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Abstract

A monitor is a runtime verification tool that solves the following problem: Given a stream
of time-stamped events and a policy formulated in a specification language, decide whether
the policy is satisfied at every point in the stream. We verify the correctness of an executable
monitor for specifications given as formulas in metric first-order temporal logic (MFOTL) [1],
an expressive extension of linear temporal logic with real-time constraints and first-order
quantification. The verified monitor implements a simplified variant of the algorithm used
in the efficient MonPoly monitoring tool [2]. The formalization is presented in a RV 2019
paper [4], which also compares the output of the verified monitor to that of other monitoring
tools on randomly generated inputs. This case study revealed several errors in the optimized
but unverified tools.
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1 Traces and trace prefixes

1.1 Infinite traces

coinductive ssorted :: 'a :: linorder stream = bool where
shd s < shd (stl s) = ssorted (stl s) = ssorted s

lemma ssorted_siterate[simp]: (An. n < fn) = ssorted (siterate fn)
(proof)

lemma ssortedD: ssorted s =—> s !l i < stl s !l ¢
(proof)

lemma ssorted_sdrop: ssorted s = ssorted (sdrop i s)
(proof)

lemma ssorted_monoD: ssorted s = i < j = sl i < sllj

(proof)

lemma sorted_stake: ssorted s => sorted (stake i s)
(proof)

lemma ssorted_monol: Vij. i < j— sl i < sl j = ssorted s
(proof)

lemma ssorted_iff _mono: ssorted s +— (Vij. i <j— sl i< sllj)
(proof)

lemma ssorted_iff le_Suc: ssorted s «+— (Vi. s 1! i < s !l Suc 7)

(proof)
definition sincreasing s = (V. Ji. z < s ! 7)

lemma sincreasingl: (Az. 3i. © < s ! i) = sincreasing s



(proof)

lemma sincreasing grD:
fixes = :: 'a :: semilattice_sup
assumes sincreasing s
shows 3j>i. z < s !l j

(proof)

lemma sincreasing__siterate_nat[simp]:
fixes n :: nat
assumes (An. n < fn)
shows sincreasing (siterate f n)

(proof)

lemma sincreasing_stl: sincreasing s =—> sincreasing (stl s) for s :: 'a :: semilattice__sup stream
(proof )

typedef ‘a trace = {s :: ('a set x nat) stream. ssorted (smap snd s) A sincreasing (smap snd s)}
(proof)

setup__lifting type_ definition__trace

lift_ definition I :: ‘a trace = nat = ’a set is
As i. fst (s I i) (proof)

lift_ definition 7 :: ‘a trace = nat = nat is

As i. snd (s ! %) (proof)

lemma stream_eq_iff: s = s’ +— (Vn. s!! n = s" !l n)
(proof)

lemma trace_eql: (Ni.Toi=T0c'4%) = (Ni.7o0i=70"4%) =0=0
(proof)

lemma 7_mono[simpl: i < j =T si<Tsj
(proof)

lemma ex le 7:3j>i. 2 <71 sj
(proof)

lemmale 7 lesss7Toi<T0j—=j<i=—T0i=T0]
(proof)

lemma less TD:Toi<T0j=1<]}j
(proof)

abbreviation A si=7si—7s (i — 1)

lift_definition map_T :: ('a set = b set) = 'a trace = 'b trace is
Af s. smap (M(z, 7). (fz, 1)) s
(proof)

lemma I' _map_T[simp]: T (map_T fs)i=f (T sq)
(proof)

lemma 7_map_T[simp]: 7 (map_T fs)i=7s1
(proof)

lemma map_ T _id[simp]: map_T id s = s



(proof)

lemma map_I'_comp: map_T g (map_T fs) = map_T (gof)s
(proof)

lemma map_I'__cong: 01 = 02 = (A\z. f1 z = f2 2) = map_T f1 01 = map_T f2 o2

(proof)

1.2 Finite trace prefixes

typedef ‘a prefiv = {p :: ('a set x nat) list. sorted (map snd p)}
(proof )

setup__lifting type definition_ prefix

lift__definition pmap_T :: (‘a set = b set) = 'a prefit = b prefiz is
Af. map (A(z, i). (fz, i)
(proof)

lift_definition last_ts :: ‘a prefit = nat is
Ap. (case p of [| = 0| _ = snd (last p)) (proof)

lift__definition first_ts :: nat = ’a prefix = nat is
An p. (case p of [| = n | _ = snd (hd p)) (proof)

lift__definition pnil :: ‘a prefiz is || {proof)
lift__definition plen :: 'a prefizx = nat is length (proof)

lift_ definition psnoc :: ‘a prefix = ‘a set x nat = 'a prefiz is
Ap z. if (casep of [| = 0| _ = snd (last p)) < snd x then p Q [z] else ||
(proof)

instantiation prefix :: (type) order begin

lift_ definition less eq prefiz :: 'a prefix = 'a prefix = bool is
Ap g. 3r. ¢ = p Q r {proof)

definition less prefiz :: 'a prefix = ‘a prefix = bool where
less_ prefirzy = (< yA-y<zx)

instance

(proof)

end

lemma psnoc__inject[simp]:
last_ts p < snd ¢ = last_ts ¢ < snd y = psnoc p x = psnoc qy +— (p = q Az =1y)
(proof)

lift__definition prefiz_of :: 'a prefix = 'a trace = bool is A\p s. stake (length p) s = p (proof)

lemma prefiz_of pnil[simp]: prefix_of pnil o
(proof)

lemma plen_ pnil[simp]: plen pnil = 0
(proof )



lemma prefiz_of pmap_T'[simp]: prefic_of m 0 = prefix_of (pmap_T f ) (map T f o)
(proof )

lemma plen_mono: 7 < 1’ = plen m < plen 7’

(proof)

lemma prefiz_of psnocE: prefiz_of (psnoc p x) s = last_ts p < snd z =
(prefix_of p s = T s (plen p) = fst x = 7 s (plen p) = snd v = P) = P
(proof)

lemma le_ pnil[simp]: pnil < 7

(proof)

lift_ definition take_prefiz :: nat = 'a trace = 'a prefiz is stake

(proof)

lemma plen__take_prefix[simp]: plen (take_prefix i o) = i
(proof)

lemma plen__psnoc[simp]: last_ts m < snd x = plen (psnoc m x) = plen ™ + 1

(proof)

lemma prefix_of _take_prefiz[simp|: prefix_of (take_prefix i o) o
(proof)

lift__definition pdrop :: nat = ’a prefix = ’a prefiz is drop

{proof)

lemma pdrop__0[simp]: pdrop 0 7 = 7
(proof)

lemma prefiz_of antimono: m < ' = prefiz_of ©' s = prefiz_of 7 s

(proof)

lemma prefiz_of imp_ linear: prefiz_of m 0 = prefiv. of 1’ o = <n'vr' <«

(proof)

lemma ex_prefiz_of: 3s. prefiz_of p s

(proof)

lemma 7__prefir.__conv: prefiz_of p s = prefiv_of ps’' = i < plenp =T si=75"1

(proof)

lemma I'_prefiz_conv: prefiz_of p s = prefiz_of p s’ = i <plenp=Tsi=T5s"1

(proof)

lemma sincreasing__sdrop:
fixes s :: (‘a :: semilattice_sup) stream
assumes sincreasing s
shows sincreasing (sdrop n s)

(proof)

lemma ssorted__shift:
ssorted (zs Q— s) = (sorted zs A ssorted s N\ (Vz€Eset zs. ¥V yEsset s. © < y))
(proof)

lemma sincreasing _shift:
assumes sincreasing s



shows sincreasing (zs Q— s)

(proof)

lift_ definition replace_prefiz :: ‘a prefix = 'a trace = 'a trace is
A o. if ssorted (smap snd (m Q— sdrop (length w) o)) then
m Q— sdrop (length ©) o else smap (\i. ({}, ©)) nats

(proof)

lemma prefiz_of replace prefiz:
prefiz_of (pmap_T f w) 0 = prefiz_of w (replace_prefix w o)
(proof)

lemma map_I' replace prefiz:
V. f (fz) = fz = prefiz_of (pmap_T f 7) 0 = map_T [ (replace_prefix m ) = map_T f o
(proof )

lemma prefiz_of pmap_ T D:

assumes prefiz_of (pmap I f 7)o

shows Jo'. prefix_of m o’ A prefiz_of (pmap_T f «) (map_T f o)
(proof)

lemma prefiz_of map_I'_D:
assumes prefiz_of ©' (map_T f o)
shows 37", 7’ = pmap_T f n'' A prefiz_of ©'’' o
(proof )

lift__definition pts :: ‘a prefit = nat list is map snd (proof)
lemma pts_pmap_T'[simp|: pts (pmap_T f w) = pts

(proof)

2 Finite tables

primrec tabulate :: (nat = 'a) = nat = nat = 'a list where
tabulate fx 0 = ]
| tabulate f x (Suc n) = fxz # tabulate f (Suc z) n

lemma tabulate alt: tabulate fxn = map f [z ..< x + n]
(proof)

lemma length__tabulate[simp]: length (tabulate fx n) = n
(proof)

lemma map__tabulate[simp]: map f (tabulate g z n) = tabulate (Az. f (g x)) z n
(proof)

lemma nth_tabulate[simp]: k < n => tabulate fzn !k = f (z + k)

(proof)

type__synonym ’a tuple = 'a option list
type_synonym ’a table = ‘a tuple set

definition wf tuple :: nat = nat set = ’a tuple = bool where
wf_tuple n V x <— length z = n A (Vi<n. z!i = None +— i ¢ V)

definition table :: nat = nat set = 'a table = bool where
table n VX +— (VzeX. wf _tuple n V z)



definition empty_table = {}
definition unit_table n = {replicate n None}
definition singleton_table n i x = {tabulate (N\j. if i = j then Some z else None) 0 n}

lemma in__empty_table[simp]: = € empty_ table
(proof)

lemma empty _table[simp]: table n V empty_ table
(proof)

lemma unit_table_wf tuple[simp]: V = {} = = € unit_table n = wf_tuplen Vz
(proof )

lemma unit_table[simp]: V = {} = table n V (unit_table n)
(proof)

lemma in_unit_table: v € unit_table n «— wf _tuple n {} v
(proof )

lemma singleton__table _wf tuple[simp]: V = {i} = x € singleton__table n i z = wf_tuple n V z
(proof )

lemma singleton_table[simp]: V = {i} = table n V (singleton_table n i z)
(proof)

lemma table Un[simp]: table n VX = tablen VY = tablen V (X U Y)
(proof)

lemma wf tuple length: wf tuple n V z = length x = n

(proof)

fun joinl :: 'a tuple x 'a tuple = 'a tuple option where
joind (], []) = Some ]

| joinl (None # zs, None # ys) = map_ option (Cons None) (joinl (zs, ys))
| joinl (Some x # xzs, None # ys) = map__option (Cons (Some z)) (joinl (xs, ys))
| joinl (None # zs, Some y # ys) = map__option (Cons (Some y)) (joinl (zs, ys))
| joinl (Some x # xzs, Some y # ys) = (ifx = y

then map__option (Cons (Some z)) (joinl (zs, ys))

else None)
| joinl _ = None

definition join :: ‘a table = bool = 'a table = ’'a table where
join A pos B = (if pos then Option.these (joinl ‘(A X B))
else A — Option.these (joinl ‘(A X B)))

lemma join_ True_code[code]: join A True B = (Ja € A. |Jb € B. set_option (joinl (a, b)))
(proof)

lemma join_ False_ alt: join X False Y = X — join X True Y
(proof)

lemma self joinl: joinl (zs, ys) # Some xs = joinl (zs, ys) # Some xs
(proof)

lemma join_False code|code]: join A False B = {a € A. Vb € B. joinl (a, b) # Some a}



(proof)

lemma wf_tuple_Nil[simp]: wf_tuple n A [] = (n = 0)
(proof)

lemma Suc_pred”: Suc (z — Suc 0) = (case x of 0 = Suc 0 | _ = 1)
(proof)

lemma wf_tuple_ Cons[simp]:
wf_tuple n A (z # xs) «— ((if © = None then 0 ¢ A else 0 € A) A
(3m. n = Suc m A wf _tuple m (Az. z — 1) ‘(A — {0})) xs))
(proof)

lemma joinl _wf tuple:
joinl (v1, v2) = Some v = wf_tuple n A vl = wf_tuple n B v2 = wf_tuple n (A U B) v
(proof )

lemma join_wf tuple: z € join X b Y —
Vo e X. wf tuplen Av=—=VveY. wf tupenBv=— (nb=BCA) — AUB=(0=
wf _tuple n C x

