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Abstract

This Isabelle/HOL formalization builds on the VeriComp entry of the
Archive of Formal Proofs to provide the following contributions:

o an operational semantics for a realistic virtual machine (Std) for
dynamically typed programming languages;

o the formalization of an inline caching optimization (Inca), a proof
of bisimulation with (Std), and a compilation function;

« the formalization of an unboxing optimization (Ubx), a proof of
bisimulation with (Inca), and a simple compilation function.

This formalization was described in [1].
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fixes
empty :: 'env and
get 2 'env = 'key = 'val option and
add :: 'env = 'key = 'val = 'env and
to-list :: 'env = (‘key x 'val) list

assumes
get-empty: get empty x = None and
get-add-eq: get (add e z v) x = Some v and
get-add-neq: x # y = get (add e z v) y = get e y and
to-list-correct: map-of (to-list e) = get e and
to-list-distinct: distinct (map fst (to-list e))

begin

declare get-empty[simp)
declare get-add-eq[simp)
declare get-add-neq[simp)

definition singleton where
singleton = add empty

fun add-list :: 'env = ('key x 'val) list = 'env where
add-list e [| = e |
add-list e (x # zs) = add (add-list e xs) (fst z) (snd x)

definition from-list :: ('key x 'val) list = 'env where
from-list = add-list empty

lemma from-list-correct: get (from-list xs) = map-of s
(proof)

lemma from-list-Nil[simp]: from-list [| = empty

{proof)

lemma get-from-list-to-list: get (from-list (to-list e)) = get e
(proof)

lemma to-list-list-alll:
assumes Ak v. get e k = Some v = P (k, v)
shows list-all P (to-list e)

(proof)

definition map-entry where
map-entry e k f = case get e k of None = e | Some v = add e k (f v)

lemma get-map-entry-eq[simp|: get (map-entry e k f) k = map-option f (get e k)
(proof )

lemma get-map-entry-neq[simpl: x # y = get (map-entry e x f) y = get e y



{proof)

lemma dom-map-entry[simp]: dom (get (map-entry e k f)) = dom (get e)
{proof)

lemma get-map-entry-conv:
get (map-entry e x f) y = map-option (Av. if £ = y then f v else v) (get e y)
(proof )

lemma map-option-comp-map-entry:

assumes Vz € ran (get e). f (gz) = fx

shows map-option f o get (map-entry e k g) = map-option f o get e
(proof )

lemma map-option-comp-get-add:
assumes k € dom (get ¢) and Vz € ran (get e). fv = fx
shows map-option f o get (add e k v) = map-option f o get e
(proof)

end

end
theory FEnv-list
imports Env HOL— Library. Library
begin
2.1 Generic lemmas

lemma map-of-filter:
x # y = map-of (filter (Az. fst z # y) zs) x = map-of zs x
(proof )

2.2 List-based implementation of environment

context
begin

qualified type-synonym (‘key, 'val) t = ('key x 'val) list

qualified definition empty :: ('key, 'val) t where
empty = ||

qualified definition get :: ('key, 'val) t = 'key = 'val option where
get = map-of

qualified definition add :: ('key, 'val) t = 'key = 'val = ('key, 'val) t where
add e kv = AList.update k v e

term filter



qualified fun to-list :: ('key, "val) t = ('key x 'val) list where
to-list [| =[] |
to-list (v # xs) = x # to-list (filter (MN(k, v). k # fst z) xs)

lemma get-empty: get empty x = None
(proof )

lemma get-add-eq: get (add e z v) x = Some v
(proof )

lemma get-add-neq: © # y = get (add e x v) y = get e y
(proof )

lemma to-list-correct: map-of (to-list €) = get e

(proof)

lemma set-to-list: set (to-list e) C set e
{proof)

lemma to-list-distinct: distinct (map fst (to-list €))

(proof)

end

global-interpretation env-list:
env Env-list.empty Env-list.get Env-list.add Env-list.to-list
defines
singleton = env-list.singleton and
add-list = env-list.add-list and
from-list = env-list.from-list
(proof )

export-code Env-list.empty Env-list.get Env-list.add Env-list.to-list singleton add-list
from-list
in SML module-name Env

end

theory List-util
imports Main

begin

inductive same-length :: 'a list = 'b list = bool where
same-length-Nil: same-length || [] |
same-length-Cons: same-length zs ys = same-length (v # zs) (y # ys)

code-pred same-length (proof)



lemma same-length-iff-eq-lengths: same-length xs ys <— length s = length ys
(proof )

lemma same-length-Cons:
same-length (x # xs) ys = Jy ys'. ys = y # ys’
same-length zs (y # ys) = Jx xs’. xs = © # x5’
(proof)

3 nth_opt

fun nth-opt where
nth-opt (z # -) 0 = Some x |
nth-opt (- # xs) (Suc n) = nth-opt s n |
nth-opt - - = None

lemma nth-opt-eq-Some-conv: nth-opt xs n = Some x <— n < length s A zs ! n
=z

{proof)

lemmas nth-opt-eq-SomeD|dest] = nth-opt-eq-Some-conv| THEN iffD1]

4 Generic lemmas

lemma list-rel-imp-pred1:
assumes
list-all2 R xs ys and
Nz y. (z, y) € set (zipzsys) = Rxy = Pux
shows list-all P xs
(proof)

lemma list-rel-imp-pred2:
assumes
list-all2 R xs ys and
Nz y. (z, y) € set (zipasys) = Razy=— Py
shows list-all P ys
(proof )

lemma eg-append-conv-conj: (zs = xs Q ys) = (zs = take (length zs) zs N\ ys =
drop (length zs) zs)
(proof )

lemma list-all-list-updatel: list-all P xs = P x = list-all P (list-update xs n x)

{proof)

lemmas list-all2-updatel-cong = list-all2-update-cong[of - - ys - ys | i i for ys i,
simplified)
lemmas list-all2-update2-cong = list-all2-update-cong|of - xs - xs | i - { for zs i,
simplified)



lemma map-list-update-id:
f (zs ! pe) = finstr = map | (xs[pc := instr]) = map f zs
(proof)

lemma list-all-eq-const-imp-replicate:
assumes list-all (\z. © = y) s
shows zs = replicate (length zs) y

{proof)

lemma list-all-eq-const-imp-replicate’:
assumes list-all ((=) y) zs
shows zs = replicate (length zs) y

{proof)

lemma list-all-eg-const-replicate-lhs[intro):
list-all (Az. y = z) (replicate n y)
{proof)

lemma list-all-eg-const-replicate-rhs[introl:
list-all (Az. © = y) (replicate n y)
(proof )

lemma list-all-eg-const-replicate[simp]: list-all ((=) ¢) (replicate n c)
{proof)

lemma replicate-eq-map:
assumes n = length zs and \y. y € set 2s = fy ==z
shows replicate n x = map f xs

{proof)

lemma replicate-eq-impl-Ball-eq:
shows replicate n ¢ = zs = (V' € set xs. z = ¢)
(proof)

lemma rel-option-map-of:
assumes list-all2 (rel-prod (=) R) zs ys
shows rel-option R (map-of xs 1) (map-of ys 1)
(proof)

lemma list-all2-rel-prod-nth:
assumes list-all2 (rel-prod R1 R2) zs ys and n < length xs
shows R1 (fst (xs! n)) (fst (ys! n)) A R2 (snd (zs! n)) (snd (ys ! n))
(proof)

lemma [list-all2-rel-prod-fst-hd:
assumes list-all2 (rel-prod R1 R2) zs ys and zs # [| V ys # []
shows R1 (fst (hd xs)) (fst (hd ys)) A R2 (snd (hd zs)) (snd (hd ys))

{proof)



lemma list-all2-rel-prod-fst-last:
assumes list-all2 (rel-prod R1 R2) zs ys and zs # [| V ys # |]
shows R1 (fst (last xs)) (fst (last ys)) A R2 (snd (last xs)) (snd (last ys))

(proof)

lemma list-all-nthDlintro|: list-all P xs => n < length s = P (zs ! n)
{proof)

lemma list-all P xs =—> V€ set zs. P ¢
(proof )

lemma [list-all-map-of-SomeD:
assumes list-all P kvs and map-of kvs k = Some v
shows P (k, v)
(proof)

lemma list-all-not-nthD:list-all P xs = = P (xs ! n) = length s < n
(proof)

lemma list-all-butlast-not-nthD: list-all P (butlast zs) => — P (zs ! n) = length
zs < Suc n

{proof)

lemma list-all-replicatel[intro]: P x = list-all P (replicate n x)
{proof)

lemma map-eq-append-replicate-conuv:
assumes map f xs = replicate n x @ ys
shows map f (take n xs) = replicate n x

(proof)

lemma map-eq-replicate-imp-list-all-const:
map f xs = replicate n x = n = length vs = list-all (\y. fy = x) xs
(proof )

lemma map-eg-replicatel: length xs = n = (A\z. © € set s = fz = ¢) =
map [ xs = replicate n ¢

{proof)

lemma list-all-dropI[introl: list-all P xs = list-all P (drop n xs)
{proof)

5 Non-empty list
type-synonym ’a nlist = 'a x 'a list

end



theory Result
imports
Main
HOL- Library. Monad-Syntax
begin

datatype (‘err, 'a) result =
is-err: Error err |
is-ok: Ok 'a

6 Monadic bind

context begin

qualified fun bind :: (‘a, 'b) result = ('b = (‘a, 'c) result) = ('a, 'c) result where
bind (Error z) - = Error x|
bind (Okz) f = fx

end

adhoc-overloading
bind = Result.bind

context begin

qualified lemma bind-Ok[simp]: © >= Ok = z
(proof) lemma bind-eq-Ok-conv: (z >= f = Ok z) = (Jy. z = Ok y A fy = Ok
)
(proof) lemmas bind-eq-OkD|dest!] = bind-eq-Ok-conv[THEN iffD1]
qualified lemmas bind-eq-OkE = bind-eq-OkD|THEN exFE)
qualified lemmas bind-eq-OkI[intro] = conjl[ THEN exI[THEN bind-eq-Ok-conv| THEN

ffD2]]]

qualified lemma bind-eq-Error-conv:

z>=f = Frrorz<— x= Error zV (3y. x = Ok y A\ fy = Error z)

(proof ) lemmas bind-eq-ErrorD[dest!] = bind-eq-Error-conv| THEN iffD1]
qualified lemmas bind-eq-ErrorE = bind-eq-ErrorD[THEN disjE]
qualified lemmas bind-eq-Errorl =

disjI1 [THEN bind-eq-Error-conv| THEN ffD2]]

conjI[THEN exI[THEN disjI2[THEN bind-eq-Error-conv| THEN iffD2]]]]

lemma if-then-else-Ok[simp]:

(if a then b else Error ¢) = Ok d +— a A b= Ok d

(if a then Error c else b) = Ok d «— = a ANb= Ok d

(proof) lemma if-then-else-Error[simp]:

(if a then Ok b else ¢) = Error d +— = a A ¢ = Error d

(if a then c else Ok b) = Error d <— a N ¢ = Error d

(proof) lemma map-eq-Ok-conv: map-result f g v = Ok y +— (Jz’. x = Ok z’
ANy =gz’

10



(proof) lemma map-eq-Error-conv: map-result f g x = Error y +— (Jz’. z =
Error ' Ay = fx)

(proof ) lemmas map-eq-OkD[dest!| = iffD1[|OF map-eq-Ok-conv)
qualified lemmas map-eq-ErrorD|dest!] = iffD1[OF map-eq-Error-conv)

end

7 Conversion functions

context begin

qualified fun of-option where
of-option e None = Error e |
of-option e (Some z) = Ok z

qualified lemma of-option-injective[simp]: (of-option e © = of-option e y) = (z
=y)
(proof) lemma of-option-eq-Ok[simp]: (of-option x y = Ok z) = (y = Some z)
(proof) fun to-option where
to-option (Error -) = None |
to-option (Ok z) = Some

qualified lemma to-option-Some[simp]: (to-option r = Some z) = (r = Ok z)
(proof) fun those :: ("err, 'ok) result list = (‘err, 'ok list) result where
those [| = Ok || |
those (z # xs) = do {

y <
ys < those xs;
} Ok (y # ys)

qualified lemma those-Cons-OkD: those (x # xs) = Ok ys = Jy ys'. ys = y #
ys' N x = Ok y A those xs = Ok ys'
(proof )

end

end

theory Option-Extra
imports Main

begin

fun ap-option (infixl «o» 60) where
(Some f) o (Some z) = Some (f z) |
-0 -= None

lemma ap-option-eq-Some-conv: f o x = Some y «— (If' z". f = Some f' Nz =
Some ' Ny = f' ')
(proof )

11



definition ap-map-prod where
ap-map-prod f g p = Some Pair o f (fst p) o g (snd p)

lemma ap-map-prod-eq-Some-conv:

ap-map-prod f g p = Some p' +— (Fzy. p=(z, y) AN 3z’ y". p' = (&, y)Nf
x = Some z' A gy = Some y’))
(proof )

fun ap-map-list :: ('a = 'b option) = 'a list = 'b list option where
ap-map-list - [| = Some || |
ap-map-list f (x # xs) = Some (#) o fz © ap-map-list f xs

lemma length-ap-map-list: ap-map-list f xs = Some ys = length ys = length xs

(proof)

lemma ap-map-list-imp-rel-option-map-of:
assumes ap-map-list f s = Some ys and
Az y. (z, y) € set (zip zs ys) = fz = Some y = fst x = fst y
shows rel-option (\x y. f (k, ) = Some (k, y)) (map-of xs k) (map-of ys k)
(proof )

lemma ap-map-list-ap-map-prod-imp-rel-option-map-of:
assumes ap-map-list (ap-map-prod Some f) xs = Some ys
shows rel-option (A\x y. fx = Some y) (map-of zs k) (map-of ys k)
(proof )

lemma ex-ap-map-list-eq-Somel:
assumes list-all (Az. Jy. fz = Some y) zs
shows Jys. ap-map-list f s = Some ys

