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Abstract

Metric first-order temporal logic (MFOTL) is an expressive formalism for specifying tem-
poral and data-dependent constraints on streams of time-stamped, data-carrying events. Re-
cently, we have developed a monitoring algorithm that not only outputs the satisfaction or
violation of MFOTL formulas but also explains its verdicts in the form of proof trees [1, 2].
These explanations serve as certificates, and in this entry we verify the correctness of a cer-
tificate checker. The checker is used to certify the output of our new, unverified monitoring
tool WhyMon. The formalization contains another unverified, executable implementation of
an explanation-producing monitoring algorithm used to exemplify our checker.
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1 Traces and Trace Prefixes
1.1 Infinite Traces

coinductive ssorted :: 'a :: linorder stream = bool where
shd s < shd (stl s) = ssorted (stl s) = ssorted s

lemma ssorted_siterate[simp]: (An. n < fn) = ssorted (siterate f n)
by (coinduction arbitrary: n) auto

lemma ssortedD: ssorted s =—> s !l i < stl s !l ¢
by (induct i arbitrary: s) (auto elim: ssorted.cases)

lemma ssorted_sdrop: ssorted s = ssorted (sdrop i s)
by (coinduction arbitrary: i s) (auto elim: ssorted.cases ssortedD)

lemma ssorted_monoD: ssorted s = i < j = sl i < sllj
proof (induct j — i arbitrary: j)
case (Suc 1)
from Suc(1)[of j — 1] Suc(2—4) ssortedD[of s j — 1]
show ?case by (cases j) (auto simp: le_Suc__eq Suc__ diff le)
qed simp

lemma sorted stake: ssorted s = sorted (stake i s)
by (induct i arbitrary: s)
(auto elim: ssorted.cases simp: in__set__cony_nth
introl: ssorted_monoD[of __ 0, simplified, THEN order_trans, OF __ ssortedD])

lemma ssorted_monol:Vij. i < j— sl i < sl j = ssorted s
by (coinduction arbitrary: s)
(auto dest: spec2[of _ Suc _ Suc _] spec2[of _ 0 Suc 0])

lemma ssorted_iff _mono: ssorted s «+— (Vij. i <j— sl i< sllyj)
using ssorted__monol ssorted_monoD by metis



lemma ssorted_iff _le_Suc: ssorted s «+— (Vi. s ! i < s !l Suc 7)
using mono__iff_le_Suc[of snth s| by (simp add: mono__def ssorted_iff _mono)

definition sincreasing s = (V. Ji. z < s ! 7)

lemma sincreasingl: (Az. 3i. © < s ! i) = sincreasing s
by (simp add: sincreasing _def)

lemma sincreasing _grD:
fixes = :: 'a :: semilattice_sup
assumes sincreasing s
shows Fj>i. z < s !l j
proof —
let A = insert z {s!! n | n. n < i}
from assms obtain j where *x: Sup_fin A < s!lj
by (auto simp: sincreasing__def)
then have z < s !l j
by (rule order.strict_transi[rotated]) (auto intro: Sup_ fin.coboundedI)
moreover have i < j
proof (rule ccontr)
assume - i < j
then have s !l j € ?A by (auto simp: not_less)
then have s !! j < Sup_ fin 7A
by (auto intro: Sup_ fin.coboundedl)
with x show False by simp
ged
ultimately show ?thesis by blast
qed

lemma sincreasing _siterate_nat[simp):
fixes n :: nat
assumes (An. n < fn)
shows sincreasing (siterate f n)
unfolding sincreasing def proof
fix z
show Ji. x < siterate fn !l i
proof (induction z)
case ()
have 0 < siterate fn !l 1
using order.strict_trans1 [OF le0 assms] by simp
then show ?case ..
next
case (Suc z)
then obtain i where z < siterate fn !l 7 ..
then have Suc z < siterate f n !l Suc @
using order.strict_trans1[OF __ assms| by (simp del: snth.simps)
then show ?Zcase ..
qed
qed
lemma sincreasing_stl: sincreasing s = sincreasing (stl s) for s :: 'a :: semilattice__sup stream
by (auto 0 4 simp: gr0__conv_Suc intro!: sincreasingl dest: sincreasing_grD[of s 0])

definition sfinite s = (Vi. finite (s !! 7))

lemma sfinitel: (\i. finite (s ! ©)) = sfinite s
by (simp add: sfinite__def)



typedef ‘a trace = {s :: ('a set X nat) stream. ssorted (smap snd s) A sincreasing (smap snd s) A sfinite

(smap fst s)}
by (intro exI[of _ smap (Xi. ({}, 7)) nats])
(auto simp: stream.map__comp stream.map__ident sfinite__def cong: stream.map__cong)

setup_ lifting type_ definition__trace

lift_ definition I :: ‘a trace = nat = ’a set is
As i. fst (s i) .

lift_ definition 7 :: ‘a trace = nat = nat is

As . snd (s !!d) .

lemma stream__eq_iff: s = s' +— (Vn. s ! n=s"!l n)
by (metis stream.map__cong0 stream__smap_nats)

lemma trace_eql: (Ni.Toi=T0c'4%) = (Ni.7To0i=70"4%) =0=0
by transfer (auto simp: stream__eq_iff introl: prod_eql)

lemma 7_mono[simp]: i < j =T si<Tsj
by transfer (auto simp: ssorted_iff mono)

lemma ex le 7:3j>i. 2 <7 sj
by (transfer fizing: i x) (auto dest!: sincreasing_grD[of _ i z] less_imp__le)

lemmale 7 _lessstToi<T0j—=j<i=—=T0i=T0]
by (simp add: antisym)

lemma less TD:Toi<T0j=— i<}
by (meson T_mono less_le__not_le not_le_imp_ less)

abbreviation A si=7si—7s (i — 1)

1.2 Finite Trace Prefixes

typedef ‘a prefit = {p :: ('a set x nat) list. sorted (map snd p)}
by (auto introl: exI[of __ []])
setup__lifting type definition_ prefix

lift_ definition pmap_T :: (‘a set = b set) = 'a prefit = b prefiz is
Af. map (A(z, i). (f z, i)
by (simp add: split_beta comp__def)

lift_ definition last_ts :: 'a prefit = nat is
Ap. (case p of [| = 0| _ = snd (last p)) .

lift_ definition first_ts :: nat = 'a prefix = nat is
Anp. (case p of | = n | _ = snd (hd p)) .

lift__definition pnil :: ‘a prefiz is [| by simp
lift_ definition plen :: 'a prefix = nat is length .
lift_ definition psnoc :: ‘a prefix = 'a set x nat = ’a prefiz is
Ap z.if (case p of [| = 0| _ = snd (last p)) < snd z then p Q [z] else ||

proof (goal cases sorted_psnoc)
case (sorted_psnoc p )



then show ?case
by (induction p) (auto split: if _splits list.splits)
qed

instantiation prefix :: (type) order begin

lift_ definition less eq prefiz :: 'a prefix = 'a prefix = bool is
Apqg.dr.q=p@Qr.

definition less_prefiz :: ‘a prefix = 'a prefix = bool where
less_prefitzy = (x < yA-y<zx)

instance
proof (standard, goal_cases less refl trans antisym)
case (less z y)
then show ?case unfolding less prefiz def ..
next
case (refl )
then show ?case by transfer auto
next
case (trans © y z)
then show ?case by transfer auto
next
case (antisym z y)
then show ?case by transfer auto
qed

end

lemma psnoc__inject[simp]:
last_ts p < snd © = last_ts ¢ < snd y = psnoc p x = psnoc ¢y +— (p=q Az =1y)
by transfer auto

lift__definition prefiz_of :: 'a prefix = 'a trace = bool is A\p s. stake (length p) s = p .

lemma prefiz_of pnil[simp|: prefiz_of pnil o
by transfer auto

lemma plen_ pnil[simp]: plen pnil = 0
by transfer auto

lemma plen_mono: 7 < 7' = plen m < plen 7’
by transfer auto

lemma prefiz_of psnocE: prefiz_of (psnoc p x) s = last_ts p < snd z —
(prefiz_of p s =T s (plen p) = fst x => 7 s (plen p) = snd x = P) = P
by transfer (simp del: stake.simps add: stake__Suc)

lemma le_ pnil[simp]: pnil < 7
by transfer auto

lift_ definition take_prefiz :: nat = 'a trace = 'a prefiz is stake
by (auto dest: sorted__stake)

lemma plen_take_prefix[simp]: plen (take prefiz i o) = i
by transfer auto

lemma plen_ psnoc[simp]: last_ts m < snd x = plen (psnoc m x) = plen ™ + 1



by transfer auto

lemma prefiz_of _take_prefiz[simp]: prefiz_of (take_prefix i o) o
by transfer auto

lift_ definition pdrop :: nat = ’a prefix = 'a prefiz is drop
by (auto simp: drop__map[symmetric] sorted__wrt_drop)

lemma pdrop__0[simp]: pdrop 0 m =
by transfer auto

lemma prefiz_of antimono: m < w' = prefiz_of ®' s = prefiz_of 7 s
by transfer (auto simp del: stake__add simp add: stake__add[symmetric])

lemma prefiz_of imp_linear: prefiz_of m 0 = prefiv._ of ' c = <7n'vr' <«
proof transfer
fix m 7' and o :: ('a set X nat) stream
assume assms: stake (length ©) o = 7 stake (length ') 0 = 7’
show Ar.n'=n7@r)v @r.r=7"Qr)
proof (cases length 7 length ©' rule: le_cases)
case le
then have 7’ = take (length w) =’ @Q drop (length w) 7’
by simp
moreover have take (length m) ' = 7
using assms le by (metis min.absorbl take__stake)
ultimately show ?thesis by auto
next
case ge
then have 7 = take (length w') m @ drop (length ©')
by simp
moreover have take (length ©') m# = =’
using assms ge by (metis min.absorbl take__stake)
ultimately show ?thesis by auto
qed
qed

lemma 7_prefiz_conv: prefiz_of p s = prefiv_ofps’' = i < plenp = T si=715"1
by transfer (simp add: stake_nth[symmetric])

lemma I'_prefiz_conv: prefiz_of p s = prefiz_of p s’ = i < plenp =T s5i=1T5s"1
by transfer (simp add: stake_nth[symmetric])

lemma sincreasing__sdrop:
fixes s :: (‘a :: semilattice__sup) stream
assumes sincreasing s
shows sincreasing (sdrop n s)
proof (rule sincreasingl)
fix z
obtain ¢ where n < tand z < s !l ¢
using sincreasing_grD[OF assms| by blast
then have z < sdrop n s !! (i — n)
by (simp add: sdrop__snth)
then show 3i. z < sdropn s !l i ..
qed

lemma ssorted__shift:

ssorted (zs Q— s) = (sorted zs N ssorted s N\ (Vz€Eset zs. ¥V yEsset s. © < y))
proof safe



assume *: ssorted (zs @Q— s)
then show sorted zs
by (auto simp: ssorted_iff _mono shift_snth sorted_iff _nth_mono split: if _splits)
from ssorted__sdrop[OF x, of length xs| show ssorted s
by (auto simp: sdrop__shift)
fix z y assume z € set s y € sset s
then obtain ¢ j where i < lengthasazs! i =z sl j=y
by (auto simp: set__cony_nth sset_range)
with ssorted_monoD[OF =, of i j + length zs] show z < y by auto
next
assume sorted zs ssorted s ¥V x€set xs. VyeEsset s. x < y
then show ssorted (zs Q— s)
proof (coinduction arbitrary: xs s)
case (ssorted zs s)
with <ssorted s» show Zcase

by (subst (asm) ssorted.simps) (auto 0 4 simp: neq_Nil conv shd_sset intro: exI[of _

qed
qged

lemma sincreasing shift:
assumes sincreasing s
shows sincreasing (zs Q— s)
proof (rule sincreasingl)
fix
from assms obtain ¢ where z < s !l {
unfolding sincreasing def by blast
then have z < (zs Q— s) !! (length zs + 1)
by simp
then show 3i. 2 < (zs @— s) !l 7 ..
qged

lift__definition pts :: ‘a prefix = nat list is map snd .

lemma pts _pmap_T[simp|: pts (pmap_T f w) = pts 7
by (transfer fixing: f) (simp add: split_beta)

1.3 Earliest and Latest Time-Points

definition ETP:: ‘a trace = nat = nat where
ETP o t = (LEAST i. T 0 i > t)

definition LTP:: 'a trace = nat = nat where
LTP o t = Maz {i. (t 0 ) < t}

abbreviation § c i j= (10 i — 7 0 j)
abbreviation ETP_p o ib= ETP o ((1 o i) — b)
abbreviation LTP_p o i I = min i (LTP o ((7 o i) — left I))

abbreviation ETP_f o il = maz i (ETP o ((t o i) + left I))
abbreviation LTP _foib=LTP o ((t o i)+ b)

definition max_ opt where
maz_opt a b = (case (a,b) of (Some x, Some y) = Some (maz z y) | _ = None)

definition LTP_p safec il = (if Toi—left I > 7 o 0then LTP_p o i1 else 0)

lemma ¢ ETP tau:i> ETPon<+—T101i1>n
proof

#_1)



assume P: i > ETP o n
define j where j def: j = ETP o n
then have i_j: 7 0 i > 7 0 j using P by auto
from j def have r o j > n
unfolding ETP_def using Least] ex ex_le T by force
then show 7 ¢ ¢ > n using ¢_j by auto
next
assume Q: T o i > n
then show ETP o n < ¢ unfolding ETP_ def
by (auto simp add: Least_le)
qed

lemma tau LTP k:
assumes 7 0 0 < nLTPon <k
shows T o k> n
proof —
have finite {i. 7 0 i < n}
by (rule ccontr, unfold infinite_nat_iff unbounded le mem__Collect_eq)
(metis Suc_le_eq i ETP_tau leD)
then show ?thesis
using assms(2) Maz.coboundedl linorder_not_ less
unfolding LTP_def by auto
qed

lemma 7 LTP tau:
assumes n_asm: n > 7o 0
shows ({ < LTP o n +— 70 i < n)
proof
define A and j where A_ def: A
assume P: i < LTP o n
from n_asm A__def have A_ne: A # {} by auto
from j def have i _j: 7 0 i < 7 o j using P by auto
have not_in: k ¢ Aif j < k for k
using n__asm that tau_LTP_k leD
unfolding A_ def j _def by blast
then have A C {0..<Suc j}
using assms not_less eq
unfolding A_ def j def
by fastforce
then have fin_A: finite A
using subset__eq _atLeast0_lessThan__finite[of A Suc j]
by simp
from A _nej def have 7 0 j < n
using Maz__in[of A] A__def fin_A
unfolding LTP_def
by simp
then show 7 ¢ i < n using 7 _j by auto
next
define A and j where A_def: A={i.70i<n}andj def: j=LTP o n
assume Q: 7o i< n
have not_in: k ¢ Aif j < k for k
using n__asm that taw_LTP_k leD
unfolding A_ def j _def by blast
then have A C {0..<Suc j}
using assms not_less eq
unfolding A_ def j_def
by fastforce
then have fin_A: finite A

{i. 7oi<n}andj def: j=LTPon



using subset_eq atLeast0_lessThan_ finite[of A Suc j]
by simp
moreover have i € A using Q A_ def by auto
ultimately show ¢ < LTP o n
using Max__ge[of A] A__def
unfolding LTP_def
by auto
qed

lemma ETP 6:¢> ETPo (tol+n)=dcil>n

proof —
assume P: i > ETP o (T ol + n)
then have 7 0 i > 7 0 | + n by (auto simp add: i ETP_tau)
then show ?%thesis by auto

qged

lemma ETP_ge: ETP o (tol+n+1)>1
proof —
define j where j def: j=7170l+ n+ 1
then have etp_j: 7 o (ETP o j) > j unfolding ETP__def
using Leastl ex ex_le T by force
then have 7 o (ETP o j) > 7 o | using j_def by auto
then show ?%thesis using j def less 7D by blast
qed

lemma i_le LTPi: i < LTP o (T 0 %)
using 7_mono i_LTP_taulof o 7 o i i
by auto

lemma ¢ _le LTPi add: i < LTP o (t 0 i+ n)
using i _le LTPi
by (simp add: add__increasing2 i LTP__tau)

lemma 7 le LTPi minus:
assumes 7o 0+ n<71toiit>0n>0
shows LTP o (1o i —n) < 1
unfolding LTP_def
proof (subst Maz_less_iff; (intro balll; elim CollectE)?)
show finite {j. T 0 j <70 i— n}
unfolding finite_nat_set_iff bounded_le
proof (intro exI[of __ i], safe)
fix j
assume 70 j<TO i —n
with assms(1,3) show j < i
by (metis add_leD2 add__strict_increasing le__add__diff inverse less_7D less_or_eq imp_le)
qed
next
from assms(1) show {j. o j <70 i — n} # {}
by (auto simp: le_ diff conv2)
next
fix j
assume T o< TO T — N
with assms(1,3) show j < ¢
by (metis add_leD2 add__strict_increasing le__add_ diff inverse less_1D)
qed

lemma i _ge_etpi: ETP o (1 0 i) < i
using ¢ ETP_tau by auto



lemma etp_ 0[simp]: ETP o 0 = 0
using 7 ETP_tau by auto

2 Regular expressions

context begin

qualified datatype (atms: ‘a) regex = Skip nat | Test 'a
| Plus 'a regex 'a regex | Times 'a regex 'a regex | Star 'a regex

lemma finite__atms[simp]: finite (atms r)
by (induct r) auto

definition Wild = Skip 1

lemma size_regex__estimation[termination_simpl: © € atms r = y < fz = y < size_regex f r
by (induct r) auto

lemma size_regex__estimation'[termination_simpl: x € atms r = y < fz = y < size_regex f
by (induct r) auto

qualified definition TimesL v S = Times r ‘S
qualified definition TimesR R s = (Ar. Times r s) ‘R

qualified primrec collect where
collect f (Skip n) = {}
| collect f (Test ) = f ¢
| collect f (Plus r s) = collect fr U collect f s
| collect f (Times r s) = collect f r U collect f s
| collect f (Star r) = collect f r

lemma collect _cong[fundef _congl:
r=r'"= (A\z. 2 € atms r = fz = f' 2) = collect f r = collect f' r’
by (induct r arbitrary: v') auto

lemma finite_collect[simp|: (\z. z € atms r = finite (f z)) = finite (collect f r)
by (induct ) auto

lemma collect commute:
(Nz.2€atmsr =z € fz+—>ga€f z) = z € collect fr +— gz € collect f'r
by (induct r) auto

lemma collect_alt: collect fr = (|Jz € atms r. f z)
by (induct r) auto

qualified definition ncollect where
neollect f r = Maz (insert 0 (Suc © collect f 1))

lemma insert_Un: insert z (A U B) = insert z A U insert x B
by auto

lemma ncollect _simps[simp]:
assumes [simp]: (Az. z € atms r => finite (f z)) (\z. z € atms s => finite (f z))
shows
ncollect f (Skip n) = 0
neollect f (Test @) = Max (insert 0 (Suc ‘ f ¢))
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ncollect f (Plus r s) = maz (ncollect f r) (ncollect f s)

ncollect f (Times v s) = mazx (ncollect f r) (ncollect f s)

ncollect f (Star r) = ncollect f r

unfolding ncollect def

by (auto simp add: image__Un Max__Un insert_Un simp del: Un__insert_right Un__insert_left)

abbreviation min_regex_default f v j = (if atms r = {} then j else Min ((A\z. f zj) ‘ atms 1))

qualified primrec match :: (nat = ‘a = bool) = 'a regex = nat = nat = bool where
match test (Skip n) = (i j. j =1 + n)

| match test (Test @) = (Aij. i = j A test i @)

| match test (Plus v s) = match test v L match test s

| match test (Times r s) = match test r OO match test s

| match test (Star r) = (match test r)**

lemma match__cong[fundef _cong):
r=r"= (ANiz. 2 €atmsr => tiz=1t"1iz) = match t r = match t' r’
by (induct r arbitrary: v') auto

lemma match_le: match test rij — i < j
proof (induction r arbitrary: i j)

case (Times r s)

then show ?case using order.trans by fastforce
next

case (Star r)

from Star.prems show ?case

unfolding match.simps by (induct i j rule: rtranclp.induct) (force dest: Star.IH)+

qed auto
lemma match_rtranclp_le: (match test r)**
by (metis match.simps(5) match_le)

ij=i<j

lemma match_map__regex: match ¢t (map_regezx fr) = match (M\k z. t k (f z)) r
by (induct r) auto

lemma match__mono__strong:
Nkzkeli.<j+1}=z€atmsr=tkz=t"kz) = matchtrij= matcht' rij
proof (induction r arbitrary: ¢ j)
case (Times r s)
from Times.prems show ?case
by (auto 0 4 simp: relcompp__apply intro: le_less_trans match_le less_Suc_eq_le
dest: Times.IH [rotated —1] match_le)
next
case (Star r)
from Star(3) show ?case unfolding match.simps
proof —
assume *: (match t r)** ij
then have i < j unfolding match.simps(5)[symmetric]
by (rule match__le)
with * show (match t' r)** i j using Star.prems
proof (induction i j rule: rtranclp.induct)
case (rtrancl_into_rtrancl a b ¢)
from rtrancl_into_rtrancl(1,2,4,5) show Zcase
by (intro rtranclp.rtrancl_into_rtrancl]OF rtrancl_into_rtrancl.IH])
(auto dest!: Star.IH[rotated —1]
dest: match__le match__rtranclp_le simp: less_Suc__eq_le)
qged simp
qed
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qed auto
lemma match__cong__strong:
Nkzkel{i.<j+1}=z€atmsr=tkz=1tkz) = matchtrij= matcht rij

using match_mono__strong|of i j r t t'| match_mono__stronglof i j r t' t] by blast

end

3 Metric First-Order Temporal Logic

3.1 Syntax

type__synonym ('n, ‘a) event = ('n x 'a list)
type__synonym ('n, ‘a) database = ('n, 'a) event set
type__synonym ('n, ‘a) prefit = ('n x 'a list) prefix
type__synonym ('n, ‘a) trace = ('n X 'a list) trace
type_synonym ('n, ‘a) env = 'n = 'a
type__synonym ('n, ‘a) envset = 'n = ‘a set

datatype (fu_trm: 'n, ‘a) trm = is_Var: Var 'n («v») | is_Const: Const 'a («¢»)

lemma in_fu_trm_conv: x € fu_ trmt<+—t=v
by (cases t) auto

datatype ('n, ‘a) formula =

TT («<T)
| FF («L»)
| quConst 'n'a («_ =~ _>[85, 85] 85)
| Pred 'n ('n, 'a) trm list («_T_>[85, 85] 85)
| Neg ('n, 'a) formula («—F _» [82] 82)
Or ('n, 'a) formula ('n, 'a) formula (infixr «VF> 80)
And ('n, 'a) formula ('n, 'a) formula  (infixr <Ap> 80)
Imp (n ‘a) formula ('n, ‘a) formula  (infixr <—p> 79)
Iff ('n, 'a) formula ('n, ‘a) formula  (infixr <+—p> 79)

Ezists 'n ('n, 'a) formula («Fr_. _» [70,70] 70)
Forall 'n ('n, 'a) formula (~Vr_._» [70,70] 70)
Prev I ('n, 'a) formula (<Y _ _» [1000, 65] 65)

| Next Z ('n, ' )formula («X _ _» [1000, 65] 65)
| Once T ('n, )formula («P _ _» [1000, 65] 65)
| Historically T ('n, 'a) formula («H _ _» [1000, 65] 65)
| Eventually T ('n, 'a) formula (<F _ _» [1000, 65] 65)

| Always T ('n, a) formula («G _ _» [1000, 65] 65)
| Since (n, 'a) formula T ('n, 'a) formula («_ S _ _» [60,1000,60] 60)
| Until ('n, 'a) formula T ('n, 'a) formula (<_ U _ _» [60,1000,60] 60)

| MatchP T ('n, 'a) formula Regex.regex (<< __ _» [1000,60] 60)
| MatchF T ('n, 'a) formula Regex.regex (<> __ _» [1000,60] 60)

fun fv :: ('n, ‘a) formula = 'n set where

fo(rits)=U (fu_trm * set ts)

[ foT ={}

| fol={}

| fo(z=c)={z}
fo(-Fr@)=foe
fo(e Vr ) =foeUfuy
fi

folp —rY)=foeUfoy

|
|
|
| fop ¢—r ) =fopUfoi

(

(
WE@/\FW:fvsDvalﬁ

(
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| fo (3rz. @) = fop — {z}

| fo (Vrz. ) = fop — {z}

[ fo(XY Tg)=foep

[ fo(XTg)=foep

[ fo(PIg)=fop

| fo (HI¢)=fop

[ fo(F1y)=foe

[ fo(GTy)=fuyp
[fo(pSIT)=FfueUfoy
[fo(pUIy)=fopUforp
| fv (@« I'r) = Regex.collect fu r
| fo (> I 7) = Regex.collect fu r

fun consts = ('n, 'a) formula = 'a set where
consts (r T ts) = {} — terms may also contain constants, but these only filter out values from the trace
and do not introduce new values of interest (i.e., do not extend the active domain)
| consts T = {}
| consts L = {}
| consts (z = ¢) = {c}
| consts (—r @) = consts ¢
| consts (¢ Vp ¢) = consts ¢ U consts 9
| consts (¢ Ar ) = consts ¢ U consts @
| consts (¢ —>F ) = consts ¢ U consts ¢
| consts (p «—F ¥) = consts ¢ U consts 9
| consts (Irx. ) = consts ¢
| consts (Vrx. p) = consts ¢
| consts (Y I ) = consts ¢
| consts (X I @) = consts ¢
| consts (P I go) = consts ¢
| consts (H I @) = consts ¢
| consts (F I @) = consts ¢
| consts (G I ¢) = consts ¢
(¢ S I ¢) = consts ¢ U consts ¢
(¢ U I 9) = consts ¢ U consts 9
(a1
>1r

| consts
| consts
| consts
| consts

P

< I r) = Regex.collect consts r

> I r) = Regex.collect consts r

lemma finite_fu_trm[simp]: finite (fu_trm t)
by (cases t) simp__all

lemma finite_fo[simp]: finite (fv ¢)
by (induction ) simp__all

lemma finite_consts[simp]: finite (consts )
by (induction ) simp__all

definition nfv :: ('n, 'a) formula = nat where
nfv @ = card (fv )

fun future_bounded :: ('n, 'a) formula = bool where
future__bounded T = True
| future__bounded 1. = True
| future__bounded (_ T _) = True
| future_bounded (_ =~ _) = True
| future__bounded (—r @) = future_bounded ¢
| future__bounded (p Vr ¥) = (future_bounded ¢ A future_bounded 1))
| future_bounded (¢ Ar ) = (future_bounded ¢ A future _bounded 1)
| future_bounded (¢ —F ) = (future_bounded ¢ A future bounded 1))

13



| future__bounded (p +—F ) = (future_bounded ¢ A future_bounded 1))

| future__bounded (3 ) future__bounded ¢

| future_bounded (¥ r = future__bounded o

| future__bounded (Y I (p) Juture__bounded o

| future__bounded (X I ¢) = future__bounded ¢

| future_bounded (P I @) = future__bounded ¢

| future__bounded (H I ) = future__bounded ¢

| future__bounded (F I 90) (future__bounded @ A right I # o0)

| future_bounded (G I ¢) = (future_bounded ¢ A right I # c0)

| future__bounded (p S I ¢) = (future__bounded ¢ A future_bounded 1))

| future__bounded (¢ U I ) = (future_bounded ¢ A future__bounded ¢ A right I # o)
| future_bounded (< I r) = Regex.pred_regex future__bounded r

| future__bounded (> I r) = (Regex.pred_regex future__bounded r A right I # o0)

3.2 Semantics

primrec eval_trm :: ('n, ‘a) env = ('n, ‘a) trm = ‘a(«_[_]> [70,89] 89) where
eval_trmwv (vz)=vzx
| eval_trm v (c z) =z

lemma eval _trm_fv_cong: Vz€fu _trm t. vz = v z = v[t] = v[{]
by (induction t) simp__all

definition eval trms :: ('n, 'a) env = ('n, 'a) trm list = 'a list («_[_]> [70,89] 89) where
eval_trms v ts = map (eval_trm v) ts

lemma eval trms_fu_cong:
Vieset ts. Va€fu_trm t. vz = v’z = [ts] = v'[ts]
using eval_trm__fu_conglof __ v v]
by (auto simp: eval _trms_def)

primrec eval _trm_set :: ('n, 'a) envset = ('n, ‘a) trm = ('n, ‘a) trm x 'a set(<_{_[}» [70,89] 89)
where

eval_trm__set vs (v ) = (v z, vs 1)
| eval _trm_set vs (c z) = (¢ z, {z})

definition eval_trms_set :: ('n, ‘a) envset = ('n, 'a) trm list = (('n, ‘a) trm x 'a set) list («_{_[b
[70,89] 89)
where eval_trms_set vs ts = map (eval_trm_set vs) ts

lemma eval_trms_set_ Nil: vs{[|} = []
by (simp add: eval trms_set_def)

lemma eval trms_set Cons:

vs{(t # ts)f = vs{t} # vs{ts}
by (simp add: eval_trms_set_def)

fun sat :: ('n, ‘a) trace = ('n, ‘a) env = nat = ('n, ‘a) formula = bool (<{_, _, ) E _» [56, 56, 56,
56] 55) where
(o, v, 1) ET = True

| (o, v, i) E L = False

|<a7 v, Ertts=((r, vts]) € T o 1)

[ {o,v, i) Faxcc=(vz=c)

| (o, 0,9 F —r o= (=(0,v 1) F )

| (0,0, 0) = o Ve =((0,0,0) ¢ V(o v, i) =)

| (0,0, 0) =@ Ar = ((0, 0,0) = ¢ Ao, v, 4) = 1))

[ (o, v, 1) Eo—rt= (0,00 FE¢p-—(001iFY)



|<07U,Z>':w<—>Fw:(<va7i>}:<P<—><vavi>):d))

| {o, v, %) E rz. o = (F2z. (o, v(z = 2), i) E p)

| (0, v, 4) EVrz. ¢ = (Va (0, v(z := 2), i) = ¢)
|(a,v,z)|:Ylap—(casezof0:>False|Sucyimem(TUz—Taj)I/\(avj)|:cp)

| (o, v, 1) EXT ¢ = (mem (1o (Suci) —701i)IA{o,v, Suci) = p)

[ (o, v, ) EP I o= (3j<i.mem (tToi—T10j)IAN{(c,vj)FEp)

[ (o, v, ) EHI o= (Vj<i.mem (troi—70j) I — (o,v,7) E ¢)

[ (o, v, ) EF I o= 3j>i.mem (troj—710i)lA (0, ] E )

[ (o, v, ) EGIo=(Vj>i.mem (troj—10i)l— (0,v,7) E¢)

[ (o, v, ) EeSITv=3j<i.mem (troi—7075) IA(0,v, 7 EvANke{j<.i}. (o, v, k) E ¢))
|<U,v,z>|:g0U11/J (Fj>i.mem (troj—T1oi)I Ao, j) EvANVke{i.<j} (o, v k) = ¢))
| (o, v, 1) E(aIr)=(3j<i.mem (1 0i— 70 j) IN Regexz.match (\k ¢. (o, v, k) E ¢) rj1)

| (o, v, 1) E(>1T )—(Elj>z mem (1 o j — 7 o i) I A Regex.match (A\k . (o, v, k) = @) 1))

lemma sat_fv_cong: Vz€fv . vz =v' = (o, v,i) E p = {0, v, i) E ¢
proof (induct o arbitrary: v v’ 1)
case (Pred n ts)
thus ?case
by (simp cong: map__cong eval_trms_fu_cong[rule_format, OF Pred[simplified, rule_ format]]
split: option.splits)
next
case (Exists t o)
then show ?case unfolding sat.simps
by (intro iff _exI) (simp add: nth_Cons’)
next
case (Forall t )
then show ?case unfolding sat.simps
by (intro iff _alll) (simp add: nth__Cons’)
qed (auto 10 0 simp: Let__def collect__alt split: nat.splits introl: iff _exI eval trm__fu_cong
elim!: match__cong__strong[THEN 4ffD1, rotated))

lemma sat_Until_rec: (o, v, i) F @ U I ¢ +—
(mem 01 A (o, v, i) EoV
Ao (i+1)<right I N{o,v,9) =pA{o,v,i+ 1) FE ¢ U (subtract (A o (i + 1)) I) ¢)
(is 7L «— ?R)
proof (rule iffI; (elim disjE conjE)?)
assume ?L
then obtain j where j: i < jmem (troj— 7104 I (0,0, j) EvVke{i.<j} (o,v,k)=¢p
by auto
then show ?R
proof (cases i = j)
case Fualse
with j(1,2) have A o (i + 1) < right I
by (auto elim: order_trans|rotated] simp: diff _le__mono)
moreover from False j(1,4) have (o, v, i) = ¢ by auto
moreover from False j have (o, v, i + 1) = ¢ U (subtract (Ao (i + 1)) I) ¢
by (cases right I) (auto simp: le__diff _conv le__diff _conv2 intro\: exI[of __ j])
ultimately show ?thesis by blast
qed simp
next
assume A: A o (i + 1) < right I and now: (o, v, i) = ¢ and
next: (o, v, i + 1) = ¢ U (subtract (Ao (i + 1)) I) ¥
from nezt obtain j where j: i + 1 < jmem (10 j— 70 (i + 1)) (subtract (A o (i + 1)) I)
(o, v, ) Ev Ve {i+ 1 .<j} {o,v,k Ep
by auto
from A j(1,2) have mem (toj— 710 1i) [
by (cases right I) (auto simp: le__diff _conv2)
with now j(1,3,4) show ?L by (auto simp: le_eq less or_eq[of ] introl: exI[of _ j])
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qed auto

lemma sat_Since_rec: (o, v, 9) = ST Y +—
mem 01 N (o, v, i) EvV
(i>0NAci<right IN(o,v,0) A (o,v,i— 1) ¢S (subtract (A o i) I) )
(is 2L <— ?R)
proof (rule iffI; (elim disjE conjE)?)
assume ?L
then obtain j where j: j < imem (toi—70j) I {o,v,j) EvVke{j<.i} (o,v, k) Eo
by auto
then show ?R
proof (cases i = j)
case False
with j(1) obtain k where [simp]: i = k + 1
by (cases i) auto
with j(1,2) False have A o i < right I
by (auto elim: order__trans[rotated] simp: diff _le_mono2 le__Suc__eq)
moreover from False j(1,4) have (o, v, i) = ¢ by auto
moreover from False j have (o, v, i — 1) |= ¢ S (subtract (A o i) I) ¢
by (cases right I) (auto simp: le__diff _conv le__diff _conv2 intro!: exl[of __ j])
ultimately show ?thesis by auto
qed simp
next
assume i: 0 < { and A: A o ¢ < right I and now: (o, v, i) = ¢ and
prev: (o, v, i — 1) = ¢ S (subtract (A o i) I) ¢
from prev obtain j where j: j < i — I mem (1 o (i — 1) — 7 o j) ((subtract (A o 7) I))
(o, v, ) EvVEke{j<.i— 1} {o,v, k) E¢p
by auto
from A 7 j(1,2) have mem (1o i — 10 j) I
by (cases right I) (auto simp: le_ diff _conv2)
with now i j(1,3,4) show ?L by (auto simp: le_Suc_eq gr0_conv_Suc intro: exI[of _ j])
qed auto

lemma sat_Since_0: (o, v, 0) E ST — mem 01 A {0, v, 0) =
by auto

lemma sat_Since_point: (o, v, 1) E @ ST ¢ =
Nj.j<i=mem (troi—T10j)l = (o,v,%) ¢S (point (roci—70c}j)t = P)= P
by (auto intro: diff le__self)

lemma sat_Since_pointD: (o, v, i) = ¢ S (point t) Y = mem t [ = (o, v, 1) E @ S I
by auto

lemma sat_Once_Since: (o, v, 1)) EP I p=(o,v, i) ETSI¢p
by auto

lemma sat_Once_rec: (o, v, i) EP I ¢ +—
mem 01 N {o, v, i) |E oV
(i>0NAci<right I AN(o,v,i— 1) P (subtract (A o i) I) ¢)
unfolding sat_Once_ Since
by (subst sat_Since_rec) auto

lemma sat_Historically _Once: (o, v, i) EH I ¢ = (o, v, i) = -r (P I —F ¢)
by auto

lemma sat_Historically _rec: (o, v, 1) FH I ¢ +—

(mem 01 — (o, v, 7) = @) A
(i>0—A0ci<right ] — (o, v,¢— 1) = H (subtract (A o i) I) ¢)
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unfolding sat_ Historically_Once sat.simps(5)
by (subst sat_Once_rec) auto

lemma sat_Eventually Until: (o, v, ) EF I o= (0,v, 1) ETUIyp
by auto

lemma sat_FEventually rec: (o, v, i) EF I p +—
mem 01 A (o, v, i) =@V
(Ao (i4+1)<right 1 N{o,v,i+ 1) EF (subtract (Ao (i+ 1)) 1) ¢)
unfolding sat_FEventually_Until
by (subst sat_Until_rec) auto

lemma sat_Always Eventually: (o, v, i) E G I ¢ = (o, v, %) = -r (FI-F ¢)
by auto

lemma sat_Always rec: (o, v, i) |E G I ¢ +—
(mem 01 — (o, v, 1) = ¢) A
(Ao (i+ 1) <right ] — (o, v,1+ 1) E G (subtract (A o (i + 1)) I) ¢)
unfolding sat_Always Eventually sat.simps(5)
by (subst sat_Eventually rec) auto

bundle MFOTL syntax
begin

For bold font, type “backslash” followed by the word “bold”

notation Var («v»)
and Const («¢)

For subscripts type “backslash” followed by “sub”

notation TT («T»)
and FF («L»)
and Pred (_t_> [85, 85] 85)
and Eq_ Const (<_ = _» [85, 85] 85)
and Neg («—p _» [82] 82)
and And (infixr <Ap> 80)
and Or (infixr «Vr> 80)
and Imp (infixr <—p> 79)
and Iff (infixr <+—p> 79)
and Ezists (<Ip__. _» [70,70] 70)
and Forall (VY p_. _> [70,70] 70)
and Prev (<Y __» [1000, 65] 65)

and Next (<X _ _» [1000, 65] 65)

and Once (<P _ _» [1000, 65] 65)

and FEventually (<F __ _» [1000, 65] 65)
and Historically («H __ _» [1000, 65] 65)
and Always (<G _ _» [1000, 65] 65)
and Since (S __» [60,1000,60] 60)
and Until (U _ ) [60,1000,60] 60)

notation eval trm («_[_]» [70,89] 89)
and eval_trms («<_[_]> [70,89] 89)
and eval_trm_set («<_{_[» [70,89] 89)
and eval _trms_set («<_{_[> [70,89] 89)
and sat (<(_, , ) = . [56, 56, 56, 56] 55)
and Interval.interval (<[_,_]>)

end

17



unbundle no MFOTL__syntax

4 Valued Partitions

lemma part_list _set _eq auxl:
assumes
Vi<length xs. ¥V j<length zs. i # j — fst (xzs ! i) N fst (zs!j) = {}
{} & fst < set xs
shows disjoint (fst ‘ set zs) A distinct (map fst xs)
proof —
from assms(1) have disjoint (fst < set xs)
by (metis disjnt_def in__set_conv_nth pairwise_imagel)
moreover have distinct (map fst s)
using assms
by (smt (verit) distinct_conv_nth image_iff inf.idem
length_map nth_map nth_mem)
ultimately show ?thesis
by blast
qed

lemma part_list__set__eq auz2:
assumes
disjoint (fst < set xs)
distinct (map fst s)
1 < length zs
j < length xs
i F ]
shows fst (zs ! i) N fst (zs!j) = {}
proof —
from assms have fst (zs ! i) € fst ‘ set zs
and fst (zs! j) € fst ¢ set zs
by auto
moreover have fst (zs! i) # fst (zs!j)
using assms(2—) nth_eq iff index_eq
by fastforce
ultimately show ?Zthesis
using assms(1) unfolding disjoint__def
by blast
qed

lemma part_list__eq:
(UX € fst “set xs. X) = UNIV
A (Vi < length xs. Vj < length zs. i # j
— fst (zs i) N fst (ws!j) = {}) A} & fst  set s
+— partition__on UNIV (set (map fst xs)) A distinct (map fst zs)
using part_list_set_eq auxl part list _set eq aux2
unfolding partition__on__def by (auto 5 0)

'd: domain (such that the union of ‘d sets form a partition)
typedef ('d, ‘a) part = {zs :: ('d set x 'a) list. partition_on UNIV (set (map fst xs)) A distinct (map
fst zs)}
by (rule exI[of _ [(UNIV, undefined)]]) (auto simp: partition_on_ def)
setup__lifting type definition_ part

lift__bnf (no_warn_wits, no_warn__transfer) (dead 'd, Vals: 'a) part
unfolding part_list _eq[symmetric|

18



by (auto simp: image__iff)
4.1 size setup
lift__definition subs :: ('d, ‘a) part = 'd set list is map fst .
lift_ definition Subs :: (‘d, 'a) part = 'd set set is set o map fst .
lift__definition wvals :: ('d, ‘a) part = 'a list is map snd .
lift_ definition SubsVals :: ('d, 'a) part = ('d set X 'a) set is set .
lift_ definition subsvals :: ('d, ‘a) part = ('d set x 'a) list is id .

lift_definition size_part :: ('d = nat) = (‘a = nat) = ('d, 'a) part = nat is \f g. size_list (\(z, ¥).
sumfz+ gy .

instantiation part :: (type, type) size begin

definition size_part where
size__part__overloaded__def: size_part = Partition.size__part (A_. 0) (A

instance ..
end

lemma size_part _overloaded__simps[simp]: size v = size (vals z)
unfolding size part_overloaded__def
by transfer (auto simp: size_list__conv__sum__list)

lemma part_size_o_map: inj h = size_part f g o map_part h = size_part f (g o h)
by (rule ext, transfer)
(auto simp: fun__eq_iff map_prod_def o_def split_beta case_prod_betalabs_def])

setup <«

BNF _LFP_Size.register__size_global type__name <part> const__name <size__part>
Q@{thm size_part_overloaded__def} @Q{thms size_part_def size_part_overloaded__simps}
@{thms part__size_o_map}

>

lemma is_measure_size_part[measure function]: is_measure f = is_measure g => is_measure (size__part

I9)

by (rule is_measure__trivial)

lemma size_part__estimation[termination_simp): z € Vals s = y < gz = y < size_part f g xs
by transfer (auto simp: termination__simp)

lemma size_part_estimation'[termination_simp|: z € Vals s = y < g2z = y < size_part f g xs
by transfer (auto simp: termination__simp)

lemma size_part_pointwise[termination__simp]: (Az. z € Vals s = fx < g x) = size_part h f zs <

size_part h g Ts
by transfer (force simp: image__iff intro!: size_list_pointwise)

4.2 Functions on Valued Partitions

lemma Vals code[code]: Vals z = set (map snd (Rep_part z))
by (force simp: Vals_def)
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lemma Vals_transfer[transfer_rule]: rel _fun (pcr_part (=) (=)) (=) (set o map snd) Vals
by (force simp: Vals__def rel_fun__def per_part_def cr_part_def rel _set__eq prod.rel__eq list.rel_eq)

lemma set_wvals[simp]: set (vals xs) = Vals xs
by transfer simp

lift_ definition part_hd :: ('d, ‘a) part = 'a is snd o hd .

lift_ definition tabulate :: 'd list = ('d = 'n) = 'n = ('d, 'n) part is

Ads f z. if distinct ds then if set ds = UNIV then map (Ad. ({d}, f d)) ds else (— set ds, z) # map (\d.
({d}, f d)) ds else [(UNIV, z)]

by (auto simp: o__def distinct_map inj_on__def partition__on__def disjoint__def)

lift_ definition lookup part :: ('d, 'a) part = 'd = 'a is Azs d. snd (the (find (\(D, ). d € D) zs)) .

lemma Vals tabulate[simp]: Vals (tabulate zs f z) =
(if distinct xs then if set zs = UNIV then f ‘ set zs else {z} U f ‘ set zs else {z})
by transfer (auto simp: image__iff)

lemma lookup__part_tabulate[simp]: lookup_part (tabulate xs f z) z =
(if distinct zs A\ x € set xs then f z else z)
by (transfer fixing: z xs f z)
(auto simp: find_drop While drop While__eq__Cons__conv map__eq__append__conv split: list.splits)

lemma part_hd_Vals[simp|: part_hd part € Vals part
by transfer (auto simp: partition__on__def image__iff introl: hd__in__set)

lemma lookup__part_ Vals[simp]: lookup__part part d € Vals part
proof (transfer, goal _cases part)
case (part zs d)
then have unique: (Vi<length zs. V j<length zs. i # j — fst (zs ! i) N fst (zs ! j) = {})
using part_list_eq[of xs]
by simp
from part obtain D z where D: (D, z) € set zs d € D
unfolding partition__on__def
by fastforce
with unique have find (\(D, _). d € D) zs = Some (D, z)
unfolding set_eq iff
by (auto simp: find_Some_iff in__set_conv_nth split_beta)
with D show ?case
by (force simp: image__iff)
qged

lemma lookup__part_SubsVals: 3D. d € D A (D, lookup__part part d) € SubsVals part
proof (transfer, goal cases part)
case (part d xs)
then have unique: (Vi<length zs. Vj<length zs. i # j — fst (zs ! 4) N fst (zs!7) = {})
using part_list_eq[of xs]
by simp
from part obtain D z where D: (D, z) € set zs d € D
unfolding partition__on__def
by fastforce
with unique have find (\(D, _). d € D) zs = Some (D, )
unfolding set_eq iff
by (auto simp: find_Some__iff in__set__conv_nth split_beta)
with D show ?case
by (force simp: image__iff)
qed
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lemma lookup__part_from__subvals: (D, e) € set (subsvals part) = d € D = lookup__part part d = e
proof (transfer fixing: D e d, goal_cases)
case (I part)
then show ?case
proof (cases find (A\(D, _). d € D) part)
case (Some De)
from 1 show ?%thesis
unfolding partition__on__def set__eq iff Some using Some unfolding find_ Some__iff
by (fastforce dest!: speclof __ d] simp: in__set__conv_nth split_beta dest: part_list_set_eq auz2)
qed (auto simp: partition__on__def image__iff find_None__iff)
qged

lemma size_lookup__part _estimation[termination__simp|: size (lookup__part part d) < Suc (size_part
(A_. 0) size part)

unfolding less Suc _eq le

by (rule size_part_estimation’|OF __ order_refl]) simp

lemma subsvals_part_estimation[termination_simp]: (D, e) € set (subsvals part) = size e < Suc
(size_part (A_. 0) size part)
unfolding less Suc _eq le
by (rule size_part_estimation’|OF __ order_refl], transfer)
(force simp: image__iff)

lemma size_part__hd__estimation[termination__simp): size (part_hd part) < Suc (size_part (A_. 0) size
part)

unfolding less Suc _eq le

by (rule size_part_estimation’|OF __ order_refl]) simp

lemma size_last _estimation[termination_simp): zs # || = size (last zs) < size_list size xs
by (induct zs) auto

lift__definition lookup :: ('d, ‘a) part = 'd = ('d set x 'a) is Azs d. the (find (\(D, _). d € D) zs) .

lemma snd_lookup[simp]: snd (lookup part d) = lookup__part part d
by transfer auto

lemma distinct__disjoint_uniq: distinct xs = disjoint (set zs) =
i1<j=j<lengthzs = d € as!i=—=d € zs! j = Fualse
unfolding disjoint_def disjoint__iff
by (metis (no__types, lifting) order.strict_trans min.strict_order__iff nth__eq iff index__eq nth_mem)

lemma partition_on_UNIV_find_Some:
partition_on UNIV (set (map fst part)) = distinct (map fst part) =
Jy. find (N(D, _). d € D) part = Some y
unfolding partition__on__def set__eq iff
by (auto simp: find_Some__iff in__set_conv_nth
Ball_def image__iff Bex__def split_beta dest: distinct_disjoint_uniq dest!: spec[of _ d]
introl: exl[where P=Xz. 3y z. Pz yz A Qzy z for P Q, OF exI, OF exl, OF conjI])

lemma fst_lookup: d € fst (lookup part d)
proof (transfer fixing: d, goal_cases)
case (I part)
then obtain y where find (A\(D, _). d € D) part = Some y using partition__on_ UNIV_find_Some
by fastforce
then show “case
by (auto dest: find_Some_iff[THEN iffD1])
qed
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lemma lookup__subsvals: lookup part d € set (subsvals part)
proof (transfer fixing: d, goal_cases)
case (I part)
then obtain y where find (A\(D, _). d € D) part = Some y using partition__on_ UNIV_find_Some
by fastforce
then show ?case
by (auto simp: in__set_conv_nth dest: find_Some_iff[THEN iffD1])
qged

lift__definition trivial part :: 'pt = ('d, 'pt) part is Apt. [(UNIV, pt)]
by (simp add: partition__on__space)

lemma part_hd__trivial[simp]: part_hd (trivial _part pt) = pt
unfolding part _hd_ def
by (transfer) simp

lemma SubsVals_trivial[simp]: SubsVals (trivial_part pt) = {(UNIV, pt)}
unfolding SubsVals_def
by (transfer) simp

5 Partitioned Decision Trees
datatype (dead 'd, leaves: 'l, vars: 'n) pdt = Leaf (unleaf: 'l) | Node 'n ('d, ('d, 'l, 'n) pdt) part

inductive vars_order :: 'n list = ('d, 'l, 'n) pdt = bool where

vars_order vs (Leaf _)
| Vexpl € Vals partl. vars_order vs expl = vars_order (z # vs) (Node x partl)
| vars_order vs (Node © partl) = = # z = vars_order (z # vs) (Node x partl)

lemma vars order Node:
assumes distinct xs
shows vars_order s (Node z part) = (3ys zs. s = ys Q z # zs A\ (Ve € Vals part. vars_order zs e))
proof (safe, goal cases LR RL)
case LR
then show ?case
by (induct xs Node z part rule: vars__order.induct)
(auto 4 3 intro: exI[of _ _ # _])
next
case (RL ys zs)
with assms show ?case
by (induct ys arbitrary: xs)
(auto intro: vars_order.intros)
qed

fun distinct__paths where
distinct__paths (Leaf _) = True
| distinct_paths (Node z part) = (Ve € Vals part. x ¢ vars e A distinct_paths e)

fun eval pdt where
eval_pdt v (Leaf 1) =1
| eval _pdt v (Node x part) = eval_pdt v (lookup__part part (v x))

lemma eval_pdt_cong: Vz € varse. vz = v' © = eval_pdt v e = eval_pdt v’ e
by (induct €) auto

lemma vars _order_vars: vars_order vs e => vars e C set vs
by (induct vs e rule: vars_order.induct) auto
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lemma vars order__distinct_paths: vars_order vs e = distinct vs => distinct__paths e

by (induct vs e rule: vars_order.induct) (auto dest!: vars_order_vars)

lemma eval_pdt_fun__upd: vars_order vs e = = ¢ set vs => eval_pdt (v(z =
by (induct vs e rule: vars__order.induct) auto

context begin

qualified inductive
SAT :: (nat = 'a = bool) = nat = nat = 'a Regez.regex = bool
for sat where
STest: i = j = sat i ¢ = SAT sat i j (Regex.Test )
| SSkip: j = i + n = SAT sat i j (Regez.Skip n)
| SPlusL: SAT sat i j r => SAT sat i j (Regex.Plus r s)
| SPlusR: SAT sat i j s = SAT sat i j (Regex.Plus r s)
| STimes: SAT sat i kr = SAT sat k j s = SAT sat i j (Regex.Times T s)
| SStar_eps: i = j = SAT sat i j (Regex.Star r)
| SStar: i < j => (Fzs. xs = i # 25 Q [j]) =
Vke {0 .<lengthzs — 1}. zs ! k < zs ! (Suc k) =
Vk e {0 .< lengthxs — 1}. SAT sat (zs ! k) (zs ! (Suc k)) r =
SAT sat i j (Regex.Star r)

lemma SAT mono[mono]:

assumes X < Y

shows SAT X < SAT Y

unfolding le fun_ def le_bool _def
proof safe

fixijr

assume SAT X ijr

then show SAT Y ijr

by (induct i j r rule: SAT .induct) (use assms in <auto 0 3 intro: SAT .intros»)

qed

abbreviation rm S = {(i, j) € S. i < j}

qualified inductive

VIO :: (nat = 'a = bool) = nat = nat = 'a Reger.regex = bool

for vio where

VSkip: j # i + n = VIO vio i j (Regex.Skip n)

