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Abstract

We present a Theory of Objects based on the original functional ¢-
calculus by Abadi and Cardelli [1] but with an additional parameter to
methods. We prove confluence of the operational semantics following
the outline of Nipkow’s proof of confluence for the A-calculus reusing his
general Commutation.thy [4] a generic diamond lemma reduction. We
furthermore formalize a simple type system for our ¢-calculus including
a proof of type safety. The entire development uses the concept of
Locally Nameless representation for binders [2]. We reuse an earlier
proof of confluence [3] for a simpler ¢-calculus based on de Bruijn
indices and lists to represent objects.
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6 Locally Nameless Sigma Calculus

1 List features

theory ListPre
imports Main
begin

lemma drop-lem[rule-format]:
fixes n :: nat and [ :: ‘a list and g :: 'a list
assumes drop n | = drop n g and length | = length g and n < length g
shows lln = gln

(proof)

lemma mem-append-lem” x € set (1 Q [y]) = z € setlV =y
(proof)

lemma nth-last: length | = n = (1 Q [z])ln =z
{proof)

lemma take-n:
fixes n :: nat and [ :: 'a list and ¢ :: 'a list

assumes take n | = take n g and Suc n < length g and length | = length g

shows take (Suc n) (I[n := gln]) = take (Suc n) g
(proof)

lemma drop-n-lem:
fixes n :: nat and [ :: 'a list
assumes Suc n < length [
shows drop (Suc n) (I[n := z]) = drop (Suc n) 1
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{proof)

lemma drop-n:
fixes n :: nat and [ :: 'a list and g :: 'a list
assumes drop n [ = drop n g and Suc n < length g and length | = length g
shows drop (Suc n) (I[n := g!n]) = drop (Suc n) ¢

(proof)

lemma nth-fst[rule-format]: length l = n + 1 — (1 @ [2])!0 = 110
{proof)

lemma nth-zero-app:
fixes | :: ‘a list and z :: 'a and y :: 'a
assumes | # [| and I!0 = z
shows(l @ [y))!0 = z

(proof )

lemma rev-induct2|consumes 1]:
fixes s :: ‘a list and ys :: ‘a list and P :: 'a list = 'a list = bool
assumes
length xs = length ys and P [| [] and
Nz zs y ys. [ length zs = length ys; P as ys | = P (zs Q [z]) (ys Q [y])
shows P zs ys

(proof)

lemma list-induct3:
Nys zs. [ length xs = length ys; length zs = length xs; P[] [] [I;
Nz xs y ys z zs. [ length zs = length ys;
length zs = length zs; P zs ys zs |
— P (o 4 as)(y # y5)(z # 29)
| = Puasyszs

(proof)

primrec list-insert :: 'a list = nat = 'a = 'a list where
list-insert (ah#as) ¢ a =
(case i of
0 = aFah#as
|Suc j = ah#(list-insert as j a)) |

list-insert ] i a = [a]

lemma insert-eq[simpl: ¥ i<length l. (list-insert i a)li = a
{proof)

lemma insert-gt[simp]: V i<length l. V j<i. (list-insert i a)lj = llj
(proof)

lemma insert-lt[simp): Vj<length I. ¥V i<j. (list-insert | i a)!Suc j = llj

(proof)



lemma insert-first[simp|: list-insert 1 0 b = b#l
(proof )

lemma insert-prepend|simp]:
i = Suc j = list-insert (a#l) i b = a # list-insert 1 j b
(proof)

lemma insert-lt2[simpl: Vj. Vi<j. (list-insert 1i a)!Suc j = llj

{(proof)

lemma insert-commute[simp]:
Vi<length l. (list-insert (list-insert 1 i b) 0 a) =
(list-insert (list-insert 1 0 a ) (Suc ) b)
{proof)

lemma insert-length”: N\i z. length (list-insert 1 i x) = length (x#!)
{proof)

lemma insert-length[simpl: length (list-insert [ i b) = length (list-insert 1 j c)
{proof)

lemma insert-select[simp]: the (f(l— 1)) 1) =t
{proof)

lemma dom-insert[simp]: | € dom f = dom (f(l — t)) = dom f
{proof)

lemma insert-select2[simpl: 11 # 12 = ((f(I1 — t)) 12) = (f12)
(proof)

lemma the-insert-select][simp):
[12 € domf; 11 #12] = the (f(IL = 1)) 12) = the (f12)
{proof)

lemma insert-dom-eq: dom f = dom f' = dom (f(I — z)) = dom (f'(I — z’))
(proof)

lemma insert-dom-less-eq:

[z ¢ dom f; @ ¢ dom £ dom (f(x — v)) = dom (f'(z > 4) ]
= dom f = dom [’

(proof )

lemma one-more-dom|rule-format]:
Viedom f.3f. f=f(1— the(f1)) N1 & dom [’
(proof)

end



2 Finite maps with axclasses

theory FMap imports ListPre begin
type-synonym (‘a, 'b) fmap = (‘a :: finite) — 'b (infix]l (—~>» 50)

class inftype =
assumes infinite: —finite UNIV

theorem fset-induct:
P {} = (Az (F:('a:finite)set). t ¢ F = P F = P (insertz F)) = P F
(proof)

theorem fmap-unique: © = y = (f::(‘a,’d)fmap) © = fy
(proof )

theorem fmap-case:
(F::('a —~>'b)) = Map.empty Vv 3z y (F':('la —~>'b). F = F'(z — y))
(proof)

definition
set-fmap :: 'a —~> 'b = ('a * 'b)set where
set-fmap F = {(z, y). z € dom F AN F xz = Some y}

definition
pred-set-fmap :: (('a —=~> 'b) = bool) = (('a * 'b)set) = bool where
pred-set-fmap P = (AS. P (\z. if x € fst © S
then (THE y. (3z. y = Some z A (z, 2) € 5))
else None))

definition
fmap-minus-direct :: [('la =~> 'b), (‘a * 'b)] = (‘a —~> 'b) (infix]l «(——> 50)
where
F——xz=z14f (fstz=2zAN((F (fst z)) = Some (snd x)))
then None
else (F z))

lemma insert-lem : insert t A= B— z € B
(proof )

lemma fmap-minus-fmap:

fixes Fzab
assumes (F —— z) a = Some b
shows F a = Some b

(proof)

lemma set-fmap-minus-iff:
set-fmap ((F::(('a::finite) —~> 'b)) —— z) = set-fmap F — {z}



{proof)

lemma set-fmap-minus-insert:
fixes F :: (‘a::finite x 'b)set and F': (‘a::finite) —~> 'b and z
assumes z ¢ F and insert ¢ F = set-fmap F'
shows F = set-fmap (F' —— x)

(proof)

lemma notin-fmap-minus: ¢ & set-fmap ((F::(('a::finite) —~> 'b)) —— x)
(proof )

lemma fst-notin-fmap-minus-dom:
fixes F'x and F':: (‘a:finite) —~> 'b
assumes insert x F' = set-fmap F’
shows fst © ¢ dom (F' —— x)

(proof )

lemma set-fmap-pair:
z € set-fmap F = (fst x € dom F' A snd x = the (F (fst z)))
{proof)

lemma set-fmap-invl:
[ fst z € dom F; snd x = the (F (fstz)) | = (F —— z)(fstz — snd z) = F
(proof)

lemma set-fmap-inv2:
fst x ¢ dom F = insert x (set-fmap F) = set-fmap (F(fst x — snd x))
(proof)

lemma rep-fmap-base: P (F::('a —~> 'b)) = (pred-set-fmap P)(set-fmap F')
{proof)

lemma rep-fmap:
I(Fp =('a x 'b)set) (P":('a x 'b)set = bool). P (F::('a —~> 'b)) = P’ Fp
(proof )

theorem finite-fsets: finite (F::('a:finite)set)
(proof)

lemma finite-dom-fmap: finite (dom (F:(‘a —~> 'b))::('a::finite) set)
{proof)

lemma finite-fmap-ran: finite (ran (F::(('a::finite) —~> 'b)))
(proof)

lemma finite-fset-map: finite (set-fmap (F::(('a::finite) —~> 'b)))
(proof)

lemma rep-fmap-imp:



VFzz x¢ dom (F::('"a=—">"'bh)) — PF — P (F(z — 2))
= (VFazz x¢ fst(set-fmap F') — (pred-set-fmap P)(set-fmap F')
— (pred-set-fmap P) (insert (z,z) (set-fmap F)))
(proof)

lemma empty-dom:
fixes ¢
assumes {} = dom g
shows g = Map.empty
(proof)

theorem fmap-induct[rule-format, case-names empty insert|:
fixes P :: ((‘a:: finite) —~> 'b) = bool and F’:: (‘a —~> 'b)
assumes
P Map.empty and
V(F:("a=">"b)zz. 2 ¢ domF — PF — P (F(z +— 2))
shows P F’

(proof)

lemma fmap-induct3[consumes 2, case-names empty insert|:
N(F2::("a:finite) —~> 'b) (F3::("a —~>'b)).
[ dom (F1::("a —=~> 'b)) = dom F2; dom F3 = dom F1,
P Map.empty Map.empty Map.empty;
Az abec (Fl:("a =">"b) (F2:('"a =~> b)) (F3:('a —~> 'b)).
[ PF1F2FS3; dom F1 = dom F2; dom F8 = dom F1; © ¢ dom F1 |
= P (Fl(z — a)) (F2(zx = b)) (F3(z — ¢))]
= PF1F2F3

