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Abstract

This formalisation accompanies the paper Local Lexing!, which in-
troduces a novel parsing concept of the same name. The paper also
gives a high-level algorithm for local lexing as an extension of Earley’s
algorithm. This formalisation proves the algorithm to be correct with
respect to its local lexing semantics. As a special case, this formalisa-
tion thus also contains a proof of the correctness of Earley’s algorithm.
The paper contains a short outline of how this formalisation is organ-
ised.
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theory CFG
imports Main
begin

typedecl symbol
type-synonym rule = symbol x symbol list
type-synonym sentence = symbol list

locale CFG =

fixes M :: symbol set

fixes ¥ :: symbol set

fixes MR :: rule set

fixes G :: symbol

assumes disjunct-symbols: M N ¥ = {}

assumes startsymbol-dom: & € N

assumes validRules: ¥ (N, o) € R.N € NA (Y s€ set a. s € NUT)
begin

definition is-terminal :: symbol = bool
where
is-terminal s = (s € )

definition is-nonterminal :: symbol = bool
where
is-nonterminal s = (s € N)

lemma is-nonterminal-startsymbol:is-nonterminal S
(proof )

definition is-symbol :: symbol = bool
where
is-symbol s = (is-terminal s V is-nonterminal s)

definition is-sentence :: sentence = bool
where
is-sentence s = list-all is-symbol s

definition is-word :: sentence = bool
where
is-word s = list-all is-terminal s

definition derivesl :: sentence = sentence = bool
where
derivesl u v =
(3 2y N a
u=2zQ[N]Qy
ANv=2zQaQy



N is-sentence x
N is-sentence y
A (N, a) € R)

definition derivations! :: (sentence X sentence) set
where
derivations! = { (u,v) | u v. derives! u v }

definition derivations :: (sentence x sentence) set
where
derivations = derivationsl

definition derives :: sentence = sentence = bool
where
derives u v = ((u, v) € derivations)

definition is-derivation :: sentence = bool
where
is-derivation u = derives [S] u

definition L :: sentence set
where

L ={v| v issword v A is-derivation v}
definition Lp :: sentence set
where

Lp ={u|uw. is-word u A is-derivation (uQu) }
end
end
theory LocalLexing
imports CFG
begin
typedecl character
type-synonym lexer = character list = nat = nat set
type-synonym token = symbol X character list
type-synonym tokens = token list
definition terminal-of-token :: token = symbol
where

terminal-of-token t = fst t

definition terminals :: tokens = sentence
where



terminals ts = map terminal-of-token ts

definition chars-of-token :: token = character list
where
chars-of-token t = snd t

fun chars :: tokens = character list
where
chars [| = ]
| chars (t#ts) = (chars-of-token t) @Q (chars ts)

fun charslength :: tokens = nat
where
charslength cs = length (chars cs)

definition is-lexer :: lexer = bool
where
is-lexer lexer =
(V Dpl. (p <length D NI E lexer Dp — p + | < length D) A
(p > length D — lexer D p = {}))

type-synonym selector = token set = token set = token set

definition is-selector :: selector = bool

where
is-selector sel = (Y A B.AC B — (AC sel ABA sel ABC B))

fun by-length :: nat = tokens set = tokens set
where
by-length 1 tss = { ts . ts € tss A length (chars ts) =1 }

fun funpower :: ('a = 'a) = nat = ('a = 'a)
where

funpower f 0 x = x
| funpower f (Suc n) x = f (funpower fn x)

definition natUnion :: (nat = ‘a set) = 'a set
where
natUnion f =J { fn| n. True}

definition limit :: (‘a set = 'a set) = 'a set = 'a set
where
limit f © = natUnion (A n. funpower f n x)

locale LocalLexing = CFG +
fixes Lex :: symbol = lexer
fixes Sel :: selector
assumes Lez-is-lexer: V t € X. is-lexer (Lex t)
assumes Sel-is-selector: is-selector Sel



fixes Doc :: character list
begin

definition admissible :: tokens = bool
where
admissible ts = (terminals ts € Lp)

definition Append :: token set = nat = tokens set = tokens set
where
Append Zk P = P U
{pQJt] | pt p€ bylengthk PNt € Z A admissible (p Q [t])}

definition X :: nat = token set
where
Xk={(t,w) |tlw. t €T ANl€ Lext Doc k N w= take | (drop k Doc)}

definition W :: tokens set = nat = token set
where
WPkEk= {uueXkA(3 pe bylength k P. admissible (pQu])) }

definition Y :: token set = tokens set = nat = token set
where
YTPk=S8elT(WPE)

fun P :: nat = nat = tokens set
and Q :: nat = tokens set
and Z :: nat = nat = token set

where
P00 =A{[l}
| Pk (Suc u) = limit (Append (Z k (Suc u)) k) (P k u)
| P (Suck) 0 =0k
| Zk0={}
| Zk (Sucu) =Y (Zku) (Pku)k
| @ k = natUnion (P k)

definition P :: tokens set
where
B = Q (length Doc)

definition Il :: tokens set
where
={p.pe€P A charslength p = length Doc A terminals p € L }

end

end

theory LLFarleyParsing
imports LocalLezing
begin



datatype item =
Item
(item-rule: rule)
(item-dot : nat)
(item-origin : nat)
(item-end : nat)

type-synonym items = item set

definition item-nonterminal :: item = symbol
where
item-nonterminal © = fst (item-rule x)

definition item-rhs :: item = sentence
where
item-rhs x = snd (item-rule x)

definition ¢tem-« :: item = sentence
where
item-a x = take (item-dot x) (item-rhs x)

definition item-f :: item = sentence
where
item-B x = drop (item-dot z) (item-rhs x)

definition init-item :: rule = nat = item
where
init-item r k = Item r 0 k k

definition is-complete :: item = bool
where
is-complete © = (item-dot = > length (item-rhs x))

definition next-symbol :: item = symbol option
where
next-symbol x = (if is-complete x then None else Some ((item-rhs z) | (item-dot

z)))

definition inc-item :: item = nat = item
where
inc-item x k = Item (item-rule x) (item-dot x + 1) (item-origin z) k

definition bin :: items = nat = items
where

binIk={z.z¢€lAitemendz =%}

context LocalLexing begin



definition Init :: items
where
Init = { init-itemr 0 | r. 7 € RA fstr =6 }

definition Predict :: nat = items = items
where
Predict kI =1 U
{init-itemrk |rz.reRAz€binlkA
next-symbol x = Some(fst r) }

definition Complete :: nat = items = items
where
Complete k I = I U { inc-item z k | z y.
x € bin I (item-origin y) A y € bin I k A is-complete y N
next-symbol & = Some (item-nonterminal y) }

definition TokensAt :: nat = items = token set
where
TokensAt kI = { (t,s) | tszl. z € binlkA
next-symbol © = Some t A is-terminal t N
l € Lex t Doc k N s = take I (drop k Doc) }

definition Tokens :: nat = token set = items = token set
where
Tokens k T I = Sel T (TokensAt k I)

definition Scan :: token set = nat = items = items
where
Scan Tk1I=1U
{ inc-item z (k + length ¢) | xtc.x € bin Ik A (t, ¢c) € T A
next-symbol x = Some t }

definition 7 :: nat = token set = items = items
where
mkTI=
limit (A I. Scan T k (Complete k (Predict k I))) I

fun 7 :: nat = nat = items
and 7 :: nat = items
and 7 :: nat = nat = token set
where

J 00 =m0 {} Init
| T k (Sucuw) =7k (T k (Suc w) (T k u)
| T (Suc k) 0 =7 (Suc k) {} (T k)
(T ko =1{)
| T k (Suc u) = Tokens k (T ku) (J k u)
| Z k = natUnion (J k)

definition J :: items



where
J = T (length Doc)

definition is-finished :: item = bool where
is-finished x = (item-nonterminal x = & A item-origin z = 0 A item-end x =
length Doc N
is-complete x)

definition earley-recognised :: bool
where
earley-recognised = (3 = € 7. is-finished x)

end

end

theory Limit
imports LocalLezing
begin

definition setmonotone :: ('a set = ‘a set) = bool
where
setmonotone f = (V X. X C f X)

lemma setmonotone-funpower: setmonotone f = setmonotone (funpower f n)
(proof )

lemma subset-setmonotone: setmonotone f =— X C f X
(proof)

lemma elem-setmonotone: setmonotone f = r € X = z € f X

(proof)

lemma elem-natUnion: (¥ n. z € fn) = z € natUnion f
{proof)

lemma subset-natUnion: (V n. X C fn) = X C natUnion f
(proof)

lemma setmonotone-limit:
assumes fmono: setmonotone f
shows setmonotone (limit f)

(proof)

lemmal[simpl: funpower id n = id
(proof )

lemmal[simpl: limit id = id
{proof)
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lemma natUnion-decompose[consumes 1, case-names Decompose]:
assumes p: p € natUnion S
assumes decompose: A np.p € Sn= Pp
shows P p

(proof)

lemma limit-induct[consumes 1, case-names Init Iteratel:
assumes p: (p :: ‘a) € limit f X
assumes init: \ p.p€ X = Pp
assumes iterate: A p Y. (ANq.q€Y = Pq) = pefY = Pp
shows P p
(proof)

definition chain :: (nat = ‘a set) = bool
where
chain C =V i. Ci C C (i + 1))

definition continuous :: ('a set = 'b set) = bool
where
continuous f = (V C. chain C — (chain (f o C) A f (natUnion C') = natUnion

(fo ©))

lemma continuous-apply:
continuous f = chain C = f (natUnion C) = natUnion (f o C)
(proof)

lemma continuous-imp-mono:
assumes continuous: continuous f
shows mono f

(proof)

lemma mono-maps-chain-to-chain:
assumes f: mono f
assumes C: chain C
shows chain (f o C)

(proof)

lemma natUnion-upperbound:
(A n. fnC G) = (natUnion f) C G
(proof)

lemma funpower-upperbound:
N[.LICG= fICG)=ICG= funpower fnl C G
(proof)

lemma limit-upperbound:
NILICG=fICG =ICG=IlmitfICG
(proof)
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lemma elem-limit-simp: x € limit f X = (3 n. x € funpower f n X)
(proof)

definition pointwise :: ('a set = 'b set) = bool where
pointwise f =V X. fX=U { f {z} | z. z € X})

lemma pointwise-simp:
assumes f: pointwise f
shows fX= | {f{z} |2 z€ X}

{(proof)

lemma natUnion-elem: v € f n = = € natUnion f
(proof)

lemma limit-elem: x € funpower fn X = x € limit f X

(proof)

lemma limit-step-pointwise:
assumes x: ¢ € limit f X
assumes f: pointwise f
assumes y: y € f {z}
shows y € limit f X
(proof)

definition pointbase :: ('a set = 'b set) = 'a set = 'b set where
pointbase FI = { FX | X. finite X N X C I}

definition pointbased :: ('a set = 'b set) = bool where
pointbased f = (3 F. f = pointbase F')

lemma pointwise-implies-pointbased:
assumes pointwise: pointwise f
shows pointbased f

(proof)

lemma pointbase-is-mono:
mono (pointbase f)

(proof)

lemma chain-implies-mono: chain C = mono C
(proof)

lemma chain-cover-witness: finite X = chain € = X C natUnion C = 3 n.
XCCn
(proof)

lemma pointbase-is-continuous:
continuous (pointbase f)

(proof)
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lemma pointbased-implies-continuous:
pointbased f = continuous f

{proof)

lemma setmonotone-implies-chain-funpower:
assumes setmonotone: setmonotone f
shows chain (A n. funpower fn I)

(proof)

lemma natUnion-subset: (A n. 3 m. fn C g m) = natUnion f C natUnion g
(proof )

lemma natUnion-eq[case-names Subset Superset]:

(An.3 m. fnCgm)= (A n 3 m. gnCfm)= natUnion f = natUnion
g
(proof)

lemma natUnion-shift[symmetric):
assumes chain: chain C
shows natUnion C = natUnion (A n. C (n + m))

(proof)

definition regular :: (‘a set = 'a set) = bool
where
reqular f = (setmonotone f A continuous f)

lemma regular-fixpoint:
assumes reqular: regular f
shows f (limit f I) = limit f I
{proof )

lemma fiz-is-fiz-of-limit:
assumes fizpoint: fI =1
shows limit fI =1
(proof)

lemma limit-is-idempotent: reqular f = limit f (limit f I) = limit f I
(proof)

definition mk-regular! :: ('b = 'a = bool) = ('b = 'a = 'a) = 'a set = 'a set
where
mk-reqgularl PFI =1U{ Fqz|qu.z €I ANPquz}

definition mk-regular2 :: ('b = ‘a = 'a = bool) = (b = 'a = 'a = 'a) = 'a set
= 'a set where

mk-reqular2 PF I =1U{ Fqzy|qey. 2 €I ANyeIANPqxy}

lemma setmonotone-mk-regqulari: setmonotone (mk-reqular! P F)
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(proof)

lemma setmonotone-mk-reqular?2: setmonotone (mk-reqular2 P F')

(proof)

lemma pointbased-mk-requlari: pointbased (mk-regularl P F)
(proof )

lemma pointbased-mk-regular2: pointbased (mk-regular? P F)

{(proof)

lemma regulari:reqular (mk-reqular! P F)
(proof)

lemma reqular2: regular (mk-regular2 P F)

(proof)

lemma continuous-comp:
assumes f: continuous f
assumes g: continuous g
shows continuous (g o f)

(proof)

lemma setmonotone-comp:
assumes f: setmonotone f
assumes g: setmonotone g
shows setmonotone (g o f)

(proof)

lemma regular-comp:
assumes f: regular f
assumes g: regular g
shows reqular (g o f)

(proof)

lemma setmonotone-id[simp]: setmonotone id
(proof)

lemma continuous-id[simpl: continuous id
{proof)

lemma regular-id[simp]: regular id
{proof)

lemma regular-funpower: reqular f = regular (funpower f n)
(proof)

lemma mono-id[simp]: mono id

{proof)



lemma mono-funpower:
assumes mono: mono f
shows mono (funpower f n)

(proof)

lemma mono-limit:
assumes mono: mono f
shows mono (limit f)

{(proof)

lemma continuous-funpower:
assumes continuous: continuous f
shows continuous (funpower f n)

(proof)

lemma natUnion-swap:
natUnion (X i. natUnion (X j. fi 7)) = natUnion (X j. natUnion (X i. fij))
(proof)

lemma continuous-limit:
assumes continuous: continuous f
shows continuous (limit f)

(proof)

lemma regular-limit: reqular f = regular (limit f)

(proof)

lemma regular-implies-mono: regular f = mono f
(proof)

lemma regular-implies-setmonotone: reqular f = setmonotone f

(proof)

lemma regular-implies-continuous: regular f = continuous f
(proof)

end

theory LocalLexingLemmas
imports LocalLexing Limit
begin

context LocalLexing begin
lemmal[simpl: setmonotone (Append Z k) (proof)

lemma subset-PSuc: P ku C P k (Suc u)
{proof)

14
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lemma subset-fSuc-strict:
assumes f: A\ u. fu C f (Suc u)
shows u < v = fu C fv