VTest: i = j = vio i © = VIO vio i j (Regex.Test x)

VTest_neq: i # j = VIO vio i j (Regex. Test z)

VPlus: VIO vio i j r = VIO vio i j s = VIO vio i j (Regex.Plus r s)

VStar: i< j—= i€ S=jec T =SUT={i.j}=5SNT={} =
V(s, t) € rm (S x T). VIO vio s t r = VIO wvio i j (Regex.Star )
VStar_gt: © > j = VIO wvio i j (Regex.Star r)

lemma VIO_mono[monol:
assumes X < Y
shows VIO X < VIO Y
unfolding le_fun_ def le_bool__def
proof safe
fixijr
assume VIO X ijr
then show VIO Yijr
by (induct i j r rule: VIO.induct) (use assms in <auto 5 3 intro: VIO.intros»)
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qed

inductive chain :: (‘a = 'a = bool) = 'a list = bool for R :: 'a = ‘a = bool where
chain__singleton: chain R [z]
| chain__cons: chain R (y # zs) = R ¢y = chain R (x # y # xs)

lemma
chain_ Nil[simp]: = chain R [ and
chain_not__Nil: chain R xs = zs # ||
by (auto elim: chain.cases)

lemma chain_rtranclp: chain R s => R** (hd xs) (last xs)
by (induct zs rule: chain.induct) auto

lemma chain__append:
assumes chain R zs chain R ys R (last zs) (hd ys)
shows chain R (zs Q ys)
using assms
proof (induct zs arbitrary: ys rule: chain.induct)
case (chain__singleton x)
then show ?case by (cases ys) (auto intro: chain.intros)
qed (auto intro: chain.intros)

lemma tranclp _imp__exists_finite_chain__list:
R*Y 2y = Js. chain R (z # zs Q [y])
proof (induct rule: tranclp.induct)
case (r_into_trancl x y)
then have chain R (z # [] @ [y])
by (auto intro: chain.intros)
then show ?case
by blast
next
case (trancl_into_trancl z y z)
note rstar_xzy = this(1) and ih = this(2) and r_yz = this(3)
obtain zs where zs: chain R (z # xs Q [y]) using ih by blast
define ys where ys = zs @ [y]
have chain R (z # ys Q [2])
unfolding ys_def using r_yz chain__append|OF zs chain__singleton, of z] by auto
then show ?case by blast
qed

lemma chain_ pairwise:
chain R s = Suc i < length zs = R (zs | ©) (zs ! Suc )
by (induct zs arbitrary: © rule: chain.induct)
(force simp: nth__Cons’ not_le Suc_less _eq2 elim: chain.cases)+

lemma chain__sorted_remdups:
chain R zs = (Azy. Rz y = = < y) = sorted xs A\ chain R (remdups zs)
proof (induct zs rule: chain.induct)
case (chain__cons y xs x)
then show ?case
using sorted__remdups|of xs| set_remdups|of xs] eq_iff[of y hd (remdups xs)]
by (cases remdups zs; cases y = hd (remdups zs))
(auto intro: chain.intros intro: order__trans elim: chain.cases)
qed (auto intro: chain.intros)

lemma sorted_remdups: sorted zs = sorted_wrt (<) (remdups zs)
by (induct zs) (auto dest: le_neq trans)
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lemma remdups_sorted_start _end:
sorted (i # zs Q [j]) = i # j =
remdups (i # zs Q [j]) = i # remdups (removeAll j (removeAll i zs)) Q []
by (induct zs) auto

lemma tranclp_to_ list:
fixes R :: 'a = linorder = 'a = bool
assumes R"T iji#jNzy. Rzy=—= 1<y
obtains zs zs where zs = i # zs Q [j]
Vk e {0 .<lengthas — 1}. xs! k < zs! (Suc k) A R (zs! k) (zs ! (Suc k))
proof atomize__elim
from (R*™ i j» obtain zs where chain R (i # zs Q [j])
using tranclp__imp__exists_finite chain__list by fast
then have zs: sorted (i # zs @Q [j]) chain R (remdups (i # zs @ [j]))
using chain_sorted_remdups assms(8) by blast+
then have sorted_wrt: sorted _wrt (<) (remdups (i # zs Q [j]))
using sorted__remdups by blast
let ?zs = remdups (removeAll j (removeAll i zs))
from zs sorted _wrt have chain R (i # %zs Q [j]) sorted_wrt (<) (i # %zs Q [j])
using remdups__sorted_start_end[of i zs j| assms(2) by auto
then show Jus zs. s = ¢ # 2zs Q [j] A
(Vke{0..<length zs — 1}. zs ' k < zs ! Suc k A R (zs ! k) (zs ! Suc k))
by (subst ex__comm, unfold simp__thms, intro exI[of _ ?zs])
(auto 0 3 dest: chain__pairwise simp del: remdups.simps
simp: sorted__wrt_iff _nth_less)
qged

abbreviation match rel where
match_rel test r zs k = (zs | k < xzs ! (Suc k) A Regex.match test v (s | k) (zs ! (Suc k)))

lemma list _to chain:
zs #[| = Vk € {0 .<lengthzs — 1}. R (zs ! k) (s ! Suc k) = chain R zs
proof (induct zs)
case (Cons a xs)
then show Zcase
proof (cases xs)
case tail: (Cons b ys)
with Cons(2,3) show ?thesis
by (force intro!: chain.intros Cons(1)[unfolded tail])
qed (auto intro: chain.intros)
qed simp

lemma match_rel list_to_ tranclp:
Jas zs. xs = 1 # 2s Q [j] A (VEk € {0 ..< length xs — 1}. match_rel test r s k) = i # j =
(Regex.match test )™ i j
using chain_ rtranclp|OF list_to_ chain, THEN rtranclpD, of i # _ @ [j] Regex.match test r]
by fastforce

lemma completeness SAT:

Vx € Regex.atms r. Vi. test i ¥ — sat i ¥ = Regex.match test v i j = SAT sat i jr
proof (induct r arbitrary: i j)

case (Skip z)

then show ?case

by (auto intro: SAT.SSkip)

next

case (Test z)
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then show Zcase
by (auto intro: SAT.STest)
next
case (Plus r1 r2)
then show ?case
by (auto intro: SAT.SPlusL SPlusR)
next
case (Times r1 r2)
then obtain k where k_def: k € {i .. j} A SAT sat i k r1 N SAT sat k jr2
using match__le by fastforce
then show ?case by (auto intro: SAT.STimes)
next
case (Star r)
then have i = j V (i # j A (Regez.match test )t i 5)
using rtranclpD|[of Regex.match test r i j] tranclpD]of Regex.match test r i j]
by auto
moreover
{
assume i_eq j: ¢ =j
then have SAT sat ¢ j (Regex.Star r) by (auto intro: SAT.SStar _eps)
}
moreover
{
assume i_neq j: i # j and tranclp_ij: (Regex.match test r)*+ ij
then have ¢ _less: i < j using Star
by (auto simp add: le_neq_implies_less match__rtranclp__le)
then obtain zs and zs where zs_def: zs = i # 2s Q [ A (Vk € {0 ..< length xzs — 1}. zs | k < zs
! (Suc k) A Regex.match test v (zs | k) (zs ! (Suc k)))
using tranclp__to_list|OF tranclp_ij i_neq_j match_le|of test r]] by auto
then have SAT sat i j (Regez.Star r) using i_less Star
by (auto intro: SAT.SStar)
}

ultimately show ?case by auto
qed

lemma completeness_ VIO:
Vz € Regex.atms r. Vi. ~ test i z —> vio i © = © < j = — Regex.match test rij = VIO vioijr
proof (induct r arbitrary: i j)
case (Skip z)
then show Zcase
by (auto intro: VIO.VSkip)
next
case (Test z)
then show %case
by (auto intro: VIO.VTest VIO.VTest_neq)
next
case (Plus r1 r2)
then show ?case
by (auto intro: VIO.VPlus)
next
case (Times rl r2)
then have Vk € {7 .. j}. VIO vio i kr1 V VIO vio k j r2
by fastforce
then show ?case
by (auto intro: VIO.VTimes)
next
case (Star r)
define V where V_def: V = {i .. j}
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define S where S_def: S = {k € V. (Regex.match test r)** i k} U {i}
define T where T def: T=V — §
from S_def V_def have j_notin_S: j ¢ S using Star
by auto
from S _def have i_in_S: i€ S
by auto
then have j_in_T:j € T using j notin_S V_def T __def Star(3)
by auto
from Star have nmatch_ij: = (Regex.match test r)** i j
by auto
from S def T def V_def Star(8) have union_ST: SU T = {i .. j}
by auto
from S_def T def V_def Star(4) have inter_ST: SN T = {}
by auto
with ¢_in_Sj in_ T Star(3) have i_less_j: i < j
using le_eq less or_eq by blast
{
assume not_viost: = (V(s,t) € rm (S x T). VIO vio s t 1)
then obtain s and ¢ where st_def: (s, t) € rm (S x T) A = VIO vio s t r
by auto
then have Regex.match test r s t using Star
by auto
then have (Regez.match test r)** i t using st_def S_def
by auto
then have Fulse using T def st _def S_def
by auto
}

then have no_path: V(s,t) € rm (S x T). VIO vio s t r
by auto
then show ?case
by (auto intro: VIO.VStar[OF i_less_j i _in_S j in_T union_ST inter_ST no__path])
qed

lemma soundness SAT:
Yz € Regex.atms r. Vi. sat i © — test i t => SAT sat i j 1 => Regex.match test r i j
proof (induct r arbitrary: i j)
case (Skip z)
then show ?case using SAT.simps|of sat i j Regex.Skip x]
by auto
next
case (Test z)
then show ?case using SAT.simps|of sat i j Regex. Test x]
by auto
next
case (Plus r1 r2)
then show ?case using SAT.simps|of sat i j Regex.Plus r1 r2]
by auto
next
case (Times r1 r2)
then show ?case using SAT.simps|of sat i j Regex. Times r1 r2]
by fastforce
next
case (Star r)
then show ?case
proof(cases i = j)
case True
then show ?%thesis
by auto
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next
case False
then obtain zs and zs where zs_form: zs = i # zs Q [j] and
zs_props: Vk € {0 ..< length xs — 1}. zs ! k < zs ! (Suc k) A SAT sat (zs! k) (zs ! (Suc k)) r
using Star(3) SAT.simps|of sat i j Regex.Star r]
by blast
then have kmatch: Vk € {0 ..< length zs — 1}. Regex.match test r (zs ! k) (wxs ! Suc k)
using Star
by auto
then have ex_lists: s zs. zs = 1 # zs Q [j] A
(Vk e {0 ..< length xzs — 1}. zs | k < xs ! (Suc k) A Regex.match test v (zs ! k) (zs ! (Suc k)))
using xs_form zs_props by auto
then have (Regex.match test r)™+ i j
using match__rel_list_to_tranclp|OF ex_lists False] by auto
then show %thesis
by auto
qed
qged

lemma soundness VIO:
Vx € Regex.atms r.Vi. vioix — — testix = 1 < j = VIO vio i j r => — Regex.match test r i j
proof (induct r arbitrary: i j)
case (Skip z)
then show ?case using VIO.simps[of vio i j Regex.Skip z]
by auto
next
case (Test 1)
then show ?case using VIO.simps|of vio i j Regex. Test x
by auto
next
case (Plus r1 r2)
then show ?case using VIO.simps|of vio i j Regex.Plus 1 12|
by auto
next
case (Times r1 12)
then have kvio: Vk € {i .. j}. VIO vio i k r1 V VIO vio k j r2
using VIO.simps|of vio © j Regex.Times r1 12]
by auto
have V k. Regex.match test v i k A\ Regex.match test v kj — k € {i .. j}
using match_le
by auto
then show ?case using Times kvio match_le[of test]
unfolding Ball def atLeastAtMost_iff match.simps regex.simps relcompp__apply
by (metis Un__iff)
next
case (Star r)
then obtain S and T where S_def: i € Sand T _def: j € T and
ST props: SUT ={i..5} ANSNT={} and
st_wvio: V(s,t) € rm (S x T). VIO vio s t r
using Star(4) VIO.simps[of vio i j Regex.Star 7]
by auto
then have nmatch_st: ¥V (s,t) € rm (S x T). = Regex.match test v s t
using Star
by auto
from S _def T def ST props have i_neq j: i # j
by auto
{

assume rtranclp_ij: (Regex.match test r)** i j
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then have tranclp_ij: (Regex.match test r)*™+ i j
using rtranclpD[of Regex.match test r i j| i_neq_j
by auto

obtain zs and zs where zs_def: zs = i # zs Q [j] and
xs_prop: Vk € {0 ..< length zs — 1}. match_rel test r zs k
using tranclp_to_list|OF tranclp__ij i_neq_j match_le[of test r]]
by auto

with S def T def ST props have 3k € {0 ..< length xs — 1}. (zs ! k) € S A (ws! (Suck)) € T
proof (induction zs arbitrary: S T i j xs)
case Nil
then show %case using S_def T_def xs__def
by auto
next
case (Cons a zs")
from Cons(2—6) have match: Regex.match test v i a
by force
show ?case
proof (cases a € T)
case True
then have zs ! 0 € S A zs! Suc 0 € T using S__def Cons
by (auto simp: zs_def)
then show ?thesis using S_def Cons(1)[of _ _ __ __ zs] Cons(2-5)
by force
next
case Fulse
from Cons(5,6) have chain (<) (i # (a # 2s") @ [4])
by (intro list_to__chain) auto
then have sorted (i # (a # zs') @ [j])
using chain__sorted_remdups|of (<) i # (a # zs”) @ [f]]
by auto
then have a € {7 .. j}
by auto
with Cons(2—6) False have 3ke{0..<length (tlzs) — 1}. tizs' ke {i€ S. a < i} Atlas! Suc
ke{ieT a<i}
by (intro Cons(1)[of a __ j]) (auto dest: bspec[of _ __ Suc _])
with Cons show ?thesis
by (auto intro: bexI[of _ Suc _])
qed
qed
then have Fulse using nmatch__st rs_prop
by auto
}

then show ?Zcase
by auto
qed

end

6 Proof System

unbundle MFOTL_ syntax
context begin

inductive SAT and VIO :: ('n, 'd) trace = ('n, 'd) env = nat = ('n, 'd) formula = bool for o where
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STT: SAT o vi TT

| VFF: VIO o v i FF

| SPred: (r, eval _trms v ts) € ' 0 i = SAT o v i (Pred r ts)

| VPred: (r, eval_trms vits) ¢ T' o i = VIO o v i (Pred r ts)

| SEq_Const: vz = ¢ = SAT o vi (Eq_Const z c)

| VEq Const: va # ¢ = VIO o v i (Eq_Const z c)

| SNeg: VIO o vi ¢ = SAT o v i (Neg p)

| VNeg: SAT o vi o = VIO o v i (Neg ¢)

| SOrL: SAT 0 vi o => SAT o vi (Or ¢ 1)

| SOrR: SAT o vip = SAT o vi (Or ¢ )

| VOr: VIO o vip = VIO cvivy = VIO o vi (Or ¢ )

| SAnd: SAT c vio = SAT o viYp = SAT o vi (And p V)
| VAndL: VIO o vi ¢ = VIO o vi (And ¢ )

| VAndR: VIO o viyp => VIO o v i (And ¢ 1)

| SImpL: VIO o vi o = SAT o vi (Imp ¢ ¥)

| SImpR: SAT o viy = SAT o vi (Imp ¢ )

| VImp: SAT o vip = VIOoc viy = VIO o vi (Imp ¢ 1)
| SIffSS: SAT 0 vip = SAT c vi = SAT o vi (Iff v )
| SIFVV: VIO o vi o = VIO c vi Y = SAT o vi (Iff ¢ ¢)
| VIfFSV: SAT o vi o = VIO o vip = VIO o v i (Iff ¢ ¢)
| VIffVS: VIO 0 vi o = SAT o viy = VIO o v i (Iff ¢ )

| SEzists: 3z. SAT o (v (z := 2)) i ¢ = SAT o v i (Ezists z @)
| VEzists: Vz. VIO o (v (z := 2)) i ¢ = VIO o v i (Exists z ¢)
SForall: Vz. SAT o (v (z := 2)) i ¢ = SAT o v i (Forall x ¢)
VForall: 3z. VIO o (v (z := 2)) i ¢ = VIO o v i (Forall z ¢)

SPrev: i > 0 = mem (A o i) [ = SAT o v (i—1) p = SAT o vi (Y I ¢)
VPrev:i > 0 = VIO o v (i—1) ¢ = VIO o vi (Y I ¢)
VPrevZ: i =0 = VIO o vi (Y I ¢)
VPrevOutL: i > 0 = (Ao i) < (left I) = VIO o vi (Y I ¢)
VPrevOutR: i > 0 = enat (A o i) > (right I) = VIO o vi (Y I ¢)
SNext: mem (A o (i+1)) I = SAT o v (i+1) o = SAT o vi (X I ¢)
VNezt: VIO o v (i+1) ¢ = VIO c vi (X I @)
VNextOutL: (A o (i+1)) < (left [) = VIO o vi (X I ¢)
VNeztOutR: enat (A o (i+1)) > (right I) = VIO o vi (X I )
SOnce: ]<l:>mem(50ij)I:>SATavj<p:>SATavi(PIg0)
VOnceOut: T o i <70 0+ left ] = VIO o vi (P I @)
VOnce: j = (case right I of oo = 0
| enat b = ETP_p o ib) =

(tod)>2(ro0)+left ] =

(Nk. k€ {j .. LTP poil} = VIO o vk @) = VIO o vi (P I o)
SEventually: j > i = mem (0 0 ji) I = SAT o vjp = SAT o vi (F I )
| VEventually: (Nk. k € (case right I of co = {ETP_f o iI ..}

| enat b= {ETP fo il .. LTP foib}) = VIO c vk ¢) =

VIOo vi (F 1)
| SHistorically: j = (case right I of co = 0
| enat b = ETP _p o ib) =
(toid)>(tro0)+ left] =
(Nk-ke{j..LTP poil} = SAT o vkyp) = SAT cvi (H I o)
| SHistoricallyOut: T 0 i < 70 0 + left ] = SAT o vi (H I ¢)
| VHistorically: j < i = mem (0 0 ij) I = VIOo vjp = VIOo vi (HI )
| SAlways: (Nk. k € (case right I of oo = {ETP_fo il ..}
| enat b = {ETP_fo il . LTP foib}) = SAT o vk ) =
SAT o vi (G I p)
| VAlways: j > i = mem (0 0 ji) I = VIOo vjyp = VIOo vi(GI )
| SSince: j < i=mem (0 0 ij) I = SAT ovjy = (Nk. ke {j<.i} =
SAT o vk o) = SAT o vi (¢S I)
| VSinceOut: To i <70 0 +left] = VIOo vi(pSI)
| ViSince: (case right I of co = True

30



| enat b = ETP o ((t o i) — b) < j) =
jf<i=>(To0)+leftI<(roi)= VIOo vjp=—
(Nk.ke{j..LTP_poil} = VIOo vky) = VIOovi(pSI)
| VSincelnf: j = (case right I of oo = 0
| enat b = ETP _po ib) =
(tod)>2(ro0)+left ] =
(ANk-ke{j..LTP poil} = VIOo vky) = VIOo vi(pSI)
| SUntil: j > i=mem (0 0 ji) [ = SAT cvjyp = (Nk. ke{i.<j}= SAT o vk )=
SAT o vi (e UI)
| VUntil: (case right I of oo = True
| enat b = j < LTP_f o ib) =
j>i= VIOovjeo=— (ANk. k€ {ETP_foil. j} = VIOovky) =
VIO o vi(p UI4)
| VUntillnf: (\k. k € (case right I of co = {ETP_fo il ..}
| enat b = {ETP_fo il .. LTP_foib}) = VIO vk) =
VIO o vi (¢ U I %)
| SMatchP: j < i = mem (0 0 i j) I = Regex_Proof _System.SAT (SAT o v) jir =
SAT o v i (MatchP I r)
| VMatchPOut: 7 0 i < 7 o 0 + left | = VIO o v i (MatchP I r)
| VMatchP: k = (case right I of oo = 0 | enat b = ETP_p o ib) =
Toi>T0 0+ left] = (Nj.j€{k. LTP_p o ilI} = Regex_Proof System.VIO (VIO
ocv)jir) =
VIO o v i (MatchP I T)
| SMatchF: i < j = mem (6 o ji) I = Regex_ Proof System.SAT (SAT o v) ijr =
SAT o v i (MatchF I r)
| VMatchF: (N\j. j € (case right I of co = {ETP_fo i1l ..}
| enat b = {ETP_fo il . LTP_f o ib}) = Regex_Proof_System.VIO (VIO o v)
ijr) =
VIO o v i (MatchF I T)

6.1 Soundness and Completeness

lemma not_sat_SinceD:
assumes unsat: - (o, v, i) = ¢ S I ¢ and
witness: 35 < i.mem (toi—710oj) I AN{o,v 5 E
shows 3j < i. ETP o (case right [ of co = 0 | enatn =710 i —n) <jA - (0,05 = ¢
ANNVEe{j..(mini(LTP o (troi— left 1))} — (o, v, k) =)
proof —
define A and j where A_def: A={j.j<iAmem (roi—710j) IA/ o, v j) E¢}
and j def: j = Max A
from witness have j: j < i (o, v, j) Ev mem (troi—T70j) I
using Maz_in[of A] unfolding j def[symmetric] unfolding A__def
by auto
moreover
from j(8) have ETP o (case right [ of enat n = 170 i —n|oo = 0) <j
unfolding ETP_def by (intro Least_le) (auto split: enat.splits)
moreover
{ fix j
assume j: T o0 j < T O 1
then obtain k where k: To i < T 0 k
by (meson ex_le_7 gt_ex less_le_trans)
have j < ETP o (Suc (1 ¢ 1))
unfolding ETP _def
proof (intro LeastI2[of _ k Xi. j < i])
fix [
assume Suc (1 0 i) < T o0l
with j show j </
by (metis lessI less_7D nless_le order_less_le_trans)
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qed (auto simp: Suc_le_eq k(1))
} note x = this
{ fix k
assume k € {j <.. (min i (LTP o (t o i — left I)))}
with j(3) have k: j < kk < ik < Maz {j. left I + T 0 j < 7 0 i}
by (auto simp: LTP__def le_diff _conv2 add.commute)
with j(8) obtain [ where left I + 1o Il <7170 ik <1
by (subst (asm) Maz_ge_iff) (auto simp: le_diff conv2 *
introl: finite_subset[of _ {0 .. ETP o (tr o i + 1)}])
then have mem (ro i — 70 k) I
using k(1,2) j§(8)
by (cases right I) (auto simp: le__diff _conv le__diff _conv2 add.commute dest: T__mono
elim: order_trans[rotated] order_trans)
with Maz_ge[of A k] k have = (o, v, k) E ¥
unfolding j _def[symmetric] unfolding A_ def
by auto
}
ultimately show ?thesis using unsat
by (auto dest!: spec[of __ j])
qged

lemma not_sat_UntilD:
assumes unsat: - {o, v, i) E e U T Y
and witness: 3j > i. mem (6 0 i) I A (o, v, j) E ¢
shows 3j > i. (case right I of co = True | enat n = j < LTP o (1 0 i + n))
A= ((o,v,5) Ee) NNk e {(mazi (ETP o (T o i+ left I))) .. j}.
- <O'7 v, k> ): 7/))
proof —
from 7__mono have i0: 7 0 0 < 7 o i by auto
from witness obtain jmaz where jmaz: jmaz > i (o, v, jmaz) = ¢
mem (0 o jmaz i) I by blast
define A and j where A_def: A={j. j > i N j < jmaz
Amem (6 o ji)I A {o,v,j) E v} and j def: j = Min A
have j: j > i (o, v, j) Ev¥ mem (6 o ji) I
using A_ def j_def jmaz Min__in[of A]
unfolding j_def[symmetric] unfolding A__ def
by fastforce+
moreover have case right I of co = True | enatn = j < LTP o (T 0 ¢ + n)
using i0 j(1,3)
by (auto simp: i_LTP_tau trans_le_addl split: enat.splits)
moreover
{ fix k
assume k_def: k € {(maz i (ETP o (1 0 i + left I))) ..< j}
then have ki: 7 0 k > 7 0 i + left I using i ETP_tau by auto
with k_def have kj: k < j by auto
then have 7 ¢ k < 7 ¢ j by auto
then have § 0 ki < 6 o j i by auto
with this j(3) have enat (§ o ki) < right [
by (meson enat_ord_simps(1) order__subst2)
with this ki j(8) have mem_k: mem (6 o ki) I
unfolding ETP_def by (auto simp: Least_le)

with j_def have j < jmaz using Min__in[of A]
using jmaz A__def
by (metis (mono__tags, lifting) Collect_empty_eq
finite_nat__set_iff _bounded_le mem__Collect_eq order_refl)
with this k_def have kjm: k < jmazx by auto
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with this mem_k ki Min_le[of A k] k_def have k ¢ A
unfolding j_def[symmetric] unfolding A__def unfolding ETP__def
using finite_nat__set_iff bounded_le kj leD by blast

with this mem_k k_def kjm have = (o, v, k) E ¥
by (simp add: A__def) }

ultimately show ?thesis using unsat
by (auto split: enat.splits dest!: spec[of __ j])
qed

lemma soundness_raw: (SAT c vigo — (o, v,9) E @) AN(VIO o vip — = (0, v, i) E ¢)
proof (induct v i ¢ rule: SAT _VIO.induct)
case (VOnceOut i I v ¢)
{ fix j
from 7_mono have jO0: 7 0 0 < 7 o j by auto
then have 7 0 i < 7 ¢ j + left I using VOnceOut by linarith
then have 6 o 7 j < left I
using VOnceOut less_7D verit_comp__simplify1 (8) by fastforce
then have — mem (6 o i j) I by auto }
then show ?case
by auto
next
case (VOnce jIiv )
{ fix k
assume k_def: (o, v, k) E o Amem (0o ik) I ANk <1
then have k_tauw: T o k <170 i — left |
using diff le _mono2 by fastforce
then have k_lip: k < LTP o (1 o i — left I)
using VOnce i LTP_tau add_le_imp_le_ diff
by blast
then have k ¢ {j .. LTP po iI}
using k_def VOnce k_tau
by auto
then have k < j using k_def k_ltp by auto }
then show ?case
using VOnce
by (cases right I = c0)
(auto 0 0 simp: i_ETP_tau i LTP_tau le_diff conv2)
next
case (VEventually I i v ¢)
{fix kn
assume r: right I = enat n
from this have tin0: To i+ n>70 0
by (auto simp add: trans_le__addl)
define j where j = LTP o ((7r 0 i) + n)
then have j i: i < j
by (auto simp add: i LTP_tau trans_le_addl j_def)
assume k_def: (o, v, k) E o Amem (0o ki) I ANi<k
then have r o k> 70 i + left [
using le_ diff conv2 by auto
then have k_etp: k > ETP o (1 o i + left I)
using ¢ ETP_tau by blast
from this k_def VEventually have k ¢ {ETP_f o il .. j}
by (auto simp: r j_def)
then have j < k using r k_def k_etp by auto
from k_def r have § o ki < n by auto
then have 7 ¢ k < 7 ¢ i + n by auto
then have k < j using tin0 i LTP_tau by (auto simp add: j_def) }
note aux = this

33



show ?case
proof (cases right I)
case (enat n)
show ?thesis
using VEventually[unfolded enat, simplified] aux
by (simp add: i_ETP_tau enat)
(metis T_mono le_add__diff _inverse nat__add_left_cancel_le)
next
case infinity
show ?thesis
using VEventually
by (auto simp: infinity i ETP__tau le_ diff _conv2)
qed
next
case (SHistorically j Iiv @)
{ fix k
assume k_def: 7 (o, v, k) Epo Amem (o ik) I Nk <1
then have k_tau: T o k < 10 i — left |
using diff le_mono2 by fastforce
then have k_ltp: k < LTP o (1 0 i — left I)
using SHistorically i LTP_tau add_le__imp_le_ diff
by blast
then have k ¢ {j .. LTP_po i I}
using k_ def SHistorically k_tau
by auto
then have k < j using k_def k_ltp by auto }
then show “case
using SHistorically
by (cases right I = o)
(auto 0 0 simp add: le_diff _conv2 i ETP_tau i LTP_tau)
next
case (SHistoricallyOut i I v @)
{ fix j
from 7_mono have j0: 7 0 0 < 7 o j by auto
then have 7 0 ¢ < 7 0 j + left I using SHistoricallyOut by linarith
then have 6 0 7 j < left I
using SHistoricallyOut less_TD not_le by fastforce
then have — mem (6 o ¢ j) I by auto }
then show ?case by auto
next
case (SAlways I i v )
{fixkn
assume 7r: 1ight I = enat n
from this SAlways have tin0: T o i +n>70 0
by (auto simp add: trans_le__addl)
define j where j = LTP o ((r ¢ i) + n)
from SAlways have j_i: i < j
by (auto simp add: i LTP_tau trans_le_addl j_def)
assume k_def: = (o, v, k) Ep Amem (0 o ki) I Ni<k
then have T o k> 70 i + left I
using le_ diff conv2 by auto
then have k_etp: k > ETP o (1 o i + left I)
using SAlways i ETP_tau by blast
from this k_def SAlways have k ¢ {ETP_f o il .. j}
by (auto simp: r j_def)
then have j < k using SAlways k__def k__etp by simp
from k_def r have § o ki < n by simp
then have 7 0 k < 7 0 i + n by simp
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then have k£ < j
using tin0 i LTP_tau
by (auto simp add: j_def) }
note auxr = this
show ?case
proof (cases right I)
case (enat n)
show ?thesis
using SAlways[unfolded enat, simplified] aux
by (simp add: i ETP_tau le_diff _conv2 enat)
(metis Groups.ab__semigroup__add__class.add.commute add_le_imp__le_ diff)
next
case infinity
show ?thesis
using SAlways
by (auto simp: infinity i ETP_tau le_ diff _conv2)
qed
next
case (VSinceOut i [ v ¢ )
{ fix j
from 7__mono have jO: 7 0 0 < 7 o j by auto
then have 7 0 ¢ < 7 ¢ j + left I using VSinceOut by linarith
then have § o i j < left I using VSinceOut j0
by (metis add.commute gr__zerol lel less_ 7D less__diff _conv2 order_less_imp_not_less zero__less__diff)
then have - mem (6 o i j) I by auto }
then show ?case using VSinceOut by auto
next
case (VSince [ ijv ¢ 1)
{ fix k
assume k_def: (o, v, k) Ev Amem (o ik) I Nk <1
then have 7 0 k < 7 0 © — left I using diff le_mono2 by fastforce
then have k_ltp: k < LTP o (1 0 i — left I)
using VSince i LTP_tau add_le_imp_le_ diff
by blast
then have k < j using k_def VSince(7)[of k]
by force
then have j € {k <.. i} A = (0, v, j) | ¢ using VSince
by auto }
then show ?case using VSince
by force
next
case (VSincelnfj I iv 1 @)
{ fix k
assume k_def: (o, v, k) v Amem (6o ik) I Nk< 1
then have k_tau: T o k < 1o i — left |
using diff le_mono2 by fastforce
then have k_ltp: k < LTP o (1 0 i — left I)
using VSincelnf i LTP_tau add_le imp_le_ diff
by blast
then have k ¢ {j .. LTP_p o i I}
using k_ def VSincelnf k_ tau
by auto
then have k < j using k_def k_ltp by auto }
then show ?case
using VSincelnf
by (cases right I = o)
(auto 0 0 simp: i_ETP_tau i LTP_tau le_diff _conv2)
next
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case (VUntil I jiv ¢ )
{ fix k
assume k_def: (o, v, k) Ev Amem (o ki) I Ni<k
then have r o k> 7170 i + left [
using le_ diff _conv2 by auto
then have k_etp: k > ETP o (1 o i + left I)
using VUntil i ETP_tau by blast
from this k_def VUntil have k ¢ {ETP_f o i I .. j} by auto
then have j < k using k_etp k_def by auto
then have j € {i ..< k} A VIO o v j ¢ using VUntil k_def
by auto }
then show “case
using VUntil by force
next
case (VUntillnf I i v 9 @)
{fixkn
assume r: right I = enat n
from this VUntilInf have tin0: 1o i+ n>70 0
by (auto simp add: trans_le__addl)
define j where j = LTP o ((7r 0 i) + n)
from VUntillnf have j_i: i < j
by (auto simp add: i LTP_tau trans_le_addl j_def)
assume k_def: (o, v, k) EY Amem (6o ki) I Ni <k
then have r o k> 70 i + left I
using le_ diff _conv2 by auto
then have k_etp: k > ETP o (1 o i + left I)
using VUntillnf i ETP_tau by blast
from this k_def VUntillnf have k ¢ {ETP_f o i I .. j}
by (auto simp: r j_def)
then have j < k using VUntillnf k_def k__etp by auto
from k_def r have § o ki < n by auto
then have 7 ¢ k < 7 ¢ © + n by auto
then have k£ < j
using tin0 VUntilinf i LTP_tau r k_def
by (force simp add: j_def) }
note auxr = this
show ?case
proof (cases right I)
case (enat n)
show ?thesis
using VUntillnf[unfolded enat, simplified] auz
by (simp add: i_ ETP_tau enat)
(metis T_mono le_add__diff _inverse nat_add_left_cancel_le)
next
case infinity
show ?thesis
using VUntillnf
by (auto simp: infinity i ETP_tau le_ diff _conv2)
qed
next
case (SMatchP jiIvr)
then show ?case
by (auto dest: Regex_Proof _System.soundness_SAT[rotated)])
next
case (VMatchPOut i I v r)
{fixj
from 7__mono have jO: 7 0 0 < 7 o j by auto
then have 7 ¢ { < 7 0 j + left I using VMatchPOut by linarith

36



then have 6 o i j < left I using VMatchPOut jO
by (metis add.commute gr_zerol lel less_7D less__diff _conv2 order_less_imp__not_less zero__less__diff)
then have — mem (§ o i j) I by auto }
then show ?case using VSinceOut by auto
next
case (VMatchP kI ivr)
then show ?case
by (cases right I; force dest: Regex_Proof System.soundness_ VIO[rotated 2]
simp: ©_ETP_tau i LTP_tau le_diff conv le_diff conv2 add.commute)
next
case (SMatchF ijIvr)
then show “case
by (auto dest: Regex Proof System.soundness SAT[rotated)])
next
case (VMatchF Iiv )
from VMatchF show ?Zcase
by (cases right I; force dest: Regex_Proof System.soundness_ VIO[rotated 2]
simp: ©_ETP_tau i_LTP_tau le_diff conv le_diff conv2 add.commute trans_le__add2)
qed (auto simp: fun__upd_def split: nat.splits)

lemmas soundness = soundness_raw|THEN conjunctl, THEN mp| soundness_raw[THEN conjunct2,
THEN mp)

lemma completeness_raw: ((o, v, i) E p — SAT cvip) A (= {0, v, i) E e — VIO o vigp)
proof (induct ¢ arbitrary: v 7)
case (Prev I @)
show ?case using Prev
by (auto intro: SAT_VIO.SPrev SAT _VIO.VPrev SAT _VIO.VPrevOutL SAT _VIO.VPrevOutR
SAT _VIO.VPrevZ split: nat.splits)
next
case (Once I @)
{ assume (o, v,9) EP I ¢
with Once have SAT o vi (P I o)
by (auto intro: SAT VIO.SOnce) }
moreover
{assume i l:Toi<7T0 0+ left ]
with Once have VIO o vi (P I ¢)
by (auto intro: SAT _VIO.VOnceOut) }
moreover
{ assume unsat: = (o, v, i)y EP I ¢
and i_ge: 7o 0+ leftl <To0oi
with Once have VIO o vi (P I )
by (auto introl: SAT _VIO.VOnce simp: i LTP_tau i ETP_tau
split: enat.splits) }
ultimately show ?case
by force
next
case (Historically I o)
from 7__mono have i0: 7 ¢ 0 < 7 o i by auto
{ assume sat: (o, v, i) EH I ¢
and i _ge:Toi>T0 0+ left
with Historically have SAT o vi (H I ¢)
using le_ diff _conv
by (auto introl: SAT _VIO.SHistorically simp: i LTP _tau i ETP_tau
split: enat.splits) }
moreover
{ assume — (o, v, i) EH I ¢
with Historically have VIO o vi (H I )
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by (auto intro: SAT _VIO. VHistorically) }
moreover
{assume i liToi<7To0o 0+ left ]
with Historically have SAT o vi (H I @)
by (auto intro: SAT VIO.SHistoricallyOut) }
ultimately show ?case
by force
next
case (Eventually I ¢)
from 7__mono have i0: 7 ¢ 0 < 7 o i by auto
{ assume (o, v, 9) EF I ¢
with Eventually have SAT o vi (F I ¢)
by (auto intro: SAT _VIO.SEventually) }
moreover
{ assume unsat: -~ (o, v, i) EF I ¢
with Eventually have VIO o vi (F I )
by (auto introl: SAT_VIO.VEventually simp: add_increasing2 i0 i_LTP_tau i_ETP_tau
split: enat.splits) }
ultimately show ?case by auto
next
case (Always I ¢)
from 7__mono have i0: 7 0 0 < 7 o i by auto
{ assume - (o, v, i) EG I ¢
with Always have VIO o vi (G I )
by (auto intro: SAT _VIO.VAlways) }
moreover
{ assume sat: (o, v, i) EG I ¢
with Always have SAT o v i (G I @)
by (auto introl: SAT _VIO.SAlways simp: add__increasing2 i0 i LTP_tau i_ETP__tau le_diff _conv
split: enat.splits)}
ultimately show ?case by auto
next
case (Since ¢ I 1)
{ assume (o, v, %) EF @ ST Y
with Since have SAT o vi (¢ S I v)
by (auto intro: SAT _VIO.SSince) }
moreover
{assume ¢ Toi<T0o 0+ left]
with Since have VIO o vi (¢ S I %)
by (auto intro: SAT _VIO.VSinceOut) }
moreover
{ assume unsat: - (o, v, i) E o ST
and nw: Vj<i. mmem (§ 0 ij) IV = {0, v, j) E ¢
and i_ge: 7o 0+ left] <Toi
with Since have VIO o vi (¢ S I v)
by (auto introl: SAT _VIO.VSincelnf simp: i LTP_tau i ETP_tau
split: enat.splits) }
moreover
{ assume unsat: = (o, v, i) = ST Y
and jw: 3j<i. mem (0 o ij) I A (o, v, j) E ¢
and i ge:T o 0+ left] <To0oi
from unsat jw not_sat_SinceD[of o v i ¢ I ]
obtain j where j: j < ¢
case right I of co = True | enatn = ETP o (1o i — n) <j
(o, v, ) Ee (Vke{j..(mini(LTP o (t o i — left I)))}.
= (o, v, k) = ) by (auto split: enat.splits)
with Since have VIO o vi (¢ S I 1)
using i_ge unsat jw
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by (auto introl: SAT VIO.VSince) }
ultimately show ?case
by (force simp del: sat.simps)
next
case (Until ¢ I 1)
from 7__mono have i0: 7 0 0 < 7 o i by auto
{ assume (o, v, i) Fp U T
with Until have SAT o v i (p U I )
by (auto intro: SAT _VIO.SUntil) }
moreover
{ assume unsat: = (o, v, i) Ep U [ ¢
and witness: 3j > i. mem (§ o ji) I A (o, v, j) E ¢
from this Until not_sat_UntilD[of o v i ¢ I 1] obtain j
where j: j > i (case right I of oo = True | enat n
= j<LTPo (roi+mn)) (o, vj)FEe
(Vk € {(maz i (ETP o (1 0 i + left I))) .. j}. = (o, v, k) = 1)
by auto
with Until have VIO o vi (¢ U I %)
using unsat witness
by (auto introl: SAT VIO.VUntil) }
moreover
{ assume unsat: = (o, v, i) Ep U [ ¢
and no_witness: Vj > i. nmem (6 o ji) IV = (o, v, j) E ¥
with Until have VIO o vi (¢ U I %)
by (auto introl: SAT_VIO.VUntillnf simp: add_increasing2 i0 i_LTP_tau i ETP_tau
split: enat.splits)
}
ultimately show ?case by auto
next
case (MatchP I r)
show ?case
proof safe
assume (o, v, i) Q4 Ir
with MatchP show SAT o vi (A1)
by (auto introl: SMatchP Regex_ Proof _System.completeness_SAT[of _ sat o v])
next
assume unsat: = (o, v, i) =< Ir
show VIO o vi (< 1)
proof (cases T o0 i < 1o 0 + left I)
case False
with unsat MatchP show ?thesis
by (auto introl: VMatchP Regex_Proof System.completeness_VIO[of __ sat o v)
stmp: i_ETP_tau i_ LTP_tau split: enat.splits)
qed (auto intro: VMatchPOut)
qed
next

case (MatchF I )

show ?case
proof safe
assume (o, v, @) = > Ir
with MatchF show SAT o vi (> I 1)
by (auto introl: SMatchF Regex_ Proof _System.completeness_SAT[of __ sat o v])
next
assume unsat: = (o, v, i) =E> I r
with MatchF show VIO o vi (b IT)
by (auto intro!: VMatchF Regex_ Proof System.completeness_VIO[of _ sat o v]
stmp: i_ETP_tau i LTP_tau trans_le__add2 add.commute split: enat.splits)
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qed
qed (auto intro: SAT _VIO.intros)

lemmas completeness = completeness_raw|THEN conjunctl, THEN mp| completeness_raw|THEN con-
junct2, THEN mp]

lemma SAT or VIO: SAT ovieV VIOo viep
using completeness[of o v i ¢| by auto

end

unbundle no MFOTL__ syntax

datatype (spatms: 'a) rsproof = SSkip nat nat | STest 'a | SPlusL 'a rsproof | SPlusR 'a rsproof

| STimes 'a rsproof 'a rsproof | SStar_eps nat | SStar ’a rsproof list
datatype (vpatms: ‘a) ruproof = VSkip nat nat | VTest 'a | VTest_neq nat nat | VPlus 'a ruproof 'a
ruproof

| VTimes (bool * 'a ruproof) list | VStar 'a rvproof list | VStar_gt nat nat

lemma size_hd__estimation[termination__simp|: zs # [| = size (hd zs) < size_list size xs
by (cases zs) auto

lemma size_last__estimation[termination__simpl: xs # [| = size (last zs) < size__list size zs
by (induct zs) auto

lemma size_rsproof _estimation[termination__simpl: x € spatms p = y < fx => y < size_rsproof f p
by (induct p) (auto simp: termination__simp)

lemma size_rsproof _estimation'[termination__simp]: z € spatms p =—> y < fx = y < size_rsproof f p
by (induct p) (auto simp: termination__simp)

lemma size_rvproof__estimation[termination__simp|: © € vpatms p = y < fax = y < size__rvproof f p
by (induct p) (auto simp: termination__simp sum__set_defs split: sum.splits)

lemma size_rvproof_estimation’'[termination__simp): © € vpatms p = y < fx = y < size_rvproof f p
by (induct p) (auto simp: termination__simp)

fun rs_at where
rs_at test (SSkip k n) = (k, k + n)
| rs_at test (STest z) = (test z, test z)
| rs_at test (SPlusL p) = rs_at test p
| rs__at test (SPlusR p) = rs_at test p
| rs_at test (STimes pl p2) = (fst (rs_at test p1), snd (rs_at test p2))
| rs_at test (SStar_eps n) = (n, n)
| rs__at test (SStar ps) = (if ps =[] then (0,0) else (fst (rs_at test (hd ps)), snd (rs_at test (last ps))))

lemma rs_at_cong[fundef cong]:
p=p = (A\z.z € spatms p =tz =t'z) = rs_attp=rs_att' p’
proof (induct p arbitrary: p’)
case (SStar ps)
then show ?case using hd_in__set[of ps| last__in__set[of ps]
by fastforce
qed auto

function(sequential) rv_at where
rv_at test (VSkip n n') = (n, n’)
| rv_at test (VTest p) = (test p, test p)
| ru_at test (VTest_neqn n') = (n, n')
| rv_at test (VPlus p1 p2) = rv_at test pl
| ru_at test (VTimes ps) = (if ps = [] then (0,0) else (fst (ru_at test (snd (hd ps))), snd (ru_at test
(snd (last ps)))))
| rv_at test (VStar ps) = (Min (set (map (fst o (ru_at test)) ps)), Max (set (map (snd o (rv_at test))
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ps)))
| rv_at test (VStar_gt nn') = (n, n')
by pat__completeness auto
termination by (relation measure (A(_, vp). size vp))
(auto intro: less__Sucl list.set_sel(1) size_list_estimation last_in__set simp: termination__simp)

lemma rv_at_cong[fundef _cong]:
p=p = (A\z.z € vpatmsp = tx=t'"2) = ry_attp=rv_att' p’
proof (induct t p arbitrary: p’ rule: Tv_at.induct)
case (5t ps)
then show ?case using hd__in__set[of ps] last_in__set[of ps]
by (cases hd ps; cases last ps; fastforce)
next
case (6t ps)
then show ?case
by (force introl: arg__cong[where f=Min| arg_conglwhere f=Mazx] image__cong)
qed auto

7 Proof Objects

datatype (dead 'n, dead 'd) sproof = STT nat
| SPred nat 'n ('n, 'd) Formula.trm list
| SEq_Const nat 'n 'd
| SNeg ('n, 'd) vproof

| SOrL ('n, 'd) sproof

| SOrR ('n, 'd) sproof

| SAnd ('n, 'd) sproof ('n, 'd) sproof
| SImpL 'd) wvproof

('n,
| SImpR ('n, 'd) sproof
| SIfFSS ('n, 'd) sproof ('n, 'd) sproof
| SIFVV ('n, 'd) vproof ('n, 'd) vproof
| SEzists 'n 'd ('n, 'd) sproof
| SForall 'n ('d, ('n, 'd) sproof) part
| SPrev ('n, 'd) sproof
| SNext ('n, 'd) sproof
| SOnce nat ('n, 'd) sproof
| SEventually nat ('n, 'd) sproof
| SHistorically nat nat ('n, 'd) sproof list
| SHistoricallyOut nat
| SAlways nat nat ('n, 'd) sproof list
| SSince ('n, 'd) sproof ('n, 'd) sproof list
| SUntil ('n, 'd) sproof list ('n, 'd) sproof
| SMatchP ('n, 'd) sproof Regex_ Proof _Object.rsproof
| SMatchF ('n, 'd) sproof Regex_ Proof_Object.rsproof
and ('n, 'd) vproof = VFF nat
red nat ‘n ('n, ormula.trm list
VPred 'n ('n, 'd) F l l
| VEq_Const nat 'n 'd
| VNeg ('n, 'd) sproof
r ('n, vproof ('n, upToOo,
| VO ('n, 'd) vproof ('n, 'd) vproof
| VAndL ('n, 'd) vproof
| VAndR ('n, 'd) vproof
mp ('n, sproof ('n, vpToO,
V.[ / /d f / /d f
n, SpTOoo, n, VpTroo
VIFSV ('n, 'd f ('n, 'd f
| VIfFVS ('n, 'd) vproof ('n, 'd) sproof
| VEzists 'n ('d, ('n, 'd) vproof) part
| VForall 'n 'd ('n, 'd) vproof
| VPrev ('n, 'd) vproof
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VPrevZ

VPrevOutL nat

VPrevOutR nat

VNexzt ('n, 'd) vproof

VNextOutL nat

VNeztOutR nat

VOnceOut nat

VOnce nat nat ('n, 'd) vproof list

VEventually nat nat ('n, 'd) vproof list

VHistorically nat ('n, 'd) vproof

VAlways nat ('n, 'd) vproof

VSinceOut nat

VSince nat ('n, 'd) vproof ('n, 'd) vproof list

VSincelnf nat nat ('n, 'd) vproof list

VUntil nat ('n, 'd) vproof list ('n, 'd) vproof

VUntilInf nat nat ('n, 'd) vproof list

VMatchPOut nat

VMatchP nat ('n, 'd) vproof Regex_ Proof_Object.ruproof list
VMatchF nat ('n, 'd) vproof Regex_ Proof _Object.rvproof list

type__synonym ('n, ‘d) proof = ('n, 'd) sproof + ('n, 'd) vproof
type__synonym ('n, 'd) expl = ('d, ('n, 'd) proof, 'n) pdt

fun s_at :: ('n, 'd) sproof = nat and
v_at 2 ('n, 'd) vproof = nat where
s_at (STT i) =1
| s _at (SPredi__ ) =1
| s_at (SEq_Consti_ _) =1
| s_at (SNeg vp) = v_at vp
| s_at (SOrL sp1) = s_at spl
| s_at (SOrR sp2) = s_at sp2
| s_at (SAnd spl _) = s_at spl
| s_at (SImpL vpl) = v_at vpl
| s_at (SImpR sp2) = s_at sp2
| s_at (SIffSS sp1 _) = s_at spl
| s_at (SIfVV upl ) = v_at vpl
| s_at (SEzists _ __ sp) = s_at sp
| s_at (SForall _ part) = s_at (part_hd part)
| s_at (SPrev sp) = s_at sp + 1
| s_at (SNext sp) = s_at sp — 1
| s_at (SOncei_) =1
| s_at (SEventually i ) =1
| s_at (SHistorically i _ _) =1
| s_at (SHistoricallyOut i) = ¢
| s_at (SAlways i ) =1
| s_at (SSince sp2 spls) = (case spls of [| = s_at sp2 | _ = s _at (last spls))
| s_at (SUntil spls sp2) = (case spls of [| = s_at sp2 | spl # _ = s_at spl)
| s_at (SMatchP rsp) = (snd (rs_at s_at rsp))
| s_at (SMatchF rsp) = (fst (rs_at s_at Tsp))
| v_at (VFF i) =1
| v _at (VPredi ) =1
| v_at (VEq _Consti___) =1
| v_at (VNeg sp) = s_at sp
| v_at (VOr vpl ) = v_at vpl
| v_at (VAndL vpl) = v_at vpl
| v_at (VAndR vp2) = v_at vp2
(

| v_at (VImp spl _) = s_at spl
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(VIffSV sp1 _) = s_at spl

(VIffVS vp! _) = v_at vpl

(VEzists __ part) = v_at (part_hd part)
(VForall _ __ wpl) = v_at vpl

(VPrev vp) = v_at vp + 1

(VPrevZ) = 0

(VPrevOutL i) = i

(VPrevOutR i) = i

(VNezt vp) = v at Up -1

(VNeztOutL 1)
(VNeztOutR 1)
(VOnceOut i) = i

(VOncei__ ) =1
(

(

(

(

(

(

(

(

(

(

(

VEventually i 7) = i
VHistorically i ) =
VAlways i _) =1
VSinceOut i) = i
VSince i _ _)
VSincelnf i
VUntil i _ _)
VUntillnf i __ _
VMatchPOut i) =1
VMatchP i _) =
VMatchF i _) =

<.