(proof)

lemma join__table: tablen A X = tablen BY — (b= B C A) —= AUB=(C =
table n C (join X b Y)

(proof)

lemma wf tuple_Suc: wf_tuple (Suc m) A a +— a # [| A
wf _tuple m (Az. 2 — 1) (A — {0})) (tla) A (0 € A <— hd a # None)
(proof )

lemma table project: table (Suc n) A X = table n (Az. z — Suc 0) ‘(A — {0})) (¢l * X)
(proof)

definition restrict where
restrict A v = map (Ai. if i € A then v! i else None) [0 ..< length v]

lemma restrict_ Nil[simp]: restrict A [] = []
(proof)

lemma restrict_Cons[simp]: restrict A (z # zs) =
(if 0 € A then z # restrict (Az. z — 1) (A — {0})) zs else None # restrict (Az. z — 1) ‘ A) zs)
(proof)

lemma wf _tuple_restrict: wf _tuple n Bv = AN B = C = wf_tuple n C (restrict A v)
(proof)

lemma wf _tuple_restrict_simple: wf_tuple n Bv =—= A C B = wf_tuple n A (restrict A v)
(proof)

lemma nth_restrict: 1 € A = i < length v = restrict Av!i=wv!l1
(proof)

lemma restrict_eq Nil[simp]: restrict A v =[] +— v = |]

(proof)

lemma length__restrict[simp]: length (restrict A v) = length v

(proof)



lemma joinl Some_restrict:
fixes = y :: 'a tuple
assumes wf_tuple n A x wf_tuple n By
shows joinl (z, y) = Some z +— wf_tuple n (A U B) z A restrict A z = z A restrict Bz =y
(proof)

lemma restrict_idle: wf tuple n A v => restrict A v = v
(proof )

lemma map__the_restrict:
i € A = map the (restrict A v) | i = map the v !
(proof)

lemma join_ restrict:
fixes X Y :: ‘a tuple set
assumes Av. v € X = wf tuplen Av Av.v e Y = wf tuplen Bv—-b=—= BC A
shows v € join X b Y +—
wf_tuple n (A U B) v A restrict A v € X A (if b then restrict B v € Y else restrict Bv ¢ Y)

(proof)

lemma join_ restrict_ table:
assumes table n A X tablen BY - b— BC A
shows v € join X b Y +—
wf_tuple n (AU B) v A restrict A v € X A (if b then restrict B v € Y else restrict Bv ¢ Y)

(proof)

lemma join_ restrict__annotated:
fixes X Y :: 'a tuple set
assumes - b =simp=> B C A
shows join {v. wf_tuplen A v A P v} b {v. wf_tuplen Bv A Q v} =
{v. wf tuple n (AU B) v A P (restrict A v) A (if b then Q (restrict B v) else = Q (restrict B v))}
(proof)

lemma in_joinl: table n A X = table n BY = (-b = B C A) = wf tuplen (AU B) v =
restrict Av e X => (b=>restrict Bv e Y) = (b= restricc Bv¢ Y) = v € join XbY
(proof)

lemma in_joinE: v € join X b Y = tablen A X = tablen BY = (- b= B C A) =
(wf_tuple n (A U B) v = restrict A v € X = if b then restrict Bv € Y else restrict Bv ¢ ¥ —
P)=— P
(proof)

definition gtable :: nat = nat set = ('a tuple = bool) = ('a tuple = bool) =

‘a table = bool where

gtable n AP QX «— tablen A X N(Vz. (€ X APz — Qux) N (wf_tuplen Az NPz A Qx
— z € X))

abbreviation wf table where
wf_tablen A Q X = qtable n A (\_. True) Q X

lemma wf table_iff: wf tablen A Q X +— (Vz.z € X +— (Q z N wf_tuple n A z))
(proof )

lemma table _wf table: table n A X = wf _table n A (Av. v € X) X
(proof )

lemma qtablel: table n A X —
(Az.z€ X = wf tuplen Az = Pz = Q1) =



(Az. wf_tuplen Az — Pz — Q=2 € X) =
qtablen A P Q X

(proof)

lemma in_ qtablel: qtable n AP Q X = wf tuplen Az — Pz — Qz =z € X
(proof)

lemma in__qtableE: qtablen AP QX — 2z € X = Pz = (wf_tuplen Az — Qz = R) = R
(proof)

lemma gtable _empty: (Az. wf_tuple n A © = P x = @Q © = Fualse) = qtable n A P Q empty__table
(proof)

lemma gtable__empty_iff: qtable n A P Q empty_table = (Vz. wf_tuple n Az — P2z — Qz —>
False)

(proof)

lemma qtable__unit_table: (Az. wf_tuple n {} z = Pz = Q z) = qtable n {} P Q (unit_table n)
(proof )

lemma qtable union: qtable n A P Q1 X = qtablen A P Q2 ¥ —
(Az. wf_tuplen Az = Pz = Quz+— QlzV Q2x) = qtablen AP Q (XUY)
(proof )

lemma gtable_ Union: finite I = (\i. i € I = qtablen A P (Qi i) (Xii)) =
(Az. wf tuplen Az = Pz = Qu+— (i€l Qiiz)) = qtablen AP Q (Ut € I. Xii)
(proof)

lemma qtable_join:
assumes qtable n A P Q1 X gtable n BP Q2Y ~b=— BCAC=AUB
Nz. wf_tuple n C x = P © = P (restrict A ) A\ P (restrict B x)
Nz. b = wf tuplen Cz = Pz = Q z <+— Q1 (restrict A z) N Q2 (restrict B x)
Nz. = b= wf _tuplen Cz = Pz = Qz +— QI (restrict A ) A = Q2 (restrict B z)
shows gtable n C' P Q (join X b Y)
(proof)

lemma qtable_join_ fized:

assumes qgtable n A P Q1 X qtable n BP Q2Y - b=— BCAC=AUB

Nz. wf_tuple n C z = P & = P (restrict A z) A\ P (restrict B x)

shows gtable n C P (Az. Q1 (restrict A ) A (if b then Q2 (restrict B z) else = Q2 (restrict B z)))
(join X b Y)

(proof)

lemma wf tuple_cong:
assumes wf tuple n A v wf _tuplen A wVz € A. map the v! z = map the w! z
shows v = w

(proof)

definition mem_ restr :: 'a list set = 'a tuple = bool where
mem_restr A © «— (FycA. list_all2 (Aa b. a # None — a = Some b) z y)

lemma mem_restrl: y € A = length y = n = wf_tuplen Ve = VieV.z!i= Some (y ! i) =
mem__restr A x

(proof)

lemma mem_ restrE: mem_restr A x = wf_tuplen Ve = VieV. i< n—
Ay.ye A= VieV.z!i= Some(y!i) = P) = P
(proof )
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lemma mem__restr__IntD: mem_restr (A N B) v = mem__restr A v A\ mem__restr B v
(proof )

lemma mem__restr__Un__iff: mem_restr (A U B) z «— mem__restr A © V mem__restr B x
(proof )

lemma mem__restr_UNIV [simp]: mem__restr UNIV z
(proof )

lemma restrict_mem_ restr[simp]: mem_restr A ¥ => mem__restr A (restrict V z)
(proof)

definition lift_envs :: 'a list set = 'a list set where
lift_envs R = (A(a,b). a # b) ‘(UNIV x R)

lemma lift _envs _mem__restr[simp|: mem_restr A © => mem__restr (lift_envs A) (a # x)
(proof)

lemma qtable_project:
assumes qgtable (Suc n) A (mem__restr (lift_envs R)) P X
shows gtable n ((Az.  — Suc 0) ‘(A — {0})) (mem__restr R)
(Av. 3z. P ((if 0 € A then Some z else None) # v)) (tl © X)
(is gtable n ?A (mem_restr R) 2P ?X)
(proof)

lemma qgtable_cong: qgtablen AP QX = A =B = (Av. Pv = Qv +— Q' v) = qtable n B P
QX
(proof)

3 Abstract monitors and slicing

3.1 First-order specifications

We abstract from first-order trace specifications by referring only to their semantics. A first-order
specification is described by a finite set of free variables and a satisfaction function that defines
for every trace the pairs of valuations and time-points for which the specification is satisfied.

locale fo_ spec =
fixes
nfv :: nat and fv :: nat set and
sat :: 'a trace = 'b list = nat = bool
assumes
fu_less _nfv: x € fv = = < nfv and
sat_fv_cong: (Nz. z € fv = vlz = v'lz) = sat o vi = sat o v’ i
begin

definition verdicts :: 'a trace = (nat x 'b tuple) set where
verdicts o = {(i, v). wf_tuple nfv fv v A sat o (map the v) i}

end

We usually employ a monitor to find the wviolations of a specification. That is, the monitor should
output the satisfactions of its negation. Moreover, all monitor implementations must work with
finite prefixes. We are therefore interested in co-safety properties, which allow us to identify all
satisfactions on finite prefixes.

locale cosafety_fo_ spec = fo__spec +
assumes cosafety Ir: sat o vi = 3 7. prefiz_of m o A (Yo'. prefit_of m 0’ — sat o' v 9)

11



begin

lemma cosafety: sat o v i <— (37. prefiz_of m o A (Vo'. prefix_of m o' — sat o’ v 7))

(proof)

end

3.2 Monitor function

We model monitors abstractly as functions from prefixes to verdict sets. The following locale
specifies a minimal set of properties that any reasonable monitor should have.

locale monitor = fo_ spec +

fixes M :: 'a prefit = (nat x 'b tuple) set

assumes
mono_monitor: 1 < nm'= M 7 C M n’ and
wf_monitor: (i, v) € M m = wf_tuple nfv fv v and
sound_monitor: (i, v) € M m = prefi_of m 0 = sat o (map the v) i and
complete__monitor: prefiz_of m 0 = wf_tuple nfv fv v =

(No. prefiz_of m 0 = sat o (map the v) i) = A7’ prefix_of 7' o A (i, v) € M '

A monitor for a co-safety specification computes precisely the set of all satisfactions in the limit:

abbreviation (in monitor) M_limit o = |J{M = | 7. prefix_of m o}

locale cosafety monitor = cosafety fo__spec + monitor
begin

lemma M _limit_eq: M__limit o = verdicts o

(proof)

end

The monitor function M adds some information over sat, namely when a verdict is output. One
possible behavior is that the monitor outputs its verdicts for one time-point at a time, in increasing
order of time-points. Then M is uniquely defined by a progress function, which returns for every
prefix the time-point up to which all verdicts are computed.

locale progress = fo_spec _ __ sat for sat :: 'a trace = 'b list = nat = bool +
fixes progress :: 'a prefix = nat
assumes

progress_mono: T < w' = progress m < progress w' and

ex_progress__ge: 3. prefiz_of m o N z < progress m and

progress__sat__cong: prefiz_of m 0 = prefix_of m o' = i < progress 1 =

sat c vi+— sat o' vi

— The last condition is not necessary to obtain a proper monitor function. However, it corresponds to
the intuitive understanding of monitor progress, and it results in a stronger characterisation. In particular,
it implies that the specification is co-safety, as we will show below.
begin

definition M :: ‘a prefivt = (nat x 'b tuple) set where
M 7 = {(i, v). i < progress m N wf_tuple nfv fu v A
(Vo. prefix_of m 0 — sat o (map the v) 1)}
lemma M_alt: M © = {(¢, v). i < progress m N wf_tuple nfv fo v A
(Fo. prefix_of m o A sat o (map the v) i)}
(proof)

end
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sublocale progress C cosafety monitor _ M

(proof)

3.3 Slicing

Sliceable specifications can be evaluated meaningfully on a subset of events.