(proof)

lemma subset-fSuc:
assumes f: A\ u. fu C f (Suc u)
shows u < v= fu C fu
(proof )

lemma subset-Pk: u < v=—= P kuCPkuv
(proof )

lemma subset-PQk: P ku C Q k (proof)

lemma subset-QPSuc: Q k C P (Suc k) u
(proof)

lemma subset-QSuc: Q k C Q (Suc k)
(proof)

lemma subset-Q: i < j = Qi C Q j
(proof)

lemma empty-X[simp]: k > length Doc = X k = {}
(proof)

lemma Sel-empty[simp]: Sel {} {} = {}
(proof)

lemma empty-Z[simpl: k > length Doc = Z k u = {}
{proof)

lemmal[simp|: Append {} k = id {proof)

lemmalsimpl: k > length Doc = P kv =P k0
(proof)

lemma QSucEq: k > length Doc = Q (Suc k) = Q k
(proof )

lemma Q-converges:
assumes k: k > length Doc
shows Q k =

(proof)

lemma P-covers-Q: Q k C P
(proof)
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lemma Sel-upper-bound: A C B = Sel A BC B
(proof)

lemma Sel-lower-bound: A C B =— A C Sel A B
(proof)

lemma P-covers-P: P ku C P
{proof)

lemma W-montone: P C Q —= W PLECW Qk
(proof )

lemma Sel-precondition:
ZkuCW (Pku)k
{proof )

lemma W-bounded-by-X: W Pk C X k
{proof )

lemma Z-subset-X: Z kn C X k
(proof)

lemma Z-subset-Suc: Z kn C Z k (Suc n)
(proof)

lemma Y-upper-bound: Y (Z ku) (Pku)kCW (Pku)k
(proof)

lemma PB-induct[consumes 1, case-names Base Induct]:

assumes p: p € B

assumes base: P ||

assumes induct: A pku. (N g ¢geEPku=— Pq) = pe Pk (Sucu) =
Pp

shows P p
(proof)

lemma Append-mono: U C V= P C @Q = Append Uk P C Append V k Q
(proof)

lemma pointwise-Append: pointwise (Append T k)
(proof)

lemma reqular-Append: regular (Append T k)
(proof)

end

end
theory InductRules



imports Main
begin

lemma disjCases2[consumes 1, case-names 1 2]:
assumes AB: AV B
and AP: A =P
and BP: B = P
shows P

(proof)

lemma disjCases3[consumes 1, case-names 1 2 3]:
assumes AB: AV BV C
and AP: A= P
and BP: B = P
and CP: C = P
shows P

(proof)

lemma disjCasess [consumes 1, case-names 1 2 8 4]:
assumes AB: Av BV CV D
and AP: A= P
and BP: B=— P
and CP: ( = P
and DP: D = P
shows P

(proof)

lemma disjCases5[consumes 1, case-names 1 2 3 4 5]:

assumes AB: AV BV CVDVE

and AP: A= P

and BP: B=— P

and CP: C = P

and DP: D = P

and EP: E = P

shows P

(proof)

lemma minimal-witness-ex:
assumes k: P (k::nat)
shows 3 k0. k0 < kANPKOAN NV k. k< k0 — - (Pk))

(proof)

lemma minimal-witness[consumes 1, case-names Minimal]:
assumes P (k::nat)

and A\K.K<k=—=PK=—= (Ak k<K=~ (Pk) = Q

shows @
{proof )

lemma ex-minimal-witness[consumes 1, case-names Minimal):

17
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assumes 3 k. P (k:nat)
and AN K.PK = (Nk. k<K= - (Pk)) = Q
shows @

(proof)

end

theory ListTools
imports Main
begin

definition is-first :: ‘a = 'a list = bool
where
is-first  u = (3 v. u = [z]Qv)

definition is-last :: 'a = 'a list = bool
where
is-last z w = (3 v. u = vQ[z])

definition is-prefiz :: 'a list = 'a list = bool
where
is-prefiv u v = (3 w. vQuw = v)

definition is-proper-prefiz :: 'a list = 'a list = bool
where
is-proper-prefiv u v = (3 w. w # [| A uQuw = v)

lemma is-prefiz-eq-proper-prefic: is-prefiz a b = (a = b V is-proper-prefiz a b)
(proof)

lemma is-proper-prefiz-eq-prefiz: is-proper-prefic a b = (a # b A is-prefiz a b)
{proof )

definition is-suffiz :: ‘a list = 'a list = bool
where
is-suffix v v = (3 w. wQuU = v)

definition is-proper-suffiz :: 'a list = 'a list = bool
where
is-proper-suffic w v = (3 w. w # [| A wQu = v)

lemma is-suffiz-eq-proper-suffiz: is-suffiz a b = (a = b V is-proper-suffiz a b)
{proof )

lemma is-proper-suffiz-eg-suffiz: is-proper-suffiz a b = (a # b A is-suffix a b)
(proof)

lemma is-prefiz-unsplit: is-prefix u a = u Q (drop (length u) a) = a
(proof )
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lemma le-take-same: i < j = take j a = take j b = take i a = take i b

{proof)

lemma is-first-drop-length:
assumes k < length a
and k > length u
and v = X#w
and take k a = take k (uQu)
shows is-first X (drop (length u) a)
(proof )

lemma is-first-cons: is-first z (y#ys) = (z = y)
(proof )

lemma list-all-pos-neg-ex: list-all P D = — (list-all Q D) =
3 k. k <length DN P(D!k)AN—(Q(D!k))
(proof)

lemma split-list-at: k < length D = D = (take k D)Q[D ! k|Q(drop (Suc k) D)
{proof)

IN

lemma take-eq-take-append: i < j = j < length a = 3 u. take j a = take i a
Q@ wu

{proof)

lemma is-proper-suffiz-length-cmp: is-proper-suffix a b => length a < length b

(proof)

end

theory Derivations

imports CFG ListTools InductRules
begin

context CFG begin

lemma [simp]: is-terminal t = is-symbol t
{proof)

lemma [simp]: is-sentence || (proof)
lemma [simp]: is-word [] (proof)

lemma [simp]: is-word uw => is-sentence u
{proof)

definition leftderivesl :: sentence = sentence = bool
where
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leftderives! u v =
FzyN a.
u=2zQ[N]Qy
ANv=xQa@y
A is-word x
A is-sentence y
A (N, a) € R)

lemma leftderivesi-implies-derives! [simp): leftderives] v v = derivesl u v
(proof )

definition leftderivationsl :: (sentence x sentence) set
where
leftderivations] = { (u,v) | u v. leftderives! u v }

lemma [simp]: leftderivationsl C derivationsl
{proof)

definition leftderivations :: (sentence x sentence) set
where
leftderivations = leftderivationsl

lemma rtrancl-subset-implies: a C b = a C b (proof)

lemma leftderivations-subset-derivations|simp|: leftderivations C derivations
(proof )

definition leftderives :: sentence = sentence = bool
where
leftderives u v = ((u, v) € leftderivations)

lemma leftderives-implies-derives[simp|: leftderives u v = derives u v

{proof)

definition is-leftderivation :: sentence = bool
where
is-leftderivation u = leftderives [&] u

lemma leftderivation-implies-derivation[simp]:
is-leftderivation v => is-derivation u
(proof )

lemma leftderives-refi[simp): leftderives u u

{proof)

lemma leftderives!-implies-leftderives[simp):leftderives] a b = leftderives a b

(proof)

lemma leftderives-trans: leftderives a b = leftderives b ¢ = leftderives a c
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{proof)

lemma leftderivesi-eg-leftderivations: leftderives] = y = ((z, y) € leftderiva-
tions1)
(proof )

lemma leftderives-induct[consumes 1, case-names Base Step]:
assumes derives: leftderives a b
assumes Pa: P a
assumes induct: \y z. leftderives a y = leftderivesl y 2 — Py — P z
shows P b

(proof)

end

context CFG begin

lemma derivesl-implies-derives|simp|:derives! a b = derives a b
{proof)

lemma derives-trans: derives a b =—> derives b ¢ = derives a ¢
(proof )

lemma derivesI-eq-derivationsl: derivesl x y = ((z, y) € derivations!)
(proof)

lemma derives-induct[consumes 1, case-names Base Step|:
assumes derives: derives a b
assumes Pa: P a
assumes induct: Ay z. derives a y = derives] yz — Py — P z
shows P b

(proof)

end

context CFG begin

definition Derivesl :: sentence = nat = rule = sentence = bool

where
Derivesl uwirv =
(3 zy N a

u=z@[N]Qy
ANv=2zQaQy
A is-sentence x
A is-sentence y
A(N,a) eR
ANr = (N,a)Ai= length x)
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lemma Derives1-split:
Derivesl uirv=—= 3 zy. u=zQ[fstr] Q y A v=2zQ (sndr) Qy A length
T =1

(proof)

lemma Derives1-implies-derives]: Derivesl u i r v => derivesl u v
(proof)

lemma derivesi-implies-Derivesl: derivesl w v =—> 3 i r. Derivesl uir v
(proof )

lemma Derives1-unique-dest: Derives] u i r v => Derives]l uirw =— v = w
(proof )

lemma Derivesl-unique-src: Derivesl u i r w —> Derivesl virw — u = v
(proof )

type-synonym derivation = (nat x rule) list

fun Derivation :: sentence = derivation = sentence = bool
where
Derivation a [] b = (a = b)
| Derivation a (d#D) b = (3 z. Derives! a (fst d) (snd d) = A Derivation x D b)

lemma Derivation-implies-derives: Derivation a D b = derives a b

(proof)

lemma Derivation-Derives!: Derivation a S y = Derives! y i r z => Derivation
a (SQ[(¢,r)]) 2
{proof )

lemma derives-implies-Derivation: derives a b => 3 D. Derivation a D b
(proof)

lemma Derivesl-take: Derivesl a i r b — take i a = take 1 b
(proof)

lemma DerivesI-drop: Derives! a i1 b = drop (Suc i) a = drop (i + length (snd
r)) b
{proof)

lemma Derivesi-bound: Derivesl a i 7 b = i < length a

{proof)

lemma Derivesi-length: Derivesl a i 7 b = length b = length a + length (snd r)
— 1
(proof )
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definition leftmost :: nat = sentence = bool
where
leftmost i s = (i < length s A is-word (take i s) A is-nonterminal (s ! 7))

lemma set-take: set (take ns) = { s!i|i. i < n A i< length s}

(proof)

lemma list-all-take: list-all P (take n s) = (V 4. i < n A i < length s — P (s!
i)

(proof)

lemma is-sentence-concat: is-sentence (zQy) = (is-sentence x A is-sentence y)
{proof)

lemma is-sentence-cons: is-sentence (z#xs) = (is-symbol x A is-sentence xs)
{proof)

lemma rule-nonterminal-type[simp|: (N, o) € R = is-nonterminal N
{proof)

lemma rule-a-type[simp]: (N, o) € R = is-sentence «
{proof)

lemma [simp]: is-nonterminal N = is-symbol N
{proof)

lemma Derivesi-sentencel [elim]: Derivesl a i r b = is-sentence a
{proof)

lemma DerivesI-sentence2|elim]: Derives! a i r b = is-sentence b
{proof)

lemma [elim]: Derives] airb = r € R
{proof)

lemma is-sentence-symbol: is-sentence a = i < length a = is-symbol (a ! 7)
(proof )

lemma is-symbol-distinct: is-symbol x = is-terminal x # is-nonterminal x
(proof)

lemma is-terminal-nonterminal: is-terminal © = is-nonterminal v+ — False
(proof )

lemma Derivesi-leftmost:
assumes Derives] a i r b
shows 3 j. leftmost ja N j < i

(proof)
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lemma Derivation-leftmost: D # [| = Derivation a D b = 3 i. leftmost i a
{proof)

lemma nonword-has-nonterminal:
is-sentence a = - (is-word a) = 3 k. k < length a A is-nonterminal (a ! k)

{proof)

lemma leftmost-cons-nonterminal:
is-nonterminal x = leftmost 0 (z#txs)

{(proof)

lemma leftmost-cons-terminal:
is-terminal © = leftmost i (x#txs) = (i > 0 A leftmost (i — 1) xs)
(proof)

lemma is-nonterminal-cons-terminal:
is-terminal © => k < length (z # a) = is-nonterminal ((z # a) ! k) =
k> 0Nk —1<lengtha A is-nonterminal (a ! (k — 1))

(proof)

lemma leftmost-exists:
is-sentence a = k < length a = is-nonterminal (a ! k) =
3 4. leftmostia N i < k

(proof)

lemma nonword-leftmost-exists:
is-sentence a = — (is-word a) = 3 1. leftmost i a
(proof)

lemma leftmost-unaffected-Derives!: leftmost j a = j < ¢ => Derivesl a i 1 b
= leftmost j b

(proof)

definition derivation-ge :: derivation = nat = bool
where
derivation-ge D i = (V d € set D. fst d > 1)

lemma derivation-ge-cons: derivation-ge (d#D) i = (fst d > i A derivation-ge D
i)
(proof )

lemma derivation-ge-append:
derivation-ge (DQE) i = (derivation-ge D i N derivation-ge E i)
(proof)

lemma leftmost-unaffected-Derivation:
derivation-ge D (Suc i) = leftmost i a => Derivation a D b = leftmost i b

(proof)
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lemma le-Derivesl-take:
assumes le: 7 < j
and D: Derivesl ajrb
shows take ¢ a = take i b

(proof)

lemma Derivation-take: derivation-ge D i => Derivation a D b = take i a =
take i b

(proof)

lemma leftmost-cons-less: i < length u = leftmost i (uQu) = leftmost i u
{proof )

lemma leftmost-is-nonterminal: leftmost ¢ u = is-nonterminal (u ! 7)

(proof)

lemma is-word-is-terminal: i < length v = is-word v = is-terminal (u ! 7)
{proof)

lemma leftmost-append:
assumes leftmost: leftmost i (uQu)
and is-word: is-word u
shows length u < i

(proof)

lemma derivation-ge-empty[simp|: derivation-ge [| i

(proof)

lemma leftmost-notword: leftmost i « => j > i = = (is-word (take j a))
(proof)

lemma leftmost-unique: leftmost i a = leftmost j o = i = j

(proof)

lemma leftmost-Derivesl: leftmost ¢ a = Derivesl a jrb—=— i < j
(proof)

lemma leftmost-Derives1-propagate:
assumes leftmost: leftmost i a
and Derivesl: Derivesl a jr b
shows (is-word b A i = j) V (3 k. leftmost k b A i < k)

(proof)

lemma is-word-Derivesl [elim]: is-word a = Derives! a i r b => Fulse
(proof)

lemma is-word-Derivation|elim]: is-word a => Derivation a D b = D = ||

(proof)
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lemma leftmost-Derivation:
leftmost ¢ a = Derivation a D b = j < { = derivation-ge D j

(proof)

lemma derivation-ge-list-all: derivation-ge D i = list-all (X d. fst d > i) D

(proof)

lemma split-derivation-leftmost:

assumes derivation-ge D i

and — (derivation-ge D (Suc 1))

shows 3 F F r. D = EQ[(4, r)]QF A derivation-ge E (Suc )
(proof)

lemma Derivesi-DerivesI-swap:
assumes i < j
and Derivesl a jp b
and Derivesl b i qc
shows 3 b’. Derives! a i q b’ N Derivesl b’ (j — 1 + length (snd q)) p ¢

(proof)

definition derivation-shift :: derivation = nat = nat = derivation
where

derivation-shift D left right = map (A d. (fst d — left + right, snd d)) D

lemma derivation-shift-empty[simp|: derivation-shift || left right = []
(proof )

lemma derivation-shift-cons[simpl:

derivation-shift (d#D) left right = ((fst d — left + right, snd d)#(derivation-shift
D left right))
(proof)

lemma Derivation-append: Derivation o (DQE) ¢ = (3 b. Derivation a D b A
Derivation b E c)

(proof)

lemma Derivation-implies-append:
Derivation a D b = Derivation b E ¢ = Derivation a (DQE) ¢

