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Abstract

Recently a new method directly translating linear temporal logic
(LTL) formulas to deterministic (generalized) Rabin automata was de-
scribed in [1].

Compared to the existing approaches of constructing a non-deterministic
Buechi-automaton in the first step and then applying a determinization
procedure (e.g. some variant of Safra’s construction) in a second step,
this new approach preservers a relation between the formula and the
states of the resulting automaton. While the old approach produced a
monolithic structure, the new method is compositional. Furthermore
it was shown in some cases the resulting automata were much smaller
than the automata generated by existing approaches. In order to guar-
antee the correctness of the construction this entry contains a complete
formalisation and verification of the translation. Furthermore from this
basis executable code is generated.
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1 Auxiliary Facts

theory Preliminaries?
imports Main HOL— Library.Infinite-Set
begin

1.1 Finite and Infinite Sets

lemma finite-product:
assumes fst: finite (fst < A)
and  snd: finite (snd ¢ A)
shows finite A

proof —



have A C (fst “* A) x (snd ‘ A)
by force
thus ?thesis
using snd fst finite-subset by blast
qed

1.2 Cofinite Filters

lemma almost-all-commutative:
finite S = (Vx € S. Vooi. Px (itnat)) = (Vooi. Vo € S. P i)
proof (induction rule: finite-induct)
case (insert z S)
{
assume Vz € insert x S. Voi. Px 1
hence Vi.Vz € S. Priand Vi. Pxi
using insert by simp+
then obtain i; i where A\j. j > iy = Vz € S. Pzj
and \j.j > is = Puzj
unfolding MOST-nat-le by auto
hence Aj. j > maz iy ia = Ve € SU{z}. Pxj
by simp
hence V7. Vz € insert ' S. Pz i
unfolding MOST-nat-le by blast
}

moreover
have Vi.Vz € insert £ S. Pxi — Va € insert £ S. Vooi. Px i
unfolding MOST-nat-le by auto
ultimately
show ?case
by blast
qed simp

lemma almost-all-commutative:
finite S = (A\z. z € S = Vi. Pz (iznat)) = (Vooi. Vz € S. P x1)
using almost-all-commutative by blast

fun index
where
index P = (if ¥ ooi. P i then Some (LEAST i.Vj > i. P j) else None)

lemma indezx-properties:
fixes i :: nat
shows indexr P = Some i =— 0 < i= - P (i — 1)
and index P = Some i = j > i = Pj



proof —
assume index P = Some i
moreover
hence i-def: i = (LEAST i.Vj > i. Pj) and Vi. P i
unfolding index.simps using option.distinct(2) option.sel
by (metis (erased, lifting))+
then obtain i’ where Vj > i’. Pj
unfolding MOST-nat-le by blast
ultimately
show \j.j>i=— Pj
using LeastI[of \i. Vj > i. P j] by (metis i-def)
{
assume 0 < ¢
then obtain j where i = Suc j and j < i
using lessFE by blast
hence A\j’ j' > j= Pj’
using «\j. j > i = P j» by force
hence = P j
using not-less-Least[OF <j < i>[unfolded i-def]] by (metis lel le-antisym)
thus - P (i — 1)
unfolding <i = Suc j» by simp
}

qed

end

2 Auxiliary Map Facts

theory Map2
imports Main
begin

lemma map-of-tabulate:
map-of (map (Az. (z, fx)) zs) © # None «— = € set zs
by (induct zs) auto

lemma map-of-tabulate-simp:

map-of (map (Az. (z, fx)) xs) v = (if v € set xs then Some (f z) else
None)

by (metis (mono-tags, lifting) comp-eq-dest-lhs map-of-map-restrict re-
strict-map-def)

lemma dom-map-update:



dom (m (k — v)) = dom m U {k}
by simp

lemma map-equal:
dom m = dom m' = (N\z. z € domm = mz=m'z) = m =m
by fastforce

/

lemma map-reduce:
assumes dom m = {a} U B
shows 3m’. domm’'= BA (Vz € B. mz = m' x)
proof (cases a € B)
case True
thus “thesis
using assms by (metis insert-absorb insert-is-Un)
next
case Fulse
with assms have dom (m (a := None)) = B A (Vz€B. mz = (m (a
:= None)) )
by simp
thus “thesis
by blast
qged

end

3 Auxiliary Mapping Facts

theory Mapping2
imports Main Map2 HOL— Library. Mapping
begin

lemma lookup-delete:
Mapping.lookup (Mapping.delete k m) k = None
by (transfer; simp)

lemma lookup-tabulate:

Mapping.lookup (Mapping.tabulate zs ) © = (if x € set xs then Some (f
x) else None)

by (transfer; insert map-of-tabulate-simp)

lemma lookup-tabulate-Some:
z € set s = the (Mapping.lookup (Mapping.tabulate zs f) z) = fz
by (simp add: lookup-tabulate)



lemma finite-keys-tabulate:
finite (Mapping.keys (Mapping.tabulate zs f))
by simp

lemma keys-empty-iff-map-empty:
Mapping.keys m = {} <— m = Mapping.empty
by (transfer; simp)

lemma mapping-equal:

Mapping.keys m = Mapping.keys m' = (\z. © € Mapping.keys m =
Mapping.lookup m x = Mapping.lookup m' ) = m = m/’

by (transfer; blast intro: map-equal)

fun mapping-generator :: ('a = 'b list) = 'a list = ('a, 'b) mapping set
where

mapping-generator V [| = { Mapping.empty}
| mapping-generator V (k4 ks) = { Mapping.update k v m | vm. v € set (V
k) A m € mapping-generator V ks}

fun mapping-generator-list :: (‘a = 'b list) = 'a list = ('a, 'b) mapping list
where

mapping-generator-list V [| = [Mapping.empty]
| mapping-generator-list V (k#ks) = concat (map (Am. map (Av. Map-
ping.update k v m) (V k)) (mapping-generator-list V ks))

lemma mapping-generator-code [code]:
mapping-generator VK = set (mapping-generator-list V K)
by (induction K) auto

lemma mapping-generator-set-eq:
mapping-generator VK = {m. Mapping.keys m = set K N (Vk € (set K).
the (Mapping.lookup m k) € set (V k))}
proof (induction K)
case (Cons k ks)
let 2l = {m(k — v) [vm. v e set (Vk)AN me{m. domm= setks A
(Vkeset ks. the (m k) € set (V k))}}
let 9r = {m. dom m = set (k # ks) N (Vkeset (k # ks). the (m k) €
set (Vk))}

have 2] C ?r
by fastforce
moreover

{



fix m
assume m € ?r
hence dom m = set (k#ks)
and Vk € set (k#ks). the (m k) € set (V k)
and Vk' € set (k#ks). m k # None
by auto
moreover
then obtain m’ where dom m' = set ks
and Vz € setks. mx = m'z
using map-reducelof m k set ks| by auto
ultimately
have the (m k) € set (V k)
and dom m' = set ks
and Vk € (set ks). the (m' k) € set (V k)
and m = m'(k — the (m k))
apply (simp, blast, auto)
apply (insert map-equal[of m m'(k — the (m k))])
apply (unfold dom-map-update «dom m = set (k#ks)) <dom m' =
set ks»)
by fastforce
moreover
hence m € set (map (Av. m'(k — v)) (V k))
by simp
ultimately
have m € 7]
using «dom m = set (k#ks)» by blast
}
ultimately
have { Mapping.update kv m |vm. v € set (V k) AN m € {m. Mapping.keys
m = set ks \ (VkeEset ks. the (Mapping.lookup m k) € set (V k))}}
= {m. Mapping.keys m = set (k # ks) N (Vkeset (k # ks). the
(Mapping.lookup m k) € set (V k))}
by (transfer; blast)
thus Zcase
by (simp add: Cons)
qed (force simp add: keys-empty-iff-map-empty)

end

4 Deterministic Transition Systems

theory DTS
imports Main HOL— Library. Omega- Words-Fun Auziliary/ Mapping2 KBPs.DFS

10



begin
— DTS are realised by functions

type-synonym (‘a, ') DTS ='a = 'b = a
type-synonym (’a, 'b) transition = ('a x 'b x 'a)

4.1 Infinite Runs

fun run :: (¢,/a) DTS = 'q = 'a word = 'q word
where

run § qo w 0 = qo
| run & qo w (Suc i) =9 (run § qo w i) (w 7)

fun run; :: (‘q,’a) DTS = 'q = 'a word = ('q x 'a * 'q) word
where
rung 6 go wi = (run § qo wi, wi, run 6 qo w (Suc 7))

lemma run-foldl:
run A qo w i = foldl A qo (map w [0..<i])
by (induction i; simp)

lemma run;-foldl:

rung A qo w i = (foldl A qo (map w [0..<i]), w i, foldl A qo (map w
[0..<Suc i]))

unfolding run;.simps run-foldl ..

4.2 Reachable States and Transitions

definition reach :: ‘a set = ('b, 'a) DTS = b = 'b set
where
reach ¥ 6 qo = {run 6 go wn | w n. range w C X}

definition reach; :: 'a set = ('b, 'a) DTS = 'b = ('b, 'a) transition set
where
reachy ¥ 8 qo = {run; § qo wn | wn. range w C X}

lemma reach-foldl-def:
assumes ¥ # {}
shows reach ¥ 0 qo = {foldl § qo w | w. set w C ¥}
proof —
{
fix w assume set w C X
moreover

11



obtain ¢ where a € ¥
using X # {}» by blast
ultimately
have foldl § qo w = foldl § qo (prefiz (length w) (w —~ (iter [a])))
and range (w —~ (iter [a])) C X2
by (unfold prefiz-conc-length, auto simp add: iter-def conc-def)
hence 3w’ n. foldl § g9 w = run § qo w' n A range w’ C %
unfolding run-foldl subsequence-def by blast
}
thus ?thesis
by (fastforce simp add: reach-def run-foldl)
qed

lemma reachy-foldl-def:
reachy ¥ 6 qo = {(foldl § qo w, v, foldl 6 qo (wWQ[V])) | w v. set w C X A
v e X} (is ?lhs = ?rhs)
proof (cases ¥ # {})
case True
show ?thesis
proof
{
fix wv assume set w C X v e X
moreover
obtain a where a € ¥
using <X # {}> by blast
moreover
have w = map (An. if n < length w then w ! n else if n — length w
= 0 then [v] ! (n — length w) else a) [0..<length w]
by (simp add: nth-equalityl )
ultimately

have foldl 6 qo w = foldl § qo (prefix (length w) ((w @ [v]) —~ (iter

[al))
andfoldl 6 qo (w Q [v]) = foldl 6 qo (prefix (length (w @ [v])) ((w
Q [v]) ~ (iter [a])))
and range ((w @Q [v]) ~ (iter [a])) C X
by (simp-all only: prefiz-conc-length conc-conc[symmetric| iter-def)
(auto simp add: subsequence-def conc-def upt-Suc-append[OF le0])
moreover
have ((w @ [v]) ~ (iter [a])) (length w) = v
by (simp add: conc-def)
ultimately
have Jw’ n. (foldl 6 qo w, v, foldl § qp (w Q@ [v])) = runy § o w' n
A range w' C X
by (metis run-foldl length-append-singleton subsequence-def)

12



}

thus ?2lhs O ?rhs
unfolding reach;-def run;.simps by blast
qed (unfold reachy-def run,-foldl, fastforce simp add: upt-Suc-append)
qed (simp add: reach;-def)

lemma reach-card-0:
assumes ¥ # {}
shows infinite (reach ¥ 0 qo) <— card (reach ¥ 6 qo) = 0
proof —
have {run 6 qo wn | wn. range w C ¥} # {}
using assms by fast
thus ?thesis
unfolding reach-def card-eq-0-iff by auto
qed

lemma reach;-card-0:
assumes X # {}
shows infinite (reachy ¥ § qo) +— card (reachy X 6 qo) = 0
proof —
have {run; 6 qo wn | wn. range w C X} # {}
using assms by fast
thus ?thesis
unfolding reach:-def card-eq-0-iff by blast
qed

4.2.1 Relation to runs

lemma run-subseteg-reach:
assumes range w C X
shows range (run 6 qo w) C reach ¥ § qo
and range (runs 6 qo w) C reachy X 6 q
using assms unfolding reach-def reach,-def by blast+

lemma limit-subseteg-reach:
assumes range w C X
shows limit (run § qo w) C reach X § qq
and limit (runy 6 qo w) C reachy 3 6 qo
using run-subseteq-reach[OF assms| limit-in-range by fast+

lemma run;-finite:
assumes finite (reach ¥ § qo)
assumes finite
assumes range w C X

13



defines r = run; § qo w
shows finite (range r)
proof —
let 25 = (reach ¥ 0 qo) x X x (reach ¥ 6 qo)
have A\i. wi € ¥ and Ai. set (map w [0..<i]) C ¥ and ¥ # {}
using <range w C > by auto
hence A\n. rn € 25
unfolding run;.simps run-foldl reach-foldl-def[OF ¥ # {}] r-def by
blast
hence range r C 25 and finite 25
using assms by blast+
thus finite (range r)
by (blast dest: finite-subset)
qed

4.2.2 Compute reach Using DFS

definition Qr, :: ‘a list = ('b, 'a) DTS = 'b = 'b set
where

Qr X6 qo = (if ¥ # [ then gen-dfs (Aq. map (§ q) X) Set.insert (€) {}
[q0] else {})

definition list-dfs :: (("a, 'b) transition = ('a, 'b) transition list) = ('a, 'b)
transition list => ('a, 'b) transition list => ('a, 'b) transition list
where

list-dfs succ S start = gen-dfs succ List.insert (Ax xs. © € set xs) S start

definition ¢y, :: ‘a list = ('b, 'a) DTS = 'b = ('b, 'a) transition set
where
op X6 qo = set (
let
start = map (A\v. (qo, v, 0 qo v)) X;
suce = A(-, -, q). (map (\v. (¢, v, d qv)) %)
mn
(list-dfs succ || start))

lemma @y -reach:
assumes finite (reach (set ¥) § qo)
shows Q1 X § qo = reach (set X) 0 qo
proof (cases ¥ # [])
case True
hence reach-redef: reach (set ) 6 qo = {foldl 6 qo w | w. set w C set
5
using reach-foldl-def[of set ¥] unfolding set-empty[of X, symmetric]

14



by force

{

fix zwy

assume set w C set Xz = foldl 6 qo wy € set (map (6 ) X)

moreover

then obtain v where y = § z v and v € set &
by auto

ultimately

have y = foldl § qo (wQ[v]) and set (wQ[v]) C set X
by simp+

hence Jw’. set w' C set ¥ A\ y = foldl 6 qo w’
by blast

}

note extend-run = this

interpret DFS Aq. map (0 q) ¥ \q. q € reach (set X) § go AS. S C
reach (set ¥) § qo Set.insert (€) {} id

apply (unfold-locales; auto simp add: member-rec reach-redef list-all-iff
elim: extend-run)

apply (metis extend-run image-eql set-map)

apply (metis assms[unfolded reach-redef])

done

have Nil1: set [] C set ¥ and Nil2: qo = foldl § qo |]
by simp+

have list-all-init: list-all (Aq. q¢ € reach (set ¥) § qo) [qo]
unfolding list-all-iff list.set reach-redef using Nill Nil2 by blast

have reach (set ¥) 6 qo C reachable {qo}
proof rule
fix z
assume z € reach (set ¥) 6 qo
then obtain w where z-def: © = foldl § g0 w and set w C set X2
unfolding reach-redef by blast
hence foldl § gy w € reachable {qo}
proof (induction w arbitrary: x rule: rev-induct)
case (snoc v w)
hence foldl 6 gy w € reachable {qo} and ¢ (foldl 6 qo w) v € set
(map (6 (foldl 6 go w)) %)
by simp-+
thus Zcase
by (simp add: rtrancl.rtrancl-into-rtrancl reachable-def)
qed (simp add: reachable-def)

15



thus z € reachable {qo}
by (simp add: z-def)
qed
moreover
have reachable {qo} C reach (set X) § qo
proof rule
fix z
assume z € reachable {qo}
hence (qo, z) € {(z, y). y € set (map (0 z) X)}*
unfolding reachable-def by blast
thus z € reach (set ) 0 qo
apply (induction)
apply (insert reach-redef Nill Nil2; blast)
apply (metis r-into-rtrancl succsr-def succsr-isNode)
done
qed
ultimately
have reachable-redef: reachable {qo} = reach (set X) & qo
by blast

moreover

have reachable {qo} C Qr X ¢ qo
using reachable-imp-dfs|OF - list-all-init] unfolding list.set reach-
able-redef
unfolding reach-redef Qr-def using <X # [|» by auto

moreover

have Qp ¥ 0 qo C reach (set X) ¢ qo
using dfs-invariant[of {}, OF - list-all-init]
by (auto simp add: reach-redef Qr-def)

ultimately
show ?thesis
using <X # [ dfs-invariant[of {}, OF - list-all-init] by simp+
qged (simp add: reach-def Qr-def)

lemma 6 -reach:
assumes finite (reachy (set X) 0 qo)
shows 07 X 6 qo = reachy (set ¥) § qo
proof —

{

fixzwy
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assume set w C set Xz = foldl § qo wy € set (map (§ =) X)
moreover
then obtain v where y = 0 z v and v € set X
by auto
ultimately
have y = foldl 6 qp (wQ[v]) and set (wQ[v]) C set X
by simp+
hence Fw’. set w' C set X A y = foldl § qo w’
by blast
}

note extend-run = this
let Zsuccs = A(-, -, q). (map (A\v. (¢, v, 0 qv)) X)

interpret DES A(-, -, q). (map (A\v. (¢, v, 6 qv)) X) At. t € reach; (set
¥) d qo AS. set S C reachs (set X) 6 qo List.insert Az zs. x € set xs [] id
apply (unfold-locales; auto simp add: member-rec reachs-foldl-def list-all-iff
elim: extend-run)
apply (metis extend-run image-eql set-map)
using assms unfolding reach;-foldl-def by simp

have Nill: set [|] C set ¥ and Nil2: g9 = foldl § qo []
by simp+
have list-all-init: list-all (Aq. q € reach (set ) § qo) (map (Av. (qo, v,
d qo v)) X)
unfolding list-all-iff reachs-foldl-def set-map image-def using Nil2 by
fastforce

let ?q9 = set (map (Av. (qo, v, § qo v)) X)

{
fix qv ¢’
assume (q, v, q') € reach; (set ) 0 qo
then obtain w where ¢-def: q = foldl § qo w and q’-def: ¢’ = foldl §
q0 (w@lv])
and set w C set X and v € set X
unfolding reach:-foldl-def by blast
hence (foldl § qo w, v, foldl § qo (wQ[v])) € reachable ?qq
proof (induction w arbitrary: q q' v rule: rev-induct)
case (snoc v' w)
hence (foldl 6 qo w, V', foldl § qo (w@[v)) € reachable ?qo (is (?q,
v, 2q") € -)
and Agq. 0 g v € set (map (6 q) X)
and v € set X
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by simp+
then obtain zy where 1: (zg, (?q, v, 2¢")) € {(z, y). y € set (?succs
z)}* and 2: z9 € 7qo
unfolding reachable-def by auto
moreover
have 3: ((?q, v/, 2¢"), (?¢', v, § 2q' v)) € {(z, y). y € set (Psuccs

using snoc (\q. 0 q v € set (map (§ q) X)» by simp
ultimately
show ?case
using rtrancl.rtrancl-into-rtrancl]OF 1 3] 2 unfolding reachable-def
foldl-append foldl.simps by auto
qged (auto simp add: reachable-def)
hence (q, v, ¢) € reachable ?q
by (simp add: q-def q'-def)
}
hence reach; (set ¥) § qo C reachable ?qo
by auto
moreover
{
fix y
assume y € reachable ?qq
then obtain z where (z, y) € {(z, y). y € set (case z of (-, -, q¢) =
map (Av. (q, v, 6 qv)) X)}*
and z € ?qq
unfolding reachable-def by auto
hence y € reach: (set X) 0 qo
proof induction
case base
have Vp ps. list-all p ps = (Vpa. pa € set ps — p pa)
by (meson list-all-iff)
hence z € {(foldl 6 (foldl § qo []) bs, b, foldl & (foldl § qo []) (bs @
[b])) | bs b. set bs C set ¥ A\ b € set X}
using base by (metis (no-types) Nil2 list-all-init reachy-foldl-def)
thus ?case
unfolding reach;-foldl-def by auto
next
case (step z' y')
thus ?case using succsr-def succsr-isNode by blast
qed
}
hence reachable ?qy C reach; (set X) § qqo
by blast
ultimately
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have reachable-redef: reachable ?qy = reach; (set ) § qq
by blast

moreover

have reachable ?q0 C (61 X § qo)
using reachable-imp-dfs|OF - list-all-init] unfolding d -def reachable-redef
list-dfs-def
by (simp; blast)

moreover

have 61, ¥ § qo C reach; (set X) 6 qo
using dfs-invariant[of [|, OF - list-all-init]
by (auto simp add: reach;-foldl-def -def list-dfs-def)

ultimately
show ?thesis
by simp
ged

lemma reach-reachs-fst:
reach X § qo = fst ‘ reachy X § qq
unfolding reach;-def reach-def image-def by fastforce

lemma finite-reach:
finite (reachy ¥ 0 qo) = finite (reach ¥ 0 qo)
by (simp add: reach-reachy-fst)

lemma finite-reachy:
assumes finite (reach ¥ 6 qo)
assumes finite 2
shows finite (reachy ¥ 9 qo)
proof —
have reach; X 0 g9 C reach X 6 qp X X X reach ¥ § qp
unfolding reach;-def reach-def run;.simps by blast
thus ?thesis
using assms finite-subset by blast
qged

lemma Qp-eq-dy:

assumes finite (reachy (set X) 0 qo)

shows Qr X qo = fst * (0 ¥ d qo)

unfolding set-map d1,-reach|OF assms] Qr-reach[OF finite-reach[OF assms]]
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reach-reachs-fst ..

4.3 Product of DTS

fun simple-product :: (‘a, '¢) DTS = (b, '¢) DTS = ('a x 'b, '¢c) DTS («-
X -))
where

61 % 82 = (Mq1, g2) v (61 q1 v, 02 q2 V)

lemma simple-product-run:
fixes 01 02 w q1 @2
defines o = run (61 % 02) (q1, ¢2) w
defines ¢o1 = run 01 q1 w
defines po = run 02 go w
shows ¢ i = (01 i, 02 17)
by (induction i) (insert assms, auto)

theorem finite-reach-simple-product:
assumes finite (reach ¥ 01 q1)
assumes finite (reach ¥ d2 q2)
shows finite (reach ¥ (61 X 02) (q1, q2))
proof —
have reach ¥ (81 % d2) (q1, q2) C reach ¥ 51 q1 X reach ¥ d2 qo
unfolding reach-def simple-product-run by blast
thus ?thesis
using assms finite-subset by blast
ged

4.4 (Generalised) Product of DTS

fun product :: ('a = ('b, '¢) DTS) = ('a = b, 'c) DTS (<Ax»)
where
Ay 0y = (Aq v. (Az. case q z of None = None | Some y = Some (6, x

yv)))

lemma product-run-None:
fixes ¢, 0y W
defines ¢ = run (Ax ) tm w
assumes ¢, k = None
shows ¢ ¢ £k = None
by (induction i) (insert assms, auto)

lemma product-run-Some:
fixes i, 0y w qo k
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defines ¢ = run (Ax 0m) tm w
defines o' = run (6., k) qo w
assumes .,, k = Some qq

shows ¢ i k = Some (o’ 7)

by (induction i) (insert assms, auto)

theorem finite-reach-product:
assumes finite (dom iy,)
assumes Az. z € dom v, = finite (reach ¥ (6, ) (the (tm )))
shows finite (reach ¥ (Ax 0m) tm)
using assms(1,2)
proof (induction dom ty, arbitrary: ty,)
case empty
hence ¢, = Map.empty
by auto
hence Aw i. run (Ax 6pm) tm w i = (Az. None)
using product-run-None by fast
thus ?Zcase
unfolding reach-def by simp
next
case (insert k K)
define f where f = (A(q :: 'b, m = 'a — 'b). m(k := Some q)
define Reach where Reach = (reach ¥ (0., k) (the (1 k))) X ((reach
Y (Ax 0m) (tm(k := None))))

have (reach ¥ (Ax dm) tm) C f © Reach
proof
fix z
assume z € reach ¥ (Ax 0pm) tm
then obtain w n where z-def: © = run (Ax dm) tm w n and range
wC X
unfolding reach-def by blast
{
fix k’
have k' ¢ dom v, = z k' = run (Ax 6m) (tm(k := None)) wn k’
unfolding z-def dom-def using product-run-None[of - - §,,] by
simp
moreover
have k' € dom 1, — {k} = z k' = run (Ax 6m) (tm(k := None))
wn k'
unfolding z-def dom-def using product-run-Some[of - - - 0.,] by
auto
ultimately
have k' # k = z k' = run (Ax 0m) (tm(k :== None)) wn k'
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by blast
}
hence z(k := None) = run (Ax 0m) (tm(k := None)) wn
using product-run-None[of - - 0,,] by auto
moreover
have z k = Some (run (0., k) (the (tm k)) w n)
unfolding z-def using product-run-Some[of iy, k - 6] insert.hyps(4)
by force
ultimately
have (the (z k), z(k := None)) € Reach
unfolding Reach-def reach-def using <range w C ¥ by auto
moreover
have z = f (the (z k), z(k := None))
unfolding f-def using «x k = Some (run (0, k) (the (tm k)) w n)
by auto
ultimately
show z € f ¢ Reach
by simp
qged
moreover
have finite (reach X (Ax 6m) (tm (k := None)))
using insert insert(3)[of tm (k:=None)] by auto
hence finite Reach
using insert Reach-def by blast
hence finite (f ¢ Reach)

ultimately
show ?Zcase
by (rule finite-subset)
qged

4.5 Simple Product Construction Helper Functions and Lem-
mas

fun embed-transition-fst :: ('a, 'c) transition = (‘a x 'b, 'c) transition set
where
embed-transition-fst (q, v, q¢') = {((q, ), v, (¢, v)) | = y. True}

fun embed-transition-snd :: ('b, 'c) transition = ('a x 'b, 'c) transition set
where

embed-transition-snd (q, v, ¢") = {((z, q), v, (v, q¢))) | = y. True}

lemma embed-transition-snd-unfold:
embed-transition-snd t = {((z, fst t), fst (snd t), (y, snd (snd t))) | = y.
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True}
unfolding embed-transition-snd.simps[symmetric] by simp

fun project-transition-fst :: (‘a x 'b, 'c) transition = ('a, 'c) transition
where
project-transition-fst (x, v, y) = (fst z, v, fst y)

fun project-transition-snd :: ('a x 'b, 'c) transition = ('b, 'c) transition
where
project-transition-snd (z, v, y) = (snd x, v, snd y)

lemma

fixes 01 02 w q1 @2

defines o = run; (§1 x d2) (g1, q2) w

defines o1 = run; 1 1 w

defines gy = run; 09 g0 w

shows product-run-project-fst: project-transition-fst (o i) = o1 @
and product-run-project-snd: project-transition-snd (o i) = o2 i
and product-run-embed-fst: o i € embed-transition-fst (01 1)
and product-run-embed-snd: o i € embed-transition-snd (g2 )

unfolding assms run;.simps simple-product-run by simp-all

lemma
fixes 01 02 w q1 @2
defines ¢ = run; (§1 x d2) (q1, q2) w
defines o1 = run; 1 1 w
defines gy = run; 09 g0 w
assumes finite (range o)
shows product-run-finite-fst: finite (range o1)
and product-run-finite-snd: finite (range 02)
proof —
have Ak. project-transition-fst (o k) = 01 k
and Ak. project-transition-snd (o k) = 02 k
unfolding assms product-run-project-fst product-run-project-snd by simp+
hence project-transition-fst ¢ range o = range o1
and project-transition-snd ¢ range ¢ = range 09
using range-composition[symmetric, of project-transition-fst o]
using range-composition|symmetric, of project-transition-snd | by pres-
burger+
thus finite (range 01) and finite (range 02)
using assms finite-imagel by metis+
ged

lemma
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fixes 01 62 w q1 qo
defines ¢ = run; (01 X d2) (q1, q2) w
defines o1 = run; 01 1 w
assumes finite (range o)
shows product-run-project-limit-fst: project-transition-fst ‘ limit o = limit
01
and product-run-embed-limit-fst: limit o C |J (embed-transition-fst ¢
(limit 01))
proof —
have finite (range 01)
using assms product-run-finite-fst by metis

then obtain ¢ where limit ¢ = range (suffiz i ¢) and limit o1 = range
(suffiz i o01)
using common-range-limit assms by metis
moreover
have Ak. project-transition-fst (suffix i o k) = (suffix i o1 k)
by (simp only: assms run;.simps) (metis p1-def product-run-project-fst
suffiz-nth)
hence project-transition-fst ‘ range (suffix i o) = (range (suffix i 01))
using range-composition|symmetric, of project-transition-fst suffiz i ol
by presburger
moreover
have Ak. (suffiz i o k) € embed-transition-fst (suffix i o1 k)
using assms product-run-embed-fst by simp
ultimately
show project-transition-fst ‘ limit o = limit 01
and limit o C |J (embed-transition-fst * (limit 01))
by auto
qged

lemma
fixes 01 02 w q1 @2
defines ¢ = run; (61 x d2) (g1, q2) w
defines g9 = run; ds g2 w
assumes finite (range o)
shows product-run-project-limit-snd: project-transition-snd ‘ limit o =
limit o9
and product-run-embed-limit-snd: limit o C |J (embed-transition-snd *
(limit 02))
proof —
have finite (range 02)
using assms product-run-finite-snd by metis
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then obtain ¢ where limit ¢ = range (suffiz i ¢) and limit o = range
(suffiz i 02)
using common-range-limit assms by metis
moreover
have Ak. project-transition-snd (suffiz i o k) = (suffix i 02 k)
by (simp only: assms run;.simps) (metis p2-def product-run-project-snd
suffiz-nth)
hence project-transition-snd ‘ range ((suffiz i 0)) = (range (suffix i 02))
using range-composition[symmetric, of project-transition-snd (suffiz i
0)] by presburger
moreover
have Ak. (suffix i o k) € embed-transition-snd (suffiz i o2 k)
using assms product-run-embed-snd by simp
ultimately
show project-transition-snd ‘ limit o = limit o9
and limit o C |J (embed-transition-snd * (limit 02))
by auto
qed

lemma
fixes 01 62 w q1 qo
defines o = run; (§1 x d2) (q1, ¢2) w
defines o1 = run; 01 1 w
defines g9 = run; ds g2 w
assumes finite (range o)
shows product-run-embed-limit-finiteness-fst: limit o N (|J (embed-transition-fst
“9)) ={} «— limit ;x N S = {} (is “thesisl)
and product-run-embed-limit-finiteness-snd: limit o N (|J (embed-transition-snd
“SN) = {} «— limit o2 N S" = {} (is Zthesis2)
proof —
show Zthesisl
using assms product-run-project-limit-fst by fastforce
show ?thesis2
using assms product-run-project-limit-snd by fastforce
qged

4.6 Product Construction Helper Functions and Lemmas

fun embed-transition :: '‘a = (b, 'c) transition = (‘a — 'b, 'c) transition
set («1-»)
where

12 (¢, vy, ¢)) = {(m, v, m") | m m’. m z = Some g A m" x = Some ¢’}

fun project-transition :: 'a = (‘a — 'b, 'c) transition = (b, 'c) transition
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(<l-»)
where
le (m, v, m’) = (the (m z), v, the (m' x))

fun embed-pair :: 'a = (('b, 'c) transition set x ('b, 'c) transition set) =
(("'a = 'b, ') transition set x (‘a — 'b, 'c) transition set) (<]-»)
where

Te (87 SI) = (U“z ‘S>a Uﬂz {S/))

fun project-pair :: ‘a = (("a — 'b, 'c) transition set x (‘a —'b, 'c) transition
set) = (('b, 'c) transition set x ('b, 'c) transition set) (<|-»)
where

J:v (57 S/) = (Jac ‘S, Jac (S/)

lemma embed-transition-unfold:

embed-transition x t = {(m, fst (snd t), m’) | m m’. m & = Some (fst t)
A m'z = Some (snd (snd t))}

unfolding embed-transition.simps[symmetric] by simp

lemma
fixes iy, 0 W qo
fixes z :: 'a
defines ¢ = runy (Ax dm) tm w
defines o’ = run; (0, ) qo w
assumes ., T = Some qq
shows product-run-project: |, (0 i) = o0’ i
and product-run-embed: o i € 1, (o' 7)
using assms product-run-Some|of - - - §,,] by simp+

lemma
fixes t,, 0 w qo T
defines ¢ = runy (Ax dm) tm w
defines o' = run; (0, ) qo w
assumes ., T = Some qq
assumes finite (range o)
shows product-run-project-limit: |, * limit o = limit o’
and product-run-embed-limit: limit 0 C |J (1= ¢ (limit o))
proof —
have A\k. |, (0 k) = 0’ k
using assms product-run-embed[of - - - 0,,] by simp
hence |, ‘ range o = range o’
using range-composition[symmetric, of |, o] by presburger
hence finite (range o’)
using assms finite-imagel by metis
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then obtain i where limit o = range (suffix i o) and limit o’ = range
(suffiz i o)
using common-range-limit assms by metis
moreover
have Ak. |, (suffix i o k) = (suffix i o' k)
using assms product-run-embed|of - - - 0,,] by simp
hence |, ‘ range ((suffix i 0)) = (range (suffix i o’))
using range-composition[symmetric, of |, (suffix i o)] by presburger
moreover
have Ak. (suffiz i 0 k) € 15 (suffiz i o' k)
using assms product-run-embed[of - - - 0,,] by simp
ultimately
show |, ‘limit o = limit o’ and limit o C |J (1. ¢ (limit o"))
by auto
qed

lemma product-run-embed-limit-finiteness:
fixes i, 0y w qo k
defines ¢ = runy (Ax dm) tm w
defines o' = runy (6, k) qo w
assumes ., k = Some qq
assumes finite (range o)
shows limit o N (U (1x ©9)) = {} «— limit o' N S = {}
(is ?lhs <— ?rhs)
proof —
have |, ‘limit oN S #{} — limit o (YU (I °9)) # {}
proof
assume | ‘limit o N S # {}
then obtain ¢ v ¢’ where (¢, v, ¢’) € | ‘ limit o and (¢, v, ¢/) € S
by auto
moreover
have Am v m’i. (m,v, m") =0i= 3pp. mk= Somep AN m'k =
Some p’
using assms product-run-Some[of i, , OF assms(3)] by auto
hence Am v m’. (m, v, m') € limit o = Ip p’. m k = Some p A m’
k = Some p’
using limit-in-range by fast
ultimately
obtain m m’ where m k = Some ¢ and m’ k = Some ¢’ and (m, v,
m') € limit o
by auto
moreover

hence (m, v, m) € J (1x “95)
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using «(q, v, q¢') € S» by force
ultimately
show limit o0 (U (1x * S)) # {}
by blast
qed
hence ?lhs <— | ‘ limit o N S = {}
by auto
also
have ... +— %rhs
using assms product-run-project-limit[of - - - 6,,] by simp
finally
show ?thesis
by simp
qed

4.7 Transfer Rules

context includes lifting-syntax
begin

lemma product-parametric [transfer-rule]:

((A ===> B ===> (€ ===> B) ===> (A ===> rel-option B)
===> ( ===> A ===> rel-option B) product product

by (auto simp add: rel-fun-def rel-option-iff split: option.split)

lemma run-parametric [transfer-rule]:
((A ===> B ===> A) ===> A ===> ((=) ===> B) ===> (=)
===> A) run run
proof —
{
fixdd' gqg nw
fix w’ :: nat = 'd
assume (A ===> B===> A) § 6’ A q ¢ (=) ===> B) ww’
hence A (run § q wn) (run 6’ ¢ w’ n)
by (induction n) (simp-all add: rel-fun-def)
}
thus ?thesis
by blast
qed

lemma reach-parametric [transfer-rule]:
assumes bi-total B
assumes bi-unique B
shows (rel-set B ===> (A ===> B ===> A) ===> A ===> rel-set
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A) reach reach
proof standard+
fix X X' 606" qq’
assume rel-set BY ¥/ (A ===> B===> A) 6§ A qq’

{

fix z

assume z € reach X 6 ¢

then obtain w n where z = run § ¢ w n and range w C X
unfolding reach-def by auto

define w’ where w’ n = (SOME z. B (w n) z) for n

have An. wn € X
using <range w C X by blast
hence An. w' n € ¥’
using assms <rel-set B X ¥ by (simp add: w'-def bi-unique-def
rel-set-def; metis somel)
hence run 6’ ¢’ w' n € reach X'’ q’
unfolding reach-def by auto

moreover

have A z (run 6’ ¢/ w’ n)
apply (unfold <z = run § q w n»)
apply (insert <A q ¢ «(A ===> B ===> A) 6 §"» assms(1))
apply (induction n)
apply (simp-all add: rel-fun-def bi-total-def w’-def)
by (metis tfl-some)

ultimately

have 32’ € reach X' 6" ¢'. A 2 2’
by blast
}

moreover

{

fix z

assume z € reach X' 6’ ¢’

then obtain w n where 2z = run 6’ ¢’ w n and range w C ¥’
unfolding reach-def by auto
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define w’ where w’ n = (SOME z. B x (w n)) for n

have An. wn € ¥’
using <range w C ¥ by blast
hence An. w'n € ¥
using assms <rel-set B X ¥ by (simp add: w'-def bi-unique-def
rel-set-def; metis somel)
hence run § q w' n € reach ¥ § q
unfolding reach-def by auto

moreover

have A (run § q w' n) 2
apply (unfold <z = run ¢’ ¢’ w n)
apply (insert <A q ¢’ «(A ===> B ===> A) 6 §"» assms(1))
apply (induction n)
apply (simp-all add: rel-fun-def bi-total-def w’-def)
by (metis tfl-some)

ultimately

have 32’ € reach ¥ § q. A 2’ 2
by blast

}

ultimately
show rel-set A (reach ¥ § q) (reach X' 6’ ¢')
unfolding rel-set-def by blast
qged

end

4.8 Lift to Mapping
lift-definition product-abs :: ('a = ('b, 'c) DTS) = (('a, 'b) mapping, 'c)
DTS («1Ax>) is product

parametric product-parametric .

lemma product-abs-run-None:

Mapping.lookup t,, k = None = Mapping.lookup (run (1Ax 0m) tm w
i) k = None

by (transfer; insert product-run-None)

lemma product-abs-run-Some:
Mapping.lookup vy, k = Some qo = Mapping.lookup (run (TAx 0m) tm
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w i) k = Some (run (6 k) qo w 7)
by (transfer; insert product-run-Some)

theorem finite-reach-product-abs:

assumes finite (Mapping.keys ty,)

assumes Az. z € (Mapping.keys t,) = finite (reach X (0, z) (the
(Mapping.lookup v, T)))

shows finite (reach ¥ (TAx ) tm)

using assms by (transfer; blast intro: finite-reach-product)

end

5 Mojmir Automata (Without Final States)

theory Semi-Mojmir
imports Main Auziliary/ Preliminaries2 DTS
begin

5.1 Definitions

locale semi-mojmir-def =
fixes
— Alphapet
Y 'a set
fixes
— Transition Function
d :: (b, 'a) DTS
fixes
— Initial State
q = 'b
fixes
— w-Word
w :: 'a word
begin

definition sink :: 'b = bool
where
sink ¢ = (qo # ¢) N (Vv € 3.0 qv = q)

declare sink-def [code]

fun token-run :: nat = nat = 'b
where
token-run x n = run 6 qo (suffic z w) (n — x)
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fun configuration :: 'b = nat = nat set
where
configuration ¢ n = {z. < n A token-run x n = q}

fun oldest-token :: 'b = nat = nat option
where

oldest-token q n = (if configuration ¢ n # {} then Some (Min (configuration
qn)) else None)

fun senior :: nat = nat = nat
where
senior x n = the (oldest-token (token-run x n) n)

fun older-seniors :: nat = nat = nat set
where

older-seniors x n = {s. Jy. s = senior y n A\ s < senior t n A — sink
(token-run s n)}

fun rank :: nat = nat = nat option
where
rank x n =
(if © < n A —sink (token-run x n) then Some (card (older-seniors z n))
else None)

fun senior-states :: 'b = nat = 'b set
where
senior-states q n =
{p. Jz y. oldest-token p n = Some y A oldest-token ¢ n = Some z A y
<z A = sink p}

fun state-rank :: 'b = nat = nat option
where

state-rank q n = (if configuration q n # {} N —sink q then Some (card
(senior-states q n)) else None)

definition maz-rank :: nat
where

max-rank = card (reach ¥ § qo — {q. sink q})
5.1.1 Iterative Computation of State-Ranks

fun initial :: 'b = nat option
where
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initial ¢ = (if ¢ = qo then Some 0 else None)

fun pre-ranks :: ('b = nat option) = 'a = 'b = nat set
where

pre-ranks r v ¢ ={i . 3q". rq¢'= Somei AN ¢ =106 q' v} U (if ¢ = qo then
{maz-rank} else {})

fun step :: ('b = nat option) = 'a = ('b = nat option)

where
steprvqg=(
if
—sink q A pre-ranks r v q # {}
then

Some (card {q'. —sink ¢' A pre-ranks r v q¢' # {} N Min (pre-ranks r
v q') < Min (pre-ranks r v q)})
else
None)

5.1.2 Properties of Tokens

definition token-squats :: nat = bool
where
token-squats x = (V n. —sink (token-run z n))

end

locale semi-mojmir = semi-mojmir-def +
assumes
— The alphabet is finite. Non-emptiness is derived from well-formed w
finite-X: finite X2
assumes
— The set of reachable states is finite
finite-reach: finite (reach ¥ 0 qo)
assumes
— w only contains letters from the alphabet
bounded-w: range w C X
begin

lemma nonempty-X: ¥ # {}
using bounded-w by blast

lemma bounded-w”: wi € ¥
using bounded-w by blast
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— Naming Scheme:
This theory uses the following naming scheme to consistently name variables.
* Tokens: x, y, z * Time: n, m * Rank: i, j, k * States: p, q

lemma sink-rev-step:
—sink q = q=0 ¢ v=— v €X = —sink q’
—sink ¢ = q =19 ¢’ (wi) = —sink q’
using bounded-w’ by (force simp only: sink-def)+

5.2 Token Run

lemma token-stays-in-sink:
assumes sink ¢
assumes token-run r n = q
shows token-run x (n + m) = q
proof (cases © < n)
case True
show ?thesis
proof (induction m)
case (
show Zcase
using assms(2) by simp
next
case (Suc m)
have z < n + m
using True by simp
moreover
have \z. wz € ¥
using bounded-w by auto
ultimately
have At. token-run x (n + m) = ¢ = token-run x (n + m + 1)

=49
using «sink ¢[unfolded sink-def] upt-add-eq-append[OF le0, of n +
m 1]
using Suc-diff-le by simp
with Suc show ?case
by simp
ged

qed (insert assms, simp add: sink-def)

lemma token-is-not-in-sink:

token-run z n ¢ A = token-run x (Suc n) € A = —sink (token-run x
)

by (metis Suc-eq-plus1 token-stays-in-sink)
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lemma token-run-intial-state:
token-run © T = qq
by simp

lemma token-run-P:
assumes — P (token-run z n)
assumes P (token-run z (Suc (n + m)))
shows 3m’ < m. = P (token-run = (n + m')) A P (token-run = (Suc (n

+ m’))

using assms by (induction m) (simp-all, metis add-Suc-right le-Suc-eq)

lemma token-run-merge-Suc:
assumes z < n
assumes y < n
assumes token-run r n = token-run y n
shows token-run z (Suc n) = token-run y (Suc n)
proof —
have run § qo (suffic z w) (Suc (n — z)) = run § qo (suffiz y w) (Suc (n
)
using assms by fastforce
thus ?thesis
using Suc-diff-le assms(1,2) by force
qed

lemma token-run-merge:

[z < n; y < n; token-run z n = token-run y n] = token-run = (n + m)
= token-run y (n + m)

using token-run-merge-Suclof z - y|] by (induction m) auto

lemma token-run-mergepoint:
assumes z < y
assumes token-run z (y + n) = token-run y (y + n)
obtains m where z < (Suc m) and y < (Suc m)
and y = Suc m V token-run x m # token-run y m
and token-run z (Suc m) = token-run y (Suc m)
using assms by (induction n)
((metis add-0-iff le-Suc-eq le-addl less-imp-Suc-add),
(metis add-Suc-right le-add1 less-or-eq-imp-le order-trans))

5.2.1 Step Lemmas

lemma token-run-step:
assumes z < n
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assumes token-run z n = q’

assumes ¢ = 6 ¢/ (w n)

shows token-run z (Suc n) = ¢

using assms unfolding token-run.simps Suc-diff-le]OF <z < n»] by force

lemma token-run-step”:
r < n = token-run x (Suc n) = § (token-run x n) (w n)
using token-run-step by simp

5.3 Configuration
5.3.1 Properties

lemma configuration-distinct:
q # q' = configuration q n N configuration ¢’ n = {}
by auto

lemma configuration-finite:
finite (configuration q n)
by simp

lemma configuration-non-empty:
r < n = configuration (token-run x n) n # {}
by fastforce

lemma configuration-token:
r < n =z € configuration (token-run z n) n
by fastforce

lemmas configuration-Maz-in = Maz-in|OF configuration-finite]
lemmas configuration-Min-in = Min-in[OF configuration-finite]

5.3.2 Monotonicity

lemma configuration-monotonic-Suc:
r < n = configuration (token-run x n) n C configuration (token-run x
(Suc n)) (Suc n)
proof
fix y
assume y € configuration (token-run x n) n
hence y < n and token-run z n = token-run y n
by simp-all
moreover
assume r < n
ultimately
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have token-run = (Suc n) = token-run y (Suc n)
using token-run-merge-Suc by blast
thus y € configuration (token-run x (Suc n)) (Suc n)
using configuration-token <y < n» by simp
qed

5.3.3 Pull-Up and Push-Down

lemma pull-up-token-run-tokens:

[z < n; y < n; token-run z n = token-run y n] = 3 q. © € configuration
gn Ay € configuration q n

by force

lemma push-down-configuration-token-run:

[x € configuration q n; y € configuration ¢ n] = z < n Ay < nA
token-run © n = token-run y n

by simp

5.3.4 Step Lemmas

lemma configuration-step:
z € configuration ¢' n = ¢ =0 ¢’ (w n) = x € configuration q (Suc n)
using Suc-diff-le by simp

lemma configuration-step-non-empty:
configuration ¢’ n # {} = q =9 ¢’ (w n) = configuration q (Suc n) #

{

by (blast dest: configuration-step)

lemma configuration-rev-step”:
assumes  # Suc n
assumes z € configuration q (Suc n)
obtains ¢’ where ¢ = 0 ¢’ (w n) and z € configuration ¢’ n
using assms Suc-diff-le by force

lemma configuration-rev-step’”:
assumes z € configuration qo (Suc n)
shows z = Sucn V (3¢’ g0 =6 ¢’ (wn) A z € configuration ¢’ n)
using assms configuration-rev-step’ by metis

lemma configuration-step-eq-qo:
configuration qo (Suc n) = {Suc n} U |J{configuration ¢’ n | q'. qo = ¢

q' (wn)}

apply rule using configuration-rev-step” apply fast using configura-
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tion-steplof - - n qo] by fastforce

lemma configuration-rev-step:
assumes ¢ # qq
assumes z € configuration q (Suc n)
obtains ¢’ where ¢ = 0 ¢’ (w n) and z € configuration q' n
using configuration-rev-step’|OF - assms(2)| assms by fastforce

lemma configuration-step-eq:
assumes q # qq
shows configuration q (Suc n) = J{configuration ¢’ n | ¢". ¢ = 6 ¢’ (w

n)}

using configuration-rev-step| OF assms, of - n] configuration-step by auto

lemma configuration-step-eq-unified:

shows configuration q (Suc n) = |J{configuration ¢’ n | q¢'. ¢ =6 ¢’ (w
n)} U (if ¢ = qo then {Suc n} else {})

using configuration-step-eq configuration-step-eq-qo by force

5.4 Oldest Token
5.4.1 Properties

lemma oldest-token-always-def:
4. 7 < z A oldest-token (token-run x n) n = Some i
proof (cases © < n)
case Fulse
let ?q = token-run z n
from False have n € configuration ?q n and configuration ?q n # {}
by auto
then obtain i where ¢ < n and oldest-token ?q n = Some 1
by (metis Min.coboundedl oldest-token.simps configuration-finite)
moreover
hence i < z
using Fulse by linarith
ultimately
show ?thesis
by blast
qed fastforce

lemma oldest-token-bounded:

oldest-token ¢ n = Somer — z < n

by (metis oldest-token.simps configuration-Min-in option.distinct(1) op-
tion.inject push-down-configuration-token-run)
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lemma oldest-token-distinct:

q # q' = oldest-token q n = Some i = oldest-token q' n = Some j —
i F ]

by (metis configuration-Min-in configuration-distinct disjoint-iff-not-equal
option.distinct(1) oldest-token.simps option.sel)

lemma oldest-token-equal:
oldest-token g n = Some i = oldest-token ¢’ n = Some i = ¢ = ¢’
using oldest-token-distinct by blast

5.4.2 Monotonicity

lemma oldest-token-monotonic-Suc:
assumes ¢ < n
assumes oldest-token (token-run z n) n = Some i
assumes oldest-token (token-run z (Suc n)) (Suc n) = Some j
shows 7 > j
proof —
from assms have i = Min (configuration (token-run x n) n)
and j = Min (configuration (token-run z (Suc n)) (Suc n))
by (metis oldest-token.elims option.discl option.sel)+
thus ?thesis
using Min-antimono|OF configuration-monotonic-Suc|OF assms(1)]
configuration-non-empty[OF assms(1)] configuration-finite] by blast
qed

5.4.3 Pull-Up and Push-Down

lemma push-down-oldest-token-configuration:

oldest-token ¢ n = Some v = = € configuration q n

by (metis configuration-Min-in oldest-token.simps option.distinct(2) op-
tion.inject)

lemma push-down-oldest-token-token-rumn:
oldest-token ¢ n = Some x = token-run zn = q
using push-down-oldest-token-configuration configuration.simps by blast

5.5 Senior Token
5.5.1 Properties

lemma senior-le-token:
sentorxn < x
using oldest-token-always-def|of x n] by fastforce
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lemma senior-token-run:
senior x n = senior y n <— token-run x n = token-run y n
by (metis oldest-token-always-def oldest-token-distinct option.sel senior.simps)

The senior of a token is always in the same state

lemma senior-same-state:
token-run (senior  n) n = token-run x n
proof —
have X: {t. t < n A token-run t n = token-run z n} # {}
by (cases © < n) auto
show ?thesis
using Min-in[OF - X| by force
qed

lemma senior-senior:
senior (senior  n) n = senior  n
using senior-same-state senior-token-run by blast

5.5.2 Monotonicity

lemma senior-monotonic-Suc:

z < n = senior x n > senior x (Suc n)

by (metis oldest-token-always-def oldest-token-monotonic-Suc option.sel
senior.simps)

5.5.3 Pull-Up and Push-Down

lemma pull-up-configuration-senior:
[z € configuration q n; y € configuration q n] = senior x n = senior y n
by force

lemma push-down-senior-tokens:

[z < n; y < n; senior x n = senior y n] = I q. © € configuration g n A
y € configuration q n

using senior-token-run pull-up-token-run-tokens by blast

5.6 Set of Older Seniors

5.6.1 Properties

lemma older-seniors-cases-subseteq [case-names le gel:
assumes older-seniors x n C older-seniors y n = P
assumes older-sentors  n 2 older-seniors y n =—> P
shows P using assms by fastforce
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lemma older-seniors-cases-subset [case-names less equal greater]:
assumes older-seniors x n C older-seniors y n = P
assumes older-seniors t n = older-seniors y n =—> P
assumes older-seniors x n O older-seniors y n =—> P
shows P using assms older-seniors-cases-subseteq by blast

lemma older-seniors-finite:
finite (older-seniors x n)
by fastforce

lemma older-seniors-older:
y € older-seniors zxn — y < x
using less-le-trans[OF - senior-le-token, of y x n| by force

lemma older-seniors-senior-simp:
older-seniors (senior © n) n = older-seniors x n
unfolding older-seniors.simps senior-senior ..

lemma older-seniors-not-self-referential:
senior x n ¢ older-seniors x n
by simp

lemma older-seniors-not-self-referential-2:

x ¢ older-seniors x n

using older-seniors-older older-seniors-not-self-referential less-not-refl by
blast

lemma older-seniors-subset:

y € older-seniors x n = older-seniors y n C older-seniors x n

using older-seniors-not-self-referential-2 by (cases rule: older-seniors-cases-subset)
blast+

lemma older-seniors-subset-2:
assumes — sink (token-run x n)
assumes older-seniors x n C older-seniors y n
shows senior x n € older-seniors y n
proof —
have senior x n < senior y n
using assms(2) by fastforce
thus ?thesis
using assms(1)[unfolded senior-same-state[symmetric, of x nl]
unfolding older-seniors.simps by blast
qged
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lemmas older-seniors-Max-in = Max-in] OF older-seniors-finite]

lemmas older-seniors-Min-in = Min-in[OF older-seniors-finite]

lemmas older-seniors-Max-coboundedl = Max.coboundedI[OF older-seniors-finite]
lemmas older-seniors-Min-cobounded] = Min.coboundedl [OF older-seniors-finite]
lemmas older-seniors-card-mono = card-mono[OF older-seniors-finite]

lemmas older-seniors-psubset-card-mono = psubset-card-mono[ OF older-seniors-finite]

lemma older-seniors-recursive:
fixes z n
defines os = older-seniors x n
assumes os # {}
shows os = {Max os} U older-seniors (Max 0s) n
(is ?lhs = ?rhs)
proof
show ?2lhs C ?rhs
proof
fix z
assume ¢ € ?lhs
show z € ?rhs
proof (cases x = Max 0s)
case Fulse
hence =z < Max os
by (metis older-seniors-Max-coboundedl os-def «x € o0s> dual-order.order-iff-strict)
moreover
obtain y’ where Max 0s = senior y' n
using older-seniors-Maz-in assms(2)
unfolding os-def older-seniors.simps by blast
ultimately
have z < senior (Mazx 0s) n
using senior-senior by presburger
moreover
from <z € ?lhsy obtain y where z = senior y n and — sink
(token-run z n)
unfolding os-def older-seniors.simps by blast
ultimately
show ?thesis
unfolding older-seniors.simps by blast
qed blast
qed
next
show ?2lhs D ?rhs
using older-seniors-subset older-seniors-Maz-in assms(2)
unfolding os-def by blast
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qed

lemma older-seniors-recursive-card:

fixes z n

defines os = older-seniors x n

assumes os # {}

shows card os = Suc (card (older-seniors (Maz os) n))

by (metis older-seniors-recursive assms Un-empty-left Un-insert-left card-insert-disjoint
older-seniors-finite older-seniors-not-self-referential-2)

lemma older-seniors-card:
card (older-seniors x n) = card (older-seniors y n) <— older-seniors x n
= older-seniors y n
by (metis less-not-refl older-seniors-cases-subset older-seniors-psubset-card-mono)

lemma older-seniors-card-le:

card (older-seniors x n) < card (older-seniors y n) «— older-seniors x n
C older-seniors y n

by (metis card-mono card-psubset not-le older-seniors-cases-subseteq older-seniors-finite
psubset-card-mono)

lemma older-seniors-card-less:

card (older-seniors x n) < card (older-seniors y n) <— older-seniors x n
C older-seniors y n

by (metis not-le older-seniors-card-mono older-seniors-cases-subseteq older-seniors-psubset-card-mc
subset-not-subset-eq)

5.6.2 Monotonicity

lemma older-seniors-monotonic-Suc:
assumes z < n
shows older-seniors x n 2 older-seniors z (Suc n)
proof
fix y
assume y € older-seniors x (Suc n)
then obtain oz where y = senior oz (Suc n)
and y < senior z (Suc n)
and - sink (token-run y (Suc n))
unfolding older-seniors.simps by blast

hence y = senior y n
using senior-senior senior-le-token senior-monotonic-Suc assms
by (metis add.commute add.left-commute dual-order.order-iff-strict lin-
ear not-add-less1 not-less le-iff-add)
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moreover

have y < senior x n

using assms less-le-trans|OF <y < senior x (Suc n)» senior-monotonic-Suc]
by blast

moreover

have — sink (token-run y n)
using «— sink (token-run y (Suc n))» token-stays-in-sink
unfolding Suc-eq-plusl by metis

ultimately
show y € older-seniors x n
unfolding older-seniors.simps by blast
qged

lemma older-seniors-monotonic:

r < n = older-seniors x n 2 older-seniors x (n + m)

by (induction m) (simp, metis older-seniors-monotonic-Suc add-Suc-right
dual-order.trans trans-le-add1)

lemma older-seniors-stable:
x < n = older-seniors © n = older-seniors = (n + m + m') =
older-seniors © n = older-seniors x (n + m)
by (induction m") (simp, unfold set-eq-subset, metis dual-order.trans le-add1
older-seniors-monotonic)

lemma card-older-seniors-monotonic:
r < n = card (older-seniors © n) > card (older-seniors x (n + m))
using older-seniors-monotonic older-seniors-card-mono by meson