(proof)

lemma fmap-ez-cof2:
A(P:'ec = 'c = b option = 'b option = 'a = bool)
(f":('a::finite) —~> 'b).
[ dom f' = dom (f::('a —~> 'b));
Viedom f. (3 L. finite L
ANVsp.s¢ LApELANs#p
— Psp (f1) (f'D) )]
= 3 L. finite LA (Viedom f. (Vsp.s¢ LApg LANs#Dp
— Psp (f1) (f'1) 1)
(proof)

lemma fmap-ex-cof:
fixes
P ::'c='c="boption = ('a:finite) = bool
assumes
Viedom (f::('a —=~> 'b)).
(3L. finite LN (Nsp.s¢é¢ LApEé LAs#p— Psp(fl)l)
shows

L. finite LA (Viedom f. Vsp.s¢ LAp¢E LAs#p— Psp(fl)l))

{proof)



lemma fmap-ball-all2:
fixes
Pz :: 'c = 'd = bool and
P ::'c="'d = "b option = bool
assumes
Viedom (f::('a:finite) —~> 'b). V¥ (z::'c) (y:'d). Praxy — Pay (f1)
shows
Vey Prazy— (Viedomf. Pzy (fl))

{(proof)

lemma fmap-ball-all2’:
fixes
Pz ::'c = 'd = bool and
P :'c='d = 'b option = ('a:finite) = bool
assumes
Viedom (f:('a —~> 'b)). V(z::'c) (y:'d). Pray — Paxy (f1) 1
shows
Vezy Pray — (Viedom f. Pzy (f1) 1)
(proof)

lemma fmap-ball-all3:
fixes
Pz ::'c = 'd = 'e = bool and
P:'c="'d= "e= "boption = 'b option = bool and
f = (azfinite) —~> 'band f':: 'a =—~> b
assumes
dom f' = dom f and
Viedom f.
YV (z::'c) (y:'d) (z:i'e). Prxyz — Pxzyz (fl) (f'1)
shows
Veyz Prayz— (Viedomf. Pxyz (f1) (f'1)

(proof)

lemma fmap-ball-allj’:
fixes
Pr:'c='d= 'e="f = bool and
P:'c="'d="e="f = 'boption = ('a:finite) = bool
assumes
Viedom (f::('a —~> 'b)).
YV (z::'¢) (y:'d) (z:i'e) (a'f). Ptxyza — Pxyza (fl)l
shows
Veyza Przyza— (Viedomf. Pzyza (fl)]1)

(proof)

end



3 Locally Nameless representation of basic Sigma
calculus enriched with formal parameter

theory Sigma
imports ../preliminary/FMap
begin

3.1 Infrastructure for the finite maps

axiomatization maz-label :: nat where
LabelAvail: maz-label > 10

definition Label = {n :: nat. n < maz-label}

typedef Label = Label
(proof)

lemmas finite-Label-set = Finite-Set.finite-Collect-le-nat[of max-label]

lemma Univ-abs-label:
(UNIV :: (Label set)) = Abs-Label ‘ {n :: nat. n < maz-label}

(proof)

lemma finite-Label: finite (UNIV :: (Label set))
{proof)

instance Label :: finite
(proof)

consts

Lsuc :: (Label set) = Label = Label
Lmin :: (Label set) = Label

Lmazx :: (Label set) = Label

definition Lit :: [Label, Label] = bool (infixl «<» 50) where
Lit a b == Rep-Label a < Rep-Label b

definition Lie :: [Label, Label] = bool (infixl «<» 50) where
Lle a b == Rep-Label a < Rep-Label b

definition Ltake-eq :: [Label set, (Label — 'a), (Label — 'a)] = bool
where Litake-eq L fg ==VIeL. fl=gl

lemma Ltake-eq-all:

fixes f g
assumes dom f = dom g and Ltake-eq (dom f) f g
shows f = ¢

(proof)

lemma Ltake-eq-dom:



fixes L :: Label set and f :: Label —~> 'a
assumes L C dom f and card L = card (dom f)
shows L = (dom f)

(proof)

3.2 Object-terms in Locally Nameless representation nota-
tion, beta-reduction and substitution

datatype type = Object Label —~> (type X type)

datatype bVariable = Self nat | Param nat
type-synonym fVariable = string

3.2.1 Enriched Sigma datatype of objects

datatype sterm =
Buvar bVariable
| Fvar fVariable
| Obj Label —~> sterm type
| Call sterm Label sterm
| Upd sterm Label sterm

datatype-compat sterm

primrec applyPropOnOption:: (sterm = bool) = sterm option = bool where
f1: applyPropOnOption P None = True |
12: applyPropOnOption P (Some t) = Pt

lemma sterm-induct[case-names Bvar Fvar Obj Call Upd empty insert):
fixes
t 2 sterm and PI :: sterm = bool and
f = Label —~> sterm and P3 :: (Label —~> sterm) = bool
assumes
Ab. P1 (Buvar b) and
Az. P1 (Fvar ) and
a-obj: Nf T. P3 f = P1 (Obj f T) and
Nt11t2. [ P1t1; P1t2 ] = P1 (Call t1112) and
At1 1t2. [ P1t1; P1t2 ] = P1 (Upd t11t2) and
P3 Map.empty and
a-f: Nt1 f1.[1 ¢ dom f; P1tl; PSf] = (P3 (f(l— t1)))
shows P1t A P3f
(proof)

lemma ball-tsp-P3:
fixes
P1 :: sterm = bool and
P2 :: sterm = fVariable = fVariable = bool and
P3 :: sterm = bool and f :: Label —~> sterm
assumes
Nt.[Plt;Vsp.s¢ LApE LANs#p— P2tsp] = P3tand

10



Viedom f. P1 (the(f 1)) and
Viedom f.Vsp.s¢ LAp ¢ LANs#p—> P2 (the(fl)) sp
shows Viedom f. P3 (the(f1))

(proof)

lemma ball-tt'sp-P3:
fixes
P1 :: sterm = sterm = bool and
P2 :: sterm = sterm = fVariable = fVariable = bool and
P3 :: sterm = sterm = bool and
f i Label —~> sterm and f’:: Label —~> sterm
assumes
Nt [ Pltti;Vsp.s¢ LApgLANs#p— P2tt'sp] = P3tt and
dom f = dom f’ and
Viedom f. P1 (the(f1)) (the(f' 1)) and
Viedom f.Ysp.s¢ LAp ¢ LA s#p— P2 (the(fl)) (the(f' 1)) sp
shows Vicdom f’. P3 (the(f 1)) (the(f'1))

(proof)

3.2.2 Free variables

primrec

FV 2 sterm = fVariable set

and

FVoption :: sterm option = fVariable set
where

FV-Bvar : FV(Bvar b) = {}
| FV-Fvar : FV(Fvar z) = {z}
| FV-Call : FV(Calltla) = FVtU FV a
| FV-Upd : FV(Upd t1s) = FV tU FV s
| FV-Obj : FV(Obj fT) = (U | € dom f. FVoption(f 1))
| FV-None : FVoption None = {}
| FV-Some : FVoption (Some t) = FV ¢

definition closed :: sterm = bool where
closed t +— FV ¢t ={}

lemma finite-F'V-FVoption: finite (FV t) A finite (FVoption s)
(proof)

lemma finite-FV[simp)]: finite (FV t)
{proof)

lemma FV-and-cofinite: [Vx. x ¢ L — P x; finite L |
= 3L (finite ' N\FVtC L'AN(V 2.2 ¢ L' — P x))

11



{proof)

lemma exFresh-s-p-cof:

fixes L :: fVariable set

assumes finite L

shows dsp.s¢ LApéE LAs#Dp
(proof)

lemma FV-option-lem: V1ledom f. FV (the(f 1)) = FVoption (f )
{proof)

3.2.3 Term opening

primrec
sopen i [nat, sterm, sterm, sterm] = sterm
(- = [} - [0, 0, 0, 300] 300)

and

sopen-option :: [nat, sterm, sterm, sterm option] = sterm option
where

sopen-Buvar:

{k — [s,p]}(Bvar b) = (case b of (Self i) = (if (k = i) then s else (Bvar b))
| (Param i) = (if (k = i) then p else (Bvar b)))

| sopen-Fvar: {k — [s,p]}(Fvar z) = Fuvar z
| sopen-Call: {k — [s,p]}(Call t 1 a) = Call ({k — [s,p]}¢) I ({k — [s,p]}a)
| sopen-Upd : {k — [s,p]}(Upd t I v) = Upd ({k — [s,p]}t) | ({(Suc k) — [s,p]}u)
| sopen-Obj : {k — [s,p]}(Obj f T) = Obj (Al. sopen-option (Suc k) sp (f1)) T
| sopen-None: sopen-option k s p None = None
| sopen-Some: sopen-option k s p (Some t) = Some ({k — [s,p]}1)
definition openz :: [sterm, sterm, sterm] = sterm (<(-)["'}> (50, 0, 0] 50) where
tlspl = {0 = [s,p]}t

lemma sopen-eq-Fvar:
fixesnsptz
assumes {n — [Fvar s,Fvar p|} t = Fvar z
shows
(t = Fvar z) V (x = s A t = (Bvar (Self n)))
V (z=p At = (Bvar (Param n)))

