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Abstract

The GeoCoq library contains a formalization of geometry using the Coq proof assistant. It contains
both proofs about the foundations of geometry [20, 15, 6, 16] and high-level proofs in the same style as in
high-school. [1](Code Repository https://github.com/GeoCoq/GeoCoq).

Some theorems also inspired by [20] are also formalized with others ITP(Metamath, Mizar) or ATP
[24, 25, 3, 23, 4, 2, 17, 5, 11, 19, 8, 9, 10].

We port a part of the GeoCoq 2.4.0 library within the Isabelle/Hol proof assistant: more precisely, the
files Chap02.v to Chapl3_3.v, suma.v as well as the associated definitions and some useful files for the
demonstration of certain parallel postulates.

While the demonstrations in Coq are written in procedural language [26], the transcript is done in
declarative language Isar[18].

The synthetic approach of the demonstrations are directly inspired by those contained in GeoCoq. Some
demonstrations are credited to G.E Martin(«lemma bet_le_lt:» in Ch1l1l_angles.thy, proved by Martin as
Theorem 18.17 in [14]) or Gupta H.N (Krippen Lemma, proved by Gupta in its PhD in 1965 as Theorem
3.45). (See [12]).

In this work, the proofs are not contructive. The sledeghammer tool being used to find some demonstra-
tions.

The names of the lemmas and theorems used are kept as far as possible as well as the definitions. A
different translation has been proposed when the name was already used in Isabel/Hol ("Len" is translated
as "TarskiLen") or that characters were not allowed in Isabel/Hol ("anga’ in Chl3_angles.v is translated
as "angaP"). For some definitions the highlighting of a variable has changed the order or the position of the
variables (Midpoint, Out, Inter,...).

All the lemmas are valid in absolute/neutral space defined with Tarski’s axioms.

It should be noted that T.J.M. Makarios [13] has begun some demonstrations of certain proposals mainly
those corresponding to SST chapters 2 and 3. It uses a definition that does not quite coincide with the
definition used in Geocoq and here. As an example, Makarios introduces the axiom A11 (Axiom of continuity)
in the definition of the locale "Tarski_ absolute_ space".

Furthermore, the definition of the locale "TarskiAbsolute" [22, 21] is not not identical to the one de-
fined in the "Tarski_neutral dimensionless" class of GeoCoq. Indeed this one does not contain the axiom
"upper__dimension". In some cases particular, it is nevertheless to use the axiom "upper_ dimension". The
addition of the word "_2D" in the file indicates its presence.

In the last part, it is formalized that, in the neutral/absolute space, the axiom of the parallels of the
system of Tarski implies the Playfair axiom, the 5th postulate of euclide and the postulate original from
Euclid. These proofs, which are not constructive, are directly inspired by [12, 7].
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theory Tarski-Neutral

imports
Main

begin

1 Tarski’s axiom system for neutral geometry

1.1 Tarski’s axiom system for neutral geometry: dimensionless

locale Tarski-neutral-dimensionless =
fixes Bet :: 'p = 'p = 'p = bool
fixes Cong :: 'p = 'p = 'p = 'p = bool
assumes cong-pseudo-reflexivity: V a b.
Congabbda
and cong-inner-transitivity: ¥ a b p q r s.
CongabpqAN
Congabrs
_>
Congpqrs
and cong-identity: V a b c.
Congabcec
H
a=1»
and segment-construction: ¥ a b ¢ q.
Jz. (Bet gaxz A Congazxbc)
and five-segment: ¥ a b ca’ b’ c'.
a#bA
BetabcA
Bet a’ b' ¢'A
Cong aba b A
Cong bcb ¢’ A
Cong ada'd A
Cong bdb'd
—
Cong c d ¢’ d’
and between-identity: V a b.
Beta b a
—
a=1»
and inner-pasch: ¥ a b cp q.
BetapcA
Bet b qc
_>
(3 z. Betpxz b A Bet gz a)
and lower-dim: 3 abec. (- Betabc A - BetbcaA— Betcab)

1.2 Tarski’s axiom system for neutral geometry: 2D

locale Tarski-2D = Tarski-neutral-dimensionless +
assumes upper-dim: ¥ a b ¢ p q.
pPFEIA
CongapaqA
CongbpbqgA
Cong cpcq
_>
(BetabcV BetbcaV Betcab)



2 Definitions

2.1 Tarski’s axiom system for neutral geometry: dimensionless

context Tarski-neutral-dimensionless
begin

2.1.1 Congruence

definition OFSC :
['p,'p,'p,'D,"D, "D, P, D] = bool
(¢- - - - OFSC - - - - [99,99,99,99,99,99,99.99] 50)
where
ABCDOFSCA"B'C'D' =

Bet A BC A
Bet A’ B' C' A
Cong A BA' B' A
Cong BCB' C' A
Cong A DA D' A
Cong BD B’ D’

definition Cong3 ::
['p,'p,"p, "D, "D, D] = bool
(¢- - - Cong3 - - -» [99,99,99,99,99,99] 50)
where
A B C Cong3 A’ B' C' =

Cong A BA'B' A
Cong A C A" C' A
Cong B C B' C’

2.1.2 Betweenness

definition Col :
['p,'p,'p] = bool
(«Col - - - [99,99,99] 50)
where
ColABC=

Bet ABCV Bet BCAV Bet CAB

definition Bet/ :
['p,'p,"p,'p] = bool
(<Bet} - - - - [99,99,99,99] 50)
where
Bety A1 A2 A3 A4 =

Bet A1 A2 A3 N
Bet A2 A3 A4 N
Bet A1 A3 A} A
Bet A1 A2 A}

definition BetS ::

['p,’p,'p] = bool («BetS - - - [99,99,99] 50)
where
BetS A BC =

Bet ABC A
A# BA
B#C

2.1.3 Collinearity
definition FSC :

['p,'n,'p,"p,"D,"D,"D,"P] = bo0Ol
(¢----FSC- - - - [99,99,99,99,99,99,99,99] 50)



where
ABCDFSCA'"B'C'D' =

Col A BC A

A B C Cong3 A’ B' C' A
Cong A D A’ D' A
Cong B D B' D’

2.1.4 Congruence and Betweenness

definition [FSC :
['p,p,'p,"D,'P, "D, "D, D) = boOI

(¢- - - - IFSC - - - - [99,99,99,99,99,99,99,99] 50)

where
ABCDIFSCA' B'C’'D'=

Bet A B C A
Bet A" B' C' A
Cong A C A" C' A
Cong B C B’ C' A
Cong A D A’ D' A
Cong C D C' D’

2.1.5 Between transivitity LE

definition Le ::
['p,’p,'p,"p] = bool (<- - Le - -» [99,99,99,99] 50)
where A BLe C D =

3 E. (Bet CEDA Cong ABCE)

definition Lt :
['p,'p,’p,’p] = bool («- - Lt - -» [99,99,99,99] 50)
where A B Lt C D =

ABLeCDAN- CongABCD

definition Ge ::
['p,’p,"p,’p] = bool («- -Ge - - [99,99,99,99] 50)
where A B Ge C D =

CDLeAB

definition Gt :
['p,'p,"p,’p] = bool («- - Gt - -» [99,99,99,99] 50)
where A B Gt C D =

CDILtAB

2.1.6 Out lines

definition Out :
['p,’p,'p] = bool (s- Out - - [99,99,99] 50)
where P Out A B =

A#PA
B#PA
(Bet P A BV Bet P B A)

2.1.7 Midpoint

definition Midpoint ::
['p,’p,’p] = bool (<- Midpoint - -» [99,99,99] 50)
where M Midpoint A B =

Bet AM B A



Cong A M M B

2.1.8 Orthogonality

definition Per :
['p,’p,'p] = bool («Per - - -» [99,99,99] 50)
where Per A B C =

3 C":'p. (B Midpoint C C' A Cong A C A C)

definition PerpAt ::
['p,’p,'p,"p,'P] = bool («- PerpAt - - - - [99,99,99,99,99] 50)
where X PerpAt A BC D =

A#BA

C# DA

Col X A B A

Col X CD A

(V UV.((Col UABA Col VCD)—> Per UXV))

definition Perp ::
['p,’n,"p,’p] = bool («- - Perp - -» [99,99,99,99] 50)
where A B Perp C D =

3 X::'p. X PerpAt A BCD

2.1.9 Coplanar

definition Coplanar ::
['p,’p,'p,"p] = bool («Coplanar - - - -» [99,99,99,99] 50)
where Coplanar A B C D =
3 X.(CollABXANColCDX)V
(ColACX AN ColBD X)V
(Col A DX A Col BC X)

definition TS ::
['p,’p,’p,’p] = bool («- - TS - - [99,99,99,99] 50)
where A BTS P Q =
~ColPABAN-ColQABA(3 T::'p. Col TABA BetPTQ)

definition ReflectL :
['p,’p,'p,"p] = bool (<- - ReflectL - -» [99,99,99,99] 50)
where P’ P ReflectL A B =
(3 X. X Midpoint P P' A Col A BX) A (A B Perp PP’V P =P

definition Reflect ::
['p,’n,"p,’p] = bool («- - Reflect - -» [99,99,99,99] 50)
where P’ P Reflect A B =

(A# B A P' P ReflectL A B)V (A= B A A Midpoint P P

definition InAngle ::
['p,’p,’p,’p] = bool («- InAngle - - -» [99,99,99,99] 50)
where P InAngle A B C =
A#BANC#BANP#BA

(3 X.Bet AXCA(X=BV BOutXP))

definition ParStrict:
['p,’p,'p,"p] = bool (<- - ParStrict - -» [99,99,99,99] 50)
where A B ParStrict C D = Coplanar A B CD A - (3 X. Col X A BA Col X C D)

definition Par::
['p,"p,'p,’p] = bool (s- - Par - -» [99,99,99,99] 50)
where A B Par C D =
A B ParStrict CDV (A# BANC # DA Col A CDA Col BCD)

definition Plg::
['p,’p,"p,’p] = bool («Plg - - - -» [99,99,99,99] 50)



where Pl ABCD =
(A# CV B# D) A (3 M. M Midpoint A C N M Midpoint B D)

definition ParallelogramStrict::
['p,’p,"p,’p] = bool («ParallelogramStrict - - - -» [99,99,99,99] 50)
where ParallelogramStrict A B A’ B' =
AA"TSBB' ANABPar A" B'AN Cong A B A’ B’

definition ParallelogramFlat::
['p,’n,"p,’p] = bool («ParallelogramFlat - - - -» [99,99,99,99] 50)
where ParallelogramFlat A B A’ B’ =
Col A BA'"AN Col ABB'A
Cong A BA"B' A Cong A B" A’ B A
(A# A'V B # B

definition Parallelogram::
['p,'p,"p,’p] = bool (<Parallelogram - - - -» [99,99,99,99] 50)
where Parallelogram A B A’ B’ =
ParallelogramStrict A B A’ B’ vV ParallelogramFlat A B A’ B’

definition Rhombus::
['p,’p,'p,"p] = bool («Rhombus - - - -» [99,99,99,99] 50)
where Rhombus A B C D = PlgA BCDAN Cong ABBC

definition Rectangle::
['p,’p,'p,"p] = bool (<Rectangle - - - -» [99,99,99,99] 50)
where Rectangle A B CD = PlgA BCDA Cong ACBD

definition Square::
['p,’p,’p,’p] = bool («Square - - - -» [99,99,99,99] 50)
where Square A B C D = Rectangle A B C D A Cong A BB C

definition Lambert::
['p,’p,'p,"p] = bool («Lambert - - - -» [99,99,99,99] 50)
where Lambert A B C D =
A#BANB#CANC#DA
A# DANPerBADANUPerADC CAN PerABC A Coplanar A B C D

2.1.10 Plane

definition OS ::
['p,’p,'p,"p] = bool (x- - OS - -» [99,99,99,99] 50)
where A BOS P Q =

I R:'p. ABTSPRAABTSQR

definition T'SP :
['p,'p,"p,’p,'P] = boOl (¢~ - -TSP - -5 [99,99,99,99,99] 50)
where A BC TSP P Q =
(= Coplanar A B C P) A (= Coplanar A B C Q) A

(3 T. Coplanar A BC T AN Bet P T Q)

definition OSP :
['p,'p,"p,’p,'P] = boOOL (¢~ - - OSP - -» [99,99,99,99,99] 50)
where A BC OSP P Q =

IR (ABCTSPPR)AN(ABCTSPQR))

definition Saccheri::
['p,’p,'p,"p] = bool («<Saccheri - - - -» [99,99,99,99] 50)
where Saccheri A B C D =
Per BADANPerADCANCongABCDANADOSBC

2.1.11 Line reflexivity 2D

definition ReflectLAt :
['p,’p,'p,"p,'P] = bool (- ReflectLAt - - - -» [99,99,99,99,99] 50)
where M ReflectLAt P’ P A B =
(M Midpoint P P' A Col A BM) A (A B Perp PP’V P =P



definition ReflectAt ::
['p,’p,’p,’p,'p] = bool (<- ReflectAt - - - - [99,99,99,99,99] 50)
where M ReflectAt P’ P A B =
(A # B A M ReflectLAt P' P A B)V (A= B A A= M A M Midpoint P P)

2.1.12 Line reflexivity

definition upper-dim-aziom ::
bool («UpperDimAziom» [] 50)
where
upper-dim-aziom =

YV ABCPQ.

P+# QA

Cong APAQAN

Cong BPB QA

Cong CP CQ

—

(Bet ABCV Bet BC AV Bet C A B)

definition all-coplanar-axiom ::
bool (<AllCoplanarAziom) [| 50)
where
AllCoplanarAziom =

YV ABCPQ.

P#QAN

Cong APAQAN

Cong BPB QA

Cong C P C Q

_>

(Bet ABCV Bet BC AV Bet C A B)

2.1.13 Angles

definition CongA :
['p,'n,"p,’p, P, D] = boOl (4- - - CongA - - -» [99,99,99,99,99,99] 50)
where A B C CongA D EF =
A4BANCABAD#EAF#EA
(3 A'C'D'F'.Bet BAA'"AN Cong A A" EDA
Bet BC C' A Cong CC'EF A
Bet ED D' A Cong D D' B AN
Bet EFF'A Cong FF'BC A
Cong A’ C' D' F')

definition LeA :
['p,'p,"p,’D, D, P] = bOOL (4~ - - LeA - - -» [99,99,99,99,99,99] 50)
where A BCLeA D FEF =

3 P. (P InAngle D EF N A B C CongA D E P)

definition LiA ::
['p,’p,p,"D,'D,"D] = boOl (4~ - - LA - - - [99,99,99,99,99,99] 50)
where A BCIIADEF=ABCLeADEFAN—-~ABCCUCongADEF

definition GtA :
['p,’p,'p,"D,'D,"D] = bool (4~ - - GtA - - - [99,99,99,99,99,99] 50)
where A BCGIADEF=DFEFILAABC

definition Acute :
['p,’p,’p] = bool (<Acute - - -» [99,99,99] 50)
where Acute A B C =

3 A'B' C'. (Per A'B' C' A A B CLtA A' B’ C)

definition Obtuse ::
['p,’p,'p] = bool («Obtuse - - -» [99,99,99] 50)
where Obtuse A B C =



3 A B C.(PerA’B' C'AA B C'LtA ABC)

definition OrthAt ::
['p,’n,"p,’p, P, D] = boOl (4~ OrthAt - - - - - » [99,99,99,99,99,99] 50)
where X OrthAt A BCUV =
= ColABCANU#V A Coplanar A BCX AN Col UV X A
(¥ P Q. (Coplanar AB CP AN ColUV Q) — Per PX Q)

definition Orth :
['p,’n,"p,’p,'P] = bool (¢~ - - Orth - - [99,99,99,99,99] 50)
where A BCOrth UV =3 X. XOrthAtA BCUYV

definition SuppA :
['p,'p,"p,'p, "D, D] = bool
(¢- - - SuppA - - -5 [99,99,99,99,99,99] 50)
where
ABCSuppA DEF =
A#BAN(3 A" Bet ABA'AN DEF CongA CB A"

2.1.14 Sum of angles
definition SumA :

['p,',"p,’D, D, 'D,"D, "D, D] = bOOL (¢~ - - - - - SumA - - - [99,99,99,99,99,99,99,99,99] 50)

where
ABCDUEFSumA GHI =

3 J.(CBJCongADEFAN-BCOSAJA Coplanar ABCJANA BJ CongA G HI)

definition TriSumA ::
['p,’p,'p,"p,'D,"D] = bool (¢~ - - TriSumA - - - [99,99,99,99,99,99] 50)
where
A B C TriSumA D EF =

3GHI (ABCBCASumAGHINGHICABSumA DEF)

definition SAMS ::
['p,'n,’p,’p, P, D] = bool (xSAMS - - - - - - v [99,99,99,99,99,99] 50)
where
SAMS A BCDEF =

(A# BA
(EOutDFV - Bet ABOQ))A

3 J.(CBJCongADEFAN—-(BCOSAJ)AN-(ABTSCJ)A Coplanar A B C J))

2.1.15 Parallelism

definition Inter :
['p,'p,"p,’p,'P] = boOl (¢~ Inter - - - -» [99,99,99,99,99] 50)
where X Inter A1 A2 Bl B2 =

B1 # B2 A
(3 Px'p. (Col P B1 B2 A — Col P A1 A2)) A
Col A1 A2 X A Col B1 B2 X

2.1.16 Perpendicularity

definition Perp2 :
['p,’p,'p,"p,'P] = bool («- Perp2 - - - - [99,99,99,99,99] 50)
where
P Perp2 ABCD =

3XY.(ColPXYANXYPerp ABANXY Perp CD)

2.1.17 Lentgh

definition QCong::
(['p,"p] = bool) = bool («QCong -» [99] 50)



where
QCong |l =

JAB. (VXY.(CongABXY «+— 1XY))

definition TarskiLen::
['p,’p,(['p, D] = bool)] = bool («TarskiLen - - -» [99,99,99] 50)
where
TarskiLen A Bl =

QCongINIAB

definition QCongNull :
(['p,"p] = bool) = bool («QCongNull -» [99] 50)
where
QCongNull | =

QCong I N (3 A. 1A A)

2.1.18 Equivalence Class of Angles

definition QCongA :
(['p, 'p, 'p] = bool) = bool («QCongA - [99] 50)
where

QCongA o =
IABC.(A#BANC#BANN XYZ. ABCCongA XY Z <+ aX Y Z))

definition Ang :
['p,’p,'p, ("D, 'Py 'P] = boOl) | = bool («- - - Ang -» [99,99,99,99] 50)
where
ABCAng a =

QCongA a N
aABC

definition QCongAAcute :
('p, 'p, '] = bool) = bool («QCongAACute -» [99] 50)
where
QCongAAcute a =

FABC. (Acute ABCANN XYZ (ABCCongAXYZ<+— aXYZ))

definition AngAcute :
['p,'n,’p, (['p,'p,'p] = bool)] = bool («- - - AngAcute -» [99,99,99,99] 50)
where
A B C AngAcute a =

((QCongAAcute a) A (a A B C))

definition QCongANullAcute ::
(I'p,"p,'p] = bool) = bool («QCongANullAcute -» [99] 50)
where
QCongANullAcute a =

QCongAAcute a N\
(V ABC.(aABC — BOut ACQ))

definition QCongAnNull :
(['p,"p,"p] = bool) = bool (+QCongAnNull -» [99] 50)
where
QCongAnNull a =

QCongA a A
(VABC.(aABC— - BOutAQ))

10



definition QCongAnFlat ::
(['p,"p,"p] = bool) = bool (+QCongAnFlat -» [99] 50)
where
QCongAnFlat a =

QCongA a A
(VABC.(aABC — = Bet ABUC())

definition IsNullAngaP ::
(['p,"p,'p] = bool) = bool (<IsNullAngaP -» [99] 50)
where
IsNullAngaP a=

QCongAAcute a N
(3 ABC.(aABCABOutAC))

definition QCongANull ::
(['p,"p,"p] = bool) = bool (+QCongANull -» [99] 50)
where
QCongANull a =

QCongA a N
(Vv ABC.(aABC — BOutAQ(C))

definition AngFlat ::
(['p, 'p, '] = bool) = bool («AngFlat -» [99] 50)
where
AngFlat a =

QCongA a N
(VABC.(a ABC — Bet A B())

2.2 Parallel’s definition Postulate

definition tarski-s-parallel-postulate ::
bool
(¢ TarskiSParallelPostulatey)
where
tarski-s-parallel-postulate =

VABCDT. (Bt ADTABetBDCAA#D) —

(3XY. Bt ABXABet ACY ABet XTY)

definition euclid-5 :
bool (< Euclid5»)
where
euclid-5 =

YVPQRSTU.
(BetS P T QN

BetSR TS A

BetS Q UR A

- ColPQSA
Cong PT QT AN

Cong RT S T)

—

(3 I.BetS S QI N BetSPUI)

definition euclid-s-parallel-postulate ::
bool («EuclidSParallelPostulatey)
where
euclid-s-parallel-postulate =

YVABCDPQR.
(BCOSADA
SAMS A B C B CD A
ABCBCDSumAP QR A

11



- Bet P Q R)
—
(3 Y.BOwAYACOutDY)

definition playfair-s-postulate ::
bool
(¢<PlayfairSPostulatey)
where
playfair-s-postulate =

vV A1 A2 B1 B2 C1 C2 P.
(A1 A2 Par B1 B2 A
Col P B1 B2 A
A1 A2 Par C1 C2 A
Col P C1 C2)
—
(Col C1 B1 B2 A Col C2 B1 B2)

3 Propositions

3.1 Congruence properties
lemma cong-reflexivity:

shows Cong A BA B

(proof)

lemma cong-symmetry:
assumes Cong A B C D
shows Cong C D A B

{proof)

lemma cong-transitivity:
assumes Cong A B C D and Cong CD E F
shows Cong A BEF

{proof)

lemma cong-left-commutativity:
assumes Cong A B C D
shows Cong BA C D

(proof)

lemma cong-right-commutativity:
assumes Cong A B C D
shows Cong A BD C

{proof)

lemma cong-3421:
assumes Cong A B C D
shows Cong C D B A

{proof)

lemma cong-4312:
assumes Cong A B C D
shows Cong D C A B

{proof)

lemma cong-4321:
assumes Cong A B C D
shows Cong D C B A

{proof)

lemma cong-trivial-identity:
shows Cong A A B B
(proof)

lemma cong-reverse-identity:
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assumes Cong A A C D
shows C = D

{proof)

lemma cong-commutativity:
assumes Cong A B C D
shows Cong BA D C

{proof)

lemma not-cong-2134:
assumes — Cong A B C D
shows - Cong BA C D

{proof)

lemma not-cong-1243:
assumes -~ Cong A B C D
shows = Cong A BD C

{proof)

lemma not-cong-2143:
assumes - Cong A B C D
shows - Cong BA D C

{proof)

lemma not-cong-3412:
assumes —~ Cong A B C D
shows - Cong C D A B

(proof)

lemma not-cong-4312:
assumes - Cong A B C D
shows - Cong D C A B

{proof)

lemma not-cong-3421:
assumes - Cong A B C D
shows - Cong C D B A

(proof)

lemma not-cong-4321:
assumes - Cong A B C D
shows - Cong D C B A

(proof)

lemma five-segment-with-def:
assumes A B C D OFSC A’ B' C' D' and A # B
shows Cong C D C’' D’

{proof)

lemma cong-diff:
assumes A # B and Cong A BC D
shows C # D

{proof)

lemma cong-diff-2:
assumes B # A and Cong A B C D
shows C # D

{proof)

lemma cong-diff-3:
assumes C # D and Cong A B C D
shows A # B

{proof)

lemma cong-diff-4:
assumes D # C and Cong A B C D
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shows A # B
(proof)

lemma cong-3-sym:
assumes A B C Cong3 A’ B’ C’
shows A’ B’ C' Cong3 A B C
(proof)

lemma cong-3-swap:
assumes A B C Cong3 A’ B’ C’
shows B A C Cong3 B’ A’ C'

{proof)

lemma cong-3-swap-2:
assumes A B C Cong3 A’ B’ C’
shows A C B Cong3 A’ C' B’
(proof)

lemma cong3-transitivity:
assumes A0 B0 C0O Cong3 A1 B1 C1 and
A1 B1 C1 Cong3 A2 B2 C2
shows A0 B0 CO Cong3 A2 B2 C2