(proof)

lemma Derivation-swap-single-end-to-front:
i < j = deriation-ge D j = Derivation a (DQ[(i,r)]) b =
Derivation a ((i,r)#(derivation-shift D 1 (length (snd r)))) b
(proof)

lemma Derivation-swap-single-mid-to-front:
assumes i < j
and derivation-ge D j
and Derivation a (DQ[(i,r)]QFE) b
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shows Derivation a ((i,r)#((derivation-shift D 1 (length (snd r)))QE)) b
(proof)

lemma length-derivation-shift[simp]:
length(derivation-shift D left right) = length D
(proof )

definition LeftDerives] :: sentence = nat = rule = sentence = bool
where
LeftDerives! u i r v = (leftmost i u A Derivesl w i r v)

lemma LeftDerives1-implies-leftderives!: LeftDerivesl u i r v => leftderives! u v
(proof)

lemma leftmost-Derives1-leftderives:
leftmost © a => Derivesl a i 7 b = leftderives b ¢ = leftderives a ¢

(proof)

theorem Derivation-implies-leftderives-gen:
Derivation a D (v@Qv) = is-word u = (3 w.
leftderives a (u@Qw) A
(v=[ —w=[)A
(V X. is-first X v — is-first X w))
(proof)

lemma derives-implies-leftderives-gen: derives a (v@Qv) = is-word v = (3 w.
leftderives a (u@Quw) A
(v=[—w=[)A
(V X. is-first X v — is-first X w))

(proof )

lemma derives-implies-leftderives: derives a b = is-word b = leftderives a b

(proof)

fun LeftDerivation :: sentence = derivation = sentence = bool
where

LeftDerivation a [| b = (a )
| LeftDerivation a (d#D) b = (3 . LeftDerivesl a (fst d) (snd d) x A LeftDeriva-
tion D b)

lemma LeftDerives1-implies-Derivesl: LeftDerivesl a i r b = Derivesl a i1 b

(proof)

lemma LeftDerivation-implies-Derivation:
LeftDerivation a D b => Derivation a D b

(proof)

lemma LeftDerivation-implies-leftderives: LeftDerivation a D b = leftderives a b

(proof)
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lemma leftmost-witness[simp|: leftmost (length x) (zQ(N#y)) = (is-word z A
is-nonterminal N)
{proof)

lemma leftderivesi-implies-LeftDerives1:
assumes leftderivesl: leftderivesl u v
shows 3 ¢ r. LeftDerivesl u i r v

(proof)

lemma LeftDerivation-LeftDerives1:
LeftDerivation a S y = LeftDerives] y i r = = LeftDerivation a (SQ[(i,r)]) z

(proof)

lemma leftderives-implies-LeftDerivation: leftderives a b => 3 D. LeftDerivation
aDb

(proof)

lemma LeftDerivation-append:
LeftDerivation a (DQE) ¢ = (3 b. LeftDerivation a D b A LeftDerivation b E c)

(proof)

lemma LeftDerivation-implies-append:
LeftDerivation a D b = LeftDerivation b E ¢ = LeftDerivation a (DQE) ¢
(proof)

lemma Derivation-unique-dest: Derivation a D b = Derivation a D ¢ = b = ¢
(proof)

lemma Derivation-unique-src: Derivation a D ¢ = Derivation b D ¢c = a = b

(proof)

lemma LeftDerivesi-unique: LeftDerives! a i v b = LeftDerivesl a j s b = i =
JAT =35
(proof )

lemma leftlang: £ = { v | v. is-word v A is-leftderivation v }

(proof)

lemma leftprefixlang: Lp = { u | v v. is-word u A is-leftderivation (u@Qu) }
(proof)

lemma derives-implies-leftderives-cons:
is-word a = derives u (aQX#b) = 3 c. leftderives u (aQXHc)

(proof)

lemma is-word-append|[simp): is-word (a@Qb) = (is-word a A is-word b)
{proof)
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lemma Lp-split: a@Qb € Lp = a € Lp
(proof )

lemma Lp-is-word: a € Lp = is-word a
(proof )

definition Derive :: sentence = derivation = sentence

where
Derive a D = (THE b. Derivation a D b)

lemma Derivation-dest-ex-unique: Derivation a D b = 3! z. Derivation a D x

(proof)

lemma Derive:
assumes ab: Derivation a D b
shows Derive a D = b

(proof)

end

end

theory Validity

imports LLFarleyParsing Derivations
begin

context LocalLexing begin

definition wellformed-token :: token = bool
where
wellformed-token t = is-terminal (terminal-of-token t)

definition wellformed-tokens :: tokens = bool
where
wellformed-tokens ts = list-all wellformed-token ts

definition doc-tokens :: tokens = bool
where
doc-tokens p = (wellformed-tokens p N is-prefix (chars p) Doc)

definition wellformed-item :: item = bool
where
wellformed-item z = (
item-rule v € R A
item-origin r < item-end T A
item-end © < length Doc A
item-dot x < length (item-rhs z))

definition wellformed-items :: items = bool
where
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wellformed-items X = (V = € X. wellformed-item x)

lemma is-word-terminals: wellformed-tokens p = is-word (terminals p)

(proof)

lemma is-word-subset: is-word v = set y C set v = is-word y
(proof)

lemma is-word-terminals-take: wellformed-tokens p = is-word(terminals (take n

)
(proof)

lemma is-word-terminals-drop: wellformed-tokens p = is-word(terminals (drop

np))
(proof)

definition pvalid :: tokens = item = bool
where
pvalid p z = (3 u 7.

wellformed-tokens p N
wellformed-item x N
u < length p A
charslength p = item-end A
charslength (take u p) = item-origin A
is-derivation (terminals (take u p) @ [item-nonterminal z] @ ) A
derives (item-a x) (terminals (drop u p)))

definition Gen :: tokens set = items
where
GenP={z|zp p€ P A pvalid p z }

lemma wellformed-items (Gen P)
(proof)

lemma wellformed-items (Init)
{proof)

definition pvalid-left :: tokens = item = bool
where
pualid-left p x = (3 u .

wellformed-tokens p N
wellformed-item x N
u < length p A
charslength p = item-end A
charslength (take u p) = item-origin A
is-leftderivation (terminals (take u p) @ [item-nonterminal x] @ ) A
leftderives (item-a z) (terminals (drop u p)))

lemma pualid-left: pvalid p x = pvalid-left p z
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(proof)

lemma Lp-wellformed-tokens: terminals p € Lp = wellformed-tokens p

(proof)

end

end

theory TheoremD?2

imports LocalLexingLemmas Validity Derivations
begin

context LocalLering begin

definition splits-at :: sentence = nat = sentence = symbol = sentence = bool
where
splits-at § i « N B = (i < length 6 AN« = take i § NN =614 AN B = drop (Suc

i) 6)

lemma splits-at-combine: splits-at 6 i a N f = =a Q@[N] Q 3
(proof )

lemma splits-at-combine-dest: Derivesl a i rb = splits-atai a N f — b=«
@ (sndr)@p
(proof )

lemma Derives1-nonterminal:
assumes Derives] a i r b
assumes splits-at a i a« N 3
shows fst r = N A is-nonterminal N

{(proof)

lemma splits-at-ex: Derives! § i rs = 3 a N . splits-at § i « N 8

(proof)

lemma splits-at-a:: Derivesl 6 i r s = splits-at § i a« N  —
a = take i 6 N o = take i s A length a = i
(proof)

lemma LeftDerivesi-splits-at-is-word: LeftDerives! § i r s = splits-at § i « N
= is-word «

(proof)

lemma splits-at-B: Derivesl § i r s = splits-at 6 i « N f =

B = drop (Suc i) 6 A B = drop (i + length (snd r)) s A length 8 = length § — i
— 1
(proof)
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lemma Derives1-prefiz:
assumes ab: Derives!l § i r (a@b)
assumes split: splits-at 0 i a« N (8
shows is-prefix o a V is-prefix a «

(proof)

lemma Derives1-suffix:
assumes ab: Derives! § i r (a@b)
assumes split: splits-at 0 i a« N (8
shows is-suffix B b V is-suffiz b 0
(proof)

lemma Derivesi-skip-prefiz:
length a < i = Derivesl (a@Qb) i r (aQc) = Derivesl b (i — length a) r ¢

(proof)

lemma cancel-suffix:
assumes ¢ @ ¢ =0 Q d
assumes length ¢ < length d
shows a = b @ (take (length d — length c) d)

(proof)

lemma is-sentence-take:
is-sentence y = is-sentence (take n y)

(proof)

lemma Derives1-skip-suffix:
assumes i: i < length a
assumes D: Derives! (a@Qc) i r (bQc)
shows Derives! a i1 b

{(proof)

lemma drop-cancel-suffix: a@c = drop n (bQc) = a = drop n b
(proof)

lemma drop-keep-last: u # [| = v = drop n (aQ[X]) = v = drop n o Q [X]
(proof)

lemma Derives1-X-is-part-of-rule[consumes 2, case-names Suffix Prefiz]:
assumes aXb: Derives! 6 i r (a@[X]Qb)
assumes split: splits-at 0 i a« N (8
assumes prefiz: \ 5.0 = a Q [X] Q@ f§ = length ¢ < | =
Derives! 8 (i — length a — 1) r b = Fulse
assumes suffiz: \ a. § = o Q [X] @ b = Derives! a i r a = Fulse
shows 3 uv.a=a@Q@uAb=0vQfFA (snd r) = uQ[X]Qu

(proof)

lemma Lp-derives: ¢ € Lp => 3 b. derives [S] (a@b)

(proof)
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lemma Lp-leftderives: a € Lp = 3 b. leftderives [S] (a@b)
(proof)

lemma Derivesl-rule: Derivesl a irb—=— r € R
(proof )

lemma is-prefiz-empty[simp|: is-prefix || a
(proof)

lemma is-prefiz-cons: is-prefic (x # a) b= (3 ¢. b =z # ¢ A is-prefix a c)
(proof)

lemma is-prefiz-cancel[simp): is-prefix (a@Qb) (a@c) = is-prefix b c
(proof )

lemma is-prefiz-chars: is-prefic a b = is-prefix (chars a) (chars b)
(proof)

lemma is-prefiz-length: is-prefic a b = length a < length b

(proof)

lemma is-prefiz-take[simp)|: is-prefiz (take n a) a

(proof)

lemma doc-tokens-length: doc-tokens p = length (chars p) < length Doc

(proof)

fun count-terminals :: sentence = nat where

count-terminals [| = 0
| count-terminals (z#xs) = (if (is-terminal z) then Suc (count-terminals xs) else
(count-terminals xs))

lemma count-terminals-upper-bound: count-terminals p < length p
(proof)

lemma count-terminals-append[simp: count-terminals (a@Qb) = count-terminals a
-+ count-terminals b

{proof)

lemma Derivesi-count-terminals:
assumes D: Derivesl a i1 b
shows count-terminals b = count-terminals a + count-terminals (snd )

(proof)

lemma DerivesI-count-terminals-leq:
assumes D: Derivesl a i1 b
shows count-terminals a < count-terminals b

(proof)
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lemma Derivation-count-terminals-leg:
Derivation a E b = count-terminals a < count-terminals b

(proof)

lemma derives-count-terminals-leq: derives a b = count-terminals a < count-terminals
b

(proof)

lemma is-word-cons[simp): is-word (z#xs) = (is-terminal z A is-word zs)
(proof)

lemma count-terminals-of-word: is-word w = count-terminals w = length w
(proof )

lemma length-terminals[simp]: length (terminals p) = length p
(proof )

lemma path-length-is-upper-bound:
assumes p: wellformed-tokens p
assumes a: is-word o
assumes derives: derives (aQu) (terminals p)
shows length a < length p

(proof)

lemma is-word-Derivesl-index:
assumes w: is-word w
assumes derivesl: Derives] (wQa) i1 b
shows i > length w

(proof)

lemma is-word-Derivation-derivation-ge:
assumes w: is-word w
assumes D: Derivation (w@a) D b
shows derivation-ge D (length w)

(proof)

lemma derives-word-is-prefiz:
assumes w: is-word w
assumes derives: derives (wQa) b
shows is-prefix w b

(proof)

lemma terminals-take[simpl: terminals (take n p) = take n (terminals p)
(proof)

lemma terminals-drop[simp]: terminals (drop n p) = drop n (terminals p)

(proof)
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lemma take-prefiz[simpl: is-prefic a b = take (length a) b = a
(proof)

lemma Derives1-drop-prefizword:
assumes w: is-word w
assumes wa-b: Derives! (wQa) i r b
shows Derivesl a (i — length w) r (drop (length w) b)

(proof)

lemma derivesI-drop-prefizword:
assumes w: is-word w
assumes wa-b: derives] (w@a) b
shows derives! a (drop (length w) b)

(proof)

lemma derivesI-is-word-is-prefix-drop:
assumes w: is-word w
assumes w-a: is-prefiz w a
assumes ab: derivesl a b
shows derives! (drop (length w) a) (drop (length w) b)

(proof)

lemma derives-drop-prefizword-helper:

derives a b = is-word w => is-prefic w a = derives (drop (length w) a) (drop
(length w) b)
(proof)

lemma derive-drop-prefixword:
is-word w = derives (wQa) b = derives a (drop (length w) b)

(proof)

lemma thmD2"
assumes X: is-terminal X
assumes p: doc-tokens p
assumes pX: (terminals p)Q[X] € Lp
shows 3 z. pvalid p © A next-symbol x = Some X

(proof)

lemma admissible-wellformed-tokens: admissible p = wellformed-tokens p
(proof)

lemma chars-append[simp]: chars (a@Qb) = (chars a)@(chars b)
{proof)

lemma chars-of-token-simp[simpl: chars-of-token (a, b) = b
(proof )

lemma X-is-prefiv: t € X k = is-prefix (snd t) (drop k Doc)
(proof)
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lemma is-prefiz-append: is-prefic (aQb) D = (is-prefiz a D A is-prefix b (drop
(length a) D))
(proof )

lemma PB-are-doc-tokens: p € P = doc-tokens p
(proof)

theorem thmD2:
assumes X: is-terminal X
assumes p: p € B
assumes pX: (terminals p)Q[X] € Lp
shows 3 z. pvalid p x N\ next-symbol x = Some X

(proof)

end

end

theory TheoremD/
imports TheoremD2
begin

context LocalLering begin

lemma X-are-terminals: uw € X k = is-terminal (terminal-of-token u)
(proof)

lemma terminals-append[simp): terminals (a@Qb) = ((terminals a) Q (terminals
b))

{proof)
lemma terminals-singleton[simp|: terminals [u] = [terminal-of-token u)

{proof)

lemma terminal-of-token-simp[simp|: terminal-of-token (a, b) = a
(proof )

lemma pualid-item-end: pvalid p v = item-end © = charslength p
(proof)

lemma W-elem-in-TokensAt:
assumes P: P C B
assumes u-in-W: v € W Pk
shows u € TokensAt k (Gen P)

(proof)

lemma is-derivation-is-sentence: is-derivation s —> is-sentence s

(proof)
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lemma is-sentence-cons: is-sentence (N#s) = (is-symbol N A is-sentence s)
{proof)

lemma is-derivation-step:
assumes uNv: is-derivation (vQ[N]Qv)
assumes Na: (N, o) € R
shows is-derivation (u@aQu)

(proof)

lemma is-derivation-derives:
derives o 8 = is-derivation (uQa@Quv) = is-derivation (vQBQu)

(proof)

lemma item-rhs-split: item-rhs x = (item-a )Q(item-3 x)

(proof)

lemma puvalid-is-derivation-terminals-item-f3:
assumes puvalid: pvalid p x
shows 3 §. is-derivation ((terminals p)Q(item-f x)Q0)

(proof)

lemma next-symbol-not-complete: next-symbol z = Some t = — (is-complete x)
{proof )

lemma next-symbol-starts-item-3:
assumes wf: wellformed-item z
assumes next-symbol: next-symbol z = Some t
shows 3 §. item-8 x = t#6