5.6.3 Pull-Up and Push-Down

lemma pull-up-senior-older-seniors:
senior x n = senior y n = older-seniors x n = older-seniors y n
unfolding older-seniors.simps senior.simps senior-token-run by pres-
burger

lemma pull-up-senior-older-seniors-less:
senior x n < senior y n = older-seniors x n C older-seniors y n
by force

lemma pull-up-senior-older-seniors-less-2:
assumes — sink (token-run x n)
assumes senior r n < Senior y n
shows older-seniors x n C older-seniors y n
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proof —

from assms have senior x n € older-seniors y n

unfolding senior-same-state[of © n, symmetric] older-seniors.simps by

blast

thus ?thesis

using older-seniors-not-self-referential pull-up-senior-older-seniors-less| OF
assms(2)] by blast
qed

lemma pull-up-senior-older-seniors-le:
senior x n < senior y n = older-seniors x n C older-seniors y n
using pull-up-senior-older-seniors pull-up-senior-older-seniors-less
unfolding dual-order.order-iff-strict by blast

lemma push-down-older-seniors-senior:

assumes — sink (token-run x n)

assumes — sink (token-run y n)

assumes older-seniors T n = older-seniors y n

shows senior £ n = senior y n

using assms by (cases senior x n senior y n rule: linorder-cases) (fast
dest: pull-up-senior-older-seniors-less-2)+

5.6.4 Tower Lemma

lemma older-seniors-tower'":
assumes r < n
assumes y < n
assumes —sink (token-run x n)
assumes —sink (token-run y n)
assumes older-seniors © n = older-seniors x (Suc n)
assumes older-seniors y n C older-seniors = n
shows older-seniors y n = older-seniors y (Suc n)
proof
{
fix s
assume s € older-seniors y n and older-seniors y n C older-seniors x n
hence s € older-seniors z n
using assms by blast
hence —sink (token-run s (Suc n)) and Jz. s = senior z (Suc n)
unfolding assms by simp+
moreover
have senior y n < senior y (Suc n)
proof (rule ccontr)
assume —senior y n < senior y (Suc n)
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moreover
have senior y n < n
by (metis assms(2) senior-le-token le-trans)
ultimately
have V z. senior y n # senior z (Suc n)
using token-run-merge-Suc[unfolded senior-token-run[symmetric], OF
@y < m]
by (metis senior-senior le-refl)
hence senior y n ¢ older-seniors z (Suc n)
using assms by simp
moreover
have senior y n € older-seniors x n

using assms <older-seniors y n C older-seniors x n» older-seniors-subset-2
by meson

ultimately
show Fulse
unfolding assms ..
qed
hence s < senior y (Suc n)

using <s € older-seniors y n» by fastforce
ultimately

have s € older-seniors y (Suc n)
unfolding older-seniors.simps by blast
}

moreover

{
fix s

assume s € older-seniors y n and older-seniors y n = older-seniors x n
moreover

hence senior y n = senior x n
using assms(3—4) push-down-older-seniors-senior by blast
hence senior y (Suc n) = senior x (Suc n)

using token-run-merge-Suc| OF assms(2,1)] unfolding senior-token-run
by blast

ultimately
have s € older-seniors y (Suc n)
by (metis assms(5) older-seniors-senior-simp)
}

ultimately
show older-seniors y n C older-seniors y (Suc n)
using assms by blast
qed (metis older-seniors-monotonic-Suc assms(2))

lemma older-seniors-tower''2:
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assumes r < n
assumes y < n
assumes —sink (token-run x (n + m))
assumes —sink (token-run y (n + m))
assumes older-seniors © n = older-seniors x (n + m)
assumes older-seniors y n C older-seniors x n
shows older-seniors y n = older-seniors y (n + m)
using assms
proof (induction m arbitrary: n)
case (Suc m)
have —sink (token-run x (n + m)) and —sink (token-run y (n + m))
using <—sink (token-run x (n + Suc m))» <=sink (token-run y (n +
Suc m))»
using token-stays-in-sink[of - - n + m 1]
unfolding Suc-eq-plus! add.assoc[symmetric] by metis+
moreover
have older-seniors x n = older-seniors x (n + m)
using Suc.prems(5) older-seniors-stableOF «x < n]
unfolding Suc-eg-plus! add.assoc by blast
moreover
hence older-seniors  (n + m) = older-seniors x (Suc (n + m))
unfolding Suc.prems add-Suc-right ..
ultimately
have older-seniors y n = older-seniors y (n + m)
using Suc by meson

also
have ... = older-seniors y (Suc (n + m))
using older-seniors-tower'|OF - - <=sink (token-run z (n + m))»

(msink (token-run y (n + m))» <older-seniors x (n + m) = older-seniors
(Suc (n + m))] Suc
by (metis <older-seniors x n = older-seniors z (n + m)> add.commute
add.left-commute calculation le-iff-add)
finally
show ?case
unfolding add-Suc-right .
qed simp

lemma older-seniors-tower":
assumes y € older-seniors r n
assumes older-seniors © n = older-seniors x (Suc n)
shows older-seniors y n = older-seniors y (Suc n)
(is ?lhs = ?rhs)
using assms
proof (induction card (older-seniors x n) arbitrary: x y)
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case (
hence older-seniors © n = {}
using older-seniors-finite card-eq-0-iff by metis
thus ?Zcase
using 0.prems by blast
next
case (Suc c)
let Y0s = older-seniors x n
have %os # {}
using Suc.prems(1) by blast

hence y = Maz %0s V y € older-seniors (Max ?0s) n
using Suc.prems(1) older-seniors-recursive by blast
moreover
have older-seniors (Max ?0s) n = older-seniors (Max ?0s) (Suc n)
using Suc.prems(2) older-seniors-recursive < 20s # {}» older-seniors-not-self-referential-2
by (metis Un-empty-left Un-insert-left insert-ident)
moreover
{
fix s
assume s € older-seniors (Max ?0s) n
moreover
from Suc.hyps(2) have card (older-seniors (Max ?0s) n) = ¢
unfolding older-seniors-recursive-card|OF <%0s # {}»] by blast
ultimately
have older-seniors s n = older-seniors s (Suc n)
by (metis Suc.hyps(1) <older-seniors (Max ?0s) n = older-seniors
(Maz ?0s) (Suc n)»)
}
ultimately
show Zcase
by blast
ged

lemma older-seniors-tower:
[z < n; y € older-seniors x n; older-seniors © n = older-seniors x (n +
m)] = older-seniors y n = older-seniors y (n + m)
proof (induction m)
case (Suc m)
hence older-seniors x n = older-seniors = (n + m)
using older-seniors-monotonic older-seniors-monotonic-Suc subset-antisym
by (metis Nat.add-0-right add.assoc add-Suc-shift trans-le-add1)
hence older-seniors y n = older-seniors y (n + m)
using Suc.IH[OF Suc.prems(1,2)] by blast
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also
have ... = older-seniors y (n + Suc m)
using older-seniors-tower'[of y x n + m| Suc.prems unfolding add-Suc-right
by (metis <older-seniors x n = older-seniors x (n + m)»)
finally
show ?Zcase .
qed simp

5.7 Rank
5.7.1 Properties

lemma rank-None-before:
x> n = rank x n = None
by simp

lemma rank-None-Suc:
assumes r < n
assumes rank x n = None
shows rank x (Suc n) = None
proof —
have sink (token-run z n)
using assms by (metis option.distinct(1) rank.simps)
hence sink (token-run z (Suc n))
using token-stays-in-sink by (metis (erased, opaque-lifting) Suc-leD
le-Suc-ex not-less-eq-eq)
thus ?thesis
by simp
qged

lemma rank-Some-time:
rank t n = Some j = z < n
by (metis option.distinct(1) rank.simps)

lemma rank-Some-sink:
rank © n = Some j = —sink (token-run z n)
by fastforce

lemma rank-Some-card:
rank © n = Some j = card (older-seniors © n) = j
by (metis option.distinct(1) option.inject rank.simps)
lemma rank-initial:

4. rank z x = Some 1
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unfolding rank.simps sink-def by force

lemma rank-continuous:
assumes rank x n = Some i
assumes rank z (n + m) = Some j
assumes m’ < m
shows 3 k. rank z (n + m’) = Some k
using assms
proof (induction m arbitrary: j m")
case (Suc m)
thus Zcase
proof (cases m’ = Suc m)
case Fulse
with Suc.prems have m’ < m
by linarith
moreover
obtain j’ where rank = (n + m) = Some j’
using Suc.prems(1,2) rank-Some-time rank-None-Suc
by (metis add-Suc-right add-lessD1 not-less rank.simps)
ultimately
show ?thesis
using Suc.IH[OF Suc.prems(1)] by blast
qed simp
qed simp

lemma rank-token-squats:
token-squats t = x < n = J4. rank x n = Some @
unfolding token-squats-def by simp

lemma rank-older-seniors-bounded:
assumes y € older-seniors r n
assumes rank r n = Some j
shows 3j' < j. rank y n = Some j'
proof —
from assms(1) have —sink (token-run y n)
by simp
moreover
from assms have y < n
by (metis dual-order.trans linear not-less older-seniors-older option.distinct(1)
rank.simps)
moreover
have older-seniors y n C older-seniors x n
using older-seniors-subset assms(1) by presburger
hence card (older-seniors y n) < card (older-seniors z n)
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by (rule older-seniors-psubset-card-mono)
ultimately
show ?thesis
using rank-Some-card[OF assms(2)] rank.simps by meson
qed

5.7.2 Bounds

lemma max-rank-lowerbound:
0 < maz-rank
proof —
obtain ¢ where a € X
using nonempty-3 by blast
hence range (A-. a) C ¥ and g9 = run § qo (A-. a) 0
by auto
hence ¢qg € reach ¥ § qo
unfolding reach-def by blast
thus ?thesis
using reach-card-0[OF nonempty-Y| finite-reach maz-rank-def sink-def
by force
qed

lemma older-seniors-card-bounded:
assumes —sink (token-run z n) and z < n
shows card (older-seniors x n) < card (reach ¥ § qo — {q. sink q})
(is card 254 < card ?50)
proof —
let 2S1 = {token-run x n | z n. True} — {q. sink q}
let 752 = (A\q. the (oldest-token q n)) © 251
let 953 = {s. Jz. s = senior x n N\ —(sink (token-run s n))}

have 251 C 250
unfolding reach-def token-run.simps using bounded-w by fastforce
hence finite 251 and C1: card 251 < card 750
using finite-reach card-mono finite-subset
apply (simp add: finite-subset) by (metis <{token-run x n |z n. True}
— Collect sink C reach ¥ 0 g9 — Collect sinky card-mono finite-Diff lo-
cal.finite-reach)
hence finite 252 and C2: card 252 < card 251
using finite-imagel card-image-le by blast+
moreover
have 253 C 252
proof
fix s
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assume s € 258
hence s = senior s n and —sink (token-run s n)
using senior-senior by fastforce+
thus s € 252
by auto
qed
ultimately
have finite 253 and C3: card ?53 < card 2?52
using card-mono finite-subset by blast+
moreover
have senior x n € 253 and senior z n ¢ 254 and 25} C 953
using assms older-seniors-not-self-referential senior-same-state by auto
hence 75/ C 253
by blast
ultimately
have finite 25} and CJ: card 254 < card 253
using psubset-card-mono finite-subset by blast+
show ?thesis
using C1 C2 C% CJ by linarith
ged

lemma rank-upper-bound:
rank x n = Some i => 1 < maz-rank
using older-seniors-card-bounded unfolding maz-rank-def
by (fast dest: rank-Some-card rank-Some-time rank-Some-sink )

lemma rank-range:
4. range (rank x) C {None} U Some ‘ {0..<i}
proof
{
fix i-option
assume i-option € range (rank z)
hence i-option € {None} U Some ‘ {0..<maz-rank}
proof (cases i-option)
case (Some i)
hence i € {0..<max-rank}
using (i-option € range (rank x)> rank-upper-bound by force
thus ?thesis
using Some by blast
qed blast
}
thus range (rank x) C ({None} U Some ‘ {0..<maz-rank}) ..
qed
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5.7.3 Monotonicity

lemma rank-monotonic:

[rank x n = Some i; rank z (n + m) = Some j] = i > j

using card-older-seniors-monotonic rank-Some-card rank-Some-time by
metis

5.7.4 Pull-Up and Push-Down

lemma pull-up-senior-rank:
[z < n; y < n; senior x n = senior y n] = rank x n = rank y n
by (metis senior-token-run rank.simps pull-up-senior-older-seniors)

lemma pull-up-configuration-rank:
[z € configuration q n; y € configuration q n] = rank x n = rank y n
by force

lemma push-down-rank-older-seniors:

[rank © n = rank y n; rank © n = Some i] = older-seniors x n =
older-seniors y n

by (metis older-seniors-card option.distinct(2) option.sel rank.simps)

lemma push-down-rank-senior:
[rank  n = rank y n; rank x n = Some i = senior © n = senior y n
by (metis push-down-rank-older-seniors push-down-older-seniors-senior
option.distinct(1) rank.elims)

lemma push-down-rank-tokens:

[rank x n = rank y n; rank x n = Some i] = (3 q. x € configuration q n
A y € configuration q n)

by (metis push-down-senior-tokens rank-Some-time push-down-rank-senior)

5.7.5 Pulled-Up Lemmas

lemma rank-senior-senior:

r < n = rank (senior x n) n = rank x n

by (metis le-iff-add add.commute add.left-commute pull-up-senior-rank
senior-le-token senior-senior)

5.7.6 Stable Rank

definition stable-rank :: nat = nat = bool
where
stable-rank © i = (V oon. rank x n = Some 1)
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lemma stable-rank-unique:
assumes stable-rank z @
assumes stable-rank z j
shows { = j
proof —
from assms obtain n m where An’. n’ > n = rank x n’ = Some i
and Am’. m’' > m = rank z m' = Some j
unfolding stable-rank-def MOST-nat-le by blast
hence rank x (n + m) = Some ¢ and rank x (n + m) = Some j
by (metis add.commute le-add1)+
thus ?thesis
by simp
qged

lemma stable-rank-equiv-token-squats:
token-squats x = (3. stable-rank x 7)
(is ?lhs = ?rhs)
proof
assume ?lhs
define ranks where ranks = {j | j n. rank x n = Some j}
hence ranks C {0..<maz-rank} and the (rank x z) € ranks
using rank-upper-bound rank-initial[of x] unfolding ranks-def by fast-
force+
hence finite ranks and ranks # {}
using finite-reach finite-atLeastAtMost infinite-super by fast+

define i where | = Min ranks

obtain n where rank x n = Some i
using Min-in[OF «finite ranks> <ranks # {}]
unfolding i-def ranks-def by blast

have \j. j € ranks = j > i
using Min-in[OF «finite ranks) <ranks # {}>] unfolding i-def
by (metis Min.coboundedl «finite ranks)
hence Am j. rank = (n + m) = Some j = j > i
unfolding ranks-def by blast
moreover
have Am j. rank x (n + m) = Some j = j < i
using rank-monotonic|OF <rank x n = Some ©)] by blast
moreover
have Am. 3j. rank z (n + m) = Some j
using rank-token-squats|OF «?lhs)] rank-Some-time[OF <rank x n =
Some )] by simp
ultimately
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have Am. rank x (n + m) = Some i
by (metis le-antisym)
thus ?rhs
unfolding stable-rank-def MOST-nat-le by (metis le-iff-add)
next
assume ?rhs
thus ?lhs
unfolding token-squats-def stable-rank-def MOST-nat-le
by (metis le-add2 rank-Some-sink token-stays-in-sink)
qged

lemma stable-rank-same-tokens:
assumes stable-rank z ¢
assumes stable-rank y j
assumes 1 € configuration q n
assumes y € configuration q n
shows { = j
proof —
from assms(1) obtain n-i where n-i > n and V¢ > n-i. rank z t =
Some 1
unfolding stable-rank-def MOST-nat-le by (metis linear order-trans)
moreover
from assms(2) obtain n-j where n-j > n and Vt > n-j. rank y t =
Some j
unfolding stable-rank-def MOST-nat-le by (metis linear order-trans)
moreover
define m where m = maz n-i n-j
ultimately
have rank £ m = Some i and rank y m = Some j
by (metis maz.bounded-iff order-refl)+
moreover
have m > n
by (metis «<n < n-j» le-trans max.cobounded?2 m-def)
have 3q’. z € configuration ¢’ m A y € configuration ¢’ m
using push-down-configuration-token-run|OF assms(3,4)]
using token-run-merge|of © n y]
using pull-up-token-run-tokens|of x m y]
using <m > ny|unfolded le-iff-add] by force
ultimately
show “thesis
using pull-up-configuration-rank by (metis option.inject)
ged
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5.7.7 Tower Lemma

lemma rank-tower:
assumes ¢ < j
assumes rank x n = Some j
assumes rank z (n + m) = Some j
assumes rank y n = Some i
shows rank y (n + m) = Some i
proof (cases i j rule: linorder-cases)
case less
{
hence card (older-seniors (senior y n) n) < card (older-seniors x n)
using assms rank-Some-card senior-same-state by force
hence senior y n € older-seniors x n
by (metis older-seniors-card-le rank-Some-sink assms(4 ) older-seniors-senior-simp
older-seniors-subset-2)
moreover
have older-seniors x n = older-seniors  (n + m)
by (metis assms(2,3) rank-Some-card rank-Some-time card-subset-eq OF
older-seniors-finite] older-seniors-monotonic)
ultimately
have older-seniors (senior y n) n = older-seniors (senior y n) (n +
m) and senior y n € older-seniors x (n + m)
using older-seniors-tower rank-Some-time assms(2) by blast+
}
moreover
have rank (senior y n) n = Some i
by (metis assms(4) rank-Some-time rank-senior-senior)
ultimately
have rank (senior y n) (n + m) = Some @
by (metis rank-older-seniors-bounded[OF - assms(3)] rank-Some-card)
moreover
have senior yn < n
by (metis <rank (senior y n) n = Some ©> rank-Some-time)
hence senior y n € configuration (token-run y (n + m)) (n + m)
by (metis (full-types) token-run-merge[ OF - rank-Some-time[OF assms(4 )]
sengor-same-state| configuration-token trans-le-add1)
ultimately
show ?thesis
by (metis pull-up-configuration-rank le-iff-add add.assoc assms(4)
configuration-token rank-Some-time)
next
case equal
hence z < n and y < n and token-run r n = token-run y n
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using assms(2—4) push-down-rank-tokens by force+
moreover
hence token-run = (n + m) = token-run y (n + m)
using token-run-merge by blast
ultimately
show “thesis
by (metis assms(3) equal rank-senior-senior senior-token-run le-iff-add
add.assoc)
qed (insert <i < j», linarith)

lemma stable-rank-alt-def:
rank x n = Some j N\ stable-rank x j <— (Y m > n. rank z m = Some j)
(is ?rhs <— ?lhs)
proof
assume ?rhs
then obtain m’ where Vm > m’ rank z m = Some j
unfolding stable-rank-def MOST-nat-le by blast
moreover
hence rank z n = Some j and rank x m’ = Some j
using < ?rhs> by blast+
{
fix m
assume n < n+ mand n+ m < m’
then obtain j’ where rank = (n + m) = Some j'
by (metis <« ?rhsy stable-rank-equiv-token-squats rank-Some-time rank-token-squats
trans-le-add1)
moreover
hence j’' < j
using <rank z n = Some j» rank-monotonic by blast
moreover
have j < j’
using «rank x (n + m) = Some j"» <rank z m’ = Some j5 n + m <
m”y rank-monotonic
by (metis add-Suc-right less-imp-Suc-add)
ultimately
have rank = (n + m) = Some j

by simp
}
ultimately
show ?lhs

by (metis le-add-diff-inverse not-le)
qed (unfold stable-rank-def MOST-nat-le, blast)

lemma stable-rank-tower:
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assumes j < ¢

assumes rank © n = Some j

assumes rank y n = Some i

assumes stable-rank y i

shows stable-rank x j

using assms rank-tower[OF <j < )] stable-rank-alt-def[of y n 1]
unfolding stable-rank-def[of = j, unfolded MOST-nat-le] by (metis le-Suc-ex)

5.8 Senior States

lemma senior-states-initial:
senior-states ¢ 0 = {}
by simp

lemma senior-states-cases-subseteq [case-names le ge]:
assumes senior-states p n C senior-states g n =— P
assumes senior-states p n O senior-states g n =— P
shows P using assms by force

lemma senior-states-cases-subset [case-names less equal greater]:
assumes senior-states p n C senior-states g n — P
assumes senior-states p n = senior-states ¢ n = P
assumes senior-states p n DO senior-states g n — P
shows P using assms senior-states-cases-subseteq by blast

lemma senior-states-finite:
finite (senior-states q n)
by fastforce

lemmas senior-states-card-mono = card-mono|OF senior-states-finite]
lemmas senior-states-psubset-card-mono = psubset-card-mono| OF senior-states-finite]

lemma senior-states-card:
card (senior-states p n) = card (senior-states q n) «— senior-states p n
= senior-states q n
by (metis less-not-refl senior-states-cases-subset senior-states-psubset-card-mono)

lemma senior-states-card-le:

card (senior-states p n) < card (senior-states q n) «— senior-states p n
C sentor-states g n

by (metis card-mono not-less senior-states-cases-subseteq senior-states-finite
sengor-states-psubset-card-mono subset-not-subset-eq)

lemma senior-states-card-less:
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card (senior-states p n) < card (senior-states q n) «— senior-states p n
C sentor-states g n
by (metis card-mono card-seteq senior-states-cases-subseteq senior-states-finite)

lemma senior-states-older-seniors:

(Ay. token-run y n)  older-seniors x n = senior-states (token-run x n) n

(is ?lhs = ?rhs)
proof —

have ?lhs = {q’. ost ot. ¢’ = token-run ost n N\ ost = senior ot n A ost
< senior x n N\ — sink q'}

by auto

also

have ... = {q’. 3t ot. oldest-token q' n = Some t N t = senior ot n A t
< senior z n N\ — sink q'}

unfolding senior.simps by (metis (erased, opaque-lifting) oldest-token-always-def
push-down-oldest-token-token-run option.sel)

also
have ... = {q’. 3t. oldest-token q' n = Some t N\ t < senior x n N\ — sink
q'}
by auto
also
have ... = %rhs

unfolding senior-states.simps senior.simps by (metis (erased, opaque-lifting)
oldest-token-always-def option.sel)

finally

show ?lhs = ?rhs

qged

lemma card-older-senior-senior-states:
assumes z € configuration q n
shows card (older-seniors x n) = card (senior-states q n)
(is ?lhs = ?rhs)
proof —
have inj-on (At. token-run t n) (older-seniors x n)
unfolding inj-on-def using senior-same-state
by (fastforce simp del: token-run.simps)
moreover
have token-run x n = ¢q
using assms by simp
ultimately
show ?lhs = 9rhs
using card-image[of (At. token-run t n) older-seniors x n|
unfolding senior-states-older-seniors by presburger
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qed

5.9 Rank of States
5.9.1 Alternative Definitions

lemma state-rank-eq-rank:
state-rank q n = (case oldest-token q n of None = None | Some t = rank
tn)
(is ?lhs = ?rhs)
proof (cases oldest-token q n)
case (None)
thus ?thesis
by (metis not-Some-eq oldest-token.elims option.simps(4 ) state-rank.elims)
next
case (Some )
hence ?lhs = (if —sink g then Some (card (older-seniors x n)) else None)
by (metis emptyE push-down-oldest-token-configuration] OF Some]
card-older-senior-senior-states state-rank.simps)
also
have ... = rank x n
using oldest-token-bounded| OF Some] push-down-oldest-token-token-run[OF
Some] by auto
also
have ... = %rhs
using Some by force
finally
show ?thesis .
qged

lemma state-rank-eq-rank-SOME:
state-rank q¢ n = (if configuration q¢ n # {} then rank (SOME z. x €
configuration q n) n else None)
proof (cases oldest-token q n)
case (Some )
thus ?thesis
unfolding state-rank-eq-rank Some option.simps(5)
by (metis Some ex-in-conv pull-up-configuration-rank push-down-oldest-token-configuration
somel-ex)
qged (unfold state-rank-eq-rank; metis not-Some-eq oldest-token.elims op-
tion.simps(4))

lemma rank-eq-state-rank:
r < n = rank  n = state-rank (token-run x n) n
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unfolding state-rank-eq-rank-SOME][of token-run x n]
by (metis all-not-in-conv configuration-token pull-up-configuration-rank
somel-ez)

5.9.2 Pull-Up and Push-Down

lemma pull-up-configuration-state-rank:
configuration ¢ n = {} = state-rank ¢ n = None
by force

lemma push-down-state-rank-tokens:
state-rank g n = Some i => configuration ¢ n # {}
by (metis not-Some-eq state-rank.elims)

lemma push-down-state-rank-configuration-None:
state-rank ¢ n = None = —sink ¢ = configuration ¢ n = {}
unfolding state-rank.simps by (metis option.distinct(1))

lemma push-down-state-rank-oldest-token:
state-rank ¢ n = Some i => Jz. oldest-token ¢ n = Some x
by (metis oldest-token.elims state-rank.elims)

lemma push-down-state-rank-token-run:

state-rank ¢ n = Some i = Jx. token-runxn=qgAx <n

by (blast dest: push-down-state-rank-oldest-token push-down-oldest-token-token-run
oldest-token-bounded)

5.9.3 Properties

lemma state-rank-distinct:
assumes distinct: p #£ q
assumes ranked-1: state-rank p n = Some i
assumes ranked-2: state-rank ¢ n = Some j
shows i # j
proof
assume i = j
obtain z y where z € configuration p n and y € configuration q n
using assms push-down-state-rank-tokens by blast
hence rank x n = Some i and rank y n = Some j
using assms pull-up-configuration-rank unfolding state-rank-eq-rank-SOME
by (metis all-not-in-conv somel-ex)+
hence z € configuration q n
using <y € configuration q n» push-down-rank-tokens
unfolding <i = j» by auto
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hence p = ¢
using «x € configuration p n» by fastforce
thus False
using distinct by blast
qed

lemma state-rank-initial-state:
obtains ¢ where state-rank qo n = Some i
unfolding state-rank.simps sink-def by fastforce

lemma state-rank-sink:
sink ¢ = state-rank g n = None
by simp

lemma state-rank-upper-bound:

state-rank ¢ n = Some i = i < maz-rank

by (metis option.simps(5) rank-upper-bound push-down-state-rank-oldest-token
state-rank-eq-rank)

lemma state-rank-range:
state-rank g n € {None} U Some ‘{0..<maz-rank}
by (cases state-rank q n) (simp add: state-rank-upper-bound[of q n])+

lemma state-rank-None:
—sink ¢ = state-rank ¢ n = None <— oldest-token g n = None
by simp

lemma state-rank-Some:

—sink ¢ = (31. state-rank ¢ n = Some i) <— (3j. oldest-token q¢ n =
Some j)

by simp

lemma state-rank-oldest-token:
assumes state-rank p n = Some 1
assumes state-rank g n = Some j
assumes oldest-token p n = Some z
assumes oldest-token g n = Some y
shows i < j+— z <y
proof —
have configuration p n # {} and configuration ¢ n # {}
using assms(3,4) by (metis oldest-token.simps option.distinct(1))+
moreover
have —sink p and —sink ¢
using assms(1,2) state-rank-sink by auto
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ultimately
have i-def: i = card (senior-states p n) and j-def: j = card (senior-states
qn)
using assms(1,2) option.sel by simp-all
hence i < j «— senior-states p n C senior-states q n
using senior-states-card-le by presburger
also
with assms(3,4) have ... «+— z < y
proof (cases rule: senior-states-cases-subset[of p n q|)
case equal
thus ?thesis
using assms state-rank-distinct i-def j-def
by (metis less-irrefl option.sel)
qged auto
ultimately
show “thesis
by meson
qed

lemma state-rank-oldest-token-le:

assumes state-rank p n = Some 1

assumes state-rank ¢ n = Some j

assumes oldest-token p n = Some x

assumes oldest-token g n = Some y

shows i < j+— <y

using state-rank-oldest-token|OF assms| assms state-rank-distinct old-
est-token-equal

by (cases © = y) ((metis option.sel order-refl), (metis le-eq-less-or-eq op-
tion.inject))

lemma state-rank-in-function-set:
shows (\q. state-rank q t) € {f. Vz. z ¢ reach ¥ § qo — fx = None)
VAN
(Vz. x € reach ¥ 6 qo — fz € {None} U Some ‘{0..<maz-rank})}
proof —
{
fix z
assume = ¢ reach ¥ 0 qo
hence Atoken. x # token-run token t
unfolding reach-def token-run.simps using bounded-w by fastforce
hence state-rank x t = None
using pull-up-configuration-state-rank by auto
}

with state-rank-range show ?thesis
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by blast
qged

5.10 Step Function

fun pre-oldest-tokens :: 'b = nat = nat set
where

pre-oldest-tokens ¢ n = {z. 3 q’. oldest-token ¢’ n = Some x N ¢ =6 ¢’
(wn)} U (if ¢ = qo then {Suc n} else {})

lemma pre-oldest-configuration-range:
pre-oldest-tokens ¢ n C {0..Suc n}
proof —
have {z. 3¢’ oldest-token ¢’ n = Some z N ¢ =9 ¢’ (wn)} C {0..n}
(is ?lhs C ?rhs)
proof
fix z
assume z € ?lhs
then obtain ¢’ where oldest-token q' n = Some x
by blast
thus z € ?rhs
unfolding atLeastAtMost-iff using oldest-token-bounded|of q' n z] by
blast
qed
thus ?thesis
by (cases ¢ = qq) fastforce+
ged

lemma pre-oldest-configuration-finite:
finite (pre-oldest-tokens q n)
using pre-oldest-configuration-range finite-atLeastAtMost by (rule finite-subset)

lemmas pre-oldest-configuration-Min-in = Min-in] OF pre-oldest-configuration-finite]

lemma pre-oldest-configuration-obtain:
assumes z € pre-oldest-tokens ¢ n — {Suc n}
obtains ¢’ where oldest-token ¢’ n = Some r and ¢ = ¢ ¢’ (w n)
using assms by (cases ¢ = qo, auto)

lemma pre-oldest-configuration-element:
assumes oldest-token q' n = Some ot
assumes ¢ = 6 ¢/ (w n)
shows ot € pre-oldest-tokens q n
proof
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show ot € {ot. 3¢’ oldest-token ¢’ n = Some ot A q =6 ¢’ (wn)}
(is - € 24)
using assms by blast
show ?A C pre-oldest-tokens q n
by simp
qged

lemma pre-oldest-configuration-initial-state:
Suc n € pre-oldest-tokens g n = q = qq
using oldest-token-bounded|of - n Suc n]
by (cases ¢ = qo) auto

lemma pre-oldest-configuration-initial-state-2:
q = qo = Suc n € pre-oldest-tokens q n
by fastforce

lemma pre-oldest-configuration-tokens:
pre-oldest-tokens ¢ n # {} «— configuration q (Suc n) # {}
(is ?lhs <— ?rhs)
proof
assume ?lhs
then obtain of where ot-def: ot € pre-oldest-tokens q n
by blast
thus ?rhs
proof (cases ot = Suc n)
case True
thus ?thesis
using pre-oldest-configuration-initial-state configuration-non-empty|of
Suc n Suc n| <ot € pre-oldest-tokens q n» unfolding token-run-intial-state

by blast
next
case Fulse
then obtain ¢’ where oldest-token q' n = Some ot and ¢ = ¢ ¢’ (w
)
using ot-def pre-oldest-configuration-obtain by blast
moreover
hence configuration ¢’ n # {}
by (metis oldest-token.simps option.distinct(2))
ultimately
show ?rhs
by (elim configuration-step-non-empty)
qged
next

assume ?rhs
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then obtain token where token € configuration q (Suc n) and token <
Suc n and token-run token (Suc n) = q
by auto
moreover
{
assume token < n
then obtain ¢’ where token-run token n = ¢’ and ¢ = 6 ¢’ (w n)
using <token-run token (Suc n) = ¢» unfolding token-run.simps
Suc-diff-le[OF <token < m»] by fastforce
then obtain ot where oldest-token ¢’ n = Some ot
using oldest-token-always-def by blast
with <¢ = § ¢/ (w n)» have ?lhs
using pre-oldest-configuration-element by blast
}
ultimately
show ?lhs
using pre-oldest-configuration-initial-state-2 by fastforce
qed

lemma oldest-token-rec:
oldest-token q (Suc n) = (if pre-oldest-tokens q n # {} then Some (Min
(pre-oldest-tokens q n)) else None)
proof (cases oldest-token q (Suc n))
case (Some ot)
moreover
hence ot € configuration q (Suc n)
by (rule push-down-oldest-token-configuration)
hence configuration q (Suc n) # {}
by blast
hence pre-oldest-tokens ¢ n # {}
unfolding pre-oldest-configuration-tokens .
let 2ot = Min (pre-oldest-tokens q n)

{
{
{

assume ot < Suc n
hence ot # Suc n
by blast
then obtain ¢’ where ot € configuration ¢’ n and q = § ¢’ (w n)
using configuration-rev-step’ <ot € configuration q (Suc n)> by
metis
{
fix token
assume token € configuration q' n

66



hence token € configuration q (Suc n)
using <¢ = ¢ ¢’ (w n)» by (rule configuration-step)
hence ot < token
using Some by (metis Min.coboundedl <configuration q (Suc n)
# {} configuration-finite oldest-token.simps option.inject)
}
hence Min (configuration q' n) = ot
by (metis Min-eql <ot € configuration q’' ny configuration-finite)
hence oldest-token q' n = Some ot
using <ot € configuration ¢’ ny unfolding oldest-token.simps by
auto
hence ot € pre-oldest-tokens ¢ n
using <¢ = § ¢/ (w n)» by (rule pre-oldest-configuration-element)
}
moreover
{
assume ot = Suc n
moreover
hence ¢ = qg
using Some by (metis push-down-oldest-token-token-run to-
ken-run-intial-state)
ultimately
have ot € pre-oldest-tokens ¢ n
by simp
}
ultimately
have ot € pre-oldest-tokens q n
using Some[THEN oldest-token-bounded] by linarith

}

moreover
{
fix ot’ ¢’
assume oldest-token ¢’ n = Some ot and ¢ = § ¢’ (w n)
moreover
hence ot’ € configuration q (Suc n)
using push-down-oldest-token-configuration configuration-step by
blast
hence ot < ot’
using Some by (metis Min.coboundedl <configuration q (Suc n) #
{}> configuration-finite oldest-token.simps option.inject)
}
hence Ay. y € pre-oldest-tokens ¢ n — {Suc n} = ot < y
using pre-oldest-configuration-obtain by metis
hence A\y. y € pre-oldest-tokens ¢ n = ot < y
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using Some[THEN oldest-token-bounded] by force
ultimately
have ?ot = ot
using Min-eql[OF pre-oldest-configuration-finite, of q n ot] by fast
}
ultimately
show ?thesis
unfolding pre-oldest-configuration-tokens oldest-token.simps
by (metis <configuration q (Suc n) # {}>)
qed (unfold pre-oldest-configuration-tokens oldest-token.simps, metis option.distinct(2))

lemma pre-ranks-range:
pre-ranks (Aq. state-rank ¢ n) v ¢ C {0..maz-rank}
proof —
have {i | ¢’ i. state-rank ¢’ n = Some i A ¢ =6 ¢’ v} C {0..max-rank}
using state-rank-upper-bound by fastforce
thus “thesis
by auto
qged

lemma pre-ranks-finite:
finite (pre-ranks (Aq. state-rank q n) v q)
using pre-ranks-range finite-atLeastAtMost by (rule finite-subset)

lemmas pre-ranks-Min-in = Min-in|OF pre-ranks-finite]

lemma pre-ranks-state-obtain:
assumes r, € pre-ranks r v ¢ — {maz-rank}
obtains ¢’ where r ¢’ = Some rg and ¢ =0 ¢' v
using assms by (cases ¢ = qo, auto)

lemma pre-ranks-element:
assumes state-rank ¢’ n = Some r
assumes ¢ = 6 ¢’ (w n)
shows r € pre-ranks (Aq. state-rank g n) (w n) q

proof
show r € {i. 3¢’ (\q. state-rank qn) ¢’ = Some i A ¢ =06 q¢' (wn)}
(is - € 74)

using assms by blast
show ?A C pre-ranks (\q. state-rank g n) (w n) q
by simp
ged

lemma pre-ranks-initial-state:
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maz-rank € pre-ranks (\q. state-rank g n) v ¢ = q = qo
using state-rank-upper-bound by (cases ¢ = qo) auto

lemma pre-ranks-initial-state-2:
q = qo = maz-rank € pre-ranks r v q
by fastforce

lemma pre-ranks-tokens:
assumes —sink q
shows pre-ranks (\q. state-rank q n) (w n) q¢ # {} «— configuration q
(Suc n) # {}
(is ?lhs = ?rhs)
proof
assume ?lhs
thus ?rhs
proof (cases q # qo)
case True
hence {i. 3¢’ state-rank ¢’ n = Some i A ¢ =6 ¢' (wn)} # {}
using < ?lhs)> by simp
then obtain ¢’ where state-rank ¢’ n # None and ¢ = 0 ¢’ (w n)
by blast
moreover
hence configuration ¢’ n # {}
unfolding state-rank.simps by meson
ultimately
show ?rhs
by (elim configuration-step-non-empty)
qed auto
next
assume ?rhs
then obtain token where token € configuration g (Suc n) and token <
Suc n and token-run token (Suc n) = q
by auto
moreover
{
assume token < n
then obtain ¢’ where token-run token n = ¢’ and ¢ = ¢ ¢’ (w n)
using <token-run token (Suc n) = ¢» unfolding token-run.simps
Suc-diff-le[OF <token < m»] by fastforce
hence —sink g’
using <—sink q> sink-rev-step bounded-w by blast
then obtain r where state-rank ¢’ n = Some r
using «—sink ¢> configuration-non-empty[OF <token < n)] unfolding
<token-run token n = q’» by simp
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with <¢ = § ¢/ (w n)» have ?lhs
using pre-ranks-element by blast
}

ultimately
show ?lhs
by fastforce
qed

lemma pre-ranks-pre-oldest-token-Min-state-special:
assumes —sink q
assumes configuration q (Suc n) # {}
shows Min (pre-ranks (Aq. state-rank ¢ n) (w n) q) = maz-rank <— Min
(pre-oldest-tokens g n) = Suc n
(is ?lhs <— ?rhs)
proof
from assms have pre-oldest-tokens ¢ n # {}
and pre-ranks (Aq. state-rank g n) (wn) g # {}
using pre-ranks-tokens pre-oldest-configuration-tokens by simp-all

{

assume ¢lhs
have ¢ = qg
apply (rule ccontr)
using state-rank-upper-bound pre-ranks-Min-in[OF <pre-ranks (\q.
state-rank g n) (wn) q¢ # {P] «?lhs
by auto
moreover
{
fix ¢’
assume ¢ = 0 ¢’ (w n)
hence —sink ¢’
using «—sink ¢ bounded-w unfolding sink-def
using calculation by blast
{
fix ¢
assume state-rank ¢’ n = Some i
hence Fulse
using (¢ = ¢ ¢' (w n)
using Min.coboundedI[OF pre-ranks-finite, of - n (w n) q]
unfolding «?lhsy using state-rank-upper-bound[of ¢’ n] by fastforce
}
hence state-rank ¢’ n = None
by fastforce
hence oldest-token ¢’ n = None
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using «—sink ¢"» by (metis state-rank-None)
}
hence {ot. 3 q’. oldest-token q' n = Some ot A g =106 q¢' (wn)} ={}
by fastforce
ultimately
show ?rhs
by auto
}

{

assume ¢rhs
{
fix ¢’
assume ¢ = 0 ¢’ (w n)
have state-rank q' n = None
proof (cases oldest-token ¢’ n)
case (Some t)
hence t < n
using oldest-token-bounded|of ¢’ n] by blast
moreover
have Sucn <t
using «¢ = 6 ¢/ (w n)
using Min.coboundedI | OF pre-oldest-configuration-finite, of - q n]
unfolding «?rhs> using (oldest-token ¢’ n = Some t» by auto
ultimately
have Fulse
by linarith
thus ?thesis

qed (unfold state-rank-eq-rank, auto)
}
hence X: {i. 3¢’ (\q. state-rank qn) ¢’ = Some i A ¢ =6 q¢' (wn)}
={}

by fastforce

have ¢ = ¢
apply (rule ccontr)
using <pre-ranks (Aq. state-rank qn) (wn) ¢ # {p
unfolding pre-ranks.simps X by simp

hence pre-ranks (\q. state-rank q n) (w n) ¢ = {maz-rank}
unfolding pre-ranks.simps X by force

thus ?lhs
by fastforce

}
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qed

lemma pre-ranks-pre-oldest-token-Min-state:
assumes —sink q
assumes ¢ = § ¢’ (w n)
assumes configuration q (Suc n) # {}
defines min-r = Min (pre-ranks (\q. state-rank g n) (w n) q)
defines min-ot = Min (pre-oldest-tokens q n)
shows state-rank ¢’ n = Some min-r <— oldest-token q¢' n = Some min-ot
(is ?lhs <— ?rhs)
proof
from assms have pre-oldest-tokens ¢ n # {} and —sink ¢’
and pre-ranks (Aq. state-rank g n) (wn) g # {}
using pre-ranks-tokens pre-oldest-configuration-tokens bounded-w un-
folding sink-def
by (simp-all, metis rangel subset-iff)

{

assume ?lhs
thus ?rhs
proof (cases min-r maz-rank rule: linorder-cases)
case less
then obtain ot where oldest-token ¢’ n = Some ot
by (metis push-down-state-rank-oldest-token <?lhs)
moreover

{
{

fix ¢" ot"
assume ¢ = ¢ ¢" (w n)
assume oldest-token ¢’ n = Some ot"
moreover
have —sink q”’
using <¢ = ¢ ¢” (w n)> assms unfolding sink-def
by (metis rangel subset-eq bounded-w)
then obtain r’’ where state-rank q”’ n = Some r”
using <oldest-token q"" n = Some ot”y by (metis state-rank-Some)
moreover
hence "' € pre-ranks (\q. state-rank g n) (w n) q
using (¢ = ¢ ¢" (w n)» unfolding pre-ranks.simps by blast
then have min-r < r”
unfolding min-r-def by (metis Min.coboundedl pre-ranks-finite)
ultimately
have ot < ot
using state-rank-oldest-token-le[OF «?lhsy - <oldest-token q' n
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= Some ot»] by blast
}
hence Az. x € {ot. 3¢’. oldest-token ¢’ n = Some ot N ¢ =0 q’
(wn)} = ot <z
by blast
moreover
have ot < Suc n
using oldest-token-bounded|OF <oldest-token q' n = Some ot)] by
stmp
ultimately
have Az. z € pre-oldest-tokens ¢ n — ot < z
unfolding pre-oldest-tokens.simps apply (cases qo = q) apply
auto done
hence ot < min-ot
unfolding min-ot-def
unfolding Min-ge-iff [OF pre-oldest-configuration-finite <pre-oldest-tokens
gn#{}, of ot]
by simp
}

moreover
have ot > min-ot
using Min.coboundedI[OF pre-oldest-configuration-finite] pre-oldest-configuration-element
unfolding min-ot-def by (metis assms(2) calculation(1))
ultimately
show ?thesis
by simp
qed (insert not-less, blast intro: state-rank-upper-bound less-imp-le-nat)+

}
{

assume ?rhs
thus ?lhs
proof (cases min-ot Suc n rule: linorder-cases)
case less
then obtain r where state-rank ¢’ n = Some r
using < ?rhs) <—sink ¢y by (metis state-rank-Some)
moreover

{
{

fix r”
assume 1’ € pre-ranks (\q. state-rank g n) (w n) ¢ — {maz-rank}
then obtain ¢’ where state-rank q”’ n = Some r"
and ¢ =96 ¢" (wn)
using pre-ranks-state-obtain by blast
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moreover
then obtain ot"’ where oldest-token ¢'’ n = Some ot”
using push-down-state-rank-oldest-token by fastforce
moreover
hence min-ot < ot”
using «¢ = 0 ¢” (w n)» pre-oldest-configuration-element
Min.coboundedl pre-oldest-configuration-finite
unfolding min-ot-def by metis
ultimately
have r < r”
using state-rank-oldest-token-le[OF «state-rank q' n = Some
- <?rhs)] by blast
}
moreover
have r < max-rank
using state-rank-upper-bound|OF <state-rank q' n = Some r] by
linarith
ultimately
have Az. z € pre-ranks (Aq. state-rank qn) (wn) ¢ = r < x
unfolding pre-ranks.simps apply (cases qo = q) apply auto
done
hence r < min-r
unfolding min-r-def Min-ge-iff|OF pre-ranks-finite <pre-ranks
(Aq. state-rank ¢ n) (wn) q¢ # {P]
by simp
}

moreover

have r > min-r
using Min.coboundedl |OF pre-ranks-finite] pre-ranks-element
unfolding min-r-def by (metis assms(2) calculation(1))

ultimately

show ?thesis
by simp

qed (insert not-less, blast intro: oldest-token-bounded Suc-lessD)+

}

qed

lemma Min-pre-ranks-pre-oldest-tokens:
fixes n
defines r = (\q. state-rank q n)
assumes configuration p (Suc n)
and configuration q (Suc n) #
assumes —sink q
and —sink p

7 {}
{}
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shows Min (pre-ranks r (w n) p) < Min (pre-ranks r (w n) q) «<— Min
(pre-oldest-tokens p n) < Min (pre-oldest-tokens q n)
(is ?lhs <— ?rhs)
proof
have pre-ranks-Min: Az v. (x < Min (pre-ranks r (w n) q)) = (Va €
pre-ranks r (w n) ¢. r < a)
using assms pre-ranks-finite Min.bounded-iff pre-ranks-tokens by simp
have pre-oldest-configuration-Min: \z. (x < Min (pre-oldest-tokens q n))
= (V aepre-oldest-tokens ¢ n. © < a)
using assms pre-oldest-configuration-finite Min.bounded-iff pre-oldest-configuration-tokens
by simp
have \z. wz € ¥
using bounded-w by auto

{
let ?min-i = Min (pre-ranks r (w n) p)
let ?min-j = Min (pre-ranks r (w n) q)

assume ?lhs

have ?min-i € pre-ranks r (w n) p and ?min-j € pre-ranks r (w n) q
using Min-in[OF pre-ranks-finite] assms pre-ranks-tokens by pres-
burger+
hence ?min-i < max-rank and ?min-j < maz-rank
using pre-ranks-range atLeastAtMost-iff unfolding r-def by blast+
with <?lhs) have ?min-i # maz-rank
by linarith
then obtain p’ i’ where i’ = ?min-i and r p’ = Some i’and p = § p
(w n)
using «?min-i € pre-ranks r (w n) p> apply (cases p = qo) apply
auto[1] by fastforce
then obtain ot’ where oldest-token p’ n = Some ot’
unfolding assms by (metis push-down-state-rank-oldest-token)
have state-rank p’ n = Some ?min-i
using <’ = ?min-i> <r p’ = Some i’y unfolding assms by simp
hence ot’ = Min (pre-oldest-tokens p n)
using pre-ranks-pre-oldest-token-Min-state[ OF <—sink p» <p = 6 p’ (w
n)» <configuration p (Suc n) # {}] <oldest-token p’ n = Some ot"
unfolding r-def by (metis option.inject)
moreover
have ot’ < Suc n
proof (cases ot’ Suc n rule: linorder-cases)
case equal
hence ?min-i = max-rank

!/
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using pre-ranks-pre-oldest-token-Min-state-speciallof p n, OF <—sink
p» <configuration p (Suc n) # {}»] assms
unfolding (ot’ = Min (pre-oldest-tokens p n)» by simp
thus ?thesis
using < ?min-i # mazx-rank> by simp
next
case greater
moreover
have ot’ € {0..Suc n}
using <oldest-token p' n = Some ot»|THEN oldest-token-bounded)]
by fastforce
ultimately
show ?thesis
by simp
qed simp
moreover
{
fix ot,
assume ot, € pre-oldest-tokens ¢ n — {Suc n}
then obtain ¢’ where oldest-token ¢’ n = Some oty and ¢ = § ¢’ (w

using pre-oldest-configuration-obtain by blast
moreover
hence —sink ¢’
using <—sink ¢ <A\z. w z € ¥ unfolding sink-def by auto
then obtain r, where state-rank ¢’ n = Some r,
unfolding assms state-rank.simps using <oldest-token ¢’ n = Some
oty
by (metis oldest-token.simps option.distinct(2))
moreover
hence r, € pre-ranks r (w n) ¢
using «¢ = 6 ¢’ (w n)»
unfolding pre-ranks.simps assms by blast
hence ?min-j < r,
using Min.coboundedI[OF pre-ranks-finite] unfolding assms by blast
hence ?min-i < r,
using < ?lhs) by linarith
hence ot’ < ot,
using state-rank-oldest-token|OF <state-rank p’ n = Some ?min-i>
(state-rank q' n = Some ry» <oldest-token p’ n = Some ot’ <oldest-token q’
n = Some oty]
unfolding assms by simp

}

ultimately
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show Zrhs
using pre-oldest-configuration-Min by blast

}
{

define ot-p where ot-p = Min (pre-oldest-tokens p n)
define ot-g where ot-g = Min (pre-oldest-tokens q n)
assume ¢rhs
hence ot-p < ot-q

unfolding ot-p-def ot-q-def .

have oldest-token p (Suc n) = Some ot-p and oldest-token q (Suc n) =
Some ot-q

unfolding ot-p-def ot-q-def oldest-token-rec pre-oldest-configuration-tokens
by (metis assms)+

define min-r, where min-r, = Min (pre-ranks r (w n) p)
hence min-r, € pre-ranks r (w n) p
using pre-ranks-Min-in assms pre-ranks-tokens by simp
hence *: min-r, < maz-rank
proof (cases min-r, maz-rank rule: linorder-cases)
case equal
hence ot-p = Suc n
using pre-ranks-pre-oldest-token-Min-state-special[of p n, OF -
<configuration p (Suc n) # {}»] assms
unfolding ot-p-def min-r,-def by simp
moreover
have Min (pre-oldest-tokens q n) € pre-oldest-tokens q n
using Min-in[OF pre-oldest-configuration-finite | assms pre-oldest-configuration-tokens
by presburger
hence ot-q € {0..Suc n}
using pre-oldest-configuration-rangelof q nl
unfolding ot-g-def by blast
hence ot-¢ < Suc n
by simp
ultimately
show ?thesis
using <ot-p < ot-¢> by simp
next
case greater
moreover
have min-r, € {0..maz-rank}
using pre-ranks-range <min-r, € pre-ranks r (w n) p
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unfolding r-def ..
ultimately
show ?thesis
by simp
qed simp
moreover
from * have min-r, € pre-ranks r (w n) p — {maz-rank}
using «min-r, € pre-ranks r (w n) p> by simp
then obtain p’ where r p’ = Some min-r, and p = § p’ (w n)
using pre-ranks-state-obtain by blast
hence oldest-token p’ n = Some ot-p
using pre-ranks-pre-oldest-token-Min-state]OF <—sink py <p = 6 p’ (w
n)» <configuration p (Suc n) # {}]
unfolding r-def [symmetric] min-ry-def[symmetric] ot-p-def[symmetric]
by (metis r-def)
{
fix r,
assume 7, € pre-ranks v (w n) ¢ — {maz-rank}
then obtain ¢’ where ¢ r ¢’ = Some ry ¢ =9 ¢' (wn)
using pre-ranks-state-obtain by blast
moreover
from ¢’ obtain ot-q’ where ot-q": oldest-token q' n = Some ot-q’
unfolding assms by (metis push-down-state-rank-oldest-token)
moreover
from ot-q¢’ have ot-q’ € pre-oldest-tokens g n
using <«¢ = 6 ¢/ (w n)
unfolding pre-oldest-tokens.simps by blast
hence ot-q¢ < ot-q’
unfolding ot-¢-def
by (rule Min.coboundedI[OF pre-oldest-configuration-finite])
hence ot-p < ot-q’
using <ot-p < ot-q» by linarith
ultimately
have min-r, < rq
using state-rank-oldest-token <r p’ = Some min-rp> <oldest-token p’
n = Some ot-p»
unfolding assms by blast
}
ultimately
show ?lhs
using pre-ranks-Min unfolding min-r,-def by blast
}

qed
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5.10.1 Definition of initial and step

lemma state-rank-initial:
state-rank q 0 = initial q
using state-rank-initial-state by force

lemma state-rank-step:
state-rank q (Suc n) = step (\q. state-rank g n) (w n) q
(is ?lhs = ?rhs)
proof (cases sink q)
case Fulse
{
assume configuration q (Suc n) = {}
hence ?thesis
using Fulse pull-up-configuration-state-rank pre-ranks-tokens
unfolding step.simps by presburger

}

moreover
{
assume configuration q (Suc n) # {}
hence ?lhs = Some (card (senior-states q (Suc n)))
using Fulse unfolding state-rank.simps by presburger
also
have ... = %rhs
proof —
let ?r = \q. state-rank ¢ n
have {q’. —sink ¢’ A\ pre-ranks ?r (wn) ¢’ # {} A Min (pre-ranks ?r
(wn) q¢') < Min (pre-ranks ?r (w n) q)} = senior-states q (Suc n)

(is 25 = 25)
proof (rule set-eql)
fix ¢’

have ¢’ € 25 «— —sink ¢’ N\ configuration q' (Suc n) # {} A Min
(pre-ranks ?r (wn) q') < Min (pre-ranks ?r (w n) q)
using pre-ranks-tokens by blast
also
have ... «— —sink ¢’ A\ configuration q' (Suc n) # {} N Min
(pre-oldest-tokens q' n) < Min (pre-oldest-tokens q n)
by (metis <configuration q (Suc n) # {}» <—sink ¢» Min-pre-ranks-pre-oldest-tokens)
also
have ... «— —sink ¢’ A (3z y. oldest-token q' (Suc n) = Some y
A oldest-token q (Suc n) = Some z N\ y < x)
unfolding oldest-token-rec by (metis pre-oldest-configuration-tokens
<configuration q (Suc n) # {}> option.distinct(2) option.sel)
finally
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show ¢’ € 25 «— ¢’ € 25’
unfolding senior-states.simps by blast
qed
thus ?thesis
using <—sink ¢» <configuration q (Suc n) # {p
unfolding step.simps pre-ranks-tokens|OF <—sink ¢»] by presburger
qed
finally
have ?thesis .
}
ultimately
show ?thesis
by blast
qed auto

lemma state-rank-step-foldl:
(A\gq. state-rank q n) = foldl step initial (map w [0..<n])
by (induction n) (unfold state-rank-initial state-rank-step, simp-all)

end

end

6 Mojmir Automata

theory Mojmir
imports Main Semi-Mojmir
begin

6.1 Definitions

locale mojmir-def = semi-mojmir-def +
fixes
— Final States
F :: 'b set
begin

definition token-succeeds :: nat = bool
where
token-succeeds © = (I n. token-run x n € F)

definition token-fails :: nat = bool

where
token-fails x = (I n. sink (token-run x n) A token-run z n ¢ F)

80



definition accept :: bool (<acceptyr»)
where
accept «— (V . token-succeeds )

definition fail :: nat set
where
fail = {z. token-fails '}

definition merge :: nat = (nat x nat) set
where
merge i = {(z, y) |zynj. j<i
A (token-run x n # token-run y n A rank y n # None V y = Suc n)
A token-run x (Suc n) = token-run y (Suc n)
A token-run x (Suc n) ¢ F
A rank x n = Some j}

definition succeed :: nat = nat set
where
succeed i = {z. In. rank x n = Some i
A token-run xn ¢ F — {qo}
A token-run x (Suc n) € F}

definition smallest-accepting-rank :: nat option
where
smallest-accepting-rank = (if accept then
Some (LEAST i. finite fail A finite (merge i) A infinite (succeed 7)) else
None)

definition fail-t :: nat set
where

fail-t = {n. 3q ¢'. state-rank q n # None A ¢' =06 q (wn) AN ¢ ¢ F A
sink q'}

definition merge-t :: nat = nat set
where
merge-t i = {n. 3q q’ j. state-rank ¢qn = Some j AN j<i A q =06 q (w
n)Aq' ¢ F N
(3" q"# qNq" =6 q" (wn) A state-rank ¢"" n # None) V q¢' = qo)}

definition succeed-t :: nat = nat set
where

succeed-t i = {n. 3 q. state-rank ¢ n = Some i N ¢ ¢ F — {qo} N q (w
n) € F}
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fun S
where
S n=FU{q. (3j > the smallest-accepting-rank. state-rank g n = Some

7}

end

locale mojmir = semi-mojmir + mojmir-def +
assumes
— All states reachable from final states are also final
wellformed-F: N\qv. ¢ € F = d qv € F
begin

lemma token-stays-in-final-states:
token-run t n € F = token-run x (n + m) € F
proof (induction m)
case (Suc m)
thus ?case
proof (cases n + m < )
case Fulse
hencen + m > z
by arith
then obtain j where n + m =z + j
using le-Suc-ex by blast
hence § (token-run z (n + m)) (suffix z w j) = token-run = (n +
(Suc m))
unfolding suffix-def by fastforce
thus ?thesis
using wellformed-F Suc suffiz-nth by (metis (no-types, opaque-lifting))
qed fastforce
qed simp

lemma token-run-enter-final-states:
assumes token-run z n € F
shows 3m > z. token-run x m ¢ F — {qo} A token-run z (Suc m) € F
proof (cases z < n)
case True
then obtain n’ where token-run z (z + n') € F
using assms by force
hence I m. token-run z (x + m) ¢ F — {qo} A token-run z (z + Suc
m) € F
by (induction n’) ((metis (erased, opaque-lifting) token-stays-in-final-states
token-run-intial-state Diff-iff Nat.add-0-right Suc-eq-plus1 insertCI ), blast)
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thus ?thesis
by (metis add-Suc-right le-add1)
next
case Fulse
hence token-run x x ¢ F — {qo} and token-run = (Suc z) € F
using assms wellformed-F by simp-all
thus ?thesis
by blast
ged

6.2 Token Properties
6.2.1 Alternative Definitions

lemma token-succeeds-alt-def:
token-succeeds © = (V oon. token-run x n € F)
unfolding token-succeeds-def MOST-nat-le le-iff-add
using token-stays-in-final-states by blast

lemma token-fails-alt-def:
token-fails x = (¥ oon. sink (token-run z n) A token-run x n ¢ F)
(is ?lhs = ?rhs)
proof
assume ?lhs
then obtain n where sink (token-run x n) and token-run z n ¢ F
using token-fails-def by blast
hence Vm > n. sink (token-run x m) and ¥m > n. token-run z m ¢ F
using token-stays-in-sink unfolding le-iff-add by auto
thus ?rhs
unfolding MOST-nat-le by blast
qed (unfold MOST-nat-le token-fails-def, blast)

lemma token-fails-alt-def-2:

token-fails x <— —token-succeeds x N\ —token-squats x

by (metis add.commute token-fails-def token-squats-def token-stays-in-final-states
token-stays-in-sink token-succeeds-def)

6.2.2 Properties

lemma token-succeeds-run-merge:

r < n= y < n= token-run r n = token-run y n —> token-succeeds
r = token-succeeds y

using token-run-merge token-stays-in-final-states add.commute unfold-
ing token-succeeds-def by metis
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lemma token-squats-run-merge:

x < n =y < n = token-run z n = token-run y n = token-squats x
= token-squats y

using token-run-merge token-stays-in-sink add.commute unfolding to-
ken-squats-def by metis

6.2.3 Pulled-Up Lemmas

lemma configuration-token-succeeds:
[z € configuration q n; y € configuration q n] = token-succeeds x =
token-succeeds y
using token-succeeds-run-merge push-down-configuration-token-run by me-
son

lemma configuration-token-squats:

[x € configuration q n; y € configuration q n] = token-squats x = to-
ken-squats y

using token-squats-run-merge push-down-configuration-token-run by me-
son

6.3 Mojmir Acceptance

lemma Mojmir-reject:
= accept +— (I sox. ~token-succeeds )
unfolding accept-def Alm-all-def by blast

lemma mojmir-accept-alt-def:
accept «— finite {x. —token-succeeds x}
using Inf-many-def Mojmir-reject by blast

lemma mojmir-accept-initial:
qo € F = accept
unfolding accept-def MOST-nat-le token-succeeds-def
using token-run-intial-state by metis

6.4 Equivalent Acceptance Conditions
6.4.1 Token-Based Definitions

lemma merge-token-succeeds:
assumes (z, y) € merge i
shows token-succeeds © +— token-succeeds y
proof —
obtain n j j' where token-run x (Suc n) = token-run y (Suc n)
and rank x n = Some j and rank y n = Some j'V y = Suc n
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using assms unfolding merge-def by blast
hence z < Suc n and y < Suc n
using rank-Some-time le-Suc-eq by blast+
then obtain ¢ where = € configuration q (Suc n) and y € configuration
q (Suc n)
using <token-run x (Suc n) = token-run y (Suc n)» pull-up-token-run-tokens
by blast
thus ?thesis
using configuration-token-succeeds by blast
qged

lemma merge-subset:
1 < 7 = merge 1 C merge j
proof
assume ¢ < j
fix p
assume p € merge ¢
then obtain z y n k where p = (z, y) and k < ¢ and token-run = n #
token-run y n A rank y n # None V y = Suc n
and token-run z (Suc n) = token-run y (Suc n) and token-run x (Suc
n) ¢ F and rank © n = Some k
unfolding merge-def by blast
moreover
hence k£ < j
using <i < j» by simp
ultimately
have (z, y) € merge j
unfolding merge-def by blast
thus p € merge j
using <p = (z, y)» by simp
ged

lemma merge-finite:
i < j = finite (merge j) = finite (merge 1)
using merge-subset by (blast intro: rev-finite-subset)

lemma merge-finite”:
i < j = finite (merge j) = finite (merge 17)
using merge-finite|of i j] by force

lemma succeed-membership:
token-succeeds © «— (3i. © € succeed 1)
(is ?lhs <— ?rhs)

proof
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assume ?lhs
then obtain m where token-run x m € F
unfolding token-succeeds-alt-def MOST-nat-le by blast
then obtain n where 1: token-run x n ¢ F — {qo}
and 2: token-run x (Suc n) € Fand z < n
using token-run-enter-final-states by blast
moreover
hence —sink (token-run x n)
proof (cases token-run  n # qo)
case True
hence token-run z n ¢ F
using <token-run x n ¢ F — {qo}» by blast
thus ?thesis
using <token-run x (Suc n) € F» token-stays-in-sink unfolding
Suc-eq-plusl by metis
qed (simp add: sink-def)
then obtain ¢ where rank x n = Some i
using <z < n» by fastforce
ultimately
show ?rhs
unfolding succeed-def by blast
qed (unfold token-succeeds-def succeed-def, blast)

lemma stable-rank-succeed:
assumes infinite (succeed 1)
and z € succeed 1
and qg ¢ F
shows —stable-rank x i
proof
assume stable-rank x i
then obtain n where Vn' > n. rank z n’ = Some i
unfolding stable-rank-def MOST-nat-le by rule

from assms(2) obtain m where token-run t m ¢ F
and token-run x (Suc m) € F
and rank x m = Some @
using assms(3) unfolding succeed-def by force

obtain y where y > max n m and y € succeed i
using assms(1) unfolding infinite-nat-iff-unbounded by blast

then obtain m’ where token-run y m’ ¢ F

and token-run y (Suc m') € F
and rank y m’ = Some i
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using assms(3) unfolding succeed-def by force
moreover

— token has still rank i at m’
have m’ > n
using rank-Some-time|OF <rank y m’ = Some ©] <y > maz n m» by
force
hence rank z m’ = Some i
using «Vn' > n. rank z n’ = Some i) by blast

moreover

— but x and y are not in the same state
have m’ > Suc m
using rank-Some-time|OF <rank y m’ = Some ©] <y > maz n m) by
force
hence token-run z m’ € F
using token-stays-in-final-states|OF <token-run z (Suc m) € F)]
unfolding le-iff-add by fast
with <token-run y m’ ¢ F > have token-run y m’ # token-run z m’
by metis

ultimately

show Fulse
using push-down-rank-tokens by force
qged

lemma stable-rank-bounded:
assumes stable: stable-rank x j
assumes inf: infinite (succeed 17)
assumes ¢y ¢ F
shows j < ¢
proof —
from stable obtain m where Vm’' > m. rank x m’ = Some j
unfolding stable-rank-def MOST-nat-le by rule
from inf obtain y where y > m and y € succeed ¢
unfolding infinite-nat-iff-unbounded-le by meson
then obtain n where rank y n = Some i
unfolding succeed-def MOST-nat-le by blast

moreover
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hence n > vy
by (rule rank-Some-time)
hence rank x n = Some j
using «Vm’ > m. rank x m’ = Some j» <y > m» by fastforce

ultimately

— In the case ¢ < j, the token y has also to stabilise with 7 at n.
have i < j = stable-rank y @
using stable by (blast intro: stable-rank-tower)
thus j < ¢
using stable-rank-succeed[OF inf <y € succeed iy <qo ¢ F»] by linarith
qged

— Relation to Mojmir Acceptance

lemma mojmir-accept-token-set-def1:

assumes accept

shows 37 < max-rank. finite fail A finite (merge i) A infinite (succeed i)
A (Vi < i. finite (succeed j))
proof (rule+)

define ¢ where i = (LEAST k. infinite (succeed k))

from assms have infinite {t. token-succeeds t}
unfolding mojmir-accept-alt-def by force

moreover

have {z. token-succeeds x} = |J{succeed i | i. i < maz-rank}
(is ?lhs = ?rhs)
proof —
have ?lhs = |J{succeed i | i. True}
using succeed-membership by blast
also
have ... = %rhs
proof
show ... C 2rhs
proof
fix z
assume z € |J{succeed i |i. True}
then obtain ¢ where z € succeed @
by blast
moreover
— Obtain upper bound for succeed ranks
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have Au. u > maz-rank = succeed v = {}
unfolding succeed-def using rank-upper-bound by fastforce
ultimately
show z € |J {succeed i |i. i < maz-rank}
by (cases i < maz-rank) (blast, simp)
qed
qed blast
finally
show ?Zthesis .
qed

ultimately

have 3j. infinite (succeed j)
by force
hence infinite (succeed i) and A\j. j < i = finite (succeed j)
unfolding i-def by (metis Leastl-ex, metis not-less-Least)
hence fin-succeed-ranks: finite (|J{succeed j | j. j < i})
by auto

— 1 is bounded by max-rank
{
obtain z where = € succeed i
using <infinite (succeed i)> by fastforce
then obtain n where rank r n = Some i
unfolding succeed-def by blast
thus 7 < max-rank
by (rule rank-upper-bound)
}

define S where S = {(z, y). token-succeeds z N\ token-succeeds y}

have finite (merge i N S)
proof (rule finite-product)
{
fix zy
assume (z, y) € (merge i N S)

then obtain n k k" where k < i
and rank x n = Some k
and rank y n = Some k" V y = Suc n
and token-run x (Suc n) ¢ F
and token-run x (Suc n) = token-run y (Suc n)
and token-succeeds
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unfolding merge-def S-def by fast

then obtain m where token-run = (Suc n + m) ¢ F
and token-run x (Suc (Suc n + m)) € F
by (metis Suc-eq-plusl add.commute token-run-Plof \q. q¢ € F]
token-stays-in-final-states token-succeeds-def)

moreover

have z < Sucnand y < Suc nand z < Sucn + mand y < Suc n
+ m
using rank-Some-time <rank x n = Some k> <rank y n = Some k"' V
y = Suc n» by fastforce+

hence token-run y (Suc n + m) ¢ F and token-run y (Suc (Suc n +
m)) € F
using <token-run z (Suc n + m) ¢ F» <token-run z (Suc (Suc n +
m)) € I <token-run x (Suc n) = token-run y (Suc n)»
using token-run-merge token-run-merge-Suc by metis+

moreover

have —sink (token-run x (Suc n + m))
using <token-run x (Suc n + m) ¢ F» <token-run z (Suc(Suc n +
m)) € F»
using token-is-not-in-sink by blast

— Obtain rank used to enter final
obtain k' where rank z (Suc n + m) = Some k'
using «—sink (token-run z (Suc n + m)) <x < Suc n + m» by
fastforce

moreover
hence rank y (Suc n + m) = Some k'
by (metis <z < Suc n + my <y < Suc n + my token-run-merge x <
Suc ny <y < Suc n»
token-run x (Suc n) = token-run y (Suc n)» pull-up-token-run-tokens
pull-up-configuration-rank[of = - Suc n + m y])

moreover

— Rank used to enter final states is strictly bounded by i
have k' < i
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using <rank z (Suc n + m) = Some k’> rank-monotonic[OF <rank x
n = Some k] <k < ¥
unfolding add-Suc-shift by fastforce

ultimately

have = € |J{succeed j | j. j < i} and y € |J{succeed j | j. j < i}
unfolding succeed-def by blast+
}

hence fst ‘ (merge i N S) C |J{succeed j | j. j < i} and snd ‘ (merge i
NS) C U{succeed j | j. j < i}
by force+
thus finite (fst ‘ (merge i N S)) and finite (snd ‘ (merge i N S))
using finite-subset|OF - fin-succeed-ranks| by meson+
qed

moreover

have finite (merge i N (UNIV — 5))
proof —
obtain [ where [-def: Vx > [. token-succeeds x
using assms unfolding accept-def MOST-nat-le by blast
{
fix z y
assume (z, y) € merge i N (UNIV — S)
hence —token-succeeds x V —token-succeeds y
unfolding S-def by simp
hence —token-succeeds x A —token-succeeds vy
using merge-token-succeeds «(z, y) € merge i N (UNIV — S)» by
blast
hence z < land y < [
by (metis [-def le-eq-less-or-eq linear)+
}

hence merge i N (UNIV — S) C {0..1} x {0..1}
by fastforce
thus ?thesis
using finite-subset by blast
qed

ultimately
have finite (merge 17)

by (metis Int-Diff Un-Diff-Int finite-Unl inf-top-right)
moreover
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have finite fail
by (metis assms mojmir-accept-alt-def fail-def token-fails-alt-def-2 infi-
nite-nat-iff-unbounded-le mem-Collect-eq)
ultimately
show finite fail N finite (merge i) A infinite (succeed i) A (Vj < i. finite
(succeed 7))
using <infinite (succeed ©)y <\j. j < i = finite (succeed j)» by blast
qed

lemma mojmir-accept-token-set-def2:
assumes finite fail
and finite (merge 7)
and infinite (succeed 1)
shows accept
proof (rule ccontr, cases qo ¢ F)
case True
assume — accept
moreover
have finite {z. —~token-succeeds © N\ —token-squats z}
using «finite fail> unfolding fail-def token-fails-alt-def-2[symmetric] .
moreover
have X: {z. - token-succeeds x} = {x. = token-succeeds x N token-squats
x} U {x. - token-succeeds x N\ — token-squats x}
by blast
ultimately
have inf: infinite {z. —~token-succeeds x N\ token-squats x}
unfolding mojmir-accept-alt-def X by blast

— Obtain j, where j is the rank used by infinitely many configuration
stabilising and not succeeding
have {z. —token-succeeds x N token-squats z} = {z. Ij < i. —to-
ken-succeeds © A token-squats x A stable-rank x j}
using stable-rank-bounded <infinite (succeed 7)) <qo ¢ F»
unfolding stable-rank-equiv-token-squats by metis
also
have ... = |J{{z. —token-succeeds x N token-squats x A stable-rank x
gy g g <i}
by blast
finally
obtain j where j < i and infinite {t. —token-succeeds t N\ token-squats
t A stable-rank t j}
(is infinite 25)
using inf by force
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— Obtain such a token x
then obtain x where —token-succeeds x and token-squats x and sta-
ble-rank x j
unfolding infinite-nat-iff-unbounded-le by blast
then obtain n where Vm > n. rank £ m = Some j
unfolding stable-rank-def MOST-nat-le by blast

— All configuration with same stable rank are bought at some n with
rank smaller i
have {(z, y) | y. y > n A stable-rank y j} C merge i
(is ?lhs C ?rhs)
proof
fix p
assume p € ?lhs
then obtain y where p = (z, y) and y > n and stable-rank y j
by blast
hence z < y and z # y
using rank-Some-time <V n'>n. rank x n’ = Some j» by fastforce+

moreover

— Obtain a time n” where x and y have the same rank
obtain n’” where rank z n' = Some j and rank y n'’ = Some j
using «Vn'>n. rank z n' = Some j» <stable-rank y j»
unfolding stable-rank-def MOST-nat-le by (metis add.commute

le-add?2)
hence token-run x n' = token-run y n” and y < n"
using push-down-rank-tokens rank-Some-time[OF <rank y n"' = Some

7] by simp-all
— Obtain the time n’ where x merges y and proof all necessary properties
then obtain n’ where token-run z n’ # token-run y n’ vV y = Suc n’
and token-run z (Suc n') = token-run y (Suc n’) and y < Suc n'
using token-run-mergepoint| OF <z < | le-add-diff-inverse by metis
moreover
hence (35’ rank y n’ = Some j') V y = Suc n’
using <stable-rank y j» stable-rank-equiv-token-squats rank-token-squats
unfolding le-Suc-eq by blast

moreover

have rank z n’ = Some j
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using <V n'>n. rank x n’ = Some j» <y < Suc n’y <y > n» by fastforce
moreover

have token-run x (Suc n’) ¢ F
using - token-succeeds x> token-succeeds-def by blast

ultimately
show p € ?rhs
unfolding merge-def <p = (z, y)
using «j < 9> by blast
qed

moreover

— However, x merges infinitely many configuration
hence infinite {(z, y) | y. y > n A stable-rank y j}
(is infinite 2S”)
proof —
{
{
fix y
assume stable-rank y j and y > n
then obtain n’ where rank y n’ = Some j
unfolding stable-rank-def MOST-nat-le by blast
moreover
hence y < n’
by (rule rank-Some-time)
hence n’ > n
using <y > n) by arith
hence rank x n’ = Some j
using <V n’' > n. rank x n’ = Some j> by simp
ultimately
have —token-succeeds y
by (metis «—token-succeeds ) configuration-token-succeeds
push-down-rank-tokens)
}
hence {y | y. y > n A stable-rank y j} = {y | y. token-squats y N
—token-succeeds y N stable-rank y j A y > n}
(is - = 257
using stable-rank-equiv-token-squats by blast
moreover
have finite {y | y. token-squats y N\ —token-succeeds y N stable-rank

yjn y<n}
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(is finite 2S"")
by simp
moreover
have 25 = 28" U 28"
by auto
ultimately
have infinite {y | y. y > n A stable-rank y j}
using <infinite 25> by simp
}
moreover
have {z} X {y. y > n A stable-rank y j} = 25’
by auto
ultimately
show “thesis
by (metis empty-iff finite-cartesian-productD2 singletonl)
qed

ultimately

have infinite (merge 1)
by (rule infinite-super)
with <finite (merge i)> show False
by blast
qed (blast intro: mojmir-accept-initial)

theorem mojmir-accept-iff-token-set-accept:
accept «— (i < maz-rank. finite fail A finite (merge i) A infinite (succeed

i)

using mojmir-accept-token-set-defl mojmir-accept-token-set-def2 by blast

theorem mojmir-accept-iff-token-set-accept?:

accept «— (i < maz-rank. finite fail A finite (merge ©) A infinite (succeed
i) A (Vj < i. finite (merge j) A finite (succeed j)))

using mojmir-accept-token-set-defl mojmir-accept-token-set-def2 merge-finite’
by blast

6.4.2 Time-Based Definitions

lemma finite-monotonic-image:
fixes A B :: nat set
assumes N\i. i € A = i< fi
assumes f ‘A =B
shows finite A <— finite B
proof
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assume finite B
thus finite A
proof (cases B # {})
case True
hence \i. i € A = i < Max B
by (metis assms Mazx-ge-iff <finite B> imagel)
thus finite A
unfolding finite-nat-set-iff-bounded-le by blast
qed (metis assms(2) image-is-empty)
qed (metis assms(2) finite-imagel)

lemma finite-monotonic-image-pairs:
fixes A :: (nat x nat) set
fixes B :: nat set
assumes \i. i € A = (fsti) < fi+ ¢
assumes N\i. i € A = (sndi) < fi+d
assumes f ‘A =B
shows finite A «— finite B
proof
assume finite B
thus finite A
proof (cases B # {})
case True
hence \i. i € A = fst i < Max B+ ¢ A snd i < Maz B + d
by (metis assms Maz-ge-iff «finite B> imagel le-diff-conv)
thus finite A
using finite-product[of A] unfolding finite-nat-set-iff-bounded-le by
blast
qed (metis assms(3) finite.emptyl image-is-empty)
qed (metis assms(3) finite-imagel)

lemma token-time-finite-rule:
fixes A B :: nat set
assumes unique: Nz yz. Pry— Pzrxz— y =z
and existsA: N\z. x € A = (3y. Pz y)
and existsB: \y. y € B= (3z. Pz y)
and inA: Ney. Pzy=—z€ A
and inB: Nty Pry— y€B
and mono: Nzy. Pzy=— z<y
shows finite A «— finite B
proof (rule finite-monotonic-image)
let ?f = (Az. if v € A then The (P z) else undefined)

{
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fix z
assume ¢ € A
then obtain y where Pz y and y = ?f x
using existsA the-equality unique by metis
thus z < ?f x
using mono by blast

}
{

fix y
have y € ?f ‘A +— (3z. x € ANy = The (P x))
unfolding image-def by force
also
have ... +— (3z. Pz y)
by (metis inA existsA unique the-equality)
also
have ... «+— y € B
using inB existsB by blast
finally
have y € 9 “A<+— y€ B

}
thus 9f A =B
by blast
qed

lemma token-time-finite-pair-rule:
fixes A :: (nat x nat) set
fixes B :: nat set
assumes unique: Nz yz. Pry=— Prz=— y =2
and existsA: N\z. v € A = (3y. Pz y)
and existsB: \y. y € B= (3z. Pz y)
and inA: Nzy. Pzy—=—z€ A
and inB: Nty Pry— y€B
and mono: Nzry. Prxy—=— fstz <y+cAsndz<y+d
shows finite A «<— finite B
proof (rule finite-monotonic-image-pairs)
let 7f = (Az. if v € A then The (P z) else undefined)

{

fix x

assume z € A

then obtain y where Pz y and y = ?fx
using existsA the-equality unique by metis
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thus fstx < ?fz 4+ cand snd z < 9fx + d
using mono by blast+
}

{
fix y

have y € ?f ‘A +— (z. x € ANy = The (P x))
unfolding image-def by force

also

have ... «+— (Jz. Pz y)
by (metis inA existsA unique the-equality)

also

have ... «+— y € B
using inB existsB by blast

finally

have y € 9 “A«— y€ B

}
thus ¢f ‘A =08
by blast
qed

— Correspondence Between Token- and Time-Based Definitions

lemma fail-t-inclusion:
assumes ¢ < n
assumes —sink (token-run z n)
assumes sink (token-run z (Suc n))
assumes token-run ¢ (Suc n) ¢ F
shows n € fail-t
proof —
define ¢ ¢’ where ¢ = token-run z n and ¢’ = token-run x (Suc n)
hence *: —sink q sink ¢’ and ¢’ ¢ F
using assms by blast+
moreover
from x have *x: state-rank q n # None
unfolding g¢-def by (metis oldest-token-always-def option.distinct(1)
state-rank-None)
moreover
from *x have ¢’ = § ¢ (w n)
unfolding ¢-def q’-def using assms(1) token-run-step’ by blast
ultimately
show n € fail-t
unfolding fail-t-def by blast
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qed

lemma merge-t-inclusion:
assumes z < n
assumes (35’ token-run x n # token-run y n A y < n A state-rank
(token-run y n) n = Some j') V y = Suc n
assumes token-run ¢ (Suc n) = token-run y (Suc n)
assumes token-run z (Suc n) ¢ F
assumes state-rank (token-run x n) n = Some j
assumes j < 1
shows n € merge-t i
proof —
define q ¢’ ¢
where ¢ = token-run x n
and ¢’ = token-run z (Suc n)
and q"" = token-run y n
have y < Sucn
using assms(2) by linarith
hence (¢’ =6 ¢” (w n) A state-rank q"' n # None A ¢" # q) V ¢’ = qo
unfolding g¢-def ¢'-def q"-def using assms(2—3)
by (cases y = Suc n) ((metis token-run-intial-state), (metis option.distinct(1)
token-run-step))
moreover
have state-rank qn = Some jANj<iNqgd =0q(wn)ANqg & F
unfolding ¢-def ¢'-def using token-run-step|OF assms(1)] assms(4—06)
by blast
ultimately
show n € merge-t i
unfolding merge-t-def by blast
qged

lemma succeed-t-inclusion:
assumes rank x n = Some i
assumes token-run zn ¢ F — {qo}
assumes loken-run z (Suc n) € F
shows n € succeed-t i
proof —
define ¢ where ¢ = token-run x n
hence state-rank g n = Some i and ¢ ¢ F — {q} and § ¢ (wn) € F
using token-run-step’ rank-Some-time[OF assms(1)] assms rank-eq-state-rank
by auto
thus n € succeed-t i
unfolding succeed-t-def by blast
qged

99



lemma finite-fail-t:
finite fail = finite fail-t
proof (rule token-time-finite-rule)
let P = (Azxn.z<mn
A —sink (token-run z n)
A sink (token-run x (Suc n))
A token-run x (Suc n) ¢ F)

{

fix z
have —sink (token-run x x)
unfolding sink-def by simp

assume z € fail
hence token-fails =
unfolding fail-def ..
moreover
then obtain 3"’ where sink (token-run x (Suc (z + y')))
unfolding token-fails-alt-def MOST-nat
using <— sink (token-run z x)» less-add-Suc2 by blast
then obtain y’ where —sink (token-run z (z + y’)) and sink (token-run
z (Suc (z +y))
using token-run-Plof \q. sink q, OF <—sink (token-run z z))] by blast
ultimately
show Jy. Pxy
using token-fails-alt-def-2 token-succeeds-def by (metis le-add1)
}

{

fix y
assume y € fail-t
then obtain ¢ ¢’ i where state-rank q y = Some i and ¢’ = ¢ ¢ (w y)
and ¢’ ¢ F and sink ¢’
unfolding fail-t-def by blast
moreover
then obtain x where token-run x y = ¢ and z < y
by (blast dest: push-down-state-rank-token-run)
moreover
hence token-run z (Suc y) = q’
using token-run-step|OF - - <¢' = § q (w y)»] by blast
ultimately
show Jz. Pz y
by (metis option.distinct(1) state-rank-sink)
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}

{
fix zy

assume “P z y
thus z € fail and z < y and y € fail-t
unfolding fail-def using token-fails-def fail-t-inclusion by blast+

}

— Uniqueness
{
fixzyz
assume 7Pz y and ?P z 2
from <?P z y» have —sink (token-run z y) and sink (token-run z (Suc

)
by blast+

moreover
from «?P x 2> have —sink (token-run = z) and sink (token-run x (Suc

2))
by blast+
ultimately
show y = 2
using token-stays-in-sink
by (cases y z rule: linorder-cases, simp-all)
(metis (no-types, lifting) Suc-lel le-add-diff-inverse)+
}
qed

lemma finite-succeed-t':
assumes ¢y ¢ F
shows finite (succeed ©) = finite (succeed-t 7)
proof (rule token-time-finite-rule)
let P = (Axn.z<n
A state-rank (token-run x n) n = Some i
A (token-run x n) ¢ F — {qo}
A (token-run x (Suc n)) € F)

{

fix z
assume z € succeed @
then obtain y where token-run x y ¢ F — {qo} and token-run z (Suc
y) € F and rank z y = Some i
unfolding succeed-def by force
moreover
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hence rank (senior x y) y = Some i
using rank-Some-time[ THEN rank-senior-senior| by presburger
hence state-rank (token-run x y) y = Some i
unfolding state-rank-eq-rank senior.simps by (metis oldest-token-always-def
option.sel option.simps(5))
ultimately
show dy. Pz y
using rank-Some-time by blast
}

{

fix y
assume y € succeed-t i
then obtain ¢ where state-rank q y = Some i and ¢ ¢ F — {qo} and
(0q(wy) € F
unfolding succeed-t-def by blast
moreover
then obtain z where ¢ = token-run z y and z < y
by (metis oldest-token-bounded push-down-oldest-token-token-run push-down-state-rank-oldest-tok
moreover
hence token-run = (Suc y) € F
using token-run-step «(§ q (wy)) € F» by simp
ultimately
show Jdz. ?Pxy
by meson
}

{

fix zy
assume “Pzy
thus z < y and z € succeed ¢ and y € succeed-t ¢
unfolding succeed-def using rank-eq-state-rank|of x y] succeed-t-inclusion
by (metis (mono-tags, lifting) mem-Collect-eq)+
}

— Uniqueness
{
fixzyz
assume 7Pz y and ?P x 2
from «?P z y» have token-run = y ¢ F and token-run x (Suc y) € F
using «qo ¢ F» by auto
moreover
from «?P z 2> have token-run x z ¢ F and token-run x (Suc z) € F
using «qop ¢ F» by auto
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ultimately
show y = 2
using token-stays-in-final-states
by (cases y z rule: linorder-cases, simp-all)
(metis le-Suc-ex less-Suc-eq-le not-le)+
}

qed

lemma initial-in-F-token-run:
assumes qg € F
shows token-run z y € F
using assms token-stays-in-final-states|of - 0] by fastforce

lemma finite-succeed-t"":
assumes qg € F
shows finite (succeed i) = finite (succeed-t 7)
(is ?lhs = ?rhs)
proof
have succeed-t i = {n. state-rank qo n = Some i}
unfolding succeed-t-def using initial-in-F-token-run assms wellformed-F
by auto
also
have ... = {n. rank n n = Some i}
unfolding rank-eq-state-rank|OF order-refl] token-run-intial-state ..
finally
have succeed-t-alt-def: succeed-t i = {n. rank n n = Some i N token-run
nn = go}
by simp

have succeed-alt-def: succeed i = {x. In. rank x n = Some i N\ token-run

Tn = qo}
unfolding succeed-def using initial-in-F-token-run|OF assms| by auto

assume ?lhs
moreover
have succeed-t i C succeed i
unfolding succeed-t-alt-def succeed-alt-def by blast
ultimately
show ?rhs
by (rule rev-finite-subset)
}

{
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assume ?rhs
then obtain U where U-def: Az. x € succeed-t i — U >«
unfolding finite-nat-set-iff-bounded-le by blast
{
fix z
assume z € succeed i
then obtain n where rank z n = Some i and token-run z n = qq
unfolding succeed-alt-def by blast
moreover
hence z < n
by (blast dest: rank-Some-time)
moreover
hence rank n n = Some
using <rank x n = Some 0> <token-run T n = qo>
by (metis order-refl token-run-intial-state[of n] pull-up-token-run-tokens
pull-up-configuration-rank)
hence n € succeed-t i
unfolding succeed-t-alt-def by simp
ultimately
have U > «
using U-def by fastforce
}
thus ?lhs
unfolding finite-nat-set-iff-bounded-le by blast

}

qed

lemma finite-succeed-t:
finite (succeed ©) = finite (succeed-t 7)

using finite-succeed-t' finite-succeed-t"" by blast

lemma finite-merge-t:
finite (merge i) = finite (merge-t 7)
proof (rule token-time-finite-pair-rule)
let P = (M(z, y) n. Jj. 2 < n
A ((F7". token-run z n # token-run y n A y < n A state-rank (token-run
yn) n= Somej)Vy= Sucn)
A token-run x (Suc n) = token-run y (Suc n)
A token-run x (Suc n) ¢ F
A state-rank (token-run x n) n = Some j
Nj<i)

{

fix z

104



assume r € merge i
then obtain ¢ t' n j where 1: z = (¢, t')

and 3: (35" token-run t n # token-run t' n A rank t' n = Some j') V

t" = Sucn

and 4: token-run t (Suc n) = token-run t' (Suc n)

and 5: token-run t (Suc n) ¢ F

and 6: rank t n = Some j

and 7: j <1

unfolding merge-def by blast
moreover
hence 8: t < nand 9: t' < Sucn

using rank-Some-time le-Suc-eq by blast+
moreover
hence 10: state-rank (token-run t n) n = Some j

using <rank t n = Some j» rank-eq-state-rank by metis
ultimately
show Jy. Pxy
proof (cases t' = Suc n)

case Fulse

hence t' < n
using «t’ < Suc n» by simp
with 1 83 4 5 7 8 10 show ?thesis
unfolding rank-eg-state-rank[OF «t' < n)] by blast

qed blast

}

{
fix y

assume y € merge-t ¢
then obtain ¢ ¢’ j where 1: state-rank q y = Some j
and 2: j < ¢
and 3: ¢’ =0 q (wy)
and 4: ¢' ¢ F
and 5: (3q”. ¢'= 6 ¢" (wy) A state-rank q” y # None A q" # q) V
7' = qo
unfolding merge-t-def by blast

then obtain ¢ where 6: ¢ = token-run t y and 7: t < y
using push-down-state-rank-token-run by metis
hence 8: ¢’ = token-run t (Suc y)

unfolding «¢' = § ¢ (w y)> using token-run-step by simp

{

assume ¢’ = qq
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hence token-run t (Suc y) = token-run (Suc y) (Suc y)
unfolding 8§ by simp
moreover
then obtain z where z = (¢, Suc y)
by simp
ultimately
have Pz y
using 1 2 8 4 5 7 unfolding 6 8 by force
hence dz. Pz y
by blast
}

moreover
{
assume ¢’ # qq
then obtain ¢" j' where 9: ¢/ = ¢ ¢” (w y)
and state-rank q" y = Some j’
and ¢" # ¢
using 5 by blast
moreover
then obtain ¢’ where 12: ¢ = token-run t' y and t' < y
by (blast dest: push-down-state-rank-token-run)
moreover
hence token-run t (Suc y) = token-run t’ (Suc y)
using 8 9 token-run-step by presburger
moreover
have token-run t y # token-run t'y
using ¢¢" # ¢» unfolding 6 12 ..
moreover
then obtain z where z = (¢, t/)
by simp
ultimately
have Pz y
using 1 2 4 7 unfolding 6 8§ by fast
hence Jdz. Pz y
by blast
}

ultimately
show Jdz. Pz y
by blast
}

{

fix x y
assume ‘Pz y
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then obtain ¢ ¢’ j where 1: z = (¢, t')

and 3:t <y

and /4: (35" token-run t y # token-run t' y A t' < y A state-rank
(token-run t' y) y = Some j') V t' = Suc y

and 5: token-run t (Suc y) = token-run t' (Suc y)

and 6: token-run t (Suc y) ¢ F

and 7: state-rank (token-run t y) y = Some j

and 8:j < ¢

by blast

thus z € merge ¢
proof (cases t' = Suc y)
case Fulse
hence t' < y
using 4 by blast
thus ?thesis
using 1 3 4 5 6 7 8 unfolding merge-def
unfolding rank-eq-state-rank[OF «t' < y», symmetric] rank-eq-state-rank[OF
«t <y, symmetric]
by blast
qed (unfold rank-eq-state-rank[OF <t < y», symmetric] merge-def, blast)

show y € merge-tiand fstx <y + 0 ANsndz <y + 1
using merge-t-inclusion <?P x > by force+
}

— Uniqueness
{
fixzyz
assume ?P z y and ?P x 2
then obtain ¢ t' where z = (¢, t/)
by blast
from (7P x y[unfolded <x = (¢, t'))] have yI1: t <y
and y2: (token-run t y # token-run t’ y A t' < y) vV t' = Sucy
and y3: token-run t (Suc y) = token-run t' (Suc y) by blast+
moreover
from (7P x 2 [unfolded <z = (t, t')»] have z1: t < 2
and 22: (token-run t z # token-run t' z A t' < z) V t' = Suc z
and 23: token-run t (Suc z) = token-run t’ (Suc z) by blast+
moreover
have y/: t' < Suc y and z4: t' < Suc 2
using y2 z2 by linarith+
ultimately
show y = 2

107



proof (cases y z rule: linorder-cases)
case less
then obtain d where Suc y + d = 2
by (metis add-Suc-right add-Suc-shift less-imp-Suc-add)
thus ?thesis
using yI y2 z2 token-run-merge| OF - y4 y3] by auto
next
case greater
then obtain d where Suc z + d = y
by (metis add-Suc-right add-Suc-shift less-imp-Suc-add)
thus ?thesis
using z1 y2 22 token-run-merge|OF - zj z3] by auto
qed

}

qed

6.4.3 Relation to Mojmir Acceptance

lemma token-iff-time-accept:
shows (finite fail A finite (merge ©) A infinite (succeed i) N\ (Vj < i. finite
(succeed j)))
= (finite fail-t N finite (merge-t i) N\ infinite (succeed-t i) N (Vj < 1.
finite (succeed-t 7)))
unfolding finite-fail-t finite-merge-t finite-succeed-t by simp

6.5 Succeeding Tokens (Alternative Definition)

definition stable-rank-at :: nat = nat = bool
where
stable-rank-at t n = 37. Vm > n. rank xt m = Some ¢

lemma stable-rank-at-ge:
n < m —> stable-rank-at x n —> stable-rank-at x m
unfolding stable-rank-at-def by fastforce

lemma stable-rank-equiv:
(3. stable-rank z i) = (I n. stable-rank-at z n)
unfolding stable-rank-def MOST-nat-le stable-rank-at-def by blast

lemma smallest-accepting-rank-properties:

assumes smallest-accepting-rank = Some i@

shows accept finite fail finite (merge i) infinite (succeed i) Vj < i. finite
(succeed j) i < maz-rank
proof —
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from assms show accept
unfolding smallest-accepting-rank-def using option.distinct(1) by metis
then obtain i’ where finite fail and finite (merge i") and infinite (succeed
i
)
and Vj < i finite (succeed j) and i’ < maz-rank
unfolding mojmir-accept-iff-token-set-accept2 by blast
moreover
hence Ay. finite fail A finite (merge y) A infinite (succeed y) — i’ < y
using not-le by blast
ultimately
have (LEAST i. finite fail A finite (merge ©) A infinite (succeed 7)) = i’
using le-antisym unfolding Least-def by (blast dest: the-equality|of -
i)
hence i’ = i
using <smallest-accepting-rank = Some i <accept) unfolding small-
est-accepting-rank-def by simp
thus finite fail and finite (merge i) and infinite (succeed 1)
and Vj < i. finite (succeed j) and i < maz-rank
using «finite fail) <finite (merge i)y <infinite (succeed i')»
using «Vj < i’. finite (succeed j)» i’ < maz-rank) by simp+
qed

lemma token-smallest-accepting-rank:

assumes smallest-accepting-rank = Some i

shows V oon. Vx. token-succeeds © <— (x > n V (3j > 4. rank x n =
Some j) V token-run x n € F)
proof —

from assms have accept finite fail infinite (succeed i) ¥j < i. finite
(succeed j)

using smallest-accepting-rank-properties by blast+

then obtain n; where ni-def: Vx > nq. token-succeeds x
unfolding accept-def MOST-nat-le by blast
define ny where ny = Suc (Maz (fail-t U |J{succeed-t j | j. j < i})) (is
- = Suc (Max ?25))
define n3 where ng = Max ({LEAST m. stable-rank-at x m | z. © < my
A token-squats z}) (is - = Maz 25”)
define n where n = Max {ni, ng, n3}

have finite 7S and finite 7S’

using «finite faily Vj < i. finite (succeed j)»
unfolding finite-fail-t finite-succeed-t by fastforce+
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fix z
assume z < nj token-squats x
hence (LEAST m. stable-rank-at x m) € 25’ (is ?m € -)
by blast
hence ?m < ns
using Maz.coboundedI [OF «finite ?S"] ns-def by simp
moreover
obtain k£ where stable-rank z k
using «r < nyp» <token-squats x> stable-rank-equiv-token-squats by blast
hence stable-rank-at z ?m
by (metis stable-rank-equiv Leastl)
ultimately
have stable-rank-at x n3
by (rule stable-rank-at-ge)
hence 3i. Vm' > n. rank x m' = Some i
unfolding n-def stable-rank-at-def by fastforce
}

note Stable = this

have \m j. j < i = m € succeed-t j = m < n
using Max.coboundedI[OF «finite ?2S>] unfolding n-def no-def by fast-
force
hence Succeed: Am j z. n < m = token-run x m ¢ F — {qo} =
token-run z (Suc m) € F = rank z m = Some j = i < j
by (metis not-le succeed-t-inclusion)

have Am. m € fail-t = m < n
using Max.coboundedI[OF «finite 7S] unfolding n-def no-def by fast-
force
hence Fail: Am z. n < m = = < m = sink (token-run x m) V —sink
(token-run = (Suc m)) V —token-run x (Suc m) ¢ F
using fail-t-inclusion by fastforce

{

fix mx
assume m > nm > ¢
moreover
{
assume token-succeeds x token-run t m ¢ F
then obtain m’ where z < m’and token-run z m’ ¢ F — {qo} and
token-run x (Suc m') € F
using token-run-enter-final-states unfolding token-succeeds-def by
meson
moreover
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hence —sink (token-run x m’)
by (metis Diff-empty Diff-insert0 <token-run x m ¢ F» initial-in-F-token-run
token-is-not-in-sink)
ultimately
obtain j' where rank z m’ = Some j’
by simp
moreover
have m < m/
by (metis <token-run x m ¢ F» token-stays-in-final-states|OF <to-
ken-run x (Suc m') € F»| add-Suc-right add-Suc-shift less-imp-Suc-add not-le)
moreover
hence m’' > n
using <x < m» <m > n> by simp
hence j' > i
using Succeed|OF - <token-run x m’ ¢ F — {qo}> <token-run z (Suc
m') € F» «<rank x m’ = Some j"] by blast
moreover
obtain k where rank z z = Some k
using rank-initial[of =] by blast
ultimately
obtain j where rank © m = Some j
by (metis rank-continuous|OF <rank x © = Some k>, of m' — z| <z
< m’ «x < m»y diff-le-mono le-add-diff-inverse)
hence 3j > i. rank x m = Some j
using rank-monotonic <rank z m’' = Some j» <j' > i» «m < m"\[THEN
le-Suc-ex]
by (blast dest: le-Suc-ex trans-le-addl)

}

moreover
{
assume —token-succeeds x
hence A\m. token-run z m ¢ F
unfolding token-succeeds-def by blast
moreover
have =(3j > 4. rank  m = Some j)
proof (cases token-squats x)
case True
— The token already stabilised
have =z < m
using (—token-succeeds xy ni-def by (metis not-le)
then obtain k£ where Vm’' > n. rank t m’ = Some k
using Stable|OF - True] by blast
moreover
hence stable-rank x k
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unfolding stable-rank-def MOST-nat-le by blast
moreover
have ¢y ¢ F
by (metis < \m. token-run x m ¢ F» initial-in-F-token-run)
ultimately
— Hence the rank is smaller than i
have k < ¢ and rank x m = Some k
using stable-rank-bounded <infinite (succeed i)y <n < m» by blast+
thus “thesis
by simp
next
case Fulse
— Then token is already in a sink
have sink (token-run x m)
proof (rule ccontr)
assume —sink (token-run x m)
moreover
obtain m’ where m < m’and sink (token-run x m’)
by (metis False token-squats-def le-add2 not-le not-less-eq-eq
token-stays-in-sink)
ultimately
obtain m” where m < m” and -sink (token-run r m”) and
sink (token-run z (Suc m”))
by (metis le-addl less-imp-Suc-add token-run-P)
thus False
by (metis Fail <A\m. token-run x m ¢ F» <n < m» <z < m»
le-trans)
qed
— Hence there is no rank
thus “thesis
by simp
qed
ultimately
have —(3j > . rank £ m = Some j) A token-run x m ¢ F
by blast
}
ultimately
have (3j > i. rank ¢ m = Some j) V token-run x m € F <— to-
ken-succeeds x
by (cases token-succeeds x) (blast, simp)
}

moreover
— By definition of n all tokens Az. n < z succeed
have Am z. m > n = -2 < m = token-succeeds x
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using n-def ni-def by force
ultimately
show ?thesis
unfolding MOST-nat-le not-le[symmetric] by blast
qed

lemma succeeding-states:
assumes smallest-accepting-rank = Some i

shows V on. Vq. (3z € configuration q n. token-succeeds ©) — q € S

n) A (g €S n— (Ya € configuration q n. token-succeeds x))
proof —

obtain n where n-def: Am z. m > n = token-succeeds x = (z > m V

(34 > i. rank x m = Some j) V token-run x m € F)

using token-smallest-accepting-rank| OF assms] unfolding MOST-nat-le

by auto
{
fix m q
assume m > n g ¢ F Jx € configuration q¢ m. token-succeeds x
moreover

then obtain = where token-run x m = ¢ and z < m and token-succeeds

x

by auto

ultimately

have 35 > i. rank x m = Some j
using n-def by simp

hence 3j > i. state-rank ¢ m = Some j
using rank-eq-state-rank <x < my <token-run x m = ¢» by metis

}

moreover
{
fixmgqgz
assume m > n x € configuration q m
hence =z < m and token-run x m = q
by simp+
moreover
assume ¢ € S m
hence (3j > i. state-rank ¢ m = Some j) V ¢ € F
using assms by fastforce
ultimately
have (3j > i. rank t m = Some j) V ¢ € F
using rank-eq-state-rank by presburger
hence token-succeeds x
unfolding n-def[OF <m > ny] <token-run x m = ¢» by presburger

}
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ultimately
show “thesis
unfolding MOST-nat-le S.simps assms option.sel by blast
qged

end

end

7 (Generalized) Rabin Automata

theory Rabin
imports Main DTS
begin

type-synonym (‘a, 'b) rabin-pair = (('a, 'b) transition set x ('a, 'b) tran-
sition set)

type-synonym (‘a, 'b) generalized-rabin-pair = ((‘a, 'b) transition set x
("a, 'b) transition set set)

type-synonym (‘a, 'b) rabin-condition = ('a, 'b) rabin-pair set
type-synonym (’a, 'b) generalized-rabin-condition = ('a, 'b) generalized-rabin-pair
set

type-synonym (‘a, 'b) rabin-automaton = (‘a, 'b) DTS x 'a x ('a, 'b)
rabin-condition

type-synonym (‘a, 'b) generalized-rabin-automaton = ('a, 'b) DTS x 'a
x ('a, 'b) generalized-rabin-condition

definition accepting-pairg :: (‘a, 'b) DTS = 'a = (‘a, 'b) rabin-pair = 'b
word = bool
where

accepting-pairg 6 qo P w = limit (runy § qo w) N fst P = {} A limit (run,
d qo w) N snd P # {}

definition acceptr :: (‘a, 'b) rabin-automaton = b word = bool
where

acceptp R w = (3P € (snd (snd R)). accepting-pairr (fst R) (fst (snd
R)) P w)

definition accepting-pairgg :: (‘a, 'b) DTS = 'a = ('a, 'b) generalized-rabin-pair

= 'b word = bool
where
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accepting-pairgr 6 qo P w = limit (rung § qo w) N fst P = {} A (VI €
snd P. limit (runy § qo w) NI # {})

definition acceptgr = ('a, 'b) generalized-rabin-automaton = 'b word =
bool
where

acceptgr R w = (3 (Fin, Inf) € (snd (snd R)). accepting-pairgr (fst R)
(fst (snd R)) (Fin, Inf) w)

declare accepting-pairg-def|simp]
declare accepting-pairgg-def|[simp]

lemma accepting-pair g-simp[simp:

accepting-pairg 0 qo (F,I) w = limit (runy § qo w) N F = {} A limit (run,
§ g0 w) NI # {}

by simp

lemma accepting-pair g-simp[simp):

accepting-pairgr 6 qo (F, I) w = limit (runy 6 go w) N F ={} A (VI €
Z. limit (rung 6 go w) NI # {})

by simp

lemma acceptg-simp[simp):

acceptr (0, qo, @) w = (3 (Fin, Inf) € a. limit (run; 6 qo w) N Fin = {}
A limit (rung 6 qo w) N Inf # {})

by (unfold acceptr-def accepting-pair r-def case-prod-unfold fst-conv snd-conv;
rule)

lemma accepta r-simp[simp]:

acceptar (0, qo, @) w «— (I (Fin, Inf) € . limit (runy § qo w) N Fin
={} A (VI € Inf. limit (run; § qo w) NI # {}))

by (unfold acceptgr-def accepting-pairgr-def case-prod-unfold fst-conv
snd-conv; rule)

lemma acceptgr-simp2:

acceptar (0, qo, o) w <— (I P € a. accepting-pairgr 6 qo P w)

by (unfold acceptcr-def accepting-pairgr-def case-prod-unfold fst-conv
snd-conv; rule)

type-synonym ('a, 'b) LTS = ('a, 'b) transition set
definition LTS-is-inf-run :: ('q,'a) LTS = 'a word = 'q word = bool
where

LTS-is-inf-run A wr «— (Vi. (ri, wi, r (Suci)) € A)
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fun acceptr-LTS :: (('a, 'b) LTS x 'a x ('a, 'b) rabin-condition) = 'b word
= bool
where
acceptr-LTS (8, qo, o) w <— (3 (Fin, Inf) € a. 7.
LTS-is-inf-run § wr AN r 0 = qq
A limit (Ni. (r i, wi, v (Suc i) N Fin = {}
A limit (Ni. (r i, wi, v (Suc 7)) 0 Inf # {})

definition accepting-pairgr-LTS :: ('a, 'b) LTS = 'a = ('a, 'b) general-
ized-rabin-pair = 'b word = bool
where
accepting-pairgr-LTS § qo P w = 3r. LTS-is-inf-run § wr A r 0 = qo
A limit (Ni. (ri, wi, v (Suc i) N fst P = {}
AN (VI € snd P. limit (Mi. (ri, wi, r (Suci))) NI#{})

fun acceptar-LTS :: (('a, 'b) LTS X 'a x ('a, 'b) generalized-rabin-condition)
= b word = bool
where

acceptar-LTS (8, qo, a) w = (3 (Fin, Inf) € a. accepting-pairgr-LTS 6
4o (anv I’I”Lf) w)

lemma acceptgr-LTS-E:
assumes acceptar-LTS R w
obtains F' I where (F, I) € snd (snd R)
and accepting-pairgr-LTS (fst R) (fst (snd R)) (F, I) w
proof —
obtain ¢ ¢y « where R = (4, qo, @)
using prod-cases3 by blast
show (AF I. (F, I) € snd (snd R) = accepting-pairgr-LTS (fst R) (fst
(snd R)) (F, I) w = thesis) = thesis
using assms unfolding <R = (4, qo, o)) by auto
ged

lemma acceptgr-LTS-1:

accepting-pairgr-LTS 0 qo (F,Z) w = (F,Z) € a = acceptgr-LTS
(6, qo, @) w

by auto

lemma acceptgr-I:
accepting-pairgr 0 qo (F,I) w = (F,Z) € a« = acceptgr (9, qo, @) w
by auto

lemma transfer-accept:

116



accepting-pairg 6 qo (F, I) w <— accepting-pairgr § qo (F, {I}) w
acceptr (0, qo, o) w — acceptar (9, qo, (A(F, I). (F, {I})) ‘a) w
by (simp add: case-prod-unfold)+

7.1 Restriction Lemmas

lemma accepting-pairgg-restrict:

assumes range w C X

shows accepting-pairgr 6 qo (F, Z) w = accepting-pairgr d qo (F N
reachy ¥ 6 qo, (M. I N reachy ¥ 0 qo) ‘Z) w

proof —
have limit (run; § go w) N F = {} — limit (run; 0 qo w) N (F N reach;
%0 q0) ={}

using assms[THEN limit-subseteg-reach(2), of 6 qo] by auto
moreover
have (VI€Z. limit (runy 6 qo w) NI # {}) = (VI€{y. Jz€Z. y = z N
reachy ¥ 6 qo}. limit (runy § qo w) NI # {}))
using assms|THEN limit-subseteq-reach(2), of 6 qo] by auto
ultimately
show “thesis
unfolding accepting-pairgr-simp image-def by meson
qged

lemma acceptgr-restrict:
assumes range w C X
shows acceptgr (9, qo, {(fz, g x) | . P x}) w = acceptgr (9, qo, {(f =
N reachy ¥ 6 qo, (AI. I N reachy ¥ 0 qo) ‘gx) | z. Pz}) w
apply (simp only: acceptgr-simp)
apply (subst accepting-pairg r-restrict|OF assms, simplified))
apply simp
apply standard
apply (metis (no-types, lifting) imageE)
apply fastforce
done

lemma accepting-pair g-restrict:

assumes range w C X

shows accepting-pairg § qo (F, I) w = accepting-pairg § qo (F' N reachy
¥ 0 qo, I N reachy X6 qp) w

by (simp only: transfer-accept; subst accepting-pairgg-restrict|OF assms];
simp)

lemma acceptg-restrict:
assumes range w C X
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shows acceptr (9, qo, {(fz, g z) | z. P x}) w = acceptr (5, qo, {(fz N
reachy ¥ 6 qo, g € N reachy ¥ 0 qo) | z. P z}) w

by (simp only: acceptr-simp; subst accepting-pair g-restrict{OF assms,
simplified]; auto)

7.2 Abstraction Lemmas

lemma accepting-pairqar-abstract:
assumes finite (reachy ¥ 9 qp)
and finite (reachy ¥ 8’ qo’)
assumes range w C 3
assumes rung; 0 go w = f o (rung §' qo’ w)
assumes A\t. t € reachy ¥ 0' qo' = ft e F +— t € F'
assumes N\t i. i € Z =t € reachy X 0" qo' = fteli+—tel'i
shows accepting-pairgr 6 qo (F,{Ii|i. i € I}) w+— accepting-pairgr
8 qof (F',{I"i|i.iel})w
proof —
have finite (range (run; 6 qo w)) (is - (range 7r))
and finite (range (rung 6’ qo’ w)) (is - (range ?r'))
using assms(1,2,3) run-subseteg-reach(2) by (metis finite-subset)+
then obtain k where 1: limit ?r = range (suffiz k r)
and 2: limit ?r' = range (suffix k r')
using common-range-limit by blast
have X: limit (runy § qo w) = f * limit (rung 6’ qo’ w)
unfolding I 2 suffiz-def by (auto simp add: assms(4))
have 3: (limit r N F = {}) «— (limit r' 0 F' = {})
and 4: (Vi€ Z. limit or N I1i # {}) «— (Vi € Z. limit or' N 1" i #
{)
using assms(5,6) limit-subseteg-reach(2)[OF assms(3)] by (unfold X;
fastforce)+
thus “thesis
unfolding accepting-pairgr-simp by blast
qged

lemma accepting-pair g-abstract:

assumes finite (reachy 3 0 qo)

and finite (reachy ¥ 6’ qo’)

assumes range w C X

assumes rung 0 go w = f o (rung 6" qo’ w)

assumes A\t. t € reachy X 0' qo' = ft e F +— t € F'

assumes A\t. t € reachy ¥ 6" qo' = fte Il +—tel’

shows accepting-pairg 6 qo (F, I) w +— accepting-pairg 6' qo’ (F', 1)
w

using accepting-pairg r-abstract|OF assms(1—25), of UNIV A-. I \-. I]
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assms(6) by simp

7.3 LTS Lemmas

lemma accepting-pairqgr-LTS:
assumes range w C X
shows accepting-pairgr 6 qo (F, L) w <— accepting-paircr-LTS (reach;
Y0 qo) q (F,I) w
(is ?lhs <— ?rhs)
proof
{
assume ?lhs
moreover
have LTS-is-inf-run (reachy ¥ 6 qo) w (run § qo w)
unfolding LTS-is-inf-run-def reachy-def using assms(1) by auto
moreover
have run § qo w 0 = qq
by simp
ultimately
show ?rhs
unfolding acceptgr-simp acceptqr-LTS.simps accepting-pairgr-simp
rung.stmps limit-def accepting-pairgr-LTS-def snd-conv fst-conv by blast

}
{

assume ?rhs
then obtain r where LT'S-is-inf-run (reach: ¥ § qo) w r
and r 0 = qq
and limit (Ni. (ri, wi, r (Suci))) N F = {}
and A\I. I € T = limit (A\i. (ri, wi, r (Suci))) NI #{}
unfolding accepting-pairgr-LTS-def by auto
moreover
{
fix ¢
from <r 0 = qo» <LTS-is-inf-run (reachy ¥ § qo) w r» have r i = run
6 go wi
by (induction i; simp-all add: LTS-is-inf-run-def reach,-def) metis
}

hence r = run § qo w
by blast

hence (Ai. (74, w i, r (Suc 7)) = runy § qo w
by auto

ultimately

show ?lhs
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by auto

}

qed

lemma acceptgr-LTS:
assumes range w C X
shows acceptar (9, qo, @) w <— acceptgr-LTS (reachy ¥ 6 qo, qo, @) w

unfolding acceptg r-def fst-conv snd-conv accepting-pairgr-LTS[OF assms|
by simp

lemma acceptr-LTS:
assumes range w C X
shows acceptr (9, qo, &) w <— acceptr-LTS (reachy ¥ 6 qo, qo, @) w
unfolding transfer-accept acceptqgr-LTS.simps acceptr-LTS.simps ac-
ceptqr-LTS|OF assms| case-prod-unfold accepting-pairg r-LTS-def by simp

7.4 Combination Lemmas

lemma combine-rabin-pairs:

(Az. x € I = accepting-pairg 6 qo (f z, g ) w) = accepting-pairgr o
@ U{fzlzzel},{gz|a.zel})w

by auto

lemma combine-rabin-pairs-UNIV:

accepting-pairg 0 qo (fin, UNIV) w = accepting-pairgr 6 qo (fin', inf’)
w = accepting-pairgr 0 qo (fin U fin', inf’) w

by auto

end

8 Auxiliary List Facts

theory List2
imports Main HOL— Library. Omega- Words-Fun List—Index.List-Index
begin

8.1 remdups_ fwd

fun remdups-fwd-acc
where
remdups-fwd-acc Acc [| = |]
| remdups-fwd-ace Ace (z#xs) = (if v € Acc then [] else [z]) @ remdups-fwd-acc
(insert x Acc) xs
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lemma remdups-fwd-acc-append|simp):

remdups-fwd-acc Acc (xzsQys) = (remdups-fwd-acc Acc xs) Q (remdups-fwd-acc
(Acc U set xs) ys)

by (induction xs arbitrary: Acc) simp+

lemma remdups-fwd-acc-set][simp]:
set (remdups-fwd-acc Acc xs) = set xs — Acc
by (induction xs arbitrary: Acc) force+

lemma remdups-fwd-acc-distinct:
distinct (remdups-fwd-acc Acc xs)
by (induction zs arbitrary: Acc rule: rev-induct) simp+

lemma remdups-fwd-acc-empty:
set xs C Acc <— remdups-fwd-acc Acc xs = ||
by (metis remdups-fwd-acc-set set-empty Diff-eq-empty-iff Diff-eq-empty-iff)

lemma remdups-fwd-acc-drop:

set ys C Acc U set xs = remdups-fwd-acc Acc (xs Q ys Q zs) = remdups-fwd-acc
Ace (zs Q zs)

by (simp add: remdups-fwd-acc-empty sup.absorbl)

lemma remdups-fwd-acc-filter:
remdups-fwd-acc Acc (filter P xs) = filter P (remdups-fwd-acc Acc xs)
by (induction zs rule: rev-induct) simp+

fun remdups-fwd
where
remdups-fwd xs = remdups-fwd-acc {} xs

lemma remdups-fwd-eq:
remdups-fwd s = (rev o remdups o rev) zs
by (induction xs rule: rev-induct) simp+

lemma remdups-fwd-set|[simp]:
set (remdups-fwd xs) = set s
by simp
lemma remdups-fwd-distinct:
distinct (remdups-fwd xs)
using remdups-fwd-acc-distinct by simp

lemma remdups-fwd-filter:
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remdups-fwd (filter P zs) = filter P (remdups-fwd xs)
using remdups-fwd-acc-filter by simp

8.2 Split Lemmas

lemma map-splitE:
assumes map frs = ys Q zs
obtains us vs where zs = us @ vs and map f us = ys and map f vs =
28
by (insert assms; induction ys arbitrary: xs)
(simp-all add: map-eq-Cons-conv, metis append-Cons)

lemma filter-split”:
filter P xs = ys @ 2s => Jus vs. zs = us Q vs A filter P us = ys N filter
Pous = zs
proof (induction ys arbitrary: zs xs rule: rev-induct)
case (snoc y ys)
obtain us vs where zs = us @Q vs and filter P us = ys and filter P vs
=y # zs
using snoc(1)[OF snoc(2)[unfolded append-assoc]] by auto
moreover
then obtain vs’ vs” where vs = vs’ @ y # vs"" and y ¢ set vs’ and
(Vueset vs'. = P u) and filter P vs"" = zs and Py
unfolding filter-eq-Cons-iff by blast
ultimately
have zs = (us @ vs’ Q [y]) @ vs” and filter P (us Q@ vs’ Q [y]) = ys @
[y] and filter P (vs") = zs
unfolding filter-append by auto
thus ?Zcase
by blast
qed fastforce

lemma filter-splitE:

assumes filter P zs = ys @Q zs

obtains us vs where zs = us @ vs and filter P us = ys and filter P vs
= 28

using filter-split'| OF assms] by blast

lemma filter-map-splitE:

assumes filter P (map f zs) = ys Q zs

obtains us vs where zs = us @Q vs and filter P (map f us) = ys and
filter P (map f vs) = zs

using assms by (fastforce elim: filter-splitE map-splitE)
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lemma filter-map-split-iff:

filter P (map fxs) = ys Q zs <— (Jus vs. zs = us Q vs A filter P (map
fus) = ys A filter P (map fvs) = zs)

by (fastforce elim: filter-map-splitE)

lemma list-empty-prefic:
rs Q y # 28 =y # us = y ¢ set s = xs = ||
by (metis hd-append?2 list.sel(1) list.set-sel(1))

lemma remdups-fwd-split:
remdups-fwd-acc Acc xs = ys Q zs = Jus vs. xs = us Q vs A remdups-fwd-acc
Acc us = ys A remdups-fwd-acc (Acc U set ys) vs = zs
proof (induction ys arbitrary: zs rule: rev-induct)
case (snoc y ys)
then obtain us vs where zs = us @ vs
and remdups-fwd-acc Acc us = ys
and remdups-fwd-acc (Acc U set ys) vs = y # zs
by fastforce
moreover
hence y € set vs and y ¢ Acc U set ys
using remdups-fwd-acc-set[of Acc U set ys vs| by auto
moreover
then obtain vs’ vs” where vs = vs’ @ y # vs” and y ¢ set vs’
using split-list-first by metis
moreover
hence remdups-fwd-acc (Acc U set ys) vs' = ||
using <«remdups-fwd-acc (Acc U set ys) vs = y # zs» <y ¢ Acc U set
ys»
by (force intro: list-empty-prefiz)
ultimately
have zs = (us @ vs’ @ [y]) @ vs”
and remdups-fwd-acc Acc (us @ vs’ Q [y]) = ys Q [y]
and remdups-fwd-acc (Acc U set (ys @Q [y])) vs” = zs
by (auto simp add: remdups-fwd-acc-empty sup.absorbl)
thus ?case
by blast
qed force

lemma remdups-fwd-split-exact:

assumes remdups-fwd-acc Acc xs = ys Q ¢ # zs

shows Jus vs. 1s = us Q z # vs A ¢ ¢ Acc A\ x ¢ set ys N\ remdups-fwd-acc
Acc us = ys A remdups-fwd-acc (Acc U set ys U {z}) vs = zs
proof —

obtain us vs where zs = us @ vs and remdups-fwd-acc Acc us = ys and
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remdups-fwd-acc (Acc U set ys) vs = x # zs
using assms by (blast dest: remdups-fwd-split)
moreover
hence z € set vs and = ¢ Acc U set ys
using remdups-fwd-acc-set|of Acc U set ys| by (fastforce, metis (no-types)
Diff-iff list.set-intros(1))
moreover
then obtain vs’ vs” where vs = vs’ Q z # vs” and x ¢ set vs’
by (blast dest: split-list-first)
moreover
hence set vs’ C Acc U set ys
using <remdups-fwd-acc (Acc U set ys) vs = x # 28 <x ¢ Acc U set ys»

unfolding remdups-fwd-acc-empty by (fastforce intro: list-empty-prefiz)
moreover
hence remdups-fwd-acc (Acc U set ys) vs' = |]
using remdups-fwd-acc-empty by blast
ultimately
have zs = (us @Q vs’) @ z # vs”
and remdups-fwd-acc Acc (us Q vs') = ys
and remdups-fwd-acc (Acc U set ys U {z}) vs" = zs
by (fastforce dest: sup.absorb1)+
thus ?thesis
using «x ¢ Acc U set ys) by blast
qed

lemma remdups-fwd-split-exactE:
assumes remdups-fwd-acc Acc rs = ys Q ¢ # zs
obtains us vs where zs = us Q z # vs and = ¢ set us and remdups-fwd-acc
Acc us = ys and remdups-fwd-acc (Acc U set ys U {z}) vs = zs
using remdups-fwd-split-ezact[ OF assms] by auto

lemma remdups-fwd-split-exact-iff:
remdups-fwd-acc Acc xs = ys Q x # 28 +—
(Jus vs. zs = us Q x # vs N x ¢ Acc N\ x ¢ set us A remdups-fwd-acc
Acc us = ys A remdups-fwd-acc (Acc U set ys U {z}) vs = 2zs)
using remdups-fwd-split-exact by fastforce

lemma sorted-pre:
(Azyazsys. zs=uxs Q [z, y Qys = z < y) = sorted zs
apply (induction zs)
apply simp
by (metis append-Nil append-Cons list.exhaust sortedl sorted?2)
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lemma sorted-list:
assumes z € set s and y € set xs
assumes sorted (map fxs) and fz < fy
shows Jzs’ xs" 25", xs = xs' Q z # xs" Q y # xs""
proof —
obtain ys zs where zs = ys Q y # zs and y ¢ set ys
using assms by (blast dest: split-list-first)
moreover
hence sorted (map f (y # 2s))
using <sorted (map f zs)) by (simp add: sorted-append)
hence Vzeset (map f (y # zs)). fy <=z
by force
hence Vazeset (y # 25). fy < fz
by auto
have z € set ys
apply (rule ccontr)
using «fz < fy> <z € set xs» Va€set (y # zs). fy < f x> unfolding
<xs = ys @ y # zsy set-append by auto
then obtain ys’ zs’ where ys = ys’ Q z # zs’
using assms by (blast dest: split-list-first)
ultimately
show %thesis
by auto
qed

lemma take While-foo:
z & set ys = ys = takeWhile (\y. y # z) (ys Q@ x # zs)
by (metis (mono-tags, lifting) append-Nil2 take While.simps(2) take While-append?2)

lemma take While-split:

T € set xs = y € set (takeWhile (A\y. y # z) xs) = Juas' xs" xs"". s
=as' Qy # x5 Q z # x5

using split-list-first by (metis append-Cons append-assoc take While-foo)

lemma take While-distinct:

distinct (zs' Q x # xs") = y € set (takeWhile (\y. y # z) (zs' Q z #
zs")) «— y € set xs’

by (induction zs’) simp+

lemma finite-lists-length-eqkF:
assumes finite A
shows finite {zs. set xs = A N length zs = n}
proof —
have {zs. set xs = A A length xs = n} C {xs. set xs C A A length xs =
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n}
by blast
thus ?thesis
using finite-lists-length-eq[OF assms(1), of n] using finite-subset by
auto
qged

lemma finite-set2:
assumes finite A
shows finite {xs. set xs = A A distinct zs}
by (blast intro: rev-finite-subset| OF finite-subset-distinct| OF assms]])

lemma set-list:
assumes finite (set * XS)
assumes Azs. zs € XS = distinct zs
shows finite XS
proof —
have XS C {xs | xs. set zs € set * XS A distinct zs}
using assms by auto
moreover
have 1: {zs |zs. set xs € set * XS A distinct zs} = |J{{zs | xs. set zs =
A N distinct xs} | A. A € set * XS}
by auto
have finite {xs |zs. set xs € set * XS A distinct xs}
using finite-set2[OF finite-set] distinct-card assms(1) unfolding I by
fastforce
ultimately
show %thesis
using finite-subset by blast
qged

lemma set-foldl-append:
set (foldl (Q) ¢ xs) = set i U |J{set x | z. x € set xs}
by (induction xs arbitrary: i) auto

8.3 Short-circuited Version of foldl

fun foldl-break :: ('b = 'a = 'b) = (b = bool) = 'b = 'a list = b
where

foldl-break fsa[] = a
| foldl-break f s a (z # xs) = (if s a then a else foldl-break f s (f a x) xs)

lemma foldl-break-append:
foldl-break f s a (zs Q ys) = (if s (foldl-break f s a xs) then foldl-break f s
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a zs else (foldl-break f s (foldl-break f s a xs) ys))
by (induction zs arbitrary: a) (cases ys, auto)

8.4 Suffixes

fun suffizes
where
suffizes || = |
| suffives (z#xs) = (suffizes xs) Q [z#xs]

lemma suffizes-append:
suffizes (zs Q ys) = (suffizes ys) Q@ (map (Azs. zs Q ys) (suffizes xs))
by (induction xs) simp-all

lemma suffizes-alt-def:
suffizes xs = rev (prefix (length zs) (Ai. drop i xs))
proof (induction xs rule: rev-induct)
case (snoc x zs)
show Zcase
by (simp add: subsequence-def suffizes-append snoc rev-map)
qed simp

end

9 Translation to Deterministic Transition-Based
Rabin Automata

theory Mojmir-Rabin
imports Main Mojmir Rabin Auziliary/List2
begin

locale mojmir-to-rabin-def = mojmir-def
begin

definition failr :: ('b = nat option, 'a) transition set
where
failg = {(r, v, 8) | rvsqq.rq# None AN q =06 quv A q ¢&F N sink

q'}

definition succeedr :: nat = ('b = nat option, 'a) transition set
where

succeedr @ = {(r, v, s) |rvsqrq=SomeiNqg¢ F —{q} N (dqv)
€ F}
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definition merger :: nat = ('b = nat option, 'a) transition set
where
merger i = {(r,v, s) | rvsqq jrqg=SomejNj<iNg =0qvA
(F¢" ¢"=6¢"vArq”# Nonen q"# q)V q¢'=q)ANq ¢F}

abbreviation Qg
where
Qr = reach X step initial

abbreviation gp
where
qr = initial

abbreviation i
where
Or = step

abbreviation Accr
where
Acer j = (failg U merger j, succeedp j)

abbreviation R
where
R = (6r, qr, {Accr j | j. j < maz-rank})

end

9.1 Well-formedness

lemma function-set-finite:
assumes finite R
assumes finite A
shows finite {f. (V2. 2 ¢ R — fz =¢) N (Vz. 2 € R — fz € A)}
(is finite ?F)
using assms(1)
proof (induction R rule: finite-induct)
case empty
have {f. Vz.z € {} — fzec A)ANNVz. 2 ¢ {} — fz=1c)} C {Az.
c
}
by auto
thus Zcase
using finite-subset by auto
next
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case (insert r R)

let 2F ={f. Vz.2 ¢ RU{r} — fa=c)NNVz.z2e RU{r} — f
z € A}

let ?F'={f. V2.2 ¢ R— fz=¢c)ANVe.z € R — fz e A)}

have ?F C {f(r:=a)| fa. f € 2F' N a € A} (is - C ?X)
proof
fix f
assume f € ?F
hence f(r:=c¢) € ?F'and fr € A
using insert(2) by (simp, blast)
hence f(r:=c¢, r:=(fr)) € ?2X
by blast
thus f € 2X
by simp
qed
moreover
have finite (?F' x A)
using assms(2) insert(3) by simp
have (\(f,a). f(r:=a)) ‘(?F' x A) = ?2X
by auto
hence finite ?X
using finite-imagel[OF «finite (?F’ x A)y, of (\(f,a). f(r:=a))] by
presburger
ultimately
have finite ?F
by (blast intro: finite-subset)
thus “case
unfolding insert-def by simp
qged

lemma (in semi-mojmir) wellformed-R:
shows finite (reach ¥ step initial)
proof (rule finite-subset)
let R = {f. (Vz. z ¢ reach ¥ 0 qo — fx = None) A
(Vz. z € reach ¥ 6 qo — fz € {None} U Some ‘ {0..<maz-rank})}

show reach 3 step initial C ?R
proof
fix z
assume z € reach X step initial
then obtain w where z-def: © = foldl step initial w and set w C X
unfolding reach-foldl-def[OF nonempty-%| by blast
obtain ¢ where a € X
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using nonempty-3 by blast
have range (w —~ (\i. a)) C X
using <set w C ¥ <a € Xy unfolding conc-def by auto
then interpret $): semi-mojmir X 6 gy (w —~ (\i. a))
using finite-reach finite-X by (unfold-locales; simp-all)
have z = (Aq. $.state-rank q (length w))
unfolding $.state-rank-step-foldl z-def using prefiz-conc-length sub-
sequence-def by metis
thus z € 7R
using $).state-rank-in-function-set by meson
qed

have finite ({None} U Some ¢ {0..<maz-rank})
by blast
thus finite 7R
using finite-reach by (blast intro: function-set-finite)
qged

locale mojmir-to-rabin = mojmir + mojmir-to-rabin-def begin

9.2 Correctness

lemma imp-and-not-imp-eq:
assumes P = ()
assumes - P — —(@)
shows P = (@)

using assms by blast

lemma finite-limit-intersection:
assumes finite (range f)
assumes Az:nat. 2 € A +— (fz) € B
shows finite A <— limit f N B = {}
proof (rule imp-and-not-imp-eq)
assume finite A
{
fix x
assume z > Maz (A U {0})
moreover
have finite (A U {0})
using «finite A> by simp
ultimately
have z ¢ A
using Max.coboundedl
by (metis insert-iff insert-is-Un not-le sup.commute)
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hence fr ¢ B
using assms(2) by simp
}

hence f ‘ {Suc (Maz (AU {0}))..} N B ={}
by auto
thus limit f N B = {}
using limit-subset|of f] by blast
next
assume infinite A
have f‘A C B
unfolding image-def using assms by auto
moreover
have finite (range f)
using assms(1) unfolding limit-def Inf-many-def by simp
hence finite (f < A)
by (metis infinite-iff-countable-subset subset-UNIV subset-image-iff)
then obtain y where y € f ‘A and don. fn=1y
unfolding Inf-many-def using pigeonhole-infinite|OF <infinite A>] by
fast
ultimately
show limit f N B # {}
using limit-iff-frequent by fast
qed

lemma finite-range-run:
defines r = run; g qr w
shows finite (range r)
proof —

{

fix n
have An. w n € ¥ and set (map w [0..<n]) C ¥ and set ( map w
[0..<Suc n]) C X
using bounded-w by auto
hence rn € Qr X ¥ X Qg
unfolding run,.simps run-foldl reach-foldl-def| OF nonempty-X] r-def
unfolding fst-conv comp-def snd-conv by blast

}

hence range r C Qr X ¥ X @r
by blast
thus finite (range r)
using finite-X wellformed-R
by (blast dest: finite-subset)
qed
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theorem mojmir-accept-iff-rabin-accept-rank:
shows (finite (fail) A finite (merge 7) A infinite (succeed 1))
< accepting-pairg or qr (Accr i) w
(is ?lhs = ?rhs)
proof
define r where r = run; dg qr w
have r-alt-def: \i. r i = (Aq. state-rank q i, w i, \q. state-rank q (Suc 7))
using r-def state-rank-step-foldl run-foldl by fastforce

have F: Az. z € fail-t +— (r z) € failg
unfolding fail-t-def failg-def r-alt-def by blast

have B: Az i. x € merge-t i +— (r z) € merger @
unfolding merge-t-def merger-def r-alt-def by blast

have S: Az i. © € succeed-t i <— (1 z) € succeedp 1
unfolding succeed-t-def succeedgp-def r-alt-def by blast

have finite (range r)
using finite-range-run r-def by simp
note finite-limit-rule = finite-limit-intersection|OF «finite (range )]

{

assume ?lhs
hence finite fail-t and finite (merge-t i) and infinite (succeed-t )
unfolding finite-fail-t finite-merge-t finite-succeed-t by blast+

have limit r N failp = {}
by (metis finite-limit-rule F «finite (fail-t)»)
moreover
have limit r N merger © = {}
by (metis finite-limit-rule B <finite (merge-t i)»)
ultimately
have limit r N fst (Accr i) = {}
by auto
moreover
have limit r N succeedr i # {}
by (metis finite-limit-rule S <infinite (succeed-t 7)»)
hence limit r N snd (Accg i) # {}
by auto
ultimately
show ?rhs
unfolding r-def by simp
}

{
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assume ?rhs
hence limit r N failp = {} and limit r N merger ¢ = {} and limit r N

(succeedr ) # {}
unfolding r-def by auto

have finite fail-t

by (metis finite-limit-rule F' <limit r N failp = {}»)
moreover
have finite (merge-t 7)

by (metis finite-limit-rule B <limit r N merger i = {})
moreover
have infinite (succeed-t 7)

by (metis finite-limit-rule S <limit r N (succeedr i) # {}>)
ultimately
show ?lhs

unfolding finite-fail-t finite-merge-t finite-succeed-t by blast

}

qed

theorem mojmir-accept-iff-rabin-accept:

accept <— acceptp R w

unfolding mojmir-accept-iff-token-set-accept mojmir-accept-iff-rabin-accept-rank
by auto

definition smallest-accepting-rankg :: nat option
where
smallest-accepting-rankr = (if acceptyr R w then
Some (LEAST i. accepting-pairg dr qr (Accr ©) w) else None)

theorem Mojmir-rabin-smallest-accepting-rank:
smallest-accepting-rank = smallest-accepting-ranky
by (simp only: smallest-accepting-rank-def smallest-accepting-rankg -def
mojmir-accept-iff-rabin-accept mojmir-accept-iff-rabin-accept-rank)

lemma smallest-accepting-ranky -properties:
smallest-accepting-rankr = Some i = accepting-pairr dr qr (Accr 17)
w
by (unfold Mojmir-rabin-smallest-accepting-rank[symmetric] mojmir-accept-iff-rabin-accept-rank[sy
blast dest: smallest-accepting-rank-properties)

end

end
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10 LTL (in Negation-Normal-Form, FGXU-Syntax)

theory LTL-FGXU
imports Main HOL— Library.Omega- Words-Fun
begin

Inspired/Based on schimpf/LTL

10.1 Syntax
datatype (vars: 'a) ltl =
LTLTrue (<truey)
| LTLFalse (<falsey)
| LTLProp 'a («p'(-"))
| LTLPropNeg 'a («np'(-")> [86] 85)

| LTLAnd 'a It 'a 1t (<- and - [83,83] 82)
| LTLOr 'a It 'a It («<- or -» [82,82] 81)

| LTLNext 'a It («X - [88] 87)
| LTLGlobal (theG: 'a It) (<G - [85] 84)
| LTLFinal 'a It («<F - [84] 83)

| LTLUntil 'a 1tl 'a Wl («- U - [87,87] 86)

10.2 Semantics

fun ltl-semantics :: ['a set word, 'a ltl]] = bool (infix => 80)
where
w = true = True
| w = false = False
| w k= p(g) = (¢ €wl)
| w = np(q) = (¢ ¢ w0)
|wh g ond g = (g Aw k)
lwhkporp=(wkeVu kv
|wk X ¢ = (suffis 1 w = o)
|wE Ge= Wk suffit kwE ¢)
| wkE F o= 3k suffiz k w | ¢)
lwE e Uy =3k suffitkwkEy A Vi <k sufficjwlE )

fun ltl-prop-entailment :: ['a ltl set, 'a Itl]] = bool (infix <E=p> 80)
where
A =p true = True
| A =p false = False
| AEpand p = (Ap e AN AEp )
| AEppory=(AREpeVAlp)
| AP e=(peA
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10.2.1 Properties

lemma LTL-G-one-step-unfolding:
wE G (wEeAwE X (Gy)
(is ?lhs <— ?rhs)
proof
assume ?lhs
hence w = ¢
using suffiz-0[of w| ltl-semantics.simps(8)[of w @] by metis
moreover
from < ?lhs) have w = X (G ¢)
by simp
ultimately
show ?rhs by simp
next
assume ?rhs
hence w = X (G ¢) by simp
hence Vk. suffiz (k + 1) w = ¢ by force
hence Vk > 0. suffic k w = ¢
by (metis Suc-eq-plus1 grO-implies-Suc)
moreover
from < ?rhs» have (suffix 0 w) = ¢ by simp
ultimately
show ?lhs
using neq0-conv ltl-semantics.simps(8)[of w o] by blast
qged

lemma LTL-F-one-step-unfolding:
wEF g (wkpVuk X (Fg)
(is ?lhs <— ?rhs)
proof
assume ?lhs
then obtain k where suffix k w |= ¢ by fastforce
thus ?rhs by (cases k) auto
next
assume ?rhs
thus ?lhs
using suffiz-0]of w] suffiz-suffiz|of - 1 w] by (metis ltl-semantics.simps(7)
ltl-semantics.simps(9))
ged

lemma LTL-U-one-step-unfolding:
wEeU¢s— (wEyV(wEeAwEX (¢ U))

(is ?lhs <— ?rhs)

135



proof
assume ?lhs
then obtain k where suffixr k w | ¢ and Vj<k. suffiz j w = ¢
by force
thus 9rhs
by (cases k) auto
next
assume ?rhs
thus ?lhs
proof (cases w = 1)
case Fulse
hence w ¢ A wlE X (¢ U ¥)
using < ?rhs> by blast
obtain k where suffiz k (suffic 1 w) = ¢ and Vj<k. suffiz j (suffix
Tw)Ee
using Fulse «?rhs) by force
moreover
{
fix j assume j < 1 + k
hence suffiz j w = ¢
using «w E p A wE X (¢ U ¥) ~Vji<k. suffic j (suffic 1 w) =
©r[unfolded suffiz-suffiz]
by (cases j) simp+
}

ultimately
show ?thesis
by auto
qed force
qed

lemma LTL-GF-infinitely-many-suffizes:
wlE G (F @) = (3t sufficiwE ¢)
(is ?lhs = ?rhs)
proof
let 28 = {i | ij. suffizx (i +j) w = ¢}
let 25" ={i+j|ij. suffix (i +j) wE= ¢}

assume ?lhs

hence infinite 7S
by auto

moreover

have Vs € 25. 3s’' € 29’ s < s’
by fastforce

ultimately
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have infinite 75’
using infinite-nat-iff-unbounded-le le-trans by meson
moreover
have 25" = {k | k. suffir k w = ¢}
using monoid-add-class.add.left-neutral by metis
ultimately
have infinite {k | k. suffiz k w = ¢}
by metis
thus ?rhs unfolding Inf-many-def by force
next
assume ?rhs

{
fix ¢

from «?rhs> obtain k where i < k and suffix k w = ¢

using INFM-nat-le[of An. suffix n w |= ¢] by blast
then obtain j where &k = i + j
using le-iff-add[of i k] by fast
hence suffiz j (suffiz i w) | ¢
using «suffic k w = ¢» suffiz-suffiz by fastforce
hence suffiz i w = F ¢ by auto
}
thus ?lhs by auto
qed

lemma LTL-FG-almost-all-suffizes:
wkEFGo= Vi suffitiwkE=p)
(is ?lhs = ?rhs)

proof
let 7S = {k. = suffixr k w = ¢}

assume ?lhs

then obtain i where suffiz i w E G ¢
by fastforce

hence \j. j > i = (suffix j w = @)
using le-iff-add[of i] by auto

hence \j. —suffitjw Ep = j < i
using le-less-linear by blast

hence 2?5 C {k. k < i}
by blast

hence finite 25
using finite-subset by fast

thus ?rhs
unfolding Alm-all-def Inf-many-def by presburger

next
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assume ¢rhs
obtain S where S-def: S = {k. = suffiz k w = ¢} by blast
hence finite S
using < ?rhsy unfolding Alm-all-def Inf-many-def by fast
then obtain ¢ where ¢ = Max S by blast
{
fix j
assume i < j
hence j ¢ S
using «i = Maz S» Mazx.coboundedl[OF «finite S»| less-le-not-le by
blast
hence suffir j w = ¢ using S-def by fast
}
hence Vj > i. (suffix j w = ) by simp
hence suffiz (Suc i) w = G ¢ by auto
thus ?lhs
using ltl-semantics.simps(9)[of w G ¢] by blast
qed

lemma LTL-FG-suffix:
(sufficiw) = F (G o) =w = F (G o)
proof —
have (3m. Vn>m. suffix n w = ¢) = (Im. Vn>m. suffic n (suffix i w)
E ) (is 721 = 7r)
proof
assume ?r
then obtain m where ¥V n>m. suffiz n (suffix i w) = ¢
by blast
hence Vn>i+m. suffit n w = ¢
unfolding suffiz-suffix by (metis le-iff-add add-leE add-le-cancel-left)
thus 7]
by auto
qed (metis suffiz-suffiz trans-le-add?2)
thus ?thesis
unfolding LTL-FG-almost-all-suffizes MOST-nat-le ..
qed

lemma LTL-GF-suffiz:
(sufficiw) = G (F o) =wl G (F )
proof —
have (Vm. In>m. suffit n w = ¢) = (Vm. In>m. suffic n (suffix i w)

E o) (is 20 = 2r)
proof
assume ?]
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thus 2r
by (metis suffiz-suffix add-leE add-le-cancel-left le-Suc-ex)
qed (metis suffiz-suffiz trans-le-add2)
thus ?thesis
unfolding LTL-GF-infinitely-many-suffives INFM-nat-le ..
qged

lemma LTL-suffix-G:
wkEGe= suffitiwkE= Gy
using suffiz-0 suffiz-suffix by (induction i) simp-all

lemma LTL-prop-entailment-monotonl [intro]:
SEpp=S5SCS' = S Epy
by (induction rule: ltl-prop-entailment.induct) auto

lemma Itl-models-equiv-prop-entailment:

wiEe={xwkEx}tFpry
by (induction ¢) auto

10.2.2 Limit Behaviour of the G-operator

abbreviation Only-G
where

Only-G S=Vze S. dy.z=Gy

lemma ltl-G-stabilize:
assumes finite G
assumes Only-G G
obtains ¢ where A\x j. x € ¢ = suffix i w = x = suffiz (i +j) w = x
proof —
have finite G = Only-G G = Fi. Vx € G. Vj. suffic i w = x = suffiz
(i+J) wkx
proof (induction rule: finite-induct)
case (insert x G)
then obtain i; where Ay j. x € ¢ = suffiz i1 w E x = suffix (i
+J) wkx
by blast
moreover
from insert obtain ¢ where y = G ¢
by blast
have Ji. Vj. suffixi w = G ¢ = suffix (i + j) w = G ¢
by (metis LTL-suffiz-G plus-nat.add-0 suffiz-0 suffiz-suffix)
then obtain is where Aj. suffix is w = x = suffix (i + j) w E x
unfolding <y = G ¢» by blast
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ultimately
have Ax'j. x' € G U {x} = suffiz (i1 + i2) w = x' = suffiz (i1 +
iz + ) w = X'
unfolding Un-iff singleton-iff by (metis add.commute add.left-commute)
thus Zcase
by blast
qed simp
with assms obtain ¢ where A\x j. x € G = suffiz i w = x = suffiz (i
+J) w X
by blast
thus ?thesis
using that by blast
qged

lemma [tl-G-stabilize-property:
assumes finite G
assumes Only-G G
assumes A\x j. x € G = suffiri w = x = suffic (1 + j) w | x
assumes G € G N {x. w = F x}
shows suffiz i w = G ¢
proof —
obtain j where suffiz j w = G ¢
using assms by fastforce
thus suffiziw = G
by (cases i < j, insert assms, unfold le-iff-add, blast,
metis (erased, lifting) LTL-suffiz-G «suffiz j w = G ¥ le-add-diff-inverse
nat-le-linear suffiz-suffix)
qged

10.3 Subformulae
10.3.1 Propositions

fun propos :: 'a ltl ='a Itl set
where
propos true = {}
| propos false = {}
| propos (¢ and ) = propos ¢ U propos 1
| propos (@ or ¢) = propos ¢ U propos
| propos o = {¢}

fun nested-propos :: 'a Itl ='a Itl set

where
nested-propos true = {}
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| nested-propos false = {}

| nested-propos (¢ and 1) = nested-propos ¢ U nested-propos 1

| nested-propos (¢ or 1) = nested-propos ¢ U nested-propos 1)

| nested-propos (F ¢) = {F ¢} U nested-propos ¢

| nested-propos (G ¢) = {G ¢} U nested-propos ¢

| nested-propos (X ¢) = {X ¢} U nested-propos ¢

| nested-propos (¢ U ¥) = {¢ U 1} U nested-propos ¢ U nested-propos 1
| nested-propos ¢ = {p}

lemma finite-propos:

finite (propos @) finite (nested-propos @)
by (induction ¢) simp+

lemma propos-subset:
propos p C nested-propos ¢
by (induction ¢) auto

lemma LTL-prop-entailment-restrict-to-propos:

S Ep ¢ = (S N propos @) Ep ¢
by (induction ¢) auto

lemma propos-foldl:
assumes Az y. propos (f x y) = propos x U propos y
shows |J{propos y |y. y = i V y € set xs} = propos (foldl f i xs)
proof (induction xs rule: rev-induct)
case (snoc x zs)
have |J{propos y |y. y = i V y € set (zsQ[z])} = J{propos y |y. y =
iV y € set zs} U propos

by auto

also

have ... = propos (foldl f i xs) U propos x
using snoc by auto

also

have ... = propos (foldl f i (zsQ[z]))
using assms by simp

finally

show ?case .

qed simp

10.3.2 G-Subformulae

Notation for paper: mathdsG
fun G-nested-propos :: 'a ltl ='a It set (<G»)

141



G(pand ) =G UG Y
porh) =GeoUGY
Fo)=Gyp

) =G o U{G ¢}

lemma G-nested-finite:

finite (G @)
by (induction ¢) auto

lemma G-nested-propos-alt-def:
G ¢ = nested-propos ¢ N {Y. (Fz. v = G z)}
by (induction ¢) auto

lemma G-nested-propos-Only-G:
Only-G (G )
unfolding G-nested-propos-alt-def by blast

lemma G-not-in-G:
Gp¢ Gy
proof —
have A\x. x € G ¢ = size ¢ > size X
by (induction @) fastforce+
thus ?thesis
by fastforce
qed

lemma G-subset-G:
YeGe=GyYPC Gy
GypeGp—GyCGoy
by (induction ¢) auto

lemma G-properties:
assumes G C G ¢

shows G-finite: finite G and G-elements: Only-G G
using assms G-nested-finite G-nested-propos-alt-def by (blast dest: fi-

nite-subset)+

10.4 Propositional Implication and Equivalence

definition ltl-prop-implies :: ['a ltl, 'a ltl]] = bool (infix <—p> 75)
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where

o —pp=VA AEpp — AEpd

definition ltl-prop-equiv :: ['a ltl, 'a It]] = bool (infix «<=p» 75)
where

o=ptp=VA AEpp+— AEp

lemma [tl-prop-implies-equiv:
o —p YNy —pps—o=py
unfolding ltl-prop-implies-def ltl-prop-equiv-def by meson

lemma [tl-prop-equiv-equivp:

equivp (=p)

by (blast intro: equivpI[of (=p), simplified transp-def symp-def reflp-def
ltl-prop-equiv-def])

lemma [trans]:
p=pyY =Y =pX=9P=pPX
using ltl-prop-equiv-equivp| THEN equivp-transp] .

10.4.1 Quotient Type for Propositional Equivalence
quotient-type ‘a ltl-prop-equiv-quotient = 'a ltl | (=p)

morphisms Rep Abs

by (simp add: ltl-prop-equiv-equivp)
type-synonym ’a ltlp = 'a ltl-prop-equiv-quotient
instantiation [tl-prop-equiv-quotient :: (type) equal begin
lift-definition Itl-prop-equiv-quotient-eq-test :: 'a ltlp = 'a ltlp = bool is
AT y. x =p y

by (metis ltl-prop-equiv-quotient.abs-eq-iff)

definition
eq: equal-class.equal = ltl-prop-equiv-quotient-eq-test

instance
by (standard; simp add: eq ltl-prop-equiv-quotient-eq-test.rep-eq, metis
Quotient-ltl-prop-equiv-quotient Quotient-rel-rep)

end

lemma ltlp-abs-rep: Abs (Rep @) = ¢

143



by (meson Quotient3-abs-rep Quotient3-Itl-prop-equiv-quotient)

lift-definition [tl-prop-entails-abs :: 'a ltl set = 'a ltlp = bool (- T=p -)

is (Fp)

by (simp add: ltl-prop-equiv-def)

lift-definition ltl-prop-implies-abs :: 'a ltlp = 'a ltlp = bool (<- t—p -»)
is (—)p)
by (simp add: ltl-prop-equiv-def ltl-prop-implies-def)

10.4.2 Propositional Equivalence implies LTL Equivalence

lemma [tl-prop-implication-implies-ltl-implication:
Wk =9 —pp=— w1
using [[unfold-abs-def = falsel]
unfolding ltl-prop-implies-def ltl-models-equiv-prop-entailment by simp

lemma [tl-prop-equiv-implies-ltl-equiv:

p=rv—ukp=uwkEy

using ltl-prop-implication-implies-ltl-implication ltl-prop-implies-equiv by
blast

10.5 Substitution

fun subst 2 'a ltl = ('a ltl — 'a lt]) = 'a Ut
where
subst true m = true
| subst false m = false
| subst (¢ and ) m = subst @ m and subst ) m
| subst (p or ) m = subst ¢ m or subst 1 m
| subst o m = (case m ¢ of Some ¢’ = ' | None = )

Based on Uwe Schoening’s Translation Lemma (Logic for CS, p. 54)

lemma [tl-prop-equiv-subst-S:

S Ep subst o m = ((S — dom m) U {x | x X" x € domm A m x =
Some x' NS =p x'}) Ep ¢

by (induction ¢) (auto split: option.split)

lemma subst-respects-ltl-prop-entailment:

w —p Y = subst ¢ m —>p subst Y m

© =p Y = subst ¢ m =p subst Y m

unfolding [tl-prop-equiv-def ltl-prop-implies-def ltl-prop-equiv-subst-S by
blast+
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lemma subst-respects-ltl-prop-entailment-generalized:
NA.-Nz.z2eS=AEpr) = AEpy) = (Nv.2€S= Afp
subst £ m) = A =p subst y m
unfolding Itl-prop-equiv-subst-S by simp

lemma decomposable-function-subst:

[f true = true; f false = false; N V. [ (@ and V) = f ¢ and f 1; Ny .
flpori)=fporfy] = f¢p=substp (A\x. Some (f X))
by (induction ¢) auto

10.6 Additional Operators
10.6.1 And

lemma foldl-LTLAnd-prop-entailment:
S |=p foldl LTLAnd i xs = (S =Ep i AN (Vy € set xs. S |=p y))

by (induction xs arbitrary: i) auto

fun And :: 'a ltl list = 'a It
where

And || = true
| And (z#xs) = foldl LTLAnd x zs

lemma And-prop-entailment:
S Ep And s = (Vz € set zs. S |=p x)
using foldl-LTLAnd-prop-entailment by (cases xs) auto

lemma And-propos:
propos (And zs) = |J {propos z| z. © € set zs}
proof (cases xs)
case Nil
thus ?thesis by simp
next
case (Cons x xs)
thus “thesis
using propos-foldl[of LTLAnd z| by auto
qed

lemma And-semantics:
wE And zs = (Vo € set zs. w = 1)
proof —
have And-propos”: \z. x© € set xs = propos © C propos (And xs)
using And-propos by blast
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have w = And xs = {x. x € propos (And zs) N w = x} Ep (And xs)
using ltl-models-equiv-prop-entailment LTL-prop-entailment-restrict-to-propos

by blast
also
have ... = (Vz € set xs. {x. x € propos (And xzs) \ w = x} Ep )
using And-prop-entailment by auto
also
have ... = (Vz € set zs. {x. x € propos z AN w = x} Ep 1)

using LTL-prop-entailment-restrict-to-propos And-propos’ by blast
also

have ... = (Vz € set xs. w = z)

using ltl-models-equiv-prop-entailment LT L-prop-entailment-restrict-to-propos
by blast

finally

show %thesis .
qed

lemma And-append-syntactic:
zs # [| = And (zs Q ys) = And ((And zs)#ys)
by (induction xs rule: list-nonempty-induct) simp+

lemma And-append-S:
S Ep And (zs Q ys) = S =p And xs and And ys
using And-prop-entailment|of S] by auto

lemma And-append:
And (zs Q ys) =p And xs and And ys
unfolding ltl-prop-equiv-def using And-append-S by blast

10.6.2 Lifted Variant

lift-definition and-abs :: 'a ltlp = 'a ltlp = 'a ltlp (<- Tand ) is Az y. z
and y
unfolding [ltl-prop-equiv-def by simp

fun And-abs :: 'a ltlp list = 'a ltlp (<t And»)
where
TAnd zs = foldl and-abs (Abs true) xs

lemma foldl-LTLAnd-prop-entailment-abs:
S TM=p foldl and-abs i zs = (S TEp i A (VyeEset zs. S TE=p y))

by (induction xs arbitrary: 7)
(simp-all add: and-abs-def ltl-prop-entails-abs.abs-eq, metis ltl-prop-entails-abs.rep-eq)
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lemma And-prop-entailment-abs:
S 1TE=p TAnd zs = (Vz € set zs. S TEp x)
by (simp add: foldl-LTLAnd-prop-entailment-abs ltl-prop-entails-abs.abs-eq)

lemma and-abs-conjunction:

S tep @ tand ¥ < S tep ¢ A S tep
by (metis and-abs.abs-eq ltl p-abs-rep ltl-prop-entailment.simps(3) ltl-prop-entails-abs.abs-eq)

10.6.3 Or

lemma foldl-LTLOr-prop-entailment:
S Ep foldl LTLOr ixs = (S Ep iV (Jy € set xzs. S Ep y))
by (induction xs arbitrary: i) auto

fun Or :: a ltl list = 'a It
where

Or || = false
| Or (z#xs) = foldl LTLOr x zs

lemma Or-prop-entailment:
SEp Orazs=(3z € set zs. S =p )
using foldl-LTLOr-prop-entailment by (cases xs) auto

lemma Or-propos:
propos (Or xs) = |J{propos z| . © € set xs}
proof (cases xs)
case Nil
thus ?thesis by simp
next
case (Cons x zs)
thus ?thesis
using propos-foldl[of LTLOr x| by auto
ged

lemma Or-semantics:
wk= Orazs = (3z € set zs. w = 1)
proof —
have Or-propos’s \z. x € set xs = propos © C propos (Or zs)
using Or-propos by blast

have w = Or zs = {x. x € propos (Or zs) A w = x} Ep (Or xs)

using ltl-models-equiv-prop-entailment LTL-prop-entailment-restrict-to-propos
by blast

also
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have ... = (3z € set zs. {x. x € propos (Or xzs) A w = x} Ep z)
using Or-prop-entailment by auto

also

have ... = (3z € set zs. {x. x € propos z AN w = x} Ep 1)
using LTL-prop-entailment-restrict-to-propos Or-propos’ by blast

also

have ... = (3z € set xs. w = x)

using ltl-models-equiv-prop-entailment LTL-prop-entailment-restrict-to-propos
by blast

finally

show ?thesis .
qed

lemma Or-append-syntactic:
zs # [| = Or (zs Q ys) = Or ((Or zs)#ys)

by (induction xs rule: list-nonempty-induct) simp-+

lemma Or-append-S:
S Ep Or (zs@Qys) =S Ep Oras or Or ys
using Or-prop-entailment[of S| by auto

lemma Or-append:
Or (zs Q ys) =p Or xs or Or ys
unfolding Itl-prop-equiv-def using Or-append-S by blast

10.6.4 evalg
fun evalg
where
evalg S (p and ) = evalg S ¢ and evalg S
| evalg S (¢ or ¢) = evalg S ¢ or evalg S 9
| evalg S (G ) = (if G ¢ € S then true else false)
| evalg S ¢ = ¢

— Syntactic Properties

lemma cvalg-And-map:
evalg S (And xs) = And (map (evalg S) xs)
proof (induction xs rule: rev-induct)
case (snoc x zs)
thus Zcase
by (cases zs) simp+
qed simp
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lemma evalg-Or-map:
evalg S (Or xzs) = Or (map (evalg S) xs)
proof (induction xs rule: rev-induct)
case (snoc x zs)
thus ?case
by (cases zs) simp+
qed simp

lemma evalg-G-nested:
G (evalg G ») C G ¢
by (induction ) (simp-all, blast+)

lemma evalg-subst:
evalg S ¢ = subst ¢ (Ax. Some (evalg S X))
by (induction ) simp-all

— Semantic Properties

lemma evalqg-prop-entailment:

S Epevaleg S +— SEPpg
by (induction ¢, auto)

lemma cvalg-respectfulness:
w —p ) = evalg S ¢ —p evalg S Y
w=p Y = evalg S ¢ =p evalg S ¢
using subst-respects-ltl-prop-entailment evalg-subst by metis+

lemma evalg-respectfulness-generalized:

NA.- Nz.z2eS=AEpz) = AEpy) = (Nz.2€ S= A=p
evalg P ) = A |=p evalg Py

using subst-respects-ltl-prop-entailment-generalized[of S y A] evalg-subst]of
P] by metis

lift-definition evalg-abs :: 'a ltl set = 'a ltlp = 'a ltlp (Tevalgy) is evalg
by (insert evalg-respectfulness(2))

10.7 Finite Quotient Set

If we restrict formulas to a finite set of propositions, the set of quotients of
these is finite

lemma Rep-Abs-prop-entailment|simp):

A |=p Rep (Abs ) = A l=p ¢
using Quotient3-Itl-prop-equiv-quotient THEN rep-abs-rsp]
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by (auto simp add: Itl-prop-equiv-def)

fun sat-models :: 'a ltl-prop-equiv-quotient = 'a ltl set set
where
sat-models a = {A. A =p Rep(a)}

lemma sat-models-invariant:
A € sat-models (Abs ¢) = A Ep ¢
using Rep-Abs-prop-entailment by auto

lemma sat-models-inj:
inj sat-models
using Quotient3-ltl-prop-equiv-quotient| THEN Quotient3-rel-rep)
by (auto simp add: Itl-prop-equiv-def inj-on-def)

lemma sat-models-finite-image:
assumes finite P
shows finite (sat-models ‘ {Abs ¢ | . nested-propos ¢ C P})
proof —
have sat-models (Abs ¢) = {AUB| AB. ACPANAEppANBC
UNIV — P} (is ?lhs = ?rhs)
if nested-propos ¢ C P for ¢
proof
have AA B. A € sat-models (Abs ) = A U B € sat-models (Abs )
unfolding sat-models-invariant by blast
moreover
have {A | A. AC P AN A Ep ¢} C sat-models (Abs @)
using sat-models-invariant by fast
ultimately
show 9rhs C ?lhs
by blast
next
have propos ¢ C P
using that propos-subset by blast
have Ac {AUB|AB. ACPANAEppANBCUNIV - P}
if A € sat-models (Abs ) for A
proof (standard, goal-cases prems)
case prems
then have A |=p ¢
using that sat-models-invariant by blast
then obtain C' D where C = (AN P)and D =A — Pand A =
cCubD
by blast
then have C' =p pyand C C Pand D C UNIV — P
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using <A Ep ¢y LTL-prop-entailment-restrict-to-propos <propos ¢
C P> by blast+
then have CUD € {AUB|AB. ACPANAEpeNBCUNIV
~ P}
by blast
thus ?Zcase
using <A = C U Dy by simp
qged
thus ?2lhs C 9rhs
by blast
qed
hence Equal: {sat-models (Abs ¢) | ¢. nested-propos ¢ C P} = {{A U B
| AB.ACPANAEppANBC UNIV — P} | ¢. nested-propos ¢ C P}
by (metis (lifting, no-types))

have Finite: finite {{AUB|AB ACPANAEpypANBCUNIV —
P} | . nested-propos ¢ C P}
proof —
let ?map = AP S. {AUB|AB. Ae SANBCUNIV — P}
obtain S’ where S’-def: S'={{AUB|AB. ACPANAFEpeAB
C UNIV — P} | ¢. nested-propos ¢ C P}
by blast
obtain S where S-def: S = {{A| A. A C P AN A [Ep ¢} | o
nested-propos ¢ C P}
by blast

— Prove S and 7map applied to it is finite
hence S C Pow (Pow P)
by blast
hence finite S
using «<finite P»> finite-Pow-iff infinite-super by fast
hence finite {?map P A | A. A € S}
by fastforce

— Prove that S’ can be embedded into S using ?map

have S' C {?map P A | A. A € S}
proof
fix A
assume A € S’
then obtain ¢ where nested-propos ¢ C P
and A={AUB|AB.ACPAAREppABC UNIV — P}
using S’-def by blast
then have ?map P {A| A. ACPANAEp ¢} =4
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by simp
moreover
have {A| A. ACPANAEpyp}teS
using <nested-propos ¢ C Py S-def by auto
ultimately
show A € {?map P A| A. A € S}
by blast
qged

show ?thesis
using rev-finite-subset|OF <finite {?map P A | A. A € S} «§' C
{%map P A| A. A € S}
unfolding S’-def .
qed

have Finite2: finite {sat-models (Abs @) | ¢. nested-propos ¢ C P}
unfolding Fqual using Finite by blast
have Equal2: sat-models ‘{Abs ¢ | ¢. nested-propos ¢ C P} = {sat-models
(Abs @) | ¢. nested-propos ¢ C P}
by blast

show ?thesis
unfolding Fqual2 using Finite2 by blast
qed

lemma ltl-prop-equiv-quotient-restricted-to- P-finite:
assumes finite P
shows finite {Abs ¢ | . nested-propos ¢ C P}
proof —
have inj-on sat-models {Abs ¢ |p. nested-propos ¢ C P}
using sat-models-inj subset-inj-on by auto
thus ?thesis
using finite-imageD[OF sat-models-finite-image| OF assms|| by fast
qed

locale [ift-itl-transformer =

fixes

folaltl="b= "altl
assumes

respectfulness: p =p Y = fpv=p fY v
assumes

nested-propos-bounded: nested-propos (f ¢ v) C nested-propos ¢
begin
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lift-definition f-abs :: ‘a ltlp = 'b = 'a ltlp is f
using respectfulness .

lift-definition f-foldl-abs :: 'a ltlp = 'b list = 'a ltlp is foldl f
proof —
fix ¢ v 2 'a Itl fix w :: 'b list assume @ =p 1
thus foldl f ¢ w =p foldl f ¥ w
using respectfulness by (induction w arbitrary: ¢ 1) simp+
ged

lemma f-foldl-abs-alt-def:

f-foldl-abs (Abs ¢) w = foldl f-abs (Abs ¢) w

by (induction w rule: rev-induct) (unfold f-foldl-abs.abs-eq foldl.simps
foldl-append, (metis f-abs.abs-eq)+)

definition abs-reach :: 'a ltl-prop-equiv-quotient = 'a ltl-prop-equiv-quotient
set
where

abs-reach ® = {foldl f-abs ® w |w. True}

lemma finite-abs-reach:
finite (abs-reach (Abs ¢))
proof —
{
fix w
have nested-propos (foldl f ¢ w) C nested-propos ¢
by (induction w arbitrary: ) (simp, metis foldl-Cons nested-propos-bounded
subset-trans)

}

hence abs-reach (Abs ¢) C {Abs x | x. nested-propos x C nested-propos

o}
unfolding abs-reach-def f-foldl-abs-alt-def [symmetric] f-foldl-abs.abs-eq

by blast
thus ?thesis
using [tl-prop-equiv-quotient-restricted-to-P-finite finite-propos
by (blast dest: finite-subset)
qged

end

end
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11 af - Unfolding Functions

theory af
imports Main LTL-FGXU Auxiliary/ List2
begin

11.1 af

fun af-letter :: 'a ltl = 'a set = 'a ltl
where
af-letter true v = true
| af-letter false v = false
| af-letter p(a) v = (if a € v then true else false)
| af-letter (np(a)) v = (if a & v then true else false)
| af-letter (¢ and ) v = (af-letter ¢ v) and (af-letter 1 v)
| af-letter (¢ or ) v = (af-letter ¢ v) or (af-letter 1) v)
| af-letter (X ¢) v = ¢
| af-letter (G ) v = (G @) and (af-letter ¢ v)
| af-letter (F @) v = (F @) or (af-letter ¢ v)
| af-letter (¢ U ) v = (¢ U ¢ and (af-letter ¢ v)) or (af-letter ¢ v)

o R N L N e

abbreviation af :: ‘a ltl = 'a set list = 'a Itl (<af>)
where
af o w = foldl af-letter ¢ w

lemma af-decompose:
af (¢ and ¥) w = (af v w) and (af Y w)
af (¢ or ) w= (af ¢ w) or (af ¥ w)

by (induction w rule: rev-induct) simp-all

lemma af-simps|simpl:
af true w = true
af false w = false
of (X ¢) (vtas) = of @ (29)
by (induction w) simp-all

lemma aof-F":
af (F o) w= Or (F ¢ # map (af ¢) (suffizes w))
proof (induction w)
case (Cons x zs)
have af (F @) (z # zs) = af (af-letter (F ¢) x) xs
by simp
also
have ... = (af (F ¢) zs) or (af (af-letter (¢) x) xs)
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unfolding af-decompose|symmetric] by simp
finally
show ?Zcase using Cons Or-append-syntactic by force
qed simp

lemma af-G:
of (G @) w= And (G ¢ # map (af @) (suffizes w))
proof (induction w)
case (Cons x xs)
have af (G ¢) (z # xs) = af (af-letter (G ¢) ) s

by simp
also
have ... = (af (G ¢) xs) and (af (af-letter () x) xs)
unfolding af-decompose|symmetric] by simp
finally

show ?Zcase using Cons Or-append-syntactic by force
qed simp

lemma af-U:

af (¢ U ) (z#tas) = (af (¢ U ¢) xs and af ¢ (z#xs)) or af o (z#ws)
by (induction xs) (simp add: af-decompose)+

lemma af-respectfulness:
0 —p Y = af-letter ¢ v —p af-letter Y v
p =p Y = af-letter ¢ v =p af-letter ¢ v
proof —
{
fix ¢
have af-letter ¢ v = subst ¢ (A\x. Some (af-letter x v))
by (induction ¢) auto
}
thus ¢ —p v = af-letter ¢ v —p af-letter Y v
and ¢ =p Y = af-letter ¢ v =p af-letter P v
using subst-respects-ltl-prop-entailment by metis+
qged

lemma af-respectfulness’:
¢ —p = af pw—paf pw
p=pv=0af pw=paf pw
by (induction w arbitrary: ¢ ) (insert af-respectfulness, fastforce+)

lemma af-nested-propos:

nested-propos (af-letter ¢ v) C nested-propos ¢
by (induction ¢) auto
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11.2  afq

fun af-G-letter :: 'a ltl = 'a set = 'a lt
where
af-G-letter true v = true
| af-G-letter false v = false
| af-G-letter p(a) v = (if a € v then true else false)
| af-G-letter (np(a)) v = (if a & v then true else false)
| af-G-letter (¢ and ) v = (af-G-letter ¢ v) and (af-G-letter ¢ v)
| af-G-letter (¢ or ¢) v = (af-G-letter ¢ v) or (af-G-letter 1) v)
| af-G-letter (X @) v = ¢
| af-G-letter (G ¢) v = (G )
| af-G-letter (F @) v = (F ¢) or (af-G-letter ¢ v)
| af-G-letter (¢ U ) v = (¢ U 9 and (af-G-letter ¢ v)) or (af-G-letter
v
)

abbreviation afg :: a Itl = 'a set list = 'a ltl
where
afc ¢ w = (foldl af-G-letter ¢ w)

lemma af o-decompose:
afc (¢ and ) w = (afc ¢ w) and (afc ¥ w)
afa (¢ or ¥) w = (afa ¢ w) or (afg ¥ w)

by (induction w rule: rev-induct) simp-all

lemma af g-simps|simp):
af g true w = true
af g false w = false
afc (G ) w= Gy
afc (X ) (z#zs) = af ¢ (as)
by (induction w) simp-all

lemma afq-F:

wfe (F @) w=Or (F o # map (afg o) (suffizes w))
proof (induction w)

case (Cons x zs)

have afc (F ¢) (z # xs) = af g (af-G-letter (F ) ) xs

by simp

also

have ... = (afq (F ¢) xs) or (afc (af-G-letter (p) z) zs)
unfolding af ¢-decompose[symmetric] by simp

finally

show ?case using Cons Or-append-syntactic by force
qed simp
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lemma afg-U:

ofc (¢ U v) (a#05) = (afc (¢ U ¥) 35 and afc ¢ (a#a5)) or afc
(z#xs)

by (simp add: af g-decompose)

lemma af -subsequence-U:
afa (¢ U ) (w0 — Suc n]) = (afcg (¢ U ¥) (w[1 — Suc n)]) and afg
¢ (w [0 — Suc n])) orafeg ¥ (w [0 — Suc n))
proof —
have An. w [0 — Suc n] = w 0 # w [1 — Suc n]
using subsequence-append[of w 1] by (simp add: subsequence-def upt-conv-Cons)

thus ?thesis
using afg-U by metis
qed

lemma af-G-respectfulness:
© —p Y = af-G-letter p v —>p af-G-letter ¢ v
© =p Y = af-G-letter p v =p af-G-letter ¢ v
proof —
{
fix ¢
have af-G-letter ¢ v = subst ¢ (Ax. Some (af-G-letter x v))
by (induction ¢) auto
}
thus ¢ —p v = af-G-letter ¢ v —>p af-G-letter ¥ v
and ¢ =p Y = af-G-letter ¢ v =p af-G-letter ¢ v
using subst-respects-ltl-prop-entailment by metis+
qged

lemma af-G-respectfulness’:
¢ —p = afc pw —pafcw
p=p Y= afgpw=pafgw
by (induction w arbitrary: ¢ 1) (insert af-G-respectfulness, fastforce+)

lemma af-G-nested-propos:
nested-propos (af-G-letter ¢ v) C nested-propos ¢
by (induction ) auto

lemma aof-G-letter-sat-core:

Only-G G = G Ep ¢ = G Ep af-G-letter ¢ v
by (induction ) (simp-all, blast+)

157



lemma af ¢-sat-core:
Only-GG = G Fpy =G Epafc o w
using af-G-letter-sat-core by (induction w rule: rev-induct) (simp-all,

blast)

lemma af o-sat-core-generalized:

Only-G G = i <j= G Fpafc v (w0 = i) = G Ep afg ¢ (w
[0 — j])

by (metis af g-sat-core foldl-append subsequence-append le-add-diff-inverse)

lemma afq-evalg:
Only-G G = G Ep afg (evalg G ¢) w «— G Ep evalg G (afg ¢ w)
by (induction ) (simp-all add: evalg-prop-entailment af -decompose)

lemma af o-keeps-F-and-S:
assumes ys # ||
assumes S =p afg ¢ ys
shows S =p afc (F ¢) (zs Q ys)
proof —
have afc ¢ ys € set (map (afa ¢) (suffizes (xs Q ys)))
using assms(1) unfolding suffizes-append map-append
by (induction ys rule: List.list-nonempty-induct) auto
thus ?thesis
unfolding afg-F Or-prop-entailment using assms(2) by force
qed

11.3 G-Subformulae Simplification

lemma G-af-simp|[simp]:
G (af pw) =Gy
proof —
{ fix ¢ v have G (af-letter ¢ v) = G ¢ by (induction ) auto }
thus ?thesis
by (induction w arbitrary: ¢ rule: rev-induct) fastforce+
qed

lemma G-af g-simp[simp]:
G (afc p w) =G ¢
proof —
{ fix ¢ v have G (af-G-letter ¢ v) = G ¢ by (induction ¢) auto }
thus ?thesis
by (induction w arbitrary: ¢ rule: rev-induct) fastforce+
qed
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11.4 Relation between af and afg

lemma af-G-letter-free-F"
G ¢ = {} = G (af-letter p v) = {}
G ¢ = {} = G (af-G-letter p v) = {}
by (induction ¢) auto

lemma af-G-free:
assumes G ¢ = {}
shows af ¢ w = afg ¢ w
using assms
proof (induction w arbitrary: ¢)
case (Cons x zs)
hence af (af-letter ¢ z) s = afg (af-letter ¢ z) s
using af-G-letter-free-F|OF Cons.prems, THEN Cons.IH| by blast
moreover
have af-letter p © = af-G-letter ¢ x
using Cons.prems by (induction ) auto
ultimately
show Zcase
by simp
qed simp

lemma af-equals-af -base-cases:
af true w = afg true w
af false w = af g false w
of p(a) w = af pla) w
af (np(a)) w = afq (np(a)) w
by (auto intro: af-G-free)

lemma af-implies-afg:
SEpaf o w=— S kEpafc o w
proof (induction w arbitrary: S rule: rev-induct)
case (snoc x zs)
hence S =p af-letter (af ¢ zs)
by simp
hence S =p af-letter (afg ¢ xs) x
using af-respectfulness(1) snoc.IH unfolding Itl-prop-implies-def by
blast
moreover
{
fix ¢
have Av. S Ep af-letter ¢ v = S |Ep af-G-letter p v
by (induction ¢) auto

159



}

ultimately
show ?case
using snoc.prems foldl-append by simp
qed simp

lemma af-implies-afg-2:

wE af ¢ xs = w | afg ¢ xs
by (metis ltl-prop-implication-implies-ltl-implication af-implies-af ¢ ltl-prop-implies-def)

lemma af g-implies-af-evalg”:
assumes S =p evalg G (afg ¢ w)
assumes \Y. Gy € G = S |=p G
assumes Ay i. Gy € G = i < length w = S [Ep evalg G (afg ¢
(drop i w))
shows S E=p af p w
using assms
proof (induction ¢ arbitrary: w)
case (LTLGlobal )
hence G p € G
unfolding afg-simps evalg.simps by (cases G ¢ € G) simp+
hence S =p G ¢
using LTLGlobal by simp
moreover
{
fix z
assume z € set (map (af ¢) (suffives w))
then obtain w’ where z = af ¢ w’ and w’ € set (suffizes w)
by auto
then obtain ¢ where w’ = drop i w and i < length w
by (auto simp add: suffizes-alt-def subsequence-def)
hence S Ep evalg G (afg ¢ w')
using LTLGlobal.prems <G ¢ € G» by simp
hence S Ep =
using LTLGlobal(1)[OF S E=p evalg G (af ¢ ¢ w’)] LTLGlobal(3—4)
drop-drop
unfolding «x = af ¢ w «w’ = drop i w> by simp
}

ultimately
show ?case
unfolding af-G evalg-And-map And-prop-entailment by simp
next
case (LTLFinal o)
then obtain z where z-def: z € set (F' ¢ # map (evalg G o afg ¢)
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(suffizes w))
and S Ep z
unfolding Or-prop-entailment af g-F evalg-Or-map by force
hence 3y € set (F ¢ # map (af o) (suffizes w)). S Ep y
proof (cases © # F )
case True
then obtain w’ where S |=p evalg G (afc ¢ w') and w’ € set
(suffizes w)
using z-def <S =p x> by auto
hence \vY i. G € G = i < length w' = S =p evalg G (afg
(drop i w'))
using LTLFinal.prems by (auto simp add: suffizes-alt-def subse-
quence-def)
moreover
have A\Y. G € G = S =p evalg G (G )
using LTLFinal by simp
ultimately
have S |Ep af ¢ w'
using LTLFinal IH[OF S |=p evalg G (af g ¢ w')] using assms(2)
by blast
thus ?thesis
using «w’ € set (suffizes w)» by auto
qed simp
thus ?Zcase
unfolding af-F Or-prop-entailment evalg-Or-map by simp
next
case (LTLNext )
thus Zcase
proof (cases w)
case (Cons x zs)
{
fix ¢ i
assume G ¢ € G and Suc i < length (z#s)
hence S Ep evalg G (afg ¥ (drop (Suc @) (x#xs)))
using LTLNext.prems unfolding Cons by blast
hence S Ep evalg G (afg ¢ (drop i xs))
by simp
}

hence \Y i. G € G = i < length s = S |Ep evalg G (afg ¢
(drop i zs))
by simp
thus ?thesis
using LTLNext Cons by simp
qed simp
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next
case (LTLUntil ¢ 1)
thus ?Zcase
proof (induction w)
case (Cons x zs)
{
assume S =p evalg G (afg ¢ (z # zs))
moreover
have A\vY i. G ¢ € G = i < length (z#zs) = S =p evalg G
(afG ¥ (drop i (w#ws)))
using Cons by simp
ultimately
have S =p af ¢ (z # xs)
using Cons.prems by blast
hence ?case
unfolding af-U by simp
}

moreover
{
assume S =p evalg G (afg (¢ U ¢) zs) and S [=p evalg G (afq
¢ (z # s))
moreover
have A\vY i. G ¢ € G = i < length (z#1zs) = S Ep evalg G
(afg @ (drop i (z#ws)))
using Cons by simp
ultimately
have S =p af ¢ (v # zs) and S |=p af (¢ U ) xs
using Cons by (blast, force)
hence ?case
unfolding af-U by simp
}

ultimately
show ?case
using Cons(4) unfolding afs-U by auto
qed simp
next
case (LTLProp a)
thus ?case
proof (cases w)
case (Cons x zs)
thus ?thesis
using LTLProp by (cases a € x) simp+
qed simp
next
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case (LTLPropNeg a)
thus ?case
proof (cases w)
case (Cons x xs)
thus ?thesis
using LTLPropNeg by (cases a € ) simp+
qed simp
qed (unfold af-equals-af G-base-cases af g-decompose af-decompose, auto)

lemma af o-implies-af-evalg:

assumes S =p evalg G (afq ¢ (w [0—7]))

assumes \Y. Gy € G = S Ep G ¢

assumes \¢Y i. Gy € G = i < j= S Ep evalg G (afc ¥ (v [{ —
7))

shows S =p af ¢ (w [0—7])

using af g-implies-af-evalg'|OF assms(1—2), unfolded subsequence-length
subsequence-drop| assms(3) by force

11.5 Continuation

lemma af-ltl-continuation:
(w~w) e uv' Eao puw
proof (induction w arbitrary: ¢ w’)
case (Cons x zs)
have ((z # zs) ~w') 0 =z
unfolding conc-def nth-Cons-0 by simp
moreover
have suffix 1 ((z # zs) ~ w') = zs ~ w’
unfolding suffiz-def conc-def by fastforce
moreover
{
fix ¢ :: 'a ltl
have Aw. w = ¢ «— suffiz 1 w |= af-letter ¢ (w 0)
by (induction ) ((unfold LTL-F-one-step-unfolding LTL-G-one-step-unfolding
LTL-U-one-step-unfolding) ?, auto)
}
ultimately
have ((z # zs) ~ w') E ¢ +— (zs ~ w') &= af-letter ¢ z
by metis
also
have ... +— w' = of ¢ (z#xs)
using Cons.IH by simp
finally
show ?Zcase .
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qed simp

lemma af-ltl-continuation-suffiz:

wE @« suffitiw = af o (w0 — 1))
using af-ltl-continuation prefix-suffiz subsequence-def by metis

lemma af-G-ltl-continuation:
VoyeGop. w EY=(w~w)E¢= (w—~uw)E ¢+ wEaag
© w
proof (induction w arbitrary: w’ @)
case (Cons x xs)
{
fix ¢ = 'a ltl ix ww' w”
assume v’ E G Y = (w Q@ w') ~w") E G
hence w”" = G ¢ = (v’ ~ w") E G ¢ and (v’ ~ w") E G ¢ =
(w@w) ~w") = G
by (induction w’ arbitrary: w) (metis LTL-suffiz-G suffiz-conc-length
conc-conc)+
}
note G-stable = this
have A: VYeG (afg ¢ [z]). w' E ¢ = (zs ~ w') E ¢
using G-stable(1)[of w’ - [z]] Cons.prems unfolding G-afG-simp
conc-conc append.simps unfolding G-nested-propos-alt-def by blast
have B: VYeG ¢. ([z] ~ zs ~ w') E ¢ = (zs ~ w') E 9
using G-stable(2)[of w' - [z]] Cons.prems unfolding conc-conc ap-
pend.simps unfolding G-nested-propos-alt-def by blast
hence ([z] ~ 25 ~ w) £ ¢ = (a5 ~ w) = afa ¢ [4
proof (induction @)
case (LTLFinal @)
thus Zcase
unfolding LTL-F-one-step-unfolding
by (auto simp add: suffiz-conc-length[of [z], simplified])
next
case (LTLUntil ¢ 1)
thus ?Zcase
unfolding LTL-U-one-step-unfolding
by (auto simp add: suffiz-conc-length[of [z], simplified])
qed (auto simp add: conc-fst[of 0 [z]] suffiz-conc-length[of [z]|, simpli-

fied))
also
have ... = w' = afg ¢ (z # zs)
using Cons.IH[of afc ¢ [z] w'] A by simp
finally

show ?case unfolding conc-conc
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by simp
qed simp

lemma af ¢-ltl-continuation-suffiz:

Ve Gy wEY=(suffitiw) F¢ = wEy <+ suffitiwlE=afg
@ (w [0 — 1)

by (metis af-G-ltl-continuation|of ¢ suffix i w] prefiz-suffix subsequence-def)

11.6 Eager Unfolding af and afq

fun Unf :: a ltl = 'a It
where

Unf (F ¢) = F ¢ or Unf ¢

| Unf (G ¢) = G ¢ and Unf ¢

| Unf (¢ U ) = (¢ U and Unf @) or Unf ¢
| Unf (¢ and ¥) = Unf ¢ and Unf 1

| Unf (¢ or o) = Unf ¢ or Unf 9

| Unf o =¢

fun Unfg :: 'a ltl = 'a It

where
Unfa (F @) = F ¢ or Unfc ¢
Unfe (G o) =Gy
Unfa (¢ U ) = (¢ U ¥ and Unfg @) or Unfg
(¢ and ) = Unfg ¢ and Unfg ¢
)

|
|
| Unfa
| Unfa (p or ) = Unfg ¢ or Unfg ¥
| Unfa o = ¢
fun step :: 'a ltl = 'a set = 'a It
where
step p(a) v = (if a € v then true else false)
| step (np(a)) v = (if a ¢ v then true else false)
| step (X o) v =10
| step (¢ and 1)) v = step ¢ v and step ¥ v
| step (¢ or ) v = step @ v or step ¥ v
| step p v =@

fun af-letter-opt
where
af-letter-opt ¢ v = Unf (step ¢ v)

fun af-G-letter-opt

where
af-G-letter-opt o v = Unfq (step ¢ v)
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abbreviation af-opt :: ‘a ltl = 'a set list = 'a ltl (<afy)
where
afy p w = (foldl af-letter-opt ¢ w)

abbreviation af-G-opt :: 'a Itl = 'a set list = 'a ltl (<afcy)
where
afgu p w = (foldl af-G-letter-opt ¢ w)

lemma af-letter-alt-def:
af-letter ¢ v = step (Unf ¢) v
af-G-letter ¢ v = step (Unfg ¢) v
by (induction ) simp-all

lemma af-to-af-opt:
Unf (af ¢ w) = afy (Unf ¢) w
Unfa (afc ¢ w) = afeu (Unfa @) w
by (induction w arbitrary: o)
(simp-all add: af-letter-alt-def)

lemma af-equiv:

of ¢ (w@ []) = step (afu (Unf ) w) v

using af-to-af-opt(1) by (metis af-letter-alt-def(1) foldl-Cons foldl-Nil
foldl-append)

lemma af-equiv”:

af ¢ (w [0 — Suc i]) = step (afu (Unf ¢) (w [0 — i) (w i)
using af-equiv unfolding subsequence-def by auto

11.7 Lifted Functions

lemma respectfulness:

© —p Y = af-letter-opt p v —>p af-letter-opt ¢ v

w =p v = af-letter-opt p v =p af-letter-opt ¢ v

© —p Y = af-G-letter-opt ¢ v —p af-G-letter-opt ¥ v

© =p Y = af-G-letter-opt ¢ v =p af-G-letter-opt ¥ v

o —p ) => step p v —>p step Y v

w =p 1y = step p v =p step Y v

¢ —ptp = Unf o —p Unf ¢

p=pv = Unfo=p Unfy

o —p Y = Unfg ¢ —p Unfc ¢

¢ =p Y = Unfqg ¢ =p Unfg ¥

using decomposable-function-subst[of Ax. af-letter-opt x v, simplified]
af-letter-opt.simps
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using decomposable-function-subst[of \x. af-G-letter-opt x v, simplified]
af-G-letter-opt.simps

using decomposable-function-subst[of \x. step x v, simplified)

using decomposable-function-subst[of Unf, simplified]

using decomposable-function-subst|of Unfq, simplified]

using subst-respects-Itl-prop-entailment by metis+

lemma nested-propos:
nested-propos (step ¢ v) C nested-propos ¢
nested-propos (Unf @) C nested-propos ¢
nested-propos (Unfa @) C nested-propos ¢
nested-propos (af-letter-opt ¢ v) C nested-propos ¢
nested-propos (af-G-letter-opt ¢ v) C nested-propos ¢
by (induction ¢) auto

P e N N

Lift functions and bind to new names

interpretation af-abs: lift-ltl-transformer af-letter
using lift-ltl-transformer-def af-respectfulness af-nested-propos by blast

definition af-letter-abs (<taf>)
where

Taf = af-abs.f-abs

interpretation af-G-abs: lift-ltl-transformer af-G-letter
using [lift-ltl-transformer-def af-G-respectfulness af-G-nested-propos by
blast

definition af-G-letter-abs (tafa>)
where
Tafqg = af-G-abs.f-abs

interpretation af-abs-opt: lift-ltl-transformer af-letter-opt
using [lift-ltl-transformer-def respectfulness nested-propos by blast

definition af-letter-abs-opt (Tafy»)
where
Tafy = af-abs-opt.f-abs

interpretation af-G-abs-opt: lift-ltl-transformer af-G-letter-opt
using lift-ltl-transformer-def respectfulness nested-propos by blast

definition af-G-letter-abs-opt (<Tafcy>)
where

Tafqy = af-G-abs-opt.f-abs
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lift-definition step-abs :: ‘a ltlp = 'a set = 'a ltlp («Fstepy) is step
by (insert respectfulness)

lift-definition Unf-abs :: ‘a ltlp = 'a ltlp (<1 Unf>) is Unf
by (insert respectfulness)

lift-definition Unfg-abs :: ‘a ltlp = 'a ltlp (<1 Unfe») is Unfg
by (insert respectfulness)

11.7.1 Properties

lemma af-G-letter-opt-sat-core:
Only-G G = G Ep ¢ = G Ep af-G-letter-opt ¢ v
by (induction ) auto

lemma af-G-letter-sat-core-lifted:

Only-G G = G |=p Rep ¢ = G [=p Rep (af-G-letter-abs ¢ v)

by (metis af-G-letter-sat-core Quotient-ltl-prop-equiv-quotient| THEN Quo-
tient-rep-abs| Quotient3-Itl-prop-equiv-quotient[ THEN Quotient3-abs-rep| af-G-abs.f-abs.abs-eq
ltl-prop-equiv-def af-G-letter-abs-def)

lemma af-G-letter-opt-sat-core-lifted:

Only-G G = G |=p Rep p = G |=p Rep (Tafau ¢ v)

unfolding af-G-letter-abs-opt-def

by (metis af-G-letter-opt-sat-core Quotient-Itl-prop-equiv-quotient]| THEN
Quotient-rep-abs| Quotient3-Itl-prop-equiv-quotient] THEN Quotient3-abs-rep]
af-G-abs-opt.f-abs.abs-eq Itl-prop-equiv-def)

lemma af-G-letter-abs-opt-split:
tUnfg (Tstep @ v) = tafgu @ v
unfolding af-G-letter-abs-opt-def step-abs-def comp-def af-G-abs-opt.f-abs-def

using map-fun-apply Unfq-abs.abs-eq af-G-letter-opt.simps by auto

lemma af-unfold:

taf = (Ao v. Tstep (1Unf @) v)
by (metis Unf-abs-def af-abs.f-abs.abs-eq af-letter-abs-def af-letter-alt-def (1)
ltlp-abs-rep map-fun-apply step-abs.abs-eq)

lemma af-opt-unfold:

Tafy = (A v. TUnf (Tstep ¢ v))
by (metis (no-types, lifting) Quotient3-abs-rep Quotient3-Itl-prop-equiv-quotient
Unf-abs.abs-eq af-abs-opt.f-abs.abs-eq af-letter-abs-opt-def af-letter-opt.elims
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id-apply map-fun-apply step-abs-def)

lemma af-abs-equiv:

foldl taf ¥ (zs @Q [z]) = Tstep (foldl Tafy (TUnf 1) zs) x

unfolding af-unfold af-opt-unfold by (induction xs arbitrary: = 1 rule:
rev-induct) simp+

lemma Rep-Abs-equiv:
Rep (Abs ¢) =p ¢
using Rep-Abs-prop-entailment unfolding ltl-prop-equiv-def by auto

lemma Rep-step:

Rep (Tstep ® v) =p step (Rep @) v

by (metis Quotient3-abs-rep Quotient3-Itl-prop-equiv-quotient ltl-prop-equiv-quotient.abs-eq-iff
step-abs.abs-eq)

lemma step-G:

Only-G G —= G Ep o =G [=p step p v
by (induction ¢) auto

lemma Unfg-G:

Only-G G = G Fp ¢ = G Fp Unfg ¢
by (induction ¢) auto

hide-fact (open) respectfulness nested-propos

end

12 Logical Characterization Theorems

theory Logical-Characterization
imports Main af Auziliary/Preliminaries2
begin

12.1 Eventually True G-Subformulae

fun Grg 2 'a ltl = 'a set word = 'a ltl set
where

Gra true w = {}

| Gra (false) w = {}

| Gra (p(a)) w = {}

| Gra (np(a)) w = {}

| Gra (p1 and @2) w =Grg ¢1 wU Grpg w2 w
| Gra (p1 or p2) w=Grg g1 wU Grg @2 w
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| Gra (F @) w=Grg ¢ w

| Gra (G o) w= (if wE F G ¢ then {G ¢} UGpg ¢ welse Grag ¢ w)
| Gra (X ¢) w=Grg ¢ w

| Grg (¢ UY) w=Grg ¢ wU Grg ¥ w

lemma Grg-alt-def:

Ggra pw=A{Gy . GpeGonwEF (G}
by (induction ¢ arbitrary: w) (simp; blast)+

lemma Gpqg-Only-G:
Only-G (Grag ¢ w)
by (induction ¢) auto

lemma G rq-suffiz[simp]:
Grc ¢ (suffiziw) = Grpg ¢ w
unfolding Grg-alt-def LTL-FG-suffix ..

12.2 Eventually Provable and Almost All Eventually Prov-
able

abbreviation B3
where

BeGwi=35.GFpafg e (wi—7j])

definition almost-all-eventually-provable :: 'a ltl = 'a It set = 'a set word
= bool (Po’)

where

Poo 0 G W=Veooi P Gwi

12.2.1 Proof Rules

lemma almost-all-eventually-provable-monotonl [intro]:
Poo pGw=GCG = P p G’ w
unfolding almost-all-eventually-provable-def MOST-nat-le by blast

lemma almost-all-eventually-provable-restrict-to-G:
Poo ¥ G w = Only-G G = Poo ¢ (GNG p) w
proof —
assume Only-G G and P, ¢ G w
moreover
hence A\p. G =p o =(G NG o) Fp o
using LTL-prop-entailment-restrict-to-propos propos-subset
unfolding G-nested-propos-alt-def by blast
ultimately
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show ?Zthesis

unfolding almost-all-eventually-provable-def by force
qed

fun G-depth :: 'a Itl = nat
where

G-depth (¢ and ) = maz (G-depth ¢) (G-depth 1)
| G-depth (¢ or ) = maz (G-depth @) (G-depth 1))
| G-depth (F ¢) = G-depth ¢
| G-depth (G ) = G-depth ¢ + 1
| G-depth (X ¢) = G-depth ¢
| G-depth (¢ U 1) = mazx (G-depth o) (G-depth 1)
| G-depth ¢ = 0

lemma almost-all-eventually-provable-restrict-to-G-depth:
assumes P, 0 G w
assumes Only-G G
shows P, ¢ (G N {Y. G-depth ¢ < G-depth ¢}) w
proof —

{

fix ¢
have G =p ¢ = (G N {¢. G-depth ¢ < G-depth ¢}) Fp ¢
by (induction ¢) (insert «Only-G G», auto)

}

note Unfold1 = this

{

fix w

{
fix o v
have {¢. G-depth ¢ < G-depth (af-G-letter ¢ v)} = {¢. G-depth )
< G-depth ¢}
by (induction ¢) (unfold af-G-letter.simps G-depth.simps, simp-all,
(metis le-maz-iff-disj mem-Collect-eq)+)
}
hence {¢. G-depth ¢ < G-depth (afc ¢ w)} = {¢. G-depth ¢ < G-depth
e}
by (induction w arbitrary: ¢ rule: rev-induct) fastforce+

}
note Unfold2 = this

from assms(1) show ?thesis

unfolding almost-all-eventually-provable-def Unfold1 Unfold2 .
qged
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lemma almost-all-eventually-provable-suffiz:

Too 0 G/ 0 = Poo ¢ G' (suffiz i w)

unfolding almost-all-eventually-provable-def MOST-nat-le

by (metis Nat.add-0-right subsequence-shift subsequence-prefiz-suffiz suf-
fiz-0 add.assoc diff-zero trans-le-add2)

12.2.2 Threshold

The first index, such that the formula is eventually provable from this time
on

fun threshold :: 'a ltl = 'a set word = 'a Itl set = nat option
where

threshold ¢ w G = index (A\j. B ¢ G w j)

lemma threshold-properties:
threshold ¢ w G = Some i = 0 < i = -G Epafgp (w[(i—1)—
k])
threshold ¢ w G = Some i = j > i = 3k. G =p afc ¢ (w [j — k])
using index-properties unfolding threshold.simps by blast+

lemma threshold-suffiz:
assumes threshold p w G = Some k
assumes threshold ¢ (suffiz i w) G = Some k’
shows k < k' + ¢
proof (rule ccontr)
assume —k < k' + i
hence k > k' + i
by arith
then obtain j where k = k' + i + Suc j
by (metis Suc-diff-Suc le-Suc-eq le-add1 le-add-diff-inverse less-imp-Suc-add)
hence 0 < kand k' + i+ Sucj — 1 =i+ (k' + j)
using <k > k' + i by arith+
show Fulse
using threshold-properties(1)[OF assms(1) <0 < k»| threshold-properties(2)[OF
assms(2), of k' + j, OF le-add1]
unfolding subsequence-shift <k = k' + i + Suc j» <k’ + i + Sucj — 1
=i+ (k' + j)» by blast
qed

12.2.3 Relation to LTL semantics

lemma Itl-implies-provable:
wEe= P e (Grcyw) wi
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proof (induction ¢ arbitrary: w)
case (LTLProp a)
hence {} [=p afc (p(a)) (w [0 — 1))
by (simp add: subsequence-def)
thus “case
by blast
next
case (LTLPropNeg a)
hence {} f=p afa (np(a)) (w [0 — 1))
by (simp add: subsequence-def)
thus “case
by blast
next
case (LTLAnd v1 ¢2)
obtain i; iy where (Grg ¢1 w) Fp afg v1 (w [0 — i1]) and (Grg
o2 w) Ep afc @2 (w [0 > i)
using LTLAnd unfolding ltl-semantics.simps by blast
have (Grg v1 w) Ep afg ¢1 (w [0 — 41 + i2]) and (Grg w2 w) Fp
afa o2 (w [0 — i + 11])
using af g-sat-core-generalized|OF Gpg-Only-G - «(Gra p1 w) Ep
afa 1 (w [0 — i1])]
using af g-sat-core-generalized|OF Gpg-Only-G - «(Gpa w2 w) Ep
afc @2 (w [0 = i2]))]

by simp+
thus ?case
by (simp only: af g-decompose add.commute) auto
next
case (LTLOr o1 ¢2)
thus ?case

unfolding afg-decompose by (cases w |= 1) force+
next
case (LTLNext o)
obtain ¢ where (Grg ¢ w) Ep afg ¢ (suffic 1 w [0 — 1i])
using LTLNext(1)[OF LTLNext(2)[unfolded Itl-semantics.simpsl]
unfolding G rg-suffic by blast
hence (Gr (X ¢) ) p afc (X @) (w [0 — 1 + 1]
unfolding subsequence-shift subsequence-append by (simp add: subse-
quence-def)
thus Zcase
by blast
next
case (LTLFinal )
then obtain i where suffiz i w = ¢
by auto
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then obtain j where Grg ¢ w Ep afc ¢ (suffix i w [0 — j])
using LTLFinal Gra-suffix by blast
hence A: Gra ¢ w =p afg ¢ (suffiz i w [0 — Suc j))
using af g-sat-core-generalized|OF G p-Only-G, of j Suc j, OF le-Sucl]
by blast
from af g-keeps-F-and-S|OF - A] have Grg ¢ w =p afc (F ¢) (w [0
— Suc (i + 7)])
unfolding subsequence-shift subsequence-append Suc-eq-plusl by simp
thus ?Zcase
using Grq.simps(7) by blast
next
case (LTLUntil ¢ 1)
then obtain k£ where suffiz k w = ¢ and Vj < k. suffic jw = ¢
by auto
thus ?Zcase
proof (induction k arbitrary: w)
case (
then obtain ¢ where Grg ¢ w =p afg ¢ (w [0 — 1])
using LTLUntil by (metis suffiz-0)
hence Grg ¥ w =p afg ¥ (w [0 — Suc i])
using af g-sat-core-generalized|OF Gpg-Only-G, of i Suc i, OF
le-Sucl] by auto
hence Grg (¢ U ¥) w Ep afc (¢ U ¢) (w [0 — Suc i])
unfolding af ¢-subsequence-U ltl-prop-entailment.simps Gpq.simps
by blast
thus ?Zcase
by blast
next
case (Suc k)
hence w = ¢ and suffiz k (suffiz 1 w) = ¢ and V j<k. suffic j (suffiz
Tw) e
unfolding suffiz-0 suffiz-suffix by (auto, metis Suc-less-eq)+
then obtain i where i-def: Gra (¢ U ¢) w Ep afc (¢ U ¥) (suffiz
1 w0 — 1)
using Suc(1)[of suffiz 1 w| unfolding LTL-FG-suffix Gpg-alt-def
by blast
obtain j where j-def: Grg ¢ w Ep afg ¢ (w [0 — j])
using LTLUntil(1)[OF «w = ¢)] by auto
hence Grg (¢ U ¥) w =p afc ¢ (w [0 — j])
by auto

hence Grg (¢ U ¥) w Ep afg ¢ (w [0 — j+ (i + 1)])
by (blast intro: af g-sat-core-generalized|OF G pg-Only-G le-add1])
moreover
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have 1 + (i +j) =7+ (i+ 1)
by arith
have Grg (¢ U ¥) w p afc (¢ U ) (w [l —j+ (i + 1)])
using af g-sat-core-generalized|OF Gra-Only-G le-addl i-def, of j]
unfolding subsequence-shift Gra-suffix <1 + (i + j) =j + (i +
1)» by simp
ultimately
have Grg (¢ U ¥) w =p afg (¢ U ) (w [1 — Suc (j + 7)]) and
afg ¢ (w [0 — Suc (j + 7)])
by simp
hence Grg (¢ U ¥) w =p af (¢ U ) (w [0 — Suc (j + i)])
unfolding afg-subsequence-U ltl-prop-entailment.simps by blast
thus Zcase
using af g-subsequence-U ltl-prop-entailment.simps by blast
qged
qed simp+

lemma [tl-implies-provable-almost-all:
wkE @ = Vi. Grg ¢ w =p afc ¢ (w [0 — 1i])
using ltl-implies-provable af -sat-core-generalized| OF G pg-Only-G]
unfolding MOST-nat-le by metis

12.2.4 Closed Sets

abbreviation closed
where

closed G w = finite G A\ Only-G G N (VY. G € G — Poo ¥ G w)

lemma closed-FG:
assumes closed G w
assumes G ¢ € G
shows w = F G 1
proof —
have finite G and Only-G G and (AY. G ¥ € G = P ¥ G w)
using assms by simp+
moreover
note <G ¥ € G)
ultimately
show w = F G v
proof (induction arbitrary: ¢ rule: finite-ranking-induct[where f = G-depth])
case (insert x G)

then obtain ¢’/ where z = G ¢’
by auto
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{

fix ¢ assume G 1) € insert z G (is - € 7G’)
hence P, ¥ (7G' N {Y". G-depth ' < G-depth ¥}) w
using insert(4—5) by (blast dest: almost-all-eventually-provable-restrict-to-G-depth)
moreover
have G-depth ¥ < G-depth z
using insert(2) <G ¢ € insert x G» <x = G "y by force
ultimately
have P v G w
by auto
}

hence P, ¥’ G w and closed G w
using insert <x = G ¢’y by simp+

have Only-G G and Only-G (G U G ¢') and finite (G U G )
using G-nested-finite G-nested-propos-Only-G insert by blast+
then obtain k; where kI-def: Av i. ¢ € G U G ¢ = suffix k1 w
E v = suffic (k1 + i) w =9
by (blast intro: ltl-G-stabilize)

hence A\Yp. G € G = w = F (G v)
using insert <closed G wy by simp
then obtain ky where k2-def: Vi > ko. 35. B ' G wi
using (P, ¥’ G w» unfolding almost-all-eventually-provable-def
MOST-nat-le by blast

{
fix ¢

assume 7 > maz ki1 ko
hence 7 > k1 and 7 > ko
by simp+
then obtain j' where G =p afg ¢/ (w [i — 7))
using k2-def by blast
then obtain j where G =p afg ¥/ (w [i — i + j])
by (cases i < j') (blast dest: le-Suc-ex, metis subsequence-empty
le-add-diff-inverse nat-le-linear)
moreover
have \Y. G Y € § = suffirky w = G ¢
using [tl-G-stabilize-property|OF <finite (G U G 1")» <Only-G (G U
G ') k1-def]
using (\Y. G € G = w = F (G v¢)» by blast
hence \Y. G € G = suffix (i + j) w = G
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by (metis <i > maz k1 ko> LTL-suffiz-G suffiz-suffiz le-Suc-ex
maz.coboundedl )
hence \Y. ¥ € G = suffix (i + j) w = ¢
using <Only-G G» by fast
ultimately
have Suffiz: suffiz (i + j) w | afg ' (w [i = i + j])
using ltl-models-equiv-prop-entailment by blast

obtain ¢ where 1 = k1 + ¢
using <7 > kq» unfolding le-iff-add by blast
hence Stable: Vi) € G ¢’ suffizx i w = ¢ = suffiz j (suffiz i w) =
using k1-def k1-def[of - ¢ + j] unfolding suffiz-suffiz add.assoc[symmetric]
by blast
from Suffiz have suffiz i w = 1’
unfolding suffiz-suffix subsequence-shift af ¢-ltl-continuation-suffiz| OF
Stable] by simp
}
hence w = F G )’
unfolding MOST-nat-le LTL-FG-almost-all-suffizes by blast
thus “case
using insert using <A\Y. G € G = w = F G ¢» <z = G ¢ by
auto
qed blast
qed

lemma closed-Grq:
closed (Gpg ¢ w) w
proof (induction @)
case (LTLGlobal ¢)
thus Zcase
proof (cases w = F G )
case True
hence V i. suffiz i w = ¢
using LTL-FG-almost-all-suffixes by blast
then obtain ¢ where Vj > i. suffiz j w = ¢
unfolding MOST-nat-le by blast
{
fix k
assume k£ > 1
hence suffiz k w = ¢
using «Vj>i. suffiz j w = ¢» by blast
hence P ¢ {G ¢ [Y. w = F G ¢} (suffiz k w) 0
using LTL-FG-suffix
by (blast dest: ltl-implies-provable[unfolded Gpg-alt-def])
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hence P o {G Y [¢. wEF Gy} wk
unfolding subsequence-shift by auto
}

hence P ¢ {GV | Y. wE F Gy} w
using almost-all-eventually-provable-def|of ¢ - w]
unfolding MOST-nat-le by auto

hence P, ¢ (Grg ¢ w) w
unfolding G pg-alt-def
using almost-all-eventually-provable-restrict-to-G by blast

thus ?thesis
using LTLGlobal insert by auto

qed auto
qged auto

12.2.5 Conjunction of Eventually Provable Formulas

definition F
where

F o wGj= And (map (Ni. afc ¢ (w [i — j])) [the (threshold ¢ w G)
..< Suc j])

lemma almost-all-suffizes-model-F:
assumes closed G w
assumes G p € G
shows V j. suffix j w = evalg G (F ¢ w G 7)
proof —
have Only-G G
using assms(1) by simp
hence G C {x. w = F x} and P ¢ G w
using closed-FG[OF assms(1)] assms by auto
then obtain k& where threshold ¢ w G = Some k
by (simp add: almost-all-eventually-provable-def)
hence k-def: k = the (threshold ¢ w G)
by simp
moreover
have finite (G ¢ U G) and Only-G (G ¢ U G)
using assms(1) G-nested-finite unfolding G-nested-propos-alt-def by
auto

then obtain [ where S: \j . ¥ € G ¢ UG = suffix l w = ¢ = suffix
(Lt )wk v
using [tl-G-stabilize by metis
hence G-sat:\j . G € G = suffic (I + j) w = Gy
using ltl-G-stabilize-property <G C {x. w = F x}> by blast

{
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fix j
assume [ < j
{
fix ¢
assume k£ < 77 < j
then obtain j’ where j = i + j'
by (blast dest: le-Suc-ex)
hence 35 > i. G =p afq ¢ (w [i — j])
using P ¢ G w» unfolding almost-all-eventually-provable-def
MOST-nat-le
by (metis <k < i» <threshold ¢ w G = Some k> threshold-properties(2)
linear subsequence-empty)
then obtain j” where G E=p afc ¢ (w [i — j']) and i < j”
by (blast )
have suffiz j w = evalg G (afg ¢ (w [i — j]))
proof (cases j" < j)
case True
hence G Ep afg ¢ (w [i — j])
using af g-sat-core-generalized|OF <Only-G G», of - j' ¢ suffix i
w] le-Suc-ex[OF «i < j')] le-Suc-ex[OF " < ]
by (metis add.right-neutral subsequence-shift <j = i + j» «G =p
afc ¢ (w [i — j"])» nat-add-left-cancel-le )
hence G |=p evalg G (afc ¢ (w [i — j]))
unfolding evalg-prop-entailment .
moreover
have G C {x. suffix j w E x}
using G-sat <l < j» «Only-G G» by (fast dest: le-Suc-ex)
ultimately
have {x. suffic j w = x} p evale G (afa ¢ (w [i = 7))
by blast
thus ?thesis
unfolding lti-models-equiv-prop-entailment[symmetric] by simp
next
case Fulse
hence G E=p evalg G (afc (afc ¢ (w [i — §]) (w [j — §'))
unfolding foldl-append|[symmetric] evalg-prop-entailment
by (metis le-iff-add «i < j» map-append upt-add-eq-append
nat-le-linear subsequence-def <G Ep afc ¢ (w [ — "))
hence G =p afg (evalg G (afc ¢ (w [i — 7)) (w [j — j"]) (is G
Fp afc)
using af g-evalg[OF <Only-G G»] by blast
moreover
have [ < j”
using Fulse <l < j» by linarith
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hence G C {x. suffix j" w E x}
using G-sat «Only-G G» by (fast dest: le-Suc-ex)
ultimately
have suffiz j”" w | %afq
using [tl-models-equiv-prop-entailment[symmetric] by blast
moreover
{
have A\¢Y. v € G p UG = suffix jw = ¢ = suffiz j” w E
using S «I < j» « < j' by (metis le-add-diff-inverse)
moreover
have G (evalg G (afc ¢ (w[i — j]))) C G ¢ (is ?G C -)
using evalg-G-nested by force
ultimately
have A\Y. ¥ € ?G = suffiz j w = ¢ = suffiz j" w = ¢
by auto
}

ultimately
show “thesis
using af ¢-ltl-continuation-suffiz|of evalg G (afa ¢ (w [ — 7]))
suffix j w, unfolded suffiz-suffix]
by (metis False le-Suc-ex nat-le-linear add-diff-cancel-left’ subse-
quence-prefir-suffic)
qed
}
hence suffix j w E And (map (\i. evalg G (afa ¢ (w [i — j]))) [k..<Suc
K
unfolding And-semantics set-map set-upt image-def by force
hence suffiz j w |= evalg G (And (map (Ni. afc ¢ (w [i — j])) [k..<Suc
1)
unfolding evalg-And-map map-map comp-def .
}
thus ?thesis
unfolding F-def And-semantics MOST-nat-le k-def[symmetric] by me-
son
qged

lemma almost-all-commutative’”:
assumes finite S
assumes Only-G S
assumes A\z. Gz € § = Vi. Pz (i:nat)
shows Vi. V. Gz € S — Pxi
proof —
from assms have (Az. x € S = V 1. P (theG z) (i::nat))
by fastforce
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with assms(1) have Vi. Vo € S. P (theG z) i
using almost-all-commutative’ by force
thus ?thesis
using assms(2) unfolding MOST-nat-le by force
qed

lemma almost-all-suffizes-model-F-generalized:

assumes closed G w

shows V j. V. Gy € G — suffic j w |= evalg G (F Y w G j)

using almost-all-suffizes-model-F[OF assms| almost-all-commutative’|of
G| assms by fast

12.3 Technical Lemmas

lemma threshold-suffiz-2:
assumes threshold 1 w G' = Some k
assumes k < [
shows threshold ¢ (suffiz l w) G’ = Some 0
proof —
have P ¥ §' w
using «threshold 1» w G' = Some k» option.distinct(1)
unfolding threshold.simps index.simps almost-all-eventually-provable-def
by metis
hence P ¥ G’ (suffiz | w)
using almost-all-eventually-provable-suffix by blast
moreover
have Vi > k. 35. G' =p afc ¥ (w [i — j])
using threshold-properties(2)[OF assms(1)] by blast
hence Vm. 3j. G' =p afc ¥ ((suffiz I w) [m — j])
unfolding subsequence-shift using <k < b Vi > k. 3j. G' Ep afg ¥
(w [i = j])
by (metis (mono-tags, opaque-lifting) lel less-imp-add-positive order-refl
subsequence-empty trans-le-add1)
ultimately
show ?thesis
by simp
qged

lemma threshold-closed:

assumes closed G w

shows 3k. V. G v € G — threshold ¢ (suffiz k w) G = Some 0
proof —

define k where k = Max {the (threshold ¥ w G) | ¥. G ¢ € G} (is - =
Mazx 25)
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have finite G and Only-G G and \Y. G ¢ € G = P ¥ G w
using assms by blast+
hence A\Y. G v € G = Fk. threshold ¢ w G = Some k
unfolding almost-all-eventually-provable-def by simp
moreover
have 7S = (\z. the (threshold (theG z) w G)) ‘G
unfolding image-def using «Only-G G» ltl.sel(8) by metis
hence finite 25
using «<finite G» finite-imagel by simp
hence A\Y k'. G ¢ € G = threshold ¢ w G = Some k' = k' < k
by (metis (mono-tags, lifting) Collect] Maz-ge k-def option.sel)
ultimately
have \Y. G ¢ € G = threshold ¢ (suffiz k w) G = Some 0
using threshold-suffiz[of - w G - k 0] threshold-suffiz-2 by blast
thus ?thesis
by blast
qed

lemma F-drop:
assumes Poo ¢ G' w
assumes S =p F ¢ w G’ (i + j)
shows S E=p F ¢ (suffix i w) G'j
proof —
obtain k k'’ where k-def: threshold o w G' = Some k and k’-def: threshold
¢ (suffiz i w) G' = Some k'
using assms almost-all-eventually-provable-suffiz
unfolding threshold.simps index.simps almost-all-eventually-provable-def
by fastforce
hence k-def-2: the (threshold ¢ w G') = k and k’-def-2: the (threshold ¢
(suffiz i w) G') = k'
by simp-+
moreover
hence k< i+ j= S kEpyp
using «S E=p F ¢ w G’ (i + j)» unfolding F-def And-semantics
And-prop-entailment by (simp add: subsequence-def)
moreover
have k' < j = k<i+j
using k-def k’-def threshold-suffix by fastforce
ultimately
have the (threshold ¢ (suffiz i w) G') < j=— S Ep ¢
by blast
moreover

{
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fix pos
assume k' < pos and pos < j
have k£ < i + pos
by (metis threshold-suffix k-def k'-def <k’ < pos) add.commute add-le-cancel-right
order.trans)
hence (i + pos) € set [k..<Suc (i + j)]
using <pos < j» by auto
hence af ¢ ¢ ((suffiz i w) [pos — j]) € set (map (Nia. afc ¢ (subsequence
wia (i + 7))) [k..<Suc (i + 7)])
unfolding subsequence-shift set-map by blast
hence S =p afc ¢ ((suffix i w) [pos — j])
using assms(2) unfolding F-def And-prop-entailment k-def-2 by
(cases k < i + j) auto
}
ultimately
show “thesis
unfolding F-def And-prop-entailment k’-def-2 by auto
qed

12.4 Main Results

definition accept
where

acceptyr 0 G w = (Vooj. VS. V. G € G — S Ep G NS Ep
evalg G (F ¢ w G j)) — S =p af ¢ (w [0 — j]))

lemma lemmaD:
assumes w = ¢
assumes A\Y. G ¢ € Gpg ¢ w = threshold ¥ w (Grg ¢ w) = Some 0
shows acceptys ¢ (Gra ¢ w) w
proof —
obtain i where Grg ¢ w =p afg ¢ (w [0 — 1))
using ltl-implies-provable[OF <w = ] by metis
{
fix S j
assume assml: j > i
assume assm2: \. G € Grg ¢ w = S Fp G P N S |Ep evalg
(Gra ¢ w) (F Y w(Gra ¢ w) j)
moreover
{
have Grg ¢ w Ep afc ¢ (w [0 — j])
using Grg ¢ w Ep afg ¢ (w [0 — i])y G > D
by (metis af g-sat-core-generalized G pa-Only-G)
moreover

183



have Grg ¢ w C S
using assm2 unfolding Grg-alt-def by auto
ultimately
have S =p evalg (Gra ¢ w) (afg ¢ (w [0 = j]))
using evalg-prop-entailment by blast

}

moreover
{
fix ¢ assume G ¢ € Gpg p w
hence the (threshold ¥ w (Grg ¢ w)) = 0 and S Ep evalg (Gra ¢
w) (Fv w (Gra ¢ w) j)
using assms assm2 option.sel by metis+
hence \i. i < j = S Ep evalg (Gra ¢ w) (afc ¥ (w[i — j]))
unfolding F-def And-prop-entailment evalg-And-map by auto
}
ultimately
have S =p af ¢ (w [0 — j])
using af g-implies-af-evalg|of - - ] by presburger
}
thus ?thesis
unfolding acceptys-def MOST-nat-le by meson
qged

theorem ltl- FG-logical-characterization:
wEFGp+— 3G§GCG (FGyo). GoeGA closed G w)
(is ?lhs <— ?rhs)
proof
assume ?lhs
hence G ¢ € Gpg (F G ¢) wand Grg (F G ¢) w C G (F G )
unfolding G pra-alt-def by auto
thus ?rhs
using closed-Gpg by metis
qed (blast intro: closed-FG)

theorem ltl-logical-characterization:
wlE @ +— (3G C G ¢. acceptyr ¢ G w A closed G w)
(is ?lhs <— ?rhs)

proof
assume ?lhs

obtain k where k-def: \Y. G ¢ € Gpg ¢ w = threshold i (suffix k

w) (Gra ¢ w) = Some 0
using threshold-closed|OF closed-Grq| by blast
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define w’ where w’ = suffiz k w
define ¢’ where ¢’ = af ¢ (w[0 — k])

from «?lhs) have w' = ¢’
unfolding af-ltl-continuation-suffix[of w ¢ k] w'-def ©'-def .
have G-eq: G ¢' = G ¢
unfolding ¢’-def G-af-simp ..
have G-eq: Grg ¢’ w' = Grg ¢ w
unfolding Grg-alt-def w'-def ¢'-def G-af-simp LTL-FG-suffiz ..
have ¢'-eq: \j. af ¢’ (W' [0 —j]) = af ¢ (w [0 = k + j])
unfolding ¢’-def w'-def foldl-append|symmetric] subsequence-shift
unfolding Nat.add-0-right by (metis subsequence-append)

have acceptys ¢’ (Gra ¢’ w') w’
using lemmaD[OF «w' |= "] k-def
unfolding G-eq w'-def[symmetric] by blast

then obtain j’ where j’-def: \j S. j > j' =
(V. G € Grg o' w' — S Ep G NS Ep evalg (Gra ¢’ w') (F
Y w' (Gra ¢'w') j) = S Ep af ¢’ (w' [0 — j])
unfolding acceptyr-def MOST-nat-le by blast

{
fixj$s
let ?af = af ¢ (W[0 — k + j' + j])
assume (V¢. G ¢ € (Gpg ¢’ w') — S Ep G AN S Ep evalg (Gra
o' w') (F w(Gra ¢ w) (k+ i+ 7))
moreover

{
fix ¢

assume G ¢ € Gpg ¢’ w' (is - € 99)
hence P, ¥ G w
unfolding G-eq using closed-Grg by blast
have A\S. S Ep evalg 2G (F ¢ w %G (k + j' + j)) = S Ep evalg
%G (F b ' %G (' + )
using F-drop|OF (Boo ¥ (Gra ¢’ w') wy, of - kj'+ j| evalg-respectfulness(1)[unfolded
ltl-prop-implies-def]
unfolding add.assoc w’-def by metis
moreover
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assume S Ep evalg %G (F ¢ w %G (k + j' + j))
ultimately
have S Ep evalg G (F ¢ w’ 2G (j' + 7))
by simp
}

ultimately
have S =p ?af
using j’-def unfolding ¢’-eq add.assoc by simp

}
hence acceptyr ¢ (Grag ¢ w) w

unfolding acceptyr-def MOST-nat-le G-eq by (metis le-Suc-ex)
moreover
have Grg v w C G ¢

unfolding G rg-alt-def by auto
ultimately
show ?rhs

by (metis closed-Gr¢q)

next

assume ?rhs

then obtain G where G-prop: G C G ¢ finite G Only-G G acceptyr ¢ G
w closed G w
using G-elements G-finite by blast
then obtain i where Ax j. x € § = suffiz i w = x = suffiz (i + j)
w = X
using [tl-G-stabilize by blast
hence i-def: N\v. G € G = suffiriw E G ¢
using ltl-G-stabilize-property| OF «finite G» < Only-G G»] G-prop closed-FG|of
G| by blast
obtain j where j-def: \j' S. j' > j =
V. GYpe G — SkEp G NS Epevalg G(FpwgGij)) — S
Epoaf ¢ (w0 — j)
using <acceptyr @ G wy unfolding accepins-def MOST-nat-le by pres-
burger
obtain j’ where lemmal9: \j¢.j > j' = G € G = suffixjw =
evalg G (F v w G j)
using almost-all-suffives-model-F -generalized| OF <closed G w»] unfold-
ing MOST-nat-le by blast

define k£ where k = maz (maz i j) j'
define w’ where w’ = suffiz k w
define ¢’ where ¢’ = af ¢ (w[0 — k])
define S where S = {x. v’ E x}
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have (A\Y. G € G = SEp GY NS |Ep evalg G (F Y w@Gk) =
S Ep e’
using j-def[of k S] unfolding ¢’-def k-def by fastforce
moreover
{
fix ¢
assume G Y € G
have \j. i <j= suffriw = G ¢ = sufficjw = G ¢
by (metis LTL-suffiz-G le-Suc-ex suffiz-suffix)
hence w' = G ¢
unfolding w'-def k-def maz-def
using i-def[OF «G ¢ € G)] by simp
moreover
have w’ | evalg G (F ¢ w G k)
using lemmal9[OF - <G ¢ € G», of k]
unfolding w'-def k-def by fastforce
ultimately
have S =p G ¥ and S Ep evalg G (F ¢ w G k)
unfolding S-def ltl-models-equiv-prop-entailment|symmetric|] by blast+
}

ultimately
have S Ep ¢’
by simp
hence w’ = ¢’
using S-def ltl-models-equiv-prop-entailment by blast
thus ?lhs
using w’-def o’-def af-ltl-continuation-suffix by blast
qed

end

13 Translation from LTL to (Deterministic Transitions-
Based) Generalised Rabin Automata

theory LTL-Rabin

imports Main Mojmir-Rabin Logical-Characterization
begin
13.1 Preliminary Facts

lemma run-af-G-letter-abs-eq-Abs-af-G-letter:
run Tafa (Abs o) w i = Abs (run af-G-letter ¢ w i)
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by (induction i) (simp, metis af-G-abs.f-foldl-abs.abs-eq af-G-abs.f-foldl-abs-alt-def
run-foldl af-G-letter-abs-def)

lemma finite-reach-af:
finite (reach ¥ Taf (Abs ¢))
proof (cases ¥ # {})
case True
thus ?thesis
using af-abs.finite-abs-reach unfolding af-abs.abs-reach-def reach-foldl-def[OF
True]
using finite-subset[of {foldl Taf (Abs ¢) w |w. set w C X} {foldl
Taf(Abs ¢) w |w. True}]
unfolding af-letter-abs-def
by (blast)
qed (simp add: reach-def)

lemma [tl-semi-mojmir:
assumes finite
assumes range w C X
shows semi-mojmir X Tafq (Abs ©) w
proof
fix ¢
have nonempty-X: ¥ # {}
using assms by auto
show finite (reach ¥ tafg (Abs 1)) (is finite 7A)
using af-G-abs.finite-abs-reach finite-subsetjwhere A = ?A, where B
= lift-ltl-transformer.abs-reach af-G-letter (Abs )]
unfolding af-G-abs.abs-reach-def af-G-letter-abs-def reach-foldl-def[OF
nonempty-%| by blast
qed (insert assms, auto)

13.2 Single Secondary Automaton

locale [tl-FG-to-rabin-def =
fixes
Y a set set
fixes
o laltl
fixes
G :: 'a ltl set
fixes
w :: 'a set word
begin
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sublocale mojmir-to-rabin-def ¥ Tafg Abs ¢ w {q. G =p Rep q} .

— Import abbreviations from parent locale to simplify terms
abbreviation dp = step

abbreviation qr = initial

abbreviation Accy j = (failr U merger j, succeedr )
abbreviation maz-rankr = maz-rank

abbreviation smallest-accepting-rankr = smallest-accepting-rank
abbreviation acceptr’ = accept

abbreviation Sp = S

lemma Rep-token-run-af:
Rep (token-run x n) =p afg ¢ (w [z — n])
proof —
have token-run z n = Abs (afc ¢ ((suffiz z w) [0 — (n — z)]))
by (simp add: subsequence-def run-foldl; metis af-G-abs.f-foldl-abs.abs-eq
af-G-abs.f-foldl-abs-alt-def af-G-letter-abs-def)
hence Rep (token-run x n) =p afq ¢ ((suffiz z w) [0 — (n — z)])
using ltlp-abs-rep ltl-prop-equiv-quotient.abs-eq-iff by auto
thus ?thesis
unfolding lti-prop-equiv-def subsequence-shift by (cases x < n; simp
add: subsequence-def)
qed

end

locale [tl-FG-to-rabin = Itl-FG-to-rabin-def +
assumes
wellformed-G: Only-G G
assumes
bounded-w: range w C X
assumes
finite-X: finite
begin

sublocale mojmir-to-rabin ¥ Tafg Abs ¢ w {q. G =p Rep q}
proof
show Aqv. ¢ € {¢. G Ep Rep ¢} = tafcqv € {q. G Ep Rep q¢}
using wellformed-G af-G-letter-sat-core-lifted by auto
have nonempty-%: ¥ # {}
using bounded-w by blast
show finite (reach X Tafq(Abs ¢)) (is finite ?A)
using af-G-abs.finite-abs-reach finite-subsetjwhere A = ?A, where B
= lift-ltl-transformer.abs-reach af-G-letter (Abs ¢)]
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unfolding af-G-abs.abs-reach-def af-G-letter-abs-def reach-foldl-def[OF
nonempty-%| by blast
qed (insert finite-X bounded-w)

lemma [tl-to-rabin-correct-exposed’:
Voo © G w <— accept
proof —
{
fix ¢
have (3j. G Ep afg ¢ (map w i+ 0.<i+ (j —0)])) =P Guwi
by (auto simp add: subsequence-def, metis add-diff-cancel-left’
le-Suc-ex nat-le-linear upt-conv-Nil )
hence (3j. G Ep afc ¢ (w [i — j]) «— (3j. G Ep run af-G-letter ¢
(suffiz i w) (i)
(is 7l +— -)
unfolding run-foldl using subsequence-shift subsequence-def by metis
also
have ... +— (34. G =p Rep (run Tafq(Abs ¢) (suffiz i w) (j—17)))
using Quotient3-Itl-prop-equiv-quotient[ THEN Quotient3-rep-abs]
unfolding ltl-prop-equiv-def run-af-G-letter-abs-eq-Abs-af-G-letter by
blast

also

have ... +— (3. token-run i j € {q. G =p Rep q})
by simp

also

have ... +— token-succeeds i

(is - «— ?r)
unfolding token-succeeds-def by auto
finally
have ¢l +— 7r .
}
thus ?thesis
by (simp only: almost-all-eventually-provable-def accept-def)
qed

lemma ltl-to-rabin-correct-exposed:
PBoo ¢ § w < acceptr (Or, qr, {Accr i | i. ¢ < maz-rankgr}) w
unfolding ltl-to-rabin-correct-exposed’ mojmir-accept-iff-rabin-accept ..

— Import lemmas from parent locale to simplify assumptions

lemmas max-rank-lowerbound = maz-rank-lowerbound

lemmas state-rank-step-foldl = state-rank-step-foldl

lemmas smallest-accepting-rank-properties = smallest-accepting-rank-properties
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lemmas wellformed-R = wellformed-R
end

fun ltl-to-rabin
where

ltl-to-rabin ¥ ¢ G = (ltl-FG-to-rabin-def.0p ¥ ¢, ltlI-FG-to-rabin-def.qr
o, {ltI-FG-to-rabin-def Accr ¥ ¢ G i | i. i < ltl-FG-to-rabin-def .maz-rankp
e}

context
fixes
Y i 'a set set
assumes
finite-X: finite
begin

lemma [tl-to-rabin-correct:
assumes range w C X
shows w = FGp=3G§CG (Gy). GopeGAN V. Gy eG —
acceptr (ltl-to-rabin 3 ¢ G) w))
proof —
have A\G 9. G C G (G p) = G € G = (Poo ¥ G w +— acceplpr
(ltl-to-rabin ¥ ¢ G) w)
proof —
fix G ¢
assume G C G (G p) G e g
then interpret ltl-FG-to-rabin X ¥ G
using finite-X assms G-nested-propos-alt-def
by (unfold-locales; auto)
show (B ¥ G w «— acceptr (ltl-to-rabin ¥ ¢ G) w)
using ltl-to-rabin-correct-exposed by simp
qed
thus ?thesis
using G-elements|of - G ¢| G-finite[of - G ¢]
unfolding Itl-FG-logical-characterization G-nested-propos.simps
by meson
qed

end
13.2.1 LTL-to-Mojmir Lemmas

lemma F-eq-S:
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assumes finite-X: finite 3

assumes bounded-w: range w C X

assumes closed G w

assumes G ¢ € G

shows Vj. (VS. (SEPFYpwGjNG CS)<+— (Yq. q € (Itl-FG-to-rabin-def Sr
S G wj) — S Ep Rep q))
proof —

let ?F = {q. G =p Rep q}

define k where k = the (threshold ) w G)

hence threshold ¥ w G = Some k

using assms unfolding threshold.simps indez.simps almost-all-eventually-provable-def
by simp

have Only-G G

using assms G-nested-propos-alt-def by blast
then interpret [tl-FG-to-rabin X ¢ G w

using finite-> bounded-w by (unfold-locales, auto)

have accept
using ltl-to-rabin-correct-exposed’ assms by blast
then obtain i where smallest-accepting-rank = Some i
unfolding smallest-accepting-rank-def by force

obtain n; where Am ¢. m > n; = ((3z € configuration g m. to-
ken-succeeds t) — g € S m) A (¢ € S m — (Yz € configuration q m.
token-succeeds x))

using succeeding-states|OF <smallest-accepting-rank = Some )] unfold-
ing MOST-nat-le by blast

obtain ny where A\z. z < k = token-succeeds v = token-run = ny €
°F
by (induction k) (simp, metis token-stays-in-final-states add.commute
le-neg-implies-less not-less not-less-eq token-succeeds-def)

define n where n = Mazx {n1, na, k}

{

fix m q
assume n < m
hence n; < m
unfolding n-def by simp
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hence ((3z € configuration q m. token-succeeds x) — q € S m) A (q
€ S m — (Y € configuration q¢ m. token-succeeds x))
using «(Am ¢. m > ny = ((3x € configuration q m. token-succeeds
z) — g€ S m)A(¢geS m— Yz € configuration ¢ m. token-succeeds
z))» by blast
}
hence n-def-1: Am q. m > n = ((3x € configuration q m. token-succeeds
z) — g€ S m)A(geS m— Yz € configuration ¢ m. token-succeeds
7))
by presburger
have n-def-2: Nz m. x < k = m > n = token-succeeds v => token-run
xm € F
using «Az. x < k = token-succeeds ¥ = token-run x ny € ?F»
Mazx.coboundedI[of {n1, no, k}]
using token-stays-in-final-states[of - ns] le-Suc-ex unfolding n-def by
force

{
fix Sm

assume n < m
hence £t < mn < Sucm
using n-def by simp+

assume S EFp FYwGm¢GCS

hence A\z. k <z = 2 < Sucm = S Ep afg ¢ (v [t — m])

unfolding And-prop-entailment F-def k-def[symmetric] subsequence-def
using <k < m» by auto

fix ¢ assume g € S m

have S =p Rep g
proof (cases ¢ € 7F)
case Fulse
moreover
from Fulse obtain j where state-rank ¢ m = Some j and j > 1
using (¢ € § m» <smallest-accepting-rank = Some i> by force
then obtain x where z: © € configuration ¢ m token-run x m = q
by force
moreover
from x have token-succeeds x
using n-def-1]OF <n < my] <¢ € S m» by blast
ultimately
have S =p afg ¢ (w [z — m])
using (A\z. k <z = 2 < Sucm = S Ep af¢ ¢ (w [z —
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m))»[of z] n-def-2[OF - <n < my] by fastforce
thus ?thesis
using Rep-token-run-af unfolding <token-run x m = ¢»[symmetric]
ltl-prop-equiv-def by simp
qed (insert «G C S», blast)

}

moreover

{

assume N\g. ¢ € S m = S =p Rep ¢
hence A\q. ¢ € ?F — S =p Rep q

by simp
have G C §
proof

fix z assume z € G

with (Only-G G> show =z € S

using <N\q. ¢ € ?F = S |=p Rep ¢ [of Abs x| by auto

qed

{

fix z assume k< zzx <m
define ¢ where ¢ = token-run = m

hence token-succeeds x
using threshold-properties|OF <threshold ¥ w G = Some k] «x >
k> Rep-token-run-af
unfolding token-succeeds-def ltl-prop-equiv-def by blast
hence ¢ € S m
using n-def-1[OF «n < m», of q] «<x < m»
unfolding ¢-def configuration.simps by blast
hence S E=p Rep g
by (rule <A\q. ¢ € S m = S =p Rep @)
hence S Ep afg ¥ (w [z — m])
using Rep-token-run-af unfolding g¢-def ltl-prop-equiv-def by simp
}
hence Vz € (set (map (Ni. afg ¥ (w [i — m])) [k..<Suc m])). S Ep

unfolding set-map set-upt by fastforce

hence S EFp F Y wG mand G C S
unfolding F-def And-prop-entailment|of S| k-def[symmetric]
using <k < m» <G C S) by simp+

}

ultimately
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have (S Ep FYwGmAGCS)«— Vg gqeSm — S Ep Rep
q)
by blast
}
thus ?thesis
unfolding MOST-nat-le by blast
qed

lemma F-eq-S-generalized:
assumes finite-X: finite 3
assumes bounded-w: range w C X
assumes closed G w
shows Vj. V. G € G — (VS. (SEp FYwGjNnGCS) +—
(Vq. q € (ltl-FG-to-rabin-def.Sp X ¢ G) wj — S Ep Rep q))
proof —
have Only-G G and finite G
using assms by simp+
show ?thesis
using almost-all-commutative”|OF «finite G» <Only-G G»| F-eq-S[OF
assms| by simp
qed

13.3 Product of Secondary Automata

context
fixes
Y i 'a set set
begin

fun product-initial-state :: 'a set = (‘a = 'b) = (Ya — 'b) («ux»)
where
tx K qgm = (Mk. if k € K then Some (qm k) else None)

fun combine-pairs :: (('a, 'b) transition set x ('a, 'b) transition set) set =
(("a, 'b) transition set x ('a, 'b) transition set set)
where

combine-pairs P = (| (fst ¢ P), snd ‘ P)

fun combine-pairs’ :: (('a ltl = ('a ltl-prop-equiv-quotient = nat option)
option, 'a set) transition set x ('a ltl = ('a ltl-prop-equiv-quotient = nat op-
tion) option, 'a set) transition set) set = (('a ltl = ('a ltl-prop-equiv-quotient

= nat option) option, 'a set) transition set x ('a ltl = ('a ltl-prop-equiv-quotient
= nat option) option, 'a set) transition set set)

where
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combine-pairs’ P = (| (fst * P), snd ‘ P)

lemma combine-pairs-prop:

(VP € P. accepting-pairr 6 qo P w) = accepting-pairgr § qo (combine-pairs
P) w

by auto

lemma combine-pairs2:

combine-pairs P € o = (\P. P € P = accepting-pairg 6 qo P w )
= acceptar (9, qo, @) w

using combine-pairs-prop[of P § qo w] by fastforce

lemma combine-pairs’-prop:

(VP € P. accepting-pairgr 6 qo P w) = accepting-pairgr § qo (combine-pairs’
P) w

by auto

fun tl-FG-to-generalized-rabin :: 'a ltl = ('a ltl — 'a ltlp — nat, 'a set)
generalized-rabin-automaton (<P»)
where
ltl-FG-to-generalized-rabin ¢ = (

Ay (Ax. lH-FG-to-rabin-def.6r X (theG X)),

tx (G (G @) (\x. ltl-FG-to-rabin-def.qr (theG X)),

{combine-pairs’ {embed-pair x (ltl-FG-to-rabin-def.Accr ¥ (theG x) G
(mx) [ x- x € G}

|GT.GC G (Go)NGpeGA (Vx. mx <lt-FG-to-rabin-def .max-rankpg
S (theG ))})

context
assumes
finite-3: finite X
begin

lemma [tl-FG-to-generalized-rabin-wellformed:
finite (reach ¥ (fst (P ¢)) (fst (snd (P ¢))))
proof (cases ¥ = {})
case Fulse
have finite (reach ¥ (Ax (Ax. [tl-FG-to-rabin-def.0r ¥ (theG x))) (fst
(snd (P 2)))
proof (rule finite-reach-product, goal-cases)
case 1
show Zcase
using G-nested-finite(1) by (auto simp add: dom-def LTL-Rabin.product-initial-state.simps)
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next
case (2 )
hence the (fst (snd (P ¢)) x) = ltl-FG-to-rabin-def.qr (theG 1)
by (auto simp add: LTL-Rabin.product-initial-state.simps)
thus Zcase
using ltl-FG-to-rabin.wellformed-R[unfolded ltl-FG-to-rabin-def, of
{} - X theG z] finite-¥ False by fastforce
qged
thus ?thesis
by fastforce
qed (simp add: reach-def)

theorem ltl-FG-to-generalized-rabin-correct:
assumes range w C X
shows w = F G ¢ = acceptgr (P ¢) w
(is ?lhs = ?rhs)
proof
define r where r = run; (fst (P ¢)) (fst (snd (P ¢))) w

have [intro]: \i. wi € ¥ and ¥ # {}
using assms by auto

{
let 2S5 = (reach X (fst (P ¢)) (fst (snd (P ¢))) ) x ¥ x (reach ¥ (fst

(P ) (fst (snd (P ¢))))

have An. rn € 25
unfolding run;.simps run-foldl reach-foldl-def[OF <X # {}»] r-def by
fastforce
hence range r C 25 and finite 25
using ltl-FG-to-generalized-rabin-wellformed assms < finite ¥» by (blast,
fast)
}

hence finite (range r)
by (blast dest: finite-subset)

{

assume ?lhs

then obtain G where G C G (G ¢) and G p € Gand V¢. Gy € G
— accepty (ltl-to-rabin ¥ 1 G) w

unfolding ltl-to-rabin-correct[OF «finite ¥ <range w C ¥»] unfolding
ltl-to-rabin.simps by auto

note G-properties]OF «G C G (G ¢)]
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hence [tl-FG-to-rabin ¥ G w
using «(finite Xy <range w C Xy unfolding [tl- FG-to-rabin-def by auto

define m where 7 ¢ =
(if ¥ € G then the (ltl-FG-to-rabin-def.smallest-accepting-rankp %
(theG ) G w) else 0)
for ¥
let 7P’ = {1, (ltl-FG-to-rabin-def.Accg ¥ (theG x) G (7 x)) | x- x €
g}

have V P € ?P’. accepting-pairg (fst (P ¢)) (fst (snd (P ¢))) P w
proof
fix P
assume P € 7P’
then obtain x where P-def: P = 1, (ltl-FG-to-rabin-def Accp ¥
(theG x) G (7 x))
and y € G
by blast
hence 3y’ x = G X’
using G C G (G ¢)» G-nested-propos-alt-def by auto

interpret [tl-FG-to-rabin X theG x G w
by (insert «ltl-FG-to-rabin ¥ G w»)

define r, where r, = run; o qr w
moreover

have accept and acceptr (0r, qr, {Accr j | j. 7 < maz-rank}) w
using <y € G Ax". x = G x"» V. G € G — acceptp (Itl-to-rabin
Y G) w

using mojmir-accept-iff-rabin-accept by auto

hence smallest-accepting-rankr = Some (m x)
unfolding 7-def smallest-accepting-rank-def Mojmir-rabin-smallest-accepting-rank[symmetric]

using «y € G by simp
hence accepting-pairg dr qr (Accr (7 X)) w
using <acceptr (0r, qr, {Accr j | j. j < maz-rank}) wy LeastI[of
Ai. accepting-pairg or qr (Accr 1) w)
by (auto simp add: smallest-accepting-rankg-def)

ultimately
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have limit r,, N fst (Accr (7 x)) = {} and limit vy, N snd (Accr (7

X)) # {}

by simp+
moreover

have I1: (tx (G (G ¢)) (Ax. ltl-FG-to-rabin-def.qr (theG Xx))) x =
Some qp
using «x € G» <G C G (G ¢)» by (simp add: LTL-Rabin.product-initial-state.simps
subset-iff)
have 2: finite (range (run:
(Ax (Ax. ltI-FG-to-rabin-def .dp ¥ (theG X)))
(tx (G (G ¢)) (Ax. ltI-FG-to-rabin-def.qr (theG ¥)))
w)
using «finite (range r)>[unfolded r-def] by simp

ultimately
have limit v N fst P = {} and limit r N snd P # {}
using product-run-embed-limit-finiteness|OF 1 2]
unfolding r-def ry-def P-def by auto
thus accepting-pairg (fst (P ¢)) (fst (snd (P ¢))) P w
unfolding P-def r-def by simp
qed
hence accepting-pairgr (fst (P ¢)) (fst (snd (P ¢))) (combine-pairs’
ZP") w
using combine-pairs’-prop by blast
moreover
{
fix ¢
assume ) € G
hence Jx. v = G x
using <G C G (G ¢)» G-nested-propos-alt-def by auto

interpret [tl-FG-to-rabin X2 theG ¢ G w
by (insert «ltl-FG-to-rabin ¥ G w»)

have accept
using Y € G» Ix. v = G x> VY. G € G —> acceptr (ltl-to-rabin
Y ¢ G) w mojmir-accept-iff-rabin-accept by auto
then obtain ¢ where smallest-accepting-rank = Some i
unfolding smallest-accepting-rank-def by fastforce
hence 7 9 < max-rankp
using smallest-accepting-rank-properties w-def < € G» by auto

}
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hence Ax. m x < ltI-FG-to-rabin-def .max-rankr ¥ (theG x)
unfolding 7-def using lti-F'G-to-rabin.max-rank-lowerbound| OF «ltl-FG-to-rabin
¥ G w] by force
hence combine-pairs’ ?P' € snd (snd (P ¢))
using «G C G (G ¢)» <G ¢ € G by auto
ultimately
show ?rhs
unfolding acceptgr-simp2 ltl-FG-to-generalized-rabin.simps fst-conv
snd-conv by blast

}
{

assume ?rhs
then obtain G 7 P where P = combine-pairs’' {1 (Itl-FG-to-rabin-def.Accr
Y (theG x) G (7 X)) | x- x € G} (is P = combine-pairs’ ?P)
and accepting-pairgr (fst (P ¢)) (fst (snd (P ¢))) P w
and G C G (G ) and G ¢ € Gand Ax. 7 x < ltl-FG-to-rabin-def .maz-rankp
Y (theG x)
unfolding acceptgr-def by auto
moreover
hence P’-def: AN\P. P € ?P' = accepting-pairg (fst (P ¢)) (fst (snd
(P o) Pu
using combine-pairs’-prop by meson
note G-properties]OF «G C G (G ¢))]
hence ltl-FG-to-rabin > G w
using «(finite X» <range w C ¥» unfolding [ltl- FG-to-rabin-def by auto
have V. G ¢ € G — acceptr (ltl-to-rabin ¥ ¢ G) w
proof (rule+)
fix ¢
assume G ¢ € G
define y where x = G ¥
define P where P =1, (ltI-FG-to-rabin-def.Accr ¥ v G (7 X))
hence x € G and theG x =
using y-def <G ¢ € G) by simp+
hence P € 7P’
unfolding P-def by auto
hence accepting-pairgr (fst (P ¢)) (fst (snd (P ¢))) P w
using P’-def by blast

interpret ltl-FG-to-rabin X ¢ G w
by (insert «ltl-FG-to-rabin ¥ G w)

define r, where r, = run; o qr w
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have limit r N fst P = {} and limit r N snd P # {}
using <accepting-pairgr (fst (P ¢)) (fst (snd (P ¢))) P w»
unfolding r-def accepting-pairg-def by metis+

moreover

have 1: (tx (G (G ¢)) (Ax. lt-FG-to-rabin-def.qr (theG x))) (G )
= Some qr

using <G ¥ € G) <G C G (G ¢)» by (auto simp add: LTL-Rabin.product-initial-state.simps
subset-iff)

have 2: finite (range (run: (Ax (Ax. ltl-FG-to-rabin-def.0r ¥ (theG
X)) (tx (G (G ¢)) (Ax. ltl-FG-to-rabin-def .qr (theG x))) w))

using «finite (range r)>[unfolded r-def] by simp

have AS. limit r 0 (U (1y °9)) = {} «— limit r, N S = {}

using product-run-embed-limit-finiteness|OF 1 2] by (simp add: r-def
ry-def x-def)

ultimately
have limit ry, N fst (Acer (7 x)) = {} and limit vy, N snd (Accr (7
x)) # {}
unfolding P-def fst-conv snd-conv embed-pair.simps by meson+
hence accepting-pairg dr qr (Accr (7 X)) w
unfolding r,-def by simp
hence acceptr (O, qr, {Accr j | j. j < maz-rank}) w
using <A x. ™ x < ltl-FG-to-rabin-def .max-rankgr ¥ (theG x)» <theG
X =1
unfolding acceptr-simp accepting-pairg-def fst-conv snd-conv by
blast
thus acceptr (ltl-to-rabin ¥ ¢ G) w
by simp
qed
ultimately
show ?lhs
unfolding [lti-to-rabin-correct|OF «finite ¥» assms| by auto

}

qed
end
end
13.4 Automaton Template

locale ltl-to-rabin-base-def =
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fixes
d:altlp = 'a set = 'a ltlp
fixes
Oar = a ltlp = 'a set = 'a ltlp
fixes
qo == 'a ltl = 'a ltlp
fixes
qonm :: 'a ltl = 'a ltlp
fixes
M-fin :: ("a ltl = nat) = ('a ltlp x (‘a ltl — 'a ltlp — nat), 'a set)
transition set
begin

— Transition Function and Initial State

fun delta
where
delta ¥ = § x Ay (semi-mojmir-def.step ¥ dpr 0 qopr o theG)

fun initial
where
initial o = (qo ¢, tx (G @) (semi-mojmir-def.initial o qon o theG))

— Acceptance Condition

definition maz-rank-of
where
maz-rank-of ¥ 1 = semi-mojmir-def.maz-rank ¥ 0pr (qons (theG 1))

fun Acc-fin
where
Acc-fin X x = |J (embed-transition-snd ‘| (embed-transition x
(mojmir-to-rabin-def .failr ¥ dar (qonr (theG x)) {q. dom © T=p ¢}
U mojmir-to-rabin-def.merger dnar (qonr (theG x)) {q. dom 7 T=p q}

(the (T X)))))

fun Acc-inf
where
Acc-inf m x = | (embed-transition-snd ‘| J (embed-transition x *
(mojmir-to-rabin-def.succeedr dpr (qomr (theG x)) {q. dom 7 T=p q}
(the (7 x)))))

abbreviation Acc
where
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Ace ¥ 7 x = (Ace-fin ¥ m x, Acc-inf m x)

fun rabin-pairs :: 'a set set = 'a ltl = ('a ltlp x ('a ltl — 'a ltlp — nat),
‘a set) generalized-rabin-condition
where
rabin-pairs ¥ ¢ = {(M-fin # U |J {Acc-fin ¥ 7 x | x. x € dom 7}, {Acc-inf
T x| x x € dom 7})
| 7. dom ™ C G ¢ A (Vx € dom 7. the (7 x) < maz-rank-of ¥ x)}

fun ltl-to-generalized-rabin :: 'a set set = 'a ltl = ('a ltlp x (a ltl — 'a
ltlp — nat), 'a set) generalized-rabin-automaton (<A»)
where

A Y ¢ = (delta 3, initial @, rabin-pairs ¥ @)

end

locale ltl-to-rabin-base = ltl-to-rabin-base-def +
fixes
Y 'a set set
fixes
w :: 'a set word
assumes
finite-X3: finite X
assumes
bounded-w: range w C X
assumes
M-fin-monotonic: dom m = dom 7’ = (A\x. x € dom m = the (7 x)
< the (7' x)) = M-fin # C M-fin 7’
assumes
finite-reach” finite (reach X 6 (qo ¢))
assumes
mojmir-to-rabin: Only-G G = mojmir-to-rabin ¥ dpr (qonr ) w {q. G
TEr ¢}
begin

lemma semi-mojmir:

semi-mojmir ¥ dar (qoar ¥) w

using mojmir-to-rabin[of {}] by (simp add: mojmir-to-rabin-def mo-
Jmir-def)

lemma finite-reach:
finite (reach 3 (delta X) (initial ¢))

apply (cases ¥ = {})
apply (simp add: reach-def)
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apply (simp only: ltl-to-rabin-base-def .initial.simps ltl-to-rabin-base-def .delta.simps)
apply (rule finite-reach-simple-product| OF finite-reach’ finite-reach-product])
apply (insert mojmir-to-rabin[of {}, unfolded mojmir-to-rabin-def
mojmir-def])
apply (auto simp add: dom-def intro: G-nested-finite semi-mojmir.wellformed-R)

done

lemma run-limit-not-empty:
limit (run; (delta X) (initial @) w) # {}
by (metis emptyE finite-X. limit-nonemptyFE finite-reach bounded-w run;-finite)

lemma run-properties:
fixes ¢
defines r = run (delta X) (initial ¢) w
shows fst (r i) = foldl 6 (qo ) (w [0 — 1))

and Ax ¢. x € G ¢ = the (snd (1 1) x) ¢ = semi-mojmir-def.state-rank
X 6um (qom (theG x)) wq i
proof —

have sm: A\v. semi-mojmir ¥ dpr (qonr V) w

using mojmir-to-rabin[of {}] unfolding mojmir-to-rabin-def mojmir-def

by simp
have r i = (foldl § (g0 ¢) (w [0 — 1]),

Ax- if x € G ¢ then Some (M. foldl (semi-mojmir-def.step ¥ dar (qom
(theG x))) (semi-mojmir-def.initial (qorr (theG x))) (map w [0..< i]) ¥)
else None)

proof (induction 7)
case (Suc 1)
show ?case
unfolding r-def run-foldl upt-Suc less-eq-nat.simps if- True map-append
foldl-append
unfolding Suc[unfolded r-def run-foldl] subsequence-def by auto

qed (auto simp add: subsequence-def r-def)
hence state-run: r i = (foldl 6 (qo ) (w [0 — 1)),

Ax- if x € G ¢ then Some (Ap. semi-mojmir-def.state-rank X dnr (qons
(theG X)) w ¢ i) else None)

unfolding semi-mojmir.state-rank-step-foldl[OF sm] r-def by simp

show fst (r ) = foldl § (qo ) (w [0 — 1])
using state-run by fastforce
show Ax ¢. x € G p = the (snd (7 i) x) ¢ = semi-mojmir-def .state-rank

X 6 (qom (theG x)) w q i
unfolding state-run by force
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qed

lemma acceptgpr-I:
assumes acceptgr (A X o) w
obtains m where dom 7 C G ¢
and Ax. x € dom m = the (7 x) < maz-rank-of ¥ x
and accepting-pairg (delta ¥) (initial ¢) (M-fin m, UNIV) w
and Ax. x € dom m = accepting-pairg (delta ¥) (initial p) (Acc ¥ m
X) w
proof —
from assms obtain P where P € rabin-pairs ¥ ¢ and accepting-pairgr
(delta ) (initial @) P w
unfolding acceptgr-def ltl-to-generalized-rabin.simps fst-conv snd-conv
by blast
moreover
then obtain 7 where dom © C G ¢ and Vx € dom w. the (7 x) <
mazx-rank-of X x
and P-def: P = (M-fin m U |J{Acc-fin ¥ 7 x | x. x € dom 7}, {Acc-inf
T X | x- x € dom 7})
by auto
have limit (run; (delta ) (initial p) w) N UNIV # {}
using run-limit-not-empty assms by simp
ultimately
have accepting-pairgr (delta ¥) (initial @) (M-fin 7, UNIV) w
and A\x. x € dom m = accepting-pairg (delta ¥) (initial p) (Acc ¥ m
X) w
unfolding P-def accepting-pairgr-simp accepting-pairg-simp by blast+

thus ?thesis
using that <dom m C G ¢» <V x € dom . the (7 x) < maz-rank-of X
x> by blast
qged

context
fixes
o laltl
begin

context
fixes
Y la ltl
fixes
e ltl — nat
assumes
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Gy e domw
assumes
dom ™ C G g
begin

interpretation 9: mojmir-to-rabin ¥ dpr qonr ¥ w {q. dom ® T=p q}
by (metis mojmir-to-rabin <dom m C G ¢» G-elements)

lemma Acc-property:
accepting-pairg (delta ) (initial @) (Acc ¥ w (G ¢)) w +— accept-
ing-pairgp Mo M.qr (M. Accr (the (1 (G ¥)))) w
(is YAcc = ?Accr)
proof —
define r ry, where r = run; (delta ) (initial ¢) w and ry = run; M.or
M.qr w
hence finite (range r)
using run;-finite[OF finite-reach] bounded-w finite-3
by (blast dest: finite-subset)

have A\S. limit ry N S = {} «— limit r N |J (embed-transition-snd * (|J
((embed-transition (G 1)) ¢ 8S))) = {}
proof —
fix S
have 1: snd (initial ¢) (G ) = Some M.qr
using <G ¥ € dom m «dom m C G > by auto
have 2: finite (range (run; (Ax (semi-mojmir-def.step ¥ 0pr 0 qonr 0
theG)) (snd (initial ¢)) w))
using «(finite (range r)» r-def comp-apply
by (auto intro: product-run-finite-snd cong del: image-cong-simp)
show ?thesis S
unfolding r-def ry-def product-run-embed-limit-finiteness[OF 1 2,
unfolded Itl.sel comp-def, symmetric]
using product-run-embed-limit-finiteness-snd[OF «finite (range r)s[unfolded
r-def delta.simps initial.simps]]
by (auto simp del: simple-product.simps product.simps product-initial-state.simps
simp add: comp-def cong del: SUP-cong-simp)
qed
hence limit r N fst (Acc X 7 (G ¢)) = {} A limit r N snd (Acc ¥ 7 (G
V) # {}
> limit vy N fst (M. Acer (the (7 (G 1)) = {} A limit ry N snd
(M. Accr (the (7 (G ¥)))) # {}
unfolding fst-conv snd-conv by simp
thus ?Acc +— ?Accr
unfolding ry-def r-def accepting-pair g-def by blast
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qed

lemma Acc-to-rabin-accept:

[accepting-pairr (delta ¥) (initial ¢) (Acc ¥ m (G ¢)) w; the (7 (G ¥))
< M.maz-rank] = acceptp MR w

unfolding Acc-property by auto

lemma Acc-to-mojmir-accept:

laccepting-pairg (delta X) (initial ¢) (Acc X m (G ) w; the (7 (G )
< M.maz-rank] = M.accept

using Acc-to-rabin-accept unfolding IM.mojmir-accept-iff-rabin-accept by
auto

lemma rabin-accept-to-Acc:
[acceptr MR w; © (G ) = M.smallest-accepting-rank] = accept-
ing-pairg (delta X) (initial ¢) (Acc ¥ m (G ¢)) w
unfolding Acc-property 9. Mojmir-rabin-smallest-accepting-rank
using M. smallest-accepting-rankg -properties M.smallest-accepting-rankr -def

by (metis (no-types, lifting) option.sel)

lemma mojmir-accept-to-Acc:
[h.accept; m (G ) = M.smallest-accepting-rank] = accepting-pairg
(delta ) (initial @) (Acc ¥ w (G ¢)) w
unfolding MM.mojmir-accept-iff-rabin-accept by (blast dest: rabin-accept-to-Acc)

end

lemma normalize-m:
assumes dom-subset: dom m C G ¢
assumes A\x. x € dom m = the (w x) < maz-rank-of X x
assumes accepting-pairg (delta ) (initial ¢) (M-fin w, UNIV) w
assumes A\x. x € dom m = accepting-pairg (delta ¥) (initial ) (Acc
Ywx) w
obtains m4 where dom m = dom w4
and Ax. x € dom T4 = 74 X = mojmir-def.smallest-accepting-rank
% 6m (qom (theG x)) w {q. dom ma TE=p ¢}
and accepting-pairg (delta X) (initial p) (M-fin w4, UNIV) w
and Ax. x € dom w4 = accepting-pairg (delta X) (initial ) (Acc ¥
TAX) W
proof —
define G where G = dom «
note G-properties| OF dom-subset]
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define 74
where 74 = (Ax. mojmir-def.smallest-accepting-rank ¥ dpr (qonr (theG
X)) w{q. dom @ t=p q}) [*G

moreover

{

fix y assume x € dom 7

interpret 9M: mojmir-to-rabin X dp; qonr (theG x) w {q. dom 7 T=p

q}

by (metis mojmir-to-rabin <dom m C G ¢» G-elements)

from «x € dom m have accepting-pairg (delta ¥) (initial ¢) (Acc ¥ 7
X) w
using assms(4) by blast
hence accepting-pairg M.or M.qr (M. Accg (the (7 x))) w
by (metis <x € dom m Acc-property[OF - dom-subset] «Only-G (dom
)y ltl.sel(8))
moreover
hence accepty (M.0r, M.qr, {M.Accr j | j. j < M.maz-rank}) w
using assms(2)[OF «x € dom m] unfolding maz-rank-of-def by auto
ultimately
have the (M.smallest-accepting-rankr) < the (7 x) and M.smallest-accepting-rank
# None
using Least-le[of - the (7 x)] assms(2)[OF «x € dom m] M. mojmir-accept-iff-rabin-accept
option.distinct(1) IM.smallest-accepting-rank-def
by (simp add: IM.smallest-accepting-rankg -def)+
hence the (m4 x) < the (7 x) and x € dom 74
unfolding 7 4-def dom-restrict using assms(2) «x € dom m by (simp
add: M. Mojmir-rabin-smallest-accepting-rank G-def, subst dom-def, simp
add: G-def)

}

hence dom m = dom w4
unfolding 7 4-def dom-restrict G-def by auto

moreover
note G-properties| OF dom-subset, unfolded «dom m = dom 7 4]
have M-fin m4 C M-fin w

using <dom m = dom 74> by (simp add: M-fin-monotonic <\x. x €
dom m = the (4 x) < the (7 x)»)
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hence accepting-pairg (delta X)) (initial ¢) (M-fin 74, UNIV) w
using assms unfolding accepting-pairg-simp by blast

moreover

— Goal 2
{
fix x assume y € dom 7wy
hence x = G (theG x)
unfolding <dom m = dom w g [symmetric] «Only-G (dom w)» by (metis
«Only-G (dom w4)» <x € dom 4> ltl.collapse(6) ltl.disc(58))
moreover
hence G (theG x) € dom 74
using <x € dom w4 by simp
moreover
hence X: mojmir-def.accept dpr (qons (theG x)) w {q. dom ™ T=p q}
using assms(1,2,4) «dom m C G ¢ ltl.sel(8) Acc-to-mojmir-accept
<«dom ™ = dom w4» by (metis maz-rank-of-def)
have Y: w4 (G theG x) = mojmir-def.smallest-accepting-rank > 0
(qonmr (theG X)) w{q. dom w4 T=p 4}
using <G (theG x) € dom 7y <x = G (theG x)» wy-def <dom 7w =
dom 7 4 [symmetric] by simp
ultimately
have accepting-pairg (delta X) (initial @) (Acc ¥ w4 x) w
using mojmir-accept-to-Acc[OF <G (theG x) € dom wy» <dom 7w C
G p)[unfolded «dom m = dom w 4] X[unfolded <«dom m = dom m 4] Y] by
simp

}

ultimately
show ?thesis
using that[of m4] restrict-in unfolding <dom © = dom 74> G-def
by (metis (no-types, lifting))
qged

end

end
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13.5 Generalized Deterministic Rabin Automaton
13.5.1 Definition

fun M-fin :: (Ya ltl — nat) = (a ltlp x (a ltl — 'a ltlp — nat), 'a set)
transition set
where
M-fin m = {(((10,’ m), v, p).
—(VS. (Vx € dom w. S Tl=p Abs x A (Vq. (3] > the (7 x). the (m X)
¢ = Some j) — 8 tep tevale (dom ) q)) —> S Hep @)

locale ltl-to-rabin-af = ltl-to-rabin-base Taf Tafqg Abs Abs M-fin begin

abbreviation 0 4 = delta

abbreviation 14 = initial

abbreviation Accy = Acc
abbreviation F' 4 = rabin-pairs
abbreviation A = ltl-to-generalized-rabin

13.5.2 Correctness Theorem

theorem ltl-to-generalized-rabin-correct:
w = ¢ = acceptgr (ltl-to-generalized-rabin ¥ @) w
(is ?lhs = ?rhs)
proof
let A =54 %
let 2q0 = 1q @
let /F = F4 X ¢

— Preliminary facts needed by both proof directions
define r where r = run; ?A ?qy w
have r-alt-def’: N\i. fst (fst (ri)) = Abs (af ¢ (w [0 — 1]))
using run-properties(1) unfolding r-def run;.simps fst-conv
by (metis af-abs.f-foldl-abs.abs-eq af-abs.f-foldl-abs-alt-def af-letter-abs-def)

have r-alt-def”: N\x i ¢. x € G ¢ = the (snd (fst (r 7)) x) ¢ =
semi-mojmir-def .state-rank ¥ Tafc(Abs (theG x)) w q @
using run-properties(2) r-def by force
have ¢’-def: N\i. af ¢ (w [0 — i]) =p Rep (fst (fst (r7)))
by (metis r-alt-def ' Quotient3-1tl-prop-equiv-quotient ltl-prop-equiv-quotient. abs-eq-iff
Quotient3-abs-rep)

have finite (range r)

using run;-finite[OF finite-reach] bounded-w finite-3
by (simp add: r-def)
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— Assuming w = ¢ holds, we prove that A ¥ ¢ accepts w

{

assume ¢lhs
then obtain G where G C G ¢ and acceptyr p G w and closed G w
unfolding ltl-logical-characterization by blast

note G-properties]OF «G C G ]
hence ltl-FG-to-rabin ¥ G w
using finite-X bounded-w unfolding [tl-FG-to-rabin-def by auto

define 7
where 7 x = (if x € G then (ltl-FG-to-rabin-def.smallest-accepting-rank
Y (theG x) G w) else None)
for x

have M-accept: \. G ¢ € G = ItI-FG-to-rabin-def .acceptr’ v G w

using «closed G w» <ltl-FG-to-rabin ¥ G w» ltl-FG-to-rabin.ltl-to-rabin-correct-exposed’
by blast

have A\Y. G ¢ € G = acceptr (ltl-to-rabin ¥ ¢ G) w

using «closed G w» unfolding [tl-FG-to-rabin.lti-to-rabin-correct-exposed| OF
(tl-FG-to-rabin ¥ G w] by simp

{
fix 1) assume G ¢ € G

interpret 9. ltl-FG-to-rabin X ¢ G w
by (insert «ltl-FG-to-rabin ¥ G w»)
obtain | where IM.smallest-accepting-rank = Some 1
using M-accept[OF <G p € G|
unfolding 9M.smallest-accepting-rank-def by fastforce
hence the (7 (G v¢)) < M.maz-rank and 7 (G ) # None
using M. smallest-accepting-rank-properties <G 1 € G»
unfolding w-def by simp+
}
hence G = dom m and A\x. x € G = the (7 x) < ltl-FG-to-rabin-def .maz-rankpr
Y (theG x)

using <Only-G G» w-def unfolding dom-def by auto
hence (M-fin 7 U |J{Acc-fin ¥ 7w x | x. x € dom 7}, {Acc-inf 7 x | x.
X € dom 7}) € ?F
using <G C G > max-rank-of-def by auto

moreover
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{
have accepting-pairr ?A ?qo (M-fin w, UNIV) w
proof —

obtain ¢ where i-def:
Ni.j>i=VS (V. GypeG— SEp GipANS[Epevag§
(Fwgj) — S Epaf ¢ (wl0—j])
using <acceptys ¢ G wy unfolding MOST-nat-le acceptyr-def by
blast

obtain i’ where i’-def:
NS ji>il=Gpedg= SEFpFYPwGjiNnGgCSs) =
(Vq. q € ltl-FG-to-rabin-def.Sp ¥ ¢ G wj — S =p Rep q)
using F-eq-S-generalized|OF finite-X bounded-w <closed G w»]
unfolding MOST-nat-le by presburger

have A\j. j > mazxii' = rj ¢ M-finw
proof —

fix j

assume j > maz i i’

let 20" = fst (fst (r 7))
let m = snd (fst (rj))

{
fix S

assume Ayx. x € G = S T=p Abs x
hence assmi: Ax. x € G = S E=p x
using ltl-prop-entails-abs.abs-eq by blast
assume Ax. x € G = Vq. (3j > the (7 x). the (?m x) q¢ =
Some j) — S TE=p Tevalg G ¢
hence assm2: \x. x € G = Vq. (3j > the (7 x). the (m x) ¢
= Some j) — S Ep evalg G (Rep q)
unfolding ltl-prop-entails-abs.rep-eq evalg-abs-def by simp

{
fix 1

assume G 1) € G
hence G € Gpand G C S
using G C G ¢» assml <Only-G G» by (blast, force)

interpret M: tl-FG-to-rabin ¥ ¢ G w
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by (unfold-locales; insert «Only-G G finite-% bounded-w; blast)

have AS. (Aq. ¢eMSj= SkEpRepq) = SEp F Y w

gj
using i’-def <G ¢ € G) «j > maz i i"» mazx.bounded-iff by
metis
hence AS. (Aq. ¢ € Rep MSj— SkEpq = SEp FY
wGj
by simp
moreover

have S-def: M.S j = {q. G Ep Rep q} U {q . 35" the (v (G
$)) < ' A the (?m (G 1)) g = Some '}
using r-alt-def"[OF «G ¢ € G ¢», unfolded Itl.sel, of j] <G 1
€ G by (simp add: ©-def)
have Aq. G =p Rep ¢ = S =p evalg G (Rep q)
using <G C S evalg-prop-entailment by blast
hence A\gq. ¢ € Rep ‘M.S j = S Ep evalg G q
using assm2 <G ¢ € Gy unfolding S-def by auto

ultimately
have S |=p evalg G (F ¢ w G j)
by (rule evalg-respectfulness-generalized)
}
hence S =p af ¢ (w [0 — j])
by (metis max.bounded-iff i-def <j > maz i i"» <A\x. x € ¢ =
S EprXx)
hence S =p Rep %p’
using ¢'-def ltl-prop-equiv-def by blast
hence S T=p %’
using ltl-prop-entails-abs.rep-eq by blast
}

thus rj ¢ M-fin 7
using <A\x. x € § = the (7 x) < ltl-FG-to-rabin-def .maz-rankp
Y (theG x)» <G = dom > by fastforce
qed
hence range (suffix (maz i i") r) N M-fin 7 = {}
unfolding suffiz-def by (blast intro: le-addl elim: rangeF)
hence limit r N M-fin 7 = {}
using limit-in-range-suffiz[of r] by blast
moreover

have limit r N UNIV # {}
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using «finite (range r)» by (simp, metis empty-iff limit-nonemptyFE)

ultimately
show ?thesis
unfolding r-def accepting-pairg-simp ..
qed

moreover

have Ax. x € G = accepting-pairg ?A ?q9 (Acc X w x) w
proof —
fix y assume y € G
then obtain ¢ where y = G ¢ and G ¢ € G
using <Only-G G» by fastforce
thus ?thesis x
using «(A\Y. G ¥ € G = acceptyr (ltl-to-rabin ¥ ¢ G) w»[OF <G
Ve g
using rabin-accept-to-Acclof ¥ w| <G Y € G» <G C G ¢ <x € G
unfolding /tl.sel unfolding <y = G ¥» «G = dom 7> using w-def <G
= dom m ltl.sel(8) unfolding Itl-prop-entails-abs.rep-eq ltl-to-rabin.simps
by (metis (no-types, lifting) Collect-cong)
qged
ultimately
have accepting-pairgr ?A ?2q9 (M-fin 7 U |J{Ace-fin ¥ m x| x. x €
dom 7}, {Acc-inf m x | x. x € dom 7}) w
unfolding accepting-pairg r-def accepting-pair g-def fst-conv snd-conv
<G = dom m» by blast
}
ultimately
show ?rhs
unfolding ltl-to-rabin-base-def .ltl-to-generalized-rabin.simps acceptg r-def
fst-conv snd-conv by blast

}

— Assuming A ¥ ¢ accepts w, we prove that w = ¢ holds

{

assume ¢rhs
obtain 7’ where 0: dom ' C G ¢
and 1: A\x. x € dom ' = the (7' x) < ltl-FG-to-rabin-def .max-rankp
Y (theG x)
and 2: accepting-pairg ?A ?qq (M-fin ', UNIV) w
and 3: A\x. x € dom ©' = accepting-pairp ?A ?qy (Acc ¥ 7' x) w
using acceptar-I[OF «?rhs)] unfolding maz-rank-of-def by blast
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define G where G = dom 7’
hence G C G ¢
using <dom 7' C G ) by simp

moreover

note G-properties]OF <«dom 7' C G p»[unfolded G-def[symmetric]]|
ultimately
have MM-Accept: Ax. x € G = ltI-FG-to-rabin-def.acceptr’ (theG x)
Ggw
using Acc-to-mojmir-accept[OF - 0 3, of theG -] 1[of G theG -, unfolded
ltl.sel] G-def
unfolding ltl-prop-entails-abs.rep-eq by (metis (no-types) ltl.sel(8))

— Normalise 7 to the smallest accepting ranks
obtain ™ where dom 7’ = dom 7w
and A\x. x € dom m = 7 x = ltl-FG-to-rabin-def.smallest-accepting-rank
Y (theG x) (dom m) w
and accepting-pairg (04 X) (ta @) (M-fin 7, UNIV) w
and Ax. x € dom m = accepting-pairg (64 X) (ta ) (Acc ¥ 7 x)
w
using normalize-t[OF 0 - 2 3] 1 unfolding maz-rank-of-def ltl-prop-entails-abs.rep-eq
by blast

have [tl-FG-to-rabin > G w
using finite-Y bounded-w <Only-G G» unfolding [tl-FG-to-rabin-def
by auto

have closed G w
using M-Accept <Only-G G ltl.sel(8) «finite G»
unfolding [tl-FG-to-rabin.ltl-to-rabin-correct-exposed’ | OF «ltl-FG-to-rabin
Y G w, symmetric] by fastforce

moreover

have acceptyr ¢ G w
proof —

obtain i where i-def: \j. j > i = rj¢ M-finm
using <accepting-pairg ?A ?qy (M-fin w, UNIV') wy limit-inter-empty[ OF
finite (range )y, of M-fin ]
unfolding r-def[symmetric] MOST-nat-le accepting-pairr-def by
auto
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obtain i’ where i’-def:
NvSj>i'=GpeG= SEpFipwGjAGCS) =
(Vq. q € ltl-FG-to-rabin-def S ¥ ¢ G wj — S =p Rep q)
using F-eq-S-generalized[OF finite- bounded-w <closed G w»] un-
folding MOST-nat-le by presburger

{
fixj$S
assume j > maz i i’
hence j > i and j > i’
by simp+
assume G-def . Vip. G € G — S Ep G NS Ep evalg G (F
$wGJ)

let %’ = fst (fst (rj))
let ?m = snd (fst (rj))

have Ax. x € 6 = S Ep x
using G-def’ <G C G ¢» unfolding G-nested-propos-alt-def by
auto
moreover

{
fix x

assume y € G

then obtain 1) where y = G ¢ and G ¢ € G
using «(Only-G G by auto

hence G ¢ € G ¢
using «G C G > by blast

interpret M: tl-FG-to-rabin ¥ ¢ G w
by (insert «ltl-FG-to-rabin ¥ G w»)

fix ¢
assume ¢ € M.S j
hence S =p evalg G (F ¢ w G j)
using G-def’' <G 1 € G» by simp
moreover
have S O G
using G-def’ «Only-G G» by auto
hence A\z. 2 € G = S |=p evalg G =
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using <Only-G G» «S O G» by fastforce
moreover
{
fix S
assume A\z. 2 e GU{F Y w§Gjt = SkEpx
hence GC Sand S Ep FYp w G j
using «(Only-G G» by fastforce+
hence S E=p Rep g
using «q € Itl-FG-to-rabin-def Sp X v G w j»
using i’-def[OF <j > i"» <G 1 € G)] by blast
}
ultimately
have S =p evalg G (Rep q)
using evalg-respectfulness-generalized[of G U {F ¢ w G j} Rep
Y
by blast
}
moreover
have M.S j={q. G =p Rep q} U {q . 35" the M.smallest-accepting-rank
< j'' A the (m (G ¢)) ¢ = Some j'}
unfolding MM.S.simps using run-properties(2)[OF <G ¢ € G )]
r-def by simp
ultimately
have A\qj. j > the (1 x) = the (?m x) ¢ = Some j = S =p
evalg G (Rep q)
using «x € Gy[unfolded G-def «dom w' = dom )]
unfolding «x = G ¥» <A\x. x € dom 1 = 7 x = ltl-FG-to-rabin-def.smallest-accepting-rankp
Y (theG x) (dom m) wy[OF <x € Gr[unfolded G-def <dom 7' = dom m»],
unfolded «x = G ] ltl.sel(8)
unfolding <G = dom 7y [symmetric] «dom 7' = dom )[symmetric]
by blast
}

moreover

have (Ax. x € G = S Fp x A (Vq. Vj' > the (7 x). the (?m X)
q = Some j' — S E=p evalg G (Rep q))) = S =p Rep %p’
apply (insert i-def[OF <j > 3])
apply (simp add: evalg-abs-def ltl-prop-entails-abs.rep-eq case-prod-beta
option.case-eq-if )
apply (unfold «G = dom w"[symmetric] «dom 7' = dom m[symmetric])
apply meson
done

ultimately
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have S |=p Rep %o’
by fast
hence S =p af ¢ (w [0 — j])
using ¢'-def ltl-prop-equiv-def by blast
}
thus acceptyr ¢ G w
unfolding acceptyr-def MOST-nat-le by blast
ged

ultimately
show ?lhs
using <G C G > ltl-logical-characterization by blast

}

qed
end

fun [tl-to-generalized-rabin-af
where

ltl-to-generalized-rabin-af 3 ¢ = ltl-to-rabin-base-def .ltl-to-generalized-rabin
Taf Tafqg Abs Abs M-fin ¥ ¢

lemma [tl-to-generalized-rabin-af-wellformed:
finite ¥ = range w C ¥ = ltl-to-rabin-af ¥ w
apply (unfold-locales)
apply (auto simp add: af-G-letter-sat-core-lifted ltl-prop-entails-abs.rep-eq
intro: finite-reach-af)
apply (meson le-trans Itl-semi-mojmir[unfolded semi-mojmir-def])+
done

theorem ltl-to-generalized-rabin-af-correct:

assumes finite X

assumes range w C X

shows w = ¢ = acceptar (ltl-to-generalized-rabin-af ¥ ) w

using ltl-to-generalized-rabin-af-wellformed|[OF assms, THEN ltl-to-rabin-af .ltl-to-generalized-rabin-
by simp

thm [tl-to-generalized-rabin-af-correct ltl-FG-to-generalized-rabin-correct

end
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14 Eager Unfolding Optimisation

theory LTL-Rabin-Unfold-Opt
imports Main LTL-Rabin
begin

14.1 Preliminary Facts

lemma finite-reach-af-opt:
finite (reach ¥ Tafy (Abs ¢))
proof (cases ¥ # {})
case True
thus ?thesis
using af-abs-opt.finite-abs-reach unfolding af-abs-opt.abs-reach-def
reach-foldl-def[ OF True]
using finite-subset|of {foldl Tafy (Abs @) w |w. set w C X} {foldl Tafy
(Abs ) w |w. True}]
unfolding af-letter-abs-opt-def
by blast
qed (simp add: reach-def)

lemma finite-reach-af-G-opt:
finite (reach X Tafgy (Abs ¢))
proof (cases ¥ # {})

case True
thus ?thesis
using af-G-abs-opt. finite-abs-reach unfolding af-G-abs-opt.abs-reach-def
reach-foldl-def[OF True]
using finite-subset[of {foldl Tafcy (Abs ¢) w |w. set w C X} {foldl
tafau (Abs ¢) w |w. True}]
unfolding af-G-letter-abs-opt-def
by blast
qed (simp add: reach-def)

lemma wellformed-mojmir-opt:

assumes Only-G G

assumes finite

assumes range w C X

shows mojmir ¥ Tafqy (Abs ¢) w {q. G =p Rep ¢}
proof —

have Vqv. ¢ € {q. G Ep Rep q} — af-G-letter-abs-opt qv € {q. G =p
Rep q}

using <Only-G G» af-G-letter-opt-sat-core-lifted by auto
thus ?thesis
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using finite-reach-af-G-opt assms by (unfold-locales; auto)
qged

locale [tl-FG-to-rabin-opt-def =
fixes
Y i 'a set set
fixes
o laltl
fixes
G :: 'a ltl set
fixes
w :: 'a set word
begin

sublocale mojmir-to-rabin-def ¥ Tafcy Abs (Unfa ¢) w{q. G =p Rep q}

end

locale [tI-FG-to-rabin-opt = ltl-FG-to-rabin-opt-def +
assumes
wellformed-G: Only-G G
assumes
bounded-w: range w C X
assumes
finite-X: finite X
begin

sublocale mojmir-to-rabin ¥ Tafcy Abs (Unfg ¢) w {q. G =p Rep q}
proof
show Aqv. ¢ € {¢. G Fp Rep ¢} = Tafcu qv € {¢. G Fp Rep q}
using wellformed-G af-G-letter-opt-sat-core-lifted by auto
have nonempty-X: ¥ # {}
using bounded-w by blast
show finite (reach ¥ tafcy (Abs (Unfg ¢))) (is finite ?A)
using finite-reach-af-G-opt wellformed-G by blast
qed (insert finite-3 bounded-w)

end

14.2 Equivalences between the standard and the eager Mo-
jmir construction

context
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fixes

Y i 'a set set
fixes

o laltl
fixes

G :: a ltl set
fixes

w :: 'a set word
assumes

context-assms: Only-G G finite ¥ range w C X

begin

— Create an interpretation of the mojmir locale for the standard construc-
tion
interpretation M: tl-FG-to-rabin ¥ ¢ G w

by (unfold-locales; insert context-assms; auto)

— Create an interpretation of the mojmir locale for the optimised construc-
tion
interpretation l: [tl-FG-to-rabin-opt ¥ ¢ G w

by (unfold-locales; insert context-assms; auto)

lemma unfold-token-run-eq:
assumes ¢ < n
shows M.token-run = (Suc n) = Tstep (L.token-run z n) (w n)
(is ?lhs = ?rhs)
proof —
have z + (n — z) = nand z + (Suc n — z) = Suc n
using assms by arith+
have w [z — Suc n] = w [z — n] Q [w n]
unfolding upt-Suc subsequence-def using assms by simp

have afc ¢ (w [z — Suc n]) = step (afau (Unfa @) (w [z — n])) (w n)
(is 2l = 7r)
unfolding af-to-af-opt[symmetric] «<w [x — Suc n] = w [z — n] Q [w
n]y foldl-append
using af-letter-alt-def by auto
moreover
have ?lhs = Abs ?1
unfolding IM.token-run.simps run-foldl
using subsequence-shift <z + (Suc n — x) = Suc n> Nat.add-0-right
subsequence-def

by (metis af-G-abs.f-foldl-abs-alt-def af-G-abs.f-foldl-abs.abs-eq af-G-letter-abs-def)
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moreover
have Abs ?r = %rhs
unfolding Ll.token-run.simps run-foldl subsequence-def[symmetric]
unfolding subsequence-shift <x + (n — z) = n» Nat.add-0-right af-G-letter-abs-opt-def
unfolding af-G-abs-opt.f-foldl-abs-alt-def[unfolded af-G-abs-opt.f-foldl-abs.abs-eq,
symmetric]
by (simp add: step-abs.abs-eq)
ultimately
show ?lhs = 9rhs
by presburger
qged

lemma unfold-token-succeeds-eq:

M. token-succeeds x = h.token-succeeds x
proof

assume MN.token-succeeds

then obtain n where Am. m > n = M.token-run x m € {q. G =p
Rep q}
unfolding IM.token-succeeds-alt-def MOST-nat by blast
then obtain n where M.token-run = (Suc n) € {q. G =p Rep ¢} and
z<n
by (cases © < n) auto

hence 1: G =p Rep (step-abs (YU.token-run x n) (w n))
using unfold-token-run-eq by fastforce
moreover
have Sucn —z = Suc (n —z)and z + (n — z) = n
using <z < ny by arith+
ultimately
have U.token-run = (Suc n) = Unfg-abs (step-abs (U.token-run z n) (w

n))

unfolding af-G-letter-abs-opt-split by simp

hence G =p Rep (U.token-run = (Suc n))
using 1 Unfg-G[OF «Only-G G»] by (simp add: Rep-Abs-equiv Unf g-abs-def)
thus . token-succeeds x
unfolding il.token-succeeds-def by blast
next
assume l.token-succeeds

then obtain n where Am. m > n = .token-run x m € {q. G =p Rep

q}
unfolding il.token-succeeds-alt-def MOST-nat by blast
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then obtain n where U.token-run zn € {q. G |=p Rep ¢} and =z < n
by (cases z < n) (fastforce, auto)

hence G =p Rep (step-abs (L.token-run z n) (w n))
using step-G[OF «Only-G G»] Rep-steplunfolded ltl-prop-equiv-def] by
blast
thus IM.token-succeeds x
unfolding 9M.token-succeeds-def unfold-token-run-eqOF «x < n), sym-
metric] by blast
qged

lemma unfold-accept-eq:
IM.accept = .accept
unfolding IM.accept-def L. accept-def MOST-nat-le unfold-token-succeeds-eq

lemma unfold-S-eq:

assumes M.accept

shows V on. M.S (Suc n) = (Aq. step-abs ¢ (wn)) * (U.S n) U {4bs ¢}
U{q G Ep Rep q}
proof —

— Obtain lower bounds for proof

obtain igy where igy-def: M.smallest-accepting-rank = Some ign

using assms unfolding MN.smallest-accepting-rank-def by simp

obtain ngy where ngp-def: Az m. m > ngy = M.token-succeeds x =
(m < z Vv (3j>igm. M.rank x m = Some j) V M.token-run x m € {q. G Ep
Rep q})

using M.token-smallest-accepting-rank| OF igy-def] unfolding MOST-nat-le
by metis

have U.accept
using assms unfold-accept-eq by simp
obtain iy where ig-def: .smallest-accepting-rank = Some iy
using . accepty unfolding il.smallest-accepting-rank-def by simp
obtain ng where ny-def: Nz m. m > nyg = Hl.token-succeeds © = (m
< z V (Fj>ig. d.rank x m = Some j) V .token-run x m € {q. G =p Rep
q})
using . token-smallest-accepting-rank| OF iy-def] unfolding MOST-nat-le
by metis

show ?thesis

proof (unfold MOST-nat-le, rule, rule, rule)
fix m
assume m > maz Ny N
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hence m > ngy and m > ng and Suc m > ngy
by simp+
— Using the properties of ngy and ng and the lemma 9.token-succeeds
?2r = U.token-succeeds ?x, we prove that the behaviour of x in 9 and U is
similar in regards to creation time, accepting rank or final states.
hence token-trans: Az. Suc m < x V (3j>igm. M.rank z (Suc m) =
Some j) V M.token-run x (Suc m) € {q. G =p Rep q}
«—— m < zV (Ij>iy. Lrank x m = Some j) V .token-run z m € {q.
G Ep Rep q}

using ngy-def ny-def unfolding unfold-token-succeeds-eq by presburger

show M.S (Suc m) = (Aq. step-abs q¢ (w m)) * (US m) U {Abs p} U
{q. G =p Rep q} (is ?lhs = ?rhs)
proof
{
fix ¢ assume 3 j>ign. M.state-rank q (Suc m) = Some j
moreover
then obtain z where ¢-def: ¢ = M.token-run z (Suc m) and z <
Suc m
using IM.push-down-state-rank-tokens by fastforce
ultimately
have 3 j>ign. M.rank z (Suc m) = Some j
using IM.rank-eq-state-rank by metis
hence token-cases: (3 j>igy. U.rank z m = Some j) V U.token-run x
m € {q. G Ep Rep q} V x = Suc m
using token-trans|of z] M.rank-Some-time by fastforce
have q € ?rhs
proof (cases © # Suc m)
case True
hence z < m
using «x < Suc m» by arith
have {.token-run z m € {q. G =p Rep q} = G =p Rep q
unfolding <q = M.token-run = (Suc m)> unfold-token-run-eq OF
@ < my]
using Rep-step[unfolded ltl-prop-equiv-def] step-G[OF «Only-G
G»] by blast
moreover
{
assume 15 > iy. Y.rank r m = Some j
moreover
define ¢’ where ¢’ = U.token-run x m
ultimately
have 3] > iy. .state-rank ¢’ m = Some j
unfolding {l.rank-eg-state-rank[OF <z < m»] q’-def by blast
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hence ¢’ € 4.8 m
using assms ig-def by simp
moreover
have ¢ = step-abs ¢’ (w m)
unfolding g¢-def q'-def unfold-token-run-eq|OF «x < m»] .
ultimately
have ¢ € (\q. step-abs ¢ (w m)) ‘(4.8 m)
by blast
}

ultimately
show ?Zthesis
using token-cases True by blast
qed (simp add: g-def)
}
thus ?2lhs C ?rhs
unfolding IM.S.simps ign-def option.sel by blast
next
{
fix g
assume ¢ € (Aq. step-abs ¢ (w m)) ‘ (U.S m)
then obtain ¢’ where ¢-def: q = step-abs ¢’ (w m) and ¢’ € 4.8 m
by blast
hence ¢ € ?lhs
proof (cases G =p Rep ¢')
case Fulse
hence 3j > iy. W.state-rank ¢’ m = Some j
using (¢’ € 4.8 m» unfolding U.S.simps iy-def option.sel by
blast
moreover
then obtain z where ¢’-def: ¢’ = U.token-run x m and z < m
and z < Sucm
using U.push-down-state-rank-tokens by force
ultimately
have 3j > iy. Y.rank x m = Some j
unfolding {.rank-eq-state-rank[OF <z < m»| q’-def by blast
hence (3 j>ign. M.rank = (Suc m) = Some j) V M.token-run x
(Suc m) € {q. G |=p Rep q}
using token-trans|of x| U.rank-Some-time by fastforce
moreover
have M.token-run x (Suc m) = ¢
unfolding g¢-def q'-def unfold-token-run-eqOF <z < m»] ..
ultimately
have (3 j>igy. M.state-rank q (Suc m) = Some j) V q € {q. G
Fp Rep q}
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using M.rank-eq-state-rank[OF <z < Suc m»>| by metis
thus ?thesis
unfolding IM.S.simps option.sel ign-def by blast
qed (insert step-G[OF <Only-G G», of Rep q'], unfold q-def Rep-step[unfolded
ltl-prop-equiv-def, rule-format, symmetric|, auto)
}
moreover
have (3 j>igm. M.rank (Suc m) (Suc m) = Some j) V G =p Rep (Abs
©)
using token-trans[of Suc m] by simp
hence Abs ¢ € ?lhs
using ign-def M.rank-eq-state-rank[OF order-refl] by (cases G Ep
Rep (Abs ¢)) simp+
ultimately
show ?lhs O ?rhs
unfolding 9M.S.simps by blast
qged
qed
qged

end

14.3 Automaton Definition

fun M-fin :: ("a ltl — nat) = (a ltlp x ('a ltl — 'a ltlp — nat), 'a set)
transition set
where

My-fin m = {((¢', m), v, p). °(VS. (Vx € (dom 7). S T=p Abs x N S
TEp Tevalg (dom m) (Abs (theG x)) A (Vq. (35 > the (7 x). the (m x) q
= Some j) — S T=p Tevalg (dom m) (Tstep q v))) — S TEp (Tstep ¢’

v))}

locale [tl-to-rabin-af-unf = ltl-to-rabin-base Tafy Tafqy Abs o Unf Abs o
Unfa My-fin begin

abbreviation 0y = delta

abbreviation i = initial

abbreviation Accy-fin = Acc-fin
abbreviation Accg-inf = Acc-inf
abbreviation Fy = rabin-pairs
abbreviation Accy = Acc

abbreviation Ay = lti-to-generalized-rabin
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14.4 Properties
14.5 Correctness Theorem

lemma unfold-optimisation-correct-M:

assumes dom 74 C G ¢

assumes dom 7wy = dom T4

assumes \x. x € dom w4 = w4 x = mojmir-def.smallest-accepting-rank
Y tafc (Abs (theG x)) w {q. dom 74 TP q}

assumes A\ x. x € dom wy = wy x = mojmir-def.smallest-accepting-rank
Y af-G-letter-abs-opt (Abs (Unfg (theG x))) w {q. dom 7y TE=p ¢}

shows accepting-pairg (ltl-to-rabin-af .6 4 X) (ltl-to-rabin-af.c 4 ) (M-fin
wA, UNIV) w <— accepting-pairg (d0y X) (ty @) (My-fin mwy, UNIV) w
proof —

— Preliminary Facts

note G-properties|OF «dom w4 C G )]

interpret A: ltl-to-rabin-af
using ltl-to-generalized-rabin-af-wellformed bounded-w finite-> by auto

— Define constants for both runs
define 74 7
where r4 = run; (ltl-to-rabin-af .6 4 X) (ltl-to-rabin-af..4 ¢) w
and ry = runy (dy X) (ty @) w
hence finite (range r4) and finite (range ry)
using run;-finite| OF A.finite-reach] run;-finite[OF finite-reach] bounded-w
finite-3 by simp+

— Prove that the limit of both runs behave the same in respect to the M
acceptance condition
have limit r 4 N M-fin 74 = {} «— limit rg N My-fin 7yg = {}
proof —
have [ti-FG-to-rabin ¥ (dom 74) w
by (unfold-locales; insert G-elements|[OF «dom wx C G ¢»] finite-X
bounded-w)
hence X: Ax. x € dom 74 = mojmir-def.accept tafc (Abs (theG X))
w {g. dom 74 p Rep q)
by (metis assms(3)[unfolded ltl-prop-entails-abs.rep-eq| ltl-FG-to-rabin.smallest-accepting-rank-pr
domD)
have V i. Vx € dom 74. mojmir-def.S ¥ Tafq (Abs (theG x)) w {q.
dom 74 =p Rep q} (Suc i)
= (\q. step-abs q (w 7)) ‘ (mojmir-def.S ¥ Tafcy (Abs (Unfg (theG
X))) w {q. dom w4 =p Rep q} i) U {Abs (theG x)} U {q. dom w4 =p Rep
q}
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using almost-all-commutative’|OF «finite (dom 7 4)>] X unfold-S-eq[OF
«Only-G (dom m4)»] finite-X bounded-w by simp

then obtain ¢ where i-def: \j x. j > i = x € dom m4 = mo-
Jgmir-def.S ¥ Tafc (Abs (theG x)) w {q. dom w4 |Ep Rep q} (Suc j)
= (Aq. step-abs q (w j)) ¢ (mojmir-def.S ¥ Tafqy (Abs (Unfa (theG
) w {q. dom 74 F=p Rep g} §) U {Abs (theG x)} U {q. dom 74 f=p Rep
q}
unfolding MOST-nat-le by blast

obtain j where limit r 4 = range (suffiz j r4)
and limit ry = range (suffic j ry)
using (finite (range r4)> <finite (range ry)>
by (rule common-range-limit)
hence limit r 4 = range (suffiz (j + ¢ + 1) r4)
and limit ry = range (suffic (j + 1) ry)
by (meson le-add1 limit-range-suffiz-incr)+
moreover
have Aj. j > i = 74 (Suc j) € M-fin mg <— ry j € My-fin 7y
proof —
fix j
assume j > i

obtain ¢4 m4 x where r4-def’: r4 (Suc j) = ((va, ma), w (Suc j),
unfolding r4-def run;.simps using prod.exhaust by fastforce

obtain ¢y my y where ry-def" ry j = ((py, my), v j, y)
unfolding r-def run;.simps using prod.exhaust by fastforce

have m 4-def: A\x q. x € G ¢ => the (m4 X) q¢ = semi-mojmir-def.state-rank
Y tafa (Abs (theG x)) w q (Suc j)
using A.run-properties(2)[of - ¢ Suc j| ra-def'[unfolded r4-def]
prod.sel by simp

have my-def: Ax q. x € G p = the (mg x) q = semi-mojmir-def.state-rank
Y tafcyu (Abs (Unfe (theG x))) w q j
using run-properties(2)[of - ¢ j| ry-def[unfolded ry-def] prod.sel by
sTmp

{
have upt-Suc-0: [0..<Suc j| = [0..<j] Q [j]
by simp
have Rep (fst (fst (ra (Suc 1)) =p step (Rep (fst (fst (ru 5)))) (uw
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7)
unfolding r 4-def ry-def run;.simps fst-conv A.run-properties(1)[of
© Suc j| run-properties(1) comp-apply
unfolding subsequence-def upt-Suc-0 map-append map-def list.map
af-abs-equiv Unf-abs.abs-eq using Rep-step by auto
hence A: \S. S |=p Rep o4 <— S [=p step (Rep ¢y) (w §)
unfolding r 4-def’ ry-def’ prod.sel ltl-prop-equiv-def ..

{
fix S assume Ax. x € dom 74 = S Ep X
hence dom 74 C S

using <Only-G (dom 7 4)» assms by (metis ltl-prop-entailment.simps(8)
subsetl)

{

fix y assume x € dom w4

interpret 9: ltl-FG-to-rabin ¥ theG x dom w4

by (unfold-locales, insert <Only-G (dom 7.4)> bounded-w finite-X)
interpret L [tl-FG-to-rabin-opt 3 theG x dom w4

by (unfold-locales, insert <«Only-G (dom 7.4)> bounded-w finite-X)

have A\q v. dom 74 =p Rep ¢ = dom w4 [=p Rep (step-abs q

V)

step-G)

using <Only-G (dom 74)» by (metis ltl-prop-equiv-def Rep-step

then have subsetStep: A\v. (A\q. step-abs q v) ‘{q. dom w4 =p

Rep q} C {q. dom w4 |Ep Rep q}
by auto

let P = A\q. S |=p evalg (dom 74) (Rep q)
have A\q v. (dom 74) Ep Rep ¢ = ?P q
using «Only-G (dom m4)» evalg-prop-entailment <(dom mw4) C
S» by blast
hence Aq. ¢ € {q. (dom m4) Ep Rep ¢} = ?P q
by simp
moreover
have Y: M.S (Suc j) = (Aq. step-abs q (w j)) ‘ (U.S j) U {Abs
(theG x)} U {q. dom w4 [Fp Rep q}
using i-def[OF <j > i) <x € dom mw>| by simp

have 1: M.smallest-accepting-rank = (T4 X)

and 2: $l.smallest-accepting-rank = (wy x)
and 3: x € G ¢
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using «x € dom 74> assms|unfolded Itl-prop-entails-abs.rep-eq|
by auto
ultimately
have (V¢ € M.S (Suc j). ?P q) = (V q € (\q. step-abs q (w j)) *
(U.S 7) U {Abs (theG x)}. 7P q)
unfolding Y by blast
hence 4: (Vq. (37 > the (m4 x). the (ma Xx) ¢ = Some j) —
P q) = ((Vq. (3] > the (my x)- the (my x) ¢ = Some j) — ?P (step-abs
¢ (09) A 7P (Abs (theCG X))
using <A\q. ¢ € {q. dom w4 Ep Rep q} = ?P ¢> subsetStep
unfolding m4-def[OF 3, symmetric] my-def[OF 3, symmetric]
IM.S.simps U.S.simps 1 2 Set.image-Un option.sel by blast
have S =p x A (Vq. (35 > the (m4 X). the (ma x) ¢ = Some j)
— S E=p evalg (dom w4) (Rep q)) «—
SEp x NS Ep evalg (dom w4) (theG x) N (Vq. (3j > the
(mg x)- the (my x) ¢ = Some j) — S E=p evalg (dom w4) (step (Rep q)
(w j)))
unfolding 4 using evalg-respectfulness(2)[OF Rep-Abs-equiv,
unfolded Itl-prop-equiv-def]

using evalg-respectfulness(2)[OF Rep-step, unfolded ltl-prop-equiv-def]

by blast
}
hence ((Vx € dom 4. S Ep x N (Vq. (37 > the (w4 x). the (my
X) q = Some j) — S |=p evalg (dom 74) (Rep q))) — S [=p Rep ©a)
«— (Vx € dom my. S =p x N S Ep evalg (dom my) (theG X)
A (Vq. (3] > the (my x). the (my x) ¢ = Some j) — S E=p evalg (dom
m4) (step (Rep @) (w ) — S =p step (Rep pu) (w 1))
by (simp add: <\x. x € dom 74 = (S Ep x N (Vq. (Fj>the
(ma X). the (ma x) ¢ = Some j) — S [=p evalg (dom wa) (Rep q))) =
(S Ep x NS Ep evalg (dom w4) (theG x) N (Vq. (3j>the (my X). the
(my x) q = Some j) — S [=p evalg (dom ma) (step (Rep q) (wj)))) A
assms(2))
}
hence (VS. (Vx € dom 4. S Ep x N (Vq. (35 > the (w4 X). the
(ma x) ¢ = Some j) — S |=p evalg (dom wa) (Rep q))) — S Ep Rep
pA)
(VS. (Vx € dom my. S Ep x N S Ep evalg (dom 7y) (theG x) A
(Vq. (3] > the (my x). the (my x) ¢ = Some j) — S Ep evalg (dom my)
(step (Rep q) (wj)))) — S [=p step (Rep oy) (w j))
unfolding assms by auto
}

hence ((¢4, ma), w (Suc j), ) € M-fin 74 <— ((u, my), w j, y)
€ My-fin my

unfolding M-fin.simps M-fin.simps ltl-prop-entails-abs.abs-eq[symmetric]
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evalg-abs.abs-eq[symmetric] ltlp-abs-rep step-abs.abs-eq[symmetric] by blast
thus ?thesis j
unfolding r 4-def’ ry-def’ .
qged
hence An. rqg (j+ i+ 1 +n) € M-finmy < rqy (j+1i+ n)e€
My-fin my
by simp
hence range (suffic (j + ¢ + 1) ra) N M-fin 74 = {} <— range (suffic
(J + @) ry) N My-fin my = {}
unfolding suffiz-def by blast
ultimately
show limit 74 N M-fin 74 = {} <— limit rq N My-fin 7y = {}
by force
qed
moreover
have limit r4 N UNIV # {} and limit r¢ N UNIV # {}
using limit-nonempty <finite (range ry)> <finite (range r4)> by auto
ultimately
show ?thesis
unfolding accepting-pair g-def fst-conv snd-conv r 4-def[symmetric] ry-def[symmetric]
Let-def by blast
qged

theorem ltl-to-generalized-rabin-correct:

w = ¢ «— acceptgr (Ayg ¥ ) w

(is - «— ?rhs)
proof (unfold ltl-to-generalized-rabin-af-correct| OF finite-¥ bounded-w|, stan-
dard)

let ?lhs = acceptar (ltl-to-generalized-rabin-af ¥ ) w

interpret A: ltl-to-rabin-af > w
using ltl-to-generalized-rabin-af-wellformed bounded-w finite-X by auto

{

assume ?lhs
then obtain m where I: dom 7 C G ¢
and II: Ax. x € dom m = the (7 x) < A.maz-rank-of ¥ x
and III: accepting-pairg (lti-to-rabin-af .0 4 X) (ltl-to-rabin-af..q )
(M-fin m, UNIV) w
and IV: Ax. x € dom m = accepting-pairg (A.0 4 X) (lti-to-rabin-af .t 4
©) (AAcc ¥ 7 x) w
by (unfold ltl-to-generalized-rabin-af .simps; blast intro: A.acceptgr-I)

— Normalise 7 to the smallest accepting ranks
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then obtain 74 where A: dom m = dom 74
and B: A\x. x € dom w4 = w4 X = mojmir-def.smallest-accepting-rank
Y tafa (Abs (theG x)) w {q. dom w4 T=p q}
and C: accepting-pairg (A.04 X) (Aea @) (M-fin ma, UNIV) w
and D: Ax. x € dom w4 = accepting-pairg (A.04 X) (A ¢)
(A Acc X g x) w
using A.normalize-m by blast

— Properties about the domain of

note G-properties| OF <dom m C G )]

hence M-Accept: \x. x € dom m = mojmir-def.accept af-G-letter-abs
(Abs (theG x)) w {q. dom 7 T=p q}

using I I IV A.Acc-to-mojmir-accept unfolding ltl-to-rabin-base-def .max-rank-of-def
by (metis ltl.sel(8))

hence U-Accept: \x. x € dom m = mojmir-def.accept af-G-letter-abs-opt
(Abs (Unfg (theG x))) w {q. dom 7 T=p q}

using unfold-accept-eq[OF «Only-G (dom )y finite-X bounded-w]

unfolding ltl-prop-entails-abs.rep-eq by blast

— Define 7 for the other automaton
define 7y
where 7y x = (if x € dom 7 then mojmir-def.smallest-accepting-rank
Y af-G-letter-abs-opt (Abs (Unfg (theG x))) w {q. dom w T=p q} else
None)
for x

have 1: dom wy = dom 7
using U-Accept by (auto simp add: wy-def dom-def mojmir-def.smallest-accepting-rank-def)

hence dom mgy = dom w4 and dom 74 C G ¢ and dom 7wy C G ¢
using A <dom m C G ¢ by blast+
have 2: Ax. x € dom wy = 7wy x = mojmir-def.smallest-accepting-rank
Y af-G-letter-abs-opt (Abs (Unfa (theG x))) w {q. dom wy TE=p ¢}
using 1 unfolding <dom wy = dom m wy-def by simp
hence 3: Ax. x € dom my = the (wy x) < semi-mojmir-def.maz-rank
Y af-G-letter-abs-opt (Abs (Unfa (theG x)))
using wellformed-mojmir-opt[OF G-elements|OF «dom wy C G )]
finite-¥ bounded-w, THEN mojmir.smallest-accepting-rank-properties(6)]
unfolding Itl-prop-entails-abs.rep-eq by fastforce

— Use correctness of the translation of individual accepting pairs
have Acc: \x. x € dom my = accepting-pairr (dy X) (1 @) (Accy X

Ty X) w
using mojmir-accept-to-Acc[OF - <«dom 7wy C G @3] G-elements|OF
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«dom g C G @]
using 1 2[of G -| 3[of G -] U-Acceptlof G -] ltl.sel(8) unfolding
comp-apply by metis
have M: accepting-pairr (dy X) (wy ) (My-fin my, UNIV) w
using unfold-optimisation-correct-M[OF «dom w4 C G > <dom mgy =
dom mq>» B 2] C
using <dom mwg = dom 7w 4> by blast+

show ?rhs
using Acc 3 «dom wy C G ¢» combine-rabin-pairs-UNIV[OF M
combine-rabin-pairs]
by (simp only: acceptg r-def fst-conv snd-conv ltl-to-generalized-rabin.simps
rabin-pairs.simps maz-rank-of-def comp-apply) blast

}
{

assume ?rhs
then obtain m where I: dom m C G ¢
and II: Ax. x € dom m = the (7 x) < maz-rank-of ¥ x
and III: accepting-pairr (6y X) (1 @) (My-fin w, UNIV) w
and IV: Ax. x € dom m = accepting-pairr (0y X) (vy ) (Accy &
T X)W
by (blast intro: acceptgr-I)

— Normalize 7 to the smallest accepting ranks
then obtain 7y where A: dom © = dom my
and B: A\x. x € dom 7y = my x = mojmir-def.smallest-accepting-rank
X tafgy (Abs (Unfa (theG x))) w {q. dom my T=p ¢}
and C: accepting-pairr (dy X) (v ¢) (My-fin my, UNIV) w
and D: A\x. x € dom my = accepting-pairr (0y X) (1 @) (Accy ¥
Ty X) W
using normalize-t unfolding comp-apply by blast

— Properties about the domain of 7
note G-properties]OF <dom m C G )]
hence U-Accept: \x. x € dom m = mojmir-def.accept af-G-letter-abs-opt
(Abs (Unfe (theG x))) w {q. dom 7 T=p q}
using [ IT IV Acc-to-mojmir-accept unfolding maz-rank-of-def comp-apply
by (metis ltl.sel(8))
hence M-Accept: \x. x € dom m = mojmir-def.accept af-G-letter-abs
(Abs (theG x)) w {q. dom 7™ T=p q}
using unfold-accept-eq|OF <Only-G (dom 7)» finite-¥ bounded-w]
unfolding ltl-prop-entails-abs.rep-eq by blast
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— Define 7 for the other automaton
define 74
where 74 x = (if x € dom 7 then mojmir-def.smallest-accepting-rank
Y tafq (Abs (theG x)) w {q. dom ® t}=p q} else None)
for x

have 1: dom w4 = dom «
using M- Accept by (auto simp add: w 4-def dom-def mojmir-def.smallest-accepting-rank-def)

hence dom mgy = dom m4 and dom 74 C G ¢ and dom 7wy C G ¢
using A <dom m C G > by blast+
hence [ti-FG-to-rabin ¥ (dom 74) w
by (unfold-locales; insert G-elements|[OF «dom wx C G ¢»] finite-X
bounded-w)
have 2: Ax. x € dom w4 = 7.4 x = mojmir-def.smallest-accepting-rank
S tafa (Abs (theG X)) w {g. dom 4 tp q}
using 1 unfolding <dom w4 = dom m 7 4-def by simp
hence 3: \x. x € dom my = the (74 X) < semi-mojmir-def .mazx-rank
Y tafq (Abs (theG X))
using [tl-FG-to-rabin.smallest-accepting-rank-properties(6)[OF <ltl-FG-to-rabin
Y (dom m4) wy]
unfolding [tl-prop-entails-abs.rep-eq by fastforce

— Use correctness of the translation of individual accepting pairs
have Acc: A\x. x € dom 74 = accepting-pairg (A.04 X) (At @)
(A Ace ¥ ma x) w
using A.mojmir-accept-to-Acc|OF - <dom w4 C G @] G-elements|OF
«dom 4 C G )]
using 1 2[of G -] 3[of G -] M-Accept|of G -| ltl.sel(8) by metis
have M: accepting-pairg (A.04 X) (A.g p) (M-fin wq, UNIV) w
using unfold-optimisation-correct-M[OF <dom 74 C G ¢» <dom my =
dom ma> 2 B] C
using <dom mwg = dom 7w 4> by blast+

show ?lhs
using Acc 3 «dom w4 C G ¢ combine-rabin-pairs-UNIV[OF M
combine-rabin-pairs]
by (simp only: acceptc r-def fst-conv snd-conv A.ltl-to-generalized-rabin.simps
A.rabin-pairs.simps
ltl-to-generalized-rabin-af .simps A.mazx-rank-of-def
comp-apply) blast

}

qed
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end

fun ltl-to-generalized-rabin-af
where

ltl-to-generalized-rabin-afy 3 p = ltl-to-rabin-base-def.ltl-to-generalized-rabin
Tafy tafgu (Abs o Unf) (Abs o Unfg) My-fin X ¢

lemma ltl-to-generalized-rabin-af -wellformed:

finite ¥ = range w C ¥ = ltl-to-rabin-af-unf ¥ w

apply (unfold-locales)

apply (auto simp add: af-G-letter-opt-sat-core-lifted ltl-prop-entails-abs.rep-eq
intro: finite-reach-af-opt finite-reach-af-G-opt)

apply (meson le-trans ltl-semi-mojmir[unfolded semi-mojmir-def])+

done

theorem ltl-to-generalized-rabin-af-correct:

assumes finite 3

assumes range w C X

shows w = ¢ = acceptgr (ltl-to-generalized-rabin-afy ¥ p) w

using ltl-to-generalized-rabin-af -wellformed| OF assms, THEN ltl-to-rabin-af-unf.ltl-to-generalized-
by simp

thm [tl- FG-to-generalized-rabin-correct ltl-to-generalized-rabin-af-correct ltl-to-generalized-rabin-af -

end

15 LTL Translation Layer

theory LTL-Compat
imports Main LTL.LTL ../LTL-FGXU
begin

— The following infrastructure translates the generic datatype ’a ltin =
truey, | falsey, | Prop-ltin 'a | Nprop-ltin 'a | And-ltln (‘a ltin) ("a ltin) | Or-ltin
("a ltln) ("a ltin) | Next-ltin ('a ltln) | Until-ltin (‘a ltin) ('a ltin) | Release-ltin
('a ltin) ('a ltin) | WeakUntil-ltln ('a ltin) ('a ltin) | StrongRelease-ltin ('a
Itin) ('a ltin) datatype to special structure used in this project

abbreviation LTLRelease :: 'a ltl = 'a ltl = 'a ltl (x- R - [87,87] 86)
where

p R =(G1)or (¢ U (p and )

abbreviation LTLWeakUntil :: 'a ltl = 'a ltl = 'a Itl (<- W - [87,87] 86)
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where
o W= (p U)or (G )

abbreviation LTLStrongRelease :: 'a ltl = 'a ltl = 'a ltl (<- M - [87,87]
86)

where

o MY =1 U (¢ and )

fun ltin-to-ltl :: 'a ltin = 'a ltl
where
ltin-to-ltl true, = true
| ltin-to-ltl false, = false
| ltn-to-Itl prop,(q) = p(q)
| ltin-to-Itl nprop,(q) = np(q)
| ltin-to-ltl (¢ and, ) = ltin-to-ltl v and ltin-to-ltl ¢
| ltin-to-ltl (¢ ory 1) = ltin-to-ltl ¢ or ltin-to-ltl ¢
| ltin-to-ltl (¢ Un @) = (if ¢ = truey, then F (ltin-to-ltl ) else (ltin-to-ltl
@) U (ltin-to-1tl ¢))
| ltin-to-ltl (¢ R, ) = (if ¢ = false, then G (ltin-to-ltl ) else (ltin-to-ltl
) R (ltin-to-1tl 1))
| ltin-to-1tl (o W, ) = (if ¥ = falsey, then G (ltin-to-ltl ) else (ltin-to-ltl
w) W (ltin-to-1tl 1))
| ltin-to-ltl (¢ M, ) = (if ¥ = true, then F (ltin-to-ltl @) else (Itin-to-ltl
©) M (ltin-to-ltl 1))
| ltin-to-ltl (X, p) = X (ltin-to-ltl @)

lemma Itin-to-ltl-semantics:
w = ltin-to-ltl ¢ «— w =, ¢
by (induction ¢ arbitrary: w)
(simp-all del: semantics-ltin.simps(9—11), unfold ltin-Release-alterdef
ltin-weak-strong(1) ltl-StrongRelease- Until-con, insert nat-less-le, auto)

lemma ltin-to-ltl-atoms:
vars (ltin-to-ltl v) = atoms-ltin ¢
by (induction ) auto

fun atoms-list :: 'a ltln ='a list

where
atoms-list (¢ and, ) = List.union (atoms-list ) (atoms-list )
| atoms-list (¢ ory, ¥) = List.union (atoms-list ) (atoms-list 1)
| atoms-list (¢ U, tp) = List.union (atoms-list ) (atoms-list 1))
| atoms-list (¢ Ry, ) = List.union (atoms-list ) (atoms-list )
| atoms-list (¢ W, ¥) = List.union (atoms-list p) (atoms-list 1))
| atoms-list (¢ My, ) = List.union (atoms-list ) (atoms-list V)
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| atoms-list (X, ¢) = atoms-list ¢
| atoms-list (propn( ) = [a]

| atoms-list (nprop,(a)) = [a]

| atoms-list - = |]

lemma atoms-list-correct:
set (atoms-list ) = atoms-ltin ¢
by (induction ¢) auto

lemma atoms-list-distinct:
distinct (atoms-list o)
by (induction ¢) auto

end

16 LTL Code Equations

theory LTL-Impl
imports Main
../LTL-FGXU
Boolean-Ezpression-Checkers. Boolean- Expression-Checkers
Boolean-FEzxpression-Checkers. Boolean- Expression- Checkers-A List-Mapping
begin

16.1 Subformulae
fun G-list :: 'a Itl ="a It list

where
G-list (¢ and ) = List.union (G-list ) (G-list 1)
| G-list (¢ or 1) = List.union (G-list p) (G-list )
| G-list (F ¢) = G-list ¢
| G-list (G @) = List.insert (G ) (G-list ¢)
| G-list (X ¢) = G-list
| G-list (¢ U 1) = List.union (G-list @) (G-list )
| G-list p =]

lemma G-eq-G-list:
G ¢ = set (G-list p)
by (induction ¢) auto

lemma G-list-distinct:

distinct (G-list @)
by (induction ¢) auto

237



16.2 Propositional Equivalence

fun ifex-of-ltl :: 'a ltl = 'a ltl ifex
where
ifex-of-ltl true = Trueif
| ifex-of-ltl false = Falseif
| ifez-of-ltl (¢ and ) = normif Mapping.empty (ifex-of-ltl ) (ifex-of-ltl 1))
Falseif
| ifex-of-ltl (¢ or 1p) = normif Mapping.empty (ifex-of-ltl p) Trueif (ifex-of-ltl
¥)
| ifex-of-ltl ¢ = IF ¢ Trueif Falseif

lemma val-ifex:
val-ifex (ifex-of-ltl b) s = (Fp) {z. sz} b
by (induction b) (simp add: agree-Nil val-normif)+

lemma reduced-ifex:
reduced (ifex-of-ltl b) {}
by (induction b) (simp; metis keys-empty reduced-normif)+

lemma ifex-of-ltl-reduced-bdt-checker:
reduced-bdt-checkers ifex-of-ltl (A\y s. {z. s z} Ep y)
by (unfold reduced-bdt-checkers-def; insert val-ifex reduced-ifex; blast)

lemma [code]:

(¢ =p ) = equiv-test ifex-of-ltl v

by (simp add: ltl-prop-equiv-def reduced-bdt-checkers. equiv-test| OF ifex-of-ltl-reduced-bdt-checker];
fastforce)

lemma [code]:

(¢ —>p V) = impl-test ifex-of-ltl ¢

by (simp add: ltl-prop-implies-def reduced-bdt-checkers.impl-test| OF ifex-of-ltl-reduced-bdt-checker];
force)

— Check Code Export
export-code (=p) (—p) checking

16.3 Remove Constants

fun remove-constantsp :: 'a ltl = 'a ltl
where
remove-constantsp (¢ and ) = (
case (remove-constantsp ) of
false = false
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| true = remove-constantsp
| ' = (case remove-constantsp 1 of
false = false
| true = ¢’
| ' = ' and )
| remove-constantsp (¢ or ¢) = (
case (remove-constantsp @) of
true = true
| false = remove-constantsp
| ¢’ = (case remove-constantsp 1 of
true = true
| false = ¢’
| ¥ = ¢ or ¢))

| remove-constantsp ¢ = ¢

lemma remowve-constants-correct:
S Ep ¢ +— S |Ep remove-constantsp
by (induction ¢ arbitrary: S) (auto split: ltl.split)

16.4 And/Or Constructors

fun in-and

where
in-and z (y and z)

| in-and zy = (x

(in-and x y V in-and x z)

v)
fun in-or
where

in-or x (y or z) = (in-or x y V in-or x z2)
| in-orzy = (z =1y)

lemma in-entailment:
inrandzy = S Epy=— S Epuz
inorzy = SEpr= SkEpy
by (induction y) auto

definition mk-and
where
mk-and f x y = (case f x of false = false | true = fy
| 2/ = (case fy of false = false | true = x’
| v/ = if in-and x' y' then y' else if in-and y' z' then z' else x’ and y’))

definition mk-and’
where
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mk-and’ x y = case y of false = false | true = z | - = x and y

definition mk-or
where
mk-or fz y = (case f x of true = true | false = fy
| 2/ = (case fy of true = true | false = '
| v/ = if in-or x’ y' then y' else if in-or y’' z’ then ' else " or y'))

definition mk-or’
where
mk-or’ x y = case y of true = true | false = x| - = zory

lemma mk-and-correct:
S Ep mkand fxy+— SEp frandfy
proof —
have X: Az’ y". S Ep (if in-and =’ y' then y' else if in-and y' z’ then z’
else z' and y’)
«—— SkEpaz'andy’
using in-entailment by auto
show ?thesis
unfolding mk-and-def ltl.split X by (cases f x; cases f y; simp)
qged

lemma mk-and’-correct:
S Ep mk-and’ x y <~— S Ep xand y
unfolding mk-and’-def by (cases y; simp)

lemma mk-or-correct:
SEpmkorfrzy<«— SEpfrorfy
proof —
have X: Az’ y". S Ep (if in-or 2’ y' then y' else if in-or y' z’ then x' else
z' ory’)
«—— SkEpaory
using in-entailment by auto
show %thesis
unfolding mk-or-def ltl.split X by (cases f z; cases f y; simp)
qged

lemma mk-or’-correct:
S kEp mk-or'xy<+— SEpxory
unfolding mk-or’-def by (cases y; simp)

end
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17 af- Unfolding Functions - Optimized Code Equa-
tions

theory af-Impl
imports Main ../af LTL-Impl
begin

Provide optimized code definitions for Taf and other functions, which use
heuristics to reduce the formula size

17.1 Helper Function

fun remove-and-or
where
remove-and-or (z or y) = (case z of
(((z" and z') or y') and z) = if v = ' A y = y’' then ((2" and z') or
y’) else remove-and-or z or remove-and-or y
| - = remove-and-or z or remove-and-or y)
| remove-and-or (z and y) = remove-and-or x and remove-and-or y
| remove-and-or x = x

lemma remove-and-or-correct:
S =p remove-and-or v +— S Ep
proof (induction x)
case (LTLOr x y)
thus Zcase
proof (induction x)
case (LTLAnd =’ y’)
thus “case
proof (induction z’)
case (LTLOr z" y”)
thus “case
by (induction z') auto
qged auto
qed auto
qged auto

17.2 Optimized Equations

fun af-letter-simp
where
af-letter-simp true v = true
| af-letter-simp false v = false
| af-letter-simp p(a) v = (if a € v then true else false)
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| af-letter-simp (np(a)) v = (if a ¢ v then true else false)
| af-letter-simp (¢ and ) v = (case ¢ of
true = af-letter-simp ¢ v
| false = false
| p(a) = if a € v then af-letter-simp ¢ v else false
| np(a) = if a ¢ v then af-letter-simp ¢ v else false
| Go'=
(let
o' = af-letter-simp ¢’ v;
V' = af-letter-simp ¢ v
m
(if @" =" then mk-and’ (G ¢') ¢"" else mk-and id (mk-and’ (G @)
©") ")
| - = mk-and id (af-letter-simp ¢ v) (af-letter-simp 1 v))
| af-letter-simp (@ or 1) v = (case ¢ of
true = true
| false = af-letter-simp ¢ v
| p(a) = if a € v then true else af-letter-simp ¢ v
| np(a) = if a ¢ v then true else af-letter-simp 1 v
| F o' =
(let
o' = af-letter-simp @' v;
V" = af-letter-simp 1 v
m
(if @" =" then mk-or’ (F ¢') @' else mk-or id (mk-or’ (F ¢') ¢
¥")
| - = mk-or id (af-letter-simp ¢ v) (af-letter-simp ¢ v))
| af-letter-simp (X @) v = ¢
| af-letter-simp (G ¢) v = mk-and’ (G @) (af-letter-simp ¢ v)
| af-letter-simp (F @) v = mk-or’ (F ¢) (af-letter-simp ¢ v)
| af-letter-simp (¢ U ) v = mk-or’ (mk-and’ (¢ U ) (af-letter-simp ¢ v))
(af-letter-simp 1 v)
lemma af-letter-simp-correct:
S =p af-letter p v +— S |Ep af-letter-simp ¢ v
proof (induction @)
case (LTLAnd ¢ )
thus Zcase
by (cases ) (auto simp add: Let-def mk-and-correct mk-and’-correct)
next
case (LTLOr ¢ v)
thus Zcase
by (cases ) (auto simp add: Let-def mk-or-correct mk-or'-correct)
qed (simp-all add: mk-and-correct mk-and’-correct mk-or-correct mk-or'-correct)

242



fun af-G-letter-simp
where
af-G-letter-simp true v = true
| af-G-letter-simp false v = false
| af-G-letter-simp p(a) v = (if a € v then true else false)
| af-G-letter-simp (np(a)) v = (if a ¢ v then true else false)
| af-G-letter-simp (¢ and ) v = (case ¢ of
true = af-G-letter-simp ¢ v
| false = false
| p(a) = if a € v then af-G-letter-simp ¢ v else false
| np(a) = if a ¢ v then af-G-letter-simp 1 v else false
| - = mk-and id (af-G-letter-simp ¢ v) (af-G-letter-simp ¢ v))
| af-G-letter-simp (¢ or ¢) v = (case ¢ of
true = true
| false = af-G-letter-simp 1 v
| p(a) = if a € v then true else af-G-letter-simp ¢ v
| np(a) = if a ¢ v then true else af-G-letter-simp ¢ v
| F o' =
(let
" = af-G-letter-simp @' v;
" = af-G-letter-simp 1 v
in
(if " = " then mk-or’ (F ¢') ¢ else mk-or id (mk-or' (F ¢') ¢"')
()
| - = mk-or id (af-G-letter-simp ¢ v) (af-G-letter-simp 1) v))
| af-G-letter-simp (X o) v = ¢
| af-G-letter-simp (G ) v = G ¢
| af-G-letter-simp (F ) v = mk-or’ (F @) (af-G-letter-simp ¢ v)
| af-G-letter-simp (¢ U ) v = mk-or’ (mk-and’ (¢ U ) (af-G-letter-simp
¢ v)) (af-G-letter-simp ¢ v)

lemma af-G-letter-simp-correct:
S Ep af-G-letter p v +— S Ep af-G-letter-simp ¢ v
proof (induction @)
case (LTLAnd ¢ )
thus Zcase
by (cases ) (auto simp add: mk-and-correct)
next
case (LTLOr ¢ )
thus “case
by (cases ) (auto simp add: Let-def mk-or-correct mk-or'-correct)
qed (simp-all add: mk-and-correct mk-and’-correct mk-or-correct mk-or'-correct)
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fun step-simp
where
step-simp p(a) v = (if a € v then true else false)
| step-simp (np(a)) v = (if a ¢ v then true else false)
| step-simp (@ and ) v = (mk-and id (step-simp ¢ v) (step-simp ) v))
| step-simp (@ or ) v = (mk-or id (step-simp ¢ v) (step-simp 1) v))
| step-simp (X @) v = remove-constantsp ¢
| step-simp p v = @

lemma step-simp-correct:
S |Ep step p v <— S [=p step-simp ¢ v
proof (induction @)
case (LTLAnd ¢ )
thus Zcase
by (cases @) (auto simp add: Let-def mk-and-correct mk-and’-correct)
next
case (LTLOr ¢ v)
thus Zcase
by (cases ) (auto simp add: Let-def mk-or-correct mk-or'-correct)
qed (simp-all add: mk-and-correct mk-and’-correct mk-or-correct mk-or'-correct
remove-constants-correct[symmetric])

fun Unf-simp
where
Unf-simp (¢ and ) = (case ¢ of
true = Unf-simp
| false = false
| G o' =
(let
o = Unf-simp ¢'; " = Unf-simp 1
in
(if @" =" then mk-and’ (G ¢') ¢" else mk-and id (mk-and’ (G ¢’)
¢") ¥")
| - = mk-and id (Unf-simp @) (Unf-simp 1))
| Unf-simp (¢ or ) = (case ¢ of
true = true
| false = Unf-simp
| F o' =
(let
o = Unf-simp ¢'; " = Unf-simp 1)
in
(if " =" then mk-or’ (F ¢') @' else mk-or id (mk-or’ (F ¢') ¢”)
()
| - = mk-or id (Unf-simp ) (Unf-simp 1))
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| Unf-simp (G ) = mk-and’ (G ¢) (Unf-simp ¢)

| Unf-simp (F ) = mk-or’ (F ¢) (Unf-simp ¢)

| Unf-simp (¢ U ) = mk-or’ (mk-and’ (¢ U ) (Unf-simp ¢)) (Unf-simp
)

| Unf-simp ¢ = ¢

lemma Unf-simp-correct:
S Ep Unf ¢ «— S Ep Unf-simp ¢
proof (induction @)
case (LTLAnd ¢ 1)
thus Zcase
by (cases ) (auto simp add: Let-def mk-and-correct mk-and’-correct)
next
case (LTLOr ¢ )
thus ?Zcase
by (cases ) (auto simp add: Let-def mk-or-correct mk-or'-correct)
qed (simp-all add: mk-and-correct mk-and’-correct mk-or-correct mk-or'-correct)

fun Unfg-simp
where
Unfg-simp (¢ and ) = mk-and id (Unfg-simp @) (Unfg-simp 1)
| Unfg-simp (¢ or ) = (case ¢ of
true = true
| false = Unfg-simp 1
| F o' =
(let
@' = Unfg-simp @' "' = Unfg-simp ¢
in
(if @" =" then mk-or’ (F ¢') @' else mk-or id (mk-or’ (F ¢') ¢”)
()
| - = mk-or id (Unfg-simp @) (Unfg-simp 1))
| Unfg-simp (F @) = mk-or’ (F ¢) (Unfg-simp )
| Unfg-simp (¢ U ) = mk-or’ (mk-and’ (¢ U ) (Unfg-simp ¢)) (Unfg-simp
¥)
| Unfg-simp ¢ = ¢

lemma Unfg-simp-correct:
S Ep Unfa ¢ «— S Ep Unfg-simp ¢
proof (induction @)
case (LTLAnd ¢ )
thus “case
by (cases ) (auto simp add: Let-def mk-and-correct mk-and’-correct)
next

case (LTLOr ¢ )
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thus ?case
by (cases ) (auto simp add: Let-def mk-or-correct mk-or’-correct)
qed (simp-all add: mk-and-correct mk-and’-correct mk-or-correct mk-or'-correct)

fun af-letter-opt-simp
where
af-letter-opt-simp true v = true
| af-letter-opt-simp false v = false
| af-letter-opt-simp p(a) v = (if a € v then true else false)
| af-letter-opt-simp (np(a)) v = (if a ¢ v then true else false)
| af-letter-opt-simp (¢ and ) v = (case ¢ of
true = af-letter-opt-simp ¥ v
| false = false
| p(a) = if a € v then af-letter-opt-simp 1 v else false
| np(a) = if a & v then af-letter-opt-simp ¢ v else false
| G o'=
(let

¢" = Unf-simp ¢,
V' = af-letter-opt-simp 1 v
in
(if @" =" then mk-and’ (G ¢') o' else mk-and id (mk-and’ (G ¢’)
©") ")
| - = mk-and id (af-letter-opt-simp ¢ v) (af-letter-opt-simp ¢ v))
| af-letter-opt-simp (¢ or ¥) v = (case ¢ of
true = true
| false = af-letter-opt-simp ¢ v
| p(a) = if a € v then true else af-letter-opt-simp ¥ v
| np(a) = if a ¢ v then true else af-letter-opt-simp ¢ v
| F o' =
(let
¢" = Unf-simp ¢,
V' = af-letter-opt-simp 1 v
in
(if @" =" then mk-or’ (F ¢') @' else mk-or id (mk-or’ (F ¢') ¢
)
| - = mk-or id (af-letter-opt-simp ¢ v) (af-letter-opt-simp 1 v))
| af-letter-opt-simp (X ) v = Unf-simp ¢
| af-letter-opt-simp (G ¢) v = mk-and’ (G @) (Unf-simp ¢)
| af-letter-opt-simp (F ) v = mk-or’ (F ¢) (Unf-simp )
| af-letter-opt-simp (¢ U ) v = mk-or’ (mk-and’ (¢ U ) (Unf-simp ¢))
(Unf-simp )

lemma af-letter-opt-simp-correct:
S Ep af-letter-opt ¢ v «<— S =p af-letter-opt-simp ¢ v
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proof (induction @)
case (LTLAnd ¢ )
thus Zcase
by (cases @) (auto simp add: Let-def mk-and-correct mk-and’-correct)
next
case (LTLOr ¢ v)
thus Zcase
by (cases ) (auto simp add: Let-def mk-or-correct mk-or'-correct)
qed (simp-all add: mk-and-correct mk-and’-correct mk-or-correct mk-or'-correct
Unf-simp-correct)

fun af-G-letter-opt-simp
where
af-G-letter-opt-simp true v = true
| af-G-letter-opt-simp false v = false
| af-G-letter-opt-simp p(a) v = (if a € v then true else false)
| af-G-letter-opt-simp (np(a)) v = (if a ¢ v then true else false)
| af-G-letter-opt-simp (¢ and ) v = (case ¢ of
true = af-G-letter-opt-simp ¢ v
| false = false
| p(a) = if a € v then af-G-letter-opt-simp ¢ v else false
| np(a) = if a ¢ v then af-G-letter-opt-simp 1 v else false
| - = mk-and id (af-G-letter-opt-simp ¢ v) (af-G-letter-opt-simp ¢ v))
| af-G-letter-opt-simp (@ or ) v = (case ¢ of
true = true
| false = af-G-letter-opt-simp 1 v
| p(a) = if a € v then true else af-G-letter-opt-simp ¢ v
| np(a) = if a ¢ v then true else af-G-letter-opt-simp ¢ v
| F o' =
(let
¢" = Unfg-simp ¢,
V' = af-G-letter-opt-simp 1 v
in
(if @" =" then mk-or’ (F ¢') @' else mk-or id (mk-or’ (F ¢') ¢
)
| - = mk-or id (af-G-letter-opt-simp ¢ v) (af-G-letter-opt-simp 1 v))
| af-G-letter-opt-simp (X @) v = Unfg-simp ¢
| af-G-letter-opt-simp (G ¢) v = G ¢
| af-G-letter-opt-simp (F @) v = mk-or’ (F ¢) (Unfg-simp @)
| af-G-letter-opt-simp (¢ U ) v = mk-or’ (mk-and’ (¢ U ) (Unfg-simp
¢)) (Unfg-simp 1)

lemma af-G-letter-opt-simp-correct:
S Ep af-G-letter-opt ¢ v «<— S =p af-G-letter-opt-simp ¢ v
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proof (induction @)
case (LTLAnd ¢ )
thus Zcase
by (cases @) (auto simp add: Let-def mk-and-correct mk-and’-correct)
next
case (LTLOr ¢ v)
thus Zcase
by (cases ) (auto simp add: Let-def mk-or-correct mk-or'-correct)
qed (simp-all add: mk-and-correct mk-and’-correct mk-or-correct mk-or'-correct
Unf G-simp-correct)

17.3 Register Code Equations

lemma [code]:

Taf (Abs @) v = Abs (remove-and-or (af-letter-simp ¢ v))

unfolding af-abs.f-abs.abs-eq af-letter-abs-def ltl-prop-equiv-quotient. abs-eq-iff
ltl-prop-equiv-def

using af-letter-simp-correct remove-and-or-correct by blast

lemma [code]:

Tafa (Abs ) v = Abs (remove-and-or (af-G-letter-simp ¢ v))

unfolding af-G-abs.f-abs.abs-eq af-G-letter-abs-def ltl-prop-equiv-quotient.abs-eq-iff
ltl-prop-equiv-def

using af-G-letter-simp-correct remove-and-or-correct by blast

lemma [code]:
Tstep (Abs p) v = Abs (step-simp ¢ v)
unfolding step-abs.abs-eq ltl-prop-equiv-quotient. abs-eq-iff ltl-prop-equiv-def
using step-simp-correct by blast

lemma [code]:
TUnf (Abs ) = Abs (remove-and-or (Unf-simp ¢))
unfolding Unf-abs.abs-eq ltl-prop-equiv-quotient.abs-eq-iff ltl-prop-equiv-def
using Unf-simp-correct remove-and-or-correct by blast

lemma [code]:
1TUnfg (Abs p) = Abs (remove-and-or (Unfg-simp ¢))
unfolding Unfg-abs.abs-eq ltl-prop-equiv-quotient.abs-eq-iff ltl-prop-equiv-def
using Unfg-simp-correct remove-and-or-correct by blast

lemma [code]:

Tafy (Abs ) v = Abs (remove-and-or (af-letter-opt-simp ¢ v))

unfolding af-abs-opt.f-abs.abs-eq af-letter-abs-opt-def ltl-prop-equiv-quotient. abs-eq-iff
ltl-prop-equiv-def
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using af-letter-opt-simp-correct remove-and-or-correct by blast

lemma [code]:

Tafau (Abs @) v = Abs (remove-and-or (af-G-letter-opt-simp ¢ v))

unfolding af-G-abs-opt.f-abs.abs-eq af-G-letter-abs-opt-def ltl-prop-equiv-quotient. abs-eq-iff
ltl-prop-equiv-def

using af-G-letter-opt-simp-correct remove-and-or-correct by blast

end

18 Executable Translation from Mojmir to Rabin
Automata

theory Mojmir-Rabin-Impl
imports Main ../ Mojmir-Rabin
begin

— Ranking functions are stored as lists sorted ascending by the state rank

fun init :: 'a = 'a list
where
init qo = [qo]

fun nat :: 'b set = (‘a, 'b) DTS = 'a = ('a list, 'b) DTS
where

nxt X6 qo = (Ags v. remdups-fwd ((filter (\g. —semi-mojmir-def.sink ¥
d go q) (map (Ag. 0 q v) gs)) @ [qo]))

— Recompute the rank from the list

fun 7k :: 'a list = 'a = nat option
where
rk gs ¢ = (let i = index qs q in if i # length qs then Some i else None)

— Instead of computing the whole sets for fail, merge, and succeed, we define
filters (a.k.a. characteristic functions)

fun fail-filt :: 'b set = (‘a, 'b) DTS = 'a = (‘a = bool) = ('a list, 'b)
transition = bool
where

fail-filt ¥ 6 qo F (r, v, -) = (3q € set r. let ¢ = qvin (-F ¢) A
semi-mojmir-def.sink ¥ 6 qo q')
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fun merge-filt :: (‘a, 'b) DTS = 'a = (‘a = bool) = nat = ('a list, 'b)
transition = bool
where

merge-filt 6 qo F i (r,v,-) = (3q € set r. let ¢’ =8 q v in the (rk r q)
<IiAN-Fq¢gd N((3q"esetr.q"#qNdq"v=27q)Vq = q))

fun succeed-filt :: ('a, 'b) DTS = 'a = ('a = bool) = nat = ('a list, 'b)
transition = bool
where

succeed-filt & qo F i (r,v, -) = (Aqe€ setr.letq'=6qvinrkrq=
Some i N (=F qV q=qo) N F ¢

18.0.1 nxt Properties

lemma nzt-run-distinct:
distinct (run (nzt X A qo) (init qo) w n)
by (cases n; simp del: remdups-fwd.simps; metis (no-types) remdups-fwd-distinct)

lemma nzt-run-reverse-step:

fixes ¥ 6 gg w

defines r = run (nxzt X 0 qo) (init qo) w

assumes ¢ € set (r (Suc n))

assumes ¢ # qq

shows 3¢’ € set (rn). d ¢ (wn) =gq

using assms(2—3) unfolding r-def run.simps nxt.simps remdups-fwd-set
by auto

lemma nzt-run-sink-free:
q € set (run (nzt ¥ 6 qo) (init go) w n) = —~semi-mojmir-def.sink ¥ o
qo ¢q
by (induction n) (simp-all add: semi-mojmir-def.sink-def del: remdups-fwd.simps,

blast)

18.0.2 rk Properties

lemma rk-bounded:

rk xs x = Some i = i < length zs

by (simp add: Let-def) (metis indez-conv-size-if-notin index-less-size-conv
option.distinct(1) option.inject)

lemma rk-facts:
x € set s «— 1k s x # None
z € set xs +— (Ii. vk xs x = Some 1)
using rk-bounded by (simp add: indez-size-conv)+
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lemma rk-split:
y ¢ set s = 1k (s Q y # zs) y = Some (length xs)
by (induction zs) auto

lemma rk-split-card:
y ¢ set xs = distinct xs = 1k (zs Q y # zs) y = Some (card (set zs))
using rk-split by (metis length-remdups-card-conv remdups-id-iff-distinct)

lemma rk-split-card-take While:
assumes z € set zs
assumes distinct xs
shows rk zs x = Some (card (set (takeWhile (\y. y # ) xs)))
proof —
obtain ys zs where zs = ys Q z # zs and = ¢ set ys
using assms by (blast dest: split-list-first)
moreover
hence distinct ys and ys = takeWhile (A\y. y # x) zs
using take While-foo assms by (simp, fast)
ultimately
show “thesis
using rk-split-card by metis
qed

lemma take-rk:
assumes distinct s
shows set (take i zs) = {q. 3j < i. vk zs ¢ = Some j}
(is ?rhs = ?lhs)
using assms
proof (induction i arbitrary: xs)
case (Suc 1)
thus Zcase
proof (induction xs)
case (Cons x zs)
have set (take (Suc i) (z # zs)) = {z} U set (take i xs)
by simp
also
have ... = {z} U {¢. 3j < i. 7k s ¢ = Some j}
using Cons by simp
finally
show “case
by force
qed simp
qed simp
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lemma drop-rk:
assumes distinct s
shows set (drop i xs) = {q. 3j > 4. rk s ¢ = Some j}
proof —
have set zs = {q. 3j. rk zs ¢ = Some j} (is - = ?U)
using rk-facts(2)[of - zs] by blast
moreover
have ?U = {q. 3j > i. vk s ¢ = Some j} U {q. 3j < i. vk zs ¢ = Some
7}
and {} = {¢. 3j > i. vk xs ¢ = Some j} N {q. 3j < i. vk s ¢ = Some
J}
by auto
moreover
have set zs = set (drop i zs) U set (take i xs)
and {} = set (drop i zs) N set (take i xs)
by (metis assms append-take-drop-id inf-sup-aci(1,5) distinct-append
set-append)+
ultimately
show ?thesis
using take-rk[OF assms] by blast
qged

