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Abstract

We formalise Kleene algebra with tests (KAT) and demonic refine-
ment algebra (DRA) with tests in Isabelle/HOL. KAT is relevant for
program verification and correctness proofs in the partial correctness
setting. DRA targets similar applications in the context of total cor-
rectness. Our formalisation contains the two most important models
of these algebras: binary relations in the case of KAT and predicate
transformers in the case of DRA. In addition, we derive the inference
rules for Hoare logic in KAT and its relational model.
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1 Test Dioids

theory Test-Dioid
imports Kleene-Algebra.Dioid
begin
Tests are embedded in a weak dioid, a dioid without the right annihi-
lation and left distributivity axioms, using an operator ¢ defined by a com-
plementation operator. This allows us to use tests in weak settings, such as
Probabilistic Kleene Algebra and Demonic Refinement Algebra.

1.1 Test Monoids

class n-op =
fixes n-op :: 'a = 'a (xn - [90] 91)

class test-monoid = monoid-mult + n-op +
assumes tml [simp: nn 1 = 1
and tm2 [simpl: nx - nnzx=nl
and tm3:nz-n(nnz-nny)=nnnz -ny) -nnz-nz)

begin

definition a-zero :: ‘a (<0y) where
o=nl

abbreviation t z = nnz

definition n-add-op :: ‘a = 'a = 'a (infix]l «®> 65) where
z@y=n(nz-ny)

lemmani! - -z=n1l

(proof )

lemma z -n1 =n1l

{proof)

lemman! -z=nl=nzx-y-tz=nl=—mnzx-y=nzx-y-nz

{proof)

lemma n-t-closed [simp]: t (nz) = nz
(proof)



lemma mult-t-closed [simp]: t (nz-ny)=nz-ny
{proof)

lemma n-comm-var: n (nz-ny)=n(ny-nz
(proof )

lemma n-comm: nx-ny=ny-nc
(proof)

lemma huntington! [simp]: n (n (nnzx-ny)-n(nnz-nny)=nnzc
(proof)

lemma huntington2 [simpl: n (nz & nny)®n(nzdny) =nnz

(proof)

lemma add-assoc: nz @ (ny®nz)=nzdny) &nz
{proof)

lemma t-mult-closure: tz =2 —=ty=y=t(x-y)=z-y
(proof )

lemma n-t-compl [simp]: nx ® t z = 1
{proof)

lemma zero-least! [simp]: o ® nz =nz
{proof)

lemma zero-least2 [simp]: 0 - nz = o
{proof)

lemma zero-least3 [simp]: nz -0 = o

{proof)

lemma one-greatest! [simp]: 1 & nx = 1
{proof)

lemma one-greatest2 [simp]: nx & 1 = 1
{proof)

lemma n-add-idem [simp]: nx & nz=nx
(proof)

lemma n-mult-idem [simpl: nx - nz =nz
{proof)

lemma n-preserve [simpl: nz-ny-nr=ny-nz
(proof)



lemma n-preserve2 [simpl: nz-ny- -tz = o0
{proof)

lemma de-morgan! [simp]: n (nzx-ny) =tz dty
(proof)

lemma de-morgang [simp]: n (tz @ ty)=nz-ny
(proof )

lemma n-absorbl [simp]: nx @ nz-ny=nc
(proof)

lemma n-absorb2 [simp]: nx - (nx & ny)=nzx
{proof)

lemma n-distribl: nx - (ny ®nz)=(nz-ny) ®(nz-nz
(proof)

lemma n-distribl-opp: (nz ® ny) -nz =(nz-nz)d(ny-nz)
{proof)

lemma n-distrib2: nx ®ny -nz=(nz®nvy) (nz®n2)
(proof)

lemma n-distrib2-opp: nz -ny®nz=(nzd®nz) -  (nydnz)
(proof)

definition ts-ord :: 'a = 'a = bool (infix <C) 50) where
zCy=(nz-ny=ny)

lemma ts-ord-alt: nz Eny<+—nxdny=ny
(proof )

lemma ts-ord-refl: n x C n x
(proof)

lemma ts-ord-trans: nzt CEny=nyCnz=nzCnz
(proof)

lemma ts-ord-antisym: nc Cny = nyLns = nz=ny
(proof )

lemma ts-ord-mult-isol: nz Cny = mnz-nzCnz-ny

(proof)

lemma ts-ord-mult-isor- nz Cny=—nx-nzCny-nz

(proof)

lemma ts-ord-add-isol: nc Cny=—=nz@énzLCnzdny



{proof)

lemma ts-ord-add-isor:nx Cny=—=nz®nzCnydnz

{proof)

lemma ts-ord-anti: nz T ny =ty C tz
{proof )

lemma ts-ord-anti-iff: nz Eny+—tyCtx
(proof )

lemma zero-ts-ord: o & n x
(proof)

lemma n-subid: n xz C 1
(proof )

lemma n-mult-lbl1: nx - nyCnax
(proof)

lemma n-mult-lb2: nz-nyCny
(proof)

lemma n-mult-glbI: n 2Cnx=— nzCny=—nzCnzx- -ny
(proof)

lemma n-mult-glb: nzCnxAnzECny+<—nzCnz-ny
(proof)

lemma n-add-ubl: nzx Cnx ®ny

(proof)

lemma n-add-ub2: nyCnax @& ny
{proof )

lemma n-add-lubl: nx Cnz=—=nyCnz=—=nxdnyLnz
(proof)

lemma n-add-lub: nz CnzAnyCnz<—nz®nyLnz
(proof)

lemma n-galoisl: nz Cnydnz+—nzc-tyCnz

(proof)

lemma n-galois2: nxc Cty®nz<—nz-nylLnz
(proof )

lemma n-distrib-alt: nxz -nz=ny -nz=nzxd®nz=nyd®nz=— nzx =
ny



(proof)

lemma n-dist-varl: (nz @ ny) - (tzdnz)=tz-nydnz-nz

(proof)

lemma n-dist-var2: n (nz-ny®tz-nz)=nzx-tydtx- -tz
(proof)

