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Abstract

We formalize the localization [1, II, §4] of a commutative ring R
with respect to a multiplicative subset (i.e. a submonoid of R seen as
a multiplicative monoid).

This localization is itself a commutative ring and we build the natural
homomorphism of rings from R to its localization.
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begin

Contents:
e We define the localization of a commutative ring R with respect to a

multiplicative subset, i.e. with respect to a submonoid of R (seen as a
multiplicative monoid), cf. [rec-rng-of-frac].

o We prove that this localization is a commutative ring (cf. [crng-rng-of-frac])
equipped with a homomorphism of rings from R (cf. [rng-to-rng-of-frac-is-ring-hom)).

1 The Localization of a Commutative Ring

1.1 Localization

locale submonoid = monoid M for M (structure) +
fixes S

assumes subset : S C carrier M



and m-closed [intro, simp] : [zx € S;y e S]] =z ®@ye S
and one-closed [simp] : 1 € §

lemma (in submonoid) is-submonoid: submonoid M S
by (rule submonoid-azioms)

locale mult-submonoid-of-rng = ring R + submonoid R S for R and S

locale mult-submonoid-of-crng = cring R + mult-submonoid-of-rng R S for R
and S

locale eg-obj-rng-of-frac = cring R + mult-submonoid-of-crng R S for R (structure)
and S +

fixes rel

defines rel = (carrier = carrier R x S, eq = A(r,s) (r';s'). 3t€S. t @ ((s'® r)
o (s®r’)) =0)

lemma (in abelian-group) minus-to-eq :
assumes abelian-group G and z € carrier G and y € carrier G and z © y =0
shows z = y
by (metis add.inv-solve-right assms(2) assms(3) assms(4) l-zero minus-eq zero-closed)

lemma (in eg-obj-rng-of-frac) equiv-obj-rng-of-frac:
shows equivalence rel
proof
show Az. z € carrier rel = z .=
proof—
fix z
assume 1 € carrier rel
then have f1:1 ® ((snd z ® fst x) © (snd z ® fst z)) =0
using rel-def subset I-one minus-eq add.r-inv rev-subsetD
by auto
moreover have = = (fst z, snd z)
by simp
thus z .= z
using rel-def one-closed f1
by auto
qed
show Az y. ¢ .=, y = z € carrier rel => y € carrier rel => y .= ¢
proof—
fix zy
assume al:x .=, y and a2:x € carrier rel and a3:y € carrier rel
then obtain ¢ where f1:t € S and f2:t ® ((snd y ® fst x) © (snd z ® fst y))
=0
using rel-def
by fastforce
then have (snd 2z ® fsty) © (snd y @ fstx) =6 ((snd y ® fst z) © (snd z ®
fsty))

using abelian-group.minus-add abelian-group.minus-minus



by (smt a2 a3 a-minus-def abelian-group.a-inv-closed add.inv-mult-group
is-abelian-group
mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1)
prod.collapse
rel-def rev-subsetD subset)
then have t ® ((snd z ® fst y) © (sndy ® fstz)) =0
using minus-zero r-minus f2
by (smt a2 a8 f1 mem-Sigma-iff minus-closed partial-object.select-convs(1)
prod.collapse
rel-def semiring-simprules(3) rev-subsetD subset)
thus y .=, 2
using f1 rel-def
by auto
qed
show Az y 2.
T =gl Y = Y =y 2 = T € carrier rel => y € carrier rel => z € carrier
rel = T .=, 2
proof—
fixxyz
assume al:x .=, y and a2:y .=, z and a3:x € carrier rel and a4:y €
carrier rel
and ab:z € carrier rel
then obtain ¢ where fI1:t € S and f2:t @ ((snd y ® fst x) © (snd z @ fst y))
=0
using rel-def
by fastforce
then obtain ¢’ where f3:t' € S and f/:t' ® ((snd z @ fst y) © (snd y ® fst
2)) =0
using rel-def a2
by fastforce
then have ¢t ® (snd y ® fstz) ©t ® (snd 2z ® fsty) =0
using fI subset r-distr f2
by (smt a3 a4 a-minus-def abelian-group.a-inv-closed is-abelian-group mem-Sigma-iff

monoid.m-closed monoid-azioms partial-object.select-convs(1) prod.collapse
r-minus rel-def
subset-iff)
then have t' ®@ (t ® (snd y ® fstz)) ©t' @ (t ® (sndx ® fsty)) =0
using f3 subset r-distr
by (smt a3 a4 a-minus-def f1 is-abelian-group mem-Sigma-iff minus-to-eq
partial-object.select-convs(1) prod.collapse r-neg rel-def semiring-simprules(3)
subset-iff )
then have f5:snd 2 @ (t' @ (t ® (sndy ® fstx))) © snd 2 ® (t' ® (t @ (snd
T ® fsty))) =0
using a5 rel-def r-distr
by (smt a3 a4 a-minus-def f1 f3 is-abelian-group mem-Sigma-iff minus-to-eq
monoid.m-closed

monoid-azioms partial-object.select-convs(1) prod.collapse r-neg subset
subset-iff)



have t' ® (snd 2 ® fsty) ©t' @ (sndy Q@ fst z) =0
using f3 f} subset r-distr
by (smt a4 a5 a-minus-def abelian-group.a-inv-closed is-abelian-group mem-Sigma-iff

monoid.m-closed monoid-axioms partial-object.select-convs(1) prod.collapse
r-minus rel-def
rev-subsetD)
then have t ® (t' ® (snd 2 ® fsty)) 6t ® (' ® (snd y ® fst z)) = 0
using f1 subset r-distr
by (smt a4 a5 a-minus-def f3 is-abelian-group mem-Sigma-iff minus-to-eq
monoid.m-closed
monoid-axioms partial-object.select-convs(1) prod.collapse r-neg rel-def
subset-iff)
then have f6:snd 2 @ (t @ (t' @ (snd 2z @ fst y))) © sndz ® (t @ (t' @ (snd
y ® fstz))) =0
using a3 rel-def r-distr
by (smt a4 a5 a-minus-def f1 f3 is-abelian-group mem-Sigma-iff minus-to-eq
monoid.m-closed
monoid-azioms partial-object.select-convs(1) prod.collapse r-neg subset
subset-iff )
have snd z ®@ (' ® (t ® (sndz ® fsty))) =sndz @ (t @ (t' @ (snd z ® fst

y)))
using comm-monoid-azioms-def|of R] f1 f3 subset a3 a4 ab m-assoc
by (smt m-lcomm mem-Sigma-iff partial-object.select-convs(1) partial-object-ext-def
rel-def
semiring-simprules(3) rev-subsetD surjective-pairing)
then have snd 2z @ (t' ® (t @ (sndy ® fst z))) © snd 2 ® (t' @ (t ® (snd z
® fsty))) @
sndz®@ (@ (t'® (snd 2z ® fsty))) ©sndz @ (t® (t'® (snd y @ fst 2)))

sndz® ('@ (t@ (sndy @ fstz)) ©sndz® (t® (' ® (sndy @ fst 2)))
using add.l-inv
by (smt a3 a4 a5 f1 f3 f5 is-abelian-group local.semiring-azioms mem-Sigma-iff
minus-to-eq
monoid.m-closed monoid-axioms partial-object.select-convs(1) prod.collapse
rel-def
semiring.semiring-simprules(6) subset subset-iff)
then have f7:snd z @ (' ® (t @ (sndy ® fstz))) © sndz ® (t @ (' ® (snd
y® fstz))=0
using f5 f6
by (smt <snd 2 @ (' @ (t ® (sndz ® fst y))) = snd z ® (t ® (t' ® (snd z
® fst y)))
'@ (sndz @ fsty) ©t' @ (snd y ® fst z) = 0y a4 ad [3 is-abelian-group
mem-Sigma-iff
minus-to-eq partial-object.select-convs(1) prod.collapse rel-def semir-
ing-simprules(3)
subset subset-iff)
moreover have (t ® t' ® snd y) @ ((snd z @ fst x) © (snd z ® fst z)) = ((t
Rt'@sndy) @ (sndz® fstzr) o (t®t' @ sndy) @ (snd z @ fst z))



using r-distr f1 f3 subset a3 a4 ad rel-def a-minus-def r-minus
by (smt SigmaE abelian-group.a-inv-closed is-abelian-group monoid.m-closed
monoid-axioms
partial-object.select-convs(1) prod.sel(1) prod.sel(2) subset-iff)
moreover have f8:(t ® t' @ snd y) ® (snd 2 @ fstz) = snd z @ (' ®@ (t ®
(snd y @ fst x)))
using m-assoc comm-monoid-azioms-def[of R] f1 f3 subset a3 a4 a5 rel-def
rev-subsetD
by (smt SigmaFE local.semiring-axioms m-lcomm partial-object.select-convs(1)
prod.sel(1)
prod.sel(2) semiring.semiring-simprules(3))
moreover have f9:(1 @ t' @ snd y) @ (sndz ® fst z) = sndz @ (t @ (t' ®
(snd y © st 2))
using m-assoc comm-monoid-axioms-def[of R] f1 f3 subset a3 a4 ab rel-def
rev-subsetD
by (smt SigmaFE m-comm monoid.m-closed monoid-axioms partial-object.select-convs(1)
prod.sel(1)
prod.sel(2))
then have f10:(t ® t' @ snd y) @ (snd 2 @ fst ) © (t @ t' ® snd y) ® (snd
z® fstz) =0
using f7 f8 f9
by simp
moreover have t ® t' ® sndy € S
using f1 f3 a4 rel-def m-closed
by (simp add: mem-Times-iff)
then have (t ® t' ® snd y) ® (snd z ® fstz © sndz ® fst z) =0
using r-distr subset rev-subsetD f10 calculation(2)
by auto
thus z .=, 2
using rel-def <t ® t' @ sndy € S»
by auto
qed
qed

definition eq-class-of-rng-of-frac:: - = 'a = 'b = -set (infix |1 10)
where r |, s = {(r', 8') € carrier rel. (r, s) .=, (', $')}

lemma class-of-to-rel:
shows class-of yo; (7, s) = (7 |per 8)
using eg-class-of-def|[of rel] eq-class-of-rng-of-frac-def|of rel]
by auto

lemma (in eq-obj-rng-of-frac) zero-in-mult-submonoid:
assumes 0 € S and (r, s) € carrier rel and (r', s’) € carrier rel
shows (1 |y 5) = (1" |t 5
proof
show (1 |;¢; s) C (7' |yer 8')
proof
fix z



assume al:x € (7 |pe 8)
have 0 ® (s'® fstz o sndz @ 1) =0
using [l-zero subset rel-def al eq-class-of-rng-of-frac-def

by (smt abelian-group.minus-closed assms(3) is-abelian-group I-null mem-Collect-eq

mem-Sigma-iff
monoid.m-closed monoid-azioms old.prod.case partial-object.select-convs(1)
subset-iff surjective-pairing)
thus z € (1 |, s')
using assms(1) assms(8) rel-def eq-class-of-rng-of-frac-def
by (smt SigmaFE al eq-object.select-convs(1) I-null mem-Collect-eq minus-closed
old.prod.case
partial-object.select-convs(1) prod.collapse semiring-simprules(8) subset
subset-iff)
qed
show (r'|ye; 8) S (7 |yer 5)
proof
fix x
assume al:z € (r' | ')
have 0 ® (s® fstz © sndz® 1) =0
using [-zero subset rel-def al eq-class-of-rng-of-frac-def
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD assms(2) l-null
mem-Sigma-iff
minus-closed partial-object.select-convs(1) semiring-simprules(3) rev-subsetD)
thus ¢ € (7 | 9)
using assms(1) assms(2) rel-def eq-class-of-rng-of-frac-def
by (smt SigmaFE al eq-object.select-convs(1) I-null mem-Collect-eq minus-closed
old.prod.case
partial-object.select-convs(1) prod.collapse semiring-simprules(8) subset
subset-iff)
qed
qed