(proof)

lemma ap-map-list-iff-list-all2:
ap-map-list f xs = Some ys +— list-all2 Az y. fx = Some y) zs ys
(proof)

lemma ap-map-list-map-conv:
assumes
ap-map-list f xs = Some ys and
Nty z € setas=— fz=S8Smey—= y=gz
shows ys = map g xs
(proof )

end
theory Map-Extra

imports Main HOL— Library. Library
begin

lemmas map-of-eq-Some-imp-key-in-fst-dom|[intro] =

12



domlI|of map-of zs for zs, unfolded dom-map-of-conv-image-fst]

lemma very-weak-map-of-Somel: k € fst ¢ set kvs = Jv. map-of kvs k = Some v
(proof )

lemma map-of-fst-hd-neg-Nil[simp]:
assumes s # ||
shows map-of zs (fst (hd xs)) = Some (snd (hd zs))

{proof)

definition map-merge where
map-merge f m1 m2 x =
(case (m1 x, m2 x) of
(None, None) = None
| (None, Some z) = Some z
| (Some y, None) = Some y
| (Some y, Some z) = fy z2)

lemma option-case-cancel[simp]: (case opt of None = z | Some - = z) =z
{proof)

lemma map-le-map-merge-Some-const:
f S map-merge (Azx y. Some z) f g and
g Co map-merge (Az y. Some y) fg
(proof)

8 pred__map

definition pred-map where
pred-map Pm = (Vz y. m z = Some y — P y)

lemma pred-map-get:
assumes pred-map P m and m x = Some y
shows P y

{proof)

end
theory AList-Extra

imports HOL— Library.AList List-util
begin

lemma list-all2-rel-prod-updatel:
assumes list-all2 (rel-prod (=) R) zs ys and R zval yval
shows list-all2 (rel-prod (=) R) (AList.update k xval xs) (AList.update k yval ys)

{proof)

lemma length-map-entry[simp]: length (AList.map-entry k f al) = length al
(proof )

13



lemma map-entry-id0[simp|: AList.map-entry k id = id
(proof)

lemma map-entry-id: AList.map-entry k id s = zs
(proof )

lemma map-entry-map-of-Some-conv:
map-of xs k = Some v = AList.map-entry k f s = AList.update k (f v) xs

{proof)

lemma map-entry-map-of-None-conv:
map-of zs k = None = AList.map-entry k f xs = xs
(proof)

lemma list-all2-rel-prod-map-entry:
assumes
list-all2 (rel-prod (=) R) xs ys and
Nzval yval. map-of xs k = Some zval = map-of ys k = Some yval = R (f
zval) (g yval)
shows list-all2 (rel-prod (=) R) (AList.map-entry k f xs) (AList.map-entry k g
ys)
(proof)

lemmas list-all2-rel-prod-map-entryl = list-ali2-rel-prod-map-entrylwhere g =
id, simplified)

lemmas list-all2-rel-prod-map-entry2 = list-all2-rel-prod-map-entry[where f = id,
simplified)

lemma list-all-updatel:
assumes list-all P zs and P (k, v)
shows list-all P (AList.update k v xs)

(proof)

lemma set-update: set (AList.update k v xs) C {(k, v)} U set xs
{proof)

end
theory Global
imports HOL— Library. Library Result Env List-util Option-Ezxtra Map-Ezxtra AL-
ist-Extra
begin

sledgehammer-params [timeout = 30)
sledgehammer-params [provers = cvcd e spass vampire z3 zipperposition]

declare K-record-comp|simp]
lemma if-then-Some-else-None-eq[simp:

(if a then Some b else None) = Some ¢ +— a Ab=c

14



(if a then Some b else None) = None <— — a
{proof)

lemma if-then-else-distributive: (if a then f b else fc) = f (if a then b else c)
(proof )

9 Rest

lemma map-ofD:
fixes zs k opt
assumes map-of rs k = opt
shows opt = None V (3 n < length xs. opt = Some (snd (zs ! n)))
(proof)

lemma list-all2-assoc-map-rel-get:

assumes list-all2 (=) (map fst xs) (map fst ys) and list-all2 R (map snd xs)
(map snd ys)

shows rel-option R (map-of xs k) (map-of ys k)

(proof )

9.1 Function definition

datatype (‘label, 'instr) fundef =
Fundef (body: ('label x ‘instr list) list) (arity: nat) (return: nat) (fundef-locals:
nat)

lemma rel-fundef-arities: rel-fundef r1 r2 gd1 ¢d2 — arity gd1 = arity gd2
(proof )

lemma rel-fundef-return: rel-fundef R1 R2 gd1 gd2 = return gd1 = return gd2
(proof)

lemma rel-fundef-locals: rel-fundef R1 R2 gdl gd2 —> fundef-locals gd1 = fun-
def-locals gd2

{proof)

lemma rel-fundef-body-length[simp):
rel-fundef r1 2 fd1 fd2 = length (body fd1) = length (body fd2)
(proof )

definition funtype where
funtype fd = (arity fd, return fd)

lemma rel-fundef-funtype[simp|: rel-fundef R1 R2 fd1 fd2 — funtype fd1 = fun-
type fd2
(proof)

lemma rel-fundef-rel-fst-hd-bodies:
assumes rel-fundef R1 R2 fd1 fd2 and body fd1 # [| V body fd2 # |]

15



?hOWS>R] (fst (hd (body fd1))) (fst (hd (body fd2)))
proof

lemma map-option-comp-conv:
assumes

Nz. rel-option R (f z) (g x)
Nfd1 fd2. fd1 € ran f = fd2 € ran ¢ = R fdl fd2 — h fd1 = i fd2
shows map-option h o f = map-option i o g
(proof)

lemma map-option-arity-comp-conuv:
assumes (Az. rel-option (rel-fundef R S) (f z) (g z))
shows map-option arity o f = map-option arity o g
(proof )

definition wf-fundef where
wf-fundef fd +— body fd # []

lemma wf-fundef-non-empty-bodyD|dest,intro|: wf-fundef fd = body fd # []
(proof)

definition wf-fundefs where
wf-fundefs F +— (Vf fd. F f = Some fd — wf-fundef fd)

lemma wf-fundefsI:
assumes Af fd. F f = Some fd = wf-fundef fd
shows wf-fundefs F

{proof)

lemma wf-fundefsl’:
assumes Af. pred-option wf-fundef (F f)
shows wf-fundefs F
(proof)

lemma wf-fundefs-imp-wf-fundef:
assumes wf-fundefs F and F f = Some fd
shows wf-fundef fd

(proof)
hide-fact wf-fundefs-def

9.2 Program

datatype ('fenv, 'henv, 'fun) prog =
Prog (prog-fundefs: 'fenv) (heap: 'henv) (main-fun: 'fun)

definition wf-prog where
wf-prog Get p «— wf-fundefs (Get (prog-fundefs p))

16



9.3 Stack frame

datatype ('fun, 'label, 'operand) frame =
Frame "fun 'label (prog-counter: nat) (regs: 'operand list) (operand-stack: 'operand
list)

definition instr-at where
instr-at fd label pc =
(case map-of (body fd) label of
Some instrs =
if pc < length instrs then
Some (instrs ! pc)
else
None
| None = None)

lemma instr-atD:

assumes instr-at fd [ pc = Some instr

shows 3 instrs. map-of (body fd) | = Some instrs A pc < length instrs A instrs
! pc = instr

(proof )

lemma rel-fundef-imp-rel-option-instr-at:
assumes rel-fundef (=) R fd1 fd2
shows rel-option R (instr-at fd1 [ pc) (instr-at fd2 1 pc)
(proof )

definition next-instr where
next-instr I f label pc = do {
fd «+ Ff;
instr-at fd label pc

}

lemma next-instr-eq-Some-conv:

next-instr F f 1 pc = Some instr «— (3fd. F f = Some fd A instr-at fd | pc =
Some instr)

(proof )

lemma next-instrD:
assumes next-instr F f | pc = Some instr
shows 3fd. F f = Some fd N instr-at fd | pc = Some instr

(proof )

lemma next-instr-pe-lt-length-instrsl:
assumes
next-instr F f 1 pc = Some instr and
F f = Some fd and
map-of (body fd) | = Some instrs
shows pc < length instrs
(proof)
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lemma next-instr-get-map-ofD:
assumes
next-instr F f 1 pc = Some instr and
F f = Some fd and
map-of (body fd) | = Some instrs
shows pc < length instrs and instrs | pc = instr
(proof)

lemma next-instr-length-instrs:
assumes
F f = Some fd and
map-of (body fd) label = Some instrs
shows next-instr F' f label (length instrs) = None

(proof)

lemma next-instr-take-Suc-conv:
assumes next-instr F f | pc = Some instr and
F f = Some fd and
map-of (body fd) | = Some instrs
shows take (Suc pc) instrs = take pc instrs Q [instr]
(proof)

9.4 Dynamic state

datatype ('fenv, 'henv, 'frame) state =
State (state-fundefs: 'fenv) (heap: 'henv) (callstack: "frame list)

definition state-ok where
state-ok Get s «+— wf-fundefs (Get (state-fundefs s))

inductive final for F-get Return where
finall: next-instr (F-get F) f1 pc = Some Return =
final F-get Return (State F H [Frame f 1 pc R X))

definition allocate-frame where
allocate-frame f fd args uninitialized =
Frame f (fst (hd (body fd))) 0 (args Q replicate (fundef-locals fd) uninitialized)
[

inductive load for F-get Uninitialized where

F-get F main = Some fd = arity fd = 0 = body fd # [| =

load F-get Uninitialized (Prog F' H main) (State F' H [allocate-frame main fd |]
Uninitialized))

lemma length-neg-imp-not-list-all2:
assumes length xs # length ys
shows — list-all2 R xs ys

(proof)
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lemma list-all2-rel-prod-conv:
list-all2 (rel-prod R S) xs ys «—
list-all2 R (map fst zs) (map fst ys) A list-all2 S (map snd xs) (map snd ys)
(proof )

definition rewrite-fundef-body ::
("label, "instr) fundef = 'label = nat = 'instr = ('label, "instr) fundef where
rewrite-fundef-body fd | n instr =
(case fd of Fundef bblocks ar ret locals =
Fundef (AList.map-entry | (Ninstrs. instrs[n := instr]) bblocks) ar ret locals)

lemma rewrite-fundef-body-cases|case-names invalid-label valid-label]:
assumes
N\bs ar ret locals. fd = Fundef bs ar ret locals = map-of bs | = None = P
N\bs ar ret locals instrs. fd = Fundef bs ar ret locals => map-of bs | = Some
instrs = P
shows P

{proof)

lemma arity-rewrite-fundef-body[simp]: arity (rewrite-fundef-body fd I pc instr) =
arity fd
(proof )

lemma return-rewrite-fundef-body[simp|: return (rewrite-fundef-body fd 1 pc instr)
= return fd

{proof)

lemma funtype-rewrite-fundef-body[simp|: funtype (rewrite-fundef-body fd | pc in-
str') = funtype fd
(proof )

lemma length-body-rewrite-fundef-body|simp]:
length (body (rewrite-fundef-body fd I pc instr)) = length (body fd)
(proof)

lemma prod-in-set-fst-image-conv: (z, y) € set xys =—> x € fst  set zys
(proof)

lemma map-of-body-rewrite-fundef-body-conv-neq|simp]:
assumes [ # [’
shows map-of (body (rewrite-fundef-body fd I pc instr)) I’ = map-of (body fd) 1’
(proof )

lemma map-of-body-rewrite-fundef-body-conv-eq[simpl:
map-of (body (rewrite-fundef-body fd I pc instr)) | =
map-option (Azs. xs[pc = instr]) (map-of (body fd) 1)
(proof )

19



lemma instr-at-rewrite-fundef-body-conv:
instr-at (rewrite-fundef-body fd 1’ pc’ instr’) 1 pc =
map-option (Ninstr. if | = I' A\ pc = pc’ then instr’ else instr) (instr-at fd | pc)

(proof)

lemma fundef-locals-rewrite-fundef-body[simp]:
fundef-locals (rewrite-fundef-body fd 1 pc instr) = fundef-locals fd

{proof)

lemma rel-fundef-rewrite-body1 :
assumes
rel-fd1-fd2: rel-fundef (=) R fd1 fd2 and
instr-at-l-pc: instr-at fd1 | pc = Some instr and
R-iff: Nz. R instr z +— R instr'
shows rel-fundef (=) R (rewrite-fundef-body fd1 1 pc instr’) fd2
(proof )

lemma rel-fundef-rewrite-body:

assumes rel-fd1-fd2: rel-fundef (=) R fd1 fd2 and R-i1-i2: R il i2

shows rel-fundef (=) R (rewrite-fundef-body fd1 | pc i1) (rewrite-fundef-body fd2
I pc i2)

(proof )

lemma rewrite-fundef-body-triv:
instr-at fd I pc = Some instr => rewrite-fundef-body fd | pc instr = fd
(proof )

lemma rel-fundef-rewrite-body2:
assumes
rel-fd1-fd2: rel-fundef (=) R fd1 fd2 and
instr-at-l-pe: instr-at fd2 1 pc = Some instr and
R-iff: Az. R x instr +— R x instr’
shows rel-fundef (=) R fd1 (rewrite-fundef-body fd2 1 pc instr’)

{proof)

lemma rel-fundef-rewrite-body2":
assumes
rel-fd1-fd2: rel-fundef (=) R fd1 fd2 and
instr-atl: instr-at fd1 | pc = Some instr! and
R-instri-instr2: R instrl instr2’
shows rel-fundef (=) R fd1 (rewrite-fundef-body fd2 1 pc instr2’)

