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Abstract

This theory provides a formalisation of linear temporal logic (LTL)
and unifies previous formalisations within the AFP. This entry estab-
lishes syntax and semantics for this logic and decouples it from existing
entries, yielding a common environment for theories reasoning about
LTL. Furthermore a parser written in SML and an executable simplifier
are provided.
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begin

This theory provides a formalisation of linear temporal logic. It provides
three variants:

1. LTL with syntactic sugar. This variant is the semantic reference and
the included parser generates ASTs of this datatype.

2. LTL in negation normal form without syntactic sugar. This variant is
used by the included rewriting engine and is used for the translation
to automata (implemented in other entries).

3. LTL in restricted negation normal form without the rather uncom-
mon operators “weak until” and “strong release”. It is used by the
formalization of Gerth’s algorithm.

4. PLTL. A variant with a reduced set of operators.

This theory subsumes (and partly reuses) the existing formalisation found
in LTL_to_ GBA and Stuttering Equivalence and unifies them.

1.1 LTL with Syntactic Sugar

In this section, we provide a formulation of LTL with explicit syntactic sugar
deeply embedded. This formalization serves as a reference semantics.

1.1.1 Syntax

datatype (atoms-ltic: 'a) ltlc =

True-ltlc (<truecy)
| False-ltlc (<false.»)
| Prop-ltic 'a («<prop.'(-"))
| Not-ltlc 'a ltlc (<not. -» [85] 85)
| And-ltlc 'a ltlc 'a ltlc (¢- and, -» [82,82] 81)
| Or-ltlc 'a ltlc 'a ltlc («- ore -» [81,81] 80)
| Implies-ltic 'a ltlc 'a ltic («- implies. -» [81,81] 80)
| Next-ltlc 'a ltlc («X. - [88] 87)
| Final-ltlc 'a ltlc («<F. -y [88] 87)
| Global-ltlc 'a ltlc (<G, -» [88] 87)
| Until-ltle 'a ltlc 'a ltlc (<- Ue - [84,84] 83)
| Release-ltlc 'a ltlc 'a ltlc (<- Rc - [84,84] 83)
| WeakUntil-ltlc 'a ltlc 'a ltlc (<- We - [84,84] 83)
| StrongRelease-ltlc 'a ltlc 'a ltle (- M. - [84,84] 83)

definition Iff-itic («- iff. -» [81,81] 80)
where
o iffe ¥ = (¢ impliesc 1) and. (¥ implies. )



1.1.2 Semantics

primrec semantics-ltlc :: ['a set word, 'a ltlc] = bool (¢- =, - [80,80] 80)
where

¢ e true. = True

¢ = false. = False

|

‘ § ':c pTOpc(Q) (qu 0)

| £ Ec note o = (= € e ¢)

| € e and. b = (€ e p A€ e @)

|EEcporcy =(EEceVEEY)

| & e ¢ impliesc b = (§ e p — § Fe ¥)

|‘5‘_c c¢—(suﬁx1‘5|_090)

| € e Fep = (3. suffizi § ¢ »)

| &£ Ec Ge o = (Vi. suffixi £ Fc @)

| § e Uep = (3. suffivi & e A (Vji<i. suffiv j € e @)

|§FC¢RC¢:(V/L" Su]%xig):cwv(aj<i‘ Suﬁl‘]f):c ))

| e Wep = (Vi suffizi § e o vV (35<0. suffiz j € e ¥))
| €& Eep Mcp = (34 suffiz i & Fc o A (Vi<i. suffiz j § e ¢))

lemma semantics-ltlc-sugar [simp]:
Ercviffey = (6 Fep +— & e )
g):chgng):c (truec chp)

£ Fe Ge v =€ ¢ (falsec Re ¢)
by (auto simp add: Iff-ltlc-def)

definition language-ltic p = {£. € = ¢}

lemma language-ltlc-negate[simp):
language-ltic (not. ¢) = — language-ltic ¢
unfolding language-ltic-def by auto

lemma lti-true-or-con[simp]:

¢ e prope(p) ore (not. prope(p))
by auto

lemma [tl-false-true-con[simp]:

& = not. true. «— & f=c false,
by auto

lemma lti-Next-Neg-con|simp):
& Ee Xe (note p) «— £ Ec note Xe @
by auto

— The connection between dual operators



lemma [tl- Until-Release-con:
e v Re Y < (= & = (note ) Ue (note )
R

§Few Ueyp +— (=& e (note @) Re (note 9))
by auto

lemma [tl- Weak Until-StrongRelease-con:
EFEce Weth «— (= & e (note ) Mc (note ¢))

§Ecp Mcyp «— (= & e (note p) We (note 9))
by auto

— The connection between weak and strong operators

lemma [tl-Release-StrongRelease-con:

g':c@Rcngizc(QpMc"b) Orc(Gcw>
proof safe
assume asm: £ . ¢ Re ¥

show ¢ [=c (¢ M. ¢) ore (Ge )
proof (cases £ =. G. )
case Fulse

then obtain ¢ where — suffiz i £ =, ¢ and Vj<i. suffiz j £ . ¢
using exists-least-iff [of Ai. = suffix i £ = 1] by force

then show ?thesis
using asm by force
qed simp
next
assume asm: & =c (¢ Re ) and. (Fc @)

then show & . ¢ M. ¢

proof (cases £ =c Fe o)
case True

then obtain ¢ where suffiz i { =, ¢ and Vj<i. = suffiz j £ = ¢
using exists-least-iff [of Ai. suffiz i & . @] by force

then show ?thesis
using asm by force
qged simp
qed (unfold semantics-ltlc.simps; insert not-less, blast)+



lemma [tl- Until- Weak Until-con:

EEce Ucp <= & e (¢ We o) ande (Fe v)
5)2090 Wc¢(—>§|:c(90 UC/lzZ)) Orc(Gc§0>
proof safe

assume asm: § = (¢ We ) and. (F. 1)

then show & =, ¢ U, 9

proof (cases £ =. F. 1)
case True

then obtain ¢ where suffix i { =, ¢ and Vj<i. = suffiz j £ . ¢
using exists-least-iff [of Ai. suffiz i & . ¥] by force

then show “thesis
using asm by force
qed simp
next
assume asm: £ . o W, 9

then show & =, (¢ U, ) or. (G. ¢)

proof (cases £ =. G. @)
case Fulse

then obtain ¢ where — suffiz i £ =. ¢ and Vj<i. suffiz j £ F. ¢
using ezxists-least-iff [of Ai. = suffix i & =. ¢| by force

then show ?thesis
using asm by force
qed simp
qed (unfold semantics-ltlc.simps; insert not-less, blast)+

lemma [tl-StrongRelease- Until-con:

§Fep Mcy «— & =e b Ue (¢ and. ¥))

using order.order-iff-strict by auto
lemma [tl- Weak Until- Release-con:

EFEcp Rep = E et We (v andc )
by (meson ltl-Release-StrongRelease-con(1) ltl-StrongRelease- Until-con ltl- Until- Weak Until-con(2)

semantics-ltlc.simps(6))

definition pw-eqg-on Sww' =Vi.wiNS=w'iN S

lemma pw-eg-on-refl[simp]: pw-eqg-on S w w



and pw-eg-on-sym: pw-eg-on S w w' = pw-eg-on S w’ w

and pw-eg-on-trans[trans]: [pw-eg-on S w w'; pw-eqg-on S w' w"] =
pw-eq-on S w w’

unfolding pw-eg-on-def by auto

lemma pw-eq-on-suffix:
pw-eg-on S w w' = pw-eq-on S (suffiz k w) (suffiz k w’)
by (simp add: pw-eq-on-def)

lemma pw-eq-on-subset:
S C 8" = pw-eq-on 8" w w' = pw-eq-on S w w’
by (auto simp add: pw-eq-on-def)

lemma ltlc-eq-on-auz:
pw-eg-on (atoms-ltle @) w w' = w = ¢ = W' ¢ @
proof (induction ¢ arbitrary: w w’)
case Until-ltlc
thus ?case
by simp (meson Un-upperl Un-upper2 pw-eq-on-subset pw-eq-on-suffiz)
next
case Release-ltic
thus ?case
by simp (metis Un-upperl pw-eq-on-subset pw-eq-on-suffix sup-commaute)
next
case WeakUntil-ltlc
thus ?case
by simp (meson pw-eq-on-subset pw-eq-on-suffic sup.coboundedl sup-ge2)
next
case StrongRelease-ltlc
thus ?case
by simp (metis Un-upperl pw-eq-on-subset pw-eq-on-suffix pw-eq-on-sym
sup-ge2)
next
case (And-ltlc ¢ 1))
thus ?case
by simp (meson Un-upperl inf-sup-ord(4) pw-eq-on-subset)
next
case (Or-ltlc ¢ 1)
thus ?case
by simp (meson Un-upper2 pw-eq-on-subset sup-gel)
next
case (Implies-ltic ¢ 1)
thus ?case
by simp (meson Un-upperl Un-upper?2 pw-eq-on-subset|[of atoms-Itic -



atoms-ltle p U atoms-ltlc 1] pw-eq-on-sym)
qed (auto simp add: pw-eg-on-def; metis suffix-nth)-+

lemma ltlc-eq-on:
pw-eq-on (atoms-ltlc p) w w' = w f=c ¢ +— W' e @
using ltlc-eq-on-auxr pw-eq-on-sym by blast

lemma suffiz-comp: (Ai. f (suffix k w i) = suffiz k (f o w)
by auto

lemma suffiz-range: |J (range §) C APs = |J (range (suffix k €)) C APs
by auto

lemma map-semantics-ltlc-auz:
assumes inj-on f APs
assumes | J (range w) C APs
assumes atoms-ltlc ¢ C APs
shows w =, ¢ «— (Ai. f“w i) . map-ltlc f ¢
using assms(2,3)
proof (induction ¢ arbitrary: w)
case (Prop-ltic )
thus ?case using assms(1)
by (simp add: SUP-le-iff inj-on-image-mem-iff)
next
case (Next-ltic @)
show Zcase
using Next-ltle(1)[of suffiz 1 w, unfolded suffiz-comp comp-def] Next-ltlc(2,3)
apply simp
by (metis Next-ltlc.prems(1) One-nat-def <[|J (range (suffiz 1 w)) C
APs; atoms-ltlc ¢ C APs] = suffix 1 w = ¢ = suffix 1 (A\z. [ ‘w ) =
map-ltlc f o> suffix-range)
next
case (Final-ltlc )
thus ?Zcase
using Final-ltlc(1)[of suffix - -, unfolded suffix-comp comp-def, OF
suffiz-range] by fastforce
next
case (Global-ltic)
thus Zcase
using Global-ltle(1)[of suffix - w, unfolded suffiz-comp comp-def, OF
suffiz-range] by fastforce
next
case (Until-ltic)
thus ?Zcase



using Until-ltlc(1,2)[of suffix - w, unfolded suffix-comp comp-def, OF
suffiz-range] by fastforce
next
case (Release-ltic)
thus ?Zcase
using Release-ltlc(1,2)[of suffiz - w, unfolded suffiz-comp comp-def,
OF suffiz-range] by fastforce
next
case ( WeakUntil-ltlc)
thus ?Zcase
using WeakUntil-ltlc(1,2)[of suffix - w, unfolded suffiz-comp comp-def,
OF suffiz-range] by fastforce
next
case (StrongRelease-ltlc)
thus ?case
using StrongRelease-ltlc(1,2)[of suffiz - w, unfolded suffiz-comp comp-def,
OF suffiz-range] by fastforce
qed simp+

definition map-props f APs = {i. Ap€APs. f p = Some i}

lemma map-semantics-ltic:
assumes INJ: inj-on f (dom f) and DOM: atoms-ltic ¢ C dom f
shows & =, ¢ «— (map-props f o &) =, map-ltic (the o f) ¢
proof —
let %r = Xi. £ ¢ N atoms-ltlc ¢
let 26r' = Xi. £ N dom f

have 1: | (range %r) C atoms-ltlc ¢ by auto

have INJ-the-dom: inj-on (the o f) (dom f)
using assms
by (auto simp: inj-on-def domlIff)

note 2 = subset-inj-on[OF this DOM]

have 3: (\i. (the o f) “ %r’ i) = map-props f o & using DOM INJ
apply (auto introl: ext simp: map-props-def domIff image-iff)
by (metis Int-iff domlI option.sel)

have ¢ |-, ¢ — %r = ¢
apply (rule ltlc-eq-on)
apply (auto simp: pw-eq-on-def)
done

also from map-semantics-ltlc-auz[OF 2 1 subset-refi]



have ... «— (Ai. (the o f) * %r i) |=c map-ltlc (the o f) ¢ .

also have ... +— (\i. (the o f) * %r’ i) = map-ltic (the o f) ¢
apply (rule ltlc-eq-on) using DOM INJ
apply (auto simp: pw-eq-on-def ltlc.set-map domlIff image-iff)
by (metis Int-iff contra-subsetD domD doml inj-on-eq-iff option.sel)

also note %

finally show ?thesis .

qed

lemma map-semantics-Itlc-inv:
assumes INJ: inj-on f (dom f) and DOM: atoms-ltlic ¢ C dom f
shows & =, map-ltic (the o f) ¢ <— (Ai. (the o f) =& @) Fc @
using map-semantics-ltic[OF assms]
apply simp
apply (intro ltic-eq-on)
apply (auto simp add: pw-eq-on-def ltlc.set-map map-props-def)
by (metis DOM comp-apply contra-subsetD domD option.sel vimage-eq)

1.2 LTL in Negation Normal Form

We define a type of LTL formula in negation normal form (NNF).

1.2.1 Syntax

datatype (atoms-ltin: 'a) ltln =

True-ltin (<truen»)
| False-ltin (<falsen)
| Prop-ltin 'a (<prop,'(-)»)
| Nprop-ltin 'a («nprop,'(-"))
| And-ltln 'a ltln 'a ltin (<- and,, - [82,82] 81)
| Or-ltin 'a ltln 'a ltin (¢- orp - [84,84] 83)
| Next-ltln 'a ltin («X,, - [88] 87)
| Until-ltin 'a ltin 'a ltin (<- Uy, - [84,84] 83)
| Release-ltin 'a ltin 'a ltin (<- Ry, - [84,84] 83

)
| WeakUntil-ltln 'a ltln 'a ltin («- Wy, - [84,84] 83)
| StrongRelease-ltin 'a ltin 'a ltln (<- My, - [84,84] 83)

abbreviation finally, :: 'a ltin = 'a ltin (<F,, - [88] 87)
where

F, = true, Uy, @
notation (input) finally, («On - [88] 87)

abbreviation globally,, :: 'a ltin = 'a ltin (<G, - [88] 87)

10



where
G, ¢ = false, R, ¢

notation (input) globally, (<O, -» [88] 87)

1.2.2 Semantics

primrec semantics-ltin :: ['a set word, 'a ltin] = bool («- =, -» [80,80] 80)
where

& En true, = True
¢ & false, = False

\

|£’;n propn(q)Z(q€£0)

| € Fn npropn(q) = (¢ ¢ € 0)

| £ En v andy ¢ = (§ En 0 AN E En )

‘glzn()oorn (§|:n90v§’:nw)
|‘5‘:an90:(5“]%$1£)271¢)

| §En @ Un b= (3i suffivi & n o A (Vi<ic suffiz j € FEn ¢))
| §En @ Bo = (Vi suffivi § En ¢ V (3j<i. suffiz j § En @)
\ﬁFn@ Wi b = (Vi suffiv i § =n o vV (j<i. suffiz j € f=n ))

definition language-ltin ¢ = {£. & = ¢}

lemma semantics-ltin-ite-simps|simp):
w =y (if P then true, else false,) = P
w =y, (if P then false, else true,) = (—P)
by simp-all

1.2.3 Conversion

fun ltic-to-ltin' :: bool = 'a ltlc = 'a ltin
where
ltlc-to-ltin' False true. = true,
| ltle-to-ltin' False false. = false,
| ltlc-to-ltln" False prop.(q) = prop,(q)
| ltle-to-ltln" False (¢ and. 1) = (ltle-to-ltln’ False ) and,, (Itlc-to-ltin’ False
¥)
| ltle-to-ltln" False (p or. 1) = (ltle-to-ltin’ False @) ory, (ltlc-to-ltin’ False
Y)
| ltle-to-ltin' False (¢ implies. ) = (ltlc-to-ltin’ True ) ory, (ltlc-to-ltin’
False 1)
| ltlc-to-ltin" False (F. ) = true, U, (ltle-to-ltin" False )
| ltle-to-ltln" False (G, @) = false, Ry, (ltlc-to-ltin' False o)
| ltle-to-ltin' False (¢ U, ¢) = (ltle-to-ltin" False ) U, (ltlc-to-ltin’ False

11



)
ltle-to-ltln" False (p R ) = (ltle-to-ltin’ False ) R, (ltlc-to-ltin’ False
)
ltlc-to-ltln' False (¢ W, 1) = (ltle-to-ltin’ False ) W,, (Itlc-to-ltin' False
tle-to-ltin’ False (¢ M. 1) = (ltle-to-ltln" False @) M, (ltlc-to-ltln’ False

)

l

)

ltle-to-ltin' True true. = false,

ltle-to-ltln’ True false. = true,

ltle-to-Itin' True prop.(q) = nprop,(q)

ltle-to-ltln" True (¢ and. ) = (ltle-to-ltin’ True ) ory, (ltle-to-ltin’ True
)
l

| ltle-to-ltin" True (¢ or. ) = (ltle-to-ltin’ True ) and,, (ltle-to-ltin’ True
)

| ltle-to-ltin" True (yp implies. ¢) = (ltle-to-ltln" False @) and, (ltlc-to-ltin’
True 1)

| ltle-to-ltin" True (F. @) = false, Ry, (ltle-to-ltin’ True )

| ltlc-to-ltin" True (G. ¢) = true, Uy (ltle-to-ltin' True ¢)

| ltle-to-ltin' True (p U, ) = (ltle-to-ltin’ True @) Ry, (ltle-to-ltin' True 1)
| ltle-to-ltin' True (¢ R ) = (ltle-to-ltin" True @) Uy, (Itle-to-ltin' True 1)
| ltlc-to-ltin' True (o W. 1) = (ltle-to-ltin" True p) M, (ltlc-to-ltin’ True
)
| ltle-to-ltin" True (¢ M

)

| ltle-to-ltln" b (not. ¢) = ltlc-to-ltin’ (= b) ¢

| ltle-to-ltln" b (X. @) = X, (ltle-to-ltln" b )

¢ V) = (ltle-to-ltln" True p) Wy, (ltle-to-ltln" True

fun ltlc-to-ltln :: 'a ltlc = 'a ltin
where
ltle-to-ltin ¢ = ltlc-to-ltin' False

fun ltin-to-ltic :: 'a ltin = 'a ltlc
where
ltin-to-ltlc true, = true.
| ltin-to-ltlc false, = false.
| ltin-to-ltlc prop,(q) = prop:(q)

| ltin-to-ltlc nprop,(q) = not. (prop.(q))
| ltin-to-ltlc (¢ and, ) = (ltin-to-ltlc ¢ and. ltin-to-ltlc 1)

| ltin-to-ltlc (¢ ory ) = (ltin-to-ltlc ¢ or. ltin-to-ltic )
| ltin-to-ltlc (X, ¢) = (X, ltin-to-ltlc p)

| ltin-to-ltlc (¢ Un ) = (ltin-to-ltlc ¢ U, ltin-to-ltlc 1))
| ltin-to-ltlc (¢ Ry ) = (ltin-to-ltlc ¢ R. ltln-to-ltlc )

| ltin-to-ltlc (¢ W, ) = (ltin-to-ltlc @ W ltin-to-ltic )
| ltin-to-ltle (¢ My, ) = (ltin-to-ltlc p M. ltin-to-ltic )