definition set-eq-class-of-rng-of-frac:: - = -set (:set’-class’-of1))
where set-class-of po; = {(r | o1 8)| 7 5. (7, 8) € carrier rel}

lemma elem-eq-class:
assumes equivalence S and z € carrier S and y € carrier S and z .=g y
shows class-of g x = class-of g ¥
proof
show class-of g x C class-of g y
proof
fix z
assume z € class-of g ©
then have y .=g 2
using assms eq-class-of-def[of S z] equivalence.sym[of S x y] equivalence.trans
by (metis (mono-tags, lifting) mem-Collect-eq)
thus z € class-of g y
using <z € class-of g T



by (simp add: eq-class-of-def)
qed
show class-of g y C class-of g
proof
fix z
assume z € class-of g y
then have 7 .=g 2
using assms eq-class-of-def equivalence.trans
by (metis (mono-tags, lifting) mem-Collect-eq)
thus z € class-of g x
using <z € class-of g y»
by (simp add: eq-class-of-def)
qed
qed

lemma (in abelian-group) four-elem-comm:

assumes a € carrier G and b € carrier G and ¢ € carrier G and d € carrier
G

showsac chpbed=adbecod

using assms a-assoc a-comm

by (simp add: a-minus-def)

lemma (in abelian-monoid) right-add-eq:
assumes ¢ = b
shows c G a=c® b
using assms
by simp

lemma (in abelian-monoid) right-minus-eq:
assumes ¢ = b
shows cca=co b
by (simp add: assms)

lemma (in abelian-group) inv-add:
assumes a € carrier G and b € carrier G
shows © (¢ @ b)) =0 a6 b
using assms minus-add
by (simp add: a-minus-def)

lemma (in abelian-group) right-inv-add:
assumes a € carrier G and b € carrier G and ¢ € carrier G
shows c S a0 b=cS (a ® D)
using assms
by (simp add: a-minus-def add.m-assoc local.minus-add)

context eg-obj-rng-of-frac
begin

definition carrier-rng-of-frac:: - partial-object



where carrier-rng-of-frac = (carrier = set-class-of o)

definition mult-rng-of-frac:: [-set, -set] = -set
where mult-rng-of-frac X Y =

let ' = (SOME z. z € X) in

let y'= (SOME y. y € Y) in

(fst z' @ fst y')|pe; (snd ' ® snd y’)

definition rec-monoid-rng-of-frac:: - monoid
where rec-monoid-rng-of-frac = (carrier = set-class-of yoj, mult = mult-rng-of-frac,
one = (1] 1))

lemma member-class-to-carrier:
assumes z € (7 |, s) and y € (17 |, ')
shows (fst z ® fst y, snd x ® snd y) € carrier rel
using assms rel-def eq-class-of-rng-of-frac-def
by (metis (no-types, lifting) Product-Type.Collect-case-prodD m-closed mem-Sigma-iff

partial-object.select-convs(1) semiring-simprules(3))

lemma member-class-to-member-class:
assumes z € (7 |, s) and y € (77 | §)
shows (fst £ ® fst y |p snd ¢ ® snd y) € set-class-of
using assms member-class-to-carrier[of x r s y v’ 8] set-eq-class-of-rng-of-frac-def|of
rel]
eq-class-of-rng-of-frac-def
by auto

lemma closed-mult-rng-of-frac :
assumes (r, s) € carrier rel and (¢, u) € carrier rel
shows (7“ |rel 3) ®rec—monoid—rng—of—fmc (t |rel u) € set-class-of o
proof—
have (7, s) .=, (7, 5)
using assms(1) equiv-obj-rng-of-frac equivalence-def|of rel]
by blast
then have (r, s) € (7 |, $)
using assms(1)
by (simp add: eq-class-of-rng-of-frac-def)
then have fI:3z. z € (7 |, )
by auto
have f2:3y. y€ (¢ |, )
using assms(2) equiv-obj-rng-of-frac equivalence.refl eq-class-of-rng-of-frac-def
by fastforce
show (7 [ ) O rec-monoid-rng-of-frac (t [rer ) € set-class-of e
using f1 f2 rec-monoid-rng-of-frac-def mult-rng-of-frac-def[of (v |pep 8) (t |yer

u)]

t u)
by (metis (mono-tags, lifting) mem-Collect-eq member-class-to-carrier monoid.select-convs(1)

set-eq-class-of-rng-of-frac-def [ of rel] member-class-to-member-class[of ' r s y’



somel-ex)
qed

lemma non-empty-class:
assumes (r, s) € carrier rel
shows (1" |1 ) # {}
using assms eg-class-of-rng-of-frac-def equiv-obj-rng-of-frac equivalence.refl
by fastforce

lemma mult-rng-of-frac-fundamental-lemma:
assumes (r, s) € carrier rel and (r', s') € carrier rel
shows (7 |, $) Qrec-monoid-rng-of-frac (1" [per 8) = (r @ 71" |g 5 @ 8"
proof—
have f1:(r |, ) # {}
using assms(1) non-empty-class
by auto
have (1" |, s') # {}
using assms(2) non-empty-class
by auto
then have 3z € (1 |1 8). 32" € (1 [0 8"). (7 |per 8) Drec-monoid-rng-of-frac (r'
lrer 87) =
(fst z @ fst &' |, snd © @ snd )
using f1 rec-monoid-rng-of-frac-def
by (metis monoid.select-convs(1) mult-rng-of-frac-def some-in-eq)
then obtain = and z’ where f2:z € (r |, ) and f3:z' € (r' |, s
and (7 [ ) Orec-monoid-rng-of-frac (r" |yt 8) = (fst z @ fst a’ | snd z &
snd x')
by blast
then have (r, s) .=, (fst z, snd z)
using rel-def
by (metis (no-types, lifting) Product-Type.Collect-case-prodD eq-class-of-rng-of-frac-def)
then obtain ¢ where f/:t € Sand f5:t ® (sndz @ 1) © (s fstz)) =0
using rel-def
by auto
have (17, s) .=, (fst 2/, snd z’)
using rel-def f3
by (metis (no-types, lifting) Product- Type.Collect-case-prodD eq-class-of-rng-of-frac-def)
then obtain ¢’ where f6:t' € S and f7:t' ® (snd 2’ @ r' © s’ ® fstz’) =0
using rel-def
by auto
have f§:t € carrier R
using f4 subset rev-subsetD
by auto
have f9:snd z ® r € carrier R
using subset rev-subsetD f2 assms(1)
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def
mem-Sigma-iff
partial-object.select-convs(1) rel-def semiring-simprules(3))



have f10:6 (s ® fst z) € carrier R
using assms(1) subset rev-subsetD f2
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD abelian-group.a-inv-closed

eq-class-of-rng-of-frac-def is-abelian-group mem-Sigma-iff monoid.m-closed
monoid-axioms
partial-object.select-convs(1) rel-def)
then have t ® (sndz @ 1) ©t® (s ® fstz) =0
using f8 f9 f10 f5 r-distr[of snd x @ r © (s ® fst x) t] a-minus-def r-minus|of
ts® fstx
by (smt BNF-Def.Collect-case-prodD assms(1) eg-class-of-rng-of-frac-def f2
mem-Sigma-iff
partial-object.select-convs(1) rel-def semiring-simprules(3) subset subset-iff)
then have fI11:t ® (sndz @ r) =1t ® (s ® fst )
by (smt BNF-Def.Collect-case-prodD assms(1) eg-class-of-rng-of-frac-def f2 f8
is-abelian-group
mem-Sigma-iff minus-to-eq monoid.m-closed monoid-azxioms partial-object.select-convs(1)
rel-def subset subset-iff)
have f12:t’ € carrier R
using f6 subset rev-subsetD
by auto
have f13:snd ' ® r' € carrier R
using assms(2) f3 subset rev-subsetD
by (metis (no-types, lifting) Product-Type.Collect-case-prodD eg-class-of-rng-of-frac-def

mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1)
rel-def)
have f1/:6 (s’ ® fst z') € carrier R
using assms(2) f3 subset rev-subsetD
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD abelian-group.a-inv-closed

eq-class-of-rng-of-frac-def is-abelian-group mem-Sigma-iff monoid.m-closed
monoid-axioms
partial-object.select-convs(1) rel-def)
then have t' ® (sndz' @ r) 6 t' ® (s’ ® fstz') =0
using f12 f13 f14 f7 r-distr[of snd 2’ @ r' © (s’ @ fst &) t'] a-minus-def
r-minus[of t' s’ @ fst x]
by (smt BNF-Def.Collect-case-prodD assms(2) eg-class-of-rng-of-frac-def f3
mem-Sigma-iff
partial-object.select-convs(1) rel-def semiring-simprules(3) subset subset-iff)
then have f15:t' ® (sndz' @ r') =t/ ® (s’ ® fst )
by (smt BNF-Def.Collect-case-prodD assms(2) eq-class-of-rng-of-frac-def {3 f12
is-abelian-group
mem-Sigma-iff minus-to-eq monoid.m-closed monoid-azxioms partial-object.select-convs(1)
rel-def subset subset-iff)
have t' ® t € S
using f4 f6 m-closed
by auto
then have f16:t' ® t € carrier R

10



using subset rev-subsetD
by auto
have f17:(snd ¢ ® snd z') @ (r ® r') € carrier R
using assms f2 f3
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def
mem-Sigma-iff
monoid.m-closed monoid-axioms partial-object.select-convs(1) rel-def subset
subset-iff)
have f18:(s ® s') ® (fst ¢ ® fst x') € carrier R
using assms f2 f3
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def
mem-Sigma-iff
monoid.m-closed monoid-axioms partial-object.select-convs(1) rel-def subset
subset-iff)
then have f19:(' ® t) @ (sndz @ sndz') @ (r@r) o (s® s) @ (fstxz ®
fstx')) =
('@t)@ (sndz@sndz) @(rar)o (' t)® ((s® s) ® (fst z ® fst

2)
using f16 f17 f18 r-distr m-assoc r-minus a-minus-def

by (smt BNF-Def.Collect-case-prodD assms(1) assms(2) eq-class-of-rng-of-frac-def

f14 12 f3
m-comm mem-Sigma-iff monoid.m-closed monoid-axioms partial-object.select-convs(1)
rel-def
subset subset-iff)
then have f20:(t' ® t) @ (sndz @ sndz') @ (r@r)=(t'®@t) ® (sndx @ r

® sndz' @ 1)

using m-assoc m-comm f16 assms rel-def f2 f3

by (smt BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def mem-Sigma-iff

partial-object.select-convs(1) semiring-simprules(8) subset subset-iff)
then have (' ® t) @ (sndz @ sndz”)) @ (r@r)=t'@ (t@ sndz @ r) ®
snd ' @ 1)
using m-assoc assms f2 f3 rel-def f8 f12
by (smt BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def mem-Sigma-iff
monoid.m-closed
monoid-azioms partial-object.select-convs(1) subset subset-iff)
then have f21:((t' ® t) @ (sndz @ sndz') @ (r@r)=t'® (t ® s ® fst x)
® sndz' @ r'
using f11 m-assoc
by (smt BNF-Def.Collect-case-prodD assms(1) assms(2) eg-class-of-rng-of-frac-def
12 2 13 18
mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1)
rel-def subset subset-iff)
moreover have (' ® 1) @ (s ® s") @ (fstz @ fstz') = (' ® ' @ fstz') @ ¢
® s ® fstx
using assms f2 f3 f8 f12 m-assoc m-comm rel-def
by (smt BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def mem-Sigma-iff
monoid.m-closed
monoid-azioms partial-object.select-convs(1) subset subset-iff)

