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Abstract

This theory provides a formalisation of linear temporal logic (LTL)
and unifies previous formalisations within the AFP. This entry estab-
lishes syntax and semantics for this logic and decouples it from existing
entries, yielding a common environment for theories reasoning about
LTL. Furthermore a parser written in SML and an executable simplifier
are provided.
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begin

This theory provides a formalisation of linear temporal logic. It provides
three variants:

1. LTL with syntactic sugar. This variant is the semantic reference and
the included parser generates ASTs of this datatype.

2. LTL in negation normal form without syntactic sugar. This variant is
used by the included rewriting engine and is used for the translation
to automata (implemented in other entries).

3. LTL in restricted negation normal form without the rather uncom-
mon operators “weak until” and “strong release”. It is used by the
formalization of Gerth’s algorithm.

4. PLTL. A variant with a reduced set of operators.

This theory subsumes (and partly reuses) the existing formalisation found
in LTL_to_ GBA and Stuttering Equivalence and unifies them.

1.1 LTL with Syntactic Sugar

In this section, we provide a formulation of LTL with explicit syntactic sugar
deeply embedded. This formalization serves as a reference semantics.

1.1.1 Syntax

datatype (atoms-ltic: 'a) ltlc =

True-ltlc (<truecy)
| False-ltlc (<false.»)
| Prop-ltic 'a («<prop.'(-"))
| Not-ltlc 'a ltlc (<not. -» [85] 85)
| And-ltlc 'a ltlc 'a ltlc (¢- and, -» [82,82] 81)
| Or-ltlc 'a ltlc 'a ltlc («- ore -» [81,81] 80)
| Implies-ltic 'a ltlc 'a ltic («- implies. -» [81,81] 80)
| Next-ltlc 'a ltlc («X. - [88] 87)
| Final-ltlc 'a ltlc («<F. -y [88] 87)
| Global-ltlc 'a ltlc (<G, -» [88] 87)
| Until-ltle 'a ltlc 'a ltlc (<- Ue - [84,84] 83)
| Release-ltlc 'a ltlc 'a ltlc (<- Rc - [84,84] 83)
| WeakUntil-ltlc 'a ltlc 'a ltlc (<- We - [84,84] 83)
| StrongRelease-ltlc 'a ltlc 'a ltle (- M. - [84,84] 83)

definition Iff-itic («- iff. -» [81,81] 80)
where
o iffe ¥ = (¢ impliesc 1) and. (¥ implies. )



1.1.2 Semantics

primrec semantics-ltlc :: ['a set word, 'a ltlc] = bool (¢- =, - [80,80] 80)
where

¢ e true. = True

¢ = false. = False

e prope(q) = (g€ 0)

Fe note ¢ = (= & e @)

chandw EFcp NEFEY)

e ore = (§ e o VEFEe W)

c @ implies. P = (§ Fe ¢ — & Fc ¥)

e Xe p = (suffir 1 € =c @)

Fe = (3i. suffixi ¢ @)

Ge p = (Vi. suffix i € = @)

o Uctp = (3i. suffizc i & = v A (Vi<i. suffizj € .
@ R = (Vi. suffix i € =c o VvV (Fj<i. suffiz j € =
¥
¥

o

o
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lemma semantics-ltlc-sugar [simp]:
Ercviffey = (6 Fep +— & e )
g):chgng):c (truec chp)
£ Fe Ge v =€ ¢ (falsec Re @)
(proof)

definition language-ltic p = {£. € = ¢}

lemma language-ltlc-negate[simp):
language-ltic (not. ¢) = — language-ltic ¢
(proof)

lemma lti-true-or-con[simp]:

€ e prope(p) ore (not. prop.(p))
(proof)

lemma [tl-false-true-con[simp]:
€ e not. true. «— & = false.
(proof)

lemma lti-Next-Neg-con|simp):
& Ee Xe (note p) «— £ Ec note Xe @
(proof)

lemma [tl- Until-Release-con:



§Fep Rep < (= & e (note @) Ue (note 9))
§ Fe S§ Ue ¥ — (= & e (note @) Re (note ¢))
proof

lemma [tl- Weak Until-StrongRelease-con:
EEce Wetp «— (=& e (note ¢) M (notc 1))
EFcp Mcp «— (= & ¢ (note ) We (notc 1))
(proof)

lemma [tl- Release-StrongRelease-con:
5):c¢Rcw<—>§':c(§0Mcw) OTC(GC’IZJ)
g)ZC(IOMC@Z}Hf):C (@Rcw) a’ndc (FC(ID)
{proof)

lemma [tl- Until- Weak Until-con:
e Uch <= § e (o Wetp) and, (Fe v))
e Wep «— & e (p Ue ) ore (Ge )
(proof )

lemma [tl-StrongRelease- Until-con:
EEcp Mcp «— e ¥ Ue (¢ ande ¢)
(proof)

lemma [tl- Weak Until- Release-con:
e Rep «— El=c b We (@ and. )
(proof )

definition pw-eg-on Sww' =Vi.wiNS=w'iN S

lemma pw-eg-on-refl[simp]: pw-eqg-on S w w

and pw-eg-on-sym: pw-eg-on S w w' = pw-eg-on S w’ w

and pw-eg-on-trans(trans]: [pw-eg-on S w w'; pw-eg-on S w’' w'"] =
pw-eg-on S w w'

(proof )

lemma pw-eq-on-suffix:
pw-eg-on S w w' = pw-eq-on S (suffiz k w) (suffix k w’)
(proof )

lemma pw-eq-on-subset:
S C S8 = pw-eq-on 8" w w' = pw-eq-on S w w’

(proof )



lemma ltlc-eq-on-aux:
pw-eg-on (atoms-ltle @) ww' = w = ¢ = W' ¢ @

(proof)

lemma ltlc-eq-on:
pw-eq-on (atoms-ltlc p) w w' = w . ¢ +— W' e @

(proof)

lemma suffiz-comp: (Ai. f (suffix k w 7)) = suffiz k (f o w)
(proof )

lemma suffiz-range: | J (range §) C APs = | (range (suffix k )) C APs
(proof)

lemma map-semantics-ltlc-auz:
assumes inj-on f APs
assumes | J (range w) C APs
assumes atoms-ltlc ¢ C APs
shows w =, ¢ «— (Ai. f ‘wi) . map-ltle f ¢
(proof)

definition map-props f APs = {i. Ap€APs. f p = Some i}

lemma map-semantics-ltic:
assumes INJ: inj-on f (dom f) and DOM: atoms-ltic ¢ C dom f

shows & =, ¢ «— (map-props f o &) =, map-ltic (the o f) ¢
(proof )

lemma map-semantics-ltlc-inv:
assumes INJ: inj-on f (dom f) and DOM: atoms-ltic ¢ C dom f
shows £ |=. map-ltic (the o f) ¢ <— (Ai. (the o f) =€ @) Fc ¢
(proof)

1.2 LTL in Negation Normal Form

We define a type of LTL formula in negation normal form (NNF).

1.2.1 Syntax

datatype (atoms-ltin: 'a) ltln =

True-ltin (<truey»)
| False-ltin (<falsen»)
| Prop-ltin 'a («<prop,,'(-"))
| Nprop-ltin 'a («<npropy,'(-')»)



| And-ltin 'a ltln 'a ltin (<- and,, - [82,82] 81)

| Or-ltln 'a ltln 'a ltin (¢- orp, - [84,84] 83)

| Next-ltin 'a ltin (<X, - [88] 87)

| Until-ltln 'a ltln 'a ltin (<- Up - [84,84] 83)

| Release-ltln 'a ltln 'a ltin (<- Ry, - [84.,84] 83)

| WeakUntil-ltln 'a ltln 'a ltin (<- Wy, - [84,84] 83)

| StrongRelease-ltln 'a ltin 'a ltin (- M, -» [84,84] 83)
abbreviation finally, :: 'a ltln = 'a ltin (<F,, - [88] 87)
where

F, o =true, U, @
notation (input) finally, («On - [88] 87)

abbreviation globally,, :: 'a ltin = 'a ltin (<G,, -» [88] 87)
where

Gn ¢ = false, Ry, ¢

notation (input) globally, (<O, -» [88] 87)

1.2.2 Semantics

primrec semantics-ltin :: ['a set word, 'a ltln] = bool («- =, - [80,80] 80)

where
¢ En true, = True
¢ = false, = False

|

|‘5‘_n pT’Opn((]):(qef())

| € En npropn(q) = (¢ ¢ £ 0)

| € En @ and, ¥ = (§ FEn @ AN E Fn ¥)

|EEnporn b= (EFn e VEEnY)

| € Fn Xn o = (suffiz 1 € =n p)

| € En @ Un ¢ = (Fi. suffizi & En ¢ A (Vi<ic suffizj & Fn @)
| §En o Ra b = (Vi suffiz i § |=n ¢V (3j<i. suffiz j § Fn 9))

| En @ Wotp = (Vi suffizi § =n o Vv (3j<i. suffizj § Fn ¢))
| & En @ My = (3d. suffiz i § n @ A (Vi<ic suffiz j € Fn ¥))

definition language-ltin ¢ = {£. & =n ¢}

lemma semantics-ltin-ite-simps|simp):
w =y (if P then true, else false,) = P
w =y, (if P then false, else true,) = (=P)
(proof)



1.2.3 Conversion

fun ltic-to-ltin' :: bool = 'a ltlc = 'a ltin
where
ltlc-to-ltin' False true. = true,
| ltle-to-ltln' False false. = false,
| ltle-to-ltin" False prop.(q) = prop,(q)
| ltle-to-ltln' False (¢ and. 1) = (ltle-to-ltln’ False ) and,, (Itlc-to-ltin’ False

)
| ltle-to-ltin’ False (¢ or. 1) = (ltle-to-ltln’ False @) ory, (ltlc-to-ltln’ False

)

| ltle-to-ltin' False (¢ implies. ) = (ltlc-to-ltin’ True ) ory, (ltlc-to-ltin’
False 1)

| ltlc-to-ltin" False (F. ) = true, U, (ltle-to-ltin" False @)

| ltle-to-ltln" False (G, @) = false, Ry, (ltlc-to-ltin' False o)

| ltle-to-ltin' False (¢ U, v) = (ltle-to-ltin" False ) U, (ltlc-to-ltin’ False

)
| ltlc-to-ltin' False (¢ R. ) = (ltle-to-ltin" False @) Ry (ltle-to-ltin’ False

)
| ltle-to-ltin" False (¢ W 1) = (ltle-to-ltin’ False o) Wy, (ltle-to-ltin' False

)
| ltle-to-ltin’ False (¢ M. 1) = (ltlc-to-ltln’ False @) M, (ltlc-to-ltln’ False

)

| ltle-to-ltln" True true. = false,

| ltle-to-ltin" True false. = truey,

| ltle-to-ltln" True prop.(q) = nprop,(q)

| ltle-to-ltln" True (¢ and. ¥) = (ltle-to-ltln" True @) or, (ltle-to-ltln" True

)
| ltle-to-ltln" True (¢ or. ) = (ltle-to-ltin’ True ) and, (ltle-to-ltln" True

)

| ltle-to-ltin" True (yp implies. ¢) = (ltlc-to-ltln" False @) and,, (ltlc-to-ltin’
True 1)

| ltle-to-ltln" True (F. @) = false, Ry, (ltle-to-ltin’ True )

| ltle-to-ltin" True (G. ¢) = true, Uy (ltle-to-ltin’ True ¢)

| ltle-to-ltin' True (¢ U, ) = (ltle-to-ltin’ True @) Ry, (Itle-to-ltin' True 1))
| ltle-to-ltin' True (¢ R ) = (ltle-to-ltin" True @) Uy, (Itle-to-ltin' True 1))
| ltle-to-ltin' True (¢ W, ) = (ltle-to-ltin’ True p) M,, (ltle-to-ltin" True
)
| ltle-to-ltin' True (¢ M