)=
7

VH\_,II

@@@@@@@@@d@@d@dd@dd@dd@d
e
Il
.

)
)

definition p_at :: ('n, 'd) proof = nat where p_at p = case_sum s_at v_at p

8 Auxiliary Lemmas

lemma Cons_eq upt conv: z # zs =[m .< n]+— m<nAz=mA zs=[Sucm ..< n
by (induct n arbitrary: xs) (force simp: Cons_eq _append__conv)+

lemma map__setE[elim__format]: map fxs = ys = y € set ys = Jz€set xs. fr =y
by (induct zs arbitrary: ys) auto

lemma set Cons_eq: set_Cons X XS = (JzseXS. (A\z. z # zs) ‘ X)
by (auto simp: set_Cons__def)

lemma set_ Cons_empty_iff: set_Cons X XS = {} +— (X ={} vV XS ={})
by (auto simp: set_Cons__eq)

lemma infinite_set Consl:
XS # {} = infinite X = infinite (set_Cons X XS)
X # {} = infinite XS = infinite (set_Cons X XS)
proof (unfold set Cons_eq)
assume infinite X and XS # {}
then obtain zs where zs € XS
by blast
hence inj (A\z. z # xs)
by (clarsimp simp: inj_on__def)
hence infinite (A\z. z # zs) ‘ X)
using «nfinite X» finite__imageD inj_on__def
by blast
moreover have (A\z. z # xs) ‘ X) C (UzseXS. (\z. z # zs) ‘ X)
using <zs € XS» by auto
ultimately show infinite (|Jzs€XS. (A\z. z # xs) ‘ X)
by (simp add: infinite__super)
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next
assume infinite XS and X # {}
then show infinite (|Jzs€XS. (A\z. z # xs) ‘ X)
by (elim contrapos_nn finite_surjlof _ __ tl]) (auto simp: image_iff)
qed

primrec fst_pos :: 'a list = 'a = nat option
where fst_pos [| © = None
| fst_pos (y#ys) z = (if x = y then Some 0 else
(case fst_pos ys z of None = None | Some n = Some (Suc n)))

lemma fst_pos_None_iff: fst_pos zs x = None «— x ¢ set xs
by (induct zs arbitrary: z; force split: option.splits)

lemma nth_fst_pos: © € set s => zs | (the (fst_pos zs z)) = z
by (induct zs arbitrary: z; fastforce simp: fst_pos_None__iff split: option.splits)

primrec positions :: 'a list = 'a = nat list
where positions [| x = ]
| positions (y#ys) x = (Ans. if £ = y then 0 # ns else ns) (map Suc (positions ys x))

lemma eq positions__iff: length xs = length ys
= positions s x = positions ys y <— (Vn< length zs. xs ! n =z «— ys ! n = y)
by (induct xs ys arbitrary: x y rule: list_induct2) (use less_Suc_eq 0_disj in auto)

lemma positions__eq_nil _iff: positions xs & = [| +— x ¢ set s
by (induct zs) simp__all

lemma positions_nth: n € set (positions zs ) => zs! n =z
by (induct zs arbitrary: n )
(auto simp: positions__eq _nil_iff [symmetric] split: if _splits)

lemma set_positions__eq: set (positions zs ©) = {n. zs ! n = & A n < length zs}
by (induct zs arbitrary: z)
(use less_Suc_eq 0_disj in <auto simp: positions__eq_nil_iff[symmetric] image__iff split: if _splitsy)

lemma positions_length: n € set (positions zs ) => n < length zs
by (induct zs arbitrary: n )
(auto simp: positions__eq_nil_iff [symmetric] split: if _splits)

lemma positions_nth__cong:
m € set (positions xs ) => n € set (positions zs ) = zs ! n=1xzs! m
using positions_nthlof __ zs z] by simp

lemma fst_pos_in_positions: x € set s = the (fst_pos zs x) € set (positions s x)
by (induct zs arbitrary: z, simp)
(fastforce simp: hd_map fst_pos_None__iff split: option.splits)

lemma hd_positions_eq_fst_pos: x € set xs = hd (positions zs ) = the (fst_pos xs x)
by (induct zs arbitrary: z)
(auto simp: hd_map fst_pos_None__iff positions__eq_nil_iff split: option.splits)

lemma sorted__positions: sorted (positions xs x)
by (induct zs arbitrary: z) (auto simp add: sorted_iff nth_Suc nth_ Cons’ gr0_conv_Suc)

lemma Min_sorted_list: sorted s = s # [| = Min (set xs) = hd zs

by (induct zs)
(auto simp: Min_insert2)
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lemma Min_positions: © € set s => Min (set (positions s t)) = the (fst_pos xs x)
by (auto simp: Min__sorted_list{OF sorted_positions]
positions__eq_nil_iff hd_positions__eq_fst_pos)

lemma subset_positions _map__fst: set (positions tXs tX) C set (positions (map fst tXs) (fst tX))
by (induct tXs arbitrary: tX)
(auto simp: subset__eq)

lemma subset_positions_map__snd: set (positions tXs tX) C set (positions (map snd tXs) (snd tX))
by (induct tXs arbitrary: tX)
(auto simp: subset_eq)

lemma Maz eql: finite A = A # {} = (Na.a € A = a<b)=FacA. b<a= Maz A=D
by (rule antisym[OF Maz.bounded] Maz__ge_iff[THEN iffD2]]; clarsimp)

lemma Maz Suc: X # {} = finite X = Maz (Suc ‘ X) = Suc (Maz X)
using Max__ge Maz_in
by (intro Maz__eql) blast+

lemma Maz_insert0: X # {} = finite X = Maxz (insert (0::nat) X) = Maz X
using Maz _ge Max_in
by (intro Maz__eql) blast+

lemma positions_Cons_notin_tail: x ¢ set xs = positions (z # xs) © = [0::nat]
by (cases zs) (auto simp: positions__eq _nil__iff)

lemma Maz_set positions _Cons__hd:
z ¢ set xs => Max (set (positions (z # zs) z)) = 0
by (subst positions_Cons_notin__tail) simp__all

lemma Max__set_positions_Cons__tl:
y € set s => Max (set (positions (z # zs) y)) = Suc (Maz (set (positions s y)))
by (auto simp: Maz__Suc positions__eq _nil_iff)

lemma maz_auz: finite X = Suc j € X = Maz (insert (Suc j) (X — {j})) = Maz (insert j X)
by (smt (verit) maz.order] Maz.insert_remove Maz__ge Max_insert empty_iff insert_Diff single
insert__absorb insert_iff max__def not_less _eq eq)

lemma ball _swap: (Vz € A.Vye€ B.Pzy)=(NVye€ B.Vz € A Pzy)
by auto

lemma ball_triv_nonempty: A # {} = (Vz € A. P) =P
by auto

lemma ball_if distrib: (Vz € B. if p then fx else g z) <— (if p then (Vz € B. fz) else (V& € B. g 1))
by simp

context fixes test :: ‘a = 'b = bool and testi :: 'b = nat begin
fun rs_check where
rs_check (Regex.Skip n) (SSkip z y) = ((snd (rs_at testi (SSkip z y)) = = + n))
| rs__check (Regex.Test z) (STest y) = test z y
| rs_check (Regex.Plus r v') (SPlusL z) = rs_check r z
| rs_check (Regex.Plus r v') (SPlusR z) = rs_check v’ z
| rs__check (Regez.Times r r') (STimes pl p2) =
(snd (rs_at testi p1) = fst (rs_at testi p2) A rs_check v p1 A rs_check v’ p2)
| rs_check (Regex.Star r) (SStar_eps n) = True
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| rs_check (Regex.Star r) (SStar ps) = (ps # [| A

(Vk € {1 ..< length ps}. fst (rs_at testi (ps ! k)) = snd (rs_at testi (ps! (k—1)))) A

(Vk € {0 ..< length ps}. fst (rs_at testi (ps | k)) < snd (rs_at testi (ps! k)) A rs_check r (ps ! k)))
| rs_check _ __ = False
end

lemma rs_check__cong[fundef _cong:
p=p = (A\z sp. z € regex.atms r = sp € spatms p => t x sp = t' T sp)
=— (A\z. T € spatms p = tix = ti' ¥) => rs_check t tirp = rs_check t' ti' r p’
proof (hypsubst_thin, induct v p’ rule: rs__check.induct)
case (7 r ps)
have rs_check t ti v (ps ! k) = rs_check t' ti' r (ps ! k) if k € {0 ..< length ps} for k
using that by (intro 7) (auto simp: Bex_def in_set_conv_nth)
moreover have rs_at ti (ps! k) = rs_at ti’ (ps ! k) if k € {0 ..< length ps} for k
using that by (intro rs_at_cong 7) (auto simp: Bex_def in__set_conv_nth)
ultimately show %case
by auto
qed(auto cong: rs_at_cong)

context fixes test :: ‘a = 'b = bool and testi :: 'b = nat begin
fun rv_check where
ru_check (Regex.Skip n) (VSkip ij) = (i <jANjF# i+ n)
| ru_check (Regex.Test z) (VTest p) = test z p
| ru_check (Regex.Test z) (VTest_neqij) = (i < j)
| ru_check (Regex.Plus v r') (VPlus p1 p2) =
(rv_check T p1 A ru_check r' p2 A ru_at testi pI = ru_at testi p2)
| ru_check (Regex.Times r ') (VTimes ps) = (ps # [| A
(Fij. i = fst (rv_at testi (snd (hd ps))) A j = snd (rv_at testi (snd (last ps))) A
i+ length ps — 1 = j A (Vk € {0 ..< length ps}. let (b, p) = ps! kin
if b then ru_check r p A rv_at testi p = (i, i + k)
else rv_check v’ p A rv_at testi p = (i + k, §))))
| ru_check (Regex.Star ) (VStar ps) =
(38 Tij S=set (map (fst o rv_at testi) ps) A T = set (map (snd o rvu_at testi) ps)
ANi=MnSANj=MaxTANi<jASNT={}ANSUT={i.j}
A map (rv_at testi) ps = sorted_list_of _set (rm (S x T))
A (Vk € {0 ..< length ps}. rv_check v (ps | k)))
| ru_check (Regex.Star r) (VStar_gt nn') = (n > n’)
| rv_check _ __ = False

lemma rv_check code Times:
ru__check (Regex.Times r r') (VTimes ps) = (ps # [| A
(let i = fst (rv_at testi (snd (hd ps))); j = snd (rv_at testi (snd (last ps))) in
i + length ps — 1 = j A (Vk € {0 ..< length ps}. let (b, p) = ps ! k in
if b then ru_check v p A\ rv_at testi p = (i, i + k)
else Tu_check v’ p A Tv_at testi p = (i + k, 7))))
by (simp add: Let__def)
lemma rv_check code Star:
ru__check (Regex.Star ) (VStar ps) =
(let S = set (map (fst o rv_at testi) ps); T = set (map (snd o ru_at testi) ps);
i=MinS;j=Maz Tini<jASNT={}ASUT={i. j}
A map (rv_at testi) ps = sorted_list_of _set (rm (S x T))
A (Vk € {0 ..< length ps}. rv_check v (ps | k)))
by (simp add: Let__def)

declare rv__check.simps|code del]

lemmas rv__check__code[code] = rvu__check.simps(1—4) rv__check__code__Times rv__check__code__Star rv__check.simps(7—)
end
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lemma rv_ check_cong[fundef congl:
p=p = (A\z vp. x € regexz.atms v A\ vp € vpatms p = t T vp = t' T vp)
= (A\z. © € vpatms p = ti x = ti’ ©) = rv_check t ti r p = ru_check t' ti’ r p’
proof (hypsubst_thin, induct v p’ rule: rv__check.induct)
case (5 7 r' ps)
have rvy_check t ti v (snd (ps ! k)) = ru_check t' ti' r (snd (ps ! k)) if fst (ps ! k) k € {0 ..< length
ps} for k
using that surjective__pairing|of ps ! k]
by (intro 5(1)[OF that(2) refl prod.collapse that(1)] 5(3—))
(auto simp: Bex_def in__set_conv_nth simp del: prod.collapse)
moreover have rvu_check t ti v’ (snd (ps ! k)) = ru_check t' ti' v’ (snd (ps | k)) if — fst (ps ' k) k €
{0 ..< length ps} for k
using that surjective_pairinglof ps | k]
by (intro 5(2)[OF that(2) refl prod.collapse that(1)] 5(3—))
(auto simp: Bex_def in__set_conv_nth simp del: prod.collapse)
moreover have rv_at ti (snd (ps! k)) = rv_at ti’ (snd (ps ! k)) if k € {0 ..< length ps} for k
using that surjective_pairing|of ps | k] by (intro rv_at_cong 5 refl)
(auto simp: Bex_def in__set_conv_nth simp del: prod.collapse)
ultimately show Zcase
by (auto simp: hd__conv_nth last_conv_nth split_beta)
next
case (6 r ps)
have ry_check t ti v (ps ! k) = ru_check t' ti' v (ps! k) if k € {0 ..< length ps} for k
using that by (intro 6) (auto simp: Bex_def in__set_conv_nth)
moreover have map (rv_at ti) ps = map (rv_at ti’) ps
by (intro rv_at_cong 6 list.map__cong) (auto simp: Bex__def in__set_conv_nth)
ultimately show ?case unfolding rv_ check.simps list.map__comp|[symmetric]
by metis
qed (auto cong: rv_at_cong)

lemma Cons_eq upt conv: z # zs =[m .< n]+— m<nAz=mA zs=[Sucm ..< n
by (induct n arbitrary: xs) (force simp: Cons_eq _append__conv)+

lemma map_setE|[elim__format]): map fxs = ys = y € set ys = Jz€set xs. fr =y
by (induct zs arbitrary: ys) auto

lemma rs check sound:
Vz € Regex.atms r.Vp' € spatms p. test x p' —> sat (testi p’) v =
rs__check test testi r p => Regex_ Proof _System.SAT sat (fst (rs_at testi p)) (snd (rs_at testi p)) r
proof (induction p arbitrary: r)
case (SSkip z y)
then show ?case
by (cases 1) (auto intro: SAT.SSkip)
next
case (STest )
then show ?case
by (cases 1) (auto intro: SAT.STest)
next
case (SPlusL p)
then show “case
by (cases 1) (auto intro: SAT.SPlusL)
next
case (SPlusR p)
then show ?case
by (cases 1) (auto intro: SAT.SPlusR)
next
case (STimes pl p2)
then show ?case
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by (cases 1) (auto introl: SAT.STimes)
next
case (SStar_eps z)
then show ?case
by (cases 1) (auto intro: SAT.SStar _eps)
next
case (SStar ps)
then show ?case using SStar
proof (cases r)
case (Star r')
then have ps_ne: ps # [| and
ps_chain: Vk € {1 ..< length ps}. fst (rs_at testi (ps ! k)) = snd (rs_at testi (ps! (k—1)))
using SStar by auto

define ts where ts = map (fst o rs__at testi) ps Q [snd (rs_at testi (last ps))]
then have ts_len: 2 < length ts and ts_ne[simp]: ts # [|
using ps_ne by (cases ps; auto)+

from SStar(2) Star
have r’_atms: Vy € Regez.atms r'. Vp' € spatms (SStar ps). test y p’ — sat (testi p') y
by auto

{ fix k
assume k_def: k € {0 ..< length ps}

then have Regex_Proof System.SAT sat (fst (rs_at testi (ps ! k))) (snd (rs_at testi (ps! k))) r' A

fst (rs_at testi (ps ! k)) < snd (rs_at testi (ps ! k))
using SStar(1)[of ps! k r'] r'_atms SStar(2—3) Star by force

}

then have sat_props_ts: Vk € {0 ..< length ts — 1}. ts | k < ts! Suc k A
Regex_Proof System.SAT sat (ts ! k) (ts ! Suc k) r’
hd ts = fst (rs_at testi (hd ps)) last ts = snd (rs_at testi (last ps))
using ps_ne ps_chain
by (auto simp: ts_def nth__append last_conv_nth neq Nil _conv less_Suc__eq)
then have s_ts: sorted_wrt (<) ts
by (subst sorted__wrt_iff nth_Suc_transp) auto
have form: 3 zs. ts = hd ts # zs @ [last ts]
using ts_len by (cases ts) (auto introl: exl[of __ butlast ] append butlast_last_id[symmetric])
then have hd ts < last ts
using s_ts form ts_len by (auto simp: sorted_wrt_iff nth_less hd__conv_nth last_cony_nth)
then show ?thesis using sat_props ts form ts_def
SAT.SStar[of hd ts last ts ts sat r'] Star by auto
qed auto
qed

lemma rs_check__complete:
(Vz € Regex.atms r. Vi. sat i v — (Ip’. testi p’ = i A test z p')) =
Regex,_Proof System.SAT sat i j v = I p. rs_check test testi r p A rs__at testi p = (1, j)
proof (induction r arbitrary: i j)
case (Skip z)
then have j_eq 7 plus z:j=14i+ =
using SAT.simps|of sat i j Regex.Skip x]
by simp
then have rs_check test testi (Regex.Skip z) (SSkip i x)
using rs__check.simps(1)[of test testi = i z]
by simp
then show Zcase
using j_eq i plus_x rs_at.simps(1)[of testi i z]
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by blast
next
case (Test z)
then have props: i = j A satjx
using SAT.simps|of sat i j Regex.Test x]
by auto
then obtain p’ where p’_def: test x p’ A testi p’ = j
using Test(1)
by auto
then show ?case
using rs__check.simps(2)[of test testi x p'| props
rs_at.simps(2)[of testi p']
by blast
next
case (Plus r1 r2)
from Plus(4) have Regex_ Proof System.SAT sat i j r1 V Regex_ Proof System.SAT sat i j r2
using SAT.simps|of sat i j Regex.Plus r1 r2]
by simp
moreover
{
assume sl: Regex_ Proof System.SAT sat i jrl
from Plus(3) have r1_atms: Y z€regex.atms r1. Vi. sat i v —
(3p’. testi p’ = i A test T p’)
by auto
from Plus(1)[OF r1_atms sl]
obtain p where p_check: rs_check test testi r1 p
and p_at: rs_at testi p = (4, j)
by auto
then have 3 p. rs_check test testi (Regex.Plus r1 r2) p A rs_at testi p = (i, j)
using rs__check.simps(3)[of test testi r1 r2 p]
by fastforce

moreover
{
assume sr: Regex_ Proof System.SAT sat i j r2
from Plus(3) have r2_atms: Y z€regex.atms r2. Vi. sat i © —
(3p’. testi p’ = i A test T p’)
by auto
from Plus(2)[OF r2_atms sr]
obtain p where p_check: rs__check test testi r2 p
and p_ at: rs_at testi p = (1, j)
by auto
then have 3 p. rs_check test testi (Regex.Plus v1 v2) p A rs_at testi p = (4, j)
using rs__check.simps(4)[of test testi r1 r2 p]
by fastforce

ultimately show ?case

by auto
next

case (Times r1 12)

then obtain k& where ks r1: Regex_ Proof System.SAT sat i k r1
and ks_r2: Regex_Proof System.SAT sat k j r2
using SAT.simps|of sat i j Regex.Times r1 r2]
by auto

from Times(3) have ri_atms: VxE€regex.atms r1. Vi. sat i x — (Ip’. testi p’ = i A test z p’) and
r2_atms: ¥V x€regex.atms 12. Vi. sat i z — (Ip’. testi p' = i A test z p’)
by auto

from Times(1)[OF r1_atms ks_rl1] obtain p where
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p__check: rs__check test testi r1 p and p__at: rs_at testi p = (i, k)
by auto
from Times(2)[OF r2_atms ks_r2] obtain p’ where
p’_check: rs_check test testi 72 p’ and p’_at: rs_at testi p’ = (k, 7)
by auto
then show “case
using rs_check.simps(5)[of test testi r1 r2 p p'] p_check p_at
by fastforce
next
case (Star r’)
then show ?case
proof (cases i = j)
case True
then show ?%thesis
using rs_check.simps(6)[of test testi r'| rs_at.simps(6)
by blast
next
case False
then have i less j: i < j
using Star SAT.simps|of sat i j Regex.Star ']
by simp
from Star i_less j SAT.simps|of sat i j Regex.Star r’]
obtain zs and zs where zs_def: zs = i # zs Q [j] and
k_less: Vk € {0 ..<lengthzs — 1}. zs ! k < zs | Suc k and
k_sat: Vk € {0 ..< length xs — 1}. Regex_Proof System.SAT sat (zs ! k) (zs ! Suc k) r’
by auto
from Star(2) have r’_atms: VY z€regez.atms r'. Vi. sat i x — (Ip’. testi p’ = i A test T p’)
by auto

{fix k
assume k_in: k € {0 ..< length zs — 1}
then have ksat: Regex Proof System.SAT sat (zs ! k) (zs ! Suc k) r'
using k_ sat
by auto
from Star(1)[OF r’_atms ksat]
have 3 p. 7s_check test testi v’ p A rs_at testi p = (zs ! k, zs ! Suc k)
by simp
} thm rs_check.simps(7)
then have k_ex_p: Vk € {0 ..< length xs — 1}. Ap. rs_check test testi v’ p A rs_at testi p = (xs !
k, zs ! Suc k)
by auto
then obtain f where [ def: Vk € {0 ..< length xs — 1}. rs_at testi (f k) = (zs ! k, zs ! Suc k) A
rs__check test testi v’ (f k)
using bchoice[OF k_ex_p]
by atomize__elim auto
define ps where ps = map f [0 ..< length zs — 1]
then have ps_check and_less: Vk € {0 ..< length ps}. rs_check test testi v’ (ps ! k) A fst (rs_at
testi (ps ! k)) < snd (rs_at testi (ps ! k))
using f def k_less by auto
moreover
from ps def f def
have k_eq prev: Vk € {1 ..< length ps}. fst (rs_at testi (ps ! k)) = snd (rs_at testi (ps! (k — 1)))
by auto
moreover
from zs_def ps_def have ps_nnil: ps # ||
by auto
moreover
from f_def have hd_eq: fst (rs_at testi (hd ps)) = i
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using ps_def ps_nnil upt_rec zs_def by auto

moreover

from zs_def ps_def f_def have last_eq: snd (rs_at testi (last ps)) = j
using ps_nnil by auto

ultimately show %thesis
by (auto introl: exI[of __ SStar ps])

qed
qed

lemma rv_check sound:
Vz € Regex.atms r.Vp’' € vpatms p. test  p’ — wvio (testi p') z =
ru__check test testi 1 p => Regex_ Proof _System.VIO vio (fst (ru_at testi p)) (snd (rv_at testi p)) r
proof (induction p arbitrary: r)
case (VSkip z y)
then show ?case
by (cases 1) (auto intro: VIO.VSkip)
next
case (VTest x)
then show ?case
by (cases 1) (auto intro: VIO.VTest)
next
case (VTest_neq z y)
then show ?case
by (cases 1) (auto intro: VIO.VTest_neq)
next
case (VPlus pl p2)
then show “case
by (cases 1) (auto intro: VIO.VPlus)
next
case (VTimes ps)
then show ?case
proof (cases r)
case (Times r1 r2)
then obtain ¢ and j where ps_ne: ps # [| and i_def: i = fst (rv_at testi (snd (hd ps))) and
j_def: j = snd (ru_at testi (snd (last ps))) and % _props: ¢ + length ps — 1 = j
using VTimes(3) by simp
then have k_props: Vk € {0 ..< length ps}. if fst (ps ! k)
then rv__check test testi r1 (snd (ps ! k)) A rv_at testi (snd (ps ! k)) = (¢, i + k)
else rv__check test testi r2 (snd (ps ! k)) A mv_at testi (snd (ps! k) = (i + k, j)
using VTimes(3) Times by auto
from VTimes(2) Times have rl_atms: Vy € Reger.atms r1. Vp' € vpatms (VTimes ps). test y p’
— wvio (testi p’) y
by auto
from VTimes(2) Times have r2_atms: Vy € Reger.atms r2. Vp' € vpatms (VTimes ps). test y p’
— wio (testi p’) y
by auto

{ fix k
assume k_def: k € {0 ..< length ps}
then have if fst (ps ! k) then Regex_ Proof _System.VIO vio i (i + k) r1 else Regex_ Proof _System. VIO
vio (1 + k) jr2
using VTimes(1)[of ps ! k snd (ps ! k) r1] VTimes(1)[of ps! k snd (ps ! k) r2] Times k_props
rl_atms r2_atms
by (fastforce simp: prod__set_defs)
} note k_vio = this

define ts where ts = map (\k. if fst (ps ! k) then
snd (rv_at testi (snd (ps ! k))) else fst (ru_at testi (snd (ps! k)))) [0 ..< length ps]
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then have ts_ps: length ts = length ps and ts_ne[simp]: ts # [|
using ps_ne by (cases ps; auto)+

{ fix k
assume k_def: k € set ts
then obtain k' where k' _def: k =i + k' k' € {0 ..< length ps}
using k_def k_props unfolding ts_def by auto
then have if fst (ps! (k — 7)) then Regex_ Proof _System. VIO vio i k r1 else Regex_ Proof _System. VIO
vio k j r2
using k’_def k_vio[of k'] by auto
} note k_vio_ts = this

{ fix k
assume k_def: k € set ts
with k_props ij_props have k € {i .. j}
unfolding ts def by auto
}

moreover
{ fix k
assume k_def: k € {i .. j}
then obtain n where n < length psi + n =k
using ij _props ps_ne by (auto simp: nat_le_iff add neq Nil__conv)
then have k = ts ! n
using k_def k_props unfolding ts_def by auto
then have k € set ts using «<n < length ps» ts_ps
by (auto simp: in__set__conv_nth)

ultimately have set ts = {i .. j} by blast
then show ?thesis using k_wvio_ts ¢_def j def ps_ne
VIO.VTimes|of i j vio r1 r2] Times unfolding rv_at.simps by (smt (verit, best) split_pairs)
qed auto
next
case (VStar ps)
then show ?case
proof (cases r)
case (Star r')
define S and T where S = set (map (fst o rv_at testi) ps)
and T = set (map (snd o Tv_at testi) ps)
define 7 and j where ¢ = Min S and j = Maz T
then have ST props: SN T ={} SUT ={i..jtand i le j: i<}
using VStar Star S_def T _def by auto
then have ST not_empty: S # {} T # {} and ps_ne: ps # ||
unfolding S def T _def using i _le j by auto
then have prod_not_empty: S x T # {}
by auto
from ST _props have ST _finite: finite S finite T
unfolding S _def T def by auto
then have 7 in: i€ Sand j in:je T
using Min__in[of S| Max_in[of T| ST _props ST _not_empty unfolding i_def j _def by auto
then have i_less _j: ¢ < j
by (metis IntI ST _props(1) equalsOD i_le_j order_neq le trans)
then have rm_not_empty: rm (S x T) # {}
using S _def T def i _le ji_defj def prod_mnot_empty ST props by force
have rm__finite: finite (rm (S x T))
by (auto simp add: Collect__case_prod_Sigma ST _finite)
then have set_eq: set (map (rv_at testi) ps) = rm (S x T)
using S_def T_def VStar(3) Star by auto
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from VStar(2) Star have r’_atms: ¥V yEregez.atms r’. ¥V p’ € vpatms (VStar ps). test y p’ — vio

(testi p') y
by auto

{ fix k
assume k_in: k € {0 ..< length ps}
then have Regez_ Proof System.VIO wvio (fst (rv_at testi (ps ! k))) (snd (rv_at testi (ps! k))) r’
using VStar(1)[of ps ! k r'] Star VStar(2—3) r'_atms by force
} note k_vio = this

{ fix k
assume k_in: k € {0 ..< length ps}
then have rv_at testi (ps ! k) € set (map (rv_at testi) ps)
by simp
then have (fst (rv_at testi (ps ! k)), snd (rv_at testi (ps ! k))) € rm (S x T)
using set__eq by auto
}

then have Vz € set (map (rv_at testi) ps). Regex_ Proof System.VIO wvio (fst z) (snd z) r
using k_wvio by (force simp: in__set__conv_nth)
then have st_wvio: V (s, t) € rm(S x T). Regex_Proof System.VIO vio s t r’
using sel__eq[symmetric] by auto
show ?thesis
using VStar Star VIO.VStar[OF i_less_ji_in j_in _ __ st_wvio] ST _props
S_def T _def by auto
qed auto
next
case (VStar_gt n n')
then show ?case
by (auto elim!: rv_check.elims intro: VIO.VStar_gt)
qged

/7

lemma rv__check__complete:
(Vz € Regex.atms r.Vi. vioix — (Ip’. testip’ = i A test z p’)) =
Regex,Proof _System.VIO vio i j r => i < j => Jp. ru__check test testi v p A rv_at testi p = (i, j)
proof (induction r arbitrary: i j)
case (Skip z)
then have j noteq: j # i + z
using VIO.simps[of vio © j Regex.Skip z]
by simp
then have rvu_check test testi (Regex.Skip x) (VSkip i j) N rv_at testi (VSkip i j) = (4, j)
using Skip(3)
by auto
then show ?case
by (auto intro: exI[of __ VSkip i j])
next
case (Test z)
then show ?case
proof (cases i < j)
case True
then show ?%thesis
using rv_check.simps(3)[of test testi z i j] Test
rv_at.simps(3)[of testi i j]
by blast
next
case False
then have ¢ _eq j: i=jAviojzx
using Test VIO.simps[of vio i j Regex. Test x
by auto
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then obtain p where p_ def: test x p testi p = j
using Test
by auto
then show %thesis
using rv_ check.simps(2)[of test testi x p] Test
ru_at.simps(2)|of testi p] i_eq_j
by blast
qed
next
case (Plus r1 r2)
then have vio_r1: Regex_Proof System.VIO wvio i j r1 and vio_r2: Regex_Proof System.VIO vio i
jir2
using VIO.simps[of vio i j Regex.Plus r1 r2]
by simp+
from Plus(3) have r1__atms: ¥V z€regex.atms r1. Vi. vio i x — (I p’. testi p’ = i A test z p’) and
r2_atms: ¥ x€regex.atms 2. Vi. vio i x — (Ip’. testi p’ = i A test T p')
by auto
from Plus(1)[OF r1_atms vio_r1 Plus(5)] obtain p! where
pl_def: ru__check test testi 1 p1 A Tv_at testi pI = (i, j)
by auto
from Plus(2)[OF r2_atms vio_r2 Plus(5)] obtain p2 where
p2_def: ru__check test testi 2 p2 A rv_at testi p2 = (i, j)
by auto
then show ?case
using rv__check.simps(4)[of test testi r1 r2 p1 p2] pl_def
ru__at.simps(4)[of testi p1 p2]
by fastforce
next
case (Times r1 12)
then have k_wvio: Vk € {i .. j}. Regex_Proof System.VIO vio i k r1 V Regex_ Proof _System.VIO wvio
kjr2
using VIO.simps[of vio © j Regex.Times r1 r2)]
by simp
from Times(3) have ri_atms: V x€regex.atms rl1. Vi. vio i v — (Ip’. testi p’ = i A test z p’) and
r2_atms: ¥V x€regex.atms r2. Vi. vio i x — (Ip’. testi p’ = i A test T p’)
by auto

{fix k
assume k_in: k € {i .. j}
then have (I p. (rv_check test testi r1 p A Tv_at testi p = (i, k)) V
(rv__check test testi r2 p A rvy_at testi p = (k, j)))
using k_vio k_in Times by fastforce
}

then have k_ex p: Vk € {i .. j}. (3p. (rv_check test testi r1 p A rv_at testi p = (i, k))
V (ru_check test testi 2 p N rv_at testi p = (k, j)))
by auto
then obtain f where f def: Vk € {i .. j}. (rv_check test testi r1 (f k) A rv_at testi (f k) = (4, k))
V (ru__check test testi r2 (f k) A ru_at testi (f k) = (k, 7))
using bchoice[OF k_ex_p)
by atomize _elim auto
define g where g = (Ak. (ru_check test testi 71 (f k) A rv_at testi (f k) = (i, k), [ k))
then obtain ps where ps_def: ps = map g [i ..< Suc j]
by auto
then have ps_nnil: ps # [|
using Times(5) by auto
then have hd_last_ps: fst (rv_at testi (snd (hd ps))) = i A snd (ru_at testi (snd (last ps))) = j
using g def f_def ps_def upt_rec[of i j]
by (auto dest: bspec[of __ __ ] bspeclof _ __j])
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from ps_def ps_nnil have i_plus _len_eq j: i 4+ length ps — 1 = j
by auto

{ fix k
assume k_in: k € {0 ..< length ps}
then obtain k' where k’_def: k' =i+ kA k' € {i .. j}
using f_def ps_def ps_nnil Times(5)
by atomize _elim auto
then have if fst (ps ! k) then ru_check test testi r1 (snd (ps! k)) A ru_at testi (snd (ps ! k)) = (3, ¢
+ k)
else rv__check test testi 2 (snd (ps ! k)) A rv_at testi (snd (ps ! k)) = (i + k, j)
using ps_def g_def f _def k_in
by (auto simp: nth__append dest: bspec[of __ __ j])
} note k_ps_wvio = this

then show Zcase

using Times rv_check.simps(5)|of test testi r1 r2 ps)
ru_at.simps(5)[of testi ps| hd_last_ps k_wvio i_plus_len_eq j ps_nnil
by (auto introl: exI[of _ VTimes ps] simp: split_beta)
next

case (Star r')

then obtain S and T where S_def: i € S and T _def: j € T and
ST props: SN T={}ANSUT={i. j}and
st_wvio: V (s, t)erm (S x T). Regex_ Proof _System.VIO vio s t r’
using VIO.simps|of vio i j Regex.Star r']
by auto

then have finiteS: finite S and finiteT: finite T
using Un__infinite[of S T] infinite_Un[of S T]
by auto

from ST props finiteS finiteT S_def T _def

have ¢ _min_un: i = Min (S U T) and j _maz_un:j = Maz (S U T)
by (auto simp: Star.prems(8) antisym)

from 7 min_un have ¢ min: 1 = Min S
using S def ST _props finiteS subsetD[of S S U T| Min__eql[of S i]
by fastforce

from j maz_un have j _max: j = Max T
using T _def ST _props finiteT subsetD[of T S U T] Mazx_eql[of T j]
by fastforce

from finiteS finiteT have rm__finite: finite (rm (S x T))
by (auto simp add: Collect_case_prod_Sigma)

then have st_ex p: Vk € rm (S x T). Ip. rv_check test testi v’ p A rv_at testi p = k
using st_vio Star by auto
then obtain f where f_def: V(s,t) € rm (S x T). ru_check test testi v’ (f (s,t)) A ru_at testi (f
(Svt)) = (Svt)
using bchoice[OF st_ex_p]
by atomize__elim auto
define ps where ps = map f (sorted_list_of set (rm (S x T)))
then have ps_nnil: ps # ||
using ST _props S_def T__def Star(4) sorted_list_of _set[of rm (S x T)] rm__finite by fastforce
from ps_def have ps_check: Vk € {0 ..< length ps}. rv_check test testi v’ (ps ! k)
using f_def set_sorted_list_of _set[of rm (S x T)] rm_finite
nth_mem[of __ ps] set_map|of f sorted_list_of _set (rm (S x T))] by force

have map__eq: map (rv_at testi) ps = sorted_list_of _set (rm (S x T))

using set_sorted_list_of _set|OF rm__finite] ps_def f_def
by (auto intro: map__idl)
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{fix k
assume k_def: k€ T A (V]
then have = (3k’' € rm (9 X
by auto
then have k < i
using k_def T _def S_def
by auto
then have False
using k_def ST _props S_def T _def j_max_un antisym
by fastforce
then have 35 € S. j < k
by auto
}note x = this
then have Vk e T.3j € S. j <k
using not_le _imp_less
by blast
then have Vk € T. 3k’ € rm (S x T). snd k' =k
by force
then have ¢ snd: Vk € T. 3k’ € set ps. snd (rv_at testi k') = k
using ps_def f_def set_sorted_list_of set[OF rm__finite]
by fastforce

€S k
T). s

2 A

7)
k' = k)

{fix k
assume k_def: k€ SA(Vje T. k> j)
then have — (3k' € rm (S x T). fst k' = k)
by auto
then have k£ > j
using k_def T _def
by auto
then have Fulse
using k_def ST props S_def T _def j_max_un antisym
by fastforce
then have 3j € T. k < j
by auto
}
then have Vk € §.3j e T. k <j
using not_le_imp_less
by blast
then have Vk € S. 3k’ € rm (S x T). fst k' = k
by force
then have Vk € S. 3k’ € set ps. fst (rv_at testi k') = k
using ps_def f_def set_sorted_list_of set|OF rm__ finite]
by fastforce
then have st_map: set (map (fst o (rv_at testi)) ps) = S A set (map (snd o (rv_at testi)) ps) = T
using ps_def f_def rm__finite sorted_list_of setlof rm (S x T)] t_snd by auto

then show ?case
using Star(4) rv_check.simps(6)[of test testi v’ ps| rv_at.simps(6)[of testi ps]
i_mazx i_min ps_check st_map map_eq S_def T _def ST _props
by (auto intro!: exI[of _ VStar ps])
qed

lemma rs check exec rs check:
fixes test :: ‘a = 'b = bool
and testi :: ‘b = nat
and test’ = ('n = 'd) = ‘a = b = bool
and FV :: 'a = 'n set
and C :: 'n set = ('n = 'd) set
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assumes C_nonemptyl: NA. C A # {}
and C_union_eg: A XY. C(XUY)=CXNCY
and C_Union_eqg: NX (Y ::'a= ). C (U (Y ‘X)) =(NzeX. C (Y 2))
and C_extensible: N X Yvo.ve CX = X C VYV =30 . v e CYA (VzeX. vz =v"1)
and cong: Avv' z sp. Va€FV z. va = v a = test’' vz sp = test' v/ z sp
shows (A\z sp. z € regexz.atms 1 = test © sp = (VveC (FV z). test' v z sp)) =
rs__check test testi v rsp = (Vve( xE€regez.atms r. C' (FV x). rs_check (test’ v) testi r rsp)
proof (induct r arbitrary: rsp)
case (Skip z)
then show Zcase
by (cases rsp) auto
next
case (Test z)
with C_nonemptyl[of FV z] show Zcase
by (cases rsp) auto
next
case (Plus r1 r2)
with C_nonemptyl[of Regex.collect F'V r1 U Regex.collect F'V r2] show ?case
proof (cases rsp)
case (SPlusL sp)
with Plus show ?thesis
by (auto 0 4 dest: C_extensible[of __ Regex.collect FV r1 Regex.collect FV r1 U Regex.collect FV r2,
simplified collect__alt C_union__eq C_Union__eq INT _iff]
elim!: rs_check_conglof _ __ __ test' _ test’ _ testi testi, THEN iffD1, rotated —1, OF __ refl

cong refl])
next

case (SPlusR sp)
with Plus show ?thesis
by (auto 0 4 dest: C_extensible[of __ Regex.collect F'V r2 Regex.collect FV r1 U Regex.collect F'V r2,
simplified collect _alt C_union_eq C_Union__eq INT _iff]

elim!: rs__check_conglof _ _ __ test’ _ test’ _ testi testi, THEN iffD1, rotated —1, OF _ refl
cong refl])
qed (auto simp: collect_alt INT _Un C_Union_eq C_union__eq)

next
case (Times r1 12)
note x = C_nonemptyl[of Regez.collect FV r1 U Regez.collect F'V r2,
simplified collect__alt INT_Un C_Union__eq C_union__eq]
from Times x show ?case
proof (cases rsp)
case (STimes spl sp2)
from Times show ?thesis
unfolding STimes rs_check.simps regex.set INT _Un ball_conj_distrib ball_triv_nonempty[OF x|
by (auto 0 4
dest: C_extensible[of __ Regex.collect FV r1 Regex.collect FV r1 U Regex.collect F'V 12,
simplified collect _alt C_union_eq C_Union_eq INT _iff]
C_extensible[of _ Regex.collect FV r2 Regex.collect FV r1 U Regex.collect FV r2,
simplified collect__alt C_union__eq C_Union__eq INT _iff]
elim!: rs_check_cong[of _ __ __ test’ _ test’ _ testi testi, THEN iffD1, rotated —1, OF __ refl

cong refl])
qed auto

next
case (Star r)
with C_nonemptyl|of Regez.collect F'V r] show ?case
by (cases rsp) (auto simp: collect_alt C_Union__eq)
qed

lemma rv_check exec rv_check:
fixes test :: '‘a = 'b = bool
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and testi :: 'b = nat
and test’ = ('n = 'd) = ‘a = 'b = bool
and FV :: 'a = 'n set
and C :: 'n set = ('n = 'd) set
assumes C_nonemptyl: NA. C A # {}
and C_union_e¢: AXY.C(XUY)=CXnNnCY
and C_Union_eq: AX (Y ::'a= _). C (U (Y ‘X)) = (NzeX. C (Y 2))
and C_estensible: A X Yv.ve CX = XCV = 3v. v e CYANzeEX. vz =1v"2)
and cong: Avv' z sp. Va€FV z. va = v a = test' vz sp = test' vz sp
shows (A\z sp. © € regex.atms r = test z sp = (VveC (FV z). test’ v x sp)) =
rv_check test testi r rsp = (VY ve(zEregex.atms r. C (FV z). ru_check (test’ v) testi r rsp)
proof (induct r arbitrary: rsp)
case (Skip z)
then show ?case
by (cases rsp) auto
next
case (Test z)
with C_nonemptyl[of FV z] show ?case
by (cases rsp) auto
next
case (Plus r1 r2)
note x* = C_nonemptyl [of Regex.collect FV r1 U Regex.collect FV r2,
simplified collect__alt INT_Un C_Union__eq C_union__eq|
from Plus * show ?case
proof (cases rsp)
case (VPlus vpl vp2)
from Plus show ?thesis
unfolding VPlus rv__check.simps regex.set INT _Un ball_conj_distrib ball_triv_nonempty[OF %]
by (auto 0 4
dest: C_extensible[of _ Regex.collect FV r1 Regex.collect FV r1 U Regex.collect F'V 12,
simplified collect__alt C_union_eq C_Union__eq INT _iff]
C_extensible[of _ Regex.collect FV r2 Regex.collect FV r1 U Regex.collect FV r2,
simplified collect _alt C_union_eq C_Union__eq INT _iff]
elim!: rv_check_conglof _ _ _ test’ _ test’ _ testi testi, THEN iffD1, rotated —1, OF __ refl
cong refl])
qed auto
next
case (Times r1 12)
note x = C_nonemptyl[of Regez.collect FV r1 U Regez.collect FV r2,
simplified collect_alt INT_Un C_Union__eq C_union__eq]
from Times * show ?case
proof (cases rsp)
case (VTimes ps)
from Times have IH: if fst (ps ! k)
then ru__check test testi r1 (snd (ps ! k)) = (Yve(zE€regez.atms r1. C (FV z). ru_check (test’ v)
testi 1 (snd (ps! k)))
else Tu__check test testi 2 (snd (ps ! k)) = (Vve( z€regex.atms r2. C (FV z). rv_check (test’ v)
testi 2 (snd (ps! k)))
if £ < length ps for k
using that by auto
show ?thesis
unfolding VTimes rv_check.simps regex.set INT _Un ball_conj _distrib ball_triv_nonempty[OF ]
ex__simps simp__thms ball_swap[of __ {0 ..< length ps}] Let_def split_beta ball_if _distrib
by (intro conj__cong refl ball__cong if _cong)
(auto 0 4 simp: IH
dest: C_extensible[of __ Regex.collect FV r1 Regex.collect FV r1 U Regex.collect F'V 12,
simplified collect _alt C_union_eq C_Union_eq INT _iff]
C_extensible[of _ Regex.collect FV r2 Regex.collect FV r1 U Regex.collect FV r2,
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simplified collect _alt C_union_eq C_Union_eq INT _iff]
elim!: rv_check_conglof _ _ __ test’ _ test’ _ testi testi, THEN iffD1, rotated —1, OF __ refl
cong refl])
qed auto
next
case (Star r)
note x* = C_nonemptyl [of Regex.collect FV r, simplified collect_alt INT _Un C_Union__eq]
with Star show ?case
proof (cases rsp)
case (VStar vps)
then show ?%thesis
unfolding VStar ru_check.simps regex.set INT_Un ball_conj _distrib ball_triv_nonempty| OF %]
ex__simps simp__thms ball _swap[of _ {0 ..< length vps}]
by (intro conj__cong refl ball_cong Star) simp
qed (auto simp: collect_alt C_Union__eq)
qed

lemma chain_sortedl:

fixes f :: _ = nat X nat

assumes YV ke{Suc 0..<length ps}. fst (f (ps ! k)) = snd (f (ps! (k — Suc 0)))

and V ke{0..<length ps}. fst (f (ps! k)) < snd (f (ps!k))

and j < k k < length ps

shows fst (f (ps ! §)) < fst (f (ps ! B))

using assms
proof (induct k — j arbitrary: j)

case (Suc z)

then show ?case

by (cases k) (force simp: less_Suc__eq dest!: bspeclof _ __ j] meta_spec[of _ Suc j])+

qed simp

lemma chain_sorted2:

fixes f :: _ = nat X nat

assumes YV k€{Suc 0..<length ps}. fst (f (ps! k)) = snd (f (ps! (k — Suc 0)))

and V ke€{0..<length ps}. fst (f (ps! k)) < snd (f (ps!k))

and j < k k < length ps

shows snd (f (ps!j)) < snd (f (ps! k))

using assms
proof (induct k — j arbitrary: 7)

case (Suc 1)

then show ?case

by (cases k) (force simp: less_Suc__eq dest!: bspec[of _ __ Suc j] meta__speclof __ Suc j])+

qged simp

context
fixes test :: ‘a = 'b = bool and testi :: 'b = nat and SAT sat
assumes test_sound: ¥ x€regex.atms r. ¥ p'Cspatms rsp. test x p’ — SAT (testi p') T
and SAT _sound: VY x€regex.atms r. Vi. SAT i ¢ —> sat i x

begin

lemma rs check le:
rs__check test testi r rsp = fst (rs__at testi rsp) < snd (rs_at testi rsp)
by (drule rs_check_sound[OF test_sound), drule soundness SAT[OF SAT sound], drule match_le)

lemma rs check lel:

rs__check test testi r rsp => sp € spatms rsp = fst (rs__at testi rsp) < testi sp
proof (induct r rsp rule: rs_check.induct)

case (7 r ps)

then show ?case
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by (fastforce simp: in__set__conv_nth hd__conv_nth
intro: order_trans|OF chain__sortedl[of ps rs_at testi 0]])
qed (auto dest: rs__check_le)

lemma rs_check le2:

rs__check test testi v rsp => sp € spatms rsp = testi sp < snd (rs_at testi rsp)
proof (induct r rsp rule: rs_check.induct)

case (7 r ps)

then show ?Zcase

by (fastforce simp: in__set__conv_nth last_conv_nth
intro: order_trans|OF __ chain_sorted2[of ps rs_at testi _ length ps — Suc 0]])

qed (auto dest: rs__check_le)

end

lemma rv_check le:
ru__check test testi v rup = vp € vpatms rvp = fst (ru_at testi rvp) < snd (rv_at testi rup)
by (induct v rvp rule: rv_check.induct) (auto simp: neq_Nil_conv)

lemma rv_check le2:
ru__check test testi r rop => vp € vpatms rvp = testi vp < snd (rv_at testi rup)
proof (induct r rup rule: Tv__check.induct)
case (5 7 r' ps)
from 5(4) obtain b i rup where *: i < length ps ps ! i = (b, rup) vp € vpatms rup
unfolding rvproof.set UN__iff Bex__def in__set__conv_nth by auto
show ?case
proof (cases b)
case True
with * 5(1)[of i ps ! i b rup] 5(8) show ?thesis
by (auto dest: bspeclof _ __ 1])
next
case False
with x 5(2)[of i ps ! i b rup] 5(8) show ?thesis
by (auto dest: bspeclof _ __1i])
qed
next
case (6 r ps)
from 6(3) obtain i rup where *: i < length ps ps! i = rvp vp € vpatms rvp
unfolding rvproof.set UN__iff Bex_ def in__set_conv_nth by auto
with 6(1)[of i] 6(2) show Zcase
by (auto elim!: order_trans)
qged auto