end

1.2 Test Near-Semirings

class test-near-semiring-zerol = ab-near-semiring-one-zerol + n-op + plus-ord +
assumes test-one [simp]: nn 1 = 1
and test-mult [simp]: nn (nz-ny)=nz-ny
and test-mult-comp [simp]: nz - nnzx =0
and test-de-morgan [simp]: n (nnz-nny)=nz+ny

begin

lemma n-zero [simp]: n 0 = 1
(proof)

lemma n-one [simp]: n 1 = 0

(proof)

lemma one-idem [simp]: 1 + 1 = 1
(proof)

subclass near-dioid-one-zerol

(proof)

lemma t-n-closed [simp]: nn (nz) =nx
(proof)

lemma t-de-morgan-varl [simp]: n (nz-ny)=nnz+nny
{proof)

lemma n-mult-comm: nz-ny=ny-ncx

(proof)

lemma tm8nz-n(nnz-nny)=nnnz-ny) -n(nz-nz))
(proof)

subclass test-monoid

(proof)

lemma ord-transl [simp]: nz < ny<+—nzCny
(proof )



lemma add-transl [simp]: nz + ny=nz®ny
(proof )

lemma zero-trans: 0 = o
(proof )

definition test :: ‘a = bool where
lestp=tp=p

notation n-op («!-» [101] 100)

lemma test-prop: (Vz. test  — P z) «— (Vz. P (t x))
{proof)

lemma test-propl: test t = P 1z = P (t x)
(proof)

lemma test-propE [elim!]: test t = P (tz) = Pz
{proof)

lemma test-comp-closed [simp]: test p => test (Ip)
(proof)

lemma test-double-comp-var: test p = p = |(Ip)
(proof )

lemma test-mult-closed: test p = test ¢ = test (p - q)
(proof )

lemma t-add-closed [simp]: t (nx + ny)=nz+ny
{proof)

lemma test-add-closed: test p = test ¢ = test (p + q)
(proof )

lemma test-mult-comm-var: test p —> test q —= p - q=¢q - p
(proof)

lemma t-zero [simp]: t 0 = 0
{proof)

lemma test-zero-var: test 0
(proof )

lemma test-one-var: test 1

(proof)

lemma test-preserve: testp =>testq = p-q-p=q-p



{proof)

lemma test-preserve2: test p = test q = p - q-lp =10
(proof )

lemma n-subid” nz < 1
(proof)

lemma test-subid: test p = p < 1
(proof)

lemma test-mult-idem-var [simp]: test p = p - p=1p
(proof )

lemma n-add-comp [simp]: nz + tz = 1
(proof)

lemma n-add-comp-var [simp]: t © + nz = 1
{proof)

lemma test-add-comp [simp]: test p = p + lp = 1
(proof)

lemma test-comp-mult! [simp): test p = p - p = 0
(proof )

lemma test-comp-mult2 [simp): testp = p - Ip = 0
(proof )

lemma test-comp: test p —> dq. test g Ap+q=1ANp-q=10
(proof)

lemma n-absorbl’ [simp]: nz + nz-ny=nz
{proof)

lemma test-absorbl [simp]: test p = test q = p+p-q=1p
(proof)

lemma n-absorb2’ [simpl: nz - (nz +ny) =nz
{proof)

lemma test-absorb2: test p => test q = p - (p + q) = p
(proof )

lemma n-distrib-left: nz - (ny+nz)=(nz-ny)+ (nz-nz

(proof)

lemma test-distrib-left: test p = test q = testr = p-(¢g+r)=p-q¢+p-



{proof)

lemma de-morganl’: test p = test ¢ = Ip + lg = (p - q)
(proof )

lemma n-de-morgan-var2 [simp]: n (nxz +ny) =tz -ty
{proof)

lemma n-de-morgan-var3 [simp]: n (tx +ty) =nz-ny
(proof )

lemma de-morgan2: test p = test ¢ = lp - l¢g = (p + q)
(proof )

lemma de-morgan3: test p => test ¢ = (!p + 1q) = p - ¢
(proof)

lemma de-morgan’: test p = test g = (Ip - lq9) = p + ¢
(proof )

lemma n-add-distr: nz + (ny-nz)=(mnz+ny)  (nzx+n =2
(proof)

lemma test-add-distr: test p = test = testr = p+q-r=(p+¢q) - (p +
r)

{proof)

lemma n-add-distl: (nz -ny)+nz=(mz+nz) - (ny+ n2)
{proof)

lemma test-add-distl-var: test p = test ¢ = testr = p-q+r=(p+ 1) -
(¢ +7)
(proof)

lemma n-ord-def-alt: nx < ny+—nzx-ny=nc
(proof )

lemma test-leg-mult-def-var: test p => test q = p < q+—p-q=1p
(proof)

lemma n-anti: nx < ny=—=ty<tzc
(proof)

lemma n-anti-iff: nz < ny+—ty<tzx
(proof)

lemma test-comp-anti-iff: test p = test q = p < ¢ «— g < lp

{proof)



lemma n-restrictl: nz -y <y
{proof)

lemma test-restrictl: testp — p -z < x
(proof)

lemma n-mult-b1" nz-ny <nzx
(proof)

lemma test-mult-1b1: test p = test g = p - ¢ < p
(proof )

lemma n-mult-Ib2": nz - ny <ny

(proof)

lemma test-mult-1b2: test p = test ¢ = p - ¢ < ¢q
(proof)

lemma n-mult-glbl= nz2<nz= nz<ny=nz<nz-ny
(proof )

lemma test-mult-glbl: test p = test q = testr = p < g = p < r = p <
qg-r
(proof)

lemma n-mult-glb" nz<nzAnz<ny<+—snz<nz-ny
(proof)

lemma test-mult-glb: test p = test g = testr = p < gAp<r<—p<gq-
r

(proof)

lemma n-galoisl" nz <ny+nz+—nz-ty<nz
(proof)

lemma test-galoisl: test p => test = testr = p< q+r+—p-l¢g<r
(proof)

lemma n-galois2 - nzx <ty+nz<—nz-ny<nz
(proof )

lemma test-galois2: test p = test ¢ = testr = p <l¢g+r+— p-q
(proof )

