs w r)) = lang n (rderivs w (lderiv a 1))

(proof)

definition biderivs w1l w2 = rderivs w2 o lderivs wl
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lemma lang-biderivs: [wf n r; wf-word n wi; wf-word n w2] =
lang n (biderivs w1 w2 r) = biQuots wl w2 (lang n 1)

{proof)

lemma wf-biderivs[simp]: wf n r = wf n (biderivs wl w2 r)
(proof)

corollary biderivs-final:
assumes wf n r wf~word n w1 wf-word n w2
shows final (biderivs wl w2 r) +— wl @ rev w2 € lang n r

{proof)

lemma ACI-norm-biderivs: «biderivs wl w2 «r»» = «biderivs wl w2 r»

(proof)

lemma finite {«biderivs wi w2 r» | wl w2 . True}
(proof)

end

4.1 Quotioning by the same letter

definition fin-cut-same ¢ xs = take (LEAST n. drop n xs = replicate (length xs —
n) ) s

lemma fin-cut-same-Nil[simp]: fin-cut-same z [] = ||
{proof)

lemma Least-fin-cut-same: (LEAST n. drop n xs = replicate (length xs — n) y) =
length xs — length (takeWhile (Az. © = y) (rev xs))
(is Least ?P = ?min)

(proof )

lemma take While-takes-all: length xs = m = m < length (takeWhile P xs) +—
Ball (set xzs) P

(proof)

lemma fin-cut-same-Cons|simp|: fin-cut-same z (y # xs) =
(if fin-cut-same x xs = [] then if x = y then [] else [y] else y # fin-cut-same z xs)
(proof)

lemma fin-cut-same-singleton[simpl: fin-cut-same x (zs Q [z]) = fin-cut-same x xs
{proof)

lemma fin-cut-same-replicate[simp): fin-cut-same x (xs Q replicate n x) = fin-cut-same

T T8
{proof)
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lemma fin-cut-samek: fin-cut-same x s = ys => Im. xs = ys Q replicate m x
(proof)

definition SAMEQUOT a A = {fin-cut-same a x @ replicate m a| x m. z € A}

lemma SAMEQUOT-mono: A C B = SAMEQUOT a A C SAMEQUOT a B
(proof )

locale embed2 = embed % wf-atom project lookup embed

for ¥ :: nat = 'a set

and wf-atom :: nat = 'b :: linorder = bool

and project :: 'a = a

and lookup :: 'b = 'a = bool

and embed :: 'a = ‘a list +

fixes singleton :: 'a = 'b

assumes wf-singleton[simp]: a € ¥ n = wf-atom n (singleton a)

assumes lookup-singleton[simp]: lookup (singleton a) o’ = (a = a’)
begin

lemma finite-rderivs-same: finite {«rderivs (replicate m a) r» | m . True}
(proof)

lemma wf-word-replicate[simpl: a € ¥ n = wf-word n (replicate m a)
(proof )

lemma star-singleton[simpl: star {[z]} = {replicate m = | m . True}
(proof)

definition samequot a r = Times (flatten PLUS {«rderivs (replicate m a) r» | m
. True}) (Star (Atom (singleton a)))

lemma wf-samequot: Jwf n r; a € ¥ n] = wf n (samequot a )
(proof)

lemma lang-samequot: Jwfn r; a € ¥ n] =
lang n (samequot a ) = SAMEQUOT a (lang n 1)

(proof)

fun rderiv-and-add where
rderiv-and-add as (- :: bool, 1s) =
(let
r = «rderiv as (hd rs)»
in if v € set rs then (False, rs) else (True, r # 1s))

definition invar-rderiv-and-add as v brs =

(if fst brs then True else «rderiv as (hd (snd brs))» € set (snd brs)) A
snd brs # [] A distinct (snd brs) A
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(Vi < length (snd brs). snd brs | i = «rderivs (replicate (length (snd brs) — 1 —
i) as) r»)

lemma invar-rderiv-and-add-init: invar-rderiv-and-add as v ( True, [¢7r»])
(proof)

lemma invar-rderiv-and-add-step: invar-rderiv-and-add as r brs = fst brs —>
invar-rderiv-and-add as v (rderiv-and-add as brs)

{proof)

lemma rderivs-replicate-mult: [«rderivs (replicate i as) r» = «r»; i > 0] =
«rderivs (replicate (m x i) as) r» = «r»

(proof)

lemma rderivs-replicate-mult-rest:

assumes «rderivs (replicate © as) r» = «r» k < @

shows «rderivs (replicate (m * @ + k) as) r» = «rderivs (replicate k as) r» (is
?L = ?R)
(proof)

lemma rderivs-replicate-mod:

assumes «rderivs (replicate © as) r» = «r» i > 0

shows «rderivs (replicate m as) r» = «rderivs (replicate (m mod i) as) r» (is ?L
= ?R)

{proof)

lemma rderivs-replicate-diff: [«rderivs (replicate i as) r» = «rderivs (replicate j
as) ;i > j| =

«rderivs (replicate (i — j) as) (rderivs (replicate j as) r)» = «rderivs (replicate j
as) r»

(proof)

lemma samequot-wf:

assumes wf n r while-option fst (rderiv-and-add as) (True, [«r»]) = Some (b,
rs)

shows wf n (PLUS rs)
(proof)

lemma samequot-soundness:
assumes while-option fst (rderiv-and-add as) (True, [«r»]) = Some (b, rs)
shows lang n (PLUS rs) = |J (lang n ‘ {«rderivs (replicate m as) r» | m. True})

(proof)
lemma length-subset-card: [finite X; distinct (z # zs); set (¢ # zs) C X] =
length zs < card X

(proof)

lemma samequot-termination:
assumes while-option fst (rderiv-and-add as) (True, [«r»]) = None (is ?cl =
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None)
shows Fulse

(proof)

definition samequot-exec a r =
Times (PLUS (snd (the (while-option fst (rderiv-and-add a) (True, [«r»])))))
(Star (Atom (singleton a)))

lemma wf-samequot-exec: wf n r; as € ¥ n] = wf n (samequot-exec as r)
(proof)

lemma samequot-exec-samequot: lang n (samequot-exec as r) = lang n (samequot
as )

{proof)

lemma lang-samequot-ezec:

[wf n r; as € & n] = lang n (samequot-ezec as r) = SAMEQUOT as (lang n
r)
(proof)

end

4.2 Suffix and Prefix Languages

definition Suffiz :: ‘a lang = 'a lang where
Suffic L = {w. Ju. v Q@ w € L}

definition Prefiz :: ‘a lang = 'a lang where
Prefic L = {w. Ju. w Q@ u € L}

lemma Prefiz-Suffiz: Prefix L = rev ‘ Suffix (rev ¢ L)
(proof )

definition Root :: ‘a lang = 'a lang where
Root L ={z.3n> 0.z "neL}

definition Cycle :: 'a lang = 'a lang where
Cycle L={vQw|uw w@ue€ L}

context embed
begin

context
fixes n :: nat

begin

definition SUFFIX :: 'b rexp = 'b rexp where
SUFFIX r = flatten PLUS {«lderivs w r»| w. wf-word n w}
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lemma finite-lderivs-wf: finite {«lderivs w r»| w. wf-~word n w}
{proof)

definition PREFIX :: 'b rexp = 'b rexp where
PREFIX r = REV (SUFFIX (REV r))

lemma wf-SUFFIX[simp]: wf n r = wf n (SUFFIX r)
{proof)

lemma lang-SUFFIX [simp]: wf n r = lang n (SUFFIX r) = Suffix (lang n 1)
(proof )

lemma wf-PREFIX|[simp|: wfn r = wf n (PREFIX r)
{proof)

lemma lang-PREFIX|[simp]: wf n r = lang n (PREFIX r) = Prefiz (lang n r)
(proof)

end

lemma take-drop-Cyclel[introl]: x € L = drop { x Q take i z € Cycle L
{proof)

lemma take-drop-Cyclel [intro!]: drop i x @Q take i x € L = x € Cycle L
(proof)

end

5 II-Extended Dual Regular Expressions

5.1 Syntax of regular expressions

datatype 'a rezp-dual =
CoZero (co: bool) |
CoOne (co: bool) |
CoAtom (co: bool) 'a |
CoPlus (co: bool) 'a rexp-dual 'a rexp-dual |
CoTimes (co: bool) 'a rexp-dual 'a rexp-dual |
CoStar (co: bool) 'a rexp-dual |
CoPr (co: bool) 'a rexp-dual
derive linorder rexp-dual

abbreviation CoPLUS-dual b = rexp-of-list (CoPlus b) (CoZero b)
abbreviation bool-unop-dual b = (if b then id else HOL.Not)
abbreviation bool-binop-dual b = (if b then (V) else (N))
abbreviation set-binop-dual b = (if b then (U) else (N))

primrec final-dual :: 'a rexp-dual = bool
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where
final-dual (CoZero b) = (- b)
| final-dual (CoOne b) = b
| final-dual (CoAtom b -) = (= b)
| final-dual (CoPlus b r s) = bool-binop-dual b (final-dual ) (final-dual s)
| final-dual (CoTimes b r s) = bool-binop-dual (— b) (final-dual ) (final-dual s)
| final-dual (CoStar b -) = b
| final-dual (CoPr - r) = final-dual r

context alphabet
begin

primrec wf-dual :: nat = 'b rexp-dual = bool

where

wf-dual n (CoZero -) = True |

wf-dual n (CoOne -) = True |

wf-dual n (CoAtom - a) = (wf-atom n a) |

wf-dual n (CoPlus - r s) = (wf-dual n v A wf-dual n s) |
wf-dual n (CoTimes - r s) = (wf-dual n r A wf-dual n s) |
wf-dual n (CoStar - r) = wf-dual n r |

wf-dual n (CoPr - r) = wf-dual (n + 1) r

lemma wf-dual-PLUS-dual[simp]:
wf-dual n (CoPLUS-dual b zs) = (V1 € set xs. wf-dual n 1)
{proof)

abbreviation set-unop-dual n b A = if b then A else lists (X n) — A

end

context project
begin

primrec lang-dual :: nat = 'b rexp-dual => 'a lang where
lang-dual n (CoZero b) = set-unop-dual n b {} |
lang-dual n (CoOne b) = set-unop-dual n b {[]} |
lang-dual n (CoAtom b a) = set-unop-dual n b {[z] | z. lookup a x N z € ¥ n} |
lang-dual n (CoPlus b r s) = set-binop-dual b (lang-dual n ) (lang-dual n s) |
lang-dual n (CoTimes b r s) = set-unop-dual n b

(set-unop-dual n b (lang-dual n r) QQ set-unop-dual n b (lang-dual n s)) |
lang-dual n (CoStar b r) = set-unop-dual n b (star (set-unop-dual n b (lang-dual
nr))) |
lang-dual n (CoPr b r) = set-unop-dual n b (map project ¢ (set-unop-dual (n + 1)
b (lang-dual (n + 1) 1)))

lemma wf-dual-lang-dual-wf-word: wf-dual n r = Y w € lang-dual n r. wf-word n
w

(proof)
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lemma lang-dual-subset-lists: wf-dual n r = lang-dual n v C lists (X n)
(proof)

lemma lang-dual-final-dual: final-dual v = ([] € lang-dual n r)
(proof )

lemma lang-dual-PLUS-dual[simp]:
lang-dual n (CoPLUS-dual True zs) = ((Jr € set zs. lang-dual n 1)

{proof)

lemma lang-dual-CoPLUS-dual[simp]:
lang-dual n (CoPLUS-dual False xs) = (if xs = || then lists (X n) else (\r € set
xs. lang-dual n 1)

{proof)

end

context embed
begin

primrec lderiv-dual :: 'a = 'b rexp-dual = 'b rexp-dual where
lderiv-dual - (CoZero b) = (CoZero b)
| lderiv-dual - (CoOne b) = (CoZero b)
| lderiv-dual a (CoAtom b c¢) = (if lookup c a then CoOne b else CoZero b)
| lderiv-dual a (CoPlus b r s) = CoPlus b (lderiv-dual a r) (Ideriv-dual a )
| lderiv-dual a (CoTimes b r s) =
(let r's = CoTimes b (lderiv-dual a 1) s
in if bool-unop-dual b (final-dual r) then CoPlus b r's (lderiv-dual a s) else r's)
| lderiv-dual a (CoStar b r) = CoTimes b (lderiv-dual a r) (CoStar b r)
| lderiv-dual a (CoPr b r) = CoPr b (CoPLUS-dual b (map (Aa'. lderiv-dual o’ r)
(embed a)))

primrec lderivs-dual where
lderivs-dual [| r =1
| lderivs-dual (w#ws) r = lderivs-dual ws (lderiv-dual w r)

lemma wf-dual-lderiv-dual[simp]: wf-dual n r = wf-dual n (lderiv-dual w r)
{proof)

lemma wf-dual-lderivs-dual[simp]: wf-dual n r = wf-dual n (lderivs-dual ws )
{proof)

lemma lang-dual-lderiv-dual: [wf-dual n r; w € ¥ n] =
lang-dual n (lderiv-dual w r) = lQuot w (lang-dual n 1)

(proof)

lemma lang-dual-lderivs-dual: Jwf-dual n r; wf-word n ws] =
lang-dual n (lderivs-dual ws r) = lQuots ws (lang-dual n r)

{proof)

30



corollary Iderivs-dual-final-dual:
assumes wf-dual n r wf-word n ws
shows final-dual (Iderivs-dual ws r) <— ws € lang-dual n v

