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Abstract

A monitor is a runtime verification tool that solves the following problem: Given a stream
of time-stamped events and a policy formulated in a specification language, decide whether
the policy is satisfied at every point in the stream. We verify the correctness of an executable
monitor for specifications given as formulas in metric first-order dynamic logic (MFODL),
which combines the features of metric first-order temporal logic (MFOTL) [2] and metric
dynamic logic [3]. Thus, MFODL supports real-time constraints, first-order parameters, and
regular expressions. Additionally, the monitor supports aggregation operations such as count
and sum. This formalization, which is described in a paper at IJCAR 2020 [1], significantly
extends previous work on a verified monitor for MFOTL [4]. Apart from the addition of
regular expressions and aggregations, we implemented multi-way joins and a specialized sliding
window algorithm to further optimize the monitor.
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1 Code adaptation for IEEE double-precision floats

1.1 copysign
lift__definition copysign :: (e, 'f) float = (‘e, 'f) float = ('e, 'f) float is
A, ex'e word, f::'f word) (s::1 word, _, ). (s, e, f) {proof)

lemma is_nan__copysign[simpl: is_nan (copysign x y) «— is_nan
(proof )

1.2 Additional lemmas about generic floats

lemma is_nan_some_nan[simp|: is_nan (some_nan :: (‘e, 'f) float)

(proof)

lemma not_is_nan_0[simp]: - is_nan 0
(proof )

lemma not_is_nan__1[simpl: - is_nan 1
(proof )

lemma is_nan_plus: is_nan z V is_nan y = is_nan (z + y)
(proof )

lemma is_nan_minus: is_nan z V is_nan y = is_nan (z — y)
(proof )

lemma is_nan_times: is_nan x V is_nan y —> is_nan (T * y)
(proof )

lemma is_nan_ divide: is_nan z V is_nan y = is_nan (z / y)
(proof )
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lemma is_nan_float_sqrt: is_nan ¥ => is_nan (float_sqrt z)
(proof )

lemma nan_ fcompare: is_nan x V is_nan y = fcompare x y = Und
(proof )

lemma nan_not_le: is_ nanx V is_nany = ~x < y
(proof)

lemma nan_not_less: is_nan x V is_nany = -z < y
(proof)

lemma nan_not_zero: is _man v —> — is_zero &
(proof)

lemma nan_not_infinity: is_nan r = — is_infinity z
(proof)

lemma zero__not_infinity: is_zero v = — is_infinity x
(proof)

lemma zero not_nan: is_zero x =—> — is_nan T
(proof)

lemma minus__one__power_one_word: (—1 :: real) ~unat (z :: 1 word) = (if unat x = 0 then 1 else —1)

(proof)

definition valofn :: (‘e, 'f) float = real where
valofn x = (2 exponent x / 2 bias TYPE(('e, 'f) float))
(1 + real (fraction x) /| 2 "LENGTH('f))

definition valofd :: ('e, 'f) float = real where
valofd x = (2 / 2 bias TYPE(('e, 'f) float)) * (real (fraction z) / 2 "LENGTH('f))

lemma valof _alt: valof z = (if exponent © = 0 then
if sign = 0 then valofd x else — valofd x
else if sign © = 0 then valofn z else — valofn x)
(proof)

lemma fraction_less_2p: fraction (z :: ('e, 'f) float) < 2 "LENGTH('f)
(proof )

lemma valofn_ge 0: 0 < wvalofn x
(proof)

lemma valofn__ge_ 2p: 2 exponent (z :: (‘e, 'f) float) / 2 bias TYPE(('e, 'f) float) < valofn x
(proof )

lemma valofn__less_ 2p:

fixes = :: (e, 'f) float

assumes exponent < e

shows wvalofn z < 27e |/ 2 bias TYPE(('e, 'f) float)
(proof)

lemma valofd_ge 0: 0 < wvalofd x
(proof )



lemma valofd_less_2p: valofd (z :: ('e, 'f) float) < 2 / 2 bias TYPE(('e, 'f) float)
(proof )

lemma wvalofn_le__imp__exponent_le:
fixes z y = (e, 'f) float
assumes valofn ¢ < valofn y
shows exponent x < exponent y

(proof)

lemma wvalofn__eq:
fixes z y :: (e, 'f) float
assumes valofn © = valofn y
shows exponent x = exponent y fraction x = fraction y

(proof)

lemma wvalofd_eq:
fixes z y :: (e, 'f) float
assumes valofd x = valofd y
shows fraction x = fraction y

(proof)

lemma is_zero_wvalof conv: is_zero © <— valof x = 0
(proof)

lemma valofd_neq wvalofn:
fixes z y :: (e, 'f) float
assumes exponent y # 0
shows valofd © # valofn y valofn y # valofd x

(proof)

lemma sign_gt 0 conv: 0 < sign © <— sign x = 1
(proof)

lemma valof _eq:
assumes — is_zero T V T i5_zero y
shows valof © = valof y +— z =y

(proof)

lemma zero_fcompare: is_zero © = is_zero y = fcompare r y = ccode.Eq
(proof )

1.3 Doubles with a unified NaN value

quotient__type double = (11, 52) float / Ax y. is_nanz A is_nanyV z =y
(proof)

instantiation double :: {zero, one, plus, minus, uminus, times, ord}
begin

lift_definition zero_ double :: double is 0 (proof)
lift__definition one__double :: double is 1 (proof)

lift__definition plus double :: double = double = double is plus
(proof)

lift__definition minus_double :: double = double = double is minus
{proof)



lift__definition uminus double :: double = double is uminus
(proof )

lift__definition times double :: double = double = double is times
(proof)

lift_ definition less eq double :: double = double = bool is (<)
(proof )

lift_ definition less_double :: double = double = bool is (<)
(proof )

instance (proof)
end

instantiation double :: inverse
begin

lift__definition divide_double :: double = double = double is divide
(proof)

definition inverse_double :: double = double where
inverse__double x = 1 div x

instance (proof)
end

lift_ definition sqrt_double :: double = double is float_sqrt
(proof )

no__notation plus infinity (<co»)
lift__definition infinity :: double is plus_infinity (proof)
lift__definition nan :: double is some_nan {(proof)

lift__definition is_zero :: double = bool is IEFE.is _zero
(proof )

lift_ definition ¢s_infinite :: double = bool is IEEE.is_infinity
(proof )

lift__definition is _nan :: double = bool is IEFE.is_nan
(proof)

lemma is _nan__conv: is_nan x <— x = nan
(proof )

lift_ definition copysign_double :: double = double = double is
Az y. if IEEE.is_nan y then some_nan else copysign T y

(proof)

Note: copysign__double deviates from the IEEE standard in cases where the second argument is a
NaN.

lift__definition fcompare double :: double = double = ccode is fcompare
(proof)



lemma nan__fcompare__double: is_nan x V is_nan y => fcompare__double x y = Und
(proof)

consts compare__double :: double = double = integer

specification (compare__double)

compare__double_less: compare__double x y < 0 <— is_nan z A = is_nan y V fcompare__double x y =
ccode. Lt

compare__double _eq: compare_double © y = 0 +— is_nan z A is_nan y V fcompare_double x y =
ccode. Fq

compare__double__greater: compare__double zy > 0 <— — is_nan x A is_nan y V fcompare__double x
y = ccode.Gt

(proof)
lemmas compare__double simps = compare__double__less compare__double__eq compare__double greater

lemma compare__double_le 0: compare double z y < 0 +—
is_nan x V fcompare__double z y € {ccode.Eq, ccode.Lt}

(proof)

lift__definition double_of integer :: integer = double is
Az. zerosign 0 (intround RNE (int_of integer z)) (proof)

definition double of int where [code del]: double_of int x = double_of integer (integer__of int z)

lemma [code]: double_of int (int_of integer ) = double_of _integer x
(proof )

lift_ definition integer_of double :: double = integer is
Az. if IEEE.is_nan z V IEEE.is_infinity x then undefined
else integer__of _int |valof (intround roundTowardZero (valof z) :: (11, 52) float)]

(proof)

definition int_of double: int_of double x = int_of integer (integer__of _double x)

1.4 Linear ordering

definition lcompare double :: double = double = integer where
lcompare__double z y = (if is_zero x N is_zero y then
compare__double (copysign__double 1 x) (copysign__double 1 y)
else compare__double = y)

lemma fcompare__double__swap: fcompare _double © y = ccode.Gt <— fecompare _double y x = ccode. Lt
(proof)

lemma fcompare _double__refl: — is_nan © => fcompare__double x x = ccode.Fq
(proof )

lemma fcompare _double_FEql: fcompare double x y = ccode. Eq = fcompare__double y z = ¢ => fcom-
pare__double x z = ¢

(proof)

lemma fcompare _double FEq2: fcompare__double y z = ccode. Eq = fcompare__double t y = ¢ => fcom-
pare__double x z = ¢

(proof)

lemma fcompare__double_ Lt _trans: fcompare double x y = ccode.Lt => fcompare__double y z = ccode. Lt



= fcompare__double x z = ccode.Lt
(proof )

lemma fcompare double eq: — is_zero x V — is_zero y => fcompare__double x y = ccode.Fq — © =y
(proof)

lemma fcompare__double_ Lt _asym: fcompare__double x y = ccode.Lt => fcompare__double y x = ccode.Lt
—> Fulse
(proof)

lemma compare _double _swap: 0 < compare__double x y +— compare__double y x < 0
(proof)

lemma compare__double_refl: compare__double  x = 0
(proof)

lemma compare__double__trans: compare__double xy < 0 => compare__double y z < 0 => compare__double
rzz <0
(proof)

lemma compare__double_antisym: compare_double zy < 0 = compare__double y x < 0 =
45 _zerox V 1S _zero Yy = T = Y
(proof)

lemma zero__compare__double__copysign: compare__double (copysign__double 1 x) (copysign__double 1 y)
< 0=
is_zero x = is_zero y = compare__double x y < 0

(proof )

lemma is_zero__double_cases: is_zero z — (z = 0 — P) = (e = -0 = P) = P
(proof )

lemma copysign_1_0[simp]: copysign__double 1 0 = 1 copysign__double 1 (—0) = —1
(proof )

lemma is_zero__uminus_double[simp]: is_zero (— x) +— is_zero z
(proof)

lemma not_is_zero_one_double[simp]: — is_zero 1
(proof )

lemma uminus_one_neq _one_double[simp]: — 1 # (1 :: double)
(proof )

definition lle_double :: double = double = bool where
lle__double x y <— lcompare__double zy < 0

definition lless double :: double = double = bool where
lless__double x y <— lcompare _double zy < 0

lemma lcompare__double_ge 0: lcompare__double z y > 0 <— lle__double y z
(proof )

lemma lcompare__double_gt_0: lcompare__double x y > 0 <— lless double y x
(proof)

lemma lcompare__double_eq 0: lcompare _double zy = 0 +— x =y
(proof)



lemmas lcompare__double__0_folds = lle__double__def[symmetric] lless__double__def[symmetric]
lcompare__double__ge_ 0 lcompare__double__gt_0 lcompare__double_eq 0

interpretation double linorder: linorder lle__double lless__double

(proof)

instantiation double :: equal
begin

definition equal double :: double = double = bool where
equal__double x y <— lcompare__double x y = 0

instance (proof)
end
derive (eq) ceq double

definition comparator__double :: double comparator where
comparator_double z y = (let ¢ = lcompare__double z y in
if ¢ = 0 then order.Eq else if ¢ < 0 then order.Lt else order.Gt)

lemma comparator__double: comparator comparator__double
(proof )

(ML)
derive ccompare double

1.4.1 Code setup

declare [[code drop:
0 :: double
1 :: double
plus :: double = __
minus :: double =
uminus :: double =
times :: double =
less _eq :: double =
less :: double =
divide :: double = __
sqrt__double infinity nan is_zero is_infinite is_nan copysign__double fcompare _double
double__of _integer integer _of double

Il

code__printing
code__module FloatUtil — (OCaml)
<module FloatUtil : sig
val iszero : float —> bool
val isinfinite : float —> bool
val isnan : float —> bool
val copysign : float —> float —> float
val compare : float —> float —> Z.t
end = struct
let iszero x = (Pervasives.classify_float © = Pervasives. FP__zero);;
let isinfinite © = (Pervasives.classify_float x = Pervasives. FP_infinite);;
let isnan © = (Pervasives.classify_float © = Pervasives.FP_nan);;
let copysign x y = if isnan y then Pervasives.nan else Pervasives.copysign  y;;



let compare x y = Z.of _int (Pervasives.compare  y);;
end;;

code__reserved (OCaml) Pervasives FloatUtil

code__printing
type__constructor double — (OCaml) float
| constant uminus :: double = double — (OCaml) Pervasives.(~—.)
| constant (+) :: double = double = double — (OCaml) Pervasives.(+.)
| constant (x) :: double = double = double — (OCaml) Pervasives.( x. )
| constant (/) :: double = double = double — (OCaml) Pervasives.(’/.)
| constant (=) :: double = double = double — (OCaml) Pervasives.(—.)
| constant 0 :: double — (OCaml) 0.0
| constant 1 :: double = (OCaml) 1.0
| constant (<) :: double = double = bool — (OCaml) Pervasives.(<=)
| constant (<) :: double = double = bool — (OCaml) Pervasives.(<)
| constant sgrt_double :: double = double — (OCaml) Pervasives.sqrt
| constant infinity :: double — (OCaml) Pervasives.infinity
| constant nan :: double — (OCaml) Pervasives.nan
| constant is_zero :: double = bool — (OCaml) FloatUtil.iszero
| constant is_infinite :: double = bool — (OCaml) FloatUtil.isinfinite
| constant is_nan :: double = bool — (OCaml) FloatUtil.isnan
| constant copysign__double :: double = double = double — (OCaml) FloatUtil.copysign
| constant compare__double :: double = double = integer — (OCaml) FloatUtil.compare
| constant double_of _integer :: integer = double — (OCaml) Z.to’_float
| constant integer _of double :: double = integer — (OCaml) Z.of'_float

hide__const (open) fcompare__double

2 Event parameters

definition div_to_zero :: integer = integer = integer where
div_to_zero x y = (let z = fst (Code__Numeral.divmod__abs z y) in
if (z < 0)# (y < 0) then — z else z)

definition mod_to_ zero :: integer = integer = integer where
mod_to_zero z y = (let z = snd (Code__Numeral.divmod__abs = y) in
if © < 0 then — z else z)

lemma b # 0 = div_to_zero a b * b + mod_to_zero a b = a
(proof)

datatype event_data = Elnt integer | EFloat double | EString String.literal

derive (eq) ceq event_data
derive ccompare event_data

instantiation event_data :: {ord, plus, minus, uminus, times, divide, modulo}
begin

fun less eq event data where

ElIntx < ElInty<— z <y
| EInt x < EFloat y «— double_of integer z < y
| EInt _ < EString __ <— Fualse
| EFloat x < EInt y «— z < double_of integer y
| EFloat x < EFloat y +— z < y



| EFloat _ < EString _ <+— False
| EString x < EString y <— lexordp__eq (String.explode x) (String.explode y)
| EString _ < _ +— Fulse

definition less event data :: event data = event data = bool where
less_event_datax y +— x < yAN-y<z

fun plus event data where

EInt x + EInt y = EInt (z + y)
| EInt x + EFloat y = EFloat (double_of integer = + y)
| EFloat x + Elnt y = EFloat (z + double_of _integer y)
| EFloat x + EFloat y = EFloat (z + y)
| (_::event_data) + _ = EFloat nan

fun minus event data where

Elnt z — EInt y = Elnt (z — y)
| EInt © — EFloat y = EFloat (double_of _integer x — y)
| EFloat x — EInt y = EFloat (z — double_of _integer y)
| EFloat x — EFloat y = EFloat (z — y)
| (_::event_data) — __ = EFloat nan

fun uminus_event data where
— EInt x = EInt (— x)

| — EFloat z = EFloat (— z)

| — (_::event_data) = EFloat nan

fun times event data where

Elnt z x EInt y = Elnt (z * y)
| EInt z x EFloat y = EFloat (double_of _integer x x y)
| EFloat z * EInt y = EFloat (z * double_of integer y)
| EFloat x * EFloat y = EFloat (z * y)
| (_::event_data) * _ = EFloat nan

fun divide event data where

Elnt ¢ div EInt y = Elnt (div_to_zero x y)
| EInt z div EFloat y = EFloat (double_of integer z div y)
| EFloat z div EInt y = EFloat (z div double_of _integer y)
| EFloat x div EFloat y = EFloat (x div y)
| (_::event_data) div _ = EFloat nan

fun modulo event data where
EInt z mod Elnt y = EInt (mod_to_zero z y)
| (_::event_data) mod __ = EFloat nan

instance (proof)
end

primrec integer__of event data :: event data = integer where
integer__of _event_data (EInt ) = x

| integer _of event data (EFloat ) = integer_of double z

| integer _of event_data (EString _) = 0

primrec double_of event data :: event_data = double where
double__of _event_data (EInt z) = double_of _integer x

| double__of event_data (EFloat ) = x

| double_of event_data (EString _) = nan
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3 Regular expressions

context begin

qualified datatype (atms: ‘a) regex = Skip nat | Test 'a
| Plus 'a regex 'a regex | Times 'a regex 'a regex | Star 'a regex

lemma finite__atms[simp]: finite (atms r)
(proof)

definition Wild = Skip 1

lemma size_regex__estimation[termination_simpl: © € atms r = y < fz = y < size_regex f r

(proof)

lemma size_regex__estimation'[termination_simpl: © € atms r = y < fz = y < size_regex f T
(proof ) definition TimesL r S = Timesr ‘S
qualified definition TimesR R s = (Ar. Times rs) ‘R

qualified primrec fu_regex where

fu_regex fu (Skip n) = {}

| fu_regezx fu (Test @) = fv ¢

| fu_regex fu (Plus v s) = fu_regex fu r U fu_regex fu s

| fu_regex fu (Times r s) = fu_regex fo r U fu_regex fv s
(

| fu_regex fv (Star r) = fu_regezx fo r

lemma fu_regex_cong[fundef _congl:
r=r"= (Az.z € atms r = fvz = fvo’ 2) = fu_regex fo r = fu_regex fo' r’
(proof)

lemma finite_fu_regex[simpl: (N\z. z € atms r = finite (fv 2)) = finite (fu_regex fv r)
(proof )

lemma fu_regex commute:
(Nz.z€atmsr =z € foz+—>gax € fv'z) = x € fu_regex fur +— gx € fu_regex fo' r
(proof)

lemma fu_regex_alt: fu_regex for = (Uz € atms r. fv 2)
(proof) definition nfv_regex where
nfu_regex fu r = Max (insert 0 (Suc ‘ fu_regex fu r))

lemma insert_Un: insert © (A U B) = insert ¢ A U insert z B
(proof)

lemma nfy_regex_simps[simp):
assumes [simp]: (Az. z € atms r => finite (fv 2)) (\z. z € atms s = finite (fv 2))
shows
nfu_regez fv (Skip n) = 0
nfu_regex fu (Test ) = Maz (insert 0 (Suc ‘ fv p))
nfu_regex fu (Plus v s) = maz (nfu_regex fv r) (nfu_regex fu s)
nfu_regezx fu (Times r s) = maz (nfu_regex fv r) (nfu_regezx fv s)
nfu_regex fv (Star r) = nfu_regex fu r

(proof )
abbreviation min_regex_default f r j = (if atms r = {} then j else Min ((Az. f zj) ‘ atms 1))
qualified primrec match :: (nat = ‘a = bool) = 'a regex = mat = nat = bool where

match test (Skip n) = (Xij. j =1+ n)
| match test (Test @) = (Aij. i = j A test i @)
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| match test (Plus v s) = match test r U match test s
| match test (Times r s) = match test r OO match test s
| match test (Star r) = (match test r)*™

lemma match__cong[fundef _cong]:
r=r'"=—= (ANiz.z€atmsr = tiz=1t"1iz) = match t r = match t' r’
(proof) primrec eps where
eps test ¢ (Skip n) = (n = 0)

| eps test i (Test p) = test i ¢

| eps test i (Plus v s) = (eps test i v V eps test i s)

| eps test i (Times r s) = (eps test i v A eps test i s)

| eps test i (Star r) = True

qualified primrec Ipd where
Ipd test i (Skip n) = (case n of 0 = {} | Suc m = {Skip m})
| Ipd test i (Test p) = {}
| Ipd test ¢ (Plus v s) = (lpd test i v U Ipd test i s)
| Ipd test i (Times v s) = TimesR (Ipd test i v) s U (if eps test i r then Ipd test i s else {})
| Ipd test i (Star r) = TimesR (Ipd test i ) (Star r)

qualified primrec lpdx where
Ipdk K test i (Skip n) = (case n of 0 = {} | Suc m = {k (Skip m)})
| lpdrk Kk test i (Test ) = {}
| Ipdk Kk test i (Plus r s) = lpdk K test i v U lpdk Kk test i s
| Ipdk K test i (Times v s) = Ilpdk (At. k (Times t s)) test i v U (if eps test i r then Ipdk k test i s else {})
| Ipdk K test i (Star r) = lpds (At. k (Times t (Star r))) test ¢ r

qualified primrec rpd where
rpd test i (Skip n) = (case n of 0 = {} | Suc m = {Skip m})
| rpd test i (Test o) = {}
| rpd test i (Plus r s) = (rpd test i v U rpd test i s)
| rpd test i (Times r s) = TimesL r (rpd test i s) U (if eps test i s then rpd test i r else {})
| rpd test i (Star r) = TimesL (Star r) (rpd test i r)

qualified primrec rpdk where
rpdk k test i (Skip n) = (case n of 0 = {} | Suc m = {x (Skip m)})
| rpdk K test i (Test o) = {}
| rpdk K test i (Plus r s) = rpdk k test i r U rpdk Kk test i s
| rpdk Kk test i (Times r s) = rpdk (At. k (Times r t)) test i s U (if eps test i s then rpdk k test i r else

{H

| rpdk K test i (Star r) = rpdk (At. k (Times (Star r) t)) test i r

lemma Ipdk_lpd: Ipdk Kk test i r = k ¢ Ipd test i r
(proof)

lemma rpdk__rpd: rpdk K test i r = Kk ‘ rpd test i r
(proof)

lemma match_le: match test rij = 1 < j

(proof)

lemma match__rtranclp_le: (match test r)**

(proof)

ij=i<j
lemma eps match: eps test i r <— match test r i1

(proof)

lemma Ipd_match: i < j = match test 7 i j < (|| s € Ipd test i r. match test s) (i + 1) j

12



(proof)

lemma rpd_match: i < j = match test v i j +— (|| s € rpd test j r. match test s) i (j — 1)

(proof)

lemma Ipd_fu_regex: s € Ipd test i r => fu_regex fu s C fu_regex fu r

(proof)

lemma rpd_fu_regex: s € rpd test i 1 = fu_regex fu s C fu_regex fu r

(proof)

lemma match_fu_cong:
(N\iz. z € atms r => test i x = test’ i x) = match test r = match test’ r

(proof)

lemma eps fu_cong:
(Niz. = € atms r => test i x = test' i ) = eps test i v = eps test’ i r
(proof)

datatype modality = Past | Futu
datatype safety = Strict | Laz

context

fixes fv :: ‘a = 'b set

and safe :: safety = ‘a = bool
begin

qualified fun safe_regez :: modality = safety = 'a regex = bool where
safe_regex m __ (Skip n) = True
| safe_regex m g (Test @) = safe g ¢
| safe_regex m g (Plus r s) = ((g = Lax V fu_regex fu r = fu_regex fv s) A safe_regex m g r A\ safe_regex
mgs)
| safe_regex Futu g (Times r s) =
((9 = Lax V fu_regex fv r C fu_regex fv s) A safe_regex Futu g s A safe_regex Futu Laz r)
| safe_regex Past g (Times rs) =
((9 = Laz V fu_regex fo s C fu_regex fu r) A safe_regex Past g v N safe_regex Past Laz s)
| safe_regex m g (Star r) = ((¢g = Laz V fu_regezx fu r = {}) A safe_regex m g r)

lemmas safe_reger_induct = safe_regex.induct[case_names Skip Test Plus TimesF TimesP Star]

lemma safe_ cosafe:
(Az. z € atms r = safe Strict t = safe Laxz ) = safe_regex m Strict r => safe_regex m Laz T

(proof)

lemma safe_Ipd _fuv_regex_le: safe_regex Futu Strict r => s € lpd test i r => fu_regezx fo r C fu_regex
fus
(proof )

lemma safe_lpd_fu_regex: safe_regex Futu Strict r => s € Ipd test i r = fu_regex fv s = fu_regex fu
r
(proof)

lemma cosafe_lpd: safe_reger Futu Lax r = s € lpd test i r = safe__regex Futu Lax s

(proof)

lemma safe_lpd: (Vx € atms r. safe Strict © — safe Laz x) =
safe__regex Futu Strict r = s € Ilpd test i r = safe__regex Futu Strict s

(proof)
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lemma safe_rpd_fu_regex_le: safe_regex Past Strict r => s € rpd test i 1 => fu_regex fu r C fu_regex
fus
(proof )

lemma safe_rpd_fu_regex: safe_regex Past Strict r => s € rpd test i r = fu_regex fv s = fu_regex fv
r
(proof)

lemma cosafe _rpd: safe_regex Past Lax r => s € rpd test i r = safe__regex Past Lax s

(proof)

lemma safe_rpd: (Vz € atms r. safe Strict ¥ — safe Laz t) =
safe__regex Past Strict r => s € rpd test i 1 => safe_regex Past Strict s

(proof)

lemma safe_regex_safe: (\g r. safe g r = safe Lax r) =
safe_regex m g r => x € atms r = safe Lax x
(proof )

lemma safe_regex__map_ regex:
(Ag z. z € atms r = safe g v = safe g (fz)) = (Az. z € atms r = fv (fz) = foz) =
safe_regex m g r = safe_regex m g (map_regex f )
(proof)

end

lemma safe_regex__cong[fundef cong]:
(A\g z. © € atms r = safe g x = safe’ g r) =
Regex.safe_regex fv safe m g v = Regex.safe_regex fv safe’ m g r
(proof )

lemma safe_regex_mono:
(A\g z. * € atms r => safe g x = safe’ g 1) =
Regex.safe_regex fv safe m g 1 = Regex.safe_regex fv safe’ m g r
(proof)

lemma match_map_ regex: match t (map_regex f r) = match (Ak z. tk (fz)) r
(proof)

lemma match__cong__strong:
Nkzke{i.<j+1}=z€atmsr = tkz=1t"kz) = matchtrij=matcht' rij

(proof)

end

4 Metric first-order dynamic logic
derive (eq) ceq enat

instantiation enat :: ccompare begin

definition ccompare enat :: enat comparator option where

ccompare__enat = Some (Az y. if © = y then order.Eq else if x < y then order.Lt else order.Gt)

instance (proof)
end
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context begin

4.1 Formulas and satisfiability

qualified type_ synonym name = String.literal

qualified type__synonym event = (name X event_data list)

qualified type_ synonym database = (name, event_data list set list) mapping
qualified type_ synonym prefiz = (name X event_data list) prefic

qualified type__synonym trace = (name X event_data list) trace

qualified type_ synonym env = event_ data list

4.1.1 Syntax

qualified datatype trm = is_ Var: Var nat | is_Const: Const event_data
| Plus trm trm | Minus trm trm | UMinus trm | Mult trm trm | Div trm trm | Mod trm trm
| F2i trm | I2f trm

qualified primrec fvi_trm :: nat = trm = nat set where
fvi_trm b (Var z) = (if b < x then {z — b} else {})

| fi_trm b (Const _) = {}

| foi_trm b (Plus z y) = fvi_trm bz U fui_trm by

| fui_trm b (Minus z y) = fvi_trm bz U fui_trm by

| fui_trm b (UMinus ) = fuvi_trm bz

| foi_trm b (Mult x y) = fvi_trm bz U fui_trm by

| fi_trm b (Div z y) = fvi_trm bz U fui_trm by

| fi_trm b (Mod x y) = fvi_trm bz U fui_trm by

| fi_trm b (F2iz) = foi_trm b x

| foi_trm b (I2f z) = fui_trm bz

abbreviation fu_trm = fvi_trm 0
qualified primrec eval trm :: env = trm = event_data where

eval trmwv (Varz) =v!lz
eval_trm v (Const z) = z

| (

| eval_trm v (Plus z y) = eval_trm vz + eval _trm vy

| eval _trm v (Minus z y) = eval_trm vx — eval_trm vy

| eval_trm v (UMinus z) = — eval_trm v z

| eval _trm v (Mult z y) = eval _trm v x x eval_trm v y

| eval _trm v (Div z y) = eval _trm v z div eval_trm v y

| eval_trm v (Mod z y) = eval_trm v & mod eval_trm v y

| eval_trm v (F2i ) = EInt (integer_of _event_data (eval _trm v z))
| eval trm v (12f z) = EFloat (double of event data (eval trm v z))

lemma eval_trm_fv_cong: Va€fu_trmt. v!xz = v’ ! 2 => eval_trm vt = eval_trm v’ t
(proof) datatype agg_type = Agg_Cnt | Agg_Min | Agg_Maz | Agg_Sum | Agg_Avg | Agg_Med
qualified type_ synonym agg op = agg_type X event_ data

definition flatten_multiset :: (event_data X enat) set = event_data list where
flatten__multiset M = concat (map (A(z, c). replicate (the_enat c) z) (csorted_list_of set M))

fun eval_agg_op :: agg_op = (event_data X enat) set = event_data where
eval_agg_op (Agg_Cnt, y0) M = EInt (integer_of _int (length (flatten_multiset M)))
| eval _agg _op (Agg_Min, y0) M = (case flatten__multiset M of
0= yo0
| z # xs = foldl min z xs)
| eval _agg _op (Agg_Maz, y0) M = (case flatten__multiset M of
= y0
|  # xs = foldl maz z xs)
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| eval _agg_op (Agg_Sum, y0) M = foldl plus y0 (flatten__multiset M)
| eval _agg_op (Agg_Avg, y0) M = EFloat (let s = flatten__multiset M in case xs of
=0
| _ = double_of event_data (foldl plus (EInt 0) xs) / double_of int (length xs))
| eval _agg_op (Agg_Med, y0) M = EFloat (let zs = flatten__multiset M; u = length zs in
if u = 0 then 0 else
let v’ = u div 2 in
if even u then
(double__of _event__data (zs ! (u'—1)) + double_of _event_data (zs! u’)) / double_of_int 2
else double__of _event_data (zs ! u’))

qualified datatype (discs_sels) formula = Pred name trm list
| Let name formula formula
| Eq trm trm | Less trm trm | LessEq trm trm
| Neg formula | Or formula formula | And formula formula | Ands formula list | Ezists formula
| Agg nat agg_op nat trm formula
| Prev I formula | Next Z formula
| Since formula T formula | Until formula T formula
| MatchF T formula Regex.regex | MatchP I formula Regex.regex

qualified definition FF' = Fzists (Neg (Eq (Var 0) (Var 0)))
qualified definition 77T = Neg FF

qualified fun fvi :: nat = formula = nat set where
fui b (Pred rts) = (|Jt€set ts. foi_trm b t)
| foi b (Let p @ ) = foi b
| fui b (Eq t1t2) = fvi_trm b t1 U fui_trm b t2
| fui b (Less t1 t2) = foi_trm b t1 U fvi_trm b t2
| fi b (LessEq t1 t2) = fui_trm b t1 U fui_trm b t2
| fi b (Neg ) = fvi b ¢
| fui b (Or ¢ ) = fuib o U fuiby
| fui b (And @ ) = fuib o U fui b
| fui b (Ands ps) = (let zs = map (fvi b) ps in |Jz€set zs. )
| fvi b (Exists @) = fui (Suc b) ¢
| fuib (Aggy w b f o) = fuvi (b+ b)) oU fvi_trm (b+ b") fU (if b < ythen {y — b} else {})
| fi b (Prev I @) = fui b o
| fui b (Next I @) = fvi b ¢
| fui b (Since ¢ I ¥) = foibe U fuiby
| fui b (Until ¢ I ) = foib e U foi b
| fui b (MatchF I 1) = Regex.fv_regex (fvi b) r
| fui b (MatchP I r) = Regex.fu_regex (fvi b) r

abbreviation fv = fvi 0
abbreviation fu_regex = Regex.fu_regex fu

lemma fu_abbrevs[simp]: fv TT = {} fuv FF = {}
(proof)

lemma fu_subset__Ands: ¢ € set ps = fv ¢ C fv (Ands ps)
(proof)

lemma finite_fvi_trm[simp]: finite (fvi_trm b t)
(proof)

lemma finite_fvi[simp]: finite (fvi b )
(proof)

lemma fvi _trm_plus: z € fvi_trm (b+ ¢) t <— xz + ¢ € fvi_trm b t
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(proof)

lemma fvi_trm_iff fu trm: z € fui_trm bt +— x + b € fu_trm ¢

(proof)

lemma fvi _plus: z € fui (b+ ¢) p+— z+ c€ fuibyp
(proof)

lemma fvi Suc: z € fui (Suc b) ¢ «— Sucz € fuibp

(proof)

lemma fvi_plus_bound:
assumes Vi€fui (b+ ¢) p. i < n
shows Viefuibyp. i < c+ n
(proof)

lemma fvi_Suc_bound:
assumes Vi€fui (Suc b) . i < n
shows Vicfui b . i < Sucn
(proof)

lemma fuvi iff fuoz € fuibp+—z+be fup
(proof) definition nfv :: formula = nat where
nfv o = Maz (insert 0 (Suc ‘ fv ¢))

qualified abbreviation nfu reger where
nfv_regexr = Regex.nfu_regex fv

qualified definition envs :: formula = env set where
envs p = {v. length v = nfv p}

lemma nfy_simps[simp]:
nfo (Let p ¢ ¥) = nfo v
nfu (Neg ¢) = nfo @

nfo (Or ¢ ) = maz (nfv @) (nfo ¢)

nfo (And ¢ ) = maz (nfu ) (nfo 1)

nfv (Prev I ¢) = nfv ¢

nfv (Next I ¢) = nfv ¢

nfv (Since ¢ I ¥) = maz (nfv p) (nfv )

nfo (Until ¢ I ) = maz (nfv @) (nfo ¢)

nfv (MatchP I r) = Regex.nfv_regez fu r

nfv (MatchE I r) = Regex.nfv_regex fv r

nfu_regex (Regex.Skip n) = 0

nfu_regex (Regex.Test ¢) = Mazx (insert 0 (Suc ‘ fv ¢))

nfu_regex (Regex.Plus v s) = maz (nfv_regex r) (nfu_regex s)

nfu_regex (Regex.Times r s) = max (nfu_regex r) (nfu_regez s)

nfv_regex (Regex.Star r) = nfy_regex r

(proof)

lemma nfy_Ands[simp]: nfv (Ands 1) = Maz (insert 0 (nfv ‘ set 1))
(proof)

lemma fvi_less nfv: Viefo ¢. i < nfv ¢
(proof )

lemma fvi_less_nfuv_regex: Yi€fu_regex p. i < nfu_reger ¢

(proof)
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4.1.2 Future reach

qualified fun future bounded :: formula = bool where
future__bounded (Pred __ _) = True
| future_bounded (Let p ¢ 1) = (future__bounded ¢ A future_bounded 1)
| future__bounded (Eq _ _) = True
| future__bounded (Less __ _) = True
| future_bounded (LessEq _ ) = True
| future__bounded (Neg ¢) = future__bounded ¢
| future__bounded (Or ¢ ) = (future_bounded ¢ A future__bounded 1)
| future_bounded (And ¢ ) = (future_bounded ¢ A future_bounded 1)
| future__bounded (Ands ) = list_all future__bounded 1
| future__bounded (Exists ¢) = future__bounded ¢
| future_bounded (Agg y w b f @) = future_bounded ¢
| future__bounded (Prev I ) = future__bounded ¢
| future_bounded (Next I ) = future__bounded ¢
| future__bounded (Since ¢ I ¥) = (future_bounded ¢ A future bounded 1)
| future__bounded (Until o I 1) = (future__bounded ¢ A future__bounded v A right I # o)
| future_bounded (MatchP I r) = Regex.pred_regex future__bounded r
| future__bounded (MatchF I r) = (Regex.pred_regex future_bounded r A right I # o)