(proof)

lemma sopen-eg-Fvar':
assumes {n — [Fvar s,Fvar p|} t = Fvar z and = # sand z # p
shows t = Fvar z

(proof)

lemma sopen-eq-Bvar:
fixesnspthbd
assumes {n — [Fvar s,Fvar p|} t = Bvar b
shows t = Buvar b

12



(proof)

lemma sopen-eq-Obj:
fixesnsptfT
assumes {n — [Fvar s,Fvar p|} t = Obj f T
shows
3f". {n — [Fvar s, Foar p]} Obj f' T = Obj f T
AN t=0bjf'T
(proof)

lemma sopen-eq-Upd:
fixesnspttllt2
assumes {n — [Fvar s,Fvar p|} t = Upd t1 112
shows
3t1’ t2". {n — [Fvar s,Fvar p|} t1' = t1
A {(Suc n) — [Fvar s,Fvar p|} t2' = t2 ANt = Upd t1'1t2’
(proof)

lemma sopen-eq-Call:
fixesnspttlli2
assumes {n — [Fvar s,Fvar p|} t = Call t11t2
shows
It1’ 2’ {n — [Fvar s,Fvar p|} t1' = t1
A {n — [Fvar s,Fvar p|} t2' = t2 ANt = Call t1'1t2’
(proof)

lemma dom-sopenoption-lem[simp: dom (Al. sopen-option k st (f1)) = dom f
(proof)

lemma sopen-option-lem:
Viedom f. {n — [s,p]} the(fl) = the (sopen-option n s p (f1))
{proof)

lemma pred-sopenoption-lem:
(Vledom (Al. sopen-option n s p (f1)).
(P::sterm = bool) (the (sopen-option n s p (f1)))) =
(Viedom f. (P::sterm = bool) ({n — [s,p]} the (f1))
{proof)

lemma sopen-FV[rule-format]:
Vnsp. FV ({n— [sp]} t) CFVtUFVsUFVp

(proof)

lemma sopen-commute[rule-format]:
Vnksps' p.n#k
— {n — [Fvar s’, Fvar p'|} {k — [Fvar s, Fvar p|} t
= {k — [Fvar s, Fvar p|} {n — [Fvar s’, Fvar p'|} t

(proof)

13



lemma sopen-fresh-inj[rule-format]:
Vnspt. {n— [Fvar s, Foar p|} t = {n — [Fvar s, Fvar p]} t'
— s¢FVt—s¢FVi —pg& FVt—p¢g FVt — s#p
—t =t

(proof)

3.2.4 Variable closing

primrec

sclose i [nat, fVariable, fVariable, sterm| = sterm
(- [-1} = [0, 0, 0, 300] 300)

and

sclose-option :: [nat, fVariable, fVariable, sterm option] = sterm option
where
sclose-Buar: {k < [s,p]}(Bvar b) = Bvar b
| sclose-Fuar:
{k < [s,p]}(Fvar z) = (if x = s then (Bvar (Self k))
else (if x = p then (Bvar (Param k))
else (Fvar x)))
| sclose-Call: {k + [s,p]}(Call t I a) = Call ({k + [s,p]}t) I ({k < [s,p]}a)
| sclose-Upd : {k < [s,p]}(Upd t l u) = Upd ({k < [s,p]}t) | ({(Suc k) < [s,p]}u)
| sclose-Obj : {k < [s,p]}(Obj f T) = Obj (Al. sclose-option (Suc k) sp (f1)) T
| sclose-None: sclose-option k s p None = None
| sclose-Some: sclose-option k s p (Some t) = Some ({k + [s,p]}t)

definition closez :: [fVariable, fVariable, sterm| = sterm (<o[-,-] - [0, 0, 300])
where

als,p] t = {0 « [s,p]}1

lemma dom-scloseoption-lem[simp]: dom (\l. sclose-option k s t (f1)) = dom f
{proof)

lemma sclose-option-lem:
Viedom f. {n < [s,p]} the(f 1) = the (sclose-option n s p (f1))
{proof)

lemma pred-scloseoption-lem:
(Viledom (M. sclose-option n s p (f1)).
(P::sterm = bool) (the (sclose-option n s p (f1)))) =
(Viedom f. (P::sterm = bool) ({n < [s,p]} the (f1))
{proof)

lemma sclose-fresh[simp, rule-format]:
Vnsp.s¢ FVt—p & FVi— {n<[sp]}t=1t
(proof )

lemma sclose-FV[rule-format]:

Vnsp FV {n+ [sp]} t)=FVit—{s}— {p}
(proof)

14



lemma sclose-subset-FV [rule-format]:
FV ({n<[sp]} t) CFV¢
{proof)

lemma Self-not-in-closed[simp|: sa ¢ FV ({n < [sa,pa]} 1)
(proof)

lemma Param-not-in-closed[simp]: pa ¢ FV ({n + [sa,pa]} t)

(proof)

3.2.5 Substitution

primrec

ssubst i [fVariable, sterm, sterm| = sterm
(- — 1 - [0, 0, 300] 300)

and

ssubst-option :: [fVariable, sterm, sterm option] = sterm option
where
ssubst-Bvar: [z — u](Bvar v) = Bvar v
| ssubst-Fuvar: [z — u]|(Fvar ) = (if (z = z) then u else (Fvar x))
| ssubst-Call: [z — u](Call t 1 s) = Call ([z — u]t) I ([z — uls)
| ssubst-Upd : [z — u](Upd ¢t 1 s) = Upd ([z — u]t) I ([z — u]s)
| ssubst-0bj : [z — u](Obj f T) = Obj (Al. ssubst-option z u (f1)) T
| ssubst-None: ssubst-option z u None = None
| ssubst-Some: ssubst-option z u (Some t) = Some ([z — u]t)

lemma dom-ssubstoption-lem[simp]: dom (Al. ssubst-option z u (f 1)) = dom f
{proof)

lemma ssubst-option-lem:
Viedom f. [z — u] the(f ) = the (ssubst-option z u (f1))
(proof)

lemma pred-ssubstoption-lem:
(Viedom (Al. ssubst-option x t (f1)).
(P::sterm = bool) (the (ssubst-option x t (f1)))) =
(Viledom f. (P:sterm = bool) ([x — t] the (f1)))

{proof)

lemma ssubst-fresh[simp, rule-format):
Vssa. sag FVt — [sa — st =1t

(proof)

lemma ssubst-commute[rule-format):
Vspsapa. s#p—s¢ FVpa— pé FVsa
— [s > sa] [p = pa] t =[p — pa] [s — sa] t

(proof)
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lemma ssubst-FV [rule-format]:
Ves. FV (x - s t) CFVsU (FVit — {z})
(proof)

lemma ssubstoption-insert:
l € dom f
= (A(la::Label). ssubst-option x t’ (if la = | then Some t else f la))
= (A(la::Label). ssubst-option z t' (f la))(l — [z — t'] t)
{proof)

3.2.6 Local closure

inductive lc :: sterm = bool
where
le-Fvar[simp, introl]: lc (Fvar x)
| le-Call[simp, introl]: [ lc t; lc a ] = lc (Call t 1 a)
| le-Upd[simp, introl] :
[ le t; finite L;
Vsp.s¢ LApg LAs#p—lc (u[FWTS’ F”‘“"p])]]
= lc (Upd t | u)
| lc-Obj[simp, intro!] :
[ finite L; ¥ ledom f.
Vsp.s¢ LApg LAs#p—lec (the(fl)[F”ars’ Fvarp}) |
= lc (Obj fT)

definition body :: sterm = bool where
body t «+— (AL. finite LA Vsp.s¢ LApg LANs#p—lc (t[F”‘””S’ F”‘”"p})))

lemma lc-bvar: lc (Bvar b) = False
{proof)

lemma Ic-obj:
le (Obj fT) = (Viedom f. body (the(f1)))
(proof )

lemma lc-upd: lc (Upd t1s) = (lct A body s)
(proof)

lemma lc-call: lc (Call t1s) = (lct Alcs)
{proof)

lemma lc-induct[consumes 1, case-names Fvar Call Upd Obj Bnd):
fixes P1 :: sterm = bool and P2 :: sterm = bool
assumes
lc t and
Az. P1 (Fvar ) and
ANtla. [let; P1t;lca; P1a] = PI (Calltla)and
Ntlu [let; P1t; P2u] = P! (Updtlu)and
Nf T.Yiedom f. P2 (the(f1)) = P1 (Obj f T) and
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AL t. [ finite L;

Vsp.sé¢ LApE LANs#p

e (t[Fvar s, Fvar p]) A Pl (t[Fvar s, Fvar p]) ]
= P21t
shows P1 ¢

{proof)

3.2.7 Connections between sopen, sclose, ssubst, lc and body and
resulting properties

lemma ssubst-intro[rule-format):
Vnspsapa sa ¢ FVit— pa ¢ FV i — sa # pa
— sa ¢ FVp
— {n — [s,p]} t = [sa — s] [pa — p] {n — [Fvar sa, Fvar pa]} ¢
(proof)

lemma sopen-lc-FV[rule-format]:
fixes t
assumes Ic t
shows Vn s p. {n — [Fvar s, Foar p|} t = ¢

