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LTL3 is a multi-valued variant of Linear-time Temporal Logic for runtime verification
applications, originally due to Bauer et al [3]. The semantic descriptions of LTL3 in
previous work are given only in terms of the relationship to conventional LTL. In this
submission, which accompanies our EXPRESS/SOS 2024 paper [1], we instead give a
full model-based inductive accounting of the semantics of LTL3, in terms of families of
definitive prefix sets. We show that our definitive prefix sets are isomorphic to linear-
time temporal properties (sets of infinite traces), and thereby show that our semantics
of LTL3 directly correspond to the semantics of conventional LTL. In addition, we
formalise the formula progression evaluation technique [2, 4], popularly used in runtime
verification and testing contexts, and show its soundness and completeness up to finite
traces with respect to our semantics.
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1 Answer-Indexed Families

typedecl 'a state

consts L :: <’a state => 'a set»

datatype answer = T | F

type-synonym 'a AiF = (answer = 'a set»

fun and-AiF :: <'a AiF = 'a AiF = 'a AiF) (infix]l <A»» 60) where
(anb) T=aTnNbT
| «(a Avb) F=a FUDbEF

fun or-AiF :: (‘a AiF = 'a AiF = 'a AiF» (infix] «v+ 59) where
(aVed) T=aTUbT
| «(aVvebd) F=aFNbE

fun not-AiF :: <(a AiF = 'a AiFy (<—= -») where
(—wa) T=aF
| «(—a) F=aT

fun univ-AiF :: <'a AiFy (<T-)) where
«T- T = UNIV»

| «T- F={}p

fun satisfying-AiF :: <'a = 'a state AiF) (<sat-») where
<sat- © T = {state. © € L state}>

| <sat- © F = {state. x ¢ L state}

1.1 Example: Propositional logic

datatype (atoms-plogic: 'a) plogic =

True-plogic (<truey»)
| Prop-plogic <'a) («<prop,'(-'))
Not-plogic <'a plogics <not, -» [85] 85
P
Or-plogic <'a plogicy <'a plogic» - orp, - [82,82] 81
P
And-plogic <'a plogicy <'a plogic’ «- and, -» [82,82] 81
P

fun plogic-semantics :: <'a plogic = 'a state AiF» (<[-],>) where
( true, Jp = To

| [ notp, o 1p = = [¢lp

| <[ propp(a) [, = sat- @

[ L orp ¥ 1p = lelp V- [¥]p

| L andy ¥ ]p = [elp A [¥]p

definition false-p (<false,») where



false-p-def [simp]: «false, = not, truey>

definition implies-p :: <‘a plogic = 'a plogic = 'a plogic) (<- implies, -» [81,81] 80) where
implies-p-def[simp]: <p implies, ¢ = (not, ¢ or, ¥)»

1.1.1 Propositional logic lemmas

lemma AiF-cases:

assumes (A T =B T)and <A F =B F»

shows (A = B»
proof (rule ext)

fix z show <A z = B x> by (cases <xy; simp add: assms)
qed

lemma or-and-negation: <[ ¢ ory, ¥ |, = [ not, ((not, @) and, (not, ¥)) |
by (rule AiF-cases; simp)

lemma and-or-negation: <[ ¢ and, ¢], = [ not, ((not, ¢) or, (not, ¥)) |
by (rule AiF-cases; simp)

lemma de-morgan-1: <[ not, (¢ and, ¥) |, = [ (not, ¢) or, (not, ¥) ],
by (rule AiF-cases; simp)

lemma de-morgan-2: <[ not, (¢ orp ¥) [, = [ (not, ¢) and, (not, ¥) |,
by (rule AiF-cases; simp)

1.1.2 Propositional logic equivalence

fun plogic-semantics’ :: <'a state = 'a plogic = bools (infix <=, 60) where
I =, true, = True

| ' [=p oty o = (= T =p @)

| T Iy provp(e) = (s € LT

| Chpporp v =T VI 5y )

| Clppand, v =T E, p AT =, )

lemma plogic-equivalence:
shows «( I' =, o «— T € [¢], T)
and (T |5 o «—T €[], F)»
proof (induct «p»)
qged (auto)

end

theory Traces

imports Main HOL. Lattices HOL. List
begin



2 Traces and Definitive Prefixes

2.1 Traces

typedecl X

type-synonym ’a finite-trace = <a list»

type-synonym ’a infinite-trace = <nat = 'a

datatype ‘a trace = Finite <a finite-traces | Infinite <'a infinite-trace

fun thead :: 'a trace = 'a» where
(thead (Finite t) =t ! 0»
| <thead (Infinite t) = t 0>

fun append :: <a trace = 'a trace = 'a trace) (infixr <~ 80) where

«(Finite t) ~ (Infinite w) = Infinite (An. if n < length t then tIn else w (n — length t))>
| <«(Finite t) —~ (Finite u) = Finite (t Q u))
| <(Infinite t) ~ u = Infinite t»

definition ¢ :: 'a tracer where
e = Flinite [

definition singleton :: <'a = ’a trace> where
singleton o = Finite [o]>

interpretation trace: monoid-list <«(—)> <&
proof unfold-locales
fix a :: (/a tracer show <« —~ a =
by (cases <ay; simp add: e-def)
next
fix a :: (/a tracer show <a —~ ¢ =
by (cases <ay; simp add: e-def)
next
fix a b ¢ :: <'a trace> show «((a ~b) ~c=a ~ (b ~ ¢c)»
apply (cases <a); simp)
apply (cases <by; simp)
apply (cases <¢r; simp)
apply (rule ext; simp)
by (smt (verit, ccfo-threshold)
add.commute add-diff-inverse-nat add-less-cancel-left
nth-append trans-less-add2)
qed

lemma finite-empty-suffiz:
assumes < Finite s = Finite xs —~ t»



shows (¢t = &)
using assms by (cases <t») (simp-all add: e-def)

lemma finite-empty-prefiz:
assumes (Finite ts = t —~ Finite xs»
shows <t = &)
using assms by (cases <t») (simp-all add: e-def)

lemma finite-finite-suffiz:
assumes <Finite rs = Finite ys —~ t»
obtains zs where «t = Finite zs
using assms by (cases <t») (simp-all)

lemma finite-finite-prefix:
assumes < Finite s = t —~ Finite ys»
obtains zs where «t = Finite zs»
using assms by (cases <t») (simp-all)

lemma append-is-empty:
assumes ({ ~ u = &>
shows <t =¢&)
and u =€)
using assms by (simp add: e-def; cases <ty; cases <uy; simp)+

fun ttake :: <nat = 'a trace = 'a finite-tracey where
<ttake k (Finite xs) = take k xs»
| <ttake k (Infinite xs) = map zs [0..<k] »

definition itdrop :: <nat = 'a infinite-trace = 'a infinite-traces where
<itdrop k xs = (M. zs (i + k))»

lemma itdrop-itdrop[simp): <itdrop i (itdrop j x) = itdrop (i + j) ©
by (simp add: itdrop-def add.commute add.left-commute)

lemma itdrop-zero[simpl: <itdrop 0 © = x»
by (simp add: itdrop-def)

fun tdrop :: <nat = 'a trace = ’'a trace» where
<tdrop k (Finite xs) = Finite (drop k xs)»
| <tdrop k (Infinite xs) = Infinite (itdrop k xs) »

lemma ttake-simp[simp|: <ttake (length xs) (Finite xs —~ t) = xs
by (cases <ty, auto intro: list-eq-iff-nth-eq| THEN iffD2])

lemma ttake-tdrop[simp|: <Finite (ttake k t) —~ tdrop kt =
by (cases <t», auto simp: itdrop-def)



definition prefizes :: <'a trace = 'a trace set> (<] - [80] 80) where
dt={uluvvt=u~v}h

definition extensions :: <'a trace = 'a trace sety («7 - [80] 80) where
t={t~u|u True}p

lemma prefizes-extensions: <t € | u +— u € T t»
unfolding prefizes-def extensions-def by simp

interpretation prefizes: order <A tu. t € L w Atu. t €l uANtFw
proof

fix = :: <'a trace
show <z € | &
unfolding prefizes-def
by (simp, metis trace.right-neutral)
next