AN AN AN N N N N N N N N S N S S

4.1.3 Semantics

definition ecard A = (if finite A then card A else oo)

qualified fun sat :: trace = (name — nat = event_data list set) = env = nat = formula = bool
where
sat 0 Vv i (Pred rts) = (case V r of
None = (r, map (eval _trm v) ts) € T o i

| Some X = map (eval_trm v) ts € X 1)
| sat o Vvi (Letp o ) =

sat o (V(p — Xi. {v. length v = nfo o A sat o Vv ip})) viy
| sat 0 Vvi (Eqtlt2) = (eval _trm v tl = eval trm v t2)
| sat 0 Vv i (Less t1 t2) = (eval _trm v t1 < eval trm v t2)
| sat o Vv i (LessEq t1 t2) = (eval_trm v t1 < eval trm v t2)
| sat 0 Vvi (Neg p) = (—sat o Vi)
| sat o Vi (Or o) = (satoc VvieV sat o Vi)
| sat o Vvi (And ¢ ¥) = (sat 0 Vvio A sat o Vv i)
| sat 0 Vi (Andsl) = Vo € set l. sat o0 Vv i p)
| sat o Vvi (Exists ¢) = (2. sat o V (2 # v) i @)
| sat o Vi (Aggyw b f ) =

(let M = {(z, ecard Zs) | x Zs. Zs = {zs. length zs = b A sat o V (zs Q v) i @ A eval _trm (zs Q v) f
— o} AT £ {3}

in (M ={} — foe C{0.<b}) ANv!y= eval _agg _opw M)
| sat 0 Vvi (PrevI ¢) = (case i of 0 = False | Sucj = mem (T o i — 710 j)IAsatoc Vuvje)
| sat 0 Vvi (Next I ) = (mem (1 o (Suci) — 7o i) I A sato Vo (Suci) p)
| sat o Vvi (Since o I ) = (Fj<i.mem (toi—710j)IANsato Vojyp AN NVke{j<.i}.satoV
vk o))
| sat o Voi(Until o I ) = (3j>i.mem (toj—710i)IANsato Vvjyp ANNke{i.<j} satoV
vk p))
| sat 0 V vi (MatchP Ir) = (3j<i. mem (1 0 i — 7 0 j) I N\ Regex.match (sat o V v) rj i)
| sat o Vv i (MatchF Ir) = (3j>i. mem (1t 0 j — 7 0 i) I N\ Regex.match (sat o V v) r 1 j)

lemma sat__abbrevs[simp]:
sat o Vi TT - sat o VoviFF

(proof)

lemma sat_Ands: sat 0 Vv i (Ands 1) <— (Vp€set l. sat o Vv i @)
(proof)
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lemma sat_Until_rec: sat o V v i (Until ¢ I ) +—
mem 01 A sat o VviyV
(Ao (i+1)<right I Nsat o Vvio A sat o Vv (i + 1) (Until ¢ (subtract (A o (i + 1)) I) ¥))
(is 7L «— 7R)

(proof)

lemma sat_Since_rec: sat o V v i (Since ¢ I ) +—
mem 01 A sat o VviyV
(i>0NAcgi<rigt I Nsato VvioeAsato Vo (i— 1) (Since ¢ (subtract (A o i) I) 1))
(is 7L «— 7R)

(proof)

lemma sat MatchF _rec: sat o V v i (MatchF I 1) <— mem 0 I A Regez.eps (sat o Vv) ir V
Ao (i+ 1) <right I A (Is € Regex.lpd (sat o Vv) ir. sat o Vv (i + 1) (MatchF (subtract (A o

(i + 1)) 1) s))
(is ?L +— ?R1 V ?R2)

(proof)

lemma sat MatchP_rec: sat o V v i (MatchP I 1) <— mem 0 I A\ Regex.eps (sat ¢ V v) i r V
i>0ANAci<right] N (Is € Regex.rpd (sat o Vv) ir. sat o Vv (i — 1) (MatchP (subtract (A
o i) 1) s))
(is 7L «— ?R1 V 7R2)
(proof)

lemma sat_Since 0: sat 0 Vv 0 (Since ¢ I ) «— mem 01 A sat o Vv 0 v
(proof)

lemma sat_MatchP_0: sat o V v 0 (MatchP I 1) <— mem 0 I N\ Regex.eps (sat o Vv) 0 r
(proof)

lemma sat_Since_point: sat o V v i (Since ¢ I ¢) =
Nj.j<i=mem (ro0i—70j) 1= sat o Vi (Since ¢ (point (t o i — 7 o j)) ) = P)
= P
(proof)

lemma sat MatchP_point: sat o V v i (MatchP I r) =
Nj.j<i=mem (troi—Toj)l= satc Vvi(MatchP (point (1 0 i — T 0 j)) r) = P)
— P
(proof)

lemma sat_Since_pointD: sat o V v i (Since ¢ (point t) ) = mem t [ = sat 0 Vv i (Since ¢ I 1)
(proof )

lemma sat_MatchP_pointD: sat o V v i (MatchP (point t) r) = mem t I = sat ¢ V v i (MatchP I
r)
(proof)

lemma sat_fv_cong: Vz€fv ¢. vlx = v'lz = sat 0 Vvip =sato Vo' iy

(proof)

lemma match_fu_cong:
VzEfu_regex r. vlx = vlx = Regexz.match (sat o V v) r = Regex.match (sat ¢ V v') r

(proof)
lemma eps_fu_cong:

YV zEfu_regex r. vlx = v'lx => Regez.eps (sat ¢ V v) i r = Regez.eps (sat o Vv') ir

(proof)
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4.2 Past-only formulas

fun past_only :: formula = bool where
past_only (Pred _ _) = True

| past_only (Eq_ _) = True

| past_only (Less _ _) = True

| past_only (LessEq __ _) = True

| past_only (Let _ « ) = (past_only a N\ past_only )

| past_only (Neg 1) = past_only 9

| past_only (Or a B) = (past_only o A past_only B)

| past_only (And a B) = (past_only o A past_only )

| past_only (Ands 1) = (Va€set I. past_only «)

| past_only (Exists 1) = past_only v

| past_only (Agg _ _ ) = past_only ¢

| past_only (Prev _ 1) = past_only ¢

| past_only (Next _ _) = False

| past_only (Since a __ ) = (past_only a N past_only f3)
| past_only (Until o« _ ) = False

| past_only (MatchP __ r) = Regex.pred__regex past_only r
| past_only (MatchF __ _) = False

lemma past_only_sat:
assumes prefiz_of ® o prefiz_of ® o’
shows i < plen 1 => dom V = dom V' =
(Api.p€domV = i< plenm = the (Vp)i=the(V'p) i) =
past_only ¢ => sat 0 Vvip=sato’ V' vigp

(proof)

4.3 Safe formulas

fun remove_neg :: formula = formula where
remove__neg (Neg ¢) = ¢
| remove_neg ¢ = ¢

lemma fvi _remove_neg[simpl: fvi b (remove_neg @) = fvi b ¢
(proof)

lemma partition__cong[fundef _cong]:
s = ys = (\z. z€set s = fr = g ) = partition f zs = partition g ys

(proof)

lemma size_remove_neg[termination__simp|: size (remove_neg @) < size ¢
(proof )

fun is_constraint :: formula = bool where
is_constraint (Eq t1 t2) = True

| is__constraint (Less t1 t2) = True

| is_constraint (LessEq t1 t2) = True

| is_constraint (Neg (Eq t1 t2)) = True

| is__constraint (Neg (Less t1 t2)) = True

| is_constraint (Neg (LessEq t1 t2)) = True

| is__constraint __ = False

definition safe_assignment :: nat set = formula = bool where
safe__assignment X ¢ = (case ¢ of
Eq (Varz) (Vary) = (z ¢ X +— y € X)
| Eq (Varz) t = (z ¢ X N fu_trm ¢t C X)
| Egt (Varz) = (z ¢ X A fu_trm t C X)
| _ = False)

20



fun safe_formula :: formula = bool where
safe_formula (Eq t1 t2) = (is_Const t1 A (is_Const t2 V is_Var t2) V is_Var t1 A is_Const t2)
| safe_formula (Neg (Eq (Var z) (Var y))) = (z = y)
| safe_formula (Less t1 t2) = False
| safe_formula (LessEq t1 t2) = False
| safe_formula (Pred e ts) = (Vt€set ts. is_Var ¢t V is_Const t)
| safe_formula (Let p ¢ ) = ({0..<nfv ¢} C fu ¢ A safe_formula ¢ A safe_formula )
| safe_formula (Neg ¢) = (fv o = {} A safe_formula @)
| safe_formula (Or ¢ ) = (fv ¥ = fu p A safe_formula ¢ N safe_formula )
| safe_formula (And ¢ ) = (safe_formula ¢ A
(safe__assignment (fv ) ¥ V safe_formula 1 V
fv C fup A (is_constraint b V (case ¥ of Neg b’ = safe_formula v’ | _ = False))))
| safe_formula (Ands 1) = (let (pos, neg) = partition safe_formula I in pos # [| A
list_all safe_formula (map remove_neg neg) A J (set (map fv neg)) C | (set (map fo pos)))
| safe_formula (Ezists ¢) = (safe_formula )
| safe_formula (Agg y w b f ¢) = (safe_formula o ANy + b ¢ fo o AN{0..<b} C fop A fu_trm f C fv )
| safe_formula (Prev I @) = (safe_formula )
| safe_formula (Next I @) = (safe_formula ¢)
| safe_formula (Since ¢ I ¥) = (fo o C fop A
(safe_formula ¢ V (case ¢ of Neg ¢’ = safe_formula ¢’ | _ = False)) A safe_formula 1)
| safe_formula (Until p I ) = (fv o C futb A
(safe__formula ¢ V (case ¢ of Neg ¢’ = safe_formula @' | _ = False)) A safe_formula 1)
| safe_formula (MatchP I r) = Regez.safe_regex fu (Ag . safe_formula ¢ V
(g = Laz A (case ¢ of Neg ¢’ = safe_formula ' | _ = False))) Past Strict r
| safe_formula (MatchF I r) = Regex.safe_regex fu (Ag ¢. safe_formula ¢ V
(9 = Laz A (case p of Neg ¢’ = safe_formula ¢’ | _ = False))) Putu Strict r

abbreviation safe_regex = Regex.safe_regex fu (Ag ¢. safe_formula ¢ V
(9 = Laz A (case ¢ of Neg ¢’ = safe_formula ¢’ | _ = False)))

lemma safe_regex_safe_formula:
safe_reger m g r = ¢ € Regex.atms r = safe_ formula ¢ V
(3¢. ¢ = Neg ¥ A safe_formula 1)
(proof )

lemma safe_abbrevs[simp): safe_formula TT safe_formula FF
(proof)

definition safe_neg :: formula = bool where
safe_neg ¢ «— (- safe_formula ¢ — safe_formula (remove__neg ¢))

definition atms :: formula Regex.regex = formula set where
atms v = (|Jp € Regex.atms r.

if safe_formula o then {¢} else case ¢ of Neg o' = {¢'} | _ = {})

lemma atms__simps[simp]:
atms (Regex.Skip n) = {}
atms (Regex.Test @) = (if safe_formula o then {p} else case ¢ of Neg o' = {0’} | _ = {})
atms (Regex.Plus r s) = atms r U atms s
atms (Regez.Times 1 s) = atms r U atms s
atms (Regex.Star r) = atms r

(proof)

lemma finite__atms[simp]: finite (atms r)
(proof)

lemma disjE_Not2: PV Q = (P —= R) = (P = @ = R) = R

21



(proof)

lemma safe_formula_induct[consumes 1, case_names Eq_Const Eq_Varl Eq_Var2 neq_Var Pred Let
And__assign And__safe And__constraint And_Not Ands Neg Or Ezists Agg
Prev Next Since Not__Since Until Not_ Until MatchP MatchF):
assumes safe_ formula ¢
and Eq_Const: N\c d. P (Eq (Const ¢) (Const d))
and Eq Varl: Acz. P (Eq (Const c) (Var z))
and Eq_Var2: Ncz. P (Eq (Var z) (Const ¢))
and neq Var: Az. P (Neg (Eq (Var z) (Var z)))
and Pred: \e ts. Vicset ts. is_Var t V is_Const t => P (Pred e ts)
and Let: Ap ¢ ¥. {0..<nfv o} C fv ¢ = safe_formula ¢ = safe_formula v = P ¢ = P 1
= P (Let p ¢ )
and And__assign: Ay 9. safe_formula ¢ = safe__assignment (fv ¢) v = P ¢ = P (And ¢ )
and And_safe: Ny 9. safe_formula ¢ = — safe__assignment (fv ¢) » = safe_formula p =
Py = Py = P (And ¢ )
and And__constraint: \¢ ©. safe_formula ¢ = — safe__assignment (fv ¢) » = — safe__formula ¢
—
v C fu o = is_constraint v = P ¢ = P (And ¢ )
and And_Not: Ny ¢. safe_formula ¢ = — safe__assignment (fv ¢) (Neg ¥) = — safe__formula
(Neg ¢) =
fv (Neg ) C fo ¢ = — is_constraint (Neg ) = safe_ formula v = P ¢ = P ) = P (And
¢ (Neg ¥))
and Ands: Al pos neg. (pos, neg) = partition safe_formula | = pos # [| =
list__all safe_ formula pos = list__all safe_formula (map remove_neg neg) =
(U peset neg. fu ) C (JpEset pos. fu p) =
list_all P pos = list_all P (map remove_neg neg) = P (Ands )
and Neg: A\¢. fv o = {} = safe_formula ¢ = P ¢ = P (Neg ¢)
and Or: Ay ¥. fu ¢ = fu ¢ = safe_formula ¢ = safe_ formula » = P ¢ = P ¢ = P (Or
v Y)
and Emists: N\¢. safe_formula ¢ = P ¢ = P (Euxists @)
and Agg: A\ywbfo.y+b¢ foo = {0.<b} Cfoo= fu trmf C fv o =
safe_formula p = P ¢ = P (Aggy w b f ¢)
and Prev: NI ¢. safe_formula ¢ = P ¢ = P (Prev I )
and Next: NI ¢. safe_formula ¢ = P ¢ = P (Next I )
and Since: Ao I ¢. fo ¢ C fu i = safe_formula ¢ = safe_formula » = P p = P ¢p = P
(Since ¢ I )
and Not_Since: N¢ I ¥. fo (Neg ¢) C fo ¢ = safe_formula ¢ —>
- safe_formula (Neg ¢) = safe_formula = P ¢ = P ) = P (Since (Neg @) I v )
and Until: N I . fv ¢ C fo v = safe_formula ¢ = safe_formula v+ = P ¢ = P ) = P
(Until ¢ I )
and Not_Until: Ay I . fo (Neg ) C fo p = safe_formula ¢ —>
- safe_formula (Neg ¢) = safe_formula »p = P ¢ = P p = P (Until (Neg ) I )
and MatchP: NI r. safe_regex Past Strict r => V¢ € atms r. P ¢ = P (MatchP I r)
and MatchF: NI r. safe_regex Futu Strict r => Y ¢ € atms r. P o => P (MatchF I )
shows P ¢

(proof)

lemma safe_formula_ NegD:
safe_formula (Formula.Neg ¢) = fv ¢ = {} V (32. ¢ = Formula.Eq (Formula. Var z) (Formula. Var

z))
{proof)
4.4 Slicing traces

qualified fun matches :
env = formula = name X event__data list = bool where
matches v (Pred r ts) e = (fst e = r A map (eval_trm v) ts = snd e)
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| matches v (Let p ¢ 1) e =
((Fv". matches v’ ¢ e A matches v ¢ (p, v')) V
fst e # p A\ matches v i e)
| matches v (Eq __ _) e = False
| matches v (Less __) e = Fulse
| matches v (LessEq __ _) e = False
| matches v (Neg p) e = matches v ¢ e
| matches v (Or ¢ ) e = (matches v ¢ e V matches v ¢ e)
| matches v (And ¢ ) e = (matches v ¢ e V matches v ¢ e)
| matches v (Ands 1) e = (p€Eset I. matches v ¢ e)
| matches v (Ezists ¢) e = (3 z. matches (z # v) ¢ €)
| matches v (Agg y w b f @) e = (zs. length zs = b A matches (zs Q v) ¢ e)
| matches v (Prev I ) e = matches v ¢ e
| matches v (Next I ¢) e = matches v ¢ e
| matches v (Since ¢ I ¥) e = (matches v ¢ e V matches v ¢ e)
| matches v (Until ¢ I 1) e = (matches v ¢ e V matches v ¢ e€)
| matches v (MatchP I'r) e =
| matches v (MatchF I r) e

(3¢ € Regex.atms r. matches v ¢ e)
= (3¢ € Regex.atms r. matches v @ e€)

lemma matches cong:
Vzefv p. vlz = vz = matches v ¢ e = matches v’ p e

(proof)
abbreviation relevant_events where relevant_events ¢ S = {e. S N {v. matches v ¢ e} # {}}

lemma sat_slice strong:
assumes v € S dom V = dom V'’
Ap vi.p € dom V = (p, v) € relevant_events ¢ S => v € the (V p) i +— v € the (V' p) i
shows relevant__events ¢ S — {e. fst e € dom V} C F =
sat 0 Vvip +— sat (map_ T AD. DN E)o) V'vigp
(proof )

4.5 Translation to n-ary conjunction

fun get and_list :: formula = formula list where
get_and_list (Ands 1) =1
| get_and_list ¢ = [¢]

lemma fv get and: (|Jz<(set (get_and list @)). fi b z) = fvi b ¢
(proof)

lemma safe_get _and: safe_formula ¢ = list_all safe_neg (get_and_list @)
(proof)

lemma sat_get_and: sat o Vv i @ <— list_all (sat o V v i) (get_and_list @)
(proof )

fun convert_multiway :: formula = formula where
convert_multiway (Neg ¢) = Neg (convert_multiway ¢)
| convert_multiway (Or ¢ ¥) = Or (convert_multiway ) (convert_multiway 1))
| convert_multiway (And ¢ ¥) = (if safe_assignment (fv @) ¢ then
And (convert_multiway o) ¢
else if safe_ formula v then
Ands (get_and_list (convert_multiway ¢) Q get_and_list (convert_multiway 1))
else if is__constraint 1 then
And (convert_multiway )
else Ands (convert_multiway ¢ # get__and_list (convert_multiway ¢)))
| convert_multiway (Ezists ¢) = Exists (convert_multiway ¢)
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Aggyw b f @) = Aggy w b f (convert_multiway )

Prev I ¢) = Prev I (convert_multiway @)

Next I @) = Next I (convert_multiway ¢)

Since ¢ I 1) = Since (convert_multiway ¢) I (convert_multiway 1)
| convert _multiway (Until ¢ I ) = Until (convert _multiway @) I (convert multiway 1)
| convert_multiway (MatchP I r) = MatchP I (Regex.map__regex convert_multiway r)

| convert_multiway (MatchF I r) = MatchF I (Regex.map__regex convert_multiway r)

| convert_multiway ¢ = ¢

| convert_multiway
| convert_multiway
| convert_multiway
| convert_multiway

o~~~ —

abbreviation convert multiway_regex = Reger.map__regex convert_multiway

lemma fu_safe get and:
safe_formula o = fv ¢ C (|JxE(set (filter safe_formula (get_and_list ¢))). fv z)
(proof)

lemma ez safe get and:
safe__formula ¢ = list__ex safe__formula (get_and_list ¢)
(proof )

lemma case_NegE: (case ¢ of Neg o' = P ¢’ | _ = False) = (A\p’. ¢ = Neg p' = P o' = Q)
= Q
(proof)

lemma convert_multiway__remove__neg: safe_ formula (remove__neg ) = convert_multiway (remove_neg
) = remove__neg (convert_multiway o)

(proof)

lemma fu_convert_multiway: safe_formula ¢ = fvi b (convert_multiway ¢) = fvi b ¢

(proof)

lemma get _and__nonempty:
assumes safe_ formula ¢
shows get_and_list ¢ # [|
(proof)

lemma future bounded_get and:
list__all future_bounded (get_and_list ¢) = future__bounded ¢

(proof)

lemma safe_convert_multiway: safe_formula ¢ = safe_ formula (convert_multiway ¢)

(proof)

lemma future_bounded__convert_multiway: safe_formula ¢ = future__bounded (convert_multiway o)
= future__bounded ¢
(proof)

lemma sat__convert _multiway: safe_formula ¢ = sat o V v i (convert_multiway ¢) <— sat o Vv i

%)
(proof)

end
interpretation Formula__slicer: abstract_slicer relevant__events ¢ for ¢ (proof)
lemma sat_slice iff:

assumes v € S
shows Formula.sat o V v i ¢ +— Formula.sat (Formula__slicer.slice ¢ S o) Vv i

(proof)
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lemma Neg splits:
P (case ¢ of formula.Neg » = f ¢ | ¢ = g ¢) =
(V4. ¢ = formula.Neg v — P (f ) A ((— Formula.is_Neg ¢) — P (g ¢)))
P (case ¢ of formula.Neg p = f | _ = g¢) =
(= ((3¢. ¢ = formula.Neg » A = P (f ¥)) V ((— Formula.is_Neg ©) A = P (g ¢))))
(proof )

5 Optimized relational join

5.1 Binary join

definition join__mask :: nat = nat set = bool list where
join_mask n X = map (A\i. i € X) [0..<n]

fun proj tuple :: bool list = 'a tuple = 'a tuple where
proj_tuple [| [| = [

| proj_tuple (True # bs) (a # as) = a # proj_tuple bs as

| proj_tuple (False # bs) (a # as) = None # proj_tuple bs as

| proj_tuple (b # bs) | = [

| proj_tuple [] (a # as) = ||

lemma proj_tuple_replicate: (\i. i € set bs = —i) = length bs = length as =
proj__tuple bs as = replicate (length bs) None
(proof )

lemma proj_tuple_join__mask__empty: length as = n =
proj__tuple (join_mask n {}) as = replicate n None
(proof)

lemma proj_tuple alt: proj_tuple bs as = map2 (Ab a. if b then a else None) bs as
(proof)

lemma map2 map: map2 f (map g [0..<length as]) as = map (Ai. f (g ©) (as ! )) [0..<length as)
(proof)

lemma proj tuple join_mask_restrict: length as = n —
proj_tuple (join_mask n X) as = restrict X as
(proof)

lemma wf _tuple_proj_idle:
assumes wf: wf_tuple n X as
shows proj_tuple (join_mask n X) as = as
(proof)
lemma wf tuple change_base:
assumes wf: wf_tuple n X as
and mask: join_mask n X = join_mask n Y
shows wf tuple n Y as
(proof)

definition proj tuple in_ join :: bool = bool list = 'a tuple = 'a table = bool where
proj__tuple__in__join pos bs as t = (if pos then proj_tuple bs as € t else proj__tuple bs as ¢ t)

abbreviation join_ cond pos t = (Aas. if pos then as € t else as ¢ t)

abbreviation join_ filter_cond pos t = (Aas __. join__cond pos t as)
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lemma proj_tuple in_ join__mask__idle:
assumes wf: wf tuple n X as
shows proj_tuple_in__join pos (join_mask n X) as t +— join__cond pos t as

(proof)

lemma join_ sub:
assumes L C R table n L t1 table n R t2
shows join t2 pos t1 = {as € t2. proj_tuple_in_join pos (join_mask n L) as t1}
(proof)

lemma join_ sub”:
assumes R C L table n L t1 table n R t2
shows join t2 True t1 = {as € t1. proj_tuple_in_join True (join_mask n R) as t2}
(proof)

lemma join__eq:
assumes tab: table n R t1 table n R t2
shows join t2 pos t1 = (if pos then t2 N t1 else t2 — t1)

(proof)

lemma join_no_ cols:
assumes tab: table n {} t1 table n R 2
shows join t2 pos t1 = (if (pos <— replicate n None € t1) then t2 else {})

{proof)

lemma join__empty_left: join {} pos t = {}
(proof)

lemma join__empty_right: join t pos {} = (if pos then {} else t)
(proof)

fun bin_join :: nat = nat set = 'a table = bool = nat set = 'a table = 'a table where
bin_join n A t pos A" t' =
(i t = {} then {}
else if t' = {} then (if pos then {} else t)
else if A’ = {} then (if (pos +— replicate n None € t') then t else {})
else if A’ = A then (if pos then t N t' else t — t')
else if A" C A then {as € t. proj_tuple_in_join pos (join_mask n A’) as t'}
else if A C A’ A pos then {as € t'. proj_tuple_in_join pos (join_mask n A) as t}
else join t pos t')

lemma bin_ join_ table:
assumes tab: table n A t table n A’ t’
shows bin_join n A t pos A’ t' = join t pos t’
(proof)

5.2 Multi-way join

fun mmulti_join' :: (nat set list = nat set list = 'a table list = 'a table) where
mmulti_join" A__pos A_neg L = (
let Q@ = set (zip A_pos L) in
let Q_neg = set (zip A_neg (drop (length A__pos) L)) in
New_maz__getl] _wrapperGenericJoin Q Q_neg)

lemma mmulti_join’__correct:
assumes A_ pos # ||
and list_all2 (AA X. tablen A X N wf _set n A) (A_pos @ A_neg) L
shows z € mmulti_join" A_pos A_neg L +— wf_tuple n (| A€set A_pos. A) z A
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list_all2 (AA X. restrict A z € X) A__pos (take (length A__pos) L) A
list_all2 (AA X. restrict A z ¢ X) A_neg (drop (length A__pos) L)

(proof )
lemmas restrict _nested = New max.restrict _nested

lemma list__all2_opt_ True:
assumes list_all2 (M X. tablen A X N wf_setn A) ((A_zs Q A_x # A_12s Q@ A_y # A_ys) Q
A__neg)
((zs @z # 2s Q y # ys) Q L_ neg)
length A__xs = length xs length A__ys = length ys length A__zs = length zs
shows list_all2 (AA X. table n A X N wf_set n A)
((A_zs@ (A 2z UA y)# A 2s@QA _ys) @A neg) ((zs Q join x True y # zs Q ys) @ L_ neg)
(proof)

lemma mmulti_join’_opt_ True:
assumes list_all2 (M X. tablen A X N wf_setn A) ((A_zs Q A_xz # A_1xs Q@ A_y # A_ys) Q
A__neg)
((zs @z # 2s Q y # ys) Q L_neg)
length A__xs = length xs length A__ys = length ys length A__zs = length zs
shows mmulti_join' (A_2s @ A_z # A_xs Q A_y # A_ys) A_neg ((zs Q z # zs Q y # ys) Q
L_neg) =
mmulti_join' (A_2zs Q (A_x U A_y) # A_xzs @ A_ys) A_neg
((zs @ join x True y # zs Q ys) @ L_ neg)
(proof)

lemma list_all2_opt False:
assumes list_all2 (AA X. tablen A X N wf_set n A)
((A_zs @ A_z# A_12s) @ (A_ws @ A_y # A_ys)) ((zs @ z # xs) @ (ws Q y # ys))
length A__ws = length ws length A__xs = length xs
length A__ys = length ys length A__zs = length zs
A yCA x
shows list_all2 (AA X. table n A X N wf_set n A)
((A_zs @A _z# A_1xs) @ (A_ws @ A__ys)) ((zs Q join x False y # xs) @ (ws Q ys))
(proof)

lemma mmulti _join’_opt_False:
assumes list_all2 (AA X. table n A X N wf_set n A)
((A_zs @ A_z# A_2s) Q(A_ws Q@ A_y# A_ys)) ((2s Q z # zs) Q@ (ws @ y # ys))
length A__ws = length ws length A__xs = length zs
length A__ys = length ys length A__zs = length zs
A yCA =z
shows mmulti_join' (A_2s @Q A_z # A_xs) (A_ws @ A_y # A_ys) ((2s Q z # x5) Q (ws Q y #
ys)) =
mmulti_join' (A_2s @ A_z # A_xs) (A_ws @ A_ys) ((zs Q join x False y # zs) Q (ws Q ys))
(proof)

fun find_sub_in :: 'a set = ‘a set list = bool =
("a set list x 'a set x 'a set list) option where
find_sub_in X [| b = None
| find_sub_in X (z # zs) b= (if (zt C X V (b A X C z)) then Some ([], z, zs)
else (case find_sub_in X xzs b of None = None | Some (ys, z, zs) = Some (z # ys, z, 25)))

lemma find_sub_in_sound: find_sub_in X xzs b = Some (ys, z, 28) =
zs=ysQz# 2N (z2C XV (bAXC2)
(proof)

fun find_sub_ True :: 'a set list =
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("a set list x 'a set x 'a set list x 'a set x 'a set list) option where
find_sub__True [| = None
| find_sub_True (z # zs) = (case find_sub_in z zs True of None =
(case find__sub__True zs of None = None
| Some (ys, w, ws, z, zs) = Some (z # ys, w, ws, z, 2))
| Some (ys, z, zs) = Some ([], z, ys, z, 25))

lemma find_sub_True_sound: find_sub__True xs = Some (ys, w, ws, z, 28) =
zs=ys Quw # ws Qz# 2zs A\ (zCwV wC 2)
(proof )

fun find_sub_ False :: 'a set list = 'a set list =
(("a set list X 'a set x 'a set list) x (‘a set list x 'a set x 'a set list)) option where
find_sub__False [| ns = None
| find_sub__False (x # xs) ns = (case find_sub_in z ns False of None =
(case find__sub__False xs ns of None = None
| Some ((rs, w, ws), (ys, z, zs)) = Some ((z # 15, w, ws), (ys, z, 2s)))
| Some (ys, z, zs) = Some (([], =, zs), (ys, z, 2s)))

lemma find_sub_False_sound: find_sub__False xs ns = Some ((rs, w, ws), (ys, z, 2s)) =
zs=1s Quw # ws Ans=ys Qz# zs A (2 C w)
(proof )

fun proj_list_3 :: 'a list = ('b list x 'b x 'b list) = ('a list X 'a x 'a list) where
proj_list_3 xs (ys, z, zs) = (take (length ys) zs, zs | (length ys),
take (length zs) (drop (length ys + 1) xs))

lemma proj_list 3 same:
assumes proj_list_3 xs (ys, z, zs) = (ys', 2', 2s')
length xs = length ys + 1 + length zs
shows zs = ys' @ 2’ # zs’
(proof)

lemma proj_list 3 length:
assumes proj_list_3 xs (ys, z, zs) = (ys', 2/, 2s')
length xs = length ys + 1 + length zs
shows length ys = length ys' length zs = length zs’
(proof)

fun proj list_5 :: 'a list =
('b list x 'b x 'blist x 'b x 'b list) =
("a list x 'a x 'a list x 'a x 'a list) where
proj_list_5 xs (ys, w, ws, z, zs) = (take (length ys) zs, zs | (length ys),
take (length ws) (drop (length ys + 1) zs), zs ! (length ys + 1 + length ws),
drop (length ys + 1 + length ws + 1) zs)

lemma proj list 5 same:
assumes proj_list 5 zs (ys, w, ws, z, zs) = (ys’, w’, ws’, z', zs")
length xs = length ys + 1 + length ws + 1 + length zs
shows 75 = ys' Q w’ # ws’ Q@ 2" # zs’