locale abstract slicer =
fixes relevant events :: 'b list set = 'a set
begin

abbreviation slice :: 'b list set = 'a trace = 'a trace where
slice S = map_T (AD. D N relevant__events S)

abbreviation pslice :: 'b list set = 'a prefit = 'a prefix where
pslice S = pmap_T (AD. D N relevant__events S)

lemma prefiz_of pslicel: prefiz_of m o = prefiz_of (pslice S ) (slice S o)
(proof)

lemma plen_ pslice[simp]: plen (pslice S ©) = plen 7
(proof )

lemma pslice_pnil[simp]: pslice S pnil = pnil

(proof)

lemma last_ts_pslice[simp]: last_ts (pslice S 7) = last_ts «

(proof)

abbreviation verdict_filter :: 'b list set = (nat x 'b tuple) set = (nat x 'b tuple) set where
verdict_filter SV = {(i, v) € V. mem_restr S v}

end

locale sliceable_fo_spec = fo__spec __ __ sat + abstract_slicer relevant__events
for relevant events :: 'b list set = ’a set and sat :: 'a trace = 'b list = nat = bool +
assumes sliceable: v € S = sat (slice S o) vi «— sat o v i

begin

lemma union wverdicts slice:

assumes part: |JS = UNIV

shows |J ((AS. verdict_filter S (verdicts (slice S 0))) ‘S) = verdicts o
(proof)

end

We define a similar notion for monitors. It is potentially stronger because the time-point at which
verdicts are output must not change.

locale sliceable_monitor = monitor _ _ sat M + abstract_slicer relevant__events
for relevant events :: 'b list set = 'a set and sat :: 'a trace = 'b list = nat = bool and M +
assumes sliceable M: mem_restr S v => (i, v) € M (pslice S 7) «— (i, v) € M ©

begin

lemma union_ M _ pslice:

assumes part: |JS = UNIV

shows |J (AS. verdict_filter S (M (pslice S 7)) ‘S) =M =«
(proof)
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end

If the specification is sliceable and the monitor’s progress depends only on time-stamps, then also
the monitor itself is sliceable.

locale timed__progress = progress +
assumes progress_time__conv: pts m = pts 7' = progress m = progress w'

locale sliceable_timed_progress = sliceable_fo__spec + timed__progress
begin

lemma progress__pslice[simp|: progress (pslice S ) = progress m

(proof)

end

sublocale sliceable timed__progress C sliceable_monitor _ M

(proof)

4 Intervals

typedef Z = {(7 :: nat, j :: enat). i < j}
(proof)

setup__lifting type_ definition_ T

instantiation 7 :: equal begin

lift__definition equal 7 :: T = Z = bool is (=) (proof)
instance (proof)

end

instantiation 7 :: linorder begin

lift_ definition less _eq T :: T = Z = bool is (<) (proof)
lift_ definition less 7 :: 7 = T = bool is (<) (proof)
instance (proof)

end

lift__definition all :: Z is (0, co) (proof)
lift__definition left :: Z = nat is fst (proof)
lift__definition right :: T = enat is snd (proof)
lift__definition point :: nat = T is An. (n, enat n) {proof)
lift__definition nit :: nat = Z is An. (0, enat n) (proof)
abbreviation mem where mem n I = (left [ < n A n < right I)
lift__definition subtract :: nat = 7 = T is

An (i, 7). (i — n, j — enat n) {proof)
lift_ definition add :: nat = 7 = T is

An (a, b). (a, b + enat n) (proof)

lemma left right: left I < right I
(proof )

lemma point__simps[simp]:
left (point n) = n
right (point n) = n
(proof)

lemma init_simps[simp]:
left (init n) = 0
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right (init n) = n
(proof)

lemma subtract__simps[simpl:
left (subtract n I) =left I — n
right (subtract n I) = right I — n
subtract 0 1 =1
subtract © (point y) = point (y — z)
(proof)

definition shifted :: Z = 7 set where
shifted I = (An. subtract n I) ‘{0 .. (case right I of co = left I | enat n = n)}

lemma subtract _too much: i > (case right I of oo = left I | enat n = n) =
subtract i I = subtract (case right I of co = left I | enat n = n) I

(proof)

lemma subtract__shifted: subtract n I € shifted 1
(proof )

lemma finite_shifted: finite (shifted I)
(proof )

definition interval :: nat = enat = Z where
interval I v = (if | < r then Abs_ZT (I, ) else undefined)

lemma [code abstract]: Rep_Z (interval I r) = (if I < r then (I, r) else Rep_T undefined)
(proof)

5 Metric first-order temporal logic

context begin

5.1 Formulas and satisfiability

qualified type__synonym name = string

qualified type__synonym ’a event = (name x ’a list)
qualified type_ synonym ‘a database = 'a event set
qualified type_synonym ‘a prefit = (name X ‘a list) prefiz
qualified type_synonym ‘a trace = (name x ’a list) trace

qualified type_ synonym ’‘a env = a list
qualified datatype ‘a trm = Var nat | is_Const: Const 'a
qualified primrec fvi_trm :: nat = ‘a trm = nat set where
fui_trm b (Var z) = (if b < z then {z — b} else {})
| fvi_trm b (Const ) = {}
abbreviation fu_trm = fvi_trm 0
qualified primrec eval trm :: ‘a env = ’'a trm = 'a where
eval_trm v (Varz) =v!lzx
| eval _trm v (Const z) = x
lemma eval_trm_cong: Vz€fu_trmt. v!xz = v' ! 2 => eval_trm vt = eval_trm v’ t

{proof) datatype (discs_sels) 'a formula = Pred name 'a trm list | Eq 'a trm 'a trm
| Neg 'a formula | Or 'a formula 'a formula | Exists 'a formula
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| Prev T 'a formula | Next T 'a formula
| Since ‘a formula T 'a formula | Until 'a formula T 'a formula

qualified primrec fvi :: nat = 'a formula = nat set where
fui b (Pred rts) = (Jt€set ts. foi_trm b t)

| fui b (Eq t1t2) = fvi_trm b t1 U fui_trm b t2
| foi b (Neg ) = foi b ¢

| fui b (Or ¢ ) = fvib o U fuiby

| fvi b (Exists p) = fui (Suc b) ¢

| fui b (Prev I @) = fui b ¢

| fui b (Next I @) = fvi b ¢

| fui b (Since ¢ I ) = foi b o U fui b

| foi b (Until o I 9) = foi b o U foi bt

abbreviation fv = fvi 0

lemma finite_fvi_trm[simp]: finite (fvi_trm b t)
(proof)

lemma finite_fvi[simp]: finite (fvi b ©)
(proof)

lemma fvi_trm_Suc: x € fuvi_trm (Suc b) t <— Suc z € fvi_trm b t
(proof)

lemma fvi_Suc: x € fvi (Suc b) ¢ «— Sucz € fuib ¢
(proof)

lemma fvi_Suc_bound:
assumes Vi€fui (Suc b) . i < n
shows Vicfui b . i < Sucn

(proof) definition nfv :: ‘a formula = nat where
nfv ¢ = Maz (insert 0 (Suc ‘ fv ¢))

qualified definition envs :: ‘a formula = 'a env set where
envs p = {v. length v = nfv ¢}

lemma nfy_simps[simp]:
nfv (Neg ) = nfv ¢
nfo (Or ¢ ¥) = maz (nfo @) (nfo )
nfv (Prev I go) =nfvp
nfv (Next I ¢) = nfv ¢
nfv (Since ¢ I ¢) = maz (nfv ) (nfv )
nfv (Until ¢ I ¥) = maz (nfv ) (nfv ¥)
(proof)

lemma fvi_less nfv: Viefo ¢. i < nfv ¢
{proof) primrec future_reach :: 'a formula = enat where
future_reach (Pred _ _) = 0
| future_reach (Eq _ _) =0
| future_reach (Neg gp) future__reach
| future_reach (Or ¢ 1) = maz (future_reach ) (future_reach 1)
| future__reach (Exists ¢) = future_reach ¢
| future_reach (Prev I @) = future_reach ¢ — left I
| future_reach (Next I ¢) = future_reach ¢ + right I + 1
| future__reach (Since ¢ I ) = maz (future_reach @) (future_reach ¢ — left I)
| future_reach (Until ¢ I 1)) = maz (future_reach o) (future_reach ) + right I + 1
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qualified primrec sat :: ‘a trace = ‘a env = nat = ‘a formula = bool where
sat o v i (Pred r ts) = ((r, map (eval_trm v) ts) € I o )

| sat o vi (Eqtl t2) = (eval_trm v t1 = eval_trm v t2)

| sat o vi (Neg ¢) = (— sat o v i @)

| sat o vi (Or p ) = (sat o vi @ V sat o v i)

| sat o v i (Exists ) = (2. sat o (z # v) i @)

| sat o vi (Prev I ¢) = (case i of 0 = False | Sucj = mem (To i — 10 j)IAsatovjep)

| sat o vi (Next I ¢) = (mem (1 o (Suci) — 7 o0 i) I A sat o v (Suc i) @)

| sat o vi (Since p [ ) = (Fj<i.mem (troi—7T0j) I ANsatcvjy AN NVke{j<. i} satovky))
| sat o vi (Until ¢ I ) = (3j>i. mem (toj—710i)IANsatovjvANke{i.<j} satovkp))

lemma sat_Until_rec: sat o v i (Until ¢ I ) «—
mem 01 A sat o vipV
(Ao (i4+1)<rigt I NsatocvieAsatov (i+ 1) (Until p (subtract (A o (i + 1)) I) v))
(is ?L +— ?R)
(proof)
lemma sat_Since_rec: sat o v i (Since ¢ I 1) +—
mem 01 A sat o vipV
(i>0NAci<right ] NsatocvieAsatov (i— 1) (Since ¢ (subtract (A o i) I) ¢))
(is 7L +— ?R)

(proof)

lemma sat_Since_0: sat o v 0 (Since ¢ I ) «— mem 01 A sat o v 0 ¢
(proof)

lemma sat_Since_point: sat o v i (Since ¢ I V) =
(Nj.j<i=mem (roi—Toj) = sat o vi (Since ¢ (point (T o0 {—17o0j)y) = P)= P
(proof)

lemma sat_Since_pointD: sat o v i (Since ¢ (point t) ) => mem t I => sat o v i (Since ¢ I V)
(proof)

lemma eval_trm_fvi cong: Vz€fv_trm t. vlz = v'lz = eval_trm v t = eval _trm v’ t
(proof)

lemma sat_fvi_cong: VzE€fv ¢. vlz = v'lz = sat o vi p = sat o v' i

(proof)

5.2 Defined connectives
qualified definition And ¢ ¢ = Neg (Or (Neg ) (Neg 1))

lemma fvi_And: fvi b (And ¢ ) = fvi b o U fvi b ¢
(proof)

lemma nfy_And[simp]: nfv (And ¢ ¥) = maz (nfv ) (nfv )
(proof)

lemma future_reach__And: future_reach (And ¢ ) = max (future_reach o) (future_reach 1)

(proof)

lemma sat_And: sat o0 vi (And ¢ ¥) = (sat o v i p A sat o v i)
(proof) definition And_Not ¢ ¢ = Neg (Or (Neg ¢) )

lemma fvi_And_Not: fvi b (And_Not ¢ ) = fui b o U fvi b
(proof)
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lemma nfy_And_ Not[simp]: nfv (And_Not ¢ ¥) = maz (nfv ¢) (nfo )
(proof)

lemma future_reach__And_Not: future_reach (And_Not ¢ 1) = maz (future_reach @) (future_reach

¥)
(proof)

lemma sat_And_Not: sat o v i (And_Not ¢ ) = (sat c vi o A = sat o v i )
(proof)