9 Proof Checker

unbundle MFOTL_ syntax
context fixes o :: ('n, 'd :: {default, linorder}) trace
begin

fun s _check :: ('n, 'd) env = ('n, 'd) formula = ('n, 'd) sproof = bool
and v_check :: ('n, 'd) env = ('n, 'd) formula = ('n, 'd) vproof = bool where
s_check v fp = (case (f, p) of
(T, STT i) = True
| (r 1 ts, SPred i s ts') =
(r=sAts=1ts'A(r,vfts]) €T o i)
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| (z= ¢, SEq_Constiz'c') =
(c=c'ANz=z"ANvz=c)
| (—F ¢, SNeg vp) = v_check v ¢ vp
| (¢ VF 9, SOrL spl) = s_check v ¢ spl
| (¢ VF 9, SOrR sp2) = s__check v ¢ sp2
| (¢ AF o, SAnd spl sp2) = s_check v p spl N s_check v i sp2 A s_at spl = s_at sp2
| (¢ —F ¥, SImpL vpl) = v_check v ¢ vpl
| (¢ —F ¢, SImpR sp2) = s__check v 1) sp2
| (¢ «—rF 1, SIffSS spl sp2) = s_check v ¢ spl A s_check v sp2 N s_at spl = s_at sp2
| (¢ «—rF ¥, SIFVV upl vp2) = v_check v ¢ vpl A v_check v p vp2 A v_at vpl = v_at vp2
| 3rz. @, SExists y val sp) = (z = y A s_check (v (z := val)) ¢ sp)
| (Vrz. @, SForall y sp_part) = (let i = s_at (part_hd sp__part)
inz =y A (V(sub, sp) € SubsVals sp_part. s_at sp =1 A (Vz € sub. s_check (v (z := 2)) ¢ sp)))
| (Y I ¢, SPrev sp) =
(let j = s_at sp; i = s_at (SPrev sp) in
i=j+1 AN mem (Ao i) I Ns_chekv g sp)
| (X I ¢, SNext sp) =
(let j = s_at sp; i = s_at (SNewt sp) in
j=1i+1 AN mem (A o j)I N s_chekv g sp)
| (P I ¢, SOnce i sp) =
(let j = s_at sp in
j<iAmem (troi—70j)INs_chekv e sp)
| (F I ¢, SEventually i sp) =
(let j = s_at sp in
jZiAmem (toj—70oi)IANs_checkv o sp)
| (H I ¢, SHistoricallyOut i) =
Toi<To 0+ left]
| (H I ¢, SHistorically i li sps) =
(li = (case right I of co = 0 | enat b = ETP o (T 0 i — b))
ANTo0+leftl <Toi1
A map s_at sps = [li ..< (LTP_po il) + 1]
A (Vsp € set sps. s_check v ¢ sp))
| (G I ¢, SAlways i hi sps) =
(hi = (case right I of enat b = LTP_f o i b)
A right I # oo
A map s_at sps = (ETP_f o il) ..< hi + 1]
A (Vsp € set sps. s_check v ¢ sp))
| (¢ S I, SSince sp2 spls) =
(let i = s_at (SSince sp2 spls); j = s_at sp2 in
j<iAmem (troi—T1o0j) I
A map s_at spls = [j+1 ..< i+1]
N s_check v i sp2
A (Vspl € set spls. s _check v ¢ spl))
| (¢ U I, SUntil spls sp2) =
(let i = s_at (SUntil spls sp2); j = s_at sp2 in
jZ>iAmemn (toj—T101)l
A map s_at spls = [i ..< j] A s_check v ¢ sp2
A (Vspl € set spls. s_check v ¢ spl))
| (@ Ir, SMatchP rsp) =
(let (4, 7)) =rs_ats_atrspinj < i Amem (T oi—7o0j)INArs_check (s_check v) s_at r rsp)
| (b Ir, SMatchF rsp) =
(let (i,§) =rs_ats atrspini < jAmem (Toj—Toi)lArs_chek (s_check v) s_at T rsp)
| (_,_) = False)
| v_check v fp = (case (f, p) of
(L, VFF i) = True
| (r t ts, VPred i pred ts') =
(r=pred A ts = ts' A (r, V[ts]) ¢ T o 9)
| (x = ¢, VEq Constiz'c) =
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(c=c'ANz=x"ANvz # c)
(=F ¢, VNeg sp) = s_check v ¢ sp
(¢ VF ¢, VOr vpl vp2) = v_check v ¢ vpl A v_check v i) vp2 A v_at vpl = v_at vp2
(¢ Ar ¢, VAndL vpl) = v_check v ¢ vpl
(¢ Ar ¢, VAndR vp2) = v_check v ¢ vp2
(¢ —F ¥, VImp spl vp2) = s_check v p spl N v_check v vp2 A s_at spl = v_at vp2
(o +—r ¢, VIfSV spl vp2) = s_check v ¢ spl N v_check v i) vp2 A s_at spl = v_at vp2
(¢ «—r ¢, VIffVS vpl sp2) = v_check v ¢ vpl A s_check v ¢ sp2 A v_at vpl = s_at sp2
(3 rz. @, VEzists y vp_part) = (let i = v_at (part_hd vp__part)
inz =y A (V(sub, vp) € SubsVals vp_part. v_at vp = i A (Vz € sub. v_check (v (z := 2)) ¢ vp)))
| (Vrz. @, VForall y val vp) = (z = y A v_check (v (z := val)) ¢ vp)
| (Y I ¢, VPrev vp) =
(let 5 = v_at vp; i = v_at (VPrev vp) in
i =j+1 A v_check v ¢ vp)
| (Y I ¢, VPrevZ) = True
| (Y I ¢, VPrevOutL i) =
i>O0NAGQ<left
| (Y I ¢, VPrevOutR i) =
i> 0 A enat (A o i) > right I
| (X I ¢, VNext vp) =
(let 5 = v_at vp; i = v_at (VNext vp) in
j=1i+1 A v_check v ¢ vp)
| (X I ¢, VNextOutL i) =
Ao (i+1) < left I
| (X I ¢, VNextOutR i) =
enat (A o (i+1)) > right I
| (P I ¢, VOnceOut i) =
Toi<To0o 0+ left]
| (P I ¢, VOnce i li vps) =
(li = (case right I of oo = 0| enat b = ETP_p o i b)
ANTo 0 +leftl <101
A map v_at vps = [li .< (LTP_po il)+ 1]
A (Vup € set vps. v_check v ¢ vp))
| (F I ¢, VEventually i hi vps) =
(hi = (case right I of enat b = LTP_f o i b) A right I # oo
A map v_at vps = (ETP_f o i 1) ..< hi + 1]
A (Vup € set vps. v_check v ¢ vp))
| (H I ¢, VHistorically i vp) =
(let 5 = v_at vp in
j<iAmem (roi—70cj) IANuv_chekvp vp)
| (G I ¢, VAlways i vp) =
(let 5 = v_at vp
inj>iANmem (roj—70oi)]Auv_chek vy vp)
| (¢ S I, VSinceOut i) =
Toi<To 0+ left]
| (¢ S I, VSince i vpl vp2s) =
(let j = v_at vpl in
(case right I of oo = True | enat b = ETP_po ib<j Nj<i
ANTo O +leftl <101
A map v_at vp2s =[j .< (LTP_po il)+ 1] A v_check v ¢ vpl
A (Yup2 € set vp2s. v_check v ¢ vp2))
| (¢ S I, VSincelnf i li vp2s) =
(li = (case right I of co = 0 | enat b = ETP_p o i b)
ANTo0+leftl <Toi
A map v_at vp2s = [li ..< (LTP_poil) + 1]
A (Y up2 € set vp2s. v_check v ¢ vp2))
| (¢ U I, VUntil i vp2s vpl) =
(let j = v_at vpl in
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(case right I of 0o = True | enat b = j < LTP_f o ib) ANi<j
A map v_at vp2s = [ETP_fo il .<j+ 1] AN v_check v ¢ vpl
A (Vup2 € set up2s. v_check v ¥ vp2))
| (¢ U I 4, VUntillnf i hi vp2s) =
(hi = (case right I of enat b = LTP_f o i b) A right I # oo
A map v_at vp2s = [ETP_f o il ..< hi 4+ 1]
A (Y up2 € set vp2s. v_check v ¢ vp2))
| (@17, VMatchPOuti) = 1o i <70 0+ left I
| (<« 17, VMatchP i rups) =
(let j = ETP o (case right I of co = 0 | enat n = 7 0 i — n)
inToi>710 0+ left I AN map (fst o ru_at v_at) rops = [j ..< Suc (LTP_p o i I)] A
(Vrup € set rups. ru_check (v_check v) v_at r rvp A snd (rv_at v_at rup) = 1))
| (> Ir, VMatchF i rvps) =
(let j = LTP o (case right I of oo = 0 | enat n = 7 0 ¢ + n)
in map (snd o ru_at v_at) rups = [ETP_f o i I ..< Suc j] A\ right I # co A
(Vrup € set rups. ru_check (v_check v) v_at r rop A fst (rv_at v_at Tvp) = 7))
| (_,_) = False)

declare s_check.simps[simp del] v__check.simps[simp del]
simps__of _case s__check__simps[simp]: s_check.simps[unfolded prod.case] (splits: formula.split sproof .split)
simps__of__case v__check__simps[simp|: v__check.simps[unfolded prod.case] (splits: formula.split vproof .split)

9.1 Checker Soundness

lemma check soundness:

s_check v o sp = SAT o v (s_at sp) ¢

v_check v ¢ vp = VIO o v (v_at vp) ¢
proof (induction sp and vp arbitrary: v ¢ and v @)

case STT

then show ?case by (cases ¢) (auto intro: SAT _VIO.STT)
next

case SPred

then show ?case by (cases ¢) (auto intro: SAT _VIO.SPred)
next

case SEq Const

then show ?case by (cases ¢) (auto intro: SAT VIO.SEq Const)
next

case SNeg

then show ?case by (cases ¢) (auto intro: SAT _VIO.SNeg)
next

case SAnd

then show ?case by (cases @) (auto intro: SAT VIO.SAnd)
next

case SOrL

then show ?case by (cases @) (auto intro: SAT _VIO.SOrL)
next

case SOrR

then show ?case by (cases ¢) (auto intro: SAT _VIO.SOrR)
next

case SImpR

then show ?case by (cases ) (auto intro: SAT _VIO.SImpR)
next

case SImpL

then show ?case by (cases ¢) (auto intro: SAT _VIO.SImpL)
next

case SIffSS

then show ?case by (cases @) (auto intro: SAT _VIO.SIffSS)

next
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case SIffVV
then show ?case by (cases ¢) (auto intro: SAT _VIO.SIffVV)
next
case (SEzists z z sp)
with SEzists(1)[of v(z := z)| show ?case
by (cases ¢) (auto intro: SAT _VIO.SExists)
next
case (SForall x part)
then show ?case
proof (cases @)
case (Forall y 1)
show ?thesis unfolding Forall
proof (intro SAT _VIO.SForall alll)
fix z
let ?sp = lookup__part part z
from lookup__part_SubsVals[of z part] obtain D where z € D (D, ?sp) € SubsVals part
by blast
with SForall(2—) Forall have s_check (v(y := 2)) ¢ ?sp s_at ?sp = s_at (SForall z part)
by auto
then show SAT o (v(y := z)) (s_at (SForall z part)) ¢
by (auto simp del: fun__upd_apply dest!: SForall(1)[rotated))
qed
qed auto
next
case (SSince spsi sps)
then show ?case
proof (cases )
case (Since ¢ I 1)
show ?thesis
using SSince(3)
unfolding Since
proof (intro SAT _VIO.SSince[of s_at spsi], goal_cases le mem SATY SAT )
case (SATy k)
then show ?case
by (cases k < s__at (hd sps))
(auto 0 3 simp: Let_def elim: map__setE[of _ __ _ k] intro: SSince(2) dest!: sym[of s_at _ Suc
(s_at _)])
qed (auto simp: Let_def intro: SSince(1))
qed auto
next
case (SOnce i sp)
then show ?case
proof (cases ¢)
case (Once I ¢)
show ?thesis
using SOnce
unfolding Once
by (intro SAT _VIO.SOnce[of s_at sp]) (auto simp: Let_def)
qed auto
next
case (SEventually i sp)
then show ?case
proof (cases )
case (Eventually I ¢)
show ?thesis
using SEventually
unfolding FEventually
by (intro SAT _VIO.SEventuallylof _ s _at sp]) (auto simp: Let def)
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qed auto
next
case SHistoricallyOut
then show ?case by (cases ) (auto intro: SAT_VIO.SHistoricallyOut)
next
case (SHistorically i li sps)
then show ?case
proof (cases ¢)
case (Historically I ¢)
{fix k
define j where j_def: j = case right I of co = 0 | enat n = ETP o (1 0 i — n)
assume k_def: k> jANE<iANk<LTPo (toi— left I)
from SHistorically Historically j_def have map: set (map s_at sps) = set [j ..< Suc (LTP_p o i
)
by (auto simp: Let_def)
then have kset: k € set ([j ..< Suc (LTP_p o i I)]) using j def k_def by auto
then obtain z where z: z € set sps s_at x = k using k__def map
unfolding set_map set__eq iff image__iff
by metis
then have SAT o v k ¢ using SHistorically unfolding Historically
by (auto simp: Let_def)
} note x = this
show ?thesis
using SHistorically *
unfolding Historically
by (auto simp: Let__def introl: SAT _VIO.SHistorically)
qed (auto intro: SAT _VIO.intros)
next
case (SAlways ¢ hi sps)
then show “case
proof (cases ¢)
case (Always I ¢)
obtain n where n_ def: right [ = enat n
using SAlways
by (auto simp: Always split: enat.splits)
{fix k
define j where j def: j = LTP o (T 0 i + n)
assume k_def: k< jANk>iANk>ETPo (1 oi+left])
from SAlways Always j_def have map: set (map s_at sps) = set [(ETP_f o i I) ..< Suc j]
by (auto simp: Let_def n__def)
then have kset: k € set ((ETP_f o i) ..< Suc j]) using k_def j_def by auto
then obtain x where z: © € set sps s _at x = k using k_ def map
unfolding set_map set__eq iff image__iff
by metis
then have SAT o v k ¢ using SAlways unfolding Always
by (auto simp: Let_def n__def)
} note * = this
then show ?%thesis
using SAlways
unfolding Always
by (auto simp: Let_def n_ def intro: SAT _VIO.SAlways split: if _splits enat.splits)
qed(auto intro: SAT _VIO.intros)
next
case (SUntil sps spsi)
then show ?case
proof (cases )
case (Until ¢ I )
show ?thesis
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using SUntil(3)
unfolding Until
proof (intro SAT _VIO.SUntillof __ s_at spsi], goal _cases le mem SATvy SAT)
case (SATy k)
then show ?case
by (cases k < s_at (hd sps))

(auto 0 3 simp: Let_def elim: map__setE[of _ __ __ k] intro: SUntil(1))
qed (auto simp: Let def intro: SUntil(2))
qged auto

next
case (SNezxt sp)
then show ?case by (cases @) (auto simp add: Let_def SAT _VIO.SNeuxt)
next
case (SPrev sp)
then show ?case by (cases ¢) (auto simp add: Let_def SAT _VIO.SPrev)
next
case (SMatchP rsp)
then show ?case
by (cases @) (auto intro: SAT _VIO.SMatchP dest!: rs_check sound[rotated, where sat=SAT o v])
next
case (SMatchF rsp)
then show Zcase
by (cases @) (auto intro: SAT _VIO.SMatchF dest!: rs_check sound[rotated, where sat=SAT o v])
next
case VFF
then show ?case by (cases ¢) (auto intro: SAT _VIO.VFF)
next
case VPred
then show ?case by (cases ) (auto intro: SAT _VIO.VPred)
next
case VEq Const
then show ?case by (cases ) (auto intro: SAT_VIO.VEq Const)
next
case VNeg
then show ?case by (cases ) (auto intro: SAT _VIO.VNeg)
next
case VOr
then show ?case by (cases ) (auto intro: SAT_VIO.VOr)
next
case VAndL
then show ?case by (cases ) (auto intro: SAT _VIO.VAndL)
next
case VAndR
then show ?case by (cases ) (auto intro: SAT _VIO.VAndR)
next
case VIimp
then show ?case by (cases ) (auto intro: SAT_VIO.VImp)
next
case VIffSV
then show ?case by (cases ) (auto intro: SAT _VIO.VI[fSV)
next
case VIffVS
then show ?case by (cases ) (auto intro: SAT _VIO.VIffVS)
next
case (VEzists z part)
then show ?case
proof (cases @)
case (Exists y 1)
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show ?thesis unfolding Fxists
proof (intro SAT _VIO.VEzists alll)
fix z
let ?vp = lookup__part part z
from lookup__part_SubsVals[of z part] obtain D where z € D (D, ?uvp) € SubsVals part
by blast
with VEzists(2—) Ewists have v_check (v(y := z)) ¥ %vp v_at 2vp = v_at (VExists x part)
by auto
then show VIO o (v(y := 2)) (v_at (VEzists z part)) v
by (auto simp del: fun__upd_apply dest!: VEzists(1)[rotated))
qed
qged auto
next
case (VForall x z vp)
with VForall(1)[of v(z := z)] show Zcase
by (cases @) (auto intro: SAT _VIO.VForall)
next
case VOnceOut
then show ?case by (cases ) (auto intro: SAT _VIO.VOnceOut)
next
case (VOnce i li vps)
then show ?case
proof (cases ¢)
case (Once I ¢)
{fix k
define j where j_def: j = case right I of co = 0 | enat n = ETP o (1 0 i — n)
assume k_def: k> jANE<iANk<LTPo (toi— left I)
from VOnce Once j_def have map: set (map v_at vps) = set [j ..< Suc (LTP_p o i I)]
by (auto simp: Let_def)
then have kset: k € set ([j ..< Suc (LTP_p o i I)]) using j_def k_def by auto
then obtain z where z: z € set vps v_at x = k using k_def map
unfolding set_map set__eq iff image__iff
by metis
then have VIO o v k ¢ using VOnce unfolding Once
by (auto simp: Let__def)
} note * = this
show ?thesis
using VOnce *
unfolding Once
by (auto simp: Let_def introl: SAT VIO.VOnce)
qed (auto intro: SAT _VIO.intros)
next
case (VEventually © hi vps)
then show ?case
proof (cases @)
case (Eventually I ¢)
obtain n where n_ def: right [ = enat n
using VEventually
by (auto simp: Eventually split: enat.splits)
{fix k
define j where j def: j = LTP o (T 0 i + n)
assume k_def: k< jANk>iANk>FETPo (1 oi+leftl)
from VEventually Eventually j _def have map: set (map v_at vps) = set [(ETP_f o i I) ..< Suc j]
by (auto simp: Let_def n__def)
then have kset: k € set ([(ETP_f o i) ..< Suc j]) using k_def j_def by auto
then obtain z where z: = € set vps v_at © = k using k_def map
unfolding set _map set__eq iff image__iff
by metis
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then have VIO o v k ¢ using VFEventually unfolding FEventually
by (auto simp: Let_def n__def)
} note * = this
then show ?thesis
using VEwventually
unfolding Fventually
by (auto simp: Let_def n__def intro: SAT _VIO.VEventually split: if _splits enat.splits)
qed(auto intro: SAT _VIO.intros)
next
case (VHistorically i vp)
then show Zcase
proof (cases )
case (Historically I o)
show ?thesis
using VHistorically
unfolding Historically
by (intro SAT _VIO.VHistoricallylof v_at vp]) (auto simp: Let def)
qed auto
next
case (VAlways i vp)
then show ?case
proof (cases ¢)
case (Always I ¢)
show ?thesis
using VAlways
unfolding Always
by (intro SAT _VIO.VAlways[of __ v_at vp]) (auto simp: Let_def)
qed auto
next
case VNext
then show ?case by (cases ) (auto intro: SAT _VIO.VNext)
next
case VNextOutR
then show ?case by (cases ¢) (auto intro: SAT _VIO.VNextOutR)
next
case VNextOutL
then show ?case by (cases ¢) (auto intro: SAT _VIO.VNextOutL)
next
case VPrev
then show ?case by (cases @) (auto intro: SAT _VIO.VPrev)
next
case VPrevOutR
then show ?case by (cases ¢) (auto intro: SAT _VIO.VPrevOutR)
next
case VPrevOutL
then show ?case by (cases ) (auto intro: SAT _VIO.VPrevOutL)
next
case VPrevZ
then show ?case by (cases @) (auto intro: SAT _VIO.VPrevZ)
next
case VSinceOut
then show ?case by (cases ¢) (auto intro: SAT _VIO.VSinceOut)
next
case (VSince i vp vps)
then show Zcase
proof (cases )
case (Since ¢ I 1)
{fix k
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assume k_def: k> v _atvp ANk < iANk<LTPo (toi—leftI)
from VSince Since have map: set (map v_at vps) = set ([(v_at vp) ..< Suc (LTP_p o i I)])
by (auto simp: Let_def)
then have kset: k € set ([(v_at vp) ..< Suc (LTP_p o i I)]) using k_def by auto
then obtain z where z: = € set vps v_at © = k using k_def map kset
unfolding set_map set__eq iff image__iff
by metis
then have VIO o v k ¢ using VSince unfolding Since
by (auto simp: Let_def)
} note x = this
show ?thesis
using VSince *
unfolding Since
by (auto simp: Let__def split: enat.splits if _splits
introl: SAT _VIO.VSince|of __ i v_at vp])
qed (auto intro: SAT _VIO.intros)
next
case (VUntil i vps vp)
then show ?case
proof (cases ¢)
case (Until ¢ I )
{fix k
assume k_def: k< vy _atw ANk >iANk>ETPo (1o i+left])
from VUntil Until have map: set (map v_at vps) = set [(ETP_f o i I) ..< Suc (v_at vp)]
by (auto simp: Let__def)
then have kset: k € set (((ETP_f o i) ..< Suc (v_at vp)]) using k_def by auto
then obtain x where z: ¢ € set vps v_at x = k using k_ def map kset
unfolding set_map set__eq iff image__iff
by metis
then have VIO o v k ¢ using VUntil unfolding Until
by (auto simp: Let__def)
} note x = this
then show %thesis
using VUntil
unfolding Until
by (auto simp: Let_ def split: enat.splits if _splits
introl: SAT _VIO.VUntil)
qed(auto intro: SAT _VIO.intros)
next
case (VSincelnf i li vps)
then show ?case
proof (cases @)
case (Since ¢ I 1)
{fix k
define j where j def: j = case right I of oo = 0 | enat n = ETP o (1 0 i — n)
assume k_def: k> jANEk< iANk<LTPo (troi—left)
from VSincelnf Since j_def have map: set (map v_at vps) = set [j ..< Suc (LTP_p o i I)]
by (auto simp: Let_def)
then have kset: k € set ([j ..< Suc (LTP_p o ¢ I)]) using j def k_def by auto
then obtain z where z: z € set vps v_at x = k using k_def map
unfolding set _map set__eq iff image__iff
by metis
then have VIO o v k 9 using VSincelnf unfolding Since
by (auto simp: Let_def)
} note x = this
show ?thesis
using VSincelnf *
unfolding Since
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by (auto simp: Let_def introl: SAT_VIO.VSincelnf)
qged (auto intro: SAT _VIO.intros)
next
case (VUntillnf i hi vps)
then show ?case
proof (cases )
case (Until ¢ I 1)
obtain n where n_ def: right [ = enat n
using VUntillnf
by (auto simp: Until split: enat.splits)
{fix k
define j where j _def: j = LTP o (T 0 i + n)
assume k_def: k< jANk>iANk>FETPo (toi+leftl)
from VUntillnf Until j_def have map: set (map v_at vps) = set [(ETP_f o i 1) ..< Suc j]
by (auto simp: Let_def n__def)
then have kset: k € set ((ETP_f o i 1) ..< Suc j]) using k_def j_def by auto
then obtain z where z: = € set vps v_at © = k using k_def map
unfolding set_map set__eq iff image__iff
by metis
then have VIO o v k ¢ using VUntillnf unfolding Until
by (auto simp: Let_def n__def)
} note x = this
then show ?%thesis
using VUntillnf
unfolding Until
by (auto simp: Let_def n__def intro: SAT _VIO.VUntilInf split: if _splits enat.splits)
qed(auto intro: SAT _VIO.intros)
next
case (VMatchPOut i Tvps)
then show ?case by (cases ) (auto intro: SAT _VIO.VMatchPOut)
next
case (VMatchP i Tvps)
then show “case
proof (cases ¢)
case (MatchP I r)
then have vio: Arvp. rup € set ruvps = Regex_ Proof _System.VIO (VIO o v) (fst (rv_at v_at rvp))
(snd (rv_at v_at Top)) 7
using rv__check__sound[of r __ v_check v VIO o v v_at] VMatchP MatchP
by (auto simp: Let_ def)
{ fix k
define j where j_def: j = ETP o (case right [ of co = 0 | enat n = 7 0 i — n)
assume k_def: k> jANEk< iANk<LTPo (troi—left)
from VMatchP MatchP j_def have map: set (map (fst o rv_at v_at) rvps) = set [j ..< Suc (LTP_p
o i)
by (auto simp: Let__def)
then have kset: k € set ([j ..< Suc (LTP_p o ¢ I)]) using k_def j_def by auto
then obtain rvp where rvp: rvp € set rups fst (ru_at v_at rop) = k
using k_ def kset map
by (auto simp: i LTP_tau set__eq iff image_iff dest: spec[of __ k] simp del: upt.simps)
then have Regex Proof _System.VIO (VIO o v) k i r using VMatchP MatchP vio[of rvp]
by (auto simp: Let_def)
} note x = this
then show ?thesis using VMatchP MatchP
by (auto simp: i ETP_tau intro!: SAT _VIO.VMatchP split: enat.splits)
qed(auto intro: SAT _VIO.intros)
next
case (VMatchF i rvps) then show ?Zcase
proof (cases ¢)
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case (MatchF I r)
then have vio: Arvp. rvp € set rups = Regex__Proof _System.VIO (VIO o v) (fst (ru_at v_at rvp))
(snd (rv_at v_at rvp)) r
using rv__check_sound[of r __ v_check v VIO o v v_at] VMatchF MatchF
by (auto simp: Let__def)
{ fix k
define j where j_def: j = LTP o (case right I of co = 0 | enat n = 7 0 i + n)
assume k_def: k< jANk>iANk>FETPo (toi+left])
from VMatchE MatchF j_def have map: set (map (snd o rv_at v_at) rups) = set [ETP_f o il
.< Suc j]
by (auto simp: Let__def)
then have kset: k € set ([ETP_f o i I ..< Suc j]) using k_def j_def by auto
then obtain rvp where rvp: rvp € set rups snd (rv_at v_at rvp) = k
using k_ def kset map
by (auto simp: i_LTP_tau set_eq_iff image_iff dest: spec[of __ k] simp del: upt.simps)
then have Regex_Proof System.VIO (VIO o v) i k r using VMatchF MatchF violof rvp]
by (auto simp: Let__def)
} note *x = this
then show ?thesis using VMatchF MatchF
by (auto simp: Let_def introl: SAT_VIO.VMatchF)
qed(auto intro: SAT _VIO.intros)
qed

definition compatible X vs v +— (Vz€X. vz € vs 1)
definition compatible_vals X vs = {v. Vz € X. vz € vs z}

lemma compatible_alt:
compatible X vs v <— v € compatible_vals X vs
by (auto simp: compatible_def compatible_vals_def)

lemma compatible__empty_iff: compatible {} vs v <— True
by (auto simp: compatible__def)

lemma compatible_vals_empty__eq: compatible_vals {} vs = UNIV
by (auto simp: compatible_vals__def)

lemma compatible__union_ iff:
compatible (X U Y) vs v «— compatible X vs v A compatible Y vs v
by (auto simp: compatible__def)

lemma compatible_vals_union__eq:
compatible_vals (X U Y) vs = compatible_vals X vs N compatible_vals Y vs
by (auto simp: compatible_vals__def)

lemma compatible_vals _Union__eq:
compatible_vals (Jz€X. Y z) vs = (N2 € X. compatible_vals (Y z) vs)
by (auto simp: compatible _vals__def)

lemma compatible__antimono:
compatible X vs v =Y C X = compatible Y vs v
by (auto simp: compatible__def)
lemma compatible_vals__antimono:
Y C X = compatible_vals X vs C compatible_vals Y vs
by (auto simp: compatible_vals__def)

lemma compatible_extensible:
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(Vz. vs z # {}) = compatible X vs v = X C Y = Fv'. compatible Y vs v' A Vz€X. vz = v’ )
using some__in__eq[of vs _] by (auto simp: override__on__def compatible__def
intro: exI[where z=override_on v (Az. SOME y. y € vs z) (Y—X)])

lemmas compatible__vals__extensible = compatible__extensible[unfolded compatible _alt]

primrec mk_wvalues :: (('n, 'd) trm x ‘a set) list = 'a list set

where mk_values [| = {[|}
| mk_values (T # Ts) = (case T of
vz, X)=

let terms = map fst Ts in
if vz € set terms then
let fst_pos = hd (positions terms (v z)) in (Azs. (zs ! fst_pos) # zs) ‘ (mk_values T5)
else set_Cons X (mk_values Ts)
| (c a, X) = set_Cons X (mk_values T5))

lemma mk_values nempty:
{} ¢ set (map snd tXs) = mk_values tXs # {}
by (induct tXs)
(auto simp: set__Cons__def image__iff split: trm.splits if _splits)

lemma mk_ wvalues not_ Nil:
{} ¢ set (map snd tXs) = tXs # [| = vs € mk_values tXs => vs # |]
by (induct tXs)
(auto simp: set__Cons__def image_iff split: trm.splits if _splits)

lemma mk_wvalues_nth_cong: v x € set (map fst tXs) =
n € set (positions (map fst tXs) (v z)) =
m € set (positions (map fst tXs) (v z)) =
vs € mk_values tXs —
vs!n=ws!m
proof (induct tXs arbitrary: n m vs x)
case (Cons tX tXs)
show ?case
proof (cases n)
case (
then show ?%thesis
proof (cases m)
case (Suc m’)
with 0 show ?thesis
using Cons(2—) Cons.hyps(1)[of x m’ _ tl vs| positions__eq_nil_iff [of map fst tXs trm.Var z]
by (fastforce split: if _splits simp: in__set__conv_nth
Let_def nth__Cons’ gr0__conv_Suc neq_Nil_conv)
qed simp
next
case n: (Suc n’)
then show ?%thesis
proof (cases m)
case (
with n show ?thesis
using Cons(2—) Cons.hyps(1)[of © _ n' tl vs] positions__eq_mnil_iff[of map fst tXs trm.Var z]
by (fastforce split: if _splits simp: in__set__conv_nth
Let__def nth__Cons’ gr0__conv__Suc neq_Nil__conv)
next
case (Suc m’)
with n show ?thesis
using Cons(1)[of z n' m’ tl vs] Cons(2—)
by (fastforce simp: set_Cons__def set_positions__eq split: trm.splits if _splits)
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qed
qed
qged simp

definition mk_wvalues subset p tXs X
+— (let (fintXs, inftXs) = partition (M\tX. finite (snd tX)) tXs in
if inftXs =[] then {p} x mk_values tXs C X
else let inf_dups = filter (MtX. (fst tX) € set (map fst fintXs)) inftXs in
if inf_dups = [] then (if finite X then False else Code.abort STR ''subset on infinite subset” (A_. {p}
x mk_values tXs C X))
else if list_all (A\tX. Maz (set (positions tXs tX)) < Maz (set (positions (map fst tXs) (fst tX))))
inf_dups
then {p} x mk_values tXs C X
else (if finite X then False else Code.abort STR "'subset on infinite subset” (A_. {p} x mk_values
tXs C X)))

lemma mk_values nemptyl: VX € set tXs. snd tX # {} = mk_values tXs # {}
by (induct tXs)
(auto simp: Let_def set__Cons__eq split: prod.splits trm.splits)

lemma infinite__mk_valuesl: VtX € set tXs. snd tX # {} = tY € set tXs =
VY. (fsttY, Y) € set tXs — infinite Y = infinite (mk_values tXs)
proof (induct tXs arbitrary: tY)
case (Cons tX tXs)
show ?case
unfolding Let def image_iff mk_values.simps split__beta
trm.split[of infinite] if _split[of infinite]
proof (safe, goal cases var_in var_out const)
case (var_in z)
hence V tX€set tXs. snd tX # {}
by (simp add: Cons.prems(1))
moreover have ¥V Z. (trm.Var z, Z) € set tXs — infinite Z
using Cons.prems(2,3) var_in
by (cases tY € set tXs; clarsimp)
(metis (no__types, lifting) Cons.hyps Cons.prems(1)
finite_imageD inj_on__def list.inject list.set__intros(2))
ultimately have infinite (mk_values tXs)
using Cons.hyps var_in
by auto
moreover have inj (Azs. zs | hd (positions (map fst tXs) (trm.Var z)) # xs)
by (clarsimp simp: inj_on__def)
ultimately show ?Zcase
using var_in(8) finite_imageD inj_on__subset
by fastforce
next
case (var_out z)
hence infinite (snd tX)
using Cons
by (metis infinite_set_ConsI(2) insert_iff list.simps(15) prod.collapse)
moreover have mk_wvalues tXs # {}
using Cons.prems
by (auto introl: mk_values _nemptyl)
then show ?Zcase
using Cons var_out infinite_set_ConsI(1)[OF «mk_values tXs # {}» <infinite (snd tX)]
by auto
next
case (const c)
hence infinite (snd tX)
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using Cons
by (metis infinite_set ConsI(2) insert_iff list.simps(15) prod.collapse)

moreover have mk_wvalues tXs # {}
using Cons.prems
by (auto introl: mk_values_nemptyl)

then show ?Zcase
using Cons const infinite__set_ConsI(1)[OF <mk_values tXs # {}» <infinite (snd tX)»]
by auto

ged
qed simp

lemma infinite_mk_values2: VtX€set tXs. snd tX # {} =
tY € set tXs = infinite (snd tY) —
Maz (set (positions tXs tY)) > Max (set (positions (map fst tXs) (fst tY))) =
infinite (mk_values tXs)
proof (induct tXs arbitrary: tY)
case (Cons tX tXs)
hence obs!: VtXeset tXs. snd tX # {}
by (simp add: Cons.prems(1))
note IH = Cons.hyps|OF obsl __ <infinite (snd tY)»]
have 0bs2: tY € set tXs =
Mazx (set (positions (map fst tXs) (fst tY))) < Maz (set (positions tXs tY))
using Cons.prems(4) unfolding list.map
by (metis Maz__set_positions_Cons_tl Suc_le _mono positions__eq _nil_iff set__empty2 subset__empty
subset__positions_map__fst)
show ?case
unfolding Let def image iff mk_values.simps split__beta
trm.split|of infinite] if _split[of infinite]
proof (safe, goal _cases var_in var_out const)
case (var_in x)
then show ?Zcase
proof (cases tY € set tXs)
case True
hence infinite (AXs. Xs | hd (positions (map fst tXs) (trm.Var z)) # Xs) * mk_values tXs)
using IH[OF True 0bs2[OF True]| finite__imageD inj_on__def by blast
then show Fulse
using var_in by blast
next
case Fulse
have Maz (set (positions (map fst (tX # tXs)) (fst tY)))
= Suc (Max (set (positions (map fst tXs) (fst tY))))
using Cons.prems var_in
by (simp only: list.map(2))
(subst Maz__set_positions__Cons__tl; force simp: image__iff)
moreover have tY ¢ set tXs = Max (set (positions (tX # tXs) tY)) = (0::nat)
using Cons.prems Max__set_positions__Cons__hd by fastforce
ultimately show Fulse
using Cons.prems(4) False
by linarith
qed
next
case (var_out z)
then show ?Zcase
proof (cases tY € set tXs)
case True
hence infinite (mk_values tXs)
using [H obs2 by blast
hence infinite (set_Cons (snd tX) (mk_values tXs))
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by (metis Cons.prems(1) infinite_set_ ConsI(2) list.set_intros(1))
then show Fulse
using var_out by blast
next
case False
hence snd tY = snd tX and infinite (snd tX)
using var_out Cons.prems
by auto
hence infinite (set_Cons (snd tX) (mk_values tXs))
by (simp add: infinite__set__ConsI(1) mk_values_nemptyl obsl)
then show Fulse
using var_out by blast
qed
next
case (const c)
then show ?Zcase
proof (cases tY € set tXs)
case True
hence infinite (mk_values tXs)
using I/H obs2 by blast
hence infinite (set_Cons (snd tX) (mk_values tXs))
by (metis Cons.prems(1) infinite_set_ConsI(2) list.set_intros(1))
then show Fulse
using const by blast
next
case False
hence infinite (set_Cons (snd tX) (mk_values tXs))
using const Cons.prems
by (simp add: infinite__set__ConsI(1) mk_values_nemptyl obsl)
then show False
using const by blast
qed
ged
qed simp

lemma mk_values_subset_iff: VtX € set tXs. snd tX # {} =
mk_values__subset p tXs X <— {p} X mk_values tXs C X
unfolding mk_wvalues subset_def image_iff Let_def comp_ def split__beta if split_eql
partition__filter! partition_ filter2 o__def set_map set_filter filter_filter bex_ simps
proof safe
assume YV tX€set tXs. snd tX # {} and finite X
and filterl: filter (Azy. infinite (snd zy) A (Fab. (ab € set tXs A finite (snd ab)) A fst zy = fst ab))
tXs = |]
and filter2: filter (Az. infinite (snd z)) tXs # ||
then obtain ¢Y where tY € set tXs and infinite (snd tY)
by (meson filter_False)
moreover have VY. (fst tY, Y) € set tXs — infinite YV
using filter! calculation
by (auto simp: filter_empty__conv)
ultimately have infinite (mk_values tXs)
using infinite_mk_valuesl [OF ¥V tX€set tXs. snd tX # {})]
by auto
hence infinite ({p} x mk_values tXs)
using finite cartesian_productD2 by auto
thus {p} x mk_values tXs C X = Fulse
using (finite X>»
by (simp add: finite__subset)
next
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assume V tX€set tXs. snd tX # {}
and finite X
and ez dupl inf: = list_all (A\tX. Max (set (positions tXs tX))
< Maz (set (positions (map fst tXs) (fst tX))))

(filter (Azy. infinite (snd zy) A (3 ab. (ab € set tXs A finite (snd ab)) A fst xy = fst ab)) tXs)

and filter: filter (\z. infinite (snd z)) tXs # ||

then obtain tY and Z where tY € set tXs
and infinite (snd tY)
and (fst tY, Z) € set tXs
and finite Z
and Max (set (positions tXs tY)) > Maz (set (positions (map fst tXs) (fst tY)))
by (auto simp: list_all_iff)

hence infinite (mk_values tXs)
using infinite_mk_values2[OF ¥V tX€set tXs. snd tX # {P «tY € set tXs]
by auto

hence infinite ({p} x mk_values tXs)
using finite__cartesian__productD2 by auto

thus {p} x mk_values tXs C X = Fulse
using «(finite X»
by (simp add: finite__subset)

qged auto

lemma mk_wvalues sound: cs € mk_wvalues (vs{ts}) =
Jvecompatible_vals (fv (r T ts)) vs. cs = v[[ts]
proof (induct ts arbitrary: cs vs)
case (Cons t ts)
show ?case
proof (cases t)
case (Var z)
let ?Ts = vs{ts}
have vs{(t # ts)[} = (v z, vs x) # ?Ts
using Var by (simp add: eval _trms__set_def)
show ?thesis
proof (cases v z € set ts)
case True
then obtain n where n_in: n € set (positions ts (v z))
and nth n:ts!' n=vz
by (meson fst_pos_in__positions nth__fst_pos)
hence n_in": n € set (positions (map fst ?Ts) (v ))
by (induct ts arbitrary: n)
(auto simp: eval _trms__set_def split: if _splits)
have key: v z € set (map fst ?Ts)
using True by (induct ts)
(auto simp: eval _trms__set_def)
then obtain a as
where as_head: as ! (hd (positions (map fst ?Ts) (v z))) = a
and as_tail: as € mk_values ?Ts
and as_shape: cs = a # as
using Cons(2)
by (clarsimp simp add: eval _trms_set_def Var image__iff)
obtain v where v_hyps: v € compatible_wvals (fv (r T ts)) vs
as = v[ts]
using Cons(1)[OF as_tail] by blast
hence as’_nth: as ! n=vz
using nth_n positions_length|OF n__in|
by (simp add: eval_trms__def)
have evals _neq Nil: ?Ts # ||
using key by auto
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moreover have positions (map fst ?Ts) (v z) # [|
using positions__eq_nil_iff[of map fst ?Ts v z] key
by fastforce
ultimately have as_hyp: a = as ! n
using mk_values_nth__cong[OF key hd__in__set n_in’ as__tail] as_head by blast
thus ?thesis
using Var as_shape True v_hyps as’_nth
by (auto simp: compatible_vals__def eval _trms_def intro!: exI[of _ v])
next
case False
hence x: v z ¢ set (map fst ?7T5)
proof (induct ts arbitrary: x)
case (Cons a ts)
then show ?Zcase
by (cases a) (auto simp: eval_trms_set_def)
qed (simp add: eval_trms_set_def)
from Cons(2) False show ?thesis
unfolding set_Cons_def eval trms_set def Let_def list.simps Var
x| THEN eq_False|[ THEN iffD2], unfolded eval trms_set_def] if False
mk__values.simps eval _trm__set.simps prod.case trm.case mem__Collect__eq
proof (elim exE conjE, goal_cases)
case (1 a as)
with Cons(1)[of as vs] obtain v where v € compatible wvals (fv (r } ts)) vs as = v[[ts]
by (auto simp: eval_trms_set_ def)
with I show ?case
by (auto simp: eval _trms_set_def eval _trms__def compatible_vals_def in_fu_trm__conv
introl: exl[of _ v(z := a)] eval_trm__fu_cong)
qed
qed
next
case (Const c)
then show ?thesis
using Cons(1)[of __ vs] Cons(2)
by (auto simp: eval_trms_set_def set_Cons__def
eval__trms__def compatible__def)
ged
qed (simp add: eval_trms_set_def eval trms_def compatible_vals_def)

lemma fst_eval trm__set[simp]:

fst (vs{t}) = ¢

by (cases t; clarsimp)

lemma mk_values complete: cs = v[ts] =
v € compatible_vals (fv (r t ts)) vs =
cs € mk_values (vs{tsf})
proof (induct ts arbitrary: v cs vs)
case (Cons t ts)
then obtain a as
where a_def: a = v[t]
and as_def: as = v[ts]
and cs_cons: ¢s = a # as
by (auto simp: eval trms__def)
have compat_v_wvs: v € compatible_vals (fv (r } ts)) vs
using Cons.prems
by (auto simp: compatible _vals__def)
hence mk_values_ts: as € mk_values (vs{ts]})
using Cons.hyps|OF as__ def]
unfolding eval trms_set_def by blast
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show ?case
proof (cases t)
case (Var z)
then show %thesis
proof (cases v z € set ts)
case True
then obtain n
where n__head: n = hd (positions ts (v z))
and n_in: n € set (positions ts (v z))
and nth n:ts'n=vax
by (simp__all add: hd_positions__eq_fst_pos nth__fst_pos fst_pos__in__positions)
hence n_in": n = hd (positions (map fst (vs{ts})) (v z))
by (clarsimp simp: eval_trms_set_def o__def)
moreover have as ! n = a
using a_ def as_def nth_n Var n_in True positions_length
by (fastforce simp: eval_trms__def)
moreover have v z € set (map fst (vs{ts}))
using True by (induct ts)
(auto simp: eval trms_set_def)
ultimately show ?thesis
using mk_values _ts cs_cons
by (clarsimp simp: eval_trms_set_def Var image_iff)
next
case Fulse
then show ?thesis
using Var cs_cons mk_wvalues ts Cons.prems a__def
by (clarsimp simp: eval_trms__set_def image__iff
set__Cons__def compatible_vals__def split: trm.splits)
qed
next
case (Const a)
then show ?thesis
using cs_cons mk_values_ts Cons.prems a__def
by (clarsimp simp: eval _trms_set_def image_iff
set_Cons__def compatible_vals__def split: trm.splits)
ged
qed (simp add: compatible_vals_def
eval__trms__set__def eval_trms__def)

definition mk_values_subset_Compl r vs ts i = ({r} x mk_values (vs{ts}) C — T o i)

fun check values where
check _wvalues ~ None = None
| check_values vs (c ¢ # ts) (u # us) f = (if ¢ = u then check_values vs ts us f else None)
| check_wvalues vs (v z # ts) (u # us) (Some v) = (if u € vs z A (vz = Some u V vz = None) then
check _values vs ts us (Some (v(z — u))) else None)
| check_values vs [| [| f = f
| check_values _ = None

lemma mk_ wvalues alt:
mk_values (vs{ts}}) =
{cs. Fvecompatible _vals (| (fu_trm * set ts)) vs. cs = v[ts]}
by (auto dest!: mk_values_sound intro: mk_values__complete)

lemma check_wvalues _neq Nonel:

assumes v € compatible_vals (U (fv_trm ‘ set ts) — dom f) vs Az y. fo = Some y = y € vs ¢

shows check_values vs ts ((Az. case fz of None = v z | Some y = y)[ts]) (Some f) # None
using assms
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proof (induct ts arbitrary: f)
case (Cons t ts)
then show ?case
proof (cases t)
case (Var z)
show ?thesis
proof (cases f z)
case None
with Cons(2) Var have v_in[simp]: vz € vs
by (auto simp: compatible _vals_def)
from Cons(2) have v € compatible_vals (|J (fu_trm * set ts) — dom (f(z — v z))) vs
by (auto simp: compatible_vals__def)
then have check values vs ts
((Az. case (f(z — v x)) 2z of None = v z | Some y = y)[ts])
(Some (f(z — v z))) # None
using Cons(8) None Var
by (intro Cons(1)) (auto simp: compatible _vals__def split: if _splits)
then show ?thesis
by (elim eq_neq _eq _imp_neq[OF __ __ refl, rotated))
(auto simp add: eval trms_def compatible_vals_def Var None split: if _splits option.splits
introl: arg_cong2lof _ __ __ __ check_wvalues vs ts] eval_trm__fu_cong)
next
case (Some y)
with Cons(1)[of f] Cons(2—) Var fun__upd_triv[of f z] show ?thesis
by (auto simp: doml eval _trms__def compatible_wvals_def split: option.splits)
qed
next
case (Const c)
with Cons show ?thesis
by (auto simp: eval_trms_def compatible _vals_def split: option.splits)
qed
qed (simp add: eval_trms__def)

lemma check_wvalues _eq Nonel:
Y vecompatible_vals (\J (fu_trm * set ts) — dom f) vs. us # (Az. case f x of None = v z | Some y =
ylts] =
check_wvalues vs ts us (Some f) = None
proof (induct vs ts us Some f arbitrary: f rule: check_values.induct)
case (3 vs z ts u us v)
show ?case
unfolding check_values.simps if _split_eql simp__thms
proof (intro impl 3(1), safe, goal_cases)
case (1 v')
with 8(2) show ?case
by (auto simp: insert_dom doml eval trms_def introl: eval trm_ fu_cong split: if splits dest!:
bspeclof _ __ v'])
next
case (2 v')
with 3(2) show ?case
by (auto simp: insert_dom domlI compatible_vals_def eval _trms__def introl: eval trm__fu_cong split:
if _splits option.splits dest!: speclof __ v'(z := u)])
qed
qed (auto simp: compatible_vals__def eval _trms__def)

lemma mk_values__subset_Compl__code[code]:

mk_values__subset_Complrvstsi = (V(q, us) €T o i. ¢ # r V check_values vs ts us (Some Map.empty)
= None)

unfolding mk_values subset_Compl_def eval _trms__set_def[symmetric] mk_values__alt
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proof (safe, goal_cases)
case (I _ usy)
then show ?Zcase
by (auto simp: subset__eq check_values _eq Nonel[where f=Map.empty, simplified] dest!: spec[of _
us])
qed (auto simp: subset_eq dest!: check_values_neq Nonel[where f=Map.empty, simplified])

9.2 Executable Variant of the Checker

fun s check exec :: ('n, 'd) envset = ('n, 'd) formula = ('n, 'd) sproof = bool

and v_check_exec :: ('n, 'd) envset = ('n, 'd) formula = ('n, 'd) vproof = bool where
s_check__exec vs f p = (case (f, p) of

(T, STT i) = True

| (r 1 ts, SPred i s ts’) =
(r=s A ts=ts' A mk_values_subset v (vs{tsf}) (T o 7))

| (x= ¢, SEq Constiz' c¢')=

(c=c'Az=1z"ANvsz={c})

o

(—r ¢, SNeg vp) = v__check__exec vs ¢ vp

(¢ VF 4, SOrL spl) = s__check__exec vs ¢ spl

(¢ VF ¥, SOTR sp2) = s_check__exec vs ¢ sp2

(¢ Ar ¥, SAnd spl sp2) = s_check__exec vs ¢ spl A s_check_exec vs ¥ sp2 A s_at spl = s_at sp2
(p —F ¥, SImpL vpl) = v_check_exec vs ¢ vpl

(¢ —F ¥, SImpR sp2) = s_check__exec vs ¢ sp2

(¢ «—Fr ¢, SIfSS spl sp2) = s_check_exec vs @ spl N s_check_exec vs 1p sp2 N s_at spl = s_at

sp2

|
|
|
|
|
|
\
P
| (¢ «—rF ¥, SIffVV upl vp2) = v__check__exec vs o vpl A v_check_exec vs 1 vp2 A v_at vpl = v_at
vp2
| @rz. ¢, SEzists y val sp) = (x = y N s_check_exec (vs (z := {val})) ¢ sp)
| (Vrz. @, SForall y sp_part) = (let i = s__at (part_hd sp__part)
inz=1yA (V(sub, sp) € SubsVals sp_part. s_at sp = i N s_check_exec (vs (z := sub)) ¢ sp))
| (Y I ¢, SPrev sp) =
(let j = s_at sp; i = s_at (SPrev sp) in
it =j+1 AN mem (A o i) I \Ns_check ezxec vs ¢ sp)
| (X I ¢, SNext sp) =
(let j = s_at sp; i = s_at (SNext sp) in
j=1i+1 A mem (A o j) I Ns_check ezxec vs ¢ sp)
| (P I ¢, SOnce i sp) =
(let j = s_at sp in
j<iAmem (Troi—7o0cj)INANs chek exec vs ¢ sp)
| (F I ¢, SEventually i sp) =
(let j = s_at sp in
j>iAmem (Toj—7oi)lANs check exec vs ¢ sp)
| (H I ¢, SHistoricallyOut i) =
Toi<To 0+ left!
| (H I ¢, SHistorically i li sps) =
(li = (case right I of oo = 0 | enat b = ETP o (1 0 i — b))
ANTo0+leftl<Toi
A map s_at sps = [li ..< (LTP_po il)+ 1]
A (Vsp € set sps. s__check__exec vs ¢ sp))
| (G I ¢, SAlways i hi sps) =
(hi = (case right I of enat b = LTP_f o i b)
A right I # oo
A map s_at sps = [(ETP_f o il) ..< hi + 1]
A (Vsp € set sps. s_check__exec vs ¢ sp))
| (¢ S I, SSince sp2 spls) =
(let i = s_at (SSince sp2 spls); j = s_at sp2 in
j<iAmem (troi—T1o0j) I
A map s_at spls = [j+1 ..< i+1]
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N s__check__exec vs Y sp2
A (Vspl € set spls. s _check_exec vs ¢ spl))
| (¢ U I v, SUntil spls sp2) =
(let i = s_at (SUntil spls sp2); j = s_at sp2 in
j>iAmem (tToj—T101)l
A map s_at spls = [i ..< j| N\ s_check__exec vs ¢ sp2
A (Vspl € set spls. s_check_exec vs ¢ spl))
| (@ Ir, SMatchP rsp) =
(let (4, i) =rs_ats_atrspinj < i A mem (1t oi—70cj) INArs_check (s_check_exec vs) s_at r
rsp)
| (> Ir, SMatchF rsp) =
(let (i,j) =rs_ats_atrspini < jAmem (1t oj—7o0ci)lArs_check (s_check_exec vs) s_at r
7sp)
| (_,_) = False)
| U_check_exec vs fp = (case (f, p) of
(L, VFF i) = True
| (rtts, VPred i pred ts') =
(r = pred A ts = ts’ A mk_wvalues_subset_Compl r vs ts i)
| (x = ¢, VEq_Constiz'c') =
(c=c'ANz=z"ANc¢uvsa)
| (—=F ¢, VNeg sp) = s_check__exec vs ¢ sp
| (¢ VF ¥, VOr vpl vp2) = v_check_exec vs ¢ vpl A v_check_exec vs ¢ vp2 A v_at vpl = v_at vp2
| (¢ AF %, VAndL vpl) = v__check__exec vs ¢ vpl
| (¢ AF %, VAndR vp2) = v__check_exec vs 1 vp2
| (¢ —F ¥, VImp spl vp2) = s_check_exec vs ¢ spl N v_check_exec vs 1 vp2 A s_at spl = v_at
vp2
| (p «—F o, VISV spl vp2) = s_check_exec vs ¢ spl N v_check_exec vs ¥ vp2 N s_at spl = v_at
vp2
| (p +—rF o, VIffVS vpl sp2) = v__check__exec vs ¢ vpl A s_check_exec vs ¥ sp2 N v_at vpl = s_at
sp2
| @rz. @, VEzists y vp_part) = (let i = v_at (part_hd vp_part)
inz =1y A (V(sub, vp) € SubsVals vp_part. v_at vp = i A v_check_ezxec (vs (z := sub)) ¢ vp))
| (Vrz. @, VForall y val vp) = (z = y A v_check_exec (vs (z := {wval})) ¢ vp)
| (Y I ¢, VPrev vp) =
(let j = v_at vp; © = v_at (VPrev vp) in
i = j+1 A v_check_exec vs ¢ vp)
| (Y I ¢, VPrevZ) = True
| (Y I ¢, VPrevOutL i) =
i1>0NAoci<left]
| (Y I ¢, VPrevOutR i) =
t> 0 A enat (A o i) > right I
| (X I ¢, VNext vp) =
(let 5 = v_at vp; ¢ = v_at (VNext vp) in
j = 1i+1 A v_check_exec vs ¢ vp)
| (X I ¢, VNextOutL i) =
Ao (i+1) < left I
| (X I ¢, VNextOutR i) =
enat (A o (i+1)) > right I
| (P I ¢, VOnceOut i) =
Toi<To 0+ left]
| (P I ¢, VOnce ili vps) =
(li = (case right I of co = 0 | enat b = ETP_p o i b)
ANTo0+leftl<To1
A map v_at vps = [li .< (LTP_poil) + 1]
A (Vup € set vps. v_check exec vs ¢ up))
| (F I ¢, VEventually © hi vps) =
(hi = (case right I of enat b = LTP_f o i b) A right [ # oo
A map v_at vps = [(ETP_f o il).< hi+ 1]
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A (Yup € set vps. v__check__exec vs @ vp))
| (H I ¢, VHistorically i vp) =
(let 5 = v_at vp in
j<iAmem (roi—7ocj) INuv_check_exec vs p vp)
| (G I ¢, VAlways i vp) =
(let j = v_at vp
inj>iAmem (troj—7oi)l Auv_check_exec vs ¢ vp)
| (¢ S I, VSinceOut i) =
Toi<To 0+ left]
| (¢ S I, VSince i vpl vp2s) =
(let j = v_at vpl in
(case right I of oo = True | enat b = ETP_po ib<j ANj<i
ANTo 0 +leftl <To0i
A map v_at vp2s = [j ..< (LTP_p o i I) + 1] A v_check_exec vs ¢ vpl
A (Vup2 € set up2s. v_check_exec vs 1 vp2))
| (¢ S I v, VSincelnf i li vp2s) =
(li = (case right I of co = 0 | enat b = ETP_p o i b)
ANTo0+leftl<Toi1
A map v_at vp2s = [li ..< (LTP_poil) + 1]
A (Y up2 € set vp2s. v__check_exec vs ¥ vp2))
| (¢ U I 4, VUntil i vp2s vpl) =
(let j = v_at vpl in
(case right I of 0o = True | enat b= j < LTP_fo ib) Ni<j
A map v_at vp2s = [ETP_f o il ..< j+ 1] A v_check_ezxec vs ¢ vpl
A (Vup2 € set up2s. v_check_ezxec vs 1 vp2))
| (¢ U I 4, VUntillnf i hi vp2s) =
(hi = (case right I of enat b = LTP_f o i b) A right I # oo
A map v_at vp2s = [ETP_fo il ..< hi + 1]
A (Y up2 € set vp2s. v_check__exec vs ¥ vp2))
| (@ Ir, VMatchPOuti) = 1o i<To 0+ left ]
| (@ Ir, VMatchP i rups) =
(let j = ETP o (case right I of co = 0 | enat n = 7 0 { — n)
inToi>71T0o 0+ left I N map (fst o ru_at v_at) rups = [j ..< Suc (LTP_p o i I)] A
(Vrup € set rups. ru_check (v_check _exec vs) v_at r rup A snd (rv_at v_at rup) = 1))
| (> Ir, VMatchF i rvps) =
(let j = LTP o (case right I of oo = 0 | enat n = 7 0 i + n)
in map (snd o rv_at v_at) rops = [ETP_f o i I ..< Suc j] A right I # co A
(Vrup € set rups. ru_check (v_check exec vs) v_at r rup A fst (rv_at v_at Tvp) = 1))
| (_,_) = False)

declare s_check__exec.simps[simp del] v__check__exec.simps[simp del]

simps_ of _case s_check_exec__simps[simp, code]: s_check__exec.simps[unfolded prod.case] (splits: for-
mula.split sproof .split)

simps__of _case u__check__exec__simps[simp, code]: v_check__exec.simps[unfolded prod.case] (splits: for-
mula.split vproof .split)

lemma check_fu_cong:
assumes Vz € fo p. vz = v’ x
shows s_check v ¢ sp «— s_check v’ ¢ sp v_check v o vp +— v_check v’ v vp
using assms
proof (induct o arbitrary: v v’ sp vp)
case TT
{
case I
then show ?case
by (cases sp) auto
next
case 2
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then show ?case
by (cases vp) auto
}
next
case FF
{
case I
then show ?case
by (cases sp) auto
next
case 2
then show ?case
by (cases vp) auto
}
next
case (Pred p ts)
{
case 1
with Pred show ?case using eval_trms_fu_cong[of ts v v/]
by (cases sp) auto
next
case 2
with Pred show ?case using eval_trms_fu_cong[of ts v v/]
by (cases vp) auto