11



then have (' ® {) @ ((s @ s) @ (fstz R fstz)) = ('@ snd 2z’ 1) Rt R s
® fstx
using f15 m-assoc
by (smt BNF-Def.Collect-case-prodD assms(2) eg-class-of-rng-of-frac-def f12
18 mem-Sigma-iff
partial-object.select-convs(1) rel-def subset subset-iff)
then have f22:(1' @ 1) ® (s ® s) @ (fstz @ fstz') =t' @ (t @ sndx @ 1)
® snd z' ® r’)
using m-assoc m-comm assms
by (smt BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def f12 f2 f21 f3 f8
mem-Sigma-iff
partial-object.select-convs(1) rel-def semiring-simprules(3) subset subset-iff)
then have f25:(1' @ t) @ ((sndz @ sndz’) @ (r@r) 0 (s® s) @ (fst z ®
fstz)) =0
using 19 f21 22
by (metis ' @ t @ (sndzx @ sndz’) @ (r@r)=t'® (t @ sndz @ r @ snd
'@ r')
a-minus-def f16 f18 r-neg semiring-simprules(3))
have f2/:(r ® r', s ® s’) € carrier rel
using assms rel-def
by auto
have f25: (fst x ® fst «/, snd x ® snd z') € carrier rel
using f2 f3 member-class-to-carrier
by auto
then have (r ® r/, s ® s') .=, (fst z @ fst z', snd z @ snd ')
using f23 24 rel-def <’ @ t € S»
by auto
then have class-of ,; (1 @ ', s @ s') = class-of jo; (fst z ® fst ', snd z @ snd
z')
using f24 f25 equiv-obj-rng-of-frac elem-eq-class[of rel (r @ ', s ® s') (fst z ®
fst z', snd © @ snd z’)]
eq-class-of-rng-of-frac-def
by auto
then have (1 @ 1’ |, s ® ') = (fst £ ® fst 2’ |, snd z @ snd z’)
using class-of-to-rel|of rel]
by auto
thus ?thesis
using (7 [ $) O rec-monoid-rng-of-frac (1 [rer 8") = (fst z @ fst a’ [ snd x
® snd z')»
trans sym
by auto
qed

lemma member-class-to-assoc:

assumes z € (7 | s) and y € (¢ |y v) and z € (v |, W)

shows ((fst z ® fst y) @ fst z |, (snd 2 @ snd y) @ snd z) = (fst z @ (fst y ®
fst 2) |pep snd @ (snd y ® snd z))

using assms m-assoc subset rel-def rev-subsetD

by (smt BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def mem-Sigma-iff
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partial-object.select-convs(1))

lemma assoc-mult-rng-of-frac:
assumes (r, s) € carrier rel and (¢, u) € carrier rel and (v, w) € carrier rel
shows ((7 |, 5) Qrec-monoid-rng-of-frac (t lrer w)) Qrec-monoid-rng-of-frac CAPS
w) =
(7 lyer ) Brec-monoid-rng-of-frac ((t [per w) Orec-monoid-rng-of-frac (v [rer
w))
proof—
have (r®t) @ v, (s@u) @ w)=(r® (t®v), s® (v w))
using assms m-assoc
by (metis (no-types, lifting) mem-Sigma-iff partial-object.select-convs(1) rel-def
rev-subsetD subset)
then have f1:((r @ t) @ v [, (s @ ¥) @ W) = (T @ ( ® V) |1 s ® (v ® w))
by simp
have f2:((r [ ) O rec-monoid-rng-of-frac (t |per w)) Orec-monoid-rng-of-frac (v
el w) =
(r®t) @ vlp (s ® u) @ w)
using assms mult-rng-of-frac-fundamental-lemma rel-def
by auto
have f3:(r [¢ ) Qrec-monoid-rng-of-frac ((t |per ) Qrec-monoid-rng-of-frac (0 e
w)) =
(r®(t®v) |7‘els®(u®w))
using assms mult-rng-of-frac-fundamental-lemma rel-def
by auto
thus ?thesis
using fI1 f2 f3
by simp
qed

lemma left-unit-mult-rng-of-frac:
assumes (r, s) € carrier rel
shows Lrec-monoid-rng-of-frac ©rec-monoid-rng-of-frac (7 lrer 8) = (7 |per 9)
using assms subset rev-subsetD rec-monoid-rng-of-frac-def mult-rng-of-frac-fundamental-lemmalof
1174
l-one[of r] l-one|of s] rel-def
by auto

lemma right-unit-mult-rng-of-frac:
assumes (r, s) € carrier rel
shows (7 [ $) Qrec-monoid-rng-of-frac 1rec—monoid—rng—of—fmc = (7 |rer 9)
using assms subset rev-subsetD rec-monoid-rng-of-frac-def mult-rng-of-frac-fundamental-lemmalof
rsl1]
r-onelof ] r-onelof s| rel-def
by auto

lemma monoid-rng-of-frac:

shows monoid (rec-monoid-rng-of-frac)
proof
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show Az y. © € carrier rec-monoid-rng-of-frac =
y € carrier rec-monoid-rng-of-frac = x ®Orec-monoid-rng-of-frac Y € carrier
rec-monoid-rng-of-frac
using rec-monoid-rng-of-frac-def closed-mult-rng-of-frac
by (smt mem-Collect-eq partial-object.select-convs(1) set-eq-class-of-rng-of-frac-def)
show Az y z. © € carrier rec-monoid-rng-of-frac =
y € carrier rec-monoid-rng-of-frac =
z € carrier rec-monoid-rng-of-frac =
T Qrec-monoid-rng-of-frac Y Drec-monoid-rng-of-frac # =
T O rec-monoid-rng-of-frac (y Qrec-monoid-rng-of-frac ?
using assoc-mult-rng-of-frac
by (smt mem-Collect-eq partial-object.select-convs(1) rec-monoid-rng-of-frac-def

set-eg-class-of-rng-of-frac-def)
show 1,ccimonoid-rng-of-frac € carrier rec-monoid-rng-of-frac
using rec-monoid-rng-of-frac-def rel-def set-eq-class-of-rng-of-frac-def
by fastforce
show Az. z € carrier rec-monoid-rng-of-frac = 1rec-mon0id-mg-of-fmc ® rec-monoid-rng-of-frac
r=ux
using left-unit-mult-rng-of-frac
by (smt mem-Collect-eq partial-object.select-convs(1) rec-monoid-rng-of-frac-def
set-eg-class-of-rng-of-frac-def)
show Az. z € carrier rec-monoid-rng-of-frac = x ®rec-monoid-rng-of-frac Lrec-monoid-rng-of-frac
==z
using right-unit-mult-rng-of-frac
by (smt mem-Collect-eq partial-object.select-convs(1) rec-monoid-rng-of-frac-def
set-eg-class-of-rng-of-frac-def)
qged

lemma comm-mult-rng-of-frac:
assumes (r, s) € carrier rel and (r', s’) € carrier rel
shows (7 [ $) Orec-monoid-rng-of-frac (r'lper 8) = (1" | e 8") Orec-monoid-rng-of-frac
(7 [rer 5)
proof—
have f1:(7 |re; 8) @rec-monoid-rng-of-frac (7' lret ) = (1 @ v |y s © )
using assms mult-rng-of-frac-fundamental-lemma
by simp
have f2:(r" [ s') Qrec-monoid-rng-of-frac (7 et 8) = (1" @ 1 |pey 8" @ 5)
using assms mult-rng-of-frac-fundamental-lemma
by simp
have f$:r @ r'=7r'® r
using assms rel-def m-comm
by simp
have f/:s ® s'=5"® s
using assms rel-def subset rev-subsetD m-comm
by (metis (no-types, lifting) mem-Sigma-iff partial-object.select-convs(1))
thus ?thesis
using f1 f2 f3 f/
by simp
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qed

lemma comm-monoid-rng-of-frac:
shows comm-monoid (rec-monoid-rng-of-frac)
using comm-monoid-def Group.comm-monoid-azioms-def monoid-rng-of-frac comm-mult-rng-of-frac
by (smt mem-Collect-eq partial-object.select-convs(1) rec-monoid-rng-of-frac-def
set-eg-class-of-rng-of-frac-def)

definition add-rng-of-frac:: [-set, -set] = -set
where add-rng-of-frac X Y =
let ' = (SOME z. z € X) in
let y = (SOME y. y € Y) in
(snd y' @ fst 2’ @ snd x' @ fst y') |y (snd 2’ @ snd y’)

definition rec-rng-of-frac:: - ring
where rec-rng-of-frac =
(carrier = set-class-of p;, mult = mult-rng-of-frac, one = (1|1 1), zero = (0 |

1), add = add-rng-of-frac |

lemma add-rng-of-frac-fundamental-lemma:
assumes (r, s) € carrier rel and (r', s') € carrier rel
shows (7 |, $) Drec-rng-of-frac (r' ey s) =" @1r@s@ 1 [ s® s
proof—
have 32" € (1 | 8). 3y € (1 [per ) (7 |yer 9) Orec-rng-of-frac (r" er s") =
(sndy' ® fst o' & snd z' @ fst y' |, snd z' @ snd y’)
using assms rec-rng-of-frac-def add-rng-of-frac-def[of (v |,e1 ) (7" |7er 7))
by (metis non-empty-class ring-record-simps(12) some-in-eq)
then obtain z’ and y’ where f1:z' € (r |, s) and f2:y’ € (v’ |, s’) and
I3:(r Ly 8) Srec-rng-of-frac (r'per 8") = (snd y' ® fst a' & snd 2’ ® fst y' |,¢
snd ' @ snd y")
by auto
then have (r, s) .=, 2’
using f1 rel-def eq-class-of-rng-of-frac-def|[of rel r s
by auto
then obtain ¢ where f/:t € Sand f5:t ® (sndz’ @ r© s ® fstz’) =0
using rel-def
by auto
have (', s") .=, ¥’
using f2 rel-def eq-class-of-rng-of-frac-def[of rel r' s’
by auto
then obtain ¢’ where f6:t' € S and f7:t' ® (sndy' @ ' © s’ ® fst y) =0
using rel-def
by auto
then have f8:t @ t' € S
using m-closed f} f6
by simp
then have (s'®@ r @ s @ 1/, s ® s') .=, (snd y’' @ fst 2’ & snd 2’ @ fst y’, snd
z' ® snd y’)
proof—
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have f9:t' ® s’ ® snd y' € carrier R
using f6 assms(2) f2 subset rev-subsetD eq-class-of-rng-of-frac-def rel-def
by fastforce
have f10:snd 2’ ® r € carrier R
using assms(1) f1 rel-def subset rev-subsetD
by (metis (no-types, lifting) Product-Type.Collect-case-prodD eg-class-of-rng-of-frac-def

mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
have f11:5 ® fst ' € carrier R
using assms(1) subset rev-subsetD f1 rel-def
by (metis (no-types, lifting) Product-Type.Collect-case-prodD eg-class-of-rng-of-frac-def

mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
have t @ (sndz’ @ re s fstz) =t ® (sndz’' @ r) 6t ® (s ® fst x')
using f9 f10 f11 f} subset rev-subsetD r-distrlof snd ©' @ r s @ fst x’ {]

a-minus-def

r-minus[of t s ® fst x|
by (smt add.inv-closed monoid.m-closed monoid-axioms r-distr)
then have fI12:(t' @ s’ @ snd y') @ (t @ (sndz' @ 1 © s ® fst z')) =
'Rs@sndy’ @t (sndz’' @r)o ('@ s @sndy @ t® (s fsta'))
using f9 r-distr[of - - t' ® s’ ® snd y'] rel-def r-minus a-minus-def
by (smt abelian-group.minus-to-eq f10 f11 f4 f5 is-abelian-group m-assoc

monoid.m-closed

monoid-azxioms r-neg r-null subset subset-iff)
have f13:(snd ' ® snd y') ® (s’ ® r) € carrier R
using assms f1 f2 subset rev-subsetD
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def

mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1)

rel-def)

have f1/:(s ® s') ® (snd y' ® fst x’) € carrier R
using assms f1 f2 subset rev-subsetD
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def

mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1)

rel-def)

then have (t ® t') @ ((sndz' @ sndy) @ (' @ 1) © (s ® s') ® (snd y’' ® fst

') =

(@t (sndz' @sndy)@(s"@r)o(tthe (s®s) @ (sndy’ ®

fot 2))

using f13 f14 f8 subset rev-subsetD r-distr rel-def r-minus a-minus-def
by (smt add.inv-closed semiring-simprules(3))
have f15:s ® s’ € carrier R
using assms rel-def subset rev-subsetD
by auto
have f16:snd y’' @ fst x’ € carrier R
using f1 f2 rel-def subset rev-subsetD[of - S] monoid.m-closed[of R snd y’ fst

by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def
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mem-Sigma-iff monoid-azioms partial-object.select-convs(1))
have f17:t € carrier R
using f4 subset rev-subsetD
by auto
have f18:t’ € carrier R
using f6 subset rev-subsetD
by auto
have f19:s € carrier R
using assms(1) rel-def subset
by auto
have f20:s’ € carrier R
using assms(2) rel-def subset
by auto
have f21:snd y’ € carrier R
using f2 rel-def subset rev-subsetD
by (metis (no-types, lifting) Product-Type.Collect-case-prodD eg-class-of-rng-of-frac-def

mem-Sigma-iff partial-object.select-convs(1))
have f22:fst ' € carrier R
using f1 rel-def
by (metis (no-types, lifting) Product-Type.Collect-case-prodD eg-class-of-rng-of-frac-def
mem-Sigma-iff
partial-object.select-convs(1))
then have f23:(t @ t') @ ((s ® s") @ (snd y' @ fstz’)) =t' ® ' @ snd y' ®
t® (s ® fstah)
using f17 f18 f19 f20 f21 m-assoc m-comm
by (smt BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def f1 f4 f6 mem-Sigma-iff

partial-object.select-convs(1) rel-def semiring-simprules(3) subset-iff)
have f2/:(t @ t) @ ((snd 2’ @ snd y') @ (' @ 1)) =t' @ ' @ sndy' @ t ®
(snd z' @ r)
using f17 f18 f20 f21 m-assoc m-comm
by (smt BNF-Def.Collect-case-prodD assms(1) eg-class-of-rng-of-frac-def f1
12 14 f6
mem-Sigma-iff partial-object.select-convs(1) rel-def semiring-simprules(3)
subset subset-iff)
then have (t ® t') ® ((sndz’' @ sndy) @ (s'@r) o (tth® (s® s) @
(snd y' ® fst x’))=
t'®s@sndy’ t@ (sndz’'@r) e (' ®s'@sndy’ @t® (s® fstz'))
using 23 f24
by simp
then have 25:(t' ® s’ @ sndy) @ (t ® (sndz’ @ r © s @ fst z’)) =
(@t (sndz' @sndy)@(s"@r)o (tthe (s®s) @ (sndy’ ®
it )
using f12
by simp
have f26:(t ® t") @ (snd 2’ @ snd y) @ (s @ r)) 8 (t @t @ ((s ® s") ®
(snd ' @ fst y')) =
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t@s@sndz’ @t'@ (sndy' @r)o (t@s@sndz’' @t'® (s’ ® fsty’))
by (smt BNF-Def.Collect-case-prodD assms(2) eg-class-of-rng-of-frac-def f1
f17 f18 f19 f2
m-assoc m-comm mem-Sigma-iff monoid.m-closed monoid-axioms par-
tial-object.select-convs(1) rel-def subset subset-iff)
have f27:snd y' ® r' € carrier R
using assms(2) f21 rel-def
by auto
have f28:s' @ fst y' € carrier R
using f20 assms(2)
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def

12
mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1)
rel-def)
then have t' ® (sndy’' @ r'o s’ @ fsty)=t'@ (sndy’ @ r) o t' @ (' ®
fsty")
using f18 27 28 r-minus[of t' s’ @ fst y’]
by (simp add: a-minus-def r-distr)
then have f29:(t @ s@ sndz') @ (t' @ (sndy' @ ' © s’ @ fst y')) =
(t@s@sndz)@ ('@ (sndy’' @ r') o t'® (s’ ® fsty'))
by simp
have t ® s ® snd z’ € carrier R
using f17 f19 f1 subset assms(1) eq-class-of-rng-of-frac-def f4 rel-def
by fastforce
then have f30:(t ® s ®@ sndz2’) @ (t' ® (sndy’' @ r' & s’ ® fst y')) =
tethe(snde' @ sndy) @ (s@r)o(tet)e (s®s) @ (sndz' ®
fsty")
using f26 f29 r-distr
by (smt <t/ @ (sndy' @ r'e s’ @ fssy)=t'® (sndy’ @ r') 6t ® (s’ ®
fsty)
a-minus-def abelian-group.minus-to-eq f18 f27 {28 f7 is-abelian-group m-assoc
monoid.m-closed
monoid-azxioms r-neg semiring-simprules(15))
then have f371:(t' ® ' @ sndy") @ (t ® (sndz' @ r o s® fstz')) & (t ®
s@sndz) @ ('@ (sndy' @ r' 6 s’ ® fsty)))
=(tet) (sndx' @ sndy) @ (5@ 7)o (t®the ((s®s) @ (snd
y' ® fst ) @
(t@th@((sndz' @sndy) @ (s®@7r) ottt ((s®s) ® (snd z’
® fsty)))
using f25 f30
by simp
have f32:(t @ t') @ ((snd 2’ @ snd y') @ (s’ @) o (t@t) @ ((s ® ') @
(snd y' ® fst x’))
=ttt (sndz' @ sndy) @ (s'"®@71r) 0 (s® s) ® (snd y' ® fstz'))
using f17 f18 r-distr
by (simp add: <t @ t' @ (snd 2’ @ snd y' @ (' @ 1) © s ® s’ ® (snd y’ ®
fstz))=t@t'@(sndz’' @sndy’ @ (s'@7r)0tdt'@(s® s @ (sndy' ®
st 2)»)
have f33:(t @ t) @ (snd 2’ @ snd y) @ (s @ r)) o (t @t @ ((s ® s") ®
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(snd 2’ ® fsty') =
(t@th® (sndz' @ sndy) @ (s@71) & (s® ) @ (snd z' ® fst y’))
using r-distr[of - - t ® t'] f17 f18 a-minus-def r-minus
by (smt BNF-Def.Collect-case-prodD abelian-group.a-inv-closed assms(1)
assms(2)
eq-class-of-rng-of-frac-def f1 f2 is-abelian-group mem-Sigma-iff partial-object.select-convs(1)
rel-def semiring-simprules(3) subset subset-iff)
have f3/:(snd 2’ @ snd y) @ (' @ r® s r') = (snd 2’ ® snd y') ® (s’ ®
r)® (sndz' @ snd y’) @ (s @ 1)
using r-distr
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD assms(1) assms(2)
eq-class-of-rng-of-frac-def
11 2 mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1)
rel-def
subset subset-iff)
then have (1 @ t') @ (snd 2’ @ sndy) @ (' @ r ® s @ r')) =
tth@(sndz' @ sndy) @ (' @7r) @ (t®t)® (sndz’ @ snd y') @ (s
® 1)
by (smt BNF-Def.Collect-case-prodD assms(1) assms(2) eg-class-of-rng-of-frac-def
1 f17 18
12 m-assoc mem-Sigma-iff monoid.m-closed monoid-axioms partial-object.select-convs(1)

r-distr rel-def subset subset-iff)
have /35:(s ® s') @ (snd y' @ fstz' ® sndz' ® fst y') = (s ® s') ® (snd y' ®
fstz) ® (s ® s') ® (snd 2’ ® fst y')
using r-distr f19 f20
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def
f172
mem-Sigma-iff partial-object.select-convs(1) rel-def semiring-simprules(8)
subset subset-iff)
then have f36:(t ® t') ® (s ® 8') ® (snd y' ® fst ' & snd z' ® fst y’) =
(Rt (®s)@(ndy @ fstz) e (t®@th e (s®s) @ (snd z’ @ fst
y')
by (smt BNF-Def.Collect-case-prodD assms(1) assms(2) eg-class-of-rng-of-frac-def
f1f17 f18 f2
mem-Sigma-iff monoid.m-closed monoid-axioms partial-object.select-convs(1)
r-distr rel-def
subset subset-iff)
have f37:(t ® t') ® ((sndz’ @ snd y’) @ ('@ r) & (s ® s) ® (snd y' @ fst
z')) € carrier R
by (simp add: f13 f14 f17 f18)
have f38:(t @ t) @ ((sndz' @ snd y') @ (s ®@ 1) © (s ® s') ® (snd z’ & fst
y") € carrier R
using «t ® s ® snd x’ € carrier Ry f30 33 f7 zero-closed
by auto
have f39:(t @ t') @ ((snd 2’ @ snd y) @ (s’ @ 1) 6t t) @ ((s ® s) ®
(snd y' @ fst z')) € carrier R
by (simp add: f32 f37)
have snd ' ® snd y' € carrier R
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using f1 f2 subset rev-subsetD
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD eq-class-of-rng-of-frac-def

mem-Sigma-iff partial-object.select-convs(1) rel-def semiring-simprules(3))
have (t ® t') ® ((sndz' @ sndy) @ (s’ @ 1) © (s ® ") @ (snd y' ® fst z’))