5.3 Safe formulas

fun safe_formula :: 'a MFOTL.formula = bool where
safe_formula (MFOTL.Eq t1 t2) = (MFOTL.is_Const t1 V MFOTL.is_Const t2)
| safe_formula (MFOTL.Neg (MFOTL.Eq (MFOTL.Const x) (MFOTL.Const y))) = True
| safe_formula (MFOTL.Neg (MFOTL.Eq (MFOTL.Var z) (MFOTL.Var y))) = (z = y)
| safe_formula (MFOTL.Pred e ts) = True
| safe_formula (MFOTL.Neg (MFOTL.Or (MFOTL.Neg ¢) v)) = (safe_formula ¢ A
(safe_formula v A MFOTL.fv ¢p C MFOTL.fv ¢ V (case ¢ of MEFOTL.Neg ' = safe_ formula )" |
__ = Fulse)))
| safe_formula (MFOTL.Or ¢ ) = (MFOTL.fv v = MFOTL.fv ¢ A safe_formula ¢ A safe_formula
)
| safe_formula (MFOTL.Exists ¢) = (safe_formula @)
| safe_formula (MFOTL.Prev I ¢) = (safe_formula ¢)
| safe_formula (MFOTL.Next I @) = (safe_formula )
| safe_formula (MFOTL.Since ¢ I ) = (MFOTL.fv ¢ C MFOTL.fv ¢ A
(safe_formula ¢ V (case ¢ of MFOTL.Neg ¢’ = safe_formula ¢’ | _ = False)) A safe_formula 1))
| safe_formula (MFOTL.Until ¢ I ¢) = (MFOTL.fv ¢ C MFOTL.fv ¢ A
(safe_formula ¢ V (case ¢ of MFOTL.Neg ¢’ = safe_formula ¢’ | _ = False)) A safe_formula 1))
| safe_formula _ = False

lemma disjE_Not2: PV Q = (P —= R) = (P = @ = R) = R
(proof)

lemma safe_ formula_induct[consumes 1]:
assumes safe_ formula ¢
and At¢l t2. MFOTL.is_Const t1 =— P (MFOTL.Eq t1 t2)
and AtI t2. MFOTL.is_Const t2 = P (MFOTL.Eq t1 t2)
and Az y. P (MFOTL.Neg (MFOTL.Eq (MFOTL.Const ) (MFOTL.Const y)))
and Az y. £ = y = P (MFOTL.Neg (MFOTL.Eq (MFOTL.Var z) (MFOTL.Var y)))
and Ae ts. P (MFOTL.Pred e ts)
and Ay ¥. = (safe_formula (MFOTL.Neg ) A MFOTL.fv v C MFOTL.fv ) = P ¢ = P ¢
= P (MFOTL.And ¢ 1)
and Ay 9. safe_formula ¢ = MFOTL.fvy C MFOTL.fv p = P ¢ = P ¢ = P (MFOTL.And_Not
)
and Ay ¢. MFOTL.fv ¢ = MFOTL.fv ¢ = P ¢ => P ¢ = P (MFOTL.Or ¢ v)
and Ag. P ¢ = P (MFOTL.Ezists ¢)
and AI . P o = P (MFOTL.Prev I ¢)
and AI ¢. P o = P (MFOTL.Next I ¢)
and Ay I . MFOTL.fv ¢ C MFOTL.fv ¥ = safe_formula ¢ = P ¢ = P ¢ = P (MFOTL.Since
¢ 1)
and Ap I v». MFOTL.fv (MFOTL.Neg ) C MFOTL.fv ¢ =
- safe_formula (MFOTL.Neg ¢) => P ¢ => P ¢p = P (MFOTL.Since (MFOTL.Neg ¢) I ¢ )
and A I . MFOTL.fv ¢ C MFOTL.fv ¢ = safe_formula ¢ = P p = P ) = P (MFOTL.Until
1Y)
and Ap I ¢». MFOTL.fv (MFOTL.Neg ) C MFOTL.fv ¢y =
= safe_formula (MFOTL.Neg ¢) = P ¢ = P ) = P (MFOTL.Until (MFOTL.Neg ¢) I 1))
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shows P ¢
(proof)

5.4 Slicing traces

qualified primrec matches :: 'a env = 'a formula = name x ’a list = bool where
matches v (Pred r ts) e = (r = fst e A map (eval_trm v) ts = snd e)

| matches v (Eq _ _) e = False

| matches v (Neg p) e = matches v p e

| matches v (Or ¢ ) e = (matches v ¢ e V matches v ¢ e)

| matches v (Exists p) e = (3 z. matches (z # v) ¢ e)

| matches v (Prev I ¢) e = matches v ¢ e

| matches v (Next I ¢) e = matches v ¢ e

| matches v (Since ¢ I ¥) e = (matches v ¢ e V matches v ¢ e)
| matches v (Until ¢ I ) e = (matches v ¢ e V matches v ¢ e)

lemma matches_fvi_cong: ¥ x€fv . vz = v'\lx => matches v p e = matches v’ ¢ e

(proof)
abbreviation relevant _events where relevant _events ¢ S = {e. S N {v. matches v ¢ e} # {}}

lemma sat_slice__strong: relevant__events ¢ S C E —= v € § =
sat o vi @ «— sat (map_ ' AD. DN E)o)vigp
(proof )

end
interpretation MFOTL_ slicer: abstract_slicer relevant__events ¢ for ¢ (proof)

lemma sat_slice iff:
assumes v € S
shows MFOTL.sat o v i ¢ «— MFOTL.sat (MFOTL_ slicer.slice ¢ S o) vi ¢

(proof)

lemma slice_replace prefiz:
prefiz_of (MFOTL_ slicer.pslice ¢ R w) 0 =
MFOTL_ slicer.slice ¢ R (replace_prefic m 0) = MFOTL_ slicer.slice ¢ R o
(proof )

6 Monitor implementation

6.1 Monitorable formulas

definition mmonitorable ¢ <— safe_formula ¢ N MFOTL.future_ reach ¢ # oo

fun mmonitorable_ezec :: 'a MFOTL.formula = bool where
mmonitorable__exec (MFOTL.Eq t1 t2) = (MFOTL.is_Const t1 V MFOTL.is_Const t2)

| mmonitorable _exec (MFOTL.Neg (MFOTL.Eq (MFOTL.Const ) (MFOTL.Const y))) = True

| mmonitorable_exec (MFOTL.Neg (MFOTL.Eq (MFOTL.Var ) (MFOTL.Var y))) = (z = y)

| mmonitorable_exec (MFOTL.Pred e ts) = True

| mmonitorable _exec (MFOTL.Neg (MFOTL.Or (MFOTL.Neg ¢) ¢)) = (mmonitorable_exec ¢ N
(mmonitorable__exec v N MFOTL.fo v C MFOTL.fo ¢ V (case ¥ of MFOTL.Neg v' = mmoni-

torable_exec ' | _ = False)))

| mmonitorable _exec (MFOTL.Or ¢ ) = (MFOTL.fv v = MFOTL.fv ¢ A mmonitorable exec ¢ A

mmonitorable__exec

| mmonitorable__exec

| mmonitorable__exec

| mmonitorable__exec

MFOTL.Ezists p) = (mmonitorable__ezec ¢)
MFOTL.Prev I ¢) = (mmonitorable_ezec p)
MFOTL.Next I ¢) = (mmonitorable_exec ¢ A right I # 00)

o~ — )
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| mmonitorable__exec (MFOTL.Since ¢ I 1) = (MFOTL.fv ¢ C MFOTL.fv ) A

(mmonitorable_exec ¢ V (case ¢ of MFOTL.Neg ¢’ = mmonitorable _exec ¢’ | _ = False)) A
mmonitorable__exec 1))
| mmonitorable _exec (MFOTL.Until ¢ I ¢) = (MFOTL.fv ¢ C MFOTL.fv ¢ A right I # oo A

(mmonitorable_exec ¢ V (case ¢ of MFOTL.Neg ¢’ = mmonitorable exec ¢’ | _ = False)) A
mmonitorable__exec 1))
| mmonitorable _exec _ = False

lemma plus_eq enat_iff: a + b= enat ¢ <— (Fjk. a =enatj AN b=enatk Nj+ k= 1)
(proof )

lemma minus_eq_enat_iff: a — enat k = enat i +— (3j. a = enat j A j — k = 17)

(proof)

lemma safe_formula__mmonitorable__ezxec: safe_formula ¢ = MFOTL.future__reach ¢ # co = mmon-
itorable__exec ¢

(proof)

lemma mmonitorable _exec__mmonitorable: mmonitorable _exec ¢ = mmonitorable ¢

(proof)

lemma monitorable__formula__code[code]: mmonitorable ¢ = mmonitorable__ezec ¢
(proof)

6.2 The executable monitor

type__synonym ts = nat

type__synonym ‘a mbuf2 = ‘a table list x 'a table list
type__synonym ‘a msauz = (ts x 'a table) list
type__synonym ‘a muauzr = (ts X 'a table x 'a table) list

datatype 'a mformula =
MRel 'a table
| MPred MFOTL.name 'a MFOTL.trm list
| MAnd 'a mformula bool 'a mformula 'a mbuf2
| MOr 'a mformula 'a mformula 'a mbuf2
| MExists 'a mformula
| MPrev T 'a mformula bool 'a table list ts list
| MNext T 'a mformula bool ts list
| MSince bool 'a mformula T 'a mformula 'a mbuf2 ts list 'a msauz
| MUntil bool 'a mformula T 'a mformula 'a mbuf2 ts list 'a muauz

record 'a mstate =
mstate_1 :: nat
mstate_m :: 'a mformula
mstate_n :: nat

fun eq rel :: nat = 'a MFOTL.trm = 'a MFOTL.trm = 'a table where
eq_rel n (MFOTL.Const ) (MFOTL.Const y) = (if x = y then unit_table n else empty_ table)
| eq_rel n (MFOTL.Var z) (MFOTL.Const y) = singleton_table n z y
| eq_rel n (MFOTL.Const ) (MFOTL.Var y) = singleton__table n y =
| eq_rel n (MFOTL.Var z) (MFOTL.Var y) = undefined

fun neq_rel :: nat = 'a MFOTL.trm = 'a MFOTL.trm = 'a table where

neq_rel n (MFOTL.Const ) (MFOTL.Const y) = (if z = y then empty_ table else unit_table n)
| neq_rel n (MFOTL.Var z) (MFOTL.Var y) = (if ¢ = y then empty_ table else undefined)
| neq_rel _ _ __ = undefined

20



fun minit0 :: nat = 'a MFOTL.formula = 'a mformula where
minit0 n (MFOTL.Neg ¢) = (case ¢ of
MFOTL.Eq t1 t2 = MRel (neq_rel n t1 t2)
| MEOTL.Or (MFOTL.Neg ¢) ¢ = (if safe__formula v N MFOTL.fv ¢ C MFOTL.fv ¢
then MAnd (minit0 n ) False (minit0 n ¢) ([], [])
else (case ¥ of MFOTL.Neg v = MAnd (minit0 n @) True (minit0 n ) ([}, [|) | _ = undefined))
| _ = undefined)
| minit0 n (MFOTL.Eq t1 t2) = MRel (eq_rel n t1 t2)
| minit0 n (MFOTL.Pred e ts) = MPred e ts
| minit0 n (MFOTL.Or ¢ ) = MOr (minit0 n ¢) (minit0 n ) (], [])
| minit0 n (MFOTL.Ezists ) = MFEzists (minit0 (Suc n) ¢)
| minit0 n (MFOTL.Prev I ¢) = MPrev I (minit0 n ) True [] []
| minit0 n (MFOTL.Next I p) = MNext I (minit0 n @) True (]
| minit0 n (MFOTL.Since ¢ I 1) = (if safe__formula ¢
then MSince True (minit0 n @) I (minit0 n ) ([, 1) [ [l
else (case ¢ of
MFOTL.Neg ¢ = MSince False (minit0 n @) I (minit0 n ¥) ([, []) [] [I
| _ = undefined))
| minit0 n (MFOTL.Until ¢ I ) = (if safe_formula ¢
then MUntil True (minit0 n @) I (minit0 n ) ([, ) ] [
else (case ¢ of
MFOTL.Neg ¢ = MUntil False (minit0 n @) I (minit0 n ) ([, []) [] []
| _ = undefined))

definition minit :: ‘a MFOTL.formula = 'a mstate where
minit ¢ = (let n = MFOTL.nfv ¢ in (mstate_i = 0, mstate_m = minit0 n @, mstate_n = nl))

fun mprev_next :: T = 'a table list = ts list = 'a table list x 'a table list x ts list where

mprev_next I [| ts = ([], [], ts)
| mprev_next I zs [| = ([], zs, [])
| mprev_next I zs [t] = ([], zs, [t])

| mprev_next I (z # xs) (t # t' # ts) = (let (ys, zs) = mprev_next I xs (1’ # ts)
in ((if mem (t' — t) I then z else empty__table) # ys, 2s))

fun mbuf2 add :: 'a table list = 'a table list = 'a mbuf2 = 'a mbuf2 where
mbuf2_add xs’ ys' (zs, ys) = (zs @ zs’, ys @ ys')

fun mbuf2_take :: ('a table = 'a table = 'b) = 'a mbuf2 = b list x 'a mbuf2 where
mbuf2_take f (z # zs, y # ys) = (let (zs, buf) = mbuf2_take f (zs, ys) in (f zy # zs, buf))
| mbuf2_take f (xs, ys) = (I], (a5, ys))