(proof)

end

fun pnCoPlus :: bool = 'a::linorder rexp-dual = 'a rexp-dual = 'a rexp-dual where
pnCoPlus b1 (CoZero b2) r = (if b1 = b2 then r else CoZero b2)
| pnCoPlus b1 r (CoZero b2) = (if b1 = b2 then r else CoZero b2)
| pnCoPlus b1 (CoPlus b2 r s) t =
(if b1 = b2 then pnCoPlus b2 r (pnCoPlus b2 s t) else CoPlus b1 (CoPlus b2 r
s) t)
| pnCoPlus b1 r (CoPlus b2 s t) =
(if b1 = b2 then
(if r = s then (CoPlus b2 s t)
else if v < s then CoPlus b2 r (CoPlus b2 s t)
else CoPlus b2 s (pnCoPlus b2 r t))
else CoPlus b1 v (CoPlus b2 s t))
| pnCoPlus b r s =
(if r = s then r
else if r < s then CoPlus b r s
else CoPlus b s r)

lemma (in alphabet) wf-dual-pnCoPlus[simp]: [wf-dual n r; wf-dual n s] = wf-dual
n (pnCoPlus b r s)
{proof )

lemma (in project) lang-dual-pnCoPlus[simp]: [wf-dual n r; wf-dual n s] =
lang-dual n (pnCoPlus b r s) = lang-dual n (CoPlus b r s)
(proof)

fun pnCoTimes :: bool = 'a::linorder rexp-dual = 'a rexp-dual = 'a rexp-dual
where

pnCoTimes b1 (CoZero b2) r = (if b1 = b2 then CoZero bl else CoTimes bl
(CoZero b2) r)
| pnCoTimes b1 (CoOne b2) r = (if b1 = b2 then r else CoTimes b1 (CoOne b2)
)
| pnCoTimes b1 (CoPlus b2 r s) t = (if b1 = b2 then pnCoPlus b2 (pnCoTimes
b2 r t) (pnCoTimes b2 s t)

else CoTimes b1 (CoPlus b2 r s) t)
| pnCoTimes b r s = CoTimes b r s

lemma (in alphabet) wf-dual-pnCoTimes[simp]: [wf-dual n r; wf-dual n s] =
wf-dual n (pnCoTimes b r s)
(proof )

lemma (in project) lang-dual-pnCoTimes[simp]: [wf-dual n r; wf-dual n s] =
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lang-dual n (pnCoTimes b r s) = lang-dual n (CoTimes b r s)
{proof)

fun pnCoPr :: bool = ’a::linorder rexp-dual = 'a rexp-dual where

pnCoPr b1 (CoZero b2) = (if b1 = b2 then CoZero b2 else CoPr bl (CoZero
b2))
| pnCoPr b1 (CoOne b2) = (if b1 = b2 then CoOne b2 else CoPr b1 (CoOne b2))
| pnCoPr b1 (CoPlus b2 r s) = (if b1 = b2 then pnCoPlus b2 (pnCoPr b2 r)
(pnCoPr b2 s)

else CoPr b1 (CoPlus b2 r s))

| pnCoPr b r = CoPrbr

lemma (in alphabet) wf-dual-pnCoPr[simpl: wf-dual (Suc n) r = wf-dual n
(pnCoPr b r)
{proof)

lemma (in project) lang-dual-pnCoPr|[simpl: wf-dual (Suc n) r = lang-dual n
(pnCoPr b r) = lang-dual n (CoPr b r)
{proof)

primrec pnorm-dual :: 'a::linorder rexp-dual = 'a rexp-dual where
pnorm-dual (CoZero b) = (CoZero b)

| pnorm-dual (CoOne b) = (CoOne b)

| pnorm-dual (CoAtom b a) = (CoAtom b a)

| pnorm-dual (CoPlus b r s) = pnCoPlus b (pnorm-dual r) (pnorm-dual s)

| pnorm-dual (CoTimes b r s) = pnCoTimes b (pnorm-dual 1) s

| pnorm-dual (CoStar b r) = CoStar b r

| pnorm-dual (CoPr b r) = pnCoPr b (pnorm-dual 1)

lemma (in alphabet) wf-dual-pnorm-dual[simp]: wf-dual n r = wf-dual n (pnorm-dual
r)

(proof)

lemma (in project) lang-dual-pnorm-dual[simp]: wf-dual n r = lang-dual n (pnorm-dual
r) = lang-dual n r

{proof)

primrec CoNot where
CoNot (CoZero b) = CoZero (— b)
| CoNot (CoOne b) = CoOne (= b)
| CoNot (CoAtom b a) = CoAtom (= b) a
| CoNot (CoPlus b r s) = CoPlus (= b) (CoNot r) (CoNot s)
| CoNot (CoTimes b r s) = CoTimes (= b) (CoNot r) (CoNot s)
| CoNot (CoStar b r) = CoStar (— b) (CoNot )
| CoNot (CoPr b r) = CoPr (- b) (CoNot r)

primrec rezp-dual-of where
rexp-dual-of Zero = CoZero True
| rexp-dual-of Full = CoZero False
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| rexp-dual-of One = CoOne True

| rexp-dual-of (Atom a) = CoAtom True a

| rexp-dual-of (Plus v s) = CoPlus True (rexp-dual-of r) (rexp-dual-of s)

| rexp-dual-of (Times r s) = CoTimes True (rexp-dual-of r) (rexp-dual-of s)
| rexp-dual-of (Star r) = CoStar True (rexp-dual-of r)

| rexp-dual-of (Not r) = CoNot (rexp-dual-of 1)

| rexp-dual-of (Inter r s) = CoPlus False (rexp-dual-of ) (rexp-dual-of s)

| rexp-dual-of (Pr r) = CoPr True (rexp-dual-of r)

lemma (in alphabet) wf-dual-CoNot[simp]: wf-dual n r = wf-dual n (CoNot r)
(proof)

lemma (in project) lang-dual-CoNot[simp]: wf-dual n r = lang-dual n (CoNot
r) = lists (X n) — lang-dual n r
(proof )

lemma (in alphabet) wf-dual-rexp-dual-of [simp]: wf n r = wf-dual n (rexp-dual-of
r)
(proof )

lemma (in project) lang-dual-rexp-dual-of [simp]: wf n r = lang-dual n (rexp-dual-of

r) = lang nr
(proof)

end

6 Deciding Equivalence of [I-Extended Regular Ex-
pressions

lemma image2p-in-rel: BNF-Greatest-Fizpoint.image2p f g (in-rel R) = in-rel
(map-prod f g * R)
{proof )

lemma image2p-apply: BNF-Greatest-Fizpoint.image2p f g Rz y = (32’ y'. R «’
y'Nfri=axANgy =y)
(proof )

lemma rtrancl-fold-product:
shows {((r, s), (far, fas)|rsa ac A} > =

{((r, s), (fold fwr, fold fws))| rsw we lists A} (is ?L = ?R)
(proof)

lemma in-fold-lQuot: v € fold IQuot w L +— w Q v € L
(proof)

lemma (in project) lang-eg-ext: Jwf n r; wf n s] = (lang n r = lang n s) =
(Vw € lists(X n). w € lang n r <— w € lang n )
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{proof)

lemma (in project) lang-eg-ext-Nil-fold-Deriv:

fixes r s n

assumes WF: wfnrwfns

defines B = {(fold IQuot w (lang n 1), fold IQuot w (lang n )| w. weElists (X
n)

shows lang nr = langn s<+— (V(K, L) € B. [ € K +— [ € L)

(proof )

locale rexp-DA = project set o o wf-atom project lookup

for o :: nat = 'a list

and wf-atom :: nat = 'b :: linorder = bool

and project :: 'a = a

and lookup :: 'b = 'a = bool +

fixes init :: 'b rexp = 's

fixes delta :: 'a = 's = s

fixes final :: 's = bool

fixes wf-state :: 's = bool

fixes post :: 's = 's

fixes L :: 's = 'a lang

fixes n :: nat

assumes L-init[simp]: wfnr = L (init r) = lang n r

assumes L-delta]simp]: [a € set (o n); wf-state s] = L (delta a s) = IQuot a
(L s)

assumes final-iff-Nil[simp]: final s +— [] € L s

assumes L-wjf-state[dest]: wf-state s => L s C lists (set (o n))

assumes init-wf-state[simpl: wf n r = wf-state (init r)

assumes delta-wf-state[simp]: [a € set (o n); wf-state s] = wf-state (delta a s)

assumes L-post[simp]: wf-state s => L (post s) = L s

assumes wyf-state-post[simp|: wf-state s => wf-state (post s)
begin

lemma L-deltas[simp]: [wf-word n w; wf-state s|] = L (fold delta w s) = fold
IQuot w (L s)
{proof)

definition progression (infix <—» 60) where
R — S = (Vsl s2. R sl s2 — wf-state s1 N\ wf-state s2 A final s1 = final s2 A
(Vz € set (o n). BNF-Greatest-Fizpoint.image2p post post S (post (delta x s1))
(post (delta z s2))))

lemma SUPR-progression[introl]: ¥n. Im. X n - Y m = (SUP n. X n) —
(SUP n. Y n)

{proof)

definition bisimulation where
bisimulation R = R — R
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definition bisimulation-upto where
bisimulation-upto R f = R — f R

declare image2pl[intro!] image2pE|[elim!]
lemmas bisim-def = bisimulation-def progression-def
lemmas bisim-upto-def = bisimulation-upto-def progression-def

definition compatible where
compatible f = (mono f N(VRS.R— S — fR — f9))

lemmas compat-def = compatible-def progression-def

lemma bisimulation-upto-bisimulation:
assumes compatible f bisimulation-upto R f
obtains S where bisimulation S R < S

(proof)

lemma bisimulation-eqL: bisimulation (Asl s2. wf-state s1 A wf-state s2 N L sl
=L s2)
(proof )

lemma coinduction:
assumes bisim[unfolded bisim-def]: bisimulation R and
WE': wf-state s1 wf-state s2 and R: R sl s2
shows L sI = L s2

(proof)

lemma coinduction-upto:

assumes bisimulation-upto R f and WF: wf-state s1 wf-state s2 and R s1 s2
compatible f

shows L s1 = L s2

(proof)
fun test-invariant where

test-invariant (ws, - = ('s x 's) list , - :: 's rel) = (case ws of [| = False | (w::'a
list,p,q)#- = final p = final q)
fun test where test (ws, - :: ‘s rel) = (case ws of [| = False | (p,q)#- = final p
= final q)

fun step-invariant where step-invariant (ws, ps, N) =
(let
(w, r, 8) = hd ws;
ps' = (r, s) # ps;
succs = map (Aa.
let v’ = delta a r; s’ = delta a s
in ((a # w, v, s'), (post r', post s"))) (o n);
new = remdups’ snd (filter (A(-, rs). rs ¢ N) succs);
ws' = tl ws Q map fst new;
N’ = set (map snd new) U N
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in (ws', ps’, N'))

fun step where step (ws, N) =
(let
(r, 8) = hd ws;
succs = map (Aa.
let v' = delta a r; s' = delta a s
in (", s7), (post ', post 1)) (o n);
new = remdups’ snd (filter (A(-, rs). s ¢ N) succs)
in (tl ws @ map fst new, set (map snd new) U N))

definition closure-invariant where closure-invariant = while-option test-invariant
step-invariant
definition closure where closure = while-option test step

definition invariant where
invariant r s = (A(ws, ps, N).

(r, s) € snd ‘ set ws U set ps A

distinct (map snd ws @ ps) A

bij-betw (map-prod post post) (set (map snd ws Q ps)) N A

(V(w, r'; ') € set ws. fold delta (rev w) r = r' A fold delta (rev w) s = s’ A
wf-word n (rev w) A wf-state v’ A wf-state s') A

(V(r', s") € set ps. (3w. fold delta wr = 1’ A fold delta w s = s’) A
wf-state v’ A wf-state s' A (final v’ +— final s") A
(Vaeset (o n). (post (delta a r'), post (delta a s")) € N)))

lemma invariant-start:
[wf-state ; wf-state s] = invariant r s ([([], r, $)], [, {(post r, post s)})
{proof)

lemma step-invariant-mono:
assumes step-invariant (ws, ps, N) = (ws’, ps’, N)
shows snd ‘ set ws U set ps C snd ‘ set ws’ U set ps’

(proof)

lemma step-invatiant-unfold: step-invariant (w # ws, ps, N) = (ws’, ps’, N') =
(Jzs rs.

w = (zs, r, §) A\ ps’' = (r, s) # ps A

ws' = ws Q remdups’ (map-prod post post o snd) (filter (A(-, p). map-prod post
post p ¢ N)

(map (Ma. (aftzs, delta a r, delta a s)) (o n))) A

N’ = set (map (Aa. (post (delta a 1), post (delta a s))) (o n)) U N)

{proof)

lemma invariant: invariant r s st = test-invariant st => invariant r s (step-invariant
st)
(proof)

lemma step-commute: ws # [| =
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(case step-invariant (ws, ps, N) of (ws’, ps’, N') = (map snd ws’, N')) = step
(map snd ws, N)
(proof)

lemma closure-invariant-closure:
map-option (A(ws, ps, N). (map snd ws, N)) (closure-invariant (ws, ps, N)) =
closure (map snd ws, N)

(proof)
lemma
assumes result: closure-invariant ([([], init r, init s)], [], {(post (init r), post (init
s))}) =
Some(ws, ps, N) (is closure-invariant ([([], ?r, ?s)], -) = -)
and WF: wfnrwfns
shows closure-invariant-sound: ws = [| = lang n r = lang n s and
counterexample: ws # [| = rev (fst (hd ws)) € lang n r +— rev (fst (hd ws))
¢ lang n s
(proof )

lemma closure-sound:

assumes result: closure ([(init r, init s)], {(post (init r), post (init s))}) = Some
(1, v)

and WF: wfnrwfns

shows lang n r = lang n s

{proof)

definition check-equ where
check-equ r s =
(let v/ = dnit r; s’ = init s in (case closure ([(r', s")], {(post r', post s")}) of
Some ([, -) = True | - = Fulse))

lemma check-equ-sound:
assumes check-equ r s and WF: wfn rwfns
shows lang n r = lang n s

{proof)

definition countererample where
counterexample r s =

(let r' = dnit r; s' = init s in (case closure-invariant ([([], r’, s")], [I, {(post r/,
post s)}) of
Some((w,-,-) # -, -) = Some (rev w) | - => None))

lemma counterexample-sound:
assumes result: counterezample r s = Some w and WF: wfn r wfn s
shows w € lang nr +— w ¢ lang n s

{proof)

Auxiliary exacutable functions:

definition reachable :: 'b rexp = 's set where
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reachable s = snd (the (rtrancl-while (A-. True) (As. map (Aa. post (delta a s))

(o m) (init )))

definition automaton :: 'b rexp = (('s x ‘a) * 's) set where
automaton s =
snd (the
(let i = init s;
start = ((M» {pOSt i}), {})a
test-invariant = A((ws, Z), A). ws # [[;
step-invariant = A\((ws, Z), A).
(let s = hd ws;
new-edges = map (Aa. ((s, a), delta a s)) (o n);
new = remdups (filter (Ass. post ss ¢ Z) (map snd new-edges))
in ((new @ ¢l ws, post ‘ set new U Z), set new-edges U A))
in while-option test-invariant step-invariant start))

definition match :: 'b rexp = 'a list = bool where
match s w = final (fold delta w (init s))

lemma match-correct: Jwf-word n w; wf n s] = match s w +— w € lang n s
(proof )

end

locale rexp-DFA = rexp-DA o wf-atom project lookup init delta final wf-state post
Ln

for o :: nat = 'a list

and wf-atom :: nat = 'b :: linorder = bool

and project :: 'a = a

and lookup :: 'b = ’a = bool

and init 2 'b rexp = s

and delta :: 'a = 's = s

and final :: 's = bool

and wf-state :: 's = bool

and post :: 's = s

and L :: 's = 'a lang

and n :: nat +
assumes fin: finite {fold delta w (init ) | w. True}
begin

abbreviation Reachable s = {fold delta w (init s) | w. True}

lemma closure-invariant-termination:
assumes WF: wfnrwfns
and result: closure-invariant ([([], init r, init s)], [], {(post (init r), post (init
s))}) = None
(is closure-invariant ([([], ?r, ?s)], -) = None is ?cl = None)
shows Fulse