52

(tthe (sndz' @ sndy) @ (s®@71r)o (s® s') ® (sndzx’ ® fsty') =

t@the(sndz' @ sndy) @ (s'@r)oe(tet)e® (s®s)® (sndy’ ®
fstz) &

tethe (snde' @ sndy) @ (s@r)o(tet)e (s®s) @ (sndz'®
fsty))

using f32 33 «snd x' @ snd y' € carrier R» <t ® s ® snd ' € carrier R»
assms(2) f17 f18 f19
125 130 f5 f7 f9 l-zero r-null rel-def zero-closed
apply clarsimp
using l-zero semiring-simprules(8) by presburger
then have f/0:((t' ® '@ sndy") @ (t ® (sndz' @ r © s ® fst z'))) ®
(t®s@sndz)® (t'Q@ (sndy' @ v’ 6 s’ ® fsty')) =
(tth @ ((sndz’ @ sndy") @ (s’ ®@71r)6 (s® s) ® (sndy’ ® fst z')) &
(t@th® ((sndz' @ sndy) @ (s@ 1) 6 (s ® 8) ® (snd 2’ ® fst y")))
using f31
by (simp add: f32 f33)
have f/1:(snd 2’ ® sndy") @ (s’ @ 1) © (s ® ') ® (snd y' ® fst ') € carrier
R
by (simp add: {13 f14)
have f{2:(snd 2’ @ snd y) @ (s @ ') © (s ® s') @ (snd 2’ ® fst y') € carrier
R
by (smt BNF-Def.Collect-case-prodD abelian-group.minus-closed assms(1)
assms(2)
eq-class-of-rng-of-frac-def f1 f2 is-abelian-group mem-Sigma-iff partial-object.select-convs(1)

rel-def semiring-simprules(3) subset subset-iff)
then have (' ® s’ ®@ sndy) @ (t @ (sndz' @ r © s ® fstz')) ®
(t@s®sndz)® (t'Q (sndy' @ r' & s’ ® fsty')) =
(t@the (sndz' @ sndy") @ (' @71) 6 (s® ) ®@ (snd y' @ fst ') &
((sndz’ @ sndy) @ (s@ 1) 6 (s® s) @ (snd 2’ ® fst y’)))
using r-distr[of (snd 2’ @ snd y') @ (s’ @ r) © (s ® s') ® (snd y’' ® fst z')
(sndz' @ sndy) @ (s@r)o (s®s) @ (sndz’' @ fsty) t @t
FITf18 f40 f41 f42
by simp
have (snd 2z’ ® sndy) @ (' @ 1) 6 (s ® ) ® (snd y' @ fst z) & (snd 2’ ®
sndy) @ (s@r)o (s®s) @ (sndzx' @ fsty') =
(sndz' @ sndy) @ ('@ 1) @ (sndz' @ sndy) @ (s@ 1) 0 (s ® s) ®
(sndy' @ fstz') © (s ® s) @ (snd 2’ @ fsty’)
using four-elem-comml[of (snd 2’ ® snd y') ® (s’ ® r) (snd 2’ ® snd y') ®
(s@7r)(s®s) @ (sndy' ® fstz) (s ® s') ® (snd z' ® fst y')]
by (smt BNF-Def.Collect-case-prodD assms eq-class-of-rng-of-frac-def f1 f2
mem-Sigma-iff partial-object.select-convs(1) rel-def semiring-simprules(3)
subset subset-iff)
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then have (sndz’' @ sndy) @ (s’ @ 1) © (s ® s) @ (snd y' ® fst z') & (snd
Rsndy) @ (s@r)o (s®s) ® (sndz' ® fsty') =
(sndz' @ sndy) @ ('@ 1) ® (snd2’' @ sndy) @ (s@ 1) 6 (s®s)®
(sndy' ® fstz') © (s ® ') @ (snd z’ ® fst y’)
by blast
then have f/3:(snd 2’ @ snd y") @ (s' @ 1) © (s ® s') @ (snd y' ® fst z') B
(sndz' @ sndy) @ (s®@ 1) S (s® s) @ (snd z' ® fsty) =
(sndz’' @ sndy) @ (' R@rdser)oe (s®s) (sndy @ fstz) & (s ®
s) ® (snd 2’ @ fsty')
using f3/
by simp
have (snd ' ® snd y') ® (s ® r') € carrier R
using <snd x’ ® snd y’ € carrier Ry assms(2) f19 rel-def
by auto
have (s ® s) ® (snd 2’ ® fst y') € carrier R
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD assms
eq-class-of-rng-of-frac-def f1 f2 mem-Sigma-iff partial-object.select-convs(1)
rel-def
semiring-simprules(3) subset subset-iff)
then have f/3bis:((snd 2’ @ sndy') @ (s’ @ r) © (s ® 8') ® (snd y' @ fst z'))
D ((sndz’" @sndy) @ (s@r) O (s® s) @ (snd ' ® fsty') =
(snd2' @ sndy) @ (' @r@sr)o (s®s) @ (sndy' @ fstz)) © (s ®
s) ® (snd 2’ ® fst y')
using a-assoc a-minus-def {41 f43
by (smt «snd 2’ @ snd y’' ® (s @ 1) € carrier B> add.l-inv-ex add.m-closed
minus-equality)
have f//:s ® s’ ® (snd y' ® fst ') € carrier R
by (simp add: f14)
have f/5:5 ® s’ ® (snd 2’ ® fst y’) € carrier R
by (metis (no-types, lifting) BNF-Def.Collect-case-prodD assms
eq-class-of-rng-of-frac-def f1 f2 mem-Sigma-iff partial-object.select-convs(1)
rel-def
semiring-simprules(3) subset subset-iff)
then have & ((s ® s') ® (snd ¥y’ ® fstz') & (s ® 8') ® (snd z' ® fst y')) =
O ((s®s) @ (sndy' ® fstz) & ((s ® s') @ (snd ' ® fst y'))
using f44 f45 inv-add
by auto
then have © ((s ® s') @ (sndy’' ® fstz') ® (s @ ') ® (snd 2’ ® fst y)) =
O (s®s)® (sndy' @ fstz)) © (s ® s") @ (snd z' ® fst y’)
using l-minus[of s ® s’
by (simp add: a-minus-def f15 f16 f15)
then have (snd 2’ @ snd y) @ ('@ r®d s®@ r') © (s ® ') ® (snd y’' ® fst
z) o (s® $) ® (snd z' ® fsty) =
(sndz' @ sndy) R (s'@r@ds®@r)e (s®s) @ (sndy’ @ fstz)) (s ®
s) ® (snd 2’ ® fsty'))
using right-inv-add <snd x’ ® snd y' € carrier Ry assms(2) f13 f19 {34 {44
f45 rel-def
by auto
then have (sndz' @ sndy) @ ('@ rd s r) o (s ® s) ® (snd y' & fst
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)6 (s® ) ® (snd 2’ @ fsty) =
(sndz' @sndy) @ (' @rdsr)o (s®s) ® (sndy’ ® fst ' & snd
o' @ fit y)
using r-distr
by (simp add: f35)
then have ((snd 2’ @ snd y') @ (' @ 1) © (s ® §') ® (snd y’' ® fst z')) @
((snd 2’ @ sndy") @ (s®@71) & (s ® s") @ (snd z' ® fst y'))
=(ndz' @sndy) @ (s'Rra@ser)o ((s®s) @ (sndy’ ® fst ' & snd
z' ® fst y'))
using f43bis
by simp
then have (t ® t') @ (snd 2z’ ® snd y") ® (s’ @ r) © (5 ® s) ® (snd y' ®
fstz)) & ((sndz' ®@ sndy) @ (s@r') 6 (s ® s) ® (snd 2’ ® fst y')))
=tethe(sndz'@sndy) @ (s'@rdser)e (s®s) @ (sndy’ ®
fstz' @ snd x’ @ fsty’)))
by simp
then have (t @ t') @ ((snd 2’ @ sndy) @ (' @ r) © (s ® 8') ® (snd y' @ fst
»)) &
(tt)he (sndz’ @ sndy) @ (s®@7r) O (s® s
(te@th® (sndz' @sndy) Q@ (' @71 ds®r)
fstx' @ snd ' @ fsty')))
using r-distrjof - -t @ t'] f17f18 ' @ ' @ snd y' @ (t ® (snd 2z’ @ r © s
Rfsta)) DtRsQ@sndz’ @ ('R (sndy’ @ r'o s’ fsty)) =t @ t'® (snd
Rsndy @ (s'@r)os®s' @ (sndy’' @ fstz)) ® (sndz’ @ sndy’ @ (s @ r')
Os® s ® (sndz' @ fsty')) f40
by auto
then have (t'® s'®@ sndy) @ (t @ (sndz' @ r 6 s @ fstz')) &
(t®@s@sndz) @ (t'® (sndy' @ r' © s’ ® fsty') =
(tRth@((sndz' @sndy) @ (s'"@r®dser)o (s®s)® (sndy' ® fst
z' @ snd z’' ® fsty'))
using f40
by simp
then have (t ® t') @ ((sndz’' @ sndy) @ (s'Rrosr)o (s®s)®
(sndy' ® fstz' & snd 2’ ® fst y’)) =0
using f5 f7
by (simp add: <t ® s ® snd x’ € carrier Ry f9)
thus ?thesis
using rel-def f8
by auto
qed
then have (' @ 1 ® s Q@ 1/ | s ® s') = (snd y' @ fst ' @ snd z' @ fst y' |
snd ' @ snd y")
proof—
have (' ®@ r ® s ® ', s ® s') € carrier rel
using assms rel-def submonoid.m-closed
by (smt add.m-closed m-closed mem-Sigma-iff monoid.m-closed monoid-azxioms
partial-object.select-convs(1)
rev-subsetD subset)
have (snd y' @ fst 2’ ® snd z' @ fst y’, snd &’ ® snd y’) € carrier rel

(snd z' ® fst y')) =

&
O ((s®s) @ (sndy’ @
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using rel-def f1 f2 subset submonoid.m-closed eq-class-of-rng-of-frac-def
by (smt Product-Type.Collect-case-prodD add.m-closed mem-Sigma-iff mem-
ber-class-to-carrier
partial-object.select-convs(1) semiring-simprules(3) rev-subsetD)
thus ?thesis
using elem-eq-class[of rel] equiv-obj-rng-of-frac
by (metis (s’ @ r @& s@ 1, s ®@ s') .=, (snd y' ® fst 2’ & snd 2’ ® fst y’,
snd x' ® snd y')
(s"@r@ese®r,s®s’) e carrier rely class-of-to-rel)
qged
thus ?thesis
using f3
by simp
qed

lemma closed-add-rng-of-frac:
assumes (r, s) € carrier rel and (r', s') € carrier rel
shows (7 [re] 5) Srecrng-of-frac (7' el s') € set-class-of ]
proof—
have f1:(r [ ) Drec-rng-of-frac (' lrers) = (' @r@s®@r'[gs®s
using assms add-rng-of-frac-fundamental-lemma
by simp
have f2:s' @ r & s @ v’ € carrier R
using assms rel-def
by (metis (no-types, lifting) add.m-closed mem-Sigma-iff monoid.m-closed
monoid-axioms
partial-object.select-convs(1) rev-subsetD subset)
have f3:s ® s' € S
using assms rel-def submonoid.m-closed
by simp
from f2 and f3 have (s’ @ r & s ® v/, s ® s') € carrier rel
by (simp add: rel-def)
thus ?thesis
using set-eq-class-of-rng-of-frac-def f1
by auto
qed

lemma closed-rel-add:
assumes (r, s) € carrier rel and (r', s') € carrier rel
shows ('@ r @ s @ 1/, s ® s') € carrier rel
proof—
have s ® s’ € S
using assms rel-def submonoid.m-closed
by simp
have s’ ® r ® s ® r’ € carrier R
using assms rel-def
by (metis (no-types, lifting) add.m-closed mem-Sigma-iff monoid.m-closed
monoid-axioms
partial-object.select-convs(1) rev-subsetD subset)
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thus ?thesis
using rel-def
by (simp add: <s ® s’ € S)
qed

lemma assoc-add-rng-of-frac:
assumes (r, s) € carrier rel and (r’, s') € carrier rel and (r"’, s") € carrier rel
shows (7 |, $) Drec-rng-of-frac (1" |rer 8") Drec-rng-of-frac (1" e 8") =
li 1A 124 12
(7 lrer 5) Drec-rng-of-frac ((r [rer s") Drec-rng-of-frac (r" |rer s"))
proof—
have (7 [ $) Drec-rng-of-frac (r'lrer ) =("@r@s@r'[ys®s)
using assms(1) assms(2) add-rng-of-frac-fundamental-lemma
by simp
then have f1:(r [, s) Drec-rng-of-frac (r' lrer 8") Drec-rng-of-frac (1" per ") =
(57 ® (5’ @ T ® 5 ) ® (50 8) ® 1" gy (5 ) ® 5
using assms add-rng-of-frac-fundamental-lemma closed-rel-add
by simp
have (r' [ s') Drec-rng-of-frac (1" per 8") = (s" @ 1" @ " @ 1" [ ' ® s")
using assms(2) assms(8) add-rng-of-frac-fundamental-lemma
by simp
then have f2:(r | s) Drec-rng-of-frac ((r" |rer 87) Drec-rng-of-frac (r" lrer s)