12



lemma ltlc-to-ltin'-correct:
w =y, (ltle-to-ltin' True @) +— = w E. ¢
w [y (ltle-to-ltin’ False @) +— w = ¢
size (ltle-to-ltin' True p) < 2 x size ¢
size (ltle-to-ltin’ False p) < 2 x size ¢
by (induction ¢ arbitrary: w) simp+

lemma ltic-to-ltin-semantics [simpl:
w =y lte-to-ltln ¢ +— w ¢ ¢
using [tlc-to-Itin'-correct by auto

lemma ltlc-to-ltin-size:
size (Iltle-to-ltln ) < 2 * size
using [tlc-to-Itin'-correct by simp

lemma ltin-to-ltic-semantics [simp]:
w = ltn-to-ltlc ¢ +— w =y, ¢
by (induction ¢ arbitrary: w) simp+

lemma ltlc-to-ltin-atoms:
atoms-ltln (Itle-to-ltin @) = atoms-ltlc ¢
proof —
have atoms-ltin (ltlc-to-ltin’ True p) = atoms-ltlc ¢
atoms-ltin (Iltle-to-ltin' False @) = atoms-ltlc ¢
by (induction ) simp+
thus ?thesis
by simp
qed

1.2.4 Negation

fun not,,
where
not, true, = false,
| not,, false, = true,
| noty, prop,(a) = nprop,(a)
| not,, nprop,(a) = prop,(a)
| noty, (¢ and, ¥) = (not, ¢) ory, (not, )

| not,, (¢ orn, ¥) = (not, ¢) and, (not, )
| noty, (X, @) = X, (noty, @)

| noty (¢ Un ¥) = (notn @) Ry (notn )

| noty (¢ Rn ¥) = (not, o) Uy (noty, ¢)

| noty, (¢ Wy ) = (not, ¢) M, (noty, 1)

13



| not, (¢ M, ) = (not, ¢) W, (not, ¥)

lemma not, -semantics[simp]:

W Ep noty, @ & W Fn @
by (induction ¢ arbitrary: w) auto

lemma not,,-size:
size (not, @) = size ¢
by (induction ¢) auto

1.2.5 Subformulas

fun subfrmlsn :: 'a ltln = 'a Itin set
where

subfrmlsn (¢ and, V) = {¢ and, 1} U subfrmlsn ¢ U subfrmlsn 1
| subfrmlsn (¢ ory, ) = {p or, ¥} U subfrmlsn ¢ U subfrmlsn
| subfrmlsn (X, @) = {Xn @} U subfrmlisn ¢
| subfrmisn (o Uy ) = {p Uy ¥} U subfrmlsn ¢ U subfrmlsn
| subfrmlsn (¢ Ry ) = {¢ Rn ¥} U subfrmisn ¢ U subfrmlisn ¢
| subfrmisn (¢ Wy 0) = {o W, ¥} U subfrmlsn ¢ U subfrmlisn ¢
| subfrmlsn (<p n ) = {o My ¥} U subfrmisn ¢ U subfrmisn 1
| subfrmlsn ¢ = {¢}

lemma subfrmlsn-id[simp):
© € subfrmisn ¢
by (induction ) auto

lemma subfrmlisn-finite:
finite (subfrmlsn ¢)
by (induction ) auto

lemma subfrmlsn-card:

card (subfrmlsn ¢) < size ¢

by (induction ) (simp-all add: card-insert-if subfrmlisn-finite, (meson
add-le-mono card-Un-le dual-order.trans le-Sucl)+)

lemma subfrmlisn-subset:
Y € subfrmlsn ¢ = subfrmlsn ¢ C subfrmlisn ¢
by (induction ) auto

lemma subfrmlisn-size:

Y € subfrmlsn ¢ = size Y < size p V Y =
by (induction ¢) auto
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abbreviation
size-set S = sum (Az. 2 * sizex + 1) S

lemma size-set-diff:
finite S = S’ C S = size-set (S — ') = size-set S — size-set S’
using sum-diff-nat finite-subset by metis

1.2.6 Constant Folding

lemma U-consts[intro, simp]:
w E=n @ Uy truey,
= (w E=p @ Uy, falsey)
(w = falsen, Up ) = (0 [Fn @)
by force+

lemma R-consts|intro, simp]:
w En ¢ Ry true,
- (w =n @ Ry, falsey)
(w Fn true, Ry @) = (0 Fn @)
by force+

lemma W-consts[intro, simp]:
w = true, Wiy ¢
w =, o Wy truey,
(w =p falsen Wh ) = (w E=n @)
(w ¢ Wy, false,) = (w =n Gy @)
by force+

lemma M-consts[intro, simp]:
- (w =y false, M, )
= (w =n @ My, falsey)
(w [n truen, My @) = (w Fn @)
(w En o My truen) = (w Fn Firn @)
by force+

1.2.7 Distributivity

lemma until-and-left-distrib:

w ):n (‘Pl andn 902) Un Tﬁ S w 'Zn (901 Un 1/}) andn (902 Un ¢)
proof
assume w =, ¢1 Uy, ¥ and, w2 Uy ¢

then obtain i/ i2 where suffiz il w =, ¢ A (Vji<il. suffiz j w =, 1)
and suffiz i2 w =, ¥ A (Vj<i2. suffix j w =, ©2)

15



by auto

then have suffix (min i1 i2) w =, ¥ A (Vi<min il i2. suffic j w =, @1
andy, ¢2)
by (simp add: min-def)

then show w =, (¢1 and,, @2) U, ¢
by force
qed auto

lemma until-or-right-distrib:

w En @ Un (Y1 0rn 2) <— w By (@ Un 1) ory (¢ Un ¥2)
by auto

lemma release-and-right-distrib:

w ):n 2 R, (77[)1 andn 1/}2) S w ):n (30 R, ¢1) andn (90 R, 1/}2)
by auto

lemma release-or-left-distrib:

w =n (01 00 @2) Ry @b «— w = (91 Ru ¥0) orn (02 Ry 1))
by (metis not,.simps(6) not,.simps(9) not,-semantics until-and-left-distrib)

lemma strong-release-and-right-distrib:

w ):n o My (1/}1 andy, ¢2) —w ):n ((P M, wl) andy, (90 M, 7/}2)
proof

assume w =, (¢ M, ¥1) and, (¢ M, ¥2)

then obtain i/ i2 where suffiz il w =, ¢ N (Vj<il. suffix j w =, ¥1)

and suffiz i2 w =, @ A (Vj<i2. suffix j w =, 12)
by auto

then have suffiz (min i1 i2) w =, @ A (Vji<min il i2. suffix j w =, Y1
and, ¢2)
by (simp add: min-def)

then show w =, ¢ M,, (1 and, 12)
by force
qed auto
lemma strong-release-or-left-distrib:
w =y (1 0Tn p2) My Y < w =, (91 My ) orn (02 My, 1))
by auto

lemma weak-until-and-left-distrib:
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w =g (w1 andy, w2) Wy b <— w =y (1 Wy ¥) and, (92 W, 1)
by auto

lemma weak-until-or-right-distrib:

wEn o Wi (Y1 orp ¥2) <= w =n (0 Wa th1) orn (¢ Wy 92)
by (metis not,.simps(10) not,,.simps(6) not,-semantics strong-release-and-right-distrib)

lemma next-until-distrib:

by auto

lemma next-release-distrib:

w L Xn (0 Ry ¥) — w Fn (Xn @) Ry (Xy )
by auto

lemma next-weak-until-distrib:

by auto

lemma next-strong-release-distrib:

by auto

1.2.8 Nested operators

lemma finally-until|simp]:
by auto force

lemma globally-release[simp]:

wEn Gy (@ Ry ) «— w =y Gy ¥
by auto force

lemma globally-weak-until[simp):

w):n Gn(QO an)<—>w):n Gn(¢0Tn¢)
by auto force

lemma finally-strong-release[simp]:

by auto force

17



1.2.9 Weak and strong operators

lemma ltin-weak-strong:
wER p Wo <= w = (Gn ) orn (@ Un 9)
wEn @ By ¥ «— w =n (Gn ¥) orn (@ My 1))
proof auto
fix ¢
assume Vi. suffic i w =, ¢ V (35<i. suffiz j w =, ¥)
and Vi. suffic i w =, ¥ — (3j<i. = suffiz jw =, @)

then show suffiz i w =, ¢
by (induction i rule: less-induct) force
next
fix i k
assume Vj<i. = suffix j w =, ¥
and suffiz k w =y
and Vj<k. suffiz j w = ¢

then show suffix i w =, ¢
by (cases i < k) simp-all
next
fix ¢
assume Y i. suffic i w =, ¥ V (3 j<i. suffix j w =, @)
and Vi. suffic i w =, ¢ — (35<i. = suffiz j w =, ¢)

then show suffiz i w =, ¢
by (induction i rule: less-induct) force
next
fix i k
assume Vj<i. - suffiv j w =, @
and suffiz k w =, ¢
and Vj<k. suffix j w =, ¢

then show suffix i w =, 9
by (cases i < k) simp-all
qed

lemma Itin-strong-weak:

w):nSDanHw):n(Fn@)‘mdn(‘PRnw))

by (metis ltin-weak-strong not,.simps(1,5,8—11) not,-semantics)+

lemma [tin-strong-to-weak:
'w):nQOUnw:>w|:n(P Wn'l/}
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wEyp My ) = w0 Ry ¥
using ltin-weak-strong by simp-all blast+

lemma ltin-weak-to-strong:
ﬂw):nwwnwawlann¢H:>w):nWUn¢
[[w):n@Rnw§_‘w):n an]]:w):n@Mnd]
[[w):nngnw;w):nFn@]]zw):annw
unfolding ltin-weak-strong|of w ¢ ] by auto

lemma ltin-StrongRelease-to-Until:

w):nQOanHw):nw Un(QOGHdn’l/J)
using order.order-iff-strict by auto

lemma ltin-Release-to- Weak Until:

by (meson ltin-StrongRelease-to- Until ltin-weak-strong semantics-ltin.simps(6))

lemma ltin- Weak Until-to-Release:

w):nSO an<—>w):n¢Rn(onrnw)
by (metis ltin-StrongRelease-to-Until not,.simps(6,9,10) not,-semantics)

lemma [tin- Until-to-StrongRelease:

wEy p U wEn Y My (¢ orn 9)
by (metis ltin-Release-to- WeakUntil not,,.simps(6,8,11) not,-semantics)

1.2.10 GF and FG semantics

lemma GF-suffiz:
suffic i w =y, Gn (Fp ) «— w =, Gp (Fpn ¥)

by auto (metis ab-semigroup-add-class.add-ac(1) add.left-commute)

lemma FG-suffiz:
Su]ﬁxzw):n Fn (Gn¢)<—>w}:n Fn (an)

by (auto simp: algebra-simps) (metis add.commute add.left-commute)

lemma GF-Inf-many:

w ey G (Frn @) «— (o . sufficiw =, )
unfolding INFM-nat-le
by simp (blast dest: le-Suc-ex intro: le-add1)

lemma FG-Alm-all:
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unfolding MOST-nat-le
by simp (blast dest: le-Suc-ex intro: le-addl)

lemma MOST-nat-add:
(Voinat. P i) «— (Vooi. P (i + j))
by (simp add: cofinite-eq-sequentially)

lemma INFM-nat-add:
(Fooizinat. P i) «— (Fooi. P (i + j))
using MOST-nat-add not-MOST not-INFM by blast

lemma FG-suffiz-G:
w):n Frn (Gn 90):>vooi~ Suﬁ%xlw):n Gn ¢
proof —
assume w =, F,, (Gy, ¢)
then have w |, F,, (G, (G, ¢))
by (meson globally-release semantics-ltin.simps(8))
then show V i. suffiz i w =, Gn ¢
unfolding FG-Alm-all .
qed

lemma Alm-all-GF-F":

Vol. suffiz i w =y, Gy (Fp ¥) <— suffixiw =, Fp ¢

unfolding MOST-nat
proof standard+

fix 7 :: nat

assume suffiz i w =, G, (Fp )

then show suffiz i w =, Fp ¢

unfolding GF-Inf-many INFM-nat by fastforce

next

fix 7 :: nat

assume suffic: suffiz i w =, Fp ¢

assume mazx: ¢ > Maz {i. suffiz i w =, ¥}

with suffiz obtain j where j > i and j-suffiz: suffiz j w =, ¢
by simp (blast intro: le-add1)

with maz have j-maz: j > Maz {i. suffiz i w =, ¥}
by fastforce

show suffizx i w =, Gy (Fp, )
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proof (cases w =, Gy (Fy 1))
case Fulse
then have — (3 0. suffiz i w =, V)
unfolding GF-Inf-many by simp
then have finite {i. suffiz i w =, ¥}
by (simp add: INFM-iff-infinite)
then have Vi>Maz {i. suffix i w =, ¥}. = suffix i w =, ¢
using Mazx-ge not-le by auto
then show “thesis
using j-suffix j-maz by blast
qed force
qed

lemma Alm-all-FG-G:

Vol. suffiz i w =y, Fr (Gp ¥) <— suffix i w =, Gp ¢

unfolding MOST-nat
proof standard+

fix 7 :: nat

assume suffiz i w =, Gp ¥

then show suffiz i w =, F,, (Gn )

unfolding FG-Alm-all INFM-nat by fastforce

next

fix 7 :: nat

assume suffic: suffiz i w =, Fp (Gy, ¥)

assume maz: i > Maz {i. = suffiz i w =, G, ¥}

with suffiz have V j. suffiz (i + j) w |, Gp ¢
using FG-suffiz-G|of suffix i w] suffiz-suffix
by fastforce

then have — (3 j. — suffiz j w =, Gy V)
using MOST-nat-add[of \i. suffiz i w =, Gy 9 1]
by (simp add: algebra-simps)

then have finite {i. = suffiz i w =, G, ¥}
by (simp add: INFM-iff-infinite)

with maz show suffiz i w =, Gy, ¥
using Max-ge leD by blast
qed

1.2.11 Expansion

lemma [tin-expand-Until:

3 ):n o Up ¢ <— (5 ):n Y ory (90 andy, (Xn (90 Un ¢))))

(is ?lhs = ?rhs)
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proof
assume ?lhs
then obtain ¢ where suffiz i £ =, ¢
and Vj<i. suffixj £ = @
by auto
thus ?rhs
by (cases i) auto
next
assume ?rhs
show ?lhs
proof (cases & =, V)
case Fulse
then have ¢ |=, ¢ and € =, X, (¢ Uy 0)
using < ?rhsy by auto
thus ?lhs
using less-Suc-eq-0-disj suffiz-singleton-suffiz by force
qed force
qed

lemma ltin-expand-Release:
EEnp By <= (§ Bn ¥ andy, (¢ ory (Xo (¢ Ry 9))))
(is ?lhs = ?rhs)
proof
assume ?lhs
thus 9rhs
using less-Suc-eq-0-disj by force
next
assume ?rhs

{
fix ¢

assume — suffix i £ =, Y
then have 3j<i. suffix j € =, ¢
using < ?rhs» by (cases i) force+

}

thus ?lhs
by auto
qged

lemma ltin-expand- Weak Until:

EEn e Wnth <= (§ FEn v orn (v andn (Xn (¢ Wa 9))))
(is ?lhs = ?rhs)
proof
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assume ?lhs
thus ?rhs
by (metis ltin-expand-Release ltin-expand-Until ltin-weak-strong(1) se-
mantics-ltin.simps(2,5,6,7))
next
assume ?rhs

{
fix ¢

assume — suffic i £ =, @
then have 3j<i. suffixj £ =, ¢
using < ?rhs» by (cases i) force+

}

thus ?lhs
by auto
qged

lemma ltin-expand-StrongRelease:
EEn e My < (§ En ¥ andy (0 orn (Xy (¢ My 1))
(is ?lhs = ?rhs)
proof
assume ?lhs
then obtain ¢ where suffiz i £ =, ¢
and Vj<i. suffiz j £ Ep ¢
by auto
thus ?rhs
by (cases i) auto
next
assume ?rhs
show ?lhs

proof (cases £ =, ¢)
case True
thus ?lhs
using ¢ ?rhsy ltin-expand- WeakUntil by fastforce
next
case Fulse
thus ?lhs
by (metis < ?rhsy ltin-expand- Weak Until not,,.simps(5,6,7,11) not,-semantics)
qed
qged

lemma Itin-Release-alterdef:

W En @ Ry b — w =y (Gn @) oy (¥ Uy (¢ andy, 9))
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proof (cases Ji. —suffix i w =, V)
case True
define i where ¢ = Least (\i. —suffiz i w =, ¥)
have A\j. j < i = suffix j w =, ¥ and = suffic i w =, ¢
using True Leastl not-less-Least unfolding i-def by fast+
hence *: Vi. suffix i w =, ¢ V (3j<i. suffic j w =, @) = (Fi. (suffix
tw En YA suffiviw =, @) A (Vi<iosufficj w =, 1))
by fastforce
hence 3i. (suffix i w =, ¥ A suffic i w =, @) A (Vj<i. sufficjw =, )
= (Vi. suffir i w =, ¥ V (3j<i. suffic j w =, @)
using linorder-cases by blast
thus ?thesis
using True * by auto
qed auto

1.3 LTL in restricted Negation Normal Form

Some algorithms do not handle the operators W and M, hence we also
provide a datatype without these two operators.