(proof)

lemma proj list 5 length:
assumes proj_list 5 xs (ys, w, ws, z, zs) = (ys’, w’, ws’, z', zs")
length xs = length ys + 1 + length ws + 1 + length zs
shows length ys = length ys’' length ws = length ws’
length zs = length zs’
(proof )
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fun dominate True :: nat set list = ’a table list =
((nat set list x nat set x nat set list X nat set x nat set list) x
("a table list x 'a table x 'a table list X 'a table X 'a table list)) option where
dominate__True A__pos L__pos = (case find_sub__True A__pos of None = None
| Some split = Some (split, proj_list_5 L__pos split))

lemma find_sub_ True proj list 5 same:
assumes find_sub__True zs = Some (ys, w, ws, z, zs) length Ts = length xs’
proj_list_5 zs’ (ys, w, ws, z, zs) = (ys', w', ws’, ', 2s')
shows 75’ = ys’ @ w' # ws’ @ 2’ # zs’

(proof)

lemma find_sub_ True proj list_5_length:
assumes find_sub_True zs = Some (ys, w, ws, z, zs) length Ts = length xs’
proj_list_5 zs’ (ys, w, ws, z, zs) = (ys', w', ws’, 2', 2s')
shows length ys = length ys’' length ws = length ws’
length zs = length zs’
(proof)

lemma dominate  True sound:
assumes dominate_True A__pos L__pos = Some ((A_zs, A_x, A_xs, A_y, A_ys), (zs, z, xs, y, ys))
length A__pos = length L_ pos
shows A_pos=A 2s @ A x# A xsQA_y# A _ysL pos=2zs Qx # xs Q y # ys
length A__xs = length xs length A__ys = length ys length A_ zs = length zs
(proof)

fun dominate False :: nat set list = 'a table list = nat set list = 'a table list =
(((nat set list x nat set X nat set list) X nat set list X nat set X nat set list) X
(('a table list x 'a table x 'a table list) x
‘a table list x 'a table X 'a table list)) option where
dominate_False A_pos L_pos A_neg L_neg = (case find__sub_False A_pos A__neg of None = None
| Some (pos__split, neg__split) =
Some ((pos__split, neg__split), (proj_list_8 L__pos pos_split, proj_list 8 L_neg neg_ split)))

lemma find _sub_ False _proj_list_ 3 same_ left:
assumes find_sub_False s ns = Some ((rs, w, ws), (ys, z, 2s))
length zs = length xs’ proj_list_3 zs' (rs, w, ws) = (rs’, w', ws’)
shows zs’ = rs’ @ w’ # ws’

(proof)

lemma find_sub_ False proj_list 8 length left:
assumes find_sub_False s ns = Some ((rs, w, ws), (ys, z, 2s))
length zs = length xs’ proj_list_3 zs' (rs, w, ws) = (rs’, w', ws’)
shows length s = length rs’ length ws = length ws’
(proof )

lemma find sub_ False proj list 3 same_ right:
assumes find_sub_False s ns = Some ((rs, w, ws), (ys, z, 2s))
length ns = length ns’ proj_list_3 ns' (ys, z, zs) = (ys', 2/, zs")
shows ns’ = ys' @ 2’ # zs’

(proof)

lemma find sub_ False proj list 3 length_ right:
assumes find_sub_False s ns = Some ((rs, w, ws), (ys, z, 2s))
length ns = length ns’ proj_list_3 ns' (ys, z, zs) = (ys', 2/, zs")
shows length ys = length ys' length zs = length zs’
(proof )
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lemma dominate False sound:

assumes dominate_ False A__pos L__pos A_neg L__neg =
Some (((A_zs, A_z, A_xs), A_ws, A_y, A_ys), ((zs, x, xs), ws, y, ys))
length A__pos = length L_ pos length A__neg = length L_neg

shows A_pos= (A_2s QA _xz# A_xs) A_neg=A_ws Q A_y # A_ys
L _pos = (2s @z # xs) L_neg = ws Q y # ys
length A__ws = length ws length A__xs = length xs
length A__ys = length ys length A__zs = length zs
A yCA =z

(proof)

function mmulti_join :: (nat = nat set list = nat set list = 'a table list = 'a table) where
mmulti_join n A_pos A_neg L = (if length A__pos + length A_neg # length L then {} else
let L__pos = take (length A_pos) L; L_neg = drop (length A__pos) L in
(case dominate_True A__pos L__pos of None =
(case dominate_False A__pos L_pos A_neg L_neg of None = mmulti_join’ A_pos A_neg L
| Some (((A_zs, A_z, A_xs), A_ws, A_y, A_ys), ((zs, z, zs), ws, y, ys)) =
mmulti_join n (A_zs @ A_x # A_xs) (A_ws Q@ A_ ys)
((zs @ bin_join n A_x x False A_y y # xzs) Q (ws @ ys)))
| Some ((A_zs, A_xz, A_xs, A_y, A_ys), (zs, z, zs, y, ys)) =
mmulti_joinn (A_z2s Q@ (A_x U A_y) # A_1zs @ A_ys) A_neg
((zs @ bin_joinn A_z x True A_y y # xs Q ys) Q L__neg)))
(proof)
termination

(proof)

lemma mmulti_join__link:
assumes A_ pos # ||
and list_all2 (AA X. tablen A X N wf_set n A) (A_pos @ A_neg) L
shows mmulti_join n A_pos A_neg L = mmulti_join’ A_pos A_neg L
(proof)

lemma mmulti_join__correct:
assumes A_ pos # ||
and list_all2 (AA X. tablen A X N wf_set n A) (A_pos @ A_neg) L
shows z € mmulti_join n A_pos A_neg L +— wf _tuple n (|J A€set A_pos. A) z A
list_all2 (AA X. restrict A z € X) A_pos (take (length A__pos) L) A
list_all2 (MA X. restrict A z ¢ X) A__neg (drop (length A__pos) L)

(proof)

6 Generic monitoring algorithm

The algorithm defined here abstracts over the implementation of the temporal operators.

6.1 Monitorable formulas

definition mmonitorable ¢ <— safe_formula ¢ N Formula.future bounded ¢
definition mmonitorable_regex b g r <— safe_regex b g r N\ Regex.pred_regex Formula.future__bounded
r

definition is_simple eq :: Formula.trm = Formula.trm = bool where
is_simple_eq t1 t2 = (Formula.is_Const t1 N (Formula.is_Const t2 V Formula.is_Var t2) V
Formula.is_Var t1 A Formula.is_Const t2)
fun mmonitorable__exec :: Formula.formula = bool where

mmonitorable__exec (Formula.Eq t1 t2) = is_simple_eq t1 t2
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| mmonitorable__exec (Formula.Neg (Formula.Eq (Formula. Var z) (Formula.Var y))) = (z = y)
| mmonitorable_exec (Formula.Pred e ts) = list_all (At. Formula.is_Var t V Formula.is_Const t) ts
| mmonitorable__exec (Formula.Let p p 1) = ({0..<Formula.nfv ¢} C Formula.fv ¢ A mmonitorable__exec
© A mmonitorable__exec 1))
| mmonitorable_exzec (Formula.Neg ¢) = (fv ¢ = {} A mmonitorable ezec )
| mmonitorable__exec (Formula.Or ¢ ¢) = (fv ¢ = fv ¥ A mmonitorable_ezec ¢ N mmonitorable_exec
)
| mmonitorable_exec (Formula.And ¢ 1) = (mmonitorable _exec ¢ A
(safe_assignment (fv ) ¥ V mmonitorable__exec 1 V
fo C fu o A (is_constraint 1 V (case 1 of Formula.Neg v’ = mmonitorable_exec ¥’ | _ =
False))))
| mmonitorable__exec (Formula.Ands 1) = (let (pos, neg) = partition mmonitorable__exec l in
pos # [| A list_all mmonitorable_exec (map remove_neg neg) A
U (set (map fv neg)) C U (set (map fv pos)))
| mmonitorable__exec (Formula.Ezists ¢) = (mmonitorable__exec )
| mmonitorable__exec (Formula.Agg y w b f @) = (mmonitorable__exec v N
y + b & Formula.fv o N {0..<b} C Formula.fv ¢ A Formula.fu_trm f C Formula.fv ¢)
| mmonitorable__exec (Formula.Prev I @) = (mmonitorable__ezec @)
| mmonitorable__exec (Formula.Next I ¢) = (mmonitorable__ezxec @)
| mmonitorable_exec (Formula.Since ¢ I ) = (Formula.fv ¢ C Formula.fv ¢ A
(mmonitorable_exec ¢ V (case ¢ of Formula.Neg @' = mmonitorable _exec ¢’ | _ = False)) A
mmonitorable__ezxec 1))
| mmonitorable__exec (Formula.Until ¢ I ¢) = (Formula.fv ¢ C Formula.fo ¥ A right I # oo A
(mmonitorable_exec ¢ V (case ¢ of Formula.Neg @' = mmonitorable_exec ¢’ | _ = False)) A
mmonitorable__exec 1))
| mmonitorable__exec (Formula.MatchP I r) = Regex.safe__regex Formula.fv (Ag . mmonitorable__exec ¢
V (g = Laxz A (case ¢ of Formula.Neg ¢’ = mmonitorable_ezec ¢' | _ = False))) Past Strict r
| mmonitorable__exec (Formula.MatchF I r) = (Regex.safe_regex Formula.fu (Ag . mmonitorable__exec
© V (g = Laz A (case ¢ of Formula.Neg o' = mmonitorable_exec ¢’ | _ = False))) Futu Strict r A right
I # o)

| mmonitorable _exec _ = False

lemma cases Neg iff:
(case ¢ of formula.Neg v = P ) | _ = False) +— (3. ¢ = formula.Neg ¥ N P 1))
(proof)

lemma safe formula _mmonitorable__exec: safe_formula ¢ = Formula.future bounded p = mmoni-
torable__exec ¢

(proof)

lemma safe_assignment__future _bounded: safe__assignment X ¢ = Formula.future__bounded ¢
(proof)

lemma is_constraint_future__bounded: is__constraint ¢ = Formula.future__bounded ¢
(proof )

lemma mmonitorable _exec__mmonitorable: mmonitorable _exec ¢ = mmonitorable ¢

(proof)

lemma monitorable__formula__code[code]: mmonitorable ¢ = mmonitorable__exec ¢
{proof)

6.2 Handling regular expressions

datatype mreger =
MSkip nat
| MTestPos nat
| MTestNeg nat
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| MPlus mregex mregex
| MTimes mregex mregex
| MStar mregex

primrec ok where
ok __ (MSkip n) = True
| ok m (MTestPos n) = (n < m)
| ok m (MTestNeg n) = (n < m)
| ok m (MPlus v s) = (ok m r A ok m s)
| ok m (MTimes r s) = (ok m r A ok m s)
| ok m (MStar r) = ok m r

primrec from__mregex where
from_mregex (MSkip n) __ = Regex.Skip n
| from_mregex (MTestPos n) ps = Regex.Test (ps ! n)
| from_mregex (MTestNeg n) ps = (if safe_formula (Formula.Neg (¢s ! n))
then Regex.Test (Formula.Neg (Formula.Neg (Formula.Neg (¢s | n))))
else Regex.Test (Formula.Neg (ps ! n)))
| from_mregex (MPlus r s) ps = Regex.Plus (from__mregex r ps) (from_mregex s ps)
| from_mregex (MTimes r s) @s = Regex.Times (from__mregez r ¢s) (from_mregezx s ps)
| from_mregex (MStar r) ¢s = Regezx.Star (from_mregez v s)

primrec to__mregexr exec where
to__mregex__exec (Regex.Skip n) zs = (MSkip n, zs)
| to_mregex_exec (Regex.Test @) xs = (if safe_formula ¢ then (MTestPos (length zs), zs Q [¢])
else case ¢ of Formula.Neg o' = (MTestNeg (length zs), s Q [p']) | _ = (MSkip 0, zs))
| to_mregex__exec (Regex.Plus 1 s) xs =
(let (mr, ys) = to_mregex__exec r xs; (ms, zs) = to_mregex__exec s ys
in (MPlus mr ms, zs))
| to_mregex__exec (Regex.Times r s) zs =
(let (mr, ys) = to_mregex__exec r xs; (ms, zs) = to_mregex__exec s ys
in (MTimes mr ms, zs))
| to_mregex__exec (Regex.Star r) zs =
(let (mr, ys) = to_mregex_exec v xzs in (MStar mr, ys))

primrec shift where
shift (MSkip n) k = MSkip n
| shift (MTestPos i) k = MTestPos (i + k)
| shift (MTestNeg i) k = MTestNeg (i + k)
| shift (MPlus v s) k = MPlus (shift v k) (shift s k)
| shift (MTimes r s) k = MTimes (shift r k) (shift s k)
| shift (MStar v) k = MStar (shift r k)

primrec to__mreger where
to__mregex (Regex.Skip n) = (MSkip n, [])
| to_mregex (Regex.Test ) = (if safe_formula ¢ then (MTestPos 0, [¢])
else case ¢ of Formula.Neg ' = (MTestNeg 0, [¢']) | _ = (MSkip 0, []))
| to_mregexr (Regex.Plus T s) =
(let (mr, ys) = to_mregex r; (ms, zs) = to_mregex s
in (MPlus mr (shift ms (length ys)), ys Q zs))
| to_mregex (Regex.Times v s) =
(let (mr, ys) = to_mregezx r; (ms, zs) = to_mregex s
in (MTimes mr (shift ms (length ys)), ys @ zs))
| to_mregex (Regex.Star r) =
(let (mr, ys) = to_mregezx r in (MStar mr, ys))

lemma shift 0: shift r 0 = r
(proof )
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lemma shift_shift: shift (shift r k) j = shift r (k + 7)
(proof)

lemma to__mregex_to _mregex exec:
case to_mregex v of (mr, ¢s) = to_mregex__exec v xs = (shift mr (length zs), zs Q ps)

(proof)

lemma to_mregex_to_mregex__exec_ Nil[code]: to_mregex r = to_mregex__exec 1 ||

(proof)

lemma ok _mono: ok m mr —= m < n = ok n mr

(proof)

lemma from__mregex_cong: okm mr = (Vi < m. zs! i = ys! i) = from_mregex mr zs = from__mregex
mr ys
(proof)

lemma not_ Neg cases:
(V4. ¢ # Formula.Neg ) = (case ¢ of formula.Neg p = f o | _ = 2z) ==
(proof)

lemma to__mregex_exec_ ok:
to_mreger_exec v xs = (mr, ys) = Jzs. ys = zs Q zs A set zs = atms r A ok (length ys) mr

(proof)

lemma ok_shift: ok (i + m) (Monitor.shift r i) +— ok m r
(proof)

lemma to_mregex_ok: to_mregex r = (mr, ys) = set ys = atms r A ok (length ys) mr

(proof)

lemma from_mregex_shift: from__mregex (shift r (length xs)) (zs @ ys) = from_mregezx  ys
(proof )

lemma from__mregex_to__mregex: safe_regex m g r = case__prod from_mregex (to_mreger ) = T
(proof )

lemma from__mregex__eq: safe_regex m g r = to_mregex v = (mr, ps) = from__mregex mr ©s = 1
(proof )

lemma from_mregex_to__mregex_exec: safe_regex m g r => case__prod from_mregex (to__mregex_exec
rzs) =r

(proof)

derive linorder mregex

6.2.1 LPD

definition saturate where

saturate f = while (AS. f S # S) f

lemma saturate__code[code]:
saturate f S = (let S' = f S in if S’ = S then S else saturate f S’)
(proof )

definition MTimesL r S = MTimes r ‘S
definition MTimesR R s = (Ar. MTimes rs) ‘R
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primrec LPD where
LPD (MSkip n) = (case n of 0 = {} | Suc m = {MSkip m})
| LPD (MTestPos ¢) = {}
| LPD (MTestNeg ¢) = {}
| LPD (MPlus r s) = (LPD r U LPD s)
| LPD (MTimes r s) = MTimesR (LPD r) s U LPD s
| LPD (MStar r) = MTimesR (LPD r) (MStar r)

primrec LPDi where
LPDi 0r = {r}
| LPDi (Suc i) r = (Us € LPD r. LPDi i s)

lemma LPDi_Suc_alt: LPDi (Suc i) r = (Us € LPDiir. LPD s)
(proof)

definition LPDs r = ((J4. LPDiir)

lemma LPDs refi: r € LPDs r

(proof)
lemma LPDs trans: r € LPD s — s € LPDst — r € LPDs t

(proof)

lemma LPD; Test:
LPDi i (MSkip 0) C {MSkip 0}
LPDi i (MTestPos ¢) C {MTestPos ¢}
LPDi i (MTestNeg o) C {MTestNeg ¢}
(proof)

lemma LPDs Test:
LPDs (MSkip 0) C {MSkip 0}
LPDs (MTestPos ¢) C {MTestPos ¢}
LPDs (MTestNeg ¢) C {MTestNeg ¢}
(proof)

lemma LPDi_MSkip: LPDi i (MSkip n) C MSkip “ {i. i < n}
(proof)

lemma LPDs_MSkip: LPDs (MSkip n) C MSkip ‘ {i. i < n}
(proof)

lemma LPDi Plus: LPDi i (MPlus rs) C {MPlus r s} U LPDiir U LPDiis
(proof)

lemma LPDs_Plus: LPDs (MPlus v s) € {MPlus r s} U LPDs r U LPDs s
(proof)

lemma LPDi Times:
LPDi i (MTimes r s) C {MTimes r s} U MTimesR ((Jj < i. LPDijr) sU (Uj < 4. LPDijs)
(proof)

lemma LPDs Times: LPDs (MTimes r s) C {MTimes r s} U MTimesR (LPDs r) s U LPDs s
(proof)

lemma LPDi Star: j < ¢ => LPDi j (MStar r) C {MStar r} U MTimesR (Jj < i. LPDi j r) (MStar

r)
(proof)
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lemma LPDs_Star: LPDs (MStar r) C {MStar r} U MTimesR (LPDs r) (MStar r)
(proof)

lemma finite_LPDs: finite (LPDs r)
(proof)

context begin
private abbreviation (input) addLPD r = AS. insert r S U Set.bind (insert r S) LPD

private lemma mono__addLPD: mono (addLPD r)
(proof) lemma LPDs_auzl: lfp (addLPD r) C LPDs r
(proof) lemma LPDs auz2: LPDi i r C Ifp (addLPD r)

(proof)

lemma LPDs_alt: LPDs r = Ifp (addLPD r)
(proof)

lemma LPDs_code[code]:
LPDs r = saturate (addLPD r) {}

(proof)

end

6.2.2 RPD

primrec RPD where
RPD (MSkip n) = (case n of 0 = {} | Suc m = {MSkip m})
| RPD (MTestPos ¢) = {}
| RPD (MTestNeg p) = {}
| RPD (MPlus r s) = (RPD r U RPD s)
| RPD (MTimes r s) = MTimesL r (RPD s) U RPD r
| RPD (MStar r) = MTimesL (MStar r) (RPD )

primrec RPDi where
RPDi 0r = {r}
| RPDi (Suc i) r = (Us € RPD r. RPDi i s)

lemma RPDi_Suc_alt: RPDi (Suc i) r = (Us € RPDiir. RPD s)
(proof)

definition RPDs r = (|Ji. RPDi i r)

lemma RPDs refl: r € RPDs r

(proof )
lemma RPDs trans: r € RPD s — s € RPDst — r € RPDs t

(proof)

lemma RPD; Test:
RPDi i (MSkip 0) C {MSkip 0}
RPDi i (MTestPos ) C {MTestPos ¢}
RPDi i (MTestNeg o) C {MTestNeg ¢}
(proof)

lemma RPDs Test:
RPDs (MSkip 0) C {MSkip 0}
RPDs (MTestPos ) C {MTestPos ¢}
RPDs (MTestNeg p) C {MTestNeg ¢}
(proof)
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lemma RPDi MSkip: RPDi i (MSkip n) C MSkip “{i. i < n}
(proof)

lemma RPDs MSkip: RPDs (MSkip n) C MSkip “{i. i < n}
(proof)

lemma RPDi Plus: RPDi ¢ (MPlus v s) C {MPlus r s} U RPDiir U RPDiis
(proof)

lemma RPDi Suc_ RPD_Plus:
RPDi (Suc i) r C RPDs (MPlus r s)
RPDi (Suc i) s € RPDs (MPlus T s)
(proof)

lemma RPDs Plus: RPDs (MPlus v s) C {MPlus r s} U RPDs r U RPDs s
(proof)

lemma RPDi Times:
RPDi i (MTimes r s) C {MTimes r s} U MTimesL r (Uj < i. RPDijs)U (Jj < i. RPDijr)
(proof)

lemma RPDs Times: RPDs (MTimes r s) C {MTimes r s} U MTimesL r (RPDs s) U RPDs r
(proof)

lemma RPDi Star: j < { = RPDi j (MStar r) C {MStar r} U MTimesL (MStar v) (Uj < i. RPDij
r)
(proof)

lemma RPDs_Star: RPDs (MStar r) C {MStar r} U MTimesL (MStar r) (RPDs )
(proof)

lemma finite_ RPDs: finite (RPDs )
(proof)

context begin
private abbreviation (input) addRPD r = A\S. insert r S U Set.bind (insert r S) RPD

private lemma mono_addRPD: mono (addRPD r)
(proof) lemma RPDs_auzl: lfp (addRPD r) C RPDs r
(proof) lemma RPDs_auz2: RPDiir C lfp (addRPD r)

(proof)

lemma RPDs_alt: RPDs r = Ifp (addRPD r)
(proof)

lemma RPDs_code[code]:
RPDs r = saturate (addRPD r) {}

(proof)

end

6.3 The executable monitor

type__synonym ts = nat

type__synonym 'a mbuf2 = ‘a table list x 'a table list
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type__synonym ‘a mbufn = a table list list

type__synonym ‘a msauz = (ts x 'a table) list

type__synonym ‘a muauzr = (ts X 'a table X 'a table) list
type__synonym ’a mrdauxr = (ts x (mregex, 'a table) mapping) list
type__synonym ‘a midauz = (ts x 'a table list X 'a table) list

datatype mconstraint = MEq | MLess | MLessEq

record args =
args_iwl : T
args_mn :: nat
args__L :: nat set
args_R :: nat set
args__pos :: bool

datatype (dead 'msauz, dead "muauz) mformula =

MRel event__data table

| MPred Formula.name Formula.trm list

| MLet Formula.name nat (‘msauz, ‘muaux) mformula ('msauz, "'muauz) mformula

| MAnd nat set ("msauz, 'muauz) mformula bool nat set ('msauz, 'muauz) mformula event data mbuf2

| MAndAssign (‘'msauz, 'muauz) mformula nat x Formula.trm

| MAndRel (‘msauz, 'muauz) mformula Formula.trm X bool x mconstraint x Formula.trm

| MAnds nat set list nat set list ('msauz, ‘muauz) mformula list event_data mbufn

| MOr ('msauz, 'muauz) mformula ('msauz, 'muauz) mformula event_data mbuf2

| MNeg (‘msauz, 'muaux) mformula

| MEzists ('msauz, 'muauz) mformula

| MAgg bool nat Formula.agg_op nat Formula.trm ('msauz, ‘muauz) mformula

| MPrev T ('msauz, 'muaux) mformula bool event_data table list ts list

| MNext T (‘'msauz, 'muauz) mformula bool ts list

| MSince args ("msauz, 'muauz) mformula ('msaux, ‘'muaur) mformula event__data mbuf2 ts list 'msauz

| MUntil args ("msauz, 'muaux) mformula ('msauz, 'muauz) mformula event_data mbuf2 ts list 'muauz

| MMatchP T mregex mregez list ('msauz, 'muauz) mformula list event__data mbufn ts list event_data
mréaur

| MMatchF T mregex mregez list ('msauz, 'muauz) mformula list event_data mbufn ts list event_data
mléaux

record (‘msauz, ‘muaur) mstate =
mstate 1 :: nat
/ /
mstate_m :: ('msauz, ‘muauz) mformula
mstate_n :: nat

fun eq rel :: nat = Formula.trm = Formula.trm = event__data table where
eq_rel n (Formula.Const x) (Formula.Const y) = (if z = y then unit_table n else empty table)
| eq_rel n (Formula.Var z) (Formula.Const y) = singleton__table n x y
| eq_rel n (Formula.Const z) (Formula.Var y) = singleton_table n y x
| eq_rel n _ __ = undefined

lemma regex atms_size: x € regex.atms r = size x < regexr.size__Tegex size T
(proof)

lemma atms_size:
assumes z € atms r
shows size © < Regex.size__regex size T

(proof)

definition init_args :: T = nat = nat set = nat set = bool = args where
init_args I n L R pos = (args_ivl = I, args_n = n, args_L = L, args_R = R, args_pos = pos)
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locale msaux =
fixes valid_msauz :: args = ts = 'msaur = event_data msauz = bool
and init_msauz :: args = 'msauz
and add_new_ts msaux :: args = ts = 'msaur = 'msaux
and join_msauz :: args = event_data table = 'msaur = 'msauz
and add_new_table _msauz :: args = event_data table = 'msaur = 'msauz
and result_msaux :: args = 'msaur = event_data table
assumes valid__init_msauzr: L C R —
valid_msauz (init_args I n L R pos) 0 (init_msauz (init_args I n L R pos)) ||
assumes valid__add_new__ts _msaux: valid_msauzr args cur aur auxlist = nt > cur =
valid_msauz args nt (add_new__ts _msauz args nt auz)
(filter (A(t, rel). enat (nt — t) < right (args_ivl args)) auzlist)
assumes valid_join_msaux: valid_msaux args cur auzr auzlist =
table (args_n args) (args L args) rell =
valid_msauz args cur (join_msauz args rell auz)
(map (A\(t, rel). (¢, join rel (args_pos args) rell)) auzlist)
assumes valid__add__new__table__msaux: valid_msaux args cur auzr auzrlist =
table (args_n args) (args_R args) rel2 =
valid_msauz args cur (add_new_table _msauz args rel2 aux)
(case auxlist of
[ => [(cur, rel2)]
| ((¢, y) # ts) = if t = cur then (L, y U rel2) # ts else (cur, rel2) # aualist)
and valid__result__msaux: valid_msaux args cur auzr auzlist => result_msauzr args auxr =
foldr (U) [rel. (t, rel) <+ auzlist, left (args_ivl args) < cur — ] {}

fun check_before :: T = ts = (ts X 'a x 'b) = bool where
check_before I dt (t, a, b) «— enat t + right I < enat dt

fun proj_thd :: ('a x 'b X 'c) = 'c where
proj_thd (t, al, a2) = a2

definition update until :: args = event__data table = event_data table = ts = event_data muauxr =
event data muaur where
update__until args rell rel2 nt auxr =
(map (Az. case x of (t, al, a2) = (t, if (args_pos args) then join al True rell else al U rell,
if mem (nt — t) (args_ivl args) then a2 U join rel2 (args_pos args) al else a2)) auz) @
[(nt, rell, if left (args_ivl args) = 0 then rel2 else empty_table)]

lemma map__proj_thd_update_until: map proj_thd (take While (check__before (args_ivl args) nt) auzlist)

map proj__thd (take While (check_before (args__ivl args) nt) (update__until args rell rel2 nt auzlist))
(proof)

fun eval until :: T = ts = event__data muauxr = event_data table list X event data muauxr where
eval_until Int [ = ([], [])
| eval _until I nt ((t, al, a2) # auz) = (if t + right I < nt then
(let (zs, auz) = eval_until I nt auz in (a2 # zs, aux)) else ([], (t, al, a2) # aux))

lemma eval until_length:
eval_until I nt auzlist = (res, auzlist’) = length auzlist = length res + length auxlist’

(proof)

lemma eval__until_res: eval _until I nt auxlist = (res, auxlist ') -
res = map proj__thd (take While (check__before I nt) auzlist)
(proof)

lemma eval_until _auzlist” eval until I nt auzlist = (res, auzlist’) —>
auzlist’ = drop (length res) auxlist
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(proof)

locale muauz =
fixes valid _muaux :: args = ts = 'muauxr = event_data muaux = bool
and init_muauz :: args = 'muaur
and add_new_muauz :: args = event_data table = event_data table = ts = 'muaur = 'muauz
and length__muauz :: args = 'muaur = nat
and eval _muauz :: args = ts = 'muaur = event data table list x 'muauz
assumes valid__init_muauzr: L C R —
valid_muauz (init_args I n L R pos) 0 (init_muauz (init_args I n L R pos)) ||
assumes valid__add__new__muauz: valid_muauzx args cur auxr auxlist =—>
table (args_mn args) (args_L args) rell =
table (args_n args) (args_R args) rel2 =
nt > cur =
valid_muauz args nt (add_new_muauz args rell rel2 nt auz)
(update__until args rell rel2 nt auzlist)
assumes valid__length__muaux: valid__muauz args cur aux auzlist = length__muauzx args aux = length
auxlist
assumes valid__eval_muauz: valid _muaux args cur aux auzlist = nt > cur —>
eval_muauz args nt auz = (res, auz’) => eval_until (args_ivl args) nt auzlist = (res’, auzlist’) =
res = res’ A wvalid_muauz args cur auz’ auxlist’

locale maur = msauz valid__msaux init_msauxr add__new_ts msaux join__msaux add_new_table_msaux
result _msaux +
muaux valid_muaux init_muaux add_new__muauzx length__muauz eval__muauz
for valid_msaux :: args = ts = 'msauz = event_data msaux = bool
and init_msauz :: args = 'msauz
and add_new_ts msaux :: args = ts = 'msaur = 'msaux
and join_msauz :: args = event_data table = 'msaur = 'msauz
and add_new_table _msauz :: args = event_data table = 'msaur = 'msauz
and result_msaux :: args = 'msauxr = event_data table
and valid_muauz :: args = ts = 'muauz = event_data muauz = bool
and init_muauz :: args = 'muaur
and add_new_muauz :: args = event_data table = event_data table = ts = 'muaur = 'muaux
and length__muauz :: args = 'muaur = nat
and eval _muauz :: args = nat = 'muaur = event_data table list X 'muaux

fun split_assignment :: nat set = Formula.formula = nat x Formula.trm where
split_assignment X (Formula.Eq t1 t2) = (case (t1, t2) of
(Formula. Var z, Formula. Var y) = if ¢ € X then (y, t1) else (z, t2)
| (Formula.Var z, ) = (z, t2)
| (_, Formula.Var y) = (y, t1))
| split_assignment __ __ = undefined

fun split__constraint :: Formula.formula = Formula.trm X bool X mconstraint x Formula.trm where
split__constraint (Formula.Eq t1 t2) = (t1, True, MEq, t2)

| split_constraint (Formula.Less t1 t2) = (t1, True, MLess, t2)

| split_constraint (Formula.LessEq t1 t2) = (t1, True, MLessEq, t2)

| split_constraint (Formula.Neg (Formula.Eq t1 t2)) = (t1, False, MEgq, t2)

| split__constraint (Formula.Neg (Formula.Less t1 t2)) = (t1, False, MLess, t2)

| split_constraint (Formula.Neg (Formula.LessEq t1 t2)) = (t1, False, MLessEq, t2)

| split__constraint __ = undefined

function (in mauz) (sequential) minit0 :: nat = Formula.formula = ('msauz, 'muauz) mformula where
minit0 n (Formula.Neg @) = (if fv ¢ = {} then MNeg (minit0 n @) else MRel empty_table)

| minit0 n (Formula.Eq t1 t2) = MRel (eq_rel n t1 t2)

| minit0 n (Formula.Pred e ts) = MPred e ts

| minit0 n (Formula.Let p ¢ ) = MLet p (Formula.nfv ¢) (minit0 (Formula.nfv ¢) ¢) (minit0 n )
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| minit0 n (Formula.Or ¢ ) = MOr (minit0 n ) (minit0 n ) ([], [])
| minit0 n (Formula.And ¢ ) = (if safe_assignment (fv ) 1 then
MAndAssign (minit0 n @) (split_assignment (fv ) 1)
else if safe_ formula v then
MAnd (fv @) (minit0 n ) True (fv ) (minit0 n ) ([, [])
else if is__constraint 1 then
MAndRel (minit0 n ) (split__constraint 1)
else (case ¥ of Formula.Neg ¢ =
MAnd (fv @) (minit0 n ) False (fv ¥) (minit0 n ¥) ([], [])))
| minit0 n (Formula.Ands 1) = (let (pos, neg) = partition safe_formula 1 in
let mpos = map (minit0 n) pos in
let mneg = map (minit0 n) (map remove_neg neg) in
let vpos = map fv pos in
let vneg = map fu neg in
MAnds vpos vneg (mpos @ mneg) (replicate (length 1) []))
| minit0 n (Formula.Ezists ¢) = MEzists (minit0 (Suc n) ¢)
| minit0 n (Formula.Agg y w b f @) = MAgg (fv ¢ C {0..<b}) y w b f (minit0 (b + n) ¢)
| minit0 n (Formula.Prev I @) = MPrev I (minit0 n ) True [] (]
| minit0 n (Formula.Next I @) = MNext I (minit0 n @) True [|
| minit0 n (Formula.Since ¢ I ) = (if safe_formula ¢
then MSince (init_args I n (Formula.fv ) (Formula.fv 1) True) (minit0 n ) (minit0 n ) ([], ) ]
(init_msauz (init_args I n (Formula.fv @) (Formula.fv 1) True))
else (case ¢ of
Formula.Neg ¢ = MSince (init_args I n (Formula.fv @) (Formula.fv v) False) (minit0 n ) (minit0
n ) (I, ) [] (init_msauz (init_args I n (Formula.fv @) (Formula.fv ¢) False))
| _ = undefined))
| minit0 n (Formula.Until ¢ I ) = (if safe_formula ¢
then MUntil (init_args I n (Formula.fv ¢) (Formula.fv ¥) True) (minit0 n @) (minit0 n ) (], [) [I
(init_muaux (init_args I n (Formula.fv ) (Formula.fv 1) True))
else (case ¢ of
Formula.Neg ¢ = MUntil (init_args I n (Formula.fv @) (Formula.fv 1) False) (minit0 n ) (minit0
n ) (I, ) [] (init_muauz (init_args I n (Formula.fv ¢) (Formula.fv v) False))
| _ = undefined))
| minit0 n (Formula.MatchP I r) =
(let (mr, ¢s) = to_mregex
in MMatchP I mr (sorted_list_of _set (RPDs mr)) (map (minit0 n) ¢s) (replicate (length ¢s) 1) ] [1)
| minit0 n (Formula.MatchF I r) =
(let (mr, @s) = to_mregex
in MMatchF I mr (sorted_list_of _set (LPDs mr)) (map (minit0 n) ¢s) (replicate (length ps) []) [ [)
| minit0 n _ = undefined
(proof)
termination (in mauz)
(proof)

definition (in mauz) minit :: Formula.formula = (‘msauz, 'muauz) mstate where
minit o = (let n = Formula.nfv ¢ in (mstate_i = 0, mstate_m = minit0 n @, mstate_n = nj))

definition (in mauz) minit_safe where
minit__safe o = (if mmonitorable__exec ¢ then minit ¢ else undefined)

fun mprev_next :: T = event__data table list = ts list = event_data table list X event_data table list X
ts list where

mprey_next I [| ts = ([], [], ts)
| mprev_mnext I zs [| = ([], s, [])
| mprev_next I zs [t] = ([], zs, [t])

| mprev_next I (z # zs) (t # t' # ts) = (let (ys, 2s) = mprev_next I zs (t' # ts)
in ((if mem (t' — t) I then = else empty_table) # ys, 2s))
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fun mbuf2_add :: event data table list = event_data table list = event data mbuf2 = event_data
mbuf2 where
mbuf2_add zs' ys' (zs, ys) = (zs Q zs’, ys @ ys’)

fun mbuf2_take :: (event_data table = event_data table = ’b) = event_data mbuf2 = 'b list x
event__data mbuf2 where

mbuf2_take f (z # s, y # ys) = (let (zs, buf) = mbuf2_take [ (zs, ys) in (fz y # zs, buf))
| mbuf2_take f (zs, ys) = ([], (zs, ys))

fun mbuf2t_take :: (event_data table = event_data table = ts = 'b = 'b) = b =
event__data mbuf2 = ts list = 'b x event_data mbuf2 x ts list where
mbuf2t_take fz (x # xs, y # ys) (¢t # ts) = mbuf2t_take f (fz ytz) (ws, ys) ts
| mbuf2t_take f z (xs, ys) ts = (z, (xs, ys), ts)

lemma size_list_length_diff1: xs # [| = [] ¢ set s =
size__list (Axs. length xs — Suc 0) xs < size_list length zs