fun mbuf2t_take :: (‘a table = 'a table = ts = b = 'b) = 'b =

‘a mbuf2 = ts list = 'b x 'a mbuf2 x ts list where

mbuf2t_take f z (z # xs, y # ys) (t # ts) = mbuf2t_take f (fz yt2) (xs, ys) ts
| mbuf2t_take f z (xs, ys) ts = (z, (ws, ys), ts)

fun match :: 'a MFOTL.trm list = 'a list = (nat — 'a) option where
match [] [| = Some Map.empty
| match (MFOTL.Const x # ts) (y # ys) = (if x = y then match ts ys else None)
| match (MFOTL.Var x # ts) (y # ys) = (case match ts ys of
None = None
| Some f = (case f z of
None = Some (f(z — y))
| Some z = if y = z then Some f else None))
| match _ __ = None

definition update since :: T = bool = 'a table = 'a table = ts =
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'a msauz = 'a table X 'a msauz where
update__since I pos rell rel2 nt aur =
(let auz = (case [(t, join rel pos rell). (t, rel) «+ auz, nt — t < right I] of
[ = [(nt, rel2)]
| z # auz’ = (if fst z = nt then (fst z, snd © U rel2) # auz’ else (nt, rel2) # z # aux’))
in (foldr (V) [rel. (t, rel) «+ auz, left I < nt — t] {}, auz))

definition update until :: T = bool = 'a table = 'a table = ts = 'a muauz = 'a muauz where
update__until I pos rell rel2 nt aux =
(map (Az. case x of (¢, al, a2) = (&, if pos then join al True rell else al U rell,
if mem (nt — t) I then a2 U join rel2 pos al else a2)) auz) @
[(nt, rell, if left I = 0 then rel2 else empty__table)]

fun eval until :: T = ts = 'a muauz = 'a table list X 'a muauzr where
eval_until Int [ = ([], [])
| eval _until I nt ((t, al, a2) # auz) = (if t + right I < nt then
(let (zs, auz) = eval until I nt auz in (a2 # zs, aux)) else ([], (¢, al, a2) # aux))

primrec meval :: nat = ts = 'a MFOTL.database = 'a mformula = 'a table list x 'a mformula where
meval n t db (MRel rel) = ([rel], MRel rel)
| meval n t db (MPred e ts) = ([(\f. tabulate f 0 n) ¢ Option.these
(match ts “ (U (e, z)€db. if e = e’ then {z} else {}))], MPred e ts)
| meval n t db (MAnd ¢ pos ¢ buf) =
(let (zs, ) = meval n t db ¢; (ys, ¥) = meval n t db 1;
(zs, buf) = mbuf2_take (Arl r2. join r1 pos r2) (mbuf2_add zs ys buf)
in (zs, MAnd ¢ pos ¢ buf))
| meval n t db (MOr ¢ 9 buf) =
(let (zs, p) = meval n t db ¢; (ys, ¥) = meval n t db ¥;
(zs, buf) = mbuf2_take (Arl r2. r1 U r2) (mbuf2_add zs ys buf)
in (zs, MOr ¢ 1 buf))
| meval n t db (MEzists @) =
(let (zs, ) = meval (Suc n) t db ¢ in (map (Ar. tl ‘ r) xs, MEzists @))
| meval n t db (MPrev I ¢ first buf nts) =
(let (zs, p) = meval n t db v;
(zs, buf, nts) = mprev_next I (buf Q xs) (nts Q [t])
in (if first then empty_table # zs else zs, MPrev I ¢ False buf nts))
| meval n t db (MNext I ¢ first nts) =
(let (zs, p) = meval n t db y;
(zs, first) = (case (zs, first) of (_ # zs, True) = (zs, False) | a = a);
(zs, __, nts) = mprev_next I xzs (nts Q [t])
in (zs, MNext I ¢ first nts))
| meval n t db (MSince pos ¢ I ¢ buf nts auz) =
(let (zs, p) = meval n t db ¢; (ys, ¥) = meval n t db ¥;
((zs, auz), buf, nts) = mbuf2t_take (Arl r2t (zs, aux).
let (z, auz) = update_since I pos r1 12 t aux
in (zs Q [2], auz)) ([], auz) (mbuf2_add zs ys buf) (nts Q [t])
in (zs, MSince pos ¢ I ¥ buf nts auzx))
| meval n t db (MUntil pos ¢ I ¢ buf nts auz) =
(let (zs, p) = meval n t db ¢; (ys, ¥) = meval n t db ¥;
(auz, buf, nts) = mbuf2t_take (update__until I pos) auzx (mbuf2_add zs ys buf) (nts Q [t]);
(zs, auz) = eval_until I (case nts of [| = t | nt # _ = nt) aux
in (zs, MUntil pos ¢ I ¢ buf nts auz))

definition mstep :: ‘a MFOTL.database x ts = 'a mstate = (nat x 'a tuple) set x 'a mstate where
mstep tdb st =
(let (zs, m) = meval (mstate_n st) (snd tdb) (fst tdb) (mstate_m st)
in (U (set (map (A(i, X). (Av. (i, v)) © X) (List.enumerate (mstate_i st) zs))),
(mstate_i = mstate_i st + length xs, mstate_m = m, mstate_n = mstate_n st)))
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lemma mstep__alt: mstep tdb st =
(let (xs, m) = meval (mstate_n st) (snd tdb) (fst tdb) (mstate_m st)
in (U (i, X) € set (List.enumerate (mstate_i st) xs). Jv € X. {(i,v)},
(mstate_i = mstate_i st + length xs, mstate_m = m, mstate_n = mstate_n st)))
(proof)

6.3 Progress

primrec progress :: ‘a MFOTL.trace = 'a MFOTL.formula = nat = nat where
progress o (MFOTL.Pred e ts) j = j

| progress o (MFOTL.Eq t1t2)j=3j

| progress o (MFOTL.Neg @) j = progress o ¢ j

| progress o (MFOTL.Or ¢ ) j = min (progress o ¢ j) (progress o 1 j)
| progress o (MFOTL.Ezists ¢) j = progress o ¢ j

| progress o (MFOTL.Next I ¢) j = progress o ¢ j — 1
| progress o (MFOTL.Since ¢ I v) j = min (progress o ¢ j) (progress o i j)
| progress o (MFOTL.Until ¢ I ¢) j =
Inf {i.Vk. k< jAk< min (progress o ¢ j) (progress o 1 j) — 7 o i + right I > 7 o k}

o (
o (
o (
o (
| progress ¢ (MFOTL.Prev I o) j = (if j = 0 then 0 else min (Suc (progress o ¢ j)) j)
%
(
o (
o (

lemma progress__And[simp|: progress o (MFOTL.And ¢ ) j = min (progress o ¢ j) (progress o 1 j)
(proof )

lemma progress_And__Not[simp]: progress o (MFOTL.And_Not ¢ 1) j = min (progress o ¢ j) (progress
o j)
(proof )

lemma progress_mono: j < j' = progress o ¢ j < progress o ¢ j'

(proof)

lemma progress_le: progress o ¢ j < j

{proof)

lemma progress_0[simp]: progress o ¢ 0 = 0

(proof)

lemma progress ge: MFOTL.future_reach ¢ # oo = 3j. i < progress o ¢ j
(proof)

lemma cInf restrict_nat:
fixes z :: nat
assumes € A
shows Inf A = Inf {y € A. y < z}
(proof)

lemma progress_time__conv:
assumes Vi<j. T oci=710'1{
shows progress o ¢ j = progress o’ ¢ j

(proof)

lemma Inf UNIV_nat: (Inf UNIV :: nat) = 0
(proof)

lemma progress_prefiz__conv:
assumes prefiz_of m o and prefiz_of 7 o’
shows progress o ¢ (plen w) = progress o’ ¢ (plen )
(proof)
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lemma sat_prefiz_conv:
assumes prefiz_of m o and prefiz_of m o’ and i < progress o ¢ (plen )
shows MFOTL.sat o vi ¢ +— MFOTL.sat o' vi ¢

(proof)

6.4 Specification

definition pprogress :: ‘a MFOTL.formula = 'a MFOTL.prefiz = nat where
pprogress ¢ m = (THE n. Vo. prefiz_of m 0 — progress o ¢ (plen ) = n)

lemma pprogress__eq: prefiz_of m o => pprogress ¢ ™ = progress o ¢ (plen )
(proof)

locale future__bounded__mfotl =
fixes ¢ :: 'a MFOTL.formula
assumes future__bounded: MFOTL.future reach ¢ # oo

sublocale future _bounded__mfotl C sliceable__timed__progress MFOTL.nfv ¢ MFOTL.fv ¢ relevant__events

o)
Ao v i. MFOTL.sat o v ¢ @ pprogress ¢

(proof)

locale monitorable_mfotl =
fixes ¢ :: 'a MFOTL.formula
assumes monitorable: mmonitorable

sublocale monitorable _mfotl C future_bounded_ mfotl

(proof)

6.5 Correctness
6.5.1 Invariants

definition wf_mbuf2 :: nat = nat = nat = (nat = 'a table = bool) = (nat = ’a table = bool) =
‘a mbuf2 = bool where
wf_mbuf2 i ja jb P Q buf «— ¢ < ja A i < jb A (case buf of (s, ys) =
list_all2 P [i..<ja] zs A list_all2 @ [i..<jb] ys)

definition wf _mbuf2’ :: 'a MFOTL.trace = nat = nat = 'a list set =
'a MFOTL.formula = 'a MFOTL.formula = 'a mbuf2 = bool where
wf_mbuf2’ o jn R ¢ ¥ buf +— wf_mbuf2 (min (progress o ¢ j) (progress o i j))
(progress o ¢ j) (progress o i j)
(Ai. gtable n (MFOTL.fv @) (mem_restr R) (Av. MFOTL.sat o (map the v) i ¢))
(Ai. gtable n (MFOTL.fv ) (mem_restr R) (Av. MFOTL.sat o (map the v) i 1)) buf

lemma wf mbuf2’ UNIV__alt: wf_mbuf2’ o jn UNIV ¢ ¢ buf < (case buf of (xs, ys) =
list_all2 (Xi. wf_table n (MFOTL.fv ¢) (Av. MFOTL.sat o (map the v) i ¢))
[min (progress o ¢ j) (progress o v j) ..< (progress o ¢ j)] zs A
list_all2 (Mi. wf_table n (MFOTL.fv 1) (Av. MFOTL.sat o (map the v) i 1))
[min (progress o ¢ j) (progress o ¥ j) ..< (progress o i j)]| ys)
(proof)

definition wf_ts :: ‘a MFOTL.trace = nat = 'a MFOTL.formula = 'a MFOTL.formula = ts list =
bool where
wf_ts o j o ts «— list_all2 (\it. t =7 o i) [min (progress o ¢ j) (progress o ¥ j)..<j] ts

abbreviation Sincep pos ¢ I v = MFOTL.Since (if pos then ¢ else MFOTL.Neg ¢) I ¢
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definition wf_since _aux :: ‘a MFOTL.trace = nat = 'a list set = bool =

‘a MFOTL.formula = T = 'a MFOTL.formula = 'a msauxr = nat = bool where

wf_since_auz o n R pos ¢ I ¢ aux ne «— sorted_wrt (A\z y. fst x > fst y) aux A

VtX. (t, X) € setaur — neZ 0Nt <70 (ne—1)AN70o (ne—1) —t<right IN(3i.T0i=
£) A

gtable n (MFOTL.fv 1) (mem_restr R) (A\v. MFOTL.sat o (map the v) (ne—1) (Sincep pos ¢ (point
(1o (ne—1) = 1)) ¥)) X) A