(proof)

lemma sopen-lc[simp]:
fixes tnsp
assumes Ic ¢
shows {n — [s,p]} t = ¢
(proof)

lemma sopen-twice[rule-format]:
Vsps' p'nlcs—lcyp
— {n = [s"pT} {n = [spl} t = {n = [sp]} ¢
(proof)

lemma sopen-sclose-commute|rule-format):
Vnkspsapan#k— sa¢ FVs— sag¢ FVp
—pa ¢ FVs— pa¢ FVp
— {n — [s, p|} {k < [sa,pa]} t = {k « [sa,pa]} {n — [s, p|} ¢
(proof)

lemma sclose-sopen-eq-t[rule-format]:
Vnsp. s FVt—p¢& FVit— s#p
— {n < [s,p]} {n — [Fvar s, Fvar p|} t =t
(proof)

lemma sopen-sclose-eq-t[simp, rule-format]:
fixes ¢
assumes lc t
shows Vn s p. {n — [Fvar s, Fvar p|} {n « [s,p]} t =t
(proof)
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lemma ssubst-sopen-distrib[rule-format]:
Vnsptihlet'— [z =t {n— [sp]} ¢
={n—-z—=ths [zt—=tp]} [z =ttt
(proof)

lemma ssubst-openz-distrib:
et/ = [z — t] (t52]) = (([z — ¢ plle = T s [o = T ]
(proof)

lemma ssubst-sopen-commute: [ lc t’; x ¢ FVs;x & FVp]
==t {n—=[sp}t={n—[sp]}[xr—1t]t
{proof )

lemma sopen-commute-gen:

fixessps'p'nkt

assumes [c s and Ic p and Ic s’ and lc p’ and n # k

shows {n — [s,pl} {k — [s".p1} t ={k = [s"p]} {n — [s;p]} ¢
(proof)

lemma ssubst-preserves-le[simp, rule-format]:
fixes t
assumes lc t
shows Vz t' lc t' — lc ([ — t'] ©)

(proof)

lemma sopen-sclose-eq-ssubst: [ sa # pa; sa ¢ FV p; lct]
= {n — [s,p]} {n « [sa,pa]} t = [sa — s] [pa — p] t
(proof)

lemma ssubst-sclose-commute[rule-format]:
Venspt.s¢ FVt — p & FVt — az#s—ac#p
—z=tN{n[sp]}t={n+[sp]} [z — t]t
(proof)

lemma body-lc-FV:
fixes t s p
assumes body t

shows lc (t[Fvar s, Fvar p])

(proof)

lemma body-lc:
fixes t s p
assumes body t and Ic s and Ic p
shows Ic (t[s’ p})

(proof)

lemma lc-body:
fixes t s p
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assumes [c t and s # p
shows body (o[s,p] t)

{proof)

lemma ssubst-preserves-lcE-lem[rule-format]:
fixes ¢
assumes Ic t
showsVzut. t=[z— v t' — lcu — lct’

{proof)

lemma ssubst-preserves-lIcE: [ lc ([x — t'] t); lct' ] = lc t
{proof)

lemma obj-openz-le: [ le (Obj f T); lc p; 1 € dom ] = lc (the(f l)[Objf T, p])
{proof)

lemma obj-insert-lc:
fixes f Tt
assumes lc (Obj f T) and body t
shows lc (0bj (f(I—t)) T)

(proof)

lemma ssubst-preserves-body|simp]:
fixes t t' x
assumes body t and lc t’
shows body ([x — t/] t)

{proof)

lemma sopen-preserves-body[simp]:
fixes t s p
assumes body t and Ic s and Ic p
shows body ({n — [s,p]} ?)

{proof)

3.3 Beta-reduction

inductive beta :: [sterm, sterm] = bool (infix]l <—3» 50)
where
beta[simp, introl]
[ 1€ dom f;lc (Objf T): lca] => Call (Obj f T) la —g (the (f )[(O¥ 1), al)
| beta- Upd[simp, intro!]
[1 e domf;lc (ObjfT); bodyt] = Upd (ObjfT)It—p Obj (fi—1) T
| beta-CallL[simp, introl]: [t =g t';lcu] = Calltlu —p Callt' lu
| beta-CallR[simp, introl]: [t =gty lcu] = Callult —g Call ult’
| beta-UpdL[simp, introl] : [t =5 t; body v ] = Updtlu —g Upd t' lu
| beta- UpdR[simp, introl] :
[ finite L;
Vsp.sé LAp¢ LANs#p— (It t[Fvar s, Foar p] —p t''A t'= o[s,p]t");
lcu] = Updult —g Updult’

19



| beta-Obj[simp, intro!]
[ 1 € dom f; finite L;
Vsp.s¢ LApg LAs#p— (3t tlFvar s, Foar p] —p t" A t'= ols,p]t");
Viedom f. body (the (f1)) ]
= 0bj (f(l—1t) T —p Obj (f(l—1t) T

inductive-cases beta-cases [elim!]:
Callslt =g u
Updslt =g u
Obj s T —B t

abbreviation
beta-reds :: [sterm, sterm] => bool (infixl <—>>) 50) where
s —>> t == beta ** st

abbreviation
beta-ascii :: [sterm, sterm] => bool (infixl <(—>) 50) where
s —>t==betast

notation (later)
beta-reds (infixl «—g*» 50)

lemma beta-induct[consumes 1,

case-names CallL CallR UpdL UpdR Upd Obj beta Bnd):
fixes
t :: sterm and t’ :: sterm and
P1 :: sterm = sterm = bool and P2 :: sterm = sterm = bool
assumes
t —p t' and
Ntt'ul [t =gt PLttlcu] = P1 (Calltlu) (Callt'lu)and
Nt ul [t —=pth Pttt lcu] = P1 (Callult) (Callult’) and
Ntt'uwl [t =gt P1tt body u] = P1 (Upd t1w) (Upd t'lu) and
Ntt'wl. [ P2tthlcu] = P1 (Updult) (Updult’ and
N fTt[1edomf;le(0ObjfT); bodyt]

= P1 (Upd (Obj f T) lt) (Obj (f({—t)) T) and
N ftt' T. [l € domf; P2tt;Viedom f. body (the (f1)) ]

= PI1 (Obj (f(l—1t)) T) (Obj (f(l— t') T) and
N fTa [ledomf;lc(ObjfT)lcal

= P1 (Call (Obj f T) L a) (the (f N[O f T:aly ana
ALt ¢

[ finite L;

Vsp.sé LApE LANs#Dp
— (3¢, ¢[Fvar s,Fvar p] gt
A Pl (t[Fvar s, Fvar p]) At = ols,p] t7) ]

= P2tt’

shows PI tt'

{proof)

lemma Fvar-beta: Fvar x —g t = False

(proof )
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lemma Obj-beta:
assumes Obj f T —3 2
shows
Jif et dom f=domf'ANf=(f(l—t) ANleE domf’
A (3 L. finite L
ANVsp.s¢ LApgLANs#Dp
— (3" ¢ Fvar s,Fvar p] S5t A t'= os,p]t")))
ANz=0bj(f'l—1t)) T
(proof)

lemma Upd-beta: Upd tluv —p 2 =
(3t t =g t'Nz=Updt'lu)
V(3 u' L. finite L
ANNVsp.s¢e LApE LANs#Dp
— 3t (u[Fvar s, Fvar p]) S5t AU = ols,plt"))
Az=Updtlu’)
VEfT.ledomfANObfT=tANz=0bj(f(l—u)T)
(proof )

lemma Call-beta: Call tlu —g 2 =
Gt t—=pgt'Nz=Callt'lu)V Bu". u—pgu ANz=Calltlu)
VEfFT. Obj fT =t AlLEdomfAz= (the (f)IOW ST, uly)
{proof)

3.3.1 Properties

lemma beta-lc[simp]:
fixes ¢ t’
assumes t —g t’
shows lc t A lc t’

(proof)

lemma beta-ssubst[rule-format]:
fixes t t’
assumes t —g t’
shows Vz v. lcv — [z = v] t =g [z — o] t

(proof)

!

declare if-not-P [simp] not-less-eq [simp]
— don’t add r-into-rtranclintro!]

lemma beta-preserves-FV[simp, rule-format]:
fixes t t' x
assumes t —g t’
shows ¢ ¢ FVi — z ¢ FV '

(proof)

lemma rtrancl-beta-lc[simp, rule-format]: ¢t —p* t' = t £ t' — lct Nlc t’
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{proof)

lemma rtrancl-beta-lc2[simp): [ t —p* th lct ] = lc t’
{proof)

lemma rtrancl-beta-body:
fixes L ¢ t’
assumes
finite L and
Vsp.sé¢ LApg LANs#Dp
— (3 [Fvar s, Fvar p] —g* t" A t' = o[s,p] t”) and
body t
shows body t’
(proof)

lemma rtrancl-beta-preserves-FV [simp, rule-format]:
t—=p*t' =2 ¢ FVt— 2 ¢ FV
(proof)

3.3.2 Congruence rules

lemma rtrancl-beta-CallL [intro!, rule-format):
[t—=p*thilcu] = Calltlu—p* Callt' lu

(proof)

lemma rtrancl-beta-CallR [intro!, rule-format]:
[t—=p*thilcu] = Callult —g* Callult’