(proof )

thm rel-fundef-rewrite-body

lemma if-eq-const-conv: (if z then yelse z) =w+— s ANy=wV 1z Az=w

(proof)

lemma const-eg-if-conv: w = (if x then yelse z) +— s ANw=yV "z A w=z
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{proof)

end

theory Op
imports Main

begin

10 n-ary operations

locale nary-operations =
fixes
Op :: 'op = 'a list = 'a and
Arity = ‘op = nat
assumes
Op-Arity-domain: length xs = Arity op = Ty. Op op s = y

end

theory Oplnl
imports Op

begin

11 n-ary operations

locale nary-operations-inl =
nary-operations Op Atity
for
Op 2 'op = 'a list = 'a and Arity +
fixes
InlOp :: 'opinl = 'a list = 'a and
Jnl :: 'op = 'a list = 'opinl option and
JsTnl :: ‘opinl = 'a list = bool and
Dednl :: ‘opinl = 'op
assumes
Inl-invertible: Inl op zs = Some opinl = DeInl opinl = op and
InlOp-correct: length s = Arity (Dednl opinl) = InlOp opinl zs = Op (DeInl
opinl) zs and
Inl-JsTnl: Inl op zs = Some opinl —> TsInl opinl s

begin

lemma Jnl-inj-on: inj-on Inl { op | op args. Inl op args # None }

{proof)

abbreviation Jul-dom where
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JInl-dom = {op | op args. Inl op args # None }

lemma bij-betw Inl Iul-dom { Inl op | op. op € Tnl-dom}
(proof)

end

end

theory Dynamic
imports Main

begin

locale dynval =
fixes
uninitialized :: 'dyn and
is-true :: 'dyn = bool and
is-false :: 'dyn = bool
assumes
not-true-and-false: — (is-true d A is-false d)
begin

lemma false-not-true: is-false d = — is-true d
{proof )

lemma true-not-false: is-true d =—> — is-false d
(proof )

lemma is-true-and-is-false-implies-False: is-true d = is-false d = False
(proof)

end

end
theory Inca
imports Global OpInl Env Dynamic
VeriComp. Language
begin

12 Inline caching

12.1 Static representation

datatype (‘dyn, "var, 'fun, 'label, 'op, 'opinl) instr =
IPush 'dyn |
IPop |
IGet nat |
ISet nat |
ILoad "var |
IStore "var |
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10p op |

I0pInl 'opinl |

is-jump: ICJump 'label 'label |
ICall 'fun |

is-return: IReturn

locale inca =
Fenv: env F-empty F-get F-add F-to-list +
Henv: env heap-empty heap-get heap-add heap-to-list +
dynval uninitialized is-true is-false +
nary-operations-inl Op Arity InlOp Inl TsInl DeInl
for
— Functions environment
F-empty and
F-get :: 'fenv = 'fun = ('label, ("dyn, "var, 'fun, 'label, ‘op, ‘opinl) instr) fundef
option and
F-add and F-to-list and

— Memory heap

heap-empty and

heap-get :: "henv = 'var x 'dyn = 'dyn option and
heap-add and heap-to-list and

— Dynamic values
uninitialized :: 'dyn and is-true and is-false and

— n-ary operations

Op 2 'op = 'dyn list = 'dyn and 2rity and

InlOp and Inl and JsTnl and DeInl :: ‘opinl = 'op
begin

12.2 Semantics

inductive step (infix <—» 55) where
step-push:
next-instr (F-get F) f 1 pc = Some (IPush d) =
State FF H (Frame flpc R ¥ # st) — State F H (Frame f1 (Suc pc) R (d #
5) # st) |

step-pop:
next-instr (F-get F) f1 pc = Some IPop =
State FF H (Frame flpc R (d # X) # st) — State F H (Frame f 1 (Suc pc) R

¥ # st) |

step-get:
next-instr (F-get F) f 1 pc = Some (IGet n) =
n < length R—= d=R!n—=—
State F' H (Frame flpc R ¥ # st) — State F' H (Frame f 1 (Suc pc) R (d #

X) # st) |
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step-set:
next-instr (F-get F') f 1 pc = Some (ISet n) =
n < length R — R’ = R[n = d] =
State F' H (Frame flpc R (d # X) # st) — State F H (Frame f1 (Suc pc) R’
L # st) |

step-load:
next-instr (F-get F') f 1 pc = Some (ILoad z) =
heap-get H (z, y) = Some d =
State F H (Frame flpc R (y # X) # st) — State F H (Frame f 1 (Suc pc) R

(d # %) # st) |

step-store:
next-instr (F-get F) f 1 pc = Some (IStore ) =
heap-add H (z, y) d = H =
State F H (Frame flpc R (y # d # X) # st) — State F H' (Frame f 1 (Suc
pc) R 3 # st) |

step-op:
next-instr (F-get F) f 1 pc = Some (I0p op) =
Arity op = ar = ar < length X = Tul op (take ar ¥) = None =
Op op (take ar ¥) = z =
State F' H (Frame flpc R ¥ # st) — State F H (Frame f1 (Suc pc) R (z #
drop ar ) # st) |

step-op-inl:
next-instr (F-get F) f1 pc = Some (IOp op) =
Arity op = ar = ar < length ¥ = Jul op (take ar ¥) = Some opinl =
InlOp opinl (take ar ¥) = z =
F' = Fenv.map-entry F f (Afd. rewrite-fundef-body fd | pc (IOpInl opinl)) =
State F H (Frame flpc R ¥ # st) — State F' H (Frame f1 (Suc pc) R (z #
drop ar ) # st) |

step-op-inl-hit:
next-instr (F-get F) f 1 pc = Some (IOpInl opinl) =
Avity (DeInl opinl) = ar = ar < length ¥ = TsInl opinl (take ar ¥) =
InlOp opinl (take ar ¥) = z =
State FF H (Frame flpc R ¥ # st) — State F H (Frame f1 (Suc pc) R (z #
drop ar ) # st) |

step-op-inl-miss:

next-instr (F-get F) f 1 pc = Some (IOpInl opinl) =

Arity (DeInl opinl) = ar = ar < length ¥ = — JsInl opinl (take ar ¥) =

InlOyp opinl (take ar ¥) = z =

F' = Fenv.map-entry F f (Afd. rewrite-fundef-body fd | pc (I0p (DeInl opinl)))
.

State F H (Frame flpc R ¥ # st) — State F' H (Frame f1 (Suc pc) R (z #
drop ar ) # st) |
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step-cjump:
next-instr (F-get F) f 1 pc = Some (ICJump l; ly) =
is-true d N U =1, V is-false d N1/ = 1 =
State F H (Frame flpc R (d # X) # st) — State F H (Frame f1' 0 R X #
st) |

step-call:
next-instr (F-get F) f 1 pc = Some (ICall g) =
F-get F g = Some gd = arity gd < length ¥ =
framey = allocate-frame g gd (take (arity gd) ) uninitialized =
State F H (Frame flpc R ¥ # st) — State F' H (framey # Frame flpc R ¥
4 st) |

step-return:
next-instr (F-get F) g 1, pcy = Some IReturn =
F-get F g = Some gd = arity gd < length ¥y =
length ¥4 = return gd =
framey’ = Frame f ly (Suc pcy) Ry (X4 Q drop (arity gd) X5) =
State F' H (Frame g ly pcqg Ry Xg # Frame fly pcy Ry Xy # st) — State F H
(frames’ # st)

lemma step-deterministic:
assumes s! — s2 and s — s8
shows s2 = s3

(proof)

lemma step-right-unique: right-unique step
(proof)

lemma final-finished:
assumes final F-get IReturn s
shows finished step s

{proof)

sublocale semantics step final F-get IReturn
(proof )

definition load where
load = Global.load F-get uninitialized

sublocale language step final F-get IReturn load
(proof)

end
end

theory Unbozed
imports Global Dynamic
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begin
datatype type = Ubzl | Ubx2

datatype (‘dyn, "ubzl, 'ubz2) unboxed =
is-dyn-operand: OpDyn 'dyn |
OpUbz1 'ubzl |
OpUbz?2 "ubz?2

fun typeof where
typeof (OpDyn -) = None |
typeof (OpUbzl -) = Some Ubzl |
typeof (OpUbz2 -) = Some Ubx2

fun cast-Dyn where
cast-Dyn (OpDyn d) = Some d |
cast-Dyn - = None

fun cast-Ubzxl where
cast-Ubzl (OpUbzxl x) = Some x
cast-Ubxl - = None

fun cast-Ubz2 where
cast-Ubz2 (OpUbz2 x) = Some x |
cast-Ubx2 - = None

locale unbozedval = dynval uninitialized is-true is-false
for uninitialized :: 'dyn and is-true and is-false +
fixes
box-ubzl :: 'ubxl = 'dyn and unboz-ubzl :: 'dyn = 'ubxl option and
boz-ubz2 :: 'ubr2 = 'dyn and unboz-ubz?2 :: 'dyn = 'ubz2 option
assumes
bozx-unboz-inverse:
unboz-ubzl d = Some ul = boz-ubxl ul =
unbox-ubzr2 d = Some u2 = box-ubz2 u2 =
begin

fun unboz :: type = 'dyn = ('dyn, 'ubzl, 'ubz2) unboxed option where
unbox Ubxl = map-option OpUbzl o unbozr-ubzl |
unbox Ubz2 = map-option OpUbz2 o unboz-ubx2

fun cast-and-bor where
cast-and-box Ubxrl = map-option boz-ubxl o cast-Ubzxl |
cast-and-box Ubz2 = map-option box-ubz2 o cast-Ubz2

fun norm-unbozed where
norm-unbozed (OpDyn d) = d |
norm-unbozed (OpUbxl x) = boz-ubzl x |
norm-unbozed (OpUbx2 ) = boz-ubz2 x
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fun boz-operand where
boz-operand (OpDyn d) = OpDyn d |
boz-operand (OpUbzl x) = OpDyn (boz-ubzl x) |
boz-operand (OpUbz2 x) = OpDyn (boz-ubz2 x)

fun boz-frame where
boz-frame f (Frame g l pc R X) = Frame g [ pc R (if f = g then map boz-operand
Y else )

definition boz-stack where
boz-stack f = map (box-frame f)

end

end
theory OpUbz

imports Oplnl Unbozxed
begin

13 n-ary operations

locale nary-operations-ubzr =
nary-operations-inl Op Arity InlOp Inl TsInl DeInl +
unbozxedval unitialized is-true is-false box-ubrl unbox-ubzl box-ubr2 unbox-ubr2
for
Op 2 'op = 'dyn list = 'dyn and ity and
InlOp and Inl and JsTnl and DeInl :: ‘opinl = 'op and
unitialized :: 'dyn and is-true and is-false and
box-ubz! :: 'ubzl = 'dyn and unboz-ubzl and
boz-ubz2 :: 'ubr2 = 'dyn and unboz-ubz2 +
fixes
$UbrOp = ‘opubz = ('dyn, "ubzl, 'ubz2) unboxed list = ('dyn, 'ubxl, 'ubz2)
unbozed option and
$lbx 2 ‘opinl = type option list = 'opubz option and
Bor :: ‘opubr = 'opinl and
TypeOFOp :: ‘opubx = type option list X type option
assumes
by-invertible:
by opinl ts = Some opubr =—> Bor opubr = opinl and
UbrOp-correct:
UbrOp opubz ¥ = Some z = InlOp (Bor opubz) (map norm-unbozed ) =
norm-unbozed z and
UbpOp-to-Inl:
UbrOp opubz ¥ = Some z = TInl (DeJul (Bor opubz)) (map norm-unboxed
Y) = Some (Bor opubz) and

TopeOfOp-Arity:
Arity (DeInl (Box opubz)) = length (fst (TypeDFOp opubz)) and
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Ubr-opubz-type:
$4by opinl ts = Some opubr = fst (TypeOfOp opubz) = ts and

TypeOfOp-correct:
TypeDFfOP opubx = (map typeof xs, T) =
Jy. UbrOp opubx xs = Some y A typeof y = 7 and
TypeOfOp-complete:
UbrOp opubx s = Some y = TypeDFfOPp opubx = (map typeof xs, typeof y)

end
theory Ubx
imports Global OpUbx Env
VeriComp. Language
begin

14 Unboxed caching

14.1 Static representation

datatype (‘dyn, "var, 'fun, 'label, 'op, ‘opinl, 'opubx, 'num, 'bool) instr =
IPush 'dyn | IPushUbz1 'num | IPushUbz2 'bool |
IPop |
IGet nat | IGetUbz type nat |
ISet nat | ISetUbz type nat |
ILoad "var | ILoadUbz type 'var |
IStore "var | IStoreUbz type 'var |
I0p 'op | I0pInl 'opinl | I0pUbzx 'opubz |
is-jump: ICTJump 'label 'label |
is-fun-call: 1Call "fun |
is-return: IReturn

locale ubx =
Fenv: env F-empty F-get F-add F-to-list +
Henv: env heap-empty heap-get heap-add heap-to-list +
nary-operations-ubx
Op Arity
InlOp Inl TsTnl DeInl
uninitialized is-true is-false box-ubxl unboxr-ubxl bor-ubx2 unbor-ubxr2
UbrOp Lbr Bor TypeODfOp
for
— Functions environment
F-empty and
F-get :: 'fenv = 'fun = ('label, ("dyn, "var, 'fun, 'label, ‘op, 'opinl, 'opubz,
'num, 'bool) instr) fundef option and
F-add and F-to-list and

— Memory heap

heap-empty and
heap-get :: "henv = 'var x 'dyn = 'dyn option and
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heap-add and heap-to-list and

