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Abstract

We formalize Kraus maps [?, Section 3], i.e., quantum channels of the form
p — Y., M,pM] for suitable families of “Kraus operators” M,. (In the finite-
dimensional setting and the setting of separable Hilbert spaces, those are known to be
equivalent to completely-positive maps, another common formalization of quantum
channels.) Our results hold for arbitrary (i.e., not necessarily finite-dimensional or
separable Hilbert spaces.

Specifically, in theory Kraus_Families, we formalize the type («, 3, &) kraus_ family
of families of Kraus operators M, (Kraus families for short), from trace-class oper-
ators on Hilbert space «a to those on 3, indexed by x of type £&. This induces both a
Kraus map p+— >, M,pM}, as well as a quantum measurement with outcomes of
type &.

We define and study various special Kraus families such as zero, identity, appli-
cation of an operator, sum of two Kraus maps, sequential composition, infinite sum,
random sampling, trace, tensor products, and complete measurements.

Furthermore, since working with explicit Kraus families can be cumbersome when
the specific family of operators is not relevant, in theory Kraus_Maps, we define a
Kraus map to be a function between two spaces that is of the form p — >~ M, pM]
for some Kraus family, and restate our results in terms of such functions.
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1 Backported theorems

This theory contains various lemmas that are already contained in a fork of the AFP but
have not yet been ported to the official AFP. (Sessions Complex_Bounded_Operators
and Hilbert_Space_Tensor_Product from https://github.com/dominique-unruh/afp/
tree/unruh-edits.)

theory Backported
imports Hilbert-Space-Tensor-Product. Trace-Class
Hilbert-Space- Tensor-Product. Hilbert-Space- Tensor-Product

begin

unbundle cblinfun-syntazx

lemma abs-summable-norm:
assumes (f abs-summable-on A»
shows <(A\z. norm (f z)) abs-summable-on A»

(proof )

lemma abs-summable-on-add:
assumes (f abs-summable-on A) and <g abs-summable-on A»
shows «(A\z. fz + g z) abs-summable-on A»

(proof)
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lemma bdd-above-transform-mono-pos:
assumes bdd: <bdd-above (A\x. g x) * M)»
assumes gpos: <A\z. x € M = gz > 0»
assumes mono: <mono-on (Collect ((<) 0)) f»
shows <bdd-above ((Az. f (g z)) * M)

(proof)

lemma FEzx-iffI:
assumes (A\z. Pz = Q (fz)
assumes (A\z. Q x = P (g z)
shows «(Ex P +— Ez ()

(proof )

lemma has-sum-Sigma’-banach:
fixes A :: ‘a set and B :: 'a = b set
and f :: <a = 'b = ’c::banach
assumes ((A(z,y). fz y) has-sum S) (Sigma A B)
shows ¢((Az. infsum (f z) (B z)) has-sum S) A»
(proof )

lemma summable-on-in-cong:
assumes A\z. 2€6A = fr =gz
shows summable-on-in T f A +— summable-on-in T g A

{proof)

lemma infsum-of-bool-scaleC: (> coz€X. of-bool (z=y) ¢ fx) = of-bool (yeX) *¢ fy» for f
it «- = -izcomplez-vector»

(proof )

lemma infsum-in-0:
assumes <Hausdorff-space T» and <0 € topspace T
assumes (\z. zeM = fz = O
shows <nfsum-in T f M = 0>

{proof )

lemma summable-on-in-finite:
fixes f :: <'a = 'b::{comm-monoid-add,topological-space}»
assumes finite F'
assumes (sum f F € topspace T»
shows summable-on-in T f F

{proof)

lemma infsum-Sigma-topological-monoid:
fixes A :: 'a set and B :: 'a = 'b set
and f :: <'a x 'b = 'c:{topological-comm-monoid-add, t3-space}>
assumes summableAB: f summable-on (Sigma A B)
assumes summableB: <\z. 1€ A = (\y. [ (2, y)) summable-on (B z)»
shows infsum f (Sigma A B) = (3 c02€A. Y wyEB . f (2, y))



(proof)

lemma balll2 [introl]: (Az y. (z,y) € A= Pz y) = V(2,y)€A. Pz y
{proof)

lemma flip-eq-const: «(Ay. y = z) = ((=) z)»
(proof )

lemma vector-to-cblinfun-ing: <inj-on (vector-to-cblinfun :: 'a::complexz-normed-vector = 'b::one-dim
=CL —) X
(proof)

lemma has-sum-bounded-clinear:
assumes bounded-clinear h and (f has-sum S) A
shows ((Az. h (f z)) has-sum h S) A

{proof)

lemma has-sum-scale C-right:
fixes f :: <a = 'b :: complex-normed-vector»
assumes ((f has-sum s) A»
shows «((Az. ¢ x¢ fz) has-sum c x¢ s) A

{proof)

lemma norm-cblinfun-bound-both-sides:
fixes a :: ('a::complex-normed-vector = ¢ 'b::complex-inner»
assumes <b > 0>
assumes leg: <\ . norm ¢ = 1 = norm ¢ = 1 = norm (¥ -¢c a p) < b
shows <norm a < b

(proof)

lemma has-sum-in-weaker-topology:
assumes <(continuous-map T U (Af. f)
assumes <has-sum-in T f A D>
shows <has-sum-in U f A )

{proof)

lemma summable-on-in-weaker-topology:
assumes <continuous-map T U (Af. f)
assumes <summable-on-in T f A»
shows (summable-on-in U f A>

{proof)

lemma summable-imp-wot-summable:
assumes <f summable-on A)
shows (summable-on-in cweak-operator-topology f A»

{proof)

lemma triangle-ineq-wot:



assumes (f abs-summable-on A»
shows «norm (infsum-in cweak-operator-topology f A) < (3 scz€A. norm (f z))»

(proof)

lemma trace-tc-butterfly: <trace-tc (te-butterfly z y) = y ¢ o

{proof)

lemma sandwich-tensor-ell2-right”. «sandwich (tensor-ell2-right ¢¥) *y a = a ®, selfbutter ¢

{proof)

lemma sandwich-tensor-ell2-left’. <sandwich (tensor-ell2-left 1) xy a = selfbutter ¥ ®, a»

{proof)

lemma to-conjugate-space-0[simpl: <to-conjugate-space 0 = 0»
(proof)
lemma from-conjugate-space-0[simpl: <from-conjugate-space 0 = 0>

{proof)

lemma antilinear-eq-0-on-span:
assumes <antilinear f»
and A\z.z € b= fz =0
and <z € cspan b
shows «fz = 0»
(proof)

lemma antilinear-diff:
assumes <antilinear f> and <antilinear g
shows <antilinear (\z. fz — g )

{proof)

lemma antilinear-cinner:
shows <antilinear (A\z. x «¢ y)»

{proof)

lemma cinner-extensionality-basis:
fixes g h :: <'a::complez-inners
assumes <ccspan B = T)
assumes (N\z. 2 € B=z-c g=1z ¢ b
shows (g = h»

(proof)

lemma not-not-singleton-tc-zero:
x = 0» if <= class.not-singleton TYPE('a)) for z :: «(‘a::chilbert-space,’b:: chilbert-space)
trace-class»

(proof )

lemma infsum-in-finite:



assumes finite F’

assumes (Hausdorff-space T
assumes (sum f F € topspace T»
shows infsum-in T f F = sum f F

{proof)

lemma ccspan-finite-rank-tc[simp|: <ccspan (Collect finite-rank-tc) = T»

(proof )

lemma ccspan-ranki-te[simp): <ccspan (Collect rankl-tc) = T»

{proof)

interpretation compose-tcr: bounded-cbilinear compose-ter
(proof)

declare compose-tcr.bounded-cbhilinear-axioms|[bounded-cbilinear]

lemma sandwich-butterfly: <sandwich a (butterfly x y) = butterfly (a z) (a y)»
(proof )

lemma sandwich-tc-eq0-D:
assumes eq0: <N\p. 0 > 0 = norm ¢ < B = sandwich-tc a ¢ = 0>
assumes Bpos: «B > 0»
shows «a = 0»

(proof)

lemma is-Proj-leq-id: <is-Proj P = P < id-cblinfun>

(proof )

lemma sum-butterfiy-leg-id:
assumes <is-ortho-set E»
assumes (\e. e€F = norm e = 1>
shows (Y i€E. butterfly i i) < id-cblinfun>
(proof)

lemma eq-from-separatingl2z:
— When using this as a rule, best instantiate = explicitly.
assumes (separating-set P (A(z,y). h z y) ‘ (SxT))»
assumes (P f> and <P ¢
assumes Nz y. z€ S =ye T = f(hzy) =g (hzy)
shows fz = g o

(proof )

lemma sandwich-tc-butterfly: <sandwich-tc ¢ (tc-butterfly a b) = te-butterfly (c a) (¢ b)»
(proof)



lemma tc-butterfly-0-left[simp]: <tc-butterfly 0t = 0>
(proof)

lemma tc-butterfly-0-right[simpl: <tc-butterfly t 0 = 0>
(proof )

end

2 Miscelleanous missing theorems

theory Misc-Kraus-Maps
imports
Hilbert-Space- Tensor-Product. Hilbert-Space- Tensor-Product
Hilbert-Space-Tensor-Product. Von-Neumann-Algebras
begin

unbundle cblinfun-syntazx

lemma abs-summable-norm:
assumes <f abs-summable-on A>
shows ¢(Az. norm (f x)) abs-summable-on A»

(proof )

lemma abs-summable-on-add:
assumes (f abs-summable-on A) and <g abs-summable-on A»
shows «(A\z. fz + g z) abs-summable-on A»

(proof)

lemma bdd-above-transform-mono-pos:
assumes bdd: <bdd-above (A\z. g x) * M)»
assumes gpos: \Nz. 2 € M = gz > O»
assumes mono: <mono-on (Collect ((<) 0)) >
shows <bdd-above ((A\z. f (g z)) ‘M)

(proof)

lemma Ez-iffl:
assumes (A\z. Pz = Q (f z)»
assumes (A\z. Q x = P (g =)
shows «(Ez P «— FEz @

{proof)

lemma has-sum-Sigma’-banach:
fixes A :: ‘a set and B :: 'a = 'b set
and f :: a = 'b = 'c::banachy
assumes ((A(z,y). fz y) has-sum S) (Sigma A B)
shows («((Az. infsum (f z) (B z)) has-sum S) A»



{proof)

lemma infsum-Sigma-topological-monoid:
fixes A :: ‘a set and B :: 'a = 'b set
and [ :: <a x 'b = 'c::{topological-comm-monoid-add, t3-space}>
assumes summableAB: f summable-on (Sigma A B)
assumes summableB: <\z. €A = (Ay. f (z, y)) summable-on (B z)
shows infsum f (Sigma A B) = (3] 0z€A. Y. y€B . f (z, y))
(proof)

lemma flip-eq-const: <(Ay. y = z) = ((=) z)»
{proof)

lemma sgn-ket[simp]: «sgn (ket z) = ket x>

{proof)

lemma tensor-op-in-tensor-vn:
assumes (a € A and b € B>
shows <a ®, b € A ®,n B>

(proof)

lemma commutant-tensor-vn-subset:
assumes (von-neumann-algebra A> and <von-neumann-algebra B>
shows <commutant A ®,n commutant B C commutant (A Q,n B)»

(proof)

lemma commutant-span|simp|: <commutant (span X) = commutant X»
(proof)

lemma explicit-cblinfun-exists-0[simp]: <explicit-cblinfun-exists (M- -. 0)»

{proof)

lemma explicit-cblinfun-0[simpl: <explicit-cblinfun (M- -. 0) = 0>

(proof)

lemma cnj-of-bool[simpl: <cnj (of-bool b) = of-bool by
(proof )

lemma has-sum-single:
fixes f :: <- = -::{comm-monoid-add,t2-space}»
assumes \j. j £ i = jeA = fj=10
assumes (s = (if i€ A then f i else 0)»
shows HAS-SUM f A s

(proof )

lemma classical-operator-None[simp]: <classical-operator (A-. None) = 0»

{proof)



lemma has-sum-in-in-closedsubspace:
assumes <has-sum-in T f A D)
assumes (A\z. 264 = fr e S
assumes <closedin T S»
assumes <csubspace S»
shows ([ € S»

(proof)

lemma has-sum-coordinatewise:
«(f has-sum s) A «— (Vi. (A\z. fz ©) has-sum s i) A)»
(proof)

lemma one-dim-butterfly:
<butterfly g h = (one-dim-iso g * cnj (one-dim-iso h)) x¢ 1»

{proof)

lemma one-dim-tc-butterfly:
fixes g :: <a :: one-dim> and h :: <'b :: one-dim>
shows <tc-butterfly g h = (one-dim-iso g * cnj (one-dim-iso h)) xc 1>

(proof)

lemma one-dim-iso-of-real[simp|: <one-dim-iso (of-real ) = of-real x>

{proof)

lemma filter-insert-if:
«Set.filter P (insert x M) = (if P x then insert x (Set.filter P M) else Set.filter P M)»
(proof)

lemma filter-empty|simp|: <Set.filter P {} = {}
{proof)

lemma has-sum-in-cong-neutral:
fixes f g :: <'a = 'b::comm-monoid-add>
assumes (\z. z€T—85 = gz = O
assumes (A\z. z€S—-T = fz = O»
assumes (A\z. zeSNT = fz =g o
shows has-sum-in X f S © <— has-sum-in X g T x

(proof)

lemma infsum-in-cong-neutral:
fixes f g :: <'a = 'b::comm-monoid-add>
assumes (A\z. z€T—-5 = gz = O
assumes (A\z. z€S—T = fz = O»
assumes (A\z. 2€SNT = fz =g



shows <infsum-in X f S = infsum-in X g T»

{proof)

lemma filter-image: <Set.filter P (f * X) = f “ (Set.filter (Az. P (fz)) X)»

{proof)

lemma Sigma-image-left: «(SIGMA z:f‘A. B x) =

(proof )

lemma finite-subset-filter-image:
assumes finite B
assumes (B C Set.filter P (f < A)»
shows 3 CCA. finite C N B=f*C

(proof)

definition <card-le-1 M +— (Fz. M C {z})»

lemma card-le-1-empty[iff]: <card-le-1 {}»
{proof)

lemma card-le-1-signleton[iff]: <card-le-1 {z}»

{proof)

Mzy). (fz, y) ‘ (SIGMA z:A. B (f x))»

lemma sgn-tensor-ell2: <sgn (h @4 k) = sgn h ®; sgn k>

{proof)

lemma is-ortho-set-tensor:
assumes <is-ortho-set B)
assumes <is-ortho-set C»

shows ¢is-ortho-set (A(z, y). T ®; y) ‘ (B x C))

(proof)

end

3 Kraus families

theory Kraus-Families
imports
Wlog. Wiog
Hilbert-Space- Tensor-Product. Partial- Trace