{proof)

lemma eg-dec-points:
shows A=BvVv-~-A=18
(proof)

lemma distinct:
assumes P # @
shows R # PV R # Q

{proof)

lemma [2-11:
assumes Bet A B C and
Bet A’ B’ C’ and
Cong A B A’ B’ and
Cong B C B' C'
shows Cong A C A’ C'
(proof)

lemma bet-cong3:
assumes Bet A B C and

Cong A BA' B’
shows 3 C'. A B C Cong3 A’ B’ C’
{proof)

lemma construction-uniqueness:
assumes ) # A and
Bet @ A X and
Cong A X B C and
Bet @ A Y and

Cong A YBC
shows X = Y
(proof )

lemma Cong-cases:

assumes Cong A BC DYV Cong ABD CYV Cong BACDY Cong BADCY CongCDABY CongCDBA
V Cong D CA BV CongD CBA

shows Cong A B C D

{proof)

lemma Cong-perm :

assumes Cong A B C D

shows Cong A BC D AN Cong A BD C AN Cong BACDA Cong BADCA CongCDABA CongCDBANA
Cong D CABA CongD CBA
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{proof)

3.2 Betweeness properties

lemma bet-col:
assumes Bet A B C
shows Col A B C

{proof)

lemma between-trivial:
shows Bet A B B

{proof)

lemma between-symmetry:
assumes Bet A B C
shows Bet C B A

{proof)

lemma Bet-cases:
assumes Bet A B C V Bet C B A
shows Bet A B C

{proof)

lemma Bet-perm:
assumes Bet A B C
shows Bet A BC AN Bet CB A

{proof)

lemma between-trivial2:
shows Bet A A B

{proof)

lemma between-equality:
assumes Bet A B C and Bet B A C
shows A = B

{proof)

lemma between-equality-2:
assumes Bet A B C and
Bet A CB
shows B = C

{proof)

lemma between-exchange3:
assumes Bet A B C and
Bet A CD
shows Bet B C D

{proof)

lemma bet-neq12--neq:
assumes Bet A B C and
A#B
shows A # C
(proof)

lemma bet-neq21--neq:
assumes Bet A B C and
B# A
shows A # C
(proof)

lemma bet-neq23--neq:
assumes Bet A B C' and
B#C
shows A # C
(proof)



lemma bet-neq32--neq:
assumes Bet A B C and
C#B
shows A # C
(proof)

lemma not-bet-distincts:
assumes — Bet A B C
shows A # BN B # C

{proof)

lemma between-inner-transitivity:
assumes Bet A B D and
Bet BC D
shows Bet A B C

{proof)

lemma outer-transitivity-between2:
assumes Bet A B C' and
Bet B C' D and
B#C
shows Bet A C' D
(proof)

lemma between-exchange2:
assumes Bet A B D and
Bet B C D
shows Bet A C' D

{proof)

lemma outer-transitivity-between:
assumes Bet A B C and
Bet B C' D and
B#C
shows Bet A B D
(proof)

lemma between-exchanges:
assumes Bet A B C and
Bet A CD
shows Bet A B D

(proof)

lemma [3-9-4:
assumes Bet] A1 A2 A3 A/,
shows Betj A4 A3 A2 A1

{proof)

lemma [3-17:
assumes Bet A B C and
Bet A" B’ C and
Bet AP A’
shows (3 Q. Bet P Q C A Bet B Q B)

(proof )

lemma lower-dim-ex:
3 ABC. - (Bet ABCV Bet BC AV Bet C A B)
(proof )

lemma two-distinct-points:
I X:p. I Yp. XA£Y
(proof)

lemma point-construction-different:
3 C.Bet ABCANB#C
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{proof)

lemma another-point:
3 B:'p. A4 B
(proof)

lemma Cong-stability:
assumes -~ - Cong A B C D
shows Cong A B C' D

{proof)

lemma [2-11-b:
assumes Bet A B C and
Bet A" B’ C' and
Cong A B A’ B' and
Cong B C B' C'
shows Cong A C A’ C’
(proof )

lemma cong-dec-eq-dec-b:
assumes - A # B
shows A = B

{proof)

lemma BetSFEq:
assumes BetS A B C
shows Bet ABCANA#BANA#CANB#C

(proof)

3.3 Collinearity

3.3.1 Collinearity and betweenness

lemma [4-2:
assumes A B C D IFSC A’ B’ C' D’
shows Cong B D B’ D’

(proof )

lemma [4-3:
assumes Bet A B C and
Bet A’ B’ ¢’ and
Cong A C A" C’
and Cong B C B’ C'
shows Cong A B A" B’

(proof )

lemma [4-3-1:
assumes Bet A B C and
Bet A’ B’ ¢’ and
Cong A B A’ B’ and
Cong A C A" C’
shows Cong B C B’ C'
(proof)

lemma l4-5:
assumes Bet A B C and
Cong A C A’ C’
shows 3 B’. (Bet A’ B' C' AN A B C Cong3 A’ B’ C)
(proof)

lemma l4-6:
assumes Bet A B C and
A B C Cong3 A’ B’ ¢’
shows Bet A’ B’ C'
(proof)
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lemma cong3-bet-eq:
assumes Bet A B C and
A BCCong3 AXC
shows X = B

(proof)

3.3.2 Collinearity

lemma col-permutation-1:
assumes Col A B C
shows Col B C' A

{proof)

lemma col-permutation-2:
assumes Col A B C
shows Col C A B

{proof)

lemma col-permutation-3:
assumes Col A B C
shows Col C B A

(proof)

lemma col-permutation-4:
assumes Col A B C
shows Col B A C

{proof)

lemma col-permutation-5:
assumes Col A B C
shows Col A C B

(proof)

lemma not-col-permutation-1:
assumes -~ Col A B C
shows - Col B C A

(proof)

lemma not-col-permutation-2:
assumes ~ Col A B C
shows ~ Col C A B

{proof)

lemma not-col-permutation-3:
assumes - Col A B C
shows — Col C B A

{proof)

lemma not-col-permutation-4:
assumes -~ Col A B C
shows - Col B A C

{proof)

lemma not-col-permutation-5:
assumes - Col A B C
shows - Col A C' B

(proof)

lemma Col-cases:
assumes Col A BCV ColACBY ColBACY ColBCAYV ColCABYV ColCBA
shows Col A B C

(proof)
lemma Col-perm:

assumes Col A B C
shows Col A BC AN ColACBANColBACANO CoBCANANC CoCABANC CoCBA
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{proof)

lemma col-trivial-1:
ColAAB
(proof )

lemma col-trivial-2:
Col A BB

{proof)

lemma col-trivial-3:
Col ABA
(proof )

lemma [4-13:
assumes Col A B C and
A B C Cong3 A’ B’ C'
shows Col A’ B’ C’
(proof)

lemma l4-14R1:
assumes Bet A B C and
Cong A BA' B’
shows 3 C'. A B C Cong3 A’ B’ C’
(proof)

lemma l4-14R2:
assumes Bet B C' A and
Cong A BA' B’
shows 3 C'. A B C Cong3 A’ B’ C’
(proof)

lemma [4-14R3:
assumes Bet C' A B and
Cong A BA' B’
shows 3 C'. A B C Cong3 A’ B’ C’
(proof)

lemma [4-14:
assumes Col A B C and
Cong A BA' B’

shows 3 C'. A B C Cong3 A’ B’ C’
{proof)

lemma [4-16R1:
assumes A B C D FSC A’ B’ C' D' and
A # B and
Bet A BC
shows Cong C D C' D’

(proof )

lemma [4-16R2:
assumes A B C D FSC A’ B' C' D’
and Bet BC A
shows Cong C D C' D’

(proof )

lemma [4-16R3:

assumes A BC D FSC A’ B’ C'D'and A # B

and Bet C A B
shows Cong C D C' D’

(proof )

lemma [4-16:
assumes A B C D FSC A’ B’ C' D' and
A+ B
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shows Cong C D C' D’
(proof)

lemma 14-17:
assumes A # B and
Col A B C and
Cong A P A @ and
Cong B P B Q
shows Cong C P C' Q

(proof )

lemma [4-18:
assumes A # B and
Col A B C and
Cong A C A C' and
Cong B C B C'
shows C = C’
(proof)

lemma 14-19:
assumes Bet A C B and
Cong A C A C' and

Cong B C B C'
shows C = ('
(proof )

lemma not-col-distincts:
assumes — Col A B C
shows = Col A BCANA#BANB#CNA#C

(proof)

lemma NCol-cases:
assumes = Col ABCV - ColACBY - ColBACYV -~ ColBCAV -~ ColCABYV-ColCBA
shows — Col A B C

(proof)

lemma NCol-perm:
assumes - Col A B C
shows = Col A BC AN~ ColACBAN~ ColBACAN~Y ColBCAN"™ ColCABAN" ColCBA

(proof)

lemma col-cong-3-cong-3-eq:
assumes A # B
and Col A B C
and A B C Cong3 A’ B’ C1
and A B C Cong3 A’ B’ C2
shows C1 = C2

(proof)

3.4 Between transitivity le

lemma [5-1:
assumes A # B and
Bet A B C and
Bet A BD
shows Bet A C DV Bet A D C

(proof )

lemma [5-2:
assumes A # B and
Bet A B C and
Bet A B D
shows Bet BC DV Bet BD C

(proof)
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lemma segment-construction-2:
assumes A # Q
shows 3 X. (Bet Q A X V Bet Q@ X A) A Cong Q X B C)

(proof )

lemma [5-3:
assumes Bet A B D and
Bet A C D
shows Bet A BCV Bet A CB

{proof)

lemma bet3--bet:
assumes Bet A B E and
Bet A D E and
Bet B C D
shows Bet A C E

{proof)

lemma [e-bet:
assumes C D Le A B
shows 3 X. (Bet A X B A Cong A X C D)

(proof)

lemma [5-5-1:
assumes A B Le C D
shows 3 X. (Bet A BX A Cong A X C D)

(proof )

lemma [5-5-2:
assumes 3 X. (Bet A BX A Cong A X C D)
shows A B Le C D

(proof)

lemma [5-6:
assumes A B Le C D and
Cong A B A’ B" and
Cong C D C' D’
shows A’ B’ Le C' D’
(proof)

lemma le-reflexivity:
shows A B Le A B
(proof)

lemma le-transitivity:
assumes A B Le C D and
CDLeEF
shows A B Le E F

(proof)

lemma between-cong:
assumes Bet A C' B and

Cong A CAB
shows C = B
(proof )

lemma cong3-symmetry:
assumes A B C Cong3 A’ B’ C’
shows A’ B’ C' Cong3 A B C
(proof)

lemma between-cong-2:
assumes Bet A D B and
Bet A EB
and Cong AD AFE
shows D = E (proof)
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lemma between-cong-3:
assumes A # B
and Bet A B D
and Bet A BE
and Cong BD B E
shows D = F

{proof)

lemma le-anti-symmetry:
assumes A B Le C D and
CDLeAB
shows Cong A B C D

{proof)

lemma cong-dec:
shows Cong A BC DV - Cong A BCD

{proof)

lemma bet-dec:
shows Bet A BC V = Bet ABC

(proof)

lemma col-dec:
shows Col A BCV - Col ABC

{proof)

lemma [e-trivial:
shows A A Le C D

{proof)

lemma le-cases:
shows A BLeCDV CD Le A B

{proof)

lemma [le-zero:
assumes A B Le C C
shows A = B

{proof)

lemma le-diff:
assumes A # Band A B Le C D
shows C # D

(proof)

lemma [t-diff:
assumes A B Lt C D
shows C # D

(proof)

lemma bet-cong-eq:
assumes Bet A B C and
Bet A C D and

Cong BCAD
shows C = DA A=B
(proof )

lemma cong--le:
assumes Cong A B C D
shows A B Le C D

{proof)

lemma cong--le3412:
assumes Cong A B C D
shows C D Le A B

(proof)
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lemma le1221:
shows A BLe B A

{proof)

lemma le-left-comm:
assumes A B Le C D
shows B A Le C D

{proof)

lemma le-right-comm:
assumes A B Le C D
shows A B Le D C

{proof)

lemma le-comm:
assumes A B Le C D
shows B A Le D C

(proof)

lemma ge-left-comm:
assumes A B Ge C D
shows B A Ge C D

{proof)

lemma ge-right-comm:
assumes A B Ge C D
shows A B Ge D C

{proof)

lemma ge-comm0:
assumes A B Ge C D
shows B A Ge D C

{proof)

lemma lt-right-comm:
assumes A B Lt C D
shows A BLt D C

{proof)

lemma lt-left-comm:
assumes A B Lt C D
shows B A Lt C D

(proof)

lemma [t-comm:
assumes A B Lt C D
shows BA Lt D C

(proof)

lemma gt-left-comm0:
assumes A B Gt C D
shows B A Gt C D

{proof)

lemma gt-right-comm:
assumes A B Gt C' D
shows A B Gt D C

{proof)

lemma gt-comm:
assumes A B Gt C D
shows BA Gt D C

{proof)

lemma cong2-lt--lt:
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assumes A B Lt C D and
Cong A B A’ B' and
Cong C D C' D’

shows A’ B’ Lt C' D’

(proof )

lemma fourth-point:
assumes A # B and
B # C and
Col A B P and
Bet A B C
shows Bet PA BV Bet APBYV Bet BP CV Bet BCP

{proof)

lemma third-point:
assumes Col A B P
shows Bet PA BV Bet APBYV Bet ABP

{proof)

lemma [5-12-a:
assumes Bet A B C
shows A BLe ACANBCLeAC

{proof)

lemma bet--le1213:
assumes Bet A B C
shows A BLe A C

(proof)

lemma bet--1e2313:
assumes Bet A B C
shows B C Le A C

{proof)

lemma bet--1t1213:
assumes B # C and
Bet A B C
shows A BLt A C

{proof)

lemma bet--1t2313:
assumes A # B and
Bet A B C
shows B C Lt A C

{proof)

lemma [5-12-b:
assumes Col A B C and
A BLe A C and
BCLeAC
shows Bet A B C
(proof)

lemma bet-le-eq:
assumes Bet A B C
and A C Le B C
shows A = B

{proof)

lemma or-lt-cong-gt:
ABLtCDVABGtCDVYV Cong ABCD

(proof )
lemma [t--le:

assumes A B Lt C D
shows A B Le C D
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{proof)

lemma le1284-lt--lt:
assumes A B Le C D and
CDILtEF
shows A BLtE F

{proof)

lemma le3456-It--1t:
assumes A B Lt C D and
CDLeFEF
shows A BLtE F

{proof)

lemma lt-transitivity:
assumes A B Lt C D and
CDILtEF
shows A BLtE F

(proof)

lemma not-and-lt:
- (ABLtCDANCDLtAB)
(proof )

lemma nlt:
- ABLtAB

{proof)

lemma le--nlit:
assumes A B Le C D
shows - CD Lt A B

{proof)

lemma cong--nlt:
assumes Cong A B C D
shows -~ A B Lt C D

{proof)

lemma nlt--le:
assumes - A B Lt C D
shows C D Le A B

(proof)

lemma [t--nle:
assumes A B Lt C D
shows -~ C D Le A B

{proof)

lemma nle--lt:
assumes - A B Le C D
shows C D Lt A B

(proof)

lemma [t1123:
assumes B # C
shows A A Lt B C

{proof)

lemma bet2-le2--le-R1:

assumes Bet a P b and
Bet A Q B and
PalLe @ A and
PbLe QB and
B=Q

shows a b Le A B

(proof)
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lemma bet2-le2--le-R2:
assumes Bet a Po b and
Bet A PO B and
Po a Le PO A and
Po b Le PO B and
A # PO and
B # PO
shows a b Le A B
(proof)

lemma bet2-le2--le:
assumes Bet a P b and
Bet A @ B and
PaLe @ A and
Pble@B
shows a b Le A B

(proof )

lemma Le-cases:
assumes A BLe CDV BALeCDV ABLeDCV BALeDC
shows A B Le C D

{proof)

lemma Lt-cases:
assumes A BLt CDV BALtCDYV ABLtDCYV BALtDC
shows A B Lt C D

(proof)

3.5 Out lines

lemma bet-out:
assumes B # A and
Bet A B C
shows A Out B C

{proof)

lemma bet-out-1:
assumes B # A and
Bet C B A
shows A Out B C

{proof)

lemma out-dec:
shows P OQut A BV = P Out A B

{proof)

lemma out-diff1:
assumes A Out B C
shows B # A

{proof)

lemma out-diff2:
assumes A Out B C
shows C # A

{proof)

lemma out-distinct:
assumes A Out B C
shows B# ANC# A

{proof)

lemma out-col:
assumes A Out B C
shows Col A B C

{proof)
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lemma [6-2:
assumes A # P and
B # P and
C # P and
Bet APC
shows Bet BP C <— P Out A B

{proof)

lemma bet-out--bet:
assumes Bet A P C' and
P Out AB
shows Bet B P C

{proof)

lemma [6-3-1:
assumes P Out A B
shows A PAB#PAN(3 C.(C#PADBetAPCABet BPC(C))

(proof)

lemma [6-3-2:
assumes A # P and
B # P and
3 C.(C#PANBetAPCABetBPC()
shows P Out A B

{proof)

lemma [6-4-1:
assumes P Out A B and
ColAPB
shows - Bet A P B

{proof)

lemma [6-4-2:
assumes Col A P B
and - Bet AP B
shows P Out A B

(proof)

lemma out-trivial:
assumes A # P
shows P Out A A

(proof)

lemma [6-6:
assumes P Out A B
shows P Out B A

{proof)

lemma [6-7:
assumes P Out A B and
P Out B C
shows P Out A C

{proof)

lemma bet-out-out-bet:
assumes Bet A B C and
B Out A A" and
B Out C C’
shows Bet A’ B C’

{proof)

lemma out2-bet-out:
assumes B Out A C and
B Out X P and
Bet A X C
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shows B Out A P AN B Out C P
(proof )

lemma [6-11-uniqueness:
assumes A Out X R and
Cong A X B C and
A Out Y R and

Cong AYBC
shows X = Y
(proof )

lemma [6-11-ezistence:
assumes R # A and
B#C
shows 3 X. (A Out X R A Cong A X B C)
(proof)

lemma segment-construction-3:
assumes A # B and
X#£Y
shows 3 C. (A Out BC AN Cong A CXY)
{proof)

lemma [6-15-1:
assumes P Out A B and
PALePB
shows Bet P A B

{proof)

lemma [6-153-2:
assumes P Out A B and
Bet P A B
shows PA Le P B

{proof)

lemma [6-16-1:
assumes P # @ and
Col S P () and
Col X P Q
shows Col X P S

(proof)

lemma col-transitivity-1:
assumes P # () and
Col P Q A and
Col PQ B
shows Col P A B
(proof)

lemma col-transitivity-2:
assumes P # @ and
Col P Q A and
Col P QB
shows Col Q A B
(proof)

lemma [6-21:

assumes — Col A B C and
C # D and
Col A B P and
Col A B @Q and
Col C D P and
Col CD Q

shows P = @

(proof)
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lemma col2--eq:
assumes Col A X Y and
Col B X Y and
- Col AXB
shows X =Y

{proof)

lemma not-col-exists:
assumes A # B
shows 94 C. = Col A BC

{proof)

lemma col3:
assumes X # Y and
Col X Y A and
Col X Y B and
Col XY C
shows Col A B C

{proof)

lemma colz:
assumes A # B and
Col X Y A and
Col X Y B and
Col A BC
shows Col X Y C

(proof)

lemma out2--bet:
assumes A Out B C and
C Out A B
shows Bet A B C

{proof)

lemma bet2-le2--le1346:
assumes Bet A B C and
Bet A’ B’ C' and
A B Le A’ B'and
B ClLeB' C’
shows A C Le A’ C'

(proof)

lemma bet2-le2--1e2356-R1:

assumes Bet A A C and
Bet A’ B’ C' and
A A Le A’ B' and
A'C' ' Le A C

shows B’ C' Le A C

(proof )

lemma bet2-le2--1e2356-R2:

assumes A # B and
Bet A B C and
Bet A’ B’ C' and
A B Le A’ B" and
A" C'Le A C
shows B’ C' Le B C
(proof )

lemma bet2-le2--1e2356:
assumes Bet A B C and
Bet A’ B’ C' and
A B Le A’ B' and
A'C' ' Le A C
shows B’ C' Le B C
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(proof )

lemma bet2-le2--le1245:
assumes Bet A B C and
Bet A" B’ C' and
B C Le B’ C' and
A" C'Le A C
shows A’ B’ Le A B
(proof)

lemma cong-preserves-bet:
assumes Bet B A’ A0 and
Cong B A" E D' and
Cong B A0 E DO and
E Out D' DO
shows Bet E D' D0
(proof )

lemma out-cong-cong:
assumes B Out A A0 and
E Out D DO and
Cong B A E D and
Cong B A0 E DO
shows Cong A A0 D DO

{proof)

lemma not-out-bet:
assumes Col A B C and
- BOutAC
shows Bet A B C

(proof)

lemma or-bet-out:
shows Bet ABCV BOutA CV - Col ABC

{proof)

lemma not-bet-out:
assumes Col A B C and
shows B Out A C

(proof)

lemma not-bet-and-out:
shows — (Bet ABC A B Out A C)

{proof)

lemma out-to-bet:
assumes Col A’ B’ ¢ and
BOutA C +— B’ Out A’ C' and
Bet A BC
shows Bet A’ B’ C'

(proof)

lemma col-out2-col:
assumes Col A B C and
B Out A AA and
B Out C CC
shows Col AA B CC (proof)

lemma bet2-out-out:
assumes B # A and
B’ # A and
A Out C C" and
Bet A B C and
Bet A B’ C’
shows A Out B B’
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{proof)

lemma bet2--out:
assumes A # B and
A # B’ and
Bet A B C
and Bet A B' C
shows A Out B B’

{proof)

lemma out-bet-out-1:
assumes P Out A C and
Bet A B C
shows P Out A B

{proof)

lemma out-bet-out-2:
assumes P Out A C and
Bet A B C
shows P Out B C

{proof)

lemma out-bet--out:
assumes Bet P () A and
Q Out A B
shows P Out A B

{proof)

lemma segment-reverse:
assumes Bet A B C
shows 3 B’. Bet A B’ C AN Cong C B'" A B

{proof)

lemma diff-col-ex:
shows3 C. A# CANB# CANColABC

(proof)

lemma diff-bet-ex3:
assumes Bet A B C
shows3d D.A#DANB#DANC#DANColABD

(proof)

lemma diff-col-ex3:
assumes Col A B C
shows3 D.A#DANB#DANC#DANCoABD

{proof)

lemma Out-cases:
assumes A Out BC VvV A Out C B
shows A Out B C

(proof)

3.6 Midpoint

lemma midpoint-dec:
I Midpoint A BV — I Midpoint A B
(proof)

lemma is-midpoint-id:
assumes A Midpoint A B
shows A = B

{proof)

lemma is-midpoint-id-2:
assumes A Midpoint B A
shows A = B
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{proof)

lemma [7-2:
assumes M Midpoint A B
shows M Midpoint B A

(proof)

lemma [7-3:
assumes M Midpoint A A
shows M = A

{proof)

lemma [7-3-2:
A Midpoint A A
(proof )

lemma symmetric-point-construction:
3 P’. A Midpoint P P’
(proof)

lemma symmetric-point-uniqueness:
assumes P Midpoint A P1 and
P Midpoint A P2
shows P1 = P2
(proof)

lemma [7-9:
assumes A Midpoint P X and
A Midpoint @ X
shows P = @
(proof)

lemma [7-9-bis:
assumes A Midpoint P X and
A Midpoint X @
shows P = @
(proof)

lemma [7-13-R1:
assumes A # P and
A Midpoint P’ P and
A Midpoint Q' Q
shows Cong P Q P’ Q'
(proof)

lemma [7-13:
assumes A Midpoint P’ P and
A Midpoint Q' Q
shows Cong P Q P’ Q'
(proof)

lemma [7-15:
assumes A Midpoint P P’ and
A Midpoint @ Q' and
A Midpoint R R’ and
Bet P QR
shows Bet P’ Q' R’
(proof)

lemma [7-16:
assumes A Midpoint P P’ and
A Midpoint Q Q' and
A Midpoint R R’ and
A Midpoint S S’ and
Cong PQRS
shows Cong P’ Q' R’ S’
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{proof)

lemma symmetry-preserves-midpoint:
assumes Z Midpoint A D and
Z Midpoint B E and
Z Midpoint C F and
B Midpoint A C
shows FE Midpoint D F
(proof)

lemma Mid-cases:
assumes A Midpoint B C' vV A Midpoint C B
shows A Midpoint B C

{proof)

lemma Mid-perm:
assumes A Midpoint B C
shows A Midpoint B C N A Midpoint C B

(proof)

lemma [7-17:
assumes A Midpoint P P’ and
B Midpoint P P’
shows A = B
(proof)

lemma [7-17-bis:
assumes A Midpoint P P’ and
B Midpoint P’ P
shows A = B
(proof)

lemma [7-20:
assumes Col A M B and
Cong M A MB
shows A = BV M Midpoint A B

{proof)

lemma [7-20-bis:
assumes A # B and
Col A M B and
Cong M A MB
shows M Midpoint A B