(proof)

lemma pualid-prefizlang:
assumes puvalid: pvalid p x
assumes is-terminal: is-terminal t
assumes next-symbol: next-symbol v = Some t
shows (terminals p) Q [t] € Lp

(proof)

lemma TokensAt-elem-in-W:
assumes P: P C 8
assumes u-in-Tokens-at: u € TokensAt k (Gen P)
shows u € W Pk

(proof)

theorem thmD/:
assumes P: P C 8
shows W P k = TokensAt k (Gen P)

{(proof)

end



38

end

theory TheoremD5
imports TheoremD/
begin

context LocalLering begin

lemma Scan-empty: Scan {} kI =1
{proof)

lemma 7w-no-tokens: m k {} I = limit (A I. Complete k (Predict k I)) I
{proof)

lemma bin-elem: © € binl k —= z € 1
(proof)

lemma Gen-implies-pvalid: x € Gen P = 3 p € P. pvalid p z
(proof)

lemma wellformed-init-item[simp]: 1 € R = k < length Doc = wellformed-item
(init-item r k)
{proof)

lemma init-item-origin[simp|: item-origin (init-item r k) = k
(proof)

lemma init-item-end[simpl: item-end (init-item r k) = k
{proof)

lemma init-item-nonterminal]simpl: item-nonterminal (init-item r k) = fst r
{proof)

lemma init-item-a[simp]: item-« (init-item r k) = ||
{proof)

lemma Predict-elem-in-Gen:
assumes [-in-Gen-P: I C Gen P
assumes k: k < length Doc
assumes z-in-Predict: x € Predict k 1
shows z € Gen P

(proof)

lemma Predict-subset-Gen:
assumes [ C Gen P
assumes k < length Doc
shows Predict kI C Gen P

(proof)
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lemma nth-superfluous-append[simpl: i < length a = (a@b)!i = ali
(proof)

lemma tokens-nth-in-Z:
pEP =V ii<lengthp — (3 u. p!i€ Z (charslength (take i p)) u)
(proof )

lemma path-append-token:
assumes p: p € P ku
assumes t: t € Z k (Suc u)
assumes pt: admissible (pQ[t])
assumes k: charslength p = k
shows pQ[t] € P k (Suc u)
(proof)

definition indezlt-rel :: ((nat x nat) x (nat X nat)) set where
indexlt-rel = less-than <xlexx> less-than

definition indexlt :: nat = nat = nat = nat = bool where
indexlt k' v’ ku = (((k', v), (k, w)) € indexlt-rel)

lemma indexlt-simp: indexlt k' v' kv = (k"< kV (k'=%k A u < u))
(proof )

lemma wf-indexlt-rel: wf indexlt-rel
(proof )

lemma P-induct[consumes 1, case-names Induct]:
assumes p € P Lk u
assumes induct: A pku. (Ap' k' v . p' € Pk v = indexlt k' v' ku = P
'k’ u/)
—=pePku=Ppku
shows P p k u

(proof)

lemma nonempty-path-indices:
assumes p: p € P ku
assumes nonempty: p # ||
shows k> 0V u > 0

(proof)

lemma base-paths:
assumes p: p € P k0
assumes k: k > 0
shows 3 u.peP(k—1)u
(proof)
lemma indexlt-trans: indexlt k' v'' k' v/ = indezlt k' v’ k v = indexlt k"' u”’
ku
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(proof)

definition is-continuation :: nat = nat = tokens = tokens = bool where
is-continuation k u q ts = (¢ € P k u A charslength ¢ = k N\ admissible (qQts)
N
(Vtesetts.t € Zk (Sucu)) A (VY te set (butlast ts). chars-of-token t = []))

lemma limit-Append-path-nonelem-split: p € limit (Append T k) (P ku) = p ¢
Pku=
3 qts.p=qQts A g € P ku A charslength ¢ = k N admissible (¢Qts) N (VY ¢
Esetts.teT) A
(V t € set (butlast ts). chars-of-token t = [])

(proof)

lemma limit- Append-path-nonelem-split':
p € limit (Append (Z k (Suc u)) k) (Pku) = p ¢ P ku—
3 q ts. p = qQts A is-continuation k u q ts

(proof)

lemma final-step-of-path: p € Pku = p#[| = (3 qts k' v'. p = ¢Qits A
indexlt k' v’ k u
A is-continuation k' u’ q ts)

(proof)

lemma terminals-empty[simpl: terminals || = |]
(proof)

lemma empty-in-Lp[simp]: [| € Lp
(proof)

lemma admissible-empty[simp): admissible ]
{proof)

lemma ‘PB-are-admissible: p € P = admissible p
(proof )

lemma prefiz-of-empty-is-empty: is-prefic q [| = q¢ = ||

(proof)

lemma subset-P :
assumes leg: k' < kV (k'=Fk A u' < u)
shows P k'u' C P ku

(proof)

lemma empty-path-is-elem[simp]: [| € P k u
(proof)

lemma is-prefiz-of-append:
assumes is-prefiz p (a@Qb)
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shows is-prefit p a V (3 b". o' £ [| A is-prefix b’ b A p = a@Qb’)
(proof)

lemma prefiz-is-continuation: is-continuation k u p ts = is-prefiz ts' ts =
is-continuation k u p ts’

(proof)

lemma charslength-0: (V t € set ts. chars-of-token t = [|) = (charslength ts = 0)
(proof)

lemma is-continuation-in-P: is-continuation k u p ts => pQts € P k (Suc u)

(proof)

lemma indexlt-subset-P: indexlt k' v’ k uw = P k' (Suc uv’) CP ku

(proof)

lemma prefizes-are-paths: p € P ku = is-prefitcp =z € P ku
(proof)

lemma empty-or-last-of-suffix:

assumes ¢ = ¢’ Q [¢]

assumes ¢ = p Q ts

shows ts = [| V (3 ts". ¢/ = p @ ts' A ts'Q[t] = ts)
(proof)

lemma is-prefiz-butlast: is-prefic q (butlast p) = is-prefix ¢ p
(proof)

lemma last-step-of-path:

gEPku= ¢q=q¢Q)t] =

3 k' ' indexlt ' v ku A g € P k' (Suc u’) A charslength ¢' = k' Nt € Z K/
(Suc u’)
(proof)

lemma charslength-of-butlast-0: p € P k 0 = p = qQ[t] = charslength ¢ < k
(proof)

lemma charslength-of-butlast: p € P k uw = p = ¢qQ[t] = charslength ¢ < k
(proof)

lemma last-token-of-path:
assumes ¢ € P ku
assumes ¢ = ¢'Q[t]
assumes charslength q' = k
shows t € Z ku

(proof)

lemma final-step-of-path”. p e Pku = p ¢ Pk (u— 1) =
3 qgts. u> 0 A p= qQts A is-continuation k (u — 1) q ts
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(proof)

lemma is-continuation-continue:
assumes is-continuation k u q ts
assumes charslength ts = 0
assumes t € Z k (Suc u)
assumes admissible (¢ @ ts @ [t])
shows is-continuation k u q (tsQ[t])

(proof)

theorem compatibility-def:
assumes p-in-dom: p € P k u
assumes g-in-dom: ¢ € P k u
assumes p-charslength: charslength p = k
assumes ¢-split: ¢ = ¢'Q[]
assumes q'len: charslength ¢/ = k
assumes admissible: admissible (p @ [t])
shows p Q [t] € P k u

(proof)

lemma is-prefix-admissible:
assumes is-prefiz a b
assumes admissible b
shows admissible a

(proof)

lemma butlast-split: n < length ¢ = butlast ¢ = (take n q)Q(drop n (butlast q))
(proof)

lemma in-P-charslength:
assumes p-dom: p € P ku
shows 3 v. p € P (charslength p) v

(proof)

theorem general-compatibility:
pE€Pku= g€ P ku=> charslength p = charslength (take n q)
= charslength p < k = admissible (p @Q (drop n q)) = p @ (drop n q) €
Pku
(proof)

lemma wellformed-item-derives:
assumes wellformed: wellformed-item x
shows derives [item-nonterminal x| (item-rhs x)

(proof)

lemma wellformed-complete-item-3:
assumes wellformed: wellformed-item x
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assumes complete: is-complete x
shows item- z = []
(proof)

lemma wellformed-complete-item-derives:
assumes wellformed: wellformed-item x
assumes complete: is-complete x
shows derives [item-nonterminal x| (item-a x)

(proof)

lemma is-derivation-implies-admissible:
is-derivation (terminals p Q §) = is-word (terminals p) = admissible p
(proof)

lemma item-rhs-of-inc-item|[simpl: item-rhs (inc-item x k) = item-rhs x
{proof)

lemma item-rule-of-inc-item|[simp)|: item-rule (inc-item z k) = item-rule
{proof)

lemma item-origin-of-inc-item[simp|: item-origin (inc-item = k) = item-origin
(proof )

lemma item-end-of-inc-item|[simpl: item-end (inc-item z k) = k
{proof)

lemma item-dot-of-inc-item|[simp]: item-dot (inc-item z k) = (item-dot =) + 1
(proof)

lemma item-nonterminal-of-inc-item[simp|: item-nonterminal (inc-item z k) =
item-nonterminal x
{proof)

lemma wellformed-inc-item:
assumes wellformed: wellformed-item x
assumes next-symbol: next-symbol r = Some s
assumes k-upper-bound: k < length Doc
assumes k-lower-bound: k > item-end x
shows wellformed-item (inc-item x k)

(proof)

lemma item-a-of-inc-item:
assumes wellformed: wellformed-item x
assumes next-symbol: next-symbol r = Some s
shows item-a (inc-item x k) = item-a x Q [s]
(proof)

lemma derivesi-pad:
assumes derivesl: derivesl a
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assumes u: is-sentence u
assumes v: is-sentence v
shows derives! (uQa@u) (v@QBQu)

(proof)

lemma derives-pad:
derives a f = is-sentence v = is-sentence v => derives (vQaQv) (uQSQu)

(proof)

lemma derives1-is-sentence: derivesl o 3 —> is-sentence a A is-sentence 3

(proof)

lemma derives-is-sentence: derives oo f = (o = f5) V (is-sentence o A is-sentence
B)
(proof)

lemma derives-append:
assumes au: derives a u
assumes bv: derives b v
assumes is-sentence-a: is-sentence a
assumes is-sentence-b: is-sentence b
shows derives (a@b) (u@Qu)

(proof)

lemma is-sentence-item-a: wellformed-item & = is-sentence (item-« )
(proof)

lemma is-nonterminal-item-nonterminal: wellformed-item © = is-nonterminal
(item-nonterminal x)
(proof )

lemma Complete-elem-in-Gen:
assumes [-in-Gen: I C Gen (P k u)
assumes k: k < length Doc
assumes z-in-Complete: x € Complete k I
shows z € Gen (P k u)

(proof)

lemma Complete-subset-Gen:
assumes [-in-Gen-P: I C Gen (P k u)
assumes k: k < length Doc
shows Complete k I C Gen (P k u)

(proof)

lemma P-are-admissible: p € P k uw =—> admissible p
(proof)

lemma is-continuation-base:
assumes p-dom: p € P ku



assumes charslength-p: charslength p = k
shows is-continuation k u p [|

(proof)

lemma is-continuation-empty-chars:
is-continuation k u q ts => charslength (qQts) = k = chars ts = ||

(proof)

lemma Z-subset: u < v—ZkuC Zkuwv
{(proof)

lemma is-continuation-increase-u:
assumes cont: is-continuation k u q ts
assumes uv: u < v
shows is-continuation k v q ts

(proof)

lemma puvalid-next-symbol-derivable:
assumes puvalid: pvalid p x
assumes next-symbol: next-symbol r = Some s
shows 3 §. is-derivation((terminals p)Q[s]@Q0)

(proof)

lemma pvalid-admissible:
assumes puvalid: pvalid p x
shows admissible p

(proof)

lemma puvalid-next-terminal-admissible:
assumes puvalid: pvalid p x
assumes next-symbol: next-symbol z = Some t
assumes terminal: is-terminal t
shows admissible (pQ[(t, ¢)])

(proof)

lemma X -wellformed: t € X k = wellformed-token t
(proof )

lemma Z-wellformed: t € Z k u = wellformed-token t
(proof)

lemma Scan-elem-in-Gen:
assumes I-in-Gen: I C Gen (P k u)
assumes k: k < length Doc
assumes 1: T C Z ku
assumes z-in-Scan: © € Scan T k I
shows z € Gen (P k u)

(proof)
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lemma Scan-subset-Gen:
assumes [-in-Gen: I C Gen (P k u)
assumes k: k < length Doc
assumes 1: T C Z ku
shows Scan T kI C Gen (P k u)

(proof)

theorem thmD5:
assumes [: [ C Gen (P k u)
assumes k: k < length Doc
assumes T: T C Z ku
shows 7 £ T I C Gen (P k u)

(proof)
end

end

theory TheoremD6
imports TheoremD5
begin

context LocalLexing begin

definition inc-dot :: nat = item = item
where
inc-dot d x = Item (item-rule x) (item-dot © + d) (item-origin x) (item-end x)

lemma inc-dot-0[simp]: inc-dot 0 z = x
{proof)

lemma Predict-mk-regqulari :
3 (P :: rule = item = bool) F. Predict k = mk-reqular! P F

(proof)

lemma Complete-mk-regular?:
3 (P :: dummy = item = item = bool) F. Complete k = mk-reqular2 P F

(proof)

lemma Scan-mk-regulari:
3 (P :: token = item = bool) F. Scan T k = mk-reqular! P F

(proof)

lemma Predict-reqular: regular (Predict k)
(proof)

lemma Complete-regular: regular (Complete k)

(proof)

lemma Scan-regular: regular (Scan T k)



{proof)

lemma 7-functional: m k T = limit ((Scan T k) o (Complete k) o (Predict k))
(proof)

lemma 7-step-reqular: reqular ((Scan T k) o (Complete k) o (Predict k))
(proof)

lemma 7-regular: regular (7 k T)
{proof)

lemma 7-fix: Scan T k (Complete k (Predict k (n k T1I))=nkTI
{proof)

lemma 7-fix”: ((Scan T k) o (Complete k) o (Predict k)) (n k TI)=nkTI
{proof)

lemma setmonotone-cases:
assumes setmonotone f
shows fX =XV X CfX

(proof)

lemma distribute-firpoint-over-setmonotone-comp:
assumes f: setmonotone f
assumes g: setmonotone g
assumes fizpoint: (fo g) I =1
shows fI=1TANglI=1
(proof)

lemma distribute-fixpoint-over-setmonotone-comp-3:
assumes f: setmonotone f
assumes g: setmonotone g
assumes h: setmonotone h
assumes fizpoint: (fogoh) I =1
shows fI=1IANgl=1ANKI=1
(proof)

lemma Predict-m-fix: Predictk (n k TI)=n kT 1
(proof)

lemma Scan-w-fiz: Scan Tk (n k TI)=n kTI
(proof)

lemma Complete-w-fixz: Complete k (n k TI)=n k T1I
(proof)

lemma w-idempotent: 1 kT (m k TI)=nkTI
(proof)
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lemma derivation-shift-identity[simp|: derivation-shift D 0 0 = D
{proof )

lemma Derivation-skip-prefiz: Derivation (uQu) D w => derivation-ge D (length
u) =

Derivation v (derivation-shift D (length w) 0) (drop (length u) w)
(proof)

lemma leftmost-skip-prefic: leftmost i (uQv) = i > length v = leftmost (i —
length u) v
(proof)

lemma LeftDerivation-skip-prefix: LeftDerivation (u@Quv) D w = derivation-ge D
(length u) =