Vt.ne#O0ANt<T0o(ne—1)ANTo (ne—1) —t<rigt I\N(Ji.Toi=1) —

(3X. (t, X) € set auzx))

lemma qtable_mem_restr_UNIV: gtable n A (mem__restr UNIV) Q X = wf_tablen A Q X
(proof)

lemma wf_since__aux_ UNIV__alt:
wf_since_auz o n UNIV pos ¢ I 1 auz ne +— sorted_wrt (A\z y. fst x > fst y) auz A
VtX. (t, X) € setaur — ne# 0Nt <7170 (ne—1)AN71o (ne—1) —t <vright I N (Fi.701i=
£) A
wf_table n (MFOTL.fv v)
(Av. MFOTL.sat o (map the v) (ne—1) (Sincep pos ¢ (point (1 o (ne—1) — t)) ¥)) X) A
Mt.ne# O0ANt<T0o(ne—1)ANTo (ne—1) —t<rigt I\N(Ji.Toi=1) —
3X. (t, X) € set aux))
(proof)

definition wf wuntil aux :: '‘a MFOTL.trace = nat = ’a list set = bool =
‘a MFOTL.formula = T = 'a MFOTL.formula = 'a muauz = nat = bool where
wf_until_aux 0 n R pos ¢ I ¥ auzx ne <— list_all2 (Ax i. case z of (t, 71, r2) =>t=T0 i A
gtable n (MFOTL.fv ¢) (mem_restr R) (Av. if pos then (VY ke{i..<ne+length auz}. MFOTL.sat o
(map the v) k ¢)
else (Fke{i..<ne+length auzr}. MFOTL.sat o (map the v) k ¢)) r1 A
gtable n (MFOTL.fv v) (mem_restr R) (Av. (35. 7 < j A j< ne+ length auz AN mem (roj— 70
i) I A
MFOTL.sat o (map the v) j ¥ A
(Vke{i..<j}. if pos then MFOTL.sat o (map the v) k ¢ else = MFOTL.sat o (map the v) k ¢)))
r2)
auz [ne..<ne+length auz

lemma wf until _aux_ UNIV__alt:
wf_until_aux o n UNIV pos ¢ I ¢ auzx ne «— list_all2 (Az i. case z of (¢, r1, 12) =t =70 i A
wf_table n (MFOTL.fv ¢) (Av. if pos
then (V ke{i..<ne+length auz}. MFOTL.sat o (map the v) k )
else (3 ke{i..<ne+length auzr}. MFOTL.sat o (map the v) k ¢)) r1 A
wf_table n (MFOTL.fv ¥) (Av. 3j. 4 < j A j < ne + length auz AN mem (t 0 j — 10 14) I A
MFOTL.sat o (map the v) j ¥ A
(Vke{i..<j}. if pos then MFOTL.sat o (map the v) k ¢ else = MFOTL.sat o (map the v) k ¢))
r2)
auz [ne..<ne+length auz
(proof)

inductive wf_mformula :: ‘a MFOTL.trace = nat =
nat = ’a list set = 'a mformula = 'a MFOTL.formula = bool
for o j where
Eq: MFOTL.is_Const t1 V MFOTL.is _Const t2 —
Ve MFOTL.fu trm tl. z < n = Yz MFOTL.fu _trm t2. z < n =
wf_mformula o jn R (MRel (eq_rel n t1 t2)) (MFOTL.Eq t1 t2)
| neq_Const: ¢ = MRel (neq_rel n (MFOTL.Const ) (MFOTL.Const y)) =
wf_mformula o jn R ¢ (MFOTL.Neg (MFOTL.Eq (MFOTL.Const ) (MFOTL.Const y)))
| neq_Var: x < n =
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wf_mformula o j n R (MRel empty__table) (MFOTL.Neg (MFOTL.Eq (MFOTL.Var z) (MFOTL. Var
)
| Pred: Ve MFOTL.fv (MFOTL.Pred e ts). © < n =
wf_mformula o jn R (MPred e ts) (MFOTL.Pred e ts)
| And: wf_mformula o jn R ¢ ¢’ = wf_mformula o jn R ¢ ' =
if pos then x = MFOTL.And ¢’ ' A = (safe_formula (MFOTL.Neg ") A MFOTL.fv ' C MFOTL.fv
)
else x = MFOTL.And_Not ¢’ ¥’ A safe_formula v’ A MFOTL.fv ' C MFOTL.fv ¢’ =
wf_mbuf2’ o jn R o' ¢ buf =
wf_mformula o jn R (MAnd ¢ pos v buf) x
| Or: wf_mformula o jn R ¢ ¢ = wf_mformula o jn R ¢ =
MFOTL.fo ' = MFOTL.fo ' —>
wf_mbuf2’ o jn R ' ' buf =
wf_mformula o j n R (MOr ¢ v buf) (MFOTL.Or ' )
| Ezists: wf_mformula o j (Suc n) (lift_envs R) ¢ ' =
wf_mformula o j n R (MEzists p) (MFOTL.Ezists ")
| Prev: wf_mformula o jn R ¢ o' =
first +— j = 0 =
list_all2 (Xi. qtable n (MFOTL.fv ¢") (mem_restr R) (Av. MFOTL.sat o (map the v) i ')
[min (progress o ¢’ j) (j—1)..<progress o ¢’ j| buf =
list_all2 (\i t. t = 7 o i) [min (progress o @' j) (j—1)..<j] nts =
wf_mformula o j n R (MPrev I ¢ first buf nts) (MFOTL.Prev I ¢
| Next: wf_mformula o jn R ¢ ¢’ =
first +— progress o @' j = 0 =
list_all2 (Nit. t =71 o i) [progress o @' j — 1..<j] nts =
wf_mformula o jn R (MNext I ¢ first nts) (MFOTL.Next I ')
| Since: wf_mformula o jn R ¢ o' = wf_mformula o jn Ry ¢ —
if pos then @' = ¢’ else ¢'" = MFOTL.Neg ¢’ —>
safe_formula ¢'" = pos =
MFOTL.fo ¢' C MFOTL.fo ' —>
wf_mbuf2’ o jn R ' buf =
wf_ts o j o' Y nts =
wf_since_auz o n R pos @' I ' auzx (progress o (MFOTL.Since @' I v') j) =
wf_mformula o j n R (MSince pos ¢ I 9 buf nts auz) (MFOTL.Since p'' I ")
| Until: wf_mformula o jn R ¢ ¢’ = wf_mformula o jn R ¢ ' =
if pos then @' = ¢’ else 9" = MFOTL.Neg ¢’ =—>
safe__formula ¢’ = pos =
MFOTL.fu o' C MFOTL.fo ' —>
wf_mbuf2’ o jn R @' ¢’ buf =
wf_ts o j o' ' nts =
wf_until_auz o n R pos @' I ' auz (progress o (MFOTL.Until p"' I v") j) =
progress o (MFOTL.Until o' I v") j + length auz = min (progress o @' ) (progress o ¢’ j) =
wf_mformula o j n R (MUntil pos p I v buf nts auz) (MFOTL.Until ¢ T 1))

definition wf mstate :: 'a MFOTL.formula = 'a MFOTL.prefit = 'a list set = 'a mstate = bool where
wf_mstate ¢ ™ R st «— mstate_n st = MFOTL.nfv ¢ A (Vo. prefiz_of m o0 —>
mstate__i st = progress o ¢ (plen ™) A
wf_mformula o (plen w) (mstate_n st) R (mstate_m st) @)

6.5.2 Initialisation

lemma minit0__And: — (safe_formula (MFOTL.Neg v) AN MFOTL.fv ¢ C MFOTL.fv ) =
minit0) n (MFOTL.And ¢ ) = MAnd (minit0 n ) True (minit0 n ) ([], [])
(proof)

lemma minit0__And_ Not: safe_formula v N MFOTL.fv ¢v C MFOTL.fv ¢ =
minit0 n (MFOTL.And_Not ¢ ¥) = (MAnd (minit0 n @) False (minit0 n ) ([, []))

(proof)
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lemma wf _mbuf2’_0: wf_mbuf2’ o 0n R ¢ ¥ ([], [])
(proof )

lemma wf ¢s 0: wf _tso 0 ¢ ¢ [|
{(proof)

lemma wf_since_auz_ Nil: wf_since_auz o n R pos @' I ¥’ [] 0
(proof )

lemma wf_ until _aux_Nil: wf_until_auz o n R pos @' I ' [] 0
(proof )

lemma wf minit0: safe_formula ¢ = Y€ MFOTL.fv p. x < n —>
wf_mformula o 0 n R (minit0 n ¢) ¢
(proof)

lemma wf_mstate__minit: safe_formula ¢ = wf_mstate ¢ pnil R (minit ¢)
(proof)

6.5.3 Evaluation

lemma match_wf tuple: Some f = match ts xs = wf_tuple n (| t€set ts. MFOTL.fv_trm t) (tabulate
fon)
(proof )

lemma match_fvi_trm__None: Some f = match ts xs = Vi€set ts. © ¢ MFOTL.fu_trm t = fz =
None

(proof)

lemma match__fvi_trm__Some: Some f = match ts xs = t € set ts = =z € MFOTL.fu_trm t = fx
#+ None

(proof)

lemma match_eval trm: Vteset ts. Vie MFOTL.fu_trm t. i < n = Some f = match ts s =
map (MFOTL.eval trm (tabulate (Xi. the (f)) 0 n)) ts = zs

(proof)

lemma wf_tuple_ tabulate _Some: wf tuple n A (tabulate fOn) = 2 € A = 2z < n = Jy. fz =
Some y

(proof)

lemma ezx_match: wf_tuple n (|Jt€set ts. MFOTL.fu_trm t) v => V tEset ts. Va€ MFOTL.fu_trm t. ©
<n=—
3f. match ts (map (MFOTL.eval trm (map the v)) ts) = Some f A v = tabulate f 0 n

(proof)

lemma eq rel_eval trm: v € eq _rel n t1 t2 —> MFOTL.is_Const t1 V MFOTL.is _Const t2 —>
VxeMFOTL.fu_trm t1 U MFOTL.fu_trm t2. ¢ < n =
MFOTL.eval_trm (map the v) t1 = MFOTL.eval_trm (map the v) t2

(proof)

lemma in_eq rel: wf tuple n (MFOTL.fu_trm t1 U MFOTL.fv_trm t2) v =
MFOTL.is_ Const t1 ¥V MFOTL.is_Const t2 —
MFOTL.eval_trm (map the v) t1 = MFOTL.eval trm (map the v) t2 =
v € eq_rel n tl t2
(proof)

lemma table_eq rel: MFOTL.is Const t1 vV MFOTL.is _Const t2 —
table n (MFOTL.fo_trm t1 U MFOTL.fo_trm t2) (eq_rel n t1 t2)
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(proof)

lemma wf_tuple_Suc_fviD: wf_tuple (Suc n) (MFOTL.fvi b ) v = wf_tuple n (MFOTL.fvi (Suc b)

@) (tl v)
(proof)

lemma table_fvi_tl: table (Suc n) (MFOTL.fvi b ¢) X = table n (MFOTL.fvi (Suc b) ¢) (¢ ‘ X)
(proof)

lemma wf tuple_Suc_fvi_Somel: 0 € MFOTL.fvi b ¢ = wf_tuple n (MFOTL.fvi (Suc b) p) v =
wf _tuple (Suc n) (MFOTL.fvi b ) (Some x # v)

(proof)

lemma wf_tuple_Suc_fvi_Nonel: 0 ¢ MFOTL.fvi b ¢ = wf_tuple n (MFOTL.fvi (Suc b) ¢) v =
wf_tuple (Suc n) (MFOTL.fvi b ¢) (None # v)
(proof )

lemma qtable_project_fu: qtable (Suc n) (fv @) (mem__restr (lift_envs R)) P X =
gtable n (MFOTL.fvi (Suc 0) ¢) (mem__restr R)
(Av. 3z. P ((if 0 € fv ¢ then Some z else None) # v)) (tl © X)
(proof)

lemma mprev: mprev_next I xs ts = (ys, zs’, ts') =
list_all2 P [i.<jlms = list_all2 Nit. t=70%) [i.<jlts—=i<j = i<j—
list_all2 (M X. if mem (7 0 (Suc i) — 7 0 %) I then P i X else X = empty_table)
[i..<min j' (j—1)] ys A
list_all2 P [min j' (j—1)..<j'] s’ A
list_all2 (Nit. t =1 0i) [minj (j—1)..<j] ts’
(proof)

lemma mnext: mprev_next I zs ts = (ys, zs’, ts') =
list_all2 P [Suc i.<j'] zs => list_all2 Nit. t =70 1) [i.<jlts = Suci<j = i<j=
list_all2 (\i X. if mem (7 o (Suc i) — 7 o i) I then P (Suc i) X else X = empty__table)
[i..<min (j'—1) (j—1)] ys A
list_all2 P [Suc (min (j'—1) (j—1))..<j’] zs’ A
list_all2 (Nit.t =71 01) [min (j'—1) (j—1)..<j] ts’
(proof)

lemma in_foldr_Unl: x € A = A € set zs = z € foldr (U) zs {}
(proof)

lemma in_foldr UnE: z € foldr (U) zs {} = (NA. A € setzs —= 1€ A= P)=— P
(proof)

lemma sat_the restrict: fv ¢ C A = MFOTL.sat o (map the (restrict A v)) i ¢ = MFOTL.sat o
(map the v) i ¢
(proof)

lemma update__since:
assumes pre: wf_since_aux o n R pos ¢ I 1 auzx ne
and gtablel: gqtable n (MFOTL.fv ¢) (mem_restr R) (Av. MFOTL.sat o (map the v) ne ¢) rell
and gtable2: gtable n (MFOTL.fv ) (mem_restr R) (Av. MFOTL.sat o (map the v) ne ) rel2
and result__eq: (rel, auz’) = update__since I pos rell rel2 (1 o ne) aux
and fvi_subset: MFOTL.fv ¢ C MFOTL.fv ¢
shows wf _since_auz o n R pos ¢ I ¥ auz’ (Suc ne)
and qtable n (MFOTL.fv ¢) (mem_restr R) (Av. MFOTL.sat o (map the v) ne (Sincep pos ¢ I 1))
rel

