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Abstract. We extend the Jinja source code semantics by Klein and Nipkow with Java-style
arrays and threads. Concurrency is captured in a generic framework semantics for adding
concurrency through interleaving to a sequential semantics, which features dynamic thread
creation, inter-thread communication via shared memory, lock synchronisation and joins. Also,
threads can suspend themselves and be notified by others. We instantiate the framework
with the adapted versions of both Jinja source and byte code and show type safety for the
multithreaded case. Equally, the compiler from source to byte code is extended, for which we
prove weak bisimilarity between the source code small step semantics and the defensive Jinja
virtual machine. On top of this, we formalise the JMM and show the DRF guarantee and
consistency.
For description of the different parts, see [1, 2, 4, 3].
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Chapter 1

The generic multithreaded
semantics

1.1 State of the multithreaded semantics

theory FWState
imports

../ Basic/ Auziliary
begin

datatype lock-action =
Lock
| Unlock
| UnlockFail
| ReleaseAcquire

datatype ('t,’z,’m) new-thread-action =
NewThread 't 'z 'm
| ThreadEzists 't bool

datatype 't conditional-action =
Join 't
| Yield

datatype ('t, 'w) wait-set-action =
Suspend 'w
| Notify 'w
| NotifyAll "w
| WakeUp 't
| Notified
| WokenUp

datatype 't interrupt-action
= IsInterrupted 't bool
| Interrupt 't
| ClearInterrupt 't

type-synonym 'l lock-actions = 'l =f lock-action list



translations
(type) 'l lock-actions <= (type) 'l =f lock-action list

type-synonym
('lLt,)"z,"m,"w,’0) thread-action =
"l lock-actions x ('t,'z,'m) new-thread-action list x
't conditional-action list x ('t, 'w) wait-set-action list x
"t interrupt-action list x 'o list

print-translation «
let
fun tr’
[Const (Q{type-syntazx finfun}, -) $ 19
(Const (Q{type-syntax list}, -) § Const (Q{type-syntazx lock-action}, -)),
Const (Q{type-syntax prod}, -) $
(Const (Q{type-syntax list}, -) $ (Const (Q{type-syntax new-thread-action}, -) $ t1 $ = $ m))

(Const (Q{type-syntazx prod}, -) $
(Const (Q{type-syntax list}, -) $ (Const (Q{type-syntaz conditional-action}, -) $ t2)) $
(Const (Q{type-syntax prod}, -) $
(Const (Q{type-syntaz list}, -) $ (Const (Q{type-syntax wait-set-action}, -) $ t3 $ w)) $
(Const (@Q{type-syntaz prod}, -) $
(Const (Q{type-syntax list}, -) $ (Const (Q{type-syntax interrupt-action}, -) $ t4)) $
(Const (Q{type-syntaz list}, -) $ o1))))] =
if t1 = 12 andalso 12 = 138 andalso 18 = t4 then Syntax.const Q{type-syntax thread-action} $ 1 $
t18z8m83ws ol
else raise Match;
in [(Q{type-syntax prod}, K tr')]
end
)
typ ('l,'t,’z,’m,'w,’0) thread-action

definition locks-a :: ('l,’t,’z,'m,"w,’0) thread-action = 'l lock-actions ({-]; [0] 1000) where
locks-a = fst

definition thr-a :: ('l,'t,’z,’m,'w,’0) thread-action = ('t,’z,'m) new-thread-action list ({-}+ [0] 1000)
where
thr-a = fst o snd

definition cond-a :: ('l,'t,’z,’m,"w,’0) thread-action = "t conditional-action list ({-}}c [0] 1000) where
cond-a = fst o snd o snd

definition wset-a :: ('l,’t,’z,'m,’w,’0) thread-action = ('t, 'w) wait-set-action list ({-}w [0] 1000)
where
wset-a = fst o snd o snd o snd

definition interrupt-a :: ('l,'t,’z,'m,’w,’0) thread-action = 't interrupt-action list ({-}; [0] 1000)
where

interrupt-a = fst o snd o snd o snd o snd

definition obs-a :: ('l,'t,’z,’m,"w,’0) thread-action = ‘o list ({-}o [0] 1000) where
obs-a = snd o snd o snd o snd o snd

lemma locks-a-conv [simp]: locks-a (ls, ntsjswss) = Is



by (simp add:locks-a-def)

lemma thr-a-conv [simpl: thr-a (ls, nts, jswss) = nts
by (simp add: thr-a-def)

lemma cond-a-conv [simpl: cond-a (Is, nts, js, wws) = js
by (simp add: cond-a-def)

lemma wset-a-conv [simpl: wset-a (Is, nts, js, wss, isobs) = wss
by (simp add: wset-a-def)

lemma interrupt-a-conv [simp]: interrupt-a (Is, nts, js, ws, is, obs) = is
by (simp add: interrupt-a-def)

lemma obs-a-conv [simp]: obs-a (s, nts, js, wss, is, obs) = obs
by (simp add: obs-a-def)

fun ta-update-locks :: ('l,’t,’z,'m,"w,’o) thread-action = lock-action = 'l = ('l,’t,’z,’m,'w,’0) thread-action
where
ta-update-locks (s, nts, js, wss, obs) lta | = (Is(I $:=Is $ 1 Q [lta]), nts, js, wss, 0bs)

fun ta-update-NewThread :: ('l,'t,’z,"m,'w,’0) thread-action = ('t,’z,'m) new-thread-action = ('l,'t,’z,"m,'w,’o)
thread-action where
ta-update-NewThread (ls, nts, js, wss, is, obs) nt = (Is, nts Q [nt], js, wss, is, 0bs)

fun ta-update-Conditional :: ('l,'t,’z,’m,"w,’0) thread-action = "t conditional-action = ('l,'t,"z,"m,"w,’0)
thread-action
where

ta-update-Conditional (Is, nts, js, wss, is, obs) j = (ls, nts, js @Q [j], wss, is, 0bs)

fun ta-update-wait-set :: ('l,’t,’z,'m,’w,’0) thread-action = ('t, 'w) wait-set-action = ('l,'t,’z,’m,"w,’o)
thread-action where
ta-update-wait-set (ls, nts, js, wss, is, obs) ws = (ls, nts, js, wss Q [ws], is, 0bs)

fun ta-update-interrupt :: ('l,'t,’z,'m,'w,’o) thread-action = 't interrupt-action = ('l,'t,’z,'m,"w,’o0)
thread-action
where

ta-update-interrupt (ls, nts, js, wss, is, obs) i = (Is, nts, js, wss, is Q [i], obs)

fun ta-update-obs :: ('l,'t,’z,'m,"w,’0) thread-action = "o = ('l,'t,’z,'m,"w,’0) thread-action
where
ta-update-obs (Is, nts, js, wss, is, obs) ob = (ls, nts, js, wss, is, obs Q [0b])

abbreviation empty-ta :: ('l,'t,"z,'m,"w,’0) thread-action where

empty-ta = (KS (|, [, [l, [l [l, [})

notation (input) empty-ta (&)

Pretty syntax for specifying thread actions: Write { Lock—1, Unlock—l, Suspend w, In-
terrupt t} instead of ((K$ [])(I $:= [Lock, Unlock]), [], [Suspend w], [Interrupt t], []).

thread-action’ is a type that contains of all basic thread actions. Automatically coerce
basic thread actions into that type and then dispatch to the right update function by pattern
matching. For coercion, adhoc overloading replaces the generic injection inject-thread-action
by the specific ones, i.e. constructors. To avoid ambiguities with observable actions, the
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observable actions must be of sort obs-action, which the basic thread action types are not.

class obs-action

datatype ('l,’t,’z,'m,’w,’0) thread-action’
= LockAction lock-action x 'l
| NewThreadAction ('t,’z,'m) new-thread-action
| ConditionalAction 't conditional-action
| WaitSetAction ('t, 'w) wait-set-action
| InterruptAction 't interrupt-action
| ObsAction "o

setup «

Sign.add-const-constraint (Q{ const-name ObsAction}, SOME Q{typ 'o :: obs-action = ('l,’t,’z,"m,"w,’0)
thread-action'})
)

fun thread-action’-to-thread-action ::
('L,'t,"z,"m,"w,’o :: obs-action) thread-action’ = ('l,’t,’z,'m,’w,’0) thread-action = ('l,'t,’z,’m,"w, o)
thread-action
where
thread-action’-to-thread-action (LockAction (la, 1)) ta = ta-update-locks ta la 1
| thread-action’-to-thread-action (NewThreadAction nt) ta = ta-update-NewThread ta nt
| thread-action’-to-thread-action (ConditionalAction ca) ta = ta-update-Conditional ta ca
| thread-action’-to-thread-action (WaitSetAction wa) ta = ta-update-wait-set ta wa
| thread-action’-to-thread-action (InterruptAction ia) ta = ta-update-interrupt ta ia
| thread-action’-to-thread-action (ObsAction ob) ta = ta-update-obs ta ob

consts inject-thread-action :: 'a = ('l,'t,’z,"m,’w,’0) thread-action’

nonterminal {a-let and ta-lets

syntax
-ta-snoc :: ta-lets = ta-let = ta-lets (-,/ -)
-ta-block :: ta-lets = 'a ({-}} [0] 1000)
-ta-empty :: ta-lets ()
-ta-single :: ta-let = ta-lets (-)
-ta-inject :: logic = ta-let ((-))
-ta-lock :: logic = logic = ta-let (-—-)

translations
-ta-block -ta-empty == CONST empty-ta
-ta-block (-ta-single bta) == -ta-block (-ta-snoc -ta-empty bta)

-ta-inject bta == CONST inject-thread-action bta
-ta-lock la | == CONST inject-thread-action (CONST Pair la 1)
-ta-block (-ta-snoc btas bta) == CONST thread-action’-to-thread-action bta (-ta-block btas)

adhoc-overloading
inject-thread-action NewThreadAction ConditionalAction WaitSetAction InterruptAction ObsAction
LockAction

lemma ta-upd-proj-simps [simp]:
shows ta-obs-proj-simps:
{ta-update-obs ta obs}; = {tal}; {ta-update-obs ta obs}t; = {talt; {ta-update-obs ta obs}yw = {taltw
{ta-update-obs ta obsltc = {talt ¢ {ta-update-obs ta obs]; = {tal; {ta-update-obs ta obslo = {talo @
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[0bs]
and ta-lock-proj-simps:
{ta-update-locks ta z I} = (let Is = {Jtal; in Is(l $:=Is $ | Q [z]))
{ta-update-locks ta z I} } = {tal}+ {ta-update-locks ta x I}y = {taltyw {ta-update-locks ta z I}« = {ta}¢

{ta-update-locks ta z l}; = {tal}; {ta-update-locks ta x I}, = {ta}o

and ta-thread-proj-simps:

{ta-update-NewThread ta t}}; = {ta}; {ta-update-NewThread ta t}}; = {tal}+ Q [t] {ta-update-NewThread
ta thw = {tafw

{ta-update-NewThread ta t}c = {tal}c {ta-update-NewThread ta t}; = {tal; {ta-update-NewThread
ta tho = {talo

and ta-wset-proj-simps:

{ta-update-wait-set ta w}; = {tal}; {ta-update-wait-set ta wis = {tal}+ {ta-update-wait-set ta wly =
{talw @ [u]

{ta-update-wait-set ta wlfc = {ta}t¢ {ta-update-wait-set ta wl; = {tal}; {ta-update-wait-set ta wl, =
{talo

and ta-cond-proj-simps:

{ta-update-Conditional ta c}}; = {tal}; {ta-update-Conditional ta c}; = {ta}+ {ta-update- Conditional
ta clyw = {talw

{ta-update-Conditional ta cffc = {talt¢ @ [c] {ta-update- Conditional ta cf}; = {tal}; {ta-update-Conditional
ta clto = {talto

and ta-interrupt-proj-simps:

{ta-update-interrupt ta if; = {tal}; {ta-update-interrupt ta if+ = {tal}s {ta-update-interrupt ta if} .
= {talc

{ta-update-interrupt ta ity = {talw {ta-update-interrupt ta iff; = {tal}; @ [i] {ta-update-interrupt
ta it o = {talo
by(cases ta, simp)+

lemma thread-action’-to-thread-action-proj-simps [simpl:
shows thread-action’-to-thread-action-proj-locks-simps:
thread-action’-to-thread-action (LockAction (la, tal; = {ta-update-locks ta la
hread jon’ hread ) LockActi la, 1 I date-lock la I}
read-action’-to-thread-action (NewThreadAction nt) tal}; = {|ta-update-NewThread ta n
thread-action’-to-thread-acti NewThreadActi t) talt; t date-NewThread ta ntl};
read-action’-to-thread-action (ConditionalAction ca) tal}; = {|ta-update-Conditional ta ca
thread-action’-to-thread-acti ConditionalActi talp; t date-Conditional t I
read-action’-to-thread-action aitSetAction wa) tal}; = q|ta-update-wait-set ta wa
thread-action’-to-thread-acti WaitSetActi talp; 12 dat it-set ¢ l
thread-action’-to-thread-action (InterruptAction ia) tal; = jta-update-interrupt ta ia
hread jon’ hread ) I Action i I d j al}y
thread-action’-to-thread-action sAction ob) tal; = ta-update-obs ta o
hread jon’ hread ) ObsActi b I d b bl
and thread-action’-to-thread-action-proj-nt-simps:
read-action’-to-thread-action (LockAction (la, alt¢ = {ta-update-locks ta la
thread-action’-to-thread-action (LockAction (la, 1)) taly ta-update-locks ta la I}
read-action’-to-thread-action (NewThreadAction nt) tal} = {ta-update-NewThread ta n
thread-action’-to-thread-acti NewThreadActi t) taft t date-NewThread ta ntl}4
thread-action’-to-thread-action (ConditionalAction ca) talf+ = {|ta-update-Conditional ta ca
hread-action’-to-thread-action (ConditionalActi t date-Conditional ¢
thread-action’-to-thread-action aitSetAction wa) talj; = jta-update-wait-set ta wa
hread jon’ hread ) WaitSetActi ¢ d ) t
thread-action’-to-thread-action (InterruptAction ia) taly = | ta-update-interrupt ta ta
hread jon’ hread ) I Action i ¢ d ; al}+
thread-action’-to-thread-action (ObsAction ob) talt; = {ta-update-obs ta ob
t t
and thread-action’-to-thread-action-proj-cond-simps:
{thread-action’-to-thread-action (LockAction (la, 1)) tal}c = {ta-update-locks ta la I} ¢
{thread-action’-to-thread-action (NewThreadAction nt) tal}. = {ta-update-NewThread ta ntf}.
{thread-action’-to-thread-action (ConditionalAction ca) tal}. = {ta-update-Conditional ta calf¢
(
(

A~ N N

{thread-action’-to-thread-action (WaitSetAction wa) talte = {ta-update-wait-set ta wal ¢
{thread-action’-to-thread-action (InterruptAction ia) talte = {ta-update-interrupt ta ial ¢
{thread-action’-to-thread-action (ObsAction ob) tal}. = {ta-update-obs ta obl} ¢

and thread-action’-to-thread-action-proj-wset-simps:

{thread-action’-to-thread-action (LockAction (la, 1)) taltyw = {ta-update-locks ta la 1}y
{thread-action’-to-thread-action (NewThreadAction nt) tal}y = {ta-update-NewThread ta ntly,
{thread-action’-to-thread-action (ConditionalAction ca) talty = {ta-update-Conditional ta caltqy
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read-action’-to-thread-action (WaitSetAction wa) tally = {ta-update-wait-set ta walqy
thread-action’-to-thread-acti WaitSetActi t t dat it-set t
{thread-action’-to-thread-action (InterruptAction ia) taltyw = {ta-update-interrupt ta ial
{thread-action’-to-thread-action (ObsAction ob) talty = {ta-update-obs ta obly
and thread-action’-to-thread-action-proj-interrupt-simps:
read-action’-to-thread-action (LockAction (la, alt; = {ta-update-locks ta la If};
thread-action’-to-thread-action (LockAction (la, 1)) tal; ta-update-locks ta la lf};
read-action’-to-thread-action (NewThreadAction nt) talt; = {ta-update-NewThread ta ntl;
thread-action'-to-thread-action (NewThreadAction nt) ta}; = {ta-update-NewThread ta nt];
read-action’-to-thread-action (ConditionalAction ca) tal}; = {ta-update-Conditional ta calt;
thread-action'-to-thread-action (ConditionalActi ta}; = {ta-update-Conditional ta cal};
{thread-action’-to-thread-action (WaitSetAction wa) tal}; = {ta-update-wait-set ta wal;
read-action’-to-thread-action (InterruptAction ia) tal}; = {ta-update-interrupt ta ial;
thread-action’-to-thread-acti Int tActi a) talr; t date-int t ta ialf;
read-action’-to-thread-action sAction ob) talt; = {ta-update-obs ta ob]};
thread-action'-to-thread-action (ObsAction ob) ta}; = {ta-update-obs ta ob;
and thread-action’-to-thread-action-proj-obs-simps:
read-action’-to-thread-action (LockAction (la, alto = {ta-update-locks ta la lf}
thread-action’-to-thread-action (LockAction (la, 1)) t ta-update-locks ta la 1
read-action’-to-thread-action (NewThreadAction nt) talt, = {ta-update-NewThread ta ntf o
thread-action’-to-thread-acti NewThreadActi t) 1t t date-NewThread ta nt
read-action’-to-thread-action (ConditionalAction ca) tal}o = {ta-update-Conditional ta calto
thread-action’-to-thread-acti Conditi [Acti t t date-Conditi lt
{thread-action’-to-thread-action (WaitSetAction wa) tal}o = {ta-update-wait-set ta walo
read-action’-to-thread-action (InterruptAction ia) talto = {ta-update-interrupt ta ial o
thread-action’-to-thread-acti Int tAction ia) t t date-int tta i
read-action’-to-thread-action sAction ob) talto = {ta-update-obs ta ob,
thread-action’-to-thread-action (ObsActi b) t ta-update-obs ta ob
by (simp-all)

lemmas ta-upd-simps =
ta-update-locks.simps ta-update-NewThread.simps ta-update-Conditional.simps
ta-update-wait-set.simps ta-update-interrupt.simps ta-update-obs.simps
thread-action’-to-thread-action.simps

declare ta-upd-simps [simp del]

hide-const (open)
LockAction NewThreadAction ConditionalAction WaitSetAction InterruptAction ObsAction
thread-action’-to-thread-action

hide-type (open) thread-action’

datatype wake-up-status =
WSNotified
| WSWokenUp

datatype 'w wait-set-status =
InWS "w
| PostWS wake-up-status

type-synonym 't lock = ('t X nat) option

type-synonym ('l,'t) locks = 'l =f 't lock

type-synonym ‘I released-locks = 'l =f nat

type-synonym ('l,'t,’z) thread-info = 't — (‘z x 'l released-locks)

type-synonym (‘w,’t) wait-sets = 't — 'w wait-set-status

type-synonym 't interrupts = 't set

type-synonym ('l,'t,’z,'m,'w) state = ('l,’t) locks x (('l,'t,’z) thread-info x 'm) x ('w,’t) wait-sets
x 't interrupts

translations

(type) ('l, 't) locks <= (type) 'l =f ("t x nat) option
(type) ('l, 't, 'z) thread-info <= (type) 't — ('z x ('l =f nat))

print-translation ¢
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let
fun tr'
[Const (Q{type-syntax finfun}, -) $ 11 $
(Const (@{type-syntax option}, -) $
(Const (Q{type-syntaz prod}, -) $ t1 $ Const (Qftype-syntax nat}, -))),

Const (Q{type-syntax prod}, -) $
(Const (Q{type-syntax prod}, -) $
(Const (Q{type-syntaz fun}, -) $ t2
(Const (Q{type-syntax option}, -)
(Const (@{type-syntax prod}, -) $ = $
(Const (Q{type-syntax finfun}, -) $ 12 $ Const (Q{type-syntazr nat}, -))))) $
m) $
(Const (Q{type-syntax prod}, -)
(Const (Q{type-syntax fun}, -)
(Const (Q{type-syntaz option}, -) $ (Const (Q{type-syntax wait-set-status}, -) $ w))) $
(Const (Q{type-syntaz fun}, -) $ t4 $ (Const (Q{type-syntax bool}, -))))] =
if t1 = t2 andalso t1 = t3 andalso t1 = t4 andalso 11 = [2
then Syntax.const Q{type-syntax state} $ 11 $t1 $z8$m 3w
else raise Match;
n [(@Q{type-syntaz prod}, K tr')]
end
)
typ ('1,'t,’z,’m,'w) state

$
$
$

$
$ 13 $
1

abbreviation no-wait-locks :: 'l =f nat
where no-wait-locks = (K$ 0)

lemma neg-no-wait-locks-conv:
Aln. In # no-wait-locks +— (3. In $ 1> 0)
by (auto simp add: expand-finfun-eq fun-eq-iff)

lemma neg-no-wait-lockskE:

fixes In assumes [n # no-wait-locks obtains [ where In $§ 1 > 0
using assms
by (auto simp add: neg-no-wait-locks-conv)

Use type variables for components instead of ('l, "¢, 'z, 'm, 'w) state in types for state
projections to allow to reuse them for refined state implementations for code generation.

definition locks :: ('locks x ('thread-info x 'm) x 'wsets x 'interrupts) = 'locks where
locks Istsmws = fst Istsmws

definition thr :: (locks x ('thread-info x 'm) x 'wsets x 'interrupts) = 'thread-info where
thr lstsmws = fst (fst (snd lstsmws))

definition shr :: (‘locks x ('thread-info x 'm) x 'wsets x 'interrupts) = 'm where
shr Istsmws = snd (fst (snd Istsmws))

definition wset :: (locks x ('thread-info x 'm) x 'wsets x 'interrupts) = 'wsets where
wset Istsmws = fst (snd (snd lstsmuws))

definition interrupts :: (‘locks x ('thread-info x 'm) x 'wsets x 'interrupts) = 'interrupts where
interrupts lstsmws = snd (snd (snd lstsmws))
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lemma locks-conv [simp]: locks (Is, tsmws) = s
by (simp add: locks-def)

lemma thr-conv [simp]: thr (Is, (ts, m), ws) = ts
by (simp add: thr-def)

lemma shr-conv [simpl: shr (Is, (ts, m), ws, is) = m
by (simp add: shr-def)

lemma wset-conv [simpl: wset (Is, (ts, m), ws, is) = ws
by (simp add: wset-def)

lemma interrupts-conv [simpl: interrupts (s, (ts, m), ws, is) = is
by (simp add: interrupts-def)

primrec convert-new-thread-action :: ('z = 'z’) = ('t,’z,’m) new-thread-action = ('t,’z’,’m) new-thread-action
where

convert-new-thread-action f (NewThread t x m) = NewThread t (f x) m
| convert-new-thread-action f (ThreadExists t b) = ThreadExists t b

lemma convert-new-thread-action-inv [simp):
NewThread t x h = convert-new-thread-action f nta «— (3z'. nta = NewThread t ' h A x = f ')
ThreadFExists t b = convert-new-thread-action f nta <— nta = ThreadFExists t b
convert-new-thread-action f nta = NewThread t x h <— (32’. nta = NewThread t x' h N z = fz’)
convert-new-thread-action f nta = ThreadExists t b <— nta = ThreadExists t b

by (cases nta, auto)+

lemma convert-new-thread-action-eql:
[ At z m. nta = NewThread t £ m = nta’ = NewThread t (f x) m;
At b. nta = ThreadEzists t b = nta’ = ThreadExists t b |
= convert-new-thread-action f nta = nta’
apply(cases nta)
apply fastforce+
done

lemma convert-new-thread-action-compose [simp]:
convert-new-thread-action f (convert-new-thread-action g ta) = convert-new-thread-action (f o g) ta
apply(cases ta)
apply(simp-all add: convert-new-thread-action-def)
done

lemma inj-convert-new-thread-action [simp]:
inj (convert-new-thread-action f) = inj f
apply (rule iffI)
apply(rule injI)
apply(drule-tac x=NewThread undefined x undefined in injD)
apply auto[2]
apply (rule injI)
apply (case-tac x)
apply(auto dest: injD)
done

lemma convert-new-thread-action-id:
convert-new-thread-action id = (id :: ('t, 'z, 'm) new-thread-action = ('t, 'z, 'm) new-thread-action)
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(is ?thesisl)
convert-new-thread-action (\x. ) = (id :: ('t,
(is ?thesis?2)
proof —
show ?thesisl by(rule ext)(case-tac x, simp-all)
thus ?thesis2 by (simp add: id-def)
qed

'z, 'm) new-thread-action = ('t, 'z, 'm) new-thread-action)

definition convert-extTA :: ('z = 'z') = ('l,'t,"z,'m,'w,’0) thread-action = ('l,'t,’z’,'m,"w,’0) thread-action

where convert-extTA f ta = ({talt;, map (convert-new-thread-action f) {talty, snd (snd ta))

lemma convert-extTA-simps [simp]:
convert-extTA fe =¢
{convert-extTA f tal}; = {tal};
{convert-extTA f talt; = map (convert-new-thread-action f) {ta}y
{convert-extTA f taltc = {talc
{convert-extTA f ta}w = {talw
{convert-extTA f talt; = {tal};
convert-extTA [ (las, tas, was, cas, is, obs) = (las, map (convert-new-thread-action f) tas, was, cas,
is, obs)
apply(simp-all add: convert-extTA-def)
apply(cases ta, simp)-+
done

lemma convert-extTA-eq-conv:
convert-extTA f ta = ta’ +—
ftal = {tah) A Qtabe = fta'he A Jtabw = fta'hu A Jtako = ta'ko A {tab; = Jtak; A length
{tal}y = length {ta’}; A
(Vn < length {tal}s. convert-new-thread-action f ({tal; ! n) = {ta’}+ ! n)
apply(cases ta, cases ta’)
apply(auto simp add: convert-extTA-def map-eg-all-nth-conv)
done

lemma convert-extTA-compose [simp]:
convert-extTA f (convert-extTA g ta) = convert-extTA (f o g) ta
by (simp add: convert-extTA-def)

lemma obs-a-convert-extTA [simp]: obs-a (convert-extTA f ta) = obs-a ta
by (cases ta) simp

Actions for thread start/finish

datatype ’o action =
NormalAction 'o

| InitialThreadAction

| ThreadFinishAction

instance action :: (type) obs-action
proof ged

definition convert-obs-initial :: ('l,'t,’z,’m,"w,’0) thread-action = ('l,'t,’z,’m,'w,’o action) thread-action
where

convert-obs-initial ta = ({tal, {tals {tale, {tafw, {tal;, map NormalAction {ta}o)

lemma inj-NormalAction [simp]: inj NormalAction
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by (rule injI) auto

lemma convert-obs-initial-inject [simp]:
convert-obs-initial ta = convert-obs-initial ta’ <— ta = ta’
by(cases ta)(cases ta', auto simp add: convert-obs-initial-def)

lemma convert-obs-initial-empty-TA [simp]:
convert-obs-initial € = ¢
by (simp add: convert-obs-initial-def)

lemma convert-obs-initial-eq-empty-TA [simp]:
convert-obs-initial ta = € +— ta = ¢
€ = convert-obs-initial ta +— ta = ¢

by (case-tac [!] ta)(auto simp add: convert-obs-initial-def)

lemma convert-obs-initial-simps [simp):
{ convert-obs-initial talto = map NormalAction {tal}o
{convert-obs-initial talt; = {ta};
{ convert-obs-initial tall; = {ta}y
{ convert-obs-initial tal}. = {tal}¢
{ convert-obs-initial taltyw = {talw
{ convert-obs-initial talt; = {tal;
by (simp-all add: convert-obs-initial-def)

type-synonym

('l,t,"z,"m,"w,’0) semantics =
t= "z x 'm= ("l,'t,)z,'m,'w,’0) thread-action = 't x 'm = bool

print-translation «

let
fun tr’
[t4,
Const (Q{type-syntax fun}, -) $
(Const (Q{type-syntaz prod}, -) $ 1 $ m1) $
(Const (Q{type-syntaz fun}, -) $
(Const (@{type-syntax prod}, -) $
(Const (Q{type-syntaz finfun}, -) $ 1 $
(Const (Q{type-syntax list}, -) $ Const (Q{type-syntazx lock-action}, -))) $
(Const (Q{type-syntax prod}, -) $
(Const (@ type-syntax list}, -) $ (Const (Q{type-syntax new-thread-action}, -) $ t1 $ 22
$ m2)) $
(Const (@Q{type-syntaz prod}, -) $
(Const (Qftype-syntax list}, -) $ (Const (Q{type-syntazx conditional-action}, -) $ t2)) $
(Const (Q{type-syntax prod}, -) $
(Const (Q{type-syntaz list}, -) $ (Const (Q{type-syntax wait-set-action}, -) § 13 § w))
$
(Const (Q{type-syntax prod}, -) $
(Const (Q{type-syntax list}, -) $ (Const (Q{type-syntax interrupt-action}, -) $ t5))
$

(Const (Q{type-syntazx list}, -) $ 01)))))) $
(Const (Q{type-syntax fun}, -) $ (Const (Q{type-syntaz prod}, -) $ 3 $ m3) $
Const (Q{type-syntazx bool}, -)))] =
if t1 = 22 andalso x1 = z8 andalso m1 = m2 andalso m1 = m3
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andalso t1 = t2 andalso t2 = t3 andalso t3 = t4 andalso t4 = t5
then Syntax.const Q{type-syntax semantics} $ 1 $ t1 $ z1 $ m1 $ w $ ot
else raise Match;
in [(Q{type-syntaz fun}, K tr')]
end
)
typ ('1,’t,z,"m,'w,’0) semantics

end

1.2 All about a managing a single lock

theory FWLock
imports

FWState
begin

fun has-locks :: 't lock = 't = nat where
has-locks None t = 0
| has-locks |(t', n)| t = (if t = t’ then Suc n else 0)

lemma has-locks-iff:

has-locks I t = n +—

(I = None An=20)V

G3n’l=1n)] ASucn’=n)v (3t'n. =t n)| At'#tAn=0)
by (cases 1, auto)

lemma has-locksE:
[ has-locks | t = n;
[ 1= None;n=0] = P
An'. [ 1= 1[(t n)]; Sucn'=n] = P;
Nt'n' [l=1,n)];¢#tn=0] = P]
— P
by (auto simp add: has-locks-iff split: if-split-asm prod.split-asm)

inductive may-lock :: 't lock = 't = bool where
may-lock None t
| may-lock | (¢, n)] t

lemma may-lock-iff [code]:
may-lock | t = (case | of None = True | [(t/, n)] = t =t
by (auto intro: may-lock.intros elim: may-lock.cases)

lemma may-lockl:
I = None V (In. Il = [(t, n)]) = may-lock | t
by (cases I, auto intro: may-lock.intros)

lemma may-lockE [consumes 1, case-names None Locked):
[ may-lock I t; | = None = P; An. 1= [(¢t, n)] = P] =P

by (auto elim: may-lock.cases)

lemma may-lock-may-lock-t-eq:
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[ may-lock | t; may-lock 1 t'] = (I = None) V (t = t')
by (auto elim!: may-lockE)

abbreviation has-lock :: 't lock = 't = bool
where has-lock |t = 0 < has-locks | ¢

lemma has-locks-Suc-has-lock:
has-locks | t = Suc n = has-lock | t
by (auto)

lemmas has-lock-has-locks-Suc = gr0-implies-Suc[where n = has-locks 1 t] for [t

lemma has-lock-has-locks-conv:
has-lock | t <— (I n. has-locks | t = (Suc n))
by (auto intro: has-locks-Suc-has-lock has-lock-has-locks-Suc)

lemma has-lock-may-lock:
has-lock | t = may-lock [ t
by (cases I, auto intro: may-lockI)

lemma has-lock-may-lock-t-eq:
[ has-lock | t; may-lock 1 t'] = t = t’
by (auto elim!: may-lockE split: if-split-asm)

lemma has-locks-has-locks-t-eq:
[has-locks I t = Suc n; has-locks 1 t' = Suc n'] = t = t’
by (auto elim: has-locksE)

lemma has-lock-has-lock-t-eq:

[ has-lock | t; has-lock 1 t' ] = t = t’
unfolding has-lock-has-locks-conv
by (auto intro: has-locks-has-locks-t-eq)

lemma not-may-lock-conv:
- may-lock 1t «— (3t t" # t A has-lock 1 t')
by (cases I, auto intro: may-lock.intros elim: may-lockE)

fun lock-lock :: 't lock = 't = 't lock where
lock-lock None t = | (¢, 0)]
| lock-lock [(t', n)] t = [(t/, Suc n)]

fun unlock-lock :: 't lock = 't lock where
unlock-lock None = None
| unlock-lock |(t, n)| = (case n of 0 = None | Suc n’ = |(t, n')])

fun release-all :: 't lock = 't = 't lock where
release-all None t = None

| release-all |(t', n)| t = (if t = t’ then None else |(t/, n)])

fun acquire-locks :: 't lock = 't = nat = 't lock where
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acquire-locks L t 0 = L
| acquire-locks L t (Suc m) = acquire-locks (lock-lock L t) t m

lemma acquire-locks-conv:

acquire-locks L t n = (case L of None = (case n of 0 = None | Suc m = |(¢t, m)]) | |[(t/, m)| =
L(#, n + m)])
by (induct n arbitrary: L)(auto)

lemma lock-lock-ls-Some:
3t’ n. lock-lock 1t = |(t', n)]|
by(cases I, auto)

lemma unlock-lock-SomeD:
unlock-lock | = [(¢', n)] = | = [(t/, Suc n)|
by (cases I, auto split: nat.split-asm)

lemma has-locks-Suc-lock-lock-has-locks-Suc-Suc:
has-locks 1 t = Suc n = has-locks (lock-lock 1 t) t = Suc (Suc n)
by (auto elim!: has-locksE)

lemma has-locks-lock-lock-conv [simp]:
may-lock | t = has-locks (lock-lock | t) t = Suc (has-locks 1 t)
by (auto elim: may-lockE)

lemma has-locks-release-all-conv [simp]:
has-locks (release-all 1 t) t = 0
by(cases I, auto split: if-split-asm)

lemma may-lock-lock-lock-conv [simp]: may-lock (lock-lock 1 t) t = may-lock | t
by (cases I, auto elim!: may-lock.cases intro: may-lock.intros)

lemma has-locks-acquire-locks-conv [simp):
may-lock | t => has-locks (acquire-locks | t n) t = has-locks 1 t + n
by (induct n arbitrary: 1, auto)

lemma may-lock-unlock-lock-conv [simpl:
has-lock | t = may-lock (unlock-lock 1) t = may-lock 1t
by(cases 1)(auto split: if-split-asm nat.splits elim!: may-lock.cases intro: may-lock.intros)

lemma may-lock-release-all-conv [simp]:
may-lock (release-all I t) t = may-lock [ t
by (cases I, auto split: if-split-asm introl: may-lockl elim: may-lockE)

lemma may-lock-t-may-lock-unlock-lock-t:
may-lock | t = may-lock (unlock-lock 1) t
by (auto intro: may-lock.intros elim!: may-lockE split: nat.split)

lemma may-lock-has-locks-lock-lock-0:
[may-lock 1 t'; t # t] = has-locks (lock-lock 1 t') t = 0
by (auto elim!: may-lock.cases)

lemma has-locks-unlock-lock-conv [simpl:
has-lock | t = has-locks (unlock-lock 1) t = has-locks It — 1
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by (cases 1)(auto split: nat.split)

lemma has-lock-lock-lock-unlock-lock-id [simp]:
has-lock | t = lock-lock (unlock-lock 1) t =1
by (cases 1)(auto split: if-split-asm nat.split)

lemma may-lock-unlock-lock-lock-lock-id [simp]:
may-lock | t = unlock-lock (lock-lock 1 t) =1
by (cases 1) auto

lemma may-lock-has-locks-0:
[ may-lock 1 t; t # t'] = has-locks 1 t' = 0
by (auto elim!: may-lockE)

fun upd-lock :: 't lock = "t = lock-action = 't lock
where
upd-lock 1 t Lock = lock-lock | t
| upd-lock | t Unlock = unlock-lock |
| upd-lock | t UnlockFail = 1
| upd-lock | t ReleaseAquire = release-all I t

fun upd-locks :: 't lock = 't = lock-action list = 't lock
where

upd-locks 1t [| = 1
| upd-locks I ¢t (L # Ls) = upd-locks (upd-lock 't L) t Ls

lemma upd-locks-append [simp):
upd-locks 1t (Ls Q Ls’) = upd-locks (upd-locks 1 t Ls) t Ls'
by (induct Ls arbitrary: 1, auto)

lemma upd-lock-Some-thread-idD:
assumes ul: upd-lock It L = [(¢/, n)]
and tt”: ¢t #£ t’
shows dn. [ = |(t/, n)]
proof(cases L)
case Lock
with ul tt’ show ?thesis
by (cases I, auto)
next
case Unlock
with ul tt’ show ?thesis
by (auto dest: unlock-lock-SomeD)
next
case UnlockFail
with ul show ?thesis by(simp)
next
case ReleaseAcquire
with ul show ?thesis
by (cases I, auto split: if-split-asm)
qed
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lemma has-lock-upd-lock-implies-has-lock:
[ has-lock (upd-lock 1t L) t'; t # t' ] = has-lock 1 t’
by (cases | L rule: option.exhaust|[case-product lock-action.exhaust])(auto split: if-split-asm nat.split-asm)

lemma has-lock-upd-locks-implies-has-lock:
[ has-lock (upd-locks It Ls) t'; t # t'] = has-lock 1 t’
by (induct I t Ls rule: upd-locks.induct)(auto intro: has-lock-upd-lock-implies-has-lock)

fun lock-action-ok :: 't lock = 't = lock-action = bool where
lock-action-ok 1 t Lock = may-lock | t

| lock-action-ok | t Unlock = has-lock 1 t

| lock-action-ok | t UnlockFail = (= has-lock 1 t)

| lock-action-ok | t ReleaseAcquire = True

fun lock-actions-ok :: 't lock = 't = lock-action list = bool where
lock-actions-ok 1 t [| = True
| lock-actions-ok 1t (L # Ls) = (lock-action-ok I t L A lock-actions-ok (upd-lock It L) t Ls)

lemma lock-actions-ok-append [simp]:
lock-actions-ok 1 t (Ls @ Ls') «+— lock-actions-ok 1 t Ls N\ lock-actions-ok (upd-locks 1t Ls) t Ls’
by (induct Ls arbitrary: 1) auto

lemma not-lock-action-okE [consumes 1, case-names Lock Unlock UnlockFuail:
[ = lock-action-ok I t L;
[ L = Lock; — may-lock 1 t | = Q;
[ L = Unlock; = has-lock It | = Q;
[ L = UnlockFail; has-lock 1t | = Q]
= @
by (cases L) auto

lemma may-lock-upd-lock-conv [simp]:
lock-action-ok | t L = may-lock (upd-lock I t L) t = may-lock | ¢
by (cases L) auto

lemma may-lock-upd-locks-conv [simp]:
lock-actions-ok 1 t Ls => may-lock (upd-locks | t Ls) t = may-lock 1 t
by (induct I t Ls rule: upd-locks.induct) simp-all

lemma lock-actions-ok-Lock-may-lock:
[ lock-actions-ok 1 t Ls; Lock € set Ls | = may-lock 1 t
by (induct I t Ls rule: lock-actions-ok.induct) auto

lemma has-locks-lock-lock-conv’ [simp]:
[ may-lock 1 t; t # t' ] = has-locks (lock-lock | t") t = has-locks 1 t
by (cases I)(auto elim: may-lock.cases)

lemma has-locks-unlock-lock-conv’ [simp]:
[ has-lock 1 t'; t # t' ] = has-locks (unlock-lock 1) t = has-locks 1 t
by (cases )(auto split: if-split-asm nat.split)

lemma has-locks-release-all-conv’ [simp]:
t # t' = has-locks (release-all 1 t") t = has-locks 't
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by (cases 1) auto

lemma has-locks-acquire-locks-conv’ [simp]:
[ may-lock I t; t # t' ]| = has-locks (acquire-locks | t n) t' = has-locks I t’
by (induct 1 t n rule: acquire-locks.induct) simp-all

lemma lock-action-ok-has-locks-upd-lock-eq-has-locks [simp):
[ lock-action-ok I t' L; t # t' | = has-locks (upd-lock I t' L) t = has-locks I t
by(cases L) auto

lemma lock-actions-ok-has-locks-upd-locks-eq-has-locks [simp]:
[ lock-actions-ok I t' Ls; t # t' ]| = has-locks (upd-locks  t’ Ls) t = has-locks 1 t
by (induct I t' Ls rule: upd-locks.induct) simp-all

lemma has-lock-acquire-locks-implies-has-lock:

[ has-lock (acquire-locks It n) t'; t # t' ] = has-lock 1 t’
unfolding acquire-locks-conv

by (cases n)(auto split: if-split-asm)

lemma has-lock-has-lock-acquire-locks:
has-lock | T = has-lock (acquire-locks It n) T
unfolding acquire-locks-conv
by (auto)

fun lock-actions-ok’ :: 't lock = 't = lock-action list = bool where
lock-actions-ok’ 1 t [| = True
| lock-actions-ok’ | t (L#Ls) = ((L = Lock N — may-lock I t) V
lock-action-ok I t L A lock-actions-ok’ (upd-lock 1t L) t Ls)

lemma lock-actions-ok’-iff:
lock-actions-ok’ 1 t las «—
lock-actions-ok 1 t las V (Jxs ys. las = zs Q Lock # ys A lock-actions-ok 1 t xs A — may-lock
(upd-locks 1 t xs) t)
proof (induct  t las rule: lock-actions-ok.induct)
case (2 Lt LA LAS)
show ?case
proof(cases LA = Lock N — may-lock L t)
case True
hence (Jys. Lock # LAS =[] Q Lock # ys) A lock-actions-ok L t [] A = may-lock (upd-locks L t

) ¢
by (simp)
with True show ?thesis by(simp (no-asm))(blast)
next
case Fulse
with 2 show ?Zthesis
by (fastforce simp add: Cons-eq-append-conv elim: allE[where x=LA # zs for zs))
qed
qed simp

lemma lock-actions-ok'E[consumes 1, case-names ok Lock]:
[ lock-actions-ok’ 1t las;
lock-actions-ok | t las = P;
Nzs ys. [ las = xs @Q Lock # ys; lock-actions-ok | t xs; = may-lock (upd-locks 1t zs) t ] = P ]
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= P
by (auto simp add: lock-actions-ok'-iff)

end

1.3 Semantics of the thread actions for locking

theory FWLocking
imports

FWlLock
begin

definition redT-updLs :: ('l,'t) locks = 't = 'l lock-actions = ('l,'t) locks where
red T-updLs Is t las = (\(I, la). upd-locks | t la) o$ (($ls, las$))

lemma red T-updLs-iff [simp]: redT-updLs ls t las $ | = upd-locks (Is $ 1) t (las $ 1)
by (simp add: redT-updLs-def)

lemma upd-locks-empty-conv [simp]: (A(l, las). upd-locks | t las) o$ ($ls, K$ [|$) = Is
by (auto intro: finfun-ext)

lemma red T-updLs-Some-thread-idD:
[ has-lock (redT-updLs ls ¢t las $ 1) ¢'; t # t' ]| = has-lock (Is $ 1) ¢’
by (auto simp add: red T-updLs-def intro: has-lock-upd-locks-implies-has-lock)

definition acquire-all :: ('l; 't) locks = 't = ('l =f nat) = ('l, 't) locks
where Aln. acquire-all Is t In = (A(I, la). acquire-locks 1 t la) o$ (($Is, In$))

lemma acquire-all-iff [simp]:
Aln. acquire-all s t In $ | = acquire-locks (Is $1) t (In $ 1)
by (simp add: acquire-all-def)

definition lock-ok-las :: ('l,'t) locks = 't = 'l lock-actions = bool where
lock-ok-las ls t las = V1. lock-actions-ok (Is $ 1) t (las $ 1)

lemma lock-ok-lasI [intro]:
(AL lock-actions-ok (Is $ 1) t (las $ 1)) = lock-ok-las Is t las
by (simp add: lock-ok-las-def)

lemma lock-ok-lasE:
[ lock-ok-las Is t las; (\l. lock-actions-ok (Is $ 1) t (las $ 1)) = Q] = @
by (simp add: lock-ok-las-def)

lemma lock-ok-lasD:
lock-ok-las ls t las = lock-actions-ok (Is $ 1) t (las $ 1)
by (simp add: lock-ok-las-def)

lemma lock-ok-las-code [code]:
lock-ok-las Is t las = finfun-All (A(1, la). lock-actions-ok 1 t la) o$ ($is, las$))
by (simp add: lock-ok-las-def finfun-All-All o-def)

lemma lock-ok-las-may-lock:



24

[ lock-ok-las ls t las; Lock € set (las $ 1) | = may-lock (Is $ 1) t
by (erule lock-ok-lasE)(rule lock-actions-ok-Lock-may-lock)

lemma red T-updLs-may-lock [simp]:
lock-ok-las ls t las = may-lock (redT-updLs ls t las $ 1) t = may-lock (Is $ 1) ¢
by (auto dest!: lock-ok-lasD[where [=I])

lemma red T-updLs-has-locks [simp]:
[ lock-ok-las Is t' las; t # t' | = has-locks (redT-updLs ls t' las $ 1) t = has-locks (Is $ 1) ¢
by (auto dest!: lock-ok-lasD[where [=I])

definition may-acquire-all :: ('l, 't) locks = 't = ('l =f nat) = bool
where Aln. may-acquire-all ls t In = V1. In $ | > 0 — may-lock (Is $ 1) ¢

lemma may-acquire-alll [intro]:
Aln. (AL In $ 1 > 0 = may-lock (Is $ 1) t) = may-acquire-all ls t In
by(simp add: may-acquire-all-def)

lemma may-acquire-allE:
Ain. [ may-acquire-all ls t In; V1. In $ 1 > 0 — may-lock (Is$ 1)t = P] = P
by (auto simp add: may-acquire-all-def)

lemma may-acquire-allD [dest]:
Ain. [ may-acquire-all ls t In; In $ 1 > 0 | = may-lock (Is $ 1) ¢
by (auto simp add: may-acquire-all-def)

lemma may-acquire-all-has-locks-acquire-locks [simp]:

fixes In

shows [ may-acquire-all Is t In; t # t' | = has-locks (acquire-locks (Is $ 1) t (In $ 1)) ¢’ = has-locks
(Is$ 1)t
by (cases In $ 1 > 0)(auto dest: may-acquire-allD)

lemma may-acquire-all-code [codel:
Ain. may-acquire-all Is t In <— finfun-All (M(lock, n). n > 0 — may-lock lock t) o$ ($ls, in$))
by (auto simp add: may-acquire-all-def finfun-All-All o-def)

definition collect-locks :: 'l lock-actions = 'l set where
collect-locks las = {l. Lock € set (las $ 1)}

lemma collect-locksl:
Lock € set (las $ 1) = | € collect-locks las
by (simp add: collect-locks-def)

lemma collect-locksE:
[ I € collect-locks las; Lock € set (las $ 1) = P | = P
by (simp add: collect-locks-def)

lemma collect-locksD:

I € collect-locks las = Lock € set (las $ 1)
by (simp add: collect-locks-def)

fun must-acquire-lock :: lock-action list = bool where
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must-acquire-lock [| = False
| must-acquire-lock (Lock # las) = True
| must-acquire-lock (Unlock # las) = False
| must-acquire-lock (- # las) = must-acquire-lock las

lemma must-acquire-lock-append:
must-acquire-lock (zs Q ys) «— (if Lock € set xs V Unlock € set xs then must-acquire-lock xs else
must-acquire-lock ys)
proof (induct xs)
case Nil thus ?case by simp
next
case (Cons L Ls)
thus ?case by (cases L, simp-all)
qed

lemma must-acquire-lock-contains-lock:
must-acquire-lock las = Lock € set las
proof (induct las)
case (Cons [ las) thus ?case by(cases l) auto
qed simp

lemma must-acquire-lock-conv:

must-acquire-lock las = (case (filter (\L. L = Lock V L = Unlock) las) of [| = False | L # Ls = L
= Lock)
proof (induct las)

case Nil thus ?case by simp
next

case (Cons LA LAS) thus ?case

by(cases LA, auto split: list.split-asm)

qed

definition collect-locks’ :: 'l lock-actions = 'l set where
collect-locks’ las = {l. must-acquire-lock (las $ 1)}

lemma collect-locks'I:
must-acquire-lock (las $ 1) = 1 € collect-locks’ las
by (simp add: collect-locks’-def)

lemma collect-locks'E:
[ 1 € collect-locks’ las; must-acquire-lock (las $ 1) = P ]| = P
by (simp add: collect-locks’-def)

lemma collect-locks’-subset-collect-locks:
collect-locks’ las C collect-locks las

by (auto simp add: collect-locks’-def collect-locks-def intro: must-acquire-lock-contains-lock)

definition lock-ok-las’ :: ('l,'t) locks = 't = 'l lock-actions = bool where
lock-ok-las’ Is t las = V1. lock-actions-ok’ (Is $ 1) t (las $ 1)

lemma lock-ok-las’I: (\I. lock-actions-ok’ (Is $ 1) t (las $ 1)) = lock-ok-las’ Is t las
by (simp add: lock-ok-las’-def)

lemma lock-ok-las'D: lock-ok-las’ Is t las = lock-actions-ok' (Is $ 1) ¢ (las $ 1)
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by (simp add: lock-ok-las’-def)

lemma not-lock-ok-las’-conv:
= lock-ok-las’ ls t las +— (3 1. = lock-actions-ok’ (Is $ 1) t (las $ 1))
by (simp add: lock-ok-las’-def)

lemma lock-ok-las’-code:
lock-ok-las’ Is t las = finfun-All (A(I, la). lock-actions-ok’ | t la) o$ ($is, las$))
by (simp add: lock-ok-las’-def finfun-All-All o-def)

lemma lock-ok-las’-collect-locks’-may-lock:
assumes lot": lock-ok-las’ Is t las
and mayl: V1 € collect-locks’ las. may-lock (Is $ 1) ¢
and [: | € collect-locks las
shows may-lock (Is $ 1) ¢
proof(cases | € collect-locks’ las)
case True thus ?thesis using mayl by auto
next
case Fulse
hence nmal: = must-acquire-lock (las $ 1)
by (auto intro: collect-locks'T)
from [ have locklasl: Lock € set (las $ 1)
by (rule collect-locksD)
then obtain ys zs
where las: las $ | = ys Q Lock # zs
and notin: Lock ¢ set ys
by (auto dest: split-list-first)
from lot’ have lock-actions-ok’ (Is $ 1) t (las $ 1)
by (auto simp add: lock-ok-las’-def)
thus ?thesis
proof (induct rule: lock-actions-ok'E)
case ok
with locklasl show ?thesis
by —(rule lock-actions-ok-Lock-may-lock)
next
case (Lock YS Z5)
note LAS = <as $ 1 = YS Q Lock # ZS»
note lao = <lock-actions-ok (Is $ 1) t YSH
note nml = <— may-lock (upd-locks (Is $ 1) t YS) t»
from LAS las nmal notin have Unlock € set YS
by —(erule contrapos-np, auto simp add: must-acquire-lock-append append-eq-append-conv2 ap-
pend-eq-Cons-conv)
then obtain ys’ zs’
where YS: YS = ys’' Q@ Unlock # zs'
and unlock: Unlock ¢ set ys'
by (auto dest: split-list-first)
from YS las LAS lao have lao”: lock-actions-ok (Is $ 1) t (ys’ @ [Unlock]) by (auto)
hence has-lock (upd-locks (Is $ 1) t ys’) t by simp
hence may-lock (upd-locks (Is $ 1) t ys’) t
by (rule has-lock-may-lock)
moreover from lao’ have lock-actions-ok (Is $ 1) ¢ ys’ by simp
ultimately show ?thesis by simp
qed
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qed

lemma lock-actions-ok’-must-acquire-lock-lock-actions-ok:
[ lock-actions-ok’ 1 t Ls; must-acquire-lock Ls — may-lock | t] = lock-actions-ok 1 t Ls
proof (induct | t Ls rule: lock-actions-ok.induct)
case 1 thus ?case by simp
next
case (21t L LS) thus ?case
proof(cases L = Lock vV L = Unlock)
case True
with 2 show ?thesis by(auto simp add: lock-actions-ok’-iff Cons-eq-append-conv intro: has-lock-may-lock)
qed(cases L, auto)
qed

lemma lock-ok-las’-collect-locks-lock-ok-las:
assumes lol”: lock-ok-las’ ls t las
and clml: Al. I € collect-locks las => may-lock (Is $ 1) t
shows lock-ok-las Is t las
proof (rule lock-ok-lasI)
fix [
from lol’ have lock-actions-ok’ (Is $ 1) t (las $ 1) by(rule lock-ok-las’D)
thus lock-actions-ok (Is $ 1) ¢ (las $ [)
proof (rule lock-actions-ok’-must-acquire-lock-lock-actions-ok[OF - impl])
assume mal: must-acquire-lock (las $ 1)
thus may-lock (Is $ 1) ¢
by (auto introl: clml collect-locksI elim: must-acquire-lock-contains-lock )
ged
qed

lemma lock-ok-las’-into-lock-on-las:
llock-ok-las’ Is t las; NI. I € collect-locks’ las => may-lock (Is $ 1) t] = lock-ok-las Is t las
by (metis lock-ok-las’-collect-locks’-may-lock lock-ok-las’-collect-locks-lock-ok-las)

end

1.4 Semantics of the thread actions for thread creation

theory FWThread
imports

FWState
begin

Abstractions for thread ids

context
notes [[inductive-internals]|
begin

inductive free-thread-id :: ('l,’t,'z) thread-info = 't = bool
for ts :: ('l,'t,’x) thread-info and ¢ :: 't
where ts t = None = free-thread-id ts t

declare free-thread-id.cases [elim)]

end
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lemma free-thread-id-iff: free-thread-id ts t = (ts t = None)
by(auto elim: free-thread-id.cases intro: free-thread-id.intros)

Update functions for the multithreaded state

fun redT-updT :: ('l,'t,’z) thread-info = ('t,’zr,'m) new-thread-action = ('l,'t,’z) thread-info
where

redT-updT ts (NewThread t' z m) = ts(t' — (z, no-wait-locks))
| redT-updT ts - = ts

fun redT-updTs :: ('l,'t,'z) thread-info = ('t,’z,'m) new-thread-action list = ('l,'t,’z) thread-info
where

redT-updTs ts [| = ts
| red T-updTs ts (tattas) = redT-updTs (redT-updT ts ta) tas

lemma red T-upd Ts-append [simp]:
redT-updTs ts (tas Q tas’) = redT-updTs (redT-updTs ts tas) tas’
by (induct ts tas rule: redT-updTs.induct) auto

lemma redT-updT-None:
redT-updT ts ta t = None =—> ts t = None
by (cases ta)(auto split: if-splits)

lemma redT-updTs-None: redT-updTs ts tas t = None = ts t = None
by (induct ts tas rule: red T-updTs.induct)(auto intro: red T-updT-None)

lemma red T-updT-Somel:
ts t = |aw] = Jaw. redT-updT ts ta t = |zw)]
by(cases ta) auto

lemma redT-updTs-Somel:
ts t = |ow] = Jaw. redT-updTs ts tas t = |zw|
unfolding not-None-eq[symmetric]
by (induct ts tas arbitrary: zw rule: red T-updTs.induct)(simp-all del: split-paired-Ezx, blast dest: red T-upd T-Somel )

lemma red T-updT-finite-dom-inv:
finite (dom (redT-updT ts ta)) = finite (dom ts)
by (cases ta) auto

lemma redT-updTs-finite-dom-inv:
finite (dom (redT-updTs ts tas)) = finite (dom ts)
by (induct ts tas rule: redT-updTs.induct)(simp-all add: red T-upd T-finite-dom-inv)

Preconditions for thread creation actions

These primed versions are for checking preconditions only. They allow the thread actions
to have a type for thread-local information that is different than the thread info state itself.

fun redT-updT' :: ('l,'t,’z) thread-info = ('t,’z’,'m) new-thread-action = ('l,'t,’z) thread-info
where

redT-updT’ ts (NewThread t' z m) = ts(t' — (undefined, no-wait-locks))
| redT-updT’ ts - = ts

fun redT-updTs’ :: ('l,'t,'x) thread-info = ('t,’z’,’m) new-thread-action list = ('l,'t,’x) thread-info
where
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red T-updTs' ts [| = ts
| redT-updTs’ ts (tattas) = redT-updTs’ (redT-updT’ ts ta) tas

lemma red T-updT'-None:
redT-updT’ ts ta t = None = ts t = None
by (cases ta)(auto split: if-splits)

primrec thread-ok :: ('l,’t,'x) thread-info = ('t,’x’,'m) new-thread-action = bool
where

thread-ok ts (NewThread t © m) = free-thread-id ts t
| thread-ok ts (ThreadExists t b) = (b # free-thread-id ts t)

fun thread-oks :: ('l,'t,’t) thread-info = ('t,’z’,'m) new-thread-action list = bool
where

thread-oks ts [| = True
| thread-oks ts (ta#tas) = (thread-ok ts ta A thread-oks (redT-updT’ ts ta) tas)

lemma thread-ok-ts-change:
(At. ts t = None <— ts' t = None) = thread-ok ts ta «— thread-ok ts’ ta
by (cases ta)(auto simp add: free-thread-id-iff)

lemma thread-oks-ts-change:
(At. ts t = None «— ts' t = None) = thread-oks ts tas «— thread-oks ts’ tas
proof (induct tas arbitrary: ts ts’)
case Nil thus ?case by simp
next
case (Cons ta tas ts ts')
note IH = <Ats ts’. (\t. (ts t = None) = (ts' t = None)) = thread-oks ts tas = thread-oks ts’ tas
note eq = <A\t. (ts t = None) = (ts’ t = None)»
from eq have thread-ok ts ta <— thread-ok ts’ ta by(rule thread-ok-ts-change)
moreover from eq have At. (redT-updT’ ts ta t = None) = (redT-updT’ ts' ta t = None)
by (cases ta)(auto)
hence thread-oks (redT-updT' ts ta) tas = thread-oks (redT-updT' ts’ ta) tas by(rule IH)
ultimately show Zcase by simp
qed

lemma red T-updT'-eq-None-conv:
(A\t. ts t = None «— ts' t = None) = redT-updT' ts ta t = None +— redT-updT ts' ta t = None
by (cases ta) simp-all

lemma red T-updTs’-eq-None-conv:
(A\t. ts t = None «— ts’ t = None) = redT-updTs’ ts tas t = None +— redT-updTs ts' tas t =
None
apply (induct tas arbitrary: ts ts’)
apply simp-all
apply (blast intro: red T-updT'-eq-None-conv del: iffI)
done

lemma thread-oks-red T-updT-conv [simp:
thread-oks (redT-updT’ ts ta) tas = thread-oks (redT-updT ts ta) tas
by (rule thread-oks-ts-change)(rule red T-updT'-eq-None-conv refl)+

lemma thread-oks-append [simpl:
thread-oks ts (tas @ tas’) = (thread-oks ts tas A thread-oks (redT-updTs’ ts tas) tas’)
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by (induct tas arbitrary: ts, auto)

lemma thread-oks-red T-upd Ts-conv [simp]:
thread-oks (redT-updTs’ ts ta) tas = thread-oks (red T-updTs ts ta) tas
by (rule thread-oks-ts-change)(rule redT-upd Ts'-eq-None-conv refl)+

lemma red T-updT-Some:
[ ts t = |2w]; thread-ok ts ta | = redT-updT ts ta t = |zw|
by(cases ta) auto

lemma redT-updTs-Some:
[ ts t = |zw]; thread-oks ts tas | = redT-updTs ts tas t = |zw]
by (induct ts tas rule: redT-updTs.induct)(auto intro: red T-upd T-Some)

lemma red T-updT’-Some:
[ ts t = |zw]; thread-ok ts ta | = redT-updT’' ts ta t = |zw|
by(cases ta) auto

lemma red T-updTs’-Some:
[ ts t = |aw]; thread-oks ts tas | = redT-updTs’ ts tas t = |zw)|
by (induct ts tas rule: redT-updTs'.induct)(auto intro: red T-updT’-Some)

lemma thread-ok-new-thread:
thread-ok ts (NewThread t m' ©) = ts t = None
by (auto)

lemma thread-oks-new-thread:
[ thread-oks ts tas; NewThread t © m € set tas | = ts t = None
by (induct ts tas rule: thread-oks.induct)(auto intro: red T-updT’-None)

lemma redT-updT-new-thread-ts:
thread-ok ts (NewThread t x m) = redT-updT ts (NewThread t x m) t = |(z, no-wait-locks) ]

by (simp)

lemma redT-updTs-new-thread-ts:
[ thread-oks ts tas; NewThread t x m € set tas | = redT-updT5 ts tas t = |(z, no-wait-locks)]
by (induct ts tas rule: red T-updTs.induct)(auto intro: redT-upd Ts-Some)

lemma redT-updT-new-thread:

[ redT-updT ts ta t = |(z, w)|; thread-ok ts ta; ts t = None | = Im. ta = NewThread t T m A w
= no-wait-locks
by (cases ta)(auto split: if-split-asm)

lemma redT-updTs-new-thread:
[ redT-updTs ts tas t = |(z, w)|; thread-oks ts tas; ts t = None |
= Im .NewThread t z m € set tas N w = no-wait-locks
proof (induct tas arbitrary: ts)
case Nil thus ?case by simp
next
case (Cons TA TAS TS)
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note IH = (\ts. [redT-updTs ts TAS t = |(z, w)]; thread-oks ts TAS; ts t = None] = Im.
NewThread t z m € set TAS N w = no-wait-locks»
note es’t = <redT-updTs TS (TA # TAS) t = |(z, w)]>
note cct = <thread-oks TS (TA # TAS)»
hence cctta: thread-ok TS TA and ccts: thread-oks (redT-updT TS TA) TAS by auto
note est = «T'S t = None»
{fix X W
assume rest: redT-updT TS TA t = |(X, W)]
then obtain m where TA = NewThread t X m N W = no-wait-locks using cctta est
by (auto dest!: redT-upd T-new-thread)
then obtain TA = NewThread t X m W = no-wait-locks ..
moreover from rest ccts
have redT-updTs TS (TA # TAS) t = [(X, W)]
by (auto intro:red T-upd Ts-Some)
with es’t have X = 2 W = w by auto
ultimately have ?case by auto }
moreover
{ assume rest: redT-updT TS TA t = None
hence A\m. TA # NewThread t x m using est cct
by (clarsimp)
with rest ccts es’t have ?case by(auto dest: IH) }
ultimately show ?case by(cases redT-updT TS TA t, auto)
qed

lemma red T-upd T-upd:
[ ts t = |aw]; thread-ok ts ta | = (redT-updT ts ta)(t — zw’) = redT-updT (ts(t — zw")) ta
by (cases ta)(fastforce intro: fun-upd-twist)+

lemma redT-updTs-upd:

[ ts t = |aw]; thread-oks ts tas | = (redT-updTs ts tas)(t — zw') = redT-updTs (ts(t — zw’)) tas
by (induct ts tas rule: redT-updTs.induct)(auto simp del: fun-upd-apply simp add: redT-updT-upd dest:
red T-upd T-Some)

lemma thread-ok-upd:
ts t = |zln| = thread-ok (ts(t — xln’)) ta = thread-ok ts ta
by (rule thread-ok-ts-change) simp

lemma thread-oks-upd:
ts t = |zln| = thread-oks (ts(t — zln')) tas = thread-oks ts tas
by (rule thread-oks-ts-change) simp

lemma thread-ok-convert-new-thread-action [simp):
thread-ok ts (convert-new-thread-action f ta) = thread-ok ts ta
by (cases ta) auto

lemma red T-updT'-convert-new-thread-action-eq-None:
red T-updT’ ts (convert-new-thread-action f ta) t = None +— redT-updT’ ts ta t = None
by(cases ta) auto

lemma thread-oks-convert-new-thread-action [simp):
thread-oks ts (map (convert-new-thread-action f) tas) = thread-oks ts tas

by (induct ts tas rule: thread-oks.induct)(simp-all add: thread-oks-ts-change| OF red T-upd T '-convert-new-thread-action-eq-None

lemma map-red T-upd T
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map-option (map-prod fid) (redT-updT ts ta t) =
redT-updT (At. map-option (map-prod fid) (ts t)) (convert-new-thread-action f ta) t
by (cases ta) auto

lemma map-red T-updTs:

map-option (map-prod f id) (redT-updTs ts tas t) =

redT-updTs (At. map-option (map-prod fid) (ts t)) (map (convert-new-thread-action f) tas) t
by (induct tas arbitrary: ts)(auto simp add: map-redT-updT)

end

1.5 Semantics of the thread actions for wait, notify and inter-
rupt

theory FWWait
imports

FWState
begin

Update functions for the wait sets in the multithreaded state

inductive redT-updW :: 't = ('w, 't) wait-sets = ('t,'w) wait-set-action = ('w,’t) wait-sets = bool
for ¢ :: 't and ws :: ('w, 't) wait-sets
where
ws t' = | InWS w| = redT-updW t ws (Notify w) (ws(t’' — PostWS WSNotified))
| (At wst' # | InWS w|) = redT-updW t ws (Notify w) ws
| redT-updW t ws (NotifyAll w) (At. if ws t = | InWS w| then | PostWS WSNotified| else ws t)
| redT-updW t ws (Suspend w) (ws(t — InWS w))
| ws t' = [InWS w| = redT-updW t ws (WakeUp t') (ws(t' — PostWS WSInterrupted))
| (Aw. ws t' # |[InWS w]) = redT-updW t ws (WakeUp t') ws
| red T-updW t ws Notified (ws(t := None))
| redT-updW t ws WokenUp (ws(t := None))

definition redT-updWs :: 't = ('w,’t) wait-sets = ('t,'w) wait-set-action list = ('w,’t) wait-sets =
bool
where red T-updWs t = rtrancl3p (red T-upd W t)

inductive-simps red T-upd W-simps [simp]:
redT-upd W t ws (Notify w) ws’
redT-upd W t ws (NotifyAll w) ws’
redT-updW t ws (Suspend w) ws’
red T-upd W t ws (WakeUp t') ws’
redT-upd W t ws WokenUp ws’
red T-updW t ws Notified ws’

lemma red T-upd W-total: 3ws’. redT-upd W t ws wa ws’
by (cases wa)(auto simp add: red T-upd W .simps)

lemma red T-upd Ws-total: 3 ws’. redT-updWs t ws was ws’
proof (induct was rule: rev-induct)

case Nil thus ?case by(auto simp add: redT-upd Ws-def)
next

case (snoc wa was)

then obtain ws’ where red T-upd Ws t ws was ws’ ..
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also from red T-upd W-total[of t ws’ wal

obtain ws’” where redT-upd W t ws’ wa ws’’ ..

ultimately show ?case unfolding red T-upd Ws-def by (auto intro: rtrancl3p-step)
qed

lemma red T-upd Ws-trans: [ redT-updWs t ws was ws'; red T-updWs t ws’ was’ ws" | = red T-upd Ws
t ws (was Q@ was’) ws”’
unfolding red T-upd Ws-def by (rule rtrancl3p-trans)

lemma red T-upd W-None-implies-None:
[ redT-updW t’ ws wa ws’; ws t = None; t # t' ] = ws’ t = None
by (auto simp add: redT-upd W .simps)

lemma red T-upd Ws-None-implies-None:

assumes redT-upd Ws t’ ws was ws’

and t # t’ and ws t = None

shows ws’ t = None
using «red T-upd Ws t’ ws was ws”’» <ws t = None> unfolding red T-upd Ws-def
by induct(auto intro: red T-upd W-None-implies-None| OF - - <t # t])

lemma redT-upd W-PostWS-imp-Post WS
[ redT-updW t ws wa ws'; ws t" = |PostWS w|; t"" # t ] = ws’ t"" = | PostWS w|
by (auto simp add: redT-upd W .simps)

lemma red T-upd Ws-Post WS-imp-Post WS

[ redT-updWs t ws was ws'; t"" # t; ws t" = | PostWS w| | = ws’ t" = | PostWS w]|
unfolding red T-upd Ws-def
by (induct rule: rtrancl8p.induct)(auto dest: red T-upd W-Post WS-imp-Post WS)

lemma red T-upd W-Some-otherD:

[ redT-updW t’ ws wa ws’; ws’ t = |[w]; t # t']

= (case w of INWS w' = wst = |[InWS w'| | -= wst=|w| VvV (3w wst=[InWSw'))
by (auto simp add: redT-updW .simps split: if-split-asm wait-set-status.split)

lemma redT-upd Ws-Some-otherD:
[ redT-updWs t' ws was ws'’; ws' t = |w]; t # ¢]
= (case w of WS w' = wst = [InWSw'| | -= wst=|w| VvV 3Bw. wst=|InWSw'))
unfolding red T-upd Ws-def
apply (induct arbitrary: w rule: rtrancl3p.induct)
apply (fastforce split: wait-set-status.splits dest: red T-upd W-Some-otherD)+
done

lemma redT-upd W-None-SomeD:

[ redT-updW t ws wa ws'; ws' t' = |w]; wst' = None | =t =t' A (Fw'. w=InWS w' A wa =
Suspend w’)
by (auto simp add: redT-upd W .simps split: if-split-asm)

lemma redT-upd Ws-None-SomeD:
[ redT-updWs t ws was ws’; ws’ t' = |w]; ws t' = None | = t = t' A (Jw’. Suspend w’' € set was)
unfolding red T-upd Ws-def
proof (induct arbitrary: w rule: rtrancl8p.induct)
case (rtrancl3p-refl ws) thus ?case by simp
next
case (rtrancl3p-step ws was ws’ wa ws'’)
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show ?Zcase

proof(cases ws’ t')
case None
from red T-upd W-None-SomeD[OF <redT-updW t ws’ wa ws'y, OF <ws' t' = |w]> this|
show ?thesis by auto

next
case (Some w’)
with <ws t" = None> rtrancl3p-step.hyps(2) show ?thesis by auto

qed

qed

lemma redT-upd W-neq-Some-SomeD:
[ redT-updW t’" ws wa ws’; ws’ t = [InWS w]; ws t # [InWS w] | = t = t' A wa = Suspend w
by (auto simp add: redT-upd W .simps split: if-split-asm)

lemma redT-upd Ws-neq-Some-SomeD:
[ redT-updWs t ws was ws'’; ws’ t' = |InWS w|; ws t' # |InWS w| | = t = t' A Suspend w € set
was
unfolding red T-upd Ws-def
proof (induct rule: rtrancl3p.induct)
case rtrancl3p-refl thus ?case by simp
next
case (rtrancl3p-step ws was ws’ wa ws'")
show ?case
proof (cases ws’ t' = [ InWS w])
case True
with «ws t' # [InWS w] «Juws' t' = | InWS w]; ws t' # | InWS w]] = t = t' A Suspend w € set
was»
show ?thesis by simp
next
case Fulse
with «red T-upd W t ws’ wa ws”s <ws” t' = | InWS w]»
have t' = t A wa = Suspend w by(rule red T-upd W-neg-Some-SomeD)
thus ?thesis by auto
qed
qed

lemma redT-upd W-not-Suspend-Some:
[ redT-updW t ws wa ws'; ws' t = |w'|; ws t = |w]; Aw. wa # Suspend w |
= w' =wV G w" w=ImWS w’ AN w = PostWs w"")

by(auto simp add: redT-upd W .simps split: if-split-asm)

lemma redT-upd Ws-not-Suspend-Some:
[ red T-updWs t ws was ws'; ws’' t = |w'|; ws t = [w]; Aw. Suspend w ¢ set was |
= w' =wV Jw" w" w=InWS w’ AN w = PostWS w’")
unfolding red T-upd Ws-def
proof (induct arbitrary: w rule: rtrancl3p-converse-induct)
case refl thus “case by simp
next
case (step ws wa ws’ was ws"’)
note «ws"’ t = |w')
moreover
have ws’ t # None
proof
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assume ws’ t = None
with «rtrancl3p (red T-updW t) ws' was ws'y «ws" t = |w'])
obtain w’ where Suspend w’ € set was unfolding red T-upd Ws-def[symmetric]
by (auto dest: redT-upd Ws-None-SomeD)
with «Suspend w’ ¢ set (wa # was)> show False by simp
qged
then obtain w” where ws' t = |w'’| by auto
moreover {
fix w
from «Suspend w ¢ set (wa # was)> have Suspend w ¢ set was by simp }
ultimately have w’ = w'' Vv (3w w"". w” = WS w'"’ A w’ = PostWS w'""’) by (rule step.hyps)
moreover { fix w
from «Suspend w ¢ set (wa # was)> have wa # Suspend w by auto }
note red T-upd W-not-Suspend-Some|OF <redT-updW ¢ ws wa ws’y, OF <ws’ t = |w'']y «ws t = |w]»
this
ultimately show ?case by auto
qed

lemma red T-upd Ws- Woken Up-SuspendD:
[ redT-updWs t ws was ws’; Notified € set was V WokenUp € set was; ws' t = |w] | = Fw. Suspend
w € sel was
unfolding red T-upd Ws-def
by (induct rule: rtrancl3p-converse-induct)(auto dest: red T-upd Ws-None-SomeD[unfolded red T-upd Ws-def])

lemma red T-upd W-Woken- Up-same-no-Notified-Interrupted:
[ red T-updW t ws wa ws'; ws' t = | PostWS w]; ws t = | PostWS w]; Aw. wa # Suspend w |
= wa # Notified N wa # WokenUp

by (fastforce)

lemma red T-upd Ws- Woken-Up-same-no-Notified-Interrupted:
[ redT-updWs t ws was ws'; ws' t = | PostWS w]; ws t = | PostWS w]; Aw. Suspend w ¢ set was |
= Notified ¢ set was N WokenUp ¢ set was
unfolding red T-upd Ws-def
proof (induct rule: rtrancl3p-converse-induct)
case refl thus ?case by simp
next
case (step ws wa ws' was ws'’)
note Suspend = <Aw. Suspend w ¢ set (wa # was)>
note «ws'’ t = | PostWS w)|»
moreover have ws’ t = | PostWS w]
proof(cases ws' t)
case None
with «rtrancl3p (redT-updW t) ws’ was ws'y «ws'' t = | PostWS w|»
obtain w where Suspend w € set was unfolding red T-upd Ws-def [symmetric]
by (auto dest: redT-upd Ws-None-SomeD)
with Suspend[of w] have False by simp
thus %thesis ..
next
case (Some w’)
thus ?thesis using (ws t = | PostWS w|» Suspend <redT-updW t ws wa ws’
by (auto simp add: redT-upd W .simps split: if-split-asm)
qed
moreover
{ fix w from Suspend|of w] have Suspend w ¢ set was by simp }
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ultimately have Notified ¢ set was A WokenUp ¢ set was by(rule step.hyps)
moreover
{ fix w from Suspend|of w] have wa # Suspend w by auto }
with «red T-upd W t ws wa ws’s <ws’ t = | PostWS w]» <ws t = | PostWS w]»
have wa # Notified A wa # WokenUp by (rule red T-upd W-Woken- Up-same-no-Notified-Interrupted)
ultimately show ?case by auto
qed

Preconditions for wait set actions

definition wset-actions-ok :: ('w,'t) wait-sets = 't = ('t,'w) wait-set-action list = bool
where

wset-actions-ok ws t was «—

(if Notified € set was then ws t = | PostWS WSNotified |

else if WokenUp € set was then ws t = | PostW.S WSWokenUp|

else ws t = None)

lemma wset-actions-ok-Nil [simp):
wset-actions-ok ws t [| «— ws t = None
by (simp add: wset-actions-ok-def)

definition waiting :: 'w wait-set-status option = bool
where waiting w «— (Jw’. w = [InWS w'])

lemma not-waiting-iff:
- waiting w +— w = None V (Fw’. w = | PostWS w'])
apply(cases w)
apply(case-tac [2] a)
apply(auto simp add: waiting-def)
done

lemma waiting-code [code]:
waiting None = Fulse
NAw. waiting | PostWS w| = False
Nw. waiting | InWS w] = True
by (simp-all add: waiting-def)

end

1.6 Semantics of the thread actions for purely conditional pur-
pose such as Join

theory F'WCondAction
imports

FWState
begin

locale final-thread =
fixes final :: 'z = bool
begin

primrec cond-action-ok :: ('l,'t,’z,'m,"w) state = 't = 't conditional-action = bool where
Aln. cond-action-ok s t (Join T) =
(case thr s T of None = True | [(z, In)| = ¢t # T A final © A In = no-wait-locks N wset s T =
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None)
| cond-action-ok s t Yield = True

primrec cond-action-oks :: ('l,’t,’z,'m,’w) state = 't = 't conditional-action list = bool where
cond-action-oks s t [| = True
| cond-action-oks s t (ct#cts) = (cond-action-ok s t ct A cond-action-oks s t cts)

lemma cond-action-oks-append [simp]:
cond-action-oks s t (cts @ cts’) <+— cond-action-oks s t cts A cond-action-oks s t cts
by (induct cts, auto)

!/

lemma cond-action-oks-conv-set:
cond-action-oks s t cts «— (¥ ¢t € set cts. cond-action-ok s t ct)
by (induct cts) simp-all

lemma cond-action-ok-Join:

Nin. [ cond-action-ok s t (Join T); thr s T = |(z, In)] | = final x A In = no-wait-locks N\ wset s
T = None
by (auto)

lemma cond-action-oks-Join:
Aln. [ cond-action-oks s t cas; Join T € set cas; thr s T = [(z, In)] ]
= final x A In = no-wait-locks N wset s T = None ANt # T

by (induct cas)(auto)

lemma cond-action-oks-upd:

assumes tst: thr s t = |zin|

shows cond-action-oks (locks s, ((thr s)(t — zln’), shr s), wset s, interrupts s) t cas = cond-action-oks
st cas
proof (induct cas)

case Nil thus ?case by simp
next

case (Cons ca cas)

from tst have eq: cond-action-ok (locks s, ((thr s)(t — zin'), shr s), wset s, interrupts s) t ca =
cond-action-ok s t ca

by (cases ca) auto

with Cons show ?case by(auto simp del: fun-upd-apply)

qed

lemma cond-action-ok-shr-change:
cond-action-ok (Is, (ts, m), ws, is) t ct = cond-action-ok (Is, (ts, m’), ws, is) t ct
by(cases ct) auto

lemma cond-action-oks-shr-change:
cond-action-oks (s, (ts, m), ws, is) t cts = cond-action-oks (ls, (ts, m’), ws, is) ¢ cts
by (auto simp add: cond-action-oks-conuv-set intro: cond-action-ok-shr-change)

primrec cond-action-ok’ :: ('l,’t,’z,'m,'w) state = 't = 't conditional-action = bool
where

cond-action-ok’ - - (Join t) = True
| cond-action-ok’ - - Yield = True

primrec cond-action-oks’ :: ('l,’t,’z,'m,'w) state = 't = 't conditional-action list = bool where
cond-action-oks’ s t [| = True



38

| cond-action-oks’ s t (ct#cts) = (cond-action-ok’ s t ct A cond-action-oks’ s t cts)

lemma cond-action-oks’-append [simp]:
cond-action-oks’ s t (cts Q cts") «— cond-action-oks’ s t cts A\ cond-action-oks’ s t cts
by (induct cts, auto)

/

lemma cond-action-oks’-subset-Join:
set cts C insert Yield (range Join) = cond-action-oks’ s t cts
apply(induct cts)

apply (auto)
done

end

definition collect-cond-actions :: 't conditional-action list = 't set where
collect-cond-actions cts = {t. Join t € set cts}

declare collect-cond-actions-def [simp]

lemma cond-action-ok-final-change:
[ final-thread.cond-action-ok finall s1 t ca;
At. thr s1 t = None «— thr s2 t = None;
Nt xl. [ thr s1 t = |(z1, no-wait-locks)|; finall x1; wset s1 t = None |
= Jz2. thr s2t = | (22, no-wait-locks)| A final2 2 A In2 = no-wait-locks N wset s2 t = None |
= final-thread.cond-action-ok final2 s2 t ca
apply(cases ca)
apply (fastforce simp add: final-thread.cond-action-ok.simps)+
done

lemma cond-action-oks-final-change:
assumes major: final-thread.cond-action-oks finall s1 t cas
and minor: \t. thr s1 t = None <— thr s2t = None
At xl. [ thr s1 t = |(x1, no-wait-locks)|; finall x1; wset s1 ¢ = None |
= Ja2. thr s2 t = (22, no-wait-locks)| A final2 £2 A In2 = no-wait-locks N\ wset s2 t = None
shows final-thread.cond-action-oks final2 s2 t cas
using major
by (induct cas)(auto simp add: final-thread.cond-action-oks.simps intro: cond-action-ok-final-change[ OF
- minor])

end

1.7 Wellformedness conditions for the multithreaded state

theory F'WWellform
imports
FWLocking
FWThread
FWWait
FWCondAction
begin

Well-formedness property: Locks are held by real threads

definition
lock-thread-ok :: ('l, 't) locks = ('l, 't,’z) thread-info = bool



where [code del]:
lock-thread-ok Is ts = V1 t. has-lock (Is $ 1) t — (Faw. ts t = [zw])

lemma lock-thread-ok-code [code]:
lock-thread-ok ls ts = finfun-All ((Al. case | of None = True | |(t, n)| = (ts t # None)) o$ Is)
by (simp add: lock-thread-ok-def finfun-All-All has-lock-has-locks-conv has-locks-iff o-def)

lemma lock-thread-okI:
(Al t. has-lock (Is $ 1) t = Jzw. ts t = |aw]) = lock-thread-ok Is ts
by (auto simp add: lock-thread-ok-def)

lemma lock-thread-okD:
[ lock-thread-ok Is ts; has-lock (Is $ 1) t | = Jaw. ts t = |zw]
by (fastforce simp add: lock-thread-ok-def)

lemma lock-thread-okD':
[ lock-thread-ok Is ts; has-locks (Is $ 1) t = Suc n | = Jzw. ts t = |aw]
by (auto elim: lock-thread-okD[where [=I] simp del: split-paired-Ex)

lemma lock-thread-okE:
[ lock-thread-ok Is ts; V1 t. has-lock (Is $ 1) t — (aw. tst = |zw]) = P ] = P
by (auto simp add: lock-thread-ok-def simp del: split-paired-Ex)

lemma lock-thread-ok-upd:
lock-thread-ok ls ts = lock-thread-ok s (ts(t — zw))
by (auto introl: lock-thread-okI dest: lock-thread-okD)

lemma lock-thread-ok-has-lockE:
assumes lock-thread-ok ls ts
and has-lock (Is $ 1) ¢
obtains z In’ where ts t = |(z, In')]
using assms
by (auto dest!: lock-thread-okD)

lemma redT-updLs-preserves-lock-thread-ok:
assumes lto: lock-thread-ok ls ts
and tst: ts t = |aw]
shows lock-thread-ok (redT-updLs s t las) ts
proof (rule lock-thread-oklI)
fix L T
assume ru: has-lock (redT-updLs ls t las $ L) T
show Jzw. ts T = |zw|
proof(cases t = T)
case True
thus ?thesis using tst lto
by (auto elim: lock-thread-okE)
next
case Fulse
with ru have has-lock (s $ L) T
by (rule red T-updLs-Some-thread-idD)
thus ?thesis using lto
by (auto elim!: lock-thread-okE simp del: split-paired-Er)
qed
qed

39
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lemma redT-updTs-preserves-lock-thread-ok:
assumes lto: lock-thread-ok ls ts
shows lock-thread-ok ls (red T-updTs ts nts)
proof(rule lock-thread-okI)
fix [ ¢
assume has-lock (Is $ 1) t
with lto have Jzw. ts t = |zw]
by (auto elim!: lock-thread-okE simp del: split-paired-Ex)
thus Jzw. redT-updTs ts nts t = |zw]
by (auto intro: redT-updTs-Somel simp del: split-paired-Ex)
qed

lemma lock-thread-ok-has-lock:
assumes lock-thread-ok s ts
and has-lock (Is $ 1) ¢
obtains zw where ts t = |2w]
using assms

by (auto dest!: lock-thread-okD)

lemma lock-thread-ok-None-has-locks-0:
[ lock-thread-ok Is ts; ts t = None | = has-locks (Is $ 1) t = 0
by (rule ccontr)(auto dest: lock-thread-okD)

lemma red T-upds-preserves-lock-thread-ok:
[lock-thread-ok Is ts; ts t = |zw]; thread-oks ts tas]
= lock-thread-ok (redT-updLs Is t las) ((red T-updTs ts tas)(t — zw’))
apply(rule lock-thread-okI)
apply(clarsimp simp del: split-paired-FEx)
apply(drule has-lock-upd-locks-implies-has-lock, simp)
apply(drule lock-thread-okD, assumption)
apply(erule exFE)
by (rule redT-updTs-Somel)

lemma acquire-all-preserves-lock-thread-ok:

fixes In

shows [ lock-thread-ok Is ts; ts t = [(z, In)| | = lock-thread-ok (acquire-all Is t In) (ts(t — zw))
by (rule lock-thread-okI)(auto dest!: has-lock-acquire-locks-implies-has-lock dest: lock-thread-okD)