(proof)
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lemma closure-termination:
assumes WF: wfnrwfns
and result: closure ([(init r, init s)], {(post (init r), post (init s))}) = None
shows Fulse

{proof)

lemma closure-invariant-complete:
assumes eq: lang n r = lang n s
and WF: wfnrwfns

shows Jps N. closure-invariant ([([], init r, indt s)], [], {(post (init r), post (init
s))}) =

Some([], ps, N) (is 3 - -. closure-invariant ([([], ?r, 9s)], -) = -is 3- -. el = -)
(proof )

lemma closure-complete:

assumes lang nr = langn s wfnrwfn s

shows 3 N. closure ([(init r, init s)], {(post (init 1), post (init s))}) = Some ([],
N)

{proof)

lemma check-equ-complete:
assumes lang nr = langn swfnrwfn s
shows check-equ r s

{proof)

lemma counterexample-complete:
assumes lang n v # lang n s and WF: wfn rwfn s
shows Jw. counterexample r s = Some w

{proof)

end

locale rexp-DA-no-post = rexp-DA o wf-atom project lookup init delta final wf-state
idLn
for o :: nat = 'a list
and wf-atom :: nat = 'b :: linorder = bool
and project :: 'a = 'a
and lookup :: 'b = 'a = bool
and init :: 'b rexp = s
and delta :: 'a = 's = s
and final :: 's = bool
and wf-state :: 's = bool
and L :: 's = 'a lang
and n :: nat
begin

lemma step-efficient|code]: step (ws, N) =
(let
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(r, 8) = hd ws;
)))new = remdups (filter (A(r,s). (r,s) ¢ N) (map (Aa. (delta a r, delta a s)) (o

in (tl ws Q new, set new U N))
(proof)

end

locale rexp-DFA-no-post = rexp-DFA o wf-atom project lookup init delta final
wf-state id L
for o :: nat = 'a list
and wf-atom :: nat = 'b :: linorder = bool
and project :: 'a = 'a
and lookup :: 'b = ’a = bool
and init 2 'b rexp = s
and delta :: 'a = 's = 's
and final :: 's = bool
and wf-state :: 's = bool
and L :: 's = 'a lang
begin

sublocale rexp-DA-no-post {proof)
end

locale rexp-DA-sim = project set o o wf-atom project lookup
for o :: nat = 'a list
and wf-atom :: nat = 'b :: linorder = bool
and project :: 'a = a
and lookup :: 'b = 'a = bool +
fixes init :: 'b rexp = 's
fixes sim-delta :: 's = 's list
fixes final :: 's = bool
fixes wf-state :: 's = bool
fixes L :: 's = 'a lang
fixes post :: 's = 's
fixes n :: nat
assumes L-init[simp]: wfnr = L (init r) = lang n r
assumes final-iff-Nil[simp]: final s +— [ € L s
assumes L-wf-state[dest]: wf-state s => L s C lists (set (o n))
assumes init-wf-state[simpl: wf n r = wf-state (init r)
assumes L-post[simp|: wf-state s => L (post s) = L s
assumes wyf-state-post[simp|: wf-state s => wf-state (post s)
assumes L-sim-delta[simp]: wf-state s => map L (sim-delta s) = map (Aa. lQuot
a (L s)) (o n)
assumes sim-delta-wf-state[simp]: wf-state s =V s’ € set (sim-delta s). wf-state
5/
begin
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definition delta a s = sim-delta s ! index (o n) a

lemma length-sim-delta[simp]: wf-state s => length (sim-delta s) = length (o n)
{proof)

lemma L-delta[simp]: [a € set (o n); wf-state s] = L (delta a s) = lQuot a (L
s)
(proof)

lemma delta-wf-state[simp]: [a € set (o n); wf-state s] = wf-state (delta a s)
(proof)

sublocale rexp-DA o wf-atom project lookup init delta final wf-state post L
(proof )

sublocale rexp-DA-sim-no-post: rexp-DA-no-post o wf-atom project lookup init
delta final wf-state L

{proof)

end

7 Initial Normalization of the Input

fun toplevel-inters where
toplevel-inters (Inter r s) = toplevel-inters r U toplevel-inters s
| toplevel-inters r = {r}

lemma toplevel-inters-nonempty[simp):
toplevel-inters v # {}
(proof)

lemma toplevel-inters-finitesimp):
finite (toplevel-inters r)
(proof)

context alphabet
begin

lemma toplevel-inters-wf:
wf n s = (Vre&toplevel-inters s. wf n r)
(proof)

end

context project
begin
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lemma toplevel-inters-lang:
r € toplevel-inters s = lang n s C lang n r

{proof)

lemma toplevel-inters-lang-INT:
lang n s = ([ re€toplevel-inters s. lang n 1)

{proof)

lemma toplevel-inters-in-lang:
w € lang n s = (V¥ r&toplevel-inters s. w € lang n r)
(proof)

lemma lang-flatten-INTERSECT-finite[simp]:
finite X = w € lang n (flatten INTERSECT X) =
(if X = {} then w € lists (X n) else (Vr € X. w € lang n 1))
(proof)

end

fun merge-distinct where
merge-distinct || xs = xs
| merge-distinct xs [| = xs
| merge-distinct (a # xs) (b # ys) =
(if a = b then merge-distinct zs (b # ys)
else if a < b then a # merge-distinct s (b # ys)
else b # merge-distinct (a # xs) ys)

lemma set-merge-distinct[simp|: set (merge-distinct xs ys) = set xs U set ys
(proof )

lemma sorted-merge-distinct[simp|: [sorted xs; sorted ys]| = sorted (merge-distinct
xs ys)
{proof)

lemma distinct-merge-distinct[simp]: [sorted xs; distinct xs; sorted ys; distinct ys]
_—

distinct (merge-distinct zs ys)

{proof )

lemma sorted-list-of-set-merge-distinct[simp|: [sorted xs; distinct xs; sorted ys; dis-
tinct ys] =
merge-distinct s ys = sorted-list-of-set (set xs U set ys)

{proof)

fun zip-with-option where
zip-with-option f (Some a) (Some b) = Some (f a b)
| zip-with-option - - - = None
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lemma zip-with-option-eq-Some[simpl:

zip-with-option f x y = Some z «— (Ja b. z=fa b A z = Some a A y = Some
b)

(proof )

fun Pluss where
Pluss (Plus r s) = zip-with-option merge-distinct (Pluss r) (Pluss s)
| Pluss Zero = Some ]
| Pluss Full = None
| Pluss r = Some [r]

lemma Pluss-None[symmetric]: Pluss r = None <— Full € toplevel-summands r
{proof)

lemma Pluss-Some: Pluss r = Some s «+—
(Full ¢ set xs A\ xs = sorted-list-of-set (toplevel-summands r — {Zero}))
(proof)

fun Inters where
Inters (Inter r s) = zip-with-option merge-distinct (Inters r) (Inters s)
| Inters Zero = None
| Inters Full = Some ||
| Inters r = Some [r]

lemma Inters-None[symmetric]: Inters r = None +— Zero € toplevel-inters r
(proof)

lemma Inters-Some: Inters r = Some zs +—
(Zero ¢ set xs N\ xs = sorted-list-of-set (toplevel-inters r — {Full}))
(proof)

definition inPlus where
inPlus r s = (case Pluss (Plus r s) of None = Full | Some rs = PLUS rs)

lemma inPlus-alt: inPlus r s = (let X = toplevel-summands (Plus r s) — {Zero}
m

flatten PLUS (if Full € X then {Full} else X))
(proof)

fun inTimes where
inTimes Zero - = Zero
| inTimes - Zero = Zero
| inTimes One r = r
| inTimes r One = r
| inTimes (Times r s) t = Times r (inTimes s t)
| inTimes r s = Times r s

fun inStar where
inStar Zero = One
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| inStar Full = Full

| inStar One = One

| inStar (Star r) = Star r
| inStar r = Star r

definition inInter where
inInter r s = (case Inters (Inter r s) of None = Zero | Some rs = INTERSECT
rs)

lemma inlnter-alt: inInter r s = (let X = toplevel-inters (Inter r s) — {Full} in
flatten INTERSECT (if Zero € X then {Zero} else X))

(proof)

fun inNot where

inNot Zero = Full
| inNot Full = Zero
| inNot (Not r) = r
| inNot (Plus r s) = Inter (inNot 1) (inNot s)
| inNot (Inter r s) = Plus (inNot r) (inNot s)
| inNot r = Not r

fun inPr where
inPr Zero = Zero
| inPr One = One
| inPr (Plus r s) = Plus (inPr r) (inPr s)
| inPrr = Prr

primrec inorm where
inorm Zero = Zero
| inorm Full = Full
| inorm One = One
| inorm (Atom a) = Atom a
| inorm (Plus r s) = Plus (inorm r) (inorm s)
| inorm (Times r s) = Times (inorm r) (inorm s)
| inorm (Star r) = inStar (inorm r)
| inorm (Not r) = inNot (inorm r)
| inorm (Inter r s) = inlnter (inorm r) (inorm s)
| inorm (Prr) = inPr (inorm r)

context alphabet begin

lemma wf-inPlus[simp]: [wf n r; wf n s] = wf n (inPlus r s)
{proof)

lemma wf-inTimes[simp]: [wf n r; wf n s] = wfn (inTimes r s)
{proof)

lemma wf-inStar[simp]: wf n r = wf n (inStar r)

{proof)
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lemma wf-inInter[simp]: [wf n r; wf n s] = wf n (inlnter r s)
{proof)

lemma wf-inNot[simp]: wf n r = wf n (inNot r)
(proof)

lemma wf-inPr(simp]: wf (Suc n) r = wf n (inPr r)
{proof)

lemma wf-inorm[simp]: wf n r = wf n (inorm r)
(proof)

end
context project begin

lemma lang-inPlus[simp]: [wf n r; wfn s] = lang n (inPlus r s) = lang n (Plus
)
{proof)

lemma lang-inTimes[simp]: [wf n r; wf n s] = lang n (inTimes r s) = lang n
(Times r s)
(proof)

lemma lang-inStar[simp]: wf n r => lang n (inStar r) = lang n (Star r)
(proof)

lemma Zero-toplevel-inters[dest]: Zero € toplevel-inters r = lang n r = {}
{proof)

lemma toplevel-inters-Full: [toplevel-inters v = {Full}; wf n r] = lang n r =
lists (X n)
{proof)

lemma toplevel-inters-subset-singleton|simpl: toplevel-inters r C {s} +— toplevel-inters
r={s}

{proof)

lemma lang-inInter[simpl: [wf n r; wf n s] = lang n (inInter r s) = lang n (Inter
)
(proof)

lemma lang-inNot[simp]: wf n r = lang n (inNot ) = lang n (Not 1)
{proof)

lemma lang-inPr[simp|: wf (Suc n) r = lang n (inPr r) = lang n (Prr)
{proof)

45



lemma lang-inorm[simp]: wf n r = lang n (inorm r) = lang n r
{proof)

end

8 Partial Derivatives-like Normalization

fun pnPlus :: 'a::linorder rexp = 'a rexp = 'a rexp where
pnPlus Zero r = r
| pnPlus v Zero = r| pnPlus (Plus r s) t = pnPlus r (pnPlus s t)
| pnPlus v (Plus s t) =
(if r = s then (Plus s t)
else if r < s then Plus r (Plus s t)
else Plus s (pnPlus r t))
| pnPlus r s =
(if r = s then r
else if r < s then Plus r s
else Plus s )

lemma (in alphabet) wf-pnPlus[simp]: [wf n r; wf n s] = wf n (pnPlus r s)
{proof)

lemma (in project) lang-pnPlus[simp): [wf n r; wf n s] = lang n (pnPlus r s) =
lang n (Plus r s)
(proof )

fun pnTimes :: 'a::linorder rexp = 'a rexp = 'a rexzp where
pnTimes Zero r = Zero

| pnTimes One r = r

| pnTimes (Plus r s) t = pnPlus (pnTimes r t) (pnTimes s t)

| pnTimes r s = Times r s

lemma (in alphabet) wf-pnTimes[simp]: [wf n r; wf n s] = wf n (pnTimes r s)

(proof)

lemma (in project) lang-pnTimes[simp]: [wf n r; wf n s] = lang n (pnTimes r
s) = lang n (Times r s)

{proof)

fun pninter :: 'a:linorder rexp = 'a rexp = 'a rexp where
pninter Zero r = Zero

| pninter r Zero = Zero

| pnInter FPull T = r

| pninter r Full = r

| pninter (Plus v s) t = pnPlus (pninter r t) (pnlnter s t)

| pnInter r (Plus s t) = pnPlus (pnInter v s) (pninter r t)

| pnnter (Inter r s) t = pnlnter r (pninter s t)
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| pnnter r (Inter s t) =
(if = s then Inter s t
else if r < s then Inter r (Inter s t)
else Inter s (pninter r t))
| pninter r s =
(if r = s then s
else if r < s then Inter r s
else Inter s r)

lemma (in alphabet) wf-pnInter[simpl: [wf n r; wf n s] = wf n (pninter r s)
(proof)

lemma (in project) lang-pninter[simp|: [wf n r; wf n s] = lang n (pninter r s)
= lang n (Inter r s)