(proof)
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lemma length_update__until: length (update_until pos I rell rel2 nt auz) = Suc (length auzx)
(proof)

lemma wf update until:
assumes pre: wf_until_auzr o n R pos ¢ I ¥ auz ne
and qtablel: qtable n (MFOTL.fv ¢) (mem_restr R) (Av. MFOTL.sat o (map the v) (ne + length
auzx) @) rell
and gqtable2: gtable n (MFOTL.fv v) (mem_restr R) (Av. MFOTL.sat o (map the v) (ne + length
auz) ) rel2
and fvi_subset: MFOTL.fv ¢ C MFOTL.fv v
shows wf_until_auz o n R pos ¢ I ¢ (update_until I pos rell rel2 (7 o (ne + length auz)) auzx) ne

(proof)

lemma wf_until _auz_Cons: wf_until_auz o n R pos p I ¢ (a # auz) ne =
wf_until_auz o n R pos ¢ I ¢ auz (Suc ne)
(proof)

lemma wf until _aux_Consl: wf _until_aux o n R pos ¢ I ¢¥ ((t, al, a2) # auz) ne = t =7 o ne

(proof)

lemma wf until _aux_Cons3: wf _until_aux o n R pos ¢ I ¥ ((t, al, a2) # auz) ne =
gtable n (MFOTL.fv ) (mem_restr R) (Av. (3. ne < j A j < Suc (ne + length auz) A mem (T o j —
Tomne) A
MFOTL.sat o (map the v) j ¥ N (Vk€{ne..<j}. if pos then MFOTL.sat o (map the v) k ¢ else =
MFOTL.sat o (map the v) k ¢))) a2

{proof)

lemma upt_append: a < b = b < ¢ = [a..<b] @ [b..<c] = [a..<(]
(proof)

lemma wf mbuf2 add:
assumes wf_mbuf2 i ja jb P Q buf
and list_all2 P [ja..<ja'| zs
and list_all2 Q [jb..<jb'] ys
and ja < ja' jb < jb’
shows wf_mbuf2 i ja' jb' P Q (mbuf2_add zs ys buf)
(proof)

lemma mbuf2 take__eqD:
assumes mbuf2_take f buf = (zs, buf’)
and wf_mbuf2 i ja jb P Q buf
shows wf_mbuf2 (min ja jb) ja jb P Q buf’
and list_all2 (Niz. Jzy. Piz A Qiy A z=fzy) [i..<min ja jb] xs
(proof)

lemma mbuf2t_take eqD:

assumes mbuf2t_take f z buf nts = (z', buf’, nts’)
and wf _mbuf? i ja jb P Q buf
and list_all2 R [i..<j] nts
and ja < jjb <j

shows wf_mbuf2 (min ja jb) ja jb P Q buf’
and list_all2 R [min ja jb..<j] nts’

(proof )

lemma mbuf2t_take_induct[consumes 5, case_names base step]:
assumes mbuf2t_take f z buf nts = (z', buf’, nts’)
and wf_mbuf2 ¢ ja jb P Q buf
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and list_all2 R [i..<j] nts

and ja < jjb <j

and Uiz

and Akzytz i < k= Suck < ja= Suck < jb =
Pke= Qky=Rkt= Ukz= U (Suck) (fzytz)

shows U (min ja jb) 2’

(proof)

lemma mbuf2_take add”:
assumes eq: mbuf2_take f (mbuf2_add xs ys buf) = (zs, buf’)
and pre: wf_mbuf2’ o jn R ¢ ¢ buf
and zs: list_all2 (\i. gtable n (MFOTL.fv p) (mem_restr R) (Av. MFOTL.sat o (map the v) i ¢))
[progress o @ j..<progress o ¢ j'| s
and ys: list_all2 (Ai. gtable n (MFOTL.fv v) (mem_restr R) (Av. MFOTL.sat o (map the v) i 1))
[progress o 1 j..<progress o v j'| ys
and j < j’
shows wf_mbuf2’ o j'n R ¢ ¢ buf’
and list_all2 (M\i Z.3X Y.
gtable n (MFOTL.fv ) (mem_restr R) (Av. MFOTL.sat o (map the v) i ) X A
gtable n (MFOTL.fv %) (mem_restr R) (Av. MFOTL.sat o (map the v) i ) Y A
Z=fXY)
[min (progress o ¢ j) (progress o 1 j)..<min (progress o ¢ j') (progress o v j)] zs
(proof)

lemma mbuf2t take add”:
assumes eq: mbuf2t_take f z (mbuf2_add xs ys buf) nts = (2', buf’, nts’)
and pre_buf: wf_mbuf2’ o jn R ¢ v buf
and pre_nts: list_all2 (Xit. t = 7 o i) [min (progress o ¢ j) (progress o ¥ j)..<j'| nts
and zs: list_all2 (Xi. gtable n (MFOTL.fv p) (mem_restr R) (Av. MFOTL.sat o (map the v) i ¢))
[progress o @ j..<progress o ¢ j'| s
and ys: list_all2 (Ai. gtable n (MFOTL.fv v) (mem_restr R) (Av. MFOTL.sat o (map the v) i 1))
[progress o 1 j..<progress o ¥ j'| ys
and j < j’
shows wf_mbuf2’ o j' n R ¢ 9 buf’
and wf _ts o j' ¢ ¢ nts’
(proof)

lemma mbuf?titakeiaddiinduct'[consumes 6, case_names base step):
assumes eq: mbuf2t_take f z (mbuf2_add xs ys buf) nts = (z', buf’, nts’)
and pre_buf: wf_mbuf2’ o jn R ¢ ¢ buf
and pre_nts: list_all2 (Ait. t = 7 o i) [min (progress o ¢ j) (progress o ¥ j)..<j'] nts
and zs: list_all2 (Xi. gtable n (MFOTL.fv p) (mem_restr R) (Av. MFOTL.sat o (map the v) i ¢))
[progress o @ j..<progress o ¢ j'| s
and ys: list_all2 (Ai. gtable n (MFOTL.fv ¢) (mem_restr R) (Av. MFOTL.sat o (map the v) i v))
[progress o 1 j..<progress o v j'| ys
and j < j’
and base: U (min (progress o ¢ j) (progress o ¢ j)) z
and step: Ak X Y z. min (progress o ¢ j) (progress o ¢ j) < k =
Suc k < progress o ¢ j' = Suc k < progress o ¢ j =
gtable n (MFOTL.fv ¢) (mem__restr R) (Av. MFOTL.sat o (map the v) k ¢) X
gtable n (MFOTL.fv ) (mem_restr R) (Av. MFOTL.sat o (map the v) k ) Y
Ukz= U (Suck) (fXY (10k)2z)
shows U (min (progress o ¢ j') (progress o ¢ j')) z
(proof )

=
=

/

lemma progress_ Until_le: progress o (formula.Until ¢ I 1) j < min (progress o ¢ j) (progress o i 7)
(proof )
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lemma list_all2 _upt Cons: P a x = list_all2 P [Suc a..<b] s = Suc a < b =
list_all2 P [a..<b] (z # zs)
(proof )

lemma list_all2_upt_append: list_all2 P [a..<b] s = list_all2 P [b..<c] ys =
a<b=b<c= list_all2 P [a..<c] (zs @Q ys)
(proof )

lemma meval:
assumes wf_mformula o jn R o ¢’
shows case meval n (7 o j) (T o j) ¢ of (zs, on) = wf_mformula o (Suc j) n R on ¢’ A
list_all2 (Xi. gtable n (MFOTL.fv ¢') (mem_restr R) (Av. MFOTL.sat o (map the v) i "))
[progress o o’ j..<progress o ' (Suc j)] zs
(proof)

6.5.4 Monitor step

lemma wf mstate_mstep: wf _mstate ¢ ® R st = last_ts 7 < snd tdb =
wf_mstate ¢ (psnoc w tdb) R (snd (mstep tdb st))

(proof)

lemma mstep_ output iff:
assumes wf_mstate ¢ ® R st last_ts m < snd tdb prefix_of (psnoc 7 tdb) o mem__restr R v
shows (7, v) € fst (mstep tdb st) <—
progress o ¢ (plen ™) < i A i < progress o ¢ (Suc (plen 7)) A
wf_tuple (MFOTL.nfv ¢) (MFOTL.fo ¢) v AN MFOTL.sat o (map the v) i ¢
(proof)

6.5.5 Monitor function

definition minit_safe where
minit__safe o = (if mmonitorable__exec ¢ then minit ¢ else undefined)

lemma minit__safe__minit: mmonitorable ¢ = minit__safe p = minit ¢

(proof)

lemma (in monitorable__mfotl) mstep__muverdicts:
assumes wf: wf_mstate ¢ ™ R st
and le[simp]: last_ts m < snd tdb
and restrict: mem__restr R v
shows (i, v) € fst (mstep tdb st) «— (i, v) € M (psnoc w tdb) — M
(proof)

primrec msteps0) where

msteps0 [| st = ({}, st)

| mstepsO (tdb # 7) st =
(let (V', st") = mstep tdb st; (V" st'") = msteps0 w st’ in (V' U V", st'"))

primrec mstepsO__stateless where
msteps0__stateless || st = {}
| msteps0_stateless (tdb # m) st = (let (V' st’) = mstep tdb st in V' U mstepsO_stateless 7 st’)

lemma msteps0_msteps0__stateless: fst (mstepsO w st) = msteps0__stateless w st
(proof)

lift_ definition msteps :: ‘'a MFOTL.prefit = 'a mstate = (nat x 'a option list) set x 'a mstate
is msteps0 (proof)

lift_ definition msteps_stateless :: ‘a MFOTL.prefix = 'a mstate = (nat x 'a option list) set
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is msteps0__stateless {proof)

lemma msteps_msteps__stateless: fst (msteps w st) = msteps__stateless w st

(proof)

lemma msteps0__snoc: msteps0 (m Q [tdb]) st =
(let (V', st') = mstepsO 7 st; (V"' st"") = mstep tdb st in (V' U V", st'))
(proof)

lemma msteps_psnoc: last_ts m < snd tdb => msteps (psnoc 7 tdb) st =
(let (V', st") = msteps 7 st; (V'', st”’) = mstep tdb st" in (V' U V', st"))
(proof )

definition monitor where
monitor ¢ ™ = msteps__stateless m (minit_safe )

lemma Suc_length__conv_snoc: (Suc n = length xs) = (Jy ys. zs = ys Q [y] A length ys = n)
(proof)

lemma (in monitorable _mfotl) wf_mstate_msteps: wf_mstate ¢ m R st = mem_restr R v = 7 <
=

