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Abstract

We present a formalisation of the unified translation approach of
linear temporal logic (LTL) into w-automata from [1]. This approach
decomposes LTL formulas into “simple” languages and allows a clear
separation of concerns: first, we formalise the purely logical result
yielding this decomposition; second, we instantiate this generic the-
ory to obtain a construction for deterministic (state-based) Rabin au-
tomata (DRA). We extract from this particular instantiation an exe-
cutable tool translating LTL to DRAs. To the best of our knowledge
this is the first verified translation from LTL to DRAs that is proven to
be double exponential in the worst case which asymptotically matches
the known lower bound.
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1 Syntactic Fragments and Stability

theory Syntactic-Fragments-and-Stability
imports

LTL.LTL HOL— Library.Sublist
begin

— We use prefix and suffix on infinite words.
hide-const Sublist.prefiz Sublist.suffiz

1.1 The fragments LTL and vLTL

fun is-uLTL :: 'a ltln = bool
where

is-uLTL true, = True
| is-uLTL false, = True
| is-uLTL prop,(-) = True
| is-uLTL nprop,(-) = True
| is-uLTL (¢ andy, ) = (is-uLTL ¢ A is-uLTL 1))
| is-puLTL (@ ory ¢) = (is-puLTL @ A is-uLTL 1)
| is-uLTL (X, ) = is-uLTL ¢
| is-uLTL (¢ U V) = (is-uLTL ¢ N is-uLTL )
| is-uLTL (¢ My, ) = (is-uLTL ¢ A is-uLTL 1))
| is-uLTL - = False

fun is-vLTL :: 'a ltln = bool
where
is-vLTL true, = True
| is-vLTL false, = True
| is-vLTL prop,(-) = True
| is-vLTL nprop,(-) = True
| issvLTL (¢ and, ¥) = (issvLTL ¢ N is-vLTL 1))
| issvLTL (¢ ory, ) = (is-vLTL ¢ A is-vLTL 1))
| is-vLTL (X, ) = is-vLTL ¢



| is-svLTL (¢ Wy ¢) = (is-vLTL ¢ A is-vLTL 1)
| isvLTL (¢ Ry ) = (is-vLTL ¢ A is-vLTL )
| is-vLTL - = False

definition pLTL :: 'a ltin set where
uLTL = {¢. is-uLTL ¢}

definition vLTL :: 'a ltin set where
vLTL = {¢. is-vLTL ¢}

lemma pLTL-simp[simp]:
@ € uLTL <+— is-pLTL ¢
unfolding yLTL-def by simp

lemma v LTL-simp[simp]:
¢ € vLTL <— is-vLTL ¢
unfolding vLTL-def by simp

1.1.1 Subformulas in uLTL and vLTL

fun subformulas, :: 'a ltin = 'a ltin set
where
subformulas, (¢ andy ) = subformulas, ¢ U subformulas,,

| subformulas, (¢ orp ¥) = subformulas, ¢ U subformulas,,

| subformulas, (X, ¢) = subformulas, ¢

| subformulas,, (¢ Up ) = {¢ Up ¥} U subformulas, ¢ U subformulas,, 1
(
(
(

| subformulas, (¢ Ry ) = subformulas, ¢ U subformulas,, 1

| subformulas, (¢ Wy ) = subformulas, ¢ U subformulas,, 1

| subformulas,, (¢ My ) = {¢ M, ¥} U subformulas, ¢ U subformulas,
(G

| subformulas, - = {}

fun subformulas, :: 'a ltln = 'a ltin set

where
subformulas, (¢ andy, ) = subformulas, ¢ U subformulas,
| subformulas, (¢ or, ¥) = subformulas, ¢ U subformulas, ¥
| subformulas, (X, @) = subformulas, ¢
| subformulas, (¢ Uy 1) = subformulas, ¢ U subformulas,
| subformulas, (¢ Ry, ¥) = {¢ R, ¥} U subformulas, ¢ U subformulas, 1)
| subformulas, (¢ Wy ) = {e W, ¥} U subformulas, ¢ U subformulas,
(4
| subformulas, (¢ M, ¥) = subformulas, ¢ U subformulas, ¥
| subformulas, - = {}



lemma subformulas,-semantics:
subformulas, ¢ = {1 € subfrmlsn @. FP1 Y. Y = 1 Uy 2 V) = 9y

Mn Q;Z)Q}
by (induction ) auto

lemma subformulas, -semantics:
subformulas, ¢ = {1 € subfrmlsn p. 31 Po. Y = Y1 Ry o V b = 9y

Wn ¢2}
by (induction ¢) auto

lemma subformulas,,-subfrmlisn:
subformulas, ¢ C subfrmlsn ¢
by (induction ) auto

lemma subformulas, -subfrmlisn:
subformulas, ¢ C subfrmlsn ¢
by (induction ) auto

lemma subformulas,,-finite:
finite (subformulas,, ¢)
by (induction ¢) auto

lemma subformulas, -finite:
finite (subformulas, ¢)
by (induction ¢) auto

lemma subformulas,,-subset:
Y € subfrmlsn ¢ = subformulas, ¢ C subformulas, ¢
by (induction ¢) auto

lemma subformulas, -subset:
Y € subfrmlsn ¢ = subformulas, v C subformulas, @
by (induction ¢) auto

lemma subfrmlisn-uLTL:
p € uLTL = subfrmisn ¢ C uLTL
by (induction @) auto

lemma subfrmlisn-vLTL:
p € VLTL = subfrmlsn ¢ C vLTL
by (induction ¢) auto

lemma subformulas,,, -disjoint:
subformulas, ¢ N subformulas, ¢ = {}



unfolding subformulas,-semantics subformulas,-semantics
by fastforce

lemma subformulas,,, -subfrmlisn:
subformulas, ¢ U subformulas, ¢ C subfrmlsn ¢
using subformulas,,-subfrmisn subformulas,-subfrmisn by blast

lemma subformulas,,, -card:

card (subformulas, ¢ U subformulas, ) = card (subformulas, ¢) + card
(subformulas, ¢)

by (simp add: subformulas,, -disjoint subformulas,,-finite subformulas, -finite
card-Un-disjoint)

1.2 Stability

definition GF-singleton w ¢ = if w =, Gy, (Fy @) then {p} else {}
definition F-singleton w ¢ = if w =, F,, ¢ then {p} else {}
declare GF-singleton-def [simp| F-singleton-def [simp]

fun GF :: 'a ltin = 'a set word = 'a ltin set
where

GF (¢ and, ¥) w=GF ¢ wUGF Y w

| GF (porn ) w=GF p wUGF ¢ w

| GF (Xn @) w=GF pw

| GF (p Uy ¥) w = GF-singleton w (¢ Uy ) UGF ¢ wU GF 9 w
| GF (¢ R ) w=GF o wUGF ¢ w

| GF (¢ Wan ) w=06F pwUGF ¢ w

| GF (p My, ) w = GF-singleton w (¢ My, ¥) UGF ¢ wUGF 9 w
| GF --={}

fun F :: 'a ltln = 'a set word = 'a ltin set

where

Fpand, ) w=F o wUF ¢ w

porpn V) w=FouwUFpw

Xpp)w=Fpuw

Up ) w = F-singleton w (¢ Up ) UF ¢ wU F Y w
RoYv)w=FpwUFyYw
n)w=FpwUFw

M, ¥) w = F-singleton w (p M,, V) UF ¢ wU F ¢ w

lemma GF-semantics:



GF o w= {1. ¥ € subformulas, ¢ N w =, Gy (Fn )}
by (induction @) force+

lemma F-semantics:
Fow={y. ¢ € subformulas, ¢ N w En Fn Y}
by (induction @) force+

lemma GF-semantics”

GF ¢ w = subformulas, ¢ N {Y. wl=p Gn (Fp )}
unfolding GF-semantics by auto

lemma F-semantics”:

F ¢ w = subformulas,, ¢ N {¢. w =, Fy, ¥}
unfolding F-semantics by auto

lemma GF-F-subset:
GF pwCFouw
unfolding GF-semantics F-semantics by force

lemma G.F-finite:
finite (GF ¢ w)
by (induction ¢) auto

lemma GF-subformulas,,:
GF ¢ w C subformulas,, ¢
unfolding GF-semantics by force

lemma GF-subfrmisn:
GF ¢ w C subfrmlsn ¢
using GF-subformulas, subformulas,-subfrmlsn by blast

lemma GF-elim:
lﬁegf@wzw):n Gn(an)
unfolding GF-semantics by simp

lemma GF-suffiz:
GF ¢ (suffix i w) = GF o w
proof
show GF ¢ w C GF ¢ (suffic i w)
unfolding GF-semantics by auto
next
show GF ¢ (suffix i w) C GF p w
unfolding GF-semantics GF-Inf-many



proof auto
fix ¢
assume 3 j. suffix (i + j) w =, ¥
then have 3 .j. suffiz (j + i) w |, ¢
by (simp add: algebra-simps)
then show 3. suffiz j w =, ¥
using INFM-nat-add by blast
qed
ged

lemma GF-subset:
Y € subfrmlsn ¢ = GF v w C GF ¢ w
unfolding GF-semantics using subformulas,-subset by blast

lemma F-finite:
finite (F ¢ w)
by (induction ¢) auto

lemma F-subformulas,,:
F ¢ w C subformulas, ¢
unfolding F-semantics by force

lemma F-subfrmlsn:
F o w C subfrmlsn ¢
using F-subformulas,, subformulas,-subfrmlsn by blast

lemma F-elim:
YveEFow=— wk, Fpt
unfolding F-semantics by simp

lemma F-suffiz:
F ¢ (suffiriw) CF ¢ w
unfolding F-semantics by auto

lemma F-subset:
¥ € subfrmlsn p = F b w C F p w
unfolding F-semantics using subformulas,,-subset by blast

definition p-stable p w +— GF o w =F ¢ w

lemma suffiz-p-stable:
V sot. p-stable ¢ (suffiz i w)



proof —
have V1 € subformulas, ¢. vV i. suffix i w =, Gy (Fp ¢) <— suffic i

w ':n Fy 1[)
using Alm-all-GF-F by blast

then have V i. V¢ € subformulas, ¢. suffix i w =, Gp (Fp ) <—
suffic i w =y Fp ¥

using subformulas,-finite eventually-ball-finite by fast

then have V i. {¢ € subformulas, ¢. suffic i w =, G, (Fn )} = {¢
€ subformulas, ¢. suffix i w =, Fp 1}
by (rule MOST-mono) (blast intro: Collect-cong)

then show ?thesis
unfolding p-stable-def GF-semantics F-semantics
by (rule MOST-mono) simp
qged

lemma p-stable-subfrmisn:
p-stable ¢ w => Y € subfrmisn ¢ = p-stable Y w
proof —
assume al: P € subfrmisn ¢ and a2: p-stable ¢ w
have subformulas, ¢ C subformulas, ¢
using al by (simp add: subformulas,,-subset)
moreover
have GF o w = F ¢ w
using a2 by (meson u-stable-def)
ultimately show ?thesis
by (metis (no-types) Un-commute F-semantics’ GF-semantics’ p-stable-def
inf-left-commute inf-sup-absorb sup.orderE)
ged

lemma p-stable-suffiz:

p-stable o w = p-stable ¢ (suffix i w)
by (metis F-suffic GF-F-subset GF-suffix u-stable-def subset-antisym)

definition FG-singleton w ¢ = if w =, Fp, (G, @) then {¢} else {}
definition G-singleton w ¢ = if w =, G, ¢ then {p} else {}
declare FG-singleton-def [simp] G-singleton-def [simp]

fun FG :: 'a ltin = 'a set word = 'a ltin set
where



FG (pandy, ) w=FG o wU FG Y w

| FG (p orp ) w=FG o wUFG 1w

| FG (Xn @) w=FG ¢ w

| FG(p Up ) w=FG o wUFGPw

| FG (¢ Ry o) w = FG-singleton w (¢ Ry, ¥) U FG @ wU FG ) w
| FG (¢ W, ) w = FG-singleton w (¢ Wy, ) UFG o wU FG ¢ w
| FG (o My ) w=FG o wU FG 1w

| FG--={}

fun G :: 'a ltin = 'a set word = 'a ltin set

where

Gpand, V) w=G o wUG 1 w

|G pom)w=GpwUGiw

|G (Xnp)w=Gpw

|Gl Un)w=GpwUGYw

| G (¢ Ry ) w = G-singleton w (¢ R, ) UG o wU G Y w
| G (¢ Wy o) w= G-singleton w (¢ W, V) UG o wU G Y w
|Gl MpY)w=GpwUGyw

|G --=1{}

lemma FG-semantics:
FG ¢ w= {1y € subformulas, . w =, Fy, (G ¥)}
by (induction @) force+

lemma G-semantics:

G o w = {Y € subformulas, p. w =, Gy P}
by (induction @) force+

lemma FG-semantics”

FG ¢ w = subformulas, ¢ N {Y. w =, F, (G, ¥)}
unfolding FG-semantics by auto

lemma G-semantics”:

G ¢ w = subformulas, ¢ N {Y. w =, Gp ¥}
unfolding G-semantics by auto

lemma G-FG-subset:
GowCFGow
unfolding G-semantics FG-semantics by force

lemma FG-finite:

finite (FG ¢ w)
by (induction ¢) auto
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lemma FG-subformulas,:
FG o w C subformulas, ¢
unfolding FG-semantics by force

lemma FG-subfrmlsn:
FG o w C subfrmlsn ¢
using FG-subformulas, subformulas,-subfrmlsn by blast

lemma FG-elim:
unfolding FG-semantics by simp

lemma FG-suffiz:
FG ¢ (suffiz i w) = FG o w
proof
show FG ¢ (suffir i w) C FG ¢ w
unfolding FG-semantics by auto
next
show FG ¢ w C FG ¢ (suffiz i w)
unfolding FG-semantics FG-Alm-all
proof auto
fix
assume V oj. suffic j w =, ¢
then have V j. suffiz (j + i) w |=n ¥
using MOST-nat-add by meson
then show V oj. suffiz (i + j) w |, ¢
by (simp add: algebra-simps)
qed
qged

lemma FG-subset:
¥ € subfrmlsn ¢ = FG Y w C FG o w
unfolding FG-semantics using subformulas, -subset by blast

lemma G-finite:
finite (G ¢ w)
by (induction ) auto

lemma G-subformulas,:

G p w C subformulas, ¢
unfolding G-semantics by force
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lemma G-subfrmlisn:
G o w C subfrmlsn ¢
using G-subformulas, subformulas, -subfrmisn by blast

lemma G-elim:

veEGpw=— wlk, Gy
unfolding G-semantics by simp

lemma G-suffix:
GowCG e (sufficiw)
unfolding G-semantics by auto

lemma G-subset:
Y € subfrmisn ¢ = G Y w C G o w
unfolding G-semantics using subformulas,-subset by blast

definition v-stable ¢ w +— FG o w =G ¢ w

lemma suffiz-v-stable:
Y ooj- v-stable ¢ (suffiz j w)
proof —
have Vi € subformulas, ¢. YV «i. suffix i w =y Fp (G ) <— suffiz i
w 'Zn Gn
using Alm-all-FG-G by blast

then have V i. V¢ € subformulas, ¢. suffic i w =, Fp (Gy ) «—

suffiz i w =, Gp
using subformulas, -finite eventually-ball-finite by fast

then have V i. {¢ € subformulas, . suffix i w =, Fp (Gp )} = {¢
€ subformulas, . suffic i w =, Gy ¥}
by (rule MOST-mono) (blast intro: Collect-cong)

then show ?thesis
unfolding v-stable-def FG-semantics G-semantics
by (rule MOST-mono) simp
qed

lemma v-stable-subfrmlisn:
v-stable o w = 1 € subfrmlsn ¢ = v-stable ¥ w
proof —
assume al: Y € subfrmisn ¢ and a2: v-stable ¢ w
have subformulas, ¥ C subformulas, ¢

12



using al by (simp add: subformulas,-subset)
moreover
have FG o w =G p w
using a2 by (meson v-stable-def)
ultimately show ?thesis
by (metis (no-types) Un-commute G-semantics’ FG-semantics’ v-stable-def
inf-left-commute inf-sup-absorb sup.orderE)
qed

lemma v-stable-suffix:
v-stable ¢ w = v-stable ¢ (suffiz i w)
by (metis FG-suffic G-FG-subset G-suffix v-stable-def antisym-conv)

1.3 Definitions with Lists for Code Export

The p- and v-subformulas as lists:

fun subformulas,-list :: 'a ltln = 'a ltn list
where
subformulas,-list (¢ andy ) = List.union (subformulas,-list ©) (subformulas,,-list

()

| subformulas,,-list (¢ ory, ) = List.union (subformulas,-list @) (subformulas,,-list
V)
| subformulas,-list (X, @) = subformulas,-list ¢

subformulas,,-list U, ¢) = List.insert U, ) (List.union (subformulas,,-list
| M @ @ u
©) (subformulas,-list 1))
| subformulas,-list (¢ Ry 1) = List.union (subformulas,-list ) (subformulas,,-list

()

subformulas,,-list W, ¢) = List.union (subformulas,,-list subformulas,,-list
w ® o w w
Y)

subformulas,-list (¢ My, ) = List.insert (¢ M,, ) (List.union (subformulas,,-list
\ M p v M
©) (subformulas,-list 1))

| subformulas,,-list - = |]

fun subformulas, -list :: 'a ltin = 'a ltin list
where
subformulas,-list (¢ and, ) = List.union (subformulas,-list @) (subformulas, -list

()

| subformulas,-list (o ory, ) = List.union (subformulas,-list ¢) (subformulas, -list

)
| subformulas,-list (X, ¢) = subformulas,-list ¢
| subformulas,-list (¢ Uy ) = List.union (subformulas,-list v) (subformulas, -list

)
| subformulas, -list (¢ Ry, 1) = List.insert (¢ Ry 1) (List.union (subformulas, -list
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©) (subformulas,-list 1))

| subformulas,-list (¢ W, 1) = List.insert (¢ W, ¥) (List.union (subformulas,-list
@) (subformulas,-list 1))

| subformulas,-list (¢ My, 1) = List.union (subformulas,-list ¢) (subformulas, -list

()

| subformulas,-list - = []

lemma subformulas,,-list-set:
set (subformulas,,-list p) = subformulas, ¢
by (induction ¢) auto

lemma subformulas, -list-set:
set (subformulas,-list ¢) = subformulas, ¢
by (induction ¢) auto

lemma subformulas,,-list-distinct:
distinct (subformulas,-list ¢)
by (induction ¢) auto

lemma subformulas, -list-distinct:
distinct (subformulas,-list o)
by (induction ¢) auto

lemma subformulas,,-list-length:
length (subformulas,-list @) = card (subformulas, @)
by (metis subformulas,,-list-set subformulas,-list-distinct distinct-card)

lemma subformulas, -list-length:
length (subformulas,-list @) = card (subformulas, @)
by (metis subformulas,-list-set subformulas, -list-distinct distinct-card)

We define the list of advice sets as the product of all subsequences of the p-
and v-subformulas of a formula.

definition advice-sets :: 'a ltln = ('a ltin list x 'a ltin list) list
where
advice-sets p = List.product (subseqs (subformulas,-list ¢)) (subsegs (subformulas, -list

©))

lemma subset-subseq:
X C set ys «— (Jzs. X = set xs A subseq xs ys)
by (metis (no-types, lifting) Pow-iff image-iff in-set-subseqs subseqs-powset)

lemma subsegs-subformulas,,-list:
X C subformulas, ¢ <— (Fxs. X = set xs \ xs € set (subsegs (subformulas,,-list

14



)

by (metis subset-subseq subformulas,,-list-set in-set-subseqs)

lemma subsegs-subformulas,, -list:
Y C subformulas, ¢ <— (Fys. Y = set ys A ys € set (subseqs (subformulas,,-list

©)))

by (metis subset-subseq subformulas, -list-set in-set-subseqs)

lemma advice-sets-subformulas:

X C subformulas, ¢ N'Y C subformulas, ¢ <— (Fzs ys. X = set zs A

Y = set ys A (zs, ys) € set (advice-sets ))

unfolding advice-sets-def set-product subsegs-subformulas,,-list subsegs-subformulas,, -list
by blast

lemma subsegs-not-empty:
subseqs s # ||
by (metis empty-iff list.set(1) subseqs-refl)

lemma product-not-empty:
zs # [| = ys # [| = List.product xs ys # |]
by (induction xs) simp-all

lemma advice-sets-not-empty:

advice-sets ¢ # |]

unfolding advice-sets-def using subseqs-not-empty product-not-empty by
blast

lemma advice-sets-length:

length (advice-sets p) < 2 ~ card (subfrmlsn )

unfolding advice-sets-def length-product length-subseqs subformulas,,-list-length
subformulas, -list-length power-add|symmetric]

by (metis Suc-1 card-mono lessl power-increasing-iff subformulas,,,-card
subformulas,,, -subfrmlsn subfrmlsn-finite)

lemma advice-sets-element-length:

(zs, ys) € set (advice-sets ) = length xs < card (subfrmlsn ¢)

(zs, ys) € set (advice-sets ) = length ys < card (subfrmlsn @)

unfolding advice-sets-def set-product

by (metis SigmaD1 card-mono in-set-subseqs list-emb-length order-trans
subformulas,-list-length subformulas,,-subfrmlsn subfrmlsn-finite)

(metis SigmaD2 card-mono in-set-subseqs list-emb-length order-trans

subformulas, -list-length subformulas, -subfrmlsn subfrmlsn-finite)
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lemma advice-sets-element-subfrmlisn:
(ws, ys) € set (advice-sets p) = set xs C subformulas, ¢
(zs, ys) € set (advice-sets ) = set ys C subformulas, ¢
unfolding advice-sets-def set-product
by (meson SigmaD1 subsegs-subformulas,,-list)
(meson SigmaD2 subseqs-subformulas,, -list)

end

2 The “after”-Function

theory After
imports

LTL.LTL LTL.Equivalence-Relations Syntactic-Fragments-and-Stability
begin

2.1 Definition of af

primrec af-letter :: 'a ltin = 'a set = 'a ltin
where
af-letter true, v = true,
| af-letter false, v = falsey,
| af-letter prop,(a) v = (if a € v then true, else falsey)
| af-letter nprop,(a) v = (if a ¢ v then true, else falsey)
| af-letter (¢ and, ¥) v = (af-letter ¢ v) and,, (af-letter ¢ v)
| af-letter (¢ ory V) v = (af-letter ¢ v) or, (af-letter ¢ v)
| af-letter (X, @) v = ¢
| af-letter (¢ Uy, ) v = (af-letter 1 v) ory, ((af-letter ¢ v) and, (¢ Uy
¥))
| af-letter (¢ Ry, ) v = (af-letter ¢ v) and, ((af-letter ¢ v) ory (¢ Ry ¢))
| af-letter (¢ Wy, o) v = (af-letter 1 v) or, ((af-letter ¢ v) and, (¢ W.
M

3

¥))
| af-letter (¢ M, ) v = (af-letter 1 v) and,, ((af-letter ¢ v) ory, (¢

¥))

n

abbreviation af :: ‘a ltln = 'a set list = 'a ltin
where
af ¢ w = foldl af-letter ¢ w

lemma af-decompose:
af (¢ andy ) w = (af ¢ w) andy (af ¢ w)
af (¢ orn ¥) w= (af ¢ w) ory (af Y w)
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by (induction w rule: rev-induct) simp-all

lemma af-simps|simpl:
af true, w = true,
af false, w = false,
af (Xn @) (z # xs) = af ¢ zs
by (induction w) simp-all

lemma af-ite-simps[simp]:
af (if P then true, else falsey)
af (if P then false, else truey)
by simp-all

w = (if P then true, else falsey)
w = (if P then false,, else truey)
lemma af-subsequence-append:

i<j=j<k=af (af ¢ (wli—=j])) (w]j—=k])=af o (wl[i—Hk)
by (metis foldl-append le-Suc-ex map-append subsequence-def upt-add-eq-append)

lemma af-subsequence-U:

af (¢ Un ¥) (w [0 — Suc n]) = (af ¥ (w [0 — Suc n])) ory ((af ¢ (w
[0 — Suc n])) and,, af (¢ Uy ¥) (w [1 — Suc n]))
by (induction n) fastforce+

lemma af-subsequence-U":
af (¢ Un ¥) (a # as) = (af ¥ (a # w5)) orn ((aof ¢ (a # w5)) andy of

(¢ Un ) xs)
by (simp add: af-decompose)

lemma af-subsequence-R:

af (¢ Rn ) (w [0 — Suc n]) = (af ¥ (w [0 — Suc n])) andn ((af ¢ (w
[0 — Suc n])) ory af (¢ Ry ¥) (w [1 — Suc nl))
by (induction n) fastforce+

lemma af-subsequence-R'":
af (¢ Rn ) (a # as) = (af ¥ (a # ws)) andn ((af ¢ (a # xs)) orn af

(¢ Ry 1) as)
by (simp add: af-decompose)

lemma af-subsequence-W:

af (¢ Wy 1) (w [0 — Suc n]) = (af ¥ (w [0 — Suc n])) ory ((af ¢ (w
[0 — Suc n))) and, af (¢ Wy ¥) (w [1 — Suc n)))
by (induction n) fastforce+

lemma af-subsequence- W'

af (o Wa ) (a # xs) = (af ¢ (a # ws)) orn ((af ¢ (a # 2s)) andy of
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(¢ Wn o)) as)
by (simp add: af-decompose)

lemma af-subsequence-M:

af (¢ My ¥) (w [0 — Suc n]) = (af ¥ (w [0 — Suc n])) and, ((af ¢ (w
[0 — Suc n))) ory af (¢ My ¥) (w [1 — Suc n)))

by (induction n) fastforce+

lemma af-subsequence-M":

af (¢ Mn ) (a # xs) = (af ¥ (a # 25)) andy ((af ¢ (a # 25)) ory aof
(¢ My ¢) xs)

by (simp add: af-decompose)

lemma suffiz-build[simp]:

suffix (Suc n) (x ## xs) = suffic n xs
by fastforce

lemma af-letter-build:
(x ## w) En @ «— w =, af-letter ¢ x
proof (induction ¢ arbitrary: x w)
case (Until-ltin ¢ )
then show “case
unfolding ltin-expand-Until by force
next
case (Release-ltin ¢ 1)
then show ?case
unfolding ltin-expand-Release by force
next
case ( WeakUntil-ltin ¢ )
then show ?case
unfolding ltin-expand- WeakUntil by force
next
case (StrongRelease-ltin ¢ 1)
then show ?case
unfolding ltin-expand-StrongRelease by force
qed simp+

lemma af-ltl-continuation:
(w~w) s w o puw
proof (induction w arbitrary: ¢ w’)
case (Cons x xs)
then show “case
using af-letter-build by fastforce
qed simp
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2.2 Range of the after function

lemma af-letter-atoms:
atoms-ltin (af-letter ¢ v) C atoms-ltin ¢
by (induction ¢) auto

lemma af-atoms:
atoms-ltln (af ¢ w) C atoms-ltln ¢
by (induction w rule: rev-induct) (simp, insert af-letter-atoms, fastforce)

lemma af-letter-nested-prop-atoms:
nested-prop-atoms (af-letter ¢ v) C nested-prop-atoms ¢
by (induction ) auto

lemma af-nested-prop-atoms:

nested-prop-atoms (af ¢ w) C nested-prop-atoms ¢

by (induction w rule: rev-induct) (auto, insert af-letter-nested-prop-atoms,
blast)

lemma af-letter-range:
range (af-letter ¢) C {1. nested-prop-atoms ¢ C nested-prop-atoms ¢}
using af-letter-nested-prop-atoms by blast

lemma af-range:
range (af ) C {1. nested-prop-atoms 1 C nested-prop-atoms ¢}
using af-nested-prop-atoms by blast

2.3 Subformulas of the after function

lemma af-letter-subformulas,,:
subformulas, (af-letter ¢ &) = subformulas,, ¢
by (induction ¢) auto

lemma af-subformulas,,:
subformulas, (af ¢ w) = subformulas, ¢
using af-letter-subformulas,
by (induction w arbitrary: ¢ rule: rev-induct) (simp, fastforce)

lemma af-letter-subformulas,:
subformulas, (af-letter ¢ &) = subformulas, ¢
by (induction ¢) auto

lemma af-subformulas,:

subformulas, (af ¢ w) = subformulas,
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using af-letter-subformulas,
by (induction w arbitrary: ¢ rule: rev-induct) (simp, fastforce)

2.4 Stability and the after function

lemma GF-af:
GF (af ¢ (prefix i w)) (suffix i w) = GF ¢ (suffix i w)

unfolding GF-semantics’ af-subformulas, by blast

lemma F-af:

F (af ¢ (prefiz i w)) (suffix i w) = F ¢ (suffiz i w)

unfolding F-semantics’ af-subformulas, by blast

lemma FG-af:
FG (af ¢ (prefix i w)) (suffic i w) = FG ¢ (suffiz i w)

unfolding FG-semantics’ af-subformulas, by blast

lemma G-af:

G (af ¢ (prefiz i w)) (suffiz i w) = G ¢ (suffiz i w)

unfolding G-semantics’ af-subformulas, by blast

2.5 Congruence

lemma af-letter-lang-congruent:
o ~p Y = af-letter ¢ v ~, af-letter ¥ v
unfolding ltl-lang-equiv-def
using af-letter-build by blast

lemma af-lang-congruent:
o~ = af pw~paf Yw
unfolding ltl-lang-equiv-def using af-ltl-continuation
by (induction ) blast+

lemma af-letter-subst:
af-letter ¢ v = subst ¢ (A\p. Some (af-letter ¢ v))
by (induction ) auto

lemma af-letter-prop-congruent:
© —p Y = af-letter ¢ v —>p af-letter ¥ v
p ~p ) = af-letter ¢ v ~p af-letter ¢ v
by (metis af-letter-subst subst-respects-ltl-prop-entailment)+
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lemma af-prop-congruent:
¢ —pyY = af pw—paf Y w

pr~p = af g w~paf pw
by (induction w arbitrary: ¢ 1) (insert af-letter-prop-congruent, fast-
force+)

lemma af-letter-const-congruent:
© ~c v = af-letter ¢ v ~¢ af-letter Y v
by (metis af-letter-subst subst-respects-Itl-const-entailment)

lemma af-const-congruent:

pr~c )= af pwrcoafpw
by (induction w arbitrary: ¢ 1) (insert af-letter-const-congruent, fast-
force+)

lemma af-letter-one-step-back:
{z. A Ep af-letter z 0} =p ¢ «— A =p af-letter p o
by (induction ¢) simp-all

2.6 Implications

lemma af-F-prefix-prop:
af (Fn ) w—p af (Fp p) (v Q w)
by (induction w’) (simp add: ltl-prop-implies-def af-decompose(1,2))+

lemma af-G-prefiz-prop:
af (Gn @) (W' Q@ w) —p af (G, @) w
by (induction w’) (simp add: ltl-prop-implies-def af-decompose(1,2))+

lemma af-F-prefiz-lang:

w =n af (Fng)ys = w =n af (Fn @) (zs Q ys)
using af-F-prefiz-prop ltl-prop-implication-implies-ltl-implication by blast

lemma af-G-prefiz-lang:

w =y of (G o) (s Q ys) = w =, aof (Gn ) ys
using af-G-prefiz-prop ltl-prop-implication-implies-ltl-implication by blast

lemma af-F-prefix-const-equiv-true:
af (Frn @) w~c true, = af (Fy, @) (w' Q w) ~¢ true,
using af-F-prefiz-prop ltl-const-equiv-implies-prop-equiv(1) ltl-prop-equiv-true-implies-true
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by blast

lemma af-G-prefiz-const-equiv-false:

af (Gn @) w ~¢ false, = af (G ) (W' Q@ w) ~¢ false,

using af-G-prefiz-prop ltl-const-equiv-implies-prop-equiv(2) Iltl-prop-equiv-false-implied-by-false
by blast

lemma af-F-prefiz-lang-equiv-true:
af (Fp, @) w~p true, = af (Fp, @) (w' Q@ w) ~p, true,
unfolding Itl-lang-equiv-def
using af-F-prefiz-lang by fastforce

lemma af-G-prefiz-lang-equiv-false:
af (Gn @) w~p false, = af (G, ) (W' Q w) ~p, false,
unfolding ltl-lang-equiv-def
using af-G-prefiz-lang by fastforce

locale af-congruent = ltl-equivalence +
assumes
af-letter-congruent: ¢ ~ ¢ = af-letter ¢ v ~ af-letter ¥ v
begin

lemma af-congruentness:

p~1 = af p xs ~ af Y zs
by (induction xs arbitrary: ¢ 1) (insert af-letter-congruent, fastforce+)

lemma af-append-congruent:

af o w~ af Y w= af p (wQ w') ~ af Y (wQ w)
by (simp add: af-congruentness)

lemma af-append-true:
af o w~ true, = af ¢ (w Q w') ~ true,
using af-congruentness by fastforce

lemma af-append-false:
af o w~ false, = af ¢ (w Q w') ~ false,
using af-congruentness by fastforce

lemma prefiz-append-subsequence:

i <j= (prefixiw) Q (w[i — j|) = prefix j w
by (metis le-add-diff-inverse subsequence-append)
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lemma af-prefiz-congruent:

i < j = af ¢ (prefix i w) ~ af ¥ (prefix i w) = af ¢ (prefix j w) ~ af
Y (prefiz j w)

by (metis af-congruentness foldl-append prefiz-append-subsequence)—+

lemma af-prefiz-true:
i < j= af ¢ (prefix i w) ~ true, = af @ (prefiz j w) ~ true,
by (metis af-append-true prefix-append-subsequence)

lemma af-prefiz-false:
i < j= af ¢ (prefir i w) ~ false, = af ¢ (prefiz j w) ~ false,
by (metis af-append-false prefir-append-subsequence)

end

interpretation lang-af-congruent: af-congruent (~p,)
by unfold-locales (rule af-letter-lang-congruent)

interpretation prop-af-congruent: af-congruent (~p)
by unfold-locales (rule af-letter-prop-congruent)

interpretation const-af-congruent: af-congruent (~¢)
by unfold-locales (rule af-letter-const-congruent)

2.7 After in yLTL and vLTL

lemma valid-prefix-implies-Itl:

af ¢ (prefix i w) ~p, true, = w =y ¢
proof —

assume af ¢ (prefiz i w) ~p true,

then have suffiz i w =, af ¢ (prefiz i w)
unfolding lti-lang-equiv-def using semantics-ltin.simps(1) by blast

then show w =, ¢
using af-ltl-continuation by force

qed

lemma ltl-implies-satisfiable-prefix:
w =n p = = (af ¢ (prefiv i w) ~p, falsey)
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proof —
assume w =, ¢

then have suffiz i w =, af ¢ (prefix i w)
using af-ltl-continuation by fastforce

then show — (af ¢ (prefiz i w) ~p falsey)
unfolding lti-lang-equiv-def using semantics-ltin.simps(2) by blast
ged

lemma pLTL-implies-valid-prefix:
¢ € pLTL = w =, ¢ = 3. af ¢ (prefiz i w) ~c truey,
proof (induction ¢ arbitrary: w)
case True-ltin
then show ?case
using ltl-const-equiv-equivp equivp-reflp by fastforce
next
case (Prop-ltin x)
then show ?case
by (metis af-letter.simps(83) foldl-Cons foldl-Nil Itl-const-equiv-equivp
equivp-reflp semantics-ltin.simps(3) subsequence-singleton)
next
case (Nprop-ltin z)
then show ?case
by (metis af-letter.simps(4) foldl-Cons foldl-Nil Itl-const-equiv-equivp
equivp-reflp semantics-ltin.simps(4) subsequence-singleton)
next
case (And-ltln p1 v2)

then obtain i1 i2 where af ¢1 (prefiz il w) ~¢ true, and af @2 (prefiz
i2 w) ~c truey
by fastforce

then have af p1 (prefix (il + i2) w) ~¢ true, and af p2 (prefix (i2
+ il) w) ~c truey
using const-af-congruent.af-prefiz-true le-addl by blast+

then have af (@1 and, ¢2) (prefiz (i1 + i2) w) ~¢ true,
unfolding af-decompose by (simp add: add.commute)

then show ?case
by blast
next
case (Or-ltln p1 ¢2)
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then obtain ¢ where af p1 (prefix i w) ~¢ true, V af ¢2 (prefix i w)
~c truey,
by auto

then show ?case
unfolding af-decompose by auto
next
case (Next-ltin ¢)

then obtain ¢ where af ¢ (prefiz i (suffiz 1 w)) ~c true,
by fastforce

then show ?case
by (metis (no-types, lifting) One-nat-def add.right-neutral af-simps(3)
foldl-Nil foldl-append subsequence-append subsequence-shift subsequence-singleton)
next
case (Until-ltin @1 ¢2)

then obtain k where suffiz k w =, 2 and Vj<k. suffix j w =, @1
by fastforce

then show ?Zcase
proof (induction k arbitrary: w)
case (

then obtain ¢ where af @2 (prefix i w) ~¢ true,
using Until-ltin by fastforce

then have af p2 (prefiz (Suc i) w) ~¢ true,
using const-af-congruent.af-prefiz-true le-Sucl by blast

then have af (91 U, ¢2) (prefiz (Suc i) w) ~c true,
unfolding af-subsequence-U by simp

then show ?case
by blast
next
case (Suc k)

then have suffix k (suffic 1 w) =, ¢2 and Vj<k. suffix j (suffix 1 w)

Fn @l
by (simp add: Suc.prems)+
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then obtain ¢ where i-def: af (p1 U, ¢2) (prefix i (suffix 1 w)) ~¢
true,
using Suc.IH by blast

obtain j where af ¢! (prefix j w) ~¢ true,
using Until-ltin Suc by fastforce

then have af @1 (prefiz (Suc (j + 7)) w) ~¢ true,
using const-af-congruent.af-prefiz-true le-Sucl le-add1 by blast

moreover

from i-def have af (91 U, 92) (w [1 — Suc (j + i)]) ~¢ true,
by (metis One-nat-def const-af-congruent.af-prefiz-true le-add2 plus-1-eq-Suc
subsequence-shift)

ultimately

have af (p1 U, ¢2) (prefix (Suc (j + 7)) w) ~¢ truey
unfolding af-subsequence-U by simp

then show ?case
by blast
qed
next
case (StrongRelease-ltin 1 ¢2)

then obtain k£ where suffiz k w |=, ¢1 and Vj<k. suffix j w =, ©2
by fastforce

then show “case
proof (induction k arbitrary: w)
case (

then obtain i/ i2 where af p1 (prefix il w) ~¢ true, and af 2
(prefiz i2 w) ~¢ truey,
using StrongRelease-ltin by fastforce

then have af p1 (prefix (Suc (i1 + i2)) w) ~¢ true, and af @2 (prefiz
(Suc (i2 + i1)) w) ~¢ truey
using const-af-congruent.af-prefiz-true le-Sucl le-add1 by blast+

then have of (p1 M,, p2) (prefix (Suc (il + i2)) w) ~c true,
unfolding af-subsequence-M by (simp add: add.commute)
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then show ?case
by blast
next
case (Suc k)

then have suffix k (suffic 1 w) =, ¢1 and Vj<k. suffix j (suffix 1 w)

Fn 92
by (simp add: Suc.prems)+

then obtain ¢ where i-def: af (p1 M, v2) (prefiz i (suffic 1 w)) ~¢
truey,
using Suc.IH by blast

obtain j where af ©2 (prefiz j w) ~¢ true,
using StrongRelease-ltin Suc by fastforce

then have af 2 (prefiz (Suc (j + 7)) w) ~¢ truey
using const-af-congruent.af-prefiz-true le-Sucl le-add1 by blast

moreover

from i-def have af (1 M,, ¢2) (w [I — Suc (j + ©)]) ~c true,
by (metis One-nat-def const-af-congruent.af-prefiz-true le-add2 plus-1-eq-Suc
subsequence-shift)

ultimately

have af (p1 M, ¢2) (prefiz (Suc (j + 7)) w) ~¢ true,
unfolding af-subsequence-M by simp

then show ?case
by blast
qed
qed force+

lemma satisfiable-prefix-implies-v LTL:

0 € VLTL = }i. af o (prefiv i w) ~¢ false, = w =y @
proof (erule contrapos-np, induction ¢ arbitrary: w)

case Fualse-ltin

then show ?case

using ltl-const-equiv-equivp equivp-refip by fastforce

next

case (Prop-ltin x)
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then show ?case
by (metis af-letter.simps(3) foldl-Cons foldl-Nil Itl-const-equiv-equivp
equivp-reflp semantics-ltin.simps(3) subsequence-singleton)
next
case (Nprop-ltin x)
then show ?case
by (metis af-letter.simps(4) foldl-Cons foldl-Nil Itl-const-equiv-equivp
equivp-reflp semantics-ltin.simps(4) subsequence-singleton)
next
case (And-ltln p1 p2)

then obtain ¢ where af ¢1 (prefiz i w) ~¢ false, V af 2 (prefix i w)

~¢ falsey,
by auto

then show ?case
unfolding af-decompose by auto
next
case (Or-ltin p1 ¢2)

then obtain i1 i2 where af p1 (prefix il w) ~¢ false, and af 2 (prefix
i2 w) ~c falsey,
by fastforce

then have af o1 (prefiz (il + i2) w) ~¢ false, and af @2 (prefiz (i2
+ il) w) ~¢ falsey,
using const-af-congruent.af-prefiz-false le-add1 by blast+

then have af (o1 ory, 2) (prefix (il + i2) w) ~¢ false,
unfolding af-decompose by (simp add: add.commute)

then show ?case
by blast
next
case (Next-ltin @)

then obtain ¢ where af ¢ (prefiz i (suffix 1 w)) ~¢ falsey,
by fastforce

then show ?case
by (metis (no-types, lifting) One-nat-def add.right-neutral af-simps(3)
foldl-Nil foldl-append subsequence-append subsequence-shift subsequence-singleton)
next
case (Release-ltin p1 p2)

28



then obtain & where - suffiz k w =, ¢2 and Vj<k. - suffix j w |,
pl
by fastforce

then show “case
proof (induction k arbitrary: w)
case (

then obtain i where af 2 (prefix i w) ~¢ false,
using Release-ltin by fastforce

then have af 2 (prefiz (Suc i) w) ~¢ false,
using const-af-congruent.af-prefiz-false le-Sucl by blast

then have af (91 Ry, ¢2) (prefix (Suc i) w) ~¢ false,
unfolding af-subsequence-R by simp

then show ?case
by blast
next
case (Suc k)

then have — suffix k (suffiz 1 w) =, @2 and Vj<k. - suffix j (suffix 1
w) En 1
by (simp add: Suc.prems)+

then obtain ¢ where i-def: af (¢1 R, ¢2) (prefiz i (suffiz 1 w)) ~¢
false,

using Suc.IH by blast

obtain j where af @1 (prefiz j w) ~¢c falsey,
using Release-ltin Suc by fastforce

then have af @1 (prefiz (Suc (j + 7)) w) ~¢ false,
using const-af-congruent.af-prefiz-false le-Sucl le-add1 by blast

moreover
from i-def have af (p1 Ry, p2) (w [1 — Suc (j + i)]) ~c falsen
by (metis One-nat-def const-af-congruent.af-prefiz-false le-add2 plus-1-eq-Suc

subsequence-shift)

ultimately
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have af (p1 Ry, ¢2) (prefiz (Suc (j + 7)) w) ~¢ false,
unfolding af-subsequence-R by auto

then show ?case
by blast
qed
next
case (WeakUntil-ltin @1 ¢2)

then obtain & where - suffiz k w =, ¢1 and Vj<k. = suffix j w |,

p2
by fastforce

then show ?Zcase
proof (induction k arbitrary: w)
case ()

then obtain i/ i2 where af p1 (prefiz il w) ~¢ false, and af p2
(prefiz i2 w) ~c falsey,
using WeakUntil-ltin by fastforce

then have af ¢1 (prefiz (Suc (il + i2)) w) ~¢ false, and af ¢2 (prefix
(Suc (i2 + i1)) w) ~¢ false,
using const-af-congruent.af-prefir-false le-Sucl le-add1 by blast+

then have af (1 Wy, ¢2) (prefix (Suc (il + i2)) w) ~c¢ falsey,
unfolding af-subsequence-W by (simp add: add.commute)

then show ?case
by blast
next
case (Suc k)

then have — suffizx k (suffiz 1 w) =, @1 and Vj<k. = suffiz j (suffix 1
w) En 92
by (simp add: Suc.prems)+

then obtain ¢ where i-def: af (p1 W,, 92) (prefiz i (suffix 1 w)) ~¢
false,

using Suc.IH by blast

obtain j where af ¢2 (prefiz j w) ~¢c falsey,
using WeakUntil-ltin Suc by fastforce
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then have af @2 (prefiz (Suc (j + 7)) w) ~¢ false,
using const-af-congruent.af-prefiz-false le-Sucl le-add1 by blast

moreover

from i-def have af (p1 Wy, 92) (w [1 — Suc (j + i)]) ~c falsen
by (metis One-nat-def const-af-congruent.af-prefiz-false le-add2 plus-1-eq-Suc
subsequence-shift)

ultimately

have af (p1 W,, ©2) (prefizx (Suc (j + 7)) w) ~¢ false,
unfolding af-subsequence-W by simp

then show ?case
by blast
qed
qed force+

context [tl-equivalence
begin

lemma valid-prefix-implies-ltl:

af ¢ (prefic i w) ~ true, = w =y, ¢
using valid-prefiz-implies-Itl eq-implies-lang by blast

lemma ltl-implies-satisfiable-prefix:

w =, ¢ = - (af ¢ (prefix i w) ~ falsey)
using ltl-implies-satisfiable-prefix eq-implies-lang by blast

lemma pLTL-implies-valid-prefix:
¢ € uLTL = w |, ¢ = Fi. af ¢ (prefiz i w) ~ true,
using pLTL-implies-valid-prefiz const-implies-eq by blast

lemma satisfiable-prefiz-implies-v LTL:

¢ € VLTL = i. af ¢ (prefiv i w) ~ false, = w =, ¢
using satisfiable-prefiz-implies-v LTL const-implies-eq by blast

lemma af-uLTL:
v € pLTL = w f=, ¢ «— (Fi. af ¢ (prefiz i w) ~ truey,)
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using valid-prefix-implies-ltl uLTL-implies-valid-prefiz by blast

lemma af-vLTL:
¢ € VLTL = w =, ¢ «— (Vi. = (af ¢ (prefiz i w) ~ falsey,))
using ltl-implies-satisfiable-prefix satisfiable-prefiz-implies-v LTL by blast

lemma af-uLTL-GF:

¢ € uLTL = w =, G, (Fp, @) «— (Vi. 3j. of (Fpn ) (w[i — j]) ~
truey,)
proof —

assume ¢ € pLTL

then have F,, ¢ € uLTL
by simp

have w =, G, (Fn ¢) «— (Vi. suffix i w =, Fp, @)
by simp

also have ... «— (V4. 3. af (F, ) (prefix j (suffix i w)) ~ truey)
using af-uLTL[OF «F,, ¢ € uLTL)] by blast

also have ... «— (Vi. 3. af (F,, @) (prefix (j — i) (suffix i w)) ~ truey,)
by (metis diff-add-inverse)

also have ... «— (Vi. 35. af (F, p) (w[i — j]) ~ true,)
unfolding subsequence-prefiz-suffiz ..

finally show ?thesis
by blast

qed

lemma af-vLTL-FG:

¢ € VLTL = w =, Fp (Gp ) <— (Fi. Vj. = (af (G @) (w[i — j])
~ falsey))
proof —

assume ¢ € vLTL

then have G, ¢ € vLTL
by simp

have w =, F,, (Gn ) «— (Fi. suffix i w =, Gy @)
by force
also have ... «+— (34. Vj. = (af (Gn ¢) (prefix j (suffiz i w)) ~ falsey))
using af-vLTL[OF <G, ¢ € vLTL)| by blast
also have ... «— (34. Vj. = (af (Gn @) (prefix (j — i) (suffix i w)) ~
falsey,))
by (metis diff-add-inverse)
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also have ... «+— (3. Vj. = (af (Gy, @) (w[i — j]) ~ falsey))
unfolding subsequence-prefiz-suffiz ..
finally show ?thesis
by blast
qed

end

Bring Propositional Equivalence into scope

interpretation af-congruent (~p)
by unfold-locales (rule af-letter-prop-congruent)

end

3 Advice functions

theory Advice
imports
LTL.LTL LTL.Equivalence-Relations
Syntactic- Fragments-and-Stability After
begin

3.1 The GF and FG Advice Functions

fun GF-advice :: 'a ltln = 'a ltin set = 'a ltln (<-[-],»> [90,60] 89)
where
(Xn VX = X5 (¥[X]0)
| (Y1 andy P2)[X]y = (Y1[X]y) andy, (Y2[X]y)
| (Y1 orn ¥2)[X]y = (1[X ])On( 2[X]v)
| (W1 Wn ¥2)[X]y = (1[X]y) Wa (42[X]y)
| (1 Ry 2)[X]y = (¥1[X]y) R <w2[ v)
| (¢1 )U Yo)[X]y = (if (¢ Un Y2) € X then (1[X]y) Wy (¥2[X]y) else
falsey,
| (¢1 )Mn V2)[ Xy = (if (Y1 My h2) € X then (Y1[X]y) Rn (¥2[X]y) else
falsey,
| o[-l = ¢

fun FG-advice :: 'a ltin = 'a ltin set = 'a ltin (<-[-],»» [90,60] 89)
where
(Xn 1/1)[th - Xn (¢[Y]M)
| (Y1 andn $2)[ Y]y = ($1[Y]n) andn (42[Y],)
| (Y1 orn ) [ Y]y = (1[Y]u) orn (d2[Y]4)
| (Y1 Un 92)[Y]y = ($1[Y]n) Un ($2[Y],)
| (W1 My ¥2)[ Y]y = (01[Y]n) Mn ($2[Y]4)
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Y1 Wy 2)[Y], = (if (Y1 Wy t2) € Y then true, else (v1[Y],) U

|
(
|( (Y1 Ryp ¢2)[Y]y = (if (1 Rp 2) € Y then true, else (Y1[Y],) M,
|

lemma GF-advice-vLTL:
o[X], € vLTL
¢ € VLITL = ¢[X], = ¢
by (induction ¢) auto

lemma FG-advice-uLTL:
p[X]y € nLTL
¢ € nLTL = ¢[X], = ¢
by (induction ) auto

lemma GF-advice-subfrmlsn:

subfrmlsn (o[ X],) C {Y[X], | . ¥ € subfrmisn p}
by (induction ) force+

lemma FG-advice-subfrmlsn:

subfrmisn (p[Y],) C {Y[Y], | . ¢ € subfrmisn ¢}
by (induction @) force+

lemma GF-advice-subfrmlsn-card:
card (subfrmlsn (¢[X],)) < card (subfrmlsn )
proof —
have card (subfrmlsn (p[X],)) < card {Y[X], | ¥. ¥ € subfrmlsn ¢}
by (simp add: subfrmlsn-finite GF-advice-subfrmlsn card-mono)

also have ... < card (subfrmisn ¢)
by (metis Collect-mem-eq card-image-le image-Collect subfrmlsn-finite)

finally show ?thesis .
qed

lemma FG-advice-subfrmlsn-card:
card (subfrmlsn (¢[Y],)) < card (subfrmlsn ¢)
proof —
have card (subfrmisn (¢[Y],)) < card {¢[Y], | . ¢ € subfrmisn ¢}
by (simp add: subfrmlsn-finite FG-advice-subfrmlsn card-mono)

also have ... < card (subfrmlsn ¢)
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by (metis Collect-mem-eq card-image-le image-Collect subfrmlsn-finite)

finally show “thesis .
qged

lemma GF-advice-monotone:
XCV = wpn¢Xly = w = o[Y]y
proof (induction ¢ arbitrary: w)
case (Until-ltin ¢ 1))
then show “case
by (cases ¢ U, ¢ € X) (simp-all, blast)
next
case (Release-ltin ¢ 1))
then show ?Zcase by (simp, blast)
next
case ( WeakUntil-ltin ¢ )
then show ?Zcase by (simp, blast)
next
case (StrongRelease-ltin ¢ 1)
then show “case
by (cases ¢ My, ¢ € X) (simp-all, blast)
qged auto

lemma FG-advice-monotone:
XCVY = wkn ¢[X]y = wEn ¢[Y],
proof (induction ¢ arbitrary: w)
case (Until-ltin ¢ 1))
then show ?Zcase by (simp, blast)
next
case (Release-ltin ¢ 1))
then show “case
by (cases ¢ Ry, € X) (auto, blast)
next
case (WeakUntil-ltin ¢ 1)
then show ?case
by (cases ¢ Wy, ¢ € X) (auto, blast)
next
case (StrongRelease-Itin ¢ 1)
then show ?Zcase by (simp, blast)
qed auto

lemma GF-advice-ite-simps[simp:

(if P then true, else false,)[X], = (if P then true, else falsey)
(if P then false, else truey,)[X], = (if P then false, else truey)
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by simp-all

lemma FG-advice-ite-simps|simp]:
(if P then truey else false,)[Y], = (if P then true, else false,)
(if P then falsey else true,)[Y], = (if P then false, else true,)
by simp-all

3.2 Advice Functions on Nested Propositions

definition nested-prop-atoms, :: 'a ltln = 'a ltln set = 'a ltin set
where
nested-prop-atoms, ¢ X = {¢[X], | ¥. ¥ € nested-prop-atoms ¢}

definition nested-prop-atoms,, :: 'a ltln = 'a ltln set = 'a ltin set
where
nested-prop-atoms,, ¢ X = {¢Y[X], | ¥. ¥ € nested-prop-atoms ¢}

lemma nested-prop-atoms, -finite:
finite (nested-prop-atoms, ¢ X)
by (simp add: nested-prop-atoms,-def nested-prop-atoms-finite)

lemma nested-prop-atoms,,-finite:
finite (nested-prop-atoms, ¢ X)
by (simp add: nested-prop-atoms,-def nested-prop-atoms-finite)

lemma nested-prop-atoms, -card:
card (nested-prop-atoms, ¢ X) < card (nested-prop-atoms )
unfolding nested-prop-atoms, -def
by (metis Collect-mem-eq card-image-le image-Collect nested-prop-atoms-finite)

lemma nested-prop-atoms,,-card:
card (nested-prop-atoms, ¢ X) < card (nested-prop-atoms ¢)
unfolding nested-prop-atoms,,-def
by (metis Collect-mem-eq card-image-le image-Collect nested-prop-atoms-finite)

lemma GF-advice-nested-prop-atoms,:
nested-prop-atoms (¢ X|,) C nested-prop-atoms, ¢ X
by (induction ) (unfold nested-prop-atoms,-def, force+)
lemma FG-advice-nested-prop-atoms,:
nested-prop-atoms (p[Y],) C nested-prop-atoms, ¢ Y
by (induction @) (unfold nested-prop-atoms,-def, force+)

lemma nested-prop-atoms,, -subset:
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nested-prop-atoms ¢ C nested-prop-atoms v = nested-prop-atoms, @ X
C nested-prop-atoms, 1 X
unfolding nested-prop-atoms,-def by blast

lemma nested-prop-atoms,-subset:

nested-prop-atoms ¢ C nested-prop-atoms 1 == nested-prop-atoms, ¢ Y
C nested-prop-atoms,, ¢ Y

unfolding nested-prop-atoms,-def by blast

lemma GF-advice-nested-prop-atoms-card:
card (nested-prop-atoms (p[X],)) < card (nested-prop-atoms ¢)
proof —
have card (nested-prop-atoms (¢[X],)) < card (nested-prop-atoms, ¢ X)
by (simp add: nested-prop-atoms,-finite GF-advice-nested-prop-atoms,
card-mono)

then show ?thesis
using nested-prop-atoms,-card le-trans by blast
qged

lemma FG-advice-nested-prop-atoms-card:
card (nested-prop-atoms (¢[Y],)) < card (nested-prop-atoms )
proof —
have card (nested-prop-atoms (¢[Y],)) < card (nested-prop-atoms, ¢ Y)
by (simp add: nested-prop-atoms,-finite FG-advice-nested-prop-atoms,,
card-mono)

then show ?thesis
using nested-prop-atoms,,-card le-trans by blast
qged

3.3 Intersecting the Advice Set

lemma GF-advice-inter:
X N subformulas, ¢ C S = ¢[X N 5], = p[X],
by (induction ¢) auto

lemma GF-advice-inter-subformulas:
o[X N subformulas, o], = p[X],
using GF-advice-inter by blast

lemma GF-advice-minus-subformulas:

Y & subformulas, ¢ = ¢[X — {¢Y}], = ¢[X],
proof —

37



assume ) ¢ subformulas, ¢
then have subformulas, ¢ N X C X — {¢}
by blast
then show ¢[X — {¥}], = ¢[X],
by (metis GF-advice-inter Diff-subset Int-absorbl inf.commute)
qged

lemma GF-advice-minus-size:

[size ¢ < size 5 @ # Y] = @[X — {¢}, = p[X],

using subfrmlsn-size subformulas,,-subfrmlsn GF-advice-minus-subformulas
by fastforce

lemma FG-advice-inter:
Y N subformulas, ¢ € S = ¢[Y N S], = ¢[Y],
by (induction ¢) auto

lemma FG-advice-inter-subformulas:
oY N subformulas, |, = (Y],
using F'G-advice-inter by blast

lemma FG-advice-minus-subformulas:
Y ¢ subformulas, ¢ = p[Y — {¢}], = o[Y]u
proof —
assume Y ¢ subformulas, ¢
then have subformulas, p N Y C Y — {4}
by blast
then show ¢[Y — {¢}], = ¢[Y],
by (metis FG-advice-inter Diff-subset Int-absorbl inf.commute)
qged

lemma F'G-advice-minus-size:

[size p < size ¥; ¢ # Y] = @[V — {¥}, = @[ Y]
using subfrmisn-size subformulas, -subfrmlisn FG-advice-minus-subformulas
by fastforce

lemma FG-advice-insert:

[v ¢ Y; size p < size Y] = plinsert ¢ Y], = ¢[Y],

by (metis FG-advice-minus-size Diff-insert-absorb less-imp-le neg-iff)
3.4 Correctness GF-advice function

lemma GF-advice-al:
[FowCX;wk, o] = wk, Xy
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proof (induction ¢ arbitrary: w)
case (Next-ltin @)
then show “case
using F-suffiz by simp blast
next
case (Until-ltin @1 ¢2)

have F (p1 W, 92) w C F (p1 Up p2) w
by fastforce
then have F (p1 W,, ¢2) w C X and w =, 91 W,, ©2
using Until-ltin.prems ltin-strong-to-weak by blast+
then have w =, ¢1[X], W, ¢2[X],
using Until-ltin.[H
by simp (meson F-suffiz subset-trans sup.boundedE)

moreover

have w =, 1 U, ¢2
using Until-ltin.prems by simp

then have p1 U, 2 € F (¢1 Uy, p2) w
by force

then have 91 U, 2 € X
using Until-ltin.prems by fast

ultimately show ?case
by auto
next
case (Release-ltin p1 p2)
then show “case
by simp (meson F-suffiz subset-trans sup.boundedE)
next
case (WeakUntil-ltin @1 ¢2)
then show “case
by simp (meson F-suffiz subset-trans sup.boundedE)
next
case (StrongRelease-ltin ¢1 ¢2)

have F (pI1 R, p2) w C F (p1 M,, ¢2) w
by fastforce
then have F (¢! R, ¢2) w C X and w =, ¢1 R, 92
using StrongRelease-ltin.prems ltin-strong-to-weak by blast+
then have w =, ¢1[X], R, ¢2[X],
using StrongRelease-ltin.[H
by simp (meson F-suffiz subset-trans sup.boundedE)
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moreover

have w =, p1 M,, 2
using StrongRelease-ltin.prems by simp
then have o1 M,, 92 € F (o1 M, p2) w
by force
then have o1 M,, p2 € X
using StrongRelease-ltin.prems by fast

ultimately show ?Zcase
by auto
qged auto

lemma GF-advice-a2-helper:
V¢ € X. wisn Gn (Fn ¥); w En [ XL] = w En ¢
proof (induction ¢ arbitrary: w)
case (Next-ltin ¢)
then show ?case
unfolding GF-advice.simps semantics-ltln.simps(7)
using GF-suffiz by blast
next
case (Until-ltin o1 ¢2)

then have 91 U, p2 € X

using ccontr[of 1 U, ¢2 € X]| by force
then have w |, F,, 92

using Until-ltin.prems by fastforce

moreover

have w =, (p1 U, ¢2)[X],

using Until-ltin.prems by simp
then have w =, (¢1[X],) W, (¢2[X],)

unfolding GF-advice.simps using «p1 U, v2 € X» by simp
then have w |, 1 W, ¢2

unfolding GF-advice.simps semantics-ltin.simps(10)

by (metis GF-suffix Until-ltin.IH Until-ltln.prems(1))

ultimately show ?case
using ltin-weak-to-strong by blast
next
case (Release-ltin p1 p2)
then show ?case
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unfolding GF-advice.simps semantics-ltin.simps(9)
by (metis GF-suffiz Release-ltin.IH Release-Itin.prems(1))
next
case (WeakUntil-ltin ¢1 ¢2)
then show Zcase
unfolding GF-advice.simps semantics-ltin.simps(10)
by (metis GF-suffix)
next
case (StrongRelease-ltin ¢1 ¢2)

then have o1 M, p2 € X

using ccontr[of @1 M, ¢2 € X| by force
then have w =, F,, p1

using StrongRelease-ltin.prems by fastforce

moreover

have w =, (p1 M, ¢2)[X],
using StrongRelease-ltin.prems by simp
then have w =, (p1[X],) R, (p2[X]))
unfolding GF-advice.simps using «p1 M, ¢2 € X» by simp
then have w =, ¢1 R, ¢2
unfolding GF-advice.simps semantics-ltin.simps(9)
by (metis GF-suffiz StrongRelease-ltin.IH StrongRelease-ltin.prems(1))

ultimately show ?case
using ltin-weak-to-strong by blast
qged auto

lemma GF-advice-a2:
[X CGF o wywn o[X]] = wEn ¢
by (metis GF-advice-a2-helper GF-elim subset-eq)

lemma GF-advice-a3:
[X=Fouw X=0GF pu] = wkE, ¢ +— w =, ¢[X],
using GF-advice-al GF-advice-a2 by fastforce

3.5 Correctness FG-advice function

lemma FG-advice-b1:

[FGowC Y5 wkn o] = wln @Yy
proof (induction ¢ arbitrary: w)

case (Next-ltin ¢)

then show ?case
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using FG-suffiz by simp blast
next
case (Until-ltin @1 ¢2)
then show ?case
by simp (metis FG-suffir)
next
case (Release-ltln p1 p2)

show ?case
proof (cases 1 R, p2 € Y)
case Fulse
then have 1 R, 92 ¢ FG (¢1 R, p2) w
using Release-ltin.prems by blast
then have - w =, G, ¢2
by fastforce
then have w =, p1 M, ¢2
using Release-ltin.prems ltin-weak-to-strong by blast

moreover

have FG (¢1 M, ¢2) w C FG (¢l R, ¢2) w
by fastforce

then have G (¢! M, p2) w C Y
using Release-ltin.prems by blast

ultimately show ?thesis
using Release-ltin.IH by simp (metis FG-suffiz)
qed simp
next
case (WeakUntil-ltin @1 ¢2)

show ?case
proof (cases o1 W, ¢2 € Y)
case Fulse
then have o1 W,, 02 ¢ FG (p1 W, p2) w
using Weak Until-ltin.prems by blast
then have - w =, G, ¢!
by fastforce
then have w =, ¢1 U, ¢2
using Weak Until-ltin.prems Iltin-weak-to-strong by blast

moreover
have FG (¢1 U, ¢2) w C FG (p1 Wy, 92) w
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by fastforce
then have G (p1 U, ¢2) w C Y
using Weak Until-ltin.prems by blast

ultimately show ?thesis
using WeakUntil-ltin.IH by simp (metis FG-suffix)
qed simp
next
case (StrongRelease-ltin ¢1 ¢2)
then show “case
by simp (metis FG-suffiz)
qed auto

lemma FG-advice-b2-helper:
[V € Y. wiEn G ¢ w s o[Y]] = wEn ¢
proof (induction ¢ arbitrary: w)
case (Until-ltin @1 ¢2)
then show ?case
by simp (metis (no-types, lifting) suffiz-suffiz)
next
case (Release-ltin p1 p2)
then show ?case
proof (cases 1 R, p2 € Y)
case True
then show ?thesis
using Release-ltin.prems by force
next
case Fulse
then have w =, (¢1[Y],) M, (p2[Y],)
using Release-ltin.prems by simp
then have w =, @1 M, ¢2
using Release-ltin
by simp (metis (no-types, lifting) suffiz-suffiz)
then show %thesis
using ltin-strong-to-weak by fast
qed
next
case (WeakUntil-ltin @1 ¢2)
then show ?case
proof (cases o1 W, p2 € Y)
case True
then show ?thesis
using WeakUntil-ltin.prems by force
next
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case Fulse
then have w =, (¢1[Y],) Un (¢2[Y],)
using Weak Until-ltin.prems by simp
then have w =, ¢1 U, ¢2
using Weak Until-ltin
by simp (metis (no-types, lifting) suffiz-suffiz)
then show “thesis
using ltin-strong-to-weak by fast
qed
next
case (StrongRelease-ltin ¢1 ¢2)
then show ?case
by simp (metis (no-types, lifting) suffiz-suffiz)
qed auto

lemma F'G-advice-b2:

[[Y§g<pw;w|:ncp[Y]#]]:>w|:n<p
by (metis FG-advice-b2-helper G-elim subset-eq)

lemma FG-advice-b3:
[Y=FGow; Y =Gpuw] = wl, ¢+ wkE, Y]
using FG-advice-b1 FG-advice-b2 by fastforce

3.6 Advice Functions and the “after” Function

lemma GF-advice-af-letter:

(x ## w) E=n 0[X], = w |=p (af-letter ¢ z)[X],
proof (induction @)
case (Until-ltin ¢1 ¢2)

then have w |=, af-letter ((p1 U, ¢2)[X],) =
using af-letter-build by blast

then show ?case
using Until-ltin. [H af-letter-build by fastforce
next
case (Release-ltin p1 p2)

then have w |=, af-letter ((p1 R, ©2)[X])) z
using af-letter-build by blast

then show ?case

using Release-ltin.[H af-letter-build by auto
next
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case (WeakUntil-ltin @1 ¢2)

then have w |=, af-letter ((p1 W, ©2)[X],) z
using af-letter-build by blast

then show ?case
using WeakUntil-ltin.IH af-letter-build by auto
next
case (StrongRelease-ltin ¢1 ¢2)

then have w |=, af-letter ((¢1 M,, ¢2)[X],) z
using af-letter-build by blast

then show ?case
using StrongRelease-ltin.IH af-letter-build by force
qed auto

lemma FG-advice-af-letter:
w =n (af-letter ¢ 2)[Y], = (z ## w) Fn o[ Y]y
proof (induction @)
case (Prop-ltin a)
then show ?case
using semantics-ltin.simps(3) by fastforce
next
case (Until-ltin @1 ¢2)
then show ?case
unfolding af-letter.simps FG-advice.simps semantics-ltin.simps(5,6)
using af-letter-build apply (cases w |=y, af-letter 2 z[Y],) apply force
by (metis af-letter.simps(8) semantics-ltin.simps(5) semantics-ltin.simps(6))
next
case (Release-ltin p1 p2)
then show ?case
apply (cases 1 R, p2 € Y)
apply simp
unfolding af-letter.simps FG-advice.simps semantics-ltin.simps(5,6)
using af-letter-build apply (cases w |=, af-letter 1 z[Y],) apply force
by (metis (full-types) af-letter.simps(11) semantics-ltin.simps(5) seman-
tics-ltin.simps(6))
next
case ( WeakUntil-ltln ¢1 ¢2)
then show ?case
apply (cases p1 W, p2 € Y)
apply simp
unfolding af-letter.simps FG-advice.simps semantics-ltin.simps(5,6)
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using af-letter-build apply (cases w =, af-letter p2 z[Y],,) apply force
by (metis (full-types) af-letter.simps(8) semantics-ltin.simps(5) seman-
tics-ltin.simps(6))
next
case (StrongRelease-ltln ¢1 ¢2)
then show “case
unfolding af-letter.simps FG-advice.simps semantics-ltln.simps(5,6)
using af-letter-build apply (cases w |=,, af-letter p1 z[Y],) apply force
by (metis af-letter.simps(11) semantics-ltin.simps(5) semantics-ltln.simps(6))
qed auto

lemma GF-advice-af:

(w ~ w') En o[X], = w' = (of ¢ w)[X],
by (induction w arbitrary: @) (simp, insert GF-advice-af-letter, fastforce)

lemma FG-advice-af:

w' En (af ¢ 0)[X]y = (w ~ ') En o[X]y
by (induction w arbitrary: @) (simp, insert FG-advice-af-letter, fastforce)

lemma GF-advice-af-2:

w = @[ X]y = suffiv i w =y (of ¢ (prefiz i w))[X],
using GF-advice-af by force

lemma FG-advice-af-2:

suffiz i w =y (af ¢ (prefiz i w))[X], = w = o[ X],
using FG-advice-af by force

lemma prefiz-suffiz-subsequence: prefix i (suffix j w) = (w [j — i + j])
by (simp add: add.commute)

We show this generic lemma to prove the following theorems:

lemma GF-advice-sync:

fixes indez :: nat = nat

fixes formula :: nat = 'a ltin

assumes Ai. i < n = 3j. suffiz ((index i) + j) w =, af (formula 7)
(w [index i — (index i) + j])[X],

shows 3k. (Vi < n. k > index i A suffic k w =, af (formula i) (w [index
i = K)IXL)

using assms
proof (induction n)

case (Suc n)

obtain k! where leql: N\i. i < n = k1 > index i
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and suffizl: N\i. i < n = suffic kI w =, af (formula 7) (w [(index 7)
— k1))[X],
using Suc less-Sucl by blast

obtain k2 where leq2: k2 > index n
and suffiz2: suffix k2 w =, of (formula n) (w [index n — k2])[X],
using le-addl Suc.prems by blast

define k£ where k = k1 + k2

have Ai. i < Suc n = k > index i
unfolding k-def by (metis leql leq?2 less-SucE trans-le-add1 trans-le-add?2)

moreover

{
have A\i. i < n = suffix k w =, af (formula i) (w [(index i) — k])[X],

unfolding k-def
by (metis GF-advice-af-2[OF suffiz1, unfolded suffiz-suffix prefiz-suffiz-subsequence]
af-subsequence-append leql add.commute le-addl)

moreover

have suffiz k w =, aof (formula n) (w [index n — k])[X],
unfolding k-def
by (metis GF-advice-af-2[OF suffiz2, unfolded suffiz-suffix prefiz-suffiz-subsequence]
af-subsequence-append leq2 add.commute le-add1)

ultimately

have Ai. i < n = suffix k w =y, of (formula 7) (w [(index i) — k])[X],
using nat-less-le by blast

}

ultimately

show “case
by (meson less-Suc-eg-le)
qed simp

lemma GF-advice-sync-and:
assumes 3 i. suffiz i w =, aof ¢ (prefix i w)[X],
assumes 3. suffiz i w =y, af ¥ (prefiz i w)[X],
shows 3. suffix i w =, af ¢ (prefiz i w)[X], A suffix i w =, af Y (prefix
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i w)[X],
proof —
let ?formula = \i :: nat. (if (i = 0) then ¢ else 1)

have assms: N\i. i < 2 = 3j. suffix j w =y, af (?formula i) (w [0 —
DXL,
using assms by simp
obtain k where k-def: A\i :: nat. i < 2 = suffix k w =, af (if i = 0
then @ else 1) (prefix k w)[X],
using GF-advice-synclof 2 \i. 0 w ?formula, simplified, OF assms,
simplified] by blast
show “thesis
using k-def[of 0] k-def]of 1] by auto
qed

lemma GF-advice-sync-less:
assumes A\i. i < n = 3j. suffix (i +j) w =, of ¢ (w[i = j + i|)[X],
assumes 3j. suffic (n + j) w =, af ¥ (w [n — § + n])[X],
shows 3k > n. (Vj < n. suffic k w =, af ¢ (w [j — k])[X],) A suffiz k
w=n af ¥ (w [n — k)X,
proof —
let ?index = Ai. min in
let ?formula = Ni. if (i < n) then ¢ else ¢

{
fix ¢

assume ¢ < Suc n
then have min-def: min in =i
by simp
have 3j. suffiz ((?index i) + j) w =y af (?formula ©) (w [?index i —
(Zindex 7) + j])[X],
unfolding min-def
by (cases i < n)
(metis (full-types) assms(1) add.commute, metis (full-types) assms(2)
i < Suc ny add.commute less-SucE)

}

then obtain k£ where leq: (Ai. i < Suc n = min in < k)
and suffiz: Ni. ¢ < Suc n = suffix k w =, af (if i < n then ¢ else 1)
(w [min in — k])[X],
using GF-advice-sync|of Suc n ?index w ?formula X| by metis

have Vj < n. suffic k w =, af ¢ (w [j — k])[X],
using suffiz by (metis (full-types) less-Sucl min.strict-order-iff)

48



moreover

have suffix k w =, af ¥ (w [n — k]))[X],
using suffiz[of n, simplified] by blast

moreover

have £ > n
using leq by presburger

ultimately
show ?thesis
by auto
qed

lemma GF-advice-sync-lesseq:
assumes A\i. i < n = 3j. suffix (i + j) w =, of ¢ (v [i = j + i])[X],
assumes 3j. suffix (n + j) w =y, af ¥ (w [n — j + n])[X],
shows 3k > n. (Vj < n. suffic k w =, af ¢ (v [j — k])[X],) A suffiz k
w =n af ¢ (w[n — K)[X],
proof —
let %index = \i. min i n
let ?formula = Ai. if (i < n) then @ else 1)

{
fix ¢

assume 7 < Suc (Suc n)
hence 3j. suffix ((%index i) + j) w = af (2formula @) (w [?index i —
(Zindex 7) + 7])[X],
proof (cases i < Suc n)
case True
then have min-def: min in = i
by simp
show %thesis
unfolding min-def by (metis (full-types) assms(1) Suc-lel Suc-le-mono
True add.commute)
next
case Fulse
then have i-def: ¢ = Suc n
using <i < Suc (Suc n)» less-antisym by blast
have min-def: min in = n
unfolding i-def by simp
show %thesis
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using assms(2) False
by (simp add: min-def add.commute)
qed

}

then obtain k£ where leq: (Ai. i < Suc n = min in < k)
and suffiz: \i 2 nat. ¢ < Suc (Suc n) = suffic k w =, of (ifi < n
then ¢ else ) (w [min i n — k|)[X],
using GF-advice-synclof Suc (Suc n) ?index w ?formula X]
by (metis (no-types, opaque-lifting) less-Suc-eq min-le-iff-disj)

have Vj < n. suffic k w =, af ¢ (w [j — k])[X],
using suffiz by (metis (full-types) le-Sucl less-Suc-eq-le min.orderE)

moreover

have suffix k w =, af ¥ (w [n — k]))[X],
using suffiz|of Suc n, simplified] by linarith

moreover

have £ > n
using leq by presburger

ultimately
show ?thesis
by auto
qged

lemma af-subsequence-U-GF-advice:
assumes i < n
assumes suffic n w =, ((af ¥ (w [i — n]))[X],)
assumes \j. j < i = suffit n w =, ((af ¢ (v [j — n)]))[X]y
shows suffiz (Suc n) w =, (af (¢ Up ¥) (prefiz (Suc n) w))[X],
using assms
proof (induction i arbitrary: w n)
case (
then have A: suffiz n w =, ((af ¥ (w [0 — n]))[X],)
by blast
then have suffiz (Suc n) w =y, (af ¥ (w [0 — Suc n]))[X]
using GF-advice-af-2[OF A, of 1] by simp
then show “case
unfolding GF-advice.simps af-subsequence-U semantics-ltin.simps by
blast
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next
case (Suc 1)
have suffiz (Suc n) w =, (af ¢ (prefic (Suc n) w))[X],
using Suc.prems(3)[OF zero-less-Suc, THEN GF-advice-af-2, unfolded
suffiz-suffiz, of 1]
by simp
moreover
have B: (Suc (n — 1)) =n
using Suc by simp
note Suc.IH[of n — 1 suffix 1 w, unfolded suffix-suffix] Suc.prems
then have suffiz (Suc n) w =, (af (¢ Uy ¢) (w [ — (Suc n)]))[X],
by (metis B One-nat-def Suc-le-mono Suc-mono plus-1-eq-Suc subse-
quence-shift)
ultimately
show Zcase
unfolding af-subsequence-U semantics-ltin.simps GF-advice.simps by
blast
qed

lemma af-subsequence-M-GF-advice:
assumes < n
assumes suffir n w =, ((af ¢ (w [i = n]))[X]y)
assumes A\j. j < i = suffixn w =, ((af ¥ (w [j — n]))[X])
shows suffiz (Suc n) w =y, (af (¢ My, ) (prefix (Suc n) w))[X],
using assms
proof (induction i arbitrary: w n)
case (
then have A: suffiz n w =, ((af ¥ (w [0 — n]))[X],)
by blast
have suffiz (Suc n) w =, (af ¥ (w [0 — Suc n)))[X],
using GF-advice-af-2[OF A, of 1] by simp
moreover
have suffiz (Suc n) w =, (af ¢ (w [0 — Suc n]))[X],
using GF-advice-af-2[OF 0.prems(2), of 1, unfolded suffiz-suffix] by
auto
ultimately
show ?Zcase
unfolding af-subsequence-M GF-advice.simps semantics-ltin.simps by
blast
next
case (Suc 1)
have suffix 1 (suffix n w) =, af (af ¢ (prefix n w)) [suffiz n w 0][X],
by (metis (no-types) GF-advice-af-2 Suc.prems(3) plus-1-eq-Suc subse-
quence-singleton suffiz-0 suffiz-suffic zero-le)
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then have suffiz (Suc n) w =, (af ¢ (prefic (Suc n) w))[X],
using Suc.prems(3)[THEN GF-advice-af-2, unfolded suffiz-suffiz, of 1]
by simp
moreover
have B: (Suc (n — 1)) =n
using Suc by simp
note Suc.IH|of - suffix 1 w, unfolded subsequence-shift suffix-suffiz]
then have suffiz (Suc n) w =y, (af (¢ My, ) (w [1 — (Suc n)]))[X]y
by (metis B One-nat-def Suc-le-mono plus-1-eq-Suc Suc.prems)
ultimately
show Zcase
unfolding af-subsequence-M semantics-ltin.simps GF-advice.simps by
blast
qed

lemma af-subsequence-R-GF-advice:
assumes i < n
assumes suffix n w =, ((af ¢ (w [ = n]))[X]y)
assumes A\j. j < i = suffixn w =, ((aof ¥ (w [j — n]))[X])
shows suffiz (Suc n) w =y (af (¢ Ry ¢) (prefix (Suc n) w))[X],
using assms
proof (induction i arbitrary: w n)
case (
then have A: suffiz n w =, ((af ¥ (w [0 — n]))[X],)
by blast
have suffix (Suc n) w =, (af ¥ (w [0 — Suc n)))[X],
using GF-advice-af-2[OF A, of 1] by simp
moreover
have suffiz (Suc n) w =, (af ¢ (w [0 — Suc n]))[X],
using GF-advice-af-2[OF 0.prems(2), of 1, unfolded suffiz-suffiz] by
auto
ultimately
show Zcase
unfolding af-subsequence-R GF-advice.simps semantics-ltin.simps by
blast
next
case (Suc 1)
have suffiz 1 (suffic n w) =, af (af ¥ (prefix n w)) [suffiz n w 0][X],
by (metis (no-types) GF-advice-af-2 Suc.prems(3) plus-1-eq-Suc subse-
quence-singleton suffiz-0 suffiz-suffic zero-le)
then have suffiz (Suc n) w =, (af ¢ (prefiz (Suc n) w))[X],
using Suc.prems(3)[THEN GF-advice-af-2, unfolded suffiz-suffiz, of 1]
by simp
moreover
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have B: (Suc (n — 1)) =n
using Suc by simp
note Suc.IH|of - suffizx 1 w, unfolded subsequence-shift suffix-suffiz]
then have suffiz (Suc n) w =, (af (¢ Ry ) (w [1 — (Suc n)]))[X]y
by (metis B One-nat-def Suc-le-mono plus-1-eq-Suc Suc.prems)
ultimately
show Zcase
unfolding af-subsequence-R semantics-ltin.simps GF-advice.simps by
blast
qged

lemma af-subsequence- W-GF-advice:
assumes i < n
assumes suffix n w =, ((af ¥ (w [i — n]))[X],)
assumes \j. j < i = suffit n w =, ((of ¢ (w [j — n]))[X]y)
shows suffiz (Suc n) w =y, (af (¢ Wy o) (prefix (Suc n) w))[X],
using assms
proof (induction i arbitrary: w n)
case (
then have A: suffiz n w =, ((af ¥ (w [0 — n]))[X])
by blast
have suffiz (Suc n) w =, (af ¥ (w [0 — Suc n]))[X],
using GF-advice-af-2[OF A, of 1] by simp
then show “case
unfolding af-subsequence-W GF-advice.simps semantics-ltin.simps by
blast
next
case (Suc 1)
have suffiz (Suc n) w =, (af ¢ (prefiz (Suc n) w))[X],
using Suc.prems(3)[OF zero-less-Suc, THEN GF-advice-af-2, unfolded
suffiz-suffixz, of 1]
by simp
moreover
have B: (Suc (n — 1)) =n
using Suc by simp
note Suc.IH[of n — 1 suffix 1 w, unfolded suffiz-suffix] Suc.prems
then have suffiz (Suc n) w =, (af (¢ Wy ) (w [1 — (Suc n)]))[X]y
by (metis B One-nat-def Suc-le-mono Suc-mono plus-1-eq-Suc subse-
quence-shift)
ultimately
show ?Zcase
unfolding af-subsequence- W unfolding semantics-ltin.simps GF-advice.simps
by simp
qged
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lemma af-subsequence-R-GF-advice-connect:
assumes < n
assumes suffix n w =, af (¢ Ry ) (w [i — n))[X],
assumes A\j. j < i = suffix n w =, ((af ¥ (w [j — n]))[X])
shows suffiz (Suc n) w =y, (af (¢ Ry ) (prefix (Suc n) w))[X],
using assms
proof (induction i arbitrary: w n)
case (
then have A: suffiz n w =, ((af ¥ (w [0 — n]))[X],)
by blast
have suffiz (Suc n) w =, (af ¥ (w [0 — Suc n]))[X],
using GF-advice-af-2[OF A, of 1] by simp
moreover
have suffix (Suc n) w =, (af (¢ Rp ¥) (w [0 — Suc n]))[X],
using GF-advice-af-2[OF 0.prems(2), of 1, unfolded suffiz-suffix] by
sTmp
ultimately
show ?case
unfolding af-subsequence-R GF-advice.simps semantics-ltin.simps by
blast
next
case (Suc 1)
have suffix 1 (suffiz n w) =, of (af ¥ (prefix n w)) [suffiz n w 0][X],
by (metis (no-types) GF-advice-af-2 Suc.prems(3) plus-1-eq-Suc subse-
quence-singleton suffiz-0 suffiz-suffic zero-le)
then have suffiz (Suc n) w =, (af ¢ (prefix (Suc n) w))[X],
using Suc.prems(3)[THEN GF-advice-af-2, unfolded suffiz-suffiz, of 1]
by simp
moreover
have B: (Suc (n — 1)) =n
using Suc by simp
note Suc.IH|[of - suffizx 1 w, unfolded subsequence-shift suffiz-suffiz
then have suffix (Suc n) w =, (af (¢ Ry ) (w [1 — (Suc n)]))[X],
by (metis B One-nat-def Suc-le-mono plus-1-eq-Suc Suc.prems)
ultimately
show ?Zcase
unfolding af-subsequence-R semantics-ltin.simps GF-advice.simps by
blast
qed

lemma af-subsequence- W-GF-advice-connect:

assumes < n

assumes suffic n w =y, af (¢ Wy ) (w [i = n])[X],
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assumes \j. j < i = suffixn w =, ((af ¢ (w [j — n]))[X]y)
shows suffiz (Suc n) w =y, (af (¢ Wy ) (prefix (Suc n) w))[X],
using assms
proof (induction i arbitrary: w n)
case (
have suffiz (Suc n) w =, af-letter (af (¢ Wy, ¥) (prefic n w)) (w n)[X],
by (simp add: 0.prems(2) GF-advice-af-letter)
moreover
have prefiz (Suc n) w = prefix n w Q [w n|
using subseq-to-Suc by blast
ultimately show ?Zcase
by (metis (no-types) foldl.simps(1) foldl.simps(2) foldl-append)
next
case (Suc 1)
have suffiz (Suc n) w =, (af ¢ (prefiz (Suc n) w))[X],
using Suc.prems(3)[OF zero-less-Suc, THEN GF-advice-af-2, unfolded
suffiz-suffiz, of 1] by simp
moreover
have n > 0 and B: (Suc (n — 1)) = n
using Suc by simp+
note Suc.IH[of n — 1 suffiz 1 w, unfolded suffiz-suffiz] Suc.prems
then have suffiz (Suc n) w =, (af (¢ Wy ¢) (w [1 — (Suc n)]))[X],
by (metis B One-nat-def Suc-le-mono Suc-mono plus-1-eq-Suc subse-
quence-shift)
ultimately
show ?Zcase
unfolding af-subsequence- W unfolding semantics-ltin.simps GF-advice.simps
by simp
qed

3.7 Advice Functions and Propositional Entailment

lemma GF-advice-prop-entailment:
AEp olX], = {¢. ¥[X], € At Ep ¢
false, ¢ A = {¢. Y[X], € A} Ep ¢ = A =p ¢[X],

by (induction ¢) (auto, meson, meson)

lemma GF-advice-iff-prop-entailment:

false, ¢ A= A Ep p[X], +— {¢. ¥[X], € A} Ep ¢
by (metis GF-advice-prop-entailment)

lemma FG-advice-prop-entailment:

true, € A = A E=p ¢[Y], = {¢. Y[Y], € A} Ep ¢
{. Y[Y]p € A} Fp o = AP ¢[Y]u
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by (induction ¢) auto

lemma FG-advice-iff-prop-entailment:
true, € A= A Ep o[X], +— {¢. v[X], € A} Ep ¢
by (metis FG-advice-prop-entailment)

lemma GF-advice-subst:
e[ Xy = subst ¢ (Mp. Some (Y[X],))
by (induction ¢) auto

lemma FG-advice-subst:

o[X], = subst ¢ (M. Some (Y[X],))
by (induction ) auto

lemma GF-advice-prop-congruent:

o —p ) = o[X], —p P[X],

¢ ~p P = [X], ~p P[X],

by (metis GF-advice-subst subst-respects-ltl-prop-entailment)+

lemma FG-advice-prop-congruent:
o —rp Y = o[X], —p V[X]y

¢ ~p Y = @[X], ~p Y[X],
by (metis FG-advice-subst subst-respects-Itl-prop-entailment)+

3.8 GF-advice with Equivalence Relations

locale GF-advice-congruent = ltl-equivalence +

fixes

normalise :: 'a ltin = 'a ltin
assumes

normalise-eq: ¢ ~ normalise
assumes

normalise-monotonic: w =, ¢[X], = w =, (normalise ¢)[X],
assumes
normalise-eventually-equivalent:
w =y, (normalise ¢)[X], = (Fi. suffix i w =, (af ¢ (prefiz i w))[X],)
assumes
GF-advice-congruent: ¢ ~ 1 = (normalise ¢)[X], ~ (normalise )[X],
begin

lemma normalise-language-equivalent|simpl:

w =y, normalise p <— w =y, @
using normalise-eq ltl-lang-equiv-def eq-implies-lang by blast
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end

interpretation prop-GF-advice-compatible: GF-advice-congruent (~p) id
by unfold-locales (simp add: GF-advice-af GF-advice-prop-congruent(2))-+

end

4 The Master Theorem

theory Master-Theorem
imports

Advice After
begin

4.1 Checking X CGF pwand Y C FG ¢ w
lemma X-GF-Y-FG:

assumes
X-p: X C subformulas,, ¢
and
Y-v: Y C subformulas, ¢
and
X-GF: V¢ € X. wlEn G (Fn ¥[Y],)
and
Y-FG: V¢ € Y. w =y Fp (Gy ¥[X],)
shows
XCGFpowANY CFGow
proof —

— Custom induction rule with size as a partial order
note induct = finite-ranking-induct[where f = size]

have finite (X U Y)
using subformulas,,-finite subformulas,-finite X-u Y-v finite-subset
by blast+

then show ?thesis
using assms

proof (induction X U Y arbitrary: X Y ¢ rule: induct)
case (insert 1) S)

note IH = insert(3)

note insert-S = <insert v S =X U Y)»
note X-u = «X C subformulas, ¢
note Y-v = <Y C subformulas, ¢»
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note X-GF = V¢ € X. w =, G (Fn ¥[Y]u)
note Y-FG = V¢ € Y. w =, F,, (Gn ¥[X],)

from X-p Y-v have X N Y = {}
using subformulas,, -disjoint by fast

from insert-S X-u Y-v have ¢ € subfrmlsn ¢
using subformulas,-subfrmisn subformulas,-subfrmisn by blast

show ?Zcase
proof (cases 1 ¢ S, cases ¢ € X)
assume ¢ ¢ S and ¢ € X

{
— Show X — {¢} CGF pwand Y C FG ¢ w

then have ¢ ¢ YV
using <X N Y = {} by auto
then have S = (X — {¢}) U Y
using insert-S <« ¢ S» by fast

moreover

have V¢' € Y. ¢'[X — {¢}], = ¢'[X],
using GF-advice-minus-size insert(1,2,4) <p ¢ Y» by fast

ultimately have X — {¢} CGF pwand Y C FG ¢ w
using IH[of X — {¢} Y ¢] X-u Y-v X-GF Y-FG by auto
}

moreover

{
— Show ¢ € GF ¢ w

have w =, G (Fn ¥[Y]4)
using X-GF «p € X» by simp
then have 3 7. suffiz i w =, Y[Y],
unfolding GF-Inf-many by simp

moreover

from Y-v have finite Y
using subformulas, -finite finite-subset by auto
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have Vo € Y. w =, Fp, (G, @)
using <Y C FG ¢ w» by (blast dest: FG-elim)

then have Vo € Y.V i. suffiziw =, Gp ¢
using FG-suffiz-G by blast

then have Vi. Vp € Y. suffiz i w =, Gp ¢
using «<finite Y eventually-ball-finite by fast

ultimately

have 3 i. suffix i w =, Y[Y], A Vo € Y. suffixiw =, Gy @)
using INFM-conjl by auto

then have 3 i. suffiz { w =, ¥
by (elim frequently-elim1) (metis FG-advice-b2-helper)

then have w =, G, (F, ¢)
unfolding GF-Inf-many by simp

then have ¢y € GF ¢ w
unfolding GF-semantics using «p € X» X-u by auto

}

ultimately show ?thesis
by auto
next
assume ¢ ¢ S and ¢ ¢ X
then have ¢y € Y
using insert by fast

{
— Show X CGF o wand Y — {¢} C FG ¢ w

then have SN X = X
using insert <) ¢ X» by fast
then have S = X U (Y — {¢})
using insert-S <« ¢ S» by fast

moreover

have V¢’ e X. ¢TY — {¢}], = ¢ Y],
using FG-advice-minus-size insert(1,2,4) <) ¢ X» by fast

ultimately have X C GF p wand Y — {¢} C FG p w
using IH[of X Y — {¢} ¢] X-u Y-v X-GF Y-FG by auto
}
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moreover

{
— Show ¥ € FG ¢ w

have w =, F,, (G, ¥[X],)
using Y-FG ) € Y» by simp
then have V i. suffiz i w =, ¥[X],
unfolding FG-Alm-all by simp

moreover

have Vo € X. w |, Gy (Fn ¢)
using <X C GF ¢ w» by (blast dest: GF-elim)
then have V i. Vo € X. suffic i w =, Gn (Frn ¢)
by simp

ultimately
have V i. suffiz i w =, ¥[X], AN (Vo € X. suffici w =, Gy (Fy

using MOST-conjl by auto
then have V i. suffiz i w =, ¥

by (elim MOST-mono) (metis GF-advice-a2-helper)
then have w =, Fy, (G, ¢)

unfolding FG-Alm-all by simp
then have ¢ € FG o w

unfolding FG-semantics using <) € Yy Y-v by auto

}

ultimately show ?thesis
by auto
next
assume - ) ¢ S
then have S = X U Y
using insert by fast
then show ?thesis
using insert by auto
qged
qed fast
qged

lemma GF-implies-GF":
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Vi € GF ¢ w. w =yp Gn (Fn Y[FG ¢ w],)
proof safe

fix ¢

assume ¥ € GF ¢ w

then have 3 i. suffic i w =, ¢
using GF-elim GF-Inf-many by blast

moreover

have ¢ € subfrmlsn ¢
using < € GF ¢ wy GF-subfrmlsn by blast

then have A\i w. FG ¢ (suffic i w) C FG ¢ w
using FG-suffir FG-subset by blast

ultimately have 3 ..i. suffiz i w =, Y[FG ¢ w],
by (elim frequently-elim1) (metis FG-advice-b1)

then show w =, G, (F, ¥[FG ¢ w],)
unfolding GF-Inf-many by simp
qged

lemma FG-implies-FG:

Vi € FG o w. w =, Fr (Gp Y[GF ¢ wly)
proof safe

fix 1

assume ¥ € FG ¢ w

then have V i. suffiz i w =, ¢
using FG-elim FG-Alm-all by blast

moreover

{

have ¢ € subfrmlsn ¢
using ¢ € FG ¢ wy FG-subfrmlsn by blast

moreover have Vi. GF ¢ (suffiz ¢ w) = F 9 (suffiz i w)
using suffiz-p-stable unfolding p-stable-def by blast

ultimately have V i. F ¢ (suffiz i w) C GF ¢ w
unfolding MOST-nat-le by (metis GF-subset GF-suffix)
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}

ultimately have V i. F ¢ (suffiz i w) C GF ¢ w A suffic i w =y, ¢
using eventually-conj by auto

then have V i. suffiz i w =, Y[GF ¢ w],

using GF-advice-al by (elim eventually-mono) auto

then show w |, F,, (G, V[GF ¢ w],)
unfolding FG-Alm-all by simp
qged

4.2 Putting the pieces together: The Master Theorem

theorem master-theorem-ltr:
assumes
wEn @
obtains X and Y where
X C subformulas, ¢
and
Y C subformulas, ¢
and
3i. suffic i w =, aof ¢ (prefiz i w)[X],
and
Vi e X.w k=, Gy (Fn Y[Y],)
and
Ve Y. wke, Fr (G, ¥[X]))
proof
show GF ¢ w C subformulas, ¢
by (rule GF-subformulas,,)
next
show FG ¢ w C subformulas, ¢
by (rule FG-subformulas,)
next
obtain i where GF ¢ (suffix i w) = F ¢ (suffix i w)
using suffiz-p-stable unfolding MOST-nat p-stable-def by fast
then have F (af ¢ (prefix i w)) (suffiz i w) C GF ¢ w
using GF-af F-af GF-suffix by fast

moreover
have suffiz i w =, af ¢ (prefiz i w)

using af-ltl-continuation <w =, ¢» by fastforce

62



ultimately show 3. suffix i w =, af ¢ (prefiz i w)[GF ¢ w,
using GF-advice-al by blast
next
show V¢ € GF ¢ w. w =y Gy (Fr Y[FG ¢ wl,)
by (rule GF-implies-GF)
next
show V¢ € FG ¢ w. w =, Fp, (Gn Y[GF ¢ w),)
by (rule FG-implies-FG)
ged

theorem master-theorem-rtl:
assumes
X C subformulas, ¢
and
Y C subformulas, ¢
and
1: Ji. suffix i w =, aof @ (prefix i w)[X],
and
2:Vy e X. w =, Gy (Fp ¥[Y],)
and
3Ny eY. wE, Fr (G, ¥[X]))
shows
w ¢
proof —
from 1 obtain ¢ where suffiz i w =, aof ¢ (prefix i w)[X],
by blast

moreover

from assms have X C GF ¢ w
using X-GF-Y-FG by blast

then have X C GF ¢ (suffiz i w)
using GF-suffir by fast

ultimately have suffiz i w =, af ¢ (prefix i w)
using GF-advice-a2 GF-af by metis
then show w |, ¢
using af-ltl-continuation by force
qged

theorem master-theorem:
W fEn @
(3X C subformulas,, ¢.
(Y C subformulas, .
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(3. suffiv i w = of @ (prefiv i w)[X],)
ANV EX. w,y Gy (Fn[Y])
AN (V’lﬁ eY. w ):n Fy (Gn @ZJ[X],,))))

by (metis master-theorem-ltr master-theorem-rtl)

4.3 The Master Theorem on Languages
definition L ¢ X = {w. Ji. suffir i w =, aof ¢ (prefix i w)[X],}

definition Ly X Y = {w. V¢ € X. w |=, Gy, (Fy ¥[Y],)}
definition Ls X Y = {w. V¢ € Y. w =, Fp (Gn ¥[X],)}

corollary master-theorem-language:

language-ltin ¢ = |J {L1 p X N Le X Y N L3 XY | X Y. X C subfor-
mulas, ¢ N'Y C subformulas, ¢}
proof safe

fix w

assume w € language-ltin ¢

then have w =, ¢
unfolding language-ltin-def by simp

then obtain X Y where X C subformulas, ¢ and Y C subformulas, ¢
and 3. suffiz i w =, of ¢ (prefix i w)[X],
and V¢ € X. w =, G, (Fn ¢¥[Y])
and Vo € Y. w b=, Fo (G (X))

using master-theorem-ltr by metis

then have w e Ly p Xand we Lo X Yand we L3 X Y
unfolding Li-def La-def Ls-def by simp+

thenshow we | {Lip XNL XY NL3 XY | XY. X C subformulas,
© ANY C subformulas, ¢}
using «X C subformulas, ¢» <Y C subformulas, @) by blast
next
fix wXY
assume X C subformulas, ¢ and Y C subformulas, ¢
andwelhp Xandw e Ly X Yand we Lsg XY

then show w € language-ltin ¢
unfolding language-ltin-def L1-def Lo-def Ls-def
using master-theorem-rtl by blast
qed
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end

5 Asymmetric Variant of the Master Theorem

theory Asymmetric-Master-Theorem
imports

Advice After
begin

This variant of the Master Theorem fixes only a subset Y of vLTL subfor-
mulas and all conditions depend on the index . While this does not lead to
a simple DRA construction, but can be used to build NBAs and LDBAs.

lemma FG-advice-b1-helper:

Y € subfrmlsn ¢ = suffic i w =, Y = suffix i w =, Y[FG ¢ w],
proof —
assume 1 € subfrmlsn ¢

then have FG ¢ (suffiz i w) C FG ¢ w
using FG-suffiz subformulas,-subset unfolding FG-semantics’ by fast

moreover
assume suffic i w =, ¥

ultimately show suffiz i w |=, Y[FG ¢ w|,
using F'G-advice-b1 by blast
qged

lemma FG-advice-b2-helper:
S CG oy (suffiviw) = i< j= suffixjw=, Y[S], = suffixjw =,
(G

proof —
fix 7 j
assume S C G ¢ (suffiz i w) and ¢ < j and suffiz j w =, ¥[S],

then have suffiz j w =, ¥[S N subformulas, ],
using F'G-advice-inter-subformulas by metis

moreover

have S N subformulas, ¥ C G ¢ (suffiz i w)
using «S C G ¢ (suffiz i w)> unfolding G-semantics’ by blast
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then have S N subformulas, v C G ¢ (suffix j w)
using G-suffix <i < j» inf.absorb-iff2 le-Suc-ex by fastforce

ultimately show suffiz j w =, ¢
using F'G-advice-b2 by blast
qged

lemma Y-G:
assumes
Y-v: Y C subformulas, ¢
and
Y-G-1: V91 . Y1 Ry 2 € Y — suffiv i w =, Gn (¥2[Y],)
and
Y-G-2: V1 o. 1 Wy o € Y — suffic i w =, Gn (V1[Y]u oy
¢2[Y]u)
shows
Y C G ¢ (sufficiw)
proof —
— Custom induction rule with size as a partial order
note induct = finite-ranking-induct[where f = size]

have finite Y
using Y-v finite-subset subformulas,-finite by auto

then show ?thesis
using assms

proof (induction Y rule: induct)
case (insert 1) S)

show “case
proof (cases i ¢ S)
assume ¢ ¢ S

note FG-advice-insert = FG-advice-insert|OF <) ¢ S»]

{
— Show S C G ¢ (suffix i w)

{
fix 91 1o

assume 1 R, ¥y € S

then have suffiz i w =, Gp ¥2linsert ¢ S,
using insert(5) by blast
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then have suffiz i w =, Gp ¥2[5],
using 1 R, ¥9 € Sy FG-advice-insert insert.hyps(2)
by fastforce

}

moreover

{
fix 1 Yo
assume ; W, 3 € S

then have suffiz i w =, G, (Y1[insert ¢ S, oryp Polinsert ¢ S),,)
using insert(6) by blast

then have suffiz i w =, Gn (V1[S]u orn ¥2[S]L)
using 1 Wy, 2 € S» FG-advice-insert insert.hyps(2)
by fastforce

}

ultimately

have S C G ¢ (suffix i w)
using insert.IH insert.prems(1) by blast
}

moreover

{
— Show ¢ € G ¢ (suffiz i w)

have ¢ € subformulas, ¢
using insert.prems(1) by fast
then have suffiz i w =, G, ¥
using subformulas,-semantics
proof (cases 1)
case (Release-ltin 11 12)

then have suffiz i w =, Gy ¥2linsert ¢ S,
using insert.prems(2) by blast
then have suffiz i w =, Gpn ¥2[5],
using Release-ltin FG-advice-insert by simp
then have suffix i w =, G, ¥
using F'G-advice-b2-helper|OF «S C G ¢ (suffix i w)>] by auto
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then show %thesis
using Release-ltin globally-release
by blast
next

case ( WeakUntil-ltin 11 1)2)

then have suffiz i w =, G, (Y1[insert ¢ S, orp Polinsert 1 S),,)
using insert.prems(3) by blast

then have suffiz i w |=, G, (Y1 oy ¥2)[S],
using WeakUntil-ltln FG-advice-insert by simp

then have suffiz i w =, G, (Y1 or, P2)
using FG-advice-b2-helper[OF S C G ¢ (suffiz i w)», of - 1 ory

Vo]

by force

then show ?thesis
unfolding WeakUntil-ltin semantics-ltin.simps
by (metis order-refl suffix-suffiz)

qed fast+

then have ¢ € G ¢ (suffix i w)
unfolding G-semantics using < € subformulas, @»
by simp

}

ultimately show ?thesis
by blast
next
assume - ) ¢ S
then have insert ¢ S = §
by auto
then show ?thesis
using insert by simp
ged
qed simp
qged

theorem asymmetric-master-theorem-ltr:
assumes
w ¢
obtains Y and 7 where
Y C subformulas, ¢
and
suffic i w =, af ¢ (prefix i w)[Y],
and
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Va1 o 1 Ry o € Y — suffic i w =, Gn (Y2[Y]4)
and
Vb 2. 1 Wy ha € Y — suffiv i w =, Gn (V1[ Y]y orn ¥2[Y],)
proof
let Y = FG p w

show ?Y C subformulas, ¢
by (rule FG-subformulas, )
next
let ?Y = FG p w
let %0 = SOME i. ?Y = G ¢ (suffix i w)

have suffix %i w =, of ¢ (prefix %i w)
using af-ltl-continuation <w =, ¢» by fastforce
then show suffiz 70 w =y, af ¢ (prefiv % w)[?Y],
by (metis FG-suffic FG-advice-b1 FG-af order-refl)
next
let Y = FG p w
let 90 = SOME i. ?Y = G ¢ (suffix i w)

have 3i. ?Y = G ¢ (suffiz i w)
using suffiz-v-stable FG-suffiz unfolding v-stable-def MOST-nat
by fast

then have Y-G: ?Y = G ¢ (suffix % w)
by (metis (mono-tags, lifting) somel-ex)

show V11 ¥o. Y1 Ry po € 7Y — suffiz 7l w =, G, (¥2[?Y],)
proof safe

fix 1 Yo

assume 1 R, 9o € ?Y

then have suffix % w =, G, (Y1 Ry 12)
using Y-G G-semantics’ by blast

then have suffiz % w =, G, V2
by force

moreover

have 3 € subfrmlisn
using FG-subfrmlsn b1 R, 2 € 7Y subfrmlsn-subset by force

ultimately show suffiz 7t w =, G, (Y2 [?Y],)

using FG-advice-b1-helper by fastforce
qed
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next
let 2Y = FG o w
let %0 = SOME i. ?Y = G ¢ (suffix i w)

have 3i. ?Y = G ¢ (suffiz i w)
using suffiz-v-stable FG-suffix unfolding v-stable-def MOST-nat
by fast

then have Y-G: ?Y = G ¢ (suffix %i w)
by (rule somel-ex)

show V1 o. 1 Wy g € 2Y — suffic % w =, Gy (V1[?Y], ory
V2[?Y],)

proof safe

fix 1 1o
assume 1 W, o € ?2Y

then have suffiz % w =, G, (Y1 W, ¢2)
using Y-G G-semantics’ by blast

then have suffiz % w =, G, (Y1 or, ¥2)
by force

moreover

have ¢, € subfrmisn ¢ and 9 € subfrmlsn ¢
using FG-subfrmlsn b1 Wy, e € 2Y) subfrmlsn-subset by force+

ultimately show suffiz 70 w =, G, (V1[?Y], orn ¥2[?Y],)
using FG-advice-b1-helper by fastforce
qed
qged

theorem asymmetric-master-theorem-rtl:
assumes
1: 'Y C subformulas, ¢
and
2: suffic i w =p af ¢ (prefiv i w)[Y],
and

3: V1 2. Y1 Ry 2 € Y — suffiz i w =n G (P2[Y],)

and

491 o vy Wy o € Y — suffiziw =, Gn (V1[Y]y orn ¥2[Y],)

shows

w @
proof —

have suffiz i w =, af ¢ (prefiz i w)
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by (metis assms Y-G FG-advice-b2 G-af)

then show w =, ¢
using af-ltl-continuation by force
qed

theorem asymmetric-master-theorem:
w En @ <
(4. 3Y C subformulas, ¢.
suffix i w =, af ¢ (prefix i w)[Y],
AN (V1 o b1 Ry Y2 € Y — suffiz i w =n Gy (¥2[Y]y))
N (VY1 oy Wyt € Y — suffiziw =, Gy (Y1[Y], ory ¥2[Y],)))
by (metis asymmetric-master-theorem-ltr asymmetric-master-theorem-rtl)

end

6 Master Theorem with Reduced Subformulas

theory Restricted-Master-Theorem
imports

Master-Theorem
begin

6.1 Restricted Set of Subformulas

fun restricted-subformulas-inner :: 'a ltln = 'a ltin set
where

restricted-subformulas-inner (@ and,, ¥) = restricted-subformulas-inner ¢
U restricted-subformulas-inner
| restricted-subformulas-inner (@ or, ) = restricted-subformulas-inner ¢
U restricted-subformulas-inner
| restricted-subformulas-inner (X, ) = restricted-subformulas-inner ¢
| restricted-subformulas-inner (¢ U, ¥) = subformulas, (¢ Uy ¥) U sub-
formulas,, (¢ Up 9)
| restricted-subformulas-inner (¢ R, v) = restricted-subformulas-inner ¢ U
restricted-subformulas-inner
| restricted-subformulas-inner (¢ W, 1) = restricted-subformulas-inner ¢
U restricted-subformulas-inner
| restricted-subformulas-inner (¢ My, ) = subformulas, (¢ My ) U sub-

formulas,, (@ My, 1)
| restricted-subformulas-inner - = {}

fun restricted-subformulas :: 'a ltin = 'a ltin set
where
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restricted-subformulas (¢ and, V) = restricted-subformulas ¢ U restricted-subformulas

<

| restricted-subformulas (@ ory, ¥) = restricted-subformulas ¢ U restricted-subformulas

restricted-subformulas (X, @) = restricted-subformulas ¢
restricted-subformulas (¢ Uy, 1) = restricted-subformulas ¢ U restricted-subformulas

S R S

| restricted-subformulas (¢ Ry, 1) = restricted-subformulas ¢ U restricted-subformulas-inner
(G

| restricted-subformulas (¢ W, ©) = restricted-subformulas-inner ¢ U re-
stricted-subformulas 1

| restricted-subformulas (o M, 1) = restricted-subformulas ¢ U restricted-subformulas

(4

| restricted-subformulas - = {}

lemma GF-advice-restricted-subformulas-inner:
restricted-subformulas-inner (¢[X],) = {}
by (induction ¢) simp-all

lemma GF-advice-restricted-subformulas:
restricted-subformulas (¢[X],) = {}
by (induction ¢) (simp-all add: GF-advice-restricted-subformulas-inner)

lemma restricted-subformulas-inner-subset:
restricted-subformulas-inner ¢ C subformulas, ¢ U subformulas, ¢
by (induction ) auto

lemma restricted-subformulas-subset:
restricted-subformulas ¢ C restricted-subformulas-inner ¢
by (induction @) (insert restricted-subformulas-inner-subset, auto)

lemma restricted-subformulas-subset:

restricted-subformulas ¢ C subformulas, ¢ U subformulas, ¢

using restricted-subformulas-inner-subset restricted-subformulas-subset’ by
auto

lemma restricted-subformulas-size:
Y € restricted-subformulas p = size ¥ < size ¢
proof —
have A\y. restricted-subformulas-inner ¢ C subfrmlsn ¢
using restricted-subformulas-inner-subset subformulas,,-subfrmlsn by
blast

then have inner: A\ ¢. ¥ € restricted-subformulas-inner ¢ —> size 1
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< size @
using subfrmlsn-size dual-order.strict-implies-order
by blast

show ¢ € restricted-subformulas p = size 1 < size ¢
by (induction ¢ arbitrary: ¥) (fastforce dest: inner)+
qed

lemma restricted-subformulas-notin:
¢ ¢ restricted-subformulas
using restricted-subformulas-size by auto

lemma restricted-subformulas-superset:

Y € restricted-subformulas ¢ = subformulas, 1 U subformulas, 1 C
restricted-subformulas
proof —

assume 1) € restricted-subformulas ¢

then obtain x z where
Y € restricted-subformulas-inner x and (z R, x) € subformulas, ¢ V
(x W, z) € subformulas, ¢
by (induction ¢) auto

moreover

have AY1 ¥o. (V1 Ry, 12) € subformulas, ¢ = restricted-subformulas-inner
e C restricted-subformulas
N1 Yo, (Y1 W, 2) € subformulas, ¢ = restricted-subformulas-inner
1 C restricted-subformulas
by (induction ) (simp-all; insert restricted-subformulas-subset’, blast)+

moreover

have subformulas, ¢ U subformulas, ¢ C restricted-subformulas-inner
X
using ) € restricted-subformulas-inner x»
proof (induction x)
case (Until-ltin x1 x2)
then show ?case
apply (cases v = x1 U, x2)
apply auto[1]
apply simp
apply (cases ¥ € subformulas, x1)
apply (meson le-supll le-supI2 subformulas,-subset subformulas, -subfrmisn
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subformulas, -subset subset-eq subset-insertl2)
apply (cases ¥ € subformulas, x2)
apply (meson le-supll le-supl?2 subformulas,-subset subformulas, -subfrmlisn
subformulas, -subset subset-eq subset-insertI2)
apply (cases ¢ € subformulas, x1)
apply (metis (no-types, opaque-lifting) Un-insert-right subformu-
las;,-subfrmlisn subformulas,,-subset subformulas, -subset subsetD sup.coboundedl?
sup-commute)
apply simp
by (metis (no-types, opaque-lifting) Un-insert-right subformulas,-subfrmlsn
subformulas,-subset subformulas, -subset subsetD sup.coboundedI2 sup-commute)
next
case (Release-ltin x1 x2)
then show ?case by simp blast
next
case (WeakUntil-ltin x1 x2)
then show ?case by simp blast
next
case (StrongRelease-ltin x1 x2)
then show Zcase
apply (cases v = x1 M,, x2)
apply auto[1]
apply simp
apply (cases ¥ € subformulas, x1)
apply (meson le-supll le-supl?2 subformulas,-subset subformulas, -subfrmlisn
subformulas, -subset subset-eq subset-insertI2)
apply (cases ¥ € subformulas, x2)
apply (meson le-supll le-supl?2 subformulas,,-subset subformulas, -subfrmisn
subformulas, -subset subset-eq subset-insertI2)
apply (cases ¢ € subformulas, x1)
apply (metis (no-types, opaque-lifting) Un-insert-right subformu-
las,,-subfrmisn subformulas,,-subset subformulas, -subset subsetD sup.coboundedl2
sup-commute)
apply simp
by (metis (no-types, opaque-lifting) Un-insert-right subformulas,-subfrmlsn
subformulas,-subset subformulas, -subset subsetD sup.coboundedI2 sup-commute)
qed auto

ultimately
show subformulas, 1 U subformulas, 1 C restricted-subformulas ¢

by blast
qed
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lemma restricted-subformulas- W-pu:
subformulas, ¢ C restricted-subformulas (¢ Wy, )
by (induction ¢) auto

lemma restricted-subformulas-R-p:
subformulas, ¢ C restricted-subformulas (¢ Ry, )
by (induction ) auto

lemma restrict-af-letter:
restricted-subformulas (af-letter ¢ o) = restricted-subformulas ¢
proof (induction @)
case (Release-ltin p1 p2)
then show ?case
using restricted-subformulas-subset’ by simp blast
next
case (WeakUntil-ltin ¢1 ¢2)
then show ?case
using restricted-subformulas-subset’ by simp blast
qed auto

lemma restrict-af:
restricted-subformulas (af ¢ w) = restricted-subformulas ¢
by (induction w rule: rev-induct) (auto simp: restrict-af-letter)

6.2 Restricted Master Theorem / Lemmas

lemma delay-2:
assumes p-stable ¢ w
assumes w =, ¢
shows 3. suffix ¢ w =, af ¢ (prefiv ¢ W){Y. w =, Gn (Fn ¥)} N
restricted-subformulas ¢l,
using assms
proof (induction ¢ arbitrary: w)
case (Prop-ltin x)
then show “case
by (metis GF-advice.simps(10) GF-advice-af prefiz-suffiz)
next
case (Nprop-ltin z)
then show “case
by (metis GF-advice.simps(11) GF-advice-af prefiz-suffiz)
next
case (And-ltln p1 p2)

let ?X = {¢. w =, Gy (Fn ¥)} N restricted-subformulas (¢1 and, ¢2)
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let X1 = {¢. w =, Gy (Fy )} N restricted-subformulas 1
let X2 = {¢. w =, Gy, (Fy )} N restricted-subformulas o2

have ?X1 C ?2X and ?X2 C 72X
by auto

moreover

obtain i j where suffiz i w |, of ¢1 (prefiz i w)[?X1],
and suffiz j w =, of 02 (prefiz j w)[?X2],
using p-stable-subfrmlsn|OF «u-stable (@1 and,, ¢2) wy] And-ltin by
fastforce

ultimately

obtain k£ where suffiz k w =, of 1 (prefiz k w)[?X],
and suffic k w =, af ©2 (prefiz k w)[?X],
using GF-advice-sync-and GF-advice-monotone by blast

thus ?case
unfolding af-decompose semantics-ltin.simps(5) GF-advice.simps by

blast
next

case (Or-ltln p1 ¢2)

let 7X = {¢. w =, Gy (Fy )} N restricted-subformulas (@1 and, ©2)

let X1 = {¢. w =, Gy (Fy )} N restricted-subformulas ¢ 1

let ?X2 = {¢. w =, Gy (Fy )} N restricted-subformulas p2

have ?X1 C ?2X and 7X2 C ?2X
by auto

moreover

obtain i j where suffiz i w =, af p1 (prefiz i w)[?X1], V suffix j w =,

af 2 (prefix j w)[?X2],
using p-stable-subfrmlsn|OF <u-stable (¢1 ory ¢2) w] Or-ltin by fast-
force

ultimately
obtain k where suffiz k w =, af @1 (prefic k w)[?X], V suffic k w =,

af 02 (prefix k w)[?X],
using GF-advice-monotone by blast
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thus Zcase
unfolding af-decompose semantics-ltin.simps(6) GF-advice.simps by
auto
next
case (Next-ltin ¢)
then have stable: u-stable ¢ (suffix 1 w)
and suffiz: suffic 1 w =, ¢
using F-suffix GF-F-subset GF-suffix
by (simp-all add: p-stable-def) fast
show Zcase
by (metis (no-types, lifting) Next-ltin.IH[OF stable suffix, unfolded
suffiz-suffiz prefiz-suffiz-subsequence GF-suffix] One-nat-def add.commute
af-simps(3) foldl-Nil foldl-append restricted-subformulas.simps(3) subsequence-append
subsequence-singleton)
next
case (Until-ltin @1 ¢2)
let ?X = {¢. w =, Gy (F, ¥)} N restricted-subformulas (p1 U, ©2)
let ?X1 = {¢. w =, Gy (Fr )} N restricted-subformulas ¢ 1
let ?X2 = {¢. w =, Gy, (Fy, )} N restricted-subformulas ¢ 2

have stable-1: \i. p-stable p1 (suffix i w)
and stable-2: \i. p-stable 2 (suffiz i w)
using p-stable-subfrmlsn[OF Until-ltin.prems(1)] by (simp add: p-stable-suffiz)+

obtain i where A\j. j < i = suffir j w =, ¢l and suffiz i w =, p2
using Until-ltin by auto

then have Aj. j < i = Jk. suffix (j + k) w Epn af 1 (w[j — k +
X,
and k. suffic (i + k) w =, of 92 (w [i — k + 1])[2X2],
using Until-ltin.IH (1)[OF stable-1, unfolded suffiz-suffiz prefiz-suffiz-subsequence
GF-suffix]
using Until-ltin.IH (2)[OF stable-2, unfolded suffiz-suffiz prefiz-suffiz-subsequence
GF-suffix]
by blast+

moreover

have ?X1 C ?2X
and X2 C ?2X
by auto

ultimately
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obtain £ where k£ > §
and suffic k w =, of 2 (w [i — k])[?X],
and \j. j < i = suffick w =, af ©1 (w[j — k])[?X],
using GF-advice-sync-less[of i w @1 ?X p2] GF-advice-monotone[of -
?X| by meson

hence suffiz (Suc k) w =, af (¢ Uy, 92) (prefic (Suc k) w)[?X],
by (rule af-subsequence-U-GF-advice)

then show “case
by blast
next
case (WeakUntil-ltin 1 ¢2)

let ?X = {¢. w |, Gy (F, ¥)} N restricted-subformulas (p1 W,, ¢2)
let X1 = {¢. w =, Gy (Fy )} N restricted-subformulas 1
let X2 = {¢. w =, Gy, (Fy, )} N restricted-subformulas o2
have stable-1: \i. p-stable ¢1 (suffiz i w)
and stable-2: \i. p-stable 2 (suffiz i w)
using p-stable-subfrmisn[OF WeakUntil-ltln.prems(1)] by (simp add:
p-stable-suffiz)+

{

assume Until-ltin: w =, @1 U, 2
then obtain ¢ where Aj. j < i = suffiz j w =, ¢1 and suffix i w
Fn 2
by auto

then have A\j. j < i = k. suffic (j + k) w |=n af @1 (w[j — k +
iDIex1),
and 3k. suffir (i + k) w =y, af 02 (w [i = k + 4])[?X2],
using WeakUntil-ltin.IH(1)[OF stable-1, unfolded suffix-suffix pre-
fiz-suffiz-subsequence GF-suffiz]
using WeakUntil-ltin.IH (2)[OF stable-2, unfolded suffiz-suffix pre-
fiz-suffiz-subsequence GF-suffiz]
by blast+

moreover
have ?2X1 C 2X

and X2 C ?2X
using restricted-subformulas-subset’ by force+
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ultimately

obtain £ where k£ > ¢
and suffiz k w =, of 2 (w [i — k])[?X],
and \j. j < i = suffit k w =, of @1 (w[j — k])[?X],
using GF-advice-sync-less[of i w p1 ?X 2] GF-advice-monotone|of -
?X| by meson

hence suffiz (Suc k) w =y aof (91 W, ©2) (prefic (Suc k) w)[?X],
by (rule af-subsequence- W-GF-advice)

hence ?case
by blast

}

moreover

{

assume Globally-ltin: w =, G, ¢l

{
fix j
have suffiz j w =, p1
using Globally-ltin by simp
then have suffiz j w = ¢1[{t. w = G (Fo ©)}],
by (metis stable-1 GF-advice-al GF-suffix p-stable-def GF-elim
mem-Collect-eq subsetl)
then have suffix j w =, ¢1[?X],
by (metis GF-advice-inter restricted-subformulas- W-p le-infI2)

}

then have w =, (¢l W, ¢2)[?X],
by simp
then have ?case
using GF-advice-af-2 by blast
}
ultimately
show ?Zcase
using WeakUntil-ltin.prems(2) ltin-weak-to-strong(1) by blast
next
case (Release-ltin p1 p2)

let ?X = {¢. w =, Gy (Fy, ¥)} N restricted-subformulas (p1 R, ¢2)
let X1 = {¢. w =, Gy (Fy )} N restricted-subformulas ¢ 1

let ?X2 = {Y. w =, Gy (Fp, ¥)} N restricted-subformulas p2

have stable-1: N\i. p-stable ¢1 (suffiz i w)
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and stable-2: \i. p-stable 2 (suffiz i w)
using u-stable-subfrmlsn[OF Release-ltin.prems(1)] by (simp add: p-stable-suffiz)+

{

assume Until-ltin: w =, ¢1 M, 92
then obtain 7 where Aj. j < i = suffiz j w =, ¢2 and suffix i w
Fn @1
by auto

then have A\j. j < i = 3k. suffic (j + k) w l=n af 2 (w[j — k +
iDIexz2],
and 3k. suffir (1 + k) w =y, af 01 (w i = k + 4])[?X1],
using Release-ltin.[H(1)[OF stable-1, unfolded suffiz-suffix prefiz-suffiz-subsequence
GF-suffix]
using Release-ltin.[H(2)[OF stable-2, unfolded suffiz-suffix prefiz-suffiz-subsequence
GF-suffix]
by blast+

moreover

have 7X1 C ?2X
and 2X2 C ¢X
using restricted-subformulas-subset’ by force+

ultimately

obtain £ where k£ > ¢
and suffic k w =y, of @1 (w [i — k])[?X],
and \j. j < i = suffit k w =, af 92 (w [j — k])[?X],
using GF-advice-sync-lesseq[of i w @2 ?X 1] GF-advice-monotone|of
- ?X] by meson

hence suffiz (Suc k) w =, af (@1 Ry, ¢2) (prefix (Suc k) w)[?2X],
by (rule af-subsequence-R-GF-advice)

hence ?case
by blast

}

moreover

{

assume Globally-ltin: w =, G, @2

{
fix j
have suffiz j w =, ¢2
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using Globally-ltin by simp
then have suffiz j w ):n 902[{1/} w ):n G, (Fn w)}]l’
by (metis stable-2 GF-advice-al GF-suffix p-stable-def GF-elim
mem-Collect-eq subsetl)
then have suffiz j w =, p2[?2X],
by (metis GF-advice-inter restricted-subformulas-R-p le-infI2)

}

then have w =, (p1 R, ¢2)[?X],
by simp
then have ?case
using GF-advice-af-2 by blast
}
ultimately
show “case
using Release-ltin.prems(2) ltln-weak-to-strong(3) by blast
next
case (StrongRelease-ltin ¢1 ¢2)

let ?2X = {¢. w =y Gy (Fy, )} N restricted-subformulas (p1 M, ¢2)
let ?X1 = {¢. w =, Gy, (Fp )} N restricted-subformulas ¢ 1
let ?X2 = {Y. w =, Gy (Fp, ¥)} N restricted-subformulas ¢2

have stable-1: \i. p-stable ¢1 (suffiz i w)
and stable-2: \i. p-stable 2 (suffiz i w)
using p-stable-subfrmlsn[OF StrongRelease-Itin.prems(1)] by (simp add:
w-stable-suffiz)+

obtain ¢ where A\j. j < i = suffiz j w =, @2 and suffiz i w =, @1
using StrongRelease-ltin by auto

then have Aj. j < i = Jk. suffix (j + k) w Epn af 2 (w[j — k +

iDIexz2],

and 3k. suffiz (i + k) w =, af o1 (w [i — k + 4))[?X1],

using StrongRelease-ltin.IH(1)[OF stable-1, unfolded suffiz-suffix pre-
fiz-suffiz-subsequence GF-suffiz]

using StrongRelease-ltin. IH(2)[OF stable-2, unfolded suffiz-suffiz pre-
fiz-suffiz-subsequence GF-suffiz]

by blast+

moreover

have 2X1 C 2X
and ?X2 C ?2X
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by auto
ultimately

obtain £ where k£ > ¢
and suffiz k w =y, of @1 (w [0 — k])[?X],
and \j. j < i = suffick w =, af 2 (w [j — k])[?X],
using GF-advice-sync-lesseqlof i w ¢2 ?X ¢1] GF-advice-monotone|of
- ?X] by meson

hence suffiz (Suc k) w =, af (@1 M, ©2) (prefic (Suc k) w)[?X],
by (rule af-subsequence-M-GF-advice)

then show ?Zcase
by blast
qed simp+

theorem master-theorem-restricted:
w En @ <
(3X C subformulas,, ¢ N restricted-subformulas .
(3Y C subformulas, ¢ N restricted-subformulas .
(Fi. (suffix i w =, of ¢ (prefix i w)[X],)
A (Vﬂ] € X w ):n Gn (Fn T/J[Y]M))
ANVYEY. wiEy Fn (Ga ¢[X]0)))))
(is ?lhs <— ?rhs)
proof
assume ?lhs

obtain i where p-stable ¢ (suffix i w)
by (metis MOST-nat less-Suc-eq suffiz-p-stable)

hence stable: u-stable (af ¢ (prefiz i w)) (suffix i w)
by (simp add: F-af GF-af p-stable-def)

let 2o’ = af ¢ (prefix i w)
let ?X' = GF ¢ w N restricted-subformulas ¢
let Y’ = FG ¢ w N restricted-subformulas ¢

have 1: suffiz i w =, %o’
using < ?lhs) af-ltl-continuation by force

have 2: \j. af (af ¢ (prefix i w)) (prefix j (suffix i w)) = af ¢ (prefix (i
+ j) w)
by (simp add: subsequence-append)
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have 3: GF ¢ w = GF ¢ (suffiz i w)
using GF-af GF-suffix by blast

have 3. suffiz (i + j) w |En af (2") (prefiz j (suffiz i w))[?X ],
using delay-2[OF stable 1] unfolding suffiz-suffix 2 restrict-af 3 un-
folding G.F-semantics’
by (metis (no-types, lifting) GF-advice-inter-subformulas af-subformulas,,
inf-assoc inf-commute)

hence 3i. suffix i w =, af ¢ (prefix i w)[?X],
using 2 by auto

moreover

{
fix 1

have A\ X. ¢ € restricted-subformulas ¢ = [ X N restricted-subformulas
Plu = V[X]y
by (metis le-supE restricted-subformulas-superset FG-advice-inter
inf.coboundedI2)
hence ¢ € X' —= w =, G, (F, ¥[?Y],)
using GF-implies-GF by force

}

moreover

{
fix ¢
have A X. ¢ € restricted-subformulas ¢ = [ X N restricted-subformulas
ol = P[X]y
by (metis le-supE restricted-subformulas-superset GF-advice-inter

inf.coboundedI?2)
hence ¢ € ?Y' = w =, F,, (G, ¥[?X],)
using FG-implies-FG by force
}

moreover

have ?X' C subformulas, ¢ N restricted-subformulas ¢
using GF-subformulas, by blast

moreover
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have ?Y’ C subformulas, ¢ N restricted-subformulas
using FG-subformulas, by blast

ultimately show ?rhs
by meson
qed (insert master-theorem, fast)

corollary master-theorem-restricted-language:

language-ltin ¢ = |J {L1 ¢ X N Ly X Y N L3 XY | X Y. X C
subformulas, ¢ N restricted-subformulas ¢ N'Y C subformulas, ¢ N re-
stricted-subformulas ¢}
proof safe

fix w

assume w € language-ltin ¢

then have w |, ¢
unfolding language-itin-def by simp

then obtain X Y where
1: X C subformulas, ¢ N restricted-subformulas ¢
and 2: Y C subformulas, ¢ N restricted-subformulas ¢
and 3i. suffiz i w =, of ¢ (prefiz i w)[X],
and V¢ € X. w =, G, (Fn ¢¥[Y],)
and Vi) € Y. w =y Fy (G ¥[X],)
using master-theorem-restricted by metis

then havewe Ly p Xandwe Ly X Yand we L3 X Y
unfolding Li-def Lo-def L3-def by simp+

then show w € |J {Li p X N Ly X Y NLs XY | X Y. X C
subformulas, ¢ N restricted-subformulas ¢ N'Y C subformulas, ¢ N re-
stricted-subformulas ¢}

using 1 2 by blast
next

fix wXY

assume X C subformulas, ¢ N restricted-subformulas ¢ and Y C sub-
formulas, @ N restricted-subformulas ¢

andwelij p Xandwe lp X Yandwe L3 XY

then show w € language-ltin ¢
unfolding language-ltin-def L,-def Lo-def Ls-def
using master-theorem-restricted by blast
qged
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6.3 Definitions with Lists for Code Export

definition restricted-advice-sets :: 'a ltln = ('a ltin list x 'a ltln list) list
where

restricted-advice-sets ¢ = List.product (subseqs (List.filter (Axz. x € re-
stricted-subformulas ) (subformulas,-list ¢))) (subseqs (List.filter (Az. x
€ restricted-subformulas ) (subformulas,-list ¢)))

lemma subsegs-subformulas,,-restricted-list:

X C subformulas,, ¢ N restricted-subformulas ¢ <— (Jzs. X = set xs A\ xs
€ set (subseqs (List.filter (A\z. z € restricted-subformulas ) (subformulas,,-list
©))))

by (metis in-set-subseqs inf-commute inter-set-filter subformulas,,-list-set
subset-subseq)

lemma subseqs-subformulas, -restricted-list:

Y C subformulas, ¢ N restricted-subformulas ¢ «+— (Fys. Y = set ys A ys
€ set (subsegs (List.filter (Az. © € restricted-subformulas ) (subformulas, -list
©))))

by (metis in-set-subseqs inf-commute inter-set-filter subformulas, -list-set
subset-subseq)

lemma restricted-advice-sets-subformulas:

X C subformulas,, ¢ N restricted-subformulas ¢ A'Y C subformulas, ¢ N
restricted-subformulas ¢ <— (Jzs ys. X = set zs N 'Y = set ys A (zs, ys)
€ set (restricted-advice-sets ¢))

unfolding restricted-advice-sets-def set-product subseqs-subformulas,,-restricted-list
subseqs-subformulas, -restricted-list by blast

lemma restricted-advice-sets-not-empty:

restricted-advice-sets ¢ # []

unfolding restricted-advice-sets-def using subseqs-not-empty product-not-empty
by blast

end

7 Transition Functions for Deterministic Automata

theory Transition-Functions
imports
../ Logical-Characterization/ After
../ Logical-Characterization/ Advice
begin
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This theory defines three functions based on the “after”-function which we
use as transition functions for deterministic automata.

locale transition-functions =
af-congruent + GF-advice-congruent
begin

7.1 After Functions with Resets for GF uLTL and FG vLTL

definition af-letterp :: 'a ltin = 'a ltin = 'a set = 'a ltin
where
af-letterp @ ¥ v = (if ¥ ~ true, then F,, ¢ else af-letter ¢ v)

definition af-letterq :: 'a ltin = 'a ltin = 'a set = 'a ltin
where
af-letterq @ v v = (if ¢ ~ false, then G, ¢ else af-letter ¢ v)

abbreviation af :: ‘a ltin = 'a ltln = 'a set list = 'a ltin
where

afp o ¥ w = foldl (af-letterp @) ¥ w

abbreviation afg :: ‘a ltin = 'a ltln = 'a set list = 'a ltin
where

afc ¢ ¥ w = foldl (af-letterg ¢) ¥ w

lemma af p-step:

afp o ¥ w~ true, = afp o ¥ (w Q [v]) = Fy, ¢
by (induction w rule: rev-induct) (auto simp: af-letterp-def)

lemma af ¢-step:

afc @ ¥ w ~ false, = afg ¢ ¥ (w Q [v]) = G, ¢
by (induction w rule: rev-induct) (auto simp: af-letterg-def)

lemma af p-segments:

afp o w=F, o= afr ¢ (wQw) = afp ¢ (Fn¢) v
by simp

lemma af -segments:

afg o v w= G, ¢ = afg ¢ ¢ (w Q w') = afg ¢ (Gn ) v’
by simp

lemma af-not-true-implies-af-equals-af p:
(Azs ys. w = zs Q ys = = af ) xs ~ true,) = afrp p Y w=af Y w
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proof (induction w rule: rev-induct)
case (snoc x zs)

then have afp ¢ ¢ xs = af Y xs
by simp

moreover

have — af ¢ zs ~ true,
using snoc.prems by blast

ultimately show ?Zcase
by (metis af-letter p-def foldl-Cons foldl-Nil foldl-append)
qed simp

lemma af-not-false-implies-af-equals-af g:

(Azs ys. w = xs Q ys = = af ¥ zs ~ false,) = afc ¢ Y w = af Y w
proof (induction w rule: rev-induct)

case (snoc x zs)

then have afg ¢ ¥ xs = af Y xs
by simp

moreover

have = af ¥ zs ~ false,
using snoc.prems by blast

ultimately show ?case
by (metis af-letterg-def foldl-Cons foldl-Nil foldl-append)
qed simp

lemma af p-not-true-implies-af-equals-af p:

(Azs ys. w = 25 Q ys = = afp ¢ ¥ xs ~ true,) = afp ¢ Y w = af ¥
w
proof (induction w rule: rev-induct)

case (snoc x zs)

then have afp ¢ ¥ zs = af Y s
by simp

moreover
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have - afp ¢ ¥ zs ~ true,
using snoc.prems by blast

ultimately show ?case
by (metis af-letter p-def foldl-Cons foldl-Nil foldl-append)
qed simp

lemma af ¢-not-false-implies-af-equals-af g:

(Azs ys. w = zs Q ys = = afg ¢ P x5 ~ false,) = afg ¢ ¥ w = af
P w
proof (induction w rule: rev-induct)

case (snoc x zs)

then have afg ¢ ¥ xs = af Y xs
by simp

moreover

have = afg ¢ ¥ zs ~ false,
using snoc.prems by blast

ultimately show ?Zcase
by (metis af-letterg-def foldl-Cons foldl-Nil foldl-append)
qed simp

lemma af p-true-implies-af-true:
afp o Y w ~ true, = af ¥ w ~ true,
by (metis af-append-true af-not-true-implies-af-equals-af )

lemma af -false-implies-af-false:
afg @ Y w ~ false, = af Y w ~ false,
by (metis af-append-false af-not-false-implies-af-equals-af )

lemma af-equiv-true-af p-prefiz-true:
af ¥ w~ true, = Jxs ys. w = x5 Q ys A afp p ¥ xs ~ true,
proof (induction w rule: rev-induct)
case (snoc a w)
then show “case
proof (cases af 1 w ~ true,)
case Fulse

then have A\zs ys. w = zs Q ys = — af ¢ xs ~ true,

88



using af-append-true by blast

then have afp o ¥ w = af Y w
using af-not-true-implies-af-equals-af p by auto

then have afr ¢ ¢ (w Q [a]) = af ¢ (w Q [a])
by (simp add: False af-letter p-def)

then show ?thesis
by (metis append-Nil2 snoc.prems)
qed (insert snoc, force)
qed (simp add: const-implies-eq)

lemma af-equiv-false-af o-prefiz-false:
af ¥ w ~ false, = s ys. w = x5 Q ys A\ afg @ ¢ xs ~ false,
proof (induction w rule: rev-induct)
case (snoc a w)
then show ?case
proof (cases af ¢ w ~ false,)
case Fulse

then have Azs ys. w = xs Q ys = — af ¢ zs ~ false,
using af-append-false by blast

then have afg ¢ ¥ w = af Y w
using af-not-false-implies-af-equals-af ¢ by auto

then have afg ¢ ¢ (w Q [a]) = af ¢¥ (w Q [a])
by (simp add: False af-letterg-def)

then show ?thesis
by (metis append-Nil2 snoc.prems)
qed (insert snoc, force)
qed (simp add: const-implies-eq)

lemma append-take-drop:
w = zs Q ys <— xs = take (length xs) w N ys = drop (length zs) w
by (metis append-eq-conv-cony)

lemma subsequence-split:

(w[i—j]) =25 Qys = xs = (w [i = { + length zs])

by (simp add: append-take-drop) (metis add-diff-cancel-left’ subsequence-length
subsequence-prefiz-suffix)
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lemma subsequence-append-general:
i<k=k<j= (wli—j])=(w[i— k) Q(wk—j])
by (metis le-Suc-ex map-append subsequence-def upt-add-eq-append)

lemma af p-semantics-rtl:
assumes
Vi.dj>i. afr o (Fp ) (w [0 — j]) ~ true,
shows
Vi. 3j. af (Fp ) (w[i — j]) ~r true,
proof
fix ¢
from assms obtain j where j > i and afr ¢ (Fy, ¢) (w [0 — j]) ~
true,
by blast
then have X: afr ¢ (F,, ¢) (w [0 — Suc j]) = Fp, ¢
using af p-step by auto

obtain k£ where £ > jand afr ¢ (Fy, ¢) (w [0 — k]) ~ true,
using assms using Suc-le-eq by blast
then have afp ¢ (Fp, ¢) (w [Suc j — k]) ~ true,
using af p-segments|OF X| by (metis le-Suc-ex le-simps(3) subsequence-append)
then have af (F,, ¢) (w [Suc j — k]) ~ true,
using af p-true-implies-af-true by blast
then show 3k. af (F, ¢) (w [i — k]) ~p true,
by (metis (full-types) af-F-prefiz-lang-equiv-true eg-implies-lang subse-
quence-append-general Suc-le-eq <i < j» <j < k> less-Sucl order.order-iff-strict)
qed

lemma af p-semantics-ltr:
assumes
Vi. 3j. af (Fy, ) (w [i — j]) ~ true,
shows
Vi. 35>i afp @ (Fpn ) (w [0 — j]) ~ truey,
proof (rule ccontr)
define resets where resets = {i. afp ¢ (Fy, @) (w [0 — i]) ~ true,}
define m where m = (if resets = {} then 0 else Suc (Max resets))

assume — (Vi. 37>0. afp ¢ (Fpn @) (w [0 — j]) ~ truey)
then have finite resets

using infinite-nat-iff-unbounded resets-def by force
then have resets # {} = afr ¢ (Fp, ¢) (w [0 — Maz resets]|) ~ true,
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unfolding resets-def using Maz-in by blast
then have m-reset: afp ¢ (Fy, ¢) (w [0 = m]) = Fp, ¢
unfolding m-def using af p-step by auto

{
fix ¢

assume 7 > m

with m-reset have = afp ¢ (Fp, ) (w [0 — i]) ~ true,
by (metis (mono-tags, lifting) Mazx-ge-iff Suc-n-not-le-n «finite resets)
empty-Collect-eq m-def mem-Collect-eq resets-def)
with m-reset have — afp ¢ (Fy, ¢)(w [m — i]) ~ true,
by (metis (mono-tags, opaque-lifting) <m < @ af p-segments bot-nat-def
le0 subsequence-append-general)

}

then have 3j. afr ¢ (F,, ) (w [m — j]) ~ true,
by (metis le-cases subseq-to-smaller)
then have ;. af (F,, ¢) (w [m — j]) ~ true,
by (metis af-equiv-true-af p-prefiz-true subsequence-split)
then show Fulse
using assms by blast
qed

lemma af o-semantics-rtl:
assumes
0. Vji>i. = afg ¢ (Gn @) (w [0 — j]) ~ false,
shows
0. Vj. = af (Gn ) (w[i — j]) ~ false,
proof
define resets where resets = {i. afg ¢ (Gyn, @) (w [0 — i]) ~ false,}
define m where m = (if resets = {} then 0 else Suc (Mazx resets))

from assms have finite resets
by (metis (mono-tags, lifting) infinite-nat-iff-unbounded mem-Collect-eq
resets-def)
then have resets # {} = afc ¢ (Gn ¢) (w [0 — Maz resets]) ~ false,
unfolding resets-def using Maz-in by blast
then have m-reset: afg ¢ (Gy, @) (w [0 = m]) = G, ¢
unfolding m-def using afq-step by auto

{
fix ¢
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assume ¢ > m

with m-reset have — afg ¢ (G, @) (w [0 — i) ~ false,
by (metis (mono-tags, lifting) Maz-ge-iff Suc-n-not-le-n «finite resets)
empty-Collect-eq m-def mem-Collect-eq resets-def)
with m-reset have — afc ¢ (G @) (w [m — i) ~ false,
by (metis (mono-tags, opaque-lifting) «<m < i) af g-segments bot-nat-def
le0 subsequence-append-general)

}

then have Vj. = afc ¢ (Gy ) (w [m — j]) ~ false,
by (metis le-cases subseq-to-smaller)
then show Vj. = af (G, ) (w [m — j]) ~ false,
by (metis af-equiv-false-af g-prefiz-false subsequence-split)
qed

lemma af o-semantics-ltr:
assumes
0. Vj. = af (Gn ) (w[i — j]) ~r falsey,
shows
0. Vji>i. = afg ¢ (Gn @) (w [0 — j]) ~ false,
proof (rule ccontr, auto)
assume 1: Vi. 3j>i. afq ¢ (G @) (w [0 — j]) ~ falsey,

{
fix ¢

obtain j where j > 7 and afg ¢ (G, @) (w [0 — j]) ~ false,
using 1 by blast

then have X: afg ¢ (G, @) (w [0 — Suc j]) = G, ¢
using afg-step by auto

obtain k where k > j and afg ¢ (G @) (w [0 — k]) ~ false,
using I using Suc-le-eq by blast
then have af g ¢ (G, ¢) (w [Suc j — k]) ~ falsey,
using afg-segments|OF X| by (metis le-Suc-ex le-simps(3) subse-
quence-append)
then have af (G, ¢) (w [Suc j — k]) ~ false,
using af g-false-implies-af-false by fastforce
then have af (G, ¢) (w [Suc j — k]) ~p false,
using eq-implies-lang by fastforce
then have af (G, ¢) (w [i — k]) ~r false,
by (metis (full-types) af-G-prefiz-lang-equiv-false subsequence-append-general
Suc-le-eq <i < j» <j < k> less-Sucl order.order-iff-strict)
then have 3j. af (G, ¢) (w [i — j]) ~r false,

92



by fast

}

then show Fulse
using assms by blast
qged

7.2 After Function using GF-advice

definition af-letter, :: 'a ltin set = 'a ltin X 'a ltln = 'a set = 'a ltln x
‘a ltin
where
af-letter, X p v = (if snd p ~ false,
then (af-letter (fst p) v, (normalise (af-letter (fst p) v))[X],)
else (af-letter (fst p) v, af-letter (snd p) v))

abbreviation af, :: 'a ltin set = 'a ltin x 'a ltln = 'a set list = 'a ltin x
‘a ltin

where
afy, X p w = foldl (af-letter, X) p w

lemma af-letter,-fst[simp]:
fst (af-letter, X p v) = af-letter (fst p) v
by (simp add: af-letter,-def)

lemma af-letter, -snd[simp]:

snd p ~ false, = snd (af-letter, X p v) = (normalise (af-letter (fst p)
V)X,

= (snd p) ~ false, = snd (af-letter, X p v) = af-letter (snd p) v

by (simp-all add: af-letter,-def)

lemma af ,-fst:
fst (af, X p w) = af (fstp) w

by (induction w rule: rev-induct) simp+

lemma af,-snd:

= af (snd p) w ~ false, = snd (af, X p w) = af (snd p) w

by (induction w rule: rev-induct) (simp-all, metis af-letter,-snd(2) af-letter.simps(2)
af-letter-congruent)

lemma af,-snd"
Vi. = snd (af, X p (take i w)) ~ false, = snd (af, X p w) = af (snd

p) w
by (induction w rule: rev-induct) (simp-all, metis af-letter,-snd(2) diff-is-0-eq
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foldl-Nil le-cases take-all take-eq-Nil)

lemma af,, -step:

snd (af, X (&, ¢) w) ~ false, —> snd (af, X (§ ) (w @ [v])) =
(normalise (af & (w @ [v])))[X],

by (simp add: af,-fst)

lemma af ,-segments:
afy X (&, Q) w = (af & w, (af £ W)[X])) = afy X (£ () (w @ w') =
afy X (af & w, (af & w)[X]y) w’

by (induction w’ rule: rev-induct) fastforce+

lemma af, -semantics-ltr:
assumes
4. suffiz i w =, (af ¢ (prefix i w))[X],
shows
Im.Vk>m. = snd (af, X (¢, (normalise v)[X],) (prefix (Suc k) w)) ~
falsey,
proof
define resets where resets = {i. snd (af, X (¢, (normalise ¢)[X],)
(prefiz i w)) ~ falsey,}
define m where m = (if resets = {} then 0 else Suc (Max resets))

from assms obtain ¢ where 1: suffix i w =, (af ¢ (prefiz i w))[X],
by blast

{
fix j
assume ¢ < j and j € resets

let ?p = af ¢ (prefix (Suc j) w)

from 1 have Vn. suffix n (suffiz i w) =, (normalise (af ¢ (prefiz i w
Q prefiz n (suffix i w))))[X],

using normalise-monotonic by (simp add: GF-advice-af)

then have suffiz (Suc j) w =y, (normalise (af ¢ (prefix (Suc j) w)))[X],
by (metis (no-types) <i < j» add.right-neutral le-Sucl le-Suc-ex subse-
quence-append subsequence-shift suffiz-suffiz)

then have Vk>j. = af ((normalise (af ¢ (prefic (Suc j) w)))[X],) (w

[Suc j — k]) ~ falsey,
by (metis ltl-implies-satisfiable-prefix subsequence-prefiz-suffiz)
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then have Vk>j. = snd (af, X (%p, (normalise 20)[X],) (w [Suc j —

k))) ~ falsey,
by (metis af,-snd snd-eqD)

moreover

{
have fst (af, X (¢, (normalise ¢)[X],) (prefix (Suc j) w)) = %p
by (simp add: af,-fst)

moreover

have snd (af, X (¢, (normalise ¢)[X],) (prefix j w)) ~ falsey,
using ¢j € resetss resets-def by blast

ultimately have af, X (@, (normalise ¢)[X],) (prefix (Suc j) w) =
(%, (normalise %p)[X],)
by (metis (no-types) af,-step prod.collapse subseq-to-Suc zero-le)

}

ultimately have Vk>j. = snd (af, X (¢, (normalise ¢)[X],) ((w [0
— Suc j]) @ (w [Suc j — k]))) ~ false,
by (simp add: af,-segments)

then have V£>j. = snd (af, X (p, (normalise p)[X],) (prefix k w)) ~
false,
by (metis Suc-lel le0 subsequence-append-general)

then have Vk € resets. k < j
using <j € resets) resets-def le-less-linear by blast

}

then have finite resets
by (meson finite-nat-set-iff-bounded-le infinite-nat-iff-unbounded-le)

then have resets # {} = snd (af, X (¢, (normalise ¢)[X],) (prefiz
(Max resets) w)) ~ falsey,
using Max-in resets-def by blast

then have Vi>m. = snd (af, X (¢, (normalise p)[X],) (prefiz k w)) ~
false,
by (metis (mono-tags, lifting) Max-ge Suc-n-not-le-n <finite resets
empty-Collect-eq m-def mem-Collect-eq order.trans resets-def)
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then show Vk>m. = snd (af, X (@, (normalise p)[X],) (prefiz (Suc k)
w)) ~ falsey,
using le-Sucl by blast
qed

lemma af, -semantics-rtl:
assumes
dn. Vk>n. = snd (af, X (¢, (normalise ¢)[X],) (prefiz (Suc k) w)) ~
false,
shows
4. suffiz i w =, of ¢ (prefiz i w)[X],
proof —
define resets where resets = {i. snd (af, X (p, (normalise p)[X],)
(prefiz i w)) ~ falsey,}
define m where m = (if resets = {} then 0 else Suc (Max resets))

from assms obtain n where Vk>n. — snd (af, X (p, (normalise ¢)[X],)
(prefix (Suc k) w)) ~ false,
by blast

then have Vk>n. = snd (af, X (v, (normalise ¢)[X],) (prefiz k w)) ~
false,
by (metis le-SucE lessE less-imp-le-nat)

then have finite resets
by (metis (mono-tags, lifting) infinite-nat-iff-unbounded mem-Collect-eq
resets-def)

then have Vi>m. = snd (af, X (¢, (normalise ¢)[X],) (prefix i w)) ~
false,
unfolding resets-def m-def using Max-ge not-less-eq-eq by auto

then have Vi. = snd (af, X (¢, (normalise v)[X],) (w [0 — m]) Q (w
[m — 1i]))) ~ false,
by (metis le0 nat-le-linear subseq-to-smaller subsequence-append-general)

moreover
let %0 = af ¢ (prefix m w)
have resets # {} = snd (af, X (v, (normalise ¢)[X],) (prefix (Maz

resets) w)) ~ false,
using Max-in <finite resets) resets-def by blast
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then have prefiz-p”s snd (af, X (p, (normalise 9)[X],) (prefix m w)) =
(normalise ?p)[X],
by (auto simp: GF-advice-congruent m-def af,-fst)

ultimately have Vi. = snd (af, X (%, (normalise %p)[X],) (w [m —

i])) ~ false,
by (metis af,-fst foldl-append fst-conv prod.collapse)

then have Vi. = af ((normalise 2p)[X],) (w [m — i]) ~ false,
by (metis prefiz-p’ af ,-fst af ,-snd’ fst-conv prod.collapse subsequence-take)

then have suffiz m w =, (normalise (af ¢ (prefix m w)))[X],
by (metis GF-advice-v LTL(1) satisfiable-prefiz-implies-v LTL add.right-neutral
subsequence-shift)

from this[ THEN normalise-eventually-equivalent]
show Ji. suffir i w =, af ¢ (prefix i w)[X],
by (metis add.commute af-subsequence-append le-add1 le-add-same-cancell
prefiz-suffiz-subsequence suffiz-suffir)
qed

end

7.3 Reachability Bounds

We show that the reach of each after-function is bounded by the atomic
propositions of the input formula.

locale transition-functions-size = transition-functions +
assumes
normalise-nested-propos: nested-prop-atoms ¢ 2O nested-prop-atoms (normalise

©)
begin

lemma af-letter p-nested-prop-atoms:

nested-prop-atoms v C nested-prop-atoms (F,, @) = nested-prop-atoms
(af-letterp ¢ 1 v) C nested-prop-atoms (Fy, )

by (induction ¢) (auto simp: af-letter p-def, insert af-letter-nested-prop-atoms,
blast+)

lemma af p-nested-prop-atoms:

nested-prop-atoms ¢ C nested-prop-atoms (F,, @) = nested-prop-atoms
(af F @ ¥ w) C nested-prop-atoms (Fy, ¢)
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by (induction w rule: rev-induct) (insert af-letter p-nested-prop-atoms,
auto)

lemma af-letter p-range:

nested-prop-atoms 1 C nested-prop-atoms (F,, ¢) = range (af-letterr ¢
) C {4. nested-prop-atoms ¢ C nested-prop-atoms (Fy, )}

using af-letter p-nested-prop-atoms by blast

lemma af p-range:

nested-prop-atoms 1 C nested-prop-atoms (F,, ) = range (afp ¢ 1) C
{1. nested-prop-atoms 1) C nested-prop-atoms (F,, ¢)}

using af p-nested-prop-atoms by blast

lemma af-letterg-nested-prop-atoms:

nested-prop-atoms ¢ C nested-prop-atoms (G, @) = nested-prop-atoms
(af-letterq ¢ ¢ v) C nested-prop-atoms (G, @)

by (induction ¢) (auto simp: af-letterq-def, insert af-letter-nested-prop-atoms,
blast+)

lemma af o-nested-prop-atoms:

nested-prop-atoms ¢ C nested-prop-atoms (G, @) = nested-prop-atoms
(afc ¢ ¥ w) C nested-prop-atoms (G, @)

by (induction w rule: rev-induct) (insert af-letterg-nested-prop-atoms,
auto)

lemma af-letterg-range:

nested-prop-atoms 1) C nested-prop-atoms (G, ) = range (af-letterc ¢
) C {4. nested-prop-atoms ¢ C nested-prop-atoms (G, ¢)}

using af-letterg-nested-prop-atoms by blast

lemma af g-range:

nested-prop-atoms 1 C nested-prop-atoms (G, @) = range (afg ¢ V) C
{1. nested-prop-atoms b C nested-prop-atoms (G,, ¢)}

using afg-nested-prop-atoms by blast

lemma af-letter, -snd-nested-prop-atoms-helper:
snd p ~ false, = nested-prop-atoms (snd (af-letter, X p v)) C nested-prop-atoms,
(fstp) X
- snd p ~ false,, = nested-prop-atoms (snd (af-letter, X p v)) C
nested-prop-atoms (snd p)
by (simp-all add: af-letter-nested-prop-atoms nested-prop-atoms,, -def)
(metis GF-advice-nested-prop-atoms, af-letter-nested-prop-atoms nested-prop-atoms, -subset
dual-order.trans nested-prop-atoms, -def normalise-nested-propos)
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lemma af-letter, -fst-nested-prop-atoms:
nested-prop-atoms (fst (af-letter, X p v)) C nested-prop-atoms (fst p)
by (simp add: af-letter-nested-prop-atoms)

lemma af-letter, -snd-nested-prop-atoms:

nested-prop-atoms (snd (af-letter, X p v)) C (nested-prop-atoms, (fst p)
X) U (nested-prop-atoms (snd p))

using af-letter,-snd-nested-prop-atoms-helper by blast

lemma af-letter, -fst-range:
range (fst o af-letter, X p) C {1. nested-prop-atoms 1) C nested-prop-atoms
(fstp)}

using af-letter, -fst-nested-prop-atoms by force

lemma af-letter, -snd-range:

range (snd o af-letter, X p) C {1. nested-prop-atoms ¢ C (nested-prop-atoms,
(fst p) X) U nested-prop-atoms (snd p)}

using af-letter,-snd-nested-prop-atoms by force

lemma af-letter,-range:

range (af-letter, X p) C {1. nested-prop-atoms » C nested-prop-atoms
(fst p)} x {4. nested-prop-atoms 1 C (nested-prop-atoms, (fst p) X) U
nested-prop-atoms (snd p)}
proof —

have range (af-letter, X p) C range (fst o af-letter, X p) x range (snd o
af-letter, X p)

by (simp add: image-subset-iff mem-Times-iff)

also have ... C {v. nested-prop-atoms 1 C nested-prop-atoms (fst p)} x
{1. nested-prop-atoms 1) C (nested-prop-atoms, (fst p) X) U nested-prop-atoms

(snd p)}
using af-letter,-fst-range af-letter,-snd-range by blast

finally show ?thesis .
qged

lemma af, -fst-nested-prop-atoms:

nested-prop-atoms (fst (af, X p w)) C nested-prop-atoms (fst p)

by (induction w rule: rev-induct) (auto, insert af-letter-nested-prop-atoms,
blast)

lemma af-letter-nested-prop-atoms,:

nested-prop-atoms, (af-letter ¢ v) X C nested-prop-atoms, ¢ X
by (induction @) (simp-all add: nested-prop-atoms,-def, blast+)
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lemma af , -fst-nested-prop-atoms,,:
nested-prop-atoms, (fst (af, X p w)) X C nested-prop-atoms, (fst p) X
by (induction w rule: rev-induct) (auto, insert af-letter-nested-prop-atoms,,,
blast)

lemma af, -fst-range:
range (fst o af, X p) C {¢. nested-prop-atoms 1p C nested-prop-atoms (fst

p)}

using af, -fst-nested-prop-atoms by fastforce

lemma af, -snd-nested-prop-atoms:

nested-prop-atoms (snd (af, X p w)) C (nested-prop-atoms, (fst p) X) U
(nested-prop-atoms (snd p))
proof (induction w arbitrary: p rule: rev-induct)

case (snoc x zs)

let 2p = af, X p xs

have nested-prop-atoms (snd (af, X p (zs @Q [z]))) C (nested-prop-atoms,
(fst ?p) X) U (nested-prop-atoms (snd ?p))
by (simp add: af-letter, -snd-nested-prop-atoms)

then show ?case
using snoc af,-fst-nested-prop-atoms, by blast
qed (simp add: nested-prop-atoms,-def)

lemma af,-snd-range:

range (snd o af, X p) C {1. nested-prop-atoms ¢ C (nested-prop-atoms,
(fst p) X) U nested-prop-atoms (snd p)}

using af,-snd-nested-prop-atoms by fastforce

lemma af,-range:
range (af, X p) C {1. nested-prop-atoms 1 C nested-prop-atoms (fst p)} x
{1). nested-prop-atoms 1 C (nested-prop-atoms, (fst p) X) U nested-prop-atoms
(snd p)}
proof —
have range (af, X p) C range (fst o af, X p) x range (snd o af, X p)
by (simp add: image-subset-iff mem-Times-iff)

also have ... C {1. nested-prop-atoms 1 C nested-prop-atoms (fst p)} x
{1. nested-prop-atoms 1) C (nested-prop-atoms, (fst p) X) U nested-prop-atoms

(snd p)}
using af,-fst-range af,-snd-range by blast
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finally show ?thesis .
qed

end

end

8 Quotient Type Emulation for Locales

theory Quotient-Type
imports

Main
begin

locale quotient =

fixes
eq :: 'a = 'a = bool
and
Rep :: 'b = 'a
and
Abs :: 'a = b
assumes
Rep-inverse: Abs (Rep a) = a
and
Abs-eq: Abs x = Abs y +— eqx y
begin

lemma Rep-inject:
Repx=Repy<+—x=y
by (metis Rep-inverse)
lemma Rep-Abs-eq:
eq © (Rep (Abs z))
by (metis Abs-eq Rep-inverse)

end

end

9 Convert between w-Words and Streams

theory Omega- Words-Fun-Stream
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imports
HOL- Library. Omega- Words-Fun HOL— Library.Stream
begin

definition to-omega :: 'a stream = 'a word where
to-omega = snth

definition to-stream :: 'a word = 'a stream where
to-stream w = smap w nats

lemma to-omega-to-stream[simp):
to-omega (to-stream w) = w
unfolding to-omega-def to-stream-def
by auto

lemma to-stream-to-omegalsimp):
to-stream (to-omega s) = s
unfolding to-omega-def to-stream-def
by (metis stream-smap-nats)

lemma bij-to-omega:
bij to-omega
by (metis bijI’ to-omega-to-stream to-stream-to-omega)

lemma bij-to-stream:
bij to-stream
by (metis bijI’ to-omega-to-stream to-stream-to-omega)

lemma image-intersection|simp]:
to-omega ‘ (A N B) = to-omega * A N to-omega ‘ B
to-stream ¢ (C' N D) = to-stream * C' N to-stream ‘ D
by (simp-all add: bij-is-inj bij-to-omega bij-to-stream image-Int)

lemma to-stream-snth|simp]:
(to-stream w) ' k = w k
by (simp add: to-stream-def)

lemma to-omega-index|simp):

(to-omega s) k = s ! k
by (metis to-stream-snth to-stream-to-omega)
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lemma to-stream-stake[simp):
stake k (to-stream w) = prefix k w
by (induction k) (simp add: to-stream-def)+

lemma to-omega-prefiz[simp):
prefiz k (to-omega s) = stake k s
by (metis to-stream-stake to-stream-to-omega)

lemma in-image[simp]:
x € to-omega ‘ X <— to-stream x € X
y € to-stream ‘'Y <— to-omega y € Y
by force+

end

10 Constructing DRAs for LTL Formulas

theory DRA-Construction
imports
Transition-Functions

../ Quotient- Type
../ Omega- Words-Fun-Stream

HOL— Library.Log-Nat

../ Logical-Characterization/ Master- Theorem
../ Logical-Characterization/ Restricted-Master- Theorem

Transition-Systems-and-Automata. DBA-Combine

Transition-Systems-and-Automata. D CA-Combine

Transition-Systems-and-Automata. DRA-Combine
begin

— We use prefix and suffix on infinite words.
hide-const Sublist.prefix Sublist.suffix

locale dra-construction = transition-functions eq normalise + quotient eq
Rep Abs
for
eq :: 'a ltln = 'a ltin = bool (infix (~) 75)
and
normalise :: 'a ltin = 'a ltin
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and
Rep :: 'ltlg = 'a ltin

and
Abs =2 a ltin = ltlq

begin

10.1 Lifting Setup

abbreviation true,-lifted :: 'ltlq (<ttrue,>) where
Ttrue, = Abs true,

abbreviation false,-lifted :: 'ltlq (}false,») where
Tfalse, = Abs false,

abbreviation af-letter-lifted :: 'a set = 'ltlq = 'ltlq («taflettery) where
Tafletter v ¢ = Abs (af-letter (Rep ¢) v)

abbreviation af-lifted :: 'ltlg = 'a set list = 'ltlq (<taf>) where
Taf ¢ w = fold Tafletter w ¢

abbreviation GF-advice-lifted :: 'ltlg = 'a ltin set = "ltlq (<-1[-],» [90,60]
89) where
p1X], = Abs ((Rep ¢)[X],)

lemma af-letter-lifted-semantics:
Tafletter v (Abs ) = Abs (af-letter ¢ v)
by (metis Rep-Abs-eq af-letter-congruent Abs-eq)

lemma af-lifted-semantics:

Taf (Abs @) w = Abs (af ¢ w)
by (induction w rule: rev-induct) (auto simp: Abs-eq, insert Rep-Abs-eq
af-letter-congruent eq-sym, blast)

lemma af-lifted-range:
range (Taf (Abs ¢)) C {Abs v | 1. nested-prop-atoms b C nested-prop-atoms

o}
using af-lifted-semantics af-nested-prop-atoms by blast

definition af-letter p-lifted :: 'a ltln = 'a set = 'ltlqg = 'ltlq («Tafletterpy)
where
Tafletterp ¢ v 1 = Abs (af-letterrp ¢ (Rep ¥) v)
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definition af-letterg-lifted :: 'a ltln = 'a set = 'ltlq = 'ltlqg («Tafletterey)
where

Tafletterg ¢ v 1 = Abs (af-letterg ¢ (Rep ¢) v)

lemma af-letter p-lifted-semantics:

Tafletterp ¢ v (Abs ¢) = Abs (af-letterr ¢ 1 v)

by (metis af-letter p-lifted-def Rep-inverse af-letter p-def af-letter-congruent
Abs-eq)

lemma af-letterg-lifted-semantics:

Tafletterg ¢ v (Abs 1) = Abs (af-letterg ¢ ¥ v)
by (metis af-letterg-lifted-def Rep-inverse af-letterg-def af-letter-congruent
Abs-eq)

abbreviation af p-lifted :: 'a ltin = 'ltlg = 'a set list = 'ltlg («Taf»)
where

Tafr @ Y w = fold (Tafletterr @) w1

abbreviation af ¢-lifted :: 'a ltin = 'ltlg = 'a set list = 'ltlg (<tafc)
where

taf ¢ ¥ w = fold (tafletterg @) w

lemma af p-lifted-semantics:
tafp o (Abs ) w = Abs (af p ¢ ¥ w)

by (induction w rule: rev-induct) (auto simp: af-letter p-lifted-semantics)

lemma af -lifted-semantics:
Tafa ¢ (Abs ) w = Abs (afq ¢ ¥ w)

by (induction w rule: rev-induct) (auto simp: af-letterg-lifted-semantics)

definition af-letter,-lifted :: 'a ltin set = 'a set = 'ltlq x 'ltlg = 'ltlqg x
ltlg (<Tafletter,))
where
Tafletter, X v p =
(Abs (fst (af-letter, X (Rep (fst p), Rep (snd p)) v)),
Abs (snd (af-letter, X (Rep (fst p), Rep (snd p)) v)))

abbreviation af,-lifted :: 'a ltin set = 'ltlg x 'ltlg = 'a set list = 'ltlg x
Itlg (taf,)
where

Taf, X p w = fold (Tafletter, X) wp

lemma af-letter, -lifted-semantics:
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Tafletter, X v (Abs z, Abs y) = (Abs (fst (af-letter, X (z, y) v)), Abs
(snd (af-letter, X (z, y) v)))

by (simp add: af-letter, -def af-letter, -lifted-def) (insert GF-advice-congruent
Rep-Abs-eq Rep-inverse af-letter-lifted-semantics eg-trans Abs-eq, blast)

lemma af ,-lifted-semantics:
Taf, X (Abs &, Abs () w = (Abs (fst (af, X (§, () w)), Abs (snd (af, X
(& Q) w)))
apply (induction w rule: rev-induct)
apply (auto simp: af-letter, -lifted-def af-letter, -lifted-semantics af-letter-lifted-semantics)
by (metis (no-types, opaque-lifting) af-letter,-lifted-def af ,-fst af-letter, -lifted-semantics
eq-fst-iff prod.sel(2))

10.2 Biichi automata for basic languages

definition 2, :: 'a ltin = ('a set, 'ltlg) dba where
A, ¢ = dba UNIV (Abs @) Tafletter (M. ¢ = Ttruey)

definition A,-GF :: ‘a ltin = ('a set, 'ltlg) dba where
A,-GF ¢ = dba UNIV (Abs (F,, ¢)) (Tafletterp @) (M), o = Ttruey,)

definition 2, :: ‘a ltln = (‘a set, 'ltlq) dca where
A, o = dca UNIV (Abs ¢) Tafletter (M. ¢ = Tfalsey,)

definition A,-FG :: a ltin = ('a set, 'ltlq) dca where
A,-FG ¢ = dea UNIV (Abs (G, p)) (Tafletterg @) (Mp. ¥ = Tfalsey,)

lemma dba-run:
DBA.run (dba UNIV p 6 «) (to-stream w) p unfolding dba.run-alt-def
by simp

lemma dca-run:
DCA.run (dca UNIV p 6 «) (to-stream w) p unfolding dca.run-alt-def
by simp

lemma 2(,-language:

¢ € pLTL = to-stream w € DBA.language (2, ¢) «— w =y ¢
proof —

assume ¢ € pLTL

then have w =, ¢ «+— (Vn. 3k>n. af ¢ (w[0 — k]) ~ true,)
by (meson af-uLTL af-prefiz-true le-cases)
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also have ... +— (Vn. 3k>n. af ¢ (w[0 — Suc k]) ~ truey,)
by (meson af-prefiz-true le-Sucl order-refl)

also have ... <— infs (M. ¢ = Ttrue,) (DBA.trace (U, ¢) (to-stream

w) (Abs ¢))
by (simp add: infs-snth ,-def DBA.transition-def af-lifted-semantics
Abs-eq[symmetric| af-letter-lifted-semantics)

also have ... <— to-stream w € DBA.language (A, ¢)
unfolding 2,,-def dba.initial-def dba.accepting-def by (auto simp: dba-run)

finally show ?thesis
by simp
qed

lemma 2,-GF-language:
¢ € pLTL = to-stream w € DBA.language (A,-GF ¢) «— w =, Gp

(Fn )
proof —
assume ¢ € pLTL

then have w =, G, (F\, ¢) «— (Yn. 3k. of (Fn ) (w[n — k]) ~L
truey,)
using ltl-lang-equivalence.af-uLTL-GF by blast

also have ... «+— (Vn. 3k>n. afr ¢ (Fn @) (w0 — k]) ~ truey)
using af p-semantics-ltr of p-semantics-rtl
using «p € pLTL) af-uLTL-GF calculation by blast

also have ... «— (Vn. 3k>n. afp ¢ (Fp, ¢) (w[0 — Suc k]) ~ truey)
by (metis less-Suc-eq-le less-imp-Suc-add)

also have ... <— infs (. ¢ = Ttrue,) (DBA.trace (A,-GF ¢) (to-stream

w) (Abs (Fn ¢)))
by (simp add: infs-snth A,,- GF-def DBA.transition-def af p-lifted-semantics
Abs-eq[symmetric| af-letter p-lifted-semantics)

also have ... <— to-stream w € DBA.language (A,-GF ¢)
unfolding 2,-GF-def dba.initial-def dba.accepting-def by (auto simp:

dba-run)

finally show ?thesis
by simp
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qed

lemma 2, -language:

¢ € VLTL = to-stream w € DCA.language (A, @) +— w =y ¢
proof —

assume ¢ € vLTL

then have w =, ¢ «— (In. Vk>n. = af ¢ (w[0 — k]) ~ false,)
by (meson af-vLTL af-prefiz-false le-cases order-refl)

also have ... «— (In. Vk>n. = af ¢ (w[0 — Suc k]) ~ falsey)
by (meson af-prefiz-false le-Sucl order-refl)

also have ... <— fins (A\). ¢ = Tfalse,) (DCA.trace (U, @) (to-stream

w) (Abs )
by (simp add: infs-snth A, -def DBA.transition-def af-lifted-semantics
Abs-eq[symmetric] af-letter-lifted-semantics)

also have ... «— to-stream w € DCA.language (2, ¢)
unfolding 2, -def dca.initial-def dca.rejecting-def by (auto simp: dca-run)

finally show ?thesis
by simp
qed

lemma 2, -FG-language:
¢ € VLTL = to-stream w € DCA.language (A,-FG ¢) +— w =, Fy

(Gn )
proof —
assume ¢ € vLTL

then have w =, F,, (G, ) «— (3k. Vj. = af (G @) (wk — j]) ~L

falsey,)
using ltl-lang-equivalence.af-v LTL-FG by blast

also have ... «— (In. Vk>n. = afg ¢ (Gn ) (w0 — k]) ~ false,)
using af g-semantics-ltr af g-semantics-rtl
using «p € vLTLy af-vLTL-FG calculation by blast

also have ... «— (In. Vik>n. = afg ¢ (Gn ) (w[0 — Suc k]) ~ falsey,)
by (metis less-Suc-eq-le less-imp-Suc-add)

also have ... «— fins (\). ¢ = Tfalse,) (DCA.trace (A,-FG @) (to-stream
w) (Abs (Gn ¢)))
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by (simp add: infs-snth A, -FG-def DBA.transition-def af g-lifted-semantics
Abs-eq[symmetric| af-letterq-lifted-semantics)

also have ... «+— to-stream w € DCA.language (A,-FG ¢)
unfolding 2, -FG-def dca.initial-def dca.rejecting-def by (auto simp:
dca-run)

finally show ?thesis
by simp
qged

10.3 A DCA checking the GF-advice Function

definition € :: 'a ltln = 'a ltin set = ('a set, 'ltlq x 'ltlg) dca where
¢ o X = deca UNIV (Abs ¢, Abs ((normalise p)[X],)) (Tafletter, X) (Ap.
snd p = Tfalsey)

lemma C€-language:

to-stream w € DCA.language (€ ¢ X) «— (I i. suffiz i w =, of ¢ (prefix
i w)[X],)
proof —

have (Ji. suffiz i w =, af ¢ (prefix i w)[X],)
«— (Am. Vk>m. = snd (af, X (¢, (normalise p)[X],) (prefiz (Suc
k) w)) ~ falsey)
using af,-semantics-ltr af,-semantics-rtl by blast

also have ... «— fins (Ap. snd p = Tfalse,) (DCA.trace (€ ¢ X)
(to-stream w) (Abs @, Abs ((normalise v)[X].,)))
by(simp add: infs-snth €-def DCA.transition-def af,-lifted-semantics
af-letter, -lifted-semantics Abs-eq)

also have ... «— to-stream w € DCA.language (€ ¢ X)
by (simp add: €-def dca.initial-def dca.rejecting-def dca.language-def
dca-run)

finally show ?thesis
by blast
qed

10.4 A DRA for each combination of sets X and Y

lemma dba-language:
(Aw. to-stream w € DBA.language A +— w |=, ¢) = DBA.language A
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= {w. to-omega w =, ¢}
by (metis (mono-tags, lifting) Collect-cong dba.language-def mem-Collect-eq
to-stream-to-omega)

lemma dca-language:

(Aw. to-stream w € DCA.language A <— w =, ¢) = DCA.language A
= {w. to-omega w =, ¢}

by (metis (mono-tags, lifting) Collect-cong dca.language-def mem-Collect-eq
to-stream-to-omega)

definition 2y :: ‘a ltin = 'a ltln list = ('a set, 'ltlq x 'ltlq) dca where
A p xs = € @ (set xs)

lemma 2 -language:
to-omega * DCA.language (201 ¢ xs) = Ly ¢ (set xs)
by (simp add: ;-def Ly-def set-eq-iff €-language)

lemma 2l -alphabet:
DCA.alphabet (2 ¢ zs) = UNIV
unfolding 2;-def €-def by simp

definition Ay :: ‘a ltin list = 'a ltln list = ('a set, 'ltlq list degen) dba
where

Ay zs ys = DBA-Combine.intersect-list (map (M. A,-GF (Y[set ys],.))
xs)

lemma 2y-language:

to-omega  DBA.language (A2 xs ys) = Lo (set zs) (set ys)

by (simp add: As-def Lo-def set-eq-iff dba-language[ OF U,,-GF-language[ OF
FG-advice-uLTL(1)]])

lemma 2As-alphabet:
DBA.alphabet (A2 xs ys) = UNIV
by (simp add: Aa-def U,,-GF-def)

definition A3 :: ‘a ltin list = 'a ltin list = ('a set, 'ltlg list) dca where
A3 xs ys = DCA-Combine.intersect-list (map (M. A,-FG ([set ws],))

ys)

lemma 2U3-language:
to-omega * DCA.language (A3 zs ys) = La (set zs) (set ys)
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by (simp add: As-def Ls-def set-eq-iff dca-language[OF A,-FG-language| OF
GF-advice-vLTL(1)]])

lemma 2As-alphabet:
DCA.alphabet (A3 zs ys) = UNIV
by (simp add: As-def A, -FG-def)

definition A’ ¢ zs ys = intersect-be (A2 zs ys) (DCA-Combine.intersect
(21 o zs) (As s ys))

lemma 2l’-language:

to-omega * DRA.language (A" ¢ zs ys) = (L1 o (set zs) N Lo (set xs) (set
ys) N L3 (set xs) (set ys))

by (simp add: A’-def A;-language Asz-language As-language) fastforce

lemma 2A’-alphabet:
DRA.alphabet (A" ¢ zs ys) = UNIV
by (simp add: '-def A1-alphabet As-alphabet As-alphabet)

10.5 A DRA for L ¢

This is the final constant constructing a deterministic Rabin automaton us-

ing the pure version of the ?w |=,, %p = (3 X Csubformulas, ?p. 3 Y Csubformulas,
Zp. (Fi. suffix i Yw =, af %o (prefiv i 2w)[X],) A (VyeX. 2w =, G (Fn
YY) A (VYeY. fw =n Fr (Gn ¢[X]0))).

definition lti-to-dra ¢ = DRA-Combine.union-list (map (A(zs, ys). A’ ¢
xs ys) (advice-sets @))

lemma ltl-to-dra-language:
to-omega ‘ DRA.language (ltl-to-dra ¢) = language-ltin ¢
proof —
have ([ (a, b)€set (advice-sets ). dra.alphabet (A" ¢ a b)) =
(U (a, b)eset (advice-sets ¢). dra.alphabet (A’ ¢ a b))
using advice-sets-not-empty by (simp add: A’-alphabet)
then have x: DRA.language (DRA-Combine.union-list (map (A(z, y). A’
v zy) (advice-sets ¢))) =
U (DRA.language  set (map (MN(z, y). A" ¢ z y) (advice-sets ¢)))
by (simp add: split-def)
have language-ltin o = |J {(L1 o XN L X Y NIL3 X Y)| X Y. X C
subformulas, ¢ N'Y C subformulas, ¢}
unfolding master-theorem-language by auto
also have ... = J {L1 ¢ (set xs) N Ly (set xs) (set ys) N L3 (set xs) (set
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ys) | xs ys. (ws, ys) € set (advice-sets )}
unfolding advice-sets-subformulas by (metis (no-types, lifting))
also have ... = |J {to-omega * DRA.language (A’ ¢ zs ys) | zs ys. (zs,
ys) € set (advice-sets )}
by (simp add: A’-language)
finally show ?thesis
using * by (auto simp add: lti-to-dra-def)
qed

lemma ltl-to-dra-alphabet:
alphabet (ltli-to-dra @) = UNIV
by (auto simp: ltl-to-dra-def 2'-alphabet)

10.6 A DRA for L ¢ with Restricted Advice Sets

The following constant uses the ?w |=, % = (3 XCsubformulas, %p N re-
stricted-subformulas ?p. 'Y Csubformulas, %p N restricted-subformulas %p.
4. suffiz i w =, af 2o (prefiz i 2w)[X], AN (VyeX. 2w =, Gy (Frn ¥[Y],))
AN (VyeY. 2w =, F, (Gy, ¥[X],))) to reduce the size of the resulting au-
tomaton.

definition [tl-to-dra-restricted ¢ = DRA-Combine.union-list (map (A(ws,
ys). A" o xs ys) (restricted-advice-sets ¢))

lemma [tl-to-dra-restricted-language:
to-omega * DRA.language (ltl-to-dra-restricted ) = language-ltin ¢
proof —
have () (a, b)€set (restricted-advice-sets ¢). dra.alphabet (A" ¢ a b)) =
(U (a, b)eset (restricted-advice-sets ). dra.alphabet (A’ ¢ a b))
using restricted-advice-sets-not-empty by (simp add: A’-alphabet)
then have x: DRA.language (DRA-Combine.union-list (map (A(z, y). A’
v z y) (restricted-advice-sets ¢))) =
U (DRA.language ¢ set (map (A (z, y). A" ¢ z y) (restricted-advice-sets
©)))
by (simp add: split-def)
have language-ltin ¢ = |J {(Li ¢ X N Le X Y NLs X Y) | X Y.
X C subformulas,, ¢ N restricted-subformulas ¢ N'Y C subformulas, ¢ N
restricted-subformulas ¢}
unfolding master-theorem-restricted-language by auto
also have ... = J {L; ¢ (set xs) N Ly (set xs) (set ys) N Lz (set xs) (set
ys) | xs ys. (ws, ys) € set (restricted-advice-sets )}
unfolding restricted-advice-sets-subformulas by (metis (no-types, lift-
ing))
also have ... = |J {to-omega * DRA.language (A" ¢ xs ys) | zs ys. (s,
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ys) € set (restricted-advice-sets o)}
by (simp add: A’-language)
finally show ?thesis
using * by (auto simp add: ltl-to-dra-restricted-def)
qed

lemma [tl-to-dra-restricted-alphabet:
alphabet (lti-to-dra-restricted p) = UNIV
by (auto simp: ltl-to-dra-restricted-def 2A'-alphabet)

10.7 A DRA for L ¢ with a finite alphabet

Until this point, we use UNIV as the alphabet in all places. To explore the
automaton, however, we need a way to fix the alphabet to some finite set.

definition dra-set-alphabet :: ('a set, 'b) dra = 'a set set = ('a set, 'b) dra
where
dra-set-alphabet A ¥ = dra ¥ (initial ) (transition A) (condition 2A)

lemma dra-set-alphabet-language:

Y C alphabet A = language (dra-set-alphabet A X) = language A N {s.
sset s C 3}

by (auto simp add: dra-set-alphabet-def dra.language-def set-eq-iff dra.run-alt-def
streams-iff-sset)

lemma dra-set-alphabet-alphabet]simp):
alphabet (dra-set-alphabet 2A ¥) = 3
unfolding dra-set-alphabet-def by simp

lemma dra-set-alphabet-nodes:
Y C alphabet A = DRA.nodes (dra-set-alphabet 20 ¥) C DRA.nodes 2
unfolding dra-set-alphabet-def dra.nodes-alt-def dra.reachable-alt-def dra.path-alt-def
by auto

definition [tl-to-dra-alphabet ¢ Ap = dra-set-alphabet (ltl-to-dra-restricted
) (Pow Ap)

lemma ltl-to-dra-alphabet-language:
assumes
atoms-ltin ¢ C Ap
shows
to-omega ‘ language (ltl-to-dra-alphabet ¢ Ap) = language-ltin ¢ N {w.
range w C Pow Ap}
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proof —
have 1: Pow Ap C alphabet (ltl-to-dra-restricted )
unfolding ltl-to-dra-restricted-alphabet by simp

show “thesis
unfolding lti-to-dra-alphabet-def dra-set-alphabet-language[OF 1]
by (simp add: lti-to-dra-restricted-language sset-range) force
qed

lemma [tl-to-dra-alphabet-alphabet|[simp]:
alphabet (lti-to-dra-alphabet ¢ Ap) = Pow Ap
unfolding ltl-to-dra-alphabet-def by simp

lemma ltl-to-dra-alphabet-nodes:
DRA.nodes (ltl-to-dra-alphabet ¢ Ap) € DRA.nodes (ltl-to-dra-restricted

)
unfolding ltl-to-dra-alphabet-def

by (rule dra-set-alphabet-nodes) (simp add: ltl-to-dra-restricted-alphabet)

end

10.8 Verified Bounds for Number of Nodes

Using two additional assumptions, we can show a double-exponential size
bound for the constructed automaton.

lemma list-prod-mono:
f<g= (J[a+us. fz) < (J[z¢=xs. g z) for fg :: 'a = nat
by (induction xs) (auto simp: le-funD mult-le-mono)

lemma list-prod-const:

(Nz. z € set zs = foz < ¢) = ([[a<us. fz) < ¢ " length zs for f ::
'a = nat

by (induction zs) (auto simp: mult-le-mono)

lemma card-insert-Suc:
card (insert z S) < Suc (card S)
by (metis Suc-n-not-le-n card.infinite card-insert-if finite-insert linear)

lemma nat-power-le-imp-le:
0<a=a<b=z a<gz bforz: nat
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by (metis leD linorder-le-less-linear nat-power-less-imp-less neq0-conv power-eq-0-iff)

lemma const-less-power:
n<z nifzx>1
using that by (induction n) (auto simp: less-trans-Suc)

lemma floorlog-le-const:

floorlog x n < n

by (induction n) (simp add: floorlog-eq-zero-iff, metis Suc-lessI floor-
log-le-iff le-Sucl power-inject-exp)

locale dra-construction-size = dra-construction + transition-functions-size
+

assumes
equiv-finite: finite P = finite {Abs 1 | ¥. prop-atoms ¢» C P}
assumes
equiv-card: finite P = card {Abs v | 1. prop-atoms » C P} < 227
card P
begin

lemma af g-lifted-range:
nested-prop-atoms v C nested-prop-atoms (F,, ¢) = range (Tafp ¢ (Abs
¥)) € {Abs ¢ | . nested-prop-atoms v C nested-prop-atoms (Fy, @)}
using af p-lifted-semantics af p-nested-prop-atoms by blast

lemma af ¢-lifted-range:
nested-prop-atoms v C nested-prop-atoms (G, p) = range (Tafg ¢ (Abs
¥)) C {Abs ¢ | V. nested-prop-atoms ¢ C nested-prop-atoms (G, )}
using af g-lifted-semantics af g-nested-prop-atoms by blast

lemma 2{,-nodes:
DBA.nodes (U, @) € {Abs 1 | 1. nested-prop-atoms 1 C nested-prop-atoms

e}
unfolding 2, -def
using af-lifted-semantics af-nested-prop-atoms by fastforce

lemma 2,-GF-nodes:
DBA.nodes (U,-GF @) C {Abs ¢ | 1. nested-prop-atoms 1 C nested-prop-atoms

(Fn ©)}
unfolding 2,-GF-def dba.nodes-alt-def dba.reachable-alt-def
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using af p-nested-prop-atoms|of Fy, ¢| by (auto simp: af p-lifted-semantics)

lemma 2, -nodes:

DCA.nodes (2, ¢) C {Abs ¢ | ¥. nested-prop-atoms 1 C nested-prop-atoms
o}

unfolding 2, -def

using af-lifted-semantics af-nested-prop-atoms by fastforce

lemma 2, -FG-nodes:

DCA.nodes (A,-FG ) C {Abs ¢ | 1. nested-prop-atoms 1 C nested-prop-atoms
(Gn )}

unfolding A, -FG-def dca.nodes-alt-def dca.reachable-alt-def

using af g-nested-prop-atoms[of G, ¢] by (auto simp: af g-lifted-semantics)

lemma €-nodes-normalise:

DCA.nodes (€ p X) C {Abs 1 | . nested-prop-atoms b C nested-prop-atoms
o} x {Abs ¢ | . nested-prop-atoms ¢ C nested-prop-atoms, (normalise )
X}

unfolding €-def dca.nodes-alt-def dca.reachable-alt-def

apply (auto simp add: af,-lifted-semantics af-letter, -lifted-semantics)

using af, -fst-nested-prop-atoms apply force

by (metis GF-advice-nested-prop-atoms, af,-snd-nested-prop-atoms Abs-eq
af ,-lifted-semantics fst-conv normalise-eq snd-conv sup.absorb-iff1)

lemma €-nodes:
DCA.nodes (€ ¢ X) C {Abs ¢ | ©. nested-prop-atoms 1) C nested-prop-atoms
o} x {Abs ¢ | V. nested-prop-atoms 1 C nested-prop-atoms, ¢ X}
unfolding €-def dca.nodes-alt-def dca.reachable-alt-def
apply (auto simp add: af,-lifted-semantics af-letter,-lifted-semantics)
using af, -fst-nested-prop-atoms apply force
by (metis (no-types, opaque-lifting) GF-advice-nested-prop-atoms, af,-snd-nested-prop-atoms
fst-eqD mested-prop-atoms, -subset normalise-nested-propos order-refl order-trans
snd-eqD sup.order-iff)

lemma equiv-subset:
{Abs 1 |1p. nested-prop-atoms » C P} C {Abs ¢ |[¢. prop-atoms 1p C P}
using prop-atoms-nested-prop-atoms by blast

lemma equiv-finite”:

finite P = finite {Abs 1 | ¢. nested-prop-atoms ¢ C P}
using equiv-finite equiv-subset finite-subset by fast
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lemma equiv-card”:

finite P = card {Abs v | ¢. nested-prop-atoms » C P} < 2~ 2 ~ card
P

by (metis (mono-tags, lifting) equiv-card equiv-subset equiv-finite card-mono
le-trans)

lemma nested-prop-atoms-finite:
finite {Abs 1 | 1. nested-prop-atoms 1 C nested-prop-atoms ¢}
using equiv-finite’|OF Equivalence-Relations.nested-prop-atoms-finite] .

lemma nested-prop-atoms-card:

card {Abs ) | 1. nested-prop-atoms ¢ C nested-prop-atoms ¢} < 2 =2
card (nested-prop-atoms @)

using equiv-card'|OF Equivalence-Relations.nested-prop-atoms-finite] .

lemma nested-prop-atoms, -finite:
finite {Abs 1 | 1. nested-prop-atoms ¢ C nested-prop-atoms, ¢ X}
using equiv-finite'|OF nested-prop-atoms,,-finite] by fast

lemma nested-prop-atoms, -card:

card {Abs 1) | 1. nested-prop-atoms 1p C nested-prop-atoms, ¢ X} < 2~
2 7 card (nested-prop-atoms @) (is ?lhs < ?rhs)
proof —

have finite {Abs ¢ | 1. prop-atoms ¢ C nested-prop-atoms, ¢ X}

by (simp add: nested-prop-atoms,-finite Advice.nested-prop-atoms,-finite
equiv-finite)

then have ?lhs < card {Abs i | 1. prop-atoms ¢ C (nested-prop-atoms,
¢ X)}

using card-mono equiv-subset by blast

also have ... < 2 7 2 7 card (nested-prop-atoms, ¢ X)
using equiv-card|OF Advice.nested-prop-atoms, -finite] by fast

also have ... < 2rhs
using nested-prop-atoms,-card by auto

finally show ?thesis .
qed

lemma 2,-GF-nodes-finite:
finite (DBA.nodes (A,-GF ¢))
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using finite-subset|OF ,-GF-nodes nested-prop-atoms-finite| .

lemma A, -FG-nodes-finite:
finite (DCA.nodes (A,-FG ¢))
using finite-subset|OF 2,,-FG-nodes nested-prop-atoms-finite] .

lemma ,-GF-nodes-card:
card (DBA.nodes (A,-GF ¢)) < 2~ 2~ card (nested-prop-atoms (F,, ¢))
using le-trans[OF card-mono[OF nested-prop-atoms-finite A,-GF-nodes]
nested-prop-atoms-card] .

lemma 2, -FG-nodes-card:
card (DCA.nodes (A,-FG ¢)) < 2 ~ 2 ™ card (nested-prop-atoms (Gy, ¢))
using le-trans|OF card-mono[OF nested-prop-atoms-finite A,,-FG-nodes]
nested-prop-atoms-card] .

lemma 2Ay-nodes-finite-helper:
list-all (finite o DBA.nodes) (map (Mp. 2A,-GF (Y[set ys|,)) xs)
by (auto simp: list.pred-map list-all-iff A,-GF-nodes-finite)

lemma 2A,-nodes-finite:
finite (DBA.nodes (2y s ys))
unfolding s-def using DBA-Combine.intersect-list-nodes-finite As-nodes-finite-helper

lemma 2A3-nodes-finite-helper:
list-all (finite o DCA.nodes) (map (M. A,-FG ([set xs],)) ys)
by (auto simp: list.pred-map list-all-iff 2, -FG-nodes-finite)

lemma 2A3-nodes-finite:
finite (DCA.nodes (23 s ys))
unfolding 23-def using DCA-Combine.intersect-list-nodes-finite As-nodes-finite-helper

lemma 2As-nodes-card:
assumes
length zs < n
and
N\. ¥ € set xs = card (nested-prop-atoms 1) < n
shows
card (DBA.nodes (3 zs ys)) < 2 2 ~ (n + floorlog 2 n + 2)
proof —
have 1: \y. ¢ € set s = card (nested-prop-atoms (Fy, ¥[set ys],)) <
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Suc n
proof —
fix
assume 1) € set s

have card (nested-prop-atoms (F, ([set ys],)))
< Suc (card (nested-prop-atoms ([set ys],.)))
by (simp add: card-insert-Suc)

also have ... < Suc (card (nested-prop-atoms 1))
by (simp add: FG-advice-nested-prop-atoms-card)

also have ... < Suc n
by (simp add: assms(2) ¢ € set zs))

finally show card (nested-prop-atoms (Fy, (¢[set ys]u))) < Suc n .
qed

have ([[«as. card (DBA.nodes (A,-GF (¢[set ys],))))
< ([[tp¢=zs. 2 = 2 ~ card (nested-prop-atoms (Fy, (¢[set ys],))))
by (rule list-prod-mono) (insert A,-GF-nodes-card le-fun-def, blast)

also have ... < (2 72 7 Suc n) ~ length xs
by (rule list-prod-const) (metis 1 Suc-lel nat-power-le-imp-le nat-power-eq-Suc-0-iff
neq0-conv pos2 zero-less-power)

also have ... < (2 72 “Sucn) " n
using assms(1) nat-power-le-imp-le by fastforce

also have ... = 2 " (n x 2 ~ Suc n)
by (metis Groups.mult-ac(2) power-mult)

also have ... < 2 7 (2 ~ floorlog 2 n * 2 ~ Suc n)
by (cases n = 0) (auto simp: floorlog-bounds less-imp-le-nat)

also have ... = 2 7 2 7 (Suc n + floorlog 2 n)
by (simp add: power-add)

finally have 2: ([[ ¥ «xs. card (DBA.nodes (U,-GF ([set ys|,)))) < 2
=2 7 (Suc n + floorlog 2 n) .

have card (DBA.nodes (s xs ys)) < maz 1 (length xs) x (][] y<zs. card

(DBA.nodes (A,-GF (¢[set ys],))))
using DBA-Combine.intersect-list-nodes-card[ OF 3-nodes-finite-helper]
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by (auto simp: Ao-def comp-def)

also have ... < maz I nx* 2~ 2 " (Suc n + floorlog 2 n)
using assms(1) 2 by (simp add: mult-le-mono)

also have ... < 2 " (floorlog 2 n) * 2 ~ 2 ~ (Suc n + floorlog 2 n)
by (cases n = 0) (auto simp: floorlog-bounds less-imp-le-nat)

also have ... = 2 ~ (floorlog 2 n + 2 ~ (Suc n + floorlog 2 n))
by (simp add: power-add)

also have ... < 2 7 (n + 2 7 (Suc n + floorlog 2 n))
by (simp add: floorlog-le-const)

also have ... < 2 72 7 (n + floorlog 2 n + 2)
by simp (metis const-less-power Suc-1 add-Suc-right add-leE lessI less-imp-le-nat
power-Suc)

finally show ?thesis .
ged

lemma 2A3-nodes-card:
assumes
length ys < n
and
N\. ¥ € set ys = card (nested-prop-atoms ) < n
shows
card (DCA.nodes (3 zs ys)) < 2 ~ 2 ~(n + floorlog 2 n + 1)
proof —
have 1: A\Y. ¢ € set ys = card (DCA.nodes (A,-FG (¢[set zs],))) < 2
~2 " Sucn
proof —
fix
assume 1) € set ys

have card (nested-prop-atoms (G, ¥[set xs],))
< Suc (card (nested-prop-atoms (¢ [set xs,)))
by (simp add: card-insert-Suc)

also have ... < Suc (card (nested-prop-atoms 1))
by (simp add: GF-advice-nested-prop-atoms-card)

also have ... < Suc n
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by (simp add: assms(2) ) € set ys»)
finally have 2: card (nested-prop-atoms (G, [set zs],)) < Suc n .

then show ?thesis v
by (intro le-trans|OF ,-FG-nodes-card]) (meson one-le-numeral
power-increasing)
qed

have card (DCA.nodes (A3 zs ys)) < ([[¢Y<ys. card (DCA.nodes (A,-FG

(p[set zs],))))
unfolding 2s-def using DCA-Combine.intersect-list-nodes-card[OF

As-nodes-finite-helper]
by (auto simp: comp-def)

also have ... < (2 72 ~ Suc n) ~ length ys
by (rule list-prod-const) (rule 1)

also have ... < (2 72 " Sucn) " n
by (simp add: assms(1) power-increasing)

also have ... < 2 7 (n x 2~ Suc n)
by (metis le-refl mult.commute power-mult)

also have ... < 2 7 (2 ~ floorlog 2 n * 2 ~ Suc n)
by (cases <n > 0») (simp-all add: floorlog-bounds less-imp-le-nat)

also have ... = 2 72 7 (n + floorlog 2 n + 1)
by (simp add: power-add)

finally show ?thesis .
ged

lemma 2 -nodes-finite:

finite (DCA.nodes (21 ¢ s))

unfolding 2, -def

by (metis (no-types, lifting) finite-subset €-nodes finite-Sigmal nested-prop-atoms, -finite
nested-prop-atoms-finite)

lemma 2l -nodes-card:

assumes
card (subfrmlsn @) < n
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shows
card (DCA.nodes (A1 ¢ 28)) < 22 " (n+ 1)
proof —
let ?fst = {Abs v | Y. nested-prop-atoms ¢ C nested-prop-atoms ¢}
let ?snd = {Abs ¢ | V. nested-prop-atoms 1 C nested-prop-atoms, ¢ (set

zs)}

have 1: card (nested-prop-atoms @) < n
by (meson card-mono|OF subfrmlsn-finite nested-prop-atoms-subfrmlsn]
assms le-trans)

have card (DCA.nodes (21 ¢ xs)) < card (?fst x ?snd)
unfolding A, -def
by (rule card-mono) (simp-all add: €-nodes nested-prop-atoms, -finite
nested-prop-atoms-finite)

also have ... = card ?fst x card ?snd
using nested-prop-atoms, -finite card-cartesian-product by blast

also have ... < 2 7 2 7 card (nested-prop-atoms ) x 2 — 2 ~ card
(nested-prop-atoms ¢)

using nested-prop-atoms, -card nested-prop-atoms-card mult-le-mono by
blast

also have ... = 2 ~ 2 7 (card (nested-prop-atoms @) + 1)
by (simp add: semiring-normalization-rules(36))

alsohave ... <272 " (n+ 1)
using assms 1 by simp

finally show ?thesis .
ged

lemma 2(’-nodes-finite:
finite (DRA.nodes (' ¢ xs ys))
unfolding 2A’-def
using intersect-nodes-finite intersect-bc-nodes-finite
using 2l -nodes-finite As-nodes-finite As-nodes-finite
by fast

lemma A’-nodes-card:
assumes
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length xs < n
and

N\. ¥ € set xs = card (nested-prop-atoms ) < n
and

length ys < n
and

N\. ¥ € set ys = card (nested-prop-atoms ) < n
and

card (subfrmlsn @) < n
shows

card (DRA.nodes (A" ¢ xs ys)) < 2 =2 ~(n + floorlog 2 n + 4)

proof —

have n + 1 < n + floorlog 2 n + 2

by auto

then have 1: (2:nat) ~(n+ 1) < 2~ (n + floorlog 2 n + 2)
using one-le-numeral power-increasing by blast

have card (DRA.nodes (A" ¢ zs ys)) < card (DCA.nodes (A1 ¢ xs)) * card
(DBA.nodes (%3 zs ys)) * card (DCA.nodes (Us xs ys)) (is ?lhs < ?rhs)
proof (unfold A'-def)
have card (DBA.nodes (212 zs ys)) * card (DCA.nodes (DCA-Combine.intersect
(A1 ¢ xs) (As zs ys))) < Zrhs
by (simp add: intersect-nodes-card| OF A1 -nodes-finite 23-nodes-finite])
then show card (DRA.nodes (intersect-be (Uz xs ys) (DCA-Combine.intersect
(A1 @ xs) (Az xs ys)))) < ?rhs
by (meson intersect-be-nodes-card| OF 02-nodes-finite intersect-nodes-finite] OF
201 -nodes-finite Az-nodes-finite]| basic-trans-rules(23))
qed

alsohave ... <2 72 " (n+ 1)%x 22 (n+ floorlog 2n + 2) x 2 ~
2 7 (n + floorlog 2 n + 1)
using 2y -nodes-card[OF assms(5)] 2Aa-nodes-card| OF assms(1,2)] As-nodes-card|OF
assms(3,4)]
by (metis mult-le-mono)

alsohave ... =2 " (2 " (n+ 1)+ 2 " (n+ floorlog 2n+ 2) + 2 " (n
+ floorlog 2 n + 1))
by (metis power-add)

also have ... < 2 7 (4 * 2 ~ (n + floorlog 2 n + 2))
using 1 by auto
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finally show ?thesis
by (simp add: numeral.simps(2) power-add)
qed

lemma subformula-nested-prop-atoms-subfrmlsn:
¥ € subfrmlsn @ = nested-prop-atoms ¢ C subfrmlsn ¢
using nested-prop-atoms-subfrmlisn subfrmlsn-subset by blast

lemma ltl-to-dra-nodes-finite:
finite (DRA.nodes (ltl-to-dra ¢))
unfolding ltl-to-dra-def
apply (rule DRA-Combine.union-list-nodes-finite)
apply (simp add: split-def A’-alphabet advice-sets-not-empty)
apply (simp add: list.pred-set split-def A’-nodes-finite)
done

lemma ltl-to-dra-restricted-nodes-finite:
finite (DRA.nodes (ltl-to-dra-restricted ¢))
unfolding ltl-to-dra-restricted-def
apply (rule DRA-Combine.union-list-nodes-finite)
apply (simp add: split-def A’-alphabet advice-sets-not-empty)
apply (simp add: list.pred-set split-def 21'-nodes-finite)
done

lemma ltl-to-dra-alphabet-nodes-finite:

finite (DRA.nodes (ltl-to-dra-alphabet p AP))

using ltl-to-dra-alphabet-nodes ltl-to-dra-restricted-nodes-finite finite-subset
by fast

lemma ltl-to-dra-nodes-card:
assumes
card (subfrmlsn @) < n
shows
card (DRA.nodes (ltl-to-dra ¢)) < 2 =2 ~(2 %= n + floorlog 2 n + 4)
proof —
let ?map = map (M=, y). A" ¢ = y) (advice-sets p)

have 1: Az:nat. x > 0 = z ~ length (advice-sets ) < x ~ 2 ~ card
(subfrmlsn )

by (metis advice-sets-length linorder-not-less nat-power-less-imp-less)

have card (DRA.nodes (ltl-to-dra ¢)) < prod-list (map (card o DRA.nodes)
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?map)
unfolding Itl-to-dra-def
apply (rule DRA-Combine.union-list-nodes-card)
unfolding list.pred-set using 2’-nodes-finite by auto

also have ... = ([] (z, y)+advice-sets . card (DRA.nodes (A" ¢ z y)))
by (induction advice-sets ) (auto, metis (no-types, lifting) comp-apply
split-def)

also have ... < (2 72 " (n + floorlog 2 n + 4)) ~ length (advice-sets ¢)
proof (rule list-prod-const, unfold split-def, rule A’-nodes-card)
show Az. z € set (advice-sets p) = length (fst x) < n
using advice-sets-element-length assms by fastforce

show Az 1. [z € set (advice-sets ¢); 1 € set (fst x)] = card (nested-prop-atoms
¥)<n
using advice-sets-element-subfrmlsn(1) assms subformula-nested-prop-atoms-subfrmlsn
subformulas,-subfrmlsn
by (metis (no-types, lifting) card-mono subfrmlisn-finite subset-iff
sup.absorb-iff2 sup.coboundedll surjective-pairing)

show Az. z € set (advice-sets ) = length (snd z) < n
using advice-sets-element-length assms by fastforce

show Az 9. [z € set (advice-sets ); ¢ € set (snd z)] = card
(nested-prop-atoms ) < n
using advice-sets-element-subfrmlsn(2) assms subformula-nested-prop-atoms-subfrmlsn
subformulas, -subfrmlsn
by (metis (no-types, lifting) card-mono subfrmlsn-finite subset-iff
sup.absorb-iff2 sup.coboundedll surjective-pairing)
qed (insert assms, blast)

also have ... < (2 72 " (n + floorlog 2 n + 4)) ~ (2 ~ card (subfrmlisn

)
by (simp add: 1)

also have ... < (2 72 7 (n + floorlog 2n + 4)) ~(2 ~n)
by (simp add: assms power-increasing)

also have ... = 2 7 (2 “nx 2 " (n + floorlog 2 n + 4))
by (simp add: ac-simps power-mult [symmetric])

also have ... = 2 =2 7 (2 x n + floorlog 2 n + 4)
by (simp add: power-add) (simp add: mult-2 power-add)
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finally show ?thesis .
qed

We verify the size bound of the automaton to be double exponential.

theorem ltl-to-dra-size:
card (DRA.nodes (ltl-to-dra ¢)) < 2 =2 (2 x size ¢ + floorlog 2 (size
®) +4)

using ltl-to-dra-nodes-card subfrmlisn-card by blast
end

end

11 Implementation of the DRA Construction

theory DRA-Implementation
imports

DRA-Construction

LTL.Rewriting

Transition-Systems-and-Automata. DRA-Translate
begin

11.1 Generating the Explicit Automaton

We convert the implicit automaton to its explicit representation and after-
wards proof the final correctness theorem and the overall size bound.

definition dra-to-drai :: (‘a, 'b) dra = 'a list = ('a, 'b) drai
where
dra-to-drai A ¥ = drai X (initial ) (transition ) (condition A)

lemma dra-to-drai-language:

set 3 = alphabet A = language (drai-dra (dra-to-drai A X)) = language
2A

by (simp add: dra-to-drai-def drai-dra-def)

definition drai-to-draei :: nat = ('a, 'b :: hashable) drai = ('a, nat) draei

where
drai-to-draei hms = to-draei-impl (=) bounded-hashcode-nat hms

lemma dra-to-drai-rel:
assuimes
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(X, alphabet A) € (Id) list-set-rel

shows
(dra-to-drai A ¥, A) € (Id, 1d)drai-dra-rel
proof —
have (A4, A) € (Id, Id)dra-rel
by simp

then have (dra-to-drai A ¥, dra (alphabet A) (initial A) (transition A)
(condition A)) € (Id, 1d)drai-dra-rel
unfolding dra-to-drai-def using assms by parametricity

then show ?thesis
by simp
qed

lemma draei-language-rel:
fixes
A :: ('label, 'state :: hashable) dra
assumes
(3, alphabet A) € (Id) list-set-rel
and
finite (DRA.nodes A)
and
is-valid-def-hm-size TYPE('state) hms
shows
DRA.language (drae-dra (draei-drae (drai-to-draei hms (dra-to-drai A
Y)))) = DRA.language A
proof —
have (dra-to-drai A ¥, A) € (Id, Id)drai-dra-rel
using dra-to-drai-rel assms by fast

then have (drai-to-draei hms (dra-to-drai A X)), to-draei A) € (Id-on
(dra.alphabet A), rel (dra-to-drai A ¥) A (=) bounded-hashcode-nat hms)
draei-dra-rel
unfolding drai-to-draei-def
using to-draei-impl-refine[unfolded autoref-tag-defs]
by parametricity (simp-all add: assms is-bounded-hashcode-def bounded-hashcode-nat-bounds)
then have (DRA.language ((drae-dra o draei-drae) (drai-to-draei hms
(dra-to-drai A X)), DRA.language (id (to-draei A))) € ((Id-on (dra.alphabet
A)) stream-rel) set-rel

by parametricity

then show ?thesis
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by (simp add: to-draei-def)
qged

11.2 Defining the Alphabet

fun atoms-ltlc-list :: 'a ltle = 'a list
where
atoms-ltlc-list true, = ||
| atoms-ltlc-list false. = |]
| atoms-ltic-list prop.(q) = [q]
| atoms-ltlc-list (not. ¢) = atoms-ltic-list ¢
| atoms-ltlc-list (¢ and. ¥) = List.union (atoms-ltic-list ) (atoms-ltic-list
)

| atoms-ltic-list (¢ or. ) = List.union (atoms-ltlc-list @) (atoms-ltic-list

()

| atoms-ltlc-list (@ implies. 1) = List.union (atoms-ltlc-list ) (atoms-ltlc-list
V)

| atoms-ltic-list
| atoms-ltic-list

(X. p) = atoms-ltlc-list ¢
(F

| atoms-ltlc-list (
(
(

) = atoms-ltlc-list ¢

¢ ) = atoms-ltlc-list ¢
Uc ) = List.union (atoms-ltlc-list @) (atoms-ltlc-list )
Y) = List.union (atoms-ltlc-list ) (atoms-ltic-list )

C

| atoms-ltlc-list

G
P
| atoms-ltlc-list (¢

R.
| atoms-ltic-list (¢ W, 1) = List.union (atoms-ltlc-list @) (atoms-Itlc-list
)
| atoms-ltic-list (¢ M. ) = List.union (atoms-ltlc-list @) (atoms-ltic-list
¥)

lemma atoms-Itlc-list-set:
set (atoms-ltle-list v) = atoms-ltlc ¢
by (induction @) simp-all

lemma atoms-ltlc-list-distinct:
distinct (atoms-ltlc-list o)
by (induction ¢) simp-all

definition ltl-alphabet :: 'a list = 'a set list
where
ltl-alphabet AP = map set (subseqs AP)

11.3 The Final Constant

We require the quotient type to be hashable in order to efficiently explore
the automaton.

locale dra-implementation = dra-construction-size - - - Abs
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for
Abs 2 'a ltin = 'ltlq :: hashable
begin

definition ltin-to-draei :: 'a list = 'a ltin = ('a set, nat) draei
where

ltin-to-draei AP ¢ = drai-to-draei (Suc (size ¢)) (dra-to-drai (Iti-to-dra-alphabet
¢ (set AP)) (ltl-alphabet AP))

definition ltlc-to-draei :: 'a ltlc = ('a set, nat) draei
where
ltle-to-draei ¢ = ltin-to-draei (atoms-ltlc-list ) (simplify Slow (Itlc-to-ltin

©))

lemma ltl-to-dra-alphabet-rel:

distinct AP = (Itl-alphabet AP, alphabet (ltl-to-dra-alphabet v (set AP)))
€ (Id) list-set-rel

unfolding lti-to-dra-alphabet-alphabet [tl-alphabet-def

by (simp add: list-set-rel-def in-br-conv subseqs-powset distinct-set-subseqs)

lemma ltlc-to-ltin-simplify-atoms:
atoms-ltin (simplify Slow (Iltle-to-ltln ¢)) C atoms-ltic ¢
using [tlc-to-ltin-atoms simplify-atoms by fast

lemma valid-def-hm-size:
is-valid-def-hm-size TYPE('state) (Suc (size ¢)) for ¢ :: 'a ltln
unfolding is-valid-def-hm-size-def
using ltin.size-neq by auto

theorem final-correctness:

to-omega ‘ language (drae-dra (draei-drae (Itlc-to-draei p)))

= language-ltlc ¢ N {w. range w C Pow (atoms-ltlc ¢)}

unfolding ltlc-to-draei-def ltin-to-draei-def

unfolding draei-language-rel| OF Itl-to-dra-alphabet-rel| OF atoms-ltlc-list-distinct)
ltl-to-dra-alphabet-nodes-finite valid-def-hm-size]

unfolding atoms-Itlc-list-set

unfolding lti-to-dra-alphabet-language| OF ltlc-to-ltin-simplify-atoms]

unfolding ltlc-to-ltin-atoms language-ltin-def language-ltic-def ltlc-to-ltin-semantics
stmplify-correct ..

end

end

129



12 Additional Equivalence Relations

theory Ezxtra-Equivalence-Relations
imports

LTL.LTL LTL.Equivalence-Relations After Advice
begin

12.1 Propositional Equivalence with Implicit LTL Unfolding
fun Unf :: 'a ltin = 'a ltin

where

Unf (¢ Un ¥) = ((¢ Un o) and, Unf ) or, Unf ¢
| Unf (90 Wy ¢) = ((90 Wy w) and, Unf 90) orn Unf 4
| Unf (¢ My ¢) = ((90 My, ) ory Unf @) and, Unf ¢
| Unf (¢ Rn %) = ((¢ ) ory, Unf @) and,, Unf ¢
| Unf (¢ and, ) = Unf o and, Unf 1)
| Unf (¢ ory o) = Unf ¢ or, Unf ¢
|

lemma Unf-sound:
w = Unf @ «— w By ¢
proof (induction ¢ arbitrary: w)
case (Until-ltin @1 ¢2)
then show ?case
by (simp, metis less-linear not-less0 suffiz-0)
next
case (Release-ltin p1 p2)
then show “case
by (simp, metis less-linear not-less0 suffiz-0)
next
case (WeakUntil-ltin ¢1 ¢2)
then show ?case
by (simp, metis bot.extremum-unique bot-nat-def less-eq-nat.simps(1)
suffiz-0)
qed (simp-all, fastforce)

lemma Unf-lang-equiv:
¢~ Unf ¢
by (simp add: Unf-sound ltl-lang-equiv-def)

lemma Unf-idem:

Unf (Unf @) ~p Unf ¢
by (induction ) (auto simp: ltl-prop-equiv-def)
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definition ltl-prop-unfold-equiv :: 'a ltln = 'a ltln = bool (infix «~¢g> 75)
where

0 ~q Y = (Unf ) ~p (Unf ¥)

lemma Itl-prop-unfold-equiv-equivp:

equivp (~q)

by (metis ltl-prop-equiv-equivp ltl-prop-unfold-equiv-def equivpl equivp-def
refipl sympl transpl)

lemma unfolding-prop-unfold-idem:

Unf @ ~q ¢
unfolding ltl-prop-unfold-equiv-def by (rule Unf-idem)

lemma unfolding-is-subst: Unf ¢ = subst ¢ (Ap. Some (Unf 1))
by (induction ) auto

lemma [tl-prop-equiv-implies-ltl-prop-unfold-equiv:
prp )= @t
by (metis ltl-prop-unfold-equiv-def unfolding-is-subst subst-respects-ltl-prop-entailment(2))

lemma ltl-prop-unfold-equiv-implies-Itl-lang-equiv:

QY = @ LY

by (metis ltl-prop-equiv-implies-ltl-lang-equiv ltl-lang-equiv-def Unf-sound
ltl-prop-unfold-equiv-def)

lemma [tl-prop-unfold-equiv-gt-and-It:

(~o) < (~q) (~p) < (~q) (~q) < (~1)

using ltl-prop-equiv-implies-ltl-prop-unfold-equiv ltl-prop-equivalence. ge-const-equiv
ltl-prop-unfold-equiv-implies-ltl-lang-equiv

by blast+

quotient-type ‘a lting = a ltln | (~q)
by (rule ltl-prop-unfold-equiv-equivp)

instantiation ltlng :: (type) equal
begin

lift-definition lting-eg-test :: 'a lting = 'a lting = bool is Az y.  ~g y
by (metis lting.abs-eq-iff)

definition
eqq: equal-class.equal = lting-eq-test

instance
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by (standard; simp add: eqq lting-eq-test.rep-eq, metis Quotient-lting
Quotient-rel-rep)

end

lemma af-letter-unfolding:
af-letter (Unf @) v ~p af-letter ¢ v
by (induction @) (simp-all add: ltl-prop-equiv-def, blast+)

lemma af-letter-prop-unfold-congruent:
assumes @ ~qg
shows af-letter ¢ v ~q af-letter ¢ v
proof —
have Unf ¢ ~p Unf ¢
using assms by (simp add: ltl-prop-unfold-equiv-def ltl-prop-equiv-def)
then have af-letter (Unf @) v ~p af-letter (Unf ) v
by (simp add: prop-af-congruent.af-letter-congruent)
then have af-letter ¢ v ~p af-letter ¢ v
by (metis af-letter-unfolding ltl-prop-equivalence. eq-sym. Itl-prop-equivalence. eq-trans)
then show af-letter ¢ v ~q af-letter ¢ v
by (rule ltl-prop-equiv-implies-Itl-prop-unfold-equiv)
qged

lemma GF-advice-prop-unfold-congruent:
assumes @ ~qg
shows (Unf 9)[X), ~q (Unf v)[X],
proof —
have Unf ¢ ~p Unf ¢
using assms
by (simp add: ltl-prop-unfold-equiv-def ltl-prop-equiv-def)
then have (Unf ¢)[X], ~p (Unf ¢¥)[X],
by (simp add: GF-advice-prop-congruent(2))
then show (Unf ¢)[X], ~q (Unf ¢)[X],
by (simp add: ltl-prop-equiv-implies-ltl-prop-unfold-equiv)
qged

interpretation prop-unfold-equivalence: ltl-equivalence (~¢q)
by unfold-locales (metis ltl-prop-unfold-equiv-equivp ltl-prop-unfold-equiv-gt-and-It)+

interpretation af-congruent (~q)
by unfold-locales (rule af-letter-prop-unfold-congruent)

lemma unfolding-monotonic:
w =n o[ X]y = w f=n (Unf ¢)[X],
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proof (induction @)
case (Until-ltin ¢1 ¢2)
then show “case
by (cases (1 U, 92) € X) force+
next
case (Release-ltin p1 p2)
then show “case
using ltin-expand-Release by auto
next
case (WeakUntil-ltin @1 ¢2)
then show “case
using ltin-expand- WeakUntil by auto
next
case (StrongRelease-ltin ¢1 p2)
then show ?case
by (cases (¢1 My, ¢2) € X) force+
qged auto

lemma unfolding-next-step-equivalent:
w En (Unf ©)[X], = suffix 1 w =, (af-letter ¢ (w 0))[X],
proof (induction )
case (Next-ltin o)
then show “case
unfolding Unf.simps by (metis GF-advice-af-letter build-split)
next
case (Until-ltin ¢1 ¢2)
then show ?case
unfolding Unf.simps
by (metis GF-advice.simps(2) GF-advice.simps(3) GF-advice-af-letter
af-letter.simps(8) build-split semantics-ltin.simps(5) semantics-ltin.simps(6))
next
case (Release-ltin p1 p2)
then show “case
unfolding Unf.simps
by (metis GF-advice.simps(2) GF-advice.simps(3) GF-advice-af-letter
One-nat-def af-letter.simps(9) build-first semantics-ltin.simps(5) semantics-ltin.simps(6))
next
case (WeakUntil-ltln ¢1 ¢2)
then show “case
unfolding Unf.simps
by (metis GF-advice.simps(2) GF-advice.simps(3) GF-advice-af-letter
af-letter.simps(10) build-split semantics-ltin.simps(5) semantics-ltln.simps(6))
next
case (StrongRelease-ltin ¢1 p2)
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then show “case
unfolding Unf.simps
by (metis GF-advice.simps(2) GF-advice.simps(3) GF-advice-af-letter
af-letter.simps(11) build-split semantics-ltin.simps(5) semantics-ltin.simps(6))
qed auto

lemma nested-prop-atoms-Unf:
nested-prop-atoms (Unf ¢) C nested-prop-atoms ¢
by (induction ¢) auto

lemma refine-image:
assumes Nz y. fr=fy— gz =gy
assumes finite (f * X)
shows finite (g ¢ X)
and card (f * X) > card (g * X)
proof —
obtain Y where Y C X and finite Y and Y-def: f ‘X =f‘Y
using assms by (meson finite-subset-image subset-refl)
moreover
{
fix z
assume z € X
then have gz € g ° Y
by (metis (no-types, opaque-lifting) <z € X» assms(1) Y-def image-iff)
}
then have g ‘X =g ‘Y
using assms <Y C X by blast
ultimately
show finite (g * X)
by simp

from «<finite Y have card (f ' Y) > card (¢ ‘' Y)
proof (induction Y rule: finite-induct)
case (insert x F)

then have 1: finite (g ‘ F) and 2: finite (f ‘ F)
by simp-all

have fo € f'F = gax € g ‘F
using assms(1) by blast

then show ?Zcase
using insert by (simp add: card-insert-if[OF 1] card-insert-if[OF 2])
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qed simp

then show card (f * X) > card (g ‘ X)
by (simp add: Y-def <g ‘X =g ‘ Y»)
qed

lemma abs-ltinp-implies-abs-Iting:

abs-ltinp ¢ = abs-ltlnp ¢ — abs-lting ¢ = abs-lting

by (simp add: ltl-prop-equiv-implies-ltl-prop-unfold-equiv ltinp.abs-eq-iff
lting.abs-eq-iff)

lemmas prop-unfold-equiv-helper = refine-image|of abs-ltinp abs-ltlng, OF
abs-ltinp-implies-abs-lting|

lemma prop-unfold-equiv-finite:
finite P = finite {abs-lting ¢ |¢. prop-atoms p C P}
using prop-unfold-equiv-helper(1)[OF prop-equiv-finite|unfolded image-Collect[symmetric]|]
unfolding image-Collect[symmetric] .

lemma prop-unfold-equiv-card:

finite P => card {abs-lting  |1. prop-atoms 1 C P} < 2 =2 " card P

using prop-unfold-equiv-helper(2)[OF prop-equiv-finite[unfolded image- Collect|symmetric]|]
prop-equiv-card

unfolding image-Collect[symmetric]

by fastforce

lemma Unf-eventually-equivalent:

w =n Unf o[ X], = Ji. suffix i w =, aof ¢ (prefiz i w)[X],
by (metis (full-types) One-nat-def foldl.simps(1) foldl.simps(2) subse-
quence-singleton unfolding-next-step-equivalent)

interpretation prop-unfold- GF-advice-compatible: GF-advice-congruent (~q)
Unf

by unfold-locales (simp-all add: unfolding-prop-unfold-idem prop-unfold-equivalence.eq-sym
unfolding-monotonic Unf-eventually-equivalent GF-advice-prop-unfold-congruent)

end

13 Instantiation of the LTL to DRA construction
theory DRA-Instantiation

imports
DRA-Implementation
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LTL. Equivalence-Relations
LTL.Disjunctive-Normal-Form
../ Logical-Characterization | Extra- Equivalence- Relations
HOL- Library.Log-Nat
Deriving. Derive

begin

13.1 Hash Functions for Quotient Types
derive hashable itin

definition cube a = a * a * a

instantiation set :: (hashable) hashable
begin

definition [simpl|: hashcode (z :: 'a set) = Finite-Set.fold (plus o cube o
hashcode) (uint32-of-nat (card z))

definition def-hashmap-size = (A- :: 'a set itself. 2 x def-hashmap-size
TYPE('a))

instance
proof
from def-hashmap-size[where ?'a = 'a]
show 1 < def-hashmap-size TYPE('a set)
by (simp add: def-hashmap-size-set-def)
qed

end

instantiation fset :: (hashable) hashable
begin

definition [simp|: hashcode (z :: 'a fset) = hashcode (fset x)
definition def-hashmap-size = (\- :: 'a fset itself. 2 x def-hashmap-size
TYPE('a))

instance
proof
from def-hashmap-size[where ?’a = 'a]
show 1 < def-hashmap-size TYPE('a fset)
by (simp add: def-hashmap-size-fset-def)
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qed

end

instantiation ltinp:: (hashable) hashable
begin

definition [simp|: hashcode (¢ :: 'a ltlnp) = hashcode (min-dnf (rep-ltinp
©))

definition def-hashmap-size = (\-:: 'a ltinp itself. def-hashmap-size TYPE('a
ltin))

instance
proof
from def-hashmap-size[where ?'a = 'a]
show 1 < def-hashmap-size TYPE('a ltinp)
by (simp add: def-hashmap-size-ltinp-def def-hashmap-size-ltin-def)
qged

end

instantiation iting :: (hashable) hashable
begin

definition [simp]: hashcode (¢ :: 'a lting) = hashcode (min-dnf (Unf (rep-lting
©)))

definition def-hashmap-size = (- :: 'a lting itself. def-hashmap-size TYPE('a
Itin))

instance
proof
from def-hashmap-size[where ?'a = 'a]
show 1 < def-hashmap-size TYPE('a lting)
by (simp add: def-hashmap-size-lting-def def-hashmap-size-ltin-def)
qged

end

13.2 Interpretations with Equivalence Relations

We instantiate the construction locale with propositional equivalence and
obtain a function converting a formula into an abstract automaton.
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global-interpretation [ti-to-drap: dra-implementation (~p) id rep-ltinp
abs-ltinp
defines ltl-to-drap = ltl-to-drap.ltl-to-dra

and [tl-to-dra-restrictedp = ltl-to-drap.ltl-to-dra-restricted

and [tl-to-dra-alphabetp = ltl-to-drap.ltl-to-dra-alphabet

and A'p = ltl-to-drap A’

and ; p = ltl-to-drap.2Ay

and Asp = ltl-to-drap.2ly

and Azp = ltl-to-drap.2As

and A,-FGp = ltl-to-drap 2, -FG

and ,-GFp = ltl-to-drap.2,-GF

and af-lettergp = ltl-to-drap.af-letterg

and af-letterpp = ltl-to-drap.af-letterp

and af-letterg-liftedp = ltl-to-drap.af-letter-lifted

and af-letterp-liftedp = ltl-to-drap.af-letter p-lifted

and af-letter,-liftedp = ltl-to-drap.af-letter,-lifted

and €p = ltl-to-drap.€

and af-letter, p = ltl-to-drap.af-letter,

and ltin-to-draeip = ltl-to-drap.ltln-to-draes

and ltlc-to-draeip = ltl-to-drap.ltlc-to-draei

by unfold-locales (meson Quotient-abs-rep Quotient-ltinp, simp-all add:

Quotient-abs-rep Quotient-ltinp ltinp.abs-eq-iff prop-equiv-card prop-equiv-finite)

thm ltl-to-drap.ltl-to-dra-language
thm [ltl-to-drap.ltl-to-dra-size
thm ltl-to-drap.final-correctness

Similarly, we instantiate the locale with a different equivalence relation and
obtain another constant for translation of LTL to deterministic Rabin au-
tomarta.

global-interpretation ltl-to-drag: dra-implementation (~q) Unf rep-lting
abs-lting
defines lti-to-drag = ltl-to-drag.lti-to-dra
and [tl-to-dra-restrictedg = ltl-to-drag.ltl-to-dra-restricted
and [tl-to-dra-alphabety = ltl-to-drag.ltl-to-dra-alphabet
and A'g = ltl-to-drag. 2’
and 2, = ltl-to-drag.2
and Ao = ltl-to-drag.2As
and RU3g = ltl-to-drag.2As3
and A, -FGg = ltl-to-drag A, -FG
and 2,-GFqg = ltl-to-drag.2,-GF
and af-letterqgg = ltl-to-drag.af-letterg
and af-letterpg = ltl-to-drag.af-letterp
and af-letterg-liftedg = ltl-to-drag.af-letterg-lifted
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and af-letter p-liftedg = ltl-to-drag.af-letter p-lifted

and af-letter,-liftedg = ltl-to-draq.af-letter, -lifted

and Cqg = ltl-to-drag.€

and af-letter, g = ltl-to-drag.af-letter,

and [tin-to-draeig = ltl-to-drag.ltin-to-draei

and ltlc-to-draeig = ltl-to-drag.ltlc-to-draei

by unfold-locales (meson Quotient-abs-rep Quotient-lting, simp-all add:

Quotient-abs-rep Quotient-lting lting.abs-eq-iff nested-prop-atoms-Unf prop-unfold-equiv-finite
prop-unfold-equiv-card)

thm [ti-to-drag.ltl-to-dra-language
thm [tl-to-drag.lti-to-dra-size
thm [tl-to-draq.final-correctness

We allow the user to choose one of the two equivalence relations.

datatype equiv = Prop | PropUnfold

fun ltlc-to-draei :: equiv = ('a :: hashable) ltlc = ('a set, nat) draei
where

ltlc-to-draei Prop = ltlc-to-draeip
| ltlc-to-draei Prop Unfold = ltlc-to-draeig

end

14 Code export to Standard ML

theory Code-Export

imports
LTL-to-DRA/DRA-Instantiation
LTL.Code-Equations
HOL— Library. Code- Target-Numeral

begin

14.1 Hashing Sets

global-interpretation comp-fun-commute plus o cube o hashcode :: ('a ::
hashable) = hashcode = hashcode
by unfold-locales (auto simp: cube-def)

lemma [code]:

hashcode (set xs) = fold (plus o cube o hashcode) (remdups zs) (uint32-of-nat
(length (remdups xs)))

by (simp add: fold-set-fold-remdups length-remdups-card-conv)
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lemma [code]:
hashcode (abs-ltinp ¢) = hashcode (min-dnf )
by simp

lemma min-dnf-rep-abs[simp]:

min-dnf (Unf (rep-lting (abs-ltlng ¢))) = min-dnf (Unf ¢)

using Quotient3-lting ltl-prop-equiv-min-dnf ltl-prop-unfold-equiv-def rep-abs-rsp
by fastforce

lemma [code]:
hashcode (abs-lting ¢) = hashcode (min-dnf (Unf ¢))
by simp

14.2 LTL to DRA

declare ltl-to-drap.af-letter p-lifted-semantics [code]
declare ltl-to-drap.af-letterq-lifted-semantics [code]
declare ltl-to-drap.af-letter, -lifted-semantics [code]

declare ltl-to-drag.af-letter p-lifted-semantics [code]
declare [tl-to-drag.af-letterg-lifted-semantics [code]
declare ltl-to-drag.af-letter, -lifted-semantics [code]

definition atoms-ltic-list-literals :: String.literal ltlc = String.literal list
where
atoms-ltlc-list-literals = atoms-ltlc-list

definition ltic-to-draei-literals :: equiv = String.literal ltlc = (String.literal
set, nat) draei
where

ltlc-to-draei-literals = ltlc-to-draei

definition sort-transitions :: (nat x String.literal set x nat) list = (nat x
String.literal set X nat) list
where

sort-transitions = sort-key fst

export-code True-ltic Iff-ltic ltic-to-draei-literals Prop PropUnfold
alphabetei initialei transitionei conditionei

integer-of-nat atoms-ltlc-list-literals sort-transitions set
in SML module-name LTL file-prefix LTL-to-DRA
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14.3 LTL to NBA
14.4 LTL to LDBA

end
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