— Dynamic values
uninitialized :: 'dyn and is-true and is-false and

— Unboxed values
boz-ubrl and unbox-ubxrl and
boz-ubzr2 and unbox-ubzr2 and

— n-ary operations

Op 2 'op = 'dyn list = 'dyn and ity and

InlOp and Inl and JsTnl and DeInl :: ‘opinl = 'op and

UbrOp :: ‘opubz = ('dyn, 'num, 'bool) unbozed list = ('dyn, 'num, 'bool) unbozed
option and

by :: ‘opinl = type option list = 'opubz option and

Bor :: ‘opubzr = 'opinl and

TypeOfOP
begin

lemmas map-option-funtype-comp-map-entry-rewrite-fundef-body[simp] =
Fenv.map-option-comp-map-entrylof - funtype Afd. rewrite-fundef-body fd 1 pc
instr for [ pc instr, simplified)

fun generalize-instr where
generalize-instr (IPushUbxzl n) = IPush (boxz-ubxl n) |
generalize-instr (IPushUbx2 b) = IPush (boz-ubz2 b) |
generalize-instr (IGetUbz - n) = IGet n |
generalize-instr (ISetUbx - n) = ISet n |
generalize-instr (ILoadUbz - z) = ILoad x |
generalize-instr (IStoreUbz - x) = IStore x |
generalize-instr (I0pUbx opubzr) = IOpInl (Boy opubz) |
generalize-instr instr = instr

lemma instr-sel-generalize-instr|simp]:
is-jump (generalize-instr instr) «— is-jump instr
is-fun-call (generalize-instr instr) <— is-fun-call instr
is-return (generalize-instr instr) <— is-return instr
(proof)

lemma instr-sel-generalize-instr-comp[simp):
is-jump o generalize-instr = is-jump and
is-fun-call o generalize-instr = is-fun-call and
is-return o generalize-instr = is-return
(proof)

fun generalize-fundef where

generalize-fundef (Fundef xs ar ret locals) =
Fundef (map-ran (A-. map generalize-instr) xs) ar ret locals
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lemma generalize-instr-idempotent|simpl:
generalize-instr (generalize-instr x) = generalize-instr x
(proof )

lemma generalize-instr-idempotent-comp|simp):
generalize-instr o generalize-instr = generalize-instr

{proof)

lemma length-body-generalize-fundef|[simpl: length (body (generalize-fundef fd)) =
length (body fd)
(proof )

lemma arity-generalize-fundef[simp]: arity (generalize-fundef fd) = arity fd

(proof)

lemma return-generalize-fundef [simp|: return (generalize-fundef fd) = return fd
{proof )

lemma fundef-locals-generalize[simpl: fundef-locals (generalize-fundef fd) = fun-

def-locals fd
(proof)

lemma funtype-generalize-fundef[simp|: funtype (generalize-fundef fd) = funtype
fd
(proof )

lemmas map-option-comp-map-entry-generalize-fundef[simp| =
Fenv.map-option-comp-map-entry|of - funtype generalize-fundef, simplified]

lemma image-fst-set-body-generalize-fundef[simp):
fst “ set (body (generalize-fundef fd)) = fst ¢ set (body fd)
(proof)

lemma map-of-generalize-fundef-conv:

map-of (body (generalize-fundef fd)) | = map-option (map generalize-instr) (map-of
(body fd) 1)

(proof )

lemma map-option-arity-get-map-entry-generalize-fundef[simp]:
map-option arity o F-get (Fenv.map-entry F2 f generalize-fundef) =
map-option arity o F-get F2
(proof)

lemma instr-at-generalize-fundef-conuv:

instr-at (generalize-fundef fd) 1 = map-option generalize-instr o instr-at fd 1

{(proof)
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14.2 Semantics

inductive step (infix «—> 55) where
step-push:
next-instr (F-get F) f1 pc = Some (IPush d) =
State F H (Frame flpc R X # st) — State F H (Frame f1 (Suc pc) R (OpDyn
d # %) # st) |

step-push-ubzl:
next-instr (F-get F) f 1 pc = Some (IPushUbzl n) =
State F H (Frame flpc R X # st) — State F H (Frame f 1 (Suc pc) R (OpUbx1

n# %) # st) |

step-push-ubr2:
next-instr (F-get F) f 1 pc = Some (IPushUbz2 b) —>
State F H (Frame flpc R X # st) — State F H (Frame f 1 (Suc pc) R (OpUbz2
b# X) # st) |

step-pop:
next-instr (F-get F) f 1 pc = Some [Pop —>
State F' H (Frame flpc R (x # X) # st) — State F H (Frame f 1 (Suc pc) R
X # st) |

step-get:
next-instr (F-get F) f1pc = Some (IGet n) =
n < length R = cast-Dyn (R ! n) = Some d =
State F H (Frame flpc R X # st) — State F H (Frame f1 (Suc pc) R (OpDyn
d# %) # st) |

step-get-ubx-hit:
next-instr (F-get F) f 1 pc = Some (IGetUbz T n) =
n < length R = cast-Dyn (R ! n) = Some d = unbox 7 d = Some blob =
State F H (Frame flpc R ¥ # st) — State F' H (Frame f 1 (Suc pc) R (blob

# X) # st) |

step-get-ubz-miss:
next-instr (F-get F) f 1 pc = Some (IGetUbz T n) =
n < length R => cast-Dyn (R ! n) = Some d = unbox 7 d = None —>
F’ = Fenv.map-entry F [ generalize-fundef —>
State F H (Frame f 1 pc R X # st) — State F' H (boz-stack f (Frame f1 (Suc

pc) R (OpDyn d # X) # st)) |

step-set:
next-instr (F-get F) f 1 pc = Some (ISet n) =
n < length R = cast-Dyn blob = Some d = R’ = R[n := OpDyn d]| =
State F'H (Frame f 1 pc R (blob # X) # st) — State F H (Frame f 1 (Suc pc)
R'Y # st) |

step-set-ubx:
next-instr (F-get F) fl pc = Some (ISetUbz T n) =
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n < length R = cast-and-box T blob = Some d = R’ = R[n := OpDyn d]
=

State F' H (Frame f 1 pc R (blob # X) # st) — State F H (Frame f 1 (Suc pc)
R'Y # st) |

step-load:
next-instr (F-get F) f 1 pc = Some (ILoad ©) =
cast-Dyn i = Some i’ = heap-get H (z, i") = Some d =
State F' H (Frame flpc R (i # X) # st) — State F H (Frame f 1 (Suc pc) R
(OpDyn d # %) # st) |

step-load-ubz-hit:
next-instr (F-get F') f 1 pc = Some (ILoadUbz T 1) =
cast-Dyn i = Some i" = heap-get H (z, i") = Some d = unbox 7 d = Some
blob =
State F H (Frame f1lpc R (i # X) # st) — State F H (Frame f1 (Suc pc) R
(blob # X)) # st) |

step-load-ubx-miss:
next-instr (F-get F) f 1 pc = Some (ILoadUbzx T 1) =
cast-Dyn { = Some i' = heap-get H (z, i') = Some d = unbor 7 d = None
—
F' = Fenv.map-entry F [ generalize-fundef —>
State F H (Frame flpc R (i # X) # st) — State F' H (boz-stack f (Frame f 1
(Suc pe) R (OpDyn d # X)) # st)) |

step-store:
next-instr (F-get F) f 1 pc = Some (IStore x) =
cast-Dyn i = Some i’ = cast-Dyn y = Some d => heap-add H (z, i") d =
H' —
State F H (Frame flpc R (i # y # X) # st) — State F H' (Frame f 1 (Suc
pc) R X # st) |

step-store-ubx:
next-instr (F-get F') f 1 pc = Some (IStoreUbz T ) =
cast-Dyn © = Some i’ = cast-and-box T blob = Some d = heap-add H (z,
iy d=H =
State F' H (Frame f 1 pc R (i # blob # X) # st) — State F H' (Frame f 1 (Suc
pc) R 3 # st) |

step-op:
next-instr (F-get F) f 1 pc = Some (I0p op) =
Atity op = ar = ar < length ¥ =
ap-map-list cast-Dyn (take ar X)) = Some ¥/ —>
Jnl op X' = None = Op op X/ = 2 —
State F H (Frame flpc R X # st) — State F H (Frame f1 (Suc pc) R (OpDyn
x # drop ar X) # st) |

step-op-inl:
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next-instr (F-get F) f 1 pc = Some (I0p op) =

Atity op = ar = ar < length ¥ —

ap-map-list cast-Dyn (take ar ¥) = Some ¥/ =

Inl op X' = Some opinl = InlOp opinl X' = 1 =

F' = Fenv.map-entry F f (Afd. rewrite-fundef-body fd | pc (I0pInl opinl)) =

State F H (Frame flpc R X # st) — State F' H (Frame f 1 (Suc pc) R (OpDyn
x # drop ar X) # st) |

step-op-inl-hit:
next-instr (F-get F) f 1 pc = Some (IOpInl opinl) =
Arity (Dednl opinl) = ar = ar < length ¥ =
ap-map-list cast-Dyn (take ar ¥) = Some ¥/ =
JsTnl opinl X' = InlOp opinl ¥’ = z —
State F H (Frame flpc R X # st) — State F H (Frame f1 (Suc pc) R (OpDyn
x # drop ar X) # st) |

step-op-inl-miss:

next-instr (F-get F) f1 pc = Some (IOpInl opinl) =

Avity (DeInl opinl) = ar = ar < length ¥ =

ap-map-list cast-Dyn (take ar ¥) = Some ¥/ =

= JsTnl opinl ¥/ = InlOp opinl ¥/ = z —

F' = Fenv.map-entry F f (\fd. rewrite-fundef-body fd | pc (I0p (DeInl opinl)))
.

State F H (Frame f 1 pc R ¥ # st) — State F' H (Frame f 1 (Suc pc) R (OpDyn
x # drop ar X) # st) |

step-op-ubzx:
next-instr (F-get F) f 1 pc = Some (I0pUbzx opubz) =
Dednl (Bop opubzr) = op = Atity op = ar = ar < length ¥ —
UbrOp opubz (take ar ¥) = Some © =
State F H (Frame flpc R X # st) — State F H (Frame f1 (Suc pc) R (z #
drop ar ) # st) |

step-cjump:
next-instr (F-get F) f 1 pc = Some (ICJump l; ly) =
cast-Dyn y = Some d = is-true d N l' = 1, V is-false d N 1I' = |} =
State F H (Frame flpc R (y # X) # st) — State F H (Frame f1' 0 R X #
st) |

step-call:
next-instr (F-get F) f 1 pc = Some (ICall g) =
F-get F g = Some gd = arity gd < length ¥ —
list-all is-dyn-operand (take (arity gd) ¥) =
framey = allocate-frame g gd (take (arity gd) ¥) (OpDyn uninitialized) =
State F' H (Frame fl pc Ry ¥ # st) — State F H (framey # Frame f 1 pc Ry
X # st) |

step-return:
next-instr (F-get F) g l; pcy = Some IReturn =—>
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F-get F g = Some gd = arity gd < length ¥y =

length ¥4 = return gd = list-all is-dyn-operand ¥, =

frames’ = Frame f ly (Suc pcy) Ry (X4 Q drop (arity gd) X5) =

State F H (Frame g ly pcqg Ry Xg # Frame fly pcy Ry Xy # st) — State F H
(frames’ # st)

lemma step-deterministic:
assumes s! — s2 and s — s38
shows s2 = s3

(proof)

lemma step-right-unique: right-unique step
(proof)

lemma final-finished:
assumes final F-get IReturn s
shows finished step s

{proof)

sublocale ubz-sem: semantics step final F-get IReturn
(proof )

definition load where
load = Global.load F-get (OpDyn uninitialized)

sublocale inca-lang: language step final F-get IReturn load
(proof)

end

end
theory Ubz- Verification

imports HOL— Library.Sublist Ubx Map-Fxtra
begin

lemma f-g-eq-f-imp—f-comp—g—eq-f[simp]: (/\37 ! (g x) = faj) = (f o g) =f
(proof)

context ubz begin

inductive sp-instr for F ret where

Push:

sp-instr F ret (IPush d) ¥ (None # %) |
PushUbz1:

sp-instr F ret (IPushUbx1 u) ¥ (Some Ubzl # ) |
PushUbz2:

sp-instr F ret (IPushUbz2 u) ¥ (Some Ubz2 # %) |
Pop:

sp-instr F ret IPop (T # ) X |
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Get:
sp-instr F ret (IGet n) ¥ (None # X) |

GetUbzx:

sp-instr F ret (IGetUbz 7 n) ¥ (Some 7 # %) |
Set:

sp-instr F ret (ISet n) (None # ¥) X |
SetUbz:

sp-instr F ret (ISetUbz T n) (Some 7 # ¥) ¥ |
Load:

sp-instr F ret (ILoad x) (None # ) (None # %) |
LoadUbz:

sp-instr F ret (ILoadUbx T z) (None # X) (Some 7 # X) |
Store:

sp-instr F ret (IStore z) (None # None # 3) X |
StoreUbz:

sp-instr F ret (IStoreUbx 7 x) (None # Some 7 # X) 3 |
Op:

i = (replicate (~Arity op) None Q ¥) =
sp-instr F' ret (I0p op) ¥4 (None # X) |
Oplnl:
i = (replicate (Arity (DeInl opinl)) None Q ¥) =
sp-instr F ret (IOpInl opinl) Xi (None # X) |
OpUbz:
Yi = fst (TypeOfOp opubzr) @ ¥ = result = snd (TypeOfOp opubzr) =
sp-instr F ret (I0pUbz opubz) i (result # X) |
CJump:
sp-instr F ret (ICJump I, ly) [None] [] |
Call:
F f = Some (ar, r) = ¥i = replicate ar None Q@ ¥ = Yo = replicate 7 None
QY =
sp-instr F ret (ICall f) ¥i Yo |
Return: 31 = replicate ret None —>
sp-instr F ret IReturn 37 ]

inductive sp-instrs for F ret where
Nil:
sp-instrs Fret [| ¥ % |
Cons:
sp-instr F' ret instr i ¥ = sp-instrs F ret instrs ¥ Yo —
sp-instrs F ret (instr # instrs) $i Yo

lemmas sp-instrs-ConsE = sp-instrs.cases[of - - x # xs for z xs, simplified]
lemma sp-instrs-ConsD:

assumes sp-instrs F ret (instr # instrs) $i Yo
shows 33. sp-instr F ret instr 34 X A sp-instrs F ret instrs 3 Yo

