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Abstract

This formalisation accompanies the paper Local Lexing!, which in-
troduces a novel parsing concept of the same name. The paper also
gives a high-level algorithm for local lexing as an extension of Earley’s
algorithm. This formalisation proves the algorithm to be correct with
respect to its local lexing semantics. As a special case, this formalisa-
tion thus also contains a proof of the correctness of Earley’s algorithm.
The paper contains a short outline of how this formalisation is organ-
ised.
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theory CFG
imports Main
begin

typedecl symbol
type-synonym rule = symbol x symbol list
type-synonym sentence = symbol list

locale CFG =

fixes M :: symbol set

fixes ¥ :: symbol set

fixes MR :: rule set

fixes G :: symbol

assumes disjunct-symbols: M N ¥ = {}

assumes startsymbol-dom: & € N

assumes validRules: ¥ (N, o) € R.N € NA (Y s€ set a. s € NUT)
begin

definition is-terminal :: symbol = bool
where
is-terminal s = (s € )

definition is-nonterminal :: symbol = bool
where
is-nonterminal s = (s € N)

lemma is-nonterminal-startsymbol:is-nonterminal S
by (simp add: is-nonterminal-def startsymbol-dom)

definition is-symbol :: symbol = bool
where
is-symbol s = (is-terminal s V is-nonterminal s)

definition is-sentence :: sentence = bool
where
is-sentence s = list-all is-symbol s

definition is-word :: sentence = bool
where
is-word s = list-all is-terminal s

definition derivesl :: sentence = sentence = bool
where
derivesl u v =
(3 2y N a
u=2zQ[N]Qy
ANv=2zQaQy



N is-sentence x
N is-sentence y
A (N, a) € R)

definition derivations! :: (sentence X sentence) set
where
derivations! = { (u,v) | u v. derives! u v }

definition derivations :: (sentence x sentence) set
where
derivations = derivationsl

definition derives :: sentence = sentence = bool
where
derives u v = ((u, v) € derivations)

definition is-derivation :: sentence = bool
where
is-derivation u = derives [S] u

definition L :: sentence set
where

L ={v| v issword v A is-derivation v}
definition Lp :: sentence set
where

Lp ={u|uw. is-word u A is-derivation (uQu) }
end
end
theory LocalLexing
imports CFG
begin
typedecl character
type-synonym lexer = character list = nat = nat set
type-synonym token = symbol X character list
type-synonym tokens = token list
definition terminal-of-token :: token = symbol
where

terminal-of-token t = fst t

definition terminals :: tokens = sentence
where



terminals ts = map terminal-of-token ts

definition chars-of-token :: token = character list
where
chars-of-token t = snd t

fun chars :: tokens = character list
where
chars [| = ]
| chars (t#ts) = (chars-of-token t) @Q (chars ts)

fun charslength :: tokens = nat
where
charslength cs = length (chars cs)

definition is-lexer :: lexer = bool
where
is-lexer lexer =
(V Dpl. (p <length D NI E lexer Dp — p + | < length D) A
(p > length D — lexer D p = {}))

type-synonym selector = token set = token set = token set

definition is-selector :: selector = bool

where
is-selector sel = (Y A B.AC B — (AC sel ABA sel ABC B))

fun by-length :: nat = tokens set = tokens set
where
by-length 1 tss = { ts . ts € tss A length (chars ts) =1 }

fun funpower :: ('a = 'a) = nat = ('a = 'a)
where

funpower f 0 x = x
| funpower f (Suc n) x = f (funpower fn x)

definition natUnion :: (nat = ‘a set) = 'a set
where
natUnion f =J { fn| n. True}

definition limit :: (‘a set = 'a set) = 'a set = 'a set
where
limit f © = natUnion (A n. funpower f n x)

locale LocalLexing = CFG +
fixes Lex :: symbol = lexer
fixes Sel :: selector
assumes Lez-is-lexer: V t € X. is-lexer (Lex t)
assumes Sel-is-selector: is-selector Sel



fixes Doc :: character list
begin

definition admissible :: tokens = bool
where
admissible ts = (terminals ts € Lp)

definition Append :: token set = nat = tokens set = tokens set
where
Append Zk P = P U
{pQJt] | pt p€ bylengthk PNt € Z A admissible (p Q [t])}

definition X :: nat = token set
where
Xk={(t,w) |tlw. t €T ANl€ Lext Doc k N w= take | (drop k Doc)}

definition W :: tokens set = nat = token set
where
WPkEk= {uueXkA(3 pe bylength k P. admissible (pQu])) }

definition Y :: token set = tokens set = nat = token set
where
YTPk=S8elT(WPE)

fun P :: nat = nat = tokens set
and Q :: nat = tokens set
and Z :: nat = nat = token set

where
P00 =A{[l}
| Pk (Suc u) = limit (Append (Z k (Suc u)) k) (P k u)
| P (Suck) 0 =0k
| Zk0={}
| Zk (Sucu) =Y (Zku) (Pku)k
| @ k = natUnion (P k)

definition P :: tokens set
where
B = Q (length Doc)

definition Il :: tokens set
where
={p.pe€P A charslength p = length Doc A terminals p € L }

end

end

theory LLFarleyParsing
imports LocalLezing
begin



datatype item =
Item
(item-rule: rule)
(item-dot : nat)
(item-origin : nat)
(item-end : nat)

type-synonym items = item set

definition item-nonterminal :: item = symbol
where
item-nonterminal © = fst (item-rule x)

definition item-rhs :: item = sentence
where
item-rhs x = snd (item-rule x)

definition ¢tem-« :: item = sentence
where
item-a x = take (item-dot x) (item-rhs x)

definition item-f :: item = sentence
where
item-B x = drop (item-dot z) (item-rhs x)

definition init-item :: rule = nat = item
where
init-item r k = Item r 0 k k

definition is-complete :: item = bool
where
is-complete © = (item-dot = > length (item-rhs x))

definition next-symbol :: item = symbol option
where
next-symbol x = (if is-complete x then None else Some ((item-rhs z) | (item-dot

z)))

definition inc-item :: item = nat = item
where
inc-item x k = Item (item-rule x) (item-dot x + 1) (item-origin z) k

definition bin :: items = nat = items
where

binIk={z.z¢€lAitemendz =%}

context LocalLexing begin



definition Init :: items
where
Init = { init-itemr 0 | r. 7 € RA fstr =6 }

definition Predict :: nat = items = items
where
Predict kI =1 U
{init-itemrk |rz.reRAz€binlkA
next-symbol x = Some(fst r) }

definition Complete :: nat = items = items
where
Complete k I = I U { inc-item z k | z y.
x € bin I (item-origin y) A y € bin I k A is-complete y N
next-symbol & = Some (item-nonterminal y) }

definition TokensAt :: nat = items = token set
where
TokensAt kI = { (t,s) | tszl. z € binlkA
next-symbol © = Some t A is-terminal t N
l € Lex t Doc k N s = take I (drop k Doc) }

definition Tokens :: nat = token set = items = token set
where
Tokens k T I = Sel T (TokensAt k I)

definition Scan :: token set = nat = items = items
where
Scan Tk1I=1U
{ inc-item z (k + length ¢) | xtc.x € bin Ik A (t, ¢c) € T A
next-symbol x = Some t }

definition 7 :: nat = token set = items = items
where
mkTI=
limit (A I. Scan T k (Complete k (Predict k I))) I

fun 7 :: nat = nat = items
and 7 :: nat = items
and 7 :: nat = nat = token set
where

J 00 =m0 {} Init
| T k (Sucuw) =7k (T k (Suc w) (T k u)
| T (Suc k) 0 =7 (Suc k) {} (T k)
(T ko =1{)
| T k (Suc u) = Tokens k (T ku) (J k u)
| Z k = natUnion (J k)

definition J :: items



where
J = T (length Doc)

definition is-finished :: item = bool where
is-finished x = (item-nonterminal x = & A item-origin z = 0 A item-end x =
length Doc N
is-complete x)

definition earley-recognised :: bool
where
earley-recognised = (3 = € 7. is-finished x)

end

end

theory Limit
imports LocalLezing
begin

definition setmonotone :: ('a set = ‘a set) = bool
where
setmonotone f = (V X. X C f X)

lemma setmonotone-funpower: setmonotone f = setmonotone (funpower f n)
by (induct n, auto simp add: setmonotone-def)

lemma subset-setmonotone: setmonotone f =— X C f X
by (simp add: setmonotone-def)

lemma elem-setmonotone: setmonotone f = r € X = z € f X
by (auto simp add: setmonotone-def)

lemma elem-natUnion: (¥ n. z € fn) = z € natUnion f
by (auto simp add: natUnion-def)

lemma subset-natUnion: (V n. X C fn) = X C natUnion f
by (auto simp add: natUnion-def)

lemma setmonotone-limit:
assumes fmono: setmonotone f
shows setmonotone (limit f)
proof —
show setmonotone (limit f)
apply (auto simp add: setmonotone-def limit-def)
apply (rule elem-natUnion, auto)
apply (rule elem-setmonotone[OF setmonotone-funpower])
by (auto simp add: fmono)
qed
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lemmal[simpl: funpower id n = id
by (rule ext, induct n, simp-all)

lemmal[simpl: limit id = id
by (rule ext, auto simp add: limit-def natUnion-def)

lemma natUnion-decompose[consumes 1, case-names Decompose]:
assumes p: p € natUnion S
assumes decompose: A np.p € Sn = Pp
shows P p
proof —
from p have 3 n. p € Sn
by (auto simp add: natUnion-def)
then obtain n where p € S n by blast
from decompose|OF this] show ?thesis .
qed

lemma limit-induct[consumes 1, case-names Init Iteratel:
assumes p: (p :: ‘a) € limit f X
assumes init: \ p.p€ X = Pp
assumes iterate: A p Y. (ANq.q€Y = Pq) = pefY = Pp
shows P p
proof —
from p have p-in-natUnion: p € natUnion (A n. funpower fn X)
by (simp add: limit-def)
{
fixp:'a
fix n :: nat
have p € funpower fn X = Pp
proof (induct n arbitrary: p)
case 0 thus ?case using init|OF 0[simplified]] by simp
next
case (Suc n) show Zcase
using iterate]OF Suc(1) Suc(2)[simplified], simplified] by simp
qed
}
with p-in-natUnion show ?Zthesis
by (induct rule: natUnion-decompose)
qed

definition chain :: (nat = 'a set) = bool
where

chain C =V i. Ci C C (i + 1))

definition continuous :: ('a set = 'b set) = bool
where
continuous f = (V C. chain C — (chain (f o C) A f (natUnion C) = natUnion

(fo C)))
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lemma continuous-apply:
continuous f = chain C = f (natUnion C) = natUnion (f o C)
by (simp add: continuous-def)

lemma continuous-imp-mono:
assumes continuous: continuous f
shows mono f

proof —
{
fix A :: 'a set
fix B :: 'a set

assume sub: A C B
let 7C = X (i:nat). if (i = 0) then A else B
have chain ?C by (simp add: chain-def sub)
then have fC: chain (f o ?C) using continuous continuous-def by blast
then have f (?C 0) C f (?C (0 + 1))
proof —
have Afn. = chain f V (f n::'b set) C f (Suc n)
by (metis Suc-eq-plusi chain-def)
then show ?thesis using fC by fastforce
qed
then have f A C f B by auto
}
then show mono f by (simp add: monol)
qed

lemma mono-maps-chain-to-chain:
assumes f: mono f
assumes C: chain C
shows chain (f o C)

by (metis C' comp-def f chain-def mono-def)

lemma natUnion-upperbound:
(A n. fnC G) = (natUnion f) C G
by (auto simp add: natUnion-def)

lemma funpower-upperbound:
Nl.ICG= fICG) = ICG= funpower fnl C G
proof (induct n)
case 0 thus ?case by simp
next
case (Suc n) thus ?case by simp
qed

lemma limit-upperbound:
NILICG=fICG =ICG=lmitflICG
by (simp add: funpower-upperbound limit-def natUnion-upperbound)

lemma elem-limit-simp: x € limit f X = (3 n. x € funpower f n X)
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by (auto simp add: limit-def natUnion-def)

definition pointwise :: (‘a set = b set) = bool where
pointwise f = (V X. fX = { f{z} | z. z € X})

lemma pointwise-simp:
assumes f: pointwise f
shows f X = |J {f{z} |z 2 € X}
proof —
from fhaveV X. fX =] { f{z} | z. z € X}
by (rule iffD1[OF pointwise-def[where f=f]])
then show ?thesis by blast
qed

lemma natUnion-elem: © € fn = = € natUnion f
using natUnion-def by fastforce

lemma limit-elem: z € funpower fn X = z € limit f X
by (simp add: limit-def natUnion-elem)

lemma limit-step-pointwise:
assumes z: ¢ € limit f X
assumes f: pointwise f
assumes y: y € f {z}
shows y € limit f X
proof —
from z have 3 n. z € funpower fn X
by (simp add: elem-limit-simp)
then obtain n where n: = € funpower fn X by blast
have y € funpower f (Suc n) X
apply simp
apply (subst pointwise-simp|[OF f])
using y n by auto
then show y € limit f X by (meson limit-elem)
qed

definition pointbase :: (‘a set = 'b set) = 'a set = 'b set where
pointbase FI =) { FX | X. finite X N X C T}

definition pointbased :: ('a set = 'b set) = bool where
pointbased f = (3 F. f = pointbase F)

lemma pointwise-implies-pointbased:
assumes pointwise: pointwise f
shows pointbased f

proof —
let 2F =X X. fX

{

fix I :: 'a set



fixz:'b
have Ir: x € pointbase ?F 1 — z € f 1
proof —

assume z: x € pointbase ?F I
have 3 X. 2z e fXANXC I
proof —
have z € U{f A |A. finite AN A C I}
by (metis pointbase-def x)
then show ?thesis
by blast
ged
then obtain X where X:z € f X A X C I by blast
have 3 y.ye I Az € f {y}
using X apply (simp add: pointwise-simp|[OF pointwise, where X=X])
by blast
then show z € f I
apply (simp add: pointwise-simp|OF pointwise, where X=I|)
by blast
qed
have rl: z € fI = x € pointbase ?F I
proof —
assume z: ¢ € f 1
have 3 y.ye I ANz € f {y}
using z apply (simp add: pointwise-simp[OF pointwise, where X=I|)
by blast
then obtain y where y € I A z € f {y} by blast

then have 3 X. z € f X A finite X AN X C I by blast
then show z € pointbase f I
apply (simp add: pointbase-def)
by blast
qed
note Ir rl

then have A I. pointbase f I = f I by blast
then have pointbase f = f by blast

then show ?thesis by (metis pointbased-def)
qed

lemma pointbase-is-mono:
mono (pointbase f)

proof —
{
fix A ::a set
fix B :: 'a set

assume subset: A C B

have (pointbase f) A C (pointbase f) B
apply (simp add: pointbase-def)
using subset by fastforce

}

13
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then show %thesis by (simp add: mono-def)
qed

lemma chain-implies-mono: chain C = mono C
by (simp add: chain-def mono-iff-le-Suc)

lemma chain-cover-witness: finite X = chain C = X C natUnion C = 3 n.
XCCn
proof (induct rule: finite.induct)
case emptyl thus ?case by blast
next
case (insert] X z)
then have X C natUnion C by simp
with insert] have 9 n. X C C n by blast
then obtain n where n: X C C n by blast
have z: z € natUnion C using insertl.prems(2) by blast
then have 3 m. z € Cm
proof —
have z € U{A. 3n. A = C n} by (metis x natUnion-def)
then show %thesis by blast
qged
then obtain m where m: x € C m by blast
have mono-C: A ij.i<j=— CiC Cj
using chain-implies-mono insertl(3) mono-def by blast
show ?Zcase
apply (rule-tac x==mazx n m in exl)
apply auto
apply (meson contra-subsetD m max.cobounded?2 mono-C)
by (metis maz-def mono-C n subsetCE)
qed

lemma pointbase-is-continuous:
continuous (pointbase f)
proof —
{
fix C :: nat = 'a set
assume C: chain C
have mono: chain ((pointbase f) o C)
by (simp add: C mono-maps-chain-to-chain pointbase-is-mono)
have subset!: natUnion ((pointbase f) o C') C (pointbase f) (natUnion C)
proof (auto)
fix y:: b
assume y € natUnion ((pointbase f) o C)
then show y € (pointbase f) (natUnion C)
proof (induct rule: natUnion-decompose)
case (Decompose n p)
thus ?case by (metis comp-apply contra-subsetD mono-def natUnion-elem
pointbase-is-mono subsetl)
qed
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qed
have subset2: (pointbase f) (natUnion C) C natUnion ((pointbase f) o C)
proof (auto)
fix y:: b
assume y: y € (pointbase f) (natUnion C)
have 3 X. finite X A X C natUnion C ANy € fX
proof —
have y € J{f A4 |A. finite A A A C natUnion C}
by (metis y pointbase-def)
then show ?thesis by blast
qed
then obtain X where X: finite X A X C natUnion C N y € f X by blast
then have 3 n. X C C n using chain-cover-witness C by blast
then obtain n where X-sub-C: X C C n by blast
show y € natUnion ((pointbase f) o C')
apply (rule-tac natUnion-elem[where n=n])
proof —
have y € U{f A |A. finite ANAC Cn}
using X X-sub-C by blast
then show y € (pointbase f o C') n by (simp add: pointbase-def)
qed
qed
note mono subset! subset2
}
then show ?thesis by (simp add: continuous-def subset-antisym)
qged

lemma pointbased-implies-continuous:
pointbased f = continuous f
using pointbase-is-continuous pointbased-def by force

lemma setmonotone-implies-chain-funpower:
assumes setmonotone: setmonotone f
shows chain (A n. funpower fn I)
by (simp add: chain-def setmonotone subset-setmonotone)

lemma natUnion-subset: (A\ n. 3 m. fn C g m) = natUnion f C natUnion g
by (meson natUnion-elem natUnion-upperbound subset-iff)

lemma natUnion-eq|case-names Subset Superset]:
(An.3 m. fnCgm)= (A n 3 m. gnCfm)= natUnion f = natUnion

g
by (simp add: natUnion-subset subset-antisym)

lemma natUnion-shift[symmetric|:

assumes chain: chain C

shows natUnion C = natUnion (A n. C (n + m))
proof (induct rule: natUnion-eq)

case (Subset n)
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show ?case using chain chain-implies-mono le-addl mono-def by blast
next
case (Superset n)
show ?case by blast
qed

definition regular :: ('a set = 'a set) = bool
where
reqular f = (setmonotone f A continuous f)

lemma regular-fixpoint:
assumes reqular: regular f
shows f (limit f I) = limit f I
proof —
have setmonotone: setmonotone f using reqular reqular-def by blast
have continuous: continuous f using regular reqular-def by blast

let ?C = X\ n. funpower fn I
have chain: chain ?C
by (simp add: setmonotone setmonotone-implies-chain-funpower)
have f (limit fI) = f (natUnion ?C)
using limit-def by metis
also have f (natUnion ?C) = natUnion (f o ?C)
by (metis continuous continuous-def chain)
also have natUnion (f o ?C) = natUnion (A n. f(funpower fn I))
by (meson comp-apply)
also have natUnion (A n. f(funpower fn I)) = natUnion (A n. 2C (n + 1))
by simp
also have natUnion (A n. ?C(n + 1)) = natUnion ?C
apply (subst natUnion-shift)
using chain by (blast+)
finally show ?thesis by (simp add: limit-def)
qed

lemma fiz-is-fiz-of-limit:
assumes fizpoint: fI =1
shows limit f1 =1
proof —
have funpower: \ n. funpower fn I =1
proof —
fix n :: nat
from fizpoint show funpower fn I =1
by (induct n, auto)
qed
show ?thesis by (simp add: limit-def funpower natUnion-def)
qed

lemma limit-is-idempotent: reqular f = limit f (limit f I) = limdt f I
by (simp add: fix-is-fix-of-limit reqular-fixpoint)
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definition mk-regular! :: ('b = 'a = bool) = ('b = 'a = 'a) = 'a set = 'a set
where
mk-reqgularl PFI =1TU{ Fqz|qu.c €I ANPquz}

definition mk-reqular? :: ('b = 'a = 'a = bool) = ('b = 'a = 'a = 'a) = 'a set
= 'a set where
mk-reqular2 PF I =1U{ Fqzy|qzy. €I ANyelIANPqxy}

lemma setmonotone-mk-regulari: setmonotone (mk-reqular! P F)
by (simp add: mk-regulari-def setrmonotone-def)

lemma setmonotone-mk-reqular?2: setmonotone (mk-reqular2 P F')
by (simp add: mk-reqular2-def setmonotone-def)

lemma pointbased-mk-reqularl: pointbased (mk-reqularl P F)
proof —
let %f =AX. XU{Fqz|gqz.z2€ XANPqzx}
{
fix I :: 'a set
have 1: pointbase ?f I C mk-reqular! P F I
by (auto simp add: pointbase-def mk-requlari-def)
have 2: mk-requlari P F I C pointbase ?f I
apply (simp add: pointbase-def mk-regulari-def)
apply blast
done
from 1 2 have pointbase ?f I = mk-reqular! P F I by blast
}
then show ?thesis
apply (subst pointbased-def)
apply (rule-tac x=72f in exl)
by blast
qed

lemma pointbased-mk-regular2: pointbased (mk-regular2 P F')
proof —
let of =AX. XU{Fqzy|lgryzeXNyeXAPqxy}
{
fix I :: 'a set
have 1: pointbase ?f I C mk-reqular2 P F I
by (auto simp add: pointbase-def mk-regular2-def)
have 2: mk-regular2 P F I C pointbase ?f 1
apply (auto simp add: pointbase-def mk-regular2-def)
apply blast
proof —
fixgzy
assume z: ¢ € [
assume y: y € [
assume P: Pqxy
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let ?X = {z, y}
let PA=¢?XU{Fqzylgzy. z€ X Nyec ?XAPqguxy}
show 34. (3X. A=XU{Fqzylgzy.z€ X Nye X ANPqzy} A
finte X NX CI)ANFqazye A
apply (rule-tac z=%A in exl)
apply (rule conjI)
apply (rule-tac t=%X in exl)
apply (auto simp add: = y)[1]
using z y P by blast
qed
from 1 2 have pointbase ?f I = mk-reqular2 P F I by blast
}
then show ?thesis
apply (subst pointbased-def)
apply (rule-tac x=72f in exl)
by blast
qed

lemma regulari:reqular (mk-regular! P F)
by (simp add: pointbased-implies-continuous pointbased-mk-reqularl regular-def
setmonotone-mk-regularl)

lemma regular?2: regqular (mk-reqular2 P F)
by (simp add: pointbased-implies-continuous pointbased-mk-regular? reqular-def
setmonotone-mk-regular?)

lemma continuous-comp:
assumes f: continuous f
assumes ¢: continuous g
shows continuous (g o f)
by (metis (no-types, lifting) comp-assoc comp-def continuous-def f g)

lemma setmonotone-comp:
assumes f: setmonotone f
assumes g: setmonotone g
shows setmonotone (g o f)
by (metis (mono-tags, lifting) comp-def f g rev-subsetD setmonotone-def subsetl)

lemma regular-comp:
assumes f: reqular f
assumes ¢: regular g
shows regular (g o f)
using continuous-comp f g reqular-def setmonotone-comp by blast

lemma setmonotone-id[simp|: setmonotone id
by (simp add: id-def setmonotone-def)

lemma continuous-id[simp]: continuous id
by (simp add: continuous-def)
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lemma regular-id[simp]: reqular id
by (simp add: regular-def)

lemma regular-funpower: reqular f = regular (funpower f n)
proof (induct n)
case 0 thus ?case by (simp add: id-def[symmetric])
next
case (Suc n)
have funpower: funpower f (Suc n) = f o (funpower f n)
apply (rule ext)
by simp
with Suc show ?case
by (auto simp only: funpower regular-comp)
qed

lemma mono-id[simp]: mono id

by (simp add: mono-def id-def)

lemma mono-funpower:

assumes mono: mono f

shows mono (funpower f n)
proof (induct n)

case 0 thus ?case by (simp add: id-def [symmetric])
next

case (Suc n)

show ?case by (simp add: Suc.hyps mono monoD monol)
qed

lemma mono-limit:
assumes mono: mono f
shows mono (limit f)
proof(auto simp add: mono-def limit-def)

fix A :: 'a set
fix B :: 'a set
fix z

assume subset: A C B
assume z € natUnion (An. funpower fn A)
then have 3 n. x € funpower f n A using elem-limit-simp limit-def by fastforce

then obtain n where n: z € funpower fn A by blast

then have mono: mono (funpower f n) by (simp add: mono mono-funpower)

then have z € funpower f n B by (meson contra-subsetD monoD n subset)

then show z € natUnion (An. funpower f n B) by (simp add: natUnion-elem)
qed

lemma continuous-funpower:
assumes continuous: continuous f
shows continuous (funpower f n)
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proof (induct n)
case 0 thus ?case by (simp add: id-def[symmetric])
next
case (Suc n)
have mono: mono (funpower f (Suc n))
by (simp add: continuous continuous-imp-mono mono-funpower)
have chain: ¥ C. chain C — chain ((funpower f (Suc n)) o C)
by (simp del: funpower.simps add: mono mono-maps-chain-to-chain)
have limit: \ C. chain C = (funpower f (Suc n)) (natUnion C) =
natUnion ((funpower f (Suc n)) o C)
apply simp
apply (subst continuous-apply[ OF Suc])
apply simp
apply (subst continuous-apply|OF continuous])
apply (simp add: Suc.hyps continuous-imp-mono mono-maps-chain-to-chain)
apply (rule arg-cong[where f=natUnion))
apply (rule ext)
by simp
from chain limit show ?Zcase using continuous-def by blast
qed

lemma natUnion-swap:
natUnion (X i. natUnion (X j. fi 7)) = natUnion (X j. natUnion (X i. fij))
by (metis (no-types, lifting) natUnion-elem natUnion-upperbound subsetl subset-antisym)

lemma continuous-limit:
assumes continuous: continuous f
shows continuous (limit f)
proof —
have mono: mono (limit f)
by (simp add: continuous continuous-imp-mono mono-limit)
have chain: A\ C. chain C = chain ((limit f) o C)
by (simp add: mono mono-maps-chain-to-chain)
have A\ C. chain C = (limit f) (natUnion C) = natUnion ((limit f) o C)
proof —
fix C :: nat = 'a set
assume chain-C: chain C
have contpower: N\ n. continuous (funpower f n)
by (simp add: continuous continuous-funpower)
have comp: An F. Fo C = (\i. F(C1))
by auto
have (limit f) (natUnion C) = natUnion (A n. funpower fn (natUnion C))
by (simp add: limit-def)
also have natUnion (A n. funpower f n (natUnion C)) =
natUnion (A n. natUnion ((funpower fn) o C))
apply (subst continuous-apply[OF contpower])
apply (simp add: chain-C)+
done
also have natUnion (A n. natUnion ((funpower fn) o C)) =
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natUnion (A n. natUnion (X i. funpower fn (C 1)))
apply (subst comp)
apply blast
done

also have natUnion (A n. natUnion (X i. funpower fn (C17))) =
natUnion (A i. natUnion (A n. funpower fn (C 17)))
apply (subst natUnion-swap)
apply blast
done

also have natUnion (A i. natUnion (A n. funpower fn (C 7)) =
(natUnion (X i. limit f (C 1))
apply (simp add: limit-def)
done

also have natUnion (X i. limit f (C i)) = natUnion ((limit f) o C)
apply (subst comp)
apply simp
done

finally show (limit f) (natUnion C) = natUnion ((limit f) o C) by blast

qed
with chain show ?thesis by (simp add: continuous-def)
qed

lemma regular-limit: reqular f = regular (limit f)
by (simp add: continuous-limit reqular-def setmonotone-limit)

lemma regular-implies-mono: reqular f = mono f
by (simp add: continuous-imp-mono regular-def)

lemma regular-implies-setmonotone: reqular f = setmonotone f
by (simp add: regular-def)

lemma regular-implies-continuous: regular f = continuous f
by (simp add: regular-def)

end

theory LocalLeringLemmas
imports LocalLexing Limit
begin

context LocalLering begin

lemmal[simpl: setmonotone (Append Z k) by (auto simp add: Append-def setmono-
tone-def)

lemma subset-PSuc: P ku C Pk (Suc u)
by (simp add: subset-setmonotone| OF setmonotone-limit))

lemma subset-fSuc-strict:
assumes f: A\ u. fu C f (Suc u)



shows u < v = fu C fv
proof (induct v)
show u < 0 = fu C f0
by auto
next
fix v
assume a:(v < v = fu C fv)
assume b:u < Suc v
from b have ¢: fu C fv
apply (case-tac u < v)
apply (simp add: a)
apply (case-tac u = v)
apply simp
by auto
show fu C f (Suc v)
apply (rule subset-trans[OF c])

by (rule f)
qed

lemma subset-fSuc:
assumes f: A\ u. fu C f (Suc u)
shows u < v = fu C fv
apply (case-tac u < v)
apply (rule subset-fSuc-strictfwhere f=f, OF f])
by auto

lemma subset-Pk: u < v=—= P kuCPkuwv
by (rule subset-fSuc, rule subset-PSuc)

lemma subset-PQOk: P ku C Q k by (auto simp add: natUnion-def)

lemma subset-QPSuc: @ k C P (Suc k) u
proof —
have a: Q k C P (Suc k) 0 by simp
show ?thesis
apply (case-tac u = 0)
apply (simp add: a)
apply (rule subset-trans[OF a subset-Pk])
by auto
qed

lemma subset-QSuc: Q k C Q (Suc k)
by (rule subset-trans|OF subset-QP Suc subset-P Qk])

lemma subset-Q: i < j=—= Qi C Qj
by (rule subset-fSuc[where u=i and v=j and f = Q, OF subset-QSuc])

lemma empty-X[simp]: k > length Doc = X k = {}
apply (simp add: X-def)

22
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apply (insert Lex-is-lexer)
by (simp add: is-lexzer-def)

lemma Sel-empty[simp]: Sel {} {} = {}
apply (insert Sel-is-selector)
by (auto simp add: is-selector-def)

lemma empty-Z[simpl: k > length Doc = Z k u = {}
apply (induct u)
by (simp-all add: Y-def W-def)

lemmal[simp|: Append {} k = id by (auto simp add: Append-def)

lemmalsimpl: k > length Doc = P kv =P k0
by (induct v, simp-all add: Y-def W-def)

lemma QSucEq: k > length Doc = Q (Suc k) = Q k
by (simp add: natUnion-def)

lemma Q-converges:
assumes k: k > length Doc
shows Q k =8
proof —
{
fix n
have Q (length Doc + n) =B
proof (induct n)
show Q (length Doc + 0) =B by (simp add: P-def)
next
fix n
assume hyp: Q (length Doc + n) =P
have Q (Suc (length Doc + n)) =B
by (rule trans[OF QSucEq hyp], auto)
then show Q (length Doc + Suc n) =P
by auto
qed
}
note helper = this
from k have 3 n. k = length Doc + n by presburger
then obtain n where n: k = length Doc + n by blast
then show ?thesis
apply (simp only: n)
by (rule helper)
qed

lemma B-covers-Q: Q k C P
proof (case-tac k > length Doc)
assume k > length Doc
then have Q: Q k =B by (rule Q-converges)
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then show Q k C B by (simp only: Q)
next
assume - length Doc < k
then have k < length Doc by auto
then show ?thesis
apply (simp only: P-def)
apply (rule subset-Q)
by auto
qed

lemma Sel-upper-bound: A C B — Sel A BC B
by (metis Sel-is-selector is-selector-def)

lemma Sel-lower-bound: A C B =— A C Sel A B
by (metis Sel-is-selector is-selector-def)

lemma P-covers-P: P ku C P
by (rule subset-trans|OF subset-PQk B-covers-Q))

lemma W-montone: PC Q —= W PECW Qk
by (auto simp add: W-def)

lemma Sel-precondition:
ZkuCW (Pku)k
proof (induct u)
case () thus ?case by simp
next
case (Suc u)
have 1: Y (Zku)  Pku) kCW (Pku)k
apply (simp add: Y-def)
apply (rule-tac Sel-upper-bound)
using Suc by simp
have 22 W (P ku) k CW (P k (Suc u)) k
by (metis W-montone subset-PSuc)
show ?Zcase
apply (rule-tac subset-transjwhere B=W (P k u) k])
apply (simp add: 1)
apply (simp only: 2)
done
qed

lemma W-bounded-by-X: W Pk C X k
by (metis (no-types, lifting) W-def mem-Collect-eq subsetl)

lemma Z-subset-X: Z kn C X k
by (metis Sel-precondition W-bounded-by-X rev-subsetD subsetl)

lemma Z-subset-Suc: Z kn C Z k (Suc n)
apply (induct n)
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apply simp
by (metis Sel-lower-bound Sel-precondition Y-def Z.simps(2))

lemma Y-upper-bound: Y (Z ku) (Pku)kCW (Pku)k
apply (simp add: Y-def)
by (metis Sel-precondition Sel-upper-bound)

lemma P-induct[consumes 1, case-names Base Induct]:
assumes p: p € B
assumes base: P ||

assumes nduct: Apku. (Ng gePku= Pq) = pe Pk (Sucu) =
Pp

shows P p
proof —
{
fix p :: tokens
fix k :: nat

fix u :: nat
have pe Pku=— Pp
proof (induct k arbitrary: p u)
case (
have pe P O0u=— Pyp
proof (induct u arbitrary: p)
case 0 thus ?case using base by simp
next
case (Suc u) show ?Zcase
apply (rule induct[OF - Suc(2)])
apply (rule Suc(1))
by simp
qed
with 0 show ?case by simp
next
case (Suc k)
have p € P (Suck) u = Pp
proof (induct u arbitrary: p)
case 0 thus ?case
apply simp
apply (induct rule: natUnion-decompose)
using Suc by simp
next
case (Suc u) show Zcase
apply (rule induct[OF - Suc(2)])
apply (rule Suc(1))
by simp
qed
with Suc show Zcase by simp
qed

note all = this
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from p show ?thesis
apply (simp add: B-def)
apply (induct rule: natUnion-decompose)
using all by simp
qed

lemma Append-mono: U C V= P C Q = Append U k P C Append V k Q
by (auto simp add: Append-def)

lemma pointwise-Append: pointwise (Append T k)
by (auto simp add: pointwise-def Append-def)

lemma reqular-Append: reqular (Append T k)
proof —
have pointwise (Append T k) using pointwise-Append by blast
then have pointbased (Append T k) using pointwise-implies-pointbased by blast
then have continuous (Append T k) using pointbased-implies-continuous by
blast
moreover have setmonotone (Append T k) by (simp add: setmonotone-def Ap-
pend-def)
ultimately show ?thesis using regular-def by blast
qed

end

end

theory InductRules
imports Main
begin

lemma disjCases2[consumes 1, case-names 1 2]:
assumes AB: AV B
and AP: A= P
and BP: B= P
shows P
proof —
from AB AP BP show ?thesis by blast
qed

lemma disjCases3[consumes 1, case-names 1 2 3):
assumes AB: AV BV C
and AP: A= P
and BP: B=— P
and CP: ( = P
shows P
proof —
from AB AP BP CP show ?thesis by blast
qed
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lemma disjCases/[consumes 1, case-names 1 2 3 4]:
assumes AB: Av BV CV D
and AP: A= P
and BP: B—=— P
and CP: ( = P
and DP: D = P
shows P
proof —
from AB AP BP CP DP show ?thesis by blast
qed

lemma disjCases5[consumes 1, case-names 1 2 3 4 5]:
assumes AB: AV BV CVDVE
and AP: A= P
and BP: B—=— P
and CP: ( = P
and DP: D = P
and EP: E = P
shows P
proof —
from AB AP BP CP DP EP show ?thesis by blast
qged

lemma minimal-witness-ex:
assumes k: P (k:nat)
shows 3 k0. k0 < kANPKON NV k. k< kO — - (Pk))
proof —
let K ={h.h<kAPh}
have finite-K: finite ?K by auto
have k € ?K by (simp add: k)
then have nonempty-K: ?K # {} by auto
let 2k = Min ?K
have witness: 2%k < k N P ¢k
by (metis (mono-tags, lifting) Min-in finite-K mem-Collect-eq nonempty-K)
have minimal: V. h. h < %k — = (P h)
by (metis Min-le witness dual-order.strict-implies-order
dual-order.trans finite-K leD mem-Collect-eq)
from witness minimal show ?thesis by metis
qed

lemma minimal-witness[consumes 1, case-names Minimal):
assumes P (k::nat)
and ANK. K<k=PK—= (Nk. k<K= - (Pk)) = Q
shows @

proof —
from assms minimal-witness-ex show ?thesis by metis

qed

lemma ex-minimal-witness[consumes 1, case-names Minimal):
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assumes 3 k. P (k:nat)
and AK. PK = (Nk k<K= - (Pk) = Q
shows @
proof —
from assms minimal-witness-ex show ?thesis by metis
qed

end

theory ListTools
imports Main
begin

definition is-first :: 'a = ‘a list = bool
where
is-first x u = (3 v. u = [z]Qu)

definition is-last :: 'a = 'a list = bool
where
is-last x v = (3 v. u = vQ[z])

definition is-prefiz :: ‘a list = 'a list = bool
where
is-prefiz u v = (3 w. vQuw = v)

definition is-proper-prefiz :: 'a list = 'a list = bool
where
is-proper-prefix u v = (3 w. w # [| A uQuw = v)

lemma is-prefiz-eq-proper-prefic: is-prefiz a b = (a = b V is-proper-prefiz a b)
by (metis append-Nil2 is-prefiz-def is-proper-prefiz-def)

lemma is-proper-prefiz-eq-prefic: is-proper-prefiv a b = (a # b A is-prefiz a b)
by (metis append-self-conv is-prefiz-eq-proper-prefix is-proper-prefiz-def)

definition is-suffiz :: ‘a list = 'a list = bool
where
is-suffic u v = (3 w. WQu = v)

definition is-proper-suffiz :: 'a list = 'a list = bool
where

is-proper-suffic u v = (3 w. w # [| A wQu = v)

lemma is-suffiz-eq-proper-suffiz: is-suffix a b = (a = b V is-proper-suffix a b)
by (metis append-Nil is-proper-suffiz-def is-suffiz-def)

lemma is-proper-suffiz-eg-suffiz: is-proper-suffiz a b = (a # b A is-suffix a b)
by (metis is-proper-suffiz-def is-suffiz-eq-proper-suffiz self-append-conv?2)

lemma is-prefiz-unsplit: is-prefic w a => u Q (drop (length u) a) = a
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by (metis append-eg-conv-conj is-prefiz-def)

lemma le-take-same: i < j = take j a = take j b = take i a = take ¢ b
by (metis min.absorbl take-take)

lemma is-first-drop-length:
assumes k < length a
and k > length u
and v = X#w
and take k a = take k (uQo)
shows is-first X (drop (length u) a)
proof —
let ?d = k — length u
from assms have pos-d”: ?d > 0 by auto
from assms have take-d’-v: take ?d (drop (length u) a) = take ?d v
by (metis append-eq-conv-conj drop-take)
then have take 1 (drop (length u) a) = take 1 v
by (metis One-nat-def Suc-lel le-take-same pos-d’)
then have take 1 (drop (length u) a) = [X]
by (simp add: assms)
then show ?thesis
by (metis append-take-drop-id is-first-def)
qed

lemma is-first-cons: is-first x (y#ys) = (z = y)
by (auto simp add: is-first-def)

lemma list-all-pos-neg-ex: list-all P D = — (list-all Q D) =
3 k. k <length DN P(D!k)AN—(Q(D!k))
using list-all-length by blast

lemma split-list-at: k < length D = D = (take k D)Q[D ! k]Q(drop (Suc k) D)
by (metis append-Cons append-Nil id-take-nth-drop)

lemma take-eq-take-append: i < j = j < length a = 3 u. take j a = take i a
Q@ u
by (metis le-Suc-ex take-add)

lemma is-proper-suffiz-length-cmp: is-proper-suffix a b = length a < length b
by (metis add-diff-cancel-right’ append-Nil append-eq-append-conv
diff-is-0-eq is-proper-suffiz-def lel length-append list.size(3))

end

theory Derivations

imports CFG ListTools InductRules
begin



context CFG begin

lemma [simp]: is-terminal t = is-symbol ¢
by (auto simp add: is-terminal-def is-symbol-def)

lemma [simp]: is-sentence [| by (auto simp add: is-sentence-def)
lemma [simp]: is-word [| by (auto simp add: is-word-def)

lemma [simp]: is-word u = is-sentence u
by (induct u, auto simp add: is-word-def is-sentence-def)

definition leftderives] :: sentence = sentence = bool
where
leftderivesl u v =
(3 2y N a
u=z@[N]Qy

ANv=2zQaQy

A is-word x

A is-sentence y

A (N, a) € R)

lemma leftderives1-implies-derives1[simp): leftderives] uw v = derivesl u v
apply (auto simp add: leftderives1-def derivesI-def)
apply (rule-tac z=x in exl)
apply (rule-tac z=y in exl)
apply (rule-tac z=N in ezl)
by auto

definition leftderivations1 :: (sentence x sentence) set
where
leftderivations] = { (u,v) | v v. leftderives! u v }

lemma [simp]: leftderivations! C derivationsl
by (auto simp add: leftderivations1-def derivationsI-def)

definition leftderivations :: (sentence x sentence) set
where
leftderivations = leftderivationsl

lemma rtrancl-subset-implies: a C b = a C b * by blast

lemma leftderivations-subset-derivations|simp|: leftderivations C derivations
apply (simp add: leftderivations-def derivations-def)
apply (rule rtrancl-subset-rtrancl)
apply (rule rtrancl-subset-implies)
by simp

definition leftderives :: sentence = sentence = bool

30
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where
leftderives v v = ((u, v) € leftderivations)

lemma leftderives-implies-derives[simp|: leftderives u v = derives u v
apply (auto simp add: leftderives-def derives-def)
by (rule subsetD[OF leftderivations-subset-derivations))

definition is-leftderivation :: sentence = bool
where
is-leftderivation u = leftderives [&] u

lemma leftderivation-implies-derivation[simp]:
is-leftderivation v => is-derivation u
by (simp add: is-leftderivation-def is-derivation-def)

lemma leftderives-refi[simp]: leftderives u u
by (auto simp add: leftderives-def leftderivations-def)

lemma leftderives!-implies-leftderives[simp]:leftderives] a b = leftderives a b
by (auto simp add: leftderives-def leftderivations-def leftderivationsI-def)

lemma leftderives-trans: leftderives a b = leftderives b ¢ = leftderives a ¢
by (auto simp add: leftderives-def leftderivations-def)

lemma leftderivesi-eg-leftderivations!: leftderives! x y = ((z, y) € leftderiva-
tions1)
by (simp add: leftderivations1-def)

lemma leftderives-induct[consumes 1, case-names Base Step]:

assumes derives: leftderives a b

assumes Pa: P a

assumes induct: \y z. leftderives a y = leftderivesl y 2 = Py — P z

shows P b
proof —

note rtrancl-lemma = rtrancl-induct[where a = a and b = b and r = left-
derivationsl and P=P]

from derives Pa induct rtrancl-lemma show P b

by (metis leftderives-def leftderivations-def leftderives1-eq-leftderivations!)

qed

end

context CFG begin

lemma derivesl-implies-derives[simp]:derives] a b = derives a b
by (auto simp add: derives-def derivations-def derivationsi-def)

lemma derives-trans: derives a b = derives b ¢ = derives a ¢
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by (auto simp add: derives-def derivations-def)

lemma derivesi-eq-derivations!: derives! x y = ((z, y) € derivationsl)
by (simp add: derivationsI-def)

lemma derives-induct[consumes 1, case-names Base Step]:
assumes derives: derives a b
assumes Pa: P a
assumes induct: Ay z. derives a y = derives] yz — Py —=— P z
shows P b
proof —
note rtrancl-lemma = rtrancl-induct[where ¢ = a and b = b and r = deriva-
tions!1 and P=P]
from derives Pa induct rtrancl-lemma show P b
by (metis derives-def derivations-def derivesi-eq-derivationsl)
qed

end

context CFG begin

definition Derivesl :: sentence = nat = rule = sentence = bool

where
Derivesl uwirv =
(3 zyN a

u=2zQ[N]Qy
ANv=xzQa@y
N is-sentence T
A is-sentence y
A(N,a)eR
A1 =(N,«a)Ai= length )

lemma Derives1-split:

Derivesl uirv= 3 zy. u=zQ[fstr] Qy Av=2zQ (sndr) Qy A length
T =1
by (metis DerivesI-def fst-conv snd-conv)

lemma Derives1-implies-derives]: Derivesl uw i v v =—> derives] u v
by (auto simp add: Derivesi-def derivesI-def)

lemma derivesi-implies-Derivesl: derivesl w v =—> 3 i r. Derivesl uir v
by (auto simp add: Derives1-def derivesi-def)

lemma Derivesi-unique-dest: Derives] u i r v => Derives]l uirw =— v = w
by (auto simp add: Derivesi-def derivesI-def)

lemma Derivesl-unique-src: Derives]l u i r w —> Derivesl virw — u = v
by (auto simp add: Derivesi-def derives1-def)
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type-synonym derivation = (nat x rule) list

fun Derivation :: sentence = derivation = sentence = bool
where
Derivation a [] b= (a=b
| Derivation a (d#D) b = (3 x. Derives! a (fst d) (snd d) = A Derivation x D b)

lemma Derivation-implies-derives: Derivation a D b = derives a b
proof (induct D arbitrary: a b)
case Nil thus ?case
by (simp add: derives-def derivations-def)
next
case (Cons d D)
note thyps = this
from ihyps have 3 z. Derives! a (fst d) (snd d) = A Derivation x D b by auto
then obtain z where Derives! a (fst d) (snd d) z and zb: Derivation x D b
by blast
with Derivesi-implies-derives1 have d1: derives a x by auto
from thyps b have d2:derives x b by simp
show derives a b by (rule derives-trans|OF d1 d2])
qged

lemma Derivation-Derives]: Derivation a S y = Derivesl y i v z = Derivation
a (SQ[(¢,r)]) 2
proof (induct S arbitrary: a y z i )

case Nil thus ?case by simp
next

case (Cons s S) thus ?case

by (metis Derivation.simps(2) append-Cons)

qed

lemma derives-implies-Derivation: derives a b => 3 D. Derivation a D b
proof (induct rule: derives-induct)

case Base
show ?Zcase by (rule exl[where z=[]], simp)
next

case (Step y z)

note ihyps = this

from ihyps obtain D where ay: Derivation a D y by blast

from ihyps derivesl-implies-Derives] obtain i r where yz: Derivesl y ¢ r z by
blast

from Derivation-Derives! [OF ay yz] show ?case by auto
qed

lemma Derivesl-take: Derivesl a i r b — take i a = take 1 b
by (auto simp add: DerivesI-def)

lemma Derives1-drop: Derives! a i1 b = drop (Suc i) a = drop (i + length (snd
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r)) b
by (auto simp add: Derives1-def)

lemma Derivesi-bound: Derivesl a i r b = i < length a
by (auto simp add: DerivesI-def)

lemma Derivesi-length: Derivesl a i v b = length b = length a + length (snd r)
— 1
by (auto simp add: DerivesI-def)

definition leftmost :: nat = sentence = bool
where
leftmost i s = (i < length s A is-word (take i s) A is-nonterminal (s ! 7))

lemma set-take: set (taken s) = { s!i|i. i <nAi< length s}
proof (cases n < length s)
case True thus ?thesis
by (subst List.nth-image[symmetric|, auto)
next
case Fulse thus ?thesis
apply (subst set-conv-nth)
by (metis less-trans linear not-le take-all)
qed

lemma list-all-take: list-all P (take n s) = (V i. i < n A i < length s — P (s!
i)

by (auto simp add: set-take list-all-iff)

lemma is-sentence-concat: is-sentence (zQy) = (is-sentence x A is-sentence y)
by (auto simp add: is-sentence-def)

lemma is-sentence-cons: is-sentence (z#xs) = (is-symbol x A is-sentence xs)
by (auto simp add: is-sentence-def)

lemma rule-nonterminal-type[simp]: (N, a) € R = is-nonterminal N
apply (insert validRules)
by (auto simp add: is-nonterminal-def)

lemma rule-a-type[simp]: (N, o) € R = is-sentence o
apply (insert validRules)

by (auto simp add: is-sentence-def is-symbol-def list-all-iff is-terminal-def is-nonterminal-def)

lemma [simp]: is-nonterminal N = is-symbol N
by (simp add: is-symbol-def)

lemma DerivesI-sentencel [elim]: Derives! a i r b = is-sentence a
by (auto simp add: Derivesl-def is-sentence-cons is-sentence-concat)

lemma DerivesI-sentence2[elim]: Derivesl a i r b = is-sentence b
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by (auto simp add: Derivesi-def is-sentence-cons is-sentence-concat)

lemma [elim|: Derivesl air b= r € R
using Derivesl-def by auto

lemma is-sentence-symbol: is-sentence a = i < length a = is-symbol (a ! 7)
by (simp add: is-sentence-def list-all-iff)

lemma is-symbol-distinct: is-symbol x = is-terminal  # is-nonterminal
apply (insert disjunct-symbols)
apply (auto simp add: is-symbol-def is-terminal-def is-nonterminal-def)
done

lemma is-terminal-nonterminal: is-terminal x —> is-nonterminal x —> Fulse
by (metis is-symbol-def is-symbol-distinct)

lemma Derivesi-leftmost:
assumes Derives] a i1 b
shows 3 j. leftmost ja N j < i
proof —
let 27 = {j . j < length a A is-nonterminal (a! j)}
let M = Min 2J
from assms have J1:i € 7J
apply (auto simp add: Derives!-def is-nonterminal-def)
by (metis (mono-tags, lifting) prod.simps(2) validRules)
have J2:finite ?J by auto
note J = J1 J2
from J have M1: ?M € ?J by (rule-tac Min-in, auto)
{
fix j
assume j € 2J
with J have ?M < j by auto
}
note M3 = this[OF J1]
from assms have a-sentence: is-sentence a by (simp add: DerivesI-sentencel)
have is-word: is-word (take ?M a)
apply (auto simp add: is-word-def list-all-take)
proof —
fix ¢
assume i-less-M: i < ?M
assume i-inbounds: © < length a
show is-terminal (a ! 7)
proof (cases is-terminal (a ! 7))
case True thus ?thesis by auto
next
case Fulse
then have is-nonterminal (a ! i)
using i-inbounds a-sentence is-sentence-symbol is-symbol-distinct by blast
then have ¢ € ?J by (metis i-inbounds mem-Collect-eq)
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then have ?M < i by (metis J2 Min-le i-less-M leD)
then have Fulse by (metis i-less-M less-asym’)
then show ?thesis by auto
qed
qed
show ?thesis
apply (rule-tac exI[where z=?M])
apply (simp add: leftmost-def)
by (metis (mono-tags, lifting) M1 M3 is-word mem-Collect-eq)
qged

lemma Derivation-leftmost: D # [| = Derivation a D b = 3 i. leftmost i a
apply (case-tac D)
apply (auto)
apply (metis Derivesi-leftmost)
done

lemma nonword-has-nonterminal:
is-sentence a => - (is-word a) = 3 k. k < length a A is-nonterminal (a ! k)
apply (auto simp add: is-sentence-def list-all-iff is-word-def)
by (metis in-set-conv-nth is-symbol-distinct)

lemma leftmost-cons-nonterminal:
is-nonterminal © = leftmost 0 (x#txs)
by (simp add: leftmost-def)

lemma leftmost-cons-terminal:
is-terminal © = leftmost i (x#xs) = (i > 0 A leftmost (i — 1) xs)
by (cases i) (auto simp add: leftmost-def is-word-def dest: is-terminal-nonterminal)

lemma is-nonterminal-cons-terminal:
is-terminal © = k < length (z # a) = is-nonterminal ((z # a) ! k) =
k>0Nk—1<lengtha A is-nonterminal (a! (k — 1))
by (metis One-nat-def Suc-lel is-terminal-nonterminal less-diff-conv2
list.size(4) nth-non-equal-first-eq)

lemma leftmost-exists:
is-sentence a = k < length a = is-nonterminal (a ! k) =
3 4. leftmost ia N i < k
proof (induct a arbitrary: k)
case Nil thus ?case by auto
next
case (Cons z a)
show ?Zcase
proof (cases is-nonterminal x)
case True thus ?thesis
apply (rule-tac exI[where z=0])
apply (simp add: leftmost-cons-nonterminal)
done
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next
case Fulse
then have z: is-terminal
by (metis Cons.prems(1) is-sentence-cons is-symbol-distinct)
note k = is-nonterminal-cons-terminal| OF x Cons(3) Cons(4)]
with Cons have 34. leftmost i a A i < k — 1 by (metis is-sentence-cons)
then show ?thesis
apply (auto simp add: leftmost-cons-terminal|OF x])
by (metis le-diff-conv2 Suc-lel add-Suc-right add-diff-cancel-right’ k
le-0-eq le-imp-less-Suc nat-le-linear)
qed
qed

lemma nonword-leftmost-exists:
is-sentence a = — (is-word a) = 3 7. leftmost i a
by (metis leftmost-exists nonword-has-nonterminal)

lemma leftmost-unaffected-Derives!: leftmost j a = j < ¢ => Derivesl a i 1 b
= leftmost j b
apply (simp add: leftmost-def)
proof —
assume al: j < length a A is-word (take j a) A is-nonterminal (a ! j)
assume a2: j < ¢
assume Derives! a i1 b
then have f3: take i a = take 7 b
by (metis DerivesI-take)
have f4: An ss ssa. take (length (take n (ss::symbol list))) (ssa::symbol list) =
take (length ss) (take n ssa)
by (metis length-take take-take)
have f5: \ss. take j (ss::symbol list) = take i (take j ss)
using a2 by (metis dual-order.strict-implies-order min.absorb2 take-take)
have f6: length (take j a) = j
using al by (metis dual-order.strict-implies-order length-take min.absorb2)
then have f7: An. min j n = length (take n (take j a))
by (metis length-take)
have f8: A\n ss. n = length (take n (ss::symbol list)) V length ss < n
by (metis lel length-take min.absorb2)
have f9: \ss. take j (ss::symbol list) = take j (take i ss)
using f7 f6 f5 by (metis take-take)
have f10: A\ss n. length (ss::symbol list) < n V length (take n ss) = n
using f8 by (metis dual-order.strict-implies-order)
then have f11: Ass ssa. length (ss::symbol list) = length (take (length ss)
(ssa::symbol list)) V length (take (length ssa) ss) = length ssa
by (metis length-take min.absorb2)
have f12: Ass ssa n. take (length (ss::symbol list)) (ssa::symbol list) = take n
(take (length ss) ssa) V length (take n ss) = n
using f10 by (metis min.absorb2 take-take)
{ assume = j < j
{assume = j < jAi#]j
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moreover
{ assume length a # j A length (take i a) # @
then have Jss. length (take (length (take i (take (length a) (ss::symbol
list)))) (take j ss)) # length (take i (take (length a) ss))
using f12 f11 f6 f5 f4 by metis
then have Jss ssa. take (length (ss::symbol list)) (take j (ssa::symbol list))
# take (length ss) (take i@ (take (length a) ssa))
using f11 by metis
then have length b # j
using f9 f} f3 by metis }
ultimately have length b # j
using f7 f6 f5 f3 al by (metis length-take) }
then have length b =j — j < j
using a2 by metis }
then have j < length b
using f9 f8 f7 f6 f4 f3 by metis
then show j < length b A is-word (take j b) A is-nonterminal (b! j)
using f9 f3 a2 al by (metis nth-take)
qed

definition derivation-ge :: derivation = nat = bool
where
derivation-ge D i = (V d € set D. fst d > 1)

lemma derivation-ge-cons: derivation-ge (d#D) i = (fst d > i A\ derivation-ge D
i)

by (auto simp add: derivation-ge-def)

lemma derivation-ge-append:
derivation-ge (DQE) i = (derivation-ge D i N derivation-ge E )
by (auto simp add: derivation-ge-def)

lemma leftmost-unaffected-Derivation:
derivation-ge D (Suc i) = leftmost i a = Derivation a D b = leftmost i b
proof (induct D arbitrary: a)
case Nil thus ?case by auto
next
case (Cons d D)
then have 3 z. Derives! a (fst d) (snd d) x A Derivation x D b by simp
then obtain = where z1: Derives! a (fst d) (snd d) « and z2: Derivation x D
b by blast
with Cons have leftmost-z: leftmost i x
apply (rule-tac leftmost-unaffected-Derives! |
where a=a and j=i and b=z and i=fst d and r=snd d))
by (auto simp add: derivation-ge-def)
with Cons 22 show ?Zcase by (auto simp add: derivation-ge-def)
qed

lemma le-Derivesl-take:
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assumes le: 1 < j

and D: Derivesl ajrb

shows take ¢ a = take i b
proof —

note DerivesI-take[where a=a and i=j and r=r and b=0]

with le D show ?thesis by (rule-tac le-take-same[where i=i and j=j], auto)
qed

lemma Derivation-take: derivation-ge D ¢ = Derivation a D b = take © a =
take i b
proof (induct D arbitrary: a b)

case Nil thus ?case by auto
next

case (Cons d D)

then have 3 2. Derives! a (fst d) (snd d) x A Derivation © D b

by simp

then obtain x where az: Derives! a (fst d) (snd d) z and zb: Derivation z D
b by blast

from derivation-ge-cons Cons(2) have d: i < fst d and D: derivation-ge D i by
auto

note take-i-xb = Cons(1)[OF D zb]

note take-i-ax = le-Derivesl-take[OF d azx)

from take-i-xb take-i-ax show ?case by auto
qed

lemma leftmost-cons-less: i < length u = leftmost i (uQu) = leftmost i u
by (auto simp add: leftmost-def nth-append)

lemma leftmost-is-nonterminal: leftmost ¢ u = is-nonterminal (uw ! ©)
by (metis leftmost-def)

lemma is-word-is-terminal: i < length u = is-word v => is-terminal (u ! i)
by (metis is-word-def list-all-length)

lemma leftmost-append:
assumes leftmost: leftmost i (uQu)
and is-word: is-word u
shows length v < i
proof (cases i < length u)
case Fulse thus ?thesis by auto
next
case True
with leftmost have leftmost i u using leftmost-cons-less|OF True] by simp
then have is-nonterminal: is-nonterminal (u! i) by (rule leftmost-is-nonterminal)
note is-terminal = is-word-is-terminal|OF True is-word)
note is-terminal-nonterminal| OF is-terminal is-nonterminal]
then show ?thesis by auto
qed
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lemma derivation-ge-empty[simpl: derivation-ge [| i
by (simp add: derivation-ge-def)

lemma leftmost-notword: leftmost i « = j > i = — (is-word (take j a))
by (metis is-terminal-nonterminal is-word-def leftmost-def list-all-take)

lemma leftmost-unique: leftmost i a = leftmost j a =— i = j
by (metis leftmost-def leftmost-notword linorder-neqE-nat)

lemma leftmost-Derivesl: leftmost i a = Derivesl a jrb = i < j
by (metis Derivesl-leftmost leftmost-unique)

lemma leftmost-Derives1-propagate:
assumes leftmost: leftmost i a
and Derivesl: Derivesl a jr b
shows (is-word b A i = j) V (3 k. leftmost kb A i < k)
proof —
from leftmost-Derives1 [OF leftmost Derives1]| have ij: i < j by auto
show ?thesis
proof (cases is-word b)
case True show ?thesis
by (metis Derivesl True ij le-neq-implies-less leftmost
leftmost-unaffected-Derives1 order-refl)
next
case Fulse show ?thesis
by (metis (no-types, opaque-lifting) Derives1 Derives1-bound DerivesI-sentence2

Derivesi-take append-take-drop-id ij le-neg-implies-less leftmost
leftmost-append leftmost-cons-less leftmost-def length-take
min.absorb2 nat-le-linear nonword-leftmost-exists not-le)
qed
qed

lemma is-word-Derivesl [elim]: is-word a = Derives! a i r b = Fulse
by (metis Derives1-leftmost is-terminal-nonterminal is-word-is-terminal leftmost-def)

lemma is-word-Derivation]elim]: is-word a => Derivation a D b = D = ||
by (metis Derivation-leftmost is-terminal-nonterminal is-word-def
leftmost-def list-all-length)

lemma leftmost-Derivation:
leftmost © a = Derivation a D b = j < i = derivation-ge D j
proof (induct D arbitrary: a b i j)
case Nil thus ?case by auto
next
case (Cons d D)
then have 3 2. Derives! a (fst d) (snd d) © A Derivation z D b by auto
then obtain z where az:Derives! a (fst d) (snd d) = and zb:Derivation z D b
by blast
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note ji = Cons(4)
note i-fstd = leftmost-Derives1 [OF Cons(2) az]
note disj = leftmost-Derives1-propagate[OF Cons(2) ax]
thus ?case
proof (induct rule: disjCases2)
case I
with zb have D = [] by auto
with 1 ji show ?case by (simp add: derivation-ge-def)
next
case 2
then obtain k£ where k: leftmost k z and ik: i < k by blast
note ge = Cons(1)[OF k zb, where j=j]
from ji ik i-fstd ge show ?Zcase
by (simp add: derivation-ge-cons)
qed
qed

lemma derivation-ge-list-all: derivation-ge D i = list-all (A d. fst d > i) D
by (simp add: Ball-set derivation-ge-def)

lemma split-derivation-leftmost:
assumes derivation-ge D i
and — (derivation-ge D (Suc 1))
shows 3 E Fr. D = EQ[(i, r)]QF A derivation-ge E (Suc 7)
proof —
from assms have 3 k. k < length D A fst(D ! k) > i A =(fst(D ! k) > Suc 9)
by (metis derivation-ge-def in-set-conv-nth)
then have 3 k. k < length D A fst(D ! k) = i by auto
then show ?thesis
proof (induct rule: ex-minimal-witness)
case (Minimal k)
then have k-len: k < length D and k-i: fst (D! k) = i by auto
let ?F = take k D
let 9r = snd (D! k)
let ?F = drop (Suc k) D
note split = split-list-at| OF k-len)
from k-i have D-k: D! k = (4, 9r) by auto
show “case
apply (rule exI[where z=?E])

apply (rule exI[where x=72F])
apply (rule exI[where x="2r])
apply (subst D-k[symmetric])