Backported
Misc-Kraus-Maps

abbrevs

=kr = =, and ==kr = =, and *kr = %,

10



begin

unbundle cblinfun-syntazx

3.1 Kraus families

definition <kraus-family € «— bdd-above (AF. Y  (E,x)€F. Ex ocy E) ‘{F. finite F N F C
EHAOEfst &
for & :: «((-:chilbert-space = ¢, -::chilbert-space) X -) set

typedef (overloaded) (’a::chilbert-space, 'b::chilbert-space, 'x) kraus-family =
«Collect kraus-family :: (('a =cr 'b) x 'z) set sets

(proof)
setup-lifting type-definition-kraus-family

lemma kraus-familyl:
assumes <bdd-above (AF. > (E,x)EF. Ex ocp E) ‘{F. finite F N F C €}))
assumes (0 ¢ fst ‘ &
shows (kraus-family &

{proof)

lift-definition kf-apply :: <(’a::chilbert-space, 'b:: chilbert-space, 't) kraus-family = ('a,’a) trace-class
= ('b,’d) trace-class) is

A€ 0. (3 o E€C. sandwich-tc (fst E) o)» (proof)
notation kf-apply (infixr x> 70)

lemma kraus-family-if-finite[iff]: <kraus-family & if <finite &> and <0 ¢ fst * &
(proof)

lemma kf-apply-scaleC:
shows <kf-apply € (¢ *¢ z) = ¢ *¢ kf-apply € 2>
(proof )

lemma kf-apply-abs-summable:
assumes <kraus-family &>
shows «(\(E,z). sandwich-tc E o) abs-summable-on &)

(proof)

lemma kf-apply-summable:
shows ((A(E,z). sandwich-tc E p) summable-on (Rep-kraus-family €))
{proof)

lemma kf-apply-has-sum:
shows <((A\(E,z). sandwich-tc E ) has-sum kf-apply € o) (Rep-kraus-family €)»
(proof )

lemma kf-apply-plus-right:
shows <kf-apply € (z + y) = kf-apply € x + kf-apply € y»

11



{proof)

lemma kf-apply-uminus-right:
shows <kf-apply € (— z) = — kf-apply € >
(proof)

lemma kf-apply-minus-right:
shows <kf-apply € (z — y) = kf-apply € x — kf-apply € y»
(proof )

lemma kf-apply-pos:
assumes <o > 0)
shows <«kf-apply € o > 0>
(proof)

lemma kf-apply-mono-right:
assumes <9 > T
shows <«kf-apply € o > kf-apply € 7>
(proof)

lemma kf-apply-geq-sum:
assumes (¢ > 0) and <M C Rep-kraus-family &
shows <kf-apply € 0 > (O (E,-)eM. sandwich-tc E o)
(proof)

lift-definition kf-domain :: <('a::chilbert-space,’b:: chilbert-space,’z) kraus-family = 'z set) is
(AE. snd © & (proof)

lemma kf-apply-clinear|[iff]: <clinear (kf-apply &)
(proof )

lemma kf-apply-0-right[iff]: <kf-apply € 0 = 0>
(proof )

lift-definition kf-operators :: «('a::chilbert-space,’b:: chilbert-space,’z) kraus-family = (‘a =c¢p,
'b) set is
<image fst : ('a =cp b x 'z) set = ('a =cr 'b) set»(proof)

3.2 Bound and norm

lift-definition kf-bound :: «(’a::chilbert-space, 'b::chilbert-space, 'x) kraus-family = ('a =¢p
‘a)y is
(AE. infsum-in cweak-operator-topology (A(E,z). Ex ocr, E) & (proof)

12



lemma kf-bound-def":

<kf-bound € = Rep-cblinfun-wot (3 « (E,x)€Rep-kraus-family €. compose-wot (adj-wot (Abs-cblinfun-wot
E)) (Abs-cblinfun-wot E))»

(proof )

definition <kf-norm € = norm (kf-bound €))

lemma kf-norm-sum-bdd: <bdd-above (AF. norm (3> (E,x)€F. Ex ocyr E)) ‘{F. F C Rep-kraus-family
& A finite F})»
(proof)

lemma kf-norm-geqO|[iff]:
shows <«kf-norm €& > 0

(proof)

lemma kf-bound-has-sum:

shows <has-sum-in cweak-operator-topology (A\(E,x). Ex oo E) (Rep-kraus-family €) (kf-bound
)
(proof)

lemma kraus-family-iff-summable:

<kraus-family € +— summable-on-in cweak-operator-topology (A(E,x). Ex ocr, E) € A 0 ¢
fst <&
(proof)

lemma kraus-family-iff-summable’:
<kraus-family € «— (MN(E,x). Abs-cblinfun-wot (Ex ocy E)) summable-on € A 0 ¢ fst < &
(proof)

lemma kf-bound-summable:
shows <summable-on-in cweak-operator-topology (A\(E,z). Ex ocr E) (Rep-kraus-family &)»

{proof)

lemma kf-bound-has-sum':

shows «((A(E,z). compose-wot (adj-wot (Abs-cblinfun-wot E)) (Abs-cblinfun-wot E)) has-sum
Abs-cblinfun-wot (kf-bound €)) (Rep-kraus-family &)»

(proof)

lemma kf-bound-summable’:

((A(E,x). compose-wot (adj-wot (Abs-cblinfun-wot E)) (Abs-cblinfun-wot E)) summable-on
Rep-kraus-family €)»

(proof)

lemma kf-bound-is-Sup:

shows <is-Sup ((AF. > (E,x)€F. Ex ocr, E) ‘ {F. finite F N F C Rep-kraus-family €})
(kf-bound €)»
{proof)

13



lemma kf-bound-leql:
assumes (\F. finite F = F C Rep-kraus-family ¢ = (> (E,x)€F. Ex ocr, E) < B)
shows «kf-bound ¢ < B

{proof)

lemma kf-bound-pos|iff]: <kf-bound € > 0»
(proof)

lemma not-not-singleton-kf-norm-0:
fixes € :: «(‘a::chilbert-space,’b:: chilbert-space,’z) kraus-family
assumes (— class.not-singleton TYPE('a)»
shows <«kf-norm & = 0

(proof)

lemma kf-norm-sum-leql:

assumes <\ F. finite F = F C Rep-kraus-family € = norm (>_ (E,z)€F. Ex ocp E) <
B

shows «kf-norm € < B»

(proof)

lemma kf-bound-geq-sum:
assumes (M C Rep-kraus-family &
shows (> (E,-)eM. Ex ooy E) < kf-bound &)

(proof)

lemma kf-norm-geg-norm-sum:
assumes M C Rep-kraus-family &
shows <norm (> (E,-)eM. Ex ocr E) < kf-norm &)

{proof)

lemma kf-bound-finite: <kf-bound € = (> (E,z)€Rep-kraus-family €. Ex ocy E)» if «finite
(Rep-kraus-family &)»
(proof )

lemma kf-norm-finite: <kf-norm & = norm (>_ (E,x)€ Rep-kraus-family €. Ex ocy, E)»
if <finite (Rep-kraus-family €)»
(proof )

lemma kf-apply-bounded-pos:
assumes <@ > 0
shows <norm (kf-apply € o) < kf-norm € x norm o>

(proof)

lemma kf-apply-bounded:
— We suspect the factor 4 is not needed here but don’t know how to prove that.
<norm (kf-apply € o) < 4 * kf-norm € x norm o

14



(proof)

lemma kf-apply-bounded-clinear|bounded-clinear]:
shows <bounded-clinear (kf-apply €)»

{proof)

lemma kf-bound-from-map: <y -¢ kf-bound € ¢ = trace-tc (€ xy, tc-butterfly ¢ V)
(proof)

lemma trace-from-kf-bound: <trace-tc (€ %, ) = trace-tc (compose-tcr (kf-bound &) p)»
(proof)

lemma kf-bound-selfadjoint[iff]: <selfadjoint (kf-bound €)»
(proof)

lemma kf-bound-leq-kf-norm-id:
shows (kf-bound € < kf-norm € xg id-cblinfun»

{proof)

3.3 Basic Kraus families

lemma kf-emptyset[iff]: <kraus-family {}»
(proof )

instantiation kraus-family :: (chilbert-space, chilbert-space, type) (zero» begin
lift-definition zero-kraus-family :: «(’a,’d,’z) kraus-family) is <{}»

(proof )
instance(proof)
end

lemma kf-apply-0[simp): <kf-apply 0 = 0>
(proof )

lemma kf-bound-0[simpl: <kf-bound 0 = 0»
(proof )

lemma kf-norm-0[simp]: <kf-norm 0 = 0

{proof)

lift-definition kf-of-op :: <(‘a::chilbert-space =, 'b::chilbert-space) = (‘a, 'b, unit) kraus-family»

is
AE:'a=cr'b. if E = 0 then {} else {(E, ()}
(proof )

lemma kf-of-op0[simpl: <kf-of-op 0 = 0>
(proof )

lemma kf-of-op-norm[simp): <kf-norm (kf-of-op E) = (norm E)?
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{proof)

lemma kf-operators-in-kf-of-op[simp]: <kf-operators (kf-of-op U) = (if U = 0 then {} else {U})»
(proof )

lemma kf-domain-of-op[simp|: <kf-domain (kf-of-op A) = {()}> if <A # 0»
{proof)

definition <kf-id = kf-of-op id-cblinfun»

lemma kf-domain-id[simp|: <kf-domain (kf-id :: ('a::{chilbert-space,not-singleton},-,-) kraus-family)
={0p
(proof )

lemma kf-of-op-id[simp]: <kf-of-op id-cblinfun = kf-id>
(proof )

lemma kf-norm-id-leql: <kf-norm kf-id < 1>

(proof)

lemma kf-norm-id-eql [simp]: <kf-norm (kf-id :: ('a :: {chilbert-space, not-singleton},’a,unit)
kraus-family) = 1»
(proof )

lemma kf-operators-in-kf-id[simp]: <kf-operators kf-id = (if (id-cblinfun::'a:: chilbert-space=c1,-)=0
then {} else {id-cblinfun::'a=cr-})
(proof )

instantiation kraus-family :: (chilbert-space, chilbert-space, type) scaleR begin
lift-definition scaleR-kraus-family :: <real = ('a::chilbert-space,’d:: chilbert-space,’z) kraus-family
= ('a,’b,’z) kraus-family is

Ar € if v < 0 then {} else (\(E,x). (sqrt r xg E, x)) ‘&
(proof)
instance(proof)
end

lemma kf-scale-apply:

assumes <r > (>

shows <kf-apply (r *r €) 0 = 1 xg kf-apply € o
(proof)

lemma kf-bound-scale[simp]: <kf-bound (¢ xgr ) = ¢ xg kf-bound & if <¢ > 0>

{proof)

lemma kf-norm-scale[simp]: <kf-norm (¢ *gr €) = ¢ * kf-norm & if <¢ > 0>

{proof)

lemma kf-of-op-apply: <kf-apply (kf-of-op E) o = sandwich-tc E o
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{proof)

lemma kf-id-apply[simp]: <kf-apply kf-id o = o
(proof)

lemma kf-scale-apply-neg:
assumes (r < 0
shows <kf-apply (r *r €) = 0»

(proof )

lemma kf-apply-0-left[iff]: <kf-apply 0 0 = 0>
(proof )

lemma kf-bound-of-op[simp]: <kf-bound (kf-of-op A) = Ax ocp A
(proof )

lemma kf-bound-id[simp): <kf-bound kf-id = id-cblinfun>
(proof)

3.4 Filtering

lift-definition kf-filter :: «('z = bool) = (‘a::chilbert-space, 'b::chilbert-space, 't) kraus-family
= (‘a::chilbert-space, 'b::chilbert-space, 'x) kraus-family is
A(P:'z = bool) €. Set.filter (A\(E,x). P z) &

(proof)

lemma kf-filter-false[simp]: <kf-filter (\-. False) € = 0»
(proof )

lemma kf-filter-true[simp): <kf-filter (A-. True) € = &
(proof )

definition <kf-apply-on € S = kf-apply (kf-filter (A\z. z € S) &)
notation kf-apply-on (- xg,. @Q-/ - [71, 1000, 70] 70)

lemma kf-apply-on-pos:
assumes <o > 0
shows <«kf-apply-on € X o > 0>

{proof)

lemma kf-apply-on-bounded-clinear|bounded-clinear]:
shows <bounded-clinear (kf-apply-on € X))

(proof)

lemma kf-filter-twice:
<kf-filter P (kf-filter Q €) = kf-filter (Az. Px A Q z) &
(proof )

lemma kf-apply-on-union-has-sum:
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assumes (ANX Y. XeF = YeF — X#Y = disjint X V)
shows (((AX. kf-apply-on € X o) has-sum (kf-apply-on € ((JF) o)) F>
(proof)

lemma kf-apply-on-empty[simp]: <kf-apply-on E {} o = 0»
(proof )

lemma kf-apply-on-union-eql:
assumes (AX Y. (X,Y)eF = kf-apply-on € X o = kf-apply-on § Y o
assumes {AX YV X' V' (X,YV)eF = (X YV)eF = (X,Y)#A(X\Y') = disjnt X X"
assumes (AX Y X' V' (X,)Y)eF = (X|YV)eF = (X, V)A(XY') = disint Y Y
assumes XX: «(XX =J(fst ‘ F)» and YY: <YY = J(snd * F)»
shows <«kf-apply-on € XX o = kf-apply-on § YY o

(proof)

lemma kf-apply-on-UNIV [simp|: <kf-apply-on € UNIV = kf-apply &)
(proof )

lemma kf-apply-on-CARD-1[simp]: <(A&. kf-apply-on € {x::-:CARD-1}) = kf-apply>
(proof )

lemma kf-apply-on-union-summable-on:
assumes (A\X V. XeF — YeF — X#£Y = disint X ¥
shows <(A\X. kf-apply-on € X o) summable-on F»

{proof)

lemma kf-apply-on-union-infsum:
assumes (AX V. XeéF — YeF — X#£Y = disint X ¥
shows (> o XE€F. kf-apply-on € X o) = kf-apply-on € (JF) o
{proof )

lemma kf-bound-filter:
<kf-bound (kf-filter P €) < kf-bound &)

(proof)

lemma kf-norm-filter:
<kf-norm (kf-filter P &) < kf-norm &)
(proof)

lemma kf-domain-filter[simp]:
<kf-domain (kf-filter P E) = Set.filter P (kf-domain E)»
(proof )

lemma kf-filter-0-right[simp): <kf-filter P 0 = 0>
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{proof)

lemma kf-apply-on-0-right[simp]: <kf-apply-on € X 0 = 0»
(proof)

lemma kf-apply-on-0-left[simp]: <kf-apply-on 0 X o = 0>
(proof)

lemma kf-apply-on-mono3:
assumes 9 < o)
shows (€ %, QX p < € x5, QX o>

{proof)

lemma kf-apply-on-mono2:
assumes <X C Y and p > O
shows (€ %, QX p < € x4, QY o)
(proof)

lemma kf-operators-filter: <kf-operators (kf-filter P &) C kf-operators &
(proof)

lemma kf-equal-if-filter-equal:
assumes \z. kf-filter ((=)z) € = kf-filter ((=)z) &
shows <€ = §)»
(proof)