((s/® SI/) ® r @ s ® (s//® ,',,IEB Sl® 7,,//) Irel s ® (s/® SI/))
using assms add-rng-of-frac-fundamental-lemma closed-rel-add
by simp
have f3:(s ® s') ® s"" = s ® (s’ ® s")
using m-assoc subset assms rel-def
by (metis (no-types, lifting) mem-Sigma-iff partial-object.select-convs(1) rev-subsetD)
have s" @ ('@ r®d s r)d(s@s)@r'"=('0s")@rdse (s r’
@ s/ ® ,’,./I)
by (smt a-assoc assms m-comm mem-Sigma-iff monoid.m-assoc monoid.m-closed
monoid-axioms
partial-object.select-convs(1) r-distr rel-def subset subset-iff)
thus ?thesis
using f1 f2 f8
by simp
qged

lemma add-rng-of-frac-zero:
shows (0 |, 1) € set-class-of ¢
by (metis (no-types, lifting) closed-mult-rng-of-frac mem-Sigma-iff monoid.simps(2)
one-closed
partial-object.select-convs(1) rec-monoid-rng-of-frac-def rel-def right-unit-mult-rng-of-frac
semiring-simprules(4) zero-closed)

lemma [-unit-add-rng-of-frac:
assumes (r, s) € carrier rel

shows Orec-rng-of-fmc Drec-rng-of-frac (1 lrer ) = (7 |per 8)
proof—
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have (0 ;¢ 1) DBrec-rng-of-frac (T lrer 8) = (s @0 B 1R 7T [ 1@ 5)
using assms add-rng-of-frac-fundamental-lemma
by (simp add: rel-def)

then have (0 |, 1) Orec-rng-of-frac (7 rer 8) = (7 | per 8)
using assms rel-def subset
by auto

thus ?thesis
using rec-rng-of-frac-def
by simp

qged

lemma r-unit-add-rng-of-frac:
assumes (r, s) € carrier rel
shows (7 [ s) Drec-rng-of-frac Orec-rng-of-frac = (7 lrer )
proof—
have (7 [ s) Drec-rng-of-frac 0 1) =17 sR0 | s®1)
using assms add-rng-of-frac-fundamental-lemma
by (simp add: rel-def)
then have (7’ |7”el 3) EBrec—rng—of—fmc (0 |rel 1) = (7’ |7”el 3)
using assms rel-def subset
by auto
thus ?thesis
using rec-rng-of-frac-def
by simp
qed

lemma comm-add-rng-of-frac:
assumes (r, s) € carrier rel and (r', s') € carrier rel
shows (7 |;¢; $) Brec-rng-of-frac (" et 8) = (1" er 8') Srec-rng-of-frac (7 lrel 5)
proof—
have f1:(r |¢ s) Drec-rng-of-frac (r' [re18) = (' @r @& 5@ 71" [ 5@ 5
using assms add-rng-of-frac-fundamental-lemma
by simp
have f2:(r" [ s') DBrec-rng-of-frac (T lrer ) = (@71 5" @71 [ 8" 5)
using assms add-rng-of-frac-fundamental-lemma
by simp
thus ?thesis
using f1 f2
by (metis (no-types, lifting) add.m-comm assms(1) assms(2) m-comm mem-Sigma-iff

partial-object.select-convs(1) rel-def semiring-simprules(8) rev-subsetD sub-
set)
qged

lemma class-of-zero-rng-of-frac:
assumes s € S
shows (0 |rel 5) = Orec—rng—of—fmc
proof—
have f1:(0, s) € carrier rel
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using assms rel-def
by simp
have 1 ® (1 ®06s®0)=0
using assms local.ring-azioms rev-subsetD ring.ring-simprules(14) subset
by fastforce
then have (0, s) .=, (0, 1)
using rel-def submonoid.one-closed
by auto
thus ?thesis
using elem-eq-class equiv-obj-rng-of-frac f1 rec-rng-of-frac-def
by (metis (no-types, lifting) class-of-to-rel mem-Sigma-iff one-closed partial-object.select-convs(1)

rel-def ring-record-simps(11))
qed

lemma r-inv-add-rng-of-frac:
assumes (r, s) € carrier rel
shows (7 |, $) Drec-rng-of-frac (© 7 [per 8) = Orec-rng-of-frac
proof—
have (© r, s) € carrier rel
using assms rel-def
by simp
then have (7 |y $) ®recrng-of-frac (O T lrel 5) = (S @ T & s @O T |1 5 ® )
using assms add-rng-of-frac-fundamental-lemma
by simp
then have (7 [, 5) Srec-rng-of-frac (O T lrel 8) = (0 |pey s © 9)
using r-minus[of s ] assms rel-def subset rev-subsetD r-neg
by auto
thus ?thesis
using class-of-zero-rng-of-frac assms rel-def submonoid.m-closed
by simp
qed

lemma [-inv-add-rng-of-frac:
assumes (r, s) € carrier rel
shows (@ r |rel 5) 691”ec—rng—of—frac (’l“ |rel 5) = Orec—rng—of—fmc
proof—
have (S r, s) € carrier rel
using assms rel-def
by simp
then have (© r |, ) Drec-rng-of-frac (T lre1s) = (@O TSR 1 s ® )
using assms add-rng-of-frac-fundamental-lemma
by simp
then have (© 7 [ s) Srec-rng-of-frac (T lre1 8) = (0 |y s ® 3)
using r-minus[of s ] assms rel-def subset rev-subsetD l-neg
by auto
thus ?thesis
using class-of-zero-rng-of-frac assms rel-def submonoid.m-closed
by simp
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qed

lemma abelian-group-rng-of-frac:
shows abelian-group (rec-rng-of-frac)
proof
show Az y. [z € carrier (add-monoid rec-rng-of-frac);
y € carrier (add-monoid rec-rng-of-frac)]
= % Qudd-monoid rec-rng-of-frac Y
€ carrier (add-monoid rec-rng-of-frac)
using closed-add-rng-of-frac
by (smt mem-Collect-eq monoid.select-convs(1) partial-object.select-convs(1)
rec-rng-of-frac-def
set-eg-class-of-rng-of-frac-def)
show Az y z.
[z € carrier (add-monoid rec-rng-of-frac);
y € carrier (add-monoid rec-rng-of-frac);
z € carrier (add-monoid rec-rng-of-frac)]
= T Qqdd-monoid rec-rng-of-frac ¥ @add-monoid rec-rng-of-frac ? =
T @ gdd-monoid rec-rng-of-frac (y ®qdd-monoid rec-rng-of-frac #
using assoc-add-rng-of-frac
by (smt mem-Collect-eq monoid.simps(1) partial-object.select-convs(1) rec-rng-of-frac-def

set-eg-class-of-rng-of-frac-def)
show 1,44-monoid rec-rng-of-frac € carrier (add-monoid rec-rng-of-frac)
using add-rng-of-frac-zero by (simp add: rec-rng-of-frac-def)
show Az. z € carrier (add-monoid rec-rng-of-frac) =
144d-monoid rec-rng-of-frac ®add-monoid rec-rng-of-frac T = T
using l-unit-add-rng-of-frac
by (smt mem-Collect-eq monoid.select-convs(1) monoid.select-convs(2) par-
tial-object.select-convs(1)
rec-rng-of-frac-def set-eq-class-of-rng-of-frac-def)
show Az. z € carrier (add-monoid rec-rng-of-frac) =
T @ qdd-monoid rec-rng-of-frac 14dd-monoid rec-rng-of-frac — T
using r-unit-add-rng-of-frac
by (smt mem-Collect-eq monoid.select-convs(1) monoid.select-convs(2) par-
tial-object.select-convs(1)
rec-rng-of-frac-def set-eq-class-of-rng-of-frac-def)
show Az y. [z € carrier (add-monoid rec-rng-of-frac); y € carrier (add-monoid
rec-rng-of-frac)]
= T Qqdd-monoid rec-rng-of-frac ¥ = ¥ @add-monoid rec-rng-of-frac T
using comm-add-rng-of-frac
by (smt mem-Collect-eq monoid.select-convs(1) partial-object.select-convs(1)
rec-rng-of-frac-def
set-eg-class-of-rng-of-frac-def)
show carrier (add-monoid rec-rng-of-frac) C Units (add-monoid rec-rng-of-frac)
proof
show z € Units (add-monoid rec-rng-of-frac) if z € carrier (add-monoid
rec-rng-of-frac) for x
proof—
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have z € set-class-of
using that rec-rng-of-frac-def by simp
then obtain r and s where f1:(r, s) € carrier rel and f2:x = (7 |4 S)
using set-eq-class-of-rng-of-frac-def
by (smt mem-Collect-eq)
then have f3:(r |, s) Drec-rng-of-frac (© 7 |per 5) = Orec-rng-of-frac
using f1 r-inv-add-rng-of-frac[of r s
by simp
have f4:(S 7 [rel ) Srec-rng-of-frac (T lrel $) = Orec-rng-of-frac
using f1 l-inv-add-rng-of-fraclof r s
by simp
then have Jy € set-class-of re)- Y ®rec-rng-of-frac © = Orec-rng-of-frac N ©
EBrec-7“ng-0f-f1"ac y= Orec-rng-of-fmc
using f2 f3 f4
by (metis (no-types, lifting) abelian-group.a-inv-closed class-of-zero-rng-of-frac

closed-add-rng-of-frac f1 is-abelian-group mem-Sigma-iff partial-object.select-convs(1)

rel-def r-unit-add-rng-of-frac zero-closed)
thus z € Units (add-monoid rec-rng-of-frac)
using rec-rng-of-frac-def that by (simp add: Units-def)
qed
qed
qed