(proof)

fun pnNot :: 'a:linorder rexp = 'a rexp where
pnNot (Plus v s) = pninter (pnNot r) (pnNot s)

| pnNot (Inter r s) = pnPlus (pnNot r) (pnNot s)

| pnNot Full = Zero

| pnNot Zero = Full

| pnNot (Not r) = r

| pnNot 7 = Not r

lemma (in alphabet) wf-pnNot[simp]: wf n r = wf n (pnNot r)
(proof )

lemma (in project) lang-pnNot[simp]: wf n r = lang n (pnNot r) = lang n (Not
r)
(proof )

fun pnPr :: 'a:linorder rexp = 'a rexp where
pnPr Zero = Zero

| pnPr One = One

| pnPr (Plus r s) = pnPlus (pnPr r) (pnPr s)

| pnPrr = Prr

lemma (in alphabet) wf-pnPr{simp]: wf (Suc n) r = wf n (pnPrr)
(proof)

lemma (in project) lang-pnPr(simp|: wf (Suc n) r = lang n (pnPr r) = lang n
(Prr)
(proof )

primrec pnorm :: ’a::linorder rexp = 'a rexp where
pnorm Zero = Zero

| pnorm Full = Full

| pnorm One = One

| pnorm (Atom a) = Atom a
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| pnorm (Plus r s) = pnPlus (pnorm r) (pnorm s)

| pnorm (Times r s) = pnTimes (pnorm r) s

| pnorm (Star r) = Star r

| pnorm (Inter r s) = pnlnter (pnorm r) (pnorm s)
| pnorm (Not r) = pnNot (pnorm r)

| pnorm (Pr r) = pnPr (pnorm r)

lemma (in alphabet) wf-pnorm[simp]: wf n r = wf n (pnorm r)
(proof )

lemma (in project) lang-pnorm[simp]: wf n r => lang n (pnorm r) = lang n r
(proof )

9 Monadic Second-Order Logic Formulas

9.1 Interpretations and Encodings

type-synonym ’a interp = ‘a list X (nat + nat set) list

abbreviation enc-atom-bool I n = map (Ax. case x of Inl p = n =p | Inr P =
neP)I

abbreviation enc-atom I n a = (a, enc-atom-bool I n)

9.2 Syntax and Semantics of MSO

datatype ‘a formula =
FQ 'a nat
| FLess nat nat
| FIn nat nat
| FNot 'a formula
| FOr 'a formula 'a formula
| FAnd 'a formula 'a formula
| FEzists 'a formula
| FEXISTS 'a formula

primrec FOV :: 'a formula = nat set where
FOV (FQ a m) = {m}
| FOV (FLess m1 m2) = {m1, m2}
| FOV (FIn m M) = {m}
| FOV (FNot ¢) = FOV ¢
| FOV (FOr @1 ps) = FOV 1 U FOV g
| FOV (FAnd @1 p2) = FOV 1 U FOV g
| FOV (FEzists ) = (Az. © — 1) ‘ (FOV ¢ — {0})
| FOV (FEXISTS ¢) = (\v. z — 1) * FOV ¢

primrec SOV :: 'a formula = nat set where

SOV (FQ a m) = {}
| SOV (FLess m1 m2) = {}
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(FIn m M) = {M}
(FNot ) = SOV ¢
(FOr @1 p2) = SOV @1 U SOV ¢
(FAnd @1 p2) = SOV @1 U SOV ¢y
(FEzists ¢) = (Az. x — 1) SOV ¢
(

SOV
SovV
SovV
SOV
SOV
SOV (FEXISTS ¢) = (Az. z — 1) “(SOV ¢ — {0})

definition o = (AX n. concat (map (Abs. map (Aa. (a, bs)) X) (List.n-lists n
[True, False))))

definition 7 = (A(a, bs). (a, tl bs))

definition ¢ = (AX (a::'a, bs). if a € set X then [(a, True # bs), (a, False # bs)]
else [])

datatype ‘a atom =
Singleton 'a bool list
| AQ nat 'a
| Arbitrary-Ezcept nat bool
| Arbitrary-Ezcept? nat nat
derive linorder atom

fun wf-atom where
wf-atom L n (Singleton a bs) = (a € set X A length bs = n)
| wf~atom ¥ n (AQ m a) = (a € set X A m < n)
| wf-atom ¥ n (Arbitrary-Except m -) = (m < n)
| wf-atom ¥ n (Arbitrary-Ezcept?2 m1 m2) = (ml < n A m2 < n)

fun lookup where
lookup (Singleton o’ bs’) (a, bs) = (a = a’ A bs = bs’)
| lookup (AQ m a’) (a, bs) = (a = a’ A bs! m)
| lookup (Arbitrary-Except m b) (-, bs) = (bs ! m = b)
| lookup (Arbitrary-Except2 m1 m2) (-, bs) = (bs ! mI A bs! m2)

lemma 7-0: 7 ‘(set oo X) (n+ 1) =(setoo X) n
{proof)

locale formula = embed2 set o (o X) wf-atom ¥ m lookup € ¥ case-prod Singleton
for ¥ :: ‘a :: linorder list +

assumes nonempty: X # ||

begin

abbreviation X-product-lists n =
List.maps (Abools. map (Aa. (a, bools)) X) (bool-product-lists n)

primrec pre-wf-formula :: nat = 'a formula = bool where
pre-wf-formula n (FQ a m) = (a € set ¥ A m < n)

| pre-wf-formula n (FLess m1 m2) = (ml < n A m2 < n)

| pre-wf-formula n (FIn m M) = (m < n A M < n)

| pre-wf-formula n (FNot p) = pre-wf-formula n ¢
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| pre-wf-formula n (FOr ¢1 w2) = (pre-wf-formula n o1 A pre-wf-formula n ¢3)

| pre-wf-formula n (FAnd o1 p2) = (pre-wf-formula n v1 A pre-wf-formula n @)

| pre-wf-formula n (FExists ¢) = (pre-wf-formula (n + 1) p A 0 € FOV o A 0 ¢
SOV )

| pre-wf-formula n (FEXISTS ¢) = (pre-wf-formula (n + 1) ¢ A 0 ¢ FOV o A 0
€ SOV o)

abbreviation closed = pre-wf-formula 0
definition [simp]: wf-formula n ¢ = pre-wf-formula n ¢ A FOV ¢ N SOV ¢ = {}

lemma maz-idz-vars: pre-wf-formula n ¢ = Vp € FOV ¢ U SOV p. p < n
(proof)

lemma finite-FOV: finite (FOV )
(proof )

9.3 ENC

definition valid-ENC :: nat = nat = ('a atom) rexp where
valid-ENC' n p = (if n = 0 then Full else
TIMES |
Star (Atom (Arbitrary-Ezcept p False)),
Atom (Arbitrary-Except p True),
Star (Atom (Arbitrary-Ezcept p False))])

lemma wf-rexp-valid-ENC: n = 0 V p < n = wf n (valid-ENC n p)
(proof )

definition ENC : nat = nat set = ('a atom) rexp where
ENC n V = flatten INTERSECT (valid-ENC n ‘ V)

lemma wf-rexp-ENC" [finite Vin =0V Vv e V.v<n)] = wfn (ENCnV)
{proof)

lemma enc-atom-o-eq: i < length w =
(length I = n A p € set £) <— enc-atom I i p € set (o0 ¥ n)

{proof)
lemmas enc-atom-o = iff D1[OF enc-atom-o-eq, OF - conjl]

lemma enc-atom-bool-take-drop-True:
[r < length I; case I ' r of Inl p’ = p=p'| Inr P = p € P] =
enc-atom-bool I p = take r (enc-atom-bool I p) Q True # drop (Suc r)
(enc-atom-bool I p)

{proof)

lemma enc-atom-bool-take-drop-True2:
[r < length I; case I ! r of Inl p' = p =p'| Inr P = p € P;
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s < length Iy case I ' sof Inlp’ = p=p'|Inr P=pe€ P;r < s] =
enc-atom-bool I p = take r (enc-atom-bool I p) @ True #

take (s — Suc r) (drop (Suc 1) (enc-atom-bool I p)) @ True #

drop (Suc s) (enc-atom-bool I p)

(proof)

lemma enc-atom-bool-take-drop-False:
[r < length I; case I ' r of Inl p’ = p # p'| Inr P = p ¢ P] =
enc-atom-bool I p = take r (enc-atom-bool I p) @Q False # drop (Suc r)
(enc-atom-bool I p)

(proof)

lemma enc-atom-lang-AQ: [r < length I;
case I rof Inlp'= p=p'| Inr P = p € P; length I = n; a € set ¥] =
[enc-atom I p a] € lang n (Atom (AQ r a))
(proof )

lemma enc-atom-lang-Arbitrary-Ezcept- True: [r < length I;
case I rof Inlp'= p=p'| Inr P = p € P; length I = n; a € set ¥] =
[enc-atom I p a] € lang n (Atom (Arbitrary-Except r True))
(proof )

lemma enc-atom-lang-Arbitrary-Ezcept2:[r < length I; s < length I;
case I ! rof Inlp'= p=p’| Inr P = p € P;
case Il s of Inlp' = p=p'| Inr P = p € P; length I = n; a € set X] =
[enc-atom I p a] € lang n (Atom (Arbitrary-Except2 r s))
(proof )

lemma enc-atom-lang-Arbitrary-Except-False: [r < length I;
case I'! rofInlp'= p#p' | Inr P = p¢ P;length I = n; a € set ¥ =
[enc-atom I p a] € lang n (Atom (Arbitrary-Except r False))
(proof )

lemma AQ-D:
assumes v € lang n (Atom (AQ m a)) m < na € set &
shows Jz. v =[z] A fstz =a A sndz ! m

(proof)

lemma Arbitrary-EzceptD:
assumes v € lang n (Atom (Arbitrary-Ezcept r b)) r < n
shows Jz. v =[z] Asndz ! r =10

(proof )

lemma Arbitrary-Ezcept2D:
assumes v € lang n (Atom (Arbitrary-Ezcept2 r s)) r < ns < n
shows Jz. v =[z] Asndz ! r Asndz!s

(proof)

lemma star-Arbitrary-EzceptD:
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[v € star (lang n (Atom (Arbitrary-Ezcept r b))); r < n; i < length v] =
snd (v!i)!r=19>
(proof)

end

end

10 M2L

10.1 Encodings

context formula
begin

fun enc :: ‘a interp = (‘a x bool list) list where
enc (w, I\ = map-index (enc-atom I) w

abbreviation wf-interp w I = (length w > 0 A
(Va € set w. a € set X) A
(Vz € setI. case x of Inl p = p < length w | Inr P = Vp € P. p < length w))

fun wf-interp-for-formula :: 'a interp = 'a formula = bool where
wf-interp-for-formula (w, I) ¢ =
(wf-interp w I A
(Vn € FOV ¢. case I ! n of Inl - = True | - = False) A
(Vn € SOV . case I ! n of Inl - = False | - = True))

fun satisfies :: 'a interp = 'a formula = bool (infix <= 50) where
(w, I) = FQam= (w! (case I ! m of Inl p = p) = a)
w, I) = FLess m1 m2 = ((case I ! m1 of Inl p = p) < (case I ! m2 of Inl p =

| (

p))

| (w, I) = FInm M = ((case I ! m of Inl p = p) € (case I | M of Inr P = P))
[ (w. 1) = FNot ¢ = (- (w, T) k= ¢)

(0. 1) = (FOr @1 92) = (w0, ) |= 01 V (w, 1) = 2)

[ (w. 1) = (FAnd o1 92) = ((w, 1) |= 91 A (w, 1) = 2)

| (w, I) |= (FEzists ¢) = (3p. p € {0 .. length w — 1} A (w, Inl p # I) = ¢)

| (w, I) = (FEXISTS ¢) = (3P. P C {0 .. lengthw — 1} A (w, Intr P # I) = @)

definition langyor :: nat = 'a formula = (‘a x bool list) list set where
langprar mp = {enc (w, I) | w I.
length I = n A wf-interp-for-formula (w, I) ¢ A satisfies (w, I) ¢}

definition dec-word = map fst
definition positions-in-row w i =

Option.these (set (map-index (Ap a-bs. if nth (snd a-bs) i then Some p else None)
w))
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definition dec-interp n FO (w :: (‘a x bool list) list) = map (Ai.
ifi e FO
then Inl (the-elem (positions-in-row w 1))
else Inr (positions-in-row w i)) [0..<n]

lemma positions-in-row: positions-in-row w i = {p. p < length w A snd (w ! p) !
i}
(proof )

lemma positions-in-row-unique: I!p. p < length w A snd (w ! p) ! i =
the-elem (positions-in-row w i) = (THE p. p < length w A snd (w ! p) ! 7)
(proof )

lemma positions-in-row-length: I!p. p < length w A snd (w ! p) ! i =
the-elem (positions-in-row w ) < length w
(proof)

lemma dec-interp-Inl: [i € FO; i < n] = Ip. dec-interp n FO z ! i = Inl p
(proof )

lemma dec-interp-not-Inr: [dec-interp n FO z | i = Inr P; i € FO; i < n] =
False
(proof)

lemma dec-interp-Inr: [i ¢ FO; i < n] = 3 P. dec-interp n FO z ! i = Inr P
(proof)

lemma dec-interp-not-Inl: [dec-interp n FO z ! i = Inl p; i ¢ FO; i < n] =
False
(proof )

lemma Inl-dec-interp-length:
assumes Vi € FO. 3lp. p < length w A snd (w ! p) ! i
shows Inl p € set (dec-interp n FO w) = p < length w

{proof)

lemma Inr-dec-interp-length: [Inr P € set (dec-interp n FO w); p € P] = p <
length w
(proof)

lemma the-elem-Collect[simp]:
assumes Jlz. Pz
shows the-elem (Collect P) = (The P)

(proof)

lemma enc-atom-dec:
[wf-word n w; Vi € FO. i < n — (3!p. p < length w A snd (w! p)!i); p <
length w] =
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enc-atom (dec-interp n FO w) p (fst (w!p))=w!p
{proof)

lemma enc-dec:
[wf-word n w; Vi € FO. i < n — (I!p. p < length w A snd (w! p) ! )] =
enc (dec-word w, dec-interp n FO w) = w
(proof)

lemma dec-word-enc: dec-word (enc (w, I)) = w
{proof)

lemma enc-unique:

assumes wf-interp w I i < length I

shows 3p. I'! i = Inl p = 3!p. p < length (enc (w, I)) A snd (enc (w, I)! p)
)

(proof)

lemma dec-interp-enc-Inl:

[dec-interp n FO (enc (w, I)) ! i=1Inlp’; I i= Inlp; i € FO; i < n; length I
= n; p < length w; wf-interp w I] =

p=7p

(proof )

lemma dec-interp-enc-Inr:

[dec-interp n FO (enc (w, I)) ! i = Inr P; I ! i = Inr P; i ¢ FO; i < n; length
I'=n;Vpe P.p<length w] =

pP=rp

(proof)

lemma length-dec-interp[simpl: length (dec-interp n FO z) = n
(proof )

lemma nth-dec-interp[simp): i < n => dec-interp n {} ! i = Inr (positions-in-row
(proof)

lemma set-oD[simp]: (a, bs) € set (0 ¥ n) = a € set X

{proof)

lemma lang-ENC"
assumes FO C {0 .< n} SO C {0 .< n} — FO
shows lang n (ENC n FO) — {[]} = {enc (w, I) | w I . length I = n A\ wf-interp
wl A
(Vi€ FO. case I i of Inl - = True | Inr - = False) A
(Vi€ SO. case I ! i of Inl - = False | Inr - = True)}
(is 2L = ?R)
(proof)

lemma lang-ENC-formula:
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assumes wf-formula n ¢

shows lang n (ENC n (FOV ¢)) — {[|]} = {enc (w, I) | wI . length I = n A
wf-interp-for-formula (w, I) ¢}
(proof)