(proof)

lemma sp-instr-deterministic:
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assumes
sp-instr F' ret instr i Yo and
sp-instr F ret instr i Yo'
shows Yo = Yo’

(proof)

lemma sp-instr-right-unique: right-unique (A(instr, 3i) Yo. sp-instr F ret instr ¥i
Yo)
(proof )

lemma sp-instrs-deterministic:
assumes
sp-instrs F ret instr 37 Yo and
sp-instrs F ret instr i Yo'
shows Yo = Yo’

(proof)

fun fun-call-in-range where
fun-call-in-range F (ICall f) <— f € dom F |
fun-call-in-range F instr <— True

lemma fun-call-in-range-generalize-instr[simpl:
fun-call-in-range F (generalize-instr instr) <— fun-call-in-range F instr
(proof)

lemma sp-instr-complete:
assumes fun-call-in-range F instr
shows 337 Yo. sp-instr F ret instr i o

{proof)

lemma sp-instr-Op2lI:
assumes 2Atity op = 2
shows sp-instr F' ret (I0p op) (None # None # %) (None # X))

{proof)

lemma
assumes
F-def: F = Map.empty and
arity-op: Arity op = 2
shows sp-instrs F 1 [IPush z, IPush y, IOp op, IReturn] [] ||
{proof)

lemma sp-intrs-NilD[dest]: sp-instrs F ret [| 3i Yo = Xi = Yo
{proof)

lemma sp-instrs-list-update:
assumes
sp-instrs F ret instrs i Yo and
sp-instr F ret (instrsln) = sp-instr F ret instr
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shows sp-instrs F ret (instrs[n := instr]) %i Yo
{proof)

lemma sp-instrs-appendD:
assumes sp-instrs F ret (instrs1 Q instrs2) Xi Yo
shows 3X. sp-instrs F ret instrs1 i X A sp-instrs F ret instrs2 ¥ Yo

{proof)

lemma sp-instrs-appendD’:

assumes sp-instrs F ret (instrs! Q instrs2) %i Yo and sp-instrs F ret instrsl
DI

shows sp-instrs F ret instrs2 ¥ Yo
(proof)

lemma sp-instrs-appendl[intro):
assumes sp-instrs F ret instrs1 31 ¥ and sp-instrs F ret instrs2 ¥ Yo
shows sp-instrs F ret (instrs1 Q instrs2) ¥i Lo

{proof)

lemma sp-instrs-singleton-conv|[simp):
sp-instrs F ret [instr] Xi Yo «— sp-instr F ret instr Xi Xo
(proof)

lemma sp-instrs-singletonl:
assumes sp-instr F' ret instr X1 Yo
shows sp-instrs F ret [instr] i Yo

{proof)

fun local-var-in-range where
local-var-in-range n (IGet k) «— k < n |
local-var-in-range n (IGetUbz T k) «+— k < n |
local-var-in-range n (ISet k) «+— k < n |
local-var-in-range n (ISetUbz T k) «— k < n |
local-var-in-range - - <— True

lemma local-var-in-range-generalize-instr[simp):
local-var-in-range n (generalize-instr instr) <— local-var-in-range n instr
(proof)

lemma local-var-in-range-comp-generalize-instr|simp]:
local-var-in-range n o generalize-instr = local-var-in-range n
(proof )

fun jump-in-range where
jump-in-range L (ICJump Iy lf) «— {l;, Iy} C L |
jump-in-range L - «— True

inductive wf-basic-block for F L ret n where
instrs # [| =
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list-all (local-var-in-range n) instrs =

list-all (fun-call-in-range F) instrs =

list-all (jump-in-range L) instrs =

list-all (Ni. = is-jump i A — is-return ) (butlast instrs) =
sp-instrs F ret instrs [| [| =

wf-basic-block F L ret n (label, instrs)

lemmas wf-basic-blockl = wf-basic-block.simps| THEN iffD2]
lemmas wf-basic-blockD = wf-basic-block.simps| THEN 4ffD1]

definition wf-fundef where
wf-fundef F fd <—

body fd # 1| A

list-all
(wf-basic-block F (fst * set (body fd)) (return fd) (arity fd + fundef-locals fd))
(body fd)

lemmas wf-fundefl = wf-fundef-def[THEN iffD2, OF conjI]

lemmas wf-fundefD = wf-fundef-def[ THEN iffD1]

lemmas wf-fundef-body-neq-NilD = wf-fundefD[THEN conjunct1]
lemmas wf-fundef-all-wf-basic-blockD = wf-fundefD[THEN conjunct2]

definition wf-fundefs where
wf-fundefs F <— (V¥ f. pred-option (wf-fundef (map-option funtype o F)) (F f))

lemmas wf-fundefs] = wf-fundefs-def|[ THEN iffD2]
lemmas wf-fundefsD = wf-fundefs-def[ THEN iffD1]

lemma wf-fundefs-getD:

shows wf-fundefs F = F' f = Some fd = wf-fundef (map-option funtype o F')
fd

(proof )

definition wf-prog where
wf-prog p <— wf-fundefs (F-get (prog-fundefs p))

definition wf-state where
wf-state s +— wf-fundefs (F-get (state-fundefs s))

lemmas wf-statel = wf-state-def[ THEN iffD2]
lemmas wf-stateD = wf-state-def[ THEN iffD1]

lemma sp-instr-generalize0:
assumes sp-instr F' ret instr i Yo and
i’ = map (A-. None) ¥i and o’ = map (A-. None) o
shows sp-instr F' ret (generalize-instr instr) Xi’ Yo’

(proof)

lemma sp-instrs-generalize0:
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assumes sp-instrs F ret instrs i Yo and
Yi" = map (A-. None) ¥i and o’ = map (A-. None) o
shows sp-instrs F ret (map generalize-instr instrs) i’ Yo’

(proof )
lemmas sp-instr-generalize = sp-instr-generalize0[OF - refl refl]
lemmas sp-instr-generalize-Nil-Nil = sp-instr-generalize[of - - - [] [], simplified]
lemmas sp-instrs-generalize = sp-instrs-generalize0[OF - refl refl]
lemmas sp-instrs-generalize-Nil-Nil = sp-instrs-generalize[of - - - [] [|, simplified]

lemma jump-in-range-generalize-instr|simpl:
jump-in-range L (generalize-instr instr) <— jump-in-range L instr
{proof )

lemma wf-basic-block-map-generalize-instr:
assumes wf-basic-block F L ret n (label, instrs)
shows wf-basic-block F L ret n (label, map generalize-instr instrs)

{proof)

lemma [list-all-wf-basic-block-generalize-fundef:
assumes list-all (wf-basic-block F L ret n) (body fd)
shows list-all (wf-basic-block F L ret n) (body (generalize-fundef fd))

(proof)

lemma wf-fundefs-map-entry:
assumes wf-F: wf-fundefs (F-get F') and
same-funtype: \fd. fd € ran (F-get F) = funtype (f fd) = funtype fd and
same-arity: \fd. F-get F x = Some fd = arity (f fd) = arity fd and
same-return: \fd. F-get F x = Some fd = return (f fd) = return fd and
same-body-length: \fd. F-get F x = Some fd = length (body (f fd)) = length
(body fd) and
same-locals: \fd. F-get F x = Some fd = fundef-locals (f fd) = fundef-locals
fd and
same-labels: N\fd. F-get F x = Some fd = fst ¢ set (body (f fd)) = fst ‘ set
(body fd) and
list-all-wf-basic-block-f: A\fd.
F-get F v = Some fd =
list-all (wf-basic-block (map-option funtype o F-get F) (fst ¢ set (body fd))
(return fd)
(arity fd + fundef-locals fd)) (body fd) =
list-all (wf-basic-block (map-option funtype o F-get F) (fst ¢ set (body fd))
(return fd)

(arity fd + fundef-locals fd)) (body (f fd))
shows wf-fundefs (F-get (Fenv.map-entry F z f))

(proof)
lemma wf-fundefs-generalize:

assumes wf-F: wf-fundefs (F-get F)
shows wf-fundefs (F-get (Fenv.map-entry F f generalize-fundef))
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{proof)

lemma [list-all-wf-basic-block-rewrite-fundef-body:
assumes
list-all (wf-basic-block F L ret n) (body fd) and
instr-at fd | pc = Some instr and
sp-instr-eq: sp-instr F ret instr = sp-instr F ret instr’ and
local-var-in-range-iff: local-var-in-range n instr’ <— local-var-in-range n instr
and
fun-call-in-range-iff: fun-call-in-range F instr’ <— fun-call-in-range F instr
and
jump-in-range-iff: jump-in-range L instr’ <— jump-in-range L instr and
is-jump-iff: is-jump instr’ <— is-jump instr and
is-return-iff: is-return instr’ <— is-return instr
shows list-all (wf-basic-block F' L ret n) (body (rewrite-fundef-body fd I pc instr’))
(proof )

lemma wf-fundefs-rewrite-body:
assumes wf-fundefs (F-get F') and
next-instr (F-get F) f 1 pc = Some instr and
sp-instr-eq: J\ret.
sp-instr (map-option funtype o F-get F) ret instr’ =
sp-instr (map-option funtype o F-get F') ret instr and
local-var-in-range-iff: An. local-var-in-range n instr’ +— local-var-in-range n
instr and
fun-call-in-range-iff :
fun-call-in-range (map-option funtype o F-get F) instr’ <—
fun-call-in-range (map-option funtype o F-get F') instr and
jump-in-range-iff: \L. jump-in-range L instr’ <— jump-in-range L instr and
is-jump-iff: is-jump instr’ <— is-jump instr and
is-return-iff: is-return instr’ <— is-return instr
shows wf-fundefs (F-get (Fenv.map-entry F f (Mfd. rewrite-fundef-body fd | pc
instr’)))
(proof)

lemma sp-instr-Op-OplInl-conv:
assumes op = DeInl opinl
shows sp-instr F ret (IOp op) = sp-instr F ret (I0pInl opinl)
(proof)

lemma wf-state-step-preservation:

assumes wjf-state s and step s s’
shows wf-state s’

{proof)

end
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end

theory Unbozed-lemmas
imports Unboxed

begin

lemma cast-Dyn-eq-Some-imp-typeof: cast-Dyn u = Some d = typeof u = None
(proof)

lemma typeof-bind-OpDyn[simp]: typeof o OpDyn = (A-. None)
(proof )

lemma is-dyn-operand-eg-typeof: is-dyn-operand = (Az. typeof x = None)
(proof)

lemma is-dyn-operand-eq-typeof-Dyn[simp]: is-dyn-operand x <— typeof x = None
(proof)

lemma typeof-unboxed-eq-const:
fixes z
shows
typeof © = None +— (Id. z = OpDyn d)
typeof © = Some Ubzl <— (In. = OpUbzl n)
typeof © = Some Ubz2 <— (3b. x = OpUbx2 b)

(proof )
lemmas typeof-unbozed-inversion = typeof-unbozed-eq-const| THEN iffD1]

lemma cast-inversions:
cast-Dyn © = Some d = x = OpDyn d
cast-Ubzxl x = Some n — x = OpUbxl n
cast-Ubz2 x = Some b — x = OpUbzx2 b

{proof)

lemma ap-map-list-cast-Dyn-replicate:
assumes ap-map-list cast-Dyn xs = Some ys
shows map typeof xs = replicate (length xs) None

{proof)

context unboxedval begin

lemma unboz-typeof [simp]: unbox 7 d = Some blob = typeof blob = Some T
(proof)

lemma cast-and-boz-imp-typeof [simp|: cast-and-box T blob = Some d = typeof
blob = Some T

(proof)

lemma norm-unbox-inverse[simpl: unbox T d = Some blob = norm-unbozxed blob
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=d
{proof)

lemma norm-cast-and-boz-inverse[simp):
cast-and-box 7 blob = Some d = norm-unboxed blob = d

{proof)

lemma typeof-and-norm-unbozed-imp-cast-Dyn:
assumes typeof ' = None norm-unbozed ' = x
shows cast-Dyn x' = Some x

(proof)

lemma typeof-and-norm-unbozed-imp-cast-and-box:
assumes typeof ' = Some T norm-unbozed x' = x
shows cast-and-box 7 ' = Some x

(proof)

lemma norm-unboxed-bind-OpDyn[simp|: norm-unbozed o OpDyn = id
(proof)

lemmas boz-stack-Nil[simp] = list.map(1)[of boz-frame f for f, folded box-stack-def]
lemmas boz-stack-Cons[simp] = list.map(2)[of boz-frame f for f, folded box-stack-def]

lemma typeof-boz-operand[simp|: typeof (boz-operand u) = None
(proof )

lemma typeof-box-operand-comp|simp|: typeof o boz-operand = (A-. None)
(proof)

lemma is-dyn-boz-operand: is-dyn-operand (boz-operand x)

(proof)

lemma is-dyn-operand-comp-boz-operand[simp|: is-dyn-operand o box-operand =
(A-. True)
(proof)

lemma norm-boz-operand[simp): norm-unboxed (boz-operand xr) = norm-unbozed
T

(proof )
end

end
theory Inca-to-Ubzx-simulation
imports List-util Result
VeriComp.Simulation
Inca Ubx Ubx-Verification Unbozed-lemmas
begin
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lemma take-:Suc n = length vs => take n xs = butlast zs
{proof )

lemma append-take-singleton-conv:Suc n = length xs = xs = take n zs Q [xs !
n]

(proof)