(proof)

lemma cong-col-mid:
assumes A # C and
Col A B C and
Cong A BB C
shows B Midpoint A C

(proof)

lemma [7-21-R1:

assumes - Col A B C' and
B # D and
Cong A B C D and
Cong B C' D A and
Col A P C and
Col BP D

shows P Midpoint A C

(proof )

lemma [7-21:
assumes — Col A B C and
B # D and
Cong A B C D and
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Cong B C' D A and
Col A P C and
Col BP D
shows P Midpoint A C N P Midpoint B D

{proof)

lemma [7-22-auz-R1:

assumes Bet A1 C C and
Bet B1 C B2 and
Cong C A1 C B1 and
Cong C C C B2 and
M1 Midpoint A1 Bl and
M2 Midpoint A2 B2and
CAlLeCC

shows Bet M1 C M2

(proof)

lemma [7-22-auz-R2:

assumes A2 # C and
Bet A1 C A2 and
Bet B1 C B2 and
Cong C A1 C B1 and
Cong C A2 C B2 and
M1 Midpoint A1 Bl and
M2 Midpoint A2 B2 and
C Al LeC A2

shows Bet M1 C M2

(proof )

lemma [7-22-auzx:

assumes Bet A1 C A2 and
Bet B1 C B2 and
Cong C A1 C Bl and
Cong C A2 C B2 and
M1 Midpoint A1 B1 and
M2 Midpoint A2 B2 and
C Al Le C A2

shows Bet M1 C M2

{proof)

lemma [7-22:

assumes Bet A1 C A2 and
Bet B1 C B2 and
Cong C A1 C B1 and
Cong C A2 C B2 and
M1 Midpoint A1 Bl and
M2 Midpoint A2 B2

shows Bet M1 C M2

(proof)

lemma bet-coll:
assumes Bet A B D and
Bet A C D
shows Col A B C

{proof)

lemma [7-25-R1:
assumes Cong C A C B and
Col A B C
shows 3 X. X Midpoint A B

{proof)

lemma [7-25-R2:
assumes Cong C A C B and

- Col ABC
shows 3 X. X Midpoint A B
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(proof )

lemma [7-25:
assumes Cong C A C B
shows 3 X. X Midpoint A B

(proof)

lemma midpoint-distinct-1:
assumes A # B and
I Midpoint A B
shows I # ANIT # B
(proof)

lemma midpoint-distinct-2:
assumes [ # A and
I Midpoint A B
shows A #BANI#B
(proof)

lemma midpoint-distinct-3:
assumes [ # B and
I Midpoint A B
shows A #BANI# A
(proof)

lemma midpoint-def:
assumes Bet A B C and
Cong A BB C
shows B Midpoint A C

{proof)

lemma midpoint-bet:
assumes B Midpoint A C
shows Bet A B C

{proof)

lemma midpoint-col:
assumes M Midpoint A B
shows Col M A B
(proof)

lemma midpoint-cong:
assumes B Midpoint A C
shows Cong A B B C

{proof)

lemma midpoint-out:
assumes A # C and
B Midpoint A C
shows A Out B C
(proof)

lemma midpoint-out-1:
assumes A # C and
B Midpoint A C
shows C Out A B
(proof)

lemma midpoint-not-midpoint:
assumes A # B and
I Midpoint A B
shows — B Midpoint A I
(proof)

lemma swap-diff:
assumes A # B
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shows B # A
(proof)

lemma cong-cong-half-1:
assumes M Midpoint A B and
M’ Midpoint A’ B’ and
Cong A BA' B’
shows Cong A M A" M’
(proof)

lemma cong-cong-half-2:
assumes M Midpoint A B and
M’ Midpoint A’ B’ and
Cong A B A’ B’
shows Cong B M B’ M’
(proof)

lemma cong-mid2--cong:
assumes M Midpoint A B and
M' Midpoint A" B and
Cong A M A" M’
shows Cong A B A’ B’
(proof)

lemma mid--lt:
assumes A # B and
M Midpoint A B
shows A M Lt A B
(proof)

lemma le-mid2--lel3:
assumes M Midpoint A B and
M’ Midpoint A’ B’ and
AMLe A’ M’
shows A BLe A’ B’

(proof)

lemma le-mid2--le12:
assumes M Midpoint A B and
M’ Midpoint A" B’
and A BLe A’ B’
shows A M Le A" M’

(proof)

lemma lt-mid2--1t13:
assumes M Midpoint A B and
M’ Midpoint A’ B’ and
AMLtA M’
shows A B Lt A’ B’

{proof)

lemma lt-mid2--1t12:
assumes M Midpoint A B and
M’ Midpoint A’ B’ and
ABLtA" B
shows A M Lt A" M’

{proof)

lemma midpoint-preserves-out:
assumes A Out B C and
M Midpoint A A’ and
M Midpoint B B’ and
M Midpoint C C'
shows A’ Out B’ C’
(proof)

36



lemma col-cong-bet:
assumes Col A B D and
Cong A B C D and
Bet ACB
shows Bet C A DV Bet C B D

(proof)

lemma col-cong2-bet1:
assumes Col A B D and
Bet A C B and
Cong A B C D and
Cong A CBD
shows Bet C B D
(proof )

lemma col-cong2-bet2:
assumes Col A B D and
Bet A C B and
Cong A B C D and
Cong ADBC
shows Bet C A D

(proof)

lemma col-cong2-bet3:
assumes Col A B D and
Bet A B C' and
Cong A B C D and
Cong A C B D
shows Bet B C' D

{proof)

lemma col-cong2-bet}:
assumes Col A B C and
Bet A B D and
Cong A B C D and
Cong ADBC
shows Bet B D C

(proof)

lemma col-bet2-cong1:
assumes Col A B D and
Bet A C B and
Cong A B C D and
Bet C B D
shows Cong A C D B

{proof)

lemma col-bet2-cong?2:
assumes Col A B D and
Bet A C B and
Cong A B C D and
Bet CA D
shows Cong D A B C

{proof)

lemma bet2-1t2--1t:
assumes Bet a Po b and
Bet A PO B and
Po a Lt PO A and
Po b Lt POB
shows a b Lt A B

(proof )
lemma bet2-1t-le--lt:

assumes Bet a Po b and
Bet A PO B and
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Cong Po a PO A and
Pob Lt PO B
shows a b Lt A B

{proof)

3.7 Orthogonality

lemma per-dec:
Per ABCV - Per ABC

(proof)

lemma [8-2:
assumes Per A B C
shows Per C B A

(proof )

lemma Per-cases:
assumes Per A BCV Per CB A
shows Per A B C

(proof)

lemma Per-perm :
assumes Per A B C
shows Per A BC N Per CB A

{proof)

lemma [8-3 :
assumes Per A B C and
A # B and
Col BA A’
shows Per A’ B C

{proof)

lemma [8-4:
assumes Per A B C and
B Midpoint C C’
shows Per A B C'
(proof)

lemma [8-5:
Per A BB

{proof)

lemma [8-6:
assumes Per A B C and
Per A’ B C and
Bet A C A’
shows B = ('

{proof)

lemma [8-7:
assumes Per A B C and
Per A CB
shows B = ('

(proof )

lemma [8-8:
assumes Per A B A
shows A = B

{proof)

lemma per-distinct:
assumes Per A B C and
A#B
shows A # C
(proof)
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lemma per-distinct-1:
assumes Per A B C' and
B#C
shows A # C
(proof)

lemma [8-9:
assumes Per A B C and
ColABC
shows A=BVvV C=B

{proof)

lemma [8-10:
assumes Per A B C and
A B C Cong3 A’ B’ C’
shows Per A’ B’ C’
(proof )

lemma col-col-per-per:
assumes A # X and
C # X and
Col U A X and
Col V C X and
Per A X C
shows Per U X V

{proof)

lemma perp-in-dec:
X PerpAt A BC DV = X PerpAt A B C D
(proof)

lemma perp-distinct:
assumes A B Perp C D
shows A # BN C # D

(proof)

lemma [8-12:
assumes X PerpAt A B C D
shows X PerpAt C D A B

(proof)

lemma per-col:
assumes B # C and
Per A B C and
Col BC D
shows Per A B D

{proof)

lemma [8-13-2:
assumes A # B and
C # D and
Col X A B and
Col X C D and
FU.FV.ClUABANCIAIVCDANU#*#XANV#XANPerUXYV
shows X PerpAt A B C D

(proof )

lemma [8-14-1:
- A BPerpAB
(proof)

lemma [8-14-2-1a:
assumes X PerpAt A B C D
shows A B Perp C D

(proof)
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lemma perp-in-distinct:
assumes X PerpAt A B C D
shows A # BN C # D

{proof)

lemma [8-14-2-1b:
assumes X PerpAt A B C D and
Col Y A B and
Col Y C D
shows X = Y

{proof)

lemma [8-14-2-1b-bis:
assumes A B Perp C D and
Col X A B and
Col X C D
shows X PerpAt A B C D

(proof)

lemma [8-14-2-2:
assumes A B Perp C D and
VY (COYABANCIYCD)— X=Y
shows X PerpAt A B C D

{proof)

lemma [8-14-3:
assumes X PerpAt A B C D and
Y PerpAt A B C D
shows X = Y

(proof)

lemma [8-15-1:
assumes Col A B X and
A B Perp C X
shows X PerpAt A B C X

{proof)

lemma [8-15-2:
assumes Col A B X and
X PerpAt A BC X
shows A B Perp C X

(proof)

lemma perp-in-per:
assumes B PerpAt A B B C
shows Per A B C

{proof)

lemma perp-sym:
assumes A B Perp A B
shows C D Perp C D

{proof)

lemma perp-col0:
assumes A B Perp C D and
X # Y and
Col A B X and
ColABY
shows C D Perp X Y

(proof )

lemma per-perp-in:
assumes A # B and
B # C and
Per A BC
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shows B PerpAt A B B C
(proof)

lemma per-perp:
assumes A # B and
B # C and
Per A BC
shows A B Perp B C

{proof)

lemma perp-left-comm:
assumes A B Perp C D
shows B A Perp C D

(proof)

lemma perp-right-comm:
assumes A B Perp C D
shows A B Perp D C

(proof)

lemma perp-comm:
assumes A B Perp C D
shows B A Perp D C

{proof)

lemma perp-in-sym:
assumes X PerpAt A B C D
shows X PerpAt C D A B

{proof)

lemma perp-in-left-comm:
assumes X PerpAt A B C D
shows X PerpAt BA C D

{proof)

lemma perp-in-right-comm:
assumes X PerpAt A B C D
shows X PerpAt A BD C

{proof)

lemma perp-in-comm:
assumes X PerpAt A B C D
shows X PerpAt BA D C

(proof)

lemma Perp-cases:

assumes A B Perp C DV B A Perp CDV A BPerp DCV BA PerpDCV CD Perp ABYV CD Perp BAV
D C Perp ABV D C PerpBA

shows A B Perp C' D

{proof)

lemma Perp-perm :

assumes A B Perp C D

shows A B Perp C DN B A Perp CDANABPerpDCANBAPerpDCANCDPerp ABANCDPerp BAANDZC
Perp ABAND C Perp BA

{proof)

lemma Perp-in-cases:

assumes X PerpAt A BC DV X PerpAt BA C DV X PerpAt A BD CV X PerpAt BA D CV X PerpAt C D A
BV X PerpAt C D B AV X PerpAt D C A BV X PerpAt D C B A

shows X PerpAt A B C D

(proof)
lemma Perp-in-perm:

assumes X PerpAt A B C D
shows X PerpAt A B C D N X PerpAt BA C D A X PerpAt A BD C N X PerpAt BA D C AN X PerpAt CD A B
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A X PerpAt C D B AN X PerpAt D C A BN X PerpAt D C B A
(proof)

lemma perp-in-col:
assumes X PerpAt A B C D
shows Col A BX A Col CD X

{proof)

lemma perp-perp-in:
assumes A B Perp C A
shows A PerpAt A BCA

{proof)

lemma perp-per-1:
assumes A B Perp C A
shows Per B A C

{proof)

lemma perp-per-2:
assumes A B Perp A C
shows Per B A C

(proof)

lemma perp-col:
assumes A # F and
A B Perp C'D and
Col ABE
shows A FE Perp C D

{proof)

lemma perp-col2:
assumes A B Perp X Y and
C # D and
Col A B C and
Col ABD
shows C D Perp X Y

{proof)

lemma perp-col4:

assumes P # () and

R # S and

Col A B P and

Col A B @ and

Col C D R and

Col C D S and

A B Perp C D
shows P QQ Perp R S

{proof)

lemma perp-not-eq-1:
assumes A B Perp C D
shows A # B

{proof)

lemma perp-not-eq-2:
assumes A B Perp C D
shows C # D

{proof)

lemma diff-per-diff:
assumes A # B and
Cong A P B R and
Per BAP
and Per A B R
shows P # R

(proof)
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lemma per-not-colp:
assumes A # B and
A # P and
B # R and
Per BA P
and Per A BR
shows = Col P A R

{proof)

lemma per-not-col:
assumes A # B and
B # C and
Per ABC
shows - Col A B C

(proof)

lemma perp-not-col2:
assumes A B Perp C D
shows = Col A BC VvV = Col A BD

{proof)

lemma perp-not-col:
assumes A B Perp P A
shows - Col A B P

(proof)

lemma perp-in-col-perp-in:
assumes C # F and
Col C D F and
P PerpAt A B CD
shows P PerpAt A BCE

(proof )

lemma perp-col2-bis:
assumes A B Perp C D and
Col C D P and
Col C D @ and
P#Q
shows A B Perp P Q)
(proof)

lemma perp-in-perp-bis-R1:
assumes X # A and
X PerpAt A BCD
shows X B Perp C DV A X Perp C D

{proof)

lemma perp-in-perp-bis:
assumes X PerpAt A B C D
shows X B Perp C DV A X Perp C D

(proof)

lemma col-per-perp:
assumes A # B and
B # C and

D # C and
Col B C D and
Per A BC

shows C D Perp A B

{proof)

lemma per-cong-mid-R1:
assumes B = H and
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Bet A B C and
Cong A H C H and
Per HB C

shows B Midpoint A C

{proof)

lemma per-cong-mid-R2:
assumes
B # C and
Bet A B C and
Cong A H C H and
Per HB C
shows B Midpoint A C

(proof)

lemma per-cong-mid:
assumes B # C and
Bet A B C and
Cong A H C H and
Per HB C
shows B Midpoint A C

(proof)

lemma per-double-cong:
assumes Per A B C' and
B Midpoint C C’
shows Cong A C A C'
(proof)

lemma cong-perp-or-mid-R1:
assumes Col A B X and
A # B and
M Midpoint A B and
Cong A X BX
shows X = MV - Col A BX AN M PerpAt X M A B

(proof)

lemma cong-perp-or-mid-R2:
assumes - Col A B X and
A # B and
M Midpoint A B and
Cong A XBX
shows X = MV -~ Col A BX N M PerpAt X M A B

(proof )

lemma cong-perp-or-mid:
assumes A # B and
M Midpoint A B and
Cong A X BX
shows X = M V - Col A BX AN M PerpAt X M A B

(proof)

lemma col-per2-cases:
assumes B # C and
B’ # C and
C # D and
Col B C D and
Per A B C and
Per A B' C
shows B=B'V - Col B'CD
(proof )

lemma [8-16-1:
assumes Col A B X and
Col A B U and
A B Perp C X
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shows = Col A BC AN Per CX U
(proof )

lemma [8-16-2:
assumes Col A B X and
ColABU
and U # X and
- Col A B C and
Per CX U
shows A B Perp C X

(proof)

lemma [8-18-uniqueness:
assumes
Col A B X and
A B Perp C' X and
Col A B'Y and

A BPerp CY
shows X = Y
(proof )

lemma midpoint-distinct:
assumes — Col A B C' and
Col A B X and
X Midpoint C C’
shows C # C’
(proof)

lemma [8-20-1-R1:
assumes A = B
shows Per B A P

{proof)

lemma [8-20-1-R2:
assumes A # B and
Per A B C and
P Midpoint C' D and
A Midpoint C' C' and
B Midpoint D C
shows Per BA P
(proof)

lemma [8-20-1:
assumes Per A B C and
P Midpoint C' D and
A Midpoint C' C and
B Midpoint D C
shows Per B A P
(proof)

lemma [8-20-2:
assumes P Midpoint C’' D and
A Midpoint C' C and
B Midpoint D C and
B#C
shows A # P
(proof)

lemma perp-coll:
assumes C # X and
A B Perp C D and
Col CD X
shows A B Perp C X

{proof)

lemma [8-18-existence:
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assumes — Col A B C
shows 3 X. Col A BX NA B Perp C X

(proof )

lemma [8-21-auzx:

assumes - Col A B C

shows 3 P.3 T. (A BPerp PAAN ColABTA Bet CTP)
(proof )

lemma [8-21:
assumes A # B
shows 3 PT. ABPerpPANColABTANBetCTP
(proof)

lemma per-cong:

assumes A # B and
A # P and
Per B A P and
Per A B R and
Cong A P B R and
Col A B X and
Bet PX R

shows Cong A R P B

(proof )

lemma perp-cong:

assumes A # B and
A # P and
A B Perp P A and
A B Perp R B and
Cong A P B R and
Col A B X and
Bet P X R

shows Cong A R P B

{proof)

lemma perp-exists:
assumes A # B
shows 3 X. PO X Perp A B

(proof )

lemma perp-vector:
assumes A # B
shows 3 X Y. A BPerp XY

{proof)

lemma midpoint-existence-aux:
assumes A # B and
A B Perp @ B and
A B Perp P A and
Col A B T and
Bet @ T P and
A PLeBQ@
shows 3 X. X Midpoint A B

(proof )

lemma midpoint-existence:
3 X. X Midpoint A B
(proof )

lemma perp-in-id:

assumes X PerpAt A B C A
shows X = A

{proof)

lemma [8-22:
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assumes A # B and

A # P and

Per B A P and

Per A B R and

Cong A P B R and

Col A B X and

Bet P X R and

Cong ARPB
shows X Midpoint A B N X Midpoint P R
(proof)

lemma [8-22-bis:
assumes A # B and
A # P and
A B Perp P A and
A B Perp R B and
Cong A P B R and
Col A B X and
Bet PX R
shows Cong A R P B AN X Midpoint A B N X Midpoint P R
(proof)

lemma perp-in-perp:
assumes X PerpAt A B C D
shows A B Perp C D

{proof)

lemma perp-proj:
assumes A B Perp C D and
- ColACD
shows 9 X. Col A BX N A X Perp C D
(proof)

lemma [8-2/ :

assumes P A Perp A B and
Q@ B Perp A B and
Col A B T and
Bet P T @ and
Bet B R () and
Cong APBR

shows 3 X. X Midpoint A B N X Midpoint P R

(proof )

lemma col-per2--per:
assumes A # B and
Col A B C and
Per A X P and
Per BX P
shows Per C X P

{proof)

lemma perp-in-per-1:
assumes X PerpAt A B C D
shows Per A X C

{proof)

lemma perp-in-per-2:
assumes X PerpAt A B C D
shows Per A X D

{proof)

lemma perp-in-per-3:
assumes X PerpAt A B C D
shows Per B X C

{proof)
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lemma perp-in-per-4:
assumes X PerpAt A B C D
shows Per B X D

{proof)

3.8 Planes
3.8.1 Coplanar

lemma coplanar-perm-1:
assumes Coplanar A B C D
shows Coplanar A B D C

(proof )

lemma coplanar-perm-2:
assumes Coplanar A B C D
shows Coplanar A C B D

(proof )

lemma coplanar-perm-3:
assumes Coplanar A B C D
shows Coplanar A C D B

(proof)

lemma coplanar-perm-4:
assumes Coplanar A B C D
shows Coplanar A D B C

(proof )

lemma coplanar-perm-5:
assumes Coplanar A B C D
shows Coplanar A D C B

(proof )

lemma coplanar-perm-6:
assumes Coplanar A B C D
shows Coplanar B A C D

(proof)

lemma coplanar-perm-7:
assumes Coplanar A B C D
shows Coplanar B A D C

(proof )

lemma coplanar-perm-8:
assumes Coplanar A B C D
shows Coplanar B C A D

(proof )

lemma coplanar-perm-9:
assumes Coplanar A B C D
shows Coplanar B C D A

(proof)

lemma coplanar-perm-10:
assumes Coplanar A B C D
shows Coplanar B D A C

(proof )

lemma coplanar-perm-11:
assumes Coplanar A B C D
shows Coplanar B D C A

(proof )

lemma coplanar-perm-12:
assumes Coplanar A B C D
shows Coplanar C A B D
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(proof )

lemma coplanar-perm-13:
assumes Coplanar A B C D
shows Coplanar C A D B

(proof)

lemma coplanar-perm-14:
assumes Coplanar A B C D
shows Coplanar C B A D

(proof)

lemma coplanar-perm-15:
assumes Coplanar A B C D
shows Coplanar C B D A

(proof )

lemma coplanar-perm-16:
assumes Coplanar A B C D
shows Coplanar C D A B

(proof )

lemma coplanar-perm-17:
assumes Coplanar A B C D
shows Coplanar C D B A

(proof)

lemma coplanar-perm-18:
assumes Coplanar A B C D
shows Coplanar D A B C

(proof )

lemma coplanar-perm-19:
assumes Coplanar A B C D
shows Coplanar D A C B

(proof )

lemma coplanar-perm-20:
assumes Coplanar A B C D
shows Coplanar D B A C

(proof)

lemma coplanar-perm-21:
assumes Coplanar A B C D
shows Coplanar D B C A

(proof )

lemma coplanar-perm-22:
assumes Coplanar A B C D
shows Coplanar D C A B

(proof )

lemma coplanar-perm-23:
assumes Coplanar A B C D
shows Coplanar D C B A

(proof )

lemma ncoplanar-perm-1:
assumes — Coplanar A B C D
shows — Coplanar A B D C

{proof)

lemma ncoplanar-perm-2:
assumes — Coplanar A B C D
shows — Coplanar A C B D

(proof)
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lemma ncoplanar-perm-3:
assumes — Coplanar A B C D
shows — Coplanar A C D B

{proof)

lemma ncoplanar-perm-4:
assumes — Coplanar A B C D
shows — Coplanar A D B C

{proof)

lemma ncoplanar-perm-5:
assumes — Coplanar A B C D
shows — Coplanar A D C B

{proof)

lemma ncoplanar-perm-6:
assumes — Coplanar A B C D
shows — Coplanar B A C D

{proof)

lemma ncoplanar-perm-7:
assumes — Coplanar A B C D
shows — Coplanar B A D C

{proof)

lemma ncoplanar-perm-8:
assumes — Coplanar A B C D
shows — Coplanar B C A D

{proof)

lemma ncoplanar-perm-9:
assumes — Coplanar A B C D
shows — Coplanar B C' D A

{proof)

lemma ncoplanar-perm-10:
assumes — Coplanar A B C D
shows — Coplanar B D A C

{proof)

lemma ncoplanar-perm-11:
assumes — Coplanar A B C D
shows - Coplanar B D C A

{proof)

lemma ncoplanar-perm-12:
assumes — Coplanar A B C D
shows — Coplanar C A B D

{proof)

lemma ncoplanar-perm-13:
assumes — Coplanar A B C D
shows — Coplanar C A D B

{proof)

lemma ncoplanar-perm-14:
assumes — Coplanar A B C D
shows — Coplanar C B A D

{proof)

lemma ncoplanar-perm-15:
assumes — Coplanar A B C D
shows — Coplanar C B D A

{proof)
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lemma ncoplanar-perm-16:
assumes — Coplanar A B C D
shows — Coplanar C D A B