LeftDerivation v (derivation-shift D (length u) 0) (drop (length u) w)
(proof)

lemma splits-at-append: splits-at u i ul N u2 = splits-at (uQov) i ul N (u2Qu)
(proof)

lemma LeftDerives1-append-leftmost-unique: LeftDerivesl (aQb) i r ¢ = leftmost
ja=1=]
{proof )

lemma drop-derivation-shift:
drop n (derivation-shift D left right) = derivation-shift (drop n D) left right
{proof)

lemma take-derivation-shift:
take n (derivation-shift D left right) = derivation-shift (take n D) left right
{proof )

lemma derivation-shift-0-shift: derivation-shift (derivation-shift D leftl 0) left2
right2 =

derivation-shift D (left1 + left2) right2
(proof)

lemma splits-at-append-prefix:
splits-at v i o N B = splits-at (vQu) (i + length u) (vQa) N
(proof )

lemma splits-at-implies-Derivesl: splits-at § i o« N B —> is-sentence 6 — re R
= fstr =N

= Derivesl 0 i r (aQ(snd r)Qp)

(proof)

lemma Derives1-append-prefix:
assumes Derivesl: Derivesl vir w
assumes u: is-sentence u
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shows Derives! (u@Qu) (¢ + length u) r (vQuw)
(proof)

lemma leftmost-prepend-word: leftmost i v => is-word u => leftmost (i + length
u) (uQu)
(proof)

lemma LeftDerivesi-append-prefiz:
assumes Derivesl: LeftDerivesl v i r w
assumes u: is-word u
shows LeftDerivesl (u@Qu) (i + length u) r (uQuw)

(proof)

lemma Derivation-append-prefix: Derivation v D w = is-sentence u —>
Derivation (u@Qu) (derivation-shift D 0 (length u)) (vQuw)

(proof)

lemma LeftDerivation-append-prefiz: LeftDerivation v D w = is-word v =
LeftDerivation (uQu) (derivation-shift D 0 (length u)) (uQuw)

(proof)

lemma derivation-ge-shift-simp: derivation-ge D i — i > | —= r > | =
derivation-shift D 1 r = derivation-shift D 0 (r — 1)
(proof)

lemma append-dropped-prefiz: is-prefic v v => drop (length u) v = w = uQu
=

(proof)

lemma derivation-ge-shift-plus:
assumes derivation-ge D u
assumes derivation-ge (derivation-shift D u 0) v
shows derivation-ge D (u + v)

(proof)

lemma LeftDerivation-breakdown:
LeftDerivation (vQv) D w = 3 n wl w2. w = wl Q w2 A
LeftDerivation u (take n D) w1 A
derivation-ge (drop n D) (length w1) A
LeftDerivation v (derivation-shift (drop n D) (length w1) 0) w2
(proof)

lemma Derivesi-terminals-stay:
assumes Derivesl: Derivesl u i r v
assumes t-dom: t € set u
assumes terminal: is-terminal t
shows t € set v

(proof)
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lemma Derivation-terminals-stay: Derivation u D v = t € set u => is-terminal
t=—t € setv

(proof)

lemma Derivation-empty-no-terminals: Derivation u D [| => t € set u = is-nonterminal
t

(proof )
lemma mono-subset-elem: mono f = A C B= z € f A = z € f B (proof)

lemma wellformed-inc-dot: wellformed-item x = item-dot x + d < length (item-rhs
x) =

wellformed-item(inc-dot d x)
(proof)

lemma init-item-dot[simp]: item-dot (init-item r k) = 0
(proof)

lemma init-item-rhs[simp): item-rhs (init-item r k) = snd r
{proof)

lemma init-item-B[simpl: item-B (init-item r k) = snd r
(proof)

lemma mono-m: mono (7 k T)
(proof)

lemma w-subset-elem-trans:
assumes Y: Y CnkTX
assumes z: z € kTY
shows z € 7k TX

(proof)

lemma inc-dot-origin|simp): item-origin (inc-dot d x) = item-origin x
{proof)

lemma inc-dot-end[simp): item-end (inc-dot d z) = item-end x
{proof)

lemma inc-dot-rhs[simpl: item-rhs (inc-dot d x) = item-rhs x
{proof)

lemma inc-dot-dot[simp]: item-dot (inc-dot d x) = item-dot x + d
{proof)

lemma inc-dot-nonterminal[simp]: item-nonterminal (inc-dot d x) = item-nonterminal
z

(proof)
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lemma Predict-subset-m: Predict k X Cnm kT X
(proof)

lemma Complete-subset-m: Complete k X Cn kT X
(proof )

lemma inc-inc-dot[simp]: inc-dot a (inc-dot b x) = inc-dot (a + b) z
{proof)

lemma thmD6-Left: wellformed-item v = item-f ¢ = 6 Q w = item-end © =
k=
LeftDerivation § D [| = inc-dot (length ) z € © k {} {«}

(proof)

lemma derives-empty-implies-LeftDerivation: derives 6 [| = 3 D. LeftDerivation
d D]

(proof)
lemma thmD6: wellformed-item © = item-f z = § Q w = item-end ¢ = k =

derives § [| = inc-dot (length §) z € m k {} {z}
(proof)

end

end

theory TheoremD7
imports TheoremD6
begin

context LocalLering begin

lemma Derives!-keep-first-terminal: Derivesl (z#u) ¢ v (y#v) = is-terminal x
— I = Yy
{proof)

lemma Derivesl-nonterminal-head:
assumes Derives! u i r (N#wv)
assumes is-nonterminal N
shows 3 u' M. u = M#u' A is-nonterminal M

(proof)

lemma sentence-starts-with-nonterminal:
assumes is-nonterminal N
assumes derives u ||
shows 3 X r. uQ[N] = X#r A is-nonterminal X

{(proof)

lemma DerivesI-nonterminal-head’:
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assumes Derives! u i r (vIQ[N]Qv2)
assumes is-nonterminal N

assumes derives vl [|

shows 3 v/ M. uw = M+#u' A is-nonterminal M

(proof)

lemma thmD7-helper:

assumes LeftDerivation [&] D (N#v)

assumes is-nonterminal N

assumes & # N

shows 3 n M a al a2 w. n < length D A (M, a) € R A LeftDerivation [S] (take
n D) (M#w) A

a=al @[N] Q a2 A derives al ||

(proof)

lemma head-of-item-S-is-next-symbol:
wellformed-item © = item-f © = t#d = next-symbol x = Some t
(proof)

lemma next-symbol-predicts: next-symbol v = Some N = (N, a) € R = k =
item-end r —>

init-item (N, a) k € Predict k {z}
(proof)

lemma thmD7-LeftDerivation: LeftDerivation [S] D (N#vy) = is-nonterminal N
= (N, a) e R =

init-ittem (N, o) 0 € w 0 {} Init
(proof)

theorem thmD?7: is-derivation (N#~) = is-nonterminal N = (N, a) € R =

ingt-ittem (N, o) 0 € w 0 {} Init
(proof)

end

end

theory TheoremDS8
imports TheoremD7
begin

context LocalLexing begin

lemma wellformed-tokens-empty-path[simp|: wellformed-tokens ||
(proof )

lemma P-0-0-Gen: Gen (P 0 0) = { z . wellformed-item x A item-origin © = 0
A item-end z = 0 A
derives (item-a x) [] A (3 7. is-derivation ([item-nonterminal z] Q 7)) }
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(proof)

lemma Init-subset-Gen: Init C Gen (P 0 0)
(proof)

lemma J-0-0-subset-Gen: J 0 0 C Gen (P 0 0)
(proof)

lemma inc-dot-rule[simpl: item-rule (inc-dot d z) = item-rule
{proof)

lemma init-item-rule[simpl: item-rule (init-item r k) = r
{proof)

lemma item-dot-is-a-length: wellformed-item © = item-dot x = length (item-«
x)

(proof)

lemma Gen-subset-J -0-0-helper:
assumes wellformed-item x
assumes item-origin r = 0
assumes item-end x = 0
assumes derives (item-a x) []
assumes is-derivation (item-nonterminal x # =)
shows z € m 0 {} Init

(proof)

lemma Gen-subset-T-0-0: Gen (P 00) C J 00
(proof)

theorem thmDS8: J 0 0 = Gen (P 0 0)
{proof)

end

end

theory TheoremD9
imports TheoremD8
begin

context LocalLering begin

definition items-le :: nat = items = items
where
items-lek I ={z .2 €l Aitem-endz <k}

definition items-eq :: nat = items = items
where
items-eq kI = {z.xz € 1A item-endz =%}



definition paths-le :: nat = tokens set = tokens set
where
paths-le k P ={ p.p € P A charslength p < k }

definition paths-eq :: nat = tokens set = tokens set
where
paths-eq k P ={ p.p € P A charslength p = k }

lemma items-le-pointwise: pointwise (items-le k)
(proof)

lemma items-le-is-filter: items-le k I C I
(proof)

lemma items-eg-pointwise: pointwise (items-eq k)
(proof)

lemma items-eqg-is-filter: items-eq k I C I
(proof )

lemma paths-le-pointwise: pointwise (paths-le k)
(proof)

lemma paths-le-continuous: continuous (paths-le k)
(proof)

lemma paths-le-mono: mono (paths-le k)
{proof)

lemma paths-le-is-filter: paths-le k P C P
(proof)

lemma paths-eg-pointwise: pointwise (paths-eq k)
(proof)

lemma paths-eqg-is-filter: paths-eq k P C P
(proof)

lemma Predict-item-end: x € Predict k' Y — item-end x = kV z € Y
(proof)

lemma Complete-item-end: x € Complete k' Y = item-endz =k V 2z € Y
(proof)

lemma 7-0-0-item-end: x € J 0 0 — item-end x = 0

(proof)

lemma items-le-J-0-0: items-le 0 (J 00) =T 00
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{proof)

lemma paths-le-P-0-0: paths-le 0 (P 00) =P 00
{proof)

definition empty-tokens :: token set = token set
where
empty-tokens T = { t . t € T A chars-of-token t =[] }

lemma items-le-Predict: items-le k (Predict k I) = Predict k (items-le k I)
(proof)

lemma items-le-Complete:
wellformed-items I = items-le k (Complete k I) = Complete k (items-le k I)

(proof)

lemma items-le-Scan:
items-le k (Scan T k I) = Scan (empty-tokens T) k (items-le k I)

{proof)

lemma wellformed-items-Gen: wellformed-items (Gen P)
(proof )

lemma wellformed-J-0-0: wellformed-items (J 0 0)
(proof)

lemma wellformed-items-Predict:
wellformed-items I = wellformed-items (Predict k I)

{proof)

lemma wellformed-items-Complete:
wellformed-items I = wellformed-items (Complete k I)

{proof)

lemma X-length-bound: (t, ¢) € X k = k + length ¢ < length Doc
(proof )

lemma wellformed-items-Scan:
wellformed-items I = T C X k = wellformed-items (Scan T k I)

{proof)

lemma wellformed-items-m:
assumes wellformed-items I
assumes T C X k
shows wellformed-items (v k T I)

(proof)

lemma J-subset-Suc-u: J ku C J k (Suc u)
(proof)
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lemma mono-TokensAt: mono (TokensAt k)
{proof)

lemma T -subset-TokensAt: T k u C TokensAt k (J k u)
(proof )

lemma TokensAt-subset-X: TokensAt kI C X k
(proof)

lemma wellformed-items-J -induct-u:
assumes wellformed-items (J k u)
shows wellformed-items (J k (Suc u))

(proof)

lemma wellformed-items-J -k-u-if-0: wellformed-items (J k 0) = wellformed-items
(T k)
(proof)

lemma wellformed-items-natUnion: () k. wellformed-items (I k)) = wellformed-items
(natUnion I)

{proof)

lemma wellformed-items-Z-k-if-0: wellformed-items (J k 0) = wellformed-items
(Z k)
(proof )

lemma wellformed-items-J -I: wellformed-items (J k u) A wellformed-items (T k)
(proof)

lemma wellformed-items-J: wellformed-items (J k u)

(proof)

lemma wellformed-items-Z: wellformed-items (Z k)
(proof)

lemma funpower-consume-function:

assumes law: AN X. PX = f (¢ X)=h (fX) AN P (g X)

shows P I = P (funpower g n I) A\ f (funpower g n I) = funpower h n (f I)
(proof)

lemma limit-consume-function:
assumes continuous: continuous f
assumes law: AN X. PX = f (¢ X)=h (fX) AN P (g X)
assumes setmonotone: setmonotone g
shows P I = f (limit g I) = limit h (fI)
(proof)

lemma items-le-m-swap:
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assumes wellformed-I: wellformed-items I
assumes 1: T C X k
shows items-le k (m k T I) = © k (empty-tokens T) (items-le k I)

(proof)

lemma items-le-idempotent: items-le k (items-le k I) = items-le k I
(proof)

lemma paths-le-idempotent: paths-le k (paths-le k P) = paths-le k P
(proof )

lemma items-le-fiz-D:
assumes items-le-fix: items-le k I = I
assumes z-dom: x € [
shows item-end x < k

(proof)

lemma remove-paths-le-in-subset-Gen:
assumes items-le k I = 1
assumes [ C Gen P
shows I C Gen (paths-le k P)

(proof)

lemma mono-Gen: mono Gen
(proof)

lemma empty-tokens-idempotent: empty-tokens (empty-tokens T) = empty-tokens
T

{proof)

lemma empty-tokens-is-filter: empty-tokens T C T
(proof )

lemma items-le-paths-le: items-le k (Gen P) = Gen (paths-le k P)
{proof)

lemma bin-items-le[symmetric]: bin I k = bin (items-le k I) k
{proof)

lemma TokensAt-items-le[symmetric]: TokensAt k I = TokensAt k (items-le k I)
{proof)

lemma by-length-paths-le[symmetric]: by-length k P = by-length k (paths-le k P)
(proof )

lemma W-paths-le[symmetric]: W P k = W (paths-le k P) k
{proof)

theorem 7T -equals-Z-induct-step:
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assumes induct: items-le k (J k u) = Gen (paths-le k (P k u))
assumes induct-tokens: T ku = Z ku
shows T k (Suc u) = Z k (Suc u)

(proof)

theorem thmD9:
assumes induct: items-le k (J k u) = Gen (paths-le k (P k u))
assumes induct-tokens: T ku=Z ku
assumes k: k < length Doc
shows items-le k (J k (Suc u)) C Gen (paths-le k (P k (Suc w)))

(proof)

end

end

theory Ladder
imports TheoremD9
begin

context LocalLexing begin

definition LeftDerivationFiz :: sentence = nat = derivation = nat = sentence
= bool
where
LeftDerivationFixz o i D j B = (is-sentence o A is-sentence (3
A LeftDerivation o« D B N © < length a N j < length (3
ANali=815A (3 EF.D= EQ(derwation-shift F 0 (Suc j)) A
LeftDerivation (take i o)) E (take j 5) A
LeftDerivation (drop (Suc i) a) F (drop (Suc j) B)))

definition LeftDerivationIntro ::
sentence = nat = rule = nat = derivation = nat = sentence = bool
where
LeftDerivationIntro o i r iz D j v = (3 B. LeftDerivesl o ir B A
iz < length (snd r) A (snd r) iz =~ 1jA
LeftDerivationFiz 8 (¢ + ix) D j )

lemma LeftDerivationFiz-empty[simp]: is-sentence o => i < length o = Left-
DerivationFiz « i || i «

{proof)

lemma Derive-empty[simp: Derive a [| = a
{proof)

lemma LeftDerivation-appendl: LeftDerivation a (DQ[(i, 7)]) ¢ = 3 b. Left-
Derivation a D b
A LeftDerivesl b i r c

(proof)
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lemma Derivation-append!: Derivation a (DQ[(i, r)]) ¢ = 3 b. Derivation a D
b
A Derivesl birc