15 Locale imports

locale inca-to-ubz-simulation =
Sinca: inca
Finca-empty Finca-get Finca-add Finca-to-list
heap-empty heap-get heap-add heap-to-list
uninitialized is-true is-false
Op Acity InlOp Inl TsInl DeInl +
Subzx: ubz
Fubz-empty Fubx-get Fubz-add Fubx-to-list
heap-empty heap-get heap-add heap-to-list
uninitialized is-true is-false
boz-ubxl unboz-ubxl boz-ubx2 unbozr-ubx2
Op Arity InlOp Inl TsTnl DeInl UbrOp by Boxr TypeODfOp
for
— Functions environments
Finca-empty and
Finca-get :: 'fenv-inca = 'fun = ('label, ("dyn, 'var, 'fun, 'label, 'op, 'opinl)
Inca.instr) fundef option and
Finca-add and Finca-to-list and

Fubz-empty and

Fubz-get :: 'fenv-ubz = 'fun = (label, ('dyn, 'var, 'fun, 'label, 'op, 'opinl,
‘opubz, "ubxl, 'ubz2) Ubx.instr) fundef option and

Fubz-add and Fubz-to-list and

— Memory heap
heap-empty and heap-get :: 'henv = var x 'dyn = 'dyn option and heap-add
and heap-to-list and

— Dynamic values
uninitialized :: 'dyn and is-true and is-false and

— Unboxed values
box-ubrl and unbox-ubrl and
box-ubr2 and unbox-ubr2 and

— n-ary operations

Op and Arity and TnlOp and Inl and JTsInl and DeInl and LUbrOp and by
and Bor and TypeOfOPp
begin
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16 Normalization

fun norm-instr where
norm-instr (Ubz.IPush d) = Inca.IPush d |
norm-instr (Ubz.IPushUbxl n) = Inca.IPush (boz-ubzl n) |
norm-instr (Ubz.IPushUbx2 b) = Inca.IPush (box-ubz?2 b) |
norm-instr Ubx.IPop = Inca.IPop |
norm-instr (Ubz.IGet n) = Inca.IGet n |
norm-instr (Ubz.IGetUbz - n) = Inca.IGet n |
norm-instr (Ubz.ISet n) = Inca.ISet n |
norm-instr (Ubz.1SetUbz - n) = Inca.ISet n |
norm-instr (Ubz.ILoad x) = Inca.ILoad x |
norm-instr (Ubx.ILoadUbzx - ©) = Inca.ILoad x |
norm-instr (Ubz.IStore x) = Inca.IStore x |
norm-instr (Ubz.IStoreUbx - ©) = Inca.IStore x |
norm-instr (Ubz.10p op) = Inca.I0p op |
norm-instr (Ubz.I10pInl op) = Inca.I0pInl op |
norm-instr (Ubx.IOpUbz op) = Inca.I0OpInl (Box op) |
norm-instr (Ubz. ICJump U, ly) = Inca.ICJump 1, lf |
norm-instr (Ubz.ICall ) = Inca.ICall z |
norm-instr Ubx.IReturn = Inca.lReturn

lemma norm-generalize-instr[simp|: norm-instr (Subz.generalize-instr instr) = norm-instr
instr

{proof)

abbreviation norm-eq where
norm-eq T Yy = T = NOTmM-instr y

definition rel-fundefs where
rel-fundefs f g = (V. rel-option (rel-fundef (=) norm-eq) (f z) (g ©))

lemma rel-fundefsI:
assumes Az. rel-option (rel-fundef (=) norm-eq) (F1 z) (F2 x)
shows rel-fundefs F1 F2

{proof)

lemma rel-fundefsD:
assumes rel-fundefs F1 F2
shows rel-option (rel-fundef (=) norm-eq) (F1 z) (F2 x)
{proof)

lemma rel-fundefs-next-instr:
assumes rel-F1-F2: rel-fundefs F1 F2
shows rel-option norm-eq (next-instr F1 f 1 pc) (next-instr F2 f 1 pc)

{proof)

lemma rel-fundefs-next-instri:
assumes rel-F1-F2: rel-fundefs F1 F2 and next-instrl: next-instr F1 f 1 pc =
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Some instri
shows Finstr2. next-instr F2 f 1 pc = Some instr2 A norm-eq instrl instr2

{proof)

lemma rel-fundefs-next-instr2:

assumes rel-F1-F2: rel-fundefs F1 F2 and next-instr2: next-instr F2 f 1 pc =
Some instr2

shows Jinstrl. next-instr F1 f 1 pc = Some instrl N\ norm-eq instrl instr2

{proof)

lemma rel-fundefs-empty: rel-fundefs (A-. None) (A-. None)
(proof )

lemma rel-fundefs-Nonel:
assumes rel-fundefs f g and fz = None
shows g z = None

(proof)

lemma rel-fundefs-None2:
assumes rel-fundefs f g and g © = None
shows fx = None

{proof)

lemma rel-fundefs-Somel:
assumes rel-fundefs f g and fz = Some y
shows J2. g z = Some z A rel-fundef (=) norm-eq y 2z

(proof)

lemma rel-fundefs-Some2:
assumes rel-fundefs f g and g x = Some y
shows Jz. fx = Some z A rel-fundef (=) norm-eq z y

(proof)

lemma rel-fundefs-rel-option:
assumes rel-fundefs f g and Az y. rel-fundef (=) norm-eqzy = hxy
shows rel-option h (f z) (g 2)

(proof)

lemma rel-fundef-generalizel:
assumes rel-fundef (=) norm-eq fd1 fd2
shows rel-fundef (=) norm-eq fd1 (Subz.generalize-fundef fd2)

(proof )

lemma rel-fundefs-generalizel
assumes rel-fundefs (Finca-get F1) (Fubz-get F2)
shows rel-fundefs (Finca-get F'1) (Fubz-get (Subz. Fenv.map-entry F2 f Subz.generalize-fundef))

{(proof)

lemma rel-fundefs-rewritel:
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assumes
rel-F1-F2: rel-fundefs (Finca-get F1) (Fubx-get F2) and
norm-eq instrl’ instr2’
shows rel-fundefs
(Finca-get (Sinca.Fenv.map-entry F1 f (Afd. rewrite-fundef-body fd I pc instr1’)))
(Pubz-get (Subz.Fenv.map-entry F2 f (Mfd. rewrite-fundef-body fd | pc instr2’)))
(is rel-fundefs (Finca-get ?F1') (Fubxz-get 7F2"))
(proof)

17 Equivalence of call stacks

definition norm-stack :: ('dyn, "ubzl, 'ubz2) unbozed list = 'dyn list where
norm-stack ¥ = List.map Subzr.norm-unbozed ¥

lemma norm-stack-Nil[simp]: norm-stack [| = ||
(proof)

lemma norm-stack-Cons[simp|: norm-stack (d # X) = Subz.norm-unbozed d #
norm-stack X

(proof)

lemma norm-stack-append: norm-stack (xs @ ys) = norm-stack xs @ norm-stack
ys
{proof)

lemmas drop-norm-stack = drop-map|where f = Subz.norm-unbozed, folded norm-stack-def]
lemmas take-norm-stack = take-map[where f = Subz.norm-unboxed, folded norm-stack-def]
lemmas norm-stack-map = map-map[where f = Subz.norm-unboxed, folded norm-stack-def]

lemma norm-boz-stack[simp|: norm-stack (map Subz.boz-operand ¥) = norm-stack
b))

{proof)

lemma length-norm-stack[simp]: length (norm-stack zs) = length xs
{proof)

definition is-valid-fun-call where
is-valid-fun-call F f 1 pc &2 g = next-instr F f 1 pc = Some (ICall g) N
(3gd. F g = Some gd A arity gd < length ¥ A list-all is-dyn-operand (take
(arity gd) X))

lemma is-valid-funcall-map-entry-generalize-fundefI :

assumes is-valid-fun-call (Fubz-get F2) g lpc X 2z

shows is-valid-fun-call (Fubz-get (Subz.Fenv.map-entry F2 f Subz.generalize-fundef))
glpcX z
(proof)

lemma is-valid-fun-call-map-box-operandl:
assumes is-valid-fun-call (Fubx-get F2) gl pc ¥ z
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shows is-valid-fun-call (Fubz-get F2) g 1 pc (map Subz.boz-operand ¥) z
{proof)

lemma inst-at-rewrite-fundef-body-disj:
instr-at (rewrite-fundef-body fd 1 pc instr) | pc = Some instr V
instr-at (rewrite-fundef-body fd 1 pc instr) | pc = None
(proof)

lemma is-valid-fun-call-map-entry-conv:

assumes next-instr (Fubz-get F2) f 1 pc = Some instr — is-fun-call instr —
is-fun-call instr’

shows

is-valid-fun-call (Fubz-get (Subz.Fenv.map-entry F2 f (Afd. rewrite-fundef-body
fd 1 pc instr’)))=
is-valid-fun-call (Fubz-get F2)

(proof )

lemma is-valid-fun-call-map-entry-neq-f-neq-I:
assumes [ # gl £ 1’
shows
is-valid-fun-call (Fubz-get (Subz.Fenv.map-entry F2 f (Mfd. rewrite-fundef-body
fd 1 pc instr’)) g’ =
is-valid-fun-call (Fubz-get F2) g I’
(proof)

inductive rel-stacktraces for F' where
rel-stacktraces-Nil:
rel-stacktraces F opt [] [] |

rel-stacktraces-Cons:
rel-stacktraces F (Some f) st1 st2 =
Y1 = map Subzr.norm-unbozred X2 —
R1 = map Subz.norm-unbozed R2 —>
list-all is-dyn-operand R2 —>
F f = Some fd2 = map-of (body fd2) | = Some instrs —
Subzx.sp-instrs (map-option funtype o F) (return fd2) (take pc instrs) [ (map
typeof ¥2) =
pred-option (is-valid-fun-call F f 1 pc 32) opt =
rel-stacktraces F opt (Frame flpc R1 X1 # st1) (Frame f 1l pc R2 X2 # st2)

lemma rel-stacktraces-map-entry-gneralize-fundefI [intro):
assumes rel-stacktraces (Fubz-get F2) opt st st2
shows rel-stacktraces (Fubz-get (Subz.Fenv.map-entry F2 f Subx.generalize-fundef))
opt st1 (Subz.boz-stack f st2)

(proof)
lemma rel-stacktraces-map-entry-rewrite-fundef-body:

assumes
rel-stacktraces (Fubz-get F2) opt stl st2 and
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next-instr (Fubz-get F2) f 1 pc = Some instr and
Nret. Subz.sp-instr (map-option funtype o Fubz-get F2) ret instr =
Subz.sp-instr (map-option funtype o Fubx-get F2) ret instr’ and
= is-fun-call instr — is-fun-call instr’
shows rel-stacktraces
(Pubz-get (Subz.Fenv.map-entry F2 f (Afd. rewrite-fundef-body fd | pc instr’)))
opt stl st2

{proof)

18 Simulation relation

inductive match (infix <~» 55) where
matchl: Subz.wf-state (State F2 H st2) =
rel-fundefs (Finca-get F1) (Fubz-get F2) =
rel-stacktraces (Fubz-get F2) None stl st2 —>
match (State F1 H st1) (State F2 H st2)

lemmas matchl[consumes 0, case-names wf-state rel-fundefs rel-stacktraces] =
match.intros(1)

19 Backward simulation

lemma map-eq-append-map-drop:
map fxs = ys Q map f (drop n xs) «— map [ (take n xs) = ys
(proof )

lemma ap-map-list-cast-Dyn-to-map-norm:
assumes ap-map-list cast-Dyn xs = Some ys
shows ys = map Subz.norm-unboxed xs

(proof)

lemma ap-map-list-cast-Dyn-to-all-Dyn:
assumes ap-map-list cast-Dyn xs = Some ys
shows list-all (Az. typeof x = None) s

(proof)

lemma ap-map-list-cast- Dyn-map-typeof-replicate-conuv:
assumes ap-map-list cast-Dyn xs = Some ys and n = length xs
shows map typeof rs = replicate n None

{proof)
lemma cast-Dyn-eq-Some-conv-norm-unbozed[simpl: cast-Dyn i = Some i’ —
Subz.norm-unbozed i = i’

{proof )

lemma cast-Dyn-eq-Some-conv-typeof[simp|: cast-Dyn i = Some i’ = typeof i =
None
(proof )
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lemma backward-lockstep-simulation:
assumes match s1 s2 and Subz.step s2 s2'
shows Js1’. Sinca.step s1 s1’' A match s1’ 52’

(proof)

lemma match-final-backward:
assumes match s1 s2 and final-s2: final Fubz-get Ubx.IReturn s2
shows final Finca-get Inca.IReturn sl

(proof)

sublocale inca-to-ubz-simulation: backward-simulation where
stepl = Sinca.step and finall = final Finca-get Inca.IReturn and
step2 = Subz.step and final2 = final Fubz-get Ubx.IReturn and
match = A-. match and order = \- -. False

(proof)

20 Forward simulation

lemma ap-map-list-cast-Dyn-eq-norm-stack:
assumes list-all (A\x. x = None) (map typeof xs)
shows ap-map-list cast-Dyn xs = Some (map Subz.norm-unbozed xs)

{proof)

lemma forward-lockstep-simulation:
assumes match s1 s2 and Sinca.step s1 s1’
shows 352’ Subz.step s2 s2' A match s1’ s2’

{proof)

lemma match-final-forward:
assumes match sl s2 and final-s1: final Finca-get Inca.IReturn sl
shows final Fubz-get Ubx.IReturn s2

(proof)

sublocale inca-ubz-forward-simulation: forward-simulation where
stepl = Sinca.step and finall = final Finca-get Inca.IReturn and
step2 = Subz.step and final2 = final Fubz-get Ubx.IReturn and
match = A-. match and order = \- -. False

{proof)

21 Bisimulation

sublocale inca-ubx-bisimulation: bisimulation where
stepl = Sinca.step and finall = final Finca-get Inca.IReturn and
step2 = Subz.step and final2 = final Fubz-get Ubx.IReturn and
match = A-. match and ordery = A- -. False and order, = A- -. False