{proof)

lemma ncoplanar-perm-17:
assumes — Coplanar A B C D
shows — Coplanar C D B A

{proof)

lemma ncoplanar-perm-18:
assumes — Coplanar A B C D
shows — Coplanar D A B C

{proof)

lemma ncoplanar-perm-19:
assumes — Coplanar A B C D
shows — Coplanar D A C B

(proof)

lemma ncoplanar-perm-20:
assumes — Coplanar A B C D
shows — Coplanar D B A C

{proof)

lemma ncoplanar-perm-21:
assumes — Coplanar A B C D
shows — Coplanar D B C' A

{proof)

lemma ncoplanar-perm-22:
assumes — Coplanar A B C D
shows — Coplanar D C A B

{proof)

lemma ncoplanar-perm-23:
assumes — Coplanar A B C D
shows — Coplanar D C B A

{proof)

lemma coplanar-trivial:
shows Coplanar A A B C

(proof)

lemma col--coplanar:
assumes Col A B C
shows Coplanar A B C D

{proof)

lemma ncop--ncol:
assumes — Coplanar A B C D
shows - Col A B C

{proof)

lemma ncop--ncols:
assumes — Coplanar A B C D
shows - Col A BC N—- ColABDAN-ColACDAN- ColBCD

{proof)

lemma bet--coplanar:
assumes Bet A B C
shows Coplanar A B C D

{proof)

lemma out--coplanar:
assumes A Out B C
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shows Coplanar A B C D
(proof)

lemma midpoint--coplanar:
assumes A Midpoint B C
shows Coplanar A B C D

{proof)

lemma perp--coplanar:
assumes A B Perp C D
shows Coplanar A B C' D

(proof )

lemma ts--coplanar:
assumes A B TS C D
shows Coplanar A B C D

{proof)

lemma reflectl--coplanar:
assumes A B ReflectL C D
shows Coplanar A B C D

(proof)

lemma refilect--coplanar:
assumes A B Reflect C D
shows Coplanar A B C' D

{proof)

lemma inangle--coplanar:
assumes A InAngle B C D
shows Coplanar A B C D

(proof)

lemma pars--coplanar:
assumes A B ParStrict C D
shows Coplanar A B C D

{proof)

lemma par--coplanar:
assumes A B Par C D
shows Coplanar A B C D

(proof)

lemma plg--coplanar:
assumes Plg A BC D
shows Coplanar A B C D

(proof )

lemma plgs--coplanar:
assumes ParallelogramStrict A B C' D
shows Coplanar A B C D

(proof)

lemma plgf--coplanar:
assumes ParallelogramFlat A B C D
shows Coplanar A B C D

{proof)

lemma parallelogram--coplanar:
assumes Parallelogram A B C D
shows Coplanar A B C' D

(proof)
lemma rhombus--coplanar:

assumes Rhombus A B C' D
shows Coplanar A B C D
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{proof)

lemma rectangle--coplanar:
assumes Rectangle A B C D
shows Coplanar A B C' D

(proof)

lemma square--coplanar:
assumes Square A B C D
shows Coplanar A B C D

{proof)

lemma lambert--coplanar:
assumes Lambert A B C D
shows Coplanar A B C D

(proof)

3.8.2 Planes

lemma ts-distincts:
assumes A B TS P Q
shows AABANA#PANA#QANB#PANB#QANP#Q
(proof )

lemma [9-2:
assumes A B TS P Q
shows A BTS Q P

{proof)

lemma invert-two-sides:
assumes A B TS P Q
shows BA TS P Q

{proof)

lemma [9-3:
assumes P Q TS A C and
Col M P @ and
M Midpoint A C and
Col R P @ and
R Out A B
shows P Q TS B C

(proof )

lemma mid-preserves-col:
assumes Col A B C and
M Midpoint A A’ and
M Midpoint B B’ and
M Midpoint C C'
shows Col A’ B’ C’
(proof)

lemma per-mid-per:
assumes
Per X A B and
M Midpoint A B and
M Midpoint X Y
shows Cong A X BY AN Per YBA
(proof)

lemma sym-preserve-diff:
assumes A # B and
M Midpoint A A" and
M Midpoint B B’
shows A'# B’
(proof)
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lemma [9-4-1-auz-R1:
assumes R = S and
S C Le R A and
PQTSAC and
Col R P Q and
P @ Perp A R and
Col S P @ and
P Q Perp C S and
M Midpoint R S
shows V U C'. M Midpoint U C' — (R Out U A +— S Out C C")
(proof)

lemma [9-4-1-auz-R21:
assumes R # S and
S C Le R A and
PQTSAC and
Col R P @ and
P @ Perp A R and
Col S P @ and
P @ Perp C'S and
M Midpoint R S
shows V U C'. M Midpoint U C' — (R Out U A +— S Out C C")
(proof)

lemma [9-4-1-auz:
assumes S C Le R A and
PQTSACand
Col R P (Q and
P @ Perp A R and
Col S P () and
P Q Perp C S and
M Midpoint R S
shows V U C'. (M Midpoint U C' — (R Out U A +— S Out C C"))
(proof)

lemma per-col-eq:
assumes Per A B C and
Col A B C and
B#C
shows A = B
(proof)

lemma [9-4-1:
assumes P Q TS A C and
Col R P Q and
P Q Perp A R and
Col S P () and
P @ Perp C S and
M Midpoint R S
shows V U C’. M Midpoint U C' — (R Out U A +— S Out C C")
(proof)

lemma mid-two-sides:
assumes M Midpoint A B and
- Col A B X and
M Midpoint X Y
shows A BTS X Y
(proof)

lemma col-preserves-two-sides:
assumes C # D and
Col A B C and
Col A B D and
ABTSXY
shows CD TS X Y
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(proof )

lemma out-out-two-sides:

assumes A # B and
ABTSXY and
ColI A B and
Coll X Y and
I Out X U and
IOutYV

shows A BTS UV

(proof)

lemma [9-4-2-auz-R1:

assumes R = S and
S C Le R A and
PQTSAC and
Col R P @ and
P @ Perp A R and
Col S P @ and
P @ Perp C'S and
R Out U A and
S Out VC

shows PQ TS UV

(proof )

lemma [9-4-2-auz-R2:

assumes R # S and
S C Le R Aand
PQTSACand
Col R P (Q and
P Q Perp A R and
Col S P @ and
P @ Perp C S and
R Out U A and
S Out VC

shows PQ TS UV

(proof )

lemma [9-4-2-auz:
assumes S C Le R A and
PQTSAC and
Col R P (Q and
P Q Perp A R and
Col S P () and
P @ Perp C' S and
R Out U A and
S Out VC
shows PQ TS UV

(proof)

lemma [9-4-2:

assumes P Q TS A C and
Col R P @ and
P @ Perp A R and
Col S P () and
P @ Perp C S and
R Out U A and
S Out VC

shows PQ TS UV

(proof )

lemma [9-5:
assumes P Q TS A C and
Col R P Q and
R Out A B
shows P Q TS B C
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(proof )

lemma outer-pasch-R1:
assumes Col P Q C and
Bet A C P and
Bet BQ C
shows 3 X. Bet A X BA Bet P QX

{proof)

lemma outer-pasch-R2:
assumes — Col P Q C' and
Bet A C P and
Bet BQ C
shows 3 X. Bet A X BN Bet P QX

(proof )

lemma outer-pasch:
assumes Bet A C' P and
Bet BQ C
shows 3 X. Bet A X BN Bet P QX

{proof)

lemma os-distincts:
assumes A BOS XY
shows A BNA##XNA%YANB#XANB#Y

{proof)

lemma invert-one-side:
assumes A B OS P Q
shows B A OS P Q

(proof )

lemma [9-8-1:
assumes P Q TS A C and
PQTSBC
shows P Q OS A B
(proof)

lemma not-two-sides-id:
shows -~ P Q TS A A
(proof)

lemma [9-8-2:
assumes P Q TS A C and
PQOSAB
shows P Q TS B C
(proof)

lemma [9-9:
assumes P Q TS A B
shows = P Q OS A B

(proof)

lemma [9-9-bis:
assumes P Q OS A B
shows -~ P Q TS A B

{proof)

lemma one-side-chara:
assumes P Q OS A B
showsV X. Col X PQ — — Bet A X B

(proof )

lemma [9-10:
assumes - Col A P Q
shows 3 C. PQ TS A C
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{proof)

lemma one-side-reflexivity:
assumes - Col A P Q
shows P Q OS A A

(proof)

lemma one-side-symmetry:
assumes P Q OS A B
shows P Q OS B A

{proof)

lemma one-side-transitivity:
assumes P Q OS A B and
PQOSBC
shows P Q OS A C
(proof)

lemma [9-17:
assumes P Q OS A C and
Bet A B C
shows P Q OS A B

(proof)

lemma [9-18-R1:
assumes Col X Y P and
Col A BP
and X YTS A B
shows Bet APBAN—-ColXYAAN—-ColXYDB

{proof)

lemma [9-18-R2:
assumes Col X Y P and
Col A B P and
Bet A P B and
- Col XY A and
- Col XYB
shows X Y TS A B

{proof)

lemma [9-18:
assumes Col X Y P and
Col A BP
shows X Y TS A B <+— (Bet APBAN-ColXYAAN- Col XY B)

{proof)

lemma [9-19-R1:
assumes Col X Y P and
Col A B P and
XYOSAB
shows P Out A BA—-Col XY A

(proof)

lemma [9-19-R2:
assumes Col X Y P and

P Out A B and
- Col XY A
shows X YOS A B

(proof )

lemma [9-19:
assumes Col X Y P and
Col A BP
shows X YOS A B<+— (P Out A BAN~- Col XY A)

(proof)
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lemma one-side-not-col123:
assumes A BOS XY
shows - Col A B X

{proof)

lemma one-side-not-col124:
assumes A BOS XY
shows - Col A BY

{proof)

lemma col-two-sides:
assumes Col A B C and
A # C and
ABTSPQ
shows A C TS P Q

{proof)

lemma col-one-side:
assumes Col A B C and
A # C and
ABOSPAQ
shows A C OS P @Q

(proof )

lemma out-out-one-side:
assumes A B OS X Y and
AOutYZ
shows A B OS X 7

(proof)

lemma out-one-side:
assumes - Col A BXV - Col A BY and
AOut XY
shows A BOS XY

{proof)

lemma bet--ts:
assumes A # Y and
- Col A B X and

Bet X AY
shows A BTSX Y
(proof )

lemma bet-ts--ts:
assumes A B TS X Y and
Bet XY 7
shows A BTS X Z

(proof )

lemma bet-ts--os:
assumes A B TS X Y and
Bet XY Z
shows A BOS Y Z

{proof)

lemma [9-31 :
assumes A X OS Y Z and
AZOSYX
shows A Y TS X 7

(proof )

lemma col123--nos:
assumes Col P Q A
shows = P Q OS A B



{proof)

lemma col124--nos:
assumes Col P Q B
shows - P Q OS A B

(proof)

lemma col2-0s--0s:
assumes C # D and
Col A B C and
Col A B D and
ABOSXY
shows CD OS XY

{proof)

lemma os-out-os:
assumes Col A B P and
A B OS CD and
P Out CC’
shows A B OS C' D

{proof)

lemma ts-ts-os:
assumes A B TS C D and
CDTSAB
shows A C OS B D

(proof )

lemma col-one-side-out:
assumes Col A X Y and
ABOSXY
shows A Out X Y

{proof)

lemma col-two-sides-bet:
assumes Col A X Y and
ABTSXY
shows Bet X A Y

{proof)

lemma o0s-ts1324--os:
assumes A X OS Y Z and
AYTSXZ
shows A Z0OS XY

(proof )

lemma ts2--ex-bet2:
assumes A C TS B D and
BDTSAC
shows 3 X. Bet A X C AN Bet BX D

(proof)

lemma out-one-side-1:
assumes — Col A B C and
Col A B X and
X Out CD
shows A B OS C D

{proof)

lemma out-two-sides-two-sides:
assumes
Col A B PX and
PX Out X P and
ABTSPY
shows A BTS XY

(proof)
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lemma [8-21-bis:
assumes X # Y and
- Col CAB
shows 3 P. Cong APXYANABPerpPANABTSCP

(proof)

lemma ts--ncol:
assumes A BTS X Y
shows - ColA XYV —-ColBXY

{proof)

lemma one-or-two-sides-auzx:
assumes — Col C' A B and
- Col D A B and
ColA CX
and Col BD X
shows A BTSCDV A BOSCD

(proof )

lemma cop--one-or-two-sides:
assumes Coplanar A B C D and
- Col C A B and
- ColDAB
shows A BTSCDV ABOSCD

(proof)

lemma os--coplanar:
assumes A B OS C' D
shows Coplanar A B C D

(proof )

lemma coplanar-trans-1:
assumes — Col P Q R and
Coplanar P Q R A and
Coplanar P Q R B
shows Coplanar Q R A B

(proof)

lemma col-cop--cop:
assumes Coplanar A B C D and
C # D and
Col CDE
shows Coplanar A B C E

(proof )

lemma bet-cop--cop:
assumes Coplanar A B C E and
Bet CDE
shows Coplanar A B C D

(proof)

lemma col2-cop--cop:
assumes Coplanar A B C D and
C # D and
Col C D F and
ColCDF
shows Coplanar A B E F

(proof )

lemma col-cop2--cop:
assumes U # V and
Coplanar A B C U and
Coplanar A B C 'V and
Col UV P
shows Coplanar A B C' P
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(proof )

lemma bet-cop2--cop:
assumes Coplanar A B C U and
Coplanar A B C W and

Bet UV W
shows Coplanar A B C' 'V
(proof)

lemma coplanar-pseudo-trans:
assumes — Col P Q R and
Coplanar P Q R A and
Coplanar P Q@ R B and
Coplanar P Q@ R C and
Coplanar P Q R D
shows Coplanar A B C D

(proof)

lemma [9-30:

assumes — Coplanar A B C P and
- Col D E F and
Coplanar D E F P and
Coplanar A B C' X and
Coplanar A B C' 'Y and
Coplanar A B C Z and
Coplanar D E F X and
Coplanar D E F' 'Y and
Coplanar D E F Z

shows Col X Y Z

(proof )

lemma cop-per2--col:
assumes Coplanar A X Y Z and
A # 7 and
Per X Z A and
PerYZ A
shows Col X Y 7

(proof)

lemma cop-perp2--col:
assumes Coplanar A B Y Z and
X Y Perp A B and
X Z Perp A B
shows Col X Y Z

(proof )

lemma two-sides-dec:
shows A BTSCDV - ABTSCD

(proof)

lemma cop-nts--os:
assumes Coplanar A B C D and
- Col C A B and
- Col D A B and
- ABTSCD
shows A B OS C D

{proof)

lemma cop-nos--ts:
assumes Coplanar A B C' D and
- Col C A B and
- Col D A B and
- ABOSCD
shows A B TS C D

{proof)



lemma one-side-dec:
ABOSCDYV-ABOSCD

{proof)

lemma cop-dec:
Coplanar A B C D V = Coplanar A B C D

{proof)

lemma ez-diff-cop:
3 E. Coplanar A BCEAND #E
(proof)

lemma ex-ncol-cop:
assumes D # E
shows 3 F. Coplanar A B CF AN - Col DEF

(proof )

lemma ex-ncol-cop2:
3 E F. (Coplanar A B C E A Coplanar A B C F A= Col D E F)

(proof)

lemma col2-cop2--eq:

assumes — Coplanar A B C U and
U # V and
Coplanar A B C P and
Coplanar A B C @ and
Col U V P and
Col UV Q

shows P = @

(proof )

lemma cong3-cop2--col:
assumes Coplanar A B C P and
Coplanar A B C @ and
P # @ and
Cong A P A @ and
Cong B P B @Q and
Cong C P C Q
shows Col A B C
(proof)

lemma [9-38:
assumes A B C TSP P @
shows A B C TSP Q P

{proof)

lemma [9-39:
assumes A B C TSP P R and
Coplanar A B C D and
D Out P Q
shows A B C TSP Q R

(proof )

lemma [9-41-1:
assumes A B C TSP P R and
ABCTSP QR
shows A B C OSP P @
(proof )

lemma [9-41-2:
assumes A B C TSP P R and
ABCOSPPQ
shows A BC TSP Q R

(proof)

lemma tsp-exists:
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assumes — Coplanar A B C P
shows 3 Q. A BC TSP P Q

(proof )

lemma osp-reflexivity:
assumes — Coplanar A B C P
shows A B C OSP P P

{proof)

lemma osp-symmetry:
assumes A B C OSP P @Q
shows A B C OSP Q P

{proof)

lemma osp-transitivity:
assumes A B C OSP P @) and
ABCOSP QR
shows A B C OSP P R

{proof)

lemma cop3-tsp--tsp:
assumes - Col D E F and
Coplanar A B C D and
Coplanar A B C F and
Coplanar A B C F and
ABCTSPPQ
shows D E F TSP P Q

(proof)

lemma cop3-osp--o0sp:
assumes - Col D E F and
Coplanar A B C D and
Coplanar A B C F and
Coplanar A B C F and
ABCOSPPQ
shows D EF OSP P Q

(proof)

lemma ncop-distincts:
assumes — Coplanar A B C D
shows AABANA#CANA#DANB#CANB#*#DANC#D

(proof)

lemma tsp-distincts:
assumes A B C TSP P @
shows AZBANA#ACAB#CANA#PANB#PANCH#PANA#XQAB##QNCH#QANPH#Q

(proof )

lemma osp-distincts:
assumes A B C OSP P Q
shows AZBANA#ZCAB#CANA#PANB#PANC#PANA#QANB#QANCH#Q

{proof)

lemma tsp--ncopi:
assumes A B C TSP P @
shows — Coplanar A B C P

{proof)

lemma tsp--ncop2:
assumes A B C TSP P @
shows — Coplanar A B C @Q

{proof)

lemma osp--ncop!:
assumes A B C OSP P @Q
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shows — Coplanar A B C P
(proof)

lemma osp--ncop2:
assumes A B C OSP P @Q
shows — Coplanar A B C Q

{proof)

lemma tsp--nosp:
assumes A B C TSP P @
shows — A B C OSP P Q

{proof)

lemma osp--ntsp:
assumes A B C OSP P Q
shows = A BC TSP P @

{proof)

lemma osp-bet--osp:
assumes A B C OSP P R and
Bet P QR
shows A B C OSP P @

(proof)

lemma [9-18-3:
assumes Coplanar A B C P and
ColX Y P
shows A BC TSP XY «— (Bet X PY A = Coplanar A B C X A = Coplanar A B C'Y)

{proof)

lemma bet-cop--tsp:
assumes — Coplanar A B C X and
P # Y and
Coplanar A B C P and
Bet X PY
shows A BCTSPXY

{proof)

lemma cop-out--osp:
assumes — Coplanar A B C X and
Coplanar A B C P and
POut XY
shows A BC OSP X Y

(proof)

lemma [9-19-3:
assumes Coplanar A B C P and
Col X Y P
shows A BCOSP XY <— (P Out X Y A = Coplanar A B C X)

{proof)

lemma cop2-ts--tsp:
assumes — Coplanar A B C X and Coplanar A B C D and
Coplanar ABCFEand DETS XY
shows A BCTSPXY

(proof )

lemma cop2-0s--0sp:
assumes — Coplanar A B C X and
Coplanar A B C D and
Coplanar A B C F and
DEOSXY
shows A BC OSP XY

(proof)

lemma cop3-tsp--ts:
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assumes D # E and
Coplanar A B C D and
Coplanar A B C E and
Coplanar D E X Y and
ABCTSPXY

shows DETS X Y

{proof)

lemma cop3-osp--os:
assumes D # E and
Coplanar A B C D and
Coplanar A B C E and
Coplanar D E X Y and
ABCOSPXY
shows D E OS X Y

(proof)

lemma cop-tsp--ex-cop2:
assumes
ABCTSPDE
shows 3 Q. (Coplanar A B C Q A Coplanar D EP Q N P # Q)
(proof)

lemma cop-osp--ezx-cop2:
assumes Coplanar A B C P and
ABCOSPDE
shows 3 Q. Coplanar A B C Q N Coplanar D EP Q N P # Q
(proof)

lemma sac--coplanar:
assumes Saccheri A B C D
shows Coplanar A B C D

{proof)

3.9 Line reflexivity
3.9.1 Dimensionless

lemma Ch10-Goall:
assumes — Coplanar D C B A
shows — Coplanar A B C D

{proof)

lemma ez-sym:
FY (ABPerp XYV X=Y)AN (3 M. Col A BM AN M Midpoint X Y)
(proof)

lemma is-image-is-image-spec:
assumes A # B
shows P’ P Reflect A B <+ P' P ReflectL A B

{proof)

lemma ez-sym1:

assumes A # B

shows 3 Y. (ABPerp XYV X=Y)A (3 M. Col A BM AN M Midpoint XY N X Y Reflect A B)
(proof)

lemma [10-2-uniqueness:
assumes PI P Reflect A B and
P2 P Reflect A B
shows P1 = P2

(proof)

lemma [10-2-uniqueness-spec:
assumes PI P ReflectL A B and
P2 P ReflectL A B
shows PI1 = P2
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(proof )

lemma [10-2-existence-spec:
3 P'. P' P ReflectL A B
(proof)

lemma [10-2-existence:
3 P'. P' P Reflect A B

{proof)

lemma [10-4-spec:
assumes P P’ ReflectL A B
shows P’ P ReflectL A B

(proof)

lemma [10-4:
assumes P P’ Reflect A B
shows P’ P Reflect A B

(proof)

lemma [10-5:
assumes P’ P Reflect A B and
P" P’ Reflect A B
shows P = P"
(proof)

lemma [10-6-uniqueness:
assumes P P1 Reflect A B and
P P2 Reflect A B
shows P1 = P2

(proof)

lemma [10-6-uniqueness-spec:
assumes P P1 ReflectL A B and
P P2 RefilectL A B
shows P1 = P2

{proof)

lemma [10-6-existence-spec:
assumes A # B
shows 3 P. P’ P ReflectL A B

(proof)

lemma [10-6-existence:
3 P. P’ P Reflect A B

{proof)

lemma [10-7:
assumes P’ P Reflect A B and
Q' Q Reflect A B and
P/ — Q/
shows P = @
(proof )

lemma [10-8:
assumes P P Reflect A B
shows Col P A B

{proof)

lemma col--refi:
assumes Col P A B
shows P P ReflectL A B

{proof)

lemma is-image-col-cong:
assumes A # B and
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P P’ Reflect A B and
Col ABX
shows Cong P X P' X

(proof )

lemma is-image-spec-col-cong:
assumes P P’ ReflectL A B and
Col A BX
shows Cong P X P’ X

{proof)

lemma image-id:
assumes A # B and
Col A B T and
T T' Reflect A B
shows T' = T’

{proof)

lemma osym-not-col:
assumes P P’ Reflect A B and
- Col A BP
shows — Col A B P’

{proof)

lemma midpoint-preserves-image:
assumes A # B and
Col A B M and
P P’ Reflect A B and
M Midpoint P @) and
M Midpoint P’ Q'
shows Q Q' Reflect A B
(proof)

lemma image-in-is-image-spec:
assumes M ReflectLAt P P' A B
shows P P’ ReflectL A B

(proof )

lemma image-in-gen-is-image:
assumes M ReflectAt P P' A B
shows P P’ Reflect A B

(proof)

lemma image-image-in:
assumes P # P’ and
P P’ ReflectL A B and
Col A B M and
Col P M P’
shows M ReflectLAt P P' A B

(proof )

lemma image-in-col:
assumes Y ReflectLAt P P' A B
shows Col PP’ Y

{proof)

lemma is-image-spec-rev:
assumes P P’ ReflectL A B
shows P P’ ReflectL B A

(proof )

lemma is-image-rev:
assumes P P’ Reflect A B
shows P P’ Reflect B A

{proof)
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lemma midpoint-preserves-per:
assumes Per A B C' and
M Midpoint A A1 and
M Midpoint B B1 and
M Midpoint C C1
shows Per A1 B1 C1
(proof)

lemma col--image-spec:
assumes Col A B X
shows X X ReflectL A B

{proof)

lemma image-triv:
A A Reflect A B
(proof)

lemma cong-midpoint--image:
assumes Cong A X A Y and
B Midpoint X Y
shows Y X Reflect A B
(proof)

lemma col-image-spec--eq:
assumes Col A B P and
P P’ ReflectL A B
shows P = P’

{proof)

lemma image-spec-triv:
A A ReflectL B B
(proof)

lemma image-spec--eq:
assumes P P’ ReflectL A A
shows P = P’

(proof)

lemma image--midpoint:
assumes P P’ Reflect A A
shows A Midpoint P’ P

(proof)

lemma is-image-spec-dec:
A B ReflectL C DV -~ A B RefilectL, C D
(proof)

lemma [10-14:
assumes P # P’ and
A # B and
P P’ Reflect A B
shows A B TS P P’

(proof )

lemma [10-15:
assumes Col A B C and
- Col ABP

shows 3 Q. A B Perp Q CNABOSPQ

(proof )

lemma ez-per-cong:
assumes A # B and
X # Y and
Col A B C and
- ColABD
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shows 3 P. Per PC AN CongPCXY NABOSPD
(proof)

lemma ezists-cong-per:
3 C.Per ABCACongBCXY

(proof)