fix z y :: <a trace
show«((z € lyAhx#y)=(zxelyn-yelap
unfolding prefizes-def
by (simp, metis append.simps(3) append-is-empty(1) finite-empty-suffiz
trace.assoc trace.erhaust)
next

fix z y :: </a trace
assume assms: <x € L y» <y € |
show «z = o
proof (cases (1)
case Finite note yfinite = this
show «?Zthesis)
proof (cases (x»)
case Finite
with assms(2) obtain z where «x = y —~ 2
unfolding prefizes-def
by auto
with assms(1) yfinite show < Zthesisy
unfolding prefizes-def
by (force simp: trace.assoc dest: finite-empty-suffix append-is-empty)
qed (smt (verit, del-insts) CollectD append.simps(3) assms(1) prefizes-def)
qed (smt (verit, del-insts) CollectD append.simps(3) assms(2) prefives-def)
next

fix 2y 2z 2 <a trace

assume x € | 1y Yy € | »

then show (x € | »»

unfolding prefizes-def by (force simp: trace.assoc)
qed



lemma prefizes-empty-least : ¢ € | &
by (simp add: prefizes-def)

lemma prefizes-infinite-greatest : <Infinite x € | t = t = Infinite x»
by (simp add: prefizes-def)

lemma prefizes-finite : «Finite xs € | Finite ys +— (3 zs. ys = x5 Q zs)»
proof (rule iffI)
show «Finite xs € | Finite ys = Jzs. ys = xs Q zs»
using finite-finite-suffiz by (fastforce simp: prefizes-def)
next
show «Jzs. ys = s Q zs = Finite zs € | Finite ys
by (clarsimp simp: prefizes-def) (metis Traces.append.simps(2))
qed

lemma ttake-take : <take n (ttake m t) = ttake (min n m) t»
by (cases <t») (simp-all add: min-def take-map)

lemma tdrop-tdrop : <tdrop n (tdrop m t) = tdrop (n + m) t
by (cases <ty) (simp-all add: add.commute add.left-commute)

lemma tdrop-mono: <t € | uw = tdrop kt € | tdrop k w
proof —
{ fix v assume A: <u = ¢t ~ v then have Jva. tdrop k (t ~ v) = tdrop k t —~ va >
proof (cases <t»; cases <vy)
fix z1 2 assume <t = Finite 1> and <v = Finite 2) with A show <« %thesis»
by (simp, metis Traces.append.simps(2))
next
fix z1 22 assume <t = Finite 1> and <v = Infinite 2> with A
have «tdrop k (t ~ v) = tdrop k t —~ Infinite (itdrop (k — length z1) 22) »
apply simp
apply (rule ext)
apply clarsimp
apply (rule conjI)
apply (simp add: add.commute itdrop-def less-diff-conv)
by (smt (23) add.commute add-diff-cancel-left’ add-diff-inverse-nat diff-is-0-eq’
diff-right-commute itdrop-def linorder-not-less nat-less-le)
then show <Jwa. tdrop k (t —~ v) = tdrop k t ~ va
by auto
qged auto } note A = this
assume <t € | uy with A show ?thesis unfolding prefizes-def by clarsimp
qed

lemma ttake-finite-prefizes : «Finite xs € | t +— xzs = ttake (length xs)
proof (rule iffI)
show «Finite zs € | t = xs = ttake (length zs) t



by (clarsimp simp: prefizes-def)
next
show «xs = ttake (length xs) t = Finite zs € | ©
unfolding prefizes-def using ttake-tdrop
by (metis (full-types) mem-Collect-eq)
qed

lemma ttake-prefizes : <a < b => Finite (ttake a t) € | Finite (ttake b t)»
by (cases <ty; simp add: ttake-finite-prefizes min-def take-map)

lemma finite-directed:
assumes ¢ Finite zs € | t» « Finite ys € | t»
shows « Jzs. (zs = ys @ 25) V (ys = s Q 2s) »
proof (cases «length xs > length ys»)
case True
with assms show «?thesis)
apply (simp add: ttake-finite-prefizes)
using ttake-prefizes[simplified prefizes-finite)
by (metis less-le-not-le)
next
case Fulse
from assms this| THEN lel] show «?thesis
apply (simp add: ttake-finite-prefizes)
using ttake-prefizes[simplified prefizes-finite)
by (metis)
qed

lemma prefizes-directed: <u € | t =—=velt=—ueclvVoveE]w
proof (cases (vy; cases (u))
{ fix a b assume «Finite a € | t» «Finite b € | ©
then have (Finite a € | Finite b V Finite b € | Finite a
using finite-directed prefives-finite by blast } note X = this
fixabshow«u € [ t=—=veE | t—=— v= Finitea — u= Finiteb— uelvVove]lw
using X by auto
qged (auto simp: prefives-def dest: prefives-infinite-greatest)

interpretation extensions: order <\ tu.t € T w A tu.t €T uNt#*w
proof

qged (auto simp: prefives-extensions| THEN sym] dest: prefizes.leD intro:prefizes.order.trans)

lemma extensions-infinite[simp]: <t Infinite xs = { Infinite xs }»
by (simp add: extensions-def)

lemma extensions-empty[simpl: <t € = UNIV)»
by (simp add: extensions-def)

lemma prefizes-empty: <] € = {e}h
apply (clarsimp simp add: set-eq-iff e-def prefizes-def)
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apply (rule iffT)
apply (metis e-def append-is-empty(1))
by (metis e-def trace.left-neutral)

2.2 Prefix Closure

definition prefiz-closure :: <'a trace set = 'a trace set) (<}s - [80] 80) where
ds X = (U t € X. prefizes t) »

lemma prefiz-closure-subset: <X C g X»
unfolding prefiz-closure-def
by auto

lemma prefiz-closure-infinite: <Infinite x € |s X <— Infinite x € X»
proof
assume <Infinite ¢ € |5 X» then show <Infinite x € X»
by (metis UN-E prefiz-closure-def prefizes-infinite-greatest)
next
assume <Infinite z € X»> then show <Infinite x € |, X>
by (meson in-mono prefiz-closure-subset)
qed

lemma prefiz-closure-idem: «ls 1s X = s X»
unfolding prefiz-closure-def
using prefizes.order.trans by blast

lemma prefiz-closure-mono: <X C Y = |, X C |, >
unfolding prefiz-closure-def
by blast

lemma prefiz-closure-union-distrib: <}s (X U Y) =]s X U ls ¥
unfolding prefiz-closure-def
by simp

lemma prefiz-closure- Union-distrib: <}s (U S) = U (prefiz-closure * S)»
unfolding prefiz-closure-def
by simp

lemma prefiz-closure-Inter: «|s ([ (prefiz-closure ¢ S)) = [\ (prefiz-closure < S) »
unfolding prefiz-closure-def

using prefizes.dual-order.trans by fastforce

lemma prefiz-closure-inter: <}s (s X Nls ¥)=4s X Nls ¥
by (rule prefiz-closure-Inter[where S = «{X,Y}», simplified))

lemma prefiz-closure-UNIV: <\ UNIV = UNIV)
unfolding prefiz-closure-def by blast

lemma prefiz-closure-empty: «|s {} = {}

11



unfolding prefiz-closure-def by blast

lemma prefiz-closure-extensions: < Ls (T t) =1 tUl b
by (force intro: prefiz-closure-subset dest: prefizes-directed
simp: prefizes-extensions| THEN sym| prefiz-closure-def)

lemma prefiz-closure-prefizes: «ls (I t) =
unfolding prefiz-closure-def
by (force intro: prefizes.dual-order.trans)