}

case (Eq_Const z ¢)
{
case I
then show ?case
by (cases sp) auto
next
case 2
then show “case
by (cases vp) auto
}
next
case (Neg @)
{
case I
with Neg[of v v'] show ?case
by (cases sp) auto
next
case 2
with Neg[of v v'] show ?case
by (cases vp) auto
}
next
case (Or ¢l ¢2)
{
case I
with Or[of v v'] show ?case
by (cases sp) auto
next
case 2
with Or[of v v'] show ?case
by (cases vp) auto

}

next
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case (And p1 p2)
{
case I
with And[of v v'] show ?case
by (cases sp) auto
next
case 2
with And[of v v'] show ?case
by (cases vp) auto

next
case (Imp ¢l p2)
{
case I
with Imp[of v v'] show ?case
by (cases sp) auto
next
case 2
with Imp[of v v'] show ?case
by (cases vp) auto
}

next
case (Iff o1 ¢2)
{
case I
with Iff[of v v'] show ?case
by (cases sp) auto
next
case 2
with Iff[of v v'] show ?case
by (cases vp) auto
}

next
case (Ezists z )
{
case I
with Ezists[of v(z := z) v'(z := 2) for 2] show ?case
by (cases sp) (auto simp: fun__upd__def)
next
case 2
with FEzists[of v(z := z) v'(z := 2) for 2] show ?case
by (cases vp) (auto simp: fun__upd_ def)
}

next
case (Forall z ¢)
{
case I
with Forall[of v(z := 2) v'(z := 2) for z] show ?case
by (cases sp) (auto simp: fun__upd__def)
next
case 2
with Forall[of v(z := z) v'(z := 2) for 2] show ?case
by (cases vp) (auto simp: fun__upd_def)
}

next
case (Prev I @)

{

case 1
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with Prev|of v v'] show ?case
by (cases sp) auto
next
case 2
with Prev|of v v'] show ?case
by (cases vp) auto
}

next
case (Next I )
{
case I
with Nezt[of v v] show ?case
by (cases sp) auto
next
case 2
with Nezt[of v v] show ?case
by (cases vp) auto
}

next
case (Once I ¢)
{
case I
with Oncelof v v'] show ?case
by (cases sp) auto
next
case 2
with Oncelof v v'] show Zcase
by (cases vp) auto
}

next
case (Historically I ¢)
{
case 1
with Historically[of v v'] show ?case
by (cases sp) auto
next
case 2
with Historically[of v v'] show ?case
by (cases vp) auto
}

next
case (Bventually I ¢)
{
case 1
with Eventually[of v v'] show ?case
by (cases sp) auto
next
case 2
with Eventually[of v v'] show ?case
by (cases vp) auto

next
case (Always I @)
{
case I
with Always[of v v'] show ?case
by (cases sp) auto
next
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case 2
with Always[of v v'] show ?case
by (cases vp) auto
}

next
case (Since p1 I p2)
{
case I
with Sincelof v v'] show ?case
by (cases sp) auto
next
case 2
with Sincelof v v'] show ?case
by (cases vp) auto
}

next
case (Until o1 I p2)
{
case I
with Until[of v v'] show ?case
by (cases sp) auto
next
case 2
with Until[of v v] show ?case
by (cases vp) auto
}

next
case (MatchP I r)
{
case I
with MatchP[of _ v v'] show ?case
by (cases sp) (auto simp: collect__alt elim!: rs__check_cong|THEN iffD1, rotated —1])
next
case 2
with MatchP[of _ v v'] show ?case
by (cases vp) (auto simp: collect _alt Let_def elim!: ru_check_cong[THEN iffD1, rotated —1])

next
case (MatchF I 1)
{
case I
with MatchF[of _ v v'] show ?case
by (cases sp) (auto simp: collect__alt elim!: rs__check_cong|THEN iffD1, rotated —1])
next
case 2
with MatchF[of _ v v'] show ?case
by (cases vp) (auto simp: collect_alt Let__def elim!: ru_check_cong|THEN iffD1, rotated —1])
}

qed

lemma s _check_fun_upd_notin[simp]:
z & fop =>s_ check (v(z :=1t)) ¢ sp = s_check v ¢ sp
by (rule check_fu_cong) auto

lemma v_check_fun_upd_notin[simp]:
z & fop = v_check (v(z :==t)) ¢ sp
by (rule check_fu_cong) auto

v__check v ¢ sp

lemma SubsVals _nonempty: (X, t) € SubsVals part = X # {}
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by transfer (auto simp: partition__on__def image__iff)

lemma compatible_vals_nonemptyl: V. vs & # {} = compatible_vals A vs # {}
by (auto simp: compatible_wvals__def intro!: bchoice)

lemma compatible_vals_fun__upd: compatible_vals A (vs(z := X)) =
(if z € A then {v € compatible_vals (A — {z}) vs. vz € X} else compatible _vals A vs)
unfolding compatible_wvals def
by auto

lemma fun_upd in_compatible vals: v € compatible _wvals (A — {z}) vs => v(z := t) € compatible_vals
(A = {z}) vs

unfolding compatible_vals_def

by auto

lemma fun_upd in_compatible_wvals_in: v € compatible_vals (A — {z}) vs =t € vs z = v(z := 1)
€ compatible_vals A vs

unfolding compatible wvals def

by auto

lemma fun_upd_in_compatible_vals_notin: x ¢ A = v € compatible_vals A vs = v(z := t) €
compatible_vals A vs

unfolding compatible_wvals def

by auto

lemma check exec check:
assumes Vz. vs ¢ # {}
shows s _check exec vs ¢ sp «— (Vv € compatible_vals (fv p) vs. s_check v ¢ sp)
and v_check_exec vs ¢ vp <— (Vv € compatible_vals (fv ¢) vs. v_check v ¢ vp)
using assms
proof (induct ¢ arbitrary: vs sp vp)
case TT
{
case I
then show ?case using compatible__vals_nonemptyl
by (cases sp)
auto
next
case 2
then show ?case using compatible__vals _nonemptyl
by auto
}
next
case FF
{
case I
then show ?case using compatible__vals_nonemptyl
by (cases sp)
auto
next
case 2
then show ?case using compatible__vals_nonemptyl
by (cases vp)
auto
}

next
case (Pred p ts)

{
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case I
have obs: VtXeset (vs{ts]}). snd tX # {}
using Vz. vs ¢ # {P
proof (induct ts)
case (Cons a ts)
then show “case
by (cases a) (auto simp: eval _trms__set_def)
qed (auto simp: eval__trms__set_def)
show ?case
using 1 compatible_vals_nonemptyl [OF 1]
mk_values__complete[OF refl, of __ p ts vs] mk_values_sound[of __ vs ts p]
by (cases sp)
(auto 6 0 simp: mk_values _subset_iff[OF obs] simp del: fv.simps)
next
case 2
then show ?case using compatible_vals nonemptyl [OF 2]
mk_values__complete[OF refl, of __ p ts vs] mk_values_sound[of __ vs ts p]
by (cases vp)
(auto 6 0 simp: mk_values__subset_ Compl__def eval_trms_set_def simp del: fv.simps)
}
next
case (Eq_ Const  ¢)
{
case I
then show ?case
by (cases sp) (auto simp: compatible _vals__def)
next
case 2
then show ?case
by (cases vp) (auto simp: compatible _vals_def)

next
case (Neg )
{
case I
then show ?Zcase
using Neg.hyps(2) compatible_vals _nonemptyl [OF 1]
by (cases sp) auto
next
case 2
then show ?case
using Neg.hyps(1) compatible_vals_nonemptyl[OF 2]
by (cases vp) auto
}
next
case (Or ¢l ¢2)
{
case I
with compatible_vals_nonemptyl[OF 1, of fv 91 U fv ¢2] show ?case
proof (cases sp)
case (SOrL sp’)
from check_fu_cong(1)[of @1 _ _ sp’| show ?thesis
unfolding SOrL s_check__exec__simps s__check__simps fv.simps Or(1)[OF 1, of sp’]
by (metis (mono__tags, lifting) 1 IntE Un__upperl compatible _vals__extensible compatible__vals_union__eq)
next
case (SOrR sp’)
from check_fu_cong(1)[of v2_ _ sp’] show ?thesis
unfolding SOrR s_check__exec__simps s__check__simps fv.simps Or(3)[OF 1, of sp’]
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by (metis (mono__tags, lifting) 1 IntE Un__upper2 compatible _vals__extensible compatible_vals_union__eq)
qed (auto simp: compatible_vals_union__eq)
next
case 2
with compatible_vals_nonemptyl [OF 2, of fv 1 U fv ¢2] show ?case
proof (cases vp)
case (VOr vpl vp2)
from check fv_cong(2)[of ¢1 _ _ wpl] check_fv_cong(2)[of ¢2 _ _ vp2] show ?thesis
unfolding VOr v_check__exec_simps v__check__simps fv.simps ball__conj__distrib
Or(2)[OF 2, of vp1] Or(4)[OF 2, of vp2]
ball_triv_nonempty[OF compatible_vals_nonemptyl [OF 2, of fu ¢1 U fv p2]]
proof (intro arg_cong2[of _ _ _ _ (N)] refl, goal_cases p1 ©2)
case @1
then show ?case
by (metis (mono__tags, lifting) 2 IntE Un__upper1 compatible_vals__extensible compatible _vals_union__eq)
next
case @2
then show ?case
by (metis (mono__tags, lifting) 2 IntE Un__upper2 compatible__vals__extensible compatible_vals_union__eq)
qed
qed (auto simp: compatible__vals_union__eq)
}
next
case (And p1 p2)
{
case I
with compatible _vals_nonemptyl[OF 1, of fu p1 U fv 2] show ?case
proof (cases sp)
case (SAnd spl sp2)
from check_fuv_cong(1)[of p1 _ __ spl] check_fu_cong(1)[of ¢2 _ _ sp2] show ?thesis
unfolding SAnd s_check__exec__simps s_check__simps fv.simps ball__conj_distrib
And(1)[OF 1, of sp1] And(3)[OF 1, of sp2]
ball_triv_nonempty[OF compatible _vals_nonemptyl[OF 1, of fu p1 U fu v2]]
proof (intro arg_cong2[of _ _ _ _ (N)] refl, goal_cases p1 p2)
case @1
then show “case
by (metis (mono__tags, lifting) 1 IntE Un__upperl compatible _vals__extensible compatible_vals_union__eq)
next
case @2
then show ?case
by (metis (mono__tags, lifting) 1 IntE Un__upper2 compatible__vals__extensible compatible_vals_union__eq)
qed
qed (auto simp: compatible_vals_union__eq)
next
case 2
with compatible_vals_nonemptyl[OF 2, of fv 1 U fv ¢2] show ?case
proof (cases vp)
case (VAndL vp")
from check_fu_cong(2)[of w1 _ __ vp'| show ?thesis
unfolding VAndL v__check__exec__simps v__check_simps fv.simps And(2)[OF 2, of vp’]
by (metis (mono__tags, lifting) 2 IntE Un__upperl compatible _vals__extensible compatible_vals_union__eq)
next
case (VAndR vp')
from check_fu_cong(2)[of w2 _ __ vp'| show ?thesis
unfolding VAndR v_check_exec_simps v__check__simps fv.simps And(4)[OF 2, of vp’]
by (metis (mono__tags, lifting) 2 IntE Un__upper2 compatible__vals__extensible compatible_vals_union__eq)
qed (auto simp: compatible_vals_union__eq)

}
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next
case (Imp p1 p2)
{
case I
with compatible_vals_nonemptyl [OF 1, of fu 91 U fv ¢2] show ?case
proof (cases sp)
case (SImpL vp’)
from check_fu_cong(2)[of w1 _ _ vp'| show ?thesis
unfolding STmpL s_check__exec__simps s__check__simps fv.simps Imp(2)[OF 1, of vp]
by (metis (mono__tags, lifting) 1 IntE Un__upperl compatible _vals__extensible compatible__vals_union__eq)
next
case (SImpR sp’)
from check_fu_cong(1)[of v2_ _ sp’] show ?thesis
unfolding SImpR s_check_exec__simps s__check__simps fv.simps Imp(3)[OF 1, of sp]
by (metis (mono__tags, lifting) 1 IntE Un__upper2 compatible__vals__extensible compatible__vals_union__eq)
qed (auto simp: compatible_vals_union__eq)
next
case 2
with compatible_vals_nonemptyl[OF 2, of fv ¢1 U fv ¢2] show ?case
proof (cases vp)
case (VImp sp1 vp2)
from check_fv_cong(1)[of ¢1 __ _ spl] check fu_cong(2)[of ¢2 __ _ vp2] show ?thesis
unfolding VImp v_check __exec simps v__check__simps fv.simps ball__conj distrib
Imp(1)[OF 2, of sp1] Imp(4)[OF 2, of vp2]
ball_triv_nonempty[OF compatible_vals_nonemptyl[OF 2, of fu ¢1 U fv p2]]
proof (intro arg_cong2[of _ _ _ __ (N)] refl, goal_cases p1 p2)
case @1
then show ?case
by (metis (mono__tags, lifting) 2 IntE Un__upperl compatible__vals__extensible compatible__vals_union__eq)
next
case @2
then show ?case
by (metis (mono__tags, lifting) 2 IntE Un__upper2 compatible_vals__extensible compatible _vals_union__eq)
qed
qed (auto simp: compatible_vals_union__eq)
}
next
case (Iff o1 ¢2)
{
case I
with compatible_vals_nonemptyI[OF 1, of fv 91 U fv ¢2] show ?case
proof (cases sp)
case (SIffSS spl1 sp2)
from check_fu_cong(1)[of w1 _ __ spl] check_fu_cong(1)[of ¢2 _ _ sp2] show ?thesis
unfolding SIffSS s check _exec simps s_check_simps fv.simps ball _conj distrib
Iff (1)[OF 1, of sp1] Iff (3)[OF 1, of sp2]
ball_triv_nonempty[OF compatible _vals_nonemptyl[OF 1, of fu o1 U fv v2]]
proof (intro arg_cong2[of _ _ _ _ (N)] refl, goal_cases p1 ©2)
case @1
then show ?case
by (metis (mono__tags, lifting) 1 IntE Un__upperl compatible _vals__extensible compatible_vals_union__eq)
next
case @2
then show ?case
by (metis (mono__tags, lifting) 1 IntE Un__upper2 compatible__vals__extensible compatible_vals_union__eq)
qed
next
case (SIffVV vpl vp2)
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from check _fuv_cong(2)[of ¢1 __ _ wpl] check_fu_cong(2)[of v2 __ _ vp2] show ?thesis
unfolding SIffVV s_check exec__simps s__check__simps fv.simps ball_conj__distrib
I(2)[OF 1, of wp1] I(4)[OF 1, of wp?]
ball_triv_nonempty[OF compatible_vals_nonemptyl [OF 1, of fu ¢1 U fv p2]]
proof (intro arg_cong2[of _ _ __ __ (N)] refl, goal_cases p1 p2)
case @l
then show ?case
by (metis (mono__tags, lifting) 1 IntE Un__upperl compatible__vals__extensible compatible__vals_union__eq)
next
case @2
then show ?case
by (metis (mono__tags, lifting) 1 IntE Un__upper2 compatible_vals__extensible compatible__vals_union__eq)
qed
qed (auto simp: compatible_vals_union__eq)
next
case 2
with compatible_vals_nonemptyl [OF 2, of fv 91 U fv ¢2] show ?case
proof (cases vp)
case (VIffSV spl vp2)
from check fv_cong(1)[of w1 _ _ spl] check fu cong(2)[of ©2 _ _ wp2] show ?thesis
unfolding VIffSV v_check_exec_simps v_check_simps fv.simps ball__conj _distrib
IF(1)[OF 2, of sp1] If(4)[OF 2, of w2]
ball_triv_nonempty[OF compatible_vals_nonemptyl [OF 2, of fu ¢1 U fv p2]]
proof (intro arg_cong2[of _ _ _ _ (N)] refl, goal_cases p1 ©2)
case @1
then show ?case
by (metis (mono__tags, lifting) 2 IntE Un__upperl compatible_vals__extensible compatible _vals_union__eq)
next
case @2
then show “case
by (metis (mono__tags, lifting) 2 IntE Un__upper2 compatible__vals__extensible compatible_vals_union__eq)

qed
next
case (VIffVS vpl sp2)
from check_fu_cong(2)[of w1 _ _ wpl] check _fu_cong(1)[of p2 _ _ sp2] show ?thesis

unfolding VIffVS v_check_exec_simps v_check__simps fv.simps ball__conj _distrib
Iff (2)[OF 2, of vpl] Iff (3)[OF 2, of sp2]
ball_triv_nonempty[OF compatible_vals_nonemptyl[OF 2, of fu ¢1 U fv p2]]
proof (intro arg_cong2[of _ _ _ _ (N)] refl, goal_cases p1 ©2)
case @1
then show ?case
by (metis (mono__tags, lifting) 2 IntE Un__upperl compatible _vals__extensible compatible_vals_union__eq)
next
case @2
then show ?case
by (metis (mono__tags, lifting) 2 IntE Un__upper2 compatible__vals__extensible compatible_vals_union__eq)
qed
qed (auto simp: compatible_vals_union__eq)
}
next
case (Ezists © ¢)
{
case I
then have (vs(z := Z)) y # {} if Z # {} for Z y
using that by auto
with I have IH:
s_check_exzec (vs(z := {z})) ¢ sp = (VvEcompatible_vals (fv ) (vs(z := {z})). s_check v ¢ sp)
for z sp
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by (intro Exists;
auto simp: compatible _wvals_fun__upd fun__upd_same
stmp del: fun_upd__apply intro: fun__upd_in_compatible_vals)
from 1 show ?case
using compatible_vals_nonemptyl[OF 1, of fu ¢ — {z}]
by (cases sp) (auto simp: SubsVals_nonempty IH fun__upd_in__compatible_vals_notin compati-
ble_vals_fun__upd)
next
case 2
then have (vs(z := 2)) y #{} if Z # {} for Z y
using that by auto
with 2 have IH:
Z # {} = v_check_exec (vs(z := Z)) p vp = (Y vEcompatible_vals (fv @) (vs(z := Z)). v_check
v ¢ vp)
for Z vp
by (intro Exists;
auto simp: compatible_vals_fun__upd fun_upd_same
simp del: fun__upd__apply intro: fun__upd_in__compatible _vals)
show ?case
using compatible_vals_nonemptyl[OF 2, of fu ¢ — {z}]
by (cases vp)
(auto simp: SubsVals_nonempty IH[OF SubsVals_nonempty|
fun__upd__in__compatible _wvals fun__upd_in__compatible_vals_notin compatible vals fun__upd
ball_conj_distrib 2[simplified] split: prod.splits if _splits |
drule bspec, assumption)+
}
next
case (Forall z o)
{
case I
then have (vs(z := 2)) y # {}if Z # {} for Z y
using that by auto
with 1 have IH:
Z # {} = s_check_exec (vs(z := Z)) ¢ sp = (Vv€compatible vals (fv ) (vs(z := Z)). s_check v
© sp)
for Z sp
by (intro Forall;
auto simp: compatible_vals_fun__upd fun__upd_same
simp del: fun__upd__apply intro: fun__upd_in_compatible_vals)
show ?case
using compatible_vals_nonemptyl[OF 1, of fu ¢ — {z}]
by (cases sp)
(auto simp: SubsVals_nonempty IH[OF SubsVals_nonempty|
fun__upd__in__compatible_wvals fun__upd_in__compatible__vals_notin compatible vals _fun_ upd
ball_conj_distrib 1[simplified] split: prod.splits if _splits |
drule bspec, assumption)+
next
case 2
then have (vs(z := 2)) y # {}if Z # {} for Z y
using that by auto
with 2 have IH:
v_check_ezxec (vs(z := {z})) ¢ vp = (V vEcompatible_vals (fv ) (vs(z := {z})). v_check v ¢ vp)
for z vp
by (intro Forall;
auto simp: compatible_vals_fun_upd fun__upd_same
stmp del: fun__upd__apply intro: fun__upd_in__compatible_vals)
from 2 show ?case
using compatible _vals _nonemptyl[OF 2, of fv p — {z}]
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by (cases vp) (auto simp: SubsVals_nonempty IH fun__upd_in__compatible vals_mnotin compati-
ble_vals__fun__upd)
}
next
case (Prev I @)
{
case I
with Prev]of vs] show ?Zcase
using compatible_vals_nonemptyl[OF 1, of fv ¢]
by (cases sp) auto
next
case 2
with Prev|of vs] show ?case
using compatible_vals_nonemptyl[OF 2, of fv ¢
by (cases vp) auto
}
next
case (Next I )
{
case I
with Nezt[of vs] show ?case
using compatible_vals_nonemptyl[OF 1, of fv ]
by (cases sp) (auto simp: Let__def)
next
case 2
with Next[of vs] show Zcase
using compatible_vals_nonemptyl[OF 2, of fv ¢]
by (cases vp) auto
}
next
case (Once I ¢)
{
case I
with Oncelof vs] show ?case
using compatible_vals_nonemptyl[OF 1, of fv ¢
by (cases sp) (auto simp: Let_def)
next
case 2
with Oncelof vs] show Zcase
using compatible__vals_nonemptyl[OF 2, of fv ]
by (cases vp) auto

next
case (Historically I ¢)
{
case I
with Historically[of vs] show Zcase
using compatible_vals_nonemptyl[OF 1, of fv ¢]
by (cases sp) auto
next
case 2
with Historically[of vs] show Zcase
using compatible_vals_nonemptyl[OF 2, of fv ¢]
by (cases vp) (auto simp: Let_def)

next
case (FEventually I ¢)

{
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case I

with Eventually[of vs] show Zcase
using compatible_vals_nonemptyl[OF 1, of fv ¢]
by (cases sp) (auto simp: Let_def)

next

case 2

with Eventually[of vs] show ?Zcase
using compatible_vals_nonemptyl[OF 2, of fv ¢
by (cases vp) auto

next
case (Always I @)
{
case I
with Always|of vs] show ?case
using compatible_vals_nonemptyl[OF 1, of fv ¢
by (cases sp) auto
next
case 2
with Always|of vs] show ?case
using compatible_vals_nonemptyl[OF 2, of fv ¢]
by (cases vp) (auto simp: Let_def)

next
case (Since p1 I p2)
{
case I
with compatible_vals_nonemptyl[OF 1, of fv 91 U fv ©2] show ?case
proof (cases sp)
case (SSince sp’ sps)
from check_fu_cong(1)[of v2_ _ sp’] show ?thesis
unfolding SSince s_check__exec__simps s__check__simps fv.simps ball _conj__distrib ball_swap[of _
set sps]
Since(1)[OF 1] Since(3)[OF 1, of sp'] Let_def
ball_triv_nonempty[OF compatible_vals_nonemptyl [OF 1, of fu o1 U fu p2]]
proof (intro arg_cong2[of _ _ _ _ (N)] ball_cong|of set sps, OF refl] refl, goal cases 2 ¢1)
case @2
then show ?case
by (metis (mono__tags, lifting) 1 IntE Un__upper2 compatible_vals__extensible compatible _vals_union__eq)
next
case (¢! sp)
then show ?case using check _fu_cong(1)[of @1 _ _ sp]
by (metis (mono__tags, lifting) 1 IntE Un__upperl compatible _vals__extensible compatible_vals_union__eq)
qed
qed (auto simp: compatible_vals_union__eq)
next
case 2
with compatible _vals _nonemptyl[OF 2, of fu p1 U fv 2] show Zcase
proof (cases vp)
case (VSince i vp’ vps)
from check_fu_cong(2)[of w1 _ __ vp'| show ?thesis
unfolding VSince v__check__exec__simps v__check__simps fv.simps ball_conj _distrib ball _swaplof _
set vps]
Since(2)[OF 2, of vp'] Since(4)[OF 2] Let_def
ball_triv_nonempty[OF compatible_vals_nonemptyl[OF 2, of fu ¢1 U fv p2]]
proof (intro arg_cong2[of _ _ _ __ (N)] ball_cong|of set vps, OF refl] refl, goal cases o1 p2)
case @1
then show ?case
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by (metis (mono__tags, lifting) 2 IntE Un__upper2 compatible__vals__extensible compatible_vals_union__eq)
next
case (p2 vp)
then show ?case using check_fu_cong(2)[of v2_ _ wvp]
by (metis (mono__tags, lifting) 2 IntE Un__upperl compatible__vals__extensible compatible__vals_union__eq)
qged
next
case (VSincelnf i j ups)
show %thesis
unfolding VSincelnf v_check__exec__simps v__check__simps fv.simps ball__conj__distrib ball_swap[of
__ set vps]
Since(4)[OF 2] Let_def
ball_triv_nonempty[OF compatible_vals_nonemptyl[OF 2, of fu ¢1 U fv p2]]
proof (intro arg_cong2[of _ _ __ __ (N)] ball_cong|of set vps, OF refl] refl, goal cases p2)
case (p2 vp)
then show ?case using check_fu_cong(2)[of v2_ _ vp]
by (metis (mono__tags, lifting) 2 IntE Un__upperl compatible__vals__extensible compatible__vals_union__eq)
qed
qed (auto simp: compatible_vals_union__eq)
}
next
case (Until o1 I p2)
{
case I
with compatible_vals_nonemptyl[OF 1, of fv 1 U fv ¢2] show ?case
proof (cases sp)
case (SUntil sps sp”)
from check_fu_cong(1)[of v2__ _ sp’] show ?thesis
unfolding SUntil s_check__exec__simps s__check__simps fv.simps ball_conj__distrib ball_swap|of _
set sps]
Until(1)[OF 1] Until(3)[OF 1, of sp’| Let_def
ball_triv_nonempty[OF compatible_vals_nonemptyl[OF 1, of fu ¢1 U fu p2]]
proof (intro arg_cong2[of _ _ _ _ (N)] ball_cong|of set sps, OF refl] refl, goal cases 2 ¢1)
case @2
then show ?case
by (metis (mono__tags, lifting) 1 IntE Un__upper2 compatible_vals__extensible compatible_vals_union__eq)
next
case (¢! sp)
then show ?case using check_fu_cong(1)[of @1 _ __ sp]
by (metis (mono__tags, lifting) 1 IntE Un__upperl compatible _vals__extensible compatible_vals_union__eq)
qed
qed (auto simp: compatible_vals_union__eq)
next
case 2
with compatible _vals _nonemptyl[OF 2, of fu p1 U fv 2] show ?case
proof (cases vp)
case (VUntil i vps vp')
from check_fu_cong(2)[of w1 _ __ vp'| show ?thesis
unfolding VUntil v__check__exec__simps v__check__simps fv.simps ball__conj__distrib ball_swap|of __
set vps]
Until(2)[OF 2, of vp'] Until(4)[OF 2] Let_def
ball_triv_nonempty[OF compatible_vals_nonemptyl[OF 2, of fu ¢1 U fv p2]]
proof (intro arg_cong2[of _ _ _ __ (N)] ball_cong|of set vps, OF refl] refl, goal cases o1 p2)
case @1
then show ?case
by (metis (mono__tags, lifting) 2 IntE Un__upper2 compatible__vals__extensible compatible__vals_union__eq)
next
case (p2 vp)
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then show ?case using check fu_cong(2)[of ¢2 _ _ wp]
by (metis (mono__tags, lifting) 2 IntE Un__upperl compatible__vals__extensible compatible__vals_union__eq)
qged
next
case (VUntillnf i j vps)
show %thesis
unfolding VUntillnf v_check__exec__simps v__check__simps fv.simps ball_conj__distrib ball_swap|of
__ set vps]
Until(4)[OF 2] Let_def
ball_triv_nonempty[OF compatible_vals_nonemptyl[OF 2, of fu ¢1 U fv p2]]
proof (intro arg__cong2[of __ __ (N)] ball_cong[of set ups, OF refl] refl, goal_cases v2)
case (p2 vp)
then show ?case using check_fu_cong(2)[of v2_ _ wvp]
by (metis (mono__tags, lifting) 2 IntE Un__upperl compatible__vals__extensible compatible__vals_union__eq)
qged
qed (auto simp: compatible_vals_union__eq)
}
next
case (MatchP I r)
{
case I
with compatible_vals_nonemptyl[OF 1, of Regez.collect fv r] show Zcase
proof (cases sp)
case (SMatchP rsp)
show %thesis
unfolding SMatchP s_check _exec_simps s_check__simps fv.simps Let__def split__beta ball_conj distrib
ball_triv_nonempty[OF compatible _vals_nonemptyl[OF 1, of Regex.collect fu r]]
unfolding collect__alt compatible__vals__Union__eq
by (intro conj__cong refl
rs__check__exec_rs_check compatible_vals_mnonemptyl 1
compatible_vals_union__eq compatible_wvals _Union__eq
compatible__vals__extensible check_fu_cong(1) MatchP(1)[OF _ 1])
qged auto
next
case 2
with compatible_vals_nonemptyl[OF 2, of Regex.collect fv r] show Zcase
proof (cases vp)
case (VMatchP i rvps)
show ?%thesis
unfolding VMatchP v__check__exec__simps v__check__simps fv.simps Let _def split_beta ball__conj _distrib
ball_triv_nonempty[OF compatible_vals_nonemptyl [OF 2, of Regex.collect fv ||
unfolding collect_alt compatible_vals_Union__eq ball_swaplof _ set rups]
by (intro conj_cong refl ball _cong
ry__check__exec__rv__check compatible vals_nonemptyl 2
compatible_vals_union__eq compatible_vals _Union__eq
compatible_vals _extensible check fuv_cong(2) MatchP(2)[OF _ 2])
qed auto
}
next
case (MatchF I )
{
case I
with compatible _vals_nonemptyl[OF 1, of Regex.collect fv r] show ?case
proof (cases sp)
case (SMatchF rsp)
show %thesis
unfolding SMatchF s _check exec_simps s_check__simps fv.simps Let_def split__beta ball _conj distrib
ball_triv_nonempty[OF compatible_vals_nonemptyl[OF 1, of Regex.collect fv ]|
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unfolding collect_alt compatible_vals _Union__eq
by (intro arg_cong2[of _ __ _ _ (N)] refl
rs__check__exec_rs_check compatible_vals_mnonemptyl 1
compatible_vals_union__eq compatible_vals__Union__eq
compatible_vals _extensible check fv_cong(1) MatchF(1)[OF _ 1))
ged auto
next
case 2
with compatible__vals_nonemptyl[OF 2, of Regex.collect fv r] show ?case
proof (cases vp)
case (VMatchF i rvps)
show %thesis
unfolding VMatchF v_check__exec simps v__check__simps fv.simps Let__def split__beta ball _conj_distrib
ball_triv_nonempty[OF compatible__vals_nonemptyl [OF 2, of Regex.collect fv ]|
unfolding collect__alt compatible_vals_Union__eq ball_swaplof _ set rups|
by (intro conj__cong refl ball _cong
ru__check__exec__rv__check compatible wvals_nonemptyl 2
compatible__vals_union__eq compatible__vals__Union__eq
compatible_vals__extensible check_fv_cong(2) MatchF(2)[OF _ 2])
qed auto

}

qed

lemma s_check_code[code]: s_check v ¢ sp = s_check_exec (A\z. {v z}) ¢ sp
by (subst check__exec__check)
(auto simp: compatible _vals__def elim: check_fu_cong|THEN iffD2, rotated))

lemma v_check__code[code]: v_check v ¢ vp = v__check_exec (Az. {v z}) ¢ vp
by (subst check__exec__check)
(auto simp: compatible_vals__def elim: check_fu_cong]THEN iffD2, rotated])

9.3 Latest Relevant Time-Point

fun rLRTP :: ('a = nat = nat option) = 'a Regez.regex = nat = nat option where
rLRTP LRTP (Regex.Skip n) i = Some i

| rLRTP LRTP (Regex.Test ©) ¢ = LRTP z

| rLRTP LRTP (Regex.Plus r s) i = max_opt (rLRTP LRTP r i) (rLRTP LRTP s i)

| rLRTP LRTP (Regex.Times r s) i = maz_opt (rLRTP LRTP r i) (rLRTP LRTP s i)
(

| r(LRTP LRTP (Regex.Star v) i = rLRTP LRTP r i

lemma rLRTP_cong[fundef cong]:
(Az. z € regex.atms r => LRTP z i = LRTP' © i) = rLRTP LRTP r i = rLRTP LRTP' r i
by (induct ) auto

lemma fb_ rLRTP:
assumes V¢ € regex.atms r. future__bounded ¢ N — Option.is_none (LRTP ¢ i)
shows — Option.is_none (rLRTP LRTP r i)
using assms by (induct ) (auto simp: maz__opt__def Option.is_none__def)

fun LRTP :: ('n, 'd) formula = nat = nat option where
LRTP T ¢ = Some i

| LRTP L i = Some i

| LRTP (_ 1 _) i = Some i

| LRTP (_ =~ _)i= Somei

|LRTP(—| )z—LRTPcpz

| LRTP (¢ ) i = maz_opt (LRTP ¢ i) (LRTP v i)

| LRTP (¢ /\F ) i = maz_opt (LRTP ¢ i) (LRTP v i)

( F

| LRTP (¢ —F ¥) @ = maz_opt (LRTP ¢ i) (LRTP 1 1)
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| LRTP (¢ «—r ¢) i = mazx_opt (LRTP ¢ i) (LRTP 1 1)

| LRTP (3. ¢) i = LRTP ¢ i

| LRTP (Yp_. ) i = LRTP ¢ i

| LRTP (Y I <p) i = LRTP ¢ (i—1)

| LRTP (X I ¢) i = LRTP ¢ (i+1)

| LRTP (P I ¢) i = LRTP ¢ (LTP_p_safe o i I)

| LRTP (H I ¢) i = LRTP ¢ (LTP_p_safe o i)

| LRTP (F I ¢) i = (case right I of co = None | enat b = LRTP ¢ (LTP_f o i b))
| LRTP (G I ¢) i = (case right I of oo = None | enat b = LRTP ¢ (LTP_f o i b))
| LRTP (¢ S I ¢) i = max_opt (LRTP ¢ i) (LRTP + (LTP_p_safe o i I))

| LRTP (¢ U I ¢) i = (case right I of oo = None | enat b = maz_opt (LRTP ¢ (LTP_f o i b)—1))
(LRTP + (LTP_f o i b))
| LRTP (QI7)i=
(let X = (Ap. LRTP ¢ i) ‘ regex.atms r in
if X = {} then Some i else if None € X then None else Some (Maz (the < X)))
| LRTP (> I r) i = (case right I of co = None | enat b =
let X = (Ap. LRTP ¢ (LTP_f o i b))  regex.atms r in
if X = {} then Some (LTP_f o i b) else if None € X then None else Some (Maz (the ‘ X)))

lemma fo LRTP:
assumes future__bounded ¢
shows — Option.is_none (LRTP ¢ 1)
using assms
proof (induction o i rule: LRTP.induct)
case (20 I r i)
from 20(2) show ?case
by (auto 0 4 simp add: maz__opt_def Option.is_none_def Let_def regex.pred_set dest: 20(1)[rotated)])
next
case (21 Iri)
from 21(2) show ?case
by (auto 0 4 simp add: maz_opt_def Option.is_none_def Let_def regex.pred_set dest: 21(1)[rotated)])
qed (auto simp: maz__opt_def Option.is_none__def)

lemma not_none_fb_ LRTP:
assumes future__bounded ¢
shows LRTP ¢ i # None
using assms fb__LRTP by (auto simp add: Option.is_none__def)

lemma is _some_fb_ LRTP:
assumes future__bounded ¢
shows 3j. LRTP ¢ i = Some j
using assms fo_ LRTP by (auto simp add: Option.is_none__def)

lemma enat_trans[simp: enat i < enat j A enat j < enat k = enat ¢ < enat k
by auto

9.4 Active Domain

definition AD :: ('n, 'd) formula = nat = 'd set
where AD ¢ i = consts ¢ U (| k < the (LRTP ¢ i). | (set ‘snd ‘T o k))

lemma val_in_AD_iff:
rEfop=—=vx € AD ¢ i +— vz € consts ¢ V
(3rtsk. k < the (LRTP ¢ i) A (r, v[ts]) €T o k Az €U (set (map fu_trm ts)))
unfolding AD_def Un_iff UN_iff Bex_ def atMost_iff set_map
ex_commlof P :: _ = nat = __ for P] ex_simps image_iff
proof (safe introl: arg_conglof _ _ Ax. _ V z] ex__cong, unfold snd__conv, goal_cases LR RL)
case (LR i _ r ds)
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then show ?case
by (intro exI[of __ r] conjl
exl[of _ map (\d. if vz = d then (v z) else ¢ d) ds])
(auto simp: eval _trms_def o__def map__idl)
next
case (RL i rtst)
then show ?case
by (intro exI[of __ v[ts]] conjl)
(auto simp: eval_trms__def image__iff in__fu_trm__conv intro!: bexI[of __ t])
qed

lemma val_notin_ AD__iff:
zE€Efup=vx ¢ AD p i +— vz & consts p A
(Vrtsk. k < the (LRTP ¢ i) Nz € U (set (map fu_trm ts)) — (r, v[ts]) ¢ T o k)
using val _in_ AD_iff by blast

lemma finite_values: finite (| (set “snd ‘T o k))
by (transfer, auto simp add: sfinite__def)

lemma finite tps: future bounded ¢ = finite (\J k < the (LRTP ¢ i). {k})
using fb_ LRTP[of ] finite_enat_bounded
by simp

lemma finite_ AD [simp]: fulure_bounded ¢ = finite (AD ¢ 1)
using finite_tps finite__values
by (simp add: AD__def enat__def)

lemma finite. AD UNIV:
assumes future_bounded ¢ and AD ¢ i = (UNIV:: 'd set)
shows finite (UNIV::'d set)
proof —
have finite (AD ¢ i)
using finite_ AD[of ¢ i, OF assms(1)] by simp
then show ?Zthesis
using assms(2) by simp
qged

9.5 Congruence Modulo Active Domain

lemma AD__simps[simp]:

AD(ﬁFip)i:ADQOZ'

future_bounded (p Vr ) => AD (p VFr ¢) i = AD ¢ i U AD % i

future_bounded (o Nr ) = AD (p Ar ) i = AD ¢ i U AD ¢ i

Juture__bounded (p —>r ) = AD (¢ —r ¥) i = AD ¢ i U AD ¥ i

future_bounded (p <—r ) => AD (p «—r ) i = AD ¢t UAD ¢ i

AD 3rpz. p)i=AD ¢ i

AD (Vpz. @) i=AD pi

AD (Y1 ¢)i=AD ¢ (i — 1)

AD (X T @) i=AD ¢ (i + 1)

Juture_bounded (F I ¢) = AD (F I ¢) i = AD ¢ (LTP_{ o i (the_enat (right I)))

future_bounded (G I ¢) = AD (G I ¢) i = AD ¢ (LTP_f o i (the_enat (right I)))

AD (P I ¢)i=AD ¢ (LTP_p_safe o i I)

AD (H I ¢)i= AD ¢ (LTP_p_safe o i)

future_bounded (p S I ) => AD (p ST ) i=AD p iU AD ¢ (LTP_p safe o i)

future_bounded (¢ U I ¢) = AD (¢ U 1) i = AD ¢ (LTP_f o i (the_enat (right I)) — 1) U AD
Y (LTP_f o i (the_enat (right I)))

by (auto 0 3 simp: AD_def maz_opt_def not_none_fo_ LRTP le_max_iff _disj Bex__def split: op-
tion.splits)
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lemma AD__simps_regex[simp]:
future_bounded (< I 1) = regex.atms r # {} = AD («Ir) i = (Uy € regex.atms r. AD ¢ i)
future__bounded (> I r) = regex.atms r # {} = AD (b Ir)i= (Jp € regez.atms r. AD ¢ (LTP_f
o i (the_enat (right I))))
unfolding AD_def
by (auto 0 6 simp: Let_def collect__alt regex.pred__set image__image Ball_def not_none_fb_ LRTP
dest!: Maz__ge_iff[THEN iffD1, rotated —1] sym[of None]
dest: speclwhere P = A\z. ¢ < Maz _ — __ x, THEN mp, OF _ Maz_ge_iff[THEN iffD2]] split:
if _splits)

lemma LTP_p mono: i < j = LTP_p safec il < LTP_p safeo jl

unfolding LTP_ p_ safe def

by (smt (verit, ccfu_threshold) T_mono bot_nat_0.extremum diff _le_mono order.trans i_LTP_tau
le__cases3 min.bounded__iff)

lemma LTP 7T mono:
assumes 7 0 1 < U
showsLTP o (Tt o0 i) < LTP o u
using assms unfolding LTP_ def
proof (intro Maz__mono)
show finite {i. 7 0 i < u}
unfolding finite_nat_set_iff bounded_le Ball def mem__Collect_eq
by (meson 7_mono ex_le_7 nle_le order_trans)
qed auto

lemma LTP_f mono:
assumes ¢ < j
showsLTP _foib< LTP fojb
unfolding LTP_def
proof (rule Maz_mono)
show finite {i. To ¢ < 70 j+ b}
unfolding finite_ nat_set_iff bounded_le
by (metis i_le_ LTPi _add le_Suc_ex mem__ Collect__eq)
qed (auto simp: assms intro!: exI[of _ 1| elim: order_trans)

lemma LRTP_mono: future_bounded ¢ = i < j = the (LRTP ¢ i) < the (LRTP ¢ j)
proof (induct ¢ arbitrary: i j)
case (Or ¢l ¢2)
from Or(1,2)[of i j] Or(3—) show ?case
by (auto simp: maz__opt_def not_none_fb_ LRTP split: option.splits)
next
case (And p1 ¢2)
from And(1,2)[of i j] And(3—) show %case
by (auto simp: maz_opt_def not_none_fb_ LRTP split: option.splits)
next
case (Imp p1 p2)
from Imp(1,2)[of i j] Imp(3—) show Zcase
by (auto simp: maz__opt_def not_none_fb_ LRTP split: option.splits)
next
case (Iff o1 ¢2)
from Iff(1,2)[of i j] Iff (3—) show Zcase
by (auto simp: maz__opt_def not_none_fb_ LRTP split: option.splits)
next
case (Since p1 I p2)
from Since(1)[OF _ Since(4)] Since(2)[of LTP_p_safe o i I LTP_p_safe o j I] Since(3—)
show ?case
by (auto simp: maz__opt_def not_none_fb_ LRTP LTP _p _mono split: option.splits)
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next
case (Until 1 I ¢2)
from Until(1)[of LTP_f o i (the_enat (right I)) — 1 LTP_f o j (the_enat (right I)) — 1]
Until(2)[of LTP_f o i (the_enat (right 1)) LTP_f o j (the_enat (right I))] Until(3—)
show ?case
by (auto simp: maz_opt_def not_none_fo_ LRTP LTP_f mono diff _le_mono split: option.splits)
next
case (MatchP I r)
{ assume ne: regez.atms r # {} and fb: Ap. pEregex.atms r => future__bounded ¢
then obtain ¢ where ¢: ¢ € regex.atms r the (LRTP ¢ j) = (MAX ¢ € regex.atms r. the (LRTP
© 7))
using obtains_ MAX[of regex.atms r Ap. the (LRTP ¢ j) thesis| by auto
assume Y z€regex.atms r. 3 a€regex.atms r. - the (LRTP a i) < the (LRTP z j)
with ¢(1) obtain ¢ where : ¢ € regex.atms r = the (LRTP v i) < the (LRTP ¢ j)
by blast
moreover have the (LRTP 1) i) < the (LRTP v j)
using MatchP(1)[OF (1) fo[OF (1)] MatchP(3)] .
moreover have the (LRTP 1) j) < the (LRTP ¢ j)
unfolding ¢(2) by (subst Maz_ge_iff) (auto simp: ne ¢ (1))
ultimately have Fualse by auto
}
with MatchP(2—) show ?case
by (force simp: Let_def regex.pred__set not_none_fo_ LRTP Mazx__ge_iff dest!: sym[of None])
next
case (MatchF I )
let % = LTP_f o j (the_enat (right I))
let % = LTP_f o i (the_enat (right I))
{ assume ne: regez.atms r # {} and fbo: Np. pE€regex.atms r => future__bounded ¢
then obtain ¢ where ¢: ¢ € regex.atms r the (LRTP ¢ ?j) = (MAX ¢ € regex.atms r. the (LRTP
© 7))
using obtains_ MAX|of regex.atms r Ap. the (LRTP ¢ %j) thesis| by auto
assume VY z€regex.atms r. 3 a€regex.atms r. = the (LRTP a ?i) < the (LRTP z %))
with ¢(1) obtain ¢ where : ¢ € regex.atms r — the (LRTP 1) 2i) < the (LRTP ¢ %j)
by blast
moreover have the (LRTP 1 ?i) < the (LRTP v %))
using MatchF (1)[OF (1) fo[OF (1)] LTP_f_mono[OF MatchF(3)]] .
moreover have the (LRTP 1) ?2j) < the (LRTP ¢ %j)
unfolding ¢(2) by (subst Max__ge_iff) (auto simp: ne (1))
ultimately have Fualse by auto
}
with MatchF(2—) show ?case
by (auto simp: Let_def regex.pred_set not_none_fb_ LRTP Maxz ge iff LTP_f mono dest!: sym[of
None] elim!: meta__mp)
qed (auto simp: LTP_p_mono LTP_f mono)

lemma AD_mono: future_bounded p = 1 < j = AD ¢ ¢ C AD ¢ j
by (auto 0 8 simp: AD__def Bex__def intro: LRTP_mono elim!: order_trans)

lemma LTP_p_safe le[simp]: LTP_p_safe o i1 < i
by (auto simp: LTP_p_safe_def)

lemma check_AD__cong:
assumes future__bounded ¢
and Vz e fop.vz=v'zV vz g ADpiAv' x ¢ AD ¢ 7))
shows (s_at sp = i = s_check v ¢ sp < s_check v’ ¢ sp)
(v_at vp = i => v__check v ¢ vp «— v_check v’ ¢ vp)
using assms
proof (induction v ¢ sp and v ¢ vp arbitrary: i v’ and i v’ rule: s_check_v_ check.induct)
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case (1 v f sp)
note IH = 1(1—25)[OF refl] and hyps = 1(26—28)
show ?case
proof (cases sp)
case (SPred j r ts)
then show ?2thesis
proof (cases f)
case (Pred q us)
with SPred hyps show ?thesis
using eval_trms_fu_cong[of ts v v’]
by (force simp: val_notin_ AD__iff dest!: spec[of __ i| spec[of __ ] spec[of _ ts])
ged auto
next
case (SEq_Const j r ts)
with hyps show ?thesis
by (cases f) (auto simp: val_notin_AD__iff)
next
case (SNeg vp')
then show ?thesis
using IH(1)[of _ __ __ '] hyps
by (cases f) auto
next
case (SOrL sp’)
then show ?2thesis
using IH(2)[of _ _ _ _ v’ hyps
by (cases f) auto
next
case (SOrR sp’)
then show ?thesis
using IH(3)[of _ _ _ __ v'] hyps
by (cases f) auto
next
case (SAnd spl sp2)
then show ?thesis
using IH(4,5)[of _ _ _ _ _ v'] hyps
by (cases f) (auto 7 0)+
next
case (SImpL vp')
then show ?thesis
using IH(6)[of _ _ _ _ v’ hyps
by (cases f) auto
next
case (SImpR sp’)
then show ?thesis
using IH(7)[of _ _ _ _ v'] hyps
by (cases f) auto
next
case (SIffSS spl sp2)
then show ?thesis
using IH(8,9)[of
by (cases f) (auto 7 0)+
next
case (SIffVV vpl vp2)
then show ?thesis
using [H(10,11)[of _ _ _ _ _ v'] hyps
by (cases f) (auto 7 0)+
next
case (SEzists x z sp’)
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then show %thesis
using IH(12)[of x _ z z sp’ i v'(z := 2)] hyps
by (cases f) (auto simp add: fun_upd__def)
next
case (SForall z part)
then show %thesis

using IH(13)[of v _zpart _ _ D _z_ v(z:=2)for Dz, OF _ _ _ _

by (cases f) (auto simp add: fun__upd__def)
next
case (SPrev sp’)
then show ?%thesis
using IH(14)[of _ _ _ _ _ _ v'] hyps
by (cases f) auto
next
case (SNext sp’)
then show %thesis
using IH(15)[of _ _ _ _ _ v'] hyps
by (cases f) (auto simp add: Let_def)
next
case (SOnce j sp’)
then show %thesis
proof (cases f)
case (Once I @)
{ fix k
assume k: k< iToi—left ] >T0ok
then have 1 o i — left I > 7 0 0
by (meson T_mono le0 order_trans)
with k have £ < LTP_p safe o il

unfolding LTP_p_safe_def by (auto simp: i_LTP_tau)

refl __ refl] hyps

with Once hyps(2,3) have Vzefv p. vz =v'aVvz ¢ ADpkAv' ¢ AD o k

by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])

with Once SOnce show ?thesis

using [H(16)[OF Once SOnce refl refl, of v'] hyps(1,2)

by (auto simp: Let_def le_ diff _conv2)
qged auto
next

case (SHistorically j k sps)
then show ?thesis
proof (cases f)

case (Historically I ¢)