(

apply (rule conjI)
apply (rule split)
by (metis (mono-tags, lifting) Minimal.hyps(2) Suc-lel assms(1)
derivation-ge-list-all le-neg-implies-less list-all-length list-all-take)
qed
qed
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lemma Derivesl-DerivesI-swap:
assumes ¢ < j
and Derivesl ajp b
and Derivesl b i q c
shows 3 b’. Derivesl a i q b’ A Derives! b’ (j — 1 + length (snd q)) p ¢
proof —
from Derives1-split|OF assms(2)] obtain al a2 where
a-src: a = al Q [fst p] @ a2 and a-dest: b = al Q snd p @ a2
and al-len: length al = j by blast
note a = this
from a have is-sentence-al: is-sentence al
using Derives1-sentence2 assms(2) is-sentence-concat by blast
from a have is-sentence-a2: is-sentence a2
using Derivesi-sentence2 assms(2) is-sentence-concat by blast
from o have is-symbol-fst-p: is-symbol (fst p)
by (metis Derivesl-sentencel assms(2) is-sentence-concat is-sentence-cons)
from Derives1-split|OF assms(3)] obtain b1 b2 where
b-src: b= b1 Q@ [fst ¢g] @ b2 and b-dest: ¢ = bl Q snd ¢ Q b2
and bI-len: length b1 = i by blast
have a-take-j: al = take j a by (metis al-len a-src append-eq-conv-cony)
have b-take-i: b1 Q [fst q] = take (Suc i) b
by (metis append-assoc append-eq-conv-conj b1-len b-src length-append-singleton)

from a-take-j b-take-i take-eq-take-append[where j=j and i=Suc i and a=a)
have 3 u. al = (b1 Q [fst q]) Q@ u
by (metis le-iff-add Suc-lel al-len a-dest append-eq-conv-conj assms(1) take-add)

then obtain u where ul: al = (b1 @ [fst q]) @ u by blast
then have j-i-u: j = i + 1 + length u
using Suc-eq-plusl al-len bi-len length-append length-append-singleton by auto
from ul is-sentence-al have is-sentence-b1-u: is-sentence b1 A is-sentence u
using is-sentence-concat by blast
have u2: b2 = u @Q snd p @Q a2 by (metis a-dest append-assoc b-src same-append-eq
ul)
let 2b = b1 Q (snd q) Q@ u @ [fst p] @ a2
from assms have ¢-dom: q € R by auto
have a-b": Derivesl a i q ?b
apply (subst Derives1-def)
apply (rule exI[where z=01])
apply (rule exI[where z=uQ[fst p|@Qa2])
apply (rule exI[where z=fst ¢|)
apply (rule exI[where z=snd q])
apply (auto simp add: bl-len is-sentence-cons is-sentence-concat
is-sentence-a2 is-symbol-fst-p is-sentence-b1-u a-src ul g-dom)
done
from assms have p-dom: p € R by auto
have is-sentence-snd-q: is-sentence (snd q)
using DerivesI-sentence2 a-b’ is-sentence-concat by blast
have b’-c: Derives! ?b (j — 1 + length (snd q)) p ¢
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subst Derives1-def)
rule exI[where z=b1 @ (snd q) @ u])
apply (rule exI[where z=a2])
apply (rule exI[where z=fst p])
apply (rule exI[where z=snd p)|)
apply (auto simp add: is-sentence-concat is-sentence-b1-u is-sentence-a2 p-dom
is-sentence-snd-q b-dest u2 b1-len j-i-u)
done
show ?thesis
apply (rule exI[where z=7?b])
apply (rule conjI)
apply (rule a-b’)
apply (rule b'-c)
done
qed

apply
apply

Py

definition derivation-shift :: derivation = nat = nat = derivation
where
derivation-shift D left right = map (A d. (fst d — left + right, snd d)) D

lemma derivation-shift-empty|simp|: derivation-shift || left right = []
by (auto simp add: derivation-shift-def)

lemma derivation-shift-cons|simp]:

derivation-shift (d#D) left right = ((fst d — left + right, snd d)#(derivation-shift
D left right))
by (simp add: derivation-shift-def)

lemma Derivation-append: Derivation o (DQE) ¢ = (3 b. Derivation a D b A
Derivation b E c)
proof (induct D arbitrary: a ¢ E)
case Nil thus ?case by auto
next
case (Cons d D) thus ?case by auto
qed

lemma Derivation-implies-append:
Derivation a D b = Derivation b E ¢ = Derivation a (DQE) ¢
using Derivation-append by blast

lemma Derivation-swap-single-end-to-front:
i < j = deriation-ge D j = Derivation a (DQ[(i,r)]) b =
Derivation a ((i,r)#(derivation-shift D 1 (length (snd r)))) b
proof (induct D arbitrary: a)
case Nil thus ?case by auto
next
case (Cons d D)
from Cons have 3 c¢. Derives! a (fst d) (snd d) ¢ A Derivation ¢ (D Q [(4, r)])
b
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by simp
then obtain ¢ where ac: Derives! a (fst d) (snd d) ¢

and cb: Derivation ¢ (D Q [(4, r)]) b by blast
from Cons(3) have D-j: derivation-ge D j by (simp add: derivation-ge-cons)
from Cons(1)[OF Cons(2) D-j cb, simplified]
obtain z where cz: Derives! ¢ i r x and

zb: Derivation z (derivation-shift D 1 (length (snd r))) b by auto
have i-fst-d: i < fst d using Cons derivation-ge-cons by auto
from DerivesI-Derivesi-swap|OF i-fst-d ac cz]
obtain b’ where ab” Derives! a i r b’ and

b'z: Derivesl b’ (fst d — 1 + length (snd r)) (snd d) x by blast
show ?2case using ab’ b’z zb by auto

qed

lemma Derivation-swap-single-mid-to-front:
assumes i < j
and derivation-ge D j
and Derivation a (DQ[(4,r)]QE) b
shows Derivation a ((i,r)#((derivation-shift D 1 (length (snd r)))QE)) b
proof —
from assms have 3 z. Derivation a (DQ[(4, r)]) A Derivation © E b
using Derivation-append by auto
then obtain z where az: Derivation a (DQ[(Z, r)]) z and zb: Derivation x E b
by blast
with assms have Derivation a ((i, r)#(derivation-shift D 1 (length (snd 1)))) z
using Derivation-swap-single-end-to-front by blast
then show ?thesis using Derivation-append xb by auto
qed

lemma length-derivation-shift[simp]:
length(derivation-shift D left right) = length D
by (simp add: derivation-shift-def)

definition LeftDerives! :: sentence = nat = rule = sentence = bool
where
LeftDerives! u i r v = (leftmost i u A Derivesl u i r v)

lemma LeftDerives1-implies-leftderives!: LeftDerivesl u i r v => leftderives! u v
by (metis Derives1-def LeftDerives1-def append-eq-conv-conj leftderives-def
leftmost-def)

lemma leftmost-Derivesl-leftderives:
leftmost © a => Derivesl a i 7 b = leftderives b ¢ = leftderives a ¢
using LeftDerivesi-def LeftDerives1-implies-leftderivesi
leftderives1-implies-leftderives leftderives-trans by blast

theorem Derivation-implies-leftderives-gen:
Derivation a D (u@Qv) = is-word v = (I w.
leftderives a (u@Qw) A
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(0= — w=[) A
(V X. is-first X v — is-first X w))
proof (induct length D arbitrary: D a u v)
case ()
then have ¢ = uQu by auto
thus ?case by (rule-tac x = v in ezl, auto)
next
case (Suc n)
from Suc have D # [| by auto
with Suc Derivation-leftmost have 3 i. leftmost i a by auto
then obtain i where i: leftmost i a by blast
show ?case
proof (cases derivation-ge D (Suc 7))
case True
with Suc have leftmost: leftmost i (uQo)
by (rule-tac leftmost-unaffected-Derivation]| OF True ], auto)
have length-u: length v < i
using leftmost-append[OF leftmost Suc(4)] .
have take-Suc: take (Suc i) a = take (Suc i) (uQu)
using Derivation-take[OF True Suc(3)] .
with length-u have is-prefiz-u: is-prefiz u a
by (metis append-assoc append-take-drop-id dual-order.strict-implies-order

is-prefiz-def le-imp-less-Suc take-all take-append)
have a: u @ drop (length u) a = a
using is-prefiz-unsplit|OF is-prefiz-u] .
from take-Suc have length-take-Suc: length (take (Suc i) a) = Suc i
by (metis Suc-lel i leftmost-def length-take min.absorb2)
have v: v # |]

proof(cases v = [])

case Fulse thus ?thesis by auto
next

case True

with length-u have right: length(take (Suc i) (uvQu)) = length u by simp
note left = length-take-Suc
from left right take-Suc have Suc i = length u by auto
with length-u show ?thesis by auto
qed
then have 3 X w. v = X#w by (cases v, auto)
then obtain X w where v: v = X#w by blast
have is-first-X: is-first X (drop (length u) a)
apply (rule-tac is-first-drop-length[where v=v and w=w and k=Suc i))
apply (simp-all add: take-Suc v)
apply (metis Suc-lel i leftmost-def)
apply (insert length-u)
apply arith
done
show ?thesis
apply (rule exI[where z=drop (length u) a])
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by (simp add: a v is-first-cons is-first-X)
next
case Fulse
have Di: derivation-ge D i
using leftmost-Derivation|OF i Suc(3), where j=i, simplified] .
from split-derivation-leftmost| OF Di False]
obtain E F r where D-split: D = E Q [(¢, r)] @ F
and E-Suc: derivation-ge E (Suc i) by auto
let D = (derivation-shift E 1 (length (snd r)))QF
from D-split
have Derivation a ((i,7) # ¢D) (u Q v)
using Derivation-swap-single-mid-to-front E-Suc Suc.prems(1) lessI by blast
then have 3 y. Derives! a i r y A Derivation y ?D (u @Q v) by simp
then obtain y where ay:Derivesl a i ry
and yuv: Derivation y D (u @Q v) by blast
have length-D": length ?D = n using D-split Suc.hyps(2) by auto
from Suc(1)[OF length-D'[symmetric] yuv Suc(4)]
obtain w where leftderives y (u Q@ w) and (v =[] — w =[])
and V X. is-first X v — is-first X w by blast
then show ?Zthesis using ay i leftmost-Derivesi-leftderives by blast
qed
qged

lemma derives-implies-leftderives-gen: derives a (v@Qu) = is-word v = (3 w.
leftderives a (u@Qw) A
(v=[ —w=1[)A
(V X. is-first X v — is-first X w))

using Derivation-implies-leftderives-gen derives-implies-Derivation by blast

lemma derives-implies-leftderives: derives a b = is-word b = leftderives a b
using derives-implies-leftderives-gen by force

fun LeftDerivation :: sentence = derivation = sentence = bool
where

LeftDerivation a [| b = (a )
| LeftDerivation a (d#D) b = (3 z. LeftDerivesl a (fst d) (snd d) x N\ LeftDeriva-
tion z D b)

lemma LeftDerives1-implies-Derivesl: LeftDerivesl a i r b => Derives] a i 17 b
by (metis LeftDerives1-def)

lemma LeftDerivation-implies- Derivation:
LeftDerivation a D b = Derivation a D b
proof (induct D arbitrary: a)
case (Nil) thus ?case by simp
next
case (Cons d D)
thus ?Zcase
using CFG. LeftDerivation.simps(2) CFG-axioms Derivation.simps(2)
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LeftDerives1-implies-Derives1 by blast
qed

lemma LeftDerivation-implies-leftderives: LeftDerivation a D b = leftderives a b
proof (induct D arbitrary: a b)
case Nil thus ?case by simp
next
case (Cons d D)
note thyps = this
from ihyps have 3 z. LeftDerives! a (fst d) (snd d) A LeftDerivation x D b
by auto
then obtain z where LeftDerives! a (fst d) (snd d) x and zb: LeftDerivation
z D b by blast
with LeftDerivesl-implies-leftderives] have d1: leftderives a x© by auto
from thyps b have d2:leftderives x b by simp
show leftderives a b by (rule leftderives-trans|OF d1 d2])
qed

lemma leftmost-witness[simp|: leftmost (length z) (z@Q(N#y)) = (is-word = A
is-nonterminal N)
by (auto simp add: leftmost-def)

lemma leftderivesi-implies-LeftDerives1 :
assumes leftderivesl: leftderives] u v
shows 3 ¢ r. LeftDerivesl u i r v
proof —
from leftderives! have
JzyNau=zQ@Q[NJQyAv=z@a@yA is-word z A is-sentence y N\
(N, a) e R
by (simp add: leftderives1-def)
then obtain r y N a where
wu =z @[N] Qy and
viv =12 Qa @y and
x:is-word r and
y:is-sentence y and
(N, a) € R
by blast
show ?thesis
apply (rule-tac z=length z in exI)
apply (rule-tac z=(N, «) in ezl)
apply (auto simp add: LeftDerives1-def)
apply (simp add: leftmost-def © u rule-nonterminal-type| OF r])
apply (simp add: Derivesi-def u v)
apply (rule-tac =z in exI)
apply (rule-tac z=y in exl)
apply (auto simp add: xz y r)
done
qed



48

lemma LeftDerivation-LeftDerives1:

LeftDerivation a S y = LeftDerives] y i v = = LeftDerivation a (SQ[(,r)]) z
proof (induct S arbitrary: a y z i 1)

case Nil thus ?case by simp
next

case (Cons s S) thus ?case

by (metis LeftDerivation.simps(2) append-Cons)

qed

lemma leftderives-implies-LeftDerivation: leftderives a b => 3 D. LeftDerivation
aDb
proof (induct rule: leftderives-induct)

case Base
show ?case by (rule exl[where z=[]], simp)
next

case (Step y z)

note ihyps = this

from ihyps obtain D where ay: LeftDerivation a D y by blast

from ihyps leftderivesi-implies-LeftDerives] obtain ¢ r where yz: LeftDerivesl
y © r z by blast

from LeftDerivation-LeftDerives1 [OF ay yz] show ?Zcase by auto
qged

lemma LeftDerivation-append:
LeftDerivation a (DQFE) ¢ = (3 b. LeftDerivation a D b A LeftDerivation b E c)
proof (induct D arbitrary: a ¢ E)
case Nil thus ?case by auto
next
case (Cons d D) thus ?case by auto
qed

lemma LeftDerivation-implies-append:
LeftDerivation a D b = LeftDerivation b E ¢ = LeftDerivation o (DQE) ¢
using LeftDerivation-append by blast

lemma Derivation-unique-dest: Derivation a D b => Derivation a D ¢ = b = ¢
apply (induct D arbitrary: a b c)
apply auto
using Derives1-unique-dest by blast

lemma Derivation-unique-src: Derivation a D ¢ = Derivation b D ¢ = a = b
apply (induct D arbitrary: a b c)
apply auto
using DerivesI-unique-src by blast

lemma LeftDerivesi-unique: LeftDerivesl a i v b = LeftDerives! a j s b = i =
jANT =35
using DerivesI-def LeftDerives1-def leftmost-unique by auto
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lemma leftlang: £ = { v | v. is-word v A is-leftderivation v }

by (metis (no-types, lifting) CFG.is-derivation-def CFG.is-leftderivation-def
CFG leftderivation-implies-derivation CFG-axioms Collect-cong
L-def derives-implies-leftderives)

lemma leftprefizlang: Lp = { u | u v. is-word u A is-leftderivation (uQu) }
apply (auto simp add: Lp-def)

using derives-implies-leftderives-gen is-derivation-def is-leftderivation-def apply
blast

using leftderivation-implies-derivation by blast

lemma derives-implies-leftderives-cons:
is-word a = derives u (aQX#b) => 3 c. leftderives u (aQXH#c)
by (metis append-Cons append-Nil derives-implies-leftderives-gen is-first-def)

lemma is-word-append[simp): is-word (a@b) = (is-word a A is-word b)
by (auto simp add: is-word-def)

lemma Lp-split: a@Qb € Lp = a € Lp
by (auto simp add: Lp-def)

lemma Lp-is-word: a € Lp = is-word a
by (metis (no-types, lifting) leftprefixlang mem-Collect-eq)

definition Derive :: sentence = derivation = sentence
where
Derive a D = (THE b. Derivation a D b)

lemma Derivation-dest-ex-unique: Derivation a D b = 3! x. Derivation a D x
using CFG.Derivation-unique-dest CFG-azxioms by blast

lemma Derive:
assumes ab: Derivation a D b
shows Derive a D = b
proof —
note thel-equality|OF Derivation-dest-ex-unique[OF ab] ab]
thus ?thesis by (simp add: Derive-def)
qged

end

end

theory Validity

imports LLFEarleyParsing Derivations
begin

context LocalLering begin

definition wellformed-token :: token = bool
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where
wellformed-token t = is-terminal (terminal-of-token t)

definition wellformed-tokens :: tokens = bool
where
wellformed-tokens ts = list-all wellformed-token ts

definition doc-tokens :: tokens = bool
where
doc-tokens p = (wellformed-tokens p A is-prefiz (chars p) Doc)

definition wellformed-item :: item = bool
where
wellformed-item z = (
item-rule T € R A
item-origin x < item-end x A
item-end x < length Doc N
item-dot x < length (item-rhs z))

definition wellformed-items :: items = bool
where
wellformed-items X = (V x € X. wellformed-item x)

lemma is-word-terminals: wellformed-tokens p = is-word (terminals p)
by (simp add: is-word-def list-all-length terminals-def wellformed-token-def well-
formed-tokens-def)

lemma is-word-subset: is-word v = set y C set v = is-word y
by (metis (mono-tags, opaque-lifting) in-set-conv-nth is-word-def list-all-length sub-
setCE)

lemma is-word-terminals-take: wellformed-tokens p = is-word(terminals (take n

)

by (metis append-take-drop-id is-word-terminals list-all-append wellformed-tokens-def)

lemma is-word-terminals-drop: wellformed-tokens p = is-word(terminals (drop

n p))
by (metis append-take-drop-id is-word-terminals list-all-append wellformed-tokens-def)

definition pvalid :: tokens = item = bool
where
pualid p x = (3 u .

wellformed-tokens p N
wellformed-item x N
u < length p A
charslength p = item-end x N
charslength (take u p) = item-origin x A
is-derivation (terminals (take u p) @ [item-nonterminal z] @ ) A
derives (item-o x) (terminals (drop u p)))
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definition Gen :: tokens set = items
where
Gen P={z|zp p€ P A puvalid p z }

lemma wellformed-items (Gen P)
by (auto simp add: Gen-def pvalid-def wellformed-items-def)

lemma wellformed-items (Init)
by (auto simp add: wellformed-items-def Init-def init-item-def wellformed-item-def)

definition pvalid-left :: tokens = item = bool
where
pualid-left p x = (3 u .

wellformed-tokens p N
wellformed-item x N
u < length p A
charslength p = item-end © A
charslength (take u p) = item-origin A
is-leftderivation (terminals (take u p) Q [item-nonterminal x] @ ) A
leftderives (item-a z) (terminals (drop u p)))

lemma puvalid-left: pvalid p x = pvalid-left p x
proof —
have right-imp-left: pvalid-left p x = pvalid p x
by (meson CFG.leftderives-implies-derives CFG-axioms LocalLexing.pvalid-def
LocalLexing.pvalid-left-def LocalLexing-axioms leftderivation-implies-derivation)
have left-imp-right: pvalid p v = pvalid-left p x
proof —
assume poalid p x
then obtain u v where
wellformed-tokens p N
wellformed-item © A
u < length p A
charslength p = item-end x N
charslength (take u p) = item-origin x A
is-derivation (terminals (take u p) Q [item-nonterminal z] @ ) A
derives (item-a ) (terminals (drop u p)) by (simp add: pvalid-def, blast)
thus ?thesis
apply (auto simp add: pvalid-left-def)
apply (rule-tac z=u in ezl)
apply auto
apply (simp add: is-leftderivation-def)
apply (rule-tac derives-implies-leftderives-cons|where b=~]|)
apply (erule is-word-terminals-take)
apply (simp add: is-derivation-def)
by (metis derives-implies-leftderives is-word-terminals-drop)
qged
show ?thesis by (metis left-imp-right right-imp-left)
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qed

lemma Lp-wellformed-tokens: terminals p € Lp = wellformed-tokens p
by (metis (mono-tags, lifting) Lp-is-word is-word-def length-map list-all-length
nth-map terminals-def wellformed-token-def wellformed-tokens-def)

end

end

theory TheoremD2

imports LocalLeringLemmas Validity Derivations
begin

context LocalLering begin

definition splits-at :: sentence = nat = sentence = symbol = sentence = bool
where

splits-at § i « N B = (i < length 6 AN« = take i § NN =614 AN B = drop (Suc
i) 9)

lemma splits-at-combine: splits-at 6 i a N f — = a Q@[N] Q
by (simp add: id-take-nth-drop splits-at-def)

lemma splits-at-combine-dest: Derivesl a i b = splits-at aia N § = b= «
@ (sndr)@p
by (metis (no-types, lifting) Derives1-drop Derives1-split append-assoc append-eq-conv-conj

length-append splits-at-def)

lemma Derives1-nonterminal:
assumes Derivesl a i 7 b
assumes splits-at a i « N 3
shows fst r = N A is-nonterminal N
proof —
from assms have fst: fst r = N
by (metis DerivesI-split append-Cons nth-append-length splits-at-def)
then have is-nonterminal N
by (metis Derives1-def assms(1) prod.collapse rule-nonterminal-type)
with fst show ?thesis by auto
qed

lemma splits-at-ex: Derives] 6 i rs — 3 o N B. splits-at § i « N 3
by (simp add: Derives1-bound splits-at-def)

lemma splits-at-c: Derivesl 8 i r s = splits-at § i « N f =
a = take i § N a = take i s A length o = 1@
by (metis DerivesI-split append-eq-conv-conj splits-at-def)
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lemma LeftDerivesi-splits-at-is-word: LeftDerivesl § i r s = splits-at § i o N 3
= is-word «
by (metis LeftDerives1-def leftmost-def splits-at-def)

lemma splits-at-3: Derivesl 0 i r s = splits-at § i a« N f —

B = drop (Suc i) § A B = drop (i + length (snd 1)) s A length 5 = length 6 — i
— 1
by (metis Derives1-drop Suc-eq-plusl diff-diff-left length-drop splits-at-def)

lemma Derivesi-prefiz:
assumes ab: Derivesl § i r (a@b)
assumes split: splits-at 0 i a« N (8
shows is-prefix o a V is-prefix a «
proof —
have take: a = take i (a@Qb) using ab split splits-at-a by blast
show ?thesis
proof (cases i < length a)
case True
then have a = take i a by (simp add: take)
then have is-prefiz o a
by (metis append-take-drop-id is-prefiz-def)
with True show ?thesis by auto
next
case Fulse
then have is-prefiz a «
by (simp add: is-prefiz-def nat-le-linear take)
with False show ?thesis by auto
qed
qed

lemma Derivesi-suffiz:
assumes ab: Derivesl § i r (aQb)
assumes split: splits-at 6 i « N 3
shows is-suffiz 5 b V is-suffix b
proof —
have drop1: 8 = drop (i + length (snd r)) (a@b) using ab split splits-at-3 by
blast
have drop2: b = drop (length a) (a@b) by simp
show ?thesis
proof (cases (i + length (snd r)) < length a)
case True
with drop! drop2 have is-suffiz b 8 by (simp add: is-suffiz-def)
then show ?thesis by auto
next
case Fulse
then have length a < (i + length (snd 1)) by arith
with dropl drop2 have is-suffix 3 b
by (metis append-Nil append-take-drop-id drop-append drop-eq-Nil is-suffiz-def)
then show ?thesis by auto
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qed
qed

lemma Derivesi-skip-prefiz:

length a < i = Derives! (a@Qb) i r (a@Qc) = Derivesl b (i — length a) r ¢
apply (auto simp add: Derivesl-def)
by (metis append-eq-append-conv-if is-sentence-concat is-sentence-cons is-symbol-def

length-drop rule-nonterminal-type)

lemma cancel-suffix:
assumes ¢ Q@ ¢c =0 @ d
assumes length ¢ < length d
shows a = b Q (take (length d — length c) d)
proof —
have ¢ Q ¢ = (b @ take (length d — length ¢) d) Q drop (length d — length ¢) d
by (metis append-assoc append-take-drop-id assms(1))
then show ?thesis
by (metis append-eg-append-conv assms(2) diff-diff-cancel length-drop)
qed

lemma is-sentence-take:
is-sentence y = is-sentence (take n y)
by (metis append-take-drop-id is-sentence-concat)

lemma Derives1-skip-suffix:
assumes i: i < length a
assumes D: Derivesl (aQc) i r (bQc)
shows Derivesi a i1 b
proof —
note DerivesI-def[where u=aQc and v=bQc and i=7 and r=r]
then have dz y N «.
a@Qc=zQ[N]Q@yA
bQc=12Qa@y A is-sentence x A is-sentence y A (N, o) € RA r = (N,
a) A i = length
using D by blast
then obtain z y N a where split:
a@Qc=zQ[N]Q@yA
b@Qc=1x@a@yA is-sentence z A is-sentence y A (N, a) € R A r = (N,
a) A i = length x
by blast
from split have length (a@Qc) = length (z @ [N] @ y) by auto
then have length a + length ¢ = length x + length y + 1 by simp
with split have length a + length ¢ = i + length y + 1 by simp
with i have len-c-y: length ¢ < length y by arith
let %y = take (length y — length c) y
from split have ac: ¢« @ ¢ = (z @ [N]) @ y by auto
note cancel-suffiz[where a=a and ¢ = ¢ and b = zQ[N] and d = y, OF ac
len-c-y|
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then have a: a = z @ [N] @ 2y by auto
from split have be: b @ ¢ = (z @ o) @ y by auto
note cancel-suffix[where a=b and ¢ = ¢ and b = 2zQa and d = y, OF bc
len-c-y)
then have b: b = z @ a @ ?y by auto
from split len-c-y a b show ?thesis
apply (simp only: Derivesl-def)
apply (rule-tac =z in exI)
apply (rule-tac z="%y in ezl)
apply (rule-tac x=N in exl)
apply (rule-tac z=a in exI)
apply auto
by (rule is-sentence-take)
qed

lemma drop-cancel-suffiz: a@Qc = drop n (bQc) = a = drop n b
proof —
assume al: ¢ @ ¢ = drop n (b @ ¢)
have length (drop n b) = length b + length ¢ — n — length ¢
by (metis add-diff-cancel-right’ diff-commute length-drop)
then show ?thesis
using al by (metis add-diff-cancel-right’ append-eg-append-conv drop-append
length-append length-drop)
qed

lemma drop-keep-last: u # [| = u = drop n (aQ[X]) = u = drop n a Q [X]
by (metis append-take-drop-id drop-butlast last-appendR snoc-eq-iff-butlast)

lemma Derives1-X-is-part-of-rule[consumes 2, case-names Suffix Prefiz]:
assumes aXb: Derives! 6 i r (a@[X]Qb)
assumes split: splits-at 6 i « N 3
assumes prefiz: A\ 5.0 = a Q [X] Q@ f§ = length a < | =
Derivest f (i — length a — 1) r b = False
assumes suffiz: A\ a. § = o Q [X] Q@ b = Derives! a i r a = Fulse
shows 3 uv.a=aQuAb=vQfA (sndr) =uQX]Qu
proof —
have prefiz-or: is-prefic a a V is-proper-prefix a «
by (metis Derivesl-prefix split aXb is-prefiz-eq-proper-prefix)
have is-proper-prefic a « = Fulse
proof —
assume proper:is-proper-prefiz a «
then have 3 u. v # [| A @ = aQu by (metis is-proper-prefiz-def)
then obtain u where u: v # [| A @ = a@Qu by blast
note splits-at = splits-at-a[OF aXb split] splits-at-combine[OF split]
from splits-at have a1: o = take i § by blast
from splits-at have a2: a = take i (a@Q[X]Q@Qb) by blast
from splits-at have lena: length a = i by blast
with proper have lena: length a < i
using append-eq-conv-conj drop-eq-Nil lel u by auto
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from u a2 have aQu = take i (a@Q[X]Qb) by auto
with lena have u = take (i — length a) ([X]Qb) by (simp add: less-or-eq-imp-le)

with lena have uX: u = [X]Q(take (i — length a — 1) b) by (simp add: not-less
take-Cons’)
let 28 = (take (i — length a — 1) b) @Q [N] @ 8
from splits-at have f1: § = o @ [N] @ § by blast
with v uX have f2: 6 = a Q [X] @ 28 by simp
note skip = DerivesI-skip-prefizjwhere ¢ = a @ [X] and b = ?3 and
r=randi={and ¢ = b
then have D: Derives! 98 (i — length a — 1) r b
using One-nat-def Suc-lel aXb append-assoc diff-diff-left f2 lena length-Cons
length-append length-append-singleton list.size(3) by fastforce
note prefit|OF f2 lena D)
then show False .
qged
with prefix-or have is-prefiz: is-prefic a a by blast

from aXb have aXb”: Derives! ¢ i r ((a@Q[X])@Qb) by auto
note Derivesl-suffit[OF aXb’ split]
then have suffiz-or: is-suffix B b V is-proper-suffiz b 8
by (metis is-suffiz-eq-proper-suffiz)
have is-proper-suffix b f = Fulse
proof —
assume proper: is-proper-suffiz b
then have 3 u. v # [| A f = u@Qb by (metis is-proper-suffiz-def)
then obtain u where u: u # [| A § = u@b by blast
note splits-at = splits-at-B]|OF aXb split] splits-at-combine[OF split]
from splits-at have 51: = drop (Suc i) § by blast
from splits-at have 32: B = drop (i + length (snd r)) (a Q [X] @ b) by blast
from splits-at have lenS: length 8 = length 6 — ¢ — 1 by blast
with proper have lenb: length b < length 8 by (metis is-proper-suffiz-length-cmp)

from u 52 have uQb = drop (i + length (snd 1)) ((¢ @ [X]) @Q b) by auto
hence u = drop (i + length (snd r)) (a Q [X])
by (metis drop-cancel-suffiz)
hence uX: u = drop (i + length (snd r)) a Q [X] by (metis drop-keep-last u)
let %a = o @ [N] @ (drop (i + length (snd 1)) a)
from splits-at have f1: § = « @ [N] Q § by blast
with v uX have f2: § = ?a @Q [X] @ b by simp
note skip = DerivesI-skip-suffiz[where a = %o and ¢ = [X]@b and b=a and
r=randi={
have f3: i < length (o @ [N] @ drop (i + length (snd 1)) a)
proof —
have f1: 1 + ¢ + length b = length [X] + length b + i
by (metis Groups.add-ac(2) Suc-eq-plusi-left length-Cons list.size(3) list.size(4)
semiring-normalization-rules(22))
have f2: length 6 — i — 1 = length (( Q [N] Q drop (i + length (snd r)) a)
Q@ [X] @ b) — Suci
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by (metis f2 length-drop splits-at(1))
have length ([)::symbol list) # length § — i — 1 — length b
by (metis add-diff-cancel-right’ append-Nil2 append-eq-append-conv lenf
length-append u)
then have length ([]::symbol list) # length o + length ([N] Q drop (i + length
(sndr)) a) — i
using f2 f1 by (metis Suc-eg-plusi-left add-diff-cancel-right’ diff-diff-left
length-append)
then show ?thesis
by auto
qed
from aXb f2 have D: Derives! (%o Q [X] Q b) ¢ r (a@Q[X]Qb) by auto
note skip|OF f3 D]
note suffiz[OF f2 skip|OF f3 D]]
then show False .
qged
with suffiz-or have is-suffix: is-suffix § b by blast

from is-prefixr have 3 u. a = a @ u by (auto simp add: is-prefiz-def)
then obtain u where u: ¢ = a @ u by blast
from is-suffizx have 3 v. b = v @ 8 by (auto simp add: is-suffiz-def)
then obtain v where v: b = v @ 3 by blast

from u v splits-at-combine| OF split] aXb have D:Derives! (a@[N]Qp) i r («@(u@[X]Qv)QS)
by simp

from splits-at-a|OF aXb split] have i: length o = i by blast

from ¢ have il: length a < i and i2: i < length a by auto

note Derives!-skip-suffiz[OF - Derives1-skip-prefiz|OF i1 D), simplified, OF i2]

then have Derives! [N] 0 r (u Q [X] @ v) by auto

then have r: snd r = v @Q [X] Q@ v

by (metis DerivesI-split append-Cons append-Nil length-0-conv list.inject self-append-conv)

show ?thesis using v v r by auto
qed

lemma Lp-derives: a € Lp => 3 b. derives [S] (a@b)
by (simp add: Lp-def is-derivation-def)

lemma Lp-leftderives: a € Lp = 3 b. leftderives [S] (a@b)
by (metis Lp-derives Lp-is-word derives-implies-leftderives-gen)

lemma Derivesl-rule: Derivesl a irb — r € R
by (auto simp add: Derives1-def)

lemma is-prefiz-empty[simp|: is-prefix || a
by (simp add: is-prefiz-def)

lemma is-prefiz-cons: is-prefic (x # a) b= (3 ¢. b =z # ¢ N is-prefix a c)
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by (metis append-Cons is-prefix-def)

lemma is-prefiz-cancel[simpl: is-prefiz (a@Qb) (a@c) = is-prefix b c
by (metis append-assoc is-prefiz-def same-append-eq)

lemma is-prefiz-chars: is-prefic a b = is-prefix (chars a) (chars b)
proof (induct a arbitrary: b)
case Nil thus ?case by simp
next
case (Cons z a)
from Cons(2) have 3 c. b =z # ¢ A is-prefiz a c
by (simp add: is-prefiz-cons)
then obtain ¢ where c¢: b = © # ¢ A is-prefix a ¢ by blast
from ¢ Cons(1) show ?case by simp
qed

lemma is-prefiz-length: is-prefiz a b = length a < length b
by (auto simp add: is-prefiz-def)

lemma is-prefiz-take[simpl: is-prefiz (take n a) a
apply (auto simp add: is-prefiz-def)

apply (rule-tac =drop n a in exl)

by simp

lemma doc-tokens-length: doc-tokens p = length (chars p) < length Doc
by (metis doc-tokens-def is-prefiz-length)

fun count-terminals :: sentence = nat where

count-terminals [| = 0
| count-terminals (z#xs) = (if (is-terminal ) then Suc (count-terminals zs) else
(count-terminals xs))

lemma count-terminals-upper-bound: count-terminals p < length p
by (induct p, auto)

lemma count-terminals-append|simp: count-terminals (a@Qb) = count-terminals a
+ count-terminals b
by (induct a arbitrary: b, auto)

lemma Derives1-count-terminals:
assumes D: Derivesl a ¢ r b
shows count-terminals b = count-terminals a + count-terminals (snd r)
proof —
have 3 a N . splits-at a i o N 3 using D splits-at-ex by simp
then obtain o N 8 where split: splits-at a i a N 8 by blast
from D split have N: is-nonterminal N by (simp add: Derives1-nonterminal)
have a: a = a @Q [N] @ 8 by (metis split splits-at-combine)
from D split have b: b = a @Q (snd r) Q /3 using splits-at-combine-dest by simp
show ?thesis
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apply (simp add: a b)
using N by (metis is-terminal-nonterminal)
qed

lemma Derivesl-count-terminals-leq:
assumes D: Derivesl a i r b
shows count-terminals a < count-terminals b
by (metis DerivesI-count-terminals assms le-less-linear not-add-less1)

lemma Derivation-count-terminals-leq:
Derivation a E b => count-terminals a < count-terminals b
proof (induct E arbitrary: a)
case Nil thus ?case by auto
next
case (Cons e F)
then have 3 z i r. Derives! airx A Derivation x E b using Derivation.simps(2)
by blast
then obtain z i r where azb: Derives! a i r x A Derivation z E b by blast
from axb have az: count-terminals a < count-terminals ©
using Derives1-count-terminals-leq by blast
from azb have zb: count-terminals © < count-terminals b using Cons by simp
show ?case using ax zb by arith
qed

lemma derives-count-terminals-leq: derives a b = count-terminals a < count-terminals
b

using Derivation-count-terminals-leq derives-implies-Derivation by force

lemma is-word-cons|[simp): is-word (z#wxs) = (is-terminal © A is-word zs)
by (simp add: is-word-def)

lemma count-terminals-of-word: is-word w => count-terminals w = length w
by (induct w, auto)

lemma length-terminals[simp|: length (terminals p) = length p
by (auto simp add: terminals-def)

lemma path-length-is-upper-bound:
assumes p: wellformed-tokens p
assumes a: is-word o
assumes derives: derives (a@Qu) (terminals p)
shows length o < length p
proof —
have counts: count-terminals o < count-terminals (terminals p)
using derives derives-count-terminals-leq by fastforce
have len1: length o = count-terminals a by (simp add: o count-terminals-of-word)
have len2: length (terminals p) = count-terminals (terminals p)
by (simp add: count-terminals-of-word is-word-terminals p)
show ?thesis using counts lenl len2 by auto
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qed

lemma is-word-DerivesI-indez:
assumes w: is-word w
assumes derivesl: Derives! (wQa) i1 b
shows i > length w
proof —
from derives! have n: is-nonterminal ((wQa) ! 7)
using Derivesl-nonterminal splits-at-def splits-at-ex by auto
from w have t: i < length w = is-terminal ((wQa) ! 7)
by (simp add: is-word-is-terminal nth-append)
show ?thesis
by (metis t n is-terminal-nonterminal less-le-not-le nat-le-linear)
qed

lemma is-word-Derivation-derivation-ge:

assumes w: is-word w

assumes D: Derivation (w@a) D b

shows derivation-ge D (length w)
by (metis D Derivation-leftmost derivation-ge-empty leftmost- Derivation leftmost-append
w)

lemma derives-word-is-prefix:
assumes w: is-word w
assumes derives: derives (w@a) b
shows is-prefix w b
by (metis Derivation-take append-eq-conv-conj derives derives-implies-Derivation
is-prefiz-take is-word-Derivation-derivation-ge w)

lemma terminals-take[simp|: terminals (take n p) = take n (terminals p)
by (simp add: take-map terminals-def)

lemma terminals-drop[simp): terminals (drop n p) = drop n (terminals p)
by (simp add: drop-map terminals-def)

lemma take-prefix[simpl: is-prefic a b = take (length a) b = a
by (metis append-eq-conv-conj is-prefiz-unsplit)

lemma DerivesI-drop-prefizword:

assumes w: is-word w

assumes wa-b: Derives] (w@a) i1 b

shows Derives! a (i — length w) r (drop (length w) b)
proof —

have i: length w < ¢ using wa-b is-word-Derives1-index w by blast

have is-prefiz w b by (metis append-eq-conv-conj i is-prefiz-take le-Derives1-take
wa-b)

then have b: b = w @ (drop (length w) b) by (simp add: is-prefiz-unsplit)

show ?thesis

apply (rule-tac Derivesl-skip-prefiz[OF i])
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by (simp add: b[symmetric] wa-b)
qed

lemma derivesI-drop-prefizword:

assumes w: is-word w

assumes wa-b: derives] (w@a) b

shows derives! a (drop (length w) b)
by (metis Derives1-drop-prefizword Derives-implies-derives1 derives-implies-Derives!
w wa-b)

lemma derivesI-is-word-is-prefix-drop:
assumes w: is-word w
assumes w-a: is-prefiz w a
assumes ab: derivesl a b
shows derives! (drop (length w) a) (drop (length w) b)
by (metis ab append-take-drop-id derives1-drop-prefizword take-prefiz w w-a)

lemma derives-drop-prefizword-helper:

derives a b = is-word w => is-prefic w a = derives (drop (length w) a) (drop
(length w) b)
proof (induct rule: derives-induct)

case Base thus Zcase by auto
next

case (Step y z)

have is-prefix-w-y: is-prefix w y

by (metis Step.hyps(1) Step.prems(1) Step.prems(2) derives-word-is-prefiz

is-prefiz-def)

thus ?case

by (metis Step.hyps(2) Step.hyps(3) Step.prems(1) Step.prems(2) derivesl-implies-derives

derives1-is-word-is-prefiz-drop derives-trans)
qed

lemma derive-drop-prefizword:
is-word w => derives (wQa) b = derives a (drop (length w) b)
by (metis append-eq-conv-conj derives-drop-prefizword-helper is-prefix-take)

lemma thmD2":
assumes X: is-terminal X
assumes p: doc-tokens p
assumes pX: (terminals p)Q[X] € Lp
shows 3 z. pvalid p © A next-symbol x = Some X
proof —
from p have wellformed-p: wellformed-tokens p by (simp add: doc-tokens-def)
have 3 w. leftderives [S] (((terminals p)@Q[X]) Q w) using Lp-leftderives pX by
blast
then obtain w where leftderives [&] (((terminals p)Q[X]) @ w) by blast
then have 3 D. LeftDerivation [S] D (((terminals p)Q[X]) Q w)
using leftderives-implies-LeftDerivation by blast
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then obtain D where D: LeftDerivation [S] D (((terminals p)Q[X]) Q@ w) by
blast
let 2P = XA k. (3 a b. LeftDerivation [&] (take k D) (a@[X]|Qb) A derives a
(terminals p))
have ?P (length D)
apply (rule-tac z=terminals p in exl)
apply (rule-tac z=w in exl)
using D by simp
then show ?thesis
proof (induct rule: minimal-witness[where P=?P])
case (Minimal K)
from Minimal(2) obtain a b where
aXb: LeftDerivation [S] (take K D) (¢ @ [X] @ b) and
a: derives a (terminals p) by blast
have KD: K > 0 A length D > 0
proof (cases K = 0 V length D = 0)
case True
hence take K D = [| by auto
with True aXb have [S] = a @ [X] @ b by simp
hence 6 = X
by (metis Nil-is-append-conv append-self-conv2 butlast.simps(2)
butlast-append hd-append?2 list.sel(1) not-Cons-self2)
then have Fulse
using X is-nonterminal-startsymbol is-terminal-nonterminal by auto
then show ?thesis by blast
next
case Fulse thus ?thesis by arith
qed
then have take K D = take (K — 1) D @Q [D! (K — 1)]
by (metis Minimal.hyps(1) One-nat-def Suc-less-eq Suc-pred hd-drop-conv-nth

le-imp-less-Suc take-hd-drop)
then have 3 0. LeftDerivation [S] (take (K — 1) D) § A LeftDerivation 6 [D
(K — 1)] (a@[X]QD)
by (metis LeftDerivation-append aXb)
then obtain § where
d1: LeftDerivation [&] (take (K — 1) D) §
and 02: LeftDerivation 6 [D ! (K — 1)] (a@Q[X]Qb)
by blast
from 62 have 3 i r. LeftDerives! 6 i r (aQ[X]|Qb) by fastforce
then obtain i r where LeftDerives1-§: LeftDerives! § i r (a@[X]Qb) by blast
then have Derives1-§: Derives! ¢ i r (a@Q[X]Qb)
by (metis LeftDerives1-implies-Derives1)
then have 3 o N 3. splits-at § i a N 8 by (simp add: splits-at-ex)
then obtain o N 8 where split-: splits-at § ¢ o« N 8 by blast
have is-word-a: is-word o by (metis LeftDerives1-§ LeftDerives1-splits-at-is-word
split-0)
have = (?P (K — 1)) using KD Minimal(3) by auto
with 61 have min-§: = (3 a b. § = aQ[X]Qb A derives a (terminals p)) by
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blast
from Derivesi-0 split-0 have 3 wv. a =a Qu Ab=0v QS A (snd r) =
v@Q[X]Qu
proof (induction rule: Derivesl-X-is-part-of-rule)
case (Suffiz v)
from min-d Suffiz(1) a show ?case by auto
next
case (Prefiz )
have derives v (terminals p)
by (metis Derivesl-implies-derives! Prefiz(2) a
derives1-implies-derives derives-trans)
with min-6 Prefiz(1) show ?case by auto
qed
then obtain u v where uXv: a = a Q@ u A b=0v @ S A (snd r) = vQ[X]Quv
by blast
let 2l = length «
let ?q = take 2l p
let %2 = Item r (length u) (charslength ?q) (charslength p)
have item-rhs ?c = snd r by (simp add: item-rhs-def)
then have item-rhs-x: item-rhs %z = uv@Q[X]Qu using uXv by simp
have wellformed-z: wellformed-item ?x
apply (auto simp add: wellformed-item-def)
apply (metis Derives1-6 DerivesI-rule)
apply (rule is-prefiz-length)
apply (rule is-prefiz-chars)
apply simp
apply (simp add: doc-tokens-length| OF p))
using item-rhs-z by simp
from item-rhs-x have next-symbol-x: next-symbol ?x = Some X
by (auto simp add: next-symbol-def is-complete-def)
have len-a-p: length o < length p
apply (rule-tac path-length-is-upper-bound[where u=u])
apply (simp add: wellformed-p)
apply (simp add: is-word-«)
using a uXv by blast
have item-nonterminal-x: item-nonterminal ?x = N
apply (simp add: item-nonterminal-def)
using Derives1-6 DerivesI-nonterminal split-0 by blast
have take-terminals: take (length o) (terminals p) = «
apply (rule-tac take-prefiz)
using a derives-word-is-prefix is-word-a uXv by blast
have item-a-z: item-«a %x = u using item-a-def item-rhs-x by auto
from wellformed-z next-symbol-z len-a-p show ?thesis
apply (rule-tac z="%z in exl)
apply (auto simp add: pvalid-def wellformed-p)
apply (rule-tac z=length « in ezl)
apply (auto)
using item-nonterminal-x apply (simp)
apply (simp add: take-terminals)
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apply (rule-tac z=0 in exI)
using LeftDerivation-implies-leftderives 6 1 is-leftderivation-def split-6 splits-at-combine

apply auto[!]
using item-a-x apply simp
by (metis a derive-drop-prefizword is-word-a uXv)
qed
qed

lemma admissible-wellformed-tokens: admissible p = wellformed-tokens p
by (auto simp add: admissible-def Lp-wellformed-tokens)

lemma chars-append[simp|: chars (a@b) = (chars a)Q(chars b)
by (induct a arbitrary: b, auto)

lemma chars-of-token-simp[simpl: chars-of-token (a, b) = b
by (simp add: chars-of-token-def)

lemma X-is-prefic: t € X k = is-prefix (snd t) (drop k Doc)
by (auto simp add: X -def)

lemma is-prefiz-append: is-prefic (aQb) D = (is-prefiz a D A is-prefix b (drop
(length a) D))
by (metis append-assoc is-prefiz-cancel is-prefiz-def is-prefiz-unsplit)

lemma P-are-doc-tokens: p € P = doc-tokens p
proof (induct rule: P-induct)
case Base thus ?case
by (simp add: doc-tokens-def wellformed-tokens-def)
next
case (Induct p k u)
from Induct(2)[simplified] show ?case
proof (induct rule: limit-induct)
case (Init p) from Induct(1)[OF Init] show Zcase .
next
case (Iterate p Y)
have Y-is-prefiz: \ p. p € Y = is-prefix (chars p) Doc
apply (drule Iterate(1))
by (simp add: doc-tokens-def)
have Y (Z ku) (P ku) k C X k by (metis Z.simps(2) Z-subset-X)
then have 1: Append (Y (Z ku) (P ku) k) kY C Append (X k) k'Y
by (rule Append-mono, simp)
have 2: p € Append (X k) k' Y = doc-tokens p
apply (auto simp add: Append-def)
apply (simp add: Iterate)
apply (auto simp add: doc-tokens-def admissible-wellformed-tokens
is-prefix-append Y-is-prefiz)
by (metis X-is-prefiz snd-conv)
show ?case



65

apply (rule 2)
by (metis (mono-tags, lifting) 1 Iterate(2) subsetCE)
qed
qed

theorem thmD2:

assumes X: is-terminal X

assumes p: p € B

assumes pX: (terminals p)Q[X] € Lp

shows 3 z. pvalid p x A next-symbol x = Some X
by (metis X P-are-doc-tokens p pX thmD2")

end

end

theory TheoremD/
imports TheoremD2
begin

context LocalLexing begin

lemma X-are-terminals: w € X k = is-terminal (terminal-of-token u)
by (auto simp add: X-def is-terminal-def terminal-of-token-def)

lemma terminals-append[simp|: terminals (a@b) = ((terminals a) Q (terminals

b))

by (auto simp add: terminals-def)

lemma terminals-singleton[simp|: terminals [u] = [terminal-of-token ul
by (simp add: terminals-def)

lemma terminal-of-token-simp[simp|: terminal-of-token (a, b) = a
by (simp add: terminal-of-token-def)

lemma pualid-item-end: pvalid p v = item-end © = charslength p
by (metis pvalid-def)

lemma W-elem-in-TokensAt:
assumes P: P C 8
assumes u-in-W: v € W Pk
shows u € TokensAt k (Gen P)
proof —
have u: v € X k A (Ipeby-length k P. admissible (p Q [u])) using u-in-W
by (auto simp add: W-def)
then obtain p where p: p € by-length k P A admissible (p @ [u]) by blast
then have charslength-p: charslength p = k
by (metis (mono-tags, lifting) by-length.simps charslength.simps mem-Collect-eq)

from u have w: u € X k by blast



66

from p have p-in-P: p € B
by (metis (no-types, lifting) P by-length.simps mem-Collect-eq subsetCE)
then have doc-tokens-p: doc-tokens p by (metis PB-are-doc-tokens)
let ?X = terminal-of-token u
have X-is-terminal: is-terminal X by (metis X -are-terminals u)
from p have terminals p Q [terminal-of-token u] € Lp
by (auto simp add: admissible-def)
from thmD2[OF X-is-terminal p-in-33 this] obtain z where
z: pualid p A next-symbol x = Some (terminal-of-token u) by blast
have z-is-in-Gen-P: © € Gen P
by (metis (mono-tags, lifting) Gen-def by-length.simps mem-Collect-eq p x)
have u-split[dest!]: \ t s. u = (t, s) = t = terminal-of-token u A\ s = chars-of-token
u
by (metis chars-of-token-simp fst-conv terminal-of-token-def)
show ?thesis
apply (auto simp add: TokensAt-def bin-def)
apply (rule-tac z=x in exI)
apply (auto simp add: z-is-in-Gen-P © X-is-terminal)
using z charslength-p pvalid-item-end apply (simp, blast)
using u by (auto simp add: X-def)
qed

lemma is-derivation-is-sentence: is-derivation s = is-sentence s

by (metis (no-types, lifting) Derivesl-sentence2 derivesI-implies-Derivesl
derives-induct is-derivation-def is-nonterminal-startsymbol is-sentence-cons
is-sentence-def is-symbol-def list.pred-inject(1))

lemma is-sentence-cons: is-sentence (N#s) = (is-symbol N A is-sentence s)
by (auto simp add: is-sentence-def)

lemma is-derivation-step:
assumes uNv: is-derivation (vQ[N]Qv)
assumes Na: (N, a) € R
shows is-derivation (u@aQu)
proof —
from uNv have is-sentence (vQ[N]Qu) by (metis is-derivation-is-sentence)
with is-sentence-concat is-sentence-cons
have u-is-sentence: is-sentence v and v-is-sentence: is-sentence v
by auto
from Na have derives! (u@Q[N]Qu) (u@Qa@u)
apply (auto simp add: derivesl-def)
apply (rule-tac x=u in exl)
apply (rule-tac z=v in exI)
apply (rule-tac z=N in exl)
by (auto simp add: u-is-sentence v-is-sentence)
then show ?thesis
by (metis derivesi-implies-derives derives-trans is-derivation-def uNv)
qed
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lemma is-derivation-derives:
derives a B = is-derivation (uQaQu) = is-derivation (uQFQ)
proof (induct rule: derives-induct)
case Base thus ?case by simp
next
case (Step y z)
from Step have I: is-derivation (v @ y @ v) by auto
from Step have 2: derives! y z by auto
from 1 2 show ?case by (metis append-assoc derivesl-def is-derivation-step)
qged

lemma item-rhs-split: item-rhs z = (item-« z)Q(item-5 z)
by (metis append-take-drop-id item-ca-def item-f-def)

lemma pualid-is-derivation-terminals-item-f3:
assumes puoalid: pvalid p x
shows 3 §. is-derivation ((terminals p)Q(item-f5 )Q0)
proof —
from pualid have 3 u 7. is-derivation (terminals (take u p) Q [item-nonterminal
z] @) A
derives (item-a x) (terminals (drop u p))
by (auto simp add: pvalid-def)
then obtain u v where 1: is-derivation (terminals (take u p) @ [item-nonterminal
z] @ ) A
derives (item-a x) (terminals (drop u p)) by blast
have z-rule: (item-nonterminal x, item-rhs z) € R
by (metis (no-types, lifting) LocalLexing.pvalid-def LocalLexing-axioms assms
case-prodE item-nonterminal-def item-rhs-def prod.sel(1) snd-conv validRules well-
formed-item-def)
from 1 z-rule is-derivation-step have
is-derivation ((take u (terminals p)) @Q (item-rhs x) Q =)
by auto
then have is-derivation ((take u (terminals p)) Q ((item-a z)Q(item-5 z)) Q =)

by (simp add: item-rhs-split)
then have is-derivation ((take u (terminals p)) @ (item-a z) @ ((item-8 x) Q
)
by simp
then have is-derivation ((take u (terminals p)) Q (drop u (terminals p)) @
(item-B 7) @ 7))
by (metis 1 is-derivation-derives terminals-drop)
then have is-derivation ((terminals p) Q ((item-f z) Q 7))
by (metis append-assoc append-take-drop-id)
then show ?thesis by auto
qed

lemma next-symbol-not-complete: next-symbol x = Some t = — (is-complete x)
by (metis next-symbol-def option.discl)
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lemma next-symbol-starts-item-:
assumes wf: wellformed-item z
assumes next-symbol: next-symbol x = Some t
shows 3 §. item-8 x = t#6
proof —
from nezt-symbol have nc: — (is-complete x) using next-symbol-not-complete by
auto
from next-symbol have atdot: item-rhs x| item-dot x = t by (simp add: next-symbol-def
ne)
from nc have inrange: item-dot x < length (item-rhs x)
by (simp add: is-complete-def)
from inrange atdot show ?thesis
apply (simp add: item-(-def)
by (metis Cons-nth-drop-Suc)
qed

lemma pualid-prefizlang:
assumes puvalid: pvalid p x
assumes is-terminal: is-terminal t
assumes next-symbol: next-symbol z = Some t
shows (terminals p) Q [t] € Lp
proof —
have 3 §. item-8 = = t#6
by (metis next-symbol next-symbol-starts-item- pvalid pvalid-def)
then obtain 6 where §:item-58 x = t#4§ by blast
have 3 w. is-derivation ((terminals p)Q(item-3 =)Quw)
by (metis pvalid pvalid-is-derivation-terminals-item-3)
then obtain w where is-derivation ((terminals p)Q(item-5 z)Qw) by blast
then have is-derivation ((terminals p)Q({#0)Qw) by (metis J)
then have is-derivation (((terminals p)@Q[t])Q(6§Qw)) by simp
then show ?thesis
by (metis (no-types, lifting) CFG.Lp-def CFG-axioms
append-Nil2 is-terminal is-word-append is-word-cons
is-word-terminals mem-Collect-eq pvalid pvalid-def)
qed

lemma TokensAt-elem-in-WW:
assumes P: P C 8
assumes u-in-Tokens-at: u € TokensAt k (Gen P)
shows u € W P k
proof —
have 3t s z l.
u=_(t 8) A
z € bin (Gen P) k A
next-symbol x = Some t A is-terminal t Nl € Lex t Doc k N\ s = take [
(drop k Doc)
using u-in-Tokens-at by (auto simp add: TokensAt-def)
then obtain ¢ s z [ where
uwu = (t, 8) A
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next-symbol x = Some t A is-terminal t Nl € Lex t Doc k N\ s = take [

(drop k Doc)
by blast
from u have t: t = terminal-of-token u by (metis terminal-of-token-simp)
from u have s: s = chars-of-token u by (metis chars-of-token-simp)

from u have item-end-z: item-end x = k by (metis (mono-tags, lifting) bin-def

mem-Collect-eq)
from u have 3 p € P. pualid p z by (auto simp add: bin-def Gen-def)
then obtain p where p: p € P and puvalid: pvalid p x by blast
have p-len: length (chars p) = k
by (metis charslength.simps item-end-z pvalid pvalid-item-end)
have u-in-X: v e X k
apply (simp add: X-def)
apply (rule-tac z=t in exl)
apply (rule-tac z=I in exI)
using u by (simp add: is-terminal-def)
show ?thesis
apply (auto simp add: W-def)
apply (simp add: u-in-X)
apply (rule-tac x=p in exl)
apply (simp add: p p-len)
apply (simp add: admissible-def t[symmetric])
apply (rule pvalid-prefizlanglwhere z=z))
apply (simp add: pvalid)
apply (simp add: u)
apply (simp add: u)
done
qed

P

theorem thmD/:

assumes P: P C 8

shows W P k = TokensAt k (Gen P)
using W-elem-in-TokensAt TokensAt-elem-in-VW
by (metis Collect-cong Collect-mem-eq assms)

end

end

theory TheoremD5
imports TheoremD/
begin

context LocalLexing begin

lemma Scan-empty: Scan {} kI =1
by (simp add: Scan-def)

lemma 7w-no-tokens: m k {} I = limit (A I. Complete k (Predict k I)) I
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by (simp add: w-def Scan-empty)

lemma bin-elem: z € bin Ik — z € |
by (auto simp add: bin-def)

lemma Gen-implies-pvalid: x € Gen P =3 p € P. pvalid p x
by (auto simp add: Gen-def)

lemma wellformed-init-item|[simp]: r € R = k < length Doc => wellformed-item
(init-item r k)
by (simp add: init-item-def wellformed-item-def)

lemma init-item-origin[simp]: item-origin (init-item r k) = k
by (auto simp add: item-origin-def init-item-def)

lemma init-item-end[simp]: item-end (init-item r k) = k
by (auto simp add: item-end-def init-item-def)

lemma init-item-nonterminal[simpl: item-nonterminal (init-item r k) = fst r
by (auto simp add: init-item-def item-nonterminal-def)

lemma init-item-a[simp]: item-« (init-item r k) = |]
by (auto simp add: init-item-def item-a-def)

lemma Predict-elem-in-Gen:
assumes [-in-Gen-P: I C Gen P
assumes k: k < length Doc
assumes z-in-Predict: x € Predict k I
shows z € Gen P
proof —
havez € IV (3 ry. r € RA z = init-itemr k A y € bin I k A next-symbol y
= Some(fst 1))
using z-in-Predict by (auto simp add: Predict-def)
then show ?thesis
proof (induct rule: disjCases2)
case 1 thus ?case using I-in-Gen-P by blast
next
case 2
then obtain r y where ry: r € R A z = init-itemrk ANy € bin Ik A
next-symbol y = Some (fst r) by blast
then have 3 p € P. pvalidp y
using Gen-implies-pvalid I-in-Gen-P bin-elem subsetCE by blast
then obtain p where p: p € P A pualid p y by blast
have wellformed-p: wellformed-tokens p using p by (auto simp add: pvalid-def)
have wellformed-z: wellformed-item x
by (simp add: ry k)
from ry have item-end y = k by (auto simp add: bin-def)
with p have charslength-p[simplified]: charslength p = k by (auto simp add:
pualid-def)
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have item-end-z: item-end © = k by (simp add: ry)
have pvalid-z: pvalid p
apply (auto simp add: pvalid-def)
apply (simp add: wellformed-p)
apply (simp add: wellformed-z)
apply (rule-tac z=length p in exl)
apply (auto simp add: charslength-p ry)
by (metis append-Cons next-symbol-starts-item-f p pvalid-def
pualid-is-derivation-terminals-item-3 ry)
then show ?case using Gen-def mem-Collect-eq p by blast
qged
qed

lemma Predict-subset-Gen:
assumes I C Gen P
assumes k < length Doc
shows Predict kI C Gen P
using Predict-elem-in-Gen assms by blast

lemma nth-superfluous-append[simp): ¢ < length a = (a@b)!i = ali
by (simp add: nth-append)

lemma tokens-nth-in-Z:
peEP =V ii<lengthp — (3 u. p!ie€ Z (charslength (take i p)) u)
proof (induct rule: P-induct)
case Base thus ?case by simp
next
case (Induct p k u)
then have p € limit (Append (Z k (Suc u)) k) (P k u) by simp
then show ?case
proof (induct rule: limit-induct)
case (Init p) thus ?case using Induct by auto
next
case (Iterate p Y)
from Iterate(2) have p € Y V (3 qt. p = qQ[t] A q € by-lengthk Y Nt € Z
k (Suc u) A
admissible (¢ Q [t]))
by (auto simp add: Append-def)
then show ?case
proof (induct rule: disjCases2)
case I thus ?case using lterate(1) by auto
next
case 2
then obtain ¢ ¢t where
gt: p=qQ[t] A g € by-length k' Y Nt € Zk (Suc u) A admissible (¢ @Q
[t]) by blast
then have ¢-in-Y: ¢ € Y by auto
with ¢t have k: k = charslength q by auto
with ¢t have ¢: t € Z k (Suc u) by auto
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show ?Zcase
proof (auto simp add: qt)
fix ¢
assume i: i < Suc (length q)
then have i < length q V i = length q by arith
then show Ju. (¢ @Q [t]) ! i € Z (length (chars (take i q))) u
proof (induct rule: disjCases2)
case 1
from Iterate(1)[OF g-in-Y]
show ?case by (simp add: 1)
next
case 2
show ?Zcase
apply (auto simp add: 2)
apply (rule-tac z=Suc u in exl)
using k t by auto
qged
qed
qed
qed
qed

lemma path-append-token:
assumes p: p € P ku
assumes t: t € Z k (Suc u)
assumes pt: admissible (pQ[t])
assumes k: charslength p = k
shows pQ[t] € P k (Suc u)
apply (simp only: P.simps)
apply (rule-tac n=Suc 0 in limit-elem)
using p ¢ pt k apply (auto simp only: Append-def funpower.simps)
by fastforce

definition indezlt-rel :: ((nat x nat) x (nat x nat)) set where
indexlt-rel = less-than <xlexx> less-than

definition indexlt :: nat = nat = nat = nat = bool where
indexlt k' v’ kuw = (((k', u), (k, w)) € indexlt-rel)

lemma indezlt-simp: indexlt k' v' kv = (k' < kV (k'=Fk A u' < u))
by (auto simp add: indexlt-def indezlt-rel-def)

lemma wf-indexlt-rel: wf indexlt-rel
using indexlt-rel-def pair-less-def by auto

lemma P-induct[consumes 1, case-names Induct]:
assumes p € P k u
assumes induct: A pku.(Ap' k' uv.p € Pk v = indexlt k' v' ku = P
/ / A

p' k" u’)
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—pePku=—Ppku
shows P p k u
proof —
let ?R = indexlt-rel <xlexx> {}
have wf-R: wf ?R by (auto simp add: wf-indexlt-rel)
let 2P = X\ a. snd a € P (fst (fst a)) (snd (fst a)) — P (snd a) (fst (fst a))
(snd (fst a))
havepe Pku— Ppku
apply (rule wf-induct[OF wf-R, where P = ?P and a = ((k, u), p), simplified))
apply (auto simp add: indexlt-def[symmetric])
apply (rule-tac p=ba and k=a and u=b in induct)
by auto
thus ?thesis using assms by auto
qed

lemma nonempty-path-indices:
assumes p: p € P ku
assumes nonempty: p # ||
shows k> 0V u> 0
proof (cases u = 0)
case True
note u = True
have £ > 0
proof (cases k = 0)
case True
with p u have p = [| by simp
with nonempty have Fulse by auto
then show ?thesis by auto
next
case Fulse
then show %thesis by arith
qed
then show ?thesis by blast
next
case Fulse
then show “thesis by arith
qed

lemma base-paths:
assumes p: p € P k0
assumes k: k£ > 0
shows 3 u.peP (k—1)u
proof —
from k have 3 i. k = Suc i by arith
then obtain ¢ where i: £ = Suc { by blast
from p show ?thesis
by (auto simp add: i natUnion-def)
qed



74

lemma indezlt-trans: indezlt k' v"" k' v’ = indezlt k' v’ k v = indexlt k' u"’

ku
using dual-order.strict-trans indexlt-simp by auto

definition is-continuation :: nat = nat = tokens = tokens = bool where
is-continuation k u q ts = (¢ € P k u A charslength ¢ = k N\ admissible (qQts)
A
(V tesetts.t € Zk (Sucu)) A (VY te set (butlast ts). chars-of-token t = []))

lemma limit-Append-path-nonelem-split: p € limit (Append T k) (P ku) = p ¢
Pku—
3 qts. p=qQts A g € P ku A charslength ¢ = k N admissible (¢Qts) A (V t
€ setts.t € T) A
(V t € set (butlast ts). chars-of-token t = [])
proof (induct rule: limit-induct)
case (Init p) thus ?case by auto
next
case ([terate p Y)
show ?Zcase
proof (casesp € Y)
case True
from Iterate(1)[OF True Iterate(3)] show ?thesis by blast
next
case Fulse
with Append-def Iterate(2)
have 3 ¢ t. p = qQ[t] A g € by-length k' Y At € T A admissible (¢ @ [¢]) by
auto
then obtain ¢ ¢t where ¢t: p = ¢Q[t] A ¢ € by-length k' Y ANt € T A admissible
(g @ [1]
by blast
from ¢t have glen: charslength ¢ = k by auto
have g € PkuV q ¢ P ku by blast
then show ?thesis
proof (induct rule: disjCases2)
case I
show ?case
apply (rule-tac z=q in exl)
apply (rule-tac z=[t] in exl)
using glen by (simp add: qt 1)
next
case 2
have ¢-in-Y: g € Y using ¢t by auto
from Iterate(1)[OF g-in-Y 2]
obtain ¢’ ts where
q'tss q=q' Qts A q' € P kuA charslength ¢/ = k A (Vi€set ts. t € T) A
(V teset(butlast ts). chars-of-token t = [])
by blast
with glen have charslength ts = 0 by auto
hence empty: ¥V ¢ € set(ts). chars-of-token t = ||
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apply (induct ts)
by auto
show ?case
apply (rule-tac z=q’ in exl)
apply (rule-tac z=tsQlt] in exl)
using ¢t ¢'ts empty by auto
qed
qed
qed

lemma limit- Append-path-nonelem-split':
p € limit (Append (Z k (Suc w)) k) (Pku) = p ¢ Pku—=
3 q ts. p = qQts A is-continuation k u q ts

apply (simp only: is-continuation-def)

apply (rule-tac limit-Append-path-nonelem-split)

by auto

lemma final-step-of-path: p € P ku = p # || = (3 qts k' v'. p = ¢Qits A
indexlt k' v’ k u
A is-continuation k' u’ q ts)
proof (induct rule: P-induct)
case (Induct p k u)
from Induct(2) Induct(3) have ku-0: k > 0V u > 0
using nonempty-path-indices by blast
show ?Zcase
proof (cases u = 0)
case True
with ku-0 have k-0: k > 0 by arith
with True Induct(2) base-paths have 3 u’. p € P (k — 1) u’ by auto
then obtain u’ where v p € P (k — 1) u’ by blast
have indezlt: indexlt (k — 1) v’ k u by (simp add: indexlt-simp k-0)
from Induct(1)[OF u' indexlt Induct(3)] show ?thesis
using indexlt indexlt-trans by blast
next
case Fulse
then have 3 u’. u = Suc u’ by arith
then obtain v’ where u”: v = Suc u’ by blast
with Induct(2) have p-limit: p € limit (Append (Z k (Suc u")) k) (P k u’)
using P.simps(2) by blast
from v’ have indezlt: indezlt k v’ k u by (simp add: indexlt-simp)
have p e P ku'V p ¢ Pk u' by blast
then show ?thesis
proof (induct rule: disjCases2)
case I
from Induct(1)[OF 1 indexlt Induct(3)] show ?case
using indezlt indexlt-trans by blast
next
case 2
from limit- Append-path-nonelem-split'|OF p-limit 2]



show ?case using indexlt v’ by auto
qed
qed
qed

lemma terminals-empty[simp]: terminals [| = []
by (auto simp add: terminals-def)

lemma empty-in-Lp[simp]: [| € Lp
apply (simp add: Lp-def is-derivation-def)
apply (rule-tac z=[S] in exl)
by simp

lemma admissible-empty|[simp): admissible ]
by (auto simp add: admissible-def)

lemma ‘PB-are-admissible: p € P = admissible p
proof (induct rule: P-induct)
case Base thus ?case by simp
next
case (Induct p k u)
from Induct(2)[simplified] show ?case
proof (induct rule: limit-induct)
case (Init p) from Induct(1)[OF Init] show Zcase .
next
case (Iterate p Y)
have Y (Z ku) (P ku) k C X k by (metis Z.simps(2) Z-subset-X)
then have 1: Append (¥ (Z ku) (P ku) k) kY C Append (X k) kY
by (rule Append-mono, simp)
have 2: p € Append (X k) k' Y = admissible p
apply (auto simp add: Append-def)
by (simp add: Iterate)
show ?Zcase
apply (rule 2)
using 1 Iterate(2) by blast
qed
qed

lemma prefiz-of-empty-is-empty: is-prefix q || = q =[]
by (metis is-prefiz-cons neq-Nil-conv)

lemma subset-P :
assumes leq: k' < kV (K'=k A u' < u)
shows P k'u' C P ku
proof —
from leq show ?thesis
proof (induct rule: disjCases2)
case I
have s1: P k' v’ C Q k' by (rule-tac subset-PQk)