2.3 Definitive Prefixes

definition dprefizes :: <'a trace set = 'a trace set> («q - [80] 80) where
da X={t|t. 1t XD

lemma dprefizes-are-prefizes : «lqg X C s X»
unfolding dprefizes-def
using eztensions.order.refl by blast

lemma prefiz-closure-dprefizes : <|s (Ja X) C s X0
using dprefizes-are-prefizes prefiz-closure-idem prefiz-closure-mono
by blast

lemma dprefizes-idem: <|q g X = lqg X»
proof
show |4 g X C g4 X»
using prefiz-closure-dprefizes
by (force simp: dprefizes-def)
next
show (l,d X C J,d J,d X
using extensions.order.trans prefiz-closure-subset
by (force simp: dprefizes-def)
qed

lemma dprefizes-contains-extensions: <t € g X = Tt C {4 X»
unfolding dprefizes-def
using extensions.dual-order.trans by auto

lemma dprefizes-infinite: <Infinite © € |4 X <— Infinite x € X»
proof
show <«Infinite v € X = Infinite x € |4 X»
unfolding dprefizes-def
using prefix-closure-subset by fastforce
next
show «Infinite v € |4 X = Infinite x € X»»
unfolding dprefizes-def
by (clarsimp simp: prefiz-closure-infinite)
qed

12



lemma dprefives-UNIV: <lq UNIV = UNIV)
unfolding dprefizes-def
using prefiz-closure-UNIV by force

lemma dprefizes-empty: lq {} = {P
unfolding dprefizes-def
using prefiz-closure-empty by blast

lemma dprefizes-Inter-distrib: <lq () S) € [\ (dprefizes < S)
unfolding dprefixes-def prefiz-closure-def
by auto

lemma dprefizes-Inter: <lq ([ (dprefizes < S)) = () (dprefixes © S)»
proof
show <[ (dprefizes < S) C la () (dprefizes < S)
unfolding dprefixes-def prefiz-closure-def
using prefizes.order.refl extensions.dual-order.trans
by force
next
show «lq () (dprefizes < S) C () (dprefizes < S)»
using dprefizes-idem dprefizes-Inter-distrib
by blast
qed

lemma dprefizes-mono:
assumes (X C V)
shows <|q X C |4 Y
using assms
apply (simp add: dprefizes-def)
apply (simp add: prefiz-closure-def)
apply (rule subsetl)
using prefixes-extensions by blast

lemma dprefizes-inter: <}qg (la X Nla Y)=Ua X Nlg YD
by (rule dprefizes-Inter[where S = ({ XY}, simplified])

lemma dprefizes-inter-distrib: <lq (X NY) Clg X Nlg ¥
using dprefizes-Inter-distribjwhere S = «{X,Y}] by auto

2.4 Definitive Sets

definition definitive:: <'a trace set = bool> where
<definitive X +— g X = X»

lemma definitive-image: <V X € S. definitive X = dprefizes * S = S»
unfolding definitive-def by auto

13



lemma definitive-dprefizes: <definitive (lq X)»
unfolding definitive-def by (rule dprefizes-idem)

lemma definitive-contains-extensions: <definitive X —= t € X = 1t C X»
unfolding definitive-def using dprefizes-contains-extensions by blast

lemma definitive-UNIV: <definitive UNIV»
unfolding definitive-def by (rule dprefizes-UNIV)

lemma definitive-empty: <definitive {}»
unfolding definitive-def by (rule dprefizes-empty)

lemma definitive-Inter: <V X € S. definitive X = definitive ([ )
unfolding definitive-def using dprefizes-Inter definitive-image|simplified definitive-def)
by metis

lemma definitive-inter: definitive X = definitive Y = definitive (X N Y))
using definitive-Inter[where S = {X,Y}, simplified] by blast

lemma definitive-infinite-extension:
assumes <definitive X and ¢t € X»
shows 3 f. Infinite f € X At € | Infinite >
using assms proof (cases <t»)
case (Finite zs) then show < ?thesis)
apply (intro exI[where z=<\n. if n < length zs then zsln else undefineds))
by (force simp: prefizes-extensions| THEN sym] prefizes-def
introl: definitive-contains-extensions| THEN subsetD, OF assms]
intro: exl[where z=<Infinite (A-. undefined)>])
qed auto

lemma definitive-eleml:
assumes (definitive X» <t t C s X»
shows <t € X»
using assms
by (auto simp add: definitive-def dprefizes-def)

definition dUnion :: <'a trace set set = 'a trace set» (<\J4>) where
<Ud X = i/d U X»

abbreviation dunion :: <'a trace set = 'a trace set = 'a trace set> (infixl <Uy» 65) where
X Ug Y =Uq {X, YD

lemma dprefizes-dUnion: «lqg Ua S =Ua S
by (simp add: dUnion-def dprefizes-idem,)

lemma definitive-dUnion: <definitive (Jq S)
by (simp add: dprefizes-dUnion definitive-def)

14



lemma dUnion-contains-dprefizes: <t € S = gt CJa S
by (auto simp: dUnion-def dprefizes-def prefix-closure-def)

lemma dUnion-contains-definitive: <X € S = definitive X =— X C Jq S
unfolding definitive-def
using dUnion-contains-dprefizes by blast

lemma dUnion-empty[simp]: <\Jaq {} = {p
unfolding dUnion-def
by (simp add: dprefizes-empty)

lemma dUnion-least-dprefizes: <(ANX. X € S = X C |4 Z7) = lq (U (dprefizes ©° 5)) C |q
A

unfolding dprefizes-def prefiz-closure-def

by (simp add: subset-iff, meson extensions.order-refl prefizes.order.trans)

lemma dUnion-least-definitive:
assumes all-defn: vV X € S. definitive X»
shows (AX. X € § = X C 7) = definitive Z = |qJ S C Z»
using definitive-image[OF all-defn, THEN sym] dUnion-least-dprefizes definitive-def
by metis

2.5 A type for definitive sets

typedef ‘a dset = «{p :: 'a trace set. definitive p }»
using definitive-UNIV by blast

setup-lifting type-definition-dset

lift-definition Inter-dset :: <'a dset set = 'a dsety ([]») is <\ ss. ] s
by (simp add: definitive-Inter)

abbreviation inter-dset :: <‘a dset = 'a dset = 'a dset) (infixl <[> 66) where
XnY=[]{X,Yp

lift-definition Union-cset :: <'a dset set = 'a dset> (<[ |>) is <\ ss. [Ja ss
by (rule definitive-dUnion)

abbreviation union-dset :: <'a dset = ’a dset = 'a dset) (infixl <> 65) where
XuyY=[]|{XYh

lift-definition empty-dset :: <‘a dset) () is ({}
by (rule definitive-empty)

lift-definition univ-dset :: 'a dset) («Xo0y) is <UNIV)
by (rule definitive-UNIV')

lift-definition subset-dset :: <'a dset = 'a dset = bool> (infix <) 50) is «(C)
done

15



lift-definition strict-subset-cset :: <'a dset = 'a dset = bool> (infix <> 50) is «(C)»
done

lift-definition in-dset :: <'a trace = 'a dset = bool is «(€)»
done

lift-definition notin-dset :: 'a trace = 'a dset = bools is «(¢)»
done

lemma in-dset-c: <in-dset ¢ A = A = Yoo)

apply (transfer)
using definitive-contains-extensions extensions-empty by blast

lemma in-dset-UNIV: <in-dset x 00
by (transfer, simp)

lemma in-dset-subset: <A C B = in-dset t A = in-dset © B)
by (transfer, auto)

lemma in-dset-inter: <in-dset © A = in-dset t B => in-dset x (A M B))
by (transfer, simp)

interpretation dset: complete-lattice «[]> <||» <«(M)» <«(E)> «(Z)» «(U)» B> «Soo»
proof (unfold-locales;transfer)
fix X Y Z :: (/a trace set) assume <definitive X» <definitive Y <definitive Z>
thenshow(« VY C X = 7CX = (YU 2)CX>»
by (metis dUnion-def dUnion-least-definitive insert-iff singletonD)
next
fix A :: (a trace set sety and Z :: <'a trace set»
assume <V X€A. definitive X» <definitive Z» «(\X. definitive X — X € A —= X C Z)»
then show «J; A C Z»
by (simp add: dUnion-def dUnion-least-definitive)
qged (auto simp: dUnion-contains-definitive)