3.5 Equivalence

definition <kf-eq-weak € § <— kf-apply € = kf-apply §>
definition <kf-eq € §F +— (Vz. kf-apply-on € {z} = kf-apply-on § {z})»

open-bundle kraus-map-syntaxr begin

notation kf-eq-weak (infix =i, 50)

notation kf-eq (infix =i, 50)

notation kf-apply (infixr <> 70)

notation kf-apply-on (- ., @-/ - [71, 1000, 70] 70)
end

lemma kf-eq-weak-refll[iff]: <x =, o

{proof)

lemma kf-eq-weak-reflO[iff]: <0 =g, 0>
(proof )

lemma kf-bound-cong:
assumes <& =5, §
shows (kf-bound € = kf-bound §»

{proof)
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lemma kf-norm-cong:
assumes (¢ =, &
shows <kf-norm € = kf-norm §»

{proof)

lemma kf-eg-weakl:
assumes (\p. 0 > 0 = € . 0 = F %5y O
shows (€ =, &

{proof)

lemma kf-eql:
assumes (A\z 0. 0 > 0 = € %, Q{a} 0 = § *pr @z} o
shows (€ =, &

{proof)

lemma kf-eq-weak-trans[trans:
F = G = G = H—= F =1, H»
(proof )

lemma kf-apply-eql:
assumes (¢ =, &
shows (€ xp,. 0 = § *pr @

{proof)

lemma kf-eg-imp-eq-weak:
assumes <& =i, §
shows (€ =, &

{proof)

lemma kf-filter-cong-eq[cong]:
assumes <& = 3§
assumes (A\z. z € kf-domain € = Pz = Q
shows (kf-filter P & = kf-filter Q &>
(proof)

lemma kf-filter-cong:
assumes <& =i, §
assumes (A\z. z € kf-domain € = Pz = Q
shows («kf-filter P € =, kf-filter @ §>

(proof)

lemma kf-filter-cong-weak:
assumes (¢ =, &
assumes (\z. z € kf-domain € = Pz = Q ©
shows (kf-filter P & =y, kf-filter Q §»
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{proof)

lemma kf-eg-refi[iff]: <& =g, &
(proof )

lemma kf-eg-trans[trans:
assumes (¢ =, &
assumes <§ =g, &)
shows (€ =, &)

{proof)

lemma kf-eg-sym|[sym]:
assumes <& =, §
shows § =, &

{proof)

lemma kf-eq-weak-imp-eq-CARD-1:
fixes € § :: <(‘a::chilbert-space, 'b::chilbert-space, 'z:: CARD-1) kraus-family
assumes (¢ =, &
shows (€ =, &

{proof)

lemma kf-apply-on-eql-filter:
assumes <kf-filter (A\z. z € X) € =, kf-filter (Az. z € X)
shows (€ %, QX p = § *1,, QX o

(proof)

lemma kf-apply-on-eql:
assumes <& =i, §
shows (€ x,,. QX p = §F *1,, QX o
(proof)

lemma kf-apply-eqOI:
assumes (& =, ()
shows (€& xp,. o = O

{proof)

lemma kf-eq-weak0-imp-kf-eq0:
assumes (¢ =, O
shows ¢ =, 0»

(proof)

lemma kf-apply-on-eq0I:
assumes (& =, ()
shows (€ %, QX o = 0>

(proof)

21



lemma kf-filter-to-domain[simpl:
<kf-filter (A\z. x € kf-domain €) € = &
(proof )

lemma kf-eq-0-iff-eq-0: <E =p, 0 «— E = 0>
(proof)

lemma in-kf-domain-iff-apply-nonzero:
x € kf-domain € «— kf-apply-on € {z} # 0>
(proof)

lemma kf-domain-cong:
assumes <& =, §
shows («kf-domain € = kf-domain §»
(proof)

lemma kf-eg-weak-sym|[sym]:
assumes (¢ =, &
shows (§ =¢, &

{proof)

lemma kf-eql-from-filter-eq-weak:
assumes (A\z. kf-filter ((=) z) E =g, kf-filter ((=) z) F>
shows «F =5, F»

{proof)

lemma kf-eqg-weak-from-separatingl:
fixes E :: «('q::chilbert-space,’r::chilbert-space,’t) kraus-family
and F :: «('q,'r,"y) kraus-family>
assumes (separating-set (bounded-clinear :: (('q,’q) trace-class = ('r,’r) trace-class) = bool)
Sy
assumes (N\p. 0 € S = E %, 0 = F *pp 0
shows (F =, F)

(proof)

lemma kf-eq-weak-eg-trans[trans): <a =g, b = b =, ¢ = a = ©

{proof)

lemma kf-eg-eq-weak-trans[trans]: <a =gr b = b =f» ¢ = a = ©

{proof)

instantiation kraus-family :: (chilbert-space,chilbert-space,type) preorder begin
definition less-eg-kraus-family where <€ < §F +— (Vz.V 0>0. kf-apply-on € {z} o < kf-apply-on
§ {z} o)
definition less-kraus-family where (&€ < F+— E<FA - €E =, B
lemma kf-antisym: <€ =5, F+— E<FAF S &
for € § :: <(‘a, 'b, 'c) kraus-family
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{proof)

instance

(proof)

end

lemma kf-apply-on-monol:
assumes <& < §» and <o > O
shows (€ %, QX p < § *1,, QX o

(proof)

lemma kf-apply-mono-left: <€ < F = 0> 0 = € % 0 < § *kr O

{proof)

lemma kf-apply-mono:
assumes <@ > 0
assumes (¢ < § and <o < o
shows (€ x,. 0 < §F *p, 0

{proof)

lemma kf-apply-on-mono:
assumes ¢ > 0
assumes (¢ < § and <X C Y» and ¢p < o
shows (€ %, QX 0 < § ., QY o

(proof)

lemma kf-one-dim-is-id[simp):
fixes € :: «(‘a::one-dim, 'a::one-dim, 'z) kraus-family)
shows (€ =, kf-norm € xg kf-id>

{proof )

3.6 Mapping and flattening

definition kf-similar-elements :: <('a::chilbert-space, 'b::chilbert-space, 't) kraus-family = (‘a

=CL /b) = (’a =cr b x /1,‘) sety where

— All elements of the Kraus family that are equal up to rescaling (and belong to the same
output)

<kf-similar-elements € E = {(F,z) € Rep-kraus-family €. (3r>0. E = r xg F)}

definition kf-element-weight where
— The total weight (norm of the square) of all similar elements
<kf-element-weight € E = (3 o (F,-)€kf-similar-elements € E. norm (Fx ocr F))»

lemma kf-element-weight-geq0|[simpl: <kf-element-weight € E > 0»
(proof )

lemma kf-similar-elements-abs-summable:
fixes € :: «('a::chilbert-space,’b::chilbert-space,’z) kraus-family
shows ((\(F,-). Fx ocr F) abs-summable-on (kf-similar-elements € E)»

(proof)
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lemma kf-similar-elements-kf-operators:
assumes ((F.,x) € kf-similar-elements € E»
shows (F € span (kf-operators &)»
(proof)

lemma kf-element-weight-neq0: <kf-element-weight € E # 0>
if «(E,z) € Rep-kraus-family € and <E # 0>
(proof)

lemma kf-element-weight-0-left[simp]: <kf-element-weight 0 E = 0»
(proof )

lemma kf-element-weight-0-right[simp]: <kf-element-weight E 0 = 0>
(proof )

lemma kf-element-weight-scale:

assumes r > ()

shows <kf-element-weight € (r xg E) = kf-element-weight & E)
(proof)

lemma kf-element-weight-kf-operators:
assumes (kf-element-weight € E #£ 0>
shows <F € span (kf-operators €)»

(proof)

lemma kf-map-auz:
fixes f :: <z = "y» and € :: «(‘a::chilbert-space, 'b::chilbert-space, 'x) kraus-family»
defines «B = kf-bound &)
defines «filtered y = kf-filter (A\z. fz = y) &
defines «flattened = {(E, y). norm (Ex ocr E) = kf-element-weight (filtered y) E AN E # 0}»
defines <good = (\(E,y). (norm E)* = kf-element-weight (filtered y) E A E # 0)»
shows <has-sum-in cweak-operator-topology (A(E,-). Ex ocr, E) flattened B> (is ?has-sum)
and <snd ‘ (SIGMA (E, y):Collect good. kf-similar-elements (filtered y) E)
= {(F, z). (F, z) € Rep-kraus-family € AN F # 0}> (is ?snd-sigma)
and <inj-on snd (SIGMA p:Collect good. kf-similar-elements (filtered (snd p)) (fst p))» (is
?inj-snd)

(proof)

lift-definition kf-map :: <('z = 'y) = ('a::chilbert-space, 'b::chilbert-space, 't) kraus-family =
("a, 'b, 'y) kraus-family is

Af € A(E, y). norm (Ex ocr E) = kf-element-weight (kf-filter (A\z. fz =y) €) ENE #
0}
(proof)

lemma
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fixes € :: «('a::chilbert-space,’b:: chilbert-space,’z) kraus-family
shows kf-apply-map[simp): <kf-apply (kf-map f €) = kf-apply &>
and kf-map-bound: <kf-bound (kf-map f &) = kf-bound &
and kf-map-norm[simp|: <kf-norm (kf-map f €) = kf-norm &
(proof)

abbreviation <kf-flatten = kf-map (A-. ()

Like kf-map, but with a much simpler definition. However, only makes sense for injective
functions.

lift-definition kf-map-inj :: «('z = 'y) = (‘a::chilbert-space, 'b:: chilbert-space, 't) kraus-family
= (a, 'b, 'y) kraus-family is

Af €. (AME,z). (E, fz)) ‘&
(proof)

lemma kf-element-weight-map-ing:

assumes <inj-on [ (kf-domain €)»

shows <kf-element-weight (kf-map-inj f €) E = kf-element-weight € E)
(proof)

lemma kf-eq-weak-kf-map-left: <kf-map f F =g, Gy if <F =, G»
(proof )

lemma kf-eq-weak-kf-map-right: <F =g, kf-map f G» if <F =g, G»
(proof)

lemma kf-filter-map:

fixes € :: «('a::chilbert-space,’b::chilbert-space,’t) kraus-family

shows <kf-filter P (kf-map f €) = kf-map [ (kf-filter (Az. P (f z)) &)»
(proof)

lemma kf-filter-map-inj:
fixes € :: «('a::chilbert-space,’b:: chilbert-space,’t) kraus-family
shows <kf-filter P (kf-map-inj f €) = kf-map-inj f (kf-filter (Ax. P (f z)) &)
(proof )

lemma kf-map-kf-map-inj-comp:

assumes <inj-on [ (kf-domain €)>

shows <kf-map g (kf-map-inj f &) = kf-map (g o ) &
(proof)

lemma kf-element-weight-equweakO:
assumes (& =, 0)
shows (kf-element-weight € E = 0>

{proof)

lemma kf-map-inj-kf-map-comp:
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assumes <inj-on g (f ¢ kf-domain &)
shows <kf-map-inj g (kf-map f &) = kf-map (g o ) &
(proof)

lemma kf-apply-map-inj[simp]:
assumes <inj-on f (kf-domain €)»
shows (kf-map-inj f € %, 0 = € % O
(proof )

lemma kf-map-inj-eq-kf-map:
assumes <inj-on f (kf-domain &)
shows («kf-map-inj f € =g, kf-map f &
{proof )

lemma kf-map-inj-id[simpl: <kf-map-inj id ¢ = &
(proof )

lemma kf-map-id: <kf-map id € =g, &
(proof )

lemma kf-map-inj-bound|simp]:
fixes € :: «('a::chilbert-space,’b:: chilbert-space,’z) kraus-family
assumes <inj-on [ (kf-domain €)>
shows <kf-bound (kf-map-inj f €) = kf-bound &
(proof )

lemma kf-map-inj-norm[simpl:
fixes € :: «('a::chilbert-space,’b:: chilbert-space,’z) kraus-family
assumes <inj-on [ (kf-domain €)»
shows <kf-norm (kf-map-inj f €) = kf-norm &
(proof )

lemma kf-map-cong-weak:
assumes (¢ =, &
shows «kf-map f € =i, kf-map g &
(proof)

lemma kf-flatten-cong-weak:
assumes (¢ =, &
shows <«kf-flatten € =y, kf-flatten §>

(proof)

lemma kf-flatten-cong:
assumes <& =, §
shows («kf-flatten € =y, kf-flatten §>

(proof )

lemma kf-map-twice:
kf-map f (kf-map g €) = kf-map (f o g) &
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{proof)

lemma kf-map-cong:
assumes (A\z. z € kf-domain ¢ = fz =g n
assumes <& =, &
shows «kf-map f € =i, kf-map ¢ B

(proof)

lemma kf-map-inj-cong-eq:
assumes (\z. z € kf-domain € = fz =g n
assumes <& = ¥
shows <«kf-map-inj f & = kf-map-inj g &
(proof )

lemma kf-domain-map|simpl:
<kf-domain (kf-map f €) = f < kf-domain &
(proof)

lemma kf-apply-on-map|simp):
(kf-map f E) sk QX 0= E %, Q(f —° X) o
(proof)

lemma kf-apply-on-map-inj|simp):

assumes <inj-on [ ((f —¢X) N kf-domain E)»

shows <kf-map-inj f E *p, QX 90 = F g, Q(f —° X) o
(proof)

lemma kf-map0[simp): <kf-map f 0 = 0>
(proof)

lemma kf-map-inj-kr-eq-weak:
assumes <inj-on f (kf-domain &)
shows «kf-map-inj f € =5, &
(proof)

lemma kf-map-inj-0[simpl: <kf-map-inj f 0 = 0>
(proof )

lemma kf-domain-map-inj[simp]: <kf-domain (kf-map-inj f €) = f * kf-domain &
(proof )

lemma kf-operators-kf-map:
<kf-operators (kf-map f €) C span (kf-operators &)»
(proof)

27



lemma kf-operators-kf-map-inj[simp|: <kf-operators (kf-map-inj f €) = kf-operators &)
(proof )

3.7 Addition

lift-definition kf-plus :: <('a::chilbert-space, 'b:: chilbert-space, 'z) kraus-family = (‘a,’d,’y) kraus-family
= (Ya,’b,’z+"y) kraus-family is

AEF. (AME,x). (B, Inlz)) ‘€U NF,y). (F, Inry)) ‘&
(proof)

instantiation kraus-family :: (chilbert-space, chilbert-space, type) plus begin

definition plus-kraus-family where <& + § = kf-map (Azy. case zy of Inl x = z | Inr y = y)
(kf-plus € F)»

instance(proof)

end

lemma kf-plus-apply:
fixes & :: «('a::chilbert-space, 'b::chilbert-space, 't) kraus-family
and § :: <('a, 'b, 'y) kraus-family»
shows <kf-apply (kf-plus € §) o0 = kf-apply € o + kf-apply §F o’
{proof)

lemma kf-plus-apply”: «(€ + §) *pr 0 = € *pp 0 + § *pr O
(proof)

lemma kf-plus-0-left[simp]: <kf-plus 0 € = kf-map-inj Inr &
(proof)

lemma kf-plus-0-right[simp]: <kf-plus € 0 = kf-map-inj Inl &)
(proof )

lemma kf-plus-0-left’[simp]: <0 + € =g, &
(proof)

lemma kf-plus-0-right”: <& + 0 =, &
(proof)

lemma kf-plus-bound: <kf-bound (kf-plus € §) = kf-bound € + kf-bound F»
(proof)

lemma kf-plus-bound’: <kf-bound (€ 4+ §) = kf-bound € + kf-bound §>
(proof )

lemma kf-norm-triangle: <kf-norm (kf-plus € §) < kf-norm € + kf-norm §»
(proof )

lemma kf-norm-triangle’. <kf-norm (€ + §) < kf-norm € + kf-norm §»
(proof )
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lemma kf-plus-map-both:
<kf-plus (kf-map f €) (kf-map g §) = kf-map (map-sum f g) (kf-plus € F)»
(proof)