3.9.2 Upper dim 2

lemma upper-dim-implies-per2--col:
assumes upper-dim-axiom
showsV A BCX. (PerAXCANX#CANPerBXC)— ColABX

(proof )

lemma upper-dim-implies-col-perp2--col:
assumes upper-dim-axiom
showsVY A BXYP. (ColABPANABPerp XPANPAPerpYP)— ColYXP

(proof)

lemma upper-dim-implies-perp2--col:
assumes upper-dim-axiom
showsV XY ZAB. (XY Perp ABANXZPerpAB)— ColXYZ

(proof )

lemma upper-dim-implies-not-two-sides-one-side-aux:

assumes upper-dim-axiom

showsV A BXYPX. (A#ZBANPX#ANABPerp XPXANColABPXAN—-ColXABAN-ColYABA-=
ABTSXY)— ABOSXY

(proof )

lemma upper-dim-implies-not-two-sides-one-side:
assumes upper-dim-axiom
showsV ABXY.(wCodXABAN-CollYABAN-ABTSXY)—ABOSXY

(proof )

lemma upper-dim-implies-not-one-side-two-sides:
assumes upper-dim-axiom
showsV ABXY.(wCodXABAN-CollYABAN-ABOSXY)—ABTSXY

{proof)

lemma upper-dim-implies-one-or-two-sides:
assumes upper-dim-axiom
showsV ABXY. (-~ CodXABAN-CollYAB)— (ABTSXYVABOSXY)

{proof)

lemma upper-dim-implies-all-coplanar:
assumes upper-dim-axiom
shows all-coplanar-axiom

{proof)

lemma all-coplanar-implies-upper-dim:
assumes all-coplanar-azxiom
shows upper-dim-axiom
(proof )

lemma all-coplanar-upper-dim:
shows all-coplanar-axiom <— upper-dim-aziom

{proof)

lemma upper-dim-stab:
shows — = upper-dim-aziom — upper-dim-aziom (proof)

lemma cop--cong-on-bissect:
assumes Coplanar A B X P and
M Midpoint A B and
M PerpAt A B P M and
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Cong X A X B
shows Col M P X

(proof )

lemma cong-cop-mid-perp--col:
assumes Coplanar A B X P and
Cong A X B X and
M Midpoint A B and
A B Perp P M
shows Col M P X

(proof)

lemma cop-image-in2--col:
assumes Coplanar A B P Q and
M ReflectLAt P P A B and
M ReflectLAt Q Q' A B
shows Col M P Q

(proof )

lemma [10-10-spec:
assumes P’ P ReflectL A B and
Q' Q ReflectL A B
shows Cong P Q P’ Q'
(proof)

lemma [10-10:
assumes P’ P Reflect A B and
Q' Q Reflect A B
shows Cong P Q P’ Q'
(proof)

lemma image-preserves-bet:
assumes A A’ Reflectl X Y and
B B’ ReflectL X Y and
C C' ReflectL X Y and
Bet A B C
shows Bet A’ B’ C'

(proof)

lemma image-gen-preserves-bet:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
C C' Reflect X Y and
Bet A B C
shows Bet A’ B’ C'

(proof )

lemma image-preserves-col:
assumes A A’ ReflectL X Y and
B B’ Reflectl, X Y and
C C' ReflectL X Y and
Col A BC
shows Col A’ B’ C' {proof)

lemma image-gen-preserves-col:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
C C' Reflect X Y and
Col A B C
shows Col A’ B’ C’

{proof)

lemma image-gen-preserves-ncol:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
C C' Reflect X Y and
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- Col ABC
shows -~ Col A’ B’ C’

{proof)

lemma image-gen-preserves-inter:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
C C' Reflect X Y and
D D’ Reflect X Y and
- Col A B C and
C +# D and
Col A B I and
Col C D I and
Col A’ B’ I and
ColC'D'I'
shows I I’ Reflect X Y
(proof )

lemma intersection-with-image-gen:
assumes A A’ Reflect X Y and
B B’ Reflect X Y and
- Col A B A" and
Col A B C' and
Col A’ B' C
shows Col C X Y
(proof)

lemma image-preserves-midpoint :
assumes A A’ ReflectL X Y and
B B’ Reflectl, X Y and
C C' ReflectL X Y and
A Midpoint B C
shows A’ Midpoint B’ C’
(proof)

lemma image-spec-preserves-per:
assumes A A’ ReflectL X Y and
B B’ ReflectL X Y and
C C' ReflectL X Y and
Per A BC
shows Per A’ B’ C’

(proof )

lemma image-preserves-per:
assumes A A’ Reflect X Y and
B B’ Reflect X Yand
C C' Reflect X Y and
Per A BC
shows Per A’ B’ C’

(proof )

lemma [10-12:
assumes Per A B C and
Per A’ B’ C' and
Cong A B A’ B’ and
Cong B C B' C'
shows Cong A C A’ C'
(proof)

lemma [10-16:
assumes — Col A B C and
- Col A’ B’ P and
Cong A BA' B’
shows 3 C'. A B C Cong8 A’ B C'NA"B"OS P C’
(proof )
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lemma cong-cop-image--col:
assumes P # P’ and
P P’ Reflect A B and
Cong P X P’ X and
Coplanar A B P X
shows Col A B X

(proof )

lemma cong-cop-per2-1:
assumes A # B and
Per A B X and
Per A B'Y and
Cong B X BY and
Coplanar A BX Y
shows X = Y V B Midpoint X Y

(proof)

lemma cong-cop-per2:
assumes A # B and
Per A B X and
Per A B'Y and
Cong B X B'Y and
Coplanar A BX Y
shows X = Y V X Y ReflectL A B

(proof )

lemma cong-cop-per2-gen:
assumes A # B and
Per A B X and
Per A B'Y and
Cong B X B'Y and
Coplanar A BX Y
shows X = Y V X Y Reflect A B

(proof )

lemma ez-perp-cop:
assumes A # B
shows 3 Q. A B Perp Q C N Coplanar A B P Q

(proof )

lemma hilbert-s-version-of-pasch-aux:
assumes Coplanar A B C P and
- Col A IP and
- Col B C P and
Bet B 1 (C and
B # I and
I # C and
B#C
shows 3 X. ColIPX AN (Bt AXBANA#XANX#BANA#B) VBt AXCNA#XANX#CNAFCQ))
(proof )

lemma hilbert-s-version-of-pasch:
assumes Coplanar A B C P and
- Col C @ P and
- Col A B P and
BetS A Q B
shows 3 X. Col P Q X A (BetS A X C V BetS B X C)

(proof )

lemma two-sides-cases:
assumes — Col PO A B and
PO P OSAB
shows POATSPBY POBTSPA

{proof)

lemma not-par-two-sides:
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assumes C # D and

Col A B I and

Col C D I and

- ColABC

shows 3 X Y. Col CDX ANCollCDYANABTSXY

(proof)

lemma cop-not-par-other-side:

assumes C # D and
Col A B I and
Col C D I and
- Col A B C and
- Col A B P and
Coplanar A B C P

shows 3 Q. ColCD QAN ABTSPQ

(proof )

lemma cop-not-par-same-side:

assumes C # D and
Col A B I and
Col C D I and
- Col A B C and
- Col A B P and
Coplanar A B C P

shows 4 Q. Col CD QN ABOSPQ

(proof )

end

3.9.3 Line reflexivity: 2D
context Tarski-2D

begin

lemma all-coplanar:
Coplanar A B C' D

(proof )

lemma per2--col:
assumes Per A X C and
X # C and
Per BX C
shows Col A B X

{proof)

lemma perp2--col:
assumes X Y Perp A B and
X Z Perp A B
shows Col X Y 7

(proof )
end

3.10 Angles

3.10.1 Some generalites
context Tarski-neutral-dimensionless
begin

lemma [11-3:
assumes A B C CongA D E F
shows 3 A’ C'D'F'. BOut A’ ANBOut CC'ANEOutD'DANEOut FF' ANA"BC' Cong3 D' EF’'

(proof )
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lemma [11-aux:

assumes B Out A A’ and
E Out D D' and
Cong B A" E D' and
Bet B A A0 and
Bet ED DO and
Cong A A0 E D and
Cong D DO B A

shows Cong B A0 E DO A Cong A" A0 D' DO

(proof )

lemma [11-3-bis:
assumes 3 A’ C' D' F'. (BOut A" ANBOut C'CANEOutD' DANEOutF' FAA BC’ Congsg D' E F')
shows A B C CongA D E F

(proof )

lemma [11-4-1:
assumes A B C CongA D E F and

B Out A" A and
B Out ¢’ C and
E Out D' D and
E Out F' F and
Cong B A" E D'and Cong B C' E F’'
shows Cong A’ C' D' F’
(proof)

lemma [11-4-2:
assumes A # B and
C # B and
D # FE and
F # E and
VA" C'D'F'. (BOut A’ ANBOutC' CANEOutD DANEOutF' FA CongBA"ED'A Cong BC'EF' —
Cong A’ C' D' F)
shows A B C CongA D E F
(proof)

lemma conga-refi:
assumes A # B and
C+#B
shows A B C CongA A B C
(proof)

lemma conga-sym:
assumes A B C CongA A’ B' C’'
shows A’ B’ ¢’/ CongA A B C

(proof )

lemma [11-10:
assumes A B C CongA D E F and
B Out A’ A and
B Out C' C and
E Out D' D and
EOutF'F
shows A’ B C' CongA D' E F’
(proof)

lemma out2--conga:
assumes B Out A’ A and
B Out C' C
shows A B C CongA A’ B C’
(proof)

lemma cong3-diff:

assumes A # B and
A B C Cong3 A’ B' C’
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shows A’ # B’
(proof)

lemma cong3-diff2:
assumes B # C and
A B C Cong3 A’ B' C’
shows B’ # C’
(proof)

lemma cong3-conga:
assumes A # B and
C # B and
A B C Cong3 A’ B’ C’
shows A B C CongA A’ B’ C’
(proof)

lemma cong8-conga2:
assumes A B C Cong3 A’ B’ C' and
A B C CongA A" B" C"
shows A’ B’ C' CongA A" B" C"
(proof)

lemma conga-diff1:
assumes A B C CongA A’ B' C’'
shows A # B

{proof)

lemma conga-diff2:
assumes A B C CongA A’ B’ C’
shows C # B

(proof)

lemma conga-diff45:
assumes A B C CongA A’ B’ ¢’
shows A’ # B’

(proof)

lemma conga-diff56:
assumes A B C CongA A’ B' C’'
shows C' # B’

(proof)

lemma conga-trans:
assumes A B C CongA A’ B’ C' and
A’ B' C' CongA A” B" C"
shows A B C CongA A" B" C"'
(proof)

lemma conga-pseudo-refi:
assumes A # B and
C#B
shows A B C CongA C B A
(proof)

lemma conga-trivial-1:
assumes A # B and
C#D
shows A B A CongA C D C
(proof)

lemma [11-13:
assumes A B C CongA D E F and
Bet A B A’ and
A'# B and
Bet D E D’ and
D'+ E
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shows A’ B C CongA D' E F
(proof)

lemma conga-right-comm:
assumes A B C CongA D E F
shows A B C CongA F E D

{proof)

lemma conga-left-comm:
assumes A B C CongA D E F
shows C B A CongA D EF

{proof)

lemma conga-comm:
assumes A B C CongA D E F
shows C B A CongA F E D

{proof)

lemma conga-line:
assumes A # B and
B # C and
A’ # B’ and
B’ # C'
and Bet A B C' and
Bet A’ B’ C”’
shows A B C CongA A’ B’ C’
(proof)

lemma [11-1}:
assumes Bet A B A’ and
A # B and
A’ # B and
Bet C B C' and
B # C and
B#C'
shows A B C CongA A’ B C'
(proof)

lemma [11-16:
assumes Per A B C and
A # B and
C # B and
Per A’ B’ C' and
A'# B’ and
C/# B/
shows A B C CongA A’ B’ C’
(proof )

lemma [11-17:
assumes Per A B C and
A B C CongA A’ B' C'
shows Per A’ B’ C'
(proof )

lemma [11-18-1:
assumes Bet ' B D and
B # C and
B # D and
A # B and
Per A BC
shows A B C CongA A B D

(proof )
lemma [11-18-2:

assumes Bet ' B D and
A B C CongA A BD
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shows Per A B C
(proof )

lemma cong3-preserves-out:
assumes A Out B C and
A B C Cong3 A’ B’ C'
shows A’ Out B’ C’
(proof )

lemma [11-21-a:
assumes B Out A C and
A B C CongA A’ B' C'
shows B’ Out A’ C’
(proof )

lemma [11-21-b:
assumes B Out A C and
B’ Out A’ C'
shows A B C CongA A’ B’ C’
(proof )

lemma conga-cop--or-out-ts:
assumes Coplanar A B C C’ and
A B C CongA A B C'
shows B Out C C'Vv A B TS C C’

(proof)

lemma conga-os--out:
assumes A B C CongA A B C’ and
ABOSCC
shows B Out C C’

{proof)

lemma cong2-conga-cong:
assumes A B C CongA A’ B’ C' and
Cong A B A’ B" and
Cong B C B’ C’
shows Cong A C A’ C’
(proof)

lemma angle-construction-1:
assumes - Col A B C and
- Col A" B' P
shows 3 C'. (A B C CongA A’ B' C' N A’ B’ OS C' P)
(proof)

lemma angle-construction-2:
assumes A # B and
B # C and
- Col A’ B' P
shows 3 C'. (A B C CongA A’ B" C' A (A’ B’ OS C' PV Col A’ B' C"))
(proof)

lemma ez-conga-ts:
assumes - Col A B C and
- Col A’ B' P
shows 3 C'. A B C CongA A’ B"C'ANA"B'TSC' P
(proof)

lemma [11-15:
assumes — Col A B C and
- Col DEP
shows
3 F.(ABCCongADEFANEDOSFP)A
(V F1 F2. (A B C CongA DEF1 NEDOSF1P)A
(A B C CongA D EF2ANED OSF2P))
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— E Out F1 F2)
(proof)

lemma [11-19:
assumes Per A B P1 and
Per A B P2 and
A B OS P1 P2
shows B Out P1 P2

(proof )

lemma [11-22-bet:
assumes Bet A B C and
P'B' TS A’ C' and
A B P CongA A’ B’ P! and
P B C CongA P' B' C’
shows Bet A’ B’ C'
(proof)

lemma [11-22a:
assumes B P TS A C and
B'P' TS A’ C' and
A B P CongA A’ B' P’ and
P B C CongA P' B' C’
shows A B C CongA A’ B' C’
(proof)

lemma [11-22b:
assumes B P OS A C and
B’ P' OS A’ ¢’ and
A B P CongA A’ B’ P' and
P B C CongA P’ B’ C'
shows A B C CongA A’ B’ C’
{proof)

lemma [11-22:
assumes (BP TSA CAB' ' P'TSA' C)V(BP OSACAB' P'0OSA'C') and
A B P CongA A’ B" P’ and
P B C CongA P' B' C’
shows A B C CongA A’ B' C’'
(proof)

lemma [11-2:
assumes P InAngle A B C
shows P InAngle C B A

{proof)

lemma col-in-angle:
assumes A # B and
C # B and
P # B and
B Out APV BOut CP
shows P InAngle A B C

{proof)

lemma out321--inangle:
assumes C # B and
B Out AP
shows P InAngle A B C

{proof)

lemma inangle1123:
assumes A # B and
C#B
shows A InAngle A B C
(proof)

78



lemma out341--inangle:
assumes A # B and
B Out CP
shows P InAngle A B C

{proof)

lemma inangle3123:
assumes A # B and
C#B
shows C InAngle A B C
(proof)

lemma in-angle-two-sides:
assumes — Col B A P and
- Col B C P and
P InAngle A B C
shows PB TS A C

{proof)

lemma in-angle-out:
assumes B Out A C and

P InAngle A B C

shows B Out A P

{proof)

lemma col-in-angle-out:
assumes Col B A P and
- Bet A B C and
P InAngle A B C
shows B Out A P

(proof )

lemma [11-25-auzx:
assumes P InAngle A B C and
- Bet A B C and
B Out A" A
shows P InAngle A’ B C
(proof)

lemma [11-25:
assumes P InAngle A B C and
B Out A’ A and
B Out C' C and

B Out P' P
shows P’ InAngle A’ B C’
(proof )

lemma inangle-distincts:
assumes P InAngle A B C
shows A # BANC# BAP#B

(proof)

lemma segment-construction-0:
shows 3 B’. Cong A’ B’ A B
(proof)

lemma angle-construction-3:
assumes A # B and
C # B and
A"+ B’
shows 3 C’. A B C CongA A’ B’ C’
(proof)

lemma [11-28:
assumes A B C Cong3 A’ B’ C' and
Col A C D
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shows 3 D'. (Cong A D A’ D' A Cong BD B'" D' A Cong C D C' D)
(proof)

lemma bet-conga--bet:
assumes Bet A B C and
A B C CongA A’ B' C'
shows Bet A’ B’ ¢’
(proof)

lemma in-angle-one-side:
assumes — Col A B C' and
- Col B A P and
P InAngle A B C
shows A B OS P C

(proof )

lemma inangle-one-side:
assumes - Col A B C and
- Col A B P and
- Col A B Q and
P InAngle A B C and
Q InAngle A B C
shows A B OS P Q

{proof)

lemma inangle-one-side2:

assumes - Col A B C and
- Col A B P and
- Col A B Q and
- Col C' B P and
- Col C B @ and
P InAngle A B C' and
Q InAngle A B C

shows A BOSPQANCBOSPQ

{proof)

lemma col-conga-col:
assumes Col A B C and
A BC CongADEF
shows Col D E F

(proof)

lemma ncol-conga-ncol:
assumes — Col A B C and
A BCCongADEF
shows - Col D E F

{proof)

lemma angle-construction-4:
assumes A # B and
C # B and
A"+ B’
shows 3C’. (A B C CongA A’ B C' A Coplanar A’ B’ C' P)
(proof)

lemma lea-distincts:
assumes A B C LeA D EF
shows A#AB AN C#B N D#E N F£E

{proof)

lemma [11-29-a:
assumes A B C LeA DEF
shows 3 Q. (C InAngle A BQ AN A B Q CongA DEF)

(proof)

lemma in-angle-line:
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assumes P # B and
A # B and
C # B and
Bet ABC
shows P InAngle A B C

(proof)

lemma [11-29-b:
assumes 3 Q. (C InAngle A B QAN A B Q CongA D EF)
shows A BCLeADEF

(proof)

lemma bet-in-angle-bet:
assumes Bet A B P and
P InAngle A B C
shows Bet A B C

{proof)

lemma lea-line:
assumes Bet A B P and
A BPLeAABC
shows Bet A B C

{proof)

lemma eq-conga-out:
assumes A B A CongA D EF
shows F Out D F

(proof)

lemma out-conga-out:
assumes B Out A C' and
A BC CongADEF
shows F Out D F

{proof)

lemma conga-ex-cong3:
assumes A B C CongA A’ B’ C'
shows 3 AA CC. ((B Out A AA A B Out C CC) — AA B CC Cong3 A’ B’ C”)

{proof)

lemma conga-preserves-in-angle:
assumes A B C CongA A’ B’ C' and
A B1I CongA A’ B’ I’ and
I InAngle A B C and A’ B’ OS1' C’
shows I’ InAngle A’ B’ C'
(proof)

lemma [11-30:
assumes A B C LeA D E F and
A B C CongA A’ B’ C' and
D EF CongA D' E' F’
shows A’ B’ C' LeA D' E' F’
(proof )

lemma [11-31-1:
assumes B Out A C and
D # FE and
F#F
shows A BCLeADEF
(proof)

lemma [11-31-2:
assumes A # B and
C # B and
D # FE and
F # E and
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Bet D EF
shows A BCLeA DEF

{proof)

lemma lea-refi:
assumes A # B and
C#B
shows A B C LeA A BC
(proof)

lemma conga--lea:
assumes A B C CongA D E F
shows A BCLeADEF

{proof)

lemma conga--lea}56123:
assumes A B C CongA D E F
shows D E F LeA A B C

(proof)

lemma lea-left-comm:
assumes A BC LeA D EF
shows C BA LeADEF

{proof)

lemma lea-right-comm:
assumes A B C LeA DEF
shows A B C LeA F ED

{proof)

lemma lea-comm:
assumesA B C LeA D E F
shows C B A LeA FED

{proof)

lemma lta-left-comm:
assumes A BCLtA D EF
shows C BALtADEF

{proof)

lemma lta-right-comm:
assumes A BCLtA D E F
shows A BC LtA F E D

(proof)

lemma lta-comm:
assumes A BC LtA DEF
shows C B A LtA F ED

(proof)

lemma lea-outj--lea:
assumes A B C LeA D E F and
B Out A A" and
B Out C C’' and
E Out D D’ and
E Out F F'
shows A’ B C' LeA D' E F'

{proof)

lemma lea121345:
assumes A # B and
C # D and
D#FE
shows A BA LeA CDE
(proof)
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lemma inangle--lea:
assumes P InAngle A B C
shows A BP LeA A BC

{proof)

lemma inangle--lea-1:
assumes P InAngle A B C
shows P B C LeA A B C

{proof)

lemma inangle--lta:
assumes — Col P B C and
P InAngle A B C
shows A BP LtA A B C

(proof)

lemma in-angle-trans:
assumes C InAngle A B D and
D InAngle A B E
shows C InAngle A B E

(proof )

lemma lea-trans:
assumes A B C LeA A1 B1 C1 and
Al B1 C1 LeA A2 B2 C2
shows A B C LeA A2 B2 C2

(proof )

lemma in-angle-asym:
assumes D InAngle A B C and
C InAngle A B D
shows A B C CongA A B D

(proof )

lemma lea-asym:
assumes A B C LeA D E F and
DEFLeAABC
shows A B C CongA D E F

(proof )

lemma col-lta--bet:
assumes Col X Y Z and
ABCILIAXYZ
shows Bet X Y Z

(proof )

lemma col-lta--out:
assumes Col A B C and
ABCItAXYZ
shows B Out A C

(proof )

lemma lta-distincts:
assumes A BC LtA D EF
shows A#B AN C#B N D#AE N F#AE AN D # F
(proof )

lemma gta-distincts:
assumes A BC GtADEF
shows A#B AN C#B N DAE N F£AE N A # C

(proof )
lemma acute-distincts:

assumes Acute A B C
shows A#B AN C#B
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{proof)

lemma obtuse-distincts:
assumes Obtuse A B C
shows A#B N C#B N A # C
(proof )

lemma two-sides-in-angle:
assumes B # P’ and
BPTSAC and
Bet P B P’
shows P InAngle A B C V P’ InAngle A B C

(proof )

lemma in-angle-reverse:
assumes A’ # B and
Bet A B A’ and
C InAngle A B D
shows D InAngle A’ B C

(proof)

lemma in-angle-trans2:
assumes C InAngle A B D and
D InAngle A B E
shows D InAngle C B E

(proof)

lemma [11-36-auzxl:

assumes A # B and

A’ # B and

D # FE and

D’ # E and

Bet A B A’ and

Bet D E D' and

ABCLeADEF
shows D' E F LeA A’ B C

(proof )

lemma [11-36-auz2:

assumes A # B and

A’ # B and

D # FE and

D'+ E and

Bet A B A’ and

Bet D E D' and

D' EF LeA A’ B C
shows A BCLeADFEF

{proof)

lemma [11-36:

assumes A # B and
A’ # B and
D # FE and
D' # E and
Bet A B A’ and
Bet D E D’

shows A BCLeADEF < D' EF LeA A’ B C

{proof)

lemma [11-/1-auz:
assumes — Col A B C and
Bet BA D and
A#D
shows A C B LtA CA D
(proof )
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lemma [11-41:
assumes — Col A B C and
Bet BA D and
A#D
shows A CBLtACADANABCLIACAD
(proof)

lemma not-conga:
assumes A B C CongA A’ B’ C' and
- ABCCongADEF
shows - A’ B’ C' CongA D E F
(proof)

lemma not-conga-sym:
assumes -~ A B C CongA D E F
shows - D E F CongA A B C

{proof)

lemma not-and-lta:
shows ~ (A BCLIADEFANDEFILtA ABC)

(proof )

lemma conga-preserves-lta:
assumes A B C CongA A’ B’ C' and
D E F CongA D' E' F' and
ABCLADEF
shows A’ B’ C' LtA D' E' F’
(proof)

lemma lta-trans:
assumes A B C LtA A1 B1 C1 and
Al B1 C1 LtA A2 B2 C2
shows A B C LtA A2 B2 C2