(proof)

fun mbufn_add :: event__data table list list = event_data mbufn = event data mbufn where
mbufn_add zs’ zs = List.map2 (Q) zs zs’

function mbufn_take :: (event_data table list = 'b = 'b) = 'b = event_data mbufn = 'b x event_data
mbufn where
mbufn__take f z buf = (if buf =[] V [] € set buf then (z, buf)
else mbufn__take f (f (map hd buf) z) (map ¢l buf))

(proof)
termination (proof)

fun mbufnt_take :: (event_data table list = ts = 'b = 'b) =
‘b = event_data mbufn = ts list = 'b x event_data mbufn x ts list where
mbufnt_take f z buf ts =
(if [] € set buf V ts =[] then (z, buf, ts)
else mbufnt_take f (f (map hd buf) (hd ts) z) (map tl buf) (t ts))

fun match :: Formula.trm list = event_data list = (nat — event_data) option where
match [| [| = Some Map.empty
| match (Formula.Const © # ts) (y # ys) = (if ¢ = y then match ts ys else None)
| match (Formula.Var © # ts) (y # ys) = (case match ts ys of
None = None
| Some f = (case f z of
None = Some (f(z — y))
| Some z = if y = z then Some f else None))
| match _ __ = None

fun meval _trm :: Formula.trm = event_data tuple = event_data where
meval_trm (Formula. Var z) v = the (v ! z)

| meval_trm (Formula.Const ) v = x

| meval_trm (Formula.Plus = y) v = meval _trm z v + meval_trm y v

| meval_trm (Formula.Minus z y) v = meval_trm z v — meval_trm y v

| meval_trm (Formula. UMinus ) v = — meval_trm z v

| meval_trm (Formula.Mult  y) v = meval_trm z v * meval_trm y v

| meval_trm (Formula.Div x y) v = meval_trm x v div meval_trm y v

| meval_trm (Formula.Mod = y) v = meval_trm x v mod meval_trm y v

| meval_trm (Formula.F2i z) v = ElInt (integer_of event_data (meval _trm z v))

| meval _trm (Formula.I2f ) v = EFloat (double of event data (meval trm z v))

definition eval agg :: nat = bool = nat = Formula.agg_op = nat = Formula.trm =
event__data table = event data table where
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eval_aggmn g0y w b frel = (if g0 A rel = empty_table
then singleton__table n y (eval_agg_op w {})
else (\k.
let group = Set.filter (Az. drop b x = k) rel;
M = (M\y. (y, ecard (Set.filter (Ax. meval_trm fx = y) group))) ‘ meval_trm f ¢ group
in k[y:=Some (eval_agg_op w M)]) ¢ (drop b) * rel)

definition (in maux) update_since :: args = event__data table = event__data table = ts =
'msauxr = event_data table X 'msaur where
update__since args rell rel2 nt aur =
(let auz0 = join_msaux args rell (add_new_ts_msaux args nt auz);
auz’ = add_new_table_msauzr args rel2 auz0
in (result_msauz args auz’, auz’))

definition lookup = Mapping.lookup__default empty_table

fun ¢ lax where

e_laz guard ¢s
| e_laz guard @s
| € _laz guard ps
| &_laz guard ps
| e_lax guard @s
| € laz guard ps

MSkip n) = (if n = 0 then guard else empty__table)

MTestPos i) = join guard True (ps ! )

MTestNeg i) = join guard False (s ! 1)

MPlus r s) = e__laz guard @s r U e_laz guard ¢s s

MTimes r s) = join (e_lax guard @s r) True (¢_laz guard ps s)
MStar r) = guard

NN AN N S~

fun re_ strict where

re__strict n ps (MSkip m) = (if m = 0 then unit_table n else empty table)
| re__strict n ps (MTestPos i) = ps ! i
| re__strict n s (MTestNeg i) = (if ps! i = empty_table then unit_table n else empty_table)
| re_strict n ps (MPlus r s) = re__strict n ps r U re__strict n ps s
| re__strict n ps (MTimes r s) = e_laz (re__strict n ps ) s s
| re__strict n ps (MStar r) = unit_table n

fun le_strict where

le_strict n ps (MSkip m) = (if m = 0 then unit_table n else empty table)
| le__strict n s (MTestPos i) = @s | i
| le__strict n ps (MTestNeg i) = (if s ! i = empty_table then unit_table n else empty_table)
| le_strict n ps (MPlus r s) = le__strict n ps r U le__strict n ¢s s
| le__strict n s (MTimes r s) = e__lax (le__strict n s s) ps r
| le__strict n ps (MStar r) = unit_table n

fun r6 :: (mreger = mregex) = (mregex, 'a table) mapping = 'a table list = mregex = 'a table where
réd k X @s (MSkip n) = (case n of 0 = empty_table | Suc m = lookup X (k (MSkip m)))

| 70 k X s (MTestPos i) = empty_table

| 70 k X s (MTestNeg i) = empty__table

| rd k X os (MPlusrs) =16 k X psr U rd K X ¢s s

| 70 K X s (MTimes r s) = rd (At. &k (MTimes rt)) X s sUe_lax (rd & X @sr) @s s

| 0 k X s (MStar r) = r§ (At. & (MTimes (MStar r) t)) X s r

fun 1§ :: (mregex = mregexr) = (mregez, 'a table) mapping = 'a table list = mregex = 'a table where
16 Kk X ¢s (MSkip n) = (case n of 0 = empty_table | Suc m = lookup X (k (MSkip m)))

| 10 k X s (MTestPos i) = empty__table

| 16 k X ps (MTestNeg i) = empty__table

|16 k X ¢s (MPlusrs) =10 k X psr Uld kK X ps s

| 10 k X ps (MTimes rs) =16 (At. kK (MTimes t s)) X psr Ue_lax (16 kK X ps s) ps

| 10 k X ps (MStar r) = 16 (At. k (MTimes t (MStar r))) X @s r

lift__definition mrtabulate :: mregex list = (mregex = 'b table) = (mregez, 'b table) mapping
is ks f. (map_of (List.map_ filter (\k. let fk = f k in if fk = empty_table then None else Some (k,
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Jk)) ks)) (proof)

lemma lookup__tabulate:
distinct xs = lookup (mrtabulate zs f) © = (if x € set xs then f z else empty_ table)
(proof)

definition update _matchP :: nat = I = mreger = mregex list = event_data table list = ts =
event__data mrdéaur = event_data table X event_data mrdaur where
update__matchP n I mr mrs rels nt aur =
(let auz = (case [(t, mrtabulate mrs (Amr.
rd id rel rels mr U (if t = nt then re__strict n rels mr else {}))).
(t, rel) « auz, enat (nt — t) < right I]
of [] = [(nt, mrtabulate mrs (re__strict n rels))]
| z # auz’ = (if fst ¢ = nt then = # auz’
else (nt, mrtabulate mrs (re__strict n rels)) # = # auzx’))
in (foldr (U) [lookup rel mr. (t, rel) < auz, left I < nt — t] {}, aux))

definition update matchF _base where
update__matchF _base n I mr mrs rels nt =
(let X = mrtabulate mrs (le__strict n rels)
in ([(nt, rels, if left I = 0 then lookup X mr else empty__table)], X))

definition update _matchF _step where
update_matchF _step I mr mrs nt = (A\(t, rels’, rel) (auz’, X).
(let Y = mrtabulate mrs (16 id X rels’)
in ((¢, rels’, if mem (nt — t) I then rel U lookup Y mr else rel) # auz’, Y)))

definition update _matchF :: nat = 1 = mreger = mreger list = event data table list = ts =
event__data mldaur = event_data mldaur where
update__matchF n I mr mrs rels nt aux =
fst (foldr (update_matchF _step I mr mrs nt) aux (update_matchF _base n I mr mrs rels nt))

fun eval _matchF :: T = mregex = ts = event_data mldaur = event data table list x event_data
mldaur where
eval_matchF I mr nt [| = ([, [])
| eval_matchF I mr nt ((t, rels, rel) # auz) = (if t + right I < nt then
(let (zs, auz) = eval_matchF I mr nt auz in (rel # zs, aux)) else ([], (¢, rels, rel) # auz))

primrec map_ split where
map_split f [| = ([}, [])
| map__split f (x # zs) =
(let (y, 2) = fz; (ys, zs) = map__split f xs
in (y # ys, z # zs))

fun eval assignment :: nat X Formula.trm = event_data tuple = event_data tuple where
eval _assignment (z, t) y = (y[z:=Some (meval _trm t y)])

fun eval constraint0 :: mconstraint = event_data = event data = bool where
eval _constraint0 MEq z y = (z = y)

| eval _constraint0 MLess z y = (z < y)

| eval_constraint0 MLessEq z y = (z < y)

fun eval constraint :: Formula.trm X bool X mconstraint X Formula.trm = event_data tuple = bool
where

eval _constraint (t1, p, ¢, t2) z = (eval _constraint0 ¢ (meval trm t1 z) (meval _trm t2 z) = p)

primrec (in maux) meval :: nat = ts = Formula.database = (‘msauz, 'muauz) mformula =
event__data table list x (‘msauz, 'muaur) mformula where
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meval n t db (MRel rel) = ([rel], MRel rel)
| meval n t db (MPred e ts) = (map (AX. (Af. Table.tabulate f 0 n) ¢ Option.these
(match ts © X)) (case Mapping.lookup db e of None = [{}] | Some xs = zs), MPred e ts)
| meval n t db (MLet p m ¢ ) =
(let (ws, ) = meval m t db ¢; (ys, ¥) = meval n t (Mapping.update p (map (image (map the)) xs)
db) ¢
in (ys, MLet p m o 1))
| meval n t db (MAnd A_¢ ¢ pos A_ ¢ buf) =
(let (zs, ) = meval n t db ¢; (ys, ¥) = meval n t db 1;
(zs, buf) = mbuf2_take (Arl r2. bin_join n A_p 71 pos A_1p r2) (mbuf2_add zs ys buf)
in (zs, MAnd A_p ¢ pos A_1 ¢ buf))
| meval n t db (MAndAssign ¢ conf) =
(let (zs, ) = meval n t db ¢ in (map (Ar. eval assignment conf ‘ r) xs, MAndAssign ¢ conf))
| meval n t db (MAndRel ¢ conf) =
(let (zs, ) = meval n t db ¢ in (map (Set.filter (eval constraint conf)) zs, MAndRel ¢ conf))
| meval n t db (MAnds A__pos A_neg L buf) =
(let R = map (meval n t db) L in
let buf = mbufn__add (map fst R) buf in
let (zs, buf) = mbufn_take (Azs zs. zs Q [mmulti_join n A__pos A_neg zs]) || buf in
(zs, MAnds A_pos A_neg (map snd R) buf))
| meval n t db (MOr ¢ 9 buf) =
(let (zs, o) = meval n t db ¢; (ys, ¥) = meval n t db ¥;
(zs, buf) = mbuf2_take (Arl r2. r1 U r2) (mbuf2_add zs ys buf)
in (zs, MOr ¢ 1 buf))
| meval n t db (MNeg @) =
(let (zs, ¢) = meval n t db ¢ in (map (Ar. (if = empty__table then unit_table n else empty_ table))
xs, MNeg ¢))
| meval n t db (MEzists @) =
(let (zs, ) = meval (Suc n) t db ¢ in (map (Ar. ¢l ‘1) s, MExists ¢))
| meval n t db (MAgg g0y w b f @) =
(let (zs, p) = meval (b + n) t db ¢ in (map (eval_aggn g0 y w b f) xs, MAgg g0 y w b f ©))
| meval n t db (MPrev I ¢ first buf nts) =
(let (zs, ) = meval n t db p;
(zs, buf, nts) = mprev_next I (buf @Q zs) (nts Q@ [t])
in (if first then empty_table # zs else zs, MPrev I ¢ False buf nts))
| meval n t db (MNext I ¢ first nts) =
(let (zs, p) = meval n t db v;
(zs, first) = (case (zs, first) of (_ # zs, True) = (zs, False) | a = a);
(zs, __, nts) = mprev_next I zs (nts Q [t])
in (zs, MNext I ¢ first nts))
| meval n t db (MSince args ¢ ¥ buf nts auz) =
(let (zs, ) = meval n t db ¢; (ys, ¥) = meval n t db ;
((zs, auz), buf, nts) = mbuf2t_take (Arl r2t (zs, auz).
let (z, auz) = update__since args r1 r2 t auz
in (zs Q [2], auz)) ([], auz) (mbuf2_add zs ys buf) (nts Q [t])
in (zs, MSince args ¢ v buf nts auzx))
| meval n t db (MUntil args ¢ ¥ buf nts auz) =
(let (zs, p) = meval n t db ¢; (ys, ¥) = meval n t db 1;
(auz, buf, nts) = mbuf2t take (add_new muauz args) auz (mbuf2_add zs ys buf) (nts Q [¢]);
(zs, aux) = eval _muaux args (case nts of [| = t | nt # = nt) aux
in (zs, MUntil args ¢ v buf nts aux))
| meval n t db (MMatchP I mr mrs ps buf nts aux) =
(let (zss, ps) = map__split id (map (meval n t db) ¢s);
((zs, auz), buf, nts) = mbufni_take (Arels t (zs, aux).
let (z, auz) = update_matchP n I mr mrs rels ¢t aux
in (zs Q [2], auz)) ([], auz) (mbufn_add zss buf) (nts Q [t])
in (zs, MMatchP I mr mrs @s buf nts auz))
| meval n t db (MMatchF I mr mrs @s buf nts auz) =
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(let (zss, ps) = map__split id (map (meval n t db) ¢s);
(auz, buf, nts) = mbufnt_take (update_matchF n I mr mrs) auz (mbufn__add zss buf) (nts @ [t]);
(28, auz) = eval_matchF I mr (case nts of [| = ¢ | nt # _ = nt) auz

in (zs, MMatchF I mr mrs ps buf nts auz))

definition (in mauz) mstep :: Formula.database x ts = (‘msauz, 'muauz) mstate = (nat X event_data
table) list x ('msaux, ‘'muaur) mstate where
mstep tdb st =
(let (xs, m) = meval (mstate_n st) (snd tdb) (fst tdb) (mstate_m st)
in (List.enumerate (mstate_i st) xs,
(mstate_i = mstate_i st + length xs, mstate_m = m, mstate_n = mstate_n st)))

6.4 Verdict delay

context fixes o :: Formula.trace begin

fun progress :: (Formula.name — nat) = Formula.formula = nat = nat where

progress P (Formula.Pred e ts) j = (case P e of None = j | Some k = k)
| progress P (Formula.Let p ¢ 1) j = progress (P(p w— progress P ¢ j)) ¥ j
| progress P (Formula.Eq t1 t2) j = j
| progress P (Formula.Less t1 t2) j = j
| progress P (Formula.LessEq t1 t2) j = j
| progress P (Formula.Neg ) j = progress P ¢ j
| progress P (Formula.Or ¢ 1) j = min (progress P ¢ j) (progress P 1) )
| progress P (Formula.And ¢ ) j = min (progress P ¢ j) (progress P 1 j)
| progress P (Formula.Ands 1) j = (if | = [] then j else Min (set (map (Ap. progress P ¢ j) 1))
| progress P (Formula.Exists p) j = progress P ¢ j
| progress P (Formula.Agg y w b f @) j = progress P ¢ j
| progress P (Formula.Prev I ¢) j = (if j = 0 then 0 else min (Suc (progress P ¢ 7)) j)
| progress P (Formula.Next I ¢) j = progress P ¢ j — 1
| progress P (Formula.Since ¢ I 1) j = min (progress P ¢ j) (progress P 1 j)

| progress P (Formula.Until ¢ I 1) j =

Inf {i.Vk. k< j Ak < min (progress P ¢ j) (progress P ¢ j) — 7 o i + right I > 7 o k}
| progress P (Formula.MatchP I 1) j = min__regex_default (progress P) rj
| progress P (Formula.MatchF I r) j =

Inf {i.Vk. k <j Ak < min_regex_default (progress P) rj — 7 o i + right I > 7 o k}

definition progress_regex P = min__regex__default (progress P)

declare progress.simps|[simp del]
lemmas progress__simps[simp] = progress.simps|folded progress_regex_def[THEN fun_ cong, THEN fun__cong]]

end

definition pred_mapping Q = pred_fun (A_. True) (pred_option Q)
definition rel_mapping Q = rel_fun (=) (rel_option Q)

lemma pred_mapping_alt: pred_mapping Q@ P = (Vp € dom P. @Q (the (P p)))
(proof)

lemma rel_mapping__alt: rel_mapping Q P P’ = (dom P = dom P' A (Vp € dom P. Q (the (P p)) (the
(P"p))))
(proof )

lemma rel_mapping_map__upd[simp]: Q x y => rel_mapping Q P P’ = rel_mapping Q (P(p — z))
(P'(p = y))
(proof )
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lemma pred_mapping map_ upd[simp]: Q x = pred_mapping Q P = pred_mapping Q (P(p — x))
(proof )

lemma pred_mapping _empty[simp|: pred_mapping Q Map.empty
(proof)

lemma pred_mapping _mono: pred_mapping Q@ P — Q < R = pred_mapping R P
(proof)

lemma pred_mapping _mono__strong: pred_mapping Q P —>
(Ap. p € dom P = Q (the (P p)) = R (the (P p))) = pred _mapping R P
(proof)

emma progress_mono_gen: j < j' = rel_mapping (<) P P' = progress o P ¢ j < progress o P’ ¢
./

j
(proof)

lemma rel _mapping_refip: reflp Q = rel_mapping Q P P
(proof )

lemmas progress_mono = progress_mono__gen|OF __ rel_mapping_reflp[unfolded reflp__def], simplified)

lemma progress_le__gen: pred_mapping (Az. © < j) P = progress o P ¢ j < j
(proof)

lemma progress le: progress o Map.empty ¢ j < j
{proof)

lemma progress_0__gen[simp]:
pred_mapping (Az. £ = 0) P = progress c P o 0 = 0
(proof )

lemma progress_0[simp]:
progress o Map.empty ¢ 0 = 0
(proof)

definition maz_mapping :: ('b = 'a option) = ('b = 'a option) = 'b = ('a :: linorder) option where
max_mapping P P’ x = (case (P z, P' z) of
(None, None) = None
| (Some z, None) = None
| (None, Some z) = None
| (Some z, Some y) = Some (maz z y))

definition Maxz_mapping :: ('b = 'a option) set = 'b = ('a :: linorder) option where
Maz_mapping Ps z = (if (VP € Ps. Pz # None) then Some (Max ((AP. the (P x)) ¢ Ps)) else None)

lemma dom__max_mapping[simp|: dom (mazx_mapping P1 P2) = dom P1 N dom P2
(proof)

lemma dom__Maz__mapping[simp]: dom (Maz_mapping X) = (P € X. dom P)
(proof)
lemma Maz__mapping_ coboundedl:
assumes finite X VQ € X. dom Q = dom P P € X
shows rel_mapping (<) P (Maz_mapping X)
(proof)

lemma rel _mapping trans: P 00 Q < R =
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rel_mapping P P1 P2 = rel_mapping ) P2 P8 = rel_mapping R P1 P3
(proof)

abbreviation range_mapping :: nat = nat = ('b = nat option) = bool where
range__mapping ¢ j P = pred_mapping (Az. i <z Az < j) P

lemma range _mapping_relaz:
range_mapping i j P = i’ < i = j' > j = range_mapping i’ j' P
(proof)

lemma range__mapping_maz_mapping[simp]:

range_mapping © j1 P1 = range_mapping i j2 P2 = range_mapping i (maz j1 j2) (maz_mapping
P1 P2)

(proof)

lemma range__mapping_Max_mapping[simp]:

finite X = X # {} = Vz€X. range_mapping i (j z) (P ) = range_mapping i (Maz (j X))
(Maz_mapping (P ‘ X))

(proof )

lemma pred_mapping_le:
pred_mapping ((<) ©) P1 = rel_mapping (<) P1 P2 = pred_mapping ((<) (i :: nat)) P2
(proof)

lemma pred_mapping le":

pred__mapping ((<) j) P1 = i < j = rel_mapping (<) P1 P2 = pred_mapping ((<) (7 :: nat))
P2

{proof )

lemma maz_mapping_cobounded!: dom P1 C dom P2 = rel_mapping (<) P1 (maz_mapping P1
P2)
(proof)

lemma maz_mapping_cobounded2: dom P2 C dom P1 = rel_mapping (<) P2 (maz_mapping P1
P2)
(proof)

lemma maz_mapping_fun__upd2[simp):
(maz_mapping P1 (P2(p := y)))(p — z) = (maz_mapping P1 P2)(p — x)
(proof)

lemma rel_mapping _maz_mapping _fun_upd: dom P2 C dom P1 —> p € dom P2 — the (P2 p) <
Yy =

rel_mapping (<) P2 ((max_mapping P1 P2)(p — y))

(proof)

lemma progress__ge__gen: Formula.future__bounded ¢ —>
3P j. dom P =S A range_mapping i j P N\ i < progress o P ¢ j
(proof)

lemma progress_ge: Formula.future bounded ¢ = 3j. i < progress o Map.empty ¢ j

(proof)

lemma cInf restrict_nat:
fixes z :: nat
assumes € A
shows Inf A = Inf {y € A. y < z}
(proof)
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lemma progress _time__conuv:
assumes Vi<j. T o i=1710’ i
shows progress o P ¢ j = progress o' P ¢ j
(proof)

lemma Inf UNIV_nat: (Inf UNIV :: nat) = 0
(proof)

lemma progress_prefiz__conv:
assumes prefiz_of m o and prefiz_of 7 o’
shows progress o P ¢ (plen w) = progress o' P ¢ (plen )
(proof)

lemma bounded_rtranclp__mono:
fixes n :: 'z :: linorder
assumes \ij. Rij—=j<n= SijNijRij= i<}
shows rtranclp R i j = j < n = rtranclp S ij

(proof)

lemma sat_prefiz_conv__gen:
assumes prefiz_of m o and prefiz_of 7 o’
shows i < progress o P ¢ (plen 1) => dom V = dom V' = dom P = dom V —
pred_mapping (Az. z < plen ) P =
(AP iwp.p€domV = i< the (P p) = the (Vp) i = the (V'p)i) =
Formula.sat o V v i ¢ «— Formula.sat o’ V' vi ¢

(proof)

lemma sat_prefix__conv:
assumes prefiz_of m o and prefiz_of 7 o’
shows i < progress o Map.empty ¢ (plen 7) =
Formula.sat o Map.empty v i @ <— Formula.sat ¢’ Map.empty v i ¢

(proof)

lemma progress_remove_neg[simp|: progress o P (remove_neg @) j = progress o P ¢ j
(proof)

lemma safe_progress__get__and: safe_formula ¢ —>
Min ((A\p. progress o P ¢ j) * set (get_and_list p)) = progress o P ¢ j
(proof )

lemma progress__convert_multiway: safe_formula ¢ = progress o P (convert_multiway @) j = progress
cPypij
(proof)

6.5 Specification

definition pprogress :: Formula.formula = Formula.prefic = nat where
pprogress ¢ ™ = (THE n. Vo. prefix_of m o — progress o Map.empty ¢ (plen w) = n)

lemma pprogress__eq: prefiz_of m o = pprogress ¢ ™ = progress o Map.empty ¢ (plen )
(proof)

locale future_bounded__mfodl =
fixes ¢ :: Formula.formula

assumes future__bounded: Formula.future__bounded ¢

sublocale future _bounded__mfodl C sliceable__timed__progress Formula.nfv ¢ Formula.fv ¢ relevant__events

48



%)
Ao v i. Formula.sat o Map.empty v i ¢ pprogress ¢

(proof)

locale verimon__spec =
fixes ¢ :: Formula.formula
assumes monitorable: mmonitorable

sublocale verimon__spec C future_bounded__mfodl

(proof)

6.6 Correctness
6.6.1 Invariants

definition wf mbuf2 :: nat = nat = nat = (nat = event_data table = bool) = (nat = event_data
table = bool) =
event__data mbuf2 = bool where
wf_mbuf2 i ja jb P Q buf +— i < ja A i < jb A (case buf of (zs, ys) =
list_all2 P [i..<ja] s A list_all2 Q [i..<jb] ys)

inductive list_all3 :: ('a = 'b = 'c = bool) = 'a list = 'b list = 'c list = bool for P :: ('a = 'b =
‘c = bool) where

list_all3 P[] [] ]
| Pal a2 a8 = list_all3 P q1 q2 q8 = list_all3 P (al # q1) (a2 # ¢2) (a8 # ¢3)

lemma list_all3 list _all2D: list_all3 P xs ys zs —
(length zs = length ys A list_all2 (case_prod P) (zip zs ys) zs)
(proof)

lemma list_all2 list_all3I: length xs = length ys = list__all2 (case_prod P) (zip zs ys) zs =
list_all3 P xs ys zs

(proof)

lemma list__all3 list _all2__eq: list_all3 P xs ys zs <—
(length xs = length ys A list_all2 (case_prod P) (zip zs ys) zs)
(proof )

lemma list_all3_mapD: list_all3 P (map f zs) (map g ys) (map h zs) =
list_all3 Az yz. P (fz) (9y) (h2)) zs ys zs
(proof)

lemma list_all8_mapl: list_all3 Az y z. P (fz) (gy) (hz2) zs ys zs =
list_all3 P (map f zs) (map g ys) (map h zs)
(proof)

lemma list_all3_map_iff: list_all8 P (map f zs) (map g ys) (map h zs) +—
list_all8 Az yz P (fz) (gy) (hz)) xs ys zs
(proof)

lemmas list_all8 _map =
list_all3_map_iff[where g=id and h=id, unfolded list.map__id id__apply]
list_all3_map__iff[where f=id and h=id, unfolded list.map__id id__apply]
list_all3_map__iff[where f=id and g=id, unfolded list.map_id id_apply]

lemma list _all3 conv__all_nth:
list_all3 P xs ys zs =
(length s = length ys A length ys = length zs N (Vi < length xs. P (zsli) (ysli) (zsli)))
(proof)
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lemma list_all3 refl [intro?):
(A\z. z € set zs = P z z z) = list_all3 P s xs zs