{ fix sp :: ('n, 'd) sproof

define | and v where | = s atspand u= LTP_po il
assume x: sp € set spsT o 0 + left [ <101

then have u_def: w= LTP_p_safe o il
by (auto simp: LTP_p_safe_def u__def)

from (1) obtain j where j: sp = sps ! jj < length sps

unfolding in_ set conv_nth by auto
moreover
assume eq: map s_at sps = [k ..< Suc u]
then have len: length sps = Suc u — k

by (auto dest!: arg_cong|where f=length])
moreover
have s_at (sps!j) =k +j

using arg_cong[where f=M\zs. nth zs j, OF eq] j len *(2)

by (auto simp: nth__append)
ultimately have | < u
unfolding [ def by auto

103



with Historically hyps(2,3) have Vzcfv p. vz =v' zVva ¢ ADplAv' o ¢ AD ¢ 1
by (auto simp: u__def dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

with Historically SHistorically show ?thesis
using [H(17)[OF Historically SHistorically __ refl, of __ v'| hyps(1,2)
by auto
qed auto
next
case (SEventually j sp”)
then show %thesis
proof (cases f)
case (Eventually I ¢)
{ fix k
assume 7 o k < the_enat (right [) + 7 o i
then have k < LTP_f o i (the_enat (right I))
by (metis add.commute i_le LTPi_add le_add__diff inverse)
with Fventually hyps(2,3) have Vzefv p. vz =v' 2 Vvaz ¢ ADpkAv' z ¢ AD o k
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

with Fventually SEventually show ?thesis
using [H(18)[OF Eventually SEventually refl refl, of v'] hyps(1,2)
by (auto simp: Let__def)
qed auto
next
case (SAlways j k sps)
then show ?%thesis
proof (cases f)
case (Always I @)
{ fix sp : ('n, 'd) sproof
define ! and v where | = s_at sp and uw = LTP_f o i (the_enat (right I))
assume *: sp € set sps
then obtain j where j: sp = sps! jj < length sps
unfolding in_ set conv_nth by auto
assume eq: map s_at sps = [ETP_f o i I ..< Suc u]
then have length sps = Suc v — ETP_f o i1
by (auto dest!: arg_cong[where f=length])
with j eq have | < LTP_f o i (the_enat (right I))
by (auto simp: |_def u__def dest!: arg_cong[where f=Azs. nth zs j|
simp del: upt.simps split: if _splits)
with Always hyps(2,3) have Vzefv p. vz =v' sV oz ¢ ADplAv z¢& AD ¢ 1
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])

with Always SAlways show ?thesis
using [H(19)[OF Always SAlways __ refl, of __ v'| hyps(1,2)
by auto
qed auto
next
case (SSince sp’ sps)
then show ?%thesis
proof (cases f)
case (Since ¢ I 1)
{ fix sp :: ('n, 'd) sproof
define | where [ = s_at sp
assume *: sp € set sps
from (1) obtain j where j: sp = sps ! jj < length sps
unfolding in_ set_conv_nth by auto
moreover
assume eq: map s_at sps = [Suc (s_at sp’) ..< Suc i]
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then have len: length sps = i — s_at sp’
by (auto dest!: arg_cong|where f=length|)
moreover
have s_at (sps ! j) = Suc (s_at sp’) + j
using arg__cong[where f=MAzs. nth xzs j, OF eq] j len
by (auto simp: nth__append)
ultimately have [ < ¢
unfolding [ def by auto
with Since hyps(2,3) have Vzefv p. vz =v'zVovz & AD ol Av ©¢ AD ¢l
by (auto simp: dest!: bspec dest: AD_mono|THEN set_mp, rotated —1])
}

moreover
{ fix k
assume k: k< itToi—leftI >T10ok
then have 1 o i — left I > 7 0 0
by (meson 7_mono le0 order_trans)
with k have £ < LTP_p safe o il
unfolding LTP_p_safe_def by (auto simp: i LTP_tau)
with Since hyps(2,3) have Vzefv . vz =v' 2 Vvz g ADY kAv ¢ ADY k
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

ultimately show %thesis
using Since SSince IH(20)[OF Since SSince refl refl refl, of v'] IH(21)[OF Since SSince refl refl
_refl, of _ v hyps(1,2)
by (auto simp: Let_def le_ diff _conv2 simp del: upt.simps)
qed auto
next
case (SUntil sps sp')
then show ?%thesis
proof (cases f)
case (Until ¢ I 1)
{ fix sp :: ('n, 'd) sproof
define | where [ = s_at sp
assume *: sp € set sps
from (1) obtain j where j: sp = sps ! jj < length sps
unfolding in_ set conv_nth by auto
moreover
assume § o (s_at sp’) i < the_enat (right I)
then have s_at sp’ < LTP_f o i (the_enat (right I))
by (metis add.commute i_le LTPi_add le_add_diff _inverse le_ diff _conv)
moreover
assume eq: map s_at sps = [i ..< s_at sp’}
then have len: length sps = s_at sp’ — i
by (auto dest!: arg_cong[where f=length])
moreover
have s_at (sps!j) =i+ ]
using arg_cong[where f=Azs. nth zs j, OF eq] j len
by (auto simp: nth__append)
ultimately have | < LTP_f o i (the_enat (right 1)) — 1
unfolding [ def by auto
with Until hyps(2,3) have Vzefv p. vz =v'zVovz ¢ ADplAv 2 ¢ AD p 1
by (auto simp: dest!: bspec dest: AD_mono|THEN set_mp, rotated —1])
}

moreover
{ fix k
assume 7 o k < the_enat (right [) + 7 0
then have k < LTP_f o i (the_enat (right I))
by (metis add.commute i_le LTPi_add le_add__diff _inverse)
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with Until hyps(2,3) have Vacfo . vz =v' sV ovrs ¢ ADY kAv o ¢ AD Y k
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

ultimately show ?Zthesis
using Until SUntil TH(22)[OF Until SUntil refl refl refl, of v'| IH(23)[OF Until SUntil refl refl __
refl, of _ ' hyps(1,2)
by (auto simp: Let__def le_ diff _conv2 simp del: upt.simps)
qed auto
next
case (SMatchP rsp)
then show ?%thesis
proof (cases Vsp' € spatms rsp. s_at sp’ < s_at sp)
case True
with SMatchP show %thesis
proof (cases f)
case (MatchP I r)
show ?thesis unfolding SMatchP MatchP s__check__simps Let_def split_beta
proof ((rule conj_cong refl rs_check_cong IH(24) prod.collapse refl SMatchP MatchP | assump-
tion)+, goal cases fb AD _)
case (fb z sp)
with MatchP hyps show ?Zcase by (auto simp: regex.pred__set collect_alt)
next
case (AD z sp)
with hyps True show ?case unfolding MatchP
by (subst (asm) (1 2) AD_simps_regez)
(auto simp: regex.pred_set collect_alt dest!: bspec dest: AD_mono|THEN set_mp, rotated
~1))
qed simp
qed simp__all
next
case False
with SMatchP show %thesis
by (cases f) (auto dest: rs_check_le2[rotated 2])
qed
next
case (SMatchF rsp)
then show ?%thesis
proof (cases f)
case (MatchF I 1)
show %thesis
proof (cases ¥V sp’ € spatms rsp. s_at sp’ < LTP_f o (s_at sp) (the_enat (right I)))
case True
show ?thesis unfolding SMatchF MatchF s_check__simps Let__def split_beta
proof ((rule conj_cong refl rs_check_cong IH(25) prod.collapse refl SMatchF MatchF | assump-
tion)+, goal cases fb AD _)
case (fb z sp)
with MatchF hyps show ?case by (auto simp: regex.pred_set collect alt)
next
case (AD z sp)
with hyps True show ?case unfolding MatchF
by (subst (asm) (1 2) AD_simps_regex)
(auto simp: regex.pred__set collect alt dest!: bspec
dest: AD_mono[THEN set_mp, rotated —1] order_trans|OF _ i_le_ LTPi_add)])
qged simp
next
case False
then obtain sp’ where sp” sp’ € spatms rsp = s_at sp’ < LTP_f o (s_at sp) (the_enat (right

1)
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by auto
show ?thesis unfolding SMatchF MatchF s_check__simps Let__def split_beta
proof (intro conj_cong refl iffI, goal cases LR RL)
case LR
have V sp € spatms rsp. s_at sp < snd (rs_at s__at 7sp)
using rs_check_le2[OF __ __ LR(3)] by auto
with LR(2) sp’ hyps(2) show ?case
using i¢_le_ LTPi_add[of snd (rs_at s_at rsp) o 0]
unfolding SMatchF MatchF s__at.simps future__bounded.simps
by (elim notE order_trans) (auto intro!: LTP_7__mono elim!: order_trans)
next
case RL
have V sp € spatms rsp. s_at sp < snd (rs_at s_at 7sp)
using rs_check_le2[{OF _ _ RL(3)] by auto
with RL(2) sp’ hyps(2) show ?case
using i_le. LTPi add[of snd (rs_at s_at rsp) o 0]
unfolding SMatchF MatchF s__at.simps future_bounded.simps
by (elim notE order_trans) (auto introl: LTP_1_mono elim!: order_trans)
qed
qed
qed simp__all
qed (cases f; simp__all)+
next
case (2 v f vp)
note IH = 2(1—27)[OF refl] and hyps = 2(28—30)
show ?case
proof (cases vp)
case (VPred j r ts)
then show ?%thesis
proof (cases f)
case (Pred q us)
with VPred hyps show ?thesis
using eval_trms_fu_conglof ts v v’
by (force simp: val_notin_ AD__iff dest!: spec[of __ i| spec[of __ ] spec[of _ ts])
qed auto
next
case (VEq_Const j r ts)
with hyps show ?thesis
by (cases f) (auto simp: val_notin_ AD__iff)
next
case (VNeg sp’)
then show ?thesis
using TH(1)[of _ __ __ '] hyps
by (cases f) auto
next
case (VOr vpl vp2)
then show ?%thesis
using IH(2,3)[of _ _ _ _ _ v’] hyps
by (cases f) (auto 7 0)+
next
case (VAndL vp")
then show %thesis
using IH(4)[of _ _ _ __ '] hyps
by (cases f) auto
next
case (VAndR wvp’)
then show ?%thesis
using IH(5)[of _ _ _ _ v’ hyps
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by (cases f) auto
next
case (VImp spl vp2)
then show %thesis
using IH(6,7)[of _ _ _ _ _ v’ hyps
by (cases f) (auto 7 0)+
next
case (VIffSV spl vp2)
then show ?%thesis
using TH(8,9)[of _ _ _ _ _ v’ hyps
by (cases f) (auto 7 0)+
next
case (VIffVS vpl sp2)
then show ?%thesis
using IH(10,11)[of _ _ _ _ _ v'] hyps
by (cases f) (auto 7 0)+
next
case (VEzists z part)
then show %thesis

using IH(12)[of t _zpart _ _ D _ z__ v'(z:=2)for Dz, OF _ _ _ _ refl _ refl] hyps

by (cases f) (auto simp add: fun__upd_def)
next
case (VForall © z vp’)
then show %thesis
using TH(13)[of x _ z zvp' i v'(z := 2)] hyps
by (cases f) (auto simp add: fun__upd__def)
next
case (VPrev vp’)
then show ?%thesis
using IH(14)[of _ _ _ _ _ _ v'] hyps
by (cases f) auto
next
case (VNext vp”)
then show %thesis
using IH(15)[of _ _ _ _ _ _ v'] hyps
by (cases f) auto
next
case (VOnce j k vps)
then show ?thesis
proof (cases f)
case (Once I ¢)
{ fix vp :: ('n, 'd) vproof
define | and v where | = v _at vpand u = LTP_po il
assume x: vp € set vps T o 0 + left | < T 01
then have u_def: w= LTP_p_safe o il
by (auto simp: LTP_p_safe_def u__def)
from (1) obtain j where j: vp = vps ! j j < length vps
unfolding in_ set conv_nth by auto
moreover
assume eq: map v_at vps = [k ..< Suc u]
then have len: length vps = Suc u — k
by (auto dest!: arg_cong|where f=length])
moreover
have v_at (vps ! j) =k +j
using arg_cong[where f=M\zs. nth zs j, OF eq] j len *(2)
by (auto simp: nth__append)
ultimately have | < u
unfolding [ def by auto
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with Once hyps(2,3) have Vacfv p. ve =v'zVoz & AD ol Av o ¢ AD ¢ 1
by (auto simp: u__def dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

with Once VOnce show ?%thesis
using IH(16)[OF Once VOnce __ refl, of __ v'| hyps(1,2)
by auto
qed auto
next
case (VHistorically j vp')
then show %thesis
proof (cases f)
case (Historically I ¢)
{ fix k
assume k: k< itToi—leftI >T10ok
then have 1 o i — left I > 7 0 0
by (meson 7_mono le0 order_trans)
with k have £ < LTP_p safe o il
unfolding LTP_p_safe_def by (auto simp: i LTP_tau)
with Historically hyps(2,3) have Vzcfv p. vz =v' zaVvz ¢ ADpkAv' z ¢ AD o k
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

with Historically VHistorically show ?thesis
using [H(17)[OF Historically VHistorically refl refl, of v'] hyps(1,2)
by (auto simp: Let_def le_ diff _conv2)
qed auto
next
case (VEventually j k vps)
then show ?%thesis
proof (cases f)
case (FEventually I ¢)
{ fix vp :: ('n, 'd) vproof
define [ and u where | = v_at vp and v = LTP_f o i (the_enat (right I))
assume *: vp € set vps
then obtain j where j: vp = vps ! jj < length vps
unfolding in_ set_conv_nth by auto
assume eq: map v_at vps = [ETP_f o i I ..< Suc u]
then have length vps = Sucu — ETP_fo il
by (auto dest!: arg_cong|where f=length|)
with j eq have | < LTP_f o i (the_enat (right I))
by (auto simp: |_def u_def dest!: arg_cong[where f=Azs. nth zs j|
stmp del: upt.simps split: if _splits)
with Eventually hyps(2,3) have Vzefo p. vz =v' z2Vvz g ADplAv o ¢ AD ¢l
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

with FEventually VEventually show ?thesis
using [H(18)[OF Fuventually VEventually __ refl, of _ v'] hyps(1,2)
by auto
ged auto
next
case (VAlways j vp')
then show ?thesis
proof (cases f)
case (Always I @)
{ fix k
assume 7 o k < the_enat (right [) + 7 o i
then have k < LTP_f o i (the_enat (right I))
by (metis add.commute i_le LTPi_add le_add__diff inverse)
with Always hyps(2,3) have Vzefv p. vz =v' sV vz ¢ ADpkAv x ¢ AD ¢ k
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by (auto dest!: bspec dest: AD_mono|[THEN set_mp, rotated —1])

with Always VAlways show ?thesis
using TH(19)[OF Always VAlways refl refl, of v'| hyps(1,2)
by (auto simp: Let__def)
ged auto
next
case (VSince j vp' vps)
then show ?%thesis
proof (cases f)
case (Since ¢ I 1)
{ fix sp :: ('n, 'd) vproof
define | and v where | = v_at spand v = LTP _po il
assume x: sp € setvps T o 0 + left] < T o1
then have u_def: w= LTP_p_safe o il
by (auto simp: LTP_p_safe_def u__def)
from (1) obtain j where j: sp = vps ! jj < length vps
unfolding in_ set conv_nth by auto
moreover
assume eq: map v_at vps = [v_at vp’ ..< Suc u]
then have len: length vps = Suc u — v_at vp’
by (auto dest!: arg_cong|where f=length])
moreover
have v_at (vps!j) = v_atvp' + j
using arg_cong[where f=M\zs. nth zs j, OF eq] j len
by (auto simp: nth__append)
ultimately have | < u
unfolding [ def by auto
with Since hyps(2,3) have Vazefv . vz =v' sV oz ¢ ADYIAv z¢& AD Y 1
by (auto simp: u__def dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

moreover
{ fix k
assume k: k£ < ¢
with Since hyps(2,3) have Vzefv p. vz =v'zVovrs ¢ ADpkAv' z ¢ AD o k
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

ultimately show ?thesis
using Since VSince IH(20)[OF Since VSince refl refl, of v'] IH(21)[OF Since VSince refl __ refl,
of _ '] hyps(1,2)
by (auto simp: Let_def le_ diff _conv2 simp del: upt.simps)
qged auto
next
case (VSincelnf j k vps)
then show ?%thesis
proof (cases f)
case (Since ¢ I )
{ fix vp :: ('n, 'd) vproof
define | and v where | = v _at vpand u = LTP_po il
assume x: vp € set vps T o 0 + left < T 01
then have u_def: w= LTP_p_safe o il
by (auto simp: LTP_p_safe_def u__def)
from (1) obtain j where j: vp = vps ! j j < length vps
unfolding in_ set conv_nth by auto
moreover
assume eq: map v_at vps = [k ..< Suc u]
then have len: length vps = Suc u — k
by (auto dest!: arg_cong|where f=length])
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moreover
have v_at (vps ! j) =k +j
using arg_cong[where f=\zs. nth zs j, OF eq] j len x(2)
by (auto simp: nth__append)
ultimately have [ < u
unfolding [ def by auto
with Since hyps(2,3) have Vacfv . vz =v' sV vz ¢ ADYIAv o ¢ AD P 1
by (auto simp: u__def dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])

with Since VSincelnf show ?%thesis
using [H(22)[OF Since VSincelnf __ refl, of __ v'] hyps(1,2)
by auto
qed auto
next
case (VUntil j vps vp')
then show %thesis
proof (cases f)
case (Until ¢ I 1)
{ fix sp :: ('n, 'd) vproof
define [ and u where | = v_at sp and u = v_at vp’
assume *: sp € set vps v_at vp’' < LTP_f o i (the_enat (right I))
from (1) obtain j where j: sp = vps | jj < length vps
unfolding in_ set_conv_nth by auto
moreover
assume eq: map v_at vps = [ETP_f o i I ..< Suc u]
then have length vps = Suc uw — ETP_fo il
by (auto dest!: arg_cong[where f=length])
with j eq x(2) have | < LTP f o i (the_enat (right I))
by (auto simp: |_def u__def dest!: arg_cong[where f=Azs. nth zs j|
simp del: upt.simps split: if _splits)
with Until hyps(2,3) have Vacfv p. vz =v' sV vz ¢ ADYIAv o ¢ AD Y 1
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

moreover
{ fix k
assume k < LTP_f o i (the_enat (right I))
then have k < LTP_f o i (the_enat (right I)) — 1
by linarith
with Until hyps(2,3) have Vzefv p. vz =v'aVvz ¢ ADpkAv' z¢ AD o k
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

ultimately show ?Zthesis
using Until VUntil IH(23)[OF Until VUntil refl refl, of v'] IH(24)[OF Until VUntil refl __ refl, of
_ v’ hyps(1,2)
by (auto simp: Let_def le_ diff _conv2 simp del: upt.simps)
qed auto
next
case (VUntillnf j k vps)
then show ?thesis
proof (cases f)
case (Until ¢ I 1)
{ fix vp :: ('n, 'd) vproof
define [ and v where | = v_at vp and v = LTP_f o i (the_enat (right I))
assume *: vp € set vps
then obtain j where j: vp = vps ! jj < length vps
unfolding in_ set_conv_nth by auto
assume eq: map v_at vps = [ETP_f o i I ..< Suc u]
then have length vps = Suc w — ETP_fo il
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by (auto dest!: arg_cong[where f=length])
with j eq have | < LTP_f o i (the_enat (right I))
by (auto simp: |_def u_def dest!: arg_conglwhere f=M\zs. nth zs j]
sitmp del: upt.simps split: if _splits)
with Until hyps(2,3) have Vazefo p. vz =v' sV oz ¢ ADYIAv o ¢ AD Y 1
by (auto dest!: bspec dest: AD_mono[THEN set_mp, rotated —1])
}

with Until VUntillnf show %thesis
using [H(25)[OF Until VUntillnf __ refl, of __ v'] hyps(1,2)
by auto
qed auto
next
case (VMatchP i rups)
then show ?%thesis
proof (cases ¥V rvp € set rvps. YV up' € vpatms rvp. v_at vp' < v_at vp)
case True
with VMatchP show ?%thesis
proof (cases f)
case (MatchP I r)
show ?thesis unfolding VMatchP MatchP v__check__simps Let__def split_beta
proof ((rule conj_cong ball_cong refl rv__check__cong IH(26) prod.collapse refl VMatchP MatchP
| assumption)+, goal cases fb AD __ _)
case (fb z sp)
with MatchP hyps show ?Zcase by (auto simp: regex.pred__set collect_alt)
next
case (AD z sp)
with hyps True show ?case unfolding MatchP
by (subst (asm) (1 2) AD_simps_regez)
(auto simp: regex.pred_set collect_alt dest!: bspec dest: AD_mono|THEN set_mp, rotated
~1))
qed simp__all
qed simp__all
next
case False
with VMatchP show %thesis
by (cases f) (auto simp: Let_def dest: rv__check_le2)
qed
next
case (VMatchF ii Tvps)
then show %thesis
proof (cases f)
case (MatchF I 1)
show %thesis
proof (cases ¥V rup € set rvps. Y up’ € vpatms rvp. v_at vp' < LTP_f o (v_at vp) (the_enat (right
1))
case True
show ?thesis unfolding VMatchF MatchF v__check__simps Let_def split_beta
proof ((rule conj_cong ball_cong refl rv__check__cong IH(27) prod.collapse refl VMatchF MatchF
| assumption)+, goal cases fb AD __ _)
case (fb z sp)
with MatchF hyps show ?case by (auto simp: regex.pred_set collect alt)
next
case (AD z sp)
with hyps True show ?case unfolding MatchF
by (subst (asm) (1 2) AD_simps_regex)
(auto simp: regex.pred__set collect alt dest!: bspec
dest: AD_mono[THEN set_mp, rotated —1] order_trans|OF _ i _le_ LTPi_add)])
qed simp__all
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next
case False
then obtain k rvp vp’ where vp”: rvp = rvps | k k < length rups vp’ € vpatms rvp = v_at vp’ <
LTP_f o (v_at vp) (the_enat (right I))
by (auto simp: in__set__conv_nth)
moreover from vp’ hyps(1) have v_check v f vp => v_at vp’ < LTP_f o (v_at vp) (the_enat
(right I)) for v
unfolding VMatchF MatchF v_at.simps v__check__sitmps
using [[linarith__split_limit=15]]
by (auto simp: Let__def in__set_conu_nth nth__append nth_Cons’
dest!: rv__check_le2[of _ _ __ __ vp'] bspec[of _ __ rup]
dest: arg_conglwhere f=M\zs. (length xs, nth xs k)] split: if _splits)
ultimately show #thesis by auto
qed
qed simp__all
qed (cases f; simp__all)+
qed

9.6 Checker Completeness

lemma part _hd_tabulate: distinct xs = part hd (tabulate zs f z) = (case zs of [| = z | (z # _) = (if
set s = UNIV then f z else z))
by (transfer, auto split: list.splits)

lemma s at tabulate:
assumes V2. s_at (mypick z) = @
and mypart = tabulate (sorted_list _of set (AD ¢ ©)) mypick (mypick (SOME z. z ¢ AD ¢ 1))
shows V (sub, vp) € SubsVals mypart. s_at vp = @
using assms by (transfer, auto)

lemma v_at_tabulate:
assumes Y z. v_at (mypick z) = i
and mypart = tabulate (sorted_list _of set (AD ¢ ©)) mypick (mypick (SOME z. z ¢ AD ¢ 1))
shows VY (sub, vp) € SubsVals mypart. v_at vp = i
using assms by (transfer, auto)

lemma s check tabulate:
assumes future__bounded ¢
and Vz. s_at (mypick z) = i
and V z. s_check (v(z:=2)) ¢ (mypick z)
and mypart = tabulate (sorted_list_of set (AD ¢ ©)) mypick (mypick (SOME z. z ¢ AD ¢ 1))
shows V (sub, vp) € SubsVals mypart. Vz € sub. s_check (v(z := z)) ¢ vp
using assms
proof (transfer fixzing: o ¢ mypick i v x, goal_cases 1)
case (1 mypart)
{ fix 2
assume s_at_assm: ¥V z. s_at (mypick z) = i
and s_check_assm: ¥V z. s_check (v(z := z)) ¢ (mypick z)
and fb__assm: future__bounded ¢
and z_notin_AD: z ¢ (AD ¢ i)
have s _at_mypick: s_at (mypick (SOME z. z ¢ AD ¢ i)) =1
using s_at__assm by simp
have s_check_mypick: Checker.s_check o (v(z := SOME z. z ¢ AD ¢ 1)) ¢ (mypick (SOME z. z ¢
AD ¢ 7))
using s_check__assm by simp
have s_check (v(z := 2)) ¢ (mypick (SOME z. z ¢ AD ¢ 1))
using z notin_ AD
by (subst check _AD__cong(1)[of ¢ v(z := 2) v(z := (SOME z. z ¢ Checker.AD o ¢ i)) i mypick
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(SOME z. z ¢ AD ¢ i), OF fb_assm __ s_at_mypick])
(auto simp add: somel[of Az. z ¢ AD ¢ i z] s_check_mypick fo__assm split: if _splits)
}

with 7 show Zcase
by auto
qged

lemma v _check tabulate:
assumes future__bounded ¢
and Vz. v_at (mypick z) = i
and Vz. v_check (v(x:=2)) ¢ (mypick z)
and mypart = tabulate (sorted_list_of set (AD ¢ ©)) mypick (mypick (SOME z. z ¢ AD ¢ 1))
shows V (sub, vp) € SubsVals mypart. ¥V z € sub. v_check (v(z := z)) ¢ vp
using assms
proof (transfer fizing: o @ mypick i v z, goal cases 1)
case (1 mypart)
{ fix z
assume v__at_assm: ¥V z. v_at (mypick z) =1
and v_check _assm: V z. v_check (v(z := 2)) ¢ (mypick z)
and fb__assm: future bounded ¢
and z_notin_AD: z ¢ (AD ¢ i)
have v_at_mypick: v_at (mypick (SOME z. z ¢ AD ¢ i)) =1
using v_at_assm by simp
have v_check_mypick: Checker.v_check o (v(z := SOME z. z ¢ AD ¢ i)) ¢ (mypick (SOME z. z ¢
AD ¢ 7))
using v__check__assm by simp
have v_check (v(z := 2)) ¢ (mypick (SOME z. z ¢ AD ¢ 1))
using z notin_ AD
by (subst check AD_cong(2)[of ¢ v(z := z) v(z := (SOME z. z ¢ Checker.AD o ¢ 1)) i mypick
(SOME z. z ¢ AD ¢ i), OF fo_assm __ v_at_mypick])
(auto simp add: somel[of Az. z & AD ¢ i z] v_check_mypick fb__assm split: if _splits)
}

with 1 show ?case
by auto
qed

lemma s at_part hd_tabulate:
assumes future__bounded ¢
and Vz. s _at (fz) =1
and mypart = tabulate (sorted_list _of set (AD ¢ ©)) f (f (SOME z. z ¢ AD ¢ 1))
shows s_at (part_hd mypart) = i
using assms by (simp add: part_hd_tabulate split: list.splits)

lemma v_at_part_hd_ tabulate:
assumes future_bounded ¢
and Vz. v_at (fz) =1
and mypart = tabulate (sorted_list_of set (AD ¢ 7)) f (f (SOME z. z ¢ AD ¢ 1))
shows v_at (part_hd mypart) = i
using assms by (simp add: part_hd_tabulate split: list.splits)

lemma check__completeness aux:

(SAT o vi o — future_bounded ¢ — (Isp. s_at sp = i A s_check v ¢ sp)) A

(VIO o v i ¢ — future_bounded ¢ — (3vp. v_at vp = i A\ v_check v ¢ vp))
proof (induct v i ¢ rule: SAT _VIO.induct)

case (STT v i)

then show ?case

by (auto introl: exI[of _ STT i])

next
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case (VFF v q)
then show ?case
by (auto intro!l: exI[of _ VFF i])
next
case (SPred r v ts i)
then show ?case
by (auto intro!: exI[of _ SPred i r ts])
next
case (VPred r v ts i)
then show ?case
by (auto introl: exI[of _ VPred i r ts))
next
case (SEq_Const v z ¢ 7)
then show Zcase
by (auto introl: exI[of _ SEq Const i z c])
next
case (VEq Const v z c i)
then show ?case
by (auto introl: exI[of _ VEq Const i z c])
next
case (SNeg v i ¢)
then show Zcase
by (auto intro: exI[of _ SNeg )
next
case (VNeg v i ¢)
then show Zcase
by (auto intro: exl[of _ VNeg _])
next
case (SOrL v i ¢ 1)
then show ?case
by (auto intro: exI[of _ SOrL _])
next
case (SOTR v i v @)
then show Zcase
by (auto intro: exI[of _ SOrR _])
next
case (VOr v i ¢ 1)
then show Zcase
by (auto 0 3 intro: exI[of _ VOr _ _])
next
case (SAnd v i ¢ )
then show ?case
by (auto 0 8 intro: exl[of _ SAnd _ _])
next
case (VAndL v i ¢ 1)
then show Zcase
by (auto intro: exI[of __ VAndL _])
next
case (VAndR v i ¢ @)
then show ?case
by (auto intro: exl[of _ VAndR _])
next
case (SImpL v i ¢ )
then show ?case
by (auto intro: exI[of _ SImpL _])
next
case (SImpR v i ) ¢)
then show Zcase
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by (auto intro: exI[of _ SImpR _])
next
case (VImp v i ¢ )
then show ?case
by (auto 0 8 intro: exl[of _ VImp _ _])
next
case (SIffSS v i ¢ 1)
then show ?case
by (auto 0 3 intro: exl[of _ SIffSS _ _])
next
case (SIffVV v i ¢ v)
then show “case
by (auto 0 8 intro: exl[of _ SIfVV _ _])
next
case (VIffSV v i ¢ )
then show ?case
by (auto 0 8 intro: exl[of _ VISV _ _])
next
case (VIffVS v i ¢ v)
then show ?case
by (auto 0 3 intro: exl[of _ VIFVS _ _])
next
case (SEzists v T i @)
then show ?case
by (auto 0 3 simp: fun__upd_def intro: exI[of _ SExists x __ _])
next
case (VEzists v z i ¢)
show ?case
proof
assume future_bounded (3 rz. )
then have fb: future bounded ¢
by simp
obtain mypick where mypick_def: v_at (mypick z) = i A v_check (v(z:=2)) ¢ (mypick z) for z
using VEzists fb by metis
define mypart where mypart = tabulate (sorted_list_of set (AD ¢ 1)) mypick (mypick (SOME z. z
¢ (AD ¢ 1))
have mypick_at: Vz. v_at (mypick z) = @
by (simp add: mypick__def)
have mypick_v_check: V z. v_check (v(z:=2)) ¢ (mypick z)
by (simp add: mypick_def)
have mypick_v_check2: V z. v_check (v(z :== (SOME z. z ¢ AD ¢ 1))) ¢ (mypick (SOME z. z ¢ AD
¢ )
by (simp add: mypick_def)
have v_at_myp: v_at (VEzists x mypart) = i
using v_at_part_hd_tabulate[OF fb, of mypick 1]
by (simp add: mypart_def mypick__def)
have v__check_myp: v_check v (3 rz. ¢) (VEzists x mypart)
using v_at_tabulate[of mypick i _ ¢, OF mypick_at]
v__check__tabulate[ OF fb mypick__at mypick_v__check]
by (auto simp add: mypart_def v_at_part_hd_tabulate[OF fb mypick__at])
show Jwvp. v_at vp = i A v_check v (3rz. @) vp
using v_at_myp v_check_myp by blast
qed
next
case (SForall v z i @)
show ?case
proof
assume future_bounded (¥ rz. )
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then have fb: future bounded ¢
by simp
obtain mypick where mypick_def: s_at (mypick z) = i A s_check (v(z:=2)) ¢ (mypick z) for z
using SForall fb by metis
define mypart where mypart = tabulate (sorted_list_of set (AD ¢ 1)) mypick (mypick (SOME z. z
¢ (AD 1))
have mypick_at: Vz. s_at (mypick z) = i
by (simp add: mypick_def)
have mypick_s_check: ¥ z. s_check (v(z:=2)) ¢ (mypick z)
by (simp add: mypick_def)
have mypick s check2: V z. s_check (v(z := (SOME z. z ¢ AD ¢ 1))) ¢ (mypick (SOME z. z ¢ AD
¢ i)
by (simp add: mypick_def)
have s_at_myp: s_at (SForall x mypart) = i
using s_at_part_hd_tabulate[OF fb, of mypick i]
by (simp add: mypart_def mypick__def)
have s _check_myp: s _check v (¥ pz. ) (SForall x mypart)
using s_at_tabulate[of mypick i _ », OF mypick__at]
s__check__tabulate[OF fb mypick__at mypick_s_check]
by (auto simp add: mypart_def s_at_part_hd_tabulate]OF fbo mypick_at])
show Jsp. s_at sp =i A s_checkv (Vrz. ©) sp
using s_at_myp s_check_myp by blast
qed
next
case (VForall v z i @)
then show ?case
by (auto 0 8 simp: fun_upd_def intro: exI[of _ VForall x __ _])
next
case (SPrev i I v )
then show “case
by (force intro: exI[of _ SPrev _])
next
case (VPreviv e I)
then show ?case
by (force intro: exI[of _ VPrev _])
next
case (VPrevZ i v I @)
then show ?case
by (auto introl: exI[of _ VPrevZ))
next
case (VPrevOutL i I v o)
then show ?case
by (auto intro!: exI[of _ VPrevOutL i])
next
case (VPrevOutR i I v o)
then show ?case
by (auto intro!: exI[of _ VPrevOutR i)
next
case (SNext i I v )
then show “case
by (force simp: Let_def intro: exl[of _ SNext _])
next
case (VNext vi ¢ I)
then show ?case
by (force simp: Let_def intro: exl[of _ VNext ])
next
case (VNextOutL i I v ¢)
then show ?case
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by (auto introl: exI[of _ VNextOutL i])
next
case (VNextOutR i I v )
then show ?case
by (auto introl: exI[of _ VNextOutR 1))
next
case (SOnce ji I v )
then show ?case
by (auto simp: Let_def intro: exI[of _ SOnce i _])
next
case (VOnceOut i I v ¢)
then show “case
by (auto introl: exI[of _ VOnceOut i))
next
case (VOnce j I iv )
show ?case
proof
assume future_bounded (P I ¢)
then have fb: future bounded ¢
by simp
obtain mypick where mypick_def: Vk € {j .. LTP_p o i I}. v_at (mypick k) = k A v_check v ¢
(mypick k)
using VOnce fb by metis
then obtain vps where vps_def: map (v_at) vps = [j ..< Suc (LTP_p o i I)] A (Vop € set vps.
v__check v ¢ vp)
by atomize__elim (auto introl: trans|OF list.map__cong list.map__id] exI[of _ map mypick ([j ..< Suc
(LTP_p o i D))
then have v_at (VOnce i j vps) = @ A v_check v (P I ¢) (VOnce i j vps)
using VOnce by auto
then show Jvp. v_at vp = i A v_check v (P I ) vp
by blast
qed
next
case (SEventually j i I v ¢)
then show ?case
by (auto simp: Let_def intro: exl[of _ SEventually i _])
next
case (VEventually I i v ¢)
show ?case
proof
assume fb__eventually: future_bounded (F I )
then have fb: future bounded ¢
by simp
obtain b where b_def: right I = enat b
using fb_eventually by (atomize__elim, cases right I) auto
define j where j _def: j = LTP o (1 0 i + b)
obtain mypick where mypick_def: Vk € {ETP_f o i I .. j}. v_at (mypick k) = k N\ v_check v ¢
(mypick k)
using VEventually fb _eventually unfolding b_ def j _def enat.simps
by atomize__elim (rule bchoice, simp)
then obtain vps where vps_def: map (v_at) vps = [ETP_f o i I ..< Suc j] A (Yup € set vps.
v__check v ¢ vp)
by atomize__elim (auto intro!: trans|OF list.map__cong list.map__id] exI[of __ map mypick ([ETP_f
o i1 ..< Sucj))])
then have v_at (VEventually i j vps) = i A v_check v (F I ¢) (VEventually i j vps)
using VEventually b_def j_def by simp
then show Jvp. v_at vp =i A v_check v (F I ¢) vp
by blast
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qed
next
case (SHistorically j Iiv o)
show ?case
proof
assume fb_ historically: future_bounded (H I )
then have fb: future bounded ¢
by simp
obtain mypick where mypick_def: Vk € {j .. LTP_p o i I}. s_at (mypick k) = k A s_check v ¢
(mypick k)
using SHistorically fb by metis
then obtain sps where sps_def: map (s_at) sps = [j ..< Suc (LTP_p o i I)] A (Vsp € set sps.
s_check v ¢ sp)
by atomize__elim (auto introl: trans|OF list.map__cong list.map__id] exI[of _ map mypick ([j ..< Suc
(LTP_p o i D))
then have s _at (SHistorically © j sps) = i A s_check v (H I ¢) (SHistorically i j sps)
using SHistorically by auto
then show Jsp. s _at sp =i A s_checkv (H I ¢) sp
by blast
qed
next
case (SHistoricallyOut i I v ¢)
then show ?case
by (auto intro!: exI[of __ SHistoricallyOut i])
next
case (VHistorically j i I v @)
then show “case
by (auto simp: Let_def intro: exI[of _ VHistorically i _])
next
case (SAlways I i v @)
show ?case
proof
assume fb_always: future_bounded (G I )
then have fb: future bounded ¢
by simp
obtain b where b_def: right I = enat b
using fb_always by (atomize__elim, cases right I) auto
define j where j_def: j = LTP o (1 0 i + b)
obtain mypick where mypick_def: Vk € {ETP_f o i I .. j}. s_at (mypick k) = k A s_check v ¢
(mypick k)
using SAlways fo__always unfolding b_def j _def enat.simps
by atomize__elim (rule bchoice, simp)
then obtain sps where sps_def: map (s_at) sps = [ETP_f o i I .< Suc j] N (Vsp € set sps.
s_check v ¢ sp)
by atomize__elim (auto intro!: trans[OF list.map__cong list.map_id] exI[of _ map mypick ([ETP_f
o il ..< Sucj])])
then have s_at (SAlways i j sps) = i A s_check v (G I ¢) (SAlways i j sps)
using SAlways b_def j_def by simp
then show Jsp. s_at sp = i A s_check v (G I @) sp
by blast
qed
next
case (VAlways j i I v p)
then show ?case
by (auto simp: Let_def intro: exI[of _ VAlways i _])
next
case (SSince ji I vy @)
show ?case
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proof
assume fb_since: future__bounded (¢ S I v)
then have fb: future__bounded ¢ future bounded
by simp__all
obtain sp2 where sp2 def: s_at sp2 = j A s_check v ¢ sp2
using SSince fb__since by auto
{
assume Suc j > 1@
then have s_at (SSince sp2 [|) = i A s_check v (p S I ¢) (SSince sp2 [])
using sp2_def SSince by auto
then have Jsp. s_at sp =i A s_checkv (p S T vY) sp
by blast
}

moreover
{
assume sucj_leq i: Sucj <@
obtain mypick where mypick_def: Vk € {Suc j ..< Suc i}. s_at (mypick k) = k N s_check v ¢
(mypick k)
using SSince fb__since by atomize__elim (rule bchoice, simp)
then obtain spls where spls_def: map (s_at) spls = [Sucj ..< Suci] A (Vsp € set spls. s_check
v sp)
by atomize__elim (auto introl: trans[OF list.map__cong list.map_id] exI[of _ map mypick ([Suc j
..< Suc 1])])
then have spls # ||
using sucj_leq i by auto
then have s _at (SSince sp2 spls) = ¢ A s_check v (¢ S I 1) (SSince sp2 spls)
using SSince sucj_leq i fb sp2_def spls_def
by (clarsimp simp add:
Cons__eq_upt__conv append__eq _Cons__conv map__eq__append__conv
split: list.splits) auto
then have 3sp. s _at sp =i A s_checkv (p S T ) sp
by blast
}

ultimately show Jsp. s_at sp =i A s_checkv (¢ S I ) sp
using not_less by blast
ged
next
case (VSinceOut i [ v ¢ 1)
then show Zcase
by (auto introl: exI[of _ VSinceOut i])
next
case (VSince I ijv ¢ 1)
show ?case
proof
assume fb_since: future_bounded (p S I )
then have fb: future bounded ¢ future__bounded
by simp__all
obtain vp! where vpl_def: v_at vpl = j N v_check v ¢ vpl
using fb_since VSince by auto
obtain mypick where mypick_def: Vk € {j .. LTP_p o i I}. v_at (mypick k) = k N v_check v ¢
(mypick k)
using VSince fb_since by atomize__elim (rule bchoice, simp)
then obtain vp2s where vp2s_def: map (v_at) vp2s = [j ..< Suc (LTP_p o i I)] A (Yup € set vp2s.
v__check v v vp)
by atomize_elim (auto intro!: trans[OF list.map_ cong list.map_id] exI[of _ map mypick ([j ..< Suc
(LTP_p o i D))
then have v_at (VSince i vpl vp2s) = i A v_check v (¢ S I ) (VSince i vpl vp2s)
using vpl__def VSince by auto
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then show Jvp. v_at vp =i A v_check v (¢ S I ¢) vp
by blast
ged
next
case (VSincelnfj Iiv 9 @)
show ?case
proof
assume fb_since: future_bounded (¢ S I v)
then have fb: future__bounded ¢ future _bounded
by simp__all
obtain mypick where mypick_def: Vk € {j .. LTP_p o i I}. v_at (mypick k) = k A v_check v ¢
(mypick k)
using VSincelnf fb__since by atomize__elim (rule bchoice, simp)
then obtain vp2s where vp2s_def: map (v_at) vp2s = [j ..< Suc (LTP_p o i I)] A (VY up € set vp2s.
v__check v ¢ vp)
by atomize__elim (auto intro!: trans[OF list.map__cong list.map_id] exI[of _ map mypick ([j ..< Suc
(LTP p o i D))
then have v_at (VSincelnf i j vp2s) = i A v_check v (¢ S I ¢) (VSincelnf i j vp2s)
using VSincelnf by auto
then show Jvp. v_at vp =i A v_check v (¢ S I ¢) vp
by blast
qed
next
case (SUntilji I v @)
show ?case
proof
assume fb_until: future_bounded (¢ U I 1)
then have fb: future bounded ¢ future__bounded v
by simp__all
obtain sp2 where sp2_def: s _at sp2 = j N\ s_check v ¢ sp2
using fb SUntil by blast
{
assume 7 > j
then have s_at (SUntil | sp2) =i A s_check v (¢ U I ) (SUntil || sp2)
using sp2 def SUntil by auto
then have 3sp. s _at sp =i A s_checkv (p U I ¢) sp
by blast
}

moreover
{
assume ¢_[ j: 1 <j
obtain mypick where mypick_def: Vk € {i .< j}. s_at (mypick k) = k N\ s_check v ¢ (mypick k)
using SUntil fb__until by atomize__elim (rule bchoice, simp)
then obtain spls where spls_def: map (s_at) spls = [i ..< j] A (Vsp € set spls. s_check v o sp)
by atomize__elim (auto introl: trans|OF list.map__cong list.map_id] exI[of _ map mypick ([i ..<
)
then have s_at (SUntil spls sp2) = i A s_check v (¢ U I o) (SUntil spls sp2)
using SUntil fo__until sp2_def spls_defi | j
by (clarsimp simp add: append__eq _Cons_conv map__eq _append__conv split: list.splits)
(auto simp: Cons_eq_upt_conv dest!: upt_eq Nil_conv[THEN iffD1, OF sym])
then have 3sp. s _at sp =i A s_check v (p U I ¢) sp
by blast
}

ultimately show Jsp. s_at sp =i A s_check v (¢ U I %) sp
using not_less by blast
qed
next
case (VUntil I jiv ¢ )
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show ?case
proof
assume fb_until: future_bounded (¢ U I )
then have fb: future bounded ¢ future__bounded v
by simp__all
obtain vp! where vpl_def: v_at vpl = j N v_check v ¢ vpl
using VUntil fo__until by auto
obtain mypick where mypick_def: Vk € {ETP_f o i I .. j}. v_at (mypick k) = k A v_check v ¢
(mypick k)
using VUntil fb__until by atomize__elim (rule bchoice, simp)
then obtain vp2s where vp2s_def: map (v_at) vp2s = [ETP_f o i1 ..< Sucj] A (Vup € set vp2s.
v__check v ¢ vp)
by atomize__elim (auto intro!: trans|OF list.map_ cong list.map_id] exI[of _ map mypick ([ETP_f
o i1 ..< Sucj])])
then have v_at (VUntil i vp2s vpl) = i A v_check v (o U I v) (VUntil i vp2s vpl)
using VUntil fo__until vpl__def by simp
then show Jvp. v_at vp = i A v_check v (p U I 1) vp
by blast
qed
next
case (VUntillnf I i v 9 )
show Zcase
proof
assume fb_until: future_bounded (¢ U I 1)
then have fb: future bounded ¢ future__bounded v
by simp__all
obtain b where b_def: right I = enat b
using fb_until by (atomize__elim, cases right I) auto
define j where j_def: j = LTP o (1 0 i + b)
obtain mypick where mypick_def: Vk € {ETP_f o i I .. j}. v_at (mypick k) = k N v_check v ¢
(mypick k)
using VUntillnf fbo__until unfolding b_ def j_def by atomize__elim (rule bchoice, simp)
then obtain vp2s where vp2s_def: map (v_at) vp2s = [ETP_f o il ..< Sucjl A (Yup € set vp2s.
v__check v v vp)
by atomize__elim (auto intro!: trans|OF list.map__cong list.map__id] exI[of _ map mypick ([ETP_f
o i1 ..< Sucj))])
then have v_at (VUntillnf i j vp2s) = i A v_check v (¢ U I o) (VUntillnf i j vp2s)
using VUntillnf b__def j_def by simp
then show Jvp. v_at vp = i A v_check v (p U I 9) vp
by blast
qed
next
case (SMatchP ji I v r)
then show ?case
by (safe dest!: rs_check_complete[rotated, where test=s_check v and testi=s__at])
(force simp: regex.pred__set intro: exI[of __ SMatchP _])+
next
case (VMatchPOut i I v r)
then show ?case
by (auto intro: exI[of _ VMatchPOut i])
next
case (VMatchP kI ivr)
{fixj
assume fb: regex.pred_regex future bounded r and j: j € {k..LTP_p o i I}
then have j < ¢
by auto
with j have Jp. ru_check (v_check v) v_at rp A rv_at v_at p = (j, 1)
by (rule rv_check complete[rotated, where test=v_check v and testi=v_at, OF VMatchP(3)])
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(use fb in <auto simp: regex.pred__sety)
} note x = this
{ assume fb: regex.pred_regex future_bounded r
from *[OF this] obtain f where rv_check (v_check v) v_at r (fj) rv_at v_at (fj) = (J, 7)
if j € {k.LTP_p o i I} for j by metis
with VMatchP(1,2) fb have Jvp. v_at vp = ¢ A v_check v (Q17) vp
by (intro exl[of _ VMatchP i (map f [k ..< Suc (LTP_p o i I)])])
(auto simp: Let__def o__def intro: map__idl split: enat.splits)
}
then show ?case
by simp
next
case (SMatchF ijIvr)
then show ?case
by (safe dest!: rs_check__complete[rotated, where test=s_check v and testi=s__at])
(force simp: regex.pred__set intro: exl[of _ SMatchF _])+
next
case (VMatchF Iivr)
let ?J = case right I of enat b = {ETP_f o i I.LTP_fo ib}|oo= {ETP foil.}
{ fix j
assume fb: regex.pred_regex future bounded r and j: j € 2J
then have i < j
by (auto split: enat.splits)
with j have 3p. ru_check (v_check v) v_at rp A rv_at v_at p = (%, j)
by (rule rv_check complete[rotated, where test=v_check v and testi=v_at, OF VMatchF(1)])
(use fbo in <auto simp: regex.pred__set»)
} note x = this
{ assume fb: regex.pred_regex future__bounded T right I # oo
from *[OF this(1)] obtain f where rv_check (v_check v) v_at r (fj) rv_at v_at (fj) = (4, j)
if j € 2J for j by metis
with fb have Jup. v_at vp = ¢ A v_checkv (> Ir) vp
by (intro exl[of _ VMatchF i (map f [ETP_f o i1 ..< Suc (LTP_f o i (the_enat (right I)))])])
(auto simp: Let_def o_ def intro: map__idl split: enat.splits)
}
then show ?case
by simp
qed

lemmas check__completeness =
conjunct! [OF check__completeness__auz, rule_format]
conjunct2[OF check__completeness__auz, rule_format]

definition p_ check v ¢ p = (case p of Inl sp = s_check v ¢ sp | Inr vp = v__check v ¢ vp)
definition p_ check__exec vs ¢ p = (case p of Inl sp = s__check__exec vs ¢ sp | Inr vp = v__check__exec
vs @ up)

definition valid :: ('n, 'd) envset = nat = ('n, 'd) formula = ('n, 'd) proof = bool where
valid vs © ¢ p =
(case p of
Inlp = s_check_exec vs p p A s_atp =1
| Inr p = v_check_exec vs ¢ p A v_at p = 1)

end

9.7 Lifting the Checker to PDTs

fun check one where
check_one o v ¢ (Leaf p) = p_check o v ¢ p
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| check_one o v ¢ (Node x part) = check_one o v ¢ (lookup__part part (v x))

fun check all auzr where
check__all_aux o vs ¢ (Leaf p) = p__check_exec o vs ¢ p
| check _all _auz o vs ¢ (Node z part) = (V (D, e) € set (subsvals part). check all _auz o (vs(z := D)) ¢

e)

fun collect_paths aur where

collect__paths_auz DS o vs ¢ (Leaf p) = (if p__check_exec o vs ¢ p then {} else rev * DS)
| collect _paths__aux DS o vs ¢ (Node x part) = (U (D, e) € set (subsvals part). collect _paths_auz (Cons
D ¢ DS) o (vs(z := D)) ¢ e)

lemma check_one_cong: ¥Vx€fv ¢ U vars e. vz = v’ 1 = check_one o v ¢ e = check_one o v’ ¢ e
proof (induct e arbitrary: v v'’)
case (Leaf 1)
then show Zcase
by (auto simp: p__check__def check_fu__cong split: sum.splits)
next
case (Node z part)
from Node(2) have x: vz = v’z
by simp
from Node(2) show ?case
unfolding check__one.simps *
by (intro Node(1)) auto
qed

lemma check _all_auz_check_one: Vz. vs © # {} = distinct_paths e = (Vz € vars e. vs z = UNIV)
.
check_all_auz o vs ¢ e +— (Vv € compatible_vals (fv @) vs. check_one o v ¢ e)
proof (induct e arbitrary: vs)
case (Node  part)
show ?case
unfolding check__all_auzx.simps check__one.simps split_beta
proof (safe, unfold fst_conv snd__conv, goal_cases LR RL)
case (LR v)
from Node(2—) fst_lookuplof v = part] LR(1)[rule_format, OF lookup_subsvals[of _ v z]] LR(2)
show ?case
by (subst (asm) Node(1))
(auto 0 3 simp: compatible_vals_fun__upd dest!: bspeclof _ _ v]
elim!: compatible _vals__antimono| THEN set_mp, rotated])
next
case (RL D e)
from RL(2) obtain d where d € D
by transfer (force simp: partition__on__def image__iff)
with RL show ?Zcase
using Node(2—) lookup__subsvals[of part d] lookup_part_Vals[of part d]
lookup__part__from__subvals[of D e part d]
proof (intro Node(1)[THEN fD2, OF _ _ _ _ balll], goal_cases _ __ __ __ compatible)
case (compatible v)
from compatible(2—) compatible(1)[THEN bspec, of v(z := d)] compatible(1)[THEN bspec, of v]
show ?case
using lookup__part_from__subvals[of D e part v z]
fun_upd__in__compatible_vals_in[of v fv ¢ = vs v x]
check_one__cong[THEN iffD1, rotated —1, of o v(z := d) ¢ e v, simplified]
by (auto simp: compatible_vals_fun__upd fun_upd__applylof _ _ _ 1]
fun__upd__in__compatible__vals_notin split: if _splits
simp del: fun__upd__apply)
qed auto