lemma r-distr-rng-of-frac:
assumes (r, s) € carrier rel and (r’, s') € carrier rel and (r'', s') € carrier rel
shows ((7 [ ) Drec-rng-of-frac (1" |rer 7)) Orec-rng-of-frac (r" ey 8") =
(7 lrer 8) Qrec-rng-of-frac (r" |yer ") Drec-rng-of-frac (r' rer 87) Qrec-rng-of-frac
(" et s")
proof—
have (7 [ ) Drec-rng-of-frac (r'lrers) =" @r@®s@ 1 [gs® s
using assms(1) assms(2) add-rng-of-frac-fundamental-lemma
by simp
then have f1:((r [, $) Drec-rng-of-frac (1" et 87) Qrec-rng-of-frac (1" lrer ")
('@r@®s@r)@r"|e(s®s)®s")
using assms mult-rng-of-frac-fundamental-lemma
by (simp add: closed-rel-add rec-monoid-rng-of-frac-def rec-rng-of-frac-def)
have f2:(r |, ) Qrec-rng-of-frac (r" ey ") = (r @ r" [ s ® s")
using assms(1) assms(83) mult-rng-of-frac-fundamental-lemma
by (simp add: rec-monoid-rng-of-frac-def rec-rng-of-frac-def)
have f3:(r" |, s') Qrec-rng-of-frac (r" ey ") = (r' @ 1" | 8" ® s")
using assms(2) assms(8) mult-rng-of-frac-fundamental-lemma
by (simp add: rec-monoid-rng-of-frac-def rec-rng-of-frac-def)
have f/:(r @ r", s ® s"') € carrier rel
using rel-def assms(1) assms(3) submonoid.m-closed
by simp
have f5:(r' @ r', s’ ® s”) € carrier rel
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using rel-def assms(2) assms(3) submonoid.m-closed
by simp
from f2 and f3 have f6:(r |, s) Orec-rng-of-frac (r'" rer 8" Drec-rng-of-frac (r'
lrer 87) Qrec-rng-of-frac (1" rer 8")
S (BN @ (e B (35" @ (' ® 1) |y (s© ) © (58 )
using assms f} f5 submonoid.m-closed add-rng-of-frac-fundamental-lemma
by simp
have (s ® s"®@ ('@ s @ ('@rdsR@r)r")=(s® s" 2 (s’ ® s"))
RQs'wrreser er
using assms rel-def subset rev-subsetD I-distr
by (smt mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1))
then have [7:(s ® s"" ® (s’ ®@ s") @ ('@ r®ds@r)er’) =
(8 ® 8//® (8/® 8//)) ® (8/® r ® ,,,,//) EB (5 ® s//® (S/® SN)) ® (S ® ,’,./® ,’,.//)
using assms rel-def subset rev-subsetD submonoid.m-closed r-distr
by (smt mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1))
have f8:(s @ s' @ s") @ (s' @ s" @ (rer ) ®es® s ® (rer’) =
(S ® 8/® 8//) ® (sl® 8/l® (7,, ® 7,,//)) @ (5 ® sl® 8//) ® (s ® S/I® (,r,/® r//))
using assms rel-def subset rev-subsetD submonoid.m-closed r-distr
by (smt mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
have (s ® s ® (s’ ® s") = (s ® (s ® s') ® s”)
using assms rel-def subset rev-subsetD submonoid.m-closed m-assoc
by (smt mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
then have f9:(s ® " @ (s’ ® s")) = (s ® s’ @ (s ® s"))
using assms rel-def subset rev-subsetD submomnoid.m-closed m-comm m-assoc
by (smt mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
then have f10:(s ® " @ (s ® s")) @ (s'@r @r")=(s® s’ ®@s") @ (s'®
S// ® (,],, ® r//))
using assms rel-def subset rev-subsetD submomnoid.m-closed m-assoc m-comm
by (smt mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
have (s ® s"" @ (r'®@ r") =(s" @ s ® (r' @ r'"))
using assms rel-def subset rev-subsetD m-comm
by (metis (no-types, lifting) mem-Sigma-iff partial-object.select-convs(1))
then have (s ® s" @ (s @ s") @ (s@r'@r')=(s® s @s") @ (s® s"®
(r'er")
using assms rel-def subset rev-subsetD submonoid.m-closed m-comm m-assoc f9
by (smt mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1))
then have (s ® " ®@ ('@ s")) @ ('@ rdsxr)er)=(s® s ® s")
® (S/ ® s//® (r ® ,',,I/) EB s ® S//® (T,/® r//)))
using 7 f8 f10
by presburger
then have ((s ® s" ® ('@ s") @ ((s'@rds@r)@r’) o (s® s’ ® s")
® (8/® s ® (7” ® 'I“”) s s’ (7”/® 7””))) -0
by (smt a-minus-def assms(1) assms(2) assms(3) closed-rel-add mem-Sigma-iff

partial-object.select-convs(1) r-neg rel-def semiring-simprules(3) rev-subsetD
subset)
then have f11:1 ® (s ® " ® ('@ ") @ ((s'@rds@r)@r") o (s®
s/® s//) ® (S/ ® S//® (7., ® ,r,//) EB s ® S//® (7.,/® 7.,//)))) — 0
by simp

29



have f12:((s'@ r & s@ r) @ r", s @ s' ® s") € carrier rel
using assms closed-rel-add rel-def
by auto
have f13:(s' @ " @ (r@r'")®s® s" @ (r® r'), s® s" @ (s’ ® ") €
carrier rel
by (simp add: closed-rel-add f4 f5)
havel € §
using submonoid.one-closed
by simp
then have ((s' @ r® s r)@r", s® s’ ®@s") = (' @s"Q (rer") e
s®"®(r'er"),s®s"® (s'® s")
using rel-def f11 f13 f12
by auto
then have ('@ r® s 1) @ 71", s®@sQs")=(s"®@s"@(rar")ods
@57 @ (' @ 1) |1 5® 8" © ('@ 57)
using elem-eq-class
by (metis class-of-to-rel equiv-obj-rng-of-frac f12 f18)
thus ?thesis
using f1 f6
by simp
qged

lemma [-distr-rng-of-frac:
assumes (r, s) € carrier rel and (r’, s') € carrier rel and (r”, s’') € carrier rel
shows (r'" [¢; s") Orec-rng-of-frac ((r lrer 5) Drec-rng-of-frac (r' lper 87) =
(1" |yer ") Qrec-rng-of-frac (7 el 5) Drec-rng-of-frac (r'" lrer ") Orec-rng-of-frac
(T/ |rel S/)
proof—
have (7 [ ) Drec-rng-of-frac (r'lrers) =" @r®s@ 1" [ s® s
using assms(1) assms(2) add-rng-of-frac-fundamental-lemma
by simp
then have f1:(r" |;e; ") @recorng-of-frac (7 yet 5) Srec-rng-of-frac (7" lrer 57))
(" Or®s®r) | s"®(s®s)
using assms mult-rng-of-frac-fundamental-lemma
by (simp add: closed-rel-add rec-monoid-rng-of-frac-def rec-rng-of-frac-def)
have f2:(r"" |re1 5") ®pecrng-of-frac (T lret ) = (1" @ 1 |pey " @ s)
using assms(1) assms(3) mult-rng-of-frac-fundamental-lemma
by (simp add: rec-monoid-rng-of-frac-def rec-rng-of-frac-def)
have f3:(r"" [, s") Orec-rng-of-frac (r'lper 8) = (r" @ 1’| 8" @ §')
using assms(2) assms(8) mult-rng-of-frac-fundamental-lemma
by (simp add: rec-monoid-rng-of-frac-def rec-rng-of-frac-def)
have f/:(r" @ r, s ® s) € carrier rel
using rel-def assms(1) assms(3) submonoid.m-closed
by simp
have f5:(r"" @ ', s ® ) € carrier rel
using rel-def assms(2) assms(3) submonoid.m-closed
by simp
from f2 and f3 have f6:(r" |, s") Orec-rng-of-frac (7 lyet ) Orec-rng-of-frac
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(r"" |rer ") Qrec-rng-of-frac (r" rer 87)
= (" @)@ (r"er) & (s"®s) @ (1" @ 1) [ (s @ s) @ (s" ® s))
using assms f} f5 submonoid.m-closed add-rng-of-frac-fundamental-lemma
by simp
have (s" @ s® (8" @) @ (r"@ '@redsar)) =(s"® s® (s ® s')
@(r"e(s'@rer'e(ser)
using assms rel-def subset rev-subsetD r-distr
by (smt mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1))
then have f7:(s" @ s @ (s" @ ) @ (r"@ ('@ rds®r)) =
(8”@ s ® (S”@ 8/)) ® (7"”@ (8/® ’I")) ® (S”@ s ® (SN(X) S/)) ® (7"”@ (S ®
r’)
using assms rel-def subset rev-subsetD submomnoid.m-closed r-distr
by (smt mem-Sigma-iff monoid.m-closed monoid-axioms partial-object.select-convs(1))
have f8:(s" @ s @ s) @ (s"@s' @ (r"ere&s"@s® (r'"err)) =
(S/l® s ® Sl) ® (SI/® S/® (7,,//® r)) @ (s//® s ® Sl) ® (s//® s ® (,,,,//® ,],,/))
using assms rel-def subset rev-subsetD submonoid.m-closed r-distr
by (smt mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
have (3" ® s ® (" ® ") = (8" ® (s ® s") ® s’
using assms rel-def subset rev-subsetD submonoid.m-closed m-assoc
by (smt mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
then have f9:(s"" ® s ® (8" ® s) = (8" ® " ® (s ® 5"))
using assms rel-def subset rev-subsetD submomnoid.m-closed m-comm m-assoc
by (smt mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
then have f10:(s" ® s ® (s" @) @ (r"®@s'@r) =(s"®s® s) @ (s"®
S/ ® (7,,// ® 7,,))
using assms rel-def subset rev-subsetD submomnoid.m-closed m-assoc m-comm
by (smt mem-Sigma-iff partial-object.select-convs(1) semiring-simprules(3))
have (" ®@ s @ (r'" @ 1) = (s ® s" @ (r" @ r’)
using assms rel-def subset rev-subsetD m-comm
by (metis (no-types, lifting) mem-Sigma-iff partial-object.select-convs(1))
then have (s" @ s® (" @) R (r"s@r)=(s"Q0s® s) (s ® s ®
(" % )
using assms rel-def subset rev-subsetD submonoid.m-closed m-comm m-assoc f9
by (smt mem-Sigma-iff monoid.m-closed monoid-azioms partial-object.select-convs(1))
then have ((s" ® s® (3" ® ) (r'"®@ ('@ r®d s ) =(s"® (s ® s'))
® (S//® S/® (7.,//® 7,,) EB s// ® s ® (7.,//® ,',,/)))
using 7 f8 f10
by (smt assms(1) assms(2) assms(3) m-assoc mem-Sigma-iff partial-object.select-convs(1)
rel-def
rev-subsetD subset)
then have (5" ® s® (5" ® ) (r"@ (s'@rdser)) o (s"® (s® s))
® (S”@ s’ ® (7"”@ T‘) ®s"® s (7,//® ’I“/))) -0
by (smt a-minus-def assms(1) assms(2) assms(3) closed-rel-add mem-Sigma-iff
partial-object.select-convs(1)
r-neg rel-def semiring-simprules(8) rev-subsetD subset)
then have f11:1 ® ((s"®s@ (" @)@ (r'"e (s'@rdser)) e (s"®
(585 ® (" s & (e ®s"®s® (1@ r))) =0
by simp
have f12:(r" @ (s' @ r ® s @ r'), s ® (s ® s)) € carrier rel
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using assms closed-rel-add rel-def
by auto
have f13:(s" @ ' @ (r'"@r) @ s" @ s (r'" @), s ® s ® (s ® 3)) €
carrier rel
by (simp add: closed-rel-add f] f5)
have 1 € §
using submonoid.one-closed
by simp
then have (r" @ (s' @ r® s 1), s" @ (s ® ) .= (8" @ '@ (r'"" @ 1)
®s"Qs® (T‘”@ ’I“/), " Qs ® (8”® 8/))
using rel-def f11 f13 f12
by auto
then have (" & (s' & 1 & 5 & 1) | 5" @ (s 9 8) = (s © ' & (" @ 1)
B s" Qs (T”@ 7"/) |rel " Qs ® (S”@ S/))
using elem-eq-class
by (metis class-of-to-rel equiv-obj-rng-of-frac f12 f18)
thus ?thesis
using fI f6
by simp
qed