{(proof)

lemma rtrancl-beta-Call [intro!, rule-format]:
[t—=p*thlct;u—p" u;lcu]
= Call tlu —g* Call t' L u’

(proof)

lemma rtrancl-beta-UpdL:
[t—p"thbodyu] = Updtlu—p* Updt'lu
(proof)

lemma beta-binder|rule-format]:
fixes t t’
assumes t —g t’
shows
VLsp finiteL— s¢ L—péL—s#p
— (3L finite L' A (Vsa pa. sa ¢ L' A pa & L' A sa # pa
— (3", (o[s,p] t)[Fvar sa,Fvar pa] gt
A olsp] 1 = ofsapal 1))
(proof )

lemma rtrancl-beta-UpdR:
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fixes L tt' ul
assumes
Vsp.s¢é¢ LApE LANs#Dp
— (3 (t[Fvar s, Fvarp]) —g* t" A t' = o[s,p]t”) and
finite L and Ic u
shows Upd u 1t —g* Upd ult’

(proof)

lemma rtrancl-beta-Upd:
[ uw—p* u’s finite L;
Vsp.sé¢ LApg LANs#Dp
— (3t H[Fvar s, Foar p] =g At = ols,pt!);
le u; body t ]
= Updult—g* Updu'lt
(proof)

lemma rtrancl-beta-obj:

fixes | fL Tt

assumes

I € dom f and finite L and

Vsp.sé¢ LApg LANs#Dp

— (3" [Fvar s,Fvar p] —g* t" A t' = o[s,p]t”) and

Viedom f. body (the(f 1)) and body t

shows Obj (f (11— t)) T —p* Obj (f {— 1)) T
(proof)

lemma obj-lem:
fixes [ fTLt
assumes
[ € dom f and finite L and
Vsp.s¢ LApgLANs#Dp
— (31" ((the(f 1))[Fvar s Foar ply o= 41 A 47 = 5[s,p]t") and
Viedom f. body (the(f 1))
shows Obj f T —3* Obj (f(l— t") T
(proof)

lemma rtrancl-beta-obj-lem00:
fixes L fg
assumes
finite L and
Viedom f.Vsp.sE LApg LANs#Dp
— (3" ((the(f l))[Fvar s, Fvar p]) gt !
A the(g 1) = o[s,p]t”) and
dom f = dom g and Viedom f. body (the (f1))
shows
VEk < (card (dom f)).
(3 0b. length ob = (k + 1)
A (Yobi. obi € set ob — dom (fst(obi)) = dom f A ((snd obi) C dom f))
A (fst (obl0) = f)

23



A (card (snd (oblk)) = k)
A (Vi < k. snd (obli) C snd (obk))
A (Obj (fst (0b10)) T —p* Obj (fst (oblk)) T)
A (card (snd (oblk)) = k
— (Ltake-eq (snd (ob'k)) (fst (oblk)) g)
(oroof) A (Ltake-eq ((dom f) — (snd (0b'k))) (fst (0b'k)) f)))
PrOoo

lemma rtrancl-beta-obj-n:
fixes fgL T
assumes
finite L and
Viedom f.Vsp.s¢ LApg LANs#p
— (3" ((the(f l))[Fvar s, Fvar p]) gt t
A the(g 1) = ols,p]t”’) and
dom f = dom g and Vledom f. body (the(f 1))
shows Obj f T —3* Objg T
(proof )

3.4 Size of sterms

definition fsize0 :: (Label —~> sterm) = (sterm = nat) = nat where
fsizel f sts =
foldl (+) 0 (map sts (Finite-Set.fold (Ax z. zQ[THE y. Some y = fz]) [] (dom
)

primrec

ssize it sterm = nat

and

ssize-option :: sterm option = nat
where

ssize-Buvar : ssize (Bvar b) = 0
| ssize-Fuvar : ssize (Fvar ) = 0
| ssize-Call : ssize (Call a 1 b) = (ssize a) + (ssize b) + Suc 0
| ssize-Upd : ssize (Upd a 1 b) = (ssize a) + (ssize b) + Suc 0
| ssize-Obj : ssize (Obj f T) = Finite-Set.fold (Az y. y + ssize-option (f x)) (Suc
0) (dom f)
| ssize-None : ssize-option (None) = 0
| ssize-Some : ssize-option (Some y) = ssize y + Suc 0

interpretation comp-fun-commute (Ax y::nat. y + (f x))
(proof )

lemma SizeOfObjectPos: ssize (Obj (f::Label —~> sterm) T) > 0
(proof)

end
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4 Parallel reduction

theory ParRed imports HOL— Proofs— Lambda. Commutation Sigma begin

4.1 Parallel reduction

inductive par-beta :: [sterm,sterm| = bool (infixl <=g> 50)
where
pbeta-Fvar|[simp,introl]: Fvar x =5 Fvar x
| pbeta-Obj[simp,introl] :
[ dom f’" = dom f; finite L;
Viedomf.Vsp.s¢ LApg LANs#p
— (3t (the(f ylFvar s, Foarply o oy
A the(f" 1) = ols.p] )
Viedom f. body (the(f1)) ] = Objf T =5 Obj f' T
| pbeta- Upd[simp,intro!] :
[t =35t} lct; finite L;
Vsp.sé LApE LANs#Dp
— (3" (U[Fvar s, Fvar p]) =5 t" A = ols,p] t);
body u] = Upd tlu=p5 Updt'lu
| pbeta- Upd'[simp,intro!]:
[ ObjfT =5 Obj f' T; finite L;
Vsp.s¢é¢ LApE LANs#Dp
— (3¢, (tlFvar s, Foar ply — 0 4r A4t = ols,p] £); 1 € dom f;
le (ObjfT); bodyt] = (Upd (Obj fT)Lt) =5 (0Obj (f'(l—1"))T)
| pbeta-Call[simp,intro!]:
[t=pthu=pulctlcu]
= Calltlu=p5 Callt'l v
| pbeta-beta[simp,introl]:
[ObjfT =5 Objf'T;1 € domf;p=p5p;lc(ObjfT);lcp]
— Call (Obj f T) I p =4 (the(f' DO 1), pT

inductive-cases par-beta-cases [elim!]:
Fvar ¢ =3 t
ObjfT =4t
Callflp=pt
Upd flt =5 u

abbreviation
par-beta-ascii :: [sterm, sterm] => bool (infixl <=>» 50) where
t => u == par-beta t u

lemma Obj-par-red[consumes 1, case-names objl:
[ObifT =35 %
Nz. [ domlz=dom f; 2=0b0j 1z T] = Q] = Q
{proof)
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lemma Upd-par-red[consumes 1, case-names upd obj):
fixes tlu z
assumes
Updtlu =43 2 and
At w' L. [ t =5 t'; finite L;
Vsp.sé¢ LApE LANs#Dp
— (3t (u[Fvar s, Fvar p}) =5 t"
A u' = o[s,p|t");
z=Updt'luv'] = @Qand
N Tuw L [ledomf; Objf T =t ObjfT =5 Obj f' T,
finite L;
Vsp.sé¢ LApg LANs#Dp
— (3" (U[Fvar s, Fvar p]) =g t!
A u' = o[s,p]t");
2= 0 (Tl u) T] = Q
shows @
(proof)

lemma Call-par-red[consumes 1, case-names call beta):

fixes s lu z

assumes

Call slu =3 z and

Ntuw' . [s=ptiu=pgu;z=Caltlu']

= Q

NI Tu. [ObjfT=s ObjfT =45 Objf' T,
ledomf'; u=pu’
2= (the (f' DI I T )y ] — @

shows @

(proof)

lemma pbeta-induct[consumes 1, case-names Fvar Call Upd Upd’ Obj beta Bnd):
fixes
t :: sterm and t’ :: sterm and
P1 :: sterm = sterm = bool and P2 :: sterm = sterm = bool
assumes
t =5 t' and
Nz. P1 (Fvar x) (Fvar z) and
Ntt'luu [t=pt) Pl1tthlct;u=pu; Pluu’;lcu]
= P! (Calltlu) (Callt’l u') and
Ntt'luu' [ t=p5t; P1tt]lct; P2uu'; body u |
= P1 (Upd tlw) (Upd t' | u) and
N Tttt l1.[ ObjfT =5 Objf' T; P1 (ObjfT)(Objf'T);
P2ttt 1€ dom f;lc (Obj f T); body t ]
— P1 (Upd (Obj f T) L't) (Obj (f'(I— ') T) and
N T. [ dom f' = dom f; Viedom f. body (the(f1));
Viedom f. P2 (the(f1)) (the(f' 1)) ]
— P1 (Obj f T) (Obj f' T) and
NI Tlpp. [ ObjfT =5 Objf' T; P1 (ObjfT)(Objf"T);le(ObjfT);
ledomf;p=p5piPlpp;lcp]
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= P1 (Call (Obj f T) 1p) (the(f' IO " T:py and
AL tt'
[ finite L;
Vsp.sé¢ LApg LANs#Dp
— 3t [Fvar s, Foar p] =gt
A Pl (t[Fvar s, Fvar p]) t At = olsp] t") ]
= P2ttt
shows P1 ¢ t'
(proof)

4.2 Preservation

lemma par-beta-le[simp]:
fixes t t’
assumes t =3 t’
shows lc t A le t’