)

| ltle-to-ltin" b (not. ) = ltlc-to-ltin’ (= b) ¢

| ltle-to-ltin" b (X. @) = X, (ltlc-to-ltln" b )

¢ V) = (ltle-to-ltln" True p) W, (ltle-to-ltln" True

fun ltlc-to-ltln :: 'a ltlc = 'a ltin



where
Itlc-to-ltin ¢ = ltlc-to-Itin' False

fun ltin-to-ltlc :: 'a ltln = 'a ltlc
where

ltin-to-ltlc true, = true.
| ltin-to-ltlc false, = false,.
| ltin-to-ltlc prop,(q) = prop:(q)
| ltin-to-ltlc nprop,(q) = not. (prop.(q))
| ltin-to-ltlc (¢ and, ) = (ltin-to-ltlc ¢ and. ltin-to-ltlc 1)
| ltin-to-ltlc (¢ ory ) = (ltin-to-ltlc ¢ or. ltin-to-ltic )
| ltin-to-ltlc (X, ) = (X, ltin-to-ltlc )
| ltin-to-ltlc (¢ Uy, o) = (ltin-to-ltlc ¢ U, ltin-to-ltic )
| ltin-to-ltlc (¢ Ry ) = (ltin-to-ltlc ¢ R. ltn-to-ltlc )
| ltin-to-ltlc (o Wy, ) = (ltin-to-ltlc ¢ W ltin-to-ltlc 1)
| ltin-to-ltlc (¢ M, ) = (ltin-to-ltlc p M. ltin-to-ltlc 1)

lemma ltic-to-ltin'-correct:
w Ey (ltle-to-ltin" True ) +— = w . ¢
w =y, (ltle-to-ltin' False @) +— w = ¢
size (ltle-to-ltin" True p) < 2 x size @
size (ltle-to-ltin’ False p) < 2 * size ¢
(proof)

lemma [tlc-to-ltin-semantics [simpl:
w =y, ltle-to-ltin ¢ «— w = ¢
(proof)

lemma ltlc-to-ltin-size:
size (ltle-to-ltn ) < 2 * size p
(proof)

lemma ltin-to-ltic-semantics [simp:
w = ltn-to-ltle ¢ +— w =y, ¢
(proof)

lemma ltlc-to-ltin-atoms:
atoms-ltln (Itle-to-ltin @) = atoms-ltlc ¢

(proof)
1.2.4 Negation

fun not,,
where



not, true, = false,
| noty, false, = true,
| not,, prop,(a) = nprop,(a)
| noty,, npropy,(a) = prop,(a)
| not,, (¢ and, ) = (not, ) or, (not, )
@ ory, ) = (not, ) and, (not, )
(noty, @)

(
| not, (Xn ¢) = Xn
| noty, (¢ Un ¥) = (notn o) Ry (noty, ¢)
| noty, (¢ Ry ¥) = (noty, ¢) Uy (not, 1)
| noty, (o Wy 9) = (notn @) My (not, ¢)
| noty, (@ My, ) = (noty, ¢) Wy, (noty, ¢)

lemma not,-semantics[simp|:
W En not, @ < D w L @

(proof )

lemma not,,-size:
size (not, @) = size @

(proof )

1.2.5 Subformulas

fun subfrmlsn :: 'a ltln = 'a ltin set
where
subfrmlsn (¢ and, ¥) = { and,, ¥} U subfrmlsn ¢ U subfrmlsn 1

(
| subfrmlsn (¢ ory, ¥) = {@ or, ¥} U subfrmlsn ¢ U subfrmlsn ¢
| subfrmlsn (Xy, ¢) = {Xn ¢} U subfrmlsn ¢
| subfrmlsn (¢ U, ¥) = {¢ U, ¥} U subfrmlsn ¢ U subfrmlsn 1
| subfrmisn (¢ Ry ¥) = {¢ R, ¥} U subfrmlsn ¢ U subfrmlsn 1)
| subfrmlsn (¢ Wy ) = {@ Wy ¥} U subfrmisn ¢ U subfrmisn 1)
| subfrmlsn (¢

n ) ={e M, ¥} U subfrmlsn ¢ U subfrmlsn i
| subfrmlsn ¢ = {¢}

lemma subfrmisn-id]simpl:
@ € subfrmisn ¢

(proof )

lemma subfrmlsn-finite:
finite (subfrmlsn )

(proof)

lemma subfrmlsn-card:
card (subfrmlsn @) < size ¢

(proof)

10



lemma subfrmlisn-subset:
Y € subfrmlsn ¢ = subfrmlsn ¢ C subfrmisn ¢

(proof )

lemma subfrmlisn-size:
Y € subfrmlsn ¢ = size Y < size p V¢ = ¢
(proof)

abbreviation
size-set S = sum (A\z. 2 * sizex + 1) S

lemma size-set-diff:
finite S = S’ C S = size-set (S — ') = size-set S — size-set S’

(proof )

1.2.6 Constant Folding

lemma U-consts[intro, simpl:
w =, @ Uy truey
- (w [En ¢ Uy, falsey)
('LU ):n Jalsep, Uy, 90) = (w ':n 90)
(proof)

lemma R-consts|intro, simp]:
w = ¢ Ry truey,
- (w =n ¢ Ry, falsey)
(w = truen Ry ) = (w Fn @)
(proof)

lemma W-consts[intro, simp|:

w = true, Wiy ¢

w =, o Wy truey,

(w = falsen, Wi ) = (0 Fn @)

(w En ¢ Wy, false,) = (w =n Gn @)
(proof)

lemma M-consts[intro, simp]:
- (w ':n false, M, (,0)
= (w =n ¢ My, falsey)
(w = truen, My @) = (w En @)
(w En @ My, true,) = (w Epn Frn @)
(proof)

11



1.2.7 Distributivity

lemma until-and-left-distrib:
w ’:n (901 andy, (/72) Un ¥ «— w ':n (901 Un ¢) andy, ((/72 Un w)
(proof)

lemma until-or-right-distrib:
wEn @ Un (Y1 orn $2) <= w En (0 Un ¥1) orn (¢ Un t2)
(proof)

lemma release-and-right-distrib:
w En ¢ Ry (Y1 andy 2) <— w By (9 Ry 1) andy, (¢ Ry ¥2)
(proof )

lemma release-or-left-distrib:
w En (91 0mn 92) By b <— w En (1 Bn ) ory (02 Ry 1))
{proof)

lemma strong-release-and-right-distrib:

w ):n o My (1/}1 andy, ¢2) ——w }:n (90 M, ¢1) andy, (‘P M, 7/}2)
(proof )

lemma strong-release-or-left-distrib:
w En (91 om0 92) My ) < w =y (91 My ) orn (92 My 9)
(proof)

lemma weak-until-and-left-distrib:
w ):n (901 andy, 902) Wpt«—w ):n (‘Pl Wa ¢) andy, (902 Wa w)
(proof)

lemma weak-until-or-right-distrib:
wEn @ W (1 org ¥2) <— w =n (¢ Wy 1) orn (0 Wi th2)
(proof)

lemma next-until-distrib:
(proof)

lemma next-release-distrib:
W, Xn (0 Ry ¥) — w Fn (Xn @) Ry (Xy ¥)
(proof )

lemma next-weak-until-distrib:

12



(proof)

lemma next-strong-release-distrib:
W En Xn (0 My @) «— w Fn (Xn ¢) My (X 9)
(proof )

1.2.8 Nested operators

lemma finally-until[simp]:
wEn Fo (o Up ¥) = w =y Fp @
(proof)

lemma globally-release|simpl:
w =y Gy (@ Ry ¢) «— w =y Gy 9
(proof)

lemma globally-weak-until[simp]:
w):n Gn(‘/) Wn¢)<—>w):n Gn(@ornw)
(proof)

lemma finally-strong-release[simp]:
(proof )

1.2.9 Weak and strong operators

lemma ltin-weak-strong:
wEy ¢ Wy Y <— w =, (Gn ) ory (¢ Uy 1)
w):n¢Rnw<—>w|:n(an) Orn((Pan)
(proof )

lemma Itin-strong-weak:
wEL © My — w =, (Fp p) and, (¢ R
(proof)

lemma ltin-strong-to-weak:
w):nSOUnw:>w':n@ Wy 4
wEL, e My = wknp Ry ¢
(proof )

lemma ltin-weak-to-strong:
[[w):nSOqu/ﬁﬂw):n Gn@]]:>w>:n90Un¢

13



w):n@an§w’:nFn¢]]:>w):n@Un¢
w):annw;ﬁw):nGn¢H:>w):n¢an
w):nSDRn¢§w):nFn<P]]:>w):n§0Mn¢

lemma ltin-StrongRelease-to-Until:

(

{

(

w):n@anHw):ann(Soandnw)

proof )

lemma ltin-Release-to- Weak Until:
wELR ¢ Ry ¥ +— w =, v Wy, (p and, 1)

proof )

lemma ltin- Weak Until-to-Release:
w):nso Wn¢<—>w):n¢Rn(¢0rn¢)

proof)

lemma [tin- Until-to-StrongRelease:

(

W)=n¢Un¢<—>an¢Mn(¢0rn¢)

proof )

1.2.10 GF and FG semantics

lemma GF-suffiz:

(

proof )

lemma FG-suffiz:
suffic i w = Fp (Gp ) «— w =y Fp, (Gy )

(

proof )

lemma GF-Inf-many:
wEn Gy (Fnp) +— (F 1. suffix i w =, @)

(

proof )

lemma FG-Alm-all:

w ey Frn (Gn ) «— (Vo i suffiz i w =, @)

(

(

proof )

lemma MOST-nat-add:

V ooizinat. P i) «— (Vooi. P (i + j))

14



(proof )

lemma INFM-nat-add:
(Fotnat. P i) «— (Fooi. P (i + j))
(proof)

lemma FG-suffiz-G:
w =, Fn (Gn ) = Vool suffix i w =, Gp @
(proof)

lemma Alm-all-GF-F:
Vol. suffic i w =y, Gy (Fp ¥) «— suffixiw =, Fp ¢
(proof)

lemma Alm-all-FG-G:
Vol. suffiz i w =y, Fr (Gp ¥) <— suffixiw =, Gp ¢
(proof)

1.2.11 Expansion

lemma ltin-expand-Until:

13 ):n o Up ¢ <— (5 ):n Y ory ((10 andy, (Xn (90 Un ¢))))

(is ?lhs = ?rhs)

(proof)

lemma [tin-expand-Release:

EFn @ B ¥ <— (§ Fn ¥ andy (¢ orn (Xn (¢ Rn 9))))

(is ?lhs = ?rhs)
(proof )

lemma ltin-expand- Weak Until:

(is ?lhs = ?rhs)

(proof )

lemma ltin-expand-StrongRelease:

3 ):n o My Y «— (5 ):n Y andy, (90 O0T'n (Xn (90 M, ¢))))
(is ?lhs = ?rhs)

(proof)

lemma [tin-Release-alterdef:
W=y @ Ry < w En (Go ) orn ( Uy (@ andy, )
(proof)
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1.3 LTL in restricted Negation Normal Form
Some algorithms do not handle the operators W and M, hence we also

provide a datatype without these two operators.