Well-formedness condition: Wait sets contain only real threads

definition wset-thread-ok :: ("w, 't) wait-sets = ('l, 't, 'z) thread-info = bool
where wset-thread-ok ws ts = Vt. ts t = None — ws t = None

lemma wset-thread-oklI:
(At. ts t = None => ws t = None) = wset-thread-ok ws ts
by (simp add: wset-thread-ok-def)

lemma wset-thread-okD:
[ wset-thread-ok ws ts; ts t = None | = ws t = None
by (simp add: wset-thread-ok-def)

lemma wset-thread-ok-conv-dom:
wset-thread-ok ws ts <—— dom ws C dom ts
by (auto simp add: wset-thread-ok-def)
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lemma wset-thread-ok-upd:
wset-thread-ok ls ts = wset-thread-ok ls (ts(t — zw))
by (auto introl: wset-thread-okI dest: wset-thread-okD split: if-split-asm)

lemma wset-thread-ok-upd-None:
wset-thread-ok ws ts = wset-thread-ok (ws(t := None)) (ts(t := None))
by (auto introl: wset-thread-okI dest: wset-thread-okD split: if-split-asm)

lemma wset-thread-ok-upd-Some:
wset-thread-ok ws ts =—> wset-thread-ok (ws(t := wo)) (ts(t — zin))
by (auto introl: wset-thread-okI dest: wset-thread-okD split: if-split-asm)

lemma wset-thread-ok-upd-ws:
[ wset-thread-ok ws ts; ts t = |zln| | = wset-thread-ok (ws(t := w)) ts
by (auto introl: wset-thread-okl dest: wset-thread-okD)

lemma wset-thread-ok-NotifyAlll:
wset-thread-ok ws ts = wset-thread-ok (At. if ws t = [w t] then |w’ t] else ws t) ts
by (simp add: wset-thread-ok-def)

lemma redT-updTs-preserves-wset-thread-ok:

assumes wto: wset-thread-ok ws ts

shows wset-thread-ok ws (redT-updTs ts nts)
proof (rule wset-thread-okI)

fix t

assume redT-updTs ts nts t = None

hence ts t = None by(rule redT-updTs-None)

with wto show ws t = None by(rule wset-thread-okD)
qed

lemma redT-upd W-preserve-wset-thread-ok:

[ wset-thread-ok ws ts; redT-upd W t ws wa ws’; ts t = |zin] | = wset-thread-ok ws’ ts
by (fastforce simp add: red T-upd W .simps intro: wset-thread-okl wset-thread-ok-Notify Alll wset-thread-ok-upd-ws
dest: wset-thread-okD)

lemma redT-upd Ws-preserve-wset-thread-ok:

[ wset-thread-ok ws ts; redT-updWs t ws was ws’; ts t = |zin] | = wset-thread-ok ws’ ts
unfolding red T-upd Ws-def apply(rotate-tac 1)
by (induct rule: rtrancl3p-converse-induct)(auto intro: red T-upd W-preserve-wset-thread-ok)

Well-formedness condition: Wait sets contain only non-final threads

context final-thread begin

definition wset-final-ok :: ("w, 't) wait-sets = ('l, 't, 'z) thread-info = bool
where wset-final-ok ws ts «— (Yt € dom ws. Iz In. ts t = |[(z, In)| A = final )

lemma wset-final-okI:
(At w. ws t = |w] = Fzin. tst = |(z, In)| A = final ) = wsel-final-ok ws ts
unfolding wset-final-ok-def by(blast)

lemma wset-final-okD:
[ wset-final-ok ws ts; ws t = |w] | = Jzin. tst = |(x, In)| A = final x
unfolding wset-final-ok-def by (blast)
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lemma wset-final-okE:
assumes wsel-final-ok ws ts ws t = |w]
and Az In. ts t = |(z, In)] = — final 2 = thesis
shows thesis

using assms by(blast dest: wset-final-okD)

lemma wset-final-ok-imp-wset-thread-ok:
wset-final-ok ws ts => wset-thread-ok ws ts

apply(rule wset-thread-okI)

apply(rule ccontr)

apply(auto elim: wset-final-okE)

done

end

end

1.8 Semantics of the thread action ReleaseAcquire for the thread
state

theory FWLockingThread
imports

FWlLocking
begin

fun upd-threadR :: nat = 't lock = "t = lock-action = nat
where

upd-threadR n | t ReleaseAcquire = n + has-locks 1t
| upd-threadR nlt-=n

primrec upd-threadRs :: nat = 't lock = "t = lock-action list = nat
where
upd-threadRs n 1t [ = n
| upd-threadRs n 1t (la # las) = upd-threadRs (upd-threadR n 1t la) (upd-lock 1 t la) t las

lemma upd-threadRs-append [simpl:
upd-threadRs n | t (las Q las’) = upd-threadRs (upd-threadRs n ¢ las) (upd-locks 1 t las) t las’
by (induct las arbitrary: n I, auto)

definition red T-updLns :: ('l,'t) locks = 't = ('l =f nat) = 'l lock-actions = ('l =f nat)
where Aln. redT-updLns Is t In las = (A(I, n, la). upd-threadRs n 1 t la) o$ ($is, ($in, las$)$)

lemma red T-updLns-iff [simp:
Nin. redT-updLns Is t In las $ | = upd-threadRs (In $ 1) (Is $ 1) ¢ (las $ 1)
by (simp add: red T-updLns-def)

lemma upd-threadRs-comp-empty [simp]: (A(l, n, las). upd-threadRs n 1 t las) o$ ($is, ($ins, K$ [|$)$)
= Ins
by (auto intro!: finfun-ext)

lemma red T-updLs-empty [simp|: redT-updLs Is t (K$ [|) = Is
by (simp add: redT-updLs-def)
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end

1.9 Semantics of the thread actions for interruption

theory FWlinterrupt
imports

FWState
begin

primrec red T-updl :: 't interrupts = 't interrupt-action = 't interrupts
where
red T-updl is (Interrupt t) = insert t is
| redT-updl is (ClearInterrupt t) = is — {t}
| redT-updl is (IsInterrupted t b) = is

fun redT-updls :: 't interrupts = 't interrupt-action list = 't interrupts
where

red T-updls is [| = is
| redT-updls is (ia # ias) = redT-updls (redT-updl is ia) ias

primrec interrupt-action-ok :: 't interrupts = 't interrupt-action = bool
where
interrupt-action-ok is (Interrupt t) = True
| interrupt-action-ok is (ClearInterrupt t) = True
| interrupt-action-ok is (IsInterrupted t b) = (b = (t € 1is))

fun interrupt-actions-ok :: 't interrupts = 't interrupt-action list = bool
where
interrupt-actions-ok is [| = True
| interrupt-actions-ok is (ia # ias) «— interrupt-action-ok is ia A interrupt-actions-ok (redT-updl is
ia) ias

primrec interrupt-action-ok’ :: 't interrupts = 't interrupt-action = bool
where
interrupt-action-ok’ is (Interrupt t) = True
| interrupt-action-ok’ is (ClearInterrupt t) = True
| interrupt-action-ok’ is (IsInterrupted t b) = (b V t & is)

fun interrupt-actions-ok’ :: 't interrupts = 't interrupt-action list = bool
where
interrupt-actions-ok’ is [| = True
| interrupt-actions-ok’ is (ia # ias) «— interrupt-action-ok’ is ia A interrupt-actions-ok’ (red T-updl
is ia) ias

fun collect-interrupt :: 't interrupt-action = 't set = 't set
where
collect-interrupt (IsInterrupted t True) Ts = insert t TS
| collect-interrupt (Interrupt t) Ts = Ts — {t}
| collect-interrupt - Ts = Ts

definition collect-interrupts :: 't interrupt-action list = 't set
where collect-interrupts ias = foldr collect-interrupt ias {}
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lemma collect-interrupts-interrupted:

[ interrupt-actions-ok is ias; t' € collect-interrupts ias | = t' € is
unfolding collect-interrupts-def
proof (induct ias arbitrary: is)

case Nil thus ?case by simp
next

case (Cons ia ias) thus ?case

by (cases (ia, foldr collect-interrupt ias {}) rule: collect-interrupt.cases) auto

qed

lemma interrupt-actions-ok-append [simp]:

interrupt-actions-ok is (ias @Q jas’) «— interrupt-actions-ok is ias N\ interrupt-actions-ok (red T-updls
is ias) ias’
by (induct ias arbitrary: is) auto

lemma collect-interrupt-subset: Ts C Ts' = collect-interrupt ia Ts C collect-interrupt ia Ts’
by(cases (ia, Ts) rule: collect-interrupt.cases) auto

lemma foldr-collect-interrupt-subset:
Ts C Ts’ = foldr collect-interrupt ias Ts C foldr collect-interrupt ias Ts'
by (induct ias)(simp-all add: collect-interrupt-subset)

lemma interrupt-actions-ok-all-nthl:
assumes An. n < length ias = interrupt-action-ok (redT-updls is (take n ias)) (ias ! n)
shows interrupt-actions-ok is ias
using assms
proof (induct ias arbitrary: is)
case Nil thus ?case by simp
next
case (Cons ia ias)
from Cons.prems|of 0] have interrupt-action-ok is ia by simp
moreover
{fixn
assume n < length ias
hence interrupt-action-ok (redT-updls (redT-updl is ia) (take n ias)) (ias ! n)
using Cons.prems[of Suc n] by simp }
hence interrupt-actions-ok (redT-updl is ia) ias by(rule Cons.hyps)
ultimately show ?case by simp
qed

lemma interrupt-actions-ok-nthD:

assumes interrupt-actions-ok is ias

and n < length ias

shows interrupt-action-ok (redT-updls is (take n ias)) (ias ! n)
using assms
by (induct n arbitrary: is ias)(case-tac [!] ias, auto)

lemma interrupt-actions-ok’-all-nthl:
assumes An. n < length ias = interrupt-action-ok’ (redT-updls is (take n ias)) (ias ! n)
shows interrupt-actions-ok’ is ias

using assms

proof (induct ias arbitrary: is)
case Nil thus ?case by simp
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next
case (Cons ia ias)
from Cons.prems|of 0] have interrupt-action-ok’ is ia by simp
moreover
{ fix n
assume n < length ias
hence interrupt-action-ok’ (redT-updls (redT-updl is ia) (take n ias)) (ias ! n)
using Cons.prems|of Suc n] by simp }
hence interrupt-actions-ok’ (red T-updl is ia) ias by(rule Cons.hyps)
ultimately show ?case by simp
qed

lemma interrupt-actions-ok’-nthD:

assumes interrupt-actions-ok’ is ias

and n < length ias

shows interrupt-action-ok’ (red T-updls is (take n ias)) (ias ! n)
using assms
by (induct n arbitrary: is ias)(case-tac [!] ias, auto)

lemma interrupt-action-ok-imp-interrupt-action-ok’ [simp]:
interrupt-action-ok is ia = interrupt-action-ok’ is ia
by(cases ia) simp-all

lemma interrupt-actions-ok-imp-interrupt-actions-ok’ [simp]:
interrupt-actions-ok is ias = interrupt-actions-ok’ is ias
by (induct ias arbitrary: is)(simp-all)

lemma collect-interruptsk:
assumes t’ € collect-interrupts ias’
obtains n’ where n’ < length ias’ ias’ ! n' = IsInterrupted t’ True
and Interrupt t' ¢ set (take n’ ias’)
proof (atomize-elim)
from assms show I n'<length ias’. ias’ | n' = IsInterrupted t'" True A Interrupt t' ¢ set (take n’
ias’)
unfolding collect-interrupts-def
proof (induct ias’ arbitrary: t')
case Nil thus ?case by simp
next
case (Cons ia ias) thus ?Zcase
by (cases (ia, foldr collect-interrupt ias {}) rule: collect-interrupt.cases) fastforce+
qed
qed

lemma collect-interrupts-prefiz:

collect-interrupts ias C collect-interrupts (ias @ ias’)
by (metis Un-empty collect-interrupts-def foldr-append foldr-collect-interrupt-subset inf-sup-ord(1) inf-sup-ord(2)
subset-Un-eq)

lemma redT-updl-insert-Interrupt:
[t € redT-updl is ia; t ¢ is | = ia = Interrupt ¢
by (cases ia) simp-all

lemma redT-updls-insert-Interrupt:
[ t € redT-updls is ias; t ¢ is | = Interrupt t € set ias
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proof (induct ias arbitrary: is)
case Nil thus ?case by simp
next
case (Cons ia ias) thus ?case
by(cases t € redT-updl is ia)(auto dest: red T-updI-insert-Interrupt)
qged

lemma interrupt-actions-ok-takel:
interrupt-actions-ok is ias = interrupt-actions-ok is (take n ias)
by (subst (asm) append-take-drop-id[symmetric, where n=n])(simp del: append-take-drop-id)

lemma interrupt-actions-ok’-collect-interrupts-imp-interrupt-actions-ok:
assumes int: interrupt-actions-ok’ is ias
and ci: collect-interrupts ias C is
and int’: interrupt-actions-ok is' ias
shows interrupt-actions-ok is ias
proof (rule interrupt-actions-ok-all-nthl)
fix n
assume n: n < length ias
show interrupt-action-ok (redT-updls is (take n ias)) (ias ! n)
proof(cases 3t. ias | n = IsInterrupted t True)
case Fulse
with interrupt-actions-ok’-nthD[OF int n] show ?thesis by(cases ias | n) simp-all
next
case True
then obtain ¢t where ia: tas | n = IsInterrupted t True ..
from int’ n have interrupt-action-ok (redT-updls is’ (take n ias)) (ias ! n) by(rule inter-
rupt-actions-ok-nthD)
with ia have t € redT-updls is’ (take n ias) by simp
moreover have ias = take (Suc n) ias Q drop (Suc n) ias by simp
with ci have collect-interrupts (take (Suc n) ias) C is
by (metis collect-interrupts-prefix subset-trans)
ultimately have ¢ € redT-updls is (take n ias) using n ia int int’
proof (induct n arbitrary: is is’ ias)
case 0 thus ?Zcase by(clarsimp simp add: neq-Nil-conv collect-interrupts-def)
next
case (Suc n)
from <Suc n < length ias) obtain ia ias’
where ias [simp]: ias = ia # ias’ by(cases ias) auto
from <interrupt-actions-ok is’ ias)
have ia-ok: interrupt-action-ok is’ ia by simp

from «t € redT-updls is’ (take (Suc n) ias)>
have t € redT-updls (redT-updl is' ia) (take n ias’) by simp
moreover from <collect-interrupts (take (Suc (Suc n)) ias) C is) ia-ok
have collect-interrupts (take (Suc n) ias’) C redT-updl is ia
proof(cases (ia, is) rule: collect-interrupt.cases)
case (3-2t' Ts)
hence [simp]: ia = ClearInterrupt t' Ts = is by simp-all
have t' ¢ collect-interrupts (take (Suc n) ias’)
proof
assume t’ € collect-interrupts (take (Suc n) ias’)
then obtain n’ where n' < length (take (Suc n) das’) take (Suc n) ias’! n' = IsInterrupted
t" True
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Interrupt t' ¢ set (take n’ (take (Suc n) ias’)) by(rule collect-interruptsE)
hence n’ < nias’ ! n’ = Isinterrupted t' True Interrupt t' ¢ set (take n’ ias’)
using «Suc n < length ias> by(simp-all add: min-def split: if-split-asm)
hence Suc n’ < length ias using «Suc n < length ias» by(simp add: min-def)
with <interrupt-actions-ok is’ ias»
have interrupt-action-ok (redT-updls is' (take (Suc n') ias)) (ias ! Suc n')
by (rule interrupt-actions-ok-nthD)
with «Suc n < length ias» <ias’ ! n' = IsInterrupted t' True»
have t’ € redT-updls (is’ — {t'}) (take n' ias’) by simp
hence Interrupt t’ € set (take n' ias’)
by (rule red T-updIs-insert-Interrupt) simp
with <Interrupt t’ ¢ set (take n’ ias’)) show False by contradiction

qed
thus ?thesis using <collect-interrupts (take (Suc (Suc n)) ias) C is»

by (auto simp add: collect-interrupts-def)

qged(auto simp add: collect-interrupts-def)
moreover from «Suc n < length ias> have n < length ias’ by simp
moreover from <ias | Suc n = IsInterrupted t True> have ias’ ! n = IsInterrupted t True by

stmp

moreover from <interrupt-actions-ok’ is ias> have interrupt-actions-ok' (redT-updl is ia) ias’
unfolding ias by simp
moreover from <interrupt-actions-ok is’ ias) have interrupt-actions-ok (redT-updI is’ ia) ias’
by simp
ultimately have t € redT-updls (redT-updl is ia) (take n ias’) by(rule Suc)
thus ?case by simp

qed

thus ?thesis unfolding ia by simp

qged
qed

end

1.10

The multithreaded semantics

theory FWSemantics

imports
FWWellform
FWLockingThread
FWCondAction
FWinterrupt

begin

inductive redT-upd :: ('l,'t,’z,'m,'w) state = 't = ('l,’t,’z,’m,'w,’0) thread-action = 'z = 'm =
('l,"t,"z,"m,"w) state = bool
for st ta ' m’

where

red T-updWs t (wset s) {taly ws’
= redT-upd s t ta ' m’ (redT-updLs (locks s) t {ta};, ((redT-updTs (thr s) {ta}s)(t — (2,
redT-updLns (locks s) t (snd (the (thr s t))) {talt;)), m’), ws’, redT-updls (interrupts s) {ta};)

inductive-simps red T-upd-simps [simp]:
redT-upd s t ta ' m’ s’



48

definition redT-acq :: ('l,’t,’z,'m,'w) state = 't = ('l =f nat) = ('l,'t,’z,'m,'w) state
where

Nin. redT-acq s t In = (acquire-all (locks s) t In, ((thr s)(t — (fst (the (thr s t)), no-wait-locks)), shr
s), wset s, interrupts s)

context final-thread begin
inductive actions-ok :: ('l,'t,'z,'m,'w) state = 't = ('l,’t,’x’,'m,"w,’0) thread-action = bool
for s :: ('l,’t,’z,'m,'w) state and t :: 't and ta :: ('l,'t,’z’,'m,"w,’0) thread-action
where
[ lock-ok-las (locks s) t {taly; thread-oks (thr s) {tal}s; cond-action-oks s t {ta}¢;
wset-actions-ok (wset s) t {taltw; interrupt-actions-ok (interrupts s) {tal; |
= actions-ok s t ta

declare actions-ok.intros [intro!]
declare actions-ok.cases [elim!]

lemma actions-ok-iff [simp]:
actions-ok s t ta <—
lock-ok-las (locks s) t {tal; A thread-oks (thr s) {ta}ty A cond-action-oks s t {tal}c A
wset-actions-ok (wset s) t {taly A interrupt-actions-ok (interrupts s) {tal};

by (auto)

lemma actions-ok-thread-oksD:
actions-ok s t ta = thread-oks (thr s) {tal};
by (erule actions-ok.cases)
inductive actions-ok’ :: ('l,'t,"r,'m,"w) state = 't = ('l,'t,’z’,'m,'w,’0) thread-action = bool where
[ lock-ok-las’ (locks s) t {tal; thread-oks (thr s) {tal}s; cond-action-oks’ s t {ta¢;
wset-actions-ok (wset s) t {talty; interrupt-actions-ok’ (interrupts s) {tal}; |
= actions-ok’ s t ta

declare actions-ok’.intros [intro!]
declare actions-ok’.cases [elim!]

lemma actions-ok’-iff:
actions-ok’ s t ta +—
lock-ok-las’ (locks s) t {tal; A thread-oks (thr s) {tal}; A cond-action-oks’ s t {taltc A
wset-actions-ok (wset s) t {taly A interrupt-actions-ok’ (interrupts s) {tal;

by auto

lemma actions-ok’-ta-upd-obs:
actions-ok’ s t (ta-update-obs ta obs) «— actions-ok’ s t ta
by (auto simp add: actions-ok'-iff lock-ok-las’-def ta-upd-simps wset-actions-ok-def)

lemma actions-ok’-empty: actions-ok’ s t € <— wset s t = None
by (simp add: actions-ok'-iff lock-ok-las’-def)

lemma actions-ok’-convert-ext TA:
actions-ok’ s t (convert-extTA f ta) = actions-ok’ s t ta
by (simp add: actions-ok’-iff)
inductive actions-subset :: ('l,'t,’z,'m,"w,’0) thread-action = ('l,'t,’z’,'m,"w,’0) thread-action = bool
where
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[ collect-locks’ {ta’}; C collect-locks {taly;
collect-cond-actions {ta'}c C collect-cond-actions {tal} ;
collect-interrupts {ta’}; C collect-interrupts {tal}; |

= actions-subset ta’ ta

declare actions-subset.intros [intro!]
declare actions-subset.cases [elim!]

lemma actions-subset-iff:
actions-subset ta’ ta «—
collect-locks’ {ta’}t; C collect-locks {tal}; A
collect-cond-actions {ta'}c C collect-cond-actions {tal} ¢ N
collect-interrupts {ta’l}; C collect-interrupts {tal};

by auto

lemma actions-subset-refl [introl:
actions-subset ta ta
by (auto intro: actions-subset.intros collect-locks’-subset-collect-locks del: subsetl)

definition final-thread :: ('l,’t,’z,'m,'w) state = 't = bool where
Nin. final-thread s t = (case thr s t of None = False | |(z, In)| = final x A In = no-wait-locks N
wset s t = None)

definition final-threads :: ('l,'t,’z,'m,"w) state = 't set
where final-threads s = {t. final-thread s t}

lemma [iff]: t € final-threads s = final-thread s t
by (simp add: final-threads-def)

lemma [pred-set-conv]: final-thread s = (At. t € final-threads s)
by simp

definition mfinal :: ('l,'t,’z,’m,"w) state = bool
where mfinal s «— (VtzIn. thr st = [(z, In)| — final z A In = no-wait-locks N\ wset s t = None)

lemma final-threadl:
[ thr s t = |(z, no-wait-locks)|; final z; wset s t = None | = final-thread s t
by (simp add: final-thread-def)

lemma final-threadFE:

assumes final-thread s t

obtains z where thr s t = |(z, no-wait-locks)| final x wset s t = None
using assms by(auto simp add: final-thread-def)

lemma mfinall:
(At zin. thr st = |(z, In)| = final x A In = no-wait-locks \ wset s t = None) => mfinal s
unfolding mfinal-def by blast

lemma mfinalD:

fixes In

assumes mfinal s thr s t = |(z, In)]

shows final z In = no-wait-locks wset s t = None
using assms unfolding mfinal-def by blast+
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lemma mfinalE:

fixes In

assumes mfinal s thr s t = |(z, In)]

obtains final x In = no-wait-locks wset s t = None
using mfinalD[OF assms] by(rule that)

lemma mfinal-def2: mfinal s «<— dom (thr s) C final-threads s
by (fastforce elim: mfinalE final-threadE intro: mfinall final-threadl)

end

locale multithreaded-base = final-thread +
constrains final :: 'z = bool
fixes r :: ('l,’t,"z,'m,’w,’0) semantics (- + - —— - [50,0,0,50] 80)
and convert-RA :: 'l released-locks = 'o list

begin

abbreviation
r-syntaz : 't = 'z = 'm = ('l,'t,/z,’'m,'w,’0) thread-action = 'z = 'm = bool
(-F (=) == () [50,0,0,0,0,0] 80)
where
tF(z, m) —ta— (¢, m") = t+ (z, m) —ta— (2', m’)

inductive

redT :: ('L,'t,’z,'m,'w) state = 't x (',’t,’z,'m,'w,’0) thread-action = ('l,’t,'z,'m,'w) state = bool
and

redT-syntaxl == ('l,'t,’z,'m,'w) state = 't = ('l,’t,’z,'m,’w,’0) thread-action = ('l,’t,"z,'m,'w) state
= bool (- —>-— - [50,0,0,50] 80)
where

s —t>ta— s' = redT s (¢, ta) s’

| redT-normal:

[ t+ (z, shrs) —ta— (z’, m’);
thr s t = |(z, no-wait-locks) |;
actions-ok s t ta;
redT-upd s t ta ' m' s' ]

= s —t>ta— s’

| redT-acquire:
Ain. [ thr s t = |(z, In)|; = waiting (wset s t);
may-acquire-all (locks s) t In; In $ n > 0;
s" = (acquire-all (locks s) t In, ((thr $)(t — (z, no-wait-locks)), shr s), wset s, interrupts s) |
= s —i>((K$ []), [I, [, [l [], convert-RA In)— s’

abbreviation
redT-syntaz2 :: ('l,'t) locks = ('I,'t,’z) thread-info x 'm = ('w,t) wait-sets = 't interrupts
= "t = ('l,'t,’zr,’m,"w,’0) thread-action
= ('l,'t) locks = ('l,'t,'z) thread-info x 'm = (‘w,’t) wait-sets = 't interrupts = bool
() = = ) = (= - = 2 [0,0,0,0,0,0,0,0,0] 80)
where
(Is, tsm, ws, is)y —t>ta— (ls’, tsm’, ws’, is’) = (Is, tsm, ws, is) —t>ta— (ls’, tsm’, ws’, is’)

lemma redT-elims [consumes 1, case-names normal acquire]:
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assumes red: s —t>ta— s’
and normal: Az x’ m’ ws'.
[ t+ (z, shrs)y —ta— (z', m’);
thr s t = |(z, no-wait-locks) |;
lock-ok-las (locks s) t {tal}
thread-oks (thr s) {tal
cond-action-oks s t {tal}¢;
wset-actions-ok (wset s) t {tafw;
interrupt-actions-ok (interrupts s) {tal};;
red T-updWs t (wset s) {taltyw ws’
s" = (redT-updLs (locks s) t {tal};, ((redT-updTs (thr s) {tal}s)(t — (z', redT-updLns (locks s) t
no-wait-locks {tal};)), m’), ws’, redT-updls (interrupts s) {tal};) |
= thesis
and acquire: Az In n.
[ thr st =|(z In)|;
ta = (KS$ 1, [, [, 1, ], convert-RA In);
= waiting (wset s t);
may-acquire-all (locks s) tIn; 0 < In $ n;
s" = (acquire-all (locks s) t In, ((thr s)(t — (z, no-wait-locks)), shr s), wset s, interrupts s) |
—> thesis
shows thesis
using red
proof cases
case redT-normal
thus ?thesis using normal by(cases s’)(auto)
next
case redT-acquire
thus ?thesis by —(rule acquire, fastforce+)
qed

definition
RedT :: ('l,'t,'z,'m,'w) state = ('t x ('l,'t,’z,’m,"w,’0) thread-action) list = ('l,’t,"z,'m,'w) state =
bool
(- —>-—x - [50,0,50] 80)
where
RedT = rtrancl8p redT

lemma RedTTI:
rtrancl3p redT s ttas s’ = RedT s ttas s’
by (simp add: RedT-def)

lemma RedTEFE:
[ RedT s ttas s’; rtrancl8p redT s ttas ' = P ]| = P
by (auto simp add: RedT-def)

lemma RedTD:
RedT s ttas s’ = rtrancl3p redT s ttas s’
by (simp add: RedT-def)

lemma RedT-induct [consumes 1, case-names refl step):
[ s —>ttas—* s
Ns. Ps|s;
N\s ttas s’ t ta s". | s —>ttas—* s’; P s ttas s'; s’ —t>ta— s”' | = P s (ttas @Q [(¢, ta)]) s”]
= P s ttas s’
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unfolding RedT-def
by (erule rtrancl3p.induct) auto

lemma RedT-induct’ [consumes 1, case-names refl step|:
[ s —>ttas—* s';
Ps| s
Nttas s' t ta s”. [ s —>ttas—* s'; P s ttas s’; s’ —t>ta— s ]| = P s (ttas Q [(t, ta)]) s"']
= P s ttas s’
unfolding RedT-def
apply (erule rtrancl3p-induct’, blast)
apply(case-tac b, blast)
done

lemma RedT-lift-preserveD:
assumes Red: s —>ttas—* s’
and P: Ps
and preserve: \s t tas s'. [ s —t>tas— s’y Ps] = P s’
shows P s’
using Red P
by (induct rule: RedT-induct)(auto intro: preserve)

lemma RedT-refl [intro, simp]:
s =[x s
by (rule RedTT)(rule rtrancl3p-refl)

lemma redT-has-locks-inv:
[ (s, (ts, m), ws, is) —t>ta— (Is', (ts’, m'), ws’, is"); t #t' ] =
has-locks (Is $ 1) t' = has-locks (Is’ $ 1) t’
by (auto elim!: redT.cases intro: red T-updLs-has-locks[ THEN sym, simplified] may-acquire-all-has-locks-acquire-lock

lemma redT-has-lock-inv:
[ (s, (ts, m), ws, is) —t>ta— (ls’, (ts’, m’), ws’, is"); t # t']
= has-lock (Is’ $ 1) t' = has-lock (Is $ 1) t’

by (auto simp add: redT-has-locks-inv)

lemma redT-ts-Some-inv:
[ (Is, (ts, m), ws, is) —t>ta— (Is', (ts’, m'), ws’, is"); t #t', tst' = |z] | = ts' t' = |«z]
by (fastforce elim!: redT.cases simp: red T-upd Ts-upd| THEN sym)] intro: red T-updTs-Some)

lemma redT-thread-not-disappear:
[ s —tota— s'; thr s’ t' = None] = thr s t' = None
apply(cases t # t')
apply(auto elim!: redT-elims simp add: red T-updTs-upd| THEN sym] intro: red T-upd Ts-None)
done

lemma RedT-thread-not-disappear:

[ s —>ttas—* s'; thr s’ t' = None] = thr s t' = None
apply(erule contrapos-pp[where Q=thr s’ t' = None])
apply(drule (1) RedT-lift-preserveD)
apply(erule-tac Q=thr sa t' = None in contrapos-nn)
apply(erule red T-thread-not-disappear)
apply(auto)
done
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lemma redT-preserves-wset-thread-ok:
[ s —t>ta— s'; wset-thread-ok (wset s) (thr s) | = wset-thread-ok (wset s’) (thr s’)
by (fastforce elim!: redT.cases intro: wset-thread-ok-upd red T-upd Ts-preserves-wset-thread-ok red T-upd Ws-preserve-wset-thread

lemma RedT-preserves-wset-thread-ok:
[ s —>ttas—* s'; wset-thread-ok (wset s) (thr s) | = wset-thread-ok (wset s') (thr s’)
by(erule (1) RedT-lift-preserveD)(erule red T-preserves-wset-thread-ok)

lemma red T-new-thread-ts-Some:
[ s —tota— sy NewThread t' © m'' € set {tal}y; wset-thread-ok (wset s) (thr s) |
= thr s’ t' = |(z, no-wait-locks)]

by (erule redT-elims)(auto dest: thread-oks-new-thread elim: red T-upd Ts-new-thread-ts)

lemma RedT-new-thread-ts-not-None:

[ s —>ttas—= s’s NewThread t x m'' € set (concat (map (thr-a o snd) ttas)); wset-thread-ok (wset s)
(thr s) ]

= thr s’ t # None
proof (induct rule: RedT-induct)

case refl thus ?case by simp
next

case (step S TTAS S’ T TA S")

note Red = «S —>TTAS—x S

note IH = <] NewThread t x m'" € set (concat (map (thr-a o snd) TTAS)); wset-thread-ok (wset S)
(thr S) | = thr S’ t # None)

note red = «S' —ToTA— S’

note ins = «(NewThread t x m'" € set (concat (map (thr-a o snd) (TTAS @ [(T, TA)])))»

note wto = <wset-thread-ok (wset S) (thr S)»

from Red wto have wto”: wset-thread-ok (wset S”’) (thr S') by (auto dest: Red T-preserves-wset-thread-ok)

show ?Zcase
proof(cases NewThread t x m'" € set {TA[4)
case True thus ?thesis using red wto’
by (auto dest!: red T-new-thread-ts-Some)
next
case Fulse
hence NewThread t © m'' € set (concat (map (thr-a o snd) TTAS)) using ins by(auto)
hence thr S’ t # None using wto by(rule IH)
with red show ?thesis
by —(erule contrapos-nn, auto dest: redT-thread-not-disappear)
qed
qed

lemma redT-preserves-lock-thread-ok:
[ s —t>ta— s'; lock-thread-ok (locks s) (thr s) | = lock-thread-ok (locks s’) (thr s’)
by (auto elim!: redT-elims intro: red T-upds-preserves-lock-thread-ok acquire-all-preserves-lock-thread-ok)

lemma RedT-preserves-lock-thread-ok:
[ s —>ttas—* s’; lock-thread-ok (locks s) (thr s) | = lock-thread-ok (locks s") (thr s’)
by(erule (1) RedT-lift-preserveD)(erule red T-preserves-lock-thread-ok)

lemma redT-ez-new-thread:
assumes s —t>ta— s’ wset-thread-ok (wset s) (thr s) thr s’ t = |(z, w)] thr s t = None
shows 3m. NewThread t x m € set {tal}; A w = no-wait-locks

using assms
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by cases (fastforce split: if-split-asm dest: wset-thread-okD red T-upd Ts-new-thread)+

lemma red T-ex-new-thread”:
assumes s —t>ta— s’ thr s’ t = |(z, w)] thr s t = None
shows dm z. NewThread t z m € set {tal};
using assms
by (cases)(fastforce split: if-split-asm dest!: red T-upd Ts-new-thread)+

definition deterministic :: ('l,’t,’z,’m,'w) state set = bool
where
deterministic I +—
(Vstzta 2’ m' ta” " m”.
sel
— thr s t = | (=, no-wait-locks) |
— t b (z, shrs) —ta’— (z', m’)
— tF {(z, shrs) —ta"’"— (¢, m")
— actions-ok s t ta’ — actions-ok s t ta'’
— ta’'=ta”" ANz’ =2 Am'=m'") A invariant3p redT 1

lemma determisticl:
[Astxta ' m'ta” " m".
[ s €I;thrst=|(z, no-wait-locks)];
t+ (x, shrs) —ta’— (', m"); t b (z, shr s) —ta’’— (z", m'’);
actions-ok s t ta’; actions-ok s t ta’ |
= ta’'=ta’" Nz’ =z2" Am'=m"
invariant3p redT I |
= deterministic I
unfolding deterministic-def by blast

lemma deterministicD:
[ deterministic T;
tF (z, shrs) —ta’= (z/, m'); t b (x, shr s) —ta’'— (z", m"");
thr s t = |(z, no-wait-locks)|; actions-ok s t ta'; actions-ok s t ta’’; s € I']
= ta'=ta" Nz ' =z"ANm'=m"
unfolding deterministic-def by blast

lemma deterministic-invariant3p:
deterministic I —> invariant3p redT I
unfolding deterministic-def by blast

lemma deterministic-THE:

[ deterministic I; thr s t = |(z, no-wait-locks)|; t = (x, shr sy —ta— (z', m’); actions-ok s t ta; s €
1]

= (THE (ta, =/, m’). t - (z, shr s) —ta— (z', m’) A actions-ok s t ta) = (ta, z’, m’)
by (rule the-equality)(blast dest: deterministicD)+

end

locale multithreaded = multithreaded-base +
constrains final :: 'z = bool
and r :: (',’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = o list
assumes new-thread-memory: [ t - s —ta— s’; NewThread t' © m € set {ta}}; | = m = snd s’
and final-no-red: [ t b (z, m) —ta— (x’, m’); final x | = False
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begin

lemma red T-new-thread-common:
[ s —tota— sy NewThread t' © m'' € set {tal}y; {tafw =[] = m"” = shr s’
by (auto elim!: redT-elims rtranclSp-cases dest: new-thread-memory)

lemma red T-new-thread:
assumes s —t>ta— s’ thr s’ t = |(z, w)] thr s t = None {taly = ||
shows NewThread t x (shr s’) € set {tal}; A w = no-wait-locks
using assms
apply(cases rule: redT-elims)
apply(auto split: if-split-asm del: conjl elim!: rtrancl3p-cases)
apply(drule (2) red T-upd Ts-new-thread)
apply(auto dest: new-thread-memory)
done

lemma final-no-redT"
[ s —t>ta— s'; thr s t = |(z, no-wait-locks)| | = — final
by (auto elim!: redT-elims dest: final-no-red)

lemma mfinal-no-redT:
assumes redT: s —t>ta— s’ and mfinal: mfinal s
shows Fulse

using redT mfinalD[OF mfinal, of t]

by cases (metis final-no-red, metis neg-no-wait-locks-conv)

end

end

1.11 Auxiliary definitions for the progress theorem for the
multithreaded semantics

theory FWProgressAux
imports

FWSemantics
begin

abbreviation collect-waits :: ('l,'t,’z,'m,'w,’0) thread-action = ('l + 't + 't) set
where collect-waits ta = collect-locks {tal}; <+> collect-cond-actions {ta}c <+> collect-interrupts

{talt;

lemma collect-waits-unfold:
collect-waits ta = {l. Lock € set ({tal}; $ 1)} <+> {t. Join t € set {tal}c} <+> collect-interrupts

{tal;
by (simp add: collect-locks-def)

context multithreaded-base begin

definition must-sync :: 't = 't = 'm = bool (-+ (-,/ -)/ 1[50, 0,0] 81) where
tE(z, m)1+— Ftaz’m's. tF {(x, m) —ta— (x', m’) A\ shr s = m A actions-ok s t ta)

lemma must-sync-def2:
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tE(z, m)1+— Ftaz'm's. tF (x, m) —ta— (x’, m’y A actions-ok s t ta)
by (fastforce simp add: must-sync-def intro: cond-action-oks-shr-change)

lemma must-syncl:
Jta x’ m’s. t+ (xz, m) —ta— (z', m') A actions-ok s t ta = t F (z, m)
by (fastforce simp add: must-sync-def2)

lemma must-synck:

[t (z,m) 5 Ataz" m’s. [ tF (x, m) —ta— (z', m); actions-ok s t ta; m = shr s | = thesis |
= thesis
by (fastforce simp only: must-sync-def)

definition can-sync :: 't = 'z = 'm = ('l + 't + 't) set = bool (- + (-,/ -)/ -/ 1[50,0,0,0] 81)
where
tkE{(z,m) LT =3taz’ m'" t+ (x, m) —ta— (', m"y A (LT = collect-waits ta)

lemma can-syncl:
[tF (z, m) —ta— (z', m');
LT = collect-waits ta |
= tF (z, m) LT
by (cases ta)(fastforce simp add: can-sync-def)

lemma can-synck:
assumes t - (z, m) LT
obtains ta 2’ m’
where t - (z, m) —ta— (z', m’)
and LT = collect-waits ta
using assms
by (clarsimp simp add: can-sync-def)

inductive-set active-threads :: ('l,’t,’z,'m,"w) state = 't set
for s :: ('l,’t,"z,'m,'w) state
where
normal:
Aln. [ thr s t = Some (z, In);
In = no-wait-locks;
t b (z, shr s) —ta— z'm’,
actions-ok s t ta |
= { € active-threads s
| acquire:
Ain. [ thr s t = Some (z, In);
In # no-wait-locks;
- waiting (wset s t);
may-acquire-all (locks s) t in |
= t € active-threads s

lemma active-threads-iff:
active-threads s =
{t. 3z In. thr s t = Some (z, In) A
(if In = no-wait-locks
then 3ta ' m’. t = (x, shr s) —ta— (z’, m’) A actions-ok s t ta
else = waiting (wset s t) A\ may-acquire-all (locks s) t In)}
apply(auto elim!: active-threads.cases intro: active-threads.intros)
apply blast
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done

lemma active-thread-ex-red:
assumes t € active-threads s
shows Jta s’. s —t>ta— s’
using assms
proof cases
case (normal z ta x'm’ In)
with red T-upd Ws-total[of t wset s {tal} ]
show ?thesis
by (cases z'm’)(fastforce introl: redT-normal simp del: split-paired-FEx)
next
case acquire thus ?thesis
by (fastforce intro: red T-acquire simp del: split-paired-Ex simp add: neg-no-wait-locks-conv)
qed

end

Well-formedness conditions for final

context final-thread begin

inductive not-final-thread :: ('l,'t,’z,'m,"w) state = 't = bool
for s :: ('l,’t,’z,'m,'w) state and t :: 't where
not-final-thread-final: Nin. [ thr s t = |(z, In)]; = final x | = not-final-thread s ¢
| not-final-thread-wait-locks: Nin. [ thr s t = |(z, In)[; In # no-wait-locks | = not-final-thread s ¢
| not-final-thread-wait-set: Nin. [ thr s t = |(z, In)|; wset s t = |w| | = not-final-thread s t

declare not-final-thread.cases [elim)
lemmas not-final-thread-cases = not-final-thread.cases [consumes 1, case-names final wait-locks wait-set]

lemma not-final-thread-cases2 [consumes 2, case-names final wait-locks wait-set]:
Aln. [ not-final-thread s ¢; thr s t = |(z, In)];
- final x = thesis; In # no-wait-locks = thesis; \w. wset s t = |w| = thesis |
= thesis
by (auto)

lemma not-final-thread-iff:
not-final-thread s t <— (Jz In. thr s t = |(z, In)| A (= final x V In # no-wait-locks V (Fw. wset s

t = [w])))

by (auto intro: not-final-thread.intros)

lemma not-final-thread-conv:
not-final-thread s t <— thr s t # None A = final-thread s t
by (auto simp add: final-thread-def intro: not-final-thread.intros)

lemma not-final-thread-existsE:
assumes not-final-thread s t
and Az In. thr s t = [(z, In)] = thesis
shows thesis

using assms by blast

lemma not-final-thread-final-thread-conv:
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thr s t £ None = - final-thread s t «+— not-final-thread s t
by(simp add: not-final-thread-iff final-thread-def)

lemma may-join-cond-action-oks:
assumes At'. Join t’ € set cas = — not-final-thread s t' N t # t’
shows cond-action-oks s t cas
using assms
proof (induct cas)
case Nil thus ?case by clarsimp
next
case (Cons ca cas)
note IH = <[ A\t'. Join t' € set cas => — not-final-thread s t' N t # t']
= cond-action-oks s t cas»
note ass = sA\t'. Join t’ € set (ca # cas) = — not-final-thread s t' A t # t"
hence At'. Join t’ € set cas => — not-final-thread s t' A t # t’ by simp
hence cond-action-oks s t cas by (rule IH)
moreover have cond-action-ok s t ca
proof (cases ca)
case (Join t')
with ass have — not-final-thread s t' t # t' by auto
thus ?thesis using Join by(auto simp add: not-final-thread-iff)
next
case Yield thus ?thesis by simp
qed
ultimately show ?case by simp
qed

end
context multithreaded begin

lemma red-not-final-thread:
s —t>ta— s’ = not-final-thread s t
by (fastforce elim: redT.cases intro: not-final-thread.intros dest: final-no-red)

lemma redT-preserves-final-thread:
[ s —t™>ta— s'; final-thread s t | = final-thread s’ t
apply(erule redT.cases)
apply(clarsimp simp add: final-thread-def)
apply(auto simp add: final-thread-def dest: red T-upd Ts-None red T-updTs-Some final-no-red intro: red T-upd Ws-Nor
done

end
context multithreaded-base begin

definition wset-Suspend-ok :: ('l,'t,"z,'m,'w) state set = ('l,'t,’z,'m,"w) state set
where
wset-Suspend-ok I =
{s.s€IA
(Vt € dom (wset s). 3s0€l. Is1e€l. ttas z 20 ta w' In' In". s0 —t>ta— s1 A sl —>ttas—* s A
thr s0 t = (20, no-wait-locks)| A t b (20, shr s0) —ta— (x, shr s1) A Suspend w’ € set
{talw A
actions-ok s0 t ta A thr s1 t = |[(z, In')] A thrst = [(z, In")])}
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lemma wset-Suspend-okI:
[sel;
At w. wset s t = |w] = FsO0e€l. Is1e€l. Fttas z 20 ta w' In" In". s0 —t>ta— s1 N s —>ttas—rx
s N
thr s0 t = | (20, no-wait-locks)| N t & (x0, shr s0) —ta— (x, shr s1) A Suspend w’ € set
{talw N
actions-ok s0 t ta A thr s1 t = [(z, In")] A thrst = |(z, In")] ]
= s € wset-Suspend-ok I
unfolding wset-Suspend-ok-def by blast

lemma wset-Suspend-okD1:
s € wset-Suspend-ok I — s € I
unfolding wset-Suspend-ok-def by blast

lemma wset-Suspend-okD2:
[ s € wset-Suspend-ok I; wset s t = |w] |
= Js0€l. s1€l. Fttas z 0 ta w' In' In". sO0 —ivta— s N sl —bitas—* s A
thr s0 t = |(20, no-wait-locks)| N t & (z0, shr s0) —ta— (z, shr s1) A Suspend w’ € set
{talw A
actions-ok s0 t ta A thr s1 ¢t = [(z, In")] A thr st = |(z, In")]
unfolding wset-Suspend-ok-def by blast

lemma wset-Suspend-ok-imp-wset-thread-ok:
s € wset-Suspend-ok I = wset-thread-ok (wset s) (thr s)
apply (rule wset-thread-oklI)
apply(rule ccontr)
apply(auto dest: wset-Suspend-okD2)
done

lemma invariant3p-wset-Suspend-ok:
assumes [: invariant3p redT 1
shows invariant3p redT (wset-Suspend-ok I)
proof (rule invariant3pI)
fix sl s’
assume wso: s € wset-Suspend-ok I
and redT s tl s’
moreover obtain t’ ta where tl: tl = (t’, ta) by(cases tl)
ultimately have red: s —t>ta— s’ by simp
moreover from wso have s € I by(rule wset-Suspend-okD1)
ultimately have s’ € I by(rule invariant3pD[OF I])
thus s’ € wset-Suspend-ok I
proof (rule wset-Suspend-okI)
fix tw
assume ws’t: wset s’ t = |w]
show Js0€l. Isiel. Fitas z z0 ta w' In' In". sO0 —t>ta— sl A s1 —>itas—* s’ A
thr s0 t = | (20, no-wait-locks)| N t - (z0, shr sO0) —ta— (x, shr s1) A
Suspend w’ € set {{talw A actions-ok s0 t ta A
thr s1t = |(z, In")] A thrs"t = |(z, In")]
proof(cases t = t')
case Fulse
with red ws’t obtain w’ where wst: wset s t = |w’|
by cases(auto 4 4 dest: red T-upd Ws-Some-otherD split: wait-set-status.split-asm)
from wset-Suspend-okD2[OF wso this] obtain s0 s! ttas « 20 ta’ w' In' In"
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where reuse: s0 € Is1 € I s0 —t>ta’— s1 thr s0 t = |(z0, no-wait-locks) ]|
t F (20, shr s0) —ta'— (x, shr s1) Suspend w’ € set {ta'}y actions-ok s0 t ta’ thr s1 ¢t = |(=,

)|
and step: s1 —>ttas—* s and tst: thr s t = |(z, In"')| by blast
from step red have sI —>ttasQ[(t’, ta)]—* s’ unfolding RedT-def by(rule rtrancl3p-step)
moreover from red tst False have thr s’ t = |(z, In")]
by (cases)(auto intro: red T-upd Ts-Some)
ultimately show ¢thesis using reuse by blast
next
case True
from red show %thesis
proof(cases)
case (redT-normal z z’ m)
note red’ = «t'F (z, shr s) —ta— (z’/, m)»
and tst’ = «thr s t' = |(z, no-wait-locks) |»
and aok = <actions-ok s t’ ta)
and s’ = «redT-upd s t’ ta x’ m s”
from s’ have ws” redT-updWs t' (wset s) {tal}w (wset s’)
and m: m = shr s’
and ts't: thr s’ t' = |(a/, redT-updLns (locks s) t' (snd (the (thr s t'))) {ta};)| by auto
from aok have nwait: — waiting (wset s t')
by (auto simp add: wset-actions-ok-def waiting-def split: if-split-asm)
have Fw’. Suspend w’ € set {tafw
proof (cases wset s t)
case None
from red T-upd Ws-None-SomeD[OF ws’, OF ws't None]
show ?thesis ..
next
case (Some w’)
with True aok have Notified € set {ta}ly V WokenUp € set {taltw
by (auto simp add: wset-actions-ok-def split: if-split-asm)
with ws’ show ?thesis using ws’t unfolding True
by (rule redT-upd Ws- Woken Up-SuspendD)
qed
with tst’ ts’t aok «<s € Iy <s’ € I» red red’ show ?thesis
unfolding True m by blast
next
case (redT-acquire x n In)
with ws't True have wset s t = [w] by auto
from wset-Suspend-okD2[OF wso this| <thr s t' = |(z, In)]> True
obtain s0 sI ttas z0 ta’ w’ In’ In”’
where reuse: s0 € Is1 € Is0 —trta’— sl thr s0t = | (20, no-wait-locks) |
t F (z0, shr s0) —ta'— (x, shr s1) Suspend w’ € set {ta’}y actions-ok s0 t ta’ thr s1 t =
[(z, In')]
and step: s1 —>ttas—* s by fastforce
from step red have s1 —>ttasQ[(t’, ta)]—* s’ unfolding RedT-def by(rule rtrancl3p-step)
moreover from redT-acquire True have thr s’ t = |(z, no-wait-locks)| by simp
ultimately show ?thesis using reuse by blast
qed
qged
qed
qed

end
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1.12 Deadlock formalisation

theory FWDeadlock
imports

FWProgressAuz
begin

context final-thread begin

definition all-final-except :: ('l,'t,’z,’m,"w) state = 't set = bool where
all-final-except s Ts = VY t. not-final-thread s t — t € Ts

lemma all-final-except-mono [mono]:
(Az. z € A — z € B) = all-final-except ts A — all-final-except ts B
by (auto simp add: all-final-except-def)

lemma all-final-except-mono”:
[ all-final-except ts A; Nz. x € A = =z € B ]| = all-final-except ts B
by (blast intro: all-final-except-mono[rule-format])

lemma all-final-exceptl:
(At. not-final-thread s t = t € Ts) = all-final-except s Ts
by (auto simp add: all-final-except-def)

lemma all-final-exceptD:
[ all-final-except s Ts; not-final-thread st | = ¢t € Ts
by (auto simp add: all-final-except-def)

inductive must-wait :: ('l,'t,"z,'m,"w) state = 't = ('l + 't + 't) = 't set = bool
for s :: ('l,’t,’z,"m,'w) state and t :: 't where
— Lock 1
[ has-lock (locks s $ 1) t'; t' # t; t' € Ts | = must-wait s t (Inl 1) Ts
| — Join t’
[ not-final-thread s t'; t' € Ts | = must-wait s t (Inr (Inl t’)) Ts
| — IsInterrupted t’ True
[ all-final-except s Ts; t' ¢ interrupts s | = must-wait s t (Inr (Inr t’)) Ts

declare must-wait.cases [elim)
declare must-wait.intros [intro]

lemma must-wait-elims [consumes 1, case-names lock join interrupt, cases pred):
assumes must-wait s t It Ts
obtains [ ¢’ where [t = Inl [ has-lock (locks s $ 1) t't' £ tt' € Ts
| ' where It = Inr (Inl t') not-final-thread s t' t' € Ts
| ¢/ where It = Inr (Inr t') all-final-except s Ts t' & interrupts s
using assms
by (auto)

inductive-cases must-wait-elims2 [elim!]:
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must-wait s t (Inl 1) Ts
must-wait s t (Inr (Inl t")) Ts
must-wait s t (Inr (Inr t"’)) Ts

lemma must-wait-iff:
must-wait s t It Ts <—
(case It of Inl |l = At'eTs. t # t' A has-lock (locks s $ 1) t’
| Inr (Inl t") = not-final-thread s t' A t' € Ts
| Inr (Inr t') = all-final-except s Ts A t' ¢ interrupts s)
by (auto simp add: must-wait.simps split: sum.splits)

end

Deadlock as a system-wide property

context multithreaded-base begin

definition
deadlock == ('l,'t,’z,'m,’w) state = bool
where
deadlock s
= (Vtuz. thr st = |(x, no-wait-locks)| A = final x N wset s t = None
— tF (x, shrs) YA (YVLT. t & (x, shrs) LT — (31t € LT. must-wait s t It (dom (thr s)))))
ANNtazin thrst=|(z,In)] A3l In$1>0)A - waiting (wset s t)
— 31t InS1>0ANt#1t Athrst' # None A has-lock (locks s $ 1) t'))
AN Vtaxw. thr st = |(z, no-wait-locks)| — wset s t # | PostWS w])

lemma deadlockI:
[ Atz [ thrst=[(z, no-wait-locks) |; = final z; wset s t = None |
=tk (z, shrs) YA (VLT. t + (x, shrs) LT { — (3!t € LT. must-wait s t It (dom (thr s))));
Ntzinl [ thrst=|(z In)];In$ 1> 0; - waiting (wset s t) ]
= 3t In$1>0Nt#t Athrst' # None A has-lock (locks s $ 1) t/;
Atz w. thr s t = |(z, no-wait-locks)| = wset s t # | PostWS w] ]
= deadlock s
by (auto simp add: deadlock-def)

lemma deadlockE:
assumes deadlock s
obtains Vit x. thr s t = |(z, no-wait-locks)| A = final x A wset s t = None
— tF (z, shr s) AN (VLT. t F (x, shrs) LT\ — (3t € LT. must-wait s t It (dom (thr s))))
and Vi zlin. thrst=[(z, In)| A 3Bl In$1>0) A waiting (wset s t)
— (Flt InS1l>0ANt#£t Athrst' # None A has-lock (locks s $ 1) t)
and V¢ z w. thr s t = |(z, no-wait-locks)| — wset s t # | PostWS w]
using assms unfolding deadlock-def by (blast)

lemma deadlockD1:

assumes deadlock s

and thr s t = |(z, no-wait-locks) ]

and - final =

and wset s t = None

obtains ¢t  (z, shr s)

and VLT. t & (x, shr s) LT ! — (31t € LT. must-wait s t It (dom (thr s)))
using assms unfolding deadlock-def by(blast)

lemma deadlockD2:
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fixes In

assumes deadlock s

and thr s t = [(z, In)]

and in$1>0

and — waiting (wset s t)

obtains [’ t’ where In $ I’ > 0t # t' thr s t' # None has-lock (locks s $ ') t'
using assms unfolding deadlock-def by blast

lemma deadlockD3:
assumes deadlock s
and thr s t = |(x, no-wait-locks) ]
shows YV w. wset s t # | PostWS w|
using assms unfolding deadlock-def by blast

lemma deadlock-def2:
deadlock s +—
(Vtx. thr st = |(x, no-wait-locks)| A = final x A wset s t = None
— tF (z, shrs) LA (VLT. t+ (z, shr s) LT\ — (31t € LT. must-wait s t it (dom (thr s)))))
ANNtxln thrst=|(z, In)] A ln # no-wait-locks A = waiting (wset s t)
— (3L In$ 1> 0 A must-wait s t (Inl 1) (dom (thr s))))
A (Vtaxw. thrst=|(z, no-wait-locks)| — wset s t # | PostWS WSNotified| N wset s t # | PostWS
WSWokenUp]|)
unfolding neg-no-wait-locks-conv
apply (rule iffI)
apply (intro strip conjl)
apply(blast dest: deadlockD1)
apply(blast dest: deadlockD1)
apply(blast elim: deadlockD2)
apply(blast dest: deadlockD3)
apply(blast dest: deadlockD3)
apply(elim conjE exE)
apply(rule deadlockl)
apply blast
apply(rotate-tac 1)
apply(erule allE, rotate-tac —1)
apply(erule allE, rotate-tac —1)
apply(erule allE, rotate-tac —1)
apply(erule impE, blast)
apply(elim exE conjE)
apply(erule must-wait. cases)
apply(clarify)
apply(rotate-tac 3)
apply(rule exI conjl|erule not-sym|assumption)+
apply blast
apply blast
apply blast
apply blast
apply(case-tac w)
apply blast
apply blast
done

lemma all-waiting-implies-deadlock:
assumes lock-thread-ok (locks s) (thr s)
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and normal: A\t x. [ thr s t = |(z, no-wait-locks)|; = final x; wset s t = None ]
=tk (x, shr s) YA VLT. t - (z, shrs) LTV — (31t € LT. must-wait s t It (dom (thr
5))))

and acquire: Nt z in . [ thr s t = |(z, In)]; = waiting (wset s t); In $1> 0]
= 3. In$1'> 0 N - may-lock (locks s $ 1) t
and wakeup: A\t z w. thr s t = |(x, no-wait-locks)| = wset s t # | PostWS w]
shows deadlock s
proof (rule deadlockl)
fix TX
assume thr s T = | (X, no-wait-locks)| = final X wset s T = None
thus T+ (X, shr ) VA (VLT. T+ (X, shr s) LT\ — (3RteLT. must-wait s T It (dom (thr s))))
by (rule normal)
next
fix TX LN
assume thr s T = [ (X, LN)|
and 0 < LN § I’
and wset: - waiting (wset s T)
from acquire[OF <thr s T = |(X, LN)|» wset, OF <0 < LN § 1]
obtain [’ where 0 < LN $ I’ = may-lock (locks s $ I') T by blast
then obtain ¢’ where T # t’ has-lock (locks s $ 1) ¢’
unfolding not-may-lock-conv by fastforce
moreover with <lock-thread-ok (locks s) (thr s)»
have thr s t' # None by(auto dest: lock-thread-okD)
ultimately show 31¢. 0 < LN $ I A T # t' A thr s t’ # None A has-lock (locks s $ 1) t’
using «0 < LN $ I’s by(auto)
qed(rule wakeup)

lemma mfinal-deadlock:
mfinal s = deadlock s
unfolding mfinal-def2
by (rule deadlockl)(auto simp add: final-thread-def)

Now deadlock for single threads

lemma must-wait-mono:
(Az. z € A — z € B) = must-wait s t It A — must-wait s t It B
by (auto simp add: must-wait-iff split: sum.split elim: all-final-except-mono’)

lemma must-wait-mono”:

[ must-wait s t it A; A C B = must-wait s t It B
using must-wait-mono[of A B s t It
by blast

end

lemma UN-mono: [z € A — 2z € A2 € B—2e€B'|]=—=2€ AUB—z€ A'UB’
by blast

lemma Collect-mono-conv [mono]: z € {z. Pz} +— Pz
by blast

context multithreaded-base begin

coinductive-set deadlocked :: ('l,'t,"z,'m,'w) state = 't set
for s :: ('l,’t,'x,'m,'w) state where
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deadlockedLock:
[ thr st = |(z, no-wait-locks)|; t & (x, shr s) i, wset s t = None;
ALT. t - (z, shrs) LT { = 3t € LT. must-wait s t It (deadlocked s U final-threads s) |
—> t € deadlocked s

| deadlocked Wait:
Nin. [ thr s t = | (z, In)]; all-final-except s (deadlocked s); waiting (wset s t) | = t € deadlocked s

| deadlockedAcquire:
Nin. [ thr s t = (=, In)]; = waiting (wset s t); In $ 1 > 0; has-lock (locks s $ 1) t'; t' # t;
t’ € deadlocked s V final-thread s t' ]
= t € deadlocked s
monos must-wait-mono UN-mono

lemma deadlocked Acquire-must-wait:
Ain. [ thr s t = |(z, In)]; - waiting (wset s t); In $ 1 > 0; must-wait s t (Inl 1) (deadlocked s U
final-threads s) |
= t € deadlocked s
apply (erule must-wait-elims)
apply (erule (2) deadlockedAcquire)
apply auto
done

lemma deadlocked-elims [consumes 1, case-names lock wait acquire]:
assumes t € deadlocked s
and lock: N\z. [ thr s t = |(z, no-wait-locks)|; t & (x, shr s) i, wset s t = None;
NLT. t b+ {z, shr s) LT { = 31t € LT. must-wait s t It (deadlocked s U final-threads s) |
= thesis
and wait: Nz In. [ thr s t = |(x, In)]; all-final-except s (deadlocked s); waiting (wset s t) |
—> thesis
and acquire: Nz In 1t
[ thrst=|(z, In)]; = waiting (wset s t); 0 < In $ I; has-lock (locks s $ 1) t'; t # t/;
t’" € deadlocked s V final-thread s t' | = thesis
shows thesis
using assms by cases blast+

lemma deadlocked-coinduct

[consumes 1, case-names deadlocked, case-conclusion deadlocked Lock Wait Acquire, coinduct set:
deadlocked):

assumes major: t € X

and step:

Nt.te X =

(Fz. thr s t = |[(z, no-wait-locks)| At (x, shr sy} A wset s t = None A
(VLT. t+ {x, shrs) LT 1 — (3U€LT. must-wait s t It (X U deadlocked s U final-threads s))))

(Fz in. thr st = |(z, In)| A all-final-except s (X U deadlocked s) N waiting (wset s t)) V
(Fzlt'In. thr st = |(z, In)] A = waiting (wset s t) A 0 < In $ 1 A has-lock (locks s $ 1) t' A
t'"#t A ((t'e XV t' e deadlocked s) V final-thread s t'))
shows ¢ € deadlocked s
using major
proof (coinduct)
case (deadlocked t)
have X U deadlocked s U final-threads s = {z. x € X V z € deadlocked s V z € final-threads s}
by auto
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moreover have X U deadlocked s = {z. v € X V z € deadlocked s} by blast
ultimately show ?case using step[OF deadlocked] by (elim disjE) simp-all
qed

definition deadlocked’ :: ('l,'t,’z,"m,'w) state = bool where
deadlocked’ s = (Vt. not-final-thread s t — t € deadlocked s)

lemma deadlocked'I:
(At. not-final-thread s t = t € deadlocked s) = deadlocked’ s
by (auto simp add: deadlocked’-def)

lemma deadlocked’D2:
[ deadlocked’ s; not-final-thread s t; t € deadlocked s = thesis | = thesis
by (auto simp add: deadlocked’-def)

lemma not-deadlocked’I:
[ not-final-thread s t; t ¢ deadlocked s | = — deadlocked’ s
by (auto dest: deadlocked’D2)

lemma deadlocked’-intro:
[ Vt. not-final-thread s t — t € deadlocked s | = deadlocked’ s
by (rule deadlocked'T)(blast)+

lemma deadlocked-thread-exists:
assumes t € deadlocked s
and Az in. thr s t = |(z, In)| = thesis
shows thesis

using assms

by cases blast+

end
context multithreaded begin

lemma red-no-deadlock:
assumes P: s —i>ta— s’
and dead: t € deadlocked s
shows Fulse
proof —
from P show False
proof (cases)
case (redT-normal z x’ m’)
note red = <t - (z, shr s) —ta— (z’, m’)»
note tst = <thr s t = |(z, no-wait-locks)|»
note aok = <actions-ok s t ta)
show Fulse
proof(cases Jw. wset s t = |[InWS w])
case True with aok show ?thesis by (auto simp add: wset-actions-ok-def split: if-split-asm)
next
case Fulse
with dead tst
have mle: t & (z, shr s)
and cledead: ¥V LT. t + (x, shr sy LT ! — (31t € LT. must-wait s t It (deadlocked s U final-threads

5))



by (cases, auto simp add: waiting-def)+
let ?LT = collect-waits ta
from red have t & (z, shr s) ?LT @ by(auto intro: can-syncl)
then obtain [t where it: It € ?LT and mw: must-wait s t It (deadlocked s U final-threads s)
by (blast dest: cledead|[rule-format))
from mw show Fulse
proof (cases rule: must-wait-elims)
case (lock 1 t')
from <t = Inl I> It have [ € collect-locks {|ta]; by(auto)
with aok have may-lock (locks s $ 1) t
by (auto elim!: collect-locksE lock-ok-las-may-lock)
with <has-lock (locks s $ 1) t’» have t' = ¢
by (auto dest: has-lock-may-lock-t-eq)
with <t/ # t» show False by contradiction
next
case (join t')
from «it = Inr (Inl t')y It have Join t’ € set {tal} by auto
from <not-final-thread s t’» obtain z'' In"’
where thr s t' = [(z”, In")] by(rule not-final-thread-ezistsE)
moreover with «Join t’ € set {talt¢> aok
have final z'" In'' = no-wait-locks wset s t' = None
by (auto dest: cond-action-oks-Join)
ultimately show Fulse using <not-final-thread s t'y by(auto)
next
case (interrupt t’)
from aok It <t = Inr (Inr t')
have t’ € interrupts s
by (auto intro: collect-interrupts-interrupted)
with <t’ ¢ interrupts sy show Fualse by contradiction
qed
qed
next
case (redT-acquire z n In)
show Fulse
proof(cases Jw. wset s t = | InWS w))
case True with «— waiting (wset s t)) show ?thesis
by (auto simp add: not-waiting-iff)
next
case Fulse
with dead <thr st = |(z, In)]» <0 < In$w
obtain [ ¢’ where 0 < In $ 1t # ¢’
and has-lock (locks s $ 1) t’
by (cases)(fastforce simp add: waiting-def )+
hence — may-acquire-all (locks s) t In
by (auto elim: may-acquire-allE dest: has-lock-may-lock-t-eq)
with <may-acquire-all (locks s) t Iny show %thesis by contradiction
qed
qed
qed

lemma deadlocked’-no-red:

[ s —tota— s’ deadlocked’ s | = False
apply(rule red-no-deadlock)

apply (assumption)
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apply(erule deadlocked’D2)
by (rule red-not-final-thread)

lemma not-final-thread-deadlocked-final-thread [iff]:
thr s t = |zln] = not-final-thread s t V t € deadlocked s V final-thread s t
by (auto simp add: not-final-thread-final-thread-conv[symmetric])

lemma all-waiting-deadlocked:
assumes not-final-thread s t
and lock-thread-ok (locks s) (thr s)
and normal: A\t x. [ thr s t = |(z, no-wait-locks)|; = final x; wset s t = None ]
= tF (z, shrs) AN (VLT. t+ (z, shrs) LT ! — (UELT. must-wait s t It (final-threads
s)))

and acquire: Nt z In l. | thr s t = |(z, In)]; = waiting (wset s t); In $ 1> 0]
= 3. In$ 1> 0 N may-lock (locks s $ 1) ¢
and wakeup: \t z w. thr s t = |(z, no-wait-locks)| = wset s t # | PostWS w]
shows ¢ € deadlocked s
proof —
from <not-final-thread s t»
have ¢ € {t. not-final-thread s t} by simp
thus Zthesis
proof (coinduct)
case (deadlocked z)
hence not-final-thread s z by simp
then obtain z’ In’ where thr s z = |(z/, In”)] by(fastforce elim!: not-final-thread-ezistsE)
{
assume wset s z = None — final z’
and [simp]: In' = no-wait-locks
with <thr s z = [(z/, In") >
have z - (z/, shr s) VA (VLT. z & (x/, shrs) LT ! — (31t € LT. must-wait s z It (final-threads
9))
by (auto dest: normal)
then obtain z - (z/, shr s)
and clnml: NLT. z & (z/, shr s) LT { = 31t € LT. must-wait s z It (final-threads s) by (blast)
{ fix LT
assume z F (z/, shr s) LT 1
then obtain [t where mw: must-wait s z It (final-threads s) and It: It € LT
by (blast dest: clnml)
from mw have must-wait s z It ({t. not-final-thread s t} U deadlocked s U final-threads s)
by (blast intro: must-wait-mono’)
with it have 31t € LT. must-wait s z It ({t. not-final-thread s t} U deadlocked s U final-threads

by blast }
with «z = (2’ shr s) v <thr s z = [(z, In')]> «wset s z = None» have ?case by(simp) }
note cl = this
{
assume wsz: — waiting (wset s z)
and In’ # no-wait-locks
from <In’ # no-wait-locks) obtain | where 0 < In’$ |
by (auto simp add: neg-no-wait-locks-conv)
with wsz <thr s z = | (2, In")]»
obtain !’ where 0 < In"$ I’ = may-lock (locks s $ 1) z
by (blast dest: acquire)
then obtain ¢’ where t" # 2z has-lock (locks s $ 1) t"



unfolding not-may-lock-conv by blast
with <lock-thread-ok (locks s) (thr s)»
obtain z”’ in” where thr s t" = | (2", In")]
by (auto elim!: lock-thread-ok-has-lockE)
hence (not-final-thread s t" Vv t"" € deadlocked s) V final-thread s t"
by (clarsimp simp add: not-final-thread-iff final-thread-def)
with wsz <0 < In'$ 1 <thr s z = [(z/, In")]» «t" # 2 <has-lock (locks s $ I') t'"
have ?Acquire by simp blast
hence ?case by simp }
note c2 = this
{ fix w
assume waiting (wset s z)
with <thr s z = [(z/, In") ]
have ?Wait by(clarsimp simp add: all-final-except-def)
hence ?case by simp }
note c3 = this
from <not-final-thread s z» <thr s z = |(z/, In")]> show ?case
proof(cases rule: not-final-thread-cases?2)
case final show ?thesis
proof (cases wset s z)
case None show ?thesis
proof(cases In’ = no-wait-locks)
case True with None final show ?thesis by(rule c1)
next
case Fulse
from None have — waiting (wset s z) by(simp add: not-waiting-iff)
thus ?thesis using False by (rule c2)
qed
next
case (Some w)
show ?thesis
proof(cases w)
case (InWS w’)
with Some have waiting (wset s z) by(simp add: waiting-def)
thus ?thesis by(rule ¢3)
next
case (PostWS w’)
with Some have — waiting (wset s z) by(simp add: not-waiting-iff)
moreover from PostWS <thr s z = [(z’, In')|> Some
have In’ # no-wait-locks by (auto dest: wakeup)
ultimately show ?thesis by(rule c2)
qed
qed
next
case wait-locks show ?thesis
proof (cases wset s z)
case None
hence — waiting (wset s z) by(simp add: not-waiting-iff)
thus ?thesis using wait-locks by (rule c2)
next
case (Some w)
show ?thesis
proof(cases w)
case (InWS w’)

69
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with Some have waiting (wset s z) by(simp add: waiting-def)
thus ?thesis by(rule ¢3)
next
case (PostWS w)
with Some have — waiting (wset s z) by(simp add: not-waiting-iff)
moreover from PostWS «thr s z = |(z/, In)]» Some
have In’ # no-wait-locks by(auto dest: wakeup)
ultimately show ?thesis by (rule c2)
qed
qed
next
case (wait-set w)
show ?thesis
proof (cases w)
case (InWS w)
with wait-set have waiting (wset s z) by(simp add: waiting-def)
thus ?thesis by(rule ¢3)
next
case (PostWS w’)
with wait-set have — waiting (wset s z) by (simp add: not-waiting-iff)
moreover from PostWS «thr s z = [(2/, In')]» wait-set
have In’ # no-wait-locks by (auto dest: wakeup[simplified])
ultimately show ?thesis by (rule ¢2)
qed
qed
qed
qed

Equivalence proof for both notions of deadlock

lemma deadlock-implies-deadlocked’:
assumes dead: deadlock s
shows deadlocked’ s
proof —
show ?thesis
proof (rule deadlocked'I)
fix t
assume not-final-thread s t
hence t € {t. not-final-thread s t} ..
thus ¢t € deadlocked s
proof (coinduct)
case (deadlocked t")
hence not-final-thread s t'' ..
then obtain z"/ In' where tst”: thr s t" = [(z”, In"")]
by (rule not-final-thread-existsE)
{ assume waiting (wset s t"’)
moreover
with tst’’ have nfine: not-final-thread s t''
unfolding waiting-def
by (blast intro: not-final-thread.intros)
ultimately have ?case using tst”’
by (blast intro: all-final-except] not-final-thread-final) }
note cl = this

{

assume wst': = waiting (wset s t")
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and In'"' # no-wait-locks
then obtain [ where [: In"" $ 1 > 0
by (auto simp add: neg-no-wait-locks-conv)
with dead wst” tst'’ obtain I’ T
where In"" $1'> 0t"# T
and hl: has-lock (locks s $1') T
and tsT: thr s T # None
by — (erule deadlockD2)
moreover from «thr s T # None>
obtain zin where tsT: thr s T = |ziln| by auto
then obtain X LN where thr s T = |(X, LN)|
by (cases zln, auto)
moreover hence not-final-thread s T V final-thread s T
by (auto simp add: final-thread-def not-final-thread-iff)
ultimately have ?case using wst'’ tst”’ by blast }
note c2 = this
{ assume wset s t"' = None
and [simp]: In"" = no-wait-locks
moreover
with «not-final-thread s t'"» tst’
have - final "' by(auto)
ultimately obtain t"' - (z”, shr s) 1
and clnml: ALT. t" + (x”, shr s) LT ! = 3t’. thr s t’ # None A (UeLT. must-wait s t”’
It (dom (thr s)))
using «thr s t” = [(z”, In"")]» <deadlock s»
by (blast elim: deadlockD1)
{ fix LT
assume t"' = (z”) shr s) LT
then obtain It where [t: It € LT
and mw: must-wait s t"' It (dom (thr s))
by (blast dest: clnml)
note muw
also have dom (thr s) = {t. not-final-thread s t} U deadlocked s U final-threads s
by(auto simp add: not-final-thread-conv dest: deadlocked-thread-exists elim: final-threadF)
finally have 3 lte LT. must-wait s t"" It ({t. not-final-thread s t} U deadlocked s U final-threads

using It by blast }
with «t" F (2] shr s) 1 tst’" <wset s t'" = None> have Zcase by(simp) }
note c3 = this
from (not-final-thread s t'y tst’”’ show Zcase
proof(cases rule: not-final-thread-cases2)
case final show ?thesis
proof(cases wset s t”)
case None show ?thesis
proof(cases In' = no-wait-locks)
case True with None show ?thesis by(rule ¢3)
next
case Fulse
from None have — waiting (wset s t'') by (simp add: not-waiting-iff)
thus ?thesis using False by (rule c2)
qed
next
case (Some w)
show ?thesis
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proof(cases w)
case (InWS w’)
with Some have waiting (wset s t”’) by(simp add: waiting-def)
thus ?thesis by (rule c1)
next
case (PostWS w’)
hence — waiting (wset s t'’) using Some by(simp add: not-waiting-iff)
moreover from PostWS Some tst'’
have In"" # no-wait-locks by(auto dest: deadlockD3[OF dead))
ultimately show ?thesis by(rule c2)
qged
qed
next
case wait-locks show ?thesis
proof (cases waiting (wset s t'’))
case Fulse
thus ?thesis using wait-locks by (rule ¢2)
next
case True thus ?thesis by(rule c1)
qed
next
case (wait-set w)
show ?thesis
proof (cases w)
case InWS
with wait-set have waiting (wset s t'') by(simp add: waiting-def)
thus ?thesis by (rule c1)
next
case (PostWS w’)
hence — waiting (wset s t'') using wait-set
by (simp add: not-waiting-iff)
moreover from PostWS wait-set tst”’
have In'' # no-wait-locks by(auto dest: deadlockD3[OF dead))
ultimately show ?thesis by (rule ¢2)
qed
qed
qed
qed
qed

lemma deadlocked’-implies-deadlock:
assumes dead: deadlocked’ s
shows deadlock s
proof —
have deadlocked: \t. not-final-thread s t = t € deadlocked s
using dead by(rule deadlocked’D2)
show ?thesis
proof (rule deadlockl)
fix ¢t/ z’
assume thr s t' = |(z’, no-wait-locks) |
and - final z’
and wset s t' = None
hence not-final-thread s t’ by (auto intro: not-final-thread-final)
hence t’ € deadlocked s by (rule deadlocked)



73

thus t'+ (z/, shr s) VA (VLT. t'+ (2, shr s) LT 1 — (31t € LT. must-wait s t' it (dom (thr
5))))
proof(cases rule: deadlocked-elims)
case (lock z'")
note lock = «<ALT. t' - (2", shr s) LT { = 3t € LT. must-wait s t' It (deadlocked s U
final-threads s)»
from «thr s t' = | (2", no-wait-locks)|» <thr s t' = |(z’, no-wait-locks)|»
have [simp]: ' = z'' by auto
{ fix LT
assume t' F (2", shr s) LT
from lock[OF this| obtain It where [t: It € LT
and mw: must-wait s t’ It (deadlocked s U final-threads s) by blast
have deadlocked s U final-threads s C dom (thr s)
by (auto elim: final-threadE dest: deadlocked-thread-exists)
with mw have must-wait s t’ It (dom (thr s)) by(rule must-wait-mono’)
with It have 3te LT. must-wait s t' It (dom (thr s)) by blast }
with <¢' = (2, shr s) v show ?thesis by(auto)
next
case (wait z'" In"")
from (wset s t' = None» (waiting (wset s t')»
have False by(simp add: waiting-def)
thus Zthesis ..
next
case (acquire " In'" 1" T)
from <thr st/ = |[(z”, In")]» <thr s t’' = |(z/, no-wait-locks)]» <0 < In"" $ 1"
have False by(auto)
thus Zthesis ..
qed
next
fix t'z" In' 1
assume thr s t' = [(z’, In’)]
and 0 < In'$ 1
and wst”: — waiting (wset s t')
hence not-final-thread s t’ by (auto intro: not-final-thread-wait-locks)
hence t’ € deadlocked s by(rule deadlocked)
thus 31 T. 0 <In'$ 1At # T A thrs T # None A has-lock (locks s $1) T
proof(cases rule: deadlocked-elims)
case (lock z'")
from «thr s t' = |(z/, In)]» <thr s t' = | (", no-wait-locks)|» <0 < In'$ I
have False by auto
thus ?thesis ..
next
case (wait z' In")
from wst’ <waiting (wset s t')»
have Fulse by contradiction
thus ?thesis ..
next
case (acquire z'" In'"" 1" t”)
from «thr s t' = |(z”, In") > <thr s t' = |(z/, In")]»
have [simp]: 2’ = z'" In’ = In"" by auto
moreover from <t € deadlocked s V final-thread s t'"
have thr s t"" # None
by (auto elim: deadlocked-thread-exists simp add: final-thread-def)
with <0 < In” $ 1" <has-lock (locks s $ 1") t'"y «t' # t's <thr s t' = [ (2", In")]»



74

show ?thesis by auto
qged
next
fixtzw
assume tst: thr s t = |(z, no-wait-locks) |
show wset s t # | PostWS w]|
proof
assume wset s t = [PostWS w)|
moreover with tst have not-final-thread s t
by (auto simp add: not-final-thread-iff)
hence ¢ € deadlocked s by(rule deadlocked)
ultimately show Fulse using tst
by (auto elim: deadlocked.cases simp add: waiting-def)
qged
qed
qed

lemma deadlock-eq-deadlocked’:
deadlock = deadlocked’
by (rule ext)(auto intro: deadlock-implies-deadlocked’ deadlocked’-implies-deadlock)

lemma deadlock-no-red:

[ s —t>ta— s'; deadlock s | = Fulse
unfolding deadlock-eq-deadlocked’
by (rule deadlocked’-no-red)

lemma deadlock-no-active-threads:
assumes dead: deadlock s
shows active-threads s = {}
proof (rule equalsOl)
fix t
assume active: t € active-threads s
then obtain ta s’ where s —i>ta— s’ by(auto dest: active-thread-ez-red)
thus Fualse using dead by(rule deadlock-no-red)
qed

end

locale preserve-deadlocked = multithreaded final r convert-RA
for final :: 'z = bool
and r :: (','t,’z,'m,’w,’0) semantics (- - - —— - [50,0,0,50] 80)
and convert-RA :: 'l released-locks = "o list
+
fixes wf-state :: ('l,'t,"r,'m,'w) state set
assumes invariant3p-wf-state: invariant3p redT wf-state
assumes can-lock-preserved:
[ s € wf-state; s —t>ta’'— s
thr s t = |(z, no-wait-locks)|; t = (x, shr s) U]
= tF (z, shr s)
and can-lock-devreserp:
[ s € wf-state; s —t>ta’— s
thr s t = |(z, no-wait-locks)|; t = {(x, shr s’y L 1]
= JL'CL. t + (x, shr s) L'}
begin
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lemma redT-deadlocked-subset:
assumes wfs: s € wf-state
and Red: s —t>ta— s’
shows deadlocked s C deadlocked s’
proof
fix t/
assume t'dead: t' € deadlocked s
from Red have tndead: t ¢ deadlocked s
by (auto dest: red-no-deadlock)
with t'dead have t't: t' # t by auto
{ fix ¢’
assume final-thread s t’
then obtain z’ In’ where tst”: thr s t' = |(z’, In’)| by(auto elim!: final-threadE)
with «final-thread s t’» have final =’
and wset s t' = None and [simp]: In’ = no-wait-locks
by (auto elim: final-threadE)
with Red tst’ have t # t’ by cases(auto dest: final-no-red)
with Red tst’ have thr s’ t' = [(z’, In’)]
by cases(auto intro: redT-updTs-Some)
moreover from Red <t # t'y (wset s t’ = None>
have wset s’ t' = None by cases(auto simp: redT-upd Ws-None-implies-None)
ultimately have final-thread s’ t’ using tst’ <final '
by (auto simp add: final-thread-def) }
hence subset: deadlocked s U final-threads s C deadlocked s U deadlocked s’ U final-threads s’ by(auto)

from Red show t’ € deadlocked s’
proof (cases)
case (redT-normal z z' m’)
note red = «t b (z, shr s) —ta— (z', m')»
and tst = <thr s t = |[(z, no-wait-locks) |»
and aok = (actions-ok s t ta>
and s’ = <redT-upd s t ta ' m' s"
from red have — final x by(auto dest: final-no-red)
with tndead tst have nafe: — all-final-except s (deadlocked s)
by (fastforce simp add: all-final-except-def not-final-thread-iff)
from t’'dead show ?thesis
proof (coinduct)
case (deadlocked t")
note t''dead = this
with Red have t''t: t"" £ t
by (auto dest: red-no-deadlock)
from t'’dead show ?Zcase
proof (cases rule: deadlocked-elims)
case (lock X)
hence est’: thr s t'" = | (X, no-wait-locks) |
and msE: t"" + (X, shr s) 1
and csexdead: NLT. t"" b (X, shrs) LT = J1t € LT. must-wait s t" It (deadlocked s U
final-threads s)
by auto
from ¢t Red est"
have es't": thr s’ t" = | (X, no-wait-locks) |
by(cases s)(cases s, auto elim!: redT-ts-Some-inv)
note es’t’’ moreover
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moreover
{ fix LT
assume clL': t"" = (X, shr s’y LT
with est” have 3LT'CLT. t" F (X, shr s) LT’
by (rule can-lock-devreserp| OF wfs Red])
then obtain LT’ where cIL” t" F (X, shr s) LT’}
and LL": LT’ C LT by blast
with csexdead obtain It
where It: [t € LT and mw: must-wait s t"’ It (deadlocked s U final-threads s)
by blast
from mw have must-wait s’ t" It (deadlocked s U deadlocked s’ U final-threads s')
proof(cases rule: must-wait-elims)
case (lock 1 t')
from «t’ € deadlocked s U final-threads s» Red have tt’: t # t’
by (auto dest: red-no-deadlock final-no-redT elim: final-threadE)
from aok have lock-actions-ok (locks s $ 1) t ({tal}; $ 1)
by (auto simp add: lock-ok-las-def)
with t¢' <has-lock (locks s $ 1) t') s’
have hl't": has-lock (locks s’ $ 1) t' by(auto)
moreover note <t' # t'’
moreover from <t’' € deadlocked s U final-threads s»
have ¢’ € (deadlocked s U deadlocked s" U final-threads s’)
using subset by blast
ultimately show ?thesis unfolding <t = Inl I» ..
next
case (join t')
note t'dead = «t' € deadlocked s U final-threads s»
with Red have tt" t # t’
by (auto dest: red-no-deadlock final-no-redT elim: final-threadFE)
note nftt’ = <not-final-thread s t's
from t'dead Red aok s’ tt' have ts't": thr s’ t' = thr s t’
by (auto elim!: deadlocked-thread-exists final-threadE intro: red T-updTs-Some)
from nftt’ have thr s t’ # None by auto
with nftt’ t'dead have t’' € deadlocked s
by (simp add: not-final-thread-final-thread-conv|symmetric))
hence not-final-thread s’ t’
proof(cases rule: deadlocked-elims)
case (lock z'")
from <t'+ (2’ shr s) » have - final 2"’
by(auto elim: must-syncE dest: final-no-red)
with «thr s t' = | (2", no-wait-locks)|> ts't’ show ?thesis
by (auto intro: not-final-thread.intros)
next
case (wait z'" In"")
from <= final x> tst <all-final-except s (deadlocked s)»
have t € deadlocked s by(fastforce dest: all-final-exceptD simp add: not-final-thread-iff)
with Red have False by(auto dest: red-no-deadlock)
thus Zthesis ..
next
case (acquire ' In'" " T")
from <thr st/ = [(z", In")]» <0 < In” $ 1" ts't’
show ?thesis by(auto intro: not-final-thread.intros(2))
qed
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moreover from t'dead subset have t' € deadlocked s U deadlocked s’ U final-threads s’ ..
ultimately show ?thesis unfolding <t = Inr (Inl t')s ..
next
case (interrupt t')
from tst red aok have not-final-thread s t
by (auto simp add: wset-actions-ok-def not-final-thread-iff split: if-split-asm dest: final-no-red)
with <all-final-except s (deadlocked s U final-threads s)»
have t € deadlocked s U final-threads s by(rule all-final-exceptD)
moreover have t ¢ deadlocked s using Red by(blast dest: red-no-deadlock)
moreover have — final-thread s t using red tst by(auto simp add: final-thread-def dest:
final-no-red)
ultimately have Fulse by blast
thus ?thesis ..
qed
with [t have 3Ute LT. must-wait s’ t"" It (deadlocked s U deadlocked s’ U final-threads s’) by
blast }
moreover have wset s’ ' = None using s’ t''t (wset s t' = Nones
by (auto intro: redT-upd Ws-None-implies-None)
ultimately show ?thesis by (auto)
next
case (wait z In)
from «<all-final-except s (deadlocked s)> nafe have False by simp
thus ?thesis by simp
next
case (acquire X In 1 T)
from t''t Red <thr s t"" = | (X, In)]> s’
have es't": thr s’ t" = | (X, In)]
by (cases s)(auto dest: redT-ts-Some-inv)
moreover
from T € deadlocked s V' final-thread s T
have T # t
proof (rule disjE)
assume 7' € deadlocked s
with Red show ?thesis by(auto dest: red-no-deadlock)
next
assume final-thread s T
with Red show ?thesis
by (auto dest!: final-no-redT simp add: final-thread-def)
qed
with s’ tst Red <has-lock (locks s $ 1) T» have has-lock (locks s’ $ 1) T
by —(cases s, auto dest: redT-has-lock-inv[ THEN 1iffD2])
moreover
from s’ <T # t» have wset: wset s T = None = wset s’ T = None
by (auto intro: redT-upd Ws-None-implies-None)
{ fix z
assume thr s T = |(z, no-wait-locks) ]
with <T # &) Red s’ aok tst have thr s’ T = |(z, no-wait-locks) |
by (auto intro: red T-updTs-Some) }
moreover
hence final-thread s T = final-thread s’ T
by (auto simp add: final-thread-def intro: wset)
moreover from - waiting (wset s t')y s’ t''t
have — waiting (wset s’ t”)
by (auto simp add: red T-upd Ws-None-implies-None red T-upd Ws-Post WS-imp-Post WS not-waiting-iff )
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ultimately have ?Acquire
using <0 < In $ b «t"" # T» <T € deadlocked s V final-thread s T» by(auto)
thus ?thesis by simp

qed
qed
next
case (redT-acquire z n In)
hence [simp]: ta = (K$ [, [, [, [, [], convert-RA in)

and s’ s’ = (acquire-all (locks s) t In, ((thr s)(t — (x, no-wait-locks)), shr s), wset s, interrupts
)
and tst: thr s t = |(z, In)]
and wst: — waiting (wset s t) by auto
from t’'dead show ?thesis
proof (coinduct)
case (deadlocked t")
note t''dead = this
with Red have t''t: t"' # t
by (auto dest: red-no-deadlock)
from t"’dead show ?Zcase
proof (cases rule: deadlocked-elims)
case (lock X)
note clnml = <ALT. t"" F (X, shr sy LT ! = 3t € LT. must-wait s t'" It (deadlocked s U
final-threads s)»
note tst” = <thr s t” = | (X, no-wait-locks)|>
with s’ t"t have ts't": thr s’ t” = | (X, no-wait-locks)| by simp
moreover
{ fix LT
assume ¢’ + (X, shrs’) LT
hence t" F (X, shr s) LT ! using s’ by simp
then obtain [t where lt: It € LT and hinft: must-wait s t"' It (deadlocked s U final-threads s)
by (blast dest: clnml)
from hinft have must-wait s’ t" It (deadlocked s U deadlocked s’ U final-threads s’)
proof(cases rule: must-wait-elims)
case (lock ' T)
from <has-lock (locks s $ 1') T» s’
have has-lock (locks s’ $ 1) T
by (auto intro: has-lock-has-lock-acquire-locks)
moreover note T # t')
moreover from (T € deadlocked s U final-threads s»
have T € deadlocked s U deadlocked s’ U final-threads s’ using subset by blast
ultimately show ?thesis unfolding It = Inl 1’ ..
next
case (join T)
from <not-final-thread s T> have thr s T # None
by (auto simp add: not-final-thread-iff)
moreover
from «T € deadlocked s U final-threads s>
have T # t
proof
assume 1T € deadlocked s
with Red show ?thesis by (auto dest: red-no-deadlock)
next
assume T € final-threads s
with <0 < In $ n» tst show ?thesis
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by (auto simp add: final-thread-def)
qed
ultimately have not-final-thread s’ T using (not-final-thread s T» s’
by (auto simp add: not-final-thread-iff)
moreover from T € deadlocked s U final-threads s»
have T € deadlocked s U deadlocked s’ U final-threads s’ using subset by blast
ultimately show ?thesis unfolding <t = Inr (Inl T)» ..
next
case (interrupt T)
from tst wst <0 < In $ n» have not-final-thread s t
by (auto simp add: waiting-def not-final-thread-iff)
with <all-final-except s (deadlocked s U final-threads s)»
have t € deadlocked s U final-threads s by(rule all-final-exceptD)
moreover have t ¢ deadlocked s using Red by(blast dest: red-no-deadlock)
moreover have - final-thread s t using tst <0 < In $ n» by(auto simp add: final-thread-def)
ultimately have Fulse by blast
thus Zthesis ..
qed
with It have 3lte LT. must-wait s’ t" It (deadlocked s U deadlocked s’ U final-threads s’) by
blast }
moreover from <wset s t'’ = None)» s’ have wset s’ t'’ = None by simp
ultimately show ?thesis using <thr s t"" = |(X, no-wait-locks)|> «t'"" b (X, shr s) v s’ by
fastforce
next
case (wait X LN)
have all-final-except s’ (deadlocked s)
proof (rule all-final-exceptl)
fix T
assume not-final-thread s’ T
hence not-final-thread s T using wst tst s’
by (auto simp add: not-final-thread-iff split: if-split-asm)
with <all-final-except s (deadlocked s)) <thr s t = |(x, In)]»
show T € deadlocked s by—(erule all-final-exceptD)
qed
hence all-final-except s’ (deadlocked s U deadlocked s’)
by (rule all-final-except-mono’) blast
with t"t «thr s t" = | (X, LN)]» «waiting (wset s t")> s’
have ?Wait by simp
thus ?thesis by simp
next
case (acquire X LN 1 T)
from «thr s t” = | (X, LN)]» t''t s’
have thr s’ t' = | (X, LN)] by(simp)
moreover from «T € deadlocked s V' final-thread s T s’ tst
have T € deadlocked s V final-thread s’ T
by (clarsimp simp add: final-thread-def)
moreover from <has-lock (locks s $ 1) T» s’
have has-lock (locks s’ $ 1) T
by (auto intro: has-lock-has-lock-acquire-locks)
moreover have — waiting (wset s’ t'’) using <— waiting (wset s t'')y s’ by simp
ultimately show ?thesis using <0 < LN $ > «t"" # T» by blast
qed
qed
qged
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qed

corollary RedT-deadlocked-subset:
assumes wfs: s € wf-state
and Red: s —>ttas—* s’
shows deadlocked s C deadlocked s’
using Red
apply(induct rule: RedT-induct’)
apply(unfold RedT-def)
apply(blast dest: invariant3p-ritrancl8p|OF invariant3p-wf-state - wfs|] red T-deadlocked-subset)+
done

end

end

1.13 Progress theorem for the multithreaded semantics

theory FWProgress
imports

FWDeadlock
begin

locale progress = multithreaded final r convert-RA

for final :: 'z = bool

and 7 :: (''t,’z,'m,'w,’0) semantics (- - —— - [50,0,0,50] 80)

and convert-RA :: 'l released-locks = "o list

+

fixes wf-state :: ('l,'t,"z,"m,'w) state set

assumes wf-stateD: s € wf-state => lock-thread-ok (locks s) (thr s) N wset-final-ok (wset s) (thr s)

and wf-red:

[ s € wf-state; thr s t = |(z, no-wait-locks)|;

t F (z, shr s) —ta— (z’, m’); = waiting (wset s t) |

= Jta’ ' m'. tF (z, shrs) —ta’— (2, m’) A (actions-ok s t ta’ V actions-ok’ s t ta’ A actions-subset

ta’ ta)

and red-wait-set-not-final:
[ s € wf-state; thr s t = |(z, no-wait-locks)|;

t b (z, shrs) —ta— (2, m’); = waiting (wset s t); Suspend w € set {taf}y ]
= = final z’

and wf-progress:
[ s € wf-state; thr s t = |(z, no-wait-locks)|; = final z |
= Jtaz' m' t+ (z, shrs) —ta— (z'/, m’)

and ta- Wakeup-no-join-no-lock-no-interrupt:
[ s € wf-state; thr s t = |(z, no-wait-locks)|; t b zm —ta— xm'; Notified € set {talw V WokenUp

€ set {tafw |
= collect-waits ta = {}

and ta-satisfiable:
[ s € wf-state; thr s t = |(z, no-wait-locks)|; t & (z, shr s) —ta— (z’, m') |
= 3s’. actions-ok s’ t ta
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begin

lemma wf-redE:
assumes s € wf-state thr s t = | (x, no-wait-locks) |
and t F (x, shr s) —ta— (z'', m’) = waiting (wset s t)
obtains ta’ z’ m’
where ¢ b (z, shr s) —ta’— (z', m’) actions-ok’ s t ta’ actions-subset ta’ ta
| ta’ 2’ m’ where t - (z, shr s) —ta’— (x’, m’) actions-ok s t ta’
using wf-red[OF assms] by blast

lemma wf-progressE:

assumes s € wf-state

and thr s t = [(z, no-wait-locks)| — final z

obtains ta ' m’ where t & (z, shr s) —ta— (z', m’)
using assms
by (blast dest: wf-progress)

lemma wf-progress-satisfiable:
[ s € wf-state; thr s t = |(x, no-wait-locks)|; = final z |
= Jtaz' m’'s" tF (x, shrs) —ta— (z', m’) A actions-ok s’ t ta
apply(frule (2) wf-progress)
apply(blast dest: ta-satisfiable)
done

theorem red T-progress:
assumes uwfs: s € wf-state
and ndead: — deadlock s
shows 3t ta’ s'. s —tbta’'— s’
proof —
from wfs have lok: lock-thread-ok (locks s) (thr s)
and wfin: wset-final-ok (wset s) (thr s)
by (auto dest: wf-stateD)
from ndead
have 3tz In l. thr st = |(z, In)| A
(wset s t = None A In = no-wait-locks A = final x A (3LT. t - (x, shrs) LT A (VIt € LT.
- must-wait s ¢t It (dom (thr s)))) V
- waiting (wset s t) Aln$1>0AN NI In$1>0— may-lock (locks s $ 1) t) Vv
(Fw. In = no-wait-locks A wset s t = | PostWS w]))
by (rule contrapos-np)(blast introl: all-waiting-implies-deadlock|OF lok] intro: must-syncl | OF wf-progress-satisfiable] OF
wfs])
then obtain ¢ z In |
where tst: thr s t = |(x, In)]
and a: wset s t = None A In = no-wait-locks N — final © A
(3LT. t + {z, shrs) LT A (VIit € LT. = must-wait s t It (dom (thr s)))
= waiting (wset s t) Aln$ 1> 0N VI In$ 1> 0 — may-lock (locks s
(Fw. In = no-wait-locks N wset s t = | PostWS w])
by blast
from a have cases|[case-names normal acquire wakeup):
Nthesis.
[ ALT. [ wset s t = None; In = no-wait-locks; = final z; t & (z, shrs) LT Y
Nt it € LT = = must-wait s t It (dom (thr s)) | = thesis;
[ = waiting (wset s t); In $ 1> 0; Al. In$ 1> 0 = may-lock (locks s $ 1) t | = thesis;
Aw. [ In = no-wait-locks; wset s t = | PostWS w| | = thesis | = thesis
by auto

)V
$0)¢t)Vv
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show ?thesis
proof (cases rule: cases)
case (normal LT)
note [simp] = <In = no-wait-locks»
and nfine’ = = final x>
and cl’ = <t F (z, shrs) LT v
and mw = «\lt. 1€ LT = — must-wait s t It (dom (thr s))»
from tst nfine’ obtain 2’/ m" ta’
where red: t - (z, shr s) —ta’— (z
by (auto intro: wf-progressE[OF wfs])
from cl’
have Fta’’ z'" m'". t - (x, shr s) —ta’"'— (""", m"") A
LT = collect-waits ta’"’
by (fastforce elim!: can-syncE)
then obtain ta’”’ z’"" m’"’
where red’: t b (z, shr s) —ta’""— (z', m"")
and L: LT = collect-waits ta'"
by blast
from (wset s t = None)> have — waiting (wset s t) by(simp add: not-waiting-iff)
with tst obtain ta’' z/ m”
where red’: t & (z, shr s) —ta”’— (z"', m”))
and aok”: actions-ok s t ta' V actions-ok’ s t ta’” A actions-subset ta’ ta
by —(rule wf-redE[OF wfs - red’’], auto)
from aok’ have actions-ok s t ta'"’
proof
assume actions-ok’ s t ta’’ N actions-subset ta' ta
hence aok’: actions-ok’ s t ta’ and aos: actions-subset ta’’ ta’"’ by simp-all

/I’ m//>

"1

"

{ fix [
assume Inl |l € LT
{ fix t’
assume t # t’
have — has-lock (locks s $ 1) t'
proof
assume has-lock (locks s $ 1) t’
moreover with lok have thr s t' # None by(auto dest: lock-thread-okD)
ultimately have must-wait s t (Inl 1) (dom (thr s)) using <t # t"» by(auto)
moreover from «Inl ! € LT» have - must-wait s t (Inl 1) (dom (thr s)) by(rule mw)
ultimately show Fulse by contradiction
qed }
hence may-lock (locks s $ 1) ¢
by—(rule classical, auto simp add: not-may-lock-conv) }
note mayl = this
{ fix t’
assume t'LT: Inr (Inlt') € LT
hence — not-final-thread s t' N t' # t
proof(cases t' = t)
case False with t'LT mw L show ?thesis by(fastforce)
next
case True with tst mw[OF t'LT] nfine’ L have Fualse
by (auto introl: must-wait.intros simp add: not-final-thread-iff)
thus ?thesis ..
qed }
note mayj = this



{ fix t’/
assume t": Inr (Inrt') € LT
from t’ have — must-wait s t (Inr (Inr t')) (dom (thr s)) by(rule mw)
hence t’ € interrupts s
by (rule contrapos-np)(fastforce intro: all-final-exceptl simp add: not-final-thread-iff) }
note interrupt = this
from aos L mayl
have Al. | € collect-locks’ {ta’'}; = may-lock (locks s $ 1) t by auto
with aok’ have lock-ok-las (locks s) t {ta’}; by(auto intro: lock-ok-las’-into-lock-on-las)
moreover
from mayj aos L
have cond-action-oks s t {ta’}¢
by (fastforce intro: may-join-cond-action-oks)
moreover
from ta-satisfiable[OF wfs tst[simplified] red’]
obtain s’ where interrupt-actions-ok is’ {ta’’}; by auto
with interrupt aos aok’ L have interrupt-actions-ok (interrupts s) {ta’'};
by (auto 5 2 intro: interrupt-actions-ok’-collect-interrupts-imp-interrupt-actions-ok)
ultimately show actions-ok s t ta’’ using aok’ by auto
qed
moreover obtain ws'’ where redT-updWs t (wset s) {ta’ |y ws”
using red T-upd Ws-total[of t wset s {ta’}y)] ..
then obtain s’ where redT-upd s t ta’ '’ m'"’ s’ by fastforce
ultimately have s —t>ta’’— s’
using red’ tst <wset s t = Nones by(auto intro: redT-normal)
thus ?thesis by blast
next
case acquire
hence may-acquire-all (locks s) t In by(auto)
with tst - waiting (wset s t)> <0 < In $ D
show ?thesis by(fastforce intro: red T-acquire)
next
case (wakeup w)
from (wset s t = | PostWS w)]»
have — waiting (wset s t) by (simp add: not-waiting-iff)
from tst wakeup have tst: thr s t = |(z, no-wait-locks)| by simp
from wakeup tst wfin have — final x by(auto dest: wset-final-okD)
from wf-progress|OF wfs tst this]
obtain ta ' m’ where red: t b (x, shr s) —ta— (z’, m’) by auto
from wf-red[OF wfs tst red <— waiting (wset s t)»]
obtain ta’ z'' m"
where red”: t b (z, shr s) —ta’— (z'', m"))
and aok’: actions-ok s t ta’ V actions-ok’ s t ta’ A actions-subset ta’ ta by blast
from aok’ have actions-ok s t ta’
proof
assume actions-ok’ s t ta’ A\ actions-subset ta’ ta
hence aok’: actions-ok’ s t ta’
and subset: actions-subset ta’ ta by simp-all
from wakeup aok’ have Notified € set {ta'}w V WokenUp € set {ta'l}w
by (auto simp add: wset-actions-ok-def split: if-split-asm)
from ta- Wakeup-no-join-no-lock-no-interrupt[ OF wfs tst red’ this]
have no-join: collect-cond-actions {ta’}. = {}
and no-lock: collect-locks {ta'}; = {}
and no-interrupt: collect-interrupts {ta’}; = {} by auto

1
)
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from no-lock have no-lock” collect-locks’ {ta’}; = {}
using collect-locks’-subset-collect-locks[of {ta’};] by auto
from aok’ have lock-ok-las’ (locks s) t {ta’}; by auto
hence lock-ok-las (locks s) t {ta’};
by (rule lock-ok-las’-into-lock-on-las)(simp add: no-lock’)
moreover from subset aok’ no-join have cond-action-oks s t {{ta'} ¢
by (auto intro: may-join-cond-action-oks)
moreover from ta-satisfiable]OF wfs tst[simplified] red’]
obtain is’ where interrupt-actions-ok is’ {ta’}; by auto
with aok’ no-interrupt have interrupt-actions-ok (interrupts s) {ta'};
by (auto intro: interrupt-actions-ok’-collect-interrupts-imp-interrupt-actions-ok)
ultimately show actions-ok s t ta’ using aok’ by auto
qed
moreover obtain ws'’ where redT-updWs t (wset s) {ta’}w ws”
using red T-upd Ws-total[of t wset s {ta’}qy) ..
then obtain s’ where redT-upd s t ta’ '’ m'"' s’ by fastforce
ultimately have s —t>ta’— s’ using tst red’ wakeup
by (auto intro: redT-normal)
thus ?thesis by blast
qed
qed

end

end

1.14 Lifting of thread-local properties to the multithreaded
case

theory FWLifting
imports

FWWellform
begin

Lifting for properties that only involve thread-local state information and the shared mem-
ory.

definition
ts-ok = ("t = 'z = 'm = bool) = ('l, 't,’z) thread-info = 'm = bool
where

Aln. ts-ok P ts m = Vt. case (ts t) of None = True | |(z, In)] = Ptz m

lemma ts-okI:
[Atzin. tst=|(z,In)] = Ptaxm] = ts-ok Ptsm
by (auto simp add: ts-ok-def)

lemma ts-okE:
[ ts-ok Ptsm; [ ANtxzin. tst = |(z,In)] = Ptam] = Q] = @
by (auto simp add: ts-ok-def)

lemma ts-0kD:
Aln. [ ts-ok Ptsm; tst = |(z,In)] ] = Ptam
by (auto simp add: ts-ok-def)
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lemma ts-ok-True [simpl:
ts-ok (At m z. True) ts m
by (auto intro: ts-okl)

lemma ts-ok-conj:
ts-ok (At zm. Ptaxm A Qtaxm)= (\s m. ts-ok P ts m A ts-ok Q ts m)
by (auto intro: ts-okl intro!: ext dest: ts-okD)

lemma ts-ok-mono:
[ ts-ok Ptsm; Ntz. Ptam = Qtxzm] = ts-ok Q tsm
by (auto introl: ts-okl dest: ts-okD)

Lifting for properites, that also require additional data that does not change during exe-
cution

definition

ts-inv : (i = 't = 't = 'm = bool) = ("t — i) = ('l,’t,’z) thread-info = 'm = bool
where

Aln. ts-inv P I ts m = Vt. case (ts t) of None = True | |(z, In)] = Ji. It =1]i] ANPitzm

lemma ts-invl:
INtzn. tst=|(z,In)] = Fi. [t=[i] NPitzm] = ts-inv PIltsm
by (simp add: ts-inv-def)

lemma ts-invE:
[ ts-inv PItsmyVitxln tst=|(z,In)] — 3i.It=1]i] N\Pitam)=—= R] = R
by(auto simp add: ts-inv-def)

lemma ts-invD:
Aln. [ ts-inv PItsm;tst=|(z,In)] ] = 3Fi. It=1]i] ANPitzm
by(auto simp add: ts-inv-def)

Wellformedness properties for lifting

definition

ts-inv-ok :: ('l,’t,’z) thread-info = ('t — 'i) = bool
where

ts-inv-ok ts I = Vt. ts t = None «+— It = None

lemma ts-inv-okl:
(At. ts t = None <— It = None) = ts-inv-ok ts I
by (clarsimp simp add: ts-inv-ok-def)

lemma ts-inv-oklI2:
(At. Bou. tst = |v]) «— Bv. It =|v])) = ts-inv-ok ts [
by (force simp add: ts-inv-ok-def)

lemma ts-inv-okE:
[ ts-inv-ok ts I; ¥t. tst = None <— It = None = P | = P
by (force simp add: ts-inv-ok-def)

lemma ts-inv-okE2:
[ ts-inv-ok ts I; Vi. Bu. tst = |v]) +— Gv. It =|v]) = P] = P
by (force simp add: ts-inv-ok-def)

lemma ts-inv-okD:
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ts-inv-ok ts I = (ts t = None) «— (I t = None)
by (erule ts-inv-okE, blast)

lemma ts-inv-okD2:
ts-inv-ok ts I = (Ju. tst = |v]) +— Bv. [ t = |v])
by (erule ts-inv-okE2, blast)

lemma ts-inv-ok-conv-dom-eq:
ts-inv-ok ts I <— (dom ts = dom I)
proof —
have ts-inv-ok ts I +— (Vt. ts t = None <— It = None)
unfolding ts-inv-ok-def by blast
also have ... «— (Vt. t € — dom ts <— t € — dom I) by(force)
also have ... +— dom ts = dom I by auto
finally show ?thesis .
qed

lemma ts-inv-ok-upd-ts:
[ tst = |z]; ts-inv-ok ts I | = ts-inv-ok (ts(t — z)) I
by (auto dest!: ts-inv-okD introl: ts-inv-okI split: if-splits)

lemma ts-inv-upd-map-option:
assumes ts-inv P I ts m
and Az ln. tst = |(z, In)| = P (the (I t)) t (fst (f (z, In))) m
shows ts-inv P I (ts(t := (map-option f (ts t)))) m

using assms

by (fastforce introl: ts-invl split: if-split-asm dest: ts-invD)

fun upd-inv :: ('t = ) = (i = 't = 'z = 'm = bool) = ('t,’z,'m) new-thread-action = ('t — '7)
where

upd-inv I P (NewThread t © m) = I(t — SOME i. P itz m)
| upd-inv T P -=1

fun upd-invs :: ("t = ") = (i = 't = 'z = 'm = bool) = ('t,’x,’m) new-thread-action list = ('t —
/Z)
where
upd-invs T P [| =1
| upd-invs I P (tafttas) = upd-invs (upd-inv I P ta) P tas

lemma upd-invs-append [simpl:
upd-invs I P (zs Q ys) = upd-invs (upd-invs I P zs) P ys
by (induct zs arbitrary: I)(auto)

lemma ts-inv-ok-upd-inv”:
ts-inv-ok ts I = ts-inv-ok (redT-updT' ts ta) (upd-inv I P ta)
by (cases ta)(auto introl: ts-inv-okI elim: ts-inv-okD del: iffT)

lemma ts-inv-ok-upd-invs’”:
ts-inv-ok ts I = ts-inv-ok (redT-updTs' ts tas) (upd-invs I P tas)
proof (induct tas arbitrary: ts I)
case Nil thus ?case by simp
next
case (Cons TA TAS TS I)
note IH = «\ts I. ts-inv-ok ts I = ts-inv-ok (redT-updTs’ ts TAS) (upd-invs I P TAS)»



note esok = «ts-inv-ok TS I»
from esok have ts-inv-ok (redT-updT' TS TA) (upd-inv I P TA)
by —(rule ts-inv-ok-upd-inv’)
hence ts-inv-ok (redT-updTs' (redT-updT' TS TA) TAS) (upd-invs (upd-inv I P TA) P TAS)
by (rule IH)
thus ?case by simp
qed

lemma ts-inv-ok-upd-inv:

ts-inv-ok ts I = ts-inv-ok (redT-updT ts ta) (upd-inv I P ta)
apply(cases ta)

apply(auto introl: ts-inv-okl elim: ts-inv-okD del: iffI)

done

lemma ts-inv-ok-upd-invs:
ts-inv-ok ts I = ts-inv-ok (redT-updTs ts tas) (upd-invs I P tas)
proof (induct tas arbitrary: ts I)
case Nil thus ?case by simp
next
case (Cons TA TAS TS I)
note IH = <\ts I. ts-inv-ok ts I = ts-inv-ok (redT-updTs ts TAS) (upd-invs I P TAS)»
note esok = «ts-inv-ok TS I»
from esok have ts-inv-ok (redT-updT TS TA) (upd-inv I P TA)
by —(rule ts-inv-ok-upd-inv)
hence ts-inv-ok (redT-updTs (redT-updT TS TA) TAS) (upd-invs (upd-inv I P TA) P TAS)
by (rule IH)
thus “case by simp
qed

lemma ts-inv-ok-inv-ext-upd-inv:
[ ts-inv-ok ts I; thread-ok ts ta | = I C,, upd-inv I P ta
by (cases ta)(auto introl: map-le-same-upd dest: ts-inv-okD)

lemma ts-inv-ok-inv-ext-upd-invs:
[ ts-inv-ok ts I; thread-oks ts tas]
= I C,, upd-invs I P tas
proof (induct tas arbitrary: ts I)
case Nil thus ?case by simp
next
case (Cons TA TAS TS I)
note IH = \ts I. [ ts-inv-ok ts I; thread-oks ts TAS| = I C,,, upd-invs I P TAS)
note esinv = <ts-inv-ok TS I»
note cct = <thread-oks TS (TA # TAS)»
from esinv cct have I C,,, upd-inv [ P TA
by (auto intro: ts-inv-ok-inv-ext-upd-inv)
also from esinv cct have ts-inv-ok (redT-updT' TS TA) (upd-inv I P TA)
by (auto intro: ts-inv-ok-upd-inv’)
with cct have upd-inv I P TA C,,, upd-invs (upd-inv I P TA) P TAS
by (auto intro: IH)
finally show ?case by simp
qed

lemma upd-invs-Some:
[ thread-oks ts tas; It = |i]; ts t = |z| | = upd-invs I Q tas t = |i]
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proof (induct tas arbitrary: ts I)
case Nil thus ?case by simp
next
case (Cons TA TAS TS I)
note IH = «\ts I. [thread-oks ts TAS; It = |i]; ts t = |z|] = upd-invs I Q TAS t = |i|»
note cct = <thread-oks TS (TA # TAS)»
note it = I ¢t = |i]»
note est = «TSt = |z|»
from cct have cctta: thread-ok TS TA
and ccttas: thread-oks (redT-updT’ TS TA) TAS by auto
from cctta it est have upd-inv I Q TA t = |i]
by (cases TA, auto)
moreover
have redT-updT' TS TA t = |z] using cctta est
by — (rule redT-updT'-Some)
ultimately have upd-invs (upd-inv I Q TA) @ TAS t = |i| using ccttas
by —(erule IH)
thus ?case by simp
qed

lemma upd-inv-Some-eq:
[ thread-ok ts ta; tst = |z] | = upd-inv I Qtat =1t
by (cases ta, auto)

lemma upd-invs-Some-eq: [ thread-oks ts tas; ts t = |x] | = upd-invs I Q tas t = 1t
proof (induct tas arbitrary: ts I)
case Nil thus ?case by simp
next
case (Cons TA TAS TS I)
note IH = \ts I. [thread-oks ts TAS; ts t = |z]] = upd-invs [ Q TAS t = I b
note cct = <thread-oks TS (TA # TAS)»
note est = «TSt = |z|»
from cct est have upd-invs (upd-inv I Q TA) Q TAS t = upd-inv I Q TA ¢
apply/(clarsimp)
apply(erule IH)
by (rule redT-updT’'-Some)
also from cct est have ... =1t
by (auto elim: upd-inv-Some-eq)
finally show ?case by simp
qed

lemma SOME-new-thread-upd-invs:
assumes Qsome: Q (SOME i. Qitxm)tzm
and nt: NewThread t © m € set tas
and cct: thread-oks ts tas
shows 3. upd-invs [ Q tast = |i] AN Qitam
proof (rule exI[where =SOME i. Q i t x m])
from nt cct have upd-invs I Q tast = |[SOME i. Q it x m]
proof (induct tas arbitrary: ts I)
case Nil thus ?case by simp
next
case (Cons TA TAS TS I)
note IH = «\ts I. | NewThread t x m € set TAS; thread-oks ts TAS | = upd-invs I Q TAS t =
|SOME i. Q itz m)
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note nt = «NewThread t x m € set (TA # TAS)»
note cct = <thread-oks TS (TA # TAS)»
{ assume nt": NewThread t z m € set TAS
from cct have ?case
apply/(clarsimp)
by (rule IH[OF nt')) }
moreover
{ assume ta: TA = NewThread t © m
with cct have rup: redT-updT' TS TA t = |(undefined, no-wait-locks) |
by (simp)
from cct have cctta: thread-oks (redT-updT' TS TA) TAS by simp
from ta have upd-inv I Q TA t = |SOME i. Q itz m]
by (simp)
hence ?case
by (clarsimp simp add: upd-invs-Some-eq|OF cctta, OF rup]) }
ultimately show ?case using nt by auto
qged
with Qsome show upd-invs I Q tast = |[SOME i. Q itz m| AN Q (SOMEi. Qitxzm)tzm
by (simp)
qed

lemma ts-ok-into-ts-inv-const:
assumes ts-ok P ts m
obtains [ where ts-inv (A-. P) I ts m
proof —
from assms have ts-inv (A-. P) (At. if t € dom ts then Some undefined else None) ts m
by (auto introl: ts-invl dest: ts-okD)
thus thesis by (rule that)
qed

lemma ts-inv-const-into-ts-ok:
ts-inv (A-. P) I ts m = ts-ok P ts m
by (auto introl: ts-okI dest: ts-invD)

lemma ts-inv-into-ts-ok-Ex:
ts-inv Q Its m = ts-ok (At axm. 3i. Qitxzm)itsm
by (rule ts-okI)(blast dest: ts-invD)

lemma ts-ok-Ez-into-ts-inv:

ts-ok (At xm. 3i. Qitxm)tsm = II. ts-inv Q I ts m
by (rule exI[where z=At. [SOME i. Q i t (fst (the (ts t))) m]])(auto 4 4 dest: ts-okD intro: somel
intro: ts-invl)

lemma FEz-ts-inv-conv-ts-ok:
(3I. ts-inv Q I ts m) <— (ts-ok (At x m. 4. Q i t x m) ts m)

by (auto dest: ts-inv-into-ts-ok-Ex ts-ok-Ez-into-ts-inv)

end

1.15 Labelled transition systems

theory LTS
imports
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../ Basic/ Auziliary
Coinductive. TLList
begin

no-notation floor (|-])

lemma rel-option-mono:
[ rel-option R x y; Az y. Rxy = R’ zy ] = rel-option R' z y
by (cases z)(case-tac [!] y, auto)

lemma nth-concat-conuv:
n < length (concat xss)
= Im n’. concat zss ! n = (zss ! m) ! n/ A n’ < length (zss ! m) A
m < length zss A n = (D> i<m. length (zss! 7)) + n’
using Inth-lconcat-conv|of n llist-of (map llist-of zss)]
sum-comp-morphism[where h = enat and g = \i. length (zss ! )]
by (clarsimp simp add: lconcat-llist-of zero-enat-def [symmetric]) blast

definition flip :: (la = b= '¢c) = b= 'a = 'c
where flip f = (\b a. fa b)

Create a dynamic list flip-simps of theorems for flip

ML «
structure FlipSimpRules = Named-Thms
(
val name = Q{binding flip-simps}
val description = Simplification rules for flip in bisimulations
)
)
setup «FlipSimpRules.setup>

lemma flip-conv [flip-simps]: flip fba = fab
by (simp add: flip-def)

lemma flip-flip [flip-simps, simp]: flip (flip f) = f
by (simp add: flip-def)

lemma list-all2-flip [flip-simps]: list-all2 (flip P) zs ys = list-all2 P ys xs
unfolding flip-def list-all2-conv-all-nth by auto

lemma [list-all2-flip [flip-simps]: Uist-all2 (flip P) zs ys = llist-all2 P ys xs
unfolding flip-def llist-all2-conv-all-Inth by auto

lemma rtranclp-flipD:
assumes (flip r) xx z y
shows 7 y
using assms
by (induct rule: rtranclp-induct)(auto intro: rtranclp.rtrancl-into-rtrancl simp add: flip-conv)

lemma rtranclp-flip [flip-simps]:
(flip m) Tk = flip r7%x
by (auto introl: ext simp add: flip-conv intro: rtranclp-flipD)
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lemma rel-prod-flip [flip-simps]:
rel-prod (flip R) (flip S) = flip (rel-prod R S)
by (auto introl: ext simp add: flip-def)

lemma rel-option-flip [flip-simps]:
rel-option (flip R) = flip (rel-option R)
by (simp add: fun-eq-iff rel-option-iff flip-def)

lemma tllist-all2-flip [flip-simps]:
tllist-all2 (flip P) (flip Q) xs ys «— tllist-all2 P Q ys xs
proof
assume tllist-all2 (flip P) (flip Q) xs ys
thus tllist-all2 P Q ys xs
by (coinduct rule: tllist-all2-coinduct)(auto dest: tllist-all2-is- TNilD tllist-all2-tfinite2-terminalD
tllist-all2-thdD intro: tllist-all2-ttll simp add: flip-def)
next
assume tllist-all2 P Q ys zs
thus tllist-all2 (flip P) (flip Q) zs ys
by (coinduct rule: tllist-all2-coinduct)(auto dest: tllist-all2-is- TNilD tllist-all2-tfinite2-terminalD
tlist-all2-thdD intro: tllist-all2-ttll simp add: flip-def)
qed

1.15.1 Labelled transition systems

type-synonym (‘a, 'b) trsys = 'a = 'b = 'a = bool

locale trsys =
fixes trsys :: (s, 't) trsys (-/ ——/ - [50, 0, 50] 60)
begin

abbreviation Trsys :: ('s, 'tl list) trsys (-/ —-—x/ - [50,0,50] 60)
where Atl. s —tl—x s’ = rtranclp trsys s tl s’

coinductive inf-step :: 's = 't llist = bool (- —-—* oo [50, 0] 80)
where inf-stepl: [ trsys a b a’; a’ —bs—+ o0 | = a —LCons b bs—x oo

coinductive inf-step-table :: 's = ('s x 'tl x 's) llist = bool (- —-—xt 0o [50, 0] 80)
where

inf-step-tablel:

At [ trsys s tl sy 8" —stls—xt oo |

= s —LCons (s, tl, s') stls—xt co

definition inf-step2inf-step-table :: 's = "tl llist = ('s x "tl x 's) llist
where
inf-step2inf-step-table s tls =
unfold-llist
(A(s, tls). Inull tls)

(A(s, tls). (s, lhd tls, SOME s'. trsys s (Ihd tls) s’ A s’ —Itl tls—* c0))
(A(s, tls). (SOME s'. trsys s (Ihd tls) s’ A s' —ltl tls—= oo, It tls))
(s, tls)

coinductive Rtrancl3p :: 's = ('tl, 's) tllist = bool
where
Rtrancl3p-stop: (Ntl s’. = s —tl— s") = Rtrancl3p s (TNil s)



92

| Rtrancl3p-into-Rtrancl3p: \tl. [ s —tl— s’; Rtrancl3p s’ tlss | = Rtrancl3p s (TCons tl tiss)

inductive-simps Rtrancl3p-simps:
Rtrancl8p s (TNil s')
Rtrancl3p s (TCons tl’ tlss)

inductive-cases Rtrancl3p-cases:
Rtrancl3p s (TNil s')
Rtrancl8p s (TCons tl’ tlss)

coinductive Runs :: 's = 'tl llist = bool
where
Stuck: (\tl s'. = s —tl— s’) = Runs s LNil
| Step: Ntl. [ s —tl— s’ Runs s’ tls | = Runs s (LCons tl tls)

coinductive Runs-table :: 's = ('s x 'tl x 's) llist = bool
where
Stuck: (\tl s’. = s —tl— s’) = Runs-table s LNil
| Step: Atl. [ s —tl— s'; Runs-table s’ stlss | = Runs-table s (LCons (s, tl, s’) stlss)

inductive-simps Runs-table-simps:
Runs-table s LNil
Runs-table s (LCons stls stlss)

lemma inf-step-not-finite-llist:
assumes 7r: s —bs—* 00
shows — [finite bs
proof
assume [finite bs thus False using r
by (induct arbitrary: s rule: lfinite.induct)(auto elim: inf-step.cases)
qed

lemma inf-step2inf-step-table-LNil [simp]: inf-step2inf-step-table s LNil = LNil
by (simp add: inf-step2inf-step-table-def)

lemma inf-step2inf-step-table-LCons [simp):
fixes tl shows
inf-step2inf-step-table s (LCons tl tls) =
LCons (s, tl, SOME s'. trsys s tl s' N\ s’ —tls—* 00)
(inf-step2inf-step-table (SOME s'. trsys s tl s' A s’ —tls—* 00) tls)
by (simp add: inf-step2inf-step-table-def)

lemma [null-inf-step2inf-step-table [simp]:
Inull (inf-step2inf-step-table s tls) +— Inull tls
by (simp add: inf-step2inf-step-table-def)

lemma inf-step2inf-step-table-eq-LNil:
inf-step2inf-step-table s tls = LNil +— tls = LNil
using Inull-inf-step2inf-step-table unfolding Inull-def .

lemma lhd-inf-step2inf-step-table [simp]:
= Inull tls
= [hd (inf-step2inf-step-table s tls) =
(s, Ihd tls, SOME s'. trsys s (Ihd tls) s’ A s’ —Itl tls—* 00)



by (simp add: inf-step2inf-step-table-def)

lemma ltl-inf-step2inf-step-table [simp]:

Itl (inf-step2inf-step-table s tls) =

inf-step2inf-step-table (SOME s’. trsys s (Ihd tls) s’ N\ s’ —Itl tls—* o0) (Itl tls)
by(cases tls) simp-all

lemma Imap-inf-step2inf-step-table: Imap (fst o snd) (inf-step2inf-step-table s tls) = tls
by (coinduction arbitrary: s tls) auto

lemma inf-step-imp-inf-step-table:
assumes s —tls—* 0o
shows T stls. s —stls—*t oo A tls = Imap (fst o snd) stls
proof —
from assms have s —inf-step2inf-step-table s tls—*t oo
proof (coinduction arbitrary: s tls)
case (inf-step-table s tls)
thus ?2case
proof cases
case (inf-stepl tl s’ tls")
let 2s' = SOME s'. trsys s tl s’ \ s’ —tls’—* oo
have trsys s tl 2s’ A s’ —tls'—x oo by(rule somel)(blast intro: inf-stepl)
thus ?thesis using (tls = LCons tl tis’» by auto
qed
qed
moreover have tls = Imap (fst o snd) (inf-step2inf-step-table s tls)
by (simp only: Ilmap-inf-step2inf-step-table)
ultimately show ¢thesis by blast
qed

lemma inf-step-table-imp-inf-step:
s—stls—+t 0o =>s —Ilmap (fst o snd) stls—+ o0

proof (coinduction arbitrary: s stls rule: inf-step.coinduct)
case (inf-step s tls)
thus ?case by cases auto

qed

lemma Runs-table-into-Runs:

Runs-table s stlss = Runs s (Imap (A(s, tl, s'). tl) stlss)
proof (coinduction arbitrary: s stlss)

case (Runs s tls)

thus ?case by (cases)auto
qed

lemma Runs-into-Runs-table:
assumes Runs s tls
obtains stlss
where tls = lmap (\(s, tl, s'). tl) stlss
and Runs-table s stlss
proof —
define stlss where stlss s tls = unfold-llist
(A(s, tls). Inull tis)
(A(s, tls). (s, thd tls, SOME s’. s —Ihd tls— s A Runs s’ (It tls)))
(A(s, tls). (SOME s'. s —Ihd tls— s’ A Runs s’ (Itl tls), It tls))
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(s, tls)
for s tis
have [simp]:
/\s. stlss s LNil = LNil
N\s tl tls. stlss s (LCons tl tls) = LCons (s, tl, SOME s’. s —tl— s’ A Runs s’ tls) (stlss (SOME s'.
s —tl— s’ A Runs s’ tls) tls)
N\s tls. Inull (stlss s tls) «— Inull tls
As tls. = Inull tls = Ihd (stlss s tls) = (s, Ihd tls, SOME s'. s —lhd tls— s’ A Runs s’ (Itl tls))
Ns tls. = Inull tls = Utl (stlss s tls) = stiss (SOME s'. s —Ihd tls— s’ A Runs s’ (Itl tls)) (It tls)
by (simp-all add: stlss-def)

from assms have tls = Imap (\(s, tl, s'). tl) (stlss s tls)
proof (coinduction arbitrary: s tls)
case Fqg-llist
thus ?case by cases(auto 4 3 intro: somel2)
qed
moreover
from assms have Runs-table s (stlss s tls)
proof (coinduction arbitrary: s tls)
case (Runs-table s stlss”)
thus Zcase
proof(cases)
case (Step s’ tls' tl)
let P = As’. s —tl— s’ A Runs s’ tls’
from <s —tl— s"» «Runs s’ tls’» have 2P s’ ..
hence ?P (Eps ?P) by(rule somel)
with Step have ?Step by auto
thus ?thesis ..
qed simp
qed
ultimately show ?thesis by (rule that)
qed

lemma Runs-lappendE:
assumes Runs o (lappend tls tls’)
and Ifinite tls
obtains ¢’ where o —list-of tls—* o’
and Runs o’ tls’
proof (atomize-elim)
from <lfinite tls» <Runs o (lappend tis tls'))
show Jo'. 0 —list-of tls—* o’ A Runs o' tls’
proof (induct arbitrary: o)
case lfinite-LNil thus ?case by(auto)
next
case (lfinite-LConsI tls tl)
from <Runs o (lappend (LCons tl tls) tis')»
show ?case unfolding lappend-code
proof(cases)
case (Step o)
from <Runs o’ (lappend tls tls") = Jo'"". o' —list-of tis—* o' A Runs o' tls’y <Runs o’ (lappend
tls tls’)»
obtain o' where o’ —list-of tls—x o' Runs o'’ tls’ by blast
from <o —tl— o’y <o’ —list-of tls—x* o’
have o —tl # list-of tls—x o’ by(rule rtrancl3p-step-converse)
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with <[finite tls) have o —list-of (LCons tl tis)—x o'’ by(simp)
with <Runs o’ tls"y show ?thesis by blast
qed
qed
qed

lemma Trsys-into-Runs:
assumes s —tls—* s’
and Runs s’ tls’
shows Runs s (lappend (llist-of tls) tls’)
using assms
by (induct rule: rtrancl8p-converse-induct)(auto intro: Runs.Step)

lemma rtrancl3p-into-Rtrancl3p:
[ rtrancl8p trsys a bs a’; Ab a”. = o’ —b— a” | = Rtrancl3p a (tlist-of-llist o’ (llist-of bs))
by (induct rule: rtrancl3p-converse-induct)(auto intro: Rtrancl3p.intros)

lemma Rtrancl3p-into-Runs:
Rtrancl3p s tlss = Runs s (llist-of-tllist tlss)
by (coinduction arbitrary: s tlss rule: Runs.coinduct)(auto elim: Rtrancl3p.cases)

lemma Runs-into-Rtrancl3p:
assumes Runs s tls
obtains tiss where tls = llist-of-tllist tlss Rtrancl3p s tlss
proof
let 7Q = As tls 8. s —Ihd tls— s’ A Runs s’ (Itl tls)
define tiss where tlss = corec-tllist
(A(s, tls). Inull tls) (A(s, tls). s)
(A(s, tls). Ihd tls)
(A-. False) undefined (A(s, tls). (SOME s'. 2Q s tls s', Itl tls))
have [simp]:
tlss (s, LNil) = TNil s
tlss (s, LCons tl tls) = TCons tl (tiss (SOME s’. 2Q) s (LCons tl tls) s', tls))
for s tl tls by (auto simp add: tlss-def intro: tllist.expand)

show tls = llist-of-tllist (tlss (s, tls)) using assms
by (coinduction arbitrary: s tls)(erule Runs.cases; fastforce intro: somel2)

show Rtrancl3p s (tlss (s, tls)) using assms
by (coinduction arbitrary: s tls)(erule Runs.cases; simp; iprover intro: somel2|where Q=trsys - -|
somel2[where Q=M\s’. Runs s’ -])
qed

lemma fixes ¢l
assumes Ritrancl3p s tliss tfinite tlss
shows Rtrancl3p-into-Trsys: Trsys s (list-of (llist-of-tllist tlss)) (terminal tlss)
and terminal-Rtrancl3p-final: — terminal tlss —tl— s’
using assms(2,1) by(induction arbitrary: s rule: tfinite-induct)(auto simp add: Rtrancl3p-simps intro:
rtrancl3p-step-converse)

end
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1.15.2 Labelled transition systems with internal actions

locale 7trsys = trsys +
constrains trsys :: (s, 'tl) trsys
fixes Tmove :: ('s, 'tl) trsys

begin

inductive silent-move :: 's = ‘s = bool (- —7— - [50, 50] 60)
where [intro]: . [ trsys s tl s'; Tmove s tl s’ ] = s —7— ¢’

declare silent-move.cases [elim)]

lemma silent-move-iff: silent-move = (s s’. (Ftl. trsys s tl s' A Tmove s tl s'))
by (auto simp add: fun-eq-iff)

abbreviation silent-moves :: 's = ‘s = bool (- —T—x - [50, 50] 60)
where silent-moves == silent-move xx

abbreviation silent-movet :: 's = 's = bool (- —7—+ - [50, 50] 60)
where silent-movet == silent-move 4+

coinductive 7diverge :: 's = bool (- —7— oo [50] 60)
where
Tdivergel: [ s —7— s’} ' =T 0 ]| = s —T— >

coinductive Tinf-step :: 's = 'tl llist = bool (- —T—-—% co [50, 0] 60)
where
Tinf-step-Cons: N\tl. [ s —7—* s’y ' —tl— s"'; = Tmove s' tl s"; s —7—tls—* 00 | = s —7—LCons
tl tls—x oo
| Tinf-step-Nil: s —7— 00 = s —7—LNil—% o0

coinductive Tinf-step-table :: 's = ('s x 's x "tl x 's) llist = bool (- —T—-—xt co [50, 0] 80)
where

Tinf-step-table-Cons:

At [ s —7—=* s’y ' —tl— s"'; = Tmove s’ tl s"; s
tls—xt oo

" —7—tls—xt 00 | = s —7—LCons (s, s', tl, s")

| Tinf-step-table-Nil:
s —T— 00 => s —T7—LNil—xt oo

definition Tinf-step21inf-step-table :: 's = tl llist = ('s x 's x "tl x 's) llist
where
Tinf-step2Tinf-step-table s tls =
unfold-1list
(A(s, tls). Inull tis)
(A(s, tls). let (s', s'") = SOME (s', s"). s —t—x 8’ A s’ —Ihd tis— 8" A = Tmove s’ (Ihd tls) 8" A
§" —1—1tl tls—* oo
in (s, s', Ihd tls, "))
(A(s, tls). let (s', s'") = SOME (s', s""). s —t—x s' A s" —Ilhd tis— s” A = Tmove s’ (Ihd tls) s”" A
§" —r—1tl tls—* oo
in (8", It tls))
(s, tls)

definition silent-move-from :: 's = 's = 's = bool
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where silent-move-from s0 sl s2 <— silent-moves s0 s1 N silent-move sl s2

inductive Trtrancldp :: 's = 'tl list = 's = bool (- —T—-—% - [50, 0, 50] 60)
where
Trtrancl3p-refl: Tritrancl3p s [] s
| Trtrancl3p-step: Ntl. [ s —tl— s’; = Tmove s tl s'; Trirancl3p s’ tls 8" | = Trtrancl3p s (¢l # tls) s”’
| Trtrancl8p-rstep: Ntl. [ s —tl— s'; Tmove s tl s'; Trirancl3p s’ tls s | = Trtrancl3p s tls s”’

coinductive TRuns :: 's = ('tl, 's option) tllist = bool (- | - [50, 50] 51)
where
Terminate: [ s —t—x s’y Ntl s". = 8" —tl— s"" ] = s | TNil |s’|
| Diverge: s —7— co => s || TNil None
| Proceed: \tl. [ s —7—x s’y s" —tl— s"'; = tmove s" tl s”; " |} tls ] = s | TCons tl tls

inductive-simps 7 Runs-simps:
s | TNil (Some s')
s || TNil None
s | TCons tl' tls

coinductive T Runs-table :: 's = ('tl x 's, 's option) tllist = bool
where
Terminate: | s —t—x s’y N\tl s"". = s’ —tl— s"" | = 7 Runs-table s (TNil |s’])
| Diverge: s —7— oo => T Runs-table s (TNil None)
| Proceed:
At [ s —7—x s’ 8" —tl— s"; = Tmove s’ tl s"'; T Runs-table s’ tls |
= TRuns-table s (TCons (tl, s”) tls)

definition silent-move2 :: 's = "tl = s = bool
where Atl. silent-move2 s tl s’ «+— s —tl— s’ A Tmove s tl s’

abbreviation silent-moves2 :: 's = 'tl list = 's = bool
where silent-moves2 = rtrancl3p silent-move2

coinductive T Runs-table2 :: 's = ("tl list x s x "tl x 's, ("tl list x 's) + 't llist) tllist = bool
where

Terminate: [ silent-moves?2 s tls s'; Ntl s". = s' —tl— s"' | = TRuns-table2 s (TNil (Inl (ts, s')))
| Diverge: trsys.inf-step silent-move2 s tls = 7 Runs-table2 s (TNil (Inr tls))
| Proceed:

At [ silent-moves?2 s tls s'; s’ —tl— s''; = Tmove s’ tl s"'; T Runs-table2 s’ tlsstlss |

= 7Runs-table2 s (TCons (tls, s', tl, s'') tlsstlss)

inductive-simps 7 Runs-table2-simps:
T Runs-table2 s (TNil tlss)
7T Runs-table2 s (TCons tlsstls tlsstlss)

lemma inf-step-table-all-T-into-T diverge:

[ s —stls—xt oco; V (s, tl, s') € lset stls. Tmove s tl 8’| = s —1— 0
proof (coinduction arbitrary: s stls)

case (7diverge s)

thus ?case by cases (auto simp add: silent-move-iff, blast)
qed

lemma inf-step-table-lappend-llist-ofD:
s —lappend (llist-of stls) (LCons (z, tl', x') xs)—*t 0o
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= (s —map (fst o snd) stls—* x) A (x —LCons (z, tl'; ') zs—xt 00)
proof (induct stls arbitrary: s)
case Nil thus ?case by(auto elim: inf-step-table.cases intro: inf-step-table.intros rtrancl3p-refl)
next
case (Cons st stls)
note IH = «\s. s —lappend (llist-of stls) (LCons (z, tl', x’) xzs)—*t co =
s —map (fst o snd) stls—* x A x —LCons (z, tl', z) zs—=t 0o
from «s —lappend (llist-of (st # stls)) (LCons (z, tl', x’) xs)—*t oo
show ?Zcase
proof cases
case (inf-step-tablel s’ stls’ tl)
hence [simp]: st = (s, tl, s) stls’ = lappend (llist-of stls) (LCons (z, tl', z’) xs)
and s —tl— s’ s’ —lappend (llist-of stls) (LCons (z, tl', z') xzs)—xt oo by simp-all
from IH[OF «s' —lappend (llist-of stls) (LCons (z, tl', z') zs)—*t 00))
have s’ —map (fst o snd) stls—* z x —LCons (z, tl', ') zs—*t oo by auto
with «s —tl— s"» show ?thesis by (auto simp add: o-def intro: rtrancl3p-step-converse)
qed
qed

lemma inf-step-table-lappend-llist-of-T-into-Tmoves:
assumes [finite stls
shows [ s —lappend stls (LCons (z, tl' x') zs)—t oo; V (s, tl, s’)Elset stls. Tmove s tl s’ ] = s
—T—% T
using assms
proof (induct arbitrary: s rule: lfinite.induct)
case lfinite-LNil thus ?case by(auto elim: inf-step-table.cases)
next
case (Ifinite-LConslI stls st)
note IH = «\s. [s —lappend stls (LCons (z, tl' x') xs)—xt oo; ¥ (s, tl, s")Elset stls. Tmove s tl s’ ]
= 5§ —T—* 1)
obtain s1 tl1 s1’ where [simp]: st = (sI, tl1, s1") by(cases st)
from «s —lappend (LCons st stls) (LCons (z, tl' z') xs)—+t 00>
show ?Zcase
proof cases
case (inf-step-tablel X' STLS TL)
hence [simp]: s1 = s TL = tl1 X' = s1’ STLS = lappend stls (LCons (z, tl' z') xs)
and s —tl1— s1’and s1’ —lappend stls (LCons (z, tl' ') zs)—+t oo by simp-all
from <V (s, tl, s’)€lset (LCons st stls). Tmove s tl s> have Tmove s tll s1' by simp
moreover
from [H[OF «<s1’ —lappend stls (LCons (z, tl' z') xs)—*t oo] <V (s, tl, s')Elset (LCons st stls).
Tmove s tl s’
have s1’ —7—x x by simp
ultimately show ?thesis using «s —tl1 — s1’ by(auto intro: converse-rtranclp-into-rtranclp)
qed
qed

lemma inf-step-table-into-Tinf-step:

s —stls—xt oo = s —7—Imap (fst o snd) (ifilter (A\(s, tl, s'). = Tmove s tl s') stls)—* oo
proof (coinduction arbitrary: s stls)

case (Tinf-step s stls)

let 2P = A(s, tl, 8”). = Tmove s tl s’

show ?case

proof (cases lfilter ?P stls)
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case LNil
with Tinf-step have ?rinf-step-Nil
by (auto intro: inf-step-table-all-T-into-T diverge simp add: Ifilter-eq-LNil)
thus ?thesis ..
next
case (LCons stls’ xs)
obtain z ¢l '’ where stls’ = (z, tl, x’) by(cases stls’)
with LCons have stls: Ifilter ?P stls = LCons (z, tl, ') zs by simp
from Ifilter-eq-LConsD[OF this| obtain stis! stls2
where stls1: stls = lappend stls1 (LCons (z, tl, z') stls2)
and Ifinite stls!
and 7s: V (s, tl, s’)€lset stls1. Tmove s tl s’
and n7: — Tmove z tl z' and zs: xs = Ifilter ?P stls2 by blast
from <[finite stls1) Tinf-step 7s have s —7—x z unfolding stls!
by (rule inf-step-table-lappend-llist-of-T-into-Tmoves)
moreover from «lfinite stls!» have llist-of (list-of stls1) = stls1 by(simp add: llist-of-list-of)
with 7inf-step stls] have s —lappend (llist-of (list-of stls1)) (LCons (z, tl, z') stls2)—xt oo by
stmp
from inf-step-table-lappend-llist-of D[ OF this]
have © —LCons (z, tl, z') stls2—*t oo ..
hence z —tl— z' ' —stls2—x*t oo by(auto elim: inf-step-table.cases)
ultimately have ?rinf-step-Cons using xs nT by (auto simp add: stls o-def)
thus ?thesis ..
qed
qed

lemma inf-step-into-Tinf-step:
assumes s —tls—* 00
shows JA. s —7—Inths tls A—* oo
proof —
from inf-step-imp-inf-step-table[ OF assms]
obtain stls where s —stls—xt co and tls: tls = lmap (fst o snd) stls by blast
from «s —stls—xt ooy have s —7—Imap (fst o snd) (Ifilter (A(s, €, s’). = Tmove s tl 8’) stls)—x oo
by (rule inf-step-table-into-Tinf-step)
hence s —7—Inths tls {n. enat n < llength stls A (A(s, tl, s'). = Tmove s tl s") (Inth stls n)}—* oo
unfolding [filter-conv-Inths tls by simp
thus ?thesis by blast
qed

lemma silent-moves-into-Trtrancl3p:
s —T—=% ' = s —T7—[]ox s’
by (induct rule: converse-rtranclp-induct)(blast intro: Trirancl3p.intros)—+

lemma 7rtrancl3p-into-silent-moves:
s —T—[]o% s’ = s —T—x* s’

apply (induct s tIs=[] :: 'tl list s’ rule: Trtrancl3p.induct)
apply(auto intro: converse-rtranclp-into-rtranclp)
done

lemma 7rtrancl3p-Nil-eq-Tmoves:
s —T—[|=% s'+— s —Tox s’
by (blast intro: silent-moves-into-rTrtrancl8p trirancl3p-into-silent-moves)

lemma 7rtrancl3p-trans [trans]:
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[ s —T—tls—* s’ 8" —7—tls'=x " | = s —7—tls Q tls'—>x 5"
apply(induct rule: Trtrancl3p.induct)
apply(auto intro: Trtrancl3p.intros)
done

lemma 7rtrancl3p-SingletonkE:
fixes tl
assumes red: s —7—[tl]—x* s’
obtains s’ s” where s —7—* s’ s’ —tl— s = Tmove s' tl s s —T—x s’
proof (atomize-elim)
from red show 3s’ s”. s —7—x s' A 8" —tl— s"" N = Tmove 8" tl " N 8" —7—x 5"
proof (induct s tls=[tl] s’"')
case (Trtrancl3p-step s s’ s'’)
from «s —tl— s> <= Tmove s tl s’y «s' —7—[]—* s’y show ?case
by (auto simp add: Trtrancl3p-Nil-eq-Tmoves)
next
case (rrirancl3p-tstep s s’ 8" tl')
then obtain ¢’ t" where s’ —7—x t' t/ —tl— t"" = Tmove t’ tl t"" t"" —7—x* 5" by auto
moreover
from <s —tl'— s’» «<Tmove s tl' s'» have s —7—x* s’ by blast
ultimately show ?case by(auto intro: rtranclp-trans)
qed
qed

lemma 7rtrancl3p-snocl:
At [ Trirancl3p s tls 'y 8" —1—x " 8" —tl— s’ = Tmove s' tl s ]
= Trtrancl3p s (tls Q [¢]) s’

apply(erule Trtrancl3p-trans)

apply(fold Trtrancl3p-Nil-eq-Tmoves)

apply(drule Trtrancl3p-trans)

apply(erule (1) Trtrancl3p-step)

apply (rule Trtrancl3p-refl)

apply simp

done

lemma 7diverge-rtranclp-silent-move:
[ silent-move™x s s ' —71— 00 ] = s —T7—
by (induct rule: converse-rtranclp-induct)(auto intro: Tdivergel)

lemma 7diverge-trancl-coinduct [consumes 1, case-names Tdivergel:
assumes X: X s
and step: As. X s = Is’. silent-move ™+ s s’ AN (X s’V s/ —7— 0)
shows s —7— oo
proof —
from X have ds’. silent-move *x s s’ A X s’ by blast
thus ?thesis
proof (coinduct)
case (Tdiverge s)
then obtain s’ where silent-move*™ s s’ X s’ by blast
from step|OF <X s"»] obtain s’
where silent-move ™++ s’ 8" X s’V §'"" —1— oo by blast
from «silent-move** s s> show ?case
proof(cases rule: converse-rtranclpE[consumes 1, case-names refl step))
case refl
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moreover from tranclpD[OF «silent-move ++ s’ s'"»] obtain s
where silent-move s’ 5" silent-move xx s’ s’ by blast
ultimately show ?thesis using <silent-move x* s’ 5"y «X """V 5" —1— o0»
by (auto intro: Tdiverge-rtranclp-silent-move)
next
case (step S)
moreover from <silent-move** S s’y <silent-move ™4+ s’ s"""
have silent-move xx S s'" by (rule rtranclp-trans|OF - tranclp-into-rtranclp))
ultimately show ?thesis using <X 5"V s”"/ —1— oco0s by (auto intro: T diverge-rtranclp-silent-move)
qed
ged
qed

lemma 7diverge-trancl-measure-coinduct [consumes 2, case-names 7 diverge]:
assumes major: X s t wfP u
and step: Ast. X st = s’ t". (ut't A s’ = sV silent-move ™+ s s') A (X s t'V s’ —1— o0)
shows s —7— oo
proof —
{fixst
assume X st
with «wfP 1> have 35’ t'. silent-move ™+ s ' A (X 5" t'V 8/ —1— o0)
proof (induct arbitrary: s rule: wfP-induct[consumes 1])
case (11)
hence IH: \s’t". [pt' t; X s't'] =
Is" ¢, silent-move ™+ s’ s N (X stV s —1— 0) by blast
from step|OF <X s t»] obtain s’ t’
where p t' t A s' = 5V silent-movet ™ s s’ X s't'V s’ —7— oo by blast
from «u t' t A 8’ = sV silent-move™™ s s’y show ?case
proof
assume p t't As'=s
hence p t’' ¢t and [simp]: s’ = s by simp-all
from <X s’ t'V s’ —7— oo show ?thesis
proof
assume X s’ t’
from [H[OF «u t' t» this] show ?thesis by simp
next
assume s’ —7— oo thus ?thesis
by cases(auto simp add: silent-move-iff)
qed
next
assume silent-move™ " s s’
thus ?thesis using (X s’ t' V s’ —7— oo by blast
qed
qed }
note X = this
from <X s t» have 3¢t. X st ..
thus ?thesis
proof(coinduct rule: Tdiverge-trancl-coinduct)
case (rdiverge s)
then obtain ¢ where X s ¢t ..
from X[OF this] show Zcase by blast
qed
qed
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lemma 7inf-step27inf-step-table-LNil [simp]: Tinf-step2Tinf-step-table s LNil = LNil
by (simp add: Tinf-step27inf-step-table-def)

lemma 7inf-step2Tinf-step-table-LCons [simp]:
fixes s tl ss tls
defines ss = SOME (s, s'"). s —1—=* s’ A s’ —tl— s"" A = Tmove s’ tl 8" N 8" —7—tls—* o0
shows
Tinf-step21inf-step-table s (LCons tl tls) =
LCons (s, fst ss, tl, snd ss) (Tinf-step21inf-step-table (snd ss) tls)
by (simp add: ss-def Tinf-step2Tinf-step-table-def split-beta)

lemma [null-Tinf-step27inf-step-table [simp]:
Inull (Tinf-step2tinf-step-table s tls) «— Inull tis
by (simp add: Tinf-step27inf-step-table-def)

lemma [hd-Tinf-step2Tinf-step-table [simp):

= Inull tls = Ihd (Tinf-step21inf-step-table s tls) =

(let (s, 8"y = SOME (s', s"). s =t—x s’ N s’ —lhd tls— s"" N = Tmove s’ (Ihd tls) s” N s —7—Itl
tls—+* 0o

in (s, s, Ihd tls, s''))
unfolding Tinf-step2rinf-step-table-def Let-def by simp

lemma [tl-Tinf-step27inf-step-table [simp]:
= Inull tls = ltl (Tinf-step2Tinf-step-table s tls) =
(let (s', ") = SOME (s', s"). s == s' A 8’ —Ihd tls— s"" A = mmove s’ (Ihd tls) s N 8" —7—1tl
tls—+* 0o
in Tinf-step27inf-step-table s" (Itl tls))
unfolding Tinf-step2tinf-step-table-def Let-def
by (simp add: split-beta)

lemma Imap-tinf-step2tinf-step-table: lmap (fst o snd o snd) (Tinf-step2tinf-step-table s tls) = tls
by (coinduction arbitrary: s tls)(auto simp add: split-beta)

lemma Tinf-step-into-Tinf-step-table:
s —T—tls—* co => s —T—Tinf-step2Tinf-step-table s tls—*t oo
proof (coinduction arbitrary: s tls)
case (Tinf-step-table s tls)
thus ?case
proof (cases)
case (Tinf-step-Cons s’ s" tls’ tl)
let ?ss = SOME (s, s"). s —1—x ' A s’ —tl— s"" A = Tmove s’ tl s"" N 8" —7—tls'—x o0
from Tinf-step-Cons have tls: tls = LCons tl tls' and s —7—* s’ s’ —tl— s
= Tmove ' tl 8" 8" —1—tls’"—* oo by simp-all
hence (A(s’, 8"). s —7—=* s' A 8" —tl— s"”" N = Tmove s’ tl " N 8" —7—tls'—* 00) (s, s') by
sitmp
hence (A\(s', s”). s —7—* s’ A s’ —tl—= s N = Tmove s’ tl s N s" —T—tls'—x c0) %ss by(rule
somel )
with tls have ?rinf-step-table-Cons by auto
thus ?thesis ..
next
case Tinf-step-Nil
then have ?rinf-step-table-Nil by simp
thus %thesis ..
qed



qed

lemma Tinf-step-imp-rinf-step-table:

assumes s —7—tls—* 00

shows Jsstls. s —T—sstls—+t 0o A tls = Imap (fst o snd o snd) sstls
using 7inf-step-into-rinf-step-table]OF assms]
by (auto simp only: Imap-Tinf-step27inf-step-table)

lemma Tinf-step-table-into-Tinf-step:

s —T—sstls—xt 00 => s —T—Imap (fst o snd o snd) sstls—* 0o
proof (coinduction arbitrary: s sstls)

case (Tinf-step s tls)

thus ?case by cases(auto simp add: o-def)
qed

lemma silent-move-froml [intro]:
[ silent-moves s0 s1; silent-move s1 s2 | = silent-move-from s0 s1 s2
by (simp add: silent-move-from-def)

lemma silent-move-fromE [elim):
assumes silent-move-from s0 s1 s2
obtains silent-moves s0 s1 silent-move s1 s2
using assms by (auto simp add: silent-move-from-def)

lemma rtranclp-silent-move-from-imp-silent-mowves:
assumes s'z: silent-move™ s’ x
shows (silent-move-from s') * z z = silent-moves s’ z
by (induct rule: rtranclp-induct)(auto intro: s'x)

lemma 7diverge-not-wfP-silent-move-from:
assumes s —7T— 00O
shows — wfP (flip (silent-move-from s))
proof
assume wfP (flip (silent-move-from s))
moreover define @) where @ = {s’. silent-moves s s’ N s' —1— oo}
hence s € @ using <s —7— o0 by(auto)
ultimately have 3z€Q. Vy. silent-move-from s zy — y ¢ Q
unfolding wfP-eq-minimal flip-simps by blast
then obtain z where 2z € @
and min: Ny. silent-move-from s zy = y ¢ Q by blast
from «z € > have silent-moves s z z —7— oo unfolding @Q-def by auto
from <z —7— o0) obtain y where silent-move z y y —7— oo by cases auto
from «<silent-moves s z» <silent-move z y> have silent-move-from s z y ..
hence y ¢ Q by(rule min)
moreover from <(silent-moves s z» <silent-move z y» <y —T— 00>
have y € @ unfolding @Q-def by auto
ultimately show Fulse by contradiction
qed

lemma wfP-silent-move-from-unroll:
assumes wfPs" A\s’. s —7— s' = wfP (flip (silent-move-from s'))
shows wfP (flip (silent-move-from s))
unfolding wfP-eq-minimal flip-conv

proof (intro alll impI)
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fix Q and z :: 's
assume z € @
show 3z€Q). Vy. silent-move-from s zy — y ¢ Q
proof (cases 3s’. s —t— s’ A (Fz'. silent-moves s’ ' N 2’ € Q))
case Fulse
hence Vy. silent-move-from sz y — -y € @
by (cases z=s)(auto, blast elim: converse-rtranclpE intro: rtranclp.rtrancl-into-rtrancl)
with «x € @ show ?thesis by blast
next
case True
then obtain s’ ' where s —7— s’ and silent-moves s’ z’ and z’ € Q
by auto
from «s —7— s’ have wfP (flip (silent-move-from s’)) by(rule wfPs’)
from this <z’ € (> obtain z where z € @ and min: \y. silent-move-from s’ zy = -y € Q
and (silent-move-from s’) xx ' z
by (rule wfP-minimalE) (unfold flip-simps, blast)
{fixy
assume silent-move-from s z y
with «(silent-move-from s’) “xx z' 2» <silent-move xx s' z')
have silent-move-from s’ z y
by (blast intro: rtranclp-silent-move-from-imp-silent-moves)
hence = y € Q by(rule min) }
with <z € @) show ?thesis by(auto simp add: intro!: bexI)
qed
qed

lemma not-wfP-silent-move-from-t diverge:
assumes — wfP (flip (silent-move-from s))
shows s —7— oo
using assms
proof (coinduct)
case (Tdiverge s)
{ assume wfPs": \s'. s —7— s’ = wfP (flip (silent-move-from s’))
hence wfP (flip (silent-move-from s)) by(rule wfP-silent-move-from-unroll) }
with 7diverge have 3s’. s —7— s’ A = wfP (flip (silent-move-from s’)) by auto
thus ?case by blast
qed

lemma 7diverge-neq-wfP-silent-move-from:
s —1— 00 # wfP (flip (silent-move-from s))
by (auto intro: not-wfP-silent-move-from-tdiverge dest: Tdiverge-not-wfP-silent-move-from)

lemma not-7diverge-to-no-rmove:
assumes - § —T— 00
shows Js". s —7—x* s' A (Vs
proof —
define S where S = s
from «— Tdiverge $» have wfP (flip (silent-move-from S)) unfolding S-def
using 7 diverge-neg-wfP-silent-move-from[of s] by simp
moreover have silent-moves S s unfolding S-def ..
ultimately show ?thesis
proof (induct rule: wfP-induct’)
case (wfP s)
note IH = «A\y. [flip (silent-move-from S) y s; S —17—% y |

"o —1— s



= s’y —1ox s’ ANNVs". = —1— ")
show ?Zcase
proof(cases s'. silent-move s s)
case Fulse thus ?thesis by auto
next
case True
then obtain s’ where s —7— s’ ..
with «S —7—x% s have flip (silent-move-from S) s’ s
unfolding flip-conv by (rule silent-move-fromI)
moreover from S —7—% s <s —7— s» have § —7—x s’ ..
ultimately have 3s”. 5" —7—x s/ A (Vs"". = 8" —1— $""') by(rule IH)
then obtain s’ where s’ —7—x% s Vs'. = s/ —7— s'" by blast
from s —7— s’ «s' —7—x s’y have s —7—x s"' by(rule converse-rtranclp-into-rtranclp)
with Vs, = " —7— s’y show ?thesis by blast
qed
qed
qed

lemma 7diverge-conv-T Runs:
s —17— 00 +— s || TNil None
by (auto intro: T Runs.Diverge elim: T Runs.cases)

lemma Tinf-step-into-T Runs:

s —T—tls—*x oo = s |} tllist-of-llist None tls
proof (coinduction arbitrary: s tls)

case (TRuns s tls')

thus ?case by cases(auto simp add: Tdiverge-conv-T Runs)
qed

lemma 7-into-T Runs:
[s—1—ssJtls] = s tls
by (blast elim: T Runs.cases intro: T Runs.intros Tdiverge.intros converse-rtranclp-into-rtranclp)

lemma 7rtrancl3p-into-T Runs:
assumes s —7—tls—* s’
and s’ | tls’
shows s | lappendt (llist-of tls) tls’
using assms
by induct(auto intro: T Runs.Proceed T-into-T Runs)

lemma 7Runs-table-into-T Runs:

T Runs-table s stlsss => s || tmap fst id stlsss
proof (coinduction arbitrary: s stlsss)

case (TRuns s tls)

thus ?case by cases(auto simp add: o-def id-def)
qed

definition 7 Runs27 Runs-table :: 's = ('tl, 's option) tllist = ('tl x 's, 's option) tllist
where
TRuns2t Runs-table s tls = unfold-tllist
(A(s, tls). is-TNil tls)
(A(s, tls). terminal tls)

ttl tls)
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A(
(A(s, tls). (thd tls, SOME s". 3s’. s —t—x s’ A 8’ —thd tls— s" A = Tmove s’ (thd tls) s”' A s" |}
)
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(A(s, tls). (SOME s". 3s'. s —t—x s’ A 8’ —thd tis— s A\ = Tmove s’ (thd tls) s” N s" | til tls,
ttl tls))
(s, tls)

lemma is-TNil-T Runs2t Runs-table [simp]:
is-TNil (T Runs271 Runs-table s tls) «+— is-TNil tls
thm unfold-tllist.disc

by(simp add: T Runs2t Runs-table-def)

lemma thd-r Runs2t Runs-table [simp]:

- is-TNil tls =

thd (T Runs2t Runs-table s tls) =

(thd tls, SOME s". 3s'. s —1—x s’ A s' —thd tls— s"" N = Tmove s’ (thd tls) s A s"" | ttl tls)
by(simp add: T Runs2t Runs-table-def)

lemma ttl-7 Runs2t Runs-table [simp]:

- is-TNil tls =

ttl (1 Runs2t Runs-table s tls) =

7Runs27 Runs-table (SOME s". 3s’. s —1—x s’ A s’ —thd tls— s" N = Tmove s’ (thd tls) s"" N s”
U ttl tls) (¢l ts)
by (simp add: T Runs2t Runs-table-def)

lemma terminal-r Runs2T Runs-table [simp]:
is-TNil tls = terminal (T Runs2T Runs-table s tls) = terminal tls
by(simp add: T Runs2t Runs-table-def)

lemma 7Runs27 Runs-table-simps [simp, nitpick-simp):
T Runs27 Runs-table s (TNil so) = TNil so
Nt
TRuns21 Runs-table s (TCons tl tls) =
(let s = SOME s”. 3s’. s —1—x s' N s’ —tl— s"" N = mmove s tl s" N s" |} tls
in TCons (tl, s"") (T Runs2t Runs-table s"' tls))
apply(simp add: T Runs2t Runs-table-def)
apply(rule tllist.expand)
apply(simp-all)
done

lemma 7Runs271 Runs-table-inverse:
tmap fst id (T Runs271 Runs-table s tls) = tls
by (coinduction arbitrary: s tls) auto

lemma 7Runs-into-T Runs-table:
assumes s |} tls
shows dstlsss. tls = tmap fst id stlsss A T Runs-table s stlsss
proof (intro exl conjl)
from assms show 7Runs-table s (T Runs2t Runs-table s tls)
proof (coinduction arbitrary: s tls)
case (7 Runs-table s tls)
thus Zcase
proof cases
case (Terminate s’)
hence ?Terminate by simp
thus ?thesis ..
next
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case Diverge
hence ?Diverge by simp
thus ?thesis by simp

next
case (Proceed s’ s" tls’ tl)
let 2P = Xs". s’ s —7—x s' N s’ —tl— s"" AN = Tmove s’ tl s" A s || tls’
from Proceed have ?P s'' by auto
hence ?P (Eps ?P) by(rule somel)
hence ?Proceed using <tls = TCons tl tls”

by (auto simp add: split-beta)

thus ?thesis by simp

qed

qed
qed(simp add: T Runs2T Runs-table-inverse)

lemma 7Runs-lappendtF:
assumes o | lappendt tls tls’
and Ifinite tls
obtains ¢’ where o —7—list-of tls—x* o’
and o' || tls’
proof (atomize-elim)
from «Ifinite tls> <o | lappendt tls tls's
show J0’. 0 —7—list-of tls—* o' N o’ |} tls’
proof (induct arbitrary: o)
case [finite-LNil thus ?case by(auto intro: Trirancl3p-refl)
next
case (lfinite-LConslI tls tl)
from <o | lappendt (LCons tl tls) tls"
show ?case unfolding lappendt-LCons
proof (cases)
case (Proceed o’ o'’
from <o’ || lappendt tls tls' = Jc’". o' —1—list-of tis—* o' AN o' || tls"s «c'" | lappendt tls
tls"
obtain o' where o’ —7—list-of tls—* o'’ ¢’ |} tls’ by blast
from o’ —tl— ¢’ <= Tmove o’ tl ')y o' —T—list-of tls—* o
have o' —7—tl # list-of tls—+ o'” by(rule Trtrancl3p-step)
with (¢ —7—% o> have 0 —7—[| Q (¢t # list-of tls)—x o'’
unfolding 7rtrancl3p-Nil-eq-Tmoves[symmetric] by(rule Trtrancl3p-trans)
with <[finite tls) have o —7—list-of (LCons tl tls)—* o’ by(simp add: list-of-LCons)
with «¢”" || tls’» show ?thesis by blast
qed
qed
qed

"
>

lemma 7Runs-total:
dils. o | tls
proof
let ?7halt = Ao o’. 0 —t—=x o’ AN (Vtl . = o/ —tl— o)
let ?rdiverge = Ao. 0 —T— 0
let ?proceed = Ao (tl, o). Jo'. 0 —T—=x o' AN o' —tl— " A = Tmove o’ tl "’

define tls where tls = unfold-tllist
(Ao. (3o’. ?rhalt o ¢’) V ?rdiverge o)
(Mo. if 3o’ ?Thalt o o' then Some (SOME o'. ?rhalt o o) else None)
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(M\o. fst (SOME tla’. ?proceed o tla'))
(Ao. snd (SOME tlo’. ?proceed o tlo')) o
then show o | tis
proof(coinduct o tls rule: T Runs.coinduct)
case (TRuns o tls)
show ?Zcase
proof(cases Jo’. ¢Thalt o o)
case True
hence ?7halt o (SOME o’. ?rhalt o o) by(rule somel-ex)
hence ?Terminate using True unfolding 7Runs by simp
thus ?thesis ..
next
case Fulse
note 7Thalt = this
show ?thesis
proof(cases ?rdiverge o)
case True
hence ?Diverge using False unfolding 7Runs by simp
thus ?thesis by simp
next
case Fualse
from not-rdiverge-to-no-rmove| OF this]
obtain ¢’ where -0 ¢ —7—x* o’
and no-m: N\o”. = o’ —7— o' by blast
from o-0’ Thalt obtain tl ¢’ where o’ —tl— ¢’ by auto
moreover with no-r[of ¢’] have = Tmove o’ ¢l ¢’ by auto
ultimately have ?proceed o (tl, o¢’') using o-0’ by auto
hence ?proceed o (SOME tlo. ?proceed o tio) by(rule somel)
hence ?Proceed using Fualse Thalt unfolding 7 Runs
by (subst unfold-tllist.code) fastforce
thus ?thesis by simp
qed
qged
qed
qed

lemma silent-move2-into-silent-move:
fixes tl
assumes silent-move2 s tl s’
shows s —7— s’
using assms by (auto simp add: silent-move2-def)

lemma silent-move-into-silent-move2:
assumes s —7— s’
shows 3. silent-move2 s tl s’
using assms by (auto simp add: silent-move2-def)

lemma silent-moves2-into-silent-moves:
assumes silent-moves2 s tls s’
shows s —7—x s’
using assms
by (induct)(blast intro: silent-move2-into-silent-move rtranclp.rtrancl-into-rtrancl)+

lemma silent-moves-into-silent-moves2:
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assumes s —7—%* s’
shows T tls. silent-moves2 s tls s’
using assms
by (induct)(blast dest: silent-move-into-silent-move2 intro: rtrancl3p-step)+

lemma inf-step-silent-move2-into-t diverge:
trsys.inf-step silent-move2 s tls = s —17— 0
proof (coinduction arbitrary: s tls)
case (7diverge s)
thus Zcase
by (cases rule: trsys.inf-step.cases[consumes 1])(auto intro: silent-move2-into-silent-move)
qed

lemma Tdiverge-into-inf-step-silent-move2:
assumes s —7T— 00
obtains tls where trsys.inf-step silent-move2 s tls

proof —
define tls where tls = unfold-llist
(A-. Fulse)

(As. fst (SOME (4, s'). silent-move2 s tl s’ N s’ —1— 00))
(As. snd (SOME (tl, s’). silent-move2 s tl s' A 8" —7— 00))
s (is - = 2tls s)

with assms have s —7— oo A tls = ?tls s by simp
hence trsys.inf-step silent-move2 s tls
proof (coinduct rule: trsys.inf-step.coinduct[consumes 1, case-names inf-step, case-conclusion inf-step
step))
case (inf-step s tls)
let 2P = A(t, s'). silent-move2 s tl s’ A s’ —17— o0
from inf-step obtain s —7— oo and tis: tls = ?tis s ..
from <s —7— oo) obtain s’ where s —7— s’ s’ —7— oo by cases
from (s —7— s’ obtain ¢/ where silent-move2 s tl s’
by (blast dest: silent-move-into-silent-move2)
with <s’ —7— oo» have ?P (tl, s’) by simp
hence 7P (Eps ?P) by(rule somel)
thus ?case using tls
by (subst (asm) unfold-llist.code)(auto)
qged
thus thesis by (rule that)
qed

lemma 7Runs-into-trtrancl3p:

assumes runs: s | tlss

and fin: tfinite tlss

and terminal: terminal tlss = Some s’

shows Trirancl8p s (list-of (llist-of-tllist tlss)) s’
using fin runs terminal
proof (induct arbitrary: s rule: tfinite-induct)

case TNil thus ?case by cases(auto intro: silent-moves-into-tTrtrancl3p)
next

case (TCons tl tlss)

from «s || TCons tl tiss> obtain s’ s’’’

where step: s —7—x s'/

and step2: s'' —tl— s""" = Tmove s"' tl 8"’
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and s’ |} tlss by cases
from <terminal (TCons tl tiss) = |s’]> have terminal tiss = |s’| by simp
with <s”" || tiss» have s""" —r—list-of (llist-of-tllist tlss)—x s’ by(rule TCons)
with step2 have s —r—tl # list-of (llist-of-tllist tiss)—* s’ by(rule Trtrancl3p-step)
with step have s —7—[] @ ¢l # list-of (llist-of-tllist tlss)—+ s’
by (rule Trtrancl3p-trans[OF silent-moves-into-Trtrancl3p))
thus ?case using «tfinite tlssy by simp
qed

lemma 7Runs-terminal-stuck:

assumes Runs: s | tlss

and fin: tfinite tlss

and terminal: terminal tlss = Some s’

and proceed: s’ —tls— s’

shows Fulse
using fin Runs terminal
proof (induct arbitrary: s rule: tfinite-induct)

case TNil thus ?case using proceed by cases auto
next

case TCons thus ?case by(fastforce elim: T Runs.cases)
qed

lemma Runs-table-silent-diverge:
[ Runs-table s stlss; ¥ (s, tl, s’) € lset stlss. Tmove s tl s'; = Ifinite stlss |
= § —T— X
proof (coinduction arbitrary: s stlss)
case (rdiverge s)
thus ?case by cases(auto 5 2)
qed

lemma Runs-table-silent-rtrancl:
assumes lfinite stlss
and Runs-table s stlss
and V (s, tl, s') € Iset stlss. Tmove s tl s’
shows s —7—x llast (LCons s (Imap (A(s, tl, s'). s') stiss)) (is ?thesisl)
and llast (LCons s (Imap (A(s, tl, s'). s') stlss)) —tl'— s'" = False (is PROP ?thesis2)
proof —
from assms have ?thesis1 A (llast (LCons s (Imap (A(s, tl, s). s') stlss)) —tl'— s"" — False)
proof (induct arbitrary: s)
case lfinite-LNil thus ?case by(auto elim: Runs-table.cases)
next
case (lfinite-LConsl stlss stls)
from <Runs-table s (LCons stls stlss)»
obtain ¢l s’ where [simp]: stls = (s, tl, s’)
and s —tl— s’ and Run’: Runs-table s’ stlss by cases
from <V (s, tl, s")€lset (LCons stls stlss). Tmove s tl s’
have Tmove s tl s’ and silent”: V (s, tl, s')Elset stlss. Tmove s ¢l s' by simp-all
from <s —tl— s> «<Tmove s tl s> have s —7— s’ by auto
moreover from Run’ silent’
have s —7—x llast (LCons s’ (Imap (A(s, tl, s'). s') stlss)) A
(last (LCons s’ (Imap (A(s, tl, s'). s') stlss)) —tl'— s'"" — Fualse)
by (rule Ifinite-LConslI)
ultimately show ?case by(auto)
qed
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thus ?thesis] PROP ?thesis2 by blast+
qed

lemma Runs-table-silent-lappendD:
fixes s stlss
defines s’ = llast (LCons s (Imap (A\(s, tl, s'). s') stlss))
assumes Runs: Runs-table s (lappend stlss stlss’)
and fin: [finite stlss
and silent: V (s, tl, s’) € Iset stlss. Tmove s tl s’
shows s —7—x* s’ (is ?thesisl)
and Runs-table s’ stlss’ (is ?thesis2)
and stiss’ # LNil = s’ = fst (Ihd stlss’) (is PROP ?thesis3)
proof —
from fin Runs silent
have ?thesisl N ?thesis2 N (stlss’ # LNil — s’ = fst (Ihd stlss”))
unfolding s’-def
proof (induct arbitrary: s)
case lfinite-LNil thus Zcase
by (auto simp add: neq-LNil-conv Runs-table-simps)
next
case Ifinite-LConsl thus ?case
by (clarsimp simp add: neq-LNil-conv Runs-table-simps)(blast intro: converse-rtranclp-into-rtranclp)
qged
thus ?thesisl ?thesis2 PROP ?thesis3 by simp-all
qed

lemma Runs-table-into-T Runs:
fixes s stlss
defines tls = tmap (\(s, tl, s’). tl) id (tfilter None (A(s, tl, s'). = Tmove s tl s') (tllist-of-llist (Some
(llast (LCons s (Imap (A(s, tl, s'). s') stlss)))) stlss))
(is - = %conv s stlss)
assumes Runs-table s stlss
shows T Runs s tls
using assms
proof (coinduction arbitrary: s tls stlss)
case (TRuns s tls stlss)
note tls = «tls = ?conv s stlss»
and Run = (Runs-table s stlss»
show Zcase
proof (cases tls)
case [simpl: (TNil so)
from tls
have silent: V (s, tl, s') € Iset stlss. Tmove s tl s’
by (auto simp add: TNil-eg-tmap-conv tfilter-empty-conv)
show ?thesis
proof (cases lfinite stlss)
case Fulse
with Run silent have s —7— oo by(rule Runs-table-silent-diverge)
hence ?Diverge using False tlis by (simp add: TNil-eq-tmap-conv tfilter-empty-conv)
thus ?thesis by simp
next
case True
with Runs-table-silent-rtrancl|OF this Run silent]
have ?Terminate using tis
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by (auto simp add: TNil-eg-tmap-conv tfilter-empty-conv terminal-tllist-of-llist split-def)
thus ?thesis by simp
qed
next
case [simp]: (TCons tl tls’)
from tls obtain s’ s”’ stlss’
where tl": tfilter None (A(s, tl, s’). = Tmove s tl s’) (tllist-of-llist |llast (LCons s (Imap (A(s, t,
s'). s') stlss))] stlss) = TCons (s', tl, s') stlss’
and tls”: tls’ = tmap (A\(s, tl, s'). tl) id stlss’
by (simp add: TCons-eq-tmap-conv split-def id-def split-paired-Ex) blast
from tfilter-eq-TConsD[OF tl’]
obtain stlst rest
where stlss-eq: tllist-of-llist |llast (LCons s (Imap (A(s, tl, s'). s') stlss))] stiss = lappendt stist
(TCons (s, tl, s") rest)
and fin: [finite stlsT
and silent: V (s, tl, s’)€lset stlst. Tmove s tl s’
and - Tmove s’ tl s
and stlss”: stlss’ = tfilter None (A(s, tl, s'). = Tmove s tl s') rest
by (auto simp add: split-def)
from stlss-eq fin obtain rest’
where stlss: stlss = lappend stlst rest’
and rest”: tllist-of-llist |llast (LCons s (Imap (A(s, tl, s'). s’) stlss))] rest’ = TCons (s', tl, s”)
rest
unfolding tllist-of-llist-eq-lappendt-conv by auto
hence rest’ # LNil by clarsimp
from Run[unfolded stlss] fin silent
have s —7—x llast (LCons s (Imap (A\(s, tl, s'). s') stlsT))
and Runs-table (llast (LCons s (Imap (A(s, tl, s'). s') stisT))) rest’
and llast (LCons s (Imap (A(s, tl, s'). s') stlsT)) = fst (Ihd rest’)
by (rule Runs-table-silent-lappendD)+(simp add: <rest’ # LNil)
moreover with rest’ <rest’ # LNil> stlss fin obtain rest’
where rest”: rest’ = LCons (s', tl, s"') rest”
and rest: rest = tllist-of-llist |llast (LCons s"' (Imap (A(s, tl, s'). s) rest’’))| rest”
by (clarsimp simp add: neg-LNil-conv llast-LCons Imap-lappend-distrib)
ultimately have s —7—x s’ s’ —tl— s’ Runs-table s’ rest’’
by (simp-all add: Runs-table-simps)
hence ?Proceed using «— Tmove s’ tl s'y tls' stlss’ rest
by (auto simp add: id-def)
thus ?thesis by simp
qed
qed

lemma 7Runs-table2-into-T Runs:

T Runs-table2 s tlsstlss

= s || tmap (A(ts, s', tl, s"). tl) (Az. case x of Inl (tls, s') = Some s’ | Inr - = None) tlsstlss
proof (coinduction arbitrary: s tlsstlss)

case (TRuns s tlsstlss)

thus ?case by cases(auto intro: silent-moves2-into-silent-moves inf-step-silent-move2-into-r diverge)
qed

lemma 7Runs-into-T Runs-table2:
assumes s |} tls
obtains tlsstlss
where T Runs-table2 s tlsstlss
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and tls = tmap (\(tls, s', tl, s"'). tl) (Az. case z of Inl (tls, s’) = Some s’ | Inr - = None) tlsstlss
proof —

let ?terminal = s tls. case terminal tls of

None = Inr (SOME tls’. trsys.inf-step silent-move2 s tls’)
| Some s’ = let tls' = SOME tls’. silent-moves2 s tls’ s’ in Inl (tls’, s")

let 2P = Xs tls (tls”, s', s'""). silent-moves2 s tls” s’ N s’ —thd tls— s" A = Tmove s’ (thd tls) s"" N
s | tl tls

define tlsstlss where tlsstlss s tls = unfold-tllist

(A(s, tls). is-TNil tls)

(A(s, tls). ?terminal s tls)

(A(s, tls). let (tls", s', s'") = Eps (2P s tls) in (tls", s', thd tls, s"))
(A(s, tls). let (tls", s', s'") = Eps (9P s tls) in (s”, til tls))

(s, tls)

for s tis

have [simp]:
N\s tls. is-TNil (tlsstlss s tls) <— is-TNil tls
N\s tls. is-TNil tls = terminal (tlsstlss s tls) = 2terminal s tls
N\s tls. = is-TNil tls = thd (tlsstlss s tls) = (let (tls”, s', s’") = Eps (?P s tls) in (tls"”, s', thd tls,
5)
N\s tls. = is-TNil tls = ttl (tlsstlss s tls) = (let (tls"’, s’, s'') = Eps (?P s tls) in tlsstlss s’ (ttl tls))
by (simp-all add: tisstlss-def split-beta)

have [simp]:
Ns. tlsstlss s (TNil None) = TNil (Inr (SOME tls’. trsys.inf-step silent-move2 s tls’))
N\s s'. tlsstlss s (TNil (Some s’)) = TNil (Inl (SOME tls’. silent-moves2 s tls’ s', s'))
unfolding tlsstliss-def by simp-all

let Zconv = tmap (A(tls, s', tl, s"). tl) (A\z. case z of Inl (tls, s’) = Some s’ | Inr - = None)
from assms have T Runs-table2 s (tlsstlss s tls)
proof(coinduction arbitrary: s tls)
case (7 Runs-table2 s tls)
thus Zcase
proof(cases)
case (Terminate s’)
let ?P = \tls'. silent-moves2 s tls' s’
from (s —7—x s"» obtain tis’ where ?P tls’ by(blast dest: silent-moves-into-silent-moves2)
hence ?P (Eps ?P) by(rule somel)
with Terminate have ?Terminate by auto
thus ?thesis by simp
next
case Diverge
let 2P = Mtls’. trsys.inf-step silent-move2 s tls’
from ¢<s —7— co0» obtain tls’ where ?P tis’ by(rule Tdiverge-into-inf-step-silent-move2)
hence ?P (Eps ?P) by(rule somel)
hence ?Diverge using <tls = TNil None) by simp
thus ?thesis by simp
next
case (Proceed s’ s tls’ tl)
from (s —7—% s"» obtain tis" where silent-moves2 s tls'" s’
by (blast dest: silent-moves-into-silent-moves2)
with Proceed have 7P s tls (tls", s’, s'') by simp
hence ?P s tls (Eps (?P s tls)) by(rule somel)
hence ?Proceed using Proceed unfolding tlsstiss-def
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by (subst unfold-tilist.code)(auto simp add: split-def)
thus ?thesis by simp
qed
qed
moreover
from assms have tls = Zconv (tlsstlss s tls)
proof (coinduction arbitrary: s tls)
case (FEq-tllist s tls)
thus ?Zcase
proof(cases)
case (Proceed s’ s" tls’ tl)
from (s —7—x* s> obtain #ls’’ where silent-moves2 s tls’ s’
by (blast dest: silent-moves-into-silent-moves2)
with Proceed have ?P s tls (tls", s’, s'') by simp
hence ?P s tls (Eps (9P s tls)) by(rule somel)
thus ?thesis using «tls = TCons tl tls’y by auto
qed auto
qed
ultimately show thesis by (rule that)
qed

lemma 7Runs-table2-into-Runs:
assumes 7 Runs-table2 s tlsstlss
shows Runs s (lconcat (lappend (Imap (N(tls, s, tl, s'). llist-of (tls @ [t])) (Ilist-of-tllist tlsstlss))
(LCons (case terminal tlsstlss of Inl (tls, s’) = llist-of tls | Inr tls = tls) LNil)))
(is Runs - (Zconv tlsstlss))
using assms
proof (coinduction arbitrary: s tlsstlss)
case (Runs s tlsstlss)
thus ?Zcase
proof (cases)
case (Terminate tls' s’)
from «<silent-moves2 s tls’ s’» show ?thesis
proof(cases rule: rtrancl3p-conversek)
case refl
hence ?Stuck using Terminate by simp
thus %thesis ..
next
case (step tis" tl s"')
from «silent-moves2 s’ tls" s» «\tl s”. = s —tl— s')
have 7 Runs-table2 s” (TNil (Inl (tls", s"))) ..
with «tls’ = tl # tls""» «<silent-move2 s tl s’ <tlsstlss = TNil (Inl (tls’, s"))»
have ?Step by(auto simp add: silent-move2-def introl: exI)
thus ?thesis ..
qged
next
case (Diverge tls’)
from <irsys.inf-step silent-move2 s tls’s
obtain ¢ tis’" s’ where silent-move2 s tl s’
and tls’ = LCons tl tls" trsys.inf-step silent-move2 s’ tls"
by (cases rule: trsys.inf-step.cases[consumes 1]) auto
from <trsys.inf-step silent-move2 s’ tls’’
have 7 Runs-table2 s’ (TNil (Inr tls")) ..
hence ?Step using «<tlsstlss = TNil (Inr tis")y <tls’ = LCons tl tls"s <silent-move2 s tl "
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by (auto simp add: silent-move2-def intro!: exl)
thus ?thesis ..
next
case (Proceed tls' s s'' tlsstlss’ tl)
from <silent-moves2 s tls’ s’y have ?Step
proof (cases rule: rtrancl3p-converseE)
case refl with Proceed show ?thesis by auto
next
case (step tls’” tl’ s"")
from <silent-moves2 s’ tls" s’y <s' —tl— s’y <= Tmove s’ tl 5"y T Runs-table2 s’ tlsstlss’
have 7 Runs-table2 s'"" (TCons (tls", s’, tl, s") tlsstlss’) ..
with <tls’ = ¢’ # tls"y «<silent-move2 s tl’ s'"y «tlsstlss = TCons (tls', s', tl, s") tisstlss’s
show ?thesis by (auto simp add: silent-move2-def intro!: exI)
qed
thus ?thesis ..
qed
qed

lemma 7Runs-table2-silentsD:
fixes tl
assumes Runs: T Runs-table2 s tlsstlss
and tset: (tls, s', tl’, 8"') € tset tisstlss
and set: tl € set tls
shows 35" """, silent-move2 s’ tl s
using tset Runs
proof (induct arbitrary: s rule: tset-induct)
case (find tlsstlss’)
from <7 Runs-table2 s (TCons (tls, s’, tl’, s'') tlsstlss’))
have silent-moves2 s tls s’ by cases
thus “case using set by induct auto
next
case step thus ?case by(auto simp add: T Runs-table2-simps)
qed

1

lemma 7Runs-table2-terminal-silentsD:

assumes Runs: 7 Runs-table2 s tlsstlss

and fin: lfinite (llist-of-tllist tlsstlss)

and terminal: terminal tisstlss = Inl (tls, s"')

shows Js'. silent-moves2 s’ tls s
using fin Runs terminal
proof (induct llist-of-tllist tlsstlss arbitrary: tlsstlss s)

case Ifinite-LNil thus ?case

by (cases tisstlss)(auto simp add: T Runs-table2-simps)

next

case (lfinite-LConsl xs tlsstls)

thus ?case by(cases tlsstlss)(auto simp add: T Runs-table2-simps)
qed

lemma 7Runs-table2-terminal-inf-stepD:
assumes Runs: 7 Runs-table2 s tlsstlss
and fin: lfinite (llist-of-tllist tlsstlss)
and terminal: terminal tlsstlss = Inr tls
shows 3s'. trsys.inf-step silent-move2 s’ tls
using fin Runs terminal



116

proof (induct llist-of-tllist tlsstlss arbitrary: s tlsstlss)
case [finite-LNil thus ?case
by (cases tisstlss)(auto simp add: T Runs-table2-simps)
next
case (lfinite-LConsl xs tlsstls)
thus ?case by(cases tlsstlss)(auto simp add: T Runs-table2-simps)
qed

lemma 7Runs-table2-lappendtD:
assumes Runs: T Runs-table2 s (lappendt tlsstlss tlsstlss’)
and fin: lfinite tlsstlss
shows Js’. T Runs-table2 s’ tlsstlss’

using fin Runs

by (induct arbitrary: s)(auto simp add: T Runs-table2-simps)

end

lemma Tmoves-False: Ttrsys.silent-move r (A\s ta s'. False) = (As s’. False)
by (auto simp add: Ttrsys.silent-move-iff)

lemma 7rirancl3p-False-eq-rtrancl8p: Ttrsys.trirancl3p r (As tl s'. False) = rtrancl3p r
proof (intro ext iffT)

fix s tls s’

assume Titrsys.Trirancl3p r (As tl s’. False) s tls s’

thus rtrancl3p r s tls s’ by (rule Ttrsys.Trirancl3p.induct)(blast intro: rtrancl8p-step-converse)+
next

fix s tls s’

assume rtrancl3p r s tls s’

thus Tirsys.trtrancl3p v (As tl s’. False) s tls s’

by (induct rule: rtrancl3p-converse-induct)(auto intro: Ttrsys.trirancl3p.intros)

qed

lemma T7diverge-empty-Tmove:
Ttrsys.Tdiverge v (As ta s'. False) = (As. False)
by (auto introl: ext elim: Ttrsys.Tdiverge.cases Ttrsys.silent-move.cases)

end

1.16 The multithreaded semantics as a labelled transition sys-
tem

theory FWLTS

imports
FWProgressAux
FWLifting
LTS

begin

sublocale multithreaded-base < trsys r t for ¢ .
sublocale multithreaded-base < mthr: trsys redT .

— Move to FWSemantics?
definition redT-upd-e :: ('l,’t,'z,'m,'w) state = 't = 'z = 'm = ('I,'t,’z,’m,'w) state
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where [simp]: redT-upd- s t ' m’' = (locks s, ((thr s)(t — (z', snd (the (thr s t)))), m'), wset s,
interrupts s)

lemma red T-upd-e-red T-upd:
redT-upd s t € ' m’ (redT-upd-¢e s t ' m’)
by (auto simp add: red T-updLns-def red T-upd Ws-def)

context multithreaded begin
sublocale trsys r ¢ for ¢ .
sublocale mthr: trsys redT .

end

1.16.1 The multithreaded semantics with internal actions

type-synonym
('l,'t,"z,'m,"w,’0) Tmoves =
't x 'm = ('l,’t,"z,'m,"w,’0) thread-action = 'z X 'm = bool

pretty printing for Tmoves

print-translation «
let
fun tr' [(Const (Q{type-syntazx prod}, -) $ 1 $ m1),
(Const (Q{type-syntaz fun}, -) $
(Const (Q{type-syntazx prod}, -) $

(Const (Q{type-syntax finfun}, -) $ 1 $
(Const (Q{type-syntaz list}, -) $ Const (Q{type-syntaz lock-action}, -))) $
(Const (Q{type-syntaz prod},-) $
)

(Const (Q{type-syntax list}, -) $ (Const (Q{type-syntax new-thread-action}, -) $ t1 $

z2 §$ m2)) $
(Const (@{type-syntax prod}, -) $
(Const (@{type-syntax list}, -) $ (Const (Q{type-syntax conditional-action}, -) $ £2))
$
(Const (@Q{type-syntaz prod}, -) $
(Const (Q{type-syntax list}, -) $ (Const (Q{type-syntax wait-set-action}, -) § t3 $
w)) $
(Const (Q{type-syntax prod}, -) $
(Const (Q{type-syntaz list}, -) $ (Const (Q{type-syntaz interrupt-action}, -) $
t4)) 8

(Const (Q{type-syntaz list}, -) $ 01)))))) $
(Const (Q{type-syntaz fun}, -) $
(Const (Q{type-syntax prod}, -) $ 3 § m3) $
(Const (Q{type-syntax bool}, -))))] =
if t1 = x2 andalso x1 = z8 andalso m1 = m2 andalso m1 = m3 andalso t1 = t2 andalso t2 =
t3 andalso t8 = t
then Syntaz.const (Q{type-syntax Tmoves}) $ 18 t1 $z1 $ m1 $ w$ of
else raise Match;
in [(@Q{type-syntaz fun}, K tr')]
end
)
typ ('1,’t,’z,’m,’w,’0) Tmoves
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locale Tmultithreaded = multithreaded-base +
constrains final :: 'z = bool
and r :: ('l,’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = 'o list
fixes Tmove = ('l,’t,"z,'m,'w,’0) Tmoves

sublocale Tmultithreaded < Ttrsys r t Tmove for t .
context Tmultithreaded begin

inductive mrmove :: (('l,’t,’z,'m,'w) state, 't x ('l,’t,’z,'m,'w,’0) thread-action) trsys
where
[ thr st = |(z, no-wait-locks)|; thr s" t = |(z/, In")]; Tmove (x, shr s) ta (z', shr s’) ]
= mrmove s (¢, ta) s’

end
sublocale Tmultithreaded < mthr: Ttrsys redT mTmove .
context Tmultithreaded begin

abbreviation TmredT :: ('l,’t,'z,'m,'w) state = ('l,’t,’z,'m,’w) state = bool
where TmredT == mthr.silent-move

end

lemma (in multithreaded-base) Trtrancl3p-red T-thread-not-disappear:
assumes Tirsys.Trirancl3p redT Tmove s ttas s’ thr s t # None
shows thr s’ t # None
proof —
interpret T: Ttrsys redT Tmowve .
show ?thesis
proof
assume thr s’ t = None
with «rtrsys.Trirancl3p redT Tmove s ttas s'» have thr s t = None
by (induct rule: T.Trtrancl8p.induct)(auto simp add: split-paired-all dest: red T-thread-not-disappear)
with <thr s t # None» show Fulse by contradiction
qed
qed

lemma mrmove-False: Tmultithreaded.mTmove (s ta s'. False) = (\s ta s’. False)
by (auto introl: ext elim: Tmultithreaded.mTmove.cases)

declare split-paired-Ez [simp del]

locale Tmultithreaded-wf =
Tmultithreaded - - - Tmove +
multithreaded final r convert-RA
for Tmove :: ('l,'t,’z,'m,"w,’0) Tmoves +
assumes Tmove-heap: [ t = (z, m) —ta— (z’, m’); Tmove (z, m) ta (z/, m") ] = m = m’
assumes silent-tl: Tmove s ta s' = ta = ¢
begin

lemma m7move-silentD: mTmove s (t, ta) s’ = ta = (KS$ [, [, [I, [, [I, [)
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by (auto elim!: mTmove.cases dest: silent-tl)

lemma m7move-heap:
assumes redT: redT s (t, ta) s’
and mrmove: mTmove s (t, ta) s
shows shr s’ = shr s

using m7move redT

by cases(auto dest: Tmove-heap elim!: redT.cases)

!

lemma TmredT-thread-preserved:
TmredT s s’ = thr s t = None +— thr s’ t = None
by (auto simp add: mthr.silent-move-iff elim!: redT.cases dest!: mTmove-silentD split: if-split-asm)

lemma TmRedT-thread-preserved:
TmredT s+ s s’ => thr s t = None «— thr s’ t = None
by (induct rule: rtranclp.induct)(auto dest: Tmred T-thread-preserved[where t=t])

lemma TmtRedT-thread-preserved:
TmredT 4+ s s’ = thr s t = None «— thr s’ t = None
by (induct rule: tranclp.induct)(auto dest: TmredT-thread-preserved|where t=t))

lemma TmredT-add-thread-inv:
assumes 7red: TmredT s s’ and tst: thr s t = None
shows TmredT (locks s, ((thr s)(t — zln), shr s), wset s, interrupts s) (locks s', ((thr s')(t — zin),
shr s"), wset s, interrupts s’)
proof —
obtain Is ts m ws is where s: s = (Is, (ts, m), ws, is) by(cases s) fastforce
obtain Is’ ts’ m’ ws’ is’ where s”: s = (Is', (ts', m’), ws’, is’) by(cases s') fastforce
from 7red s s’ obtain t’ where red: (Is, (ts, m), ws, is) —t'>e— (Is’, (ts/, m’), ws’, is’)
and 7: m7rmove (Is, (ts, m), ws, is) (¢', ) (Is’, (¢s', m’), ws’, is")
by (auto simp add: mthr.silent-move-iff dest: mTmove-silentD)
from red have (Is, (ts(t — xln), m), ws, is) —t'>e— (Is’, (ts'(t — aln), m"), ws’, is’)
proof (cases rule: redT-elims)
case (normal x ¢’ m') with tst s show ?Zthesis
by—(rule redT-normal, auto simp add: fun-upd-twist elim!: rtrancl3p-cases)
next
case (acquire x In n)
with tst s show %thesis

unfolding «¢ = (K$ [], [, [], [, [, convert-RA In)»
by —(rule redT-acquire, auto intro: fun-upd-twist)
qed

moreover from red tst s have tt": t # t’ by(cases) auto
have (At”. (ts(t — zin)) t" # None A (ts(t — zln)) t"" # (ts'(t — aln)) t) =
(At". ts t"” # None A ts t" # ts' t'') using tst s by(auto simp add: fun-eg-iff)
with 7 tst ¢t/ have mrmove (s, (ts(t — zin), m), ws, is) (t', €) (Is', (ts'(t — zln), m’), ws’, is’)
by cases(rule mrmove.intros, auto)
ultimately show ?thesis unfolding s s’ by auto
qed

lemma TmRedT-add-thread-inv:

[ TmredT x s s’ thr s t = None |

= tmredT *x* (locks s, ((thr s)(t — xln), shr s), wset s, interrupts s) (locks s', ((thr s')(t — zin),
shr s"), wset s, interrupts s’)
apply (induct rule: rtranclp-induct)
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apply (blast dest: TmRed T-thread-preserved[where t=t] Tmred T-add-thread-inv[where zin=xin] intro:
rtranclp.rtrancl-into-rtrancl)+
done

lemma TmtRed-add-thread-inv:

[ TmredT ++ s s'; thr s t = None |

= TmredT ++ (locks s, ((thr s)(t — zln), shr s), wset s, interrupts s) (locks s’, ((thr s')(t — zin),
shr s'), wset s', interrupts s’)
apply(induct rule: tranclp-induct)
apply(blast dest: TmtRed T-thread-preserved[where t=t] TmredT-add-thread-inv[where zin=zln] in-
tro: tranclp.trancl-into-trancl)+
done

lemma silent-move-into-Red T-T-inv:
assumes move: silent-move t (z, shr s) (z', m’)
and state: thr s t = |(z, no-wait-locks)| wset s t = None
shows TmredT s (redT-upd-c s t ' m’)
proof —
from move obtain red: t - (z, shr s) —e— (2, m’) and 7: Tmove (z, shr s) € (z', m’)
by (auto simp add: silent-move-iff dest: silent-tl)
from red state have s —t>e— redT-upd-¢ s t ©’ m’
by —(rule redT-normal, auto simp add: red T-updLns-def o-def finfun-Diag-const2 red T-upd Ws-def)
moreover from 7 red state have mrmove s (t, €) (redT-upd-e s t x' m’)
by —(rule mTmove.intros, auto dest: Tmove-heap simp add: red T-updLns-def)
ultimately show ?thesis by auto
qed

lemma silent-moves-into-RedT-T-inv:
assumes major: silent-moves t (z, shr s) (z', m’)
and state: thr s t = |(z, no-wait-locks)| wset s t = None
shows TmredT x s (redT-upd-c s t ' m’)
using major
proof (induct rule: rtranclp-induct2)
case refl with state show ?Zcase by(cases s)(auto simp add: fun-upd-idem)
next
case (step 2’ m’ "’ m")
from «(silent-move t (', m’) (z'", m"")» state
have TmredT (redT-upd-c s t ' m’) (redT-upd-e (redT-upd-c s t ' m’) t ' m")
by —(rule silent-move-into-Red T-T-inv, auto)
hence rmredT (redT-upd-c st x’' m') (redT-upd-c s t ' m’) by(simp)
with <rmredT x s (redT-upd-¢e s t x' m')) show Zcase ..
qed

!’

lemma red-rtrancl-t-heapD-inv:
[ silent-moves t s s'; wfsts] = snd s’ = snd s
proof (induct rule: rtranclp-induct)
case base show ?case ..
next
case (step s’ s")
thus ?case by(cases s, cases s', cases s'')(auto dest: Tmove-heap)
qed

lemma red-trancl-t-heapD-inv:
[ silent-movet t s s’; wfs t s | = snd s’ = snd s
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proof (induct rule: tranclp-induct)

case (base s') thus ?case by(cases s’)(cases s, auto simp add: silent-move-iff dest: Tmove-heap)
next

case (step s’ s'')

thus ?case by(cases s, cases s', cases s')(auto simp add: silent-move-iff dest: Tmove-heap)
qed

lemma red-trancl-t-into-RedT-7-inv:
assumes major: silent-movet t (z, shr s) (z', m’)
and state: thr s t = |(x, no-wait-locks)| wset s t = None
shows TmredT ++ s (redT-upd-¢ s t z' m’)
using major
proof (induct rule: tranclp-induct2)
case (base ' m’)
thus “case using state
by —(rule tranclp.r-into-trancl, rule silent-move-into-Red T-T-inv, auto)
next
case (step '’ m’ x” m'’)
hence TmredT ++ s (redT-upd-¢ s t ' m') by blast
moreover from «(silent-move t (', m’) (z', m"") state
have TmredT (redT-upd-c s t ' m’) (redT-upd-¢ (redT-upd-c s t ' m’) t 2" m”)
by —(rule silent-move-into-Red T-T-inv, auto simp add: redT-updLns-def)
hence TmredT (redT-upd-e s t ' m’) (redT-upd-¢ s t ' m'")
by (simp add: red T-updLns-def)
ultimately show ?Zcase ..
qed

lemma 7diverge-into-rmredT"
assumes 7diverge t (x, shr s)
and thr s t = [(z, no-wait-locks) | wset s t = None
shows mthr.7diverge s
using assms
proof (coinduction arbitrary: s x)
case (Tdiverge s x)
note tst = <thr s t = |(z, no-wait-locks) |»
from (rdiverge t (z, shr s)» obtain z’ m’ where silent-move t (z, shr s) (', m’)
and 7diverge t (z', m’) by cases auto
from «(silent-move t (x, shr s) (z', m’)y tst <wset s t = None»
have TmredT s (redT-upd-¢ s t ' m’) by(rule silent-move-into-RedT-7-inv)
moreover have thr (redT-upd-c st ' m') t = |(z', no-wait-locks) |
using tst by(auto simp add: redT-updLns-def)
moreover have wset (redT-upd-¢ s t 2’ m’) t = None using <wset s t = None> by simp
moreover from «rdiverge t (z', m’)> have rdiverge t (z', shr (redT-upd-e s t ' m")) by simp
ultimately show ?case using <t diverge t (', m’)» by blast
qed

lemma 7diverge-rmredTD:

assumes div: mthr.tdiverge s

and fin: finite (dom (thr s))

shows 3t z. thr s t = |(x, no-wait-locks)| N wset s t = None A Tdiverge t (z, shr s)
using fin div
proof (induct A=dom (thr s) arbitrary: s rule: finite-induct)

case empty

from «mthr.7diverge s» obtain s’ where T7mredT s s’ by cases auto
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with «({} = dom (thr s)»[symmetric] have False by(auto elim!: mthr.silent-move.cases redT .cases)
thus Zcase ..
next
case (insert t A)
note IH = «\s. [ A = dom (thr s); mthr.Tdiverge s |
= Jtz. thr s t = |(z, no-wait-locks)| N wset s t = None A Tdiverge t (x, shr s))
from <insert t A = dom (thr s)»
obtain z In where tst: thr s t = |(z, In)| by(fastforce simp add: dom-def)
define s’ where s’ = (locks s, ((thr s)(t := None), shr s), wset s, interrupts s)
show Zcase
proof(cases In = no-wait-locks N Tdiverge t (z, shr s) A wset s t = None)
case True
with tst show ?thesis by blast
next
case Fulse
define zm where zm = (z, shr s)
define xm’ where zm’ = (z, shr s)
have A = dom (thr s') using <t ¢ A> <insert t A = dom (thr s)
unfolding s’-def by auto
moreover {
from zm/’-def tst <mthr.T diverge s> False
have s x. thr s t = |(z, In)| A (In # no-wait-locks V wset s t # None V = Tdiverge t zm”) A
s" = (locks s, ((thr s)(t := None), shr s), wset s, interrupts s) A xm = (x, shr s) A
mithr.Tdiverge s A silent-moves t zm' xm
unfolding s’-def xm-def by blast
moreover
from False have wfP (if Tdiverge t xm’ then (\s s’. Fualse) else flip (silent-move-from t zm’))
using 7 diverge-neg-wfP-silent-move-from[of t (z, shr s)] unfolding zm’-def by(auto)
ultimately have mthr.7diverge s’
proof(coinduct s’ xm rule: mthr.7diverge-trancl-measure-coinduct)
case (rdiverge s’ xm)
then obtain s x where tst: thr s t = |(, In)]
and blocked: In # no-wait-locks V wset s t # None V — Tdiverge t zm’
and s’-def: s' = (locks s, ((thr s)(t := None), shr s), wset s, interrupts s)
and zm-def: xm = (z, shr s)
and xmzm’”: silent-moves t xm’ (z, shr s)
and mthr.7diverge s by blast
from <mthr.rdiverge sy obtain s’/ where TmredT s s'' mthr.Tdiverge s’ by cases auto
from <rmredT s s’y obtain ¢’ ta where s —t>ta— s’ and mrmove s (t/, ta) s by auto
then obtain z’ 2z’ m’ where red: t'F (z', shr s) —ta— (z”', m"")
and tst’: thr s t' = |[(z’, no-wait-locks) ]
and aoe: actions-ok s t' ta
and s’ redT-upd s t' ta " m'" s
by cases(fastforce elim: mTmove.cases)+
from «m7Tmove s (t', ta) s’ have [simp]: ta = ¢
by (auto elim!: mTmove.cases dest!: silent-tl)
hence wst”: wset s t' = None using aoe by auto
from «(mrTmove s (t', ta) s tst’ s"
have Tmove (z', shr s) € (z”, m"") by(auto elim: mTmove.cases)
show ?Zcase
proof(cases t' = t)
case Fulse
with tst’ wst’ have thr s’ t' = |(z', no-wait-locks) |
wset s’ t' = None shr s’ = shr s unfolding s’-def by auto
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with red have s’ —tbe— redT-upd-¢ s’ t' "' m"’
by —(rule red T-normal, auto simp add: redT-updLns-def o-def finfun-Diag-const2 red T-upd Ws-def)
moreover from «rmove (z’, shr s) e (z", m")y <thr s’ t' = |(z', no-wait-locks)|» <shr s’ =

have mrmove s’ (t', ta) (redT-upd-¢ s’ t' ' m'’)
by —(rule mrTmove.intros, auto)
ultimately have rmredT s’ (redT-upd-¢ s’ t' ' m"")
unfolding <ta = &> by(rule mthr.silent-move.intros)
hence rmredT™++ s’ (redT-upd-¢ s’ t' ="' m") .
moreover have thr s' t = |(z, In)]
using tst <t' # t» s’ by auto
moreover from «rmove (z', shr s) e (z”, m") red
have [simp]: m'' = shr s by(auto dest: Tmove-heap)
hence shr s = shr s’ using s” by(auto)
have In # no-wait-locks \V wset s’ t # None V — Tdiverge t zm’
using blocked s by(auto simp add: redT-updWs-def elim!: rtrancl8p-cases)
moreover have redT-upd-c s’ t' "' m" = (locks s, ((thr s'')(t := None), shr s"'), wset s”,

1

interrupts s’

unfolding s’-def using tst s’ <t' #
by (auto intro: ext elim!: rtranclp-cases simp add: redT-updLns-def red T-upd Ws-def)
ultimately show ?thesis using «mthr.rdiverge s’y xmzm’
unfolding <shr s = shr s’» by blast
next
case True
with tst tst’ wst’ blocked have — Tdiverge t xm’
and [simp]: z’ = z by auto
moreover from red «tmove (z', shr s) e (z”, m'")» True
have silent-move t (z, shr s) (z"', m'") by auto
with zmzm’ have silent-move-from t xm’ (z, shr s) (z'', m"’)
by (rule silent-move-fromlI)
ultimately have (if Tdiverge t zm’ then As s’. False else flip (silent-move-from t zm”)) (z",

1

m'’) am

by (auto simp add: flip-conv zm-def)
moreover have thr s” t = |(z”, In)| using tst True s’
by(auto simp add: red T-updLns-def)
moreover from <rmove (z', shr s) e (", m")» red
have [simp]: m"" = shr s by(auto dest: Tmove-heap)
hence shr s = shr s using s’ by auto
have s’ = (locks s”, ((thr s"')(t := None), shr s'"'), wset s", interrupts s’
using True s’ unfolding s’-def
by (auto intro: ext elim!: rtranclp-cases simp add: redT-updLns-def red T-upd Ws-def)
moreover have (z”/, m'") = (z”, shr s'’) using s" by auto
moreover from xmzm’ <silent-move t (z, shr s) (z’/, m')
have silent-moves t xm’ (z"; shr s”)
unfolding (m'’ = shr s» <shr s = shr s’y by auto
ultimately show ?thesis using «— Tdiverge t xm’s <mthr.Tdiverge s’"» by blast
qed

1

qed }
ultimately have 3t z. thr s’ t = |(z, no-wait-locks)| N wset s’ t = None A Tdiverge t (x, shr s’)
by (rule IH)
then obtain ¢’ ' where thr s’ t' = | (z', no-wait-locks) |
and wset s’ t' = None and tdiverge t' (z', shr s’) by blast
moreover with Fulse have t’ # t by(auto simp add: s'-def)
ultimately have thr s t' = |(z/, no-wait-locks)| wset s t' = None Tdiverge t' (z’, shr s)
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unfolding s’-def by auto
thus ?thesis by blast
qed
qed

lemma TmredT-preserves-final-thread:
[ TmredT s s'; final-thread s t | = final-thread s’ t
by (auto elim: mthr.silent-move.cases intro: redT-preserves-final-thread)

lemma 7mRedT-preserves-final-thread:
[ TmredT x s s'; final-thread s t | = final-thread s’ ¢
by (induct rule: rtranclp.induct)(blast intro: Tmred T-preserves-final-thread)+

lemma silent-moves2-silentD:
assumes rtrancl3p mthr.silent-move2 s ttas s’
and (¢, ta) € set ttas
shows ta = ¢
using assms
by (induct)(auto simp add: mthr.silent-move2-def dest: mrTmove-silentD)

lemma inf-step-silentD:
assumes step: trsys.inf-step mthr.silent-move2 s ttas
and Iset: (t, ta) € lset ttas
shows ta = ¢
using Iset step
by (induct arbitrary: s rule: lset-induct)(fastforce elim: trsys.inf-step.cases simp add: mthr.silent-move2-def
dest: mTmove-silentD)+

end

1.16.2 The multithreaded semantics with a well-founded relation on states

locale multithreaded-base-measure = multithreaded-base +
constrains final :: 'z = bool
and r :: ('l,’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = 'o list
fixes p :: ("z X 'm) = (z x 'm) = bool
begin

inductive mut :: 'm = ('l,’t,'z) thread-info = ('l,’t,'z) thread-info = bool
for m and ts and ts’
where
mutl:
Nin. [ finite (dom ts); ts t = |(z, In)]; ts" t = [(z/, In)]; p (z, m) (2, m); Nt t/ #t = tst’' =
ts' t']
= mut m ts ts’

definition my :: (','t,’z,'m,'w) state = ('1,'t,’z,'m,’w) state = bool
where mpy s s’ <— shr s = shr s’ A mut (shr s) (thr s) (thr s’)

lemma mput-thr-dom-eq: mut m ts ts’ => dom ts = dom ts’
apply(erule mut.cases)

apply(rule equalityl)

apply(rule subsetl)
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apply(case-tac xa = t)
apply (auto)[2]

apply(rule subsetl)

apply(case-tac za = t)

apply auto

done

lemma muy-finite-thrD:
assumes mut m ts ts’
shows finite (dom ts) finite (dom ts’)
using assms
by (simp-all add: mpyt-thr-dom-eq[symmetric])(auto elim: mput.cases)

end

locale multithreaded-base-measure-wf = multithreaded-base-measure +
constrains final :: 'z = bool
and r :: ('I,’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = 'o list
and g = ('z x 'm) = ('z x 'm) = bool
assumes wf-p: wfP p
begin

lemma wf-mut: wfP (mut m)
unfolding wfP-eq-minimal
proof (intro strip)
fix Q :: ('I,’t,'x) thread-info set and ts
assume ts € @
show 32€Q. Vy. mut myz — y ¢ Q
proof(cases finite (dom ts))
case Fulse
hence Vy. mut m y ts — y ¢ Q by(auto dest: mpu-finite-thrD)
thus ?thesis using «ts € @ by blast
next
case True
thus ?thesis using <ts € @
proof (induct A=dom ts arbitrary: ts Q rule: finite-induct)
case empty
hence dom ts = {} by simp
with «ts € @ show ?Zcase by(auto elim: mut.cases)
next
case (insert t A)
note IJH = <\ts Q. [A = dom ts; ts € Q] = F2€Q. Vy. mut myz — y ¢ @
define Q' where Q' = {ts. ts t = None A (Jzln. ts(t — zln) € Q)}
let ?ts’ = ts(t := None)
from <insert t A = dom ts» <t ¢ A)> have A = dom ?ts’ by auto
moreover from <insert t A = dom ts> obtain zin where ts t = |zin| by(cases ts t) auto
hence ts(t — zln) = ts by(auto simp add: fun-eq-iff)
with «ts € @ have ts(t — zln) € Q by(auto)
hence %ts’ € Q' unfolding Q’-def by(auto simp del: split-paired-Ex)
ultimately have 32€Q". Vy. mut my z — y ¢ Q' by(rule IH)
then obtain ts’ where ts’' € Q'
and min: A\ts”. mut m ts” ts' = ts"" ¢ Q' by blast
from «ts’ € Q> obtain z’ In’ where ts’ t = None ts'(t — (z/, In')) € Q
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unfolding Q’-def by auto
define Q" where Q" = {(z, m)|z. Fin. ts'(t — (=, In)) € Q}
from «ts'(t — (z/, In’)) € @ have (z/, m) € Q" unfolding Q'"-def by blast
hence Fazm”’eQ”. Vam'". p am’" zm'” — am""’" ¢ Q" by(rule wf-u[unfolded wfP-eq-minimal,
rule-format))
then obtain zm’’ where zm’’ € Q" and min”: Aam'". p zm'"” zm'" — am'"’" ¢ Q" by blast
from «zm’ € Q"> obtain z” In' where zm' = (z', m) ts'(t — (2", In"")) € @ unfolding
Q"-def by blast
moreover {
fix ts"’
assume mut m ts” (ts'(t — (x”, In'"")))
then obtain 7 X" LN" X' LN’
where finite (dom ts') ts" T = |(X"”, LN")]
and (ts'(t — (2, In")) T = |(X', LN')| p (X", m) (X', m)
and eq: At". t' # T = ts” t' = (ts'(t — (2", In""))) t' by(cases) blast
have ts"" ¢ Q
proof(cases T = t)
case True
from True «(ts'(t — (2", In")) T = [(X', LN')]» have X' = z'' by simp
with «u (X, m) (X', m)» have (X", m) ¢ Q' by(auto dest: min'[unfolded <xm’ = (z",
mp))
hence Vin. ts'(t — (X", In)) ¢ Q by(simp add: Q"-def)
moreover from (ts’ t = None> eq True
have ts”’(t := None) = ts’ by(auto simp add: fun-eq-iff)
with «ts” T = [(X", LN")|> True
have ts': ts” = ts'(t = (X', LN"')) by(auto intro!: ext)
ultimately show ?thesis by blast
next
case Fulse
from «(finite (dom ts”’)) have finite (dom (ts’'(t := None))) by simp
moreover from «ts” T = [(X", LN")|» False
have (ts”(t := None)) T = | (X", LN")] by simp
moreover from «(ts’(t — (z”, In"))) T = | (X', LN")]» False
have ts’ T = | (X', LN')| by simp
ultimately have mut m (ts'(t := None)) ts’ using «u (X', m) (X', m)»
proof(rule mutl)
fix t’/
assume t' # T
with eq[OF Fualse[symmetric]] eq[OF this] <ts' t = None»
show (ts”(t := None)) t' = ts’ t' by auto
qed
hence ts”/(t := None) ¢ Q' by(rule min)
thus ?thesis
proof (rule contrapos-nn)
assume ts'’' € Q
from eq[OF False[symmetric]] have ts” t = | (2", In")| by simp
hence ts”: ts"'(t — (2", In")) = ts" by(auto simp add: fun-eq-iff)
from <ts” € @ have ts'(t — (z”, In")) € Q unfolding ts” .
thus ¢s'(t :== None) € Q' unfolding Q'-def by auto
qed
qed
}
ultimately show ?case by blast
qged
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qged
qed

lemma wf-mu: wfP mu
proof —
have wf (inv-image (same-fst (Am. True) (Am. {(ts, ts’). mut m ts ts'})) (As. (shr s, thr s)))
by (rule wf-inv-image)(rule wf-same-fst, rule wf-mptlunfolded wfP-def])
also have inv-image (same-fst (Am. True) (Am. {(ts, ts"). mut m ts ts'})) (As. (shr s, thr s)) = {(s,
s"). mu s s’}
by (auto simp add: mu-def same-fst-def)
finally show ?thesis by(simp add: wfP-def)
qed

end

end

1.17 Various notions of bisimulation

theory Bisimulation
imports

LTS
begin

type-synonym (‘a, 'b) bisim = 'a = 'b = bool

1.17.1 Strong bisimulation

locale bisimulation-base = r1: trsys trsysl + r2: trsys trsys2
for trsyst :: ('s1, 'tl1) trsys (-/ —1—-—/ - [50,0,50] 60)
and trsys2 :: ('s2, 't12) trsys (-/ —2—-—/ - [50,0,50] 60) +
fixes bisim :: ('s1, 's2) bisim (-/ = - [50, 50] 60)
and tlsim :: ("tl1, 't12) bisim (-/ ~ - [50, 50] 60)

begin

notation
rl.Trsys (-/ —1—-—%/ - [50,0,50] 60) and
r2.Trsys (-/ —2—-—x/ - [50,0,50] 60)

notation
r1.inf-step (- —1—-—% oo [50, 0] 80) and
r2.inf-step (- —2—-—% oo [50, 0] 80)

notation
r1.inf-step-table (- —1—-—xt oo [50, 0] 80) and
r2.inf-step-table (- —2—-—xt oo [50, 0] 80)

abbreviation Tisim :: ("tl1 list, 'ti2 list) bisim (-/ [~] - [50, 50] 60)
where Tlsim tl1 t12 = list-all2 tlsim tl1 t12

abbreviation Tlsiml :: ("tl1 llist, 't12 llist) bisim (-/ [[~]] - [50, 50] 60)
where Tlsiml tl1 t12 = llist-all2 tlsim tl1 tI2

end
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locale bisimulation = bisimulation-base +

constrains trsysl :: ('s1, 'tl1) trsys

and trsys2 :: ('s2, 'tI2) trsys

and bisim :: ('s1, 's2) bisim

and tlsim :: ('tl1, 't12) bisim

assumes simulationl: [ s1 =~ s2; s1 —1—tll— s1'] = Is2' t12. s2 —2—t12— s2' A s1' =~ s2' A
t1 ~ ti2

and simulation2: [ sl = s2; s2 —2—tl2— s2' | = 1’ tl1. s1 —1—tl1— s1' N s1' = s2' A tl1
~ tl2
begin

lemma bisimulation-flip:
bisimulation trsys2 trsysl (flip bisim) (flip tlsim)
by (unfold-locales)(unfold flip-simps,(blast intro: simulationl simulation2)-+)

end

lemma bisimulation-flip-simps [flip-simps]:
bisimulation trsys2 trsysl (flip bisim) (flip tlsim) = bisimulation trsysl trsys2 bisim tlsim
by (auto dest: bisimulation.bisimulation-flip simp only: flip-flip)

context bisimulation begin

lemma simulationl-rtrancl:
[s1 —1—tls1—x s1'; s1 =~ s2]
= 352’ tls2. s2 —2—tls2—x s2' A s1' =~ s2' A tlsl [~] tls2
proof (induct rule: rtrancl3p.induct)
case rtrancl3p-refl thus ?case by(auto intro: rtrancl3p.rtrancl3p-refl)
next
case (rtrancl3p-step sl tls1 s1' tl1 s1')
from (sl ~ s2 = 382’ tls2. s2 —2—tls2—x s2' N s1' ~ s2' A tlsl [~] tls2y <s1 =~ s2»
obtain s2’ tls2 where s2 —2—tls2—x s2' s1' = s2' tls1 [~] tls2 by blast
moreover from <s1’ —1—tl1— s1'") <s1' ~ 2%
obtain s2' tI2 where s2' —2—tl2— s2" s1" = s2" tl1 ~ tI2 by(auto dest: simulationl)
ultimately have s2 —2—tls2 Q [t12]—x* s2'' tls1 Q [tl1] [~] tIs2 Q [t2]
by (auto intro: rtrancl8p.rtrancl3p-step list-all2-appendl)
with «s1” &~ s2’» show ?case by(blast)
qed

lemma simulation?2-rtrancl:

[s2 —2—tls2—x 527 s1 =~ s2]

= Js1' tlsl. s1 —1—tlsl—x* s1’ A s1' =~ s2' A tlsl [~] tls2
using bisimulation.simulation-rtrancl[OF bisimulation-flip)
unfolding flip-simps .

lemma simulationl-inf-step:
assumes redl: s1 —1—tls1—x oo and bisim: s1 =~ s2
shows Jtis2. s2 —2—tls2—* oo A tlsl [[~]] tls2
proof —
from r1.inf-step-imp-inf-step-table[OF red1]
obtain stls! where redl’: s1 —1—stls]—*t oo
and tls1: tls1 = lmap (fst o snd) stls! by blast
define tl1-to-tl2 where tl1-to-tl2 s2 stls1 = unfold-llist
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(A(s2, stls1). Inull stis1)
(N(s2, stls1). let (s1, tl1, s1") = lhd stls1;
(112, s27) = SOME (tl2, s2'). trsys2 s2 t12 s2' N s1' =~ s2' A tll ~ tI2
in (s2, t12, s27))
(N(s2, stls1). let (s1, tl1, s1") = lhd stls1;
(t12, s2') = SOME (12, s2'). trsys2 s2 t12 s2' N s1’ ~ s2' A tll ~ tl2
n (82, Ut stls1))
(s2, stls1)
for s2 :: 's2 and stls1 :: ('s1 x "tll x 's1) llist

have tl1-to-ti2-simps [simp]:
N\s2 stls1. Inull (tl1-to-tl2 s2 stls1) «— Inull stis1
N\s2 stls1. = Inull stls1 = lhd (tl1-to-t2 s2 stls1) =
(let (s1, tl1, s1’) = Ihd stlsl;
(t12, s27) = SOME (t12, s2'). trsys2 s2 t12 s2' A s1' = s2' N tll ~ 12
in (82, t12, s2"))
N\s2 stls1. — Inull stls1 = It (tl1-to-tl2 s2 stlsl) =
(let (s1, ti1, s1') = Ihd stls1;
(t12, s2') = SOME (12, s2'). trsys2 s2 t12 s2' A s1' =~ s2' A tll ~ tI2
in tl1-to-tl2 s2' (Itl stls1))
Ns2. tl1-to-tl2 s2 LNil = LNil
N\s2 sl tll s1’ stls1’. tl1-to-tl2 s2 (LCons (s1, tl1, s1’) stls1') =
LCons (s2, SOME (tl2, s2'). trsys2 s2 t12 s2' N s1' =~ s2' A tll ~ t12)
(tl1-to-t12 (snd (SOME (112, s2'). trsys2 s2 t12 s2' N\ s1' = s2' N tll ~ t12)) stls1’)
by (simp-all add: tl1-to-ti2-def split-beta)

have [simp]: llength (tl1-to-tl2 s2 stls1) = llength stlsl
by (coinduction arbitrary: s2 stls1 rule: enat-coinduct)(auto simp add: epred-llength split-beta)

from red1’ bisim have s2 —2—tl1-to-tl2 s2 stls1 —*t co
proof (coinduction arbitrary: s2 s1 stisl)
case (inf-step-table s2 sl stls1)
note red!’ = <s1 —1—stls] —xt ooy and bisim = sl ~ s2)
from red!’ show ?case
proof (cases)
case (inf-step-tablel s1' stls1’ tl1)
hence stls!: stls1 = LCons (s1, tl1, s1') stls1’
and r: s1 —1—tl1— s1’ and redsl: s1’ —1—stls1'—*t co by simp-all
let 7t12s2' = SOME (t12, s2). s2 —2—t12— s2' N s1’ =~ s2' A tll ~ tI2
let 2t12 = fst 7t12s2' let 252’ = snd 711252’
from simulationl [OF bisim r| obtain s2’ ti2
where s2 —2—tl2— 52’ s1' ~ 52’ tll ~ tl2 by blast
hence (A(#2, s27). s2 —2—tl2— s2' A s1' =~ s2' A tll ~ t12) (H2, s2') by simp
hence (A(t2, s2'). s2 —2—t12— s2' A s1' = s2' A tll ~ t12) ?t12s2' by(rule somel)
hence s2 —2— 22— %252’ s1' =~ 252’ tll ~ ?t12 by(simp-all add: split-beta)
then show %thesis using reds! stls1 by(fastforce intro: prod-eql)
qed
qed
hence s2 —2—Imap (fst o snd) (tl1-to-t12 s2 stlsl)—* oo
by (rule r2.inf-step-table-imp-inf-step)
moreover have tlis1 [[~]] Imap (fst o snd) (t11-to-tl2 s2 stls1)
proof (rule llist-all2-all-Inthl)
show llength tls1 = llength (Imap (fst o snd) (tl1-to-t12 s2 stlsl))
using tls1 by simp
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next
fix n
assume enat n < llength tls1
thus Inth tls1 n ~ Inth (Imap (fst o snd) (t11-to-tl2 s2 stis1)) n
using red1’ bisim unfolding tls1
proof (induct n arbitrary: sl s2 stls1 rule: nat-less-induct)
case (1 n)
hence IH: A\m s1 s2 stls1. [ m < n; enat m < llength (Imap (fst o snd) stls1);
s1 —1—stls1—xt oo; s1 ~ s2 ]
= Inth (Imap (fst o snd) stls1) m ~ Inth (Imap (fst o snd) (tl1-to-tl2 s2 stisl)) m
by blast
from «sI —1—stls1—x*t co» show ?case
proof cases
case (inf-step-tablel s1’ stls1’ tl1)
hence stisi: stls1 = LCons (s1, tl1, s1') stls1’
and r: sI —1—tl1— s1’ and reds: s1’ —1—stls1'—x*t oo by simp-all
let ?ti2s2' = SOME (tl12, s2'). s2 —2—tl2— s2' N s1' = s2' A tll ~ tI2
let 2t12 = fst 2t12s2' let 952’ = snd ?t12s2'
from simulationl[OF <s1 ~ s2) r] obtain s2' t2
where s2 —2—t12— s2' A s1' =~ s2' A tll ~ 2 by blast
hence (A(#2, s27). s2 —2—tl2— s2' A s1' =~ s2' A tll ~ t12) (H2, s2') by simp
hence (A(t2, s27). s2 —2—1t12— s2' N s1' = s2' A tll ~ t12) ?t12s2' by(rule somel)
hence bisim”: s1’ ~ ?s2’ and tlsim: tll ~ ?t12 by(simp-all add: split-beta)
show ?thesis
proof (cases n)
case (
with stls1 tlsim show ?thesis by simp
next
case (Suc m)
hence m < n by simp
moreover have enat m < llength (Imap (fst o snd) stis1’)
using stlsl <enat n < llength (Imap (fst o snd) stls1)> Suc by(simp add: Suc-ile-eq)
ultimately have inth (Imap (fst o snd) stis1’) m ~ Inth (Imap (fst o snd) (tl1-to-tl2 9s2’
stls1”)) m
using reds bisim' by (rule IH)
with Suc stls1 show ?thesis by(simp del: o-apply)
qed
qged
qged
qed
ultimately show ?thesis by blast
qed

lemma simulation2-inf-step:

[ $2 —2—tls2—x o005 sl = s2 | = Ftlsl. s1 —1—tlsl—x* oo A tisl [[~]] tls2
using bisimulation.simulationI-inf-step| OF bisimulation-flip)
unfolding flip-simps .

end

locale bisimulation-final-base =
bisimulation-base +
constrains trsys! :: ('sl, 'tl1) trsys
and trsys2 :: ('s2, 'tI2) trsys
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and bisim :: ('s1, 's2) bisim
and tlsim :: ('tl1, 't12) bisim
fixes finall :: 's1 = bool
and final2 :: 's2 = bool

locale bisimulation-final = bisimulation-final-base + bisimulation +
constrains trsysl :: ('s1, 'tl1) trsys
and trsys2 :: ('s2, 't12) trsys
and bisim :: ('s1, 's2) bisim
and tlsim :: ('tl1, 't12) bisim
and finall :: 's1 = bool
and final2 :: 's2 = bool
assumes bisim-final: s1 ~ s2 = finall s1 <— final2 s2

begin

lemma bisimulation-final-flip:
bisimulation-final trsys2 trsysl (flip bisim) (flip tlsim) final2 finall
apply (intro-locales)
apply(rule bisimulation-flip)
apply (unfold-locales)
by (unfold flip-simps, rule bisim-final[symmetric])

end

lemma bisimulation-final-flip-simps [flip-simps]:
bisimulation-final trsys2 trsysl (flip bisim) (flip tisim) final2 finall =
bisimulation-final trsysl trsys2 bisim tlsim finall final2

by (auto dest: bisimulation-final.bisimulation-final-flip simp only: flip-flip)

context bisimulation-final begin

lemma final-simulationl:

[ s1 ~ s2; s1 —1—tlsl1—* s1'; finall s1']

= 352 tls2. s2 —2—1tls2—x s2' N\ s1' = s2' A final2 s2' A tls1 [~] tls2
by (auto dest: bisim-final dest!: simulationl-rtrancl)

lemma final-simulation2:

[ s1 ~ s2; s2 —2—tls2—x s2'; final2 s2']

= Js1' tls1. s1 —1—tls]—* s1' A s1' = s2' A finall s1’ A tls1 [~] tls2
by (auto dest: bisim-final dest!: simulation2-rtrancl)

end

1.17.2 Delay bisimulation

locale delay-bisimulation-base =
bisimulation-base +
trsysl?: Ttrsys trsysl Tmovel +
trsys2?: Ttrsys trsys2 Tmove2
for Tmovel Tmove2 +
constrains trsys! :: ('s1, 'tll) trsys
and trsys2 :: ('s2, 'tl2) trsys
and bisim :: ('s1, 's2) bisim
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and tlsim :: ('tl1, 't12) bisim

and Tmovel :: ('s1, "tl1) trsys

and Tmove2 :: ('s2, 't12) trsys
begin

notation
trsysl1.silent-move (-/ —T1— - [50, 50] 60) and
trsys2.silent-move (-/ —72— - [50, 50] 60)

notation
trsysl.silent-moves (-/ —T1—x - [50, 50] 60) and
trsys2.silent-moves (-/ —T2—x - [50, 50] 60)

notation
trsysl.silent-movet (-/ —T1—+ - [50, 50] 60) and
trsys2.silent-movet (-/ —72—+ - [50, 50] 60)

notation
trsysl.Trirancl3p (- —71—-—x% - [50, 0, 50] 60) and
trsys2.Trirancldp (- —T2—-—x% - [50, 0, 50] 60)

notation
trsysl.Tinf-step (- —T1—-—% oo [50, 0] 80) and
trsys2.Tinf-step (- —T72—-—x oo [50, 0] 80)

notation
trsysl.Tdiverge (- —T71— oo [50] 80) and
trsys2.7diverge (- —T2— oo [50] 80)

notation
trsys1.Tinf-step-table (- —71—-—*t oo [50, 0] 80) and
trsys2.Tinf-step-table (- —T2—-—xt oo [50, 0] 80)

notation
trsysl.TRuns (- 41 - [50, 50] 51) and
trsys2.7 Runs (- 12 - [50, 50] 51)

lemma simulation-silent11’:
assumes 3s2’. (if pl s1’ sl then trsys2.silent-moves else trsys2.silent-movet) s2 s2' N s1' =~ s2'
shows s1'~ s2 A pul ™+ s1’s1 V (3s2'. s2 =72+ s2' N s1' =~ s2)
proof —
from assms obtain s2’ where red: (if p1 s1’ s1 then trsys2.silent-moves else trsys2.silent-movet)
s2 s2'
and bisim: s1’ ~ s2' by blast
show ?thesis
proof (cases 1 s1' s1)
case True
with red have s2 —72—x* s2' by simp
thus ?thesis using bisim True by cases(blast intro: rtranclp-into-tranclp1)+
next
case Fulse
with red bisim show ?thesis by auto
qed
qed
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lemma simulation-silent2I":
assumes 3s1’. (if p2 s2' s2 then trsysl.silent-moves else trsysl.silent-movet) s1 s1’' A s1' ~ 52’
shows sI ~ 2/ A u2™++ s2's2 V (Is1’. s1 —71—+ s1’ A s1’ =~ s2)

using assms

by (rule delay-bisimulation-base.simulation-silent11’)

end

locale delay-bisimulation-obs = delay-bisimulation-base - - - - Tmovel Tmove2

for Tmovel :: 's1 = 'tll = 's1 = bool

and Tmove2 :: 's2 = 't12 = 's2 = bool +

assumes simulationl:

[ s1 = s2; s1 —1—tl1— s1’ - Tmovel s1 tl1 s1']

= d82' 52" t12. 32 —T2—% 52/ N 82" —2—t12— s2" N = Tmove2 s2' t12 2" N s1' = 52" A tl1
~ tl2

and simulation2:

[ s1 ~ s2; s2 —2—t12— s2'; = Tmove2 s2 t12 s2' ]

= Js1’s1" tll. s1 —71—=% s1' A s1’ —1—tl1— s1” A = tmovel s1’ tl1 s1"” A s1" ~ s2' A tl1
~ tl2
begin

lemma delay-bisimulation-obs-flip: delay-bisimulation-obs trsys2 trsys1 (flip bisim) (flip tlsim) Tmove2
Tmovel

apply (unfold-locales)

apply (unfold flip-simps)

by (blast intro: simulationl simulation2)+

end

lemma delay-bisimulation-obs-flip-simps [flip-simps]:
delay-bisimulation-obs trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel =
delay-bisimulation-obs trsysl trsys2 bisim tlsim Tmovel Tmove2

by (auto dest: delay-bisimulation-obs.delay-bisimulation-obs-flip simp only: flip-flip)

locale delay-bisimulation-diverge = delay-bisimulation-obs - - - - Tmovel Tmove2
for Tmovel :: 's1 = 'tll = 's1 = bool
and Tmove2 :: 's2 = 'tI2 = 's2 = bool +
assumes simulation-silent1:
[ s1 ~s2;s1 —171— s1’'] = 352" s2 —72—% s2' A s1' = s2'
and simulation-silent2:
[ s1 = s2;82 —72— s2' ]| = Isl'. s1 —171—* s1' N sl'~ s2'
and 7diwverge-bisim-inv: s1 ~ $2 =—> s1 —T1— 00 +— 82 —T2—
begin

lemma delay-bisimulation-diverge-flip: delay-bisimulation-diverge trsys2 trsys1 (flip bisim) (flip tlsim)
Tmove2 Tmovel

apply (rule delay-bisimulation-diverge.intro)

apply (rule delay-bisimulation-obs-flip)

apply (unfold-locales)

apply (unfold flip-simps)

by (blast intro: simulation-silentl simulation-silent2 Tdiverge-bisim-inv[symmetric] del: iffI)+

end
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lemma delay-bisimulation-diverge-flip-simps [flip-simps]:
delay-bisimulation-diverge trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel =
delay-bisimulation-diverge trsysi trsys2 bisim tlsim Tmovel TmoveZ2

by (auto dest: delay-bisimulation-diverge.delay-bisimulation-diverge-flip simp only: flip-flip)

context delay-bisimulation-diverge begin

lemma simulation-silents?:
assumes bisim: sl ~ s2 and moves: s1 —11—* s’
shows 2. s2 —72—x* s2' N s1’ ~ s2'
using mowves bisim
proof induct
case base thus ?Zcase by(blast)
next
case (step s1' s1")
from <s1 ~ s2 = 382’ $2 —72—x s2' A s1' =~ s2' «sl =~ s2»
obtain s2’ where s2 —72—x% s2’ s1’ ~ s2’ by blast
from simulation-silentl [OF <s1’ =~ s2"y «<s1' —71— s1')]
obtain s2' where 52’ —72—x 52’ s1" ~ 52" by blast
from (s2 —72—x% 2% 2’ —72—x s2'» have s2 —72—x s2'' by(rule rtranclp-trans)
with (s1” ~ s2'"» show ?case by blast
qed

lemma simulation-silents?2:

[ s1 ~ $2; 82 —12—% 82| = Is1’. s1 —11—x% s1’' A s1’ = s2'
using delay-bisimulation-diverge.simulation-silents1[OF delay-bisimulation-diverge-flip]
unfolding flip-simps .

lemma simulationl-Trtrancl3p:
[ s1 —71—tlsl—x* s1’; s1 ~ s2 ]
= Ftls2 s2'. 52 —12—tls2—x s2' N s1' = 52" A tls1 [~] tls2
proof (induct arbitrary: s2 rule: trsysl.7rirancl3p.induct)
case (rrtrancl3p-refl s)
thus ?case by(auto intro: Ttrsys.trirancl3p.intros)
next
case (rrtrancl3p-step s1 s1' tls1 s1" ti1)
from simulation! [OF <s1 = 2> <s1 —1—tl1— s1’ <= Tmovel s1 tl1 s1"]
obtain s2’ s2'" ti2 where Tred: s2 —T2—x s2’
and red: s2' —2—ti2— s2' and nr: = Tmove2 s2' ti2 s2"
and bisim”: s1’' =~ s2' and tlsim: tl1 ~ tl2 by blast
from bisim’ <s1' = $2" = Ftls2 s2'. s2" —72—1tls2—x s2' N 51" = s2' A tls1 [~] tls2»
obtain tls2 s2’"' where IH: s2' —72—tls2—x s2'" s1'' =~ s2'" tis1 [~] tis2 by blast
from 7red have s2 —72—[|—x s2' by(rule trsys2.silent-moves-into-rrtrancl3p)
also from red nt IH(1) have s2’ —72—tl2 # tls2—x s2'" by(rule Trtrancl3p.Trirancl3p-step)
finally show ?case using IH tlsim by fastforce
next
case (Trirancl3p-tstep s1 s1' tls1 s1'"' ti1)
from <s1 —1—tl1— s1’ <tmovel s1 tll s1’ have s —71— s1’..
from simulation-silent1 [OF «s1 = s2) this]
obtain s2’ where Tred: s2 —72—x s2’ and bisim”: s1’ ~ s2' by blast
from 7red have s2 —72—[|—x s2’ by(rule trsys2.silent-moves-into-rrtrancl3p)
also from bisim’ <s1' =~ s2' = Ftls2 s2". s2' —72—tls2—x s2" N 51" = s2" A tlsl [~] tls2>
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obtain ¢ls2 s2” where IH: s2' —72—tls2—x 2" s1" =~ s2" tis1 [~] tls2 by blast
note «s2’' —72—tls2—x s2'
finally show ?case using IH by auto

qed

lemma simulation2-1rtrancl3p:

[ s2 —72—tls2—x* s2'; s1 ~ s2 ]

= Jitlsl s1'. s1 —71—tlsl1—* s1' N s1' =~ s2' A tlsl [~] tis2
using delay-bisimulation-diverge.simulation1-Trtrancl3p[OF delay-bisimulation-diverge-flip]
unfolding flip-simps .

lemma simulationi-Tinf-step:
assumes Tinfl: s1 —71—tls1—* oo and bisim: sl ~ s2
shows Jtls2. s2 —72—tls2—x* oo A tis1 [[~]] tls2
proof —
from trsysi.rinf-step-imp-rinf-step-table[OF Tinf1]
obtain sstls1 where 7inf1" s1 —71—sstls] —xt 00
and tls1: tls1 = Imap (fst o snd o snd) sstls1 by blast
define tl1-to-tl2 where tl1-to-tl2 s2 sstlsl = unfold-llist
(A(s2, sstls1). Inull sstls1)
(A(s2, sstlsl).
let (s1, s1’, tl1, s1") = Ihd sstlsl;
(827, 12, s2"") = SOME (s2', t12, s2'). s2 —12—x s2' N\ trsys2 s2' tI2 s2" A
= Tmove2 s2' t12 s2"" N s1" ~ s2" At ~ U2
in (s2, 82/, t12, s2'))
(A\(s2, sstlsl).
let (s1, s1’, tl1, s1") = Ihd sstlsl;
(827, 12, s2"") = SOME (s2’, t12, s2'). 82 —72—x s2' N\ trsys2 s2' tI2 s2" A
= Tmove2 s2' t12 s2" N\ s1" m s2" At ~ U2
in (s2") ltl sstls1))
(s2, sstlsl)
for s2 :: 's2 and sstls? :: (s x 's1 x 'tl1 x 's1) llist
have [simp]:
N2 sstis1. Inull (t11-to-t12 s2 sstlsl) <— Inull sstls1
Ns2 sstlsl. = Inull sstls] = lhd (tl1-to-t12 s2 sstlsl) =
(let (s1, s1’, tl1, s1") = Ihd sstlsl;
(s27, 112, s2') = SOME (s2/, t12, s2"). 2 —72—x s2' A trsys2 s2' t12 s2'' A
- Tmove2 s2' t2 s2" N s1" = s2" A tll ~ tI2
in (82, 2/, t12, s2"))
N\s2 sstlsl. = Inull sstls] = Itl (tl1-to-t2 s2 sstlsl) =
(let (s1, s1’, tl1, s1") = Ihd sstls1;
(s2/, 112, s2') = SOME (s2/, t12, s2"). 2 —72—x s2' A trsys2 s2' t12 s2'' A
- Tmove2 s2' t2 s2" N s1" = s2" A Hll ~ tI2
in tl1-to-t12 s2"" (ltl sstlsl))
N\s2. tl1-to-tl2 s2 LNil = LNil
Ns2 sl s1' tl1 s1" stls1'. tl1-to-tl2 s2 (LCons (s1, s1’, tl1, s1") stls1’) =
LCons (s2, SOME (s2’, t12, s2"). s2 —12—x s2' A trsys2 s2' t12 s2"" N\
= Tmove2 s2' t2 s2" N s1" & 2" Nt ~ t12)
(tl1-to-tl2 (snd (snd (SOME (s2’, t12, s2"). s2 —72—x s2' A trsys2 s2' t12 s2'' A
- Tmove2 s2' t12 s2" N s1" = s2" N tll ~ ti2)))
stls1’)
by (simp-all add: tl1-to-ti2-def split-beta)

have [simp]: llength (tl1-to-t12 s2 sstlsl) = llength sstls1
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by (coinduction arbitrary: s2 sstlsl rule: enat-coinduct)(auto simp add: epred-llength split-beta)

define sstls2 where sstls2 = tl1-to-tl2 s2 sstlsl
with Tinfl’ bisim have 3s1 sstlsl. s1 —71—sstls]1—*t oo N\ sstls2 = tl1-to-tl2 s2 sstls1 N s1 =~ s2
by blast

from 7infl’ bisim have s2 —72—tl1-to-tl2 s2 sstls] —xt oo
proof (coinduction arbitrary: s2 s sstlsl)
case (Tinf-step-table s2 sl sstls1)
note Tinf’ = <s1 —71—sstls]1—*t ooy and bisim = <s1 ~ s2»
from 7inf’ show Zcase
proof(cases)
case (Tinf-step-table-Cons s1' s1' sstls1’ tl1)
hence sstls1: sstls] = LCons (s, s1’, tl1, s1'') sstls1’
and 7s: s1 —71—x s1'and r: s1’' —1—tll— s1" and nr: = Tmovel s1' tl1 s1”
and redsl: s1'' —71—sstls]1’—xt co by simp-all
let 2P = A\(s2/, t12, s2"). s2 —712—x s2' A trsys2 s2' t12 s2" N = tmove2 s2' t12 s2"" N s1' =~
s2" Nt ~ ti2
let 2s2t12s2' = Eps ?P
let 252" = snd (snd ?s2t12s2")
from simulation-silents1[OF <s1 =~ s2) Ts]
obtain s2’ where s2 —72—x% 52’ s1' ~ 52’ by blast
from simulationl [OF <s1' =~ s2'y r nt| obtain s2'' s2'" t12
where s2' —72—x 52"
and rest: s2" —2—t12— s2"" = Tmove2 s2" #12 s2'" s1' ~ s2'" tl1 ~ 2 by blast
from «s2 —72—x% $2% (2’ —72—x s2'» have s2 —12—x s2' by(rule rtranclp-trans)
with rest have ?P (s2”, ti2, s2'") by simp
hence 7P 252t12s2' by (rule somel)
then show ?thesis using redsl sstis1 by fastforce
next
case Tinf-step-table-Nil
hence [simp]: sstls1 = LNil and sI —71— oo by simp-all
from <s! —71— oo ¢<s1 ~ s2» have s2 —72— oo by(simp add: Tdiverge-bisim-inv)
thus ?thesis using sstis2-def by simp
qged
qed
hence s2 —72—Imap (fst o snd o snd) (tl1-to-tI2 s2 sstlsl)—* oo
by (rule trsys2.Tinf-step-table-into-Tinf-step)
moreover have tls! [[~]] Imap (fst o snd o snd) (tl1-to-tl2 s2 sstls1)
proof (rule llist-all2-all-InthI)
show llength tls1 = llength (Imap (fst o snd o snd) (tl1-to-tl2 s2 sstlsl))
using tls1 by simp
next
fix n
assume enat n < llength tls1
thus Inth tls1 n ~ Inth (Imap (fst o snd o snd) (tl1-to-tl2 s2 sstls1)) n
using 7infl’ bisim unfolding tls1
proof (induct n arbitrary: sl s2 sstlsl rule: less-induct)
case (less n)
note IH = «\m s1 s2 sstls]. [ m < n; enat m < llength (Imap (fst o snd o snd) sstis1);
s1 —71—sstls] —*t 005 s1 ~ s2 |
= Inth (Imap (fst o snd o snd) sstis1) m ~ Inth (Imap (fst o snd o snd) (tl1-to-tl2 s2
sstls1)) m»
from «<s1 —711—sstls1—x*t co» show Zcase
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proof cases
case (rinf-step-table-Cons s1’ s1" sstls1’ ti1)
hence sstls1: sstls] = LCons (sl, s1’, tl1, s1") sstls1’
and 7s: sI —71—x sl'and r: s1' —1—tll— s1”
and n7: - Tmovel s1’ tll s1" and reds: s1' —71—sstlsl’'—xt co by simp-all
let 2P = \(s2/, t12, s2"). s2 —72—x 82’ A trsys2 s2' tl2 s2"" N = tmove2 s2' t12 s2"" N s1”
2" A tll ~ 2
let ?s2ti2s2' = Eps ?P let 712 = fst (snd ?s2t12s2”) let 252" = snd (snd ?s2tl2s2’)
from simulation-silents1[OF <sl =~ s2» Ts] obtain s2’
where s2 —72—x% 52’ s1' =~ 52’ by blast
from simulation! [OF <s1’ =~ s2'y r nt] obtain s2"" s2'" tI2
where s2' —72—x s2"
and rest: s2" —2—t12— s2"" = Tmove2 s2" 112 s2""" 51" =~ s2""" tl1 ~ tI2 by blast
from (s2 —72—x 2% «s2' —72—x s2'» have s2 —12—x s2'' by(rule rtranclp-trans)
with rest have 7P (s2”, t12, s2'") by auto
hence 7P ?s2ti2s2' by(rule somel)
hence s1" ~ 232" tll ~ %412 by(simp-all add: split-beta)
show ?thesis
proof(cases n)
case (
with sstls! «tll ~ ?tl2y show ?thesis by simp
next
case (Suc m)
hence m < n by simp
moreover have enat m < llength (Imap (fst o snd o snd) sstls1”)
using sstls! <enat n < llength (Imap (fst o snd o snd) sstls1)» Suc by(simp add: Suc-ile-eq)
ultimately have Inth (Imap (fst o snd o snd) sstls1’) m ~ Inth (Imap (fst o snd o snd)
(tl1-to-tl2 252" sstls1’)) m
using reds <s1" =~ 252" by(rule IH)
with Suc sstls1 show Zthesis by(simp del: o-apply)
qed
next
case Tinf-step-table-Nil
with <enat n < llength (Imap (fst o snd o snd) sstls1)> have False by simp
thus ?thesis ..
qed
qed
qged
ultimately show ¢thesis by blast
qed

lemma simulation2-Tinf-step:

[ s2 —72—tls2—x* 00; s1 = s2 | = Ftlsl. s1 —71—tlsl—* oo A tls1 [[~]] tls2
using delay-bisimulation-diverge.simulation1-tinf-step| OF delay-bisimulation-diverge-flip)
unfolding flip-simps .

lemma no-rmovel-ts-to-no-rmove2:

assumes sl ~ s2

and no-rmovesl: \s1’. = sl —171— s1’

shows 32", s2 —72—x s2' N (V82". = 82" —72— s2') N\ sl = s2’
proof —

have - s —71—

proof

assume sl —71— o0
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then obtain s1’ where s1 —71— s1’ by cases
with no-rmoves![of s1’] show False by contradiction
qed
with <s! ~ s2»> have = s2 —72— oo by(simp add: Tdiverge-bisim-inv)
from trsys2.not-7diverge-to-no-rmove| OF this]
obtain s2’ where s2 —72—x s2’ and As2”. = s2' —72— 52" by blast
moreover from simulation-silents2[OF «s1 =~ s2» s2 —T2—% s2/]
obtain sI’ where sI —71—x* s1’and s1’ ~ s2' by blast
from (s1 —71—x* s1’ no-Tmoves! have s1’ = s1
by (auto elim: converse-rtranclpE)
ultimately show ?thesis using «s1’ =~ 52’y by blast
qed

lemma no-rmove2-ts-to-no-rmovel:

[ s1 =~ s2; Ns2'. =82 —72— s2']| = Is1’. s1 —71—=xs1' N (Vs1". =81’ —71— s1") A s1’ =
52
using delay-bisimulation-diverge.no-rmovel-1s-to-no-rmove2[OF delay-bisimulation-diverge-flip]
unfolding flip-simps .

lemma no-movel-to-no-move2:
assumes sl ~ s2
and no-movesl: \tll s1'. = s1 —1—tl1— s1’
shows 2. s2 —72—>% s2' AN (V2 s2". = 82" —2—t12— s2') A sl ~ s2'
proof —
from no-moves! have A\sl’. = s1 —71— s1’ by(auto)
from no-rmovel-rs-to-no-rmove2[OF (sl =~ s2) this]
obtain s2’ where s2 —72—x s2’ and s1 ~ s2’'
and no-rmoves2: \s2’. = s2' —72— s2" by blast
moreover
have Ati2 s2". = s2' —2—t12— s2”
proof
fix t12 52"
assume s2’ —2—t12— s2"
with no-rmoves2[of s2'] have — Tmove2 s2' ti2 s2"' by(auto)
from simulation2[OF <s1 ~ s2"y «s2' —2—tl2— 52" this]
obtain s1’ s1” tll where s1 —71—x s1’and s1’ —1—tl1— s1" by blast
with no-moves! show False by(fastforce elim: converse-rtranclpE)
qed
ultimately show ?thesis by blast
qed

lemma no-move2-to-no-movel:

[ s1 ~ s2; Ntl12 s2'. = s2 —2—t12— s2']

= ds1’ s1 —71—x s1’' AN (Vtll s1". = 51" —1—tll— s1") N s1’ =~ s2
using delay-bisimulation-diverge.no-movel-to-no-move2[OF delay-bisimulation-diverge-flip)
unfolding flip-simps .

lemma simulation-T Runs-tablel:

assumes bisim: s1 ~ s2

and runl: trsysl.T Runs-table s1 stlsss1

shows T stlsss2. trsys2.7 Runs-table s2 stlsss2 A tllist-all2 (A(tl1, s1'') (t12, s2"). tl1 ~ tI2 N s1”
~~ s2') (rel-option bisim) stlsss1 stlsss2
proof (intro exI conjl)

let 2P = A(s2 :: 's2) (stlsss1 = ("tl1 x 'si, ‘sl option) tllist) (t12, s2").
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3827 82 —72—% s2' A s2' —2—tl2— s2" N = Tmove2 s2' t12 s2" N snd (thd stlsssl) ~ s2" A
fst (thd stlsss1) ~ ti2
define tls1-to-tls2 where tisi-to-tls2 s2 stlsssl = unfold-tllist
(A(s2, stlsss1). is-TNil stlsss1)
(A(s2, stlsss1). map-option (As1'. SOME s2'. 2 —12—x s2' N (Vi s2". = 2’ —2—tl— s2") A
s1' = s2') (terminal stlsss1))
(A(s2, stlsssl). let (112, s2'") = Eps (7P s2 stlsss1) in (t2, s2'"))
(AN(s2, stlsss1). let (t12, s2'") = Eps (7P s2 stlsss1) in (s2", ttl stlsss1))
(s2, stlsssl)
for s2 stlsss1
have [simp]:
N2 stlsss1. is-TNil (tls1-to-tls2 s2 stlsssl) «— is-TNil stlsssl
N\s2 stlsss1. is-TNil stisss1 = terminal (tls1-to-tls2 s2 stlsssl) = map-option (As1’. SOME s2'.
$2 —12—% s2' N (Vil s2". = 52" —2—tl— s27) N s1' = s2') (terminal stlsssl)
N\s2 stlsss1. = is-TNil stlsss1 = thd (tls1-to-tls2 s2 stlsssl) = (let (12, s2'") = Eps (2P s2 stlsssl)
in (12, s2'))
\s2 stlsss1. = is-TNil stlsss1 = ttl (tls1-to-tls2 s2 stisss1) = (let (12, s2"') = Eps (2P s2 stlsss1)
in tls1-to-tls2 s2'" (ttl stlsssl))
N\s2 osl. tis1-to-tls2 s2 (TNil os1) =
TNil (map-option (As1’. SOME s2'. s2 —12—x% s2' N (Vitl s2”. = s2' —2—tl— s2') A
s1' = s2') osl)
by (simp-all add: tis1-to-tls2-def split-beta)
have [simp]:
N\s2 sl s1' tl1 s1" stlsss1.
tls1-to-tls2 s2 (TCons (tl1, s1'') stlsss1) =
(let (t12, s2') = SOME (t12, s2'). 32" s2 —72—% s2' N s2' —2—112— s2"" A
- Tmove2 s2' t2 s2" N s1" &~ 2" Nt ~ ti2
in TCons (t12, s2'") (tls1-to-tls2 s2' stlsssl))
by (rule tllist.expand)(simp-all add: split-beta)

from bisim runi
show trsys2.7 Runs-table s2 (tls1-to-tls2 s2 stlsssl)
proof(coinduction arbitrary: s2 s1 stlsssl)
case (7 Runs-table s2 s1 stlsss1)
note bisim = <sl ~ s2»
and runl = <trsysl.7 Runs-table s1 stlsssl)»
from run! show ?case
proof cases
case (Terminate s1”)
let 7P = As2'. s2 —72—x s2' N (VU2 s2". = 2" —2—t12— s2") A\ s1' = s2'
from simulation-silents1[OF bisim <s1 —71—% s1]
obtain s2’ where s2 —72—x* 52’ and s1’ = 52’ by blast
moreover from no-movel-to-no-move2[OF «s1' = 2’ <\tll s1'". = s1' —1—tl1— s1'"]
obtain s2’ where s2' —72—x% s2" and s1’ =~ s2"
and Atl2 s2". = s2" —2—t12— s2'"" by blast
ultimately have ?P s2' by(blast intro: rtranclp-trans)
hence ?P (Eps ?P) by(rule somel)
hence ?Terminate using <stlsss1 = TNil |s1’|> by simp
thus Zthesis ..
next
case Diverge
with 7diverge-bisim-inv[OF bisim]
have ?Diverge by simp
thus ?thesis by simp
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next
case (Proceed s1' s1' stlsss1’ tl1)
let 2P = A(#2, s2'). 352’ s2 —72—% s2' N s27 —2—tl12— s2" N = Tmove2 s2' t12 s2" N s1"
~s2' Nt ~ 2
from simulation-silents1 [OF bisim (s1 —71—% s1]
obtain s2’ where s2 —72—x s2’ and s1’ ~ 52’ by blast
moreover from simulationl [OF «s1’ =~ s2" «s1' —1—tl1— s1"y <= Tmovel s1' tl1 s1')]
obtain s2’ s2'" t12 where s2' —72—x% 52"
and s2” —2—ti2— s2'" and - Tmove2 52" 12 s2""
and s1' =~ s2"" and tll ~ tI2 by blast
ultimately have ?P (t12, s2'") by(blast intro: rtranclp-trans)
hence 7P (Eps ?P) by(rule somel)
hence ?Proceed
using «stlsss1 = TCons (tl1, s1'") stlsss1’y «trsysl.T Runs-table s1' stlsssl’s
by auto blast
thus ?thesis by simp
qged
qed

let ?Tlsim = A(tl1, s1”) (412, s2'). ¢l ~ 12 N 51" ~ s2"
let ?Bisim = rel-option bisim
from runl bisim
show tllist-all2 ?Tlsim ?Bisim stlsssl (tls1-to-tls2 s2 stlsssl)
proof (coinduction arbitrary: s1 s2 stlsssl)
case (tllist-all2 s1 s2 stlsss1)
note Runs = <trsysl.T Runs-table s1 stlsss1) and bisim = <s1 ~ s2»
from Runs show ?case
proof cases
case (Terminate s1”)
let 2P = As2'. s2 —72—x s2' N (VH2 s2". = s2' —2—t12— s2") N s1' =~ s2'
from simulation-silents1 [OF bisim (s1 —71—% s1]
obtain s2’ where s2 —72—x s2’ and s1’ =~ 52’ by blast
moreover
from no-movel-to-no-move2[OF «s1’ ~ s2’ «\tll s1'". = s1’ —1—tl1— s1'"]
obtain s2’ where s2' —72—x% 52" and s1’ =~ s2"
and A2 s2'. = s2" —2—t12— s2'"" by blast
ultimately have ?P s2' by(blast intro: rtranclp-trans)
hence ?P (Eps ?P) by(rule somel)
thus ?thesis using <stlsss] = TNil |s1']» bisim by(simp)
next
case (Proceed s1' s1'' stlsss1’ tl1)
from simulation-silents1[OF bisim <sl1 —71—% s1"]
obtain s2’ where s2 —72—x s2’ and s1’ ~ 52’ by blast
moreover from simulationl [OF <s1’ =~ s2" «s1' —1—tl1— s1"y <= Tmovel s1' tl1 s1']
obtain s2’ s2'" 12 where s2' —72—x% s2"
and s2” —2—ti2— s2'" and - Tmove2 52" t2 s2""
and s1” =~ s2'" and tl1 ~ 2 by blast
ultimately have ?P s2 stlsss1 (#2, s2'")
using <stlsss1 = TCons (tl1, s1") stisss1’y by(auto intro: rtranclp-trans)
hence 7P s2 stisss1 (Eps (P s2 stlsss1)) by(rule somel)
thus ?thesis using (stlsss1 = TCons (tl1, s1") stlsss1’y <trsysl.T Runs-table s1'" stlsss1’y bisim
by auto blast
qed simp
qed
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qed

lemma simulation-T Runs-table2:

assumes sl ~ s2

and trsys2.17 Runs-table s2 stlsss2

shows T stlsssl. trsysl.T Runs-table sl stlsss1 A tllist-all2 (A(tl1, s1') (2, s2'). t11 ~ ti2 A s1”
=~ s2"") (rel-option bisim) stlsssl stlsss2
using delay-bisimulation-diverge.simulation-T Runs-tablel [OF delay-bisimulation-diverge-flip, unfolded
flip-simps, OF assms]
by (subst tllist-all2-flip[symmetric])(simp only: flip-def split-def)

lemma simulation-T Runsi:
assumes bisim: s1 ~ s2
and runi: s1 |1 tisl
shows Jtls2. s2 |2 tis2 A tllist-all2 tisim (rel-option bisim) tis1 tls2
proof —
from trsys1.r Runs-into-T Runs-table[OF runli)
obtain stlsss! where tls1: tis1 = tmap fst id stlsssi
and 7 Runs1: trsysl .t Runs-table s1 stlsss1 by blast
from simulation-T Runs-tablel[OF bisim T Runs!]
obtain stlsss2 where T Runs2: trsys2.m Runs-table s2 stlsss2
and tlsim: tllist-all2 (A(t1, s1”) (H2, s27). tll ~ t2 N s1" =~ s2")
(rel-option bisim) stlsss1 stlsss2 by blast
from 7Runs2 have s2 |2 tmap fst id stlsss2
by (rule T Runs-table-into-T Runs)
moreover have tllist-all2 tisim (rel-option bisim) tls1 (tmap fst id stlsss2)
using tlsim unfolding tis!
by (fastforce simp add: tllist-all2-tmap1 tllist-all2-tmap2 elim: tllist-all2-mono rel-option-mono)
ultimately show ?thesis by blast
qed

lemma simulation-T Runs2:

[ s1 ~ s2; 2 2tls2 ]

= itls1. s1 |1 tls1 A tllist-all2 tlsim (rel-option bisim) tis1 tls2
using delay-bisimulation-diverge.simulation-T Runs1[OF delay-bisimulation-diverge-flip]
unfolding flip-simps .

end

locale delay-bisimulation-final-base =
delay-bisimulation-base - - - - Tmovel Tmove2 +
bisimulation-final-base - - - - finall final2
for Tmovel :: ('s1, 'tl1) trsys
and Tmove2 :: ('s2, 'tl2) trsys
and finall :: 's1 = bool

and final2 :: 's2 = bool +
assumes finall-simulation: | s1 = s2; finall s1 | = 382’. s2 —72—x s2' A\ sl =~ s2' A final2 s2’

and final2-simulation: [ s1 = s2; final2 s2 | = Is1’. s1 —11—x% s1’' A 81’ = s2 A finall s1’
begin

lemma delay-bisimulation-final-base-flip:

delay-bisimulation-final-base trsys2 trsysl (flip bisim) Tmove2 Tmovel final2 finall
apply (unfold-locales)
apply (unfold flip-simps)
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by (blast intro: finall-simulation final2-simulation)+
end

lemma delay-bisimulation-final-base-flip-simps [flip-simps]:
delay-bisimulation-final-base trsys2 trsysl (flip bisim) Tmove2 Tmovel final2 finall =
delay-bisimulation-final-base trsysl trsys2 bisim Tmovel Tmove2 finall final2

by(auto dest: delay-bisimulation-final-base.delay-bisimulation-final-base-flip simp only: flip-flip)

context delay-bisimulation-final-base begin

lemma 7Runs-terminate-finall :

assumes sl |} 1 tls1

and s2 |2 tls2

and tllist-all2 tisim (rel-option bisim) tls1 tls2

and tfinite tls1

and terminal tls]1 = Some s1’

and finall s1’

shows 3s2'. tfinite tls2 A terminal tls2 = Some s2' A final2 s2’
using assms(4) assms(1—3,5—)
apply (induct arbitrary: tls2 s1 s2 rule: tfinite-induct)
apply(auto 4 4 simp add: tllist-all2-TCons1 tllist-all2-TNill option-rel-Somel trsysl.T Runs-simps
trsys2.7 Runs-simps dest: finall-simulation elim: converse-rtranclpFE)
done

lemma 7Runs-terminate-final2:
[ s1 U1 tist; s2 |2 tls2; tllist-all2 tlsim (rel-option bisim) tls1 tls2;
tfinite tls2; terminal tls2 = Some s2'; final2 s2' ]
= dsl’. tfinite tls1 A terminal tls] = Some s1’ A finall s1’
using delay-bisimulation-final-base.T Runs-terminate-finall [where tlsim = flip tlsim, OF delay-bisimulation-final-b
unfolding flip-simps by —

end

locale delay-bisimulation-diverge-final =
delay-bisimulation-diverge +
delay-bisimulation-final-base +
constrains trsysl :: ('s1, 'tl1) trsys
and trsys2 :: ('s2, 't12) trsys
and bisim :: ('s1, 's2) bisim
and #sim :: ('tl1, 't12) bisim
and Tmovel :: ('s1, 'tl1) trsys
and Tmove2 :: ('s2, 't12) trsys
and finall :: 's1 = bool
and final2 :: 's2 = bool

begin

lemma delay-bisimulation-diverge-final-flip:
delay-bisimulation-diverge-final trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel final2 finall
apply(rule delay-bisimulation-diverge-final.intro)
apply(rule delay-bisimulation-diverge-flip)
apply(unfold-locales, unfold flip-simps)
apply(blast intro: finall-simulation final2-simulation)+
done
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end

lemma delay-bisimulation-diverge-final-flip-simps [flip-simps]:
delay-bisimulation-diverge-final trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel final2 finall =
delay-bisimulation-diverge-final trsysl trsys2 bisim tlsim Tmovel Tmove2 finall final2

by (auto dest: delay-bisimulation-diverge-final.delay-bisimulation-diverge-final-flip simp only: flip-flip)

context delay-bisimulation-diverge-final begin

lemma delay-bisimulation-diverge:
delay-bisimulation-diverge trsysl trsys2 bisim tlsim Tmovel Tmove2
by (unfold-locales)

lemma delay-bisimulation-final-base:
delay-bisimulation-final-base trsysl trsys2 bisim Tmovel Tmove2 finall final2
by (unfold-locales)

lemma final-simulationl:
[ s1 = s2; s1 —71—tlsl—x s1'; finall s1']
= 32’ tls2. $2 —T2—tls2—x s2' N s1' & s2' A final2 s2' A tls1 [~] tls2

by (blast dest: simulation1-Trtrancl3p finall-simulation intro: Trtrancl3p-trans| OF - silent-moves-into-T rtrancl3p,

simplified])

lemma final-simulation2:

[ s1 ~ s2; s2 —12—tls2—x* s2'; final2 s2"]

= Js1' tls1. s1 —71—tls]1—x s1' N s1' = s2' A finall s1' A tls1 [~] tls2
by (rule delay-bisimulation-diverge-final.final-simulation1[OF delay-bisimulation-diverge-final-flip, un-
folded flip-simps])

end

locale delay-bisimulation-measure-base =
delay-bisimulation-base +
constrains trsys! :: 's1 = 'tll = 's1 = bool
and trsys2 :: 's2 = 'tI12 = 's2 = bool
and bisim :: 's1 = 's2 = bool
and tlsim :: 'tl1 = "t12 = bool
and Tmovel :: 'sl = 'tll = 's1 = bool
and Tmove2 :: 's2 = 't12 = 's2 = bool
fixes p1 :: 's1 = ‘sl = bool
and p2 :: 's2 = 's2 = bool

locale delay-bisimulation-measure =
delay-bisimulation-measure-base - - - - Tmovel Tmove2 pul p2 +
delay-bisimulation-obs trsysl trsys2 bisim tlsim Tmovel Tmove?2
for Tmovel :: 's1 = 'tll = 's1 = bool
and Tmove2 :: 's2 = 'tl2 = 's2 = bool
and p1 :: 's1 = ’'s1 = bool
and p2 :: 's2 = 's2 = bool +
assumes simulation-silent1:
[s1 = 2581 —71— s1'] = s1'~ s2 AN pul ™ ++ s1's1 VvV (T2 s2 —72—+ s2' N s1' = s2)
and simulation-silent2:
[ 1 ~ s2; 82 —72— s2'] = sl = s2' A p2 4+ s2’'s2 vV (Is1'. s1 —11—+ s1’ A s1’ = s27)
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and wf-pul: wfP pl
and wf-u2: wfP pu2
begin

lemma delay-bisimulation-measure-flip:
delay-bisimulation-measure trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel p2 ul
apply(rule delay-bisimulation-measure.intro)
apply(rule delay-bisimulation-obs-flip)
apply(unfold-locales)
apply (unfold flip-simps)
apply(rule simulation-silent1 simulation-silent2 wf-pul wf-p2|assumption)+
done

end

lemma delay-bisimulation-measure-flip-simps [flip-simps]:
delay-bisimulation-measure trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel u2 pl =
delay-bisimulation-measure trsysl trsys2 bisim tlsim Tmovel Tmove2 pul p2

by(auto dest: delay-bisimulation-measure.delay-bisimulation-measure-flip simp only: flip-simps)

context delay-bisimulation-measure begin

lemma simulation-silentst1:
assumes bisim: s1 ~ s2 and moves: s1 —171—+ s1’
shows s1'~ s2 A pul™++ s1’s1 vV (32" s2 =72+ s2' A s1' ~ s2)
using mowves bisim
proof induct
case (base s1’) thus ?case by(auto dest: simulation-silent!)
next
case (step s1' s1")
hence s1’'~ s2 A ul™t s1's1 vV (3s2". s2 —72—+ s2' A s1' = s2’) by blast
thus Zcase
proof
assume s1’'~ s2 A pul+T s1' s1
hence s1’~ s2 ul+* s1' sl by simp-all
with simulation-silentl [OF <s1’ &~ s2) «<s1’' —71— s1']
show ?thesis by (auto)
next
assume 352, trsys2.silent-move™ T 52 82’ A s1' ~ 52’
then obtain s2’ where s2 —72—+ s2’ s1’ ~ s2’ by blast
with simulation-silentl [OF «s1’ =~ s2"y «s1' —71— s1')]
show ?thesis by(auto intro: tranclp-trans)
qed
qed

lemma simulation-silentst2:

[ 51 = 52,82 —72—+ s2'] = sl ~ s2' AN pu2 ++ s2's2 VvV (3s1'. s1 —71—+ s1' N s1' ~ s2)
using delay-bisimulation-measure.simulation-silentst1 [OF delay-bisimulation-measure-flip]
unfolding flip-simps .

lemma Tdiverge-simulationl:
assumes divergel: s1 —71— o0
and bisim: sl ~ s2
shows s2 —72— o
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proof —
from assms have s1 —71— oo A sl = s2 by blast
thus ?thesis using wfP-trancl|OF wf-u1]
proof(coinduct rule: trsys2.Tdiverge-trancl-measure-coinduct)
case (rdiverge s2 sl)
hence s1 —71— oo s1 =~ s2 by simp-all
then obtain s1’ where trsys!.silent-move s1 s1’ s1' —171— oo
by (fastforce elim: trsysl.Tdiverge.cases)
from simulation-silentl [OF <s1 = s2» <trsysl.silent-move s1 s1"] «s1' —71— 00
show ?case by auto
ged
qed

lemma 7diverge-simulation?2:

[$2 72— o00; 81 2] = sl —71—
using delay-bisimulation-measure.T diverge-simulation1 [OF delay-bisimulation-measure-flip]
unfolding flip-simps .

lemma 7diverge-bisim-inv:
§1 = $2 = s1 —71— o0 — $2 —T2— 0
by (blast intro: Tdiverge-simulationl Tdiverge-simulation2)

end

sublocale delay-bisimulation-measure < delay-bisimulation-diverge
proof

fix s1 s2 s1’

assume sl ~ s2 sl —71— s1’

from simulation-silent1[OF this]

show 352’ 82 —72—x% s2' A s1' = 52’ by(auto intro: tranclp-into-rtranclp)
next

fix s s2 52’

assume sl ~ s2 s2 —72— s2'

from simulation-silent2[OF this]

show 3s1’. s1 —71—x s1’ A s1’' = s2’ by(auto intro: tranclp-into-rtranclp)
next

fix s1 s2

assume sl ~ s2

thus s! —71— 00 +— 82 —72— oo by(rule Tdiverge-bisim-inv)
qed

Counter example for delay-bisimulation-diverge trsysl trsys2 bisim tlsim Tmovel Tmove2
= Jul u2. delay-bisimulation-measure trsysl trsys2 bisim tlsim Tmovel Tmove2 pul u2
(only Tmoves):

<
T 8 — — A



146

locale delay-bisimulation-measure-final =
delay-bisimulation-measure +
delay-bisimulation-final-base +
constrains trsysl :: ('s1, 'tl1) trsys
and trsys2 :: ('s2, 'tI2) trsys
and bisim :: ('sl, 's2) bisim
and tlsim :: ('tl1, 't12) bisim
and Tmovel :: ('s1, 'tl1) trsys
and Tmove2 :: ('s2, 't12) trsys
and pl :: 'sl = 's1 = bool
and p2 :: 's2 = 's2 = bool
and finall :: 's1 = bool
and final2 :: 's2 = bool

sublocale delay-bisimulation-measure-final < delay-bisimulation-diverge-final
by unfold-locales

locale 7inv = delay-bisimulation-base +

constrains trsysl :: ('s1, 'tll) trsys

and trsys2 :: ('s2, 'tI2) trsys

and bisim :: ('s1, 's2) bisim

and tlsim :: ('tl1, 'tl2) bisim

and Tmovel :: ('s1, 'tl1) trsys

and Tmowve2 :: ('s2, "t12) trsys

and Tmoves! :: 's1 = ’s1 = bool

and Tmoves2 :: 's2 = ’s2 = bool

assumes Tinv: [ sI = $2; s1 —1—tll— s1’; s2 —2—t12— s2'; s1’' = s2'; tll ~ ti2 ]

= Tmovel s1 tll s1’' +— Tmove2 s2 ti2 s2’

begin

lemma 7inv-flip:
Tinv trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel
by (unfold-locales)(unfold flip-simps,rule Tinv[symmetric])

end

lemma 7inv-flip-simps [flip-simps]:

Tinv trsys2 trsysl (flip bisim) (flip tisim) Tmove2 Tmovel = Tinv trsysl trsys2 bisim tlsim Tmovel
Tmove2
by (auto dest: Tinv.Tinv-flip simp only: flip-simps)

locale bisimulation-into-delay =
bisimulation + Tinv +
constrains trsys! :: ('s1, 'tl1) trsys
and trsys2 :: ('s2, 'tI2) trsys
and bisim :: ('s1, 's2) bisim
and #sim = ('tl1, 't12) bisim
and Tmovel :: ('s1, 'tl1) trsys
and Tmove2 :: ('s2, 't12) trsys
begin

lemma bisimulation-into-delay-flip:
bisimulation-into-delay trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel
by (intro-locales)(intro bisimulation-flip Tinv-flip)+
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end

lemma bisimulation-into-delay-flip-simps [flip-simps|:
bisimulation-into-delay trsys2 trsysl (flip bisim) (flip tlsim) Tmove2 Tmovel =
bisimulation-into-delay trsysl trsys2 bisim tlsim Tmovel Tmove2

by(auto dest: bisimulation-into-delay.bisimulation-into-delay-flip simp only: flip-simps)

context bisimulation-into-delay begin

lemma simulation-silent!-aux:
assumes bisim: sl ~ s2 and sl —71— s1’
shows s1’/ =~ s2 A pl*tt s1's1 Vv (382 82 —72—+ s2' A s1' ~ s2/)
proof —
from assms obtain tl1 where tri: s1 —1—tl1— s1’
and 71: Tmovel sl tll s1’ by(auto)
from simulation [OF bisim tr1]
obtain s2’ ti2 where tr2: s2 —2—tl12— s2'
and bisim”: s1’ =~ s2" and tisim: tl1 ~ tl2 by blast
from 7inv[OF bisim tr1 tr2 bisim’ tlsim] 71 have 72: Tmove2 s2 ti2 s2' by simp
from tr2 72 have s2 —72—+ s2’ by(auto)
with bisim’ show ?thesis by blast
qed

lemma simulation-silent2-aux:

[ s1 ~ s2; 82 —72— s2'] = s1 ~ s2' A p2tT s2/ 2V (Is1'. s1 —71—+ s1' A s1' =~ s2)
using bisimulation-into-delay.simulation-silent1-auz| OF bisimulation-into-delay-flip]
unfolding flip-simps .

lemma stmulationl-auzx:
assumes bisim: sI ~ s2 and trl: s1 —1—tl1— s1’and 71: = Tmovel sI ti1 s1’
shows 352’ 52" t12. s2 —72—% s2' N s2' —2—t12— $2"" AN = Tmove2 s2’ t12 2" N s1' ~ s2" A
t1 ~ ti2
proof —
from simulation[OF bisim tr1]
obtain s2’ tl2 where tr2: s2 —2—ti2— s2’
and bisim”: s1’' =~ s2' and tlsim: tl1 ~ tl2 by blast
from 7inv[OF bisim tr1 tr2 bisim’ tlsim] 71 have 72: = Tmove2 s2 ti2 s2’ by simp
with bisim’ tr2 tlsim show ¢thesis by blast
qed

lemma simulation2-aux:
[ s1 ~ s2; 2 —2—t12— s2'; = Tmove2 s2 ti2 s2' ]
= dsl’'s1” tl1. s1 —71—% s1’' AN s1' —1—tl1— s1” N = Tmovel s1' tll s1" A s1" =~ s2' A i1
~ tl2
using bisimulation-into-delay.simulation1-auz| OF bisimulation-into-delay-flip]
unfolding flip-simps .

lemma delay-bisimulation-measure:
assumes wf-pl: wfP pl
and wf-pu2: wfP p2
shows delay-bisimulation-measure trsys1 trsys2 bisim tlsim Tmovel Tmove2 ul p2
apply (unfold-locales)
apply (rule simulation-silent!-aux simulation-silent2-auz simulation!-aux simulation2-auz wf-p 1 wi-p2|assumption)+
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done

lemma delay-bisimulation:

delay-bisimulation-diverge trsysl trsys2 bisim tlsim Tmovel Tmove2
proof —

interpret delay-bisimulation-measure trsysl trsys2 bisim tlsim Tmovel Tmove2 A\s s'. False \s s'.
Fulse

by (blast intro: delay-bisimulation-measure wfP-empty)

show ?thesis ..

qed

end

sublocale bisimulation-into-delay < delay-bisimulation-diverge
by (rule delay-bisimulation)

lemma delay-bisimulation-conv-bisimulation:
delay-bisimulation-diverge trsysl trsys2 bisim tlsim (As tl s’. False) (As tl s'. False) =
bisimulation trsysl trsys2 bisim tlsim
(is ?lhs = ?rhs)
proof
assume ?lhs
then interpret delay-bisimulation-diverge trsysl trsys2 bisim tlsim s tl s'. False \s tl s'. False .
show ?rhs by (unfold-locales)(fastforce simp add: Tmoves-False dest: simulationl simulation2)+
next
assume ?rhs
then interpret bisimulation trsysl trsys2 bisim tlsim .
interpret bisimulation-into-delay trsysl trsys2 bisim tlsim As tl s'. False As tl s'. False
by (unfold-locales)(rule refl)
show ?lhs by unfold-locales
qed

context bisimulation-final begin

lemma delay-bisimulation-final-base:
delay-bisimulation-final-base trsys1 trsys2 bisim Tmovel Tmove2 finall final2
by (unfold-locales)(auto simp add: bisim-final)

end

sublocale bisimulation-final < delay-bisimulation-final-base
by (rule delay-bisimulation-final-base)

1.17.3 Transitivity for bisimulations

definition bisim-compose :: ('s1, 's2) bisim = (’s2, 's3) bisim = ('s1, 's8) bisim (infixr op 60)
where (bisim1 op bisim2) s1 s3 = 3s2. bisim1 s1 s2 A bisim2 s2 s3

lemma bisim-composel [intro]:
[ bisim12 s1 s2; bisim28 s2 s8 | = (bisim12 op bisim23) s1 s8
by (auto simp add: bisim-compose-def)

lemma bisim-composeE [elim!]:
assumes bisim: (bisim12 op bisim23) sl s3
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obtains s2 where bisim12 s1 s2 bisim23 s2 s3
by (atomize-elim)(rule bisim[unfolded bisim-compose-def])

lemma bisim-compose-assoc [simp):
(bisim12 op bisim23) op bisim34 = bisim12 op bisim23 op bisim3)
by (auto simp add: fun-eq-iff)

lemma bisim-compose-conv-relcomp:

case-prod (bisim-compose bisim12 bisim23) = (Ax. x € relcomp (Collect (case-prod bisim12)) (Collect
(case-prod bisim23)))
by (auto simp add: relcomp-unfold)

lemma list-all2-bisim-composel:
[ list-all2 A zs ys; list-all2 B ys 2s |
= list-all2 (A op B) xs zs

by (rule list-all2-trans) auto+

lemma delay-bisimulation-diverge-compose:
assumes wbisim12: delay-bisimulation-diverge trsysl trsys2 bisim12 tlsim12 Tmovel Tmove2
and wbisim23: delay-bisimulation-diverge trsys2 trsys3 bisim23 tlsim23 Tmove2 Tmoves
shows delay-bisimulation-diverge trsysl trsys3 (bisim12 op bisim23) (tlsim12 op tlsim23) Tmovel
Tmoves
proof —
interpret trsysi: ttrsys trsysl Tmovel .
interpret trsys2: ttrsys trsys2 Tmove2 .
interpret trsys3: Ttrsys trsys3 Tmoves .
interpret wbi12: delay-bisimulation-diverge trsysl trsys2 bisim12 tlsim12 Tmovel Tmove2 by(auto
intro: wbisim12)
interpret wb23: delay-bisimulation-diverge trsys2 trsysd bisim23 tlsim23 Tmove2 Tmoved by (auto
intro: wbisim23)
show ?thesis
proof
fix s1 s3 s1’
assume bisim: (bisim12 op bisim23) sl s3 and tri: trsysl.silent-move s1 s1’
from bisim obtain s2 where bisim1: bisim12 s1 s2 and bisim2: bisim23 s2 s3 by blast
from wb12.simulation-silent! [OF bisim1 tr1] obtain s2’
where tr2: trsys2.silent-moves s2 s2’ and bisim1’: bisim12 s1' s2' by blast
from wb23.simulation-silents1[OF bisim2 tr2] obtain s3’
where trsys3.silent-moves s3 53’ bisim23 s2' s3' by blast
with bisim1’ show 3s3’. trsys3.silent-moves s8 s3' N (bisim12 op bisim23) s1' s3'
by (blast intro: bisim-composel)
next
fix s1 s3 s3'
assume bisim: (bisim12 op bisim23) sl s8 and tr3: trsys3.silent-move s3 s3'
from bisim obtain s2 where bisimI: bisim12 s1 s2 and bisim2: bisim23 s2 s3 by blast
from wb23.simulation-silent2[OF bisim2 tr3] obtain s2’
where tr2: trsys2.silent-moves s2 s2' and bisim2”: bisim23 s2' s3' by blast
from wb12.simulation-silents2[OF bisim1 tr2] obtain s1’
where trsysi.silent-moves s1 s1' bisim12 s1' s2' by blast
with bisim2’ show Js1’. trsysl.silent-moves s1 s1’' A (bisim12 op bisim23) s1’ s3'
by (blast intro: bisim-composel)
next
fix s1 s3 tl1 s1’
assume bisim: (bisim12 op bisim23) s1 s3
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and trl: trsysl sl tll s1’ and 71: -~ Tmovel sl tl1 s1’
from bisim obtain s2 where bisim1: bisim12 sl s2 and bisim2: bisim23 s2 s3 by blast
from wb12.simulationl [OF bisim1 tr1 T1] obtain s2’ s2' t12
where 1r21: trsys2.silent-moves s2 s2' and tr22: trsys2 s2’ tI2 s2' and 72: = Tmove2 s2’ ti2
82 12
and bisiml1’: bisim12 s1' s2' and tlsim1: tlsim12 tl1 tI2 by blast
from wb23.simulation-silents1 [OF bisim2 tr21] obtain s3’
where r31: trsys3.silent-moves s3 s3' and bisim2': bisim23 s2’ s3' by blast
from wb23.simulationl [OF bisim2' tr22 72| obtain s8" s3'" #l8
where trsys3.silent-moves s3' s3" trsys3 s3" t13 s3'"'
= Tmoved 53" tl13 53" bisim23 s2' 53" tlsim23 t12 tl3 by blast
with tr31 bisim1' tisim1
show 83’ 58" 3. trsys3.silent-moves s3 s3' N trsys3 s3' t13 s3" N = Tmoved s3' tl3 s3" A
(bisim12 op bisim23) s1' s8"" A (tlsim12 op tlsim23) tl1 ¢18
by (blast intro: rtranclp-trans bisim-composel)
next
fix s1 s3 tl3 s3'
assume bisim: (bisim12 op bisim23) sl s3
and tr3: trsys3 s3 tl3 s3’ and 78: = Tmoved s3 tl3 s3'
from bisim obtain s2 where bisimI1: bisim12 s1 s2 and bisim2: bisim23 s2 s3 by blast
from wb23.simulation2[OF bisim2 tr8 73] obtain s2’ s2' tI2
where tr21: trsys2.silent-moves s2 s2' and tr22: trsys2 s2' tI12 s2' and 72: = Tmove2 52’ t2
82 12
and bisim2”: bisim23 s2'" s3’ and tlsim2: tlsim23 tl2 tl3 by blast
from wb12.simulation-silents2[OF bisim1 tr21] obtain sI’
where tri11: trsysl.silent-moves s1 s1’ and bisim1": bisim12 s1’ s2’ by blast
from wb12.simulation2[OF bisim1’ tr22 t2] obtain s1’' s1'" tl1
where trsysl.silent-moves s1' s1' trsysl s1’ tl1 s1""
= Tmovel s1" tl1 s1"" bisim12 s1'" s2" tlsim12 tl1 t12 by blast
with ¢r11 bisim2' tlsim2
show ds1’ 51" tl1. trsysl.silent-moves s1 s1' A trsysl s1' tll s1" N = Tmovel s1' tll s1” A
(bisim12 op bisim23) s1" s3’ A (tlsim12 op tlsim23) tl1 tl3
by (blast intro: rtranclp-trans bisim-composel)
next
fix s1 s2
assume (bisim12 op bisim23) sl s2
thus Tirsys.tdiverge trsysl Tmowvel sl = Ttrsys.Tdiverge trsys3 Tmove3 s2
by (auto simp add: wb12.7diverge-bisim-inv wb23.7 diverge-bisim-inv)
qed
qed

lemma bisimulation-bisim-compose:

[ bisimulation trsysl trsys2 bisim12 tlsim12; bisimulation trsys2 trsys3 bisim23 tlsim23 |

= bisimulation trsysl trsys3 (bisim-compose bisim12 bisim23) (bisim-compose tlsim12 tlsim23)
unfolding delay-bisimulation-conv-bisimulation[symmetric]
by (rule delay-bisimulation-diverge-compose)

lemma delay-bisimulation-diverge-final-compose:

fixes Tmovel Tmove2

assumes wbisim12: delay-bisimulation-diverge-final trsysl trsys2 bisim12 tlsim12 Tmovel Tmove2
finall final2

and wbisim23: delay-bisimulation-diverge-final trsys2 trsyss bisim23 tlsim23 Tmove2 Tmoved final2
final3

shows delay-bisimulation-diverge-final trsysl trsys3 (bisim12 op bisim23) (tlsim12 op tlsim23)
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Tmovel Tmoved finall final3
proof —
interpret trsysi: ttrsys trsysl Tmovel .
interpret trsys2: ttrsys trsys2 Tmove2 .
interpret trsys3: Ttrsys trsys3 Tmoves .
interpret wb12: delay-bisimulation-diverge-final trsys1 trsys2 bisim12 tlsim12 Tmovel Tmove2 finall
final2
by (auto intro: wbisim12)
interpret wb23: delay-bisimulation-diverge-final trsys2 trsys3 bisim23 tlsim23 Tmove2 Tmoved final2
final3
by (auto intro: wbisim23)
interpret delay-bisimulation-diverge trsysl trsys3 bisim12 opg bisim23 tlsim12 op tlsim23 Tmovel
Tmoves
by (rule delay-bisimulation-diverge-compose)(unfold-locales)
show ?thesis
proof
fix s1 s3
assume (bisim12 op bisim23) s1 s3 finall s1
from «(bisim12 op bisim23) sl s3» obtain s2 where bisim12 s1 s2 and bisim23 s2 s3 ..
from wb12.finall-simulation]|OF <bisim12 sl s2) <finall s15)
obtain s2’ where trsys2.silent-moves s2 52’ bisim12 s1 52’ final2 s2' by blast
from wb23.simulation-silents1 [OF <bisim23 s2 s8» <trsys2.silent-moves s2 s2")
obtain s3’ where trsys3.silent-moves s3 s3' bisim23 s2' s3' by blast
from wb23.finall-simulation|OF <bisim23 s2’ s3" «final2 s2")]
obtain s3’ where trsys3.silent-moves s3' 8" bisim23 s2' s3" final3 s3" by blast
from <itrsys3.silent-moves 53 s3"y <trsys3.silent-moves 53’ 83"
have trsys3.silent-moves s8 s3'" by(rule rtranclp-trans)
moreover from <bisim12 sl s2'y <bisim23 s2’ 53"
have (bisim12 op bisim23) sl s3' ..
ultimately show 3s3’. trsys3.silent-moves s3 s3’ A (bisim12 op bisim23) sl s3’ A final3 s’
using <final3 s3""» by iprover
next
fix s1 s3
assume (bisim12 op bisim23) s1 s3 final3 s3
from «(bisim12 op bisim23) sl s3» obtain s2 where bisim12 s1 s2 and bisim23 s2 s3 ..
from wb23.final2-simulation|OF <bisim23 s2 s3» <final3 s3]
obtain s2’ where trsys2.silent-moves s2 52’ bisim23 s2' s3 final2 s2' by blast
from wb12.simulation-silents2[OF <bisim12 sl s2» <trsys2.silent-moves s2 s2")
obtain s!’ where trsys!.silent-moves s1 s1' bisim12 s1’ s2' by blast
from wb12.final2-simulation|OF <bisim12 s1’ s2’ <final2 s2")]
obtain s!’ where trsysl.silent-moves s1' s1"" bisim12 s1'" s2' finall s1" by blast
from <trsysl.silent-moves s1 s1’y <trsysl.silent-moves s1' s1'
have trsysi.silent-moves s1 s1'" by(rule rtranclp-trans)
moreover from <bisim12 s1” s2'y <bisim23 s2' 53>
have (bisim12 op bisim23) s1” s3 ..
ultimately show 3 s1’. trsysl.silent-moves s1 s1’ A (bisim12 op bisim23) s1’ s3 A finall s1’
using «finall s1'"y by iprover
qed
qed

end
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1.18 Bisimulation relations for the multithreaded semantics

theory FWBisimulation
imports

FWLTS

Bisimulation
begin

1.18.1 Definitions for lifting bisimulation relations

primrec nta-bisim : ('t = (z1 x 'm1, 2 x 'm2) bisim) = (('t,/z1,’m1) new-thread-action,
("t,’z2,'m2) new-thread-action) bisim

where

[code del]: nta-bisim bisim (NewThread t z m) ta = (3z' m’. ta = NewThread t £’ m’ A bisim t (z,
m) (z', m"))
| nta-bisim bisim (ThreadExists t b) ta = (ta = ThreadExists t b)

lemma nta-bisim-1-code [code]:

nta-bisim bisim (NewThread t x m) ta = (case ta of NewThread t' ' m’ = ¢t = t' A bisim t (z, m)
(z', m’) | - = False)
by (auto split: new-thread-action.split)

lemma nta-bisim-simps-sym [simp:
nta-bisim bisim ta (NewThread t x m) = (32’ m’. ta = NewThread t ' m’ A bisim t (z', m’) (z, m))
nta-bisim bisim ta (ThreadExists t b) = (ta = ThreadExists t b)

by(cases ta, auto)+

definition ta-bisim :: ('t = (‘z1 x 'm1, 'z2 x 'm2) bisim) = (('l,’t,’z1,’m1,'w,’0) thread-action,
('L't,"z2,'m2,'w,0) thread-action) bisim
where

ta-bisim bisim tal ta2 =

Jtat fr={ta2 fJyA{tal fw={ta2 fwA{tal fc={ta2 fcN{tal }o={ta2 [}o A { tal
bi=A ta2 }i A

list-all2 (nta-bisim bisim) { tal [y { ta2 [}y

lemma ta-bisim-empty [iff]: ta-bisim bisim €
by (auto simp add: ta-bisim-def)

lemma ta-bisim-¢ [simp]:

ta-bisim b € ta’ <— ta’ = € ta-bisim b ta € +— ta = ¢
apply(cases ta’, fastforce simp add: ta-bisim-def)
apply/(cases ta, fastforce simp add: ta-bisim-def)
done

lemma nta-bisim-mono:
assumes major: nta-bisim bisim ta ta’
and mono: At s1 s2. bisim t s1 s2 = bisim’ t s1 s2
shows nta-bisim bisim' ta ta’

using major by(cases ta)(auto intro: mono)

lemma ta-bisim-mono:
assumes magor: ta-bisim bistm tal ta2
and mono: At s1 s2. bisim t s1 s2 = bisim’ t sl s2
shows ta-bisim bisim’ tal ta2
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using major
by (auto simp add: ta-bisim-def elim!: List.list-all2-mono nta-bisim-mono intro: mono)

lemma nta-bisim-flip [flip-simps:
nta-bisim (At. flip (bisim t)) = flip (nta-bisim bisim)
by (rule ext)(case-tac x, auto simp add: flip-simps)

lemma ta-bisim-flip [flip-simps]:
ta-bisim (At. flip (bisim t)) = flip (ta-bisim bisim)
by (auto simp add: fun-eq-iff flip-simps ta-bisim-def)

locale FWhbisimulation-base =
r1: multithreaded-base finall r1 convert-RA +
r2: multithreaded-base final2 r2 convert-RA
for finall :: 'z1 = bool
and r! :: ('l,'t,’z1,'m1,'w,’0) semantics (- - —1—-— - [50, 0, 0, 50] 80)
and final2 :: 'x2 = bool
and 72 :: ('l,'t,'z2,'m2,'w,’0) semantics (-+ - —2—-— - [50, 0, 0, 50] 80)
and convert-RA :: 'l released-locks = 'o list
+
fixes bisim :: 't = ('z1 x 'm1, 'z2 X
and bisim-wait :: ('z1, 'z2) bisim (-] ~w
begin

'm2) bisim (- + -/ ~ - [50, 50, 50] 60)
- [50, 50] 60)

notation r1.redT-syntax! (- —1—->-— - [50,0,0,50] 80)
notation r2.redT-syntazl (- —2—->-— - [50,0,0,50] 80)

notation r1.RedT (- —1—>-—% - [50,0,50] 80)
notation 72.RedT (- —2—>-—x - [50,0,50] 80)

-F /U

-k (~/ )/ 2 [50,0,0] 81)
(-/ =)/ -/ 150,0,0,0] 81)
(=/ =)/ -/ 12 [50,0,0,0] 81)

notation r1.must-sync (
notation 72.must-sync (

notation r1.can-sync (- b
notation 72.can-sync (-
abbreviation ta-bisim-bisim-syntaz (-/ ~m - [50, 50] 60)
where tal ~m ta2 = ta-bisim bisim tal ta2

definition tbisim :: bool = 't = (‘z1 x 'l released-locks) option = 'm1 = (‘z2 x 'l released-locks)
option = 'm2 = bool where
Aln. thisim nw t ts1 m1 ts2 m2 +—
(case ts1 of None = ts2 = None
| |(z1, In)] = (F22. ts2 = | (22, In)] A t+ (21, m1) = (22, m2) A (nw V z1 =w 22)))

lemma thisim-Nonel: tbisim w t None m None m’
by (simp add: tbisim-def)

lemma tbisim-Somel:
AN [tE (z, m) = (z/, m); nwV z ~wz' ]| = thisim nw t (Some (z, In)) m (Some (z', In)) m
by (simp add: tbisim-def)

!

lemma tbisim-cases[consumes 1, case-names None Some]:
assumes major: thisim nw t tsl m1 ts2 m2
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and [ ts1 = None; ts2 = None | = thesis
and Az inz’ [ tsl = |(z, In)]; ts2 = [(2, In)]; t F (z, m1) = (z/, m2); nw V z ~w z' | = thesis
shows thesis

using assms

by (auto simp add: tbisim-def)

definition mbisim :: (('l,’t,/x1,'m1,'w) state, ('l,'t,’z2,'m2,'w) state) bisim (- =~m - [50, 50] 60)
where

sl ~m s2 =

finite (dom (thr s1)) A locks s1 = locks s2 N wset s1 = wset s2 N wset-thread-ok (wset s1) (thr s1)
A

interrupts s1 = interrupts s2 A

(Vt. thisim (wset s2 t = None) t (thr s1 t) (shr s1) (thr s2t) (shr s2))

lemma mbisim-thrNone-eq: s1 ~m s2 = thr s1 t = None «— thr s2t = None
unfolding mbisim-def tbisim-def

apply (clarify)

apply(erule allE[where z=t])

apply/(clarsimp)
done

lemma mbisim-thrD1:

Aln. [ s1 =m s2; thr s1 t = |(z, In)] ]

= Jz’ thrs2t=[(z/, In)|] At F (z, shr s1) = (', shr s2) A (wset s1 t = None V z ~w z’)
by (fastforce simp add: mbisim-def tbisim-def)

lemma mbisim-thrD2:
Aln. [ s1 =m s2; thr s2t = |(z, In)] ]
= Jz’ thrsit = [(z/, In)] At F (2, shr s1) =~ (z, shr s2) A (wset s2t = None V &’ ~w x)
by (frule mbisim-thrNone-eq[where t=t|)(cases thr s1 t,(fastforce simp add: mbisim-def tbisim-def)+)

lemma mbisim-dom-eq: s1 ~m s2 = dom (thr s1) = dom (thr s2)
apply(clarsimp simp add: dom-def fun-eq-iff simp del: not-None-eq)
apply(rule Collect-cong)

apply(drule mbisim-thrNone-eq)

apply(simp del: not-None-eq)

done

lemma mbisim-wset-thread-ok1:
sl mm s2 = wset-thread-ok (wset s1) (thr s1)
by (clarsimp simp add: mbisim-def)

lemma mbisim-wset-thread-ok2:
assumes sI ~m s2
shows wset-thread-ok (wset s2) (thr s2)
using assms
apply(clarsimp simp add: mbisim-def)
apply (auto intro!: wset-thread-okl simp add: mbisim-thrNone-eq[OF assms, THEN sym)| dest: wset-thread-okD)
done

lemma mbisimlI:
[ finite (dom (thr s1)); locks s1 = locks s2; wset s1 = wset s2; interrupts s1 = interrupts s2;
wset-thread-ok (wset s1) (thr s1);
At. thr s1 t = None = thr s2 t = None;



155

At xl In. thr s1t = |(21, In)] = F22. thr s2t = | (22, In)] At F (x1, shr sl) = (22, shr s2)
A (wset s2 t = None V 21 ~w z2) ]
= sl =~m s2
by (fastforce simp add: mbisim-def tbisim-def)

lemma mbisimI2:
[ finite (dom (thr s2)); locks s1 = locks s2; wset s1 = wset s2; interrupts s1 = interrupts s2;
wset-thread-ok (wset s2) (thr s2);
At. thr s2 t = None = thr s1 t = None;
At z2in. thr s2t = (22, In)| = Fal. thr sl t = [(x1, In)] At F (21, shrsl) ~ (22, shr s2)
A (wset s2 t = None V x1 ~w z2) |
= s1 =~m s2
apply(auto simp add: mbisim-def tbisim-def)
prefer 2
apply(rule wset-thread-okI)
apply(case-tac thr s2 t)
apply(auto dest!: wset-thread-okD)[1]
apply fastforce
apply(erule back-substjwhere P=finite])
apply(clarsimp simp add: dom-def fun-eq-iff simp del: not-None-eq)
defer
apply(rename-tac t)
apply (case-tac [!] thr s2 t)
by fastforce+

lemma mbisim-finitel :
s1 ~m $2 = finite (dom (thr s1))
by (simp add: mbisim-def)

lemma mbisim-finite2:
s1 =m s2 = finite (dom (thr s2))
by (frule mbisim-finitel)(simp add: mbisim-dom-eq)

definition mita-bisim :: ('t x ('l,’t,'x1,'m1,'w,’0) thread-action,
t x ('l,'t,’z2,'m2,'w, 0) thread-action) bisim
(-/ ~T - [50, 50] 60)
where ttal ~T tta2 = fst ttal = fst tta2 N snd ttal ~m snd tta2

lemma mta-bisim-conv [simp]: (¢, tal) ~T (¢, ta2) «— t = t' A tal ~m ta2
by (simp add: mta-bisim-def)

definition bisim-inv :: bool where
bisim-inv = (Vs1 tal s’ s2t. th sl =2 — thk sl —1—tal— s1’' — (Fs2’. tF s1' =~ s2')) A
(Vs2ta2s2' sl t. th sl ~s2 —th s2 —2—ta2— s2' — (s1'. t+ s1’' = s27))

lemma bisim-invl:
T Asttal s1'"s2t. [tk sl ~s2;tk sl —1—tal— sl’'] = Fs2". tF s1' = s2;
Ns2ta2s2' s1t. [th sl ~s2;th s2 —2—ta2— s2'] = sl thk s1'~ s2']
= bisim-inv
by (auto simp add: bisim-inv-def)

lemma bisim-invD1:
[ bisim-inv; t & s1 & s2; tF s1 —1—tal— s1'] = Is2". t+ s1’' = 52’
unfolding bisim-inv-def by blast
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lemma bisim-invD2:
[ bisim-inv; t b s1 ~ s2; tF s2 —2—ta2— s2' | = Js1' t+ s1' = s2’
unfolding bisim-inv-def by blast

lemma thread-oks-bisim-inv:
[Vt ts1 t = None «— ts2 t = None; list-all2 (nta-bisim bisim) tasl tas2 |
= thread-oks tsl tasl <— thread-oks ts2 tas?2
proof (induct tas2 arbitrary: tasl ts1 ts2)
case Nil thus ?case by(simp)
next
case (Cons ta2 TAS2 tas1 TS1 TS2)
note IH = «\tsl tasl ts2. [ Vt. ts1 t = None «— ts2 t = None; list-all2 (nta-bisim bisim) tasl
TAS2 |
= thread-oks tsl tasl <— thread-oks ts2 TAS2»
note eqNone = «Vt. TSI t = None «— TS2 t = None[rule-format]
hence fti: free-thread-id TS1 = free-thread-id TS2 by(auto simp add: free-thread-id-def)
from <list-all2 (nta-bisim bisim) tasl (ta2 # TAS2)»
obtain tal TAS! where tas! = tal # TAS1 nta-bisim bisim tal ta?2 list-all2 (nta-bisim bisim)
TAS1 TAS?2
by (auto simp add: list-all2-Cons?2)
moreover
{ fixt
from «nta-bisim bisim tal ta2) have redT-updT’ TS1 tal t = None +— redT-updT' TS2 ta2 t =
None
by(cases tal, auto split: if-split-asm simp add: eqNone) }
ultimately have thread-oks (redT-updT' TS1 tal) TAS! <— thread-oks (redT-updT’ TS2 ta2)
TAS2
by —(rule IH, auto)
moreover from <nta-bisim bisim tal ta2> fti have thread-ok TS1 tal = thread-ok TS2 ta2 by(cases
tal, auto)
ultimately show ?case using <tasl = tal # TASI> by auto
qed

lemma red T-updT-nta-bisim-inv:

[ nta-bisim bisim tal ta2; ts1 T = None <— ts2 T = None | = redT-updT tsl tal T = None
< redT-updT ts2 ta2 T = None
by (cases tal, auto)

lemma redT-updTs-nta-bisim-inv:

[ list-all2 (nta-bisim bisim) tasl tas2; ts1 T = None <— ts2 T = None |

= redT-updTs ts1 tas1 T = None +— redT-updTs ts2 tas2 T = None
proof (induct tasl arbitrary: tas2 tsl ts2)

case Nil thus ?case by(simp)
next

case (Cons TA1 TASI tas2 TS1 TS2)

note IH = (\tas2 ts1 ts2. [list-all2 (nta-bisim bisim) TASI tas2; (ts1 T = None) = (ts2 T =
None)]

= (redT-updTs ts1 TAS1 T = None) = (redT-updTs ts2 tas2 T = None))

from <list-all2 (nta-bisim bisim) (TA1 # TAS1) tas2»

obtain TA2 TAS2 where tas2 = TA2 # TAS2 nta-bisim bisim TA1 TA2 list-all2 (nta-bisim bisim)
TAS1 TAS2

by (auto simp add: list-all2-Consl)
from «nta-bisim bisim TAI TA2) «(TS1 T = None) = (TS2 T = None)»
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have redT-updT TS1 TA1 T = None +— redT-updT TS2 TA2 T = None
by (rule red T-upd T-nta-bisim-inv)
with IH[OF <list-all2 (nta-bisim bisim) TAS1 TAS2», of redT-updT TS1 TA1 redT-updT TS2 TA2]
<tas2 = TA2 # TAS2»
show ?case by simp
qed

end

lemma tbisim-flip [flip-simps]:
FWhoisimulation-base.tbisim (At. flip (bisim t)) (flip bisim-wait) w t ts2 m2 ts1 m1 =
FWhisimulation-base.tbisim bisim bisim-wait w t ts1 ml1 ts2 m2

unfolding FWhbisimulation-base.tbisim-def flip-simps by auto

lemma mbisim-flip [flip-simps]:
FWhbisimulation-base.mbisim (At. flip (bisim t)) (flip bisim-wait) s2 s1 =
FWhisimulation-base.mbisim bisim bisim-wait s1 s2
apply (rule iffI)
apply (frule FWbisimulation-base.mbisim-dom-eq)
apply (frule FWbisimulation-base.mbisim-wset-thread-ok2)
apply (fastforce simp add: FWhbisimulation-base.mbisim-def flip-simps)
apply (frule FWhbisimulation-base.mbisim-dom-eq)
apply(frule FWbisimulation-base.mbisim-wset-thread-ok2)
apply (fastforce simp add: FWhbisimulation-base.mbisim-def flip-simps)
done

lemma mta-bisim-flip [flip-simps]:
FWhbisimulation-base.mta-bisim (At. flip (bisim t)) = flip (FWhbisimulation-base.mta-bisim bisim)
by (auto simp add: fun-eq-iff flip-simps FWbisimulation-base.mta-bisim-def)

lemma flip-const [simp]: flip (Aa b. ¢) = (Aa b. ¢)
by (rule flip-def)

lemma mbisim-K-flip [flip-simps]:
FWhoisimulation-base.mbisim (At. flip (bisim t)) (Azl 22. ¢) sl s2 =
FWhisimulation-base.mbisim bisim (Azl 2. ¢) s2 sl

using mbisim-flip[of bisim Azl x2. ¢ s1 s2]

unfolding flip-const .

context FWhisimulation-base begin

lemma mbisim-actions-ok-bisim-no-join-12:
assumes mbisim: mbisim s1 s2
and collect-cond-actions {tallc = {}
and ta-bisim bisim tal ta2
and r!.actions-ok s1 t tal
shows r2.actions-ok s2 t ta2
using assms mbisim-thrNone-eq| OF mbisim]
by (auto simp add: ta-bisim-def mbisim-def intro: thread-oks-bisim-inv| THEN iffD1] r2.may-join-cond-action-oks)

lemma mbisim-actions-ok-bisim-no-join-21:
[ mbisim s1 s2; collect-cond-actions {ta2]c = {}; ta-bisim bisim tal ta2; r2.actions-ok s2 t ta2 |
= rl.actions-ok s1 t tal

using FWhbisimulation-base.mbisim-actions-ok-bisim-no-join-12[where bisim=At. flip (bisim t) and
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bisim-wait=flip bisim-wait)
unfolding flip-simps .

lemma mbisim-actions-ok-bisim-no-join:
[ mbisim s1 s2; collect-cond-actions {tall}. = {}; ta-bisim bisim tal ta2 |
= rl.actions-ok sl t tal = r2.actions-ok s2 t ta2

apply (rule iffI)

apply (erule (3) mbisim-actions-ok-bisim-no-join-12)

apply (erule mbisim-actions-ok-bisim-no-join-21 [where ?ta2.0 = ta2))
apply(simp add: ta-bisim-def)

apply assumption+

done

end

locale FWhbisimulation-base-aux = FWbisimulation-base +
r1: multithreaded finall r1 convert-RA +
r2: multithreaded final2 r2 convert-RA +
constrains finall :: 'z1 = bool
and r! :: ('l,'t,)z1,'m1,'w, ‘o) semantics
and final2 :: 'z2 = bool
and r2 :: ('l,'t,’z2,'m2,'w, '0) semantics
and convert-RA :: 'l released-locks = "o list
and bisim :: 't = ('z1 x 'm1, 'z2 x 'm2) bisim
and bisim-wait :: ('z1, 'z2) bisim

begin

lemma FWhbisimulation-base-aux-flip:
FWhbisimulation-base-aux final2 r2 finall 11
by (unfold-locales)

end

lemma FWhbisimulation-base-auz-flip-simps [flip-simps]:

FWhbisimulation-base-aux final2 r2 finall r1 = FWhbisimulation-base-aux finall r1 final2 r2

by (blast intro: FWhbisimulation-base-auz. F Wbisimulation-base-auz-flip)

sublocale FWhisimulation-base-aur < mthr:
bisimulation-final-base
rl.redT
r2.redT
mbisim
mta-bisim
r1.mfinal
r2.mfinal

declare split-paired-Ez [simp del]

1.18.2 Lifting for delay bisimulations

locale FWdelay-bisimulation-base =
FWhbisimulation-base - - - r2 convert-RA bisim bisim-wait +
r1: Tmultithreaded finall r1 convert-RA Tmovel +



159

r2: Tmultithreaded final2 r2 convert-RA Tmove2
for r2 :: ('l,’t,’z2,'m2,'w,’0) semantics (-+ - —2—-— - [50,0,0,50] 80)
and convert-RA :: 'l released-locks = 'o list
and bisim 2 't = ('z1 x 'm1, 'z2 X 'm2) bisim (- -/ = - [50, 50, 50] 60)
and bisim-wait :: ('z1, 'z2) bisim (-/ ~w - [50, 50] 60
and Tmovel :: ('l,’t,'x1,'m1,"w,’0) Tmoves
and Tmove2 :: ('l,'t,'x2,'m2,"w,’0) Tmoves
begin

abbreviation Tmred! :: (l,'t,’z1,'m1,'w) state = ('l,’t,’z1,'m1,'w) state = bool
where Tmredl = r1.vmredT

abbreviation Tmred2 :: ('l,’t,’x2,'m2,'w) state = ('l,’t,'z2,'m2,'w) state = bool
where Tmred2 = r2.7mredT

abbreviation mrmovel :: (('l,'t,’z1,'m1,'w) state, 't x ('l,'t,’z1,'m1,'w,’0) thread-action) trsys
where mrTmovel = rl1.mrTmove

abbreviation mrmove2 :: (('l,’t,’z2,'m2,'w) state, 't x ('l,’t,’z2,'m2,'w,’0) thread-action) trsys
where mrmove2 = r2.mrmove

abbreviation TmRed! :: ('l,'t,’z1,'m1,'w) state = ('l,'t,’z1,'m1,'w) state = bool
where TmRedl = Tmredl *x

abbreviation TmRed2 :: ('l,'t,’z2,'m2,'w) state = ('l,’t,’z2,'m2,'w) state = bool
where TmRed2 = Tmred2

abbreviation TmtRed1 :: ('l,'t,’z1,'m1,'w) state = ('1,t,’z1,’m1,'w) state = bool
where TmtRedl = Tmredl 4+

abbreviation TmtRed2 :: ('l,’t,’z2,'m2,'w) state = ('l,’t,’z2,'m2,'w) state = bool
where TmtRed2 = Ttmred2 ++

lemma bisim-inv-tsI-inv:

assumes inv: bisim-inv

and bisim: t + s1 =~ s2

and red: r1.silent-moves t sl s1’

obtains s2’ where t - 51’ ~ 52’
proof (atomize-elim)

from red bisim show 3s2’. t + s1’' ~ 52’

by (induct rule: rtranclp-induct)(fastforce elim: bisim-invD1[OF inv])+

qed

lemma bisim-inv-Ts2-inv:

assumes inv: bisim-inv

and bisim: t + s1 = s2

and red: r2.silent-moves t s2 s2’

obtains sI’ where t - s1’ ~ 52’
proof (atomize-elim)

from red bisim show JIs1’. t+ s1’' ~ 52’

by (induct rule: rtranclp-induct)(fastforce elim: bisim-invD2[OF inv])+

qed

primrec activate-cond-actionl :: ('l,’t,'x1,'m1,'w) state = ('l,'t,’z2,'m2,'w) state =
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't conditional-action = ('l,'t,’z1,'m1,'w) state
where
activate-cond-actionl s1 s2 (Join t) =
(case thr s1 t of None = sl
| |(z1, In1)] = (case thr s2 t of None = sl
| (22, In2)] =
if final2 x2 A In2 = no-wait-locks
then redT-upd-€ s1t
(SOME =x1'. r1.silent-moves t (z1, shr s1) (z1’, shr s1) A finall z1' A
t b (z1') shrsl) =~ (22, shr s2))
(shr s1)
else s1))
| activate-cond-actionl s1 s2 Yield = si

primrec activate-cond-actions! = ('1,'t,'x1,'m1,'w) state = ('l,'t,’z2,'m2,'w) state
= ('t conditional-action) list = ('l,'t,’z1,'m1,'w) state
where
activate-cond-actions! s1 s2 || = sl
| activate-cond-actionsl s1 s2 (ct # cts) = activate-cond-actions! (activate-cond-actionl s1 s2 ct) s2
cts

primrec activate-cond-action2 :: ('l,’t,'x1,'m1,'w) state = ('l,'t,’z2,'m2,'w) state =
't conditional-action = ('l,'t,'z2,'m2,'w) state
where
activate-cond-action?2 s1 s2 (Join t) =
(case thr s2 t of None = s2
| | (22, In2)] = (case thr s1 t of None = s2
| |(z1, Inl)] =
if finall x1 A Inl = no-wait-locks
then redT-upd-¢€ s2 t
(SOME z2'. r2.silent-moves t (2, shr s2) (z2', shr s2) A final2 z2' A
t & (z1, shrsl) =~ (22, shr s2))
(shr s2)
else s2))
| activate-cond-action2 s1 s2 Yield = s2

primrec activate-cond-actions2 :: ('l,’t,’x1,'m1,'w) state = ('l,'t,’z2,'m2,'w) state =
("t conditional-action) list = ('l,’t,’z2,'m2,'w) state
where
activate-cond-actions2 s1 s2 || = s2
| activate-cond-actions2 s1 s2 (ct # cts) = activate-cond-actions2 s1 (activate-cond-action2 s1 s2 ct)
cts

end

lemma activate-cond-action1-flip [flip-simps]:
FWdelay-bisimulation-base.activate-cond-action! final2 r2 finall (At. flip (bisim t)) Tmove2 s2 sl =
FWdelay-bisimulation-base.activate-cond-action2 finall final2 r2 bisim Tmove2 s1 s2

apply(rule ext)

apply(case-tac x)

apply(simp-all only: FWdelay-bisimulation-base.activate-cond-actionl .simps

FWdelay-bisimulation-base. activate-cond-action2.simps flip-simps)
done
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lemma activate-cond-actions1-flip |flip-simps]:
FWdelay-bisimulation-base.activate-cond-actions! final2 r2 finall (At. flip (bisim t)) Tmove2 s2 si

FWdelay-bisimulation-base.activate-cond-actions2 finall final2 r2 bisim Tmove2 sl s2

(is ?lhs = %rhs)
proof (rule ext)

fix xs

show ?lhs xs = %rhs xs

by (induct zs arbitrary: s2)
(simp-all only: FWdelay-bisimulation-base.activate-cond-actions! .simps
FWdelay-bisimulation-base. activate-cond-actions2.simps flip-simps)

qed

lemma activate-cond-action2-flip [flip-simps|:
FWdelay-bisimulation-base.activate-cond-action?2 final2 finall r1 (Mt. flip (bisim t)) Tmovel s2 sl =
FWdelay-bisimulation-base.activate-cond-actionl finall 1 final2 bisim Tmovel s1 s2

apply(rule ext)

apply(case-tac x)

apply(simp-all only: FWdelay-bisimulation-base.activate-cond-actionl .simps

FWdelay-bisimulation-base.activate-cond-action2.simps flip-simps)
done

lemma activate-cond-actions2-flip |flip-simps]:
FWdelay-bisimulation-base. activate-cond-actions2 final2 finall r1 (At. flip (bisim t)) Tmovel s2 s1

FWdelay-bisimulation-base.activate-cond-actions finall r1 final2 bisim Tmovel sl s2

(is ?lhs = ?rhs)
proof (rule ext)

fix xs

show ?lhs xs = %rhs xs

by (induct zs arbitrary: s1)
(simp-all only: FWdelay-bisimulation-base.activate-cond-actionsl .simps
FWdelay-bisimulation-base. activate-cond-actions2.simps flip-simps)

qed

context FWdelay-bisimulation-base begin

lemma shr-activate-cond-actionl [simp]: shr (activate-cond-actionl sl s2 ct) = shr sl
by (cases ct) simp-all

lemma shr-activate-cond-actions! [simp]: shr (activate-cond-actions] s1 s2 cts) = shr sl
by (induct cts arbitrary: s1) auto

lemma shr-activate-cond-action2 [simp|: shr (activate-cond-action2 s1 s2 ct) = shr s2
by (cases ct) simp-all

lemma shr-activate-cond-actions2 [simpl: shr (activate-cond-actions2 s1 s2 cts) = shr s2
by (induct cts arbitrary: s2) auto

lemma locks-activate-cond-actionl [simp]: locks (activate-cond-actionl sl s2 ct) = locks sl
by (cases ct) simp-all

lemma locks-activate-cond-actions! [simp]: locks (activate-cond-actionsl s1 s2 cts) = locks s1
by (induct cts arbitrary: s1) auto
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lemma locks-activate-cond-action2 [simp]: locks (activate-cond-action2 s1 s2 ct) = locks s2
by (cases ct) simp-all

lemma locks-activate-cond-actions2 [simp]: locks (activate-cond-actions2 sl s2 cts) = locks s2
by (induct cts arbitrary: s2) auto

lemma wset-activate-cond-actionl [simp]: wset (activate-cond-actionl s1 s2 ct) = wset s1
by (cases ct) simp-all

lemma wset-activate-cond-actions! [simpl: wset (activate-cond-actionsl s1 s2 cts) = wset sl
by (induct cts arbitrary: s1) auto

lemma wset-activate-cond-action2 [simp|: wset (activate-cond-action2 s1 s2 ct) = wset s2
by (cases ct) simp-all

lemma wset-activate-cond-actions2 [simpl: wset (activate-cond-actions2 sl s2 cts) = wset s2
by (induct cts arbitrary: s2) auto

lemma interrupts-activate-cond-actionl [simp|: interrupts (activate-cond-actionl sl s2 ct) = inter-
rupts sl
by(cases ct) simp-all

lemma interrupts-activate-cond-actions! [simp]: interrupts (activate-cond-actionsl s1 s2 cts) = inter-
rupts sl
by (induct cts arbitrary: s1) auto

lemma interrupts-activate-cond-action2 [simp]: interrupts (activate-cond-action2 s1 s2 ct) = inter-
rupts s2
by (cases ct) simp-all

lemma interrupts-activate-cond-actions2 [simp]: interrupts (activate-cond-actions2 s1 s2 cts) = inter-
rupts s2
by (induct cts arbitrary: s2) auto

end

locale FWdelay-bisimulation-lift-auz =
FWdelay-bisimulation-base - - - - - - - Tmovel Tmove2 +
r1: Tmultithreaded-wf finall r1 convert-RA Tmovel +
r2: Tmultithreaded-wf final2 r2 convert-RA Tmove2
for Tmovel :: ('l,'t,’z1,'m1,'w,’0) Tmoves
and Tmove2 :: (','t,’x2,'m2,'w,’0) Tmoves

begin

lemma FWdelay-bisimulation-lift-auzx-flip:
FWdelay-bisimulation-lift-auz final2 r2 finall v1 Tmove2 Tmovel
by unfold-locales

end
lemma FWdelay-bisimulation-lift-auz-flip-simps [flip-simps]:

FWdelay-bisimulation-lift-auz final2 r2 finall r1 Tmove2 Tmovel =
FWdelay-bisimulation-lift-auz finall 1 final2 r2 Tmovel Tmove2
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by (auto dest: FWdelay-bisimulation-lift-aux. FWdelay-bisimulation-lift-auz-flip simp only: flip-flip)
context FWdelay-bisimulation-lift-aur begin

lemma cond-actions-ok-Tmred1-inv:

assumes red: Tmredl s1 s1’

and ct: r1.cond-action-ok sl t ct

shows r1.cond-action-ok s1't ct
using ct
proof(cases ct)

case (Join t’)

show ?thesis using red ct

proof(cases thr s1 t’)

case None with red ct Join show ?thesis
by (fastforce elim!: r1.mthr.silent-move.cases r1.redT.cases r1.mTmove.cases rtrancl3p-cases
dest: r1.silent-tl split: if-split-asm)
next
case (Some a) with red ct Join show ?thesis
by (fastforce elim!: r1.mthr.silent-move.cases r1.redT.cases r1.m7Tmove.cases rtrancl3p-cases
dest: r1.silent-tl r1.final-no-red split: if-split-asm simp add: red T-upd Ws-def)

qed
next

case Yield thus ?thesis by simp
qed

lemma cond-actions-ok-Tmred2-inv:
[ Tmred2 s2 s2'; r2.cond-action-ok s2 t ct | = r2.cond-action-ok s2' t ct
using FWdelay-bisimulation-lift-auz.cond-actions-ok-rmred1-inv]| OF FWdelay-bisimulation-lift-auz-flip)

lemma cond-actions-ok-rmRedI-inv:
[ TmRedl s1 s1'; r1.cond-action-ok s1 t ct | = r1.cond-action-ok s1’ t ct
by (induct rule: rtranclp-induct)(blast intro: cond-actions-ok-rmred1-inv)+

lemma cond-actions-ok-rmRed2-inv:
[ TmRed2 s2 s2'; r2.cond-action-ok s2 t ct | = r2.cond-action-ok s2' t ct
by (rule FWdelay-bisimulation-lift-auz.cond-actions-ok-rmRed1-inv| OF FWdelay-bisimulation-lift-auz-flip])

end

locale FWdelay-bisimulation-lift =
FWdelay-bisimulation-lift-aux +
constrains finall :: 'x1 = bool
and 71 :: ("I, 't, 'z1, 'm1, 'w, '0) semantics
and final2 :: 'z2 = bool
and r2 :: (l, 't, 'z2, 'm2, 'w, '0) semantics
and convert-RA :: 'l released-locks = "o list
and bisim :: 't = (‘z1 x 'm1, "2 x 'm2) bisim
and bisim-wait = ('z1, 'z2) bisim
and Tmovel :: ('l 't, 'z1, 'm1, 'w, '0) Tmoves
and Tmove2 :: ('l, 't, 'z2, 'm2, 'w, '0) Tmoves
assumes Tinv-locale: Tinv (r1 t) (r2 t) (bisim t) (ta-bisim bisim) Tmovel Tmove2

sublocale FWdelay-bisimulation-lift < Tinv r1 t r2 t bisim t ta-bisim bisim Tmovel Tmove2 for t
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by (rule Tinv-locale)
context FWdelay-bisimulation-lift begin

lemma FWdelay-bisimulation-lift-flip:
FWdelay-bisimulation-lift final2 r2 finall r1 (At. flip (bisim t)) Tmove2 Tmovel
apply(rule FWdelay-bisimulation-lift.intro)
apply(rule FWdelay-bisimulation-lift-aua-flip)
apply(rule FWdelay-bisimulation-lift-azioms.intro)
apply (unfold flip-simps)
apply (unfold-locales)
done

end

lemma FWdelay-bisimulation-lift-flip-simps [flip-simps]:
FWdelay-bisimulation-lift final2 r2 finall 1 (At. flip (bisim t)) Tmove2 Tmovel =
FWdelay-bisimulation-lift finall r1 final2 r2 bisim Tmovel Tmove2

by(auto dest: FWdelay-bisimulation-lift. F Wdelay-bisimulation-lift-flip simp only: flip-flip)

context FWdelay-bisimulation-lift begin

lemma 7inv-lift: Tinv r1.redT r2.redT mbisim mita-bisim mTmovel mTmove2
proof
fix s s2 tll s1' t12 s2'
assume s1 ~m s2 s1’ ~m s2' tll ~T t12 r1.redT s1 tl1 s1’ r2.redT s2 t12 s2’
moreover obtain ¢ tal where tl1: tll = (¢, tal) by(cases tl1)
moreover obtain t’ ta2 where t12: {12 = (', ta2) by(cases ti2)
moreover obtain Is! ts! wsl ml is] where s1: s1 = (ls1, (ts1, m1), wsl, is1) by(cases s1)
fastforce
moreover obtain Is2 ts2 ws2 m2 is2 where s2: s2 = (Is2, (ts2, m2), ws2, is2) by(cases s2)
fastforce
moreover obtain [s1’ ts1’ wsl’ m1’ is1’ where s1” s1’ = (Is1’, (ts1', m1’), ws1’, is1’) by(cases
s1') fastforce
moreover obtain Is2’ ts2' ws2' m2' is2’ where s2" s2' = (Is2', (ts2', m2'), ws2’, is2’) by(cases
s2") fastforce
ultimately have mbisim: (Is1, (ts1, m1), wsl, isl) ~=m (Is2, (ts2, m2), ws2, is2)
and mbisim”: (Is1’, (ts1’, m1"), ws1', is1') =m (Is2’, (ts2', m2'), ws2’, is2’)
and mredl: (Is1, (ts1, m1), wsl, is1) —1—t>tal— (Is1’, (ts1’, m1'), wsl’, is1’)
and mred2: (Is2, (ts2, m2), ws2, is2) —2—t>ta2— (Is2’, (ts2’, m2'), ws2’, is2’)
and tasim: tal ~m ta2 and it" t' = ¢ by simp-all
from mbisim have Is: Is] = Is2 and ws: ws! = ws2 and is: is] = is2
and tbisim: \t. tbisim (ws2 t = None) t (ts1 t) m1 (ts2 t) m2 by(simp-all add: mbisim-def)
from mbisim’ have Is" Is1’ = Is2' and ws”: wsl’ = ws2’ and is": is1’' = is2’
and thisim” \t. tbisim (ws2’'t = None) t (ts1't) m1' (ts2’t) m2’ by(simp-all add: mbisim-def)
from mred! r1.redT-thread-not-disappear] OF mred1]
obtain z1 Inl z1’ In1’ where tstl: tsl t = |(x1, Inl)]
and tst1'”: ts1’'t = |(z1', In1')]
by (fastforce elim!: r1.redT.cases)
from mred2 r2.redT-thread-not-disappear| OF mred?2)
obtain z2 [n2 22’ in2’ where tst2: ts2 t = |(22, In2)]
and #st2”: ts2' t = |(22', In2')| by(fastforce elim!: r2.redT .cases)
from tbisim[of t] tstl tst2 ws have bisim: t - (1, m1) = (22, m2)
and In: In1 = In2 by(auto simp add: thisim-def)
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from tbisim'[of t] tst1’ tst2’ have bisim” t + (x1', m1’) = (z2', m2’)
and In” In1’ = In2’' by(auto simp add: thisim-def)
show m7rmovel sl tll s1’' = mrTmove2 s2 ti2 s2’' unfolding sl s2 s1’ s2' tt' ti1 tI2
proof —
show mrmovel (lsl, (tsl, m1), wsl, is1) (¢, tal) (Is1’, (ts1’, m1’), wsl’, is1’) =
mrmove2 (Is2, (ts2, m2), ws2, is2) (t, ta2) (1s2’, (ts2’, m2'), ws2’, is2’)
(is ?lhs = ?rhs)
proof
assume mt: ?lhs
with tst1 tst1’ obtain 71: Tmovel (z1, m1) tal (x1', m1’)
and Inl: Inl = no-wait-locks by (fastforce elim!: r1.m7move.cases)
from 71 have tal = ¢ by(rule r1.silent-tl)
with mred! 71 tstl tst1’ Inl have redl: t+ (z1, m1) —1—tal— (x1', m1’)
by (auto elim!: r1.redT.cases rtrancl3p-cases)
from tasim <tal = > have [simp]: ta2 = ¢ by(simp)
with mred2 In1 In tst2 tst2’ have red2: t + (22, m2) —2—e— (22', m2’)
by (fastforce elim!: r2.redT.cases rtrancl3p-cases)
from 71 7Tinv[OF bisim redl red2] bisim’ tasim
have 72: Tmove2 (22, m2) € (22, m2’) by simp
with #st2 tst2' In Inl show 2rhs by —(rule r2.m7move.intros, auto)
next
assume mrt: ?rhs
with tst2 tst2’ obtain 72: Tmove2 (22, m2) ta2 (z2', m2’)
and In2: In2 = no-wait-locks by (fastforce elim!: r2.m7move.cases)
from 72 have ta2 = ¢ by(rule r2.silent-tl)
with mred2 72 ¢st2 tst2’ In2 have red2: t - (22, m2) —2—ta2— (z2', m2’)
by (auto elim!: r2.redT.cases rtrancl3p-cases)
from tasim <ta2 = e have [simp]: tal = ¢ by simp
with mred! In2 In tst1 tst1’ have redl: t - (z1, m1) —1—e— (x1’, m1’)
by (fastforce elim!: r1.redT.cases rtrancl3p-cases)
from 72 7Tinv[OF bisim redl red2] bisim’ tasim
have 71: Tmovel (z1, m1) e (z1’, m1’) by auto
with tst1 tst1’ in In2 show ?lhs unfolding <tal = &>
by—(rule r1.mrmove.intros, auto)
qed
qed
qed

end

sublocale FWdelay-bisimulation-lift < mthr: Tinv rl.redT r2.redT mbisim mta-bisim mTmovel mTmove2
by (rule Tinv-lift)

locale FWdelay-bisimulation-final-base =
FWdelay-bisimulation-lift-aur +
constrains finall :: 'x1 = bool
and r1 :: ('l,'t,’z1,'m1,'w, ‘o) semantics
and final2 :: 'z2 = bool
and 72 :: ('l,'t,’z2,'m2,'w, '0) semantics
and convert-RA :: 'l released-locks = 'o list
and bisim :: 't = (‘z1 x 'm1, "2 x 'm2) bisim
and bisim-wait :: ('z1, 'z2) bisim
and Tmovel = ('l,’t,’x1,'m1,'w, ‘o) Tmoves
and Tmove2 :: ('l,’t,'x2,'m2,"w, '0) Tmoves
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assumes delay-bisim-locale:
delay-bisimulation-final-base (r1 t) (r2t) (bisim t) Tmovel Tmove2 (A(zl, m). finall z1) (A(z2, m).
final2 z2)

sublocale FWdelay-bisimulation-final-base <
delay-bisimulation-final-base T1 t r2 t bisim t ta-bisim bisim Tmovel Tmove2
Az1, m). finall 1 X(z2, m). final2 z2
for ¢
by (rule delay-bisim-locale)

context FWdelay-bisimulation-final-base begin

lemma FWdelay-bisimulation-final-base-flip:
FWdelay-bisimulation-final-base final2 r2 finall v1 (At. flip (bisim t)) Tmove2 Tmovel
apply(rule FWdelay-bisimulation-final-base.intro)
apply (rule FWdelay-bisimulation-lift-auz-flip)
apply(rule FWdelay-bisimulation-final-base-azioms.intro)
apply(rule delay-bisimulation-final-base-flip)
done

end

lemma FWdelay-bisimulation-final-base-flip-simps [flip-simps]:
FWdelay-bisimulation-final-base final2 r2 finall r1 (At. flip (bisim t)) Tmove2 Tmovel =
FWdelay-bisimulation-final-base finall r1 final2 r2 bisim Tmovel Tmove2

by (auto dest: FWdelay-bisimulation-final-base. F Wdelay-bisimulation-final-base-flip simp only: flip-flip)

context FWdelay-bisimulation-final-base begin

lemma cond-actions-ok-bisim-ex- 1-inv:
fixes Is ts1 m1 ws is ts2 m2 ct
defines s1' = activate-cond-action! (ls, (ts1, m1), ws, is) (Is, (ts2, m2), ws, is) ct
assumes mbisim: A\t'. t' # t = thisim (ws t' = None) t’ (ts1 t') m1 (ts2t") m2
and tsit: ts1 t = Some zin
and ts2t: ts2 t = Some xln’
and ct: r2.cond-action-ok (Is, (ts2, m2), ws, is) t ct
shows TmRed! (ls, (ts1, m1), ws, is) s1’
and At t' # t = tbisim (ws t' = None) t’' (thr s1’ t') m1 (ts2 t’) m2
and r1.cond-action-ok s1' t ct
and thr s’ t = Some zin
proof —
have TmRed1 (Is, (ts1, m1), ws, is) s1’ A
(V' t' # t — thisim (ws t' = None) t' (thr s1' t') m1 (ts2 t’) m2) A
r1.cond-action-ok s1' t ct A thr s’ t = |zin]
using ct
proof (cases ct)
case (Join t')
show ?thesis
proof(cases ts1 t')
case None
with mbisim ts1t have t # ¢’ by auto
moreover from None Join have s1' = (Is, (ts1, m1), ws, is) by(simp add: s1’-def)
ultimately show ?thesis using mbisim Join ct None tsit by(simp add: tbisim-def)
next
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case (Some zln)
moreover obtain z1 In where zin = (z1, In) by(cases zin)
ultimately have tsit”: ts1 t' = |(z1, In)] by simp
from Join ct Some ts2t have tt”: t' # t by auto
from mbisim[OF tt'] ts1t’ obtain 22 where ts2t" ts2t' = | (22, In)|
and bisim: t'F (z1, m1) = (22, m2) by(auto simp add: thisim-def)
from ct Join ts2t’ have final2: final2 22 and In: In = no-wait-locks
and wst”: ws t' = None by simp-all
let 221’ = SOME x. r1.silent-moves t' (z1, m1) (z, m1) A finall x A t'F (z, m1) = (22, m2)
{ from final2-simulation|OF bisim] final2 obtain z1’ m1’
where r1.silent-moves t' (z1, m1) (z1', m1') and t'+ (z1’, m1’) =~ (22, m2)
and finall 1’ by auto
moreover hence m1’ = m1 using bisim by(auto dest: r1.red-rtrancl-t-heapD-inv)
ultimately have 3. rl.silent-moves t' (1, m1) (z, m1) A finall z A t'+ (x, m1) ~ (22,
m2)
by blast }
from somel-ex|OF this] have redl: ri.silent-moves t' (1, m1) (?z1’, m1)
and finall: finall ?z1’ and bisim” t' - (?21', m1) = (22, m2) by blast+
let 251" = redT-upd-¢ (s, (ts1, m1), ws, is) t’ %z1’ ml1
from r1.silent-moves-into-Red T--inv[where ?s=(Is, (ts1, m1), ws, is) and t=t', simplified, OF
red1]
bisim tsit’ In wst’
have Redl: TmRedl (Is, (ts1, m1), ws, is) 2S1' by auto
moreover from Join In tsit’ finall wst’ it’'
have ct” r1.cond-action-ok 251’ t ct by(auto intro: finfun-ext)
{ fix t"
assume ¢ # t''
with Join mbisim[OF this[symmetric]] bisim' ts1t’ ts2t’ wst’ s1’-def
have tbisim (ws t"" = None) t"" (thr s1' t") m1 (ts2 t”) m2
by (auto simp add: tbisim-def red T-updLns-def o-def finfun-Diag-const2) }
moreover from Join tsit’ ts2t’ final2 In have s1’ = 251’ by(simp add: s1’-def)
ultimately show ?thesis using Red! ct’ tsit’ tt’ tsit by(auto)
qed
next
case Yield thus %thesis using mbisim ts1t by(simp add: s1'-def)
qed
thus TmRed1 (Is, (ts1, m1), ws, is) s1’
and At t' # t = thisim (ws t' = None) t’ (thr s1’ t") m1 (ts2 t') m2
and r1.cond-action-ok s1' t ct
and thr s1’ ¢t = |zln] by blast+
qed

lemma cond-actions-oks-bisim-ex-1 1-inv:
fixes Is ts1 m1 ws is ts2 m2 cts
defines s1’ = activate-cond-actions1 (ls, (ts1, m1), ws, is) (Is, (ts2, m2), ws, is) cts
assumes thisim: N\t'. t' # t = thisim (ws t' = None) t' (ts1 t') m1 (¢s2t') m2
and tsit: ts1 t = Some zin
and ts2t: ts2 t = Some zin’
and ct: r2.cond-action-oks (s, (ts2, m2), ws, is) t cts
shows TmRed1 (s, (ts1, m1), ws, is) s1’
and At t' # t = thisim (ws t' = None) t' (thr s1’ t") m1 (ts2t’) m2
and r1.cond-action-oks s1't cts
and thr s1’' t = Some zin
using tbisim tsit ct unfolding si1’-def
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proof (induct cts arbitrary: tsl)
case (Cons ct cts)
note IH1 = (\tsl. [\t". t' # t = tbisim (ws t' = None) t’ (ts1 t') m1 (ts2t') m2; ts1 t = |zln];
r2.cond-action-oks (ls, (ts2, m2), ws, is) t cts]
= Tmredl** (Is, (ts1, m1), ws, is) (activate-cond-actions! (ls, (ts1, m1), ws, is) (s,
(ts2, m2), ws, is) cts)
note TH2 = <A\t' ts1. [t # t; \t'. t' # t = thisim (ws t' = None) t’ (ts1 t') m1 (ts2 t") m2; ts1
t = |zin];
r2.cond-action-oks (Is, (ts2, m2), ws, is) t cts]
= thisim (ws t' = None) t' (thr (activate-cond-actions! (Is, (ts1, m1), ws, is) (Is, (¢s2,
m2), ws, is) cts) t') m1 (ts2 t’) m2»
note IH3 = «\ts1. [\t’. t' # t = thisim (ws t' = None) t’ (ts1 t') m1 (ts2t") m2; tsl t = |zin];
r2.cond-action-oks (Is, (ts2, m2), ws, is) t cts]
= rl.cond-action-oks (activate-cond-actions!l (ls, (ts1, m1), ws, is) (Is, (ts2, m2), ws,
is) cts) t ctsy
note IH) = «\ts1. [\t'. t' # t = thisim (ws t' = None) t’ (ts1 t') m1 (¢s2t") m2; tsl t = |zin];
r2.cond-action-oks (Is, (ts2, m2), ws, is) t cts]
= thr (activate-cond-actions! (ls, (ts1, m1), ws, is) (Is, (ts2, m2), ws, is) cts) t = |zin]»
{ fix ts?
assume thisim: \t'. t' # t = thisim (ws t' = None) t’ (ts1 t') m1 (ts2t’) m2
and tsit: tsl t = |xin]
and ct: r2.cond-action-oks (s, (ts2, m2), ws, is) t (ct # cts)
from ct have 1: r2.cond-action-ok (ls, (¢ts2, m2), ws, is) t ct
and 2: r2.cond-action-oks (Is, (ts2, m2), ws, is) t cts by auto
let ?s1’ = activate-cond-actionl (Is, (ts1, m1), ws, is) (Is, (¢s2, m2), ws, is) ct
from cond-actions-ok-bisim-ex-1 1-inv[ OF tbisim, OF - tslt ts2t 1]
have tbisim” A\t'. t' # t = tbisim (ws t' = None) t’ (thr ?s1’ t") m1 (ts2 t') m2
and red: TmRed1 (Is, (ts1, m1), ws, is) ?s1’ and ct”: r1.cond-action-ok ?s1’t ct
and ts1't: thr 2s1’ t = |zln| by blast+
let 251" = activate-cond-actions! ?s1’ (Is, (ts2, m2), ws, is) cts
have locks ?s1’ = Is shr ?s1’ = m1 wset ?s1’ = ws interrupts ?s1’ = is by simp-all
hence s1": (Is, (thr ?s1', m1), ws, is) = ?s1’ by(cases ?s1’) auto
from [H1[OF tbisim’, OF - ts1't 2] s1’ have red”. TmRed1 ?s1' ?s1' by simp
with red show TmRed1 (Is, (ts1, m1), ws, is) (activate-cond-actions1 (ls, (ts1, m1), ws, is) (Is,
(ts2, m2), ws, is) (ct # cts))
by auto
{ fix ¢’
assume t't: t' # ¢
from [H2[OF t't thisim’, OF - ts1't 2] s1’
show tbisim (ws t’ = None) t’ (thr (activate-cond-actions1 (Is, (ts1, m1), ws, is) (Is, (ts2, m2),
ws, i8) (ct # cts)) t') m1 (ts2t') m2
by auto }
from red’ ct’ have r1.cond-action-ok ?s1'' t ct by(rule cond-actions-ok-rmRed1-inv)
with TH3[OF tbisim’, OF - ts1't 2] s1’
show r1.cond-action-oks (activate-cond-actions1 (ls, (ts1, m1), ws, is) (Is, (ts2, m2), ws, is) (ct
# cts)) t (ct # cts)
by auto
from ts1't IH4[OF tbisim’, OF - ts1't 2] s1’
show thr (activate-cond-actions1 (Is, (ts1, m1), ws, is) (Is, (ts2, m2), ws, is) (ct # cts)) t = |zin|
by auto }
qed(auto)

lemma cond-actions-ok-bisim-ex-T 2-inv:
fixes Is ts1 m1 is ws ts2 m2 ct
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defines s2’ = activate-cond-action2 (ls, (ts1, m1), ws, is) (Is, (ts2, m2), ws, is) ct
assumes mbisim: A\t'. t' # t = tbisim (ws t' = None) t’ (ts1 t') m1 (ts2t") m2
and tsit: tsl1 t = Some zin
and ts2t: ts2 t = Some zln’
and ct: r1.cond-action-ok (Is, (ts1, m1), ws, is) t ct
shows TmRed2 (ls, (ts2, m2), ws, is) s2'
and At'. t' # t = thisim (ws t' = None) t' (ts1 t') m1 (thr s2’ t') m2
and r2.cond-action-ok s2' t ct
and thr s2’ t = Some zin’
unfolding s2'-def
by (blast intro: FWdelay-bisimulation-final-base.cond-actions-ok-bisim-ex- 1-inv| OF FWdelay-bisimulation-final-base-flip,
where bisim-wait = flip bisim-wait, unfolded flip-simps, OF mbisim - - ct, OF - ts2t ts1t])+

lemma cond-actions-oks-bisim-ex-1 2-inv:
fixes Is ts1 m1 ws is ts2 m2 cts
defines s2’' = activate-cond-actions2 (ls, (ts1, m1), ws, is) (Is, (ts2, m2), ws, is) cts
assumes thisim: \t'. t' # t = thisim (ws t’ = None) t' (ts1 t") m1 (ts2t') m2
and tsit: tsl t = Some zin
and ts2t: ts2 t = Some zin’
and ct: r1.cond-action-oks (ls, (ts1, m1), ws, is) t cts
shows TmRed?2 (ls, (ts2, m2), ws, is) s2’
and At t' # t = thisim (ws t' = None) t’ (ts1 t') m1 (thr s2' t’) m2
and r2.cond-action-oks s2' t cts
and thr s2’' t = Some zin’
unfolding s2’-def
by (blast intro: FWdelay-bisimulation-final-base.cond-actions-oks-bisim-ex- 1-inv[OF FWdelay-bisimulation-final-base-flip,
where bisim-wait = flip bisim-wait, unfolded flip-simps, OF tbisim - - ct, OF - ts2t ts1t])+

lemma mfinall-inv-simulation:
assumes s! ~m s2
shows 32’ r2.mthr.silent-moves s2 s2' N s1 ~m s2' A\ rl.final-threads s1 C r2.final-threads s2’
A shr s2' = shr s2
proof —
from <s1 ~m s2> have finite (dom (thr s1)) by(auto dest: mbisim-finitel)
moreover have r1.final-threads s1 C dom (thr s1) by(auto simp add: r1.final-thread-def)
ultimately have finite (r1.final-threads s1) by(blast intro: finite-subset)
thus “thesis using sl ~m s2»
proof (induct A=r1.final-threads sl arbitrary: s1 s2 rule: finite-induct)
case empty
from «({} = rl.final-threads s1)[symmetric] have ¥ t. = r1.final-thread s1 t by(auto)
with <s! ~m s2> show ?case by blast
next
case (insert t A)
define s1’ where s1’ = (locks s1, ((thr s1)(t := None), shr s1), wset s1, interrupts s1)
define s2’ where 52’ = (locks s2, ((thr s2)(t := None), shr s2), wset s2, interrupts s2)
from <t ¢ Ay <insert t A = rl.final-threads s1» have A = r1.final-threads s1’
unfolding s1'-def by(auto simp add: r1.final-thread-def r1.final-threads-def)
moreover from <insert t A = rl.final-threads s1> have rl.final-thread s1 t by auto
hence wset s1 t = None by(auto simp add: r1.final-thread-def)
with «s1 ~m s2) have s1’ ~m s2’' unfolding sI’-def s2'-def
by (auto simp add: mbisim-def intro: tbisim-Nonel intro!: wset-thread-okl dest: wset-thread-okD
split: if-split-asm)
ultimately have 3s2'. r2.mthr.silent-moves s2' s2"" N s1’ ~m 52" A rl.final-threads s1’ C
r2.final-threads s2'" N shr s2' = shr s2' by(rule insert)
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then obtain s2’ where reds: r2.mthr.silent-moves s2' s2"
and s’ ~m s2" and fin: \t. r1.final-thread s1' t = r2.final-thread s2"' t and shr s2' = shr
s2' by blast
have thr s2’ t = None unfolding s2’-def by simp
with <r2.mthr.silent-moves s2’ s2'"
have r2.mthr.silent-moves (locks s2', ((thr s2')(t — the (thr s2 t)), shr s2'), wset s2’, interrupts
s2)
(locks s2", ((thr s2'")(t — the (thr s2 t)), shr s2"), wset s2", interrupts s2")
by (rule r2.7mRedT-add-thread-inv)
also let 252’ = (locks s2, ((thr s2'")(t — the (thr s2 t)), shr s2), wset s2, interrupts s2)
from «shr s2" = shr s2’ <s1' ~m s2"» <s1 ~m s2»
have (locks 2", ((thr s2')(t — the (thr s2 t)), shr s2"), wset s2”, interrupts s2') = 252"
unfolding s2’-def s1’-def by(simp add: mbisim-def)
also (back-subst) from <s1 ~m s2) have dom (thr s1) = dom (thr s2) by(rule mbisim-dom-eq)
with «<rl.final-thread s1 t» have t € dom (thr s2) by(auto simp add: r1.final-thread-def)
then obtain z2 In where tst2: thr s2 t = |(22, In)| by auto
hence (locks s2', ((thr s2)(t — the (thr s2 t)), shr s2'), wset s2', interrupts s2') = s2
unfolding s2’-def by(cases s2)(auto introl: ext)
also from «<s! ~m s2) tst2 obtain z1
where tst1: thr s1 t = [(z1, In)]|
and bisim: t - (z1, shr s1) ~ (22, shr s2) by(auto dest: mbisim-thrD2)
from <shr s2” = shr s2’» have shr 752" = shr s2 by(simp add: s2’-def)
from «r1.final-thread s1 t» tst1
have final: finall z1 In = no-wait-locks wset s1 t = None by(auto simp add: r1.final-thread-def)
with finall-simulation|OF bisim| <shr ?s2' = shr s2) obtain 2’ m2’
where red: r2.silent-moves t (22, shr 2s2") (x2', m2’)
and bisim” t & (z1, shr s1) ~ (22', m2') and final2 22’ by auto
from (wset s1 t = Noner <s1 ~m s2> have wset s2 t = None by(simp add: mbisim-def)
with bisim r2.silent-moves-into-Red T-T-inv[OF red] tst2 <In = no-wait-locks
have r2.mthr.silent-moves ?s2"' (redT-upd-c ?s2"' ¢t 22’ m2') unfolding s2’-def by auto
also (rtranclp-trans)
from bisim r2.red-rtrancl-t-heapD-inv| OF red] have m2’ = shr s2 by auto
hence s1 ~m (redT-upd-c ?s2" t 2’ m2’)
using «s1' ~m s2') <s1 ~m s2» tstl tst2 «shr 7s2' = shr s2» bisim’ <shr s2' = shr s2'» (wset
s2 t = None>
unfolding s1’-def s2'-def by(auto simp add: mbisim-def red T-updLns-def split: if-split-asm intro:
tbisim-Somel)
moreover {
fix ¢’
assume rl1.final-thread s1 t’
with fin[of t'] <final2 22"y tst2 <In = no-wait-locks) (wset s2 t = None» <s1’ ~=m s2'» (sl ~m
82y
have r2.final-thread (redT-upd-e 752" t 2’ m2’) t' unfolding s1’'-def
by (fastforce split: if-split-asm simp add: r2.final-thread-def r1.final-thread-def red T-updLns-def
finfun-Diag-const2 o-def mbisim-def)

moreover have shr (redT-upd-e ?s2" t 2’ m2’) = shr s2 using «m2’ = shr s2»> by simp
ultimately show ?case by blast
qed
qed

lemma mfinal2-inv-simulation:
sl =m s2 = Js1'. r1.mthr.silent-moves s1 s1’' N\ s1’ ~m s2 N\ 72.final-threads s2 C rl1.final-threads
s1’ A shr s1’ = shr sl
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using FWdelay-bisimulation-final-base.mfinall-inv-simulation]| OF FWdelay-bisimulation-final-base-flip,
where bisim-wait=flip bisim-wait]
by (unfold flip-simps)

lemma mfinall-simulation:
assumes s! ~m s2 and ri.mfinal s1
shows Js2’. r2.mthr.silent-moves s2 s2' A\ s1 ~m s2' A r2.mfinal s2' N shr s2' = shr s2
proof —
from mfinall-inv-simulation|OF <s1 ~m s2)]
obtain s2’ where 1: r2.mthr.silent-moves s2 s2' s1 ~m s2' shr s2’ = shr s2
and fin: A\t. r1.final-thread s1 t = r2.final-thread s2’ t by blast
have r2.mfinal s2'
proof(rule r2.mfinall)
fix t 22 In
assume thr s2’ t = | (22, In)]
with «s! ~m s2’» obtain 21 where thr s1 ¢t = [(z1, In)] t b (21, shr s1) ~ (22, shr s27)
by (auto dest: mbisim-thrD2)
from <thr s1 t = |(z1, In)|» <rl.mfinal s1» have rl.final-thread s1 t
by(auto elim!: r1.mfinalE simp add: r1.final-thread-def)
hence r2.final-thread s2' t by(rule fin)
thus final2 z2 A In = no-wait-locks N\ wset s2’' t = None
using <thr s2' t = | (22, In)]» by(auto simp add: r2.final-thread-def)
qged
with 1 show ?thesis by blast
qed

lemma mfinal2-simulation:
[ s1 ~m s2; r2.mfinal s2 |
= ds1’. r1.mthr.silent-moves s1 s1' A s1’ ~m s2 A r1.mfinal s1’ N\ shr s1' = shr s1
using FWdelay-bisimulation-final-base.mfinall-simulation| OF FWdelay-bisimulation-final-base-flip, where
bisim-wait = flip bisim-wait)
by (unfold flip-simps)

end

locale FWdelay-bisimulation-obs =
FWdelay-bisimulation-final-base - - - - - - - Tmovel Tmove2
for Tmovel :: (','t,’z1,'m1,'w, '0) Tmoves
and Tmove2 :: ('l,’t,'z2,'m2,"w, '0) Tmoves +
assumes delay-bisimulation-obs-locale: delay-bisimulation-obs (r1 t) (r2t) (bisim t) (ta-bisim bisim)
Tmovel Tmove2
and bisim-inv-red-other:
[t'F (z, m1) = (zx, m2); t - (z1, ml) = (22, m2);
r1.silent-moves t (x1, m1) (z1', m1);
tk(x1’, m1) —1—tal— (x1”, m1’); = Tmovel (x1', m1) tal (z1", m1');
r2.silent-moves t (22, m2) (z2', m2);
tE (22, m2) —2—ta2— (22", m2’); = Tmove2 (z2', m2) ta2 (z2", m2’);
tE (21”7, m1") = (2", m2"); ta-bisim bisim tal ta2 |
= t'F (z, m1’) = (xz, m2’)
and bisim-waitl:
[tF (21, ml)~ (22, m2); rl.silent-moves t (x1, m1) (z1', m1);
tE (z1', m1) —1—tal— (21", m1’); = Tmovel (z1', m1) tal (1", m1’);
r2.silent-moves t (x2, m2) (z2', m2);
tE (22, m2) —2—ta2— (22", m2’); = Tmove2 (z2', m2) ta2 (22", m2’);
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tE (1", m1') =~ (z2”, m2’); ta-bisim bisim tal ta2;
Suspend w € set {tal}y; Suspend w € set {tallw |
= z1" ~w 12"
and simulation- Wakeup1 :
[tE (z1, m1) = (22, m2); 2l ~w xz2; t b (21, m1) —1—tal— (x1', m1’); Notified € set {tal
vV WokenUp € set {tally ]
= Jta2 22’ m2'. t F (22, m2) —2—ta2— (22, m2") At F (z1', m1’) = (22, m2') A ta-bisim
bisim tal ta?2
and simulation- Wakeup2:
[tE (z1, m1) = (22, m2); 21 ~w z2; t b (22, m2) —2—ta2— (22', m2'); Notified € set {ta2ly
vV WokenUp € set {ta2ly |
= Jtal x1' ml1’ t+ (a1, ml) —1—tal— (x1’, m1’) At + (z1’, m1') =~ (22', m2') A ta-bisim
bisim tal ta2
and ez-finall-conv-ezx-final2:
(Fz1. finall x1) «— (322. final2 z2)

sublocale FWdelay-bisimulation-obs <
delay-bisimulation-obs r1 t r2 t bisim t ta-bisim bisim Tmovel Tmove2 for ¢
by (rule delay-bisimulation-obs-locale)

context FWdelay-bisimulation-obs begin

lemma FWdelay-bisimulation-obs-flip:
FWdelay-bisimulation-obs final2 2 finall r1 (At. flip (bisim t)) (flip bisim-wait) Tmove2 Tmovel
apply(rule FWdelay-bisimulation-obs.intro)
apply (rule FWdelay-bisimulation-final-base-flip)
apply(rule FWdelay-bisimulation-obs-azioms.intro)
apply(unfold flip-simps)
apply(rule delay-bisimulation-obs-azioms)
apply(erule (9) bisim-inv-red-other)
apply(erule (10) bisim-waitl)
apply (erule (3) simulation- Wakeup2)
apply(erule (8) simulation- Wakeup1)
apply(rule ex-finall-conv-ex-final2[symmetric))
done

end

lemma FWdelay-bisimulation-obs-flip-simps [flip-simps]:
FWdelay-bisimulation-obs final2 r2 finall r1 (At. flip (bisim t)) (flip bisim-wait) Tmove2 Tmovel =

FWdelay-bisimulation-obs finall r1 final2 r2 bisim bisim-wait Tmovel Tmove2
by (auto dest: FWdelay-bisimulation-obs. F Wdelay-bisimulation-obs-flip simp only: flip-flip)

context FWdelay-bisimulation-obs begin

lemma mbisim-red T-upd:
fixes s1 t tal z1’' m1’' s2 ta2 z2' m2' In
assumes s1”: redT-upd sl t tal 1’ m1' s1’
and 52" redT-upd s2 t ta2 z2' m2' s2'
and [simp]: wset s1 = wset s2 locks s1 = locks s2
and wset: wset s1' = wset s2'
and interrupts: interrupts s1’' = interrupts s2’
and finl: finite (dom (thr s1))
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and wsts: wset-thread-ok (wset s1) (thr s1)
and tst: thr s1 t = |(z1, In)]
and tst”: thr s2 ¢t = (22, In)]
and aoel: rl.actions-ok s1 t tal
and aoe?2: r2.actions-ok s2 t ta2
and tasim: ta-bisim bisim tal ta2
and bisim”: t - (z1’, m1’) = (z2', m2/)
and bisimw: wset s1' t = None V z1’ =w 22’
and 7redl: rl.silent-moves ¢ (x1”, shr s1) (z1, shr sl1)
and redl: t - (z1, shr s1) —1—tal— (z1’, m1’)
and 7red2: r2.silent-moves t (x2”, shr s2) (x2, shr s2)
and red2: t - (22, shr s2) —2—ta2— (z2', m2’)
and bisim: t = (x1", shr s1) ~ (22", shr s2)
and 71: = Tmovel (z1, shr s1) tal (z1’, m1’)
and 72: = Tmove2 (22, shr s2) ta2 (z2', m2’)
and tbisim: \t'. t # t' = thisim (wset s1 t' = None) t’ (thr s1 t’) (shr s1) (thr s2 t') (shr s2)
shows s1’ ~m s2’
proof (rule mbisimI)
from finl s1’ show finite (dom (thr s1))
by (auto simp add: red T-updTs-finite-dom-inv)
next
from tasim s1’ s2’ show locks s1’ = locks s2’
by (auto simp add: redT-updLs-def o-def ta-bisim-def)

next

from wset show wset s1’' = wset s2' .
next

from interrupts show interrupts s1’ = interrupts s2' .
next

from wsts s1' s2’ wset show wset-thread-ok (wset s1') (thr s1’)
by (fastforce introl: wset-thread-okl split: if-split-asm dest: redT-upd Ts-None wset-thread-okD red T-upd Ws-None-implies-Non
next
fix T
assume thr s1’ T = None
moreover with tst s1’ have [simp]: t # T by auto
from tbisim[OF this| have (thr s1 T = None) = (thr s2 T = None)
by (auto simp add: tbisim-def)
hence (red T-updTs (thr s1) {tall}y T = None) = (redT-updTs (thr s2) {ta2}; T = None)
using tasim by —(rule red T-upd Ts-nta-bisim-inv, simp-all add: ta-bisim-def)
ultimately show thr s2’ T = None using s2' s1’ by(auto split: if-split-asm,)
next
fix T X1 LN
assume tsT: thr s1’' T = | (X1, LN)]|
show Jz2. thr s2' T = | (22, LN)| A T + (X1, shr s1’) = (22, shr s2') A\ (wset s2’ T = None V
X1 ~w 12)
proof(cases thr s1 T)
case None
with tst have t # T by auto
with tbisim|[OF this] None have tsT" thr s2 T = None by(simp add: tbisim-def)
from None <t # T tsT aoel s1’ obtain M1
where ntset: NewThread T X1 M1 € set {tal]; and [simp]: LN = no-wait-locks
by (auto dest!: red T-upd Ts-new-thread)
from ntset obtain tas! tas!’ where {tall}; = tas] Q NewThread T X1 M1 # tasl’
by (auto simp add: in-set-conv-decomp)
with tasim obtain tas2 X2 M2 tas2’ where {ta2]}; = tas?2 Q NewThread T X2 M2 # tas2’
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length tas2 = length tas2 length tasl’ = length tas2’ and Bisim: T \ (X1, M1) =~ (X2, M2)
by(auto simp add: list-all2-appendl list-all2-Consl ta-bisim-def)
hence ntset’: NewThread T X2 M2 € set {ta2]+ by auto
with ¢tsT/ <t # T» aoe2 s2’ have thr s2’' T = | (X2, no-wait-locks)]
by (auto intro: red T-updTs-new-thread-ts)
moreover from niset’ red2 have m2’' = M2 by (auto dest: r2.new-thread-memory)
moreover from ntset redl have m1’' = M1
by (auto dest: r1.new-thread-memory)
moreover from wsts None have wset sI T = None by(rule wset-thread-okD)
ultimately show ?thesis using Bisim <t # T» s1’ s2'
by (auto simp add: red T-upd Ws-None-implies-None)
next
case (Some a)
show ?thesis
proof(cases t = T)
case True
with ¢st tsT s1’ have [simp]: X1 = z1' LN = redT-updLns (locks s1) t In {tal]}; by(auto)
show ?thesis using True bisim’ bisimw tasim tst tst’ s1' s2' wset
by(auto simp add: red T-updLns-def ta-bisim-def)
next
case Fulse
with Some aoel tsT s1’ have thr s1 T = | (X1, LN)| by(auto dest: red T-updTs-Some)
with tbisim[OF False] obtain X2
where tsT': thr s2 T = | (X2, LN)| and Bisim: T & (X1, shr s1) ~ (X2, shr s2)
and bisimw: wset s1 T = None V X1 ~w X2 by(auto simp add: tbisim-def)
with aoe2 False s2' have tsT': thr s2' T = (X2, LN)| by(auto simp add: red T-updTs-Some)
moreover from Bisim bisim Tredl redl 71 Tred2 red2 T2 bisim’ tasim
have T F (X1, m1') =~ (X2, m2’) by(rule bisim-inv-red-other)
ultimately show ?thesis using False bisimw s1’ s2’
by (auto simp add: red T-upd Ws-None-implies-None)
qed
qed
qed

theorem mbisim-simulationl:
assumes mbisim: mbisim s1 s2 and - mrmovel s1 tl1 s1’' r1.redT sl tl1 s1’
shows 2’ 52" t12. r2.mthr.silent-moves s2 s2' A r2.redT s2' t12 s2"" N
- mrmove2 s2' t12 s2" A mbisim s1’ s2" N\ mta-bisim tl1 tI2
proof —
from assms obtain ¢ tal where tl1 [simp]: til = (¢, tal) and redT: s1 —1—t>tal— s1’
and m7: = mTmovel sl (t, tal) s1’' by(cases tl1) fastforce
obtain Is! ts1 m1 wsl is]1 where [simp|: s1 = (Is1, (ts1, m1), wsl, is1) by(cases s1) fastforce
obtain Is1’ ts1' m1' ws1' is1’ where [simp]: s1’ = (Is1', (ts1’, m1’), wsl’', is1’) by(cases s1’)
fastforce
obtain [s2 ts2 m2 ws2 is2 where [simp]: s2 = (Is2, (ts2, m2), ws2, is2) by(cases s2) fastforce
from mbisim have [simp]: [s2 = Isl] ws2 = wsl is2 = isl finite (dom ts1) by(auto simp add:
mbisim-def)
from redT show ?Zthesis
proof cases
case (redT-normal x1 x1' M1')
hence red: t - (z1, m1) —1—tal— (x1', M1')
and tst: ts1 t = |(z1, no-wait-locks) |
and aoe: r1.actions-ok s1 t tal
and s1” redT-upd s1 t tal z1' M1’ s1’ by auto
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from mbisim tst obtain z2 where tst”: ts2 t = | (22, no-wait-locks) ]
and bisim: t - (1, m1) = (22, m2) by(auto dest: mbisim-thrD1)
from m7 have 7: -~ Tmovel (z1, m1) tal (z1’', M1')
proof(rule contrapos-nn)
assume 7: Tmovel (z1, ml) tal (z1’, M1’
moreover hence [simp]: tal = & by(rule r1.silent-tl)
moreover have [simp]: M1’ = m1 by(rule r1.7move-heap|OF red T, symmetric])
ultimately show mrmovel s1 (¢, tal) s1' using s’ tst s1’
by (auto simp add: redT-updLs-def o-def intro: r1.mrTmove.intros elim: rtrancl3p-cases)
qed
show ?thesis
proof(cases ws1 t)
case None
note wst = this
from simulationl [OF bisim red 7] obtain z2' M2’ 2" M2" ta2
where red21: r2.silent-moves t (22, m2) (x2', M2’)
and red22: t - (z2', M2') —2—ta2— (22", M2") and 72: = Tmove2 (22', M2') ta2 (z2",
M2 //)
and bisim” t - (z1', M1') ~ (227, M2")
and tasim: ta-bisim bisim tal ta2 by auto
let 252’ = redT-upd-¢ s2 t 2’ M2’
let 252’ = activate-cond-actions2 s1 ?s2' {ta2] ¢
let 252" = (redT-updLs (locks 252) t {ta2]};, ((redT-updTs (thr 252") {ta2}¢)(t — (227,
redT-updLns (locks 252') t (snd (the (thr 252’ t))) {ta2};)), M2"), wset s1’, interrupts s1)
from red21 tst’ wst bisim have TmRed2 s2 ?s2’
by —(rule r2.silent-moves-into-Red T-T-inv, auto)
moreover from red2! bisim have [simp]: M2’ = m2 by(auto dest: r2.red-rtrancl-t-heapD-inv)
from tasim have [simp]: { tal ;= { ta2 }; { tal Jw={ ta2 fuw { tal [c = { ta2 [¢ { tal
bi={ ta2
and nta: list-all2 (nta-bisim bisim) { tal [}; { ta2 [} by(auto simp add: ta-bisim-def)
from mbisim have tbisim: \t. tbisim (wsl t = None) t (ts1 t) m1 (ts2 t) m2 by(simp add:
mbisim-def)
hence tbisim”. A\t'. t' # t = tbisim (wsl t' = None) t’ (ts1 t') m1 (thr 252’ t') m2 by(auto)
from aoe have caol: r1.cond-action-oks (Is1, (ts1, m1), wsl, is1) t {ta2]}¢ by auto
from tst’ have thr 952’ t = [(22', no-wait-locks)| by(auto simp add: redT-updLns-def o-def
finfun-Diag-const2)
from cond-actions-oks-bisim-ex-7 2-inv[ OF tbisim', OF - tst this caol]
have red21": TmRed2 ?s2’ 252" and thisim'": \t'. t' # t = tbisim (wsl t' = None) t’ (ts1 t')
ml1 (thr 252’ t') m2
and cao2: r2.cond-action-oks 252’ t {ta2[}. and tst’: thr 252’ t = |(z2', no-wait-locks) |
by (auto simp del: fun-upd-apply)
note red21’ also (rtranclp-trans)
from tbisim’’ tst'' tst have Vit'. ts1 t' = None +— thr 252’ t' = None by(force simp add:
thisim-def)
from aoe thread-oks-bisim-inv[OF this nta] have thread-oks (thr 2527) {ta2]+ by simp
with cao2 aoe have aoe’: r2.actions-ok 252’ t ta2 by auto
with red22 tst” s1’' have 752’ —2—i>ta2— 252"
by —(rule r2.redT.red T-normal, auto)
moreover
from 72 have = mrmove2 252’ (t, ta2) ?s2"
proof (rule contrapos-nn)
assume m7: mrmove?2 252’ (t, ta2) 2s2"
thus Tmove2 (22', M2') ta2 (22", M2") using tst’’ tst’
by cases auto
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qed
moreover
{
note s1’
moreover have redT-upd 252’ t ta2 x2" M2’ 252" using s1’ by auto
moreover have wset s1 = wset 252 locks s1 = locks 252’ by simp-all
moreover have wset s1’' = wset 252’ by simp
moreover have interrupts s1’ = interrupts ?s2' by simp
moreover have finite (dom (thr s1)) by simp
moreover from mbisim have wset-thread-ok (wset s1) (thr s1) by(simp add: mbisim-def)
moreover from tst have thr s t = |(z1, no-wait-locks) | by simp
moreover note tst’’ aoe aoe’ tasim bisim’
moreover have wset s1’t = None V z1’ =w 22"
proof(cases wset s1' t)
case None thus ?thesis ..
next
case (Some w)
with wst s1’ obtain w’ where Suspendl: Suspend w’ € set {tal |ty
by (auto dest: redT-upd Ws-None-SomeD)
with tasim have Suspend2: Suspend w' € set {ta2]y by (simp add: ta-bisim-def)
from bisim-waitI[OF bisim rtranclp.rtrancl-refl red T - - - bisim’ tasim Suspendl this, of 12’
red21 red22 T2
have z1’' ~w 22" by auto
thus ?thesis ..
qed
moreover note rtranclp.rtrancl-refl
moreover from red have ¢ b (21, shr s1) —1—tal— (x1', M1’) by simp
moreover from red2! have r2.silent-moves t (x2, shr 2527) (x2', shr 252') by simp
moreover from red22 have t & (22, shr 252') —2—ta2— (22", M2") by simp
moreover from bisim have ¢t & (21, shr s1) = (22, shr 252’) by simp
moreover from 7 have — Tmovel (z1, shr s1) tal (z1’, M1') by simp
moreover from 72 have — rmove2 (z2’, shr 252') ta2 (x2"', M2") by simp
moreover from tbisim’’
have At ¢t # t' = tbisim (wset s1 t' = None) t’ (thr s1 t') (shr s1) (thr 252’ t') (shr 2527)
by simp
ultimately have mbisim s1’ 252" by(rule mbisim-red T-upd)
}
ultimately show ?thesis using tasim unfolding tl1 s1’ by fastforce
next
case (Some w)
with mbisim tst tst’ have z1 ~w z2
by (auto dest: mbisim-thrD1)
from aoe Some have wakeup: Notified € set {talltw V WokenUp € set {tally
by (auto simp add: wset-actions-ok-def split: if-split-asm)
from simulation- Wakeup1 [OF bisim <zl ~w 22> red this]
obtain ta2 22’ m2’ where red2: t - (22, m2) —2—ta2— (22', m2")
and bisim” t b (z1', M1') = (22', m2")
and tasim: tal ~m ta2 by auto

let 252’ = activate-cond-actions2 s1 s2 {ta2}¢

let 252’ = (redT-updLs (locks ?S2') t {ta2};, ((redT-updTs (thr ?52') {ta2})(t — (22,
redT-updLns (locks 252') t (snd (the (thr 2527 t))) {ta2};)), m2’), wset s1’, interrupts s1”)
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from tasim have [simp]: { tal ;= { ta2 }; { tal Jw={ ta2 fuw { tal [c ={ ta2 [¢ { tal
bi = A ta2
and nta: list-all2 (nta-bisim bisim) { tal [} { ta2 [+ by(auto simp add: ta-bisim-def)
from mbisim have tbisim: \t. tbisim (wsl t = None) t (ts1 t) m1 (ts2 t) m2 by(simp add:
mbisim-def)
hence tbisim” A\t'. t' # t = tbisim (wsl t' = None) t’ (ts1 t') m1 (thr s2t") m2 by(auto)
from aoe have caol: r1.cond-action-oks (Is1, (ts1, m1), wsl, is1) t {ta2]}¢ by auto
from tst’ have thr s2 t = |(22, no-wait-locks)|
by (auto simp add: red T-updLns-def o-def finfun-Diag-const2)
from cond-actions-oks-bisim-ex-72-inv[ OF tbisim’, OF - tst this caol]
have red21’: TmRed2 s2 252’ and tbisim'": \t'. t' # t = tbisim (wsl t' = None) t’ (tsl t') m1
(thr 2527 t") m2
and cao2: r2.cond-action-oks 252’ t {ta2[}. and tst’: thr 252’ t = | (22, no-wait-locks) |
by (auto simp del: fun-upd-apply)
note red21’ moreover
from tbisim’’ tst'' tst have Vt'. ts1 t' = None +— thr 252’ t' = None by(force simp add:
thisim-def)
from aoe thread-oks-bisim-inv[OF this nta] have thread-oks (thr 2527) {ta2]+ by simp
with cao2 aoe have aoe’: r2.actions-ok 7?52’ t ta2 by auto
with red2 tst'’ s1' tasim have 252’ —2—i>ta2— 252’
by —(rule r2.redT-normal, auto simp add: ta-bisim-def)
moreover from wakeup tasim
have 72: = Tmove2 (22, m2) ta2 (z2', m2') by(auto dest: r2.silent-tl)
hence — mrmove2 252’ (t, ta2) ?s2’
proof (rule contrapos-nn)
assume m7: mrmove2 252’ (t, ta2) ?s2’
thus Tmove2 (22, m2) ta2 (z2', m2’) using tst” tst’
by cases auto
qed
moreover {
note s1’
moreover have redT-upd 752’ t ta2 2’ m2’ ?s2’ using s1’ tasim by(auto simp add:
ta-bisim-def)
moreover have wset s1 = wset 252’ locks s1 = locks 252’ by simp-all
moreover have wset s1’ = wset 752’ by simp
moreover have interrupts s1’ = interrupts ?s2’' by simp
moreover have finite (dom (thr s1)) by simp
moreover from mbisim have wset-thread-ok (wset s1) (thr s1) by(rule mbisim-wset-thread-ok1)
moreover from tst have thr s t = |(z1, no-wait-locks)| by simp
moreover from tst’’ have thr 252’ t = | (22, no-wait-locks)| by simp
moreover note aoe aoe’ tasim bisim’
moreover have wset s1't = None V 21’ ~w 22’
proof(cases wset s1' t)
case None thus ?thesis ..
next
case (Some w')
with red T-upd Ws- Woken Up-SuspendD[OF - wakeup, of t wset s1 wset s1' w’] s1’
obtain w’ where Suspendl: Suspend w' € set {tally by(auto)
with tasim have Suspend?2: Suspend w' € set {ta2]y by (simp add: ta-bisim-def)
with bisim rtranclp.rtrancl-refl red T rtranclp.rtrancl-refl red2 72 bisim’ tasim Suspend1
have z1’ ~w 22’ by (rule bisim-waitl)
thus ?thesis ..
qed
moreover note rtranclp.rtrancl-refl
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moreover from red have t - (21, shr s1) —1—tal— (x1', M1') by simp
moreover note rtranclp.rtrancl-refl
moreover from red2 have ¢ b (22, shr 252') —2—ta2— (22, m2') by simp
moreover from bisim have t & (z1, shr s1) = (22, shr 252") by simp
moreover from 7 have — Tmovel (x1, shr s1) tal (z1’, M1') by simp
moreover from 72 have - T7move2 (22, shr 252') ta2 (z2', m2’) by simp
moreover from tbisim’ have At'. t # t' = thisim (wset s1 t' = None) t' (thr s1 t') (shr
s1) (thr 252" t") (shr 252") by simp

ultimately have sI’ ~m ?s2' by(rule mbisim-redT-upd) }

moreover from tasim have tl1 ~T (¢, ta2) by simp

ultimately show ?thesis unfolding s’ by blast

qged
next
case (redT-acquire x1 n In)
hence [simp]: tal = (K$ [], [I, ], [], [], convert-RA In)

and tst: thr s1 t = |(z1, In)| and wst: = waiting (wset s1 t)

and maa: may-acquire-all (locks s1) tln and In: 0 < In $ n

and s1": s1' = (acquire-all Is1 t In, (ts1(t — (z1, no-wait-locks)), m1), wsl, isl) by auto
from tst mbisim obtain z2 where tst” ts2 ¢t = (22, In)]

and bisim: t - (21, m1) = (22, m2) by(auto dest: mbisim-thrD1)
let 252’ = (acquire-all ls1 t In, (ts2(t — (22, no-wait-locks)), m2), wsl, isl)

from tst’ wst maa In have s2 —2—t>(K$ [, [I, I, [, [, convert-RA In)— ?s2’
by—(rule r2.redT.redT-acquire, auto)
moreover from tst’ In have — mrmove2 s2 (¢, (KS$ [], [, [I, ], [], convert-RA In)) ?s2’

by (auto simp add: acquire-all-def fun-eg-iff elim!: r2.mrmove.cases)
moreover have mbisim s1' %52’
proof (rule mbisimI)

from s1’ show locks s1’ = locks ?s2’ by auto

next

from s1’ show wset s1’ = wset ?s2’ by auto
next

from s1’ show interrupts s1’ = interrupts ?s2’ by auto
next

fix t’ assume thr s1’ t' = None
with s1’ have thr s t' = None by(auto split: if-split-asm)
with mbisim-thrNone-eq| OF mbisim| have ts2 t' = None by simp
with tst’ show thr ?s2’ t' = None by auto
next
fix t' X1 LN
assume ts't: thr s1’t' = | (X1, LN)]
show J22. thr 252’ t' = [(22, LN)] A t' b (X1, shr s1') ~ (22, shr 2s2') N (wset ?s2' t' =
None V X1 =w z2)
proof(cases t' = t)
case True
with s1’ tst ts't have [simp]: X1 = x1 LN = no-wait-locks by simp-all
with mbisim-thrD1[OF mbisim tst] bisim tst tst’ True s1’' wst show ?thesis by(auto)
next
case Fulse
with st s1’ have ts1 t' = | (X1, LN)]| by auto
with mbisim obtain X2 where ¢s2 ¢’ = [(X2, LN)| t'F (X1, m1) ~ (X2, m2) wset ?s2’ ¢’
= None V X1 ~w X2
by (auto dest: mbisim-thrD1)
with False s1’' show ?thesis by auto
qged
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next
from s’ show finite (dom (thr s1')) by auto

next
from mbisim-wset-thread-okl [OF mbisim]
show wset-thread-ok (wset s1') (thr s1’) using s1’ by(auto intro: wset-thread-ok-upd)

qed

moreover have (t, K$ (|, [], [, [], ], convert-RA In) ~T (¢, K$ [|, [I, [}, [], [], convert-RA In)
by(simp add: ta-bisim-def)

ultimately show ?thesis by fastforce

qed
qed

theorem mbisim-simulation2:
[ mbisim s1 s2; r2.redT s2 t12 s2'; = mTmove2 s2 t12 52|
= ds1’ 51" tll. r1.mthr.silent-moves s1 s1' A r1.redT s1' tll s1" A = mTmovel s1’ tl1 s1"" A
mbisim s1' s2' N\ mta-bisim tl1 12
using FWdelay-bisimulation-obs.mbisim-simulationl [OF FWdelay-bisimulation-obs-flip]
unfolding flip-simps .

end

locale FWdelay-bisimulation-diverge =

FWdelay-bisimulation-obs - - - - - - - Tmovel Tmove2

for Tmovel :: ('I,’'t,’z1,'m1,'w,’0) Tmoves

and Tmove?2 :: ('1,’t,'x2,'m2,'w,’0) Tmoves +

assumes delay-bisimulation-diverge-locale: delay-bisimulation-diverge (r1t) (r2t) (bisim t) (ta-bisim
bisim) Tmovel Tmove2

sublocale FWdelay-bisimulation-diverge <
delay-bisimulation-diverge r1 t r2 t bisim t ta-bisim bisim Tmovel Tmove2 for ¢
by (rule delay-bisimulation-diverge-locale)

context FWdelay-bisimulation-diverge begin

lemma FWdelay-bisimulation-diverge-flip:
FWdelay-bisimulation-diverge final2 r2 finall v1 (At. flip (bisim t)) (flip bisim-wait) Tmove2 Tmovel
apply (rule FWdelay-bisimulation-diverge.intro)
apply (rule FWdelay-bisimulation-obs-flip)
apply(rule FWdelay-bisimulation-diverge-azioms.intro)
apply (unfold flip-simps)
apply(rule delay-bisimulation-diverge-azioms)
done

end
lemma FWdelay-bisimulation-diverge-flip-simps [flip-simps]:

FWdelay-bisimulation-diverge final2 r2 finall v1 (At. flip (bisim t)) (flip bisim-wait) Tmove2 Tmovel

FWdelay-bisimulation-diverge finall r1 final2 r2 bisim bisim-wait Tmovel Tmove2
by (auto dest: FWdelay-bisimulation-diverge. FWdelay-bisimulation-diverge-flip simp only: flip-flip)

context FWdelay-bisimulation-diverge begin

lemma bisim-invi:
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assumes bisim: t - s1 ~ s2
and red: t + s1 —1—tal— s1’
obtains s2’ where ¢ | s1’ ~ 52’
proof (atomize-elim)
show 3s2”. t + s1' ~ s2'
proof (cases Tmovel s1 tal s1')
case True
with red have r1.silent-move t s1 s1’ by auto
from simulation-silent1 [OF bisim this]
show ?thesis by auto
next
case Fulse
from simulation1[OF bisim red False] show ?thesis by auto
qed
qed

lemma bisim-inv2:

assumes t F sl ~ s2t+F s2 —2—ta2— s2’

obtains s1’ where ¢ - s1’ ~ 52’
using assms FWdelay-bisimulation-diverge.bisim-invl [OF FWdelay-bisimulation-diverge-flip)
unfolding flip-simps by blast

lemma bisim-inv: bisim-inv
by (blast introl: bisim-invl elim: bisim-inv1 bisim-inv2)

lemma bisim-inv-Ts1:
assumes t - s1 ~ s2 and rl.silent-moves t s1 s1’
obtains s2’ where t - 51’ ~ 52’

using assms by (rule bisim-inv-Ts1-inv[OF bisim-inv])

lemma bisim-inv-Ts2:
assumes t - s1 ~ s2 and r2.silent-moves t s2 s2'
obtains sI’ where t - 51’ ~ 52’

using assms by (rule bisim-inv-7s2-inv[OF bisim-inv))

lemma red1-rtrancl-tT-into-RedT-T:
assumes r1.silent-moves ¢ (z1, shr s1) (x1’, m1’) t + (x1, shr s1) = (22, m2)
and thr s1 t = |(z1, no-wait-locks)| wset s t = None
shows TmRed1 s1 (redT-upd-e s1 t x1' m1’)

using assms by (blast intro: r1.silent-moves-into-Red T-T-inv)

lemma red2-rtrancl-t-into-RedT-7:
assumes r2.silent-moves t (z2, shr s2) (z2', m2’)
and t F (21, m1) =~ (22, shr s2) thr s2 t = | (22, no-wait-locks)| wset s2 t = None
shows TmRed2 s2 (redT-upd-¢ s2 t x2' m2’)

using assms by (blast intro: r2.silent-moves-into-Red T-T-inv)

lemma redi-rtrancl-r-heapD:
[ r1.silent-moves t s1 s1'; t+ sl = s2 | = snd s1’ = snd s1
by (blast intro: r1.red-rtrancl-r-heapD-inv)

lemma red2-rtrancl-t-heapD:
[ r2.silent-moves t s2 s2'; t + s1 = s2 | = snd s2’ = snd s2
by (blast intro: r2.red-rtrancl-r-heapD-inv)
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lemma mbisim-simulation-silent1:
assumes mrt": v1.mthr.silent-move s1 s1' and mbisim: s1 ~m s2
shows 3 s2’. r2.mthr.silent-moves s2 s2' N\ s1' ~m s2'
proof —
from m7’ obtain tl1 where m7: mrmovel sl tl1 s1’ r1.redT sl tll s1’ by auto
obtain Is! ts1 m1 wsl is] where [simp]: s1 = (Is1, (ts1, m1), wsl, isl) by(cases s1) fastforce
obtain Is1’ ts1’ m1’ wsl’ is1’ where [simp]: s1’ = (Is1’, (ts1’, m1’), wsl’, is1’) by(cases s1’)
fastforce
obtain [s2 ts2 m2 ws2 is2 where [simp|: s2 = (Is2, (ts2, m2), ws2, is2) by(cases s2) fastforce
from mr obtain t where tl1 = (t, €) by(auto elim!: r1.mrmove.cases dest: r1.silent-tl)
with m7 have m7: mrmovel s1 (t,e) s1’and redT1: s1 —1—tre— s1' by simp-all
from m7 obtain z z’ In’ where tst: ts1 t = |[(z, no-wait-locks) ]|
and ts't: ts1’ t = (2, In")] and 7: Tmovel (z, m1) e (z', m1)
by (fastforce elim: r1.mTmove.cases)
from mbisim have [simp]: Is2 = Isl ws2 = wsl is2 = isl finite (dom ts1) by(auto simp add:
mbisim-def)
from redT1 show ?thesis
proof cases
case (redT-normal z1 x1' M)
with tst ts't have [simp]: @ = 21 2’ = z1’
and red: t - (x1, m1) —1—e— (z1', M)
and tst: thr s1 t = |(z1, no-wait-locks) |
and wst: wset s t = None
and s1” redT-upd s1t e x1' M’ s1’ by(auto)
from s1’ tst have [simp]: Is1’ = Is] wsl’ = wsl is1' = is] M' = m1’ ts1’ = ts1(t — (a1,
no-wait-locks))
by (auto simp add: red T-updLs-def red T-updLns-def o-def red T-upd Ws-def elim!: rtrancl3p-cases)
from mbisim tst obtain z2 where tst”: ts2 t = | (22, no-wait-locks) ]
and bisim: t - (1, m1) = (22, m2) by(auto dest: mbisim-thrD1)
from r1.7move-heap|OF red] T have [simp]: m1 = M’ by simp
from red T have r1.silent-move t (x1, m1) (z1’, M') by auto
from simulation-silent! [OF bisim this]
obtain 22’ m2’ where red: r2.silent-moves t (x2, m2) (z2', m2’)
and bisim” t - (21, m1) = (z2', m2') by auto
from red bisim have [simp]: m2' = m2
by (auto dest: red2-rtrancl-t-heapD)
let 252’ = redT-upd-¢ s2 t ©2' m2’
from red tst’ wst bisim have TmRed2 s2 ?s2’
by —(rule red2-rtrancl-r-into-RedT-T, auto)
moreover have mbisim s1’ 752’
proof (rule mbisimI)
show locks s1’ = locks ?s2' wset s1’ = wset ?s2’ interrupts s1' = interrupts ?s2’ by auto
next
fix ¢’
assume thr s1’t' = None
hence ts! t' = None by(auto split: if-split-asm)
with mbisim-thrNone-eq| OF mbisim] have ts2 t' = None by simp
with tst’ show thr ?s2’ t' = None by auto
next
fix t' X1 LN
assume ts't" thr s1't' = | (X1, LN)]|
show Jz2. thr 952’ t' = | (22, LN)| A t'+ (X1, shr s1') = (22, shr 2s2') A (wset 952’ t' =
None V X1 ~w z2)
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proof(cases t' = t)
case True
note this[simp]
with s1’ tst ts't’ have [simp]: X1 = 21’ LN = no-wait-locks
by (simp-all)(auto simp add: redT-updLns-def o-def finfun-Diag-const2)
with bisim’ tst’ wst show ?thesis by(auto simp add: red T-updLns-def o-def finfun-Diag-const2)
next
case Fulse
with t¢s't’ have ts1 t' = | (X1, LN)| by auto
with mbisim obtain X2 where ts2 ¢t' = [(X2, LN)| t' - (X1, m1) = (X2, m2) wsl t’' =
None V X1 ~w X2
by (auto dest: mbisim-thrD1)
with Fualse show ?thesis by auto
qed
next
show finite (dom (thr s1')) by simp
next
from mbisim-wset-thread-ok1[OF mbisim)]
show wset-thread-ok (wset s1’) (thr s1”) by(auto intro: wset-thread-ok-upd)
qed
ultimately show ?thesis by(auto)
next
case redT-acquire
with tst have Fualse by auto
thus ?thesis ..
qed
qed

lemma mbisim-simulation-silent2:

[ mbisim s1 s2; r2.mthr.silent-move s2 s2' ]

= 31’ r1.mthr.silent-moves s1 s1’ N\ mbisim s1’ s2’
using F'Wdelay-bisimulation-diverge.mbisim-simulation-silent! [OF FWdelay-bisimulation-diverge-flip]
unfolding flip-simps .

lemma mbisim-simulationl .
assumes mbisim: mbisim s1 s2 and — mrmovel s1 tl1 s1' r1.redT si1 ti1 s1’
shows 352’ 52" t12. r2.mthr.silent-moves s2 s2' N r2.redT s2' t12 s2" A
- mrmove?2 82’ t12 s2' N mbisim s1’ s2" N mta-bisim ti1 tI2
using mbisim-simulationl assms .

lemma mbisim-simulation2’:
[ mbisim s1 s2; r2.redT s2 t12 s2'; = mTmove2 s2 ti2 s2' |
= ds1’ s1" tll. r1.mthr.silent-moves s1 s1’ A\ r1.redT s1’ tl1 s1"" N — mTmovel s1' tll s1" N
mbisim s1’ s2' N mta-bisim tl1 tI2
using FWdelay-bisimulation-diverge.mbisim-simulationl JOF FWdelay-bisimulation-diverge-flip]
unfolding flip-simps .

lemma mrdiverge-simulationl :
assumes sI ~m s2
and rI.mthr.Tdiverge s1
shows r2.mthr.7diverge s2
proof —
from «s1 ~m s2> have finite (dom (thr s1))
by (rule mbisim-finitel )+
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from r1.7diverge-rmred TD[OF <r1.mthr.Tdiverge s1s this]
obtain ¢t z where thr s1 t = |(z, no-wait-locks) | wset s1 t = None r1.7diverge t (z, shr s1) by blast
from «s1 ~m s2) <thr s1 t = |[(z, no-wait-locks)|> obtain z’
where thr s2 t = |(z/, no-wait-locks)| t & (z, shr s1) ~ (z', shr s2)
by (auto dest: mbisim-thrD1)
from <s1 ~m s2» «wset s1 t = None> have wset s2 t = None by(simp add: mbisim-def)
from <t - (x, shr s1) =~ (z/, shr s2)» «rl.tdiverge t (x, shr s1)»
have r2.7diverge t (x’, shr s2) by (simp add: Tdiverge-bisim-inv)
thus ?thesis using <thr s2 t = [(2’, no-wait-locks)|» <wset s2 t = None>
by (rule r2.7 diverge-into-rmredT)
qed

lemma 7diverge-mbisim-inv:
s1 ~m s2 = rl1.mthr.rdiverge s1 <— r2.mthr.7tdiverge s2
apply (rule iffI)
apply (erule (1) mrdiverge-simulationl)
by (rule FWdelay-bisimulation-diverge.mt diverge-simulation [OF FWdelay-bisimulation-diverge-flip, un-
folded flip-simps])

lemma mbisim-delay-bisimulation:
delay-bisimulation-diverge r1.redT r2.redT mbisim mta-bisim mTmovel mTmove2
apply (unfold-locales)
apply (rule mbisim-simulation1 mbisim-simulation2 mbisim-simulation-silent1 mbisim-simulation-silent2
T diverge-mbisim-inv|assumption)+
done

theorem mdelay-bisimulation-final-base:
delay-bisimulation-final-base r1.redT r2.redT mbisim mTmovel mTmove2 r1.mfinal r2.mfinal
apply (unfold-locales)
apply(blast dest: mfinall-simulation mfinal2-simulation)+
done

end

sublocale FWdelay-bisimulation-diverge < mthr: delay-bisimulation-diverge r1.redT r2.redT mbisim
mta-bisim mTmovel mTmove2
by (rule mbisim-delay-bisimulation)

sublocale FWdelay-bisimulation-diverge <

mthr: delay-bisimulation-final-base r1.redT r2.redT mbisim mta-bisim mTmovel mTmove2 r1.mfinal
r2.mfinal
by (rule mdelay-bisimulation-final-base)

context FWdelay-bisimulation-diverge begin
lemma mthr-delay-bisimulation-diverge-final:
delay-bisimulation-diverge-final r1.redT r2.redT mbisim mta-bisim mrmovel mTmove2 rl.mfinal
r2.mfinal
by (unfold-locales)

end

sublocale FWdelay-bisimulation-diverge <
mthr: delay-bisimulation-diverge-final r1.redT r2.red T mbisim mta-bisim mTmovel mTmove2 r1.mfinal
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r2.mfinal
by (rule mthr-delay-bisimulation-diverge-final)

1.18.3 Strong bisimulation as corollary

locale FWhisimulation = FWhbisimulation-base - - - 72 convert-RA bisim Azl x2. True +
r1: multithreaded finall r1 convert-RA +
r2: multithreaded final2 r2 convert-RA
for r2 :: ('I,’t,'22,'m2,'w,’0) semantics (-+ - —2—-— - [50,0,0,50] 80)
and convert-RA :: 'l released-locks = "o list
and bisim :: 't = (‘z1 x 'm1, 'x2 x 'm2) bisim (-+ -/ = - 1[50, 50, 50] 60) +
assumes bisimulation-locale: bisimulation (r1t) (r2t) (bisim t) (ta-bisim bisim)
and bisim-final: t & (21, m1) =~ (22, m2) = finall z1 <— final2 22
and bisim-inv-red-other:
[t'F (z, m1) = (zx, m2); t - (1, ml) = (22, m2);
t(x1, ml) —1—tal— (z1', m1'); t b (22, m2) —2—ta2— (22’, m2');
tF (z1', m1') = (22', m2'); ta-bisim bisim tal ta2 |
= t'F (z, m1') = (xz, m2’)
and ez-finall-conv-ex-final2:
(Fz1. finall z1) +— (322. final2 12)

sublocale FWhbisimulation < bisim?: bisimulation r1 t r2 t bisim t ta-bisim bisim for t
by (rule bisimulation-locale)

sublocale FWhbisimulation < bisim-diverge?:
FWdelay-bisimulation-diverge finall r1 final2 r2 convert-RA bisim Azl z2. True \s ta s’. False \s ta
s'. False
proof —
interpret biw: bisimulation-into-delay r1 t r2 t bisim t ta-bisim bisim \s ta s'. False \s ta s’. False
for ¢
by (unfold-locales) simp
show FWdelay-bisimulation-diverge finall 1 final2 r2 bisim (Axl x2. True) (As ta s'. False) (\s ta
s'. False)
proof (unfold-locales)
fix t' . ml zx m2 a1 22 t x1’ tal 21" mi1’ 22’ ta2 2" m2’
assume bisim: t'+ (z, m1) = (zz, m2) and bisim12: t b (z1, m1) ~ (22, m2)
and 71: Tirsys.silent-moves (r1 t) (As ta s'. False) (x1, m1) (x1’, m1)
and redl: t F (21, m1) —1—tal— (x1”, m1’)
and 72: Tirsys.silent-moves (r2 t) (As ta s’. False) (z2, m2) (z2', m2)
and red2: t F (22', m2) —2—ta2— (22", m2’)
and bisim12": t F (1", m1') = (22", m2’) and tasim: tal ~m ta2
from 71 72 have [simp]: z1' = z1 22’ = z2 by(simp-all add: rtranclp-False Tmoves-False)
from bisim12 bisim-inv-red-other[OF bisim - redl red2 bisim12' tasim)
show t'F (z, m1') ~ (xz, m2’) by simp
next
fix t 1 m1 22 m2 tal 1’ m1’
assume t F (21, m1) = (22, m2) t = (z1, ml) —1—tal— (x1’, m1’)
from simulation1[OF this|
show Jta2 22’ m2'. t - (22, m2) —2—ta2— (z2', m2") At (x1', m1’) =~ (22, m2') A tal ~m
ta?2
by auto
next
fix t 1 m1 22 m2 ta2 22’ m2’
assume ¢ F (21, m1) = (22, m2) t - (22, m2) —2—ta2— (22', m2)
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from simulation2[OF this]
show Jtal x1' m1' t+ (z1, m1) —1—tal— (z1’, m1") ANt (z1', m1’) ~ (z2/, m2') A tal ~m
ta?2
by auto
next
show (Fz1. finall x1) +— (F22. final2 22) by(rule ex-finall-conv-ex-final2)
qed(fastforce simp add: bisim-final)+
qed

context FWhbisimulation begin

lemma FWhbisimulation-flip: FWhbisimulation final2 r2 finall r1 (At. flip (bisim t))
apply(rule FWhbisimulation.intro)

apply(rule r2.multithreaded-azioms)
apply(rule r1.multithreaded-azioms)
apply (rule FWbisimulation-azioms.intro)

apply(unfold flip-simps)

apply/(rule bisimulation-azioms)

apply (erule bisim-final[symmetric])
apply (erule (&) bisim-inv-red-other)
apply(rule ez-finall-conv-ez-final2[symmetric])
done

end

lemma FWbisimulation-flip-simps [flip-simps]:
FWhoisimulation final2 r2 finall r1 (At. flip (bisim t)) = FWhbisimulation finall r1 final2 r2 bisim
by (auto dest: FWhisimulation.FWhisimulation-flip simp only: flip-flip)

context FWbhisimulation begin

The notation for mbisim is lost because bisim-wait is instantiated to Az x2. True. This
reintroduces the syntax, but it does not work for output mode. This would require a new
abbreviation.

notation mbisim (- =~m - [50, 50] 60)

theorem mbisim-bisimulation:
bisimulation r1.redT r2.redT mbisim mta-bisim
proof
fix s1 s2 ttal s1’
assume mbisim: s1 ~m s2 and r1.redT sl ttal s1’
from mthr.simulation1 |[OF this]
show Js2’ tta2. r2.redT s2 tta2 s2' N s1’ ~m s2' A ttal ~T tta2
by (auto simp add: Tmoves-False mTmove-False)
next
fix s2 sl tta2 s2'
assume s1 ~m s2 and r2.redT s2 tta2 s2'
from mthr.simulation2[OF this]
show Is1’ ttal. r1.redT s1 ttal s1' A s1’' ~m s2’ A ttal ~T tta2
by (auto simp add: Tmoves-False mTmove-False)
qed

lemma mbisim-wset-eq:
sl ~m s2 —> wset s1 = wset s2
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by (simp add: mbisim-def)

lemma mbisim-mfinal:
sl =m s2 = rl.mfinal s1 <— r2.mfinal s2
apply (auto introl: r2.mfinall r1.mfinall dest: mbisim-thrD2 mbisim-thrD1 bisim-final elim: r1.mfinalE
r2.mfinalE)
apply(frule (1) mbisim-thrD2, drule mbisim-wset-eq, auto elim: r1.mfinalE)
apply(frule (1) mbisim-thrD1, drule mbisim-wset-eq, auto elim: r2.mfinalE)
done

end

sublocale FWhbisimulation < mthr: bisimulation r1.redT r2.redT mbisim mta-bisim
by (rule mbisim-bisimulation)

sublocale FWhoisimulation < mithr: bisimulation-final v1.redT r2.redT mbisim mta-bisim r1.mfinal
r2.mfinal
by (unfold-locales)(rule mbisim-mfinal)

end

1.19 Preservation of deadlock across bisimulations

theory FWBisimDeadlock
imports
FWBisimulation
FWDeadlock
begin

context FWdelay-bisimulation-obs begin

lemma actions-okI-ez-actions-ok2:
assumes r1.actions-ok s1 t tal
and tal ~m ta2
obtains s2 where r2.actions-ok s2 t ta2
proof —
let 2s2 = (locks s1, (At. map-option (A(z1, In). (SOME z2. if finall z1 then final2 z2 else — final2
z2, In)) (thr sl t), undefined), wset s1, interrupts s1)
from <tal ~m ta2> have {tall}. = {ta2 ¢ by(simp add: ta-bisim-def)
with «r!.actions-ok sl t tals have caol: rl.cond-action-oks s1 t {ta2]} by auto
have r2.cond-action-oks ?s2 t {ta2]: unfolding r2.cond-action-oks-conv-set
proof
fix ct
assume ct € set {tall¢
with caol have rl.cond-action-ok s1 t ct
unfolding r1.cond-action-oks-conv-set by auto
thus r2.cond-action-ok 2s2 t ct using ex-finall-conv-ex-final2
by (cases ct)(fastforce intro: somel-ex|where P=final2])+
qed
hence r2.actions-ok ?s2 t ta2
using assms by (auto simp add: ta-bisim-def split del: if-split elim: rev-iffD1[OF - thread-oks-bisim-inv))
thus thesis by (rule that)
qed
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lemma actions-ok2-ex-actions-okl1:

assumes 72.actions-ok s2 t ta2

and tal ~m ta2

obtains si where r1.actions-ok s1 t tal
using FWdelay-bisimulation-obs.actions-ok1-ez-actions-ok2[ OF FWdelay-bisimulation-obs-flip] assms
unfolding flip-simps .

lemma ez-actions-ok1-conv-ex-actions-ok2:
tal ~m ta2 = (3 s1. rl.actions-ok sl t tal) <— (I s2. r2.actions-ok s2 t ta?2)
by (metis actions-okl-ex-actions-ok2 actions-ok2-ex-actions-okl1)

end
context FWdelay-bisimulation-diverge begin

lemma no-t Movel-1s-to-no-r Move2:

fixes no-rmovesl no-rmoves?

defines no-rmoves! = Asl t. wset s1 t = None A (z. thr s1 t = |(z, no-wait-locks)| A (Yz' m'.
= rl.silent-move t (z, shr s1) (z', m’)))

defines no-rmoves2 = As2 t. wset s2 t = None A (Jz. thr s2 t = |(z, no-wait-locks)| A (Vz' m’.
- r2.silent-move t (x, shr s2) (z', m’)))

assumes mbisim: s1 ~m (Is2, (ts2, m2), ws2, is2)

shows 3ts2’. r2.mthr.silent-moves (Is2, (ts2, m2), ws2, is2) (1s2, (ts2', m2), ws2, is2) A
(Vt. no-rmovesl sl t — no-rmoves2 (Is2, (ts2', m2), ws2, is2) t) A s1 ~m (Is2, (ts2/,
m2), ws2, is2)
proof —
from mbisim have finite (dom (thr s1)) by(simp add: mbisim-def)
hence finite {t. no-rmoves! s1 t} unfolding no-rmovesI-def
by —(rule finite-subset, auto)
thus ?thesis using «s1 ~m (Is2, (ts2, m2), ws2, is2)>
proof (induct A={t. no-rmovesl s1 t} arbitrary: s1 ts2 rule: finite-induct)
case empty
from «{} = {¢t. no-Tmoves! s1 t})[symmetric] have no-rmoves! s1 = (At. False)
by (auto intro: ext)
thus ?case using «s1 ~m (Is2, (ts2, m2), ws2, is2)> by auto
next
case (insert t A)
note mbisim = «s1 ~m (ls2, (ts2, m2), ws2, is2)>
from <insert t A = {t. no-rmoves! sl t}»
have no-rmovesl sl t by auto
then obtain z! where tsit: thr s1 t = |(z1, no-wait-locks) ]|
and wsIt: wset s1 t = None
and 71: Aziml1’. — rl.silent-move t (z1, shr s1) zIm1’
by (auto simp add: no-rmoves1-def)

from tsit mbisim obtain z2 where ts2t: ts2 t = | (22, no-wait-locks)]
and t b (z1, shr s1) ~ (22, m2) by(auto dest: mbisim-thrD1)
from mbisim ws1t have ws2 t = None by(simp add: mbisim-def)

let ?s1 = (locks s1, ((thr s1)(t := None), shr s1), wset s1, interrupts s1)
let 252 = (Is2, (¢s2(t := None), m2), ws2, is2)
from <insert t A = {t. no-rmovesl s1 t}» <t ¢ A>
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have A: A = {t. no-trmoves ?sl t} by(auto simp add: no-Tmovesi-def)
have ?s1 ~m %s2
proof (rule mbisimI)
from mbisim
show finite (dom (thr ?s1)) locks ?s1 = locks ?s2 wset ?s1 = wset ?s2 interrupts ?s1 = interrupts
752
by (simp-all add: mbisim-def)
next
from mbisim-wset-thread-ok1[OF mbisim] ws1t show wset-thread-ok (wset ¢s1) (thr ?s1)
by (auto introl: wset-thread-okl dest: wset-thread-okD split: if-split-asm)
next
fix ¢’
assume thr ?s1 t' = None
with mbisim-thrNone-eq| OF mbisim, of t']
show thr 252 t' = None by auto
next
fix t' 21 In
assume thr ?s1 t' = [(z1, In)]
hence thr s1 t' = |(z1, In)| t’' # t by(auto split: if-split-asm)
with mbisim-thrD1[OF mbisim <thr s1 t' = |(z1, In)]>] mbisim
show Jz2. thr 252 t' = | (22, In)] A t'F (x1, shr 2s1) =~ (22, shr 9s2) A (wset ?s2 t' = None
Vo xl ~w z2)
by (auto simp add: mbisim-def)
qed
with A have 3 ¢s2’. r2.mthr.silent-moves ?s2 (Is2, (ts2', m2), ws2, is2) A (Vt. no-rmovesl ?s1 t
— no-tmoves2 (1s2, (ts2', m2), ws2, is2) t) A 2s1 ~m (Is2, (ts2’, m2), ws2, is2) by(rule insert)
then obtain ts2’ where r2.mthr.silent-moves ?s2 (Is2, (ts2’, m2), ws2, is2)
and no-t: A\t. no-rmoves! ?s1 t => no-tmoves2 (1s2, (ts2', m2), ws2, is2) t
and %s1 ~m (Is2, (ts2', m2), ws2, is2) by auto
let 252’ = (Is2, (¢s2'(t — (22, no-wait-locks)), m2), ws2, is2)
from ts2t have ts2(t — (22, no-wait-locks)) = ts2 by(auto intro: ext)
with r2.7mRedT-add-thread-inv[OF <r2.mthr.silent-moves ?s2 (Is2, (¢s2', m2), ws2, is2)», of t
(22, no-wait-locks))
have r2.mthr.silent-moves (Is2, (ts2, m2), ws2, is2) ?s2’ by simp
from no-rmovel-Ts-to-no-rmove2[OF <t = (x1, shr s1) ~ (22, m2)» 71]
obtain 22’ m2’ where r2.silent-moves t (z2, m2) (z2', m2’)
and Az2" m2". = r2.silent-move t (22, m2’) (2", m2")
and ¢ & (z1, shr s1) = (z2', m2’) by auto
let 252" = (1s2, (ts2'(t — (22’, no-wait-locks)), m2'), ws2, is2)
from red2-rtrancl-T-heapD[OF «r2.silent-moves t (z2, m2) (z2', m2')> «t & (z1, shr s1) ~ (z2,
m2)»]
have m2’' = m2 by simp
with «r2.silent-moves t (£2, m2) (2, m2’)y have r2.silent-moves t (x2, shr ?s2") (z2', m2) by
simp
hence r2.mthr.silent-moves ?s2' (redT-upd-¢ ?s2' t 2’ m2)
by (rule red2-rtrancl-r-into-RedT-T)(auto simp add: <ws2 t = None> intro: <t - (z1, shr s1) ~
(22, m2)»)
also have redT-upd-e 952’ t 2’ m2 = 252’ using «<m2' = m2»
by (auto simp add: fun-eq-iff redT-updLns-def finfun-Diag-const2 o-def)
finally (back-subst) have r2.mthr.silent-moves (1s2, (ts2, m2), ws2, is2) 2s2"
using «r2.mthr.silent-moves (Is2, (ts2, m2), ws2, is2) ?s2’s by—(rule rtranclp-trans)
moreover {
fix ¢’
assume no-t1: no-rmoves! sI t’
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have no-rmoves2 ?s2" t’
proof(cases t' = t)
case True thus ?thesis
using «ws2 t = None>» <A\z2" m2". = r2.silent-move t (x2', m2’) (z2”, m2"")> by(simp add:
no-Tmoves2-def)
next
case Fulse
with no-71 have no-rmoves! ?s1 t’ by(simp add: no-rmovesI-def)
hence no-rmoves2 (Is2, (ts2’, m2), ws2, is2) t'
by (rule <no-rmovesl ?s1 t' = no-rmoves2 (Is2, (ts2', m2), ws2, is2) t")
with False «<m2’' = m2)> show ?thesis by(simp add: no-rmoves2-def)
qed }
moreover have s! ~m 752"
proof (rule mbisimI)
from mbisim
show finite (dom (thr s1)) locks s1 = locks ?s2’ wset s1 = wset ?s2’ interrupts s1 = interrupts
252"
by (simp-all add: mbisim-def)
next
from mbisim show wset-thread-ok (wset s1) (thr s1) by(rule mbisim-wset-thread-ok1)
next
fix ¢’
assume thr s1 t' = None
hence thr ?s1 t' = None t’ # t using ts1t by auto
with mbisim-thrNone-eq|OF <%s1 ~m (Is2, (ts2', m2), ws2, is2)s, of t’]
show thr 252" t' = None by simp
next
fix ¢t z1' In’
assume thr s1 t' = [(z1’, In")]
show J22. thr 252"t/ = (22, In')| At/ (21’ shr s1) = (22, shr 2s2") A (wset 252" ¢/ =
None V z1’ ~w z2)
proof(cases t = t)
case True
with <thr st t' = |(x1/, In")]> tsit <t b (a1, shrsl) = (22', m2’)y «<m2' = m2» <ws2 t = None)
show ?thesis by auto
next
case Fulse
with mbisim-thrD1[OF «%s1 ~m (Is2, (ts2', m2), ws2, is2), of t' x1’ In’] <thr s1 t' = [(z1’,
In")]y «m2' = m2» mbisim
show ?thesis by(auto simp add: mbisim-def)
qed
qed
ultimately show ?case unfolding «(m2’' = m2) by blast
qed
qed

lemma no-t Move2-1s-to-no-r Movel:

fixes no-rmoves! no-rmoves?

defines no-rmoves! = Asl t. wset s1 t = None A (Jz. thr s1 t = |(z, no-wait-locks)| A (Yz' m'.
- r1.silent-move t (z, shr s1) (z', m’)))

defines no-rmoves2 = As2 t. wset s2 t = None A (3z. thr s2 t = |(z, no-wait-locks)| A (Yz' m'.
- r2.silent-move t (x, shr s2) (z', m’)))

assumes (Is1, (ts1, m1), wsl, isl) ~m s2
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shows Jts1’. r1.mthr.silent-moves (Is1, (ts1, m1), wsl, is1) (Is1, (ts1’, m1), wsl, isl) A
(Vt. no-tmoves2 s2 t — no-tmoves! (Is1, (ts1', m1), wsl, isl) t) A (Is1, (ts1’, m1),
wsl, isl) ~m s2
using assms FWdelay-bisimulation-diverge.no-r Movel-ts-to-no-r Move2[ OF FWdelay-bisimulation-diverge-flip]
unfolding flip-simps by blast

lemma deadlock-mbisim-not-final-thread-pres:
assumes dead: t € rl.deadlocked s1 V r1.deadlock s1
and nfin: r1.not-final-thread s1 t
and fin: r1.final-thread s1 t = r2.final-thread s2 t
and mbisim: s1 ~m s2
shows r2.not-final-thread s2 t
proof —
from nfin obtain z1 In where thr s1 t = |(z1, In)] by cases auto
with mbisim obtain 22 where thr s2 t = (22, In)] t & (z1, shr s1) ~ (22, shr s2) wset s1 t =
None V z1 ~w z2
by (auto dest: mbisim-thrD1)
show r2.not-final-thread s2 t
proof(cases wset s1 t = None A In = no-wait-locks)
case Fulse
with «rl.not-final-thread sl t» <thr s1 t = |[(z1, In)|> <thr s2t = |(22, In)|> mbisim
show ?thesis by cases(auto simp add: mbisim-def r2.not-final-thread-iff)
next
case True
with «<rl.not-final-thread s1 t» <thr s1 t = |(z1, In)|> have — finall z1 by(cases) auto
have — final2 z2
proof
assume final2 x2
with final2-simulation|OF <t = (z1, shr s1) = (22, shr s2))]
obtain z1’ m1’ where r1.silent-moves ¢ (z1, shr s1) (x1’, m1') t b (z1', m1’) =~ (22, shr s2)
finall 1’ by auto
from «r!.silent-moves ¢ (x1, shr s1) (z1’, m1’)» have z1’' = z1
proof(cases rule: converse-rtranclpE2[consumes 1, case-names refl step))
case (step 1" m1")
from «r1.silent-move t (x1, shr s1) (x1”, m1'")»
have ¢t F (21, shr s1) —1—e— (x1”, m1") by(auto dest: r1.silent-tl)
hence r1.redT sl (t, e) (redT-upd-¢ s1 t x1" m1”)
using <thr s1 t = |(z1, In)]> True
by —(erule rl.redT-normal, auto simp add: redT-updLns-def finfun-Diag-const2 o-def
red T-upd Ws-def)
hence Fulse using dead by(auto intro: r1.deadlock-no-red r1.red-no-deadlock)
thus Zthesis ..
qed simp
with <= finall z1» <finall x1’y show Fualse by simp
qged
thus ?thesis using <thr s2 t = (22, In) |» by(auto simp add: r2.not-final-thread-iff)
qed
qed

lemma deadlocked1-imp-Ts-deadlocked?:

assumes mbisim: s1 ~m s2

and dead: t € r1.deadlocked s1

shows 3s2’. r2.mthr.silent-moves s2 s2' N\ t € r2.deadlocked s2' N\ s1 ~m s2'
proof —
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from mfinall-inv-simulation| OF mbisim)
obtain Is2 ts2 m2 ws2 is2 where redl: r2.mthr.silent-moves s2 (Is2, (ts2, m2), ws2, is2)
and sI ~m (Is2, (ts2, m2), ws2, is2) and m2 = shr s2
and fin: At. r1.final-thread s1 t = r2.final-thread (ls2, (ts2, m2), ws2, is2) t by fastforce
from no-r Movel-ts-to-no-r Move2|OF <s1 ~m (Is2, (ts2, m2), ws2, is2)}]
obtain ts2’ where red2: r2.mthr.silent-moves (I1s2, (ts2, m2), ws2, is2) (I1s2, (ts2’, m2), ws2, is2)
and no-m: A\t z1 22 22’ m2'. [ wset s1 t = None; thr s1 t = |(x1, no-wait-locks)|; ts2’ t = [(z2,
no-wait-locks) |;
Az’ m'. rl.silent-move t (1, shr s1) (z', m') = False |
= - r2.silent-move t (22, m2) (22, m2’)
and mbisim: s1 ~m (Is2, (ts2’, m2), ws2, is2) by fastforce
from mbisim have mbisim-eqs: I1s2 = locks s1 ws2 = wset s1 is2 = interrupts si
by (simp-all add: mbisim-def)
let 252 = (Is2, (ts2', m2), ws2, is2)
from red2 have fin: A\t. r1.final-thread s1 t = r2.final-thread ?s2 t
by (rule r2.7mRedT-preserves-final-thread)(rule fin)
from dead
have t € r2.deadlocked ?s2
proof (coinduct)
case (deadlocked t)
thus Zcase
proof (cases rule: r1.deadlocked-elims)
case (lock z1)
hence csmw: ALT. r1.can-sync t x1 (shr s1) LT =
JUeLlT. r1.must-wait s1t 1t (r1.deadlocked s1 U rl.final-threads s1)
by blast
from «thr s1 t = |(x1, no-wait-locks)|> mbisim obtain z2
where ts2’ t = | (22, no-wait-locks)| and bisim: t & (z1, shr s1) ~ (22, m2)
by (auto dest: mbisim-thrD1)
note (ts2' t = | (22, no-wait-locks)|> moreover
{ from «r1.must-sync ¢t x1 (shr s1)> obtain tal 1’ m1’
where r1: t & (21, shr s1) —1—tal— (x1', m1’)
and s1” 3s1’. rl.actions-ok s1' t tal by(fastforce elim: r1.must-syncE)
have — tmovel (x1, shr s1) tal (z1’, m1’) (is =~ ?7)
proof
assume 77
hence tal = ¢ by(rule r1.silent-tl)
with r1 have r1.can-sync t z1 (shr s1) {}
by (auto introl: r1.can-syncl simp add: collect-locks-def collect-interrupts-def)
from csmw[OF this] show Fualse by blast
qed
from simulation [OF bisim r1 this]
obtain 22’ m2’ z2' m2" ta2 where r2: r2.silent-moves t (x2, m2) (z2', m2’)
and 72" t - (22, m2') —2—ta2— (22", m2")
and 72: = Tmove2 (22', m2') ta2 (z2", m2')
and bisim”: t b (x1', m1') = (22", m2") and tasim: tal ~m ta2 by auto
from r2
have Jta2 22’ m2’' s2'. t b (22, m2) —2—ta2— (22', m2’) A r2.actions-ok s2' t ta2
proof(cases rule: converse-rtranclpE2[consumes 1, case-names base step))
case base
from r2’[folded base] s1'[unfolded ezx-actions-ok1-conv-ex-actions-ok2[OF tasim]]
show ?thesis by blast
next
case (step 22" m2'")
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hence ¢t - (22, m2) —2—e— (22", m2'"") by(auto dest: r2.silent-tl)
moreover have r2.actions-ok (undefined, (undefined, undefined), Map.empty, undefined) t €
by auto
ultimately show ?thesis by —(rule exl conjl|assumption)+
qed
hence r2.must-sync t 2 m2 unfolding r2.must-sync-def2 . }
moreover
{ fix LT
assume r2.can-sync t €2 m2 LT
then obtain ta2 22’ m2’ where r2: t F (22, m2) —2—ta2— (22', m2’)
and LT: LT = collect-locks {ta2]; <4+> collect-cond-actions {ta2}c <+> collect-interrupts
{ta2};
by (auto elim: r2.can-synckE)
from <wset s1 t = None» <thr s1 t = |(z1, no-wait-locks)|» <ts2' t = | (22, no-wait-locks) |»
have - r2.silent-move t (2, m2) (x2', m2’)
proof (rule no-1)
fix z1' m1’
assume 71 .silent-move t (x1, shr s1) (z1', m1’)
hence t - (z1, shr s1) —1—e— (x1', m1’') by(auto dest: r1.silent-tl)
hence r1.can-sync t x1 (shr s1) {}
by (auto intro: r1.can-syncl simp add: collect-locks-def collect-interrupts-def)
with csmw[OF this] show False by blast
qed
with 72 have = Tmove2 (22, m2) ta2 (z2', m2’) by auto
from simulation2[OF bisim r2 this| obtain z1' m1’ z1" m1' tal
where 7r1: rl.silent-moves t (z1, shr s1) (z1', m1’)
and r1: t+ (21, m1') —1—tal— (x1”, m1")
and n71: = Tmovel (x1', m1') tal (z1”, m1")
and bisim” t F (z1”, m1") = (z2', m2’)
and tlsim: tal ~m ta2 by auto
from 771 obtain [simp]: z1’' = 21 m1' = shr sl
proof (cases rule: converse-rtranclpE2[consumes 1, case-names refl step])
case (step X M)
from «r1.silent-move t (z1, shr s1) (X, M)
have t - (21, shr s1) —1—e— (X, M) by(auto dest: r1.silent-tl)
hence r1.can-sync t x1 (shr s1) {}
by (auto intro: r1.can-syncl simp add: collect-locks-def collect-interrupts-def)
with csmw[OF this] have False by blast
thus %thesis ..
qed blast
from tisim LT have LT = collect-locks {tall}; <+> collect-cond-actions {tall}. <+> col-
lect-interrupts {tal|};
by (auto simp add: ta-bisim-def)
with r1 have r!.can-sync t 1 (shr s1) LT by(auto intro: r1.can-syncl)
from csmw[OF this| obtain It
where [t: [t € LT and mw: r1.must-wait s1 t It (r1.deadlocked s1 U rl.final-threads s1) by
blast
have subset: r1.deadlocked s1 U rl.final-threads s1 C rl1.deadlocked s1 U r2.deadlocked s2 U
r2.final-threads ?s2
by (auto dest: fin')
from mw have r2.must-wait ?s2 t It (r1.deadlocked s1 U r2.deadlocked ?s2 U r2.final-threads
7s2)
proof (cases rule: r1.must-wait-elims)
case lock thus ?thesis by (auto simp add: mbisim-eqs dest!: fin')



193

next
case (join t')
from «<rl1.not-final-thread s1 t’> obtain z1 In
where thr s1 t' = | (21, In)] by cases auto
with mbisim obtain 22 where ts2’' t' = [(z2, In)| t' b (z1, shr s1) =~ (22, m2) by(auto
dest: mbisim-thrD1)
show ?thesis
proof(cases wset s1 t' = None A In = no-wait-locks)
case Fulse
with «rl.not-final-thread s1 t'» <thr s1 t' = [(z1, In)]> «ts2' ¢t/ = [(22, In)]> <t = Inr (Inl
t’)» join
show ?thesis by (auto simp add: mbisim-eqs r2.not-final-thread-iff r1.final-thread-def)
next
case True
with «r!.not-final-thread s1 t'y <thr s1 t' = |(«1, In)|> have — finall x1 by(cases) auto
with join «thr s1 t' = |[(zI, In)]> have t’ € ri.deadlocked s1 by(auto simp add:
r1.final-thread-def)
have - final2 22
proof
assume final2 z2
with final2-simulation|OF «t'F (z1, shr s1) =~ (22, m2))]
obtain z1’ m1’ where r1.silent-moves t’ (z1, shr s1) (z1’, m1’)
and t'F (z1', m1') = (22, m2) finall z1' by auto
from «r1.silent-moves t' (z1, shr s1) (x1’, m1’)y have z1' = x1
proof (cases rule: converse-rtranclpE2[consumes 1, case-names refl step])
case (step 1" m1")
from «r!.silent-move t' (z1, shr s1) (x1”, m1")»
have t'F (x1, shr s1) —1—e— (21", m1") by(auto dest: r1.silent-tl)
hence r1.redT s1 (t', €) (redT-upd- s1 t' x1" m1')
using «<thr s1 t' = |(z1, In)]> True
by —(erule r1.redT-normal, auto simp add: redT-updLns-def red T-upd Ws-def fin-
fun-Diag-const2 o-def)
hence Fulse using «t’ € r1.deadlocked s1» by(rule r1.red-no-deadlock)
thus “thesis ..

qed simp
with <= finall z1) <finall z1'> show False by simp
qed

thus ?thesis using «ts2’' t' = [(22, In)]> join
by (auto simp add: r2.not-final-thread-iff r1.final-thread-def)
qed
next
case (interrupt t')
have r2.all-final-except 252 (r1.deadlocked s1 U r2.deadlocked ?s2 U r2.final-threads ?s2)
proof(rule r2.all-final-exceptl)
fix ¢t
assume r2.not-final-thread ?s2 t"
then obtain z2 In where thr ?s2 t'' = | (22, In)]
and fin: = final2 z2 V In # no-wait-locks V wset ?s2 t'' # None
by (auto simp add: r2.not-final-thread-iff )
from <thr 252 t" = |(«2, In)]> mbisim
obtain z1 where tsit'": thr s1 t"” = |(«1, In)]
and bisim’: t"' F (21, shr s1) ~ (22, shr 2s2)
by (auto dest: mbisim-thrD2)
have r1.not-final-thread s1 t"
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proof(cases wset ?s2 t" = None A In = no-wait-locks)
case True
with fin have — final2 x2 by simp
hence — finall z1
proof (rule contrapos-nn)
assume finall z1
with finall-simulation| OF bisim"’]
obtain 22’ m2’ where 752: r2.silent-moves t" (z2, shr ?s2) (x2', m2’)
and bisim”'": t" & (a1, shr s1) = (22', m2")
and final2 2’ by auto
from 752 have 22’ = 12
proof(cases rule: converse-rtranclpE2[consumes 1, case-names refl step))
case refl thus ?thesis by simp
next
case (step 22" m2")
from True have wset s1 t"’ = None thr s1 t" = |(z1, no-wait-locks)| ts2’ t" = |(z2,
no-wait-locks) |
using tsit" «thr 2s2t" = (22, In)|» mbisim by (simp-all add: mbisim-def)
hence no-72: = r2.silent-move t"' (2, m2) (z2', m2")
proof(rule no-7)
fix 21’ m1’
assume 71 .silent-move t"' (z1, shr s1) (z1’, m1’)
with <finall z1) show False by(auto dest: r1.final-no-red)
qged
with «r2.silent-move t" (22, shr s2) (z2”, m2")) have False by simp
thus %thesis ..
qed
with <final2 2’y show final2 z2 by simp
qed
with tsit” show ?thesis ..
next
case False
with ts1t” mbisim show ?thesis by(auto simp add: r1.not-final-thread-iff mbisim-def)
qed
with «<r1.all-final-except s1 (r1.deadlocked s1 U rl1.final-threads s1))
have t"' € r1.deadlocked s1 U rl.final-threads s1 by(rule r1.all-final-exceptD)
thus t” € r1.deadlocked s1 U r2.deadlocked ?s2 U r2.final-threads ?s2
by (auto dest: fin' simp add: mbisim-eqs)
qed
thus ?thesis using interrupt mbisim by(auto simp add: mbisim-def)
qed
hence 3teLT. r2.must-wait ?s2 t It (r1.deadlocked s1 U r2.deadlocked ?s2 U r2.final-threads
52)
using «lt € LT) by blast }
moreover from mbisim <wset s1 t = None» have wset ?s2 t = None by(simp add: mbisim-def)
ultimately have ?Lock by simp
thus ?thesis ..
next
case (wait z1 In)
from mbisim <thr s1 t = |(z1, In)]>
obtain z2 where ¢s2' t = | (22, In)] by(auto dest: mbisim-thrD1)
moreover
have r2.all-final-except ?s2 (r1.deadlocked s1)
proof (rule r2.all-final-exceptl)
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fix ¢
assume r2.not-final-thread ?s2 t
then obtain z2 In where ts2' ¢ = | (22, In)] by(auto simp add: r2.not-final-thread-iff)
with mbisim obtain z1 where thr s1 t = [(z1, In)| t F (21, shr s1) = (22, m2) by(auto dest:
mbisim-thrD2)
hence r1.not-final-thread sl t using <r2.not-final-thread ?s2 t» <ts2’ t = |(z2, In)|> mbisim
fin'lof 1]
by (cases wset s1 t)(auto simp add: r1.not-final-thread-iff r2.not-final-thread-iff mbisim-def
r1.final-thread-def r2.final-thread-def)
with <r1.all-final-except s1 (r1.deadlocked s1)»
show ¢ € rl.deadlocked s1 by(rule r1.all-final-exceptD)
qed
hence r2.all-final-except ?s2 (rl.deadlocked s1 U r2.deadlocked ?s2)
by (rule r2.all-final-except-mono’) blast
moreover
from (waiting (wset s1 t)> mbisim
have waiting (wset ?s2 t) by (simp add: mbisim-def)
ultimately have ?Wait by simp
thus ?thesis by blast
next
case (acquire 1 In 1 t')
from mbisim <thr s1 t = |(«1, In)|»
obtain 22 where ¢s2' t = | (22, In)] by(auto dest: mbisim-thrD1)
moreover
from <t’ € r1.deadlocked s1 V rl.final-thread s1 t’
have (t' € r1.deadlocked s1 V t' € r2.deadlocked ?s2) V r2.final-thread ?s2 t' by(blast dest: fin")
moreover
from mbisim <has-lock (locks s1 $ 1) t"
have has-lock (locks ?s2 $ 1) t’ by(simp add: mbisim-def)
ultimately have ?Acquire
using <0 < In § Iy <t # t"» <= waiting (wset s t)» mbisim
by (auto simp add: mbisim-def)
thus ?thesis by blast
qed
qed
with red! red2 mbisim show ?thesis by(blast intro: rtranclp-trans)
qed

lemma deadlocked2-imp-Ts-deadlocked1 :

[ s1 ~m s2; t € r2.deadlocked s2 |

= s1’. r1.mthr.silent-moves s1 s1’' A t € rl.deadlocked s1' N s1’ ~m s2
using FWdelay-bisimulation-diverge.deadlocked1-imp-7s-deadlocked2| OF FWdelay-bisimulation-diverge-flip)
unfolding flip-simps .

lemma deadlock1-imp-7s-deadlock2:
assumes mbisim: s1 ~m s2
and dead: r1.deadlock s1
shows Js2'. r2.mthr.silent-moves s2 s2' A r2.deadlock s2' N\ s1 ~m s2'
proof(cases t. r1.not-final-thread s1 t)
case True
then obtain ¢ where nfin: r1.not-final-thread si1 t ..
from mfinall-inv-simulation]| OF mbisim]
obtain [s2 ts2 m2 ws2 is2 where redl: r2.mthr.silent-moves s2 (Is2, (ts2, m2), ws2, is2)
and sI ~m (Is2, (ts2, m2), ws2, is2) and m2 = shr s2
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and fin: A\t. r1.final-thread s1 t = r2.final-thread (Is2, (ts2, m2), ws2, is2) t by fastforce
from no-r Movel-ts-to-no-r Move2[OF <s1 ~m (Is2, (ts2, m2), ws2, is2)]
obtain ts2’ where red2: r2.mthr.silent-moves (Is2, (ts2, m2), ws2, is2) (Is2, (ts2’, m2), ws2, is2)
and no-t: A\t 21 22 22’ m2'. [ wset s1 t = None; thr s1 t = |(z1, no-wait-locks) |; ts2' t = | (22,
no-wait-locks) |;
Nz’ m’. r1.silent-move t (x1, shr s1) (z’, m') = False ]
= - r2.silent-move t (x2, m2) (z2’, m2’)
and mbisim: s1 ~m (Is2, (ts2', m2), ws2, is2) by fastforce
from mbisim have mbisim-eqs: Is2 = locks s1 ws2 = wset s1 is2 = interrupts sl
by (simp-all add: mbisim-def)
let 252 = (Is2, (ts2', m2), ws2, is2)
from red2 have fin": A\t. r1.final-thread s1 t = r2.final-thread ?s2 t
by (rule r2.7mRedT-preserves-final-thread)(rule fin)
have r2.deadlock ?s2
proof (rule r2.deadlockl, goal-cases)
case (1t z2)
note ts2t = <thr ?s2 t = | (22, no-wait-locks)|»
with mbisim obtain z1 where tsit: thr s1 t = [(z1, no-wait-locks) |
and bisim: t - (z1, shr s1) = (22, m2) by(auto dest: mbisim-thrD2)
from (wset ?s2 t = Noney mbisim have wsit: wset s1 t = None by(simp add: mbisim-def)
have — finall z1
proof
assume finall x1
with tsit wsit have r!.final-thread s1 t by(simp add: r1.final-thread-def)
hence r2.final-thread ?s2 t by (rule fin')
with «— final2 2) ts2t <wset ?s2 t = None» show Fualse by(simp add: r2.final-thread-def)
qged
from r1.deadlockD1[OF dead tsit this <wset s1 t = None]
have ms: r1.must-sync t x1 (shr s1)
and csmw: ALT. r1.can-sync t x1 (shr s1) LT = 3t LT. r1.must-wait s1 t It (dom (thr s1))
by blast+
{
from «r!.must-sync t 1 (shr s1)> obtain tal x1’ m1’
where 71: t - (21, shr s1) —1—tal— (x1', m1’)
and s1”: Is1’. rl.actions-ok s1' t tal by(fastforce elim: r1.must-syncE)
have — Tmovel (z1, shr s1) tal (z1’, m1’) (is = 1)
proof
assume 7
hence tal = e by(rule r1.silent-tl)
with r1 have r!.can-sync t 1 (shr s1) {}
by (auto intro!: r1.can-syncl simp add: collect-locks-def collect-interrupts-def)
from csmw|[OF this] show False by blast
qed
from simulation1[OF bisim r1 this]
obtain 22’ m2’ 2" m2" ta2 where r2: r2.silent-moves t (22, m2) (z2', m2’)
and 72"t (z2/, m2') —2—ta2— (22", m2")
and bisim” t F (z1', m1') = (22", m2'") and tasim: tal ~m ta2 by auto
from r2
have Jta2 22’ m2’ s2'. t b (z2, m2) —2—ta2— (22', m2') A r2.actions-ok s2’ t ta2
proof(cases rule: converse-rtranclpE2[consumes 1, case-names base step])
case base
from r2'[folded base] s1'[unfolded ex-actions-ok1-conv-ex-actions-ok2[OF tasim]]
show ?thesis by blast
next



197

case (step 12" m2'")
hence t - (22, m2) —2—e— (22", m2'") by (auto dest: r2.silent-tl)
moreover have r2.actions-ok (undefined, (undefined, undefined), Map.empty, undefined) t €
by auto
ultimately show ?thesis by—(rule ezl conjl|assumption)+
qed
hence r2.must-sync t 2 m2 unfolding r2.must-sync-def2 . }
moreover
{ fix LT
assume r2.can-sync t 2 m2 LT
then obtain ta2 22’ m2’' where r2: t b (22, m2) —2—ta2— (22', m2’)
and LT: LT = collect-locks {ta2]; <+> collect-cond-actions {tal]c. <+> collect-interrupts
{ta2};
by (auto elim: r2.can-synck)
from ¢s2t have ts2' t = [(22, no-wait-locks)| by simp
with wsit tsit have — r2.silent-move t (22, m2) (x2', m2')
proof (rule no-1)
fix 21’ m1’
assume 71 .silent-move t (z1, shr s1) (z1', m1’)
hence ¢ - (21, shr s1) —1—e— (z1', m1’) by(auto dest: r1.silent-tl)
hence r1.can-sync t x1 (shr s1) {}
by (auto intro: r1.can-syncl simp add: collect-locks-def collect-interrupts-def)
with csmw|[OF this] show Fulse by blast
qed
with 72 have — Tmove2 (2, m2) ta2 (z2', m2’) by auto
from simulation2[OF bisim r2 this] obtain x1’ m1’ z1" m1" tal
where 7r1: rl.silent-moves t (z1, shr s1) (z1', m1’)
and r1: tk (21, m1') —1—tal— (z1”, m1")
and nt1: - Tmovel (x1’', m1’) tal (x1", m1")
and bisim” t b (21", m1") ~ (22’, m2’)
and tlsim: tal ~m ta2 by auto
from 771 obtain [simp]: 1’ = z1 m1' = shr sl
proof (cases rule: converse-rtranclpE2[consumes 1, case-names refl step))
case (step X M)
from «r1.silent-move t (z1, shr s1) (X, M)
have t - (21, shr s1) —1—e— (X, M) by(auto dest: r1.silent-tl)
hence r1.can-sync t x1 (shr s1) {}
by (auto intro: r1.can-syncl simp add: collect-locks-def collect-interrupts-def)
with csmw[OF this] have False by blast
thus ?thesis ..
qed blast
from tlsim LT have LT = collect-locks {tall}; <+> collect-cond-actions {tall. <+> col-
lect-interrupts {tall};
by (auto simp add: ta-bisim-def)
with r1 have r!.can-sync t 1 (shr s1) LT by(auto intro: r1.can-syncl)
from csmw[OF this| obtain It
where [t: [t € LT r1.must-wait s1 t It (dom (thr s1)) by blast
from «r!.must-wait s1 t It (dom (thr s1))> have r2.must-wait ?s2 t It (dom (thr ?s2))
proof (cases rule: r1.must-wait-elims)
case (lock 1)
with mbisim-dom-eq[OF mbisim] show ?thesis by (auto simp add: mbisim-eqs)
next
case (join t')
from dead deadlock-mbisim-not-final-thread-pres|OF - <rl.not-final-thread s1 t's fin’ mbisim]
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have 72.not-final-thread ?s2 t’ by auto
thus %thesis using join mbisim-dom-eq[OF mbisim] by auto
next
case (interrupt t’)
have r2.all-final-except 2s2 (dom (thr ?s2)) by(auto introl: r2.all-final-exceptl)
with interrupt show ?thesis by(auto simp add: mbisim-eqs)
qed
with It have JitcLT. r2.must-wait ?s2 ¢ It (dom (thr ?s2)) by blast }
ultimately show ?Zcase by fastforce
next
case (2tz2inl)
note dead moreover
from mbisim <thr 2s2 t = |(22, In)]»
obtain z1 where thr s1 t = |[(¢1, In)] by(auto dest: mbisim-thrD2)
moreover note <0 < In $ I
moreover from - waiting (wset 2s2 t)> mbisim
have — waiting (wset s1 t) by(simp add: mbisim-def)
ultimately obtain !’ ¢’ where 0 < In $ I’ t # t’ thr s1 t' # None has-lock (locks s1 $ 1) t’
by (rule r1.deadlockD2)
thus ?case using mbisim-thrNone-eq| OF mbisim, of t'| mbisim by (auto simp add: mbisim-def)
next
case (3t 22 w)
from mbisim-thrD2[OF mbisim this)
obtain z! where thr s1 t = |(z1, no-wait-locks)| by auto
with dead have wset s1 t # | PostWS w]| by(rule r1.deadlockD3[rule-format])
with mbisim show fZcase by(simp add: mbisim-def)
qed
with redl red2 mbisim show ?thesis by(blast intro: rtranclp-trans)
next
case Fulse
hence r1.mfinal s1 by(auto intro: r1.mfinall simp add: r1.not-final-thread-iff)
from mfinall-simulation]| OF mbisim this]
obtain s2’ where TmRed2 s2 s2' s1 ~m s2' r2.mfinal s2' shr s2' = shr s2 by blast
thus ?thesis by (blast intro: r2.mfinal-deadlock)
qed

lemma deadlock2-imp-1s-deadlockl:

[ s1 ~m s2; r2.deadlock s2 ]

= Js1’. r1.mthr.silent-moves s1 s1’' A rl.deadlock s1’ N s1' ~m s2
using FWdelay-bisimulation-diverge.deadlock1-imp-ts-deadlock2[ OF FWdelay-bisimulation-diverge-flip)
unfolding flip-simps .

lemma deadlocked’1-imp-7s-deadlocked’2:

[ s1 ~m s2; ri.deadlocked’ s1 ]

= J52'. r2.mthr.silent-moves s2 s2' N\ r2.deadlocked’ s2' N s1 ~m s2'
unfolding r1.deadlock-eq-deadlocked’[symmetric] r2.deadlock-eq-deadlocked’[symmetric)
by (rule deadlock1-imp-Ts-deadlock?2)

lemma deadlocked’2-imp-7s-deadlocked’1:
[ s1 =m s2; r2.deadlocked’ s2 | = I s1’. r1.mthr.silent-moves s1 s1’ A r1.deadlocked’ s1’ N s1’
~m s2
unfolding r1.deadlock-eq-deadlocked’[symmetric] r2.deadlock-eq-deadlocked’[symmetric)
by (rule deadlock2-imp-s-deadlockl)
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end
context FWhisimulation begin

lemma mbisim-final-thread-preservel :
assumes mbisim: sl ~m s2 and fin: r1.final-thread s1 t
shows r2.final-thread s2 t
proof —
from fin obtain z1 where tsit: thr s1 t = [(z1, no-wait-locks) |
and finl: finall x1 and wslt: wset s1 t = None
by (auto elim: r1.final-threadE)
from mbisim tsit obtain z2
where ts2t: thr s2 t = [ (22, no-wait-locks) |
and bisim: t - (z1, shr s1) = (22, shr s2) by(auto dest: mbisim-thrD1)
note ts2t moreover from finl bisim have final2 z2 by(auto dest: bisim-final)
moreover from mbisim wsit have wset s2 t = None by(simp add: mbisim-def)
ultimately show ?thesis by (rule r2.final-threadl)
qed

lemma mbisim-final-thread-preserve2:

[ s1 ~m s2; r2.final-thread s2 t | = rl.final-thread s1 t
using FWbisimulation.mbisim-final-thread-preservel [OF FWbisimulation-flip]
unfolding flip-simps .

lemma mbisim-final-thread-inv:
sl ~m s2 = rl.final-thread sl t +— 7r2.final-thread s2 t
by (blast intro: mbisim-final-thread-preservel mbisim-final-thread-preserve2)

lemma mbisim-not-final-thread-inv:
assumes bisim: mbisim s1 s2
shows r1.not-final-thread s1 = r2.not-final-thread s2
proof (rule ext)
fix t
show r1.not-final-thread s1 t = r2.not-final-thread s2 t
proof (cases thr s1 t)
case None
with mbisim-thrNone-eq(OF bisim, of t] have thr s2 t = None by simp
with None show ?thesis
by (auto elim!: r2.not-final-thread.cases r1.not-final-thread.cases
intro: r2.not-final-thread.intros r1.not-final-thread.intros)
next
case (Some a)
then obtain z! In where tstl: thr s t = |(«1, In)| by(cases a) auto
from mbisim-thrD1[OF bisim tst1] obtain z2
where tst2: thr s2t = | (22, In)| and bisimt: ¢t & (z1, shr s1) ~ (22, shr s2) by blast
from bisim have wset s2 = wset s1 by(simp add: mbisim-def)
with ¢st2 tst1 bisim-final| OF bisimt] show ?thesis
by (simp add: r1.not-final-thread-conv r2.not-final-thread-conv)(rule mbisim-final-thread-inv] OF
bisim])
qed
qed

lemma mbisim-deadlocked-preservel :
assumes mbisim: sl ~m s2 and dead: t € r1.deadlocked s1
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shows t € r2.deadlocked s2
proof —
from deadlocked1-imp-ts-deadlocked2[OF mbisim dead)
obtain s2’ where r2.mthr.silent-moves s2 s2'
and t € r2.deadlocked 52’ by blast
from <r2.mthr.silent-moves s2 s2’> have s2’ = s2
by (rule converse-rtranclpE)(auto elim: r2.m1move.cases)
with <t € r2.deadlocked s2’y show ?thesis by simp
qed

lemma mbisim-deadlocked-preserve2:

[ s1 =m s2; t € r2.deadlocked s2 | => t € rl.deadlocked s1
using FWhbisimulation.mbisim-deadlocked-preservel [OF FWhbisimulation-flip]
unfolding flip-simps .

lemma mbisim-deadlocked-inv:
sl ~m s2 = rl.deadlocked s1 = r2.deadlocked s2
by (blast intro!: mbisim-deadlocked-preservel mbisim-deadlocked-preserve?)

lemma mbisim-deadlocked’-inv:

sl ~m s2 = rl.deadlocked’ s1 <— 12.deadlocked’ s2
unfolding r1.deadlocked’-def r2.deadlocked’-def
by(simp add: mbisim-not-final-thread-inv mbisim-deadlocked-inv)

lemma mbisim-deadlock-inv:

s1 =m s2 = rl.deadlock s1 = r2.deadlock s2
unfolding r1.deadlock-eq-deadlocked’ v2.deadlock-eq-deadlocked’
by (rule mbisim-deadlocked’-inv)

end

context FWhisimulation begin

lemma bisim-can-sync-preservel :
assumes bisim: t - (1, m1) =~ (22, m2) and cs: t b (x1, m1) LT 11
shows t - (z2, m2) LT 12
proof —
from cs obtain tal z1’ m1’ where redl: t b (z1, m1) —1—tal— (xz1’, m1’)
and LT: LT = collect-locks {tall}; <+> collect-cond-actions {tal [} <+> collect-interrupts {tall;
by (rule r1.can-syncE)
from bisimulation.simulation1[OF bisimulation-axioms, OF bisim redl] obtain 2’ ta2 m2’
where red2: t F (22, m2) —2—ta2— (22', m2’)
and tasim: tal ~m ta2 by fastforce
from tasim LT have LT = collect-locks {ta2[}; <+> collect-cond-actions {ta2[} . <+> collect-interrupts
{ta2}};
by (auto simp add: ta-bisim-def)
with red2 show ?thesis by (rule r2.can-syncl)
qed

lemma bisim-can-sync-preserve2:
[tF (z1, ml) = (22, m2); t - (2, m2) LT 2] = ¢+ (x1, m1) LT 11
using FWbisimulation.bisim-can-sync-preservel [OF FWbisimulation-flip]
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unfolding flip-simps .

lemma bisim-can-sync-inv:
tE (21, ml) = (22, m2) = tt (x1, m1) LT 11 «— t + (22, m2) LT 12
by (blast intro: bisim-can-sync-preservel bisim-can-sync-preserve2)

lemma bisim-must-sync-preservel :
assumes bisim: t - (z1, m1) ~ (22, m2) and ms: t - (z1, m1) 11
shows ¢ F (22, m2) 12
proof —
from ms obtain tal 1’ m1’ where redl: t - (z1, m1) —1—tal— (x1’, m1’)
and s1”: Is1’. rl.actions-ok s1' t tal by(fastforce elim: r1.must-syncE)
from bisimulation.simulation1[OF bisimulation-axioms, OF bisim red1] obtain z2’ ta2 m2’
where red?2: t - (22, m2) —2—ta2— (22’, m2’)
and tasim: tal ~m ta2 by fastforce
from ez-actions-ok1-conv-ex-actions-ok2|[OF tasim, of t| s1’ red2
show ?thesis unfolding r2.must-sync-def2 by blast
qed

lemma bisim-must-sync-preserve2:

[tF (z1, m1) = (22, m2); t = (x2, m2) 12 | = ¢+ (x1, m1) U
using FWbisimulation.bisim-must-sync-preservel [OF FWbisimulation-flip]
unfolding flip-simps .

lemma bisim-must-sync-inv:
tE (z1, ml) =~ (22, m2) = ¢t (z1, m1) 1 +— t F (22, m2) 12
by (blast intro: bisim-must-sync-preservel bisim-must-sync-preserve2)

end

end

1.20 Semantic properties of lifted predicates

theory FWLiftingSem

imports
FWSemantics
FWLifting

begin

context multithreaded-base begin

lemma redT-preserves-ts-inv-ok:
[ s —t>ta— s'; ts-inv-ok (thr s) 1]
= ts-inv-ok (thr s’) (upd-invs I P {tal}+)
by (erule redT .cases)(fastforce intro: ts-inv-ok-upd-invs ts-inv-ok-upd-ts red T-updTs-Some)+

lemma RedT-preserves-ts-inv-ok:

[ s —>ttas—* s’; ts-inv-ok (thr s) I ]

= ts-inv-ok (thr s') (upd-invs I Q (concat (map (thr-a o snd) ttas)))
by (induct rule: RedT-induct)(auto intro: red T-preserves-ts-inv-ok)

lemma redT-upd-inv-ext:
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fixes [ :: 't — /i
shows [ s —t>ta— s'; ts-inv-ok (thr s) I | = I C,, upd-invs I P {tal+
by (erule redT.cases, auto intro: ts-inv-ok-inv-ext-upd-invs)

lemma RedT-upd-inv-ext:
fixes I = 't = i
shows [ s —>ttas—x s'; ts-inv-ok (thr s) I ]
= I C,,, upd-invs I P (concat (map (thr-a o snd) ttas))
proof (induct rule: RedT-induct)
case refl thus ?case by simp
next
case (step S TTAS S’ T TA S
hence ts-inv-ok (thr S') (upd-invs I P (concat (map (thr-a o snd) TTAS)))
by —(rule RedT-preserves-ts-inv-ok)
hence upd-invs I P (concat (map (thr-a o snd) TTAS)) C,, upd-invs (upd-invs I P (concat (map
(thr-a o snd) TTAS))) P {TA[¢
using step by —(rule red T-upd-inv-ext)
with step show ?case by(auto elim!: map-le-trans simp add: comp-def)
qed

end

locale lifting-inv = multithreaded final r convert-RA
for final :: 'z = bool
and r :: (','t,’z,'m,’w,’0) semantics (- - - —— - [50,0,0,50] 80)
and convert-RA :: 'l released-locks = "o list
+
fixes P :: i = 't = 'z = 'm = bool
assumes nvariant-red: [ t = (z, m) —ta— (z¢/, m"); Pitam] = Pitz' m’
and invariant-NewThread: [ t & (x, m) —ta— (z', m"); P i t x m; NewThread t"" " m' € set {tal},

— 3" P 1" 2 m
and invariant-other: [ t b (x, m) —ta— {(x’, m"y; Pitam; Pi" t" " m] = Pi"t" 2" m'
begin

lemma red T-updTs-invariant:
fixes In
assumes tsiP: ts-inv P I ts m
and red: t - (z, m) —ta— (z’, m')
and tao: thread-oks ts {tal,
and tst: ts t = |(z, In)]
shows ts-inv P (upd-invs I P {tal}t;) ((redT-updTs ts {tals)(t — (', In"))) m’
proof (rule ts-invl)
fix T X LN
assume XLN: ((redT-updTs ts {tal+)(t — (z/, In"))) T = [(X, LN)]|
from tsiP <tst = |(z, In)|> obtain ¢ where I t = |[i| Pitzm
by (auto dest: ts-invD)
show 3. upd-invs I P {talyy T = |i] ANPiT X m'
proof(cases T = t)
case True
from red <P i t z m) have P it 2’ m’ by(rule invariant-red)
moreover from <[ t = [i]» <tst = [(z, In)]> tao
have upd-invs I P {tals t = |i]
by (simp add: upd-invs-Some)
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ultimately show #thesis using True XLN by simp
next
case Fulse
show ?thesis
proof(cases ts T)
case None
with XLN tao False have 3m’. NewThread T X m’ € set {tal};
by (auto dest: red T-updTs-new-thread)
with red have nt: NewThread T X m’ € set {tal}; by(auto dest: new-thread-memory)
with red <P it x m> have 3¢". P i"” T X m’ by(rule invariant-NewThread)
hence P (SOME i. Pi T X m’) T X m’ by(rule somel-ex)
with nt tao show ?thesis by (auto intro: SOME-new-thread-upd-invs)
next
case (Some a)
obtain X’ LN’ where [simp]: a = (X', LN’) by(cases a)
with «ts T = |a)» have esT: ts T = | (X', LN')| by simp
hence redT-updTs ts {tay T = [(X', LN')]
using (thread-oks ts {ta}y by(auto intro: redT-updTs-Some)
moreover from esT tsiP obtain i’ where I T = [i'| Pi' T X' m
by (auto dest: ts-invD)
from red «<Pitzm «Pi' T X' my
have P i’ T X' m’' by(rule invariant-other)
moreover from I T = |i']» esT tao have upd-invs I P {ta}; T = |i'|
by (simp add: upd-invs-Some)
ultimately show ?thesis using XLN Fulse by simp
qed
ged
qed

theorem red T-invariant:
assumes redT: s —t>ta— s’
and esinvP: ts-inv P I (thr s) (shr s)
shows ts-inv P (upd-invs I P {talt;) (thr s’) (shr s’)
using redT
proof (cases rule: redT-elims)
case acquire thus ?thesis using esinvP
by (auto introl: ts-invl split: if-split-asm dest: ts-invD)
next
case (normal x ' m’)
with esinvP
have ts-inv P (upd-invs I P {talts) ((redT-updTs (thr s) {tal}s)(t — (z', redT-updLns (locks s) t
no-wait-locks {tal;))) m’
by (auto intro: red T-upd Ts-invariant)
thus ?thesis using normal by simp
qed

theorem RedT-invariant:
assumes RedT: s —>itas—* s’
and esinv@: ts-inv P I (thr s) (shr s)
shows ts-inv P (upd-invs I P (concat (map (thr-a o snd) ttas))) (thr s’) (shr s’
using RedT esinv@
proof (induct rule: RedT-induct)
case refl thus ?case by(simp (no-asm))
next
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case (step S TTAS S’ T TA S

note IH = <ts-inv P I (thr S) (shr S) = ts-inv P (upd-invs I P (concat (map (thr-a o snd) TTAS)))
(thr ') (shr S')

with <ts-inv P I (thr S) (shr S)»

have ts-inv P (upd-invs I P (concat (map (thr-a o snd) TTAS))) (thr S') (shr S') by blast

with «S' —T>TA— S

have ts-inv P (upd-invs (upd-invs I P (concat (map (thr-a o snd) TTAS))) P {TA}:) (thr S”') (shr
S

by (rule redT-invariant)

thus ?case by(simp add: comp-def)

qged

lemma invariant3p-ts-inv: invariant3p redT {s. 1. ts-inv P I (thr s) (shr s)}
by (auto introl: invariant3pl dest: red T-invariant)

end

locale lifting-wf = multithreaded final r convert-RA

for final :: 'z = bool

and r :: (','t,’z,'m,’w,’0) semantics (- - - —— - [50,0,0,50] 80)

and convert-RA :: 'l released-locks = o list

+

fixes P :: 't = 'z = 'm = bool

assumes preserves-red: [ t b (z, m) —ta— (', m"y; Ptzm ] = Ptaz'm’

and preserves-NewThread: [ t = (x, m) —ta— (z', m’y; Pt x m; NewThread t"" "' m’ € set {tal}; |

_— P t// m// m/

and preserves-other: [ t + (x, m) —ta— (', m"); Ptazm; Pt" 2" m] = Pt" z"" m’

begin

lemma lifting-inv: lifting-inv final r (A- :: unit. P)
by (unfold-locales)(blast intro: preserves-red preserves-NewThread preserves-other)+

lemma redT-updTs-preserves:
fixes In
assumes esokQ): ts-ok P ts m
and red: t - (z, m) —ta— (x/, m')
and tst = |(z, In)]
and thread-oks ts {tal}y
shows ts-ok P ((redT-updTs ts {tal};)(t — (2, In’))) m'
proof —
interpret lifting-inv final v convert-RA A- :: unit. P by(rule lifting-inv)
from esok@ obtain [ :: 't — unit where ts-inv (A-. P) I ts m by(rule ts-ok-into-ts-inv-const)
hence ts-inv (A-. P) (upd-invs I (A-. P) {tal};) ((redT-updTs ts {talts)(t — (z', In’))) m’
using red <thread-oks ts {tal}y <ts t = |(z, In)|» by(rule red T-upd Ts-invariant)
thus ?thesis by (rule ts-inv-const-into-ts-ok)
qed

theorem redT-preserves:
assumes redT: s —i>bta— s’
and esokQ: ts-ok P (thr s) (shr s)
shows ts-ok P (thr s’) (shr s’)
proof —
interpret lifting-inv final r convert-RA - :: unit. P by(rule lifting-inv)
from esok(@ obtain [ :: 't — unit where ts-inv (A-. P) I (thr s) (shr s) by(rule ts-ok-into-ts-inv-const)
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with redT have ts-inv (A-. P) (upd-invs I (A-. P) {tal};) (thr s’) (shr s’) by(rule redT-invariant)
thus ?thesis by(rule ts-inv-const-into-ts-ok)
qed

theorem RedT-preserves:
[ s —>ttas—* s’; ts-ok P (thr s) (shr s) | = ts-ok P (thr s’) (shr s’)
by (erule (1) RedT-lift-preserveD)(fastforce elim: red T-preserves)

lemma invariant3p-ts-ok: invariant3p redT {s. ts-ok P (thr s) (shr s)}
by (auto introl: invariant3pl intro: redT-preserves)

end

lemma lifting-wf-Const [intro!]:
assumes multithreaded final r
shows lifting-wf final r (At z m. k)
proof —
interpret multithreaded final r using assms .
show ?thesis by unfold-locales blast+
qed

end

1.21 Synthetic first and last actions for each thread

theory FWInitFinLift
imports
FWLTS
FWLiftingSem
begin

datatype status =
PreStart

| Running

| Finished

abbreviation convert-TA-initial :: ('l,'t,’z,'m,"w,’0) thread-action = ('l,t,status x 'z,’m,"w,’o) thread-action
where convert-TA-initial == convert-extTA (Pair PreStart)

lemma convert-obs-initial-convert-TA-initial:
convert-obs-initial (convert-TA-initial ta) = convert-TA-initial (convert-obs-initial ta)
by (simp add: convert-obs-initial-def)
lemma convert- TA-initial-inject [simpl:
convert-TA-initial ta = convert-TA-initial ta’ +— ta = ta’
by(cases ta)(cases ta’, auto)

context final-thread begin

primrec init-fin-final :: status x 'z = bool
where init-fin-final (status, x) +— status = Finished A final ©

end
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context multithreaded-base begin

inductive init-fin :: ('l,'t,status x 'z,'m,'w,’o action) semantics (- F - —-—i - [50,0,0,51] 51)
where

NormalAction:

t+ (x, m) —ta— (z’, m’)

= t F ((Running, z), m) —convert-TA-initial (convert-obs-initial ta)—i ((Running, '), m’)

| Initial ThreadAction:
t b ((PreStart, ), m) —{InitialThreadAction}}—i ((Running, ), m)

| ThreadFinishAction:
final z = t & ((Running, x), m) —{ ThreadFinishAction|}—i ((Finished, ), m)

end
declare split-paired-Ez [simp del]

inductive-simps (in multithreaded-base) init-fin-simps [simp]:
t b ((Finished, x), m) —ta—i am’
t = ((PreStart, z), m) —ta—i zm’
t - ((Running, z), m) —ta—i zm’
t F am —ta—i ((Finished, z'), m’)
t b am —ta—i ((Running, z’), m’)
t b xm —ta—i ((PreStart, '), m’)

declare split-paired-Ez [simp]
context multithreaded begin

lemma multithreaded-init-fin: multithreaded init-fin-final init-fin
by (unfold-locales)(fastforce simp add: init-fin.simps convert-obs-initial-def ta-upd-simps dest: new-thread-memory)-

end

locale if-multithreaded-base = multithreaded-base +
constrains final :: ‘'z = bool
and r :: (',’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = 'o list

sublocale if-multithreaded-base < if: multithreaded-base
init-fin-final
nit-fin
map NormalAction o convert-RA

locale if-multithreaded = if-multithreaded-base + multithreaded +
constrains final :: ‘'z = bool
and r :: (',’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = o list

sublocale if-multithreaded < if: multithreaded
init-fin-final
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init-fin
map NormalAction o convert-RA
by (rule multithreaded-init-fin)

context Tmultithreaded begin

inductive init-fin-rmove :: ('l,'t,status x 'r,'m,'w,’o action) Tmoves
where
Tmove (z, m) ta (z';, m")
= init-fin-tmove ((Running, x), m) (convert-TA-initial (convert-obs-initial ta)) ((Running, z'),

m’)

lemma init-fin-Tmove-simps [simp]:
ingt-fin-rmove ((PreStart, ), m) ta x'm’ = False
ingt-fin-rmove xm ta ((PreStart, z'), m') = False
init-fin-rmove ((Running, x), m) ta ((s, z), m') +—
(Fta’. ta = convert-TA-initial (convert-obs-initial ta’) A s = Running A Tmove (z, m) ta’ (z’, m’))
init-fin-rmove ((s, =), m) ta ((Running, z'), m') «—
s = Running A (3ta’. ta = convert-TA-initial (convert-obs-initial ta’) A Tmove (z, m) ta’ (z', m’))
init-fin-rmove ((Finished, ), m) ta x'm’ = False
init-fin-rmove xm ta ((Finished, z'), m’) = False
by (simp-all add: init-fin-Tmove.simps)

lemma init-fin-silent-move-Runningl:

assumes silent-move t (z, m) (z', m’)

shows tirsys.silent-move (init-fin t) init-fin-rmove ((Running, z), m) ((Running, z’), m’)
using assms by(cases)(auto intro: Ttrsys.silent-move.intros init-fin. NormalAction)

lemma init-fin-silent-moves- Runningl :
assumes silent-moves t (z, m) (z'/, m’)
shows Tirsys.silent-moves (init-fin t) init-fin-rmove ((Running, x), m) ((Running, z’), m’)
using assms
by (induct rule: rtranclp-induct2)(auto elim: rtranclp.rtrancl-into-rtrancl intro: init-fin-silent-move-Runningl )

lemma init-fin-silent-moveD:
assumes Tirsys.silent-move (init-fin t) init-fin-Trmove ((s, z), m) ((s’, z'), m’)
shows silent-move t (z, m) (z/, m’) A s = s’ A s’ = Running

using assms by (auto elim!: Ttrsys.silent-move.cases init-fin.cases)

lemma init-fin-silent-movesD:
assumes Tirsys.silent-moves (init-fin t) init-fin-rmove ((s, x), m) ((s’, =), m’)
shows silent-moves t (z, m) (z/, m") A s = s’

using assms

by (induct ((s, z), m) ((s', '), m’) arbitrary: s’ z’ m")
(auto 7 2 simp only: dest!: init-fin-silent-moveD intro: rtranclp.rtrancl-into-rtrancl)

lemma init-fin-T divergeD:
assumes Tirsys.Tdiverge (init-fin t) init-fin-rmove ((status, x), m)
shows Tdiverge t (z, m) A status = Running
proof
from assms show status = Running
by(cases rule: Tirsys.Tdiverge.cases[consumes 1])(auto dest: init-fin-silent-moveD)
moreover define zm where zm = (z, m)
ultimately have 3z m. xm = (x, m) A Ttrsys.Tdiverge (init-fin t) init-fin-rmove ((Running, ), m)
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using assms by blast
thus 7diverge t zm
proof (coinduct)
case (7diverge zm)
then obtain z m
where diverge: Ttrsys.Tdiverge (init-fin t) init-fin-rmove ((Running, ), m)
and zm: zm = (z, m) by blast
thus ?Zcase
by (cases rule:Ttrsys.T diverge.cases|consumes 1])(auto dest!: init-fin-silent-moveD)
qed
qged

lemma init-fin-t diverge- Runningl :
assumes Tdiverge t (x, m)
shows ttrsys.Tdiverge (init-fin t) init-fin-rmove ((Running, ), m)
proof —
define sxm where szm = ((Running, ), m)
with assms have 3z m. Tdiverge ¢t (z, m) A szm = ((Running, =), m) by blast
thus 7trsys.7diverge (init-fin t) init-fin-Tmove szm
proof (coinduct rule: Ttrsys.Tdiverge.coinduct[consumes 1, case-names Tdiverge])
case (Tdiverge sxm)
then obtain z m where 7diverge ¢t (z, m) and szm = ((Running, ), m) by blast
thus ?case by(cases)(auto intro: init-fin-silent-move-Runningl)
qed
qed

lemma init-fin-T diverge-conv:
Ttrsys.T diverge (init-fin t) init-fin-tmove ((status, x), m) <—
Tdiverge t (z, m) A status = Running

by (blast intro: init-fin-T diverge- Runningl dest: init-fin-T divergeD)

end

lemma init-fin-rmoves-False:
Tmultithreaded. init-fin-rmove (A- - -. False) = (A- - -. False)
by (simp add: fun-eq-iff Tmultithreaded.init-fin-rmove.simps)

locale if-Tmultithreaded = if-multithreaded-base + Tmultithreaded +
constrains final :: 'z = bool
and r :: (',’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = "o list
and Tmove :: ('l,’'t,’z,'m,"w,’0) Tmoves

sublocale if-Tmultithreaded < if: Tmultithreaded
init-fin-final
nit-fin
map NormalAction o convert-RA
init-fin-Tmove

locale if-rmultithreaded-wf = if-multithreaded-base + Tmultithreaded-wf +
constrains final :: 'z = bool
and r :: ('l,’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = "o list
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and Tmove :: ('l,’t,"x,'m,"w,’0) Tmoves

sublocale if-rmultithreaded-wf < if-multithreaded
by unfold-locales

sublocale if-rmultithreaded-wf < if-rmultithreaded .
context Tmultithreaded-wf begin

lemma Tmultithreaded-wf-init-fin:
Tmultithreaded-wf init-fin-final init-fin init-fin-Tmove
proof —
interpret if: multithreaded init-fin-final init-fin map NormalAction o convert-RA
by (rule multithreaded-init-fin)
show ?thesis
proof (unfold-locales)
fix t z m ta x’ m’
assume init-fin-rmove (z, m) ta (z/, m’) t = (x, m) —ta—i (z', m’)
thus m = m’ by(cases)(auto dest: Tmove-heap)
next
fix s ta s’
assume init-fin-rmove s ta s’
thus ta = ¢ by(cases)(auto dest: silent-tl)
qed
qed

end

sublocale if-rmultithreaded-wf < if: Tmultithreaded-wf
init-fin-final
init-fin
map NormalAction o convert-RA
init-fin-rmove
by (rule Tmultithreaded-wf-init-fin)

primrec init-fin-lift-inv :: (i = 't = ' = 'm = bool) = i = 't = status x 'x = 'm = bool
where init-fin-lift-inv P I t (s, z) = PItx

context lifting-inv begin

lemma lifting-inv-init-fin-lift-inv:

lifting-inv init-fin-final init-fin (indt-fin-lift-inv P)
proof —

interpret if: multithreaded init-fin-final init-fin map NormalAction o convert-RA

by (rule multithreaded-init-fin)
show ?thesis
by (unfold-locales)(fastforce elim!l: init-fin.cases dest: invariant-red invariant-NewThread invari-

ant-other)+
qed

end

locale if-lifting-inv =
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if-multithreaded +

lifting-inv +

constrains final :: 'z = bool

and r :: ('l,’t,’z,'m,'w,’0) semantics

and convert-RA :: 'l released-locks = 'o list
and P :: i = 't = 'z = 'm = bool

sublocale if-lifting-inv < if: lifting-inv
init-fin-final
nit-fin
map NormalAction o convert-RA
init-fin-lift-inv P

by (rule lifting-inv-init-fin-lift-inv)

primrec ingt-fin-lift :: ('t = 'z = 'm = bool) = 't = status x 'z = 'm = bool
where init-fin-lift Pt (s, 2) = Ptz

context lifting-wf begin

lemma lifting-wf-init-fin-lift:

lifting-wf indt-fin-final init-fin (init-fin-lift P)
proof —

interpret if: multithreaded init-fin-final init-fin map NormalAction o convert-RA

by (rule multithreaded-init-fin)

show ?thesis

by (unfold-locales)(fastforce elim!: init-fin.cases dest: dest: preserves-red preserves-other preserves-New Thread)+
qed

end

locale if-lifting-wf =
if-multithreaded +
lifting-wf +
constrains final :: 'z = bool
and r :: (',’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = "o list
and P :: 't = 'z = 'm = bool

sublocale if-lifting-wf < if: lifting-wf
init-fin-final
mnit-fin
map NormalAction o convert-RA
init-fin-lift P

by (rule lifting-wf-init-fin-lift)

lemma (in if-lifting-wf) if-lifting-inv:
if-lifting-inv final v (A-::unit. P)

proof —
interpret lifting-inv final r convert-RA - :: unit. P by(rule lifting-inv)
show ?thesis by unfold-locales

qed

locale 7lifting-inv = Tmultithreaded-wf +
lifting-inv +



constrains final :: 'z = bool

and r :: ('1,’t,"z,'m,'w,’0) semantics

and convert-RA :: 'l released-locks = 'o list

and Tmove :: ('l,’t,’z,'m,'w,’0) Tmoves

and P :: i = 't = 'z = 'm = bool
begin

lemma redT-silent-move-invariant:
[ TmredT s s’ ts-inv P Is (thr s) (shr s) | = ts-inv P Is (thr s’) (shr s’)
by (auto dest!: red T-invariant mrTmove-silentD)

lemma redT-silent-moves-invariant:
[ mthr.silent-moves s s'; ts-inv P Is (thr s) (shr s) | = ts-inv P Is (thr s') (shr s’)
by (induct rule: rtranclp-induct)(auto dest: redT-silent-move-invariant)

lemma red T-trtrancl3p-invariant:

[ mthr.Trtrancl3p s ttas s’; ts-inv P Is (thr s) (shr s) |

= ts-inv P (upd-invs Is P (concat (map (thr-a o snd) ttas))) (thr s’) (shrs’)
proof (induct arbitrary: Is rule: mthr.Trtrancl3p.induct)

case trtrancl3p-refi thus ?case by simp
next

case (Trtrancl3p-step s s’ tls s' l)

thus ?case by(cases tl)(force dest: redT-invariant)
next

case (Trtrancl3p-tstep s s’ tls s tl)

thus ?case by(cases tl)(force dest: red T-invariant mTmove-silentD)
qed

end

locale 7lifting-wf = Tmultithreaded +
lifting-wf +
constrains final :: 'z = bool
and r :: (',’t,’z,'m,'w,’0) semantics
and convert-RA :: 'l released-locks = 'o list
and Tmove :: ('l,’t,’z,'m,'w,’0) Tmoves
and P :: 't = 'z = 'm = bool

begin

lemma redT-silent-move-preserves:
[ TmredT s s’ ts-ok P (thr s) (shr s) | = ts-ok P (thr s’) (shr s’)
by (auto dest: redT-preserves)

lemma redT-silent-moves-preserves:
[ mthr.silent-moves s s'; ts-ok P (thr s) (shr s) | = ts-ok P (thr s') (shr s’)
by (induct rule: rtranclp.induct)(auto dest: red T-silent-move-preserves)

lemma redT-Trtrancl3p-preserves:
[ mthr.Trtrancl3p s ttas s’; ts-ok P (thr s) (shr s) | = ts-ok P (thr s’) (shr s’)

by (induct rule: mthr.Trirancl3p.induct)(auto dest: redT-silent-moves-preserves red T-preserves)

end

definition init-fin-lift-state :: status = ('1,'t,"z,'m,’w) state = ('l,'t,status x 'z,’m,’w) state
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where init-fin-lift-state s o = (locks o, (A\t. map-option (A(z, In). ((s, z), In)) (thr o t), shr o), wset
o, interrupts o)

definition init-fin-descend-thr :: ('l,'t,'status x 'z) thread-info = ('l,'t,’z) thread-info
where init-fin-descend-thr ts = map-option (A((s, z), In). (z, In)) o ts

definition init-fin-descend-state :: ('l,'t,'status x 'z,'m,'w) state = ('l,'t,’z,'m,"w) state
where init-fin-descend-state o = (locks o, (init-fin-descend-thr (thr o), shr o), wset o, interrupts o)

lemma ts-ok-init-fin-lift-init-fin-lift-state [simp):

ts-ok (indt-fin-lift P) (thr (init-fin-lift-state s o)) (shr (init-fin-lift-state s o)) +— ts-ok P (thr o)
(shr o)
by(auto simp add: init-fin-lift-state-def intro!: ts-okl dest: ts-okD)

lemma ts-inv-init-fin-lift-inv-init-fin-lift-state [simpl:
ts-inv (init-fin-lift-inv P) I (thr (init-fin-lift-state s o)) (shr (init-fin-lift-state s o)) +—
ts-inv P I (thr o) (shr o)

by (auto simp add: init-fin-lift-state-def intro!: ts-invl dest: ts-invD)

lemma init-fin-lift-state-conv-simps:
shows shr-init-fin-lift-state: shr (init-fin-lift-state s o) = shr o
and locks-init-fin-lift-state: locks (init-fin-lift-state s o) = locks o
and wset-init-fin-lift-state: wset (init-fin-lift-state s o) = wset o
and interrupts-init-fin-lift-stae: interrupts (init-fin-lift-state s o) = interrupts o
and thr-init-fin-list-state:
thr (indt-fin-lift-state s o) t = map-option (A (z, In). ((s, x), In)) (thr o t)
by (simp-all add: init-fin-lift-state-def)

lemma thr-init-fin-list-state’:
thr (init-fin-lift-state s o) = map-option (A(z, In). ((s, x), In)) o thr o
by (simp add: fun-eq-iff thr-init-fin-list-state)

lemma init-fin-descend-thr-Some-conv [simp:
Nin. ts t = |((status, z), In)| = init-fin-descend-thr ts t = |(z, In)]
by (simp add: init-fin-descend-thr-def)

lemma init-fin-descend-thr-None-conv [simp):
ts t = None = init-fin-descend-thr ts t = None
by (simp add: init-fin-descend-thr-def)

lemma init-fin-descend-thr-eq-None [simp]:
init-fin-descend-thr ts t = None +— ts t = None
by (simp add: init-fin-descend-thr-def)

lemma init-fin-descend-state-simps [simp]:
init-fin-descend-state (ls, (ts, m), ws, is) = (ls, (init-fin-descend-thr ts, m), ws, is)
locks (init-fin-descend-state s) = locks s
thr (init-fin-descend-state s) = init-fin-descend-thr (thr s)
shr (init-fin-descend-state s) = shr s
wset (init-fin-descend-state s) = wset s
interrupts (init-fin-descend-state s) = interrupts s
by (simp-all add: init-fin-descend-state-def)

lemma init-fin-descend-thr-update [simp]:
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init-fin-descend-thr (ts(t := v)) = (indt-fin-descend-thr ts)(t := map-option (\((status, z), In). (z,

In)) v)
by (simp add: init-fin-descend-thr-def fun-eq-iff)

lemma ts-ok-init-fin-descend-state:
ts-ok P (init-fin-descend-thr ts) = ts-ok (init-fin-lift P) ts
by (rule ext)(auto 4 3 introl: ts-okl dest: ts-okD simp add: init-fin-descend-thr-def)

lemma free-thread-id-init-fin-descend-thr [simp]:
free-thread-id (init-fin-descend-thr ts) = free-thread-id ts
by (simp add: free-thread-id.simps fun-eq-iff)

lemma red T-updT'-init-fin-descend-thr-eq-None [simp]:
red T-upd T’ (init-fin-descend-thr ts) nt t = None «— redT-updT' ts nt t = None
by (cases nt) simp-all

lemma thread-ok-init-fin-descend-thr [simp]:
thread-ok (init-fin-descend-thr ts) nta = thread-ok ts nta
by (cases nta) simp-all

lemma threads-ok-init-fin-descend-thr [simp]:
thread-oks (init-fin-descend-thr ts) ntas = thread-oks ts ntas
by (induct ntas arbitrary: ts)(auto elim!: thread-oks-ts-change[ THEN iffD1, rotated 1])

lemma init-fin-descend-thr-red T-upd T [simp]:
init-fin-descend-thr (red T-updT ts (convert-new-thread-action (Pair status) nt)) =
red T-updT (init-fin-descend-thr ts) nt

by (cases nt) simp-all

lemma init-fin-descend-thr-red T-updTs [simp]:
init-fin-descend-thr (redT-updTs ts (map (convert-new-thread-action (Pair status)) nts)) =
red T-updTs (init-fin-descend-thr ts) nts

by (induct nts arbitrary: ts) simp-all

context final-thread begin
lemma cond-action-ok-init-fin-descend-statel [simp]:
final-thread. cond-action-ok init-fin-final s t ct = cond-action-ok (init-fin-descend-state s) t ct
by (cases ct)(auto simp add: final-thread.cond-action-ok.simps init-fin-descend-thr-def)
lemma cond-action-oks-init-fin-descend-statel [simp):
final-thread. cond-action-oks init-fin-final s t cts = cond-action-oks (init-fin-descend-state s) t cts
by (induct cts)(simp-all add: final-thread.cond-action-oks.simps cond-action-ok-init-fin-descend-statel )
end
definition lift-start-obs :: 't = ‘o list = ('t x ‘o action) list

where lift-start-obs t obs = (t, InitialThreadAction) # map (Aob. (t, NormalAction ob)) obs

lemma length-lift-start-obs [simp]: length (lift-start-obs t obs) = Suc (length obs)
by (simp add: lift-start-obs-def)

lemma set-lift-start-obs [simp):
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set (lift-start-obs t obs) =
insert (t, InitialThreadAction) ((Pair t o NormalAction) ¢ set 0bs)
by (auto simp add: lift-start-obs-def o-def)

lemma distinct-lift-start-obs [simp]: distinct (lift-start-obs t obs) = distinct obs
by (auto simp add: lift-start-obs-def distinct-map intro: inj-onlI)

end

theory FWBisimLift imports
FWiInitFinLift
FWBisimulation

begin

context FWhisimulation-base begin

inductive init-fin-bisim :: 't = ((status x 'z1) x 'm1, (status x 'z2) x 'm2) bisim
(- F - ~i -[50,50,50] 60)
for ¢t :: 't
where
PreStart: t = (z1, m1)
| Running: ¢t b (z1, m1)
| Finished:
[tF (z1, ml) = (22, m2); finall x1; final2 z2 ]
= t & ((Finished, z1), m1) =i ((Finished, £2), m2)

(z2, m2) = t F ((PreStart, 1), m1)
(22, m2) = t + ((Running, z1), m1)

i ((PreStart, z2), m2)
i ((Running, z2), m2)

~ ~
~ ~
~ ~
~ ~

definition init-fin-bisim-wait :: (status x 'z1, status x 'z2) bisim (- =iw - [50,50] 60)
where

init-fin-bisim-wait = (A(statusl, z1) (status?2, ©2). status!l = Running A status2 = Running A z1
~w 12)

inductive-simps init-fin-bisim-simps [simp]:
t b ((PreStart, x1), m1) = ((32 2), m2
Running, z1), m1) =i ((s2, 22), m2
1) ~i ((s2, 22), m2

2),

22),

2),

1)
Finished, z1), m
i ((P eStart m2
(R
(

((
((

F ((s1, 1), m1)
(( ((Running, z2), m2
((

st 1), mi) ~i
~1{ ((Finished,

sl, z1), ml1) m2

— — S

lemma init-fin-bisim-iff:

tF ((s, 1), ml) ~i ((s2, 22), m2) «—

s1 =s2 ANtk (z1, ml) = (22, m2) A (s2 = Finished — finall z1 A final2 22)
by (cases s1) auto

lemma nta-bisim-init-fin-bisim [simp:
nta-bisim ingt-fin-bisim (convert-new-thread-action (Pair PreStart) ntl)
(convert-new-thread-action (Pair PreStart) nt2) =
nta-bisim bisim ntl nt2
by (cases nt1) simp-all

lemma ta-bisim-init-fin-bisim-convert [simp):

ta-bisim init-fin-bisim (convert-TA-initial (convert-obs-initial tal)) (convert-TA-initial (convert-obs-initial
ta2)) <— tal ~m ta2
by (auto simp add: ta-bisim-def list-all2-map1 list-all2-map?2)
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lemma ta-bisim-init-fin-bisim-Initial Thread Action [simpl:
ta-bisim init-fin-bisim {Initial ThreadAction] {InitialThreadAction]
by (simp add: ta-bisim-def)

lemma ta-bisim-init-fin-bisim- ThreadFinishAction [simpl:
ta-bisim init-fin-bisim { ThreadFinishAction| { ThreadFinishAction[
by (simp add: ta-bisim-def)

lemma init-fin-bisim-wait-simps [simp]:
(statusl, z1) ~iw (status?2, x2) +— statusl] = Running A status2 = Running A\ z1 ~w 22
by (simp add: init-fin-bisim-wait-def)

lemma init-fin-lift-state-mbisiml :
s~m s =
FWhisimulation-base.mbisim init-fin-bisim init-fin-bisim-wait (init-fin-lift-state Running s) (init-fin-lift-state
Running s’)
apply(rule FWhbisimulation-base.mbisiml)
apply(simp add: thr-init-fin-list-state’ o-def dom-map-option mbisim-finitel )
apply(simp add: locks-init-fin-lift-state mbisim-def)
apply(simp add: wset-init-fin-lift-state mbisim-def)
apply(simp add: interrupts-init-fin-lift-stae mbisim-def)
apply (clarsimp simp add: wset-init-fin-lift-state mbisim-def thr-init-fin-list-state’ o-def wset-thread-ok-conv-dom
dom-map-option del: subsetl)
apply (drule-tac t=t in mbisim-thrNone-eq)
apply(simp add: thr-init-fin-list-state)
apply (clarsimp simp add: thr-init-fin-list-state shr-init-fin-lift-state wset-init-fin-lift-state init-fin-bisim-iff)
apply (frule (1) mbisim-thrD1)
apply(simp add: mbisim-def)
done

end
context FWdelay-bisimulation-base begin

lemma init-fin-delay-bisimulation-final-base:
delay-bisimulation-final-base (r1.init-fin t) (r2.init-fin t) (init-fin-bisim t)
r1.init-fin-Trmove r2.init-fin-rmove (A(x1, m). r1.init-fin-final z1) (A(z2, m). r2.init-fin-final £2)
by (unfold-locales)(auto 4 3)

end

lemma init-fin-bisim-flip [flip-simps:
FWhbisimulation-base.init-fin-bisim final2 finall (At. flip (bisim t)) =
(At. flip (FWhbisimulation-base.init-fin-bisim finall final2 bisim t))
by (auto simp only: FWbisimulation-base.init-fin-bisim-iff flip-simps fun-eq-iff split-paired-FEr)

lemma init-fin-bisim-wait-flip [flip-simps]:
FWhbisimulation-base.init-fin-bisim-wait (flip bisim-wait) =
flip (FWhbisimulation-base.init-fin-bisim-wait bisim-wait)
by (auto simp add: fun-eq-iff FWhbisimulation-base.init-fin-bisim-wait-simps flip-simps)

context FWdelay-bisimulation-lift-aux begin

lemma init-fin-FWdelay-bisimulation-lift-aux:
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FWdelay-bisimulation-lift-auzx r1.init-fin-final r1.init-fin r2.init-fin-final r2.init-fin r1.init-fin-Trmove
r2.init-fin-Tmove
by (intro FWdelay-bisimulation-lift-auz.intro r1.7multithreaded-wf-init-fin r2 .mmultithreaded-wf-init-fin)

lemma init-fin-F Wdelay-bisimulation-final-base:
FWdelay-bisimulation-final-base
r1.init-fin-final r1.init-fin r2.init-fin-final r2.init-fin
init-fin-bisim r1.init-fin-rmove r2.init-fin-Tmove
by (intro FWdelay-bisimulation-final-base.intro init-fin-F Wdelay-bisimulation-lift-aux FWdelay-bisimulation-final-b
init-fin-delay-bisimulation-final-base)

end
context FWdelay-bisimulation-obs begin

lemma init-fin-simulationl :
assumes bisim: t - s1 ~i s2
and red1: r1.init-fin t s1 tl1 s1’
and 71: = rl.init-fin-Tmove sl tll s1’
shows 32’ 52" t12. (Ttrsys.silent-move (r2.init-fin t) r2.init-fin-Tmove)** s2 s2' A
r2.init-fin t s2' t12 s2" N — r2.init-fin-Tmove 52’ t12 s2"" A
t b s1’ ~is2" A ta-bisim init-fin-bisim tl1 t12
proof —
from bisim obtain status z1 m1 z2 m2
where s1: s1 = ((status, z1), m1)
and s2: s2 = ((status, x2), m2)
and bisim: t - (z1, m1) = (22, m2)
and finished: status = Finished = finall x1 A final2 z2
by (cases s1)(cases s2, fastforce simp add: init-fin-bisim-iff)
from redl show ?thesis unfolding s
proof (cases)
case (NormalAction tal 1’ m1’)
with 71 s1 have = Tmovel (x1, m1) tal (x1', m1’) by(simp)
from simulation1[OF bisim <t & (z1, m1) —1—tal— (x1', m1’)» this]
obtain 22’ m2' 22" m2' ta2
where red2: r2.silent-moves t (z2, m2) (z2', m2’)
and red2” t b (22, m2") —2—ta2— (z2”, m2")
and 72: = Tmove2 (z2', m2') ta2 (z2”, m2")
and bisim”: t - (z1’, m1') = (27, m2")
and tasim: tal ~m ta2 by auto
let ?s2’ = ((Running, x2'), m2’)
let 252" = ((Running, z2'"), m2")
let ?ta2 = (convert-TA-initial (convert-obs-initial ta2))
from red2 have tirsys.silent-moves (r2.init-fin t) r2.init-fin-rmove s2 ?s2’
unfolding s2 (status = Running> by (rule r2.init-fin-silent-moves- Runningl)
moreover from red2’ have r2.init-fin t 252’ ?ta2 ?s2" by(rule r2.init-fin. NormalAction)
moreover from 72 have — r2.init-fin-Tmove 252’ ?ta2 252" by simp
moreover from bisim’ have t - s1’ ~i ?s2'using «s1’ = ((Running, 1), m1')) by simp
moreover from tasim <tll = convert-TA-initial (convert-obs-initial tal))
have ta-bisim init-fin-bisim tl1 ?ta2 by simp
ultimately show ?thesis by blast
next
case InitialThreadAction
with s1 s2 bisim show ?thesis by (auto simp del: split-paired-Ex)
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next
case ThreadFinishAction
from finall-simulation| OF bisim| <finall x1»
obtain 22’ m2’ where red2: r2.silent-moves t (22, m2) (z2’, m2’)
and bisim” t - (z1, m1) = (z2’, m2)
and fin2: final2 2’ by auto
let 252’ = ((Running, z2"), m2’)
let 252" = ((Finished, z2'), m2’)
from red2 have tirsys.silent-moves (r2.init-fin t) r2.init-fin-Tmove s2 252’
unfolding s2 <status = Running by (rule r2.init-fin-silent-moves-Runningl )
moreover from fin2 have r2.init-fin ¢t ?s2’ { ThreadFinishAction]} ?s2" ..
moreover have — r2.init-fin-rmove ?s2' {| ThreadFinishAction]} ?s2'' by simp
moreover have t - s1’ i 252"
using «s1’ = ((Finished, z1), m1)> fin2 <finall x1» bisim’ by simp
ultimately show ?thesis unfolding <tl1 = {ThreadFinishAction|}
by (blast intro: ta-bisim-init-fin-bisim- ThreadFinishAction)
qged
qed

lemma init-fin-simulation2:
[ tF sl mis2; r2.indt-fin t s2 t12 s2'; = r2.init-fin-Tmove s2 ti2 s2']
= Js1' 51" tl1. (Ttrsys.silent-move (rl.init-fin t) ri.init-fin-rmove)*™* s1 s1’ A
rl.init-fin t s1’ tl1 s1" N\ = r1.init-fin-tmove s1’ tl1 s1" N
t b s1” ~is2' A ta-bisim init-fin-bisim tl1 t12
using FWdelay-bisimulation-obs.init-fin-simulation1 [OF FWdelay-bisimulation-obs-flip]
unfolding flip-simps .

lemma init-fin-simulation- Wakeup1 :
assumes bisim: t - (sz1, m1) =i (sz2, m2)
and wait: stl ~iw sr2
and red!: r1.init-fin ¢t (sz1, m1) tal (szl’, m1’)
and wakeup: Notified € set {tallty V WokenUp € set {tal |y
shows Jta2 sx2' m2'. r2.init-fin t (sz2, m2) ta2 (sz2’, m2") At F (sx1’, m1’) ~i (sz2', m2’) A
ta-bisim init-fin-bisim tal ta2
proof —
from bisim wail obtain status z1 z2
where sz1: szl = (status, x1)
and sz2: sz2 = (status, z2)
and Bisim: t b (z1, m1) ~ (22, m2)
and Wait: z1 ~w z2 by cases auto
from redl wakeup szl obtain z1’ tal’
where sz’ sz1’ = (Running, x1’)
and status: status = Running
and Redl: t+ (z1, ml) —1—tal'— (x1', m1’)
and tal: tal = convert-TA-initial (convert-obs-initial tal’)
and Wakeup: Notified € set {tal'l}y vV WokenUp € set {tal '}y
by cases auto
from simulation- Wakeup1[OF Bisim Wait Redl Wakeup] obtain ta2’ 22’ m2’
where red2: t + (22, m2) —2—ta2'— (22, m2’)
and bisim” t - (z1’, m1’) = (z2/, m2')
and tasim: tal’ ~m ta2’ by blast
let ?sz2’ = (Running, z2')
let ?ta2 = convert-TA-initial (convert-obs-initial ta2’)
from red2 have r2.init-fin t (sx2, m2) ?ta2 (?sx2’, m2') unfolding sz2 status ..
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moreover from bisim’ sx1’ have t - (sx1’, m1’) =i (%sz2’, m2') by simp
moreover from tasim tal have ta-bisim init-fin-bisim tal ?ta2 by simp
ultimately show ?thesis by blast

qed

lemma init-fin-simulation- Wakeup2:
[ tF (sz1, ml) =i (sz2, m2); szl =~iw sx2; r2.init-fin t (sx2, m2) ta2 (sz2', m2’);
Notified € set {tal2l}w vV WokenUp € set {ta2]w |
= Jtal sz’ m1'. rl.nit-fin t (sz1, m1) tal (sz1’, m1') A t+ (sz1’, m1') ~i (sz2’, m2') A
ta-bisim init-fin-bisim tal ta2
using FWdelay-bisimulation-obs.init-fin-simulation- Wakeup1[OF FWdelay-bisimulation-obs-flip]
unfolding flip-simps .

lemma init-fin-delay-bisimulation-obs:
delay-bisimulation-obs (r1.init-fin t) (r2.indt-fin t) (init-fin-bisim t) (ta-bisim init-fin-bisim)
r1.init-fin-Tmove r2.init-fin-Tmove
by (unfold-locales)(erule (2) init-fin-simulationl init-fin-simulation2)+

lemma init-fin-FWdelay-bisimulation-obs:
FWdelay-bisimulation-obs r1.init-fin-final r1.init-fin r2.init-fin-final r2.init-fin init-fin-bisim init-fin-bisim-wait
r1.init-fin-Tmove r2.init-fin-Tmove
proof (intro FWdelay-bisimulation-obs.intro init-fin-FWdelay-bisimulation-final-base F Wdelay-bisimulation-obs-az
init-fin-delay-bisimulation-obs)
fix t’' st m1 sxx m2 t szl sx2 sxl’ tal sx1' mi1’ sx2’ ta2 sz2' m2’'
assume bisim: t'F (sz, m1) ~i (sxx, m2)
and bisim1: t - (sz1, m1) =i (sz2, m2)
and redl: Ttrsys.silent-moves (r1.init-fin t) ri.init-fin-rmove (sxl, m1) (sx1’, m1)
and red1”: r1.init-fin t (sx1’, m1) tal (sx1', m1’)
and 71: = rl.init-fin-Tmove (sz1’, m1) tal (sz1', m1’)
and red2: Tirsys.silent-moves (r2.init-fin t) r2.init-fin-rmove (sz2, m2) (sz2’, m2)
and red2’:r2.init-fin t (sz2’, m2) ta2 (sx2', m2’)
and 72: = r2.init-fin-Tmove (sx2’, m2) ta2 (sz2’, m2")
and bisim1": t & (sz1”, m1') ~i (sz2”, m2)
and tasim: ta-bisim init-fin-bisim tal ta2
from bisim obtain status z zz
where sz:sz = (status, z)
and sxz: szx = (status, zx)
and Bisim: t'+ (z, m1) ~ (az, m2)
and Finish: status = Finished = finall x A final2 zx
by (cases sz)(cases sxx, auto simp add: init-fin-bisim-iff)
from bisim1 obtain status! z1 z2
where sz1: szl = (statusl, z1)
and sx2: sz2 = (statusl, z2)
and Bisim1: t - (1, m1) = (22, m2)
by (cases sz1)(cases sx2, auto simp add: init-fin-bisim-iff)
from bisim1’ obtain status!’ x1' z2"
where sz1’: sz1’ = (statusl’, z1")
and sx2': sx2' = (statusl’, x2")
and Bisiml1” t & (z1", m1’) = (22", m2’)
by (cases sz1')(cases sz2'') auto simp add: init-fin-bisim-iff )
from red! szl obtain z1’ where sz1” sz1’' = (statusl, z1’)
and RedI: r1.silent-moves t (z1, m1) (x1', m1)
by(cases sz1’)(auto dest: r1.init-fin-silent-movesD)
from red2 sz2 obtain z2’ where sz2": s12’ = (statusl, z2”)
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and Red2: r2.silent-moves t (x2, m2) (z2', m2)
by(cases sz2’)(auto dest: r2.init-fin-silent-movesD)
show ¢’ (sz, m1’) =i (szz, m2’)
proof(cases status! = Running A statusl’ = Running)
case True
with red1’ sz1’ sx1' obtain tal’
where Red1”: t - (x1’/, m1) —1—tal’— (x1", m1’)
and tal: tal = convert-TA-initial (convert-obs-initial tal’)
by cases auto
from red2’ sz2’ sz2" True obtain ta2’
where Red2”: t + (22', m2) —2—ta2'— (22", m2’)
and ta2: ta2 = convert-TA-initial (convert-obs-initial ta2’)
by cases auto
from 71 sz1’ sz1" tal True have 71— tmovel (xz1', m1) tal’ (z1", m1’) by simp
from 72 sz2’ sz2'" ta2 True have 72":— Tmove2 (z2', m2) ta2’ (2", m2’) by simp
from tasim tal ta2 have tal’ ~m ta2’ by simp
with Bisim Bisim! Redl Redl’ 71’ Red2 Red2’' 72’ Bisim1’
have ¢’ (z, m1’) =~ (xzz, m2’) by(rule bisim-inv-red-other)
with True Finish show ?thesis unfolding sz szz by(simp add: init-fin-bisim-iff)
next
case Fulse
with red1’ sz1’ sz1' have m1’ = ml1 by cases auto
moreover from red2’ sz2’ sz2' False have m2’ = m2 by cases auto
ultimately show ¢thesis using bisim by simp
qed
next
fix t szl m1 sx2 m2 sxl’ tal szl m1’ sx2' ta2 sx2” m2’ w
assume bisim: t - (szl, m1) =i (sx2, m2)
and red1: Tirsys.silent-moves (r1.init-fin t) r1.init-fin-rmove (sxl, m1) (sz1’, m1)
and red!’: r1.init-fin ¢ (sx1’, m1) tal (sz1’', m1')
and 71: = rl.init-fin-Tmove (sx1’, m1) tal (sz1”, m1’)
and red2: Ttrsys.silent-moves (r2.init-fin t) r2.init-fin-rmove (sz2, m2) (sz2’, m2)
and red2’: r2.init-fin t (sz2’, m2) ta2 (sx2', m2')
and 72: = r2.init-fin-Tmove (sxz2’, m2) ta2 (sz2’, m2’)
and bisim”: t & (sz1”, m1') =i (sz2”, m2’)
and tasim: ta-bisim init-fin-bisim tal ta2
and suspendl: Suspend w € set {{tal |ty
and suspend2: Suspend w € set {ta2]y
from bisim obtain status x1 z2
where sz1: szl = (status, z1)
and sz2: sz2 = (status, z2)
and Bisim: t & (z1, m1) ~ (22, m2)
by(cases sz1)(cases sx2, auto simp add: init-fin-bisim-iff)
from bisim’ obtain status’ z1' x2"
where sz1’: sx1” = (status’, z1')
and sz2'": sz2" = (status’, z2")
and Bisim” t = (z1", m1') ~ (22", m2’)
by (cases sz1")(cases sz2"”, auto simp add: init-fin-bisim-iff)
from red! sr1 obtain z1’ where sz1’ sz1’ = (status, z1')
and Red1: rl.silent-moves t (x1, m1) (z1', m1)
by (cases sz1’)(auto dest: r1.init-fin-silent-movesD)
from red2 sz2 obtain 22’ where sz2”: sx2’ = (status, z2)
and Red2: r2.silent-moves t (x2, m2) (z2', m2)
by(cases sz2’)(auto dest: r2.init-fin-silent-movesD)
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from red1’ sz1' srl'' suspendl obtain tal’
where Redl” t+ (x1', m1) —1—tal'— (1", m1’)
and tal: tal = convert-TA-initial (convert-obs-initial tal’)
and Suspendl: Suspend w € set {tal '}y
and status: status = Running status’ = Running by cases auto
from red2’ sz2' sx2'' suspend?2 obtain ta2’
where Red2”: t - (22, m2) —2—ta2'— (22", m2')
and ta2: ta2 = convert-TA-initial (convert-obs-initial ta2’)
and Suspend2: Suspend w € set {ta2’}ty by cases auto
from 71 sx1’ sx1' tal status have 71":— tmovel (z1', m1) tal’ (x1", m1’) by simp
from 72 sx2’ sz2' ta2 status have 72":— tmove2 (z2', m2) ta2’ (22", m2’) by simp
from tasim tal ta2 have tal’ ~m ta2’ by simp
with Bisim Redl Red1l’ 71’ Red2 Red2’ 72’ Bisim' have 21" ~w z2"
using Suspendl Suspend2 by (rule bisim-waitl)
thus szl =iw sz2’ using sz1’ sx2' status by simp
next
fix t szl m1 sz2 m2 tal sx1’ m1’
assume ¢ F (sz1, m1) =i (sz2, m2) and szl ~iw sz2
and r1.init-fin t (sx1, ml1) tal (sxl’, m1’)
and Notified € set {tallty V WokenUp € set {talltyw
thus Jta2 sz2’ m2’. r2.nit-fin t (sx2, m2) ta2 (sz2’, m2’) A t+ (sx1', m1') =i (sz2’, m2') A
ta-bisim init-fin-bisim tal ta2
by (rule init-fin-simulation- Wakeup1)
next
fix t szl m1 sz2 m2 ta2 sx2’ m2’
assume t - (sz1, m1) =i (sz2, m2) and szl ~iw sz2
and r2.init-fin t (sz2, m2) ta2 (sx2', m2’)
and Notified € set {ta2l}y V WokenUp € set {ta2l
thus Jtal sz1’ ml1’. ri.dnit-fin t (sz1, m1) tal (sx1’, m1’) At (sx1’, m1') =i (sz2', m2') A
ta-bisim init-fin-bisim tal ta2
by (rule init-fin-simulation- Wakeup?2)
next
show (3 szl. rl.init-fin-final sx1) = (3 sx2. r2.init-fin-final sz2)
using ex-finall-conv-ez-final2 by (auto)
qed

end
context FWdelay-bisimulation-diverge begin

lemma init-fin-simulation-silent1:

[ tF saml =i sxm2; Tirsys.silent-move (r1.init-fin t) rl.init-fin-rmove sxml szml’' ]

= Jsem?2’. Ttrsys.silent-moves (r2.init-fin t) r2.init-fin-Tmove sxm2 sxm2’ A t & szm1’ ~i scm2’
by (cases szm1”)(auto 4 4 elim!: init-fin-bisim.cases dest!: r1.init-fin-silent-moveD dest: simulation-silent1
introl: r2.init-fin-silent-moves- Runningl )

lemma init-fin-simulation-silent2:

[ tF seml i sxm2; Tirsys.silent-move (r2.init-fin t) r2.indt-fin-rmove sxm2 szm2' ]

= Jdszml’. Tirsys.silent-moves (rl.init-fin t) r1.init-fin-rmove sxml1 sxml1’' N t = szml’ ~i szm2’
using FWdelay-bisimulation-diverge.init-fin-simulation-silent1 [OF FWdelay-bisimulation-diverge-flip]
unfolding flip-simps .

lemma init-fin- diverge-bisim-inv:
t b szml =i stm?2
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= Tirsys.Tdiverge (rl.init-fin t) r1.init-fin-Tmove sxml =
Ttrsys.Tdiverge (r2.init-fin t) r2.init-fin-T move szm?2
by (cases szm1)(cases sxkm2, auto simp add: r1.init-fin-1 diverge-conv r2.init-fin-t diverge-conv init-fin-bisim-iff
T diverge-bisim-inv)

lemma init-fin-delay-bisimulation-diverge:
delay-bisimulation-diverge (r1.init-fin t) (r2.init-fin t) (init-fin-bisim t) (ta-bisim init-fin-bisim)
r1.init-fin-Tmove r2.init-fin-Tmove
by (blast intro: delay-bisimulation-diverge.intro init-fin-delay-bisimulation-obs delay-bisimulation-diverge-azioms.intro
init-fin-simulation-silent1 init-fin-simulation-silent2 init-fin-t diverge-bisim-inv del: iffI)+

lemma init-fin-FWdelay-bisimulation-diverge:

FWdelay-bisimulation-diverge r1.init-fin-final r1.init-fin r2.init-fin-final r2.init-fin init-fin-bisim init-fin-bisim-wait
r1.init-fin-Tmove r2.init-fin-Tmove
by (intro F Wdelay-bisimulation-diverge.intro init-fin-FWdelay-bisimulation-obs F Wdelay-bisimulation-diverge-axioms.intro
init-fin-delay-bisimulation-diverge)

end
context FWbhisimulation begin

lemma init-fin-simulationl :

assumes t - sI ~i s2 and rl.init-fin t s tll s1’

shows 32’ t12. r2.init-fin t s2 t12 s2' N t b s1' =i s2' A ta-bisim init-fin-bisim tl1 #2
using init-fin-simulation1 [OF assms] by(auto simp add: Tmoves-False init-fin-rmoves-False)

lemma init-fin-simulation2:

[ tF sl mis2; r2.init-fin t s2 t12 s2']

= dsl1’ tll. r1.init-fin t s1 tll s1’ Nt + s1’ =i s2' A ta-bisim init-fin-bisim tl1 tI2
using FWhbisimulation.init-fin-simulation1 [OF FWbisimulation-flip)
unfolding flip-simps .

lemma init-fin-bisimulation:
bisimulation (r1.init-fin t) (r2.init-fin t) (init-fin-bisim t) (ta-bisim init-fin-bisim)
by (unfold-locales)(erule (1) init-fin-simulationl init-fin-simulation2)+

lemma init-fin-FWbisimulation:

FWhbisimulation 71 .init-fin-final r1.init-fin r2.init-fin-final r2.init-fin init-fin-bisim
proof (intro FWhisimulation.intro r1.multithreaded-init-fin r2.multithreaded-init-fin FWhisimulation-azioms.intro
init-fin-bisimulation)

fix t sz1 m1 sz2 m2

assume t F (sz1, m1) =i (sx2, m2)

thus r1.init-fin-final sx1 = r2.init-fin-final sx2

by cases simp-all
next
fix ¢t/ sz m1 sxx m2 t szl sx2 tal sx1’ ml1' ta2 sx2' m2’
assume t' F (sx, m1) =i (szx, m2) t & (sz1, ml) ~i (sz2, m2)
and r1.init-fin t (sx1, m1) tal (sx1’, m1’)
and r2.init-fin t (sz2, m2) ta2 (sx2’, m2’)
and ¢t F (sx1’, m1’) =i (sz2', m2/)
and ta-bisim init-fin-bisim tal ta2

from FWdelay-bisimulation-obs.bisim-inv-red-other

[OF init-fin-F Wdelay-bisimulation-obs, OF this(1—2) - this(3) - - this(4) - this(5—06)]

show t'F (sx, m1’) ~i (szz, m2’) by(simp add: init-fin-rmoves-False)
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next
show (3 szl. r1.init-fin-final sx1) = (3 sz2. r2.init-fin-final sz2)
using ex-finall-conv-ez-final2 by (auto)
qed

end

end



Chapter 2

Data Flow Analysis Framework

2.1 Semilattices

theory Semilat
imports Main HOL— Library. While-Combinator

begin

type-synonym ‘a ord = 'a = ’a = bool
type-synonym ’‘a binop = 'a = 'a = 'a
type-synonym ‘a sl = 'a set x 'a ord x 'a binop

definition lesub :: ‘a = 'a ord = 'a = bool
where lesub x ry «— raxy

definition lesssub :: ‘a = 'a ord = 'a = bool
where lesssub zry +— lesubxry ANz # vy

definition plussub :: 'a = (‘la = b= 'c) = b = 'c
where plussub x fy = fzy

notation (ASCII)
lesub ((- /<='---) [50, 1000, 51] 50) and
lesssub ((- /<’-- -) [50, 1000, 51] 50) and
plussub ((- /+'-- -) [65, 1000, 66] 65)

notation
lesub ((- /E. -) [50, 0, 51] 50) and
lesssub ((- /C- -) [50, 0, 51] 50) and
plussub ((- /U- -) [65, 0, 66] 65)

abbreviation (input)
lesubl :: 'a = 'a ord = 'a = bool ((- /C- -) [50, 1000, 51] 50)
where z C, y == 2 Cp gy

abbreviation (input)
lesssubl :: 'a = 'a ord = 'a = bool ((- /T- -) [50, 1000, 51] 50)

where z C, y == 2 Cr y

abbreviation (input)

223
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plussubl 2 'a = ('la = b= 'c) = b= "c ((- /U- -) [65, 1000, 66] 65)
where z Uy y ==z Ury

definition ord :: (‘a x 'a) set = 'a ord
where
ordr = Az y. (z,y) € 1)

definition order :: ‘a ord = bool
where

orderr +— (V. 2 5, o) AVzy. 25, yAyCrz — a=y) ANVaeyz. 25, y Ay L, 2z — 2
C, 2)

definition top :: ‘a ord = 'a = bool
where
topr T «— (Vz. 2 &, T)

definition acc :: ‘a set = 'a ord = bool
where
acc Ar<— wf {(yx). z € ANye ANz, y}

definition closed :: 'a set = 'a binop = bool
where
closed A f «+— (Vz€A. VyecA. z Uy y € A)

definition semilat :: 'a sl = bool
where
semilat = (A(A,r,f). order r A closed A f A
(VzeA. VyecA. z T, z Uy y) A
(VzeA. VycA. y C, 2 Us y) A
(VzeA VyecA. VzeA. s, 2 ANy L, 2z — 2 Uy y &, 2))

definition is-ub :: (‘a x 'a) set = 'a = 'a = 'a = bool
where
is-ub rx y u +— (zu)er A (y,u)er

definition is-lub :: (‘a x 'a) set = 'a = 'a = 'a = bool
where
isslubrxyu+— issubrzyu A Vz. is-ubrazyz — (u,2)€r)

definition some-lub :: (‘a x ‘a) set = 'a = 'a = 'a
where
some-lub r x y = (SOME z. is-lub r z y 2)

locale Semilat =
fixes A :: ‘a set
fixes r :: 'a ord
fixes f :: 'a binop
assumes semilat: semilat (A, r, f)
lemma order-refl [simp, intro]: order r = x C,. x

lemma order-antisym: [ order r; x C, y; yCr 2] = 2z =y

lemma order-trans: [ order r; t C, y; y C, 2] = 2 C, 2
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lemma order-less-irrefl [intro, simp]: order r = =z C, =

lemma order-less-trans: | order r; © Cp y; y Cr 2 | = o Ty 2

lemma topD [simp, intro]: topr T — z C, T

lemma top-le-conv [simp]: [ order r; top r T ]| = (T C, z) = (x = T)

lemma semilat-Def:
semilat(A,r,f) <— order r A closed A f A
(VzeA. VycA. z T, z Uy y) A
(VzeA. VycA. y T, z Us y) A
(VacA. VyecA. VzeAd ¢ C, 2 ANy Lz — 2z Uy y 5, 2)

lemma (in Semilat) orderl [simp, intro|: order r

lemma (in Semilat) closedI [simp, intro): closed A f

lemma closedD: [ closed A f; 1€A; yeA] =z Uy ye A

lemma closed-UNIV [simp]: closed UNIV f

lemma (in Semilat) closed-f [simp, intro]: [t € A; y € A] = zUyye A
lemma (in Semilat) refl-r [intro, simp|: © C, z by simp

lemma (in Semilat) antisym-r [intro?): [z C, y; yCr, 2] = 2=y
lemma (in Semilat) trans-r [trans, intro?): [z C, y; y C, 2] = z C, 2
lemma (in Semilat) ubl [simp, intro?: [z € A;ye A] =z C, v Uy y
lemma (in Semilat) ub2 [simp, intro?): [t € A;yc Al =y L,z sy

lemma (in Semilat) lub [simp, intro?):
[2C z5yC zzedjyc Ayze Al =2 Up y L, 2

lemma (in Semilat) plus-le-conv [simp]:
[redycedizeA]l=(zUsyL, 2)=(C, 2Ny L, 2)

lemma (in Semilat) le-iff-plus-unchanged:
assumes z € Aand y € 4
shows 2 C, y «— z Uy y = y (is 2P +— ?2Q)
lemma (in Semilat) le-iff-plus-unchanged?:
assumes z € Aand y € A
shows 2 T, y «— y Uy o = y (is 2P +— ?20Q)
lemma (in Semilat) plus-assoc [simpl:
assumes a: ¢« € Aand b:bec Aand c: c€ A
shows a Ly (bUj c) =aly blUy c
lemma (in Semilat) plus-com-lemma:
lac A;be Al = alf bC, bUys a
lemma (in Semilat) plus-commutative:
[ac A be Al = alyb=0bUsa
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lemma is-lubD:
isslubrzyu = issubrzyuN Vz. issubrazyz — (u,2) €r)

lemma is-ubl:
[ (zu) €r; (yu) er] = isubrzyu

lemma is-ubD:
issub r vy u = (z,u) € r A (y,u) €7

lemma is-lub-bigger! [iff]:
is-lub (r’x ) zyy = ((z,y)er™>)
lemma is-lub-bigger? [iff]:
is-lub (r’x )z yz = ((y,x)€r™*)
lemma extend-lub:
assumes single-valued r
and is-lub (r*) z y u
and (z/, z) € r
shows Jwv. is-lub (r*) 2’ y v
lemma single-valued-has-lubs:
assumes single-valued r
and in-r: (z, u) € r* (y, u) € r*
shows Jz. is-lub (r*) xz y 2z
lemma some-lub-conv:
[ acyclic r; is-lub (r™* ) z y u ]| = some-lub (r’> ) zy =u
lemma is-lub-some-lub:
[ single-valued r; acyclic ; (z,u)€r7>; (y,u)€r |
= is-lub (r’x ) zy (some-lub (r’™* ) z y)

2.1.1 An executable lub-finder

definition ezec-lub :: (a * 'a) set = ('a = ’a) = 'a binop
where
exec-lub v f x y = while (A\z. (x,2) ¢ 1) fy

lemma exec-lub-refl: exec-lub r f T T = T
by (simp add: exec-lub-def while-unfold)

lemma acyclic-single-valued-finite:
[acyclic r; single-valued r; (z,y) € 7]
= finite (r N {a. (z, a) € r*} x {b. (b, y) € r*})

lemma exec-lub-conuv:
[ acyclic ;Vzy. (z,y) € r — fao=y;is-lub (r*) zyu] =
exec-lubr frxy = u
lemma is-lub-exec-lub:
[ single-valued r; acyclic r; (z,u):r7%; (yu)r ™ Vo y. (x,y) €r — fz =1y ]
= is-lub (r’™x ) z y (exec-lub r f x y)

end



2.2 The Error Type

theory FErr
imports Semilat
begin

datatype ‘a err = Err | OK 'a

type-synonym ’a ebinop = ‘a = 'a = 'a err
type-synonym ‘a esl = ‘a set x 'a ord x 'a ebinop

primrec ok-val :: 'a err = a
where
ok-val (OK z) = x

definition lift :: (‘a = 'b err) = ('a err = 'b err)
where
lift f e = (case e of Err = Err | OK x = f x)

definition /ift2 :: (Yla = 'b = ‘c err) = ‘a err = 'b err = 'c err
where
llftg f €1 €9 =
(case e1 of Err = Err | OK x = (case e2 of Err = Err | OK y = fz y))

definition le :: ‘a ord = 'a err ord
where
lere eg =
(case ey of Err = True | OK y = (case ey of Err = Fualse | OK z = z C, y))

definition sup :: (‘la = b= '¢) = (‘a err = 'berr = ‘c err)
where
sup f = lift2 (Az y. OK (z Uy y))

definition err :: ‘a set = ’a err set

where
err A = insert Err {OK z|z. z€A}

definition esl :: 'a sl = 'a esl
where

esl = (A(A,r,f). (A, r, Az y. OK(fz y)))

definition sl :: 'a esl = 'a err sl
where
sl = (MA,r.f). (err A, le r, lift2 f))

abbreviation
err-semilat :: 'a esl = bool where
err-semilat L == semilat(sl L)

primrec strict :: (‘la = ‘b err) = (‘a err = 'b err)
where

strict f Err = Err
| strict f (OK z) = fz
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lemma err-def”:

err A = insert Err {z. 3ycA. z = OK y}
lemma strict-Some [simp]:

(strict fo = OKy) = (32z. 2= OK z A fz= OK y)
lemma not-Err-eq: (z # Err) = (3a. z = OK a)
lemma not-OK-eq: (Vy. © # OK y) = (z = Err)
lemma unfold-lesub-err: el T, . 2 = ler el e2
lemma le-err-refl: V. 2 &, v = e 5y, - €
lemma le-err-trans [rule-format):

order r = el Cj, . e2 — e2 L, 3 —r el Cy, . €3
lemma le-err-antisym [rule-format]:

orderr => el T, . e2 — e2 T}, , el — el=e2
lemma OK-le-err-OK: (OK z T, » OK y) = (2 C, y)
lemma order-le-err [iff]: order(le r) = order r
lemma le-Err [iff]: e Cy, . Err
lemma Err-le-conv [iff]: Err Cj, . e = (e = Err)
lemma le-OK-conv [iff]: eCj, , OKz = (3y. e = OKy A yC, 1)
lemma OK-le-conv: OK 2 Cj, . e = (e=Err V (y. e= OK y A z C, y))
lemma top-Err [iff]: top (le ) Err
lemma OK-less-conv [rule-format, iff):

OKzCTjpe=(e=ErrV (3y.e=O0KyAzCT,y))
lemma not-Err-less [rule-format, iff]: =(Err Ty , )
lemma semilat-errl [intro]: assumes Semilat A r f
shows semilat(err A, le r, lift2(Az y. OK(f z y)))
lemma err-semilat-esl-aus:
assumes Semilat A r f shows err-semilat(esl(A,r,f))
lemma err-semilat-esll [intro, simp]:

semilat L => err-semilat (esl L)
lemma acc-err [simp, introl]: acc A r = acc (err A) (le r)
lemma Err-in-err [iff]: Err : err A
lemma Ok-in-err [iff]: (OK z € err A) = (z€4)

2.2.1 lift

lemma lift-in-errl:
[e€errS;VaeS.e=0Kz — faecerrS] = liftfecerS
lemma Err-lift2 [simp]: Err Uygo fz = Err
lemma [ift2-Err [simp]: © Uygo ¢ Err = Err
lemma OK-lift2-OK [simp]: OK = Upgo f OKy =z Uy y

2.2.2 sup

lemma Err-sup-Err [simp]: Err Ugy,, rx = Err
lemma Err-sup-Err2 [simp): © Ug,, ¢ Err = Err
lemma Err-sup-OK [simp]: OK z Uy, f OK y = OK (z Uy y)
lemma Err-sup-eq-OK-conv [iff):
(sup ferey=OKz)=(Fzy. ex=0KaxNey=OKyA frzy=2)
lemma Err-sup-eq-Err [iff]: (sup f ex ey = Err) = (ex=Err V ey=FErr)

2.2.3 semilat (err A) (ler) f

lemma semilat-le-err-Err-plus [simpl:
[ z€ err A; semilat(err A, le v, f) | = Err Uy z = Err
lemma semilat-le-err-plus-Err [simp):
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[ z€ err A; semilat(err A, ler, f) | = = Uy Err = Err
lemma semilat-le-err-OK1:
[ z€A; yeA; semilat(err A, ler, f); OK z Uy OK y = OK z |
=z L, 2
lemma semilat-le-err-OK2:
[ z€A; yeA; semilat(err A, le r, f); OK z Uy OK y = OK z ]
= yLr2
lemma eg-order-le:
[ 2=y; orderr | = 2z C, y
lemma OK-plus-OK-eq-Err-conv [simp]:
assumes z€A yeA semilat(err A, le r, fe)
shows (OK z U, OK y = Err) = (=(32€4. 2 5, 2 Ay G, 2))

2.2.4 semilat (err(Union AS))

lemma all-bezx-swap-lemma [iff]:
(Vz. (JyeA. x =fy) — Pzx) = VycA. P(fy))
lemma closed-err-Union-lift21:
[VA€AS. closed (err A) (lift2 f); AS # {};
VAcASY BeAS. A#B — (VacANbEB. a Uy b= Err) ]
= closed (err(Union AS)) (lift2 f)

If AS = {} the thm collapses to order r A closed {Err} f A Err Ug Err = Err which may
not hold

lemma err-semilat- Unionl:
[ VA€AS. err-semilat(A, r, f); AS # {};
VAcASVYBeAS. A#B — (Va€ANVbEB. ma T, b A aly b= Err)]
= err-semilat(Union AS, r, f)
end

2.3 More about Options

theory Opt

imports
Err

begin

definition le :: ‘a ord = ’a option ord
where
leror o9 =
(case 02 of None = oy=None | Some y = (case 01 of None = True | Some x = = C, y))

definition opt :: ‘a set = ’a option set
where
opt A = insert None {Some y |y. y € A}

definition sup :: 'a ebinop = ’a option ebinop
where
sup f oy 09 =
(case 01 of None = OK o0
| Some x = (case 02 of None = OK o;
| Some y = (case fxy of Err = Err | OK z = OK (Some z))))

definition esl :: ‘a esl = ’a option esl
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where
esl = (A(A4,r.f). (opt A, le r, sup f))

lemma unfold-le-opt:
01 Lje p 02 =
(case 02 of None = o1=None |
Some y = (case 01 of None = True | Some z = z C, y))
lemma le-opt-refl: order r = 2 T, .

2.4 Products as Semilattices

theory Product
imports Err
begin

definition le :: ‘a ord = b ord = (‘a x 'b) ord
where
lera rp = (Mai,b1) (a2,b2). a1 Cry a2 A by Crg bo)

definition sup :: ‘a ebinop = 'b ebinop = ('a x 'b) ebinop
where
sup f g = (A ar,b1)(az,b2). Err.sup Pair (a1 Uy a2) (b1 Ug b2))

definition esl :: ‘a esl = b esl = ('a x 'b) esl
where

esl = (MA,ra,.fa) (B,re.fB). (A x B, lera rp, sup fa fB))

abbreviation
lesubprod :: 'a x 'b = ('a = 'a = bool) = ('b = 'b = bool) = 'a x 'b = bool
(- /T~ -) [50, 0, 0, 51) 50) where
p E(rA,rB) q == p Cproduct.le rA rB 4

lemma unfold-lesub-prod: © C(ra,rg) y =lerarg zy
lemma le-prod-Pair-conv [iff]: ((a1,b1) E(ra,rp) (a2,b2)) = (a1 Cr, a2 & by Crp bo)
lemma less-prod-Pair-conv:
((a1,01) Eproduct.ie ra rp (a2,62)) =
(a1 Cra a2 & b1 Trp b | a1 Cry a2 & b1 Crp b2)
lemma order-le-prod [iff]: order(Product.le ra rg) = (order r4 & order rp)

lemma acc-le-prodl [introl]:
[ acc A ra; acc Brp ]| = acc (A x B) (Product.le r4 rp)

lemma closed-lift2-sup:
[ closed (err A) (lift2 f); closed (err B) (lift2 g) | =
closed (err(AxB)) (lift2(sup f g))

lemma unfold-plussub-lift2: ex Uypo § ea = lift2 f er ez

lemma plus-eq-Err-conv [simp]:
assumes z€A yc€A semilat(err A, Err.le r, lift2 f)
shows (z Uy y = Err) = (~(32€A. 2 T, 2 Ay ;. 2))
lemma err-semilat- Product-esl:
NAL1 Lo. [ err-semilat Ly; err-semilat Ly | = err-semilat(Product.esl Ly Ls)
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2.5 Fixed Length Lists

theory Listn
imports Err
begin

definition list :: nat = 'a set = 'a list set
where
list n A = {xs. size xs = n A set zs C A}

definition le :: ‘a ord = (‘a list)ord
where

le r = list-all2 Az y. z C, y)

abbreviation

lesublist :: 'a list = 'a ord = 'a list = bool ((- /[E-] -) [60, 0, 51] 50) where

z [Cy] y ==z <=-(Listn.ler) y

abbreviation

lesssublist :: 'a list = 'a ord = 'a list = bool ((- /[C-] -) [50, 0, 51] 50) where

z [Cy] y == x <-(Listn.le r) y

abbreviation
plussublist :: 'a list = ('a = 'b = 'c) = 'b list = 'c list
((- /[u-] -) [65, 0, 66] 65) where
zUdy==2Upep2sy

primrec coalesce :: 'a err list = 'a list err
where
coalesce || = OK]]
| coalesce (ex#ters) = Err.sup (#) ex (coalesce exs)

definition sl :: nat = ’a sl = 'a list sl
where
sln = (AA,r.f). (list n A, le v, map2 f))

definition sup :: (‘a = 'b = 'c err) = ‘a list = 'b list = 'c list err
where
sup [ = (Axs ys. if size xs = size ys then coalesce(zs [Lf] ys) else Err)

definition upto-esl :: nat = 'a esl = ’'a list esl
where
upto-esl m = (M(A,r.f). (Union{list n A |n. n < m}, le r, sup f))

lemmas [simp] = set-update-subset]

lemma unfold-lesub-list: xs [Cy] ys = Listn.le r zs ys
lemma Nil-le-conv [iff]: ([] [E4] ys) = (ys = [])
lemma Cons-notle-Nil [iff]: = z#xs [Ty []

231



232

lemma Cons-le-Cons [iff]: z#xs [Cy] y#ys = (z S, y A zs [C4] ys)
lemma Cons-less-Conss [simp]:

order 1 => z#uxs [Cr] y#Hys = (x Tr y A s [Tyl ys V o =y A xs [Ty] ys)
lemma list-update-le-cong:

[ i<size xs; xs [Ey] ys; z Cp y | = asliz=z] [Cy] ys[i:=y]

lemma le-listD: [ zs [Cy] ys; p < size s | = azslp T, yslp
lemma le-list-refl: Va. ¢ C, © = x5 [C4] zs
lemma le-list-trans: [ order r; xs [Ty ys; ys [Cr] 2s | = xs [Cy] 2s
lemma le-list-antisym: [ order r; xs [Ty ys; ys [T s | = xs = ys
lemma order-list] [simp, introl]: order r = order(Listn.le r)
lemma lesub-list-impl-same-size [simp]: xs [Cy] ys = size ys = size xs
lemma lesssub-lengthD: zs [C.| ys = size ys = size s
lemma le-list-appendl: a [Cr] b = ¢ [Cy] d = aQc [Ty bQd
lemma le-listl:

assumes length a = length b

assumes An. n < length a = aln C, bln

shows a [Cy] b
lemma list]: | size xs = n; set xs C A] = azs € listn A

lemma listE-length [simp]: zs € list n A = size 1s = n
lemma less-lengthl: [ zs € list n A; p < n] = p < size xs
lemma listE-set [simp]: xs € list n A = set zs C A
lemma list-0 [simp]: list 0 A = {[]}
lemma in-list-Suc-iff:

(zs € list (Suc n) A) = (JyeA. ys € list n A. xs = y#ys)
lemma Cons-in-list-Suc [iff]:

(z#tzs € list (Suc n) A) = (z€A N zs € list n A)
lemma list-not-empty:

Ja. a€cA = Juxs. xs € listn A

lemma nth-in [rule-format, simp:
Vin. sizexs=n — setxzs C A — i< n— (zsli) € 4
lemma listE-nth-in: [ zs € listn A; i < n] = asli € A
lemma listn-Cons-Suc [elim!]:
I#zs € litn A= (An. n=Sucn =1l A= azs€lissn' A— P)=— P
lemma listn-appendE [eliml]:
a@b € listn A = (Anl n2. n=nl+n2 = a € list nl A= b€ listn2 A= P) = P

lemma listt-update-in-list [simp, intro]:

[azs € listn A; €A | = as[i :=z] € listn A
lemma list-appendl [intro?):

[aclistn A;belistmA] = a Qb€ list (n+m) A
lemma list-map [simp]: (map fas € list (size xs) A) = (f ‘ set xs C A)
lemma list-replicatel [intro]: x € A = replicate n x € list n A
lemma plus-list-Nil [simp]: [] [Uf zs = ||
lemma plus-list-Cons [simp]:

(z#tws) [Uf ys = (case ys of [| = [| | y#ys = (z Uy y)#(as [Uf ys))
lemma length-plus-list [rule-format, simp]:

Vys. size(zs [Ug ys) = min(size as) (size ys)
lemma nth-plus-list [rule-format, simpl:

Vas ys i. size s = n — size ys = n — i<n — (as [Uf ys)li = (zsli) Uy (ysli)

lemma (in Semilat) plus-list-ubl [rule-format):
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[ set s C A; set ys C A; size s = size ys |
= s [Ty ws (U s
lemma (in Semilat) plus-list-ub2:
[set zs C A; set ys C A; size zs = size ys | = ys [Co] as [Ug ys
lemma (in Semilat) plus-list-lub [rule-format]:
shows Vs ys zs. set 1s C A —> set ys C A — set zs C A
— size xs = n N\ size ys = n —»
zs [Tl zs A ys [Ey] 28 — ws [Ug] ys [Ty 2s
lemma (in Semilat) list-update-incr [rule-format]:
2€A = setzs C A —
(Vi. i<size xs — xs [Ty zs[i := x Uy xs!d])
lemma acc-le-list]’ [intro!]:
[ order r; acc A r]| = acc (Un. list n A) (Listn.le 1)

2.6 Typing and Dataflow Analysis Framework

theory Typing-Framework
imports

Semilattices
begin

The relationship between dataflow analysis and a welltyped-instruction predicate.

type-synonym
's step-type = nat = 's = (nat x 's) list

definition stable :: 's ord = 's step-type = 's list = nat = bool
where
stable r step Ts p «— (V(q,7) € set (step p (7slp)). T C, 7slq)

definition stables :: 's ord = 's step-type = s list = bool
where
stables r step Ts «— (¥ p < size Ts. stable v step Ts p)

definition wt-step :: 's ord = 's = s step-type = 's list = bool
where
wt-step v T step s +— (V p<size 7s. Tslp # T A stable r step Ts p)

definition is-bcv :: ‘s ord = 's = 's step-type = nat = 's set = ('s list = 's list) = bool
where

is-bcv r T step n A bev +— (V189 € list n A.

(Vp<n. (bev Ts9)lp # T) = (37s € list n A. 780 [C,] 75 A wi-step r T step Ts))

end

2.7 More on Semilattices

theory SemilatAlg
imports Typing-Framework
begin

definition lesubstep-type :: (nat x 's) set = 's ord = (nat x 's) set = bool
((- {E-} -) [90, 0, 51] 50)
where A {C,} B=V(p,7) € A. 37" (p7") € BATC, 7’
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notation (ASCII)
lesubstep-type ((- /{<='--} -) [50, 0, 51] 50)

primrec pluslussub :: 'a list = (‘la = 'a = 'a) = 'a = 'a ((- /- -) [65, 0, 66] 65)
where
pluslussub [ fy =y
| pluslussub (z#xs) fy = pluslussub xs f (z Uy y)
definition bounded :: 's step-type = nat = bool
where
bounded step n +— (Vp<n. V7.V (q,7’) € set (step p 7). g<n)

definition pres-type :: 's step-type = nat = 's set = bool
where
pres-type step n A +— (VT€A. Vp<n. ¥V (q,7') € set (step p 7). 7' € A)

definition mono :: 's ord = 's step-type = nat = 's set = bool
where
mono 1 step n A <—
Vrpr .t € ANp<n AT L, 7" — set (step p 7) {Cyr} set (step p 77))

lemma [iff]: {} {C,} B
lemma [iff]: (A {Cr} {}) = (A ={})

lemma lesubstep-union:
[ At {Cr} Bi; A2 {Cy} B2 ] = Ay U Ay {Cy} B1 U By

lemma pres-typeD:
[ pres-type step n A; s€A; p<n; (q,s")Eset (stepps) ]| = s’ € A
lemma monoD:
[ mono r step n A; p < n; s€A; s T, t | = set (step p s) {Cr} set (step p t)
lemma boundedD:
[ bounded step n; p < n; (g,t) € set (steppas) | = ¢ <n
lemma lesubstep-type-refl [simp, intro]:
(Nz.zC,2) = A{Cs} A
lemma lesub-step-typeD:
A{Cr} B= (zy) e A= 3Ty . (z,y) €EBAYLC, ¥

lemma list-update-le-list] [rule-format]:
setzs C A — setys C A — xs [C,] ys — p < size s —>
z C, yslp — semilat(A,r,f) — z€A —
zs[p == z Uys aslp] [C,] ys
lemma plusplus-closed: assumes Semilat A r f shows
Ny [setz CAye Al =uazl]lryed
lemma (in Semilat) pp-ub2:
Ny. [setng;yeA]]:yErxufy

lemma (in Semilat) pp-ubl:
shows Ay. [setls C A;y € Az €setls] = aCrls|]ry

lemma (in Semilat) pp-lub:
assumes 2: z € A
shows
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/\y.yeA:>setxs§A:>V:cesetxs.xgrzﬁygrzﬁxsufygrz

lemma ubl’: assumes Semilat A r f
shows [V (p,s) € set S. s € A; y € A; (a,b) € set 5]
= b Crmapsnd [(p', t') « S.p'=qa] sy

lemma plusplus-empty:
Vs (g, s) € setSHs’ufss! qg=ss!qg=
(map snd [(p', t') <= S.p"=q| Uyss! q)=ss!q

end

2.8 Lifting the Typing Framework to err, app, and eff

theory Typing-Framework-err
imports
Typing-Framework
SemilatAlg
begin

definition wit-err-step :: 's ord = 's err step-type = 's err list = bool
where
wt-err-step 1 step s <— wi-step (Err.le r) Err step Ts

definition wt-app-eff :: 's ord = (nat = 's = bool) = 's step-type = s list = bool
where
wt-app-eff r app step Ts +——
(Vp < size Ts. app p (7slp) A (VY (q,7) € set (step p (7slp)). 7 <=-r 7slq))

definition map-snd :: ('b = '¢) = (‘a x 'b) list = ('a x 'c) list
where
map-snd f = map (A(z,y). (z, fy))

definition error :: nat = (nat x 'a err) list
where
error n = map (Az. (x,Err)) [0..<n]

definition err-step :: nat = (nat = 's = bool) = 's step-type = 's err step-type
where
err-step n app step p t =
(case t of
Err = errorn
| OK 7 = if app p 7 then map-snd OK (step p ) else error n)

definition app-mono :: 's ord = (nat = 's = bool) = nat = 's set = bool
where
app-mono r app n A +—
(Vspt.se ANp<nAsC,.t— apppt— app p s)

lemmas err-step-defs = err-step-def map-snd-def error-def
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lemma bounded-err-stepD:
[ bounded (err-step n app step) n;
p < mn;appp a; (q,b) € set (steppa)] = qg<n

lemma in-map-sndD: (a,b) € set (map-snd f xs) = 3b’. (a,b) € set zs

lemma bounded-err-stepl:
Vp.p<n— (Vs.apps— (V(q,s") € set (step p s). ¢ < n))
= bounded (err-step n ap step) n

lemma bounded-lift:
bounded step n = bounded (err-step n app step) n

lemma le-list-map-OK [simp]:
Nb. (map OK a [E gy e o] map OK b) = (a [5,] b)

lemma map-snd-lessl:
set xs {Cr} set ys = set (map-snd OK zs) {C gy 1o vt et (map-snd OK ys)

lemma mono-lift:
[ order r; app-mono r app n A; bounded (err-step n app step) n;
Vspt.se AANp<nAsC,.t— apppt — set (step p s) {Cr} set (step p t) ]
= mono (Err.le ) (err-step n app step) n (err A)
lemma in-errorD: (z,y) € set (error n) = y = Err
lemma pres-type-lift:
Vs€A. Vp.p<n— appps— (V(q, s")Eset (step p 5). s’ € A)
= pres-type (err-step n app step) n (err A)

lemma wt-err-imp-wt-app-eff:
assumes wt: wt-err-step r (err-step (size ts) app step) ts
assumes b: bounded (err-step (size ts) app step) (size ts)
shows wt-app-eff r app step (map ok-val ts)

lemma wt-app-eff-imp-wt-err:
assumes app-eff: wt-app-eff r app step ts
assumes bounded: bounded (err-step (size ts) app step) (size ts)
shows wt-err-step r (err-step (size ts) app step) (map OK ts)
end

2.9 Kildall’s Algorithm

theory Kildall
imports SemilatAlg ../ Basic/ Auziliary
begin

locale Kildall-base =
fixes s-a :: 'w = nat set
and s-empty 2 'w
and s-is-empty :: 'w = bool
and s-choose :: 'w = nat
and s-remove :: nat = 'w = 'w
and s-insert :: nat = 'w = 'w
begin
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primrec propa :: 's binop = (nat x 's) list = 's list = 'w = 's list * 'w
where
propa | || Ts w = (Ts,w)
| propa f (q'#qs) 7s w = (let (¢,7) = ¢
u =7 Lf Tslq;
w’' = (if w = 7lq then w else s-insert q w)
in propa f qs (78[q := u]) w’)

definition iter :: 's binop = 's step-type = 's list = "w = 's list X 'w
where
iter f step Ts w =
while (A(7s,w). = s-is-empty w)
(MTs,w). let p = s-choose w in propa | (step p (7s!p)) 75 (s-remove p w))
(vs,u)

definition unstables :: 's ord = 's step-type = 's list = 'w
where
unstables r step Ts = foldr s-insert (filter (Ap. —stable r step 7s p) [0..<size Ts|) s-empty

definition kildall :: 's ord = 's binop = s step-type = 's list = 's list
where kildall v f step 7s = fst(iter f step Ts (unstables r step Ts))

primrec t-« :: 's list x 'w = 's list X nat set
where t-a (1s, w) = (78, s-a w)

end

primrec merges :: ‘s binop = (nat x 's) list = 's list = 's list
where
merges [ [] TS =TS
| merges f (p'#ps) 7s = (let (p,7) = p’ in merges f ps (7s[p := 1 g 7s!p]))

locale Kildall =
Kildall-base +
assumes empty-spec [simpl: s-a s-empty = {}
and is-empty-spec [simp]: s-is-empty A +— s-a A = {}
and choose-spec: s-a A # {} = s-choose A € s-a A
and remove-spec [simp]: s-a (s-remove n A) = s-a A — {n}
and insert-spec [simp]: s-a (s-insert n A) = insert n (s-a A)
begin

lemma s-a-foldr-s-insert:
s-a (foldr s-insert xs A) = foldr insert xs (s-a A)
by (induct zs arbitrary: A) simp-all

lemma unstables-spec [simp]: s-a (unstables r step 75) = {p. p < size s A —stable r step 75 p}
proof —
have {p. p < size Ts A —stable r step Ts p} = foldr insert (filter (A\p. —stable r step Ts p) [0..<size
7s]) {}
unfolding foldr-insert-conv-set by auto
thus ?thesis by (simp add: unstables-def s-a-foldr-s-insert)
qed
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end
lemmas [simp] = Let-def Semilat.le-iff-plus-unchanged [OF Semilat.intro, symmetric]

lemma (in Semilat) nth-merges:

Ass. [p < length ss; ss € list n A; ¥ (p,t)Eset ps. p<n A teAd | =
(merges [ ps ss)lp = map snd [(p',t") < ps. p'=p] |_|f sslp
(is Ass. [ - ?steptype ps] = 2P ss ps)

lemma length-merges [simp]:
\ss. size(merges f ps ss) = size ss
lemma (in Semilat) merges-preserves-type-lemma:
shows Vus. zs € list n A — (V(p,z) € set ps. p<n A z€A)
— merges f ps zs € list n A
lemma (in Semilat) merges-preserves-type [simp]:
[ zs € list n A; ¥V (p,x) € set ps. p<n A z€A |
= merges f ps xs € list n A
by (simp add: merges-preserves-type-lemma)

lemma (in Semilat) merges-incr-lemma:
Vias. xs € list n A — (V(p,x)Eset ps. p<size xs N x € A) — zs [Cy] merges f ps xs
lemma (in Semilat) merges-incr:
[ zs € list n A; ¥V (p,x)Eset ps. p<size xs N x € A |
= xs [y merges f ps s
by (simp add: merges-incr-lemma)

lemma (in Semilat) merges-same-conv [rule-format]:
(Vas. xs € list n A — (V(p,x)Eset ps. p<size xs N\ t€A) —
(merges f ps xs = xs) = (V(p,x)€set ps. © Cyr xslp))

lemma (in Semilat) list-update-le-list] [rule-format]:
setzs C A — setys C A — xs [Ty ys — p < size s —>
zCpyslp — 2€6A — as[p =z Lig xslp] [Cy] ys
lemma (in Semilat) merges-pres-le-ub:
assumes set ts C A set ss C A
V(p,t)eset ps. t Crtslp ANt € AN p < sizets ss [Tyl ts
shows merges f ps ss [Cy] ts
context Kildall begin

2.9.1 propa

lemma decomp-propa:
Nss w. (V(g,t)Eset qs. q¢ < size ss) =
t-a (propa f qs ss w) =
(merges f qs ss, {q. t.(q,t)Eset gs N t Ly sslqg # sslg} U s-a w)
apply (induct g¢s)
apply simp
apply (simp (no-asm))
apply clarify
apply simp



apply (rule conjI)

apply blast

apply (simp add: nth-list-update)
apply blast

done

end

lemma (in Semilat) stable-pres-lemma:
shows [pres-type step n A; bounded step n;
ss € listn A; p € w; VqgeEw. ¢ < n;
Vg g<n— q¢& w— stable r step ss ¢; ¢ < n;
Vs’ (q,8') € set (step p (sslp)) — s" Uy sslq = sslg;
g¢wVqg=rp]
= stable r step (merges [ (step p (ss!p)) ss) ¢

lemma (in Semilat) merges-bounded-lemma:
[ mono r step n A; bounded step n;
YV (p',s’) € set (step p (sslp)). s’ € A; ss € list n A; ts € list n A; p < n;
ss [C,] ts; Vp. p < n — stable r step ts p |
= merges f (step p (sslp)) ss [C,] ts

lemma termination-lemma: assumes Semilat A r f
shows [ ss € list n A; ¥V (q,t)Eset gs. q<n A t€A; pew | =
ss [C,] merges f qs ss V

merges f gs ss = ss A {q. t. (g, t)Eset gs N t Ly sslqg # sslg} U (w—{p}) C w

context Kildall-base begin

definition s-finite-psubset :: ('w x 'w) set
where s-finite-psubset == {(A,B). s-a A < s-a B & finite (s-a B)}

lemma s-finite-psubset-inv-image:
s-finite-psubset = inv-image finite-psubset s-a
by (auto simp add: s-finite-psubset-def finite-psubset-def)

lemma wf-s-finite-psubset [simp]: wf s-finite-psubset
unfolding s-finite-psubset-inv-image by simp

end

context Kildall begin

2.9.2 iter

lemma iter-properties[rule-format]: assumes Semilat A r f
shows [ acc A r; pres-type step n A; mono r step n A;
bounded step n; ¥V pEs-a wO. p < n; ssO € list n A;
Vp<n.p ¢ s-a w0 — stable r step ssO0 p | =
t-a (iter f step ssO w0) = (ss’,w’)
_)
ss’ € list n A N stables 1 step ss’ A ss0 [C,] ss’ A
(Viselist n A. ss0 [C,] ts A stables r step ts — ss’ [C,] ts)
lemma kildall-properties: assumes Semilat A r f
shows [ acc A r; pres-type step n A; mono r step n A;
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bounded step n; ss0 € listn A ] =
kildall r f step ssO € list n A A
stables r step (kildall r f step ss0) A
$s0 [C,] kildall v f step ssO N
(Viselist n A. ss0 [C,] ts A stables r step ts —
kildall v f step ss0 [E,] ts)
end

interpretation Kildall set [| Azs. zs = [| hd removeAll Cons
by (unfold-locales) auto

lemmas kildall-code [code] =
kildall-def
Kildall-base.propa.simps
Kildall-base.iter-def
Kildall-base.unstables-def
Kildall-base.kildall-def

end

2.10 The Lightweight Bytecode Verifier

theory LBVSpec
imports SemilatAlg Opt
begin

type-synonym
's certificate = 's list

primrec merge :: 's certificate = 's binop = 's ord = 's = nat = (nat x 's) list = 's = s
where
merge cert fr T pc || =2z
| merge cert fr T pc (s#ss) © = merge cert fr T pc ss (let (pc’,s’) = s in
if pc'=pc+1 then s' Uy «
else if s' T, cert!pc’ then x
else T)

definition wtl-inst :: 's certificate = 's binop = 's ord = 's =
's step-type = nat = 's = s
where
wtl-inst cert fr T step pc s = merge cert fr T pe (step pc s) (cert!(pe+1))

definition wtl-cert :: 's certificate = 's binop = 's ord = 's = 's =
's step-type = nat = 's = s
where
wtl-cert cert fr T B step pc s =
(if cert!pc = B then
wtl-inst cert fr T step pc s
else
if s T, certlpc then wtl-inst cert f r T step pc (cert!pe) else T)

primrec wtl-inst-list :: 'a list = 's certificate = 's binop = 's ord = 's = 's =
's step-type = nat = 's = s
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where
wtl-inst-list || cert fr T B step pc s = s
| wtl-inst-list (i#is) cert fr T B step pc s =
(let s’ = wtl-cert cert fr T B step pc s in
if =TV s = T then T else wtl-inst-list is cert f r T B step (pc+1) s')

definition cert-ok :: 's certificate = nat = 's = 's = 's set = bool
where
cert-ok cert n T B A <— (Vi < n. certli € A A certli # T) A (cert!n = B)

definition bottom :: 'a ord = 'a = bool
where
bottom r B «— (Vz. B C, x)

locale lbv = Semilat +
fixes T :: 'a (T)
fixes B :: 'a (L)
fixes step :: 'a step-type
assumes top: top r T
assumes T-A: T € A
assumes bot: bottom r L
assumes B-A: 1 € A

fixes merge :: 'a certificate = nat = (nat x 'a) list = 'a = 'a
defines mrg-def: merge cert = LBVSpec.merge cert fr T

fixes wti :: 'a certificate = nat = 'a = 'a
defines wti-def: wti cert = wtl-inst cert fr T step

fixes witc :: 'a certificate = nat = 'a = 'a
defines wic-def: wtc cert = wtl-cert cert fr T L step

fixes wtl :: 'b list = 'a certificate = nat = 'a = 'a

defines wtl-def: wtl ins cert = wtl-inst-list ins cert fr T L step
lemma (in bv) wti:

wti ¢ pc s = merge ¢ pe (step pc s) (c!(pe+1))

lemma (in bv) wtc:
wtce ¢ pc s = (if clpc = L then wti ¢ pc s else if s T, clpe then wti ¢ pe (clpe) else T)

lemma cert-okD1 [intro?):
cert-ok cn TBA = pc<n= clpc € A

lemma cert-okD2 [intro?):
cert-okcn T BA = cln=2DB

lemma cert-okD3 [intro?):
cert-ok cn TBA=— Be€ A= pc<n= clSucpce A

lemma cert-okD4 [intro?):
cert-okcn TBA = pc<n=clpc#T
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declare Let-def [simp]

2.10.1 more semilattice lemmas

lemma (in lbv) sup-top [simp, elim]:
assumes z: z € A
shows z Ly T =T

lemma (in bv) plusplussup-top [simp, elim]:
set xs C A=>$s|_|f'|':"|'
by (induct xs) auto

lemma (in Semilat) pp-ubl:
assumes S: snd‘set S C A
assumes y: y € A and ab: (a, b) € set S
shows b T, map snd [(p/, t') <= S . p"'=a] sy
lemma (in bv) bottom-le [simp, introl]: L C, x
by (insert bot) (simp add: bottom-def)

lemma (in bv) le-bottom [simp]: z T, L = (x = 1)
by (blast intro: antisym-r)

2.10.2 merge

lemma (in [bv) merge-Nil [simp]:
merge ¢ pc [| © = x by (simp add: mrg-def)

lemma (in [bv) merge-Cons [simp]:
merge ¢ pc (I#1s) x = merge ¢ pe ls (if fst I=pc+1 then snd | +-f =
else if snd | C,. cfst | then x
else T)
by (simp add: mrg-def split-beta)

lemma (in bv) merge-Err [simp]:
snd‘set ss C A = merge cpcss T =T
by (induct ss) auto

lemma (in lbv) merge-not-top:
Nz. snd‘set ss C A = merge cpc ssx £ T =
Y (pc',s’) € set ss. (pe’ # pe+1 — s’ &, clpc’)
(is Az. %set ss = ?merge ss t => ?P ss)

lemma (in lbv) merge-def:

shows

Nz. x € A = snd‘set ss C A =

merge ¢ pc $§ T =

(if V(pc',s') € set ss. pc’#pc+1 — s’ C,. clpe’ then

map snd [(p';t") = ss. p'=pe+1] ||z

else T)

(is N\z. - = - = ?merge ssz = %if sszis N\z. - = - = 2P ss x)
lemma (in bv) merge-not-top-s:

assumes 7: = € A and ss: snd‘set ss C A

assumes m: merge ¢ pc ST £ T
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shows merge ¢ pc ss & = (map snd [(p',t)) < ss. p'=pc+1] |_|f x)

2.10.3 wtl-inst-list

lemmas [iff] = not-Err-eq

lemma (in lbv) wtl-Nil [simp]: wil [] ¢ pc s = s
by (simp add: wtl-def)

lemma (in bv) wtl-Cons [simp]:
witl (i#14s) ¢ pc s =
(let s = wtc cpcsinifs'=TV s=T then T else wtl is ¢ (pc+1) s')
by (simp add: wtl-def wtc-def)

lemma (in bv) wtl-Cons-not-top:
witl (i#14s) ¢ pc s #= T =
(wtccpcs =T ANs#= T AN wtlis ¢ (pec+1) (wic ¢ pe s) # T)
by (auto simp del: split-paired-Er)

lemma (in bv) wtl-top [simp]: wtlls cpc T =T
by (cases ls) auto

lemma (in lbv) wtl-not-top:
wtlls cpcs # T = s# T
by (cases s=T) auto

lemma (in bv) wtl-append [simp]:
Apc s. wil (a@b) ¢ pc s = wtl b ¢ (pc+length a) (wtl a ¢ pc s)
by (induct a) auto

lemma (in [bv) wtl-take:

wtl is ¢ pc s £ T = wtl (take pc’ is) ¢ pc s # T

(is ?wtl is # - = -)
lemma take-Suc:

Vn. n < length | — take (Suc n) | = (take n 1)Q[lln] (is 7P 1)
lemma (in lbv) wtl-Suc:

assumes suc: pc+1 < length is

assumes wtl: wtl (take pc is) ¢ 0s £ T

shows wil (take (pc+1) is) ¢ 0 s = wtc ¢ pe (wtl (take pc is) ¢ 0 s)
lemma (in bv) wtl-all:

assumes all: wtlis ¢ 0 s # T (is 2wtl is # -)

assumes pc: pc < length is

shows wtc ¢ pc (wtl (take pc is) ¢ 0s) £ T

2.10.4 preserves-type

lemma (in bv) merge-pres:
assumes s0: snd‘set ss C Aand z: z € A
shows merge ¢ pc ssx € A
lemma pres-typeD2:
pres-type step n A = s € A = p < n = snd‘set (step p s) C A
by auto (drule pres-typeD)

lemma (in [bv) wti-pres [intro?):
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assumes pres: pres-type step n A
assumes cert: cl(pc+1) € A
assumes s-pc: s € A pc < n
shows wti ¢ pc s € A

lemma (in bv) wtc-pres:
assumes pres-type step n A
assumes clpc € A and c!(pc+1) € A
assumes s € A and pc < n
shows wtc c pc s € A

lemma (in bv) wtl-pres:
assumes pres: pres-type step (length is) A
assumes cert: cert-ok ¢ (length is) T 1L A
assumes s: s € A
assumes all: wtlisc 0s # T
shows pc < length is = witl (take pc is) ¢ 0 s € A
(is ?len pc = ?wtl pc € A)

end

2.11 Correctness of the LBV

theory LBVCorrect
imports LBVSpec Typing-Framework
begin

locale lbvs = Ibv +
fixes so :: a
fixes ¢ :: 'a list
fixes ins :: 'b list
fixes 7s :: 'a list
defines phi-def:
78 = map (Apc. if clpc = L then wtl (take pc ins) ¢ 0 sqg else clpc)
[0..<size ins]

assumes bounded: bounded step (size ins)
assumes cert: cert-ok ¢ (size ins) T L A
assumes pres: pres-type step (size ins) A

lemma (in lbvs) phi-None [intro?:

[ pe < size ins; clpc = L | = 7slpc = wil (take pc ins) ¢ 0 so
lemma (in lbvs) phi-Some [intro?):

[ pc < size ins; clpc # L | = 7slpc = clpe
lemma (in [bvs) phi-len [simp]: size Ts = size ins
lemma (in lbvs) wtl-suc-pe:

assumes all: wtl ins ¢ 0 s # T

assumes pc: pct+1 < size ins

shows wil (take (pc+1) ins) ¢ 0 so C, 7s!(pc+1)
lemma (in lbvs) wtl-stable:

assumes wtl: wtl ins ¢ 0 s9 # T

assumes sg: Sg € A and pc: pe < size ins

shows stable r step Ts pc
lemma (in lbvs) phi-not-top:

assumes wtl: wtl ins ¢ 0 so # T and pc: pc < size ins

shows 7slpc # T
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lemma (in lbvs) phi-in-A:
assumes wtl: wtl ins ¢ 0 sg # T and sp: 59 € A
shows 7s € list (size ins) A

lemma (in lbvs) phi0:
assumes wtl: wtl ins ¢ 0 so # T and 0: 0 < size ins
shows sg C, 7s!0

theorem (in lbvs) wil-sound:
assumes wtl: wtl ins ¢ 0 so # T and sp: 59 € A
shows d7s. wt-step r T step Ts

theorem (in lbvs) wil-sound-strong:

assumes wtl: wtl ins ¢ 0 s9 # T

assumes sg: sop € A and ins: 0 < size ins

shows 375 € list (size ins) A. wt-step r T step 7s A so T, 7510
end

2.12 Completeness of the LBV

theory LBVComplete
imports LBVSpec Typing-Framework
begin

definition is-target :: 's step-type = 's list = nat = bool where
is-target step Ts pc’ <— (Ipc s'. pc’ # pe+1 A pe < size Ts A (pc',s’) € set (step pe (Tslpc)))

definition make-cert :: 's step-type = 's list = 's = 's certificate where
make-cert step Ts B = map (Ape. if is-target step Ts pc then Tslpe else B) [0..<size Ts| Q [B]

lemma [code]:

is-target step Ts pc’ =

list-ex (Apc. pc’ # pe+1 N List.member (map fst (step pc (1s!pc))) pe’) [0..<size Ts]
locale lbvc = lbv +

fixes 7s :: ‘a list

fixes c :: ‘a list

defines cert-def: ¢ = make-cert step 7s L

assumes mono: mono r step (size Ts) A
assumes pres: pres-type step (size T7s) A
assumes 7s: Vpc < size 7. Tslpc € A A Tslpc # T
assumes bounded: bounded step (size Ts)

assumes B-neqg-T: L # T

lemma (in lbuc) cert: cert-ok c (size 7s) T L A
lemmas [simp del] = split-paired-Ex

lemma (in lbve) cert-target [intro?):
[ (pc's’) € set (step pc (Tslpc));
pe’ # pe+1; pe < size T8; pe’ < size T8 |
= clpc’ = Tslpc’
lemma (in lbve) cert-approx [intro?):
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[ pc < size Ts; clpc # L ] = clpe = 7slpe
lemma (in bv) le-top [simp, intro]: © <=-r T
lemma (in lbv) merge-mono:
assumes less: set sso {Cr} set ssq
assumes z: r e A
assumes ssi:  snd‘set ssg C A
assumes Ssp:  snd‘set ssg C A
shows merge ¢ pc ssy © C, merge ¢ pc ssy z (is %59 T, 251)
lemma (in lbvc) wti-mono:
assumes less: s T, 81
assumes pc: pc < size 7s and s1: s1 € A and s9: 55 € A
shows wti ¢ pc so C,. wti ¢ pc s1 (is 252’ T, 2s17)
lemma (in lbve) wic-mono:
assumes less: so T, 81
assumes pc: pc < size 7s and s1: s1 € A and s9: s € A
shows wtc ¢ pc so T, wic ¢ pc s1 (is 282’ &, 251)
lemma (in bv) top-le-conv [simp]: T T, z = (z = T)
lemma (in [bv) neg-top [simp, elim]: [z C, y; y # T ]| = 2 # T
lemma (in lbvc) stable-wti:
assumes stable: stable r step 7s pc and pc: pc < size TS
shows wti ¢ pc (7slpc) # T
lemma (in lbvc) wti-less:
assumes stable: stable r step Ts pc and suc-pc: Suc pc < size TS
shows wti ¢ pc (tslpc) T, 7s1Suc pe (is ?wti C, -)
lemma (in lbvc) stable-wtc:
assumes stable: stable r step 7s pc and pc: pc < size TS
shows wtc ¢ pc (7slpe) # T
lemma (in lbvc) wtc-less:
assumes stable: stable r step s pc and suc-pc: Suc pc < size TS
shows wtc ¢ pc (7slpe) C, 7s!Suc pe (is 2wte T, -)
lemma (in lbvc) wi-step-wtl-lemmas:
assumes wt-step: wit-step v T step Ts
shows Apc s. pe+size ls = size 7s = s L, Tslpc = s € A = s#£T =
wtlls cpcs £ T
(isApcs. -— -= - = - = %wtlls pc s # -)
theorem (in lbvc) wtl-complete:
assumes wt: wt-step r T step TS
assumes s: s T, 7sl0 s € A s # T and eq: size ins = size Ts
shows wtlins c 0 s # T
end



Chapter 3

Concepts for all JinjaThreads
Languages

3.1 JinjaThreads types

theory Type
imports

../ Basic/ Auziliary
begin

type-synonym cname = String.literal — class names
type-synonym mname = String.literal — method name

type-synonym vname = String.literal — names for local/field variables

definition Object :: cname
where Object = STR "java/lang/Object”

definition Thread :: cname
where Thread = STR "java/lang/ Thread’

definition Throwable :: cname
where Throwable = STR "'java/lang/ Throwable’

definition this :: vname
where this = STR "'this’’

definition run :: mname
where run = STR ""run() V"'

definition start :: mname
where start = STR "start() V"

definition wait :: mname
where wait = STR "wait() V"

definition notify :: mname
where notify = STR "notify() V"’

definition notifyAll :: mname

247
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where notifyAll = STR ""notifyAlI() V"'

definition join :: mname
where join = STR "join() V"'

definition interrupt :: mname
where interrupt = STR "interrupt() V"'

definition isInterrupted :: mname
where isInterrupted = STR "isInterrupted()Z"

definition hashcode :: mname
where hashcode = STR ""hashCode()I"

definition clone :: mname
where clone = STR "'clone() Ljava/lang/ Object;”

definition print :: mname
where print = STR "™ print(I) V"

definition currentThread :: mname
where currentThread = STR '™ Thread.current Thread() Ljava/lang/ Thread;"

definition interrupted :: mname
where interrupted = STR '™ Thread.interrupted()Z"’

definition yield :: mname

where yield = STR '™ Thread.yield() V"

lemmas identifier-name-defs [code-unfold] =
this-def run-def start-def wait-def notify-def notifyAll-def join-def interrupt-def isInterrupted-def
hashcode-def clone-def print-def currentThread-def interrupted-def yield-def

lemma Object- Thread- Throwable-neq [simp):
Thread # Object Object # Thread
Object # Throwable Throwable # Object
Thread # Throwable Throwable # Thread
by (auto simp add: Thread-def Object-def Throwable-def)

lemma synth-method-names-neq-aux:
start # wait start # notify start # notifyAll start # join start # interrupt start # isInterrupted
start # hashcode start # clone start # print start # currentThread
start # interrupted start # yield start # run
wait # notify wait # notifyAll wait # join wait # interrupt wait # isInterrupted
wait # hashcode wait # clone wait # print wait # currentThread
wait # interrupted wait # yield wait # run
notify # notifyAll notify # join notify # interrupt notify # isInterrupted
notify # hashcode notify # clone notify # print notify # currentThread
notify # interrupted notify # yield notify # run
notifyAll # join notifyAll # interrupt notifyAll # isInterrupted
notifyAll # hashcode notifyAll # clone notifyAll # print notifyAll # currentThread
notifyAll # interrupted notifyAll # yield notifyAll # run
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join # interrupt join # isInterrupted

join # hashcode join # clone join # print join # currentThread

join # interrupted join # yield join # run

interrupt # isInterrupted

interrupt # hashcode interrupt # clone interrupt # print interrupt # currentThread

interrupt # interrupted interrupt # yield interrupt # run

isInterrupted # hashcode isInterrupted # clone isInterrupted # print isInterrupted # currentThread

isInterrupted # interrupted isInterrupted # yield isInterrupted # run
hashcode # clone hashcode # print hashcode # currentThread
hashcode # interrupted hashcode # yield hashcode # run
clone # print clone # currentThread
clone # interrupted clone # yield clone # run
print # currentThread
print # interrupted print # yield print # run
currentThread # interrupted currentThread # yield currentThread # run
interrupted # yield interrupted # Tun
yield # run
by (simp-all add: identifier-name-defs)

lemmas synth-method-names-neq [simp] = synth-method-names-neq-auz synth-method-names-neq-aux|[symmetric]

— types
datatype ty
= Void — type of statements
| Boolean
| Integer
| NT — null type
| Class cname — class type
| Array ty (-|] 95) — array type

context
notes [[inductive-internals]|
begin

inductive is-refT :: ty = bool where
is-refT NT

| is-refT (Class C)

| is-refT (Al])

declare is-refT.intros|iff]
end
lemmas refTE [consumes 1, case-names NT Class Array] = is-refT.cases
lemma not-refTE [consumes 1, case-names Void Boolean Integer:
[ —is-refT T; T = Void = P; T = Boolean = P; T = Integer — P ]| = P
by (cases T, auto)
fun ground-type :: ty = ty where

ground-type (Array T) = ground-type T
| ground-type T = T
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abbreviation is-NT-Array :: ty = bool where
is-NT-Array T = ground-type T = NT

primrec the-Class :: ty = cname
where
the-Class (Class C) = C

primrec the-Array :: ty = ty
where
the-Array (T|]) =T

datatype htype =
Class-type cname
| Array-type ty nat

primrec ty-of-htype :: htype = ty
where

ty-of-htype (Class-type C) = Class C
| ty-of-htype (Array-type T n) = Array T

primrec alen-of-htype :: htype = nat
where
alen-of-htype (Array-type T n) = n

primrec class-type-of :: htype = cname
where

class-type-of (Class-type C) = C
| class-type-of (Array-type T n) = Object

fun class-type-of ' :: ty = cname option
where
class-type-of ' (Class C) = | C|
| class-type-of ' (Array T) = | Object]
| class-type-of ' - = None

lemma rec-htype-is-case [simp|: rec-htype = case-htype
by (auto simp add: fun-eq-iff split: htype.split)

lemma ty-of-htype-eq-convs [simp]:

shows ty-of-htype-eq-Boolean: ty-of-htype hT # Boolean

and ty-of-htype-eq-Void: ty-of-htype hT # Void

and ty-of-htype-eq-Integer: ty-of-htype hT # Integer

and ty-of-htype-eq-NT': ty-of-htype hT # NT

and ty-of-htype-eq-Class: ty-of-htype hT = Class C <— hT = Class-type C

and ty-of-htype-eq-Array: ty-of-htype hT = Array T <— (In. hT = Array-type T n)
by(case-tac [!] hT) simp-all

lemma class-type-of-eq:

class-type-of hT =

(case hT of Class-type C = C | Array-type T n = Object)
by (simp split: htype.split)

lemma class-type-of -ty-of-htype [simp]:
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class-type-of ' (ty-of-htype hT) = | class-type-of hT |
by(cases hT) simp-all

fun is-Array :: ty = bool

where
is-Array (Array T) = True
| is-Array - = False

lemma is-Array-conv [simpl: is-Array T <— (3U. T = Array U)
by(cases T) simp-all

fun is-Class :: ty = bool

where
is-Class (Class C) = True
| is-Class - = Fualse

lemma is-Class-conv [simp]: is-Class T «— (3C. T = Class C)
by(cases T) simp-all

3.1.1 Code generator setup
code-pred is-refT .

end

3.2 Class Declarations and Programs

theory Decl

imports
Type

begin

type-synonym volatile = bool

record fmod =
volatile :: volatile

type-synonym fdecl = wvname X ty X fmod — field declaration

type-synonym '‘m mdecl = mname X ty list X ty X 'm — method = name, arg. types, return
type, body

type-synonym 'm mdecl’ = mname x ty list X ty x 'm option — method = name, arg. types,
return type, possible body

type-synonym ’'m class = cname x fdecl list x 'm mdecl’ list — class = superclass, fields,
methods

type-synonym 'm cdecl = cname x 'm class — class declaration

datatype

'm prog = Program 'm cdecl list

translations

(type) fdecl <= (type) String.literal X ty x fmod

(type) 'c mdecl <= (type) String.literal x ty list x ty x 'c
(type) 'c mdecl’ <= (type) String.literal X ty list X ty X 'c option
(type) 'c class <= (type) String.literal x fdecl list x ('c mdecl) list
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(type) 'c cdecl <= (type) String.literal x ('c class)
notation (input) None (Native)

primrec classes :: 'm prog = 'm cdecl list
where
classes (Program P) = P

primrec class :: 'm prog = cname — 'm class
where
class (Program p) = map-of p

locale prog =
fixes P :: 'm prog

definition is-class :: 'm prog = cname = bool
where
is-class P C = class P C # None

lemma finite-is-class: finite {C. is-class P C}
primrec is-type :: 'm prog = ty = bool
where
is-type-void: is-type P Void = True
| is-type-bool: is-type P Boolean = True
| is-type-int:  is-type P Integer = True
| is-type-nt: is-type P NT = True
| is-type-class: is-type P (Class C) = is-class P C
| is-type-array: is-type P (A|]) = (case ground-type A of NT = False | Class C' = is-class P C | -
= True)

lemma is-type-ArrayD: is-type P (T|]) = is-type P T
by (induct T) auto

lemma is-type-ground-type:
is-type P T = is-type P (ground-type T)
by (induct T)(auto, metis is-type-ArrayD is-type-array)

abbreviation types :: 'm prog = ty set
where types P = {T. is-type P T}

abbreviation is-htype :: 'm prog = htype = bool
where is-htype P hT = is-type P (ty-of-htype hT)

3.2.1 Code generation

lemma is-class-intros [code-pred-intro]:
class P C # None = is-class P C
by (auto simp add: is-class-def)

code-pred
(modes: ¢ = i = bool)
is-class

unfolding is-class-def by simp
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declare is-class-def[code]

end

3.3 Relations between Jinja Types

theory TypeRel
imports

Decl
begin

3.3.1 The subclass relations

inductive subclsl :: 'm prog = cname = cname = bool (- + - <* - [71, 71, 71] 70)
for P :: 'm prog
where subcls1I: [ class P C = Some (D, rest); C # Object | = P+ C <! D

abbreviation subcls :: 'm prog = cname = cname = bool (- - <* - [71,71,71] 70)
where P + C <* D = (subcls1 P)** C D

lemma subcls1D:
PF C <! D= C # Object A (3 fs ms. class P C = Some (D,fs,ms))
by (auto elim: subcls!.cases)

lemma Object-subcls1 [iff]: = P+ Object <* C
by (simp add: subclsl.simps)

lemma Object-subcls-conv [iff]: (P F Object <* C) = (C = Object)
by (auto elim: converse-rtranclpE)

lemma finite-subcls1: finite {(C, D). P+ C <! D}
proof —
let ?A = SIGMA C:{C. is-class P C}. {D. C#Object A fst (the (class P C))=D}
have finite ?A by(rule finite-Sigmal [OF finite-is-class]) auto
also have 7?4 = {(C, D). P+ C <! D}
by (fastforce simp:is-class-def dest: subcls1D elim: subcls1I)
finally show ?thesis .
qed

lemma finite-subcls1’:
finite ({(D, C). P+ C <! D})
by (subst finite-converse[symmetric])
(simp add: converse-unfold finite-subclsl del: finite-converse)

lemma subcls-is-class: (subclsl P)*+ C D = is-class P C
by (auto elim: converse-tranclpE dest!: subcls1D simp add: is-class-def)

lemma subcls-is-classl: [ P+ C <* D; is-class P D | = is-class P C
by (auto elim: converse-rtranclpE dest!: subcls1D simp add: is-class-def)

3.3.2 The subtype relations

inductive widen :: 'm prog = ty = ty = bool (-+ - < - [71,71,71] 70)
for P :: 'm prog
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where
widen-refl[iff]: P+ T < T
| widen-subcls: P+ C =* D = P+ Class C < Class D
| widen-null[iff]: P+ NT < Class C
| widen-null-array[iff]: P+ NT < Array A
| widen-array-object: P+ Array A < Class Object
| widen-array-array: P+ A < B= P+ Array A < Array B

abbreviation
widens :: 'm prog = ty list = ty list = bool (- F - [<] - [71,71,71] 70)
where

Pt Ts [<] Ts' == list-all2 (widen P) Ts Ts’

lemma [iff]: (P + T < Void) = (T = Void)
lemma [iff]: (P + T < Boolean) = (T = Boolean)
lemma [iff]: (P + T < Integer) = (T = Integer)
lemma [iff]: (P + Void < T) = (T = Void)
lemma [iff]: (P F Boolean < T) = (T = Boolean)
lemma [iff]: (P F Integer < T) = (T = Integer)

lemma Class-widen: P+ Class C < T = 3ID. T = Class D
by (erule widen.cases, auto)

lemma Array-Array-widen:
PrArray T < Array U = P+ T < U
by(auto elim: widen.cases)

lemma widen-Array: (P+ T < U|]) +— (T =NT VvV E3V.T=V||ANPFV L<T))
by (induct T)(auto dest: Array-Array-widen elim: widen.cases intro: widen-array-array)

lemma Array-widen: P+ Array A< T = (3B. T = Array BA P+ A < B) V T = Class Object
by(auto elim: widen.cases)

lemma [iff]: (P+ T < NT) = (T = NT)
by (induct T)(auto dest:Class-widen Array-widen)

lemma Class-widen-Class [iff]: (P F Class C < Class D) = (P + C =<* D)
by (auto elim: widen-subcls widen.cases)

lemma widen-Class: (P+ T < Class C) = (T = NT V (3D. T=Class DANPFD=*C)V (C=
Object N (FA. T = Array A)))
by (induct T)(auto dest: Array-widen intro: widen-array-object)

lemma NT-widen:
PFNT <T=(T=NTV(3C. T=Class C) v (3U. T = U|]))
by(cases T) auto

lemma Class-widen2: P+ Class C < T = (3D. T = Class D AN PF C <* D)
by (cases T, auto elim: widen.cases)

lemma Object-widen: P+ Class Object < T = T = Class Object
by(cases T, auto elim: widen.cases)

lemma NT-Array-widen-Object:
is-NT-Array T = P+ T < Class Object
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by(induct T, auto intro: widen-array-object)

lemma widen-trans(trans]:

assumes P S< UPHUKLT

shows P S < T
using assms
proof (induct arbitrary: T)

case (widen-refl T T') thus P+ T < T'.
next

case (widen-subcls C' D T)

then obtain E where T = Class E by (blast dest: Class-widen)

with widen-subcls show P+ Class C < T by (auto elim: rtrancl-trans)
next

case (widen-null C RT)

then obtain D where RT = Class D by (blast dest: Class-widen)

thus P+ NT < RT by auto
next

case widen-null-array thus ?case by(auto dest: Array-widen)
next

case (widen-array-object A T)

hence T = Class Object by (rule Object-widen)

with widen-array-object show P+ A|] < T

by (auto intro: widen.widen-array-object)

next

case widen-array-array thus ?case

by (auto dest!: Array-widen intro: widen.widen-array-array widen-array-object)

qed

lemma widens-trans: [P+ Ss [<] Ts; P+ Ts [<] Us] = P Ss [<] Us
by (rule list-all2-trans)(rule widen-trans)

lemma class-type-of '~widenD:
class-type-of ' T = |C] = P+ T < Class C
by(cases T)(auto intro: widen-array-object)

lemma widen-is-class-type-of:
assumes class-type-of ' T = |C| P+ T'< T T'# NT
obtains C’ where class-type-of' T' = |C'| P+ C' <* C
using assms by (cases T)(auto simp add: widen-Class widen-Array)

lemma widens-refl: P+ Ts [<] Ts
by (rule list-all2-refl|OF widen-refl])

lemma widen-append1:

PF (zs @ ys) [<] Ts = (I Tsl Ts2. Ts = Ts1 @Q Ts2 A length xs = length Ts1 A length ys = length
Ts2 N Pt xs [<] Ts1 AN P+ ys [<] Ts2)
unfolding list-all2-appendl by fastforce

lemmas widens-Cons [iff] = list-ali2-Cons! [of widen P] for P
lemma widens-lengthD:

Pt zs [<] ys = length zs = length ys
by (rule list-all2-lengthD)
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lemma widen-refT: [ is-refT T; P+ U < T | = is-refT U
by (erule refTE)(auto simp add: widen-Class widen-Array)

lemma refT-widen: [ is-refT T; P+ T < U | = is-refT U
by (erule widen.cases) auto

inductive is-lub :: 'm prog = ty = ty = ty = bool (- F wb'((-,/ -)") = - [51,51,51,51] 50)
for P:: 'mprogand U :: tyand V :: ty and T :: ty
where

[PFUST,P-V<T,
AT . [PFrU<T,PrV<T|=P+-T<T]
— P b(U, V)=T

lemma is-lub-upper:
PHWw(U, V) =T=PHULSTAPEVLST
by (auto elim: is-lub.cases)

lemma is-lub-least:
[PFHWw(U, V)=T,PFrULT,PFVST'|]=PFHT<T
by (auto elim: is-lub.cases)

lemma is-lub-Void [iff]:
Pt lwb(Void, Void) = T <— T = Void

by (auto intro: is-lub.intros elim: is-lub.cases)

lemma is-lubl [code-pred-introl:

[PFULT;,PErVST;VT . PHULT —PHVST —PH-TLT|]= PF lub(U,
V=T
by (blast intro: is-lub.intros)

3.3.3 Method lookup

inductive Methods :: 'm prog = cname = (mname — (ty list X ty x 'm option) x cname) = bool
(- F - sees’-methods - [51,51,51] 50)
for P :: 'm prog
where
sees-methods-Object:
[ class P Object = Some(D,fs,ms); Mm = map-option (Am. (m,Object)) o map-of ms |
= P I Object sees-methods Mm
| sees-methods-rec:
[ class P C = Some(D,fs,ms); C # Object; P - D sees-methods Mm;
Mm' = Mm ++ (map-option (Am. (m,C)) o map-of ms) |
= P+ C sees-methods Mm'

lemma sees-methods-fun:
assumes P + (' sees-methods Mm
shows P  C sees-methods Mm’' =—> Mm' = Mm
using assms
proof (induction arbitrary: Mm")
case sees-methods-Object thus Zcase by(auto elim: Methods.cases)
next
case (sees-methods-rec C' D fs ms Dres Cres Cres’)
from (P F C sees-methods Cres’y «C # Objects <class P C = [(D, fs, ms)|»
obtain Dres’ where Dmethods”: P - D sees-methods Dres’
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and Cres” Cres’ = Dres’ ++ (map-option (Am. (m,C)) o map-of ms)
by cases auto
from sees-methods-rec.IH[OF Dmethods’] <Cres = Dres ++ (map-option (Am. (m,C)) o map-of
ms)» Cres’
show ?case by simp
qed

lemma visible-methods-exist:

P+ C sees-methods Mm = Mm M = Some(m,D) =

(3D’ fs ms. class P D = Some(D',fs,ms) N\ map-of ms M = Some m)
by (induct rule: Methods.induct) auto

lemma sees-methods-decl-above:
assumes P F C sees-methods Mm
shows Mm M = Some(m,D) = P+ C <* D
using assms
by induct(auto elim: converse-rtranclp-into-rtranclp[where r = subcls1 P, OF subcls1I])

lemma sees-methods-idemp:
assumes P - C sees-methods Mm and Mm M = Some(m,D)
shows I3 Mm’'. (P + D sees-methods Mm') A Mm' M = Some(m,D)
using assms
by (induct arbitrary: m D)(fastforce dest: Methods.intros)+

lemma sees-methods-decl-mono:
assumes sub: P+ C’' <* C and P F C sees-methods Mm
shows 3 Mm' Mmy. P b C' sees-methods Mm’ A Mm' = Mm ++ Mma A (VM m D. Mme M =
Some(m,D) — P+ D =<* ()
(is AIMm' Mm2. 2Q C' C Mm' Mm2)
using assms
proof (induction rule: converse-rtranclp-induct)
case base
hence ?Q C C Mm Map.empty by simp
thus 3 Mm’ Mm2. ?2Q C C Mm’' Mm2 by blast
next
case (step C'" C)
note subl = <P+ C” <! C" and sub = <P+ C’ <* C»
and Csees = (P  C sees-methods Mm»
from step. IH[OF Csees| obtain Mm’' Mm2 where C'sees: P = C' sees-methods Mm’
and Mm'": Mm' = Mm ++ Mm2
and subC: Y M m D. Mm2 M = Some(m,D) — P+ D =<* C by blast
obtain fs ms where class: class P C'' = Some(C',fs,ms) C'" # Object
using subcls1D[OF subl] by blast
let ?Mm3 = map-option (Am. (m,C"’)) o map-of ms
have P - C' sees-methods (Mm ++ Mm2) ++ ¢Mm3
using sees-methods-rec|OF class C'sees refl] Mm' by simp
hence ?Q C" C (Mm ++ Mm2) ++ ?Mm3) (Mm2++?Mm3)
using converse-rtranclp-into-rtranclp[OF subl sub)
by simp (simp add:map-add-def subC split:option.split)
thus 3Mm’ Mm2. ?2Q C"” C Mm' Mm2 by blast
qed

definition Method :: 'm prog = cname = mname = ty list = ty = 'm option = cname = bool
(-F - sees - -——- = -in - [51,51,51,51,51,51,51] 50)
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where
Pl Csees M: Ts—»T =min D =
IMm. P & C sees-methods Mm AN Mm M = Some((Ts,T,m),D)

Output translation to replace None with its notation Native when used as method body
in Method.

abbreviation (output)
Method-native :: 'm prog = cname = mname = ty list = ty = cname = bool
(- + - sees - -——- = Native in - [51,51,51,51,51,51] 50)

where Method-native P C M Ts T D = Method P C M Ts T Native D

definition has-method :: 'm prog = cname = mname = bool (- + - has - [51,0,51] 50)
where
P-Chas M =3TsTmD. PF Csees M:Ts—T = m in D

lemma has-methodl:
PtF Csees M:Ts—T =min D — P+ Chas M
by (unfold has-method-def) blast

lemma sees-method-fun:
[P+ Csees M:TS—T = min D; P+ C sees M:TS'—T' = m'in D]
= TS'=TSANT'=TAm'=mAND' =D

lemma sees-method-decl-above:
PrFCsees M:Ts—T =minD—=— P+ C <*D

lemma visible-method-exists:
P Csees M:Ts—»T = min D =
3D’ fs ms. class P D = Some(D’,fs,ms) A map-of ms M = Some(Ts,T,m)

lemma sees-method-idemp:
PF Csees M:Ts—T=min D —=— PF D sees M:Ts—T=m in D

lemma sees-method-decl-mono:
[PHC'=<*C; PF Csees M:Ts—T = m in D;
PtE C'sees M:Ts'»T'=m'inD'] = P+ D' =<*D
apply(frule sees-method-decl-above)
apply(unfold Method-def)
apply clarsimp
apply(drule (1) sees-methods-decl-mono)
apply clarsimp
apply(drule (1) sees-methods-fun)
apply clarsimp
apply(blast intro:rtranclp-trans)
done

lemma sees-method-is-class:
PF Csees M:Ts—T = m in D = is-class P C
by (auto simp add: is-class-def Method-def elim: Methods.cases)

3.3.4 Field lookup

inductive Fields :: 'm prog = cname = ((vname X cname) X (ty X fmod)) list = bool
(- - has'-fields - [51,51,51] 50)
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for P :: 'm prog
where
has-fields-rec:
[ class P C = Some(D,fs,ms); C # Object; P -+ D has-fields FDTs;
FDTs' = map (M(F,Tm). ((F,C),Tm)) fs @ FDTs |
= Pt C has-fields FDTs'

| has-fields-Object:
[ class P Object = Some(D,fs,ms); FDTs = map (A(F,T). ((F,Object),T)) fs ]
= P+ Object has-fields FDTs

lemma has-fields-fun:
assumes P = C has-fields FDTs and P + C has-fields FDTs’
shows FDTs' = FDTs
using assms
proof (induction arbitrary: FDTs')
case has-fields-Object thus ?case by(auto elim: Fields.cases)
next
case (has-fields-rec C' D fs ms Dres Cres Cres’)
from (P b C has-fields Cres’s <C # Objecty <class P C = Some (D, fs, ms)»
obtain Dres’ where DFields”: P + D has-fields Dres’
and Cres” Cres’ = map (\M(F,Tm). ((F,C),Tm)) fs @ Dres’
by cases auto
from has-fields-rec.IH[OF DFields’] «Cres = map (MF,Tm). ((F,C),Tm)) fs @ Dres> Cres’
show ?case by simp
qed

lemma all-fields-in-has-fields:
assumes P - C has-fields FDTs
and P+ C =* D class P D = Some(D’,fs,ms) (F,Tm) € set fs
shows ((F,D),Tm) € set FDTs

using assms

by induct (auto 4 3 elim: converse-rtranclpE dest: subcls1D)

lemma has-fields-decl-above:
assumes P - C has-fields FDTs ((F,D),Tm) € set FDTs
shows P+ C <* D

using assms

by induct (auto intro: converse-rtranclp-into-rtranclp subcls1)

lemma subcls-notin-has-fields:
assumes P F C has-fields FDTs ((F,D),Tm) € set FDTs
shows — (subcls1 P)™" D C

using assms apply(induct)

prefer 2 apply(fastforce dest: tranclpD)

apply clarsimp

apply(erule disjE)

apply (clarsimp simp add:image-def)

apply(drule tranclpD)

apply clarify

apply(frule subcls1D)

apply (fastforce dest:tranclpD all-fields-in-has-fields)

apply(blast dest:subcls1l tranclp.trancl-into-trancl)

done
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lemma has-fields-mono-lem:
assumes P+ D =<* C P+ C has-fields FDTs
shows dpre. P b D has-fields preQFDTs A dom(map-of pre) N dom(map-of FDTs) = {}
using assms
apply (induct rule:converse-rtranclp-induct)
apply(rule-tac ¢ = [] in exl)
apply simp
apply clarsimp
apply(rename-tac D' D pre)
apply(subgoal-tac (subcls1 P)™++ D’ C)
prefer 2 apply(erule (1) rtranclp-into-tranclp2)
apply(drule subcls1D)
apply clarsimp
apply(rename-tac fs ms)
apply(drule (2) has-fields-rec)
apply (rule refl)
apply(rule-tac x = map (A\(F,Tm). ((F,D"),Tm)) fs @ pre in exl)
apply simp
apply(simp add:Int-Un-distrib2)
apply(rule equalsOI)
apply(auto dest: subcls-notin-has-fields simp:dom-map-of-conv-image-fst image-def)
done

lemma has-fields-is-class:
P = C has-fields FDTs = is-class P C
by (auto simp add: is-class-def elim: Fields.cases)

lemma Object-has-fields-Object:
assumes P + Object has-fields FDTs
shows snd ‘ fst < set FDTs C {Object}
using assms by cases auto

definition
has-field :: 'm prog = cname = vname = ty = fmod = cname = bool
(- - has - (-)) in - [51,51,51,51,51,51] 50)
where
Pt Chas F:T (fm) in D =
IFDTs. P+ C has-fields FDTs A map-of FDTs (F,D) = Some (T, fm)

lemma has-field-mono:
[PE Chas F:T (fm) in D; P+ C'<* C]| = P+ C' has F:T (fm) in D
by (fastforce simp:has-field-def map-add-def dest: has-fields-mono-lem)

lemma has-field-is-class:
Pt Chas M:T (fm) in D = is-class P C
by (auto simp add: is-class-def has-field-def elim: Fields.cases)

lemma has-field-decl-above:

PF Chas F:T (fm) in D = P+ C <* D
unfolding has-field-def
by (auto dest: map-of-SomeD has-fields-decl-above)

lemma has-field-fun:
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[P+ Chas F:T (fm) in D; P+ C has F:T' (fm’) in D] = T'= T A fm = fm’
by (auto simp:has-field-def dest:has-fields-fun)

definition
sees-field :: 'm prog = cname = vname = ty = fmod = cname = bool
(- - sees - '(-") in - [51,51,51,51,51,51] 50)
where
Pt Csees F:T (fm) in D =
JFDTs. P+ C has-fields FDTs N\
map-of (map (A((F,D),Tm). (F,(D,Tm))) FDTs) F = Some(D,T,fm)

lemma map-of-remap-SomeD:
map-of (map (A((k,k"),x). (k,(k',x))) t) k = Some (k',x) = map-of t (k, k') = Some x
by (induct t) (auto simp:fun-upd-apply split: if-split-asm)

lemma has-visible-field:
PtE Csees F:T (fm) in D = P+ C has F:T (fm) in D
by(auto simp add:has-field-def sees-field-def map-of-remap-SomeD)

lemma sees-field-fun:
[P+ Csees F:T (fm) in D; Pt C sees F:T' (fm") in D] = T'= T A D'= D A fm = fm’
by (fastforce simp:sees-field-def dest:has-fields-fun)

lemma sees-field-decl-above:
Pt Csees F:T (fm) inD = P+ C <*D
by (clarsimp simp add: sees-field-def)
(blast intro: has-fields-decl-above map-of-SomeD map-of-remap-SomeD)

lemma sees-field-idemp:
assumes P - C sees F:T (fm) in D
shows P+ D sees F:T (fm) in D
proof —
from assms obtain FDTs where has: P - C has-fields FDTs
and F: map-of (map (A(F, D), Tm). (F, D, Tm)) FDTs) F = [(D, T, fm)]|
unfolding sees-field-def by blast
thus ?thesis
proof induct
case has-fields-rec thus ?case unfolding sees-field-def
by (auto)(fastforce dest: map-of-SomeD introl: exl intro: Fields.has-fields-rec)
next
case has-fields-Object thus ?case unfolding sees-field-def
by (fastforce dest: map-of-SomeD intro: Fields.has-fields-Object intro!: exl)
qed
qed

3.3.5 Functional lookup

definition method :: 'm prog = cname = mname = cname X ty list X ty X 'm option

where method P C M = THE (D,Ts,T,m). P+ C sees M:Ts — T = m in D

definition field :: 'm prog = cname = vname = cname X ty X fmod
where field P C F = THE (D,T.fm). P+ C sees F:T (fm) in D
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definition fields :: 'm prog = cname = ((vname X cname) X (ty X fmod)) list
where fields P C = THE FDTs. P+ C has-fields FDTs

lemma [simp|: P+ C has-fields FDTs = fields P C = FDTs
lemma field-def2 [simp]: P+ C sees F:T (fm) in D = field P C F = (D,T,fm)
lemma method-def2 [simp]: P+ C sees M: Ts—T = m in D = method P C M = (D,Ts,T,m)
lemma has-fields-b-fields:
P+ C has-fields FDTs = fields P C = FDTs
unfolding fields-def
by (blast intro: the-equality has-fields-fun)

lemma has-field-map-of-fields [simp]:
Pt Chas F:T (fm) in D = map-of (fields P C) (F, D) = [(T, fm)]
by(auto simp add: has-field-def)

3.3.6 Code generation

New introduction rules for subclsl

code-pred
— Disallow mode i-0-0 to force code-pred in subsequent predicates not to use this inefficient mode
(modes: ¢ = ¢ = i = bool, i = i = 0 = bool)
subcls1

Introduce proper constant subcls’ for subcls and generate executable equation for subcls’

definition subcls’ where subcls’ = subcls

code-pred
(modes: i = i = i = bool, i = i = 0 = bool)
[inductify)
subels’

lemma subcls-conv-subcls’ [code-unfold):
(subcls1 P) * = subcls’ P
by (simp add: subcls’-def)

Change rule ?P = ?A|] < Class Object such that predicate compiler tests on class Object
first. Otherwise widen-i-o-i never terminates.

lemma widen-array-object-code:
C = Object = P+ Array A < Class C
by (auto intro: widen.intros)

lemmas [code-pred-intro] =

widen-refl widen-subcls widen-null widen-null-array widen-array-object-code widen-array-array
code-pred

(modes: i = i = i = bool)

widen
by (erule widen.cases) auto

Readjust the code equations for widen such that widen-i-i-i is guaranteed to contain ()
at most once (even in the code representation!). This is important for the scheduler and the
small-step semantics because of the weaker code equations for the.
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A similar problem cannot hit the subclass relation because, for acyclic subclass hierarchies,
the paths in the hieararchy are unique and cycle-free.

definition widen-i-i-i’ where widen-i-i-i’ = widen-i-i-i

declare widen.equation [code del]
lemmas widen-i-i-i’-equation [code] = widen.equation|[folded widen-i-i-i’-def]

lemma widen-i-i-i-code [code]:
widen-i-i-i P T T' = (if P+ T < T’ then Predicate.single () else bot)
by (auto introl: pred-eql intro: widen-i-i-il elim: widen-i-i-iF)

code-pred
(modes: i = i = i = bool, i = i = 0 = bool)
Methods

code-pred
(modes: i =i=i=0=>0=>0=0=bool,i=1i=1= 0= 0= 0= 1= bool)
[inductify)
Method

code-pred
(modes: i = i = i = bool)
[inductify)
has-method

declare fun-upd-def [code-pred-inline)

code-pred
(modes: i = i = o = bool)
Fields

code-pred
(modes: i = i = 1= 0= 0= 1= bool)
[inductify, skip-proof]
has-field

code-pred
(modes: i = i=1i=0=0= 0= bool,i= 1= 1= 0= 0= i= bool)
[inductify, skip-proof]
sees-field

lemma eval-Method-i-i-i-0-0-0-0-conv:
Predicate.eval (Method-i-i-i-0-0-0-0 P C M) = (A(Ts, T, m, D). P+ C sees M:Ts—T=m in D)
by (auto intro: Method-i-i-i-0-0-0-ol elim: Method-i-i-i-0-0-0-0F intro!: ext)

lemma method-code [code]:
method P C M =
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Predicate.the (Predicate.bind (Method-i-i-i-0-0-0-0 P C M) (M(Ts, T, m, D). Predicate.single (D, Ts,
T, m)))
apply (rule sym, rule the-eql)
apply (simp add: method-def eval-Method-i-i-i-0-0-0-0-conv)
apply (rule arg-cong [where f=The))
apply (auto simp add: Sup-fun-def Sup-bool-def fun-eq-iff)
done

lemma eval-sees-field-i-i-i-0-0-0-conv:
Predicate.eval (sees-field-i-i-i-0-0-0 P C' F) = (MT, fm, D). P - C sees F:T (fm) in D)
by (auto introl: ext intro: sees-field-i-i-i-o-o0-ol elim: sees-field-i-i-i-0-0-0F)

lemma eval-sees-field-i-i-i-o-i-conv:
Predicate.eval (sees-field-i-i-i-0-0-i P C' F' D) = (AT, fm). P+ C sees F:T (fm) in D)
by (auto introl: ext intro: sees-field-i-i-i-0-0-il elim: sees-field-i-i-i-0-0-iF)

lemma field-code [code]:
field P C F = Predicate.the (Predicate.bind (sees-field-i-i-i-0-0-o P C F) (AT, fm, D). Predi-
cate.single (D, T, fm)))
apply (rule sym, rule the-eql)
apply (simp add: field-def eval-sees-field-i-i-i-0-0-0-conv)
apply (rule arg-cong [where f=The))
apply (auto simp add: Sup-fun-def Sup-bool-def fun-eq-iff)
done

lemma eval-Fields-conv:
Predicate.eval (Fields-i-i-o P C') = (A\FDTs. P + C has-fields FDTs)
by (auto intro: Fields-i-i-ol elim: Fields-i-i-oF intro!: ext)

lemma fields-code [code]:
fields P C' = Predicate.the (Fields-i-i-o P C)
by (simp add: fields-def Predicate.the-def eval-Fields-conv)

code-identifier
code-module TypeRel —
(SML) TypeRel and (Haskell) TypeRel and (OCaml) TypeRel
| code-module Decl —
(SML) TypeRel and (Haskell) TypeRel and (OCaml) TypeRel

end

3.4 Jinja Values

theory Value
imports

TypeRel

HOL— Library. Word
begin

no-notation floor (|-])

type-synonym word32 = 32 word



datatype ‘addr val

= Unit — dummy result value of void expressions

| Null — null reference

| Bool bool ~ — Boolean value

| Intg word32 — integer value

| Addr 'addr — addresses of objects, arrays and threads in the heap
primrec default-val :: ty = ’addr val — default value for all types
where

default-val Void = Unit

| default-val Boolean = Bool False
| default-val Integer = Intg 0

| default-val NT = Null

| default-val (Class C) = Null

| default-val (Array A) = Null

lemma default-val-not-Addr: default-val T # Addr a
by (cases T)(simp-all)

lemma Addr-not-default-val: Addr a # default-val T
by(cases T)(simp-all)

primrec the-Intg :: 'addr val = word32
where
the-Intg (Intg i) = 1

primrec the-Addr :: 'addr val = 'addr
where

the-Addr (Addr a) = a

fun is-Addr :: 'addr val = bool

where
is-Addr (Addr a) = True
| is-Addr - = Fulse

lemma is-AddrE [elim!]:
[ is-Addr v; Na. v = Addr a = thesis | = thesis
by(cases v, auto)

fun is-Intg :: ‘addr val = bool

where
is-Intg (Intg i) = True
| is-Intg - = Fualse

lemma is-IntgE [elim!]:
[ is-Intg v; N\i. v = Intg i = thesis | = thesis
by (cases v, auto)

fun is-Bool :: 'addr val = bool

where
is-Bool (Bool b) = True
| is-Bool - = Fulse

lemma is-BoolE [elim!]:
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[ is-Bool v; Aa. v = Bool a = thesis | = thesis
by (cases v, auto)

definition is-Ref :: 'addr val = bool
where is-Ref v = v = Null V is-Addr v

lemma is-Ref-def2:
is-Ref v = (v = Null V (3a. v = Addr a))
by (cases v) (auto simp add: is-Ref-def)

lemma [iff]: is-Ref Null by (simp add: is-Ref-def2)
definition undefined-value :: 'addr val where undefined-value = Unit

lemma undefined-value-not-Addr:
undefined-value # Addr a Addr a # undefined-value
by (simp-all add: undefined-value-def)

class addr =
fixes hash-addr :: 'a = int
and monitor-finfun-to-list :: ('a =f nat) = 'a list
assumes set (monitor-finfun-to-list f) = Collect (($) (finfun-dom f))

locale addr-base =
fixes addr2thread-id :: 'addr = 'thread-id
and thread-id2addr :: "thread-id = 'addr

end

3.5 Exceptions

theory FEzceptions
imports

Value
begin

definition NullPointer :: cname
where [code-unfold): NullPointer = STR "'java/lang/ NullPointerException’’

definition ClassCast :: cname
where [code-unfold): ClassCast = STR "java/lang/ ClassCastException’

definition OutOfMemory :: cname
where [code-unfold): OutOfMemory = STR "java/lang/ OutOfMemoryError’

definition ArrayIndexOutOfBounds :: cname
where [code-unfold): ArrayIndexOutOfBounds = STR "java/lang/ ArrayIndezOutOfBoundsException’

definition ArrayStore :: cname
where [code-unfold): ArrayStore = STR "'java/lang/ ArrayStoreException’

definition NegativeArraySize :: cname
where [code-unfold]: NegativeArraySize = STR "java/lang/ NegativeArraySizeException’’
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definition ArithmeticException :: cname
where [code-unfold]: ArithmeticException = STR "'java/lang/ Arithmetic Exzception’

definition IllegalMonitorState :: cname
where [code-unfold]: IllegalMonitorState = STR "'java/lang/IllegalMonitorState Exception’

definition IllegalThreadState :: cname
where [code-unfold]: IllegalThreadState = STR ""java/lang/Illegal ThreadState Exception’

definition InterruptedException :: cname
where [code-unfold): InterruptedEzception = STR "java/lang/ Interrupted Exzception’

definition sys-xzcpts-list :: cname list
where

sys-xepts-list =

[NullPointer, ClassCast, OutOfMemory, ArrayIndexOutOfBounds, ArrayStore, NegativeArraySize,
ArithmeticEzception,

IllegalMonitorState, IllegalThreadState, InterruptedException)

definition sys-zcpts :: cname set
where [code-unfold): sys-zcpts = set sys-zepts-list

definition wf-syscls :: 'm prog = bool
where wf-syscls P = (V C € {Object, Throwable, Thread}. is-class P C) N (¥ C € sys-xzcpts. P+ C
=* Throwable)

3.5.1 System exceptions

lemma [simp):

NullPointer € sys-xzcpts A
OutOfMemory € sys-zcpts N
ClassCast € sys-zcpts N
ArrayIndexOutOfBounds € sys-zcpts N
ArrayStore € sys-zcpts A
NegativeArraySize € sys-zepts A
IllegalMonitorState € sys-zcpts N
IllegalThreadState € sys-zcepts A
InterruptedException € sys-zcpts A
ArithmeticEzception € sys-xzcpts

by (simp add: sys-zcpts-def sys-xcepts-list-def)

lemma sys-zcpts-cases [consumes 1, cases set]:
[ C € sys-zepts; P NullPointer; P OutOfMemory; P ClassCast;
P ArrayIndexOutOfBounds; P ArrayStore; P NegativeArraySize;
P ArithmeticException;
P IllegalMonitorState; P IllegalThreadState; P Interrupted Exception |
= PC
by (auto simp add: sys-xzcpts-def sys-xzcpts-list-def)

lemma OutOfMemory-not-Object][simp]: OutOfMemory # Object
by (simp add: OutOfMemory-def Object-def)

lemma ClassCast-not-Object[simp]: ClassCast # Object
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by(simp add: ClassCast-def Object-def)

lemma NullPointer-not-Object[simpl|: NullPointer # Object
by (simp add: NullPointer-def Object-def)

lemma ArrayIndezOutOfBounds-not-Object[simp|: ArrayIndexOutOfBounds # Object
by (simp add: ArrayIndexOutOfBounds-def Object-def)

lemma ArrayStore-not-Object|[simp]: ArrayStore # Object
by (simp add: ArrayStore-def Object-def)

lemma Negative ArraySize-not-Object[simp): NegativeArraySize # Object
by(simp add: NegativeArraySize-def Object-def)

lemma ArithmeticEzception-not-Object[simpl: ArithmeticException # Object
by (simp add: ArithmeticException-def Object-def)

lemma IllegalMonitorState-not-Object[simp]: IllegalMonitorState # Object
by (simp add: IllegalMonitorState-def Object-def)

lemma Illegal ThreadState-not-Object[simp): IllegalThreadState # Object
by (simp add: IllegalThreadState-def Object-def)

lemma Interrupted Exception-not-Object[simp|: InterruptedExzception # Object
by (simp add: InterruptedException-def Object-def)

lemma sys-zcpts-neqs-auz:

NullPointer # ClassCast NullPointer # OutOfMemory NullPointer # ArrayIndexOutOfBounds

NullPointer # ArrayStore NullPointer # NegativeArraySize NullPointer # IllegalMonitorState

NullPointer # IllegalThreadState NullPointer # InterruptedEzception NullPointer # ArithmeticFEux-
ception

ClassCast # OutOfMemory ClassCast # ArrayIndexOutOfBounds

ClassCast # ArrayStore ClassCast # Negative ArraySize ClassCast # IllegalMonitorState

ClassCast # IllegalThreadState ClassCast # InterruptedException ClassCast # ArithmeticException

OutOfMemory # ArrayIndexOutOfBounds

OutOfMemory # ArrayStore OutOfMemory # NegativeArraySize OutOfMemory # IllegalMoni-
torState

OutOfMemory # IllegalThreadState OutOfMemory # Interrupted Exception

OutOfMemory # ArithmeticException

ArrayIndexOutOfBounds # ArrayStore ArrayInderOutOfBounds # NegativeArraySize Arraylndex-
OutOfBounds # IllegalMonitorState

ArrayIndexOutOfBounds # IllegalThreadState ArrayIndexOutOfBounds # InterruptedException Ar-
rayIndexOutOfBounds # ArithmeticFException

ArrayStore # NegativeArraySize ArrayStore # IllegalMonitorState

ArrayStore # IllegalThreadState ArrayStore # InterruptedException

ArrayStore # ArithmeticEzception

NegativeArraySize # IllegalMonitorState

NegativeArraySize # Illegal ThreadState NegativeArraySize # Interrupted Exception

NegativeArraySize # ArithmeticException

IllegalMonitorState # Illegal ThreadState IllegalMonitorState # InterruptedException

LllegalMonitorState # ArithmeticException

LllegalThreadState # InterruptedException

IllegalThreadState # Arithmetic Exception

Interrupted Exception # ArithmeticFException
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by (simp-all add: NullPointer-def ClassCast-def OutOfMemory-def ArrayIndexOutOfBounds-def Array-
Store-def NegativeArraySize-def IllegalMonitorState-def Illegal ThreadState-def Interrupted Exception-def
ArithmeticException-def)

lemmas sys-zcpts-neqs = sys-repts-neqs-aus sys-repts-neqs-aux|symmetricl

lemma Thread-neq-sys-zcpts-aux:

Thread # NullPointer

Thread # ClassCast

Thread # OutOfMemory

Thread # ArrayIndexOutOfBounds

Thread # ArrayStore

Thread # NegativeArraySize

Thread # ArithmeticException

Thread # IllegalMonitorState

Thread # IllegalThreadState

Thread # InterruptedException
by (simp-all add: Thread-def NullPointer-def ClassCast-def OutOfMemory-def ArrayIndexOutOfBounds-def
ArrayStore-def NegativeArraySize-def IllegalMonitorState-def Illegal ThreadState-def InterruptedEzcep-
tion-def ArithmeticException-def)

lemmas Thread-neq-sys-zcepts = Thread-neg-sys-zepts-aux Thread-neg-sys-repts-aux|symmetric]

3.5.2 Well-formedness for system classes and exceptions

lemma
assumes wf-syscls P
shows wf-syscls-class-Object: 3 C fs ms. class P Object = Some (C,fs,ms)
and wf-syscls-class-Thread: 3 C fs ms. class P Thread = Some (C,fs,ms)
using assms
by (auto simp: map-of-Somel wf-syscls-def is-class-def)

lemma [simpl:
assumes wjf-syscls P
shows wf-syscls-is-class-Object: is-class P Object
and wf-syscls-is-class- Thread: is-class P Thread
using assms by (simp-all add: is-class-def wf-syscls-class-Object wf-syscls-class- Thread)

lemma wf-syscls-zcpt-subcls- Throwable:
[ C € sys-zepts; wf-syscls P | = P F C =<* Throwable
by (simp add: wf-syscls-def is-class-def class-def)

lemma wf-syscls-is-class- Throwable:
wf-syscls P = is-class P Throwable
by (auto simp add: wf-syscls-def is-class-def class-def map-of-Somel)

lemma wf-syscls-is-class-sub- Throwable:
[ wf-syscls P; P+ C <* Throwable | = is-class P C
by (erule subcls-is-class1)(erule wf-syscls-is-class- Throwable)

lemma wf-syscls-is-class-zept:
[ C € sys-zepts; wf-syscls P | = is-class P C
by (blast intro: wf-syscls-is-class-sub- Throwable wf-syscls-zept-subcels- Throwable)
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lemma wf-syscls-code [code]:

wf-syscls P <—

(V C € set [Object, Throwable, Thread). is-class P C) A (V C € sys-zcpts. P+ C <* Throwable)
by (simp only: wf-syscls-def) simp

end

3.6 System Classes

theory SystemClasses
imports

FEzxceptions
begin

This theory provides definitions for the Object class, and the system exceptions.
Inline SystemClasses definition because they are polymorphic values that violate ML’s
value restriction.

Object has actually superclass, but we set it to the empty string for code generation. Any
other class name (like undefined) would do as well except for code generation.

definition ObjectC :: 'm cdecl
where [code-unfold]:
ObjectC =
(Object, (STR """ ]],
[(wait,[], Void, Native),
(notify,[], Void, Native),
(notifyAll,]], Void,Native),
(hashcode,[],Integer, Native),
(clone,[],Class Object,Native),
(print,[Integer], Void, Native),
(currentThread,[],Class Thread,Native),
(interrupted,[], Boolean, Native),
(yield,[], Void,Native)
1))

definition ThrowableC' :: 'm cdecl
where [code-unfold): ThrowableC' = (Throwable, (Object, [], []))

definition NullPointerC :: 'm cdecl
where [code-unfold]: NullPointerC = (NullPointer, (Throwable,[],[]))

definition ClassCastC :: 'm cdecl
where [code-unfold]: ClassCastC = (ClassCast, ( Throwable,[],]]))

definition OutOfMemoryC :: 'm cdecl
where [code-unfold): OutOfMemoryC = (OutOfMemory, (Throwable,[],[]))

definition ArraylndexOutOfBoundsC :: 'm cdecl
where [code-unfold]: ArrayIndezOutOfBoundsC = (ArrayIndexOutOfBounds, (Throwable,][],[]))

definition ArrayStoreC :: 'm cdecl
where [code-unfold): ArrayStoreC = (ArrayStore, (Throwable, [], []))

definition NegativeArraySizeC :: 'm cdecl
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where [code-unfold]: NegativeArraySizeC = (NegativeArraySize, ( Throwable,]],[]))

definition ArithmeticExceptionC :: 'm cdecl
where [code-unfold]: ArithmeticExceptionC = (ArithmeticException, (Throwable,[],[]))

definition IllegalMonitorStateC :: 'm cdecl
where [code-unfold]: IllegalMonitorStateC = (IllegalMonitorState, ( Throwable,]],[]))

definition IllegalThreadStateC :: 'm cdecl
where [code-unfold]: IllegalThreadStateC = (IllegalThreadState, ( Throwable,[],]]))

definition InterruptedEzceptionC :: 'm cdecl
where [code-unfold]: InterruptedEzceptionC = (InterruptedException, (Throwable,[],[]))

definition SystemClasses :: 'm cdecl list

where [code-unfold):
SystemClasses =
[ObjectC, ThrowableC, NullPointerC, ClassCastC, OutOfMemoryC,
ArrayIndexOutOfBoundsC, ArrayStoreC, NegativeArraySizeC,
ArithmeticEzceptionC,
TllegalMonitorStateC, IllegalThreadStateC, InterruptedExceptionC]

end

3.7 An abstract heap model

theory Heap
imports

Value
begin

primrec typeof :: 'addr val — ty
where

typeof Unit = Some Void
| typeof Null = Some NT
| typeof (Bool b) = Some Boolean
| typeof (Intg i) = Some Integer
| typeof (Addr a) = None

datatype addr-loc =
CField cname vname
| ACell nat

lemma rec-addr-loc [simpl: rec-addr-loc = case-addr-loc
by (auto simp add: fun-eq-iff split: addr-loc.splits)

primrec is-volatile :: 'm prog = addr-loc = bool
where
is-volatile P (ACell n) = False
| is-volatile P (CField D F) = volatile (snd (snd (field P D F)))

locale heap-base =
addr-base addr2thread-id thread-id2addr
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for addr2thread-id :: (addr :: addr) = 'thread-id

and thread-id2addr :: 'thread-id = 'addr

+

fixes spurious-wakeups :: bool

and empty-heap :: 'heap

and allocate :: 'heap = htype = (‘heap X 'addr) set

and typeof-addr :: 'heap = 'addr — hitype

and heap-read :: 'heap = ’addr = addr-loc = 'addr val = bool

and heap-write :: 'heap = 'addr = addr-loc = 'addr val = 'heap = bool
begin

fun typeof-h :: 'heap = 'addr val = ty option (typeof.)
where

typeofy, (Addr a) = map-option ty-of-htype (typeof-addr h a)
| typeof, v = typeof v

definition cname-of :: 'heap = 'addr = cname
where cname-of h a = the-Class (ty-of-htype (the (typeof-addr h a)))

definition hext :: 'heap = 'heap = bool (- < - [51,51] 50)
where
h < h' = typeof-addr h C,, typeof-addr h’

context
notes [[inductive-internals)]
begin

inductive addr-loc-type :: 'm prog = 'heap = 'addr = addr-loc = ty = bool
(- F -@- : - [50, 50, 50, 50, 50] 51)
for P :: 'm prog and h :: 'heap and a :: 'addr
where
addr-loc-type-field:
[ typeof-addr h a = |U]; P+ class-type-of U has F:T (fm) in D |
— P,h - aQCField DF : T

| addr-loc-type-cell:
[ typeof-addr h a = | Array-type T n']; n < n']
— Pht a@ACelln : T

end

definition typeof-addr-loc :: 'm prog = 'heap = 'addr = addr-loc = ty
where typeof-addr-loc P h a ol = (THE T. P,h = a@al : T)

definition deterministic-heap-ops :: bool
where
deterministic-heap-ops +—
(Vh ad al v v'. heap-read h ad al v — heap-read h ad al v/ — v = v’) A
(Vh ad al v h' h'. heap-write h ad al v h' — heap-write h ad al v "' — b’ = h") A
(Vh RT " a b a’. (B', a) € allocate h hT — (b, a’) € allocate h hT — h' = h"" AN a = a’) A
- spurious-wakeups

end
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lemma typeof-lit-eq-Boolean [simp]: (typeof v = Some Boolean) = (3 b. v = Bool b)
by (cases v)(auto)

lemma typeof-lit-eq-Integer [simp|: (typeof v = Some Integer) = (i. v = Intg i)
by (cases v)(auto)

lemma typeof-lit-eq-NT [simp]: (typeof v = Some NT) = (v = Null)
by (cases v)(auto)

lemma typeof-lit-eq- Void [simp]: typeof v = Some Void +— v = Unit
by (cases v)(auto)

lemma typeof-lit-neq-Class [simp]: typeof v # Some (Class C)
by (cases v) auto

lemma typeof-lit-neq-Array [simp]: typeof v # Some (Array T)
by (cases v) auto

lemma typeof-NoneD [simp,dest]:
typeof v = Some ¥ => — is-Addr v
by (cases v) auto

lemma typeof-lit-is-type:
typeof v = Some T —> is-type P T
by (cases v) auto

context heap-base begin

lemma typeof-h-eq-Boolean [simp]: (typeofy, v = Some Boolean) = (3b. v = Bool b)
by (cases v)(auto)

lemma typeof-h-eq-Integer [simp]: (typeofp, v = Some Integer) = (3i. v = Intg i)
by (cases v)(auto)

lemma typeof-h-eq-NT [simp]: (typeofy, v = Some NT) = (v = Null)
by (cases v)(auto)

lemma heztl:
[ Aa C. typeof-addr h a = | Class-type C'| = typeof-addr h' a = | Class-type C|;
Na T n. typeof-addr h a = | Array-type T n| = typeof-addr h' a = | Array-type T n] ]|
= hhn
unfolding hezt-def
by (rule map-lel)(case-tac v, simp-all)

lemma hext-objD:
assumes h < h’
and typeof-addr h a = | Class-type C|
shows typeof-addr h' a = | Class-type C|
using assms unfolding hext-def by(auto dest: map-le-SomeD)

lemma hezt-arrD:
assumes h < b’ typeof-addr h a = | Array-type T n]
shows typeof-addr h' a = | Array-type T n|
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using assms unfolding hext-def by(blast dest: map-le-SomeD)

lemma hext-refl [iff]: h < h
by (rule hextl) blast+

lemma hext-trans [trans]: [ h < h'; B’ < "] = h I h”
unfolding hezt-def by(rule map-le-trans)

lemma typeof-lit-typeof:

typeof v = | T| = typeofy, v = | T|
by (cases v)(simp-all)

lemma addr-loc-type-fun:
[ PhbEaQal: T; PhtaQal: T'] = T =T’
by (auto elim!: addr-loc-type.cases dest: has-field-fun)

lemma THE-addr-loc-type:
PhtaQal: T= (THET. PhtaQal:T)=T
by (rule the-equality)(auto dest: addr-loc-type-fun)

lemma typeof-addr-locI [simp]:
P.ht aQal : T = typeof-addr-loc P h a al = T
by (auto simp add: typeof-addr-loc-def dest: addr-loc-type-fun)

lemma deterministic-heap-opsli:
[ Ah ad al v v'. [ heap-read h ad al v; heap-read h ad al v' | = v = v’
Ah ad al v b’ b". [ heap-write h ad al v h'; heap-write h ad al v h"' ] = h' = h"
AR RT R a h' o’ [ (b, a) € allocate h hT; (b, a') € allocate h hT | = h' = L"" N a = a’;
- spurious-wakeups |
= deterministic-heap-ops
unfolding deterministic-heap-ops-def by blast

lemma deterministic-heap-ops-readD:
[ deterministic-heap-ops; heap-read h ad al v; heap-read h ad al v' ]| = v =0
unfolding deterministic-heap-ops-def by blast

/!

lemma deterministic-heap-ops-writeD:
[ deterministic-heap-ops; heap-write h ad al v h'; heap-write h ad al v h"' ] = h' = h"
unfolding deterministic-heap-ops-def by blast

lemma deterministic-heap-ops-allocateD:
[ deterministic-heap-ops; (h', a) € allocate h hT; (h'"', a') € allocate h hT | = h' = h"" N a = a’
unfolding deterministic-heap-ops-def by blast

lemma deterministic-heap-ops-no-spurious-wakeups:
deterministic-heap-ops = — spurious-wakeups
unfolding deterministic-heap-ops-def by blast

end

locale addr-conv =
heap-base
addr2thread-id thread-id2addr
spurious-wakeups
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empty-heap allocate typeof-addr heap-read heap-write

_|_

prog P

for addr2thread-id :: ("addr :: addr) = 'thread-id

and thread-id2addr :: "thread-id = 'addr

and spurious-wakeups :: bool

and empty-heap :: 'heap

and allocate :: 'heap = htype = ('heap X 'addr) set

and typeof-addr :: 'heap = 'addr — htype

and heap-read :: 'heap = 'addr = addr-loc = 'addr val = bool

and heap-write :: 'heap = 'addr = addr-loc = 'addr val = 'heap = bool

and P