2.6 Isomorphism of definitive sets and LTL properties

definition infinites :: <'a trace set = 'a infinite-trace set> where
<infinites X = (Uz € X. case x of Finite xs = {} | Infinite xs = {xs})

lemma infinites-alt: <Infinite ¢ infinites A = A N range Infinite
unfolding set-eq-iff proof
fix « { assume ¢ (z € Infinite ‘ infinites A)> hence « (z € A N range Infinite) >
by (clarsimp simp: infinites-def split!: trace.split-asm)
} moreover { assume « (z € A N range Infinite) » hence « (z € Infinite  infinites A) »
by (force simp: infinites-def split!: trace.split introl: imagel)
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} ultimately show ¢ (z € Infinite  infinites A) = (z € A N range Infinite)
by blast
qed

lemma infinites-append-right: <t ~ Infinite w € range Infinite
by (cases <t»; auto)

lemma infinites-prefiz-closure:
assumes <definitive X
shows (| Infinite ‘ infinites X = |5 X»
unfolding prefiz-closure-def infinites-def
using definitive-infinite-extension|OF assms| prefizes.order.trans
by (force split: trace.split-asm)

lemma infinites-UNIV [simp]: <infinites UNIV = UNIV»
by (auto simp: infinites-def split: trace.split)

lemma infinites-empty[simp): <infinites {} = {}
by (auto simp: infinites-def)

lemma infinites-Inter: <infinites () S) = () (infinites © S)»
unfolding infinites-def
apply (rule set-eql; rule iffT)
apply (force)
apply (simp split: trace.split trace.split-asm)
by (metis Interl trace.distinct(1) trace.exhaust trace.inject(2))

lemma infinites-Union: <infinites (U S) = J (infinites < S)»
unfolding infinites-def
by auto

lemma infinites-dprefizes: <infinites (14 X) = infinites X»
unfolding infinites-def
by (force simp: dprefizes-infinite split: trace.split trace.split-asm)

lemma infinites-dprefizes-Infinite: <infinites (1q Infinite * X) = X
proof
show <infinites (14 Infinite * X) C X»
unfolding infinites-def
using prefizes-infinite-greatest
by (force split: trace.split-asm simp: dprefives-def prefiz-closure-def)
next
show «X C infinites ({4 Infinite < X)»
by (force simp: infinites-def dprefizes-def prefiz-closure-def split: trace.split)
qed

lift-definition property :: <‘a dset = 'a infinite-trace sety is <infinites
done
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lift-definition definitives :: <'a infinite-trace set = 'a dsets is Az. lq (Infinite ‘ z)»
by (rule definitive-dprefizes)

lemma property-inverse: <property (definitives X) = X»
by (transfer, simp add: infinites-dprefizes-Infinite)

lemma definitives-inverse: <definitives (property X) = X
proof (rule dset.order-antisym)
show «(definitives (property X) C X
by (transfer, force simp: dprefizes-def infinites-prefiz-closure
intro: definitive-eleml)
next
show (X C definitives (property X)»
apply transfer
using definitive-contains-extensions definitive-infinite-extension
by (force simp: dprefizes-def prefiz-closure-def infinites-def)
qed

lemma definitives-mono: <A C B = definitives A C definitives B»
by (transfer, metis dprefizes-inter-distrib image-mono inf.order-iff le-infE)

lemma property-mono: <A & B = property A C property B>
by (transfer, auto simp: infinites-def)

lemma definitives-reflecting: <definitives A T definitives B — A C B>
using property-inverse property-mono by metis

lemma completions-reflecting: <property A C property B=— A C B»
using definitives-inverse definitives-mono by metis

lemma property-Inter: <property ([ S) = () (property * S)
by (transfer, simp add: infinites-Inter)

lemma property-Union: <property (|| S) = U (property *S)»
by (transfer, simp add: dUnion-def infinites-dprefizes infinites-Union)

interpretation dset: complete-distrib-lattice <[> <[> «(M) «(E)» «(Z)» «(LU)» <D (Soo»
by (unfold-locales)
(auto intro: completions-reflecting simp add: property-Inter property-Union INF-SUP-set)

definition iprepend :: ’a infinite-trace set = 'a infinite-trace set> where
<iprepend X = {t. itdrop 1t € X b

lemma iprepend-itdrop: <itdrop k © € iprepend B «— itdrop (Suc k) z € B>
by (simp add: iprepend-def)
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lemmas iprepend-itdrop-0|[simp] = iprepend-itdrop[where k = <0»,simplified)

definition prepend’ :: <'a trace set = 'a trace set) where
<prepend’ X = {t. tdrop 1 t € X b

lemma trace-uncons-cases [case-names Cons Nil]:
assumes (\o t. x = singleton 0 ~ t = P>
and «(x = ¢ = P»
shows (P>
proof (cases «x))
case (Finite xs)
then show «?thesis»
by (cases <xs»;
force simp: assms(2)[simplified e-def]
intro: assms(1)[where t = <Finite ts) for ts,
simplified singleton-def append.simps List.append.simps))
next
case (Infinite f) note A = this
have «f = (An. if n = 0 then [f 0] ! n else (f o Suc) (n — length [f 0]))
by (rule ext, simp)
with A show «%thesis
using assms(1)[where o = «f 0) and ¢ = «Infinite (f o Suc)»,
simplified singleton-def append.simps, simplified)
by simp
qed

lemma append-prefizes-left: <a € | b=—=c ~a €| c~b
by (simp add: prefizes-def) (metis trace.assoc)

lemma tdrop-singleton-append[simp): <tdrop (Suc n) (singleton o ~ t) = tdrop n t»
by (cases <ty, simp-all add: singleton-def itdrop-def)

lemma tdrop-zero[simp]: <tdrop 0t = t)
by (cases <ty; simp)

lemma tdrop-e[simp]: <tdrop k € = &>
by (simp add: e-def)

lemma prepend’-prefiz-closure: <}s (prepend’ X) C prepend’ ({s X)»
proof (rule subsetl)
fix z
assume A: < z € |, prepend’ X»
show «z € prepend’ (15 X)»
proof (cases «x» rule: trace-uncons-cases)
case (Cons o t)
with A show «?%thesis)
unfolding prefiz-closure-def prepend’-def prefizes-def
by (fastforce simp: trace.assoc)
next
case Nil
with A show ¢ ?thesis»
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unfolding prefiz-closure-def prepend’-def
by (force simp: prefizes-empty-least)
qged
qed

lemma prepend’-dprefizes :
assumes (definitive X»
shows <4 prepend’ X = prepend’ X)»
proof
show <} g4 prepend’ X C prepend’ X»
proof (rule subsetl)
fix r assume A: <z € |y prepend’ X> show <z € prepend’ X»
proof (cases x> rule: trace-uncons-cases)
case (Cons o t)
with A show «?thesis»
unfolding dprefixes-def
apply (subst assms[simplified definitive-def, THEN sym])
apply (clarsimp dest!: subset-trans|OF - prepend’-prefix-closure])
using append-prefizes-left
by (force simp: dprefizes-def prepend’-def prefiz-closure-def subset-iff
prefizes-extensions| THEN sym))
next
case Nil
with A show «?thesis»
apply (subst assms[simplified definitive-def, THEN sym)])
apply (clarsimp simp: prefizes-empty-least prefizes-def dprefizes-def
prepend’-def prefiz-closure-def subset-iff
prefizes-extensions| THEN sym)])
by (metis tdrop-singleton-append tdrop-zero trace.assoc)
qed
qged
next
show <prepend’ X C |4 prepend’ X»
proof (rule subsetl)
fix r assume A: <z € prepend’ X» show <z € |4 prepend’ X
proof (cases «x» rule: trace-uncons-cases)
case (Cons o t)
with A show «?thesis»
by (clarsimp simp: dprefives-def prefizes-def prepend’-def
prefiz-closure-def prefizes-extensions| THEN sym])
(metis (mono-tags, lifting) assms definitive-contains-extensions
mem-Collect-eq prefizes-def prefixes-extensions subset-eq
tdrop-singleton-append tdrop-zero trace.assoc)
next
case Nil
with A show «?thesis»
using assms definitive-contains-extensions
by (force simp: dprefizes-def prepend’-def prefiz-closure-def)
qed
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qed
qed

lemma prepend’-definitive :
assumes (definitive X»
shows «(definitive (prepend’ X))
unfolding definitive-def using assms
by (rule prepend’-dprefizes)