76
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have s2: Q k' C Q (k— 1)
apply (rule-tac subset-Q)
using 1 by arith
from subset-QP Suc[where k=k — 1] 1 have s3: Q (k — 1) C P k0
by simp
have s4: P k 0 C P k u by (rule-tac subset-Pk, simp)
from s1 s2 s3 s4 subset-trans show ?case by blast
next
case 2 thus ?case by (simp add : subset-Pk)
qged
qged

lemma empty-path-is-elem[simp]: [| € P k u
proof —

have [| € P 0 0 by simp

then show [| € P k u by (metis le0 not-gr0 subsetCE subset-P)
qed

lemma is-prefiz-of-append:
assumes is-prefiz p (a@Qb)
shows is-prefic p a V (3 b". b' £ [| A is-prefic ' b A p = a@Qb’)
apply (auto simp add: is-prefiz-def)
by (metis append-Nil2 append-eg-append-conv2 assms is-prefiz-cancel is-prefiz-def)

lemma prefiz-is-continuation: is-continuation k u p ts = is-prefix ts' ts =
is-continuation k u p ts’

apply (auto simp add: is-continuation-def is-prefiz-def)

apply (metis Lp-split admissible-def append-assoc terminals-append)

using in-set-butlast-appendl by fastforce

lemma charslength-0: (V t € set ts. chars-of-token t = []) = (charslength ts = 0)
by (induct ts, auto)

lemma is-continuation-in-P: is-continuation k u p ts = pQts € P k (Suc u)
proof (induct ts rule: rev-induct)
case Nil thus Zcase
apply (auto simp add: is-continuation-def)
using subset-PSuc by fastforce
next
case (snoc t ts)
from snoc(2) have is-continuation k u p ts
by (metis append-Nil2 is-prefiz-cancel is-prefiz-empty prefiz-is-continuation)
note induct = snoc(1)[OF this]
then have pts: pQts € limit (Append (Z k (Suc w)) k) (P k u) by simp
note is-cont = snoc(2)
then have admissible: admissible (p@tsQ[t]) by (simp add: is-continuation-def)
from is-cont have t: t € Z k (Suc u) by (simp add: is-continuation-def)
from is-cont have V t € set ts. chars-of-token t = [| by (simp add: is-continuation-def)
then have charslength-ts: charslength ts = 0 by (simp only: charslength-0)
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from is-cont have plen: charslength p = k by (simp add: is-continuation-def)

show ?Zcase

apply (simp only: P.simps)
apply (rule-tac limit-step-pointwise[ OF pts])
apply (simp add: pointwise-Append)
apply (auto simp add: Append-def)
apply (rule-tac z=fst ¢t in exl)
apply (rule-tac z=snd t in exl)
apply (auto simp add: admissible)
using charslength-ts apply simp
using plen apply simp
using ¢t by simp

qed

lemma indexlt-subset-P: indexlt k' v’ kv = P k' (Suc uv’) CP ku
apply (rule-tac subset-P)

apply (simp add: indexlt-simp)

apply arith

done

lemma prefizes-are-paths: p € P ku = is-prefitcp =z € P ku
proof (induct arbitrary: x rule: P-induct)
case (Induct p k u)
show ?Zcase
proof (cases p = [])
case True
then have z = ||
using Induct.prems prefiz-of-empty-is-empty by blast
then show z € P k u by simp
next
case False
from final-step-of-path|OF Induct(2) False]

obtain ¢ ts k' u’ where step: p = ¢Qits A indezlt k' v’ k u N is-continuation

k'u' qts
by blast
have subset: P k' v' C P ku
by (metis indezlt-simp less-or-eq-imp-le step subset-P)
have is-prefiz x q V (3 ts’. ts' # [| A is-prefix ts' ts A x = qQts’)
apply (rule-tac is-prefiz-of-append)
using Induct(3) step by auto
then show ?thesis
proof (induct rule: disjCases2)
case [
have z: z € P k' v’
using I Induct step by (auto simp add: is-continuation-def)
then show z € P k u using subset subsetCE by blast
next
case 2
then obtain ¢s’ where ts”: is-prefiz ts’ ts A z = qQis’ by blast
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have is-continuation k' v’ q ts’ using step prefiz-is-continuation ts’ by blast

with ¢s’ have z € P k' (Suc u’)
apply (simp only: ts’)
apply (rule-tac is-continuation-in-P)
by simp

with subset show x € P k u using indexlt-subset-P step by blast

qed
qed
qed

lemma empty-or-last-of-suffix:
assumes ¢ = ¢’ @ [¢]
assumes ¢ = p Q ts
shows ts = [| V (3 ts’. ¢/ = p @ ts' A ts'Q[t] = ¢s)
by (metis assms(1) assms(2) butlast-append last-appendR snoc-eq-iff-butlast)

lemma is-prefiz-butlast: is-prefix q (butlast p) = is-prefiz q p
by (metis butlast-conv-take is-prefix-append is-prefiz-def is-prefiz-take)

lemma last-step-of-path:
gEPku—=— ¢q=qQ[t] =
3 k" uw' indexlt k' u' ku A g € Pk’ (Suc u’) A charslength ¢’ = k' Nt € Z k'
(Suc u')
proof (induct arbitrary: q' t rule: P-induct)
case (Induct q k u)
have 3 p ts k' u'. ¢ = pQts A indexlt k' u’' k u A is-continuation k' v’ p ts
apply (rule-tac final-step-of-path)
apply (simp add: Induct(2))
apply (simp add: Induct(3))
done
then obtain p ts k' v’ where pts: ¢ = pQts A indexlt k' v’ k u A is-continuation
k' u' pts
by blast
then have indexlt: indezit k' v’ k u by auto
from pts have ts =[] V (3 ts’. ¢/ = p Q ts' A ts'Qt] = ts)
by (metis empty-or-last-of-suffix Induct(3))
then show ?Zcase
proof (induct rule: disjCases2)
case I
with pts have ¢: ¢ € P k' v’ by (auto simp add: is-continuation-def)
from Induct(1)[OF this indexlt Induct(3)] show ?case
using indezlt indexlt-trans by blast
next

case 2
then obtain ¢s’ where ts: ¢’ = p Q ts’ A ¢s'Q[¢] = ts by blast
then have is-prefiz ts’ ts using is-prefiz-def by blast
then have is-continuation k' v’ p ts' by (metis prefiz-is-continuation pts)
have charslength ts’ = 0 using charslength-0 is-continuation-def pts ts’ by
auto
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then have q'len: charslength q' = k' using is-continuation-def pts ts’ by
auto
have t € set ts using ts’ by auto
with pts have t-in-Z: t € Z k' (Suc u’) using is-continuation-def by blast
have ¢-dom: ¢ € P k' (Suc u') using pts is-continuation-in-P by blast
show ?Zcase
apply (rule-tac z=Fk" in exl)
apply (rule-tac z=u’ in exl)
by (simp only: indexlt q'len t-in-Z g¢-dom)
qed
qged

lemma charslength-of-butlast-0: p € P k 0 = p = ¢qQ[t] = charslength q < k
using last-step-of-path LocalLexing-axioms indexlt-simp by blast

lemma charslength-of-butlast: p € P k w = p = ¢qQ[t] = charslength ¢ < k
by (metis indexlt-simp last-step-of-path eq-imp-le less-imp-le-nat)

lemma last-token-of-path:
assumes ¢ € P k u
assumes ¢ = ¢'Q¢]
assumes charslength q' = k
shows t € Z ku
proof —
from assms have 3 k' v’. indexlt k' v’ k u A g € P k' (Suc u’) A charslength q’
=k'A
t € Z k' (Suc u') using last-step-of-path by blast
then obtain k' u’ where th: indezlt k' v’ ku A g € P k' (Suc u’) A charslength
g =k N
t € Z k' (Suc u’) by blast
with assms(3) have k. k' = k by blast
with th have t € Z k' (Suc u') A v’ < u using indezlt-simp by auto
then show ?thesis
by (metis (no-types, opaque-lifting) Z-subset-Suc k' linorder-neqE-nat not-less-eq

subsetCE subset-fSuc-strict)
qed

lemma final-step-of-path”: p € Pku=—p ¢ Pk (u — 1) =
3 qgts. u> 0 N p= qQts A is-continuation k (u — 1) q ts
by (metis Suc-diff-1 P.simps(2) diff-0-eq-0 limit- Append-path-nonelem-split’ not-gr0)

lemma is-continuation-continue:
assumes is-continuation k u q ts
assumes charslength ts = 0
assumes t € Z k (Suc u)
assumes admissible (¢ Q ts @ [¢])
shows is-continuation k u q (tsQlt])
proof —
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from assms show ?thesis
by (simp add: is-continuation-def charslength-0)
qed

theorem compatibility-def:
assumes p-in-dom: p € P k u
assumes ¢-in-dom: ¢ € P k u
assumes p-charslength: charslength p = k
assumes g¢-split: ¢ = ¢'Q[t]
assumes q'len: charslength ¢/ = k
assumes admissible: admissible (p Q [t])
shows p Q [t] € P k u
proof —
have u: u > 0
proof (cases u = 0)
case True
then have charslength ¢’ < k
using charslength-of-butlast-0 q-in-dom g¢-split by blast
with ¢’len have Fualse by arith
then show ?thesis by blast
next
case Fulse
then show ?Zthesis by arith
qged
have t-dom: t € Z k u using last-token-of-path q'len g-in-dom g¢-split by blast
havepe Pk(u—1)Vp¢g Pk (u—1)by blast
then show ?thesis
proof (induct rule: disjCases2)
case I
with t-dom p-charslength admissible u have is-continuation k (v — 1) p [t]
by (auto simp add: is-continuation-def)
with u show pQ[i] € P ku
by (metis One-nat-def Suc-pred is-continuation-in-P)
next
case 2
from final-step-of-path’|OF p-in-dom 2]
obtain p’ ts where p”: p = p’ @ ts A is-continuation k (v — 1) p' ts
by blast
from p’ p-charslength is-continuation-def have charslength-ts: charslength ts
=0
by auto
from u have u” Suc (u — 1) = u by arith
have is-continuation k (v — 1) p’ (tsQ[¢])
apply (rule-tac is-continuation-continue)
using p’ apply blast
using charslength-ts apply blast
apply (simp only: u’ t-dom)
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using admissible p’ apply auto
done
from is-continuation-in-P[OF this] show ?Zcase by (simp only: p’ u', simp)
qed
qed

lemma is-prefix-admissible:

assumes is-prefiz a b

assumes admissible b

shows admissible a
proof —

from assms show ?thesis

by (auto simp add: is-prefiz-def admissible-def Lp-def)

qed

lemma butlast-split: n < length ¢ = butlast ¢ = (take n q)Q(drop n (butlast q))
by (metis append-take-drop-id take-butlast)

lemma in-P-charslength:
assumes p-dom: p € P ku
shows 3 v. p € P (charslength p) v
proof (cases charslength p > k)
case True
show ?thesis
apply (rule-tac z=u in ezl)
by (metis True le-neg-implies-less p-dom subsetCE subset-P)
next
case Fulse
then have charslength: charslength p < k by arith
have p =[] V p # [] by blast
thus ?thesis
proof (induct rule: disjCases2)
case I thus ?case by simp
next
case 2
from final-step-of-path|OF p-dom 2] obtain ¢ ts k' v’ where
step: p = q Q ts A indexlt k' v’ k u A is-continuation k' u’ q ts by blast
from step have k’: charslength q = k' using is-continuation-def by blast
from step have charslength ¢ < charslength p by simp
with k' have k"2 k' < charslength p by simp
from step have p € P k' (Suc u’) using is-continuation-in-P by blast
with k£’ have p € P (charslength p) (Suc u’)
by (metis le-neq-implies-less subsetCE subset-P)
then show ?Zcase by blast
qed
qed

theorem general-compatibility:
pE€Pku=— g€ P ku=> charslength p = charslength (take n q)
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= charslength p < k = admissible (p @Q (drop n q)) = p @ (drop n q) €

Pku

proof (induct length ¢ — n arbitrary: p g n k u)
case ()
from 0 have 0 = length ¢ — n by auto
then have n: n > length q by arith
then have drop n ¢ = [| by auto
then show Zcase by (simp add: 0.prems(1))

next

case (Suc )
have n > length q V n < length q by arith
then show ?Zcase
proof (induct rule: disjCases2)
case [

then have drop n ¢ = [] by auto
then show ?case by (simp add: Suc.prems(1))

next
case 2

then have length ¢ > 0 by auto
then have g¢-nonempty: ¢ # [| by auto
let 2¢’ = butlast q
from g-nonempty Suc(2) have hi: | = length ¢’ — n by auto
have h2: 2¢' € P ku
by (metis Suc.prems(2) butlast-conv-take is-prefiz-take prefizes-are-paths)
have h3: charslength p = charslength (take n 2q”)
using 2.hyps Suc.prems(3) take-butlast by force
have is-prefix (p @ drop n 2q’) (p @ drop n q)
by (simp add: butlast-conv-take drop-take)
note hj = is-prefix-admissible] OF this Suc.prems(5)]
note induct = Suc(1)[OF h1 Suc(8) h2 h8 Suc.prems(4) h{]
let ?p’ = p Q (drop n (butlast q))
from induct have ?p’ € P k u .
let ?i = charslength ?p’
have charslength-i[symmetric|: charslength ?¢' = i
using Suc.prems(3) apply simp
apply (subst butlast-split| OF 2])
by simp
have g¢-split: ¢ = 2¢'Q[last q] by (simp add: g-nonempty)
with Suc.prems(2) charslength-of-butlast have charslength-q': charslength

<k

by blast
from ¢-nonempty have p'last: ?p'Q[last q] = pQ(drop n q)

by (metis 2.hyps append-assoc drop-eq-Nil drop-keep-last not-le q-split)
have % < k by (simp only: charslength-i charslength-q”)
then have % = k' V % < k by auto
then show ?case
proof (induct rule: disjCases2)

case !

have charslength-q': charslength ?q' = k using charslength-i[symmetric]
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1 by blast
from compatibility-def[OF induct Suc.prems(2) 1 g-split charslength-q']
show ?case by (simp only: p’last Suc.prems(5))
next
case 2
from in-P-charslength|OF induct]
obtain vl where v1: ?p’ € P % vl by blast
from last-step-of-path|OF Suc.prems(2) g-split)
have 3 u. ¢ € P % u by (metis charslength-7)
then obtain v2 where v2: ¢ € P % v2 by blast
let v = maz vl v2
have v1 < 2v by auto
with v1 have doml1: ?p' € P ?i ?v by (metis (no-types, opaque-lifting)
subsetCE subset-Pk)
have v2 < %0 by auto
with v2 have dom2: ¢ € P ?i 2v by (metis (no-types, opaque-lifting)
subsetCE subset-Pk)
from compatibility-def[OF dom1 dom?2 - ¢-split]
have p Q dropn q € P 2 %v
by (simp only: p'last charslength-i[symmetric] Suc.prems(5))
then show p @ drop n ¢ € P k u by (meson 2.hyps subsetCE subset-P)
qged
qed
qed

lemma wellformed-item-derives:
assumes wellformed: wellformed-item x
shows derives [item-nonterminal x| (item-rhs x)
proof —
from wellformed have (item-nonterminal x, item-rhs z) € R
by (simp add: item-nonterminal-def item-rhs-def wellformed-item-def)
then show ?thesis
by (metis append-Nil2 derives1-def derivesl-implies-derives is-sentence-concat
rule-a-type self-append-conv2)
qed

lemma wellformed-complete-item-(:
assumes wellformed: wellformed-item x
assumes complete: is-complete x
shows item-3 z = ||

using complete is-complete-def item-3-def by auto

lemma wellformed-complete-item-derives:

assumes wellformed: wellformed-item x

assumes complete: is-complete x

shows derives [item-nonterminal x| (item-a x)
using complete is-complete-def item-a-def wellformed wellformed-item-derives by
auto
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lemma is-derivation-implies-admissible:
is-derivation (terminals p Q §) = is-word (terminals p) = admissible p
using Lp-def admissible-def by blast

lemma item-rhs-of-inc-item[simpl: item-rhs (inc-item x k) = item-rhs
by (auto simp add: inc-item-def item-rhs-def)

lemma item-rule-of-inc-item[simp)|: item-rule (inc-item x k) = item-rule x
by (simp add: inc-item-def)

lemma item-origin-of-inc-item[simp|: item-origin (inc-item = k) = item-origin
by (simp add: inc-item-def)

lemma item-end-of-inc-item|[simpl: item-end (inc-item z k) = k
by (simp add: inc-item-def)

lemma item-dot-of-inc-item[simp): item-dot (inc-item x k) = (item-dot x) + 1
by (simp add: inc-item-def)

lemma item-nonterminal-of-inc-item[simp]: item-nonterminal (inc-item z k) =
item-nonterminal x
by (simp add: inc-item-def item-nonterminal-def)

lemma wellformed-inc-item:
assumes wellformed: wellformed-item x
assumes next-symbol: next-symbol r = Some s
assumes k-upper-bound: k < length Doc
assumes k-lower-bound: k > item-end x
shows wellformed-item (inc-item x k)
proof —
have k-lower-bound’: k > item-origin
using k-lower-bound wellformed wellformed-item-def by auto
show ?thesis
apply (auto simp add: wellformed-item-def k-upper-bound k-lower-bound’)
using wellformed wellformed-item-def apply blast
using is-complete-def next-symbol next-symbol-not-complete not-less-eq-eq by
blast
qged

lemma item-a-of-inc-item:
assumes wellformed: wellformed-item x
assumes next-symbol: next-symbol r = Some s
shows item-a (inc-item x k) = item-a © Q [
by (metis (mono-tags, lifting) item-dot-of-inc-item item-rhs-of-inc-item
One-nat-def add.right-neutral add-Suc-right is-complete-def item-a-def item-S-def

le-neg-implies-less list.sel( 1) next-symbol next-symbol-not-complete next-symbol-starts-item-

take-hd-drop wellformed wellformed-item-def)
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lemma derivesi-pad:
assumes derivesl: derivesl « f3
assumes u: is-sentence u
assumes v: is-sentence v
shows derives! (uQa@Qu) (v@BQu)
proof —
from derives! have
Jzy NS a=zQ[NJQyAB=2QfQy A is-sentence x A is-sentence y
A(N,d) eR
by (auto simp add: derivesI-def)
then obtain z y N § where
lta=2Q[NJQyAB=2Q0¢QyA is-sentence x A is-sentence y A (N, §)
€ R by blast
show ?thesis
apply (simp only: derivesl-def)
apply (rule-tac z=u@z in exl)
apply (rule-tac z=yQv in ezl)
apply (rule-tac z=N in exl)
apply (rule-tac =94 in exl)
using 1 u v is-sentence-concat by auto
qged

lemma derives-pad:
derives a f = is-sentence u = is-sentence v => derives (uQaQv) (vQFQYV)
proof (induct rule: derives-induct)
case Base thus ?case by simp
next
case (Step y z)
from Step have 1: derives (u@Qa@v) (uQy@Qu) by auto
from Step have 2: derives! y z by auto
then have derives! (uQyQu) (u@zQu) by (simp add: Step.prems derivesI-pad)

then show ?case
using 1 derivesi-implies-derives derives-trans by blast
qed

lemma derives1-is-sentence: derivesl o 3 = is-sentence a A is-sentence f3
using DerivesI-sentencel Derivesl-sentence?2 derivesI-implies-Derivesl by blast

lemma derives-is-sentence: derives o f§ = (o = ) V (is-sentence a A is-sentence
)
proof (induct rule: derives-induct)

case Base thus ?case by simp
next

case (Step y z)

show ?case using Step.hyps(2) Step.hyps(3) derivesi-is-sentence by blast

qed
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lemma derives-append:
assumes au: derives a u
assumes bv: derives b v
assumes is-sentence-a: is-sentence a
assumes is-sentence-b: is-sentence b
shows derives (a@b) (u@Qu)
proof —
from au have a = u V (is-sentence a A is-sentence u)
using derives-is-sentence by blast
then have au-sentences: is-sentence a N is-sentence u using is-sentence-a by
blast
from bv have b = v V (is-sentence b A is-sentence v)
using derives-is-sentence by blast
then have bv-sentences: is-sentence b N\ is-sentence v using is-sentence-b by
blast
have 1: derives (a@b) (u@b)
apply (rule-tac derives-pad[OF au, where u=[|, simplified])
using is-sentence-b by auto
have 2: derives (u@b) (u@Qu)
apply (rule-tac derives-pad[OF bv, where v=[], simplified))
apply (simp add: au-sentences)
done
from 1 2 derives-trans show ?thesis by blast
qed

lemma is-sentence-item-a: wellformed-item © —> is-sentence (item-« )
by (metis is-sentence-take item-a-def item-rhs-def prod.collapse rule-a-type well-
formed-item-def)

lemma is-nonterminal-item-nonterminal: wellformed-item © —> is-nonterminal
(item-nonterminal x)
by (metis item-nonterminal-def prod. collapse rule-nonterminal-type wellformed-item-def)

lemma Complete-elem-in-Gen:
assumes [-in-Gen: I C Gen (P k u)
assumes k: k < length Doc
assumes z-in-Complete: © € Complete k I
shows z € Gen (P k u)
proof —
let P =P ku
from z-in-Complete have x € I V (3 z1 22. © = inc-item z1 k N
z1 € bin I (item-origin x2) A z2 € bin I k A is-complete 2 A
next-symbol 1 = Some (item-nonterminal 12))
by (auto simp add: Complete-def)
then show ?thesis
proof (induct rule: disjCases2)
case 1 thus ?case using I-in-Gen subsetCE by blast
next
case 2
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then obtain z! z2 where z12: x = inc-item x1 k A
xzl € bin I (item-origin x2) A\ 2 € bin I k A is-complete 2 N
next-symbol £1 = Some (item-nonterminal £2) by blast
from z12 have 3 pl p2. p1 € ?P A pvalid pl z1 N p2 € ?P A pvalid p2 x2
by (meson Gen-implies-pvalid I-in-Gen bin-elem subsetCE)
then obtain p7 p2 where p1: pl € ?P A pvalid pl x1 and p2: p2 € ?P A
pualid p2 x2
by blast
from p! obtain w 6 where plvalid:
wellformed-tokens p1 A
wellformed-item x1 A
w < length p1 A
charslength p1 = item-end z1 A
charslength (take w p1) = item-origin x1 A
is-derivation (terminals (take w p1) @ [item-nonterminal x1] @ §) A
derives (item-a z1) (terminals (drop w pl))
using pvalid-def by blast
from p2 obtain y v where p2valid:
wellformed-tokens p2 A
wellformed-item z2 A
y < length p2 A
charslength p2 = item-end z2 N
charslength (take y p2) = item-origin 2 A
is-derivation (terminals (take y p2) Q [item-nonterminal 2] @ ) A
derives (item-a x2) (terminals (drop y p2))
using pvalid-def by blast
let r = p1 @ (drop y p2)
have charslength-p1-eq: charslength pl = item-end z1 by (simp only: plvalid)
from z12 have item-end-z1: item-end x1 = item-origin x2
using bin-def mem-Collect-eq by blast
have item-end-z2: item-end z2 = k using bin-def 12 by blast
then have charslength-p1-leq: charslength p1 < k
using charslength-p1-eq item-end-z1 p2valid wellformed-item-def by auto
have 3§". item- x1 = [item-nonterminal z2] @ §’
by (simp add: next-symbol-starts-item-5 plvalid x12)
then obtain §’ where 0’ item-§ z1 = [item-nonterminal 2] Q 6’ by blast
have is-derivation ((terminals (take w p1))Q(item-rhs x1)Q0)
using is-derivation-derives plvalid wellformed-item-derives by blast
then have is-derivation ((terminals (take w p1))Q(item-a z1 Q jtem-f x1)Q4)
by (simp add: item-rhs-split)
then have is-derivation ((terminals (take w p1))Q((terminals (drop w pl)) @
item-0 x1)QJ)
using is-derivation-derives plvalid by auto
then have is-derivation ((terminals p1)Q(item-3 x1)QJ)
by (metis append-assoc append-take-drop-id terminals-append)
then have is-derivation ((terminals p1)Q([item-nonterminal 2] @ §")@Q0)
using is-derivation-derives ' by auto
then have is-derivation ((terminals p1)Q(terminals (drop y p2)) @ ¢’ QJ)
using is-complete-def is-derivation-derives is-derivation-step item-c-def
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item-nonterminal-def item-rhs-def p2valid wellformed-item-def 12 by auto
then have is-derivation (terminals (p1 Q (drop y p2)) @ (6’ @ §)) by simp
then have admissible-r: admissible (p1 Q (drop y p2))
apply (rule-tac is-derivation-implies-admissible)
apply auto
apply (rule is-word-terminals)
apply (simp add: plvalid)
using p2valid using is-word-terminals-drop terminals-drop by auto
have r-in-dom: ?r € P k u
apply (rule-tac general-compatibility)
apply (simp add: p1)
apply (simp add: p2)
apply (simp only: p2valid charslength-p1-eq item-end-z1)
apply (simp only: charslength-p1-leq)
by (simp add: admissible-r)
have wellformed-r: wellformed-tokens ?r
using admissible-r admissible-wellformed-tokens by blast
have wellformed-z: wellformed-item x
apply (simp add: z12)
apply (rule-tac wellformed-inc-item)
apply (simp add: plvalid)
apply (simp add: z12)
apply (simp add: k)
using charslength-p1-eq charslength-p1-leq by auto
have charslength-p1-as-p2: charslength p1 = charslength (take y p2)
using charslength-p1-eq item-end-z1 p2valid by linarith
then have charslength-r: charslength ?r = item-end x
apply (simp add: z12)
apply (subst length-append[symmetric])
apply (subst chars-append|symmetric))
apply (subst append-take-drop-id)
using item-end-z2 p2valid by auto
have item-a-z: item-oc x = item-a x1 Q [item-nonterminal 2]
using 212 plvalid by (simp add: item-a-of-inc-item)
from p2valid have derives-item-nonterminal-z2:
derives [item-nonterminal x2] (terminals (drop y p2))
using derives-trans wellformed-complete-item-derives x12 by blast
have pvalid ?r z
apply (auto simp only: pvalid-def)
apply (rule-tac z=w in exI)
apply (rule-tac =4 in ezl)
apply (auto simp only:)
apply (simp add: wellformed-r)
apply (simp add: wellformed-z)
using plvalid apply simp
apply (simp only: charslength-r)
using z12 plvalid apply simp
using z12 plvalid apply simp
apply (simp add: item-a-x)
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using plvalid apply simp
using derives-item-nonterminal-z2 plvalid apply auto[1]
using is-sentence-item-a plvalid apply blast
using is-derivation-is-sentence is-sentence-concat p2valid by blast
with r-in-dom show ?case using Gen-def mem-Collect-eq by blast
qed
qed

lemma Complete-subset-Gen:
assumes [I-in-Gen-P: I C Gen (P k u)
assumes k: k < length Doc
shows Complete k I C Gen (P k u)
using Complete-elem-in-Gen I-in-Gen-P k by blast

lemma P-are-admissible: p € P k uw = admissible p
apply (rule-tac P-are-admissible)
using P-covers-P subsetCE by blast

lemma is-continuation-base:
assumes p-dom: p € P ku
assumes charslength-p: charslength p = k
shows is-continuation k u p ||
apply (auto simp add: is-continuation-def)
apply (simp add: p-dom)
using charslength-p apply simp
using P-are-admissible p-dom by blast

lemma is-continuation-empty-chars:
is-continuation k u q ts = charslength (¢qQts) = k = chars ts = []
by (simp add: is-continuation-def)

lemma Z-subset: u < v—Z kuC Z kv
using Z-subset-Suc subset-fSuc by blast

lemma is-continuation-increase-u:
assumes cont: is-continuation k u q ts
assumes uv: u < v
shows is-continuation k v q ts
proof —
have ¢ € P k u using cont is-continuation-def by blast
with wv have ¢-dom: ¢ € P k v by (meson subsetCE subset-Pk)
from uv have Z: A t.t € Z k (Suc u) =t € Z k (Suc v)
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using Z-subset le-neq-implies-less less-imp-le-nat not-less-eq subsetCE by blast

show ?thesis
apply (auto simp only: is-continuation-def)
apply (simp add: q-dom)
using cont is-continuation-def apply simp
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using cont is-continuation-def apply simp
using cont is-continuation-def Z apply simp
using cont is-continuation-def apply (simp only:)
done

qed

lemma puvalid-next-symbol-derivable:
assumes puvalid: pvalid p x
assumes next-symbol: next-symbol r = Some s
shows 3 §. is-derivation((terminals p)Q[s]@Q0)
proof —
from pwalid pvalid-def have wellformed-x: wellformed-item x by auto
from next-symbol-starts-item-B| OF wellformed-z next-symbol]
obtain w where w: item-8 z = [s] @ w by auto
from pualid have 3 . is-derivation((terminals p)Q(item-f x)@Q~)
using pvalid-is-derivation-terminals-item-3 by blast
then obtain v where is-derivation((terminals p)Q(item-§ x)@Q~) by blast
with w have is-derivation((terminals p)Q[s|@Qw@~y) by auto
then show ?thesis by blast
qed

lemma pualid-admissible:
assumes puvalid: pvalid p x
shows admissible p
proof —
have 3 4. is-derivation((terminals p)Q(item-8 x)Q0)
by (simp add: pvalid pvalid-is-derivation-terminals-item-3)
then obtain § where §: is-derivation((terminals p)Q(item-8 z)QJ) by blast
have is-word: is-word (terminals p)
using pvalid-def is-word-terminals pvalid by blast
show ?thesis using § is-derivation-implies-admissible is-word by blast
qed

lemma pualid-next-terminal-admissible:
assumes puvalid: pvalid p x
assumes next-symbol: next-symbol z = Some t
assumes terminal: is-terminal t
shows admissible (pQ[(t, ¢)])
proof —
have is-word (terminals p)
using is-word-terminals pvalid pvalid-def by blast
then show ?thesis
using is-derivation-implies-admissible next-symbol pvalid pvalid-next-symbol-derivable

terminal by fastforce
qed

lemma X-wellformed: t € X k = wellformed-token t
by (simp add: X -are-terminals wellformed-token-def)
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lemma Z-wellformed: t € Z k u => wellformed-token t
using X -wellformed Z-subset-X by blast

lemma Scan-elem-in-Gen:
assumes I-in-Gen: I C Gen (P k u)
assumes k: k < length Doc
assumes T: T C Z ku
assumes z-in-Scan: © € Scan T k I
shows z € Gen (P k u)
proof —
have u =0 =z €1
proof —
assume u = 0
then have Z k u = {} by simp
then have T = {} using T by blast
then have Scan T k I = I by (simp add: Scan-empty)
then show z € I using z-in-Scan by simp
qed
then have x € IV (u> 0 A (3 y tc. = incitemy (k + length ¢) N y € bin
TEkEA
(t, ¢) € T A neat-symbol y = Some t)) using z-in-Scan Scan-def by auto
then show ?thesis
proof (induct rule: disjCases2)
case [ thus ?case using I-in-Gen by blast
next
case 2
then obtain y t ¢ where z-is-scan: © = inc-item y (k + length ¢) A y € bin I
kA
(t, ¢) € T A next-symbol y = Some t by blast
have u-gt-0: 0 < u using 2 by blast
have 3 p € P k u. pvalid p y using Gen-implies-pvalid I-in-Gen bin-elem
z-is-scan by blast
then obtain p where p: p € P k u A pualid p y by blast
have p-dom: p € P k u using p by blast
from p pualid-def z-is-scan have charslength-p: charslength p = k
using bin-def mem-Collect-eq by auto
obtain tok where tok: tok = (¢, ¢) using z-is-scan by blast
have tok-dom: tok € Z k u using tok z-is-scan T by blast
have p =[] V p # || by blast
then have 3 g tsu’. p = qQts A v’ < u A charslength ts = 0 A is-continuation
ku'qts
proof (induct rule: disjCases2)
case 1 thus ?case
apply (rule-tac z=p in exl)
apply (rule-tac =[] in exl)
apply (rule-tac z=0 in exl)
apply (simp add: 2 is-continuation-def)
using charslength-p by simp
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next
case 2
from final-step-of-path|OF p-dom 2] obtain ¢ ts k/ u’
where final-step: p = q Q ts A indexlt k' u' k u A is-continuation k' u’ q ts
by blast
then have k’ < k using indexlt-simp by auto
then have k' < k V k' = k by arith
then show ?case
proof (induct rule: disjCases2)
case I
have p € Pk’ (Suc u') using final-step is-continuation-in-P by blast
then have p-dom: p € P k 0 by (meson 1 subsetCE subset-P)
with charslength-p have is-continuation k 0 p [| using is-continuation-base
by blast
then show Zcase
apply (rule-tac z=p in exl)
apply (rule-tac z=[] in exl)
apply (rule-tac =0 in exI)
apply (simp add: u-gt-0)
done
next
case 2
with final-step indexli-simp have u’ < u by auto
then show ?case
apply (rule-tac z=gq in exl)
apply (rule-tac z=ts in exl)
apply (rule-tac z=u’ in exl)
using final-step 2 apply auto
using charslength-p is-continuation-empty-chars by blast
qed
qed
then obtain ¢ ts u’ where
p-split: p = qQts A u’ < u A charslength ts = 0 A is-continuation k u’ q ts
by blast
then have 3 u”. v’ < u'' A Suc u” = u by (auto, arith)
then obtain v’ where v’ u’ < v A Suc u" = u by blast
with p-split have cont-u': is-continuation k u'’ q ts
using is-continuation-increase-u by blast
have admissible: admissible (pQ[tok])
apply (simp add: tok)
apply (rule-tac pvalid-next-terminal-admissiblelwhere z=y|)
apply (simp add: p)
apply (simp add: z-is-scan)
using Z-wellformed tok tok-dom wellformed-token-def by auto
have is-continuation k v’ q (tsQ[tok])
apply (rule is-continuation-continue)
apply (simp add: cont-u'’)
using p-split apply simp
using u'’ tok-dom apply simp
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using admissible p-split by auto
with p-split u"’ have ptok-dom: pQtok] € P k u
using append-assoc is-continuation-in-P by auto
from p obtain ¢ v where valid:
wellformed-tokens p N
wellformed-item y N
i < length p A
charslength p = item-end y A
charslength (take i p) = item-origin y A
is-derivation (terminals (take i p) Q [item-nonterminal y] Q v) A
derives (item-a y) (terminals (drop i p)) using puvalid-def by blast
have clen-ptok: k + length ¢ = charslength (pQltok])
using charslength-p tok by simp
from ptok-dom have ptok-doc-tokens: doc-tokens (p@[tok])
using PB-are-doc-tokens PB-covers-P rev-subsetD by blast
have wellformed-z: wellformed-item z
apply (simp add: z-is-scan)
apply (rule-tac wellformed-inc-item)
apply (simp add: valid)
apply (simp add: z-is-scan)
apply (simp only: clen-ptok)
using ptok-doc-tokens charslength.simps doc-tokens-length apply presburger
apply (simp only: clen-ptok)
using valid by auto
have puvalid (pQ[tok])
apply (auto simp only: pvalid-def)
apply (rule-tac z=i in exl)
apply (rule-tac =y in exl)
apply (auto simp only:)
using ptok-dom admissible admissible-wellformed-tokens apply blast
apply (simp add: wellformed-z)
using valid apply simp
apply (simp add: z-is-scan clen-ptok)
using valid apply (simp add: z-is-scan)
using valid apply (simp add: z-is-scan)
using valid apply (simp add: z-is-scan)
apply (subst item-a-of-inc-item,)
using valid apply simp
using z-is-scan apply simp
apply (rule-tac derives-append)
apply simp
apply (simp add: tok)
using is-sentence-item-o apply blast
by (meson puvalid-next-symbol-derivable LocalLexing-axioms is-derivation-is-sentence

is-sentence-concat p z-is-scan)
with ptok-dom show ¢thesis
using Gen-def mem-Collect-eq by blast
qed



95

qed

lemma Scan-subset-Gen:
assumes [-in-Gen: I C Gen (P k u)
assumes k: k < length Doc
assumes T: T C Z ku
shows Scan T kI C Gen (P k u)
using I-in-Gen Scan-elem-in-Gen T k by blast

theorem thmD5:
assumes I: I C Gen (P k u)
assumes k: k < length Doc
assumes T: T C Z ku
shows 7 k T'I C Gen (P k u)
apply (simp add: w-def)
apply (rule-tac limit-upperbound)
using I k T Predict-subset-Gen Complete-subset-Gen Scan-subset-Gen apply metis
by (simp add: I)

end

end

theory TheoremD6
imports TheoremD5
begin

context LocalLexing begin

definition inc-dot :: nat = item = item
where
inc-dot d x = Item (item-rule x) (item-dot © + d) (item-origin x) (item-end x)

lemma inc-dot-0[simp]: inc-dot 0 x = x
by (simp add: inc-dot-def)

lemma Predict-mk-regqulari :
3 (P :: rule = item = bool) F. Predict k = mk-reqular! P F
proof —
let 2P = X\ r x:item. r € R A item-end © = k N next-symbol © = Some(fst r)
let F = X\ r (z:item). init-item r k
show ?thesis
apply (rule-tac x=2P in exl)
apply (rule-tac z=2F in exl)
apply (rule-tac ext)
by (auto simp add: mk-regular1-def bin-def Predict-def)
qed

lemma Complete-mk-reqular2:
3 (P :: dummy = item = item = bool) F. Complete k = mk-regular2 P F
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proof —
let 2P = A (r::dummy) z y. item-end © = item-origin y A item-end y = k A
is-complete y N\
next-symbol x = Some (item-nonterminal y)
let ?F = X (ri:dummy) z y. inc-item z k
show ?thesis
apply (rule-tac z=%P in exl)
apply (rule-tac z=%F in ezl)
apply (rule-tac ext)
by (auto simp add: mk-regular2-def bin-def Complete-def)
qged

lemma Scan-mk-requlari:
3 (P :: token = item = bool) F. Scan T k = mk-reqular! P F
proof —
let ?P = X (tok::token) (z::item). item-end x = k A tok € T A next-symbol x =
Some (fst tok)
let 7F = X (tok::token) (z::item). inc-item = (k + length (snd tok))
show ?thesis
apply (rule-tac x=2P in exl)
apply (rule-tac z=2F in exl)
apply (rule-tac ext)
by (auto simp add: mk-regular1-def bin-def Scan-def)
qed

lemma Predict-reqular: reqular (Predict k)
by (metis Predict-mk-regular! regularl)

lemma Complete-reqular: regular (Complete k)
by (metis Complete-mk-regular? regular2)

lemma Scan-regular: reqular (Scan T k)
by (metis Scan-mk-regular! regular!)

lemma 7-functional: m k T = limit ((Scan T k) o (Complete k) o (Predict k))
proof —
have 7 k T = limit (A I. Scan T k (Complete k (Predict k I)))
using 7w-def by blast
moreover have (A I. Scan T k (Complete k (Predict k I))) =
(Scan T k) o (Complete k) o (Predict k)
apply (rule ext)
by simp
ultimately show ?thesis by simp
qed

lemma 7-step-regular: regular ((Scan T k) o (Complete k) o (Predict k))
by (simp add: Complete-reqular Predict-reqular Scan-regular regular-comp)

lemma 7-regular: regular (7 k T)
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by (simp add: w-functional 7-step-reqular regular-limit)

lemma 7-fix: Scan T k (Complete k (Predict k (n kT 1)) =nk TI
using 7w-functional w-step-reqular regular-fixpoint by fastforce

lemma 7-fix”: ((Scan T k) o (Complete k) o (Predict k)) (n k TI)=n kTI
using 7w-functional w-step-regular reqular-fizpoint by fastforce

lemma setmonotone-cases:
assumes setmonotone f
shows fX =XV XCfX
using assms elem-setmonotone by fastforce

lemma distribute-fixpoint-over-setmonotone-comp:
assumes f: setmonotone f
assumes g: setmonotone g
assumes fizpoint: (fo g) I =1
shows fI=1Ngl=1
proof —
from setmonotone-cases|OF g, where X=I| show ?thesis
proof (induct rule: disjCases2)
case I
thus ?case using fixpoint by simp
next
case 2
with f have I C (fog) I
by (metis comp-apply fixpoint less-asym’ setmonotone-cases)
with fizpoint have Fulse by simp
then show ?case by blast
qed
qed

lemma distribute-fixpoint-over-setmonotone-comp-3:
assumes f: setmonotone f
assumes g: setmonotone g
assumes h: setmonotone h
assumes fizpoint: (fogoh) I =1
shows fI=ITANgl=1ANhI=1
by (meson distribute-fizpoint-over-setmonotone-comp f fizpoint g h setmonotone-comp)

lemma Predict-n-fix: Predictk (n k TI1)=nk T1I
by (meson Complete-regular Predict-reqular Scan-reqular w-fix’
distribute-fizpoint-over-setmonotone-comp-3 regqular-implies-setmonotone)

lemma Scan-w-fiz: Scan Tk (n kTI)=nkTI
by (meson Complete-reqular Predict-regular Scan-regular w-fiz’
distribute-fixpoint-over-setmonotone-comp-3 reqular-implies-setmonotone)

lemma Complete-m-fiz: Complete k (w k TI)=7n kT 1
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by (meson Complete-regular Predict-reqular Scan-reqular w-fix'
distribute-fizpoint-over-setmonotone-comp-3 regqular-implies-setmonotone)

lemma w-idempotent: 1 kT (m k TI)=nkTI
by (simp add: w-functional m-step-regular limit-is-idempotent)

lemma derivation-shift-identity[simp|: derivation-shift D 0 0 = D
by (simp add: derivation-shift-def)

lemma Derivation-skip-prefiz: Derivation (uQu) D w = derivation-ge D (length
u) =
Derivation v (derivation-shift D (length u) 0) (drop (length u) w)
proof (induct D arbitrary: u v w)
case Nil
thus ?case by (simp add: append-eg-conv-cony)
next
case (Cons d D)
from Cons have Jz. Derives! (uQu) (fst d) (snd d) x A Derivation © D w by
auto
then obtain z where z: Derives! (uQu) (fst d) (snd d) = A Derivation D
w by blast
from Cons have d: fst d > length v and D: derivation-ge D (length u)
using derivation-ge-cons apply blast
using Cons.prems(2) derivation-ge-cons by blast
have 3 z’. z = uQz' by (metis append-eq-conv-conj d le-Derives1-take x)
then obtain z’ where z: z = vQz’ by blast
show ?case
apply simp
apply (rule-tac x=z’ in exl)
using Cons.hyps D Derivesi-skip-prefiz d = x’ by blast
qed

lemma leftmost-skip-prefic: leftmost i (uQv) = i > length v = leftmost (i —
length u) v
by (simp add: leftmost-def less-diff-conv2 nth-append)

lemma LeftDerivation-skip-prefix: LeftDerivation (u@Quv) D w = derivation-ge D
(length u) =
LeftDerivation v (derivation-shift D (length u) 0) (drop (length u) w)
proof (induct D arbitrary: u v w)
case Nil
thus ?case by (simp add: append-eg-conv-cony)
next
case (Cons d D)
from Cons have Jz. LeftDerives! (uQu) (fst d) (snd d) z A LeftDerivation x
D w by auto
then obtain z where z: LeftDerives! (uQu) (fst d) (snd d) = A LeftDerivation
z D w by blast
from Cons have d: fst d > length v and D: derivation-ge D (length u)
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using derivation-ge-cons apply blast
using Cons.prems(2) derivation-ge-cons by blast
have 3 z’. z = u@Qz’
by (metis LeftDerives1-implies-Derives! append-eq-conv-conj d le-Derives1-take

then obtain z’ where z": © = uQz’ by blast
have leftmost: leftmost (fst d) (u@Qu) using LeftDerivesI-def x by blast
have 1: LeftDerives! v (fst d — length u) (snd d) z’
apply (auto simp add: LeftDerivesI-def)
apply (simp add: leftmost d leftmost-skip-prefix)
using DerivesI-skip-prefix LeftDerives1-implies-Derivesl d z x’ by blast
have 2: LeftDerivation x' (derivation-shift D (length w) 0) (drop (length u) w)
using Cons.hyps D z x' by blast
show ?case
apply simp
apply (rule-tac z=x' in exl)
using 1 2 by blast
qed

lemma splits-at-append: splits-at u i ul N u2 = splits-at (vQu) i ul N (u2Qv)
by (auto simp add: splits-at-def)

lemma LeftDerives1-append-leftmost-unique: LeftDerivesl (aQb) i r ¢ = leftmost
ja=—=1=]
by (meson LeftDerives1-def leftmost-cons-less leftmost-def leftmost-unique)

lemma drop-derivation-shift:
drop n (derivation-shift D left right) = derivation-shift (drop n D) left right
by (auto simp add: derivation-shift-def drop-map)

lemma take-derivation-shift:
take n (derivation-shift D left right) = derivation-shift (take n D) left right
by (auto simp add: derivation-shift-def take-map)

lemma derivation-shift-0-shift: derivation-shift (derivation-shift D left1 0) left2
right2 =

derivation-shift D (left1 + left2) right2
by (auto simp add: derivation-shift-def)

lemma splits-at-append-prefix:
splits-at v i « N f = splits-at (vQv) (i + length u) (u@Qa) N 3
apply (auto simp add: splits-at-def)
by (simp add: nth-append)

lemma splits-at-implies-Derivesl: splits-at § i « N f = is-sentence § = re R

= fstr =N

= Derivesl 0 i r («Q(snd r)Qp)

by (metis (no-types, lifting) DerivesI-def is-sentence-concat length-take
less-or-eq-imp-le min.absorb2 prod.collapse splits-at-combine splits-at-def)
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lemma Derives1-append-prefix:
assumes Derivesl: Derivesl v i r w
assumes u: is-sentence u
shows Derives! (u@Qu) (i + length u) r (uQuw)
proof —
have 3 a N . splits-at v i a« N  using assms splits-at-ex by auto
then obtain o N 8 where split-v: splits-at v i o N [ by blast
have split-w: w = a@(snd r)Qf using assms split-v splits-at-combine-dest by
blast
have split-uv: splits-at (u@Qu) (i + length u) (uQa) N B
by (simp add: split-v splits-at-append-prefix)
have is-sentence-uv: is-sentence (uQu)
using Derivesl Derivesl-sentencel is-sentence-concat v by blast
show ?thesis
by (metis Derives1 Derives1-nonterminal DerivesI-rule append-assoc is-sentence-uv

split-uv split-v split-w splits-at-implies-Derives!)
qed

lemma leftmost-prepend-word: leftmost i v => is-word u => leftmost (i + length
u) (u@Qu)
by (simp add: leftmost-def nth-append)

lemma LeftDerivesI-append-prefiz:
assumes Derivesl: LeftDerivesl v i r w
assumes u: is-word u
shows LeftDerives! (uQu) (i + length u) r (vQuw)
proof —
have 1: DerivesI vir w
by (simp add: Derivesl LeftDerivesi-implies-Derivesl)
have 2: leftmost i v
using Derives! LeftDerivesl-def by blast
have 3: is-sentence u using u by fastforce
have 4: Derives! (uQu) (i + length u) r (uQuw)
by (simp add: 1 3 Derivesl-append-prefix)
have 5: leftmost (i + length u) (uQu)
by (simp add: 2 leftmost-prepend-word )
show ?thesis
by (simp add: 4 5 LeftDerivesI-def)
qed

lemma Derivation-append-prefix: Derivation v D w = is-sentence u —>
Derivation (uQu) (derivation-shift D 0 (length u)) (vQuw)
proof (induct D arbitrary: u v w)
case Nil thus ?case by auto
next
case (Cons d D)
then have 3 z. Derives! v (fst d) (snd d) © A Derivation z D w by auto
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then obtain = where z: Derives! v (fst d) (snd d) x A Derivation x D w by
blast
with Cons have induct: Derivation (vQz) (derivation-shift D 0 (length w))
(uQw) by auto
have Derivesl: Derives! (u@u) ((fst d) + length u) (snd d) (uQz)
by (simp add: Cons.prems(2) Derivesl-append-prefix x)
show ?case
apply simp
apply (rule-tac z=uQz in exl)
by (simp add: Cons.hyps Cons.prems(2) Derives! x)
qged

lemma LeftDerivation-append-prefiz: LeftDerivation v D w = is-word v —>
LeftDerivation (uQu) (derivation-shift D 0 (length u)) (uQw)
proof (induct D arbitrary: v v w)
case Nil thus ?case by auto
next
case (Cons d D)
then have 3 z. LeftDerivesl v (fst d) (snd d) z A LeftDerivation z D w by
auto
then obtain = where z: LeftDerives! v (fst d) (snd d) © A LeftDerivation x
D w by blast
with Cons have induct: LeftDerivation (uQzx) (derivation-shift D 0 (length u))
(vQw) by auto
have Derivesl: LeftDerives! (uQu) ((fst d) + length u) (snd d) (uQz)
by (simp add: Cons.prems(2) LeftDerivesI-append-prefix x)
show Zcase
apply simp
apply (rule-tac z=uQz in exl)
by (simp add: Cons.hyps Cons.prems(2) Derives! z)
qed

lemma derivation-ge-shift-simp: derivation-ge D i = i > | = r > | =
derivation-shift D 1 r = derivation-shift D 0 (r — 1)
proof (induct D)
case Nil thus ?case by auto
next
case (Cons d D)
have fst-d: fst d > 1
using Cons.prems(1) Cons.prems(2) derivation-ge-cons le-trans by blast
show ?Zcase
apply auto
using Cons fst-d apply arith
using Cons derivation-ge-cons apply auto
done
qed

lemma append-dropped-prefiz: is-prefiz uw v => drop (length u) v = w = uQuw
=
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using is-prefiz-unsplit by blast

lemma derivation-ge-shift-plus:
assumes derivation-ge D u
assumes derivation-ge (derivation-shift D u 0) v
shows derivation-ge D (u + v)
proof —
from assms show ?thesis
apply (auto simp add: derivation-ge-def derivation-shift-def)
by fastforce
qged

lemma LeftDerivation-breakdown:
LeftDerivation (uQv) D w = 3 n wl w2. w = wl Q@ w2 A
LeftDerivation u (take n D) wi A
derivation-ge (drop n D) (length w1) A
LeftDerivation v (derivation-shift (drop n D) (length w1) 0) w2
proof (induct length D arbitrary: w v D w)
case ()
then have D: D = [| by auto
with 0 have uQuv = w by auto
with D show ?Zcase
apply (rule-tac =0 in exI)
apply (rule-tac z=u in ezl)
apply (rule-tac z=v in ezl)
by auto
next
case (Suc )
then have 3 d D'. D = d#D'
by (metis LeftDerivation.elims(2) length-0-conv nat.simps(8))
then obtain d D’ where D-split: D = d# D’ by blast
from Suc have is-sentence-uv: is-sentence (uQu)
by (metis D-split Derives1-sentencel LeftDerivation.simps(2) LeftDerivesI-implies-Derivesl)
then have is-sentence-u: is-sentence u and is-sentence-v: is-sentence v
by (simp add: is-sentence-concat)+
have is-word u V (- is-word u) by blast
then show ?case
proof (induct rule: disjCases2)
case 1
then have derivation-ge-u: derivation-ge D (length u)
using LeftDerivation-implies-Derivation Suc.prems is-word-Derivation-derivation-ge
by blast
have is-prefix: is-prefix u w
using 1.hyps LeftDerivation-implies-leftderives Suc.prems
derives-word-is-prefix leftderives-implies-derives by blast
have v-w: w = u @ (drop (length u) w)
by (metis 1.hyps LeftDerivation-implies-leftderives Suc.prems
derives-word-is-prefix is-prefiz-unsplit leftderives-implies-derives)
show ?Zcase
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apply (rule-tac =0 in exI)
apply (rule-tac z=u in ezl)
apply (rule-tac z=drop (length u) w in exl)
apply (auto)
apply (rule u-w)
apply (rule derivation-ge-u)
by (simp add: LeftDerivation-skip-prefix Suc.prems derivation-ge-u)
next
case 2
with is-sentence-u have 3 ¢ ul N u2. splits-at u i ul N u2 A leftmost i u
using leftmost-def nonword-leftmost-exists splits-at-def by auto
then obtain ¢ ul N u2 where split-u: splits-at v i ul N u2 A leftmost i
u by blast
have is-word-ul: is-word ul by (metis leftmost-def split-u splits-at-def)
have LeftDerivation (u@Qu) (d#D') w using D-split Suc.prems by blast
then have 3 z. LeftDerives! (uQu) (fst d) (snd d) = A LeftDerivation x
D' w
by simp
then obtain z where z: LeftDerives! (uQu) (fst d) (snd d) A Left-
Derivation © D' w
by blast
then have fst-d-eq-i: fst d = i using
splits-at-combine LeftDerives1-append-leftmost-unique split-u
by metis
have split-uv: splits-at (vQu) ¢ ul N (u2Qu) by (simp add: split-u
splits-at-append)
have split-z: x = vl @Q ((snd (snd d)) Q@ u2 Q v)
using LeftDerives1-implies-Derivesl fst-d-eq-i split-uv
splits-at-combine-dest © by blast
have derivation-ge-D": derivation-ge D' (length ul)
using LeftDerivation-implies- Derivation is-word-Derivation-derivation-ge

leftmost-def split-u split-x splits-at-def = by fastforce
have DI: LeftDerivation ((snd (snd d)) @ u2 Q v) (derivation-shift D’
(length ul) 0)
(drop (length ul) w)
using LeftDerivation-skip-prefiz derivation-ge-D’ split-x = by blast
then have D2: LeftDerivation (((snd (snd d)) @ u2) Q v) (derivation-shift
D’ (length ul) 0)
(drop (length ul) w) by auto
have | = length (derivation-shift D' (length ul) 0)
using D-split Suc.hyps(2) by auto
from Suc(1)[OF this D2] obtain n w! w2 where induct:
drop (length ul) w = wl @ w2 A
LeftDerivation (snd (snd d) @ u2)
(take n (derivation-shift D' (length ul) 0)) wl A
derivation-ge (drop n (derivation-shift D' (length ul) 0)) (length w1) A
LeftDerivation v (derivation-shift (drop n (derivation-shift D' (length
ut) 0))
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(length w1) 0) w2 by blast
have derivation-ge-D’-ul-w1: derivation-ge (drop n D') (length ul + length
wl)
proof —
from induct have 1: derivation-ge (derivation-shift (drop n D’) (length
ul) 0) (length wl)
apply (subst drop-derivation-shift[symmetric])
by blast
have 2: derivation-ge (drop n D) (length ul)
by (metis append-take-drop-id derivation-ge-D' derivation-ge-append)
show ?thesis using 1 2 derivation-ge-shift-plus by blast
qed
have LeftDerivation (ulQ(snd (snd d) @ u2)) (derivation-shift
(take n (derivation-shift D' (length ul) 0)) 0 (length ul)) (ulQuwl)
using induct LeftDerivation-append-prefix is-word-ul by blast
then have derl: LeftDerivation (ul@Q(snd (snd d) Q u2))
(derivation-shift (take n D') (length ul) (length ul)) (ul@Qwl)
using take-derivation-shift derivation-shift-0-shift by auto
have eql: derivation-shift (take n D') (length ul) (length ul) = take n D’
apply (subst derivation-ge-shift-simp[where i = length ul])
apply auto
by (metis append-take-drop-id derivation-ge-D’ derivation-ge-append)
from derl! eql have der2: LeftDerivation (ul@Q(snd (snd d) Q u2)) (take
n D') (ulQuwl)
by auto
have eq2: take (Suc n) D = d#(take n D’)
by (simp add: D-split)
have der3: LeftDerivation u (take (Suc n) D) (ul@Quwl)
apply (simp add: eq2)
apply (rule-tac x=u1Q(snd (snd d) @ u2) in ezl)
by (metis Derives1-skip-suffix LeftDerives1-def append-assoc der2 fst-d-eq-i

split-u split-x splits-at-def x)
have is-prefix ul w
using LeftDerivation-implies-leftderives derives-word-is-prefix is-word-ul

leftderives-implies-derives split-x x by blast
then have eg3: vl @ (w1Quw2) = w
apply (rule-tac append-dropped-prefix)
apply (auto simp add: induct)
done
show ?Zcase
apply (rule-tac z=Suc n in exl)
apply (rule-tac x=ulQuw1 in exl)
apply (rule-tac z=w2 in exl)
apply auto
apply (simp add: eq3)
apply (simp add: der3)
apply (simp add: D-split)
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apply (rule derivation-ge-D'-ul-wl)
apply (simp add: D-split)
using induct derivation-shift-0-shift drop-derivation-shift apply auto
done
qed
qed

lemma Derives-terminals-stay:

assumes Derivesl: Derivesl u i r v

assumes t-dom: t € set u

assumes terminal: is-terminal t

shows t € set v
proof —

have 3 o 8 N. splits-at v i o N [ using Derivesl splits-at-ex by blast

then obtain o 8 N where split-u: splits-at v i o« N 8 by blast

then have ¢ € set (a @ [N] @Q $3) using splits-at-combine t-dom by auto

then have t-possible-locations: t € set « V.t = N V t € set § by auto

have is-nonterminal: is-nonterminal N using Derivesl Derivesl-nonterminal
split-u by auto

with t-possible-locations terminal have t-locations: t € set a V t € set 3

using is-terminal-nonterminal by blast
from Derives! split-u have v = a @ (snd r) @ 8 by (simp add: splits-at-combine-dest)

with t-locations show ?thesis by auto
qed

lemma Derivation-terminals-stay: Derivation v D v = t € set u => is-terminal
t=—1t¢€setv
proof (induct D arbitrary: u v)

case Nil thus ?case by auto
next

case (Cons d D)

then have 3 z. Derives! u (fst d) (snd d) © A Derivation © D v by auto

then obtain z where z: Derives! u (fst d) (snd d) © A Derivation x D v by
auto

show ?case using Cons Derivesl-terminals-stay x by blast
qed

lemma Derivation-empty-no-terminals: Derivation u D [| = t € set u => is-nonterminal
t
by (metis Ball-set Derivation-implies-derives Derivation-terminals-stay
derives-is-sentence is-sentence-def is-symbol-distinct list.pred-inject(1))

lemma mono-subset-elem: mono f = A C B = x € fA = x € f B using
mono-def by blast

lemma wellformed-inc-dot: wellformed-item © = item-dot x + d < length (item-rhs
x) =
wellformed-item(inc-dot d x)
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by (simp add: inc-dot-def item-rhs-def wellformed-item-def)

lemma init-item-dot[simp|: item-dot (init-item r k) = 0
by (simp add: init-item-def)

lemma init-item-rhs[simp|: item-rhs (init-item r k) = snd r
by (simp add: init-item-def item-rhs-def)

lemma init-item-S[simp): item-f (init-item r k) = snd r
by (simp add: item-{3-def)

lemma mono-m: mono (w k T)
by (simp add: w-regular reqular-implies-mono)

lemma w-subset-elem-trans:
assumes Y: Y Cn kT X
assumes z: z €t kT Y
shows z € n kT X
proof —
from VYhave n kTY Ca kT (m kT X) by (simp add: monoD mono-)
then have 7 £k T Y C 7w k T X using w-idempotent by blast
with z show ?thesis using contra-subsetD by blast
qed

lemma inc-dot-origin[simp): item-origin (inc-dot d x) = item-origin =
by (simp add: inc-dot-def)

lemma inc-dot-end[simp): item-end (inc-dot d x) = item-end
by (simp add: inc-dot-def)

lemma inc-dot-rhs[simpl: item-rhs (inc-dot d x) = item-rhs x
by (simp add: inc-dot-def item-rhs-def)

lemma inc-dot-dot[simp]: item-dot (inc-dot d z) = item-dot © + d
by (simp add: inc-dot-def)

lemma inc-dot-nonterminal[simp]: item-nonterminal (inc-dot d x) = item-nonterminal
T
by (simp add: inc-dot-def item-nonterminal-def)

lemma Predict-subset-m: Predict k X Cn kT X
proof —
have setmonotone (w k T)
by (simp add: w-regular regular-implies-setmonotone)
then have s: X C 7w k T X by (simp add: subset-setmonotone)
have mono (Predict k) by (simp add: Predict-reqular regular-implies-mono)
with s have Predict k X C Predict k (7 k T X) by (simp add: monoD)
then show Predict k X C m k T X by (simp add: Predict-r-fiz)
qed
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lemma Complete-subset-m: Complete k X Cm k T X
proof —
have setmonotone (7w k T)
by (simp add: w-regular regular-implies-setmonotone)
then have s: X C 7w k T X by (simp add: subset-setmonotone)
have mono (Complete k) by (simp add: Complete-regular reqular-implies-mono)

with s have Complete k X C Complete k (m k T X) by (simp add: monoD)
then show Complete k X C m k T X by (simp add: Complete-m-fiz)
qged

lemma inc-inc-dot[simp]: inc-dot a (inc-dot b ) = inc-dot (a + b) z
by (simp add: inc-dot-def)

lemma thmD6-Left: wellformed-item © = item-f ¢ = 6 Q w = item-end © =
k=
LeftDerivation § D [| = inc-dot (length ) z € © k {} {z}
proof (induct length D arbitrary: x 6 w D rule: less-induct)
case less
have length 6 = 0 V length 6 = 1 V length § > 2 by arith
then show ?case
proof (induct rule: disjCases3)
case I
then have ¢ = [| by auto
then show ?Zcase by (simp add: w-regular elem-setmonotone regular-implies-setmonotone)
next
case 2
then have 3 N. § = [N]
by (metis One-nat-def append-self-conv2 drop-all id-take-nth-drop
le-numeral-extra(4) lessI take-0)
then obtain N where N: § = [N] by blast
then have N € set 0 by auto
then have is-nonterminal-N: is-nonterminal N using Derivation-empty-no-terminals

LeftDerivation-implies-Derivation less.prems(4) by blast
have D # [] using LeftDerivation.elims(2) N less.prems(4) by blast
then have 3 ¢ E. D = e#FE using LeftDerivation.elims(2) less.prems(4)
by blast
then obtain e¢ F where ¢E: D = e#E by blast
then have 3 . LeftDerives! ¢ (fst €) (snd e) v A
LeftDerivation v E || using LeftDerivation.simps(2) less.prems(4) by blast

then obtain v where ~y: LeftDerives! ¢ (fst €) (snd e) v A LeftDerivation
~v E [] by blast
with N have vy-def: v = snd (snd e)
by (metis 2.hyps DerivesI-split LeftDerives1-def One-nat-def append-Cons

append-Nil append-Nil2 leftmost-def length-0-conv less-nat-zero-code
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linorder-neqE-nat
list.inject not-less-eq)
have next-symbol-z: next-symbol x = Some N
using N less.prems(1) less.prems(2) next-symbol-def next-symbol-starts-item-3

wellformed-complete-item- by fastforce
have z-subset: {z} C 7 k {} {z}
using w-reqular reqular-implies-setmonotone subset-setmonotone by blast
let 2y = init-item (snd e) k
have ?y € Predict k {z}
apply (simp add: Predict-def)
apply (rule disjI2)
apply (rule-tac z=fst (snd e) in exI)
apply (rule-tac z=snd (snd e) in ezl)
apply auto
using Derivesi-rule LeftDerivesi-implies-Derivesl v apply blast
apply (rule-tac =z in exI)
by (metis (mono-tags, lifting) DerivesI-split LeftDerives1-def N ~
append.simps(1) append.simps(2) bin-def is-nonterminal-N left-
most-cons-nonterminal
leftmost-unique length-greater-0-conv less.prems(3) less-nat-zero-code
list.inject mem-Collect-eq next-symbol-x singletonl)
then have y-dom: %y € w k {} {z} using Predict-subset-m by blast
let 7z = inc-dot (length v) %y
have item-dot ?y = 0 and item-rhs ?y = v by (auto simp add: ~y-def)
note y-props = this
then have wellformed-y: wellformed-item %y
using Derives1-rule LeftDerives1-implies-Derives! ~y less.prems(1) less.prems(3)

wellformed-init-item wellformed-item-def by blast
with y-props have wellformed-z: wellformed-item ?z by (simp add: well-
formed-inc-dot)

have item-§-y: item-§ %y = v Q [| using item-rhs-split y-props(2) by auto
have is-complete-z: is-complete 9z by (simp add: is-complete-def ~v-def)
have %z € m k {} {?%y}

apply (rule less(1)[where D=E])

apply (auto simp add: eE wellformed-y )

apply (simp add: v-def)

done
with y-dom have z-dom: %z € © k {} {z}

using mw-subset-elem-trans empty-subsetl insert-subset by blast
let 2w = inc-dot (length 0) x
have 2w € Complete k {z, 72}

apply (simp add: Complete-def)

apply (rule-tac disjI2)+

apply (rule-tac =z in exl)

apply (auto simp add: 2)

apply (simp add: inc-dot-def inc-item-def less)

apply (rule-tac z="7%z in exl)



109

apply (auto simp add: bin-def less is-complete-z next-symbol-z)
by (metis Derives1-split LeftDerives1-def N ~v append-Cons append-self-conv2

is-nonterminal-N leftmost-cons-nonterminal leftmost-unique length-0-conv
list.inject)
then have ?w € © k {} {z, ?2} using Complete-subset-m by blast
then show ?case by (meson w-subset-elem-trans insert-subset x-subset z-dom,)

next
case 3
then have 3 N «. 6 = [N] Q «

by (metis append-Cons append-Nil count-terminals. cases le0 le-0-eq list.size(3)

numeral-le-iff semiring-norm(69))
then obtain N « where 0-split: § = [N] @ « by blast
with 3 have a-nonempty: o # ||
by (metis (full-types) One-nat-def Suc-eq-plusl append-Nil2 impossible-Cons
length-Cons
list.size(3) nat-1-add-1)
have LeftDerivation ([N] @ «) D || using &-split less.prems(4) by blast
from LeftDerivation-breakdown|OF this, simplified)
obtain n where n: LeftDerivation [N] (take n D) [| A LeftDerivation « (drop
n D) [] by blast
let ?E = take n D
from n have E: LeftDerivation [N] ?E [] by auto
let ?F = drop n D
from n have F: LeftDerivation o ?F [| by auto
have length-add: length ?E + length ?F = length D by simp
have ?FE # [|] using E by force
then have length-E-0: length ?E > 0 by auto
have ?F # [| using F a-nonempty by force
then have length-F-0: length ?F' > 0 by auto
from length-add length-E-0 length-F-0
have length ?FE < length D A length ?F < length D
using add.commute nat-add-left-cancel-less nat-neg-iff not-add-less2 by
linarith
then have length-E: length ?E < length D and length-F: length ?F < length
D by auto
let %y = inc-dot (length [N]) z
have y-dom: %y € 7 k {} {z}
apply (rule-tac less(1)[where D=?F and w=aQul])
apply (rule length-F)
by (auto simp add: less §-split E)
let 22 = inc-dot (length o) %y
have wellformed-y: wellformed-item ?y
using d-split is-complete-def less.prems(1) less.prems(2) wellformed-complete-item-

wellformed-inc-dot by fastforce
have ?z € 7 k {} {?%y}
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apply (rule-tac less(1)[where D=¢F and w=w])
apply (rule length-F)
apply (rule wellformed-y)
apply (auto simp add: F less)
by (metis §-split add.commute append-assoc append-eq-conv-conj drop-drop
inc-dot-dot
inc-dot-rhs item-B-def length-Cons less.prems(2) list.size(3))
then have z-dom: 2z € w k {} {2} using w-subset-elem-trans y-dom by blast

have ?z = inc-dot (length 6) z by (simp add: &-split)
with z-dom show ?case by auto
qed
qed

lemma derives-empty-implies-LeftDerivation: derives 6 [| = 3 D. LeftDerivation
5D ]
using derives-implies-leftderives is-word-def leftderives-implies-Left Derivation
list.pred-inject(1) by blast

lemma thmD6: wellformed-item © = item-f z = § Q w = item-end ¢ = k —>

derives 0 [| = inc-dot (length §) z € © k {} {z}
using derives-empty-implies-LeftDerivation thmDG6-Left by blast

end

end

theory TheoremD7
imports TheoremD6
begin

context LocalLexing begin

lemma DerivesI-keep-first-terminal: Derivesl (x#u) i v (y#v) = is-terminal
= c=y

by (metis DerivesI-leftmost DerivesI-take leftmost-cons-terminal list.sel(1) not-le
take-Cons’)

lemma Derivesi-nonterminal-head:
assumes Derives! u i r (N#v)
assumes is-nonterminal N
shows 3 v/ M. uw = M+#u' A is-nonterminal M
proof —
from assms have nonempty-u: u # ||
by (metis Derivesl-bound less-nat-zero-code list.size(3))
have 3 v/ M. u = M#u’
using count-terminals.cases nonempty-u by blast
then obtain u’ M where split-u: v = M#u’ by blast
have is-sentence-u: is-sentence u using assms
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using Derivesi-sentencel by blast
then have is-terminal M V is-nonterminal M
using is-sentence-cons is-symbol-distinct split-u by blast
then show ?thesis
proof (induct rule: disjCases2)
case I
have is-terminal N
using 1.hyps Derivesl-keep-first-terminal
assms(1) split-u by blast
with assms have Fulse using is-terminal-nonterminal by blast
then show ?case by blast
next
case 2 with split-u show ?case by blast
qed
qed

lemma sentence-starts-with-nonterminal:
assumes is-nonterminal N
assumes derives u []
shows 3 X r. uQ[N] = X#r A is-nonterminal X

proof (cases u = [])

case True thus ?thesis using assms(1) by blast
next

case Fulse

then have 1 X r. u = X#7r using count-terminals.cases by blast
then obtain X r where Xr: v = X#r by blast
then have is-nonterminal X
by (metis False assms(2) count-terminals.simps derives-count-terminals-leq
derives-is-sentence is-sentence-cons is-symbol-distinct not-le zero-less-Suc)
with Xr show ?thesis by auto
qed

lemma DerivesI-nonterminal-head’:

assumes Derives! u i r (vIQ[N]Quv2)

assumes is-nonterminal N

assumes derives vl []

shows 3 v/ M. uw = M+#u' A is-nonterminal M
proof —

from sentence-starts-with-nonterminal|OF assms(2,3)]

obtain X r where vl @ [N] = X # r A is-nonterminal X by blast

then show ?thesis

by (metis Derivesl-nonterminal-head append-Cons append-assoc assms(1))

qed

lemma thmD7-helper:
assumes LeftDerivation [&] D (N#v)
assumes is-nonterminal N
assumes & # N
shows 3 n M a al a2 w. n < length D A (M, a) € R A LeftDerivation [S] (take
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n D) (M#w) A
a=al @[N] Q a2 A derives al ||
proof —
have 3 n u v. LeftDerivation [S] (take n D) (u@Q[N]Quv) A derives u |]
apply (rule-tac z=length D in exl)
apply (rule-tac z=[] in exl)
apply (rule-tac z=v in exI)
using assms by simp
then show ?thesis
proof (induct rule: ex-minimal-witness)
case (Minimal K)
have nonzero-K: K # 0
proof (cases K = 0)
case True
with Minimal have 3 v v. [§] = v@Q[N]Qu
using LeftDerivation.simps(1) take-0 by auto
with assms have Fulse by (simp add: Cons-eq-append-conv)
then show ?thesis by simp
next
case Fulse
then show ?thesis by arith
qed
from Minimal(1)
obtain u v where wv: LeftDerivation [S] (take K D) (u @ [N] @ v) A derives
u [] by blast
from nonzero-K have take K D # ||
using Minimal.hyps(2) less-nat-zero-code nat-neq-iff take-eq-Nil uv by force

then have 3 F e. (take K D) = EQle| using rev-ezhaust by blast
then obtain F e where Fe: take K D = EQ[e| by blast
with wv have 3 z. LeftDerivation [&] E x A LeftDerivesl x (fst €) (snd e)
(u @[N] @ v)
by (simp add: LeftDerivation-append)
then obtain = where z: LeftDerivation [S] E x A LeftDerivesl x (fst e) (snd
e) (u @ [N] @ v)
by blast
then have 3 w M. z = M#w A is-nonterminal M
using DerivesI-nonterminal-head’ LeftDerives1-implies-Derivesl assms(2)
uv by blast
then obtain w M where split-x: t = M#w and is-nonterminal-M: is-nonterminal
M by blast
from Ee nonzero-K have E: E = take (K — 1) D
by (metis Minimal.hyps(2) butlast-snoc butlast-take dual-order.strict-implies-order

le-less-linear take-all wv)
have leftmost (fst e) (M#w) using z LeftDerivesi-def split-z by blast
with is-nonterminal-M have fst-e: fst e = 0
by (simp add: leftmost-cons-nonterminal leftmost-unique)
have Derivesl: Derives! x 0 (snd e) (v @ [N] Q v)
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using LeftDerives1-implies-Derives] fst-e © by auto
have z-splits-at: splits-at x 0 [| M w
by (simp add: split-z splits-at-def)
from Derives! z-splits-at
have pg: 3p g u=[]QpAv=qQwA snd (snde) =p Q[N] Qg
proof (induct rule: Derivesl-X-is-part-of-rule)
case (Suffir «) thus ?case by blast
next
case (Prefiz )
then have derives-f: derives ||
using DerivesI-implies-derives! derivesl-implies-derives derives-trans uv
by blast
with Prefiz(1) © Minimal E nonzero-K show Fulse
by (meson diff-less less-nat-zero-code less-one nat-neg-iff)
qed
from this[simplified] obtain ¢ where ¢: v = ¢ Q w A snd (snd ) = u Q@ N
# q by blast
have M-def: fst (snd e) = M
using Derivesl Derivesi-nonterminal z-splits-at by blast
show ?case
apply (rule-tac z=K—1 in exl)
apply (rule-tac z=M in exl)
apply (rule-tac x=snd (snd e) in ezl)
apply (rule-tac z=u in ezl)
apply (rule-tac z=q in ezl)
apply (rule-tac z=w in exl)
by (metis Derives! Derivesl-rule E Ee M-def One-nat-def Suc-pred pq
append-Nil
append-same-eq dual-order.strict-implies-order le-less-linear nonzero-K
not-Cons-self2
not-gr0 not-less-eq prod.collapse q self-append-conv split-x take-all uv x)
qed
qed

lemma head-of-item-S-is-next-symbol:

wellformed-item © = item-f © = t#J = next-symbol x = Some t

using next-symbol-def next-symbol-starts-item-3 wellformed-complete-item-3 by
fastforce

lemma next-symbol-predicts: next-symbol © = Some N =— (N, a) € R = k =
item-end x =

init-item (N, a) k € Predict k {z}
using Predict-def bin-def by auto

lemma thmD7-LeftDerivation: LeftDerivation [&] D (N#~) = is-nonterminal N
= (N, a) e R =

ingt-item (N, o) 0 € w 0 {} Init
proof (induct length D arbitrary: D N v « rule: less-induct)

case less
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let ?trivial = 6 = N
have ?trivial V — ?trivial by blast
then show ?case
proof (induct rule: disjCases2)
case I
then have init-item (N, «) 0 € Init
apply (subst Init-def)
by (auto simp add: less)
then show ?case
by (meson m-regular contra-subsetD regular-implies-setmonotone sub-
set-setmonotone)
next
case 2
from thmD7-helper|OF less(2) less(3) 2]
obtain n M a al a2 w where n < length D and (M, a) € R and
LeftDerivation [S] (take n D) (M # w) and a = ol @ [N] Q a2 and
derives al ||
by blast
note M = this
let %z = init-item (M, a) 0
have x-dom: %z € © 0 {} Init
apply (rule less(1)[OF - M(3) - M(2)])
using M(1) apply simp
using M(2) by simp
have wellformed-z: wellformed-item ?x by (simp add: M(2))
let %y = inc-dot (length al) %z
have 7y € w 0 {} {%z}
apply (rule thmD6[where w=[N] Q a2])
using wellformed-z by (auto simp add: M)
with z-dom have y-dom: %y € © 0 {} Init
using mw-subset-elem-trans empty-subsetl insert-subset by blast
have wellformed-y: wellformed-item 2y
using M(4) wellformed-inc-dot wellformed-z by auto
have item-§ %y = N#a2 by (simp add: M(4) item-B-def)
then have nezt-symbol-y: next-symbol ?y = Some N
by (simp add: head-of-item-S-is-next-symbol wellformed-y)
let %z = dnit-item (N, a) 0
have 7z € Predict 0 {?y}
by (simp add: less.prems(3) next-symbol-predicts next-symbol-y)
then have ?z € m 0 {} {?y} using Predict-subset-m by auto
with y-dom show 2z € w 0 {} Init
using 7w-subset-elem-trans empty-subsetl insert-subset by blast
qed
qed

theorem thmD7: is-derivation (N#v) = is-nonterminal N = (N, o) € R =

init-item (N, o) 0 € w 0 {} Init
by (metis L p-is-word derives-implies-leftderives-cons empty-in-Lp is-derivation-def
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leftderives-implies-LeftDerivation self-append-conv2 thmD7-LeftDerivation)
end

end

theory TheoremDS8
imports TheoremD7
begin

context LocalLexing begin

lemma wellformed-tokens-empty-path[simp|: wellformed-tokens ||
by (simp add: wellformed-tokens-def)

lemma P-0-0-Gen: Gen (P 0 0) = { z . wellformed-item x A item-origin © = 0
A item-end x = 0 A

derives (item-a x) [] A (3 7. is-derivation ([item-nonterminal z] Q 7)) }
by (auto simp add: Gen-def pvalid-def)

lemma Init-subset-Gen: Init C Gen (P 0 0)
apply (subst P-0-0-Gen)
apply (auto simp add: Init-def)
apply (rule-tac =[] in exl)
apply (simp add: is-derivation-def)
done

lemma J-0-0-subset-Gen: J 0 0 C Gen (P 0 0)
apply (simp only: J.simps)
apply (rule-tac thmD?5)
apply (rule Init-subset-Gen)
by auto

lemma inc-dot-rule[simp]: item-rule (inc-dot d x) = item-rule z
by (simp add: inc-dot-def)

lemma init-item-rule[simp]: item-rule (init-item r k) = r
by (simp add: init-item-def)

lemma item-dot-is-a-length: wellformed-item © = item-dot = length (item-«
z)

apply (simp add: item-a-def)

by (simp add: min-absorb2 wellformed-item-def)

lemma Gen-subset-J -0-0-helper:
assumes wellformed-item x
assumes item-origin r = 0
assumes item-end x = 0
assumes derives (item-a ) ||
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assumes is-derivation (item-nonterminal x # )
shows = € m 0 {} Init
proof —
let 2y = init-item (item-nonterminal x, item-rhs x) 0
have y-dom: ?y € = 0 {} Init
apply (rule-tac thmD7)
using assms apply auto
using is-nonterminal-item-nonterminal apply blast
by (simp add: item-nonterminal-def item-rhs-def wellformed-item-def)
let 2z = inc-dot (length (item-a x)) 2y
have z1: item-rule x = item-rule ?z
apply (simp)
by (simp add: item-nonterminal-def item-rhs-def)
have z2: item-dot x = item-dot %z
apply simp
by (simp add: assms(1) item-dot-is-a-length)
have z3: item-origin © = item-origin ?x
using assms by auto
have z4: item-end © = item-end %z
using assms by auto
from z1 22 z3 z/ have z-is-inc: x = ?x using item.expand by blast
have wellformed-item-y: wellformed-item %2y
using assms(1) item-nonterminal-def item-rhs-def wellformed-item-def by auto
have z € 7 0 {} {%y}
apply (subst z-is-inc)
apply (rule-tac thmD6)
apply (simp add: wellformed-item-y)
apply (simp add: item-rhs-split)
apply simp
using assms apply simp
done
with y-dom show ?thesis
using 7w-subset-elem-trans empty-subsetl insert-subset by blast
qed

lemma Gen-subset-7-0-0: Gen (P 00) C J 00
apply (subst P-0-0-Gen)
apply auto
using Gen-subset-T-0-0-helper by blast

theorem thmD8: J 0 0 = Gen (P 0 0)
using Gen-subset-7-0-0 J-0-0-subset-Gen by blast

end

end

theory TheoremD9
imports TheoremD8
begin
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context LocalLering begin

definition items-le :: nat = items = items
where
items-lek I ={z.x€lANitem-endz <k}

definition items-eq :: nat = items = items
where
items-eq kI ={z .z € INitemendz=1F%}

definition paths-le :: nat = tokens set = tokens set
where
paths-lek P ={ p.p € P A charslength p < k }

definition paths-eq :: nat = tokens set = tokens set
where

paths-eqk P ={ p.p € P A charslength p = k }

lemma items-le-pointwise: pointwise (items-le k)
by (auto simp add: pointwise-def items-le-def)

lemma items-le-is-filter: items-le k I C I
by (auto simp add: items-le-def)

lemma items-eq-pointwise: pointwise (items-eq k)
by (auto simp add: pointwise-def items-eq-def)

lemma items-eq-is-filter: items-eq k I C I
by (auto simp add: items-eq-def)

lemma paths-le-pointwise: pointwise (paths-le k)
by (auto simp add: pointwise-def paths-le-def)

lemma paths-le-continuous: continuous (paths-le k)
by (simp add: paths-le-pointwise pointbased-implies-continuous pointwise-implies-pointbased)

lemma paths-le-mono: mono (paths-le k)
by (simp add: continuous-imp-mono paths-le-continuous)

lemma paths-le-is-filter: paths-le k P C P
by (auto simp add: paths-le-def)

lemma paths-eg-pointwise: pointwise (paths-eq k)
by (auto simp add: pointwise-def paths-eq-def)

lemma paths-eqg-is-filter: paths-eq k P C P
by (auto simp add: paths-eq-def)
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lemma Predict-item-end: x € Predict k Y — item-end x = kV z € Y
using Predict-def by auto

lemma Complete-item-end: x € Complete k' Y — item-endz =k VvV z € Y
using Complete-def by auto

lemma 7-0-0-item-end: x € J 0 0 — item-end x = 0
apply (simp add: w-def)
proof (induct rule: limit-induct)
case (Init z) thus ?case by (auto simp add: Init-def)
next
case ([terate x Y)
then have z € Complete 0 (Predict 0 Y) by (simp add: Scan-empty)
then have item-end © = 0 V z € Predict 0 Y using Complete-item-end by
blast
then have item-end z = 0 V =z € Y using Predict-item-end by blast
then show ?case using Iterate by blast
qed

lemma items-le-J-0-0: items-le 0 (J 00) =T 00
using LocalLexing.J -0-0-item-end LocalLexing.items-le-def LocalLezring-azxioms
by blast

lemma paths-le-P-0-0: paths-le 0 (P 00) =P 00
by (auto simp add: paths-le-def)

definition empty-tokens :: token set = token set
where
empty-tokens T = { t .t € T A chars-of-token t =[] }

lemma items-le-Predict: items-le k (Predict k I) = Predict k (items-le k I)
by (auto simp add: items-le-def Predict-def bin-def)

lemma items-le-Complete:
wellformed-items I = items-le k (Complete k I) = Complete k (items-le k I)
by (auto simp add: items-le-def Complete-def bin-def is-complete-def wellformed-items-def

wellformed-item-def)

lemma items-le-Scan:
items-le k (Scan T k I) = Scan (empty-tokens T) k (items-le k I)
by (auto simp add: items-le-def Scan-def bin-def empty-tokens-def)

lemma wellformed-items-Gen: wellformed-items (Gen P)
using Gen-implies-pvalid pvalid-def wellformed-items-def by blast

lemma wellformed-J-0-0: wellformed-items (J 0 0)
using thmDS8 wellformed-items-Gen by auto
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lemma wellformed-items-Predict:
wellformed-items I = wellformed-items (Predict k I)
by (auto simp add: wellformed-items-def wellformed-item-def Predict-def bin-def)

lemma wellformed-items-Complete:

wellformed-items I = wellformed-items (Complete k I)

apply (auto simp add: wellformed-items-def wellformed-item-def Complete-def
bin-def)

apply (metis dual-order.trans)

using is-complete-def next-symbol-not-complete not-less-eq-eq by blast

lemma X-length-bound: (t, ¢) € X k = k + length ¢ < length Doc
using X -is-prefix is-prefiz-length not-le by fastforce

lemma wellformed-items-Scan:

wellformed-items [ = T C X k = wellformed-items (Scan T k I)

apply (auto simp add: wellformed-items-def wellformed-item-def Scan-def bin-def
X -length-bound)

using is-complete-def next-symbol-not-complete not-less-eq-eq by blast

lemma wellformed-items-m:
assumes wellformed-items I
assumes 7' C X k
shows wellformed-items (w k T I)
proof —
{
fix x i item
have z € m k T I = wellformed-item x
proof (simp add: w-def, induct rule: limit-induct)
case (Init z) thus ?case using assms(1) by (simp add: wellformed-items-def)

next
case ([terate x Y)

have wellformed-items Y by (simp add: Iterate.hyps(1) wellformed-items-def)
then have wellformed-items (Scan T k (Complete k (Predict k Y)))
by (simp add: assms(2) wellformed-items-Complete wellformed-items-Predict

wellformed-items-Scan)
then show %case by (simp add: Iterate.hyps(2) wellformed-items-def)
qed
}
then show ?thesis using wellformed-items-def by auto
qed

lemma J-subset-Suc-u: J ku C J k (Suc u)
by (metis Complete-n-fiz Complete-subset-m J.simps(1) J.simps(2) J.simps(3)

not0-implies-Suc)

lemma mono-TokensAt: mono (TokensAt k)
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by (auto simp add: mono-def TokensAt-def bin-def)

lemma T -subset-TokensAt: T k u C TokensAt k (J k u)
proof (induct u)
case 0 thus ?case by simp
next
case (Suc u)
have 1: Tokens k (T ku) (J ku) = Sel (T k u) (TokensAt k (J k u))
by (simp add: Tokens-def)
have 2: Sel (T k u) (TokensAt k (J k u)) C TokensAt k (J k u)
by (simp add: Sel-upper-bound Suc.hyps)
have T k (Suc u) C TokensAt k (J k u)
by (simp add: 1 2)
then show ?case
by (meson J-subset-Suc-u mono-TokensAt mono-subset-elem subset-iff)
qed

lemma TokensAt-subset-X: TokensAt kI C X k
using TokensAt-def X-def is-terminal-def by auto

lemma wellformed-items-J -induct-u:
assumes wellformed-items (J k u)
shows wellformed-items (J k (Suc u))
proof —
{
fix z i item
have = € J k (Suc u) = wellformed-item x
proof (simp add: w-def, induct rule: limit-induct)
case (Init z)
with assms show Zcase by (auto simp add: wellformed-items-def)
next
case (Iterate p Y)
from Iterate(1) have wellformed-Y: wellformed-items Y
by (auto simp add: wellformed-items-def)
then have wellformed-items (Complete k (Predict k Y'))
by (simp add: wellformed-items-Complete wellformed-items-Predict)
then have wellformed-items (Scan (Tokens k (T k u) (J k u)) k (Complete
k (Predict k Y)))
apply (rule-tac wellformed-items-Scan)
apply simp
apply (simp add: Tokens-def)
by (meson Sel-upper-bound TokensAt-subset-X T -subset-TokensAt sub-
set-trans)
then show ?case
using Iterate.hyps(2) wellformed-items-def by blast
qed
}
then show ?%thesis
using wellformed-items-def by blast
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qed

lemma wellformed-items-J -k-u-if-0: wellformed-items (J k 0) = wellformed-items
(J ku)

apply (induct u)

apply (simp)

using wellformed-items-J -induct-u by blast

lemma wellformed-items-natUnion: () k. wellformed-items (I k)) = wellformed-items
(natUnion I)
by (auto simp add: natUnion-def wellformed-items-def)

lemma wellformed-items-Z-k-if-0: wellformed-items (J k 0) = wellformed-items
(Z k)

apply (simp)

apply (rule wellformed-items-natUnion)

using wellformed-items-7J -k-u-if-0 by blast

lemma wellformed-items-J -I: wellformed-items (J k u) A wellformed-items (I k)
proof (induct k arbitrary: u)
case (
show ?case
using wellformed-7J -0-0 wellformed-items-Z-k-if-0 wellformed-items-J -k-u-if-0
by blast
next
case (Suc k)
have 0: wellformed-items (J (Suc k) 0)
apply simp
using Suc.hyps wellformed-items-m by auto
then show ?case
using wellformed-items-Z-k-if-0 wellformed-items-7 -k-u-if-0 by blast
qed

lemma wellformed-items-J: wellformed-items (J k u)
by (simp add: wellformed-items-J-I)

lemma wellformed-items-I: wellformed-items (Z k)
using wellformed-items-J-Z by blast

lemma funpower-consume-function:

assumes law: A X. PX = f (¢ X)=h (fX)ANP (g X)

shows P I = P (funpower g n I) A f (funpower g n I) = funpower h n (f I)
proof (induct n)

case ()

then show ?case by simp
next

case (Suc n)

then have S1: P (funpower g n I) and S2: f (funpower g n I) = funpower h n

(/1)
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by auto
have lawi: N X. PX = f (¢ X) = h (f X) using law by auto
have low2: A\ X. P X = P (g X) using law by auto
show ?Zcase

apply simp

apply (subst law![where X=funpower g n I|)

apply (simp add: S1)

apply (subst S2)

apply auto

apply (rule law2)

apply (simp add: S1)

done

qed

lemma limit-consume-function:
assumes continuous: continuous f
assumes law: AN X. PX = f (¢ X)=h (fX) AN P (g X)
assumes setmonotone: setmonotone g
shows P I = f (limit g I) = limit h (fI)
proof —
have 1: f (limit g I) = f (natUnion (An. funpower g n I))
by (simp add: limit-def)
have chain (An. funpower g n I) by (simp add: setmonotone setmonotone-implies-chain-funpower)
from continuous-apply| OF continuous this]
have swap: f (natUnion (An. funpower g n I)) = natUnion (f o (An. funpower
g nI)) by blast
have f o (An. funpower g n I) = (A n. f (funpower g n I)) by auto
also have P I = (A n. f (funpower g n I)) = (A n. funpower h n (f I))
by (metis funpower-consume-function[where P=P and f=f and g=¢ and
h=h, OF law, simplified))
ultimately have P I = f o (An. funpower g n I) = (X n. funpower h n (fI))
by auto
with swap have 2: P I = f (natUnion (An. funpower g n I)) = natUnion (A
n. funpower h n (f I))
by auto
have 3: natUnion (A n. funpower h n (f I)) = limit h (f I)
by (simp add: limit-def)
assume P [
with 7 2 3 show ?thesis by auto
qed

lemma items-le-m-swap:
assumes wellformed-1: wellformed-items I
assumes 17: T C X k
shows items-le k (m k T I) = © k (empty-tokens T) (items-le k I)
proof —
let 2g = (Scan T k) o (Complete k)
let ?h = (Scan (empty-tokens T) k)
have lawi1: A\ I. wellformed-items I

(Predict k)
(Complete k) o (Predict k)
= items-le k (¢g I) = ?h (items-le k I)

S O
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using LocalLexing.wellformed-items-Predict LocalLexing-azioms items-le-Complete

items-le- Predict items-le-Scan by auto
have law2: \ I. wellformed-items I = wellformed-items (?g I)
by (simp add: T wellformed-items-Complete wellformed-items-Predict well-
formed-items-Scan)
show ?thesis
apply (subst w-functional)
apply (subst limit-consume-function|where P=wellformed-items and h=?h))
apply (simp add: items-le-pointwise pointbased-implies-continuous pointwise-implies-pointbased)
using lawl! law2 apply blast
apply (simp add: w-step-regular reqular-implies-setmonotone)
apply (rule wellformed-I)
apply (subst m-functional)
apply blast
done
qed

lemma items-le-idempotent: items-le k (items-le k I) = items-le k I
using items-le-def by auto

lemma paths-le-idempotent: paths-le k (paths-le k P) = paths-le k P
using paths-le-def by auto

lemma items-le-fiz-D:
assumes items-le-fix: items-le k I = 1
assumes z-dom: ¢ € 1
shows item-end z < k

using items-le-def items-le-fix z-dom by blast

lemma remowve-paths-le-in-subset-Gen:
assumes items-le k [ = 1
assumes [ C Gen P
shows I C Gen (paths-le k P)
proof —
{
fix = :: item
assume z-dom: ¢ € [
then have z-item-end: item-end x < k using assms items-le-fiz-D by auto
have z € Gen P using assms z-dom by auto
then obtain p where p: p € P A pvalid p x using Gen-implies-pvalid by blast

have charslength-p: charslength p < k using p pvalid-item-end z-item-end by
auto
then have p € paths-le k P by (simp add: p paths-le-def)
then have z € Gen (paths-le k P) using Gen-def p by blast
}
then show ?thesis by blast
qed
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lemma mono-Gen: mono Gen
by (auto simp add: mono-def Gen-def)

lemma empty-tokens-idempotent: empty-tokens (empty-tokens T) = empty-tokens
T
by (auto simp add: empty-tokens-def)

lemma empty-tokens-is-filter: empty-tokens T C T
by (auto simp add: empty-tokens-def)

lemma items-le-paths-le: items-le k (Gen P) = Gen (paths-le k P)
using LocalLexing. Gen-def LocalLexing.items-le-def LocalLexing-axioms paths-le-def

pvalid-item-end by auto

lemma bin-items-le[symmetric]: bin I k = bin (items-le k I) k
by (auto simp add: bin-def items-le-def)

lemma TokensAt-items-le[symmetric]: TokensAt k I = TokensAt k (items-le k I)
using TokensAt-def bin-items-le by blast

lemma by-length-paths-le[symmetric]: by-length k P = by-length k (paths-le k P)
using by-length.simps paths-le-def by auto

lemma W-paths-le[symmetric]: W P k = W (paths-le k P) k
using W-def by-length-paths-le by blast

theorem T -equals-Z-induct-step:
assumes induct: items-le k (J k u) = Gen (paths-le k (P k u))
assumes induct-tokens: T ku =2 ku
shows T k (Suc u) = Z k (Suc u)
proof —
have TokensAt k (J k u) = TokensAt k (items-le k (J k u))
using TokensAt-items-le by blast
also have TokensAt k (items-le k (J k u)) = TokensAt k (Gen (paths-le k (P k
w)))
using induct by auto
ultimately have TokensAt-le: TokensAt k (J k u) = TokensAt k (Gen (paths-le
k(P k)
by auto
have TokensAt k (J ku) =W (P ku) k
apply (subst TokensAt-le)
apply (subst W-paths-le[symmetric])
apply (rule-tac thmD/[symmetric])
using B-covers-P paths-le-is-filter by blast
then show ?thesis
by (simp add: induct-tokens Tokens-def V-def)
qed
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theorem thmDY:
assumes induct: items-le k (J k u) = Gen (paths-le k (P k u))
assumes induct-tokens: T ku =2 ku
assumes k: k < length Doc
shows items-le k (J k (Suc u)) C Gen (paths-le k (P k (Suc u)))
proof —
have t1: items-le k (J k (Suc v)) = items-le k (7 k (T k (Suc w)) (J k u))
by auto
have t2: items-le k (7 k (T k (Suc w)) (J ku)) =
7 k (empty-tokens (T k (Suc u))) (items-le k (T k u))
apply (subst items-le-m-swap)
apply (simp add: wellformed-items-J)
using TokensAt-subset-X T -subset-TokensAt apply blast
by blast
have t3: 7 k (empty-tokens (T k (Suc w))) (items-le k (T k u)) =
7 k (empty-tokens (T k (Suc u))) (Gen (paths-le k (P k u)))
using induct by auto
have P-subset: P ku C P k (Suc u) using subset-PSuc by blast
then have paths-le k (P k u) C paths-le k (P k (Suc u))
by (simp add: mono-subset-elem paths-le-mono subsetl)
with mono-Gen have Gen (paths-le k (P k u)) C Gen (paths-le k (P k (Suc u)))
by (simp add: mono-subset-elem subsetl)
then have t4: m k (empty-tokens (T k (Suc u))) (Gen (paths-le k (P k u))) C
7 k (empty-tokens (T k (Suc u))) (Gen (paths-le k (P k (Suc u))))
by (rule monoD[OF mono-n])
have T-e¢-Z: T k (Suc u) = Z k (Suc u)
using T -equals-Z-induct-step assms(1) induct-tokens by blast
have t5: m k (empty-tokens (T k (Suc u))) (Gen (paths-le k (P k (Suc u)))) C
Gen (paths-le k (P k (Suc w)))
apply (rule-tac remove-paths-le-in-subset-Gen)
apply (subst items-le-m-swap)
using wellformed-items-Gen apply blast
using T -eq-Z Z-subset-X empty-tokens-is-filter apply blast
apply (simp only: empty-tokens-idempotent paths-le-idempotent items-le-paths-le)
apply (rule-tac thmD5)
using items-le-is-filter items-le-paths-le apply blast
apply (rule k)
using T -eq-Z empty-tokens-is-filter by blast
from t1 t2 t3 t4 t5 show ?thesis using subset-trans by blast
qed

end

end

theory Ladder
imports TheoremD9
begin
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context LocalLexing begin

definition LeftDerivationFiz :: sentence = nat = derivation = nat = sentence
= bool
where
LeftDerivationFiz o i D j 8 = (is-sentence o A is-sentence
A LeftDerivation « D B N i < length a N\ j < length B
Nali=B1jA (3 EF. D= EQ(derivation-shift F' 0 (Suc j)) A
LeftDerivation (take i o) E (take j 5) A
LeftDerivation (drop (Suc i) ) F (drop (Suc j) 58)))

definition LeftDerivationlIntro ::
sentence = nat = rule = nat = derivation = nat = sentence = bool
where
LeftDerivationIntro o i r iz D j v = (3 8. LeftDerives! o ir 5 A
ir < length (snd r) A (sndr)Viz=~"1jA
LeftDerivationFiz 8 (i + ix) D j )

lemma LeftDerivationFiz-empty|simp]: is-sentence a« = i < length o => Left-
DerivationFiz o i [] i «

apply (auto simp add: LeftDerivationFix-def)

apply (rule-tac z=[] in exI)

apply auto

done

lemma Derive-empty[simp: Derive a [] = a
by (auto simp add: Derive-def)

lemma LeftDerivation-append!: LeftDerivation a (DQ[(i, 7)]) ¢ = 3 b. Left-
Derivation a D b

A LeftDerivesl b i r c
by (simp add: LeftDerivation-append)

lemma Derivation-append!: Derivation a (DQ[(4, r)]) ¢ = 3 b. Derivation a D
b

A Derives1 birc
by (simp add: Derivation-append)

lemma Derivation-take-derive:
assumes Derivation a D b
shows Derivation a (take n D) (Derive a (take n D))
by (metis Derivation-append Derive append-take-drop-id assms)

lemma LeftDerivation-take-derive:

assumes LeftDerivation a D b

shows LeftDerivation a (take n D) (Derive a (take n D))
by (metis Derive LeftDerivation-append LeftDerivation-implies- Derivation append-take-drop-id
assms)
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lemma Derivation-Derive-take-Derivesl:
assumes N # (
assumes N < length D
assumes Derivation a D b
assumes a: « = Derive a (take (N — 1) D)
assumes ( = Derive a (take N D)
shows Derivesl a (fst (D! (N — 1))) (snd (D! (N — 1))) 8
proof —
let D1 = take (N — 1) D
let ?D2 = take N D
from assms have app: ?D2 = D1 Q [D! (N — 1)]
apply auto
by (metis Suc-less-eq Suc-pred le-imp-less-Suc take-Suc-conv-app-nith)
from assms have Derivation a ?D2
using Derivation-take-derive by blast
with app show ?thesis
using Derivation.simps Derivation-append Derive o by auto
qed

lemma LeftDerivation-Derive-take-Left Derivesl :
assumes N # 0
assumes N < length D
assumes LeftDerivation a D b
assumes a: « = Derive a (take (N — 1) D)
assumes ( = Derive a (take N D)
shows LeftDerives! a (fst (D! (N — 1))) (snd (D! (N — 1))) 8
proof —
let D1 = take (N — 1) D
let D2 = take N D
from assms have app: ?D2 = ?D1 Q [D! (N — 1)]
apply auto
by (metis Suc-less-eq Suc-pred le-imp-less-Suc take-Suc-conv-app-nith)
from assms have LeftDerivation a ?D2 3
using LeftDerivation-take-derive by blast
with app show ?thesis
by (metis Derive LeftDerivation-appendl LeftDerivation-implies-Derivation «
prod.collapse)
qged

lemma LeftDerives-skip-prefix:
length a < i = LeftDerivesl (a@Qb) i r (a@Qc) = LeftDerivesl b (i — length
a) rec
apply (auto simp add: LeftDerives!-def)
using leftmost-skip-prefix apply blast
by (simp add: Derivesl-skip-prefiz)

lemma LeftDerives1-skip-suffix:
assumes i: i < length a
assumes D: LeftDerives] (aQc) i r (bQc)
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shows LeftDerivesl a i r b
proof —
note DerivesI-def[where u=aQc and v=bQc¢ and i=7 and r=r]
then have 3z y N «.
a@Qc=zQ[N]Q@yA
b@c¢c=2@Qa@y A is-sentence x A is-sentence y A (N, o) € R A r = (N,
a) A i = length x
using D LeftDerivesl-implies-Derivesl by auto
then obtain z y N o where split:
a@Qc=zQ[N]Q@yA
b@Qc=1z@a@yA is-sentence z A is-sentence y A (N, a) € R A r = (N,
a) A i = length x
by blast
from split have length (aQc) = length (z @ [N] @ y) by auto
then have length a + length ¢ = length x + length y + 1 by simp
with split have length a + length ¢ = i + length y + 1 by simp
with ¢ have len-c-y: length ¢ < length y by arith
let %y = take (length y — length ¢) y
from split have ac: ¢« @ ¢ = (z @ [N]) @ y by auto
note cancel-suffiz[where a=a and ¢ = ¢ and b = zQ[N] and d = y, OF ac
len-c-y|
then have a: a = z @ [N] @ 2y by auto
from split have be: b @ ¢ = (z @ o) @ y by auto
note cancel-suffizx[where a=b and ¢ = ¢ and b = 2zQa and d = y, OF bc
len-c-y)
then have b: b =z @ a @ ?y by auto
from split len-c-y a b show ?thesis
apply (simp only: LeftDerives-def DerivesI-def)
apply (rule-tac conjI)
using D LeftDerivesi-def i leftmost-cons-less apply blast
apply (rule-tac x=xz in exl)
apply (rule-tac z="2y in exl)
apply (rule-tac z=N in exl)
apply (rule-tac z=a in exI)
apply auto
by (rule is-sentence-take)
qed

lemma LeftDerives1-X-is-part-of-rule[consumes 2, case-names Suffix Prefiz]:

assumes aXb: LeftDerives! § i r (a@Q[X]Qb)

assumes split: splits-at 0 i a« N (8

assumes prefiz: A\ 5.0 = a Q [X] Q@ f§ = length a < i = is-word (a Q [X])
E—

LeftDerives! B (i — length a — 1) r b = False

assumes suffiz: \ a. 6§ = o Q [X] Q@ b = LeftDerives! « i r a = False

shows 3 uv.a=a@QuAb=0vQ@fS A (snd r) = uQ[X]Qu
proof —

have aXb-old: Derives! ¢ i r (a@Q[X]Qb)

using LeftDerives1-implies-Derives! aXb by blast
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have prefiz-or: is-prefic a a V is-proper-prefix a «
by (metis Derivesl-prefix split aXb-old is-prefiz-eq-proper-prefiz)
have is-word-a: is-word «
using LeftDerives1-splits-at-is-word aXb assms(2) by blast
have is-proper-prefic a « = Fulse
proof —
assume proper:is-proper-prefix a «
then have 3 u. v # [| A @ = a@Qu by (metis is-proper-prefiz-def)
then obtain v where u: v # [| A @« = aQu by blast
note splits-at = splits-at-a[OF aXb-old split] splits-at-combine[OF split)
from splits-at have al: o = take i § by blast
from splits-at have a2: o = take i (aQ[X]|Qb) by blast
from splits-at have lena: length o = i by blast
with proper have lena: length a < @
using append-eq-conv-conj drop-eq-Nil lel v by auto
with is-word-a a2 have is-word-aX: is-word (a@[X])
by (simp add: is-word-terminals not-less take-Cons’ u)
from u a2 have aQu = take i (a@Q[X]Qb) by auto
with lena have u = take (i — length a) ([X]Qb) by (simp add: less-or-eq-imp-le)

with lena have uX: u = [X]Q(take (i — length a — 1) b) by (simp add: not-less
take-Cons’)
let 28 = (take (i — length a — 1) b) @ [N] @ 8
from splits-at have f1: 6 = a @Q [N] @Q 3 by blast
with v uX have f2: 6 = a Q [X] @ 28 by simp
note skip = LeftDerives-skip-prefiz[where a = ¢ @ [X] and b = 28 and
r=randi=7{and c =0
then have D: LeftDerivest ?8 (i — length a — 1) b
using One-nat-def Suc-lel aXb append-assoc diff-diff-left f2 lena length-Cons
length-append length-append-singleton list.size(3) by fastforce
note prefit[OF f2 lena is-word-aX D)
then show False .
qed
with prefix-or have is-prefiz: is-prefic a a by blast

from oXb have aXb”: LeftDerives! § i r ((a@[X])@Qb) by auto
then have aXb’-0ld: Derivest ¢ ir ((aQ[X])Qb) by (simp add: LeftDerives1-implies-Derives1)

note DerivesI-suffic| OF aXb'-old split]
then have suffiz-or: is-suffiz 8 b V is-proper-suffiz b 5
by (metis is-suffiz-eq-proper-suffizc)
have is-proper-suffiz b f = Fulse
proof —
assume proper: is-proper-suffix b 3
then have 3 u. u # [| A B = u@Qb by (metis is-proper-suffiz-def)
then obtain u where u: u # [| A § = u@b by blast
note splits-at = splits-at-B[OF aXb-old split] splits-at-combine] OF split]
from splits-at have 51: § = drop (Suc i) § by blast
from splits-at have 82: B = drop (i + length (snd r)) (a Q [X] @ b) by blast
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from splits-at have leng: length 8 = length § — i — 1 by blast
with proper have lenb: length b < length 8 by (metis is-proper-suffiz-length-cmp)

from u 52 have u@Qb = drop (i + length (snd 1)) ((¢ @ [X]) @ b) by auto
hence u = drop (i + length (snd r)) (a Q [X])
by (metis drop-cancel-suffiz)
hence uX: u = drop (i + length (snd r)) a @ [X] by (metis drop-keep-last u)
let %a = a @ [N] @ (drop (i + length (snd 1)) a)
from splits-at have f1: 6§ = a @ [N] @Q 3 by blast
with v uX have f2: § = 2o @Q [X] @ b by simp
note skip = LeftDerives1-skip-suffizr[where a = %o and ¢ = [X]@Qb and b=a
and
r=rand i = i
have f3: i < length (o @ [N] @ drop (i + length (snd 1)) a)
proof —
have f1: 1 + i + length b = length [X] + length b +
by (metis Groups.add-ac(2) Suc-eq-plusi-left length-Cons list.size(3) list.size(4)
semiring-normalization-rules(22))
have f2: length § — i — 1 = length (o @ [N] @Q drop (i + length (snd 1)) a)
Q@ [X] @b) — Suci
by (metis f2 length-drop splits-at(1))
have length ([)::symbol list) # length § — i — 1 — length b
by (metis add-diff-cancel-right’ append-Nil2 append-eq-append-conv lenf
length-append u)
then have length ([]::symbol list) # length o + length ([N] Q drop (i + length
(sndr)) a) — i
using f2 fI by (metis Suc-eg-plusi-left add-diff-cancel-right’ diff-diff-left
length-append)
then show ?thesis
by auto
qed
from aXb f2 have D: LeftDerives! (%a @Q [X] Q b) i r (a@Q[X]Qb) by auto
note skip|OF f3 D]
note suffiz[OF f2 skip[OF f3 D]]
then show Fulse .
qed
with suffiz-or have is-suffix: is-suffix B b by blast

from is-prefixr have 3 u. a = a @ u by (auto simp add: is-prefiz-def)
then obtain u where u: ¢« = a @Q u by blast
from is-suffizr have 3 v. b = v @ 8 by (auto simp add: is-suffiz-def)
then obtain v where v: b = v @ § by blast

from u v splits-at-combine[OF split] aXb have D:LeftDerives! (a«@Q[N]Qg) i r
(c@(v@Q[X]Quv)@p)
by simp
from splits-at-a|OF aXb-old split] have i: length o = i by blast
from ¢ have il: length a < i and i2: i < length a by auto
note LeftDerives!-skip-suffiz|OF - LeftDerives1-skip-prefiz[OF il D), simplified,
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OF 2]
then have LeftDerives! [N] 0 r (v Q [X] @ v) by auto
then have Derives! [N] 0 r (u Q [X] @ v)
using LeftDerives1-implies-Derivesl by auto
then have r: snd r = v Q [X] Q v
by (metis Derives1-split append-Cons append-Nil length-0-conv list.inject self-append-conv)

show ?thesis using v v r by auto
qed

lemma LeftDerivationFiz-grow-suffix:
assumes LDF: LeftDerivationFiz (b1Q[X]Qb2) (length b1) D j ¢
assumes suffiz-b2: LeftDerives! suffiz e r b2
assumes is-word-b1X: is-word (b1Q[X))
shows LeftDerivationFixz (b1Q[X]Qsuffiz) (length b1) ((e + length (b1Q[X]),
r)#D) jc
proof —
from LDF have LDF'': is-sentence (b1Q[X]Qb2) A is-sentence ¢ A
LeftDerivation (b1 Q [X] @ b2) D ¢ A length bl < length (b1 @ [X] Q b2) A
j < length ¢ N
(b1 @ [X] @ b2) ! length b1 = c ! j A
(3E F. D = E Q derivation-shift F 0 (Suc j) A
LeftDerivation (take (length b1) (b1 Q [X] @ b2)) E (take j ¢) A
LeftDerivation (drop (Suc (length b1)) (b1 @ [X] @ b2)) F (drop (Suc j) c))
using LeftDerivationFiz-def by blast
then obtain E F where EF: D = FE Q@ deriwation-shift F 0 (Suc j) A
LeftDerivation (take (length b1) (b1 Q [X] @ b2)) E (take j ¢) A
LeftDerivation (drop (Suc (length b1)) (b1 @Q [X] @ b2)) F (drop (Suc j) c)
by blast
then have LD-bl-c: LeftDerivation bl E (take j c) by simp
with is-word-b1X have E: E = ||
using LeftDerivation-implies- Derivation is-word-Derivation is-word-append by
blast
then have bI-def: b1 = take j c using LD-bil-c by auto
then have bI-len: j = length b1
by (simp add: LDF' dual-order.strict-implies-order min.absorb2)
have D: D = derivation-shift F 0 (Suc j) using EF E by simp
have step: LeftDerives! (b1 Q [X] Q suffiz) (Suc (e + length b1)) r (b1 Q [X]
@ b2) A
LeftDerivation (b1 @ [X] Q b2) D ¢
by (metis LDF' LeftDerives1-append-prefiz add-Suc-right append-assoc assms(2)
is-word-b1X
length-append-singleton)
then have is-sentence-b1Xsuffiz: is-sentence (b1 Q [X] @Q suffix)
using Derivesl-sentencel LeftDerivesl-implies-Derivesl by blast
have X-eq-cj: X = ¢! j using LDF’ by auto
show ?thesis
apply (simp add: LeftDerivationFix-def)
apply (rule conjI)
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using is-sentence-b1Xsuffix apply simp
apply (rule conjI)
using LDF' apply simp
apply (rule congl)
using step apply force
apply (rule conjI)
using LDF’ apply simp
apply (rule conjI)
apply (rule X-eg-cj)
apply (rule-tac =[] in exl)
apply (rule-tac z=(e, 7)#F in exl)
apply auto
apply (rule b1-len[symmetric])
apply (rule D)
apply (rule b1-def)
apply (rule-tac =02 in exl)
apply (simp add: suffiz-b2)
using FF by auto
qed

lemma Derives-append-suffiz:
assumes Derivesl: Derivesl v i r w
assumes u: is-sentence u
shows Derives! (vQu) ¢ r (wQu)
proof —
have 3 a N . splits-at vi a N (8 using assms splits-at-ex by auto
then obtain o N 8 where split-v: splits-at vi o N 3 by blast
have split-w: w = a@(snd r)QS using assms split-v splits-at-combine-dest by
blast
have split-uv: splits-at (vQu) i « N (fQu)
by (simp add: split-v splits-at-append)
have is-sentence-uv: is-sentence (vQu)
using Derivesl Derivesl-sentencel is-sentence-concat u by blast
show ?thesis
by (metis Derives1 Derives1-nonterminal DerivesI-rule append-assoc is-sentence-uv

split-uv split-v split-w splits-at-implies-Derivesl)
qged

lemma leftmost-append-suffiz: leftmost i v = leftmost i (vQu)
by (simp add: leftmost-def nth-append)

lemma LeftDerives1-append-suffiz:
assumes Derivesl: LeftDerivesl v i rw
assumes u: is-sentence u
shows LeftDerives! (vQu) i r (wQu)
proof —
have 1: Derives! vir w
by (simp add: Derivesl LeftDerives1-implies-Derivesl)
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have 2: leftmost ¢ v

using Derivesl LeftDerivesl-def by blast
have 3: is-sentence u using u by fastforce
have /: Derives! (vQu) i r (wQu)

by (simp add: 1 8 DerivesI-append-suffiz)
have 5: leftmost i (vQu)

by (simp add: 2 leftmost-append-suffiz u)
show ?thesis

by (simp add: 4 5 LeftDerivesi-def)

qged

lemma LeftDerivationFiz-is-sentence:
LeftDerivationFix a i D j b => is-sentence a A is-sentence b
using LeftDerivationFiz-def by blast

lemma LeftDerivationIntro-is-sentence:
LeftDerivationIntro o i v iz D j v = is-sentence o A is-sentence 7y
by (meson Derives1-sentencel LeftDerivationFiz-is-sentence LeftDerivationIn-
tro-def
LeftDerives1-implies-Derives1 )

lemma LeftDerivationFiz-grow-prefic:
assumes LDF: LeftDerivationFiz (b1Q[X]Qb2) (length b1) D j ¢
assumes prefiz-b1: LeftDerives] prefix e r bl
shows LeftDerivationFix (prefixQ[X|Qb2) (length prefiz) ((e, r)#D) j ¢
proof —
from LDF have LDF" LeftDerivation (b1 Q [X] @ b2) D ¢ A
length b1 < length (b1 @ [X] @ b2) A
j < length ¢ N
(b1 @ [X] @ b2) ! length b1 = ¢! j A
(3E F. D = E Q@ derivation-shift F 0 (Suc j) A
LeftDerivation (take (length b1) (b1 Q [X] @ b
LeftDerivation (drop (Suc (length b1)) (b1 @ [X
using LeftDerivationFixz-def by blast
then obtain F F where EF: D = E Q derivation-shift F' 0 (Suc j) A
LeftDerivation (take (length b1) (b1 Q [X] @ b2)) E (take j ¢) A
LeftDerivation (drop (Suc (length b1)) (b1 @Q [X] @ b2)) F (drop (Suc j) c)
by blast
then have E-bI-c: LeftDerivation bl E (take j ¢) by simp
with EF have F-b2-c: LeftDerivation b2 F (drop (Suc j) ¢) by simp
have step: LeftDerives! (prefix @ [X] @ b2) e r (b1 @ [X] @ b2)
using LDF LeftDerivationFiz-is-sentence LeftDerives1-append-suffiz
is-sentence-concat prefiz-b1 by blast
show ?thesis
apply (simp add: LeftDerivationFiz-def)
apply (rule conjI)
apply (metis Derivesi-sentencel LDF LeftDerivationFiz-def LeftDerives1-implies- Derives]

2)) E (take j ¢) A
] @ b2)) F (drop (Suc j) ¢))

is-sentence-concat is-sentence-cons prefiz-b1)
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apply (rule conjI)

using LDF' LeftDerivationFiz-is-sentence apply blast
apply (rule conjI)

apply (rule-tac x=b1Q[X]Qb2 in exl)
using step apply simp

using LDF' apply auto[1]

apply (rule conjI)

using LDF' apply simp

apply (rule congl)

using LDF' apply auto[1]

apply (rule-tac z=(e,r)#F in exI)
apply (rule-tac z=F in exl)

apply (auto simp add: EF F-b2-c)
apply (rule-tac =01 in exl)

apply (simp add: prefiz-b1 E-b1-c)
done

qed

PRy

lemma LeftDerivationFixOrIntro:

LeftDerivation a D v = is-sentence v = j < length v =

(3 4. LeftDerivationFiz a i D j ) V

(3 d a iz. d < length D N\ LeftDerivation a (take d D) a A
LeftDerivationIntro o (fst (D! d)) (snd (D! d)) iz (drop (Suc d) D) j ~)

proof (induct length D arbitrary: a D v j rule: less-induct)

case less
have length D = 0 V length D # 0 by blast
then show ?case
proof (induct rule: disjCases2)
case I
then have D: D = [| by auto
with less have 3. LeftDerivationFiz a i D j vy
apply (rule-tac z=j in exl)
by auto
then show ?case by blast
next
case 2
note less2 = 2
have 3 n 8 i. n < length D A 8 = Derive a (take n D) N LeftDerivationFiz 3
i (drop n D) j
apply (rule-tac z=length D in ezl)
apply auto
using Derive LeftDerivationFix-empty LeftDerivation-implies- Derivation less
by blast
then show ?case
proof (induct rule: ex-minimal-witness)
case (Minimal N)
then obtain 8 ¢ where Minimal-N:
N < length D A 8 = Derive a (take N D) A LeftDeriwationFiz 5 i (drop N
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D) j v by blast
have N = 0 V N # 0 by blast
then show ?case
proof (induct rule: disjCases2)
case 1
with Minimal-N have 8 = a by auto
with 1 Minimal-N show ?case
apply (rule-tac disjl1)
by auto
next
case 2
let 26 = Derive a (take (N — 1) D)
have LeftDerives1-0: LeftDerivesl 26 (fst (D! (N — 1))) (snd (D! (N —

1)) B
using 2.hyps LeftDerivation-Derive-take-LeftDerives! Minimal-N less.prems(1)
by blast
then have Derives1-0: Derivest 25 (fst (D! (N — 1))) (snd (D! (N — 1)))
B
using LeftDerives1-implies-Derivesl by blast
have i-len: i < length § using Minimal-N
by (auto simp add: LeftDerivationFiz-def)
then have 3 X -1 §-2. splits-at § i 5-1 X -2
using splits-at-def by blast
then obtain X 5-1 -2 where §-split: splits-at 5 i f-1 X -2 by blast
then have (-combine: § = -1 @ [X] @ B-2 using splits-at-combine by
blast
then have LeftDerives1-6-hyp:
LeftDerives! 26 (fst (D! (N — 1))) (snd (D! (N — 1))) (8-1 @ [X] @
B-2)

using LeftDerives1-§ by blast
from [3-split have i-def: i = length (-1
by (simp add: dual-order.strict-implies-order min.absorb2 splits-at-def)
have 3 Y 6-1 §-2. splits-at 25 (fst (D! (N — 1))) 6-1 Y -2
using Derivesl-§ splits-at-ex by blast
then obtain Y J-1 0-2 where J-split: splits-at 25 (fst (D! (N — 1))) 6-1
Y -2 by blast
have NFix: LeftDerivationFiz (-1 @ [X] @ 8-2) (length B-1) (drop N D)
J
using Minimal-N (-combine i-def by auto
from LeftDerives1-§-hyp §-split
have Juv. 8-1 =6-1 Qu A B-2=v@Q -2 A snd (snd (D! (N — 1)) =
v @[X]Quw
proof (induct rule: LeftDerives1-X-is-part-of-rule)
case (Suffiz suffix)
let %k = N — 1
let 28 = Derive a (take ?k D)
let 20 = length B-1
have k-less: ?k < length D using 2.hyps Minimal-N by linarith
then have k-leq: 2k < length D by auto
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have drop-k-d: drop %k D = (D! (N — 1))#(drop N D)
using 2.hyps Cons-nth-drop-Suc k-less by fastforce
from LeftDerivationFiz-grow-suffiz| OF NFiz Suffiz(4) Suffiz(8)] Suffiz(1)
Suffiz(2) 2
have LeftDerivationFiz 28 2i (drop %k D) j ~v
apply auto
by (metis One-nat-def drop-k-d)
with Minimal(2)[where k=?k] show Fualse
using 2.hyps k-leq by auto
next
case (Prefix prefiz)
have collapse: (fst (D! (N — 1)), snd (D! (N — 1))) # drop N D =
drop (N — 1) D
by (metis 2.hyps Cons-nth-drop-Suc Minimal-N Suc-diff-1 neq0-conv
not-less
not-less-eq prod.collapse)
from LeftDerivationFiz-grow-prefiz|OF NFiz Prefix(2)] Prefix(1) collapse
have LeftDerivationFiz 25 (length prefix) (drop (N — 1) D) j v by auto
with Minimal(2)[where k = N — 1] show Fulse
by (metis Minimal-N collapse diff-le-self le-neq-implies-less less-imp-diff-less

less-or-eq-imp-le not-Cons-self2)
qged
then obtain v v where uv:
B-1=6-1QuAB-2=vQ@F-2Asnd (snd (D! (N — 1)) =u@ [X]
@ v by blast
have X-1: snd (snd (D! (N — Suc 0))) ! length v = X using wv by auto
have X-2: v ! j = X using LeftDerivationFix-def NFix by auto
show ?Zcase
apply (rule disjI2)
apply (rule-tac z=N — 1 in exl)
apply (rule-tac =20 in exl)
apply (rule-tac x=length u in exl)
apply (rule conjI)
using Minimal-N less2 apply linarith
apply (rule conjI)
using LeftDerivation-take-derive less.prems(1) apply blast
apply (subst LeftDerivationIntro-def)
apply (rule-tac =0 in exl)
apply auto
using LeftDerives1-§ One-nat-def apply presburger
using uv apply auto[!]
using X-1 X-2 apply auto[!]
by (metis (no-types, lifting) 2.hyps Derives1-§ DerivesI-split Minimal-N
One-nat-def
Suc-diff-1 0-split append-eq-conv-conj i-def length-append neq0-conv
splits-at-def uv)
qed
qed
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qed
qed

type-synonym deriv = nat X nat X nat
type-synonym ladder = deriv list

definition deriv-n :: deriv = nat where
deriv-n d = fst d

definition deriv-j :: deriv = nat where
deriv-j d = fst (snd d)

definition deriv-iz :: deriv = nat where
deriv-iz d = snd (snd d)

definition deriv-i :: deriv = nat where
deriv-i d = snd (snd d)

definition ladder-j :: ladder = nat = nat where
ladder-j L index = deriv-j (L ! index)

definition ladder-i :: ladder = nat = nat where
ladder-i L index = (if index = 0 then deriv-i (hd L) else ladder-j L (index — 1))

definition ladder-n :: ladder = nat = nat where
ladder-n L index = deriv-n (L ! index)

definition ladder-prev-n :: ladder = nat = nat where
ladder-prev-n L index = (if index = 0 then 0 else (ladder-n L (index — 1)))

definition ladder-iz :: ladder = nat = nat where
ladder-iz L index = (if index = 0 then undefined else deriv-iz (L ! index))

definition ladder-last-j :: ladder = nat where
ladder-last-j L = ladder-j L (length L — 1)

definition ladder-last-n :: ladder = nat where
ladder-last-n L = ladder-n L (length L — 1)

definition is-ladder :: derivation = ladder = bool where
is-ladder D L = (L # [] A
(V u. u < length L — ladder-n L u < length D) A
VY uv.u<vAwv<length L — ladder-n L u < ladder-n L v) A
ladder-last-n L = length D)

definition ladder-y :: sentence = derivation = ladder = nat = sentence where
ladder-y a D L index = Derive a (take (ladder-n L index) D)

definition ladder-« :: sentence = derivation = ladder = nat = sentence where
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ladder-a a D L index = (if index = 0 then a else ladder-y a D L (index — 1))

definition LeftDerivationIntrosAt :: sentence = derivation = ladder = nat =
bool where
LeftDerivationIntrosAt a D L index = (
let o = ladder-a a D L index in
let i = ladder-i L index in
let j = ladder-j L index in
let ix = ladder-iz L index in
let v = ladder-y a D L index in
let n = ladder-n L (index — 1) in
let m = ladder-n L index in
lete= D! nin
let E = drop (Suc n) (take m D) in
1= fsteN
LeftDerivationIntro o i (snd e) ix E j )

definition LeftDerivationIntros :: sentence = derivation = ladder = bool where
LeftDerivationIntros a D L = (
V index. 1 < index A indexr < length L — LeftDerivationIntrosAt a D L
index)

definition LeftDerivationLadder :: sentence = derivation = ladder = sentence
= bool where
LeftDerivationLadder a D L b = (
LeftDerivation a D b A
is-ladder D L A
LeftDerivationFiz a (ladder-i L 0) (take (ladder-n L 0) D) (ladder-j L 0)

(ladder-y a D L 0) A

LeftDerivationIntros a D L)

definition mk-deriv-fix :: nat = nat = nat = deriv where
mk-deriv-fiz i n j = (n, j, 1)

definition mk-deriv-intro :: nat = nat = nat = deriv where
mk-deriv-intro iz n j = (n, j, ix)

lemma mk-deriv-fiz-i[simp|: deriv-i (mk-deriv-fix i n j) = i
by (simp add: deriv-i-def mk-deriv-fiz-def)

lemma mk-deriv-fiz-j[simp|: deriv-j (mk-deriv-fiz i n j) = j
by (simp add: deriv-j-def mk-deriv-fiz-def)

lemma mk-deriv-fiz-n[simpl: deriv-n (mk-deriv-fiz i n j) = n

by (simp add: deriv-n-def mk-deriv-fiz-def)

lemma mk-deriv-intro-i[simp]: deriv-i (mk-deriv-intro i n j) = i
by (simp add: deriv-i-def mk-deriv-intro-def)
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lemma mk-deriv-intro-iz[simp|: deriv-iz (mk-deriv-intro ix n j) = ix
by (simp add: deriv-iz-def mk-deriv-intro-def)

lemma mk-deriv-intro-j[simp]: deriv-j (mk-deriv-intro i n j) = j
by (simp add: deriv-j-def mk-deriv-intro-def)

lemma mk-deriv-intro-n[simp]: deriv-n (mk-deriv-intro i n j) = n
by (simp add: deriv-n-def mk-deriv-intro-def)

lemma LeftDerivationFiz-implies-ex-ladder:
LeftDerivationFiz a i D j v => 3 L. LeftDerivationLadder a D L ~v N
ladder-last-j L = j A ladder-last-n L = length D
apply (rule-tac x=[mk-deriv-fiz i (length D) j] in exl)
apply (auto simp add: LeftDerivationLadder-def)
apply (simp add: LeftDerivationFiz-def)
apply (simp add: is-ladder-def)
apply (auto simp add: ladder-i-def ladder-j-def ladder-n-def ladder-y-def)
apply (simp add: ladder-last-n-def ladder-n-def)
using Derive LeftDerivationFix-def Left Derivation-implies- Derivation apply blast
apply (simp add: LeftDerivationIntros-def)
apply (simp add: ladder-last-j-def ladder-j-def)
apply (simp add: ladder-last-n-def ladder-n-def)
done

lemma trivP[case-names prems|: P = P by blast

lemma LeftDerivationLadder-ladder-n-bound:
assumes LeftDerivationLadder a D L b
assumes index < length L
shows ladder-n L index < length D
using LeftDerivationLadder-def assms(1) assms(2) is-ladder-def by blast

lemma LeftDerivationLadder-deriv-n-bound:

assumes LeftDerivationLadder a D L b

assumes index < length L

shows deriv-n (L ! index) < length D
using LeftDerivationLadder-def assms(1) assms(2) is-ladder-def ladder-n-def by
auto

lemma ladder-n-simp1[simp|: u < length L = ladder-n (LQL’) u = ladder-n L
u
by (simp add: ladder-n-def)

lemma ladder-n-simp2[simp|: ladder-n (LQ[d]) (length L) = deriv-n d
by (simp add: ladder-n-def)

lemma ladder-j-simp1[simpl: u < length L = ladder-j (LQL’) u = ladder-j L u
by (simp add: ladder-j-def)
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lemma ladder-j-simp2[simp]: ladder-j (LQ[d]) (length L) = deriv-j d
by (simp add: ladder-j-def)

lemma ladder-i-simp1[simp]: u < length L = ladder-i (LQL’) u = ladder-i L u
by (auto simp add: ladder-i-def)

lemma ladder-iz-simpl [simp]: v < length L = ladder-iz (LQL") u = ladder-iz L
U
by (auto simp add: ladder-iz-def)

lemma ladder-iz-simp2[simp]: L # [| = ladder-ixz (LQ[d]) (length L) = deriv-iz
d
by (auto simp add: ladder-iz-def)

lemma ladder-y-simp1[simpl]: u < length L = ladder-y a D (LQL') u = ladder-y
aDLu
by (simp add: ladder-vy-def)

lemma ladder-y-simp2[simp]: u < length L => is-ladder D [ =
ladder-y a (DQD’) L u = ladder-y a D L u
by (simp add: is-ladder-def ladder-y-def)

lemma ladder-a-simp1 [simp]: v < length L = ladder-a a D (LQL") v = ladder-a
aDLu
by (simp add: ladder-a-def)

lemma ladder-a-simp2[simp): u < length L = is-ladder D L =
ladder-o a (DQD') L u = ladder-o a D L u
by (simp add: is-ladder-def ladder-a-def)

lemma ladder-n-minus-1-bound: is-ladder D L. = index > 1 = index < length
L=
ladder-n L (index — Suc 0) < length D
by (metis (no-types, lifting) One-nat-def Suc-diff-1 Suc-le-lessD dual-order.strict-implies-order

is-ladder-def le-negq-implies-less not-less)

lemma LeftDerivationIntrosAt-ignore-appendix:
assumes is-ladder: is-ladder D L
assumes hyp: LeftDerivationIntrosAt a D L index
assumes indez-ge: indexr > 1
assumes index-less: indexr < length L
shows LeftDerivationIntrosAt a (D Q@ D') (L Q L') index
proof —
have indez-minus-1: index — Suc 0 < length L
using index-less by arith
have s-0: ladder-n L index — length D = 0
using indez-less is-ladder is-ladder-def by auto
from indez-ge indez-less show ?thesis
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apply (simp add: LeftDerivationIntrosAt-def Let-def)
apply (simp add: index-minus-1 is-ladder ladder-n-minus-1-bound is-0)
using hyp apply (auto simp add: LeftDerivationIntrosAt-def Let-def)
done

qed

lemma ladder-i-eg-last-j: L # [| = ladder-i (L @ L’) (length L) = ladder-last-j
L
by (simp add: ladder-i-def ladder-last-j-def)

lemma ladder-last-n-intro: L # [| = ladder-n L (length L — Suc 0) = lad-
der-last-n L
by (simp add: ladder-last-n-def)

lemma is-ladder-not-empty: is-ladder D L = L # |]
using is-ladder-def by blast

lemma last-ladder-y:

assumes is-ladder: is-ladder D L

assumes ladder-last-n: ladder-last-n L = length D

shows ladder-y a D L (length L — Suc 0) = Derive a D
proof —

from is-ladder is-ladder-not-empty have L # [| by blast

then show ?thesis

by (simp add: ladder-y-def ladder-last-n-intro ladder-last-n)

qged

lemma ladder-a-full:
assumes is-ladder: is-ladder D L
assumes ladder-last-n: ladder-last-n L = length D
shows ladder-a a (D @ D') (L @ L) (length L) = Derive a D
proof —
from is-ladder have L-not-empty: L # || by (simp add: is-ladder-def)
with is-ladder ladder-last-n show ?thesis
apply (simp add: ladder-a-def)
apply (simp add: last-ladder-y)
done
qged

lemma LeftDerivationIntro-implies-LeftDerivation:
LeftDerivationIntro o i r iz D j v = LeftDerivation o ((i,r)#D) v
using LeftDerivationFiz-def LeftDerivationIntro-def by auto

lemma LeftDerivationLadder-grow:
LeftDerivationLadder a D L o = ladder-last-j L = i =
LeftDerivationIntro av i v ix E j v =
LeftDerivationLadder a (DQ[(i, r)]QE) (LQ[mk-deriv-intro iz (Suc(length D +

length E)) j1) ~
proof (induct arbitrary: a D L o i iz E j 7 rule: trivP)
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case prems
{
fix u :: nat
assume u < Suc (length L)
then have u < length L V u = length L by arith
then have ladder-n (L @ [mk-deriv-intro iz (Suc (length D + length F)) j]) u
<
Suc (length D + length E)
proof (induct rule: disjCases2)
case I
then show ?case
apply simp
by (meson LeftDerivationLadder-ladder-n-bound le-Suc-eq le-add1 le-trans
prems(1))
next
case 2
then show ?case
by (simp add: ladder-n-def)
qed

note ladder-n-ineqs = this
{
fix u :: nat
fix v :: nat
assume u-less-v: u < v
assume v < Suc (length L)
then have v < length L V v = length L by arith
then have ladder-n (L @ [mk-deriv-intro iz (Suc (length D + length E)) j]) u
< ladder-n (L Q [mk-deriv-intro iz (Suc (length D + length E)) j]) v
proof (induct rule: disjCases2)
case I
with u-less-v have u-bound: u < length L by arith
show ?case using 1 u-bound apply simp
using prems u-less-v LeftDerivationLadder-def is-ladder-def by auto
next
case 2
with u-less-v have u-bound: u < length L by arith
have deriv-n (L! u) < length D
using LeftDerivationLadder-deriv-n-bound prems(1) u-bound by blast
then show ?case
apply (simp add: u-bound)
apply (simp add: ladder-n-def 2)
done
qed
}
note ladder-n-ineqs = ladder-n-ineqs this
have is-ladder:
is-ladder (D @ (i, r) # E) (L Q [mk-deriv-intro iz (Suc (length D + length E))
i
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apply (auto simp add: is-ladder-def)
using ladder-n-ineqs apply auto
apply (simp add: ladder-last-n-def)
done
have is-ladder-L: is-ladder D L
using LeftDerivationLadder-def prems.prems(1) by blast
have ladder-last-n-eq-length: ladder-last-n L = length D
using is-ladder-L is-ladder-def by blast
have L-not-empty: L # ||
using LeftDerivationLadder-def is-ladder-def prems(1) by blast
{
fix index :: nat
assume indez-ge: Suc 0 < index
assume index < Suc (length L)
then have index < length L V index = length L by arith
then have LeftDerivationIntrosAt a (D @ (i, r) # E)
(L @ [mk-deriv-intro iz (Suc (length D + length E)) j]) index
proof (induct rule: disjCases2)
case I
then show ?case
using LeftDerivationIntrosAt-ignore-appendiz
LeftDerivationIntros-def LeftDerivationLadder-def One-nat-def
index-ge prems.prems(1) by presburger
next
case 2
have min-simp: /A n E. min n (Suc (n + length E)) = n
by auto
with 2 prems is-ladder-L ladder-last-n-eq-length show Zcase
apply (simp add: LeftDerivationIntrosAt-def)
apply (simp add: L-not-empty ladder-i-eq-last-j ladder-last-n-intro)
apply (simp add: ladder-a-full min-simp)
apply (simp add: ladder-y-def)
by (metis Derive LeftDerivationIntro-implies-Left Derivation LeftDerivation-
Ladder-def
LeftDerivation-implies-Derivation LeftDerivation-implies-append)
qed
}
then show ?case
apply (auto simp add: LeftDerivationLadder-def)
using prems apply (auto simp add: LeftDerivationLadder-def)[1]
using LeftDerivationFiz-def LeftDerivationIntro-def LeftDerivation-append ap-
ply auto[1]
using is-ladder apply simp
using L-not-empty apply simp
using LeftDerivationLadder-def LeftDerivationLadder-ladder-n-bound ladder-y-def

prems.prems(1) apply auto[1]
apply (subst LeftDerivationIntros-def)
apply auto
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done
qed

lemma LeftDerivationIntro-bounds-ij:
LeftDerivationIntro o i rixz D j f = i < length a A j < length B
by (meson Derives1-bound LeftDerivationFix-def LeftDerivationIntro-def
LeftDerives1-implies-Derives!)

theorem LeftDerivationLadder-exists: LeftDerivation a D v = is-sentence v =
j < length v =
3 L. LeftDerivationLadder a D L v A ladder-last-j L = j
proof (induct length D arbitrary: a D v j rule: less-induct)
case less
from LeftDerivationFizOrintro[OF less(2,3,4)] show ?case
proof (induct rule: disjCases2)
case I
then obtain i where LeftDerivationFiz a i D j v by blast
show ?case
using 1.hyps LeftDerivationFiz-implies-ex-ladder by blast
next
case 2
then obtain d «a iz where inductrule: d < length D A
LeftDerivation a (take d D) o A
LeftDerivationIntro o (fst (D! d)) (snd (D! d)) iz (drop (Suc d) D) j v by
blast
then have less-length-D: length (take d D) < length D
and LeftDerivation-c:: LeftDerivation a (take d D) a by auto
have is-sentence-a: is-sentence o using LeftDerivationIntro-is-sentence induc-
trule by blast
have fst (D! d) < length a using LeftDerivationIntro-bounds-ij inductrule by
blast
from less(1)[OF less-length-D LeftDerivation-c is-sentence-o, where j= fst (D
1'd), OF this]
obtain L where induct-Ladder:
LeftDerivationLadder a (take d D) L o and induct-last: ladder-last-j L = fst
(D! d)
by blast
have induct-intro: LeftDerivationIntro o (fst (D ! d)) (snd (D! d)) iz (drop
(Suc ) D) j
using inductrule by blast
have d < length D using inductrule by blast
then have simp-to-D: take d D Q D | d # drop (Suc d) D = D
using id-take-nth-drop by force
from LeftDerivationLadder-grow|OF induct-Ladder induct-last induct-intro]
simp-to-D
show ?case
apply auto
apply (rule-tac z=
L Q [mk-deriv-intro iz (Suc (min (length D) d + (length D — Suc d))) j] in
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exl)
apply (simp add: ladder-last-j-def)
done
qed
qed

lemma LeftDerivationLadder-L-0:
assumes LeftDerivationLadder o D L (8
assumes length L = 1
shows 3 i. LeftDerivationFix o i D (ladder-last-j L) §
proof —
have is-ladder D L using assms by (auto simp add: LeftDerivationLadder-def)
then have ladder-n: ladder-n L 0 = length D
by (simp add: assms(2) is-ladder-def ladder-last-n-def)
show ?thesis
apply (rule-tac z = ladder-i L 0 in exI)
using assms(1) apply (auto simp add: LeftDerivationLadder-def)
by (metis Derive LeftDerivationFiz-def Left Derivation-implies-Derivation One-nat-def
assms(2)
diff-Suc-1 ladder-last-j-def ladder-n order-refl take-all)
qed

lemma LeftDerivationFiz-splits-at-derives:
assumes LeftDerivationFiz a i D j b
shows 3 U al a2 b1 b2. splits-at a i al U a2 N splits-at b j b1 U b2 A
derives al bl A derives a2 b2
proof —
note hyp = LeftDerivationFiz-def[where a=a and f=b and D=D and i=i
and j=j]
from hyp obtain F F where EF:
D = F @ derivation-shift F 0 (Suc j) A
LeftDerivation (take i a) E (take j b) A LeftDerivation (drop (Suc i) a) F
(drop (Suc j) b)
using assms by blast
show ?thesis
apply (rule-tac x=a ! i in exl)
apply (rule-tac x=take i a in exl)
apply (rule-tac z=drop (Suc i) a in exl)
apply (rule-tac z=take j b in exl)
apply (rule-tac z=drop (Suc j) b in exl)
using Derivation-implies-derives LeftDerivation-implies-Derivation assms hyp
splits-at-def by blast
qed

lemma LeftDerivation-append-suffix:

LeftDerivation a D b = is-sentence ¢ = LeftDerivation (aQc) D (bQc)
proof (induct D arbitrary: a b c)

case Nil

then show ?case by auto
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next
case (Cons d D)
then show ?Zcase

apply auto

apply (rule-tac z=xQc in exI)

apply auto

using LeftDerives1-append-suffix by simp
qed

lemma LeftDerivation-impossible: LeftDerivation a D b = i < length a =
is-nonterminal (a ! i) = derivation-ge D (Suc i) = D = |]
proof (induct D)
case Nil then show Zcase by auto
next
case (Cons d D)
then have Im: A j. leftmost ja = j < i
by (metis DerivesI-sentencel LeftDerivation.simps(2) LeftDerivesi-implies-Derivesl

leftmost-exists leftmost-unique)
from Cons show Zcase
apply auto
apply (auto simp add: derivation-ge-def LeftDerivesl-def)
using Im[where j=fst d] by arith
qed

lemma derivation-ge-shift: derivation-ge (derivation-shift F 0 j) j
apply (induct F)
apply (auto simp add: derivation-ge-def)
done

lemma LeftDerivationFiz-splits-at-nonterminal:
assumes LeftDerivationFiz a i D j b
assumes is-nonterminal (a ! ©)
shows 3 U al a2 bl. splits-at a i al U a2 A splits-at b j b1 U a2 N LeftDerivation
al D b1
proof —
note hyp = LeftDerivationFiz-def[where a=a and f=b and D=D and i=i
and j—j|
from hyp obtain F F where EF:
D = FE Q derivation-shift F 0 (Suc j) A LeftDerivation (take i a) E (take j b)
A
LeftDerivation (drop (Suc ©) a) F (drop (Suc j) b)
using assms by blast
have 3 3. LeftDerivation a E 8 N LeftDerivation B (derivation-shift F 0 (Suc
i) b
using EF LeftDerivation-append assms(1) hyp by blast
then obtain g where 3-intro:
LeftDerivation a E 8 A LeftDerivation 8 (derivation-shift F 0 (Suc j)) b by
blast
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have LeftDerivation ((take i a)Q(drop i a)) E ((take j b)@(drop i a))
by (metis EF LeftDerivation-append-suffic append-take-drop-id assms(1) hyp
is-sentence-concat)
then have LeftDerivation a E ((take j b)Q(drop i a)) by simp
then have (-decomposed: = (take j b)Q(drop i a)
using Derivation-unique-dest LeftDerivation-implies-Derivation [-intro by blast

then have § ! j=a !¢
by (metis Cons-nth-drop-Suc assms(1) hyp length-take min.absorb2 nth-append-length

order.strict-implies-order)

then have is-nt: is-nonterminal (8! j) by (simp add: assms(2))
have indez-j: j < length § using [-decomposed assms(1) hyp by auto
have derivation: LeftDerivation § (derivation-shift F 0 (Suc j)) b

by (simp add: S-intro)
from LeftDerivation-impossible]OF derivation index-j is-nt derivation-ge-shift]
have F: F' = [| by (metis length-0-conv length-derivation-shift)
then have (-is-b: § = b using [S-intro by auto
show ?thesis

apply (rule-tac x=a ! i in exl)

apply (rule-tac x=take i a in exl)

apply (rule-tac z=drop (Suc i) a in exl)

apply (rule-tac z=take j b in exl)

using EF F assms(1) hyp splits-at-def by auto

qed

lemma LeftDerivationIntro-implies-nonterminal:
LeftDerivationIntro o i (snd €) ix E j v = is-nonterminal (o ! ©)
by (simp add: LeftDerivationIntro-def LeftDerives1-def leftmost-is-nonterminal)

lemma LeftDerivationIntrosAt-implies-nonterminal:
LeftDerivationIntrosAt a D L index => is-nonterminal((ladder-o a D L index) !
(ladder-i L indez))

by (meson LeftDerivationIntro-implies-nonterminal LeftDerivationIntrosAt-def)

lemma LeftDerivationIntro-ezamine-rule:
LeftDerivationIntro o i r iz D j v = splits-at a i a1 M a2 =
In. M=fstrAn=sndr AN(M,n) €R
by (metis Derives1-nonterminal Derives-rule Left DerivationIntro-def LeftDerives-implies-Derives!

prod.collapse)

lemma LeftDerivation-skip-prefixword-ex:
assumes LeftDerivation (u@uv) D w
assumes is-word u
shows 3 w’. w = uQuw’ A LeftDerivation v (derivation-shift D (length u) 0) w’
by (metis LeftDerivation.simps(1) LeftDerivation-breakdown LeftDerivation-implies-Derivation

LeftDerivation-skip-prefix append-eq-conv-conj assms(1) assms(2) is-word-Derivation
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is-word-Derivation-derivation-ge)

definition ladder-cut :: ladder = nat = ladder
where ladder-cut L n = (let i = length L — 1 in L[i := (n, snd (L ! ©))])

fun deriv-shift :: nat = nat = deriv = deriv
where deriv-shift dn dj (n, j, i) = (n — dn, j — dj, ©)

definition ladder-shift :: ladder = nat = nat = ladder
where ladder-shift L dn dj = map (deriv-shift dn dj) L

lemma splits-at-append-suffiz-prevails:
assumes splits-at (a@Qb) i u N v
assumes i < length a
shows 3 v’. v = v/Qb A a=u@[N]Qv’
proof —
have min (length a) (Suc i) = Suc i
using Suc-lel assms(2) min.absorb2 by blast
then show ?thesis
by (metis (no-types) append-assoc append-eq-conv-conj append-take-drop-id
assms(1)
hd-drop-conv-nth length-take splits-at-def take-hd-drop)
qed

lemma derivation-shift-right-left-cancel:
derivation-shift (derivation-shift D 0 r) r 0 = D
by (induct D, auto)

lemma derivation-shift-left-right-cancel:
assumes derivation-ge D r
shows derivation-shift (derivation-shift D r 0) 0 r = D
using assms derivation-ge-shift-simp derivation-shift-0-shift by auto

lemma LeftDerivation-ge-take:
assumes derivation-ge D k
assumes LeftDerivation a D b
assumes D # ||
shows take k a = take k b A is-word (take k a)
proof —
obtain d D’ where d: d#D’' = D using assms(3) list.exhaust by blast
then have 3 x. LeftDerives! a (fst d) (snd d) « A LeftDerivation x D' b
using LeftDerivation.simps(2) assms(2) by blast
then obtain z where z: LeftDerives! a (fst d) (snd d) x A LeftDerivation x D’
b by blast
have fst-d-k: fst d > k using d assms(1) derivation-ge-cons by blast
from z fst-d-k have is-word: is-word (take k a)
by (metis LeftDerives1-def append-take-drop-id is-word-append leftmost-def
min.absorb2 take-append take-take)



149

have is-eq: take k a = take k b
using Derivation-take LeftDerivation-implies-Derivation assms(1) assms(2) by
blast
show ?thesis using is-word is-eq by blast
qed

lemma LeftDerivationFiz-splits-at-symbol:
assumes LeftDerivationFiz a i D j b
shows 3 U al a2 b1 b2 n. splits-at a i al U a2 A splits-at b j b1 U b2 A
n < length D A LeftDerivation al (take n D) b1 A derivation-ge (drop n D)
(Suc(length b1)) A
LeftDerivation a2 (derivation-shift (drop n D) (Suc(length b1)) 0) b2 A
(n = length D V (n < length D A is-word (b1Q[U])))
proof —
note hyp = LeftDerivationFiz-def[where a=a and f=b and D=D and i=i
and j=j
from hyp obtain F F where EF:
D = E Q derivation-shift F 0 (Suc j) A\ LeftDerivation (take i a) E (take j b)
A
LeftDerivation (drop (Suc ©) a) F (drop (Suc j) b)
using assms by blast
have 3 3. LeftDerivation a E 8 N LeftDerivation B (derivation-shift F 0 (Suc
M) b
using EF LeftDerivation-append assms(1) hyp by blast
then obtain 8 where 3-intro:
LeftDerivation a E 8 A LeftDerivation 8 (derivation-shift F 0 (Suc j)) b by
blast
have LeftDerivation ((take i a)@Q(drop i a)) E ((take j b)@(drop i a))
by (metis EF LeftDerivation-append-suffic append-take-drop-id assms(1) hyp
is-sentence-concat)
then have LeftDerivation a E ((take j b)Q(drop i a)) by simp
then have 3-decomposed: 8 = (take j b)Q(drop i a)
using Derivation-unique-dest LeftDerivation-implies-Derivation [3-intro by blast

have derivation: LeftDerivation 5 (derivation-shift F 0 (Suc j)) b
by (simp add: S-intro)
have 4 n. n < length D N E = take n D
by (metis EF append-eq-conv-conj is-prefiz-length is-prefiz-take)
then obtain n where n: n < length D A E = take n D by blast
have F-def: drop n D = derivation-shift F 0 (Suc j)
by (metis EF append-eq-conv-conj length-take min.absorb2 n)
have min-j: min (length b) j = j using assms hyp by linarith
have derivation-ge-Suc-j: derivation-ge (drop n D) (Suc j)
using F-def derivation-ge-shift by simp
have LeftDerivation-3-b: LeftDerivation B (drop n D) b by (simp add: F-def
B-intro)
have is-word-Suc-j-b: n # length D = is-word (take (Suc j) b)
by (metis EF F-def LeftDerivation-ge-take S-intro append-Nil2 derivation-ge-Suc-j
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length-take min.absorb2 n)
have take-Suc-j-b-decompose: take (Suc j) b = take b Q [a ! 7]
using assms hyp take-Suc-conv-app-nth by auto
show ?thesis
apply (rule-tac z=a ! i in exl)
apply (rule-tac z=take i a in exl)
apply (rule-tac x=drop (Suc i) a in exl)
apply (rule-tac z=take j b in exl)
apply (rule-tac x=drop (Suc j) b in exl)
apply (rule-tac x=n in exl)
apply (auto simp add: min-j)
using assms hyp splits-at-def apply blast
using assms hyp splits-at-def apply blast
using n apply blast
using FF n apply simp
using F-def apply simp
using derivation-ge-shift apply blast
using F-def derivation-shift-right-left-cancel apply simp
using FF apply blast
using n apply arith
using is-word-Suc-j-b take-Suc-j-b-decompose is-word-append apply simp+
done
qed

lemma LeftDerivation-breakdown’: LeftDerivation (v Q v) D w =
JIn wl w2.
n < length D A
w=wl Qw2 A
LeftDerivation u (take n D) wl A
derivation-ge (drop n D) (length w1) A
LeftDerivation v (derivation-shift (drop n D) (length w1) 0) w2
proof —
assume hyp: LeftDerivation (v @ v) D w
from LeftDerivation-breakdown|OF hyp] obtain n w! w2 where breakdown:
w=wl Qw2 A
LeftDerivation u (take n D) wl A
derivation-ge (drop n D) (length w1) A
LeftDerivation v (derivation-shift (drop n D) (length w1) 0) w2 by blast
obtain m where m: m = min (length D) n by blast
have take-m: take m D = take n D using m is-prefiz-take take-prefix by fastforce
have drop-m: drop m D = drop n D
by (metis append-eq-conv-conj append-take-drop-id length-take m)
have m-bound: m < length D by (simp add: m)
show ?thesis
apply (rule-tac z=m in ezl)
apply (rule-tac z=wl in exl)
apply (rule-tac x=w2 in exl)
using breakdown m-bound take-m drop-m by auto
qed
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lemma LeftDerivesi-append-replace-in-left:
assumes [d1: LeftDerives] (a@Qf) i r 8
assumes i-bound: i < length o
shows 3 a'. 8 = a'Q§ A LeftDerives! a i r o’ A i+ length (snd r) < length o’
proof —
obtain o’ where o’ o’ = (take i a)Q(snd r)Q(drop (i+1) «) by blast
have fst-r: fstr =a ! i
proof —
have V ss n p ssa. - LeftDerivesl ss n p ssa V Derivesl ss n p ssa
using LeftDerives1-implies-Derives! by blast
then have Derives! (o @ §) ir 8
using Ild! by blast
then show ?thesis
using Derivesl-nonterminal i-bound splits-at-def by auto
qged
have Derivesl a ir o'
using i-bound ld1
apply (auto simp add: o’ Derivesi-def)
apply (rule-tac x=take i « in exl)
apply (rule-tac x=drop (i+1) « in exl)
apply (rule-tac z=fst r in exl)
apply auto
apply (simp add: fst-r)
using id-take-nth-drop apply blast
using Derivesi-sentencel LeftDerivesi-implies-Derivesl is-sentence-concat
is-sentence-take apply blast
apply (metis Derives1-sentencel LeftDerives1-implies-Derivesl append-take-drop-id

is-sentence-concat)
using Derivesi-rule LeftDerivesl-implies-Derivesl by blast
then have leftderives!-a-a': LeftDerives! « i r o'
using LeftDerives-def i-bound ld1 leftmost-cons-less by auto
have i-bound-a”: i + length (snd r) < length o'
using o’ i-bound
by (simp add: add-mono-thms-linordered-semiring(2) le-add1 less-or-eq-imp-le
min.absorb2)
have is-sentence-9: is-sentence §
using Derivesi-sentencel LeftDerivesl-implies-Derives] is-sentence-concat ld1
by blast
then have 3: 8 = o'@Q)
using ld! leftderivesl-a-a’ Derivesl-append-suffiz Derivesl-unique-dest
LeftDerives1-implies-Derives1 by blast
show ?thesis
apply (rule-tac x=a' in ezxl)
using 3 i-bound-a’ leftderivesl-a-a’ by blast
qed

lemma LeftDerivationIntro-propagate:
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assumes intro: LeftDerivationIntro («@d) i iz D j v
assumes i-a: i < length «
assumes non: is-nonterminal (y ! j)
shows 3 w. LeftDerivation o ((i,r)#D) w A v = w@Q§ A j < length w
proof —
from intro LeftDerivationIntro-def[where a=a@¢ and i=i and r=r and iz=1iz
and D=D and
j=j and y=1]
obtain 3 where ld-3: LeftDerives! (« @Q §) i r 8 and
iz: ix < length (snd r) A snd r ! iz =~ ! j and
B-fiz: LeftDerivationFiz 8 (i + ix) D j ~y
by blast
from LeftDerives1-append-replace-in-left| OF ld-f i-a/]
obtain o’ where a”: § = o’ @ § A LeftDerives! a i r ' A i + length (snd r)
< length o'
by blast
have i-plus-iz-bound: i + ix < length o’ using o’ iz by linarith
have ld-y: LeftDerivationFiz (o' Q §) (i + iz) D j v
using 3-fiz o’ by simp
then have non-i-ix: is-nonterminal ((a’ @Q §) ! (i + ix))
by (simp add: LeftDerivationFiz-def non)
from LeftDerivationFiz-splits-at-nonterminal| OF ld-y non-i-ix]
obtain U af a2 b1 where U:
splits-at (o’ @Q §) (i + iz) al U a2 A splits-at v j b1 U a2 A LeftDerivation al
D b1
by blast
have 3 ¢. a2 = ¢@J A o' = al Q [U] Q ¢
using splits-at-append-suffiz-prevails|OF - i-plus-iz-bound, where b=0] U by
blast
then obtain ¢ where ¢: a2 = ¢@Q§ A o’ = al Q [U] @Q ¢ by blast
show ?thesis
apply (rule-tac xz=b1Q[U]Qq in exl)
apply auto
apply (rule-tac x=a' in ezxl)
apply (metis LeftDerivationFiz-def LeftDerivation-append-suffix U o’
q append-Cons append-Nil is-sentence-concat ld-y)
using U ¢ splits-at-combine apply auto[1]
using U splits-at-def by auto
qed

lemma LeftDerivationIntro-finish:

assumes intro: LeftDerivationIntro (a@Qd) i rix D j

assumes i-a: i < length «

shows 3 k w ¢
k < length D A
LeftDerivation « ((4, 7)#(take k D)) w A
LeftDerivation (a @ §) ((i, r)#(take k D)) (w @ 8) A
derivation-ge (drop k D) (length w) A
LeftDerivation & (derivation-shift (drop k D) (length w) 0) 6" A
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Yy=w @' Aj<length w
proof —
from intro LeftDerivationIntro-def[where a=a@§ and i=i and r=r and iz=iz
and D=D and
j=j and y=1]
obtain 8 where ld-3: LeftDerives] (o« @ §) i r § and
iz: ix < length (snd r) A snd r ! iz =~ ! jand
B-fix: LeftDerivationFiz 8 (i + iz) D j
by blast
from LeftDerives1-append-replace-in-left|OF ld-f i-a]
obtain o’ where a”: § = o’ @ § A LeftDerives! « i r ' A i+ length (snd 1)
< length o'
by blast
have i-plus-iz-bound: i + iz < length o' using o’ iz by linarith
have ld-y: LeftDerivationFiz (o' Q §) (i + ix) D j~
using S-fix o’ by simp
from LeftDerivationFiz-splits-at-symbol[OF ld-v]
obtain U al a2 b1 b2 n where U:
splits-at (o' @ §) (i + iz) al U a2 A
splits-at v j b1 U b2 A
n < length D A
LeftDerivation al (take n D) b1 A
derivation-ge (drop n D) (Suc (length b1)) A
LeftDerivation a2 (derivation-shift (drop n D) (Suc (length b1)) 0) b2 A
(n = length D V n < length D A is-word (b1 @ [U]))
by blast
have n-bound: n < length D using U by blast
have 3 ¢. a2 = ¢@f A o' = al @Q [U] @ ¢
using splits-at-append-suffiz-prevails|OF - i-plus-iz-bound, where b=0] U by
blast
then obtain ¢ where ¢: a2 = ¢Q5 A o’ = al Q [U] Q ¢ by blast
have j: j = length b1
using U by (simp add: dual-order.strict-implies-order min.absorb2 splits-at-def)
have n = length D V n < length D A is-word (b1 @ [U]) using U by blast
then show ?thesis
proof (induct rule: disjCases2)
case I
from 1 have drop-n-D: drop n D = [] by (simp add: U)
then have LeftDerivation a2 [| b2 using U by simp
then have a2-eq-b2: a2 = b2 by simp
show ?Zcase
apply (rule-tac z=n in exl)
apply (rule-tac z=b1Q[U]Qq in exl)
apply (rule-tac =9 in exl)
apply auto
apply (simp add: 1)
apply (rule-tac z=a’ in exl)
apply (metis LeftDerivationFiz-is-sentence LeftDerivation-append-suffic U
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append-Cons append-Nil is-sentence-concat ld-y q)
apply (rule-tac z=a’ @ ¢ in exl)
apply (metis 1.hyps LeftDerivationFiz-def U o’ a2-eq-b2 id-take-nth-drop
Ild-g
ld-y q splits-at-def take-all)
apply (simp add: drop-n-D)+
apply (metis U a2-eq-b2 id-take-nth-drop q splits-at-def)
using j apply arith
done
next
case 2
obtain F where E: E = (derivation-shift (drop n D) (Suc (length b1)) 0)
by blast
then have LeftDerivation (¢@QJ) E b2 using U g by simp
from LeftDerivation-breakdown’|OF this] obtain n’ w! w2 where wiw2:
n' < length E A
b2 = wl Q w2 A
LeftDerivation q (take n' E) w1 A
derivation-ge (drop n' E) (length w1) A
LeftDerivation § (derivation-shift (drop n’ E) (length w1) 0) w2 by blast
have length-E-D: length E = length D — n using E n-bound by simp
have n-plus-n’-bound: n + n’ < length D using length-E-D wilw2 n-bound
by arith
have take-breakdown: take (n + n’) D = (take n D) @ (take n' (drop n D))
using take-add by blast
have ¢-wl: LeftDerivation q (take n’ E) wl using wiw2 by blast
have isw: is-word (b1 Q [U]) using 2 by blast
have take-n": take n’ (drop n D) = derivation-shift (take n’ E) 0 (Suc (length
b1)
by (metis E U derivation-shift-left-right-cancel take-derivation-shift)
have a'-derives-b1-U-wl: LeftDerivation o' (take (n + n’) D) (b1 Q@ U #
wl)
apply (subst take-breakdown)
apply (rule-tac LeftDerivation-implies-append|where b=b1Q[U]Qq])
apply (metis LeftDerivationFiz-is-sentence LeftDerivation-append-suffiz U
is-sentence-concat ld-y q)
apply (simp add: take-n’)
by (rule LeftDerivation-append-prefiz|OF g-wl, where v = b1Q[U], OF
isw, simplified])
have dge: derivation-ge (drop (n + n’) D) (Suc (length b1 + length wl))
proof —
have derivation-ge (drop n’ (drop n D)) (length b1 + 1 + length wi)
by (metis (no-types) E Suc-eg-plusl U append-take-drop-id deriva-
tion-ge-append derivation-ge-shift-plus drop-derivation-shift wiw2)
then show derivation-ge (drop (n + n’) D) (Suc (length b1 + length wl))

by (metis (no-types) Suc-eq-plus! add.commute drop-drop semiring-normalization-rules(23))

qed
show ?case
apply (rule-tac z=n+n"in exl)
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apply (rule-tac z=b1 Q [U] @ w! in ezl)
apply (rule-tac z=w2 in exl)
apply auto
using n-plus-n’-bound apply simp
apply (rule-tac z=a’ in exl)
using o’ a’-derives-b1-U-wl apply blast
apply (rule-tac z=a’ @ ¢ in exl)
apply (metis Cons-eg-appendl LeftDerivationFiz-is-sentence LeftDeriva-
tion-append-suffiz
o’ a'-derives-b1-U-wl append-assoc is-sentence-concat ld-f ld-y)
apply (rule dge)
apply (metis E Suc-eq-plus] add.commute derivation-shift-0-shift drop-derivation-shift

drop-drop wlw2)
using U splits-at-combine wiw2 apply auto[1]
by (simp add: j)
qed
qed

lemma LeftDerivationLadder-propagate:
LeftDerivationLadder («@Qd) D L v = ladder-i L 0 < length o = n = ladder-n
L index
= index < length L —
if (index + 1 < length L) then
(3 B. LeftDerivation « (take n D) B A ladder-y («@d) D L index = SQ35 A
ladder-j L index < length 3)
else
(3 n' B (index = 0V ladder-prev-n L index < n’) A n’ < n A LeftDerivation
a (take n' D) B A
LeftDerivation (a@§) (take n’ D) (8Q45) A
derivation-ge (drop n' D) (length 8) A
LeftDerivation 0 (derivation-shift (drop n' D) (length 8) 0) 6’ A
ladder-y (a@d) D L index = Q" A ladder-j L index < length B)
proof (induct index arbitrary: n)
case (
have [dfix:
LeftDerivationFiz (a@Qd) (ladder-i L 0) (take n D) (ladder-j L 0) (ladder-y
(a@$) D L 0)
using 0.prems(1) 0.prems(3) LeftDerivationLadder-def by blast
from 0 have I < length L V 1 = length L by arith
then show ?case
proof (induct rule: disjCases2)
case I
have LeftDerivationIntrosAt («@d) D L 1
using 0.prems(1) 1.hyps LeftDerivationIntros-def LeftDerivationLadder-def
by blast
from LeftDerivationIntrosAt-implies-nonterminal| OF this)
have is-nonterminal (ladder-y (o @ §) D L 0! ladder-j L 0)
by (simp add: ladder-a-def ladder-i-def)
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with ldfic have is-nonterminal ((a@0) ! (ladder-i L 0)) by (simp add: Left-
DerivationFiz-def)
from LeftDerivationFiz-splits-at-nonterminal| OF ldfiz this] obtain U al a2 b
where thesplit:
splits-at (o @ §) (ladder-i L 0) al U a2 A
splits-at (ladder-y (o @ §) D L 0) (ladder-j L 0) b U a2 A
LeftDerivation al (take n D) b by blast
have 3 0. a2 =6'Q@J AN =al Q [U] Q'
using thesplit splits-at-append-suffiz-prevails using 0.prems(2) by blast
then obtain ¢’ where 6" a2 =6’ Q@ J A a = al Q ([U] @ ¢') by blast
obtain 8 where 5: § = b Q ([U] Q §’) by blast
have is-sentence o using LeftDerivationFiz-is-sentence is-sentence-concat ldfix
by blast
then have is-sentence ([U] @ §') using ¢’ is-sentence-concat by blast
with ¢’ thesplit have LeftDerivation (al @ ([U] @ ¢')) (take n D) (b @Q ([U]
@ 4)
using LeftDerivation-append-suffiz by blast
then have a-derives-f: LeftDerivation « (take n D) ( using 8 0’ by blast
have S-append-9: ladder-y (« @ ) D L 0 = pQJ
by (metis 8 6" append-assoc splits-at-combine thesplit)
have ladder-j-bound: ladder-j L 0 < length B
by (metis One-nat-def 8 diff-add-inverse dual-order.strict-implies-order leD
le-add1
length-Cons length-append length-take list.size(3) min.absorb2 neq0-conv
splits-at-def
thesplit zero-less-diff zero-less-one)
show ?case
using 1 apply simp
apply (rule-tac z=0 in exl)
by (auto simp add: a-derives-f 3-append-§ ladder-j-bound)
next
case 2
note case-2 = 2
have n-def: n = length D
by (metis 0.prems(1) 0.prems(3) 2.hyps LeftDerivationLadder-def One-nat-def

diff-Suc-1 is-ladder-def ladder-last-n-intro)
then have take-n-D: take n D = D by (simp add: eq-imp-le)
from LeftDerivationFiz-splits-at-symbol[OF ldfiz] obtain U al a2 b1 b2 m
where U:
splits-at (o @ 6) (ladder-i L 0) al U a2 A
splits-at (ladder-y (o @ §) D L 0) (ladder-j L 0) b1 U b2 A
m < length (take n D) A
LeftDerivation al (take m (take n D)) b1 A
derivation-ge (drop m (take n D)) (Suc (length b1)) A
LeftDerivation a2 (derivation-shift (drop m (take n D)) (Suc (length b1)) 0)
b2 A
(m = length (take n D) V (m < length (take n D) A is-word (b1 @ [U])))
by blast
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obtain D’ where D": D' = derivation-shift (drop m D) (Suc (length b1)) 0 by
blast
then have a2-derives-b2: LeftDerivation a2 D’ b2 using U take-n-D by auto
from U have m-leg-n: m < n
by (simp add: 0.prems(1) 0.prems(3) 0.prems(4) LeftDerivationLadder-def
is-ladder-def
min.absorb2)
from U have splits-at (o Q 0) (ladder-i L 0) al U a2 by blast
from splits-at-append-suffiz-prevails| OF this 0(2)] obtain v’ where
vhia2 =v' Qi ANa=al Q[U] Qv by blast
have al-derives-b1: LeftDerivation al (take m D) bl using m-leg-n U
by (metis 0.prems(1) 0.prems(3) 2.hyps LeftDerivationLadder-def One-nat-def

cancel-comm-monoid-add-class. diff-cancel is-ladder-def ladder-last-n-intro
order-refl
take-all)

have LeftDerivation (v’ @ &) D’ b2 using a2-derives-b2 v’ by simp
from LeftDerivation-breakdown'|OF this] obtain m’ wl w2 where wi12:

b2 = wl Q w2 A

m’ < length D' A

LeftDerivation v’ (take m' D) w1 A

derivation-ge (drop m' D') (length w1) A

LeftDerivation ¢ (derivation-shift (drop m' D') (length w1) 0) w2 by blast
have length D’ < length D — m by (simp add: D’)
then have m’ < length D — m using w12 dual-order.trans by blast
then have m-m’-leg-n: m + m’ < n using n-def m-leq-n le-diff-conv2 add.commute

by linarith
obtain 8 where 5: § = b1 @Q ([U] @ wi) by blast
have is-sentence ([U] @ v")
using LeftDerivationFiz-is-sentence is-sentence-concat ldfiz v’ by blast
then have LeftDerivation (al @ ([U] Q v’)) (take m D) (b1 @ ([U] @Q v"))
using LeftDerivation-append-suffix al-derives-b1 by blast
then have a-derives-pre-f: LeftDerivation o (take m D) (b1 @ ([U] @ v’))
using v’ by blast
have m = n VvV (m < n A is-word (b1 Q [U]))
using U n-def [symmetric| take-n-D by simp
then have pre-3-derives-f: LeftDerivation (b1 Q ([U] @ v")) (take m’ (drop m
D)) 8
proof (induct rule: disjCases2)
case ]
then have m’ = 0 using m-m’-leg-n by arith
then show ?case
apply (simp add: )
using w12 by simp
next
case 2
then have is-word-prefiz: is-word (b1 Q [U]) by blast
have take-drop-eq: take m' (drop m D) = derivation-shift (take m' D’)
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0 (length (b1 @ [U]))
apply (simp add: D’ take-derivation-shift)
by (metis U derivation-shift-left-right-cancel take-derivation-shift take-n-D)
have v'-derives-wl: LeftDerivation v’ (take m’ D’) w1
by (simp add: wi12)
with is-word-prefiz have
LeftDerivation ((b1 @ [U]) @ v’) (derivation-shift (take m’ D’)
0 (length (b1 @ [U)))) ((b1 @ [U]) @ w1)
using LeftDerivation-append-prefiz by blast
with take-drop-eq show ?case by (simp add: )
qed
have (take m D) Q (take m' (drop m D)) = (take (m + m') D)
by (simp add: take-add)
then have a-derives-f: LeftDerivation « (take (m + m”) D) 8
using LeftDerivation-implies-append «-derives-pre-3 pre-B-derives-§ by fast-

force
have derivation-ge-drop-m-m'”: derivation-ge (drop (m + m’) D) (length (3)
proof —
have f1: drop m’ (drop m D) = drop (m + m”) D
by (simp add: add.commute)
have derivation-ge (drop m' (drop m D)) (Suc (length b1))
by (metis (no-types) U append-take-drop-id derivation-ge-append take-n-D)
then show derivation-ge (drop (m + m’) D) (length j3)
using f1 by (metis (no-types) D’ B append-assoc derivation-ge-shift-plus
drop-derivation-shift length-append length-append-singleton w12)
qed
have d-derives-w2: LeftDerivation 6 (derivation-shift (drop (m + m’) D) (length
B) 0) w2
proof —

have derivation-shift (drop m’ D") (length w1) 0 = derivation-shift (drop
(m + m') D) (length 8) 0
by (simp add: D' 8 add.commute derivation-shift-0-shift drop-derivation-shift)
then show LeftDerivation ¢ (derivation-shift (drop (m + m’) D) (length 5)
0) w2
using w12 by presburger
qed
have ladder-y-def: ladder-y (¢« @ 6) DL 0 = Q w2
using U B splits-at-combine w12 by auto
have ladder-j-bound: ladder-j L 0 < length B using U [ splits-at-def by auto
show ?case
using 2 apply simp
apply (rule-tac z=m + m’ in exl)
apply (auto simp add: m-m'-leqg-n)
apply (rule-tac z=0 in exI)
apply (auto simp add: a-derives-f3)
using LeftDerivationFiz-is-sentence LeftDerivation-append-suffiz ca-derives-3

is-sentence-concat ldfix apply blast
using derivation-ge-drop-m-m’ apply blast
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apply (rule-tac z=w2 in exl)
apply auto
using J-derives-w2 apply blast
using ladder-y-def apply blast
using ladder-j-bound apply blast
done
qed
next
case (Suc index)
have step: LeftDerivationIntrosAt («@d) D L (Suc index)
by (metis LeftDerivationIntros-def Left DerivationLadder-def Suc.prems(1) Suc.prems(4)

Suc-eq-plus1-left le-add1)
have index-plus-1-bound: index + 1 < length L
using Suc.prems(4) by linarith
then have index-bound: index < length L by arith
obtain n’ where n": n’ = ladder-n L index by blast
from Suc.hyps|OF Suc.prems(1) Suc.prems(2) n’ indez-bound)] indez-plus-1-bound

have 3 «o'. LeftDerivation « (take n’ D) o’ A
ladder-y (a@d) D L index = «’Q§ A ladder-j L index < length o’
by auto
then obtain o’ where o' LeftDerivation o (take n’ D) o’ A
ladder-y (a@b) D L index = o'@Q§ A ladder-j L index < length o’
by blast
have Suc-index-bound: Suc index < length L using Suc.prems by auto
have is-ladder: is-ladder D L using Suc.prems LeftDerivationLadder-def by auto

have n-def: n = ladder-n L (Suc index)
using Suc-indez-bound n' by (simp add: Suc.prems(3))
with n’ have n'-less-n: n’ < n using is-ladder Suc-indez-bound is-ladder-def
lessI by blast
have ladder-a-is-y: ladder-a («@Q6) D L (Suc index) = ladder-y («@d) D L index
by (simp add: ladder-a-def)
obtain ¢ where i: ¢ = ladder-i L (Suc index) by blast
obtain e where e: e = (D ! n') by blast
obtain F where E: E = drop (Suc n’) (take n D) by blast
obtain iz where iz: iz = ladder-iz L (Suc index) by blast
obtain j where j: j = ladder-j L (Suc index) by blast
obtain v where 7: v = ladder-y (a@0d) D L (Suc index) by blast
have intro: LeftDerivationIntro (a’Qd) i (snd e) iz E j v
by (metis E LeftDerivationIntrosAt-def o'~ ladder-a-is-y
diff-Suc-1 e i ix j local.step n' n-def)
have is-eq-fst-e: i = fst e
by (metis LeftDerivationIntrosAt-def diff-Suc-1 e i local.step n’)
have i-less-a: i < length o’ using i o’ ladder-i-def by simp
have (Suc indezx) + 1 < length L V (Suc index) + 1 = length L
using Suc-indez-bound by arith
then show ?case
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proof (induct rule: disjCases2)
case I
from 1 have LeftDerivationIntrosAt (a@d) D L (Suc (Suc index))
by (metis LeftDerivationIntros-def LeftDerivationLadder-def Suc.prems(1)
Suc-eq-plusl Suc-eq-plusi-left le-addl)
from LeftDerivationIntrosAt-implies-nonterminal| OF this] have
is-nonterminal (ladder-o. (a @ §) D L (Suc (Suc index)) ! ladder-i L (Suc
(Suc inder)))
by blast
then have non-y-j: is-nonterminal (v ! j) by (simp add: v j ladder-a-def
ladder-i-def)
from LeftDerivationIntro-propagate] OF intro i-less-o’ non-y-j]
obtain w where w: LeftDerivation o' ((i, snd e) # E) w Ay =w Q@ § A j
< length w
by blast
have a-w: LeftDerivation « ((take n’ D)Q((i, snd e) # E)) w
using o’ w LeftDerivation-implies-append by blast
have i-e: (i, snd e) = e by (simp add: is-eq-fst-e)
have take-n-D-e: ((take n’ D)Q(e # E)) = take n D
proof —
have f2: ladder-last-n L = length D
using is-ladder is-ladder-def by blast
have f3: min (ladder-last-n L) n = n
using is-ladder-def
by (metis (no-types) Suc-eq-plusl index-plus-1-bound is-ladder min.absorb2
n-def)
then have take n’ (take n D) Q take n D! n' # E = take n D
using f2 by (metis E id-take-nth-drop length-take n’-less-n)
then show ?thesis
using f3 f2 by (metis (no-types) append-assoc append-eq-conv-conj
dual-order.strict-implies-order e length-take min.absorb2 n'-less-n
nth-append)
qed
from 1 show ?case
apply auto
apply (rule-tac x=w in exl)
apply auto
using a-w i-e take-n-D-e apply auto[1]
using v w apply blast
using w j by blast
next
case 2
from LeftDerivationIntro-finish|OF intro i-less-a] obtain k w ¢’ where kwd:
k < length E N
LeftDerivation o’ ((i, snd e) # take k E) w A
LeftDerivation (o’ @Q &) ((i, snd e) # take k E) (w @Q §) A
derivation-ge (drop k E) (length w) A
LeftDerivation § (derivation-shift (drop k E) (length w) 0) 6" A
vy =w @3¢ Aj < length w by blast
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have ladder-last-n-1: ladder-last-n L = n
by (metis 2.hyps Suc-eq-plus1 diff-Suc-1 ladder-last-n-def n-def)
from is-ladder have ladder-last-n-2: ladder-last-n L = length D
using is-ladder-def by blast
from ladder-last-n-1 ladder-last-n-2 have n-eq-length-D: n = length D by blast

have take-split: take (Suc (n’ + k)) D = (take n’ D) Q ((4, snd e) # take k E)
apply (simp add: E n-eg-length-D)
by (metis (no-types, lifting) Cons-eq-appendl add-Suc append-eq-appendl e
is-eq-fst-e n'-less-n n-eq-length-D prod.collapse
self-append-conv2 take-Suc-conv-app-nth take-add)
have a-w: LeftDerivation o (take (Suc (n’ + k)) D) w
apply (subst take-split)
apply (rule LeftDerivation-implies-append|where b=a’])
apply (simp add: o)
using kwd’ by blast
have Suc-n’-k-bound: Suc (n’ + k) < n using E kwd’ n’-less-n by auto[1]
from 2 show fZcase
apply auto
apply (rule-tac x=Suc (n’ + k) in exl)
apply auto
apply (simp add: ladder-prev-n-def n')
using Suc-n'-k-bound apply blast
apply (rule-tac r=w in exl)
apply auto
using «-w apply blast
using a-w LeftDerivationFix-def LeftDerivationLadder-def LeftDerivation-append-suffix

Suc.prems(1) is-sentence-concat apply auto[!]
apply (metis E add.commute add-Suc-right drop-drop kwé' n-eq-length-D
nat-le-linear
take-all)
apply (rule-tac z=4"in exl)
apply auto
apply (metis E LeftDerivationLadder-ladder-n-bound Suc.prems(1) Suc-index-bound

add.commute add-Suc-right drop-drop kwd’ n-def n-eg-length-D take-all)
using v kwdé’ apply blast
using j kwé’ by blast
qed
qed

lemma ladder-i-of-cut-at-0:
assumes L-non-empty: L # ||
shows ladder-i (ladder-cut L n) 0 = ladder-i L 0
proof —
have length L # 0 using L-non-empty by auto
then have length L = 1 V length L > 1 by arith
then show ?thesis
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proof (induct rule: disjCases2)
case [
then show ?Zcase
apply (simp add: ladder-cut-def ladder-i-def deriv-i-def)
by (simp add: assms hd-conv-nth)
next
case 2
then show ?Zcase
apply (simp add: ladder-cut-def ladder-i-def deriv-i-def)
by (metis diff-is-0-eq hd-conv-nth leD list-update-nonempty nth-list-update-neq)
qed
qed

lemma ladder-last-j-of-cut:
assumes L-non-empty: L # |]
shows ladder-last-j (ladder-cut L n) = ladder-last-j L
proof —
have length-L-nonzero: length L # 0 using L-non-empty by auto
then have length-ladder-cut: length (ladder-cut L n) = length L
by (metis ladder-cut-def length-list-update)
show ?thesis
apply (simp add: ladder-last-j-def length-ladder-cut)
apply (simp add: ladder-cut-def ladder-j-def deriv-j-def)
by (metis length-L-nonzero diff-less neq0-conv nth-list-update-eq snd-conv zero-less-Suc)
qed

lemma length-ladder-cut:

assumes L-non-empty: L # ||

shows length (ladder-cut L n) = length L
by (metis ladder-cut-def length-list-update)

lemma ladder-last-n-of-cut:
assumes L-non-empty: L # ||
shows ladder-last-n (ladder-cut L n) = n
proof —
show ?thesis
apply (simp add: ladder-last-n-def length-ladder-cut|OF L-non-empty])
apply (simp add: ladder-n-def ladder-cut-def deriv-n-def)
by (metis assms diff-Suc-less fst-conv length-greater-0-conv nth-list-update-eq)
qed

lemma ladder-n-of-cut:
assumes L-non-empty: L # ||
assumes inder < length L — 1
shows ladder-n (ladder-cut L n) index = ladder-n L index
by (metis assms(2) ladder-cut-def ladder-n-def nat-neg-iff nth-list-update-neq)

lemma ladder-n-prev-bound:
assumes ladder: is-ladder D L
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assumes u-bound: u < length L — 1
shows ladder-n L u < ladder-prev-n L (length L — 1)
proof —
have ladder-n L u < ladder-n L (length L — 2)
proof —
have u < Suc (length L — 2)
using u-bound by linarith
then show ?thesis
by (metis (no-types) diff-Suc-less is-ladder-def ladder lel length-greater-0-conv

not-less-eq numeral-2-eq-2 order.order-iff-strict)
qed
then show ?thesis
by (metis One-nat-def Suc-diff-Suc diff-Suc-1 ladder-prev-n-def neq0-conv not-less0

numeral-2-eq-2 u-bound zero-less-diff)
qed

lemma ladder-n-last-is-length:

assumes is-ladder D L

shows ladder-n L (length L — 1) = length D
using assms is-ladder-def ladder-last-n-intro by auto

lemma derivation-ge-shift-implies-derivation-ge:
assumes dge: derivation-ge (derivation-shift F 0 j) k
shows derivation-ge F (k — )
proof —
have A ir. (i, r) € set (derivation-shift F 0 j) = i > k
using dge derivation-ge-def by auto
{
fix ¢ :: nat
fix r 2 symbol x (symbol list)
assume ir: (i, 7) € set F
then have (i + j, ) € set (derivation-shift F 0 7)
proof —
have (i + j, r) € (Ap. (fst p — 0 + j, snd p)) ‘set F
by (metis (lifting) ir diff-zero image-eql prod.collapse prod.inject)
then show ?thesis
by (simp add: derivation-shift-def)
qed
then have 7 + j > k using dge derivation-ge-def by auto
then have 7 > k — j by auto
}
then show ?thesis using derivation-ge-def by auto
qed

lemma Derivesl-bound’: Derivesl a i v b = 1 < length b
by (metis Derives1-bound DerivesI-take append-Nil2 append-take-drop-id drop-eq-Nil
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dual-order.strict-implies-order length-take min.absorb2 nat-le-linear)

lemma LeftDerivation-Derives-last:
assumes LeftDerivation a D b
assumes D # ||
shows Derives! (Derive a (take (length D — 1) D)) (fst (last D)) (snd (last D))
b
by (metis Derive LeftDerivation-Derive-take-LeftDerives! LeftDerivation-implies-Derivation

LeftDerives1-implies-Derives1 assms(1) assms(2) last-conv-nth le-refl length-0-conv
take-all)

lemma last-of-prefiz-in-set:
assumes n < length E
assumes D = FQF
shows last E € set (drop n D)
proof —
have f1: last (drop n E) = last E
by (simp add: assms(1))
have drop n E # |
by (metis (no-types) Cons-nth-drop-Suc assms(1) list.simps(3))
then show ?thesis
using f1 by (metis (no-types) append.simps(2) append-butlast-last-id append-eq-conv-conj
assms(2) drop-append in-set-dropD insertCI list.set(2))
qed

lemma LeftDerivationFiz-cut-appendix:
assumes ldfiz: LeftDerivationFiz (@) i D j (8Qd")
assumes «-3: LeftDerivation « (take n D)
assumes n-bound: n < length D
assumes dge: derivation-ge (drop n D) (length )
assumes i-in: i < length «
assumes j-in: j < length
shows LeftDerivationFiz « i (take n D) j 8
proof —
from LeftDerivationFixz-def[where a=a@j and i=i and D=D and j=j and
B—pas]
obtain F F where EF:
is-sentence (a @Q §) A
is-sentence (8 @ §7) A
LeftDerivation (o @ §) D (8 @Q §) A
i < length (o @ §) A
j < length (8 @ d") A
(a@d)li=(B@F)!jA
D = F @ derwation-shift F 0 (Suc j) A
LeftDerivation (take i (o @ §)) E (
LeftDerivation (drop (Suc i) (o @ 0)
by auto
with i-in j-in have take-i-E-take-j: LeftDerivation (take i o) E (take j )

take § (8 @ 57) A
)) F (drop (Suc j) (8 @ ¢")) using ldfix
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by (simp add: less-or-eq-imp-le)
obtain m where m: m = length E by blast
{
assume n-less-m: n < m
then have E-nonempty: E # || using gr-implies-not0 list.size(3) m by auto
have last-E-in-set: last E € set (drop n D)
using last-of-prefix-in-set n-less-m m EF by blast
obtain &k r where kr: (k, ) = last E by (metis old.prod.ezhaust)
have k-lower-bound: k > length B using dge last-E-in-set kr
by (metis derivation-ge-def fst-conv)
have 3 «a’. Derives! o' k r (take j 8) wusing LeftDerivation-Derivesi-last
take-i- E-take-j
by (metis E-nonempty kr fst-conv snd-conv)
then have k& < j by (metis Derivesl-bound’ j-in length-take less-imp-le-nat
min.absorb2)
then have k-upper-bound: k < length § using j-in by arith
from k-lower-bound k-upper-bound have False by arith
}
then have m-le-n: m < n by arith
have take-i-E-take-j: LeftDerivation (take i o) E (take j 3)
by (simp add: take-i-E-take-j)
have take n D = E Q (take (n — m) (derivation-shift F 0 (Suc j)))
using FF' ' m m-le-n by auto
then have take-n-D: take n D = E Q (derivation-shift (take (n — m) F) 0 (Suc
)
using take-derivation-shift by auto
obtain F’' where F'": F' = derivation-shift (take (n — m) F) 0 (Suc j) by blast

have LeftDerivation ((take i a)Q(drop i o)) E ((take j 8)Q(drop i «))
using take-i- E-take-j
by (metis EF LeftDerivation-append-suffix append-take-drop-id is-sentence-concat)

then have LeftDerivation o E ((take j £)Q(drop i o)) by simp
with take-n-D have take-j-drop-i: LeftDerivation ((take j 8)Q(drop i o)) F' 8
using F’
by (metis Derivation-unique-dest LeftDerivation-append LeftDerivation-implies- Derivation
a-f3)
have F’-ge: derivation-ge F' (Suc j) using F’ derivation-ge-shift by blast
have drop-append: drop i a = [a!i] @ (drop (Suc ©) &) by (simp add: Cons-nth-drop-Suc
i-in)
have take-append: take j B Q [ali] = take (Suc j) B
by (metis LeftDerivationFiz-def i-in j-in ldfiz nth-superfluous-append take-Suc-conv-app-nth)
have take-drop-Suc: (take j 8)Q(drop i o) = (take (Suc j) 8)Q(drop (Suc i) «)
by (simp add: drop-append take-append)
with take-drop-Suc take-j-drop-i have LeftDerivation ((take (Suc j) £)Q(drop
(Suc i) @) F' B
by auto
note helper = LeftDerivation-skip-prefiz|OF this]
have len-take: length (take (Suc j) B) = Suc j by (simp add: Suc-lel j-in
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min.absorb2)
have F'-shift: derivation-shift F' (Suc j) 0 = take (n — m) F
using F'/ derivation-shift-right-left-cancel by blast
have LeftDerivation-drop: LeftDerivation (drop (Suc i) «) (take (n — m) F)
(drop (Suc j) )
using helper len-take F'-shift F'-ge by auto
show ?thesis
apply (auto simp add: LeftDerivationFiz-def)
using LeftDerivationFiz-is-sentence is-sentence-concat ldfic apply blast
using LeftDerivationFiz-is-sentence is-sentence-concat ldfic apply blast
using «a-f apply blast
using i-in apply blast
using j-in apply blast
using LeftDerivationFiz-def i-in j-in ldfiz apply auto[1]
apply (rule-tac z=F in exl)
apply (rule-tac z=take (n — m) F in exl)
apply auto
using take-n-D apply blast
using take-i-E-take-j apply blast
using LeftDerivation-drop by blast
qed

lemma LeftDerivationFiz-cut-appendiz’:
assumes ldfiz: LeftDerivationFiz (a@d) ¢ D j (8Q4")
assumes «-03: LeftDerivation o D 8
assumes i-in: i < length «
assumes j-in: j < length 3
shows LeftDerivationFix o i D j B
proof —
obtain n where n: n = length D by blast
have LeftDerivationFiz o i (take n D) j
apply (rule-tac LeftDerivationFiz-cut-appendiz)
apply (rule ldfix)
using a-f n apply auto[1]
using n apply auto[1]
using n apply auto[1]
using i-in apply blast
using j-in apply blast
done
then show ?thesis using n by auto
qed

lemma LeftDerivationIntro-cut-appendiz:
assumes ldfiz: LeftDerivationIntro («@d) i r iz D j (SQ¢)
assumes «-3: LeftDerivation o ((i,r)#(take n D)) B
assumes n-bound: n < length D
assumes dge: derivation-ge (drop n D) (length f3)
assumes i-in: i < length «
assumes j-in: j < length
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shows LeftDerivationIntro « i r iz (take n D) j 8
proof —

from LeftDerivationIntro-def[where a=a@é and i=i and r=r and iz=iz and
D=D and j=j and y=£Q0

obtain w where w: LeftDerives! (a Q §) i r w A

iz < length (snd r) A snd r ! iz = (8 @ &) ! j A LeftDerivationFix w (i +
iw) Dj (3@ s
using Ildfixz by blast
then have 3 o’. w = o’ @ § A i + length (snd r) < length o’
using i-in using LeftDerives1-append-replace-in-left by blast

then obtain o’ where o: w = o’ @ § A 7 + length (snd r) < length o’ by blast

have a-a': LeftDerivesl o i r o’ using o’ w using LeftDerivesl-skip-suffiz i-in
by blast

from a-0 obtain v where w: LeftDerives] « ¢ r u A LeftDerivation u (take n
D) B8 by auto

with a-a’ have u = o' using DerivesI-unique-dest LeftDerives1-implies-Derives]
by blast

with v have o’-38: LeftDerivation o' (take n D) 8 by auto

have ldfiz-append: LeftDerivationFiz (o’ Q §) (i + iz) D j (8 Q §’) using o’ w
by blast

have i-plus-iz-bound: i + ix < length o’ using w o’

using add-lessD1 le-add-diff-inverse less-asym’ linorder-neqE-nat nat-add-left-cancel-less

by linarith
from LeftDerivationFiz-cut-appendiz| OF ldfiz-append o'~ n-bound dge i-plus-iz-bound
J-in]
have ldfiz: LeftDerivationFiz o' (i + iz) (take n D) j 8 .
show ?thesis
apply (simp add: LeftDerivationIntro-def)
apply (rule-tac z=a' in exl)
apply auto
using a-a’ apply blast
using w apply blast
apply (simp add: w j-in)
using ldfix by blast
qed

lemma LeftDerivationIntro-cut-appendiz’:
assumes ldfic: LeftDerivationIntro («@Qd) i r iz D j (fQ¢)
assumes «-3: LeftDerivation o ((i,r)#D) (8
assumes i-in: i < length «
assumes j-in: j < length
shows LeftDerivationIntro o i r iz D j 3
proof —
obtain n where n: n = length D by blast
have LeftDerivationIntro « i v iz (take n D) j B
apply (rule-tac LeftDerivationIntro-cut-appendiz)
apply (rule ldfix)
using a-8 n apply auto[1]
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using n apply auto[!]
using n apply auto[!]
using i-in apply blast
using j-in apply blast
done
then show ?thesis using n by auto
qed

lemma ladder-n-monotone: is-ladder D L — u < v = v < length L = ladder-n
L u < ladder-n L v
by (metis is-ladder-def le-neg-implies-less linear not-less)

lemma ladder-i-cut:
assumes index-bound: index < length L
shows ladder-i (ladder-cut L n) index = ladder-i L index
proof —
have index = 0 V index > 0 by arith
then show ?thesis
proof (induct rule: disjCases2)
case I
with indez-bound have L # [| by (simp add: less-numeral-extra(3))
then show ?case using 1 by (simp add: ladder-i-of-cut-at-0)
next
case 2
then show ?case
apply (auto simp add: ladder-i-def ladder-cut-def ladder-j-def deriv-j-def
Let-def)
using indez-bound by auto
qed
qed

lemma ladder-j-cut:
assumes index-bound: index < length L
shows ladder-j (ladder-cut L n) index = ladder-j L index

by (metis gr-implies-not0 indezx-bound ladder-cut-def ladder-j-def ladder-last-j-def
ladder-last-j-of-cut length-ladder-cut list.size(8) nth-list-update-neq)

lemma ladder-iz-cut:

assumes index-lower-bound: index > 0

assumes index-upper-bound: index < length L

shows ladder-iz (ladder-cut L n) index = ladder-iz L index
proof —

show ?thesis

using index-lower-bound apply (simp add: ladder-iz-def deriv-iz-def)

by (metis indez-upper-bound ladder-cut-def nth-list-update-eq nth-list-update-neq
snd-conv)
qed

lemma LeftDerivation-from-in-between:
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assumes a-3: LeftDerivation a (take u D) 8
assumes a-y: LeftDerivation « (take v D) ~
assumes u-le-v: ©v < v
shows LeftDerivation 8 (drop u (take v D)) v
proof —
have take-split: take v D = take u D @ (drop u (take v D))
by (metis u-le-v add-diff-cancel-left’ drop-take le-Suc-ex take-add)
then show ?thesis using a-y a-f
by (metis (no-types, lifting) Derivation-unique-dest LeftDerivation-append
LeftDerivation-implies- Derivation)
qged

lemma LeftDerivationLadder-cut-appendiz-helper:
assumes LDLadder: LeftDerivationLadder (a«@d) D L ~
assumes ladder-i-in-a: ladder-i L 0 < length o
shows 3 F F ~1 v2 L. D = EQF A
y=7v1 @Q~2 A
LeftDerivationLadder o E L' v1 A
derivation-ge F (length v1) A
LeftDerivation § (derivation-shift F (length v1) 0) v2 A
L’ = ladder-cut L (length E)
proof —
have is-ladder-D-L: is-ladder D L using LDLadder LeftDerivationLadder-def by
blast
obtain n where n: n = ladder-last-n L by blast
then have n-eg-ladder-n: n = ladder-n L (length L — 1) using ladder-last-n-def
by blast
have length-L-nonzero: length L > 0
using LeftDerivationLadder-def assms(1) is-ladder-def by blast
from LeftDerivationLadder-propagate]OF LDLadder ladder-i-in-o n-eq-ladder-n]
obtain n’ § §’ where finish:
(length L — 1 = 0 V ladder-prev-n L (length L — 1) < n’) A
n' <mnA
LeftDerivation o (take n’ D) 8 A
LeftDerivation (o Q §) (take n’ D) (8 @ §) A
derivation-ge (drop n' D) (length ) A
LeftDerivation 6 (derivation-shift (drop n' D) (length 8) 0) 6’ A
ladder-y (« @ 0) D L (length L — 1) = 8 Q 6’ A ladder-j L (length L — 1) <
length
using length-L-nonzero by auto
obtain E where E: E = take n’ D by blast
obtain F' where F: F = drop n’ D by blast
obtain L’ where L L' = ladder-cut L (length E) by blast
have v-ladder: v = ladder-y (o @ §) D L (length L — 1)
by (metis Derive LDLadder LeftDerivationLadder-def Left Derivation-implies- Derivation

append-Nil2 append-take-drop-id drop-eq-Nil is-ladder-def ladder-y-def le-refl

n-eg-ladder-n)
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then have v: v = § @ §’ using finish by auto
have is-sentence (a@Q9)
using LDLadder LeftDerivationFiz-is-sentence LeftDerivationLadder-def by
blast
then have is-sentence-a: is-sentence o using is-sentence-concat by blast
have is-sentence ~
using Derivation-implies-derives LD Ladder LeftDerivationFiz-is-sentence
LeftDerivationLadder-def Left Derivation-implies- Derivation derives-is-sentence
by blast
then have is-sentence-3: is-sentence [ using =y is-sentence-concat by blast
have length-L" length L' = length L
by (metis L' ladder-cut-def length-list-update)
have ladder-last-n-L’: ladder-last-n L' = length E
using L’ ladder-last-n-of-cut length-L-nonzero by blast
have length-D-eq-n: length D = n
using LDLadder LeftDerivationLadder-def is-ladder-def n by auto
then have length-E-eq-n" length E = n' by (simp add: E finish min.absorb2)
{
fix u :: nat
assume u < length L'
then have u < length L' — 1 V u = length L' — 1 by arith
then have ladder-n L' u < length E
proof (induct rule: disjCases2)
case I
have u-bound: u < length L — 1 using I by (simp add: length-L’)
then have L’-eq-L: ladder-n L' u = ladder-n L u using L’ ladder-n-of-cut
length-L-nonzero length-greater-0-conv by blast
from wu-bound have ladder-n L u < ladder-prev-n L (length L — 1)
using ladder-n-prev-bound LeftDerivationLadder-def assms(1) by blast
then show ?case
using L’-eq-L finish length-E-eq-n' u-bound by linarith
next
case 2
then have ladder-n L' u = length E using ladder-last-n-L’ ladder-last-n-def
by auto
then show ?Zcase by auto
qged

note ladder-n-bound = this
{
fix u :: nat
fix v :: nat
assume u-less-v: u < v
assume v-bound: v < length L’
have v < length L' — 1 V v = length L' — 1 using v-bound by arith
then have ladder-n L' u < ladder-n L' v
proof (induct rule: disjCases2)
case 1
show ?Zcase



171

using 1.hyps L' LeftDerivationLadder-def assms(1) is-ladder-def lad-
der-n-of-cut
length-L' u-less-v by auto
next
case 2
note v-def = 2
have v = 0 V v # 0 by arith
then show ?case
proof (induct rule: disjCases2)
case I
then show ?case using u-less-v by auto
next
case 2
then have ladder-prev-n L (length L — 1) < n’ using finish v-def length-L’

by linarith
then show ?case

by (metis (no-types, lifting) L' LeftDerivationLadder-def assms(1)
ladder-last-n-L’ ladder-last-n-def ladder-n-of-cut ladder-n-prev-bound
le-neg-implies-less length-E-eq-n’ length-L’ length-greater-0-conv
less-trans u-less-v v-def)

qged
qed

}

note ladder-n-pairwise-bound = this

have is-ladder-E-L": is-ladder E L'
apply (auto simp add: is-ladder-def ladder-last-n-L")
using length-L-nonzero length-L' apply simp
using ladder-n-bound apply blast
using ladder-n-pairwise-bound by blast

fix indez :: nat
assume index-bound: index + 1 < length L
then have index-le: index < length L by arith
from indez-bound have len-L-minus-1: length L — 1 # 0 by arith
obtain m where m: m = ladder-n L index by blast
from LeftDerivationLadder-propagate] OF LDLadder ladder-i-in-a m index-le]
obtain w where
w: LeftDerivation o (take m D) w A ladder-y (« @ §) D L index = w @ § A
ladder-j L index < length w using index-bound by auto
have L’-Derive: ladder-y o E L’ index = Derive « (take (ladder-n L’ index)
B)
by (simp add: ladder-y-def)
have ladder-n-L’-eq-L: ladder-n L' index = ladder-n L index
using L’ index-bound ladder-n-of-cut length-L-nonzero by auto
have ladder-prev-n L (length L — 1) < n’ using finish len-L-minus-1 by blast
then have n'-is-upper-bound: ladder-n L (length L — 2) < n' using index-bound
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by (metis diff-diff-left ladder-prev-n-def len-L-minus-1 one-add-one)
have indez-upper-bound: index < length L — 2 using index-bound by linarith

have ladder-n-upper-bound: ladder-n L index < ladder-n L (length L — 2)
apply (rule-tac ladder-n-monotone)
apply (rule-tac is-ladder-D-L)
apply (rule index-upper-bound)
using length-L-nonzero by linarith
with n’-is-upper-bound have m-le-n: m < n’
using dual-order.strict-implies-order le-less-trans m by linarith
then have take m E = take m D
by (metis E le-take-same length-E-eq-n’ order-refl take-all)
then have take-helper: (take (ladder-n L’ index) E) = take m D
by (simp add: ladder-n-L’-eq-L m)
then have Derive-eq-w: Derive a (take (ladder-n L' index) F) = w
by (simp add: Derive LeftDerivation-implies-Derivation w)
then have ¢1: ladder-y (a@d) D L index = (ladder-y oo E L' indezx) Q §
by (simp add: L'-Derive w)
have w-eq: w = ladder-y a E L’ index by (simp add: Derive-eq-w L'-Derive)
then have t2: LeftDerivation « (take (ladder-n L index) D) (ladder-y o E L’
index)
using w m by blast
have t3: (take (ladder-n L' index) E) = take (ladder-n L index) D
by (simp add: m take-helper)
have t/: ladder-j L index < length (ladder-y o E L' index)
using w w-eq by blast
have t5: E ! (ladder-n L’ index) = D! (ladder-n L inder)
using F ladder-n-L’-eq-L ladder-n-upper-bound n’-is-upper-bound by auto
note t = t1t2t3t4 t5

}

note ladder-early-stage = this

{

fix indez :: nat
assume index-bound: index < length L
have i: ladder-i L' index = ladder-i L index
using L' ladder-i-cut by (simp add: index-bound)
have j: ladder-j L' index = ladder-j L index
using L’ ladder-j-cut by (simp add: indez-bound)
have iz: index > 0 = ladder-iz L' index = ladder-iz L index
using L' ladder-iz-cut by (simp add: indez-bound)
have a: ladder-a (a@0) D L index = (ladder-a o E L' index) @ §
by (simp add: index-bound ladder-a-def ladder-early-stage(1))
have i-bound: index > 0 = ladder-i L’ index < length (ladder-o o E L' index)
using ¢ indezx-bound ladder-a-def ladder-early-stage(4) ladder-i-def by auto

note i = ¢ j iz o i-bound

note ladder-every-stage = this
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fix u :: nat
fix v :: nat
assume u-le-v: u < v
assume v-bound: v < length L
have ladder-n L u < ladder-n L v
using is-ladder-D-L ladder-n-monotone u-le-v v-bound by blast
}

note ladder-L-n-pairwise-le = this

{

fix indez :: nat
assume index-lower-bound: index > 0
assume indez-upper-bound: indexr + 1 < length L
note derivation = ladder-early-stage(2)
have derivationt:
LeftDerivation o (take (ladder-n L (index — Suc 0)) D) (ladder-y o E L’
(index — Suc 0))
using derivation|[of index — Suc 0] index-lower-bound index-upper-bound
using One-nat-def Suc-diff-1 Suc-eq-plusi le-less-trans lessl less-or-eq-imp-le
by linarith
have derivation?2:
LeftDerivation « (take (ladder-n L index) D) (ladder-y o E L index)
using derivation|[of indez| indez-upper-bound by blast
have ladder-a-is-y[symmetric]: ladder-y o E L’ (index — Suc 0) = ladder-a «
E L' index
using index-lower-bound ladder-a-def by auto
have ladder-n-le: ladder-n L (index — Suc 0) < ladder-n L index
apply (rule-tac ladder-L-n-pairwise-le)
apply arith
using indez-upper-bound by arith
from LeftDerivation-from-in-between| OF derivationl derivation2 ladder-n-le]
ladder-a-is-y
have LeftDerivation (ladder-a « E L' indez) (drop (ladder-n L' (index — Suc
0))
(take (ladder-n L' index) E)) (ladder-y o E L' index)
by (metis L' Suc-lel add-lessD1 index-lower-bound indez-upper-bound lad-
der-early-stage(3)
ladder-n-of-cut le-add-diff-inverse2 length-L-nonzero length-greater-0-conv
less-diff-conv)

note LeftDerivation-delta-early = this

have LeftDerivationFiz-a-0: LeftDerivationFiz o (ladder-i L' 0) (take (ladder-n
L' 0) E)
(ladder-j L' 0) (ladder-y o E L' 0)
proof —
have ldfiz: LeftDerivationFiz (a@0d) (ladder-i L 0) (take (ladder-n L 0) D)
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(ladder-j L 0)
(ladder-y (a@d) D L 0)
using LDLadder LeftDerivationLadder-def by blast
have ladder-i-L": ladder-i L' 0 = ladder-i L 0
using L’ ladder-i-of-cut-at-0 length-L-nonzero by blast
have ladder-j-L': ladder-j L' 0 = ladder-j L 0
by (metis L' ladder-cut-def ladder-j-def ladder-last-j-def ladder-last-j-of-cut
length-L' length-greater-0-conv nth-list-update-neq)
have length L = 1 V length L > 1 using length-L-nonzero by linarith
then show ?thesis
proof (induct rule: disjCases2)
case I
from 1 have ladder-n-L’-0: ladder-n L' 0 = n’'
using diff-is-0-eq’ ladder-last-n-L’ ladder-last-n-def length-E-eq-n’
length-L’ less-or-eg-imp-le by auto
have take-n’-E: take n' E = FE by (simp add: length-E-eq-n")
from ladder-n-L'-0 take-n'-E have take-ladder-n-L': take (ladder-n L' 0) E
= FE by auto
have ladder-n L 0 = length D
by (simp add: 1.hyps length-D-eg-n n-eq-ladder-n)
then have take-ladder-n-L-0: take (ladder-n L 0) D = D by simp
have ladder-y-a: ladder-y « EL' 0 = 3
apply (simp add: ladder-y-def take-ladder-n-L)
by (simp add: Derive E LeftDerivation-implies- Derivation finish)
have ladder-j-in-g: ladder-j L 0 < length (3
using finish 1.hyps by auto
have ldfiz-1: LeftDerivationFix («@0) (ladder-i L 0) D (ladder-j L 0) (Q45")
using 1.hyps v y-ladder ldfix take-ladder-n-L-0 by auto
then have LeftDerivationFiz « (ladder-i L 0) E (ladder-j L 0)
by (simp add: E LeftDerivationFiz-cut-appendiz finish ladder-i-in-a lad-
der-j-in-
length-D-eq-n)
then show ?case
by (simp add: ladder-i-L' ladder-j-L’ take-ladder-n-L' ladder-y-)
next
case 2
have h: 0 + 1 < length L using 2.hyps by auto
note stage = ladder-early-stage[of 0, OF h]
have [ldfiz0: LeftDerivationFiz (a@Qd) (ladder-i L 0) (take (ladder-n L 0)
D) (ladder-j L 0)
((ladder-y « E'L' 0) @ §)
using ladder-i-L' ladder-j-L’ ldfiz stage(1) stage(3) by auto
from LeftDerivationFiz-cut-appendiz’|OF ldfix0 stage(2) ladder-i-in-a
stage(4)]
show ?Zcase
by (simp add: ladder-i-L' ladder-j-L’ stage(3))
qed
qged
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{

fix indez :: nat
assume index-bounds: 1 < index A inder + 1 < length L
have introsAt-appendiz: LeftDerivationIntrosAt (@) D L index
using LDLadder LeftDerivationIntros-def LeftDerivationLadder-def add-lessD1
indez-bounds
by blast
have index-plus-1-upper-bound: index + 1 < length L using indezx-bounds by
arith
note early-stage = ladder-early-stage[of index, OF index-plus-1-upper-bound)
have ladder-i-L-index-eq-fst: ladder-i L index = fst (D ! ladder-n L (index —
Suc 0))
using introsAt-appendiz LeftDerivationIntrosAt-def index-bounds by (metis
One-nat-def)
have E-at-D-at: (E ! ladder-n L' (index — Suc 0)) = (D! ladder-n L (index —
Suc 0))
using ladder-early-stage|of index — Suc 0]
by (metis One-nat-def add-lessD1 indez-bounds le-add-diff-inverse2)
then have ladder-i-L’-index-eq-fst: ladder-i L' index = fst (E ! ladder-n L'
(index — Suc 0))
using index-bounds ladder-i-L-index-eq-fst ladder-every-stage(1) le-add1 le-less-trans
by auto
have same-derivation: (drop (Suc (ladder-n L' (index — Suc 0))) (take (ladder-n
L' index) E)) =
(drop (Suc (ladder-n L (index — Suc 0))) (take (ladder-n L index) D))
using L’ early-stage(3) index-bounds ladder-n-of-cut length-L-nonzero by auto
have deriv-split: (drop (ladder-n L' (index — Suc 0)) (take (ladder-n L’ inder)
E)) =
((ladder-i L' index, snd (E ! ladder-n L' (index — Suc 0))) #
drop (Suc (ladder-n L' (index — Suc 0))) (take (ladder-n L' index) E))
by (metis Cons-nth-drop-Suc One-nat-def Suc-le-lessD add-lessD1 diff-Suc-less
index-bounds
ladder-i-L'-indez-eq-fst ladder-n-bound ladder-n-pairwise-bound length-L’
length-take min.absorb2 nth-take prod.collapse)
have LeftDerivationIntrosAt o E L' index
apply (auto simp add: LeftDerivationIntrosAt-def Let-def)
using ladder-i-L'-index-eq-fst apply blast
apply (rule-tac LeftDerivationIntro-cut-appendiz'[where 6=9 and §’ = §])
apply (metis E-at-D-at LeftDerivationIntrosAt-def One-nat-def Suc-le-lessD
add-lessD1
early-stage(1) index-bounds introsAt-appendiz ladder-every-stage(2)
ladder-every-stage(3) ladder-every-stage(4 ) ladder-i-L'-index-eq-fst same-derivation)
defer 1
using index-bounds ladder-every-stage(5) apply auto[1]
using early-stage(4) index-bounds ladder-every-stage(2) apply auto[1]
using LeftDerivation-delta-early deriv-split
by (metis One-nat-def Suc-le-eq index-bounds)

}

note LeftDerivationIntrosAt-early = this
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{

fix index :: nat
assume indezx-bounds: 1 < index N inder + 1 = length L
have introsAt-appendix: LeftDerivationIntrosAt (a@d) D L index
using LDLadder LeftDerivationIntros-def LeftDerivationLadder-def add-lessD1
index-bounds
by (metis Suc-eg-plus1 not-less-eq)
have ladder-i-L-indez-eq-fst: ladder-i L index = fst (D! ladder-n L (index —
Suc 0))
using introsAt-appendiz LeftDerivationIntrosAt-def index-bounds by (metis
One-nat-def)
have E-at-D-at: (E ! ladder-n L' (index — Suc 0)) = (D! ladder-n L (index —
Suc 0))
using ladder-early-stage[of index — Suc 0]
by (metis One-nat-def Suc-eq-plusl index-bounds le-add-diff-inverse2 lessI)
then have ladder-i-L’-index-eq-fst: ladder-i L' index = fst (E ! ladder-n L'
(index — Suc 0))
using index-bounds ladder-i-L-index-eq-fst ladder-every-stage(1) le-addl le-less-trans
by auto
obtain D’ where D": D’ = (drop (Suc (ladder-n L (index — Suc 0))) (take
(ladder-n L index) D))
by blast
obtain k where k: k = (ladder-n L’ index) — (Suc (ladder-n L' (index — Suc

0))
by blast
have ladder-n-L'-index: ladder-n L' index = length E
by (metis diff-add-inverse2 indez-bounds ladder-last-n-L’ ladder-last-n-def
length-L")
have take-is-E: take (ladder-n L' index) E = E by (simp add: ladder-n-L'-index)
have ladder-n-L-indez: ladder-n L indexr = length D
by (metis diff-add-inverse2 index-bounds length-D-eq-n n-eg-ladder-n)
have take-is-D: take (ladder-n L index) D = D
by (simp add: ladder-n-L-index)
have write-as-take-k-D': (drop (Suc (ladder-n L' (index — Suc 0))) E) = take
kD’
using take-is-D
by (metis D' E L' One-nat-def Suc-le-lessD add-diff-cancel-right’ diff-Suc-less

drop-take indez-bounds k ladder-n-L’-index ladder-n-of-cut length-E-eq-n’
length-L-nonzero length-greater-0-conv)
have k-bound: k < length D’
by (metis le-iff-add append-take-drop-id k ladder-n-L'-index length-append
length-drop write-as-take-k-D")
have D’-alt: D' = drop (Suc (ladder-n L (index — Suc 0))) D
by (simp add: D’ take-is-D)
have LeftDerivationIntrosAt o E L' index
apply (auto simp add: LeftDerivationIntrosAt-def Let-def)
using ladder-i-L'-index-eq-fst apply blast
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apply (subst take-is-FE)

apply (subst write-as-take-k-D’)

apply (rule-tac LeftDerivationIntro-cut-appendiz[where 6= and 6’ = §'))
apply (metis D' Derive E E-at-D-at LeftDerivationIntrosAt-def
LeftDerivation-implies-Derivation One-nat-def Suc-le-lessD add-diff-cancel-right’

diff-Suc-less finish indez-bounds introsAt-appendiz ladder-y-def ladder-every-stage(2)
ladder-every-stage(3) ladder-every-stage(4 ) ladder-i-L'-index-eq-fst length-L-nonzero

take-is-F)
apply (metis Cons-nth-drop-Suc E L' LeftDerivation-from-in-between Left-
Derivation-take-derive
One-nat-def Suc-le-lessD add-diff-cancel-right’ diff-Suc-less finish index-bounds

ladder-a-def ladder-y-def ladder-i-L'-index-eq-fst ladder-n-L'-index lad-
der-n-of-cut
ladder-prev-n-def length-E-eq-n' length-L-nonzero less-imp-le-nat less-numeral-extra(3)

list.size(8) prod.collapse take-is-E write-as-take-k-D’)
using k-bound apply blast
using D’-alt apply (metis (no-types, lifting) Derive E L' LeftDerivation-implies-Derivation

One-nat-def Suc-lel Suc-le-lessD add-diff-cancel-right’ diff-Suc-less drop-drop
finish
index-bounds k ladder-y-def ladder-n-L’-index ladder-n-of-cut ladder-prev-n-def

le-add-diff-inverse2 length-E-eq-n' length-L-nonzero length-greater-0-conv
less-not-refi2 take-is-E)
using index-bounds ladder-every-stage(5) apply auto[1]
by (metis Derive E LeftDerivation-implies- Derivation One-nat-def add-diff-cancel-right’

diff-Suc-less finish indez-bounds ladder-y-def ladder-every-stage(2) length-L-nonzero
take-is-F)
note LeftDerivationIntrosAt-last = this

have ladder-E-L": LeftDerivationLadder o E L’ 3
apply (auto simp add: LeftDerivationLadder-def)
using finish E apply blast
using is-ladder-E-L’ apply blast
using LeftDerivationFiz-a-0 apply blast
using LeftDerivationIntros-def LeftDerivationIntrosAt-early LeftDerivationIn-
trosAt-last
by (metis Suc-eq-plusl Suc-lel le-neq-implies-less length-L")

show ?thesis
apply (rule-tac z=F in ezl)
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apply (rule-tac z=F in exl)
apply (rule-tac =0 in exI)
apply (rule-tac x=06" in exl)
apply (rule-tac x=L’ in exl)
apply auto
using F F apply simp
apply (rule )
using ladder-E-L' apply blast
using F finish apply blast
using F finish apply blast
by (rule L)

qed

theorem LeftDerivationLadder-cut-appendix:
assumes LDLadder: LeftDerivationLadder (@) D L ~
assumes ladder-i-in-a:: ladder-i L 0 < length «
shows 3 EF v1 v2 L. D = EQF A
y=71 Q2 A
LeftDerivationLadder o E L' v1 A
derivation-ge F (length v1) A
LeftDerivation § (derivation-shift F (length v1) 0) v2 A
length L' = length L A ladder-i L' 0 = ladder-i L 0 A
ladder-last-j L' = ladder-last-j L
proof —
from LeftDerivationLadder-cut-appendiz-helper|OF LDLadder ladder-i-in-a]
obtain E F v1 v2 L' where helper:
D=EQFA
y=71 Q@~2 A
LeftDerivationLadder o« E L' v1 N
derivation-ge F (length ~v1) A
LeftDerivation 6 (derivation-shift F (length v1) 0) v2 A L’ = ladder-cut L
(length F)
by blast
show ?thesis
apply (rule-tac z=F in ezl)
apply (rule-tac x=F in exl)
apply (rule-tac x=~1 in exl)
apply (rule-tac z=72 in exI)
apply (rule-tac z=L' in exI)
using helper LD Ladder LeftDerivationLadder-def is-ladder-def ladder-i-of-cut-at-0

ladder-last-j-of-cut length-ladder-cut by force
qed

definition ladder-stepdown-diff :: ladder = nat where
ladder-stepdown-diff L = Suc (ladder-n L 0)

definition ladder-stepdown-a-0 :: sentence = derivation = ladder = sentence
where
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ladder-stepdown-a-0 a D L = Derive a (take (ladder-stepdown-diff L) D)

lemma LeftDerivationIntro-LeftDerives] :

assumes LeftDerivationIntro o ¢ r iz D j ~y

assumes splits-at o ¢ al A a2

shows LeftDerivesl a i r (al@Q(snd r)@a2)
by (metis LeftDerivationIntro-def Left DerivationIntro-examine-rule LeftDerivation-
Intro-is-sentence

LeftDerives1-def assms(1) assms(2) prod.collapse splits-at-implies-Derives1)

lemma LeftDerives1-Derive:
assumes LeftDerives] « i1 7y
shows Derive « [(i, r)] = 7

by (metis Derive LeftDerivation.simps(1) LeftDerivation-LeftDerives]
LeftDerivation-implies- Derivation append-Nil assms)

lemma ladder-stepdown-a-0-altdef:
assumes ladder: LeftDerivationLadder o D L ~
assumes length-L: length L > 1
assumes split: splits-at (ladder-a « D L 1) (ladder-i L 1) al A a2
shows ladder-stepdouwn-a-0 a D L = al @ (snd (snd (D! (ladder-n L 0)))) Q
a2
proof —
have 1: ladder-oo o D L 1 = Derive « (take (ladder-n L 0) D)
by (simp add: ladder-a-def ladder-y-def)
obtain rule where rule: rule = snd (D ! (ladder-n L 0)) by blast
have 3 FE w. LeftDerivationIntro (ladder-o o D L 1) (ladder-i L 1) rule (ladder-iz
L1)
E (ladder-j L 1) w
by (metis LeftDerivationIntrosAt-def LeftDerivationIntros-def LeftDerivation-
Ladder-def
One-nat-def diff-Suc-1 ladder length-L order-refl rule)
then obtain F w where intro:
LeftDerivationIntro (ladder- « D L 1) (ladder-i L 1) rule (ladder-izx L 1) E
(ladder-j L 1) w
by blast
then have 2: LeftDerives! (ladder-a o D L 1) (ladder-i L 1) rule (al@Q(snd
rule)@a2)
using LeftDerivationIntro-LeftDerives1 split by blast
have fst-D: fst (D! (ladder-n L 0)) = ladder-i L 1
by (metis LeftDerivationIntrosAt-def LeftDerivationIntros-def LeftDerivation-
Ladder-def
One-nat-def diff-Suc-1 ladder le-numeral-extra(4) length-L)
have derive-derive: Derive o (take (Suc (ladder-n L 0)) D) =
Derive (Derive o (take (ladder-n L 0) D)) [D ! (ladder-n L 0))
proof —
have f1: Derivation « (take (Suc (ladder-n L 0)) D) (Derive « (take (Suc
(ladder-n L 0)) D))
using Derivation-take-derive LeftDerivationLadder-def Left Derivation-implies-Derivation
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ladder by blast
have f2: length L — 1 < length L
using length-L by linarith
have 0 < length L — 1
using length-L by linarith
then have f3: take (Suc (ladder-n L 0)) D = take (ladder-n L 0) D @Q [D !
ladder-n L 0]
using f2 by (metis (full-types) LeftDerivationLadder-def is-ladder-def ladder
ladder-last-n-def take-Suc-conv-app-nth)
obtain sss :: symbol list = (nat x symbol x symbol list) list = (nat x symbol
x symbol list) list = symbol list = symbol list where
V20 x1 22 x3. (3 v4. Derivation x3 x2 v4 A Derivation v4 x1 x0) = (Derivation
xz3 22 (sss z0 x1 22 x8) A Derivation (sss z0 z1 z2 x3) z1 z0)
by moura
then show ?thesis
using f3 f1 Derivation-append Derive by auto
qed
then have 3: ladder-stepdown-a-0 o D L = Derive (ladder-o « D L 1) [D !
(ladder-n L 0))
using 1 by (simp add: ladder-stepdown-a-0-def ladder-stepdown-diff-def)
have /: D! (ladder-n L 0) = (ladder-i L 1, rule)
using rule fst-D by (metis prod.collapse)
then show ?thesis using 2 3 4 LeftDerives1-Derive snd-conv by auto
qed

lemma ladder-i-0-bound:
assumes ld: LeftDerivationLadder o« D L ~y
shows ladder-i L 0 < length «
proof —
have LeftDerivationFiz o (ladder-i L 0) (take (ladder-n L 0) D)
(ladder-j L 0) (ladder-y o D L 0)
using ld LeftDerivationLadder-def by simp
then show ?thesis using LeftDerivationFixz-def by simp
qed

lemma ladder-j-bound:
assumes ld: LeftDerivationLadder o« D L ~y
assumes indez-bound: index < length L
shows ladder-j L index < length (ladder-y oo D L index)
proof —
have ld": LeftDerivationLadder (a@[]) D L ~ using Id by simp
have ladder-i-0: ladder-i L 0 < length « using ladder-i-0-bound ld by auto
obtain n where n: n = ladder-n L index by blast
note propagate = LeftDerivationLadder-propagate[OF ld' ladder-i-0 n index-bound)]
from indez-bound have index + 1 < length L V index + 1 = length L by arith
then show ?thesis
proof (induct rule: disjCases2)
case I
then have 3 5. LeftDerivation « (take n D) 5 A
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ladder-y (o @ []) D L index = 8 Q [| A ladder-j L index < length B
using propagate by auto
then show ?case by auto
next
case 2
then have
dn’ B 46"
(index = 0 V ladder-prev-n L index < n') A
n' <nA
LeftDerivation « (take n' D) 8 A
LeftDerivation (a Q []) (take n’ D) (8 Q []) A
derivation-ge (drop n' D) (length ) A
LeftDerivation || (derivation-shift (drop n’ D) (length 8) 0) §' A
ladder-y (a @ []) D L index = 8 Q §’ A ladder-j L index < length 8
using propagate by auto
then show ?case by auto
qed
qed

lemma ladder-last-j-bound:
assumes ld: LeftDerivationLadder o« D L ~y
shows ladder-last-j L < length
proof —
have length L — 1 < length L
using LeftDerivationLadder-def assms is-ladder-def by auto
from ladder-j-bound[OF ld this]
show ?thesis
by (metis Derive LeftDerivationLadder-def LeftDerivation-implies-Derivation
One-nat-def
is-ladder-def ladder-last-j-def last-ladder-y Id)
qed

fun ladder-shift-n :: nat = ladder = ladder where
ladder-shift-n N [| = ||
| ladder-shift-n N ((n, j, ©)#L) = ((n — N, j, ©)#(ladder-shift-n N L))

fun ladder-stepdown :: ladder = ladder
where
ladder-stepdown [| = undefined
| ladder-stepdown [v] = undefined
| ladder-stepdown ((n0, jO, i0)#(nl1, j1, izl )#L) =
(n1 — Suc n0, j1, j0 + iz1) # (ladder-shift-n (Suc n0) L)

lemma ladder-shift-n-length:
length (ladder-shift-n N L) = length L
by (induct L, auto)

lemma ladder-stepdown-prepare:
assumes length L > 1
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shows L = (ladder-n L 0, ladder-j L 0, ladder-i L 0)#
(ladder-n L 1, ladder-j L 1, ladder-iz L 1)#(drop 2 L)
proof —
have 3 n0 j0 i0 nl j1 izl L'. L = ((n0, jO, i0)#(nl, j1, izl )#L’)
by (metis One-nat-def Suc-eq-plusl assms ladder-stepdown.cases less-not-refl
list.size(3)
list.size(4) not-less0)
then obtain n0 j0 i0 nl j1 izl L' where L" L = ((n0, j0, i0)#(nl, j1, iz1)#L’)
by blast
have n0: n0 = ladder-n L 0 using L’
by (auto simp add: ladder-n-def deriv-n-def)
show ?thesis using L’
by (auto simp add: ladder-n-def deriv-n-def ladder-j-def deriv-j-def
ladder-i-def deriv-i-def ladder-iz-def deriv-iz-def)
qed

lemma ladder-stepdown-length:

assumes length L > 1

shows length (ladder-stepdown L) = length L — 1
apply (subst ladder-stepdown-prepare] OF assms(1)])
apply (simp add: ladder-shift-n-length)
using assms apply arith
done

lemma ladder-stepdown-i-0:
assumes length L > 1
shows ladder-i (ladder-stepdown L) 0 = ladder-i L 1 + ladder-ixz L 1
using ladder-stepdown-prepare| OF assms| ladder-i-def ladder-j-def deriv-j-def
by (metis One-nat-def deriv-i-def diff-Suc-1 ladder-stepdown.simps(3) list.sel(1)

snd-conv zero-neg-one)

lemma ladder-shift-n-cons: ladder-shift-n N (z#L) = (fst x — N, snd x)#(ladder-shift-n
N L)

apply (induct L)

by (cases z, simp)+

lemma ladder-shift-n-drop: ladder-shift-n N (drop n L) = drop n (ladder-shift-n N
L)
proof (induct L arbitrary: n)
case Nil then show ?Zcase by simp
next
case (Cons z L)
show ?Zcase
proof (cases n)
case () then show ?thesis
by simp
next
case (Suc n) then show ?thesis
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by (simp add: ladder-shift-n-cons Cons)
qed
qed

lemma drop-2-shift:
assumes index > 0
assumes length L > 1
shows drop 2 L ! (index — Suc 0) = L ! Suc index
proof —
define /112 and L' where [l = L! 012 =L 1
and L' = drop 2 L
with «length L > 1> have L = 11 # 12 # L’
by (cases L) (auto simp add: neq-Nil-conv)
with <index > 0) show ?thesis
by simp
qed

lemma ladder-shift-n-at:
index < length L = (ladder-shift-n N L) ! index = (fst (L ! index) — N, snd
(L ! index))
proof (induct L arbitrary: index)
case Nil then show Zcase by auto
next
case (Cons z L)
show ?Zcase
apply (simp add: ladder-shift-n-cons)
apply (cases inder)
apply (auto)
apply (rule-tac Cons(1))
using Cons(2) by auto
qed

lemma ladder-stepdown-j:
assumes length-L-greater-1: length L > 1
assumes L’ L' = ladder-stepdown L
assumes indez-bound: index < length L’
shows ladder-j L' index = ladder-j L (Suc index)
proof —
note L-prepare = ladder-stepdown-prepare| OF length-L-greater-1|
have ladder-stepdown-L-def: ladder-stepdown L = ((ladder-n L (Suc 0) — Suc
(ladder-n L 0), ladder-j L (Suc 0), ladder-j L 0 + ladder-iz L (Suc 0)) #
ladder-shift-n (Suc (ladder-n L 0)) (drop 2 L))
by (subst L-prepare, simp)
have index = 0 V index > 0 by arith
then show ladder-j L' index = ladder-j L (Suc indez)
proof (induct rule: disjCases2)
case I
show ?Zcase
by (simp add: L' ladder-stepdown-L-def 1 ladder-j-def deriv-j-def)
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next
case 2
have indez-bound”: Suc index < length L
using indez-bound L' ladder-stepdown-length length-L-greater-1 by auto
show ?case
apply (simp add: L' ladder-stepdown-L-def 2 ladder-j-def ladder-shift-n-drop
drop-2-shift)
apply (subst drop-2-shift)
apply (simp add: 2)
using length-L-greater-1 apply (simp add: ladder-shift-n-length)
apply (simp add: deriv-j-def)
apply (simp add: ladder-shift-n-at[OF indez-bound’))
done
qed
qed

lemma ladder-stepdown-last-j:

assumes length-L-greater-1: length L > 1

shows ladder-last-j (ladder-stepdown L) = ladder-last-j L

using ladder-stepdown-j Suc-diff-Suc diff-Suc-1 ladder-last-j-def ladder-stepdown-length

length-L-greater-1 lessI by auto

lemma ladder-stepdown-n:
assumes length-L-greater-1: length L > 1
assumes L L' = ladder-stepdown L
assumes indez-bound: index < length L’
shows ladder-n L’ index = ladder-n L (Suc index) — ladder-stepdown-diff L
proof —
note L-prepare = ladder-stepdown-prepare[ OF length-L-greater-1)
have ladder-stepdown-L-def: ladder-stepdown L = ((ladder-n L (Suc 0) — Suc
(ladder-n L 0), ladder-j L (Suc 0), ladder-j L 0 + ladder-ix L (Suc 0)) #
ladder-shift-n (Suc (ladder-n L 0)) (drop 2 L))
by (subst L-prepare, simp)
have index = 0 V index > 0 by arith
then show ladder-n L’ index = ladder-n L (Suc index) — ladder-stepdown-diff
L
proof (induct rule: disjCases2)
case I
show ?case
by (simp add: L' ladder-stepdown-L-def 1 ladder-n-def deriv-n-def lad-
der-stepdown-diff-def)
next
case 2
have indez-bound”: Suc index < length L
using indez-bound L' ladder-stepdown-length length-L-greater-1 by auto
show ?case
apply (simp add: L' ladder-stepdown-L-def 2 ladder-n-def ladder-shift-n-drop
drop-2-shift
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ladder-stepdown-diff-def)
apply (subst drop-2-shift)
apply (simp add: 2)
using length-L-greater-1 apply (simp add: ladder-shift-n-length)
apply (simp add: deriv-n-def)
apply (simp add: ladder-shift-n-at[OF indez-bound’])
done
qed
qed

lemma ladder-stepdown-ix:
assumes length-L-greater-1: length L > 1
assumes L’ L' = ladder-stepdown L
assumes index-lower-bound: 0 < index
assumes index-upper-bound: index < length L'
shows ladder-iz L' index = ladder-iz L (Suc index)
proof —
note L-prepare = ladder-stepdown-prepare| OF length-L-greater-1|
have ladder-stepdown-L-def: ladder-stepdown L = ((ladder-n L (Suc 0) — Suc
(ladder-n L 0), ladder-j L (Suc 0), ladder-j L 0 + ladder-iz L (Suc 0)) #
ladder-shift-n (Suc (ladder-n L 0)) (drop 2 L))
by (subst L-prepare, simp)

have indez-bound’: Suc index < length L
using indez-upper-bound L' ladder-stepdown-length length-L-greater-1 by auto
show ?thesis
apply (simp add: L' ladder-stepdown-L-def index-lower-bound ladder-iz-def
ladder-shift-n-drop)
apply (subst drop-2-shift)
apply (simp add: indez-lower-bound)
using length-L-greater-1 apply (simp add: ladder-shift-n-length)
apply (simp add: deriv-iz-def)
apply (simp add: ladder-shift-n-at[OF indez-bound’])
using indez-lower-bound by arith
qed

lemma Derive-Derive:

assumes Derivation o (DQFE) ~

shows Derive (Derive « D) E = Derive o (DQE)
using Derivation-append Derive assms by fastforce

lemma drop-at-shift:

assumes n < index

assumes inder < length D

shows drop n D! (index — n) = D! index
using assms(1) assms(2) by auto

theorem LeftDerivationLadder-stepdown:
assumes [dl: LeftDerivationLadder o« D L ~
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assumes length-L: length L > 1

shows 3 L. LeftDerivationLadder (ladder-stepdown-a-0 o D L) (drop (ladder-stepdown-diff
L) D)

L'~y A length L' = length L — 1 A ladder-i L' 0 = ladder-i L 1 + ladder-iz
L1A
ladder-last-j L' = ladder-last-j L

proof —

obtain L’ where L L' = ladder-stepdown L by blast

have [dl1: LeftDerivation (ladder-stepdown-a-0 o D L) (drop (ladder-stepdown-diff

L) D) ~
proof —
have D-split: D = (take (ladder-stepdown-diff L) D) @ (drop (ladder-stepdown-diff
L) D)
by simp
show ?thesis using D-split ldl
proof —

obtain sss :: symbol list = (nat x symbol x symbol list) list = (nat X
symbol x symbol list) list = symbol list = symbol list where
Vz0 x1 22 x3. (3v4. LeftDerivation x8 ©2 vj A LeftDerivation vj x1 z0) =
(LeftDerivation x3 x2 (sss x0 x1 z2 x3) N LeftDerivation (sss z0 x1 22 z3) x1 z0)
by moura
then have (- LeftDerivation « (take (ladder-stepdown-diff L) D Q drop
(ladder-stepdown-diff L) D) v V LeftDerivation o (take (ladder-stepdown-diff L)
D) (sss vy (drop (ladder-stepdown-diff L) D) (take (ladder-stepdown-diff L) D) «) A
LeftDerivation (sss v (drop (ladder-stepdown-diff L) D) (take (ladder-stepdown-diff
L) D) &) (drop (ladder-stepdown-diff L) D) ) A (LeftDerivation o (take (ladder-stepdown-diff
L) D @ drop (ladder-stepdown-diff L) D) v V (Vss. = LeftDerivation « (take
(ladder-stepdown-diff L) D) ss V = LeftDerivation ss (drop (ladder-stepdown-diff
L) D) 7))
using LeftDerivation-append by blast
then show ?thesis
by (metis (no-types) D-split Derivation-take-derive Derivation-unique-dest
LeftDerivationLadder-def Left Derivation-implies- Derivation ladder-stepdown-a-0-def
ldl)
qed
qed
have L’-nonempty: L’ # || using L’ ladder-stepdown-length length-L by fastforce
{
fix u :: nat
assume u’: u < length L’
then have Suc-u: Suc u < length L using L’ ladder-stepdown-length length-L
by auto
have ladder-n L (Suc u) < length D
using ldl Suc-u by (simp add: LeftDerivationLadder-ladder-n-bound)
then have ladder-n L' u < length D — ladder-stepdown-diff L
apply (subst ladder-stepdown-n|OF length-L L' u'])
by auto

note is-ladder-propl = this
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fix u :: nat
fix v :: nat
assume u-less-v: u < v
assume v-L": v < length L'
from wu-less-v v-L’ have u-L": v < length L' by arith
have ladder-n L (Suc u) < ladder-n L (Suc v)
using ldl by (metis (no-types, lifting) L' LeftDerivationLadder-def One-nat-def
Suc-diff-1
Suc-lessD Suc-mono is-ladder-def ladder-stepdown-length length-L u-less-v
v-L)
then have ladder-n L' u < ladder-n L' v
apply (simp add: ladder-stepdown-n|OF length-L L'| u-L’ v-L’)
by (metis (no-types, lifting) L' LeftDerivationLadder-def Suc-eq-plusl Suc-lel
diff-less-mono is-ladder-def ladder-stepdown-diff-def ladder-stepdown-length
ldl
length-L less-diff-conv u-L’ zero-less-Suc)

note is-ladder-prop2 = this
have is-ladder-L": is-ladder (drop (ladder-stepdown-diff L) D) L'
apply (auto simp add: is-ladder-def)
using L’-nonempty apply blast
using is-ladder-propl apply blast
using is-ladder-prop2 apply blast
using ladder-last-n-def ladder-stepdown-n L' LeftDerivationLadder-def Suc-diff-Suc
diff-Suc-1
ladder-n-last-is-length ladder-stepdown-length ldl length-L lessI by auto
have ldfiz: LeftDerivationFiz (ladder-stepdown-a-0 o D L) (ladder-i L' 0)
(take (ladder-n L' 0) (drop (ladder-stepdown-diff L) D)) (ladder-j L' 0)
(ladder-y (ladder-stepdown-a-0 o D L) (drop (ladder-stepdown-diff L) D) L’
0)
proof —
have introsAt-L-1: LeftDerivationIntrosAt o D L 1
using LeftDerivationIntros-def LeftDerivationLadder-def ldl length-L by blast
thm LeftDerivationIntrosAt-def
obtain n where n: n = ladder-n L 0 by blast
obtain m where m: m = ladder-n L 1 by blast
have LeftDerivationIntro (ladder-a « D L 1) (ladder-i L 1) (snd (D! n))
(ladder-iz L 1) (drop (Suc n) (take m D)) (ladder-j L 1) (ladder-y a D L 1)
using n m introsAt-L-1 by (metis LeftDerivationIntrosAt-def One-nat-def
diff-Suc-1)
from iffD1[OF LeftDerivationIntro-def this| obtain § where g:
LeftDerives! (ladder-a «« D L 1) (ladder-i L 1) (snd (D! n)) 8 A
ladder-iz L 1 < length (snd (snd (D! n))) A
snd (snd (D! n)) ! ladder-iz L 1 = ladder-y o D L 1 | ladder-j L 1 A
LeftDerivationFiz 5 (ladder-i L 1 + ladder-iz L 1) (drop (Suc n) (take m
D)) (ladder-j L 1)
(ladder-y « D L 1)
by blast
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have § = Derive (ladder-oo « D L 1) [D ! n]
by (metis (no-types, opaque-lifting) LeftDerivationIntrosAt-def LeftDerives1-Derive
B
cancel-comm-monoid-add-class. diff-cancel introsAt-L-1 n prod.collapse)
then have (S-def: § = ladder-stepdown-a-0 o D L
proof —
obtain sss :: nat = symbol list = symbol list and ss :: nat = symbol list
= symbol and sssa :: nat = symbol list = symbol list where
Va2 3. (3vd v5 v6. splits-at x3 x2 v4 v5 v6) = splits-at 3 T2 (sss T2 x3)
(ss 22 x8) (sssa z2 x3)
by moura
then have f1: Vssa n p ssb. = Derivesl ssa n p ssb V splits-at ssa n (sss n
ssa) (ss n ssa) (sssa n ssa)
using splits-at-ex by presburger
then have 8 = sss (ladder-i L 1) (ladder-a a D L 1) @ snd (snd (D! n))
@ sssa (ladder-i L 1) (ladder- o« D L 1)
by (meson LeftDerives1-implies-Derivesl [ splits-at-combine-dest)
then show ?thesis
using fI by (metis (no-types) LeftDerivesi-implies-Derivesl [ lad-
der-stepdown-a-0-altdef 1dl length-L n)
qed
have ladder-i-L'-0: ladder-i L' 0 = ladder-i L 1 + ladder-ix L 1
using L’ ladder-stepdown-i-0 length-L by blast
have derivation-eq: (take (ladder-n L' 0) (drop (ladder-stepdown-diff L) D)) =

(drop (Suc n) (take m D)) using n m
by (metis L' L’-nonempty One-nat-def drop-take ladder-stepdown-diff-def
ladder-stepdown-n
length-L length-greater-0-conv)
have ladder-j-L'-0: ladder-j L' 0 = ladder-j L 1
using L’ L'-nonempty ladder-stepdown-j length-L by auto
have ladder-vy: (ladder-vy (ladder-stepdown-a-0 o D L) (drop (ladder-stepdown-diff
L) D) L'0) =
ladder-y a D L 1
by (metis Derivation-take-derive Derivation-unique-dest LeftDerivationFiz-def

LeftDerivation-implies-Derivation B B-def derivation-eq ladder-y-def Idi1)
from (B-def B ladder-i-L’-0 derivation-eq ladder-j-L'-0 ladder-y
show ?thesis by auto
qed
{
fix indez :: nat
assume indezx-lower-bound: Suc 0 < index
assume indez-upper-bound: index < length L’
then have Suc-index-upper-bound: Suc index < length L
using L’ Suc-diff-Suc Suc-less-eq diff-Suc-1 ladder-stepdown-length length-L
less-Suc-eq
by auto
then have intros-at-Suc-index: LeftDerivationIntrosAt o D L (Suc index)
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by (metis LeftDerivationIntros-def LeftDerivationLadder-def Suc-eq-plus1-left
Idl le-add1)
from iffD1[OF LeftDerivationIntrosAt-def this| have ldintro:
let o' = ladder-a o« D L (Suc index); i = ladder-i L (Suc index); j = ladder-j
L (Suc index);
iz = ladder-ix L (Suc index); v = ladder-y o« D L (Suc indez); n = ladder-n
L (Suc index — 1);
m = ladder-n L (Suc index); e = D | n; E = drop (Suc n) (take m D)
in i = fst e A LeftDerivationIntro o’ i (snd e) iz E j v by blast
have index-minus-Suc-0-bound: index — Suc 0 < length L'
by (simp add: index-upper-bound less-imp-diff-less)
note helpers = length-L L’ index-minus-Suc-0-bound
have ladder-i-L'-index:
ladder-i L' index = fst (drop (ladder-stepdown-diff L) D ! ladder-n L’ (index
— Suc 0))
apply (auto simp add: ladder-i-def)
using index-lower-bound apply arith
apply (simp add: ladder-stepdown-n|OF helpers] ladder-stepdown-j| OF helpers])
apply (subst drop-at-shift)
using LeftDerivationLadder-def Suc-indez-upper-bound Suc-lel Suc-lessD
is-ladder-def
ladder-stepdown-diff-def ldl apply presburger
apply (metis LeftDerivationLadder-def One-nat-def Suc-eq-plus1 Suc-indez-upper-bound

add.commute add-diff-cancel-right’ ladder-n-minus-1-bound 1dl le-add1)
by (metis LeftDerivationIntrosAt-def intros-at-Suc-index diff-Suc-1 ladder-i-def
nat.simps(3))
have intro-at-index:
LeftDerivationIntro (ladder-a (ladder-stepdown-a-0 o D L) (drop (ladder-stepdown-diff
L) D) L’ index)
(ladder-i L' index) (snd (drop (ladder-stepdown-diff L) D! ladder-n L’ (index
— Suc 0)))
(ladder-iz L' index)
(drop (Suc (ladder-n L' (index — Suc 0)))
(take (ladder-n L' index) (drop (ladder-stepdown-diff L) D)))
(ladder-j L’ index) (ladder-y (ladder-stepdown-a-0 o D L)
(drop (ladder-stepdown-diff L) D) L’ inder)
proof —
have arg1: (ladder-a (ladder-stepdown-a-0 o D L)
(drop (ladder-stepdown-diff L) D) L' index) = ladder-a o D L (Suc index)
apply (auto simp add: ladder-a-def ladder-vy-def)
using indez-lower-bound apply arith
apply (simp add: ladder-stepdown-n[OF helpers] ladder-stepdown-a-0-def)
apply (subst Derive-Derivelwhere y=ladder-y o D L indez])
apply (metis (no-types, lifting) Derivation-take-derive LeftDerivationLad-
der-def
LeftDerivation-implies- Derivation Suc-indez-upper-bound Suc-lel Suc-lessD

add.commute is-ladder-def ladder-y-def ladder-stepdown-diff-def ldl
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le-add-diff-inverse2 take-add)
by (metis LeftDerivationLadder-def Suc-index-upper-bound Suc-lel Suc-lessD
add.commute
is-ladder-def ladder-stepdown-diff-def ldl le-add-diff-inverse2 take-add)
have arg2: ladder-i L' index = ladder-i L (Suc index)
using L’ indez-lower-bound index-minus-Suc-0-bound ladder-i-def lad-
der-stepdown-j
length-L by auto
obtain n where n: n = ladder-n L (Suc index — 1) by blast
have arg3: (snd (drop (ladder-stepdown-diff L) D ! ladder-n L’ (index — Suc
0))) =
snd (D! n)
apply (simp add: ladder-stepdown-n[OF' helpers| index-lower-bound)
apply (subst drop-at-shift)
using indez-lower-bound
apply (metis (no-types, opaque-lifting) L’ LeftDerivationLadder-def One-nat-def
Suc-eq-plus1
add.commute diff-Suc-1 indez-upper-bound is-ladder-def ladder-stepdown-diff-def

ladder-stepdown-length ldl le-add-diff-inverse2 length-L less-or-eq-imp-le n
nat.simps(3) neq0-conv not-less not-less-eq-eq)
using indez-lower-bound
apply (metis LeftDerivationLadder-def One-nat-def Suc-indez-upper-bound
Suc-le-lessD
Suc-pred diff-Suc-1 ladder-n-minus-1-bound ldl le-imp-less-Suc less-imp-le)

using index-lower-bound n by (simp add: Suc-diff-le)
have arg4: ladder-iz L' index = ladder-iz L (Suc index)
using ladder-stepdown-iz L' Suc-le-lessD index-lower-bound indez-upper-bound
length-L
by auto
obtain m where m: m = ladder-n L (Suc indezx) by blast
have Suc-indez-Suc: Suc (index — Suc 0) = index
using indez-lower-bound by arith
have arg5: (drop (Suc (ladder-n L’ (index — Suc 0))) (take (ladder-n L’
index)
(drop (ladder-stepdown-diff L) D))) = drop (Suc n) (take m D)
apply (simp add: ladder-stepdown-n|OF helpers]
ladder-stepdown-n[OF length-L L' index-upper-bound] n m Suc-index-Suc)
by (metis (no-types, lifting) LeftDerivationLadder-def Suc-eq-plus1-left
Suc-indez-upper-bound Suc-lel Suc-le-lessD Suc-lessD drop-drop drop-take
index-lower-bound is-ladder-def ladder-stepdown-diff-def ldl le-add-diff-inverse2)
have arg6: ladder-j L' index = ladder-j L (Suc index)
using L’ indez-upper-bound ladder-stepdown-j length-L by blast
have arg7: (ladder-y (ladder-stepdown-a-0 o D L)
(drop (ladder-stepdown-diff L) D) L' index) = ladder-y o D L (Suc index)
apply (simp add: ladder-y-def)
apply (simp add: ladder-stepdown-n|OF length-L L' indez-upper-bound)]
ladder-stepdown-a-0-def)
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apply (subst Derive-Derive[where y=ladder-y o D L (Suc indez)])
apply (metis (no-types, lifting) L' LeftDerivationLadder-def
LeftDerivation-implies-Derivation LeftDerivation-take-derive Suc-le-lessD
add-diff-inverse-nat diff-is-0-eq indezx-lower-bound indez-upper-bound
is-ladder-L’
is-ladder-def ladder-y-def ladder-stepdown-n ldl le-0-eq length-L less-numeral-extra(3)

less-or-eg-imp-le take-add)
by (metis (no-types, lifting) L' One-nat-def add-diff-inverse-nat diff-is-0-eq
index-lower-bound index-upper-bound is-ladder-L’ is-ladder-def ladder-stepdown-n
le-0-¢eq
le-neg-implies-less length-L less-numeral-extra(3) less-or-eq-imp-le take-add
zero-less-one)
from Idintro argl arg2 arg3 argj argd argb arg7 show ?thesis
by (metis m n)
qed
have LeftDerivationIntrosAt (ladder-stepdown-a-0 o D L) (drop (ladder-stepdown-diff
L) D)
L' index
apply (auto simp add: LeftDerivationIntrosAt-def Let-def)
using ladder-i-L'-index apply blast
using intro-at-index by blast
}
note introsAt = this
show ?thesis
apply (rule-tac x=L" in exl)
apply auto
defer 1
using L' ladder-stepdown-length length-L apply auto[1]
using ladder-stepdown-i-0 length-L L' apply auto[1]
using ladder-stepdown-last-j L' length-L apply auto[1]
apply (auto simp add: LeftDerivationLadder-def)
using Ildl1 apply blast
using is-ladder-L’ apply blast
using ldfix apply blast
apply (auto simp add: LeftDerivationIntros-def)
apply (simp add: introsAt)
done
qed

fun ladder-shift-j :: nat = ladder = ladder where
ladder-shift-j d [| = []
| ladder-shift-j d ((n, j, i)#L) = ((n, j — d, ©)#(ladder-shift-j d L))

definition ladder-cut-prefiz :: nat = ladder = ladder
where
ladder-cut-prefix d L =
(ladder-shift-j d L)[0 := (ladder-n L 0, ladder-j L 0 — d, ladder-i L 0 — d)]
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lemma ladder-shift-j-length:
length (ladder-shift-j d L) = length L
by (induct L, auto)

lemma ladder-cut-prefiz-length:
shows length (ladder-cut-prefix d L) = length L
apply (simp add: ladder-cut-prefiz-def)
apply (simp add: ladder-shift-j-length)
done

lemma ladder-shift-j-cons: ladder-shift-j d (x# L) = (fst z, fst (snd z) — d, snd(snd
x))#

(ladder-shift-j d L)

apply (induct L)

by (cases z, simp)+

lemma deriv-j-ladder-shift-j:
index < length L = deriv-j (ladder-shift-j d L ! index) = deriv-j (L ! index) —
d
proof (induct L arbitrary: index)
case Nil
then show ?case by auto
next
case (Cons z L)
show ?Zcase
apply (subst ladder-shift-j-cons)
apply (cases inder)
using Cons by (auto simp add: deriv-j-def)
qed

lemma deriv-n-ladder-shift-j:
index < length L = deriv-n (ladder-shift-j d L index) = deriv-n (L ! index)
proof (induct L arbitrary: inder)
case Nil
then show ?case by auto
next
case (Cons z L)
show ?case
apply (subst ladder-shift-j-cons)
apply (cases index)
using Cons by (auto simp add: deriv-n-def)
qged

lemma deriv-iz-ladder-shift-j:
index < length L = deriv-iz (ladder-shift-j d L | index) = deriv-iz (L ! index)
proof (induct L arbitrary: index)
case Nil
then show ?case by auto
next
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case (Cons z L)
show ?case
apply (subst ladder-shift-j-cons)
apply (cases index)
using Cons by (auto simp add: deriv-iz-def)
qed

lemma ladder-cut-prefiz-j:
assumes indez-bound: index < length L
assumes length-L: length L > 0
shows ladder-j (ladder-cut-prefix d L) index = ladder-j L index — d
apply (simp add: ladder-j-def ladder-cut-prefiz-def)
apply (cases indezx)
apply (auto simp add: length-L)
apply (subst nth-list-update-eq)
apply (simp only: ladder-shift-j-length length-L)
apply (simp add: deriv-j-def)
apply (subst deriv-j-ladder-shift-7)
using index-bound apply arith
by blast

lemma hd-0-subst: length L > 0 = hd (L [0 := z]) = =
using hd-conv-nth by (simp add: upd-conv-take-nth-drop)

lemma ladder-cut-prefiz-i:
assumes index-bound: index < length L
assumes length-L: length L > 0
shows ladder-i (ladder-cut-prefix d L) index = ladder-i L index — d
apply (simp add: ladder-i-def ladder-cut-prefiz-def)
apply (cases indezx)
apply auto|1]
apply (subst hd-0-subst)
using length-L ladder-shift-j-length apply metis
apply (auto simp add: deriv-i-def)
apply (case-tac nat)
apply (simp add: ladder-j-def deriv-j-def)
apply auto
apply (subst nth-list-update-eq)
using length-L ladder-shift-j-length apply auto[1]
apply simp
apply (simp add: ladder-j-def)
apply (subst deriv-j-ladder-shift-j)
using indez-bound apply arith
apply simp
done

lemma ladder-cut-prefiz-n:
assumes indez-bound: index < length L
assumes length-L: length L > 0
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shows ladder-n (ladder-cut-prefiz d L) index = ladder-n L index
apply (simp add: ladder-cut-prefiz-def)

apply (cases indezx)

apply (auto simp add: ladder-n-def)

apply (subst nth-list-update-eq)

apply (simp add: ladder-shift-j-length)

using length-L apply blast

apply (simp add: deriv-n-def )

apply (rule-tac deriv-n-ladder-shift-j)

using indez-bound by arith

lemma ladder-cut-prefiz-ix:
assumes index-bound: index < length L
assumes length-L: length L > 0
shows ladder-iz (ladder-cut-prefiz d L) index = ladder-iz L index
apply (simp add: ladder-cut-prefiz-def)
apply (cases indezx)
apply (auto simp add: ladder-iz-def)
apply (rule-tac deriv-iz-ladder-shift-j)
using index-bound by arith

lemma LeftDerivationFiz-derivation-ge-is-nonterminal:
assumes ldfiz: LeftDerivationFiz o © D j y
assumes derivation-ge-d: derivation-ge D d
assumes is-nonterminal: is-nonterminal (v ! j)
shows (D=[|Aa=vAi=5V(i>dANj>d)
proof —
have is-nonterminal (a ! i) using ldfix is-nonterminal
by (simp add: LeftDerivationFiz-def)
from LeftDerivationFiz-splits-at-nonterminal| OF ldfiz this] obtain U al a2 bl
where U:
splits-at o © al U a2 A splits-at v j b1 U a2 A LeftDerivation al D b1 by blast
have D =[] Vv D # || by auto
then show ?thesis
proof (induct rule: disjCases2)
case I
then have al = b1 using U by auto
then have i-eq-j: i = j using U
by (metis dual-order.strict-implies-order length-take min.absorb2 splits-at-def)

from 1 have a = ~ using ldfix LeftDerivationFiz-def by auto
with 1 i-eq-j show ?case by blast
next

case 2

have 3 al’. LeftDerives! al (fst (hd D)) (snd (hd D)) al’ using U 2
by (metis LeftDerivation.elims(2) list.sel(1))
then obtain a!’ where a1’ LeftDerives! al (fst (hd D)) (snd (hd D)) al’
by blast
then have (fst (hd D)) < length al using DerivesI-bound LeftDerivesi-implies-Derivesl
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by blast
then have fst-less-i: (fst (hd D)) < i using U
by (simp add: leD min.absorb2 nat-le-linear splits-at-def)
have d-le-fst: d < fst (hd D) using derivation-ge-d 2 by (simp add: deriva-
tion-ge-def)
with fst-less-i have d-less-i: d < i using le-less-trans by blast
have 3 b1’ LeftDerives! b1’ (fst (last D)) (snd (last D)) bl using U 2
by (metis Derive LeftDerivation-Derive-take-LeftDerives! LeftDerivation-implies-Derivation

last-conv-nth length-0-conv order-refl take-all)
then obtain b1’ where b1" LeftDerives! b1’ (fst (last D)) (snd (last D)) b1
by blast
then have fst (last D) < length b1
using Derivesl-bound’ LeftDerives1-implies-Derivesl by blast
then have fst-le-j: fst (last D) < j using U splits-at-def by auto
have d < fst (last D) using derivation-ge-d 2 using derivation-ge-def
last-in-set by blast
with fst-le-j have d < j using order.trans by blast
with d-less-i show ?thesis by auto
qed
qed

lemma LeftDerivationFiz-derivation-ge:
assumes ldfiz: LeftDerivationFix o © D j
assumes derivation-ge-d: derivation-ge D d
shows i =jV (i >dAj>d)
proof —
from LeftDerivationFiz-splits-at-symbol[ OF ldfiz] obtain U al a2 b1 b2 n where
U:
splits-at « © al U a2 A
splits-at v j b1 U b2 A
n < length D A
LeftDerivation al (take n D) b1 A
derivation-ge (drop n D) (Suc (length b1)) A
LeftDerivation a2 (derivation-shift (drop n D) (Suc (length b1)) 0) b2 A
(n = length D V n < length D A is-word (b1 @ [U])) by blast
have n = 0 Vv n > 0 by auto
then show ?thesis
proof (induct rule: disjCases2)
case I
then have a! = b1 using U by auto
then have i-eq-j: i = j using U
by (metis dual-order.strict-implies-order length-take min.absorb2 splits-at-def)

then show ?case by blast
next
case 2
obtain F where E: F = take n D by blast
have E-nonempty: E # [] using E 2
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using U less-nat-zero-code list.size(3) take-eq-Nil by auto
have 3 al’ LeftDerivesl al (fst (hd E)) (snd (hd E)) al’ using U E
E-nonempty
by (metis LeftDerivation.simps(2) list.exhaust list.sel(1))
then obtain a!’ where a1’ LeftDerivest al (fst (hd E)) (snd (hd E)) al’
by blast
then have (fst (hd F)) < length al using Derives1-bound LeftDerives1-implies-Derives1
by blast
then have fst-less-i: (fst (hd F)) < i using U
by (simp add: leD min.absorb2 nat-le-linear splits-at-def)
have d-le-fst: d < fst (hd E) using derivation-ge-d E-nonempty E
by (simp add: LeftDerivation.elims(2) U derivation-ge-def hd-conv-nth)
with fst-less-i have d-less-i: d < i using le-less-trans by blast
have 3 b1'. LeftDerivesl b1’ (fst (last E)) (snd (last E)) b1 using E-nonempty
UFE
by (metis LeftDerivation-appendl append-butlast-last-id prod.collapse)

then obtain b1’ where b1": LeftDerivesl b1’ (fst (last E)) (snd (last F)) bl
by blast
then have fst (last F) < length b1
using Derivesl-bound’ LeftDerives1-implies-Derives] by blast
then have fst-le-j: fst (last E) < j using U splits-at-def by auto
have d < fst (last E) using derivation-ge-d E-nonempty E
using derivation-ge-d last-in-set by (metis derivation-ge-def set-take-subset
subsetCE)
with fst-le-j have d < j using order.trans by blast
with d-less-i show ?thesis by auto
qed
qed

lemma LeftDerivationIntro-derivation-ge:
assumes [dintro: LeftDerivationIntro o« i r iz D j ~y
assumes i-ge-d: © > d
assumes derivation-ge-d: derivation-ge D d
shows j > d
proof —
from iffD1[OF LeftDerivationIntro-def ldintro] obtain 8 where f:
LeftDerives! a i1 B A iz < length (snd r) A sndr!ix =~1j A
LeftDerivationFiz § (i + iz) D j v by blast
then have (i + iz =j) V (i + iz > d AN j > d)
using LeftDerivationFiz-derivation-ge derivation-ge-d by blast
then show ?thesis
proof (induct rule: disjCases2)
case 1 then show ?case using i-ge-d trans-le-add1 by blast
next
case 2 then show ?case by simp
qed
qed