(proof)

definition wf mbufn :: nat = nat list = (nat = event_data table = bool) list = event data mbufn =
bool where
wf_mbufn i js Ps buf <— list_all8 (AP jxs. i < j A list_all2 P [i..<j] xs) Ps js buf

definition wf mbuf2’ :: Formula.trace = _ = _ = nat = nat = event_data list set =
Formula.formula = Formula.formula = event__data mbuf2 = bool where
wf_mbuf2’ o P Vjin R ¢ buf +— wf_mbuf2 (min (progress o P ¢ j) (progress o P 1 j))
(progress o P ¢ j) (progress o P 1) )
(Ai. gtable n (Formula.fv ) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢))
(Ai. gtable n (Formula.fv ) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢)) buf

definition wf mbufn’ :: Formula.trace = _ = _ = nat = nat = event_data list set =
Formula.formula Regez.regex = event__data mbufn = bool where
wf_mbufn’ o P Vijin R rbuf <« (case to_mregex v of (mr, ¢s) =
wf_mbufn (progress_regex o P r j) (map (Ap. progress o P ¢ j) ¢s)
(map (\p i. gtable n (Formula.fv ¢) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢)) ©s)
buf)

lemma wf _mbuf2’ UNIV_alt: wf_mbuf2’ o PV jn UNIV ¢ ¢ buf <— (case buf of (zs, ys) =
list_all2 (Xi. wf_table n (Formula.fv ¢) (Av. Formula.sat o V (map the v) i ¢))
[min (progress o P ¢ j) (progress o P v j) ..< (progress o P ¢ j)] s A
list_all2 (\i. wf_table n (Formula.fv ¥) (Av. Formula.sat o V (map the v) i 9))
[min (progress o P ¢ j) (progress o P 1 j) ..< (progress o P 1 j)] ys)
(proof)

definition wf ts :: Formula.trace = __ = nat = Formula.formula = Formula.formula = ts list = bool
where
wf_ts o Pjots+— list_all2 (Ait. t =7 o i) [min (progress o P ¢ j) (progress o P 1 j)..<j] ts

definition wf ts regex :: Formula.trace = __ = nat = Formula.formula Regez.regex = ts list = bool
where
wf_ts_regex o P jrits «— list_all2 (Mit. t = 7 o i) [progress_regex o P r j..<j] ts

abbreviation Sincep pos ¢ I » = Formula.Since (if pos then ¢ else Formula.Neg o) I ¥

definition (in msauz) wf_since_auz :: Formula.trace = __ = event_data list set = args =
Formula.formula = Formula.formula = 'msaur = nat = bool where
wf_since_auz o V R args ¢ ¢ auzx ne «— Formula.fo ¢ C Formula.fo ¥ A (3 cur auzlist. valid_msauz
args cur aux auxlist A
cur = (if ne = 0 then 0 else T o (ne — 1)) A
sorted_wrt (Az y. fst © > fst y) auzlist A
(Vt X. (t, X) € set auzlist — ne # 0 ANt <70 (ne— 1) A7 o (ne— 1) — t < right (args_ivl
args) AN (Fi. To i =1t) A
gtable (args_n args) (Formula.fv v) (mem_restr R) (Av. Formula.sat o V (map the v) (ne—1)
(Sincep (args_pos args) ¢ (point (1 o (ne — 1) — t)) ¥)) X) A
Vt.neZO0ANt<7T0(ne—1)AN70o(ne—1)—t < right (args_ivl args) N (Fi. 70 i=1) —
(3X. (t, X) € set aualist)))

definition wf matchP_aux :: Formula.trace = _ = nat = event_ data list set =
T = Formula.formula Regez.regex = event__data mrdaur = nat = bool where
wf_matchP_auz o V n R Ir aux ne «— sorted_wrt (Az y. fst x > fst y) auz A
VtX. (t, X) € setaur — ne# 0Nt <7170 (ne—I)AN71o (ne—1) —t <vright I N (3i.701i=
£) A
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(case to_mregez r of (mr, ¢s) =
(Vms € RPDs mr. gtable n (Formula.fv_regex ) (mem__restr R) (Av. Formula.sat o V (map the v)
(ne—1)
(Formula.MatchP (point (1 o (ne—1) — t)) (from_mregex ms ¢s)))
(lookup X ms)))) A
(Vt.ne£0ANt<T0o(ne—I)AN7T70o (ne—1) —t<rigt I\NFi.Toi=1) —
(3X. (t, X) € set aux))

lemma gtable_mem_restr_UNIV: gtable n A(mem_restr UNIV) Q X = wf_tablen A Q X
(proof )

lemma (in msauz) wf_since_auz_ UNIV_alt:
wf_since_auzr o V UNIV args ¢ ¢ auzx ne +— Formula.fv ¢ C Formula.fv ¥ A (3 cur auxlist.
valid_msaux args cur auxr auxlist N\
cur = (if ne = 0 then 0 else 7 o (ne — 1)) A
sorted_wrt (Az y. fst © > fst y) auzlist A
(Vt X. (t, X) € set auzlist — ne # 0 ANt <70 (ne— 1) A7 o (ne — 1) — t < right (args_ivl
args) A (3i. T oi=1t) A
wf_table (args_n args) (Formula.fv )
(Av. Formula.sat o V (map the v) (ne — 1) (Sincep (args_pos args) ¢ (point (1 o (ne — 1) —
t)) ¥)) X) A
(Vt.ne#0ANt<T0o(ne—1)ATo (ne—1)—1t<right (args_ivl args) A (3i. 7 0 i =t) —
(3X. (t, X) € set aualist)))
(proof)

definition wf until_auxlist :: Formula.trace = _ = nat = event__data list set = bool =
Formula.formula = Z = Formula.formula = event_data muaur = nat = bool where
wf_until _auzlist o V n R pos ¢ I ¢ auzxlist ne <—
list_all2 (Azi. case z of (¢, 1, 12) =t =T 0 i A
gtable n (Formula.fv @) (mem_restr R) (Av. if pos then (¥ ke{i..<ne+length auzlist}. Formula.sat
o V (map the v) k @)
else (3 ke{i..<ne+length auzlist}. Formula.sat o V (map the v) k ¢)) r1 A
gtable n (Formula.fv v) (mem_restr R) (Av. (3j. i < j A j < ne + length auzlist A mem (1 o j —
Toi)lA
Formula.sat o V (map the v) j ¥ A
(Vke{i..<j}. if pos then Formula.sat o V (map the v) k ¢ else = Formula.sat o V (map the v)

k) r2)
auzlist [ne..<ne+length auzlist]

definition (in muauz) wf _until_aux :: Formula.trace = __ = event_data list set = args =
Formula.formula = Formula.formula = 'muauz = nat = bool where
wf_until_aux o V R args ¢ ¥ aux ne <— Formula.fv ¢ C Formula.fv b A
(3 cur auzlist. valid_muauz args cur auz auzlist N
cur = (if ne + length auxlist = 0 then 0 else T o (ne + length auxlist — 1)) A
wf_until_auzlist o V (args_n args) R (args_pos args) ¢ (args_ivl args) ¥ auzlist ne)

lemma (in muauz) wf_until _auz_UNIV__alt:
wf_until _aux o V UNIV args ¢ ¥ aur ne <— Formula.fv ¢ C Formula.fv ¢ N
(3 cur auzlist. valid_muauz args cur auz auzlist N
cur = (if ne + length auxlist = 0 then 0 else T o (ne + length auxlist — 1)) A
list_all2 Az i. case x of (t, 71, 72) =>t=T0 i A
wf_table (args_n args) (Formula.fv @) (Av. if (args_pos args)
then (V ke{i..<ne+length auxlist}. Formula.sat o V (map the v) k ¢)
else (Fke{i..<ne+tlength auzlist}. Formula.sat o V (map the v) k ¢)) 1 A
wf_table (args_mn args) (Formula.fv ) (Av. 5. ¢ < j A j < ne + length auzlist AN mem (T o j — 7
o 1) (args_ivl args) A
Formula.sat o V (map the v) j ¥ A
(VEke{i..<j}. if (args_pos args) then Formula.sat o V (map the v) k ¢ else = Formula.sat o V
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(map the v) k ¢)) 12)
auzlist [ne..<ne+length auzlist])
(proof)

definition wf matchF _aux :: Formula.trace = _ = nat = event__data list set =
T = Formula.formula Regex.regex = event _data mldaur = nat = nat = bool where
wf_matchF _aux o V n R Ir auz ne k +— (case to_mregex v of (mr, ps) =
list_all2 (A i. case z of (t, rels, rel) =t =70 i A
list_all2 (Ap. gtable n (Formula.fv @) (mem_restr R) (Av.
Formula.sat o V (map the v) i ¢)) ps rels A
gtable n (Formula.fu_regex v) (mem_restr R) (Av. (3j. ¢ < j A j < ne + length auz + k N\ mem
(toj—710i) IAN
Regex.match (Formula.sat o 'V (map the v)) r i 7)) rel)
auz [ne..<ne+length auz))

definition wf matchF _invar where
wf_matchF _invar o Vn R Irsti=
(case st of (auz, Y) = aur # [| A wf_matchF_auz o Vn R Irauzi0 A
(case to_mregex r of (mr, vs) = VY ms € LPDs mr.
gtable n (Formula.fu_regex ) (mem_restr R) (Av.
Regexz.match (Formula.sat o V (map the v)) (from_mregex ms ¢s) i (i + length auz — 1)) (lookup
¥ ms))

definition lift_envs’ :: nat = event_data list set = event_data list set where
lift_envs’ b R = (A(ws,ys). zs @Q ys) * ({zs. length zs = b} x R)

fun formula_of constraint :: Formula.trm X bool X mconstraint X Formula.trm = Formula.formula
where

formula__of _constraint
| formula__of _constraint
| formula__of _constraint
| formula__of _constraint
| formula__of _constraint
| formula__of _constraint

t1, True, MEq, t2) = Formula.Eq t1 t2

t1, True, MLess, t2) = Formula.Less t1 2

t1, True, MLessEq, t2) = Formula.LessEq t1 t2

t1, False, MEq, t2) = Formula.Neg (Formula.Eq t1 t2)

t1, False, MLess, t2) = Formula.Neg (Formula.Less t1 t2)

t1, False, MLessEq, t2) = Formula.Neg (Formula.LessEq t1 t2)

NN N N~

inductive (in mauz) wf_mformula :: Formula.trace = nat = _ = _ =
nat = event_data list set = (‘msauz, 'muauz) mformula = Formula.formula = bool
for o j where
FEq: is_simple_eq t1 t2 =
VzeFormula.fu_trm t1. z < n = Vz€Formula.fu_trm t2. x < n =
wf_mformula o j P V n R (MRel (eq_rel n t1 t2)) (Formula.Eq t1 t2)
| neq_Var: z < n =
wf_mformula o j P Vn R (MRel empty_table) (Formula.Neg (Formula.Eq (Formula. Var z) (Formula. Var
7))
| Pred: ¥V z€ Formula.fv (Formula.Pred e ts). z < n =
Viteset ts. Formula.is_ Var t V Formula.is _Const t —>
wf_mformula o j P V n R (MPred e ts) (Formula.Pred e ts)
Let: wf_mformula 0 5 PV m UNIV ¢ ¢’ =
wf_mformula o j (P(p — progress o P ¢’ j))
(V(p — Xi. {v. length v =m A Formula.sat ¢ Vvip'})) n Ry ¢’ =
{0..<m} C Formula.fv ¢' = b < m = m = Formula.nfv ¢' =
wf_mformula o j PV n R (MLet p m ¢ 1) (Formula.Let p ¢’ ")
And: wf_mformula 0 P Vn R ¢ ¢ = wf_mformula c j P Vn Ry ¢y =
if pos then x = Formula.And ¢’ 1)’
else x = Formula.And @' (Formula.Neg v') A Formula.fv ¢’ C Formula.fv ¢’ =
wf_mbuf2’ o PVinR o ¢ buf =
wf_mformula o j P V n R (MAnd (fv ") ¢ pos (fv ¥’) ¥ buf) x
| AndAssign: wf_mformula o §j P Vn R ¢ o' =
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T < n =z ¢ Formula.fv ¢' = Formula.fu_trm t C Formula.fv ¢’ = (z, t) = conf =
' = Formula.Eq (Formula.Var ) t V ' = Formula.Eq t (Formula.Var z) =
wf_mformula o j P V n R (MAndAssign ¢ conf) (Formula.And ¢’ ")
| AndRel: wf_mformula o § P Vn R ¢ ¢ =
' = formula_of _constraint conf —>
(let (t1, _, _, t2) = conf in Formula.fu_trm t1 U Formula.fu_trm t2 C Formula.fv ¢') =
wf_mformula o j P 'V n R (MAndRel ¢ conf) (Formula.And ¢’ ")
| Ands: list_all2 (A¢ ¢’ wf_mformula o j P Vn R ¢ ') 1 (I_pos @ map remove_neg |_neg) =
wf_mbufn (progress o P (Formula.Ands 1) j) (map (M. progress o P 1 j) (I_pos @ map remove__neg
1 _neg)) (map (M 1.
gtable n (Formula.fv ) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢)) (I_pos Q@ map
remove_neg |_neg)) buf =
(I_pos, I_neg) = partition safe_formula |’ =
l_pos # [| =
list__all safe_formula (map remove_neg |_neg) =
A__pos = map fv l_pos =
A_neg = map fvl_neg =
U (set A_neg) C | (set A_pos) =
wf_mformula o j P 'V n R (MAnds A_pos A_neg | buf) (Formula.Ands l')
| Or: wf_mformula o § P Vn R ¢ ¢ = wf_mformula o j PV n Ry =
Formula.fv ¢’ = Formula.fv ¥’ =
wf_mbuf2’ o PVinR o ¢ buf =
wf_mformula o j P 'V n R (MOr ¢ v buf) (Formula.Or ¢’ ")
| Neg: wf_mformula o j P Vn R ¢ ¢’ = Formula.fv ¢' = {} =
wf_mformula o j P V n R (MNeg ¢) (Formula.Neg ¢
| Ezists: wf _mformula o j P 'V (Suc n) (lift_envs R) ¢ ¢’ =
wf_mformula o j P V n R (MEzists ) (Formula.Ezists ")
| Agg: wf_mformula o § PV (b + n) (lift_envs’' b R) p ¢’ —>
y<n=—
y + b ¢ Formula.fv ¢’ =
{0..<b} C Formula.fv ¢’ =
Formula.fu_trm f C Formula.fv ¢’ =
g0 = (Formula.fv ¢’ C {0..<b}) =
wf_mformula o j P Vn R (MAgg g0 y w b f ) (Formula.Aggy w b f )
Prev: wf_mformula c j P VnR ¢ o —
first +— j = 0 =
list_all2 (\i. qtable n (Formula.fv ") (mem_restr R) (Av. Formula.sat o V (map the v) i ¢’))
[min (progress o P ¢’ j) (j—1)..<progress o P ' j] buf —
list_all2 (\it. t =1 o i) [min (progress o P ' j) (j—1)..<j] nts =
wf_mformula o j P 'V n R (MPrev I ¢ first buf nts) (Formula.Prev I ¢)
Next: wf_mformula c P Vn R ¢ o —
first <— progress o P ¢'j = 0 =
list_all2 (Xit. t =7 o i) [progress o P ¢’ j — 1..<j] nts =
wf_mformula o j P V n R (MNext I ¢ first nts) (Formula.Next I ¢)
Since: wf_mformula 0 j P Vn R ¢ ¢ = wf _mformula c j P Vn Ry =
if args_pos args then @'’ = ¢’ else @' = Formula.Neg ¢’ —>
safe_formula ' = args_pos args =
args_iwl args = I =
args_mn args = n =
args_L args = Formula.fv ¢’ =
args_ R args = Formula.fv ¢’ =
Formula.fv ¢’ C Formula.fv ' =
wf_mbuf2’ o PVinR o ¢ buf =
wf_tso Pjo' ¢ nts =
wf_since_aux o V R args @' 1" auz (progress o P (Formula.Since ' I v') j) =
wf_mformula o j P 'V n R (MSince args ¢ v buf nts auz) (Formula.Since o'’ I 1)
Until: wf_mformula 0 7 P Vn R ¢ ¢ = wf_mformula c j P Vn Ry ¢y —
if args_pos args then @' = ¢’ else @' = Formula.Neg ¢’ —>
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safe_formula ¢'' = args_pos args =—>

args_wl args = I —

args_n args = n —

args_L args = Formula.fv ¢’ =

args_ R args = Formula.fv ¢’ =

Formula.fv ¢’ C Formula.fv ¢’ =

wf_mbuf2’ o PVinR @ ¢ buf =

wf_tso Pjo' ¢ nts =

wf_until_auzr o V R args ¢’ ¥’ auz (progress o P (Formula.Until "' I ¢') j) =

progress o P (Formula.Until "' I v') j + length__muauz args auz = min (progress o P ¢’ j) (progress
o Py j) —
wf_mformula o j P 'V n R (MUntil args ¢ v buf nts auz) (Formula.Until ¢ T 1))
MatchP: (case to_mregex r of (mr’, ¢s’) =

list_all2 (wf_mformula ¢ j P V n R) ¢s s’ A mr = mr') =
mrs = sorted_list_of _set (RPDs mr) =
safe_regex Past Strict r —>
wf_mbufn’ o P Vjn R rbuf =
wf_ts _regex o P jr nts =
wf_matchP_auz o V n R I auz (progress o P (Formula.MatchP I r) j) =
wf_mformula o j P 'V n R (MMatchP I mr mrs s buf nts auz) (Formula.MatchP I r)
MatchF: (case to_mregex v of (mr', ¢s’) =
list_all2 (wf_mformula o j P Vn R) ps ¢s' A mr = mr') =

mrs = sorted_list_of _set (LPDs mr) =
safe_regex Futu Strict r =
wf_mbufn’ o P Vijn R r buf =
wf _ts_regex o P jr nts =
wf_matchE _auz o V n R I r aux (progress o P (Formula.MatchF I 1) j) 0 =
progress o P (Formula.MatchF I r) j + length auz = progress_regex o P rj —
wf_mformula 0 j P 'V n R (MMatchF I mr mrs @s buf nts auz) (Formula.MatchF I T)

definition (in mauz) wf_mstate :: Formula.formula = Formula.prefiz = event_data list set = ('msaur,
"muauz) mstate = bool where
wf_mstate ¢ ™ R st «— mstate_n st = Formula.nfv ¢ A (Vo. prefit_of m o —
mstate__i st = progress o Map.empty ¢ (plen 7) A
wf_mformula o (plen ) Map.empty Map.empty (mstate_n st) R (mstate_m st) @)

6.6.2 Initialisation

lemma wf_mbuf2’_0: pred_mapping (Az. z = 0) P = wf_mbuf2' c PV O0n R ¢ ¢ (]|, [])
(proof)

lemma wf_mbufn’_0: to_mregex r = (mr, ©s) = pred_mapping (Az. T = 0) P = wf_mbufn' o P
V 0 n R r (replicate (length ¢s) [])
(proof)

lemma wf ts 0: wf tsoc PO ¢ ¢ |]
(proof)

lemma wf ts regex 0: wf ts regex o P 01 [|
(proof )

lemma (in msauz) wf_since_aux_ Nil: Formula.fv ¢’ C Formula.fv ' =

wf_since_auz o V R (init_args I n (Formula.fv ©') (Formula.fv ") b) ' 4’ (init_msauz (init_args I
n (Formula.fv ¢") (Formula.fv ¥") b)) 0

(proof)

lemma (in muauz) wf_until _aux_Nil: Formula.fv ¢’ C Formula.fv ¢’ =
wf_until_auz o V R (init_args I n (Formula.fv ¢') (Formula.fv ') b) ¢’ ¢’ (init_muaux (init_args T
n (Formula.fv ") (Formula.fv ¢") b)) 0
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(proof)

lemma wf_matchP_auz_Nil: wf_matchP_auz c Vn RIr [ 0

(proof)

lemma wf_matchF _auz_Nil: wf_matchF_auz o Vn RIr[] 0k
(proof )

lemma fu_regex_alt: safe_regex m g r => Formula.fu_regex r = (|J¢ € atms r. Formula.fv ¢)

(proof)

lemmas to__mreger_atms =
to__mreger,_ok| THEN conjunct!, THEN equalityD1, THEN set_mp, rotated)

lemma (in mauz) wf_minit0: safe_formula ¢ = ¥V z€ Formula.fv . © < n =
pred__mapping (Az. z = 0) P =
wf _mformula o 0 P V n R (minit0 n @) ¢

(proof )

lemma (in mauz) wf_mstate__minit: safe_formula ¢ = wf_mstate ¢ pnil R (minit ¢)
(proof)

6.6.3 Evaluation

lemma match_wf tuple: Some f = match ts rs =
wf_tuple n ({Jteset ts. Formula.fu_trm t) (Table.tabulate f 0 n)

(proof)

lemma match_fvi _trm__None: Some f = match ts xs = Vt€set ts. z ¢ Formula.fu_trm t = fz =
None

(proof)

lemma match__fvi_trm__Some: Some f = match ts s = t € set ts = x € Formula.fu_trm t = fx
# None

(proof)

lemma match_eval trm: V teset ts. Vi€ Formula.fu_trm t. i < n = Some f = match ts rs =
map (Formula.eval trm (Table.tabulate (\i. the (f 7)) 0 n)) ts = xs

(proof)

lemma wf_tuple_tabulate_Some: wf tuple n A (Table.tabulate fOn) — z € A = z < n = Jy. fz
= Some y

(proof)

lemma ex_match: wf_tuple n (|J t€set ts. Formula.fu_trm t) v =
Viteset ts. (Vz€Formula.fu_trm t. x < n) A (Formula.is_Var t V Formula.is_Const t) =
3f. match ts (map (Formula.eval trm (map the v)) ts) = Some f A v = Table.tabulate f 0 n

(proof)

lemma eq rel _eval trm: v € eq _rel n t1 t2 = is_simple _eq t1 t2 —
Y x€Formula.fu_trm t1 U Formula.fu_trm t2. © < n =
Formula.eval _trm (map the v) t1 = Formula.eval _trm (map the v) t2
(proof )

lemma in_eq rel: wf tuple n (Formula.fu_trm t1 U Formula.fu_trm t2) v =
is_simple__eq t1 t2 —>
Formula.eval _trm (map the v) t1 = Formula.eval_trm (map the v) t2 —>
v € eq_rel n tl t2
(proof)
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lemma table_eq rel: is_simple_eq t1 t2 —>
table n (Formula.fu_trm t1 U Formula.fu_trm t2) (eq_rel n t1 t2)
(proof)

lemma wf_tuple_Suc_fviD: wf_tuple (Suc n) (Formula.fvi b ) v = wf_tuple n (Formula.fvi (Suc b)

@) (tl v)
(proof)

lemma table_fvi_tl: table (Suc n) (Formula.fvi b ) X = table n (Formula.fvi (Suc b) ¢) (tl ¢ X)
(proof)

lemma wf tuple_Suc_fvi_Somel: 0 € Formula.fvi b ¢ = wf_tuple n (Formula.fvi (Suc b) ¢) v =
wf _tuple (Suc n) (Formula.fvi b @) (Some © # v)
(proof)

lemma wf_tuple_Suc_fvi_Nonel: 0 ¢ Formula.fvi b ¢ = wf_tuple n (Formula.fvi (Suc b) ¢) v =
wf_tuple (Suc n) (Formula.fvi b ) (None # v)
(proof )

lemma qtable_project_fu: qtable (Suc n) (fv @) (mem_restr (lift_envs R)) P X =
gtable n (Formula.fvi (Suc 0) ¢) (mem__restr R)
(Av. 3z. P ((if 0 € fv ¢ then Some z else None) # v)) (tl © X)

{proof)

lemma mem__restr_lift _envs’_append[simp]:
length zs = b = mem__restr (lift_envs’ b R) (zs @ ys) = mem_restr R ys
{proof )

lemma nth_list_update_alt: zs[i := z] | j = (if i < length zs A i = j then z else zs | j)
(proof )

lemma wf tuple_upd None: wf _tuple n A zs = A — {i} = B = wf_tuple n B (zs[i:=None])
(proof)

lemma mem__restr_upd_ None: mem__restr R ts => mem__restr R (zs[i:=None])
(proof )

lemma mem,__restr_dropl: mem_ restr (lift_envs’ b R) s => mem__restr R (drop b zs)
(proof )

lemma mem_ restr_dropD:
assumes b < length zs and mem_ restr R (drop b xs)
shows mem__restr (lift_envs’ b R) zs

(proof)

lemma wf_tuple_append: wf_tuple a {z € A. © < a} zs =
wf tupleb{z —a|z.2€ ANZT>a}ys =
wf_tuple (a + b) A (zs Q ys)
(proof)

lemma wf tuple map_Some: length zs = n = {0..<n} C A = wf tuple n A (map Some zs)
(proof)

lemma wf tuple drop: wf tuple (b+ n) Azs = {z —blz.z€ ANz >b} =B=
wf_tuple n B (drop b xs)
(proof)
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lemma ecard_image: inj_on f A = ecard (f * A) = ecard A
(proof )

lemma meval _trm__eval _trm: wf _tuplen Az = fo trmt C A = Vi€A. i < n =
meval_trm t £ = Formula.eval _trm (map the ) t

(proof)

lemma list _update id: zs ! i = z = zs[iz=2] = xs
(proof)

lemma qtable wf tupleD: gtable n A P Q X — Vz€X. wf _tuplen A z
(proof)

lemma qtable_eval agg:
assumes inner: qtable (b + n) (Formula.fv o) (mem__restr (lift_envs’ b R))
(Av. Formula.sat o V (map the v) i @) rel
and n: Vz€Formula.fo (Formula.Agg y w b f ¢). z < n
and fresh: y + b ¢ Formula.fv ¢
and b_fv: {0..<b} C Formula.fv ¢
and f_fv: Formula.fu_trm f C Formula.fv ¢
and ¢0: g0 = (Formula.fv ¢ C {0..<b})
shows gtable n (Formula.fv (Formula.Agg y w b f o)) (mem__restr R)
(Av. Formula.sat o V (map the v) i (Formula.Agg y w b f ¢)) (eval_agg n g0 y w b f rel)
(is gtable _ ?fv__ 2Q ?rel’)
(proof)

lemma mprev: mprev_next I xs ts = (ys, zs', ts') =
list_all2 P [i.<j'| xs = list_all2 Nit. t=70i) [i.<jlts=i<j = i<j=
list_all2 (A X. if mem (7 0 (Suc i) — 7 0 i) I then P i X else X = empty_table)
[i..<min j' (j—1)] ys A
list_all2 P [min j' (j—1)..<j"] s’ A
list_all2 (Nit.t=1o01i) [minj (j—1)..<j] ts’
(proof)

lemma mnext: mprev_next I zs ts = (ys, zs’, ts') =
list_all2 P [Suc i..<j’] zs = list_all2 (Nit. t =7 0 i) [i.<jl ts = Suci < j = i < j =
list_all2 (M X. if mem (17 o (Suc i) — 7 0 i) I then P (Suc ©) X else X = empty_table)
[i..<min (j'—1) (j—1)] ys A
list_all2 P [Suc (min (j'—1) (j—1))..<j’] zs’ A
list_all2 (Nit. t =70 d) [min (j'—1) (j—1)..<j] ts’
(proof)

lemma in_foldr Unl: x € A = A € set xs = z € foldr (U) zs {}
(proof)

lemma in_foldr UnE: z € foldr (U) zs {} = (NA. A€ setzs =z € A= P) = P
(proof)

lemma sat_the restrict: fo ¢ C A => Formula.sat o V (map the (restrict A v)) i ¢ = Formula.sat o
V (map the v) i ¢
(proof)

lemma eps the restrict: fu_regex r C A => Regex.eps (Formula.sat o V (map the (restrict A v))) i r
= Regex.eps (Formula.sat o V (map the v)) i r

(proof)

lemma sorted_wrt_filter[simp]: sorted_wrt R s => sorted_wrt R (filter P zs)

(proof)
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lemma concat_map__filter[simp]:
concat (map f (filter P zs)) = concat (map (Az. if P z then f z else []) zs)

(proof)

lemma map_ filter_alt:
map f (filter P zs) = concat (map (Az. if P x then [f x] else []) zs)
(proof)

lemma (in mauz) update_since:
assumes pre: wf_since_aux o V R args ¢ ¥ auz ne
and qtablel: gtable n (Formula.fv ¢) (mem_restr R) (Av. Formula.sat o V (map the v) ne p) rell
and gtable2: gtable n (Formula.fv 1) (mem_restr R) (Av. Formula.sat o V (map the v) ne ) rel2
and result_eq: (rel, auz’) = update_since args rell rel2 (1 o ne) aux
and fvi_subset: Formula.fv ¢ C Formula.fv ¢
and args_il: args_ivl args = 1
and args_n: args_m args = n
and args_L: args_L args = Formula.fv ¢
and args_R: args_R args = Formula.fv ¢
and args_pos: args_pos args = pos
shows wf_since_aur o V R args ¢ ¢ auz’ (Suc ne)
and gtable n (Formula.fv 1) (mem_restr R) (Av. Formula.sat o V (map the v) ne (Sincep pos ¢ I
) rel
(proof)

lemma fu_regex_from__mregex:
ok (length ps) mr = fu_regex (from_mregex mr ¢s) C (| € set ps. fu @)
{proof )

lemma gtable ¢ laz:
assumes ok (length @s) mr
and list_all2 (Ap rel. gtable n (Formula.fv @) (mem_restr R) (Av. Formula.sat o V (map the v) i
®) rel) ps rels
and fu_regex (from_mregex mr ps) C A and gtable n A (mem__restr R) Q guard
shows gtable n A (mem__restr R)
(Av. Regezx.eps (Formula.sat o V (map the v)) i (from_mregex mr ps) A Q v) (e__laz guard rels mr)

(proof)

lemma nullary_qtable_cases: qtable n {} P Q X = (X = empty_table V X = unit_table n)
(proof)

lemma gtable empty unit_table:
gtable n {} R P empty table => qtable n {} R (Av. = P v) (unit_table n)

(proof)

lemma qtable _unit__empty_table:
gtable n {} R P (unit_table n) = qtable n {} R (Av. = P v) empty_table

(proof)

lemma qtable_nonempty__empty_ table:
gtable n {} R P X = z € X = qtable n {} R (Av. = P v) empty_table

(proof)

lemma qtable_re__strict:
assumes safe_regex Past Strict (from_mregex mr ps) ok (length ¢s) mr A = fu_regex (from__mregex
mr s)
and list_all2 (Ap rel. gtable n (Formula.fo @) (mem_restr R) (Av. Formula.sat o V (map the v) i
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®) rel) ps rels
shows gtable n A (mem_restr R) (Av. Regex.eps (Formula.sat o V (map the v)) i (from__mregex mr
ps)) (re_strict n rels mr)

(proof)

lemma gtable le_ strict:
assumes safe_regex Futu Strict (from__mregex mr ps) ok (length ws) mr A = fu_regex (from__mregex
mr s)
and list_all2 (\p rel. gtable n (Formula.fv @) (mem_restr R) (Av. Formula.sat o V (map the v) i
®) rel) ps rels
shows gtable n A (mem_restr R) (Av. Regex.eps (Formula.sat o V (map the v)) i (from__mregex mr
©s)) (le_strict n rels mr)

(proof)

lemma rtranclp False: (Ai j. False)™ = (=)

(proof)

inductive ok_rctzt for ps where
ok__rctxt ps id id
| ok_rctat ps k k' => ok_rctat ps (At. k (MTimes mr t)) (A\t. &’ (Regex. Times (from__mregex mr ©s)

t))

lemma ok_rctzt_swap: ok_rctxt ps k k' = from_mregezx (k mr) ©s = k' (from_mregex mr ps)
(proof)

lemma ok _rctzt cong: ok_rctat ps k k' => Regex.match (Formula.sat o V v) r = Regex.match (Formula.sat
o V) s =
Regex.match (Formula.sat o V v) (k' r) i j = Regez.match (Formula.sat o V v) (k' s) i j

(proof)

lemma qtable rik:
assumes ok (length @s) mr fu_regex (from_mregex mr ps) C A
and list_all2 (\p rel. gtable n (Formula.fv @) (mem_restr R) (Av. Formula.sat o V (map the v) j
®) rel) ps rels
and ok_rctat ps k k'
and Vms € k * RPD mr. gtable n A (mem__restr R) (Av. Q (map the v) (from_mregex ms ¢s)) (lookup
rel ms)
shows gtable n A (mem__restr R)
(M. 3s € Regezx.rpdk k' (Formula.sat o V (map the v)) j (from_mregex mr ps). Q (map the v) s)
(rd w rel rels mr)
(proof)

lemmas gtable_rd = qgtable_rox[OF __ __ __ ok _rctat.intros(1), unfolded rpdk__rpd image_id id__apply]

inductive ok _lctxt for s where
ok_lctxt ps id id
| ok _lctzt os k k' = ok_lctxt ps (At. k (MTimes t mr)) (At. &’ (Regex. Times t (from__mregex mr ¢s)))

lemma ok_lctxt_swap: ok_lctat ps k k' => from_mregez (k mr) s = k' (from_mregex mr ¢s)
(proof)

lemma ok_lctxt_cong: ok_lctxt ps k k' = Regex.match (Formula.sat o V v) r = Regex.match (Formula.sat
o V) s=
Regex.match (Formula.sat o V v) (k' 1) i j = Regex.match (Formula.sat o V v) (k' s) i j

(proof)

lemma qtable lik:
assumes ok (length @s) mr fu_regex (from_mregex mr ps) C A
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and list_all2 (Mg rel. gtable n (Formula.fv ©) (mem_restr R) (Av. Formula.sat o V (map the v) j
@) rel) s rels
and ok_lctat ps k k'
and Vms € k * LPD mr. gtable n A (mem__restr R) (Av. @ (map the v) (from_mregex ms ¢s)) (lookup
rel ms)
shows gtable n A (mem__restr R)
(M. s € Regex.lpdk k' (Formula.sat o V (map the v)) j (from_mregex mr @s). Q (map the v) s)
(16 K rel rels mr)
(proof)

lemmas gtable_1§ = qtable _0k[OF _ __ __ ok_lctat.intros(1), unfolded lpdr__Ipd image_id id__apply]

lemma RPD _fu_ regex_le:
ms € RPD mr = fu_regex (from_mregex ms ps) C fu_regex (from__mregex mr ¢s)
(proof)

lemma RPD_ safe: safe_regex Past g (from_mregex mr ps) =
ms € RPD mr = safe_regex Past g (from__mregex ms ¢s)

(proof)

lemma RPDi_safe: safe_regex Past g (from_mregex mr ¢s) =
ms € RPDi n mr ==> safe_regex Past g (from__mregex ms ¢s)
(proof)

lemma RPDs_safe: safe_regex Past g (from_mregex mr ps) =
ms € RPDs mr ==> safe_regex Past g (from_mregex ms ¢s)
(proof)

lemma RPD_safe_fu_regex: safe_regex Past Strict (from__mregex mr ¢s) =
ms € RPD mr = fu_regex (from_mregex ms ps) = fu_regex (from_mregex mr ©s)

(proof)

lemma RPDi_safe_fu_regex: safe_regex Past Strict (from_mregex mr ps) =

ms € RPDi n mr ==> fu_regex (from_mregex ms ¢s) = fu_regex (from__mregex mr ¢s)
(proof)

lemma RPDs_safe_fu_regex: safe_regex Past Strict (from__mregex mr ps) =
ms € RPDs mr ==> fu_regex (from_mregex ms ¢s) = fu_regex (from_mregex mr @s)
(proof)

lemma RPD ok: ok m mr = ms € RPD mr —> ok m ms

(proof)

lemma RPDi ok: ok m mr =—> ms € RPDi n mr = ok m ms
(proof )

lemma RPDs ok: ok m mr =—> ms € RPDs mr —> ok m ms
(proof)

lemma LPD_ fu_ regex_le:
ms € LPD mr = fu_regex (from__mregex ms ¢s) C fu_regex (from__mregex mr ©s)

(proof)

lemma LPD_ safe: safe_regex Futu g (from__mregex mr ¢s) —>
ms € LPD mr ==> safe_regex Futu g (from_mregex ms ps)

(proof)

lemma LPDi_safe: safe_regex Futu g (from_mregex mr ¢s) =
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ms € LPDi n mr ==> safe_regex Futu g (from__mregex ms ©s)
(proof)

lemma LPDs_safe: safe_regex Futu g (from__mregex mr ps) =

ms € LPDs mr ==> safe_regex Futu g (from_mregex ms ¢s)
(proof)
lemma LPD_safe_fu_regex: safe_regex Futu Strict (from_mregex mr ps) =
ms € LPD mr ==> fu_regex (from__mregex ms @s) = fu_regex (from__mregex mr ps)
(proof)
lemma LPDi_safe_fu_regex: safe_regex Futu Strict (from__mregex mr ps) —>
ms € LPDi n mr ==> fu_regex (from_mregex ms ¢s) = fu_regex (from_mregex mr ¢s)
(proof )
lemma LPDs_safe_fu_regex: safe_regex Futu Strict (from__mregex mr ps) =
ms € LPDs mr ==> fu_regex (from_mregex ms ¢s) = fu_regex (from_mregex mr @s)
(proof)

lemma LPD ok: ok m mr — ms € LPD mr —> ok m ms

(proof)

lemma LPDi ok: ok m mr =—> ms € LPDi n mr —> ok m ms
(proof)

lemma LPDs ok: ok m mr —> ms € LPDs mr —> ok m ms
(proof)

lemma update__matchP:
assumes pre: wf_matchP_aur o Vn R I r auzr ne
and safe: safe_regex Past Strict r
and mr: to_mregex v = (mr, ©s)
and mrs: mrs = sorted_list_of _set (RPDs mr)
and gtables: list_all2 (A rel. qtable n (Formula.fo ¢) (mem_restr R) (Av. Formula.sat o V (map
the v) ne @) rel) @s rels
and result__eq: (rel, auz’) = update_matchP n I mr mrs rels (T o ne) auz
shows wf_matchP_auz 0 Vn R I r auz’ (Suc ne)
and qtable n (Formula.fu_regex r) (mem__restr R) (Av. Formula.sat o 'V (map the v) ne (Formula. MatchP
1)) rel