10.2 Welldefinedness of enc wrt. Models

lemma enc-alt-def:

enc (w, x # I) = map-index (An (a, bs). (a, (case x of Inlp = n=1p | Inr P =
n € P) # bs)) (enc (w, I))

(proof)

lemma enc-extend-interp: enc (w, I) = enc (w’, I') = enc (w, z # I) = enc
(w', z 4 1)
{proof)

lemma wf-interp-for-formula-F Exists:
[wf-formula (length I) (FExists ¢); w # [|[][=
wf-interp-for-formula (w, I) (FExists @) <—
(Vp < length w. wf-interp-for-formula (w, Inl p # 1) @)
(proof)

lemma wf-interp-for-formula-any-Inl: wf-interp-for-formula (w, Inl p # 1) ¢ =
Vp < length w. wf-interp-for-formula (w, Inl p # I) ¢
(proof)

lemma wf-interp-for-formula-FEXISTS:

[wf-formula (length I) (FEXISTS ¢); w # [||=

wf-interp-for-formula (w, I) (FEXISTS ¢) +— (VP C {0 .. length w — 1}.
wf-interp-for-formula (w, Inr P # I) @)

(proof)

lemma wf-interp-for-formula-any-Inr: wf-interp-for-formula (w, Inr P # 1) p =
VP C {0 .. lengthw — 1}. wf-interp-for-formula (w, Inr P # I) ¢
(proof )

lemma enc-word-length: enc (w, I) = enc (w’, I') = length w = length w’
{proof)

lemma enc-length:
assumes w # [| enc (w, I) = enc (w’, I')
shows length I = length I’
(proof)

lemma wf-interp-for-formula-FOr:
wf-interp-for-formula (w, I) (FOr 1 ¢2) =
(wf-interp-for-formula (w, I) p1 A wf-interp-for-formula (w, I) p2)
(proof)
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lemma wf-interp-for-formula-FAnd:
wf-interp-for-formula (w, I) (FAnd p1 ¢2) =
(wf-interp-for-formula (w, I) p1 A wf-interp-for-formula (w, I) 2)
(proof )

lemma enc-wf-interp:
assumes wf-formula (length I) ¢ wf-interp-for-formula (w, I) ¢
shows wf-interp-for-formula (dec-word (enc (w, I)), dec-interp (length I) (FOV
) (enc (w, 1)) ¢
(is wf-interp-for-formula (-, ?dec) ¢)
(proof)

lemma enc-welldef: [enc (w, I) = enc (w’, I'); wf-formula (length I) o;
wf-interp-for-formula (w, I) ¢; wf-interp-for-formula (w’, 1) ¢] =
satisfies (w, I) ¢ +— satisfies (w’, I') ¢

(proof )

lemma langyop,-FOr:
assumes wf-formula n (FOr @1 ¢2)
shows langprar n (FOr o1 ¢2) C
(langpror n 1 U langaar n w2) N {enc (w, I) | w I. length I = n A
wf-interp-for-formula (w, I) (FOr ¢1 @2)}
(is - C (?L1 U ?L2) N ?ENC)
(proof)

lemma langyor,-FAnd:
assumes wf-formula n (FAnd ¢1 ¢2)
shows langnrar, n (FAnd p1 p2) C
langpnrar n@1 Nlangyrar n@a N {enc (w, I) | wl. length I = n A wf-interp-for-formula
(w, I) (FAnd @1 ¢2)}
(is - C ?L1 N ?L2 N ?ENC)
(proof )

10.3 From M2L to Regular expressions

fun rexp-of :: nat = ‘a formula = ('a atom) rexp where
rexp-of n (FQ a m) = Inter (TIMES [Full, Atom (AQ m a), Full]) (ENC n {m})

| rexp-of n (FLess m1 m2) = (if m1 = m2 then Zero else Inter

(TIMES [Full, Atom (Arbitrary-Except m1 True), Full, Atom (Arbitrary-Except
m2 True), Full])

(ENC n {m1, m2}))
| rexp-of n (FIn m M) =

Inter (TIMES [Full, Atom (Arbitrary-Except2 m M), Full]) (ENC n {m})
| rexp-of n (FNot ) = Inter (rexp.Not (rexp-of n ¢)) (ENC n (FOV (FNot ¢)))
| rexp-of n (FOr o1 o) = Inter (Plus (rexp-of n p1) (rexp-of n p2)) (ENC n (FOV
(FOr ¢1 ¢2)))
| rexp-of n (FAnd v1 w2) = INTERSECT [rexp-of n @1, rexp-of n pa, ENC n
(FOV (FAnd o1 ¢2))]
| rexp-of n (FEzists @) = Pr (rexp-of (n + 1) ¢)
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| rexp-of n (FEXISTS @) = Pr (rexzp-of (n + 1) ¢)

fun rexp-of-alt :: nat = 'a formula = ('a atom) rexp where
rexp-of-alt n (FQ a m) = TIMES [Full, Atom (AQ m a), Full]
| rexp-of-alt n (FLess m1 m2) = (if m1 = m2 then Zero else
TIMES [Full, Atom (Arbitrary-Ezcept m1 True), Full, Atom (Arbitrary-Except
m2 True), Full])
| rexp-of-alt n (FIn m M) = TIMES [Full, Atom (Arbitrary-Ezcept2 m M), Full]
| rexp-of-alt n (FNot @) = rexp.Not (rexp-of-alt n ©)
| rexp-of-alt n (FOr @1 w2) = Plus (rexp-of-alt n 1) (rexp-of-alt n @)
| rexp-of-alt n (FAnd o1 p9) = Inter (rexp-of-alt n ¢1) (rexp-of-alt n p9)
| rexp-of-alt n (FExists ¢) = Pr (Inter (rexp-of-alt (n + 1) ¢) (ENC (n + 1)
(FOV ¢)))
| rexp-of-alt n (FEXISTS ¢) = Pr (Inter (rezp-of-alt (n + 1) ¢) (ENC (n + 1)
(FOV ¢)))

A~ S

definition rezp-of ' n ¢ = Inter (rexp-of-alt n ¢) (ENC n (FOV ¢))

fun rexp-of-alt’ :: nat = ’a formula = ('a atom) rezp where
rexp-of-alt’ n (FQ a m) = TIMES [Full, Atom (AQ m a), Full]
| rexp-of-alt’ n (FLess m1 m2) = (if m1 = m2 then Zero else
TIMES [Full, Atom (Arbitrary-Ezcept m1 True), Full, Atom (Arbitrary-Except
m2 True), Full])
| rexp-of-alt’ n (FIn m M) = TIMES [Full, Atom (Arbitrary-Ezcept2 m M), Full]
| rexp-of-alt’ n (FNot ) = rexp.Not (rexp-of-alt’ n ¢)
| rexp-of-alt’ n (FOr o1 @2) = Plus (rexp-of-alt’ n 1) (rexp-of-alt’ n p2)
| rexp-of-alt’ n (FAnd v1 @2) = Inter (rexp-of-alt’ n 1) (rexp-of-alt’ n v2)
| rexp-of-alt’ n (FExists ¢) = Pr (Inter (rexp-of-alt’ (n + 1) ) (ENC (n + 1)
{01))
| rexp-of-alt’ n (FEXISTS ¢) = Pr (rexp-of-alt’ (n + 1) ¢)

definition rezp-of " n ¢ = Inter (rexp-of-alt’ n ¢) (ENC n (FOV ¢))
theorem langysor-rezp-of: wf-formula n ¢ = langrror, n @ = lang n (rexp-of n

v) — A}

(is-= -="7%Lnyp)
(proof)

lemma wf-rexp-of: wf-formula n ¢ = wf n (rexp-of n )
(proof )

lemma wf-rexp-of-alt: wf-formula n ¢ = wf n (rexp-of-alt n )
(proof)

lemma wf-rexp-of : wf-formula n ¢ = wf n (rexp-of' n @)
(proof )

lemma wf-rexp-of-alt’: wf-formula n p = wf n (rexp-of-alt’ n ¢)

{proof)
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11,

lemma wf-rexp-of "": wf-formula n o = wf n (rexp-of "’ n ¥)

{proof)

lemma ENC-Not: ENC n (FOV (FNot ¢)) = ENC n (FOV )
{proof)

lemma ENC-And:
wf-formula n (FAnd ¢ ¢) = lang n (ENC n (FOV (FAnd ¢ ¢))) — {[]} C lang
n (ENC n (FOV ¢)) N lang n (ENC n (FOV ¥)) — {[|}

(proof)

lemma ENC-Or:
wf-formula n (FOr ¢ ¢¥) = lang n (ENC n (FOV (FOr ¢ ¢))) — {[]} C lang
n (ENC n (FOV ¢)) N lang n (ENC n (FOV 4)) — {[|}

(proof)

lemma project-enc: map © (enc (w, z # 1)) = enc (w, I)
{proof)

lemma list-list-eql:
assumes V (-, z) € set zs. ¢ £ [| V (-, y) € set ys. y # |]
map (A(-, ). hd ) zs = map (A(-, ). hd x) ys map ™ s = map ™ ys
shows zs = ys
(proof)

lemma project-enc-extend:
assumes map © ¢ = enc (w, [) V (-, ) € set . z # ||
shows = = enc (w, Inr (positions-in-row x 0) # I)
(proof)

lemma ENC-Ezxists:
wf-formula n (FExists ) = lang n (ENC n (FOV (FExists ¢))) — {[]} = map
7w “lang (Suc n) (ENC (Suc n) (FOV o)) — {[]}

(proof)

lemma ENC-EXISTS:
wf-formula n (FEXISTS ¢) = lang n (ENC n (FOV (FEXISTS ¢))) — {[]} =
map © ‘lang (Suc n) (ENC (Suc n) (FOV ¢)) — {[]}

(proof )

lemma map-project-empty: map © ‘A — {[]} = map © ‘(A — {[]})
(proof )

lemma lang ;o1 -rexp-of-rexp-of ":

wf-formula n ¢ = lang n (rexzp-of n ) — {[]} = lang n (rexp-of ' n ¢) — {[|}
(proof)
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lemma Int-Diff-both. ANB—C=(A—-C)n(B-0C)
(proof)

lemma lang-ENC-split:
assumes finite X X = YI U Y2n=0V (Vp€ X. p <n)
shows lang n (ENC n X) = lang n (ENC n Y1) N lang n (ENC n Y2)
(proof)

lemma map-project-Int-ENC'.
assumes 0 ¢ X X C {0 .<n+ 1} Z C lists ((set oo X) (n + 1))
shows map © “ (Z Nlang (n + 1) (ENC (n+ 1) X) — {[]}) =
map m ‘Z Nlang n (ENCn (Az. z — 1) ‘X)) — {[J}
(proof)

lemma map-project-ENC':
assumes X C {0 .<n+ 1} Z Clists ((set 0 0 X) (n + 1))
shows map © ‘ (Z Nlang (n + 1) (ENC (n+ 1) X) — {[]}) =
(if 0 € X
then map © “(Z Nlang (n + 1) (ENC (n + 1) {0})) N lang n (ENC n ((A\z.
z—1) (X = {0})) — L[}
else map © “Z Nlang n (ENCn (Mzx. z — 1) (X — {0}))) = {[I})
(is L = (if - then ?R1 else ?R2))
(proof )

abbreviation £ = project.lang (set o o ) w

lemma langysor-rexp-of -rexp-of :
wf-formula n ¢ = lang n (rexp-of ' n @) — {[]} = lang n (rexp-of " n ) — {[]}
(proof)

theorem langpsar-rexp-of . wf-formula n ¢ = langprar, n ¢ = lang n (rexp-of’

n o) = {}

{proof)

theorem langrar-rexp-of " wf-formula n ¢ = langprar, n @ = lang n (rexp-of "’

n ) = {1}

(proof)

end

11 Normalization of M2L Formulas

fun nNot where

nNot (FNot ¢) = ¢
| nNot (FAnd @1 ¢2) = FOr (nNot 1) (nNot ¢2)
| nNot (FOr ¢1 ¢2) = FAnd (nNot p1) (nNot p2)
| nNot ¢ = FNot ¢

99



primrec norm where
norm (FQ a m) = FQ am
| norm (FLess m n) = FLess m n
| norm (FIn m M) = FIn m M
| norm (FOr ¢ 1) = FOr (norm ¢) (norm 1)
| norm (FAnd ¢ 1) = FAnd (norm @) (norm 1)
| norm (FNot ¢) = nNot (norm )
| norm (FEzists ¢) = FFEzists (norm )
| norm (FEXISTS ¢) = FEXISTS (norm )

context formula
begin

lemma satisfies-nNot[simp]: satisfies (w, I) (nNot ) = satisfies (w,I) (FNot ¢)
{proof)

lemma FOV-nNot[simp]: FOV (nNot ¢) = FOV (FNot @)
{proof)

lemma SOV-nNot[simp]: SOV (nNot ¢) = SOV (FNot ¢)
{proof)

lemma pre-wf-formula-nNot[simp|: pre-wf-formula n (nNot @) = pre-wf-formula
n (FNot ¢)
(proof )

lemma FOV-norm[simp]: FOV (norm ¢) = FOV ¢
{proof)

lemma SOV-norm[simp]: SOV (norm ) = SOV ¢
{proof)

lemma pre-wf-formula-norm|[simp|: pre-wf-formula n (norm ¢) = pre-wf-formula
ne
(proof )

lemma satisfies-norm[simp): satisfies (w, I) (norm @) = satisfies (w, I) ¢
(proof)

lemma langyror-norm[simpl: langnarar, n (norm @) = langarar n @
(proof )

end

12 Deciding Equivalence of M2L Formulas
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global-interpretation embed set 0 0 ¥ wf-atom ¥ w lookup € X
for X :: 'a :: linorder list
defines
D = embed.lderiv lookup (¢ X)
and Co® = embed.lderiv-dual lookup (¢ X)

{proof)

lemma enum-not-empty|simp|: Enum.enum # [| (is enum # [])
(proof)