(proof)
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end

end

theory Inca-Verification
imports Inca

begin

context inca begin

22 Strongest postcondition

inductive sp-instr for F ret where

Push:
sp-instr F ret (IPush d) ¥ (Suc %) |
Pop:
sp-instr F ret IPop (Suc ) ¥ |
Get:
sp-instr F ret (IGet n) ¥ (Suc X) |
Set:
sp-instr F ret (ISet n) (Suc X) ¥ |
Load:
sp-instr F ret (ILoad x) (Suc 3) (Suc ) |
Store:
sp-instr F' ret (IStore z) (Suc (Suc ¥)) X |
Op:

i =2ty op + ¥ =
sp-instr F ret (I0p op) 3 (Suc X) |
Oplnl:
¥i = Uity (Dedul opinl) + ¥ =
sp-instr F ret (I0pInl opinl) Li (Suc X) |
CJump:
sp-instr F ret (ICJump I, 1y) 10 |
Call:
Ff=Some (ar,r) = Yi=ar+YX = Yo=71+ 3 =
sp-instr F ret (ICall ) Xi So |
Return: ¥i = ret =
sp-instr F' ret IReturn ¥4 0

sp-instr calculates the strongest postcondition of the arity of the operand
stack.

inductive sp-instrs for F ret where
Nil:
sp-instrs F ret [| ¥ X |
Cons:
sp-instr F' ret instr i ¥ = sp-instrs F ret instrs ¥ Yo —>
sp-instrs F ret (instr # instrs) Xi Yo
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23 Range validations

fun local-var-in-range where
local-var-in-range n (IGet k) +— k < n |
local-var-in-range n (ISet k) <— k < n |
local-var-in-range - - <— True

fun jump-in-range where
jump-in-range L (ICJump Iy lf) «— {l;, Iy} C L |
jump-in-range L - «— True

fun fun-call-in-range where
fun-call-in-range F (ICall f) «— f € dom F' |
fun-call-in-range F instr <— True

24 Basic block validation

definition wf-basic-block where
wf-basic-block F' L ret n bblock +—

(let (label, instrs) = bblock in
list-all (local-var-in-range n) instrs A
list-all (jump-in-range L) instrs A
list-all (fun-call-in-range F) instrs A
list-all (Ai. = Inca.is-jump i A — Inca.is-return i) (butlast instrs) A
instrs # [] A
sp-instrs F ret instrs 0 0)

25 Function definition validation

definition wf-fundef where
wf-fundef F fd +—

body fd # | A

list-all
(wf-basic-block F (fst ¢ set (body fd)) (return fd) (arity fd + fundef-locals fd))
(body fd)

26 Program definition validation

definition wf-prog where
wf-prog p <—
(let F = F-get (prog-fundefs p) in
pred-map (wf-fundef (map-option funtype o F)) F)

end
end

theory Inca-to- Ubx-compiler
imports Inca-to-Ubz-simulation Result

o1



Inca-Verification

VeriComp. Compiler

HOL- Library. Monad-Syntax
begin

27 Generic program rewriting

primrec monadic-fold-map where
monadic-fold-map f acc [| = Some (ace, []) |
monadic-fold-map f acc (z # xs) = do {
(acc’, z') « [ acc z;
(acc”, xs') « monadic-fold-map f acc’ xs;
Some (acc', z' # xs’)

}

lemma monadic-fold-map-length:
monadic-fold-map f acc xs = Some (acc’, xs’) = length xs = length xs’
(proof )

lemma monadic-fold-map-ConsD[dest]:

assumes monadic-fold-map f a (x # zs) = Some (c, ys)

shows Jy ys’ b. ys = y # ys' A fa x = Some (b, y) A monadic-fold-map f b xs
= Some (¢, ys’)

(proof)

lemma monadic-fold-map-eq-Some-conv:
monadic-fold-map f a (x # xs) = Some (¢, ys) +—
By ys'b. faxz= Some (b, y) A monadic-fold-map f b zs = Some (¢, ys') A ys
=y # ys')
(proof)

lemma monadic-fold-map-eq-Some-conv’:
monadic-fold-map f a (z # xs) = Some p «—
(Jy ys' b. fax = Some (b, y) A monadic-fold-map f b zs = Some (fst p, ys’)
A snd p =y # ys')
(proof )

lemma monadic-fold-map-list-all2:
assumes monadic-fold-map f acc xs = Some (acc’, ys) and
Nace ace’ T y. f acc x = Some (acc’, y) = Pz y
shows list-all2 P zs ys

(proof)

lemma monadic-fold-map-list-all:
assumes monadic-fold-map f acc zs = Some (acc’, ys) and
Nace ace’ z y. f acc x = Some (acc’, y) = Py
shows list-all P ys
(proof)
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fun gen-pop-push where
gen-pop-push instr (domain, codomain) ¥ = (
let ar = length domain in
if ar < length X A take ar ¥ = domain then
Some (instr, codomain Q drop ar X)
else
None
)

context inca-to-ubz-simulation begin

28 Lifting
fun lift-instr :: - = - = -=> - = - = - =

lift-instr F' L ret N (Inca.IPush d) ¥ = Some (IPush d, None # %) |
lift-instr F' L ret N Inca.IPop (- # ¥) = Some (IPop, ¥) |
lift-instr F' L ret N (Inca.IGet n) ¥ = (if n < N then Some (IGet n, None # X)
else None) |
lift-instr F' L ret N (Inca.ISet n) (None # X) = (if n < N then Some (ISet n,
Y) else None) |
lift-instr F' L ret N (Inca.ILoad z) (None # X) = Some (ILoad x, None # %) |
lift-instr F' L ret N (Inca.IStore ©) (None # None # ) = Some (IStore z, X)) |
lift-instr F' L ret N (Inca.IOp op) ¥ =
gen-pop-push (I0p op) (replicate (Urity op) None, [None]) ¥ |
lift-instr F' L ret N (Inca.IOpInl opinl) ¥ =
gen-pop-push (I0pInl opinl) (replicate (Arity (DeInl opinl)) None, [None]) X |
lift-instr F' L ret N (Inca.ICJump 1, ly) [None] =
(if List.member L I, N\ List.member L Iy then Some (ICJump l; Iy, []) else None)

lift-instr F' L ret N (Inca.ICall f) ¥ = do {

(ar, ret) < F f;

gen-pop-push (ICall f) (replicate ar None, replicate ret None) X
3
lift-instr F' L ret N Inca.IReturn ¥ =

(if ¥ = replicate ret None then Some (IReturn, []) else None) |
lift-instr - - - - - - = None

definition [lift-instrs where
lift-instrs F L ret N =
monadic-fold-map (A\X instr. map-option prod.swap (lift-instr F L ret N instr

%))

lemma [lift-instrs-length:
assumes lift-instrs F' L ret N ¥i zs = Some (o, ys)
shows length xs = length ys

(proof)

lemma lift-instrs-not-Nil: lift-instrs F L ret N $i zs = Some (Zo, ys) = s # |]

93



> ys # ]
(proof)

lemma lift-instrs-NilD[dest):
assumes lift-instrs F L ret N Xi [| = Some (Zo, ys)
shows Yo = Xi A ys = ||
(proof)

lemmas Some-eg-bind-conv =
bind-eq-Some-conv|unfolded eq-commute|of Option.bind f g Some x for f g z]]

lemma [lift-instr-is-jump:
assumes lift-instr F' L ret N x 3¢ = Some (y, Xo)
shows Inca.is-jump x «— Ubz.is-jump y

(proof)

lemma lift-instr-is-return:
assumes lift-instr F' L ret N x ¥i = Some (y, o)
shows Inca.is-return x <— Ubz.is-return y

{proof)

lemma lift-instrs-all-not-jump-not-return:
assumes lift-instrs F' L ret N ¥i zs = Some (Xo, ys)
shows
list-all (Ai. = Inca.is-jump i A — Inca.is-return ) zs <—
list-all (\i. = Ubz.is-jump ¢ A — Ubz.is-return i) ys
(proof)

lemma [ift-instrs-all-butlast-not-jump-not-return;:
assumes lift-instrs F' L ret N ¥i zs = Some (o, ys)
shows
list-all (Ai. = Inca.is-jump i A — Inca.is-return 1) (butlast xs) +—
list-all (ANi. = Ubz.is-jump i A = Ubz.is-return i) (butlast ys)
(proof)

lemma [lift-instr-sp:
assumes lift-instr F' L ret N z Xi = Some (y, Xo)
shows Subz.sp-instr F ret y X1 Yo

{proof)

lemma [lift-instrs-sp:
assumes lift-instrs F L ret N ¥i zs = Some (Yo, ys)
shows Subz.sp-instrs F ret ys i Yo

{proof)

lemma [lift-instr-fun-call-in-range:
assumes lift-instr F L ret N z Xi = Some (y, Xo)
shows Subz.fun-call-in-range F y

{proof)
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lemma [lift-instrs-all-fun-call-in-range:
assumes lift-instrs F' L ret N ¥i zs = Some (o, ys)
shows list-all (Subx.fun-call-in-range F) ys

(proof)

lemma [lift-instr-local-var-in-range:
assumes lift-instr F' L ret N x 3¢ = Some (y, Xo)
shows Subz.local-var-in-range N y

(proof)

lemma lift-instrs-all-local-var-in-range:
assumes lift-instrs F' L ret N ¥i zs = Some (o, ys)
shows list-all (Subz.local-var-in-range N) ys

(proof)

lemma [lift-instr-jump-in-range:
assumes lift-instr F' L ret N x ¥i = Some (y, o)
shows Subz.jump-in-range (set L) y
(proof )

lemma lift-instrs-all-jump-in-range:
assumes lift-instrs F' L ret N ¥i zs = Some (Xo, ys)
shows list-all (Subz.jump-in-range (set L)) ys
(proof )

lemma [lift-instr-norm:
lift-instr F' L ret N instrl X1 = Some (instr2, ¥2) = norm-eq instrl instr2

{proof)

lemma [lift-instrs-all-norm:
assumes lift-instrs F L ret N X1 instrs1 = Some (32, instrs2)
shows list-all2 norm-eq instrs1 instrs2

(proof)
29 Optimization

context
fixes load-oracle :: nat = type option
begin

definition orelse :: ‘a option = 'a option = 'a option (infixr <orelse) 55) where
x orelse y = (case z of Some z' = Some z' | None = y)

lemma None-orelse[simp|: None orelse y = y
(proof )

lemma orelse-None[simp|: x orelse None = «
{proof)
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lemma Some-orelse[simp]: Some x orelse y = Some x
{proof)

lemma orelse-eq-Some-conv:
x orelse y = Some z +— (x = Some z V z = None A y = Some 2)

{proof)

lemma orelse-eq-SomekE:
assumes
x orelse y = Some z and
x = Some z = P and
x = None = y = Some z = P
shows P

(proof)

fun drop-prefir where
drop-prefix || ys = Some ys |
drop-prefix (z # zs) (y # ys) = (if x = y then drop-prefix zs ys else None) |
drop-prefiz - - = None

lemma drop-prefiz-append-prefix[simp]: drop-prefix xs (xs Q ys) = Some ys
(proof )

lemma drop-prefiz-eq-Some-conv: drop-prefix xs ys = Some zs «+— ys = zs Q zs
(proof )

fun optim-instr where
optim-instr - - - (IPush d) ¥ =

Some Pair ¢ (Some IPushUbz1 ¢ (unboz-ubzl d)) o Some (Some Ubzl # X))

orelse

Some Pair ¢ (Some IPushUbz2 ¢ (unboz-ubx2 d)) o Some (Some Ubx2 # X)

orelse
Some (IPush d, None # ¥)
|
optim-instr - - - (IPushUbz1 n) ¥ = Some (IPushUbx1 n, Some Ubzl # X) |
optim-instr - - - (IPushUbz2 b) ¥ = Some (IPushUbz2 b, Some Ubxz2 # X) |
optim-instr - - - IPop (- # X) = Some (IPop, X) |
optim-instr - - pc (IGet n) ¥ =
map-option (At. (IGetUbz T n, Some T # X)) (load-oracle pc) orelse
Some (IGet n, None # %) |
optim-instr - - pc (IGetUbx T n) ¥ = Some (IGetUbz T n, Some 7 # %) |
optim-instr - - - (ISet n) (None # X) = Some (ISet n, 3) |
optim-instr - - - (ISet n) (Some T # ¥) = Some (ISetUbz T n, 3) |
optim-instr - - - (ISetUbx - n) (None # ) = Some (ISet n, X) |
optim-instr - - - (ISetUbx - n) (Some 7 # X) = Some (ISetUbzx T n, ) |
optim-instr - - pc (ILoad z) (None # ¥) =
map-option (A7. (ILoadUbz T z, Some T # X)) (load-oracle pc) orelse
Some (ILoad x, None # %) |
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optim-instr - - - (ILoadUbx T x) (None # X) = Some (ILoadUbz T x, Some T #
5) |
optim-instr - - - (IStore z) (None # None # %) = Some (IStore z, X) |
optim-instr - - - (IStore ) (None # Some 7 # X) = Some (IStoreUbz T z, X) |
optim-instr - - - (IStoreUbzx - x) (None # None # X) = Some (IStore z, X) |
optim-instr - - - (IStoreUbz - z) (None # Some T # X) = Some (IStoreUbz T z,
5) |
optim-instr - - - (I0p op) ¥ =
map-option (AXo. (IOp op, None # Xo)) (drop-prefiz (replicate (Urity op)
None) ¥) |
optim-instr - - - (I0OpInl opinl) 3 = (
let ar = Uity (Dednl opinl) in
if ar < length ¥ then
case by opinl (take ar X) of
None = map-option (AXo. (IOpInl opinl, None # o)) (drop-prefiz (replicate
ar None) X) |
Some opubx = map-option (AXo. (I0pUbzx opubz, snd (TypeOfOp opubr)
4 %0))
(drop-prefiz (fst (TypeOfOPp opubzx)) )
else
None
) |

optim-instr - - - (I0pUbz opubz) ¥ =

(let p = TypeDFOP opubzx in

map-option (AXo. (I0pUbzx opubx, snd p # o)) (drop-prefix (fst p) X)) |
optim-instr - - - (ICJump 1, 1) [None] = Some (ICJump I, ls, []) |
optim-instr F - - (ICall f) ¥ = do {