lift-definition prepend :: <'a dset = 'a dset) is «prepend’s
by (rule prepend’-definitive)

lemma prepend-Inter: «[| (prepend ©S) = prepend ([] S)
apply transfer
by (auto simp add: prepend’-def)

lemma in-dset-prependD: <in-dset (Finite [a] ~ z) (prepend A) = in-dset x A>
by (transfer, metis One-nat-def Traces.singleton-def mem-Collect-eq prepend’-def
tdrop-singleton-append tdrop-zero)

lemma in-dset-prependl: <in-dset ¥ A = in-dset (Finite [a] ~ z) (prepend A)»
by (transfer, metis One-nat-def Traces.singleton-def mem-Collect-eq prepend’-def
tdrop-singleton-append tdrop-zero)

lemma prepend’-mono:
assumes <A C By
shows <prepend’ A C prepend’ B)
using assms unfolding prepend’-def
by blast

lemma property-prepend: <property (prepend X) = iprepend (property X)»
apply transfer
by (clarsimp simp: definitive-def infinites-def prepend’-def
split!: trace.split-asm trace.split intro!: set-eql;
blast)

lemma iprepend-Union: <\ (iprepend ¢ S) = iprepend (IJ S)»
by fastforce

lemma definitives-inverse-eql: «definitives (property X) = definitives (property V) = X = Y
by (simp add: definitives-inverse)

lemma prepend-Union: <| | (prepend ¢ S) = prepend (|| S)
apply (rule definitives-inverse-eql)
apply (simp add: property-Union property-prepend)
by (metis UN-extend-simps(10) iprepend-Union)

lemma non-empty-trace: < © # € <— (3o 2'. © = Finite [0] ~ z')
apply (cases «x» rule: trace-uncons-cases; clarsimp)
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apply (metis Traces.singleton-def e-def append-is-empty(1) not-Cons-self2 trace.inject(1))
by (metis e-def append-is-empty(1) list.discl trace.inject(1))

lemma thead-append: «x # ¢ = thead (z —~ y) = thead >
by (cases <x»; cases <y»; simp add: e-def nth-append)

lemma thead-prefix: <« x € | y = = # € = thead x = thead y»
apply (simp add: prefizes-def non-empty-trace)
using thead-append [where x = (Finite [-]>, simplified e-def, simplified]
by (metis append-is-empty(1) thead-append)

lemma compr’-inter-thead:
da {z. 2 #£e NP (thead )} N g {z. = #e A Q (thead z)}
= lag {z. x # e A P (thead ) N Q (thead z)}>
proof (rule antisym)
{fixzt
assume Vt.z € | t — (Jz. . #e A P (thead z) Nt € | x)
and Vt.xzelt— Fr.z#cAQ (theadz) Nt €| z)»
and <€l b
then have < 3z. z # ¢ A P (thead ) A Q (thead ) At € | o
by (cases <t = e»; fastforce dest: thead-prefiz simp: prefives-empty prefizes-empty-least)
} then show <4 {z. 2 # e A P (thead )} N lg {z. 2 #e N Q (thead )} C lq {z. z £ A
P (thead ) A Q (thead z)}»
by (clarsimp simp: set-eq-iff subset-iff dprefizes-def prefiz-closure-def prefizes-extensions| THEN
syml)
next
{ fix z
assume < Vt. ¢ € | t — (Jz. 2 # e A P (thead ) N Q (thead x) AN t € | z)»
then have «(Vt. 2z € [ t — (3z. 2 £ e A P (thead ) Nt € | z)) A
Vt.zelt— (z.x#ec A Q (theadz) Nt €] )
by fastforce }
then show (|4 {z. 2 #e A P (thead z)} N lg {z. z# e AN Q (thead 2)} D g {z. 2 #e NP
(thead z) N Q (thead z)}>
by (clarsimp simp: set-eq-iff subset-iff dprefixes-def prefiz-closure-def prefizes-extensions| THEN
sym])
qed

lift-definition compr :: «('a trace = bool) = 'a dset» is <Ap. lq {z. pz P

by (rule definitive-dprefizes)

lift-definition complement :: <'a dset = 'a dset) is <\p. lq (range Infinite — p)»
by (rule definitive-dprefizes)

lemma property-complement[simpl: <property (complement X) = UNIV — property X>
by (transfer, force simp: infinites-dprefizes|simplified infinites-def] infinites-def
split: trace.split-asm trace.split)
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end

theory LinearTemporalLogic

imports Traces AnswerIndexedFamilies Main
begin
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3 Linear-time Temporal Logic

datatype (atoms-ltl: 'a) ltl =

True-ltl (<truep)
| Not-ltl <'a lth («not; -» [85] 85)
| Prop-ltl <'a» («<prop;'(-")»)
| Or-itl <a Ity <'a lth («- or; - [82,82] 81)
| And-Itl <'a It <'a It (<- and; - » [82,82] 81)
| Next-ltl <'a ItD («X; - [88] 87)
| Until-ltl <'a ltly <'a It (- Uy - [84,84] 83)

fun lsatisfying-AiF :: <'a = ’'a state infinite-trace AiF» (<lsat-y) where
dsat-x T ={t.z € L (t0)} |
dsat- z F={t. 2 ¢ L (t )}

fun z-operator :: ('a infinite-trace AiF = 'a infinite-trace AiF» (+X+) where
«Xet T={x |z dtdrop 1z € (t T)}|
«Xet F=A{x|az itdrop 1z € (t F)b

fun u-operator :: <'a infinite-trace AiF = 'a infinite-trace AiF = 'a infinite-trace AiF» (infix
«Uw 61) where

(aUb) T=A{z|z Ik (Vi<k. itdropiz € (a T)) A itdropkz € (b T)}|

(aUeb) F=Az|x VEk (Fi<k. itdrop iz € (a F)) V itdrop kx € (b F)}p

fun ltl-semantics :: <'a ltl = 'a state infinite-trace AiF» (:[-];>) where
( true; |1 = T

fnoti o o =—T¢lpl

[ propi(a) |1 = lsat- a|

ooy i=Leliv-19¥]Ipl

deandiv [i=[e]in[¥]0]

dXie Li=X-[elpl

de Uiy li=lel U-[v]o

lemma ezcluded-middle-ltl’ :
shows (T ¢ [¢]; T) «— (T € [¢]; F)
and (T ¢ [¢]; F) +— (T € [¢]; T)
proof (induct <o) arbitrary: <I')
qed auto

lemma excluded-middle-ltl: <I' € [o]; T VT € [¢]i F>
using excluded-middle-Itl’ by blast

definition false-ltl (<false;») where
false-ltl-def[simp]: <false; = not; truep
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definition implies-ltl :: 'a ltl = 'a ltl = 'a Ity (infix <implies;» 80) where
implies-ltl-def [simp]: <@ implies; ¥ = (not; @ ory Y)»

definition final-ltl :: <'a ltl = 'a It (<F; -») where
final-ltl-def [simp]: «(F; ) = (true; Uy o)

definition global-ltl :: <'a ltl = 'a Ity (G, -») where
global-ltl-def[simp]: <«(Gi p) = (not; Fy (not; ¢))»

3.1 Linear temporal logic equivalence

fun ltl-semantics’ :: <'a state infinite-trace = 'a ltl = bool> (infix <=;» 60) where
Ly truey = True»

| T noti o = (=T = o)

| <I' = propi(a) = (a € L (T 0))»

|<F|:ltp07“lw :(F|:l(p\/1—":l’(/J>>

| T Erpandi v =T = o AT = o)

| I (Xop) = itdrop 1T |= ¢

| T 1 (o U ¢) = 3k. (Vi<k. itdrop i T =1 @) A dtdrop k T' =1 ¥)»

3.2 Linear temporal logic lemmas

lemma ([[ Fl (Fl (p) ]]l = [[ Fl (0] ]]l)
proof (rule AiF-cases)
show ([[Fl Fl gﬁﬂl T = [[Fl (p]]l T
apply (clarsimp introl: set-eql, rule)
apply auto[1]
by (clarsimp, metis add-0)
next
show (HF[ Fl SDHZ F = HFI (p]]l F
apply (clarsimp introl: set-eql, rule)
apply (clarsimp, metis add-0)
by simp
qed

lemma [tl-equivalence:
shows « Tl o =T e[l T)
and (T )= (T e[ol F)
proof (induct <p> arbitrary: <I'y)
qed auto

end
theory LTLS3

imports Main Traces AnswerIndexedFamilies LinearTemporalLogic
begin
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4 LTL3: Semantics, Equivalence and
Formula Progression

type-synonym 'a AiF3 = <answer = 'a state dset>

primrec and-AiF3 :: <'a AiF3 = 'a AiF3s = 'a AiF3> (infixl (A3» 60) where
(aNgb) T=aTn0bT
| «(aNg*b) F=aFUDbF

primrec or-AiFs :: ('a AiF3 = 'a AiF3 = 'a AiF3» (infix]l <V3- 59) where
(aVgd) T=aTUbT
| «(a V3= b) F=0aFNbF

fun not-AiF3 :: <'a AiF3 = 'a AiF3) (<—3+ -») where
(g2 a) T=0aF
| «(m3=a) F=a T

fun univ-AiFy :: <‘a AiF3 (<T3+») where
T3+ T = Yooy
| «T5- F =0

fun lsatisfying-AiF'3 :: <'a = 'a AiF3» (<Isat3+)) where
dsatze x T = compr (At. t # € ANz € L (thead t))»
| <lsats- © F = compr (M. t #e Az & L (thead t))>

fun zz-operator :: <'a AiFs = 'a AiF3) (<X3») where
«(X3+ t T = prepend (t T)»
| < X3+ t F = prepend (t F)»

fun iterate :: <(Ya = 'a) = nat = (‘a = 'a)» where
Gterate f 0 © = 1))
<terate f (Suc n) x = f (iterate fn x)

primrec ug-operator :: <'a AiFy = 'a AiF3 = ’a AiF3» (infix «Uz» 61) where
<(a Uz b) T =] ( range (\i. iterate (Az. prepend x M a T) i (b T) ))»
| «(a Us» b) F =[] ( range (\i. iterate (Az. prepend © U a F) i (b F) ))»

fun triv-true :: <'a = bool> where
<triv-true © = (Vs. z€ L s)»

fun triv-false :: <'a = bool> where
triv-false © = (Vs. ¢ L s)»
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fun nontrivial :: 'a = bool> where
<nontrivial = ((3s. z€ L s) A (3t. z¢ L t))»

fun zero-length :: <'a trace = bool) where
<zero-length (Finite t) = (length t = 0)»
| <zero-length (Infinite t) = False

fun ltl-semanticss :: <'a ltl = 'a AiF3> (¢[-]3>) where
( true;  Js = T3>

| I noty ¢ ]3 = =3+ []3

| <[ propi(a) |3 = lsatsz- @

| <[wori v ]z =[els Vs [¥]3

| <[ »andi ¥ [3 = [¢]3 A3+ [¢]3

[ Xie s = Xa [0ls

[ <Le Ut s =lels Us [¥]s

4.1 LTL/LTL3 equivalence

declare dset.Inf-insert[simp del]
declare dset.Sup-insert[simp del]

lemma itdrop-all-split:
assumes (z € A and <V i<k. itdrop (Suc i) z € A
shows (i < Suc k = itdrop i z € A>

using assms proof (cases <i»)

qged (auto simp: itdrop-def)

lemma itdrop-exists-split[simp]:

shows «(Ji<Suc k. itdrop i x € A) +— (Fi < k. itdrop (Suc i) x € A) V z € A»
proof (rule iffI)
{ fix ¢

assume <i < Suc ky <itdrop i x € Ay <z ¢ A

then have «3i<k. itdrop (Suc i) z € A>

proof (cases ()

qed auto
} then show « 3i<Suc k. itdrop i z € A = (Fi<k. itdrop (Suc i) x € A) V z € A> by auto
next

assume <(Ji<k. itdrop (Suc i) x € A) V z € A

then show («Ji<Suc k. itdrop i z € A>

by auto

qed

lemma until-iterate :
z. Fk. (Vi<k. dtdrop i x € A) A itdrop k x € B} = |J (range (Ak. iterate (Az. iprepend x N
A) k B))»
proof (rule set-eql; rule iffT)
fix z
{ fix k
assume <V i<k. itdrop i x € A » and «<itdrop k x € B»
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then have <z € iterate (Az. iprepend z N A) k B>
proof (induct <k arbitrary: <z»)
case (
then show < ?case) by simp
next
case (Suc k)
from this(2,8) show «?case
by (auto intro!: Suc.hyps[where © = <itdrop 1 x», simplified])
qed }
then show <z € {z. 3k. (Vi<k. itdrop i x € A) A itdrop k x € B}
= z € (Jk. iterate (\z. iprepend z N A) k B)»
by blast
next
fix z
{ fix k
assume <z € iterate (Az. iprepend © N A) k B»
then have «(Vi<k. itdrop i z € A) A itdrop k x € B>
proof (induct <k arbitrary: <z»)
case (
then show < ?case» by auto
next
case (Suc k)
from this(2) show «?case)
by (auto dest: Suc.hyps[where z = <itdrop 1 x», simplified)
intro: itdrop-all-split)
qed }
then show <z € (|J k. iterate (Az. iprepend x N A) k B) = z € {x. k. (Vi<k. itdrop i z €
A) A itdrop k x € B}
by blast
qed

lemma release-iterate:
< {u. Yk (Fi<k. itdrop i uw € A) V itdrop k w € B} = () (range (Ai. iterate (Az. iprepend x
U A)iB))
proof (rule set-eql; rule iffT)
fix z
{ fix ¢ assume « Vk. (Fi<k. itdrop i x € A) V itdrop k x € B>
then have «x € iterate (Az. iprepend x U A) i B>
proof (induct <> arbitrary: «x»)
case (
then show < ?case» by auto
next
case (Suc 17)
show «?Zcase>
apply (clarsimp)
apply (rule Suc.hypslwhere z = <itdrop 1 >, simplified])
using Suc(2)[THEN spec, where © = «Suc -»,simplified)
by auto
qed }
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then show «z € {u. Vk. (i<k. itdrop i w € A) V itdrop k u € B} = z € ([ i. iterate (Az.
iprepend x U A) i B)»
by auto
next
fix z
{ fix k
assume < Vi. z € iterate (Az. iprepend x U A) i B>
then have P: «Vi. z € iterate (Az. iprepend z U A) i B>
by blast
assume <itdrop k x ¢ By with P have «3i<k. itdrop i z € A>
proof (induct <k> arbitrary: <z»)
case 0
then show «?Zcaser by (simp, metis iterate.simps(1))
next
case (Suc k)
from this(3) show «?case
apply clarsimp
apply (rule Suc.hyps|where z = <itdrop 1 x>, simplified])
using Suc(2)[THEN spec, where z = «Suc -]
by auto
qed }
then show «x € (4. iterate (Az. iprepend z U A) i B) = z € {u. Vk. (Fi<k. itdrop i u €
A) V itdrop k w € B}»
by auto
qed

lemma property-until-iterate:

<property (iterate (Az. prepend x M A) k B) = iterate (Az. iprepend x N property A) k (property
B)»

by (induct <k», auto simp: property-Inter property-prepend)

lemma property-release-iterate:

<property (iterate (Az. prepend U A) k B) = iterate (Az. iprepend x U property A) k (property
B)»

by (induct <ky, auto simp: property-Union property-prepend)

lemma [t13-equiv-Iti:
shows <property ([ Js T)=[¢i T>
and «property ([ Js F) =[ ¢ ]i F»
proof (induct «p»)
case True-ltl
{
case I
then show «?Zcase> by (simp, transfer, simp)
next
case 2
then show <?casey by (simp, transfer, simp)

}

next
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case (Not-ltl )
{
case !
then show «?case) using Not-ltl by simp
next
case 2
then show «?case) using Not-ltl by simp
}
next
case (Prop-ltl z)
{
case [
then show «?case)
apply simp
apply transfer
apply (simp add: infinites-dprefizes)
apply (clarsimp simp add: infinites-def split: trace.split-asm trace.split)
apply (rule set-eql, rule iffT)
apply (clarsimp split: trace.split-asm trace.split)
apply (metis zero-length.cases)
apply (clarsimp split: trace.split-asm trace.split)
by (metis Traces.append.simps(3) append-is-empty(2) trace.distinct(1) trace.inject(2))
next
case 2
then show (?case)
apply simp
apply transfer
apply (simp add: infinites-dprefizes)
apply (clarsimp simp add: infinites-def split: trace.split-asm trace.split)
apply (rule set-eql, rule iffI)
apply (clarsimp split: trace.split-asm trace.split)
apply (metis zero-length.cases)
apply (clarsimp split: trace.split-asm trace.split)
by (metis Traces.append.simps(3) append-is-empty(2) trace.distinct(1) trace.inject(2))
}
next
case (Or-ltl p1 ¢2)
{
case I
then show <?casey by (simp add: property-Union Or-Itl)
next
case 2
then show < ?casey by (simp add: property-Inter Or-Itl)
}
next
case (And-ltl p1 p2)
{
case I
then show < ?casey by (simp add: property-Inter And-Itl)
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next
case 2
then show < ?casey by (simp add: property-Union And-Itl)
}
next
case (Next-ltl @)
{
case 1
then show < ?casey by (simp add: property-prepend Next-ltl iprepend-def)
next
case 2
then show «?Zcase> by (simp add: property-prepend Next-ltl iprepend-def)
}
next
case (Until-ltl o1 ¢2)
{
case |
then show <« ?case)
apply (simp add: Until-ltl| THEN sym] property-Union image-Collect property-until-iterate)
using until-iterate[simplified] by blast
next
case 2
then show <« ?case)
apply (simp add: Until-ltl{ THEN sym] property-Inter image-Collect property-release-iterate)
using release-iterate[simplified] by metis
}

qed

4.2 Equivalence to LTL3 of Bauer et al.

lemma extension-lemma: <in-dset t A = (Vw. t ~ Infinite w € Infinite ‘ property A)»
proof transfer
fix t and A :: <'a trace set)
assume D: «definitive A»
show «t € A = (Vw. t ~ Infinite w € Infinite ‘ infinites A) »
proof (rule iffI)
assume <t € A
with D have D" «t ¢t C A by (rule definitive-contains-extensions)
{ fix w have «t ~ Infinite w € A>
by (rule subsetD[OF D’], force simp add: extensions-def)
} then have <« Vw. t ~ Infinite w € A> by auto
thus « Vw. t ~ Infinite w € Infinite ‘ infinites A»
by (simp add: infinites-append-right infinites-alt)
next
assume < Yw. t ~ Infinite w € Infinite ¢ infinites A> then
have inA: « Vw. t ~ Infinite w € A»
by (simp add: infinites-alt infinites-append-right)
have <t ¢t C |4 A>
proof —
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{ fix u
obtain w :: (‘a infinite-trace> where <Infinite w = u —~ Infinite undefined>
by (cases <uy; simp)
then have <Jv. (t ~ u) ~v € A
using inA[THEN spec, where z = «w»] by (metis trace.assoc)
} thus «?thesis) unfolding extensions-def prefiz-closure-def prefizes-def by auto
qed
with D show <t € A) by (rule definitive-eleml)
qged
qed

lemma extension:
shows «in-dset t (ltl-semanticss ¢ T) = (Vw. (t ~ Infinite w) € Infinite * (ltl-semantics ¢
7))
and <in-dset t (ltl-semanticss ¢ F) = (Vw. (t ~ Infinite w) € Infinite * (ltl-semantics ¢ F))»
by (simp-all add: t13-equiv-Itl| THEN sym] extension-lemma)

4.3 Formula Progression

fun progress :: 'a ltl = 'a state = 'a ltly where
(progress true; o = truep»
| <progress (not; v) o = not; (progress @) o»
| <progress (propi(a)) o = (if a € L o then true; else not; true;)
| <progress (¢ ory W) o = (progress @ o) or; (progress ¥ o)
| <progress (¢ and; ) o = (progress ¢ o) and; (progress ¥ o)
| <progress (X; ¢) 0 = ¢
| <progress (¢ U; ) o = (progress 1 o) or; ((progress ¢ o) and; (¢ U; )

lemma unroll-Union: <| | (range P) = P 0 U (|| (range (P o Suc)))»
apply (rule definitives-inverse-eql)
apply (simp add: property-Union)
apply (rule dset.order-antisym)
apply (clarsimp introl: definitives-mono; metis not0-implies-Suc)
by (force intro: definitives-mono)

lemma unroll-Inter: <[] (range P) = P 0 M (['] (range (P o Suc)))»
apply (rule definitives-inverse-eql)
apply (simp add: property-Inter)
apply (rule dset.order-antisym)
apply (force intro: definitives-mono)
by (clarsimp introl: definitives-mono; metis not0-implies-Suc)

lemma iterates-nonempty: <range (\i. iterate fi X) # {}p
by blast

lemma until-cont: <A # {} = prepend (|| A) N X =] ((Az. prepend z 1 X) ¢ A)»
by (simp add: prepend-Union[THEN sym| dset.SUP-inf)

lemma release-cont: <A # {} = prepend ([] A) U X =[] ((Az. prepend z U X) ¢ A)»
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by (simp add: prepend-Inter|[THEN sym] dset.INF-sup)

lemma iterate-unroll-Inter:
assumes \NA. A#{} = f (] A) =[] (f A»
shows | (range (Ai. iterate fi X)) = X 0 f ([] (range (Ai. iterate fi X )))»
apply (subst unroll-Inter)
by (force simp: assms|OF iterates-nonempty| property-Inter intro: definitives-inverse-eql)

lemma iterate-unroll-Union:
assumes \NA. A#{} = f (4 A =1 (f A
shows ¢| | (range (\i. iterate fi X)) = X U f (|| (range (Xi. iterate f i X )))»
apply (subst unroll-Union)
by (force simp: assms[OF iterates-nonempty| property-Union intro: definitives-inverse-eql)

lemma inf-inf: <x M (y N z) = (zMNy) N (zNz)p
by (simp add: dset.inf-assoc dset.inf-left-commute)

theorem progression-tf :
<prepend ([progress ¢ o |3 T) M compr (A\t. t e Atheadt =c)C [z T»
<prepend ([progress ¢ o |5 F) M compr (At. t e Atheadt =0) T [ ]s F>
proof (induct «p»)
case True-ltl
{
case I
then show < ?case> by simp
next
case 2
then show < ?casey by (simp, transfer, simp add: prepend’-def)
}
next
case (Not-Itl )
{
case I
then show <« ?case) using Not-ltl by simp
next
case 2
then show (?case) using Not-itl by simp
}
next
case (Prop-ltl z)
{
case I
then show «?case)
by (simp, transfer, auto simp: prepend’-def intro: dprefizes-mono| THEN subsetD, rotated])
next
case 2
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then show <« ?case)
by (simp, transfer, auto simp: prepend’-def intro: dprefizes-mono| THEN subsetD, rotated))
}
next
case (Or-ltl 1 ¢2)
{
case I
then show «?case)
apply (simp add: prepend-Union| THEN sym])
using Or-lti(1, 3)
by (metis (no-types, lifting) dset.inf-sup-distrib2 dset.sup-mono)
next
case 2
then show «?case)
apply (simp add: prepend-Inter[THEN sym])
using Or-itl(2,4)
by (meson dset.dual-order.refl dset.dual-order.trans dset.inf.coboundedI2
dset.inf-lel dset.inf-mono)
}

next
case (And-ltl p1 p2)
{
case I
then show «?case)
apply (simp add: prepend-Inter[ THEN sym))
using And-ltl(1,3)
by (meson dset.dual-order.trans dset.inf-lel dset.inf-le2 dset.le-infI)
next
case 2
then show «?case)
apply (simp add: prepend-Union|THEN sym])
using And-ltl(2, 4)
by (metis (no-types, lifting) dset.inf-sup-distrib2 dset.sup-mono)