1.3.1 Syntax

datatype (atoms-ltir: 'a) ltlr =

True-ltlr ((truer )
| False-ltlr (<false,»)
| Prop-ltir 'a («<prop,'(-")»)
| Nprop-ltir 'a (<np7"0p,~’( )
| And-ltlr 'a ltlr 'a ltlr (<- and, - [82,82] 81)
| Or-ltlr 'a ltlr 'a ltlr (¢- ory - [84,84] 83)
| Neat-ltlr 'a ltlr (<X, - [88] 87)
| Until-ltlr 'a ltlr 'a ltlr (<- Uy - [84,84] 83)
| Release-ltlr 'a ltlr 'a ltlr (<- Ry - [84,84] 83)

1.3.2 Semantics

primrec semantics-ltlr :: ['a set word, 'a ltlr] = bool (- =, - [80,80] 80)
where

¢ =y true, = True

¢ =, false, = False

= propr(q) = (g € £ 0)

nprop,(q) = (¢ ¢ £ 0)

@ and, Y = (EEr ¢ N B 1))

rpore = (E o VEEY)

X, ¢ = (suffiz 1 £ = @)

T
T

§
§
£
§
§

T

|
|
| €=
K
K
K
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| € Er o Up v = (3. suffizi & = Y N (Vi<i. suffiz j € =r @)
€ @ Re b = (i, suffici & | & V (3j<i. suffiz ) € = )

1.3.3 Conversion

fun ltin-to-ltlr :: 'a ltin = 'a ltlr
where
ltin-to-ltlr true,, = true,
| ltin-to-ltlr false, = false,
| ltin-to-ltlr prop,(a) = prop,(a)
| ltin-to-ltlr npropy,(a) = nprop,(a)
| ltin-to-ltlr (¢ andy, 1) = (ltin-to-ltlr ) and, (ltin-to-ltlr 1)
| ltin-to-ltlr (¢ ory, ) (ltln-to-ltlr @) or, (ltin-to-ltir )
| ltin-to-ltlr (X,, ¢) = X, (ltln-to-ltlr ¢)
| ltin-to-ltlr (¢ U, ¥) = (ltln to-ltlr ) U, (ltln-to-ltlr 1)
| ltin-to-ltlr (¢ Ry ) = (ltin-to-ltlr ) R, (ltin-to-ltir )
(¢

| ltin-to-ltlr W, ¥) = (ltin-to-ltlr 1) R, ((ltln-to-ltlr ) or, (ltin-to-ltir
¥))
| ltin-to-ltlr (¢ My, ) = (ltin-to-ltlr ¢) U, ((Itln-to-ltlr ¢) and, (ltin-to-ltlr
¥))

fun ltlr-to-ltin :: 'a ltlr = 'a ltin
where
ltir-to-ltin true, = true,
| ltir-to-ltin false, = false,
| ltlr-to-ltin prop,(a) = prop,(a)
| ltir-to-ltin nprop,(a) = npropy,(a)
| ltlr-to-ltin (@ and, ) = (ltir-to-ltln ¢) and,, (ltlr-to-ltin )
| ltir-to-ltin (¢ ory ) (ltlr-to-ltln ) ory, (ltlr-to-ltin 1)
| ltlr-to-ltin (X, ) = X, (ltlr-to-ltin )
| ltlr-to-ltin (¢ U, ¢) = (ltlr to-ltln ) U,, (ltlr-to-ltin 1)
| ltir-to-ltin (¢ R, v) = (ltlr-to-ltin ) R, (Itir-to-ltin 1)

lemma ltin-to-ltlr-semantics:

w =y ltn-to-ltlr ¢ +— w =, ¢

by (induction ¢ arbitrary: w) (unfold ltin- Weak Until-to- Release ltin-StrongRelease-to- Until,
simp-all)

lemma ltir-to-ltin-semantics:

w =y ltr-to-ltin ¢ «— w =, ¢
by (induction ¢ arbitrary: w) simp-all
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1.3.4 Negation

fun not,
where
not, true, = false,
| not, false, = true,
| not, prop,(a) = nprop,(a)
| not, nprop,(a) = prop,(a)
| not, (¢ and, ) = (not, ¢) or, (not, 1)

| not, (¢ ory ¥) = (not, ¢) and, (not, 1)

| not, (X, ¢) = X, (not, @)

| noty (¢ Ur ) = (noty ) Ry (not, )
(¢ R

| not, » ) = (not, @) Uy, (not, )

lemma not,-semantics [simp):
w =y noty @ — 2w @
by (induction ¢ arbitrary: w) auto

1.3.5 Subformulas

fun subfrmlsr :: 'a ltlr = 'a ltir set

where
subfrmlsr (¢ and, ¢) = {¢ and, ¥} U subfrmlsr ¢ U subfrmlsr ¢
| subfrmlsr (¢ orr = { or, ¥} U subfrmlsr ¢ U subfrmlsr ¢
| subfrmlsr (¢ ) = {p U, ¥} U subfrmlsr ¢ U subfrmlsr 1)
| subfrmlsr (¢ Ry ) = {¢ Ry ¥} U subfrmlsr ¢ U subfrmlsr 1)
| subfrmlsr (XT ) = {X, ¢} U subfrmlsr ¢

| subfrmlsr x = {x}

lemma subfrmlsr-id[simp):
© € subfrmlisr ¢
by (induction ¢) auto

lemma subfrmlsr-finite:
finite (subfrmlsr @)
by (induction ¢) auto

lemma subfrmlsr-subset:
¥ € subfrmlsr o = subfrmlsr ¢ C subfrmlsr ¢
by (induction ¢) auto

lemma subfrmlsr-size:

Y € subfrmlsr ¢ = size Y < size p V p =
by (induction ) auto
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1.3.6 Expansion lemmas

lemma [tlr-expand- Until:

EEr@ Ur ¥ <= (0 ¥ orre (¢ andy (Xr (¢ Ur 9))))
by (metis ltin-expand- Until ltir-to-ltln.simps(5—8) ltlr-to-ltin-semantics)

lemma ltir-expand-Release:

EEr o Re Y <— (& = ¥ and, (0 orr (X (¢ Ry 9))))
by (metis ltin-expand-Release ltlr-to-ltin.simps(5—"7,9) ltlr-to-ltin-semantics)

1.4 Propositional LTL

We define the syntax and semantics of propositional linear-time temporal
logic PLTL. PLTL formulas are built from atomic formulas, propositional
connectives, and the temporal operators “next” and “until”. The follow-
ing data type definition is parameterized by the type of states over which
formulas are evaluated.

1.4.1 Syntax

datatype ‘a pltl =

False-ltlp (¢falsep))
| Atom-ltlp 'a = bool (<atom,’(-"))
| Implies-ltlp 'a pltl 'a pltl (<- implies, -» [81,81] 80)
| Next-ltlp 'a pltl («X, - [88] 87)

| Until-ltlp 'a pltl 'a pltl (- Up - [84,84] 83)

— Further connectives of PLTL can be defined in terms of the existing
syntax.

definition Not-ltlp (<not, - [85] 85)
where
not, ¢ = ¢ implies, false,

definition True-ltlp (<true,)
where
true, = not, false,

definition Or-ltlp (<- or, -» [81,81] 80)
where
@ ory, ¥ = (noty, @) impliesy,

definition And-itlp (- and, -» [82,82] 81)
where
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@ and, ¢V = not, ((not, @) orp (not, 1))

definition Eventually-ltlp (<F, -» [88] 87)
where
Fp, o = true, Up ¢

definition Always-itlp (<G, - [88] 87)
where
Gp ¢ = noty, (F (noty ¢))

definition Release-ltlp (<- Ry, - [84,84] 83)
where

© Ry Y = not, ((not, ) Uy, (noty, 1))

definition WeakUntil-ltlp (<- W, - [84,84] 83)
where
o Wy =9 Ry (¢ orp ¢)

definition StrongRelease-ltlp (<- My -» [84,84] 83)
where

@Mp@bE?/)Up(@andp@b)

1.4.2 Semantics

fun semantics-pltl :: ['a word, 'a pltl] = bool (<- =, -» [80,80] 80)
where
w =, false, = False
| w by atomy(p) = (p (w 0)
| wl=p ¢ implies, V = (v =p ¢ — w =p P)
| w = Xp o = (suffiz 1w = ¢)
| w iy @ Up ¢ = (3i. sufficiw =, ¥ A (Vi<i. suffiz j w |y ¢))

lemma semantics-pltl-sugar [simp]:

w E=p noty o = (mw = @)

w =, true, = True

wi=p @ orp = (wlp e Vwl )

wlsp pandy ¥ = (w =p ¢ A w = ¢)

wEp Fp o= 30 suffixiwl=, )

w =y Gp o = (Vi suffiziw =, ¢)

wkEp, e Ry v = (Vi suffixciw =y ¢V (3j<i. suffiz jw =, ¢))

wlEp e Wy = (Vi suffixiw =y ¢ V (<0 suffix j w =y )

wEp, e My = 31 suffiziw =, p A (Vi<i. suffixjw =p ¢))

by (auto simp: Not-ltlp-def True-ltlp-def Or-ltlp-def And-Itlp-def Even-
tually-ltlp-def Always-ltlp-def Release-ltlp-def WeakUntil-ltlp-def StrongRe-
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lease-ltlp-def) (insert le-neq-implies-less, blast)+
definition language-ltlp ¢ = {£. £ =, ¢}

1.4.3 Conversion

fun ltlc-to-pltl :: 'a ltlc = 'a set pltl
where
ltle-to-pltl true. = true,
| ltlc-to-pltl false. = falsey,
| ltlc-to-pltl (prop.(q)) = atom,((€) q)

| ltlc-to-pltl (not. @) = not, (Itlc-to-pltl ¢)

| ltle-to-pltl (¢ and. ) = (ltlc-to-pltl ) and, (ltlc-to-pltl 1))
| ltle-to-pltl (¢ ore ) = (ltle-to-pltl @) ory (Iltlc-to-pltl )

| ltle-to-pltl (¢ implies, w) (Itle-to-pltl ) implies, (Itlc-to-pltl 1)
| ltle-to-pltl (X. ¢) = X, (Itle-to-pltl @)

| ltle-to-pltl (F. @) = (ltlc to-pltl )

| ltle-to-pltl (G. @) = G (ltle-to-pltl )

| ltle-to-pltl (¢ U ¢) = (ltlc to-pltl @) Uy, (Itlc-to-pltl o)

| ltle-to-pltl (¢ R ) = (ltle-to-pltl ) R, (ltlc-to-pltl 1))

| ltle-to-pltl (¢ W, ) = (ltle-to-pltl ©) W, (Itle-to-pltl 1)

| ltle-to-pltl (¢ M. ) = (ltlc-to-pltl @) M), (Iltlc-to-pltl )

lemma ltlc-to-pltl-semantics [simp]:
w = (lte-to-pltl ¢) «— w [=c ¢
by (induction ¢ arbitrary: w) simp-all

1.4.4 Atoms

fun atoms-pltl :: 'a pltl = (‘a = bool) set
where
atoms-pltl false, = {}
| atoms-pltl atom,(p) = {p}
| atoms-pltl (¢ implies, ) = atoms-pltl ¢ U atoms-pltl 1)
| atoms-pltl (X, ¢) = atoms-pltl ¢
| atoms-pltl (¢ U, ) = atoms-pltl ¢ U atoms-pltl 1)

lemma atoms-finite [iff]:
finite (atoms-pltl @)
by (induct ¢) auto

lemma atoms-pltl-sugar [simpl:

atoms-pltl (not, ¢) = atoms-pltl ¢
atoms-pltl true, = {}
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atoms-pltl (¢ ory ) = atoms-pltl ¢ U atoms-pltl 1

atoms-pltl (¢ andy, ) = atoms-pltl ¢ U atoms-pltl 1

atoms-pltl (F), @) = atoms-pltl ¢

atoms-pltl (G, ) = atoms-pltl ¢

by (auto simp: Not-ltlp-def True-ltlp-def Or-ltlp-def And-ltlp-def Eventu-
ally-ltlp-def Always-ltip-def)

end

2 Rewrite Rules for LTL Simplification

theory Rewriting
imports

LTL HOL— Library.Extended-Nat
begin

This theory provides rewrite rules for the simplification of LTL formulas. It
supports:

¢ Constants Removal
e Next-ltin-Normalisation

o Modal Simplification (based on pure eventual, pure universal, or sus-
pendable formulas)

o Syntactic Implication Checking

It reuses parts of LTL_ Rewrite.thy (CAVA, LTL_TO_GBA). Furthermore,
some rules were taken from [2] and [1]. All functions are defined for Itin.

2.1 Constant Eliminating Constructors

definition mk-and
where

mk-and x y = case x of false, = false, | true, = y | - = (case y of false,
= falsey, | true, = z | - = z and, y)

definition mk-or
where

mk-or x y = case x of false, = y | true, = true, | - = (case y of true,
= truey, | false, = x| - = z ory, y)

fun remove-strong-ops
where
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remove-strong-ops (z Uy y) = remove-strong-ops y
| remove-strong-ops (x M,, y) = z and,, y
| remove-strong-ops (z ory, y) = remove-strong-ops x ory, remove-strong-ops

Y
| remove-strong-ops © = x

fun remove-weak-ops
where
remove-weak-ops (z Ry, y) = remove-weak-ops y
| remove-weak-ops (x W, y) = x ory y
| remove-weak-ops (z and,, y) = remove-weak-ops = and, remove-weak-ops

Y
| remove-weak-ops ¥ = x

definition mk-finally
where

mk-finally © = case x of true, = true, | false, = false, | - = F,
(remove-strong-ops x)

definition mk-globally
where

mk-globally © = case = of true, = true, | false, = false, | - = G,
(remove-weak-ops x)

definition mk-until
where
mk-until x y = case x of false, = y
| true, = mk-finally y
| - = (case y of true, = true, | false, = false, | - = z Uy, y)

definition mk-release
where
mk-release x y = case T of true, = y
| false, = mk-globally y
| - = (case y of true,, = truey, | false, = false, | - = = R, y)

definition mk-weak-until
where
mk-weak-until T y = case y of true, = true,
| false, = mk-globally x
| - = (case z of true, = true, | false, = y | - =z W, y)

definition mk-strong-release
where
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mk-strong-release © y = case y of false, = false,
| true, = mk-finally =
| - = (case x of true, = y | false, = false, | - = = M, y)

definition mk-next
where
mk-next x = case x of true, = true, | false, = false, | - = X, x

definition mk-next-pow (<X, ")
where

mk-next-pow n x = case x of true, = true, | false, = false, | - =
(Nezt-ltin """ n) x

lemma mk-and-semantics [simpl:
w =p, mk-and vy «— w =, z andy, y
unfolding mk-and-def by (cases x; cases y; simp)

lemma mk-or-semantics [simp:
W, mk-orxy +— w =, Tory, y
unfolding mk-or-def by (cases x; cases y; simp)

lemma remove-strong-ops-sound [simp]:
w =, Fp (remove-strong-ops y) «— w =, Fp y
by (induction y arbitrary: w) (auto; force)+

lemma remove-weak-ops-sound [simp]:
w =p Gy (remove-weak-ops y) «+— w =y, Gn y
by (induction y arbitrary: w) (auto; force)+

lemma mk-finally-semantics [simp):

w =, mk-finally ¢ «— w =, Fp z

by (simp add: mk-finally-def del: semantics-ltin.simps(8,9) remove-strong-ops.simps
split: ltin.splits)

lemma mk-globally-semantics [simp):

w =, mk-globally © +— w =, G ©

by (simp add: mk-globally-def del: semantics-ltin.simps(8,9) remove-weak-ops.simps
split: ltln.splits)

lemma mk-until-semantics [simp):

w E, mk-until zy <+— w =, 2 Uy y
proof (cases z)
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case (True-ltin)
show ?thesis
unfolding True-ltin mk-until-def
by (cases y) auto
next
case (False-ltin)
thus ?thesis
by (force simp: mk-until-def)
qed (cases y; force simp: mk-until-def)+

lemma mk-release-semantics [simp):
w =, mk-release xy +— w =, © Ry y
proof (cases x)
case (False-ltin)
thus ?thesis
unfolding Fulse-ltin mk-release-def
by (cases y) auto
next
case (True-ltln)
thus ?thesis
by (force simp: mk-release-def)
qed (cases y; force simp: mk-release-def)+

lemma mk-weak-until-semantics [simp]:
w =, mk-weak-until zy <— w E, x Wy y
proof (cases y)
case (False-ltin)
thus ?thesis
unfolding Fulse-ltin mk-weak-until-def
by (cases ) auto
next
case (True-ltln)
thus ?thesis
by (force simp: mk-weak-until-def)
qed (cases x; force simp: mk-weak-until-def )+

lemma mk-strong-release-semantics [simp):
w =, mk-strong-release x y «— w =y © My y
proof (cases y)
case (True-ltln)
show ?thesis
unfolding True-ltin mk-strong-release-def
by (cases ) auto
next
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case (False-ltin)
thus ?thesis
by (force simp: mk-strong-release-def)
qed (cases x; force simp: mk-strong-release-def )+

lemma mk-next-semantics [simp]:
w =, mk-next x <— w =y Xy @
unfolding mk-next-def by (cases x; auto)

lemma mk-next-pow-semantics [simpl:
w =y, mk-next-pow i z +— suffix i w =, x
by (induction i arbitrary: w; cases x)
(auto simp: mk-next-pow-def)

lemma mk-next-pow-simp [simp, code-unfold):
mk-next-pow 0 z = x
mk-next-pow 1 x = mk-next x
by (cases z; simp add: mk-next-pow-def mk-next-def)+

2.2 Constant Propagation

fun is-constant :: 'a ltin = bool
where
is-constant true, = True
| is-constant false, = True
| is-constant - = False

lemma is-constant-constructorsl:
is-constant © = is-constant y == is-constant (mk-and z y)
—is-constant © = —is-constant y = —is-constant (mk-and z y)
is-constant © = is-constant y = is-constant (mk-or x y)
—is-constant © = —is-constant y = —is-constant (mk-or z y)
is-constant © = is-constant (mk-finally x)
—is-constant © = —is-constant (mk-finally x)
is-constant © = is-constant (mk-globally x)
—is-constant © = —is-constant (mk-globally x)
is-constant © = is-constant (mk-until y x)
—is-constant © = —is-constant (mk-until y )
is-constant © = 1is-constant (mk-release y x)
—is-constant & = —is-constant (mk-release y x)
is-constant © = is-constant y = is-constant (mk-weak-until x y)
—is-constant & = —is-constant y = —is-constant (mk-weak-until z y)
is-constant © = is-constant y = is-constant (mk-strong-release x 1)
—is-constant ¥ = —is-constant y = —is-constant (mk-strong-release x
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v)
is-constant © = is-constant (mk-next x)

—is-constant © = —is-constant (mk-next )

is-constant © = is-constant (mk-next-pow n z)

by (cases z; cases y; simp add: mk-and-def mk-or-def mk-finally-def mk-globally-def
mk-until-def mk-release-def mk-weak-until-def mk-strong-release-def mk-next-def
mk-next-pow-def )+

lemma is-constant-constructors-simps:
mk-next-pow n x = false, +— = = false,
mk-next-pow n r = true, +— xr = true,
is-constant (mk-next-pow n ) — is-constant
by (induction n) (cases x; simp add: mk-next-pow-def)+

lemma is-constant-constructors-simps2:
is-constant (mk-and z y) «— (z = true, N\ y = true, V = = false, V y
= falsey)
is-constant (mk-or x y) «— (x = false, N y = false, V x = true, V y =
truey,)
1s-constant
1s-constant

mk-finally x) <— is-constant x

mk-globally ©) <— is-constant x

is-constant (mk-until y x) <— is-constant x

is-constant (mk-release y x) <— is-constant x

is-constant (mk-next x) «— is-constant x

by ((cases z; cases y; simp add: mk-and-def),
(cases x; cases y; simp add: mk-or-def),
(meson is-constant-constructorsl )+)

N N N

lemma is-constant-constructors-simps3:

is-constant (mk-weak-until  y) <— (z = false, N\ y = false, V © = true,
V. y = truey)

is-constant (mk-strong-release ¢ y) <— (z = true, A y = true, V x =
false, V y = falsey)

by (cases z; cases y; simp add: mk-weak-until-def mk-strong-release-def
is-constant-constructors-simps2 )+

lemma is-constant-semantics:
is-constant ¢ = (Vw. w =y, ) V 2(Fw. w =, ¢))
by (cases ) auto

lemma until-constant-simp:

is-constant Y = w =y @ Up ¢ +— w =y, ¥
by (cases V) auto
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lemma release-constant-simp:
is-constant = w =, @ Ry ¥ +— w =y ¢
by (cases V) auto

lemma mk-next-pow-dist:

mk-next-pow (i + j) ¢ = mk-next-pow i (mk-next-pow j ¢)

by (cases j; simp) (cases ¢; simp add: mk-nezxt-pow-def funpow-add; simp
add: funpow-swapl)

lemma mk-next-pow-until:

suffix (min i j) w =y, (mk-next-pow (1 — j) @) Uy, (mk-next-pow (j — 1)
V) +— w =y, (mk-next-pow i p) Uy, (mk-next-pow j )

by (simp add: mk-next-pow-dist min-def add.commute)

lemma mk-next-pow-release:

suffix (min i j) w =, (mk-next-pow (i — j) ¢) Ry (mk-next-pow (j — 1)
V) <— w =y (mk-next-pow i @) R, (mk-next-pow j )

by (simp add: mk-nezt-pow-dist min-def add.commute)