(proof)

lemma Derivation-take-derive:
assumes Derivation a D b
shows Derivation a (take n D) (Derive a (take n D))

(proof)

lemma LeftDerivation-take-derive:
assumes LeftDerivation a D b
shows LeftDerivation a (take n D) (Derive a (take n D))

(proof)

lemma Derivation-Derive-take-Derives1 :
assumes N # (0
assumes N < length D
assumes Derivation a D b
assumes a: « = Derive a (take (N — 1) D)
assumes ( = Derive a (take N D)
shows Derives! o (fst (D! (N — 1))) (snd (D! (N — 1))) B

(proof)

lemma LeftDerivation-Derive-take-LeftDerives :
assumes N # 0
assumes N < length D
assumes LeftDerivation a D b
assumes a: « = Derive a (take (N — 1) D)
assumes = Derive a (take N D)
shows LeftDerives! o (fst (D! (N — 1))) (snd (D! (N — 1))) 8

(proof)

lemma LeftDerives-skip-prefix:
length a < i = LeftDerives! (a@b) i r (aQc) = LeftDerives! b (i — length
a) re

(proof)

lemma LeftDerives-skip-suffiz:
assumes i: i < length a
assumes D: LeftDerives! (aQc) i r (bQc)
shows LeftDerivesl a i T b

(proof)

lemma LeftDerives1-X-is-part-of-rule[consumes 2, case-names Suffix Prefiz]:
assumes aXb: LeftDerives! § i r (a@Q[X]Qb)
assumes split: splits-at § i « N 3
assumes prefiz: \ 5.0 = a Q [X] Q@ § = length a < i = is-word (a @ [X])
_—
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LeftDerives! B (i — length a — 1) r b = False
assumes suffiv: A a. 6§ = o Q [X] Q@ b = LeftDerives! « i r a = False
shows 3 uv.a=a@QuAb=0vQ@fB A (snd r) = uQ[X]Qu

(proof)

lemma LeftDerivationFiz-grow-suffix:

assumes LDF: LeftDerivationFiz (b1Q[X]Qb2) (length b1) D j c

assumes suffiz-b2: LeftDerives! suffiz e r b2

assumes is-word-b1X: is-word (b1Q[X))

shows LeftDerivationFix (b1Q[X]Qsuffiz) (length b1) ((e + length (b1Q[X]),
r)#D) jc
(proof)

lemma Derives-append-suffiz:
assumes Derivesl: Derivesl v i r w
assumes u: is-sentence u
shows Derives! (vQu) i r (wQu)

(proof)

lemma leftmost-append-suffiz: leftmost i v = leftmost i (vQu)

(proof)

lemma LeftDerivesI-append-suffix:
assumes Derivesl: LeftDerivesl v i r w
assumes u: is-sentence u
shows LeftDerives! (vQu) i r (wQu)

(proof)

lemma LeftDerivationFiz-is-sentence:
LeftDerivationFix a i D j b => is-sentence a A is-sentence b

(proof)

lemma LeftDerivationIntro-is-sentence:
LeftDerivationIntro a i r iz D j v = is-sentence a A is-sentence y

{proof)

lemma LeftDerivationFiz-grow-prefic:
assumes LDF: LeftDerivationFiz (b1Q[X]Qb2) (length b1) D j c
assumes prefiz-b1: LeftDerivesl prefix e r bl
shows LeftDerivationFixz (prefix@Q[X]|@Qb2) (length prefiz) ((e, r)#D) j c
(proof)

lemma LeftDerivationFixOrIntro:
LeftDerivation a D v = is-sentence v = j < length v =
(3 4. LeftDerivationFiz a i D j ) V
(3 d aiz. d < length D N\ LeftDerivation a (take d D) o A
LeftDerivationIntro o (fst (D! d)) (snd (D! d)) iz (drop (Suc d) D) j ~)
(proof)
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type-synonym deriv = nat X nat X nat
type-synonym ladder = deriv list

definition deriv-n :: deriv = nat where
deriv-n d = fst d

definition deriv-j :: deriv = nat where
deriv-j d = fst (snd d)

definition deriv-iz :: deriv = nat where
deriv-ixz d = snd (snd d)

definition deriv-i :: deriv = nat where
deriv-i d = snd (snd d)

definition ladder-j :: ladder = nat = nat where
ladder-j L index = deriv-j (L ! index)

definition ladder-i :: ladder = nat = nat where
ladder-i L index = (if index = 0 then deriv-i (hd L) else ladder-j L (index — 1))

definition ladder-n :: ladder = nat = nat where
ladder-n L index = deriv-n (L ! index)

definition ladder-prev-n :: ladder = nat = nat where
ladder-prev-n L index = (if index = 0 then 0 else (ladder-n L (index — 1)))

definition ladder-iz :: ladder = nat = nat where
ladder-iz L index = (if index = 0 then undefined else deriv-ixz (L ! index))

definition ladder-last-j :: ladder = nat where
ladder-last-j L = ladder-j L (length L — 1)

definition ladder-last-n :: ladder = nat where
ladder-last-n L = ladder-n L (length L — 1)

definition is-ladder :: derivation = ladder = bool where
is-ladder D L = (L # ] A
(V u. u < length L — ladder-n L u < length D) A
MV uv. u<vAv<length L — ladder-n L u < ladder-n L v) A
ladder-last-n L = length D)

definition ladder-y :: sentence = derivation = ladder = nat = sentence where
ladder-y a D L index = Derive a (take (ladder-n L index) D)

definition ladder-« :: sentence = derivation = ladder = nat = sentence where
ladder-a a D L index = (if index = 0 then a else ladder-y a D L (index — 1))

definition LeftDerivationIntrosAt :: sentence = derivation = ladder = nat =
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bool where

LeftDerivationIntrosAt a D L index = (
let « = ladder-a a D L index in
let i = ladder-i L index in
let j = ladder-j L index in
let iz = ladder-iz L index in
let v = ladder-y a D L index in
let n = ladder-n L (index — 1) in
let m = ladder-n L index in
lete= D! nin
let E = drop (Suc n) (take m D) in
i = fsteA
LeftDerivationIntro « i (snd e) iz E j )

definition LeftDerivationIntros :: sentence = derivation = ladder = bool where
LeftDerivationIntros a D L = (
YV index. 1 < index A indexr < length L — LeftDerivationIntrosAt a D L
index)

definition LeftDerivationLadder :: sentence = derivation = ladder = sentence
= bool where
LeftDerivationLadder a D L b = (
LeftDerivation a D b A
is-ladder D L A
LeftDerivationFiz a (ladder-i L 0) (take (ladder-n L 0) D) (ladder-j L 0)

(ladder-y a D L 0) A

LeftDerivationIntros a D L)

definition mk-deriv-fiz :: nat = nat = nat = deriv where
mk-deriv-fiz i n j = (n, j, i)

definition mk-deriv-intro :: nat = nat = nat = deriv where
mk-deriv-intro iz n j = (n, j, i)

lemma mk-deriv-fiz-i[simp|: deriv-i (mk-deriv-fiz i n j) = i
{proof)

lemma mk-deriv-fiz-j[simp|: deriv-j (mk-deriv-fiz i n j) = j
(proof )

lemma mk-deriv-fiz-n[simp]: deriv-n (mk-deriv-fix i n j) = n

(proof )

lemma mk-deriv-intro-i[simp]: deriv-i (mk-deriv-intro i n j) = i
{proof)

lemma mk-deriv-intro-iz[simp|: deriv-iz (mk-deriv-intro ix n j) = ix
{proof)
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lemma mk-deriv-intro-j[simp]: deriv-j (mk-deriv-intro i n j) = j
{proof)

lemma mk-deriv-intro-n[simpl: deriv-n (mk-deriv-intro i n j) = n
(proof)

lemma LeftDerivationFiz-implies-ex-ladder:
LeftDerivationFix a i D j v => 3 L. LeftDerivationLadder a D L ~v A
ladder-last-j L = j A ladder-last-n L = length D

(proof)

lemma trivP[case-names prems|: P = P (proof)

lemma LeftDerivationLadder-ladder-n-bound:
assumes LeftDerivationLadder a D L b
assumes index < length L
shows ladder-n L index < length D

(proof)

lemma LeftDerivationLadder-deriv-n-bound:
assumes LeftDerivationLadder a D L b
assumes index < length L
shows deriv-n (L ! index) < length D
(proof)

lemma ladder-n-simp1[simp]: v < length L = ladder-n (LQL") v = ladder-n L
u

(proof)

lemma ladder-n-simp2[simp|: ladder-n (LQ[d]) (length L) = deriv-n d
(proof)

lemma ladder-j-simp1[simp]: u < length L = ladder-j (LQL’) u = ladder-j L u
(proof)

lemma ladder-j-simp2[simp]: ladder-j (LQ[d]) (length L) = deriv-j d
(proof)

lemma ladder-i-simp1[simp]: u < length L = ladder-i (LQL’) u = ladder-i L u
(proof)

lemma ladder-iz-simp1 [simp]: u < length L = ladder-iz (LQL") u = ladder-iz L
u

(proof)

lemma ladder-iz-simp2[simp]: L # [| = ladder-iz (LQ[d]) (length L) = deriv-ix
d
(proof)
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lemma ladder-y-simp1[simp]: u < length L = ladder-y a D (LQL') u = ladder-y
aDLu

(proof)

lemma ladder-y-simp2[simp]: u < length L = is-ladder D L —
ladder-y a (DQD") L u = ladder-y a D L u

(proof)

lemma ladder-a-simp1 [simp]: u < length L = ladder-a a D (LQL") u = ladder-a
aDLu

(proof)

lemma ladder-a-simp2[simpl: u < length L = is-ladder D L —
ladder-a a (DQD') L u = ladder-a a D L u

(proof)

lemma ladder-n-minus-1-bound: is-ladder D L = index > 1 = index < length
L —
ladder-n L (index — Suc 0) < length D

(proof)

lemma LeftDerivationIntrosAt-ignore-appendix:
assumes is-ladder: is-ladder D L
assumes hyp: LeftDerivationIntrosAt a D L index
assumes indez-ge: inder > 1
assumes index-less: indexr < length L
shows LeftDerivationIntrosAt a (D Q D') (L Q L') index

(proof)

lemma ladder-i-eq-last-j: L # [| = ladder-i (L @ L’) (length L) = ladder-last-j
L

(proof)

lemma ladder-last-n-intro: L # [| = ladder-n L (length L — Suc 0) = lad-
der-last-n L

(proof)

lemma is-ladder-not-empty: is-ladder D L = L # |]
(proof)

lemma last-ladder-y:
assumes is-ladder: is-ladder D L
assumes ladder-last-n: ladder-last-n L = length D
shows ladder-y a D L (length L — Suc 0) = Derive a D

(proof)

lemma ladder-a-full:
assumes is-ladder: is-ladder D L
assumes ladder-last-n: ladder-last-n L = length D
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shows ladder-o a (D @ D') (L @ L") (length L) = Derive a D
(proof)

lemma LeftDerivationIntro-implies- LeftDerivation:
LeftDerivationIntro o i r iz D j v = LeftDerivation o ((i,r)#D) ~

(proof)

lemma LeftDerivationLadder-grow:

LeftDerivationLadder a D L o = ladder-last-j L = i =

LeftDerivationIntro a i r iz E j v =

LeftDerivationLadder o (DQ[(i, r)]QE) (LQ[mk-deriv-intro iz (Suc(length D +
length E)) j])
(proof)

lemma LeftDerivationIntro-bounds-ij:
LeftDerivationIntro o i r iz D j f = i < length a A j < length B

(proof)

theorem LeftDerivationLadder-exists: LeftDerivation a D v = is-sentence v =
j < length v =

3 L. LeftDerivationLadder a D L v A ladder-last-j L = j
(proof)

lemma LeftDerivationLadder-L-0:
assumes LeftDerivationLadder o D L 5
assumes length L = 1
shows 3 i. LeftDerivationFiz « i D (ladder-last-j L) 8

(proof)

lemma LeftDerivationFiz-splits-at-derives:
assumes LeftDerivationFiz a i D j b
shows 3 U al a2 b1 b2. splits-at a i al U a2 N splits-at b j b1 U b2 A
derives al b1 A derives a2 b2

(proof)

lemma LeftDerivation-append-suffix:
LeftDerivation a D b = is-sentence ¢ = LeftDerivation (aQc) D (bQc)

(proof)

lemma LeftDerivation-impossible: LeftDerivation a D b = i < length a« =
is-nonterminal (a ! i) = derivation-ge D (Suc i) = D = ||

(proof)

lemma derivation-ge-shift: derivation-ge (derivation-shift F 0 j) j
(proof)

lemma LeftDerivationFiz-splits-at-nonterminal:
assumes LeftDerivationFiz a i D j b
assumes is-nonterminal (a ! 7)
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shows 3 Ual a2 bl. splits-at a i al U a2 A splits-at b j b1 U a2 N LeftDerivation
al D b1

(proof)

lemma LeftDerivationIntro-implies-nonterminal:
LeftDerivationIntro « i (snd e) ix E j v = is-nonterminal (o ! ©)
(proof)

lemma LeftDerivationIntrosAt-implies-nonterminal:

LeftDerivationIntrosAt a D L index = is-nonterminal((ladder-a a D L indez) !
(ladder-i L indez))
{proof)

lemma LeftDerivationIntro-ezamine-rule:
LeftDerivationIntro o i r iz D j v = splits-at a i a1 M a2 =
IAn. M=fstrAn=sndr AN(M,n) €R
(proof)

lemma LeftDerivation-skip-prefixword-ex:

assumes LeftDerivation (uQuv) D w

assumes is-word U

shows 3 w’. w = vQuw’ A LeftDerivation v (derivation-shift D (length u) 0) w’
(proof )

definition ladder-cut :: ladder = nat = ladder
where ladder-cut L n = (let i = length L — 1 in L[i ;== (n, snd (L ! ©))])

fun deriv-shift :: nat = nat = deriv = deriv
where deriv-shift dn dj (n, j, i) = (n — dn, j — dj, ©)

definition ladder-shift :: ladder = nat = nat = ladder
where ladder-shift L dn dj = map (deriv-shift dn dj) L

lemma splits-at-append-suffiz-prevails:
assumes splits-at (a@Qb) i u N v
assumes i < length a
shows 3 v’. v = v'Qb A a=u@[N]Qv’
(proof)

lemma derivation-shift-right-left-cancel:
derivation-shift (derivation-shift D 0 r) r 0 = D
(proof)

lemma derivation-shift-left-right-cancel:
assumes derivation-ge D r
shows derivation-shift (derivation-shift D v 0) 0 r = D

{(proof)

lemma LeftDerivation-ge-take:
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assumes derivation-ge D k

assumes LeftDerivation a D b

assumes D # ||

shows take k a = take k b A is-word (take k a)

(proof)

lemma LeftDerivationFiz-splits-at-symbol:
assumes LeftDerivationFiz a i D j b
shows 3 U al a2 b1 b2 n. splits-at a i al U a2 A splits-at b j b1 U b2 A
n < length D A LeftDerivation al (take n D) b1 A derivation-ge (drop n D)
(Suc(length b1)) A
LeftDerivation a2 (derivation-shift (drop n D) (Suc(length b1)) 0) b2 A
(n = length D V (n < length D A is-word (b1Q[U])))

(proof)

lemma LeftDerivation-breakdown”: LeftDerivation (v @Q v) D w =
In wl w2.