IN
-

lemma n-huntington2: n (nz +ty) +n(nzx+ny) =nnz

(proof)

lemma test-huntington2: test p = test g = (p + q¢) + (p + '¢) = !p
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(proof)

lemma n-kat-I-opp: nx -y -nz=y -nz+—trx-y-nz=70

(proof)

lemma test-eq): test p = test q = p -z -lgq=z-lg+—p-z-l¢g=10
(proof )

lemma n-kat-1-var: tzc-y-tz=y-tz<—nc-y-tz=20
(proof )

lemma test-kat-1: testp = test q = p-z-q=x-q+—p-x-q=10
(proof)

lemma n-kat-21-opp: y - nz<nr-y=—mnzc-y-nz=y-nz

(proof)

lemma test-kat-21-opp: testp =>testq = x-q<p-x —p-T-q=2-(q
(proof)

lemma nz-y-nz=y-nz=y-nz<nzc-y

(proof)

lemma n-distrib-alt: nz -nz=ny-nz=nc+nz=ny+nz=—nz
:ny
(proof )

lemma test-distrib-alt: test p => test q = testr = p-r=q-rAp+1r =g
+r—p=4q
(proof )

lemma n-eqgi:nz-y<zAtzx-y<z+—y<z

(proof)

lemma test-eql: testp =y <z +—p-y<zAlp-y<z
(proof)

lemma n-dist-varl” (nz+ny) - (tz+nz)=tzx-ny+nz-nz

(proof)
lemma test-dist-varl: test p = test q = testr = (p+ q) - (lp+r)=1p- ¢
+p-r

(proof)

lemma n-dist-var2=n (nz-ny+tz-nz)=nz-ty+tx- -tz
(proof)

lemma test-dist-var2: test p = test g = testr = (p-q+p-1r)=(p-lq
+I!p-1r)
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{proof)

lemma test-restrictr: test p =—= z - p < z

{proof)

lemma test-eq2: test p —= 2 <p-z+lp-y+—p-2<p-zAlp-2<lp-y
(proof )

lemma test-eq3: test p; test ) = p-z=p-z-qg+—p-z<z-q

(proof)

lemma testl: [test p;testq;p-z-lq=0]=p-z2=p -2-q
(proof)

lemma [test p; test ¢; z - lg=1p-z -l =p-z2=p- -2 ¢

(proof)

lemma comm-add: [test p; p-x = z-p; py = yp] = p(z+y) = (x + y)p
(proof )

lemma comm-add-var: [test p; test q; test r; p-x = z-p; pry = y-p] = p-(¢z +
ry) = (¢ + ry)p
(proof)

lemmatestp—=p - z=z-p=p-z=p-x-pAlp-z=Ip-z-lp

(proof)

lemma test-distrib: [test p; test q) = (p + ¢)-(¢-y + '¢x) = ¢y + lgpz
(proof )

end

1.3 Test Near Semirings with Distributive Tests

We now make the assumption that tests distribute over finite sums of ar-
bitrary elements from the left. This can be justified in models such as
multirelations and probabilistic predicate transformers.

class test-near-semiring-zerol-distrib = test-near-semiring-zerol +
assumes n-left-distrib: nz - (y +2) =nz-y+nz-z

begin

lemma n-left-distrib-var: testp = p-(z+y)=p-z+p-y
(proof )

lemma n-mult-left-iso: x < y=—=nz-x<nz-y
(proof)

lemma test-mult-isol: test p = s < y=p-2<p-y

12



{proof)

lemma testp =z -p <z
(proof )

lemma [test p;testq) = p-z=p -z -q«—p-z<z-¢q
(proof )

lemma [test p; test ¢; p-z-l¢q=0]=p-z=p-z-¢q
(proof)

lemma [test p; test ¢; z - lq=1p-z-lYqf = p-z2=p-z-q
(proof )

Next, we study tests with commutativity conditions.

lemma comm-add: testp — p-z =2z -p=— p-y=y-p—p-(z+y) =
(x+y) - p
(proof)

lemma comm-add-var: test p = test ¢ = testr = p-z =z -p=—p- -y =
yp=rp-(g-z+r-y=(@ z+r-y- p
(proof )

lemma test-distrib: test p = test q = (p+q) - (¢ -y +!l¢-z)=q-y+lqg-
p-z
(proof)

end

1.4 Test Predioids

The following class is relevant for probabilistic Kleene algebras.

class test-pre-dioid-zerol = test-near-semiring-zerol-distrib 4+ pre-dioid
begin

lemma n-restrictr: x - ny < z
{proof )

lemma test-restrictr: test p —= ¢ - p < x
(proof )

lemma n-kat-2:nzx-y=nz-y-nz+—>nzc-y<y-nz
(proof)

lemma test-kat-2: testp = test q — p-c=p-x-q+—>p-x<1T-q
(proof )

lemma n-kat-2-opp: y -nz=nz-y-nz+—>y-nz<nc-y

13



{proof)

lemma test-kat-2-opp: testp = testq = -q =p-2z-q<+—2-¢q<p-x
{proof)

lemma [test p; test q; p-x-lqg = 0] = p-x = p-aq
(proof)

lemma [test p; test ¢; z-lq = p-z-lq] = p-x = p-a-q

(proof)

lemma [test p; test ¢ = z-(p+q) <z-p+2z-9¢q
(proof)

end

The following class is relevant for Demonic Refinement Algebras.

class test-semiring-zerol = test-near-semiring-zerol + semiring-one-zerol
begin
subclass dioid-one-zerol (proof)

subclass test-pre-dioid-zerol

(proof)

lemma n-kat-31:nz-y-tz=0=—nzx-y-nz=nzc-y
(proof)

lemma test-kat-31: testp = test q = p-z-l¢q=0=—p-z=p-2-q

(proof)

lemma n-kat-var: tz-y-tz=y-tz=nzx-y-nz=nx-y
(proof )

lemma testl-var: testp = test q =z -lq=!p-z-l¢q=p-z=p-2-¢q
(proof)

lemma [test p; test q; p-z-lqg = 0] = p-x-q =0
(proof )

lemma [test p; test q; p-x = p-a-q] = z-lq = p-z-lq
(proof )

lemma [test p; test ¢; p-x = p-ax-q] = palqg=0
(proof)

lemma [test p; test ¢; p-x = pa-q] = pz-g=0
(proof )
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lemma [test p; test ¢; z-lq = p-z-lq] = p-z-q =0