2.3 X-Normalisation

The following rewrite functions pulls the X-operator up in the syntax tree.
This preprocessing step enables the removal of X-operators in front of sus-
pendable formulas. Furthermore constants are removed as far as possible.

fun the-enat-0 :: enat = nat
where

the-enat-0 ¢ = i
| the-enat-0 co = 0

lemma the-enat-0-simp [simp]:
the-enat-0 0 = 0
the-enat-0 1 = 1
by (simp add: zero-enat-def one-enat-def )+

fun combine :: (‘a ltin = 'a ltin = 'a ltin) = ('a ltin * enat) = ('a ltin *
enat) = ('a ltin * enat)
where
combine binop (¢, 7) (Y, j) = (

let

X = binop (mk-next-pow (the-enat-0 (i — j)) @) (mk-next-pow (the-enat-0
G = i) v)

in

(x, if is-constant x then oo else min i 7))
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lemma fst-combine:

fst (combine binop (v, 7) (¢, j)) = binop (mk-next-pow (the-enat-0 (i —
7)) ) (mk-next-pow (the-enat-0 (j — ©)) )

unfolding combine.simps by (meson fstl)

abbreviation to-ltln :: (‘a ltin x enat) = 'a ltin
where
to-ltln x = mk-next-pow (the-enat-0 (snd x)) (fst x)

fun rewrite-X-enat :: 'a ltln = ('a ltn * enat)
where
rewrite-X-enat true, = (truey, 0o)
| rewrite-X-enat false, = (false,, 0o)
| rewrite-X-enat prop,(a) = (prop,(a), 0)
| rewrite-X-enat npropy(a) = (npropy(a), 0)
| rewrite-X-enat (¢ and,y, 1) = combine mk-and (rewrite-X-enat @) (rewrite-X-enat

()

| rewrite-X-enat (p ory 1) = combine mk-or (rewrite-X-enat ) (rewrite-X-enat

()

| rewrite-X-enat (o Uy, 1) = combine mk-until (rewrite-X-enat ) (rewrite-X-enat

()

| rewrite-X-enat (¢ Ry, 1) = combine mk-release (rewrite-X-enat @) (rewrite-X-enat
)

| rewrite-X-enat (¢ W, 1) = combine mk-weak-until (rewrite-X-enat o)
(rewrite-X-enat 1))

| rewrite-X-enat (¢ M, 1) = combine mk-strong-release (rewrite-X-enat ¢)
(rewrite-X-enat 1))

| rewrite-X-enat (Xy, @) = (M@, n). (p, eSuc n)) (rewrite-X-enat )

definition
rewrite-X ¢ = to-ltin (rewrite-X-enat @)

lemma combine-infinity-invariant:
assumes ¢ = 00 < is-constant x
assumes j = 00 <— is-constant y
shows combine mk-and (z, 7) (y, j) = (2, k) = (k = 00 <— is-constant
2)
and combine mk-or (z, i) (y, j) = (2, k) = (k = 00 «— is-constant
2)
and combine mk-until (z, 7) (y, j) = (2, k) = (k = 00 +— is-constant
z)
and combine mk-release (z, i) (y, j) = (2, k) = (k = 00 +— is-constant

)
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and combine mk-weak-until (z, i) (y, j) = (2, k) = (k = 00 +—
is-constant z)
and combine mk-strong-release (x, i) (y, j) = (2, k) = (k = 00 +—
is-constant z)
by (cases i; cases j; simp add: assms Let-def; force intro: is-constant-constructorsl )+

lemma combine-and-or-semantics:
assumes i = 00 > is-constant ¢
assumes j = oo < is-constant P
shows w =, to-ltin (combine mk-and (@, i) (¢, j)) +— w =, to-ltin (o,
i) and, to-ltln (v, 7)
and w |, to-ltln (combine mk-or (¢, i) (¥, j)) +— w =y, to-ltin (@, i)
ory, to-ltin (¢, j)
by ((cases i; cases j; simp add: min-def is-constant-constructors-simps
is-constant-constructors-simps2 assms),
(cases 1; insert assms; auto),
(cases ; insert assms; auto),
(blast elim!: is-constant.elims))+

lemma combine-until-release-semantics:
assumes ¢ = 00 > is-constant ¢
assumes j = oo < is-constant P
shows w |, to-ltln (combine mk-until (¢, 7) (¥, j)) — w =, to-ltin
(¢, ©) Un to-ltin (s, j)
and w =, to-ltin (combine mk-release (p, i) (¥, j)) +— w =, to-ltin
(@, ©) Ry to-ltin (¢, j)
by ((cases i; cases j; simp add: is-constant-constructors-simps is-constant-constructors-simps2
until-constant-simp release-constant-simp mk-next-pow-until mk-next-pow-release
del: semantics-ltin.simps),
(blast dest: is-constant-semantics),
(cases V; simp add: assms),
(cases p; insert assms; auto simp: add.commute))+

lemma combine-weak-until-strong-release-semantics:

assumes ¢ = 00 > is-constant ¢

assumes j = oo < is-constant

shows w =, to-ltin (combine mk-weak-until (@, i) (¢, j)) «— w E,
to-ltln (o, ©) W, to-ltin (1, j)

and w =, to-ltin (combine mk-strong-release (p, i) (¥, j)) <— w F=n

to-ltin (@, i) M, to-ltin (1, j)

by ((cases i; cases j; simp add: min-def is-constant-constructors-simps
is-constant-constructors-simps3 del: semantics-ltin.simps),

(cases p; simp add: assms),
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(cases 1; insert assms; auto simp: add.commute))+

lemma rewrite- X-enat-infinity-invariant:
snd (rewrite-X-enat ¢) = 0o <— is-constant (fst (rewrite-X-enat ¢))
proof (induction @)
case (And-ltln ¢ 1)
thus ?Zcase
by (simp add: combine-infinity-invariant|OF And-ltin(1,2), unfolded
prod.collapse))
next
case (Or-ltln ¢ )
thus ?Zcase
by (simp add: combine-infinity-invariant[OF Or-ltin(1,2), unfolded
prod.collapse])
next
case (Until-ltin ¢ 1)
thus ?case
by (simp add: combine-infinity-invariant| OF Until-ltin(1,2), unfolded
prod.collapse])
next
case (Release-ltin ¢ 1)
thus ?Zcase
by (simp add: combine-infinity-invariant| OF Release-ltin(1,2), unfolded
prod.collapse])
next
case ( WeakUntil-ltin ¢ 1)
thus ?Zcase
by (simp add: combine-infinity-invariant] OF WeakUntil-ltin(1,2), un-
folded prod.collapse))
next
case (StrongRelease-ltin ¢ 1)
thus ?Zcase
by (simp add: combine-infinity-invariant[OF StrongRelease-ltin(1,2),
unfolded prod.collapse))
next
case (Next-ltin o)
thus Zcase
by (simp add: split-def) (metis eSuc-infinity eSuc-inject)
qed auto

lemma rewrite-X-enat-correct:
W E=n @ — w =y to-ltin (rewrite-X-enat o)
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proof (induction ¢ arbitrary: w)
case (And-ltln ¢ 1)
thus ?Zcase
using combine-and-or-semantics| OF rewrite- X-enat-infinity-invariant
rewrite- X-enat-infinity-invariant] by fastforce
next
case (Or-ltin ¢ )
thus ?case
using combine-and-or-semantics| OF rewrite-X-enat-infinity-invariant
rewrite- X-enat-infinity-invariant] by fastforce
next
case (Until-ltin ¢ 1))
thus ?Zcase
unfolding rewrite-X-enat.simps combine-until-release-semantics|OF
rewrite- X-enat-infinity-invariant rewrite- X-enat-infinity-invariant, unfolded
prod.collapse] by fastforce
next
case (Release-ltin ¢ 1)
thus ?case
unfolding rewrite-X-enat.simps combine-until-release-semantics| OF
rewrite- X-enat-infinity-invariant rewrite- X-enat-infinity-invariant, unfolded
prod.collapse] by fastforce
next
case ( WeakUntil-ltin ¢ 1)
thus ?case
unfolding rewrite-X-enat.simps combine-weak-until-strong-release-semantics| OF
rewrite- X-enat-infinity-invariant rewrite- X-enat-infinity-invariant, unfolded
prod.collapse] by fastforce
next
case (StrongRelease-ltin ¢ 1)
thus ?Zcase
unfolding rewrite-X-enat.simps combine-weak-until-strong-release-semantics| OF
rewrite- X-enat-infinity-invariant rewrite- X-enat-infinity-invariant, unfolded
prod.collapse] by fastforce
next
case (Next-ltin ¢)
moreover
have w =, to-ltin (rewrite-X-enat (X, ¢)) «— suffic 1 w =, to-ltin
(rewrite-X-enat )
by (simp add: split-def; cases snd (rewrite-X-enat @) # 00)
(auto simp: eSuc-def, auto simp: rewrite-X-enat-infinity-invariant
eSuc-def dest: is-constant-semantics)
ultimately
show Zcase
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using semantics-ltin.simps(7) by blast
qed auto

lemma rewrite-X-sound [simp]:
w =, rewrite-X ¢ +— w =y @
using rewrite- X-enat-correct unfolding rewrite-X-def Let-def by auto

2.4 Pure Eventual, Pure Universal, and Suspendable Formu-
las

fun pure-eventual :: 'a ltln = bool
where
pure-eventual true, = True
| pure-eventual false, = True
| pure-eventual (u and, p') = (pure-eventual p N pure-eventual p')
| pure-eventual (p ory, p') = (pure-eventual p A pure-eventual p')
| pure-eventual (u Uy, p') = (u = true, V pure-eventual p')
| pure-eventual (u R, p’) = (pure-eventual p A pure-eventual p’)
| pure-eventual (u Wy, u') = (pure-eventual p A pure-eventual p')
| pure-eventual (u M, p') = (pure-eventual p A pure-eventual p' vV p' =

truey,)
| pure-eventual (X,, p) = pure-eventual p
| pure-eventual - = False

fun pure-universal :: 'a ltln = bool
where
pure-universal true, = True
| pure-universal false, = True
| pure-universal (v and, v') = (pure-universal v N\ pure-universal v’)
| pure-universal (v or, v') = (pure-universal v A\ pure-universal v')
| pure-universal (v U, v') = (pure-universal v N\ pure-universal v’)
| pure-universal (v Ry, v') = (v = false, V pure-universal v')
| pure-universal (v W,, v') = (pure-universal v A\ pure-universal v’V v’ =
falsey,)
| pure-universal (v M,, v') = (pure-universal v N\ pure-universal v')
| pure-universal (X,, v) = pure-universal v
| pure-universal - = False

fun suspendable :: 'a ltin = bool
where
suspendable true, = True
| suspendable false, = True
| suspendable (¢ and,, &) = (suspendable & N suspendable &)
| suspendable (& ory, &) = (suspendable & N suspendable &)
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| suspendable (¢ U, &) = (¢ = true, A pure-universal & V suspendable &)
| suspendable (¢ R, &) = (¢ = false, A pure-eventual { V suspendable &)

| suspendable (¢ W, &) = (suspendable ¢ N suspendable & V pure-eventual
o N & = falsey)

| suspendable (¢ M,, &) = (suspendable ¢ A suspendable & V pure-universal
© A& = truey)

| suspendable (X,, &) = suspendable £

| suspendable - = False

lemma pure-eventual-left-append:
pure-eventual = w =y 4 = (u ~ W) F=p p
proof (induction p arbitrary: v w)
case (Until-ltin p p')
moreover
then obtain ¢ where suffiz i w =, p’
by auto
hence i = true, = “case
by simp (metis suffiz-conc-length suffiz-suffix)
moreover
have pure-eventual p’ = (u ~ w) =y, pu'
by (metis <suffiz i w =y, p)> Until-ltin(2) prefiz-suffiz)
hence pure-eventual ' = ?case
by force
ultimately
show Zcase
by fastforce
next
case (Release-ltln p p')
thus ?Zcase
by (cases Vi. suffix i w =, p'; simp-all)
(metis linear suffiz-conc-snd grol not-lessO prefix-suffic suffiz-0)+
next
case (WeakUntil-ltln p p')
thus ?Zcase
by (cases Vi. suffiz i w =, p'; simp-all)
(metis zero-le le0 nat-le-linear prefix-suffic suffiz-0 suffiz-conc-length
suffiz-conc-snd suffiz-subseq-join)+
next
case (StrongRelease-ltln p u')
moreover
then obtain i where suffix i w =, p and, u'
by auto
hence i’ = true, = ?case
by simp (metis suffiz-conc-length suffiz-suffix)

42



moreover
have pure-eventual p = pure-eventual p’ = (v ~ w) =, p and, p’
by (metis <suffic i w =, p and, p’ caleulation(1) calculation(2)
prefir-suffix semantics-ltin.simps(5))
hence pure-eventual 1 = pure-eventual u' = Zcase
by force
ultimately
show ?Zcase
by fastforce
qed (auto, metis diff-zero le-0-eq not-less-eq-eq suffiz-conc-length suffix-conc-snd
word-split)

lemma pure-universal-suffiz-closed:
pure-universal v = (u ~ w) =, V = W =, v
proof (induction v arbitrary: u w)
case (Until-ltin v V')
hence 3i. suffix i (u ~ w) F=n v/ A (Vi<i. suffiz j (u ~ w) =, V)
using semantics-ltin.simps(8) by blast
thus ?case
by simp (metis Until-ltin(1—3) le-0-eq le-eq-less-or-eq le-less-linear
prefiz-suffix pure-universal.simps(5) suffiz-conc-fst suffiz-conc-snd)
next
case (Release-ltln v v')
moreover
hence Vi. suffix i (v ~ w) =p vV (3j<i. suffiz j (u ~ w) =y, V)
by simp
ultimately
show ?Zcase
by simp (metis semantics-ltin.simps(2) not-lessO prefix-suffic suffiz-0
suffiz-conc-length suffiz-suffix)
next
case ( WeakUntil-ltin v v')
moreover
hence Vi. suffix i (u ~ w) =n v V (j<i. suffiz j (v ~ w) E, V')
by simp
ultimately
show Zcase
by simp (metis (full-types) le-antisym prefix-suffiz semantics-ltin.simps(2)
suffiz-0 suffiz-conc-length suffiz-suffix zero-le)
next
case (StrongRelease-ltin v v')
hence 3i. suffix i (u ~ w) =p v A (Vji<i. sufficj (v ~ w) FE, V')
using semantics-ltin.simps(11) by blast
thus ?Zcase
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by simp (metis StrongRelease-ltin(1—3) diff-is-0-eq nat-le-linear pre-
fix-conc-length prefiz-suffiz pure-universal.simps(8) subsequence-length suf-
fiz-conc-snd suffiz-subseq-join)
next

case (Next-ltin p)
thus Zcase

by (metis prefiz-suffix pure-universal.simps(9) semantics-ltin.simps(7)
semiring-normalization-rules(24) suffiz-conc-length suffix-suffiz)
qed auto

lemma suspendable-prefiz-invariant:
suspendable ¢ = (u ~ w) | £ — w =, €
proof (induction & arbitrary: u w)
case (Until-ltin & &)
show ?case
proof (cases suspendable &)
case Fulse
hence £ = true, and pure-universal &'
using Until-ltin by simp+
thus ?thesis
by (simp; metis (no-types) linear pure-universal-suffiz-closed suf-
fiz-conc-fst suffiz-conc-length suffiz-conc-snd suffiz-suffix)
qed (simp; metis Until-ltin(2) not-less0 prefiz-suffir)
next
case (Release-ltln £ &)
show ?case
proof (cases suspendable &)
case Fulse
hence ¢ = false, and pure-eventual &’
using Release-ltin by simp+
thus ?thesis
by (simp; metis (no-types) le-iff-add add-diff-cancel-left’ linear
pure-eventual-left-append suffiz-0 suffiz-conc-fst suffiz-conc-snd)
qed (simp; metis Release-ltin(2) not-less0 prefiz-suffix)
next
case (WeakUntil-ltin & &)
show ?case
proof (cases suspendable & N suspendable &)
case Fulse
hence ¢’ = false,, and pure-eventual £
using WeakUntil-ltin by simp+
thus ?thesis
by (simp; metis (no-types) le-iff-add add-diff-cancel-left’ linear
pure-eventual-left-append suffiz-0 suffix-conc-fst suffiz-conc-snd)
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qed (simp; metis (full-types) WeakUntil-ltin.IH prefiz-suffiz)
next
case (StrongRelease-ltin & &)
show ?case
proof (cases suspendable & N suspendable &)
case Fulse
hence ¢’ = true, and pure-universal &
using StrongRelease-ltin by simp+
thus ?thesis
by (simp; metis (no-types) linear pure-universal-suffiz-closed suf-
fiz-conc-fst suffiz-conc-length suffiz-conc-snd suffiz-suffix)
qed (simp; metis (full-types) StrongRelease-ltin.IH (1) StrongRelease-ltin.IH (2)
prefiz-suffix)
qed (simp-all, metis prefiz-suffir)

theorem pure-eventual-until-simp:
assumes pure-eventual
shows w =, ¢ Up p +— w =y 1
proof —
have A\i. suffiz i w =, p = w =n p
using pure-eventual-left-append|OF assms] prefiz-suffic by metis
thus ?thesis
by force
qed

theorem pure-universal-release-simp:
assumes pure-universal v
shows w =, ¢ Ry v +— w = v
proof —
have A\i. w =, v = suffic i w =, v
using pure-universal-suffiz-closed[OF assms| prefiz-suffiz by metis
thus ?thesis
by force
qed

theorem pure-universal-weak-until-simp:
assumes pure-universal ¢ and pure-universal
shows w =, ¢ Wy ¥ «— w =, @ ory ¥
proof —
have A\i. w =, ¢ = suffir i w =, ¢ and A\i. w =, Y = suffiv i w
Fn ¥
using assms pure-universal-suffiz-closed prefiz-suffix by metis+
thus ?thesis
by force
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qed

theorem pure-eventual-strong-release-simp:
assumes pure-cventual ¢ and pure-eventual ¥
shows w =, ¢ M, ¥ «— w =, ¢ and, ¥
proof —
have Ai. suffiz i w =, ¢ = w =, ¢ and Ai. suffiz i w =, Y = w
Fn ¥
using assms pure-eventual-left-append prefiz-suffix by metis+
thus ?thesis
by force
qed

theorem suspendable-formula-simp:
assumes suspendable &
shows w =, X, £ «— w =, £ (is 7t1)
and w =, ¢ Uy € +— w =, € (Is 2t2)
and w =, ¢ R, § «— w =, € (is 7t3)
proof —
have Ai. suffix i w =, £ «— w =, &
using suspendable-prefiz-invariant[ OF assms] prefiz-suffiz by metis
thus 2t1 %t2 2t3
by force+
qed

theorem suspendable-formula-simp2:
assumes suspendable ¢ and suspendable ¢
shows w =, ¢ Wy Y ¢— w =, @ oy, ¢ (is 2t1)
and w |, ¢ My ¥ +— w =y, ¢ and, ¢ (is 9t2)
proof —
have Ai. suffix i w =, ¢ «— w En @ and Ai. suffic i w =, ¥ +— w
Fn ¥
using assms suspendable-prefix-invariant prefix-suffic by metis+
thus %t1 t2
by force+
qged