(proof)

lemma par-beta-preserves-FV[simp, rule-format]:
fixes ¢t t' x
assumes t =3 t’
shows ¢ ¢ FVit — z ¢ FV ¢/

(proof)

lemma par-beta-body[simpl:
[ finite L;
Vsp.sé¢ LApg LANs#Dp
— 3t ([Fvar s, Foar p] =5t At =os,p| t") ]
= body t A body t’
(proof )

4.3 Miscellaneous properties of par_ beta

lemma Fvar-pbeta [simp]: (Fvar © =5 t) = (t = Fvar z) (proof)
lemma Obj-pbeta: Obj f T =5 Obj f' T
= dom [’ = dom f
A (3 L. finite L
AN Viedomf.Nsp.s¢ LApEé LAs#Dp
— (3. (the(f y[Fvar s, Foarply oy
A the(f" 1) = ofs.p]0))
A (Viedom f. body (the(f1)))
{proof)

lemma Obj-pbeta-subst:
[ finite L;
Vsp.s¢é¢ LApE LAs#p
— (3t (t[Fvar s, Fvar p}) =5 " At = ofs,p] t");
Obj f T =5 Objf' T;lc (ObjfT); body t ]
= Obj (f(Il— 1)) T=p5 Obj (f(Il—1th) T
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(proof)

lemma Upd-pbeta: Upd t lu =5 Upd t' 1 v’
=t =4t
A (3 L. finite L
ANVsp.s¢e¢ LApE LAs#p
— (3t (u[F'uar s, Fvar p]) =5 t" A u' = os,p]t")))
Alct A body u
(proof)

lemma par-beta-refi:
fixes t
assumes Ic t
shows ¢t =3 t

(proof)

lemma par-beta-body-refi:
fixes u
assumes body u
shows L. finite LA (Vsp.s¢ LApg& LAs#p
— (3t (U[Fvar s, Fvar p]) =5t/ Au=osp| t))
(proof)

lemma par-beta-ssubst[rule-format]:
fixes t t’
assumes t =g t’
shows Vz v v v=pv — [z = v] t =5 [z = 0]t/

(proof)

lemma renaming-par-beta: t =p t' = [s — Fvar sa] t =3 [s — Fvar sa] t’
{proof)

lemma par-beta-beta:
fixes I ff uu'
assumes
l e domfand Obj f T =5 Obj f' T and u =3 v’ and lc (Obj f T) and lc u
shows (the(f )[OW f Ts uly = (the(f' O " T, u'ly
(proof)

4.4 Inclusions

beta C par-beta C beta *

lemma beta-subset-par-beta: beta < par-beta

(proof)

lemma par-beta-subset-beta: par-beta < beta
(proof)
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4.5 Confluence (directly)

lemma diamond-binder:
fixes L1 L2 t ta tb
assumes
finite L1 and
pred-L1:Vsp. s ¢ L1 ANp¢ LI Ns#p
— (3t (t[Fvar s, Fvar p) =5t
A (V2. (tlFvar s, Foar pl — 0 o) s (u ! =5 u A 2 =5 1))
A ta = o[s,p|t’) and
finite L2 and
pred-L2:Vsp. s ¢ L2 ANp ¢ L2 Ns#p
— (3¢, tlFvar s, Foar pl — o 47 A 4 = o[s,p]t)
shows
3L finite L'
AN@Et". Vsp.s¢eL'ANpE L' Ns#p
— (Fu. tqlFvar s, Foar p] =5 u At = o[splu))
ANNVsp.s¢L'ANp¢g L' Ns#p
— (Ju. gyl Fvar s, Foar p] =g u At = o[s,plu)))

(proof)

lemma exL-exMap-lem:
fixes
f = Label —~> sterm and
lz :: Label —~> sterm and f':: Label —~> sterm
assumes dom f = dom Iz and dom [’ = dom f
shows
YV L1 L2. finite L1
— (Viedom f.Vsp.s¢ LI ANpg¢ LI Ns#p
— (T t. (the(f l)[FU‘“" s, Foar p] =3t
A (¥ 2. (the(f 1)[Fvar s, Poar p] - o )
— Ju. t =5 u A z=35u))
A the(f' 1) = afs.p]t))
— finite L2
— (Viedom f.Vsp.s¢ L2 Apg L2 Ns#p
— (3t the(f DFvar s, Foar pl — 4 A the(lz 1) = o[s,p]t))
— (3L finite L'
A (Flu. dom lu = dom f
AN(Viedom f.Vsp.sé L' ANpéE L'Ns#p
— (3. (the(f’ l)[FWT 5 F“‘”’p}) =3t
A the(lu 1) = o[s,p]t))
A (Yiedom f. body (the (f'1)))
AN(Viedom f.Vsp.sé L'ANpéd L'Ns#p
— (3¢ (the(lz l)[F”‘“" s, Fvar p}) =3t
A the(lu 1) = o[s,p]t))
A (Yiedom f. body (the (Iz 1)))))
(proof)
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lemma exL-exMap:
[ dom (f::Label —~> sterm) = dom (lz::Label —~> sterm);
dom (f"::Label —~> sterm) = dom f;
finite L1;
Viedom f.Vsp.s¢ L1 ANpg¢ LI Ns#p
— (3. (the(f 1)lFvar s, Foarp] - 4
A (Y 2. (the(f DIFvar s, Foar pl — 0oy s (Ju. t =5 u A 2 =5 u)))
A the(f" 1) = ols,p]t);
finite L2;
Viedomlz.Vsp.s¢ L2 Np & L2 Ns#p
— (3t. the(f HFvar s, Foar pl — o 4 A the(lz 1) = o[s,p]t) |
= JL’. finite L'
A (Flu. dom lu = dom f
AN (Viedom f.Ysp.s¢é L'’ANpE L'ANs#p
— (3¢ (the(f’ l)[Fvar s, Fvar p]) =45t
A the(lu 1) = o[s,p]t))
A (Viedom f. body (the (f'1)))
ANViedom f.Ysp.s¢é L'ANp& L'ANs#p
— (3¢ (the(lz l)[Fvar s, Fvar p]) =45t
A the(lu 1) = o[s,p]t))
A (Viedom f. body (the (Iz 1))))
{proof )

lemma diamond-par-beta: diamond par-beta

(proof)

4.6 Confluence (classical not via complete developments)

theorem beta-confluent: confluent beta

(proof)

end

theory FEnvironments imports Main begin

4.7 Type Environments

Some basic properties of our variable environments.

datatype ‘a environment =
Env (string — 'a)
| Malformed

primrec
add :: ('a environment) = string = 'a = 'a environment
(«<-(-:-)» [90, 0, 0] 91)

where
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add-def: (Env e)(z:al) =
(if (x ¢ dom e) then (Env (e(z — a))) else Malformed)
| add-mal: Malformed(x:al) = Malformed

primrec

env-dom :: ('a environment) = string set
where

env-dom-def: env-dom (Env €) = dom e
| env-dom-mal: env-dom (Malformed) = {}

primrec

env-get :: ('a environment) = string = 'a option (¢-!1-)
where

env-get-def: env-get (Enve) z = ex
| env-get-mal: env-get (Malformed) © = None

primrec ok::('a environment) = bool
where

OK-Env [intro]: ok (Env e) = (finite (dom e))
| OK-Mal [intro]: ok Malformed = False

lemma subst-add:

fixes z y

assumes t # y

shows e(z:a))(y:b) = e(y:b)(z:a)
(proof)

lemma ok-finite[simp|: ok e => finite (env-dom e)
{proof)

lemma ok-ok[simp]: ok e = Fx. e = (Fnv )
{proof)

lemma env-defined:
fixes z :: string and e :: 'a environment
assumes z € env-dom e
shows 3T . elx = Some T

(proof)

lemma env-bigger: [ a ¢ env-dom e; x € (env-dom €) | = z € env-dom (e(a:X]))

{proof)
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lemma env-bigger2:
[ a ¢ env-dom e; b ¢ (env-dom e€); x € (env-dom €); a # b ]
= z € env-dom (e(a:X))(b:Y))
(proof )

lemma not-malformed: z € (env-dom e¢) = I fun. e = Env fun

(proof)

lemma not-malformed-smaller:
fixes e :: 'a environment and a :: string and X :: ‘a
assumes ok (e(a: X))
shows ok e

(proof)

lemma not-in-smaller:
fixes e :: 'a environment and a :: string and X :: ‘a
assumes ok (e(a:X))
shows a ¢ env-dom e

(proof)

lemma in-add:
fixes e :: 'a environment and a :: string and X :: ‘a
assumes ok (e(a: X))
shows a € env-dom (e(a:X])

{(proof)

lemma ok-add-reverse:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b :: string and Y :: 'a
assumes ok (e(a:X|))(b:Y))
shows (e(b:Y)(a: X)) = (e(a:X)(b:Y))
(proof)

lemma not-in-env-bigger:

fixes e :: 'a environment and a :: string and X :: ‘o and x :

assumes z ¢ (env-dom e) and z # a
shows z ¢ env-dom (e(a:X|)
(proof)

lemma not-in-env-bigger-2:
fixes
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e :: 'a environment and a :: string and X :: ‘a and
b :: string and Y :: ‘a and z :: string
assumes z ¢ (env-dom e¢) and z # a and = # b
shows z ¢ env-dom (e(a:X[)(b:Y))