3.8 Composition

lemma kf-comp-dependent-raw-norm-auz:

fixes € :: <‘a = (’e::chilbert-space, 'f::chilbert-space, 'q) kraus-family)

and § :: <('b::chilbert-space, ‘e, 'a) kraus-family»

assumes B: (A\z. z € kf-domain § = kf-norm (€ z) < B>

assumes [simp|: <B > 0»

assumes <finite C»

assumes C-subset: <C C (A((F,y), (E,z)). (Eocr F, (F,E,y,x))) ‘ (SIGMA (F,y):Rep-kraus-family
5. Rep-kraus-family (€ y))»

shows (>~ (E,x)eC. Ex ocy E) < (B x kf-norm §) *g id-cblinfun)
(proof)

lift-definition kf-comp-dependent-raw :: <('z = ('b::chilbert-space,’c:: chilbert-space,’y) kraus-family)
= ('a::chilbert-space,’d,’z) kraus-family
= (‘a, 'c, (Ya =cr 'b) x ('b =cyp '¢) X 'z x 'y) kraus-family is
(AE F. if bdd-above ((kf-norm o €) ¢ kf-domain §) then
Set.filter (A\(EF,-). EF£0) (M(F,y), (E::'b=cr'c,z::"y)). (E ocr F, (F,E,y,z))) ‘ (SIGMA
(F:'a=c 1 b,y::"x): Rep-kraus-family §. (Rep-kraus-family (€ y))))
else {}

(proof)

lemma kf-comp-dependent-raw-norm-leq:
fixes € :: (‘a = ('b::chilbert-space, 'c::chilbert-space, 'd) kraus-family
and § :: <('e::chilbert-space, 'b, 'a) kraus-family
assumes (A\z. z € kf-domain § = kf-norm (€ z) < B»
assumes <B > 0>
shows <kf-norm (kf-comp-dependent-raw € §) < B x kf-norm &
(proof)

hide-fact kf-comp-dependent-raw-norm-auz
definition <kf-comp-dependent € § = kf-map (\(F,E,y,x). (y,x)) (kf-comp-dependent-raw € F)»
definition <«kf-comp € §F = kf-comp-dependent (A-. ) F»
lemma kf-comp-dependent-norm-leq:
assumes (A\z. z € kf-domain § = kf-norm (€ z) < B»
assumes B > 0»

shows <kf-norm (kf-comp-dependent € §) < B * kf-norm §
(proof )

lemma kf-comp-norm-leg:
shows <kf-norm (kf-comp € §) < kf-norm € x kf-norm ¥
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{proof)

lemma kf-comp-dependent-raw-apply:
fixes € :: 'y = (‘a::chilbert-space, 'b::chilbert-space, 'x) kraus-family>
and F :: «(‘c::chilbert-space, 'a, 'y) kraus-family
assumes <bdd-above ((kf-norm o &) ‘ kf-domain §)»
shows <kf-comp-dependent-raw € § i, o
= (3 oo (F,y)ERep-kraus-family §. € y *i, sandwich-tc F o))
(proof)

lemma kf-comp-dependent-apply:
fixes € :: 'y = ('a::chilbert-space, 'b::chilbert-space, ') kraus-family)
and § :: <(‘ci:chilbert-space, 'a, 'y) kraus-family>
assumes (bdd-above ((kf-norm o €) ¢ kf-domain §)»
shows «kf-comp-dependent € § *p, 0
= (O_ oo (F,y)ERep-kraus-family §. € y *k, sandwich-tc F 9)»
(proof)

lemma kf-comp-apply:
shows <kf-apply (kf-comp € F) = kf-apply € o kf-apply T
(proof)

lemma kf-comp-cong-weak: <kf-comp F G =y, kf-comp F' G"
if «(F =4, F» and <G =4, G
(proof )

lemma kf-comp-dependent-raw-assoc:
fixes € :: (/f = (‘c::chilbert-space,’d::chilbert-space,’e) kraus-family
and § :: ‘g = ('bi:chilbert-space,’c:: chilbert-space,'f) kraus-family>
and & :: «('a::chilbert-space,’b:: chilbert-space,’q) kraus-family>
defines <reorder :: 'a =¢cp ‘¢ X ‘e =cp 'd X ('la =cp b x b=cp 'c x g x f) x e
= /aﬁc[, b x /béCL 'd x /g>< /béCL e x /C:>CL 'd x 'f>< e =
MFG:'a =cr e, E'e =cp 'd, (Gila =cp 'b, Fi'b =cp ‘e, g, f227F), ex'e).
(G, Eocr F, g, F, E, f, e)»
assumes <bdd-above (range (kf-norm o €))»
assumes (bdd-above (range (kf-norm o §))»
shows <kf-comp-dependent-raw (Ag::'g. kf-comp-dependent-raw € (§F g)) &
= kf-map-inj reorder (kf-comp-dependent-raw (A(-,-,-,f). € f) (kf-comp-dependent-raw §
®))
(is «Zlhs = Prhs)

(proof)

lemma kf-filter-comp-dependent:
fixes § :: <'e = ('buchilbert-space,’c:: chilbert-space,’f) kraus-family
and € :: «(‘a::chilbert-space,’b:: chilbert-space,’e) kraus-family)
assumes <bdd-above ((kf-norm o §) ¢ kf-domain €)»
shows «(kf-filter (M(e,f). F e f N E e) (kf-comp-dependent § &)
= kf-comp-dependent (\e. kf-filter (F e) (§ €)) (kf-filter E €))
(proof)
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lemma kf-comp-assoc-weak:
fixes € :: «('c::chilbert-space,’d:: chilbert-space,’e) kraus-family»
and § :: «('b::chilbert-space,’c:: chilbert-space,’f) kraus-family»
and & :: «('a:chilbert-space,’b:: chilbert-space,’q) kraus-family>
shows <kf-comp (kf-comp € §) & =, kf-comp € (kf-comp § &)
(proof)

lemma kf-comp-dependent-raw-cong-left:
assumes <bdd-above ((kf-norm o &) * kf-domain §)»
assumes <bdd-above ((kf-norm o €') ¢ kf-domain §)>
assumes (A\z. z € snd ‘ Rep-kraus-family § — € z = ¢’ x
shows <kf-comp-dependent-raw € § = kf-comp-dependent-raw ¢’ §»
(proof)

lemma kf-comp-dependent-cong-left:
assumes <bdd-above ((kf-norm o &) * kf-domain §)»
assumes <bdd-above ((kf-norm o €') ¢ kf-domain §)»
assumes (\z. z € kf-domain § = €z =¢" 1
shows <kf-comp-dependent € § = kf-comp-dependent €’ §»
(proof)

lemma kf-domain-comp-dependent-raw-subset:

<kf-domain (kf-comp-dependent-raw € §) C UNIV x UNIV x (SIGMA z:kf-domain §. kf-domain
(¢ )

(proof )

lemma kf-domain-comp-dependent-subset:
<kf-domain (kf-comp-dependent € §) C (SIGMA z:kf-domain §. kf-domain (€ z))»
{proof )

lemma kf-domain-comp-subset: <kf-domain (kf-comp € §) C kf-domain § x kf-domain &

(proof)

lemma kf-apply-comp-dependent-cong:
fixes € :: /f = ('b::chilbert-space,’c::chilbert-space,’el) kraus-family)
and €’ :: 'f = ('bu:chilbert-space,’c::chilbert-space,’e2) kraus-family»
and § §' :: «('a::chilbert-space,’b:: chilbert-space,'f) kraus-family
assumes bdd: <bdd-above ((kf-norm o €) * kf-domain §)»
assumes bdd": (bdd-above ((kf-norm o €') ‘ kf-domain §')
assumes (f € kf-domain § = kf-apply-on (€ f) E = kf-apply-on (¢’ f) E'
assumes <kf-apply-on § {f} = kf-apply-on §' {fp
shows <kf-apply-on (kf-comp-dependent € §) ({f}xE) = kf-apply-on (kf-comp-dependent &’
5) (/1B
(proof)
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lemma kf-comp-dependent-cong-weak:
fixes € :: (/f = ('b::chilbert-space,’c::chilbert-space,’el) kraus-family
and ¢’ :: 'f = ('b::chilbert-space,’c:: chilbert-space,’e2) kraus-family)
and § §' :: «(a::chilbert-space,’b:: chilbert-space,’f) kraus-family
assumes bdd: <bdd-above ((kf-norm o €) ¢ kf-domain §)»
assumes eq: <A\z. z € kf-domain § = € z =, €' 1
assumes § =i, 3"
shows <kf-comp-dependent € § =g, kf-comp-dependent &’ §'s
(proof)

lemma kf-comp-dependent-assoc:
fixes € :: (‘g = 'f = (‘c::chilbert-space,’d:: chilbert-space,’e) kraus-family>
and § :: g = ('b::chilbert-space,’c:: chilbert-space,’f) kraus-family
and & :: «(’a:chilbert-space,’b:: chilbert-space,’q) kraus-family»
assumes bdd-E: <bdd-above ((kf-norm o case-prod &) ‘ (SIGMA z:kf-domain &. kf-domain (§
)
assumes bdd-F: <bdd-above ((kf-norm o §) ¢ kf-domain &)»
shows <(kf-comp-dependent (\g. kf-comp-dependent (€ g) (F g)) ) =g,
kf-map (A((g.f).€). (g.f.e)) (kf-comp-dependent (A(g.f). € g f) (kf-comp-dependent § &))»
(is «%lhs =g, ?rhs»)
(proof)

lemma kf-comp-dependent-assoc-weak:
fixes € :: (/g = 'f = (‘c::chilbert-space,’d:: chilbert-space,’e) kraus-family>
and § :: <'g = ('b::chilbert-space,’c:: chilbert-space,'f) kraus-family>
and & :: «(’a::chilbert-space,’b:: chilbert-space,’q) kraus-family»
assumes bdd-E: <bdd-above ((kf-norm o case-prod €) ‘ (SIGMA z:kf-domain &. kf-domain (§
)
assumes bdd-F: <bdd-above ((kf-norm o §) * kf-domain &)»
shows <kf-comp-dependent (Ag. kf-comp-dependent (¢ g) (§F g)) & =g,
kf-comp-dependent (A(g,f). € g f) (kf-comp-dependent § &)»
(proof )

lemma kf-comp-dependent-comp-assoc-weak:
fixes & :: «(‘c::chilbert-space,’d:: chilbert-space,’e) kraus-family»
and § :: <'g = ('b::chilbert-space,’c:: chilbert-space,’f) kraus-family»
and & :: «(‘a::chilbert-space,’b:: chilbert-space,’q) kraus-family»
assumes <bdd-above ((kf-norm o §) ¢ kf-domain &))
shows <kf-comp-dependent (Ag. kf-comp € (F g)) & =g,
kf-comp € (kf-comp-dependent § &)»
(proof)

lemma kf-comp-comp-dependent-assoc-weak:
fixes € :: (/f = (‘c::chilbert-space,’d::chilbert-space,’e) kraus-family)
and § :: «('b::chilbert-space,’c:: chilbert-space,’f) kraus-family»
and & :: «(’a:chilbert-space,’b:: chilbert-space,’q) kraus-family)
assumes bdd-E: <bdd-above ((kf-norm o &) ‘ kf-domain §)»
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shows <kf-comp (kf-comp-dependent € §) & =,
kf-comp-dependent (A(-,f). € f) (kf-comp § &)»
(proof)

lemma kf-comp-assoc:
fixes € :: «('c::chilbert-space,’d:: chilbert-space,’e) kraus-family»
and § :: <('b::chilbert-space,’c:: chilbert-space,'f) kraus-family
and & :: «(‘a::chilbert-space,’b:: chilbert-space,’q) kraus-family»
shows <kf-comp (kf-comp € §) & =,
Hemap (\((9.0),¢)- (9:1,€)) (kf-comp € (f-comp § ©))»
(proof)

lemma kf-comp-dependent-cong:
fixes & &' :: </f = ('b::chilbert-space,’c:: chilbert-space,’e) kraus-family»
and § §' :: «('a::chilbert-space,’b:: chilbert-space,'f) kraus-family
assumes bdd: <bdd-above ((kf-norm o €) ¢ kf-domain §)»
assumes (\z. z € kf-domain § = € x =, ¢’
assumes § =i, 3"
shows <kf-comp-dependent € § =g, kf-comp-dependent &’ F's
(proof)

lemma kf-comp-cong:
fixes € &' :: (('b::chilbert-space,’c:: chilbert-space,’e) kraus-family»
and § §' :: «('a::chilbert-space,’b:: chilbert-space,'f) kraus-family
assumes (¢ =5, ¢/
assumes § =i, >
shows <kf-comp € § =y, kf-comp &’ §F"
(proof )

lemma kf-bound-comp-dependent-raw-of-op:
shows <kf-bound (kf-comp-dependent-raw & (kf-of-op U))
= sandwich (Ux) (kf-bound (€ ()))»
(proof)

lemma kf-bound-comp-dependent-of-op:
shows (kf-bound (kf-comp-dependent € (kf-of-op U)) = sandwich (Usx) (kf-bound (€ ()))»
{proof)

lemma kf-bound-comp-of-op:
shows <kf-bound (kf-comp € (kf-of-op U)) = sandwich (Ux) (kf-bound €)»
{proof )

lemma kf-norm-comp-dependent-of-op-coiso:
assumes <isometry (Us)
shows <kf-norm (kf-comp-dependent € (kf-of-op U)) = kf-norm (& ())»
(proof)
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lemma kf-norm-comp-of-op-coiso:
assumes <isometry (Ux))
shows <kf-norm (kf-comp € (kf-of-op U)) = kf-norm &
(proof)

lemma kf-bound-comp-dependend-raw-iso:
assumes <isometry U»
shows <kf-bound (kf-comp-dependent-raw (A-. kf-of-op U) &)
= kf-bound &)
(proof)

lemma kf-bound-comp-dependent-iso:
assumes <isometry U»
shows <kf-bound (kf-comp-dependent (A\-. kf-of-op U) &) = kf-bound &)
(proof)

lemma kf-bound-comp-iso:
assumes <isometry U»
shows <kf-bound (kf-comp (kf-of-op U) &) = kf-bound &
(proof)

lemma kf-norm-comp-dependent-iso:
assumes <isometry U»
shows <kf-norm (kf-comp-dependent (A-. kf-of-op U) &) = kf-norm &
(proof)

lemma kf-norm-comp-iso:
assumes (isometry U»
shows <kf-norm (kf-comp (kf-of-op U) &) = kf-norm &
(proof )

lemma kf-comp-dependent-raw-0-right[simp]: <kf-comp-dependent-raw € 0 = 0»
(proof )

lemma kf-comp-dependent-raw-0-left[simp]: <kf-comp-dependent-raw 0 € = 0»
(proof)

lemma kf-comp-dependent-0-left[simp]: <kf-comp-dependent (A-. 0) E = 0>
(proof)

lemma kf-comp-dependent-0-right[simp]: <kf-comp-dependent E 0 = 0»
(proof)

lemma kf-comp-0-left[simp): <kf-comp 0 E = 0»
(proof )

lemma kf-comp-0-right[simp]: <kf-comp E 0 = 0
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{proof)

lemma kf-filter-comp:
fixes § :: <('b::chilbert-space,’c:: chilbert-space,’f) kraus-family>
and € :: «(‘a::chilbert-space,’b:: chilbert-space,’e) kraus-family
shows <kf-filter (A(e,f). F'f N E e) (kf-comp § €)
= kf-comp (kf-filter F §) (kf-filter E €))
(proof )

lemma kf-comp-dependent-invalid:
assumes <~ bdd-above ((kf-norm o €) ‘ kf-domain §)»
shows <kf-comp-dependent € §F = 0>
(proof)

lemma kf-comp-dependent-map-left:
<kf-comp-dependent (Az. kf-map (fz) (E z)) F
=ir kf-map (A (z,y). (z, fzy)) (kf-comp-dependent E F')»
(proof)

lemma kf-comp-dependent-map-right:
<kf-comp-dependent E (kf-map f F)
=ir kf-map (M(z,y). (fz, y)) (kf-comp-dependent (\x. E (f z)) F)»
(proof)

lemma kf-comp-dependent-raw-map-inj-right:
<kf-comp-dependent-raw E (kf-map-inj f F)
= kf-map-inj (A\(E,F,z,y). (E, F, fx, y)) (kf-comp-dependent-raw (A\x. E (f z)) F)»
(proof)

lemma kf-comp-dependent-map-inj-right:
assumes <inj-on f (kf-domain F))
shows <kf-comp-dependent E (kf-map-inj f F)
= kf-map-inj (A(z,y). (f z, y)) (kf-comp-dependent (Az. E (f x)) F)»
(proof)

lemma kf-comp-dependent-map-right-weak:
<kf-comp-dependent E (kf-map f F)
=g, kf-comp-dependent (Az. E (f x)) F»
(proof)

lemma kf-comp-map-left:
(kf-comp (f-map f E) F =y, kf-map (A(z.y). (z, £ 1)) (kf-comp E F)>
(proof )

lemma kf-comp-map-right:
<kf-comp E (kf-map f F) =k, kf-map (Mz,y). (f 2, y)) (kf-comp E F)
{proof )
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lemma kf-comp-map-both:
<kf-comp (kf-map e E) (kf-map f F) =k, kf-map (Mx,y). (fz, e y)) (kf-comp E F))
(proof)

lemma kf-apply-commute:
assumes <kf-operators § C commutant (kf-operators &)
shows <«kf-apply § o kf-apply € = kf-apply € o kf-apply §>
(proof)

lemma kf-comp-commute-weak:
assumes <kf-operators § C commutant (kf-operators &)
shows «kf-comp § € =g, kf-comp € &>
(proof)

lemma kf-comp-commute:
assumes <kf-operators § C commutant (kf-operators &)
shows <kf-comp § € =g, kf-map prod.swap (kf-comp € F)»
(proof )

lemma kf-comp-apply-on-singleton:
<kf-comp € F kg Q{z} 0 = € x5, Q{snd z} (F *pr Q{fst z} 0)»
(proof )

lemma kf-comp-dependent-apply-on-singleton:

assumes <bdd-above ((kf-norm o &) ‘ kf-domain §)»

shows (kf-comp-dependent € § ., Q{z} o = € (fst z) *, Q{snd z} (§F *pr Q{fst z} o)
(proof)

lemma kf-comp-id-left: <kf-comp kf-id € =g, kf-map (Az. (z,())) &
(proof)

lemma kf-comp-id-right: <kf-comp € kf-id =g, kf-map (Az. ((),z)) &
(proof)

lemma kf-comp-dependent-raw-kf-plus-left:

fixes © :: 'f = ('b::chilbert-space, 'c::chilbert-space, 'd) kraus-family

fixes € :: /f = ('b::chilbert-space, 'c::chilbert-space, 'e) kraus-family»

fixes § :: <('a::chilbert-space, 'b, 'f) kraus-family

assumes <bdd-above ((Az. kf-norm (D z)) ‘ kf-domain §)»

assumes <bdd-above ((Az. kf-norm (€ z)) ‘ kf-domain §)»

shows (kf-comp-dependent-raw (Az. kf-plus (D z) (€ z)) § =

kf-map-inj (Az. case z of Inl (F,D,f,d) = (F, D, f, Inl d) | Inr (F,E,f,e) = (F, E, f, Inr

)

(proof)

(kf-plus (kf-comp-dependent-raw © §F) (kf-comp-dependent-raw € F))»

lemma kf-comp-dependent-kf-plus-left:
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assumes <bdd-above ((Az. kf-norm (D z)) ‘ kf-domain §)»
assumes <bdd-above ((Az. kf-norm (€ x)) * kf-domain §)»
shows <kf-comp-dependent (Az. kf-plus (D z) (€ z)) § =

kf-map-inj (Az. case x of Inl (f,d) = (f, Inl d) | Inr (f,e) = (f, Inr €)) (kf-plus (kf-comp-dependent

D F) (kf-comp-dependent € F))»
{proof)

lemma kf-map-inj-twice:
shows <kf-map-inj f (kf-map-inj g €) = kf-map-inj (f o g) &
(proof )

lemma kf-comp-dependent-kf-plus-left’:
assumes (bdd-above ((Az. kf-norm (D xz)) ‘ kf-domain §)»
assumes <bdd-above ((Az. kf-norm (€ x))  kf-domain §)»
shows <kf-plus (kf-comp-dependent © §) (kf-comp-dependent € §) =
kf-map-inj (A(f,de). case de of Inl d = Inl (f,d) | Inr e = Inr (f,e)) (kf-comp-dependent
(Az. kf-plus (D z) (€ z)) )
(proof )

lemma kf-comp-dependent-plus-left:

assumes <bdd-above ((Az. kf-norm (D z))  kf-domain §)»

assumes <bdd-above ((Az. kf-norm (€ x)) * kf-domain §)»

shows <kf-comp-dependent (A\z. © z + € ) F =g, kf-comp-dependent © § + kf-comp-dependent
(Y
(proof)

3.9 Infinite sums

lift-definition kf-infsum :: «(‘a = ('b::chilbert-space,’c:: chilbert-space,’t) kraus-family) = 'a set
= ('b,’¢c,’ax'z) kraus-familyy is
AE A. if summable-on-in cweak-operator-topology (Aa. kf-bound (€ a)) A
then (A(a,(E,x)). (E,(a,x))) ¢ Sigma A (Aa. Rep-kraus-family (€ a)) else {P
(proof)

definition kf-summable :: <('a = ('b::chilbert-space,’c:: chilbert-space,’t) kraus-family) = 'a set
= bool) where
<kf-summable € A +— summable-on-in cweak-operator-topology (Aa. kf-bound (€ a)) A»

lemma kf-summable-from-abs-summable:
assumes sum: <(Aa. kf-norm (€ a)) summable-on A»
shows «kf-summable € A»

(proof )

lemma kf-infsum-apply:
assumes <kf-summable & A
shows <kf-infsum € A x5, 0 = (3 0a€A. € a *p 0)

(proof)
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lemma kf-infsum-apply-summable:
assumes <kf-summable € A»
shows <(\a. € a xg, 0) summable-on A»

(proof )

lemma kf-bound-infsum:

fixes f :: </a = ('b::chilbert-space,’c::chilbert-space,’z) kraus-familys

assumes <kf-summable f A»

shows <kf-bound (kf-infsum f A) = infsum-in cweak-operator-topology (Aa. kf-bound (f a)) A»
(proof)

lemma kf-norm-infsum:

assumes sum: ((Aa. kf-norm (€ a)) summable-on A»

shows <kf-norm (kf-infsum & A) < (3" wca€A. kf-norm (& a))»
(proof)

lemma kf-filter-infsum:
assumes <kf-summable € A»
shows <kf-filter P (kf-infsum € A)
= kf-infsum (Aa. kf-filler (Az. P (a,z)) (€ a)) {a€A. Fz. P (a,2)}p
(is «?lhs = 2rhsy)
(proof)

lemma kf-infsum-empty[simp]: <kf-infsum & {} = 0>
(proof )

lemma kf-infsum-singleton|[simp): <kf-infsum € {a} = kf-map-inj (Az. (a,z)) (€ a))
(proof )

lemma kf-infsum-invalid:
assumes (— kf-summable € A»
shows <kf-infsum & A = 0>
(proof)

lemma kf-infsum-cong:
fixes € § :: <‘a = ('b::chilbert-space, 'c::chilbert-space, 't) kraus-family)
assumes (\a. c € A = € a = F @
shows (kf-infsum € A =g, kf-infsum § A>

(proof)

3.10 Trace-preserving maps

definition <kf-trace-preserving € <+— (V o. trace-tc (€ g, 0) = trace-tc o)»
definition <kf-trace-reducing € <— (¥ 0>0. trace-tc (€ %1, ) < trace-tc p)»

lemma kf-trace-reducing-iff-norm-leql: <kf-trace-reducing € <— kf-norm & < 1)
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(proof)

lemma kf-trace-preserving-iff-bound-id: <kf-trace-preserving € <— kf-bound € = id-cblinfun>

(proof)

lemma kf-trace-norm-preserving: <kf-norm € < 1» if <kf-trace-preserving &)

{proof)

lemma kf-trace-norm-preserving-eq:
fixes € :: «('a::{chilbert-space,not-singleton}, 'b::chilbert-space, 'c) kraus-family
assumes (kf-trace-preserving €
shows <kf-norm & = 1)

(proof )

lemma kf-trace-preserving-map[simpl: <kf-trace-preserving (kf-map f &) «— kf-trace-preserving
&
{proof )

lemma kf-trace-reducing-map|[simpl: <kf-trace-reducing (kf-map f €) +— kf-trace-reducing &

{proof)

lemma kf-trace-preserving-id[iff]: <kf-trace-preserving kf-id>

{proof)

lemma kf-trace-reducing-id[iff]: <kf-trace-reducing kf-id>
(proof )

3.11 Sampling

lift-definition kf-sample :: <('z = real) = (‘a::chilbert-space, 'a, 'z) kraus-family) is

Ap.if Yz px>0) A p summable-on UNIV then Set.filter (A(E,-). E#0) (range (Ax. (sqrt
(p x) =g id-cblinfun, x))) else {}»
(proof)

lemma kf-sample-norm:
fixes p :: ('z = real
assumes (A\z. p z > 0>
assumes <p summable-on UNIV»
shows <kf-norm (kf-sample p :: ('a::{chilbert-space,not-singleton},’a,’c) kraus-family)
= oz p )
(proof)

3.12 Trace

lift-definition kf-trace :: <‘a set = (‘a::chilbert-space, 'b::one-dim, 'a) kraus-familys is
(AB. if is-onb B then (Az. (vector-to-cblinfun x*, z)) ‘ B else {}
(proof)

lemma kf-trace-is-trace:
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assumes <(is-onb B>
shows <kf-trace B #i, o = one-dim-iso (trace-tc p)»

(proof)

lemma kf-eq-weak-kf-trace:
assumes <is-onb Ay and <is-onb B>
shows (kf-trace A =g, kf-trace B>

(proof )

lemma trace-is-kf-trace:
assumes <is-onb B)
shows «trace-tc t = one-dim-iso (kf-trace B %y, t)

(proof )

lemma kf-trace-bound[simp]:
assumes <is-onb B»
shows <kf-bound (kf-trace B) = id-cblinfun>
(proof )

lemma kf-trace-norm-eq1[simp]:
fixes B :: 'a::{chilbert-space, not-singleton} set»
assumes <is-onb B>
shows <kf-norm (kf-trace B) = 1»

(proof)

lemma kf-trace-norm-leql [simp]:
fixes B :: <'a::chilbert-space set>
assumes <(is-onb B»
shows <kf-norm (kf-trace B) < 1»

(proof )

3.13 Constant maps

lift-definition kf-constant-onedim :: <('b,’d) trace-class = ('a::one-dim, 'b::chilbert-space, unit)
kraus-familyy is
At::('b,'b) trace-class. if t > 0 then
Set.filter (A(E,-). E£0) ((Av. (vector-to-cblinfun v,())) * spectral-dec-vecs-tc t)
else {}

(proof)
definition kf-constant :: <('b,’b) trace-class = ('a::chilbert-space, 'b::chilbert-space, unit) kraus-family>
where

<kf-constant o = kf-flatten (kf-comp (kf-constant-onedim o :: (complex,-,-) kraus-family) (kf-trace
some-chilbert-basis))»

lemma kf-constant-onedim-invalid: <— ¢ > 0 = kf-constant-onedim o = 0»

{proof)

lemma kf-constant-invalid: <= o > 0 = kf-constant o = 0>
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{proof)

lemma kf-constant-onedim-apply:

assumes <@ > 0

shows <kf-apply (kf-constant-onedim 9) o = one-dim-iso o x¢ 0
(proof)

lemma kf-constant-apply:
assumes <@ > 0
shows <kf-apply (kf-constant o) o = trace-tc o *c 0
(proof)

lemma kf-bound-constant-onedim[simp]:
fixes o :: «('a::chilbert-space, 'a) trace-class
assumes <@ > 0
shows <kf-bound (kf-constant-onedim ¢) = norm g xp id-cblinfun»

(proof)

lemma kf-bound-constant|simp]:
fixes o :: «('a::chilbert-space, 'a) trace-class
assumes ¢ > 0
shows <kf-bound (kf-constant o) = norm o *xg id-cblinfun>

{proof)

lemma kf-norm-constant-onedim[simp]:
assumes <@ > 0
shows <kf-norm (kf-constant-onedim o) = norm o>

{proof)

lemma kf-norm-constant:

assumes <@ > 0

shows <kf-norm (kf-constant o :: ('a::{ chilbert-space,not-singleton},’b:: chilbert-space,-) kraus-family)
= norm o

{proof)

lemma kf-norm-constant-leg:
shows <kf-norm (kf-constant ¢) < norm @

{proof)

lemma kf-comp-constant-right:

assumes [iff]: <t > >

shows <kf-map fst (kf-comp E (kf-constant t)) =g, kf-constant (E #g, t)»
(proof)

lemma kf-comp-constant-right-weak:
assumes [iff]: <t > O»
shows <kf-comp E (kf-constant t) =k, kf-constant (E *p, t)»
(proof)
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3.14 Tensor products

lemma kf-tensor-raw-bound-auz:
fixes € :: ((‘a ell2 =cp 'bell2 x 'z) sety and F :: «('c ell2 =¢p 'd ell2 x 'y) sety
assumes (\S. finite S = S C ¢ = () (F, ©)€S. Ex oo E) < B
assumes (A\S. finite S = S C §F = (. (E, 2)€S. Ex ocr E) < C»
assumes <finite U
assumes U C ((M(E, ), F, y). (E @, F, E, F, z, y)) ‘(€ x )
shows «(>_ (G, 2)eU. Gx ocr, G) < B ®, ()
(proof)

lift-definition kf-tensor-raw :: <('a ell2, 'b ell2, 't) kraus-family = (‘c ell2, 'd ell2, 'y) kraus-family
=
(("ax'c) ell2, ('bx'd) ell2, (('a ell2=c1'b eli2)x('c ell2=c 1 d ell2)x "t x"y)) kraus-family>
is
AEF. (M(Ez), (Fy)). (B @, F, (E,F,zy))) * (ExXF)
(proof)

lemma kf-apply-tensor-raw-as-infsum:

kf-tensor-raw € F xkr 0 = O o((E,z),(F,y))€Rep-kraus-family € x Rep-kraus-family §.
sandwich-tc (E ®, F) o)»
(proof)

lemma kf-apply-tensor-raw:
shows <kf-tensor-raw € § i, tc-tensor ¢ o = te-tensor (€ #g,. 0) (F *kr 0)

(proof)

hide-fact kf-tensor-raw-bound-aux
definition <kf-tensor € § = kf-map (A\(E, F, z, y). (z,y)) (kf-tensor-raw € F)»

lemma kf-apply-tensor:
<kf-tensor € § kg, te-tensor o o = te-tensor (€ xgp 0) (F *gr o)

(proof )

lemma kf-apply-tensor-as-infsum:

kf-tensor € F sk 0 = O oo ((E,2),(F,y))ERep-kraus-family € x Rep-kraus-family §. sand-
wich-tc (E ®, F) o)

(proof )

lemma kf-bound-tensor-raw:
<kf-bound (kf-tensor-raw € §) = kf-bound € ®, kf-bound F»
(proof )

lemma kf-bound-tensor:
<kf-bound (kf-tensor € F) = kf-bound € ®, kf-bound §»
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{proof)

lemma kf-norm-tensor:
<kf-norm (kf-tensor € §) = kf-norm € x kf-norm §
(proof )

lemma kf-tensor-cong-weak:
assumes (¢ =, ¢/
assumes (§ =i, 3§
shows (kf-tensor € § =, kf-tensor ¢’ §’

(proof)

lemma kf-filter-tensor:
kf-filter (A (z,y). Pz A Qy) (kf-tensor € §) = kf-tensor (kf-filter P &) (kf-filter Q §)»
(proof)

lemma kf-filter-tensor-singleton:

kf-filter (=) x) (kf-tensor € §) = kf-tensor (kf-filter ((=) (fst x)) &) (kf-filter ((=) (snd x))
3)

(proof )

lemma kf-tensor-cong:
fixes € ¢’ :: ((a ell2, 'b ell2, 'z) kraus-family
and § §':: «('c ell2, 'd ell2, 'y) kraus-family
assumes (¢ =, ¢/
assumes § =i, 3"
shows <kf-tensor € § =y, kf-tensor ¢’ §’

(proof)

lemma kf-tensor-compose-distrib-weak:
shows <kf-tensor (kf-comp € F) (kf-comp & 9)
=pr kf-comp (kf-tensor € &) (kf-tensor § H)»
(proof)

lemma kf-tensor-compose-distrib:
shows <kf-tensor (kf-comp € F) (kf-comp & )
=kr kf'map (/\((evg)v(fvh)) ((evf)v(g,h))) (kf—comp (kf_tensor ¢ 6) (kf—tensor g f-)))>
(proof)

lemma kf-tensor-compose-distrib’:

shows <kf-comp (kf-tensor € &) (kf-tensor § $)
o=ty 0 DD (G- () 10N Gtnsor (Fcomp &) (ieomp © 5)
proof

definition kf-tensor-right :: <('extra ell2, 'extra ell2) trace-class = ('qu ell2, ("qux’extra) ell2,
unit) kraus-familys where
— kf-tensor-right o maps o to o ®, 0

43



<kf-tensor-right o = kf-map-inj (A-. () (kf-comp (kf-tensor kf-id (kf-constant-onedim o))
(kf-of-op (tensor-ell2-right (ket ()))))
definition kf-tensor-left :: «('extra ell2, 'extra ell2) trace-class = ('qu ell2, (extrax’qu) ell2,
unit) kraus-familys where
— kf-tensor-right o maps o to o ®, o
<kf-tensor-left o = kf-map-inj (A-. () (kf-comp (kf-tensor (kf-constant-onedim o) kf-id) (kf-of-op
(tensor-ell2-left (ket ()))))»

lemma kf-apply-tensor-right|simp]:

assumes <@ > 0

shows (kf-tensor-right o *p,. o = tc-tensor o o
(proof)
lemma kf-apply-tensor-left[simp):

assumes <o > 0)

shows (kf-tensor-left o *i. 0 = tc-tensor o o>

(proof)

lemma kf-bound-tensor-right[simp]:

assumes <o > 0)

shows <kf-bound (kf-tensor-right o) = norm o *¢ id-cblinfun>
(proof)
lemma kf-bound-tensor-left[simp]:

assumes <o > 0

shows <kf-bound (kf-tensor-left o) = norm o *¢ id-cblinfun)
(proof)

lemma kf-norm-tensor-right[simp):
assumes <o > 0)
shows <kf-norm (kf-tensor-right ¢) = norm o>
(proof)
lemma kf-norm-tensor-left[simp]:
assumes <@ > 0
shows <kf-norm (kf-tensor-left o) = norm o>

(proof)

lemma kf-trace-preserving-tensor:
assumes <kf-trace-preserving &> and <kf-trace-preserving §»
shows <kf-trace-preserving (kf-tensor € F)»

(proof)

lemma kf-trace-reducing-tensor:
assumes <kf-trace-reducing &> and <kf-trace-reducing §»
shows <kf-trace-reducing (kf-tensor € F)»

(proof )

lemma kf-tensor-map-left:
<kf-tensor (kf-map f €) § =k, kf-map (apfst f) (kf-tensor € §)»
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(proof)

lemma kf-tensor-map-right:
<kf-tensor € (kf-map f §) =gr kf-map (apsnd f) (kf-tensor € F)»
(proof)

lemma kf-tensor-map-both:
kf-tensor (kf-map f €) (kf-map g §) =g kf-map (map-prod f g) (kf-tensor € F)
(proof )

lemma kf-tensor-raw-map-inj-both:

<kf-tensor-raw (kf-map-ing f €) (kf-map-inj g §F) = kf-map-inj (\(E,F,z,y). (E,F.f z,9 y))
(kf-tensor-raw & §F)»

(proof)

lemma kf-domain-tensor-raw-subset:

<kf-domain (kf-tensor-raw € §) C kf-operators € x kf-operators § x kf-domain € x kf-domain
‘P

(proof )

lemma kf-tensor-map-inj-both:

assumes <inj-on f (kf-domain &)

assumes (inj-on g (kf-domain §)»

shows <kf-tensor (kf-map-inj f &) (kf-map-inj g §) = kf-map-inj (map-prod f g) (kf-tensor €
%)
(proof)

lemma kf-operators-tensor-raw:

shows <kf-operators (kf-tensor-raw ¢ §) = {E ®, F | E F. E € kf-operators € N F €
kf-operators §}

(proof )

lemma kf-operators-tensor:

shows «(kf-operators (kf-tensor € §) C span {E ®, F | E F. E € kf-operators € N F €
kf-operators F}
(proof)

lemma kf-domain-tensor: <kf-domain (kf-tensor € §) = kf-domain € x kf-domain &>
(proof)

lemma kf-tensor-raw-0-left[simp]: <kf-tensor-raw 0 € = 0»

{proof)

lemma kf-tensor-raw-0-right[simp]: <kf-tensor-raw € 0 = 0»

(proof )

lemma kf-tensor-0-left[simp]: <kf-tensor 0 € = 0»
(proof )
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lemma kf-tensor-0-right[simp]: <kf-tensor € 0 = 0>
(proof)

lemma kf-tensor-of-op:
f-tensor (f-of-op A) (Kf-of-op B) = kf-map (A()- ((),0)) (kf-of-0p (A @, B))>
(proof)

3.15 Partial trace

definition kf-partial-trace-right :: <((ax'b) ell2, 'a ell2, 'b) kraus-family> where
<kf-partial-trace-right = kf-map (A((-,0),-). inv ket b)
(kf-comp (kf-of-op (tensor-ell2-right (ket ())x*))
(kf-tensor kf-id (kf-trace (range ket))))

definition kf-partial-trace-left :: <«(("ax'b) ell2, 'b ell2, 'a) kraus-family> where
<kf-partial-trace-left = kf-map-inj snd (kf-comp kf-partial-trace-right (kf-of-op swap-ell2))»

lemma partial-trace-is-kf-partial-trace:
fixes ¢ :: <(('a x 'b) ell2, ('a x 'b) ell2) trace-class
shows (partial-trace t = kf-partial-trace-right *g, t»

(proof)

lemma partial-trace-ignores-kraus-family:

assumes <kf-trace-preserving &

shows <partial-trace (kf-tensor § € #g,. 0) = § *p, partial-trace o
(proof)

lemma kf-partial-trace-bound|simpl:
shows <«kf-bound kf-partial-trace-right = id-cblinfun)
{proof )

lemma kf-partial-trace-norm[simp):
shows <«kf-norm kf-partial-trace-right = 1>

{proof)

lemma kf-partial-trace-right-apply-singleton:
<kf-partial-trace-right *j, Q{z} o = sandwich-tc (tensor-ell2-right (ket z)x) o
(proof)

lemma kf-partial-trace-left-apply-singleton:
<kf-partial-trace-left xp, @Q{x} o = sandwich-tc (tensor-ell2-left (ket z)x) o>
(proof)

lemma kf-domain-partial-trace-right[simp]: <kf-domain kf-partial-trace-right = UNIV»
(proof)

lemma kf-domain-partial-trace-left[simp: <kf-domain kf-partial-trace-left = UNIV»
(proof)
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3.16 Complete measurement

lemma complete-measurement-aux:
fixes B and F :: ((‘a::chilbert-space =c 'a x 'a) set»
defines <family = (A\z. (selfbutter (sgn z), z)) ‘ B>
assumes (finite F>y and FB: <F C family) and <is-ortho-set B»
shows ((>_ (E, z)€F. Ex ocr E) < id-cblinfuny

{proof)

lemma complete-measurement-is-kraus-family:
assumes <is-ortho-set B>
shows <kraus-family ((Az. (selfbutter (sgn z), z)) © B)»

(proof)

lift-definition kf-complete-measurement :: <'a set = ('a::chilbert-space, 'a, 'a) kraus-family is
CAB. if is-ortho-set B then (Az. (selfbutter (sgn x), x)) ‘ B else {}
(proof)

definition kf-complete-measurement-ket :: «(‘a ell2, 'a ell2, 'a) kraus-family> where
<kf-complete-measurement-ket = kf-map-inj (inv ket) (kf-complete-measurement (range ket))»

lemma kf-complete-measurement-domain[simp):
assumes <is-ortho-set B>
shows <kf-domain (kf-complete-measurement B) = B»

{proof)

lemma kf-complete-measurement-ket-domain[simpl:
<kf-domain kf-complete-measurement-ket = UNIV»

(proof )

lemma kf-complete-measurement-ket-kf-map:
<kf-complete-measurement-ket =g, kf-map (inv ket) (kf-complete-measurement (range ket))»

{proof)

lemma kf-bound-complete-measurement:
assumes <is-ortho-set B>
shows <kf-bound (kf-complete-measurement B) < id-cblinfun»

(proof )

lemma kf-norm-complete-measurement:
assumes <is-ortho-set B»
shows <kf-norm (kf-complete-measurement B) < 1)

(proof )

lemma kf-complete-measurement-invalid:
assumes (- is-ortho-set B>
shows <kf-complete-measurement B = 0>
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{proof)

lemma kf-complete-measurement-idem:
<kf-comp (kf-complete-measurement B) (kf-complete-measurement B)
=kr kf-map (Ab. (b,0)) (kf-complete-measurement B)»
(proof)

lemma kf-complete-measurement-idem-weak:
<kf-comp (kf-complete-measurement B) (kf-complete-measurement B)
=y kf-complete-measurement B»

{proof)

lemma kf-complete-measurement-ket-idem:
<kf-comp kf-complete-measurement-ket kf-complete-measurement-ket
=pir kf-map (Nb. (b,b)) kf-complete-measurement-ket»
(proof)

lemma kf-complete-measurement-ket-idem-weak:
<kf-comp kf-complete-measurement-ket kf-complete-measurement-ket
=k kf-complete-measurement-ket»

{proof)

lemma kf-complete-measurement-apply:
assumes [simp]: (is-ortho-set B»
shows (kf-complete-measurement B *i, t = (> cox€B. sandwich-tc (selfbutter (sgn x)) t)»

(proof)

lemma kf-complete-measurement-has-sum:

assumes <is-ortho-set B»

shows (((Az. sandwich-tc (selfbutter (sgn x)) o) has-sum kf-complete-measurement B *j, 0)
B

{proof)

lemma kf-complete-measurement-has-sum-onb:
assumes <is-onb B>
shows (((Az. sandwich-tc (selfbutter x) o) has-sum kf-complete-measurement B *j, 0) B>

(proof)

lemma kf-complete-measurement-ket-has-sum:
((Az. sandwich-tc (selfbutter (ket z)) o) has-sum kf-complete-measurement-ket *y, o) UNIV)

(proof)

lemma kf-complete-measurement-apply-onb:
assumes <(is-onb B>
shows <kf-complete-measurement B *p, t = (D x€EB. sandwich-tc (selfbutter ) t)

{proof)
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lemma kf-complete-measurement-ket-apply: <kf-complete-measurement-ket g, t = (> oo x. sand-
wich-te (selfbutter (ket x)) t)
(proof)

lemma kf-bound-complete-measurement-onb|simp|:
assumes <(is-onb B>
shows <kf-bound (kf-complete-measurement B) = id-cblinfun>

(proof)

lemma kf-bound-complete-measurement-ket[simpl:
<kf-bound kf-complete-measurement-ket = id-cblinfun>

(proof )

lemma kf-norm-complete-measurement-onb[simp):
fixes B :: ('a::{not-singleton, chilbert-space} set»
assumes <(is-onb B»
shows <kf-norm (kf-complete-measurement B) = 1»

(proof)

lemma kf-norm-complete-measurement-ket[simp|:
<kf-norm kf-complete-measurement-ket = 1>

{proof)

lemma kf-complete-measurement-ket-diagonal-operator|[simp]:
<kf-complete-measurement-ket xj.,. diagonal-operator-tc f = diagonal-operator-tc f>

(proof)

lemma kf-operators-complete-measurement:
kf-operators (kf-complete-measurement B) = (selfbutter o sgn) © By if <is-ortho-set B»

{proof)

lemma kf-operators-complete-measurement-invalid:
<kf-operators (kf-complete-measurement B) = {}> if <= is-ortho-set B)

{proof)

lemma kf-operators-complete-measurement-ket:
<kf-operators kf-complete-measurement-ket = range (Ac. butterfly (ket ¢) (ket ¢))»

(proof )

lemma kf-complete-measurement-apply-butterfly:
assumes <(is-ortho-set B> and <b € B»
shows <kf-complete-measurement B *p, tc-butterfly b b = tc-butterfly b b

(proof)

lemma kf-complete-measurement-ket-apply-butterfly:
<kf-complete-measurement-ket xi, tc-butterfly (ket z) (ket ) = tc-butterfly (ket x) (ket x)»

{proof)
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lemma kf-map-eq-kf-map-inj-singleton:
assumes <card-le-1 (Rep-kraus-family &)»
shows «kf-map f € = kf-map-inj f &>
(proof)

lemma kf-map-eq-kf-map-inj-singleton':
assumes (\y. card-le-1 (Rep-kraus-family (kf-filter ((=)y) €))»
assumes <inj-on f (kf-domain &)
shows <«kf-map f € = kf-map-inj f &

(proof)

lemma kf-filter-singleton-kf-complete-measurement:

assumes x € B) and «<is-ortho-set B»

shows «kf-filter ((=)z) (kf-complete-measurement B) = kf-map-inj (A-. x) (kf-of-op (selfbutter
(sgn z)))»
(proof)

lemma kf-filter-singleton-kf-complete-measurement’:

assumes <z € B> and «is-ortho-set B)

shows <kf-filter ((=)z) (kf-complete-measurement B) = kf-map (A-. z) (kf-of-op (selfbutter
(sgn x)))»

{proof )

lemma kf-filter-disjoint:
assumes (\z. z € kf-domain € = P x = Fulse
shows (kf-filter P € = 0)

{proof)

lemma kf-complete-measurement-tensor:
assumes <is-ortho-set B> and «<is-ortho-set C»
shows <kf-map (A(b,c). b ®; ¢) (kf-tensor (kf-complete-measurement B) (kf-complete-measurement
@)
= kf-complete-measurement (A(b,c). b @, ¢) ‘(B x C))»
(proof)

lemma card-le-1-kf-filter: <card-le-1 (Rep-kraus-family (kf-filter P &))) if <card-le-1 (Rep-kraus-family
)

(proof )
lemma card-le-1-kf-map-inj[iff]: <card-le-1 (Rep-kraus-family (kf-map-inj f &))» if <(card-le-1
(Rep-kraus-family &)»
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{proof)

lemma card-le-1-kf-mapliff]: <card-le-1 (Rep-kraus-family (kf-map f &))» if <card-le-1 (Rep-kraus-family
)
(proof)

lemma card-le-1-kf-tensor-raw(iff]: <card-le-1 (Rep-kraus-family (kf-tensor-raw € §))» if <card-le-1
(Rep-kraus-family €)> and <card-le-1 (Rep-kraus-family §)»
(proof )

lemma card-le-1-kf-tensor[iff|: <card-le-1 (Rep-kraus-family (kf-tensor € §))» if <card-le-1 (Rep-kraus-family
&)y and <card-le-1 (Rep-kraus-family §)»
(proof )

lemma card-le-1-kf-filter-complete-measurement: <card-le-1 (Rep-kraus-family (kf-filter ((=)z)
(kf-complete-measurement B)))»

(proof)

lemma kf-complete-measurement-ket-tensor:
shows <kf-tensor (kf-complete-measurement-ket :: (-,-,’a) kraus-family) (kf-complete-measurement-ket
i (+-,"b) kraus-family)
= kf-complete-measurement-ket»
(proof)

3.17 Reconstruction

lemma kf-reconstruction-is-bounded-clinear:
assumes (N\g. ((Aa. sandwich-tc (f a) ) has-sum € p) A»
shows (bounded-clinear )

(proof)

lemma kf-reconstruction-is-kraus-family:
assumes sum: <N\o. ((Aa. sandwich-tc (f a) o) has-sum € o) A>
defines «F = Set.filter (A(E,-). E#£0) ((Aa. (f a, a)) < A)
shows <kraus-family F»

(proof)

lemma kf-reconstruction:
assumes sum: <N\o. ((Aa. sandwich-tc (f a) o) has-sum € o) A>
defines (F = Abs-kraus-family (Set.filter (\(E,-). E£0) ((Aa. (f a, a)) * A))»
shows «kf-apply F = &

(proof)

3.18 Cleanup

unbundle no cblinfun-syntax
unbundle no kraus-map-syntax
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end

4 Kraus maps

theory Kraus-Maps
imports Kraus-Families
begin

4.1 Kraus maps

unbundle kraus-map-syntax
unbundle cblinfun-syntazx

definition kraus-map :: <((‘a::chilbert-space,’a) trace-class = ('b::chilbert-space,’d) trace-class)
= bool) where
kraus-map-def-raw: <kraus-map € «— (IEE :: ('a,’b,unit) kraus-family. € = kf-apply EE)»

lemma kraus-map-def: <kraus-map € <— (I EE :: ('a::chilbert-space,’b:: chilbert-space,’t) kraus-family.
¢ = kf-apply EE)>

— Has a more general type than the original definition
(proof)

lemma kraus-mapl:
assumes (¢ = kf-apply €%
shows <kraus-map €

{proof)

lemma kraus-map-bounded-clinear:
<bounded-clinear &) if <kraus-map &

{proof)

lemma kraus-map-pos:
assumes <kraus-map &> and < > 0»
shows & o > 0»

(proof )

lemma kraus-map-mono:
assumes <kraus-map &> and <@ > 7>
shows (¢ o > € 1)

{proof)

lemma kraus-map-kf-applyliff): <kraus-map (kf-apply €)»
(proof )

definition km-some-kraus-family :: «((’'a::chilbert-space, 'a) trace-class = ('b::chilbert-space, 'b)
trace-class) = ('a, 'b, unit) kraus-family) where
<km-some-kraus-family € = (if kraus-map € then SOME §. € = kf-apply § else 0)»
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lemma kf-apply-km-some-kraus-family[simp):
assumes <kraus-map &
shows <kf-apply (km-some-kraus-family €) = &
(proof )

lemma km-some-kraus-family-invalid:
assumes <~ kraus-map &)
shows <km-some-kraus-family & = 0

{proof)

definition km-operators-in :: <(('a::chilbert-space,’a) trace-class = ('b::chilbert-space,’d) trace-class)
= ('a =cr 'b) set = bool> where

<km-operators-in € S +— (3F 2 (Ya,’bunit) kraus-family. kf-apply § = € A kf-operators § C
S)

lemma km-operators-in-mono: <S C T = km-operators-in € S = km-operators-in & T’

{proof)

lemma km-operators-in-kf-apply:
assumes <span (kf-operators €) C S»
shows <km-operators-in (kf-apply €) S»
(proof )

lemma km-operators-in-kf-apply-flattened:
fixes € :: «(‘a:chilbert-space,’b:: chilbert-space, x:: CARD-1) kraus-family»
assumes <kf-operators € C §»
shows <km-operators-in (kf-apply €) S»

(proof)

lemma km-commute:
assumes <km-operators-in & S
assumes <km-operators-in § T
assumes <S C commutant T
shows <§ 0 € = € o &

{proof)

lemma km-operators-in-UNIV:
assumes <kraus-map €
shows <km-operators-in & UNIV)»

(proof )

lemma separating-kraus-map-bounded-clinear:
fixes S :: «(‘a::chilbert-space,’a) trace-class set)
assumes (separating-set (bounded-clinear :: (- = ('b::chilbert-space,’d) trace-class) = -) S»
shows <separating-set (kraus-map :: (- = ('b::chilbert-space,’d) trace-class) = -) S»

(proof )
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4.2 Bound and norm

definition km-bound :: <(('a::chilbert-space, 'a) trace-class = ('b::chilbert-space, 'b) trace-class)
= (‘a, 'a) cblinfuny where

<km-bound € = (if €’ =2 (-, -, unit) kraus-family. € = kf-apply €' then kf-bound (SOME @&’ ::
(-, -, unit) kraus-family. € = kf-apply €’) else 0)»

lemma km-bound-kf-bound:
assumes (¢ = kf-apply §»
shows (km-bound € = kf-bound §»
(proof)

definition km-norm :: <((‘a::chilbert-space, 'a) trace-class = ('b::chilbert-space, 'b) trace-class)
= real> where
<km-norm € = norm (km-bound )

lemma km-norm-kf-norm:
assumes (€ = kf-apply §>
shows km-norm & = kf-norm §»

{proof)

lemma km-bound-invalid:
assumes <~ kraus-map &)
shows <km-bound ¢ = 0>

{proof)

lemma km-norm-invalid:
assumes <~ kraus-map &)
shows <km-norm & = 0

{proof)

lemma km-norm-geqO[iff]: <km-norm & > 0»

{proof)

lemma kf-bound-posliff]: <km-bound & > 0»
(proof )

lemma km-bounded-pos:
assumes <kraus-map € and <o > 0»
shows (norm (€ o) < km-norm € % norm @

(proof)

lemma km-bounded:
assumes <kraus-map &)
shows <norm (€ o) < 4 x km-norm € x norm o

(proof)
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lemma km-bound-from-map:
assumes <kraus-map &>
shows <) «¢ km-bound & ¢ = trace-tc (€ (tc-butterfly ¢ ¥))»
(proof)

lemma trace-from-km-bound:
assumes <kraus-map &
shows <trace-tc (€ o) = trace-tc (compose-ter (km-bound &) o)»

{proof)

lemma km-bound-selfadjoint|iff]: <selfadjoint (km-bound &)»
(proof )

lemma km-bound-leq-km-norm-id: <km-bound € < km-norm € xg id-cblinfun>

{proof)

lemma kf-norm-km-some-kraus-family[simp): <kf-norm (km-some-kraus-family &) = km-norm
&
(proof)

4.3 Basic Kraus maps

Zero map and constant maps. Addition and rescaling and composition of maps.

lemma kraus-map-0[iff]: <kraus-map 0>

{proof)

lemma kraus-map-0'[iff]: <kraus-map (A-. 0)»
{proof)

lemma km-bound-0[simp]: <km-bound 0 = 0>
{proof)

lemma km-norm-0[simp|: <km-norm 0 = 0»

(proof)

lemma km-some-kraus-family-0[simp): <km-some-kraus-family 0 = 0»

{proof)

lemma kraus-map-id[iff]: <kraus-map id>

(proof )

lemma km-bound-id[simp]: <km-bound id = id-cblinfun>

{proof)

lemma km-norm-id-leq1 [iff]: <km-norm id < 1>

{proof)

lemma km-norm-id-eql [simp]: <km-norm (id :: ('a :: {chilbert-space, not-singleton}, 'a) trace-class
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= -)=1

{proof)

lemma km-operators-in-id[iff]: <km-operators-in id {id-cblinfun}>

{proof)

lemma kraus-map-add|[iff]:
assumes <kraus-map & and <kraus-map §»
shows <kraus-map (Mo. € 0 + F o)

(proof)

lemma kraus-map-plus’[iff]:
assumes <kraus-map &> and <kraus-map §»
shows <kraus-map (€ + F)»

{proof)

lemma km-bound-plus:
assumes <kraus-map &> and <kraus-map >
shows <km-bound (€ + §) = km-bound € + km-bound &>

(proof)

lemma km-norm-triangle:
assumes <kraus-map € and <kraus-map §»
shows <km-norm (€ + §) < km-norm € + km-norm ¥

{proof)

lemma kraus-map-constant[iff]: <kraus-map (Ao. trace-tc o xc o) if <0 > 0»

(proof )

lemma kraus-map-constant-invalid:

<= kraus-map (Ao 2 (‘a::{chilbert-space,not-singleton},’a) trace-class. trace-tc o xc o) if ™
0= 0
(proof)

lemma kraus-map-scale:
assumes <kraus-map € and «c > 0>
shows <kraus-map (Mo. ¢ xp & o)

(proof)

lemma km-bound-scale[simpl: <km-bound (Ao. ¢ g € p) = ¢ xg km-bound & if <c > 0>

(proof)

lemma km-norm-scale[simpl: <km-norm (Xo. ¢ xg € ) = ¢ * km-norm & if «¢ > 0»

(proof )
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lemma kraus-map-sandwich[iff]: <kraus-map (sandwich-tc A)»

{proof)

lemma km-bound-sandwich[simp]: <km-bound (sandwich-tc A) = Ax ocp A>

{proof)

lemma km-norm-sandwich|simp]: <km-norm (sandwich-tc A) = (norm A)%

(proof )

lemma km-operators-in-sandwich: <km-operators-in (sandwich-tc U) {U}

{proof)

lemma km-constant-bound[simp|: <km-bound (Ao. trace-tc o ¢ 0) = norm g *g id-cblinfuny if
<0 > O

{proof)

lemma km-constant-norm[simp]: <km-norm (Ao::('a::{ chilbert-space,not-singleton},’a) trace-class.
trace-tc o *¢ 0) = norm o if <o > O»

(proof)

lemma km-constant-norm-leq[simp]: <km-norm (Ao::('a::chilbert-space,’a) trace-class. trace-tc o
xc 0) < norm @
(proof)

lemma kraus-map-comp:
assumes <kraus-map € and <kraus-map §»
shows <kraus-map (€ o §)»

(proof)

lemma km-comp-norm-leq:
assumes <kraus-map € and <kraus-map §»
shows <km-norm (€ o §) < km-norm &€ x km-norm §»

(proof)

lemma km-bound-comp-sandwich:
assumes <kraus-map &
shows (km-bound (Ao. € (sandwich-tc U p)) = sandwich (Ux) (km-bound &)»

(proof)

lemma km-norm-comp-sandwich-coiso:
assumes <isometry (Ux))
shows <km-norm (Ao. € (sandwich-tc U p)) = km-norm &

(proof)

lemma km-bound-comp-sandwich-iso:
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assumes (isometry U»
shows <km-bound (Mo. sandwich-tc U (€ p)) = km-bound &)

(proof)

lemma km-norm-comp-sandwich-iso:
assumes (isometry U»
shows (km-norm (M. sandwich-tc U (€ g)) = km-norm &

(proof)

lemma kraus-map-sum:
assumes (\z. €A = kraus-map (€ x)»
shows (kraus-map (> z€A. € z)»

(proof)

lemma km-bound-sum:
assumes (\z. €A = kraus-map (€ z)»
shows <km-bound (> z€A. € z) = (3. z€A. km-bound (€ z))»

(proof)

4.4 Infinite sums

lemma
assumes (N\p. ((Aa. sandwich-tc (f a) ) has-sum € p) A»
defines (FE = Set.filter (A(E,-). E#£0) ((Aa. (f a, a)) “ A)
shows kraus-mapl-sum: <kraus-map )
and kraus-map-sum-kraus-family: <kraus-family EE)»
and kraus-map-sum-kf-apply: <& = kf-apply (Abs-kraus-family EE)»
(proof)

lemma kraus-map-infsum-sandwich:
assumes (\p. (Aa. sandwich-tc (f a) o) summable-on A»
shows <kraus-map (Mo. Y. coa€A. sandwich-tc (f a) o)»