{proof)

lemma [test p; test ¢; lp-z-qg = 0] = p-x = p-aq

(proof)

lemma [test p; test ¢; !p-z-qg = 0] = z-lq = Ip-a-lq

{proof)

lemma [test p; test ¢; lp-z-q = 0] = p-z-lg =10
(proof)

lemmatestp=—=p -z=p-z-pAlp-z=lp-z-lp=p-2=2z-p

(proof)

end

1.5 Test Semirings
The following class is relevant for Kleene Algebra with Tests.
class test-semiring = test-semiring-zerol + semiring-one-zero

begin

lemma n-kat-1:nx-y-tz=0+—nx -y -nz=nzc-y
{proof )

lemma test-kat-1" test p = testq—=—=p-z-lq=0+—p-z= p-2-q
(proof)

lemma n-kat-3:nz-y-tz=0+—nz-y<y- -nz
{proof)

lemma test-kat-3: testp = test q — p-x-lq=0<+—p-z<2z-q
(proof )

lemma n-kat-prop: nz -y -nz=nzc-y<+—tx-y-tz=y- -tz

{proof )
lemma test-kat-prop: test p = testq — p-z=p-x-q +—x-lgq=Ip- -z
. !q

(proof )

lemma n-kat-S-opp: tz -y -nz=0+—y-nz<nzx-y
(proof)

lemma kat-1-var: nz -y -nz=y -nz+—y-nz<nzx-y
(proof)

15



lemma [test p; test q] = (p-z-l¢ = 0) = (p-z-q = 0)
{proof)

lemmanz-y+tx-z=nz-yVnzrx-y+tx-z=tzc-z
(proof )
end

end

2 Pre-Conway Algebra with Tests

theory Conway-Tests
imports Kleene-Algebra. Conway Test-Dioid

begin

class near-conway-zerol-tests = near-conway-zerol + test-near-semiring-zerol-distrib

begin

lemma n-preservel-var: nz -y <nz-y-nzx=nz-(nz-y+tz-2) <
(nz-y)f-nz

(proof)

lemma test-preservel-var: testp =>p-s<p-x-p=p-(p-z+!p -yt <

(p-x)f - p
(proof )

end
class test-pre-conway = pre-conway + test-pre-dioid-zerol
begin

subclass near-conway-zerol-tests
{proof )

lemma test-preserve: testp = p-z<p-x-p = p - ot = (p - x)T - D
(proof )

lemma test-preservel: testp =>p-z<p-z-p=p-(p-z+p- -y =(p-

Z)T -p

(proof )

lemma test-preserve2: testp =>p -z -p=p-z=p-(p-z+p-y)! <af
(proof)

16



end

end

3 Kleene Algebra with Tests

theory KAT
imports Kleene-Algebra.Kleene-Algebra Conway-Tests
begin
First, we study left Kleene algebras with tests which also have only a left
zero. These structures can be expanded to demonic refinement algebras.

class left-kat-zerol = left-kleene-algebra-zerol + test-semiring-zerol
begin

lemma star-n-ezportl: (nz - y)* - nz < nx-y*
(proof )

lemma star-test-exportl: testp = (p - x)* - p < p - z*
(proof )

lemma star-n-export2: (nz - y)* -nzx <y -nz

(proof) -

*

lemma star-test-export2: testp — (p - 2)* - p < z
(proof )

©p

lemma star-n-export-left: ¢ -ny<ny-z=a*-ny=ny-(x - ny*

(proof)

lemma star-test-export-left: testp =z -p<p-xz—z*-p=p- (z-p)*
(proof )

lemma star-n-export-right: t -ny<ny-z= 22" -ny=(ny-2)* -ny
(proof)

lemma star-test-export-right: test p =z -p<p-z — 2" -p=(p-z)* - p
(proof )
lemma star-n-folk: nz -z =z -nz=nz-y=y-nz=(nz-z+tz-y*
nz=mnz-(nz- )
(proof)
lemma star-test-folk: testp —=p-z=2-p—p-y=y-p— (p-z+!p-
v p=p- (p-a)
(proof)

end

17



class kat-zerol = kleene-algebra-zerol + test-semiring-zerol
begin

sublocale conway: near-conway-zerol-tests star (proof)

lemma n-star-sim-right: ny -z =2 -ny=ny-z*=(ny-z)*-ny
(proof )

lemma star-sim-right: testp = p-x =z -p—p-2*=(p-2)* - p
(proof )

lemma n-star-sim-left: ny -z =2z -ny=ny-z*=ny- (z ny*
(proof )

*

lemma star-sim-left: testp = p-x =z -p—p-2*=p- (x - p)
(proof)

lemma n-comm-star:nz -z =z -nz=— nz-y=y -nz=—mnz-z-(nz-
Yy =nz-z-y*

(proof)

lemma comm-star: testp = p-z=z-p— p-y=y-p—p-z-(p-y*
=p-z-y

(proof )

lemma n-star-sim-right-var: ny -z =2z -ny= 2" -ny=ny- (z - ny*
(proof)

lemma star-sim-right-var: testp = p-z =z -p — az*-p=p- (x - p)*
(proof )

end
Finally, we define Kleene algebra with tests.

class kat = kleene-algebra + test-semiring
begin

sublocale conway: test-pre-conway star (proof)
end

end

4 Demonic Refinement Algebra with Tests

theory DRAT
imports KAT Kleene-Algebra. DRA
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begin

In this section, we define demonic refinement algebras with tests and
prove the most important theorems from the literature. In this context,
tests are also known as guards.
class drat = dra + test-semiring-zerol

begin

subclass kat-zerol (proof)

An assertion is a mapping from a guard to a subset similar to tests, but
it aborts if the predicate does not hold.

