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Abstract

This development provides a formalization of undirected graphs
and simple graphs, which are based on Benedikt Nordhoff and Peter
Lammich’s simple formalization of labelled directed graphs [4] in the
archive. Then, with our formalization of graphs, we have shown both
necessary and sufficient conditions for Eulerian trails and circuits [2]
as well as the fact that the Konigsberg Bridge problem does not have
a solution. In addition, we have also shown the Friendship Theorem
in simple graphs[1, 3].
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theory MoreGraph imports Complex-Main Dijkstra-Shortest-Path. Graph
begin

1 Undirected Multigraph and undirected trails

locale valid-unMultigraph=valid-graph G for G::("v,’w) graph+
assumes corres[simp]: (v,w,u’) € edges G +— (u',w,v) € edges G
and no-id[simp]:(v,w,v) & edges G

fun (in valid-unMultigraph) is-trail :: v = ('v,’w) path = "v = bool where
istrafl v [| v/ +— v=v' A v'e V|
is-trail v ((v1,w,v2)#ps) v’ +— v=v1 A (vl,w,w2)EE A
(v1,w,v2)¢set ps AN(v2,w,v1)éset ps A is-trail v2 ps v’

2 Degrees and related properties

definition degree :: 'v = ('v,’w) graph = nat where
degree v g= card({e. e€edges g N fst e=v})

definition odd-nodes-set :: ('v,’w) graph = 'v set where
odd-nodes-set g = {v. v€nodes g N odd(degree v g)}

definition num-of-odd-nodes :: ('v, 'w) graph = nat where
num-of-odd-nodes g= card( odd-nodes-set g)

definition num-of-even-nodes :: ('v, 'w) graph = nat where
num-of-even-nodes g= card( {v. vEnodes g N even(degree v g)})

definition del-unEdge where del-unEdge v e v’ g = ||
nodes = nodes g, edges = edges g — {(v,e,v’),(v",e,0)} )

definition rev-path :: ('v,'w) path = ('v,’w) path where
rev-path ps = map (A(a,b,c).(¢,b,a)) (rev ps)

fun rem-unPath:: ('v,'w) path = ('v,'w) graph = ('v,'w) graph where
rem-unPath [| g= ¢
rem-unPath ((v,w,v”)#ps) g=
rem-unPath ps (del-unEdge v w v’ g)

lemma del-undirected: del-unEdge v e v’ g = delete-edge v’ e v (delete-edge v e v’
9)
unfolding del-unEdge-def delete-edge-def by auto

lemma delete-edge-sym: del-unEdge v e v’ g = del-unEdge v’ e v g



unfolding del-unEdge-def by auto

lemma del-unEdge-valid[simp): assumes valid-unMultigraph g
shows valid-unMultigraph (del-unEdge v e v’ g)
proof —
interpret valid-unMultigraph g by fact
show ?thesis
unfolding del-unEdge-def
by unfold-locales (auto dest: E-validD)
qged

lemma set-compre-diff{r € A — B. Paz}={z € A. Pz} — {x € B. P z} by
blast
lemma set-compre-subset: B C A = {x € B. Pz} C {x € A. P z} by blast

lemma del-edge-undirected-degree-plus: finite (edges g) = (v,e,v’) € edges g
= (v',e,v) € edges g = degree v (del-unEdge v e v’ g) + 1=degree v g
proof —
assume assms: finite (edges g) (v,e,v’) € edges g (v',e,v) € edges g
have degree v (del-unEdge v e v’ g) + 1
= card ({ea € edges g — {(v, e, v'), (v', e, v)}. fst ea = v}) + 1
unfolding del-unEdge-def degree-def by simp
also have ...=card ({ea € edges g. fst ea = v} — {ea € {(v, ¢, v'), (v', ¢, v)}.
fst ea = v})+1
by (metis set-compre-diff)
also have ...=card ({ea € edges g. fst ea = v}) — card({ea € {(v, e, v'), (v, e,
v)}.
fst ea = v})+1
proof —
have {(v, e, v'), (v/, e, v)} C edges g using <(v,e,v’) € edges g «(v',e,v) €
edges g»
by auto
hence {ea € {(v, e, v'), (v/, e, v)}. fst ea = v} C {ea € edges g. fst ea = v}
by auto
moreover have finite {ea € {(v, ¢, v'), (v, e, v)}. fst ea = v} by auto
ultimately have card ({ea € edges g. fst ea = v} — {ea € {(v, e, v'), (v/, e,

v)}.
e, v)}

fst ea = v})=card {ea € edges g. fst ea = v} — card {ea € {(v, e, v'), (v,

fst ea = v}
using card-Diff-subset by blast
thus ?thesis by auto
qed
also have ...=card ({ea € edges g. fst ea = v})
proof —
have {ea € {(v, e, v'), (v/, e, v)}. fst ea = v}={(v,e,v")} by auto
hence card {ea € {(v, e, v'), (v/, e, v)}. fst ea = v} = 1 by auto
moreover have card {ea € edges g. fst ea = v}#£0



by (metis (lifting, mono-tags) Collect-empty-eq assms(1) assms(2)
card-eq-0-iff fst-conv mem-Collect-eq rev-finite-subset subsetl)
ultimately show ?thesis by arith
qed

finally have degree v (del-unEdge v e v’ g) + 1=card ({ea € edges g. fst ea =
v}) .

thus ?thesis unfolding degree-def .
qed

lemma del-edge-undirected-degree-plus”. finite (edges g) = (v,e,v’) € edges g
= (v',e,v) € edges g = degree v’ (del-unEdge v e v’ g) + 1=degree v’ ¢
by (metis del-edge-undirected-degree-plus delete-edge-sym,)

lemma del-edge-undirected-degree-minus[simp): finite (edges g) = (v,e,v’) € edges

g
= (v',e,v) € edges g => degree v (del-unFEdge v e v’ g) =degree v g— (1::nat)

using del-edge-undirected-degree-plus by (metis add-diff-cancel-left’ add.commute)

lemma del-edge-undirected-degree-minus’[simp): finite (edges g) = (v,e,v’) € edges
g
= (v',e,v) € edges g = degree v’ (del-unEdge v e v’ g) =degree v’ g— (1::nat)
by (metis del-edge-undirected-degree-minus delete-edge-sym)

lemma del-unEdge-com: del-unEdge v w v’ (del-unEdge n e n’ g)
= del-unEdge n e n’ (del-unEdge v w v’ g)
unfolding del-unEdge-def by auto

lemma rem-unPath-com: rem-unPath ps (del-unEdge v w v’ g)
= del-unEdge v w v’ (rem-unPath ps g)

proof (induct ps arbitrary: g)

case Nil

thus ?case by (metis rem-unPath.simps(1))
next

case (Cons a ps’)

thus ?case using del-unFEdge-com

by (metis prod-casesd rem-unPath.simps(1) rem-unPath.simps(2))

qed

lemma rem-unPath-valid[intro]:

valid-unMultigraph ¢ = valid-unMultigraph (rem-unPath ps g)
proof (induct ps)

case Nil

thus ?case by simp
next

case (Cons z xs)

thus ?Zcase

proof —



have valid-unMultigraph (rem-unPath (z # zs) g) = valid-unMultigraph
(del-unEdge (fst z) (fst (snd x)) (snd (snd z)) (rem-unPath zs g))
using rem-unPath-com by (metis prod.collapse rem-unPath.simps(2))

also have ...=valid-unMultigraph (rem-unPath xs g)
by (metis Cons.hyps Cons.prems del-unEdge-valid)
also have ...=True

using Cons by auto
finally have ?case=True .
thus ?case by simp
qed
qged

lemma (in valid-unMultigraph) degree-frame:
assumes finite (edges G) z ¢ {v, v’}
shows degree x (del-unEdge v w v’ G) = degree x G (is ?L=%R)
proof (cases (v,w,v’) € edges G)
case True
have ?L=card({e. ecedges G — {(v,w,v’),(v’,w,v)} A fst e=z})
by (simp add:del-unEdge-def degree-def)
also have ..=card({e. ecedges G N fst e=z}—{e. ec{(v,w,v’),(v,w,v)} A fst
e=z})
by (metis set-compre-diff)
also have ...=card({e. e€edges G A fst e=z}) using «z ¢ {v, v’}
proof —
have z#v A z# v’ using «z¢{v,v'}rby simp
hence {e. ec{(v,w,v’),(v",w,0)} A fst e=z}={} by auto
thus ?thesis by (metis Diff-empty)
qed
also have ...=?R by (simp add:degree-def)
finally show ?thesis .
next
case Fulse
moreover hence (v/,w,v)¢F using corres by auto
ultimately have E— {(v,w,v’),(v’,w,v)}=F by blast
hence del-unEdge v w v/ G=G by (auto simp add:del-unEdge-def)
thus ?thesis by auto
qged

lemma [simp]: rev-path [] = [| unfolding rev-path-def by simp

lemma rev-path-append|simp): rev-path (xsQys) = (rev-path ys) @ (rev-path xs)
unfolding rev-path-def rev-append by auto

lemma rev-path-double[simp]: rev-path(rev-path xs)=xs
unfolding rev-path-def by (induct xs,auto)

lemma del-UnEdge-node[simp]: vEnodes (del-unEdge u e u’ G) +— vEnodes G
by (metis del-unEdge-def select-convs(1))

lemma [introl]: finite (edges G) = finite (edges (del-unEdge u e u’ G))



by (metis del-unEdge-def finite-Diff select-convs(2))

lemma [introl]: finite (nodes G) = finite (nodes (del-unEdge u e u’ G))
by (metis del-unEdge-def select-convs(1))

lemma [introl]: finite (edges G) => finite (edges (rem-unPath ps G))
proof (induct ps arbitrary: G)
case Nil
thus ?case by simp
next
case (Cons z zs)
hence finite (edges (rem-unPath (x # xs) G)) = finite (edges (del-unEdge
(fst z) (fst (snd x)) (snd (snd x)) (rem-unPath zs G)))
by (metis rem-unPath.simps(2) rem-unPath-com surjective-pairing)
also have ...=finite (edges (rem-unPath zs G))
using del-unFdge-def
by (metis finite.emptyl finite-Diff2 finite-Diff-insert select-convs(2))
also have ...=True using Cons by auto
finally have ?case = True .
thus ?case by simp
qed

lemma del-UnEdge-frame[introl:
z€edges g = z1#£(v,e,0") =>1#£(v’,e,v) = zE€edges (del-unEdge v e v’ g)
unfolding del-unEdge-def by auto

lemma [introl]: finite (nodes G) = finite (odd-nodes-set G)
by (metis (lifting) mem-Collect-eq odd-nodes-set-def rev-finite-subset subsetl)

lemma [simp]: nodes (del-unEdge u e v’ G)=nodes G
by (metis del-unEdge-def select-convs(1))

lemma [simp]: nodes (rem-unPath ps G) = nodes G
proof (induct ps)

case Nil
show ?case by simp
next

case (Cons z zs)
have nodes (rem-unPath (x # xs) G)=nodes (del-unEdge
(fst z) (fst (snd z)) (snd (snd z)) (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com surjective-pairing)

also have ...=nodes (rem-unPath zs G) by auto
also have ...=nodes G using Cons by auto
finally show ?Zcase .

qed

lemma [introl]: finite (nodes G) = finite (nodes (rem-unPath ps G)) by auto

lemma in-set-rev-path[simp]: (v',w,v )Eset (rev-path ps) +— (v,w,v’)Eset ps



proof (induct ps)
case Nil
thus ?case unfolding rev-path-def by auto
next
case (Cons z xs)
obtain z! z2 28 where z:x=(x1,22,28) by (metis prod-cases3)
have set (rev-path (z # xs))=set ((rev-path zs)Q[(z3,22,21)])
unfolding rev-path-def
using z by auto
also have ...=set (rev-path xs) U {(z3,22,21)} by auto
finally have set (rev-path (x # xs)) =set (rev-path zs) U {(23,22,21)} .
moreover have set (z#wxs)= set xs U {(z1,22,23)}
by (metis List.set-simps(2) insert-is-Un sup-commute x)
ultimately show ?case using Cons by auto
qed

lemma rem-unPath-edges:
edges(rem-unPath ps G) = edges G — (set ps U set (rev-path ps))
proof (induct ps)

case Nil
show ?case unfolding rev-path-def by auto
next

case (Cons z zs)
obtain z! 22 z3 where z: 1=(z1,22,23) by (metis prod-cases3)
hence edges(rem-unPath (z#zs) G)= edges(del-unEdge ©1 z2 x3 (rem-unPath
zs @))
by (metis rem-unPath.simps(2) rem-unPath-com)
also have ...=edges(rem-unPath zs G)—{(z1,22,23),(z3,22,21)}
by (metis del-unEdge-def select-convs(2))
also have ...= edges G — (set xs U set (rev-path xzs))—{(z1,22,28),(z3,22,x1)}
by (metis Cons.hyps)
also have ...=edges G — (set (x#txs) U set (rev-path (x#xs)))
proof —
have set (rev-path xzs) U {(23,22,21)}=set ((rev-path xs)Q[(z3,22,21)])
by (metis List.set-simps(2) empty-set set-append)
also have ...=set (rev-path (z#tzs)) unfolding rev-path-def using z by auto
finally have set (rev-path xs) U {(z3,22,x1)}=set (rev-path (z#uxs)) .
moreover have set zs U {(z1,22,23)}=set (z#txs)
by (metis List.set-simps(2) insert-is-Un sup-commute x)
moreover have edges G — (set zs U set (rev-path zs))—{(z1,22,23),(x3,22,21)}

edges G — ((set zs U {(x1,22,23)}) U (set (rev-path zs) U
{(23,02,51)}))
by auto
ultimately show ?thesis by auto
qed
finally show ?case .
qed



lemma rem-unPath-graph [simp]:
rem-unPath (rev-path ps) G=rem-unPath ps G
proof —
have nodes(rem-unPath (rev-path ps) G)=nodes(rem-unPath ps G)
by auto
moreover have edges(rem-unPath (rev-path ps) G)=edges(rem-unPath ps G)
proof —
have set (rev-path ps) U set (rev-path (rev-path ps)) = set ps U set (rev-path

ps)

by auto
thus ?thesis by (metis rem-unPath-edges)
qed
ultimately show #?thesis by auto

qed

lemma distinct-rev-path[simp]: distinct (rev-path ps) «— distinct ps
proof (induct ps)

case Nil
show ?case by auto
next

case (Cons z xs)

obtain z! z2 28 where z: z=(z1,2z2,23) by (metis prod-cases3)

hence distinct (rev-path (z # zs))=distinct ((rev-path zs)Q[(z3,22,21)])
unfolding rev-path-def by auto

also have ...= (distinct (rev-path zs) N (23,22,z1)¢set (rev-path zs))
by (metis distinct.simps(2) distinct1-rotate rotatel .simps(2))

also have ...=distinct (z#xs)
by (metis Cons.hyps distinct.simps(2) in-set-rev-path )

finally have distinct (rev-path (x # xs))=distinct (z#zs) .

thus Zcase .

qed

lemma (in valid-unMultigraph) is-path-rev: is-path v’ (rev-path ps) v +— is-path
v ps v’
proof (induct ps arbitrary: v)
case Nil
show ?case by auto
next
case (Cons z zs)
obtain z1 z2 23 where x: z=(z1,22,23) by (metis prod-cases3)
hence is-path v’ (rev-path (x # xs)) v=is-path v’ ((rev-path xs) Q[(z3,22,21)]) v

unfolding rev-path-def by auto
also have ...=(is-path v’ (rev-path zs) z3 A (x3,32,21)€EE A is-path z1 [| v) by
auto
also have ...=(is-path 8 zs v’ A (23,22,z1)EE A is-path z1 || v) using Cons.hyps
by auto

also have ...=is-path v (z#zs) v’



by (metis corres is-path.simps(1) is-path.simps(2) is-path-memb x)
finally have is-path v’ (rev-path (z # zs)) v=is-path v (z#tzs) v’ .
thus “case .

qed

lemma (in valid-unMultigraph) singleton-distinct-path [intro):
(v,w,w)€E = is-trail v [(v,w,v")] v’
by (metis E-validD(2) all-not-in-conv is-trail.simps set-empty)

lemma (in valid-unMultigraph) is-trail-path:
is-trail v ps v’ <— is-path v ps v’ A distinct ps A (set ps N set (rev-path ps) =

)

proof (induct ps arbitrary:v)

case Nil
show ?Zcase by auto
next

case (Cons z zs)
obtain zI 22 z3 where z: z=(z1,22,23) by (metis prod-cases3)
hence is-trail v (z#xs) v'= (v=x1 A (z1,22,23)€E A
(x1,22,23)¢set xs N(x3,22,x1)¢set xs N\ is-trail z3 xs v')
by (metis is-trail.simps(2))
also have ...=(v=x1 A (21,22,23)€E N (x1,22,28)¢set s N(x3,22,x1)¢set zs
A is-path z8 xs v’
A distinct zs A (set xs N set (rev-path xs)={}))
using Cons.hyps by auto
also have ...=(is-path v (x#xs) v’ N (z1,22,23) # (28,22,21) N (x1,22,23)¢set
z$
N(z3,22,x1)¢set xs A distinct zs N (set s N set (rev-path zs)={}))
by (metis append-Nil is-path.simps(1) is-path-simps(2) is-path-split’ no-id z)
also have ...=(is-path v (z#zs) v’ A (x1,22,23) # (23,22,21) N x3,22,21)¢set
s
A distinct (z#xs) A (set xs N set (rev-path xs)={}))
by (metis (full-types) distinct.simps(2) x)
also have ...=(is-path v (z#xs) v’ A (21,22,23) # (23,22,21) A distinct (xftzs)

A (z3,22,21 )¢ set zs N set xs N set (rev-path (z#xs))={})
proof —
have set (rev-path (z#zs)) = set ((rev-path zs)Q[(x3,22,21)]) using = by
auto
also have ... = set (rev-path zs) U {(23,22,21)} by auto
finally have set (rev-path (x#xs))=set (rev-path zs) U {(z8,22,21)} .
thus ?thesis by blast
qed
also have ...=(is-path v (z#xs) v'A distinct (z#xs) A (set (z#xs) N set (rev-path
(et25)={})
proof —
have (23,22,x1)¢set xs <— (x1,22,23)¢ set (rev-path xs) using in-set-rev-path
by auto



moreover have set (rev-path (z#xs))=set (rev-path zs) U {(z3,22,21)}
unfolding rev-path-def using = by auto
ultimately have (z1,22,23) # (23,22,21)A (23,22,21)¢set xs
+— (z1,22,23)¢ set (rev-path (z#xs)) by blast
thus “thesis
by (metis (mono-tags) Int-iff Int-insert-left-if0 List.set-simps(2) empty-iff
insertl! x)
qed
finally have is-trail v (x#xs) v<—(is-path v (z#xs) v'A distinct (x#xs)
A (set (xftxzs) N set (rev-path (ztxs))={})) .
thus “case .
qed

lemma (in valid-unMultigraph) is-trail-rev:
is-trail v’ (rev-path ps) v +— is-trail v ps v’
using rev-path-append is-trail-path is-path-rev distinct-rev-path
by (metis Int-commute distinct-append)

lemma (in valid-unMultigraph) is-trail-intro[intro):
is-trail v’ ps v => is-path v’ ps v by (induct ps arbitrary:v’,auto)

lemma (in valid-unMultigraph) is-trail-split:
is-trail v (p1Q@Qp2) v/ = (u. is-trail v pI u A is-trail u p2 v’
apply (induct p1 arbitrary: v,auto)
apply (metis is-trail-intro is-path-memb)
done

lemma (in valid-unMultigraph) is-trail-split”is-trail v (p1Q(u,w,u”)#p2) v’
= is-trail v pl u A (v,w,u’)EE A is-trail u’ p2 v’
by (metis is-trail.simps(2) is-trail-split)

lemma (in valid-unMultigraph) distinct-elim[simp]:
assumes is-trail v ((vl,w,v2)#ps) v’
shows (v1,w,v2)€edges(rem-unPath ps G) «— (vl,w,v2)EE
proof
assume (vl, w, v2) € edges (rem-unPath ps G)
thus (v, w, v2) € E by (metis assms is-trail.simps(2))
next
assume (vl, w, v2) € B
have (v1,w,v2)¢set ps A (vV2,w,v1)¢set ps by (metis assms is-trail.simps(2))
hence (v1,w,v2)¢set ps A (vl,w,v2)¢set (rev-path ps) by simp
hence (v1,w,v2)¢set ps U set (rev-path ps) by simp
hence (v1,w,v2)€edges G — (set ps U set (rev-path ps))
using «(vI, w, v2) € E> by auto
thus (v1,w,v2)€edges(rem-unPath ps G)
by (metis rem-unPath-edges)
qed

lemma distinct-path-subset:

10



assumes valid-unMultigraph G1 valid-unMultigraph G2 edges G1 Cedges G2
nodes G1 Cnodes G2
assumes distinct-G1:valid-unMultigraph.is-trail G1 v ps v’
shows valid-unMultigraph.is-trail G2 v ps v’ using distinct-G1
proof (induct ps arbitrary:v)
case Nil
hence v=v'Av’€nodes G1
by (metis (full-types) assms(1) valid-unMultigraph.is-trail.simps(1))
hence v=v'Av’E€nodes G2 using <nodes G1 C nodes G2> by auto
thus ?case by (metis assms(2) valid-unMultigraph.is-trail.simps(1))
next
case (Cons z zs)
obtain z! 22 z3 where z:x=(x1,22,23) by (metis prod-cases3)
hence valid-unMultigraph.is-trail G1 z3 xs v’
by (metis Cons.prems assms(1) valid-unMultigraph.is-trail.simps(2))
hence valid-unMultigraph.is-trail G2 z3 xs v’ using Cons by auto
moreover have xcedges G1
by (metis Cons.prems assms(1) valid-unMultigraph.is-trail.simps(2) x)
hence zcedges G2 using <edges G1 C edges G2» by auto
moreover have v=x1A(z!,22,28)¢set zsN\(x3,22,x1)¢set xs
by (metis Cons.prems assms(1) valid-unMultigraph.is-trail.simps(2) )
hence v=x1 (z1,22,23)¢set xs (z3,22,x1)¢set zs by auto
ultimately show ?case by (metis assms(2) valid-unMultigraph.is-trail.simps(2)
)
qed

lemma (in valid-unMultigraph) distinct-path-intro”:
assumes valid-unMultigraph.is-trail (rem-unPath p G) v ps v’
shows is-trail v ps v’
proof —
have valid:valid-unMultigraph (rem-unPath p G)
using rem-unPath-valid]|OF valid-unMultigraph-azioms,of p] by auto
moreover have nodes (rem-unPath p G) C V by auto
moreover have edges (rem-unPath p G) C E
using rem-unPath-edges by auto
ultimately show ?thesis
using distinct-path-subset[of rem-unPath p G G| wvalid-unMultigraph-azioms
assms
by auto
qed

lemma (in valid-unMultigraph) distinct-path-intro:
assumes valid-unMultigraph.is-trail (del-unEdge z1 z2 28 G) v ps v’
shows is-trail v ps v’
by (metis (full-types) assms distinct-path-intro’ rem-unPath.simps(1)
rem-unPath.simps(2))

lemma (in valid-unMultigraph) distinct-elim-rev]simp):
assumes is-trail v ((vl,w,v2)#ps) v’

11



shows (v2,w,vl)€edges(rem-unPath ps G) «— (v2,w,vl)EE
proof —

have wvalid-unMultigraph (rem-unPath ps G) using valid-unMultigraph-azioms
by auto

hence (v2,w,vl)€edges(rem-unPath ps G)<— (vl ,w,v2)€Eedges(rem-unPath ps
G)

by (metis valid-unMultigraph.corres)

moreover have (v2,w,v1)€E+— (vl ,w,v2)EFE using corres by simp

ultimately show ?thesis using distinct-elim by (metis assms)
qed

lemma (in valid-unMultigraph) del-UnEdge-even:
assumes (v,w,v’) € F finite E
shows v€odd-nodes-set(del-unEdge v w v’ G) +— even (degree v G)
proof —
have degree v (del-unEdge v w v’ G) + 1=degree v G
using del-edge-undirected-degree-plus corres by (metis assms)
from this [symmetric] have odd (degree v (del-unEdge v w v’ G)) = even (degree
v Q)
by simp
moreover have venodes (del-unEdge v w v' G) by (metis E-validD(1) assms(1)
del-UnEdge-node)
ultimately show ?thesis unfolding odd-nodes-set-def by auto
qed

lemma (in valid-unMultigraph) del-UnEdge-even”:
assumes (v,w,v’) € E finite E
shows v’€odd-nodes-set(del-unEdge v w v’ G) «— even (degree v’ G)
proof —
show %thesis by (metis (full-types) assms corres del-UnEdge-even delete-edge-sym)

qed

lemma del-UnFEdge-even-even:
assumes valid-unMultigraph G finite(edges G) finite(nodes G) (v, w, v’)Eedges
G
assumes parity-assms: even (degree v G) even (degree v’ G)
shows num-of-odd-nodes(del-unEdge v w v’ G)=num-of-odd-nodes G + 2
proof —
interpret G:valid-unMultigraph by fact
have v€odd-nodes-set(del-unEdge v w v’ G)
by (metis G.del-UnEdge-even assms(2) assms(4) parity-assms(1))
moreover have v'€odd-nodes-set(del-unEdge v w v’ Q)
by (metis G.del-UnEdge-even’ assms(2) assms(4) parity-assms(2))
ultimately have extra-odd-nodes:{v,v'} C odd-nodes-set(del-unEdge v w v’ Q)
unfolding odd-nodes-set-def by auto
moreover have v ¢odd-nodes-set G and v'¢ odd-nodes-set G
using parity-assms unfolding odd-nodes-set-def by auto
hence vv’-odd-disjoint: {v,v’} N odd-nodes-set G = {} by auto
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moreover have odd-nodes-set(del-unEdge v w v’ G) —{v,v"}Codd-nodes-set G
proof
fix z
assume z-odd-set: © € odd-nodes-set (del-unEdge v w v’ G) — {v, v'}
hence degree x (del-unEdge v w v’ G) = degree x G
by (metis Diff-iff G.degree-frame assms(2))
hence odd(degree z G) using z-odd-set
unfolding odd-nodes-set-def by auto
moreover have z € nodes G using z-odd-set unfolding odd-nodes-set-def
by auto
ultimately show z € odd-nodes-set G unfolding odd-nodes-set-def by auto
qed
moreover have odd-nodes-set G C odd-nodes-set(del-unEdge v w v’ G)
proof
fix z
assume z-odd-set: = € odd-nodes-set G
hence z¢{v,v'} = odd(degree x (del-unEdge v w v’ G))
by (metis (lifting) G.degree-frame assms(2) mem-Collect-eq odd-nodes-set-def)
hence z¢{v,v'} = x€odd-nodes-set(del-unEdge v w v’ G)
using z-odd-set del-UnFEdge-node unfolding odd-nodes-set-def by auto
moreover have zc{v,v'} = z€odd-nodes-set(del-unEdge v w v' G)
using eztra-odd-nodes by auto
ultimately show z € odd-nodes-set (del-unEdge v w v’ G) by auto
qed
ultimately have odd-nodes-set(del-unEdge v w v’ G)=odd-nodes-set G U {v,v'}
by auto
thus num-of-odd-nodes(del-unEdge v w v’ G) = num-of-odd-nodes G + 2
proof —
assume odd-nodes-set(del-unEdge v w v' G)=odd-nodes-set G U {v,v’}
moreover have v#£v’ using G.no-id «(v,w,v’)€edges G> by auto
hence card{v,v'}=2 by simp
moreover have odd-nodes-set G N {v,v'} = {}
using vv’-odd-disjoint by auto
moreover have finite(odd-nodes-set G)
by (metis (lifting) assms(8) mem-Collect-eq odd-nodes-set-def rev-finite-subset
subsetl)
moreover have finite {v,0'} by auto
ultimately show ?thesis unfolding num-of-odd-nodes-def using card-Un-disjoint
by metis
qed
qed

lemma del-UnFEdge-even-odd:
assumes valid-unMultigraph G finite(edges G) finite(nodes G) (v, w, v’)Eedges
G
assumes parity-assms: even (degree v G) odd (degree v’ G)
shows num-of-odd-nodes(del-unEdge v w v’ G)=num-of-odd-nodes G
proof —
interpret G : valid-unMultigraph by fact
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have odd-v:v€odd-nodes-set(del-unEdge v w v’ G)
by (metis G.del-UnEdge-even assms(2) assms(4) parity-assms(1))
have not-odd-v":v'¢ odd-nodes-set(del-unEdge v w v’ Q)
by (metis G.del-UnEdge-even’ assms(2) assms(4) parity-assms(2))
have odd-nodes-set(del-unEdge v w v’ G) U {v'} Codd-nodes-set G U {v}
proof
fix z
assume z-prems: ¢ € odd-nodes-set (del-unEdge v w v’ G) U {v'}
have z=v' =-z€odd-nodes-set G U {v}
using parity-assms
by (metis (lifting) G.E-validD(2) Un-def assms(4) mem-Collect-eq odd-nodes-set-def

moreover have x=v = z€odd-nodes-set G U {v}
by (metis insertl1 insert-is-Un sup-commute)
moreover have 2¢{v,v'} = z € odd-nodes-set (del-unEdge v w v' G)
using z-prems by auto
hence z¢{v,v'} = x € odd-nodes-set G unfolding odd-nodes-set-def
using G.degree-frame «finite (edges G)» by auto
hence z¢{v,v’} = xz€odd-nodes-set G U {v} by simp
ultimately show z € odd-nodes-set G U {v} by auto
qed
moreover have odd-nodes-set G U {v} C odd-nodes-set(del-unEdge v w v’ G) U
(v}
proof
fix x
assume z-prems: & € odd-nodes-set G U {v}
have z=v = z € odd-nodes-set (del-unEdge v w v’ G) U {v'}
by (metis Unll odd-v)
moreover have z=v' = z € odd-nodes-set (del-unEdge v w v’ G) U {v’}
by auto
moreover have z¢{v,v'} = z € odd-nodes-set G U {v} using z-prems by
auto
hence z¢{v,v'} = z€odd-nodes-set (del-unEdge v w v’ G) unfolding
odd-nodes-set-def
using G.degree-frame «finite (edges G)» by auto
hence z¢{v,v’} = z € odd-nodes-set (del-unEdge v w v’ G) U {v'} by simp
ultimately show = € odd-nodes-set (del-unEdge v w v’ G) U {v'} by auto
qed
ultimately have odd-nodes-set(del-unEdge v w v’ G) U {v'} = odd-nodes-set G
U {v}
by auto
moreover have odd-nodes-set G N {v} = {}
using parity-assms unfolding odd-nodes-set-def by auto
moreover have odd-nodes-set(del-unEdge v w v’ G) N {v'}={}
by (metis Int-insert-left-if0 inf-bot-left inf-commute not-odd-v’)
moreover have finite (odd-nodes-set(del-unEdge v w v’ G))
using «finite (nodes G)» by auto
moreover have finite (odd-nodes-set G) using «finite (nodes G)» by auto
ultimately have card(odd-nodes-set G) + card {v} =
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card(odd-nodes-set(del-unEdge v w v’ G)) + card {v'}
using card-Un-disjoint[of odd-nodes-set (del-unEdge v w v' G) {v'}]
card-Un-disjoint|of odd-nodes-set G {v}]
by auto
thus ?thesis unfolding num-of-odd-nodes-def by simp
qed

lemma del-UnFEdge-odd-even:
assumes valid-unMultigraph G finite(edges G) finite(nodes G) (v, w, v’)Eedges
G
assumes parity-assms: odd (degree v G) even (degree v’ G)
shows num-of-odd-nodes(del-unEdge v w v' G)=num-of-odd-nodes G
by (metis assms del-UnEdge-even-odd delete-edge-sym parity-assms valid-unMultigraph.corres)

lemma del-UnEdge-odd-odd:
assumes valid-unMultigraph G finite(edges G) finite(nodes G) (v, w, v’)Eedges
G
assumes parity-assms: odd (degree v G) odd (degree v’ G)
shows num-of-odd-nodes G=num-of-odd-nodes(del-unEdge v w v’ G)+2
proof —
interpret G:valid-unMultigraph by fact
have v¢odd-nodes-set(del-unEdge v w v’ G)
by (metis G.del-UnEdge-even assms(2) assms(4) parity-assms(1))
moreover have v'¢odd-nodes-set(del-unEdge v w v’ G)
by (metis G.del-UnEdge-even’ assms(2) assms(4) parity-assms(2))
ultimately have vv’-disjoint: {v,0'} N odd-nodes-set(del-unEdge v w v’ G) = {}

by (metis (full-types) Int-insert-left-if0 inf-bot-left)
moreover have extra-odd-nodes:{v,v'} C odd-nodes-set( Q)
unfolding odd-nodes-set-def
using «(v,w,v’)Eedges G»
by (metis (lifting) G.E-validD empty-subsetl insert-subset mem-Collect-eq par-
ity-assms)
moreover have odd-nodes-set G —{v,v'}Codd-nodes-set (del-unEdge v w v’ G)

proof
fix z
assume z-odd-set: x € odd-nodes-set G — {v, v’}
hence degree x G = degree x (del-unEdge v w v’ G)
by (metis Diff-iff G.degree-frame assms(2))
hence odd(degree = (del-unEdge v w v’ G)) using z-odd-set
unfolding odd-nodes-set-def by auto
moreover have = € nodes (del-unEdge v w v’ Q)
using z-odd-set unfolding odd-nodes-set-def by auto
ultimately show z € odd-nodes-set (del-unEdge v w v’ G)
unfolding odd-nodes-set-def by auto
qed
moreover have odd-nodes-set (del-unEdge v w v’ G) C odd-nodes-set G
proof
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fix z

assume z-odd-set: x € odd-nodes-set (del-unEdge v w v’ G)

hence z¢{v,v’} = odd(degree z G)
using assms G.degree-frame unfolding odd-nodes-set-def
by auto

hence z¢{v,v'} = z€odd-nodes-set G
using z-odd-set del-UnEdge-node unfolding odd-nodes-set-def
by auto

moreover have z€{v,v'} = z€odd-nodes-set G
using eztra-odd-nodes by auto

ultimately show z € odd-nodes-set G by auto

qed
ultimately have odd-nodes-set G=odd-nodes-set (del-unEdge v w v’ G) U {v,v'}

by auto
thus ?thesis
proof —
assume odd-nodes-set G=odd-nodes-set (del-unEdge v w v’ G) U {v,v'}
moreover have odd-nodes-set (del-unEdge v w v’ G) N {v,v'} = {}
using vv'-disjoint by auto
moreover have finite(odd-nodes-set (del-unEdge v w v’ G))
using assms del-UnFEdge-node finite-subset unfolding odd-nodes-set-def
by auto
moreover have finite {v,0'} by auto
ultimately have card(odd-nodes-set G)
= card(odd-nodes-set (del-unEdge v w v’ G)) + card{v,v’}
unfolding num-of-odd-nodes-def
using card-Un-disjoint
by metis
moreover have v#£v’ using G.no-id «(v,w,v’)€edges G> by auto
hence card{v,v'}=2 by simp
ultimately show ?thesis unfolding num-of-odd-nodes-def by simp
qed
qed

lemma (in valid-unMultigraph) rem-UnPath-parity-v":

assumes finite E is-trail v ps v’

shows v#£v’ «— (odd (degree v’ (rem-unPath ps G)) = even(degree v’ G)) using
assms
proof (induct ps arbitrary:v)

case Nil

thus ?case by (metis is-trail.simps(1) rem-unPath.simps(1))
next

case (Cons z zs) print-cases

obtain z! 22 z3 where z: z=(z1,22,23) by (metis prod-cases3)

hence rem-z:0dd (degree v’ (rem-unPath (z#xs) G)) = odd(degree v’ (del-unEdge

x1 22 28 (rem-unPath zs G)))
by (metis rem-unPath.simps(2) rem-unPath-com)
have z3=v' = ?case
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proof (cases v=v")
case True
assume z5=0v’
have z1=v' using z by (metis Cons.prems(2) True is-trail.simps(2))
thus ?thesis using «x3=v" by (metis Cons.prems(2) is-trail.simps(2) no-id
x)
next
case Fulse
assume z5=0v’
have odd (degree v’ (rem-unPath (z # xs) G)) =odd(degree v’ (
del-unFEdge x1 z2 3 (rem-unPath zs G))) using rem-z .
also have ...=odd(degree v’ (rem-unPath xs G) — 1)
proof —
have finite (edges (rem-unPath xs G))
by (metis (full-types) assms(1) finite-Diff rem-unPath-edges)
moreover have (z1,z2,23) €edges( rem-unPath zs G)
by (metis Cons.prems(2) distinct-elim is-trail.simps(2) x)
moreover have (23,22,11) €edges( rem-unPath zs G)
by (metis Cons.prems(2) corres distinct-elim-rev is-trail.simps(2) x)
ultimately show #thesis
by (metis <8 = v’ del-edge-undirected-degree-minus delete-edge-sym 1)
qged
also have ...=even(degree v’ (rem-unPath zs G))
proof —
have (21,22,z3)€E by (metis Cons.prems(2) is-trail.simps(2) x)
hence (23,22,z1)€edges (rem-unPath zs G)
by (metis Cons.prems(2) corres distinct-elim-rev x)
hence (z3,22,21)e{e € edges (rem-unPath zs G). fst e = v'}
using «z3=v" by (metis (mono-tags) fst-conv mem-Collect-eq)
moreover have finite {e € edges (rem-unPath zs G). fst e = v'}
using <finite E»> by auto
ultimately have degree v’ (rem-unPath s G)#£0
unfolding degree-def by auto
thus ?thesis by auto
qed
also have ...=even (degree v’ G)
using «z3 = v’ assms
by (metis (mono-tags) Cons.hyps Cons.prems(2) is-trail.simps(2) x)
finally have odd (degree v’ (rem-unPath (z # zs) G))=even (degree v’ G) .
thus ?thesis by (metis False)
qed
moreover have z3#v'=—> ?case
proof (cases v=v")
case True
assume z5#v’
have odd (degree v' (rem-unPath (z # zs) G)) =odd(degree v’ (
del-unEdge x1 z2 x8 (rem-unPath zs G))) using rem-x .
also have ...=odd(degree v’ (rem-unPath xs G) — 1)
proof —
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have finite (edges (rem-unPath zs G))
by (metis (full-types) assms(1) finite-Diff rem-unPath-edges)
moreover have (z1,22,13) €edges( rem-unPath xs G)
by (metis Cons.prems(2) distinct-elim is-trail.simps(2) x)
moreover have (23,22,x1) €edges( rem-unPath zs G)
by (metis Cons.prems(2) corres distinct-elim-rev is-trail.simps(2) x)
ultimately show ¢thesis
using True x
by (metis Cons.prems(2) del-edge-undirected-degree-minus is-trail.simps(2))
qged
also have ...=even(degree v’ (rem-unPath zs G))
proof —
have (z1,22,23)€E by (metis Cons.prems(2) is-trail.simps(2) x)
hence (z1,22,23)€edges (rem-unPath zs G)
by (metis Cons.prems(2) distinct-elim x)
hence (z1,22,23)€{e € edges (rem-unPath zs G). fst e = v’}
using «v=v"» z Cons
by (metis (lifting, mono-tags) fst-conv is-trail.simps(2) mem-Collect-eq)
moreover have finite {e € edges (rem-unPath zs G). fst e = v'}
using <finite E»> by auto
ultimately have degree v’ (rem-unPath s G)#£0
unfolding degree-def by auto
thus ?thesis by auto
qed
also have ...#£even (degree v’ G)
using «z3 # v’ assms
by (metis Cons.hyps Cons.prems(2)is-trail.simps(2) )
finally have odd (degree v’ (rem-unPath (z # zs) G))#even (degree v’ G) .
thus %thesis by (metis True)
next
case Fulse
assume z3#v’
have odd (degree v’ (rem-unPath (x # xs) G)) =odd(degree v’ (
del-unEdge x1 2 x3 (rem-unPath zs G))) using rem-z .
also have ...=odd(degree v’ (rem-unPath zs G))
proof —
have v=x1 by (metis Cons.prems(2) is-trail.simps(2) x)
hence v'¢{z1,23} by (metis (mono-tags) False <x8 # v’y empty-iff
insert-iff)
moreover have valid-unMultigraph (rem-unPath zs Q)
using valid-unMultigraph-azioms by auto
moreover have finite (edges (rem-unPath zs G))
by (metis (full-types) assms(1) finite-Diff rem-unPath-edges)
ultimately have degree v’ (del-unEdge ©1 12 z3 (rem-unPath zs G))
=degree v’ (rem-unPath zs G) using degree-frame
by (metis valid-unMultigraph.degree-frame)
thus ?thesis by simp
qged
also have ...=even (degree v’ G)
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using assms x x3 # v’
by (metis Cons.hyps Cons.prems(2) is-trail.simps(2))

finally have odd (degree v’ (rem-unPath (x # xzs) G))=even (degree v’ G) .

thus ?thesis by (metis False)
qed
ultimately show ?case by auto
qed

lemma (in valid-unMultigraph) rem- UnPath-parity-v:

assumes finite E is-trail v ps v’

shows v#£v’ <— (odd (degree v (rem-unPath ps G)) = even(degree v G))
by (metis assms is-trail-rev rem-UnPath-parity-v’ rem-unPath-graph)

lemma (in valid-unMultigraph) rem-UnPath-parity-others:
assumes finite E is-trail v ps v/ n¢{v,v'}
shows cven (degree n (rem-unPath ps G)) = even(degree n G) using assms
proof (induct ps arbitrary: v)
case Nil
thus ?case by auto
next
case (Cons z xs)
obtain z! z2 28 where z:x=(x1,22,28) by (metis prod-cases3)
hence even (degree n (rem-unPath (z#zs) G))= even (degree n (
del-unEdge ©1 2 x3 (rem-unPath zs G)))
by (metis rem-unPath.simps(2) rem-unPath-com)
have n=1x3 = %case
proof —
assume n=z3
have even (degree n (rem-unPath (z#zs) G))= even (degree n (
del-unEdge ©1 2 x3 (rem-unPath zs G)))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ...=ceven(degree n (rem-unPath s G) — 1)
proof —
have finite (edges (rem-unPath zs G))
by (metis (full-types) assms(1) finite-Diff rem-unPath-edges)
moreover have (z1,22,z3) €edges( rem-unPath zs G)
by (metis Cons.prems(2) distinct-elim is-trail.simps(2) x)
moreover have (z3,z2,21) €edges( rem-unPath zs G)
by (metis Cons.prems(2) corres distinct-elim-rev is-trail.simps(2) x)
ultimately show #thesis
using «n = z3» del-edge-undirected-degree-minus’
by auto
qged
also have ...=odd(degree n (rem-unPath zs G))
proof —
have (z1,22,23)€E by (metis Cons.prems(2) is-trail.simps(2) x)
hence (23,22,z1)€edges (rem-unPath zs G)
by (metis Cons.prems(2) corres distinct-elim-rev )
hence (z3,22,z1)e{e € edges (rem-unPath zs G). fst e = n}
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using (n=z3» by (metis (mono-tags) fst-conv mem-Collect-eq)
moreover have finite {e € edges (rem-unPath zs G). fst e = n}
using <finite E»> by auto
ultimately have degree n (rem-unPath s G)#0
unfolding degree-def by auto
thus ?thesis by auto
qged
also have ...=even(degree n G)
proof —
have z5#v' by (metis <n = 3> assms(3) insert-iff)
hence odd (degree x3 (rem-unPath xs G)) = even(degree =3 G)
using Cons assms
by (metis is-trail.simps(2) rem-UnPath-parity-v x)
thus ?thesis using <n=z3> by auto
qed
finally have even (degree n (rem-unPath (z#zs) G))=even(degree n G) .
thus ?thesis .
qed
moreover have n#xz3 = ?case
proof —
assume n#zx3
have even (degree n (rem-unPath (x#xs) G))= even (degree n (
del-unEdge ©1 2 x3 (rem-unPath zs G)))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ...=even(degree n (rem-unPath zs G))
proof —
have v=x1 by (metis Cons.prems(2) is-trail.simps(2) z)
hence n¢{z1,23} by (metis Cons.prems(3) «<n # x3> insertE insertll
singletonE)
moreover have valid-unMultigraph (rem-unPath zs G)
using valid-unMultigraph-azioms by auto
moreover have finite (edges (rem-unPath xs G))
by (metis (full-types) assms(1) finite-Diff rem-unPath-edges)
ultimately have degree n (del-unEdge x1 2 x3 (rem-unPath zs G))
=degree n (rem-unPath zs G) using degree-frame
by (metis valid-unMultigraph.degree-frame)
thus ?thesis by simp
qed
also have ...=even(degree n G)
using Cons assms «<n # z8» x by auto
finally have even (degree n (rem-unPath (z#xs) G))=even(degree n G) .
thus ?thesis .
qed
ultimately show ?case by auto
qed

lemma (in valid-unMultigraph) rem-UnPath-even:

assumes finite E finite V is-trail v ps v’
assumes parity-assms: even (degree v’ G)
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shows num-of-odd-nodes (rem-unPath ps G) = num-of-odd-nodes G
+ (if even (degree v G)A\ v#v' then 2 else 0) using assms
proof (induct ps arbitrary:v)
case Nil
thus ?case by auto
next
case (Cons z zs)
obtain zI 22 z3 where z:x=(21,22,23) by (metis prod-cases3)
have fin-nodes: finite (nodes (rem-unPath xs G)) using Cons by auto
have fin-edges: finite (edges (rem-unPath xs G)) using Cons by auto
have valid-rem-zs: valid-unMultigraph (rem-unPath xs G) using valid-unMultigraph-azioms

by auto
have z-in:(z1,22,23)€edges (rem-unPath zs Q)
by (metis (full-types) Cons.prems(3) distinct-elim is-trail.simps(2) x)
have even (degree x1 (rem-unPath zs G))
= even(degree z3 (rem-unPath zs G)) = %case
proof —
assume parity-r1-z3: even (degree x1 (rem-unPath xs G))
even(degree z3 (rem-unPath zs G))
have num-of-odd-nodes (rem-unPath (z#xs) G)= num-of-odd-nodes
(del-unEdge x1 22 3 (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ... =num-of-odd-nodes (rem-unPath xs G)+2
using parity-z1-z3 fin-nodes fin-edges valid-rem-zs z-in del-UnEdge-even-even

by metis
also have ...=num-of-odd-nodes G+ (if even(degree 3 G) N x3#v' then 2 else
0)+2
using Cons.hyps[OF «finite E» «finite V>, of 3] <is-trail v (z # zs) v
ceven (degree v' G)) x
by auto
also have ...=num-of-odd-nodes G+2
proof —
have even(degree 3 G) A x3#v’ +— odd (degree z3 (rem-unPath zs G))
using Cons.prems assms
by (metis is-trail.simps(2) parity-x1-z3(2) rem-UnPath-parity-v )
thus ?thesis using parity-z1-z3(2) by auto
qed
also have ...=num-of-odd-nodes G+(if even(degree v G) A v#v’ then 2 else
0)
proof —
have z1+#x3 by (metis valid-rem-xs valid-unMultigraph.no-id z-in)
moreover hence z1#v’
using Cons assms
by (metis is-trail.simps(2) parity-z1-z3(1) rem-UnPath-parity-v’ z)
ultimately have z1¢{z3,v’} by auto
hence even(degree x1 G)
using Cons.prems(3) assms(1) assms(2) parity-z1-z3(1)
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by (metis (full-types) is-trail.simps(2) rem-UnPath-parity-others x)
hence even(degree z1 G) N x1#v’ using <zl # v’ by auto
hence even(degree v G) A\ v£v' by (metis Cons.prems(3) is-trail.simps(2)
z)
thus ?thesis by auto
qged
finally have num-of-odd-nodes (rem-unPath (z#xs) G)=
num-of-odd-nodes G+ (if even(degree v G) N v#v’ then 2 else
0) .
thus ?thesis .
qed
moreover have even (degree x1 (rem-unPath zs G)) =
odd(degree z3 (rem-unPath zs G)) = ?case
proof —
assume parity-z1-z3: even (degree x1 (rem-unPath xs G))
odd (degree z3 (rem-unPath zs G))
have num-of-odd-nodes (rem-unPath (z#zs) G)= num-of-odd-nodes
(del-unEdge x1 2 x3 (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ... =num-of-odd-nodes (rem-unPath zs G)
using parity-z1-z8 fin-nodes fin-edges valid-rem-zs z-in
by (metis del-UnEdge-even-odd)
also have ...=num-of-odd-nodes G+ (if even(degree 3 G) N x3#v' then 2 else
0)
using Cons.hyps Cons.prems(3) assms(1) assms(2) parity-assms x
by auto
also have ...=num-of-odd-nodes G+2
proof —
have even(degree 3 G) N 23#v’ +— odd (degree z3 (rem-unPath zs G))
using Cons.prems assms
by (metis is-trail.simps(2) parity-x1-23(2) rem-UnPath-parity-v )
thus ?thesis using parity-z1-z3(2) by auto
qed
also have ...=num-of-odd-nodes G+(if even(degree v G) N\ v#£v’ then 2 else
0)
proof —
have z1+#x3 by (metis valid-rem-xs valid-unMultigraph.no-id z-in)
moreover hence z1#v’
using Cons assms
by (metis is-trail.simps(2) parity-z1-z3(1) rem-UnPath-parity-v’ z)
ultimately have z1¢{z3,0’} by auto
hence even(degree z1 G)
using Cons.prems(3) assms(1) assms(2) parity-z1-z3(1)
by (metis (full-types) is-trail.simps(2) rem-UnPath-parity-others x)
hence even(degree z1 G) N x1#v’ using <zl # v’ by auto
hence even(degree v G) A v#v' by (metis Cons.prems(3) is-trail.simps(2)
z)
thus ?thesis by auto
qged
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finally have num-of-odd-nodes (rem-unPath (z#xs) G)=
num-of-odd-nodes G+(if even(degree v G) A v#£v’ then 2 else
0) .
thus ?thesis .
qed
moreover have odd (degree 1 (rem-unPath xs G)) =
even(degree 3 (rem-unPath xs G)) = ?case
proof —
assume parity-z1-z3: odd (degree x1 (rem-unPath zs G))
even (degree x3 (rem-unPath zs G))
have num-of-odd-nodes (rem-unPath (z#xs) G)= num-of-odd-nodes
(del-unEdge x1 2 x3 (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ... =num-of-odd-nodes (rem-unPath zs G)
using parity-r1-z8 fin-nodes fin-edges valid-rem-zs z-in
by (metis del-UnEdge-odd-even)
also have ...=num-of-odd-nodes G+ (if even(degree 3 G) N x3#v' then 2 else

0)
using Cons.hyps Cons.prems(3) assms(1) assms(2) parity-assms ©
by auto
also have ...=num-of-odd-nodes G
proof —
have even(degree 3 G) N z3#v’ <— odd (degree x3 (rem-unPath zs G))
using Cons.prems assms
by (metis is-trail.simps(2) parity-x1-23(2) rem-UnPath-parity-v )
thus ?thesis using parity-z1-z3(2) by auto
ged
also have ...=num-of-odd-nodes G+ (if even(degree v G) A v#v’ then 2 else
0)

proof (cases v£v’)
case True
have z1+#x3 by (metis valid-rem-zs valid-unMultigraph.no-id z-in)
moreover have is-trail 8 zs v’
by (metis Cons.prems(3) is-trail.simps(2) x)
ultimately have odd (degree x1 (rem-unPath zs G))
+— odd(degree z1 Q)
using True parity-z1-z3(1) rem-UnPath-parity-others © Cons.prems(3)
assms(1) assms(2)
by auto
hence odd(degree 1 G) by (metis parity-z1-z3(1))
thus %thesis
by (metis (mono-tags) Cons.prems(83) Nat.add-0-right is-trail.simps(2)
x)
next
case Fulse
then show f?thesis by auto
qed
finally have num-of-odd-nodes (rem-unPath (z#zs) G)=
num-of-odd-nodes G+ (if even(degree v G) N v#v' then 2 else
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0) .
thus %thesis .
qed
moreover have odd (degree x1 (rem-unPath s G)) =
odd(degree ©3 (rem-unPath zs G)) = ?case
proof —
assume parity-z1-z3: odd (degree x1 (rem-unPath zs G))
odd (degree x3 (rem-unPath zs G))
have num-of-odd-nodes (rem-unPath (z#xs) G)= num-of-odd-nodes
(del-unEdge z1 2 28 (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ... =num-of-odd-nodes (rem-unPath zs G)—(2::nat)
using del-UnFEdge-odd-odd
by (metis add-implies-diff fin-edges fin-nodes parity-z1-z8 valid-rem-zs z-in)

also have ...=num-of-odd-nodes G+ (if even(degree 3 G) N z3#v' then 2 else
0 )—(2::nat)
using Cons assms
by (metis is-trail.simps(2) x)
also have ...=num-of-odd-nodes G
proof —
have even(degree £3 G) N\ x3#v’ +— odd (degree =3 (rem-unPath xs G))
using Cons.prems assms
by (metis is-trail.simps(2) parity-z1-x3(2) rem-UnPath-parity-v )
thus ?thesis using parity-z1-z3(2) by auto
qged
also have ...=num-of-odd-nodes G+(if even(degree v G) N v#£v' then 2 else

0)

proof (cases v£v’)

case True

have z1#x3 by (metis valid-rem-zs valid-unMultigraph.no-id x-in)

moreover have is-trail x5 zs v’

by (metis Cons.prems(8) is-trail.simps(2) x)
ultimately have odd (degree x1 (rem-unPath zs G))
«— odd(degree z1 Q)

using True Cons.prems(3) assms(1) assms(2) parity-z1-z3(1) rem-UnPath-parity-others

T

by auto
hence odd(degree 1 G) by (metis parity-z1-z3(1))
thus ?thesis
by (metis (mono-tags) Cons.prems(3) Nat.add-0-right is-trail.simps(2)
z)
next
case Fulse
thus ?thesis by (metis (mono-tags) add-0-iff)
qed
finally have num-of-odd-nodes (rem-unPath (z#xs) G)=
num-of-odd-nodes G+ (if even(degree v G) A v#v' then 2 else
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thus ?thesis .
qed
ultimately show ?case by metis
qed

lemma (in valid-unMultigraph) rem-UnPath-odd:
assumes finite F finite V is-trail v ps v’
assumes parity-assms: odd (degree v’ G)
shows num-of-odd-nodes (rem-unPath ps G) = num-of-odd-nodes G
+ (if odd (degree v G)\ v#£v’ then —2 else 0) using assms
proof (induct ps arbitrary:v)
case Nil
thus ?case by auto
next
case (Cons z xs)
obtain z! z2 28 where z:x=(x1,22,28) by (metis prod-cases3)
have fin-nodes: finite (nodes (rem-unPath zs G)) using Cons by auto
have fin-edges: finite (edges (rem-unPath zs G)) using Cons by auto
have valid-rem-zs: valid-unMultigraph (rem-unPath zs G) using valid-unMultigraph-azioms

by auto
have z-in:(z1,22,23)€edges (rem-unPath zs Q)
by (metis (full-types) Cons.prems(3) distinct-elim is-trail.simps(2) x)
have even (degree x1 (rem-unPath zs G))
= even(degree ©8 (rem-unPath zs G)) = ?case
proof —
assume parity-r1-z3: even (degree x1 (rem-unPath xzs G))
even (degree x3 (rem-unPath zs G))
have num-of-odd-nodes (rem-unPath (z#1zs) G)= num-of-odd-nodes
(del-unEdge x1 2 x3 (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ... =num-of-odd-nodes (rem-unPath xs G)+2
using parity-z1-xz8 fin-nodes fin-edges valid-rem-zs z-in del-UnEdge-even-even

by metis
also have ...=num-of-odd-nodes G+(if odd(degree 3 G) N z3#v’ then — 2
else 0 )+2
using Cons.hyps[OF «finite E» «finite V>, of 23] <is-trail v (x # xs) v’
<odd (degree v’ G)» x
by auto
also have ...=num-of-odd-nodes G
proof —
have odd (degree 38 G) N\ x3#v’ +— even (degree z8 (rem-unPath zs G))

using Cons.prems assms
by (metis is-trail.simps(2) parity-z1-x3(2) rem-UnPath-parity-v )
thus ?thesis using parity-z1-23(2) by auto
qged
also have ...=num-of-odd-nodes G+(if odd(degree v G) N v#v’ then —2 else
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0)
proof (cases v£v’)
case True
have z1#x3 by (metis valid-rem-zs valid-unMultigraph.no-id x-in)
moreover have is-trail z8 zs v’
by (metis Cons.prems(3) is-trail.simps(2) x)
ultimately have even (degree 1 (rem-unPath zs G))
«— even (degree 1 G)
using True Cons.prems(3) assms(1) assms(2) parity-z1-z3(1)
rem-UnPath-parity-others
by auto
hence even (degree 1 G) by (metis parity-z1-z3(1))
thus ?thesis
by (metis (opaque-lifting, mono-tags) Cons.prems(3) is-trail.simps(2)
monoid-add-class.add.right-neutral x)
next

case Fulse
then show ?thesis by auto
qed
finally have num-of-odd-nodes (rem-unPath (z#xs) G)=
num-of-odd-nodes G+ (if odd(degree v G) N\ v#£v’ then —2 else
0) .
thus ?thesis .
qed
moreover have even (degree 1 (rem-unPath zs G)) =
odd(degree ©3 (rem-unPath zs G)) = ?case
proof —
assume parity-z1-z3: even (degree x1 (rem-unPath xs G))
odd (degree x3 (rem-unPath zs G))
have num-of-odd-nodes (rem-unPath (z#1zs) G)= num-of-odd-nodes
(del-unEdge z1 z2 28 (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ... =num-of-odd-nodes (rem-unPath zs G)
using parity-x1-z8 fin-nodes fin-edges valid-rem-xs x-in
by (metis del-UnEdge-even-odd)
also have ...=num-of-odd-nodes G+(if odd(degree 3 G) N z3#v’ then — 2
else 0)
using Cons.hyps|OF «finite E» <finite V>, of 3] Cons.prems(3) assms(1)
assms(2)
parity-assms x
by auto
also have ...=num-of-odd-nodes G
proof —
have odd(degree ©3 G) N x3#v' <— even (degree ©3 (rem-unPath zs G))
using Cons.prems assms
by (metis is-trail.simps(2) parity-z1-x3(2) rem-UnPath-parity-v )
thus ?thesis using parity-z1-23(2) by auto
qged
also have ...= num-of-odd-nodes G+(if odd(degree v G) N v£v’ then —2 else
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0)
proof (cases v£v’)
case True
have z1#x3 by (metis valid-rem-zs valid-unMultigraph.no-id x-in)
moreover have is-trail z8 zs v’
by (metis Cons.prems(3) is-trail.simps(2) x)
ultimately have even (degree 1 (rem-unPath zs G))
«— even (degree 1 G)
using True Cons.prems(3) assms(1) assms(2) parity-z1-z3(1)
rem-UnPath-parity-others
by auto
hence even (degree 1 G) by (metis parity-z1-z3(1))
with Cons.prems(3) x show ?thesis by auto
next
case Fulse
then show ?thesis by auto
qged
finally have num-of-odd-nodes (rem-unPath (z#xs) G)=
num-of-odd-nodes G+ (if odd(degree v G) A v#v’ then —2 else
0) .
thus ?thesis .
qed
moreover have odd (degree ©1 (rem-unPath xs G)) =
even(degree ©3 (rem-unPath xs G)) = %case
proof —
assume parity-z1-z3: odd (degree x1 (rem-unPath zs G))
even (degree x8 (rem-unPath zs G))
have num-of-odd-nodes (rem-unPath (z#zs) G)= num-of-odd-nodes
(del-unEdge x1 2 x3 (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ... =num-of-odd-nodes (rem-unPath zs Q)
using parity-z1-z8 fin-nodes fin-edges valid-rem-xs z-in
by (metis del-UnEdge-odd-even)
also have ...=num-of-odd-nodes G+(if odd(degree ©3 G) N z3#v’ then —2

else 0 )
using Cons.hyps Cons.prems(3) assms(1) assms(2) parity-assms
by auto
also have ...=num-of-odd-nodes G + (— 2)
proof —

have odd(degree 3 G) N x3#v’ <— even (degree z3 (rem-unPath zs G))
using Cons.prems assms
by (metis is-trail.simps(2) parity-x1-23(2) rem-UnPath-parity-v )
hence odd(degree 3 G) N x3#v’ by (metis parity-z1-z3(2))
thus ?thesis by auto
qed
also have ...=num-of-odd-nodes G+(if odd(degree v G) A v#£v' then —2 else
0)
proof —
have z1#x3 by (metis valid-rem-zs valid-unMultigraph.no-id x-in)
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moreover hence z1#v’
using Cons assms
by (metis is-trail.simps(2) parity-z1-z3(1) rem-UnPath-parity-v’ z)
ultimately have z1¢{z3,v’} by auto
hence odd(degree 1 G)
using Cons.prems(3) assms(1) assms(2) parity-z1-z3(1)
by (metis (full-types) is-trail.simps(2) rem-UnPath-parity-others x)
hence odd(degree x1 G) A z1#v’ using <zl # v’ by auto
hence odd(degree v G) A v£v’ by (metis Cons.prems(3) is-trail.simps(2)
z)
thus ?thesis by auto
qed
finally have num-of-odd-nodes (rem-unPath (z#xs) G)=
num-of-odd-nodes G+ (if odd(degree v G) N\ v#£v’ then —2 else
0) .
thus “thesis .
qed
moreover have odd (degree x1 (rem-unPath xs G)) =
odd(degree z3 (rem-unPath zs G)) = ?case
proof —
assume parity-z1-z3: odd (degree x1 (rem-unPath zs G))
odd (degree z3 (rem-unPath zs G))
have num-of-odd-nodes (rem-unPath (z#zs) G)= num-of-odd-nodes
(del-unEdge x1 2 x3 (rem-unPath zs G))
by (metis rem-unPath.simps(2) rem-unPath-com x)
also have ... =num-of-odd-nodes (rem-unPath zs G)—(2::nat)
using del-UnFEdge-odd-odd
by (metis add-implies-diff fin-edges fin-nodes parity-z1-xz8 valid-rem-xs z-in)

also have ...=num-of-odd-nodes G —(2::nat)
proof —
have odd(degree 8 G) N z3#v' <— even (degree x3 (rem-unPath xs G))
using Cons.prems assms
by (metis is-trail.simps(2) parity-z1-z3(2) rem-UnPath-parity-v )
hence —(odd(degree 3 G) N x3#v’) by (metis parity-z1-23(2))
have num-of-odd-nodes (rem-unPath zs G)=
num-of-odd-nodes G+(if odd(degree 3 G) N z3#v’ then —2 else 0)
by (metis Cons.hyps Cons.prems(8) assms(1) assms(2)
is-trail.simps(2) parity-assms x)
thus ?thesis
using - (odd (degree 28 G) N z3 # v’)» by auto
qged
also have ...=num-of-odd-nodes G+(if odd(degree v G) N v#£v’ then —2 else
0)
proof —
have z1#xz3 by (metis valid-rem-zs valid-unMultigraph.no-id z-in)
moreover hence z1#v’
using Cons assms
by (metis is-trail.simps(2) parity-z1-z3(1) rem-UnPath-parity-v’ x)
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ultimately have z1¢{z3,v’} by auto
hence odd(degree 1 G)
using Cons.prems(3) assms(1) assms(2) parity-x1-z3(1)
by (metis (full-types) is-trail.simps(2) rem-UnPath-parity-others x)
hence odd(degree 1 G) A xz1#v’ using <zl # v’y by auto
hence odd(degree v G) A v#£v' by (metis Cons.prems(3) is-trail.simps(2)

hence veodd-nodes-set G
using Cons.prems(3) E-validD(1) z unfolding odd-nodes-set-def
by auto
moreover have v'€odd-nodes-set G
using is-path-memb|[OF is-trail-intro[OF assms(3)]] parity-assms
unfolding odd-nodes-set-def
by auto
ultimately have {v,v'}Codd-nodes-set G by auto
moreover have v£v’ by (metis <odd (degree v G) N v # v’)
hence card{v,v’}=2 by auto
moreover have finite(odd-nodes-set Q)
using <finite V> unfolding odd-nodes-set-def
by auto
ultimately have num-of-odd-nodes G>2 by (metis card-mono num-of-odd-nodes-def)

thus ?thesis using <odd (degree v G) A v # v"» by auto
qed
finally have num-of-odd-nodes (rem-unPath (z#xs) G)=
num-of-odd-nodes G+ (if odd(degree v G) N\ v#£v’ then —2 else
0) .
thus ?thesis .
qed
ultimately show ?case by metis
qed

lemma (in valid-unMultigraph) rem-UnPath-cycle:
assumes finite E finite V is-trail v ps v’ v=0v'
shows num-of-odd-nodes (rem-unPath ps G) = num-of-odd-nodes G (is ?L=¥%R)
proof (cases even(degree v’ G))
case True
hence ?L = num-of-odd-nodes G + (if even (degree v G)A v#v’ then 2 else 0)
by (metis assms(1) assms(2) assms(3) rem-UnPath-even)
with assms show ?thesis by auto
next
case False
hence ?L = num-of-odd-nodes G + (if odd (degree v G)A\ v#v’ then —2 else 0)
by (metis assms(1) assms(2) assms(3) rem-UnPath-odd)
thus ?thesis using «v = v> by auto
qed
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3 Connectivity

definition (in valid-unMultigraph) connected::bool where
connected =V veV.Vv'eV. v£v' — (I ps. is-path v ps v’)

lemma (in valid-unMultigraph) connected =—> VY ve V.V v'€ V. v£v'— (3 ps. is-trail
v ps v')
proof (rule,rule,rule)
fix v v’
assume veV v'eV v#£v’
assume connected
obtain ps where is-path v ps v’ by (metis <connected> v € Vy v’ € V) w#£uv"
connected-def)
then obtain ps’ where is-trail v ps’ v’
proof (induct ps arbitrary:v )
case Nil
thus ?case by (metis is-trail.simps(1) is-path.simps(1))
next
case (Cons z xs)
obtain z1 22 z3 where z:x=(z1,22,23) by (metis prod-cases3)
have is-path 23 zs v’ by (metis Cons.prems(2) is-path.simps(2) x)
moreover have Aps’. is-trail 3 ps’ v/ = thesis
proof —
fix ps’
assume is-trail x3 ps’ v’
hence (z1,22,23)¢set ps’ A (x3,22,21)¢set ps’ =>is-trail v (z#ps’) v’
by (metis Cons.prems(2) is-trail.simps(2) is-path.simps(2) x)
moreover have (r1,z2,23)€set ps’ = I psl. is-trail v psl v’
proof —
assume (z1,z2,23)€Eset ps’
then obtain ps! ps2 where ps'=ps!Q(z1,22,23)#ps2 by (metis
split-list)
hence is-trail v (z#ps2) v’
using <is-trail z3 ps’ v x
by (metis Cons.prems(2) is-trail.simps(2)
is-trail-split is-path.simps(2))
thus ?thesis by rule
qed
moreover have (z3,z2,x1)€set ps’ = I psl. is-trail v psl v’
proof —
assume (28,22 ,z1)Eset ps’
then obtain ps! ps2 where ps'=ps! Q(z3,22,21)#ps2 by (metis
split-list)
hence is-trail v ps2 v’
using <is-trail z3 ps’ v x
by (metis Cons.prems(2) is-trail.simps(2)
is-trail-split is-path.simps(2))
thus ?thesis by rule
qed
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ultimately show thesis using Cons by auto
qged
ultimately show ?case using Cons by auto
qed
thus 3 ps. is-trail v ps v’ by rule
qed

lemma (in valid-unMultigraph) no-rep-length: is-trail v ps v'=>length ps=card(set

ps)
by (induct ps arbitrary:v, auto)

lemma (in valid-unMultigraph) path-in-edges:is-trail v ps v/ = set ps C E
proof (induct ps arbitrary:v)

case Nil
show ?case by auto
next

case (Cons z zs)
obtain zI z2 28 where z:x=(x1,22,28) by (metis prod-cases3)
hence is-trail 3 zs v’ using Cons by auto
hence set s C E using Cons by auto
moreover have z€E using Cons by (metis is-trail-intro is-path.simps(2) x)
ultimately show ?case by auto
qed

lemma (in valid-unMultigraph) trail-bound:

assumes finite E is-trail v ps v’

shows length ps <card FE
by (metis (opaque-lifting, no-types) assms(1) assms(2) card-mono no-rep-length
path-in-edges)

definition (in valid-unMultigraph) exist-path-length:: 'v = nat =bool where
ezist-path-length v I=3 v’ ps. is-trail v’ ps v A length ps=I

lemma (in valid-unMultigraph) longest-path:
assumes finite En € V
shows 3 v. I maz-path. is-trail v maz-path n A
(Vo' Ve€E. —is-trail v’ (e#max-path) n)
proof (rule ccontr)
assume contro:— (3 v maz-path. is-trail v maz-path n
A (Yo' Ve€E. —is-trail v’ (e#maz-path) n))
hence induct:(¥Y v maz-path. is-trail v maz-path n
— (v’ Fe€E. is-trail v’ (e#tmaz-path) n)) by auto
have is-trail n [| n using «<n € V» by auto
hence exist-path-length n 0 unfolding exist-path-length-def by auto
moreover have YV y. exist-path-length n y — y < card E
using trail-bound|OF «finite E>] unfolding exist-path-length-def
by auto
hence bound:V y. exist-path-length n y — y < card E by auto
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ultimately have ezist-path-length n (GREATEST x. exist-path-length n x)
using Greatestl-nat by auto
then obtain v maz-path where
maz-path:is-trail v maz-path n length max-path=( GREATEST x. exist-path-length
n x)
by (metis exist-path-length-def)
hence 3 v’ e. is-trail v’ (e#tmaz-path) n using induct by metis
hence ezist-path-length n (length maz-path +1)
by (metis One-nat-def exist-path-length-def list.size(4))
hence length maz-path + 1 < (GREATEST z. exist-path-length n x)
by (metis Greatest-le-nat bound)
hence length max-path + 1 < length maz-path using max-path by auto
thus Fulse by auto
qed

lemma even-card”:
assumes even(card A) z€A
shows JycA. y#x
proof (rule ccontr)
assume - (Jyed. y # x)
hence V yc A. y=z by auto
hence A={xz} by (metis all-not-in-conv assms(2) insertI2 mk-disjoint-insert)
hence card(A)=1 by auto
thus False using <even(card A)»> by auto
qged

lemma odd-card:
assumes finite A odd(card A)
shows Jz. z€4
by (metis all-not-in-conv assms(2) card.empty even-zero)

lemma (in valid-unMultigraph) extend-distinct-path:
assumes finite E is-trail v’ ps v
assumes parity-assms:(even (degree v’ G)Av'#v)V(odd (degree v/ G)Av'=v)
shows Je vl. is-trail vl (e#ps) v
proof —
have (even (degree v' G)Av'#£v) = odd(degree v’ (rem-unPath ps G))
by (metis assms(1) assms(2) rem-UnPath-parity-v)
moreover have (odd (degree v/ G)Av'=v) = odd(degree v' (rem-unPath ps
@)
by (metis assms(1) assms(2) rem-UnPath-parity-v’)
ultimately have odd(degree v’ (rem-unPath ps G)) using parity-assms by auto
hence odd (card {e. fst e=v’ A ecedges G — (set ps U set (rev-path ps))})
using rem-unPath-edges unfolding degree-def
by (metis (lifting, no-types) Collect-cong)
hence {e. fst e=v’ A e€E — (set ps U set (rev-path ps))}#{}
by (metis empty-iff finite.emptyl odd-card)
then obtain v0 w where v0w: (v',w,v0)€E (v',w,v0)¢set ps U set (rev-path

32



ps) by auto
hence is-trail v0 ((v0,w,v")#ps) v
by (metis (opaque-lifting, mono-tags) Un-iff assms(2) corres in-set-rev-path
is-trail.simps(2))
thus ?thesis by metis
qed

replace an edge (or its reverse in a path) by another path (in an undi-
rected graph)

fun replace-by-UnPath:: ("v,'w) path = v x'w x'v = ("v,'w) path = ("v,'w) path
where
replace-by-UnPath [] - - =[] |
replace-by-UnPath (x#xs) (v,e,v’) ps =
(if z=(v,e,v") then psQreplace-by-UnPath zs (v,e,v’) ps
else if z=(v’,e,v) then (rev-path ps)Qreplace-by-UnPath zs (v,e,v’) ps
else z#replace-by-UnPath s (v,e,v’) ps)

lemma (in valid-unMultigraph) del-unEdge-connectivity:
assumes connected 3 ps. valid-graph.is-path (del-unEdge v e v/ G) v ps v’
shows valid-unMultigraph.connected (del-unEdge v e v’ G)
proof —
have valid-unMulti:valid-unMultigraph (del-unEdge v e v’ G)
using valid-unMultigraph-azioms by simp
have wvalid-graph: valid-graph (del-unEdge v e v’ Q)
using valid-graph-azioms del-undirected by (metis delete-edge-valid)
obtain ez-path where ez-path:valid-graph.is-path (del-unEdge v e v’ G) v ex-path
,U/
by (metis assms(2))
show ?thesis unfolding valid-unMultigraph.connected-def[OF valid-unMulti)
proof (rule,rule,rule)
fix n n'
assume n : n €nodes (del-unEdge v e v’ G)
assume n': n'e€nodes (del-unEdge v e v’ G)
assume n#n’
obtain ps where ps:is-path n ps n’
by (metis <n#n’s n n' <connected> connected-def del-UnEdge-node)
hence valid-graph.is-path (del-unEdge v e v’ G)
n (replace-by-UnPath ps (v,e,v’) ex-path) n'
proof (induct ps arbitrary:n)
case Nil
thus ?case by (metis is-path.simps(1) n’ replace-by-UnPath.simps(1)
valid-graph
valid-graph.is-path-simps(1))
next
case (Cons z zs)
obtain z! 22 z3 where z:x=(z1,22,23) by (metis prod-cases3)
have z=(v,e,v’) = ?case
proof —
assume z=(v,e,v’)
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hence valid-graph.is-path (del-unEdge v e v’ G)
n (replace-by-UnPath (z#xs) (v,e,v’) ex-path) n’
= wvalid-graph.is-path (del-unEdge v e v’ Q)
n (ex-path@(replace-by-UnPath xzs (v,e,v’) ex-path)) n’
by (metis replace-by-UnPath.simps(2))
also have ...=True
by (metis Cons.hyps Cons.prems «x = (v, e, v’)» ex-path is-path.simps(2)
valid-graph
valid-graph.is-path-split)
finally show ?thesis by simp
qed
moreover have z=(v',e,v) = %case
proof —
assume z=(v’,e,v)
hence valid-graph.is-path (del-unEdge v e v’ G)
n (replace-by-UnPath (z#txs) (v,e,v’) ex-path) n'
= valid-graph.is-path (del-unEdge v e v’ Q)
n ((rev-path ez-path)Q(replace-by-UnPath zs (v,e,v’) ex-path)) n’
by (metis Cons.prems is-path.simps(2) no-id replace-by-UnPath.simps(2))
also have ...=True
by (metis Cons.hyps Cons.prems «x = (v
ex-path valid-graph
valid-graph.is-path-split valid-unMulti valid-unMultigraph.is-path-rev)
finally show ?thesis by simp
qed
moreover have z#(v,e,v")Ax#£(v'e,0)=> Ycase
by (metis Cons.hyps Cons.prems del-UnEdge-frame is-path.simps(2)
replace-by-UnPath.simps(2)
valid-graph valid-graph.is-path.simps(2) x)
ultimately show ?case by auto
qed
thus 3 ps. valid-graph.is-path (del-unEdge v e v/ G) n ps n’ by auto
qed
qed

!

, e, v)» is-path.simps(2)

lemma (in valid-unMultigraph) path-between-odds:
assumes odd(degree v G) odd(degree v’ G) finite E v#v’ num-of-odd-nodes G=2
shows dps. is-trail v ps v’
proof —
have veV
proof (rule ccontr)
assume v¢V
hence Ve € E. fst e # v by (metis E-valid(1) imagel subsetD)
hence degree v G=0 unfolding degree-def using «finite F»
by force
thus False using (odd(degree v G)» by auto
qed
have v'eV
proof (rule ccontr)
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assume v'¢ V
hence Ve € E. fst e # v’ by (metis E-valid(1) imagel subsetD)
hence degree v/ G=0 unfolding degree-def using «finite E>»
by force
thus False using <odd(degree v’ G)» by auto
qed
then obtain maz-path v0 where maz-path:
is-trail v0 mazx-path v’
(Vn. YweE. —is-trail n (w#maz-path) v’)
using longest-path|of v']| by (metis assms(3))
have even(degree v0 G)=v0=v' = v0=v
by (metis assms(2))
moreover have even(degree v0 G)=—=v0#v' = v0=v
proof —
assumeeven(degree v0 G) v0#£v'
hence Jw v1. is-trail
vl (w#maz-path) v’
by (metis assms(8) extend-distinct-path maz-path(1))
thus ?thesis by (metis (full-types) is-trail.simps(2) maz-path(2) prod.ezhaust)
qed
moreover have odd(degree v0 G)=—v0=v'—>v0=v
proof —
assumeodd(degree v0 G) v0=v’
hence Jw v1. is-trail vi (w#maz-path) v’
by (metis assms(8) extend-distinct-path maz-path(1))
thus ?thesis by (metis (full-types) List.set-simps(2) insert-subset maz-path(2)
path-in-edges)
qed
moreover have odd(degree v0 G)=v0#v'=—>v0=v
proof (rule ccontr)
assume v0 # v odd(degree v0 G) vOF#v’
moreover have vcodd-nodes-set G
using v € V» ¢ odd (degree v G)»> unfolding odd-nodes-set-def
by auto
moreover have v'€odd-nodes-set G
using (v’ € V» codd (degree v’ G)»
unfolding odd-nodes-set-def
by auto
ultimately have {v,v",00} C odd-nodes-set G
using  is-path-memb[OF is-trail-introlOF <is-trail v0 maz-path v"]]
maz-path(1)
unfolding odd-nodes-set-def
by auto
moreover have card {v,0’,v0}=3 using v0#£v> w£v" (wl#v" by auto
moreover have finite (odd-nodes-set G)

using assms(5) card-eq-0-iff [of odd-nodes-set G] unfolding num-of-odd-nodes-def

by auto
ultimately have 3<card(odd-nodes-set G) by (metis card-mono)
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thus Fulse using (num-of-odd-nodes G=2) unfolding num-of-odd-nodes-def
by auto
qed
ultimately have v0=v by auto
thus ?thesis by (metis maz-path(1))
qed

lemma (in valid-unMultigraph) del-unEdge-even-connectivity:
assumes finite E finite V connected ¥V neV. even(degree n G) (v,e,v’)€E
shows valid-unMultigraph.connected (del-unEdge v e v’ G)
proof —
have valid-unMulti:valid-unMultigraph (del-unEdge v e v’ Q)
using valid-unMultigraph-axioms by simp
have valid-graph: valid-graph (del-unEdge v e v’ G)
using valid-graph-azioms del-undirected by (metis delete-edge-valid)
have fin-E" finite(edges (del-unEdge v e v’ G))
by (metis (opagque-lifting, no-types) assms(1) del-undirected delete-edge-def
finite-Diff select-convs(2))
have fin-V" finite(nodes (del-unEdge v e v' G))
by (metis (mono-tags) assms(2) del-undirected delete-edge-def select-convs(1))
have all-even: V nenodes (del-unEdge v e v’ G). n¢{v,v'}
—even(degree n (del-unFEdge v e v’ G))
by (metis (full-types) assms(1) assms(4) degree-frame del-UnEdge-node)
have even (degree v G) by (metis (full-types) E-validD(1) assms(4) assms(5))
moreover have even (degree v’ G) by (metis (full-types) E-validD(2) assms(4)
assms(5))
moreover have num-of-odd-nodes G = 0
using Y neV. even(degree n G)) «finite V>
unfolding num-of-odd-nodes-def odd-nodes-set-def by auto
ultimately have num-of-odd-nodes (del-unEdge v e v’ G) = 2
using del-UnFEdge-even-even|[of G v e v’,OF wvalid-unMultigraph-azioms]
by (metis assms(1) assms(2) assms(5) monoid-add-class.add.left-neutral)
moreover have odd (degree v (del-unFEdge v e v’ G))
using <even (degree v G)» del-UnEdge-even[OF «(v,e,v"\€E) (finite E)]
unfolding odd-nodes-set-def
by auto
moreover have odd (degree v’ (del-unEdge v e v’ G))
using <even (degree v’ G)» del-UnEdge-even'|OF «(v,e,v")EE> «finite E)]
unfolding odd-nodes-set-def
by auto
moreover have finite (edges (del-unEdge v e v’ G))
using <finite E» by auto
moreover have v#£v’ using no-id «(v,e,v’)€EE> by auto
ultimately have 3 ps. valid-unMultigraph.is-trail (del-unEdge v e v/ G) v ps v’
using valid-unMultigraph.path-between-odds| OF valid-unMulti,of v v’]
by auto
thus ?thesis
by (metis (full-types) assms(3) del-unEdge-connectivity valid-unMulti
valid-unMultigraph.is-trail-intro)
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qed

lemma (in valid-graph) path-end:ps#[] = is-path v ps v/ = v'=snd (snd(last

ps))

by (induct ps arbitrary:v,auto)

lemma (in valid-unMultigraph) connectivity-split:

assumes connected —walid-unMultigraph.connected (del-unEdge v w v’ G)
(v,w,v)€E

obtains GI1 G2 where
nodes G1={n. I ps. valid-graph.is-path (del-unEdge v w v’ G) n ps v}
and edges G1={(n,e,n’). (n,e,n")Eedges (del-unEdge v w v’ G)

A nenodes G1 A n'€nodes G1}
and nodes G2={n. 3 ps. valid-graph.is-path (del-unEdge v w v’ G) n ps v’}
and edges G2={(n,e,n’). (n,e,n’)Eedges (del-unEdge v w v’ G)
A n€nodes G2 A n'E€nodes G2}
and edges G1 U edges G2 = edges (del-unEdge v w v’ G)
and edges G1 N edges G2={}
and nodes G1 U nodes G2=nodes (del-unEdge v w v’ G)
and nodes G1 N nodes G2={}
and valid-unMultigraph G1
and valid-unMultigraph G2
and wvalid-unMultigraph.connected G1
and valid-unMultigraph.connected G2
proof —
have valid0:valid-graph (del-unEdge v w v’ G) using valid-graph-azioms
by (metis del-undirected delete-edge-valid)
have valid0"valid-unMultigraph (del-unEdge v w v’ G) using valid-unMultigraph-axioms

by (metis del-unEdge-valid)
obtain GI-nodes where G1-nodes:G1-nodes=
{n. I ps. valid-graph.is-path (del-unEdge v w v’ G) n ps v}
by metis
then obtain G! where G1:G1=
(nodes=G1-nodes, edges={(n,e,n’). (n,e,n")Eedges (del-unEdge v w v’ Q)
A neGI1-nodes A n'e G1-nodes})
by metis
obtain G2-nodes where G2-nodes: G2-nodes=
{n. I ps. valid-graph.is-path (del-unEdge v w v’ G) n ps v’}
by metis
then obtain G2 where G2:G2=
(nodes=G2-nodes, edges={(n,e,n’). (n,e,n")Eedges (del-unEdge v w v’ Q)
A n€G2-nodes N\ n'e€ G2-nodes})
by metis
have wvalid-G1:valid-unMultigraph G1
using G1 walid-unMultigraph.corres|OF valid0’] valid-unMultigraph.no-id[OF
valid0']
by (unfold-locales,auto)
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hence valid-G1":valid-graph G1 using valid-unMultigraph-def by auto
have valid-G2:valid-unMultigraph G2
using G2 valid-unMultigraph.corres|OF valid0’] valid-unMultigraph.no-id|OF
valid0’)
by (unfold-locales,auto)
hence valid-G2'": valid-graph G2 using valid-unMultigraph-def by auto
have nodes G1={n. 3 ps. valid-graph.is-path (del-unEdge v w v’ G) n ps v}
using G1-nodes G1 by auto
moreover have edges G1={(n,e,n’). (n,e,n")Eedges (del-unEdge v w v’ Q)
A n€nodes G1 A n'€nodes G1}
using GI-nodes G1 by auto
moreover have nodes G2={n. I ps. valid-graph.is-path (del-unEdge v w v’ G)
n ps v’}
using G2-nodes G2 by auto
moreover have edges G2={(n,e,n’). (n,e,n")Eedges (del-unEdge v w v’ Q)
A n€nodes G2 N n’€nodes G2}
using G2-nodes G2 by auto
moreover have nodes G1 U nodes G2=nodes (del-unEdge v w v’ G)
proof (rule ccontr)
assume nodes G1 U nodes G2 # nodes (del-unEdge v w v’ G)
moreover have nodes G1 C nodes (del-unEdge v w v’ Q)
using valid-graph.is-path-memb|OF valid0] G1 G1-nodes by auto
moreover have nodes G2 C nodes (del-unEdge v w v’ G)
using valid-graph.is-path-memb[OF valid0] G2 G2-nodes by auto
ultimately obtain n where n:
nenodes (del-unEdge v w v’ G) n¢nodes G1 né¢nodes G2
by auto
hence n-neg-v : =(3 ps. valid-graph.is-path (del-unEdge v w v’ G) n ps v) and
n-neg-v’: —(3 ps. valid-graph.is-path (del-unEdge v w v’ G) n ps v’)
using G1 G1-nodes G2 G2-nodes by auto
hence n#v by (metis n(1) valid0 valid-graph.is-path-simps(1))
then obtain nvs where nvs: is-path n nvs v using <connected>
by (metis E-validD(1) assms(3) connected-def del-UnEdge-node n(1))
then obtain nvs’ where nvs”: nvs'=take While (\x. z#(v,w,v")Ax#£(v',w,v))
nvs by auto
moreover have nvs-nvs":nvs=nvs'Qdrop While (Ax. x#(v,w,v")Ax#(v’,w,v))
nus
using nvs’ take While-drop While-id by auto
ultimately obtain n’ where is-path-nvs’: is-path n nvs’ n’
and is-path n' (dropWhile (Az. z#(v,w,v’")Az#(v',w,v)) nvs) v
using nwvs is-path-split[of n nvs’ drop While (Ax. z#(v,w,0 ) Az#£(v';w,v)) novs
by auto
have n'=v V n'=v’
proof (cases drop While (Az. x#(v,w,v")Az#(v',w,v)) nvs)
case Nil
hence nvs=nvs’ using nvs-nvs’ by (metis append-Nil2)
hence n'=v using nvs is-path-nvs’ path-end by (metis (mono-tags)
is-path.simps(1))
thus ?thesis by auto
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next
case (Cons z zs)
hence drop While (Az. z#(v,w,v)Az#£(v',w,v)) nus#[] by auto
hence hd (drop While (\x. x#(v,w,v")Az#(v',w,v)) nvs)=(v,w,v’)
V hd (dropWhile (Az. a#(v,w,0")Az#£(v',w,v)) nvs)=(v’,w,v)
by (metis (lifting, full-types) hd-drop While)
hence z=(v,w,v’)Vz=(v’,w,v) using Cons by auto
thus ?thesis
using <is-path n’ (dropWhile (Az. © # (v, w, v') A z # (v/, w, v)) novs)

v
by (metis Cons is-path.simps(2))
qed
moreover have valid-graph.is-path (del-unEdge v w v’ G) n nvs' n’
using is-path-nvs’ nvs’
proof (induct nvs’ arbitrary:n nvs)
case Nil
thus ?case by (metis del-UnEdge-node is-path.simps(1) valid0 valid-graph.is-path-simps(1))
next
case (Cons z zs)
obtain z! 22 z3 where z:2=(z1,22,23) by (metis prod-cases3)
hence is-path =3 xs n’ using Cons by auto
moreover have zs = take While (A\z. x # (v, w, v') A z # (v/, w, v)) (&
nvs)
using «x # s = takeWhile (\z. © # (v, w, v') Az # (v', w, v)) nvs
by (metis (lifting, no-types) append-Cons list.distinct(1) take While.simps(2)
take While-drop While-id list.sel(3))
ultimately have valid-graph.is-path (del-unEdge v w v’ G) 3 zs n’
using Cons by auto
moreover have z#£(v,w,v') A z#£(v’,w,v)
using Cons(3) set-take WhileD[of x (Az. z # (v, w, v') A z # (v, w, v))
nws|

by (metis List.set-simps(2) insertll)
hence z€edges (del-unEdge v w v' G)
by (metis Cons.prems(1) del-UnEdge-frame is-path.simps(2) x)
ultimately show ?case using x
by (metis Cons.prems(1) is-path.simps(2) valid0 valid-graph.is-path.simps(2))
qed
ultimately show Fulse using n-neg-v n-neg-v’ by auto
qed
moreover have nodes G1 N nodes G2={}
proof (rule ccontr)
assume nodes G1 N nodes G2 # {}
then obtain n where n:ncnodes G1 n€nodes G2 by auto
then obtain nvs nv’s where
nvs : valid-graph.is-path (del-unEdge v w v’ G) n nvs v and
nv's : valid-graph.is-path (del-unEdge v w v’ G) n nv’s v’
using GI1 G2 G1-nodes G2-nodes by auto
hence wvalid-graph.is-path (del-unEdge v w v' G) v ((rev-path nvs)Qnuv’s) v’

39



using valid-unMultigraph.is-path-rev[ OF valid0'] valid-graph.is-path-split{OF
valid0]
by auto
hence valid-unMultigraph.connected (del-unEdge v w v' G)
by (metis assms(1) del-unEdge-connectivity)
thus Fualse by (metis assms(2))
qed
moreover have edges G1 U edges G2 = edges (del-unEdge v w v’ G)
proof (rule ccontr)
assume edges G1 U edges G2 # edges (del-unEdge v w v’ Q)
moreover have edges G1 C edges (del-unEdge v w v’ G) using GI by auto
moreover have edges G2 C edges (del-unEdge v w v’ G) using G2 by auto
ultimately obtain n ¢ n’ where
nen’:
(n,e,n’)Eedges (del-unEdge v w v' G)
(n,e,n’)¢edges G1 (n,e,n’)¢edges G2
by auto
moreover have nenodes (del-unEdge v w v’ G)
by (metis nen’(1) valid0 valid-graph.E-validD(1))
moreover have n’'e€nodes (del-unEdge v w v’ G)
by (metis nen’(1) valid0 valid-graph. E-validD(2))
ultimately have (n€nodes G1 N n'’€nodes G2)V(n€nodes G2An'€nodes
G1)
using GI1 G2 <nodes G1 U nodes G2=nodes (del-unFEdge v w v’ G)» by auto
moreover have ncnodes G1 = n'’€nodes G2 = Fulse
proof —
assume nenodes G1 n'€nodes G2
then obtain nvs nv’s where
nvs : valid-graph.is-path (del-unFEdge v w v/ G) n nvs v and
nv's : valid-graph.is-path (del-unEdge v w v’ G) n' nv's v’
using GI1 G2 G1-nodes G2-nodes by auto
hence wvalid-graph.is-path (del-unEdge v w v’ G) v
((rev-path nvs)@Q(n,e,n")#nv’s) v’
using valid-unMultigraph.is-path-rev| OF valid0’] valid-graph.is-path-split’ | OF
valid0]
«(n,e,n")€edges (del-unEdge v w v' G)»
by auto
hence valid-unMultigraph.connected (del-unEdge v w v’ Q)
by (metis assms(1) del-unEdge-connectivity)
thus False by (metis assms(2))
qed
moreover have ncnodes G2 = n'’eénodes G1 = Fulse
proof —
assume n'cnodes GI1 nenodes G2
then obtain n'vs nvs where
n'vs : wvalid-graph.is-path (del-unEdge v w v’ G) n’ n'vs v and
nvs : valid-graph.is-path (del-unEdge v w v’ G) n nvs v’
using GI1 G2 G1-nodes G2-nodes by auto
moreover have (n',e,n)€edges (del-unEdge v w v’ G)
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by (metis nen’(1) valid0' valid-unMultigraph.corres)
ultimately have valid-graph.is-path (del-unEdge v w v’ G) v
((rev-path n'vs)@(n' e,n)#nvs) v’
using valid-unMultigraph.is-path-rev| OF valid0’] valid-graph.is-path-split’'|OF
valid0]
by auto
hence valid-unMultigraph.connected (del-unEdge v w v’ Q)
by (metis assms(1) del-unEdge-connectivity)
thus False by (metis assms(2))
qged
ultimately show Fulse by auto
qed
moreover have edges G1 N edges G2={}
proof (rule ccontr)
assume edges G1 N edges G2 # {}
then obtain n e n’ where (n,e,n’)€edges G1 (n,e,n’)Eedges G2 by auto
hence nenodes G1 nenodes G2 using G1 G2 by auto
thus Fulse using <nodes G1 N nodes G2={}> by auto
qed
moreover have valid-unMultigraph.connected G1
unfolding valid-unMultigraph.connected-def[OF wvalid-G1]
proof (rule,rule,rule)
fix n n’
assume n : n €nodes G1
assume n': n'€nodes G1
assume n#n’
obtain ps where valid-graph.is-path (del-unEdge v w v’ G) n ps v
using G1 G1-nodes n by auto
hence ps:valid-graph.is-path G1 n ps v
proof (induct ps arbitrary:n)
case Nil
moreover have venodes G1 using G1 G1-nodes valid0
by (metis (lifting, no-types) calculation mem-Collect-eq select-convs(1)
valid-graph.is-path.simps(1))
ultimately show ?case
by (metis valid0 valid-G1 valid-unMultigraph.is-trail.simps(1)
valid-graph.is-path.simps(1) wvalid-unMultigraph.is-trail-intro)
next
case (Cons z zs)
obtain z! 22 z3 where z:x=(z1,22,23) by (metis prod-cases3)
have z1€nodes G1 using GI1 G1-nodes Cons.prems x
by (metis (lifting) mem-Collect-eq select-convs(1) valid0 valid-graph.is-path.simps(2))
moreover have (z1,z2,23)€edges (del-unEdge v w v' Q)
by (metis Cons.prems valid0 valid-graph.is-path.simps(2) x)
ultimately have (z1,z2,z3)€edges G1
using GI G2 <nodes G1 N nodes G2={}> <edges G1 U edges G2=edges
(del-unEdge v w v" G)»
by (metis (full-types) Intl Un-iff bex-empty wvalid-G2' valid-graph.E-validD(1)
)
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moreover have valid-graph.is-path (del-unEdge v w v’ G) x3 xs v
by (metis Cons.prems valid0 valid-graph.is-path.simps(2) x)
hence valid-graph.is-path G1 x8 xs v using Cons.hyps by auto
moreover have z1=n by (metis Cons.prems valid0 valid-graph.is-path.simps(2)
z)

ultimately show ?case using z valid-G1' by (metis valid-graph.is-path.simps(2))

qed
obtain ps’ where valid-graph.is-path (del-unEdge v w v’ G) n' ps' v
using GI1 GI-nodes n’ by auto
hence ps’:valid-graph.is-path G1 n' ps’ v
proof (induct ps’ arbitrary:n’)
case Nil
moreover have vEnodes G1 using G1 G1-nodes valid0
by (metis (lifting, no-types) calculation mem-Collect-eq select-convs(1)
valid-graph.is-path.simps(1))
ultimately show ?case
by (metis valid0 valid-G1 valid-unMultigraph.is-trail.simps(1)
valid-graph.is-path.simps(1) valid-unMultigraph.is-trail-intro)
next
case (Cons z xs)
obtain z1 z2 28 where z:z=(x1,22,23) by (metis prod-cases3)
have z1€nodes G1 using GI1 G1-nodes Cons.prems x
by (metis (lifting) mem-Collect-eq select-convs(1) valid0 valid-graph.is-path.simps(2))
moreover have (z1,22,18)€edges (del-unEdge v w v’ G)
by (metis Cons.prems valid0 valid-graph.is-path.simps(2) x)
ultimately have (z1,z2,z3)€edges G1
using GI1 G2 <nodes G1 N nodes G2={}»
<edges G1 U edges G2=edges (del-unEdge v w v’ G)»
by (metis (full-types) Intl Un-iff bex-empty valid-G2' valid-graph.E-validD(1))
moreover have valid-graph.is-path (del-unEdge v w v’ G) 8 xs v
by (metis Cons.prems valid0 valid-graph.is-path.simps(2) x)
hence valid-graph.is-path G1 x3 zs v using Cons.hyps by auto
moreover have z1=n'by (metis Cons.prems valid0 valid-graph.is-path.simps(2)
)

ultimately show ?case using z valid-G1' by (metis valid-graph.is-path.simps(2))

qed
hence valid-graph.is-path G1 v (rev-path ps’) n'
using valid-unMultigraph.is-path-rev| OF valid-G1]
by auto
hence valid-graph.is-path G1 n (psQ(rev-path ps’)) n’
using ps valid-graph.is-path-split|OF valid-G1',0f n ps rev-path ps’ n’]
by auto
thus 3 ps. valid-graph.is-path G1 n ps n’ by auto
qed
moreover have valid-unMultigraph.connected G2
unfolding valid-unMultigraph.connected-def[OF wvalid-G2]
proof (rule,rule,rule)

42



fix n n’
assume n : n €nodes G2
assume n’: n'€nodes G2
assume n#n’
obtain ps where valid-graph.is-path (del-unEdge v w v’ G) n ps v’
using G2 G2-nodes n by auto
hence ps:valid-graph.is-path G2 n ps v’
proof (induct ps arbitrary:n)
case Nil
moreover have v'e€nodes G2 using G2 G2-nodes valid0
by (metis (lifting, no-types) calculation mem-Collect-eq select-convs(1)
valid-graph.is-path.simps(1))
ultimately show ?case
by (metis valid0 valid-G2 valid-unMultigraph.is-trail.simps(1)
valid-graph.is-path.simps(1) wvalid-unMultigraph.is-trail-intro)
next
case (Cons z zs)
obtain z! 22 z3 where z:x=(z1,22,23) by (metis prod-cases3)
have z1€nodes G2 using G2 G2-nodes Cons.prems x
by (metis (lifting) mem-Collect-eq select-convs(1) valid0 valid-graph.is-path.simps(2))
moreover have (z1,z2,23)€edges (del-unEdge v w v' G)
by (metis Cons.prems valid0 valid-graph.is-path.simps(2) x)
ultimately have (z1,z2,23)€edges G2
using (nodes G1 N nodes G2={}> <edges G1 U edges G2=edges
(del-unEdge v w v" G)»
by (metis Intl Un-iff assms(1) bex-empty connected-def del-UnEdge-node
valid0 valid0’
valid-G1' valid-graph. E-validD(1) valid-graph. E-validD(2) valid-unMultigraph.no-id)
moreover have valid-graph.is-path (del-unEdge v w v’ G) z3 xs v’
by (metis Cons.prems valid0 valid-graph.is-path.simps(2) x)
hence valid-graph.is-path G2 x3 xs v’ using Cons.hyps by auto
moreover have z1=n by (metis Cons.prems valid0 valid-graph.is-path.simps(2)
x
)

ultimately show ?case using z valid-G2' by (metis valid-graph.is-path.simps(2))

qed
obtain ps’ where valid-graph.is-path (del-unEdge v w v’ G) n’ ps’ v’
using G2 G2-nodes n’ by auto
hence ps’:valid-graph.is-path G2 n' ps’ v’
proof (induct ps’ arbitrary:n’)
case Nil
moreover have v'e€nodes G2 using G2 G2-nodes valid0
by (metis (lifting, no-types) calculation mem-Collect-eq select-convs(1)
valid-graph.is-path.simps(1))
ultimately show ?case
by (metis valid0 valid-G2 valid-unMultigraph.is-trail.simps(1)
valid-graph.is-path.simps(1) wvalid-unMultigraph.is-trail-intro)
next
case (Cons z zs)
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obtain zI 22 z3 where z:x=(z1,22,23) by (metis prod-cases3)
have z1€nodes G2 using G2 G2-nodes Cons.prems x
by (metis (lifting) mem-Collect-eq select-convs(1) valid0 valid-graph.is-path.simps(2))
moreover have (z1,z2,23)€edges (del-unEdge v w v' G)
by (metis Cons.prems valid0 valid-graph.is-path.simps(2) x)
ultimately have (z1,z2,23)€edges G2
using <nodes G1 N nodes G2={}» <edges G1 U edges G2=edges
(del-unEdge v w v’ G)»
by (metis Intl Un-iff assms(1) bex-empty connected-def del-UnEdge-node
valid0 valid0’
valid-G1' valid-graph. E-validD(1) valid-graph. E-validD(2) valid-unMultigraph.no-id)
moreover have valid-graph.is-path (del-unEdge v w v’ G) x8 zs v’
by (metis Cons.prems valid0 valid-graph.is-path.simps(2) x)
hence valid-graph.is-path G2 x3 xs v’ using Cons.hyps by auto
moreover have z1=n'by (metis Cons.prems valid0 valid-graph.is-path.simps(2)
z)

ultimately show ?case using z valid-G2' by (metis valid-graph.is-path.simps(2))

qed

hence valid-graph.is-path G2 v’ (rev-path ps’) n’
using valid-unMultigraph.is-path-rev| OF valid-G2]
by auto

hence valid-graph.is-path G2 n (psQ(rev-path ps’)) n’
using ps valid-graph.is-path-split| OF valid-G2',0f n ps rev-path ps’ n’]
by auto

thus 3 ps. valid-graph.is-path G2 n ps n’ by auto

qed
ultimately show %thesis using valid-G1 valid-G2 that by auto
qed

lemma sub-graph-degree-frame:
assumes valid-graph G2 edges G1 U edges G2 =edges G nodes G1 N nodes
G2={} nenodes G1
shows degree n G=degree n G1
proof —
have {e € edges G. fst e = n}C{e € edges G1. fst e = n}
proof
fix e assume e € {e € edges G. fst e = n}
hence ecedges G fst e=n by auto
moreover have n¢nodes G2
using <(nodes G1 N nodes G2={}» <n€nodes G1»
by auto
hence e¢edges G2 using valid-graph. E-validD[OF <valid-graph G2>] «fst e=n)

by (metis prod.ezhaust fst-conv)
ultimately have ecedges G1 using <edges G1 U edges G2 =edges G» by
auto
thus e € {e € edges G1. fst e = n} using <fst e=n> by auto
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qed
moreover have {e € edges G1. fst e = n}C{e € edges G. fst e = n}
by (metis (lifting) Collect-mono Un-iff assms(2))
ultimately show ¢thesis unfolding degree-def by auto
qed

lemma odd-nodes-no-edge[simp]: finite (nodes g) = num-of-odd-nodes (g (edges:={}

) =0

unfolding num-of-odd-nodes-def odd-nodes-set-def degree-def by simp

4 Adjacent nodes

definition (in valid-unMultigraph) adjacent:: 'v = 'v = bool where
adjacent v v' = Fw. (v,w,w)EE

lemma (in valid-unMultigraph) adjacent-sym: adjacent v v’ <— adjacent v’ v
unfolding adjacent-def by auto

lemma (in valid-unMultigraph) adjacent-no-loop[simp|: adjacent v v/ = v #v’
unfolding adjacent-def by auto

lemma (in valid-unMultigraph) adjacent-V[simp]:
assumes adjacent v v’
shows ve Vv'eV
using assms E-validD unfolding adjacent-def by auto

lemma (in valid-unMultigraph) adjacent-finite:
finite E = finite {n. adjacent v n}
proof —
assume finite £
{ fix Swv
have finite S = finite {n. Jw. (v,w,n)€S}
proof (induct S rule: finite-induct)
case empty
thus ?case by auto
next
case (insert « F)
obtain zI 22 z3 where z: 1=(z1,22,28) by (metis prod-cases3)
have z1=v = ?case
proof —
assume z1=v
hence {n. w. (v, w, n) € insert x F}=insert 3 {n. Jw. (v, w, n) € F}
using z by auto
thus ?thesis using insert by auto
qed
moreover have z1#v = %case
proof —
assume z1#v
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hence {n. Jw. (v, w, n) € insert x F}={n. Jw. (v, w, n) € F} using
z by auto
thus ?thesis using insert by auto
qed
ultimately show Zcase by auto
qed }
note auzx=this
show ?thesis using auz[OF «finite E», of v] unfolding adjacent-def by auto
qed

5 Undirected simple graph

/

locale valid-unSimpGraph=valid-unMultigraph G for G::("v,’w) graph+
assumes no-multi[simp]: (v,w,u) € edges G = (v,w',u) €edges G =

w=w’

lemma (in valid-unSimpGraph) finV-to-finE|[simp):
assumes finite V
shows finite E
proof (cases {(v1,v2). adjacent v1 v2}={})
case True
hence F={} unfolding adjacent-def by auto
thus finite F by auto
next
case Fulse
have {(v1,v2). adjacent vl v2} C V x V using adjacent-V by auto
moreover have finite (V x V) using «finite V> by auto
ultimately have finite {(v1,v2). adjacent vl v2} using finite-subset by auto
hence card {(v1,v2). adjacent vl v2}#0 using Fualse card-eq-0-iff by auto
moreover have card E=card {(v1,v2). adjacent vl v2}
proof —
have (A(vl,w,v2). (v1,02))‘E = {(vl,v2). adjacent v1 v2}
proof —
have Az. ze(A(vl,w,v2). (v1,02))'E = z€ {(vl,v2). adjacent vl v2}
unfolding adjacent-def by auto
moreover have Az. x€{(v1,v2). adjacent vl v2} = z€(A(vl,w,v2).
(v1,02))‘E
unfolding adjacent-def by force
ultimately show ?thesis by force
qed
moreover have inj-on (A\(v1,w,v2). (vi,v2)) E unfolding inj-on-def by
auto
ultimately show ?thesis by (metis card-image)
qed
ultimately show finite E by (metis card.infinite)
qed

lemma del-unEdge-valid'[simp|:valid-unSimp Graph G—=—>
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valid-unSimp Graph (del-unEdge v w v G)
proof —
assume valid-unSimpGraph G
hence valid-unMultigraph (del-unEdge v w u G)
using valid-unSimpGraph-def [of G| del-unEdge-valid[of G] by auto
moreover have valid-unSimpGraph-azioms (del-unFEdge v w u G)
using valid-unSimpGraph.no-multi|OF <valid-unSimpGraph G»)
unfolding valid-unSimpGraph-azioms-def del-unEdge-def by auto
ultimately show valid-unSimpGraph (del-unEdge v w u G) using valid-unSimp Graph-def
by auto
qged

lemma (in valid-unSimpGraph) del-UnEdge-non-ady:
(v,w,u)eE = —walid-unMultigraph.adjacent (del-unEdge v w v G) v u
proof
assume (v, w, u) € F
and ccontr:valid-unMultigraph.adjacent (del-unEdge v w u G) v u
have valid:valid-unMultigraph (del-unEdge v w u G)
using valid-unMultigraph-axioms by auto
then obtain w’ where vw’u:(v,w’,u)€edges (del-unEdge v w u G)
using ccontr unfolding valid-unMultigraph.adjacent-def[OF wvalid] by auto
hence (v,w’,u)¢{(v,w,u),(u,w,v)} unfolding del-unEdge-def by auto
hence w'#w by auto
moreover have (v,w’,u)€E using vw’u unfolding del-unEdge-def by auto

ultimately show Fualse using no-multi[of v w u w’] «(v, w, u) € E» by auto
qged

lemma (in valid-unSimpGraph) degree-adjacent: finite E = degree v G=card {n.
adjacent v n}

using valid-unSimp Graph-azioms
proof (induct degree v G arbitrary: G)
case (
note valid3=«wvalid-unSimpGraph G»
hence valid2: valid-unMultigraph G using valid-unSimpGraph-def by auto
have {a. valid-unMultigraph.adjacent G v a}={}
proof (rule ccontr)
assume {a. valid-unMultigraph.adjacent G v a} # {}
then obtain w u where (v,w,u)€edges G
unfolding valid-unMultigraph.adjacent-def| OF valid2] by auto

hence degree v G#0 using «finite (edges G)» unfolding degree-def by auto
thus Fulse using <0 = degree v G by auto
qed

thus ?case by (metis 0.hyps card.empty)
next

case (Suc n)

hence {e € edges G. fst e = v}#£{} using card.empty unfolding degree-def by
force

then obtain w u where (v,w,u)€edges G by auto
have valid:valid-unMultigraph G using <valid-unSimpGraph G» valid-unSimpGraph-def
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by auto
hence valid"valid-unMultigraph (del-unEdge v w u G) by auto
have valid-unSimpGraph (del-unEdge v w u G)
using del-unEdge-valid’ «valid-unSimpGraph G»> by auto
moreover have n = degree v (del-unEdge v w u G)
using «Suc n = degree v Gy«(v, w, u) € edges G» del-edge-undirected-degree-plus|of
Gvwuyl
by (metis Suc.prems(1) Suc-eq-plusi diff-Suc-1 valid valid-unMultigraph.corres)
moreover have finite (edges (del-unEdge v w u G))
using «finite (edges G)» unfolding del-unEdge-def
by auto
ultimately have degree v (del-unEdge v w u G)
= card (Collect (valid-unMultigraph.adjacent (del-unEdge v w u G) v))
using Suc.hyps by auto
moreover have Suc(card ({n. valid-unMultigraph.adjacent (del-unEdge v w u
G)
vn})) = card ({n. valid-unMultigraph.adjacent G v n})
using valid-unMultigraph.adjacent-def[OF valid']
proof —
have {n. valid-unMultigraph.adjacent (del-unEdge v w u G) v n} C
{n. valid-unMultigraph.adjacent G v n}
using del-unEdge-def[of v w u G]
unfolding valid-unMultigraph.adjacent-def[OF valid’)
valid-unMultigraph.adjacent-def | OF valid]
by auto
moreover have ue{n. valid-unMultigraph.adjacent G v n}
using «(v,w,u)€edges G» unfolding wvalid-unMultigraph.adjacent-def OF
valid] by auto
ultimately have {n. valid-unMultigraph.adjacent (del-unEdge v w u G) v n}

U {u}
C {n. valid-unMultigraph.adjacent G v n} by auto
moreover have {n. valid-unMultigraph.adjacent G v n} — {u}
C {n. valid-unMultigraph.adjacent (del-unEdge v w u G) v n}
using del-unEdge-def[of v w u G|
unfolding valid-unMultigraph.adjacent-def [ OF valid’]
valid-unMultigraph.adjacent-def [ OF valid]
by auto
ultimately have {n. valid-unMultigraph.adjacent (del-unEdge v w v G) v n}

U {u}
= {n. valid-unMultigraph.adjacent G v n} by auto
moreover have u¢{n. valid-unMultigraph.adjacent (del-unEdge v w u G) v

n}
using valid-unSimpGraph.del-UnEdge-non-adj|OF <valid-unSimpGraph G»
(v,w,u)€edges G»]
by auto
moreover have finite {n. valid-unMultigraph.adjacent G v n}
using valid-unMultigraph.adjacent-finite[ OF valid <finite (edges G)»] by simp

ultimately show ?Zthesis
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by (metis Un-insert-right card-insert-disjoint finite-Un sup-bot-right)
qed
ultimately show ?Zcase by (metis Suc.hyps(2) <n = degree v (del-unEdge v w u
G))
qed

end

theory KoenigsbergBridge imports MoreGraph
begin

6 Definition of Eulerian trails and circuits

definition (in walid-unMultigraph) is-Eulerian-trail:: 'v=("v,’w) path="v=bool
where
is-Fulerian-trail v ps v'= is-trail v ps v’ A edges (rem-unPath ps G) = {}

definition (in valid-unMultigraph) is-Eulerian-circuit:: v = ('v,'w) path = v =
bool where
is-Eulerian-circuit v ps v'= (v=v') A (is-Eulerian-trail v ps v’)

7 Necessary conditions for Eulerian trails and cir-
cuits

lemma (in valid-unMultigraph) euclerian-rev:
is-FEulerian-trail v’ (rev-path ps) v=is-Eulerian-trail v ps v’
proof —
have is-trail v’ (rev-path ps) v=is-trail v ps v’
by (metis is-trail-rev)
moreover have edges (rem-unPath (rev-path ps) G)=edges (rem-unPath ps G)
by (metis rem-unPath-graph)
ultimately show ?thesis unfolding is- Eulerian-trail-def by auto
qed

theorem (in valid-unMultigraph) euclerian-cycle-ex:
assumes is-Eulerian-circuit v ps v’ finite V finite E
shows Y ve V. even (degree v G)
proof —
obtain v ps v’ where cycle:is-Eulerian-circuit v ps v’ using assms by auto
hence edges (rem-unPath ps G) = {}
unfolding is- Fulerian-circuit-def is- Eulerian-trail-def
by simp
moreover have nodes (rem-unPath ps G)=nodes G by auto
ultimately have rem-unPath ps G = G (edges:={}|) by auto
hence num-of-odd-nodes (rem-unPath ps G) = 0 by (metis assms(2) odd-nodes-no-edge)
moreover have v=v’
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by (metis <is-Fulerian-circuit v ps v’ is-Eulerian-circuit-def)
hence num-of-odd-nodes (rem-unPath ps G)=num-of-odd-nodes G
by (metis assms(2) assms(3) cycle is-Eulerian-circuit-def
is-Eulerian-trail-def rem-UnPath-cycle)
ultimately have num-of-odd-nodes G=0 by auto
moreover have finite(odd-nodes-set G)
using <finite V> unfolding odd-nodes-set-def by auto
ultimately have odd-nodes-set G = {} unfolding num-of-odd-nodes-def by
auto
thus ?thesis unfolding odd-nodes-set-def by auto
qged

theorem (in valid-unMultigraph) euclerian-path-ez:
assumes is-Eulerian-trail v ps v’ finite V finite E
shows (YveV. even (degree v G)) V (num-of-odd-nodes G =2)
proof —
obtain v ps v’ where path:is-Eulerian-trail v ps v’ using assms by auto
hence edges (rem-unPath ps G) = {}
unfolding is-FEulerian-trail-def
by simp
moreover have nodes (rem-unPath ps G)=nodes G by auto
ultimately have rem-unPath ps G = G (edges:={}|) by auto
hence odd-nodes: num-of-odd-nodes (rem-unPath ps G) = 0
by (metis assms(2) odd-nodes-no-edge)
have v#£v' = ?thesis
proof (cases even(degree v’ G))
case True
assume v#£v’
have is-trail v ps v’ by (metis is-Eulerian-trail-def path)
hence num-of-odd-nodes (rem-unPath ps G) = num-of-odd-nodes G
+ (if even (degree v G) then 2 else 0)
using rem-UnPath-even True <finite V) <finite E» <v£v" by auto
hence num-of-odd-nodes G + (if even (degree v G) then 2 else 0)=0
using odd-nodes by auto
hence num-of-odd-nodes G = 0 by auto
moreover have finite(odd-nodes-set G)
using <finite V» unfolding odd-nodes-set-def by auto
ultimately have odd-nodes-set G = {} unfolding num-of-odd-nodes-def by
auto
thus ?thesis unfolding odd-nodes-set-def by auto
next
case Fulse
assume v#£v’
have is-trail v ps v’ by (metis is-Eulerian-trail-def path)
hence num-of-odd-nodes (rem-unPath ps G) = num-of-odd-nodes G
+ (if odd (degree v G) then —2 else 0)
using rem-UnPath-odd False <finite V> <finite E) <v#v’ by auto
hence odd-nodes-if: num-of-odd-nodes G + (if odd (degree v G) then —2 else

50



0)=0
using odd-nodes by auto
have odd (degree v G) = ?thesis
proof —
assume odd (degree v G)
hence num-of-odd-nodes G = 2 using odd-nodes-if by auto
thus ?thesis by simp
qed
moreover have even(degree v G) => ?thesis
proof —
assume even (degree v Q)
hence num-of-odd-nodes G = 0 using odd-nodes-if by auto
moreover have finite(odd-nodes-set Q)
using <finite V> unfolding odd-nodes-set-def by auto
ultimately have odd-nodes-set G = {} unfolding num-of-odd-nodes-def
by auto
thus ?thesis unfolding odd-nodes-set-def by auto
qed
ultimately show ?thesis by auto
qed
moreover have v=v'=—> ?thesis
by (metis assms(2) assms(3) euclerian-cycle-ex is-Eulerian-circuit-def path)
ultimately show ?thesis by auto
qed

8 Specific case of the Konigsberg Bridge Problem

datatype kon-node = a | b | c| d

datatype kon-bridge = abl | ab2 | acl | ac2 | adl | bdl | cdl

definition kon-graph :: (kon-node,kon-bridge) graph where
kon-graph=(nodes={a,b,c,d},
edges={(a,ab1,b), (b,abl,a),
(a,ab2,b), (b,ab2,a),
(a,acl,c), (c,acl,a),
(a,ac2,c), (c,ac2,a),
(a,ad] ad)a (daadl 70‘)»
(b,bd1,d), (d,bd1,b),
(e,cdl,d), (d,cdl,c)} )
instantiation kon-node :: enum
begin
definition [simp]: enum-class.enum =[a,b,c,d]
definition [simp]: enum-class.enum-all P +— Pa AN PbA Pc A Pd
definition [simp]:enum-class.enum-ex P +— PaV PbV PcV Pd
instance proof qed (auto,(case-tac x,auto)+)
end

o1



instantiation kon-bridge :: enum
begin
definition [simp]:enum-class.enum =[abl,ab2,acl,ac2,adl,cd1,bd1]
definition [simp]|:enum-class.enum-all P <— P abl A P ab2 A P acl A P ac2
A Padl A P bdl
A P cdl
definition [simpl:enum-class.enum-ex P «— P abl V P ab2 V P acl V P ac2
V Padl V P bdi
V P cdl
instance proof qed (auto,(case-tac z,auto)+)
end

interpretation kon-graph: valid-unMultigraph kon-graph
proof (unfold-locales)
show fst ‘ edges kon-graph C nodes kon-graph by eval
next
show snd ‘ snd ¢ edges kon-graph C nodes kon-graph by eval
next
have Vv w v’ ((v, w, u') € edges kon-graph) = ((u', w, v) € edges kon-graph)
by eval
thus Av w u’. ((v, w, u’) € edges kon-graph) = ((u', w, v) € edges kon-graph)
by simp
next
have Vv w. (v, w, v) ¢ edges kon-graph by eval
thus Av w. (v, w, v) ¢ edges kon-graph by simp
qged

theorem —kon-graph.is-Fulerian-trail vi p v2
proof
assume kon-graph.is-Eulerian-trail vi p v2
moreover have finite (nodes kon-graph) by (metis finite-code)
moreover have finite (edges kon-graph) by (metis finite-code)
ultimately have contra:
(V vEnodes kon-graph. even (degree v kon-graph)) V(num-of-odd-nodes kon-graph
—2)
by (metis kon-graph.euclerian-path-ex)
have odd(degree a kon-graph) by eval
moreover have odd(degree b kon-graph) by eval
moreover have odd(degree ¢ kon-graph) by eval
moreover have odd(degree d kon-graph) by eval
ultimately have —(num-of-odd-nodes kon-graph =2) by eval
moreover have —(¥ vEnodes kon-graph. even (degree v kon-graph)) by eval
ultimately show Fulse using contra by auto
qed
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9 Sufficient conditions for Eulerian trails and cir-
cuits

lemma (in valid-unMultigraph) eulerian-cons:
assumes
valid-unMultigraph.is- Eulerian-trail (del-unEdge v0 w vl G) vl ps v2
(v0,w,wl)e E
shows is-Eulerian-trail v0 ((v0,w,vl)#ps) v2
proof —
have valid:valid-unMultigraph (del-unEdge v0 w vl G)
using wvalid-unMultigraph-azioms by auto
hence distinct:valid-unMultigraph.is-trail (del-unEdge v0 w vl G) vl ps v2
using assms unfolding valid-unMultigraph.is- Eulerian-trail-def [ OF valid]
by auto
hence set ps C edges (del-unEdge v0 w vl G)
using valid-unMultigraph.path-in-edges| OF valid] by auto
moreover have (v0,w,v1)¢edges (del-unEdge v0 w vl G)
unfolding del-unEdge-def by auto
moreover have (v1,w,v0)¢edges (del-unEdge v0 w vl G)
unfolding del-unEdge-def by auto
ultimately have (v0,w,vl)¢set ps (vl,w,v0)¢set ps by auto
moreover have is-trail vl ps v2
using distinct-path-intro|OF distinct] .
ultimately have is-trail v0 ((v0,w,v1)#ps) v2
using «(v0,w,v1)€ E»> by auto
moreover have edges (rem-unPath ps (del-unEdge v0 w vl G)) ={}
using assms unfolding valid-unMultigraph.is- Eulerian-trail-def| OF valid]
by auto
hence edges (rem-unPath ((v0,w,v1)#ps) G)={}
by (metis rem-unPath.simps(2))
ultimately show #?thesis unfolding is- Eulerian-trail-def by auto
qed

lemma (in valid-unMultigraph) eulerian-cons”:
assumes
valid-unMultigraph.is- Eulerian-trail (del-unEdge v2 w v3 G) vl ps v2
(v2,w,08)€e E
shows is-Fulerian-trail vl (psQ[(v2,w,v3)]) v3
proof —
have valid:valid-unMultigraph (del-unEdge v3 w v2 G)
using valid-unMultigraph-axioms del-unEdge-valid by auto
have del-unEdge v2 w v8 G=del-unEdge v3 w v2 G
by (metis delete-edge-sym)
hence valid-unMultigraph.is- Eulerian-trail (del-unEdge v3 w v2 G) v2
(rev-path ps) vl using assms valid-unMultigraph.euclerian-rev[ OF valid]
by auto
hence is-Eulerian-trail v3 ((v3,w,v2)# (rev-path ps)) vl
using eulerian-cons by (metis assms(2) corres)
hence is-Fulerian-trail v1 (rev-path((v3,w,v2)#(rev-path ps))) v3
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using euclerian-rev by auto
moreover have rev-path((v3,w,v2)# (rev-path ps)) = rev-path(rev-path ps)Q[(v2,w,v3)]
unfolding rev-path-def by auto
hence rev-path((v3,w,v2)#(rev-path ps))=psQ[(v2,w,v3)] by auto
ultimately show ?thesis by auto
qed

lemma eulerian-split:
assumes nodes G1 N nodes G2 = {} edges G1 N edges G2={}
valid-unMultigraph G1 valid-unMultigraph G2
valid-unMultigraph.is- Eulerian-trail G1 vl psl vl’
valid-unMultigraph.is- Eulerian-trail G2 v2 ps2 v2’
shows valid-unMultigraph.is- Eulerian-trail (nodes=nodes G1 U nodes G2,
edges=edges G1 U edges G2 U {(v1’,w,02),(v2,w,v1")}) vl (ps1Q(v1’,w,v2)#ps2)
v2’
proof —
have walid-graph G1 using <valid-unMultigraph G1) valid-unMultigraph-def by
auto
have valid-graph G2 using <valid-unMultigraph G2 valid-unMultigraph-def by
auto
obtain G where G:G=(nodes=nodes G1 U nodes G2, edges=edges G1 U edges
G2
U {(v1’,w,02),(v2,w,v1")})
by metis
have v1'enodes G1
by (metis (full-types) <valid-graph G1» assms(3) assms(5) valid-graph.is-path-memb
valid-unMultigraph.is-trail-intro valid-unMultigraph.is- Eulerian-trail-def)
moreover have v2€nodes G2
by (metis (full-types) <valid-graph G2 assms(4) assms(6) valid-graph.is-path-memb
valid-unMultigraph.is-trail-intro valid-unMultigraph.is- Eulerian-trail-def)
moreover have <ba € nodes G1» if ¢(aa, ab, ba) € edges G1»
for aa ab ba
using that
by (meson <valid-graph G1» wvalid-graph. E-validD(2))
ultimately have valid-unMultigraph (nodes=nodes G1 U nodes G2, edges=edges
G1 U edges G2 U
{(v1"w,v2),(v2,w,w1")})
using
valid-unMultigraph. corres|OF <valid-unMultigraph G1)]
valid-unMultigraph.no-id[OF <valid-unMultigraph G15)
valid-unMultigraph.corres|OF <valid-unMultigraph G2]
valid-unMultigraph.no-id|OF <valid-unMultigraph G25)
valid-graph. E-validD[OF' <valid-graph G1)5)
valid-graph. E-validD[OF' <valid-graph G25)
<nodes G1 N nodes G2 = {}»
by unfold-locales auto
hence valid: valid-unMultigraph G using G by auto
hence valid":valid-graph G using valid-unMultigraph-def by auto
moreover have valid-unMultigraph.is-trail G vl (ps1Q((vl’,w,v2)#ps2)) v2’
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proof —
have psI-G:valid-unMultigraph.is-trail G vl psl v1’
proof —
have valid-unMultigraph.is-trail G1 vl psl vl' using assms
by (metis valid-unMultigraph.is- Eulerian-trail-def)
moreover have edges G1 C edges G by (metis G Unll Un-assoc
select-convs(2) subrell)
moreover have nodes G1 C nodes G by (metis G inf-sup-absorb le-iff-inf
select-convs(1))
ultimately show ?thesis
using distinct-path-subset[of G1 G,OF <valid-unMultigraph G1» valid]
by auto
qged
have ps2-G:valid-unMultigraph.is-trail G v2 ps2 v2'
proof —
have valid-unMultigraph.is-trail G2 v2 ps2 v2' using assms
by (metis valid-unMultigraph.is- Eulerian-trail-def)
moreover have edges G2 C edges G by (metis G inf-sup-ord(3) le-supE
select-convs(2))
moreover have nodes G2 C nodes G by (metis G inf-sup-ord(4) se-
lect-convs(1))
ultimately show #thesis
using distinct-path-subset|of G2 G,0F valid-unMultigraph G2> wvalid]
by auto
qed
have valid-graph.is-path G v1 (ps1Q((v1',w,02)#ps2)) v2’
proof —
have valid-graph.is-path G vl psl v1’
by (metis ps1-G valid valid-unMultigraph.is-trail-intro)
moreover have valid-graph.is-path G v2 ps2 v2’
by (metis ps2-G valid valid-unMultigraph.is-trail-intro)
moreover have (vl’,w,v2) € edges G
using G by auto
ultimately show ¢thesis
using valid-graph.is-path-split’| OF valid’ of v1 ps1 v1’ w v2 ps2 v2'] by
auto
qged
moreover have distinct (ps1Q((vl’,w,v2)#ps2))
proof —
have distinct ps1 by (metis ps1-G valid valid-unMultigraph.is-trail-path)
moreover have distinct ps2
by (metis ps2-G valid valid-unMultigraph.is-trail-path)
moreover have set psI N set ps2 = {}
proof —
have set ps! Cedges G1
by (metis assms(3) assms(5) valid-unMultigraph.is- Eulerian-trail-def
valid-unMultigraph.path-in-edges)
moreover have set ps2 C edges G2
by (metis assms(4) assms(6) valid-unMultigraph.is- Eulerian-trail-def
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valid-unMultigraph.path-in-edges)
ultimately show ?thesis using <edges GI N edges G2={}> by auto
qed
moreover have (v1’,w,v2)¢edges G1
using <v2 € nodes G2» <valid-graph G1»
by (metis Int-iff all-not-in-conv assms(1) valid-graph. E-validD(2))
hence (v’ jw,v2)¢set psi
by (metis (full-types) assms(3) assms(5) subsetD valid-unMultigraph.path-in-edges
valid-unMultigraph.is- Eulerian-trail-def )
moreover have (v1’,w,v2)¢edges G2
using «vl’ € nodes G1) <wvalid-graph G2»
by (metis assms(1) disjoint-iff-not-equal valid-graph. E-validD(1))
hence (v1’,w,v2)¢set ps2
by (metis (full-types) assms(4) assms(6) in-mono valid-unMultigraph.path-in-edges
valid-unMultigraph.is- Eulerian-trail-def )
ultimately show %thesis using distinct-append by auto
qged
moreover have set (ps1 Q((vl’,w,v2)#ps2)) N set (rev-path (ps1 Q((v1’ w,v2)#ps2)))
={
proof —
have set ps! N set (rev-path ps1) = {}
by (metis ps1-G valid valid-unMultigraph.is-trail-path)
moreover have set (rev-path ps2) C edges G2
by (metis assms(4) assms(6) valid-unMultigraph.is-trail-rev
valid-unMultigraph.is- Eulerian-trail-def valid-unMultigraph. path-in-edges)
hence set ps1 N set (rev-path ps2) = {}
using assms
valid-unMultigraph.path-in-edges| OF <valid-unMultigraph G15, of vl psl

vl
valid-unMultigraph. path-in-edges| OF <valid-unMultigraph G2», of v2 ps2
v2]
unfolding valid-unMultigraph.is- Eulerian-trail-def [ OF <valid-unMultigraph
G1)Y]

valid-unMultigraph.is- Bulerian-trail-def[OF <valid-unMultigraph G2>]
by auto

moreover have set ps2 N set (rev-path ps2) = {}
by (metis ps2-G valid valid-unMultigraph.is-trail-path)
moreover have set (rev-path ps1) Cedges G1
by (metis assms(3) assms(5) valid-unMultigraph.is- Eulerian-trail-def
valid-unMultigraph.path-in-edges valid-unMultigraph.euclerian-rev)
hence set ps2 N set (rev-path psl) = {}
by (metis calculation(2) distinct-append distinct-rev-path ps1-G ps2-G
rev-path-append
rev-path-double valid valid-unMultigraph.is-trail-path)

moreover have (v2,w,vl")¢set (psl1Q((vl’ w,v2)#ps2))
proof —

have (v2,w,v1")¢edges G1
using (v2 € nodes G2» <valid-graph G1»
by (metis Int-iff all-not-in-conv assms(1) valid-graph.E-validD(1))
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hence (v2,w,v1")¢set pst
by (metis assms(3) assms(5) split-list valid-unMultigraph.is-trail-split’
valid-unMultigraph.is- Eulerian-trail-def)
moreover have (v2,w,v1’)¢edges G2
using «vl’ € nodes G1> <valid-graph G2»
by (metis Intl assms(1) empty-iff valid-graph. E-validD(2))
hence (v2,w,v1")¢set ps2
by (metis (full-types) assms(4) assms(6) in-mono valid-unMultigraph.path-in-edges
valid-unMultigraph.is- Eulerian-trail-def)
moreover have (v2,w,v1’)#£ (vl w,02)
using «vl’ € nodes G1) <v2 € nodes G2»
by (metis Intl Pair-inject assms(1) assms(5) bex-empty)
ultimately show ?thesis by auto
qed
ultimately show ?thesis using rev-path-append by auto
qged
ultimately show ?thesis using valid-unMultigraph.is-trail-path[OF valid]
by auto
qed
moreover have edges (rem-unPath (ps1Q((v1’ w,v2)#ps2)) G)= {}
proof —
have edges (rem-unPath (ps1Q((vl’w,v2)#ps2)) G)=edges G —
(set (ps1@((vl’,w,v2)#ps2)) U set (rev-path (psl1Q((v1',w,v2)#ps2))))
by (metis rem-unPath-edges)
also have ...=edges G — (set ps1 U set ps2 U set (rev-path psl) U set (rev-path
ps2)
U {(v1’jw,02),(v2,w,v1")}) using rev-path-append by auto
finally have edges (rem-unPath (ps1Q((v1’,w,v2)#ps2)) G) = edges G —
(set ps1 U
set ps2 U set (rev-path ps1) U set (rev-path ps2) U {(v1’,w,v2),(v2,w,v1")})

moreover have edges (rem-unPath ps1 G1)={}
by (metis assms(8) assms(5) valid-unMultigraph.is- Eulerian-trail-def)
hence edges G1 — (set ps1 U set (rev-path ps1))={}
by (metis rem-unPath-edges)
moreover have edges (rem-unPath ps2 G2)={}
by (metis assms(4) assms(6) valid-unMultigraph.is- Eulerian-trail-def)
hence edges G2 — (set ps2 U set (rev-path ps2))={}
by (metis rem-unPath-edges)
ultimately show ?thesis using G by auto
qed
ultimately show ?thesis by (metis G valid valid-unMultigraph.is- Eulerian-trail-def)
qged

lemma (in valid-unMultigraph) eulerian-sufficient:
assumes finite V finite E connected V#{}
shows num-of-odd-nodes G = 2 =
(FveV.3v'e V.3 ps. odd(degree v G)Nodd(degree v’ G)A(v#£v")Nis- Eulerian-trail
v ps v’)
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and num-of-odd-nodes G=0 = (Vve V.3 ps. is-Eulerian-circuit v ps v)
using «finite E» <finite V' valid-unMultigraph-axioms <«V#{}> <connected>
proof (induct card E arbitrary: G rule: less-induct)
case less
assume finite (edges G) and finite (nodes G) and wvalid-unMultigraph G and
nodes G#{}
and valid-unMultigraph.connected G and num-of-odd-nodes G = 2
have wvalid-graph G using <wvalid-unMultigraph G»> valid-unMultigraph-def by
auto
obtain n! n2 where
nl: ni€nodes G odd(degree n1 G)
and n2: n2€nodes G odd(degree n2 G)
and n1#n2 unfolding num-of-odd-nodes-def odd-nodes-set-def
proof —
have VS. card S=2 — (I nl n2. n1€SAR2ESANI#n2)
by (metis card-eq-0-iff equalsOI even-card’ even-numeral zero-neg-numeral)
then obtain t1 t2
where t1€{v € nodes G. odd (degree v G)} t2€{v € nodes G. odd (degree

v G)} t1#£t2
using <num-of-odd-nodes G = 2 unfolding num-of-odd-nodes-def odd-nodes-set-def
by force
thus ?thesis by (metis (lifting) that mem-Collect-eq)
qed
have even-except-two:An. nenodes G= n#nl = n#n2 = even(degree n
@)

proof (rule ccontr)
fix n assume n € nodes G n # nl n # n2 odd (degree n G)
have ne odd-nodes-set G
by (metis (mono-tags) <n € nodes G» <odd (degree n G)» mem-Collect-eq
odd-nodes-set-def)
moreover have n! € odd-nodes-set G
by (metis (mono-tags) mem-Collect-eq n1(1) n1(2) odd-nodes-set-def)
moreover have n2 € odd-nodes-set G
using n2(1) n2(2) unfolding odd-nodes-set-def by auto
ultimately have {n,n1,n2}C odd-nodes-set G by auto
moreover have card{n,n1,n2} >3 using nl#n2> <n#nl> (n#n2) by auto
moreover have finite (odd-nodes-set Q)
using «finite (nodes G)» unfolding odd-nodes-set-def by auto
ultimately have card (odd-nodes-set G) > 3
using card-mono|of odd-nodes-set G {n, nl1, n2}] by auto
thus Fulse using <num-of-odd-nodes G = 2> unfolding num-of-odd-nodes-def
by auto
qed
have {e € edges G. fst e = n1}#{}
using nl
by (metis (full-types) degree-def empty-iff finite.emptyl odd-card)
then obtain v’ w where (nl,w,v')€edges G by auto
have v'=n2 = (Jvenodes G. Iv'€nodes G.3 ps. odd (degree v G) A odd (degree
v G) Nv#£
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A wvalid-unMultigraph.is- Eulerian-trail G v ps v')
proof (cases valid-unMultigraph.connected (del-unEdge n1 w n2 G))
assume v'=n2
assume conneted’:valid-unMultigraph.connected (del-unEdge n1 w n2 Q)
moreover have num-of-odd-nodes (del-unEdge n1 wn2 G) = 0
using «(nl1, w, v') € edges G) <finite (edges G)» <finite (nodes G)» «v' =
n2»
<num-of-odd-nodes G = 2» <walid-unMultigraph G» del-UnFEdge-odd-odd
by force
moreover have finite (edges (del-unEdge nl w n2 G))
using «finite (edges G)> by auto
moreover have finite (nodes (del-unEdge nl1 w n2 G))
using «finite (nodes G)» by auto
moreover have edges G — {(n1,w,n2),(n2,w,n1)} C edges G
using Diff-iff Diff-subset «(n1, w, v') € edges G» v’ = n2»
by fast
hence card (edges (del-unEdge n1 w n2 G)) < card (edges G)
using «finite (edges G)» psubset-card-mono|of edges G edges G — {(nl,w,n2),(n2,w,nl)}]
unfolding del-unEdge-def by auto
moreover have valid-unMultigraph (del-unEdge n1 w n2 G)
using <wvalid-unMultigraph G> del-unFEdge-valid by auto
moreover have nodes (del-unEdge n1 wn2 G) # {}
by (metis (full-types) del-UnEdge-node empty-iff n1(1))
ultimately have V ve€nodes (del-unFEdge n1 wn2 G). 3 ps. valid-unMultigraph.is- Eulerian-circuit
(del-unEdge n1 w n2 G) v ps v
using less.hyps|of del-unEdge n1 w n2 G| by auto
thus ?thesis using eulerian-cons
by (metis «(nl, w, v’) € edges G» <nl # n2» <’ = n2> (valid-unMultigraph
G
<walid-unMultigraph (del-unEdge nl w n2 G)» del-UnEdge-node n1(1)
nl(2) n2(1) n2(2)
valid-unMultigraph. eulerian-cons valid-unMultigraph.is- Eulerian-circuit-def)
next
assume v'=n2
assume not-conneted:—walid-unMultigraph.connected (del-unEdge n1 w n2 Q)
have valid0:valid-unMultigraph (del-unEdge nl w n2 G)
using <wvalid-unMultigraph G» del-unFEdge-valid by auto
hence valid0"valid-graph (del-unEdge n1 w n2 G)
using valid-unMultigraph-def by auto
have all-even:V nenodes (del-unEdge nl w n2 G). even(degree n (del-unEdge
nl wn2 G))
proof —
have even (degree n1 (del-unEdge n1 w n2 G))
using «(nl, w, v') € edges G» finite (edges G)» v’ = n2» «wvalid-unMultigraph
G) nl
by (auto simp add: valid-unMultigraph.corres)
moreover have even (degree n2 (del-unEdge n1 w n2 G))
using «(nl, w, v') € edges G» <finite (edges G)» <v’' = n2» walid-unMultigraph
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G> n2
by (auto simp add: valid-unMultigraph.corres)
moreover have An.n € nodes (del-unEdge nl wn2 G) = n # nl =
n# n2 =
even (degree n (del-unEdge n1 w n2 G))
using valid-unMultigraph.degree-frame| OF <valid-unMultigraph G,
of - n1 n2 w| even-except-two
by (metis (no-types) «finite (edges G)» del-unEdge-def empty-iff insert-iff
select-convs(1))
ultimately show ?thesis by auto
ged
have (n1,w,n2)€edges G by (metis «(nl, w, v') € edges G> v’ = n2»)
hence (n2,w,n1)€edges G by (metis valid-unMultigraph G valid-unMultigraph.corres)
obtain G1 G2 where
G1-nodes: nodes G1={n. 3 ps. valid-graph.is-path (del-unEdge nl w n2 Q)
npsnl}
and GI-edges: edges G1={(n,e,n’). (n,e,n’)€edges (del-unEdge n1 w n2
G)
A nenodes G1 A n'€nodes G1}
and G2-nodes:nodes G2={n. 3 ps. valid-graph.is-path (del-unEdge nl w
n2 G) n ps n2}
and G2-edges:edges G2={(n,e,n’). (n,e,n’)Eedges (del-unEdge nl w n2 G)
A n€nodes G2
A n'€nodes G2}
and GI1-G2-edges-union:edges G1 U edges G2 = edges (del-unEdge nl w
n2 G)
and edges G1 N edges G2={}
and GI1-G2-nodes-union:nodes G1 U nodes G2=nodes (del-unEdge nl w
n2 G)
and nodes G1 N nodes G2={}
and valid-unMultigraph G1
and valid-unMultigraph G2
and valid-unMultigraph.connected G1
and valid-unMultigraph.connected G2
using valid-unMultigraph.connectivity-split| OF <valid-unMultigraph G»
<walid-unMultigraph.connected Gy «— valid-unMultigraph.connected (del-unEdge
nl wn2 G)
«(n1, w, n2) € edges G» | .
have edges (del-unEdge n1 w n2 G) C edges G
unfolding del-unEdge-def using «(n1, w, n2)€edges G» «(n2, w, nl)Eedges
G»> by auto
hence card (edges G1) < card (edges G) using G1-G2-edges-union
by (metis (full-types) <finite (edges G)s inf-sup-absorb less-infI2 psub-
set-card-mono)
moreover have finite (edges G1)
using G1-G2-edges-union <finite (edges G)»
by (metis <edges (del-unEdge nl w n2 G) C edges G» finite-Un less-imp-le
rev-finite-subset)
moreover have nodes G1 C nodes (del-unEdge nl w n2 G)
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by (metis G1-G2-nodes-union Un-upperl)
hence finite (nodes G1)
using «finite (nodes G)» del-UnEdge-node rev-finite-subset by auto
moreover have ni! € nodes G1
proof —
have ni1€nodes (del-unEdge nl w n2 G) using (nl€nodes Gy by auto
hence valid-graph.is-path (del-unEdge nl w n2 G) nl [] nl
using valid0’ by (metis valid-graph.is-path-simps(1))
thus ?thesis using G1-nodes by auto
qged
hence nodes G1 # {} by auto
moreover have num-of-odd-nodes G1 = 0
proof —
have valid-graph G2 using <valid-unMultigraph G2» valid-unMultigraph-def
by auto
hence V nenodes G1. degree n G1 = degree n (del-unEdge n1 w n2 G)
using sub-graph-degree-frame[of G2 G1 (del-unEdge nl w n2 G)]
by (metis G1-G2-edges-union <nodes G1 N nodes G2 = {}»)
hence V nenodes G1. even(degree n G1) using all-even
by (metis G1-G2-nodes-union Un-iff)
thus ?thesis
unfolding num-of-odd-nodes-def odd-nodes-set-def
by (metis (lifting) Collect-empty-eq card-eq-0-iff)
qed
ultimately have Vvenodes G1. 3 ps. valid-unMultigraph.is- Eulerian-circuit
Glvpsw
using less.hyps|of G1] «valid-unMultigraph G1» <valid-unMultigraph.connected
G1»
by auto
then obtain ps! where ps!:valid-unMultigraph.is- Eulerian-trail G1 nl psi
nl
using (nl€nodes G1)»
by (metis (full-types) <valid-unMultigraph G1) valid-unMultigraph.is- Eulerian-circuit-def)
have card (edges G2) < card (edges G)
using G1-G2-edges-union <edges (del-unEdge nl w n2 G) C edges G»
by (metis (full-types) «finite (edges G)» inf-sup-ord(4) le-less-trans psub-
set-card-mono)
moreover have finite (edges G2)
using G1-G2-edges-union <finite (edges G)»
by (metis <edges (del-unEdge n1 w n2 G) C edges G finite-Un less-imp-le
rev-finite-subset)
moreover have nodes G2 C nodes (del-unEdge n1 w n2 G)
by (metis G1-G2-nodes-union Un-upper2)
hence finite (nodes G2)
using «finite (nodes G)) del-UnEdge-node rev-finite-subset by auto
moreover have n2 € nodes G2
proof —
have n2enodes (del-unEdge n1 w n2 Q)
using (n2€nodes G» by auto
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hence valid-graph.is-path (del-unEdge nl w n2 G) n2 [| n2
using valid0’ by (metis valid-graph.is-path-simps(1))
thus ?thesis using G2-nodes by auto
qed
hence nodes G2 # {} by auto
moreover have num-of-odd-nodes G2 = 0
proof —
have valid-graph G1 using <valid-unMultigraph G15 valid-unMultigraph-def
by auto
hence V nenodes G2. degree n G2 = degree n (del-unEdge n1 w n2 G)
using sub-graph-degree-frame[of G1 G2 (del-unEdge n1 w n2 G)]
by (metis G1-G2-edges-union (nodes G1 N nodes G2 = {}» inf-commute
sup-commute)
hence V nenodes G2. even(degree n G2) using all-even
by (metis G1-G2-nodes-union Un-iff)
thus ?thesis
unfolding num-of-odd-nodes-def odd-nodes-set-def
by (metis (lifting) Collect-empty-eq card-eq-0-iff)

qed
ultimately have Vvenodes G2. 3 ps. valid-unMultigraph.is- Eulerian-circuit
G2vpswv
using less.hyps[of G2] <valid-unMultigraph G2 <valid-unMultigraph.connected
G2)»
by auto
then obtain ps2 where ps2:valid-unMultigraph.is- Eulerian-trail G2 n2 ps2
n2
using (n2€nodes G2»
by (metis (full-types) <valid-unMultigraph G2> valid-unMultigraph.is- Eulerian-circuit-def)
have (nodes = nodes G1 U nodes G2, edges = edges G1 U edges G2 U {(nl,
w, n2),
(n2, w, n1)})=G
proof —
have edges (del-unEdge nl w n2 G) U {(nl, w, n2),(n2, w, n1)} =edges
G

using «(nl,w,n2)€edges G «(n2,w,nl)€edges G»
unfolding del-unEdge-def by auto
moreover have nodes (del-unEdge n1 w n2 G)=nodes G
unfolding del-unEdge-def by auto
ultimately have (nodes = nodes (del-unEdge n1 w n2 G), edges =
edges (del-unEdge nl wn2 G) U {(n1, w, n2), (n2, w, n1)})=G
by auto
moreover have (nodes = nodes G1 U nodes G2, edges = edges G1 U
edges G2 U
{(n1, w, n2),(n2, w, nl)})=(nodes = nodes (del-unEdge nl w n2
G),edges
= edges (del-unEdge nl w n2 G) U {(n1, w, n2), (n2, w, n1)}|
by (metis G1-G2-edges-union G1-G2-nodes-union)
ultimately show ?thesis by auto
qged
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moreover have valid-unMultigraph.is-Eulerian-trail (nodes = nodes G1 U
nodes G2,
edges = edges G1 U edges G2 U {(n1, w, n2), (n2, w, n1)}) ni (psl @
(n1, w, n2) # ps2) n2
using eulerian-splitfof G1 G2 n1 psl n1 n2 ps2 n2 w)
by (metis <edges G1 N edges G2 = {}» «nodes G1 N nodes G2 = {}
<valid-unMultigraph G1»
valid-unMultigraph G2) psl ps2)
ultimately show ?thesis by (metis <nl # n2» n1(1) n1(2) n2(1) n2(2))
qed
moreover have v'#4n2 = (Jvenodes G. Jv'Enodes G.Ips. odd (degree v Q)
A odd (degree v’ G)
A v # v A valid-unMultigraph.is- Eulerian-trail G v ps v”)
proof (cases valid-unMultigraph.connected (del-unEdge n1 w v’ G))
case True
assume v’ # n2
assume connected’valid-unMultigraph.connected (del-unEdge n1 w v’ G)
have n! € nodes (del-unEdge n1 wv' G) by (metis del-UnEdge-node ni1(1))
hence even-nl:even(degree nl1 (del-unEdge nl w v’ G))
using valid-unMultigraph.del-UnEdge-even| OF <valid-unMultigraph G» «(nl,
w, v’) € edges G»
finite (edges G)»] <odd (degree n1 G)»
unfolding odd-nodes-set-def by auto
moreover have odd-n2:odd(degree n2 (del-unEdge nl w v’ G))
using valid-unMultigraph.degree-frame[OF <valid-unMultigraph G» «finite
(edges G)»,
of n2 n1 v w| <nl # n2» w' # n2
by (metis empty-iff insert-iff n2(2))
moreover have even (degree v’ G)
using even-except-twolof v']
by (metis (full-types) «(n1, w, v') € edges G» v’ # n2» <walid-graph G»
walid-unMultigraph Gy valid-graph. E-validD(2) valid-unMultigraph.no-id)
hence odd-v":odd(degree v’ (del-unEdge n1 w v' G))
using valid-unMultigraph.del-UnEdge-even'|OF <valid-unMultigraph G» «(nl1,
w, v') € edges G»
finite (edges G)»]
unfolding odd-nodes-set-def by auto
ultimately have two-odds:num-of-odd-nodes (del-unEdge nl w v’ G) = 2
by (metis (lifting) <v’ # n2» <walid-graph G <valid-unMultigraph G»
«(nl, w, v') € edges G» «finite (edges G)» «finite (nodes G)> <num-of-odd-nodes
G=2
del-UnEdge-odd-even even-except-two n1(2) valid-graph.E-validD(2))
moreover have valid0:valid-unMultigraph (del-unEdge n1 w v’ G)
using del-unFEdge-valid <valid-unMultigraph G» by auto
moreover have edges G — {(nl, w, v'), (v/, w, n1)} C edges G
using ¢(nl,w,v’)Eedges G> by auto
hence card (edges (del-unEdge n1 w v’ G)) < card (edges G)
using «finite (edges G)» unfolding del-unEdge-def
by (metis (opaque-lifting, no-types) psubset-card-mono select-convs(2))
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moreover have finite (edges (del-unEdge nl w v’ G))
unfolding del-unFEdge-def
by (metis (full-types) <finite (edges G)» finite-Diff select-convs(2))
moreover have finite (nodes (del-unEdge nl w v’ G))
unfolding del-unFEdge-def by (metis <finite (nodes G)» select-convs(1))
moreover have nodes (del-unEdge n1 w v’ G) # {}
by (metis (full-types) del-UnEdge-node empty-iff n1(1))
ultimately obtain s t ps where
s: s€nodes (del-unEdge nl1 w v’ G) odd (degree s (del-unEdge n1 w v’ Q))
and t:tenodes (del-unEdge n1 w v’ G) odd (degree t (del-unEdge n1 w v’
@)
and s # ¢
and s-ps-t: valid-unMultigraph.is- Eulerian-trail (del-unEdge nl w v’ G) s
pst
using connected’ less.hyps[of (del-unEdge n1 w v' G)] by auto
hence (s=n2At=v")V(s=v'At=n2)
using odd-n2 odd-v’ two-odds «finite (edges G)»<valid-unMultigraph G»
by (metis (mono-tags) del-UnEdge-node empty-iff even-except-two even-nl
insert-iff
valid-unMultigraph.degree-frame)
moreover have s=n2=—t=v'=—> ?thesis
by (metis «(n1, w, v’) € edges G> <nl # n2» walid-unMultigraph G> n1(1)
nl(2) n2(1) n2(2)
s-ps-t valid0 valid-unMultigraph. euclerian-rev valid-un Multigraph. eulerian-cons)
moreover have s=v'=—t=n2=—>?thesis
by (metis <(n1, w, v’) € edges G» «n1 # n2» <walid-unMultigraph G> ni1(1)
n1(2) n2(1) n2(2)
s-ps-t valid-unMultigraph. eulerian-cons)
ultimately show ?thesis by auto
next
case Fulse
assume v'#£n2
assume not-conneted:—valid-unMultigraph.connected (del-unEdge n1 w v’ G)
have (v/,w,nl)€edges G using «(nl,w,v’)Eedges G»
by (metis <valid-unMultigraph G» wvalid-unMultigraph.corres)
have valid0:valid-unMultigraph (del-unEdge nl w v’ G)
using <valid-unMultigraph G» del-unFEdge-valid by auto
hence valid0 "valid-graph (del-unEdge n1 w v’ G)
using valid-unMultigraph-def by auto
have even-n1:even(degree nl (del-unEdge n1 wv' G))
using valid-unMultigraph.del-UnEdge-even| OF <valid-unMultigraph G»
«(nl,w,w)Eedges G»
finite (edges G)»] nl1
unfolding odd-nodes-set-def by auto
moreover have odd-n2:odd(degree n2 (del-unEdge n1 w v’ G))
using «nl # n2» ' # n2» n2valid-unMultigraph. degree-frame[ OF <valid-unMultigraph
G»
finite (edges G)», of n2 nl v’ w)
by auto
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moreover have v'#nl
using valid-unMultigraph.no-id| OF <valid-unMultigraph G»] «(n1,w,v’)Eedges
G» by auto
hence odd-v":0dd(degree v’ (del-unEdge nl w v’ G))
using v’ # n2) even-except-twolof v']
valid-graph. E-validD(2)[OF <wvalid-graph G «(nl, w, v') € edges G»)
valid-unMultigraph.del-UnEdge-even'|OF <valid-unMultigraph G» «(nl, w,
v’) € edges G»
<finite (edges G)» ]
unfolding odd-nodes-set-def by auto
ultimately have even-except-two’: An. n€nodes (del-unEdge n1 w v’ G)=
n#n2
= n#v'=> even(degree n (del-unEdge nl w v’ G))
using del-UnEdge-node[of - nl w v’ G| even-except-two valid-unMultigraph.degree-frame[ OF
«walid-unMultigraph G» <finite (edges G)», of - n1 v’ w)
by force
obtain GI G2 where
G1-nodes: nodes G1={n. 3 ps. valid-graph.is-path (del-unEdge n1 w v’ G)
npsnl}
and GI-edges: edges G1={(n,e,n’). (n,e,n")Eedges (del-unEdge n1 w v’ G)
A nenodes G1
A n'€nodes G1}
and G2-nodes:nodes G2={n. I ps. valid-graph.is-path (del-unEdge n1 w v’
G) npsv'}
and G2-edges:edges G2={(n,e,n"). (n,e,n’)Eedges (del-unEdge n1 w v’ G)
A nenodes G2
A n'€nodes G2}
and G1-G2-edges-union:edges G1 U edges G2 = edges (del-unEdge n1 w

and edges G1 N edges G2={}
and GI1-G2-nodes-union:nodes G1 U nodes G2=nodes (del-unEdge nl w

and nodes G1 N nodes G2={}
and valid-unMultigraph G1
and valid-unMultigraph G2
and valid-unMultigraph.connected G1
and valid-unMultigraph.connected G2
using valid-unMultigraph.connectivity-split|OF <valid-unMultigraph G»
<valid-unMultigraph. connected Gy not-conneted <(nl,w,v")Eedges G)]

have n2e€nodes G2 using extend-distinct-path
proof —
have finite (edges (del-unFEdge n1 w v’ G))
unfolding del-unFEdge-def using <finite (edges G)> by auto
moreover have num-of-odd-nodes (del-unEdge nl w v’ G) = 2
by (metis <(n1, w, v’) € edges G» «(v’, w, nl) € edges G> <num-of-odd-nodes
G=2
<’ # n2> «walid-graph G» del-UnEdge-even-odd delete-edge-sym
even-except-two
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finite (edges G)» <finite (nodes G)» <valid-unMultigraph G»
nl(2) valid-graph. E-validD(2) valid-unMultigraph.no-id)
ultimately have 3 ps. valid-unMultigraph.is-trail (del-unEdge n1 w v’ G)
n2 ps v’
using valid-unMultigraph.path-between-odds| OF valid0,of n2 v’,OF odd-n2
odd-v'] «v'#n2)»
by auto
hence 3 ps. valid-graph.is-path (del-unEdge nl w v’ G) n2 ps v’
by (metis valid0 valid-unMultigraph.is-trail-intro)
thus ?thesis using G2-nodes by auto
ged
have v'eénodes G2
proof —
have valid-graph.is-path (del-unFEdge n1 w v’ G) v'[] v
by (metis (full-types) <«(n1, w, v') € edges G» <wvalid-graph G» del-UnEdge-node
valid0' valid-graph. E-validD(2) valid-graph.is-path-simps(1))
thus ?thesis by (metis (lifting) G2-nodes mem-Collect-eq)
qed
have edges-subset:edges (del-unEdge n1 w v’ G) C edges G
using «(nl,w,v’)Eedges Gr «(v',w,nl)Eedges G»
unfolding del-unEdge-def by auto
hence card (edges G1) < card (edges G)
by (metis G1-G2-edges-union inf-sup-absord <finite (edges G)» less-infI2
psubset-card-mono)
moreover have finite (edges G1)
by (metis (full-types) G1-G2-edges-union edges-subset finite-Un finite-subset
finite (edges G))> less-imp-le)
moreover have finite (nodes G1)
using GI1-G2-nodes-union <finite (nodes G)»
unfolding del-unEdge-def
by (metis (full-types) finite-Un select-convs(1))
moreover have niecnodes G1
proof —
have valid-graph.is-path (del-unEdge n1 w v’ G) ni || nl

!

by (metis (full-types) del-UnEdge-node n1(1) valid0' valid-graph.is-path-simps(1))

thus ?thesis by (metis (lifting) G1-nodes mem-Collect-eq)
qged
moreover hence nodes G1 # {} by auto
moreover have num-of-odd-nodes G1 = 0
proof —
have Vnenodes G1. even(degree n (del-unEdge n1 w v’ G))
using even-ezcept-two’ odd-v' odd-n2 <n2€nodes G2 <nodes G1 N nodes
G2 ={p
<w'€nodes G2
by (metis (full-types) G1-G2-nodes-union Un-iff disjoint-iff-not-equal)
moreover have valid-graph G2
using <wvalid-unMultigraph G2» valid-unMultigraph-def
by auto
ultimately have V nenodes G1. even(degree n G1)
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using sub-graph-degree-framelof G2 G1 del-unEdge nl w v’ G|
by (metis G1-G2-edges-union <nodes G1 N nodes G2 = {}»)
thus ?thesis unfolding num-of-odd-nodes-def odd-nodes-set-def
by (metis (lifting) card-eq-0-iff empty-Collect-eq)
qged
ultimately obtain psi where psi:valid-unMultigraph.is-FEulerian-trail G1
nl psl nl
using <walid-unMultigraph G1) <valid-unMultigraph.connected G1» less.hyps|of
G1]
by (metis valid-unMultigraph.is- Eulerian-circuit-def)
have card (edges G2) < card (edges G)
by (metis G1-G2-edges-union «finite (edges G)» edges-subset inf-sup-absorb
less-infI2
psubset-card-mono sup-commute)
moreover have finite (edges G2)
by (metis (full-types) G1-G2-edges-union edges-subset finite-Un <finite (edges
Q)» less-le
rev-finite-subset)
moreover have finite (nodes G2)
by (metis (mono-tags) G1-G2-nodes-union del-UnEdge-node le-sup-iff «finite
(nodes G)»
rev-finite-subset subsetl)
moreover have nodes G2 # {} using «v’'€nodes G2> by auto
moreover have num-of-odd-nodes G2 = 2
proof —
have V nenodes G2. n¢{n2,v'}—s even(degree n (del-unEdge n1 w v’ G))
using even-ezcept-two’
by (metis (full-types) G1-G2-nodes-union Un-iff insert-iff)
moreover have valid-graph G1
using <wvalid-unMultigraph G1) valid-unMultigraph-def by auto
ultimately have Vnenodes G2. n¢{n2,v'}— even(degree n G2)
using sub-graph-degree-frame[of G1 G2 del-unEdge n1 w v’ G]
by (metis G1-G2-edges-union Int-commute Un-commute <nodes G1 N
nodes G2 = {}»)
hence V nenodes G2. n¢{n2,v'}—n¢{v € nodes G2. odd (degree v G2)}
by (metis (lifting) mem-Collect-eq)
moreover have odd(degree n2 G2)
using sub-graph-degree-frame[of G1 G2 del-unEdge n1 w v’ G]
by (metis (opaque-lifting, no-types) G1-G2-edges-union <nodes G1 N
nodes G2 = {}»
<valid-graph G1y <n2 € nodes G2» inf-assoc inf-bot-right inf-sup-absorb
odd-n2 sup-bot-right sup-commute)
hence n2e{v € nodes G2. odd (degree v G2)}
by (metis (lifting) «n2 € nodes G2> mem-Collect-eq)
moreover have odd(degree v’ G2)
using sub-graph-degree-frame[of G1 G2 del-unEdge n1 w v’ G]
by (metis G1-G2-edges-union Int-commute Un-commute <nodes G1 N
nodes G2 = {}
' € nodes G2» «walid-graph G1> odd-v’)
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hence v'e{v € nodes G2. odd (degree v G2)}
by (metis (full-types) Collect-conj-eq Collect-mem-eq Int-Collect v’ €
nodes G2»)
ultimately have {v € nodes G2. odd (degree v G2)}={n2,v’}
using «finite (nodes G2)> by (induct G2,auto)
thus ?thesis using «v'#£n2»
unfolding num-of-odd-nodes-def odd-nodes-set-def by auto
qed
ultimately obtain s t ps2 where
s: s€nodes G2 odd (degree s G2)
and t:t€nodes G2 odd (degree t G2)
and s # ¢
and s-ps2-t: valid-unMultigraph.is- Eulerian-trail G2 s ps2 t
using <wvalid-unMultigraph G2) <valid-unMultigraph.connected G2» less.hyps|of
G2]
by auto
moreover have valid-graph G1
using «walid-unMultigraph G1) valid-unMultigraph-def by auto
ultimately have (s=n2At=v")V(s=v'At=n2)
using odd-n2 odd-v’ even-except-two’
sub-graph-degree-framelof G1 G2 (del-unEdge nl w v’ G)]
by (metis G1-G2-edges-union G1-G2-nodes-union Unll (nodes G1 N nodes
G2 = {}» inf-commute
sup.commute)
moreover have merge-G1-G2:(nodes = nodes G1 U nodes G2, edges = edges
G1 U edges G2 U
{(n1, w,v),(v', w, n1)})=G
proof —
have edges (del-unEdge nl w v’ G) U {(nl, w, v'),(v’, w, nl)} =edges G
using «(nl,w,v’)€edges G «(v',w,nl)Eedges G»
unfolding del-unEdge-def by auto
moreover have nodes (del-unEdge nl w v’ G)=nodes G
unfolding del-unEdge-def by auto
ultimately have (nodes = nodes (del-unEdge nl w v’ G), edges =
edges (del-unEdge n1 wv' G) U {(n1, w, v'), (v/, w, nl)})=G
by auto
moreover have (nodes = nodes G1 U nodes G2, edges = edges G1 U
edges G2 U
{(n1, w, v'),(v', w, n1)})=(nodes = nodes (del-unEdge n1 w v' G),edges
= edges (del-unEdge nl w v’ G) U {(n1, w, v’), (v, w, n1)})
by (metis G1-G2-edges-union G1-G2-nodes-union)
ultimately show ?thesis by auto
qged
moreover have s=n2=—-t=v'=—> ?thesis
using eulerian-split|of G1 G2 nl psl nl v’ (rev-path ps2) n2 w| merge-G1-G2
by (metis <edges G1 N edges G2 = {}» «<nl # n2s <nodes G1 N nodes G2
_
walid-unMultigraph G1» <wvalid-unMultigraph G2> n1(1) n1(2) n2(1)
n2(2) psl s-ps2-t
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valid-unMultigraph. euclerian-rev)
moreover have s=v'=—-t=n2=—>?thesis
using eulerian-split[of G1 G2 nl1 ps1 nl v’ ps2 n2 w] merge-G1-G2
by (metis <edges G1 N edges G2 = {}» «<nl # n2s <nodes G1 N nodes G2

={b
walid-unMultigraph G1y <walid-unMultigraph G2> n1(1) n1(2) n2(1)
n2(2) psl s-ps2-t)
ultimately show ?thesis by auto
qed
ultimately show Jvenodes G. Iv'€nodes G.3 ps. odd (degree v G) A odd (degree
v G) AN v £
A walid-unMultigraph.is-Eulerian-trail G v ps v’
by auto
next
case less
assume finite (edges G) and finite (nodes G) and wvalid-unMultigraph G and
nodes G#{}
and wvalid-unMultigraph.connected G and num-of-odd-nodes G = 0
show Y venodes G. 3 ps. valid-unMultigraph.is- Fulerian-circuit G v ps v
proof (rule,cases card (nodes G)=1)
fix v assume venodes G
assume card (nodes G) = 1
hence nodes G={v}
using (v € nodes G» card-Suc-eq|of nodes G 0] empty-iff insert-iff [of - v]
by auto
have edges G={}
proof (rule ccontr)
assume edges G # {}
then obtain el e2 e3 where e:(el,e2,e3)€edges G by (metis ex-in-conv
prod-cases3)
hence el=e3 using (nodes G={v}
by (metis (opaque-lifting, no-types) append-Nil2 valid-unMultigraph.is-trail-rev
valid-unMultigraph.is-trail.simps(1) <valid-unMultigraph G» singletonE
valid-unMultigraph.is-trail-split valid-unMultigraph.singleton-distinct-path)
thus False by (metis e <valid-unMultigraph G» valid-unMultigraph.no-id)
qed
hence valid-unMultigraph.is-Eulerian-circuit G v [ v
by (metis <nodes G = {v}) insert-subset «valid-unMultigraph G» rem-unPath.simps(1)
subsetl valid-unMultigraph.is-trail.simps(1)
valid-unMultigraph.is- Eulerian-circuit-def
valid-unMultigraph.is- Eulerian-trail-def)
thus dps. valid-unMultigraph.is- Eulerian-circuit G v ps v by auto
next
fix v assume venodes G
assume card (nodes G) # 1
moreover have card (nodes G)#0 using (nodes G#{}>
by (metis card-eq-0-iff <finite (nodes G)»)
ultimately have card (nodes G) >2 by auto
then obtain n where card (nodes G) = Suc (Suc n)
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by (metis le-iff-add add-2-eq-Suc)
hence dnenodes G. n#v by (auto dest!: card-eq-SucD)
then obtain v’ w where (v,w,v’)€edges G
proof —
assume pre:A\w v’. (v, w, v’) € edges G = thesis
assume In€nodes G. n # v
then obtain ps where ps:3v’. valid-graph.is-path G v ps v’ A\ ps#£Nil
using valid-unMultigraph-def
by (metis (full-types) <v € nodes G» <valid-unMultigraph G» valid-graph.is-path.simps(1)
walid-unMultigraph.connected Gy valid-unMultigraph.connected-def)
then obtain v0 w v’ where Jps’. ps=Cons (v0,w,v’) ps’ by (metis
neq-Nil-conv prod-cases3)
hence v0=v
using valid-unMultigraph-def
by (metis <valid-unMultigraph G»> ps valid-graph.is-path.simps(2))
hence (v,w,v")€edges G
using valid-unMultigraph-def
by (metis <Ips’. ps = (v0, w, v’) # ps’ walid-unMultigraph G»> ps
valid-graph.is-path.simps(2))
thus ?thesis by (metis pre)
qged
have all-even:V z€nodes G. even(degree x G)
using «finite (nodes G)» <num-of-odd-nodes G = 0»
unfolding num-of-odd-nodes-def odd-nodes-set-def by auto
have odd-v: odd (degree v (del-unEdge v w v’' G))
using (v € nodes G» all-even valid-unMultigraph.del-UnEdge-even| OF
<valid-unMultigraph G»
(v, w, v') € edges G «finite (edges G)]
unfolding odd-nodes-set-def by auto
have odd-v": odd (degree v' (del-unEdge v w v’ G))
using valid-unMultigraph.del-UnEdge-even’|OF <valid-unMultigraph G «(v,
w, v') € edges G»
finite (edges G)»]
all-even walid-graph.E-validD(2)[OF - «(v, w, v') € edges G»]
<valid-unMultigraph G»
unfolding valid-unMultigraph-def odd-nodes-set-def
by auto
have valid-unMulti:valid-unMultigraph (del-unEdge v w v' Q)
by (metis del-unEdge-valid <valid-unMultigraph G»)
moreover have valid-graph: valid-graph (del-unEdge v w v’ G)
using valid-unMultigraph-def del-undirected
by (metis <valid-unMultigraph G» delete-edge-valid)
moreover have fin-E": finite(edges (del-unEdge v w v’ G))
using «finite(edges G)» unfolding del-unEdge-def by auto
moreover have fin-V" finite(nodes (del-unEdge v w v' G))
using «finite(nodes G)> unfolding del-unEdge-def by auto
moreover have less-card:card(edges (del-unEdge v w v' G))<card(edges G)
unfolding del-unFEdge-def using «(v,w,v’)Eedges G»
by (metis Diff-insert2 card-Diff2-less <finite (edges G)»> <valid-unMultigraph
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select-convs(2) wvalid-unMultigraph.corres)
moreover have num-of-odd-nodes (del-unEdge v w v’ G) = 2
using <wvalid-unMultigraph G»> <num-of-odd-nodes G = 0» v € nodes G»
all-even
del-UnEdge-even-even| OF «valid-unMultigraph G» <finite (edges G)» «finite
(nodes G)»
(v, w, v) € edges G»] valid-graph. E-validD(2)[OF - «(v, w, v’) € edges
G»]
unfolding wvalid-unMultigraph-def
by auto
moreover have valid-unMultigraph.connected (del-unEdge v w v' Q)
using «finite (edges G)» «finite (nodes G)» <valid-unMultigraph G»
<valid-unMultigraph.connected G»
by (metis (v, w, v’) € edges G all-even valid-unMultigraph.del-unEdge-even-connectivity)
moreover have nodes(del-unEdge v w v’ G)#{}
by (metis <v € nodes G» del-UnEdge-node emptyFE)
ultimately obtain n! n2 ps where
nl-n2:
nl€nodes (del-unEdge v w v’ G)
n2€nodes (del-unEdge v w v’ G)
odd (degree n1 (del-unEdge v w v’ Q))
odd (degree n2 (del-unEdge v w v’ G))
nl#n2
and
ps-eulerian:
valid-unMultigraph.is- Eulerian-trail (del-unEdge v w v’ G) nl ps n2
by (metis <num-of-odd-nodes (del-unEdge v w v’ G) = 2> less.hyps(1))
have nl=v=-n2=v'—>valid-unMultigraph.is- Eulerian-circuit G v (psQ[(v',w,v)])

using ps-eulerian
by (metis «(v, w, v') € edges G» delete-edge-sym <valid-unMultigraph G»
valid-unMultigraph.corres valid-unMultigraph.eulerian-cons’
valid-unMultigraph.is- Eulerian-circuit-def)
moreover have nl=v'=—-n2=v==-3 ps. valid-unMultigraph.is- Eulerian-circuit
Guvpswv
by (metis «(v, w, v') € edges G» «valid-unMultigraph G» ps-eulerian
valid-unMultigraph. eulerian-cons valid-unMultigraph.is- Eulerian-circuit-def)
moreover have (nl=vAn2=v")V(n2=vAnl=v)
by (metis (mono-tags) all-even del-UnEdge-node insert-iff «finite (edges G)»
walid-unMultigraph Gy n1-n2(1) ni-n2(2) ni-n2(8) ni-n2(4) ni-n2(5)
singletonE
valid-unMultigraph. degree-frame)
ultimately show dps. valid-unMultigraph.is-Eulerian-circuit G v ps v by
auto
qed
qed
end
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theory Friendship Theory
imports MoreGraph HOL— Number-Theory. Number-Theory
begin

10 Common steps

definition (in valid-unSimpGraph) non-adj :: 'v = ‘v = bool where
non-adj v v’ = veV A v'€V A v£v’ A —adjacent v v’

lemma (in valid-unSimpGraph) no-quad:
assumes A\v u. v€V = u€V = v#£u = I! n. adjacent v n A adjacent u n
shows — (Fvl v2 v3 v4. v2#v4 N vi#v3 A adjacent vl v2 N adjacent v2 v3 A
adjacent v3 v4
A adjacent v vl)
proof
assume Jvl v2 v3 v4. vV2F£v4 N viF£v8 A adjacent vl v2 A adjacent v2 v3 N
adjacent v3 v4 N adjacent v4 vl
then obtain v! v2 v3 v/ where
v2#v4 vi#v8 adjacent vl v2 adjacent v2 v3 adjacent v3 v4 adjacent v4 vl
by auto
hence 3!n. adjacent v1 n A adjacent v3 n using assms[of vl v3] by auto
thus Fulse
by (metis <adjacent vl v2> <adjacent v2 v3) <adjacent v3 v4» <adjacent v4 vi»
W2 # vg>
adjacent-sym,)
qged

lemma even-card-set:
assumes finite A and Vz€A. fa€A AN fat z A f (fz)=x
shows even(card A) using assms
proof (induct card A arbitrary:A rule:less-induct)
case less
have A={}=>%case by auto
moreover have A#{}= ?case
proof —
assume A#{}
then obtain z where z€ A by auto
hence fz€A and f z#z by (metis less.prems(2))+
obtain B where B:B=A—{z,f =} by auto
hence finite B using «finite A> by auto
moreover have card B<card A using B «finite A»
by (metis Diff-insert <f x € A» «<x € A» card-Diff2-less)
moreover have Vz€B. fr € BAfz £z ANf (fz) ==z
proof
fix y assume yeB
hence yc A using B by auto
hence f y#£y and [ (f y)=y by (metis less.prems(2))+
moreover have f ycB
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proof (rule ccontr)
assume [ y¢B
have f yeA by (metis <y € A less.prems(2))
hence f ye{z, f z} by (metis B Diffl <fy ¢ B»)
moreover have f y=1r = Fulse
by (metis B Diff-iff Diff-insert2 «f (fy) = y» <y € B> singleton-iff)
moreover have f y= f z=—> Fulse
by (metis B Diff-iff <z € A> <y € B> insertCI less.prems(2))
ultimately show Fulse by auto
qed
ultimately show fy € BAfy#y AN f (fy) =y by auto
qed
ultimately have even (card B) by (metis (full-types) less.hyps)
moreover have {z,f z}CA using (f z€4) «z€A> by auto
moreover have card {z, f £} = 2 using «f z#x) by auto
ultimately show ?case using B «finite A» card-mono [of A {z, f x}]
by (simp add: card-Diff-subset)
qed
ultimately show ?case by metis
qed

lemma (in valid-unSimpGraph) even-degree:
assumes friend-assm:\v u. v€V = weV = v#u = 3! n. adjacent v n A
adjacent u n
and finite E
shows Vve V. even(degree v G)
proof
fix v assume veV
obtain f where f:f = (An. (SOME v'. n€e V. —sn#v—sadjacent n v’ A adjacent
v v’)) by auto
have An. neV — n#v — (3v’. adjacent n v’ A adjacent v v')
proof (rule,rule)
fix n assume n € Vn # v
hence 3v'. adjacent n v’ A adjacent v v’
using friend-assm[of n v] «v€V> unfolding non-adj-def by auto
thus 3v'. adjacent n v’ A adjacent v v’ by auto
qged
hence f-ex:An. (Fv’. neV — n#v — adjacent n v’ A adjacent v v’) by auto
have Vze{n. adjacent v n}. f x€{n. adjacent v n} N faz# x A f (fz)=x
proof
fix r assume z € {n. adjacent v n}
hence adjacent v ¢ by auto
have f ze{n. adjacent v n}
using somel-ex[OF f-ex,of x|
by (metis <adjacent v x> adjacent-V(2) adjacent-no-loop f mem-Collect-eq)
moreover have f x=£zx
using somel-ex[OF f-ex,of ]
by (metis <adjacent v x> adjacent-V(2) adjacent-no-loop f)
moreover have f (f z)=z
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proof (rule ccontr)
assume [ (f z)#x
have adjacent (f z) (f (f z))
using somel-ex[OF f-ex,of f 1]
by (metis (full-types) adjacent-V(2) adjacent-no-loop calculation(1) f
mem-Collect-eq)
moreover have adjacent (f (fz)) v
using somel-ex|OF f-ex,of f x| by (metis adjacent-V (1) adjacent-sym
calculation f)
moreover have adjacent z (f x)
using somel-ex|OF f-ex,of x] by (metis <adjacent v x> adjacent-V(2)
adjacent-no-loop f)
moreover have v#£f x
by (metis <f x € {n. adjacent v n}> adjacent-no-loop mem-Collect-eq)
ultimately show False
using no-quad[OF friend-assm| using <adjacent v x> <f (f z)#x>
by metis
qed
ultimately show fz € {n. adjacent vn} A fz # z A f (fz) = x by auto
qed
moreover have finite {n. adjacent v n} by (metis adjacent-finite assms(2))
ultimately have even (card {n. adjacent v n})
using even-card-set[of {n. adjacent v n} f] by auto
thus even(degree v G) by (metis assms(2) degree-adjacent)
qed

lemma (in valid-unSimpGraph) degree-two-windmill:
assumes friend-assm:\v u. v€V = we€V = v#£u = 3! n. adjacent v n A
adjacent u n
and finite £ and card V>2
shows (FveV. degree v G = 2) +—(Fv. VneV. n#v — adjacent v n)
proof
assume Jve V. degree v G = 2
then obtain v where degree v G=2 by auto
hence card {n. adjacent v n}=2 using degree-adjacent|OF :finite E»,of v] by
auto
then obtain v! v2 where viv2:{n. adjacent v n}={v1,v2} and vi#v2
proof —
obtain v! S where {n. adjacent v n} = insert vi S and v! ¢ S and card
S =1
using <card {n. adjacent v n}=2> card-Suc-eq(of {n. adjacent v n} 1] by
auto
then obtain v2 where S=insert v2 {}
using card-Suc-eq[of S 0] by auto
hence {n. adjacent v n}={v1,v2} and vi#v2
using «({n. adjacent v n} = insert vi S» «wl ¢ S» by auto
thus ?thesis using that|[of vl v2] by auto
qed
have adjacent v1 v2
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proof —
obtain n where adjacent v n adjacent v1 n using friend-assm[of v v1]
by (metis (full-types) adjacent-V(2) adjacent-sym insertI1 mem-Collect-eq
viv2)
hence ne{n. adjacent v n} by auto
moreover have n#vl by (metis <adjacent vI ny adjacent-no-loop)
ultimately have n=v2 using v1v2 by auto
thus ?thesis by (metis <adjacent vl ny)
qed
have v1v2-adj:¥V z€V. z€{n. adjacent vl n} U {n. adjacent v2 n}
proof
fix x assume zeV
have z=v = = € {n. adjacent vl n} U {n. adjacent v2 n}
by (metis Un-iff adjacent-sym insertI1 mem-Collect-eq viv2)
moreover have x#v = = € {n. adjacent vl n} U {n. adjacent v2 n}
proof —
assume r#v
then obtain y where adjacent v y adjacent x y
using friend-assm[of v z]
by (metis Collect-empty-eq <x € V> adjacent-V (1) all-not-in-conv insertCI
viv2)
hence y=v1 V y=v2 using viv2 by auto
thus z € {n. adjacent v1 n} U {n. adjacent v2 n} using <adjacent z y»
by (metis Unl1 Unl2 adjacent-sym mem-Collect-eq)
qed
ultimately show z € {n. adjacent v1 n} U {n. adjacent v2 n} by auto
qed
have {n. adjacent v1 n}—{v2,v}={} = Jv. VneV. n # v — adjacent v n
proof (rule exI[of - v2],rule,rule)
fix n assume vI-adj:{n. adjacent vl n} — {v2, v} = {} and n € V and n
#* v2
have ne{n. adjacent v2 n}
proof (cases n=v)
case True
show ?Zthesis by (metis True adjacent-sym insertll insert-commute
mem-Collect-eq v1v2)
next
case Fulse
have né¢{n. adjacent vl n} by (metis Diff] False <n # v2) empty-iff
insert-iff vi-adj)
thus ?thesis by (metis Un-iff <n € V» viv2-ady)
qged
thus adjacent v2 n by auto
qed
moreover have {n. adjacent v2 n}—{viw}={} = Jv. VneV. n # v —
adjacent v n
proof (rule exI[of - v1],rule,rule)
fix n assume v2-adj:{n. adjacent v2 n} — {vl, v} = {} and n € V and n

#+ vl
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have ne{n. adjacent vl n}
proof (cases n=v)
case True
show ?thesis by (metis True adjacent-sym insertll mem-Collect-eq viv2)
next
case Fulse
have né¢{n. adjacent v2 n} by (metis Diff] False <n # vl) empty-iff
insert-iff v2-adj)
thus ?thesis by (metis Un-iff <n € V» viv2-ady)
qged
thus adjacent vl n by auto
qed
moreover have {n. adjacent vi n}—{v2,v}#{} = {n. adjacent v2 n}—{vl,v}#{}
= False
proof —
assume {n. adjacent vi n} — {v2, v} # {} {n. adjacent v2 n} — {vl, v} #
{}

then obtain a b where a:ac{n. adjacent vl n} — {v2, v}
and b:be{n. adjacent v2 n} — {v1, v}
by auto
have a=b = Fulse
proof —
assume a=b
have adjacent v1 a using a by auto
moreover have adjacent a v2 using b <a=b) adjacent-sym by auto
moreover have a#v by (metis DiffD2 <a = by b doubleton-eq-iff insertll)
moreover have adjacent v2 v
by (metis (full-types) adjacent-sym inf-sup-aci(5) insertll insert-is-Un
mem-Collect-eq
viv2)
moreover have adjacent v vl by (metis (full-types) insertI1 mem-Collect-eq
viv2)
ultimately show Fulse using no-quad|[OF friend-assm)
using (vl#v2> by auto
qed
moreover have a#b=— Fulse
proof —
assume a#b
moreover have o€V using a by (metis DiffD1 adjacent-V(2) mem-Collect-eq)
moreover have be V using b by (metis DiffD1 adjacent-V(2) mem-Collect-eq)
ultimately obtain ¢ where adjacent a c adjacent b c
using friend-assm[of a b] by auto
hence ce{n. adjacent vl n} U {n. adjacent v2 n}
by (metis (full-types) adjacent-V(2) viv2-adj)
moreover have ce{n. adjacent vl n} = False
proof —
assume ce{n. adjacent vl n}
hence adjacent vl ¢ by auto
moreover have adjacent ¢ b by (metis <adjacent b ¢ adjacent-sym)
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moreover have adjacent b v2
by (metis (full-types) Diff-iff adjacent-sym b mem-Collect-eq)
moreover have adjacent v2 vl by (metis <adjacent v1 v2> adjacent-sym)
moreover have c#v2
proof (rule ccontr)
assume — ¢ # v2
hence c=v2 by auto
hence adjacent v2 a by (metis <adjacent a ¢ adjacent-sym)
moreover have adjacent v2 v
by (metis adjacent-sym insert-iff mem-Collect-eq viv2)
moreover have adjacent vl v
using adjacent-sym viv2 by auto
moreover have adjacent vl a by (metis (full-types) Diff-iff a
mem-Collect-eq)
ultimately have a=v using friend-assm[of vI v2]
by (metis <vl # v2> adjacent-V (1))
thus False using a by auto
qed
moreover have b#vl by (metis DiffD2 b insertll)
ultimately show Fulse using no-quad[OF friend-assm] by auto
qed
moreover have ce{n. adjacent v2 n} = False
proof —
assume ce{n. adjacent v2 n}
hence adjacent ¢ v2 by (metis adjacent-sym mem-Collect-eq)
moreover have adjacent a ¢ using <adjacent a c> .
moreover have adjacent vl a by (metis (full-types) Diff-iff a
mem-Collect-eq)
moreover have adjacent v2 vl by (metis <adjacent vl v2> adjacent-sym)
moreover have c#v1
proof (rule ccontr)
assume — ¢ # vl
hence c=v! by auto
hence adjacent vl b by (metis <adjacent b ¢ adjacent-sym)
moreover have adjacent v2 v
by (metis adjacent-sym insert-iff mem-Collect-eq viv2)
moreover have adjacent vl v
using adjacent-sym viv2 by auto
moreover have adjacent v2 b by (metis Diff-iff b mem-Collect-eq)
ultimately have b=v using friend-assm[of v v2]
by (metis <vl # v2> adjacent-V (1))
thus Fulse using b by auto
qed
moreover have a#v2 by (metis Diff D2 a insertll)
ultimately show Fulse using no-quad[OF friend-assm| by auto
qed
ultimately show Fulse by auto
qged
ultimately show Fulse by auto
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qed
ultimately show Jv. VneV. n # v — adjacent v n by auto
next
assume Jv. VneV. n # v — adjacent v n
then obtain v where v:VneV. n # v — adjacent v n by auto
obtain v! where vieV vi#v
proof (cases veV)
case Fulse
have V#{} using (2<card V> by auto
then obtain v/ where vi€V by auto
thus ?thesis using Fualse that[of v1] by auto
next
case True
then obtain S where V = insertvSv ¢ S
using mk-disjoint-insert[OF True] by auto
moreover have finite V using «2<card V>
by (metis add-leE card.infinite not-one-le-zero numeral-Bit0 numeral-One)
ultimately have 1<card S
using <2<card V» card.insert[of S v] finite-insert[of v S] by auto
hence S#{} by auto
then obtain v/ where vl €S by auto
hence v1#v using (v¢S) by auto
thus thesis using that[of v1] (v1€S) «V=insert v S» by auto
qed
hence veV using v by (metis adjacent-V (1))
then obtain v2 where adjacent vl v2 adjacent v v2 using friend-assm[of v v1]

by (metis <vl € V» vl # »)
have degree vi G#2 = Fulse
proof —
assume degree vl G#2
hence card {n. adjacent v1 n}#2 by (metis assms(2) degree-adjacent)
have {v,v2} C {n. adjacent vl n}
by (metis < adjacent vl v2 > < vl € V » < vl # v adjacent-sym bot-least
insert-subset
mem-Collect-eq v)
moreover have v#v2 using <(adjacent v v2»> adjacent-no-loop by auto
hence card {v,02} = 2 by auto
ultimately have card {n. adjacent vi n} >2
using adjacent-finite[OF <finite E», of v1] by (metis card-mono)
hence card {n. adjacent v1 n} >3 using <card {n. adjacent vl n}#2> by
auto
then obtain v8 where v3€{n. adjacent v1 n} and v3¢{v,v2}
using {v,02} C {n. adjacent v1 n}> <card {v, v2} = 2»
by (metis <card {n. adjacent vi n} # 2» subsetl subset-antisym)
hence adjacent vl v3 by auto
moreover have adjacent v3 v using v
by (metis <v3 ¢ {v, v2}> adjacent-V(2) adjacent-sym calculation insertCI)
moreover have adjacent v v2 using <adjacent v v2> .
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moreover have adjacent v2 vl using <adjacent vl v2> adjacent-sym by auto
moreover have vl#v using vl # v .
moreover have v3#v2 by (metis <v3 ¢ {v, v2}» insert-subset subset-insertl)
ultimately show Fualse using no-quad[OF friend-assm| by auto
qed
thus Jve V. degree v G = 2 using <v1€ V) by auto
qed

lemma (in valid-unSimpGraph) regular:
assumes friend-assm:\v u. v€V — ueV = v#u = 3! n. adjacent v n A
adjacent u n
and finite E and finite V and —~(3veV. degree v G = 2)
shows Jk. VveV. degree v G = k
proof —
{ fix v u assume non-adj v u
obtain v-adj where v-adj:v-adj={n. adjacent v n} by auto
obtain u-adj where u-adj:u-adj={n. adjacent u n} by auto
obtain f where f:f = (An. (SOME v'. ne V —n#u—>adjacent n v’ A\ adjacent
u v")) by auto
have An. neV — n#u — (3v’. adjacent n v’ A adjacent u v’)
proof (rule,rule)
fix n assume n € Vn#u
hence 3!v'. adjacent n v’ A adjacent u v’
using friend-assm[of n u] <non-adj v u» unfolding non-adj-def by auto
thus 3v'. adjacent n v’ A adjacent u v’ by auto
qed
hence f-ex:An. (Fv’. neV — n#u — adjacent n v’ A adjacent u v’) by
auto
obtain v-adj-u where v-adj-u:v-adj-u= f ¢ v-adj by auto
have finite u-adj using u-adj adjacent-finite[OF «finite E»] by auto
have finite v-adj using v-adj adjacent-finite|OF «finite E>] by auto
hence finite v-adj-u using v-adj-u adjacent-finite]OF «<finite E>] by auto
have inj-on f v-adj unfolding inj-on-def
proof (rule ccontr)
assume — (Vz€v-adj. Vyc€v-adj. fz = fy — = y)
then obtain z y where zc€v-adj ycv-adj f x=f y x#y by auto
have z€V by (metis <x € v-adj> adjacent-V(2) mem-Collect-eq v-adj)
moreover have z#£u by (metis <non-adj v uy «x € v-adj> mem-Collect-eq
non-adj-def v-ady)
ultimately have adjacent (f z) v and adjacent = (f z)
using somel-ex[OF f-ex[of z]] adjacent-sym by (metis f)+
hence fz # v by (metis <non-adj v w non-adj-def)
have yeV by (metis <y € v-adj> adjacent-V(2) mem-Collect-eq v-adj)
moreover have y£u by (metis <non-adj v uy <y € v-adj> mem-Collect-eq
non-adj-def v-ady)
ultimately have adjacent y (f y) using somel-ex[OF f-ex[of y]| by (metis
f)

hence = # y A v # fz A adjacent v x A adjacent x (f x) A adjacent (fx) y
A adjacent y v
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usin (rev-a Yy (YEV-a Y A x= Y (T y {Laajacent xT)y v-a
ing dj> «y€v-adj> «f x=f v <aFy <adjacent v (f x) dj

adjacent-sym «f x # v

by auto
thus False using no-quad[OF friend-assm|] by auto

qed
then have card v-adj =card v-adj-u by (metis card-image v-adj-u)
moreover have v-adj-u C u-adj

proof
fix © assume z€v-adj-u

then obtain y where ycv-adj
and z = (SOME v'. y € V — y # v — adjacent y v’ A adjacent u v”)

using f image-def v-adj-u by auto
hence y € V — y # u — adjacent y x N adjacent u x using somel-ex[OF

J-exlof y]]

by auto
moreover have yeV by (metis <y € v-adj> adjacent-V(2) mem-Collect-eq

v-adyj)
moreover have y£u by (metis <non-adj v uy <y € v-adj> mem-Collect-eq

non-adj-def v-ady)
ultimately have adjacent u x by auto

thus z€u-adj unfolding u-adj by auto

qed
moreover have card v-adj=degree v G using degree-adjacent|OF «finite E),
of v] v-adj by auto
moreover have card u-adj=degree u G using degree-adjacent|OF finite E»,
of u] u-adj by auto
ultimately have degree v G < degree u G using «finite u-adj>
by (metis <inj-on f v-adj> card-inj-on-le v-adj-u) }
hence non-adj-degree: \v u. non-adj v u = degree v G = degree u G
by (metis adjacent-sym antisym non-adj-def)
have card V=38 = ?thesis
proof

assume card V=3
then obtain v! v2 v3 where V={v1,v2,v3} vi#v2 v2#v3 vl#v3

proof —
obtain vl S1 where VSI1:V = insert v1 S1 and v1 ¢ S1 and card S1

=2
using card-Suc-eqlof V 2] <card V=38 by auto
then obtain v2 52 where 5152:51 = insert v2 S2 and v2 ¢ S2 and

card 82 = 1
using card-Suc-eq[of S1 1] by auto

then obtain v3 where S2={v5}
using card-Suc-eq[of S2 0] by auto
hence V={v1,v2,v3} using VS1 5152 by auto
moreover have vl #v2 v2#v3 vl#v3using VSI 5152 «w1¢S1)y <v2¢S52»

«52={v3}> by auto
ultimately show ¢thesis using that by auto

qged
obtain n where adjacent vl n adjacent v2 n
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using friend-assm[of vl v2] by (metis <V = {vl, v2, v3}> vl # v2) insertl!
insertl2)
moreover hence n=v3
using <V = {vl, v2, v3}> adjacent-V(2) adjacent-no-loop
by (metis (mono-tags) empty-iff insertE)
moreover obtain n’ where adjacent v2 n’ adjacent v3 n'
using friend-assm[of v2 v3] by (metis <V = {vl, v2, vV3}) W2 # v3) insertl!
insertl2)
moreover hence n'=vl
using <V = {vl, v2, v3}> adjacent-V(2) adjacent-no-loop
by (metis (mono-tags) empty-iff insertE)
ultimately have adjacent v1 v2 and adjacent v2 v3 and adjacent v3 vl
using adjacent-sym by auto
have degree vi G=2
proof —
have v2€{n. adjacent v1 n} and v3€{n. adjacent vl n} and vi¢{n.
adjacent vl n}
using <adjacent vl v2»> (adjacent v3 vl» adjacent-sym
by (auto,metis adjacent-no-loop)
hence {n. adjacent vl n}={v2,03} using «V={v1,v2,03}» by auto
thus ?thesis using degree-adjacent[OF <finite E»,of v1] <v2#£v3) by auto
qged
moreover have degree v2 G=2
proof —
have vI1e{n. adjacent v2 n} and v3€{n. adjacent v2 n} and v2¢{n.
adjacent v2 n}
using <adjacent vl v2»> <adjacent v2 v3» adjacent-sym
by (auto,metis adjacent-no-loop)
hence {n. adjacent v2 n}={v1 03} using «V={v1,v2,08}» by force
thus ?thesis using degree-adjacent[OF «finite E»,of v2] <v1#£v3) by auto

ged
moreover have degree v3 G=2
proof —
have vI1e€{n. adjacent v3 n} and v2€{n. adjacent v3 n} and v3¢{n.
adjacent v3 n}
using <adjacent v38 vl» <adjacent v2 v3» adjacent-sym
by (auto,metis adjacent-no-loop)
hence {n. adjacent v3 n}={v1 02} using «V={v1,v2,08}» by force
thus ?thesis using degree-adjacent[OF «finite E»,of v3] <vl1#v2> by auto

qed
ultimately show YveV. degree v G = 2 using «V={vI,v2,03}» by auto
qed
moreover have card V=2 —> Fulse
proof —

assume card V=2
obtain v! v2 where V={v1,v2} vi#v2
proof —
obtain vl S1 where VS1:V = insert v1 S1 and vi ¢ SI and card S1
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using card-Suc-eqof V 1] <card V=2) by auto
then obtain v2 where S1={v2}
using card-Suc-eq[of S1 0] by auto
hence V={v!,v2} using VSI by auto
moreover have vl=#£v2 using v1¢S1y «S1={v2}> by auto
ultimately show ¢thesis using that by auto
qed
then obtain v3 where adjacent vl v3 adjacent v2 v3
using friend-assm|of v1 v2] by auto
hence v3#v2 and v3#v1 by (metis adjacent-no-loop)+
hence v3¢V using «V={vl,v2}» by auto
thus Fualse using <adjacent vl v8» by (metis (full-types) adjacent-V(2))
qed
moreover have card V=1 = ?thesis
proof
assume card V=1
then obtain vl where V={v1} using card-eq-SucD[of V 0] by auto
have E={}
proof (rule ccontr)
assume F#{}
then obtain z1 22 z3 where x:(z1,22,23)€FE by auto
hence z1=v1 and z8=v1 using <V={vl}» E-validD by auto
thus Fulse using no-id x by auto
qed
hence degree vi G=0 unfolding degree-def by auto
thus VoveV. degree v G =0 using «V={vl }»by auto
qed
moreover have card V=0 = ?thesis
proof —
assume card V=0
hence V={} using «finite V> by auto
thus ?thesis by auto
qed
moreover have card V >4 = —=(3v u. non-adj v u) = False
proof —
assume —(3 v u. non-adj v u) card V>4
hence non-non-adj:A\v u. v¢V V u¢V V v=u V adjacent v v unfolding
non-adj-def by auto
obtain v! v2 v8 v/ where vieV v2eV vV vjeV vi#v2 vl#v3 vl#v4
v2#£08 v2#v] v3F£v4
proof —
obtain v! Bl where V = insert vl Bl vl ¢ Bl card Bl >3
using <card V>/4» card-le-Suc-iff[of 3 V] by auto
then obtain v2 B2 where B! = insert v2 B2 v2 ¢ B2 card B2 >2
using card-le-Suc-iff[of 2 B1] by auto
then obtain v3 B3 where B2= insert v3 B3 v3¢ B3 card B3> 1
using card-le-Suc-iff[of 1 B2] by auto
then obtain v4 B4 where B3=insert v/ Bj vj ¢ B/
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using card-le-Suc-iff[of 0 B3] by auto
have v1€V by (metis <V = insert vl Bl» insert-subset order-refl)
moreover have v2¢cV
by (metis «Bl = insert v2 B2y <V = insert vl Bl» insert-subset
subset-insertl)
moreover have v3¢V
by (metis <B1 = insert v2 B2» «B2 = insert v3 B3» <V = insert vl B1»
insert-iff)
moreover have v/eV
by (metis <B1 = insert v2 B2) «B2 = insert v3 B3> <B3 = insert v4

B4»
«V = insert vl B1» insert-iff)
moreover have v!#v2
by (metis (full-types) <B1 = insert v2 B2) vl ¢ B> insertll)
moreover have vl#uv3
by (metis <B1 = insert v2 B2) «B2 = insert v38 B3> vl ¢ B1)» insert-iff)
moreover have vI#v/
by (metis <B1 = insert v2 B2) «B2 = insert v3 B3> <B3 = insert v4
B4y «v1 ¢ B1»

insert-iff )
moreover have v2#v3
by (metis (full-types) <B2 = insert v38 B3y «v2 ¢ B2) insertll)
moreover have v2#v4
by (metis <B2 = insert v3 B3) «B3 = insert v B> «v2 ¢ B2) insert-iff)
moreover have v3#£v/
by (metis (full-types) <B3 = insert v4 B> <v3 ¢ B3> insertll)
ultimately show %thesis using that by auto
qed
hence adjacent vl v2 using non-non-adj by auto
moreover have adjacent v2 v3 using non-non-adj by (metis <«v2 € V» v2
# 08y w3 € V)
moreover have adjacent v8 v/ using non-non-adj by (metis <«v8 € V» w3

£ vl v € V)
moreover have adjacent v4 vl using non-non-adj by (metis <«vl € V» (vl
# vfy w4 € Vo)

ultimately show Fulse using no-quad[OF friend-assm)
by (metis <vl # v3> (W2 # vi))
qed
moreover have card V>4 = (v u. non-adj v u) = ?thesis
proof —
assume (Fv u. non-adj v u) card V>4
then obtain v u where non-adj v u by auto
then obtain w where adjacent v w and adjacent u w
and unique:V n. adjacent v n A adjacent u n — n=w
using friend-assm[of v u| unfolding non-adj-def by auto
have VneV. degree n G = degree v G
proof
fix n assume neV
moreover have n=v = degree n G = degree v G by auto
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moreover have n=u = degree n G = degree v G
using non-adj-degree <non-adj v u» by auto
moreover have n#v = n#u = n#w = degree n G = degree v G
proof —
assume n#v nFEu nFEW
have non-adj v n = degree n G = degree v G by (metis non-adj-degree)
moreover have non-adj u n = degree n G = degree v G
by (metis <non-adj v u» non-adj-degree)
moreover have —non-adj u n = —non-adj v n = degree n G =
degree v G
by (metis <n € V> <n # wy <non-adj v w» non-adj-def unique)
ultimately show degree n G = degree v G by auto
qed
moreover have n=w = degree n G = degree v G
proof —
assume n=w
moreover have =(3v. VneV. n#v — adjacent v n)
using «card V>4 degree-two-windmill assms(2) assms(4) friend-assm
by auto
ultimately obtain w! where wi1€V wil#w non-adj w wli
by (metis <n€ V> non-adj-def)
have wl=v = degree n G = degree v G
by (metis <n = wy <non-adj w wi> non-adj-degree)
moreover have wi=u = degree n G = degree v G
by (metis <adjacent u wy <non-adj w w1 adjacent-sym non-adj-def)
moreover have wil#u = wl#v = degree n G = degree v G
by (metis <n = w» <non-adj v w <non-adj w wl> non-adj-def
non-adj-degree unique)
ultimately show degree n G = degree v G by auto
qed
ultimately show degree n G = degree v G by auto
ged
thus ?thesis by auto
qed
ultimately show ?thesis by force
qed

11 Exclusive steps for combinatorial proofs
fun (in valid-unSimpGraph) adj-path:: v = 'v list = bool where
adj-path v [| = (veV)
| adj-path v (u#us)= (adjacent v u A adj-path u us)
lemma (in valid-unSimpGraph) adj-path-butlast:
adj-path v ps = adj-path v (butlast ps)
by (induct ps arbitrary:v,auto)
lemma (in valid-unSimpGraph) adj-path-V:
adj-path v ps = set ps C V
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by (induct ps arbitrary:v, auto)

lemma (in valid-unSimpGraph) adj-path-V":
adj-path v ps = ve V
by (induct ps arbitrary:v, auto)

lemma (in valid-unSimpGraph) adj-path-app:
adj-path v ps = ps#£[] = adjacent (last ps) v = adj-path v (psQ[u])
proof (induct ps arbitrary:v)
case Nil
thus ?case by auto
next
case (Cons z zs)
thus ?case by (cases zs,auto)
qed

lemma (in valid-unSimpGraph) adj-path-app”:
adj-path v (ps Q [q] ) = ps # [| = adjacent (last ps) q
proof (induct ps arbitrary:v)
case Nil
thus ?case by auto
next
case (Cons z zs)
thus ?case by (cases zs,auto)
qged

lemma card-partition’”:
assumes YveA. card {n. R vn} =k k>0 finite A
Vol v2. v1#v2 — {n. R vl n} N {n. R v2 n}={}
shows card ((JveA. {n. Rvn}) =k * card A
proof —
have AC. C € (\x. {n. Razn}) ‘A= card C =k
proof —
fix C assume C € (A\z. {n. Rzn}) ‘A
show card C=k by (metis (mono-tags) <«C € (Az. {n. R x n}) ‘A assms(1)
imageF)
qed
moreover have AC! C2. C1 €(Az. {n. Rzn}) ‘A = C2 € (MAz. {n. Rz
n}) ‘A= CI # C2
= CI1NC2={}
proof —
fix C1 C2 assume C1 € (Az. {n. Rzn}) ‘A C2€ (Mz. {n.Rzn}) ‘A
C1 # C2
obtain vl where vi€A C1={n. R vl n} by (metis <C1 € (Az. {n. R z n})
“ Ay imagek)
obtain v2 where v2€A C2={n. R v2 n} by (metis <C2 € (Az. {n. R x n})
“ Ay imageE)
have v1#v2 by (metis «C1 = {n. R vl n}» <C1 # C2) «C2 = {n. R v2n})
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thus C1 N C2 ={} by (metis «<C1 = {n. R vl n}» «C2 = {n. R v2 np
assms(4))
qed
moreover have |J((Az. {n. Rz n}) ‘A) = (Jz€A. {n. R x n}) by auto
moreover have finite (Az. {n. Rz n}) * A) by (metis assms(3) finite-imagel)
moreover have finite (| ((Az. {n. R x n}) ‘ A)) by (metis (full-types) assms(1)

assms(2) assms(3) card-eq-0-iff finite-UN-I less-nat-zero-code)
moreover have card A = card (Az. {n. R z n}) ‘ A)
proof —
have inj-on (Az. {n. R z n}) A unfolding inj-on-def
using Vvl v2. vI#v2 — {n. R vl n} N {n. R v2 n}={}h
by (metis assms(1) assms(2) card.empty inf.idem less-le)
thus %thesis by (metis card-image)
qed
ultimately show ?thesis using card-partition[of (Az. {n. R z n}) ‘ A] by auto
qed

lemma (in valid-unSimpGraph) path-count:
assumes k-adj: \v. v€V = card {n. adjacent v n} = k and veV and finite
V and k>0
shows card {ps. length ps=1 A\ adj-path v ps}=Fk"l
proof (induct | rule:nat.induct)
case zero
have {ps. length ps=0 A adj-path v ps}={[]} using «veV» by auto
thus ?case by auto
next
case (Suc n)
obtain ezt where ext: ext=(Aps ps’. ps'#[] A (butlast ps’=ps) A adj-path v ps’)
by auto
have V pse{ps. length ps = n A adj-path v ps}. card {ps’. ext ps ps'} = k
proof
fix ps assume psc{ps. length ps = n A adj-path v ps}
hence adj-path v ps and length ps = n by auto
obtain ¢s where ¢s:gs = {n. if ps=[] then adjacent v n else adjacent (last
ps) n} by auto
hence card gs = k
proof (cases ps=[])
case True
thus ?thesis using ¢s k-adj|OF (veV>] by auto
next
case Fulse
have last ps € V using adj-path-V by (metis False <adj-path v ps»
last-in-set subsetD)
thus ?thesis using k-adj[of last ps| False gs by auto
qed
obtain app where app:app=(\q. psQ[q]) by auto
have app ‘ gs = {ps’. ext ps ps’}
proof —
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have Azs. xs€ app ¢ qs = xzs € {ps’. ext ps ps'}

proof (rule,cases ps=[])
case True
fix zs assume zs€ app ‘ g¢s
then obtain ¢ where ¢€ ¢s app q=xs by (metis imageF)
hence adjacent v ¢ and xs=psQ[q] using g¢s app True by auto
hence adj-path v zs

by (metis True adj-path.simps(1) adj-path.simps(2) adjacent-V(2)
append-Nil)

moreover have butlast xs = ps using <xs=psQ[q]> by auto
ultimately show ezt ps zs using ezt <zs=psQ[q]» by auto

next
case Fulse
fix xs assume zs€ app ‘ g¢s
then obtain ¢ where ¢€ ¢s app q=xs by (metis imageF)
hence adjacent (last ps) q using gs app False by auto

hence adj-path v (psQ[q]) using <adj-path v psy False adj-path-app by

auto
hence adj-path v xs by (metis <app ¢ = zs> app)
moreover have butlast zs=ps by (metis <app ¢ = xs» app butlast-snoc)
ultimately show ezt ps zs by (metis False butlast.simps(1) ext)
qed
moreover have Azs. xs€{ps’. ext ps ps'} = xzs€ app ‘ gqs
proof (cases ps=|))
case True
hence ¢s = {n. adjacent v n } using g¢s by auto
fix zs assume zs € {ps’. ext ps ps'}
hence zs#[] and (butlast zs=ps) and adj-path v zs using ext by auto
thus zs € app ‘ ¢s
using True app <gs = {n. adjacent v n}»
by (metis adj-path.simps(2) append-butlast-last-id append-self-conv2
image-iff
mem-Collect-eq)
next
case Fulse
fix xs assume xs € {ps’. ext ps ps'}
hence zs#[] and (butlast xs=ps) and adj-path v xs using ext by auto
then obtain ¢ where zs=psQ[q] by (metis append-butlast-last-id)
hence adjacent (last ps) q using <adj-path v zs) False adj-path-app’ by
auto

thus zs € app ¢ ¢s using ¢s
by (metis (lifting, full-types) False <xzs = ps Q [q]> app imagel
mem-Collect-eq)
qed
ultimately show ¢thesis by auto
qed
moreover have inj-on app gs using app unfolding inj-on-def by auto
ultimately show card {ps’. ext ps ps'}=k by (metis <card qs = k> card-image)
qed
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moreover have Vps! ps2. psl#ps2 — {n. ext ps1 n} N {n. ext ps2 n}={}
using ext by auto
moreover have finite {ps. length ps = n A adj-path v ps}
using Suc.hyps assms by (auto intro: card-ge-0-finite)
ultimately have card (|Jve{ps. length ps = n A adj-path v ps}. {n. ext v n})
=k * card {ps. length ps = n A adj-path v ps}
using card-partition’[of {ps. length ps = n A adj-path v ps} ext k| <k>0) by
auto
moreover have {ps. length ps = n+1 A adj-path v ps}
=(U pse{ps. length ps = n A adj-path v ps}. {ps’. ext ps ps'})
proof —
have Azs. xs € {ps. length ps = n + 1 A adj-path v ps} =
zs € (U pse{ps. length ps = n A adj-path v ps}. {ps’. ext ps ps'})
proof —
fix xs assume xs € {ps. length ps = n + 1 A adj-path v ps}
hence length xs = n +1 and adj-path v xs by auto
hence butlast xs €{ps. length ps = n A adj-path v ps}
using adj-path-butlast length-butlast mem-Collect-eq by auto
thus zs € (| pse{ps. length ps = n A adj-path v ps}. {ps’. ext ps ps'})
using <adj-path v xsy <length xs = n + 1> UN-iff ext length-greater-0-conv

mem-Collect-eq
by auto
qed
moreover have Axs . zs€(|J ps€{ps. length ps = n A adj-path v ps}. {ps’.
ext ps ps'}) =
zs € {ps. length ps = n + 1 A adj-path v ps}
proof —
fix xs assume zs€(|J ps€{ps. length ps = n A adj-path v ps}. {ps’. ext ps
ps'})
then obtain ys where length ys=n adj-path v ys ext ys xs by auto
hence length xs=n+1 using ezt by auto
thus zse{ps. length ps = n + 1 A adj-path v ps}
by (metis (lifting, full-types) <ext ys zs> ext mem-Collect-eq)
qed
ultimately show ?thesis by fast
qged
ultimately show card {ps. length ps = (Suc n) A adj-path v ps} = k ~ (Suc n)
using Suc.hyps by auto
qed

lemma (in valid-unSimpGraph) total-v-num:

assumes friend-assm:\v u. v€V = weV = v£u = 3! n. adjacent v n A
adjacent u n

and finite E and finite V and V#{} and VwveV. degree v G = k and k>0

shows card V= kxk — k +1
proof —

have k-adj: \v. ve V=>card ({n. adjacent v n})=k by (metis assms(2) assms(5)
degree-adjacent)
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obtain v where ve V using «V#{}» by auto
obtain [2-eq-v where [2-eq-v: [2-eq-v={ps. length ps=2 A adj-path v ps A\ last
ps=v} by auto
have card 12-eq-v=Fk
proof —
obtain hds where hds:hds= hd‘ [2-eq-v by auto
moreover have hds={n. adjacent v n}
proof —
have Az. z€hds = z€ {n. adjacent v n}
proof
fix z assume z€hds
then obtain ps where hd ps=z length ps=2 adj-path v ps last ps=v
using hds [2-eq-v by auto
thus adjacent v x
by (metis (full-types) adj-path.simps(2) list.sel(1) length-0-conv
neq-Nil-conv
zero-neg-numeral)
qed
moreover have A\z. z€{n. adjacent v n} = z€hds
proof —
fix z assume z€{n. adjacent v n}
obtain ps where ps=[z,v] by auto
hence hd ps=z and length ps=2 and adj-path v ps and last ps=v
using <z€{n. adjacent v n}» adjacent-sym by auto
thus z€hds by (metis (lifting, mono-tags) hds image-eql 12-eq-v
mem-Collect-eq)
qed
ultimately show hds={n. adjacent v n} by auto
qed
moreover have inj-on hd [2-eq-v unfolding inj-on-def
proof (rule+)
fix z y assume z € [2-eq-vy € [2-eq-v hd x = hd y
hence length =2 and last x=last y and length y=2
using [2-eq-v by auto
hence z!1=y!1
using last-conv-nth[of z] last-conv-nth[of y] by force
moreover have z!0=y!0
using <hd z=hd y> «length x=2> <length y=2>
by (metis hd-conv-nth length-greater-0-conv)
ultimately show z=y using <length x=2) <length y=2>
using nth-equalityl[of z y)
by (metis One-nat-def less-2-cases)
qged
ultimately show card [2-eq-v=Fk using k-adj[OF <ve V)] by (metis card-image)
qed
obtain [2-neg-v where [2-neg-v:12-neg-v={ps. length ps=2 A adj-path v ps A last
ps#£v} by auto
have card 12-neq-v = kxk—k
proof —
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obtain [2-v where [2-v:12-v={ps. length ps=2A adj-path v ps} by auto
hence card 12-v=Fk«+k using path-count[OF k-adj,of v 2] <0<k «finite V>
«we Vs
by (simp add: power2-eg-square)
hence finite [2-v using <k>0> by (metis card.infinite mult-is-0 neq0-conv)
moreover have [2-v=I[2-neq-v U [2-eq-v using [2-v I2-neq-v 12-eq-v by auto
moreover have [2-neg-v N [2-eq-v ={} using [2-neg-v [2-eq-v by auto
ultimately have card [2-neq-v = card 12-v — card [2-eq-v
by (metis Int-commute Nat.add-0-right Un-commute card-Diff-subset-Int
card-Un-Int
card-gt-0-iff diff-add-inverse finite-Diff finite-Un inf-sup-absord
less-nat-zero-code)
thus card [2-neq-v = kxk—k using <card [2-eq-v=Fk> using <card [2-v=Fkxk>
by auto

qed
moreover have bij-betw last 12-neg-v {n. neV A n#v}
proof —
have last ¢ 12-neg-v = {n. neV A n#v}
proof —
have Az. z€ last’ I2-neg-v = z€{n. neV A n#v}
proof
fix z assume z€last’ [2-neq-v
then obtain ps where length ps = 2 adj-path v ps last ps=z last ps£v
using [2-neq-v by auto
hence (last ps)eV
by (metis (full-types) adj-path-V last-in-set length-0-conv rev-subsetD
zero-neq-numeral)
thus =z € V A z # v using <ast ps=x) <last ps#v> by auto
qed
moreover have Az. z€{n. neV A n#v} = z€ last’ [2-neq-v
proof —
fix x assume z:z € {n € V. n # v}
then obtain y where adjacent v y adjacent x y
using friend-assmlof v z] <v€V)> by auto
hence adj-path v [y,z] using adjacent-sym|of x y|by auto
hence [y,z]€l2-neqg-v using [2-neg-v z by auto
thus z€ last‘ [2-neg-v by (metis imagel last.simps not-Cons-self2)
qed
ultimately show ?thesis by fast
qed

moreover have inj-on last [2-neq-v unfolding inj-on-def
proof (rule,rule,rule)
fix z y assume z € [2-neq-v y € [2-neq-v last x = last y
hence length =2 and adj-path v x and last z#v and length y=2 and
adj-path v y
and last y#v
using [2-neg-v by auto
obtain z! z2 yI y2 where z:x=[z!,22] and y:y=[y1,y2]
proof —
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{ fix | assume length [=2
obtain h1 t where [=h1#t and length t=1
using «<length I=2» Suc-length-conv[of 1 I] by auto
then obtain h2 where t=[h2]
using Suc-length-conv[of 0 t] by auto
have 3h1 h2. I=[h1,h2] using I=h1#t> t=[h2])> by auto }
thus ?thesis using that <length t=2> <length y=2> by melis
qed
hence z2#v and y2#v using <last z£v> <last y#v> by auto
moreover have adjacent v 1 and adjacent 2 x1 and z2€V
using <adj-path v > = adjacent-sym by auto
moreover have adjacent v yI and adjacent y2 y1 and y2€V
using <adj-path v y» y adjacent-sym by auto
ultimately have z1=y! using friend-assm <ve V)
by (metis <last x = last y» last-ConsL last-ConsR not-Cons-self2 x y)
thus 2=y using z y <last © = last y» by auto
qged
ultimately show ?thesis unfolding bij-betw-def by auto
qed
hence card 12-neq-v = card {n. n€V A n#v} by (metis bij-betw-same-card)
ultimately have card {n. neV A n#v}=kxk—k by auto
moreover have card V = card {n. ne VAn#£v} + card {v}
proof —
have V={n. neV A n#v} U {v} using «ve V> by auto
moreover have {n. neV A n#v} N {v}={} by auto
ultimately show ?thesis
using «finite V> card-Un-disjoint[of {n € V. n # v} {v}] finite-Un
by auto
qed
ultimately show card V = kxk—k+1 by auto
qed

lemma rotate-eq:rotatel xs=rotatel ys = rs=ys
proof (induct xs arbitrary:ys)
case Nil
thus ?case by (metis rotatel-is-Nil-conv)
next
case (Cons n ns)
hence ys#[] by (metis list.distinct(1) rotatel-is-Nil-conv)
thus ?case using Cons by (metis butlast-snoc last-snoc list.exhaust rotatel .simps(2))
qed

lemma rotate-diff :rotate m zs=rotate n xs =>rotate (m—n) s = xs
proof (induct m arbitrary:n)

case (

thus ?case by auto
next

case (Suc m’)
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hence n=0 = %case by auto
moreover have n#0 = ?case
proof —
assume n#*(
then obtain n’ where n”: n = Suc n’ by (metis nat.ezhaust)
hence rotate m’ xs = rotate n’ zs
using <rotate (Suc m') s = rotate n zs) rotate-eq rotate-Suc
by auto
hence rotate (m’ — n') zs = xzs by (metis Suc.hyps)
moreover have Suc m’ — n=m'—n’
by (metis n’ diff-Suc-Suc)
ultimately show Zcase by auto
qed
ultimately show ?case by fast
qed

lemma (in valid-unSimpGraph) exist-degree-two:
assumes friend-assm:\v u. v€V = we€V = v#u = 3! n. adjacent v n A
adjacent u n
and finite £ and finite V and card V>2
shows JFve V. degree v G = 2
proof (rule ccontr)
assume - (3veV. degree v G = 2)
hence A\v. v€V = degree v G#2 by auto
obtain k£ where k-adj: A\v. v€ V= card {n. adjacent v n}=Fk using regular[OF
friend-assm]
by (metis <— (Fve V. degree v G = 2)) assms(2) assms(3) degree-adjacent)
have k>/
proof —
obtain v! v2 where vIieV v2€V vi#v2
using <card V>2) by (metis <—~(FveV. degree v G = 2)» assms(2) de-
gree-two-windmill)
have k#0
proof
assume k=0
obtain v3 where adjacent vl v3 using friend-assm[OF (v1€V» (w2€V)
wi1#£v2)] by auto
hence card {n. adjacent v1 n} # 0 using adjacent-finite]OF «finite E)]
by auto
moreover have card {n. adjacent vl n} = 0 using k-adj{OF w1 V)]
by (metis <k = 0»)
ultimately show Fulse by simp
qged
moreover have even k using even-degree[OF friend-assm]
by (metis «vl € Vs assms(2) degree-adjacent k-adj)
hence k#1 and k#3 by auto
moreover have k#£2 using «A\v. v€V = degree v G#2) degree-adjacent
k-adj
by (metis <vl € V> assms(2))
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ultimately show ?thesis by auto
qed
obtain T where T:T=(Al::nat. {ps. length ps = I+1 A adj-path (hd ps) (l ps)})
by auto
have T-count:\l::nat. card (T 1) = (kxk—k+1)*k" using card-partition’
proof —
fix l::nat
obtain ext where ext:ext=(\v ps. adj-path v (tl ps) A hd ps=v A length
ps=Il+1) by auto
have YveV. card {ps. ext v ps} = k7l
proof
fix v assume v € V
have Aps. psetl ‘ {ps. ext v ps} = pse€{ps. length ps=1 A adj-path v ps}

proof —
fix ps assume ps € t ‘ {ps. ext v ps}
then obtain ps’ where adj-path v (tl ps’) hd ps'=v length ps'=I+1
ps=tl ps’
using ext by auto
hence adj-path v ps and length ps=Il by auto
thus pse{ps. length ps=I A adj-path v ps} by auto
qed
moreover have Aps. ps€{ps. length ps=I A adj-path v ps} = pse€ tl *
{ps. ext v ps}
proof —
fix ps assume ps € {ps. length ps = | A adj-path v ps}
hence length ps=I and adj-path v ps by auto
moreover obtain ps’ where ps’=v#ps by auto
ultimately have adj-path v (¢ ps’) and hd ps’=v and length ps'=I+1
by auto
thus ps € tl ‘ {ps. ext v ps}
by (metis <ps’ = v # ps» ext imagel mem-Collect-eq list.sel(3))
qed
ultimately have ¢l ‘ {ps. ext v ps} = {ps. length ps=I A adj-path v ps}
by fast
moreover have inj-on tl {ps. ext v ps} unfolding inj-on-def
proof (rule,rule,rule)
fix  y assume z € Collect (ext v) y € Collect (ext v) tlz =ty
hence hd z=hd y and z#[] and y#[Jusing ezt by auto
thus z=y using il z= tl y» by (metis list.sel(1,3) list.exhaust)
qed
moreover have card {ps. length ps=I A adj-path v ps} = k71
using path-count|OF k-adj,of vi] <4 < k» «v € V) assms(3)
by auto
ultimately show card {ps. ext v ps} = k ~ [ by (metis card-image)
qed
moreover have Vvl v2. vl # v2 — {n. ext v1 n} N {n. ext v2 n} = {}
using ezt by auto
moreover have ((JveV. {n. ext v n})=T1
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proof —
have Aps. pse(UveV. {n. ext vn}) = pscT | using T
proof —
fix ps assume pse(|Jve V. {n. ext v n})
then obtain v where veV adj-path v (tl ps) hd ps = v length ps = 1

using ezt by auto
hence length ps = 1 + 1 and adj-path (hd ps) (tl ps) by auto
thus pse T [ using T by auto
qed
moreover have A\ps. ps€ T | = pse(|JveV. {n. ext v n})
proof —
fix ps assume pseT [
hence length ps = 1 + 1 and adj-path (hd ps) (tl ps) using T by auto
moreover then obtain v where v=hd ps veV
by (metis adj-path.simps(1) adj-path.simps(2) adjacent-V (1)
list.exhaust)
ultimately show pse(|JveV. {n. ext v n}) using ezt by auto
qed
ultimately show #?thesis by auto
qged
ultimately have card (T'1) = card V * k7l
using card-partition’[of V ext k7| « 4 < k » assms(3) mult.commute
nat-one-le-power
by auto
moreover have card V=(k « k — k + 1)
using total-v-num[OF friend-assm,of k] k-adj degree-adjacent «finite E»
<finite V>
ccard V>2»y <4 < ky card-gt-0-iff
by force
ultimately show card (T'l) = (kxk — k + 1) * k ~ | by auto
qed
obtain C where C:C=(Al::nat. {ps. length ps = I+1 A adj-path (hd ps) (¢ ps)
A adjacent (last ps) (hd ps)}) by auto
obtain C-star where C-star:C-star=(\l::nat. {ps. length ps = I+1 A adj-path
(hd ps) (tl ps)
A (last ps) = (hd ps)}) by auto
have Al:nat. card (C (I4+1)) = kx card (C-star ) + card (Tl — C-star 1)
proof —
fix l::nat
have C (I4+1) = {ps. length ps = I+2 A adj-path (hd ps) (tl ps) A adjacent
(last ps) (hd ps)
A last (butlast ps)=hd ps} U {ps. length ps = I4+2 A adj-path (hd ps) (i
ps) A
adjacent (last ps) (hd ps) A last (butlast ps)#hd ps} using C by auto
moreover have {ps. length ps = I+2 A adj-path (hd ps) (tl ps) A adjacent
(last ps) (hd ps)
A last (butlast ps)=hd ps} N {ps. length ps = 14+2 A adj-path (hd ps) (i
ps) A
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adjacent (last ps) (hd ps) A last (butlast ps)#hd ps} ={} by auto
moreover have finite (C (I+1))
proof —
have C (I+1) C T (I4+1) using C T by auto
moreover have (kxk — k+ 1) x k ~ (I + 1)#0 using <k>/> by auto
hence finite (T (I1+1)) using T-count|of [+1] by (metis card.infinite)
ultimately show ?thesis by (metis finite-subset)
qed
ultimately have card (C (I+1)) = card {ps. length ps = I4+2 A adj-path (hd
ps) (11 ps)
A adjacent (last ps) (hd ps) A last (butlast ps)=hd ps} + card {ps. length
ps = 1+2 A
adj-path (hd ps) (tl ps) A adjacent (last ps) (hd ps) A last (butlast ps)#hd
ps}
using card-Un-disjoint[of {ps. length ps = 1 + 2 A adj-path (hd ps) (tl ps)
A adjacent
(last ps) (hd ps) A last (butlast ps) = hd ps} {ps. length ps =1 + 2 A
adj-path (hd ps)
(tl ps) A adjacent (last ps) (hd ps) A last (butlast ps) # hd ps}] finite-Un
by auto
moreover have card {ps. length ps = I+2 A adj-path (hd ps) (¢ ps)
A adjacent (last ps) (hd ps) A last (butlast ps)=hd ps}=Fk * card (C-star )
proof —
obtain ext where ext: ext=(Aps ps’. ps'#[] A (butlast ps'=ps)
A adj-path (hd ps’) (¢l ps’)) by auto
have V pse(C-star l). card {ps’. ext ps ps'} = k
proof
fix ps assume pse C-star [
hence length ps = | + 1 and adj-path (hd ps) (tl ps) and last ps = hd

ps
using C-star by auto
obtain ¢s where gs:qgs={v. adjacent (last ps) v} by auto
obtain app where app:app=(Av. psQ[v]) by auto
have app ‘ gs = {ps’. ext ps ps’}
proof —
have A\z. z€app‘qs = x€{ps’. ext ps ps'}
proof
fix r assume z € app ‘ gs
then obtain y where adjacent (last ps) y =psQ[y] using gs
app by auto
moreover hence adj-path (hd z) (tl x)
by (cases tl ps =[], metis adj-path.simps(1) adj-path.simps(2)
adjacent-V(2) append-Nil list.sel(1,3) hd-append snoc-eq-iff-butlast
tl-append?2, metis <adj-path (hd ps) (tl ps)) adj-path-app
hd-append

last-tl list.sel(2) tl-append?2)
ultimately show ezt ps z using ext by (metis snoc-eg-iff-butlast)
qed
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moreover have A\z. z€{ps’. ext ps ps'}=— z€ app‘qs
proof —
fix  assume z € {ps’. ext ps ps’}
hence z#£[] and butlast x=ps and adj-path (hd ) (H )
using ezt by auto
have adjacent (last ps) (last x)
proof (cases length ps=1)
case True
hence length x=2 using <butlast x=ps» by auto
then obtain z1 t! where z=z1#t1 and length t1=1
using Suc-length-conv[of 1 x] by auto
then obtain z2 where t1=[z2]
using Suc-length-conv[of 0 t1] by auto
have z=[z1,22] using (x=xz1#t1» «t1=[z2]> by auto
thus adjacent (last ps) (last x)
using <adj-path (hd z) (¢l ) <butlast z=ps> by auto
next
case Fulse
hence tl ps#||
by (metis <length ps = 1 + 1) add-0-iff add-diff-cancel-left’
length-0-conv length-tl add.commute)
moreover have adj-path (hd z) (tl ps Q [last z])
using <adj-path (hd x) (tl z)» <butlast x=psy «x # []»
by (metis append-butlast-last-id calculation list.sel(2)
tl-append?)
ultimately have adjacent (last (tl ps)) (last x)
using adj-path-app’[of hd z tl ps last z]
by auto
thus adjacent (last ps) (last ) by (metis <tl ps # []» last-tl)
qed
thus x € app ‘ ¢s using app gs
by (metis <butlast © = ps» «x # [|> append-butlast-last-id
mem-Collect-eq
rev-image-eql)
qed
ultimately show ?thesis by auto
qged
moreover have inj-on app ¢s using app unfolding inj-on-def by
auto
moreover have last pseV
using <length ps = 1 + 1> <adj-path (hd ps) (i ps)> adj-path-V
by (metis <last ps = hd ps> adj-path.simps(1) last-in-set last-tl
subset-code(1))
hence card gs=k using g¢s k-adj by auto
ultimately show card {ps’. ext ps ps'} = k by (metis card-image)
qed
moreover have finite (C-star )
proof —
have C-star | C T [ using C-star T by auto

96



moreover have (k x k — k + 1) x k ~ [#£0 using k>/> by auto
hence finite (T 1) using T-count[of l| by (metis card.infinite)
ultimately show ?thesis by (metis finite-subset)
qed
moreover have Vpsl ps2. psl # ps2 — {ps’. ext psi ps'} N {ps’. ext
ps2ps't = {}
using ezt by auto
moreover have (| pse(C-star ). {ps’. ext ps ps'}) = {ps. length ps =
I+2
A adj-path (hd ps) (tl ps) A adjacent (last ps) (hd ps) A last (butlast
ps)=hd ps}
proof —
have Az. ze(|J pse(C-star 1). {ps’. ext ps ps'}) = xz€{ps. length ps
=142
A adj-path (hd ps) (tl ps) A adjacent (last ps) (hd ps) A last (butlast
ps)=hd ps}
proof
fix z assume z € (|JpseC-star I. {ps’. ext ps ps'})
then obtain ps where pse C-star [ ext ps © by auto
hence length ps = | + 1 and adj-path (hd ps) (tl ps) and last ps
= hd ps
and z # [| and butlast x = ps adj-path (hd z) (tl x)
using C-star ext by auto
have length z =1+ 2
using ¢ butlast x = ps » <« length ps = | + 1 » length-butlast by
auto

(t z)))

moreover have adj-path (hd z) (tl z) by (metis <adj-path (hd x)

moreover have adjacent (last z) (hd x)
proof —
have length x>2 using <length x=I[4-2) by auto
hence adjacent (last (butlast z)) (last x) using <adj-path (hd x)
(tl x)»
by (induct z,auto, metis adj-path.simps(2) append-butlast-last-id

append-eq-Cons-conv, metis adj-path-app’ append-butlast-last-id)
hence adjacent (last ps) (last x) using <butlast z=ps» by auto
hence adjacent (hd ps) (last x) using <last ps=hd ps> by auto
hence adjacent (hd z) (last )
using <butlast x=ps» <length ps=I+1)
by (cases ) auto
thus “thesis using adjacent-sym by auto
qed
moreover have last (butlast z) = hd z
by (metis <butlast z = ps» <last ps = hd ps» <z # []> adjacent-no-loop

butlast.simps(2) calculation(8) list.sel(1) last-ConsL neq-Nil-conv)

ultimately show length z = [ + 2 A adj-path (hd z) (tl x)
A adjacent (last x) (hd x) A last (butlast ) = hd x
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by auto
qed
moreover have Az. x€{ps. length ps = [4+2 A adj-path (hd ps) (i ps)
A adjacent (last ps) (hd ps) A last (butlast ps)=hd ps} =
ze(|J pse(C-star 1). {ps’. ext ps ps'})
proof —
fix © assume z€{ps. length ps = I+2 A adj-path (hd ps) (tl ps)
A adjacent (last ps) (hd ps) A last (butlast ps)=hd ps}
hence length x=I1+2 and adj-path (hd x) (tl z) and adjacent (last
z) (hd x)
and last (butlast z)=hd x by auto
obtain ps where ps:ps=butlast x by auto
have pse C-star |
proof —
have length ps = | + 1 using ps «length x=I[4+2> by auto
moreover have hd ps=hd x
using ps «length x=I[+2»
by (metis (full-types) < adjacent (last z) (hd z) > adjacent-no-loop

append-Nil append-butlast-last-id butlast.simps(1) list.sel(1)
hd-append?2)
hence adj-path (hd ps) (tl ps) using adj-path-butlast
by (metis <adj-path (hd z) (tl ) butlast-tl ps)
moreover have last ps = hd ps
by (metis <hd ps = hd x> <last (butlast ) = hd x> ps)
ultimately show “thesis using C-star by auto
qed
moreover have ext ps r using ext
by (metis <adj-path (hd z) (t z)> <adjacent (last z) (hd z))
<last (butlast ) = hd x> adjacent-no-loop butlast.simps(1) ps)
ultimately show ze(|J pse(C-star 1). {ps’. ext ps ps’}) by auto
qed
ultimately show Zthesis by fast
qed
ultimately show ?thesis using card-partition’[of C-star | ext k] <k>/>»
by auto
qged
moreover have card {ps. length ps = [+2 A adj-path (hd ps) (¢l ps) A
adjacent (last ps) (hd ps) A last (butlast ps)#hd psy=card (T | — C-star

proof —
obtain app where app:app=(Aps. psQ[SOME n. adjacent (last ps) n A
adjacent (hd ps) n])
by auto
have Az. z€app(T | — C-star ) = z€{ps. length ps = [+2 A adj-path
(hd ps) (tl ps) A
adjacent (last ps) (hd ps) A last (butlast ps)#£hd ps}
proof
fix x assume z € app ‘(T 1 — C-star )
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then obtain ps where length ps = | + 1 adj-path (hd ps) (tl ps) last
ps # hd ps
z=app ps
using T C-star by auto
hence last pse V'
using adj-path-V[OF <adj-path (hd ps) (tl ps)»]
by (cases ps) auto
hence 3 n. adjacent (last ps) n A adjacent (hd ps) n
using adj-path-V'[OF <adj-path (hd ps) (tl ps)>] <last ps#hd ps
friend-assm[of last ps hd ps]
by auto
moreover have last t=(SOME n. adjacent (last ps) n A adjacent (hd
ps) n)
using app <x=app ps» by auto
ultimately have adjacent (last ps) (last ) and adjacent (hd ps) (last

using somel-ex by (metis (lifting))+
have hd z=hd ps using «z=app ps> <length ps=I+1> app
by (cases ps) auto
have length © = [ + 2 using (x=app ps> «length ps=I+1> app by auto
moreover have adj-path (hd z) (tl )
proof —
have last (¢l ps)=last ps using <length ps=I+1>
by (metis <last ps # hd psy list.sel(1,3) last-ConsL last-tl
neq-Nil-conv)
moreover have length ps#1 using <last ps # hd ps»
by (metis Suc-eq-plusi-left gen-length-code(1) gen-length-def
list.sel(1)
last-ConsL length-Suc-conv neq-Nil-conv)
hence tl ps#[] using <length ps=I+1>
by (auto simp: length-Suc-conv)
ultimately have adj-path (hd ps) (tl ps Q [last z])
using adj-path-app[OF <adj-path (hd ps) (tl ps)»,of last ]
<adjacent (last ps) (last z)»
by auto
moreover have tl ps Q [last z]=tl =
using <x=app ps> app
by (metis < last x = (SOME n. adjacent (last ps) n A adjacent (hd
ps) m)
< tlps £ [] > list.sel(2) tl-append?2)
ultimately show ?thesis using <hd x=hd ps> by auto
qed
moreover have adjacent (last z) (hd z)
using <hd z=hd ps» <adjacent (hd ps) (last z)> adjacent-sym by auto
moreover have last (butlast ) # hd x
using <last ps # hd ps» <hd x=hd ps>
by (metis <z = app ps» app butlast-snoc)
ultimately show length x = [ + 2 A adj-path (hd x) (tl z) A adjacent
(last x) (hd x)
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A last (butlast z) # hd x
by auto
qed
moreover have Az. z€{ps. length ps = [4+2 A adj-path (hd ps) (tl ps) A
adjacent (last ps) (hd ps) A last (butlast ps)#hd pst—> z€app (T | —
C-star 1)
proof —
fix ¢ assume z€{ps. length ps = I+2 A adj-path (hd ps) (tl ps) A
adjacent (last ps) (hd ps) A last (butlast ps)£hd ps}
hence length x=I1+2 and adj-path (hd z) (tl ) and adjacent (last x)
(hd z)
and last (butlast z)#hd x
by auto
hence butlast €T | — C-star 1
proof —
have length (butlast z) =1 + 1
using <length x = | + 2» length-butlast by auto
moreover have hd (butlast )=hd z
using <length x=I[+2)»
by (metis append-butlast-last-id butlast.simps(1) calculation
diff-add-inverse
diff-cancel2 hd-append length-butlast add.commute num.distinct(1)

one-eg-numeral-iff )
hence adj-path (hd (butlast x)) (¢ (butlast z))
using <adj-path (hd x) (tl z)» by (metis adj-path-butlast butlast-tl)
moreover have last (butlast x) # hd (butlast )
using <last (butlast z)#£hd x> <hd (butlast x)=hd x> by auto
ultimately show Zthesis using T C-star by auto
qed
moreover have app (butlast )=z using app
proof —
have last (butlast )€V
proof (cases length ©>3)
case True
hence last (butlast z)€set (t z)
proof (induct x)
case Nil
thus ?case by auto
next
case (Cons z1 t1)
have length t1<8 = %case
proof —
assume length t1<38
hence length t1=2 using <3 < length (z1 # t1)» by auto
then obtain 22 t2 where t1=12#t2 length t2=1
using Suc-length-conv[of 1 t1] by auto
then obtain z3 where t2=[z3]
using Suc-length-conv|of 0 t2] by auto
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have t1=[z2,23] using <t1=x2#1t2> <t2=[z3]> by auto
thus ?case by auto
qed
moreover have length t1>3=— ?case
proof —
assume length t1>3
hence last (butlast t1) € set (il t1)
using Cons.hyps by auto
thus ?Zcase
by (metis butlast.simps(2) in-set-butlastD last.simps

last-in-set
length-butlast length-greater-0-conv length-pos-if-in-set
length-tl list.sel(3))
qed
ultimately show ?case by force
qed
thus ?thesis using adj-path-V[OF <adj-path (hd z) (tl x)>] by
auto
next
case Fulse
hence length x=2 using <length z=I[4+2)> by auto
then obtain =1 22 where z=[z1,12]
proof —
obtain z1 t1 where x=x1+4t1 length t1=1
using Suc-length-conv|of 1 x] length x=2> by auto
then obtain z2 where t1=[z2]
using Suc-length-conv]of 0 t1] by auto
have z=[z1,22] using «x=x1#t1> «t1=[z2]> by auto
thus ?thesis using that by auto
qed
hence last (butlast x)=hd x by auto
thus ?thesis using adj-path-V'[OF <adj-path (hd z) (t x)>] by
auto

qed
moreover have hd (butlast z)=hd z using <length z=I1+2)
by (metis <adjacent (last x) (hd x)» adjacent-no-loop ap-
pend-butlast-last-id
butlast.simps(1) list.sel(1) hd-append)
hence hd (butlast )€V using adj-path-V'[OF <adj-path (hd z) (¢l
z)»] by auto
moreover have last (butlast x)#hd (butlast z)
using <last (butlast £)#hd x> <hd (butlast x)=hd x> by auto
ultimately have 3! n. adjacent (last (butlast x)) n A adjacent (hd
(butlast x)) n
using friend-assm by auto
moreover have length ©>2 using <length x=I+2) by auto
hence adjacent (last (butlast x)) (last x)
using <adj-path (hd x) (tl x)»
by (induct x,auto, metis (full-types) adj-path.simps(2) append-Nil
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append-butlast-last-id, metis adj-path-app’ append-butlast-last-id)
moreover have adjacent (hd (butlast x)) (last x)
using (adjacent (last z) (hd z)» <hd (butlast )=hd x> adjacent-sym
by auto
ultimately have (SOME n. adjacent (last (butlast x)) n
A adjacent (hd (butlast z)) n) = last x
using somel-equality by fast
moreover have z=(butlast x)Q[last z]
by (metis <adjacent (last (butlast z)) (last x)> adjacent-no-loop
append-butlast-last-id butlast.simps(1))
ultimately show ¢thesis using app by auto
qed
ultimately show zc€app‘(T | — C-star l) by (metis image-iff)
qed
ultimately have app{T | — C-star [)={ps. length ps = I4+2 A adj-path
(hd ps) (tl ps) A
adjacent (last ps) (hd ps) A last (butlast ps)#hd ps} by fast
moreover have inj-on app (T | — C-star 1) using app unfolding inj-on-def
by auto
ultimately show ?thesis by (metis card-image)
qged
ultimately show card (C (I + 1)) = k * card (C-star 1) + card (T 1 —
C-star 1) by auto
qed
hence Al::nat. card (C (14+1)) mod (k—(1::nat))=1
proof —
fix l::nat
have C-star | C T [ using C-star T by auto
moreover have card (T 1)#0 using T-count <k>4> by auto
hence finite (T 1) using <k>4> by (metis card.infinite)
ultimately have card (T | — C-star l)=card(T ) — card(C-star 1)
by (metis card-Diff-subset rev-finite-subset)
hence card (C (I + 1))=kxcard (C-star ) + (card (T'1) — card (C-star l))
using «Al::nat. card (C (I+1)) = kx card (C-star ) + card (Tl — C-star

by auto
also have ...=kxcard (C-star 1) + card (T 1) — card (C-star l)
proof —
have card (T'1) > card (C-star 1)
using «C-star | C T Iy <finite (T 1)y by (metis card-mono)
thus ?thesis by auto
qged
also have ...=kxcard (C-star 1) — card (C-star 1) + card (T 1)
proof —
have card (T'1) > card (C-star 1)
using «C-star | C T Iy <finite (T 1)y by (metis card-mono)
moreover have kxcard (C-star 1) > card (C-star 1) using <k>4»> by auto
ultimately show ?thesis by auto
qged
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also have ...=(k—(1::nat))*card(C-star 1)+card(T 1) using <k>4>»

by (metis monoid-mult-class.mult.left-neutral diff-mult-distrib)
finally have card (C (I + 1))=(k—(1::nat))*card(C-star [)+card(T 1) .
hence card (C (I14+1)) mod (k—(1::nat)) = card(T 1) mod (k—(1::nat)) using

k>=4>»

by (metis mod-mult-self3 mult.commute)
also have ...=((kxk—k+1)xk™l) mod (k—(1::nat)) using T-count by auto
also have ...=((k—(1::nat))xk+1)xk™l mod (k—(1::nat))

proof —
have kxk—k+1=(k—(1::nat))xk+1 using <k>4> by (metis diff-mult-distrib
nat-mult-1)
thus ?thesis by auto
qged

also have ...=1xk7] mod (k—(1::nat))
by (metis mod-mult-right-eq mod-mult-self! add.commute mult.commute)
also have ...=k"] mod (k—(1::nat)) by auto
also have ...=(k—(1::nat)+1) 1 mod (k—(1::nat)) using <k>/> by auto
also have ...=177 mod (k—(1::nat)) by (metis mod-add-self2 add.commute
power-mod)
also have ...=1 mod (k—(1::nat)) by auto
also have ...=1 using <k>4> by auto
finally show card (C (I+1)) mod (k—(1:nat)) =1 .
qed
obtain p::nat where prime p p dvd (k—(1::nat)) using <k>4»
by (metis Suc-eq-plusl Suc-numeral add-One-commute eq-iff le-diff-conv nu-
meral-le-iff
one-le-numeral one-plus-BitM prime-factor-nat semiring-norm(69) semir-
ing-norm(71))
hence p-minus-1:p—(1::nat)+1=p
by (metis add-diff-inverse add.commute not-less-iff-gr-or-eq prime-nat-iff)
hence x: Al::nat. card (C (I4+1)) mod p=1
using «Al::nat. card (C (I+1)) mod (k—(1::nat))=1> mod-mod-cancel[OF <p
dvd (k—(1::nat))s]
<prime p»
by (metis mod-if prime-gt-1-nat)
have card (C (p — 1)) mod p = 1
proof (cases 2 < p)
case True with « [of p — 2] show ?Zthesis
by (metis Nat.add-diff-assoc2 add-le-cancel-right diff-diff-left one-add-one
p-minus-1)
next
case Fulse with x [of p — 2] «prime p> prime-ge-2-nat show %thesis
by blast
qed
moreover have card (C (p—(1::nat))) mod p=0 using C
proof —
have closurel:\z. €C (p—(1::nat))=> rotatel x €C (p—(1::nat))
proof —
fix x assume z€C (p—(1::nat))
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hence length © = p and adj-path (hd z) (¢l =) and adjacent (last z) (hd

)
using C p-minus-1 by auto
have adjacent (last (rotatel x)) (hd (rotatel x))
proof —
have z#£[] using «(length z=p> <prime p> by auto
hence adjacent (last (rotatel x)) (hd (rotatel x))=adjacent (hd x) (hd
(t 2))

by (metis ¢ adjacent (last z) (hd x) > adjacent-no-loop append-Nil
list.sel(1,3)
hd-append?2 last-snoc list.exhaust rotatel-hd-tl)
also have ...=True using <adj-path (hd z) (t z)»
using <adjacent (last z) (hd z)» <z # [
by (metis adj-path.simps(2) adjacent-no-loop appendl-eq-conv
append-Nil
append-butlast-last-id list.sel(1,3) list.exhaust)
finally show ?thesis by auto
qed
moreover have adj-path (hd (rotatel z)) (i (rotatel z))
proof —
have z#£[| using «length t=p> <prime p» by auto
then obtain y ys where y=hd = ys=tl by auto
hence adj-path y ys and adjacent (last ys) y and ys#||
by (metis <adj-path (hd z) (tl ), metis <adjacent (last z) (hd z)> <y
= hd
<ys = tl x» adjacent-no-loop list.sel(1,3) last.simps last-tl list.exhaust
, metis <adjacent (last z) (hd x)» «x # [» <ys = tl > adjacent-no-loop
list.sel(1,3)
last-ConsL neq-Nil-conv)
hence adj-path (hd (rotatel z)) (tl (rotatel z))
=adj-path (hd (ysQ[y])) (t (ysQ[y]))
using «z#[]» «y=hd x» <ys=tl x> by (metis rotatel-hd-tl)
also have ...=adj-path (hd ys) ((tl ys)Q[y])
by (metis <ys # [|> hd-append tl-append2)
also have ...=True
using adj-path-app|OF <adj-path y ys» <ys#[] <adjacent (last ys) y»]
ys#[D
by (metis adj-path.simps(2) append-Cons list.sel(1,3) list.exhaust)
finally show ?thesis by auto
qed
moreover have length (rotatel z) = p using <length z=p> by auto
ultimately show rotate! xz € C (p—(1::nat)) using C p-minus-1 by auto
qged
have closure:\n z. € C (p—(1::nat))=> rotate n x €C (p—(1::nat))
proof —
fix n x assume z€C (p—(1::nat))
thus rotate n z €C (p—(1::nat))
by (induct n,auto,metis One-nat-def closurel)
qged
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obtain r where r:ir={(z,y). z€C (p—(1::nat)) A (In<p. rotate n z=y)} by
auto
have Az. z€C (p—(1::nat)) = p dvd card {y.(In<p. rotate n z=y)}
proof —
fix x assume z € C (p—(1::nat))
hence length x=p using C p-minus-1 by auto
have {y. (In<p. rotate n z=y)}= (An. rotate n x)‘ {0..<p} by auto
moreover have Anl n2. n1€{0..<p} = n2€{0..<p} = nl#n2 =
rotate nl z#rotate n2 x
proof
fix nf n2 assume nl € {0..<p} n2 € {0..<p} nl # n2 rotate nl x
= rotate n2 x
{ fix n1 n2
assume nl € {0..<p} n2 € {0..<p} rotate nl z = rotate n2 x nl>n2
obtain s:nat where sx(nl—n2) mod p=1 s>0
proof —
have n1—n2>0 and n1—n2<p
using n! € {0..<p} n2 € {0..<p}p ni>n2) by auto
with <prime p» have coprime (n1 — n2) p
by (simp add: prime-nat-iff " coprime-commute [of p])
then have Jz. [(nl — n2) * z = 1] (mod p)
by (simp add: cong-solve-coprime-nat)
then obtain s where s x (nl — n2) mod p = 1
using «prime p> prime-gt-1-nat [of p]
by (auto simp add: cong-def ac-simps)
moreover hence s>0 by (metis mod-0 mult-0 neq0-conv
zero-negq-one)
ultimately show ?thesis using that by auto
qed
have rotate (sxnl1) z=rotate (s¥n2) x
using <rotate nl1 r=rotate n2 o>
apply (induct s)
apply (auto simp add: algebra-simps)
by (metis add.commute rotate-rotate)
hence rotate (sxnl — sxn2) z= z
using rotate-diff by auto
hence rotate (sx(nl—n2)) z=z by (metis diff-mult-distrib mult.commute)
hence rotate 1 © = z using «sx(nl—n2) mod p=1> length z=p>
by (metis rotate-conv-mod)
hence rotatel r=x by auto
have hd x=hd (i ) using <prime p> <length x=p)
proof —
have length x>2 using <prime p> <length t=p> using prime-ge-2-nat
by blast
hence length (tl £)>1 by force
hence z#£[] and tl 2#[] by auto+
hence z=(hd z)#(hd (¢l z))#(tl (tl )) using hd-Cons-tl by auto
hence (hd (t z))#(tl (tl 2))Q[hd z]=(hd x)#(hd (tl z))#(tl (¢t x))
using <rotatel © = zy by (metis Cons-eq-appendl rotatel .simps(2))
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thus ?thesis by auto
qed
moreover have hd z#hd (il )
proof —
have adj-path (hd z) (tl ) using <z € C (p—(1::nat))» C by auto
moreover have length >2 using (prime p» <length x=p> using
prime-ge-2-nat by blast
hence length (tl £)>1 by force
hence tl 2#]] by force
ultimately have adjacent (hd z) (hd (tl z))
by (metis adj-path.simps(2) list.sel(1) list.exhaust)
thus ?thesis by (metis adjacent-no-loop)
qed
ultimately have Fualse by auto }
thus Fulse
by (metis <n1 € {0..<p}) «<nl # n2) «n2 € {0..<p}» <rotate nl x =
rotate n2 »
less-linear)
qed
hence inj-on (An. rotate n z) {0..<p} unfolding inj-on-def by fast
ultimately have card {y. (3n<p. rotate n z=y)}=card {0..<p} by (metis
card-image)
hence card {y. (3n<p. rotate n z=y)}=p by auto
thus p dvd card {y. (3n<p. rotate n x=y)} by auto
qed
hence VXeC (p—(1::nat)) // r. p dvd card X unfolding quotient-def Im-
age-def r by auto
moreover have refl-on (C (p — 1)) r
proof —
haver CC(p—1)x C(p—1)
proof
fix z assume zer
hence fst z€C (p — 1) and I n. snd z=rotate n (fst ) using r by
auto
moreover then obtain n where snd x=rotate n (fst ) by auto
ultimately have snd z€C (p — 1) using closure by auto
moreover have z=(fst x,snd z) using «z€r r by auto
ultimately show z € C (p — 1) x C (p — 1) using «(fst z€ C (p —

by (metis Sigmal)
qed
moreover have VzeC (p — 1). (z, z) € r

proof
fix x assume z € C (p — 1)
hence rotate 0 z € C (p — 1) using closure by auto
moreover have 0<p using <prime p> by (auto intro: prime-gt-0-nat)
ultimately have (z,rotate 0 )€ r using <z€C (p — 1 )» r by auto
moreover have rotate 0 z=x by auto
ultimately show (z,z)er by auto
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qed
ultimately show ?thesis using refl-on-def by auto
qed
moreover have sym r unfolding sym-def
proof (rule,rule,rule)
fix x y assume (z, y) € r
hence z€C (p — 1) using r by auto
hence length x=p using C p-minus-1 by auto
obtain n where n<p rotate n = y using «(z,y)€r) r by auto
hence ye C (p — 1) using closure|OF «z€ C (p — 1)] by auto
have n=0=(y, z) € r
proof —
assume n=0
hence z=y using <rotate n x=y> by auto
thus (y,z)€r using <refl-on (C (p — 1)) m <y € C (p — 1)» refl-on-def
by fast
qed
moreover have n#0 = (y,z)er
proof —
assume n#0
have rotate (p—n) y = z
proof —
have rotate (p—n) y = rotate (p—n) (rotate n x)
using <rotate n x=y» by auto
also have rotate (p—n) (rotate n z)=rotate (p—n+n) =
using rotate-rotate by auto
also have ...=rotate p x using <n<p> by auto
also have ...=rotate 0 z using <length z=p> by auto
also have ...=z by auto
finally show ?thesis .
qed
moreover have p—n<p using «n<p)> <n#0> by auto
ultimately show (y,z)€r using r <y¢ C (p — 1)) by auto
qed
ultimately show (y,z)er by auto
qed
moreover have trans v unfolding trans-def
proof (rule,rule,rule,rule,rule)
fix ¢ y z assume (z, y) € r (y, 2) € 1
hence z€C (p — 1) using r by auto
hence length z=p using C p-minus-1 by auto
obtain n! n2 where n1<p n2<p y=rotate nl x z=rotate n2 y
using 7 «(z,y)€r (y,2)Er> by auto
hence z=rotate (n2+nl1) x by (metis rotate-rotate)
hence z=rotate ((n2+nl1) mod p) z using <length z=p> by (metis
rotate-conv-mod)
moreover have (n2+4n1) mod p < p by (metis <prime p> mod-less-divisor
prime-gt-0-nat)
ultimately show (z,z)€r using «z€ C (p — 1) r by auto
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qged
moreover have finite (C (p — 1))
by (metis <card (C (p — 1)) mod p = 1+ card-eq-0-iff mod-0 zero-neg-one)
ultimately have p dvd card (C (p—(1:nat))) using equiv-imp-dvd-card
equiv-def by fast
thus card (C' (p—(1::nat))) mod p=0 by (metis dvd-eq-mod-eq-0)
qed
ultimately show Fulse by auto
qed

theorem (in valid-unSimpGraph) friendship-thm:
assumes friend-assm:\v u. v€V = ueV = v#u = 3! n. adjacent v n A
adjacent u n
and finite V
shows Jv. VneV. n#v — adjacent v n
proof —
have card V=0 = ?thesis
using <finite V)
by (metis all-not-in-conv card-seteq empty-subsetl leQ)
moreover have card V=1 = ?thesis
proof —
assume card V=1
then obtain v where V={v}
using card-eq-SucD[of V 0] by auto
hence Vne V. n=v by auto
thus Jv. VneV. n # v — adjacent v n by auto
qed
moreover have card V>2 — ?thesis
proof —
assume card V>2
hence JFve V. degree v G = 2
using ezxist-degree-two[OF friend-assm] <finite Vs by auto
thus ?thesis
using degree-two-windmill]OF friend-assm] <card V>2» «finite V> by auto
qed
ultimately show ?thesis by force
qed

end
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