(proof)

lemma not-in-env-smaller:
fixes e :: 'a environment and a :: string and X :: ‘a and z :: string
assumes z ¢ (env-dom (e(a:X))) and z # a and ok (e(a:X|)
shows z ¢ env-dom e

(proof)

lemma ok-add-2:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b:: string and Y :: 'a
assumes ok (e(a:X|))(0:Y])
shows ok e A\ a ¢ env-dom e A b & env-dom e A a # b

(proof)

lemma in-add-2:

fixes

e :: 'a environment and a :: string and X :: ‘a and

b :: string and Y :: 'a

assumes ok (e(a:X|))(b:Y))

shows a € env-dom (e(a:X))(b:Y ) A b € env-dom (e(a:X))(b:Y]))
(proof)

lemma ok-add-3:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b:: string and Y :: 'a and c :: string and Z :: 'a
assumes ok (e(a:X)(b:Y)(c:2))
shows
a ¢ env-dom e AN b ¢ env-dom e N\ ¢ ¢ env-dome AN a#=bANb#cAaz#c

(proof)

lemma in-env-smaller:
fixes e :: 'a environment and a :: string and X :: ‘a and z :: string
assumes z € (env-dom (e(a:X))) and = # a
shows z € env-dom e

(proof)
lemma in-env-smaller?:

fixes
e :: 'a environment and a :: string and X :: ‘a and
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b :: string and Y :: ‘a and z :: string
assumes z € (env-dom (e(a:X)(0:Y))) and = # a and = # b
shows z € env-dom e

{proof)

lemma get-env-bigger:
fixes e :: 'a environment and a :: string and X :: ‘a and z :: string
assumes z € (env-dom (e(a:X))) and z # a
shows elz = e(a: X))z

{(proof)

lemma get-env-bigger?2:
fixes
e :: 'a environment and a :: string and X :: ‘a and
b :: string and Y :: 'a and z :: string
assumes z € (env-dom (e(a:X)(0:Y))) and = # a and = # b
shows elz = e(a: X)) (b: Y]z
(proof)

lemma get-env-smaller: [ € env-dom e; a ¢ env-dom e | = e(a: X))z = elz
{proof)

lemma get-env-smaller2:
[ z € env-dom e; a ¢ env-dom e; b ¢ env-dom e; a # b |
= e(a:X)(b:Y)lz = elz
(proof)

lemma add-get-eq: [ za ¢ env-dom e; ok e; the e(za:U)laa =T ] = U =T
(proof )

lemma add-get: [ za ¢ env-dom e; ok e | = the e(za:U)lwa = U
{proof)

lemma add-get2-1:
fixes e :: ‘a environment and z :: string and A :: ‘a and y :: string and B :: 'a
assumes ok (e(z:A)(y:B))
shows the e(x:A)(y:B)lz = A

(proof)

lemma add-get2-2:
fixes e :: ‘a environment and z :: string and A :: ‘a and y :: string and B :: 'a
assumes ok (e(z:A)(y:B))
shows the e(z:A)(y:B)!ly = B

(proof)

lemma ok-add-ok: [ ok e; x ¢ env-dom e | = ok (e(z:X))

(proof)

lemma env-add-dom:

34



fixes e :: 'a environment and z :: string

assumes ok e and z ¢ env-dom e

shows env-dom (e(z:X|)) = env-dom e U {z}
(proof)

lemma env-add-dom-2:
fixes e :: 'a environment and z :: string and y :: string
assumes ok e and z ¢ env-dom e and y ¢ env-dom e and = # y
shows env-dom (e(z:X|)(y:Y)) = env-dom e U {z,y}

(proof)

fun
env-app :: (‘a environment) = ('a environment) = ('a environment) ((-+-»)
where
env-app (Env a) (Env b) =
(if (ok (Env a) A ok (Env b) A env-dom (Env b) N env-dom (Env a) = {})
then Env (a ++ b) else Malformed )

lemma env-app-dom:
fixes el :: 'a environment and e2 :: 'a environment
assumes ok el and env-dom el N env-dom e2 = {} and ok e2
shows env-dom (el+e2) = env-dom el U env-dom e2

(proof)

lemma env-app-same[simpl:
fixes el :: ‘a environment and e2 :: ‘a environment and x :: string
assumes
ok el and z € env-dom el and
env-dom el N env-dom e2 = {} and ok e2
shows the (el+e2lx) = the ellz

{(proof)

lemma env-app-ok[simpl:
fixes el :: 'a environment and e2 :: 'a environment
assumes ok el and env-dom el N env-dom e2 = {} and ok e2
shows ok (el+e2)

(proof)

lemma env-app-add[simp]:
fixes el :: '‘a environment and e2 :: 'a environment and z :: string
assumes
ok el and env-dom el N env-dom e2 = {} and ok e2 and
z ¢ env-dom el and = ¢ env-dom e2
shows (el +e2)(z:X|) = el (z:X|)+e2
(proof)

lemma env-app-add2][simp]:

fixes
61 o ’a em}imnment and 62 o /0, envimnment and

35



x :: string and y :: string
assumes
ok el and env-dom el N env-dom e2 = {} and ok e2 and
z ¢ env-dom el and z ¢ env-dom e2 and y ¢ env-dom el and
y ¢ env-dom e2 and z # y
shows (el+e2)(x:X)(y:Y) = el (z: X)) (y: Y])+e2
(proof)

end

5 First Order Types for Sigma terms

theory TypedSigma imports ../preliminary/Environments Sigma begin

5.0.1 Types and typing rules

The inductive definition of the typing relation.

definition
return :: (type X type) = type where
return a = fst a

definition
param :: (type X type) = type where
param a = snd a

primrec

do :: type = (Label set)
where

do (Object 1) = (dom 1)

primrec

type-get :: type = Label = (type X type) option («-"-» 1000)
where

(Object 1) n = (I n)

inductive
typing :: (type environment) = sterm = type = bool
(«-F-: - [80, 0, 80] 250)

where

T-Var[intro!]:
[ ok env; z € env-dom env; (the (envlz)) = T ]
= env - (Fvarz): T
| T-Obj[intro!]:
[ ok env; dom b = do A; finite F;
Viedo A.Vsp.s¢ FApeE FAs#p
— env(s:A))(p:param(the (A7)
 (the (b 1)1Fvar s,Fvar ply + pepyrn(the (A7) |
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= env k- (ObjbA): A
| T-Upd[intro!]:
[ finite F;
Vsp.sé¢ FApgd FAs#p
— env(s:A)(p:param(the (A71)))
H (n[FmT s, Fvar p]) : return(the (A7));
envba:A;l€doA]l = envk Updaln: A
| T-Call[intro!]:
[ envt a: A; envt b: param(the (A71)); 1 € do A
= env F (Call a 1 b) : return(the (A7)

inductive-cases typing-elims [elim!]:
e ObjbT: T
et Fvarz: T
e Callalb: T
e-Updaln:T

5.0.2 Basic lemmas

Basic treats of the type system.

lemma not-bvar: et : T = Vi. t # Buvar i
(proof)

lemma typing-reqular”: e =t : T = ok e
(proof )

lemma typing-reqgular’: et t: T = lc t
(proof)

theorem typing-reqular: et : T = ok e Nlct
(proof )

lemma obj-inv: et Obj fU: A= A=1U
(proof )

lemma obj-inv-elim:
e ObjfU: U
= (dom f = do U)
A (IF. finite F A (Vi€Edo U. Vsp.s¢ FApg FAs#Dp
— e(s:U)(p:param(the U))
b (the (f H)lFvar s,Fvar ply  pegyrn(the (U))))
(proof)

lemma typing-induct[consumes 1, case-names Fvar Call Upd Obj Bnd]:
fixes
env :: type environment and t :: sterm and T :: type and
P1 :: type environment = sterm = type = bool and
P2 :: type environment = sterm = type = Label = bool
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assumes
envt: T and
Nenv T z. [ ok env; © € env-dom env; the envle = T |
= P1 env (Fvar z) T and
Nenv Ttlp. [envtt: T; Pl envt T; envt p: param (the(T));

P1 env p (param (the(T))); 1 € do T ]
= P1 env (Call t 1 p) (return (the(T71))) and
Nenv Ttlu [envb t: T; Plenvt T;1€ doT; P2envu T1]
= Pl env (Upd t I v) T and
Nenv T f. [ ok env; dom f = do T; Viedom f. P2 env (the(f1)) T1]
= Pl env (Obj f T) T and
Nenv T Lt L. [ ok env; finite L;

Vsp.s¢é¢ LApE LANs#Dp
— env(s: T|)(p:param (the(T1)))
H (t[er s, Fvar p]) : return (the(T7))
A P1 (env(s:T))(p:param (the(T)))) (¢lFvar s, Foar ply
(return (the(T™))) |

= Plenvt Tl
shows
PienvtT

{proof)

lemma ball-Tltsp:

fixes

P1 :: type = Label = sterm = string = string = bool and

P2 :: type = Label = sterm = string = string = bool

assumes

Nttt [Vsp.s¢ FApE FAs#£p— Pl Tltspl]