definition assertion :: 'a = ‘a (<-°> [101] 100) where
testp = p° =Ip-T + 1

lemma asg: [test p; test q) = ¢ < 1 N1 < p°
(proof)

lemma assertion-isol: test p = y < p°z +— py < x

{(proof)

lemma assertion-isor: test p = y < z-p «— y-p° < z

(proof)

lemma assertion-iso: [test p; test ¢ = z-¢° < p°-x +— px < 2-q
(proof)

lemma total-correctness: [test p; test ¢ = p-alg = 0 +— zlqg < Ip-T
(proof)

lemma test-iteration-sim: [test p; p-z < z-p] = p-a™° < °p
(proof)

lemma test-iteration-annir: test p = lp-(p-x)>* = Ip
(proof )
Next we give an example of a program transformation from von Wright [5].

lemma loop-refinement: [test p; test ¢ = (p-z)>°-!p < (p-q-x)>(p-q)-(p-x)>=-p
(proof)

Finally, we prove different versions of Back’s atomicity refinement theo-
rem for action systems.

lemma atom-stepl: r-b < b-r = (a + b + 1) = b>®-r>®-(a-b>.r>)>

{proof)

lemma atom-step2:
assumes s = s-q ¢-b=0rq < qgrql <lqr™® =r*testq
shows §:1°°-5°-7°.¢-(a-b>-r°°-q)®° < §1°-r>-(a-b>-q-r>°)>
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(proof)

lemma atom-step3:
assumes 7l < l-ral < l-a bl <1bql<Ilqb® =0b"
shows 1°°:7%%-(a-0>¢-7>)> = (a:b-q + | + 1)

(proof)
This is Back’s atomicity refinement theorem, as specified by von Wright [5].

theorem atom-ref-back:
assumes s = s-q a = q-a ¢-b =0
rb<brril<lrrq<qgr
al < labl<Ilbqgl<lyq
r® = r* b> = b* test q
shows s(a + b+ r + 1)®q < s(ab®q+ r+ )™
(proof)

This variant is due to Hofner, Struth and Sutcliffe [2].

theorem atom-ref-back-struth:
assumes s < s-qa < ¢a ¢-b= 0
rb < brrqg<gqr
(a+r+bl<l(a+r+0b)qgl<lg
re* =r*q¢g< 1
shows s:(a + b+ r + 1)®q < s(ab®q+ r+ )™
(proof)

Finally, we prove Cohen’s [1] variation of the atomicity refinement the-
orem.

lemma atom-ref-cohen:
assumes r-p-y < yrypl < lyrpl <lr
prlp=0pllp=0I!plp=20
y0=0r0=0testp
shows (y + 1 + ) = (p1)*(y + Ipl + r!p)>(rp)>

(proof)
end

end

5 Models for Demonic Refinement Algebra with
Tests
theory DRA-Models

imports DRAT
begin

We formalise the predicate transformer model of demonic refinement al-
gebra. Predicate transformers are formalised as strict and additive functions
over a field of sets, or alternatively as costrict and multiplicative functions.
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In the future, this should be merged with Preoteasa’s more abstract formal-
isation [4].

no-notation
plus (infixl <+» 65) and
less-eq (</(<’)y) and
less-eq («(<notation=<infix <»-/ < -)» [51, 51] 50)

notation comp (infixl > 55)

type-synonym ’a bfun = 'a set = ’'a set
Definitions of signature:

definition top :: ‘a bfun where top = Ax. UNIV
definition bot :: ‘a bfun where bot = Az. {}
definition adjoint :: ‘a bfun = 'a bfun where adjoint f = (Ap. — f (—p))

definition fun-inter :: ‘a bfun = 'a bfun = 'a bfun (infix M 51) where
fMg=Xp. fpnygp

definition fun-union :: ‘a bfun = 'a bfun = ’a bfun (infix <+ 52) where
fHg=Xdp.fpUgp

definition fun-order :: 'a bfun = 'a bfun = bool (infix «<» 50) where
f<g=Vp. fpSygp

definition fun-strict-order :: ‘a bfun = 'a bfun = bool (infix «<.» 50) where
f<g9g=f<gnf#y

definition N :: ‘a bfun = 'a bfun where
N f = ((adjoint f o bot) M id)

lemma top-mazx: f < top
(proof )

lemma bot-min: bot < f
(proof )

lemma oder-def: fMg=f= f<g

(proof)

lemma order-def-var: f < g = fNg=f
(proof )

lemma adjoint-idem [simpl: adjoint (adjoint f) = f
(proof )

lemma adjoint-prop1[simpl: (f o top) M (adjoint f o bot) = bot
(proof )
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lemma adjoint-prop2[simp]: (f o top) + (adjoint f o bot) = top
{proof)

lemma adjoint-mult: adjoint (f o g) = adjoint f o adjoint g
(proof )

lemma adjoint-top[simp]: adjoint top = bot
(proof )

lemma N-compl: (N (Nf)) + Nf=id
(proof )

lemma N-comp2: (N (N f)) o N f = bot
{proof)

lemma N-comp3: N fo (N (N f)) = bot
(proof)

lemma N-de-morgan: N (Nf) o N (Ng)=N (Nf)n N (N g)
{proof)

lemma conj-pred-auz [simp]: Ap. xp U yp) =y =Vp.z2p Cyp
(proof)

Next, we define a type for conjuctive or multiplicative predicate trans-
formers.

typedef ‘a bool-op = {f::'a bfun. (Vg h. monof Nfog+ foh=fo(g+h)A
bot o f = bot)}
(proof )

setup-lifting type-definition-bool-op

Conjuctive predicate transformers form a dioid with tests without right
annihilator.

instantiation bool-op :: (type) dioid-one-zerol
begin

lift-definition less-eq-bool-op :: 'a bool-op = 'a bool-op = bool is fun-order
(proof)

lift-definition less-bool-op :: 'a bool-op = 'a bool-op = bool is (<.) (proof)

lift-definition zero-bool-op :: 'a bool-op is bot

(proof)

lift-definition one-bool-op :: 'a bool-op is id

(proof)

lift-definition times-bool-op :: 'a bool-op = 'a bool-op = 'a bool-op is (o)

(proof)
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lift-definition plus-bool-op :: 'a bool-op = 'a bool-op = 'a bool-op is (+)
(proof)

instance

(proof)

end

instantiation bool-op :: (type) test-semiring-zerol
begin
lift-definition n-op-bool-op :: 'a bool-op = 'a bool-op is N
(proo)

instance

(proof)

end

definition fun-star :: 'a bfun = ’a bfun where
fun-star f = Ilfp (A\r. for + id)

definition fun-iteration :: ‘a bfun = 'a bfun where
fun-iteration f = gfp (Ag. fo g + id)

Verifying the iteration laws is left for future work. This could be obtained
by integrating Preoteasa’s approach [4].

end

6 Models for Kleene Algebra with Tests

theory KAT-Models
imports Kleene-Algebra.Kleene-Algebra-Models KAT
begin

We show that binary relations under the obvious definitions form a
Kleene algebra with tests.

interpretation rel-dioid-tests: test-semiring (U) (O) Id {} (C) (C) Az. Id N ( —
z)
(proof)

interpretation rel-kat: kat (U) (O) Id {} (C) (C) rtrancl Az. Id N ( — z)
(proof)
typedef ‘a relation = UNIV::’a rel set (proof)

setup-lifting type-definition-relation
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instantiation relation :: (type) kat
begin

lift-definition n-op-relation :: 'a relation = 'a relation is Az. Id N ( — z) {proof)
lift-definition zero-relation :: 'a relation is {} (proof)

lift-definition star-relation :: 'a relation = 'a relation is rtrancl (proof)
lift-definition less-eg-relation :: 'a relation = 'a relation = bool is (C) (proof)
lift-definition less-relation :: 'a relation = 'a relation = bool is (C) (proof)
lift-definition one-relation :: 'a relation is Id (proof)

lift-definition times-relation :: 'a relation = 'a relation = 'a relation is (O)

(proof)

lift-definition plus-relation :: 'a relation = ’a relation = ’'a relation is (V)
(proof )

instance
(proof)

end

end

7 Transformation Theorem for while Loops

theory FolkTheorem
imports Conway-Tests KAT DRAT
begin
We prove Kozen’s transformation theorem for while loops [3] in a weak
setting that unifies previous proofs in Kleene algebra with tests, demonic
refinement algebras and a variant of probabilistic Kleene algebra.

context test-pre-conway
begin

abbreviation pres :: ‘a = ‘a = bool where
presTY=y -Tr =19y Ty

lemma pres-comp: pres y z = pres & z = pres (¢ - y) 2z

(proof)

lemma test-presl: test p = test ¢ = pres p q
(proof )

lemma test-pres2: test p = test ¢ = pres © ¢ = pres (p - ) ¢
(proof )

lemma cond-helperi:
assumes test p and pres z p
showsp-(p-z+p-y)f-(p-2+p-w)=p- a2
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(proof)

lemma cond-helper2:

assumes test p and pres y (Ip)
shows!p-(p-z+p-t-(p-2+p-w=p- -y - w
(proof)

lemma cond-distr-var:

assumes test p and test ¢ and test r

shows (¢ -p+7r-Ip)-(p-z+lp-y)y=q¢g-p-z+7r-lp-y
(proof)

lemma cond-distr:
assumes test p and test ¢ and test r
shows (p-q+!p-r)-(p-z+'p-y)y=p-qg-o+lp-r-y
(proof )

theorem conditional:

assumes test p and test ¢ and test r1 and test r2

and pres x1 q and pres yI ¢q and pres 22 (1q) and pres y2 (1q)

shows (p-qg+1!p-1q) - (¢g-zl +1qg-22)  ((¢g-r1 +'q-7r2)-(q¢-yl +!q-
y2)t - Wg- 11 +1q-12) =

(p-q+'p-lg)-(p-at-(r1 -yt - Irt +1p- 22 (r2 - y2) - 1r2)

(proof)

theorem nested-loops:
assumes test p and test g
showsp-z-((p+¢) - (¢-y+lg-2) - lp+a+p=0@ -z (¢-y"-
)t !
q p
(proof)

lemma postcomputation:

assumes test p and pres y (Ip)

shows lp -y +p-(p-o-(p-y+p) lp=(p-2)"lp-y
(proof)

lemma composition-helper:

assumes test p and test g

and pres x p

shows p - (¢- ) -lg-p=p-(¢-2)7 g
(proof)

theorem composition:
assumes test p and test q
and pres y p and pres y (Ip)
shows (p-2)' -1p-(¢- o) - lg=tp-(¢- ) - lg+p-(p-z-(p-(¢-9)-
lg+p)t - 1p
(proof )

end
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Kleene algebras with tests form pre-Conway algebras, therefore the trans-
formation theorem is valid for KAT as well.

sublocale kat C pre-conway star {proof)

Demonic refinement algebras form pre-Conway algebras, therefore the
transformation theorem is valid for DRA as well.

sublocale drat C pre-conway strong-iteration
(proof )

We do not currently consider an expansion of probabilistic Kleene alge-
bra.

end

8 Propositional Hoare Logic

theory PHL-KAT
imports KAT Kleene-Algebra. PHL-KA
begin

We define a class of pre-dioids with notions of assertions, tests and iter-
ation. The above rules of PHL are derivable in that class.
class at-pre-dioid = pre-dioid-one +
fixes alpha :: 'a = 'a (‘)
and tau = 'a = 'a (1)
assumes at-pres: o T - TY< TY- QT TY
and as-left-supdistl: a x - (y + z) <az-y+az- 2z

begin

Only the conditional and the iteration rule need to be considered (in
addition to the export laws. In this context, they no longer depend on
external assumptions. The other ones do not depend on any assumptions
anyway.
lemma at-phl-cond:
assumes a4 -7V -r<zx-zandau-Tw- -y<y-z
showsau-(tv-z+7w-y) <(tTv-z2+7wWw-Y) - 2

(proof )

lemma ht-at-phl-cond:
assumes {a v - 7 o} z {2z} and {a u - T w} y {2}
shows {a ul} (1 v- 2+ 7 w-y) {z}