X = msteps (pdrop (plen m) m') st = wf_mstate ¢ ©' R (snd X) A

((i,v) € fst X) = ((i,v) € M ©’ — M )
(proof)

lemma (in monitorable__mfotl) wf_mstate_msteps_stateless:
assumes wf_ mstate ¢ m R st mem_restr Rvm < 7’
shows (i, v) € msteps_stateless (pdrop (plen w) 7') st «+— (i,v) e M 7' — M =
(proof )

lemma (in monitorable_mfotl) wf_mstate _msteps_stateless UNIV: wf mstate ¢ # UNIV st = 7 <
=

msteps__stateless (pdrop (plen 7) 7’y st = M n' — M «

(proof )

lemma (in monitorable_mfotl) mverdicts_Nil: M pnil = {}
(proof)

lemma wf mstate__minit_safe: mmonitorable ¢ = wf_mstate ¢ pnil R (minit_safe )
(proof )

lemma (in monitorable _mfotl) monitor_muverdicts: monitor ¢ m = M
(proof)

6.6 Collected correctness results

context monitorable_mfotl
begin

We summarize the main results proved above.
1. The term M describes semantically the monitor’s expected behaviour:

e mono_monitor: mt < ' = M7 C M 7’
o sound_monitor: [(i, v) € M m; prefiz_of ™ o] = MFOTL.sat o (map the v) i ¢

o complete_monitor: [prefix_of © o; wf_tuple (MFOTL.nfv ) (fv ¢) v; No. prefic_of
m o = MFOTL.sat o (map the v) i 9] = 37’ prefiz_of ©' o A (i, v) € M «’
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o sliceable_M: mem_restr S v => ((i, v) € M (pmap_T' (AD. D N relevant__events ¢
§) m)) = ((é, v) € M )

2. The executable monitor’s online interface minit_safe and mstep preserves the invariant
wf _mstate and produces the the verdicts according to M:

o wf mstate_minit_safe: mmonitorable o' => wf_ mstate ¢’ pnil R (minit_safe p’)

o wf_mstate_mstep: [wf_mstate ¢’ m R st; last_ts m < snd tdb] = wf_mstate ¢’ (psnoc
7 tdb) R (snd (mstep tdb st))

o mstep__muerdicts: [wf_mstate ¢ m R st; last_ts m < snd tdb; mem__restr R v] = ((4,
v) € fst (mstep tdb st)) = ((i, v) € M (psnoc w tdb) — M )

3. The executable monitor’s offline interface Monitor.monitor implements M:

o monitor_muverdicts: Monitor.monitor o m = M 7

end

7 Slicing framework

This section formalizes the abstract slicing framework and the joint data slicer presented in the
article [3, Sections 4.2 and 4.3].

7.1 Abstract slicing
7.1.1 Definition 1

Corresponds to locale monitor defined in theory MFOTL Monitor. Abstract__Monitor.

7.1.2 Definition 2

locale slicer = monitor +

fixes submonitor :: 'k :: finite = 'a prefix = (nat x b option list) set

and splitter :: 'a prefix = 'k = 'a prefix

and joiner :: ('k = (nat x b option list) set) = (nat x 'b option list) set
assumes mono_splitter: m < w' = splitter © k < splitter ©' k

and correct_slicer: joiner (Ak. submonitor k (splitter m k)) = M =
begin

lemmas sound__slicer = equalityD1[OF correct__slicer]
lemmas complete_slicer = equalityD2[OF correct_slicer]

end

locale self slicer = slicer nfv fu sat M X__. M splitter joiner for nfv fv sat M splitter joiner

7.1.3 Definition 3

locale event_separable__splitter =
fixes event_splitter :: 'a = 'k :: finite set
begin

lift_ definition splitter :: ‘a prefix = 'k = 'a prefiz is

Am k. map (A\(D, t). ({e € D. k € event_splitter e}, t)) 7
(proof)
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7.1.4 Lemma 1
lemma mono_ splitter: m < ©' = splitter m k < splitter 7' k

(proof)

end

7.2 Joint data slicer
abbreviation (input) ok ¢ v = wf_tuple (MFOTL.nfv ) (MFOTL.fv ) v
locale splitting _strategy =

fixes ¢ :: 'a MFOTL.formula

and strategy :: 'a option list = 'k :: finite set

assumes strategy_nonempty: ok ¢ v => strategy v # {}
begin

abbreviation slice set where
slice_set k = {v. 3v’. map the v/ = v A ok p v' A k € strategy v'}

end

7.2.1 Definition 4
locale MFOTL monitor =
monitor MFOTL.nfv ¢ MFOTL.fo ¢ Ao vi. MFOTL.sat o vi ¢ M for o M

locale joint data_ slicer = MFOTL__monitor ¢ M + splitting _strategy ¢ strategy
for ¢ M strategy
begin

definition event splitter where
event__splitter e = (| (strategy ‘ {v. ok ¢ v A MFOTL.matches (map the v) ¢ e}))

sublocale event__separable_splitter where event__splitter = event__splitter (proof)

definition joiner where
joiner = (As. Jk. s kN (UNIV :: nat set) x {v. k € strategy v})

lemma splitter_pslice: splitter 7 k = MFOTL__slicer.pslice ¢ (slice_set k) 7

(proof)

7.2.2 Lemma 2

Corresponds to the following theorem sat__slice_strong proved in theory MFOTL__Monitor. Abstract__Monitor:

[relevant _events ¢’ S C E; v € S] = MFOTL.sat o v i ¢’ = MFOTL.sat (map_T (AD. D N
E)o)viy'

7.2.3 Theorem 1

sublocale joint_monitor: MFOTL__monitor ¢ Aw. joiner (Ak. M (splitter m k))
(proof)

7.2.4 Corollary 1

sublocale joint_slicer: slicer MFOTL.nfv ¢ MFOTL.fuv ¢ Ao v i. MFOTL.sat o v i ¢
Am. joiner (Mk. M (splitter w k)) A_. M splitter joiner
(proof)

34



end

7.2.5 Definition 5

Corresponds to locale sliceable__monitor defined in theory MFOTL__Monitor. Abstract_ Monitor.

locale slicable_joint data__slicer =
sliceable__monitor MFOTL.nfv ¢ MFOTL.fv ¢ relevant_events ¢ Ao v i. MFOTL.sat o vi o M +
joint__data__slicer ¢ M strategy for ¢ M strategy

begin

lemma monitor_split: ok p v =k € strategy v => (i, v) € M (splitter w k) «+— (i, v) € M =
(proof)

7.2.6 Theorem 2

sublocale self slicer MFOTL.nfv ¢ MFOTL.fo ¢ Ao v i. MFOTL.sat o v i ¢ M splitter joiner
(proof)

end

7.2.7 Towards Theorem 3

fun names :: ‘a MFOTL.formula = MFOTL.name set where
names (MFOTL.Pred e _) = {e}

| names (MFOTL.Eq ) = {}

| names (MFOTL.Neg ¥) = names

| names (MFOTL.Or a ) = names a U names 3

| names (MFOTL.Ezxists 1)) = names 1

| names (MFOTL.Prev I ¢) = names ¢

| names (MFOTL.Next I 1) = names ¢

| names (MFOTL.Since a I B) = names a U names [

| names (MFOTL.Until o I ) = names o U names 3

fun gen_ unique :: ‘'a MFOTL.formula = bool where
gen_unique (MFOTL.Pred _ ) = True
| gen_unique (MFOTL.Eq (MFOTL.Var ) (MFOTL.Const _)) = False
| gen_unique (MFOTL.Eq (MFOTL.Const _) (MFOTL.Var _)) = False
| gen_unique (MFOTL.Eq _ _) = True
| gen_unique (MFOTL.Neg ¢) = gen__unique
| gen_unique (MFOTL.Or o B) = (gen__unique o A gen__unique 8 A names o N names B = {})
| gen_unique (MFOTL.Ezists v) = gen__unique 1
| gen_unique (MFOTL.Prev I ¢) = gen__unique 1
| gen_unique (MFOTL.Next I v) = gen__unique ¢
| gen_unique (MFOTL.Since o I 8) = (gen_unique v A gen__unique 3 A names o N names f = {})
| gen_unique (MFOTL.Until o I B) = (gen_unique o A gen__unique 8 A names o N names B = {})

P

lemma sat_inter_names_cong: (\e. e € names ¢ = {xs. (e, zs) € E} = {zs. (e, zs) € F}) =
MFOTL.sat (map_T' (AD. DN E) o) vie +— MFOTL.sat (map_T' (AD. DN F) o) vigp
(proof)

lemma matches in_names: MFOTL.matches v ¢ © = fst x € names ¢
(proof)

lemma unique__names_matches__absorb: fst © € names &« = names o N names § = {} =
MFOTL.matches v o x V MFOTL.matches v 8 © +— MFOTL.matches v a x
fst © € names B = names a N names f = {} =
MFOTL.matches v « © V MFOTL.matches v 8 x «— MFOTL.matches v 8 z

(proof)
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definition mergeable__envs where
mergeable_envs n S «— (Yv1e€S. Vv2eS. (VA B f.
(Vzed. e <nAvilz=fz) AN VzeB.z <nAv2!lz=fz) —
(FveS. VzeA U B. v ! z = fx)))

lemma mergeable _envsl:

assumes Avli v2v. vl € S = v2 € S = lengthv=n=Vz<novlz=vllzVolz=0v2!z
—veSs

shows mergeable _envs n S

(proof)

lemma in_ listset _nth: x € listset As = i < length As =z ! i€ As! i
(proof)

lemma all_nth_in_listset: length x = length As = (N\i. i < length As = z ! i € As ! i) = z €
listset As

(proof)

lemma mergeable__envs_listset: mergeable__envs (length As) (listset As)
(proof)

lemma mergeable _envs _FEx: mergeable _envs n S = MFOTL.nfv o« < n = MFOTL.nfv f < n =
(Fv'eS. Veefva. v'lz=0v!z) = (Fv'eS.Vzef B. v’z =0 ! z) =
(Fv'eS.Vzefoa U fuB. vz =0v!1)

(proof)

lemma in_set_ConsE: zs € set_Cons A As = (A\y ys.zs =y # ys = y € A = ys € As = P)
== P

(proof)

lemma mergeable__envs__set_ Cons: mergeable_envs n S = mergeable__envs (Suc n) (set_Cons UNIV
S)
(proof )

lemma slice_Exists: MFOTL_ slicer.slice (MFOTL.Exists ) S 0 = MFOTL_ slicer.slice ¢ (set_Cons
UNIV S) o

(proof)

lemma image_Suc_fvi: Suc * MFOTL.fvi (Suc b) ¢ = MFOTL.fvi b ¢ — {0}
(proof)

lemma nfy_Ezists: MFOTL.nfov (MFOTL.Ezists ) = MFOTL.nfv ¢ — 1
(proof)

lemma setCons_empty_iff [simp]: set_Cons A Xs = {} «+— A ={} vV Xs = {}
(proof)

lemma unique_sat_slice_mem: safe_formula ¢ = gen__unique ¢ = S # {} =
mergeable_envs n S = MFOTL.nfv ¢ < n =
MFOTL.sat (MFOTL_ slicer.slice ¢ S o) vip = Jv'€S. Vacfvp. v’z =v!x
(proof)

lemma unique_sat_slice:
assumes formula: safe_formula ¢ gen__unique ¢
and restr: S # {} mergeable_envs (MFOTL.nfv ¢) S
and sat_slice: MFOTL.sat (MFOTL__slicer.slice ¢ S o) vi ¢
shows MFOTL.sat o v i ¢
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(proof)

7.2.8 Lemma 3

lemma (in splitting_ strategy) unique__sat__strategy:
safe__formula ¢ = gen__unique ¢ = slice_set k # {} =
mergeable__envs (MFOTL.nfv ¢) (slice_set k) =
MFOTL.sat (MFOTL_ slicer.slice ¢ (slice_set k) o) (map the v) i ¢ =
ok ¢ v = k € strategy v

(proof)

locale skip__inter = joint_data__slicer +

assumes nonempty: slice_set k # {}

and mergeable: mergeable_envs (MFOTL.nfv ) (slice_set k)
begin

7.2.9 Definition of J’
definition skip_joiner = (As. Jk. s k)

7.2.10 Theorem 3

lemma skip_ joiner:
assumes safe_formula ¢ gen__unique ¢
shows joiner (Ak. M (splitter © k)) = skip__joiner (Ak. M (splitter 7 k))
(is ?L = ?R)

(proof)

sublocale skip_ joint_monitor: MFOTL_ monitor ¢
M. (if safe_formula ¢ N gen__unique ¢ then skip__joiner else joiner) (Ak. M (splitter w k))
(proof)

end
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