1.3.1 Syntax

datatype (atoms-ltlr: 'a) ltlr =

True-ltlr (<truey»)
| False-ltlr (<false,»)
| Prop-ltir 'a («<prop,'(-")»)
| Nprop-ltir 'a (<nprop,'(-")»)
| And-ltlr 'a ltlr 'a ltir (<- and, - [82,82] 81)
| Or-ltlr 'a ltlr 'a ltlr (¢<- ory - [84 841 83)
| Next-ltlr 'a ltir («X, - [88] 87)
| Until-ltlr 'a ltlr 'a ltlr («- Uy - [84,84] 83)
| Release-ltlr 'a ltlr 'a ltlr (<- R, - [84,84] 83)

1.3.2 Semantics

primrec semantics-ltlr :: ['a set word, 'a ltlr] = bool (- =, - [80,80] 80)
where

¢y true, = True

¢ =, false, = False

|

‘g':r propr(q)Z(QEEO)

| & = nprop,(q) = (¢ € £ 0)

| € Er SOaml¢ EEr e NEFErY)

‘6-':7" ory P (f):MPVfPM/J)
|£’;T'XT'SO_(SU.]%$1£):TSD)

| EFr o Ur b = (Fi. suffizi § = ¢ A (Vi<i. suffiz j € = 9))
| EEr p R Y = (Vi suffizi § = ¢ Vv (35<i. suffiz j € B ¢))

1.3.3 Conversion

fun ltin-to-ltlr :: 'a ltin = 'a ltlr
where
ltin-to-ltlr true, = true,
| ltin-to-ltlr false, = false,
| ltin-to-ltlr prop,(a) = prop,(a)
| ltin-to-ltlr nprop,(a) = nprop,(a)
| ltin-to-ltlr (¢ andy, 1) = (ltin-to-ltlr ) and, (ltin-to-ltlr 1)
| ltin-to-ltlr (¢ ory ) (ltin-to-ltlr @) or, (ltln-to-ltlr 1)
| ltin-to-ltlr (X,, ¢) = X, (ltln-to-ltlr o)
| ltin-to-ltlr (¢ Un ) = (ltln to-ltlr @) U, (Itin-to-ltlr 1)
| ltin-to-ltlr (¢ Ry ) = (ltin-to-ltlr ) R, (ltln-to-ltir )
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| ltin-to-ltlr (o W, ¢) = (ltin-to-ltlr ) R, ((ltin-to-ltlr ¢) or, (Itin-to-ltlr
V)
| ltin-to-ltlr (¢ M, 1) = (ltin-to-ltlr ) U, ((ltin-to-ltlr ¢) and, (Itin-to-ltlr
V)
fun [tlr-to-ltin :: 'a ltlr = 'a ltin
where
ltlr-to-ltln true, = true,
| ltir-to-ltin false, = false,
| ltir-to-ltin prop,(a) = prop,(a)

| ltlr-to-ltin nprop,(a) = nprop,(a)
| ltlr-to-ltin (¢ and, ) = (ltlr-to-ltln ) and,, (ltlr-to-ltin )

| ltlr-to-ltin (p or, w) (ltlr-to-ltln ) ory, (Iltlr-to-ltin 1)
| ltir-to-ltin (X, ) n (ltlr-to-ltin ¢)

| ltlr-to-ltin (¢ U, (ltlr—to—ltln ) U, (ltlr-to-ltin 1)
| ltlr-to-ltin (¢ R, ) (ltlr-to-ltin ) R, (ltlr-to-ltin 1))

lemma ltin-to-ltlr-semantics:
w =, ltn-to-ltlr ¢ +— w =, ¢
(proof )

lemma [tlr-to-ltin-semantics:
w =y ltr-to-ltin ¢ +— w =, ¢
(proof )

1.3.4 Negation

fun not,
where
not, true, = false,
| not, false, = true,
| not, prop.(a) = nprop,(a)
| not, nprop,(a) = prop,(a)
| not, (¢ and, 1) = (not, ) or, (not, V)

| not, (¢ or, ¥) = (not, @) and, (not, 1)
| not, (X, ¢) = X, (not, ¢)

| not, (¢ Ur ) = (notr ¢) Ry (not, ¢)

| not, (¢ Ry ¥) = (not, ¢) U, (not, ¢)

lemma not,-semantics [simp):
w =y noty o — W @

(proof)
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1.3.5 Subformulas

fun subfrmlsr :: 'a ltlr = 'a ltir set

where
subfrmlsr (¢ and, ¥) = { and, ¥} U subfrmlsr ¢ U subfrmlsr
| subfrmlsr (¢ ory ) = {@ or, ¥} U subfrmlsr ¢ U subfrmlsr ¢
| subfrmlsr (¢ Ur V) = {¢ Uy ¥} U subfrmlsr ¢ U subfrmlsr 1)
| subfrmlisr (¢ Ry ) = {¢ R, ¥} U subfrmlsr ¢ U subfrmlsr 1
| subfrmisr (X, ¢) = {X, @} U subfrmlisr ¢

| subfrmlsr x = {x}

lemma subfrmisr-id[simp]:
@ € subfrmlsr ¢
(proof)

lemma subfrmlsr-finite:
finite (subfrmlsr o)
(proof)

lemma subfrmlsr-subset:
¥ € subfrmlsr ¢ = subfrmlsr b C subfrmlisr ¢

(proof )

lemma subfrmlsr-size:
Y € subfrmlsr ¢ = size 1 < size ¢ VY = @
(proof)

1.3.6 Expansion lemmas

lemma ltlr-expand- Until:
EEr o Up b <= (§ BEr ¢ oy (v and,y (Xr (¢ Ur 9))))
(proof)

lemma ltlr-expand-Release:
EErp B b <= (EBr ¥ and, (¢ orr (Xr (0 R 9))))
(proof)

1.4 Propositional LTL

We define the syntax and semantics of propositional linear-time temporal
logic PLTL. PLTL formulas are built from atomic formulas, propositional
connectives, and the temporal operators “next” and “until”. The follow-
ing data type definition is parameterized by the type of states over which

formulas are evaluated.
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1.4.1 Syntax

datatype ‘a pltl =

False-ltlp («falsey»)
| Atom-ltlp 'a = bool (catomy'(-"))
| Implies-ltlp 'a pltl 'a pltl (<- implies, -» [81,81] 80)
| Next-ltlp 'a pltl («X, - [88] 87)

| Until-ltlp 'a pltl 'a pltl (- Up - [84,84] 83)

— Further connectives of PLTL can be defined in terms of the existing
syntax.

definition Not-ltlp (<not, -» [85] 85)
where
not, ¢ = ¢ implies, false,

definition True-ltlp (<truey)
where
true, = not, false,

definition Or-ltlp (- or, -» [81,81] 80)
where
@ ory ¥ = (noty, @) implies,

definition And-ltlp (- and, -» [82,82] 81)
where
@ and, ¥ = not, ((not, @) orp (not, v¥))

definition Eventually-ltlp (<F'p, - [88] 87)
where
Fp ¢ = true, U, ¢

definition Always-ltlp (<G, -» [88] 87)
where
G, ¢ = not, (F), (not, ¢))

definition Release-itlp (<- Ry, -» [84,84] 83)
where
© R, ¢ = noty ((not, ¢) U, (noty ¢))

definition WeakUntil-ltlp (<- W, -» [84,84] 83)
where
2 WP¢E¢RP(QDOTP¢)
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definition StrongRelease-ltlp (<- M, -» [84,84] 83)
where

@Mp@bE@bUp(S@andpﬂ))

1.4.2 Semantics

fun semantics-pltl :: ['a word, 'a pltl] = bool (<- =, -» [80,80] 80)
where
w =, false, = False
| w by atomy(p) = (p (w 0))
| w =p ¢ impliesy P = (w |=p ¢ — w =p 1))
| wp Xp o = (suffiz 1 w = ¢)
| wl=p ¢ Up ¥ = (Fi. suffiziw =, ¥ A (Vj<i. suffic j w l=p ¢))

lemma semantics-pltl-sugar [simp]:
w =p noty ¢ = (-w = @)
w =p true, = True
wisp @ orp = (wlp oV wlsp )
w =p p andy = (0 Fp ¢ A w = )
wEp Fp o= 3 suffixiwl=, )
w =y Gy @ = (Vi suffiziw =, o)
wlEp ¢ Ry v = (Vi. suffixiw =, ¥ V (3j<i. suffizj w =p ¢))
w =y Wy ¢ = (Vi suffiziw =p ¢ V (3j<i. suffiv jw |=p ¢))
wlEp ¢ My = (Fi. suffic i w =y o A (Vj<i. suffiz j w =p )
(proof)

definition language-itlp ¢ = {£. £ =, ¢}

1.4.3 Conversion

fun ltlc-to-pltl :: 'a ltlc = 'a set pltl
where
ltle-to-pltl true. = true,
| ltlc-to-pltl false. = falsey,
| ltle-to-pltl (prop.(q)) = atomp((€) q)

| ltle-to-pltl (not. @) = not, (Itlc-to-pltl ¢)

| ltle-to-pltl (¢ and. ) = (ltlc-to-pltl ) and,, (ltlc-to-pltl 1))

| ltle-to-pltl (¢ ore ) = (ltle-to-pltl @) ory (ltlc-to-pltl )

| ltle-to-pltl (¢ implies, w) (Itle-to-pltl ) implies, (Itlc-to-pltl 1))
| ltle-to-pltl (X. @) = X, (Itle-to-pltl @)

| ltle-to-pltl (F. @) = (ltlc to-pltl )

| ltle-to-pltl (GC p) = G (ltle-to-pltl )

| ltle-to-pltl (¢ U, ¢) = (ltlc-to—pltl @) Up (Itic-to-pltl 1)

| ltle-to-pltl (¢ R ) = (ltle-to-pltl ) R, (ltlc-to-pltl 1))
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| ltle-to-pltl (¢ W ¢) = (ltle-to-pltl ©) Wy, (ltle-to-pltl )
| ltle-to-pltl (¢ M. ) = (ltle-to-pltl @) M, (ltlc-to-pltl )

lemma ltic-to-pltl-semantics [simp):
w = (lte-to-pltl ¢) +— w =c ¢
(proof)

1.4.4 Atoms

fun atoms-pltl :: 'a pltl = (‘a = bool) set
where
atoms-pltl false, = {}
| atoms-pltl atomy(p) = {p}
| atoms-pltl (@ implies, 1) = atoms-pltl p U atoms-pltl 1
| atoms-pltl (X, ¢) = atoms-pltl ¢
| atoms-pltl (¢ Up ) = atoms-pltl ¢ U atoms-pltl ¢

lemma atoms-finite [iff]:
finite (atoms-pltl )
(proof)

lemma atoms-pltl-sugar [simp]:
atoms-pltl (not, ¢) = atoms-pltl ¢
atoms-pltl true, = {}
atoms-pltl (¢ or, V) = atoms-pltl ¢ U atoms-pltl 1
atoms-pltl (¢ andy, ) = atoms-pltl U atoms-pltl 1
atoms-pltl (F), @) = atoms-pltl ¢
atoms-pltl (Gp ¢) = atoms-pltl ¢
(proof )

end

2 Rewrite Rules for LTL Simplification

theory Rewriting
imports

LTL HOL—- Library.Extended-Nat
begin

This theory provides rewrite rules for the simplification of LTL formulas. It
supports:

o Constants Removal

e Next-ltin-Normalisation
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o Modal Simplification (based on pure eventual, pure universal, or sus-
pendable formulas)

o Syntactic Implication Checking

It reuses parts of LTL_ Rewrite.thy (CAVA, LTL_TO__GBA). Furthermore,
some rules were taken from [2] and [1]. All functions are defined for ltin.