(proof)

lemma ht-at-phl-exportl:

assumes {a z - 7 y} z {uw}

shows {a z} 7y - z {w}
(proof )
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lemma ht-at-phl-export2:

assumes {zf} y Ja 2z}

shows {z}} y - 7 w {a 2z - 7 w}
(proof )

end

class at-it-pre-dioid = at-pre-dioid + it-pre-dioid
begin

lemma at-phl-while:

assumes a p - TS - < T -ap
showsap- (it (rs-z)-7Tw) <it(rs-z)-Tw-(ap- 7w
{proof)

lemma ht-at-phl-while:

assumes {a p - 7 s} = {a p}

shows {a p} it (1s-z)-7Twiap- 1w}
{proof)

end

The following statements show that pre-Conway algebras, Kleene alge-
bras with tests and demonic refinement algebras form pre-dioids with test
and assertions. This automatically generates propositional Hoare logics for
these structures.

sublocale test-pre-dioid-zerol < phl: at-pre-dioid where alpha = t and tau =t

(proof)

sublocale test-pre-conway < phl: at-it-pre-dioid where alpha = t and tau = t
and it = dagger {proof)

sublocale kat-zerol < phl: at-it-pre-dioid where alpha = t and tau = t and it
= star (proof)

context test-pre-dioid-zerol begin

abbreviation if-then-else :: '‘a = ‘a = 'a = 'a (if - then - else - fiy [64,64,64]
63) where
ifpthenzelseyfi=(p-z+!p-y)

lemma phi-n-cond:
{nv-nwle{zf ={nv-twpy{zf = {novfnw-z+tw-y{zf
(proof)

lemma phi-test-cond:
assumes test p and test b

and {p - b} = {q} and {p - !0} vy {q}
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shows {p}} b- 2z + !0 -y {qf}
{proof)

lemma phl-cond-syntaz:
assumes test p and test b

and {p - b} = {q} and {p - !0} y {q}
shows {p}} if b then z else y fi {q}

{proof)

lemma phl-cond-syntaz-iff:

assumes test p and test b

shows {p - b} = {q} A {p - 10} y {a} «— {p} if b then z else y fi {qft
(proof)

end

context test-pre-conway
begin

lemma phl-n-while:
assumes {nz - ny} z {n z}
shows {nz} (ny-2) - ty{nz- ty}
{proof)

end

context kat-zerol
begin

abbreviation while :: '/a = 'a = 'a (<while - do - od> [64,64] 63) where
while b do x od = (b - 2)* - b

lemma phi-n-while:
assumes {n z - ny} z {n z}
shows {nzf}} (ny-2)* -ty {nz-ty}
{proof)

lemma phl-test-while:
assumes test p and test b
and {p - b} = {p}
shows {p} (b - 2)* - 1b {p - 18]}
(proof )

lemma phi-while-syntax:
assumes test p and test b and {p - b} = {p[}
shows {pl} while b do x od {p - b}

(proof)

end
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lemma (in kat) testp = p -z <z*-p=p-x<z-p
{proof)

lemma (in kat) testp = testb —=p- (b-2)* -0 <(b-z)*-lb-p-lb=1p
.b.l‘éx.p
(proof)

lemma (in kat) testp = testq— p-z-y<z-y-q=3r. testr Ap-x
<z-rAr-y <y-q)

(proof)

lemma (in kat) test p = test q = p-z-y-lgq=0=3r. testr AN p-x-
lr=0A7r-y-l¢g=20)
(proof)
The following facts should be moved. They show that the rules of Hoare
logic based on Tarlecki triples are invertible.
abbreviation (in near-dioid) tt :: ‘a = 'a = 'a = bool («(-)-(-)>) where
(z)y (=2 -y <2

lemma (in near-dioid-one) tt-skip: (p)) 1 (p)
(proof)

lemma (in near-dioid) tt-cons1: (3¢’ (p) = (¢') A ¢'< q) «— (p) = (q)
{proof )

lemma (in near-dioid) tt-cons2: (3p’. (p') = (g) A p < p') «— (p) = (q)
{proof)

lemma (in near-dioid) tt-seq: (3r. (p) = (r) A (r) v (q)) «— () = - v (q)
{proof)

lemma (in dioid) tt-cond: (p - v) z (g) A (p - w) v (q) «— (p) (v -z + w -

y)(q)

{proof)

lemma (in kleene-algebra) tt-while: w < 1 = (p - v) = (p) = (p) (v-2)* - w

(p)

(proof)

The converse implication can be refuted. The situation is similar to the
ht case.

lemma (in kat) tt-while: test v = (p)) (v - 2)* - v (p) = (p - v) = (p)
(proof)
lemma (in kat) tt-while: test v = (p)) (v - 2)* (p) = (p - v) = (p)
(proof)
Perhaps this holds with possibly infinite loops in DRA...
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wlp in KAT

lemma (in kat) test y = (3 z. test z A z -z - ly = 0)
{proof)

end

9 Propositional Hoare Logic

theory PHL-DRAT
imports DRAT Kleene-Algebra.PHL-DRA PHL-KAT
begin

sublocale drat < phl: at-it-pre-dioid where alpha = t and tau = t and it =
strong-iteration (proof)

context drat
begin

no-notation while (<while - do - od> [64,64] 63)

abbreviation while :: 'a = 'a = 'a (<while - do - od> [64,64] 63) where
while b do x od = (b - ) - 1b

lemma phl-n-while:
assumes {nz - ny} z {n z}
shows {nzf} (ny-2)*® -ty {nz-ty}
{proof)

lemma phl-test-while:
assumes test p and test b
and {p - b} = {p}
shows {p} (b - )= - 1b {p - b}
(proof )

lemma phl-while-syntax:
assumes test p and test b and {p - b} = {p]}
shows {p} while b do x od {p - b}
{proof )

end

end

10 Two sorted Kleene Algebra with Tests

theory KAT2
imports Kleene-Algebra.Kleene-Algebra
begin
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As an alternative to the one-sorted implementation of tests, we provide
a two-sorted, more conventional one. In this setting, Isabelle’s Boolean
algebra theory can be used. This alternative can be developed further along
the lines of the one-sorted implementation.

syntax -kat :: 'a = ‘a (<-9)
(ML)

locale dioid-tests =
fixes test :: ‘a::boolean-algebra = 'b::dioid-one-zerol
and not :: 'budioid-one-zerol = 'b::dioid-one-zerol (<—»)
assumes test-sup [simp,kat-hom]: test (sup p q) = p + ¢
and test-inf [simp,kat-hom]: test (infp q) = ‘p - ¢
and test-top [simp,kat-hom]: test top = 1
and test-bot [simp,kat-hom]: test bot = 0

and test-not [simp,kat-hom]: test (— p) = ‘“—p°
and test-iso-eq [kat-hom]: p < ¢ +— p < ¢°
begin

notation test (<))

lemma test-eq [kat-hom]: p = ¢ +— p = ¢

(proof)
(ML)

lemma test-iso: p < ¢ = ‘p < ¢°
{proof)

lemma test-meet-comm: p - q=q - p
(proof)

lemmas test-one-top[simp] = test-iso[OF top-greatest, simplified)

lemma [simp]: ‘—p + p = 1*
(proof )

lemma [simp]: ‘p + (—p) = 1°
(proof )

lemma [simp]: (—p) - p = 0
{proof)

lemma [simp]: ‘p - (—p) = 0°
(proof)

end
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locale kat =
fixes test :: 'a::boolean-algebra = 'b::kleene-algebra
and not :: 'b::kleene-algebra = 'b::kleene-algebra (<!»)
assumes is-dioid-tests: dioid-tests test not

sublocale kat C dioid-tests (proof)

context kat
begin

notation test (<))

lemma test-eq [kat-hom]: p = ¢ +— p = ¢

(proof)
(ML)

lemma test-iso: p < g = p < ¢°
(proof)

lemma test-meet-comm: p - q = q - p*
{proof)

lemmas test-one-top[simp] = test-iso[OF top-greatest, simplified)

lemma test-star [simp]: p* = 1°
{proof)

lemmas [kat-hom| = test-star[symmetric]

lemma [simp]: 1p + p = 1°
(proof )

lemma [simp]: p + Ip = 1°
(proof )

lemma [simp]: 1p - p = 0
(proof)

lemma [simp]: p - Ip = 0°
{proof)

definition hoare-triple :: 'b = 'b = 'b = bool («{-} - {-}») where
{p} c {q} = pc < cq

declare hoare-triple-def|iff]
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lemma hoare-triple-def-var: ‘p-c < c-q +— p-clq = 0°
(proof)

lemmas [introl] = star-sim2[rule-format]

¢

lemma hoare-weakening: p < p' = ¢’ < g = {p'} ¢ {4} = {p} ¢ {q}
(proof )

lemma hoare-star: {p} ¢ {p}‘= p} ¢ {p}*
(proof )

lemmas [vcg] = hoare-weakening| OF order-refl - hoare-star]

lemma hoare-test [veg]: p -t < ¢* = {p|} ¢t {q}}°
{proof)

lemma hoare-mult [veg]: {p} z {r}* = qr} v {a}‘ = o} =y {q}*
(proof)

lemma [simp]: 1p - Ip = Ip°
(proof )

1<emn}1§1 hoare-plus [veg]: p} = {q} = {pl v {alt* = ol = + v {a}*
100,

definition While :: 'b = 'b = 'b (< While - Do - End» [50,50] 51) where
While t Do ¢ End = (t-¢)*-!t

lemma hoare-while: {p - t} ¢ {p}* = {p} While t Do ¢ End {!t - p}*
{proof)

lemma [veg]: {p -t} c{p} = Ut - p < ¢ = {p} While t Do ¢ End {qf}*
(proof )

definition If :: 'b = ‘b = 'b = 'b (<If - Then - Else -» [50,50,50] 51) where
If p Then c1 FElse c2 = p-cl + !p-c2

lemma hoare-if [vegl: {p - t} ¢t {q}* = {p - 1t} 2 {q} = {pl If t Then

cl Else c2 {q|°
{proof)

end

end

11 Two sorted Demonic Refinement Algebras

theory DRAT?2
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imports Kleene-Algebra. DRA
begin

As an alternative to the one-sorted implementation of demonic refine-
ment algebra with tests, we provide a two-sorted, more conventional one.
This alternative can be developed further along the lines of the one-sorted
implementation.

syntax -dra :: 'a = ‘a (¢-9)
(ML)

locale drat =
fixes test :: 'a::boolean-algebra = 'b::dra
and not :: 'bidra = 'bidra (1y)
assumes test-sup [simp,kat-hom]: test (sup p ¢) = p + ¢°
and test-inf [simp,kat-hom]: test (infp q) = ‘p - ¢°
and test-top [simp,kat-hom]: test top = 1
and test-bot [simp,kat-hom]: test bot = 0
and test-not [simp,kat-hom]: test (— p) = Ip°
and test-iso-eq [kat-hom]: p < g +— ‘p < ¢°

begin
notation test (<)

lemma test-eq [kat-hom]: p = ¢ +— ‘p = ¢°
{proof)

(ML)

lemma test-iso: p < ¢ = ‘p < ¢°
(proof)

lemma test-meet-comm: ‘p - ¢ = q - p°
(proof)

lemmas test-one-top[simp| = test-iso| OF top-greatest, simplified)

lemma test-star [simp]: ‘p* = 1°
{proof)

lemmas [kat-hom] = test-star[symmetric]

lemma test-comp-addl [simp]: 1p + p = 1°
(proof)

lemma test-comp-add?2 [simp]: ‘p + 'p = 1°
(proof )
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lemma test-comp-multl [simp]: 1p - p = 0
{proof )

lemma test-comp-mult2 [simp]: ‘p - lp = 0
(proof )

lemma test-eql: vy < z‘+— ‘py < z‘A Ipy < ¢
{proof)

lemma ‘p-x = px-¢ = ‘pxlqg=0°
nitpick (proof)

lemma testl: ‘p-xlqg = 0° = ‘p-x = p-x-q°
(proof )

lemma test2: ‘p-qg-p = p-q°
{proof)

lemma test3: ‘p-q-lp = 0°
(proof )

lemma test4: p-qgp = 0°
(proof)

lemma total-correctness: ‘p-x-lq = 0° +— ‘z-lqg < !p-T°
(proof )

lemma test-iteration-sim: ‘p-x < z-p‘ = ‘p-x>=° < z*°-p°
(proof)

lemma test-iteration-annir: 1p-(p-z)> = Ip*
(proof)

end

end
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