197

lemma derivation-ge-LeftDerivationLadder:
assumes derivation-ge-d: derivation-ge D d
assumes ladder: LeftDerivationLadder o D L ~y
assumes ladder-i-0: ladder-i L 0 > d
shows index < length L = ladder-i L index > d A ladder-j L index > d
proof (induct index)
case ()
from iffD1[OF LeftDerivationLadder-def ladder]
have ldfiz: LeftDerivationFiz o (ladder-i L 0)
(take (ladder-n L 0) D) (ladder-j L 0) (ladder-y o D L 0) by blast
have derivation-ge (take (ladder-n L 0) D) d
using derivation-ge-d by (metis append-take-drop-id derivation-ge-append)
from ladder-i-0 derivation-ge-d LeftDerivationFiz-derivation-ge[OF ldfiz this)
show ?case by linarith
next
case (Suc n)
have ladder-i-Suc: ladder-i L (Suc n) > d
apply (auto simp add: ladder-i-def)
using Suc by auto
from ff D1[OF LeftDerivationLadder-def ladder] have LeftDerivationlntros o
DL
by blast
then have LeftDerivationIntrosAt o D L (Suc n)
using Suc.prems
by (metis LeftDerivationIntros-def Suc-eq-plus1-left le-add1)
from iffD1[OF LeftDerivationIntrosAt-def this]
show ?case using ladder-i-Suc LeftDerivationIntro-derivation-ge
by (metis append-take-drop-id derivation-ge-append derivation-ge-d)
qed

lemma derivation-shift-append:
derivation-shift (AQB) left right =
(derivation-shift A left right) @ (derivation-shift B left right)
by (induct A, simp+)

lemma derivation-shift-right-left-subtract:
right > left = derivation-shift (derivation-shift L 0 right) left 0 =
derivation-shift L 0 (right — left)

by (induct L, simp+)

lemma LeftDerivationFiz-cut-prefiz:

assumes LeftDerivationFiz (0Qa) i D j v

assumes derivation-ge D (length 0)

assumes i > length §

assumes is-word-9: is-word §

shows 3 v. vy =46 Q' A

LeftDerivationFix « (i — length ) (derivation-shift D (length §) 0) (j — length

) '
proof —
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have j-ge-d: j > length §

using assms(3) LeftDerivationFiz-derivation-ge|OF assms(1) assms(2)] by

arith

obtain ' where v": v’ = drop (length §) v by blast
from iffD1[OF LeftDerivationFiz-def assms(1)] obtain E F where EF:
is-sentence (6 @ «) A

is-sentence vy N

LeftDerivation (0 @ o) D v A

i < length (§ @ a) A

Jj < length v A

(Q@a)li=~1jA

D = F @ derivation-shift F 0 (Suc j) A

LeftDerivation (take i (§ Q «)) E (take j ) A

LeftDerivation (drop (Suc ©) (6 @ «)) F (drop (Suc j) ) by blast
then have LeftDerivation (0 Q@ «) D ~ by blast
from LeftDerivation-skip-prefizword-ex| OF this is-word-d]
obtain v’ where v v = § @ 4/ A LeftDerivation o (derivation-shift D (length

5) 0) v' by blast

have [df1: is-sentence o using EF is-sentence-concat by blast
have Idf2: is-sentence ' using EF ~' is-sentence-concat by blast
have ldf3: i — length § < length «

by (metis EF append-Nil assms(8) drop-append drop-eq-Nil not-le)
have ldf}: j — length § < length ~'

by (metis EF append-Nil j-ge-d ' drop-append drop-eq-Nil not-le)
have ldf5: « ! (i — length §) = v’ (j — length §)

by (metis v EF assms(3) j-ge-d leD nth-append)
have D-split: D = E Q derivation-shift F 0 (Suc j) using EF by blast
show ?thesis

apply (rule-tac x=v'in exl)

apply (auto simp add: v’)

apply (auto simp add: LeftDerivationFiz-def)

using ldf! apply blast

using ldf2 apply blast

using v apply blast

using [df3 apply blast

using ldf/ apply blast

using ldf5 apply blast

apply (rule-tac z=derivation-shift E (length §) 0 in exl)

apply (rule-tac z=F in exl)

apply auto

apply (subst D-split)

apply (simp add: derivation-shift-append)

apply (subst derivation-shift-right-left-subtract)

apply (simp add: j-ge-d le-Suc-eq)

using j-ge-d apply (simp add: Suc-diff-le)

apply (metis EF LeftDerivation-implies-Derivation LeftDerivation-skip-prefix

append-eq-conv-conj assms(3) drop-take is-word-Derivation-derivation-ge is-word-§
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take-all take-append)
using EF Suc-diff-le v' assms(3) j-ge-d by auto
qed

lemma LeftDerives1-propagate-prefiz:
LeftDerives! (6 @ o) i 8 = i > length § = is-prefiz §
proof —
assume al: LeftDerives] (0 Q ) i1 3
assume a2: length § < i
have f3: take i (6 Q@ o) = take i
using al DerivesI-take LeftDerivesI-implies-Derivesl by blast
then have f}: length (take i 8) = i
using al by (metis (no-types) Derivesl-bound LeftDerivesl-implies-Derivesl
dual-order.strict-implies-order length-take min.absorb2)
have take (length 6) (take i B) = 6
using f3 a2 by (simp add: append-eq-conv-cony)
then show ?thesis
using f/ a2 by (metis (no-types) append-Nil2 append-eq-conv-conj diff-is-0-eq
is-prefiz-take take-0 take-append)
qed

/

lemma LeftDerivationIntro-cut-prefiz:
assumes LeftDerivationIntro (60Q«) i iz D j
assumes derivation-ge D (length 0)
assumes 1 > length
assumes is-word-0: is-word §
shows 3 v. y =6 Q@~' A
LeftDerivationIntro o (i — length §) r iz (derivation-shift D (length §) 0) (j —
length &) v/
proof —
from iffD1[OF LeftDerivationIntro-def assms(1)] obtain 5 where j:
LeftDerives! (6 Q@ o) i 8 A
iz < length (snd r) A snd r ! iz =~ ! j A LeftDerivationFiz § (i + iz) D j v
by blast
have d /. =6 @ B’
using LeftDerives1-propagate-prefiz 8 assms(3) by (metis append-dropped-prefiz)

then obtain 8’ where 8- § = § @ 3’ by blast
with S have LeftDerivesl (§ @ «) i r (6 @ ') by simp
from LeftDerivesI-skip-prefic|OF assms(3) this]
have «a-8": LeftDerives! « (i — length &) r 8’ by blast
have ldfiz: LeftDerivationFiz (6 @ B') (i + iz) D j v using S S’ by auto
have §-le-i-plus-iz: length § < i + iz using assms(3) by arith
from LeftDerivationFiz-cut-prefic[OF ldfiz assms(2) d-le-i-plus-iz assms(4)]
obtain v’ where 7. v =46 Q@ v/ A
LeftDerivationFiz ' (i + iz — length 0) (derivation-shift D (length &) 0) (j —
length 6) ~'
by blast
have same-symbol: v ! j =~"1(j — length §)
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by (metis LeftDerivationFix-def § ' -le-i-plus-iz v’ leD nth-append)
have 3'-y": LeftDerivationFix 8' (i — length § + ix)
(derivation-shift D (length §) 0) (j — length 0) ' by (simp add: v' assms(8))

show ?thesis
apply (simp add: LeftDerivationIntro-def)
apply (rule-tac z=~'in exl)
apply (auto simp add: v’)
apply (rule-tac x=8"in exl)
by (auto simp add: B a-B' same-symbol 5'-y")
qged

lemma LeftDerivationLadder-implies-LeftDerivation-at-indez:

assumes LeftDerivationLadder o D L ~

assumes index < length L

shows LeftDerivation « (take (ladder-n L index) D) (ladder-y o D L index)
using LeftDerivationLadder-def LeftDerivation-take-derive assms(1) ladder-vy-def
by auto

lemma LeftDerivationLadder-cut-prefiz-propagate:
assumes ladder: LeftDerivationLadder (0Qa) D L ~
assumes is-word-0: is-word §
assumes derivation-ge-0: derivation-ge D (length §)
assumes ladder-i-0: ladder-i L 0 > length §
assumes L’ L' = ladder-cut-prefiz (length 6) L
assumes D”: D’ = derivation-shift D (length §) 0
shows inder < length L —
LeftDerivation « (take (ladder-n L' index) D') (ladder-y o D' L index) A
ladder-a. (6Qa) D L index = §Q(ladder-a o D' L' index) A
ladder-y (6Qa) D L index = §Q(ladder-y o D' L’ index)
proof (induct index)
case (
have ladder-a: ladder-o (0@Qa) D L 0 = §Q(ladder-a o« D' L' 0)
by (simp add: ladder-a-def)
have ldfiz: LeftDerivationFiz (6Qa) (ladder-i L 0) (take (ladder-n L 0) D)
(ladder-j L 0) (ladder-y (6@Qa) D L 0) using ladder LeftDerivationLadder-def
by blast
have dge-take: derivation-ge (take (ladder-n L 0) D) (length §)
using derivation-ge-6 by (metis append-take-drop-id derivation-ge-append)
from LeftDerivationFiz-cut-prefit|OF ldfiz dge-take ladder-i-0 is-word-§]
obtain ' where " ladder-y (6 Qa) DL 0 =6 Q~' A
LeftDerivationFix « (ladder-i L 0 — length §) (derivation-shift (take (ladder-n
L 0) D) (length §) 0)
(ladder-j L 0 — length ) v’ by blast
have ladder-y: ladder-y (6@Q«) D L 0 = §Q(ladder-y o D' L' 0)
using v’ by (metis 0.prems D’ Derive L' LeftDerivationFix-def
LeftDerivation-implies- Derivation ladder-y-def ladder-cut-prefiz-n take-derivation-shift)
have LeftDerivation « (take (ladder-n L' 0) D') (ladder-y o« D' L' 0)
proof —
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have LeftDerivation (§Qa) (take (ladder-n L 0) D) (ladder-y (6@Qa) D L 0)
using LeftDerivationLadder-implies-Left Derivation-at-index ladder 0.prems
by blast
then show ?thesis
by (metis D' LeftDerivationLadder-def LeftDerivation-skip-prefiz
LeftDerivation-take-derive derivation-ge-6 ladder ladder-y-def)
qed
then show ?case using ladder-a ladder-y by auto
next
case (Suc index)
have indez-less-L: index < length L using Suc(2) by arith
then have induct: ladder-y (6Qa) D L index = 6Q(ladder-y o D’ L' index)
using Suc by blast
then have ladder-a: ladder-a (0Qa) D L (Suc index) = §Q(ladder-o o« D' L'
(Suc index))
by (simp add: ladder-a-def)
have introsAt: LeftDerivationIntrosAt (0Qa) D L (Suc index)
using Suc(2) ladder
by (metis LeftDerivationlntros-def LeftDerivationLadder-def Suc-eq-plus1-left
le-addl)
obtain n m e E where n: n = ladder-n L (Suc index — 1) and
m: m = ladder-n L (Suc index) and e: e = D! n and E: E = drop (Suc n)
(take m D)
by blast
from iffD1[OF LeftDerivationIntrosAt-def introsAt] have
LeftDerivationIntro (ladder-a (§ @ «) D L (Suc index)) (ladder-i L (Suc
index)) (snd e)
(ladder-iz L (Suc index)) E (ladder-j L (Suc index)) (ladder-y (6 Q o) D L
(Suc index))
using n m e E Let-def by meson
then have Idintro:
LeftDerivationIntro (0Q(ladder-a o« D' L' (Suc index))) (ladder-i L (Suc
index)) (snd e)
(ladder-iz L (Suc index)) E (ladder-j L (Suc index)) (ladder-y (6 Q o) D L
(Suc index))
by (simp add: ladder-«)
have dge-E-§: derivation-ge E (length §)
apply (simp add: E)
using derivation-ge-§
by (metis append-take-drop-id derivation-ge-append)
have ladder-i-Suc: length 6 < ladder-i L (Suc index)
using Suc.prems derivation-ge-LeftDerivationLadder derivation-ge-d ladder
ladder-i-0
by blast
from LeftDerivationIntro-cut-prefiz| OF ldintro dge-E-§ ladder-i-Suc is-word-]
obtain v’ where " ladder-y (0 @ o) D L (Suc index) = § Q@ v' A
LeftDerivationIntro (ladder-o o D' L' (Suc index)) (ladder-i L (Suc index) —
length &) (snd e)
(ladder-iz L (Suc index)) (derivation-shift E (length §) 0) (ladder-j L (Suc
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index) — length 0) ~'
by blast
then have LeftDerivation (ladder-a o D' L' (Suc index))
((ladder-i L (Suc index) — length &, snd e) # (derivation-shift E (length &)
0)) '
using LeftDerivationIntro-implies-Left Derivation by blast
then have LeftDerivation (ladder-y o D' L’ index)
((ladder-i L (Suc index) — length &, snd e) # (derivation-shift E (length §)
0)) ~'
by (auto simp add: ladder-a-def)
have Id: LeftDerivation « (take (ladder-n L’ (Suc index)) D’) (ladder-y o D’
L' (Suc inder))
proof —
have LeftDerivation (§Qa) (take (ladder-n L (Suc indez)) D) (ladder-y (6@Qa)
D L (Suc index))
using LeftDerivationLadder-implies- Left Derivation-at-index ladder Suc.prems
by blast
then show ?thesis
by (metis D' LeftDerivationLadder-def LeftDerivation-skip-prefix
LeftDerivation-take-derive derivation-ge-0 ladder ladder-y-def)
qed
then show ?case
using v’ D’ Derive L' LeftDerivationIntro-def n m e E ld
LeftDerivation-implies- Derivation ladder-y-def ladder-cut-prefix-n take-derivation-shift
by (metis (no-types, lifting) LeftDerivationLadder-implies-Left Derivation-at-index

LeftDerivation-skip-prefixword-ex Suc.prems Suc-lel index-less-L is-word-d
ladder

ladder-a le-0-eq neq0-conw)
qed

theorem LeftDerivationLadder-cut-prefiz:
assumes ladder: LeftDerivationLadder (0Qa) D L ~
assumes is-word-9: is-word §
assumes ladder-i-0: ladder-i L 0 > length 0
shows 3 D' L'y v=§dQ~' A
LeftDerivationLadder o« D' L' v/ A
D' = derivation-shift D (length §) 0 A
length L' = length L A ladder-i L' 0 + length § = ladder-i L 0 A
ladder-last-j L' + length 6 = ladder-last-j L
proof —
obtain D’ where D": D' = derivation-shift D (length &) 0 by blast
obtain L’ where L L' = ladder-cut-prefix (length §) L by blast
obtain v’ where v": v/ = drop (length 0) v by blast
have ladder-last-j-upper-bound: ladder-last-j L < length v using ladder
using ladder-last-j-bound by blast
have derivation-ge-0: derivation-ge D (length &) using is-word-§ LeftDerivation-
Ladder-def

LeftDerivation-implies-Derivation is-word-Derivation-derivation-ge ladder by
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blast
note derivation-ge-ladder =
derivation-ge-Left DerivationLadder|OF derivation-ge-0 ladder ladder-i-0]
have ladder-last-j-lower-bound: ladder-last-j L > length §
using LeftDerivationLadder-def derivation-ge-ladder is-ladder-def ladder
ladder-last-j-def by auto
from ladder-last-j-upper-bound ladder-last-j-lower-bound
have d-less-y: length § < length ~ by arith
then have y-def: v = § Q «’
by (metis LeftDerivation.simps(1) LeftDerivationLadder-def LeftDerivation-ge-take

/

Y
append-eq-conv-conj derivation-ge-6 ladder)
have length-L-nonzero: length L # 0
using LeftDerivationLadder-def is-ladder-def ladder by auto
have ladder-i-L'-thm: J\ index. index < length L = ladder-i L' index + length
0 = ladder-i L index
apply (simp add: L)
apply (subst ladder-cut-prefiz-i)
apply simp
using length-L-nonzero apply blast
using derivation-ge-ladder by auto
have ladder-j-L’-thm: )\ index. index < length L = ladder-j L' index + length
0 = ladder-j L index
apply (simp add: L")
apply (subst ladder-cut-prefiz-j)
using LeftDerivationLadder-def is-ladder-def ladder apply blast
using LeftDerivationLadder-def is-ladder-def ladder apply blast
using derivation-ge-ladder by auto
have length-L": length L' = length L using L’ ladder-cut-prefiz-length by simp
have a-y" LeftDerivation o D’ '
using D’ LeftDerivationLadder-def LeftDerivation-skip-prefix ' derivation-ge-6
ladder
by blast
have length-D': length D' = length D by (simp add: D’)
have is-ladder-D-L: is-ladder D L using LeftDerivationLadder-def ladder by
blast
{
fix u :: nat
assume u-bound-L": u < length L'
have u-bound-L: u < length L using length-L’ using u-bound-L’ by simp
have ladder-n L' u < length D'
apply (simp add: length-D' L)
apply (subst ladder-cut-prefiz-n)
apply (simp add: u-bound-L)
using length-L-nonzero apply arith
using u-bound-L is-ladder-D-L
by (simp add: is-ladder-def)

note is-ladder-1 = this
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fix u :: nat
fix v :: nat
assume u-less-v: u < v
assume v-bound-L’: v < length L'
then have v-bound-L: v < length L by (simp add: length-L’)
with wu-less-v have u-bound-L: u < length L by arith
have ladder-n L’ u < ladder-n L' v
apply (simp add: L)
apply (subst ladder-cut-prefiz-n)
using u-bound-L apply blast
using length-L-nonzero apply blast
apply (subst ladder-cut-prefiz-n)
using v-bound-L apply blast
using length-L-nonzero apply blast
using u-less-v v-bound-L is-ladder-D-L by (simp add: is-ladder-def)
}
note is-ladder-2 = this
have is-ladder-3: ladder-last-n L' = length D’
apply (simp add: length-D’ ladder-last-n-def L’)
apply (subst ladder-cut-prefiz-n)
apply (simp add: ladder-cut-prefiz-length)
using length-L-nonzero apply auto[1]
using length-L-nonzero apply blast
apply (simp add: ladder-cut-prefiz-length)
using is-ladder-D-L by (simp add: is-ladder-def ladder-last-n-def)
have is-ladder-4: LeftDerivationFiz « (ladder-i L' 0) (take (ladder-n L' 0) D’)
(ladder-j L' 0) (ladder-y o D" L' 0)
proof —
have [ldfiz: LeftDerivationFiz (6Q«) (ladder-i L 0) (take (ladder-n L 0) D)
(ladder-j L 0) (ladder-y (6@Qa) D L 0)
using ladder LeftDerivationLadder-def by blast
have dge: derivation-ge (take (ladder-n L 0) D) (length §)
using derivation-ge-6 by (metis append-take-drop-id derivation-ge-append)
from LeftDerivationFiz-cut-prefiz|OF ldfiz dge ladder-i-0 is-word-§]
obtain «’ where " ladder-y (6 Q a) DL 0 =6 Q~' A
LeftDerivationFix « (ladder-i L 0 — length §) (derivation-shift (take (ladder-n
L 0) D) (length §) 0)
(ladder-j L 0 — length 0) v' by blast
then show ?thesis
using LeftDerivationLadder-cut-prefiz-propagate D' L' append-eq-conv-conj
derivation-ge-0
is-word-6 ladder ladder-cut-prefiz-i ladder-cut-prefix-j ladder-cut-prefix-n
ladder-i-0
length-0-conv length-L-nonzero length-greater-0-conv take-derivation-shift by
auto
qed

{

fix index :: nat
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assume indez-lower-bound: Suc 0 < index
assume indez-upper-bound: index < length L’
have introsAt: LeftDerivationIntrosAt (6Qa) D L index
by (metis LeftDerivationIntros-def LeftDerivationLadder-def One-nat-def in-
dex-lower-bound
indez-upper-bound ladder length-L")
then have ladder-i-L: ladder-i L index = fst (D ! ladder-n L (index — Suc 0))
by (metis LeftDerivationIntrosAt-def One-nat-def <LeftDerivationIntrosAt (6
@ «) D L index»)
have ladder-i-L'-as-L: ladder-i L’ index = ladder-i L index — (length 0)
using ladder-cut-prefiz-i L' index-upper-bound is-ladder-D-L is-ladder-not-empty
length-L’
length-greater-0-conv by auto
have length-L-gr-0: length L > 0 using length-L’ length-L-nonzero by arith
have indez-Suc-upper-bound-L: index — Suc 0 < length L using index-upper-bound
length-L’ by arith
have fst (D’ ladder-n L' (index — Suc 0)) = fst (D! ladder-n L (index —
Suc 0)) — (length 6)
apply (subst D', subst L’)
apply (subst ladder-cut-prefiz-n|OF index-Suc-upper-bound-L length-L-gr-0])
apply (simp add: derivation-shift-def)
using index-lower-bound indez-upper-bound is-ladder-D-L ladder-n-minus-1-bound
length-L’ by auto
then have ladder-i-L": ladder-i L' index = fst (D'! ladder-n L' (index — Suc

0))
using ladder-i-L ladder-i-L'-as-L by auto
have LeftDerivationIntro (ladder-a « D' L' index) (ladder-i L' inder)
(snd (D" ladder-n L’ (index — Suc 0))) (ladder-iz L' index)
(drop (Suc (ladder-n L' (index — Suc 0))) (take (ladder-n L' index) D))
(ladder-j L' index)
(ladder-y o D' L' index)
proof —
have LeftDerivationIntro (ladder-o (0@Qa) D L index) (ladder-i L index)
(snd (D! ladder-n L (index — Suc 0))) (ladder-iz L index)
(drop (Suc (ladder-n L (index — Suc 0))) (take (ladder-n L indezx) D))
(ladder-j L index)
(ladder-y (6Qa) D L index) using introsAt
by (metis LeftDerivationIntrosAt-def One-nat-def)
then have Ildintro: LeftDerivationIntro (Q(ladder-a o« D' L' index)) (ladder-i
L index)
(snd (D! ladder-n L (index — Suc 0))) (ladder-iz L index)
(drop (Suc (ladder-n L (index — Suc 0))) (take (ladder-n L index) D))
(ladder-j L index)
(ladder-y (6@Qa) D L indezx)
using D’ L’ LeftDerivationLadder-cut-prefiz-propagate derivation-ge-§ in-
dez-upper-bound
is-word-0 ladder ladder-i-0 length-L’ by auto
have dge: derivation-ge (drop (Suc (ladder-n L (index — Suc 0)))
(take (ladder-n L index) D)) (length §) using derivation-ge-§
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by (metis append-take-drop-id derivation-ge-append)
have §-le-i-L: length § < ladder-i L index
using derivation-ge-ladder index-upper-bound length-L' by auto
from LeftDerivationIntro-cut-prefiz[OF ldintro dge 0-le-i-L is-word-0] obtain
~" where ~":
ladder-y (6 @ ) D L index = § @ v/ A
LeftDerivationIntro (ladder-a o D' L' index) (ladder-i L index — length
5)
(snd (D! ladder-n L (index — Suc 0))) (ladder-iz L index)
(derivation-shift (drop (Suc (ladder-n L (index — Suc 0))) (take (ladder-n
L index) D))
(length 0) 0) (ladder-j L index — length 0) v’ by blast
have hi: ladder-i L' index = ladder-i L index — length &
using L’ ladder-cut-prefiz-i ladder-i-L’-as-L by blast
have h2: (snd (D'! ladder-n L’ (index — Suc 0))) = (snd (D ! ladder-n L
(index — Suc 0)))
apply (subst L', subst ladder-cut-prefiz-n)
apply (simp add: indezx-Suc-upper-bound-L)
using length-L-gr-0 apply auto|1]
apply (subst D)
apply (simp add: derivation-shift-def)
using indez-lower-bound index-upper-bound is-ladder-D-L ladder-n-minus-1-bound

length-L' by auto
have h3: ladder-iz L’ index = ladder-iz L index
using ladder-cut-prefiz-iz L' indez-upper-bound length-L’ length-L-gr-0 by
auto
have h4: (drop (Suc (ladder-n L' (index — Suc 0))) (take (ladder-n L' index)
DY) =
(derivation-shift (drop (Suc (ladder-n L (index — Suc 0))) (take (ladder-n
L indez) D))
(length 0) 0)
apply (subst D)
apply (subst L")+
apply (subst ladder-cut-prefiz-n, simp add: indez-Suc-upper-bound-L)
using length-L-gr-0 apply blast
apply (subst ladder-cut-prefiz-n)
using index-upper-bound length-L' apply arith
using length-L-gr-0 apply blast
apply (simp add: derivation-shift-def)
by (simp add: drop-map take-map)
have hb: ladder-j L' index = ladder-j L index — length &
using ladder-cut-prefiz-j L' index-upper-bound length-L' length-L-gr-0 by
auto
have h6: ladder-y o D' L' index = ~'
using D’ L’ LeftDerivationLadder-cut-prefiz-propagate ' derivation-ge-6
index-upper-bound
is-word-0 ladder ladder-i-0 length-L’ by auto
show ?thesis using h1 h2 h3 hj hd h6 ~' by simp
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qed

then have LeftDerivationIntrosAt o D' L' index
apply (auto simp add: LeftDerivationIntrosAt-def Let-def)
using ladder-i-L' by blast

note is-ladder-5 = this

show ?thesis
apply (rule-tac x=D' in exl)
apply (rule-tac x=L’ in exl)
apply (rule-tac x=v'in exl)
apply auto
using y-def apply blast
defer 1
using D’ apply blast
using L' ladder-cut-prefiz-length apply auto[1]
apply (subst ladder-i-L’-thm)
using LeftDerivationLadder-def is-ladder-def ladder apply blast
apply simp
apply (simp add: ladder-last-j-def)
apply (subst ladder-j-L’-thm)
apply (simp add: length-L)
using length-L-nonzero apply arith
apply (simp add: length-L’)
apply (auto simp add: LeftDerivationLadder-def)
using a-y’ apply blast
apply (auto simp add: is-ladder-def)
using length-L-nonzero length-L' apply auto[1]
using is-ladder-1 apply blast
using is-ladder-2 apply blast
using is-ladder-3 apply blast
using is-ladder-4 apply blast
by (auto simp add: LeftDerivationIntros-def is-ladder-5)

qed

end

end

theory TheoremD10
imports TheoremD9 Ladder
begin

context LocalLexing begin

lemma P-wellformed: p € P k u => wellformed-tokens p
using P-are-admissible admissible-wellformed-tokens by blast

lemma X-token-length: t € X k = k + length (chars-of-token t) < length Doc
by (metis le-diff-conv2 X-is-prefix add.commute chars-of-token-def empty-X
empty-iff is-prefiz-length le-neg-implies-less length-drop linear)
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lemma mono-Scan: mono (Scan T k)
by (simp add: Scan-regular regular-implies-mono)

lemma w-apply-setmonotone: x € I = zen k T1I
using Complete-subset-m LocalLexing. Complete-def LocalLexing-axioms by blast

lemma Scan-apply-setmonotone: © € I = z € Scan T k I
by (simp add: Scan-def)

lemma leftderives-padfront:
assumes leftderives o 3
assumes is-word u
shows leftderives (uQa) (u@Qp)
using LeftDerivation-append-prefiz LeftDerivation-implies-leftderives assms(1) assms(2)

leftderives-implies-Left Derivation by blast

lemma leftderives-padback:
assumes leftderives a 3
assumes is-sentence u
shows leftderives (aQu) (SQu)
using LeftDerivation-append-suffiz LeftDerivation-implies-leftderives assms(1) assms(2)

leftderives-implies-Left Derivation by blast

lemma leftderives-pad:
assumes «-f3: leftderives a 3
assumes is-word: is-word u
assumes is-sentence: is-sentence v
shows leftderives (uQa@Qu) (u@QBQwV)
by (simp add: a-f is-sentence is-word leftderives-padback leftderives-padfront)

lemma leftderives-rule:
assumes (N, w) € R
shows leftderives [N] w
by (metis append-Nil append-Nil2 assms is-sentence-def is-word-terminals leftderives1-def

leftderives1-implies-leftderives list.pred-inject(1) terminals-empty wellformed-tokens-empty-path)

lemma leftderives-rule-step:
assumes ld: leftderives a (vQ[N]Qv)
assumes rule: (N, w) € R
assumes is-word: is-word u
assumes is-sentence: is-sentence v
shows leftderives a (uQuw@Qu)
proof —
have N-w: leftderives [N] w using rule leftderives-rule by blast
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then have leftderives (u@Q[N]Qv) (uQuwQv) using leftderives-pad is-word is-sentence
by blast

then show leftderives a (uQuw@Qu) using leftderives-trans ld by blast
qed

lemma leftderives-trans-step:

assumes ld: leftderives a (u@bQu)

assumes rule: leftderives b ¢

assumes is-word: is-word u

assumes is-sentence: is-sentence v

shows leftderives a (u@cQu)
proof —

have leftderives (u@bQuv) (uQcQu) using leftderives-pad ld rule is-word is-sentence
by blast

then show ?thesis using leftderives-trans ld by blast
qed

lemma charslength-of-prefiz:
assumes is-prefiz a b
shows charslength a < charslength b
by (simp add: assms is-prefiz-chars is-prefiz-length)

lemma item-rhs-simp[simpl: item-rhs (Item (N, ) d i j) = «
by (simp add: item-rhs-def)

definition Prefizes :: ‘a list = 'a list set
where

Prefizes p = { q . is-prefix q p }

lemma P-wellformed: p € P = wellformed-tokens p
by (simp add: B-are-admissible admissible-wellformed-tokens)

lemma Prefizes-reflexive[simp]: p € Prefizes p
by (simp add: Prefives-def is-prefiz-def)

lemma Prefizes-is-prefiz: q € Prefixes p = is-prefix q p
by (simp add: Prefizes-def)

lemma prefizes-are-paths’: p € P = is-prefix ¢ p = q € P
using P.simps(3) P-def prefizes-are-paths by blast

lemma thmD10-ladder:

pEeEP =

charslength p = k =

XeT =

TCX k=

(N, a@p) e R =

r < length p =

leftderives [&] ((terminals (take r p))@Q[N]Qy) =
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LeftDerivationLadder oo D L (terminals ((drop r p)Q[X])) =
ladder-last-j L = length (drop r p) =
k' =k + length (chars-of-token X) =
z = Item (N, a@Qp) (length o) (charslength (take r p)) k' =
I = items-le k' (7 k' {} (Scan T k (Gen (Prefizes p))))
—zcl
proof (induct length L arbitrary: N a 8 r v D L x rule: less-induct)
case less
have item-origin-a-def: item-origin x = (charslength (take r p))
by (simp add: less.prems(11))
then have z-k: item-origin x < k
using charslength.simps is-prefiz-chars is-prefix-length is-prefiz-take less.prems(2)
by force
have item-end-z-def: item-end x = k’ by (simp add: less.prems(11))
have item-dot-z-def: item-dot © = length « by (simp add: less.prems(11))
have k’-upperbound: k' < length Doc
using X -token-length less.prems(10) less.prems(3) less.prems(4) by blast
note item-def = less.prems(11)
note k' = less.prems(10)
note rule-dom = less.prems(5)
note p-charslength = less.prems(2)
note p-dom = less.prems(1)
note r = less.prems(6)
note leftderives-start = less.prems(7)
note X-dom = less.prems(3)
have wellformed-z: wellformed-item x
apply (auto simp add: wellformed-item-def item-def rule-dom p-charslength)
apply (subst k)
apply (subst charslength.simps[symmetric])
apply (subst p-charslength[symmetric])
using item-origin-z-def p-charslength z-k apply linarith
apply (rule k'-upperbound)
done
have leftderives-a: leftderives a (terminals ((drop r p)@Q[X]))
using LeftDerivationLadder-def LeftDerivation-implies-leftderives less.prems(8)
by blast
have is-sentence-drop-pX: is-sentence (drop r (terminals p) Q [terminal-of-token
X)
by (metis derives-is-sentence is-sentence-concat leftderives-« leftderives-implies-derives

rule-a-type rule-dom terminals-append terminals-drop terminals-singleton)
have snd-item-rule-z: snd (item-rule x) = a@pB by (simp add: item-def)
from less have is-ladder D L using LeftDerivationLadder-def by blast
then have length L # 0 by (simp add: is-ladder-not-empty)
then have length L = 1 V length L > 1 by arith
then show ?case
proof (induct rule: disjCases2)
case [
have 3 i. LeftDerivationFiz « i D (length (drop r p)) (terminals ((drop r
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p)G[X]))
using 1.hyps LeftDerivationLadder-L-0 less.prems(8) less.prems(9) by
fastforce
then obtain ¢ where LDF:
LeftDerivationFix o i D (length (drop r p)) (terminals ((drop r p)Q[X]))
by blast
from LeftDerivationFiz-splits-at-derives|OF this] obtain U al a2 b1 b2
where decompose:
splits-at o i al U a2 A splits-at (terminals (drop r p Q [X]))
(length (drop r p)) b1 U b2 A derives al bl A derives a2 b2 by blast
then have b1: bl = terminals (drop r p)
by (simp add: append-eq-conv-conj splits-at-def)
with decompose have U: U = fst X
by (metis length-terminals nth-append-length splits-at-def terminal-of-token-def

terminals-append terminals-singleton)
from decompose b1 U have b2: b2 = ||
by (simp add: splits-at-combine splits-at-def)
have D: LeftDerivation o D (terminals ((drop v p)@Q[X]))
using LDF LeftDerivationLadder-def less.prems(8) by blast
let 2y = Item (item-rule ) (length al) (item-origin x) k
have wellformed-y: wellformed-item 2y
using wellformed-z
apply (auto simp add: wellformed-item-def x-k)
using k' k’-upperbound apply arith
apply (simp add: item-rhs-def snd-item-rule-z)
using decompose splits-at-def
by (simp add: is-prefiz-length trans-le-add1)
have y-nonterminal: item-nonterminal %y = N
by (simp add: item-def item-nonterminal-def)
have item-a-y: item-a ?y = al
by (metis append-assoc append-eq-conv-conj append-take-drop-id decompose
item.sel(1)
item.sel(2) item-a-def item-rhs-def snd-item-rule-z splits-at-def)
have pvalid-y: pvalid p %y
apply (auto simp add: puvalid-def)
using p-dom P-wellformed apply blast
using wellformed-y apply auto[!]
apply (rule-tac z=r in exl)
apply (auto simp add: r)
using p-charslength apply simp
using item-def apply simp
apply (rule-tac z=~ in exl)
using y-nonterminal apply simp
using is-derivation-def leftderives-start apply auto[1]
apply (simp add: item-a-y)
using b1 decompose by auto
let 2z = inc-item 2y k'
have item-rhs-y: item-rhs %y = a@p



auto

212

by (simp add: item-def item-rhs-def)
have split-a: « = a1@Q[U]@Qa2 using decompose splits-at-combine by blast
have next-symbol-y: next-symbol 2y = Some(fst X)
by (auto simp add: next-symbol-def is-complete-def item-rhs-y split-ac U)
have z-in-Scan-y: %z € Scan T k {?y}
apply (simp add: Scan-def)
apply (rule disjI2)
apply (rule-tac z="7%y in exl)
apply (rule-tac z=fst X in exl)
apply (rule-tac z=snd X in exl)
apply (auto simp add: bin-def X-dom)
using k'’ chars-of-token-def apply simp
using next-symbol-y apply simp
done
from pualid-y have ?y € Gen(Prefizes p)
apply (simp add: Gen-def)
apply (rule-tac z=p in exI)
by (auto simp add: paths-le-def p-dom)
then have Scan T k {?y} C Scan T k (Gen(Prefizes p))
apply (rule-tac monoD[OF mono-Scan))
apply blast
done
with z-in-Scan-y have z-in-Scan-Gen: ?z € Scan T k (Gen(Prefizes p))
using rev-subsetD by blast
have wellformed-z: wellformed-item ?z
using k' k’-upperbound next-symbol-y wellformed-inc-item wellformed-y by

have item-£-z: item-8 %2 = a2Qp
apply (simp add: item-£-def)
apply (simp add: item-rhs-y split-a.)
done
have item-end-z: item-end 7z = k' by simp
have z-via-z: © = inc-dot (length a2) %z
by (simp add: inc-dot-def less.prems(11) split-a.)
have z-in-z: ¢ € w k' {} {2z}
apply (subst x-via-z)
apply (rule-tac thmD6|OF wellformed-z item-3-z item-end-z])
using decompose b2 by blast
have © k' {} {?2} C 7 k' {} (Scan T k (Gen(Prefizes p)))
apply (rule-tac monoD[OF mono-w))
using z-in-Scan-Gen using empty-subsetl insert-subset by blast
then have z-in-Scan-Gen: x € m k' {} (Scan T k (Gen(Prefizes p)))
using z-in-z by blast
have item-end x = k' by (simp add: item-end-z-def)
with z-in-Scan-Gen show Zcase
using items-le-def less.prems(12) mem-Collect-eq nat-le-linear by blast

next

case 2

obtain ¢ where i: i = ladder-i L 0 by blast
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obtain ¢’ where i”: i’ = ladder-j L 0 by blast
obtain o’ where o’ o’ = ladder-y o D L 0 by blast
obtain n where n: n = ladder-n L 0 by blast
have ldfiz: LeftDerivationFiz « i (take n D) i’ o’
using LeftDerivationLadder-def o' i i’ n less.prems(8) by blast
have a’-alt: o’ = ladder-a « D L 1 using 2 by (simp add: o' ladder-a-def)

have i’-alt: i’ = ladder-i L 1 using 2 by (simp add: i’ ladder-i-def)
obtain e where e: e = D ! n by blast
obtain ix where iz: iz = ladder-iz L 1 by blast
obtain m where m: m = ladder-n L 1 by blast
obtain E where E: E = drop (Suc n) (take m D) by blast
have Idintro: LeftDerivationIntro o' i’ (snd €) iz E (ladder-j L 1) (ladder-y
aDL1)
by (metis 2.hyps LeftDerivationIntrosAt-def LeftDerivationIntros-def
LeftDerivationLadder-def One-nat-def o’-alt E diff-Suc-1 e i’-alt iz lel
less.prems(8) m n not-less-eq zero-less-one)
have is-nonterminal-a’-at-i’: is-nonterminal (a’! i’)
using LeftDerivationIntro-implies-nonterminal ldintro by blast
then have is-nonterminal-a-at-i: is-nonterminal (o ! )
using LeftDerivationFiz-def ldfiz by auto
then have 3 A al a2 al’. splits-at o i al A a2 A splits-at o’ i’ al’ A a2 A
LeftDerivation al (take n D) al’
using LeftDerivationFiz-splits-at-nonterminal ldfiz by auto
then obtain A al a2 al’ where A: splits-at o i al A a2 A splits-at o’ i’
al’ A a2 A
LeftDerivation al (take n D) al’ by blast
have A-def: A = o'! i’ using A splits-at-def by blast
have is-nonterminal-A: is-nonterminal A using A-def is-nonterminal-o’-at-i’
by blast
have 3 rule. e = (i’, rule)
by (metis e 2.hyps LeftDerivationIntrosAt-def LeftDerivationIntros-def
LeftDerivationLadder-def One-nat-def Suc-lel diff-Suc-1 i’-alt less.prems(8)

n prod.collapse zero-less-one)
then obtain rule where rule: e = (i/, rule) by blast
obtain w where w: w = snd rule by blast
obtain o’ where a’: o’ = a1’ @ w @ a2 by blast
have o’-a'": LeftDerivesl o’ i’ rule o'’
by (metis A w LeftDerivationFiz-is-sentence LeftDerivationIntro-def

LeftDerivationIntro-ezamine-rule LeftDerivesi-def o' ldfix ldintro
prod.collapse

rule snd-conv splits-at-implies-Derives])

then have is-word-al’: is-word al’ using LeftDerivesI-splits-at-is-word A
by blast

have A-eq-fst-rule: A = fst rule
using A LeftDerivationIntro-examine-rule ldintro rule by fastforce

have iz-bound: iz < length w using ix w rule ldintro LeftDerivationIntro-def
snd-conv
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by auto
then have 3 w1 W w2. splits-at w iz wl W w2 using splits-at-def by blast

then obtain w! W w2 where W: splits-at w iz wl W w2 by blast
have al’-w-a2: al’'Qw@a2 = ladder-stepdown-a-0 o« D L
using ladder-stepdown-a-0-altdef 2.hyps A a’-alt e i’-alt less.prems(8) n

rule
snd-conv w by force
from LeftDerivationLadder-stepdown|OF less.prems(8) 2] obtain L’ where
L
LeftDerivationLadder (al'@(w@a2)) (drop (ladder-stepdown-diff L) D) L’
(terminals (drop 7 p @ [X])) A
length L' = length L — 1 A
ladder-i L' 0 = ladder-i L 1 + ladder-ix L 1 A ladder-last-j L' = ladder-last-j
L

using al’-w-a2 by auto
have ladder-i-L'-0: ladder-i L' 0 = i’ + iz using L’ i’-alt iz by auto
have ladder-last-j-L": ladder-last-j L' = length (drop r p) using L’ less.prems
by auto
from L’ have thisl: LeftDerivationLadder (al'@Q(w@a2)) (drop (ladder-stepdown-diff
L) D) L'
(terminals (drop r p @ [X])) by blast
have this2: length al’ < ladder-i L' 0 using A ladder-i-L'-0 splits-at-def
by auto
from LeftDerivationLadder-cut-prefix| OF thisl is-word-al’ this2]
obtain D' L" v’ where L
terminals (drop rp Q [X]) = a1’ @ ' A
LeftDerivationLadder (w @ a2) D' L" v/ A
D’ = derivation-shift (drop (ladder-stepdown-diff L) D) (length al”) 0 A
length L' = length L' A
ladder-i L' 0 + length al’ = ladder-i L' 0 N
ladder-last-j L' + length al’ = ladder-last-j L' by blast
have length-al’-bound: length al’ < length (drop r p) using L" lad-
der-last-j-L'
by linarith
then have is-prefiz-al’-drop-r-p: is-prefiz al’ (terminals (drop r p))
proof —
have f1:V ss ssa ssb. = is-prefix (ss::symbol list) (ssa Q ssb) V is-prefiz ss
ssa V (Fssc. ssc # [| N is-prefiz ssc ssb A\ ss = ssa Q ssc)
by (simp add: is-prefiz-of-append)
have f2: \ss ssa. is-prefiz ((ss::symbol list) @ ssa) ss V = is-prefix ssa []
by (metis (no-types) append-Nil2 is-prefiz-cancel)
have f3: \ss. is-prefiz ss [| V = is-prefic (terminals (drop r p) Q ss) al’
by (metis (no-types) drop-eq-Nil is-prefix-append length-al’-bound
length-terminals)
have is-prefiz al’ (al’ @Q ') A is-prefiz al’ al’
by (metis (no-types) append-Nil2 is-prefiz-cancel is-prefix-empty)
then show ?thesis
using f3 f2 f1 by (metis L" terminals-append)
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qged
obtain r’ where r": v’ = r + i’ by blast
have length-al’-eq-i": length a1’ = i’
using A less-or-eqg-imp-le min.absorb2 splits-at-def by auto
have al’-r": r < r' A v’/ < length p A
terminals (drop v p) = al’ Q@ (terminals (drop v’ p))
using is-prefiz-al’-drop-r-p v’
proof —
have 3 q. terminals (drop r p) = a1’ Q ¢
using is-prefiz-al ’-drop-r-p by (metis is-prefiz-unsplit)
then obtain ¢ where ¢: terminals (drop r p) = al’ @ g by blast
have ¢ = drop i’ (terminals (drop r p))
using length-al’-eq-i’ q by (simp add: append-eq-conv-cony)
then have ¢ = terminals (drop i’ (drop r p)) by simp
then have ¢ = terminals (drop v’ p) by (simp add: r’ add.commute)
with ¢ show ?thesis
using add.commute diff-add-inverse le-Suc-ex le-addl le-diff-conv
length-al’-bound
length-al’-eq-i’ length-drop r v’ by auto
qed
have ladder-i-L'": ladder-i L' 0 = iz using L'’ ladder-i-L'-0 length-al’-eq-i’

add.commute add-left-cancel by linarith
have L'-ladder: LeftDerivationLadder (w @ a2) D' L"" ~' using L' by
blast
have ladder-i L' 0 < length w using ladder-i-L'' ix-bound by blast
from LeftDerivationLadder-cut-appendiz|OF L"-ladder this]
obtain E' F' v1'~v2' L' where L'
D'=FEQ@F'A\
Ny =~1"@~2" A
LeftDerivationLadder w E' L' v1' A
derivation-ge F' (length v17) A
LeftDerivation a2 (derivation-shift F' (length v17) 0) v2' A
length L' = length L' A ladder-i L' 0 = ladder-i L' 0 A
ladder-last-j L' = ladder-last-j L'
by blast
obtain z where z: z = Item (A, w) (length w) (charslength (take r' p)) k'
by blast
have z1: length L' < length L using 2.hyps L' L' L'" by linarith
have 22: p € B by (simp add: p-dom)
have z3: charslength p = k using p-charslength by auto
have z/: X € T by (simp add: X-dom)
have z5: T C X k by (simp add: less.prems(4))
have rule € R
using Derivesl-rule LeftDerivesi-implies-Derivesl o’-a' by blast
then have 26: (4, w Q []) € R using w A-eg-fst-rule by auto
have z7: r' < length p using al’-r’ by linarith
have leftderives [S] ((terminals (take v p))Q[N]Q~)
using leftderives-start by blast
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then have leftderives [S] ((terminals (take r p))Q(a@B)@Q~)
by (metis B-wellformed is-derivation-def is-derivation-is-sentence is-sentence-concat

is-word-terminals-take leftderives-implies-derives leftderives-rule-step
p-dom rule-dom)
then have leftderives [S] ((terminals (take r p))@QalQ([A]Qa2@3)Q~)
using A splits-at-combine append-assoc by fastforce
then have z8-helper: leftderives [S] ((terminals (take r p))Qal 'Q([A]Qa2Q@3)@Q~)
by (meson A LeftDerivation-implies-leftderives B -wellformed is-derivation-def

is-derivation-is-sentence is-sentence-concat is-word-terminals-take
leftderives-implies-derives leftderives-trans-step p-dom)
have join-terminals: (terminals (take r p))Qal’ = terminals (take r' p)
by (metis is-prefiz-al’-drop-r-p length-al'-eq-i’ v’ take-add take-prefiz
terminals-drop terminals-take)
from z8-helper join-terminals have z8:
leftderives [S] (terminals (take r' p) Q [A] @ a2 @Q § Q v)
by (metis append-assoc)
have ~’-altdef: v = terminals (drop v’ p @Q [X])
using L' al’-r' by auto
have ladder-last-j L' + length a1’ = length (drop r p)
using L' L' ladder-last-j-L' by linarith
then have ladder-last-j-L'"'-v": ladder-last-j L""" = length v' — 1
by (simp add: v’-altdef length-al’-eq-i’ r')
then have length v/ — 1 < length v1'
using L' ladder-last-j-bound by fastforce
then have length v1' + length v2' — 1 < length v1’
using L' by simp
then have length v2' = 0 by arith
then have v2": v2’ = || by simp
then have 1" v1' = terminals (drop v’ p @ [X]) using ~v’-altdef L' by
auto
then have 29: LeftDerivationLadder w E' L' (terminals (drop v’ p @ [X]))
using L' by blast
have z10: ladder-last-j L' = length (drop r’ p)
using ~'-altdef ladder-last-j-L'"'~y' by auto
note z11 = k'
have z12: z = Item (A4, w Q []) (length w) (charslength (take r' p)) k'
using z by simp
note z13 = less.prems(12)
note induct = less.hyps(1)[of L' A w || ' a2@QBQy E’ 2]
note z-in-I = induct|OF z1 22 28 z4 25 26 27 28 29 210 z11 z12 z13)
have a2-derives-empty: derives a2 [] using L' ~2’
using LeftDerivation-implies-leftderives leftderives-implies-derives by blast

obtain z! where zI: 21 = Item (N, a@Qp) (length al)
(charslength (take r p)) (charslength (take r' p)) by blast

obtain ¢ where ¢: ¢ = take r’ p by blast

then have is-prefiz-q-p: is-prefix ¢ p by simp



217

then have ¢-in-Prefizes: q € Prefizes p using Prefixes-is-prefiz by blast
then have wellformed-q: wellformed-tokens g
using p-dom is-prefiz-q-p prefizes-are-paths’ B-wellformed by blast
have item-rule-z1: item-rule x1 = (N, a@p)
using z1 by simp
have is-prefiz-r-r': is-prefix (take r p) (take v’ p)
by (metis append-eq-conv-conj is-prefiz-take ' take-add)
then have charslength-le-r-r'. charslength (take r p) < charslength (take r’

using charslength-of-prefix by blast
have is-prefix (take v’ p) p by auto
then have charslength-r’-p: charslength (take r' p) < charslength p
using charslength-of-prefiz by blast
have charslength p < length Doc
using less.prems(1) add-leE k' k'-upperbound 23 by blast
with charslength-r’-p have charslength-r’-Doc:
charslength (take r' p) < length Doc by arith
have a-decompose: a = al @ [A] @ a2 using A splits-at-combine by blast
have wellformed-z1: wellformed-item x1
apply (auto simp add: wellformed-item-def)
using item-rule-z1 less.prems apply auto[!]
using charslength-le-r-r' 1 apply auto[1]
using charslength-r’-Doc z1 apply auto[!]
using z1 a-decompose by simp
have item-nonterminal-z1: item-nonterminal 1 = N
by (simp add: z1 item-nonterminal-def)
have r-g-p: take r (terminals q) = terminals (take r p)
by (metis q is-prefiz-r-r’ length-take min.absorb2 r take-prefix terminals-take)

have item-a-z1: item-a 1 = al by (simp add: a-decompose item-a-def x1)
have al’: al’ = drop r (terminals q)
by (metis append-eq-conv-conj join-terminals length-take length-terminals
min.absorb2 q r)
have pvalid-g-z1: pvalid q x1
apply (simp add: pvalid-def wellformed-q wellformed-z1 item-nonterminal-z1)
apply (rule-tac z=r in exl)
apply auto
apply (simp add: al’-r’' min.absorb2 q)
apply (simp add: q z1)
apply (simp add: q z1 ')
using r-g-p less.prems(7) append-Cons is-leftderivation-def
leftderivation-implies-derivation apply fastforce
apply (simp add: item-c-z1)
using al’ A LeftDerivation-implies-leftderives leftderives-implies-derives
by blast
have item-end-z1-le-k": item-end x1 < k'
using charslength-r'-p
apply (simp add: x1)
using less.prems by auto
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have z1-in-I: z1 € I

apply (subst less.prems(12))

apply (auto simp add: items-le-def item-end-z1-le-k")

apply (rule m-apply-setmonotone)

apply (rule Scan-apply-setmonotone)

apply (simp add: Gen-def)

apply (rule-tac z=q in exl)

by (simp add: pvalid-g-z1 paths-le-def g-in-Prefizes)
obtain z2 where z2: 22 = inc-item z1 k' by blast
have z1-in-bin: z1 € bin I (item-origin z)

using bin-def x1 x1-in-I1 212 by auto
have z2-in-Complete: 2 € Complete k' 1

apply (simp add: Complete-def)

apply (rule disjI2)

apply (rule-tac z=x1 in exl)

apply (simp add: x2)

apply (rule-tac z=z in exl)

apply auto

using z1-in-bin apply blast

using bin-def 212 z-in-I apply auto[1]

apply (simp add: is-complete-def z12)

by (simp add: a-decompose is-complete-def item-nonterminal-def next-symbol-def

zl 212)

z5)

have wf-I": wellformed-items (w k' {} (Scan T k (Gen (Prefizes p))))

by (simp add: wellformed-items-Gen wellformed-items-Scan wellformed-items-m

from items-le-Complete| OF this] x2-in-Complete
have z2-in-I: 22 € I by (metis Complete-r-fix z13)
have wellformed-items I
using wf-1' items-le-is-filter wellformed-items-def z18 by auto
with z2-in-I have wellformed-x2: wellformed-item z2
by (simp add: wellformed-items-def)
have item-dot-z2: item-dot =2 = Suc (length al)
by (simp add: z2 z1)
have item-3-z2: item-0 z2 = a2 Q (3
apply (simp add: item-G-def item-dot-z2)
apply (simp add: item-rhs-def x2 x1 «-decompose)
done
have item-end-z2: item-end z2 = k' by (simp add: z2)
note inc-dot-z2-by-a2 = thmDG6[OF wellformed-x2 item-3-z2 item-end-z2

a2-derives-empty|

have z = inc-dot (length a2) x2
by (simp add: a-decompose inc-dot-def less.prems(11) z1 z2)
with inc-dot-z2-by-a2 have z € 7 k' {} {22} by auto
then have z € m k’ {} I using z2-in-I
by (meson contra-subsetD empty-subsetl insert-subset monoD mono-m)
then show z € |

by (metis (no-types, lifting) w-subset-elem-trans dual-order.refl item-end-x-def
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items-le-def items-le-is-filter mem-Collect-eq z13)
qed
qed

theorem thmD10:
assumes p-dom: p € P
assumes p-charslength: charslength p = k
assumes X-dom: X € T
assumes T-dom: T C X k
assumes rule-dom: (N, «Qj) € R
assumes 7: 7 < length p
assumes leftderives-start: leftderives [S] ((terminals (take r p))Q[N]Q~)
assumes leftderives-a: leftderives o (terminals ((drop r p)Q[X]))
assumes ks k' = k + length (chars-of-token X)
assumes item-def: © = Item (N, a@p) (length «) (charslength (take r p)) k'
assumes I: I = items-le k' (m k' {} (Scan T k (Gen (Prefizes p))))
shows z € |
proof —
have 3 D. LeftDerivation o D (terminals ((drop v p)Q[X]))
using leftderives-a leftderives-implies-LeftDerivation by blast
then obtain D where D: LeftDerivation o D (terminals ((drop r p)Q[X])) by
blast
have is-sentence: is-sentence (terminals (drop r p @ [X]))

using derives-is-sentence is-sentence-concat leftderives-a leftderives-implies-derives

rule-a-type rule-dom by blast
have 3 L. LeftDerivationLadder o« D L (terminals ((drop r p)@Q[X])) A
ladder-last-j L = length (drop r p)
apply (rule LeftDerivationLadder-exists)
apply (rule D)
apply (rule is-sentence)
by auto
then obtain L where L: LeftDerivationLadder o« D L (terminals ((drop r
p)Q[X])) and
L-ladder-last-j: ladder-last-j L = length (drop r p) by blast
from thmD10-ladder|OF assms(1) assms(2) assms(3) assms(4) assms(5) assms(6)
assms(7)
L L-ladder-last-j k' item-def I
show ?thesis .
qed

end

end

theory TheoremD11
imports TheoremD10
begin

context LocalLexing begin
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lemma LeftDerivationLadder-length-1:
assumes ladder: LeftDerivationLadder o D L ~y
assumes singleton-L: length L = 1
shows LeftDerivationFix o (ladder-i L 0) D (ladder-last-j L) ~
proof —
have ldfiz: LeftDerivationFiz o (ladder-i L 0) (take (ladder-n L 0) D) (ladder-j
L 0)
(ladder-y « D L 0)
using ladder LeftDerivationLadder-def by blast
have ladder-n-0: ladder-n L 0 = length D
using ladder singleton-L
by (metis LeftDerivationLadder-def One-nat-def diff-Suc-1 is-ladder-def lad-
der-last-n-intro)
from ldfix ladder-n-0 ladder singleton-L show ?thesis
by (metis Derivation-unique-dest LeftDerivationLadder-def
LeftDerivationLadder-implies- Left Derivation-at-index LeftDerivationLadder-ladder-n-bound

LeftDerivation-implies- Derivation One-nat-def diff-Suc-1 ladder-last-j-def take-all

zero-less-one)
qged

lemma LeftDerivationFiz-from-singleton-helper:
assumes LeftDerivationFiz [A] 0 D (length u) (u Q [B] @ v)
shows D = ||
proof —
from iffD1[OF LeftDerivationFixz-def assms] obtain E F where EF:
is-sentence [A] /\

is-sentence (v @ [B] @ v) A
LeftDerivation [A] D (v @ [B] @ v) A
0 < length [A] A

length u < length (v @Q [B] @ v) A
[A] ! 0 = (u Q [B] Q v) ! length u A
D = F Q deriwation-shift F 0 (Suc (length w)) A

LeftDerivation (take 0 [A]) E (take (length u) (v @Q [B] @ v)) A
LeftDerivation (drop (Suc 0) [A]) F (drop (Suc (length u)) (v @ [B] @ v))
by blast

from EF have E: E =[]
by (metis Derivation.elims(2) Derives1-split LeftDerivation-implies-Derivation

Nil-is-append-conv list.distinct(1) take-0)
from EF have F: F = ||
by (metis E LeftDerivation.simps(1) LeftDerivation-ge-take LeftDerivation-implies-Derivation

append-eq-conv-conj derivation-ge-shift is-word-Derivation length-Cons length-derivation-shift

list.size(3) nth-Cons-0 nth-append self-append-conv2 take-0)
from EF E F show D = [| by auto
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qed

lemma LeftDerivationFiz-from-singleton:

assumes LeftDerivationFix [A] i D j v

shows D = ||
proof —

have 3 u B v. splits-at v j u B v using assms

using LeftDerivationFiz-splits-at-derives by blast

then obtain v B v where s: splits-at v j u B v by blast

from s have s1: v = v @ [B] @Q v using splits-at-combine by blast

from s have s2: j = length u using splits-at-def by auto

from assms s1 s2 LeftDerivationFiz-from-singleton-helper

show ?thesis by (metis LeftDerivationFiz-def length-Cons less-Suc0 list.size(3))
qed

lemma LeftDerivationLadder-ladder-y-last:

assumes LeftDerivationLadder o D L ~

shows v = ladder-y a D L (length L — 1)
by (metis Derive LeftDerivationLadder-def Left Derivation-implies- Derivation One-nat-def
assms

is-ladder-def last-ladder-y)

theorem thmD11-helper:
pEP =
charslength p = k =
XeTl =
TCX k=
q=pQ[X]=
(N, a@Qf) € R =
r < length ¢ =
LeftDerivation [S] D ((terminals (take r ¢))Q[N]Qy) =
leftderives o (terminals (drop v q)) =
k' = k + length (chars-of-token X) =
z = Item (N, a@Qp) (length «) (charslength (take r q)) k' =
I = items-le k' (w k' {} (Scan T k (Gen (Prefizes p)))) =
zel
proof (induct length D arbitrary: D r N v a 8 z rule: less-induct)
case less
have D =[] Vv D # || by blast
then show ?case
proof (induct rule: disjCases2)
case I
then have r: r = 0
by (metis LeftDerivation.simps(1) diff-add-0 diff-add-inverse2 le-0-eq
length-0-conv
length-append length-terminals less.prems(7) less.prems(8) list.size(4)
take-eq-Nil)
with 1 have v: v = |]
using LeftDerivation.simps(1) append-Cons append-self-conv2 less.prems(8)
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list.inject
take-eq-Nil terminals-empty by auto
from r ~ 1 have start-is-N: & = N
using LeftDerivation.simps(1) append-eq-Cons-conv less.prems(8) list.inject
take-eq-Nil
terminals-empty by auto
have h1: r < length p using r by auto
have h2: leftderives [&] (terminals (take r p) @ [N] @ ~)
by (simp add: r «y start-is-N)
have h3: leftderives a (terminals (drop r p @ [X]))
using less.prems by (simp add: r less.prems)
have h4: z = Item (N, a @ 3) (length o) (charslength (take r p)) k'
using less.prems by (simp add: r less.prems)
from thmD10[OF less.prems(1, 2, 8, 4, 6) hl h2 h3 less.prems(10) h4
less.prems(12))
show ?case .
next
case 2
note D-non-empty = 2
have r < length q V r = length q using less by arith
then show ?case
proof (induct rule: disjCases2)
case I
have hi: r < length p using less.prems 1 by auto
have take-q-p: take r ¢ = take r p
using 1 less.prems
by (simp add: drop-keep-last le-neg-implies-less nat-le-linear not-less-eq
not-less-eq-eq)
have h2: leftderives [S] (terminals (take r p) Q@ [N] @ ~)
apply (simp only: take-q-p[symmetric])
using less.prems LeftDerivation-implies-leftderives by blast
have h3: leftderives a (terminals (drop v p @ [X]))
using less.prems(5, 9) h1 by simp
have h4: k' = k + length (chars-of-token X) using less.prems by blast
have h5: x = Item (N, a Q B) (length o) (charslength (take r p)) k'
using less.prems take-g-p by simp
from thmD10[OF less.prems(1, 2, 3, 4, 6) h1 h2 h3 hj h5 less.prems(12)]
show ?case .
next
case 2
from 2 have ld: LeftDerivation [S] D (terminals ¢ @ [N] Q «)
using less.prems(8) by auto
from 2 have a-derives-empty: derives « []
using less.prems(9) by auto
have is-sentence-p: is-sentence (terminals p)
using less.prems(1) Lp-derives P-are-admissible admissible-def
is-derivation-def
is-derivation-is-sentence is-sentence-concat by blast
have is-symbol-X: is-symbol (terminal-of-token X)
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using less.prems(3, 4) X-are-terminals is-symbol-def rev-subsetD by
blast
have is-sentence-q: is-sentence (terminals q) using is-sentence-p
is-symbol-X
less.prems LeftDerivation-implies-leftderives is-derivation-def
is-derivation-is-sentence is-sentence-concat ld leftderives-implies-derives
by blast
have is-symbol-N: is-symbol N
using less.prems(6) is-symbol-def rule-nonterminal-type by blast
have is-sentence-y: is-sentence =y
by (meson LeftDerivation-implies-leftderives is-derivation-def is-derivation-is-sentence

is-sentence-concat ld leftderives-implies-derives)
have ld-exists-h1: is-sentence (terminals ¢ Q [N] @ )
using is-sentence-q is-sentence-y is-symbol-N is-sentence-concat
LeftDerivation-implies-leftderives is-derivation-def is-derivation-is-sentence
ld
leftderives-implies-derives by blast
have ld-exists-h2: length q < length (terminals ¢ @ [N] Q +) by simp
from LeftDerivationLadder-exists|OF ld ld-exists-h1 ld-exists-h2] obtain
L where
L: LeftDerivationLadder [&] D L (terminals ¢ @ [N] @Q v) and
L-last-j: ladder-last-j L = length q by blast
note r-eq-length-qg = 2
have ladder-i-0-eq-0: ladder-i L 0 = 0 using L append-Nil ladder-i-0-bound

length-append-singleton less-SucO list.size(3) by fastforce
have length L = 1 V length L > 1 using L
by (metis LeftDerivationLadder-def Suc-eq-plusl Suc-eq-plus1-left
butlast-conv-take
butlast-snoc diff-add-inverse2 is-ladder-def le-add1 le-neg-implies-less
length-append-singleton old.nat.exhaust take-0)
then show ?case
proof (induct rule: disjCases2)
case I
from LeftDerivationLadder-length-1[OF L 1] ladder-i-0-eq-0
have ldfiz: LeftDerivationFiz [S] 0 D (ladder-last-j L) (terminals q
Q@[N] @)
by auto
with LeftDerivationFiz-from-singleton have D = [| by blast
with D-non-empty have Fualse by auto
then show ?case by blast
next
case 2
obtain a where a: a = ladder-a [&] D L (length L — 1) by blast
then have a-asy: a = ladder-y [&] D L (length L — 2) using 2
ladder-a-def
by (metis diff-diff-left diff-is-0-eq not-le one-add-one)
have introsAt: LeftDerivationIntrosAt (&) D L (length L — 1) using
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One-nat-def

blast
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by (metis 2.hyps LeftDerivationIntros-def LeftDerivationLadder-def

Suc-lel Suc-lessD diff-less less-not-refl not-less-eq zero-less-diff)
obtain ¢ where i: ¢ = ladder-i L (length L — 1) by blast
obtain j where j: j = ladder-j L (length L — 1) by blast
obtain iz where iz: iz = ladder-iz L (length L — 1) by blast
obtain ¢ where c: ¢ = ladder-y [&] D L (length L — 1) by blast
obtain n where n: n = ladder-n L (length L — 1 — 1) by blast
obtain m where m: m = ladder-n L (length L — 1) by blast
obtain e where e¢: e = D ! n by blast
obtain £ where E: E = drop (Suc n) (take m D) by blast
from iffD1[OF LeftDerivationIntrosAt-def introsAt]
have { = fst e A LeftDerivationIntro a i (snd e) iz E j ¢
by (metis E a c e i ixjm n)
then have i-eq-fst-e: i = fst e and
Idintro: LeftDerivationIntro a i (snd e) iz E j ¢ by auto
have c-def: ¢ = terminals ¢ @ [N] @Q v
using ¢ L LeftDerivationLadder-ladder-y-last by simp
from iffD1[OF LeftDerivationIntro-def ldintro] obtain b where b:
LeftDerives! a i (snd e) b A iz < length (snd (snd e)) A
snd (snd e) iz = ¢! j A LeftDerivationFix b (i + iz) E j ¢ by blast
obtain M w where Mw: (M, w) = snd e using prod.collapse by

have j-q: j = length q using L-last-j j ladder-last-j-def by auto
with c-def have c-at-j: ¢! j =N

by (metis append-Cons length-terminals nth-append-length)
with b Mw have w-at-iz: w ! ix = N by (metis snd-conv)
obtain p! p2 where split-w: splits-at w ix p1 N p2

by (metis Mw w-at-iz b snd-conv splits-at-def)
obtain al a2 where split-a: splits-at a © a1l M a2 using b

by (metis LeftDerivationIntro-bounds-ij LeftDerivationIntro-examine-rule

fst-conwv ldintro splits-at-def)
then have is-word-al: is-word al

using LeftDerives1-splits-at-is-word b by blast
have b = a1 @ w @Q a2 using split-a b Mw

by (metis LeftDerives1-implies-Derives1 snd-conv splits-at-combine-dest)

then have b-def: b = al @ pu1 @Q [N] @ pu2 @Q a2 using split-w

splits-at-combine

b2 A

by simp
have is-nonterminal-N: is-nonterminal N
using less.prems(6) rule-nonterminal-type by blast
with LeftDerivationFix-splits-at-nonterminal split-a b
have 3 U b1 b2 c1. splits-at b (i + iz) b1 U b2 A splits-at ¢ j c1 U

LeftDerivation b1 E c¢1 by (simp add: LeftDerivationFiz-def c-at-j)
then obtain b1 b2 cI where b1b2c1:
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splits-at b (i + iz) b1 N b2 A splits-at ¢ j ¢1 N b2 A
LeftDerivation b1 E c1 using c-at-j splits-at-def by auto
then have ci1-q: ¢c1 = terminals q using c-def j-q
by (simp add: append-eq-conv-conj splits-at-def)
have length-al-eq-i: length a1l = i using split-a splits-at-def by auto
have length-p1-eq-iz: length p1 = iz using split-w splits-at-def by

auto
have b1 = take (i + iz) b using b1b2c1 splits-at-def by blast
then have bl-eq-al-ul: b1 = al Q pl1 using b-def length-al-eq-i

length-p1-eq-ix
by (simp add: append-eg-conv-conj take-add)
have LeftDerivation (a1l @ pl1) E ¢l using b1b2cl bi-eq-al-ul by
blast
from LeftDerivation-skip-prefizword-ex|OF this is-word-al]
obtain w where w: c1 = al Q@ w A
LeftDerivation pl (derivation-shift E (length al) 0) w by blast
have al-eq-take-i: al = take i (terminals q)
using w cI-q split-a append-eq-conv-conj length-al-eq-i by blast
have p1-leftderives: leftderives ul (terminals (drop i q)) using w

cl-q split-a
LeftDerivation-implies-leftderives append-eq-conv-conj length-al-eq-i

by auto
have LeftDerivation [S] (take n D) a
by (metis 2.hyps L LeftDerivationLadder-implies-Left Derivation-at-index

One-nat-def Suc-lessD a-as-y diff-Suc-eq-diff-pred diff-Suc-less n

numeral-2-eq-2)
then have LD-to-M: LeftDerivation [&] (take n D) ((terminals (take

i g))a[M]@a2)
using split-a splits-at-combine al-eq-take-i terminals-take by auto
have is-ladder: is-ladder D L using L by (simp add: LeftDerivation-
Ladder-def)
then have n-less-m: n < m using n m is-ladder-def
by (metis (no-types, lifting) 2.hyps One-nat-def diff-Suc-less

length-greater-0-conv zero-less-diff)
have m-le-D: m < length D using m is-ladder-def is-ladder

dual-order.refl
ladder-n-last-is-length by auto

have length (take n D) = n using n-less-m m-le-D
using length-take less-irrefl less-le-trans linear min.absorb2 by auto

then have length-take-n-D: length (take n D) < length D
using n-less-m m-le-D less-le-trans by linarith
have w-decompose: w = pul1Q(N#u2) using split-w splits-at-combine

by simp
have (M, w) € R by (metis Derivesl-rule LeftDerives1-implies-Derives!