(ar, ret) < F f;

Yo <« drop-prefiz (replicate ar None) 3;

Some (ICall f, replicate ret None @ Xo)
Iy
optim-instr - ret - IReturn X = (if ¥ = replicate ret None then Some (IReturn,

[)) else None) |

optim-instr - - - - - = None

definition optim-instrs where
optim-instrs F ret = Apc Xi instrs.
map-option (A((-, Xo), instrs’). (Xo, instrs’))
(monadic-fold-map (A(pe, X) instr.
map-option (A(instr’, Xo). ((Suc pc, Xo), instr’)) (optim-instr F ret pc instr
)

(pe, 34) instrs)

lemma optim-instrs-Cons-eq-Some-conv:
optim-instrs F ret pc X1 (instr # instrs) = Some (Yo, ys) «— (Fy ys' Z.
ys =y # ys' A
optim-instr F ret pc instr Xi = Some (y, ) A
optim-instrs F ret (Suc pc) ¥ instrs = Some (Yo, ys'))
(proof)
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lemma optim-instrs-length:
assumes optim-instrs F ret pc X1 zs = Some (Xo, ys)
shows length xs = length ys

(proof)

lemma optim-instrs-not-Nil: optim-instrs F ret pc ¥i xs = Some (Yo, ys) = xs

#Fle—=ys # ]
(proof)

lemma optim-instrs-NilD[dest]:
assumes optim-instrs F ret pc 3i [| = Some (o, ys)
shows Yo = 3i A ys = ||
{proof)

lemma optim-instrs-ConsD[dest]:
assumes optim-instrs F ret pc Xi (x # xs) = Some (Zo, ys)
shows Jy ys' X. ys = y # ys' A
optim-instr F ret pc x i = Some (y, ) A
optim-instrs F ret (Suc pc) ¥ xs = Some (Xo, ys')
(proof )

lemma optim-instr-norm:
assumes optim-instr I ret pc instr] X1 = Some (instr2, ¥2)
shows norm-instr instrl = norm-instr instr2

(proof)

lemma optim-instrs-all-norm:
assumes optim-instrs F' ret pc 31 instrs] = Some (X2, instrs2)
shows list-all2 (\il i2. norm-instr i1 = norm-instr i2) instrsl instrs2

(proof)

lemma optim-instr-is-jump:
assumes optim-instr F ret pc x ¥i = Some (y, o)
shows is-jump x <— is-jump y
(proof )

lemma optim-instr-is-return:
assumes optim-instr F ret pc x ¥i = Some (y, o)
shows is-return x <— is-return y

{proof)

lemma optim-instrs-all-butlast-not-jump-not-return:
assumes optim-instrs F ret pc Xi zs = Some (Xo, ys)
shows
list-all (M\i. = is-jump i A\ — is-return i) (butlast zs) +—
list-all (Ai. = is-jump © A\ = is-return i) (butlast ys)
(proof )
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lemma optim-instr-jump-in-range:
assumes optim-instr F ret pc x ¥i = Some (y, o)
shows Subz.jump-in-range L © +— Subz.jump-in-range L y

{proof)

lemma optim-instrs-all-jump-in-range:
assumes optim-instrs F ret pc Xi xs = Some (Xo, ys)
shows list-all (Subz.jump-in-range L) xs «— list-all (Subz.jump-in-range L) ys
(proof )

lemma optim-instr-fun-call-in-range:
assumes optim-instr F ret pc x ¥i = Some (y, o)
shows Subz.fun-call-in-range F x +— Subz.fun-call-in-range F y

{proof)

lemma optim-instrs-all-fun-call-in-range:

assumes optim-instrs F ret pc Xi zs = Some (Xo, ys)

shows list-all (Subz.fun-call-in-range F) xs «— list-all (Subz.fun-call-in-range
F) ys

(proof )

lemma optim-instr-local-var-in-range:
assumes optim-instr F ret pc x ¥i = Some (y, o)
shows Subz.local-var-in-range N x <— Subz.local-var-in-range N y

{proof)

lemma optim-instrs-all-local-var-in-range:

assumes optim-instrs F ret pc Xi zs = Some (Xo, ys)

shows list-all (Subz.local-var-in-range N) xs <— list-all (Subz.local-var-in-range
N) ys

(proof)

lemma optim-instr-sp:
assumes optim-instr F ret pc x ¥i = Some (y, o)
shows Subz.sp-instr F ret y %i Yo

{proof)

lemma optim-instrs-sp:
assumes optim-instrs F ret pc Xi zs = Some (Xo, ys)
shows Subz.sp-instrs F ret ys 31 Yo

{proof)

30 Compilation of function definition

definition compile-basic-block where
compile-basic-block F' L ret N =
ap-map-prod Some (Nil. do {
-« if i1 # [] then Some () else None;
- <« if list-all (Ni. = Inca.is-jump i A — Inca.is-return i) (butlast i1) then
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Some () else None;
(3o, i2) < lift-instrs F' L ret N ([] :: type option list) il;
if Yo =] then
case optim-instrs F ret 0 ([ :: type option list) i2 of
Some (Yo', i2') = Some (if Yo’ =[] then i2' else i2) |
None = Some i2
else
None
)

lemma compile-basic-block-rel-prod-all-norm-eq:
assumes compile-basic-block F' L ret N bblockl = Some bblock2
shows rel-prod (=) (list-all2 norm-eq) bblock1 bblock?2

{proof)

lemma list-all-iff-butlast-last:
assumes s # ||
shows list-all P xs <— list-all P (butlast xs) A P (last xs)

{proof)

lemma compile-basic-block-wf:
assumes compile-basic-block F' L ret N z = Some y
shows Subz.wf-basic-block F (set L) ret Ny

(proof)

fun compile-fundef where
compile-fundef F (Fundef bblocks1 ar ret locals) = do {
- < if bblocks1 =[] then None else Some ();
bblocks2 <« ap-map-list (compile-basic-block F (map fst bblocks1) ret (ar +
locals)) bblocks1;
Some (Fundef bblocks2 ar ret locals)

}

lemma compile-fundef-arities: compile-fundef F fd1 = Some fd2 = arity fd1 =
arity fd2
(proof )

lemma compile-fundef-returns: compile-fundef F fd1 = Some fd2 = return fd1
= return fd2

{proof)

lemma compile-fundef-locals:
compile-fundef F fd1 = Some fd2 = fundef-locals fd1 = fundef-locals fd2
(proof)

lemma if-then-None-else-Some-eq[simp]:
(if a then None else Some b) = Some ¢ +— = a Ab=c
(if a then None else Some b) = None +— a

{proof)
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lemma
assumes compile-fundef F fd1 = Some fd2
shows
rel-compile-fundef: rel-fundef (=) norm-eq fd1 fd2 (is REL) and
wf-compile-fundef: Subzx.wf-fundef F fd2 (is ¢WF)
(proof)

end
end

locale inca-ubz-compiler =
inca-to-ubx-simulation Finca-empty Finca-get
for
Finca-empty and
Finca-get :: - = 'fun = - option +
fixes
load-oracle :: 'fun = nat = type option
begin

31 Compilation of function environment

definition compile-env-entry where
compile-env-entry F = Ap. ap-map-prod Some (compile-fundef (load-oracle (fst
p)) F) p

lemma rel-compile-env-entry:
assumes compile-env-entry F' (f, fd1) = Some (f, fd2)
shows rel-fundef (=) norm-eq fd1 fd2

(proof )

definition compile-env where
compile-env e = do {
let fundefs1 = Finca-to-list e;
fundefs2 + ap-map-list (compile-env-entry (map-option funtype o Finca-get €))
fundefs1;
Some (Subz.Fenv.from-list fundefs2)
}

lemma rel-ap-map-list-ap-map-list-compile-env-entries:

assumes ap-map-list (compile-env-entry F) zs = Some ys

shows rel-fundefs (Finca-get (Sinca.Fenv.from-list xs)) (Fubz-get (Subx.Fenv.from-list
ys))

(proof)

lemma rel-fundefs-compile-env:

assumes compile-env F1 = Some F2
shows rel-fundefs (Finca-get F1) (Fubz-get F2)
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(proof)

32 Compilation of program

fun compile where
compile (Prog F1 H f) = Some Prog ¢ compile-env F1 ¢ Some H ¢ Some f

lemma ap-map-list-cong:
assumes A\z. x € set ys = fx = gz and zs = ys
shows ap-map-list f xs = ap-map-list g ys
(proof )

lemma compile-env-wf-fundefs:
assumes compile-env F1 = Some F2
shows Subz.wf-fundefs (Fubx-get F2)

(proof)

lemma compile-load:
assumes
compile-p1: compile p1 = Some p2 and
load: Subz.load p2 s2
shows Fs1. Sinca.load p1 s1 A match s1 s2

(proof)

interpretation std-to-inca-compiler: compiler where

stepl = Sinca.step and finall = final Finca-get Inca.IReturn and loadl =
Sinca.load and

step2 = Subz.step and final2 = final Fubz-get Ubz.IReturn and load2 = Subz.load
and

match = A-. match and order = \- -. Fulse and

compile = compile
(proof)

32.1 Completeness of compilation

lemma lift-instr-None-preservation:

assumes lift-instr F' L ret N instr ¥ = Some (instr’, ') and list-all (=) None)
z

shows list-all ((=) None) X'

(proof)

lemma lift-instr-complete:

assumes
Sinca.local-var-in-range N instr and
Sinca.jump-in-range (set L) instr and
Sinca.fun-call-in-range F instr and
Sinca.sp-instr F ret instr (length 3) k and
list-all ((=) None) X

shows Jinstr’ X' lift-instr F' L ret N instr ¥ = Some (instr’, ') A length ' =
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k
{proof)

lemma [ift-instrs-complete:
fixes X :: type option list
assumes
list-all (Sinca.local-var-in-range N) instrs and
list-all (Sinca.jump-in-range (set L)) instrs and
list-all (Sinca.fun-call-in-range F) instrs and
Sinca.sp-instrs F ret instrs (length ¥) k and
list-all ((=) None) X
shows AY/ instrs’. lift-instrs F' L ret N ¥ instrs = Some (X', instrs’) A length
Y=k
{proof)

lemma optim-instr-complete:

assumes sp: Subz.sp-instr F ret instr ¥ X’

shows AX/ instr’. optim-instr O F ret pc instr ¥ = Some (instr’, ') A length
¥ = length ©"

(proof )

lemma compile-basic-block-complete:
assumes wf-bblock1: Sinca.wf-basic-block F (set L) ret n bblock!
shows 3 bblock2. compile-basic-block O F L ret n bblockl = Some bblock2

(proof)

lemma bind-eg-map-option[simp|: x >= (Ay. Some (f y)) = map-option f
(proof)

lemma compile-fundef-complete:

assumes wf-fd1: Sinca.wf-fundef F fd1

shows 3 fd2. compile-fundef O F fd1 = Some fd2
(proof)

lemma compile-env-entry-complete:
assumes wf-fd1: Sinca.wf-fundef F fd1
shows 3 fd2. compile-env-entry F (f, fd1) = Some fd2
(proof)

lemma compile-env-complete:

assumes wf-F1: pred-map (Sinca.wf-fundef (map-option funtype o Finca-get F1))
(Finca-get F1)

shows 3 F2. compile-env F1 = Some F2
(proof)

theorem compile-complete:
assumes wf-pl: Sinca.wf-prog pl
shows 3 p2. compile p1 = Some p2
(proof)
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end

end
theory Op-example

imports OpUbx Global Unbozed-lemmas
begin

33 Dynamic values

datatype dynamic = DNil | DBool bool | DNum int

definition is-true where
is-true d = (d = DBool True)

definition is-false where
is-false d = (d = DBool False)

interpretation dynval-dynamic: dynval DNil is-true is-false

(proof)

fun unboz-num :: dynamic = int option where
unboz-num (DNum n) = Some n |
unbox-num - = None

fun unboz-bool :: dynamic = bool option where
unboz-bool (DBool b) = Some b |
unboz-bool - = None

interpretation unboxed-dynamic:
unbozedval DNil is-true is-false DNum unboz-num DBool unbox-bool

(proof)

34 Normal operations

datatype op =
OpNeg |
OpAdd |
OpMul

fun ar :: op = nat where
ar OpNeg = 1 |
ar OpAdd = 2 |
ar OpMul = 2

fun eval-Neg :: dynamic list = dynamic where

eval-Neg [DBool b] = DBool (—b) |
eval-Neg [-] = DNil
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fun eval-Add :: dynamic list = dynamic where
eval-Add [DBool z, DBool y] = DBool (z V y) |
eval-Add [DNum x, DNum y] = DNum (z + y) |
eval-Add [-, -] = DNil

fun eval-Mul :: dynamic list = dynamic where
eval-Mul [DBool &, DBool y| = DBool (z A y) |
eval-Mul [DNum z, DNum y] = DNum (z * y) |
eval-Mul [-, -] = DNil

fun ewval :: op = dynamic list = dynamic where
eval OpNeg = eval-Neg |
eval OpAdd = eval-Add |
eval OpMul = eval-Mul

lemma eval-arith-domain: length s = ar op = Jy. eval op s =y
{proof )

interpretation op-Op: nary-operations eval ar
(proof)

35 Inlined operations

datatype opinl =
OpAddNum |
OpMulNum

fun inl :: op = dynamic list = opinl option where
inl OpAdd [DNum -, DNum -] = Some OpAddNum |
inl OpMul [DNum -, DNum -] = