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Abstract

Continuous-time stochastic processes often carry the condition of
having almost-surely continuous paths. If some process X satisfies
certain bounds on its expectation, then the Kolmogorov-Chentsov the-
orem lets us construct a modification of X, i.e. a process X’ such that
Vt.X; = X[ almost surely, that has Holder continuous paths.

In this work, we mechanise the Kolmogorov-Chentsov theorem. To
get there, we develop a theory of stochastic processes, together with
Holder continuity, convergence in measure, and arbitrary intervals of
dyadic rationals.

With this, we pave the way towards a construction of Brownian
motion. The work is based on the exposition in Achim Klenke’s prob-
ability theory text [1].
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1 Supporting lemmas

theory Kolmogorov-Chentsov-FExtras
imports HOL— Probability. Probability
begin

lemma atLeastAtMost-induct[consumes 1, case-names base Suc]:
assumes z € {n..m}
and P n
and Ak. [k > n; k< m; Pk] = P (Suck)
shows P z
(proof )

lemma cventually-prodl
assumes eventually P F eventually Q GVzy. Pz — Qy — R (2,y)
shows eventually R (F' xp Q)

(proof)

Analogous to [almost-everywhere M ?P; AN. [A\z. z € space M — N =
?P z; N € null-sets M| = ?thesis] = ?thesis

lemma AFE-I3:
assumes Az. z € space M — N = Pz N € null-sets M
shows AE zin M. P x

{proof)

Extends [(?f —— 21) ?2F; (29 —— ?m) ?F] = ((\z. dist (?f z) (%g x))
— dist 71 ?m) ?F
lemma tendsto-dist-prod:

fixes | m :: 'a :: metric-space

assumes f: (f —— ) F

and ¢g: (9 — m) G

shows ((A\z. dist (f (fst z)) (g (snd z))) —— dist I m) (F xp G)

(proof)

lemma borel-measurable-at-within-metric [measurable]:
fixes f :: 'a :: first-countable-topology = 'b = 'c :: metric-space
assumes [measurable]: \t. t € S = ft € borel-measurable M
and convergent: A\w. w € space M = 3. ((At. ft w) —— 1) (at z within S)
and nontrivial: at T within S # L
shows (Aw. Lim (at x within S) (At. ft w)) € borel-measurable M

(proof)

lemma Maz-finite-image-ex:
assumes finite S S # {} P (MAX keS. fk)
shows 3k € S. P (fk)

{proof)

lemma measure-leqg-emeasure-ennreal: 0 < © = emeasure M A < ennreal t =
measure M A < z



{proof)

lemma Union-add-subset: (m :: nat) < n = (Jk. A (k+ n)) C (Uk- A (k +
m))
(proof )

lemma floor-in-Nats [simp|: © > 0 = |z| € N
{proof)

lemma triangle-ineg-list:
fixes | :: (Ya :: metric-space) list
assumes [ # ||
shows dist (hd 1) (last 1) < (> i=1..length |l — 1. dist (I7) (I!(i—1)))
{proof)

lemma triangle-ineg-sum:

fixes f :: nat = 'a :: metric-space

assumes n < m

shows dist (fn) (fm) < (> i=Suc n..m. dist (fi) (f (i—1)))
(proof)

lemma (in product-prob-space) indep-vars-PiM-coordinate:
assumes [ # {}
shows prob-space.indep-vars (y; i€l. M i) M (Az f. fz) I
(proof)

lemma (in prob-space) indep-sets-indep-set:
assumes indep-sets Fli € 1je li#j
shows indep-set (F i) (F j)
(proof)

lemma (in prob-space) indep-vars-indep-var:
assumes indep-vars M' X Iie I[je li+#j
shows indep-var (M' i) (X i) (M'j) (X j)
(proof)

end

2 Intervals of dyadic rationals

theory Dyadic-Interval
imports HOL— Analysis. Analysis
begin

In this file we describe intervals of dyadic numbers S..T for reals S T. We use
the floor and ceiling functions to approximate the numbers with increasing
accuracy.

lemma frac-floor: |z| = x — frac x



{proof)

lemma frac-ceil: [z] = x + frac (— x)
{proof)

lemma floor-pow2-lim: (An. |2 nx T| /2 " n) —— T
(proof)

lemma floor-pow2-leq: [27nx T| /2 " n<T
{proof)

lemma ceil-pow2-lim: (An. [2nxT] /2 "n) —— T
(proof)

lemma ceil-pow2-geq: [2n* T| /2 "n>T
{proof)

dyadic_interval_step n S T is the collection of dyadic numbers in {S..T'}
with denominator 2”. As n — oo this collection approximates {S..7'}. Com-
pare with dyadics = \J; y {of-nat m / (2::2'a)*}

definition dyadic-interval-step :: nat = real = real = real set
where dyadic-interval-step n S T = (M. k / (2 "n)) ‘{[2n* 5]|..[27nx T]}

definition dyadic-interval :: real = real = real set
where dyadic-interval S T = (U n. dyadic-interval-step n S T)

lemma dyadic-interval-step-empty[simp|: T < S = dyadic-interval-step n S T =

{

{proof)

lemma dyadic-interval-step-singleton[simp]: X € Z = dyadic-interval-step n X
X = {X}
(proof)

lemma dyadic-interval-step-zero [simp|: dyadic-interval-step 0 S T = real-of-int ¢
{Is1.. [T}

{proof)

lemma dyadic-interval-step-mem [introl:
assumesz > 0T > 0x < T
shows [27n * z| / 2 " n € dyadic-interval-step n 0 T
{proof )

lemma dyadic-interval-step-iff:
x € dyadic-interval-step n S T +—
Gk E>[2nxSITANE<[2nxT|ANz=k/2™n)
(proof)

lemma dyadic-interval-step-memlI [intro]:



assumes Jkzint. = k/2nx > Sax < T
shows x € dyadic-interval-step n S T
(proof)

lemma mem-dyadic-interval: x € dyadic-interval S T <— (I n. z € dyadic-interval-step
nST)
(proof)

lemma mem-dyadic-intervall: An. x € dyadic-interval-step n S T —> = € dyadic-interval
ST

(proof)

lemma dyadic-step-leq: © € dyadic-interval-step n S T — xz < T
(proof )

lemma dyadics-leq: x € dyadic-interval S T — z < T
(proof)

lemma dyadic-step-geq: © € dyadic-interval-step n S T — z > §
(proof )

lemma dyadics-geq: © € dyadic-interval S T — z > §
(proof)

corollary dyadic-interval-subset-interval [simpl: (dyadic-interval 0 T) C {0..T}
(proof)

lemma zero-in-dyadics: T > 0 = 0 € dyadic-interval-step n 0 T
(proof)

The following theorem is useful for reasoning with at_ within

lemma dyadic-interval-converging-sequence:
assumes t € {0..T} T # 0
shows 3s. Vn. s n € dyadic-interval 0 T — {t} N s ——

(proof)

lemma dyadic-interval-dense: closure (dyadic-interval 0 T) = {0..T}

(proof)

corollary dyadic-interval-islimpt:
assumes T > 0t € {0..T}
shows t islimpt dyadic-interval 0 T

{proof)

corollary at-within-dyadic-interval-nontrivial[simp]:
assumes T > 0t € {0..T}
shows (at t within dyadic-interval 0 T)) # bot

{proof)



lemma dyadic-interval-step-finite[simp]: finite (dyadic-interval-step n S T)
{proof)

lemma dyadic-interval-countable[simp]: countable (dyadic-interval S T')
(proof)

lemma floor-pow2-add-leq:

fixes T :: real

shows [2n* T| /2 " n<1[2  (nt+k)*xT|/ 2  (nt+k)
{(proof)

corollary floor-pow2-mono: mono (An. |27n % (T :: real)] / 2 " n)
{proof )

lemma dyadic-interval-step-Max: T > 0 = Mazx (dyadic-interval-step n 0 T) =
[27n« T] / 2™n
{proof)

lemma dyadic-interval-step-subset:
n < m = dyadic-interval-step n 0 T C dyadic-interval-step m 0 T

(proof)

corollary dyadic-interval-step-mono:
assumes z € dyadic-interval-step n 0 T n < m
shows z € dyadic-interval-step m 0 T

(proof)

lemma dyadic-as-natural:
assumes z € dyadic-interval-step n 0 T
shows 3lk. 2 = real k /| 2 " n

(proof)

lemma dyadic-of-natural:
assumes real k / 2 "n < T
shows real k / 2 " n € dyadic-interval-step n 0 T

{proof)

lemma dyadic-interval-minus:
assumes z € dyadic-interval-step n 0 T y € dyadic-interval-step n 0 T x < y
shows y — x € dyadic-interval-step n 0 T

(proof)

lemma dyadic-times-nat: © € dyadic-interval-stepn 0 T = (z * 2 " n) € N
(proof )

definition dyadic-expansion x n b k = set b C {0,1}
A length b = n A & = real-of-int k + (> me{1..n}. real (b! (m—1)) / 2 "~ m)

lemma dyadic-expansionl:



assumes set b C {0,1} lengthb=nz =k + (3 me{l.n}. (b! (m—1)) /2"
m)

shows dyadic-expansion x n b k

(proof)

lemma dyadic-expansionD:
assumes dyadic-expansion x n b k
shows set b C {0,1}
and length b = n
and z =k + (O me{l.n}. (b! (m—1))/ 2 " m)
(proof)

lemma dyadic-expansion-ex:
assumes z € dyadic-interval-step n 0 T
shows 3b k. dyadic-expansion x n b k

(proof)

lemma dyadic-expansion-frac-le-1:

assumes dyadic-expansion x n b k

shows (> me{1.n}. (b! (m—1))/ 2 "m)< 1
(proof )

lemma dyadic-expansion-frac-range:
assumes dyadic-expansion x n b km € {1..n}
shows b | (m—1) € {0,1}

(proof)

lemma dyadic-expansion-interval:
assumes dyadic-expansion xn b kx € {S..T}
shows x € dyadic-interval-step n S T

{(proof)

lemma dyadic-expansion-nth-geq:
assumes dyadic-expansion xnbkm € {1.n} b! (m—1) =1
shows z > k+ 1/2"m

(proof)

lemma dyadic-expansion-frac-geq-0:

assumes dyadic-expansion x n b k

shows (>_me{1..n}. (b! (m—1)) /2 "m) >0
(proof)

lemma dyadic-expansion-frac:
assumes dyadic-expansion x n b k
shows frac z = (D me{1..n}. (b! (m—1))/ 2 " m)
(proof )

lemma dyadic-expansion-floor:
assumes dyadic-expansion x n b k



shows k = |z]
(proof)

lemma sum-interval-pow2-inv: (> me{Suc l.n}. (1 = real) / 2 "m) =1/ 271
—1/2nifl<n
(proof )

lemma dyadic-expansion-unique:
assumes dyadic-expansion x n b k
and dyadic-expansion x n ¢ j
shows b=cAj=k
(proof)

end

3 Holder continuity

theory Holder-Continuous
imports HOL— Analysis. Analysis
begin

Holder continuity is a weaker version of Lipschitz continuity.

definition holder-at-within :: real = 'a set = 'a = ('a :: metric-space = 'b ::
metric-space) = bool where

holder-at-within v D r ¢ = v € {0<..1} A

(Je>0.3C>0.Vse D. distrs<e— dist (pr) (ps)<Cxdistrspowr
7)

definition local-holder-on :: real = 'a :: metric-space set = (‘a = 'b 1 met-
ric-space) = bool where

local-holder-on v D ¢ = v € {0<..1} A

(VteD. 3e > 0.3C > 0. (VreD.VseD. dist st < e A dist rt < e —> dist (¢
r) (¢ s) < C x dist r s powr 7))

definition holder-on :: real = 'a :: metric-space set = (‘a = 'b :: metric-space)
= bool (-—holder’-on 1000) where

y—holder-on D ¢ +— v € {0<..1} AN (3C > 0. (VreD.VseD. dist (p r) (¢ )
< C x dist r s powr 7))

lemma holder-onl:
assumes vy € {0<..1} 3C > 0. (VreD.VseD. dist (p 1) (¢ s) < C x dist r s

powr )
shows y—holder-on D ¢

(proof)

We prove various equivalent formulations of local holder continuity, using
open and closed balls and inequalities.

lemma local-holder-on-cball:



local-holder-on v D ¢ +— v € {0<..1} A

(VteD. Je > 0.3C > 0. (Vrecballt e N D. Vsecball t e N D. dist (¢ ) (¢ s)
< C * dist v s powr 7))

(is L +— ?R)

(proof)

corollary local-holder-on-leg-def: local-holder-on v D ¢ +— v € {0<..1} A
(VteD.3e > 0.3C > 0. (VreD.VseD. dist st < e A dist rt < e —> dist (¢
r) (p s) < C * dist r s powr 7))

(proof)

corollary local-holder-on-ball: local-holder-on v D ¢ +— v € {0<..1} A
(VteD.Je > 0.3C > 0. (Vreballt e N D. Vseball t € N D. dist (¢ ) (¢ s)
< C * dist r s powr 7))

(proof)

lemma local-holder-on-altdef:

assumes D # {}

shows local-holder-on v D ¢ = (Vt € D. (3¢ > 0. (y—holder-on ((cball t €) N
D) ¢)))

(proof)

lemma local-holder-on-cong[cong]:
assumes y = C =D NANz.z2€ C = pz =9z
shows local-holder-on v C ¢ <— local-holder-on € D v
(proof)

lemma local-holder-onl:

assumes vy € {0<..1} (VteD.3e > 0.3C > 0. (VreD.VseD. dist st < e A
distrt < e — dist (o 1) (¢ 8) < C x dist v s powr 7))

shows local-holder-on v D ¢

(proof)

lemma local-holder-balll:
assumes v € {0<..1}
and A\t. t € D= 3e > 0.3C > 0.Vreballte N D.Vs€ball t e N D.
dist (p 1) (¢ 8) < C * dist r s powr 7
shows local-holder-on v D ¢
{proof )

lemma local-holder-onE:
assumes local-holder: local-holder-on v D ¢
and gamma: v € {0<..1}
and t € D
obtains ¢ C wheree > 0C > 0
Ars.reballtenD = se€baltenND=dist (pr)(ps) <Cxdistr
s powr 7y
(proof )

Holder continuity matches up with the existing definitions in HOL— Analysis. Lipschitz



lemma holder-1-eq-lipschitz: 1—holder-on D ¢ = (3 C. lipschitz-on C D ¢)
(proof )

lemma local-holder-1-eq-local-lipschitz:
assumes T # {}
shows local-holder-on 1 D ¢ = local-lipschitz T D (A-. ¢)

(proof)

lemma local-holder-refine:
assumes ¢: local-holder-on g D ¢ g < 1
and h:h<gh>0
shows local-holder-on h D ¢
(proof)

lemma holder-uniform-continuous:
assumes y—holder-on X ¢
shows uniformly-continuous-on X ¢

{proof)

corollary holder-on-continuous-on: y—holder-on X ¢ = continuous-on X ¢
(proof )

lemma holder-implies-local-holder: v—holder-on D ¢ = local-holder-on v D ¢
(proof )

lemma local-holder-imp-continuous:
assumes local-holder: local-holder-on v X ¢
shows continuous-on X ¢

{proof)

lemma local-holder-compact-imp-holder:
assumes compact I local-holder-on v I ¢
shows y—holder-on I ¢

(proof)

lemma holder-const: y—holder-on C (A-. ¢) +— v € {0<..1}
(proof)

lemma local-holder-const: local-holder-on v C (A-. ¢) +— v € {0<..1}
{proof)

end

4 Convergence in measure
theory Measure-Convergence

imports HOL— Probability. Probability
begin

10



We use measure rather than emeasure because ennreal is not a metric space,
which we need to reason about convergence. By intersecting with the set of
finite measure A, we don’t run into issues where infinity is collapsed to 0.

For finite measures this definition is equal to the definition without set A —
see below.

definition tendsto-measure :: 'b measure = (‘a = 'b = ('c :: {second-countable-topology, metric-space}))
= ('b = '¢) = 'a filter = bool
where tendsto-measure M X | F = (Vn. X n € borel-measurable M) A | €
borel-measurable M A
(Ve > 0.V A € fmeasurable M.
((An. measure M ({w € space M. dist (X nw) (lw) >e} N A) —— 0) F)

abbreviation (in prob-space) tendsto-prob (infixr ——p 55) where
(f ——p ) F = tendsto-measure M f 1 F

lemma tendsto-measure-measurable[measurable-dest]:
tendsto-measure M X | F = X n € borel-measurable M

{proof)

lemma tendsto-measure-measurable-lim|measurable-dest]:
tendsto-measure M X | F = | € borel-measurable M
{proof)

lemma tendsto-measure-mono: F < F' = tendsto-measure M 1| F' = tend-
sto-measure M f1 F

{proof)

lemma tendsto-measurel:
assumes [measurable]: An. X n € borel-measurable M | € borel-measurable M
and Ae A. ¢ > 0 = A € fmeasurable M =
((An. measure M ({w € space M. dist (X nw) lw) >e}NA) — 0)F
shows tendsto-measure M X | F

(proof)

lemma (in finite-measure) finite-tendsto-measurel:
assumes [measurable]: An. f' n € borel-measurable M f € borel-measurable M
and Ae. € > 0 = ((An. measure M {w € space M. dist (f' n w) (f w) > €})
—— 0) F
shows tendsto-measure M ' f F

(proof)

lemma (in finite-measure) finite-tendsto-measureD:

assumes [measurable]: tendsto-measure M f' f F

shows (Ve > 0. (An. measure M {w € space M. dist (f' nw) (f w) > ¢e}) —
0) F)
(proof)

lemma (in finite-measure) tendsto-measure-leg:

11



assumes [measurable]: An. f' n € borel-measurable M f € borel-measurable M
shows tendsto-measure M f' f F +—
(Ve > 0. (An. measure M {w € space M. dist (f' n w) (f w) > e}) —— 0)
F) (is 2L +— ?R)
(proof)

abbreviation LIMSEQ-measure M f 1 = tendsto-measure M f 1 sequentially

lemma LIMSEQ-measure-def: LIMSEQ-measure M f 1 <—
(Vn. fn € borel-measurable M) A (I € borel-measurable M) A
(Ve > 0.V A € fmeasurable M.
(An. measure M ({w € space M. dist (fn w) (lw) >e} N A) —— 0)
(proof)

lemma LIMSEQ-measureD:
assumes LIMSEQ-measure M fle > 0 A € fmeasurable M
shows (An. measure M ({w € space M. dist (fnw) (lw) >e} N A) —— 0
(proof)

lemma fmeasurable-inter: [A € sets M; B € fmeasurable M] = A N B € fmea-
surable M

(proof)

lemma LIMSEQ-measure-emeasure:
assumes LIMSEQ-measure M fle > 0 A € fmeasurable M
and [measurable]: A\i. fi € borel-measurable M | € borel-measurable M
shows (An. emeasure M ({w € space M. dist (fn w) (lw) >e} N A) —— 0

(proof)

lemma measure-Lim-within-LIMSEQ:

fixes a :: 'a :: first-countable-topology

assumes \t. X t € borel-measurable M L € borel-measurable M

assumes AS. [(Vn. Sn#a A SneT); S —— a] = LIMSEQ-measure M
(An. X (Sn)) L

shows tendsto-measure M X L (at a within T')

{proof)

definition tendsto-AE :: 'b measure = (‘a = 'b = 'c :: topological-space) = ('b
= 'c) = 'a filter = bool where
tendsto-AE M f' I F +— (AE win M. (An. f'nw) — lw) F)

lemma LIMSEQ-ae-pointwise: (Az. (An. fn x) —— lz) = tendsto-AE M f1
sequentially
(proof)

lemma tendsto-AE-within-LIMSEQ:

fixes a :: ‘a :: first-countable-topology

assumes A\S. [Vn. Sn#aASneT); S —— a] = tendsto-AE M (An.
X (S n)) L sequentially

12



shows tendsto-AE M X L (at a within T)
{proof)

lemma LIMSEQ-dominated-convergence:
fixes X :: nat = real
assumes X —— L (An. Yn < Xn) (An. Yn> L)
shows ¥ —— L

(proof )
Klenke remark 6.4

lemma measure-conv-imp-AE-sequentially:
assumes [measurable]: An. f' n € borel-measurable M f € borel-measurable M
and tendsto-AE M f' f sequentially
shows LIMSEQ-measure M f' f

(proof)

corollary LIMSEQ-measure-pointwise:

assumes Az. (An. fn z) —— f' = An. f n € borel-measurable M f' €
borel-measurable M

shows LIMSEQ-measure M f f'

{proof)

lemma Lim-measure-pointwise:

fixes a :: ‘a :: first-countable-topology

assumes Az. (An. fnz) —— f' z)(at a within T) A\n. fn € borel-measurable
M f' € borel-measurable M

shows tendsto-measure M f f' (at a within T)

(proof)

corollary measure-conv-imp-AE-at-within:
fixes = :: 'a :: first-countable-topology
assumes [measurable]: An. f' n € borel-measurable M f € borel-measurable M
and tendsto-AE M f' f (at © within S)
shows tendsto-measure M f' f (at x within S)

(proof)
Klenke remark 6.5

lemma (in sigma-finite-measure) LIMSEQ-measure-unique-AE:
fixes f :: nat = ‘a = 'b :: {second-countable-topology, metric-space}
assumes [measurable]: An. fn € borel-measurable M | € borel-measurable M 1’
€ borel-measurable M
and LIMSEQ-measure M f 1 LIMSEQ-measure M f 1’
shows AEzin M. lz=1"z

(proof)

corollary (in sigma-finite-measure) LIMSEQ-ae-unique-AE:

fixes f :: nat = ‘a = 'b :: {second-countable-topology, metric-space}

assumes A\n. fn € borel-measurable M | € borel-measurable M 1’ € borel-measurable
M

13



and tendsto-AE M f 1 sequentially tendsto-AE M f 1’ sequentially
shows AEzinM.lz=1z

(proof)

lemma (in sigma-finite-measure) tendsto-measure-at-within-eq-AE:
fixes f :: 'b :: first-countable-topology = 'a = 'c :: {second-countable-topology,metric-space}
assumes f-measurable: A\z. x € S = fx € borel-measurable M
and [-measurable: | € borel-measurable M I’ € borel-measurable M
and tendsto: tendsto-measure M f 1 (at t within S) tendsto-measure M f1' (at t
within S)
and not-bot: (at t within S) # L
shows AExzin M. lz =1z

(proof)
end

5 Stochastic processes

theory Stochastic-Processes
imports Kolmogorov-Chentsov-Extras Dyadic-Interval
begin

A stochastic process is an indexed collection of random variables. For com-
patibility with product_prob_space we don’t enforce conditions on the in-
dex set I in the assumptions.

locale stochastic-process = prob-space +
fixes M’ :: 'b measure
and [ :: 't set
and X : 't = ‘a = 'b
assumes random-process|measurable]: Ni. random-variable M’ (X i)

sublocale stochastic-process C product: product-prob-space (\t. distr M M’ (X t))
(proof )

lemma (in prob-space) stochastic-processl:
assumes Ai. random-variable M' (X ©)
shows stochastic-process M M' X

(proof)
typedef ('t, ‘a, 'b) stochastic-process =
{(M :: 'a measure, M’ :: 'b measure, I :: 't set, X :: 't = 'a = 'b).
stochastic-process M M’ X'}
(proo)

setup-lifting type-definition-stochastic-process

lift-definition proc-source :: ('t,’a,’d) stochastic-process = 'a measure
is fst (proof)

14



interpretation proc-source: prob-space proc-source X
(proof)

lift-definition proc-target :: ('t,’a,’b) stochastic-process = 'b measure
is fst o snd (proof)

lift-definition proc-index :: ('t,’a,’d) stochastic-process = 't set
is fst o snd o snd (proof)

lift-definition process :: ('t,’a,’d) stochastic-process = 't = 'a = 'b
is snd o snd o snd {proof)

declare [[coercion process]|

lemma stochastic-process-construct [simp]: stochastic-process (proc-source X) (proc-target
X) (process X)

(proof)

interpretation stochastic-process proc-source X proc-target X proc-index X process
X

(proof)

lemma stochastic-process-measurable [measurable]: process X t € (proc-source X)
—m (proc-target X)
{proof)

Here we construct a process on a given index set. For this we need to
produce measurable functions for indices outside the index set; we use the
constant function, but it needs to point at an element of the target set to
be measurable.

context prob-space
begin

lift-definition process-of :: 'b measure = 't set = ('t = 'a = 'b) = 'b = ('t,’a,’d)
stochastic-process

iSAM' IXw if Vtel. XteM—y M) ANw € space M’

then (M, M', I, (At. if t € I then X t else (A-. w)))

else (return (sigma UNIV {{}, UNIV}) (SOME z. True), sigma UNIV UNIV,
I, A - w)

(proof )

lemma index-process-of [simp|: proc-index (process-of M' I X w) =1
(proof)

lemma
assumes Vi e [. Xt € M —y M'w € space M’
shows
source-process-of [simp): proc-source (process-of M' I X w) = M and
target-process-of [simpl: proc-target (process-of M’ I X w) = M’ and
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process-process-of [simp|: process (process-of M’ I X w) = (At. if t € I then X t
else (A-. w))
{proof)

lemma process-of-apply:
assumes Vie [. Xte M —y M w e space M't € 1
shows process (process-of M' I X w) t = X ¢t

(proof)
end

We define the finite-dimensional distributions of our process.

lift-definition distributions :: ('t, 'a, 'b) stochastic-process = 't set = ('t = 'b)
measure
is A\(M, M', -, X) T. (Ilyg teT. distr M M’ (X t)) (proof)

lemma distributions-altdef: distributions X T = (Ilps teT. distr (proc-source X)
(proc-target X) (X t))
{proof)

lemma prob-space-distributions: prob-space (distributions X J)
(proof)

lemma sets-distributions: sets (distributions X J) = sets (PiM J (A-. (proc-target

X)))

{proof)

lemma space-distributions: space (distributions X J) = (Ilg i€J. space (proc-target
X))
(proof )

lemma emeasure-distributions:

assumes finite J \j. j€J = A j € sets (proc-target X)

shows emeasure (distributions X J) (Pig J A) = ([[j€J. emeasure (distr
(proc-source X) (proc-target X) (X j)) (4 j))

{proof)

interpretation projective-family (proc-index X) distributions X (A-. proc-target
X)
(proof)

locale polish-stochastic = stochastic-process M borel :: 'b::polish-space measure I X

for M and [ and X

lemma distributed-cong-random-variable:

assumes M = KN=LAEzin M. Xz2=YzXeM -y NYe K =, L
f € borel-measurable N

shows distributed M N X f <— distributed K L 'Y f
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{proof)

For all sorted lists of indices, the increments specified by this list are inde-
pendent

lift-definition indep-increments :: ('t :: linorder, 'a, 'b :: minus) stochastic-process
= bool is
M, M, I, X).
(Vi set I C 1 A sortedl N\ lengthl > 2 —
prob-space.indep-vars M (A-. M’y (Akv. X (I'k) v — X (II(k—1)) v) {1..<length
1}) {proof)

lemma indep-incrementskE:
assumes indep-increments X
and set | C proc-index X A sorted | A length | > 2
shows prob-space.indep-vars (proc-source X) (A-. proc-target X)
Mev. X (k) v — X (IN(k—1)) v) {1..<length I}
(proof)

lemma indep-incrementsl:
assumes Al set | C proc-index X = sorted | = length | > 2 —
prob-space.indep-vars (proc-source X) (A-. proc-target X) (Akv. X (I'k) v — X
(IN(k—=1)) v) {1..<length I}
shows indep-increments X
(proof)

lemma indep-increments-indep-var:

assumes indep-increments X h € proc-index X j € proc-index X k € proc-index
Xh<jj<k

shows prob-space.indep-var (proc-source X) (proc-target X) (Av. X jv — X h v)
(proc-target X) (Av. X kv — X jv)
{proof)

definition stationary-increments X «— (Vt1t2k. t1 > 0ANt2> 0Nk >0 —

distr (proc-source X) (proc-target X) (Av. X (t1 + k) v — X t1 v) =
distr (proc-source X) (proc-target X) (Av. X (t2 + k) v — X t2 v))

Processes on the same source measure space, with the same index space,
but not necessarily the same target measure since we only care about the
measurable target space, not the measure
lift-definition compatible :: ('t,’a,’d) stochastic-process = ('t,’a,’d) stochastic-process
= bool

is \(Mz, M'z, Iz, X) (My, M'y, Iy, -). Mz = My A sets M’z = sets M'y N Iz
= Iy (proof)

lemma compatiblel:
assumes proc-source X = proc-source Y sets (proc-target X) = sets (proc-target

Y)
proc-index X = proc-index Y
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shows compatible X Y
(proof)

lemma
assumes compatible X Y
shows
compatible-source [dest]: proc-source X = proc-source ¥ and
compatible-target [dest]: sets (proc-target X) = sets (proc-target Y) and
compatible-index [dest]: proc-index X = proc-index YV
(proof )

lemma compatible-refl [simp]: compatible X X
(proof )

lemma compatible-sym: compatible X Y = compatible Y X
(proof)

lemma compatible-trans:
assumes compatible X Y compatible Y Z
shows compatible X Z

(proof)

lemma (in prob-space) compatible-process-of:
assumes measurable: Vt € I. Xt e M —y M'Vtel. Yte M =y M’
and a € space M' b € space M’
shows compatible (process-of M' I X a) (process-of M’ I Y b)

{proof)

definition modification :: ('t,’a,’d) stochastic-process = ('t,’a,’b) stochastic-process
= bool where

modification X Y <— compatible X Y N (Yt € proc-index X. AE x in proc-source
X.Xtz=Ytua)

lemma modificationl [intro]:

assumes compatible X Y At. t € proc-index X = AFE z in proc-source X. X t
r=Ytx

shows modification X Y

(proof)

lemma modificationD [dest]:
assumes modification X Y
shows compatible X Y
and At. t € proc-index X = AFE x in proc-source X. Xtz =Y tx

{proof)

lemma modification-null-set:

assumes modification X Y t € proc-inder X

obtains N where {z € space (proc-source X). X t x # Y tz} C N N € null-sets
(proc-source X)
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(proof)

lemma modification-refl [simp]: modification X X
(proof)

lemma modification-sym: modification X Y = modification Y X
(proof)

lemma modification-trans:
assumes modification X Y modification Y Z
shows modification X Z

(proof)

lemma modification-imp-identical-distributions:
assumes modification: modification X Y
and index: T C proc-indexr X
shows distributions X T = distributions Y T

(proof)

definition indistinguishable :: ('t,’a,’d) stochastic-process = ('t,’a,’db) stochastic-process
= bool where

indistinguishable X Y <— compatible X Y A

(3N € null-sets (proc-source X). ¥Vt € proc-index X. {x € space (proc-source X).
Xtax#Yta} CN)

lemma indistinguishablel:

assumes compatible X Y

and 3 N € null-sets (proc-source X). (¥t € proc-index X. {z € space (proc-source
X). Xtae#Ytz} CN)

shows indistinguishable X Y

(proof )

lemma indistinguishable-null-set:
assumes indistinguishable X Y
obtains N where
N € null-sets (proc-source X)
At. t € proc-index X = {z € space (proc-source X). Xtz # Yta} CN

{proof)

lemma indistinguishableD:

assumes indistinguishable X Y

shows compatible X Y

and 3 N € null-sets (proc-source X). (¥t € proc-index X. {z € space (proc-source
X). Xtax#Ytz} CN)

(proof)

lemma indistinguishable-eq-AE:

assumes indistinguishable X Y
shows AFE x in proc-source X. ¥Vt € proc-inder X. X tx = Ytz
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{proof)

lemma indistinguishable-null-ex:

assumes indistinguishable X Y

shows 3 N € null-sets (proc-source X). {x € space (proc-source X).3t € proc-index
X. Xte#Ytaz} CN

(proof)

lemma indistinguishable-refl [simp): indistinguishable X X
(proof )

lemma indistinguishable-sym: indistinguishable X Y = indistinguishable ¥ X
(proof)

lemma indistinguishable-trans:
assumes indistinguishable X Y indistinguishable Y Z
shows indistinguishable X Z

(proof)

lemma indistinguishable-modification: indistinguishable X Y = modification X
Y

{proof)
Klenke 21.5(i)

lemma modification-countable:
assumes modification X Y countable (proc-index X)
shows indistinguishable X Y

(proof)

Klenke 21.5(ii). The textbook statement is more general - we reduce right
continuity to regular continuity

lemma modification-continuous-indistinguishable:

fixes X :: (real, 'a, 'b :: metric-space) stochastic-process

assumes modification: modification X Y
and interval: 3T > 0. proc-index X = {0..T}
and rc: AE w in proc-source X. continuous-on (proc-index X) (At. X t w)
(is AF w in proc-source X. Zcont-X w)
AE w in proc-source Y. continuous-on (proc-index V) (At. Y t w)
(is AE w in proc-source Y. ?cont-Y w)

shows indistinguishable X Y

(proof)
lift-definition restrict-index :: ('t, 'a, 'b) stochastic-process = 't set = ('t, 'a, 'b)
stochastic-process

is A\(M, M', I, X) T. (M, M', T, X) (proof)

lemma
shows
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restrict-indez-source[simp|: proc-source (restrict-index X T) = proc-source X
and
restrict-index-target[simp|: proc-target (restrict-index X T) = proc-target X and
restrict-index-index[simp: proc-index (restrict-index X T) = T and
restrict-index-process[simp): process (restrict-index X T) = process X
(proof)

lemma restrict-indez-override[simp|: restrict-index (restrict-index X T) S = re-
strict-index X S

(proof)

lemma compatible-restrict-index:
assumes compatible X Y
shows compatible (restrict-index X S) (restrict-index Y S)

(proof)

lemma modification-restrict-indez:
assumes modification X Y S C proc-index X
shows modification (restrict-index X S) (restrict-index Y S)

{proof)

lemma indistinguishable-restrict-index:
assumes indistinguishable X Y S C proc-index X
shows indistinguishable (restrict-index X S) (restrict-index Y S)

{proof)

lemma AFE-eq-minus [intro]:
fixes a :: ‘a = (b :: real-normed-vector)
assumes AFzin M. ax=bzxAEzin M. cx =dx
shows AEzin M.ax —cx=bzx —dx

(proof)

lemma modification-indep-increments:

fixes X Y :: (Ya :: linorder, 'b, 'c :: {second-countable-topology, real-normed-vector})
stochastic-process

assumes modification X Y sets (proc-target Y) = sets borel

shows indep-increments X — indep-increments Y

(proof)

end

6 The Kolomgorov-Chentsov theorem
theory Kolmogorov-Chentsov

imports Stochastic-Processes Holder-Continuous Dyadic-Interval Measure-Convergence
begin
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6.1 Supporting lemmas

The main contribution of this file is the Kolmogorov-Chentsov theorem:
given a stochastic process that satisfies some continuity properties, we can
construct a Holder continuous modification. We first prove some auxiliary
lemmas before moving on to the main construction.

Klenke 5.11: Markov inequality. Compare with [(Az. ?u x * indicator ?A x)
€ borel-measurable ?M; ?A € sets ?M]| = emeasure ?M {z € 7A. 1 < %c
x 2u x} < Zc x set-nn-integral ?M ?A %u

lemma nn-integral-Markov-inequality-extended:
fixes f :: real = ennreal and ¢ :: real and X :: 'a = real
assumes mono: mono-on (range X U {0<..}) f
and finite: N\z. fz < 0o
and e:e > 0fe>0
and [measurable]: X € borel-measurable M
shows emeasure M {p € space M. (X p) > e} < ([t a. f(Xz)OM)/ fe
(proof)

lemma nn-integral-Markov-inequality-extended-rnv:
fixes f :: real = real and € :: real and X :: ‘a = 'b :: real-normed-vector
assumes [measurable]: X € borel-measurable M
and mono: mono-on {0..} f
and e:e > 0fe >0
shows emeasure M {p € space M. norm (X p) > e} < ([t z. f (norm (X z))
OM) | f
(proof )

6.2 Kolmogorov-Chentsov

Klenke theorem 21.6 - Kolmorogov-Chentsov

locale Kolmogorov-Chentsov =
fixes X :: (real, 'a, 'b :: polish-space) stochastic-process
and a b C ~ :: real
assumes index[simp|: proc-index X = {0..}
and target-borel[simp|: proc-target X = borel
and gt-0:a > 0b>0C > 0
and b-leg-a: b < a
and gamma: v € {0<..<b/a}
and expectation: N\s t. [s > 0;t > 0] =
(J* x dist (X t2z) (X saz) powr a dproc-source X) < C  dist t s powr
(1+0)
begin

lemma gamma-0-1[simp|:y € {0<..1}
{proof)

lemma gamma-gt-0[simpl: v > 0

22



{proof)

lemma gamma-le-1[simp]: v < 1
(proof)

abbreviation source = proc-source X

lemma X-borel-measurable[measurable]: X t € borel-measurable source for t
{proof)

lemma markov: P(x in source. ¢ < dist (X tz) (X sx)) < (C x dist t s powr (1
+ b)) / € powr a
ifs>0t>0e>0forste

(proof)

lemma conv-in-prob:
assumes t > ()
shows tendsto-measure (proc-source X) X (X t) (at t within {0..})

(proof)

lemma conv-in-prob-finite:
assumes t > ()
shows tendsto-measure (proc-source X) X (X t) (at t within {0..T})

(proof)

lemma incr: P(z in source. 2 powr (— v * n) < dist (X ((k — 1) % 2 powr — n)
z) (X (k * 2 powr — n) x))
< C x 2 powr (—n * (14+b—axy))
ifk>1n>0forkn
(proof)

end

In order to construct the modification of X, it suffices to construct a modi-
fication of X on {0..7} for all finite 7', from which we construct the modi-
fication on {0..} via a countable union.

locale Kolmogorov-Chentsov-finite = Kolmogorov-Chentsov +
fixes T :: real
assumes zero-le-T: 0 < T

begin

A,, will characterise the set of states with increments that exceed the bounds
required for Holder continuity. As n — oo, this approaches the set of states
for which X is not Holder continuous. We define N as this limit, and show
that N is a null set. On w € Q— N, we show that X (w) is Holder continuous
(and therefore uniformly continuious) on the dyadic rationals, and construct
a modification by taking the continuous extension on the reals.

definition A = An. if 2 " n x T < 1 then space source else
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{z € space source.
Max {dist (X (real-of-int (k — 1) * 2 powr — real n) z) (X (real-of-int k x 2
powr — real n) x)
| k. ke {1..[2nx T|}} > 2 powr (—7 * real n)}

abbreviation B = An. (Um. A (m + n))
abbreviation N = () (range B)

lemma A-geq: 2 "nx T > 1 = A n = {z € space source.
Maz {dist (X (real-of-int (k — 1) * 2 powr — real n) z) (X (real-of-int k * 2
powr — real n) x)
| k. ke{1..]2nx T|}} > 2 powr (—y * real n)} for n
(proof)

lemma A-measurable[measurable]: A n € sets source
(proof)

lemma emeasure-A-leq:

fixes n :: nat

assumes [simp|: 27 n x T > 1

shows emeasure source (A n) < C * T % 2 powr (— n x (b — a 7))
(proof )

lemma measure-A-leq:
assumes 2 nx T > 1
shows measure source (A n) < C x T % 2 powr (— n % (b — a * 7))

{proof)

lemma summable-A: summable (Am. measure source (A m))

{(proof)

lemma lim-B: (An. measure source (B n)) —— 0
(proof)

lemma N-null: N € null-sets source

(proof)

lemma notin-N-index:
assumes w € space source — N
obtains ng where w ¢ (|Jn. A (n + ng))

(proof )

context

fixes w

assumes w: w € space source — N
begin

definition ng = SOME m. w ¢ (Un. A (n +m)) Am > 0
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lemma
shows n-zero: w ¢ (Jn. A (n + ng))
and n-zero-nonzero: ng > 0

(proof)

lemma nzero-ge: An. n>nyg = 2nx*x T > 1
(proof)

lemma omega-notin: An.n > ny = w ¢ A n
(proof)

Klenke 21.7
lemma X-dyadic-incr:
assumes k € {I..[2nx T|} n > ng
shows dist (X ((real-of-int k—1)/2"n) w) (X (real-of-int k/27n) w) < 2 powr
(= *n)
(proof )

Klenke (21.8)

lemma dist-dyadic-mn:
assumes mn: ng < nn < m
and t-dyadic: t € dyadic-interval-step m 0 T
and u-dyadic-n: v € dyadic-interval-step n 0 T
and ut: u < tt—u<2/2™n
shows dist (X uw) (Xt w) < 2powr (—v*mn) /(1 — 2powr — )
(proof )

lemma dist-dyadic-fixed:
assumes mn: ng < nn < m
and s-dyadic: s € dyadic-interval-step m 0 T
and t-dyadic: t € dyadic-interval-step m 0 T
and st: s <tt—s<1/2™n
shows dist (Xt w) (X sw) < 2 % 2powr (—yxn) /(1 — 2 powr — )
(proof)

definition Cy = 2 * 2 powr v / (1 — 2 powr — 7)
lemma C-zero-ge[simp]: Co > 0

(proof )
Klenke (21.9)

Let s,t € D with |s —t] < % By choosing the minimal n > ng such that
|t —s| > 27", we obtain by [ng < ?n; ?n < ?m; ?s € dyadic-interval-step
m 0 T; 9t € dyadic-interval-step ?m 0 T; %s < 2t; 2t — 9s < 1 / 2?“]]
= dist (process X 7t w) (process X ?s w) < 2 % 2 powr (— 7 * real ?n) /
(1 — 2 powr — ~):

[ Xi(w) = Xs(w)| < Colt — |
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lemma dist-dyadic:
assumes t: t € dyadic-interval 0 T
and s: s € dyadic-interval 0 T
and st-dist: distts < 1/ 2 " ng
shows dist (X t w) (X sw) < Co * (dist t s) powr ~
(proof)

definition K = Cy * (27nat [27ng * T1) powr (I — )

lemma Cy-le-K: Co < K
(proof )

lemma K-pos: 0 < K
(proof )

Klenke (21.10)

lemma X-dyadic-le-K":
assumes dyadic: s € dyadic-interval 0 T t € dyadic-interval 0 T
and st: s < ¢
shows dist (X s w) (X t w) < K * dist s t powr ~y

(proof)

lemma X-dyadic-le-K:
assumes s € dyadic-interval 0 T
and ¢t € dyadic-interval 0 T
shows dist (X s w) (X t w) < K * dist s t powr v

(proof)

corollary holder-dyadic: v—holder-on (dyadic-interval 0 T) (At. X t w)
{proof)

lemma uniformly-continuous-dyadic: uniformly-continuous-on (dyadic-interval 0
T) (M. X tw)
(proof)

lemma Lim-exists: 3L. (As. X s w) —— L) (at t within (dyadic-interval 0 T))
ifte{0.T}
{proof)

lemma Lim-unique: 3'L. ((As. X s w) —— L) (at t within (dyadic-interval 0 T'))

ift e {0.T}
(proof)

definition L = (At. (Lim (at t within dyadic-interval 0 T) (As. X s w)))

lemma X-tendsto-L:
assumes t € {0..T}
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shows ((As. X s w) —— L t) (at t within (dyadic-interval 0 T))
(proof)

lemma L-dist-K:
assumes s: s € {0..T}
and t: t € {0..T}
shows dist (L s) (L t) < K * dist s t powr vy

(proof)

corollary L-holder: y—holder-on {0..T} L
{proof)

corollary L-local-holder: local-holder-on ~ {0..T} L
{proof)

lemma X-dyadic-eq-L:
assumes t € dyadic-interval 0 T
shows X tw=1L1

(proof)
end

definition default :: 'b where default = (SOME z. True)

definition X-tilde :: real = 'a = 'b where
X-tilde = (Mt w. if w € N then default else (Lim (at t within dyadic-interval 0
T) (As. X s w)))

lemma X-tilde-not-N-Lim:
assumes w € space source — N
shows X-tilde t w = Lim (at t within dyadic-interval 0 T) (As. X s w)

(proof)

lemma X-tilde-not-N-L:
assumes w € space source — N
shows X-tilde t w =L w t

{proof)

lemma local-holder-X-tilde: local-holder-on v {0..T} (At. X-tilde t w)
if w € space source for w

(proof)

corollary X-tilde-eq-L-AE: AE w in source. X-tilde t w =L w t
(proof)

corollary X-tilde-eq-Lim-AFE:
AE w in source. X-tilde t w = Lim (at t within dyadic-interval 0 T) (As. X s w)
{proof)

lemma X-tilde-tendsto-AFE: t € {0..T} = tendsto-AFE source X (X-tilde t) (at t
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within dyadic-interval 0 T)
{proof)

end

context Kolmogorov-Chentsov-finite
begin

By (21.5) 0 < 2t = tendsto-measure source (process X) (process X ?t) (at
2t within {0..2T}) and (21.11) %w € space source — ((\n Um 4 (m + n))
= L %w = At. Lim (at t within dyadic-interval 0 T') (As. process X s “w),
PIX # X] =0

lemma X-tilde-measurable[measurable]:

assumes t € {0..T}
shows X-tilde t € borel-measurable source

(proof)

lemma X-eq-X-tilde-AE: AE w in source. X t w = X-tilde t w if t € {0..T} for ¢
{proof)

lemma X-tilde-modification: modification (restrict-index X {0..T})
(prob-space.process-of source (proc-target X) {0..T} X-tilde default)

(proof)
end

We have now shown that we can construct a modification of X for any inter-
val {0..T}. We want to extend this result to construct a modification on the
interval {0..} - this can be constructed by gluing together all modifications
with natural-valued T which results in a countable union of modifications,
which itself is a modification.

context Kolmogorov-Chentsov
begin

lemma Kolmogorov-Chentsov-finite: T > 0 = Kolmogorov-Chentsov-finite X a
bC~ T
(proof)

definition Mod = A\T. SOME Y. modification (restrict-index X {0..T}) Y A
(V z€space source. local-holder-on v {0..T} (A\t. Yt z))

lemma Mod: modification (restrict-index X {0..T}) (Mod T)
(V z€space source. local-holder-on v {0..T} (At. (Mod T) tx)) if 0 < T for T

(proof)

lemma compatible-Mod: compatible (restrict-index X {0..T}) (Mod T) if 0 < T
for T

{proof)
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lemma Mod-source[simpl: proc-source (Mod T) = source if 0 < T for T
{proof)

lemma Mod-target: sets (proc-target (Mod T)) = sets (proc-target X) if 0 < T
for T

{proof)

lemma Mod-indez[simp]: 0 < T = proc-index (Mod T) = {0..T}
{proof)

lemma indistinguishable-mod:

indistinguishable (restrict-index (Mod S) {0..min S T}) (restrict-index (Mod T')
{0..min S T})

ifS>0T>0for ST

(proof)

definition N S T = SOME N. N € null-sets source N {w € space source. It €
{0.min S T}. (Mod S) t w# (Mod T) t w} C N

lemma N:

assumes S > 0T > 0

shows N S T € null-sets source A\ {w € space source. 3t € {0..min S T}. (Mod
S)tw# (Mod T)twy CNST
(proof)

definition N-inf where N-inf = (US e N—- {0}. (U T e N—-{0}. NS T))

lemma N-inf-null: N-inf € null-sets source
(proof)

lemma Mod-eq-N-inf: (Mod S) t w = (Mod T) t w

if w € space source — N-inft € {0.min ST} S € N—- {0} T € N — {0} for
wtST
(proof)

definition default :: 'b where default = (SOME z. True)

definition X-mod = A\t w. if w € space source — N-inf then (Mod [t+1]) t w else
default

definition X-mod-process = prob-space.process-of source (proc-target X) {0..} X-mod
default

lemma Mod-measurable[measurable]: ¥ te{0..}. X-mod t € source —n proc-target
X

(proof)

lemma modification-X-mod-process: modification X X-mod-process

(proof)
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lemma local-holder-X-mod: local-holder-on v {0..} (At. X-mod t w) for w
(proof)

lemma local-holder-X-mod-process: local-holder-on v {0..} (At. X-mod-process t w)
for w

{proof)

theorem continuous-modification:
3 X'. modification X X' A (Yw. local-holder-on v {0..} (At. X' t w))

(proof)
end

theorem Kolmogorov-Chentsov:
fixes X :: (real, 'a, 'b :: polish-space) stochastic-process
and a b C v :: real
assumes index[simp|: proc-index X = {0..}
and target-borel|[simp): proc-target X = borel
and gt-0:a > 0b>0C > 0
and b-leg-a: b < a
and gamma: v € {0<..<b/a}
and ezpectation: Ast. [s > 0; ¢t > 0] =
(f© z. dist (X tz) (X s z) powr a Oproc-source X) < C = dist t s powr
(1+D)
shows 3 X'. modification X X' N (Yw. local-holder-on v {0..} (At. X't w))

(proof)
end
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