124



qed
qed (auto simp: p__check__exec__def p__check__def check__exec__check split: sum.splits)

definition check_all :: ('n, 'd :: {default, linorder}) trace = ('n, 'd) formula = ('n, 'd) expl = bool
where
check__all o ¢ e = (distinct_paths e A\ check_all_auz o (A_. UNIV) ¢ )

lemma check_one__alt: check_one o v ¢ e = p__check o v ¢ (eval_pdt v e)
by (induct €) auto

lemma check_all _alt: check_all 0 ¢ e = (distinct_paths e A (Vv. p_check o v ¢ (eval _pdt v €)))
unfolding check__all_def
by (rule conj__cong[OF refl], subst check__all_auz__check__one)
(auto simp: compatible _vals__def check__one__alt)

fun pdt_at where
pdt_at i (Leaf 1) = (p_at 1 = 1)
| pdt_at i (Node z part) = (¥ pdt € Vals part. pdt_at i pdt)

lemma pdt_at_p_at_eval _pdt: pdt_at i e = p__at (eval_pdt v e) =i
by (induct e) auto

lemma check__all_completeness__auzx:
fixes ¢ :: ('n, 'd :: {default, linorder}) formula
shows set vs C fv ¢ = future_bounded p = distinct vs =
Je. pdt_atie A vars_order vs e A (Vv. (Vz. z ¢ set vs — vz = wz) — p_check o v ¢ (eval_pdt
ve))
proof (induct vs arbitrary: w)
case Nil
then show “case
proof (cases sat o w i )
case True
then have SAT o w i ¢ by (rule completeness)
with Nil obtain sp where s_at sp = i s_check o w ¢ sp by (blast dest: check__completeness)
then show ?%thesis
by (intro exl[of _ Leaf (Inl sp)]) (auto simp: vars_order.intros p__check_def p__at_def)
next
case False
then have VIO o w i ¢ by (rule completeness)
with Nil obtain vp where v_at vp = i v_check o w ¢ vp by (blast dest: check__completeness)
then show ?%thesis
by (intro exl[of __ Leaf (Inr vp)]) (auto simp: vars_order.intros p__check_def p_at_def)
qed
next
case (Cons x vs)
define eq :: ('n = 'd) = ('n = 'd) = bool where eq = rel_fun (eq_onp (A\z. x ¢ set vs)) (=)
from Cons have Vw. Je. pdt_at i e A vars_order vs e A
(Vv (Va. x ¢ set vs — vz = wz) — p_check o v p (eval_pdt v e)) by simp
then obtain pick :: 'd = ('n, 'd) expl where pick: pdt_at i (pick a) vars_order vs (pick a) and
eq_pick: Nv. eq v (w(z := a)) = p_check o v ¢ (eval _pdt v (pick a)) for a
unfolding eq def rel_fun_def eq _onp__def choice_iff
proof (atomize__elim, elim exE, goal cases pick_val)
case (pick_val f)
then show ?case
by (auto introl: exI[of _ Aa. f (w(z := a))])
qed
let 2a = SOME z. z¢ AD o ¢ i
let ?AD = sorted_list_of _set (AD o ¢ i)
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show ?case
proof (intro exI[of __ Node x (tabulate ?AD pick (pick ?a))] congl alll impl,
goal__cases pdt_at vars_order p__check)
case (p__check w’)
have w'z ¢ ADo pi = %a¢ ADo ¢ i
by (metis some__eq_imp)
moreover have eq (w'(z := %a)) (w(z := %a))
using p__check by (auto simp: eq_def rel_fun__def eq_onp__def)
moreover have eq w' (w(z := w’ z))
using p__check by (auto simp: eq_def rel_fun__def eq _onp__def)
ultimately show ?case
using pick Cons(2—) eq_pick[of w’ w' z] eq_pick[of w'(z := ?a) %a]
pdt_at_p_at_eval _pdt[of i pick ?a w'] eval _pdt_fun_upd[of vs pick ?a z w’ ?a)
by (auto simp: p__check__def p__at__def
elim!: check_AD__cong[THEN iffD1, rotated —1, of _ _ __ _ __ ]
split: if _splits sum.splits sum.splits)
ged (use Cons(2—) pick in «simp_all add: vars order.intros))
qged

lemma check__all_completeness:
fixes ¢ :: ('n, 'd :: {default, linorder}) formula
assumes future__bounded ¢
shows Je. pdt_at i e A check_all 0 ¢ e
proof —
obtain vs where vs[simp]: distinct vs set vs = fv ¢
by (meson finite__distinct_list finite_ fv)
have s: s check o v ¢ sp
if vars_order vs e
and V. (Vsp. eval_pdt ve=Inlsp — (3z. z & fo o A vz # undefined) V s_check o v ¢ sp) A
(Vup. eval_pdt ve=Inrvp — (3z. z ¢ fo o A v # undefined) V v_check o v ¢ vp)
and eval_pdt v e = Inl sp for e v sp
using that eval_pdt_conglof e v Az. if ¢ € fu ¢ then v x else undefined)
check_fu_conglof ¢ v Az. if © € fu ¢ then v z else undefined]
by (auto dest!: spec[of __ sp] vars_order_vars simp: subset_eq)
have v: v_check o v ¢ vp
if vars _order vs e
and V. (Vsp. eval_pdt ve=Inlsp — (3z. z & fo p A vz # undefined) V s_check o v ¢ sp) A
(Vup. eval_pdtve=Inrvp — (3z. z & fv o A vz # undefined) V v_check o v ¢ vp)
and eval_pdt v e = Inr vp for e v vp
using that eval_pdt_conglof e v Az. if € fu ¢ then v x else undefined)
check__fu_conglof ¢ v Az. if © € fu p then v = else undefined]
by (auto dest!: spec[of __ vp] vars_order _vars simp: subset_eq)
show %thesis
using check__all_completeness__auz[of vs ¢ i A_. undefined o] assms
unfolding check_all_alt p_check__def
by (auto elim!: ex] [where P = Az. _ z A _ z , OF conjl| simp: vars_order_distinct__paths split:
sum.splits intro: s v)
qed

lemma check__all_soundness__aux: check_all 0 ¢ e => p = eval_pdt v e = isl p <— sat o v (p_at
p) ¥
unfolding check__all _alt
by (auto simp: isl_def p__check_def p__at_def dest!: spec[of __ ]
dest: check__soundness soundness split: sum.splits)

lemma check__all_soundness: check_all o ¢ e => pdt_at i e => isl (eval_pdt v €) «— sat o v i @
by (drule check_all_soundness_auz[OF __ refl, of _ _ _ v]) (auto simp: pdt_at_p_at_eval pdt)
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unbundle no MFOTL__syntax

10 Type of Events

10.1 Code Adaptation for 8-bit strings
typedef string8 = UNIV :: char list set ..

setup__ lifting type definition__string8

lift__definition empty_string :: string8 is || .

lift__definition string8 literal :: String.literal = string8 is String.ezplode .
lift_ definition literal _string8:: string8 = String.literal is String.Abs_literal .
declare [[coercion string8_literal]]

instantiation string8 :: {equal, linorder}
begin

lift__definition equal string8 :: string8 = string8 = bool is HOL.equal .
lift_ definition less eq string8 :: string8 = string8 = bool is ord__class.lexordp eq .
lift__definition less_string8 :: string8 = string8 = bool is ord__class.lexordp .

instance by intro_ classes
(transfer; auto simp: equal _eq lexordp__conv_lexordp _eq lexordp__eq linear
intro: lexordp__eq_refl lexordp__eq trans lexordp__eq _antisym)+

end
lifting_ forget string8.lifting

declare [[code drop: literal _string8 string8_literal HOL.equal :: string8 = __
(<) = string8 = __ (<) == string8 = _
Code__FEvaluation.term__of :: string8 = _]]

code_ printing
type__constructor string8 — (OCaml) string
| constant HOL.equal :: string8 = string8 = bool — (OCaml) Stdlib.(=)
| constant (<) :: string8 = string8 = bool — (OCaml) Stdlib.(<=)
| constant (<) :: string8 = string8 = bool — (OCaml) Stdlib.(<)
| constant empty_ string :: string8 — (OCaml)
| constant string8_literal :: String.literal = string8 — (OCaml) id
| constant literal string8 :: string8 = String.literal — (OCaml) id

ML <structure String8 = struct fun to_term z = @{term Abs_string8} $ HOLogic.mk__string z; end;

code__printing
type__constructor string8 — (Eval) string
| constant string8 literal :: String.literal = string8 — (Ewval) _
| constant HOL.equal :: string8 = string8 = bool — (Ewval) infixl 6 =
| constant (<) :: string8 = string8 = bool — (Ewal) infix]l 6 <=
| constant (<) :: string8 = string8 = bool — (Ewal) infix]l 6 <
| constant empty_string :: string8 — (Ewval)
| constant Code_ Evaluation.term_ of :: string8 = term — (Ewal) String8.to’_term

ML <structure String8 =struct fun to_term & = Q{term Abs_string8} $ HOLogic.mk__string x; end;

code__printing
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type__constructor string8 — (Eval) string

| constant string8 literal :: String.literal = string8 — (Eval) _

| constant HOL.equal :: string8 = string8 = bool — (Ewal) infix]l 6 =

| constant (<) :: string8 = string8 = bool — (FEwal) infixl 6 <=

| constant (<) :: string8 = string8 = bool — (Ewval) infixl 6 <

| constant Code_Evaluation.term__of :: string8 = term — (Fwal) String8.to’_term

10.2 Event Parameters

definition div_to_zero :: integer = integer = integer where
div_to_zero z y = (let z = fst (Code_Numeral.divmod__abs z y) in
if (x<0)# (y < 0) then — z else z)

definition mod_to_zero :: integer = integer = integer where
mod_to_zero z y = (let z = snd (Code__Numeral.divmod__abs z y) in
if £ < 0 then — z else z)

lemma b # 0 = div_to_zero a b * b + mod_to_zero a b = a
unfolding div_to_ zero_def mod_to_zero_def Let_def
by (auto simp: minus_mod__eq _mult_div[symmetric] div_minus_right mod_minus_right ac_simps)

datatype event_data = Elnt integer | EString string8

instantiation event_data :: {ord, plus, minus, uminus, times, divide, modulo}
begin

fun less eq event data where
ElIntx < ElInt y +— z < y

| EString x < EStringy «+— z < y

| EInt _ < EString __ <— True

| (_ :: event_data) < __ +— False

definition less event data :: event data = event data = bool where
less_event_dataxy +—x < yA-y<zx

fun plus event data where
EInt ¢ + EInt y = EInt (z + y)
| (_::event_data) + __ = undefined

fun minus event data where
EInt z — EInt y = Elnt (z — y)
| (_::event_data) — __ = undefined

fun wminus_event data where
— EInt x = EInt (— x)
| — (_::event_data) = undefined

fun times event data where
EInt x x EInt y = Elnt (z * y)
| (_::event_data) * _ = undefined

fun divide event data where
EInt z div EInt y = Elnt (div_to_zero x y)
| (_::event_data) div __ = undefined

fun modulo event data where

EInt z mod EInt y = EInt (mod_to__zero z y)
| (_::event data) mod _ = undefined
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instance ..
end

lemma infinite_ UNIV_event__data:
—finite (UNIV :: event_data set)
proof —
define f where f = (\k. Elnt k)
have inj: inj_on f (UNIV :: integer set)
unfolding f_def by (meson event__data.inject(1) injI)
show ?thesis using finite_imageD[OF __ inj]
by (meson infinite_ UNIV__char_0 infinite_iff _countable subset top__greatest)
qed

primrec integer_of event data :: event data = integer where
integer__of _event__data (EInt _) = undefined
| integer_of event_data (EString _) = undefined

instantiation event data :: default begin

definition default event data :: event data where default = Elnt 0
instance proof ged

end

instantiation event data :: linorder begin
instance
proof (standard, unfold less__event_data_ def, goal_cases less refl trans antisym total)
case (refl z)
then show ?case
by (cases z) auto
next
case (trans z y z)
then show ?case
by (cases z; cases y; cases z) auto
next
case (antisym z y)
then show ?case
by (cases z; cases y) auto
next
case (total z y)
then show ?case
by (cases z; cases y) auto
qed simp

end

11 Code Generation

11.1 Type Class Instances

class universe =
fixes universe :: 'a list option
assumes infinite: universe = None = infinite (UNIV :: 'a set)
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and finite: universe = Some xs => distinct xs N\ set xs = UNIV
begin

lemma finite_coset: finite (List.coset (zs :: ‘a list)) = (case universe of None = False | __ = True)
using infinite finite
by (auto split: option.splits dest!: equalityD2 elim!: finite_subset)

end

declare [[code drop: finite]]
declare finite__set[THEN eqTruel, code] finite__coset|[code]

instantiation bool :: universe begin
definition universe bool :: bool list option where universe_bool = Some [True, False]
instance by standard (auto simp: universe_bool _def)
end
instantiation char :: universe begin
definition universe_char :: char list option where universe_char = Some (map char_of [0::nat..<256])
instance by standard (use UNIV__char_of nat in <auto simp: universe__char_def distinct_mapy)
end
instantiation nat :: universe begin
definition universe_nat :: nat list option where universe_nat = None
instance by standard (auto simp: universe_nat__def)
end
instantiation list :: (type) universe begin
definition universe list :: 'a list list option where universe_list = None
instance by standard (auto simp: universe_list_def infinite_ UNIV__list])
end
instantiation String.literal :: universe begin
definition universe_literal :: String.literal list option where universe_literal = None
instance by standard (auto simp: universe_ literal__def infinite_ literal)
end
instantiation string8 :: universe begin
definition universe_string8 :: string8 list option where universe_string8 = None
lemma UNIV__string8: UNIV = Abs_string8 ¢ UNIV
by (auto simp: image__iff intro: Abs_string8_cases)
instance by standard
(auto simp: universe__string8__def UNIV__string8 finite__image__iff Abs__string8_inject inj_on__def infi-
nite_ UNIV__listI)
end
instantiation prod :: (universe, universe) universe begin
definition universe_prod :: (‘a x 'b) list option where universe prod =
(case (universe, universe) of (Some zs, Some ys) = Some (List.product zs ys) | _ = None)
instance by standard
(auto simp: universe__prod__def finite_prod distinct_product infinite finite split: option.splits)
end
instantiation sum :: (universe, universe) universe begin
definition universe__sum :: (‘a + 'b) list option where universe_sum =
(case (universe, universe) of (Some zs, Some ys) = Some (map Inl xs @ map Inr ys) | _ = None)
instance by standard
(use UNIV_sum in <auto simp: universe_sum,__def distinct_map infinite finite split: option.splits)
end
instantiation option :: (universe) universe begin
definition universe option = (case universe of Some xs = Some (None # map Some zs) | _ = None)
instance by standard (auto simp: universe__option__def distinct_map finite infinite image__iff split: op-
tion.splits)
end
instantiation fun :: (universe, universe) universe begin
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definition universe_fun :: (‘a = 'b) list option where universe_fun =
(case (universe, universe) of
(Some zs, Some ys) = Some (map (Azs. the o map__of (zip xs zs)) (List.n_lists (length zs) ys))
| (_, Some [z]) = Some [A_. z]
| _ = None)
instance
proof —
have 1: False if infinite (UNIV::'a set) CARD('b) = Suc 0 a # bfor a b :: 'b
using that by (metis (full_types) UNIV_I card_1_singleton__iff singletonD)
have 2: ys = zs
if distinct (zs::'a list) and length ys = length zs and length zs = length xs
and V a. the (map_of (zip zs ys) a) = the (map_of (zip zs zs) a)
for zs :: 'a list and ys zs :: 'b list
using that by (metis map__fst_zip map__of _eql map__of _zip__inject map__of _zip__is_None option.expand)
have 3: Jzs. length zs = length zs A set zs C set ys A (Vz. fz = the (map_of (zip xs zs) z))
if V. z € set xs V. © € set ys
for zs ysand f :: ‘'a = b
using that by (metis length_map map__of zip__map option.sel subsetl)
show OFCLASS('a = 'b, universe__class)
by standard
(auto 0 3 simp: universe_fun_ def set_eq iff fun_eq iff image_iff set_n_lists distinct_map
inj_on__def distinct_mn__lists finite_ UNIV_fun dest!: infinite finite
split: option.splits list.splits intro: 1 2 8)
qed
end
instantiation event_data :: universe begin
definition universe__event_data :: event_ data list option where universe__event data = None
instance by standard (simp__all add: infinite_ UNIV__event_data universe__event__data__def)
end

instantiation nat :: default begin

definition default_nat :: nat where default_nat = 0
instance proof ged

end

instantiation list :: (type) default begin

definition default_list :: 'a list where default list = ||
instance proof ged

end

instance event_data :: equal by standard

instantiation String.literal :: default begin

definition default_literal :: String.literal where default_literal = 0
instance proof ged

end

instantiation event data :: card _UNIV begin

definition finite UNIV = Phantom(event_data) False

definition card_UNIV = Phantom(event_data) 0

instance by intro_ classes (simp__all add: finite_ UNIV _event_data_ def card _UNIV__event_data__def
infinite_ UNIV_event__data)

end

11.2 Progress

fun progress :: ('n, 'd) trace = ('n, 'd) Formula.formula = nat = nat where
progress o Formula.TT j = j
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| progress o Formula.FF j = j
| progress o (Formula.Eq_Const _ _) j=1j
| progress o (Formula.Pred _ _) j=j
| progress o (Formula.Neg p) j = progress o ¢ j
| progress o (Formula.Or ¢ 1) j = min (progress o ¢ j) (progress o ¢ j)
| progress o (Formula.And ¢ ) j = min (progress o ¢ j) (progress o ¢ j)
| progress o (Formula.Imp ¢ ) j = min (progress o ¢ j) (progress o ¥ j)
| progress o (Formula.Iff ¢ ) j = min (progress o ¢ j) (progress o ¥ j)
| progress o (Formula.Exists _ @) j = progress o ¢ j
| progress o (Formula.Forall __ @) j = progress o ¢ j
| progress o (Formula.Prev I ¢) j = (if j = 0 then 0 else min (Suc (progress o ¢ j)) j)
| progress o (Formula.Next I @) j = progress o ¢ j — 1
| progress o (Formula.Once I ¢) j = progress o ¢ j
| progress o (Formula.Historically I @) j = progress o ¢ j
| progress o (Formula.Eventually I ¢) j =
Inf {i. Vk. k< jANk< (progresso ¢ j) — (1o k — 10 i)<right I}
| progress o (Formula.Always I ) j =
Inf {i.Vk. k< jANk< (progressc ¢ j) — (1o k—10i)<right [}
| progress o (Formula.Since ¢ I 1) j = min (progress o ¢ j) (progress o v j)
| progress o (Formula.Until ¢ I ) j =
Inf {i.Vk. k< jAk< min (progress o ¢ j) (progress o © j) — (tr o k — 7 o i) < right I}
| progress o (Formula.MatchP I r) j = min_regex__default (progress o) rj
| progress o (Formula.MatchF I 1) j = Inf {i. Vk. k < j A k < min_regex_default (progress o) rj —
To i+ right I > 1ok}

lemma Inf Min:
fixes P :: nat = bool
assumes P j
shows Inf (Collect P) = Min (Set.filter P {..j})
using Min_in[where ?A=Set.filter P {..j}] assms
by (auto simp: Set.filter _def intro: cInf lower introl: antisym[OF _ Min_le])
(metis Inf _nat__defl empty_iff mem__Collect__eq)

lemma progress_Eventually_code: progress o (Formula.Eventually I @) j =
(let m = min j (Suc (progress o ¢ j)) — 1 in Min (Set.filter (Ai. enat (6 o m i) < right I) {..7}))
proof —
define P where P = (\i. Vk. k < j A k < (progress o ¢ j) — enat (6 o k i) < right I)
have P_j: Pj
by (auto simp: P_def enat_0)
have all wit: (Vk € {.<m}. enat (6 o ki) < right I) «— (enat (6 o (m — 1) i) < right I) for i m
proof (cases m)
case (Suc ma)
have k < Suc ma = § o ki < 0 o ma i for k
using 7__mono
unfolding less Suc eq le
by (rule diff _le_mono)
then show ?thesis
by (auto simp: Suc) (meson order.trans enat__ord__simps(1))
qed (auto simp: enat_0)
show ?thesis
unfolding progress.simps Let_def P__def[symmetric] Inf Min[where ?P=P, OF P_j] all_wit[symmetric]
by (fastforce simp: P_def intro: arg__cong[where ?f=DMin])
qed

lemma progress__Always__code: progress o (Formula.Always I ¢) j =

(let m = min j (Suc (progress o ¢ j)) — 1 in Min (Set.filter (A\i. enat (6 o m i) < right I) {..j}))
proof —

define P where P = (\i. Vk. k < j A k < (progress o ¢ j) — enat (6 o k i) < right I)
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have P_j: Pj
by (auto simp: P_def enat_0)
have all_wit: (Vk € {..<m}. enat (6 o ki) < right I) +— (enat (6 o (m — 1) i) < right I) for i m
proof (cases m)
case (Suc ma)
have k < Suc ma — o ki < 9 o0 ma i for k
using 7__mono
unfolding less Suc eq le
by (rule diff _le_mono)
then show %thesis
by (auto simp: Suc) (meson order.trans enat_ord_simps(1))
qed (auto simp: enat_0)
show %thesis
unfolding progress.simps Let__def P__def[symmetric] Inf _Min[where ?P=P, OF P_j| all_wit[symmetric]
by (fastforce simp: P__def intro: arg_conglwhere ?2f=Min])
qed

lemma progress_Until_code: progress o (Formula.Until ¢ I ¢) j =
(let m = min j (Suc (min (progress o ¢ j) (progress o v j))) — 1 in Min (Set.filter (\i. enat (6 o m i)
< right I) {..j}))

proof —

define P where P = (\i. Vk. k < j A k < min (progress o ¢ j) (progress o ¢ j) — enat (6 o ki) <
right I)

have P_j: P j

by (auto simp: P_def enat_0)
have all wit: (Vk € {.<m}. enat (6 o ki) < right I) <— (enat (6 o (m — 1) i) < right I) for i m
proof (cases m)
case (Suc ma)
have k < Suc ma —= 6 o ki < o0 ma i for k
using 7__mono
unfolding less Suc_eq le
by (rule diff _le_mono)
then show ?2thesis
by (auto simp: Suc) (meson order.trans enat_ord_simps(1))
qed (auto simp: enat_0)
show ?thesis
unfolding progress.simps Let__def P__def[symmetric] Inf _Min[where ¢P=P, OF P_j| all_wit[symmetric]
by (fastforce simp: P_def intro: arg__cong[where ?f=Min])
qged

lemmas progress__code[code] = progress.simps(1—15) progress_Eventually__code progress__Always__code
progress.simps(18) progress__ Until__code

11.3 Trace

lemma snth_Stream__eq: (z ## s) ! n = (case n of 0 = z | Suc m = s !l m)
by (cases n) auto

lemma extend is stream:
assumes sorted (map snd list)
and Az. z € set list = sndz < m
and Az. z € set list = finite (fst z)
shows ssorted (smap snd (list @Q— smap (An. ({}, n + m)) nats)) A
sincreasing (smap snd (list @Q— smap (An. ({}, n + m)) nats)) A
sfinite (smap fst (list @— smap (An. ({}, n + m)) nats))
proof —
have A: Vz€set list. n < sndz — n < m —
n < (map snd list @Q— smap (Az. z + m) nats) !! i for n ¢
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and list :: ('a set x nat) list
proof (induction ¢ arbitrary: n)
case (Suc 17)
then show ?Zcase
by (auto simp: shift__snth nth__tl)
qed (auto simp add: list.map__sel(1))
then have ssorted (smap snd (list @— smap (An. ({}, n + m)) nats))
using assms
by (induction list) (auto simp: stream.map__comp o__def ssorted_iff _mono snth_Stream__eq
split: nat.splits)
moreover have sincreasing (smap snd (list @Q— smap (An. ({}, n + m)) nats))
using assms
proof (induction list)
case Nil
then show ?Zcase
by (simp add: sincreasing _def) presburger
next
case (Cons a as)
have IH: A\z. 3i. z < smap snd (as @Q— smap (An. ({}, n + m)) nats) ! ¢
using Cons
by (simp add: sincreasing_def)
show ?case
using IH
by (simp add: sincreasing _def)
(metis snth__Stream)
qed
moreover have sfinite (smap fst (list @Q— smap (An. ({}, n + m)) nats))
using assms(3)
proof (induction list)
case Nil
then show ?case by (simp add: sfinite_def)
next
case (Cons a as)
then have fin: finite (fst a)
by simp
show ?case
using Cons
by (auto simp add: sfinite__def snth__Stream__eq split: nat.splits)
ged
ultimately show ?thesis
by simp
qged

typedef ‘a trace_mapping = {(n, m, t) :: (nat x nat x (nat, 'a set x nat) mapping) |

n m t. Mapping.keys t = {..<n} A

sorted (map (snd o (the o Mapping.lookup t)) [0..<n]) A

(case n of 0 = True | Suc n’ = (case Mapping.lookup t n’ of Some (X', t’) = t' < m | None = Fulse))
A

(Vn' < n. case Mapping.lookup t n" of Some (X', t') = finite X' | None = False)}

by (rule exI[of _ (0, 0, Mapping.empty)]) auto

setup_ lifting type_ definition__trace _mapping
lemma lookup bulkload Some: i < length list =
Mapping.lookup (Mapping.bulkload list) i = Some (list ! 7)

by transfer auto

lift__definition trace_mapping of list :: (a set x nat) list = 'a trace_mapping is
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Azs. if sorted (map snd zs) N (Vz € set zs. finite (fst x)) then (if s =[] then (0, 0, Mapping.empty)
else (length zs, snd (last xs), Mapping.bulkload zs))
else (0, 0, Mapping.empty)
by (auto simp: lookup__bulkload__Some sorted_iff nth_Suc last__conv_nth
list_all_iff in__set__conv_nth Ball_def Bex__def image__iff split: nat.splits)

lift__definition trace_mapping nth :: 'a trace_mapping = nat = ('a set x nat) is
X(n, m, t) i. if i < n then the (Mapping.lookup t ) else ({}, (¢ — n) + m) .

lift_ definition Trace Mapping :: 'a trace_mapping = 'a Trace.trace is
A(n, m, t). map (the o Mapping.lookup t) [0..<n] @— smap (An. ({} = ‘a set, n + m)) nats
proof (goal _cases)
case (1 prod)
obtain n m t where prod_def: prod = (n, m, t)
by (cases prod) auto
have props: Mapping.keys t = {..<n}
sorted (map (snd o (the o Mapping.lookup t)) [0..<n])
(case n of 0 = True | Suc n’ = (case Mapping.lookup t n' of Some (X', t') = t' < m | None =
False))
(Vn' < n. case Mapping.lookup t n’ of Some (X', t') = finite X' | None = False)
using I by (auto simp add: prod__def)
have auz: z € set (map (the o Mapping.lookup t) [0..<n]) = snd z < m for z
using props(2,8) less_Suc_eq le
by (fastforce simp: sorted_iff nth_mono split: nat.splits option.splits)
have auz2: z € set (map (the o Mapping.lookup t) [0..<n]) = finite (fst z) for x
using props(1,4)
by (auto split: nat.splits option.splits)
show ?case
unfolding prod__def prod.case
by (rule extend_is_stream[where ?m=m]) (use props auz auz2 in <auto simp: prod_def»)
qed

code__datatype Trace_ Mapping
definition trace_of list s = Trace_Mapping (trace_mapping_of list xs)

lemma I _rbt_code[code]: T' (Trace_Mapping t) i = fst (trace_mapping_nth t i)
by transfer (auto split: prod.splits)

lemma 7__rbt_code[code]: T (Trace__Mapping t) i = snd (trace_mapping_nth t 7)
by transfer (auto split: prod.splits)

lemma trace_mapping of list_sound: sorted (map snd zs) A (VY € set zs. finite (fst z)) => i < length
s =

zs ! i = (U (trace_of list zs) i, T (trace_of list xs) i)

unfolding trace of list_def

by transfer (auto simp: lookup__bulkload__Some)

11.4 Auxiliary results
definition sum__proofs f xs = sum__list (map f xs)

lemma sum__proofs__empty[simp|: sum_proofs f [| = 0
by (auto simp: sum__proofs__def)

lemma sum__ proofs_ fundef _cong|fundef _cong): (A\z. = € set zs = fx = f' 1) =

sum__proofs f s = sum_ proofs ' xs
by (induction zs) (auto simp: sum__proofs_def)
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lemma sum__proofs_Cons:
fixes f :: 'a = nat
shows sum__proofs f (p # qs) = fp + sum__proofs f qs
by (auto simp: sum__proofs__def split: list.splits)

lemma sum__proofs__app:
fixes f :: 'a = nat
shows sum__proofs f (¢gs @ [p]) = fp + sum_proofs f gs
by (auto simp: sum__proofs_def split: list.splits)

context
fixes w :: 'n = nat
begin

function (sequential) s_pred :: ('n, 'd) sproof = nat
and v_pred :: ('n, 'd) vproof = nat where
s_pred (STT _) =1
| s_pred (SEq_Const _ _ ) =1
| s_pred (SPred
| s_pred (SNeg vp) =
| s_pred (SOrL spl1)
| s_pred (SOrR sp2) = (s_pred sp2) + 1
| s_pred (SAnd sp1 sp2) = (s_pred spl) + (s_pred sp2) + 1
| s_pred (SImpL vpl) = (v_pred vpl) + 1
| s_pred (SImpR sp2) = (s_pred sp2) + 1
| s_pred (SIffSS spl sp2) = (s_pred spl) + (s_pred sp2) + 1
| s_pred (SIffVV vpl vp2) = (v_pred vpl) + (v_pred vp2) + 1
| s_pred (SEzists _ __ sp) = (s_pred sp) + 1
| s_pred (SForall __ part) = (sum__proofs s_pred (vals part)) + 1
| s_pred (SPrev sp) = (s_pred sp) + 1
| s_pred (SNext sp) = (s_pred sp) + 1
| s_pred (SOnce __ sp) = (s_pred sp) + 1
| s_pred (SEventually _ sp) = (s_pred sp) + 1
| s_pred (SHistorically _ __ sps) = (sum__proofs s_pred sps) + 1
| s_pred (SHistoricallyOut _) = 1
| s_pred (SAlways _ __ sps) = (sum__proofs s_pred sps) + 1
| s_pred (SSince sp2 spls) = (sum__proofs s_pred (sp2 # spls)) + 1
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

_)=wr
(v_pred vp) + 1
= (s_pred spl) + 1

| s_pred (SUntil spls sp2) = (sum__proofs s_pred (spls @ [sp2])) + 1
| v_pred (VFF _ ) =1

| v_pred (VEq__ Consti 7) =1

| v_pred (VPred _ r_)

VNeg sp) = (s pred sp) + 1

| v_pred

| v_pred (VOr vpl vp2) = ((v_pred vpl) + (v_pred vp2)) + 1

| v_pred (VAndL vpl) = (v_pred vpl) + 1

| v_pred (VAndR vp2) = (v_pred vp2) + 1

| v_pred (VImp spl vp2) = ((s_pred spl) + (v_pred vp2)) + 1

| v_pred (VIfSV spl vp2) = ((s_pred spl) + (v_pred vp2)) + 1

| v_pred (VI[fVS vpl sp2) = ((v_pred vpl) + (s_pred sp2)) + 1

| v_pred (VEzists __ part) = (sum__proofs v_pred (vals part)) + 1

| v_pred (VForall _ _ wvp) = (v_pred vp) + 1
| v_pred (VPrev vp) = (vfpred wp) + 1

| v_pred (VPrevZ) =
| v_pred (VPrevOutL )

| v_pred (VPrevOutR ) =
| v_pred (VNext vp) = (

| v_pred (VNextOutL

_)=1
| v_pred (VNextOutR ) = 1
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| v_pred (VOnceOut _) = 1

| v_pred (VOnce __ __ wps) = (sum__proofs v_pred vps) + 1

| v_pred (VEventually _ __ vps) = (sum__proofs v_pred vps) + 1
| v_pred (VHistorically _ vp) = (v_pred vp) + 1

| v_pred (VAlways __ vp) = (v_pred vp) + 1

| v_pred (VSince __ vpl vp2s) = (sum__proofs v_pred (vpl # vp2s)) + 1
| v_pred (VSincelnf _ __ vp2s) = (sum__proofs v_pred vp2s) + 1
| v_pred (VUntil __ vp2s vpl) = (sum__proofs v_pred (vp2s Q [vp1])) + 1
| v_pred (VUntillnf _ _ vp2s) = (sum__proofs v_pred vp2s) + 1

by pat__completeness auto
termination

by (relation measure (case__sum size size))

(auto simp add: termination__simp)

(
(
(
(
(
| v_pred (VSinceOut __) = 1
(
(
(
(

definition p_pred :: ('n, 'd) proof = nat where
p_pred = case__sum s_pred v_pred

end

11.5 v _check exec setup

lemma ETP_minus le iff: ETP o (toi—n)<j+—>docij<n
by (simp add: add.commute i_ETP__tau le_ diff _conv)

lemma ETP_minus gt _iff: j < ETPoc (tToi—n)«—dcij>n
by (meson ETP_minus_le_iff leD le_less_linear)

lemma nat_le_iff less:
fixes n :: nat
shows (j < n)«— (j=0Vj—1<n)
by auto

lemma ETP minus_eq iff: j=ETPo (toi—n)+«— ((j=0Vn<doi(j—1)ANdocij<mn)
unfolding eq iff[of j ETP o (7 0 i — n)] nat_le_iff less[of j| ETP_minus_le_iff ETP_minus_gt_iff
by auto

lemma LTP minus_ge_iff: o0 0 + n<7170i=— j< LTPo (Toi—n)+—
(casenof 0 =d0o0ji=0|_=j7j<iANdocij>n)
using 7__mono|of i j o]
by (fastforce simp add: i LTP_tau le_diff _conv2 Suc_le_eq split: nat.splits)

lemma LTP plus ge iff: j S LTPo (toi+n)+—doji<n
by (simp add: add.commute i_LTP_tau le_diff _conv trans_le add?2)

lemma LTP_minus_lt_if:
assumes j <iTo00+n<T70idoij<n
shows LTP o (T o0 i — n) < j
proof —
have not_in: k ¢ {ia. T o0 ia <70 i— n}ifj < kfork
using assms 7__mono[OF that, of o]
by auto
then have {ia. 7 0 ia < 70 i — n} C {0..<j}
using not_le_imp_less
by (clarsimp; blast)
then have finite {ia. 7 0 ia < 70 i — n}
using subset__eq atLeast0_lessThan__finite
by blast
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moreover have 0 € {ia. T 0 ia <7 07— n}
using assms(2)
by auto
ultimately show ?Zthesis
unfolding LTP_ def
by (metis Maz_in not_in empty_iff not_le_imp_less)
qed

lemma LTP_minus_lt_iff:
assumes 70 0 + n <1701
shows LTP o (t1oi—n)<j<+— (if "j<iAn=0thendoji>0elsedoij<n)
proof (cases j < i)
case True
then show ?thesis
using assms i_le_ LTPi_minus[of o n ] LTP_minus_lt_if[of j i o n]
by (cases n)
(auto simp add: i_LTP_tau linorder_not_less Suc_le_eq dest!: tau_LTP_ k[rotated))
next
case Fulse
have delta: § 015 =0
using Fualse
by auto
show ?thesis
proof (cases n)
case (
then show ?thesis
using False assms
by (metis add.right_neutral diff _is_0_eq diff _zero i_LTP_tau linorder_not_less)
next
case (Suc n’)
then show ?thesis
using False assms
by (cases 1)
(auto simp: Suc_le_eq not_le elim!: order.strict_trans[rotated] introl: i_le_ LTPi_minus)
qed
qged

lemma LTP__minus_eq iff:
assumes 7 0 0 + n< T o1
shows j = LTP o (T o0 i — n) +—
(casenof 0 = i< jANdoji=0AN60 (Sucj)j>0
| _=ji<iAn<docijAdoi(Sucj)<n)
proof (cases n)
case (
show ?thesis
using assms 0 i _LTP_taulof o 7 0 i LTP o (T 0 i)]
i_LTP_taulof o 7 o i Suc (LTP o (1 0 4))] i_LTP_tau[of o 7 o ij]
less_tDlof o (LTP o (7 o ©)) Suc j]
by (auto simp: i_le_LTPi not_le elim!: antisym dest!:
order_antisym__convlof T o i T o j, THEN iffD1, rotated]
order_antisym__convlof T o i T o (LTP o (7 o i)), THEN iffD1, rotated))
next
case (Suc n')
show ?%thesis
using assms
by (simp add: Suc eq_iff[of j LTP o (1 o i — Suc n’)] less_Suc__eq_le[of LTP o (1t o i — Suc n’) j,
symmetric] LTP_minus_ge_iff LTP_minus_It_iff)
qed
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lemma LTP_plus eq iff:
shows j = LTPo (toi+n)«— (0oji<nAdo (Sucj)i>n)
unfolding eq iff[of j LTP o (7 o i + n)]
by (meson LTP_plus_ge__iff linorder_not_less not_less_eq_eq)

lemma LTP _p def: 7o 0 +left] <70i=— LTP _po il = (caseleft [ of 0 = i|_ = LTP o (7
o i — left I))
using i_le_ LTPi by (auto simp: min_def i_ LTP_tau split: nat.splits)

definition check upt LTP p o Ilizs i <— (case zs of [|] =
(case left I of 0 = i < li | Suc n =
(if ~li <iNleftI1 =0then 0 <o liielsed oili<left]))
| = s = [li..<li + length zs] A
(case left I of 0 = li + length zs — 1 = i | Suc n =
(li 4+ length s — 1 < i Nleft I <o i (li + lengthazs — 1) NS o i (li + length zs) < left I)))

lemma check__upt_1_cong:
assumes \j. j < mazili=—=T0j=710"j
shows check _upt LTP p o I1li xsi = check _upt LTP p o’ Ilixsi
proof —
have li + length ys < i = Sucn < 6 o' i (li + length ys) =
(Suc (li + length ys)) < ¢ for ys :: nat list and n
by (cases li + length ys = 1) auto
then show %thesis
using assms
by (fastforce simp: check_upt_LTP_p_def Let_def simp del: upt.simps split: list.splits nat.splits)
qed

lemma check_upt_ LTP_ p_eq:
assumes 7 0 0 + left | <101
shows zs = [li.<Suc (LTP_p o i I)] <— check_upt LTP po Ilizsi
proof —
have li + length s = Suc (LTP_p o i I) <— li 4+ length xs — 1 = LTP_p o i I if zs # ||
using that
by (cases zs) auto
then have zs = [li..<Suc (LTP_po il)] «— (as=[|ANLTP po il < li)V
(zs # [| AN zs = [li..<li + length zs] A li + length s — 1 = LTP_p o i I)
by auto
moreover have ... «— (zs =[] A
(case left I of 0 = ¢ < li | Suc n =
(if "l <iNleftI=0then 0 < doliielsedoili<leftl))V
(zs # [| A zs = [li..<li + length xs] A
(case left I of 0 = Ui + lengthzs — 1 = i | Sucn =
(case left I of 0 = i < li + length s — 1 A
0o (li +lengthzs — 1) i = 0N 0 <0 o (Suc (li + length zs — 1)) (li + length zs — 1)
| Suc n = li + lengthzs — 1 < i A
left I <60 i(li + lengthxzs — 1) NS o i (Suc (li + length zs — 1)) < left I)))
using LTP_p_def[OF assms, symmetric]
unfolding LTP_minus_It_iff[OF assms, symmetric]
unfolding LTP_minus_eq iff[OF assms, symmetric]
by (auto split: nat.splits)
moreover have ... «— (case zs of [| =
(case left T of 0 = ¢ < li | Suc n =
(if "l <iNleftlI=0then 0 <doliielsed o ili<leftI))
| = s = [li.<li + length xs] A
(case left I of 0 = li + length zs — 1 = i | Suc n =
(li + lengthxzs — 1 < i ANleftI < 5ot (li + lengthzs — 1) AN o i (li + length zs) < left I)))
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by (auto split: nat.splits list.splits)
ultimately show ?thesis
unfolding check_upt LTP p_def
by simp
qed

lemma v_check_exec_Once__code[code]: v_check__exec o vs (Formula.Once I @) vp = (case vp of
VOnce i li vps =
(case right I of co = li=0|enatb= (i=0VvVb<doi(li—1)ANdoili<b))
ANTo0+leftl <Toi
A check_upt LTP p o Ili (map v_at vps) © A Ball (set vps) (v_check exec o vs )
| VOnceOut i = 1o i <70 0+ left I
| _ = False)
by (auto simp: Let__def check_upt _LTP_p_eq ETP_minus_le_iff ETP_minus__eq_iff split: vproof .splits
enat.splits simp del: upt_Suc)

lemma s_check__exec_Historically _code[code]: s__check__exec o vs (Formula.Historically I @) vp = (case
up of
SHistorically © li vps =
(case right I of co = li=0 |enatb= (L=0Vb<doi(li—1)ANdoili<hbh))
ANTo0+leftl<Toi1
A check_upt LTP p o Ili (map s_at vps) i A Ball (set vps) (s_check exec o vs ¢)
| SHistoricallyOut i = 70 i <70 0 + left I
| _ = False)
by (auto simp: Let_def check_upt LTP_p eq ETP_minus_le iff ETP_minus_eq iff split: sproof.splits
enat.splits simp del: upt_Suc)

lemma v_check exec_Since code[code]: v__check__exec o vs (Formula.Since ¢ I 1) vp = (case vp of
VSince i vp1 vp2s =
let 7 = v_at vpl in
(case right I of 0o = True | enat b= 60 ij<b) ANj<i
ANTo0+leftl<To1
A check_upt LTP p o Ij (map v_at vp2s) i
A v_check_exec o vs ¢ vpl A Ball (set vp2s) (v_check exec o vs )
| VSincelnf i li vp2s =
(case right I of co = li=0 |enatb= (i=0VvVb<doi(li—1)ANdoili<b)A
ToO0+left] <ToiA
check_upt_LTP_p o Ili (map v_at vp2s) i A Ball (set vp2s) (v_check_exec o vs 1))
| VSinceOut i = 1o i <710 0+ left I
| _ = False)
by (auto simp: Let__def check_upt LTP_p_eq ETP_minus_le_iff ETP_minus__eq iff split: vproof .splits
enat.splits simp del: upt_Suc)

lemma ETP_f le iff: maz i (ETP o (t1oi+a) <j+—i<jANdoji>a
by (metis add.commute maz.bounded_iff 7_mono i_ETP_tau le_diff conv2)

lemma ETP_f ge iff: j < mazxi (ETP o (T o i+ n)) <— (casenof 0 = j < i
| Suc n’ = (case j of 0 = True | Sucj' = 6 o j' i < n))
proof (cases n)
case (
then show ?thesis
by (auto simp: maz__def) (metis i_ge__etpi verit_la_ disequality)
next
case (Suc n')
have maz: maz i (ETP o (tro i+ n)) = ETP o (1 0 i+ n)
by (auto simp: maz__def Suc)
(metis Groups.ab__semigroup__add__class.add.commute ETP__ge less_or_eq_imp_le plus_1_eq Suc)
have j < maz ¢ (ETP o (to i+ n)) «— Via. Toi+n <70 ia — j< ia)

140



unfolding max
unfolding ETP_def
by (meson Least] _ex Least_le order.trans ex_le_T)
moreover have ... +— (case j of 0 = True | Sucj’' = -toi+n<70j)
by (auto split: nat.splits) (meson i ETP_tau le_trans not_less__eq _eq)
moreover have ... «+— (case j of 0 = True | Sucj’' = § o j' i < n)
by (auto simp: Suc split: nat.splits)
ultimately show ?thesis
by (auto simp: Suc)
qed

definition check_upt ETP_f o I i zs hi < (let j = Suc hi — length zs in
(case xs of [| = (case left I of 0 = Suc hi < i | Sucn'= 8§ o hii<left])
| _ = (zs = [j..<Suc hi] A
(case left T of 0 = j < i | Sucn' =
(case j of 0 = True | Sucj = S o i <leftI)) A
Qi< iAlft ]I <60 i)

lemma check _upt_lu_ cong:
assumes \j. min i hi < jAj<mazxihi=To0j=10"]
shows check_upt ETP_f o Iixs hi = check_upt ETP_f o' Iixs hi
using assms
unfolding check_upt ETP_f def
by (auto simp add: Let__def le_Suc__eq split: list.splits nat.splits)

lemma check_upt ETP_f eq: xs = [ETP_f o i I..<Suc hi] <— check_upt _ETP_f o I i xzs hi
proof —
have F1: (case left I of 0 = Suc hi < i| Sucn' = 6o hii<left )=
(Suc hi < ETP_f o il)
unfolding ETP_f ge iff[where ?j=Suc hi and ?n=left I|
by (auto split: nat.splits)
have zs = [ETP_f o i I..<Suc hi] <— (let j = Suc hi — length zs in
(s =[] A (case left I of 0 = Suc hi < i| Sucn'= 6 o hii <left I))V
(zs £ [] A xs = [j..<Suc hi] A
(case left I of 0 = j < i | Sucn' =
(case j of 0 = True | Suc j' = § o j' i < left I)) A
i< jAleftI <680 i)
unfolding F'1
unfolding Let def
unfolding ETP_f ge_iff[where ?n=left I, symmetric]
unfolding ETP_f le_iff[symmetric]
unfolding eq iff[of _ ETP_f o i I, symmetric]
by auto
moreover have ... «— (let j = Suc hi — length xs in
(case zs of [| = (case left I of 0 = Suc hi < i | Sucn’' = § o hii<leftI)
| _ = (zs = [j..<Suc hi] A
(case left T of 0 = j < i | Sucn' =
(case j of 0 = True | Suc j' = § o j' i < left I)) A
i<jAleftTI <60 i)
by (auto simp: Let_def split: list.splits)
finally show ?thesis
unfolding check_upt ETP_f def .
qed

lemma v_check__exec_ Eventually code[code]: v__check_exec o vs (Formula.Eventually I ¢) vp = (case

up of
VEventually © hi vps =
(case right I of oo = False | enat b = (6 0 hi i < b A b < o (Suc hi) i)) A
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check_upt_ETP_f o Ii (map v_at vps) hi A Ball (set vps) (v_check_exec o vs p)

| _ = False)

by (auto simp: Let_def LTP_plus_ge_iff LTP_plus_eq iff check _upt ETP_f eq simp del: upt Suc
split: vproof .splits enat.splits)

lemma s_check__exec_ Always__code[code]: s_check_exec o vs (Formula.Always I ) sp = (case sp of
SAlways i hi sps =
(case right I of oo = False | enat b = (6 0 hi i < b A b < o (Suc hi) 7))
A check_upt _ETP_f o Ii (map s_at sps) hi A Ball (set sps) (s_check__exec o vs ¢)
| _ = False)
by (auto simp: Let_def LTP_plus_ge_iff LTP_plus_eq_iff check_upt ETP_f eq simp del: upt_Suc
split: sproof.splits enat.splits)

lemma v__check__exec__Until_code[code]: v__check__exec o vs (Formula.Until ¢ I ¥) vp = (case vp of
VUntil © vp2s vpl =
let j = v_at vpl in
(case right I of 0o = True | enat b = j < LTP_f o i b)
A i< jA check_upt ETP_f o Ii (map v_at vp2s) j
A v_check_exec o vs ¢ vpl A Ball (set vp2s) (v_check exec o vs )
| VUntillnf i hi vp2s =
(case right I of oo = False | enat b= (6 0 hi i < b A b <o (Suc hi) i) A
check_upt ETP_f o Ii (map v_at vp2s) hi A Ball (set vp2s) (v_check_exec o vs )
| _ = False)
by (auto simp: Let_def LTP_plus_ge iff LTP_plus_eq iff check_upt ETP_f eq simp del: upt Suc
split: vproof .splits enat.splits)