fun rewrite-modal :: 'a ltln = 'a ltin
where
rewrite-modal true, = true,
| rewrite-modal false, = false,
| rewrite-modal (¢ and, ¥) = (rewrite-modal ¢ and,, rewrite-modal 1))
| rewrite-modal (¢ ory, V) = (rewrite-modal ¢ or,, rewrite-modal 1)
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| rewrite-modal (¢ U, ¥) = (if pure-eventual v V suspendable 1 then
rewrite-modal v else (rewrite-modal ¢ U, rewrite-modal 1))

| rewrite-modal (¢ R, ¥) = (if pure-universal ¥ V suspendable 1 then
rewrite-modal v else (rewrite-modal ¢ R, rewrite-modal 1))

| rewrite-modal (o Wy, ¥) = (if pure-universal ¢ A pure-universal 1 V
suspendable ¢ N suspendable 1) then (rewrite-modal ¢ ory rewrite-modal 1))
else (rewrite-modal ¢ W, rewrite-modal 1))

| rewrite-modal (¢ M,, ) = (if pure-eventual ¢ A pure-eventual ¥ V sus-
pendable @ A suspendable ¢ then (rewrite-modal ¢ and,, rewrite-modal 1))
else (rewrite-modal ¢ M, rewrite-modal 1)))

| rewrite-modal (X, ¢) = (if suspendable ¢ then rewrite-modal ¢ else X,
(rewrite-modal ¢))

| rewrite-modal ¢ = ¢

lemma rewrite-modal-sound [simp]:
w =y, rewrite-modal ¢ «— w =y, @
proof (induction ¢ arbitrary: w)
case (Until-ltin ¢ 1)
thus “case
apply (cases pure-eventual ¥ V suspendable 1)
apply (insert pure-eventual-until-simp|of 1] suspendable-formula-simp[of
¥l)
apply fastforce+
done
next
case (Release-ltin ¢ 1))
thus ?case
apply (cases pure-universal 1) V suspendable 1))
apply (insert pure-universal-release-simp|of 1] suspendable-formula-simp|of
¥])
apply fastforce+
done
next
case ( WeakUntil-ltin ¢ )
thus ?case
apply (cases pure-universal ¢ N pure-universal v V suspendable ¢ N
suspendable 1))
apply (insert pure-universal-weak-until-simp[of ¢ 1] suspendable-formula-simp2[of
@ ¥])
apply fastforce+
done
next
case (StrongRelease-ltin ¢ 1)
thus ?case
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apply (cases pure-eventual ¢ N pure-eventual ¥ V suspendable ¢ N
suspendable 1))
apply (insert pure-eventual-strong-release-simp|of o 1] suspendable-formula-simp2|of
X))
apply fastforce+
done
next
case (Next-ltin @)
thus “case
apply (cases suspendable @)
apply (insert suspendable-formula-simp[of ¢])
apply fastforce+
done
qed auto

lemma rewrite-modal-size:
size (rewrite-modal @) < size
by (induction ¢) auto

2.5 Syntactical Implication Based Simplification

inductive syntactical-implies :: 'a ltln = 'a ltin = bool («- F4 -» [80, 80])
where
- kg true,
| false, Fs -
lp=p=0vhksp

|$0|_SX:>(90andn¢)l_sX
\”¢"sX:>(80andn”¢)FsX
lobs = pFs x = ¢ Fs (¥ andy X)

| obs v = oFs (¥ ory )
‘QOFSX:>(P|_s(w07"nX)
lobsx =Y Fs x = (¢ orn ¥) 5 x

lobFs x = ¢ s (¥ Un x)
|80|_5X:>¢'_SX:>(QPUH¢)|_SX
loFsx =Y Fsv = (¢ Un¥) Fs (x Un v)
| xFs = (¥ Rux)bFs ¢

IxFsp = xFs ¥ = xFs (¢ Rp )
lopFsx =9 Fsv = (¢ Ry ¥) ks (x Ry V)

| (falsen, R, @) Fs v = (falsen, Ry, @) Fs X 0
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| P ks (truen Un d}) = (Xn 90) s (truen Un ¢)
| pbs v = (Xn ¢) Fs (Xn ¢)

lemma syntactical-implies-correct:

sy = wkp o= wnt
by (induction arbitrary: w rule: syntactical-implies.induct; auto; force)

fun rewrite-syn-imp
where
rewrite-syn-imp (¢ and, V) = (
if o Fs 1 then
rewrite-syn-imp @
else if ¥ 5 @ then
rewrite-syn-imp
else if ¢ s (noty, ¥) V ¥ kg (not, o) then
false,
else
mk-and (rewrite-syn-imp ) (rewrite-syn-imp 1))
| rewrite-syn-imp (¢ or, ¥) = (
if o kg then
rewrite-syn-imp
else if Y 5 @ then
rewrite-syn-imp @
else if (not, ©) Fs ¥ V (not, ) b4 ¢ then
true,,
else
mk-or (rewrite-syn-imp @) (rewrite-syn-imp 1))
| rewrite-syn-imp (¢ Up ) = (
if o kg then
rewrite-syn-itmp ¥
else if (not, ) ks ¥ then
mk-finally (rewrite-syn-imp 1)
else
mk-until (rewrite-syn-imp @) (rewrite-syn-imp 1))
| rewrite-syn-imp (¢ R, ¥) = (
if ¥ s @ then
rewrite-syn-imp
else if ¥ b4 (not, @) then
mk-globally (rewrite-syn-imp 1))
else
mk-release (rewrite-syn-imp ) (rewrite-syn-imp 1))
| rewrite-syn-imp (X,, ¢) = mk-next (rewrite-syn-imp ¢)
| rewrite-syn-imp ¢ = ¢
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lemma rewrite-syn-imp-sound:
w =y, rewrite-syn-imp @ <— w =, @
proof (induction ¢ arbitrary: w)
case And-ltin
thus ?Zcase
by (simp add: Let-def; metis syntactical-implies-correct not,-semantics)
next
case (Or-ltin ¢ 1)
moreover
have (not, ¢) Fs ¥ = Yw. w =, ¢ or, ¥
by (auto intro: syntactical-implies-correct[of not,, ¢])
moreover
have (not, V) Fs ¢ = Yw. w =, ¢ ory, ¥
by (auto intro: syntactical-implies-correct|of not, 1))
ultimately
show Zcase
by (auto intro: syntactical-implies-correct)
next
case (Until-ltin ¢ )
moreover
have ¢ 5 v = Zcase
by (force simp add: Until-ltin dest: syntactical-implies-correct)
moreover
{
assume A: (not, ¢) s and B: = ¢ 5 ¢
hence [simp]: rewrite-syn-imp (¢ U, 1) = mk-finally (rewrite-syn-imp

¥)
by simp
{
assume 1. suffic i w =, Y
moreover
define i where i = LEAST i. suffix i w =, ¥
ultimately
have Vj < i. —suffiz j w =, ¢ and suffiz i w =, ¢
by (blast dest: not-less-Least , metis Least] «3i. suffix i w =y, ¥
i-def)
hence Vj < i. suffiz j w =, ¢ and suffiz i w =, ¥
using syntactical-implies-correct|OF A] by auto
}

hence ?case
by (simp del: rewrite-syn-imp.simps; unfold Until-ltin(2)) blast
}

ultimately
show ?case
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by fastforce
next
case (Release-ltin ¢ 1)
moreover
have ¢ 5 ¢ = Zcase
by (force simp add: Release-ltin dest: syntactical-implies-correct)
moreover
{
assume A: ¢ 4 (not, ¢) and B: = ¢ 4 ¢
hence [simp]: rewrite-syn-imp (p Ry, 1) = mk-globally (rewrite-syn-imp

¥)
by simp
{
assume 4. —suffic i w =, Y
moreover
define ¢ where i = LEAST i. —suffiz i w =, ¢
ultimately
have Vj < i. suffix j w =, ¥ and — suffiz { w =, ¥
by (blast dest: not-less-Least , metis Least] <3i. —suffix i w =, >
i-def)
hence Vj < i. —suffiz j w =, ¢ and - suffic i w =, ¢
using syntactical-implies-correct| OF A] by auto
}

hence ?case

}

ultimately
show ?case
by fastforce
qed auto

by (simp del: rewrite-syn-imp.simps; unfold Release-ltin(2)) blast

2.6 Iterated Rewriting

fun iterate
where
iterate fx 0 =
| iterate f x (Suc n) = (let ' = fx in if x = z' then x else iterate f x' n)

definition
rewrite-iter-fast ¢ = iterate (rewrite-modal o rewrite-X) ¢ (size @)

definition
rewrite-iter-slow ¢ = iterate (rewrite-syn-imp o rewrite-modal o rewrite-X)
@ (size @)
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The rewriting functions defined in the previous subsections can be used as-is.
However, in the most cases one wants to iterate these rules until the formula
cannot be simplified further. rewrite-iter-fast pulls X operators up in the
syntax tree and the uses the "modal" simplification rules. rewrite-iter-slow
additionally tries to simplify the formula using syntactic implication check-
ing.
lemma iterate-sound:

assumes N\p. w =, f o «— w =, @

shows w |=, iterate f o n +— w =, ¢

by (induction n arbitrary: ¢; simp add: assms Let-def)

theorem rewrite-iter-fast-sound [simp]:
w =y, rewrite-iter-fast ¢ «— w =y, @
using iterate-sound|of - rewrite-modal o rewrite-X]
unfolding comp-def rewrite-modal-sound rewrite- X-sound rewrite-iter-fast-def
by blast

theorem rewrite-iter-slow-sound [simp]:
w =y, rewrite-iter-slow ¢ <— w =y @
using iterate-sound|of - rewrite-syn-imp o rewrite-modal o rewrite-X|
unfolding comp-def rewrite-modal-sound rewrite- X-sound rewrite-syn-imp-sound
rewrite-iter-slow-def
by blast

2.7 Preservation of atoms

lemma iterate-atoms:
assumes
Np. atoms-ltin (f ¢) C atoms-ltin ¢
shows
atoms-ltin (iterate f ¢ n) C atoms-ltln ¢
by (induction n arbitrary: ¢) (auto, metis (mono-tags, lifting) assms
in-mono)

lemma rewrite-modal-atoms:
atoms-ltln (rewrite-modal ¢) C atoms-ltin ¢
by (induction @) auto

lemma mk-and-atoms:
atoms-ltin (mk-and ¢ ) C atoms-ltin ¢ U atoms-ltin ¢
by (auto simp: mk-and-def split: ltin.splits)

lemma mk-or-atoms:
atoms-ltln (mk-or ¢ ) C atoms-ltln ¢ U atoms-Itin ¢
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by (auto simp: mk-or-def split: ltin.splits)

lemma remove-strong-ops-atoms:
atoms-ltin (remove-strong-ops p) C atoms-ltin ¢
by (induction ¢) auto

lemma remove-weak-ops-atoms:
atoms-ltln (remove-weak-ops p) C atoms-ltln
by (induction ¢) auto

lemma mk-finally-atoms:

atoms-ltln (mk-finally p) C atoms-ltln

by (auto simp: mk-finally-def split: ltin.splits) (insert remove-strong-ops-atoms,
fast+)

lemma mk-globally-atoms:

atoms-ltln (mk-globally ¢) C atoms-ltin ¢

by (auto simp: mk-globally-def split: ltin.splits) (insert remove-weak-ops-atoms,
fast+)

lemma mk-until-atoms:

atoms-ltln (mk-until ¢ 1) C atoms-ltin ¢ U atoms-Itin 1

by (auto simp: mk-until-def split: ltin.splits) (insert mk-finally-atoms, fast-
force+)

lemma mk-release-atoms:

atoms-ltin (mk-release ¢ 1) C atoms-ltln ¢ U atoms-Itin i

by (auto simp: mk-release-def split: ltin.splits) (insert mk-globally-atoms,
fastforce+)

lemma mk-weak-until-atoms:

atoms-ltln (mk-weak-until ¢ ) C atoms-ltin ¢ U atoms-ltin 1)

by (auto simp: mk-weak-until-def split: ltin.splits) (insert mk-globally-atoms,
fastforce+)

lemma mk-strong-release-atoms:

atoms-ltln (mk-strong-release p 1) C atoms-ltin ¢ U atoms-ltin

by (auto simp: mk-strong-release-def split: ltln.splits) (insert mk-finally-atoms,
fastforce+)

lemma mk-next-atoms:

atoms-ltln (mk-next ¢) = atoms-ltln ¢
by (auto simp: mk-next-def split: ltin.splits)
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lemma mk-next-pow-atoms:
atoms-ltln (mk-next-pow n ) = atoms-ltln ¢
by (induction n) (auto simp: mk-next-pow-def split: ltin.splits)

lemma combine-atoms:
assumes
N V. atoms-ltln (f ¢ ) C atoms-ltin ¢ U atoms-ltin )
shows
atoms-ltin (fst (combine f x y)) C atoms-ltin (fst ) U atoms-ltin (fst y)
by (metis assms fst-combine mk-next-pow-atoms prod.collapse)

lemmas combine-mk-atoms =
combine-atoms| OF mk-and-atoms]
combine-atoms|OF mk-or-atoms]
combine-atoms|OF mk-until-atoms]
combine-atoms| OF mk-release-atoms]
combine-atoms| OF mk-weak-until-atoms]
combine-atoms|OF mk-strong-release-atoms]

lemma rewrite-X-enat-atoms:

atoms-ltln (fst (rewrite-X-enat ¢)) C atoms-ltin ¢

by (induction ¢) (simp-all add: case-prod-beta, insert combine-mk-atoms,
fast+)

lemma rewrite-X-atoms:

atoms-ltin (rewrite-X @) C atoms-ltin ¢

by (induction ) (simp-all add: rewrite-X-def mk-next-pow-atoms case-prod-beta,
insert combine-mk-atoms, fast+)

lemma rewrite-syn-imp-atoms:
atoms-ltln (rewrite-syn-imp @) C atoms-ltin ¢
proof (induction )
case (And-ltln p1 ¢2)
then show ?case
using mk-and-atoms by simp fast
next
case (Or-ltln p1 ¢2)
then show ?case
using mk-or-atoms by simp fast
next
case (Next-ltin @)
then show ?case
using mk-next-atoms by simp fast
next
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case (Until-ltin o1 ¢2)
then show “case
using mk-finally-atoms mk-until-atoms by simp fast
next
case (Release-ltin p1 p2)
then show “case
using mk-globally-atoms mk-release-atoms by simp fast
qed simp-all

lemma rewrite-iter-fast-atoms:
atoms-ltln (rewrite-iter-fast ¢) C atoms-ltin ¢
proof —
have 1: A\y. atoms-ltin (rewrite-modal (rewrite-X ¢)) C atoms-ltln ¢
using rewrite-modal-atoms rewrite-X-atoms by force

show “thesis
by (simp add: rewrite-iter-fast-def 1 iterate-atoms)
qed

lemma rewrite-iter-slow-atoms:
atoms-ltln (rewrite-iter-slow @) C atoms-ltin ¢
proof —
have 1: A\p. atoms-ltin (rewrite-syn-imp (rewrite-modal (rewrite-X ¢)))
C atoms-ltin ¢
using rewrite-syn-imp-atoms rewrite-modal-atoms rewrite-X-atoms by
force

show %thesis
by (simp add: rewrite-iter-slow-def 1 iterate-atoms)
qged

2.8 Simplifier

We now define a convenience wrapper for the rewriting engine
datatype mode = Nop | Fast | Slow
fun simplify :: mode = 'a ltin = 'a ltin
where
simplify Nop = id

| simplify Fast = rewrite-iter-fast
| simplify Slow = rewrite-iter-slow

theorem simplify-correct:
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w =, stmplify m p <— w =, @
by (cases m) simp+

lemma simplify-atoms:

atoms-ltln (simplify m @) C atoms-ltin ¢

by (cases m) (insert rewrite-iter-fast-atoms rewrite-iter-slow-atoms, fast-
force+)

2.9 Code Generation

code-pred syntactical-implies .
export-code simplify checking

lemma rewrite-iter-fast (Fy, (G (X, propn("a’)))) = (Fy (G propn("'a’)))
by eval

lemma rewrite-iter-fast (X, prop,("a’) U, (X, npropn,("a”))) = X, (propn("a”)
Uy, npropy("a’))
by eval

lemma rewrite-iter-slow (X,, prop,("a”) U, (X, nprop,("a"))) = X, (F,

npropy,("a’))
by eval

end

3 Equivalence Relations for LTL formulas

theory FEquivalence-Relations
imports

LTL
begin

3.1 Language Equivalence

definition ltl-lang-equiv :: 'a ltin = 'a ltin = bool (infix «~p) 75)
where

o~ =VwowE, o — wky Y

lemma ltl-lang-equiv-equivp:
equivp (~r)
unfolding Itl-lang-equiv-def
by (simp add: equivpl refip-def symp-def transp-def)

o6



lemma lti-lang-equiv-and-true[simp]:
Y1 and, 2 ~p true, <— @1 ~p true, A 2 ~p true,
unfolding Itl-lang-equiv-def by auto

lemma lti-lang-equiv-and-false[intro, simp:
1~ falsen, = 1 andy, p2 ~1, false,
2 ~ falsen, = 1 andy, p2 ~1, false,
unfolding ltl-lang-equiv-def by auto

lemma lti-lang-equiv-or-false|simp):
Y1 orp w2 ~p false, <— @1 ~1, false, N\ 2 ~1 false,
unfolding Itl-lang-equiv-def by auto

lemma lti-lang-equiv-or-const[intro, simp):
p1 ~ true, = @1 ory P2 ~L true,
g ~ true, = @1 ory o ~ true,
unfolding ltl-lang-equiv-def by auto

3.2 Propositional Equivalence

fun ltl-prop-entailment :: 'a ltin set = 'a ltin = bool (infix <=p> 80)
where
A E=p true, = True
| A Ep false, = False
| AEpand, v = (AEp e AN AP Y)
| AEp oty =(AEpeVAEPY)
|AEPe=(peA

lemma [tl-prop-entailment-monotonl [introl:
S':pg0:>SgSI:>S/):P(P
by (induction ¢) auto

lemma [tl-models-equiv-prop-entailment:

wEn g = {Y wE P} P g
by (induction ¢) auto

definition ltl-prop-equiv :: 'a ltln = 'a ltin = bool (infix <~p> 75)
where

po~ptp =VA AEpp— AEp Y
definition ltl-prop-implies :: 'a ltin = 'a ltln = bool (infix <—p» 75)

where

o —pp=VA AEpp — AEp
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lemma [tl-prop-implies-equiv:
p~p Y (p—pP Y ANY —p )
unfolding Itl-prop-equiv-def ltl-prop-implies-def by meson

lemma [tl-prop-equiv-equivp:
equivp (~p)
by (simp add: ltl-prop-equiv-def equivpl reflp-def symp-def transp-def)

lemma [tl-prop-equiv-trans|trans]:

p~p Y=Y ~p X =P X
by (simp add: ltl-prop-equiv-def)

lemma Itl-prop-equiv-true:

o ~p true, «<— {} Fp ¢
using bot.extremum ltl-prop-entailment.simps(1) ltl-prop-equiv-def by blast

lemma [tl-prop-equiv-false:

@ ~p false, «— = UNIV [=p ¢

by (meson ltl-prop-entailment.simps(2) ltl-prop-entailment-monotonl ltl-prop-equiv-def
top-greatest)

lemma [tl-prop-equiv-true-implies-true:
T ~p true, = T —p Yy = Yy ~p true,
by (simp add: ltl-prop-equiv-def ltl-prop-implies-def)

lemma [tl-prop-equiv-false-implied-by-false:
y ~p false, = ¢ —p y = = ~p false,
by (simp add: ltl-prop-equiv-def ltl-prop-implies-def)

lemma [tl-prop-implication-implies-ltl-implication:
whEL, = @ —pth = wE, ¢
using [tl-models-equiv-prop-entailment ltl-prop-implies-def by blast

lemma ltl-prop-equiv-implies-ltl-lang-equiv:

p~p )= QLY

using ltl-lang-equiv-def ltl-prop-implication-implies-ltl-implication ltl-prop-implies-equiv
by blast

lemma [tl-prop-equiv-lt-ltl-lang-equiv]simp]:

(~p) < (~rL)
using ltl-prop-equiv-implies-ltl-lang-equiv by blast
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3.3 Constants Equivalence

datatype tvl = Yes | No | Maybe

definition eval-and :: tvl = tvl = tvl
where
eval-and ¢ ¢ =
(case (¢, ) of
(Yes, Yes) = Yes

| (No, -) = No

| (-, No) = No

| - = Maybe)

definition eval-or :: tvl = tvl = tul
where
eval-or ¢ P =
(case (¢, ) of
(No, No) = No
| (Yes, -) = Yes
| (-, Yes) = Yes
| - = Maybe)

fun eval :: 'a ltin = tvl
where
eval true,, = Yes
| eval false, = No
| eval (¢ and, ) = eval-and (eval ) (eval 1))
| eval (¢ ory ) = eval-or (eval ) (eval 1))
| eval ¢ = Maybe

lemma eval-and-const[simp):
eval-and ¢ b = No <— ¢ = No V b = No
eval-and ¢ ¥ = Yes +— ¢ = Yes A ¢ = Yes
unfolding eval-and-def
by (cases p; cases 1, auto)+

lemma eval-or-const[simp]:
eval-or ¢ P = Yes +— ¢ = Yes V ¢ = Yes
eval-or ¢ Y = No <— ¢ = No A ¢ = No
unfolding eval-or-def
by (cases p; cases 1, auto)+

lemma eval-prop-entailment:
eval o = Yes +— {} Fp ¢
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eval ¢ = No «— — UNIV Ep ¢
by (induction ) auto

definition [tl-const-equiv :: 'a ltin = 'a ltin = bool (infix (~c> 75)
where

o~ ) =9 =19V (eval p = eval Y N eval 1 # Maybe)

lemma [tl-const-equiv-equivp:
equinp (~c)
unfolding [tl-const-equiv-def
by (intro equivpl refipl sympl transpl) auto

lemma [tl-const-equiv-const:
Y ~c true, <— eval ¢ = Yes
© ~¢ false, +— eval ¢ = No
unfolding ltl-const-equiv-def by force+

lemma [tl-const-equiv-and-const[simp]:
p1 andy, P2 ~c true, <— @1 ~c true, A 2 ~c true,
1 andy, @2 ~c¢ falsen, <— p1 ~c falsen, V @2 ~c false,
unfolding [tl-const-equiv-const by force+

lemma lti-const-equiv-or-const|[simp|:
p1 0Ty Y2 ~c true, <— @1 ~¢ true, V @2 ~¢ true,
1 0Ty 2 ~c false, < w1 ~¢ false, N p2 ~c false,
unfolding Itl-const-equiv-const by force+

lemma lti-const-equiv-other|simp):
@ ~c propp(a) «— ¢ = propy(a)
© ~c npropy(a) +— @ = nprop,(a)
@NCXn@b(—)@:an
o ~c Y1 Up Y2 < @ =1 Up o
o ~c Y1 Ry o < ¢ =1 Ry 92
o ~c Y1 Wi the <— o =91 Wy 1o
o ~c Y1 Mp o < o =11 My o
using ltl-const-equiv-def by fastforce+

lemma [tl-const-equiv-no-const-singleton:
eval Y = Maybe = ¢ ~o YV = p =V
unfolding ltl-const-equiv-def by fastforce

lemma [tl-const-equiv-implies-prop-equiv:
p ~c true, <— @ ~p true,

o ~¢ false, +— ¢ ~p false,
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unfolding Itl-const-equiv-const eval-prop-entailment ltl-prop-equiv-def
by auto

lemma [tl-const-equiv-no-const-prop-equiv:
eval ¥ = Maybe = ¢ ~c ) = @ ~p ¢

using ltl-const-equiv-no-const-singleton equivp-refip| OF Itl-prop-equiv-equivp]
by blast

lemma [tl-const-equiv-implies-Itl-prop-equiv:
pr~e )= p~py

proof (induction 1)
case (And-ltln 1 2)

show ?Zcase

proof (cases eval (1 and, ¥2))
case Yes

then have ¢ ~¢ true,

by (meson And-ltin.prems equivp-transp ltl-const-equiv-const(1) Itl-const-equiv-equivp)
then show ?thesis

by (metis (full-types) Yes ltl-const-equiv-const(1) ltl-const-equiv-implies-prop-equiv(1)
ltl-prop-equiv-trans Itl-prop-implies-equiv)
next
case No

then have ¢ ~¢ false,

by (meson And-ltin.prems equivp-transp ltl-const-equiv-const(2) Itl-const-equiv-equivp)
then show %thesis

by (metis (full-types) No ltl-const-equiv-const(2) ltl-const-equiv-implies-prop-equiv(2)
ltl-prop-equiv-trans Itl-prop-implies-equiv)
next
case Maybe

then show ?thesis

using And-ltin.prems ltl-const-equiv-no-const-prop-equiv by force
qed

next
case (Or-ltln Y1 2)
then show “case
proof (cases eval (Y1 or, ¥2))

case Yes

then have ¢ ~¢ true,

61



by (meson Or-ltin.prems equivp-transp ltl-const-equiv-const(1) ltl-const-equiv-equivp)
then show ?thesis
by (metis (full-types) Yes ltl-const-equiv-const(1) ltl-const-equiv-implies-prop-equiv(1)
ltl-prop-equiv-trans ltl-prop-implies-equiv)
next
case No

then have ¢ ~¢ false,
by (meson Or-ltin.prems equivp-transp ltl-const-equiv-const(2) ltl-const-equiv-equivp)
then show ?thesis
by (metis (full-types) No ltl-const-equiv-const(2) ltl-const-equiv-implies-prop-equiv(2)
ltl-prop-equiv-trans Itl-prop-implies-equiv)
next
case Maybe

then show ?thesis
using Or-ltin.prems [tl-const-equiv-no-const-prop-equiv by force
qed
qed (simp-all add: ltl-const-equiv-implies-prop-equiv equivp-reflp| OF ltl-prop-equiv-equivp])

lemma lti-const-equiv-lt-Itl-prop-equiv|[simp):

(~co) < (~p)
using [tl-const-equiv-implies-ltl-prop-equiv by blast

3.4 Quotient types

quotient-type ‘a ltlng, = 'a ltin / (~p)
by (rule ltl-lang-equiv-equivp)

instantiation ltiny, :: (type) equal
begin

lift-definition ltiny -eq-test :: 'a ltin;, = 'a ltln;, = bool is Az y. © ~p, y
by (metis ltiny,.abs-eq-iff)

definition
eqr: equal-class.equal = lting -eq-test

instance
by (standard; simp add: eqr, lting -eq-test.rep-eq, metis Quotient-ltiny, Quo-

tient-rel-rep)

end

62



quotient-type 'a ltlnp = 'a ltin | (~p)
by (rule ltl-prop-equiv-equivp)

instantiation ltinp :: (type) equal
begin

lift-definition ltinp-eq-test :: 'a ltinp = 'a ltinp = bool is Az y. x ~p y
by (metis ltinp.abs-eq-iff)

definition
eqp: equal-class.equal = ltinp-eq-test

instance
by (standard; simp add: eqp ltinp-eq-test.rep-eq, metis Quotient-ltinp
Quotient-rel-rep)

end
quotient-type ‘a lting = 'a ltin | (~¢)
by (rule ltl-const-equiv-equivp)

instantiation ltinc :: (type) equal
begin

lift-definition lting-eg-test :: 'a lting = 'a lting = bool is Az y. x ~¢c y
by (metis ltinc.abs-eq-iff)

definition
eqo: equal-class.equal = lting-eq-test

instance
by (standard; simp add: eqc ltlnc-eq-test.rep-eq, metis Quotient-lting
Quotient-rel-rep)

end

3.5 Cardinality of propositional quotient sets

definition sat-models :: 'a ltinp = 'a ltin set set
where
sat-models ¢ = {A. A [=p rep-ltinp ¢}
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lemma Rep-Abs-prop-entailment|simpl:

A Ep rep-ltinp (abs-ltlnp ¢) = A E=p ¢
by (metis Quotient3-ltinp Quotient3-rep-abs ltl-prop-equiv-def)

lemma sat-models-Abs:
A € sat-models (abs-ltinp ) = A Ep ¢
by (simp add: sat-models-def)

lemma sat-models-inj:
inj sat-models
proof (rule injI)
fix p ¢ 2 ‘a ltlnp
assume sat-models ¢ = sat-models

then have rep-ltinp ¢ ~p rep-ltinp
unfolding sat-models-def ltl-prop-equiv-def by force

then show ¢ = ¢
by (meson Quotient3-ltinp Quotient3-rel-rep)
ged

fun prop-atoms :: 'a ltin = 'a ltln set
where
prop-atoms true, = {}
| prop-atoms false, = {}
| prop-atoms (¢ and, ) = prop-atoms ¢ U prop-atoms 1)
| prop-atoms (¢ or, ¥) = prop-atoms ¢ U prop-atoms
| prop-atoms o = {¢}

fun nested-prop-atoms :: 'a ltin = 'a ltin set
where
nested-prop-atoms true, = {}
| nested-prop-atoms false, = {}
| nested-prop-atoms (¢ and, ¥) = nested-prop-atoms ¢ U nested-prop-atoms

(8

| nested-prop-atoms (¢ ory, 1) = nested-prop-atoms ¢ U nested-prop-atoms

(G
| nested-prop-atoms (X, ¢) = {X, ¢} U nested-prop-atoms ¢
| nested-prop-atoms (¢ Uy ) = {¢ U, ¥} U nested-prop-atoms ¢ U nested-prop-atoms

(0
| nested-prop-atoms (¢ Ry, ¥) = {¢ Ry, ¥} U nested-prop-atoms ¢ U nested-prop-atoms

(G
| nested-prop-atoms (¢ Wy ¢) = {¢ Wy ¥} U nested-prop-atoms ¢ U
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nested-prop-atoms

| nested-prop-atoms (¢ M, ¥) = {¢ M, ¥} U nested-prop-atoms ¢ U
nested-prop-atoms

| nested-prop-atoms ¢ = {p}

lemma prop-atoms-nested-prop-atoms:
prop-atoms @ C nested-prop-atoms ¢
by (induction ¢) auto

lemma prop-atoms-subfrmlsn:
prop-atoms ¢ C subfrmlisn ¢
by (induction ¢) auto

lemma nested-prop-atoms-subfrmlsn:
nested-prop-atoms @ C subfrmlsn ¢
by (induction ¢) auto

lemma prop-atoms-notin|simp):
true, & prop-atoms ¢
false, & prop-atoms ¢
©1 andy, w2 ¢ prop-atoms
p1 0Ty P2 & prop-atoms ¢
by (induction ¢) auto

lemma nested-prop-atoms-notin|simpl:
true, ¢ nested-prop-atoms
false, ¢ nested-prop-atoms ¢
1 and, p2 ¢ nested-prop-atoms ¢
©1 orp 2 & nested-prop-atoms ¢
by (induction ¢) auto

lemma prop-atoms-finite:
finite (prop-atoms @)
by (induction ¢) auto

lemma nested-prop-atoms-finite:
finite (nested-prop-atoms )
by (induction ¢) auto
lemma prop-atoms-entailment-iff:
© € prop-atoms p =—= A Ep p+—> p e A
by (induction ¢) auto

lemma prop-atoms-entailment-inter:
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prop-atoms p C P —= (AN P)Epp=AEpy
by (induction ) auto

lemma nested-prop-atoms-entailment-inter:
nested-prop-atoms ¢ C P —= (ANP)Epp=AEpy
by (induction ) auto

lemma sat-models-inter-inj-helper:
assumes
prop-atoms ¢ C P
and
prop-atoms ¢ C P
and
sat-models (abs-ltinp ) N Pow P = sat-models (abs-ltinp ) N Pow P
shows
pr~p Y
proof —
from assms have VA. (AN P) E=pp +— (AN P) =p
by (auto simp: sat-models-Abs)

with assms show ¢ ~p )
by (simp add: prop-atoms-entailment-inter ltl-prop-equiv-def)
qed

lemma sat-models-inter-inj:
inj-on (Ap. sat-models ¢ N Pow P) {abs-ltinp ¢ |p. prop-atoms ¢ C P}
by (auto simp: inj-on-def sat-models-inter-inj-helper ltinp.abs-eq-iff)

lemma sat-models-pow-pow:

{sat-models (abs-ltlnp @) N Pow P | ¢. prop-atoms ¢ C P} C Pow (Pow
P)

by (auto simp: sat-models-def)

lemma sat-models-finite:

finite P = finite {sat-models (abs-ltlnp ¢) N Pow P | . prop-atoms ¢
c P}

using sat-models-pow-pow finite-subset by fastforce

lemma sat-models-card:

finite P => card ({sat-models (abs-ltlnp ¢) N Pow P | ¢. prop-atoms ¢
CPH<272 card P

by (metis (mono-tags, lifting) sat-models-pow-pow Pow-def card-Pow card-mono
finite-Collect-subsets)
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lemma image-filter:

f{gala Pa}={f(ga)l|a Pa}
by blast

lemma prop-equiv-finite:
finite P = finite {abs-ltinp 1 | . prop-atoms » C P}
by (auto simp: image-filter sat-models-finite finite-imageD]OF - sat-models-inter-inj|)

lemma prop-equiv-card:

finite P = card {abs-ltinp ) | . prop-atoms ¢ C P} < 2 = 2 " card P

by (auto simp: image-filter sat-models-card card-image[ OF sat-models-inter-inj,
symmetric])

lemma prop-equiv-subset:
{abs-ltinp 1) |1. nested-prop-atoms 1p C P} C {abs-ltinp ) |3p. prop-atoms
¢ < P}

using prop-atoms-nested-prop-atoms by blast

lemma prop-equiv-finite”:
finite P = finite {abs-ltinp 1 | 1. nested-prop-atoms » C P}
using prop-equiv-finite prop-equiv-subset finite-subset by fast

lemma prop-equiv-card:

finite P = card {abs-ltinp ¢ | 1. nested-prop-atoms p C P} < 2 =2
card P

by (metis (mono-tags, lifting) prop-equiv-card prop-equiv-subset prop-equiv-finite
card-mono le-trans)

3.6 Substitution

fun subst :: ‘a ltin = ("a ltln — 'a ltin) = 'a ltin
where
subst true,, m = true,
| subst false, m = falsey,
| subst (p and, ¥) m = subst ¢ m and, subst 1»p m
| subst (¢ ory ©¥) m = subst ¢ m ory, subst 1p m
| subst o m = (case m ¢ of Some 1» = ¢ | None = )

Based on Uwe Schoening’s Translation Lemma (Logic for CS, p. 54)

lemma [tl-prop-equiv-subst-S:
S Ep subst o m = ((S — dom m) U {x | x X" x € domm A m x =
Some x' NS Ep x'}) Ep ¢
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by (induction ¢) (auto split: option.split)

lemma subst-respects-ltl-prop-entailment:

o —p ) => subst ¢ m —p subst Y m

@ ~p Y = subst ¢ m ~p subst Y m

unfolding [tl-prop-equiv-def ltl-prop-implies-def ltl-prop-equiv-subst-S by
blast+

lemma eval-subst:

eval ¢ = Yes = eval (subst ¢ m) = Yes

eval ¢ = No = eval (subst ¢ m) = No

by (meson empty-subsetl eval-prop-entailment Iltl-prop-entailment-monotonl
ltl-prop-equiv-subst-S subset-UNIV )+

lemma subst-respects-ltl-const-entailment:
@ ~c ¥ = subst p m ~¢ subst Y m
unfolding ltl-const-equiv-def
by (cases eval ) (metis eval-subst(1), metis eval-subst(2), blast)

3.7 Order of Equivalence Relations

locale [tl-equivalence =
fixes
eq :: 'a ltin = 'a ltln = bool (infix «~) 75)
assumes
eq-equivp: equivp (~)
and
ge-const-equiv: (~¢) < (~)
and
le-lang-equiv: (~) < (~r)
begin

lemma eq-implies-ltl-equiv:

o~ = whE, o =w )
using le-lang-equiv ltl-lang-equiv-def by blast

lemma const-implies-eq:
prrct) = o~
using ge-const-equiv by blast

lemma eg-implies-lang:

o~ = @rp
using le-lang-equiv by blast
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lemma eg-refl[simp):
Y~ P
by (meson eq-equivp equivp-refip)

lemma eg-sym|[sym]:
o~ =Y~
by (meson eq-equivp equivp-symp)

lemma eq-trans|trans]:
g~ =Y~ = o~ X
by (meson eg-equivp equivp-transp)

end

interpretation [tl-lang-equivalence: ltl-equivalence (~p)
using ltl-lang-equiv-equivp ltl-const-equiv-It-Itl-prop-equiv ltl-prop-equiv-It-ltl-lang-equiv
by unfold-locales blast+

interpretation [tl-prop-equivalence: ltl-equivalence (~p)
using ltl-prop-equiv-equivp ltl-const-equiv-It-ltl-prop-equiv ltl-prop-equiv-It-ltl-lang-equiv
by unfold-locales blast+

interpretation [tl-const-equivalence: ltl-equivalence (~¢)
using ltl-const-equiv-equivp ltl-const-equiv-lt-ltl-prop-equiv ltl-prop-equiv-lt-ltl-lang-equiv
by unfold-locales blast+

end

4 Disjunctive Normal Form of LTL formulas

theory Disjunctive-Normal-Form
imports

LTL Equivalence-Relations HOL— Library.FSet
begin

We use the propositional representation of LTL formulas to define the mini-
mal disjunctive normal form of our formulas. For this purpose we define the
minimal product ®,, and union U,,. In the end we show that for a set A of
literals, A =p ¢ if, and only if, there exists a subset of A in the minimal
DNF of ¢.
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4.1 Definition of Minimum Sets

definition (in ord) min-set :: 'a set = 'a set where
min-set X ={y € X.Ve e X. 2 <y — z =y}

lemma min-set-iff:
zeminset X «— e XANNVyeX. y<z— y=n1)
unfolding min-set-def by blast

lemma min-set-subset:
min-set X C X
by (auto simp: min-set-def)

lemma min-set-idem[simp):
min-set (min-set X) = min-set X
by (auto simp: min-set-def)

lemma min-set-empty|simp):

min-set {} = {}

using min-set-subset by blast

lemma min-set-singleton[simp]:
min-set {z} = {z}
by (auto simp: min-set-def)

lemma min-set-finite:
finite X = finite (min-set X)
by (simp add: min-set-def)

lemma min-set-obtains-helper:
Ae B=3C. C|C| AN C € min-set B

proof (induction fecard A arbitrary: A rule: less-induct)
case less

then have (VA A'¢ BV ~ A'|C| AV A'= A) v (3A. A'|C| AN A

€ min-set B)

by (metis (no-types) dual-order.trans order.not-eq-order-implies-strict

pfsubset-feard-mono)
then show ?case
using less.prems min-set-def by auto

ged

lemma min-set-obtains:
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assumes A € B
obtains C where C |C| A and C € min-set B
using min-set-obtains-helper assms by metis