‘a 2 {enum, linorder} list

global-interpretation ®: formula Enum.enum ::
defines
pre-wf-formula = ®.pre-wf-formula
and wf-formula = ®.wf-formula
and rexp-of = ®.rexp-of
and rexp-of-alt = ®.rexp-of-alt
and rexp-of-alt’ = ®.rexp-of-alt’
and rexp-of’ = ®.rexp-of’
and rexp-of " = ®.rexp-of "’
and valid-ENC = ®.valid-ENC
and ENC = ®.ENC
and dec-interp = ®.dec-interp

{proof)

lemma lang-Plus-Zero: lang ¥ n (Plus r One) = lang ¥ n (Plus s One) «— lang
Snr—{[} =lang X ns—{]]}

{proof)

lemmas lang o1, -rezp-of-norm = trans[OF sym[OF ®.langpror,-norm] ®.lang o, -rexp-of|
lemmas langpror -rezp-of -norm = trans|OF sym|[OF ®.langnror,-norm] ®.langnro 1, -rexp-of
lemmas langpsar -rezp-of '-norm = trans|OF sym[OF ®.langpror-norm] ®.langprar-rezp-of "]

(ML)

global-interpretation D: rexp-DFA o ¥ wf-atom ¥ m lookup Az. «pnorm (inorm
z)»

Aa 1. «D X ary final alphabet.wf (wf-atom X) n pnorm lang ¥ n n

for X :: 'a :: linorder list and n :: nat

defines

test = rexp-DA.test (final :: 'a atom rexp = bool)

and step = rexp-DA.step (0 X) (Aa r. «D X a r») pnorm n

and closure = rexp-DA.closure (o ) (Aa r. «® ¥ a r») final pnorm n

and check-equRE = rexp-DA.check-equ (o ¥) (Az. «pnorm (inorm z)») (Aa 7.
«D X ary) final pnorm n

and test-invariant = rexp-DA.test-invariant (final :: ‘a atom rexp = bool) ::

(("a x bool list) list x -) list x - = bool

and step-invariant = rexp-DA.step-invariant (o X) (Aa r. «D X a r») pnorm n

and closure-invariant = rexp-DA. closure-invariant (o ¥) (Aa 1. «® X a r») final
pnorm n
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and counterexampleRE = rexp-DA.counterezample (o ) (Az. «pnorm (inorm
z)») Aar. «D X ary») final pnorm n

and reachable = rexp-DA.reachable (o ¥) (Az. «pnorm (inorm z)») (Aa r. «D
Y a r») pnorm n

and automaton = rexp-DA.automaton (o X) (Az. «pnorm (inorm z)») (Aa 7.
«D X ary) pnormn

{proof)

definition check-equ where
check-equ n @ 1 +— wf-formula n (FOr ¢ ) A

slow.check-equRE Enum.enum n (Plus (rexp-of "’ n (norm ¢)) One) (Plus (rexp-of "’
n (norm 1)) One)

definition counterexample where
counterexample n p 1) =

map-option (Aw. dec-interp n (FOV (FOr ¢ 1)) w)

(slow.counterexampleRE Enum.enum n (Plus (rexp-of "' n (norm ¢)) One) (Plus
(rezp-of "' n (norm 1)) One))

lemma soundness: slow.check-equ n ¢ ¢ = ®.langpror, 1 @ = P.langpyrar 1 Y
(proof )

lemma completeness:
assumes D.langyor n @ = Plangyor n Y wi-formula n (FOr ¢ )
shows slow.check-equ n ¢ Y

(proof)
(ML)

global-interpretation D: rexp-DA-no-post o 3 wf-atom ¥ w lookup Axz. pnorm
(inorm x)

Aa . pnorm (D X a 1) final alphabet.wf (wf-atom X) n lang X n n

for ¥ :: ‘a :: linorder list and n :: nat

defines

test = rexp-DA.test (final :: 'a atom rexp = bool)

and step = rexp-DA.step (0 ) (Aa r. pnorm (D X ar)) idn

and closure = rexp-DA.closure (o X) (Aa r. pnorm (D X a r)) final id n

and check-equRE = rexp-DA.check-equ (o 3) (Az. pnorm (inorm z)) (Aa r. pnorm
® X ar)) finalidn

and test-invariant = rexp-DA.test-invariant (final :: 'a atom rexp = bool) ::

(("a x bool list) list x -) list x - = bool

and step-invariant = rexp-DA.step-invariant (o X) (Aa r. pnorm (D X a 1)) id
n

and closure-invariant = rexp-DA.closure-invariant (o X) (Aa r. pnorm (D ¥ a
r)) final id n

and counterezampleRE = rexp-DA.counterezample (o ) (Az. pnorm (inorm x))
(Aa r. pnorm (D X a r)) final id n

and reachable = rexp-DA.reachable (o X) (Az. pnorm (inorm z)) (Aa r. pnorm
®Xar))idn
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and automaton = rexp-DA.automaton (o X) (Az. pnorm (inorm z)) (Aa r. pnorm
®Xar))idn
{proof)

definition check-equ where
check-equ n @ P <— wf-formula n (FOr ¢ ¢¥) A

fast.check-equRE Enum.enum n (Plus (rexp-of "’ n (norm ¢)) One) (Plus (rexp-of "’
n (norm 1)) One)

definition countererample where
counterexample n p ¥ =

map-option (Aw. dec-interp n (FOV (FOr ¢ v)) w)

(fast.counterezampleRE Enum.enum n (Plus (rexp-of "' n (norm ¢)) One) (Plus
(rezp-of " n (norm 1)) One))

lemma soundness: fast.check-equ n ¢ v = P®.langpop n @ = P.langpror, 1 Y
(proof )

(ML)

global-interpretation D: rexp-DA-no-post o X wf-atom X 7w lookup

Az. pnorm-dual (rexp-dual-of (inorm x)) Aa r. pnorm-dual (Co® X a r) final-dual

alphabet.wf-dual (wf-atom X) n lang-dual ¥ n n

for ¥ :: 'a :: linorder list and n :: nat

defines

test = rexp-DA.test (final-dual :: 'a atom rexp-dual = bool)

and step = rexp-DA.step (0 ) (Aa r. pnorm-dual (Co® X a 1)) id n

and closure = rexp-DA.closure (o ¥) (Aa r. pnorm-dual (Co® ¥ a r)) final-dual
idn

and check-equRE = rexp-DA.check-eqv (o ¥) (Az. pnorm-dual (rexp-dual-of
(inorm x))) (Aa r. pnorm-dual (Co® ¥ a r)) final-dual id n

and test-invariant = rexp-DA.test-invariant (final-dual :: 'a atom rexp-dual =
bool) ::

(("a x bool list) list x -) list x - = bool

and step-invariant = rexp-DA.step-invariant (o £) (Aa r. pnorm-dual (Co® X
ar))idn

and closure-invariant = rexp-DA.closure-invariant (o X) (Aa r. pnorm-dual
(Co® X ar)) final-dual id n

and counterezampleRE = rexp-DA.counterezample (o X) (Az. pnorm-dual (rexp-dual-of
(inorm z))) (Aa r. pnorm-dual (Co® ¥ a 1)) final-dual id n

and reachable = rexp-DA.reachable (o X) (Az. pnorm-dual (rexp-dual-of (inorm
z))) (Aa r. pnorm-dual (Co® ¥ a 1)) id n

and automaton = rexp-DA.automaton (o X) (Az. pnorm-dual (rexp-dual-of (inorm
z))) (Aa r. pnorm-dual (Co® X a 1)) id n

(proof )
definition check-equ where

check-equ n @ P <— wf-formula n (FOr ¢ ¥) A
dual.check-equRE Enum.enum n (Plus (rexp-of "' n (norm ¢)) One) (Plus (rexp-of "’
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n (norm 1)) One)

definition counterexample where
counterexample n p 1) =

map-option (Aw. dec-interp n (FOV (FOr ¢ v¢)) w)

(dual.counterezample RE Enum.enum n (Plus (rexp-of "' n (norm ¢)) One) (Plus
(rexp-of " n (norm 1)) One))

lemma soundness: dual.check-equ n ¢ v = ®.langpror n @ = D.langrror 1 Y
(proof )

(ML)

13 WSI1S

13.1 Encodings

definition cut-same z s = stake (LEAST n. sdrop n s = sconst x) s
abbreviation poss I = (|Jz€set I. case z of Inl p = {p} | Inr P = P)
declare smap-sconst[simp]

lemma (in wellorder) min-Least:

[Bn. Pn; In. Q n] = min (Least P) (Least Q) = (LEAST n. PnV Q n)
(proof)

lemma sconst-collapse: y #+4 sconst y = sconst y
(proof)

lemma shift-sconst-ing: [length z = length y; * Q— sconst z = y Q— sconst z] =
rT=1y
(proof )

context formula
begin

definition any = hd ¥

lemma any-X[simp|: any € set X
(proof )

lemma any-o[simp]: length bs = n = (any, bs) € set (o X n)
{proof)

fun stream-enc :: 'a interp = ('a x bool list) stream where
stream-enc (w, I) = smap2 (enc-atom I) nats (w Q— sconst any)

lemma tl-stream-enc[simp]: smap 7 (stream-enc (w, x # I)) = stream-enc (w, I)
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{proof)

lemma enc-atom-max: [V z€set I. case x of Inlp = p < n| Inr P = VpeP. p <
nyn<n] =

enc-atom I (Suc n’) a = (a, replicate (length I) False)

(proof)

lemma ex-Loop-stream-enc:
assumes Vz € set I. case x of Inr P = finite P | - = True
shows I n. sdrop n (stream-enc (w, I)) = sconst (any, replicate (length I) False)

(proof)

lemma length-snth-enc[simpl: length (snd (stream-enc (w, I) ! n)) = length I
{proof)

lemma sset-singleton[simp]: sset s C {z} +— sset s = {z}
(proof)

lemma drop-sconstE: [drop n w Q— sconst y = sconst y; p < length w; = p < n]
= w!p=y

(proof)

lemma less-length-cut-same:

[(w@— sconst y) ! p=a] = a =y V (p < length (cut-same y (w Q@— sconst
y)Aw!lp=a)

(proof)

lemma less-length-cut-same-Inl:
[(Vz € set I. case x of Inr P = finite P | - = True); r < length I; I | r = Inl
Pl =
p < length (cut-same (any, replicate (length I) False) (stream-enc (w, I)))
(proof)

lemma less-length-cut-same-Inr:

[(Vz € set I. case x of Inr P = finite P | - = True); r < length I; I | r = Inr
Pl =

Vp € P.p < length (cut-same (any, replicate (length I) False) (stream-enc (w,

1)))
(proof )

fun enc :: ‘a interp = ('a x bool list) list set where
enc (w, I) = {z. In. x = (cut-same (any, replicate (length I) False) (stream-enc
(w, 1)) @
replicate n (any, replicate (length I) False))}

lemma cut-same-all[simp]: cut-same z (sconst x) = []

(proof)

lemma cut-same-stop[simp):
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assumes t # y
shows cut-same z (zs Q— y ## sconst ) = xzs Q [y] (is cut-same z ?s = -)

(proof)

lemma cut-same-shift-sconst: IAn. w = cut-same x (w Q— sconst ) Q replicate n
x

(proof)

lemma set-cut-same: set (cut-same x (w Q— sconst z)) C set w

{(proof)

lemma stream-enc-cut-same:
assumes (Vz € set I. case x of Inr P = finite P | - = True)
shows stream-enc (w, I) = cut-same (any, replicate (length I) False) (stream-enc
(w, I)) @—
sconst (any, replicate (length I) False)
(proof)

lemma stream-enc-enc:

assumes (Vz € set I. case ¢ of Inr P = finite P | - = True) and v: v € enc
(w, 1

shows stream-enc (w, I) = v Q— sconst (any, replicate (length I) False)

(is %s = %v @Q— sconst 7F)
(proof)

lemma stream-enc-enc-some:

assumes (Vz € set I. case z of Inr P = finite P | - = True)

shows stream-enc (w, I) = (SOME v. v € enc (w, I)) Q— sconst (any, replicate
(length I) False)

{proof)

lemma enc-unique-length: v € enc (w, I) = Vv'. length v’ = length v A\ v’ € enc
(w, I[) — v="1'
(proof )

lemma sdrop-sconst: sdrop n s = sconst t = n < m = s!lm=zx
(proof )

lemma fin-cut-same-tl:
assumes I n. sdrop n s = sconst x
shows fin-cut-same (7w z) (map 7 (cut-same z 8)) = cut-same (7w z) (smap T s)

(proof)

lemma tl-enclsimp]:

assumes YV € set (¢ # I). case x of Inr P = finite P | - = True

shows SAMEQUOT (any, replicate (length I) False) (map m ‘ enc (w,  # I))
= enc (w, I)

(proof )
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lemma encD:

[v € enc (w, I); (Va € set I. case z of Inr P = finite P | - = True)] =

v = map (case-prod (enc-atom I)) (zip [0 ..< length v] (stake (length v) (w Q—
sconst any)))

(proof)

lemma enc-Inl: [z € enc (w, I); (Yx € set I. case x of Inr P = finite P | - =
True);

m < length I; T ! m = Inl p] = p < length x A snd (z ! p) ! m

(proof)

lemma enc-Inr: assumes z € enc (w, I) Vz € set I. case x of Inr P = finite P
| - = True

M < length IT! M = Inr P

shows p € P +— p < lengthx A snd (z ! p) ! M

(proof)

lemma enc-length:
assumes enc (w, I) = enc (w’, I')
shows length I = length I’

(proof)

lemma enc-stream-enc:
[(Vx € set I. case © of Inr P = finite P | - = True);
(Vz € set I'. case x of Inr P = finite P | - = True);
enc (w, I) = enc (w', I')] = stream-enc (w, I) = stream-enc (w', I')

{proof)

abbreviation wf-interp w I =
(Va € setw. a € set¥) AN (Ve € setI. case x of Inr P = finite P | - = True))

fun wf-interp-for-formula :: 'a interp = 'a formula = bool where
wf-interp-for-formula (w, I) ¢ =
(wf-interp w I A
(Vn € FOV @. case I | n of Inl - = True | - = False) A
(Vn € SOV . case I | n of Inl - = False | Inr - = True))

fun satisfies :: 'a interp = 'a formula = bool (infix <> 50) where
(w, I) E FQ a m = ((case I ! m of Inl p = if p < length w then w ! p else any)

a)

| (w, I = FLess m1 m2 = ((case I ! m1 of Inl p = p) < (case I ! m2 of Inl p =
)

|p(w, I E FInm M = ((case I ! m of Inl p = p) € (case I ! M of Inr P = P))

| (w, I) | FNot ¢ = (= (w, I) | ¢)

| (w, I) | (FOr o1 92) = ((w, I) = @1 V (w, I) |= ¢2)

| (w, I) E (FAnd o1 @2) = ((w, I) o1 A (w, I) | ¢2)

| (w, I) = (FEzxists o) = (3p. (w, Inlp # 1) = ¢)

| (w, I) = (FEXISTS ¢) = (3 P. finite P A (w, Intr P # 1) |= )
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definition langw s1s :: nat = ’a formula = (‘a X bool list) list set where
langwsis n o = U {enc (w, I) | wI . length I = n A wf-interp-for-formula (w,
I) o A (w, I) = ¢}

lemma encD-ex: [z € enc (w, I); (Va € set I. case x of Inr P = finite P | - =
True)] =
In. x = map (case-prod (enc-atom I)) (zip [0 ..< n] (stake n (w Q— sconst

any)))
{proof)

lemma enc-set-o: [z € enc (w, I); (Y € set I. case x of Inr P = finite P | - =
True);

length I = n; a € set x; set w C set X] = a € set (0 X n)