18.0.3 Relation to (Semi) Mojmir Automata

lemma (in semi-mojmir) nzt-run-configuration:
defines r = run (nzt ¥ 0 qo) (init qo) w
shows ¢ € set (r n) <— —sink g A configuration ¢ n # {}
proof (induction n arbitrary: q)
case (Suc n)
thus ?Zcase

proof (cases ¢ # qo)
case True

{
assume ¢ € set (r (Suc n))
hence — sink g
using r-def nxt-run-sink-free by metis
moreover
obtain ¢’ where ¢’ € set (rn) and 0 ¢/ (wn) =g
using <q € set (r (Suc n))> nzt-run-reverse-step|OF - <q # qo’]
unfolding r-def by blast
hence configuration g (Suc n) # {} and — sink ¢
unfolding configuration-step-eq| OF True] Suc using True <— sink
q> by auto
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}

moreover
{
assume —sink ¢ and configuration q (Suc n) # {}
then obtain ¢’ where configuration ¢’ n # {} and § ¢’ (wn) = ¢
unfolding configuration-step-eq(OF True] by blast
moreover
hence —sink q’
using <—sink q» sink-rev-step assms by blast
ultimately
have ¢’ € set (r n)
unfolding Suc by blast
hence ¢ € set (r (Suc n))
using 0 ¢’ (wn) = ¢ <sink ¢
unfolding r-def run.simps set-filter comp-def remdups-fwd-set
set-map set-append image-def
unfolding r-def[symmetric] by auto
}
ultimately
show ?thesis
by blast
qed (insert assms, auto simp add: r-def sink-def)
qed (insert assms, auto simp add: r-def sink-def)

lemma (in semi-mojmir) nat-run-sorted:
defines r = run (nzt ¥ § qo) (init qo) w
shows sorted (map (Aq. the (oldest-token q n)) (r n))
proof (induction n)
case (Suc n)
let ?f-n = A\q. the (oldest-token q n)
let ?f-Suc-n = Aq. the (oldest-token g (Suc n))
let ?step = filter (\q. —sink q) ((map (Aq. § ¢ (wn)) (rn)) Q [go])

have Aq p gs ps. remdups-fwd ?step = qs Q@ q # p # ps = ?f-Suc-n
qg < ?f-Suc-n p
proof —
fix ¢ gs p ps
assume remdups-fwd ?step = qs Q q # p # ps
then obtain zs zs’ zs” where step-def: ?step = 25 Q q # 28’ Q p #
ZSH
and remdups-fwd zs = ¢s
and remdups-fwd-acc (set gs U {q}) zs' = ||
and remdups-fwd-acc (set gs U {q, p}) zs" = ps
and ¢ ¢ set zs
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and p ¢ set zs U {q}
unfolding remdups-fwd.simps remdups-fwd-split-exact-iff remdups-fwd-split-exact-iff where
2ys = |[|, simplified] insert-commute
by auto
hence p ¢ set zs U set zs' U {q}
and ¢ # p unfolding remdups-fwd-acc-empty[symmetric] by auto
hence p ¢ set zs U set zs' U set [q]
by simp
hence {q, p} C set ?step
using step-def by simp
hence — sink ¢ and — sink p
unfolding set-map set-filter by blast+

show 9f-Suc-n q < ?f-Suc-n p
proof (cases zs" = [])
case True
hence p = qo and q¢-def: filter (Aq. —sink q) (map (Aq. 6 ¢ (w n))
(rn)) =25 Q [q] Q zs’
using step-def unfolding sink-def by simp+
hence qg ¢ set (filter (Aq. ~sink q) (map (Aq. § q (w n)) (r n)))
using «p ¢ set zs U set zs' U {q}> unfolding <p = q¢> sink-def
by simp
hence qo ¢ (A\q. § ¢ (wn)) ‘{q" configuration ¢’ n # {}}
using nxt-run-configuration bounded-w unfolding set-map set-filter
r-def sink-def init.simps by blast
hence configuration p (Suc n) = {Suc n} using assms
unfolding <p = o> using configuration-step-eq-qo by blast
hence ?f-Suc-n p = Suc n
using assms by force
moreover
have ¢ € (Aq. 0 ¢ (wn)) ‘set (rn)
using <p ¢ set zs U set zs' U {q}> image-set unfolding
filter-map-split-iff [of (Aq. = sink q) Aq. § q (w n)]
by (metis (no-types, lifting) Un-insert-right <p = qo> «{q, p} C
set [g&—map (Aq. 6 q¢ (wn)) (rn) Q [qo] . - sink q)> append-Nil2 insert-iff
insert-subset list.simps(15) mem-Collect-eq set-append set-filter)
hence ¢ € (Aq. § ¢ (wn)) ‘{q’. configuration ¢' n # {}}
using nzt-run-configuration unfolding r-def by auto
hence configuration q (Suc n) # {}
using configuration-step assms by blast
hence ?f-Suc-n ¢ < Suc n
using assms oldest-token-bounded|of q Suc n]
by (simp del: configuration.simps)
ultimately
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show ?f-Suc-n q¢ < ?f-Suc-n p
by presburger
next
case Fulse
hence X: filter (Aq. =sink q) (map (Aq. 0 ¢ (wn)) (rn)) = 25 @
[¢] @ zs" @ [p] @ butlast zs"
using step-def unfolding map-append filter-append sink-def apply
simp
by (metis (no-types, lifting) butlast.simps(2) list.distinct(1)
butlast-append append-is-Nil-conv butlast-snoc)
obtain ¢s’ sq’ sp’ ps’ ps’”’ where r-def’: rn = ¢s’ @ sq’ @ ps’ @
sp’ @ ps”

and 1: filter (Aq. —sink q) (map (Aq. 6 q (wn)) ¢s’) = zs

and 2: filter (Aq. —sink q) (map (Aq. 6 ¢ (wn)) sq’) = [q]

and 3: filter (Aq. —sink q) (map (Aq. 6 q (wn)) ps’) = zs’

and filter (Aq. —sink q) (map (Aq. 6 ¢ (w n)) sp’) = [p]

and filter (\q. —sink q) (map (A\q. § ¢ (w n)) ps”") = butlast zs"
using X unfolding filter-map-split-iff by (blast)

hence 21: Set.filter (Aq. —sink q) ((Ag. 0 q (wn)) ‘ set sq’) = {q}
and 41: Set.filter (Aq. —sink q) ((Ag. 6 g (wn)) *set sp’) = {p}
by (metis filter-set image-set list.set(1) list.simps(15))+
from 21 obtain ¢’ where ¢’ € set s¢’ and — sink ¢’ and ¢ = ¢
q' (wn)
using sink-rev-step(2)[OF <= sink ¢», of - n] by fastforce
from /1 obtain p’ where p’ € set sp’ and — sink p’and p = ¢
p' (wn)
using sink-rev-step(2)[OF «— sink p», of - n] by fastforce
from Suc have ?f-n ¢’ < ?f-n p’
unfolding r-def’ map-append sorted-append set-append set-map
using <q’ € set sq”» «p’ € set sp’y by auto
moreover
{
have oldest-token q¢' n # None
using nzt-run-configuration option.distinct(1) r-def r-def’ <q’
€ set sq» «p' € set sp’y set-append
unfolding init.simps oldest-token.simps by (metis UnCI)
moreover
hence oldest-token q (Suc n) # None
using <q¢ = 0 ¢’ (w n)» by (metis oldest-token.simps op-
tion.distinct(1) configuration-step-non-empty)
ultimately
obtain z y where z-def: oldest-token q' n = Some z
and y-def: oldest-token q (Suc n) = Some y
by blast
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moreover
hence z < n and token-run z n = ¢’
using oldest-token-bounded push-down-oldest-token-token-run
assms by blast+
moreover
hence token-run z (Suc n) = ¢
using (¢ = ¢ ¢’ (w n)> by (rule token-run-step)
ultimately
have z > y
using oldest-token-monotonic-Suc assms by blast
moreover
{
have A\¢". ¢ =16 ¢" (wn) = ¢" ¢ set qs’
using «q ¢ set zs) unfolding «filter (Aq. —sink q) (map (Aq. §
q (wn)) gs") = zs»[symmetric] set-map set-filter apply simp using <— sink
q> by blast
moreover
{
obtain us vs where 1: map (Aq. 6 ¢ (wn)) sq’ = us Q [¢] @
vs and YV u€set us. sink v and [| = [g«vs . = sink ¢]
using <filter (Aq. —sink q) (map (Ag. 6 q (wn)) sq’) = [q]
unfolding filter-eq-Cons-iff by auto
moreover
hence A\q". ¢"" € (set us) U (set vs) = sink q’
by (metis UnkE filter-empty-conv)
hence ¢ ¢ (set us) U (set vs)
using <— sink ¢» by blast
ultimately
have Aq”. ¢ € (set sq' — {¢'}) = 6 " (wn) £ g
using 1 <«¢ =6 q' (wn) <q’ € set s¢"» by (fastforce dest:
split-list elim: map-splitE)
}
ultimately
have Aq¢”. ¢ =96 q¢" (w n) = configuration q¢" n # {} = ¢’
€ set (ps' @ sp’ @ ps”y v ¢"" = ¢’
using nzt-run-configuration[of - n] <— sink q> sink-rev-step
unfolding r-def[unfolded r-def] set-append
by blast
moreover
have A\q”. q” € set (ps’' @ sp’ @ ps”) = = < ?f-n q"
using z-def using Suc unfolding r-def’ map-append
sorted-append set-append set-map using <q’ € set sq'y «p’ € set sp”
apply (simp del: oldest-token.simps) by fastforce
moreover

/

!/

256



have A\q¢". ¢" = ¢ = = < ?f-n q”
using z-def by simp
moreover
have A\¢" z. z € configuration q'' n => the (oldest-token q" n)

<z

using assms by auto

ultimately

have Az. z € | {configuration ¢’ n |¢". ¢ =6 ¢’ (wn)} = =z
<z

by fastforce
}
hence Az. z € configuration q (Suc n) = z < z
unfolding configuration-step-eq-unified using <z < n»
by (cases ¢ = qo; auto)
hence z < y
using y-def Min.boundedl configuration-finite using push-down-oldest-token-configuration
by presburger
ultimately
have ?f-n q' = ?f-Suc-n q
using z-def y-def by fastforce
}

moreover
{
have oldest-token p’ n # None
using nat-run-configuration oldest-token.simps option.distinct(1)
r-def r-def’ <q’ € set sq"y <p’ € set sp’y set-append
unfolding init.simps by (metis UnCI)
moreover
hence oldest-token p (Suc n) # None
using <p = & p’ (w n)» by (metis oldest-token.simps op-
tion.distinct(1) configuration-step-non-empty)
ultimately
obtain z y where 2-def: oldest-token p’ n = Some z
and y-def: oldest-token p (Suc n) = Some y
by blast
moreover
hence z < n and token-run x n = p’
using oldest-token-bounded push-down-oldest-token-token-run
assms by blast+
moreover
hence token-run x (Suc n) = p
using (p = 6 p’ (w n)> assms token-run-step by simp
ultimately
have z > y
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using oldest-token-monotonic-Suc assms by blast
moreover
{
have A\¢". p =16 ¢" (wn) = ¢" ¢ set qs’ U set sq’ U set ps’
using «p ¢ set zs U set zs' U set [q]» «— sink p> unfolding
1[symmetric] 2[symmetric] 3[symmetric] set-map set-filter by blast
moreover
{
obtain us vs where 1: map (Aq. 0 q (wn)) sp’ = us Q [p] @
vs and V u€set us. sink v and [| = [g«wvs . = sink ¢
using «filter (Aq. —sink q) (map (Aq. § q (w n)) sp’) = [p)
unfolding filter-eq-Cons-iff by auto
moreover
hence Aq¢”. ¢ € (set us) U (set vs) = sink ¢
by (metis UnE filter-empty-conv)
hence p ¢ (set us) U (set vs)
using <— sink p» by blast
ultimately
have A\q". ¢" € (set sp’ — {p’}) = 6 ¢" (wn) #p
using 1 <p = p’ (w n)y «p’ € set sp» by (fastforce dest:
split-list elim: map-splitE)
}
ultimately
have A\¢". p = ¢ ¢ (w n) = configuration ¢"" n # {} = ¢”
€ set ps” vV q" = p’
using nzt-run-configuration|of - n] <= sink p[THEN
sink-rev-step(2)] unfolding r-def [unfolded r-def] set-append
by blast
moreover
have A\q". q” € set ps" = = < 2f-n q”
using z-def using Suc unfolding r-def’ map-append
sorted-append set-append set-map using <q’ € set sq’» «p’ € set sp”
apply (simp del: oldest-token.simps) by fastforce
moreover
have \¢". ¢" =p' = 2 < ?f-n q"
using z-def by simp
moreover
have A\q” z. z € configuration q¢"" n = the (oldest-token q"' n)

<z
using assms by auto
ultimately
have Az. z € U {configuration p' n |p. p =36 p' (wn)} = =
<z

by fastforce
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}

hence Az. z € configuration p (Suc n) = = < z
unfolding configuration-step-eq-unified using «x < n»
by (cases p = qo; auto)
hence z < y
using y-def Min.boundedl configuration-finite using push-down-oldest-token-configuration
by presburger
ultimately
have ?f-n p’ = ?f-Suc-n p
using z-def y-def by fastforce
}

ultimately
show ?thesis
by presburger
qed
qed
hence Az y zs ys. map ?f-Suc-n (remdups-fwd ?step) = zs Q [z, y] @
ys => ¢ < y
by (auto elim: map-splitE simp del: remdups-fwd.simps)
hence sorted (map ?f-Suc-n (remdups-fwd (?step)))
using sorted-pre by metis
thus ?case
by (simp add: r-def sink-def)
qed (simp add: r-def)

lemma (in semi-mojmir) nzt-run-senior-states:
defines r = run (nzt ¥ 0 qo) (init qo) w
assumes —sink q
assumes configuration ¢ n # {}
shows senior-states ¢ n = set (takeWhile (\q". ¢’ # q) (r n))
(is ?lhs = ?rhs)
proof (rule set-eql, rule)
fix ¢’ assume q¢'-def: ¢’ € senior-states q n
then obtain z y where oldest-token ¢’ n = Some y and oldest-token q
n = Somezand y < z
using senior-states.simps using assms by blast
hence the (oldest-token q' n) < the (oldest-token g n)
by fastforce
moreover
hence —sink ¢’ and configuration ¢’ n # {}
using ¢'-def option.distinct(1) <oldest-token ¢’ n = Some y»
oldest-token.simps using assms by (force, metis)
hence ¢’ € set (rn) and ¢ € set (r n)
using nxt-run-configuration assms by blast+
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moreover
have distinct (r n)
unfolding r-def using nxt-run-distinct by fast
ultimately
obtain r’ r”/ v’ where r-alt-def: rm = r' Q ¢’ # r'"" Q@ g # r'"

using sorted-list{OF - - nat-run-sorted] assms unfolding r-def by pres-

burger
hence ¢’ € set (r' @ ¢’ # r")
by simp
thus ¢’ € set (takeWhile (A\q". ¢’ # q) (r n))

using «distinct (r n)> take While-distinct[of v’ @ ¢’ # r"" q """ ¢] un-

folding r-alt-def by simp
next
fix ¢’ assume ¢’-def: q' € set (takeWhile (Aq". ¢’ # q) (r n))
moreover
hence ¢’ € set (r n)
by (blast dest: set-take WhileD)~+
hence 5: = sink q’
using nzt-run-configuration assms by simp
have ¢ € set (7 n)
using nzt-run-configuration assms by blast+
ultimately
obtain r’ r” v’ where r-alt-def: rmn =1r'Q q¢' # r"”" @ q # r'"
using take While-split by metis
have distinct (r n)
unfolding r-def using nzt-run-distinct by fast
have 1: the (oldest-token q' n) < the (oldest-token g n)
using nzt-run-sorted|of n, unfolded r-def[symmetric]] assms
unfolding r-alt-def map-append list.map
unfolding sorted-append by (simp del: oldest-token.simps)
have ¢ # ¢’
using <distinct (r n)> r-alt-def by auto
moreover
have 2: oldest-token q¢' n # None and 3: oldest-token q n # None
using assms <q’ € set (r n)> nzt-run-configuration by force+
ultimately
have /: the (oldest-token q' n) # the (oldest-token q n)
by (metis oldest-token-equal option.collapse)

show ¢’ € senior-states q n
using 1 2 8 4 5 assms by fastforce
ged

lemma (in semi-mojmir) nxt-run-state-rank:
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state-rank g n = vk (run (nzt £ § qo) (init o) wn) g
by (cases —sink ¢ A\ configuration q n # {}, unfold state-rank.simps)
(metis naxt-run-senior-states rk-split-card-take While naxt-run-distinct
nxt-run-configuration, metis nrt-run-configuration rk-facts(1))

lemma (in semi-mojmir) nzt-foldl-state-rank:
state-rank g n = vk (foldl (nzt ¥ § qo) (init qo) (map w [0..<n])) ¢
unfolding nxt-run-state-rank run-foldl ..

lemma (in semi-mojmir) nat-run-step-run:

run step initial w = 1k o (run (nat X § qo) (init qp) w)

using nzt-run-state-rank state-rank-step-foldl[unfolded run-foldl[symmetric]]
unfolding comp-def by presburger

definition (in semi-mojmir-def) Qg
where
Qp = reach ¥ (nxt ¥ 8 qo) (init qo)

lemma (in semi-mojmir) finite-Q:
finite Qg
proof —
{
fix ¢ fix w :: nat = 'a
assume range w C X
then interpret $): semi-mojmir ¥ 6 qo w
using finite-reach finite-X by (unfold-locales, blast)
have set (run (nzt ¥ 0 qo) (init qo) w i) C {H.token-run ji | j. j < i}
(is 251 C -)
using $).nxt-run-configuration by auto
also
have ... C reach ¥ 6 qo (is - C 252)
unfolding reach-def token-run.simps using <range w C ) by fastforce
finally
have 251 C 252 .
}
hence set * Qr C Pow (reach X 6 qq)
unfolding Qg-def reach-def by blast
hence finite (set * Qp)
using finite-reach by (blast dest: finite-subset)
moreover
have Azs. zs € Qp = distinct zs
unfolding @ g-def reach-def using nxt-run-distinct by fastforce
ultimately
show finite Qg

261



using set-list by auto
qged

lemma (in mojmir-to-rabin-def) filt-equiv:
(rk z, v, y) € failp <— fail-filt ¥ 6 qo (A\z. z € F) (z, v, y')
(rk z, v, y) € succeedp i +— succeed-filt 6 qo (A\z. z € F) i (z, v, y’)
(rk z, v, y) € merger i <— merge-filt 6 qo (Az. z € F) i (z, v, y')
by (simp add: failg-def succeedr-def mergeg-def del: rk.simps; metis
(no-types, lifting) option.sel rk-facts(2))+

lemma fail-filt-eq:

fail-filt X6 qo P (z, v, y) +— (rk x, v, y') € mojmir-to-rabin-def.failg
Y0 qo {z. Pz}

unfolding mojmir-to-rabin-def.filt-equiv(1)[where y’' = y] by simp

lemma merge-filt-eq:

merge-filt 6 qo Pi (z, v, y) +— (rk z, v, y') € mojmir-to-rabin-def .merger
5 qo {z. Px}i

unfolding mojmir-to-rabin-def .filt-equiv(3)[where y' = y| by simp

lemma succeed-filt-eq:

succeed-filt 6 qo P i (z, v, y) «— (rkz, v, y") € mojmir-to-rabin-def .succeedp
d qo {z. Pz} i

unfolding mojmir-to-rabin-def .filt-equiv(2)[where y' = y| by simp

theorem (in mojmir-to-rabin) rabin-accept-iff-rabin-list-accept-rank:
accepting-pairr or qr (Accr ©) w <— accepting-pairg (nzt X § qo) (init
q0) ({t. fail-filt ¥ 6 qo (A\x. © € F) t} U {t. merge-filt § qo (A\x. © € F) @
t}, {t. succeed-filt § qo (A\x. x € F) i t}) w
(is accepting-pairp dr qr (?F, ?I) w <— accepting-pairg (nxt X § qo)
(init qo) (2F', 2I') w)
proof —
have finite (reachy ¥ 0r qr)
using wellformed-R finite-3 finite-reach; by fast
moreover
have finite (reachy ¥ (nxt X 6 qo) (init qo))
using finite-Q finite-% finite-reachy by (auto simp add: Qg-def)
moreover
have run; step initial w = (A (z, v, y). (tk z, v, 7k y)) o (run; (nzt ¥ 6
qo) (init qo) w)
using nzt-run-step-run by auto
moreover
note bounded-w filt-equiv
ultimately
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show ?thesis
by (intro accepting-pair r-abstract) auto
qed

18.1 Compute Rabin Automata List Representation

fun mojmir-to-rabin-exec
where
mojmir-to-rabin-exec X 6 qo F = (
let
qo’ = init qo;
0'=06r X (nat (set ) qo0) g0
maz-rank = card (Set.filter (Not o semi-mojmir-def.sink (set 3) § qo)
(Qr X0 q0));
fail = Set.filter (fail-filt (set X) 6 qo F) ¢
merge = (\i. Set.filter (merge-filt 6 qo F 1) 07);
succeed = (N\i. Set.filter (succeed-filt § qo F i) 0”)
in
(07, qo’, (Mi. (fail U (merge i), succeed 7)) ‘{0..<maz-rank}))

18.2 Code Generation

declare semi-mojmir-def.sink-def [code]

— Drop computation of length by different code equation
fun indez-option :: nat = 'a list = 'a = nat option
where
indez-option n [| y = None
| indez-option n (x # xs) y = (if x = y then Some n else index-option (Suc
n) s y)

declare rk.simps [code del]

lemma rk-eg-indez-option [code]:
rk s x = index-option 0 zs x
proof —
have A: An. z € set s = index zs © + n = the (index-option n xs x)
and B: An. z ¢ set zs <— index-option n xs x = None
by (induction zs) (auto, metis add-Suc-right)
thus “thesis
proof (cases x € set zs)
case True
moreover
hence index xs © = the (indez-option 0 xs x)
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using A[OF True, of 0] by simp
ultimately
show “thesis
unfolding rk.simps by (metis (mono-tags, lifting) B True in-
dex-less-size-conv less-irrefl option.collapse)
qed simp
qed

— Check Code Export
export-code init nxt fail-filt succeed-filt merge-filt mojmir-to-rabin-exec check-
ing

lemma (in mojmir) maz-rank-card:
assumes ¥ = set ¥’
shows maz-rank = card (Set.filter (Not o semi-mojmir-def.sink (set 3')

6 go0) (Qr X' qo))
unfolding maz-rank-def Qr-reach|OF finite-reach[unfolded (X = set ¥.)]]

by (simp add: Set.filter-def set-diff-eq assms(1))

theorem (in mojmir-to-rabin) exec-correct:
assumes Y = set 3’
shows accept +— acceptr-LTS (mojmir-to-rabin-exec X' § qo (A\z. z €
F)) w (is ?lhs «— ?rhs)
proof —
have F1: finite (reach ¥ (nat X 0 qo) (init qo))
using finite-Q by (simp add: Qg-def)
hence F2: finite (reachy ¥ (nat X 6 qo) (init qo))
using finite-X by (rule finite-reachy)

let 96 =07 X/ (nzt X § qo) (init qo)
have ¢’-Def: 20’ = reachy ¥ (nzt X § qo) (init qo)
using dr,-reach|OF F2[unfolded assms|| unfolding assms by simp

have 3: snd (snd ((mojmir-to-rabin-ezec X' 6 qo (Az. z € F))))

= {(({¢t. fail-filt ¥ 6 qo (A\z. z € F) t} U {t. merge-filt 6 qo (A\z. x € F)

i t}) N reachy ¥ (nat X 6 qo) (init qo),
{t. succeed-filt 6 qo (A\z. = € F) it} N reachy ¥ (nxt X 6 qo) (init

Q)) | i. i < maz-rank}

unfolding assms mojmir-to-rabin-exec.simps Let-def fst-conv snd-conv
set-map 0'-Def[unfolded assms] max-rank-card|OF assms, symmetric]

unfolding assms[symmetric] Set.filter-def by auto

have ?lhs «— acceptr (0r, qr, {(Accr @) | i. i < maz-rank}) w
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using mojmir-accept-iff-rabin-accept by blast
moreover

have ... +— acceptr (nzt X § qo, init qo, {({t. fail-filt X 6 qo (M\z. = €
F) t} U {t. merge-filt § qo (A\z. x € F) i t}, {t. succeed-filt § qo (Az. z €
F)it}) | i i < maz-rank}) w

unfolding acceptg-def fst-conv snd-conv using rabin-accept-iff-rabin-list-accept-rank
by blast

moreover

have ... +— ?rhs
apply (subst acceptp-restrict| OF bounded-w))
unfolding 3[unfolded mojmir-to-rabin-exec.simps Let-def snd-conv, sym-
metric] assms[symmetric] mojmir-to-rabin-exec.simps Let-def unfolding assms
8’-Defunfolded assms)
unfolding acceptp-LTS|OF bounded-w[unfolded assms|, symmetric, un-
folded assms] by simp

ultimately

show ?thesis
by blast
qed

end

19 Executable Translation from LTL to Rabin Au-
tomata
theory LTL-Rabin-Impl
imports Main ../ Auxiliary/ Map2 ../ LTL-Rabin ../ LTL-Rabin- Unfold-Opt

af-Impl Mojmir-Rabin-Impl
begin

19.1 Template

19.1.1 Definition

locale ltl-to-rabin-base-code-def = ltl-to-rabin-base-def +
fixes
M-finc :: 'a ltl = ('a ltl, nat) mapping = ('a ltlp x ("a ltl, 'a ltlp list)
mapping, 'a set) transition = bool
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begin
— Transition Function and Initial State

fun deltac
where
deltac ¥ = 6 x TAx (nzt X dpr 0 gonr 0 the@)

fun initialc
where
initialc ¢ = (qo @, Mapping.tabulate (G-list ) (init o goym o theG))

— Acceptance Condition

definition maz-rank-of ¢
where

maz-rank-of ¢ ¥ 1 = card (Set.filter (Not o semi-mojmir-def.sink (set X)
o (qom (theG ) (Qr X m (qom (theG ¢))))

fun Acc-finc
where
Acc-finc X m x ((-, m/)v v, ') = (
let
t = (the (Mapping.lookup m' x), v, []); — Third element is unused.
Hence it is safe to pass a dummy value.
G = Mapping.keys m
mn
fail-filt ¥ 0pr (qons (theG x)) (Itl-prop-entails-abs G) t
V merge-filt a1 (qoar (theG x)) (ltl-prop-entails-abs G) (the (Mapping.lookup

™ X)) t)

fun Acc-infeo
where
Acc-info m x ((- ml)v v, -) = (
let
t = (the (Mapping.lookup m' x), v, []); — Third element is unused.
Hence it is safe to pass a dummy value.
G = Mapping.keys m
m
succeed-filt dpr (qonr (theG x)) (Itl-prop-entails-abs G) (the (Mapping.lookup

™ X)) t)

definition mappingsc :: 'a set list = 'a ltl = ('a ltl, nat) mapping set
where
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mappingsc X ¢ = {m. Mapping.keys m C G ¢ A (Vx € (Mapping.keys
). the (Mapping.lookup m x) < maz-rank-ofc 3 x)}

definition reachable-transitionsc
where
reachable-transitionsc ¥ ¢ = d, ¥ (deltac (set X)) (initialc )

fun [tl-to-generalized-rabinc
where
ltl-to-generalized-rabinc ¥ ¢ = (
let
6-LTS = reachable-transitionsc X2 ;
a-fin-filter = A t. M-finc ¢ @ t V (Ix € Mapping.keys w. Acc-finc
(set X) m x t);
to-pair = Aw. (Set.filter (a-fin-filter w) 0-LTS, (Ax. Set.filter (Acc-infc
m X) 0-LTS) * Mapping.keys T);
a = to-pair © (mappingsc ¥ ) — Multi-thread here!, prove mappings
(set ...) equation
m
(0-LTS, initialc ¢, a))

lemma mappingsc-code:
mappingsc X ¢ = (

let

Gs = G-list o;

maz-rank = Mapping.lookup (Mapping.tabulate Gs (maz-rank-ofc X))
m

set (concat (map (mapping-generator-list (Az. [0 ..< the (maz-rank

2)])) (subseqs G)))
(is ?lhs = ?rhs)
proof —
{
fix zs :: ‘a Itl list
have subset-G: N\z. © € set (subseqs (xs)) = set x C set xs
apply (induction xs)
apply (simp)
by (insert subsegqs-powset; blast)
}
hence subset-G: N\z. © € set (subseqs (G-list ¢)) = set x C G ¢
unfolding G-eq-G-list by auto

have ?lhs = |J{{n. Mapping.keys 1 = zs N (¥ x€Mapping.keys w. the
(Mapping.lookup 7 x) < maz-rank-ofc X x)} | xs. xs € set ‘ (set (subsegs
(G-list ©)))}
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unfolding mappingsc-def G-eq-G-list subseqs-powset by auto
also
have ... = J{{n. Mapping.keys m = set xs N\ (V¥ x € set zs. the (Mapping.lookup
T x) < maz-rank-ofc ¥ x)} |
zs. zs € set (subsegs (G-list p))}
by auto
also
have ... = ?rhs
using subset-G
by (auto simp add: Let-def mapping-generator-code [symmetric]
lookup-tabulate G-eq-G-list [symmetric] mapping-generator-set-eq
cong del: SUP-cong-simp; blast)
finally
show ?thesis
by simp
qed

lemma reach-delta-initial:
assumes (z, y) € reach ¥ (deltac ) (initialc ¢)
assumes y € G ¢
shows Mapping.lookup y x # None (is ?t1)
and distinct (the (Mapping.lookup y x)) (is #t2)
proof —
from assms(1) obtain w i where y-def: y = run (TAx (nat X dpr 0 qoumr
o theG)) (Mapping.tabulate (G-list @) (init o qopr o theG)) w i
unfolding reach-def deltac.simps initialc.simps simple-product-run by
fast
from assms(2) nat-run-distinct show 2t1
unfolding y-def using product-abs-run-Some[of Mapping.tabulate ( G-list
¢) (init o gopr o theG) x] unfolding G-eq-G-list
unfolding lookup-tabulate by fastforce
with nat-run-distinct show 2t2
unfolding y-def using lookup-tabulate
by (metis (no-types) G-eq-G-list assms(2) comp-eq-dest-lhs option.sel
product-abs-run-Some)
qed

end

19.1.2 Correctness

fun abstract-state :: 'v x ('y, 'z list) mapping = 'z x ('y = 'z — nat)
where
abstract-state (a, b) = (a, (map-option k) o (Mapping.lookup b))
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fun abstract-transition
where
abstract-transition (q, v, q') = (abstract-state q, v, abstract-state q’)

locale [ti-to-rabin-base-code = ltl-to-rabin-base + ltl-to-rabin-base-code-def
+
assumes
M-finc-correct: [t € reachy ¥ (deltac X) (initialc ¢); dom m C G ¢]
_—
abstract-transition t € M-fin 1 = M-finc ¢ (Mapping. Mapping ) t
begin

lemma finite-reachc:
finite (reachy ¥ (deltac X) (initialc ¢))
proof —
note finite-reach’
moreover
have (Az. z € G ¢ = finite (reach ¥ ((nzt ¥ 0pr 0 qonr 0 theG) x)
((init o qorr o theG) x)))
using semi-mojmir.finite-Q[OF semi-mojmir| unfolding G-eq-G-list
semi-mojmir-def.Qg-def by simp
hence finite (reach ¥ (1Ax (nxt X 0pr 0 goar 0 the@)) (Mapping.tabulate
(G-list ) (init o qorr o the@)))
by (metis (no-types) finite-reach-product-abs|OF finite-keys-tabulate]
G-eq-G-list keys-tabulate lookup-tabulate-Some)
ultimately
have finite (reach ¥ (deltac X) (initialc ¢))
using finite-reach-simple-product by fastforce
thus ?thesis
using finite-3 by (simp add: finite-reachy)
qged

lemma max-rank-of c-eq:
assumes X = set 2/
shows maz-rank-ofc X' ¢ = maz-rank-of X 1
proof —
interpret M: semi-mojmir set X' dpr qonr (theG ) w
using semi-mojmir assms by force
show ?thesis
unfolding maz-rank-of-def maz-rank-of o-def Qr-reach[OF 9. finite-reach]
semi-mojmir-def .maz-rank-def
by (simp add: Set.filter-def set-diff-eq assms)
qged
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lemma reachable-transitionsc-eq:

assumes Y = set ¥’

shows reachable-transitionsc X' ¢ = reachy X (deltac ) (initialc @)

by (simp only: reachable-transitionsc-def d1,-reach|OF finite-reachc [unfolded
assms|| assms)

lemma run-abstraction-correct:

run (delta ¥) (initial @) w = abstract-state o (run (deltac X) (initialc @)
w)
proof —

{
fix ¢

let 259 = Ay (Ax. semi-mojmir-def.step X dpr (qoar (theG x)))
let 7g2 = 1 (G @) (Ax. semi-mojmir-def.initial (qors (theG x)))

let 952" = 1Ay (nat X dpr 0 qopr o theG)
let ?g2’ = Mapping.tabulate (G-list @) (init o qopr o theG)

{

fix q
assume ¢ ¢ G ¢
hence ?q2 ¢ = None and Mapping.lookup (run 252" 22" w i) q¢ =
None
using G-eq-G-list product-abs-run-None by (simp, metis domlff
keys-dom-lookup keys-tabulate)
hence run %52 ?q2 w i ¢ = (Am. (map-option k) o (Mapping.lookup
m)) (run 252" 2q2" w i) q
using product-run-None by (simp del: nxt.simps rk.simps)
}

moreover

{

fix qj
assume g € G ¢
hence init: gy ¢ = Some (semi-mojmir-def.initial (qopr (theG q)))
and Mapping.lookup (run 252" 2q2" w i) ¢ = Some (run ((nzt X 0
o qom © theG) q) ((init o qopr o theG) q) w i)
apply (simp del: nxt.simps)
apply (metis G-eq-G-list <q € G > lookup-tabulate product-abs-run-Some)

done
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hence run %52 ?q2 w i ¢ = (Am. (map-option rk) o (Mapping.lookup
m)) (run 252’ 2q2" w i) q
unfolding product-run-Some[of tx (G @) (Ax. semi-mojmir-def .initial
(qon (theG x))) q, OF init]
by (simp del: product.simps nzt.simps rk.simps; unfold map-of-map
semi-mojmir.nxt-run-step-run| OF semi-mojmir]; simp)

}

ultimately

have run 205 22 w i = (Am. (map-option k) o (Mapping.lookup m))
(run 259" 2q2" w Q)
by blast
}

hence Ai. run (delta ¥) (initial @) w i = abstract-state (run (deltac )
(initialc @) w 1)
using finite-¥ bounded-w by (simp add: simple-product-run comp-def
del: simple-product.simps)
thus ?thesis
by auto
qed

lemma
assumes ¢ € reachy ¥ (deltac ) (initialc o)
assumes x € G ¢
shows Acc-fing-correct:
abstract-transition t € Acc-fin ¥ w x «— Acc-finc ¥ (Mapping. Mapping
) x t(is 7t1)
and Acc-infc-correct:
abstract-transition t € Acc-inf ™ x +— Acc-infc (Mapping. Mapping )
X t (is 7t2)
proof —
obtain z y v z 2z’ where t-def [simp|: t = ((z, y), v, (2, 2'))
by (metis prod.collapse)
have (z, y) € reach ¥ (deltac X) (initialc ¢)
and (z, z') € reach ¥ (deltac X) (initialc @)
using assms(1) unfolding reach;-def reach-def run;.simps t-def by
blast+
then obtain m m’ where [simp]: Mapping.lookup y x = Some m
and Mapping.lookup y x # None
and [simp|: Mapping.lookup z' x = Some m’
using assms(2) by (blast dest: reach-delta-initial)+

have FF [simp]: fail-filt ¥ dpr (qoar (theG x)) (Itl-prop-entails-abs (dom
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™) (the (Mapping.lookup y X), v, [)
= ((the (map-option rk (Mapping.lookup y X)), v, (Az. Some 0)) €
mojmir-to-rabin-def . failpr ¥ dpr (qonr (theG X)) {q. dom ™ TE=p q})
unfolding option.map-sel|OF «Mapping.lookup y x # Nones] fail-filt-eq[where
y =[], symmetric] by simp

have MF [simp]: N\i. merge-filt dpr (qors (theG X)) (ltl-prop-entails-abs
(dom m)) i (the (Mapping.lookup y x), v, [])
= ((the (map-option rk (Mapping.lookup y X)), v, (Az. Some 0)) €
mojmir-to-rabin-def.merger dpr (qonr (theG x)) {q. dom 7 T=p q} 7)
unfolding option.map-sel|OF «Mapping.lookup y x # Nones] merge-filt-eq[where
y =[], symmetric] by simp

have SF [simp]: \i. succeed-filt dpr (qons (theG X)) (Itl-prop-entails-abs
(dom m)) i (the (Mapping.lookup y x), v, [])
= ((the (map-option rk (Mapping.lookup y X)), v, (Az. Some 0)) €
mojmir-to-rabin-def .succeedr dnr (qons (theG X)) {q. dom w™ TE=p q} 7)
unfolding option.map-sel]|OF <Mapping.lookup y x # Noner] suc-
ceed-filt-eq[where y = [|, symmetric] by simp

note mojmir-to-rabin-def .fail p-def [simp]
note mojmir-to-rabin-def .merger-def [simp)
note mojmir-to-rabin-def.succeed g-def [simp]

show ?t1 and ?7t2
by (simp-all add: Let-def keys.abs-eq lookup.abs-eq del: rk.simps)
(rule; metis option.distinct(1) option.sel option.collapse rk-facts(1))+
qged

theorem ltl-to-generalized-rabinc-correct:

assumes X = set X’

shows acceptar (Itl-to-generalized-rabin 3 ¢) w <— acceptgr-LTS (ltl-to-generalized-rabing
o) w

(is ?lhs <— ?rhs)
proof

let 90 = delta

let 2qy = initial ¢

let %6¢ = deltac &
let ?qoc = initialc ¢

let ?reachc = reachy ¥ (deltac ) (initialc o)

note reachable-transitionsc-simp[simp] = reachable-transitionsc-eq| OF
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assms|
note mazx-rank-of o-simp|[simp| = maz-rank-of c-eq[OF assms]

{

fix 7 :: 'a ltl = nat option
assume w-wellformed: dom © C G ¢

let 9F = (M-fin m U |J{Acc-fin ¥ 7w x | x. x € dom 7}, {Acc-inf 7 x |
X- X € dom 7})

let ?fin = {t. M-finc ¢ (Mapping. Mapping 7) t} U {t. Ix € dom .
Acc-finc ¥ (Mapping. Mapping ) x t}

let %inf = {{t. Acc-infc (Mapping. Mapping 7) x t} | x. x € dom 7}

have finite-reach’”: finite (reachy X (delta X) (initial ¢))
by (meson finite-reach finite-Y. finite-reach;)

have run-abstraction-correct”:
rung (delta ) (initial ¢) w = abstract-transition o (run; (deltac X)
(initialc ) w)
using run-abstraction-correct comp-def by auto

have accepting-pairar 70 ?q0 ?F w <— accepting-pairar ¢ ?qoc
(%fin, Zinf) w (is 2l «— -)
by (rule accepting-pairgg-abstract| OF finite-reach’ finite-reachc bounded-w);
insert <dom ™ C G ¢» M-finc-correct Acc-fing-correct Acc-inf o-correct
run-abstraction-correct’; blast)
also
have ... +— accepting-pairgr-LTS ?reachc ?qoc (?fin 0 Zreachc, (M.
I N %reachc) © %inf) w (is - «— 7r)
using bounded-w by (simp only: accepting-pairgr-LTS[symmetric]
accepting-pairg g-restrict[symmetric))
finally
have 7] +— 9r.

}

note X = this

{

assume ?lhs
then obtain m where 1: dom # C G ¢
and 2: A\x. x € dom m = the (7 x) < maz-rank-of ¥ x
and 3: accepting-pairgr (delta ) (initial @) (M-fin m# U | {Acc-fin ¥
T X |x. x € dom 7}, {Acc-inf 7 x |x. x € dom 7}) w
by auto
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define 7’ where ©’ = Mapping. Mapping ©

have dom m = Mapping.keys =’ and m = Mapping.lookup '
by (simp-all add: keys.abs-eq lookup.abs-eq w'-def)

have acc-pair-LTS: accepting-pairgr-LTS ?reachc ?qoc (({t. M-finc ¢
't} U {t. Ix € Mapping.keys 7. Acc-finc X 7’ x t}) N Zreache,
(M. I N %reache) “{{t. Acc-infc 7' x t} | x. x € Mapping.keys 7'})
w
using 3 unfolding X[OF 1] unfolding <dom m = Mapping.keys 7"
w'-def [symmetric] by simp

show ?rhs

apply (unfold ltl-to-generalized-rabing.simps Let-def)

apply (intro acceptgr-LTS-I)

apply (insert acc-pair-LTS; auto simp add: assms[symmetric] map-
pingsc-def)

apply (insert 1 2; unfold <dom ™ = Mapping.keys ©'s; unfold «w =
Mapping.lookup ')

by (auto simp add: assms[symmetric] Set.filter-def image-def map-
pingsc-def)

}

moreover

{

assume ?rhs
obtain Fin Inf where (Fin, Inf) € snd (snd (ltl-to-generalized-rabinc
5’ )
and 4: accepting-pairgr-LTS ?reachc (initialc ) (Fin, Inf) w
using acceptqr-LTS-E[OF <?rhsy| apply (simp add: Let-def assms
del: acceptgr-LTS.simps) by auto

then obtain © where Y: (Fin, Inf) = (Set.filter (At. M-finc ¢ w t V
(Ix € Mapping.keys w. Acc-finc X w x t)) ?reachc,
(Ax. Set.filter (Acc-infc m x) ?reachc) © (Mapping.keys 7))
and 1: Mapping.keys m C G ¢ and 2: A\x. x € Mapping.keys m —>
the (Mapping.lookup m x) < maz-rank-of ¥ x
unfolding [tl-to-generalized-rabingc.simps Let-def fst-conv snd-conv
mappingsc-def assms reachable-transitionsc-simp max-rank-of c-simp by
auto
define 7’ where ' = Mapping.rep 7
have dom ©' = Mapping.keys m and Mapping. Mapping ' = m
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by (simp-all add: 7'-def mapping.rep-inverse keys.rep-eq)
have 1: dom 7' C G ¢ and 2: Ax. x € dom ' = the (7' x) <
maz-rank-of 3 x
using 1 2 unfolding 7’-def Mapping.keys.rep-eq Mapping.mapping.rep-inverse
by (simp add: lookup.rep-eq)+
moreover
have ({a € reachy ¥ (deltac X) (initialc ¢). M-finc ¢ © a V (3 x€Map-
ping.keys m. Acc-finc ¥ 7 x a)}, {y. 3z€Mapping.keys n. y = {a € reach;
Y (deltac ) (initialc ). Acc-info m™ x a}})
= ((Collect (M-finc ¢ m) U {t. IxEMapping.keys 7. Acc-finc X m x
t}) N reachy ¥ (deltac X) (initialc ), {y. Jze{Collect (Acc-infc ™ x) |x-
X € Mapping.keys 7}. y = x N reachy ¥ (deltac ) (initialc ¢)})
by auto
hence accepting-pairgr (delta X) (initial ¢) (M-fin 7" U |J{Acc-fin &
7' x| x- x € dom 7'}, {Acc-inf ' x | x. x € dom 7'}) w
unfolding X[OF 1] using 4 unfolding Y Set.filter-def unfolding
«dom 7' = Mapping.keys > «Mapping. Mapping 7' = m> image-def by simp

ultimately

show ?lhs
unfolding ltl-to-generalized-rabin.simps
by (intro Rabin.acceptcr-I, blast; auto)

}

qed

end

19.2 Generalized Deterministic Rabin Automaton (af)

definition M-finc-af-lhs :: 'a ltl = ('a ltl, nat) mapping = (‘a ltl, ('a ltlp
list)) mapping = 'a ltlp
where
M-finc-af-lhs ¢ m m' =
let
G = Mapping.keys ;
Gr = filter (A\z. z € G) (G-list v);
mk-conj = Ax. foldl and-abs (Abs x) (map (Tevalg G) (drop (the
(Mapping.lookup m x)) (the (Mapping.lookup m' x))))
in
TAnd (map mk-conj Gr,)

fun M-finc-af :: 'a ltl = ('a ltl, nat) mapping = ('a ltlp x (("a ltl, ('a ltlp

list)) mapping), 'a set) transition = bool
where
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M-fing-af ¢ m ((¢', m'), -) = Not ((M-finc-af-lhs o @ m') t—p ¢’)

lemma M-finc-af-correct:

assumes ¢ € reachy ¥ (ltl-to-rabin-base-code-def .deltac Taf tafq Abs X)
(ltl-to-rabin-base-code-def .initialc Abs Abs )

assumes dom © C G ¢

shows abstract-transition t € M-fin m1 = M-finc-af ¢ (Mapping. Mapping
)t
proof —

let ?delta = ltl-to-rabin-base-code-def.deltac Taf Tafq Abs X

let ?initial = ltl-to-rabin-base-code-def .initialc Abs Abs @

obtain z y v z 2z’ where t-def [simp]: t = ((z, y), v, (2, 2))
by (metis prod.collapse)
have (z, y) € reach ¥ %delta ?initial
using assms(1) by (simp add: reachy-def reach-def; blast)
hence N1: Ax. x € dom m = Mapping.lookup y x # None
and D1: Ax. x € dom m = distinct (the (Mapping.lookup y X))
using assms(2) by (blast dest: ltl-to-rabin-base-code-def .reach-delta-initial)+

{
fix S

let ?m’ = Ax. map-option rk (Mapping.lookup y X)

{
fix x

assume y € dom 7
hence S t=p (foldl and-abs (Abs x) (map (Tevalg (dom 7)) (drop
(the (m x)) (the (Mapping.lookup y x)))))
+—— S TEp (Abs x) A (Vq. (3] > the (7 x). the (m' x) ¢ = Some
j) — S TE=p Tevalg (dom ) q)
using D1[THEN drop-rk, of - the (7 x)] N1[THEN option.map-sel,
of - k]
by (auto simp add: foldl-LTLAnd-prop-entailment-abs)

}

hence S T=p (M-finc-af-lhs ¢ (Mapping. Mapping ) y)
«— (Vx € dom 7. S T=p (Abs x) N (Vq. (3] > the (7 x). the (?m’
X) ¢ = Some j) — S TEp Tevalg (dom ™) q))
unfolding M-finc-af-lhs-def Let-def And-prop-entailment-abs set-map
Ball-def keys.abs-eq lookup.abs-eq
using assms(2) by (simp add: image-def inter-set-filter[symmetric]
G-eq-G-list[symmetric]; blast)

}
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thus ?thesis
by (simp add: ltl-prop-implies-def ltl-prop-implies-abs-def ltl-prop-entails-abs-def)
qed

definition
ltl-to-generalized-rabinc-af = ltl-to-rabin-base-code-def .ltl-to-generalized-rabingc
Taf Tafqg Abs Abs M-fing-af

theorem ltl-to-generalized-rabinc-af-correct:
assumes range w C set X
shows w = ¢ «— acceptgr-LTS (ltl-to-generalized-rabinc-af ¥ @) w
(is ?lhs <— ?rhs)
proof —
have X: [tl-to-rabin-base-code Taf Tafc Abs Abs M-fin (set ¥) w M-finc-af
using lti-to-generalized-rabin-af-wellformed| OF finite-set assms| M-finc-af-correct
assms
unfolding ltl-to-rabin-af-def ltl-to-rabin-base-code-def ltl-to-rabin-base-code-axioms-def
by blast
have ?lhs «<— acceptgr (ltl-to-generalized-rabin-af (set ¥) @) w
using assms ltl-to-generalized-rabin-af-correct by auto
also
have ... +— ?rhs
using [tl-to-rabin-base-code.ltl-to-generalized-rabing-correct| OF X]|
unfolding ltl-to-generalized-rabingc-af-def by simp
finally
show %thesis .
qed

19.3 Generalized Deterministic Rabin Automaton (eager af)

definition M-finc-afy-lhs :: 'a ltl = ('a ltl, nat) mapping = ('a ltl, ('a ltlp
list)) mapping = 'a set = 'a ltlp
where
M-finc-afy-lhs o @ m' v =
let
G = Mapping.keys m;
G = filter (A\z. xz € G) (G-list ¢);
mk-conj = \x. foldl and-abs (and-abs (Abs x) (Tevalg G (Abs (theG
X)))) (map (Tevalg G o (Aq. Tstep q v)) (drop (the (Mapping.lookup 7 X))
(the (Mapping.lookup m’ x))))
m
TAnd (map mk-conj Gr,)

fun M-finc-afy :: 'a ltl = (‘a ltl, nat) mapping = ('a ltlp x (("a Utl, ('a
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ltlp list)) mapping), 'a set) transition = bool
where

M-fing-afy o m ((¢', m'), v, -) = Not ((M-finc-afy-lhs ¢ ® m’' v) t—p
(Tstep ¢’ v))

lemma M-finc-afy-correct:

assumes ¢ € reach; ¥ (ltl-to-rabin-base-code-def .deltac Tafy Tafgy (Abs
o Unfg) X) (Iltl-to-rabin-base-code-def .initialc (Abs o Unf) (Abs o Unfg)
)

assumes dom ™ C G ¢

shows abstract-transition t € My-fin m1 = M-finc-afy ¢ (Mapping. Mapping
)t
proof —

let ?delta = ltl-to-rabin-base-code-def.deltac Tafy Tafgy (Abs o Unfg) ¥

let Zinitial = lti-to-rabin-base-code-def .initialc (Abs o Unf) (Abs o Unf¢q)

¥

obtain = y v z 2’ where t-def [simp|: t = ((z, y), v, (2, 2'))
by (metis prod.collapse)
have (z, y) € reach ¥ ?delta ?initial
using assms(1) by (simp add: reachy-def reach-def; blast)
hence N1: Ax. x € dom m = Mapping.lookup y x # None
and D1: Ax. x € dom m = distinct (the (Mapping.lookup y X))
using assms(2) by (blast dest: ltl-to-rabin-base-code-def .reach-delta-initial)+

{
fix S

let ?m’ = Ax. map-option rk (Mapping.lookup y X)

{
fix x
assume y € dom 7
hence S t=p (foldl and-abs (and-abs (Abs x) (Tevalg (dom m) (Abs
(theG x)))) (map (Tevalg (dom m) o (Aq. Tstep q v)) (drop (the (7 x)) (the

(Mapping.lookup y x)))))
«— S T=p Abs x N S TEp Tevalg (dom m) (Abs (theG x)) A

(Vq. (37 > the (7 x). the (?m’ x) ¢ = Some j) — S TEp Tevalg (dom
™) (Tstep q v))
using D1[THEN drop-rk, of - the (7 x)] N1[THEN option.map-sel,
of - k]
by (auto simp add: foldl-LTLAnd-prop-entailment-abs and-abs-conjunction
simp del: rk.simps)

}
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hence S T=p (M-finc-afy-lhs ¢ (Mapping. Mapping ) y v)
+—— ((Vx € dom m. (S tEp Abs x N S TE=p tevalg (dom ) (Abs
(theG x)) N (Vq. (37 > the (7 x). the (?m’ x) ¢ = Some j) — S TE=p
tevalg (dom ) (Tstep q v)))))
unfolding M-finc-af-lhs-def Let-def And-prop-entailment-abs set-map
Ball-def keys.abs-eq lookup.abs-eq
using assms(2) by (simp add: image-def inter-set-filter|symmetric]
G-eq-G-list[symmetric]; blast)
}
thus ?thesis
by (simp add: ltl-prop-implies-def ltl-prop-implies-abs-def ltl-prop-entails-abs-def)
qed

definition
ltl-to-generalized-rabinc-af s = ltl-to-rabin-base-code-def .ltl-to-generalized-rabing
Tafu Tafcu (Abs o Unf) (Abs o Unfg) M-finc-afy

theorem ltl-to-generalized-rabinc-af-correct:
assumes range w C set X
shows w = ¢ «— acceptgr-LTS (ltl-to-generalized-rabinc-afy ¥ ) w
(is ?lhs <— ?rhs)
proof —
have X: lti-to-rabin-base-code Tafy Tafcy (Abs o Unf) (Abs o Unfg)
My-fin (set ¥) w M-finc-afy
using ltl-to-generalized-rabin-af g -wellformed| OF finite-set assms| M-finc-af-correct
assms
unfolding ltl-to-rabin-af-unf-def ltl-to-rabin-base-code-def ltl-to-rabin-base-code-axioms-def
by blast
have ?lhs <— acceptgr (ltl-to-generalized-rabin-afy (set ¥) @) w
using assms ltl-to-generalized-rabin-af-correct by auto
also
have ... «— %rhs
using ltl-to-rabin-base-code.ltl-to-generalized-rabinc-correct| OF X
unfolding ltl-to-generalized-rabinc-afy-def by simp
finally
show “thesis .
qged

end

20 Code Generation

theory FEzport-Code
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imports Main LTL-Compat LTL-Rabin-Impl
HOL— Library. A List-Mapping
LTL.Rewriting
HOL— Library.Code-Target-Numeral

begin

20.1 External Interface

definition
ltle-to-rabin eager mode (p. :: String.literal ltlc) =
(let
on = ltlc-to-ltin p;
Y = map set (subseqs (atoms-list py));
@ = ltin-to-ltl (simplify mode @,,)
in
(if eager then ltl-to-generalized-rabinc-afy ¥ ¢ else ltl-to-generalized-rabinc -af

Y 9)

theorem ltic-to-rabin-exec-correct:

assumes range w C Pow (atoms-ltlc p.)

shows w |=. ¢ «— acceptgr-LTS (ltlc-to-rabin eager mode ¢.) w
(is ?lhs = ?rhs)

proof —

let %, = ltlc-to-ltin ¢,

let 75 = map set (subseqs (atoms-list %py,))

let %p = ltin-to-ltl (simplify mode %p,,)

have set 7Y = Pow (atoms-ltin %p,)
unfolding atoms-list-correct[symmetric] subseqs-powset[symmetric] list.set-map

hence R: range w C set 7%
using assms ltlc-to-ltin-atoms[symmetric] by metis

have w =, ¢ «— w | %
by (simp only: ltlc-to-ltin-semantics simplify-correct ltin-to-ltl-semantics)
also
have ... +— ?rhs
using lti-to-generalized-rabing-af -correct| OF R] ltl-to-generalized-rabing-af-correct| OF
R]
unfolding ltlc-to-rabin-def Let-def by auto
finally
show ?thesis
by simp
qed
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20.2 Normalize Equivalence Classes During DFS-Search

fun norm-rep
where
norm-rep (i, (¢, v, p)) (¢, v, p') = (
let
eq-¢ = (¢ = q"); eg-p = (p = p');
q" = if eq-q then ¢’ else if ¢ = p' then p’ else q;
p"" = if eq-p then p’ else if p = q' then q’ else p
m
(i ] (eq-q & eq-p & v =v'), ¢", v, p"))

fun norm-fold :: ('a, 'b) transition = ('a, 'b) transition list = (bool * 'a x
b x 'a)
where

norm-fold (q, v, p) zs = foldl-break norm-rep fst (False, q, v, if ¢ = p
then q else p) xs

definition norm-insert :: (‘a, 'b) transition = (‘a, 'b) transition list =
(bool * ('a, 'b) transition list)
where

norm-insert x zs = let (i, ©') = norm-fold x xs in if i then (i, xs) else (i,

z' # xs)

lemma norm-fold:
norm-fold (q, v, p) zs = ((q, v, p) € set zs, ¢, v, p)
proof (induction xs rule: rev-induct)
case (snoc x zs)
obtain ¢’ v’ p’ where z-def: x = (¢, v/, p)
by (blast intro: prod-cases3)
show Zcase
using snoc by (auto simp add: z-def foldl-break-append)
qed simp

lemma norm-insert:
norm-insert x s = (x € set xs, List.insert « xs)
proof —
obtain ¢ v p where z-def: z = (q, v, p)
by (blast intro: prod-cases3)
show %thesis
unfolding z-def norm-insert-def norm-fold by simp
ged

declare list-dfs-def [code del]
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declare norm-insert-def [code-unfold]

lemma list-dfs-norm-insert [codel:

list-dfs succ S [| = S

list-dfs succ S (x # xs) = (let (memb, S') = norm-insert x S in list-dfs
suce 8" (if memb then xs else succ z @Q x5))

unfolding list-dfs-def Let-def norm-insert by simp+

20.3 Register Code Equations

lemma [code]:
1A f (AList-Mapping. Mapping xs) ¢ = AList-Mapping. Mapping (map-ran
(Aa b. fabc) xs)
proof —
have A\z. (Ax f (map-of xs) ¢) x = (map-of (map (N(k, v). (k, fk v c))
zs))
by (induction zs) auto
thus ?thesis
by (transfer; simp add: map-ran-def)
qed

lemmas [tl-to-rabin-base-code-export [code, code-unfold] =
ltl-to-rabin-base-code-def .ltl-to-generalized-rabinc. simps
ltl-to-rabin-base-code-def .reachable-transitionsc-def
ltl-to-rabin-base-code-def .mappingsc-code
ltl-to-rabin-base-code-def .deltac.simps
ltl-to-rabin-base-code-def .initialc.simps
ltl-to-rabin-base-code-def . Acc-inf ¢.simps
ltl-to-rabin-base-code-def . Acc-finc.simps
ltl-to-rabin-base-code-def .maz-rank-of c-def

lemmas M-fing-lhs [code del, code-unfold] =
M-finc-afg-ths-def M-finc-af-lhs-def

— Test code export
export-code true. Iff-ltlc Nop true Abs AList-Mapping. Mapping set ltlc-to-rabin
checking

— Export translator (and also constructors)
export-code true. Iff-ltlc Nop true Abs AList-Mapping. Mapping set ltlc-to-rabin

in SML module-name LTL file «../Code/LTL-to-DRA-Translator.sml>

end
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