{proof)

lemma kraus-map-sum-sandwich: <kraus-map (Ao. > a€A. sandwich-tc (f a) o)

(proof )

lemma kraus-map-as-infsum:
assumes <kraus-map &
shows <M. V. (AE. sandwich-tc E o) has-sum & o) M»

(proof)

definition km-summable :: <('a = ('b::chilbert-space,’b) trace-class = ('c::chilbert-space,’c) trace-class)
= 'a set = bool> where
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<km-summable € A +— summable-on-in cweak-operator-topology (Aa. km-bound (€ a)) A>

lemma km-summable-kf-summable:
assumes (Na 9. a € A = € a9=7F a * 0
shows (km-summable € A <— kf-summable § A>

(proof)

lemma km-summable-summable:
assumes km: (N\a. a€A = kraus-map (€ a)>
assumes sum: <km-summable € A»
shows ((Aa. € a p) summable-on A>

(proof)

lemma kraus-map-infsum:
assumes km: <\a. a€ A = kraus-map (€ a)»
assumes sum: <km-summable € A»
shows (kraus-map (Ag. > cca€A. € a o)

(proof)

lemma km-bound-infsum:

assumes km: <\a. a€ A = kraus-map (€ a)»

assumes sum: <km-summable € A)

shows (km-bound (Ao. > wa€A. € a p) = infsum-in cweak-operator-topology (Aa. km-bound
(€a) A
{proof)

lemma km-norm-infsum:
assumes km: <\a. a€ A = kraus-map (€ a)»
assumes sum: <(Aa. km-norm (€ a)) summable-on A»
shows (km-norm (Ao. Y a€A. € a 9) < (3 ca€A. km-norm (€ a))»

(proof)

lemma kraus-map-has-sum:
assumes (A\z. € A = kraus-map (€ z)»
assumes <km-summable € A»
assumes (& has-sum §) A
shows <kraus-map §»

(proof)

lemma km-summable-iff-sums-to-kraus-map:
assumes (\a. a€A = kraus-map (€ a)»
shows (km-summable € A +— (3F. (Vt. ((Az. € z t) has-sum § t) A) A kraus-map §)»

(proof)

4.5 Tensor products

definition km-tensor-exists :: <(('a ell2, 'b ell2) trace-class = ('c ell2, 'd ell2) trace-class)
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= (("e ell2, 'f ell2) trace-class = ('g ell2, 'h ell2) trace-class) = bool
where
<km-tensor-ezists € § «— (I €F. bounded-clinear €F N (Vo 0. €F (tc-tensor o o) = te-tensor
(€ o) (F0))

definition km-tensor :: <(('a ell2, 'c ell2) trace-class = (e ell2, 'g ell2) trace-class)

= (('b ell2, 'd ell2) trace-class = ('f ell2, 'h ell2) trace-class)

= (("a x 'b) ell2, ('c x 'd) ell2) trace-class = (('e x 'f) ell2, ('g x 'h) ell2)
trace-class» where

<km-tensor € § = (if km-tensor-exists & §

then SOME €F. bounded-clinear €F A (Vo 0. €F (tc-tensor o o) = te-tensor
(€ o) (§0))

else 0)»

lemma km-tensor-invalid:
assumes <— km-tensor-exists € §»
shows <km-tensor € § = 0»

(proof)

lemma km-tensor-exists-bounded-clinear[iff):
assumes <km-tensor-exists € §»
shows (bounded-clinear (km-tensor € §)»

{proof)

lemma km-tensor-apply[simp]:
assumes <km-tensor-exists € §»
shows <km-tensor € § (tc-tensor g o) = te-tensor (€ o) (§F o)
(proof )

lemma km-tensor-unique:
assumes <bounded-clinear €§»
assumes (g 0. EF (tc-tensor ¢ o) = te-tensor (€ ) (F o)
shows (E¢F = km-tensor € 3

(proof)

lemma km-tensor-kf-tensor: <km-tensor (kf-apply €) (kf-apply §) = kf-apply (kf-tensor € F)»
(proof )

lemma km-tensor-kraus-map:
assumes <kraus-map € and <kraus-map §»
shows (kraus-map (km-tensor € §)»

(proof)

lemma km-tensor-kraus-map-exists:
assumes <kraus-map € and <kraus-map §»
shows <km-tensor-exists € §»

(proof)
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lemma km-tensor-as-infsum:

assumes (N\p. ((A\i. sandwich-tc (E i) o) has-sum € o) I»

assumes (N\o. ((Aj. sandwich-tc (F j) o) has-sum § o) J»

shows (km-tensor € § o = (3 o (4,7)€IxJ. sandwich-tc (E i ®, F j) o)
(proof)

lemma km-bound-tensor:
assumes <kraus-map & and <kraus-map §»
shows <km-bound (km-tensor € §) = km-bound € ®, km-bound §»

(proof)

lemma km-norm-tensor:
assumes <kraus-map € and <kraus-map F»
shows <km-norm (km-tensor € §) = km-norm € x km-norm &>

(proof)

lemma km-tensor-compose-distrib:
assumes <km-tensor-exists € &> and (km-tensor-exists § £
shows <km-tensor (€ 0 §) (& o ) = km-tensor € & o km-tensor § $»
(proof)

lemma kraus-map-tensor-right|simpl:
assumes <o > 0)
shows <kraus-map (Ao. tc-tensor o )»
(proof)

lemma kraus-map-tensor-left[simp]:
assumes <o > 0
shows <kraus-map (Ao. tc-tensor o o)y

(proof )

lemma km-bound-tensor-right|simp):
assumes <o > 0
shows <km-bound (A\o. tc-tensor o ) = norm ¢ *¢ id-cblinfuny
(proof )
lemma km-bound-tensor-left[simp]:
assumes <@ > 0
shows (km-bound (A\o. tc-tensor o o) = norm g *¢ id-cblinfun>

(proof )

lemma kf-norm-tensor-right[simp):
assumes ¢ > 0
shows <km-norm (Ao. tc-tensor o 9) = norm o)

(proof )

lemma kf-norm-tensor-left[simp]:
assumes ¢ > 0
shows <km-norm (Ao. tc-tensor o o) = norm o)
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{proof)

lemma km-operators-in-tensor:
assumes <km-operators-in € S»
assumes <km-operators-in § T
shows (km-operators-in (km-tensor € §) (span {s @, t | s t. s€S AN teT})

(proof)

lemma km-tensor-sandwich-tc:
<km-tensor (sandwich-tc A) (sandwich-tc B) = sandwich-tc (A ®, B)»

{proof)

4.6 Trace and partial trace

definition <km-trace-preserving € «— (3F::(-,-,unit) kraus-family. € = kf-apply § A kf-trace-preserving
3)
lemma km-trace-preserving-def’: <km-trace-preserving € «— (3§::(-, -, 'c) kraus-family. € =
kf-apply § A kf-trace-preserving §)»

— Has a more general type than km-trace-preserving-def
(proof)

definition km-trace-reducing-def: <km-trace-reducing € <— (3F::(-,-,unit) kraus-family. € =
kf-apply § A kf-trace-reducing §)»

lemma km-trace-reducing-def': <km-trace-reducing € «— (3F::(-, -, 'c) kraus-family. € = kf-apply
§ A kf-trace-reducing §)»

(proof)

lemma km-trace-preserving-apply[simp): <km-trace-preserving (kf-apply €) = kf-trace-preserving
&
(proof)

lemma km-trace-reducing-apply[simp): <km-trace-reducing (kf-apply €) = kf-trace-reducing &)

(proof)

lemma km-trace-preserving-iff: <km-trace-preserving € <+— kraus-map € A (V0. trace-tc (€ p)
= trace-tc o)»
(proof)

lemma km-trace-reducing-iff: <km-trace-reducing € +— kraus-map € N (VY 0>0. trace-tc (€ p)
< trace-tc o))
(proof)

lemma km-trace-preserving-imp-reducing:
assumes <km-trace-preserving &>
shows «km-trace-reducing €

{proof)

lemma km-trace-preserving-id[iff]: <km-trace-preserving id»
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{proof)

lemma km-trace-reducing-iff-norm-leql: <km-trace-reducing € +— kraus-map € A km-norm €
< 1»

(proof)

lemma km-trace-preserving-iff-bound-id: <km-trace-preserving € <— kraus-map € A km-bound
¢ = id-cblinfun>
(proof)

lemma km-trace-preserving-iff-bound-id’:
fixes € :: «(a::{chilbert-space, not-singleton}, 'a) trace-class = -»
shows <km-trace-preserving € <— km-bound € = id-cblinfun>

{proof)

lemma km-trace-norm-preserving: <km-norm € < 1) if <km-trace-preserving &)

{proof)

lemma km-trace-norm-preserving-eq:
fixes € :: «(‘a::{chilbert-space,not-singleton},’a) trace-class = ('b::chilbert-space,’d) trace-class
assumes <km-trace-preserving €
shows <km-norm & = 1)

(proof)

lemma kraus-map-trace: <kraus-map (one-dim-iso o trace-tc)»

{proof)

lemma trace-preserving-trace-kraus-mapliff]: <km-trace-preserving (one-dim-iso o trace-tc)

{proof)

lemma km-trace-bound[simp]: <km-bound (one-dim-iso o trace-tc) = id-cblinfun»

{proof)

lemma km-trace-norm-eq1 [simp]: <km-norm (one-dim-iso o trace-tc :: (‘a::{chilbert-space,not-singleton},’a)
trace-class = -) = 1»

{proof)

lemma km-trace-norm-leql [simp]: <km-norm (one-dim-iso o trace-tc) < 1»

(proof)

lemma kraus-map-partial-trace[iff]: <kraus-map partial-trace

{proof)

lemma partial-trace-ignores-kraus-map:
assumes <km-trace-preserving &)
assumes <kraus-map §>
shows «(partial-trace (km-tensor § € p) = § (partial-trace o)»
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(proof)

lemma km-partial-trace-bound[simp|: <km-bound partial-trace = id-cblinfun>

{proof)

lemma km-partial-trace-norm[simpl:
shows <km-norm partial-trace = 1)

{proof)

lemma km-trace-preserving-tensor:
assumes <km-trace-preserving €» and <km-trace-preserving §»
shows <km-trace-preserving (km-tensor € §)»

(proof)

lemma km-trace-reducing-tensor:
assumes <km-trace-reducing €» and <km-trace-reducing §>
shows <km-trace-reducing (km-tensor € §)»

{proof)

4.7 Complete measurements

definition <km-complete-measurement B o = (3 cox€B. sandwich-tc (selfbutter (sgn z)) o)
abbreviation <km-complete-measurement-ket = km-complete-measurement (range ket)»

lemma km-complete-measurement-kf-complete-measurement: <km-complete-measurement B =
kf-apply (kf-complete-measurement B)» if (is-ortho-set B»

{proof)

lemma km-complete-measurement-ket-kf-complete-measurement-ket: <km-complete-measurement-ket
= kf-apply kf-complete-measurement-ket»
(proof )

lemma km-complete-measurement-has-sum:
assumes <is-ortho-set B»
shows «((A\z. sandwich-tc (selfbutter (sgn x)) o) has-sum km-complete-measurement B o) B)

{proof)

lemma km-complete-measurement-ket-has-sum:
<«((Az. sandwich-tc (selfputter (ket x)) o) has-sum km-complete-measurement-ket o) UNIV»

(proof )

lemma km-bound-complete-measurement:
assumes <is-ortho-set B>
shows <km-bound (km-complete-measurement B) < id-cblinfun>

(proof )
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lemma km-norm-complete-measurement:
assumes <is-ortho-set B)
shows <km-norm (km-complete-measurement B) < 1»

{proof)

lemma km-bound-complete-measurement-onb|simp:
assumes <(is-onb B>
shows <km-bound (km-complete-measurement B) = id-cblinfuns

{proof)

lemma km-bound-complete-measurement-ket[simpl: <km-bound km-complete-measurement-ket =
id-cblinfun»

(proof)

lemma km-norm-complete-measurement-onb[simp]:
fixes B :: 'a::{not-singleton, chilbert-space} set
assumes <(is-onb B>
shows <km-norm (km-complete-measurement B) = 1)

{proof)

lemma km-norm-complete-measurement-ket[simp):
shows <km-norm km-complete-measurement-ket = 1>

(proof)

lemma kraus-map-complete-measurement:
assumes <is-ortho-set B>
shows <kraus-map (km-complete-measurement B)»

(proof )

lemma kraus-map-complete-measurement-ket[iff]:
shows <kraus-map km-complete-measurement-ket)

{proof)

lemma km-complete-measurement-idem|[simp]:

assumes <is-ortho-set B)

shows <km-complete-measurement B (km-complete-measurement B p) = km-complete-measurement
B o

(proof )

lemma km-complete-measurement-ket-idem][simp):

<km-complete-measurement-ket (km-complete-measurement-ket 9) = km-complete-measurement-ket
0

(proof)

lemma km-complete-measurement-has-sum-onb:
assumes <(is-onb B>
shows «((A\z. sandwich-tc (selfbutter x) o) has-sum km-complete-measurement B 9) B>

{proof)

65



lemma km-complete-measurement-ket-diagonal-operator|simp]:
<km-complete-measurement-ket (diagonal-operator-tc f) = diagonal-operator-tc f»

{proof)

lemma km-operators-complete-measurement:
assumes <is-ortho-set B>
shows <km-operators-in (km-complete-measurement B) (span (selfbutter ¢ B))»

(proof)

lemma km-operators-complete-measurement-ket:
shows <km-operators-in km-complete-measurement-ket (span (range (Ac. (selfbutter (ket c)))))»

(proof )

lemma km-complete-measurement-ket-butterket[simp):
<km-complete-measurement-ket (tc-butterfly (ket c) (ket c)) = tc-butterfly (ket c) (ket c)»
{proof)

lemma km-complete-measurement-tensor:
assumes <is-ortho-set B> and «<is-ortho-set C»
shows <km-tensor (km-complete-measurement B) (km-complete-measurement C')
= km-complete-measurement ((A(b,c). b ®s ¢) ‘(B x C))»
(proof )

lemma km-complete-measurement-ket-tensor:
shows «km-tensor (km-complete-measurement-ket :: (‘a ell2, -) trace-class = -) (km-complete-measurement-ket
2 ('bell2, -) trace-class = -)
= km-complete-measurement-ket»

(proof )

lemma km-tensor-0-left[simpl: <km-tensor (0 :: (‘a ell2, 'b ell2) trace-class = (c ell2, 'd ell2)
trace-class) € = 0»

(proof)

lemma km-tensor-0-right[simp]: <km-tensor € (0 :: (‘a ell2, 'b ell2) trace-class = ('c ell2, 'd
ell2) trace-class) = 0

(proof)

unbundle no kraus-map-syntax
unbundle no cblinfun-syntax

end
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