2.1 Constant Eliminating Constructors

definition mk-and
where

mk-and x y = case x of false, = false, | true, = y | - = (case y of false,
= false, | true, = = | - = = and, y)

definition mk-or
where

mk-or x y = case z of false, = y | true, = true, | - = (case y of true,
= truey | false, = x | - = z ory y)

fun remove-strong-ops
where
remove-strong-ops (x U, y) = remove-strong-ops y
| remove-strong-ops (x M,, y) = x and,, y
| remove-strong-ops (x ory, y) = remove-strong-ops x ory, remove-strong-ops

Y
| remove-strong-ops © = ©

fun remove-weak-ops
where
remove-weak-ops (z Ry, y) = remove-weak-ops y
| remove-weak-ops (x Wy, y) = x ory y
| remove-weak-ops (x and,, y) = remove-weak-ops x and,, remove-weak-ops

Yy
| remove-weak-ops © = x

definition mk-finally
where

mk-finally © = case x of true, = true, | false, = false, | - = F,
(remove-strong-ops x)

definition mk-globally
where

mk-globally © = case x of true, = true, | false, = false, | - = G,
(remove-weak-ops x)
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definition mk-until
where
mk-until x y = case x of false, = y
| true, = mk-finally y
| - = (case y of true, = true, | false, = false, | - = x U, y)

definition mk-release
where
mk-release x y = case x of true, = y
| false, = mk-globally y
| - = (case y of true, = true, | false, = false, | - = x R, y)

definition mk-weak-until
where
mk-weak-until x y = case y of true, = true,
| false, = mk-globally x
| - = (case x of true, = true, | false, = y | - =z W, y)

definition mk-strong-release
where
mk-strong-release x y = case y of false, = false,
| true, = mk-finally =
| - = (case x of true, = y | false, = false, | - = x M, y)

definition mk-next
where
mk-next x = case x of true, = true, | false, = false, | - = X, z

definition mk-next-pow («X,"")
where

mk-next-pow n r = case x of true, = true, | false, = false, | - =
(Next-ltin =" n) x

lemma mk-and-semantics [simp):
w =, mk-and Ty <— w =, z and, y

(proof )

lemma mk-or-semantics [simp):
w =, mk-orx Yy «— w =y oy Y

(proof )
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lemma remove-strong-ops-sound [simp):
w =y, Fy (remove-strong-ops y) «— w =, Fp y

(proof)

lemma remove-weak-ops-sound [simp]:
w =y Gy, (remove-weak-ops y) <— w =y Gn y

(proof)

lemma mk-finally-semantics [simp):
w =, mk-finally © +— w =, Fp, ©
(proof)

lemma mk-globally-semantics [simp]:
w =n mk-globally © +— w =, G ©
(proof)

lemma mk-until-semantics [simp]:
w =y mk-until zy «— w =, x Uy y
(proof)

lemma mk-release-semantics [simp]:
w =y, mk-release ©y +— w =, z Ry y
(proof)

lemma mk-weak-until-semantics [simpl:
w =, mk-weak-until x y «— w =, x Wy y

(proof)

lemma mk-strong-release-semantics [simp):
w =, mk-strong-release x y +— w =y © My y

(proof )

lemma mk-next-semantics [simp]:
w =, mk-next x +— w |y, Xy

(proof )

lemma mk-next-pow-semantics [simp):
w =, mk-next-pow i © <— suffix i w =y, x

(proof )

lemma mk-next-pow-simp [simp, code-unfold):
mk-next-pow 0 x = x
mk-next-pow 1 x = mk-next x

(proof )
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2.2 Constant Propagation

fun is-constant :: 'a ltln = bool
where
is-constant true, = True
| is-constant false, = True
| is-constant - = False

lemma is-constant-constructorsl:
is-constant © = is-constant y = is-constant (mk-and z y)
—is-constant © = —is-constant y = —is-constant (mk-and x y)
is-constant © = is-constant y = is-constant (mk-or x y)
—is-constant © = —is-constant y = —is-constant (mk-or  y)
is-constant © = is-constant (mk-finally x)
—is-constant © = —is-constant (mk-finally x)
is-constant © = is-constant (mk-globally x)
—is-constant t => —is-constant (mk-globally x)
is-constant © = is-constant (mk-until y x)
—is-constant x => —is-constant (mk-until y x)
is-constant & = is-constant (mk-release y x)
—is-constant x => —is-constant (mk-release y )
is-constant © = is-constant y = is-constant (mk-weak-until z y)
—is-constant © = —is-constant y = —is-constant (mk-weak-until T y)
is-constant © = is-constant y = is-constant (mk-strong-release x y)
—is-constant ¥ = —is-constant y = —is-constant (mk-strong-release x
y)
is-constant © = 1is-constant (mk-nezt x)
—is-constant © = —is-constant (mk-next x)
is-constant © = is-constant (mk-next-pow n x)

(proof )

lemma is-constant-constructors-simps:
mk-next-pow n x = false, +— x = false,
mk-next-pow n x = true, — T = true,
is-constant (mk-next-pow n x) <— is-constant x

(proof)

lemma is-constant-constructors-simps2:

is-constant (mk-and x y) +— (x = true, N\ y = true, V x = false, V y
= falsey)

is-constant (mk-or x y) +— (x = false, N\ y = false, V x = true, V y =
truey,)

is-constant (mk-finally x) «— is-constant

is-constant (mk-globally x) «— is-constant
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is-constant (mk-until y x) <— is-constant ©
is-constant (mk-release y x) <— is-constant
is-constant (mk-next x) «— is-constant x

(proof )

lemma is-constant-constructors-simps3:

is-constant (mk-weak-until  y) <— (z = false, N\ y = false, V © = true,
V oy = truey)

is-constant (mk-strong-release x y) <— (x = true, N y = true, V z =
false, V y = falsey)

(proof )

lemma is-constant-semantics:
is-constant ¢ = (Vw. w =y ) V 2(Fw. w =, @)

(proof )

lemma until-constant-simp:
is-constant » = w =y @ Up ¢ +— w =y, ¥
(proof)

lemma release-constant-simp:
is-constant = w =, @ Ry ¥ +— w Ep ¢
(proof)

lemma mk-next-pow-dist:
mk-next-pow (i + j) ¢ = mk-next-pow i (mk-next-pow j ¢)
(proof )

lemma mk-next-pow-until:

suffiz (min i j) w =, (mk-next-pow (i — j) @) U, (mk-next-pow (j — 1)
V) — w =y (mk-next-pow i @) Uy, (mk-next-pow j 1)

(proof)

lemma mk-next-pow-release:

suffix (min i j) w =, (mk-next-pow (i — j) @) Ry (mk-next-pow (j — 1)
V) «— w =y, (mk-next-pow i @) R, (mk-next-pow j )

(proof )

2.3 X-Normalisation

The following rewrite functions pulls the X-operator up in the syntax tree.
This preprocessing step enables the removal of X-operators in front of sus-
pendable formulas. Furthermore constants are removed as far as possible.
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fun the-enat-0 :: enat = nat
where

the-enat-0 1 = i
| the-enat-0 oo = 0

lemma the-enat-0-simp [simp]:
the-enat-0 0 = 0
the-enat-0 1 = 1
(proof)

fun combine :: ('a ltln = 'a ltln = 'a ltin) = ('a ltin * enat) = ('a ltin *
enat) = ('a ltin * enat)
where
combine binop (¢, 1) (¥, 7) = (

let

X = binop (mk-next-pow (the-enat-0 (i — 7)) @) (mk-next-pow (the-enat-0
(G —1)¥)

in

(x, if is-constant x then oo else min i j))

lemma fst-combine:

fst (combine binop (p, 7) (¢, j)) = binop (mk-next-pow (the-enat-0 (i —
1) @) (mk-next-pow (the-enat-0 (j — 7)) 1)

(proof)

abbreviation to-ltin :: (‘a ltin x enat) = 'a ltin
where
to-ltln x = mk-next-pow (the-enat-0 (snd x)) (fst x)

fun rewrite-X-enat :: 'a ltln = (‘a ltin * enat)
where
rewrite-X-enat true, = (true,, o)
| rewrite-X-enat false, = (false,,, co)
| rewrite-X-enat prop,(a) = (prop,(a), 0)
| rewrite-X-enat nprop,(a) = (nprop,(a), 0)
| rewrite-X-enat (¢ and, 1) = combine mk-and (rewrite-X-enat ) (rewrite-X-enat

)

| rewrite-X-enat (¢ ory, 1) = combine mk-or (rewrite-X-enat ) (rewrite-X-enat

)

| rewrite-X-enat (¢ Uy, ) = combine mk-until (rewrite-X-enat o) (rewrite-X-enat

()

| rewrite-X-enat (¢ Ry, 1) = combine mk-release (rewrite-X-enat o) (rewrite-X-enat

()

| rewrite-X-enat (¢ W, 1) = combine mk-weak-until (rewrite-X-enat )
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(rewrite-X-enat 1))

| rewrite-X-enat (o My, 1) = combine mk-strong-release (rewrite-X-enat )
(rewrite-X-enat 1)

| rewrite-X-enat (X, ) = (A(¢, n). (p, eSuc n)) (rewrite-X-enat )

definition
rewrite-X ¢ = to-ltin (rewrite-X-enat @)

lemma combine-infinity-invariant:
assumes ¢ = 00 <— is-constant
assumes j = 00 <— is-constant y
shows combine mk-and (z, i) (y, j) = (2, k) = (k = co <— is-constant
z)
and combine mk-or (z, i) (y, j) = (2, k) = (k = 00 <— is-constant
z)
and combine mk-until (z, i) (y, j) = (2, k) = (k = 00 +— is-constant
z)
and combine mk-release (z, i) (y, j) = (2, k) = (k = 00 <— is-constant
z)
and combine mk-weak-until (z, i) (y, j) = (2, k) = (kK = 00 +—
is-constant z)
and combine mk-strong-release (x, i) (y, j) = (2, k) = (k = 00 +—
is-constant z)

(proof )

lemma combine-and-or-semantics:

assumes ¢ = 00 > is-constant ¢

assumes j = o0 < is-constant P

shows w =, to-ltin (combine mk-and (@, i) (¢, j)) «— w =, to-ltin (o,
i) andy, to-ltln (v, 7)

and w =, to-ltln (combine mk-or (@, i) (¥, j)) +— w =y, to-ltin (p, ©)

ory to-ltin (1, j)

(proof )

lemma combine-until-release-semantics:

assumes ¢ = 00 > is-constant ¢

assumes j = oo < is-constant

shows w =, to-ltln (combine mk-until (p, 7) (¥, j)) — w =, to-ltin
(¢, i) Up to-ltin (v, j)

and w =, to-ltin (combine mk-release (p, i) (¥, j)) +— w =, to-ltin

(¢, ©) Ry to-ltin (v, j)

(proof)

28



lemma combine-weak-until-strong-release-semantics:

assumes ¢ = 00 <— is-constant @

assumes j = 0o < is-constant

shows w =, to-ltin (combine mk-weak-until (¢, i) (¢¥, j)) +— w =,
to-ltln (¢, ©) W,, to-ltin (1, j)

and w =, to-ltin (combine mk-strong-release (p, i) (¢, j)) <— w FEn

to-ltin (@, 1) M, to-ltln (¢, j)

(proof)

lemma rewrite- X-enat-infinity-invariant:
snd (rewrite-X-enat @) = 0o <— is-constant (fst (rewrite-X-enat @))

(proof)

lemma rewrite-X-enat-correct:
w = @ — w =y, to-ltin (rewrite-X-enat ¢)
(proof )

lemma rewrite-X-sound [simp]:
w =, rewrite-X ¢ <— w =,
(proof)

2.4 Pure Eventual, Pure Universal, and Suspendable Formu-
las

fun pure-eventual :: 'a ltin = bool
where
pure-eventual true, = True
| pure-eventual false, = True
| pure-eventual (p and, p') = (pure-eventual p N pure-eventual u')
| pure-eventual (u or, p') = (pure-eventual p A pure-eventual p')
| pure-eventual (u Uy, p') = (u = true, V pure-eventual p')
| pure-eventual (u Ry, pu') = (pure-eventual p A pure-eventual )
| pure-eventual (u W, p') = (pure-eventual p A pure-eventual p')
| pure-eventual (u M, p') = (pure-eventual p A pure-eventual p' vV p' =

truey,)
| pure-eventual (X,, p) = pure-eventual p
| pure-eventual - = False

fun pure-universal :: 'a ltin = bool
where

pure-universal true, = True
| pure-universal false, = True
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| pure-universal (v and, v') = (pure-universal v N\ pure-universal v')
| pure-universal (v ory v') = (pure-universal v A\ pure-universal v’
| pure-universal (v Uy, v') = (pure-universal v A pure-universal v')

| pure-universal (v Ry, v') = (v = false, V pure-universal v')

| pure-universal (v W,, v') = (pure-universal v A\ pure-universal v’V v’ =
falsey,)

| pure-universal (v M,, v') = (pure-universal v A\ pure-universal v')

| pure-universal (X, v) = pure-universal v

| pure-universal - = False

fun suspendable :: 'a ltin = bool
where
suspendable true, = True
| suspendable false, = True
| suspendable (¢ and, ') = (suspendable & N suspendable £")
| suspendable (& ory, &) = (suspendable & N suspendable &)
| suspendable (p U €) = (¢ = true, A pure-universal & V suspendable )
| suspendable (¢ Ry, &) = (p = false, N pure-eventual & V suspendable &)
| suspendable (¢ W &) = (suspendable ¢ N suspendable & V pure-eventual
© A& = falsey)
| suspendable (¢ M,, &) = (suspendable ¢ A suspendable & V pure-universal
© A& = truey)
| suspendable (X,, &) = suspendable £
| suspendable - = False

lemma pure-eventual-left-append:
pure-eventual | = w =, p = (v ~ w) Fp @

(proof )

lemma pure-universal-suffiz-closed:
pure-universal v => (u ~ w) =, Vv = W =, V
(proof)

lemma suspendable-prefiz-invariant:
suspendable § = (u —~ w) = £ — w |y €
(proof )

theorem pure-eventual-until-simp:
assumes pure-eventual (i
shows w =, ¢ Up p <— w =y i
(proof)

theorem pure-universal-release-simp:
assumes pure-universal v
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shows w =, ¢ Ry v +— w =, v

(proof )

theorem pure-universal-weak-until-simp:
assumes pure-universal ¢ and pure-universal ¥
shows w =, ¢ Wy Y «— w =, @ oy ¢
(proof )

theorem pure-eventual-strong-release-simp:
assumes pure-eventual @ and pure-eventual 1
shows w =, ¢ M, ¥ «— w =y, ¢ and, ¥
(proof )

theorem suspendable-formula-simp:
assumes suspendable &
shows w =, X, £ «— w =, £ (is 7t1)
and w =, ¢ Uy € +— w =, € (Is 2t2)
and w =, ¢ R, § «— w =, € (is 7t3)
(proof)

theorem suspendable-formula-simp2:
assumes suspendable ¢ and suspendable
shows w =, ¢ Wy ¢ «— w |=p, ¢ ory ¢ (is 711)
and w =, ¢ My, ¢ <— w =, ¢ andy, P (is 7t2)
(proof )

fun rewrite-modal :: 'a ltln = 'a ltin
where

rewrite-modal true, = true,
| rewrite-modal false, = false,
| rewrite-modal (p and, ¥) = (rewrite-modal ¢ and,, rewrite-modal 1))
| rewrite-modal (¢ ory, V) = (rewrite-modal ¢ or,, rewrite-modal 1)
| rewrite-modal (¢ U, ¥) = (if pure-eventual v V suspendable 1 then
rewrite-modal v else (rewrite-modal ¢ U, rewrite-modal 1))
| rewrite-modal (¢ R, ) = (if pure-universal ¥ V suspendable 1 then
rewrite-modal v else (rewrite-modal ¢ R, rewrite-modal 1))
| rewrite-modal (p Wy, ¥) = (if pure-universal ¢ A pure-universal 1 V
suspendable p N suspendable 1) then (rewrite-modal ¢ ory, rewrite-modal 1))
else (rewrite-modal ¢ W, rewrite-modal 1)))
| rewrite-modal (¢ M,, ) = (if pure-eventual ¢ A pure-eventual ¥ V sus-
pendable @ A suspendable ¢ then (rewrite-modal ¢ and,, rewrite-modal 1))
else (rewrite-modal ¢ M, rewrite-modal 1)))
| rewrite-modal (X, ¢) = (if suspendable ¢ then rewrite-modal ¢ else X,
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(rewrite-modal ¢))
| rewrite-modal ¢ = ¢

lemma rewrite-modal-sound [simp:
w =y, rewrite-modal ¢ +— w =y @

(proof )

lemma rewrite-modal-size:
size (rewrite-modal @) < size ¢

(proof )

2.5 Syntactical Implication Based Simplification

inductive syntactical-implies :: 'a ltln = 'a ltin = bool (s- k4 -» [80, 80))
where
- b true,
| false, Fs -
lo=p=0rsp

| ¢ s x = (¢ andy, ¥) F5 x
|¢|_8X:>(90andn¢)}_sx
‘¢FS¢:>‘P|_SX:>SO'_S(¢anan)

| obs = o Fs (¥ ory )
| obs x = v ks (¥ ory X)
lobsx = Fs x = (¢ ory ¥) 5 x

lpts x =0 Fs (¥ Un X)
‘SOFSX:>¢FSX:>(S0U7L1/})I_SX
|90|_SX:>@Z)|_SV:>(QOUn¢)'_s(XUnV)

| X Fs o= (¥ Rn X) Fs ¢
‘Xl_s(p:>X'_SQb:>X|_S(SDRTL¢)
|90|_SX2>¢|_SV:>(90R71¢)|_8(XR71V)

| (falsen, Ry @) Fs v = (false, Ry, @) Fs Xy ¥
| o ks (truen Un 711) = (Xn 90) Fs (truen Un ¢)
| o s b = (X0 @) Fs (Xn )

lemma syntactical-implies-correct:
sy = wknp= wk, ¢
(proof )

fun rewrite-syn-imp
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where
rewrite-syn-imp (@ and, V) = (
if p g then
rewrite-syn-imp @
else if ¥ 5 @ then
rewrite-syn-imp ¥
else if ¢ s (noty, ¥) V ¢ s (not, @) then
false,
else
mk-and (rewrite-syn-imp ) (rewrite-syn-imp 1))
| rewrite-syn-imp (@ or, V) = (
if p g then
rewrite-syn-imp
else if ¥ 5 @ then
rewrite-syn-imp @
else if (noty ) Fs ¥ V (not, ) Fs ¢ then
truey,
else
mk-or (rewrite-syn-imp @) (rewrite-syn-imp 1))
| rewrite-syn-imp (¢ Up ) = (
if p kg then
rewrite-syn-imp P
else if (not, ) ks 1 then
mk-finally (rewrite-syn-imp 1)
else
mk-until (rewrite-syn-imp @) (rewrite-syn-imp 1))
| rewrite-syn-imp (¢ R, ¢) = (
if ¥ s @ then
rewrite-syn-imp
else if ¥ b4 (not, @) then
mk-globally (rewrite-syn-imp 1)
else
mk-release (rewrite-syn-imp ) (rewrite-syn-imp 1))
| rewrite-syn-imp (X,, ¢) = mk-next (rewrite-syn-imp @)
| rewrite-syn-imp @ = ¢

lemma rewrite-syn-imp-sound:
w =, rewrite-syn-imp @ <—— w =, @

(proof )

2.6 Iterated Rewriting

fun iterate
where
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iterate fx 0 = x
| iterate f x (Suc n) = (let 2’ = fxin if x = x’ then z else iterate f z' n)

definition
rewrite-iter-fast ¢ = iterate (rewrite-modal o rewrite-X) ¢ (size )

definition
rewrite-iter-slow ¢ = iterate (rewrite-syn-imp o rewrite-modal o rewrite-X)
@ (size @)

The rewriting functions defined in the previous subsections can be used as-is.
However, in the most cases one wants to iterate these rules until the formula
cannot be simplified further. rewrite-iter-fast pulls X operators up in the
syntax tree and the uses the "modal" simplification rules. rewrite-iter-slow
additionally tries to simplify the formula using syntactic implication check-
ing.

lemma iterate-sound:

assumes \p. w =, f p +— w =, @
shows w |=, iterate f o n +— w =, ¢

(proof)

theorem rewrite-iter-fast-sound [simp]:
w =, rewrite-iter-fast p +— w =y, @

(proof)

theorem rewrite-iter-slow-sound [simp]:
w =y, rewrite-iter-slow ¢ <— w =, @
(proof)

2.7 Preservation of atoms

lemma iterate-atoms:

assumes

Np. atoms-ltin (f ¢) C atoms-ltin
shows

atoms-ltin (iterate f ¢ n) C atoms-ltln ¢
(proof )

lemma rewrite-modal-atoms:
atoms-ltln (rewrite-modal ) C atoms-ltin ¢

(proof )

lemma mk-and-atoms:
atoms-ltin (mk-and ¢ ) C atoms-ltin @ U atoms-ltin ¢
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(proof )

lemma mk-or-atoms:
atoms-ltin (mk-or ¢ 1) C atoms-ltln @ U atoms-ltin 1)

(proof)

lemma remove-strong-ops-atoms:
atoms-ltln (remove-strong-ops @) C atoms-ltin ¢

(proof)

lemma remove-weak-ops-atoms:
atoms-ltln (remove-weak-ops p) C atoms-ltln

(proof )

lemma mk-finally-atoms:
atoms-ltln (mk-finally ¢) C atoms-ltin

(proof )

lemma mk-globally-atoms:
atoms-ltln (mk-globally ¢) C atoms-ltin ¢

(proof )

lemma mk-until-atoms:
atoms-ltin (mk-until ¢ 1) C atoms-ltin ¢ U atoms-ltin

(proof )

lemma mk-release-atoms:
atoms-ltin (mk-release ¢ ) C atoms-ltln ¢ U atoms-Itin i

(proof)

lemma mk-weak-until-atoms:
atoms-ltln (mk-weak-until ¢ ) C atoms-ltin ¢ U atoms-ltin 1)

(proof )

lemma mk-strong-release-atoms:
atoms-ltln (mk-strong-release ¢ 1) C atoms-ltin @ U atoms-ltin

(proof )

lemma mk-next-atoms:
atoms-ltln (mk-next p) = atoms-ltln ¢

(proof )

lemma mk-next-pow-atoms:
atoms-ltln (mk-next-pow n p) = atoms-ltln ¢
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(proof )

lemma combine-atoms:
assumes
N V. atoms-ltln (f ¢ ) C atoms-ltin ¢ U atoms-ltin )
shows
atoms-ltin (fst (combine f x y)) C atoms-ltin (fst ) U atoms-ltin (fst y)

{proof )

lemmas combine-mk-atoms =
combine-atoms[OF mk-and-atoms]
combine-atoms|OF mk-or-atoms]
combine-atoms|OF mk-until-atoms]
combine-atoms|OF mk-release-atoms]
combine-atoms| OF mk-weak-until-atoms]
combine-atoms|OF mk-strong-release-atoms]

lemma rewrite-X-enat-atoms:
atoms-ltln (fst (rewrite-X-enat ¢)) C atoms-ltin

(proof)

lemma rewrite-X-atoms:
atoms-ltln (rewrite-X @) C atoms-ltin ¢

(proof )

lemma rewrite-syn-imp-atoms:
atoms-ltln (rewrite-syn-imp @) C atoms-ltin ¢

(proof )

lemma rewrite-iter-fast-atoms:
atoms-ltln (rewrite-iter-fast ¢) C atoms-ltin ¢

(proof)

lemma rewrite-iter-slow-atoms:
atoms-ltin (rewrite-iter-slow ) C atoms-ltin ¢

(proof)

2.8 Simplifier

We now define a convenience wrapper for the rewriting engine

datatype mode = Nop | Fast | Slow

fun simplify :: mode = 'a ltin = 'a ltin

36



where

simplify Nop = id
| simplify Fast = rewrite-iter-fast
| simplify Slow = rewrite-iter-slow

theorem simplify-correct:
w =y, simplify m @ <— w =, @
(proof)

lemma simplify-atoms:
atoms-ltln (simplify m @) C atoms-ltin ¢
(proof)

2.9 Code Generation

code-pred syntactical-implies (proof)
export-code simplify checking

lemma rewrite-iter-fast (Fy, (Gp (X5, propn(”a’)))) = (Fpn (G propn("a’)))
(proof)

lemma rewrite-iter-fast (X, prop,("a’) U, (X, nprop,("a”))) = Xy (propn("a”)
U, npropy("'a”))
(proof)

lemma rewrite-iter-slow (X, prop,("a’) U, (X, nprop,("a’))) = X, (F,
npropy,("a’))
(proof)

end

3 Equivalence Relations for LTL formulas

theory FEquivalence-Relations
imports

LTL
begin

3.1 Language Equivalence

definition ltl-lang-equiv :: 'a ltin = 'a ltin = bool (infix «~p)> 75)
where

o~ =Vwo wlE, p— wEy ¢
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lemma ltl-lang-equiv-equivp:
equivp (~r)

(proof )

lemma lti-lang-equiv-and-true[simp]:
Y1 and, 2 ~p true, <— @1 ~p true, A @2 ~p true,

{proof )

lemma [tl-lang-equiv-and-false[intro, simp):
p1 ~r, falsen, = @1 andy, p2 ~, false,
po ~r false, = 1 and, p2 ~ false,

(proof )

lemma lti-lang-equiv-or-false]simp):
1 0T P2~ falsen <— p1 ~L falsen, N @2 ~p, falsey

(proof )

lemma lti-lang-equiv-or-const[intro, simp):
p1 ~ true, = @1 oy, P2 ~L true,
o ~ true, = @1 ory o ~ true,

(proof )

3.2 Propositional Equivalence

fun ltl-prop-entailment :: 'a ltin set = 'a ltln = bool (infix <=p> 80)
where
A E=p true, = True
| A |=p false, = False
| AEppand, v = (AEp e AN AP Y)
|AEp ooy =(AEpeVAEpY)
| AEpe=(peA

lemma [tl-prop-entailment-monotonl [introl:
SEpp=SCS' = S'Epyp
(proof)

lemma [tl-models-equiv-prop-entailment:

w [y ¢ {Y. w L Y} FEp @
(proof )

definition ltl-prop-equiv :: 'a ltin = 'a ltln = bool (infix «~p> 75)
where

@NP¢EVA.A|ZP@<—>A)ZP1/J
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definition ltl-prop-implies :: 'a ltin = 'a ltln = bool (infix <—p» 75)
where

o —pp=VA AEpp — AEp

lemma [tl-prop-implies-equiv:
p~p Y (p—pP Y ANY —p )
(proof)

lemma Itl-prop-equiv-equivp:
equivp (~p)

(proof )

lemma [tl-prop-equiv-trans|trans]:
pr~pY =P ~pxX=p~pX

(proof)

lemma Itl-prop-equiv-true:
@ ~p true, «— {} FEp ¢
(proof)

lemma ltl-prop-equiv-false:
@ ~p false, «— — UNIV Ep ¢
(proof)

lemma [tl-prop-equiv-true-implies-true:
T ~p true, = T —p Yy = Y ~p true,

(proof )

lemma [tl-prop-equiv-false-implied-by-false:
y ~p false, = v —p y = = ~p false,

(proof )

lemma [tl-prop-implication-implies-ltl-implication:
Wy = ¢ —p = wn v

(proof )

lemma [tl-prop-equiv-implies-ltl-lang-equiv:
p~pY = @~p Y
(proof)

lemma lt-prop-equiv-lt-lti-lang-equiv]simp):
(~p) < (~L)

(proof )
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3.3 Constants Equivalence

datatype tvl = Yes | No | Maybe

definition eval-and :: tvl = tvl = tvl
where
eval-and ¢ ¢ =
(case (¢, ) of
(Yes, Yes) = Yes

| (No, -) = No

| (-, No) = No

| - = Maybe)

definition eval-or :: tvl = tvl = tul
where
eval-or ¢ P =
(case (¢, ) of
(No, No) = No
| (Yes, -) = Yes
| (-, Yes) = Yes
| - = Maybe)

fun eval :: 'a ltin = tvl
where
eval true,, = Yes
| eval false, = No
| eval (¢ and, ) = eval-and (eval ) (eval 1))
| eval (¢ ory ) = eval-or (eval ) (eval 1))
| eval ¢ = Maybe

lemma eval-and-const[simp):
eval-and ¢ b = No <— ¢ = No V b = No
eval-and ¢ ¥ = Yes +— ¢ = Yes A ¢ = Yes
(proof)

lemma eval-or-const|simp|:
eval-or ¢ Y = Yes +— ¢ = Yes V ¢p = Yes
eval-or ¢ ¢ = No +— ¢ = No A ¢y = No
(proof )

lemma cval-prop-entailment:
eval o = Yes +— {} Fp ¢
eval ¢ = No «— — UNIV Ep ¢
(proof)
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definition ltl-const-equiv :: 'a ltln = 'a ltin = bool (infix <~c> 75)
where

o r~o ) =9 =19V (eval p = eval Y A eval v # Maybe)

lemma [tl-const-equiv-equivp:
equivp (~c)

{proof )

lemma [tl-const-equiv-const:
© ~¢c true, <— eval ¢ = Yes
p ~¢c falsen, <— eval ¢ = No

(proof )

lemma lti-const-equiv-and-const[simp):
Y1 andy, 2 ~c true, <— @1 ~c true, A\ pa ~o true,
1 and, @2 ~c false, < o1 ~c false, V @2 ~¢ false,

(proof)

lemma lti-const-equiv-or-const|[simp:
p1 0Ty Y2 ~o true, < @1 ~c true, V @2 ~c true,
P1 0rn P2 ~c falsen < p1 ~c false, N o2 ~c false,

(proof )

lemma [tl-const-equiv-other|simp]:
¢ ~c propy(a) <— ¢ = props(a)
@ ~c npropy(a) «— @ = nprop,(a)
(PNCanH(P:Xn@/)
o ~c 1 Uy 2 <— o =1 Uy 2
o ~c Y1 Ry 2 <— ¢ =1 Ry o
o ~c Y1 Wy e «— o =11 Wy 1o
o ~c Y1 Mp Yo <— o =11 My o
(proof)

lemma [tl-const-equiv-no-const-singleton:
eval Y = Maybe —= ¢ ~c Y = ¢ =
(proof )

lemma [tl-const-equiv-implies-prop-equiv:
@ ~¢ true, <— @ ~p true,
p ~¢ falsen, +—— @ ~p false,

(proof)

lemma [tl-const-equiv-no-const-prop-equiv:

41



eval P = Maybe = ¢ ~c Y = ¢ ~p ¥
(proof)

lemma [tl-const-equiv-implies-Itl-prop-equiv:
o) = @~py
(proof)

lemma lti-const-equiv-lt-ltl-prop-equiv[simp):
(~c) < (~p)

(proof )

3.4 Quotient types

quotient-type ‘a ltiny, = 'a ltin / (~)
(proof )

instantiation ltiny, :: (type) equal
begin

lift-definition ltiny -eq-test :: 'a ltin;, = 'a ltln;, = bool is Az y. © ~p, y

(proof )

definition
eqr: equal-class.equal = ltiny -eq-test

instance

(proof )

end

quotient-type ‘a ltinp = 'a ltin | (~p)
(proof)

instantiation ltinp :: (type) equal
begin

lift-definition ltinp-eq-test :: 'a ltinp = 'a ltinp = bool is Az y. x ~p y

(proof )

definition
eqp: equal-class.equal = ltinp-eq-test

instance
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(proof )

end

quotient-type ‘a ltincg = 'a ltin | (~¢)
(proof)

instantiation ltinc :: (type) equal
begin

lift-definition lting-eg-test :: 'a lting = 'a lting = bool is Az y. x ~¢c y

(proof )

definition
eqo: equal-class.equal = lting-eq-test

instance

(proof )

end

3.5 Cardinality of propositional quotient sets

definition sat-models :: 'a ltinp = 'a ltin set set
where
sat-models p = {A. A [Ep rep-ltlnp p}

lemma Rep-Abs-prop-entailment|simp]:
A =p rep-ltinp (abs-ltlnp ¢) = A Ep ¢
(proof)

lemma sat-models-Abs:
A € sat-models (abs-ltinp ) = A Ep ¢
(proof )

lemma sat-models-inj:
inj sat-models
(proof )

fun prop-atoms :: 'a ltin = 'a ltin set
where
prop-atoms true, = {}
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| prop-atoms false, = {}

| prop-atoms (¢ and,, V) = prop-atoms ¢ U prop-atoms 1)
| prop-atoms (¢ ory V) = prop-atoms ¢ U prop-atoms

| prop-atoms ¢ = {¢}

fun nested-prop-atoms :: 'a ltin = 'a ltin set
where
nested-prop-atoms true, = {}
| nested-prop-atoms false, = {}
| nested-prop-atoms (@ and, 1) = nested-prop-atoms ¢ U nested-prop-atoms

(8

| nested-prop-atoms (¢ ory 1) = nested-prop-atoms ¢ U nested-prop-atoms

(0

| nested-prop-atoms (X,, ¢) = { X, ¢} U nested-prop-atoms ¢

| nested-prop-atoms (¢ Uy ¥) = {p U, ¥} U nested-prop-atoms ¢ U nested-prop-atoms
(0

| nested-prop-atoms (¢ Ry, ¥) = {¢ Ry ¥} U nested-prop-atoms ¢ U nested-prop-atoms
(0

| nested-prop-atoms (¢ W, ) = {¢ W, ¥} U nested-prop-atoms ¢ U
nested-prop-atoms

| nested-prop-atoms (¢ M, ) = {¢ M, ¥} U nested-prop-atoms ¢ U
nested-prop-atoms

| nested-prop-atoms ¢ = {p}

lemma prop-atoms-nested-prop-atoms:
prop-atoms @ C nested-prop-atoms ¢

(proof)

lemma prop-atoms-subfrmlsn:
prop-atoms @ C subfrmlisn ¢

(proof )

lemma nested-prop-atoms-subfrmlsn:
nested-prop-atoms @ C subfrmlsn ¢

(proof )

lemma prop-atoms-notin[simp]:
true, ¢ prop-atoms ¢
falsey,, ¢ prop-atoms ¢
1 and, p2 & prop-atoms ¢
p1 oy P2 & prop-atoms ¢
(proof)

lemma nested-prop-atoms-notin[simp):
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true, ¢ nested-prop-atoms ¢
false,, ¢ nested-prop-atoms ¢

©1 and, w2 ¢ nested-prop-atoms ¢
1 0Ty 2 & nested-prop-atoms ¢

(proof)

lemma prop-atoms-finite:
finite (prop-atoms @)
(proof)

lemma nested-prop-atoms-finite:
finite (nested-prop-atoms ¢)

(proof )

lemma prop-atoms-entailment-iff:
© € prop-atoms v —= A Ep p+—> p e A
(proof)

lemma prop-atoms-entailment-inter:
prop-atoms ¢ C P = (ANP)Epp=AkE=pyp
(proof)

lemma nested-prop-atoms-entailment-inter:
nested-prop-atoms ¢ C P —= (ANP)Epp=AFEp¢
(proof )

lemma sat-models-inter-inj-helper:
assumes
prop-atoms ¢ C P
and
prop-atoms ¢ C P
and
sat-models (abs-ltinp ¢) N Pow P = sat-models (abs-ltinp ) N Pow P
shows
o r~p Y
(proof)

lemma sat-models-inter-inj:
inj-on (Ap. sat-models ¢ N Pow P) {abs-ltinp ¢ |p. prop-atoms ¢ C P}
(proof)

lemma sat-models-pow-pow:
{sat-models (abs-ltinp @) N Pow P | ¢. prop-atoms ¢ C P} C Pow (Pow
P)
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(proof )

lemma sat-models-finite:

finite P = finite {sat-models (abs-ltlnp ¢) N Pow P | . prop-atoms ¢
c P

(proof )

lemma sat-models-card:

finite P = card ({sat-models (abs-ltlnp @) N Pow P | ¢. prop-atoms ¢
CPH<272 card P

(proof )

lemma image-filter:
figala Pay={f(ga)]a Pa}
(proof)

lemma prop-equiv-finite:
finite P = finite {abs-ltinp v | 1. prop-atoms ¢ C P}
(proof)

lemma prop-equiv-card:
finite P = card {abs-ltinp 1 | 1. prop-atoms » C P} < 2 =2 ~ card P
(proof)

lemma prop-equiv-subset:

{abs-ltinp 1) |1. nested-prop-atoms 1p C P} C {abs-ltinp i 3. prop-atoms
¢ < P}

(proof )

lemma prop-equiv-finite”:
finite P = finite {abs-ltinp 1 | 1. nested-prop-atoms » C P}
(proof)

lemma prop-equiv-card”:
finite P = card {abs-ltinp ¢ | 1. nested-prop-atoms »p C P} < 2 =2
card P

(proof )

3.6 Substitution

fun subst :: 'a ltin = ('a ltln — 'a ltin) = 'a ltin
where
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subst true, m = true,
| subst false, m = falsey,
| subst (p and, ¥) m = subst ¢ m and, subst 1»p m
| subst (¢ ory ©¥) m = subst ¢ m ory, subst 1p m
| subst @ m = (case m ¢ of Some p = 1 | None = ¢)

Based on Uwe Schoening’s Translation Lemma (Logic for CS, p. 54)

lemma [tl-prop-equiv-subst-S:

S Ep subst ¢ m = ((S — dom m) U {x | x x" x € dom m AN m x =
Some X' N S Ep X'}) EP ¢

(proof)

lemma subst-respects-ltl-prop-entailment:
w —p P = subst ¢ m —>p subst Y m
© ~p ) = subst ¢ m ~p subst p m

(proof )

lemma eval-subst:
eval ¢ = Yes = eval (subst ¢ m) = Yes
eval ¢ = No = eval (subst ¢ m) = No

(proof)

lemma subst-respects-ltl-const-entailment:
p ~c Y = subst ¢ m ~¢ subst P m

(proof )

3.7 Order of Equivalence Relations

locale [tl-equivalence =
fixes
eq :: 'a ltin = 'a ltln = bool (infix «~) 75)
assumes
eq-equivp: equivp (~)
and
ge-const-equiv: (~c) < (~)
and
le-lang-equiv: (~) < (~r)
begin

lemma eg-implies-ltl-equiv:

@ijw):nQO:w):nw
(proof)

47



lemma const-implies-eq:
oo = o~y
(proof)

lemma eg-implies-lang:
o~ = oLy
(proof)

lemma eg-refl[simp):
Y~
(proof)

lemma eg-sym[sym]:
p~ =~
(proof)

lemma eg-trans|trans|:
p~b =Py x = p~X
(proof )

end

interpretation [tl-lang-equivalence: ltl-equivalence (~p)

(proof )

interpretation ltl-prop-equivalence: ltl-equivalence (~p)

(proof)

interpretation [tl-const-equivalence: ltl-equivalence (~¢)

(proof )

end

4 Disjunctive Normal Form of LTL formulas

theory Disjunctive-Normal-Form
imports

LTL Equivalence-Relations HOL— Library. FSet
begin

We use the propositional representation of LTL formulas to define the mini-
mal disjunctive normal form of our formulas. For this purpose we define the
minimal product ®,,, and union U,,. In the end we show that for a set A of
literals, A =p ¢ if, and only if, there exists a subset of A in the minimal

48



DNF of ¢.

4.1 Definition of Minimum Sets

definition (in ord) min-set :: 'a set = 'a set where
min-set X = {ye X.Ve € X. 2 <y — z =y}

lemma min-set-iff:
ze€minset X «— e XANNVyeX. y<z— y=n1)

(proof)

lemma min-set-subset:
min-set X C X
(proof )

lemma min-set-idem[simp]:
min-set (min-set X) = min-set X

(proof )

lemma min-set-empty|simp):
min-set {} = {}
(proof )

lemma min-set-singleton[simp]:
min-set {z} = {z}
(proof)

lemma min-set-finite:
finite X = finite (min-set X)
(proof)

lemma min-set-obtains-helper:
Ae B=3C. C|C| AN C € min-set B

(proof )

lemma min-set-obtains:
assumes A € B
obtains C' where C |C| A and C € min-set B

(proof )

4.2 Minimal operators on sets

definition product :: 'a fset set = 'a fset set = 'a fset set (infixr «®» 65)
where A ® B={a|U|b|ab. ac AANDbec B}
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definition min-product :: 'a fset set = 'a fset set = 'a fset set (infixr <R,
65)
where A ®,, B = min-set (A ® B)

definition min-union :: ‘a fset set = 'a fset set = 'a fset set (infixr «U,,»
65)
where A U,, B = min-set (A U B)

definition product-set :: 'a fset set set = 'a fset set (<@ »)
where @ X = Finite-Set.fold product {{||}} X

definition min-product-set :: 'a fset set set = 'a fset set (<@ m?)
where Q) ,, X = Finite-Set.fold min-product {{||}} X

lemma min-product-idem[simp]:
ARy A= min-set A
(proof )

lemma min-union-idem|simp]:
A U, A = min-set A
(proof )

lemma product-empty[simp]:
A {}={}
{teA={}
(proof)

lemma min-product-empty|simp):
A @m {} ={}
3 onA={}
(proof)

lemma min-union-empty|simp):
A Uy, {} = min-set A
{} Un A = min-set A
(proof)

lemma product-empty-singleton|simp]:
Ao {{l[}} =4
i} eAd=4
(proof)
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lemma min-product-empty-singleton[simp]:
A @m {{||}} = min-set A
I} @m A = min-set A
(proof)

lemma product-singleton-singleton:
A @ {{|z|}} = finsert x < A
{Hlz]}} ® A = finsert x © A
(proof)

lemma product-mono:
ACB= A® (CCB®C
BC(C— AQBCA®CC
(proof)

lemma product-finite:
finite A = finite B = finite (A ® B)
(proof)

lemma min-product-finite:
finite A = finite B = finite (A @, B)
(proof )

lemma min-union-finite:
finite A = finite B = finite (A U, B)
(proof)

lemma product-set-infinite[simp]:
infinite X = Q@ X = {{||}}
(proof)

lemma min-product-set-infinite|simpl:
infinite X = @ m X = {{||}}
(proof)

lemma product-comm:
AR B=B® A
(proof)
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lemma min-product-comm:
A®pB=B®,A
(proof)

lemma min-union-comm:
AU,, B=BU, A
(proof)

lemma product-iff:
t€ AR B+ (Jac A. Jbe B.x=a|U|b)
(proof)

lemma min-product-iff:
€ ARy B+— (Jac A IbeB. z=al|Jb)ANNVMa€ A Vbe B.a
U b |Clz — a|U| b=x)

(proof )

lemma min-union-iff:
r€AUy, B+—1r€c AUBA(NMa€c A al|Clz— a=12) AN (VbeB.
b|Clz — b=12x)

(proof )

lemma min-set-min-product-helper:
z € (min-set A) @y, B+— z € A ®, B
(proof)

lemma min-set-min-product|simpl:
(min-set A) @y, B= A ®, B
A ®, (min-set B) = A ®,, B
(proof )

lemma min-set-min-union[simp):
(min-set A) Uy, B=A Uy, B
A Uy, (min-set B) = A Uy, B
(proof )

lemma product-assoc|[simpl:
A®B)®C=A4A® (B C)
(proof )

lemma min-product-assoc|simp):
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(proof)

lemma min-union-assoc|simp):
(AUp B) Uy, C = A Uy, (B Uy, O)
(proof)

lemma min-product-comp:
a€A=beB= Fc.c|C|(a|U b NceEA®, B
(proof)

lemma min-union-comp:
a€e A= 3Fc.c|ClaNnce AU, B

(proof )

interpretation product-set-thms: Finite-Set.comp-fun-commute product
(proof)

interpretation min-product-set-thms: Finite-Set.comp-fun-idem min-product
(proof )

interpretation min-union-set-thms: Finite-Set.comp-fun-idem min-union

(proof )

lemma product-set-empty|simp]:
& {3 = {{l}}
Q {3} ={}
Q {{{ll}}} = {3}
(proof )

lemma min-product-set-empty|simp]:
Qm {} = {{ll}}
Qm {{}} =1{}
Qm {({{II}}} = {l[}}
(proof)

lemma product-set-code|code]:
Q) (set xs) = fold product (remdups zs) {{||}}
(proof )
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lemma min-product-set-code[code]:
QR m (set zs) = fold min-product (remdups zs) {{||}}

(proof)

lemma product-set-insert[simp]:
finite X = Q) (insert x X) =z @ (Q (X — {z}))
(proof)

lemma min-product-set-insert[simp]:
finite X = Qm (insert £ X) =z Qp (Qm X)
(proof)

lemma min-product-subseteq:
t€ ARy B=3a. a|C|lzANacA

(proof )

lemma min-product-set-subseteq:
finite X =2 @m X = A€ X=3Fac A al|C|x

(proof )

lemma min-set-product-set:
QR m A = min-set (K A)
(proof)

lemma min-product-min-set[simp]:
min-set (A @, B) = A ®,, B
(proof)

lemma min-union-min-set[simp]:
min-set (A Up, B) = A U, B
(proof )

lemma min-product-set-min-set|simpl:
finite X = min-set (Qm X) = @m X
(proof)

lemma min-set-min-product-set|simpl:
finite X = @ m (min-set * X) = @m X
(proof)
lemma min-product-set-union[simp):
finite X = finite Y = @ m (XU Y)=(QRm X) @m (Qm Y)
(proof )
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lemma product-set-finite:
(Az. z € X = finite ) = finite (Q X)
(proof)

lemma min-product-set-finite:
(Az. z € X = finite ) = finite (Q m X)
(proof)

4.3 Disjunctive Normal Form

fun dnf :: 'a ltin = 'a ltin fset set
where

dnf truen = {{[|}}
| dnf false, = {}
| dnf (¢ andy, ) = (dnf ) @ (dnf ¥)
| dnf (¢ orn ) = (dnf @) U (dnf )
| dnf o = {{l¢l}}

fun min-dnf :: 'a ltin = 'a ltin fset set
where
min-dnf true, = {{||}}
| min-dnf false, = {}
| min-dnf (¢ and, ¥) = (min-dnf @) @ (min-dnf 1)
| min-dnf (¢ ory ) = (min-dnf ¢) Uy, (min-dnf 1)
| min-dnf ¢ = {{[¢[}}

lemma dnf-min-set:
min-dnf ¢ = min-set (dnf )
(proof)

lemma dnf-finite:
finite (dnf )
(proof)

lemma min-dnf-finite:
finite (min-dnf @)
(proof)

lemma dnf-Abs-fset][simp]:
fset (Abs-fset (dnf ¢)) = dnf ¢
(proof )
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lemma min-dnf-Abs-fset]simp]:
fset (Abs-fset (min-dnf ¢)) = min-dnf ¢
(proof)

lemma dnf-prop-atoms:
® € dnf ¢ = fset ® C prop-atoms ¢

(proof)

lemma min-dnf-prop-atoms:
® € min-dnf p = fset ® C prop-atoms ¢
(proof)

lemma min-dnf-atoms-dnf:
& € min-dnf v = ¢ € fset ® = dnf ¢ = {{|¢|}}
(proof)

lemma min-dnf-min-set[simp]:
min-set (min-dnf p) = min-dnf ¢

(proof )

lemma min-dnf-iff-prop-assignment-subset:
AEp p«— (3B. fset BC A A B € min-dnf ¢)
(proof)

lemma ltl-prop-implies-min-dnf:
o —p p = (VA € min-dnf . 3B € min-dnf ¢. B |C| A)
(proof)

lemma ltl-prop-equiv-min-dnf:
o ~p 1 = (min-dnf ¢ = min-dnf 1))
(proof )

lemma min-dnf-rep-abs[simp):
min-dnf (rep-ltinp (abs-ltinp p)) = min-dnf ¢
(proof)

4.4 Folding of and, and or, over Finite Sets

definition And,, :: 'a ltin set = 'a ltin

where
And, ® = SOME ¢. fold-graph And-ltln True-ltin ® ¢
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definition Or,, :: 'a ltin set = 'a ltin
where
Or, ® = SOMFE . fold-graph Or-ltin False-ltin ® ¢

lemma fold-graph-And,:
finite & = fold-graph And-ltln True-ltin ® (And,, ®)
(proof)

lemma fold-graph-Ory:
finite & = fold-graph Or-ltin False-ltin ® (Or, ®)
(proof)

lemma Or,-empty[simp]:
Or,, {} = False-ltin
(proof)

lemma And,,-empty[simp):
And,, {} = True-ltin
(proof )

interpretation dnf-union-thms: Finite-Set.comp-fun-commute \p. (U) (f

©)
(proof)

interpretation dnf-product-thms: Finite-Set.comp-fun-commute \p. () (f
©)

(proof)
lemma fold-graph-finite:

assumes fold-graph f z A y

shows finite A

(proof)
Taking the DNF of And,, and Or,, is the same as folding over the individual
DNFs.

lemma And,-dnf:
finite ® = dnf (And,, ®) = Finite-Set.fold (A\p. (®) (dnf ¢)) {{||}} @
(proof )

lemma Or,-dnf:
finite & = dnf (Or,, ®) = Finite-Set.fold (Ap. (U) (dnf ¢)) {} ©
(proof )

And,, and Or,, are injective on finite sets.

lemma And,-inj:
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inj-on And, {s. finite s}
(proof )

lemma Or,-inj:
inj-on Ory, {s. finite s}
(proof )

The semantics of And, and Or, can be expressed using quantifiers.

lemma And,,-semantics:
finite ® = w =, And,, ® +— Vp € ¢. w =, @)
(proof )

lemma Or,-semantics:
finite ® = w =, Or, ® +— (o € . w =, @)
(proof)

lemma And,,-prop-semantics:
finite ® —= A Ep And, ® +— Vp € &. A E=p )
(proof )

lemma Ory,-prop-semantics:
finite ® = AEp Or, ® «— (o € ®. A=p o)
(proof)

lemma Or,-And,-image-semantics:

assumes finite A and \®. & € A = finite

shows w |=, Or, (And, ‘A) «— (3P € A Vp € ®. w =, ¢)
(proof)

lemma Or,-And,-image-prop-semantics:

assumes finite A and \®. & € A = finite

shows Z =p Or, (And,, ‘A) +— (3P € A Vped. T Ep p)
(proof )

4.5 DNF to LTL conversion

definition ltln-of-dnf :: 'a ltin fset set = 'a ltin
where
ltin-of-dnf A = Or,, (And,, * fset * A)

lemma ltin-of-dnf-semantics:

assumes finite A
shows w |=, ltin-of-dnf A +— (3P € A V. v €] ® — w =, @)

(proof )
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lemma ltin-of-dnf-prop-semantics:

assumes finite A

shows 7 |=p ltin-of-dnf A +— (3P € A Vp. o |€| P — T p ¢)
(proof)

lemma ltin-of-dnf-prop-equiv:
ltin-of-dnf (min-dnf ) ~p ¢
(proof)

lemma min-dnf-ltin-of-dnf[simp):
min-dnf (ltln-of-dnf (min-dnf ¢)) = min-dnf ¢
(proof)

4.6 Substitution in DNF formulas

definition subst-clause :: 'a ltin fset = (‘a ltln — 'a ltin) = 'a ltin fset set
where
subst-clause ® m = Q) {min-dnf (subst ¢ m) | p. ¢ € fset ®}

definition subst-dnf :: 'a ltin fset set = ('a ltin — 'a ltln) = 'a ltin fset set
where

subst-dnf A m = (J® € A. subst-clause ® m)

lemma subst-clause-empty|simp):

subst-clause {||} m = {{||}}
{(proof)

lemma subst-dnf-empty[simp]:
subst-dnf {} m = {}
(proof)

lemma subst-clause-inner-finite:
finite {min-dnf (subst o m) | ¢. p € ®} if finite O
(proof)

lemma subst-clause-finite:
finite (subst-clause ® m)

(proof )

lemma subst-dnf-finite:
finite A = finite (subst-dnf A m)
(proof )
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lemma subst-dnf-mono:
A C B = subst-dnf A m C subst-dnf B m
(proof)

lemma subst-clause-min-set|simpl:
min-set (subst-clause ® m) = subst-clause ® m

(proof)

lemma subst-clause-finsert[simpl:

subst-clause (finsert o ®) m = (min-dnf (subst ¢ m)) Qy, (subst-clause
® m)
(proof)

lemma subst-clause-funion|simpl:
subst-clause (P |U| ¥) m = (subst-clause & m) Qy, (subst-clause ¥ m)

(proof)

For the proof of correctness, we redefine the (®) operator on lists.

definition list-product :: 'a list set = 'a list set = 'a list set (infix]l «®p
65)
where

A@B={a@Qb|ab.ac ANbe B}

lemma list-product-fset-of-list[simp]:
fset-of-list * (A ®; B) = (fset-of-list * A) @ (fset-of-list * B)
(proof)

lemma list-product-finite:
finite A = finite B = finite (A ®; B)
(proof)

lemma list-product-iff:
t€A® B+ (Jab.ac ANbeE BNz =0a@Q D)
(proof)

lemma list-product-assoc[simp):
A®I<B®l C)ZA@[B@[C
(proof)

Furthermore, we introduct DNFs where the clauses are represented as lists.

fun list-dnf :: 'a ltin = 'a ltin list set
where

list-dnf true, = {[]}
| list-dnf false, = {}
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| list-dnf (¢ and, ) = (list-dnf ¢) @; (list-dnf )
| list-dnf (¢ orp ¢) = (list-dnf ) U (list-dnf )
| list-dnf o = {|o]}

definition list-dnf-to-dnf :: 'a list set = 'a fset set
where

list-dnf-to-dnf X = fset-of-list * X

lemma list-dnf-to-dnf-list-dnf[simp):
list-dnf-to-dnf (list-dnf @) = dnf ¢
(proof)

lemma list-dnf-finite:
finite (list-dnf )
(proof )

We use this to redefine subst-clause and subst-dnf on list DNFs.

definition subst-clause’ :: 'a ltin list = (‘a ltin — 'a ltln) = 'a ltin list set
where
subst-clause’ ® m = fold (Ap acc. acc @; list-dnf (subst ¢ m)) @ {[]}

definition subst-dnf’ :: 'a ltin list set = ('a ltin — 'a ltln) = 'a ltin list set
where
subst-dnf' A m = (J® € A. subst-clause’ ® m)

lemma subst-clause’-finite:
finite (subst-clause’ ® m)

(proof )

lemma subst-clause’-nil[simp):
subst-clause’ [| m = {[|}

(proof )

lemma subst-clause’-cons[simp:
subst-clause’ (zs @ [z]) m = subst-clause’ zs m ®; list-dnf (subst z m)

(proof )

lemma subst-clause’-append|simp]:
subst-clause’ (A Q@ B) m = subst-clause’ A m ®; subst-clause’ B m

(proof)

lemma subst-dnf'-iff:
z € subst-dnf’ A m +— (3P € A. z € subst-clause’ ® m)
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(proof )

lemma subst-dnf’-product:
subst-dnf’ (A ®; B) m = (subst-dnf’ A m) ®; (subst-dnf’ B m) (is ?lhs
= 2rhs)

(proof )

lemma subst-dnf’-list-dnf:
subst-dnf’ (list-dnf ©) m = list-dnf (subst ¢ m)
(proof)

lemma min-set-Union:
finite X = min-set (|J (min-set ‘ X)) = min-set (|J X) for X :: 'a fset
set set

(proof)

lemma min-set- Union-image:

finite X = min-set (Jz € X. min-set (f z)) = min-set ((Jz € X. f x)
for f :: 'b = 'a fset set
(proof)

lemma subst-clause-fset-of-list:

subst-clause (fset-of-list ®) m = min-set (list-dnf-to-dnf (subst-clause’ ®
m))

(proof)

lemma min-set-list-dnf-to-dnf-subst-dnf":

finite X = min-set (list-dnf-to-dnf (subst-dnf’ X m)) = min-set (subst-dnf
(list-dnf-to-dnf X) m)

(proof)

lemma subst-dnf-dnf:
min-set (subst-dnf (dnf @) m) = min-dnf (subst ¢ m)
(proof)

This is almost the lemma we need. However, we need to show that the same
holds for min-dnf ¢, too.

lemma fold-product:

Finite-Set.fold (Az. (®) {{|z|}}) {{lI}} (fset z) = {z}
(proof)

lemma fold-union:

Finite-Set.fold (Az. (U) {z}) {} (fset z) = fset
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(proof )

lemma fold-union-fold-product:
assumes finite X and AV . ¥ € X = ¢ € fset ¥ = dnf ¢ = {{|¢|}}
shows Finite-Set.fold (Axz. (U) (Finite-Set.fold (Ap. (®) (dnf ¢)) {{||}}
(fset x))) {} X = X (is ?lhs = X)
(proof)

lemma dnf-ltin-of-dnf-min-dnf:
dnf (ltin-of-dnf (min-dnf ¢)) = min-dnf ¢
(proof)

lemma min-dnf-subst:
min-set (subst-dnf (min-dnf @) m) = min-dnf (subst ¢ m) (is %lhs =
2rhs)

(proof)

end

5 Code lemmas for abstract definitions

theory Code-FEquations
imports
LTL FEquivalence-Relations
Boolean-Expression-Checkers. Boolean-Expression-Checkers
Boolean-FEzxpression-Checkers. Boolean- Expression-Checkers-A List-Mapping
begin

5.1 Propositional Equivalence

fun ifex-of-litl :: 'a ltin = 'a ltin ifex
where
ifex-of-ltl true, = Trueif
| ifex-of-ltl false, = Falseif
| ifex-of-ltl (¢ and, ) = normif Mapping.empty (ifex-of-ltl ) (ifex-of-ltl
Y) Falseif
| ifex-of-ltl (¢ ory, ¥) = normif Mapping.empty (ifex-of-ltl ) Trueif (ifez-of-ltl
¥)
| ifex-of-ltl ¢ = IF ¢ Trueif Falseif

lemma val-ifex:

val-ifex (ifex-of-ltl b) s = {z. sz} =p b
(proof )
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lemma reduced-ifex:
reduced (ifez-of-ltl b) {}

(proof)

lemma ifex-of-ltl-reduced-bdt-checker:
reduced-bdt-checkers ifex-of-ltl (A\y s. {z. s z} =p y)

(proof)

lemma [tl-prop-equiv-impl|[code:
(o ~p ) = equiv-test ifex-of-ltl ¢
{(proof)

lemma ltl-prop-implies-impl|code]:
(p —p V) = impl-test ifex-of-ltl ¢ 9
(proof)

export-code (~p) (—p) checking

end

6 Example

theory Ezxample
imports

../LTL ../ Rewriting HOL— Library.Code- Target-Numeral
begin

— The included parser always returns a String.literal ltlc. If a different
labelling is needed one can use map-Itic to relabel the leafs. In our example
we prepend a string to each atom.
definition rewrite :: String.literal ltlc = String.literal Itlc
where
rewrite = ltin-to-ltlc o rewrite-iter-slow o ltle-to-ltln o (map-Itlc (As. String.implode
"prop(" + s + String.implode ")"))
— Export rewriting engine (and also constructors)

export-code true. Iff-ltlc rewrite in SML file-prefix (rewrite-example>

end
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