(proof)

lemma length__update_until: length (update_until args rell rel2 nt auz) = Suc (length auz)
(proof )

lemma wf update until _auxlist:
assumes pre: wf_until _auzlist c V n R pos ¢ I ¥ auxlist ne
and gtablel: qtable n (Formula.fv @) (mem_restr R) (Av. Formula.sat o V (map the v) (ne + length
auzlist) @) rell
and gtable2: gtable n (Formula.fv 1) (mem_restr R) (Av. Formula.sat o V (map the v) (ne + length
auzlist) 1) rel2
and fvi_subset: Formula.fv ¢ C Formula.fv ¢
and args_iwl: args_l args = 1
and args_n: args_n args = n
and args_pos: args_pos args = pos
shows wf until auzlist c V n R pos ¢ I ¢ (update_until args rell rel2 (7 o (ne + length auzlist))
auzlist) ne

(proof)
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lemma (in muauz) wf_update_until:
assumes pre: wf_until_aux o V R args ¢ 1 auzx ne
and qtablel: gtable n (Formula.fv ) (mem_restr R) (Av. Formula.sat o V (map the v) (ne +
length_muauzx args auz) @) rell
and gqtable2: gtable n (Formula.fv 1) (mem_restr R) (Av. Formula.sat o V (map the v) (ne +
length_muauz args auz) 1) rel
and fvi_subset: Formula.fv ¢ C Formula.fv ¢
and args_wl: args_ivl args = 1
and args_mn: args_n args = n
and args_L: args_L args = Formula.fv ¢
and args_R: args_R args = Formula.fv ¢
and args_pos: args_pos args = pos
shows wf _until_aux o V R args ¢ ¥ (add_new_muaux args rell rel2 (7 o (ne + length_muauz args
auzx)) aux) ne A
length_muauz args (add_new_muauz args rell rel2 (1 o (ne + length_muauz args auzx)) auz) =
Suc (length_muauz args auz)

(proof)

lemma length__update__matchF _base:
length (fst (update_matchF _base I mr mrs nt entry st)) = Suc 0

(proof)

lemma length _update _matchF _step:
length (fst (update_matchF_step I mr mrs nt entry st)) = Suc (length (fst st))

(proof)

lemma length_ foldr _update__matchF _step:
length (fst (foldr (update_matchF _step I mr mrs nt) auz base)) = length aux + length (fst base)

(proof)

lemma length _update _matchF: length (update_matchF n I mr mrs rels nt auz) = Suc (length auz)
(proof)

lemma wf update_matchF _base__invar:
assumes safe: safe_regex Futu Strict r
and mr: to_mregex v = (mr, ps)
and mrs: mrs = sorted_list_of _set (LPDs mr)
and qtables: list_all2 (Ap rel. gtable n (Formula.fv ¢) (mem_restr R) (Av. Formula.sat o V (map
the v) j o) rel) ps rels
shows wf matchF _invar o V n R I r (update _matchF _base n I mr mrs rels (1 o j)) j

(proof)

lemma Un__empty_table[simp]: rel U empty_table = rel empty_table U rel = rel
(proof)

lemma wf matchF _invar_step:
assumes wf: wf_matchF _invar o V n R I r st (Suc 1)
and safe: safe_regexr Futu Strict r
and mr: to_mregex v = (mr, ©s)
and mrs: mrs = sorted_list_of _set (LPDs mr)
and qtables: list_all2 (Ao rel. gtable n (Formula.fv @) (mem__restr R) (Av. Formula.sat o V (map
the v) i @) rel) s rels
and rel: gtable n (Formula.fu_regex r) (mem_restr R) (Av. (3j. ¢ < j A j < i + length (fst st) A
mem (toj—7101i) A
Regex.match (Formula.sat o V (map the v)) r i 7)) rel
and entry: entry = (7 o i, rels, rel)
and nt: nt = 7 o (i + length (fst st))
shows wf_matchF _invar o V n R I r (update_matchF _step I mr mrs nt entry st) i
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(proof)

lemma wf update_matchF _invar:
assumes pre: wf_matchF_auz o V n R I r auzx ne (length (fst st) — 1)
and wf: wf_matchF_invar o V n R I r st (ne + length auz)
and safe: safe_regexr Futu Strict r
and mr: to_mregex v = (mr, ps)
and mrs: mrs = sorted_list_of _set (LPDs mr)
and j: j = ne + length aux + length (fst st) — 1
shows wf_matchF _invar o V n R I r (foldr (update_matchF _step I mr mrs (T o j)) auz st) ne
(proof)

lemma wf update__matchF':
assumes pre: wf_matchF _aur o Vn R I r aux ne 0
and safe: safe_regex Futu Strict r
and mr: to_mregex v = (mr, ©s)
and mrs: mrs = sorted_list_of _set (LPDs mr)
and nt: nt = 7 o (ne + length aux)
and gqtables: list_all2 (Mg rel. qtable n (Formula.fv ¢) (mem_restr R) (Av. Formula.sat o V (map
the v) (ne + length auz) @) rel) ps rels
shows wf_matchF _auzx o V n R I r (update_matchF n I mr mrs rels nt auz) ne 0

(proof)

lemma wf until _aux_Cons: wf _until _auzlist c V n R pos ¢ I ¢ (a # auz) ne =
wf_until_auzlist o V n R pos ¢ I ¢ aux (Suc ne)
(proof)

lemma wf_matchF _auz_Cons: wf_matchF_aux o Vn R I r (entry # auzx) ne i =
wf_matchF _auz o Vn R Ir auz (Suc ne) i

(proof)

lemma wf until_auz_Consl: wf_until_auzlist c V n R pos ¢ I ¢ ((t, al, a2) # auz) ne =t =70
ne

(proof)

lemma wf matchF _auz_Consl: wf_matchF _aux o Vn R Ir ((¢, rels, rel) # auz) nei = t =7 o
ne

{proof)

lemma wf until _aux_Cons3: wf_until_auxlist o V n R pos ¢ I ¢ ((t, al, a2) # auz) ne =
gtable n (Formula.fv 1) (mem_restr R) (Av. (3j. ne < j A j < Suc (ne + length auz) A mem (T o j —
Tone) I A
Formula.sat o V (map the v) j ¢ A (Vke{ne..<j}. if pos then Formula.sat o V (map the v) k ¢ else
= Formula.sat o V (map the v) k ¢))) a2

(proof)

lemma wf matchF _auz_ Cons8: wf _matchF _auz o Vn R Ir ((¢, rels, rel) # auzx) ne i —>
gtable n (Formula.fu_regex 1) (mem_restr R) (Av. (5. ne < j A j < Suc (ne + length auzx + ) A mem
(troj—71o0mne)IA
Regex.match (Formula.sat o V (map the v)) r ne j)) rel
(proof)

lemma upt_append: a < b = b < ¢ = [a..<b] @ [b..<] = [a..<(]

(proof)

lemma wf mbuf2 add:
assumes wf_mbuf2 i ja jb P Q buf
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and list_all2 P [ja..<ja'| zs

and list_all2 Q [jb..<jb"] ys

and ja < ja’ jb < jb’
shows wf_mbuf2 i ja' jb' P Q (mbuf2_add zs ys buf)
(proof)

lemma wf mbufn_add:
assumes wf_mbufn i js Ps buf
and list_all3 list_all2 Ps (List.map2 (Njj'. [§..<j']) js js’) zss
and list_all2 (< )]S js'
shows wf_mbufn i js' Ps (mbufn__add zss buf)

(proof)

lemma mbuf2_take eqD:
assumes mbuf2_take f buf = (zs, buf’)
and wf _mbuf? i ja jb P Q buf
shows wf_mbuf2 (min ja jb) ja jb P Q buf’
and list_all2 (Niz. 3z y. Piz A Qiy A z=fzy) [i..<min ja jb] xs
(proof )

lemma list_all3_Nil[simp]:

list_ all8 Pasys|[ «— azs=1[ ANys=]]
list_ all3 Pas|[] zs +— xs =[] A zs = ||
list_all8 P[] yszs+— ys=1[ A zs =]
(proof)

lemma [list_all3 Cons:

list_all3 Pxsys (z # 28) +— Qras’'yys'. as=z # as' Nys=y # ys' N Pxyz A list_all3 P zs’
ys' 2s)

list_all3 Pas (y # ys) 2s +— Bz as' z2s. as=xz # x5" N2s=2# 28’ ANPzyz A list_all3 P xs’
ys 2s’)

list_all3 P (z # xs) ys zs +— (Jyuys' z 28" ys=y # ys' N zs =z # 25’ N Pxyz A list_all3 P zs
ys’ zs”)

(proof)

lemma list__all3 _mono__strong: list_all3 P xs ys zs =
(ANzyzz€setas=— y€setys=— z€setzs=— Pryz=— Quyz) =
list_all3 Q xs ys zs
(proof)

definition Mini where
Mini i js = (if js = || then i else Min (set js))

lemma wf _mbufn_in_set Mini:
assumes wf_mbufn i js Ps buf
shows [| € set buf = Mini i js = i
(proof )

lemma wf mbufn_notin__set:
assumes wf_mbufn i js Ps buf
shows [| ¢ set buf = j € set js = i < j

(proof)

lemma wf mbufn_map_ tl:
wf_mbufn i js Ps buf = [| ¢ set buf = wf_mbufn (Suc i) js Ps (map ¢l buf)
(proof)

lemma list_all8_list_all2l: list_all8 Az y z. Q z 2) zs ys zs = list_all2 Q zs zs
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(proof)

lemma mbuf2t_take eqD:

assumes mbuf2t_take f z buf nts = (z', buf’, nts’)
and wf_mbuf2 i ja jb P Q buf
and list_all2 R [i..<j] nts
and ja < jjb <j

shows wf_mbuf2 (min ja jb) ja jb P Q buf’
and list_all2 R [min ja jb..<j] nts’

(proof)

lemma wf_ mbufn_ take:
assumes mbufn_take f z buf = (2’, buf’)
and wf_mbufn i js Ps buf
shows wf_mbufn (Mini i js) js Ps buf’
(proof)

lemma mbufnt_take__eqD:

assumes mbufnt_take f z buf nts = (2, buf’, nts’)
and wf_mbufn i js Ps buf
and list_all2 R [i..<j] nts
and Ak. k € set js = k < j
and k = Mini (i + length nts) js

shows wf_mbufn k js Ps buf’
and list_all2 R [k..<j] nts’

(proof)

lemma mbuf2t_take_induct[consumes 5, case_names base step):

assumes mbuf2t_take f z buf nts = (z', buf’, nts’)

and wf_mbuf2 i ja jb P Q buf

and list_all2 R [i..<j] nts

and ja < jjb < j

and Uiz

and Akzytz i <k= Suck < ja= Suck < jb =

Pke= Qky=Rkt= Ukz= U (Suck) (fzytz)

shows U (min ja jb) 2z’
(proof)

lemma [list_all2 hdD:
assumes list_all2 P [i..<j] zs zs # ||
shows P i (hd zs) { < j
(proof)

lemma mbufn__take_induct[consumes 3, case_names base step]:

assumes mbufn_ take f z buf = (2’, buf’)

and wf_mbufn i js Ps buf

and Uiz

and Ak zs z. i < k = Suc k < Mini i js =

list_all2 (A\Pxz. Pkz) Pszs = Uk z= U (Suck) (fzs 2)

shows U (Mini i js) 2’
(proof)

lemma mbufnt_take _induct[consumes 5, case_names base step|:
assumes mbufnt_take f z buf nts = (2, buf’, nts’)
and wf_mbufn i js Ps buf
and list_all2 R [i..<j] nts
and Ak. k € set js =k < j
and Uiz
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and Akzstz i < k= Suck < Mini j js =
list_ all2 (APz. Pkz)Pszs= Rkt= Ukz= U (Suck) (fzstz)
shows U (Mini (i + length nts) js) z’
(proof)

lemma mbuf2 take add’:
assumes eq: mbuf2_take f (mbuf2_add xs ys buf) = (zs, buf’)
and pre: wf_mbuf2’ o P Vjn R ¢ ¥ buf
and rm: rel_mapping (<) P P’
and zs: list_all2 (\i. gtable n (Formula.fv ¢) (mem__restr R) (Av. Formula.sat o V (map the v) i ¢))

[progress o P ¢ j..<progress o P' ¢ j'| zs
and ys: list_all2 (\i. gtable n (Formula.fv ) (mem_restr R) (Av. Formula.sat o V (map the v) i v))
[progress o P 1 j..<progress o P’ j'] ys
and j < j’
shows wf _mbuf2’ o P' Vj'n R o buf’
and list_all2 (M\i Z.3X Y.
gtable n (Formula.fv ¢) (mem_restr R) (Av. Formula.sat o V (map the v) ¢ ) X A
gtable n (Formula.fv ¥) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢) Y A
Z=fXY)
[min (progress o P ¢ j) (progress o P 1 j)..<min (progress o P’ ¢ j') (progress o P’ j')] zs
(proof)

lemma mbuf2t_take add’”
assumes eq: mbuf2t_take f z (mbuf2_add xs ys buf) nts = (2', buf’, nts’)
and bounded: pred_mapping (Az. = < ) P pred_mapping (\z. z < j') P’
and rm: rel_mapping (<) P P’
and pre_buf: wf_mbuf2' o P Vjn R ¢ 9 buf
and pre_nts: list_all2 (Xit. t = 7 o i) [min (progress o P ¢ j) (progress o P v j)..<j'] nts
and zs: list_all2 (Ai. gtable n (Formula.fv ¢) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢))

[progress o P ¢ j..<progress o P’ ¢ j'] s
and ys: list_all2 (Xi. gtable n (Formula.fv ¢) (mem__restr R) (Av. Formula.sat o V (map the v) i v))

[progress o P 1 j..<progress o P’ j'] ys
and j < j’
shows wf_mbuf2’ o P’ Vji'n R ¢ 1 buf’
and wf _ts o P'j' ¢ 1 nts’
(proof )

lemma ok 0 _atms: ok 0 mr = regex.atms (from__mregex mr []) = {}
(proof)

lemma ok_0_progress: ok 0 mr = progress_regex o P (from_mregex mr [|) j = j
(proof)

lemma atms_empty_atms: safe_regex m g r = atms r = {} <— regex.atms r = {}
(proof)

lemma atms__empty_progress: safe_regex m g r = atms r = {} = progress_regex o P rj=j
(proof)

lemma to_mregex__empty_progress: safe_regex m g r = to_mregex r = (mr, [|) =
progress_regex o Prj=j
(proof)

lemma progress_regex_le: pred_mapping (A\z. © < j) P = progress_regex 0 Prj < j
(proof)

lemma Neg acyclic: formula.Neg x = x = P
(proof )
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lemma case_Neg_in_iff: z € (case y of formula.Neg ¢’ = {0’} | _ = {}) +— y = formula.Neg =
(proof)

lemma atms_nonempty progress:

safe_regex m g r = atms v # {} = (Ap. progress o P ¢ j)
regex.atms r

(proof)

¢ ¢

atms v = (Ap. progress o P ¢ j)

lemma to__mregex__nonempty_progress: safe_regex m g r = to__mregex r = (mr, ps) = ps # [| =
progress_regex o P rj = (MIN pEset ps. progress o P ¢ j)

(proof)

lemma to_mregex_progress: safe_regex m g r => to_mregex v = (mr, ps) =
progress_regex o P rj = (if ps =[] then j else (MIN p€Eset @s. progress o P ¢ 7))
(proof )

lemma mbufnt_take add”:

assumes eq: mbufnt_take f z (mbufn__add xss buf) nts = (2', buf’, nts’)
and bounded: pred_mapping (Az. z < j) P pred_mapping (Az. z < j') P’
and rm: rel_mapping (<) P P’
and safe: safe_regex m g r
and mr: to_mregex v = (mr, ©s)
and pre_buf: wf_mbufn’ o P Vjn R r buf
and pre_nts: list_all2 (X\it. t = 7 o i) [progress_regex o P r j..<j'] nts
and zss: list__all8 list_all2
(map (\p i. gtable n (fv ¢) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢)) @s)
(map2 upt (map (Ap. progress o P ¢ j) ¢s) (map (Ap. progress o P’ ¢ j') ¢s)) zss
and j < j’

shows wf _mbufn’ o P' Vj’' n R r buf’
and wf_ts regex o P’ j' r nts’

(proof)

lemma mbuf?tftakeﬁaddimduct'[consumes 6, case_names base step):
assumes eq: mbuf2t_take f z (mbuf2_add xs ys buf) nts = (2', buf’, nts’)
and bounded: pred_mapping (A\z. z < j) P pred_mapping (M\z. © < ') P’
and rm: rel_mapping (<) P P’
and pre_buf: wf_mbuf2’ c P Vjin R ¢ ¢ buf
and pre_nts: list_all2 (Ait. t = 7 o i) [min (progress o P ¢ j) (progress o P v j)..<j'] nts
and zs: list_all2 (Xi. gtable n (Formula.fv @) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢))
[progress o P ¢ j..<progress o P' ¢ j'| zs
and ys: list_all2 (\i. gtable n (Formula.fv ) (mem__restr R) (Av. Formula.sat o V (map the v) i v))
[progress o P 1 j..<progress o P’ j'] ys
and j < j’
and base: U (min (progress o P ¢ j) (progress o P 1 j)) z
and step: Ak X Y z. min (progress o P ¢ j) (progress o P ¢ j) < k =
Suc k < progress o P’ ¢ j' = Suc k < progress o P’ j' =
gtable n (Formula.fv ¢) (mem_restr R) (Av. Formula.sat o V (map the v) k
gtable n (Formula.fv ¢) (mem_restr R) (Av. Formula.sat o V (map the v) k
Ukz= U (Suck) (fXY (1 0k)=z)
shows U (min (progress o P’ ¢ j') (progress o P’ j')) 2z’
(proof)

p) X =
Y)Y =

lemma mbufnt_take _add_induct’[consumes 6, case_names base step:
assumes eq: mbufnt_take f z (mbufn__add xss buf) nts = (2', buf’, nts’)
and bounded: pred_mapping (Az. z < j) P pred_mapping (Az. z < j') P’
and rm: rel_mapping (<) P P’
and safe: safe_regexr m g r
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and mr: to_mregex v = (mr, ©s)
and pre_buf: wf_mbufn’ c P Vjn R r buf
and pre_nts: list_all2 (A\it. t = T o i) [progress_regex o P rj..<j'] nts
and zss: list_all3 list_all2
(map (Mg i. gtable n (fv ¢) (mem_restr R) (Av. Formula.sat o V (map the v) i ¢)) @s)
(map2 upt (map (M. progress o P ¢ j) ps) (map (Ap. progress o P’ ¢ j') ¢s)) zss
and j < j’
and base: U (progress_regex o P rj) z
and step: \k Xs z. progress_regex 0 P rj < k = Suc k < progress_regex ¢ P' r j' —
list_all2 (Ap. gtable n (Formula.fv @) (mem__restr R) (Av. Formula.sat o V (map the v) k ¢)) ¢s
Xs =
Ukz= U (Suck) (f Xs (1 o k) 2)
shows U (progress_regex o P’ rj’) 2’
(proof)

lemma progress_ Until_le: progress o P (Formula.Until ¢ I v) j < min (progress o P ¢ j) (progress o
P4 j)
(proof)

lemma progress__MatchF_le: progress o P (Formula.MatchF I 1) j < progress_regex o P rj
(proof)

lemma list_all2_upt_Cons: P a x = list_all2 P [Suc a..<b] zs = Suc a < b =
list_all2 P [a..<b] (z # zs)
(proof )

lemma list_all2_upt_append: list_all2 P [a..<b] zs = list_all2 P [b..<c] ys =
a<b=b< c= list_all2 P [a..<c] (zs @ ys)
(proof )

lemma list_all8_list_all2_conv: list_all8 R xs zs ys = list_all2 (Azx. R z ) x5 ys
(proof)

lemma map__split_map: map__split f (map g zs) = map__split (f o g) xs
(proof )

lemma map__split_alt: map__split f xs = (map (fst o f) xs, map (snd o f) xs)
(proof )

lemma fu_formula_of constraint: fu (formula_of constraint (t1, p, ¢, t2)) = fu_trm t1 U fu_trm t2
(proof)

lemma (in mauz) wf_mformula_wf_set: wf_mformula o j P Vn R ¢ o' = wf_set n (Formula.fv ¢')
(proof)

lemma qtable_mmulti_join:
assumes pos: list_all3 (AA Qi X. qtable n A P Qi X N wf_set n A) A__pos Q_pos L__pos
and neg: list_all3 (AMA Qi X. gtable n A P Qi X N wf_set n A) A_neg Q_neg L__neg
and C_eq: C = J(set A_pos) and L_eq: L = L_pos Q@ L_neg
and A_pos # [ and fu_subset: |J (set A_neg) C | (set A__pos)
and restrict_pos: Nz. wf _tuple n C x = P x = list_all (AA. P (restrict A z)) A_pos
and restrict_neg: Az. wf tuple n C v = Pz = list_all (AA. P (restrict A x)) A_neg
and @Qs: Az. wf_tuplen Cz — Pz — Qx <—
list_all2 (AA Qi. Qi (restrict A z)) A__pos @ _pos N
list_all2 (ANA Qi. =~ Qi (restrict A z)) A _neg Q_neg
shows gtable n C' P Q (mmulti_join n A__pos A__neg L)
(proof)
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lemma nth_ filter: i < length (filter P 1s) =
(A\i'. i’ < length s = P (ws ! i') = Q (zs ! i')) = Q (filter P xs ! %)
(proof)

lemma nth__partition: ¢ < length rs —
(Ai'. i’ < length (filter P zs) = Q (filter P zs ! i")) =
(A\i'. i’ < length (filter (Not o P) zs) = Q (filter (Not o P) s ! i')) = Q (as ! 9)
(proof)

lemma gtable bin_join:
assumes qgtable n A P Q1 X qtable n BP Q2Y - b=— BCAC=AUB
Nz. wf_tuple n C z = P x = P (restrict A x) A P (restrict B z)
Nz. b = wf tuplen Cz = Pz = Q z +— Q1 (restrict A z) N Q2 (restrict B x)
Nz. - b= wf tuplen Cz = Pz = Qz <— QI (restrict A ) N = Q2 (restrict B z)
shows gtable n C P Q (bin_joinn A X b BY)

(proof)

lemma restrict_update: y ¢ A = y < length t = restrict A (z[y:=z]) = restrict A x
(proof)

lemma gtable assign:
assumes qtable n A P Q X
y<mninsertyA=A"y¢ A
Az’ wf_tuplen A’ ' = Pz’ = P (restrict A z')
Az. wf_tuplen Az = Pz = Qz = Q' (z[y:=Some (f z)])
Nz wf tuplen A’ z' = Pz’ = Q' 2z’ = Q (restrict A z’) A 2’| y = Some (f (restrict A z'))

shows gtable n A" P Q' ((Az. z[y:=Some (f z)]) ‘ X) (is gtable _ _ _ _ ?Y)
(proof)
lemma sat_the update: y ¢ fv ¢ = Formula.sat o V (map the (z[y:=2])) i ¢ = Formula.sat o V (map
the x) i ¢

(proof)

lemma progress__constraint: progress o P (formula_of _constraint ¢) j = j
(proof)

lemma gqtable_filter:
assumes qtable n A P Q X
Az wf_tuplen Az = Prx = QzANRz+— Q'=x
shows qtable n A P Q' (Set.filter R X) (is qtable _ _ _ __ ?Y)

(proof)

lemma eval constraint_sat_eq: wf tuplen A x = fu_trmtl C A = fu_ trmt2 C A =
Vi€eA. i < n = eval_constraint (t1, p, ¢, t2) x =
Formula.sat o 'V (map the z) ¢ (formula__of constraint (t1, p, ¢, t2))
(proof )

declare progress_le__gen[simp]

definition wf envs o j P P’ V db =
(dom V = dom P A
Mapping.keys db = dom P U {p. p € fst ‘T o j} A
rel_mapping (<) P P' A
pred__mapping (A\i. i < j) P A
pred_mapping (\i. i < Suc j) P’ A
(Vp € Mapping.keys db — dom P. the (Mapping.lookup db p) = [{ts. (p, ts) € T o j}]) A
(Vp € dom P. list_all2 (\i X. X = the (V p) i) [the (P p)..<the (P’ p)] (the (Mapping.lookup db p))))
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lift__definition mk_db :: (Formula.name X event_data list) set = Formula.database is
AX p. (if p € fst * X then Some [{ts. (p, ts) € X}] else None) (proof)

lemma wf _envs_mk__db: wf_envs o j Map.empty Map.empty Map.empty (mk_db (T o j))
(proof)

lemma wf envs_update:
assumes wf_envs: wf_envs o j P P' V db
and m__eq: m = Formula.nfv ¢
and in_fu: {0 .< m} C fup
and zs: list_all2 (Ai. gtable m (Formula.fv @) (mem_restr UNIV) (Av. Formula.sat o V (map the
0) i 9))
[progress o P ¢ j..<progress o P' ¢ (Suc j)] zs
shows wf_envs o j (P(p — progress o P ¢ j)) (P'(p — progress o P’ ¢ (Suc j)))
(V(p — Xi. {v. length v = m A Formula.sat o V v i ¢}))
(Mapping.update p (map (image (map the)) zs) db)
(proof)

lemma wf_envs_P__simps[simp]:
wf_envs 0 j P P' V db = pred_mapping (\i. i < j) P
wf_envs o j P P' V db = pred_mapping (\i. i < Suc j) P’
wf_envs o j P P' V db = rel_mapping (<) P P’
(proof)

lemma wf_envs_progress_le[simp]:
wf_envs o § P P'V db = progress o P ¢ j < j
wf_envs o j P P' V db = progress o P’ ¢ (Suc j) < Suc j
(proof )

lemma wf envs progress_regez_le[simp]:
wf_envs o j P P' V db = progress_regex 0 Prj < j
wf_envs o j P P' V db => progress_regex o P’ r (Suc j) < Suc j
(proof )

lemma wf envs_progress_mono[simp]:
wf_envs 0 j PP’ Vdb = a < b= progress o P ¢ a < progress o P' ¢ b
(proof )

lemma qtable_wf tuple_cong: qgtable n A P QX = A =B = (Av. wf_tuplen Av=— Pv=— Q
v=Q v) = qtablen BP Q' X
(proof)

lemma (in mauz) meval:
assumes wf_mformula 0 P Vn R ¢ ¢ wf _envsoc j P P’V db
shows case meval n (7 o j) db ¢ of (xs, pn) = wf_mformula o (Sucj) P' Vn R on ¢’ A
list_all2 (Xi. gtable n (Formula.fv ¢') (mem_restr R) (Av. Formula.sat o V (map the v) i ¢'))
[progress o P @' j..<progress o P' ¢’ (Suc j)] zs
(proof)

6.6.4 Monitor step

lemma (in mauz) wf_mstate_mstep: wf_mstate ¢ m R st = last_ts = < snd tdb =
wf_mstate ¢ (psnoc w tdb) R (snd (mstep (map_prod mk__db id tdb) st))

(proof)
definition flatten_verdicts Vs = (| (set (map (A(i, X). (\v. (i, v)) * X) Vs)))

lemma flatten__verdicts__append[simp]:
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flatten_verdicts (Vs @ Us) = flatten_verdicts Vs U flatten_verdicts Us
(proof )

lemma (in mauz) mstep__output__iff:
assumes wf_mstate ¢ ® R st last_ts m < snd tdb prefix_of (psnoc 7 tdb) o mem__restr R v
shows (i, v) € flatten_wverdicts (fst (mstep (map_prod mk_db id tdb) st)) «—
progress o Map.empty ¢ (plen w) < i A i < progress o Map.empty ¢ (Suc (plen 7)) A
wf_tuple (Formula.nfv ¢) (Formula.fv ¢) v A Formula.sat o Map.empty (map the v) i ¢
(proof)

6.6.5 Monitor function

locale verimon = verimon__spec + mauzx

lemma (in verimon) mstep__mverdicts:
assumes wf: wf_mstate ¢ ™ R st
and le[simp]: last_ts m < snd tdb
and restrict: mem__restr R v
shows (i, v) € flatten_verdicts (fst (mstep (map_prod mk_db id tdb) st)) «—
(i, v) € M (psnoc w tdb) — M =
(proof)

context maux
begin

primrec msteps0) where
msteps0 [| st = ([], st)
| msteps0O (tdb # w) st =
(let (V', st") = mstep (map_prod mk_db id tdb) st; (V' st’") = mstepsO 7 st’ in (V' @ V" st"))

primrec mstepsO__stateless where

msteps0__stateless [| st = ||
| mstepsO_stateless (tdb # ) st = (let (V', st’) = mstep (map_prod mk__db id tdb) st in V'@ msteps(_stateless
7 st’)

lemma msteps0_msteps0__stateless: fst (mstepsO w st) = msteps0__stateless w st

(proof)

lift_ definition msteps :: Formula.prefit = (‘msauz, 'muauz) mstate = (nat X event data table) list x
(‘'msauz, 'muauz) mstate
is msteps0 (proof)

lift_ definition msteps_stateless :: Formula.prefix = ('msauz, 'muauz) mstate = (nat x event_data
table) list
is msteps0__stateless {proof)

lemma msteps_msteps__stateless: fst (msteps w st) = msteps__stateless w st
(proof)

lemma msteps0_snoc: msteps0 (m Q [tdb]) st =
(let (V' st') = mstepsO w st; (V"' st'") = mstep (map__prod mk_db id tdb) st’ in (V' @ V", st”))
(proof)

lemma msteps_psnoc: last_ts m < snd tdb = msteps (psnoc 7 tdb) st =
(let (V', st') = msteps 7 st; (V"' st’") = mstep (map__prod mk_db id tdb) st’ in (V' @ V", st”))
(proof)

definition monitor where
monitor ¢ ™ = msteps__stateless w (minit_safe @)
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end

lemma Suc_length__conv_snoc: (Suc n = length zs) = (Jy ys. zs = ys Q [y] A length ys = n)
(proof )

lemma (in verimon) wf_mstate_msteps: wf _mstate ¢ @ R st = mem_restr R v =7 < =
X = msteps (pdrop (plen w) ') st = wf_mstate ¢ ©' R (snd X) A
((4, v) € flatten_verdicts (fst X)) = ((i,v) € M n' — M )

(proof )

lemma (in verimon) wf_mstate__msteps__stateless:
assumes wf_mstate o T R st mem_restr Rvw < 7’
shows (i, v) € flatten_verdicts (msteps_stateless (pdrop (plen ©) ©') st) +— (i, v) e M ' — M =
(proof)

lemma (in verimon) wf_mstate_msteps__stateless UNIV: wf_mstate ¢ m UNIV st = w < =
flatten__verdicts (msteps__stateless (pdrop (plen w) n') st) = M ©' — M =
(proof )

lemma (in verimon) mverdicts_ Nil: M pnil = {}
(proof)

context maux
begin

lemma minit_safe_minit: mmonitorable p = minit_safe © = minit ¢
{proof )

lemma wf mstate__minit_safe: mmonitorable ¢ = wf_mstate ¢ pnil R (minit_safe )
(proof )

end

lemma (in verimon) monitor_muerdicts: flatten_verdicts (monitor ¢ w) = M 7
(proof)

6.7 Collected correctness results
context verimon
begin

We summarize the main results proved above.