n < length D A

w=wl Qw2 A

LeftDerivation u (take n D) wl A

derivation-ge (drop n D) (length w1) A

LeftDerivation v (derivation-shift (drop n D) (length wi1) 0) w2
(proof)

lemma LeftDerivesi-append-replace-in-left:
assumes ld1: LeftDerives! (a@Qd) i r 3
assumes i-bound: i < length «
shows 3 a’. f = «’@Qj A LeftDerives] « ir ' A i + length (snd r) < length o’

(proof)

lemma LeftDerivationIntro-propagate:
assumes intro: LeftDerivationIntro («@d) i r iz D j v
assumes i-a: ¢ < length o
assumes non: is-nonterminal (v ! j)
shows 3 w. LeftDerivation o ((i,7)#D) w A v = w@5 A j < length w

(proof)

lemma LeftDerivationIntro-finish:
assumes intro: LeftDerivationIntro («@d) i r iz D j v
assumes i-a: i < length «
shows 3 k w ¢
k < length D A
LeftDerivation o ((i, r)#(take k D)) w A
LeftDerivation (o @Q §) ((4, r)#(take k D)) (w @ §) A
derivation-ge (drop k D) (length w) A
LeftDerivation 6 (derivation-shift (drop k D) (length w) 0) 6" A
y=w@d' Aj<length w
(proof)
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lemma LeftDerivationLadder-propagate:
LeftDerivationLadder (@) D L v = ladder-i L 0 < length a« = n = ladder-n
L index
= indezr < length L =
if (index + 1 < length L) then
(3 8. LeftDerivation « (take n D) 8 A ladder-y (a@¢) D L index = SQJ A
ladder-j L index < length ()
else
(3 n' B4’ (index = 0 V ladder-prev-n L index < n’) A n’ < n A LeftDerivation
a (take n' D) B A
LeftDerivation (a@¢) (take n’ D) (8@d) A
derivation-ge (drop n' D) (length ) A
LeftDerivation ¢ (derivation-shift (drop n' D) (length 3) 0) 6’ A
ladder-y («@8) D L index = Q5" A\ ladder-j L index < length f3)
(proof)

lemma ladder-i-of-cut-at-0:
assumes L-non-empty: L # ||
shows ladder-i (ladder-cut L n) 0 = ladder-i L 0

(proof)

lemma ladder-last-j-of-cut:
assumes L-non-empty: L # ||
shows ladder-last-j (ladder-cut L n) = ladder-last-j L

(proof)

lemma length-ladder-cut:
assumes L-non-empty: L # ||
shows length (ladder-cut L n) = length L

(proof)

lemma ladder-last-n-of-cut:
assumes L-non-empty: L # ||
shows ladder-last-n (ladder-cut L n) = n

(proof)

lemma ladder-n-of-cut:
assumes L-non-empty: L # ||
assumes index < length L — 1
shows ladder-n (ladder-cut L n) index = ladder-n L index

(proof)

lemma ladder-n-prev-bound:
assumes ladder: is-ladder D L
assumes u-bound: u < length L — 1
shows ladder-n L u < ladder-prev-n L (length L — 1)

{(proof)

lemma ladder-n-last-is-length:
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assumes is-ladder D L
shows ladder-n L (length L — 1) = length D

(proof)

lemma derivation-ge-shift-implies-derivation-ge:
assumes dge: derivation-ge (derivation-shift F 0 j) k
shows derivation-ge F (k — j)

(proof)

lemma DerivesI-bound’: Derivesl a i v b = 1 < length b
(proof)

lemma LeftDerivation-Derives-last:

assumes LeftDerivation a D b

assumes D # ||

shows Derives! (Derive a (take (length D — 1) D)) (fst (last D)) (snd (last D))
b

(proof)

lemma last-of-prefiz-in-set:
assumes n < length E
assumes D = FQF
shows last E € set (drop n D)

(proof)

lemma LeftDerivationFiz-cut-appendix:
assumes ldfiz: LeftDerivationFiz (@) i D j (8Q@d")
assumes «-3: LeftDerivation « (take n D)
assumes n-bound: n < length D
assumes dge: derivation-ge (drop n D) (length 3)
assumes i-in: i < length «
assumes j-in: j < length
shows LeftDerivationFiz « i (take n D) j 8

(proof)

lemma LeftDerivationFiz-cut-appendiz’:
assumes ldfix: LeftDerivationFiz (a@d) ¢ D j (5Q4")
assumes «-f3: LeftDerivation o« D (8
assumes i-in: i < length «
assumes j-in: j < length
shows LeftDerivationFiz o i D j 8
{proof )

lemma LeftDerivationlIntro-cut-appendix:
assumes ldfiz: LeftDerivationIntro (a@d) i r iz D j (8Q4")
assumes «-0: LeftDerivation o ((i,r)#(take n D)) B
assumes n-bound: n < length D
assumes dge: derivation-ge (drop n D) (length B3)
assumes i-in: i < length o



70

assumes j-in: j < length
shows LeftDerivationIntro o i r iz (take n D) j 8
(proof)

lemma LeftDerivationIntro-cut-appendiz’:
assumes [ldfiz: LeftDerivationIntro («@Qd) i r iz D j (8Q¢)
assumes «-3: LeftDerivation o ((i,r)#D) 3
assumes i-in: i < length «
assumes j-in: j < length
shows LeftDerivationIntro o« i r iz D j 8

(proof)

lemma ladder-n-monotone: is-ladder D L —> u < v = v < length L = ladder-n
L v < ladder-n L v

(proof)

lemma ladder-i-cut:
assumes index-bound: index < length L
shows ladder-i (ladder-cut L n) index = ladder-i L index

(proof)

lemma ladder-j-cut:
assumes index-bound: index < length L
shows ladder-j (ladder-cut L n) index = ladder-j L index

(proof)

lemma ladder-iz-cut:
assumes index-lower-bound: index > 0
assumes index-upper-bound: index < length L
shows ladder-iz (ladder-cut L n) index = ladder-iz L index

{(proof)

lemma LeftDerivation-from-in-between:
assumes «-3: LeftDerivation « (take u D) 8
assumes a-y: LeftDerivation o (take v D) ~
assumes u-le-v: ©u < v
shows LeftDerivation 5 (drop u (take v D)) v

(proof)

lemma LeftDerivationLadder-cut-appendiz-helper:
assumes LDLadder: LeftDerivationLadder (@) D L ~
assumes ladder-i-in-a: ladder-i L 0 < length o
shows 3 F F ~1 v2 L. D = EQF A
y=7v1 Q@~2 A
LeftDerivationLadder o« E L' v1 N
derivation-ge F (length ~v1) A
LeftDerivation § (derivation-shift F (length v1) 0) v2 A
L’ = ladder-cut L (length E)
(proof)
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theorem LeftDerivationLadder-cut-appendix:
assumes LDLadder: LeftDerivationLadder («@d) D L ~y
assumes ladder-i-in-a: ladder-i L 0 < length o
shows 3 F F ~1 v2 L. D = EQF A
y=791 @~2 A
LeftDerivationLadder o E L' v1 A
derivation-ge F (length v1) A
LeftDerivation § (derivation-shift F (length v1) 0) v2 A
length L' = length L A ladder-i L' 0 = ladder-i L 0 A
ladder-last-j L' = ladder-last-j L
(proof)

definition ladder-stepdown-diff :: ladder = nat where
ladder-stepdown-diff L = Suc (ladder-n L 0)

definition ladder-stepdown-a-0 :: sentence = derivation = ladder = sentence
where

ladder-stepdown-a-0 a D L = Derive a (take (ladder-stepdown-diff L) D)

lemma LeftDerivationIntro-LeftDerivest :
assumes LeftDerivationIntro o i r iz D j vy
assumes splits-at o i al A a2
shows LeftDerives! o i r (alQ(snd r)Qa2)

(proof)

lemma LeftDerives1-Derive:
assumes LeftDerives] « i1 7y
shows Derive « [(i, r)] = 7

(proof)

lemma ladder-stepdown-a-0-altdef:

assumes ladder: LeftDerivationLadder o D L ~y

assumes length-L: length L > 1

assumes split: splits-at (ladder-oo o« D L 1) (ladder-i L 1) al A a2

shows ladder-stepdown-a-0 o« D L = al @ (snd (snd (D! (ladder-n L 0)))) Q
a2

(proof)

lemma ladder-i-0-bound:
assumes ld: LeftDerivationLadder o D L ~
shows ladder-i L 0 < length «

(proof)

lemma ladder-j-bound:
assumes ld: LeftDerivationLadder o D L ~
assumes indez-bound: index < length L
shows ladder-j L index < length (ladder-y o D L index)

(proof)
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lemma ladder-last-j-bound:
assumes ld: LeftDerivationLadder o D L ~
shows ladder-last-j L < length ~

(proof)

fun ladder-shift-n :: nat = ladder = ladder where
ladder-shift-n N || = ||
| ladder-shift-n N ((n, j, {)#L) = ((n — N, j, ©)#(ladder-shift-n N L))

fun ladder-stepdown :: ladder = ladder
where
ladder-stepdown [| = undefined
| ladder-stepdown [v] = undefined
| ladder-stepdown ((n0, jO, i0)#(nl1, j1, izl)#L) =
(n1 — Suc n0, j1, 50 + izxl) # (ladder-shift-n (Suc n0) L)

lemma ladder-shift-n-length:
length (ladder-shift-n N L) = length L
(proof )

lemma ladder-stepdown-prepare:
assumes length L > 1
shows L = (ladder-n L 0, ladder-j L 0, ladder-i L 0)#
(ladder-n L 1, ladder-j L 1, ladder-iz L 1)#(drop 2 L)

(proof)

lemma ladder-stepdown-length:
assumes length L > 1
shows length (ladder-stepdown L) = length L — 1

{(proof)

lemma ladder-stepdown-i-0:
assumes length L > 1
shows ladder-i (ladder-stepdown L) 0 = ladder-i L 1 + ladder-iz L 1

{proof)

lemma ladder-shift-n-cons: ladder-shift-n N (z#L) = (fst x — N, snd x)# (ladder-shift-n
N L)
(proof)

lemma ladder-shift-n-drop: ladder-shift-n N (drop n L) = drop n (ladder-shift-n N
L)
(proof)

lemma drop-2-shift:
assumes index > 0
assumes length L > 1
shows drop 2 L ! (index — Suc 0) = L ! Suc index
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(proof)

lemma ladder-shift-n-at:

index < length L = (ladder-shift-n N L) ! index = (fst (L ! index) — N, snd
(L ! index))
(proof )

lemma ladder-stepdown-j:
assumes length-L-greater-1: length L > 1
assumes L L' = ladder-stepdown L
assumes indez-bound: index < length L’
shows ladder-j L' index = ladder-j L (Suc index)

(proof)

lemma ladder-stepdown-last-j:
assumes length-L-greater-1: length L > 1
shows ladder-last-j (ladder-stepdown L) = ladder-last-j L

{proof)

lemma ladder-stepdown-n:
assumes length-L-greater-1: length L > 1
assumes L L' = ladder-stepdown L
assumes index-bound: index < length L’
shows ladder-n L' index = ladder-n L (Suc index) — ladder-stepdown-diff L

(proof)

lemma ladder-stepdown-ix:
assumes length-L-greater-1: length L > 1
assumes L L' = ladder-stepdown L
assumes indez-lower-bound: 0 < index
assumes index-upper-bound: index < length L'
shows ladder-iz L' index = ladder-ix L (Suc index)

(proof)

lemma Derive-Derive:
assumes Derivation o (DQE) ~
shows Derive (Derive « D) E = Derive o (DQFE)

(proof)

lemma drop-at-shift:
assumes n < indexr
assumes index < length D
shows drop n D! (index — n) = D | index

(proof)

theorem LeftDerivationLadder-stepdown:
assumes [dl: LeftDerivationLadder o D L ~y
assumes length-L: length L > 1
shows 3 L. LeftDerivationLadder (ladder-stepdown-a-0 o D L) (drop (ladder-stepdown-diff
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L) D)
L'~ Alength L' = length L — 1 A ladder-i L' 0 = ladder-i L 1 + ladder-iz
L1A
ladder-last-j L' = ladder-last-j L
(proof)

fun ladder-shift-j :: nat = ladder = ladder where
ladder-shift-j d [| = []
| ladder-shift-j d ((n, j, ©)#L) = ((n, j — d, ©)#(ladder-shift-j d L))

definition ladder-cut-prefix :: nat = ladder = ladder
where
ladder-cut-prefix d L =
(ladder-shift-j d L)[0 := (ladder-n L 0, ladder-j L 0 — d, ladder-i L 0 — d)]

lemma ladder-shift-j-length:
length (ladder-shift-j d L) = length L
(proof)

lemma ladder-cut-prefiz-length:
shows length (ladder-cut-prefix d L) = length L

(proof)

lemma ladder-shift-j-cons: ladder-shift-j d (x# L) = (fst z, fst (snd z) — d, snd(snd
x))#

(ladder-shift-j d L)

(proof )

lemma deriv-j-ladder-shift-j:

index < length L = deriv-j (ladder-shift-j d L | index) = deriv-j (L ! index) —
d
(proof )

lemma deriv-n-ladder-shift-j:
index < length L = deriv-n (ladder-shift-j d L | index) = deriv-n (L ! index)
(proof)

lemma deriv-iz-ladder-shift-j:
index < length L = deriv-iz (ladder-shift-j d L | index) = deriv-iz (L ! index)
(proof)

lemma ladder-cut-prefiz-j:
assumes indez-bound: index < length L
assumes length-L: length L > 0
shows ladder-j (ladder-cut-prefix d L) index = ladder-j L index — d

{proof)

lemma hd-0-subst: length L > 0 = hd (L [0 :=1z]) = =
{proof)



lemma ladder-cut-prefiz-i:
assumes index-bound: index < length L
assumes length-L: length L > 0
shows ladder-i (ladder-cut-prefix d L) index = ladder-i L index — d

{proof)

lemma ladder-cut-prefiz-n:
assumes indez-bound: index < length L
assumes length-L: length L > 0
shows ladder-n (ladder-cut-prefiz d L) index = ladder-n L index

{proof)

lemma ladder-cut-prefiz-ix:
assumes indez-bound: index < length L
assumes length-L: length L > 0
shows ladder-iz (ladder-cut-prefix d L) index = ladder-iz L index

{proof)

lemma LeftDerivationFiz-derivation-ge-is-nonterminal:
assumes ldfiz: LeftDerivationFix o © D j
assumes derivation-ge-d: derivation-ge D d
assumes is-nonterminal: is-nonterminal (v ! §)
shows (D=[ANa=9yAi=4)V(Ei>dAj>d)
(proof)

lemma LeftDerivationFiz-derivation-ge:
assumes ldfiz: LeftDerivationFiz o i D j y
assumes derivation-ge-d: derivation-ge D d
shows i =V (i >dAj>d)

{(proof)

lemma LeftDerivationIntro-derivation-ge:
assumes ldintro: LeftDerivationIntro o ¢ r iz D j ~
assumes i-ge-d: © > d
assumes derivation-ge-d: derivation-ge D d
shows j > d

(proof)

lemma derivation-ge-Left DerivationLadder:
assumes derivation-ge-d: derivation-ge D d
assumes ladder: LeftDerivationLadder o D L ~y
assumes ladder-i-0: ladder-i L 0 > d
shows index < length L = ladder-i L index > d A ladder-j L index > d

(proof)

lemma derivation-shift-append:
derivation-shift (AQB) left right =
(derivation-shift A left right) @ (derivation-shift B left right)

75
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(proof)

lemma derivation-shift-right-left-subtract:
right > left = derivation-shift (derivation-shift L 0 right) left 0 =
derivation-shift L 0 (right — left)