next
case (Next-ltl @)
{
case 1
then show < ?case) by simp
next
case 2
then show < ?case) by simp
}
next
case (Until-ltl o1 ¢2)
{
case |
then show < ?case)
apply (simp only: progress.simps)
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apply (simp add: prepend-Union| THEN sym| prepend-Inter| THEN sym))
apply (subst dset.inf-commute)
apply (subst dset.distrib(3))
apply (rule dset.order-trans)
apply (rule dset.sup-mono[OF - dset.order-refl])
apply (subst dset.inf-commute)
apply (rule Until-ltl(3))
apply (subst dset.inf-assoc[ THEN sym))
apply (rule dset.order-trans)
apply (rule dset.sup-mono[OF dset.order-refl))
apply (rule dset.inf-mono[OF - dset.order-refl])
apply (subst dset.inf-commute)
apply (rule Until-ltl(1))
apply (subst iterate-unroll-Union|OF until-cont], simp)
by (simp add: dset.inf.commute prepend-Union)
next
case 2
then show «?case)
apply simp
apply (subst prepend-Inter[THEN sym] prepend-Union| THEN sym)], simp)
apply (subst dset.inf-commute)
apply (subst inf-inf)
apply (rule dset.order-trans)
apply (rule dset.inf-mono)
apply (subst dset.inf-commute)
apply (rule Until-itl(4))
apply (simp add: prepend-Union| THEN sym])
apply (subst dset.distrib(3))
apply (rule dset.sup-mono)
apply (subst dset.inf-commute)
apply (rule Until-itl(2))
apply (rule dset.le-infI2, rule dset.order-refl)
apply (subst iterate-unroll-Inter|OF release-cont,simplified]; simp)
by (metis dset.inf-le2 dset.sup.commute)

}

qed

theorem progression-tf’ :
Jels TN compr (At. t # e A thead t = o) T prepend ([progress ¢ o |5 T) »
¢ ls F M compr (At. t # e A thead t = o) C prepend ([progress ¢ o |5 F) »
proof (induct <p»)
case True-lt]
{
case [
then show «?Zcaser by (simp, transfer, simp add: prepend’-def)
next
case 2
then show < ?case) by simp

}
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next
case (Not-Itl )
{
case I
then show «?case) using Not-ltl by simp
next
case 2
then show (?case) using Not-itl by simp
}
next
case (Prop-ltl z)
{
case I
then show (?case) apply simp
apply transfer
apply clarsimp
apply (clarsimp simp: prepend’-def)
apply (subst compr’-inter-thead)
by (metis (mono-tags, lifting) Collect-empty-eq dprefizes-empty)
next
case 2
then show <« ?case)
apply simp
apply transfer
apply (clarsimp simp: prepend’-def)
apply (subst compr’-inter-thead)
by (metis (mono-tags, lifting) Collect-empty-eq dprefizes-empty)
}
next
case (Or-ltl o1 ¢2)
{
case I
then show <« ?case)
apply (simp add: prepend-Union| THEN sym])
using Or-ltl(1,3)
by (metis (no-types, lifting) dset.inf-sup-distrib2 dset.sup-mono)
next
case 2
then show <« ?case)
apply (simp add: prepend-Inter[THEN sym))
using Or-1tl(2,4)
by (meson dset.dual-order.refl dset.dual-order.trans dset.inf.coboundedI2 dset.inf-lel dset.inf-mono)
}
next
case (And-ltl p1 p2)
{
case I
then show (?case)
apply (simp add: prepend-Inter[THEN sym))
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using And-ltl(1,3)
by (meson dset.dual-order.refl dset.dual-order.trans dset.le-inf-iff)
next
case 2
then show «?case)
apply (simp add: prepend-Union| THEN sym])
using And-ltl(2,4)
by (metis (no-types,lifting) dset.inf-sup-distrib2 dset.sup-mono)

next
case (Next-ltl )
{
case I
then show (?case) using Next-ltl by simp
next
case 2
then show (?case) using Next-ltl by simp
}
next
case (Until-ltl o1 ¢2)
{
case I
then show (?case)
unfolding ltl-semanticss.simps us-operator.simps
ltl-semantics.simps progress.simps u-operator.simps or-AiF's.simps and-AiF'3.simps
apply (simp add: full-SetCompr-eq prepend-Union[THEN sym))
apply (rule dset.order-trans[rotated))
apply (rule dset.sup-mono [OF - dset.order-refl], rule Until-ltl(3))
apply (simp add: prepend-Inter[THEN sym))
apply (rule dset.order-trans|[rotated])
apply (rule dset.sup-mono [OF dset.order-refl])
apply (rule dset.inf-mono [OF - dset.order-refl])
apply (rule Until-lti(1))
apply (subst iterate-unroll-Union| OF until-cont], simp)
apply (subst dset.inf-commute)
apply (subst dset.inf-sup-distrib1)
apply (simp, rule conjl)
apply (subst dset.inf-commute)
apply auto[!]
by (meson dset.eq-refl dset.inf.boundedl dset.le-infE dset.le-supl2)
next
case 2
then show (?case)
unfolding ltl-semanticss.simps us-operator.simps
ltl-semantics.simps progress.simps u-operator.simps or-AiFs.simps and-AiF3.simps
apply (simp add: full-SetCompr-eq prepend-Inter[THEN sym)])
apply (rule conjl,rule dset.order-trans|rotated])
apply (rule Until-itl(4))
apply (rule dset.inf-mono; simp?)
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apply (metis iterate.simps(1) dset.Inf-lower rangel)
apply (simp add: prepend-Union| THEN sym])
apply (rule dset.order-trans[rotated))
apply (rule dset.sup-mono)
apply (rule Until-itl(2))
apply (rule dset.order-refl)
apply (subst iterate-unroll-Inter[OF release-cont], simp)
apply (simp add: prepend-Inter| THEN sym| image-image)
apply (subst dset.inf-assoc)
apply (subst dset.sup-inf-distrib2)
apply (rule dset.le-infI2)
by (simp add: dset.inf.coboundedl! insert-commute)

}

qed

theorem progression-tf'-u:
shows <[ ¢ |3 A M compr (At. t # € A thead t = o) C prepend ([progress ¢ o |3 A)
by (cases <Ay; simp add: progression-tf”)

theorem progression-tf-u:
shows (prepend ([progress ¢ o |3 A) M compr (At. t # e A theadt =0) C [ ¢ Js A
by (cases <A»; simp add: progression-if)

lemma fp-compr-helper: <in-dset (Finite (a # t)) (compr (A z. © # € A thead x = a))»
apply transfer
apply (simp add: dprefizes-def subsetl-iff extensions-def prefiz-closure-def prefizes-def)
by (metis e-def list.distinct(1) nth-Cons-0 thead.simps(1) thead-append trace.inject(1)
trace.left-neutral trace.right-neutral)

theorem fp:
shows <in-dset (Finite t) ([ ¢ |3 A) «— [ foldl progress ¢ t ]z A = Zoo»
proof (induct <t arbitrary: <p»)
case Nil
then show «?case>
by (rule iffI; simp add: in-dset-e[simplified e-def] in-dset-UNIV)
next
case (Cons a t)
show < ?Zcase>
proof (simp add: Cons|where p=<progress ¢ a)», THEN sym)], rule)
assume <in-dset (Finite (a # t)) ([¢]s A
then show <in-dset (Finite t) ([progress ¢ a]s A)»
by (force intro: in-dset-prependD in-dset-subset| OF progression-tf’-u]
in-dset-inter fp-compr-helper)
next
assume <in-dset (Finite t) ([progress ¢ a]s A)»
then show <in-dset (Finite (a # t)) ([¢]s A)»
by (force intro: in-dset-subset| OF progression-tf-u] in-dset-inter fp-compr-helper
in-dset-prependI[where x = <Finite w) for u, simplified))
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qed
qed

lemma em-ltl: [ ¢ ]} T = UNIV — ([ ¢ |: F)
by (rule set-eql; clarsimp simp add: subset-iff ltl-equivalence] THEN sym))

theorem em:
shows ([ ¢ |3 T = complement ([ ¢ |3 F)»
by (force intro: definitives-inverse-eql simp: [tl3-equiv-Itl em-Itl)

end
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