= Vsp.s¢ F ANpg F' Ns#p— P2TIltspand

Vicdo T.Vsp.s¢ FAp ¢ FANs#p— P1TI(the(fl)) sp

shows Viedo T.Vsp. s¢ F'ANp ¢ F' ' Ns#p— P2TI (the(fl)) sp
(proof)

lemma ball-ex-finite:
fixes
S ::'asetand F :: 'b set and z :: 'a and
P:'a= "b= "b= bool
assumes
finite S and finite F' and
VzeS. (3F'. finite F'
ANNVsp.s¢g FFUFANpE F UFANs#p
— P xsp))
shows
IF'. finite F'
ANNVzeS. Vsp.s¢ FFUFApg FIUFANs#Dp
— Pxsp)
(proof)

38



lemma bnd-renaming-lem:
assumes
s¢ FVit'andp¢ FVit'and z ¢ FVt'and y ¢ FV t' and
x ¢ env-dom env’ and y ¢ env-dom env’ and s # p and z # y and
t = {Suc n — [Fvar s, Fvar p|} t' and env = env'(s:A)(p:B]) and
pred-bnd:
Vsapa. sa ¢ F AN pa¢ F A sa+# pa
— env(sa: T|)(pa:param(the(T))) F (t[er sa,Far pa]) : return(the(T71))
ANNVenw” t" s p'z'y" A’ B’ n'.
S E RV s p ¢ FVI" — 2/ ¢ FV 1" — y' & FV ' —
x' ¢ env-dom env' — y’ ¢ env-dom env” — x' £ y' — ' £ p’
. (t[Fvar sa, Fvar pa}) = {n' — [Pvar s, Foar p} t"
— env(sa: T|)(pa:param(the(T1))) = env”(sA’)(p"B’)
— env’'(z"A")(y"B’)
F{n' — [Pvar ', Fvar y'|} t" : return(the(T1))) and
FVi¢ C F’
shows
Vsa pa. sa ¢ F U {s,p,z,y} U F’' U env-dom env’
Apa ¢ FU{spzy}t UF U env-dom env’
A sa # pa
— env/(x:A)(y:B)(sa: T))(pa:param(the( T1)))|
F ({Suc n — [Fvar z, Fvar y|} ¢/[Fvar sa,Foar pa]) : return (the(T 7))
(proof)

lemma type-renaming’[rule-format):
eHt: C =
(Nenvt'spzyABn. [s¢ FVit,pg¢ FVthao g FVt,y¢ FVt)
x ¢ env-dom env; y ¢ env-dom env; s £ p; T # y;
t = {n — [Fvar s,Fvar p|} t'; e = env(s:A)(p:B) |
= env(z:A)(y:B) F {n — [Fvar z,Fvar y|} t': C)
(proof)

lemma type-renaming:
[ e(s:A)(p:B) F {n — [Fvar s,Fvar p|} t: T,
s¢FVi,pd FVit,x ¢ FV i,y ¢ FV i
x & env-dom e; y & env-dom e; © # y; s 7 p
= e(z:A)(y:B) + {n — [Fvar z,Fvar y|} t : T
(proof)

lemma obj-inv-elim:
assumes
ek ObjfU: U and
nin-s: s ¢ FV (Obj f U) U env-dom e and
nin-p: p ¢ FV (Obj f U) U env-dom e and s # p
shows
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(dom f = do U) A (Viedo U. e(s:U))(p:param(the(T 1))
- (the(f 1)[Fvar s.Fvar ply « petypn(the( UT)))
(proof)

lemma dom-lem: e b Obj f (Object fun) : Object fun = dom f = dom fun
(proof )

lemma abs-typekE:

assumes e = Call (Obj fU)1b: T
shows
(3 F. finite F

ANVsps¢ FApg FANs#p

— e(s:U)(p: param(the(UN))) F (the(f 1)Evar s.Foar ply . 1y — p)

= P
{proof)

5.0.3 Substitution preserves Well-Typedness

lemma bigger-env-lemmalrule-format]:
assumes ek t: T
shows Vz X. z ¢ env-dom e — e(z: X)) F t: T

(proof)

lemma bnd-disj-env-lem:
assumes
ok el and env-dom el N env-dom e2 = {} and ok e2 and
Vsp.s¢ FApE FNANs#p
— el (s: T)(p:param(the(T1)))
H (tQ[er s,Fvar p}) . return(the(T 1))
A (env-dom (el (s:T)(p:param(the(T1)))) N env-dom e2 = {}
— ok e2
— el (s:T)(p:param(the(T1)))+e2
H (tQ[er s,Fvar p}) : return(the(T)))
shows
Vsp. s¢ FUenv-dom (el+e2) ANp ¢ F U env-dom (el+e2) N s # p
— (el+e2)(s: T)(p:param(the(T))]) F (tQ[F”’“" s, Fvar p}) : return(the(T 1))
(proof)

lemma disjunct-env:
assumes e ¢ : A
shows (env-dom e N env-dom e/ = {} = oke' = e+ e'L ¢t: A)

(proof)
Typed in the Empty Environment implies typed in any Environment

lemma empty-env:
assumes (Env Map.empty) - t : A and ok env
shows env - t: A

(proof)
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lemma bnd-open-lem:
assumes
pred-bnd:
Vsapa. sa ¢ FApa ¢ F A sa+# pa
— env(sa: T|)(pa:param(the(T1)))
F (t[F”‘" sa,Fvar pa]) : return(the(T71))
ANNenv” t" s p'a’y A’B'n. s’ ¢ FVt"UFVz' UFVy'
—p' ¢ FV"UFVZ' UFVy — s # p’
— emv' Fz' i A" — env” -y’ B’
N (t[Fvar sa,Fvar pa]) = {n' — [Fvar s',Fvar p'|} t"'
— env(sa: T|)(pa:param(the(T1))) = env’(s"A')(p"B’)
— env” F{n' = [z"y]} t"": return(the(T1))) and
ok env and env = env’(s:A|)(p:B]) and
s¢ FVt"UFVzUFVyand p¢ FV¢'UFVzUFVyand s # p and
env'tz: Aand env'F y: B and
t = {Suc n — [Fvar s,Fvar p|} t'and FV t' C FV ¢"
shows
Vsa pa. sa ¢ F U {s,p} U env-dom env’
Apa ¢ F U {sp} U env-dom env’ A sa # pa
— env’(|sa: T|)(pa:param(the(T1)))
F ({Suc n — [z,y]} ¢/|Foar sa, Foar pa}) : return(the(T 7))
(proof)

lemma open-lemma’:
shows
eFt:C
= (Newt'spryABn s¢ FVt'UFVazUFVy
= pg¢ FVH'UFV2aUFVy= s#p
= envbkz: A= envky:B
= t = {n — [Fvar s,Fvar p|} t’
= e = env(s:A)(p:B)
= env - {n — [z,y]} t': O)
(proof)

lemma open-lemma:
[ env(s:A)(p:B) - {n — [Fvar s,Fvar p|} ¢t : T}
s¢ FVtUFV2zUFVy, p¢ FVIUFVzUFVy;s# p;
envExz:A;envb y: B]
= ekt {n—zyl}t:T
(proof )

5.0.4 Subject reduction

lemma type-dom|[simpl: env b (Obja A) : A = dom a = do A
(proof )
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lemma select-preserve-typelsimp]:

assumes
env - Obj f (Object t) : Object t and s ¢ FV a and p ¢ FV a and
env(s:(Object t)))(p:param(the(t 12))) + (a[FW‘T s,Fvar p]) : return(the(t 12)) and
l1 € domtand I2 € dom t
shows
3F. finite F
ANNVsp.s¢e FApg FAs#Dp
— env(s:(Object t)))(p:param(the(t 1))
F (the((f(12 +— a)) 11)[Fvar s,Fvar ply . pepyn (the(t 11)))

(proof)

Main Lemma

lemma subject-reduction: et : T = (At". t 9 t' = ek t': T)

{(proof)

theorem subject-reduction”: t —g* t' = ebFt: T = et t': T
{proof )

lemma type-members-equal:
fixes A :: type and B :: type
assumes do A = do B and Vi. (A7%) = (B7%)
shows A = B

(proof)

lemma not-var: Env Map.empty - a : A = Vz. a # Fvar x
(proof)

lemma Call-label-range: (Env Map.empty) & Call (Obj ¢ T)1b: A = [ € dom
c

(proof)

lemma Call-subterm-type: Env Map.empty = Call t 1 b: T
= (3T’ Env Map.empty =t : T'Y A (3T’ Env Map.empty - b : T
(proof)

lemma Upd-label-range: Env Map.empty = Upd (Obj ¢ T) lx: A =1 € dom ¢
(proof)

lemma Upd-subterm-type:
Env Map.empty - Upd tlz: T = 3T'. Env Map.empty - ¢ : T'

(proof)

lemma no-var: 3T. Env Map.empty - Fvar x : T —> False
(proof)

lemma no-bvar: e = Bvar x : T — Fulse
(proof)
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5.0.5 Unique Type

theorem type-unique[rule-format]:

assumes env F a: T
shows VT envka: T'— T =T’

{proof)

5.0.6 Progress

Final Type Soundness Lemma

theorem progress:
assumes FEnv Map.empty ¢t : A and —=(3¢ A. t = Obj ¢ A)
shows 3b. t =35 b

(proof)

end

6 Locally Nameless Sigma Calculus
theory Locally-Nameless-Sigma

imports Sigma/ParRed Sigma/ TypedSigma

begin

end
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