4.2 Minimal operators on sets

definition product :: 'a fset set = 'a fset set = 'a fset set (infixr «®» 65)
where A ® B={a|U|b|ab ac AANDbec B}

definition min-product :: 'a fset set = 'a fset set = 'a fset set (infixr (®,,»
65)
where A ®,, B = min-set (A ® B)

definition min-union :: 'a fset set = 'a fset set = 'a fset set (infixr (U,»
65)
where A U,, B = min-set (A U B)

definition product-set :: 'a fset set set = 'a fset set («@Q)»)
where Q X = Finite-Set.fold product {{||}} X

definition min-product-set :: 'a fset set set = 'a fset set (<@ m?)
where ), X = Finite-Set.fold min-product {{||}} X

lemma min-product-idem[simp:
A R A = min-set A
by (auto simp: min-product-def product-def min-set-def) fastforce

lemma min-union-idem|simpl:
A U, A = min-set A
by (simp add: min-union-def)

lemma product-empty[simp]:
Ao {}={}
{}® A={}

by (simp-all add: product-def)
lemma min-product-empty|simpl:

A @m{} =A{}

{} &m A={}

by (simp-all add: min-product-def)

lemma min-union-empty[simp]:
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A Uy, {} = min-set A
{} Um A = min-set A
by (simp-all add: min-union-def)

lemma product-empty-singleton[simp):
Ao {ll}} =4

{ifeA=4
by (simp-all add: product-def)

lemma min-product-empty-singleton[simp]:
A ®p {{l|}} = min-set A
{II}} ®m A = min-set A
by (simp-all add: min-product-def)

lemma product-singleton-singleton:
A @ {{|z|}} = finsert x < A
{H{lz]}} ® A = finsert x < A
unfolding product-def by blast+

lemma product-mono:
ACB= A (CCB®C
BC(C=A®BCA®C
unfolding product-def by auto

lemma product-finite:
finite A = finite B = finite (A ® B)
by (simp add: product-def finite-image-set2)

lemma min-product-finite:
finite A = finite B => finite (A @, B)
by (metis min-product-def product-finite min-set-finite)

lemma min-union-finite:

finite A = finite B = finite (A U,, B)
by (simp add: min-union-def min-set-finite)

lemma product-set-infinite[simp):
infinite X = @ X = {{||}}
by (simp add: product-set-def)

lemma min-product-set-infinite[simp):
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infinite X —= Qm X = {{||}}
by (simp add: min-product-set-def)

lemma product-comm:
AR B=B® A
unfolding product-def by blast

lemma min-product-comm:
AR, B=B®,A
unfolding min-product-def
by (simp add: product-comm)

lemma min-union-comm:
AU, B=BU, A
unfolding min-union-def
by (simp add: sup.commute)

lemma product-iff:
t€ AR B+— (Ja€e A.FJbe B.z=a |U| D)
unfolding product-def by blast

lemma min-product-iff:

zt€A®y B+— (Jac A JbeB z=alJb)ANNVMac A Vbe B.a
Ul b|C|z — a|U] b=2x)

unfolding min-product-def min-set-iff product-iff product-def by blast

lemma min-union-iff:
z€AU,B+—r€ AUBANMa€c A al|Clz— a=1x) A (VbeE B.
b|Clz— b=12x)
unfolding min-union-def min-set-iff by blast

lemma min-set-min-product-helper:

z € (min-set A) @y, B+— € A ®, B
proof

fix z

assume z € (min-set A) ®@,, B

then obtain a b where a € min-set A and b € B and z = a |U| b and

1:Vae minset AVbe B.a|Ub|Clz —al|Ub=2x
unfolding min-product-iff by blast
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moreover

{
fix a’ b’
assume o' € Aand b’ € Band o’ U] b’ |C| z

then obtain a” where a” |C| o’ and o € min-set A
using min-set-obtains by metis

then have o” |U| b' =z
by (metis (full-types) 1 <b’' € B> <a’ |U| b" |C| x» dual-order.trans
le-sup-iff)

then have o’ |U| b' =z
using <’ |U| b |C| 2> <" |C| a’» by blast

}

ultimately show z € A ®,, B
by (metis min-product-iff min-set-iff)
next
fix z
assume z € A ®,, B

then have I: 2 € A BandVy€ A B. y|Clz — y==x
unfolding min-product-def min-set-iff by simp+

then have 2: Vyemin-set A® B.y |Clz — y==x
by (metis product-iff min-set-iff)

then have z € min-set A ® B
by (metis 1 funion-mono min-set-obtains order-refl product-iff)

then show z € min-set A ®,, B
by (simp add: 2 min-product-def min-set-iff’)
qged

lemma min-set-min-product|simp]:
(min-set A) @y, B= A ®,, B
A @y, (min-set B) = A ®,, B
using min-product-comm min-set-min-product-helper by blast+

lemma min-set-min-union[simp):
(min-set A) Uy, B=A U, B
A Uy, (min-set B) = AUy, B
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proof (unfold min-union-def min-set-def, safe)
show Az za zb. [Vzac{y € A.Vz€A. z |Cly — 2=y} U B. za || z
— za =1x; ¢ € B; za |C| z; 2b |€] z; za € A] = zb |€| za
by (metis (mono-tags) UnCI dual-order.trans fequalityl min-set-def
min-set-obtains)
next
show Az za zb. [VzacA U {y € B.VzeB. z |C|y — = = y}. za |C| z
— za =x; ¢ € A; za |C| z; zb |€| ; za € B] = b |€| za
by (metis (mono-tags) UnCI dual-order.trans fequalityl min-set-def
min-set-obtains)
qed blast+

lemma product-assoc|[simpl:
(A By C=A® (B® ()
proof (unfold product-def, safe)
fix abc
assume ¢ € Aand c€ Cand b€ B
then have b |U| ce {b|U] c|bec.be BAce C}
by blast
then show Ja’ be. a |U| b U c=a’'|U] bc Aa"€ AN bece {b|U|lclb
c.cbe BANce C}
using <a € Ay by (metis (no-types) inf-sup-aci(5) sup-left-commute)
qged (metis (mono-tags, lifting) mem-Collect-eq sup-assoc)

lemma min-product-assoc|simp):
unfolding min-product-def[of A B] min-product-def[of B C]
by simp (simp add: min-product-def)

lemma min-union-assoc|simp):
(AU, B) Uy, C =AUy, (BU, O)
unfolding min-union-def[of A B] min-union-def[of B C]
by simp (simp add: min-union-def sup-assoc)

lemma min-product-comp:

a€eA=beB=dc.c|C|(a|Ub) ANce ARy B

by (metis (mono-tags, lifting) mem-Collect-eq min-product-def product-def
min-set-obtains)

lemma min-union-comp:
a € A= Fec.c|ClaNnce AU, B

by (metis Un-iff min-set-obtains min-union-def)
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interpretation product-set-thms: Finite-Set.comp-fun-commute product
proof unfold-locales
have N\t y 2. 2@ (y® 2) =y ® (z ® 2)
by (simp only: product-assoc[symmetric]) (simp only: product-comm)

then show Az y. (®) yo (®) z=(®) z0(®)y
by fastforce
qged

interpretation min-product-set-thms: Finite-Set.comp-fun-idem min-product
proof unfold-locales

have Az y z. 2 @ (y @ 2) = y O (T @y 2)

by (simp only: min-product-assoc[symmetric]) (simp only: min-product-comm)

then show Az y. (®m) yo (Qm) 2 = (Qm) 0 (Qm) ¥y
by fastforce
next
have Az y. 2 @ (2 Om y) = 2 @m Y
by (simp add: min-product-assoc[symmetric])

then show Az. (®,) 0 (Qn) 2 = (Qm) =
by fastforce
qed

interpretation min-union-set-thms: Finite-Set.comp-fun-idem min-union
proof unfold-locales

have Az y z. £ Up, (y U, 2) = y Up, (T Uy, 2)

by (simp only: min-union-assoc[symmetric]) (simp only: min-union-comm)

then show Az y. (Up) y o (Uy) 2= (Up) zo (Up) ¥y
by fastforce
next
have Az y. 2 U, (z Uy, y) = 2 Uy ¥
by (simp add: min-union-assoc[symmetric])

then show Az. (Up) z o (Up) 2= (Up) =
by fastforce
qged

lemma product-set-empty|simp):
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® { = {3}
Q@ {3} =1{}

Q {{{IIH = {li}}
by (simp-all add: product-set-def)

lemma min-product-set-empty|simp]:
Qm {} = {{ll}}
Qm {{}} =1{}
Qm ({1} = {I}}

by (simp-all add: min-product-set-def)

lemma product-set-code|code]:
Q) (set xs) = fold product (remdups zs) {{||}}
by (simp add: product-set-def product-set-thms.fold-set-fold-remdups)

lemma min-product-set-code[code]:
QR m (set zs) = fold min-product (remdups zs) {{||}}
by (simp add: min-product-set-def min-product-set-thms. fold-set-fold-remdups)

lemma product-set-insert|simp):
finite X = Q) (insert x X) =z ® (Q (X — {z}))
unfolding product-set-def product-set-thms.fold-insert-remove ..

lemma min-product-set-insert[simp]:
finite X = Qm (insert z X) =z Qpm (Qm X)
unfolding min-product-set-def min-product-set-thms.fold-insert-idem ..

lemma min-product-subseteq:
t€ ARy, B=3Ja.a|ClzANacA
by (metis funion-upperl min-product-iff)

lemma min-product-set-subseteq:

finite X = 1€ QRQm X = Ac X=3Jac A alC|z

by (induction X rule: finite-induct) (blast, metis finite-insert insert-absorb
min-product-set-insert min-product-subseteq)

lemma min-set-product-set:

QR m A = min-set (Q A)
by (cases finite A, induction A rule: finite-induct) (simp-all add: min-product-set-def
product-set-def, metis min-product-def)

lemma min-product-min-set[simp]:
min-set (A @py B) = A @, B
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by (simp add: min-product-def)

lemma min-union-min-set[simp):
min-set (A Up, B) = AU, B
by (simp add: min-union-def)

lemma min-product-set-min-set|simpl:

finite X = min-set (Qm X) = @m X

by (induction X rule: finite-induct, auto simp add: min-product-set-def
min-set-iff )

lemma min-set-min-product-set|simpl:
finite X = @ m (min-set ‘ X) = Qm X
by (induction X rule: finite-induct) simp-all

lemma min-product-set-union[simp]:
finite X = finite Y = @um (XUY)=(QRm X) m (Qm Y)
by (induction X rule: finite-induct) simp-all

lemma product-set-finite:

(Az. z € X = finite ) = finite (Q X)

by (cases finite X, rotate-tac, induction X rule: finite-induct) (simp-all
add: product-set-def, insert product-finite, blast)

lemma min-product-set-finite:

(Az. z € X = finite ) = finite (Q m X)

by (cases finite X, rotate-tac, induction X rule: finite-induct) (simp-all
add: min-product-set-def, insert min-product-finite, blast)

4.3 Disjunctive Normal Form

fun dnf :: 'a ltln = 'a ltin fset set
where

dnf true, = {{||}}
| dnf false, = {}
| dnf (¢ andy ) = (dnf ) @ (dnf ¥)
| dnf (¢ ory ) = (dnf @) U (dnf )
| dnf o = {{l¢l}}

fun min-dnf :: 'a ltin = 'a ltin fset set
where

min-dnf true, = {{||}}
| min-dnf false, = {}
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| min-dnf (¢ and, V) = (min-dnf @) Qu, (min-dnf 1)
| min-dnf (¢ ory, ¥) = (min-dnf ¢) Uy, (min-dnf )
| min-dnf ¢ = {{|»[}}

lemma dnf-min-set:
min-dnf ¢ = min-set (dnf ¢)
by (induction ) (simp-all, simp-all only: min-product-def min-union-def)

lemma dnf-finite:

finite (dnf )
by (induction ¢) (auto simp: product-finite)

lemma min-dnf-finite:
finite (min-dnf @)
by (induction @) (auto simp: min-product-finite min-union-finite)

lemma dnf-Abs-fset[simp]:

fset (Abs-fset (dnf )) = dnf ¢
by (simp add: dnf-finite Abs-fset-inverse)

lemma min-dnf-Abs-fset][simp):
fset (Abs-fset (min-dnf ¢)) = min-dnf ¢
by (simp add: min-dnf-finite Abs-fset-inverse)

lemma dnf-prop-atoms:
® € dnf ¢ = fset ® C prop-atoms ¢
by (induction ¢ arbitrary: ®) (auto simp: product-def)

lemma min-dnf-prop-atoms:
® € min-dnf p = fset ® C prop-atoms ¢
using dnf-min-set dnf-prop-atoms min-set-subset by blast

lemma min-dnf-atoms-dnf:
¢ € min-dnf v = ¢ € fset ® = dnf ¢ = {{|p¢|}}
proof (induction @)
case True-ltin
then show ?case
using min-dnf-prop-atoms prop-atoms-notin(1) by blast
next
case Fulse-ltin
then show ?case
using min-dnf-prop-atoms prop-atoms-notin(2) by blast
next
case (And-ltln p1 ¢2)
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then show ?case
using min-dnf-prop-atoms prop-atoms-notin(3) by force
next
case (Or-ltln p1 ¢2)
then show ?case
using min-dnf-prop-atoms prop-atoms-notin(4) by force
qed auto

lemma min-dnf-min-set[simp):

min-set (min-dnf p) = min-dnf ¢

by (induction ) (simp-all add: min-set-def min-product-def min-union-def,
blast+)

lemma min-dnf-iff-prop-assignment-subset:

AkEp ¢ +— (3B. fset BC A A B € min-dnf ¢)
proof

assume A =p ¢

then show 3B. fset B C A A B € min-dnf ¢
proof (induction ¢ arbitrary: A)
case (And-ltln p1 ¢2)

then obtain By B, where 1: fset By C A A By € min-dnf ¢1 and 2:
fset B, C A A By € min-dnf 2
by fastforce

then obtain C' where C |C| By |U| By and C € min-dnf ¢1 Qm
min-dnf 2
using min-product-comp by metis

then show ?case

by (metis 1 2 le-sup-iff min-dnf.simps(3) sup.absorb-iff1 sup-fset.rep-eq)
next

case (Or-ltln p1 ¢2)

{

assume A Ep ¢

then obtain B where 1: fset B C A A B € min-dnf ¢,
using Or-ltin by fastforce

then obtain C where C |C| B and C € min-dnf @1 U, min-dnf 2
using min-union-comp by metis
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then have “case

}

by (metis 1 dual-order.trans less-eq-fset.rep-eq min-dnf.simps(4))

moreover

{

assume A =p @9

then obtain B where 2: fset B C A A B € min-dnf o
using Or-ltin by fastforce

then obtain C where C |C| B and C € min-dnf @1 U, min-dnf o
using min-union-comp min-union-comm by metis

then have ?case

}

by (metis 2 dual-order.trans less-eq-fset.rep-eq min-dnf.simps(4))

ultimately show ?case
using Or-ltin.prems by auto
qed simp-all
next
assume JB. fset B C A A B € min-dnf ¢

then obtain B where fset B C A and B € min-dnf ¢
by auto

then have fset B =p ¢
by (induction ¢ arbitrary: B) (auto simp: min-set-def min-product-def
product-def min-union-def)

then show A =p ¢
using (fset B C A by blast
qed

lemma ltl-prop-implies-min-dnf:

o —p = (VA€ min-dnf ¢. 3B € min-dnf . B |C| A)

by (meson less-eq-fset.rep-eq ltl-prop-implies-def min-dnf-iff-prop-assignment-subset
order-refl dual-order.trans)

lemma [tl-prop-equiv-min-dnf:
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o ~p 1 = (min-dnf ¢ = min-dnf 1))
proof
assume @ ~p P

then have Az. x € min-set (min-dnf p) <— x € min-set (min-dnf 1))
unfolding ltl-prop-implies-equiv ltl-prop-implies-min-dnf min-set-iff
by fastforce

then show min-dnf ¢ = min-dnf ¢
by auto
qed (simp add: ltl-prop-equiv-def min-dnf-iff-prop-assignment-subset)

lemma min-dnf-rep-abs[simp]:
min-dnf (rep-ltinp (abs-ltinp p)) = min-dnf ¢
by (simp add: ltl-prop-equiv-min-dnf[symmetric] Quotient3-ltinp rep-abs-rsp-left)

4.4 Folding of and, and or, over Finite Sets

definition And,, :: 'a ltin set = 'a ltin
where
And,, ® = SOME ¢. fold-graph And-ltin True-ltin ® ¢

definition Or,, :: 'a ltin set = 'a ltin
where

Or, ® = SOME . fold-graph Or-ltin False-ltin ® ¢

lemma fold-graph-And,,:
finite & = fold-graph And-ltin True-ltin ® (And,, @)
unfolding And,-def by (rule somel2-ex[OF finite-imp-fold-graph))

lemma fold-graph-Or,:
finite & = fold-graph Or-ltin False-ltin ® (Or, ®)
unfolding Or,-def by (rule somel2-ex|OF finite-imp-fold-graph))

lemma Or,-empty[simp]:
Ory, {} = False-ltin
by (metis empty-fold-graphE finite.emptyl fold-graph-Ory,)

lemma And,,-empty[simp]:
And,, {} = True-ltin
by (metis empty-fold-graphE finite.emptyl fold-graph-And,,)

interpretation dnf-union-thms: Finite-Set.comp-fun-commute \p. (U) (f
)
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by unfold-locales fastforce

interpretation dnf-product-thms: Finite-Set.comp-fun-commute \p. () (f

)
by unfold-locales (simp add: product-set-thms.comp-fun-commute)

— Copied from locale comp-fun-commute
lemma fold-graph-finite:

assumes fold-graph f z A y

shows finite A

using assms by induct simp-all

Taking the DNF of And,, and Or,, is the same as folding over the individual
DNFs.

lemma And,-dnf:

finite ® = dnf (And, ®) = Finite-Set.fold (A\p. (®) (dnf ¢)) {{||}} @
proof (drule fold-graph-And,, induction rule: fold-graph.induct)

case (insertl x A y)

then have finite A
using fold-graph-finite by fast

then show “case
using insert] by auto
qed simp

lemma Or,-dnf:

finite & = dnf (Or,, ®) = Finite-Set.fold (Ap. (U) (dnf ¢)) {} ®
proof (drule fold-graph-Or,, induction rule: fold-graph.induct)

case (insertl x A y)

then have finite A
using fold-graph-finite by fast

then show ?Zcase
using insert] by auto
qed simp

And, and Or,, are injective on finite sets.

lemma And,-inj:

inj-on And, {s. finite s}
proof (standard, simp)

fix zy :: 'a ltin set

assume finite r and finite y
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then have 1: fold-graph And-ltin True-ltin x (And,, z) and 2: fold-graph
And-ltln True-ltln y (And,, y)
using fold-graph-And, by blast+

assume And, r = And, y

with 1 show z =y
proof (induction rule: fold-graph.induct)
case emptyl
then show Zcase
using 2 fold-graph.cases by force
next
case (insertl x A y)
with 2 show ?case
proof (induction arbitrary: © A y rule: fold-graph.induct)
case (insertl x A y)
then show ?case
by (metis fold-graph.cases insertl1 ltin.distinct(7) Iltin.inject(3))
qed blast
qed
qged

lemma Or,-inj:

inj-on Ory, {s. finite s}
proof (standard, simp)

fix x y :: 'a ltln set

assume finite r and finite y

then have 1: fold-graph Or-ltin False-ltin x (Or, z) and 2: fold-graph
Or-ltin False-ltin y (Ory, y)
using fold-graph-Or, by blast+

assume Or, z = Or, y

with 1 show z = y
proof (induction rule: fold-graph.induct)
case emptyl
then show ?Zcase
using 2 fold-graph.cases by force
next
case (insertl x A y)
with 2 show ?case
proof (induction arbitrary: © A y rule: fold-graph.induct)
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case (insertl x A y)
then show “case
by (metis fold-graph.cases insertl1 ltin.distinct(27) ltin.inject(4))
qed blast
qed
qged