(proof)

definition positions-in-row s i =
Option.these (sset (smap2 (Ap (-, bs). if nth bs i then Some p else None) nats s))

lemma positions-in-row: positions-in-row s i = {p. snd (s !! p) ! i}
{proof)

lemma positions-in-row-unique: I!p. snd (s ! p) ! i =
the-elem (positions-in-row s i) = (THE p. snd (s !! p) ! ©)
(proof )

lemma positions-in-row-nth: I!p. snd (s !! p) | i =
snd (s ! the-elem (positions-in-row s i)) ! ¢

{proof)

definition dec-word s = cut-same any (smap fst s)

lemma dec-word-stream-enc: dec-word (stream-enc (w, I)) = cut-same any (w Q—
sconst any)

{proof)

definition stream-dec n FO (s :: (a x bool list) stream) = map (Ai.
ifi € FO
then Inl (the-elem (positions-in-row s 7))
else Inr (positions-in-row s 7)) [0..<n]

lemma stream-dec-Inl: [i € FO; i < n] = 3 p. stream-dec n FO s ! i = Inlp

(proof )

lemma stream-dec-not-Inr: [stream-dec n FO s ! i = Inr P; i € FO; i < n] =
False

{proof)

lemma stream-dec-Inr: [i ¢ FO; i < n] = 3 P. stream-dec n FO s ¢ = Inr P

{proof)
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lemma stream-dec-not-Inl: [stream-dec n FO s ! i = Inl p; i ¢ FO; i < n] =
False

{proof)

lemma Inr-dec-finite: [Vi<n. finite {p. snd (s !! p) ! i}; Inr P € set (stream-dec
n FO s)] =

finite P

(proof)

lemma enc-atom-dec:
[Vp. length (snd (s !! p)) = n; Vi€ FO. i <n — (3lp. snd (s p) 1 i); a =

fst (sl p)] =
enc-atom (stream-dec n FO s) pa = sl p

(proof)

lemma length-stream-dec[simp]: length (stream-dec n FO x) = n
{proof)

lemma stream-enc-dec:
[3n. sdrop n (smap fst s) = sconst any;
stream-all (Az. length (snd ) = n) s; Vi € FO. (3!p. snd (s ! p) ! i)] =
stream-enc (dec-word s, stream-dec n FO s) = s
(proof)

lemma stream-enc-unique:
i < length I = Ap. I i = Inl p = Ilp. snd (stream-enc (w, I) ! p) ! ¢
(proof )

lemma stream-dec-enc-Inl:

[stream-dec n FO (stream-enc (w, I)) i =Inlp'; I Vi = Inlp; i € FO; i < n;
length I = n] =

p=0p

(proof)

lemma stream-dec-enc-Inr:

[stream-dec n FO (stream-enc (w, I)) ! i = Inr P'; I i = Inr P; i ¢ FO; i <
n; length I = n] =

pP=r

(proof)

lemma Collect-snth: {p. P ((x ## s) ! p)} C {0} U Suc ‘{p. P (s !! p)}
(proof)
lemma finite- True-in-row: Vi < n. finite {p. snd ((w @Q— sconst (any, replicate n
False)) ! p) ! i}
(proof)

lemma lang-ENC"
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assumes FO C {0 .< n} SO C {0 .< n} — FO
shows lang n (ENC n FO) = |J{enc (w, I) | wI . length I = n A wf-interp w I
N
(Vi € FO. case I i of Inl - = True | Inr - = False) A
(Vi€ SO. case I'! i of Inl - = False | Inr - = True)}
(is ?L = ?R)
(proof)

lemma lang-ENC-formula:

assumes wf-formula n ¢

shows lang n (ENC n (FOV ¢)) = U{enc (w, I) | w I . length I = n A
wf-interp-for-formula (w, I) ¢}
(proof)

13.2 Welldefinedness of enc wrt. Models

lemma wf-interp-for-formula-F Exists:

[wf-formula (length I) (FEzists ¢)]—

wf-interp-for-formula (w, I) (FEzists ¢) <— (VY p. wf-interp-for-formula (w, Inl
p# 1))

(proof )

lemma wf-interp-for-formula-any-Inl: wf-interp-for-formula (w, Inl p # 1) ¢ =
Y p. wf-interp-for-formula (w, Inl p # 1) ¢
(proof )

lemma wf-interp-for-formula-FEXISTS:

[wf-formula (length I) (FEXISTS ¢)]|—

wf-interp-for-formula (w, I) (FEXISTS ¢) +— (V¥ P. finite P — wf-interp-for-formula
(w, Inr P # 1) )

(proof )

lemma wf-interp-for-formula-any-Inr: wf-interp-for-formula (w, Inr P # 1) p =
YV P. finite P — wf-interp-for-formula (w, Inr P # I) ¢
(proof )

lemma wf-interp-for-formula-FOr:
wf-interp-for-formula (w, I) (FOr 1 ¢2) =
(wf-interp-for-formula (w, I) @1 A wf-interp-for-formula (w, I) ¢2)
(proof )

lemma wf-interp-for-formula-FAnd:
wf-interp-for-formula (w, I) (FAnd p1 ¢2) =
(wf-interp-for-formula (w, I) @1 A wf-interp-for-formula (w, I) ¢2)
(proof )

lemma enc-wf-interp:

[wf-formula (length I) @; wf-interp-for-formula (w, I) ¢; z € enc (w, I)] =
wf-interp-for-formula (dec-word (z Q— sconst (any, replicate (length I) False)),
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stream-dec (length I) (FOV ¢) (z Q— sconst (any, replicate (length I) False)))

¥
{proof)

lemma enc-atom-welldef: V z a. enc-atom I x a = enc-atom I' x a = m < length
I =

(case (I'm, I'"' m) of (Inlp, Inl q) = p=q| (Inr P, Inr Q) =P =Q|-=
True)
(proof)

lemma stream-enc-welldef: [stream-enc (w, I) = stream-enc (w’, I'); wf-formula
(length I) ;

wf-interp-for-formula (w, I) ¢; wf-interp-for-formula (w’, I') ¢] =

(w, I) F o« (', 1) E¢
(proof)

lemma langw s15-FOr:
assumes wf-formula n (FOr @1 ¢2)
shows langw sis n (FOr @1 p2) C
(langwsis n @1 U langwsis n @2) N J{enc (w, I) | w I. length I = n A
wf-interp-for-formula (w, I) (FOr p1 ¢2)}
(is - C (?L1 U ?L2) N ?ENC)
(proof)

lemma langw s15-FAnd:
assumes wf-formula n (FAnd o1 ¢2)
shows langw s1s n (FAnd p1 ) C
langwsis n 1 N langwsis n p2 N J{enc (w, I) | w I. length I = n A
wf-interp-for-formula (w, I) (FAnd p1 p2)}
(proof)

13.3 From WSI1S to Regular expressions

fun rexp-of :: nat = ‘a formule = (‘a atom) rexp where
rexp-of n (FQ a m) =
Inter (TIMES [rexzp.Not Zero, Atom (AQ m a), rexp.Not Zero))
(ENC n (FOV (FQ a m)))
| rexp-of n (FLess m1 m2) = (if m1 = m2 then Zero else
Inter (TIMES [rexp.Not Zero, Atom (Arbitrary-Except m1 True),
rexp.Not Zero, Atom (Arbitrary-FEzcept m2 True),
rexp.Not Zero]) (ENC n (FOV (FLess m1 m2 :: 'a formula))))
| rexp-of n (FIn m M) =
Inter (TIMES [rexp.Not Zero, Atom (Arbitrary-Except2 m M), rexp.Not Zero))
(ENC n (FOV (FIn m M :: 'a formula)))
| rexp-of n (FNot ) = Inter (rexp.Not (rexp-of n ¢)) (ENC n (FOV (FNot ¢)))
| rexp-of n (FOr @1 w2) = Inter (Plus (rexp-of n 1) (rexp-of n v2)) (ENC n (FOV
(FOr ¢1 ¢2)))
| rexp-of n (FAnd o1 w2) = INTERSECT [rexp-of n @1, rexp-of n pa, ENC n
(FOV (FAnd o1 ¢2))]
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| rexp-of n (FEzists ¢) = samequot-exec (any, replicate n False) (Pr (rexp-of (n
+1)¢))
| rezp-of n (FEXISTS ¢) = samequot-exec (any, replicate n False) (Pr (rexp-of (n

+ 1) ¢))

fun rezp-of-alt :: nat = 'a formula = ('a atom) rexp where
rexp-of-alt n (FQ a m) =
TIMES [rexp.Not Zero, Atom (AQ m a), rexp.Not Zero]
| rexp-of-alt n (FLess m1 m2) = (if m1 = m2 then Zero else
TIMES [rexp.Not Zero, Atom (Arbitrary-Except m1 True),
rexp.Not Zero, Atom (Arbitrary-Ezcept m2 True),
rexp.Not Zerol)
| rexp-of-alt n (FIn m M) =
TIMES [rexp.Not Zero, Atom (Arbitrary-Except2 m M), rexp.Not Zero]
| rexp-of-alt n (FNot @) = rexp.Not (rexp-of-alt n ©)
| rexp-of-alt n (FOr @1 w2) = Plus (rexp-of-alt n 1) (rexp-of-alt n @)
| rexp-of-alt n (FAnd o1 p2) = Inter (rexp-of-alt n ¢1) (rexp-of-alt n p9)
| rexp-of-alt n (FEzists @) = samequot-exec (any, replicate n False) (Pr (Inter
(rexp-of-alt (n + 1) @) (ENC (Suc n) (FOV ¢))))
| rexp-of-alt n (FEXISTS ¢) = samequot-exec (any, replicate n False) (Pr (Inter
(rexzp-of-alt (n 4+ 1) @) (ENC (Suc n) (FOV ¢))))

definition rezp-of ' n ¢ = Inter (rexp-of-alt n ¢) (ENC n (FOV ¢))

fun rexp-of-alt’ :: nat = ’a formula = ('a atom) rexp where
rexp-of-alt’ n (FQ a m) = TIMES [Full, Atom (AQ m a), Full]
| rexp-of-alt’ n (FLess m1 m2) = (if m1 = m2 then Zero else
TIMES [Full, Atom (Arbitrary-Ezcept m1 True), Full, Atom (Arbitrary-Except
m2 True), Full])
| rexp-of-alt’ n (FIn m M) = TIMES [Full, Atom (Arbitrary-Exzcept2 m M), Full]
| rexp-of-alt’ n (FNot ) = rexp.Not (rexp-of-alt’ n ©)
| rexp-of-alt’ n (FOr o1 @2) = Plus (rexp-of-alt’ n 1) (rexp-of-alt’ n p2)
| rexp-of-alt’ n (FAnd v1 @2) = Inter (rexp-of-alt’ n 1) (rexp-of-alt’ n v2)
| rexp-of-alt’ n (FEzists ¢) = samequot-exec (any, replicate n False) (Pr (Inter
(rexp-of-alt’ (n + 1) ¢) (ENC (n + 1) {0})))
| rexp-of-alt’ n (FEXISTS @) = samequot-exec (any, replicate n False) (Pr (rexp-of-alt’
(n+1)¢)

definition rezp-of " n ¢ = Inter (rexp-of-alt’ n ¢) (ENC n (FOV ¢))

lemma enc-eql:
assumes z € enc (w, I) x € enc (w’, I') wf-interp-for-formula (w, T) ¢ wf-interp-for-formula
(W', I ¢
length I = length I’
shows enc (w, I) = enc (w’, I')
(proof)

lemma enc-eq-welldef:
[enc (w, I) = enc (w', I'); wf-formula (length I) ¢; wf-interp-for-formula (w, I)
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@ swf-interp-for-formula (w’, I') ¢] =
(w, I) E o« (w', I') |E o
{proof )

lemma enc-welldef:
[x € enc (w, I); x € enc (w', I'); length I = length 1'; wf-formula (length I) ¢;
wf-interp-for-formula (w, I) ¢ ;wf-interp-for-formula (w’, 1) ¢] =
(w, ) F o« (', I) g
(proof )

lemma wf-rexp-of: wf-formula n ¢ = wf n (rexp-of n )
(proof)

theorem langw s15-rexp-of: wf-formula n ¢ = langw s1s n ¢ = lang n (rexp-of
n o)
(is-= -=2Lnyp)

(proof)

lemma wf-rexp-of-alt: wf-formula n ¢ = wf n (rexp-of-alt n )
(proof )

lemma wf-rexp-of ": wf-formula n ¢ = wf n (rexp-of ' n )
(proof )

lemma wf-rexp-of-alt’: wf-formula n ¢ = wf n (rezp-of-alt’ n )

(proof)

11,

lemma wf-rexp-of " wf-formula n ¢ = wf n (rexzp-of "’ n )

{proof)

lemma ENC-FNot: ENC n (FOV (FNot ¢)) = ENC n (FOV )
(proof)

lemma ENC-FAnd:
wf-formula n (FAnd ¢ ) = lang n (ENC n (FOV (FAnd ¢ ))) C lang n
(ENC n (FOV ¢)) N lang n (ENC n (FOV v))

(proof)

lemma ENC-FOr:
wf-formula n (FOr ¢ ) = lang n (ENC n (FOV (FOr ¢ v))) C lang n (ENC
n (FOV ¢)) N lang n (ENC n (FOV 1))

(proof)

lemma ENC-FEzists:
wf-formula n (FEzists @) = lang n (ENC n (FOV (FEuxists ¢))) =
SAMEQUOT (any, replicate n False) (map 7 ‘lang (Suc n) (ENC (Suc n) (FOV
©))) (is - = ?L = ?R)
(proof)
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lemma ENC-FEXISTS:
wf-formula n (FEXISTS ¢) = lang n (ENC n (FOV (FEXISTS ¢))) =
SAMEQUOT (any, replicate n False) (map 7 ‘lang (Suc n) (ENC (Suc n) (FOV
©))) (is - = ?L = ?R)
(proof )

lemma langw 515-rexp-of-rexp-of ":
wf-formula n ¢ = lang n (rexp-of n ) = lang n (rexp-of ' n ¥)