(proof )

lemma obtuse-sym:
assumes Obtuse A B C
shows Obtuse C B A

{proof)

lemma acute-sym:
assumes Acute A B C
shows Acute C B A

(proof)

lemma acute-col--out:
assumes Col A B C and
Acute A B C
shows B Out A C

{proof)

lemma col-obtuse--bet:
assumes Col A B C and
Obtuse A B C
shows Bet A B C

{proof)

lemma out--acute:
assumes B Out A C
shows Acute A B C

(proof )

lemma bet--obtuse:
assumes Bet A B C and
A# Band B # C
shows Obtuse A B C
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(proof )

lemma [11-43-auz:
assumes A # B and
A # C and
Per BA CV Obtuse B A C
shows Acute A B C

(proof)

lemma [11-43:
assumes A # B and
A # C and
Per BA CV Obtuse B A C
shows Acute A B C N Acute A C B

{proof)

lemma acute-lea-acute:
assumes Acute D E F and
ABCLeADEF
shows Acute A B C

(proof )

lemma lea-obtuse-obtuse:
assumes Obtuse D E F and
DEFLeAABC
shows Obtuse A B C

(proof )

lemma [11-44-1-a:
assumes A # B and
A # C and
Cong BA BC
shows B A C CongA B C A

{proof)

lemma [11-44-2-a:
assumes — Col A B C and
BALtBC
shows B C A LtA BAC

(proof )

lemma not-lta-and-conga:
- (ABCLIADEFANABC CongADEF)

(proof)

lemma conga-sym-equiv:
A B C CongA A’ B' C' +— A'" B’ C' CongA A B C
(proof)

lemma conga-dec:
ABCCongADEFV—-~ABCCongADEF

(proof)

lemma lta-not-conga:
assumes A BCLIADEF
shows -~ A B C CongA D EF

{proof)

lemma lta--lea:
assumes A BC LtA D EF
shows A BCLeADEF

{proof)

lemma nlta:
- ABCLtA ABC

(proof)
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lemma lea--nita:
assumes A B C LeA DEF
shows - D F F LtA A BC

{proof)

lemma lta--nlea:
assumes A BC LtA D EF
shows -~ D FEF LeA A B C

{proof)

lemma [11-/4-1-b:
assumes - Col A B C' and
B A C CongA BCA
shows Cong BA B C

(proof )

lemma [11-44-2-b:
assumes BA CLtABCA
shows BC Lt B A

(proof )

lemma [11-44-1:
assumes - Col A B C
shows B A C CongA BC A +— Cong BABC

{proof)

lemma [11-44-2:
assumes — Col A B C
shows BACILtABCA<+— BCILtBA

(proof)

lemma [11-44-2bis:
assumes - Col A B C
shows BA CLeA BCA+— BCLeBA

(proof )

lemma [11-46:
assumes A # B and
B # C and
Per A B C V Obtuse A B C
shows BALtACANBCLLAC

(proof )

lemma [11-47:
assumes Per A C' B and
H PerpAt CH A B
shows Bet AHBNA# HANB#H

(proof )

lemma [11-49:
assumes A B C CongA A’ B’ C' and
Cong B A B’ A’ and
Cong B C B' C’'
shows Cong A C A" C'AN(A# C — (B A C CongA B" A" C' A BC A CongA B' C" A'))
(proof )

lemma [11-50-1:
assumes — Col A B C and
B A C CongA B' A’ C' and
A B C CongA A’ B' C’ and
Cong A BA' B’
shows Cong A C A’ C' A Cong BC B' C' AN A C B CongA A’ C' B’
(proof)

lemma [11-50-2:
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assumes — Col A B C and
B C A CongA B' C' A’ and
A B C CongA A’ B’ C' and
Cong A BA' B’

shows Cong A C A’ C' AN Cong BC B’ C'AN CA B CongA C" A" B’
(proof )

lemma [11-51:
assumes A # B and
A # C and
B # C and
Cong A B A’ B' and
Cong A C A" C' and
Cong B C B’ C’
shows

BA C CongA B"A"C'"NABC CongA A’ BBC'ANBCA CongA B C" A’
(proof )

lemma conga-distinct:
assumes A B C CongA D E F

shows A#BANC#BAD#ENF#E
(proof)

lemma [11-52:
assumes A B C CongA A’ B’ C' and
Cong A C A’ C' and
Cong B C B’ C' and
BCLeAC

shows Cong BA B A’\NBA C CongA B'" A’ C' AN BC A CongA B' C' A’
(proof)

lemma [11-53:
assumes Per D C B and
C # D and
A # B and
B # C and
Bet A B C

shows C A DLtA CBDABDLtAD
(proof )

lemma cong2-conga-obtuse--cong-conga2:
assumes Obtuse A B C' and
A B C CongA A’ B' C’ and
Cong A C A’ C' and
Cong B C B' C'
shows Cong BA B' A’ AN B A C CongA B" A" C' A
B C A CongA B' C" A’
(proof)

lemma cong2-per2--cong-conga2:
assumes A # B and
B # C and
Per A B C and
Per A’ B’ C' and
Cong A C A’ C' and
Cong B C B' C'
shows Cong BA B’ A’ A B A C CongA B' A’ C' A
B C A CongA B' C" A’
(proof )

lemma cong2-per2--cong:
assumes Per A B C' and
Per A’ B’ C' and
Cong A C A’ C' and
Cong B C B' C'
shows Cong B A B' A’
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(proof )

lemma cong2-per2--cong-3:
assumes Per A B C
Per A’ B’ ¢’ and
Cong A C A’ C' and
Cong B C B' C'
shows A B C Cong3 A’ B’ C'’
(proof)

lemma cong-lt-per2--it:
assumes Per A B C and
Per A’ B’ C' and
Cong A B A’ B' and
BCLtB' C'
shows A C Lt A’ C’

(proof)

lemma cong-le-per2--le:
assumes Per A B C and
Per A’ B’ C' and
Cong A B A’ B’ and
B C Le B' C'
shows A C Le A’ C'

(proof )

lemma [t2-per2--lt:
assumes Per A B C and
Per A’ B’ C' and
A BLt A’ B'and
BCLtB' C’
shows A C Lt A’ C’

(proof )

lemma le-lt-per2--it:
assumes Per A B C and
Per A’ B’ C' and
A B Le A’ B' and
BCLtB' C’
shows A C Lt A’ C’

(proof)

lemma le2-per2--le:
assumes Per A B C and
Per A’ B’ C' and
A B Le A’ B' and
B C Le B' C'
shows A C Le A’ C'

(proof )

lemma cong-lt-per2--it-1:
assumes Per A B C and
Per A’ B’ ¢’ and
A BLt A’ B'and

Cong A C A’ C’
shows B’ C' Lt B C
(proof )

lemma symmetry-preserves-conga:
assumes A # B and C # B and
M Midpoint A A’ and
M Midpoint B B’ and
M Midpoint C C'
shows A B C CongA A’ B’ C’
(proof )
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lemma [11-57:
assumes A A’ OS B B’ and
Per BA A’ and
Per B' A’ A and
A A" OS C C' and
Per C A A’ and
Per C' A" A
shows B A C CongA B’ A’ C’
(proof)

lemma cop3-orth-at--orth-at:
assumes — Col D F F and
Coplanar A B C D and
Coplanar A B C F and
Coplanar A B C F and
X OrthAt ABCUYV
shows X OrthAt DEF UV

(proof )

lemma col2-orth-at--orth-at:
assumes U # V and
Col P Q U and
Col P Q V and
X OrthAt A BCP Q
shows X OrthAt A BCUYV

(proof)

lemma col-orth-at--orth-at:
assumes U # W and
Col UV W and
X OrthAt ABCUYV
shows X OrthAt A BCUW

{proof)

lemma orth-at-symmetry:
assumes X OrthAt ABCUYV
shows X OrthAt A BC VU

(proof)

lemma orth-at-distincts:
assumes X OrthAt A BCUYV
shows A##BANB#CANA#CANU#YV
(proof)

lemma orth-at-chara:

X OrthAt A BC X P <+—

(- Col ABCANX#PA Coplanar A B C X N (V D.(Coplanar A B C D — Per D X P)))
{proof)

lemma cop3-orth--orth:

assumes — Col D E F and
Coplanar A B C D and
Coplanar A B C FE and
Coplanar A B C F and
ABCOrth UV

shows D E F Orth UV

(proof)

lemma col2-orth--orth:
assumes U # V and
Col P @ U and
Col P Q V and
A B C Orth P Q
shows A B C Orth UV

{proof)
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lemma col-orth--orth:
assumes U # W and
Col UV W and
ABCOrth UV
shows A B C Orth U W

(proof)

lemma orth-symmetry:
assumes A B C Orth UV
shows A B C Orth V.U
(proof )

lemma orth-distincts:
assumes A B C Orth UV
shows AZBANB#CANA#CANU#YV
(proof )

lemma col-cop-orth--orth-at:
assumes A B C Orth U V and
Coplanar A B C' X and
Col UV X
shows X OrthAt A BCUYV
(proof)

lemma [11-60-auzx:
assumes - Col A B C and
Cong A P A @ and
Cong B P B @Q and
Cong C P C @ and
Coplanar A B C D
shows Cong D P D @

(proof)

lemma [11-60:
assumes — Col A B C and
Per A D P and
Per B D P and
Per C D P and
Coplanar A B C E
shows Per E D P

(proof)

lemma [11-60-bis:

assumes — Col A B C and
D # P and
Coplanar A B C D and
Per A D P and
Per B D P and
Per CD P

shows D OrthAt A BCDP

(proof)

lemma [11-61:

assumes A # A’ and
A # B and
A # C and
Coplanar A A" B B’ and
Per B A A’ and
Per B’ A’ A and
Coplanar A A’ C C' and
Per C A A" and
Per BAC

shows Per B’ A’ C’

(proof)

lemma [11-61-bis:
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assumes D OrthAt A B C D P and
D E Perp E @ and
Coplanar A B C E and
Coplanar D E P @Q

shows FE OrthAt A BCE Q

(proof)

lemma [11-62-unicity:
assumes Coplanar A B C D and
Coplanar A B C D' and
V E. Coplanar A B C E — Per E D P and
YV E. Coplanar A BCE — Per ED' P
shows D = D’

{proof)

lemma [11-62-unicity-bis:
assumes X OrthAt A B C X U and
Y OrthAt A BCYU
shows X = Y

(proof)

lemma orth-at2--eq:
assumes X OrthAt A B C U V and
Y OrthAt A BCUYV
shows X = Y

(proof)

lemma col-cop-orth-at--eq:
assumes X OrthAt A B C UV and
Coplanar A B C' 'Y and
ColUVY
shows X = Y

(proof )

lemma orth-at--ncop!:
assumes U # X and
X OrthAt ABCUYV
shows — Coplanar A B C U

{proof)

lemma orth-at--ncop2:
assumes V # X and
X OrthAt ABCUYV
shows — Coplanar A B C'V

{proof)

lemma orth-at--ncop:
assumes X OrthAt A B C X P
shows — Coplanar A B C P

{proof)

lemma [11-62-existence:
3 D. (Coplanar A B C D A (¥ E. (Coplanar A B C E — Per E D P)))

(proof )

lemma [11-62-existence-bis:
assumes — Coplanar A B C P
shows 3 X. X OrthAt A B C X P

(proof )

lemma [11-63-auz:
assumes Coplanar A B C D and
D # FE and
E OrthAt ABCEP
shows 3 Q. (D EOSP QAN A BC Orth D Q)

(proof )
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lemma [11-63-existence:
assumes Coplanar A B C D and
- Coplanar A B C' P
shows 3 Q. A B C Orth D Q

(proof)

lemma [8-21-3:
assumes Coplanar A B C D and
- Coplanar A B C X
shows
3 PT.(ABCOrthDP A Coplanar A BC T N Bet X T P)

(proof )

lemma mid2-orth-at2--cong:
assumes X OrthAt A B C' X P and
Y OrthAt A B C'Y @ and
X Midpoint P P’ and
Y Midpoint Q Q'
shows Cong P Q P’ Q'
(proof)

lemma orth-at2-tsp--ts:
assumes P # () and
P OrthAt A B C P X and
Q OrthAt A B C Q Y and
ABCTSPXY
shows PQ TS XY

(proof)

lemma orth-dec:
shows A B C Orth UV V = A B C Orth U V {proof)

lemma orth-at-dec:
shows X OrthAt A BC UV V = X OrthAt A B C U V (proof)

lemma tsp-dec:
shows A BCTSPXY Vv - ABCTSPXY (proof)

lemma osp-dec:
shows A BCOSPXY V-~ ABCOSP XY (proof)

lemma ts2--inangle:
assumes A C TS B P and
BPTSAC
shows P InAngle A B C

{proof)

lemma os-ts--inangle:
assumes B P TS A C and
BAOSCP
shows P InAngle A B C

(proof )

lemma 0s2--inangle:
assumes B A OS C P and
BCOSAP
shows P InAngle A B C

{proof)

lemma acute-conga--acute:
assumes Acute A B C and
A B C CongA DEF
shows Acute D E F

(proof )
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lemma acute-out2--acute:
assumes B Out A’ A and
B Out C’' C and
Acute A B C
shows Acute A’ B C'

(proof)

lemma conga-obtuse--obtuse:
assumes Obtuse A B C and
A B C CongA DEF
shows Obtuse D E F

{proof)

lemma obtuse-out2--obtuse:
assumes B Out A’ A and
B Out C' C and
Obtuse A B C
shows Obtuse A’ B C’

(proof)

lemma bet-lea--bet:
assumes Bet A B C and
ABCLeADEF
shows Bet D E F

(proof )

lemma out-lea--out:
assumes F Out D F and
ABCLeADEF
shows B Out A C

(proof )

lemma bet2-lta--lta:
assumes A B C LtA D E F and
Bet A B A" and
A’ # B and
Bet D E D' and
D'+ E
shows D' EF LtA A’ B C
(proof)

lemma lea123456-lta--lta:
assumes A B C LeA D E F and
DEFLIAGHI
shows A BC LtA G HI

(proof )

lemma lea456789-lta--lta:
assumes A B C LtA D E F and
DEFLeA GHI
shows A BC LtA G HI

(proof)

lemma acute-per--lta:
assumes Acute A B C and
D # FE and
E # F and
Per DEF
shows A BCLtADEF

(proof )

lemma obtuse-per--lta:
assumes Obtuse A B C and
D # F and
E # F and
Per DEF
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shows D EF LtA A BC
(proof )

lemma acute-obtuse--lta:
assumes Acute A B C' and
Obtuse D E F
shows A BCLtADEF

{proof)

lemma lea-in-angle:
assumes A B P LeA A B C and
ABOSCP
shows P InAngle A B C

(proof)

lemma acute-bet--obtuse:
assumes Bet A B A’ and
A’ # B and
Acute A B C
shows Obtuse A’ B C

(proof )

lemma bet-obtuse--acute:
assumes Bet A B A’ and
A’ # B and
Obtuse A B C
shows Acute A’ B C

(proof )

lemma inangle-dec:
P InAngle A B C V = P InAngle A B C (proof)

lemma lea-dec:
ABCLADEFNV -~ ABCLeADEF (proof)

lemma lta-dec:
ABCLIADEFYNY - ABCLtA D EF (proof)

lemma lea-total:
assumes A # B and
B # C and
D # FE and
E#F
shows A BCLeADEFV DEFLeAABC
(proof)

lemma or-lta2-conga:
assumes A # B and
C # B and
D # FE and
F+#FE
shows ABCLIADEFV DEFLIAABCV ABCCUCongADEF
(proof )

lemma angle-partition:
assumes A # B and
B#C
shows Acute A B C V Per A B C V Obtuse A B C
(proof )

lemma acute-chara-1:
assumes Bet A B A’ and
B # A’ and
Acute A B C
shows A B C LtA A’ B C

(proof )
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lemma acute-chara-2:
assumes Bet A B A’ and

ABCLtA A'BC

shows Acute A B C

(proof)

lemma acute-chara:
assumes Bet A B A’ and
B# A’
shows Acute A BC +— ABCLtA A'BC
(proof )

lemma obtuse-chara:
assumes Bet A B A’ and
B# A’
shows Obtuse A BC +— A'BCLtA A B C
(proof )

lemma conga--acute:
assumes A B C CongA A C B
shows Acute A B C

{proof)

lemma cong--acute:
assumes A # B and
B # C and
Cong A BAC
shows Acute A B C

{proof)

lemma nlta--lea:

assumes - A B C LtA D E F and
A # B and
B # C and
D # FE and
E+#F

shows DE F LeA A B C

(proof)

lemma nlea--lta:

assumes - A B C LeA D E F and
A # B and
B # C and
D # FE and
E+#F

shows D EFLtA A BC

(proof)

lemma triangle-strict-inequality:
assumes Bet A B D and
Cong B C B D and
- Bet A BC
shows A C Lt A D

(proof )

lemma triangle-inequality:
assumes Bet A B D and
Cong BCBD
shows A C Le A D

(proof )

lemma triangle-strict-inequality-2:
assumes Bet A’ B’ C' and
Cong A B A’ B’ and
Cong B C B' C' and
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- Bet ABC
shows A C Lt A’ C’
(proof)

lemma triangle-inequality-2:
assumes Bet A’ B’ C' and
Cong A B A’ B' and
Cong B C B’ C’
shows A C Le A’ C'
(proof)

lemma triangle-strict-reverse-inequality:
assumes A Out B D and
Cong A C A D and
- A OutBC
shows B D Lt B C
(proof)

lemma triangle-reverse-inequality:
assumes A Out B D and
Cong A CAD
shows B D Le B C
(proof)

lemma o0s3--lta:
assumes A B OS C D and
B C OS A D and
ACOSBD
shows BA CLtA BD C

(proof )

lemma bet-le--It:
assumes Bet A D B and
A # D and
D # B and
ACLeBC
shows D C Lt B C

(proof)

lemma cong2--ncol:
assumes A # B and
B # C and
A # C and
Cong A P B P and
Cong AP CP
shows — Col A B C
(proof )

lemma cong4-cop2--eq:
assumes A # B and
B # C and
A # C and
Cong A P B P and
Cong A P C P and
Coplanar A B C P and
Cong A @Q B Q and
Cong A @Q C @ and
Coplanar A B C @
shows P = @

(proof )

lemma t18-18-aux:
assumes Cong A B D F and
Cong A C D F and
FDELtA C A B and
- Col A B C and
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- Col D E F and
DFLeDE
shows EF F Lt B C

(proof )

lemma t18-18:
assumes Cong A B D FE and
Cong A C' D F and
FDELACARB
shows F F Lt B C

(proof)

lemma t18-19:
assumes A # B and
A # C and
Cong A B D E and
Cong A C' D F and
EFLtBC
shows F D ELtA CA B

(proof)

lemma acute-trivial:
assumes A # B
shows Acute A B A

{proof)

lemma acute-not-per:
assumes Acute A B C
shows — Per A B C

(proof )

lemma angle-bisector:
assumes A # B and
C#B
shows 3 P. (P InAngle A BC AN P B A CongA P B C)
(proof)

lemma refiectl--conga:
assumes A # B and
B # P and
P P’ ReflectL A B
shows A B P CongA A B P’

(proof )

lemma conga-cop-out-reflectl--out:
assumes - B Out A C and
Coplanar A B C P and
P B A CongA P B C and
B Out A T and
T T' ReflectL, B P
shows B Out C T’

(proof )

lemma col-conga-cop-reflectl--col:
assumes - B Out A C and
Coplanar A B C P and
P B A CongA P B C and
Col BA T and
T T' ReflectL B P
shows Col B C T'

(proof )

lemma conga2-cop2--col:
assumes - B Out A C' and
P B A CongA P B C and
P’ B A CongA P’ B C and
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Coplanar A B P P’ and
Coplanar B C P P’
shows Col B P P’

(proof )

lemma conga?2-cop2--col-1:
assumes - Col A B C' and
P B A CongA P B C and
P' B A CongA P' B C and
Coplanar A B C' P and
Coplanar A B C P’
shows Col B P P’

(proof )

lemma col-conga--conga:
assumes P B A CongA P B C and
Col B P P’ and
B # P’
shows P’ B A CongA P' B C
(proof)

lemma cop-inangle--ex-col-inangle:
assumes - B Out A C' and
P InAngle A B C and
Coplanar A B C @
shows 3 R. (R InAngle A BC AP # RA Col PQR)

(proof )

lemma col-inangle2--out:
assumes — Bet A B C and
P InAngle A B C' and
Q@ InAngle A B C and
Col BP Q@
shows B Out P Q

(proof)

lemma inangle2--lea:
assumes P InAngle A B C and
Q InAngle A B C
shows PB Q LeA A B C

(proof)

lemma conga-inangle-per--acute:
assumes Per A B C' and
P InAngle A B C and
P B A CongA PBC
shows Acute A B P

(proof )

lemma conga-inangle2-per--acute:
assumes Per A B C' and
P InAngle A B C' and
P B A CongA P B C and
Q InAngle A B C
shows Acute P B @

(proof )

lemma lta-os--ts:
assumes
A O1 PLtA A O1 B and
0O1A0OSBP
shows O1 P TS A B

(proof )

lemma bet--suppa:
assumes A # B and
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B # C and
B # A’ and
Bet AB A’
shows A B C SuppA C B A’

(proof)

lemma ex-suppa:
assumes A # B and
B#C
shows3d DEF. A BC SuppA DEF
(proof)

lemma suppa-distincts:
assumes A B C SuppA D E F

shows A#BAB#CAND#ENE#F

(proof)

lemma suppa-right-comm:
assumes A B C SuppA D E F
shows A B C SuppA F E D

{proof)

lemma suppa-left-comm:
assumes A B C SuppA D E F
shows C B A SuppA D E F

(proof)

lemma suppa-comm:
assumes A B C SuppA D E F
shows C B A SuppA F E D

(proof)

lemma suppa-sym:
assumes A B C SuppA D E F
shows D E F SuppA A B C

(proof )

lemma conga2-suppa--suppa:
assumes A B C CongA A’ B’ C' and
D E F CongA D' E' F' and
A B C SuppA D EF
shows A’ B’ C' SuppA D' E' F’
(proof)

lemma suppa2--conga56:
assumes A B C SuppA D E F and
A B C SuppA D' E' F’
shows D E F CongA D' E' F’'
(proof)

lemma suppa2--congal23:
assumes A B C SuppA D E F and
A’ B’ C' SuppA DEF
shows A B C CongA A’ B' C’
(proof)

lemma bet-out--suppa:
assumes A # B and
B # C and
Bet A B C and
E Out D F
shows A B C SuppA D E F

(proof )

lemma bet-suppa--out:
assumes Bet A B C and
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A BCSuppA DEF
shows F Out D F

(proof )

lemma out-suppa--bet:
assumes B Out A C and
A BC SuppA DEF
shows Bet D E F

(proof )

lemma per-suppa--per:
assumes Per A B C and
A BCSuppA DEF
shows Per D E F

(proof )

lemma per2--suppa:
assumes A # B and
B # C and
D # FE and
E # F and
Per A B C and
Per DEF
shows A B C SuppA D E F

(proof )

lemma suppa--per:
assumes A B C SuppA A B C
shows Per A B C

(proof )

lemma acute-suppa--obtuse:
assumes Acute A B C and
A BC SuppA DEF
shows Obtuse D E F

(proof )

lemma obtuse-suppa--acute:
assumes Obtuse A B C and
A B C SuppA D EF
shows Acute D E F

(proof )

lemma lea-suppa2--lea:
assumes A B C SuppA A’ B’ C' and
D E F SuppA D' E' F'
ABCLeADEF
shows D' E' F' LeA A’ B’ C’
(proof)

lemma lta-suppa2--lta:
assumes A B C SuppA A’ B’ C’
and D E F SuppA D' E' F’'
and ABCLIADEF
shows D' E' F' LtA A’ B' C’
(proof )

lemma suppa-dec:

ABCSuppADEFYV —-ABCSuppADEF

{proof)

lemma acute-one-side-auz:
assumes C A OS P B and
Acute A C P and
C A Perp B C
shows C B OS A P
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(proof )

lemma acute-one-side-aux0:
assumes Col A C P and
Acute A C P and
C A Perp B C
shows C B OS A P

(proof)

lemma acute-cop-perp--one-side:
assumes Acute A C' P and
C A Perp B C and
Coplanar A B C' P
shows C B OS A P

(proof )

lemma acute--not-obtuse:
assumes Acute A B C
shows — Obtuse A B C

{proof)

3.10.2 Sum of angles

lemma suma-distincts:
assumes A BCD E F SumA G HI
shows AA#BANB#CAND#EN E#FANG#HANH#I1

(proof )

lemma trisuma-distincts:

assumes A B C TriSumA D E F

shows A##BAB#CNA#CAND#ENE#F
(proof)

lemma ez-suma:
assumes A # B and
B # C and
D # FE and
E+#F
showsd GHI.ABCDEF SumA GHI
(proof)

lemma suma2--conga:
assumes A BC D E F SumA G H I and
ABCDEFSumA G' H'I'
shows G H I CongA G' H' I’
(proof)

lemma suma-sym:
assumes A BCD E F SumA G HI
shows DEFA B C SumA GHI

(proof )

lemma conga3-suma--suma:
assumes A B C D E F SumA G H I and
A B C CongA A’ B' C' and
D E F CongA D' E' F' and
GHICongA G'H' I’
shows A’ B’ C' D' E' F' SumA G' H' I’
(proof )

lemma out6-suma--suma:
assumes A BC D E F SumA G H I and
B Out A A" and
B Out C C' and
E Out D D’ and
E Out F F' and
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H Out G G' and
HOutlIl'
shows A’ BC' D' E F’' SumA G' HI'

(proof )

lemma out546-suma--conga:
assumes A BC D E F SumA G H I and
E Out D F
shows A B C CongA G H I

(proof )

lemma out546--suma:
assumes A # B and
B # C and
EOutDF
shows A BC D E F SumA A B C

(proof)

lemma out213-suma--conga:
assumes A BC D E F SumA G H I and
B Out A C
shows D E F CongA G H 1

{proof)

lemma out213--suma:
assumes D # E and
E # F and
B Out AC
shows A BCDFEF SumADEF

{proof)

lemma suma-left-comm:
assumes A BC D E F SumA G HI
shows CBADFEF SumA G HI

(proof)

lemma suma-middle-comm:
assumes A BCDFEF SumA GHI
shows A BCFED SumA G HI

{proof)

lemma suma-right-comm:
assumes A BCD EF SumA G H I
shows A BCDEF SumAIHG

(proof )

lemma suma-comm:
assumes A BCD E F SumA G HI
shows CBAFED SumAIHG

{proof)

lemma ts--suma:
assumes A B TS C D
shows CBA A BD SumA CBD

(proof )

lemma ts--suma-1:
assumes A B TS C D
shows C A BBADSumA CAD

{proof)

lemma inangle--suma:
assumes P InAngle A B C
shows A BP P B C SumA A B C

(proof )
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lemma bet--suma:
assumes A # B and
B # C and
P # Band Bet A BC
shows A BPP B C SumA A BC

(proof)

lemma sams-chara:
assumes A # B and
A’ # B and
Bet A B A’
shows SAMSABCDEF < DEFLeA CBA’

(proof )

lemma sams-distincts:

assumes SAMS A BCDUEF

shows AABANB#CAND#ENE#F
(proof )

lemma sams-sym:
assumes SAMS A BCDEF
shows SAMS D EF A BC

(proof)

lemma sams-right-comm:
assumes SAMS A BCDEF
shows SAMS A BCFED

(proof )

lemma sams-left-comm:
assumes SAMS A BCDEF
shows SAMS CBADEF

(proof )

lemma sams-comm:
assumes SAMS A BCDEF
shows SAMS C BAFED

(proof)

lemma conga2-sams--sams:
assumes A B C CongA A’ B’ C' and
D E F CongA D' E' F' and
SAMSABCDEF
shows SAMS A’ B' C' D' E' F’
(proof)

lemma out5/6--sams:
assumes A # B and
B # C and
EOut DF
shows SAMS A BCDEF

(proof )

lemma out213--sams:
assumes D # E and
E # F and
B Out A C
shows SAMS A BCDEF

{proof)

lemma bet-suma--sams:
assumes A BC D E F SumA G H I and
Bet G H1I
shows SAMS A BCDEF

(proof )
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lemma bet--sams:
assumes A # B and
B # C and
P # B and
Bet A B C
shows SAMS A BPPBC

{proof)

lemma suppa--sams:
assumes A B C SuppA D E F
shows SAMS A BCDUEF

(proof )

lemma os-ts--sams:
assumes B P TS A C and
ABOSPC
shows SAMS A BPPBC(C

(proof )

lemma 0s2--sams:
assumes A B OS P C and
CBOSPA
shows SAMS A BPPBC(C

{proof)

lemma inangle--sams:
assumes P InAngle A B C
shows SAMS A BPPBC

(proof)

lemma sams-suma--leal123789:

assumes A BC D E F SumA G HI and

SAMS A BCDEF
shows A B C LeA G HI

(proof)

lemma sams-suma--lea456789:

assumes A BC D E F SumA G HI and

SAMS A BCDEF
shows D E F LeA G HI

(proof)

lemma sams-lea2--sams:

assumes SAMS A’ B’ C' D' E' F' and

A BCLeA A’ B' C' and
DEFLeAD E'F'
shows SAMS A BCDEF

(proof )

lemma sams-lea56-suma2--lea:
assumes D E F LeA D' E' F' and
SAMS A BC D' E’' F' and
ABCDEFSumA G HI and
ABCD'E'"F' SumA G' H' I’
shows G HI LeA G' H' I’
(proof )

lemma sams-leal23-suma2--lea:
assumes A B C LeA A’ B’ C’ and
SAMS A’ B’ C' D E F and
ABCDEF SumA G HI and
A'"B'"C'DEF SumA G' ' H' I’
shows G HI LeA G' H' I’
(proof )

lemma sams-lea2-suma2--lea:
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assumes A B C LeA A’ B’ C' and
D EF LeA D' E' F/ and
SAMS A’ B’ C' D' E' F' and
ABCDEF SumA G HI and
A'"B'"C'D'E'"F' SumA G'H' I’
shows G HI LeA G' H' I’
(proof)

lemma sams2-suma?2--conga456:
assumes SAMS A B C D E F and
SAMS A BC D' E' F’' and
ABCDEFSumA G HI and
ABCD'E'"F'"SumA GHI
shows D E F CongA D' E' F’'

(proof )

lemma sams2-suma2--congal23:
assumes SAMS A B C D E F and
SAMS A’ B’ C' D E F and
ABCDEFSumA G HI and
A'"B'"C'DEF SumA G HI
shows A B C CongA A’ B’ C’

(proof)

lemma suma-assoc-1:

assumes SAMS A B C D E F and
SAMS DEF G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E' F/ and
A'B'C'"GHISumAKLM

shows A BCD'E'F' SumA KL M

(proof)

lemma suma-assoc-2:

assumes SAMS A BC D E F and
SAMS DEF G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E' F' and
ABCD' E'"F'SumAKLM

shows A’ B' C' G HI SumA KL M

(proof)

lemma suma-assoc:
assumes SAMS A B CD E F and
SAMS D E F G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E'F’
shows
A'B'"C'"GHISumAKLM +— ABCD'E'"F' SumA KL M

{proof)

lemma sams-assoc-1:
assumes SAMS A B C D E F and
SAMS D EF G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D' E' F' and
SAMS A’ B' C' GHI
shows SAMS A BCD'E'F'
(proof )

lemma sams-assoc-2:
assumes SAMS A B C D E F and
SAMS D E F G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumA D'E' F' and
SAMS A BCD'E'F'
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shows SAMS A'B' C' GHI
(proof )

lemma sams-assoc:
assumes SAMS A B C D E F and
SAMS D EF G HI and
ABCDEFSumA A’ B' C' and
DEFGHISumAD' E'F'
shows (SAMS A" B" C' G HI) +— (SAMS A BC D' E' F')
(proof)

lemma sams-nos--nts:
assumes SAMS A B C C B J and
- BCOSAJ
shows -~ A BTSCJ

(proof )

lemma conga-sams-nos--nts:
assumes SAMS A B C D E F and
C B J CongA D E F and
- BCOSAJ
shows -~ A BTS CJ

(proof)

lemma sams-lea2-suma2--congal123:
assumes A B C LeA A’ B’ C’ and
DEF LeA D' E' F' and
SAMS A’ B’ C' D' E' F' and
ABCDEFSumA G HI and
A'B'"C'D'E'"F' SumA G HI
shows A B C CongA A’ B’ C’
(proof)

lemma sams-lea2-suma2--conga456':
assumes A B C LeA A’ B’ C’ and
DEF LeA D' E' F' and
SAMS A’ B’ C' D' E' F' and
ABCDEFSumA G HI and
A'B'"C'D'E'"F' SumA G HI
shows D E F CongA D' E' F'
(proof)

lemma sams-suma--out213:
assumes A BC D E F SumA D E F and
SAMS A BCDEF
shows B Out A C

(proof )

lemma sams-suma--out546:
assumes A BC D E F SumA A B C and
SAMSABCDEF
shows F Out D F

(proof )

lemma sams-lea-ltal23-suma2--lta:
assumes A B C LtA A’ B’ C' and
D EF LeA D' E' F' and
SAMS A’ B" C' D' E' F' and
ABCDEFSumA G HI and
A'"B'C'D'E'F' SumA G' H' I’
shows G HILtA G' H' I’
(proof )

lemma sams-lea-lta456-suma2--lta:
assumes A B C LeA A’ B’ C' and
DEFLtA D' E'F'and

107



SAMS A’ B’ C' D' E' F' and
ABCDEFSumA G HI and
A'"B'C'D'E'F' SumA G' H' I’
shows G HILtA G' H'I'
(proof )

lemma sams-lta2-suma2--lta:

assumes A B C LtA A’ B’ C' and
D EF LtA D' E' F' and
SAMS A" B' C' D' E' F' and
ABCDEFSumA G HI and
A'"B'C'D'E'"F’' SumA G' H' I’

shows G HILtA G'H'I'

(proof )

lemma sams-lea2-suma2--lea123:
assumes D' E’' F' LeA D E F and
GHILeA G'H'I'and
SAMS A B CD E F and
ABCDEFSumA G HI and
A'"B'C'D'E'"F’' SumA G' H' I’
shows A B C LeA A’ B’ C'
(proof )

lemma sams-lea2-suma2--lea56:
assumes A’ B’ C' LeA A B C and
GHILeA G'H' I'and
SAMS A BCDEF and
ABCDEFSumA G HI and
A'"B'"C'D'E'"F' SumA G' H' I’
shows D E F LeA D' E' F'
(proof)

lemma sams-lea-lta456-suma2--lta123:

assumes D' E' F' LtA D E F and
GHILeA G' H' I’ and
SAMS A BCDFEF and
ABCDEFSumA G HI and
A'"B'C'D'E'F' SumA G'H' I’
shows A B C LtA A’ B’ C'
(proof)

lemma sams-lea-lta123-suma2--lta56:

assumes A’ B’ C' LtA A B C and
GHILeA G'H'I'and
SAMS A BCDFEF and
ABCDEFSumA G HI and
A'"B'"C'D'E'F' SumA G'H' I’
shows D E F LtA D' E' F'
(proof)

lemma sams-lea-lta789-suma2--ltal23:

assumes D' E’' F' LeA D E F and
GHILtA G'H' I’ and
SAMS A BCDFEF and
ABCDEFSumA G HI and
A"B'"C'D'E'F' SumA G' H' I’
shows A B C LtA A’ B’ C'
(proof)

lemma sams-lea-lta789-suma2--lta56:

assumes A’ B’ C' LeA A B C and
GHILtA G'H' I’ and
SAMS A BCDFEF and
ABCDEFSumA G HI and
A"B'"C'D'E'F' SumA G' H' I’
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shows D E F LtA D' E' F'
(proof )

lemma sams-lta2-suma2--lta123:
assumes D' E' F' LtA D E F and
GHILA G'H' I' and
SAMS A BCD E F and
ABCDEFSumA G HI and
A'"B'C'D'E'"F’' SumA G' H' I’
shows A B C LtA A’ B’ C'
(proof )

lemma sams-lta2-suma2--lta456':
assumes A’ B’ C' LtA A B C and
GHILA G'H' I'and
SAMS A BCDEF and
ABCDEFSumA G HI and
A'"B"C'D'E'F' SumA G'H' I’
shows D E F LtA D' E' F'
(proof )

lemma sams123231:
assumes A # B and
A # C and
B#C
shows SAMS A BCBCA
(proof)

lemma col-suma--col:
assumes Col D F F and
ABCBCASumADEF
shows Col A B C

(proof )

lemma ncol-suma--ncol:
assumes — Col A B C and
ABCBCASumADEF
shows = Col D E F

{proof)

lemma per2-suma--bet:
assumes Per A B C and
Per D E F and
ABCDEFSumA GHI
shows Bet G H 1

(proof )

lemma bet-per2--suma:
assumes A # B and
B # C and
D # FE and
E # F and
G # H and
H # I and
Per A B C and
Per D FE F and
Bet G HI
shows A BCD EF SumA G HI

(proof )

lemma per2--sams:
assumes A # B and
B # C and
D # FE and
E # F and
Per A B C and
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Per DEF
shows SAMS A BCDFEF

(proof )

lemma bet-per-suma--per456:
assumes Per A B C and
Bet G H I and
ABCDEFSumA GHI
shows Per D E F

(proof )

lemma bet-per-suma--per123:
assumes Per D F F and
Bet G H I and
ABCDEFSumA GHI
shows Per A B C

{proof)

lemma bet-suma--per:
assumes Bet D F F and
ABCABCSumADEF
shows Per A B C

(proof)

lemma acute--sams:
assumes Acute A B C
shows SAMS A BCABC

(proof )

lemma acute-suma--nbet:
assumes Acute A B C and
ABCABCSumADEF
shows — Bet D E F

(proof )

lemma acute2--sams:
assumes Acute A B C and
Acute D E F
shows SAMS A BCDEF

{proof)

lemma acute2-suma--nbet-a:
assumes Acute A B C and
DEFLeA A B C and
ABCDEFSumA GHI
shows — Bet G H I

(proof )

lemma acute2-suma--nbet:
assumes Acute A B C and
Acute D E F and
ABCDEFSumA GHI
shows — Bet G H I

(proof )

lemma acute-per--sams:
assumes A # B and
B # C and
Per A B C and
Acute D E F
shows SAMS A BCDEF

(proof )

lemma acute-per-suma--nbet:
assumes A # B and
B # C and

110



Per A B C and
Acute D E F and
ABCDEFSumA GHI
shows — Bet G H I

(proof)

lemma obtuse--nsams:
assumes Obtuse A B C
shows - SAMS A BCABC

(proof )

lemma nbet-sams-suma--acute:
assumes — Bet D F F and
SAMS A BCA B C and
ABCABCSumADEF
shows Acute A B C

(proof)

lemma nsams--obtuse:
assumes A # B and
B # C and
- SAMS A BCABC
shows Obtuse A B C

(proof )

lemma sams2-suma2--conga:
assumes SAMS A B C A B C and
ABCABCSumA D E F and
SAMS A’ B’ ¢' A" B’ ¢’ and
A'"B'"C'"A'"B'"C' SumA DEF
shows A B C CongA A’ B’ C’
(proof)

lemma acute2-suma2--conga:
assumes Acute A B C and
ABCABCSumADEF and
Acute A’ B’ C' and
A'B'"C'"A'B'C' SumADEF
shows A B C CongA A’ B' C’'
(proof)

lemma bet2-suma--out:
assumes Bet A B C and
Bet D E F and
ABCDEFSumA GHI
shows H Out G I

(proof )

lemma col2-suma--col:
assumes Col A B C and
Col D E F and
ABCDEFSumA GHI
shows Col G H I

(proof )

lemma suma-suppa--bet:
assumes A B C SuppA D E F and
ABCDEFSumA GHI
shows Bet G H |

(proof )

lemma bet-suppa--suma:
assumes G # H and
H # I and
A B C SuppA D E F and
Bet GHI
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shows A BCDFEF SumA G HI
(proof )

lemma bet-suma--suppa:
assumes A BC D E F SumA G H I and
Bet G HI
shows A B C SuppA D E F

(proof)

lemma bet2-suma--suma:
assumes A’ # B and
D' # E and
Bet A B A’ and
Bet D E D' and
ABCDEFSumA GHI
shows A’ BC D' EF SumA G H I

(proof)

lemma suma-suppa2--suma:
assumes A B C SuppA A’ B’ C' and
D E F SuppA D' E' F' and
ABCDEFSumA GHI
shows A’ B’ C' D' E' F' SumA G H 1
(proof)

lemma suma2-obtuse2--conga:
assumes Obtuse A B C and
ABCABCSumA D FE F and
Obtuse A’ B’ C' and
A'B'"C'"A'B'"C'SumADEF
shows A B C CongA A’ B’ C’
(proof)

lemma bet-suma2--or-conga:
assumes A0 # B and
Bet A B A0 and
ABCABCSumA D FE F and
A'B'"C'"A'B'C' SumADEF

shows A B C CongA A" B' C'V A0 B C CongA A’ B’ C'

(proof )

lemma suma2--or-conga-suppa:
assumes A B C A B C SumA D E F and
A'"B'C'"A'"B' C' SumA DEF

shows A B C CongA A’ B’ C'V A B C SuppA A’ B' C'

(proof )

lemma ez-trisuma:
assumes A # B and
B # C and
A#£C
shows d D EF. ABC TriSumA D E F
(proof )

lemma trisuma-perm-231:
assumes A B C TriSumA D E F
shows B C A TriSumA D E F

(proof )

lemma trisuma-perm-312:
assumes A B C TriSumA D E F
shows C A B TriSumA D E F

{proof)

lemma trisuma-perm-321:
assumes A B C TriSumA D E F
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shows C B A TriSumA D E F
(proof )

lemma trisuma-perm-213:
assumes A B C TriSumA D E F
shows B A C TriSumA D E F

{proof)

lemma trisuma-perm-132:
assumes A B C TriSumA D E F
shows A C B TriSumA D E F

{proof)

lemma conga-trisuma--trisuma:
assumes A B C TriSumA D E F and
DEF CongA D' E' F'
shows A B C TriSumA D' E' F’
(proof )

lemma trisuma2--conga:
assumes A B C TriSumA D E F and
A B C TriSumA D' E' F’
shows D E F CongA D' E' F’'

(proof )

lemma conga3-trisuma--trisumas:
assumes A B C TriSumA D E F and
A B C CongA A’ B’ C’ and
B C A CongA B’ C' A’ and
C A B CongA C' A" B’
shows A’ B’ C' TriSumA D E F
(proof)

lemma col-trisuma--bet:
assumes Col A B C and
A B C TriSumA P Q R
shows Bet P Q R

(proof)

lemma suma-dec:
ABCDEFSumAGHIV—-ABCDEFSumA G H I (proof)

lemma sams-dec:
SAMS ABCDEFVYV - SAMS A B C D E F {proof)

lemma trisuma-dec:
A BCTriSumA P QRYV — A BC TriSumA P Q R

{proof)

3.11 Parallelism

lemma par-reflexivity:
assumes A # B
shows A B Par A B

{proof)

lemma par-strict-irreflexivity:
- A B ParStrict A B
(proof)

lemma not-par-strict-id:
= A B ParStrict A C

{proof)

lemma par-id:
assumes A B Par A C
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shows Col A B C
(proof )

lemma par-strict-not-col-1:
assumes A B ParStrict C D
shows - Col A B C

{proof)

lemma par-strict-not-col-2:
assumes A B ParStrict C D
shows — Col B C D

{proof)

lemma par-strict-not-col-3:
assumes A B ParStrict C D
shows - Col CD A

{proof)

lemma par-strict-not-col-4 :
assumes A B ParStrict C D
shows - Col A B D

(proof)

lemma par-id-1:
assumes A B Par A C
shows Col B A C

{proof)

lemma par-id-2:
assumes A B Par A C
shows Col B C' A

{proof)

lemma par-id-3:
assumes A B Par A C
shows Col A C B

{proof)

lemma par-id-4:
assumes A B Par A C
shows Col C B A

(proof)

lemma par-id-5:
assumes A B Par A C
shows Col C A B

{proof)

lemma par-strict-symmetry:
assumes A B ParStrict C D
shows C D ParStrict A B

(proof)

lemma par-symmetry:
assumes A B Par C D
shows C D Par A B

{proof)

lemma par-left-comm:
assumes A B Par C D
shows B A Par C' D

{proof)

lemma par-right-comm:
assumes A B Par C D
shows A B Par D C
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{proof)

lemma par-comm:
assumes A B Par C D
shows B A Par D C

(proof)

lemma par-strict-left-comm:
assumes A B ParStrict C D
shows B A ParStrict C D

{proof)

lemma par-strict-right-comm:
assumes A B ParStrict C D
shows A B ParStrict D C

(proof)

lemma par-strict-comm:
assumes A B ParStrict C D
shows B A ParStrict D C

{proof)

lemma par-strict-neq1:
assumes A B ParStrict C D
shows A # B

{proof)

lemma par-strict-neq2:
assumes A B ParStrict C D
shows C # D

(proof)

lemma par-neqi:
assumes A B Par C D
shows A # B

(proof)

lemma par-neq2:
assumes A B Par C D
shows C # D

(proof)

lemma Par-cases:

assumes A B Par C DV BA Par CDV A B Par D CV BA ParDCV CD Par A BV CD Par BAV DC
Par ABV D C Par B A

shows A B Par C' D

{proof)

lemma Par-perm:

assumes A B Par C D

shows A B Par C D N BA Par CDANA BParDCANBAParDCANCDParABANCOCDPar BAND C Par
ABANDCParBA

{proof)

lemma Par-strict-cases:

assumes A B ParStrict C DV B A ParStrict C DNV A B ParStrict D C V B A ParStrict D C Vv C D ParStrict A B
V C D ParStrict BA N D C ParStrict A BV D C ParStrict B A

shows A B ParStrict C D

{proof)

lemma Par-strict-perm:

assumes A B ParStrict C D

shows A B ParStrict C D A B A ParStrict C D AN A B ParStrict D C N B A ParStrict D C N C D ParStrict A B A
C D ParStrict BA AN D C ParStrict A B AN D C ParStrict B A

{proof)
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lemma [12-6:
assumes A B ParStrict C D
shows A B OS C D

{proof)

lemma pars--0s3412:
assumes A B ParStrict C D
shows C D OS A B

{proof)

lemma perp-dec:
A BPerp CDV - ABPerp CD
{proof)

lemma col-cop2-perp2--col:
assumes X1 X2 Perp A B and
Y1 Y2 Perp A B and
Col X1 Y1 Y2 and
Coplanar A B X2 Y1 and
Coplanar A B X2 Y2
shows Col X2 Y1 Y2

(proof )

lemma col-perp2-ncol-col:
assumes X1 X2 Perp A B and
Y1 Y2 Perp A B and
Col X1 Y1 Y2 and
- Col X1 AB
shows Col X2 Y1 Y2

(proof )

lemma [12-9:

assumes
Coplanar C1 C2 A1 Bl and
Coplanar C1 C2 A1 B2 and
Coplanar C1 C2 A2 B1 and
Coplanar C1 C2 A2 B2 and
A1 A2 Perp C1 C2 and
B1 B2 Perp C1 C2

shows A1 A2 Par Bl B2

(proof)

lemma parallel-existence:
assumes A # B
shows 3 CD. C# DANABPar CDA Col PCD

(proof )

lemma par-col-par:
assumes C' # D’ and
A B Par C D and
Col CD D’
shows A B Par C D’

(proof )

lemma parallel-existencel :
assumes A # B
shows 3 Q. A B Par P Q

(proof )

lemma par-not-col:
assumes A B ParStrict C D and
Col X A B
shows — Col X C D

{proof)

lemma not-strict-pari:
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assumes A B Par C D and
Col A B X and
ColCD X

shows Col A B C

{proof)

lemma not-strict-par2:
assumes A B Par C D and
Col A B X and
Col CD X
shows Col A B D

{proof)

lemma not-strict-par:
assumes A B Par C D and
Col A B X and
Col CD X
shows Col A B C N Col A BD

(proof)

lemma not-par-not-col:
assumes A # B and
A # C and
- A BParAC
shows — Col A B C

{proof)

lemma not-par-inter-uniqueness:
assumes A # B and
C # D and
- A B Par C D and
Col A B X and
Col C D X and
Col A B'Y and
ColCDY
shows X = Y

(proof )

lemma inter-uniqueness-not-par:
assumes — Col A B C and
Col A B P and
Col CD P
shows -~ A B Par C D

(proof)

lemma col-not-col-not-par:
assumes 3 P. Col A BP A Col C D P and
3 Q. ColCDQN—-Col ABQ
shows -~ A B Par C D

{proof)

lemma par-distincts:
assumes A B Par C D
shows A BPar CDANA# BANC#D

{proof)

lemma par-not-col-strict:
assumes A B Par C' D and
Col C D P and
- Col A BP
shows A B ParStrict C D

{proof)

lemma col-cop-perp2-pars:
assumes - Col A B P and
Col C D P and
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Coplanar A B C D and
A B Perp P @ and
CD Perp P Q

shows A B ParStrict C D

(proof)

lemma all-one-side-par-strict:
assumes C # D and
VP.CoddlCDP— ABOSCP
shows A B ParStrict C D

(proof)

lemma par-col-par-2:
assumes A # P and
Col A B P and
A B Par C D
shows A P Par C D

{proof)

lemma par-col2-par:
assumes F # F and
A B Par C D and
Col C D F and
Col CDF
shows A B Par E F

{proof)

lemma par-col2-par-bis:
assumes F # F and
A B Par C D and
Col E F C and
Col EF D
shows A B Par E F

{proof)

lemma par-strict-col-par-strict:
assumes C # F and
A B ParStrict C' D and
Col CDE
shows A B ParStrict C E

(proof)

lemma par-strict-col2-par-strict:
assumes F # F and
A B ParStrict C D and
Col C D E and
Col CDF
shows A B ParStrict E F

(proof)

lemma line-dec:
(Col C1 B1 B2 AN Col C2 B1 B2) V = (Col C1 B1 B2 N Col C2 B1 B2)

{proof)

lemma par-distinct:
assumes A B Par C D
shows A # BN C # D

{proof)

lemma par-col4--par:
assumes F # F and
G # H and
A B Par C D and
Col A B E and
Col A B F and
Col C D G and
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ColCDH
shows F F Par G H

(proof )

lemma par-strict-colj--par-strict:
assumes F # F and
G # H and
A B ParStrict C D and
Col A B E and
Col A B F and
Col C D G and
Col CD H
shows E F ParStrict G H

(proof)

lemma par-strict-one-side:
assumes A B ParStrict C D and
ColCDP
shows A B OS C P

(proof)

lemma par-strict-all-one-side:
assumes A B ParStrict C D
shows VY P. ColCDP — ABOSCP

{proof)

lemma inter-trivial:
assumes = Col A B X
shows X Inter A X B X

{proof)

lemma inter-sym:
assumes X Inter A B C D
shows X Inter C D A B

(proof)

lemma inter-left-comm:
assumes X Inter A B C D
shows X Inter BA C D

{proof)

lemma inter-right-comm:
assumes X Inter A B C D
shows X Inter A BD C

{proof)

lemma inter-comm:
assumes X Inter A B C D
shows X Inter BA D C

{proof)

lemma [12-17:
assumes A # B and
P Midpoint A C and
P Midpoint B D
shows A B Par C D
(proof)

lemma [12-18-a:

assumes Cong A B C D and
Cong B C D A and
- Col A B C and
B # D and
Col A P C and
Col BP D

shows A B Par C D
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(proof )

lemma [12-18-b:

assumes Cong A B C D and
Cong B C D A and
- Col A B C and
B # D and
Col A P C and
Col BP D

shows B C Par D A

{proof)

lemma [12-18-c:

assumes Cong A B C D and
Cong B C' D A and
- Col A B C and
B # D and
Col A P C and
Col BP D

shows BD TS A C

(proof )

lemma [12-18-d:

assumes Cong A B C D and
Cong B C D A and
- Col A B C and
B # D and
Col A P C and
Col BPD

shows A C TS B D

(proof)

lemma [12-18:
assumes Cong A B C D and
Cong B C' D A and
- Col A B C and
B # D and
Col A P C and
Col BP D
shows A B Par CDANB CParDANBDTSACANACTSBD

(proof)

lemma par-two-sides-two-sides:
assumes A B Par C D and
BDTSAC
shows A C TS B D

{proof)

lemma par-one-or-two-sides:
assumes A B ParStrict C D
shows (A CTSBDABDTSAC)V(ACOSBDANBDOSAQCQC)

(proof)

lemma [12-21-b:
assumes A C TS B D and
B A CCongADCA
shows A B Par C D

(proof )

lemma [12-22-auzx:
assumes P # A and
A # C and
Bet P A C and
P A OSBD and
B AP CongADCP
shows A B Par C D
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(proof )

lemma [12-22-b:
assumes P Out A C and
P A OSBDand
B AP CongADCP
shows A B Par C' D

(proof)

lemma par-strict-par:
assumes A B ParStrict C D
shows A B Par C D

{proof)

lemma par-strict-distinct:
assumes A B ParStrict C D
shows A # BANC#D

{proof)

lemma col-par:
assumes A # B and
B # C and
Col ABC
shows A B Par B C

{proof)

lemma acute-col-perp--out:
assumes Acute A B C and
Col B C A’ and
B C Perp A A’
shows B Out A’ C

(proof)

lemma acute-col-perp--out-1:
assumes Acute A B C and
Col B C A’ and
B A Perp A A’
shows B Out A’ C

(proof )

lemma conga-inangle-per2--inangle:
assumes Per A B C' and
T InAngle A B C and
P B A CongA P B C and
Per B P T and
Coplanar A B C P
shows P InAngle A B C

(proof )

lemma perp-not-par:
assumes A B Perp X Y
shows = A B Par X Y

(proof )

lemma cong-conga-perp:
assumes B P TS A C and
Cong A B C B and
A B P CongA CBP
shows A C Perp B P

(proof )

lemma perp-inter-exists:
assumes A B Perp C D
shows 3 P. Col A BP N Col CD P

(proof )
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lemma perp-inter-perp-in:
assumes A B Perp C D
shows 3 P. ColA BP AN Col CD P AN P PerpAt A BC D

{proof)

end
context Tarski-2D
begin

lemma [12-9-2D:
assumes A1 A2 Perp C1 C2 and
B1 B2 Perp C1 C2
shows A1 A2 Par B1 B2

(proof)

end
context Tarski-neutral-dimensionless

begin

3.12 Tarski: Chapter 13
3.12.1 Introduction

lemma per2-col-eq:
assumes A # P and
A # P’ and
Per A P B and
Per A P’ B and
Col PA P’
shows P = P’

{proof)

lemma per2-preserves-diff:
assumes PO # A’ and
PO # B’ and
Col PO A’ B' and
Per PO A’ A and
Per PO B’ B and
A" # B’
shows A # B
(proof)

lemma per23-preserves-bet:
assumes Bet A B C and
A# B'and A # C'and
Col A B’ C' and
Per A B’ B and
Per A C' C
shows Bet A B’ C'

(proof )

lemma per23-preserves-bet-inv:
assumes Bet A B’ C' and
A # B’ and
Col A B C and
Per A B’ B and
Per A C'C
shows Bet A B C

(proof )

lemma peri3-preserves-bet:
assumes Bet A B C and
B # A’ and
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B # C'and
Col A’ B C' and
Per B A" A and
Per BC' C
shows Bet A’ B C’

(proof)

lemma peri3-preserves-bet-inv:
assumes Bet A’ B ¢’ and

B # A’ and

B # (€' and

Col A B C and

Per B A’ A and

Per BC' C
shows Bet A B C
(proof)

lemma per3-preserves-bet1:
assumes Col PO A B and

Bet A B C and

PO # A’ and

PO # B’ and

PO # C'and

Per PO A" A and

Per PO B’ B and

Per PO C’ C and

Col A’ B’ C' and

Col PO A' B’
shows Bet A’ B’ C'

(proof )

lemma per3-preserves-bet2-auz:
assumes Col PO A C and

A # C’ and
Bet A B’ C' and
PO # A and
PO # B’ and
PO # C'and
Per PO B’ B and
Per PO C’ C and
Col A B C and
Col PO A C’
shows Bet A B C

(proof )

lemma pers3-preserves-bet2:
assumes Col PO A C and

A’ # C'and
Bet A’ B’ C' and
PO # A’ and
PO # B’ and
PO # C'and
Per PO A’ A and
Per PO B’ B and
Per PO C’ C and
Col A B C and
Col PO A’ C’
shows Bet A B C

(proof )

lemma symmetry-preserves-per:

assumes Per B P A and
B Midpoint A A’ and
B Midpoint P P’
shows Per B P' A’
(proof)
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lemma [13-1-auz:
assumes — Col A B C and
P Midpoint B C' and
Q@ Midpoint A C and
R Midpoint A B
shows
3 XY. (R PerpAt X YA BAXY Perp P QA Coplanar A B C X N Coplanar A B C'Y)

(proof )

lemma [13-1:
assumes — Col A B C and
P Midpoint B C' and
Q@ Midpoint A C and
R Midpoint A B
shows
3 X Y.(R PerpAt X YA BA XY Perp P Q)

(proof )

lemma per-It:
assumes A # B and
C # B and
Per ABC
shows A BLt ACANCBILtAC

(proof )

lemma cong-perp-conga:
assumes Cong A B C' B and
A C Perp B P
shows A B P CongA CBPANBPTSAC
(proof)

lemma perp-per-bet:
assumes — Col A B C' and

Per A B C and
P PerpAt PB A C
shows Bet A P C

(proof )

lemma ts-per-per-ts:
assumes A B TS C D and
Per B C A and
Per BD A
shows C D TS A B

(proof )

lemma [13-2-1:

assumes A B TS C D and
Per B C A and
Per BD A and
Col C D F and
A E Perp C D and
CABCongADAB

shows BA C CongA DAEANBAD CongA CAENANBet CFED

(proof )

lemma triangle-mid-par:
assumes — Col A B C and
P Midpoint B C' and
Q Midpoint A C
shows A B ParStrict Q P
(proof)

lemma cop/-perp-in2--col:
assumes Coplanar X Y A A’ and
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Coplanar X Y A B’ and
Coplanar X Y B A’ and
Coplanar X Y B B’ and
P PerpAt A B X Y and
P PerpAt A’ B’ XY
shows Col A B A’
(proof)

lemma [13-2:
assumes A B TS C D and
Per B C A and
Per BD A and
Col C D FE and
A E Perp C D
shows B A C CongA DAEANDBAD CongA CAEANBetCED

(proof )

lemma perp2-refi:
assumes A # B
shows P Perp2 A BA B

(proof )

lemma perp2-sym:
assumes P Perp2 A B C D
shows P Perp2 C D A B

(proof)

lemma perp2-left-comm:
assumes P Perp2 A B C D
shows P Perp2 B A C D

(proof )

lemma perp2-right-comm:
assumes P Perp2 A B C D
shows P Perp2 A BD C

(proof )

lemma perp2-comm:
assumes P Perp2 A B C D
shows P Perp2 BA D C

(proof)

lemma perp2-pseudo-trans:
assumes P Perp2 A B C D and
P Perp2 C D E F and
- Col CDP
shows P Perp2 A BEF

(proof )

lemma col-cop-perp2--pars-bis:
assumes — Col A B P and
Col C D P and
Coplanar A B C D and
P Perp2 ABCD
shows A B ParStrict C D

(proof )

lemma perp2-preserves-bet23:
assumes Bet PO A B and
Col PO A’ B' and
- Col PO A A" and
PO Perp2 A A’ BB’
shows Bet PO A’ B’

(proof)

lemma perp2-preserves-betl3:
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assumes Bet B PO C and
Col PO B’ C’ and
- Col PO B B’ and
PO Perp2 B C' C B’
shows Bet B’ PO C’

(proof)

lemma is-image-perp-in:
assumes A # A’ and
X # Y and
A A’ Reflect X Y
shows 3 P. P PerpAt A A’ XY

{proof)

lemma perp-inter-perp-in-n:
assumes A B Perp C D
shows 3 P. Col A BP N Col CD P N P PerpAt A BCD

{proof)

lemma perp2-perp-in:
assumes PO Perp2 A B C D and
- Col PO A B and
- Col PO C D
shows 3 P Q. ColABP A ColCD QAN Col POP QAN P PerpAt PO P A BN @ PerpAt PO Q C D

(proof )

lemma [13-8:

assumes U # PO and
V # PO and
Col PO P @ and
Col PO U V and
Per P U PO and
Per Q V PO

shows PO Out P Q «— PO Out UV

{proof)

lemma perp-in-rewrite:
assumes P PerpAt A B C D
shows P PerpAt A PP CV P PerpAt A PP DV P PerpAt BPP CV P PerpAt BPPD

{proof)

lemma perp-out-acute:
assumes B Out A C' and
A B Perp C C’
shows Acute A B C

(proof )

lemma perp-bet-obtuse:
assumes B # ('’ and
A B Perp C C' and
Bet A B C’
shows Obtuse A B C

(proof )

end

3.12.2 Part 1: 2D

context Tarski-2D
begin

lemma perp-in2--col:
assumes P PerpAt A B X Y and
P PerpAt A’ B'X Y
shows Col A B A’
(proof)
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lemma perp2-trans:
assumes P Perp2 A B C D and
P Perp2 CDEF
shows P Perp2 A BE F

(proof)

lemma perp2-par:
assumes PO Perp2 A B C D
shows A B Par C D

{proof)

end

3.12.3 Part 2: length

context Tarski-neutral-dimensionless
begin

lemma lg-exists:
3 1. (QCongl N1l A B)
(proof)

lemma lg-cong:
assumes QCong [ and
Il A B and
1CD
shows Cong A B C D
(proof)

lemma lg-cong-lg:
assumes (Cong | and
l A B and
Cong A BCD
shows [ C' D

(proof)

lemma lg-sym:
assumes QCong [
and [ A B
shows [ B A

{proof)

lemma ex-points-lg:
assumes QCong [
shows 14 A B.lAB

{proof)

lemma is-len-cong:
assumes TarskiLen A Bl and
TarskiLen C D1
shows Cong A B C' D

{proof)

lemma is-len-cong-is-len:
assumes TarskiLen A B | and
Cong A BCD
shows TarskiLen C D |

{proof)

lemma not-cong-is-len:
assumes - Cong A B C D and
TarskiLen A Bl
shows - [ C' D

{proof)
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lemma not-cong-is-lent:
assumes - Cong A B C D
and TarskilLen A Bl
shows — TarskiLen C Dl

(proof)

lemma lg-null-instance:
assumes QCongNull |
shows [ A A

{proof)

lemma lg-null-trivial:
assumes QCong [
and [ A A
shows QCongNull |

(proof)
lemma lg-null-dec:

shows QCongNull Il Vv = QCongNull |
(proof)

lemma ex-point-lg:
assumes QCong [
shows 3 B.l A B

{proof)

lemma ez-point-lg-out:
assumes A # P and
QCong | and
- QCongNull |
shows 3 B. (I A BA A Out B P)

(proof )

lemma ex-point-lg-bet:
assumes QCong [
shows 3 B. (I M B A Bet A M B)

(proof )

lemma ez-points-lg-not-col:
assumes QCong [
and — QCongNull |
shows 3 A B. (lIABA - Col ABP)

(proof )

lemma ez-eql:
assumes 3 A B. (TarskiLen A B 11 A TarskiLen A B 12)
shows [1 = [2

(proof )

lemma all-eql:
assumes Tarskilen A B 11 and
TarskilLen A B 12
shows [1 = [2

{proof)

lemma null-len:
assumes TarskiLen A A la and
TarskiLen B B Ib
shows la = Ib

(proof)
lemma egL-equivalence:

assumes QCong la and
QCong lb and
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QCong lc
shows la=la A (la=1b—lb=la) A (la=1bAIb=Ilc—la=Il)
(proof)

lemma ex-lg:
3 1. (QCongl ANl A B)
(proof)

lemma lg-eql-lg:
assumes (Cong l1 and
1 =12
shows QCong 12
(proof)

lemma ex-eqL:
assumes ()Cong l1 and
QCong 12 and
3 AB. (Il ABANI2 A B)
shows l1 = 2

{proof)

3.12.4 Part 3 : angles

lemma ang-ezists:
assumes A # B and
C#B
shows 3 a. (QCongA a A a A B C)
(proof)

lemma ez-points-eng:
assumes QCongA a
shows 3 A BC. (a A BC)

(proof )

lemma ang-conga:
assumes QCongA a and
a A B C and
a A" B' C’
shows A B C CongA A’ B' C’
(proof)

lemma is-ang-conga:
assumes A B C Ang a and
A" B’ C' Ang a
shows A B C CongA A’ B’ C’
(proof)

lemma is-ang-conga-is-ang:
assumes A B C Ang a and
A B C CongA A’ B' C'
shows A’ B’ C' Ang a
(proof)

lemma not-conga-not-ang:
assumes (CongA a and
- A BC CongA A’ B C' and
aABC
shows - a A’ B' C’
(proof)

lemma not-conga-is-ang:
assumes - A B C CongA A’ B’ C' and
A B C Ang a
shows - a A’ B' C’
(proof)
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lemma not-cong-is-ang1:
assumes - A B C CongA A’ B’ C' and

A B C Ang a
shows = A’ B’ C’ Ang a
(proof)

lemma ex-eqa:
assumes 3 A B C.(A B C Ang al N A B C Ang a2)
shows al = a2

(proof )

lemma all-eqa:
assumes A B C Ang al and

A B C Ang a2
shows al = a2
(proof )

lemma is-ang-distinct:
assumes A B C Ang a
shows A # BN C # B

{proof)

lemma null-ang:
assumes A B A Ang al and

CD C Ang a2
shows al = a2
(proof )

lemma flat-ang:
assumes Bet A B C and
Bet A’ B’ C' and
A B C Ang al and
A" B' C' Ang a2
shows al = a2

(proof)

lemma ang-distinct:
assumes QCongA a and
aABC
shows A # BN C # B

(proof)

lemma ex-ang:
assumes B # A and
B#C
shows 3 a. (QCongA a A a A B C)
(proof)

lemma anga-exists:
assumes A # B and
C # B and
Acute A B C
shows 3 a. (QCongAAcute a A a A B C)

(proof )

lemma anga-is-ang:
assumes QCongAAcute a
shows QCongA a

(proof )
lemma ez-points-anga:

assumes QCongAAcute a
shows3 ABC.aABC

{proof)

lemma anga-conga:
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assumes (CongAAcute a and
a A B C and
a A’ B’ C’
shows A B C CongA A’ B’ C’
(proof)

lemma is-anga-to-is-ang:
assumes A B C AngAcute a
shows A B C Ang a

{proof)

lemma is-anga-conga:
assumes A B C AngAcute a and
A" B’ C' AngAcute a
shows A B C CongA A’ B' C’
(proof)

lemma is-anga-conga-is-anga:
assumes A B C AngAcute a and
A B C CongA A’ B' C'
shows A’ B’ C' AngAcute a
(proof)

lemma not-conga-is-anga:
assumes - A B C CongA A’ B’ C’ and
A B C AngAcute a
shows - a A’ B' C’
(proof)

lemma not-cong-is-angal:
assumes - A B C CongA A’ B’ C’ and
A B C AngAcute a
shows = A’ B’ C' AngAcute a
(proof)

lemma ex-eqaa:
assumes 3 A B C. (A B C AngAcute a1l N A B C AngAcute a2)
shows al = a2

{proof)

lemma all-eqaa:
assumes A B C AngAcute al and
A B C AngAcute a2
shows al = a2

{proof)

lemma is-anga-distinct:
assumes A B C AngAcute a
shows A # BN C # B

{proof)

lemma null-anga:
assumes A B A AngAcute al and
C D C AngAcute a2
shows al = a2

{proof)

lemma anga-distinct:
assumes QCongAAcute a and
aABC
shows A # BN C # B

(proof)
lemma out-is-len-eq:

assumes A Out B C and
TarskilLen A B | and
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TarskiLen A C'1
shows B = ('

{proof)

lemma out-len-eq:
assumes ()Cong | and
A Out B C and
l A B and
lAC
shows B = C (proof)

lemma ez-anga:
assumes Acute A B C
shows 3 a. (QCongAAcute a AN a A B C)

{proof)

lemma not-null-ang-ang:
assumes QCongAnNull a
shows QCongA a

{proof)

lemma not-null-ang-def-equiv:
QCongAnNull a +— (QCongA a AN (3 ABC.(a ABCAN = BOutACQ)))
(proof)

lemma not-flat-ang-def-equiv:
QCongAnFlat a «+— (QCongA a AN (3 ABC.(a ABC AN - Bet ABC(C)))
(proof)

lemma ang-const:
assumes QCongA a and
A#B
shows 3 C.a A B C
(proof)

lemma ang-sym:
assumes QQCongA a and
aABC
shows a C B A

(proof )

lemma ang-not-null-lg:
assumes QCongA a and
QCong | and
a A B C and
lAB
shows — QCongNull |

{proof)

lemma ang-distincts:
assumes QCongA a and
aABC
shows A # BAN C # B

{proof)

lemma anga-sym:
assumes QCongAAcute a and
aABC
shows a C B A

{proof)

lemma anga-not-null-lg:
assumes (CongAAcute a and
QCong | and
a A B C and
lAB
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shows = QCongNull [
(proof)

lemma anga-distincts:
assumes QCongAAcute a and
aABC
shows A # BN C # B

{proof)

lemma ang-const-o:
assumes - Col A B P and
QCongA a and
QCongAnNull a and
QCongAnFlat a
shows3 C.a ABCANABOSCP

(proof )

lemma anga-const:
assumes (CongAAcute a and
A+#B
shows 3 C.a A B C
(proof)

lemma null-anga-null-angaP:
QCongANullAcute a «— IsNullAngaP a

(proof)

lemma is-null-anga-out:
assumes
a A B C and
QCongANullAcute a
shows B Out A C

{proof)

lemma acute-not-bet:
assumes Acute A B C
shows - Bet A B C

(proof)

lemma anga-acute:
assumes @QCongAAcute a and
aABC
shows Acute A B C

(proof)

lemma not-null-not-col:
assumes QCongAAcute a and
= QCongANullAcute a and

aABC
shows — Col A B C
(proof )

lemma ang-cong-ang:
assumes QCongA a and
a A B (C and
A B C CongA A’ B’ C'
shows a A" B’ C’
(proof)

lemma is-null-ang-out:
assumes
a A B C and
QCongANull a
shows B Out A C

(proof )
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lemma out-null-ang:
assumes QQCongA a and
a A B C and
B Out AC
shows QCongANull a

(proof)

lemma bet-flat-ang:
assumes QCongA a and
a A B C and
Bet A B C
shows AngFlat a

{proof)

lemma out-null-anga:
assumes (CongAAcute a and
a A B (C and
B Out A C
shows QCongANullAcute a

{proof)

lemma anga-not-flat:
assumes QCongAAcute a
shows QCongAnFlat a

{proof)

lemma anga-const-o:
assumes - Col A B P and
- QCongANullAcute a and
QCongAAcute a
shows 3 C. (a ABCANABOSCP)

(proof)

lemma anga-conga-anga:
assumes QCongAAcute a and
a A B C and
A B C CongA A’ B' C’
shows a A’ B' C’
(proof)

lemma anga-out-anga:
assumes QCongAAcute a and
a A B C and
B Out A A’ and
B Out C C’'
shows a A’ B C’

(proof )

lemma out-out-anga:
assumes QCongAAcute a and
B Out A C and
B’ Out A’ C" and
aABC
shows a A’ B’ C'

(proof )

lemma is-null-all:
assumes A # B and
QCongANullAcute a
shows a A B A

(proof )

lemma anga-col-out:
assumes QCongAAcute a and
a A B C and
Col A BC
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shows B Out A C
(proof )

lemma ang-not-lg-null:

assumes QCong la and
QCong lc and
QCongA a and
la A B and
lc C B and
aABC

shows = QCongNull la N = QCongNull lc

{proof)

lemma anga-not-lg-null:
assumes
QCongAAcute a and
la A B and
lc C B and
aABC
shows — QCongNull la N = QCongNull lc

{proof)

lemma anga-col-null:
assumes QCongAAcute a and
a A B C and
Col ABC
shows B Out A C N QCongANullAcute a

(proof)

lemma eqA-preserves-ang:
assumes QCongA a and
a="b
shows QCongA b
(proof)

lemma eqA-preserves-anga:
assumes QCongAAcute a and

a=1»
shows QCongAAcute b
(proof)

4 Some postulates of the parallels

lemma euclid-5--original-euclid:
assumes Fuclid5
shows FuclidSParallelPostulate

(proof )

lemma tarski-s-euclid-implies-euclid-5:
assumes TarskiSParallelPostulate
shows Fuclid5

(proof )

lemma tarski-s-implies-euclid-s-parallel-postulate:
assumes TarskiSParallelPostulate
shows FuclidSParallelPostulate

(proof)
theorem tarski-s-euclid-implies-playfair-s-postulate:

assumes TarskiSParallelPostulate
shows PlayfairSPostulate

(proof )

end
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