The semantics of And,, and Or,, can be expressed using quantifiers.

lemma And,,-semantics:
finite ® = w =, And, ® «— Vp € ®. w =, @)
proof —
assume finite ¢
have Av. fold-graph And-ltin True-ltln ® ¢ — w =, ¥ +— (Vo € .
w En @)
by (rule fold-graph.induct) auto
then show ?thesis
using fold-graph-And,[OF «finite ®)] by simp
qed

lemma Or,-semantics:
finite ® = w |, Or, ® +— (o € . w =, @)
proof —
assume finite ¢
have A\. fold-graph Or-ltin False-ltin ® v — w =, ¢ +— (3o € ¢. w
)
by (rule fold-graph.induct) auto
then show ?thesis
using fold-graph-Or,|OF (finite ®)] by simp
qed

lemma And,,-prop-semantics:
finite ® = A E=p And, ® +— Vp € &. A Ep @)
proof —
assume finite ¢
have Av. fold-graph And-ltin True-ltin ® v — A Ep ¢ +— (V¢ € .
AEp )
by (rule fold-graph.induct) auto
then show ?thesis
using fold-graph-And,[OF «finite ®)] by simp
qed

lemma Or,,-prop-semantics:

finite ® = A E=p Or, ® +— Bp € ®. A[Ep ¢)
proof —
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assume finite ¢
have Av. fold-graph Or-ltin False-ltin ® v — A E=p ¢ «— (¢ € O.
AEPp @)
by (rule fold-graph.induct) auto
then show ?thesis
using fold-graph-Or,|OF (finite )] by simp
qed

lemma Or,-And,-image-semantics:
assumes finite A and \®. ® € A = finite
shows w |=, Or, (And, ‘A) «— 3P A Vp e ®. w =, ¢)
proof —
have w =, Or, (And,, ‘A) +— (3® € A w =, And, )
using Ory,-semantics assms by auto
then show ?thesis
using And,-semantics assms by fast
qged

lemma Or,-And,-image-prop-semantics:
assumes finite A and \®. & € A = finite
shows Z |=p Ory, (And, ‘A) «— 3P € A Vpe ®. 7T =p )
proof —
have Z =p Or, (And, ‘ A) «— (3® € A. T =p And, P)
using Or,-prop-semantics assms by blast
then show ?thesis
using And,,-prop-semantics assms by metis
qed

4.5 DNF to LTL conversion

definition ltln-of-dnf :: 'a ltin fset set = 'a ltin
where
ltin-of-dnf A = Or,, (And, ‘ fset * A)

lemma [tin-of-dnf-semantics:
assumes finite A
shows w =, ltin-of-dnf A +— (3P € A V. p €| P — w |, @)
proof —
have w =, ltin-of-dnf A «— (3P € fset ‘A YV € ®. w =, @)
unfolding ltin-of-dnf-def
proof (rule Or,-And,-image-semantics)
show finite (fset ‘< A)
using assms by blast
next
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show A\®. ® € fset ‘' A = finite @
by auto
qed

then show ?thesis
by (metis image-iff)
qed

lemma ltin-of-dnf-prop-semantics:
assumes finite A
shows Z =p ltln-of-dnf A+— (3P € A V. p|le|® — T =p @)
proof —
have Z =p ltin-of-dnf A «— (3P € fset ‘A Vo € &. T Ep )
unfolding ltin-of-dnf-def
proof (rule Or,-And,-image-prop-semantics)
show finite (fset * A)
using assms by blast
next
show A\®. & € fset ‘' A = finite @
by auto
qed

then show ?thesis
by (metis image-iff)
qed

lemma ltin-of-dnf-prop-equiv:
ltin-of-dnf (min-dnf @) ~p ¢
unfolding ltl-prop-equiv-def
proof
fix A
have A |=p ltin-of-dnf (min-dnf ¢) «— (3P € min-dnf p. V. ¢ |€|
— A l:P (,0)
using ltin-of-dnf-prop-semantics min-dnf-finite by metis
also have ... «— (3P € min-dnf ¢. fset ® C A)
by (metis min-dnf-prop-atoms prop-atoms-entailment-iff subset-eq)
also have ... +— A Ep ¢
using min-dnf-iff-prop-assignment-subset by blast
finally show A |=p ltin-of-dnf (min-dnf ) = A Ep ¢ .
qed

lemma min-dnf-ltin-of-dnf[simp):
min-dnf (ltin-of-dnf (min-dnf ¢)) = min-dnf ¢
using [tl-prop-equiv-min-dnf ltin-of-dnf-prop-equiv by blast
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4.6 Substitution in DNF formulas

definition subst-clause :: 'a ltin fset = (‘a ltln — 'a ltin) = 'a ltin fset set
where
subst-clause ® m = Q) {min-dnf (subst ¢ m) | p. ¢ € fset ®}

definition subst-dnf :: 'a ltin fset set = ('a ltin — 'a ltln) = 'a ltin fset set
where

subst-dnf A m = (J® € A. subst-clause & m)

lemma subst-clause-empty|simp):
subst-clause {||} m = {{||}}
by (simp add: subst-clause-def)

lemma subst-dnf-empty[simp]:
subst-dnf {} m = {}
by (simp add: subst-dnf-def)

lemma subst-clause-inner-finite:
finite {min-dnf (subst o m) | p. p € ®} if finite P
using that by simp

lemma subst-clause-finite:
finite (subst-clause & m)
unfolding subst-clause-def
by (auto intro: min-dnf-finite min-product-set-finite)

lemma subst-dnf-finite:
finite A = finite (subst-dnf A m)
unfolding subst-dnf-def using subst-clause-finite by blast

lemma subst-dnf-mono:
A C B = subst-dnf A m C subst-dnf B m
unfolding subst-dnf-def by blast

lemma subst-clause-min-set|simpl:
min-set (subst-clause ® m) = subst-clause ® m
unfolding subst-clause-def by simp

lemma subst-clause-finsert[simp]:

subst-clause (finsert o ®) m = (min-dnf (subst ¢ m)) ®y, (subst-clause
® m)
proof —

have {min-dnf (subst 1» m) | V. ¢ € fset (finsert ¢ ®)}
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= insert (min-dnf (subst o m)) {min-dnf (subst ¥ m) | V. ¥ € fset ®}
by auto

then show ?thesis
by (simp add: subst-clause-def)
qged

lemma subst-clause-funion|simp]:
subst-clause (@ |U| ¥) m = (subst-clause ® m) @y, (subst-clause ¥ m)
proof (induction V)
case (insert x F)
then show ?Zcase
using min-product-set-thms. fun-left-comm by fastforce
qed simp

For the proof of correctness, we redefine the (®) operator on lists.

definition list-product :: 'a list set = 'a list set = 'a list set (infix]l «®p
65)
where

A@B={a@Qb|ab.ac ANbe B}

lemma list-product-fset-of-list[simp]:
fset-of-list “ (A ®@; B) = (fset-of-list * A) ® (fset-of-list * B)
unfolding list-product-def product-def image-def by fastforce

lemma list-product-finite:
finite A = finite B = finite (A ®; B)
unfolding list-product-def by (simp add: finite-image-set2)

lemma list-product-iff:
t€A® B+— (Jab.ac ANbE BNz =10aQ))
unfolding list-product-def by blast

lemma list-product-assoc[simp):
A (B C)=A® B® C
unfolding set-eq-iff list-product-iff by fastforce

Furthermore, we introduct DNFs where the clauses are represented as lists.

fun list-dnf :: 'a ltin = 'a ltin list set
where
list-dnf true, = {[]}
| list-dnf false, = {}
| list-dnf (¢ and, ) = (list-dnf ) @; (list-dnf 1)
| list-dnf (¢ ory ) = (list-dnf @) U (list-dnf 1)
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| list-dnf ¢ = {[¢]}

definition list-dnf-to-dnf :: 'a list set = 'a fset set
where
list-dnf-to-dnf X = fset-of-list * X

lemma list-dnf-to-dnf-list-dnf[simp):
list-dnf-to-dnf (list-dnf ¢) = dnf ¢
by (induction @) (simp-all add: list-dnf-to-dnf-def image-Un)

lemma list-dnf-finite:
finite (list-dnf )
by (induction ) (simp-all add: list-product-finite)

We use this to redefine subst-clause and subst-dnf on list DNFs.

definition subst-clause’ :: 'a ltin list = (‘a ltin — 'a ltln) = 'a ltin list set
where
subst-clause’ ® m = fold (Ap acc. acc ®; list-dnf (subst o m)) ® {[]}

definition subst-dnf’ :: 'a ltin list set = ('a ltin — 'a ltln) = "a ltin list set
where

subst-dnf’ A m = (|J® € A. subst-clause’ ® m)

lemma subst-clause’-finite:

finite (subst-clause’ ® m)

by (induction ® rule: rev-induct) (simp-all add: subst-clause’-def list-dnf-finite
list-product-finite)

lemma subst-clause’-nil[simp):
subst-clause’ || m = {[]}
by (simp add: subst-clause’-def)

lemma subst-clause’-cons|simp]:
subst-clause’ (xs Q [z]) m = subst-clause’ xs m ®; list-dnf (subst z m)
by (simp add: subst-clause’-def)

lemma subst-clause’-append|simp:
subst-clause’ (A @ B) m = subst-clause’ A m ®; subst-clause’ B m
proof (induction B rule: rev-induct)
case (snoc x zs)
then show ?case
by simp (metis append-assoc subst-clause’-cons)
qed(simp add: list-product-def)
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lemma subst-dnf’-iff:
z € subst-dnf’ A m «+— (3@ € A. z € subst-clause’ ® m)
by (simp add: subst-dnf’-def)

lemma subst-dnf’-product:

subst-dnf’ (A ®; B) m = (subst-dnf" A m) ®; (subst-dnf’ B m) (is ?lhs
= 2rhs)
proof (unfold set-eq-iff, safe)

fix z

assume z € ?lhs

then obtain ® where ® € 4 ®; B and z € subst-clause’ ® m
unfolding subst-dnf’-iff by blast

then obtain ¢ b wherea ¢ Aand be Band ® =a Qb
unfolding list-product-def by blast

then have z € (subst-clause’ a m) ®; (subst-clause’ b m)
using <z € subst-clause’ ® m» by simp

then obtain o’ b’ where o’ € subst-clause’ a m and b’ € subst-clause’ b
mand z = o’ Q b’
unfolding list-product-iff by blast

then have a’ € subst-dnf’ A m and b’ € subst-dnf’ B m
unfolding subst-dnf’-iff using <a € Ay <b € B) by auto

then have 3 ac€subst-dnf’ A m. Ibesubst-dnf' Bm. x = a Qb
using <z = a’ @ b"» by blast

then show = € ?rhs
unfolding list-product-iff by blast
next
fix z
assume & € ?rhs

then obtain a b where a € subst-dnf’ A m and b € subst-dnf’ B m and
r=a@b
unfolding list-product-iff by blast

then obtain a’ b’ where o’ € A and b’ € B and a: a € subst-clause’ o’

m and b: b € subst-clause’ b’ m
unfolding subst-dnf’-iff by blast
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then have z € (subst-clause’ o’ m) ®; (subst-clause’ b’ m)
unfolding list-product-iff using <x = a @ b by blast

moreover

have ¢’ @ V' € A ®; B
unfolding list-product-iff using <a’ € Ay b’ € B> by blast

ultimately show z € ?lhs
unfolding subst-dnf’-iff by force
qed

lemma subst-dnf’-list-dnf:
subst-dnf’ (list-dnf p) m = list-dnf (subst ¢ m)
proof (induction @)
case (And-ltln p1 v2)
then show ?case
by (simp add: subst-dnf’-product)
qged (simp-all add: subst-dnf’-def subst-clause’-def list-product-def)

lemma min-set-Union:

finite X = min-set (|J (min-set * X)) = min-set (|J X) for X :: 'a fset
set set

by (induction X rule: finite-induct) (force, metis Sup-insert image-insert
min-set-min-union min-union-def)

lemma min-set- Union-image:

finite X = min-set (Jz € X. min-set (f z)) = min-set (Jz € X. f x)
for f :: 'b = 'a fset set
proof —

assume finite X

then have x: finite (f * X) by auto

with min-set-Union show ?thesis
unfolding image-image by fastforce
qged

lemma subst-clause-fset-of-list:
subst-clause (fset-of-list ®) m = min-set (list-dnf-to-dnf (subst-clause’ ®

m))
unfolding list-dnf-to-dnf-def subst-clause’-def

92



proof (induction ® rule: rev-induct)

case (snoc x zs)

then show “case

by simp (metis (no-types, lifting) dnf-min-set list-dnf-to-dnf-def list-dnf-to-dnf-list-dnf
min-product-comm min-product-def min-set-min-product(1))
qed simp

lemma min-set-list-dnf-to-dnf-subst-dnf":

finite X = min-set (list-dnf-to-dnf (subst-dnf’ X m)) = min-set (subst-dnf
(list-dnf-to-dnf X) m)

by (simp add: subst-dnf’-def subst-dnf-def subst-clause-fset-of-list list-dnf-to-dnf-def

min-set-Union-image image-Union)

lemma subst-dnf-dnf:
min-set (subst-dnf (dnf @) m) = min-dnf (subst ¢ m)
unfolding dnf-min-set
unfolding list-dnf-to-dnf-list-dnf[symmetric]
unfolding subst-dnf’-list-dnf[symmetric]
unfolding min-set-list-dnf-to-dnf-subst-dnf'|OF list-dnf-finite]
by simp

This is almost the lemma we need. However, we need to show that the same
holds for min-dnf ¢, too.

lemma fold-product:

Finite-Set.fold (Az. (®) {{|z]}}) {{II}} (fset z) = {z}

by (induction x) (simp-all, simp add: product-singleton-singleton)

lemma fold-union:

Finite-Set.fold (Az. (U) {z}) {} (fset z) = fset x

by (induction x) (simp-all add: comp-fun-idem-on.fold-insert-idem|OF
comp-fun-idem-insert[unfolded comp-fun-idem-def]])

lemma fold-union-fold-product:

assumes finite X and AV . ¥ € X = ¢ € fset ¥ = dnf ¢ = {{|¢¥|}}

shows Finite-Set.fold (Ax. (U) (Finite-Set.fold (Ap. (®) (dnf ¢)) {{||}}
(fset z))) {} X = X (is ?lhs = X)
proof —

from assms have ?lhs = Finite-Set.fold (Ax. (U) (Finite-Set.fold (Ap.
(@) {{lel3h) {3} (fset 2))) {3 X

proof (induction X rule: finite-induct)

case (insert ® X)

from insert.prems have 1: AV . [¥ € X; ¢ € fset V] = dnf ¢ =
vl
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by force

from insert.prems have Finite-Set.fold (Ap. (®) (dnf ¢)) {{||}} (fset

®) = Finite-Set.fold (Ap. (@) {{l#[}}) {{I[}} (fset @)
by (induction ®) force+

with insert 1 show ?case
by simp
qged simp

with <finite X» show ?thesis
unfolding fold-product by (metis fset-to-fset fold-union)
qged

lemma dnf-ltin-of-dnf-min-dnf:
dnf (ltin-of-dnf (min-dnf ¢)) = min-dnf ¢
proof —
have 1: finite (And,, ‘ fset * min-dnf ¢)
using min-dnf-finite by blast

have 2: inj-on And,, (fset ‘ min-dnf )
by (metis (mono-tags, lifting) And,-inj f-inv-into-f fset inj-onl inj-on-contraD)

have 3: inj-on fset (min-dnf )
by (meson fset-inject inj-onl)

show ?thesis
unfolding ltin-of-dnf-def
unfolding Or,-dnf[OF 1]
unfolding fold-image[OF' 2]
unfolding fold-image[OF 3]
unfolding comp-def
unfolding And,,-dnf[OF finite-fset]
by (metis fold-union-fold-product min-dnf-finite min-dnf-atoms-dnf)
qged

lemma min-dnf-subst:

min-set (subst-dnf (min-dnf @) m) = min-dnf (subst ¢ m) (is %lhs =
2rhs)
proof —

let %o’ = ltin-of-dnf (min-dnf )

have ?lhs = min-set (subst-dnf (dnf ?p’) m)
unfolding dnf-ltin-of-dnf-min-dnf ..
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also have ... = min-dnf (subst %o’ m)
unfolding subst-dnf-dnf ..

also have ... = min-dnf (subst ¢ m)
using ltl-prop-equiv-min-dnf ltin-of-dnf-prop-equiv subst-respects-ltl-prop-entailment(2)
by blast

finally show ?thesis .
qged

end

5 Code lemmas for abstract definitions

theory Code-Equations
imports
LTL Equivalence-Relations
Boolean-Ezxpression-Checkers. Boolean- Expression-Checkers
Boolean-Ezxpression-Checkers. Boolean- Expression- Checkers-A List-Mapping
begin

5.1 Propositional Equivalence

fun ifex-of-litl :: 'a ltin = 'a ltin ifex
where
ifex-of-ltl true, = Trueif
| ifex-of-ltl false, = Falseif
| ifez-of-ltl (¢ and, ) = normif Mapping.empty (ifex-of-ltl @) (ifex-of-ltl
V) Falseif
| ifex-of-ltl (¢ ory ) = normif Mapping.empty (ifex-of-tl @) Trueif (ifex-of-Itl
¥)
| ifex-of-ltl ¢ = IF ¢ Trueif Falseif

lemma val-ifex:
val-ifex (ifex-of-ltl b) s = {z. sz} Ep b
by (induction b) (simp add: agree-Nil val-normif)+

lemma reduced-ifex:
reduced (ifex-of-1tl b) {}
by (induction b) (simp; metis keys-empty reduced-normif)+

lemma ifex-of-ltl-reduced-bdt-checker:
reduced-bdt-checkers ifex-of-ltl (A\y s. {z. s z} Ep y)
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unfolding reduced-bdt-checkers-def
using val-ifex reduced-ifex by blast

lemma lt-prop-equiv-impl|code]:

(p ~p 1) = equiv-test ifex-of-ltl v
by (simp add: ltl-prop-equiv-def reduced-bdt-checkers.equiv-test] OF ifex-of-Itl-reduced-bdt-checker];
fastforce)

lemma ltl-prop-implies-impl|code]:

(¢ —>p V) = impl-test ifex-of-ltl @

by (simp add: ltl-prop-implies-def reduced-bdt-checkers.impl-test| OF ifex-of-ltl-reduced-bdt-checker;
force)

— Check code export
export-code (~p) (—> p) checking

end

6 Example

theory Ezample
imports

../LTL ../ Rewriting HOL— Library. Code-Target-Numeral
begin

— The included parser always returns a String.literal ltlc. If a different
labelling is needed one can use map-ltic to relabel the leafs. In our example
we prepend a string to each atom.
definition rewrite :: String.literal ltlc = String.literal ltlc
where
rewrite = ltin-to-ltlc o rewrite-iter-slow o ltlc-to-ltln o (map-Itlc (As. String.implode
"prop(" + s + String.implode "')"))
— Export rewriting engine (and also constructors)

export-code true. Iff-ltlc rewrite in SML file-prefix (rewrite-example>

end
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