{(proof)

lemma SAMEQUTO-UN [simp]: SAMEQUOT z (Uy € A. By) = (Uy € A.
SAMEQUOT z (B y))

{proof)

lemma finite-positions-in-row|[simpl:
n > 0 = finite (positions-in-row (r Q— sconst (any, replicate n False)) 0)
{proof)

lemma fin-cut-same-snoc: fin-cut-same x (zs @Q [y]) = (if x = y then fin-cut-same
z xs else xs Q [y])
(proof )

lemma fin-cut-same-idem: fin-cut-same x (fin-cut-same z xs) = fin-cut-same z s
(proof )

lemma cut-same-sconst: cut-same z (rs Q— sconst ) = fin-cut-same z s

(proof)

lemma length-cut-same: length (cut-same x s) = (LEAST n. sdrop n s = sconst
z)

(proof)

lemma enc-alt: wf-interp w I —

z € enc (w, I) «— x Q— sconst ((any, replicate (length I) False)) = stream-enc
(w, 1)

(proof)

lemma stream-stream-eql: [V (-, z) € sset zs. © # [|; ¥V (-, x) € sset ys. x # [|;
smap (A(-, z). hd x) s = smap (A(-, z). hd ) ys; smap m™ zs = smap 7 ys| =
s = ys

(proof)

lemma project-enc-extend:
fixes = [
defines n = length I
defines z = An. (any, replicate n False)
defines I’ = Inr (positions-in-row (x Q— sconst (z (Suc n))) 0) # I
assumes wf: wf-interp w I
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assumes enc: fin-cut-same (z n) (map ™ ) Q replicate m (2 n) € enc (w, I)
assumes nonempty: V (-, x) € set x. © # |]
shows z € enc (w, I’)

(proof)

lemma pred-case-conv: x — Suc 0 = (case x of 0 = 0 | Suc m = m)
(proof)

lemma in-pred-image-iff: 0 ¢ X = (z € (Az. £ — Suc 0) ‘ X) = (Suc z € X)
{proof)

lemma map-project-Int-ENC'":
fixes X Zn
defines z = (any, replicate n False)
assumes 0 ¢ X X C {0 .<n+ 1} Z Clists ((setoo %) (n+ 1)
shows SAMEQUOT z (map © ‘(Z Nlang (n + 1) (ENC (n + 1) X))) =
SAMEQUOT z (map m “Z) Nlang n (ENCn (Az. z — 1) ‘ X))
(proof)

lemma lang-ENC-split:
assumes finite X X = YI U Y2n=0V (Vp € X. p <n)
shows lang n (ENC n X) = lang n (ENC n Y1) N lang n (ENC n Y2)

{proof)

lemma map-project-ENC':
fixes n
assumes X C {0 .<n+ 1} Z Clists ((set 0 0 X) (n + 1))
defines z = (any, replicate n False)
shows SAMEQUOT z (map © ‘(Z Nlang (n + 1) (ENC (n + 1) X))) =
(if 0 € X
then SAMEQUOT z (map © “ (Z Nlang (n + 1) (ENC (n + 1) {0}))) N lang
n (ENCn (Ax.z — 1) ‘(X = {0})))
else SAMEQUOT z (map 7 * Z) Nlang n (ENCn (Az. z — 1) ‘(X — {0}))))
(is ?L = (if - then ?R1 else ?R2))
(proof)

lemma langysor-rexp-of -rexp-of :
wf-formula n ¢ => lang n (rexp-of ' n p) = lang n (rexp-of "' n ¢)
(proof)

theorem langw s15-rexp-of - wf-formula n ¢ = langw s15 n ¢ = lang n (rexp-of’
n o)
(proof)

theorem langw s15-rezp-of s wf-formula n o = langw s15 n ¢ = lang n (rexp-of "’
n )
(proof )

end
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14 Normalization of WS1S Formulas

fun nNot where

nNot (FNot ) = ¢
| nNot (FAnd ¢1 ¢2) = FOr (nNot ¢1) (nNot ©2)
| nNot (FOr @1 ¢2) = FAnd (nNot 1) (nNot ¢2)
| nNot ¢ = FNot ¢

primrec norm where
norm (FQ a m) = FQ am
| norm (FLess m n) = FLess m n
| norm (FIn m M) = FIn m M
| norm (FOr ¢ ) = FOr (norm ¢) (norm 1)
| norm (FAnd ¢ 1) = FAnd (norm @) (norm 1)
| norm (FNot ¢) = nNot (norm )
| norm (FEzists ) = FFEzists (norm )
| norm (FEXISTS ¢) = FEXISTS (norm )

context formula
begin

lemma satisfies-nNot[simp]: (w, I) = nNot ¢ +— (w, I) | FNot ¢
{proof)

lemma FOV-nNot[simp]: FOV (nNot ¢) = FOV (FNot ¢)
{proof)

lemma SOV-nNot[simp]: SOV (nNot @) = SOV (FNot ¢)
{proof)

lemma pre-wf-formula-nNot[simp|: pre-wf-formula n (nNot ) = pre-wf-formula
n (FNot )
(proof )

lemma FOV-norm[simp]: FOV (norm ¢) = FOV ¢
{proof)

lemma SOV-norm[simp]: SOV (norm ) = SOV ¢
(proof)

lemma pre-wf-formula-norm|[simp|: pre-wf-formula n (norm ¢) = pre-wf-formula
ne
(proof )

lemma satisfies-norm[simp): wl = norm ¢ +— wl = ¢
{proof)
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lemma langyw s15-norm[simp|: langws1s n (norm ) = langwsis n ¢
(proof)

end

15 Deciding Equivalence of WS1S Formulas

global-interpretation embed?2 set 0o 0 ¥ wf-atom X 7w lookup € ¥ case-prod Sin-
gleton

for ¥ :: 'a :: linorder list

defines

D = embed.lderiv lookup (¢ X)

and Co® = embed.lderiv-dual lookup (¢ X)

and r® = embed.rderiv lookup (¢ X)

and r®-add = embed2.rderiv-and-add lookup (¢ X)

and Q = embed?2.samequot-exec lookup (¢ ¥) (case-prod Singleton)

(proof )

lemma enum-not-empty[simp|: Enum.enum # [] (is fenum # [])
(proof)

global-interpretation ®: formula Enum.enum :: 'a :: {enum, linorder} list

rewrites embed?2.samequot-exec lookup (e (Enum.enum :: ‘a :: {enum, linorder}
list)) (case-prod Singleton) = Q Enum.enum

defines

pre-wf-formula = ®.pre-wf-formula

and wf-formula = ®.wf-formula

and rexp-of = ®.rexp-of

and rexp-of-alt = ®.rexp-of-alt

and rezp-of-alt’ = ®.rexp-of-alt’

and rexp-of’ = ®.rexp-of’

and rexp-of " = ®.rexp-of "’

and valid-ENC = ®.valid-ENC

and ENC = ®.ENC

and dec-interp = ®.stream-dec

and any = ®.any

(proof)
lemmas langw s15-rexp-of-norm = trans[OF sym|OF ®.langw s15-norm] ®.langw s15-rexp-of]
lemmas langw s15-rexp-of '-norm = trans|OF sym|[OF ®.langw s15-norm] ®.langw s1s-rexp-of ]
lemmas langw s15-rexp-of ""-norm = trans|OF sym[OF ®.langw s1s-norm] ®.langw s1s-rexp-of ")

(ML)

global-interpretation D: rexp-DFA o ¥ wf-atom ¥ m lookup Ax. «pnorm (inorm
x)»
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Aa . «®D X ary final alphabet.wf (wf-atom X) n pnorm lang X n n

for ¥ :: 'a :: linorder list and n :: nat

defines

test = rexp-DA.test (final :: 'a atom rexp = bool)

and step = rexp-DA.step (0 X) (Aa r. «D X a r») pnorm n

and closure = rexp-DA.closure (o X) (Aa r. «D X a r») final pnorm n

and check-equRE = rexp-DA.check-equ (o £) (Az. «pnorm (inorm z)») (Aa 7.
«D X ary) final pnorm n

and test-invariant = rexp-DA.test-invariant (final :: 'a atom rexp = bool) ::

(("a x bool list) list x -) list x - = bool

and step-invariant = rexp-DA.step-invariant (o ) (Aa r. «® X a r») pnorm n

and closure-invariant = rexp-DA.closure-invariant (o X) (Aa r. «® X a r») final
pnorm n

and counterexampleRE = rexp-DA.counterezample (o X) (Az. «pnorm (inorm
z)») (Aa r. «D X a r») final pnorm n

and reachable = rexp-DA.reachable (o X) (Az. «pnorm (inorm z)») (Aa r. «D
¥ ary) pnorm n

and automaton = rexp-DA.automaton (o X) (Az. «pnorm (inorm z)») (Aa r.
«D X ary) pnormn

{proof)

definition check-equ where
check-equ n @ P <— wf-formula n (FOr ¢ ¢¥) A
slow.check-equRE Enum.enum n (rexp-of " n (norm ¢)) (rexp-of "' n (norm 1))

definition countererample where
counterexample n p ¥ =

map-option (Aw. dec-interp n (FOV (FOr ¢ 1)) (w Q— sconst (any, replicate
n False)))

(slow.counterezampleRE Enum.enum n (rexp-of "' n (norm ¢)) (rexp-of " n (norm

¥)))

lemma soundness: slow.check-equ n p v = ®.langw si1s n p = P.langwsis n Y
(proof )

lemma completeness:
assumes D.langwsis n ¢ = Plangwsis n P wf-formula n (FOr ¢ 1)
shows slow.check-equ n ¢ ¥

(proof )
(ML)

global-interpretation D: rexp-DA-no-post o 3 wf-atom ¥ 7 lookup Ax. pnorm
(inorm x)
Aa r. pnorm (D X a 1) final alphabet.wf (wf-atom ¥) nlang ¥ n n
for X :: 'a :: linorder list and n :: nat
defines
test = rexp-DA.test (final :: 'a atom rexp = bool)
and step = rexp-DA.step (0 ) (Aa 1. pnorm (D X ar)) idn
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and closure = rexp-DA.closure (o ) (Aa 1. pnorm (D ¥ a 1)) final id n

and check-equRE = rexp-DA.check-equ (o ) (Az. pnorm (inorm z)) (Aa r. pnorm
(® X ar)) final id n

and test-invariant = rexp-DA.test-invariant (final :: 'a atom rexp = bool) ::

(("a x bool list) list x -) list x - = bool

and step-invariant = rexp-DA.step-invariant (o X) (Aa r. pnorm (D X a 1)) id
n

and closure-invariant = rexp-DA.closure-invariant (o X) (Aa r. pnorm (D ¥ a
r)) final id n

and counterexampleRE = rexp-DA.counterezample (o X) (Az. pnorm (inorm x))
(Aa r. pnorm (D X ar)) final id n

and reachable = rexp-DA.reachable (o X) (Az. pnorm (inorm z)) (Aa r. pnorm
®Xar))idn

and automaton = rexp-DA.automaton (o X) (Az. pnorm (inorm x)) (Aa r. pnorm
(®Xar)idn

(proof )

definition check-equ where
check-equ n @ ¥ <— wf-formula n (FOr ¢ ¢¥) A
fast.check-equRE Enum.enum n (rexp-of " n (norm ¢)) (rexp-of " n (norm 1))

definition counterexample where
counterexample n p Y =

map-option (Aw. dec-interp n (FOV (FOr ¢ 1)) (w @Q— sconst (any, replicate
n False)))

(fast.counterezampleRE Enum.enum n (rexp-of "’ n (norm ¢)) (rexp-of "’ n (norm

¥)))

lemma soundness: fast.check-equ n ¢ ¥ = ®.langw sis n p = P.langwsis n ¥
(proof )

(ML)

global-interpretation D: rexp-DA-no-post o ¥ wf-atom ¥ w lookup
Az. pnorm-dual (rexp-dual-of (inorm x)) Aa r. pnorm-dual (Co® ¥ a r) final-dual
alphabet.wf-dual (wf-atom X) n lang-dual ¥ n n
for X :: 'a :: linorder list and n :: nat
defines
test = rexp-DA.test (final-dual :: 'a atom rexp-dual = bool)
and step = rexp-DA.step (0 ) (Aa 1. pnorm-dual (Co® ¥ a 1)) id n
and closure = rexp-DA.closure (o £) (Aa r. pnorm-dual (Co® ¥ a r)) final-dual
idn
and check-equRE = rexp-DA.check-equ (o 2) (Az. pnorm-dual (rexp-dual-of
(inorm z))) (Aa r. pnorm-dual (Co® ¥ a 1)) final-dual id n
and test-invariant = rexp-DA.test-invariant (final-dual :: 'a atom rexp-dual =
bool) ::
(("a x bool list) list x -) list x - = bool
and step-invariant = rexp-DA.step-invariant (o X) (Aa r. pnorm-dual (Co® X
ar))idn
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and closure-invariant = rexp-DA.closure-invariant (o X) (Aa r. pnorm-dual
(Co® X ar)) final-dual id n

and counterezampleRE = rexp-DA.counterezample (o ¥) (Az. pnorm-dual (rexp-dual-of
(inorm x))) (Aa r. pnorm-dual (Co® ¥ a 1)) final-dual id n

and reachable = rexp-DA.reachable (o X) (Az. pnorm-dual (rexp-dual-of (inorm
z))) (Aa r. pnorm-dual (Co® X a 1)) id n

and automaton = rexp-DA.automaton (o X) (Az. pnorm-dual (rexp-dual-of (inorm
z))) (Aa r. pnorm-dual (Co® ¥ a 1)) id n

{proof)

definition check-equ where
check-equ n @ P <— wf-formula n (FOr ¢ ¢¥) A
dual.check-equRE Enum.enum n (rexp-of "' n (norm ¢)) (rezp-of "' n (norm 1))

definition countererample where
counterezample n ¢ 1 =

map-option (Aw. dec-interp n (FOV (FOr ¢ 1)) (w Q— sconst (any, replicate
n False)))

(dual.counterezampleRE Enum.enum n (rexp-of "' n (norm ¢)) (rexp-of "' n (norm

¥))

lemma soundness: dual.check-equ n p v = ®.langwsis n p = P.langwsis n Y
(proof)

(ML)
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