1. The term M describes semantically the monitor’s expected behaviour:

e mono_monitor: T < ' = M 7w C M 7’

o sound_monitor: [(i, v) € M m; prefic_of m o] = Formula.sat o (Az. None) (map
the v) i ¢

o complete_monitor: [prefix_of © o; wf_tuple (Formula.nfv ©) (fv ©) v; No. prefiz_of
m 0 = Formula.sat o (Az. None) (map the v) i ] = A7’ prefix_of ©’' o A (i, v)
eEMnr'

o sliceable_M: mem_restr S v => ((i, v) € M (pmap_T (AD. D N relevant__events ¢
S) m) = ((i, v) € M 7)

2. The executable monitor’s online interface minit _safe and mstep preserves the invariant
wf_mstate and produces the the verdicts according to M:
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o wf mstate_minit_safe: mmonitorable o’ => wf mstate ¢’ pnil R (minit_safe ¢)

o wf mstate_mstep: [wf_mstate o' m R st; last_ts m < snd tdb] = wf_mstate p’ (psnoc
7 tdb) R (snd (mstep (map__prod mk_db id tdb) st))

o mstep__muerdicts: [wf_mstate ¢ T R st; last_ts m < snd tdb; mem__restr R v] = ((4,
v) € flatten_verdicts (fst (mstep (map_prod mk_db id tdb) st))) = ((i, v) € M (psnoc
m tdb) — M )

3. The executable monitor’s offline interface local.monitor implements M:

o monitor_muverdicts: flatten_verdicts (local.monitor ¢ 7) = M «

end

7 Efficient implementation of temporal operators

7.1 Optimized queue data structure

lemma less _enat_iff: a < enat i <— (3j. a = enat j A j < 1)
(proof )

type_synonym ’a queue_t = 'a list x 'a list

definition queue_invariant :: 'a queue_t = bool where
queue_invariant ¢ = (case q of ([}, [|) = True | (fs, | # ls) = True | _ = False)

typedef 'a queue = {q = ‘a queue_t. queue_invariant q}
(proof )

setup__lifting type_ definition__queue
lift__definition linearize :: 'a queue = ‘a list is (Aq. case q of (fs, Is) = fs @ rev Is) {proof)

lift__definition empty_queue :: 'a queue is ([], [])
(proof)

lemma empty queue_rep: linearize empty__queue = [|
(proof)

lift_ definition is_empty :: ‘a queue = bool is Aq. (case q of ([], []) = True | _ = False) {proof)

lemma linearize_t_Nil: (case q of (fs, Is) = fs @ revis) = «— q¢=([], ])
(proof)

lemma is_empty alt: is_empty q +— linearize ¢ = ||
(proof )

fun prepend_queue_t :: 'a = 'a queue_t = 'a queue_t where

prepend_queue_t a ([] ) = (0, [al)
| prepend__queue_t a (fs, | # ls) = (a # fs, L # ls)
| prepend__queue_t a (f # fs, [|) = undefined

lift_ definition prepend_queue :: ‘a = 'a queue = 'a queue is prepend_ queue_t
(proof )

lemma prepend_ queue__rep: linearize (prepend__queue a q) = a # linearize q
(proof )
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lift_ definition append queue :: 'a = 'a queue = 'a queue is
(Aa q. case q of (fs, ls) = (fs, a # 1s))
(proof)

lemma append__queue__rep: linearize (append_queue a q) = linearize ¢ @ [a]

(proof)

fun safe_last__ ‘a queue_t = 'a option X 'a queue_t where

t:
safe_last_t ([], H) (None, ([], 1)
| safe_last_t (fs, | # ls) = (Some I, (fs, | # lIs))
| safe_last_t (f # fs, [|) = undefined

lift_ definition safe_last :: ‘a queue = 'a option x 'a queue is safe_last_t
(proof )

lemma safe_last_rep: safe_last ¢ = (o, q') = linearize q = linearize q¢' A

(case o of None = linearize ¢ = [| | Some a = linearize ¢ # [| A a = last (linearize q))
(proof)

fun safe_hd_t :: 'a queue_t = 'a option x 'a queue_t where
ot £ 0, 1) = ome. 0. )

| safe_hd_t ([ [I) = (Some b, ([, 1))

| safe_hd_t ([], I # ls) = (let fs = rev ls in (Some (hd fs), (fs, [])))

| safe_hd _t (f # fs, l # Is) = (Some f, (f # fs, | # ls))

| safe_hd_t (f # fs, [|) = undefined

lift__definition(code_dt) safe_hd :: 'a queue = 'a option x 'a queue is safe_hd_t

(proof)

lemma safe_hd_rep: safe_hd q = (a, q') = linearize q = linearize q' A

(case o of None = linearize ¢ = [| | Some a = linearize ¢ # [] A a = hd (linearize q))
(proof)

fun replace__hd_t :: 'a = 'a queue_t = 'a queue_t where
replace_hd_t a ([]7 []) =0, D

| replace_hd_t a ([, [1) = ([, [a)

| replace_hd_t a ([], I # Is) = (let fs = rev Is in (a # tl fs, [I]))

| replace_hd_t a (f # fs, L # ls) = (a # fs, L # ls)

| replace_hd_t a (f # fs, [|) = undefined

lift_ definition replace_hd :: 'a = ’a queue = 'a queue is replace_hd_t
(proof )

lemma tl_append: zs # [| = tl zs Q ys = tl (zs Q ys)
(proof)

lemma replace_hd_rep: linearize q = f # fs = linearize (replace_hd a q) = a # fs

(proof)

fun replace_last_t :: 'a = 'a queue_t = 'a queue_t where

replace_last_t a ({], [) = ([, [I)
| replace_last_t a (fs, I # Is) = (fs, a # ls)
| replace_last_t a (fs, [|) = undefined

lift_ definition replace_last :: 'a = 'a queue = 'a queue is replace_last_t

(proof)
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lemma replace_last_rep: linearize ¢ = fs Q [f] = linearize (replace_last a q) = fs @ [a]
(proof)

fun tl_queue_t :: 'a queue_t = 'a queue_t where
et 1, 1) = (0

| tL_queue_t ([J, [1)) = ([, [I)

| tL_queue_t ( s) = (H (rev ls), [1])

| tL_queue_t (a # as, fs) = (as, fs)

[
;[0
0, #
#a

lift_ definition tl_queue :: 'a queue = 'a queue is tl_queue t
(proof)

lemma tl_queue_rep: —is_empty ¢ = linearize (tl_queue q) = tl (linearize q)
(proof )

lemma length_tl queue rep: —is_empty ¢ —>
length (linearize (tl_queue q)) < length (linearize q)
(proof)

lemma length_tl queue safe hd:
assumes safe_hd ¢ = (Some a, q)
shows length (linearize (tl_queue q')) < length (linearize q)
(proof)

function drop While__queue :: (‘a = bool) = 'a queue = 'a queue where
drop While__queue f q = (case safe_hd q of (None, ¢') = q’
| (Some a, q") = if f a then drop While__queue f (tl_queue ¢') else q')
(proof)

termination
(proof )

lemma drop While _hd_tl: zs # [| =
dropWhile P zs = (if P (hd xs) then dropWhile P (tl zs) else zs)

(proof)

lemma drop While__queue__rep: linearize (drop While__queue f q) = drop While f (linearize q)
(proof )

function takeWhile_queue :: (‘a = bool) = 'a queue = ’a queue where
take While__queue f q = (case safe_hd q of (None, q¢') = ¢’
| (Some a, ¢') = if fa
then prepend_queue a (take While__queue f (tl_queue q'))
else empty__queue)
(proof)
termination
(proof)

lemma take While_hd_tl: zs # [| =
takeWhile P zs = (if P (hd xs) then hd zs # takeWhile P (il xs) else [])

(proof)

lemma take While__queue__rep: linearize (take While__queue f q) = take While f (linearize q)
(proof )

function takedrop While__queue :: (‘a = bool) = 'a queue = 'a queue x ’a list where
takedrop While__queue f ¢ = (case safe_hd q of (None, q¢) = (¢/, [])
| (Some a, ¢') = iffa
then (case takedrop While__queue f (tl_queue q') of (q”, as) = (q”, a # as))
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else (¢, []))
(proof )
termination

(proof)

lemma takedrop While__queue_fst: fst (takedrop While__queue f q) = drop While__queue f q
(proof)

lemma takedrop While__queue__snd: snd (takedrop While__queue f q) = take While f (linearize q)
(proof)

7.2 Optimized data structure for Since

type_synonym 'a mmsauzr = ts X ts x bool list x bool list x
(ts x 'a table) queue x (ts x 'a table) queue x
(("a tuple, ts) mapping) x (('a tuple, ts) mapping)

fun time mmsauz :: ‘a mmsaur = ts where
time_mmsauz auz = (case auzx of (nt, _) = nt)

definition ts_tuple rel :: (ts X 'a table) set = (ts X 'a tuple) set where
ts_tuple_rel ys = {(t, as). IX. as € X A (¢, X) € ys}

lemma finite fst ts tuple rel: finite (fst ‘ {tas € ts_tuple rel (set xs). P tas})
(proof)

lemma ts_tuple rel_ext Cons: tas € ts_tuple_rel {(nt, X)} =
tas € ts_tuple_rel (set ((nt, X) # tass))
(proof )

lemma ts_tuple rel_ext Cons’: tas € ts_tuple rel (set tass) =
tas € ts_tuple_rel (set ((nt, X) # tass))
(proof)

lemma ts_tuple rel_intro: as € X = (¢, X) € ys = (1, as) € ts_tuple_rel ys

(proof)

lemma ts_tuple rel_dest: (t, as) € ts_tuple _rel ys = 3 X. (t, X) € ys N as € X
(proof )

lemma ts_tuple rel_Un: ts_tuple_rel (ys U zs) = ts_tuple_rel ys U ts_tuple_rel zs
(proof )

lemma ts tuple rel ext: tas € ts_tuple rel {(nt, X)} =
tas € ts_tuple rel (set (nt, Y U X) # tass))

(proof)

lemma ts_tuple rel ext” tas € ts_tuple rel (set ((nt, X) # tass)) =
tas € ts_tuple_rel (set ((nt, X U'Y) # tass))
(proof)

lemma ts tuple rel_mono: ys C zs = ts_tuple_rel ys C ts_tuple_rel zs

(proof )
lemma ts_tuple_rel_filter: ts_tuple_rel (set (filter (A(¢t, X). P t) zs)) =

{(t, X) € ts_tuple_rel (set zs). Pt}
(proof)
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lemma ts_tuple rel_set_filter: x € ts_tuple_rel (set (filter P zs)) =
z € ts_tuple rel (set xs)
(proof )

definition valid_tuple :: (('a tuple, ts) mapping) = (ts x 'a tuple) = bool where
valid__tuple tuple_since = (\(t, as). case Mapping.lookup tuple since as of None = False
| Some t' = t > t')

definition safe_maz :: ‘a :: linorder set = 'a option where
safe_maz X = (if X = {} then None else Some (Maz X))

lemma safe__maz_empty: safe_maz X = None +— X = {}

(proof)

lemma safe_maz_empty_dest: safe_maz X = None = X = {}
(proof )

lemma safe_max_Some_intro: x € X = Jy. safe_max X = Some y
(proof )

lemma safe_max_Some_dest in: finite X = safe_maxr X = Somezr = x € X
(proof )

lemma safe_max_Some_dest _le: finite X = safe_mazr X = Somer —= y€ X = y <z
(proof )

fun valid_mmsauz :: args = ts = 'a mmsauzr = 'a Monitor.msaux = bool where
valid_mmsauz args cur (nt, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) ys <—
(args_L args) C (args_R args) A
maskL = join_mask (args_n args) (args_L args) A
maskR = join_mask (args_n args) (args_R args) A
(V(t, X) € set ys. table (args_n args) (args_R args) X) A
table (args_n args) (args_R args) (Mapping.keys tuple_in) A
table (args_n args) (args_R args) (Mapping.keys tuple_since) A
(Vas € J(snd ‘ (set (linearize data_prev))). wf_tuple (args_n args) (args_R args) as) A
cur = nt A
ts_tuple rel (set ys) =
{tas € ts_tuple_ rel (set (linearize data_prev) U set (linearize data_in)).
valid__tuple tuple_since tas} A
sorted (map fst (linearize data_ prev)) A
(Vt € fst © set (linearize data_prev). t < nt A nt — t < left (args_ivl args)) A
sorted (map fst (linearize data__in)) A
(Wt € fst “ set (linearize data_in). t < nt A nt — t > left (args_iwvl args)) A
(Y as. Mapping.lookup tuple_in as = safe_maz (fst
{tas € ts_tuple_rel (set (linearize data__in)). valid_tuple tuple_since tas N\ as = snd tas})) A
(V as € Mapping.keys tuple_since. case Mapping.lookup tuple_since as of Some t = t < nt)

lemma Mapping_lookup_ filter _keys: k € Mapping.keys (Mapping.filter f m) —>
Mapping.lookup (Mapping.filter f m) k = Mapping.lookup m k
(proof)

lemma Mapping_filter_keys: (Vk € Mapping.keys m. P (Mapping.lookup m k)) =
(Vk € Mapping.keys (Mapping.filter f m). P (Mapping.lookup (Mapping.filter f m) k))
(proof )

lemma Mapping_ filter_keys_le: (Az. Pz — P' 1) —

(Vk € Mapping.keys m. P (Mapping.lookup m k)) = (Vk € Mapping.keys m. P’ (Mapping.lookup m

k)
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(proof)

lemma Mapping keys dest: © € Mapping.keys f = Jy. Mapping.lookup fx = Some y
(proof )

lemma Mapping keys intro: Mapping.lookup f x # None = x € Mapping.keys f
(proof )

lemma valid__mmsaux__tuple_in__keys: valid_mmsauzx args cur
(nt, gc, maskL, maskR, data__prev, data__in, tuple_in, tuple_since) ys =
Mapping.keys tuple_in = snd ‘ {tas € ts_tuple_ rel (set (linearize data__in)).
valid__tuple tuple_since tas}

(proof)

fun init_mmsaux :: args = 'a mmsaur where
init_mmsauz args = (0, 0, join_mask (args_n args) (args_L args),
join_mask (args_n args) (args_R args), empty__queue, empty__queue, Mapping.empty, Mapping.empty)

lemma valid_init_mmsauz: L C R = wvalid_mmsauz (init_args In L R b) 0
(init_mmsauzx (init_args I n L R b)) []
(proof )

abbreviation filter_cond X' ts t' = (Aas _. = (as € X' A Mapping.lookup ts as = Some t'))

lemma drop While__filter:
sorted (map fst xs) = V't € fst ‘ set zs. t < nt =
drop While (A(t, X). enat (nt — t) > ¢) s = filter (A(¢, X). enat (nt — t) < ¢) xs
(proof)

lemma drop While_ filter":
fixes nt :: nat
shows sorted (map fst zs) = V't € fst ‘ set zs. t < nt =
dropWhile (A(t, X). nt — t > ¢) zs = filter (A(t, X). nt — ¢t < ¢) s
(proof )

lemma drop While_filter'":
sorted s => V't € set zs. t < nt =
drop While (At. enat (nt — t) > c¢) zs = filter (At. enat (nt — t) < ¢) zs
(proof)

lemma take While_ filter:
sorted (map fst zs) = V't € fst ‘ set zs. t < nt =
take While (A\(t, X). enat (nt — t) > ¢) zs = filter (A\(¢, X). enat (nt — t) > ¢) xs
(proof)

lemma take While_ filter:
fixes nt :: nat
shows sorted (map fst zs) = V't € fst ‘ set zs. t < nt =
take While (\(t, X). nt — t > ¢) s = filter (A\(¢, X). nt — ¢t > ¢) zs
(proof)

lemma take While_ filter'":
sorted xs = V't € set xs. t < nt =
takeWhile (A\t. enat (nt — t) > c¢) xs = filter (At. enat (nt — t) > ¢) zs
(proof)

lemma fold_Mapping_filter_None: Mapping.lookup ts as = None —>
Mapping.lookup (fold (A(t, X) ts. Mapping.filter
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(filter_cond X ts t) ts) ds ts) as = None
(proof)

lemma Mapping_lookup_ filter_Some_P: Mapping.lookup (Mapping.filter P m) k = Some v = P kv
(proof )

lemma Mapping_lookup_ filter_None: (Av. =P k v) =
Mapping.lookup (Mapping.filter P m) k = None
(proof)

lemma Mapping_lookup_ filter__Some: (Av. P k v) =
Mapping.lookup (Mapping.filter P m) k = Mapping.lookup m k
(proof)

lemma Mapping_lookup_filter _not_ None: Mapping.lookup (Mapping.filter P m) k # None =
Mapping.lookup (Mapping.filter P m) k = Mapping.lookup m k
(proof)

lemma fold_ Mapping_filter_Some__None: Mapping.lookup ts as = Some t —

as € X = (t, X) € set ds =

Mapping.lookup (fold (A(t, X) ts. Mapping.filter (filter_cond X ts t) ts) ds ts) as = None
(proof)

lemma fold_ Mapping_filter_Some__Some: Mapping.lookup ts as = Some t =

(AX. (t, X) € set ds = as ¢ X) =

Mapping.lookup (fold (A(t, X) ts. Mapping.filter (filter_cond X ts t) ts) ds ts) as = Some t
(proof)

fun shift_end :: args = ts = 'a mmsauz = 'a mmsauz where
shift_end args nt (t, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) =
(let I = args__ivl args;
data__prev' = dropWhile__queue (X\(t, X). enat (nt — t) > right I) data__prev;
(data__in, discard) = takedrop While__queue (A\(t, X). enat (nt — t) > right I) data__in;
tuple_in = fold (A(t, X) tuple_in. Mapping.filter
(filter_cond X tuple_in t) tuple_in) discard tuple_in in
(t, gc, maskL, maskR, data_prev’, data_in, tuple_ in, tuple since))

lemma valid__shift _end_mmsauz__unfolded:
assumes valid__before: valid__mmsaux args cur
(ot, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) auxzlist
and nt_mono: nt > cur
shows wvalid_mmsaux args cur (shift_end args nt
(ot, gc, maskL, maskR, data_prev, data__in, tuple_in, tuple_since))
(filter (A(t, rel). enat (nt — t) < right (args_ivl args)) auzlist)
(proof)
lemma valid__shift _end _mmsauz: valid_mmsaux args cur aux auzrlist = nt > cur —>
valid_mmsaux args cur (shift_end args nt auz)
(filter (A(t, rel). enat (nt — t) < right (args_ivl args)) auxlist)
(proof)
setup__ lifting type definition__mapping

lift_definition upd_set :: ('a, 'b) mapping = (‘a = 'b) = 'a set = ('a, 'b) mapping is
Am f X a. if a € X then Some (f a) else m a (proof)

lemma Mapping_lookup_upd__set: Mapping.lookup (upd_set m f X) a =
(if a € X then Some (f a) else Mapping.lookup m a)
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(proof)

lemma Mapping _upd__set_keys: Mapping.keys (upd_set m f X) = Mapping.keys m U X
(proof )

lift__definition upd_keys _on :: (‘a, 'b) mapping = (‘a = 'b = 'b) = 'a set =
("a, 'b) mapping is
Am f X a. case Mapping.lookup m a of Some b = Some (if a € X then f a b else b)
| None = None (proof)

lemma Mapping_lookup__upd__keys_on: Mapping.lookup (upd_keys_on m f X) a =
(case Mapping.lookup m a of Some b = Some (if a € X then fa b else b) | None = None)
(proof)

lemma Mapping _upd_keys_sub: Mapping.keys (upd_keys_on m f X) = Mapping.keys m
(proof )

lemma fold__append__queue_rep: linearize (fold (Az q. append__queue z q) zs q) = linearize ¢ Q xs
(proof )

lemma Max Un_absorb:
assumes finite X X # {} finite Y (N\zy.ye€ Y —=z€ X = y < 1)
shows Maz (X U Y) = Maz X

(proof)

lemma Mapping_lookup_ fold _upd_set_idle: {(t, X) € set zs. as € Z X t} = {} =
Mapping.lookup (fold (A(t, X) m. upd_set m (A_. t) (Z X t)) zs m) as = Mapping.lookup m as
(proof)

lemma Mapping lookup_fold_upd_set _maz: {(t, X) € set zs. as € Z X t} # {} =
sorted (map fst zs) =
Mapping.lookup (fold (A(t, X) m. upd_set m (A_. t) (Z X t)) zs m) as =
Some (Maz (fst “ {(t, X) € set zs. as € Z X t}))

(proof)

fun add_new_ts mmsauz’ :: args = ts = 'a mmsauzr = 'a mmsaur where
add_new_ts_mmsauz’ args nt (t, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) =
(let I = args__ivl args;
(data__prev, move) = takedrop While__queue (\(t, X). nt — t > left I) data_ prev;
data__in = fold (\(t, X) data__in. append__queue (t, X) data_in) move data_in;
tuple_in = fold (A(t, X) tuple_in. upd_set tuple_in (A_. t)
{as € X. valid_tuple tuple_ since (t, as)}) move tuple in in
(nt, gc, maskL, maskR, data__prev, data_in, tuple_in, tuple since))

lemma Mapping _keys_fold_upd_set: k € Mapping.keys (fold (A(t, X) m. upd_set m (A_. t) (Z t X))
zs m) = k € Mapping.keys m V (3 (¢, X) € set zs. k € Zt X)
(proof )

lemma valid _add_new ts mmsauz’_unfolded:
assumes valid__before: valid_mmsaux args cur
(ot, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) auzlist
and nt_mono: nt > cur
shows valid__mmsaux args nt (addinewitsimmsaux' args nt
(ot, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since)) auzlist

(proof)

lemma valid _add_new ts mmsauz’: valid_mmsauz args cur auzr auzlist => nt > cur —>
valid__mmsaux args nt (addinewitsimmsau:c' args nt auz) auxlist
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{proof )

definition add_new ts mmsauz :: args = ts = 'a mmsaur = 'a mmsaur where
add_new_ts_mmsauz args nt aur = add_new_ts _mmsauz’ args nt (shift_end args nt auz)

lemma valid _add new ts mmsauz:
assumes valid_mmsauz args cur aur auxlist nt > cur
shows valid_mmsauz args nt (add_new__ts_mmsaux args nt auz)
(filter (A(t, rel). enat (nt — t) < right (args_ivl args)) auzlist)
(proof)

fun join_mmsauz :: args = 'a table = 'a mmsauz = 'a mmsaur where
join_mmsauz args X (t, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) =

(let pos = args_pos args in

(if maskL = maskR then
(let tuple__in = Mapping.filter (join__filter__cond pos X) tuple_in;
tuple__since = Mapping.filter (join__filter__cond pos X) tuple__since in
(t, ge, maskL, maskR, data_prev, data_in, tuple_in, tuple_since))

else if (Vi € set maskL. —%) then
(let nones = replicate (length maskL) None;
take_all = (pos <— nones € X);
tuple__in = (if take__all then tuple_in else Mapping.empty);
tuple__since = (if take__all then tuple__since else Mapping.empty) in
(t, ge, maskL, maskR, data_prev, data_in, tuple_in, tuple_since))

else
(let tuple__in = Mapping.filter (Aas __. proj_tuple_in_join pos maskL as X) tuple_ in;
tuple__since = Mapping.filter (Aas __. proj_tuple_in_join pos maskL as X) tuple_since in
(t, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since))))

fun join_mmsauz_abs :: args = 'a table = 'a mmsaur = ‘o mmsauzr where
join_mmsauz__abs args X (t, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) =
(let pos = args_pos args in
(let tuple_in = Mapping.filter (Aas __. proj_tuple_in_join pos maskL as X) tuple in;
tuple__since = Mapping.filter (Aas __. proj_tuple_in_join pos maskL as X) tuple since in
(t, gc, maskL, maskR, data_prev, data__in, tuple_in, tuple_since)))

lemma Mapping _filter__cong:
assumes cong: (\k v. k € Mapping.keys m = fkv = f'kv)
shows Mapping.filter f m = Mapping.filter f' m

(proof)

lemma join_mmsaux__abs_eq:
assumes valid__before: valid_mmsaux args cur
(nt, gc, maskL, maskR, data__prev, data__in, tuple_in, tuple_since) auxlist
and table_left: table (args_mn args) (args_L args) X
shows join_mmsauz args X (nt, gc, maskL, maskR, data__prev, data__in, tuple_in, tuple since) =
join_mmsauz__abs args X (nt, gc, maskL, maskR, data__prev, data__in, tuple_in, tuple since)

(proof)

lemma valid__join_mmsaux__unfolded:
assumes valid__before: valid_mmsaux args cur
(nt, gc, maskL, maskR, data__prev, data__in, tuple_in, tuple_since) auxlist
and table_left": table (args_n args) (args_L args) X
shows valid _mmsaux args cur
(join_mmsauz args X (nt, gc, maskL, maskR, data_prev, data__in, tuple in, tuple since))
(map (A(t, rel). (t, join rel (args_pos args) X)) auxlist)
(proof)
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lemma wvalid__join_mmsauzx: valid__mmsaux args cur aux auzlist =—>
table (args_n args) (args_L args) X = wvalid_mmsaux args cur
(join_mmsauz args X auz) (map (\(¢, rel). (¢, join rel (args_pos args) X)) auxlist)

(proof)

fun gc_mmsauz :: ‘a mmsaur = 'a mmsauz where
gc_mmsauz (nt, gc, maskL, maskR, data_prev, data__in, tuple_in, tuple_since) =
(let all _tuples = |J (snd ‘ (set (linearize data_prev) U set (linearize data_in)));
tuple__since’ = Mapping.filter (Aas _. as € all_tuples) tuple_since in
(nt, nt, maskL, maskR, data_prev, data_in, tuple_in, tuple_since’))

lemma valid__gc_mmsauz__unfolded:
assumes valid__before: valid_mmsauz args cur (nt, gc, maskL, maskR, data_prev, data__in,
tuple__in, tuple_since) ys
shows valid_mmsauz args cur (gc_mmsauz (nt, gc, maskL, maskR, data_prev, data_in,
tuple__in, tuple_since)) ys

(proof)

lemma valid__gc_mmsauz: valid_mmsauz args cur auz ys = valid_mmsauz args cur (gc_mmsaux auz)
ys
(proof)

fun gc_join_mmsauz :: args = 'a table = 'a mmsaur = 'a mmsauxr where
gc_join_mmsauz args X (t, gc, maskL, maskR, data__prev, data__in, tuple in, tuple since) =
(if enat (t — gc) > right (args_ivl args) then join_mmsauz args X (gc_mmsauz (t, gc, maskL, maskR,
data__prev, data__in, tuple_in, tuple_since))
else join_mmsaux args X (¢, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since))

lemma gc_join_mmsaux_alt: gc_join_mmsaux args rell aux = join_mmsaux args rell (gc_mmsauz
auz) V

gc__join_mmsaux args rell aux = join_mmsauzx args rell aux

{proof)

lemma wvalid__gc__join_mmsaux:
assumes valid_mmsauz args cur auz auzlist table (args_n args) (args_L args) rell
shows wvalid_mmsauzx args cur (gc_join_mmsauz args rell auz)
(map (A(t, rel). (t, join rel (args_pos args) rell)) auxlist)
(proof)

fun add_new_table_mmsauz :: args = 'a table = 'a mmsaur = 'a mmsauxr where
add_new__table_mmsauz args X (t, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) =
(let tuple_since = upd__set tuple__since (A_. t) (X — Mapping.keys tuple__since) in
(if 0 > left (args_ivl args) then (t, gc, maskL, maskR, data__prev, append _queue (t, X) data__in,
upd__set tuple_in (A_. t) X, tuple_since)
else (t, gc, maskL, maskR, append__queue (t, X) data__prev, data__in, tuple in, tuple since)))

lemma valid__add_new_table__mmsaux_unfolded:
assumes valid__before: valid_mmsaux args cur
(nt, gc, maskL, maskR, data__prev, data__in, tuple_in, tuple_since) auxlist
and table_X: table (args_n args) (args_R args) X
shows wvalid_mmsauz args cur (add_new_table_mmsauz args X
(nt, gc, maskL, maskR, data__prev, data__in, tuple_in, tuple_ since))
(case auzlist of
[ => [(cur, X)]
| ((¢, y) # ts) = if t = cur then (I, y U X) # ts else (cur, X) # auzlist)
(proof)

lemma valid add new table mmsauz:
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assumes valid__before: valid_mmsaux args cur aux auzlist
and table X: table (args_n args) (args_R args) X
shows valid_mmsaux args cur (add_new_table _mmsauzx args X aux)
(case auzlist of
I => [(cur, X)]
| ((t, y) # ts) = if t = cur then (t, y U X) # ts else (cur, X) # auzlist)
(proof )

lemma foldr_ts_tuple_ rel:
as € foldr (U) (concat (map (A(t, rel). if Pt then [rel] else []) auxlist)) {} +—
(3t. (t, as) € ts_tuple_rel (set auxlist) N\ P t)

(proof)

lemma image snd: (a, b)) € X = b € snd ‘ X
(proof)

fun result _mmsaux :: args = 'a mmsauz = 'a table where
result_mmsauz args (nt, gc, maskL, maskR, data_prev, data_in, tuple_in, tuple_since) =
Mapping.keys tuple_in

lemma valid__result__mmsaux_unfolded:
assumes valid__mmsauzr args cur
(t, gc, maskL, maskR, data_prev, data__in, tuple_in, tuple_since) auxlist
shows result_mmsauz args (t, gc, maskL, maskR, data__prev, data__in, tuple in, tuple since) =
foldr (V) [rel. (t, rel) < auzlist, left (args_ivl args) < cur — ] {}
(proof)

lemma wvalid__result__mmsaux: valid_mmsauz args cur auz auxlist —>
result_mmsauz args auz = foldr (U) [rel. (t, rel) < auxzlist, left (args_ivl args) < cur — ] {}
(proof)

interpretation default _msaux: msauz valid_mmsaux init_mmsauz add__new_ts _mmsaux gc_join_mmsaux
add_new table _mmsauzr result _mmsaux

(proof)
7.3 Optimized data structure for Until
type__synonym tp = nat

type__synonym 'a mmuaux = tp X ts queue x nat X bool list x bool list x
("a tuple, tp) mapping x (tp, ('a tuple, ts + tp) mapping) mapping X 'a table list x nat

definition tstp_ It :: ts + tp = ts = tp = bool where
tstp_ It tstp ts tp = case_sum (\ts'. ts’ < ts) (Mtp’. tp’ < tp) tstp

definition tstp_le :: ts + tp = ts = tp = bool where
tstp_le tstp ts tp = case_sum (Ats'. ts’ < ts) (\tp'. tp’ < tp) tstp

definition ts_tp_ It :: ts = tp = ts + tp = bool where
ts_tp It ts tp tstp = case_sum (Ats'. ts < ts’) (Mtp'. tp < tp’) tstp

definition ts_tp_It' :: ts = tp = ts + tp = bool where
ts_tp lt' ts tp tstp = case_sum (\ts'. ts < ts') (\tp’. tp < tp') tstp

definition ts_tp_le :: ts = tp = ts + tp = bool where
ts_tp_le ts tp tstp = case_sum (\ts'. ts < ts') (\tp’. tp < tp’) tstp

fun mazx_tstp :: ts + tp = ts + tp = ts + tp where
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maz__tstp (Inl ts) (Inl ts') = Inl (maz ts ts’)
| maz__tstp (Inr tp) (Inr tp’) = Inr (maz tp tp’)
| maz_tstp (Inl ts) _ = Inl ts
| maz_tstp _ (Inl ts) = Inl ts

lemma maz__tstp__idem: maz_tstp (maz_tstp x y) y = maz_tstp z y

(proof)

lemma max_tstp_idem': max__tstp x (max_tstp T y) = maz_tstp Ty

(proof)

lemma mazx_tstp_d_d: maz_tstp dd = d
(proof )

lemma maz_cases: (maz a b= a = P) = (maza b=b=— P) = P

(proof)

lemma mazx_tstpE: isl tstp < isl tstp’ = (maz__tstp tstp tstp’ = tstp — P) —
(maz__tstp tstp tstp’ = tstp’ = P) = P

(proof)

lemma maz_tstp_intro: tstp_ It tstp ts tp = tstp_ It tstp’ ts tp = isl tstp +— isl tstp’ =—>
tstp_ It (max__tstp tstp tstp’) ts tp
(proof)

lemma maz_tstp_intro’: isl tstp +— isl tstp’ —
ts_tp_le ts' tp’ tstp = ts_tp_le ts' tp’ (maz_tstp tstp tstp’)
(proof)

lemma maz_tstp_intro’’: isl tstp «— isl tstp’ =
ts_tp_le ts’' tp’ tstp’ = ts_tp_le ts' tp’ (maz_tstp tstp tstp’)

(proof)

lemma maz_tstp_intro’’": isl tstp «— isl tstp’ =—>
ts_tp lt' ts' tp’ tstp = ts_tp_lt' ts' tp’ (max_tstp tstp tstp”)
(proof )

111,

lemma maz_tstp_intro’’"’: isl tstp «— isl tstp’ =
ts_tp It' ts' tp' tstp’ = ts_tp It' ts' tp’ (max_tstp tstp tstp’)
(proof )

lemma max_tstp_isl: isl tstp < isl tstp’ = isl (mazx_tstp tstp tstp') < isl tstp

(proof)

definition filter _al map :: bool = tp = (a tuple, tp) mapping = ’a table where
filter_al_map pos tp al_map =
{zs € Mapping.keys al_map. case Mapping.lookup al_map zs of Some tp’ =
(pos — tp’ < tp) A (—pos — tp < tp')}

definition filter_a2 _map :: T = ts = tp = (tp, ('a tuple, ts + tp) mapping) mapping =
‘a table where
filter_a2_map I ts tp a2_map = {zs. Itp’ < tp. (case Mapping.lookup a2_map tp’ of Some m =
(case Mapping.lookup m xs of Some tstp = ts_tp_lt' ts tp tstp | _ = False)
| _ = False)}

fun triple_eq pair :: ("a x b x 'c) = (‘a x 'd) = ('d = 'b) = (‘a = 'd = 'c) = bool where
triple_eq_pair (t, al, a2) (ts’, tp') fg+—t=1ts'ANal = ftp'’ Na2 =gts' tp’
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fun valid _mmuauz’ :: args = ts = ts = 'a mmuaur = 'a muauxr = bool where
valid_mmuauz’ args cur dt (tp, tss, len, maskL, maskR, al_map, a2_map,

done, done_length) auxlist <—

args__L args C args_R args N\

maskL = join_mask (args_n args) (args_L args) A

maskR = join_mask (args_n args) (args_R args) A

len < tp N

length (linearize tss) = len A sorted (linearize tss) A

(Vt € set (linearize tss). t < cur A enat cur < enat t + right (args_ivl args)) A

table (args_n args) (args__L args) (Mapping.keys al_map) A

Mapping.keys a2_map = {tp — len..tp} A

(Vzs € Mapping.keys al_map. case Mapping.lookup al_map xs of Some tp’ = tp’ < tp) A