Mw b)
with w-decompose have M-rule: (M, p1Q(N#p2)) € R by simp
have i-le-q: i < length q using al-eq-take-i length-al-eq-i by auto

obtain y where
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y:y = Item (M, p1 Q N # u2) (length u1) (charslength (take i
q)) k' by blast
from less.hyps|OF length-take-n-D less.prems(1, 2, 3, 4, 5) M-rule
i-le-q LD-to-M
wl-leftderives less.prems(10) y less.prems(12))
have y-in-I: y € I by blast
obtain z where 2: z = Item (N, «@Qp) 0 k' k' by blast
then have z-is-init-item: z = init-item (N, a@Qp) k' by (simp add:
init-item-def)
have z € Predict k' {y}
apply (simp add: z-is-init-item)
apply (rule next-symbol-predicts)
apply (simp add: is-complete-def next-symbol-def y)
apply (simp add: less.prems(6))
apply (simp add: y item-end-def)
done
then have z € Predict k' I using Predict-def bin-def y-in-I by auto
then have z-in-I: z € I by (metis Predict-r-fiz items-le-Predict
less.prems(12))
have length-chars-q: length (chars q) = k' using less.prems by simp
have z-is-inc-dot: © = inc-dot (length «) z
by (simp add: less.prems(11) r-eg-length-q length-chars-q z inc-dot-def)
have wellformed-items-I: wellformed-items I
apply (subst less.prems(12))
by (meson LocalLezxing.items-le-is-filter LocalLexing.wellformed-items-Gen

LocalLexing-axioms empty-subsetl less.prems(4) subsetCE
wellformed-items-Scan
wellformed-items-m wellformed-items-def)
with z-in-I have wellformed-z: wellformed-item z
using wellformed-items-def by blast
have item-G-z: item-8 z = a@p by (simp add: z-is-init-item)
have item-end-z: item-end z = k' by (simp add: z-is-init-item)

have ¢ € 7w k' {} {2}
apply (simp add: z-is-inc-dot)
apply (rule thmD6)
apply (rule wellformed-z)
apply (rule item-£-z)
apply (rule item-end-z)
by (simp add: a-derives-empty)

then have z € 7 k/' {} I using z-in-I

by (meson contra-subsetD empty-subsetl insert-subset monoD mono-m)

then show ?case
by (metis (no-types, lifting) LocalLexing.wellformed-item-def
LocalLexing-azxioms
m-subset-elem-trans item.sel(3) item.sel(4 ) items-le-def items-le-is-filter
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less.prems(11) less.prems(12) mem-Collect-eq wellformed-z z)
qed
qed
qed
qed

theorem thmD11:
assumes p-dom: p € B
assumes p-charslength: charslength p = k
assumes X-dom: X € T
assumes T-dom: T C X k
assumes ¢-def: ¢ = p @ [X]
assumes rule-dom: (N, aQf) € R
assumes 7: r < length q
assumes leftderives-start: leftderives [&] ((terminals (take r q))Q[N]@Q~)
assumes leftderives-a: leftderives a (terminals (drop r q))
assumes k" k' = k + length (chars-of-token X)
assumes item-def: © = Item (N, a@Qp) (length «) (charslength (take r q)) k'
assumes [: I = items-le k' (7 k' {} (Scan T k (Gen (Prefizes p))))
shows z € |
proof —
have 3 D. LeftDerivation [S) D ((terminals (take r q))@Q[N]Q~)
using leftderives-start leftderives-implies-Left Derivation by blast
then obtain D where D: LeftDerivation [S] D ((terminals (take r q))Q[N]Q~)
by blast
from thmD11-helper|OF assms(1, 2, 3, 4, 5, 6, 7) D assms(9, 10, 11, 12)]
show ?thesis .
qed

end

end

theory TheoremD12
imports TheoremD11
begin

context LocalLexing begin

lemma charslength-appendix-is-empty:
charslength (pQts) = charslength p = (\ t. t € set ts = chars-of-token t =

proof (induct ts)
case Nil then show Zcase by auto
next
case (Cons s ts)
have charslength (p @ s # ts) = charslength (p Q ts) + length (chars-of-token
s)

by simp
then have charslength (p Q s # ts) = charslength p + charslength ts + length
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(chars-of-token s)
by simp
with Cons.prems(1) have charslength ts + length (chars-of-token s) = 0 by
arith
then show Zcase using Cons.prems(2) charslength-0 by auto
qed

lemma empty-tokens-have-charslength-0:

(A t. t € set ts = chars-of-token t = [|) = charslength ts = 0
proof (induct ts)

case Nil then show ?Zcase by simp
next

case (Cons t ts)

then show ?case by auto

qed

lemma 7-idempotent: n k{} (w k TI) =7k TI
apply (simp add: w-no-tokens)
by (simp add: Complete-m-fix Predict-r-fix fiz-is-fiz-of-limit)

theorem thmD12:
assumes induct: items-le k (J k u) = Gen (paths-le k (P k u))
assumes induct-tokens: T ku =2 ku
shows items-le k (J k (Suc u)) O Gen (paths-le k (P k (Suc u)))
proof —
{
fix x i item
assume z-dom: x € Gen (paths-le k (P k (Suc u)))
have 3 q. pvalid gz N ¢ € P k (Suc u) A charslength ¢ < k
proof —
have N\iIn. i€ IV i¢ items-lenl
by (meson items-le-is-filter subsetCE)
then show ?thesis
by (metis Gen-implies-pvalid z-dom items-le-fix-D items-le-idempotent
items-le-paths-le
pualid-item-end)
qged
then obtain ¢ where ¢: pvalid ¢ x A q € P k (Suc u) A charslength ¢ < k by
blast
have g € PkuV ¢ ¢ P ku by blast
then have z € items-le k (J k (Suc u))
proof (induct rule: disjCases2)
case [
with ¢ have z € Gen (paths-le k (P k u))
apply (auto simp add: Gen-def)
apply (rule-tac z=gq in exl)
by (simp add: paths-le-def)
with induct have z € items-le k (J k u) by simp
then show ?case
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using LocalLexing.items-le-def LocalLexing-azioms [J-subset-Suc-u by
fastforce
next
case 2
have g¢-is-limit: q € limit (Append (¥ (Z ku) (P ku) k) k) (P k u) using
q by auto
from limit-Append-path-nonelem-split| OF g-is-limit 2] obtain p ts where
p-ts:
g=pQis A
peEPkuA
charslength p = k A
admissible (p Q ts) A
(Viesetts. t € Y (Z ku) (P ku) k)N (Vieset (butlast ts). chars-of-token
t=1)
by blast
then have ts-nonempty: ts # [] using 2 using self-append-conv by auto
obtain T where T: T =Y (Z ku) (P k u) k by blast
obtain J where J: J =7 k T (Gen (paths-le k (P k u))) by blast
from q p-ts have chars-of-token-is-empty: \ t. t€set ts => chars-of-token
t =]
using charslength-appendiz-is-empty chars-append charslength.simps le-add1
le-imp-less-Suc
le-neg-implies-less length-append not-less-eq by auto
{
fix sss :: token list
have is-prefix sss ts = puvalid (p Q sss) v = z € J
proof (induct length sss arbitrary: sss x rule: less-induct)
case less
have sss = [| V sss # [| by blast
then show ?case
proof (induct rule: disjCases2)
case I
with less have pvalid-p-z: pvalid p © by auto
have charslength-p: charslength p < k using p-ts by blast
with p-ts have p € paths-le k (P k u)
by (simp add: paths-le-def)
with pualid-p-z have z € Gen (paths-le k (P k u))
using Gen-def mem-Collect-eq by blast
then have z € 7 k T (Gen (paths-le k (P k w))) using
m-apply-setmonotone
by blast
then show z € J using pualid-item-end q J LocalLexing.items-le-def

LocalLexing-axioms charslength-p mem-Collect-eq pvalid-p-x by
auto
next
case 2
then have 3 a ss. sss = ssQ[a] using rev-exhaust by blast
then obtain a ss where snoc: sss = ssQ[a] by blast
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obtain p’ where p’: p’ = p @ ss by auto
then have pualid-left (p'Q[a]) = using snoc less pvalid-left by simp
from iffD1[OF puvalid-left-def this] obtain r w where pvalid:
wellformed-tokens (p' @ [a]) A
wellformed-item x A
r < length (p’ Q@ [a]) A
charslength (p’ Q [a]) = item-end © A
charslength (take r (p’ Q [a])) = item-origin x A
is-leftderivation (terminals (take r (p’ Q [a])) @ [item-nonterminal
z] Qw) A
leftderives (item-a ) (terminals (drop v (p’ @ [a]))) by blast
obtain ¢’ where ¢": ¢’ = p'Q[a] by blast
have is-prefiz-ss-ts: is-prefix ss ts using snoc less
by (simp add: is-prefiz-append)
then have is-prefiz (pQss) g using p’ snoc p-ts by simp
then have is-prefiz p’ q using p’ by simp
then have hi1: p’ € B using ¢ B-covers-P prefizes-are-paths
subsetCE by blast
have charslength-ss: charslength ss = 0
apply (rule empty-tokens-have-charslength-0)
by (metis is-prefix-ss-ts append-is-Nil-conv chars-append
chars-of-token-is-empty
charslength.simps charslength-0 is-prefiz-def length-greater-0-conv

/

list.size(3))
then have h2: charslength p’ = k using p’ p-ts by auto
have a-in-ts: a € set ts
by (metis in-set-dropD is-prefix-append is-prefix-cons list.set-intros(1)

snoc less(2))
then have h3: a € T using T p-ts by blast
have hf: T C X k
using LocalLexing.Z.simps(2) LocalLexing-azioms T Z-subset-X
by blast
note hs = ¢’
obtain N where N: N = item-nonterminal x by blast
obtain a where a: a = item-a x by blast
obtain § where §: 8 = item-8 x by blast
have item-rule-z: item-rule t = (N, o @Q 3)
using N «a 8 item-nonterminal-def item-rhs-def item-rhs-split by
auto
have wellformed-item x using pvalid by blast
then have h6: (N, a@Qf) € R using item-rule-z
by (simp add: wellformed-item-def)
have h7: r < length q’ using pvalid q' by blast
have h8: leftderives [S] (terminals (take r ¢') @ [N] @ w)
using N is-leftderivation-def pvalid q' by blast
have h9: leftderives a (terminals (drop r ¢")) using « pvalid ¢’ by
blast
have h10: k = k + length (chars-of-token a)



231

by (simp add: a-in-ts chars-of-token-is-empty)
have h11: z = Item (N, a @ ) (length «) (charslength (take r q’))
k
by (metis « charslength-ss a-in-ts append-Nil2 chars.simps(2)
chars-append
chars-of-token-is-empty charslength.simps h2 item.collapse
item-dot-is-a-length
item-rule-z length-greater-0-conv list.size(3) pvalid q')
have z-dom: z € items-le k (m k {} (Scan T k (Gen (Prefizes p"))))
using thmD11[OF h1 h2 h3 h4 h5 h6 h7 h8 h9 h10 h11] by auto
{
fix y :: item
fix toks :: token list
assume puvalid-toks-y: pvalid toks y
assume is-prefiz-toks-p”: is-prefix toks p’
then have charslength-toks: charslength toks < k
using charslength-of-prefix h2 by blast
then have item-end-y: item-end y < k using pvalid-item-end
pvalid-toks-y
by auto
have is-prefiz toks p V (3 ss’. is-prefiz ss’ ss N toks = pQss’)
using is-prefiz-of-append is-prefiz-toks-p’ p’ by auto
then have y € J
proof (induct rule: disjCases2)
case I
then have toks € P k u using p-ts prefixes-are-paths by blast
with charslength-toks have toks € paths-le k (P k u)
by (simp add: paths-le-def)
then have y € Gen (paths-le k (P k u)) using pvalid-toks-y
Gen-def mem-Collect-eq by blast
then have y € 7 k T (Gen (paths-le k (P k u))) using
w-apply-setmonotone
by blast
then show y € J by (simp add: J items-le-def item-end-y)
next
case 2
then obtain ss’ where ss’: is-prefiz ss’ ss A toks = pQss’ by
blast
then have [1: length ss’ < length sss
using append-eq-conv-conj append-self-conv is-prefix-length
length-append
less-le-trans nat-neg-iff not-Cons-self2 not-add-less1 snoc by
fastforce
have [2: is-prefiz ss’ ts using ss’ is-prefiz-ss-ts
by (metis append-dropped-prefiz is-prefiz-append)
have [3: puvalid (p Q ss’) y using ss’ pvalid-toks-y by simp
show ?case using less.hyps|OF 11 12 18] by blast
qed

}
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then have Gen (Prefizes p') C J
by (meson Gen-implies-pvalid Prefizes-is-prefix subsetl)
with z-dom have r0: z € items-le k (= k {} (Scan T k J))
by (metis (no-types, lifting) LocalLexing.items-le-def LocalLex-
ing-arioms
mem-Collect-eq mono-Scan mono-t mono-subset-elem subsetl)
then have z-in-m: z € 7w k {} (Scan T k J)
using LocalLexing.items-le-is-filter LocalLexing-axioms subsetCE
by blast
have r1: Scan Tk J = J
by (simp add: J Scan-w-fiz)
have r2: # k {} J = J using w-idempotent’ using J by blast
from z-in-m r1 r2 show z € J by auto
qed
qed
}
note th = this
have z-in-J: z € J
apply (rule th[of ts))
apply (simp add: is-prefiz-eq-proper-prefix)
using p-ts ¢ by blast
have T-e¢-Z: T k (Suc u) = Z k (Suc u)
using induct induct-tokens T -equals-Z-induct-step by blast
have T-alt: T = T k (Suc u) using T -e¢-Z T by simp
have J = 7 k T (items-le k (J k u)) using induct J by simp
then have J C 7w k T (J k u) by (simp add: items-le-is-filter monoD
Mono-m)
with T-alt have J C J k (Suc u) using J.simps(2) by blast
with z-in-J have z € J k (Suc u) by blast
then show ?case
using LocalLexing.items-le-def LocalLezxing-azxioms pvalid-item-end q by
auto
qed
}
then show ?thesis by auto
qed

end

end

theory TheoremD13
imports TheoremD12
begin

context LocalLering begin
lemma pointwise-natUnion-swap:

assumes pointwise-f: pointwise f
shows f (natUnion G) = natUnion (A u. f (G u))
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proof —
note f-simp = pointwise-simp|OF pointwise-f]
have hi1: f (natUnion G) = J {f {z} |z. z € (natUnion G)} using f-simp by
blast
have h2: N z. f (Gz) = U {f {y} ly.- y € G z} using f-simp by metis
show ?thesis
apply (subst h1)
apply (subst h2)
apply (simp add: natUnion-def)
by blast
qged

lemma pointwise-Gen: pointwise Gen
by (simp add: pointwise-def Gen-def, blast)

lemma thmD13-partl:
assumes start: items-le k (J k 0) = Gen (paths-le k (P k 0))
assumes valid-k: k < length Doc
shows items-le k (J ku) = Gen (paths-lek (P ku) AT ku=Zku
proof (induct u)
case 0
then show ?case using start by auto
next
case (Suc u)
from Suc have sub: items-le k (J k (Suc u)) C Gen (paths-le k (P k (Suc w)))
using thmD9 valid-k by blast
from Suc have sup: items-le k (J k (Suc u)) 2 Gen (paths-le k (P k (Suc u)))
using thmD12 by blast
from Suc have tokens: T k (Suc u) = Z k (Suc u)
using T -equals-Z-induct-step by blast
from sub sup tokens show ?case by blast
qed

lemma thmD13-part2:
assumes start: items-le k (J k 0) = Gen (paths-le k (P k 0))
assumes valid-k: k < length Doc
shows items-le k (Z k) = Gen (paths-le k (Q k))
proof —
note part! = thmD13-partl [OF start valid-k]
have el: items-le k (Z k) = natUnion (A u. items-le k (J k u))
using items-le-pointwise pointwise-natUnion-swap by auto
have e2: natUnion (X u. items-le k (J k u)) = natUnion (A u. Gen (paths-le k
(P k u)))
using partl by auto
have e3: natUnion (A u. Gen (paths-le k (P k u))) = Gen (natUnion (A u.
paths-le k (P k u)))
using pointwise-Gen pointwise-natUnion-swap by fastforce
have e4: natUnion (A u. paths-le k (P k u)) = paths-le k (natUnion (A u. P k

w))
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using paths-le-pointwise pointwise-natUnion-swap by fastforce
from el e2 e3 e/ show ?thesis by simp
qed

theorem thmD13:
assumes start: items-le k (J k 0) = Gen (paths-le k (P k 0))
assumes valid-k: k < length Doc
shows items-le k (J k u) = Gen (paths-lek (P ku) AT ku=Zku
A items-le k (Z k) = Gen (paths-le k (Q k))
using thmD13-partl [OF start valid-k] thmD13-part2[OF start valid-k] by blast

end

end

theory TheoremD14
imports TheoremD13
begin

context LocalLering begin

lemma empty-tokens-of-empty[simpl: empty-tokens {} = {}
using empty-tokens-is-filter by blast

lemma items-le-split-via-eq: items-le (Suc k) J = items-le k J U items-eq (Suc k)
J
by (auto simp add: items-le-def items-eq-def)

lemma paths-le-split-via-eq: paths-le (Suc k) P = paths-le k P U paths-eq (Suc k)
P
by (auto simp add: paths-le-def paths-eq-def)

lemma natUnion-superset:
shows ¢ ¢ C natUnion g
by (meson natUnion-elem subset-eq)

definition indexle :: nat = nat = nat = nat = bool where
indexle k' v’ ku = ((indexlt k' v’ ku) V (' =k A u' = u))

definition produced-by-scan-step :: item = nat = nat = bool where
produced-by-scan-step x kv = (3 k' v’ y X. indexle K’ v ku ANy e T k' u' A
item-end y = k' N X € (T k' v') Az = inc-item y (k' + length (chars-of-token
X)) A
next-symbol y = Some (terminal-of-token X))
lemma indexle-trans: indezle k' v k' v’ = indexle k' v’ k u = indezle k"' u"’
ku
using indezle-def indexlt-trans
proof —

assume al: indezle k" v k' u’
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assume a2: indexle k' v’ k u

then have f3: An na. v’ = u V indezlt n na k u V = indezlt n na k' v’
by (meson indezle-def indexlt-trans)

have An na. k' = k V indezlt n na k w V — indexlt n na k' u
using a2 by (meson indexle-def indexlt-trans)

then show ?thesis
using f3 a2 al indexle-def by auto

qed

!

lemma produced-by-scan-step-trans:
assumes indezle k' u' k u
assumes produced-by-scan-step x k' u’
shows produced-by-scan-step x k u
proof —
from iffD1[OF produced-by-scan-step-def assms(2)] obtain k’a u’a y X where
produced-k'-u':
indezle k'a u'a k' u’ A
ye J k'aua A
item-end y = k'a A
XeTkauan
z = inc-item y (k'a + length (chars-of-token X)) A next-symbol y = Some
(terminal-of-token X)
by blast
then show ?thesis using indezle-trans assms(1) produced-by-scan-step-def by
blast
qged

lemma J-induct[consumes 1, case-names Induct]:
assumes z € J ku
assumes induct: N zku. (A z' k' v 2’ € Tk v = indexlt k' v' kv = P
z' k" u’)
= zcJku= Pzrku
shows Pz k u
proof —
let 7R = indexlt-rel <xlexx> {}
have wf-R: wf ?R by (auto simp add: wf-indexlt-rel)
let 7P = X a. snd a € J (fst (fst a)) (snd (fst a)) — P (snd a) (fst (fst a))
(snd (fst a))
havez €e T ku — Pz ku
apply (rule wf-induct|OF wf-R, where P = 7P and a = ((k, u), z), simplified])
apply (auto simp add: indezlt-def[symmetric])
apply (rule-tac z=>ba and k=a and u=> in induct)
by auto
thus ?thesis using assms by auto
qed

lemma 7w-no-tokens-item-end:
assumes z-in-m: z € m k {} T
shows item-end x = kV z €1
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proof —
have z-in-limit: © € limit (A. Complete k (Predict k I)) I
using z-in-m m-no-tokens by auto
then show ?thesis
proof (induct rule: limit-induct)
case (Init z) then show ?Zcase by auto
next
case (Iterate xz J)
from Iterate(2) have item-end © = k V x € Predict k J
using Complete-item-end by auto
then show ?case
proof (induct rule: disjCases2)
case 1 then show ?case by blast
next
case 2
then have item-endx =k VvV z € J
using Predict-item-end by auto
then show ?case
proof (induct rule: disjCases2)
case [ then show ?case by blast

next
case 2 then show ?case using Iterate(1)[OF 2] by blast
qed
qed
qed
qged

lemma natUnion-ex: x € natUnion f = 3 i. x € f1i
by (metis (no-types, opaque-lifting) mk-disjoint-insert natUnion-superset natU-
nion-upperbound
subsetCE subset-insert)

lemma locate-in-limit:
assumes z-in-limit: x € limit f X
assumes z-notin-X: ¢ ¢ X
shows 3 n. z € funpower f (Suc n) X A xz ¢ funpower fn X
proof —
have 3 N. z € funpower f N X using z-in-limit limit-def natUnion-ex by fastforce
then obtain N where N: z € funpower f N X by blast
{
fix n :: nat
have = € funpower fn X = 3 m < n. © € funpower f (Suc m) X A z ¢
funpower fm X
proof (induct n)
case (
with z-notin-X show ?case by auto
next
case (Suc n)
have = ¢ funpower fn X V z € funpower f n X by blast
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then show ?case
proof (induct rule: disjCases2)
case I
then show ?case using Suc by fastforce
next
case 2
from Suc(1)[OF 2] show ?case using less-Sucl by blast
qed
qed
}
with N show ¢thesis by auto
qed

lemma produced-by-scan-step:
xr € J ku= item-end r > k = produced-by-scan-step x k u
proof (induct rule: J-induct)
case (Induct z k u)
have (k=0ANu=0)V (k>0ANu=0)V (u> 0) by arith
then show ?case
proof (induct rule: disjCases3)
case I
with Induct have item-end x = 0 using J-0-0-item-end by blast
with Induct have Fualse by arith
then show Zcase by blast
next
case 2
then obtain %’ where k"t k = Suc k' using Suc-pred’ by blast
with Induct 2 have z € J (Suc k') 0 by auto
then have z € m k {} (Z k') by (simp add: k')
then have item-end x = k V z € T k' using w-no-tokens-item-end by blast
then show ?Zcase
proof (induct rule: disjCases2)
case I
with Induct have Fualse by auto
then show ?case by blast
next
case 2
then have 3 u’. z € J k’ v’ using Z.simps natUnion-ex by fastforce
then obtain v’ where u”: z € J k' u’ by blast
have k’-bound: k' < item-end z using k’ Induct by arith
have indezlt: indexlt k' v’ k u by (simp add: indexlt-simp k')
from Induct(1)[OF u' this k’-bound)
have pred-produced: produced-by-scan-step k' u’ .
then show ?case using indexlt produced-by-scan-step-trans indezle-def
by blast
qed
next
case 3
then have ez-u”: 3 u’. v = Suc u’ by arith
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then obtain u’ where u”: u = Suc u’ by blast
with Induct have z € J k (Suc u’) by metis
then have z-in-m: ¢ € w k (T ku) (J k u') using v’ J.simps by metis
have z € J ku'V z ¢ J k u' by blast
then show ?case
proof (induct rule: disjCases2)
case I
have indezlt: indezlt k v’ k u by (simp add: indezlt-simp u’)
with Induct(1)[OF 1 indexlt Induct(3)] show Zcase
using indezle-def produced-by-scan-step-trans by blast
next
case 2
have item-end-z: k < item-end z using Induct by auto
obtain f where f: f = Scan (T k u) k o Complete k o Predict k by blast
have z € limit f (J k u’)
using z-in-m w-functional f by simp
from locate-in-limit[OF this 2] obtain n where n:
z € funpower f (Suc n) (J ku’) A
z ¢ funpower fn (J k u') by blast
obtain Y where Y: Y = funpower fn (J k u’)
by blast
have z-f-Y:z € fY Az ¢ Y using Y n by auto
then have z € Scan (T k u) k (Complete k (Predict k Y)) using
comp-apply [ by simp
then have z € (Complete k (Predict k' Y)) V
z € { inc-item z' (k + length c¢) | x’ t c. x' € bin (Complete k (Predict
EY)) kA
(t, ¢) € (T k u) A next-symbol ' = Some t } using Scan-def by
stmp
then show ?case
proof (induct rule: disjCases2)
case I
then have Fulse using item-end-z z-f-Y Complete-item-end Pre-
dict-item-end
using less-not-refl3 by blast
then show “case by auto
next
case 2
have Y C limit f (J k u') using Y limit-def natUnion-superset by
fastforce
then have Y C 7 k (T k u) (J k u’) using f by (simp add:
m-functional)
then have Y-in-7: Y C J k u using v’ by simp
then have in-7: Complete k (Predict k' Y) C J k u
proof —
have f1: Vf1IIai. (- mono fV — (I:item set) C la V (i:item) ¢
fIyviefla
by (meson mono-subset-elem)
obtain i :: item set = item set = item where
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Va0 x1. (Jv2. v2 € 1 ANv2 ¢ 20) = (it 20 x1 € x1 N iiz0zl ¢

z0)

by moura

then have f2: VIla. iila I € INiilal ¢ IaV IClIa
by blast

obtain nn :: nat where
f3: u = Suc nn
using ez-u’ by presburger

moreover

{ assume i (J k u) (Complete k (Predict k Y)) € Complete k (w
k(T k (Suc nn)) (J k nn))
then have ?thesis
using f3 f2 Complete-m-fiz by auto }
ultimately show ?thesis
using f2 f1 by (metis (full-types) Complete-reqular Predict-m-fix
Predict-regular
J.simps(2) Y-in-J regular-implies-mono)
qed
from 2 obtain z’t ¢ where z'-t-c:
z = inc-item z’ (k + length ¢) A z' € bin (Complete k (Predict k
Y)) kA
(t, ¢) € T k u A next-symbol z' = Some t by blast
show ?Zcase
apply (simp add: produced-by-scan-step-def)
apply (rule-tac z=Fk in exl)
apply (rule-tac x=u in exl)
apply (simp add: indexle-def)
apply (rule-tac z=x' in exl)
apply auto
using z'-t-¢ bin-def in-J apply auto[1]
using z’-t-c bin-def apply blast
apply (rule-tac z=t in exl)
apply (rule-tac z=c in exl)
using z’-t-¢ by auto
qed
qed
qged
qged

lemma limit-single-step:
assumes z € f X
shows z € limit f X
by (metis assms elem-limit-simp funpower.simps(1) funpower.simps(2))

lemma Gen-union: Gen (AU B) = Gen AU Gen B
by (simp add: Gen-def, blast)

lemma is-prefiz- Prefizes-subset:
assumes is-prefiz q p
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shows Prefizes ¢ C Prefizes p
proof —
show ?thesis
apply (auto simp add: Prefizes-def)
using assms by (metis is-prefix-append is-prefiz-def)
qed

lemma Prefizes-subset-P:
assumes p € P k u
shows Prefitesp C P ku
using Prefizes-is-prefiz assms prefizes-are-paths by blast

lemma Prefizes-subset-paths-le:
assumes Prefizes p C P
shows Prefizes p C paths-le (charslength p) P
using Prefizes-is-prefiz assms charslength-of-prefix paths-le-def by auto

lemma Scan-7J -subset-J:
Scan (T k (Suc w)) k (J ku) CJ k (Suc u)
by (metis (no-types, lifting) Scan-w-fix J.simps(2) J -subset-Suc-u monoD mono-Scan)

lemma subset-TJk: u<v=—= T kuC J kv
thm 7J-subset-Suc-u
by (rule subset-fSuc, rule J-subset-Suc-u)

lemma subset-JZk: J k u C T k by (auto simp add: natUnion-def)

lemma subset-ZJ Suc: T k C J (Suc k) u
proof —
have a: Z k C J (Suc k) 0
apply (simp only: J.simps)
using 7m-apply-setmonotone by blast
show ?thesis
apply (case-tac u = 0)
apply (simp only: a)
apply (rule subset-trans[OF a subset-TJk])
by auto
qged

lemma subset-ZSuc: T k C I (Suc k)
by (rule subset-trans|OF subset-Z.J Suc subset-JILk])

lemma subset-Z: i < j=—=7ZiCTj
by (rule subset-fSuc[where u=i and v=j and f = Z, OF subset-ZSuc])

lemma subset-7J :
assumes leq: k' < kV (k'=k AN u' < u)
shows J kv C J ku

proof —
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from leq show ?thesis
proof (induct rule: disjCases2)
case |
have s1: J k' v’ C T k' by (rule-tac subset-JIk)
have s2: T k'C T (k— 1)
apply (rule-tac subset-T)
using 1 by arith
from subset-ZJ Suclwhere k=k — 1] 1 have s3: Z (k— 1) C J k0
by simp
have s/: J k0 C J k u by (rule-tac subset-Tk, simp)
from sI s2 s3 s4 subset-trans show ?case by blast
next
case 2 thus ?case by (simp add : subset-TJk)
qed
qed

lemma J-subset:
assumes indezle k' u' k u
shows J k'u' C J ku
using subset-J indexle-def indexlt-simp
by (metis assms less-imp-le-nat order-refl)

lemma Scan-items-le:
assumes bounded-T: \ t . t € T = length (chars-of-token t) < I
shows Scan T k (items-le k P) C items-le (k + 1) (Scan T k P)
proof —
{
fix z :: item
assume z-dom: z € Scan T k (items-le k P)
then have z-dom” z € Scan T k P
by (meson items-le-is-filter mono-Scan mono-subset-elem)
from z-dom have z € items-le k P V
(3 ytc z=inc-itemy (k + length ¢) A y € bin (items-le k P) k A (t, ¢) €
T
A next-symbol y = Some t)
using Scan-def using UnE mem-Collect-eq by auto
then have item-end x < k + 1
proof (induct rule: disjCases2)
case 1 then show ?case
by (meson items-le-fiz-D items-le-idempotent trans-le-addl)
next
case 2
then obtain y ¢ ¢ where y: © = inc-item y (k + length ¢) A y € bin
(items-le k P) k A
(t, ¢) € T A next-symbol y = Some t by blast
then have item-end-z: item-end x = (k + length c) by simp
from bounded-T y have length ¢ <
using chars-of-token-simp by auto
with item-end-x show ?case by arith
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qed
with z-dom’ have z € items-le (k + 1) (Scan T k P)
using items-le-def mem-Collect-eq by blast
}

then show ?thesis by blast
qed

lemma Scan-mono-tokens:
PC Q= Scan PkI C Scan Q kI
by (auto simp add: Scan-def)

theorem thmD14: k < length Doc = items-le k (J k u) = Gen (paths-le k (P k
u)ANT ku=Zku
A items-le k (Z k) = Gen (paths-le k (Q k))
proof (induct k arbitrary: u rule: less-induct)
case (less k)
have k = 0 V k # 0 by arith
then show ?case
proof (induct rule: disjCases2)
case ]
have J-eq-P: items-le k (J k 0) = Gen (paths-le k (P k 0))
by (simp only: 1 thmD8 items-le-paths-le)
show ?case using thmD13[OF J-eq-P less.prems| by blast
next
case 2
have 3 k’. k = Suc k' using 2 by arith
then obtain &’ where k": k = Suc k' by blast
have k’-less-k: k' < k using k' by arith
have items-le k (7 k 0) = Gen (paths-le k (P k 0))
proof —
have simp-left: items-le k (J k 0) = w k {} (items-le k (Z k"))
using items-le-m-swap k' wellformed-items-Z by auto
have simp-right: Gen (paths-le k (P k 0)) = natUnion (A v. Gen (paths-le
k(P k' v)))

by (simp add: k' paths-le-pointwise pointwise-Gen pointwise-natUnion-swap)

{

fix v :: nat
have split-7: items-le k (J k' v) = items-le k' (J k' v) U items-eq k (J

k' v)
using k' items-le-split-via-eq by blast
have subl: items-le k' (J k' v) C natUnion (A v. Gen (paths-le k (P k'
v)))
proof —
have h: items-le k' (J k' v) C Gen (paths-le k (P k' v))
proof —
have f1: items-le k' (Gen (P k' v)) U items-eq (Suc k') (Gen (P k'
v)) =

Gen (paths-le k (P k' v))
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using LocalLezing.items-le-split-via-eq LocalLexing-axioms items-le-paths-le
k/
by blast
have k' < length Doc
by (metis (no-types) dual-order.trans k' less.prems lessl less-imp-le-nat)
then have items-le k' (J k' v) = items-le k' (Gen (P k' v))
by (simp add: items-le-paths-le k' less.hyps)
then show ?thesis
using fI by blast
qged
have Gen (paths-le k (P k' v)) C natUnion (A v. Gen (paths-le k (P
K o)
using natUnion-superset by fastforce
then show ?thesis using h by blast
qed
{
fix z :: item
assume z-dom: z € items-eq k (J k' v)
have z-in-J: © € J k' v using z-dom items-eq-def by auto
have item-end-z: item-end © = k using z-dom items-eq-def by auto
then have k’-bound: k' < item-end x using k' by arith
from produced-by-scan-step|OF z-in-T k'-bound)
have produced-by-scan-step z k' v .
from iff D1[OF produced-by-scan-step-def this] obtain k" v’ y X where
scan-step:
indexle k" v"" k' v ANy e T k" v Aditem-endy=k"NX e€Tk"”
v A
z = inc-item y (k" + length (chars-of-token X)) A
next-symbol y = Some (terminal-of-token X) by blast
then have y-in-items-le: y € items-le k" (J k' v")
using items-le-def LocalLexing-axioms le-refl mem-Collect-eq by blast
have y-in-Gen: y € Gen(paths-le k" (P k' v"))
proof —
have fI: An. k' <nV -k<n
using Suc-lessD k' by blast
have f2: k" = k' V k" < k'
using indezle-def indexlt-simp scan-step by force
have f3: k' < k
using k' by blast
have f4: k' < length Doc
using fI1 by (meson less.prems less-Suc-eg-le)
have k' < length Doc V k' = k"’
using f2 f1 by (meson Suc-lessD less.prems less-Suc-eq-le
less-trans-Suc)
then show ?thesis
using f} f3 f2 Suc-lessD y-in-items-le less.hyps less-trans-Suc by
blast
qged
then have 3 p. p € P k" v A pualid p y
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by (meson Gen-implies-pvalid paths-le-is-filter rev-subsetD)
then obtain p where p: p € P k' v"" A pualid p y by blast
then have charslength-p: charslength p = k'' using pvalid-item-end
scan-step by auto
have pvalid-p-y: pvalid p y using p by blast
have admissible (pQ[(fst X, snd X)])
apply (rule pvalid-next-terminal-admissible)
apply (rule pvalid-p-y)
using scan-step apply (simp add: terminal-of-token-def)
using scan-step by (metis TokensAt-subset-X T -subset-TokensAt
X -are-terminals
rev-subsetD terminal-of-token-def)
then have admissible-p-X: admissible (p@Q[X]) by simp
have X-in-Z: X € Z k"' (Suc v"’) by (metis (no-types, lifting) Suc-lessD
Z-subset-Suc
k'-bound dual-order.trans indezle-def indexlt-simp item-end-of-inc-item
item-end-x
le-add1 le-neq-implies-less less.hyps less.prems not-less-eq scan-step
subsetCE)
have pX-in-P-k"-v": pQ[X] € P k" (Suc v"’)
apply (simp only: P.simps)
apply (rule limit-single-step)
apply (auto simp only: Append-def)
apply (rule-tac z=p in exl)
apply (rule-tac z=X in exl)
apply (simp only: admissible-p-X X-in-Z)
using charslength-p p by auto
have indezle k"' v'"" k' v using scan-step by simp
then have indezle k' (Suc v'’) k' (Suc v)
by (simp add: indexle-def indexlt-simp)
then have P k" (Suc v'") C P k' (Suc v)
by (metis indexle-def indexlt-simp less-or-eq-imp-le subset-P)
with pX-in-P-k'-v"" have pX-in-P-k": pQ[X] € P k' (Suc v) by blast
have charslength (pQ[X]) = k" 4+ length (chars-of-token X)
using charslength-p by auto
then have charslength (pQ[X]) = item-end x using scan-step by simp
then have charslength-p-X: charslength (pQ[X]) = k using item-end-z
by simp
then have pX-dom: pQ[X] € paths-le k (P k' (Suc v))
using lessI less-Suc-eq-le mem-Collect-eq pX-in-P-k' paths-le-def by
auto
have wellformed-z: wellformed-item x
using item-end-z less.prems scan-step wellformed-inc-item well-
formed-items-J
wellformed-items-def by auto
have wellformed-p-X: wellformed-tokens (pQ[X])
using P-wellformed pX-in-P-k"-v"" by blast
from iffD1[OF puvalid-def pvalid-p-y] obtain r v where r-y:
wellformed-tokens p N
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wellformed-item y A
r < length p A
charslength p = item-end y N
charslength (take r p) = item-origin y A
is-derivation (terminals (take r p) Q [item-nonterminal y] @ ) A
derives (item-a y) (terminals (drop r p)) by blast
have r-le-p: r < length p by (simp add: r-y)
have item-nonterminal-x: item-nonterminal x = item-nonterminal y
by (simp add: scan-step)
have item-a-z: item-a x = (item-a y) Q [terminal-of-token X]
by (simp add: item-a-of-inc-item r-y scan-step)
have pvalid-z: pvalid (pQ[X]) z
apply (auto simp add: pvalid-def wellformed-z wellformed-p-X)
apply (rule-tac z=r in exl)
apply auto
apply (simp add: le-Sucl )
using -y scan-step apply auto[1]
using -y scan-step apply auto[1]
apply (rule-tac z=- in exl)
apply (simp add: r-le-p item-nonterminal-z)
using r-y apply simp
apply (simp add: r-le-p item-a-x)
by (metis terminals-singleton append-Nil2
derives-implies-leftderives derives-is-sentence is-sentence-concat
is-sentence-cons is-symbol-def is-word-append is-word-cons
is-word-terminals
is-word-terminals-drop leftderives-implies-derives leftderives-padback
leftderives-refl r-y terminals-append terminals-drop wellformed-p-X)
then have z € Gen (paths-le k (P k' (Suc v))) using pX-dom Gen-def
LocalLexing-axioms mem-Collect-eq by auto
}

then have sub2: items-eq k (J k' v) C natUnion (A v. Gen (paths-le k
(P k" v)))
by (meson dual-order.trans natUnion-superset subsetl)
have suffices3: items-le k (J k' v) C natUnion (A v. Gen (paths-le k (P
k' v)))
using split-7 subl sub2 by blast
have items-le k (J k' v) C Gen (paths-le k (P k 0))
using suffices3 simp-right by blast
}

note suffices2 = this
have items-le-natUnion-swap: items-le k (Z k') = natUnion(\ v. items-le
k(T k' v))
by (simp add: items-le-pointwise pointwise-natUnion-swap)
then have suffices1: items-le k (Z k') C Gen (paths-le k (P k 0))
using suffices2 natUnion-upperbound by metis
have sub-lemma: items-le k (J k 0) C Gen (paths-le k (P k 0))
proof —
have items-le k (J k 0) C Gen (P k 0)
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apply (subst simp-left)

apply (rule thmD5)

apply (auto simp only: less)

using suffices! items-le-is-filter items-le-paths-le subsetCE by blast
then show ?thesis

by (simp add: items-le-idempotent remove-paths-le-in-subset-Gen)

qed

have eql: © k {} (items-le k (Z k') = 7 k {} (items-le k (natUnion (J

k) by simp

then have eq2: 7 k {} (items-le k (natUnion (J k")) =

m k {} (natUnion (X v. items-le k (T k' v)))

using items-le-natUnion-swap by auto

from simp-left eql eq2

have simp-left”: items-le k (J k 0) = 7 k {} (natUnion (X v. items-le k

(T k"))

by metis

{

fix v :: nat
fix q :: token list
fix z :: item
assume ¢-dom: q € paths-eq k (P k' v)
assume pvalid-g-z: pvalid q x
have ¢-in-P: q € P k' v using ¢-dom paths-eq-def by auto
have charslength-q: charslength ¢ = k using ¢-dom paths-eq-def by auto
with k’-less-k have g-nonempty: q # [|
using 2.hyps chars.simps(1) charslength.simps list.size(3) by auto
then have 3 p X. ¢ = p Q [X] by (metis append-butlast-last-id)
then obtain p X where pX: ¢ = p @ [X] by blast
from last-step-of-path[OF ¢-in-P pX| obtain k'’ v’ where k"
indexlt k" v k" v A g € P k" (Suc v"") A charslength p = k"' A
X € Z k" (Suc v") by blast
have hi: p € B
by (metis (no-types, lifting) LocalLexing.3-covers-P LocalLexing-azioms

append-Nil2 is-prefiz-cancel is-prefiz-empty pX prefizes-are-paths q-in-P

subsetCE)

blast

have h2: charslength p = k'’ using k'’ by blast
obtain T where T: T = {X} by blast
have h3: X € T using T by blast
have hj: T C X k" using Z-subset-X T k' by blast
obtain N where N: N = item-nonterminal x by blast
obtain a where a: a = item-a © by blast
obtain § where 3: § = item-3 = by blast
have wellformed-x: wellformed-item x using pvalid-def pvalid-q-z by

then have h5: (N, o Q 5) € R

using N «a 8 item-nonterminal-def item-rhs-def item-rhs-split prod.collapse

wellformed-item-def by auto
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have pvalid-left-g-x: pvalid-left ¢ = using pvalid-¢g-x by (simp add:

pualid-left)

from iffD1[OF puvalid-left-def pvalid-left-q-z] obtain r v where r-v:
wellformed-tokens q N
wellformed-item x A
r < length g A
charslength g = item-end A
charslength (take r q) = item-origin x A
is-leftderivation (terminals (take r q) Q [item-nonterminal ] @ v) A
leftderives (item-a x) (terminals (drop r q)) by blast
have h6: r < length q using r-y by blast
have h7: leftderives [S] (terminals (take r q¢) Q [N] @ ~)
using -y N is-leftderivation-def by blast
have h8: leftderives o (terminals (drop r q)) using r-y « by metis
have h9: k = k" + length (chars-of-token X) using r-y
using charslength-q h2 pX by auto
have h10: x = Item (N, o @Q ) (length o) (charslength (take r q)) k
by (metis N « 8 charslength-q item.collapse item-dot-is-c-length

item-nonterminal-def

auto

item-rhs-def item-rhs-split prod.collapse r-y)
from thmD11[OF hi1 h2 h3 h4 pX h5 h6 h7 h8 h9 h10]
have = € items-le k (7w k {} (Scan T k' (Gen (Prefizes p))))
by blast
then have z-in: z € w k {} (Scan T k" (Gen (Prefizes p)))
using items-le-is-filter by blast
have subsetl: Prefires p C Prefizes q
apply (rule is-prefiz-Prefizes-subset)
by (simp add: pX is-prefiz-def)
have subset2: Prefizes ¢ C P k"' (Suc v")
apply (rule Prefizes-subset-P)
using k' by blast
from subset! subset2 have Prefizes p C P k" (Suc v'') by blast
then have Prefizes p C paths-le k' (P k"' (Suc v"’))
using k'’ Prefizes-subset-paths-le by blast
then have subset3: Gen (Prefizes p) C Gen (paths-le k" (P k"' (Suc

using Gen-def LocalLexing-azioms by auto
have k'-less-k: k' < k using k"’ k' using indezlt-simp less-Suc-eq by

then have k'-Doc-bound: k' < length Doc using less by auto
from less(1)[OF k'-less-k k'"-Doc-bound, of Suc v"
have induct!: items-le k"' (J k' (Suc v")) = Gen (paths-le k"' (P k"

(Suc v'))

by blast
from less(1)[OF k'-less-k k"-Doc-bound, of Suc(Suc v'’))
have induct2: T k' (Suc (Suc v")) = Z k" (Suc (Suc v")) by blast
have subset/: Gen (Prefizes p) C items-le k" (J k"' (Suc v""))
using subset3 induct! by auto
from induct! subset4
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have subset6: Scan T k' (Gen (Prefizes p)) C
Scan T k' (items-le k"' (T k"' (Suc v"")))
apply (rule-tac monoD[OF mono-Scan))
by blast
have k"' + length (chars-of-token X) = k
by (simp add: h9)
have A t. t € T = length (chars-of-token t) < length (chars-of-token

using T by auto
from Scan-items-le[of T, OF this, simplified, of k" J k" (Suc v'’)] h9
have subset7: Scan T k' (items-le k' (T k' (Suc v'")))
C dtems-le k (Scan T k" (J k" (Suc v"))) by simp
have T C Z k' (Suc (Suc v")) using T k"
using Z-subset-Suc rev-subsetD singletonD subset] by blast
then have T-subset-T: T C T k" (Suc (Suc v'’)) using induct2 by auto
have subset8: Scan T k" (T k' (Suc v'"")) C
Scan (T k' (Suc (Suc v")) k" (T k" (Suc v"))
using T-subset-T Scan-mono-tokens by blast
have subset9: Scan (T k" (Suc (Suc v'")) k" (T k" (Suc v")) C T k"
(Suc (Suc v'))
by (rule Scan-J-subset-T)
have subset10: (Scan T k" (T k" (Suc v"))) C J k' (Suc (Suc v"))
using subset8 subset9 by blast
have k' < k' using k'’ indezlt-simp by auto
then have indezle k'’ (Suc (Suc v")) k' (Suc (Suc v"’)) using indezlt-simp
using indezle-def le-neq-implies-less by auto
then have subset!1: J k" (Suc (Suc v')) € J k' (Suc (Suc v"))
using J-subset by blast
have subset12: Scan T k" (J k" (Suc v")) C J k' (Suc (Suc v"))
using subset8 subset9 subset10 subsetil by blast
then have subset13: items-le k (Scan T k"' (T k' (Suc v"))) C
items-le k (J k' (Suc (Suc v")))
using items-le-def mem-Collect-eq rev-subsetD subsetl by auto
have subsetl]: Scan T k' (Gen (Prefizes p)) C items-le k (J k' (Suc
(Suc v))
using subset6 subset7 subset13 by blast
then have z-in”: z € © k {} (items-le k (J k' (Suc (Suc v"))))
using z-in
by (meson m-apply-setmonotone m-subset-elem-trans subsetCE subsetl)
from z-in’ have z € w k {} (natUnion (X v. items-le k (J k' v)))
by (meson k' mono-r mono-subset-elem natUnion-superset)

}

note suffices6 = this

{

fix v :: nat
have Gen (paths-eq k (P k' v)) C 7 k {} (natUnion (X v. items-le k (J
k' v)))
using suffices6 by (meson Gen-implies-pvalid subsetl)

}
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note sufficesb = this
{
fix v :: nat
have paths-le k (P k' v) = paths-le k' (P k' v) U paths-eq k (P k' v)
using paths-le-split-via-eq k' by metis
then have Gen-split: Gen (paths-le k (P k' v)) =
Gen (paths-le k' (P k' v)) U Gen(paths-eq k (P k' v)) using Gen-union
by metis
have case-le: Gen (paths-le k' (P k' v)) C =« k {} (natUnion (X v.
items-le k (J k' v)))
proof —
from less k’-less-k have k' < length Doc by arith
from less(1)[OF k'-less-k this]
have items-le k' (J k' v) = Gen (paths-le k' (P k' v)) by blast
then have Gen (paths-le k' (P k' v)) C natUnion (A v. items-le k (J
k" v))
using items-le-def LocalLexing-axioms k'-less-k natUnion-superset by
fastforce
then show ?Zthesis using m-apply-setmonotone by blast
qed
have Gen (paths-le k (P k' v)) C 7 k {} (natUnion (X v. items-le k (J
k' v)))

}

note suffices = this
have super-lemma: Gen (paths-le k (P k 0)) C items-le k (J k 0)
apply (subst simp-right)
apply (subst simp-left’)
using suffices4 by (meson natUnion-ex rev-subsetD subsetl)
from super-lemma sub-lemma show ?thesis by blast

using Gen-split case-le sufficesd UnE rev-subsetD subset] by blast

qed
then show ?case using thmD13 less.prems by blast
qed
qed
end
end

theory PathLemmas
imports TheoremD1}
begin

context LocalLexing begin

lemma characterize-P:
(V i < length p. Ju. p ! i € Z (charslength (take i p)) u) = admissible p =
3 u. p € P (charslength p) u

proof (induct p rule: rev-induct)
case Nil
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show ?case by simp
next
case (snoc a p)
from snoc.prems have admissible-p: admissible p
by (metis append-Nil2 is-prefix-admissible is-prefiz-cancel is-prefiz-empty)
{
fix 7 :: nat
assume ilen: ¢ < length p
then have i < length (pQ[a]
by (simp add: Suc-lel Suc-1
with snoc have Ju. (p Q [d]
by blast
then obtain u where u: (p Q [a]) ! i € Z (charslength (take i (p Q [a]))) u
by blast
from ilen have p-at: (p @ [a]) ! i = p ! i by (simp add: nth-append)
from ilen have p-take: take i (p Q [a]) = take i p by (simp add: less-or-eq-imp-le)

)
e-lessD trans-le-addl)
) i € Z (charslength (take i (p Q [a]))) u

from u p-at p-take have p-i: p ! i € Z (charslength (take i p)) u by simp
then have 3 u. p ! ¢ € Z (charslength (take i p)) u by blast

then have V ¢ < length p. 3u. p ! i € Z (charslength (take i p)) u by auto
with admissible-p snoc.hyps obtain v where u: p € P (charslength p) u by
blast
have Ju. (p @ [a]) ! (length p) € Z (charslength (take (length p) (p @ [a]))) u
using snoc
by (metis (no-types, opaque-lifting) add-Suc-right append-Nil2 length-Cons
length-append
less-Suc-eq-le less-or-eq-imp-le)
then obtain v where (p @ [qa]) !
(p@ld))) v
by blast
then have v: a € Z (charslength p) v by simp
{
assume v-leg-u: v < u
then have a € Z (charslength p) (Suc u) using v
by (meson LocalLexing.subset-fSuc LocalLexing-axioms Z-subset-Suc sub-
setCE)
from path-append-token|OF u this snoc.prems(2)]
have p @ [a] € P (charslength p) (Suc u) by blast
then have ?case using in-P-charslength by blast
}
note case-v-leg-u = this
{
assume u-less-v: u < v
then obtain w where w: v = Suc w using less-imp-Suc-add by blast
with u-less-v have u < w by arith
with « have p € P (charslength p) w by (meson subsetCE subset-Pk)
from v w path-append-token|[OF this - snoc.prems(2)]
have p @ [a] € P (charslength p) (Suc w) by blast

(length p) € Z (charslength (take (length p)
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then have ?case using in-P-charslength by blast

}

note case-u-less-v = this

show ?Zcase using case-v-leg-u case-u-less-v not-le by blast
qed

lemma drop-empty-tokens:
assumes p: p € B
assumes 7: 7 < length p
assumes empty: charslength (take r p) = 0
assumes admissible: admissible (drop r p)
shows drop r p € B
proof —
have p-Z: Vi<length p. 3u. p ! i € Z (charslength (take i p)) u using p
using tokens-nth-in-Z by blast
obtain ¢ where ¢: ¢ = drop r p by blast
{
fix j :: nat
assume j : j < length q
have length-p-q-r: length p = length ¢ + r
using 7 ¢ add.commute diff-add-inverse le-Suc-ex length-drop by simp
have j-plus-r-bound: j + r < length p by (simp add: j length-p-g-r)
with p-Z have Ju. p! (j + r) € Z (charslength (take (j + r) p)) u by blast
then obtain u where u: p ! (j + r) € Z (charslength (take (j + r) p)) u by
blast
have p-at-is-g-at: p ! (j + r) = ¢! j by (simp add: add.commute q 1)
have take (j + r) p = (take r p) @Q (take j q) by (metis add.commute q take-add)
with empty have charslength (take (j + 1) p) = charslength (take j q) by auto
with u p-at-is-g-at have q ! j € Z (charslength (take j q)) u by simp
then have 3 u. ¢ ! j € Z (charslength (take j q)) u by auto
}
then have Vi<length q. 3u. q ! i € Z (charslength (take i q)) u by blast
from characterize-P|OF this] have Ju. ¢ € P (charslength q) v using admissible
q by auto
then show ?thesis using B-covers-P ¢ by blast
qed

end

end

theory MainTheorems
imports PathLemmas
begin

context LocalLering begin

theorem J-is-generated-by-B3: 7 = Gen B
proof —
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have wellformed-items (Z (length Doc))
using wellformed-items-Z by auto
then have A z. z € T (length Doc) = item-end © < length Doc
using wellformed-item-def wellformed-items-def by blast
then have 7 (length Doc) C items-le (length Doc) (Z (length Doc))
by (auto simp only: items-le-def)
then have Z (length Doc) = items-le (length Doc) (Z (length Doc))
using items-le-is-filter by blast
then have J-altdef: 3 = items-le (length Doc) (Z (length Doc)) using J-def by
auto
have A p. p € (Q (length Doc)) = charslength p < length Doc
using PB-are-doc-tokens P-def doc-tokens-length by auto
then have Q (length Doc) C paths-le (length Doc) (Q (length Doc))
by (auto simp only: paths-le-def)
then have Q (length Doc) = paths-le (length Doc) (Q (length Doc))
using paths-le-is-filter by blast
then have P-altdef: P = paths-le (length Doc) (Q (length Doc)) using B-def
by auto
show ?thesis using J-altdef P-altdef thmD1/ by auto
qed

definition finished-item :: symbol list = item
where
finished-item o = Item (&, a) (length o) 0 (length Doc)

lemma item-rule-finished-item|[simp]: item-rule (finished-item o) = (6, «)
by (simp add: finished-item-def)

lemma item-origin-finished-item[simp): item-origin (finished-item o) = 0
by (simp add: finished-item-def)

lemma item-end-finished-item[simp]: item-end (finished-item «) = length Doc
by (simp add: finished-item-def)

lemma item-dot-finished-item[simp]: item-dot (finished-item o) = length a
by (simp add: finished-item-def)

lemma item-rhs-finished-item[simp]: item-rhs (finished-item a) = «
by (simp add: finished-item-def)

lemma item-a-finished-item[simp): item-a (finished-item o) = «
by (simp add: finished-item-def item-a-def)

lemma item-nonterminal-finished-item|[simp)|: item-nonterminal (finished-item «)
=6
by (simp add: finished-item-def item-nonterminal-def)

lemma Derivesi-of-singleton:
assumes Derives! [N] ir «
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shows i = 0 A r = (N, a)
proof —
from assms have i = 0 using DerivesI-bound
using length-Cons less-Suc0 list.size(3) by fastforce
then show ?thesis using assms
using DerivesI-def append-Cons append-self-conv append-self-conv2 length-0-conv

list.inject by auto
qed

definition pwalid-with :: tokens = item = nat = symbol list = bool
where
pvalid-with p x u v =
(wellformed-tokens p A
wellformed-item x N
u < length p A
charslength p = item-end A
charslength (take u p) = item-origin A
is-derivation (terminals (take u p) @ [item-nonterminal z] @ ) A
derives (item-a x) (terminals (drop u p)))

lemma pualid-with: pvalid p x = (3 w 7. pvalid-with p x u )
using pvalid-def pvalid-with-def by blast

theorem Completeness:
assumes p-in-ll: p € 1l
shows 3 «. pvalid-with p (finished-item «) 0 [] A finished-item o € J
proof —
have p: p € B A charslength p = length Doc N terminals p € L
using p-in-ll ll-def by auto
then have derives-p: derives [S] (terminals p)
using L-def is-derivation-def mem-Collect-eq by blast
then have 3 D. Derivation [S] D (terminals p)
by (simp add: derives-implies-Derivation)
then obtain D where D: Derivation [S] D (terminals p) by blast
have is-word-p: is-word (terminals p) using leftlang p by blast
have not-is-word-&: — (is-word [&]) using is-nonterminal-startsymbol is-terminal-nonterminal

is-word-cons by blast
have D # [| using D is-word-p not-is-word-& using Derivation.simps(1) by
force
then have 3 d D’. D = d#D’ using D Derivation.elims(2) by blast
then obtain d D’ where d: D = d#D’ by blast
have 3 a. Derives! [&] (fst d) (snd d) a A derives a (terminals p)
using d D Derivation.simps(2) Derivation-implies-derives by blast
then obtain o where «: Derives! [&] (fst d) (snd d) a A derives « (terminals
p) by blast
then have snd-d-in-R: snd d € R using Derivesi-rule by blast
with « have snd-d: snd d = (6, «) using DerivesI-of-singleton by blast
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have wellformed-p: wellformed-tokens p by (simp add: B-wellformed p)
have wellformed-finished-item: wellformed-item (finished-item «)
apply (auto simp add: wellformed-item-def)
using snd-d snd-d-in-R by metis
have pualid-with: pvalid-with p (finished-item «) 0 |]
apply (auto simp add: pvalid-with-def)
using wellformed-p apply blast
using wellformed-finished-item apply blast
using p apply (simp add: finished-item-def)
apply (simp add: is-derivation-def)
by (simp add: «)
then have pvalid p (finished-item «) using pvalid-def pvalid-with-def by blast
then have finished-item o € Gen B using Gen-def mem-Collect-eq p by blast
then have finished-item o € J using J-is-generated-by-3 by blast
with puvalid-with show ?thesis by blast
qed

theorem Soundness:
assumes finished-item-«: finished-item o € J
shows 3 p. pvalid-with p (finished-item «) 0 [| A p € 1l
proof —
have finished-item o € Gen B
using J-is-generated-by-*P finished-item-a by auto
then obtain p where p: p € P A poalid p (finished-item «)
using Gen-implies-pvalid by blast
have pualid-p-finished-item: pvalid p (finished-item «) using p by blast
from iffD1[OF puvalid-def this, simplified] obtain r v where pvalid:
wellformed-tokens p N
wellformed-item (finished-item o) A
r < length p N
length (chars p) = length Doc A
chars (take 7 p) =[] A
is-derivation (take r (terminals p) @ & # ~) A derives o (drop r (terminals
p))
by blast
have item-rule (finished-item «) € R using pvalid
using wellformed-item-def by blast
then have (S, ) € R by simp
then have is-derivation-c: is-derivation o by (simp add: is-derivation-def left-
derives-rule)
have drop-r-p-in-P: drop r p € B
apply (rule drop-empty-tokens)
using p apply blast
using pwvalid apply blast
using pvalid apply simp
by (metis append-Nil2 derives-trans is-derivation-a is-derivation-def
is-derivation-implies-admissible is-word-terminals-drop pualid terminals-drop)
then have in-ll: drop r p € 1l
apply (auto simp add: ll-def)
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apply (metis append-Nil append-take-drop-id chars-append pvalid)
using is-derivation-a pvalid
by (metis (no-types, lifting) L-def derives-trans is-derivation-def
is-word-terminals-drop mem-Collect-eq terminals-drop)

have pualid-with (drop r p) (finished-item «) 0 ||
apply (auto simp add: pvalid-with-def)
using P-wellformed drop-r-p-in-P3 apply blast
using pwvalid apply blast
apply (metis append-Nil append-take-drop-id chars-append pvalid)
apply (simp add: is-derivation-def)
using pwalid by blast

with in-ll show ¢thesis by auto

qed

lemma is-finished-and-finished-item:
assumes wellformed-z: wellformed-item x
shows is-finished x = (3 «. x = finished-item «)
proof —
{
assume is-finished-z: is-finished x
obtain « where a: « = item-rhs x by blast
have = = finished-item «
apply (rule item.expand)
apply auto
using « is-finished-def is-finished-x item-nonterminal-def item-rhs-def apply
autol1]
using « assms is-complete-def is-finished-def is-finished-x wellformed-item-def
apply auto[1]
using is-finished-def is-finished-z apply blast
using is-finished-def is-finished-x by auto
then have 3 a. z = finished-item « by blast
}
note left-implies-right = this
{
assume 3 «. z = finished-item «
then obtain o where «a: x = finished-item « by blast
have is-finished x by (simp add: « is-finished-def is-complete-def)
}
note right-implies-left = this
show ?thesis using left-implies-right right-implies-left by blast
qed

theorem Correctness:
shows (Il # {}) = earley-recognised
proof —
have 1: (Il # {}) = (3 «. finished-item o € 7J)
using Soundness Completeness ex-in-conv by fastforce
have 2: (3 a. finished-item o € J) = (3 z € J. is-finished z)
using J-def is-finished-and-finished-item wellformed-items-Z wellformed-items-def
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by auto
show ?thesis using earley-recognised-def 1 2 by blast
qed

end

end