11.6 ETP/LTP setup

lemma ETP_auz: -t <70i= 1< (LEASTi.t <701
by (meson Least] _ex 7_mono ex_le 7 nat_le_linear order_trans)

function ETP_rec where
ETP_reco ti= (if T o i > tthenielse ETP_reco t (i + 1))
by pat__completeness auto
termination
using ETP_auzx
by (relation measure (\(o, t, ). Suc (ETP o t) — 1))
(fastforce simp: ETP_ def)+

lemma ETP_rec_sound: ETP_rec o tj = (LEAST i. i > jAt < T 0 1)
proof (induction o t j rule: ETP_rec.induct)
case (1 o t1)
show ?case
proof (cases T o i > t)
case True
then show %thesis
by simp (metis (no__types, lifting) Least__equality order__refl)
next
case False
then show %thesis
using 1[OF False]
by (simp add: ETP_rec.simps[of __ __ i] del: ETP_rec.simps)
(metis Suc_leD le__antisym not_less _eq eq)
qed
qged

lemma ETP _code[code]: ETP o t = ETP_rec o ¢t 0
using ETP_rec_sound[of o t 0]
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by (auto simp: ETP__def)

lemma LTP auz:
assumes 7 o (Suc i) < ¢
shows ¢ < Maz {i. 7 0 i < t}
proof —
have finite {i. 7 0 i < t}
by (smt (verit, del_insts) T_mono finite_nat_set_iff bounded_le i LTP__tau le0 le_trans mem__Collect_eq)

moreover have i € {i. 7 0 7 < t}
using le_trans|OF 7_mono|of i Suc i o] assms]
by auto
ultimately show ?thesis
by (rule Maz__ge)
qged

function (sequential) LTP_rec where
LTP reco ti= (if 7 o (Suci) < tthen LTP_rec o t (i + 1) else i)
by pat__completeness auto
termination
using LTP _aux
by (relation measure (X(o, t, ©). Suc (LTP o t) — i)) (fastforce simp: LTP_def)+

lemma LTP _rec_sound: LTP_rec o tj = Maz ({i. ¢ > j A (1 o i) <t} U{j})
proof (induction o t j rule: LTP_rec.induct)
case (1 o tj)
have fin: finite {i. j < i A7 0 i< t}
by (smt (verit, del _insts) T7_mono finite_nat_set_iff bounded_le i LTP_tau le0 le_trans
mem,__Collect_eq)
show ?case
proof (cases 7 o (Suc j) < t)
case True
have diffT: {i. Sucj <iNToi<t}={i.j<inToi<it} —{j}
by auto
show ?thesis
using 1[OF True] True fin
by (auto simp del: LTP__rec.simps simp add: LTP_rec.simps[of _ __ j| diffI intro: maz__auz)
next
case False
then show %thesis
using fin
by (auto simp: not_le introl: Maz__insert2[symmetric|
dest!: order.strict_trans! less_7D)
qed
qed

lemma LTP code[code]: LTP o t = (if t <7 0 0
then Code.abort (STR ""LTP: undefined'’) (A_. LTP o t)
else LTP_rec o t 0)
using LTP_rec_sound[of o t 0]
by (auto simp: LTP__def insert_absorb simp del: LTP_rec.simps)

lemma map__part_code[code]: Rep__part (map__part f zs) = map (map_prod id f) (Rep_part xs)
using Rep_part|of zs]

by (auto simp: map__part_def introl: Abs_part_inverse)

lemma coset_subset_set_code[code]:
(List.coset (xs :: __ :: universe list) C set ys) = (case universe of None = Fulse
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| Some zs = Vz € set z5. z € set zs V z € set ys)
using finite__compl finite_ subset
by (auto split: option.splits dest!: infinite finite)

lemma is _empty coset[code]: Set.is _empty (List.coset (zs :: _ :: universe list)) =
(case universe of None = False
| Some zs = YV z € set zs. z € set xs)
using coset__subset__set__code[of xs] by (auto simp: Set.is_empty__def split: option.splits dest: infinite

finite)

11.7 Exported functions

type__synonym name = string8
declare Formula.future__bounded.simps|code]

definition collect_paths :: ('n, 'd :: {default, linorder}) trace = ('n, 'd) formula = ('n, 'd) expl = 'd
set list set option where

collect_paths o ¢ e = (if (distinct_paths e A check_all _auz o (A_. UNIV) ¢ e) then None else Some
(collect _paths_auz {[|]} o (A_. UNIV) ¢ e))

definition check :: (name, event data) trace = (name, event data) formula = (name, event data) expl
= bool where
check = check__all

definition collect_paths specialized :: (name, event data) trace = (name, event_data) formula =
(name, event__data) expl = event__data set list set option where
collect__paths__specialized = collect_paths

definition trace of list specialized :: ((name X event_ data list) set x nat) list = (name, event data)
trace where
trace_of list_specialized xs = trace__of list s

definition specialized_set :: (name X event_data list) list = (name x event_data list) set where
specialized__set = set

definition ed_set :: event data list = event data set where
ed_set = set

definition sum_ nat :: nat = nat = nat where
sum _natmn=m -+ n

definition sub_nat :: nat = nat = nat where
sub_ natmn=m —n

lift__definition abs_part :: (event_data set x 'a) list = (event_data, 'a) part is
Azs.
let Ds = map fst zs in
if {} € set Ds
V (3D € set Ds. 3E € set Ds. D # EAN DN E # {})
V = distinct Ds
V (UD € set Ds. D) # UNIV then [(UNIV, undefined)] else s
by (auto simp: partition__on__def disjoint__def)

lemma rm__code[code__unfold]: rm S = Set.filter (A(i,§). ¢ < j) S
unfolding Set.filter _def by auto

export__code interval enat nat_of integer integer_ _of nat
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STT SSkip VSkip Formula.TT Regex.Skip Inl Elnt Formula.Var Leaf set part _hd sum_nat sub_nat
subsvals

check trace__of _list__specialized specialized__set ed__set abs__part

collect__paths__specialized

in OCaml module__name Checker file_ prefix checker

12 Unverified Explanation-Producing Monitoring Algorithm

fun merge_part2_raw :: ('a = 'b = ‘c) = ('d set x 'a) list = ('d set x 'b) list = ('d set x 'c) list
where
merge_part2_raw f [| _ = |]

| merge_part2_raw f ((P1, vl) # partl) part2 =

(let part12 = List.map_ filter (A\(P2, v2). if P1 N P2 # {} then Some(P1 N P2, f vl v2) else None)
part2 in

let part2notl = List.map_ filter (A\(P2, v2). if P2 — P1 # {} then Some(P2 — P1, v2) else None)
part2 in

part12 Q (merge_part2_raw f partl part2notl))

fun merge_part3_raw :: ('a = b = ‘¢ = 'e) = ('d set x 'a) list = ('d set x 'b) list = ('d set x 'c)
list = ('d set x 'e) list where

merge_part3_raw f || _ _ =]
| merge_part3_raw f_[] _ =]
| merge_part3_raw f_ _[] =]
| merge__part3_raw f partl part2 part3 = merge_part2_raw (Apt3 f'. f' pt3) part3 (merge_part2_raw f
partl part2)

lemma partition__on__empty_iff:
partition_on X P = P ={} +— X ={}
partition_on X P = P # {} +— X # {}
by (auto simp: partition__on__def)

lemma wf part_list_filter inter:
defines inP1 P1 f vl part2
= List.map_ filter (A(P2, v2). if P1 N P2 # {} then Some(P1 N P2, f vl v2) else None) part2
assumes partition_on X (set (map fst ((P1, vl) # partl)))
and partition_on X (set (map fst part2))
shows partition_on P1 (set (map fst (inP1 P1 f vl part2)))
and distinct (map fst ((P1, vl) # partl)) = distinct (map fst (part2)) =
distinct (map fst (inP1 P1 f vl part2))
proof (rule partition__onlI)
show |J (set (map fst (inP1 P1 f vl part2))) = P1
proof —
have 3 P2. (P1 N P2 # {} — (Fv2. (P2, v2) € set part2) A z € P2) AN P1 N P2 # {}
if U (fst “ set part2) = P1 U|J (fst “ set part!) and z € P1 for z
using that by (metis (no__types, lifting) Int_iff UN_iff Un_Int_eq(3) empty_iff prod.collapse)
with partition_onD1[OF assms(2)] partition_onD1[OF assms(3)] show ?thesis
by (auto simp: map_ filter_def inP1__def split: if _splits)
qed
show ANA1 A2. A1 € set (map fst (inP1 P1 f vl part2)) =
A2 € set (map fst (inP1 P1 f vl part2)) = Al # A2 — disjnt A1 A2
using partition_onD2[OF assms(2)] partition_onD2[OF assms(3)]
by (force simp: disjnt_iff map__filter__def disjoint__def inP1__def split: if _splits)
show {} ¢ set (map fst (inP1 P1 f vl part2))
using assms
by (auto simp: map_ filter__def split: if _splits)
show distinct (map fst ((P1, vl) # partl)) = distinct (map fst part2) —
distinct (map fst (inP1 P1 f vl part2))
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using partition_onD2[OF assms(8), unfolded disjoint_def, simplified, rule_format]
by (clarsimp simp: inP1_def map__ filter__def distinct_map inj_on__def Ball_def) blast
qed

lemma wf part_list_filter _minus:
defines notinP2 P1 f vl part2
= List.map_ filter (A\(P2, v2). if P2 — P1 # {} then Some(P2 — P1, v2) else None) part2
assumes partition__on X (set (map fst ((P1, vl) # partl)))
and partition_on X (set (map fst part2))
shows partition_on (X — P1) (set (map fst (notinP2 P1 f vl part2)))
and distinct (map fst ((P1, vl) # partl)) = distinct (map fst (part2)) =
distinct (map fst (notinP2 P1 f vl part2))
proof (rule partition__onl)
show |J (set (map fst (notinP2 P1 f vl part2))) = X — P1
proof —
have 3 P2. ((3z€P2. ¢ ¢ P1) — (Fv2. (P2, v2) € set part2)) A (3z€P2. x ¢ P1) ANz € P2
if |J (fst “ set part2) = P1 U |J (fst ‘ set partl) x ¢ P1 (P1', v1) € set part] z € P1' for x P1’ v1
using that by (metis (no__types, lifting) UN_iff Un__iff fst_conv prod.collapse)
with partition_onD1[OF assms(2)] partition_onD1[OF assms(8)] show ?thesis
by (auto simp: map__filter__def subset__eq split_beta notinP2__def split: if _splits)
ged
show ANAI A2. A1 € set (map fst (notinP2 P1 f vl part2)) =
A2 € set (map fst (notinP2 P1 f vl part2)) = Al # A2 = disjnt A1 A2
using partition_onD2[OF assms(3)]
by (auto simp: disjnt__def map__filter__def disjoint__def notinP2__def Ball _def Bex_ def image__iff split:
if _splits)
show {} ¢ set (map fst (notinP2 P1 f vl part2))
using assms
by (auto simp: map_ filter__def split: if _splits)
show distinct (map fst ((P1, vl) # partl)) = distinct (map fst part2) —>
distinct (map fst ((notinP2 P1 f vl part2)))
using partition_onD2[OF assms(3), unfolded disjoint__def]
by (clarsimp simp: notinP2_def map__ filter__def distinct_map inj _on_def Ball _def Bex_def im-
age__iff) blast
qed

lemma wf part_list_tail:
assumes partition_on X (set (map fst ((P1, vl) # partl)))
and distinct (map fst ((P1, vl) # partl))
shows partition_on (X — P1) (set (map fst partl))
and distinct (map fst partl)
proof (rule partition__onl)
show |J (set (map fst partl)) = X — P1
using partition_onD1[OF assms(1)] partition_onD2[OF assms(1)] assms(2)
by (auto simp: disjoint__def image_ iff)
show AA1 A2. A1 € set (map fst partl) = A2 € set (map fst part]) => Al # A2 = disjnt Al
A2
using partition_onD2[OF assms(1)]
by (clarsimp simp: disjnt__def disjoint__def)
(smt (verit, ccfu_SIG) Diff _disjoint Int_Diff Int_commute fst__conv)
show {} ¢ set (map fst partl)
using partition _onD3[OF assms(1)]
by (auto simp: map_ filter _def split: if _splits)
show distinct (map fst (partl))
using assms(2)
by auto
qed
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lemma partition__on__append: partition__on X (set xs) => partition_on Y (setys) = X N Y = {} =
partition_on (X U Y) (set (zs Q ys))
by (auto simp: partition__on__def intro!: disjoint__union)

lemma wf part_list _merge_part2_raw:
partition_on X (set (map fst partl)) A distinct (map fst partl) =
partition__on X (set (map fst part2)) A distinct (map fst part2) =
partition__on X (set (map fst (merge_part2_raw f partl part2)))
A distinct (map fst (merge_part2_raw f partl part2))
proof (induct f partl part2 arbitrary: X rule: merge__part2_raw.induct)
case (2 f P1 vl partl part2)
let ?inP1 = List.map_ filter (A\(P2, v2). if P1 N P2 # {} then Some (P1 N P2, f vl v2) else None)
part2
and ?notinP1 = List.map_ filter (A\(P2, v2). if P2 — P1 # {} then Some (P2 — P1, v2) else None)
part2
have P1 U X = X
using 2.prems
by (auto simp: partition__on__def)
have wf part!: partition_on (X — P1) (set (map fst partl))
distinct (map fst partl)
using wf _part_list_tail 2.prems by auto
moreover have wf_notinP1: partition_on (X — P1) (set (map fst ?notinP1))
distinct (map fst (?notinP1))
using wf_part_list_filter_minus[OF 2(2)[THEN conjunct!]]
2.prems by auto
ultimately have IH: partition_on (X — P1) (set (map fst (merge_part2 raw f partl (?notinP1))))
distinct (map fst (merge_part2_raw f part! (?notinP1)))
using 2.hyps|OF refl refl] by auto
moreover have wf_inP1: partition_on P1 (set (map fst ?inP1)) distinct (map fst ?inP1)
using wf_part_list_filter_inter[OF 2(2)[THEN conjunct!]]
2.prems by auto
moreover have (fst ‘ set ?inP1) N (fst ¢ set (merge_part2_raw f part! (?notinP1))) = {}
using [H(1)[THEN partition__onD1]
by (fastforce simp: map_filter__def split: prod.splits if _splits)
ultimately show ?case
using partition_on__append[OF wf_inP1(1) IH(1)] <P1 U X = X» wf_inP1(2) IH(2)
by simp
qed simp

lemma wf part_list _merge__part3 _raw:
partition_on X (set (map fst partl)) A distinct (map fst partl) =
partition_on X (set (map fst part2)) A distinct (map fst part2) =
partition_on X (set (map fst part8)) A distinct (map fst part3) =
partition_on X (set (map fst (merge__part3_raw f partl part2 part3)))
A distinct (map fst (merge__part3_raw f partl part2 part3))
proof (induct f partl part2 part3 arbitrary: X rule: merge__part3_raw.induct)
case (4 f v va vb ve vd ve)
have partition_on X (set (map fst (v # va))) A distinct (map fst (vb # vc))
using 4 by blast
moreover have partition__on X (set (map fst (vb # vc))) A distinct (map fst (vb # vc))
using 4 by blast
ultimately have partition _on X (set (map fst (merge_part2 _raw f (v # va) (vb # vc))))
A distinct (map fst (merge__part2_raw f (v # va) (vb # vc)))
using wf part_list_merge_part2_raw[of X (v # va) (vb # vc) f] 4
by fastforce
moreover have partition_on X (set (map fst (vd # ve))) A distinct (map fst (vd # ve))
using 4 by blast
ultimately show ?case
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using wf_part_list_merge_part2_rawl[of X (vd # ve) (merge_part2_raw f (v # va) (vb # vc)) (Apt3
I pt3)]

by simp
qed auto

lift__definition merge_part2 :: ('a = 'a = 'a) = ('d, 'a) part = ('d, 'a) part = ('d, 'a) part is
merge__part2_raw
by (rule wf_part_list_merge_part2_raw)

lift_definition merge_parts :: ('a = ‘a = 'a = 'a) = ('d, 'a) part = ('d, 'a) part = ('d, 'a) part =
('d, 'a) part is merge_part3_raw
by (rule wf _part_list_merge__part3_raw)

definition proof_app :: ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof (infixl «®> 65) where
p ® q = (case (p, q) of

Inl (SHistorically i li sps), Inl q¢) = Inl (SHistorically (i+1) li (sps @ [q]))

Inl (SAlways ¢ hi sps), Inl q) = Inl (SAlways (i—1) hi (g # sps))

Inl (SSince sp2 spls), Inl q) = Inl (SSince sp2 (spls Q [q]))

Inl (SUntil spls sp2), Inl q) = Inl (SUntil (g # spls) sp2)
VSince i vpl vp2s), Inr q) = Inr (VSince (i+1) vpl (vp2s Q [q]))
VOnce i li vps), Inr q) = Inr (VOnce (i+1) li (vps Q [q]))
VEventually i hi vps), Inr q) = Inr (VEventually (i—1) hi (q # vps))
VSincelnf i li vp2s), Inr q) = Inr (VSincelnf (i+1) li (vp2s Q [q]))
VUntil i vp2s vpl), Inr q) = Inr (VUntil (i—1) (q # vp2s) vpl)
VUntillnf ¢ hi vp2s), Inr q) = Inr (VUntillnf (i—1) hi (g # vp2s)))

Inr
Inr
Inr

(
| (
| (
| (
| (
| (Inr
| (
| (
| (
| (

Inr

o~ —

definition proof incr :: ('n, 'd) proof = ('n, 'd) proof where
proof_incr p = (case p of
Inl (SOnce i sp) = Inl (SOnce (i+1) sp)
| Inl (SEventually i sp) = Inl (SEventually (i—1) sp)
| Inl (SHistorically i li sps) = Inl (SHistorically (i+1) li sps)
| Inl (SAlways i hi sps) = Inl (SAlways (i—1) hi sps)
| Inr (VSince i vpl vp2s) = Inr (VSince (i+1) vpl vp2s)
| Inr (VOnce i li vps) = Inr (VOnce (i+1) li vps)
| Inr (VEventually i hi vps) = Inr (VEventually (i—1) hi vps)
| Inr (VHistorically i vp) = Inr (VHistorically (i+1) vp)
| Inr (VAlways i vp) = Inr (VAlways (i—1) vp)
| Inr (VSincelnf i li vp2s) = Inr (VSincelnf (i+1) li vp2s)
| Inr (VUntil i vp2s vpl) = Inr (VUntil (i—1) vp2s vpl)
| Inr (VUntillnf i hi vp2s) = Inr (VUntillnf (i—1) hi vp2s))
definition min_list_wrt :: (('n, 'd) proof = ('n, 'd) proof = bool) = ('n, 'd) proof list = ('n, 'd) proof
where
min_list_wrt r xs = hd [z < xs. Vy € set zs. 1 z Y]

definition do_neg :: ('n, 'd) proof = ('n, 'd) proof list where
do_neg p = (case p of
Inl sp = [Inr (VNeg sp)]

| Inr vp = [Inl (SNeg vp)])

definition do_or :: ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
do_or p1 p2 = (case (p1, p2) of
(Inl sp1, Inl sp2) = [Inl (SOrL spl1), Inl (SOrR sp2)]

| (Inl sp1, Inr _ ) = [Inl (SOrL sp1)]

| (Inr _, Inl sp2) = [Inl (SOrR sp2)]

| (Inr vpl, Inr vp2) = [Inr (VOr vpl vp2)])

definition do_and :: ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
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do__and p1 p2 = (case (pl, p2) of
(Inl sp1, Inl sp2) = [Inl (SAnd sp1 sp2)]
| (Inl _ , Inr vp2) = [Inr (VAndR vp2)]
| (Inr vpl, Inl _ ) = [Inr (VAndL vpl)]
| (Inr vp1, Inr vp2) = [Inr (VAndL vpl), Inr (VAndR vp2)])

definition do_imp :: ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
do__imp p1 p2 = (case (p1, p2) of
(Inl _ , Inl sp2) = [Inl (SImpR sp2)]

| (Inl sp1, Inr vp2) = [Inr (VImp spl vp2)]

| (Inr vp1, Inl sp2) = [Inl (SImpL vpl), Inl (SImpR sp2)]

| (Inr vpl, Inr _ ) = [Inl (SImpL vpl)])

definition do_iff :: ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
do__iff p1 p2 = (case (p1, p2) of
(Inl sp1, Inl sp2) = [Inl (SIffSS spl sp2)]

| (Inl sp1, Inr vp2) = [Inr (VIffSV spl vp2)]

| (Inr vpl, Inl sp2) = [Inr (VIffVS vpl sp2)]

| (Inr vpl, Inr vp2) = [Inl (SIfVV vpl vp2)])

definition do__ezists :: 'n = ('n, 'd::{default,linorder}) proof + ('d, ('n, 'd) proof) part = ('n, 'd) proof
list where
do__exists © p__part = (case p__part of
Inl p = (case p of
Inl sp = [Inl (SEzists z default sp)]
| Inr vp = [Inr (VExists z (trivial_part vp))])
| Inr part = (if (3z€ Vals part. isl z) then
map (A(D,p). map_sum (SEzists © (Min D)) id p) (filter (A(_, p). isl p) (subsvals part))
else
[Inr (VEzists x (map__part projr part))]))

definition do_ forall :: 'n = ('n, 'd::{default,linorder}) proof + ('d, ('n, 'd) proof) part = ('n, 'd) proof
list where
do__forall x p__part = (case p_part of
Inl p = (case p of
Inl sp = [Inl (SForall z (trivial_part sp))]
| Inr vp = [Inr (VForall z default vp)])
| Inr part = (if (Vx€Vals part. isl x) then
[Inl (SForall x (map_part projl part))]
else
map (AN(D,p). map__sum id (VForall x (Min D)) p) (filter (A(_, p). —isl p) (subsvals part))))

definition do_prev :: nat = T = nat = ('n, 'd) proof = ('n, 'd) proof list where
do_previltp = (case (p, t < left I) of

(Inl _, True) = [Inr (VPrevOutL i)]
| (Inl sp, False) = (if mem t I then [Inl (SPrev sp)| else [Inr (VPrevOutR i)])
| (Inr vp, True) = [Inr (VPrev vp), Inr (VPrevOutL i)]
| (Inr vp, False) = (if mem t I then [Inr (VPrev vp)] else [Inr (VPrev vp), Inr (VPrevOutR 1i)]))

definition do_next :: nat = T = nat = ('n, 'd) proof = ('n, 'd) proof list where
do_mext i It p = (case (p, t < left I) of
(Inl _, True) = [Inr (VNextOutL i)]
| (Inl sp, False) = (if mem t I then [Inl (SNeat sp)] else [Inr (VNextOutR i)])
| (Inr vp, True) = [Inr (VNext vp), Inr (VNextOutL i)]
| (Inr vp, False) = (if mem t I then [Inr (VNext vp)] else [Inr (VNext vp), Inr (VNextOulR i)]))

definition do_once_base :: nat = nat = ('n, 'd) proof = ('n, 'd) proof list where
do_once_base i a p’ = (case (p', a = 0) of
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(Inl sp’, True) = [Inl (SOnce i sp’)]
| (Inr vp', True) = [Inr (VOnce i i [vp'])]
| (_, False) = [Inr (VOnce i i [])])

definition do_once :: nat = nat = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
do_once i ap p' = (case (p, a = 0, p’) of
(Inl sp, True, Inr __ ) = [Inl (SOnce i sp)]

| (Inl sp, True, Inl (SOnce _ sp’)) = [Inl (SOnce i sp’), Inl (SOnce i sp)]

| (Inl _, False, Inl (SOnce _ sp’)) = [Inl (SOnce i sp’)|

| (Inl __, False, Int (VOnce __ li vps')) = [Inr (VOnce i li vps’)]

| (Inm _, True, Inl (SOnce _ sp”)) = [Inl (SOnce i sp’)]

| (Inr vp, True, Inr vp’) = [(Inr vp') & (Inr vp)]

| (Inm __, False, Inl (SOnce __ sp”)) = [Inl (SOnce i sp’)]

| (Inr __, False, Inr (VOnce __ li vps’)) = [Inr (VOnce i li vps')])

definition do__eventually base :: nat = nat = ('n, 'd) proof = ('n, 'd) proof list where
do__eventually_base i a p’' = (case (p', a = 0) of
(Inl sp’, True) = [Inl (SEventually i sp”)]

| (Inr vp', True) = [Inr (VEventually i i [vp'])]

| ( _, False) = [Inr (VEventually i ¢ [])])

definition do__eventually :: nat = nat = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
do__eventually i a p p' = (case (p, a = 0, p’) of
(Inl sp, True, Inr _ ) = [Inl (SEventually i sp)]

| (Inl sp, True, Inl (SEventually _ sp')) = [Inl (SEventually i sp’), Inl (SEventually i sp)]

| (Inl _, False, Inl (SEventually _ sp’)) = [Inl (SEventually i sp’)]

| (Inl __, False, Inr (VEventually __ hi vps')) = [Inr (VEventually i hi vps')]

| (Int __, True, Inl (SEventually _ sp")) = [Inl (SEventually i sp’)]

| (Inr vp, True, Inrvp') = [(Inr vp’) & (Inr vp)]

| (Inr _, False, Inl (SEventually __ sp’)) = [Inl (SEventually i sp’)]

| (Inr __, False, Inr (VEventually _ hi vps')) = [Inr (VEventually i hi vps')])

definition do_ historically_base :: nat = nat = ('n, 'd) proof = ('n, 'd) proof list where
do__historically_base i a p’ = (case (p’, a = 0) of
(Inl sp’, True) = [Inl (SHistorically i i [sp])]

| (Inr vp’, True) = [Inr (VHistorically i vp")]

| (_, False) = [Inl (SHistorically i i [])])

definition do__historically :: nat = nat = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
do__historically i a p p' = (case (p, a = 0, p’) of
(Inl _ | True, Inr (VHistorically _ wp')) = [Inr (VHistorically i vp’)]

| (Inl sp, True, Inlsp”’) = [(Inl sp’) & (Inl sp)]

| (Inl _, False, Inl (SHistorically __ li sps’)) = [Inl (SHistorically i li sps’)]

| (Inl __, False, Inr (VHistorically __ vp')) = [Inr (VHistorically i vp')]

| (Inr vp, True, Inl__ ) = [Inr (VHistorically i vp)]

| (Inr vp, True, Inr (VHistorically _ vp")) = [Inr (VHistorically i vp), Inr (VHistorically i vp")]
| (Inr __, False, Inl (SHistorically _ li sps’)) = [Inl (SHistorically i li sps’)]

| (Inr __, False, Inr (VHistorically __ vp")) = [Inr (VHistorically i vp')])

definition do__always base :: nat = nat = ('n, 'd) proof = ('n, 'd) proof list where
do__always_base i a p’ = (case (p’, a = 0) of
(Inl sp’, True) = [Inl (SAlways i i [sp7])]

| (Inr vp', True) = [Inr (VAlways i vp")]

| (_, False) = [Inl (SAlways i i [])])

definition do__always :: nat = nat = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where

do_always i a p p’ = (case (p, a = 0, p’) of
(Inl _ | True, Inr (VAlways _ wp')) = [Inr (VAlways i vp")]
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| (Inl sp, True, Inl sp”) = [(Inl sp’) & (Inl sp)]

| (Inl _ | False, Inl (SAlways __ hi sps’)) = [Inl (SAlways i hi sps’)]

| (Inl _, False, Int (VAlways _ vp')) = [Inr (VAlways i vp')]

| (Inr vp, True, Inl_ ) = [Inr (VAlways i vp)]

| (Inr vp, True, Inr (VAlways _ vp')) = [Inr (VAlways i vp), Inr (VAlways i vp")]
| (Inr _, False, Inl (SAlways _ hi sps’)) = [Inl (SAlways i hi sps’)]

| (Inr __, False, Inr (VAlways __ vp')) = [Inr (VAlways i vp")])

definition do__since_base :: nat = nat = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
do__since_base i a pl p2 = (case (p1, p2, a = 0) of
(_, Inl sp2, True) = [Inl (SSince sp2 [])]

Inl _, _, False) = [Inr (VSincelnf i i [])]

Inl __, Inr vp2, True) = [Inr (VSincelnf i i [vp2])]

Inr vpl, _, False) = [Inr (VSince i vpl []), Inr (VSincelnf i i [])]

Inr vpl, Inr sp2, True) = [Inr (VSince i vpl [sp2]), Inr (VSincelnf i i [sp2])])

PRy

definition do_since :: nat = nat = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof
list where
do_since i a p1 p2 p’ = (case (p1, p2, a = 0, p') of
(Inl sp1, Inr _, True, Inl sp’) = [(Inl sp’) @ (Inl sp1)]
| (Inl sp1, __, False, Inl sp’) = [(Inl sp”) & (Inl sp1)]
| (Inl sp1, Inl sp2, True, Inl sp’) = [(Inl sp”) & (Inl sp1), Inl (SSince sp2 [])]
| (Inl _, Inr vp2, True, Inr (VSinceInf ) = [p' & (Inr vp2)]
| (Inl _, __, False, Inr (VSincelnf __ li vp2s")) = [Inr (VSincelnf i li vp2s’)]
| (Inl _, Inr vp2, True, Inr (VSince _ _ __)) = [p’ & (Inr vp2)]
| (Inl _, _, False, Inr (VSince _ vp1' vp2s’)) = [Inr (VSince i vp1’ vp2s’)]
| (Inr vpl, Inr wp2, True, Inl __ ) = [Inr (VSince i vpl [vp2])]
| (Inr vpl, _, False, Inl _ ) = [Inr (VSince i vp1 [])]
| (Inr __, Inl sp2, True, Inl _ ) = [Inl (SSince sp2 [])]
| (Inr vpl Inr vp2, True, Inr (VSincelnf _ _ __)) = [Inr (VSince i vp1 [vp2]), p’ & (Inr vp2)]
| (Inr vpl, _, False, Inr (VSinceInf _ li vp2s”)) = [Inr (VSince i vp1 []), Inr (VSincelnf i li vp2s")]
| (_, Inl sp2, True, Inr (VSincelnf ___ __)) = [Inl (SSince sp2 [])]
| (Inr vpl, Inr vp2, True, Inr (VSince _ __ __)) = [Inr (VSince i vpl [vp2]), p’ & (Inr vp2)]
| (Inr vpl, _, False, Inr (VSince __ vpl’ vp2s)) = [Inr (VSince i vpl []), Inr (VSince i vpl’ vp2s’)]
| ( _, Inl vp2, True, Inr (VSince _ _ __)) = [Inl (SSince vp2 [])])

definition do_until_base :: nat = nat = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof list where
do_until_base i a p] p2 = (case (p1, p2, a = 0) of
(_, Inl sp2, True) = [Inl (SUntil [] sp2)]

| (Inl sp1, _, False) [Inr (VUntillnf i i [])]

| (Inl sp1, Inr vp2, True) = [Inr (VUntillnf i i [vp2])]

| (Inr vpl, __, False) = [Inr (VUntil i [] vpl), Inr (VUntillnf i i [])]

| (Inr vpl, Inr vp2, True) = [Inr (VUntil i [vp2] vpl), Inr (VUntillnf i i [vp2])])

definition do_ until :: nat = nat = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof
list where

do_until i a p1 p2 p’ = (case (p1, p2, a = 0, p') of

(Inl sp1, Inr __, True, Inl (SUntil _ _)) = [p @ (Inl spl1)]
Inl sp1, _, False, Inl (SUntil _ )) = [p’ (Inl sp1)]

| (

| (Inl sp1, Inl sp2, True, Inl (SUntil _ _)) = [p' @ (Inl spl), Inl (SUntil ] sp2)]

| (Inl _, Inr vp2, True, Inr (VUntillnf _ _ _)) = [p’ & (Inr vp2)]

| (Inl _, _, False, Inr (VUntillnf _ hi vp2s’)) = [Inr (VUntillnf i hi vp2s")]

| (Inl _, Inr vp2, True, Inr (VUntil _ _ _)) = [p’' ® (Inr vp2)]

| (Inl _, _, False, Inr (VUntil __ vp2s’ vp] ) = [Inr (VUntil i vp2s" vp1")]

| (Inr vpl, Inr vp2, True, Inl (SUntil ) = [Inr (VUntil i [vp2] vpl)]

| (Inr vp1, _, False, Inl (SUntil _ _)) = [Inr (VUntil i [] vpl)]

| (Inr vpl, Inl sp2, True, Inl (SUntil _ __)) = [Inl (SUntil [] sp2)]

| (Inr vpl, Inr vp2, True, Inr (VUntillnf _ _ _)) = [Inr (VUntil i [vp2] vpl), p’ & (Inr vp2)]
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| (Inr vpl, _, False, Inr (VUntillnf _ hi vp2s”)) = [Inr (VUntil i [] vp1), Inr (VUntillnf i hi vp2s")]
| ( _, Inl sp2, True, Inr (VUntillnf _ hi vp2s’)) = [Inl (SUntil [ sp2)]

| (Inr vpl, Inr vp2, True, Inr (VUntil ___)) = [Inr (VUntil i [vp2] vpl), p' & (Inr vp2)]

| (Inr vp1, _, False, Inr (VUntil __ vp2s’ vp1’)) = [Inr (VUntil i || vp1), Inr (VUntil i vp2s’ vp1”)]
| ( _, Inl sp2, True, Inr (VUntil _ __ __)) = [Inl (SUntil || sp2)])

fun match :: ('n, 'd) Formula.trm list = 'd list = ('n — 'd) option where
match [| [| = Some Map.empty
| match (Formula.Const © # ts) (y # ys) = (if ¢ = y then match ts ys else None)
| match (Formula.Var z # ts) (y # ys) = (case match ts ys of
None = None
| Some f = (case f z of
None = Some (f(z — y))
| Some z = if y = z then Some f else None))
| match _ __ = None

fun pdt_of :: nat = 'n = ('n, 'd :: linorder) Formula.trm list = 'n list = ('n — 'd) list = ('n, 'd) expl
where
pdt_of irts|[] V = (if List.null V then Leaf (Inr (VPred i r ts)) else Leaf (Inl (SPred i r ts)))
| pdt_of irts (z # vs) V =
(let ds = remdups (List.map__filter (Av. v z) V);
part = tabulate ds (Ad. pdt_of i r ts vs (filter (Av. vz = Some d) V)) (pdt_of i r ts vs [])
in Node x part)

fun apply_pdt1 :: 'n list = (('n, 'd) proof = ('n, 'd) proof) = ('n, 'd) ezpl = ('n, 'd) expl where

apply_pdtl vs f (Leaf pt) = Leaf (f pt)
| apply_pdtl (z # vs) f (Node z part) =

(if z = z then
Node © (map_part (Aexpl. apply_pdtl vs f expl) part)
else

apply_pdtl vs f (Node x part))
| apply_pdt! [| _ (Node __ _) = undefined

fun apply_pdt2 :: 'n list = (('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof) = ('n, 'd) expl = ('n, 'd)
expl = ('n, 'd) expl where
apply_pdt2 vs f (Leaf pt1) (Leaf pt2) = Leaf (f ptl pt2)
| apply_pdt2 vs f (Leaf pt1) (Node x part2) = Node x (map_part (apply_pdtl vs (f ptl)) part2)
| apply_pdt2 vs f (Node z partl) (Leaf pt2) = Node x (map__part (apply_pdtl vs (Aptl. f ptl pt2)) partl)
| apply_pdt2 (z # vs) f (Node z partl) (Node y part2) =
(ift =2z Ny = zthen
Node z (merge__part2 (apply_pdt2 vs f) partl part2)
else if © = z then
Node z (map__part (Aexpll. apply_pdt2 vs f expll (Node y part2)) partl)
else if y = z then
Node y (map__part (Aexpl2. apply_pdt2 vs f (Node z partl) expl2) part2)
else
apply_pdt2 vs f (Node z partl) (Node y part2))
| apply_pdt2 [| _ (Node _ _) (Node _ _) = undefined

fun apply_pdts :: 'n list = (('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof = ('n, 'd) proof) = ('n,
'd) expl = ('n, 'd) expl = ('n, 'd) expl = ('n, 'd) expl where

apply_pdt3 vs f (Leaf pt1) (Leaf pt2) (Leaf pt3) = Leaf (f pt1 pt2 pt3)
| apply_pdt3 vs f (Leaf pt1) (Leaf pt2) (Node x part8) = Node x (map__part (apply_pdt2 vs (f pt1) (Leaf
pt2)) part3)
| apply_pdt3 vs f (Leaf pt1) (Node x part2) (Leaf pt8) = Node z (map__part (apply_pdt2 vs (Apt2. f ptl
pt2) (Leaf pt3)) part2)
| apply_pdt3 vs f (Node = partl) (Leaf pt2) (Leaf pt3) = Node x (map_part (apply pdt2 vs (Aptl. f ptl
pt2) (Leaf pt3)) partl)
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| apply_pdt3 (w # vs) f (Leaf pt1) (Node y part2) (Node z part3) =
(if y=w A z = w then
Node w (merge__part2 (apply_pdt2 vs (f pt1)) part2 part3)
else if y = w then
Node y (map_part (Aexpl2. apply_pdt2 vs (f pt1) expl2 (Node z part3)) part2)
else if z = w then
Node z (map__part (Aexpl3. apply _pdt2 vs (f pt1) (Node y part2) expl3) part3)
else
apply_pdt3 vs f (Leaf pt1) (Node y part2) (Node z part3))
| apply_pdt3 (w # vs) f (Node x partl) (Node y part2) (Leaf pt3) =
(ifz = w A y = wthen
Node w (merge__part2 (apply_pdt2 vs (Aptl pt2. f ptl pt2 pt3)) partl part2)
else if = w then
Node x© (map_part (Aexpll. apply_pdt2 vs (Aptl pt2. f ptl pt2 pt3) expll (Node y part2)) partl)
else if y = w then
Node y (map__part (Aexpl2. apply_pdi2 vs (Aptl pt2. f ptl pt2 pt3) (Node = partl) expl2) part2)
else
apply_pdt3 vs f (Node z partl) (Node y part2) (Leaf pt3))
| apply_pdt3 (w # vs) f (Node x partl) (Leaf pt2) (Node z part3) =
(ifz = w A z = w then
Node w (merge__part2 (apply_pdt2 vs (Aptl. f ptl pt2)) partl part3)
else if = w then
Node © (map_part (Aexpll. apply_pdt2 vs (Aptl. f ptl pt2) expll (Node z part3)) partl)
else if z = w then
Node z (map__part (Aexpl3. apply _pdt2 vs (Aptl. f ptl pt2) (Node x partl) expl3) part3)
else
apply_pdt3 vs f (Node z partl) (Leaf pt2) (Node z part3))
| apply_pdt8 (w # vs) f (Node = partl) (Node y part2) (Node z part8) =
(fc=wANy=wA z=wthen
Node z (merge_part3 (apply_pdt3 vs f) partl part2 part3)
else if t = w A y = w then
Node w (merge__part2 (apply_pdt3 vs (Apt3 ptl pt2. f pt1 pt2 pt3) (Node z part3)) partl part2)
else if t = w N z = w then
Node w (merge__part2 (apply_pdt3 vs (Apt2 ptl pt3. f ptl pt2 pt3) (Node y part2)) partl part3)
else if y = w N z = w then
Node w (merge_part2 (apply_pdt3 vs (Aptl. f pt1) (Node x partl)) part2 part3)
else if © = w then
Node x (map_part (Aexpll. apply_pdt3 vs f expll (Node y part2) (Node z part3)) partl)
else if y = w then
Node y (map__part (Aexpl2. apply_pdi3 vs f (Node x partl) expl2 (Node z part3)) part2)
else if z = w then
Node z (map__part (Aexpl3. apply_pdt3 vs f (Node x partl) (Node y part2) expl3) part3)
else
apply_pdt3 vs f (Node z partl) (Node y part2) (Node z part3))
| apply_pdt3 [| _ _ _ _ = undefined

fun hide_pdt :: 'n list = (('n, 'd) proof + ('d, ('n, 'd) proof) part = ('n, 'd) proof) = ('n, 'd) expl =
('n, 'd) expl where
hide__pdt vs f (Leaf pt) = Leaf (f (Inl pt))
| hide_pdt [z] f (Node y part) = Leaf (f (Inr (map_part unleaf part)))
| hide_pdt (z # xs) f (Node y part) =

(if z = y then
Node y (map__part (hide_pdt xs f) part)
else
hide__pdt zs f (Node y part))
| hide_pdt [| _ __ = undefined
context
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fixes o 2 ('n, 'd :: {default, linorder}) trace and
emp :: ('n, 'd) proof = ('n, 'd) proof = bool
begin

function (sequential) eval :: 'n list = nat = ('n, 'd) Formula.formula = ('n, 'd) ezpl where
eval vs © Formula. TT = Leaf (Inl (STT 1))
| eval vs i Formula.FF = Leaf (Inr (VFF 1))
| eval vs i (Eq_Const x ¢) = Node z (tabulate [c] (Ac. Leaf (Inl (SEq Const i z c))) (Leaf (Inr
(VEq_Const i x c))))
| eval vs i (Formula.Pred r ts) =
(pdt_of i rts (filter (Az. z € Formula.fv (Formula.Pred r ts)) vs) (List.map__ filter (match ts) (sorted_list of set

(snd “{rd € T o 4. fst rd = r}))))
| eval vs i (Formula.Neg @) = apply_pdtl vs (Ap. min_list_wrt cmp (do_neg p)) (eval vs i @)
| eval vs i (Formula.Or ¢ 1) = apply_pdt2 vs (Ap1 p2. min_list_wrt cmp (do_or pl p2)) (eval vs i @)
(eval vs i )
| eval vs © (Formula.And ¢ 1) = apply_pdt2 vs (Apl p2. min_list_wrt cmp (do_and pl p2)) (eval vs @
®) (eval vs i )
| eval vs i (Formula.Imp ¢ ¥) = apply_pdt2 vs (Apl p2. min_list_wrt cmp (do_imp p1 p2)) (eval vs @
¥) (eval vs i )
| eval vs i (Formula.Iff ¢ ) = apply_pdt2 vs (Apl p2. min_list_wrt ecmp (do_iff p1 p2)) (eval vs i @)
(eval vs i )
| eval vs i (Formula.FEzists © ¢) = hide_pdt (vs @ [z]) (Ap. min_list_wrt cmp (do__exists x p)) (eval (vs
@ [2]) i )
| eval vs i (Formula.Forall x ) = hide_pdt (vs Q [z]) (Ap. min_list_wrt cmp (do__forall z p)) (eval (vs
O [2]) i )
| eval vs ¢ (Formula.Prev I ¢) = (if i = 0 then Leaf (Inr VPrevZ)

else apply_pdtl vs (Ap. min_list_wrt cmp (do_prev i I (A o i) p)) (eval vs
(i-1) ¢))

| eval vs i (Formula.Next I ¢) = apply_pdtl vs (Al. min__list_wrt cmp (do_next i I (A o (i+1)) 1)) (eval
vs (i+1) )
| eval vs i (Formula.Once I @) =
(if To it <70 0+ left Ithen Leaf (Inr (VOnceOut 1))
else (let expl = eval vs i @ in
(if i = 0 then
apply_pdtl vs (Ap. min__list_wrt cmp (do_once__base 0 0 p)) expl
else (if right I > enat (A o i) then
apply__pdt2 vs (A\p p’. min_list_wrt cmp (do_once i (left I) p p")) expl
(eval vs (i—1) (Formula.Once (subtract (A o i) I) ¢))
else apply_pdtl vs (Ap. min_list_wrt cmp (do_once_base i (left I) p)) expl))))
| eval vs i (Formula.Historically I @) =
(if Tot <10 0+ left Ithen Leaf (Inl (SHistoricallyOut ¢))
else (let expl = eval vs i ¢ in
(if i = O then
apply__pdtl vs (Ap. min_list_wrt cmp (do__historically_base 0 0 p)) expl
else (if right I > enat (A o 1) then
apply__pdt2 vs (A\p p’. min_list_wrt cmp (do__historically i (left I) p p")) expl
(eval vs (i—1) (Formula.Historically (subtract (A o i) I) ¢))
else apply_pdt1 vs (Ap. min__list_wrt cmp (do__historically _base i (left I) p)) expl))))
| eval vs i (Formula.Eventually I ¢) =
(let expl = eval vs i ¢ in
(if right I = oo then undefined
else (if right I > enat (A o (i+1)) then
apply_pdt2 vs (Ap p’. min_list_wrt cmp (do__eventually i (left I) p p’)) expl
(eval vs (i+1) (Formula. Eventually (subtract (A o (i+1)) I) ¢))
else apply _pdt1 vs (Ap. min__list_wrt emp (do__eventually_base i (left I) p)) expl)))
| eval vs i (Formula.Always I @) =
(let expl = eval vs i p in
(if right I = oo then undefined
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else (if right I > enat (A o (i+1)) then
apply_pdt2 vs (A\p p’. min_list_wrt cmp (do__always i (left I) p p’)) expl
(eval vs (i+1) (Formula.Always (subtract (A o (i+1)) I) ¢))
else apply_pdt1 vs (Ap. min_list_wrt emp (do_always_base i (left I) p)) expl)))
| eval vs ¢ (Formula.Since ¢ I ) =
(if Toi <70 0+ left Ithen Leaf (Inr (VSinceOut 7))
else (let expll = eval vs i ¢ in
let expl2 = eval vs i Y in
(if i = 0 then
apply__pdt2 vs (Apl p2. min_list_wrt cmp (do__since_base 0 0 p1 p2)) expll expl2
else (if right I > enat (A o 1) then
apply__pdt3 vs (Apl p2 p’'. min_list_wrt cmp (do_since i (left I) p1 p2 p")) expll expl?2
(eval vs (i—1) (Formula.Since ¢ (subtract (A o i) I) 1))
else apply_pdt2 vs (Ap1 p2. min_list_wrt cmp (do_since_base i (left I) pl p2)) expll
expl2))))
| eval vs i (Formula.Until ¢ I ¢) =
(let expll = eval vs i ¢ in
let expl2 = eval vs 1 Y in
(if right I = oo then undefined
else (if right I > enat (A o (i+1)) then
apply_pdt3 vs (Ap1 p2 p’. min_list_wrt cmp (do_until i (left I) p1 p2 p')) expll expl2
(eval vs (i+1) (Formula.Until ¢ (subtract (A o (i+1)) I) ))
else apply_pdt2 vs (Ap1 p2. min_list_wrt cmp (do_until _base i (left I) p1 p2)) expll expl2)))
| eval vs i (Formula.MatchP I r) = undefined
| eval vs i (Formula.MatchF I r) = undefined
by pat__completeness auto

fun dist where
dist i (Formula.Once _ _) =i
| dist i (Formula.Historically _ _) =i
| dist i (Formula.Eventually I ) = LTP o (case right I of co = 0 | enat b = (Tt o i+ b)) — ¢
| dist i (Formula.Always I ) = LTP o (case right I of co = 0 | enat b = (1 0 ¢ + b)) — §
| dist i (Formula.Since _ _ _) =1
| dist i (Formula.Until _ I ) = LTP o (case right I of oo = 0 | enat b= (T o i+ b)) — i
| dist _ __ = undefined

lemma ¢ less LTP: 70 (Suci) <b+70i= i< LTP o (b+ 7 0 1)
by (metis Suc_le_lessD i _le LTPi add le_iff add)

termination eval
by (relation measures [AN(__, __, v). size p, A, i, ). dist i ¢])
(auto simp: add.commute le_diff _conv i_less_LTP introl: diff _less_mono2)

end

end

13 Examples

definition monitor :: (('n :: linorder x 'd :: {default, linorder} list) set x nat) list = ('n, 'd) formula
= ('n, 'd) expl list where

monitor ™ ¢ = map (Ai. eval (trace_of list w) (Ap q. size p < size q) (sorted_list_of _set (fv ¢)) i ©)
[0 ..< length 7]
definition check :: (('n = linorder x 'd :: {default, linorder} list) set x nat) list = ('n, 'd) formula =
bool where

check m ¢ = list_all (check_all (trace_of _list ) ¢) (monitor m ¢)

155



13.1 Infinite Domain

definition prefix :: ((string X string list) set X nat) list where
prefic =
[({(""mgr_S", [""Mallory", "' Alice'")),

("'mgr_S", [""Merlin"', ""Bob""),

(""mgr_S", [""Merlin"', " Charlie'])}, 1307532861 ::nat),
({("approve”, [""Mallory”', 152"}, 1807532861),
({("approve”, [""Merlin"', "'1638""),

(""publish’’, "' Alice”, "'160")),

(""mgr_F", [""Merlin"', " Charlie''))}, 1807955600),
({("approve”, [""Merlin"', "'187"")),

"oublish’’, ["'Bob", "'163"),

"publish’’, ["' Alice”’, ""163""),

"publish”’, ["'Charlie"’, ""163"")),

"publish”’, ["'Charlie”’, ""152"")}, 1308477599)]

PRy

definition phi :: (string, string) Formula.formula where
phi = Formula.Imp (Formula.Pred "'publish’’ [Formula.Var ''a"’, Formula.Var "'f'])
(Formula.Once (init 604800) (Formula.Exists "'m'’ (Formula.Since
(Formula.Neg (Formula.Pred "'mgr_F'' [Formula.Var "'m"’, Formula.Var "a’])) all
(Formula.And (Formula.Pred "'mgr_S" [Formula.Var "'m"’, Formula.Var "'a’’)
(Formula.Pred "'approve’ [Formula. Var "'m", Formula.Var "'f")))))

value monitor prefiz phi
lemma check prefiz phi
by eval

13.2 Finite Domain

datatype Domain = Mallory | Merlin | Martin | Alice | Bob | Charlie | David | Default | R42 | R152 |
R160 | R163 | R187

definition ord :: Domain = nat where

ord d = (case d of
Mallory = 0

| Merlin = 1

| Martin = 2

| Alice = 3

| Bob = 4

| Charlie = 5

| David = 6

| Default = 7

| R{2 = 8

| R152 = 9

| R160 = 10

| R163 = 11

| R187 = 12)

instantiation Domain :: default begin

definition default Domain = Default

instance ..

end

instantiation Domain :: universe begin

definition universe_Domain = Some [Mallory, Merlin, Martin, Alice, Bob, Charlie, David, Default,
R42, R152, R160, R163, R187]

instance by standard (auto simp: universe_Domain__def intro: Domain.ezhaust)

end

instantiation Domain :: linorder begin
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definition less_eq Domain d d' = (ord d < ord d’)

definition less_Domain d d' = (ord d < ord d’)

instance by standard (auto simp: less_eq Domain__def less_Domain__def ord__def split: Domain.splits)
end

definition fprefiz :: ((string X Domain list) set X nat) list where
fprefiz =
[({(""mgr_S", [Mallory, Alice]),

(""mgr_S", [Merlin, Bob)),

("'mgr_S", [Merlin, Charlie])}, 1307532861 ::nat),
({(""approve", [Mallory, R152])}, 1807552861),
({(""approve”’, [Merlin, R163]),

(""publish’", [Alice, R160)),

("'mgr_F", [Merlin, Charlie])}, 1307955600),
({(""approve”’, [Merlin, R187]),

(""publish’’, [Bob, R163]),

("'publish"’, [Alice, R163]),

(""publish'’, | Charlie, R163]),

(""publish”’, [Charlie, R152])}, 1308477599)]

definition fphi :: (string, Domain) Formula.formula where
fohi = Formula.Imp (Formula.Pred "publish’’ [Formula. Var "a”; Formula.Var "f'")
(Formula.Once (init 604800) (Formula.Ezists "'m’" (Formula.Since
(Formula.Neg (Formula.Pred ""mgr_F' [Formula. Var "'m", Formula.Var "'a’)) all
(Formula.And (Formula.Pred "mgr_S"' [Formula.Var "'m"', Formula.Var "'a’")
(Formula.Pred "'approve’’ [Formula. Var "'m", Formula.Var "'f')))))

value monitor fprefix fphi
lemma check fprefix fphi
by eval
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