(proof)

lemma LeftDerivationFiz-cut-prefiz:

assumes LeftDerivationFiz (0Q«) ¢ D j v

assumes derivation-ge D (length 0)

assumes i > length §

assumes is-word-9: is-word §

shows 3 v. v =5 Q@' A

LeftDerivationFix « (i — length 8) (derivation-shift D (length §) 0) (j — length

) '
(proof )

lemma LeftDerivesi-propagate-prefic:
LeftDerivesl (0 Q ) ir f = i > length 6 = is-prefiz §
(proof)

lemma LeftDerivationIntro-cut-prefiz:

assumes LeftDerivationIntro (60Q«) i iz D j

assumes derivation-ge D (length 0)

assumes 1 > length

assumes is-word-6: is-word o

shows 3 v. y =6 Q@~' A

LeftDerivationIntro o (i — length §) r iz (derivation-shift D (length §) 0) (j —

length &) v/
(proof)

lemma LeftDerivationLadder-implies- LeftDerivation-at-indez:
assumes LeftDerivationLadder o D L ~
assumes index < length L
shows LeftDerivation « (take (ladder-n L index) D) (ladder-y a D L index)

(proof)

lemma LeftDerivationLadder-cut-prefiz-propagate:
assumes ladder: LeftDerivationLadder (6Qa) D L ~
assumes is-word-9: is-word §
assumes derivation-ge-0: derivation-ge D (length §)
assumes ladder-i-0: ladder-i L 0 > length §
assumes L L’ = ladder-cut-prefiz (length 6) L
assumes D" D’ = derivation-shift D (length 6) 0
shows indexr < length L —
LeftDerivation « (take (ladder-n L’ index) D') (ladder-y a D' L’ index) A
ladder-a (6Qa) D L index = 6Q(ladder-a o« D' L' index) N
ladder-y (0Qa) D L index = §Q(ladder-y o D' L' index)
(proof)
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theorem LeftDerivationLadder-cut-prefiz:

assumes ladder: LeftDerivationLadder (6Q«) D L ~

assumes is-word-9: is-word §

assumes ladder-i-0: ladder-i L 0 > length §

shows 3 D' L'y v=d§dQ~' A
LeftDerivationLadder o« D" L' v' A
D’ = derivation-shift D (length &) 0 A
length L' = length L A ladder-i L' 0 + length § = ladder-i L 0 A
ladder-last-j L' + length § = ladder-last-j L

(proof)

end

end

theory TheoremD10
imports TheoremD9 Ladder
begin

context LocalLexing begin

lemma P-wellformed: p € P k u = wellformed-tokens p
(proof)

lemma X-token-length: t € X k = k + length (chars-of-token t) < length Doc
(proof)

lemma mono-Scan: mono (Scan T k)
{proof)

lemma w-apply-setmonotone: x € I — x e n kT 1

(proof)

lemma Scan-apply-setmonotone: © € I = z € Scan T k I
(proof)

lemma leftderives-padfront:
assumes leftderives a 3
assumes is-word u
shows leftderives (uQa) (u@Qp)

(proof)

lemma leftderives-padback:
assumes leftderives o 3
assumes is-sentence u

shows leftderives (a@Qu) (fQu)
(proof)



lemma leftderives-pad:
assumes «-f3: leftderives a B
assumes is-word: is-word u
assumes is-sentence: is-sentence v
shows leftderives (uQa@Qv) (uQBQV)

(proof)

lemma leftderives-rule:
assumes (N, w) € R
shows leftderives [N] w

(proof)

lemma leftderives-rule-step:
assumes ld: leftderives a (uQ[N]Qu)
assumes rule: (N, w) € R
assumes is-word: is-word u
assumes is-sentence: is-sentence v
shows leftderives a (u@Quw@Qu)

(proof)

lemma leftderives-trans-step:
assumes [d: leftderives a (u@bQu)
assumes rule: leftderives b ¢
assumes is-word: is-word u
assumes is-sentence: is-sentence v
shows leftderives a (u@QcQu)

(proof)

lemma charslength-of-prefiz:
assumes is-prefiz a b
shows charslength a < charslength b

(proof)

lemma item-rhs-simp[simp|: item-rhs (Item (N, ) d i j) = «
{proof)

definition Prefizes :: ‘a list = 'a list set
where

Prefizes p = { q . is-prefix q p }

lemma P-wellformed: p € P = wellformed-tokens p
(proof )

lemma Prefizes-reflexive[simp|: p € Prefizes p
(proof)

lemma Prefizes-is-prefix: ¢ € Prefizes p = is-prefix q p
(proof)
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lemma prefizes-are-paths’: p € P = is-prefic q p = q € P
(proof)

lemma thmD10-ladder:

pEP =

charslength p = k =

XeTl =

TCXEk=—=

(N, a@p) e R =

r < length p =

leftderives [S] ((terminals (take r p))Q[N]Qy) =
LeftDerivationLadder oo D L (terminals ((drop r p)Q[X])) =
ladder-last-j L = length (drop r p) =

k' =k + length (chars-of-token X) =

z = Item (N, aQp) (length o) (charslength (take r p)) k' =
I = items-le k' (m k' {} (Scan T k (Gen (Prefizes p))))

= zcl

(proof)

theorem thmD10:
assumes p-dom: p € P
assumes p-charslength: charslength p = k
assumes X-dom: X € T
assumes T-dom: T C X k
assumes rule-dom: (N, aQj) € R
assumes 7: 7 < length p
assumes leftderives-start: leftderives [S] ((terminals (take r p))Q[N]Q~)
assumes leftderives-a: leftderives a (terminals ((drop r p)Q[X]))
assumes k" k' = k + length (chars-of-token X)
assumes item-def: © = Item (N, «@p) (length «) (charslength (take r p)) k'
assumes I: I = items-le k' (7 k' {} (Scan T k (Gen (Prefizes p))))
shows z € [

(proof)

end

end

theory TheoremD11
imports TheoremD10
begin

context LocalLexing begin

lemma LeftDerivationLadder-length-1:
assumes ladder: LeftDerivationLadder o D L ~y
assumes singleton-L: length L = 1
shows LeftDerivationFix o (ladder-i L 0) D (ladder-last-j L) ~

(proof)
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lemma LeftDerivationFiz-from-singleton-helper:
assumes LeftDerivationFiz [A] 0 D (length u) (u Q [B] Q v)
shows D = ||

(proof)

lemma LeftDerivationFiz-from-singleton:
assumes LeftDerivationFiz [A] ¢ D j ~
shows D = ||

(proof)

lemma LeftDerivationLadder-ladder-y-last:
assumes LeftDerivationLadder o D L ~
shows v = ladder-y a D L (length L — 1)

(proof)

theorem thmD11-helper:

peEP =

charslength p = k =

Xel =

TCX k=

¢=pQ[X] =

(N, 0Qp) € R =

r < length ¢ =

LeftDerivation [S] D ((terminals (take v ¢))Q[N]Qy) =

leftderives o (terminals (drop v q)) =

k' = k + length (chars-of-token X) =

z = Item (N, a@p) (length «) (charslength (take r q)) k' =

I = items-le k' (m k' {} (Scan T k (Gen (Prefizes p)))) =

zel

(proof)

theorem thmD11:
assumes p-dom: p € B
assumes p-charslength: charslength p = k
assumes X-dom: X € T
assumes T-dom: T C X k
assumes g¢-def: ¢ = p @ [X]
assumes rule-dom: (N, a@p) € R
assumes r: r < length q
assumes leftderives-start: leftderives [&] ((terminals (take r q))Q[N]@Q~)
assumes leftderives-a: leftderives o (terminals (drop r q))
assumes k"t k' = k + length (chars-of-token X)
assumes item-def: x = Item (N, a@p) (length «) (charslength (take r q)) k'
assumes [: I = items-le k' (m k' {} (Scan T k (Gen (Prefizes p))))
shows z € |

(proof)

end



81

end

theory TheoremD12
imports TheoremD11
begin

context LocalLexing begin

lemma charslength-appendix-is-empty:
charslength (pQts) = charslength p = (/\ t. t € set ts = chars-of-token t =

)
(proof)

lemma empty-tokens-have-charslength-0:
(A t. t € set ts = chars-of-token t = [|) = charslength ts = 0

(proof)

lemma 7-idempotent: n k{} (w k TI) =7k TI
{proof)

theorem thmD12:
assumes induct: items-le k (J k u) = Gen (paths-le k (P k u))
assumes induct-tokens: T ku = Z ku
shows items-le k (J k (Suc u)) D Gen (paths-le k (P k (Suc u)))
(proof)

end

end

theory TheoremD13
imports TheoremD12
begin

context LocalLexing begin

lemma pointwise-natUnion-swap:

assumes pointwise-f: pointwise f

shows f (natUnion G) = natUnion (A u. f (G w))
(proof)

lemma pointwise-Gen: pointwise Gen
(proof )

lemma thmD13-partl:
assumes start: items-le k (J k 0) = Gen (paths-le k (P k 0))
assumes valid-k: k < length Doc
shows items-le k (J k u) = Gen (paths-lek (P kuw) AT ku=Z2Zku

{(proof)

lemma thmD13-part2:
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assumes start: items-le k (J k 0) = Gen (paths-le k (P k 0))
assumes valid-k: k < length Doc
shows items-le k (Z k) = Gen (paths-le k (Q k))

(proof)

theorem thmD13:
assumes start: items-le k (J k 0) = Gen (paths-le k (P k 0))
assumes valid-k: k < length Doc
shows items-le k (J k u) = Gen (paths-lek (P ku) AT ku=Z ku
A items-le k (Z k) = Gen (paths-le k (Q k))
(proof )

end

end

theory TheoremD14
imports TheoremD13
begin

context LocalLexing begin

lemma empty-tokens-of-empty[simp|: empty-tokens {} = {}
(proof)

lemma items-le-split-via-eq: items-le (Suc k) J = items-le k J U items-eq (Suc k)
J
{proof)

lemma paths-le-split-via-eq: paths-le (Suc k) P = paths-le k P U paths-eq (Suc k)
P
(proof )

lemma natUnion-superset:
shows ¢ i C natUnion g

(proof)

definition indexle :: nat = nat = nat = nat = bool where
indexle k' v’ ku = ((indexlt k' v ku) V (k' =k A u' = u))

definition produced-by-scan-step :: item = nat = nat = bool where
produced-by-scan-step x ku = (3 k' v’ y X. indexle k' " ku Ny e T k' u' A
item-end y = k' AN X € (T k' u') Az = inc-item y (k' + length (chars-of-token
X)) A
next-symbol y = Some (terminal-of-token X))
lemma indexle-trans: indexle k' v k' v’ = indexle k' v’ k v = indezle k"' u"’
ku

(proof)
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lemma produced-by-scan-step-trans:
assumes indezle k' u' k u
assumes produced-by-scan-step k' u
shows produced-by-scan-step x k u

(proof)

!/

lemma J-induct[consumes 1, case-names Induct]:
assumes z € J ku
assumes induct: A zku. (N2’ k' uw'. 2’ € J k' v = indezlt k' v' ku = P
z' k" u’)
=zcJku= Pzku
shows Pz k u

(proof)

lemma 7w-no-tokens-item-end:
assumes z-in-m: z € m k {} [
shows item-end x = kV z € 1

(proof)

lemma natUnion-ex: x € natUnion f = 3 i. x € f1i

(proof)

lemma locate-in-limit:
assumes z-in-limit: © € limit f X
assumes z-notin-X: x ¢ X
shows 3 n. z € funpower f (Suc n) X A z & funpower fn X

(proof)

lemma produced-by-scan-step:
x € J ku= item-end x > k = produced-by-scan-step x k u

{(proof)

lemma limit-single-step:
assumes z € f X
shows z € limit f X

(proof)

lemma Gen-union: Gen (A U B) = Gen A U Gen B
(proof)

lemma is-prefiz- Prefizes-subset:
assumes is-prefiz q p
shows Prefizes ¢ C Prefizes p

(proof)

lemma Prefizes-subset-P:
assumes p € P k u
shows Prefirtesp C P ku

(proof)
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lemma Prefizes-subset-paths-le:
assumes Prefizes p C P
shows Prefizes p C paths-le (charslength p) P

(proof)

lemma Scan-7 -subset-T:
Scan (T k (Suc w)) k (J ku) CJ k (Suc u)
(proof)

lemma subset-Tk: u<v=—= T kuC J kv
thm J-subset-Suc-u

{proof)
lemma subset-JZk: J kuw C T k (proof)

lemma subset-ZJ Suc: T k C J (Suc k) u
(proof)

lemma subset-ZSuc: T k C T (Suc k)
{proof)

lemma subset-Z: ¢ < j=—=Z i CTj
(proof)

lemma subset-7 :
assumes leq: k' < kV (K'=k A u' < u)
shows J k' v’ C J ku

(proof)

lemma 7 -subset:
assumes ndezle k' u' k u
shows J k' v’ C J ku
(proof)

lemma Scan-items-le:
assumes bounded-T: \ t . t € T = length (chars-of-token t) < I
shows Scan T k (items-le k P) C items-le (k + 1) (Scan T k P)
(proof )

lemma Scan-mono-tokens:
PC Q= Scan Pk1I C Scan Q kI

(proof)

theorem thmD14: k < length Doc = items-le k (J k u) = Gen (paths-le k (P k
wW)ANT ku=Zku

A items-le k (Z k) = Gen (paths-le k (Q k))
(proof)
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end

end

theory PathLemmas
imports TheoremD1}
begin

context LocalLering begin

lemma characterize-P:
(V i < length p. u. p ! i € Z (charslength (take i p)) u) => admissible p =
3 u. p € P (charslength p) u

(proof)

lemma drop-empty-tokens:
assumes p: p € B
assumes 7: 7 < length p
assumes empty: charslength (take r p) = 0
assumes admissible: admissible (drop r p)
shows drop rp € B

(proof)

end

end

theory MainTheorems
imports PathLemmas
begin

context LocalLering begin

theorem J-is-generated-by-B3: 7 = Gen P
(proof)

definition finished-item :: symbol list = item
where
finished-item o = Item (&, «) (length ) 0 (length Doc)

lemma item-rule-finished-item|[simp|: item-rule (finished-item o) = (&, «)
{proof)

lemma item-origin-finished-item[simp]: item-origin (finished-item o) = 0
{proof)

lemma item-end-finished-item[simp): item-end (finished-item «) = length Doc
{proof)

lemma item-dot-finished-item[simp]: item-dot (finished-item o) = length «

{proof)
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lemma item-rhs-finished-item[simp): item-rhs (finished-item o) = «
{proof)

lemma item-a-finished-item[simp|: item-a (finished-item o) = «
{proof)

lemma item-nonterminal-finished-item[simp|: item-nonterminal (finished-item «)
=6
{proof)

lemma DerivesI-of-singleton:
assumes Derives! [N] ir «
shows i = 0 A r = (N, )
(proof)

definition pwalid-with :: tokens = item = nat = symbol list = bool
where
pvalid-with p v v v =
(wellformed-tokens p A
wellformed-item x N
u < length p A
charslength p = item-end A
charslength (take u p) = item-origin A
is-derivation (terminals (take u p) @ [item-nonterminal z] @ ) A
derives (item-a x) (terminals (drop u p)))

lemma pualid-with: pvalid p x = (3 w ~y. pvalid-with p x u )
(proof )

theorem Completeness:

assumes p-in-ll: p € [l

shows 3 a. pvalid-with p (finished-item o) 0 [] A finished-item o € J
(proof)

theorem Soundness:

assumes finished-item-a: finished-item o € J

shows 3 p. pvalid-with p (finished-item o) 0 [] A p € 1l
(proof)

lemma is-finished-and-finished-item:
assumes wellformed-z: wellformed-item x
shows is-finished x = (3 a. x = finished-item «)

(proof)

theorem Correctness:
shows (Il # {}) = earley-recognised

(proof)



end

end
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