lemma rng-rng-of-frac:
shows ring (rec-rng-of-frac)
proof—
have f1:Vz y z. © € carrier rec-rng-of-frac — y € carrier rec-rng-of-frac — z
€ carrier rec-rng-of-frac
— (z Drec-rng-of-frac y) Qrec-rng-of-frac 2 = T Qrec-rng-of-frac ? Prec-rng-of-frac
Y Orec-rng-of-frac ?
using r-distr-rng-of-frac rec-rng-of-frac-def
by (smt mem-Collect-eq partial-object.select-convs(1) set-eq-class-of-rng-of-frac-def)
have f2:.Vz y z. © € carrier rec-rng-of-frac — y € carrier rec-rng-of-frac — z
€ carrier rec-rng-of-frac
— 2 Orec-rng-of-frac (z Drec-rng-of-frac y) ==z Qrec-rng-of-frac T Crec-rng-of-frac
z ®rec—rng—0f—fmc Y
using [-distr-rng-of-frac rec-rng-of-frac-def
by (smt mem-Collect-eq partial-object.select-convs(1) set-eq-class-of-rng-of-frac-def)
then have ring-azioms (rec-rng-of-frac)
using ring-axioms-def f1 f2
by auto
thus ?thesis
using ring-def|of rec-rng-of-frac] abelian-group-rng-of-frac monoid-rng-of-frac
rec-rng-of-frac-def
abelian-group-azioms-def rec-monoid-rng-of-frac-def eq-class-of-rng-of-frac-def
by (simp add: Group.monoid-def)
qed

lemma crng-rng-of-frac:

shows cring (rec-rng-of-frac)
using cring-def|[of rec-rng-of-frac] rng-rng-of-frac comm-monoid-rng-of-frac rec-rng-of-frac-def

32



rec-monoid-rng-of-frac-def eq-class-of-rng-of-frac-def
by (metis (no-types, lifting) comm-monoid.m-comm monoid.monoid-comm-monoidl
monoid.select-convs(1)
partial-object.select-convs(1) ring.is-monoid)

lemma simp-in-frac:
assumes (r, s) € carrier rel and s’ € S
shows (7 [, 8) = (8" ® 7 |, 8" ® )
proof—
have f1:(s' ® r, s’ ® s) € carrier rel
using assms rel-def submonoid.m-closed subset rev-subsetD
by auto
have ('@ ) @ros® (s'@r=(s®s)ro(s®s)er
using assms subset rev-subsetD m-assoc[of s s’ r] rel-def
by (metis (no-types, lifting) mem-Sigma-iff partial-object.select-convs(1))
then have (s’ ® ) @ ro s ('@ =(s'®s)Rro(s'ks) r
using m-comm|of s s'] assms subset rev-subsetD rel-def
by (metis (no-types, lifting) mem-Sigma-iff partial-object.select-convs(1))
then have (s' ® s) @ ros® (s'®@r) =0
by (metis (no-types, lifting) a-minus-def assms mem-Sigma-iff partial-object.select-convs(1)

r-neg rel-def semiring-simprules(8) rev-subsetD subset)

thenhave 1 ® ('@ s)@roese (s'®@r)) =0

by simp
then have (r, s) .=, (s'® r, s’ @ s)

using assms(1) fI rel-def one-closed

by auto
thus ?thesis

using elem-eq-class

by (metis assms(1) class-of-to-rel equiv-obj-rng-of-frac f1)

qed

1.2 The Natural Homomorphism from a Ring to Its Local-
ization

definition rng-to-rng-of-frac :: 'a = ('a x 'a) set where
rng-to-rng-of-frac v = (1 |, 1)

lemma rng-to-rng-of-frac-is-ring-hom :

shows rng-to-rng-of-frac € ring-hom R rec-rng-of-frac
proof—

have f1:rng-to-rng-of-frac € carrier R — carrier rec-rng-of-frac

using rng-to-rng-of-frac-def rec-rng-of-frac-def set-eq-class-of-rng-of-frac-def
rel-def
by fastforce

have f2.Vxz y. x € carrier R A\ y € carrier R

— rng-to-rng-of-frac (x @ g y) = rng-to-rng-of-frac x Qrec-rng-of-frac rng-to-rng-of-frac
)
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proof(rule alll, rule alll, rule impl)
fix x y
assume z € carrier R A y € carrier R
have f1:rng-to-rng-of-frac (x ®p y) = (¢ @ Y | 1)
using rng-to-rng-of-frac-def
by simp
have rng-to-rng-of-frac & @yec.rng-of-frac TM9-to-rng-of-frac y = (2 | 1)
Qrec-rng-of-frac (Y lper 1)
using rng-to-rng-of-frac-def
by simp
then have rng-to-rng-of-frac x ®rec-rng-of-frac rng-to-rng-of-frac y = (z @ y
lrer 1)
using mult-rng-of-frac-fundamental-lemma
by (simp add: <x € carrier R N y € carrier Ry rec-monoid-rng-of-frac-def
rec-rng-of-frac-def rel-def)
thus rng-to-rng-of-frac (z @ g y) = rng-to-rng-of-frac « Qrec-rng-of-frac rng-to-rng-of-frac
Y
using f1
by auto
qed
have f3:Vxz y. x € carrier R A\ y € carrier R
— rng-to-rng-of-frac (x ® g y) = rng-to-rng-of-frac x ®Brec-rng-of-frac rng-to-rng-of-frac
Y
proof(rule alll, rule alll, rule impl)
fixzy
assume a:x € carrier R A y € carrier R
have f1:rng-to-rng-of-frac (x @p y) = (¢ & Y |y 1)
using rng-to-rng-of-frac-def
by simp
have rng-to-rng-of-frac & @®yec.rng-of-frac TM9-to-rng-of-frac y = (@ | 1)
Drec-rng-of-frac (Y lper 1)
using rng-to-rng-of-frac-def
by simp
then have rng-to-rng-of-frac & ©yecrng-of-frac TM9-to-rng-of-frac y = (1 ® z
DLOY[pgl©1)
using mult-rng-of-frac-fundamental-lemma a
eq-obj-rng-of-frac.add-rng-of-frac-fundamental-lemma eq-obj-rng-of-frac.rng-to-rng-of-frac-def

eq-obj-rng-of-frac-axioms f1
by fastforce
then have rng-to-rng-of-frac x ®rec-rng-of-frac rng-to-rng-of-frac y = (x & y
lrer 1)
using l-one a
by simp
thus rng-to-rng-of-frac (z ® g y) = rng-to-rng-of-frac « Drec-rng-of-frac rng-to-rng-of-frac
)
using fI
by auto
qed
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have rng-to-rng-of-frac 1 = (1 |, 1)
using rng-to-rng-of-frac-def
by simp

then have f4:rng-to-rng-of-frac 1g = 1pecpgof-frac
using rec-rng-of-frac-def
by simp

thus ?thesis
using ring-hom-def[of R rec-rng-of-frac] f1 f2 {3 f4
by simp

qged

lemma Im-rng-to-rng-of-frac-unit:
assumes x € rng-to-rng-of-frac © S
shows x € Units rec-rng-of-frac
proof—
obtain s where al:s € S and a2:x = (s | 1)
using assms rng-to-rng-of-frac-def rel-def
by auto
then have (S ‘Tel 1) ®Tec—rng—0f—fmc (1 |Tel 5) = (5 ®1 |7”el 5® 1)
using mult-rng-of-frac-fundamental-lemma rec-monoid-rng-of-frac-def rec-rng-of-frac-def
rel-def subset
by auto
then have f1:(s [, 1) Orec-rng-of-frac (L lrer 8) = (1 [ 1)
using simp-in-frac al rel-def
by auto
have (1 [, s) Qrec-rng-of-frac (5lret 1) =(5®@1 [ s®1)
using mult-rng-of-frac-fundamental-lemma rec-monoid-rng-of-frac-def rec-rng-of-frac-def
rel-def
subset al
by auto
then have f2:(1 |, s) ®7“ec—rng—of—fmc (8 1pet 1) = (1 |1y 1)
using simp-in-frac al rel-def
by auto
then have f3:3yecarrier rec-rng-of-frac. y ®
N

rec-rng-of-frac T = lrec—rng—of—fmc

z ®rec—rng—of—fmc Yy = 1T€c—rng—of—fmc
using rec-rng-of-frac-def f1 f2 a2 rel-def al
by (metis (no-types, lifting) class-of-zero-rng-of-frac closed-add-rng-of-frac l-unit-add-rng-of-frac

mem-Sigma-iff monoid.select-convs(2) partial-object.select-convs(1) semir-
ing-simprules(4) zero-closed)
have z € carrier rec-rng-of-frac
using a2 al subset rev-subsetD rec-rng-of-frac-def
by (metis (no-types, opaque-lifting) ring-hom-closed rng-to-rng-of-frac-def rng-to-rng-of-frac-is-ring-hom)
thus ?thesis
using Units-def|of rec-rng-of-frac] f3
by auto
qed
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lemma eq-class-to-rel:
assumes (r, s) € carrier R x S and (r/, s') € carrier R x S and (r |, s) =
(" et s")
shows (r, s) .=, (1, s
proof—
have (7, s) € (7 |1 $)
using assms(1) equiv-obj-rng-of-frac equivalence-def
by (metis (no-types, lifting) Collect] case-prodl eq-class-of-rng-of-frac-def
partial-object.select-convs(1) rel-def)
then have (r, s) € (1’ | ')
using assms(3)
by simp
then have (r/, s') .=, (7, s)
by (simp add: eq-class-of-rng-of-frac-def)
thus ?thesis
using equiv-obj-rng-of-frac equivalence-def
by (metis (no-types, lifting) assms(1) assms(2) partial-object.select-convs(1)
rel-def)
qed

lemma rng-to-rng-of-frac-without-zero-div-is-inj:
assumes 0 ¢ S and Va € carrier RVb € carrier R. a @ b=0—a=0V b
=0
shows a-kernel R rec-rng-of-frac rng-to-rng-of-frac = {0}
proof—
have {re carrier R. rng-to-rng-of-frac r = Oppc_rng-of-fract < {0}
proof (rule subsetl)
fix z
assume al:x € {r € carrier R. rng-to-rng-of-frac r = Orec-rng-of-frac}
then have (z, 1) .=, (0, 1)
using rng-to-rng-of-frac-def rec-rng-of-frac-def eq-class-to-rel
by simp
then obtain ¢ where fI:t € Sand 2t ® (1 ®2S1®0)=0
using rel-def
by auto
have f3:x€ carrier R
using al
by simp
then have f4:t ® z =0
using l-one r-zero f2
by (simp add: a-minus-def)
have t # 0
using f1 assms(1)
by auto
then have z = 0
using assms(2) f1 3 f4 subset rev-subsetD
by auto
thus z € {0}
by simp
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qed

have {0} C {re carrier R. rng-to-rng-of-frac v = Opec_rng-of-fract
using subsetl rng-to-rng-of-frac-def rec-rng-of-frac-def
by simp

then have {re carrier R. rng-to-rng-of-frac v = Oye_rngof-fract = {0}
using ({r€ carrier R. rng-to-rng-of-frac v = Oyeerpg-of-fract < {0b
by auto

thus ?thesis
by (simp add: a-kernel-def kernel-def)

qed

end

end
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