(Vtp' € Mapping.keys a2_map. case Mapping.lookup a2_map tp' of Some m =
table (args_n args) (args_R args) (Mapping.keys m) A
(Vzs € Mapping.keys m. case Mapping.lookup m zs of Some tstp =
tstp_lt tstp (cur — (left (args_ivl args) — 1)) tp A (isl tstp «— left (args_ivl args) > 0))) A

length done = done__length N length done + len = length auxlist N\

rev done = map proj__thd (take (length done) auzlist) A

(Vz € set (take (length done) auzlist). check_before (args_ivl args) dt z) A

sorted (map fst auzlist) N

list_all2 (Az y. triple_eq_pair x y (Mp'. filter_al_map (args_pos args) tp’ al_map)
(\ts' tp’. filter_a2_map (args_ivl args) ts' tp’ a2_map)) (drop (length done) auzlist)
(zip (linearize tss) [tp — len..<tp])

definition valid_mmuaux :: args = ts = 'a mmuauz = 'a muauz =
bool where
. . !
valid_mmuaux args cur = valid_mmuauz’ args cur cur

fun eval_step_mmuaux :: 'a mmuaur = 'a mmuauz where
eval__step__mmuaux (tp, tss, len, maskL, maskR, al_map, a2_map,
done, done_length) = (case safe_hd tss of (Some ts, tss') =
(case Mapping.lookup a2_map (tp — len) of Some m =
let m = Mapping.filter (\_ tstp. ts_tp_It' ts (tp — len) tstp) m;
T = Mapping.keys m;
a2_map = Mapping.update (tp — len + 1)
(case Mapping.lookup a2_map (tp — len + 1) of Some m' =
Mapping.combine (\tstp tstp’. maz_tstp tstp tstp’) m m’) a2_map;
a2_map = Mapping.delete (tp — len) a2_map in
(tp, tl_queue tss’, len — 1, maskL, maskR, al_map, a2_map,
T # done, done_length + 1)))

lemma Mapping update_keys: Mapping.keys (Mapping.update a b m) = Mapping.keys m U {a}
(proof )

lemma drop_is Cons_take: drop n s = y # ys = take (Suc n) zs = take n zs Q [y]

(proof)

lemma list_all2 weaken: list_all2 f xs ys =
(Az y. (z, y) € set (zip zs ys) = fay = f' zy) = list_all2 f' x5 ys
(proof )

lemma Mapping_lookup__delete: Mapping.lookup (Mapping.delete k m) k' =
(if k = k' then None else Mapping.lookup m k')

(proof)

lemma Mapping_lookup__update: Mapping.lookup (Mapping.update k v m) k' =
(if k = k' then Some v else Mapping.lookup m k')
(proof )
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lemma hd_le set: sorted xs —> x € set xs =—> hd zs < x
(proof )

lemma Mapping_lookup__combineE: Mapping.lookup (Mapping.combine f m m’) k = Some v =
(Mapping.lookup m k = Some v = P) =
(Mapping.lookup m' k = Some v = P) =
(Av’ v'"". Mapping.lookup m k = Some v' => Mapping.lookup m' k = Some v’ =
fo'v'=v= P)=P

(proof)

lemma Mapping keys filterl: Mapping.lookup m k = Some v = fk v =
k € Mapping.keys (Mapping.filter f m)
(proof)

lemma Mapping keys_filterD: k € Mapping.keys (Mapping.filter f m) =
Jv. Mapping.lookup m k = Some v A fkv
(proof)

fun lin_ts mmuauz :: 'a mmuauz = ts list where
lin__ts_mmuauz (tp, tss, len, maskL, maskR, al_map, a2 _map, done, done_length) =
linearize tss

lemma wvalid_eval step mmuauz’”:
assumes valid_mmuauz’ args cur dt aux auzlist
lin_ts_mmuaux auz = ts # tss'"’ enat ts + right (args_ivl args) < dt
shows valid_mmuaux’ args cur dt (eval step_ mmuauz aux) auzlist N
lin_ts_mmuaux (eval _step_mmuaux auz) = tss’’

(proof)

lemma done__empty_valid_mmuauz’_intro:
assumes valid _mmuaux’ args cur dt
(tp, tss, len, maskL, maskR, al_map, a2_map, done, done_length) auzlist
shows valid _mmuaux’ args cur dt’
(tp, tss, len, maskL, maskR, al_map, a2_map, [], 0)
(drop (length done) auzlist)
(proof)

. ’
lemma valid _mmuaux’ mono:
assumes valid_mmuauz’ args cur dt aux auzlist dt < dt’
shows valid _mmuauz’ args cur dt’ auz auzlist

(proof)

lemma valid_foldl eval step mmuauz’”
assumes valid_before: valid_mmuauz’ args cur dt auz auzlist
lin_ts_mmuauz aux = tss Q tss’
Nts. ts € set (take (length tss) (lin_ts mmuauz auz)) => enat ts + right (args_ivl args) < dt
shows valid_mmuaux’ args cur dt (foldl (\auz __. eval step mmuauz auz) auz tss) auzlist A
lin_ts_mmuaux (foldl (Aauz __. eval _step_mmuaux auz) auz tss) = tss’

(proof)

lemma sorted_drop While_filter: sorted xs = drop While (At. enat t + right I < enat nt) zs =
filter (At. —enat t + right I < enat nt) xs

(proof)

fun shift _mmuauz :: args = ts = 'a mmuauxr = 'a mmuauzr where
shift_mmuauz args nt (tp, tss, len, maskL, maskR, al_map, a2_map, done, done_length) =
(let tss_list = linearize (takeWhile_queue (At. enat t + right (args_ivl args) < enatl nt) tss) in
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foldl (Mauz __. eval_step_ mmuauz auz) (tp, tss, len, maskL, maskR,
al_map, a2_map, done, done_length) tss_list)

lemma valid _shift _mmuauz’:
assumes valid _mmuauz’ args cur cur auz auxlist nt > cur
shows valid_mmuauz’ args cur nt (shift_mmuauz args nt auz) auzlist A
(Vs € set (lin_ts_mmuauz (shift_mmuauz args nt aux)). —enat ts + right (args_ivl args) < nt)

(proof)

lift_definition upd_set’ :: (‘a, 'b) mapping = b = (‘b = 'b) = 'a set = ('a, 'b) mapping is
Am dfX a. (if a € X then (case Mapping.lookup m a of Some b = Some (f b) | None = Some d)
else Mapping.lookup m a) (proof)

lemma upd_set’_lookup: Mapping.lookup (upd_set’ m d f X) a = (if a € X then
(case Mapping.lookup m a of Some b = Some (f b) | None = Some d) else Mapping.lookup m a)
(proof )

lemma upd_set’_keys: Mapping.keys (upd_set’ m d f X) = Mapping.keys m U X
(proof )

lift_ definition upd_nested :: (‘a, ('b, 'c) mapping) mapping =
‘e = (e = 'c) = (a x 'b) set = (‘a, ('b, 'c) mapping) mapping is
Am d f X a. case Mapping.lookup m a of Some m' = Some (upd_set’ m’ d f {b. (a, b) € X})
| None = if a € fst * X then Some (upd__set’ Mapping.empty d f {b. (a, b) € X}) else None (proof)

lemma upd_nested_lookup: Mapping.lookup (upd_nested m d f X) a =
(case Mapping.lookup m a of Some m' = Some (upd_set’ m' d f {b. (a, b) € X})
| None = if a € fst * X then Some (upd_set’ Mapping.empty d f {b. (a, b) € X}) else None)
(proof)

lemma upd_nested_keys: Mapping.keys (upd_nested m d f X) = Mapping.keys m U fst * X
(proof)

fun add_new mmuauz :: args = 'a table = 'a table = ts = 'a mmuaur = ‘o mmuauz where
add__new__mmuaux args rell rel2 nt aur =
(let (tp, tss, len, maskL, maskR, al_map, a2_map, done, done_length) =
shift_mmuaux args nt aux;
I = args_ivl args; pos = args__pos args;
new__tstp = (if left I = 0 then Inr tp else Inl (nt — (left I — 1)));
tmp = J ((\as. case Mapping.lookup al_map (proj_tuple maskL as) of None =
(if —pos then {(tp — len, as)} else {})
| Some tp’ = if pos then {(max (tp — len) tp’, as)}
else {(maz (tp — len) (tp’ + 1), as)}) “rel2) U (if left I = 0 then {tp} X rel2 else {});
a2_map = Mapping.update (tp + 1) Mapping.empty
(upd_nested a2_map new__tstp (max__tstp new_tstp) tmp);
al_map = (if pos then Mapping.filter (Aas __. as € rell)
(upd_set al_map (A_. tp) (rell — Mapping.keys al_map)) else upd_set al_map (A_. tp) rell);
tss = append__queue nt tss in
(tp + 1, tss, len + 1, maskL, maskR, al_map, a2_map, done, done_length))

lemma fst_case: (Az. fst (case z of (¢, al, a2) = (¢, y t al a2, z t al a2))) = fst
(proof)

lemma list_all2_in_setE: list_all2 P zs ys = z € set xs = (A\y. y € setys = Pry = Q) = @

(proof)

lemma list_all2 zip: list_all2 (\z y. triple_eq _pair z y [ g) xs (zip ys zs) =
(Ay. y € set ys = Q y) = = € set s = Q (fst )
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(proof)

lemma list__appendE: s = ys Q zs = x € set s —>
(z € set yg = P) = (v € set z2s = P) = P
(proof)

lemma take_ take While: n < length ys =
(Ay. y € set (take n ys) = P y) =
(Ay. y € set (drop n ys) = —-Py) =
take n ys = takeWhile P ys

(proof)

lemma valid _add new mmuauz:
assumes valid__before: valid_mmuauz args cur auz auxlist
and tabs: table (args_n args) (args_L args) rell table (args_n args) (args_R args) rel2
and nt_mono: nt > cur
shows valid_mmuauz args nt (add_new_mmuauz args rell rel2 nt aux)
(update__until args rell rel2 nt auzlist)

(proof)

lemma list_all2_check_before: list_all2 (Az y. triple_eq pair z y f g) zs (zip ys zs) =
(Ay. y € set ys = —enat y + right I < nt) = x € set s = —check__before I nt x
(proof )

fun eval_mmuauz :: args = ts = 'a mmuauzr = 'a table list X 'a mmuaur where
eval _mmuauz args nt aur =
(let (tp, tss, len, maskL, maskR, al_map, a2_map, done, done_length) =
shift_mmuauzx args nt aux in
(rev done, (tp, tss, len, maskL, maskR, al_map, a2_map, [|, 0)))

lemma valid_eval mmuauz:
assumes valid__mmuauz args cur aux auxlist nt > cur
’ . . . ’ .,
eval_mmuauz args nt auz = (res, auz’) eval_until (args_ivl args) nt auzlist = (res’, auxlist’)
shows res = res’ A walid_mmuaux args cur auz’ auzlist’

(proof)

definition nit_mmuauz :: args = 'a mmuaur where
init_mmuauz args = (0, empty__queue, 0,
join_mask (args_n args) (args_L args), join_mask (args_n args) (args_R args),
Mapping.empty, Mapping.update 0 Mapping.empty Mapping.empty, ||, 0)

lemma wvalid_init_mmuauz: L C R = wvalid_mmuaux (init_args In L R b) 0
(4nit_mmuauz (init_args In L R b)) ||
(proof)

fun length__mmuauz :: args = 'a mmuauz = nat where
length_mmuauz args (tp, tss, len, maskL, maskR, al_map, a2_map, done, done_length) =
len + done__length

lemma valid_length__mmuauz:

assumes valid_mmuauz args cur aur auxlist
shows length _mmuaux args auxr = length auxlist

(proof)

8 Instantiation of the generic algorithm and code setup

declare [[code drop: card]] Set_Impl.card_ code|code]
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instantiation enat :: set_impl begin
definition set_impl_enat :: (enat, set_impl) phantom where
set__impl_enat = phantom set_ RBT

instance (proof)
end

derive ccompare Formula.trm

derive (eq) ceq Formula.trm

derive (rbt) set_impl Formula.trm

derive (eq) ceq Monitor.mregex

derive ccompare Monitor.mregex

derive (rbt) set_impl Monitor.mregex
derive (rbt) mapping_impl Monitor.mregex
derive (no) cenum Monitor.mregex

derive (rbt) set_impl event_data

derive (rbt) mapping_impl event_data

definition add_new mmuaux’ :: args = event_ data table = event data table = ts = event_ data
mmuauxr =

event data mmuauxr where

add_new mmuauz’ = add_new mmuauz

interpretation muauz valid_mmuauz init_mmuauz add_new_mmuauz’ length__mmuauzr eval_mmuauz
(proof )

type__synonym ‘a vmsaur = nat X (nat X ‘a table) list

definition valid__vmsaux :: args = nat = event_data vmsaur =
(nat x event_data table) list = bool where
valid_vmsauz = (A_ cur (¢, auz) auzlist. t = cur A\ auz = auzlist)

definition init_vmsauz :: args = event_data vmsauxr where
init_vmsaur = (A_. (0, []))

definition add_new_ts vmsauz :: args = nat = event_data vmsaux = event_data vmsaur where
add_new_ts_vmsaux = (Aargs nt (t, auxlist). (nt, filter (A(t, rel).
enat (nt — t) < right (args_ivl args)) auzlist))

definition join__vmsauz :: args = event__data table = event data vmsaur = event__data vmsauxr where
join_vmsauz = (Aargs rell (t, auzlist). (t, map (A(t, rel).
(t, join rel (args_pos args) rell)) auzlist))

definition add_new_table_vmsauz :: args = event_data table = event_data vmsaur =
event_data vmsaur where
add_new_table_vmsaur = (Aargs rel2 (cur, auzlist). (cur, (case auxlist of
[ => [(cur, rel2)]
| ((t, y) # ts) = if t = cur then (t, y U rel2) # ts else (cur, rel2) # auzlist)))

definition result _vmsauz :: args = event_data vmsaur = event_data table where
result_vmsauz = (Aargs (cur, auzlist).
foldr (U) [rel. (t, rel) < auxlist, left (args_ivl args) < cur — ] {})
type__synonym ‘a vmuauzr = nat X (nat X 'a table X 'a table) list
definition valid__vmuauz :: args = nat = event_data vmuauzr =

(nat x event_data table X event_data table) list = bool where
valid_vmuauz = (A_ cur (t, auz) auzlist. t = cur A auz = auzlist)
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definition init_vmuauz :: args = event_data vmuauxr where
init_vmuauz = (A_. (0, []))

definition add_new vmuaux :: args = event_data table = event_data table = nat =
event__data vmuaur = event_data vmuaur where
add_new_vmuaux = (Aargs rell rel2 nt (t, auxlist). (nt, update_until args rell rel2 nt auzlist))

definition length__vmuauz :: args = event_data vmuauzr = nat where
length_vmuauz = (A_ (_, auzlist). length auzlist)

definition eval _vmuauz :: args = nat = event_data vmuaur =
event__data table list x event data vmuaur where
eval_vmuauz = (Aargs nt (¢, auzlist).
(let (res, auzlist’) = eval _until (args_ivl args) nt auzlist in (res, (t, auzlist’))))

global__interpretation verimon_ mauz: mauzx valid_vmsaux init_vmsaux add__new__ts _vmsaux join__vmsaux
add_new__table _vmsauz result _vmsauz valid__vmuauz init_vmuauzr add_new__vmuauz length _vmuaux
eval _vmuauz

defines vminit0 = mauz.minit0 (init_vmsaeuz :: _ = event_data vmsauz) (init_vmuauz :: _ =
event__data vmuauz) :: __ = Formula.formula = _

and vminit = mauzx.minit (im'tivmsaux i1 = event_data vmsaux) (z’nitivmuauz i1 = event_data
vmuauz) :: Formula.formula =

and vminit_safe = mauz.minit_safe (init_vmsauz :: __ = event_data vmsauz) (init_vmuauz :: _ =

event__data vmuauz) :: Formula.formula = __
and vmupdate__since = maux.update__since add__new__ts _vmsauz join__vmsaux add__new__table _vmsaux

(result_vmsauz :: _ = event_data vmsaur = event_ data table)
and vmeval = mauz.meval add_new__ts_vmsauz join_vmsaux add_new__table _vmsaux (result_vmsauz
i _ = event_data vmsaur = _) add_new_vmuauz (eval_vmuauzr :: _ = __ = event_data vmuaur =

)

and vmstep = mauz.mstep add_new__ts_vmsauz join_vmsaux add_new_table _vmsaux (result_vmsauz
i _ = event_data vmsaur = _) add_new_vmuauz (eval_vmuauz :: _ = __ = event_data vmuaur =
)

and vmsteps0__stateless = mauz.mstepsO__stateless add__new__ts_vmsaux join_vmsauzx add_new__table_vmsauz
(result_vmsauz :: _ = event_data vmsaur = _) add_new_vmuauz (eval _vmuaux :: _ = __ = event_data
vmuaur = _)

and vmsteps__stateless = maux.msteps__stateless add__new__ts _vmsaux join__vmsauz add__new__table__vmsaux
(result_vmsauz :: _ = event_data vmsaur = _) add_new_vmuauz (eval _vmuaux :: _ = _ = event_data
vmuaur = _)

and vmonitor = maux.monitor init__vmsaux add__new__ts _vmsauz join__vmsaux add__new_table _vmsaux

(result_vmsauz :: _ = event__data vmsaur = _) init_vmuauz add_new_vmuauz (eval _vmuauz :: _ =
_ = event_data vmuaur = _)

(proof)
global__interpretation default mauz: maux valid _mmsauzx init_mmsauz :: _ = event_data mmsaux
add_new_ts_mmsauz gc_join_mmsaux add__new_table _mmsauzx result _mmsauz

valid_mmuauz init_mmuauz :: _ = evenl_data mmuauz add_new _mmuauz’ length__mmuauz eval _mmuaux

defines minit0 = mauz.minit0 (init_mmsaux :: _ = event_data mmsauz) (init_mmuauz = __ =
event__data mmuauz) :: __ = Formula.formula = __

and minit = mauz.minit (init_mmsauz :: _ = event_data mmsauz) (init_mmuaux :: _ = event_data
mmuauz) :: Formula.formula = _

and minit_safe = maux.minit_safe (init_mmsauz :: _ = event__data mmsauz) (init_mmuauz :: _ =

event__data mmuauz) :: Formula.formula = __
and mupdate__since = mauz.update_since add_new_ts _mmsauzr gc_join_mmsaux add_new table _mmsauzx

(result_mmsauz :: _ = event_data mmsaur = event_data table)

and meval = mauz.meval add_new__ts_mmsauz gc__join_mmsauz add_new__table_mmsauz (result_mmsauz
= event_data mmsaur = _) add_new_ mmuauz’ (eval _mmuauz :: _ = _ = event_data mmuaux
=_)
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and mstep = mauz.mstep add_new__ts_mmsauz gc__join_mmsauz add_new__table_mmsaux (result_mmsauz
i _ = event_data mmsaur = _) add_new_mmuauz’ (eval_mmuauz :: _ = _ = event_data mmuauz
= _)

and msteps0__stateless = mauz.mstepsO__stateless add__new__ts _mmsaux gc__join_mmsauz add_new__table__mmsaux
(result_mmsauz :: _ = event_data mmsaux = _) add_new mmuauz’ (eval_mmuauz :: _ = _ =
event__data mmuauxr = _)

and msteps__stateless = maux.msteps__stateless add__new__ts _mmsaux gc_ join_mmsauz add__new__table__mmsaux
(result_mmsauz :: _ = event_data mmsaux = _) add_new mmuauz’ (eval_mmuauz :: _ = _ =
event__data mmuauzr = _)

and monitor = maux.monitor init_mmsaux add_new__ts _mmsaux gc_join_mmsauz add_new_table_mmsaux

(result_mmsauz :: _ = event_data mmsaur = _) init_mmuaux add_new mmuauz’ (eval_mmuauz ::
_ = _ = event_data mmuaux = _)
(proof )

lemma image_these: f ¢ Option.these X = Option.these (map_ option f ¢ X)
(proof )

thm default _mauz.meval.simps(2)

lemma meval _MPred: meval n t db (MPred e ts) =
(case Mapping.lookup db e of None = [{}] | Some Xs = map (AX. Jv € X.
(set_option (map_option (Nf. Table.tabulate f 0 n) (match ts v)))) Xs, MPred e ts)

(proof)

lemmas meval _code[code] = default _mauz.meval.simps(1) meval _MPred default _mauz.meval.simps(3—)

definition mk_db :: (Formula.name x event_data list set) list = __ where
mk_db t = Monitor.mk_db (Jn € set (map fst t). (Av. (n, v)) ‘ the (map_of t n))

definition 7bt_fold :: _ = event_data tuple set_rbt = _ = _ where
rbt_fold = RBT Set2.fold

definition bt _empty :: event_ data list set_rbt where
rbt_empty = RBT _Set2.empty

definition rbt_insert :: = = event data list set_rbt where
rbt_insert = RBT Set2.insert

lemma saturate commute:
assumes As. 7 € gs \s. g (insertrs) =gs \s. 7€ s=hs=gs
and terminates: mono ¢ NX. X C C = ¢ X C C finite C

shows saturate g {} = saturate h {r}

(proof)

definition RPDs_auz = saturate (A\S. S U|J (RPD *5))

lemma RPDs__auz__code[code]:
RPDs_auz S = (let S = S U Set.bind S RPD in if S’ C S then S else RPDs_auz S’)

(proof)

declare RPDs_code[code del]
lemma RPDs code[code]: RPDs r = RPDs _auz {r}

(proof)

definition LPDs_aux = saturate (AS. S U J (LPD *5))

lemma LPDs _auz_code[code]:
LPDs_auz S = (let S' = S U Set.bind S LPD in if S’ C S then S else LPDs_auz S’)
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(proof)

declare LPDs_code[code del]
lemma LPDs_code[code]: LPDs r = LPDs_aux {r}

(proof)

lemma is__empty_table_unfold [code_unfold]:
X = empty_table «+— Set.is_empty X
empty__table = X <— Set.is_empty X
set_eq X empty_table <— Set.is_empty X
set__eq empty_table X <— Set.is_empty X
X = (set_empty impl) <— Set.is_empty X
(set_empty impl) = X <— Set.is_empty X
set_eq X (set_empty impl) <— Set.is_empty X
set_eq (set_empty impl) X <— Set.is_empty X
(proof)

lemma tabulate_rbt_code[code]: Monitor.mrtabulate (zs :: mregez list) f =

(case ID CCOMPARE (mregex) of None = Code.abort (STR "tabulate RBT_Mapping: ccompare =
None'") (A_. Monitor.mrtabulate (zs :: mregex list) f)

| _ = RBT_ Mapping (RBT_Mapping2.bulkload (List.map__ filter (k. let fk = fk in if fk = empty__table
then None else Some (k, fk)) zs)))

(proof)

lemma combine_ Mapping|code]:
fixes t :: (‘a :: ccompare, 'b) mapping_rbt shows
Mapping.combine f (RBT_Mapping t) (RBT_Mapping u) =
(case ID CCOMPARE('a) of None = Code.abort (STR ''combine RBT _Mapping: ccompare = None")
(A_. Mapping.combine f (RBT_Mapping t) (RBT_Mapping u))
| Some _ = RBT _Mapping (RBT_Mapping2.join (A_. f) t u))
(proof )

lemma upd_set__empty[simp|: upd_set m f {} = m
(proof )

lemma upd_set_insert[simp|: upd_set m f (insert © A) = Mapping.update z (f z) (upd_set m f A)
(proof )

lemma upd__set_fold:

assumes finite A

shows upd_set m f A = Finite_Set.fold (Aa. Mapping.update a (f a)) m A
(proof)

lift__definition upd_cfi :: (‘a = 'b) = (‘a, (‘a, 'b) mapping) comp_fun_idem
is Af a m. Mapping.update a (f a) m
(proof)

lemma upd_set_code[code]:

upd__set m f A = (if finite A then set_fold_cfi (upd_cfi f) m A else Code.abort (STR "upd__set: infinite’’)
(A_. upd_set m f A))

(proof)

lemma lezordp__eq code[code]: lexordp _eq xs ys <— (case zs of [| = True

|  # zs = (case ys of [| = False
| y # ys = if < y then True else if x > y then False else lexordp__eq xs ys))

(proof)

definition filter_set m X t = Mapping.filter (filter_cond X m t) m
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declare [[code drop: shift_end]]
declare shift_end.simps|folded filter_set_def, code]

lemma upd_set’_empty[simp]: upd_set’ m d f {} = m
(proof)

lemma upd_set’ insert: d = fd = (Nz. f (fz) = fz) = upd_set’ m d f (insert z A) =
(let m" = (upd_set’ m d f A) in case Mapping.lookup m' x of None = Mapping.update z d m’
| Some v = Mapping.update x (f v) m’)
(proof )

lemma upd_set’ _auzl: upd_set’ Mapping.empty d f {b. b=k V (a, b) € A} =
Mapping.update k d (upd_set’ Mapping.empty d f {b. (a, b) € A})
(proof)

lemma upd_set’_auz2: Mapping.lookup m k = None = upd_set' m d f {b. b =k V (a, b) € A} =
Mapping.update k d (upd_set’ m d f {b. (a, b) € A})
(proof )

lemma upd_set’ _auz3: Mapping.lookup m k = Some v => upd_set' m d f {b. b =k V (a, b) € A} =
Mapping.update k (f v) (upd_set’ m d f {b. (a, b) € A})
(proof)

lemma upd_set’ _auz: k ¢ fst * A = upd_set’ Mapping.empty d f {b. (k, b) € A} = Mapping.empty
(proof )

lemma upd_nested__empty[simp): upd_nested m d f {} = m
(proof)

definition upd_nested_step :: 'c = ('c = '¢c) = ‘a x 'b = (‘a, ('b, 'c) mapping) mapping =
('a, (b, 'c) mapping) mapping where
upd__nested_step d f x m = (case x of (k, k') =
(case Mapping.lookup m k of Some m' =
(case Mapping.lookup m' k' of Some v = Mapping.update k (Mapping.update k' (f v) m’) m
| None = Mapping.update k (Mapping.update k' d m') m)
| None = Mapping.update k (Mapping.update k' d Mapping.empty) m))

lemma upd_nested__insert:
d=fd= (A\z. f (fz) = fz) = upd_nested m d f (insert z A) =
upd__nested__step d f x (upd_nested m d f A)
(proof)

definition upd_nested _maz_tstp where
upd__nested_maz_tstp m d X = upd_nested m d (maz_tstp d) X

lemma upd_nested__maz_tstp_ fold:

assumes finite X

shows upd_nested_maz_tstp m d X = Finite_Set.fold (upd_nested_step d (max_tstp d)) m X
(proof)

lift_ definition upd_nested _maz_tstp cfi :
ts + tp = (‘a x b, ('a, ('b, ts + tp) mapping) mapping) comp_fun_idem
is Ad. upd_nested_step d (maz_tstp d)
(proof)

lemma upd_nested _maz_tstp_ code[code]:
upd__nested_maz_tstp m d X = (if finite X then set_fold_cfi (upd_nested _mazx_tstp_cfi d) m X
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else Code.abort (STR "'upd_nested _maz_tstp: infinite’’) (A_. upd_nested_maz_tstp m d X))
(proof )

declare [[code drop: add_new_mmuauz’])
declare add_new_mmuauz’_def[unfolded add_new_mmuauz.simps, folded upd_nested_maz__tstp_ def,

code]

lemma filter__set__empty[simp]: filter_set m {} t = m

(proof)

lemma filter_set_insert[simp|: filter_set m (insert x A) t = (let m’ = filter_set m A t in
case Mapping.lookup m' z of Some v = if t = u then Mapping.delete x m' else m' | _ = m/)
(proof)

lemma filter _set_fold:
assumes finite A
shows filter_set m A t = Finite_Set.fold (Aa m.
case Mapping.lookup m a of Some u = if t = u then Mapping.delete a m else m | _ = m) m A

(proof)

lift__definition filter_cfi :: ‘o0 = ('a, (‘a, 'b) mapping) comp__fun_idem
is A\t a m.
case Mapping.lookup m a of Some v = if t = u then Mapping.delete a m else m | _ = m

{proof)

lemma filter__set__code[code]:

filter_set m A t = (if finite A then set_fold_cfi (filter_cfi t) m A else Code.abort (STR "'upd_set:
infinite’’) (\_. filter_set m A t))

(proof )

lemma filter__Mapping|code]:
fixes t :: (‘a :: ccompare, 'b) mapping_rbt shows
Mapping.filter P (RBT _Mapping t) =
(case ID CCOMPARE('a) of None = Code.abort (STR 'filter RBT _Mapping: ccompare = None'’)
(A_. Mapping.filter P (RBT_Mapping t))
| Some _ = RBT_Mapping (RBT_Mapping?2.filter (case_prod P) t))
(proof)

definition filter join pos X m = Mapping.filter (join_filter__cond pos X) m

declare [[code drop: join_mmsauz]]
declare join_mmsauz.simps|folded filter_join_ def, code]

lemma filter_join_False__empty: filter_join False {} m = m
(proof)

lemma filter_join_False_insert: filter_join False (insert a A) m =
filter_join False A (Mapping.delete a m)
(proof)

lemma filter_join__ False:
assumes finite A
shows filter_join False A m = Finite_ Set.fold Mapping.delete m A

(proof)

lift__definition filter_not_in_cfi :: (‘a, ('a, 'b) mapping) comp__fun_idem is Mapping.delete
(proof)
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lemma filter join_code[code]:
filter__join pos A m =
(if —pos A finite A A card A < Mapping.size m then set_fold cfi filter_not_in_cfi m A
else Mapping.filter (join_ filter__cond pos A) m)
(proof)

definition set _minus :: 'a set = 'a set = ’a set where
set._ minus X Y =X — Y

lift_ definition remove_cfi :: (‘a, 'a set) comp_ fun_idem
is Ab a. a — {b}
(proof)

lemma set__minus_finite:
assumes fin: finite Y
shows set_minus X Y = Finite_Set.fold (Aa X. X — {a}) X Y

(proof)

lemma set__minus_code[code]: set_minus X Y =
(if finite Y A card Y < card X then set_fold_cfi remove_cfi X Y else X — Y)

(proof)

declare [[code drop: bin__join]]
declare bin__join.simps[folded set_minus_def, code]

definition remove_ Union where
remove_Union A X B=A — (JUz € X. Bx)

lemma remove_ Union__finite:
assumes finite X
shows remove_ Union A X B = Finite_Set.fold (At A. A — Bz) A X

(proof)

lift__definition remove_ Union_cfi :: (‘a = 'b set) = ('a, 'b set) comp_fun_idem is \Bz A. A — Bz
(proof)

lemma remove__Union__code[code]: remove__Union A X B =
(if finite X then set_fold_cfi (remove__Union_cfi B) A X else A — (Jz € X. B 1))

{proof)

lemma tabulate _remdups: Mapping.tabulate xs f = Mapping.tabulate (remdups xs) f
(proof)

lift__definition clearjunk :: (String.literal x event_data list set) list = (String.literal, event_data list
set list) alist is
At. List.map_ filter (A(p, X). if X = {} then None else Some (p, [X])) (AList.clearjunk t)

(proof)

lemma map_filter _snd_map_ filter: List.map_ filter (A(a, b). if P b then None else Some (f a b)) zs =
map (A(a, b). fab) (filter (Az. = P (snd z)) zs)
(proof)

lemma mk db code alist:
mk_db t = Assoc__List_Mapping (clearjunk t)
(proof )

lemma mk_db_ code[code]:
mk_db t = Mapping.of alist (List.map_ filter (A(p, X). if X = {} then None else Some (p, [X]))

95



(AList.clearjunk t))
(proof)

declare [[code drop: New__max_getlJ genericJoin New_maz__getlJ _wrapperGenericJoin]]
declare New__maz.genericJoin.simps|folded remove__Union__def, code]
declare New_maz.wrapperGenericJoin.simps|folded remove__Union__def, code]

References

[1] D. Basin, T. Dardinier, L. Heimes, S. Krsti¢, M. Raszyk, J. Schneider, and D. Traytel.
A formally verified, optimized monitor for metric first-order dynamic logic. In N. Peltier
and V. Sofronie-Stokkermans, editors, IJCAR 2020, volume 12166 of LNCS, pages 432-453.
Springer, 2020.

[2] D. Basin, F. Klaedtke, S. Miiller, and E. Z&linescu. Monitoring metric first-order temporal
properties. J. ACM, 62(2):15:1-15:45, 2015.

[3] D. Basin, S. Krsti¢, and D. Traytel. Almost event-rate independent monitoring of metric
dynamic logic. In S. K. Lahiri and G. Reger, editors, RV 2017, volume 10548 of LNCS, pages
85-102. Springer, 2017.

[4] J. Schneider, D. Basin, S. Krsti¢, and D. Traytel. A formally verified monitor for metric first-
order temporal logic. In B. Finkbeiner and L. Mariani, editors, RV 2019, volume 11757 of
LNCS, pages 310-328. Springer, 2019.

96



	Code adaptation for IEEE double-precision floats
	copysign
	Additional lemmas about generic floats
	Doubles with a unified NaN value
	Linear ordering
	Code setup


	Event parameters
	Regular expressions
	Metric first-order dynamic logic
	Formulas and satisfiability
	Syntax
	Future reach
	Semantics

	Past-only formulas
	Safe formulas
	Slicing traces
	Translation to n-ary conjunction

	Optimized relational join
	Binary join
	Multi-way join

	Generic monitoring algorithm
	Monitorable formulas
	Handling regular expressions
	LPD
	RPD

	The executable monitor
	Verdict delay
	Specification
	Correctness
	Invariants
	Initialisation
	Evaluation
	Monitor step
	Monitor function

	Collected correctness results

	Efficient implementation of temporal operators
	Optimized queue data structure
	Optimized data structure for Since
	Optimized data structure for Until

	Instantiation of the generic algorithm and code setup

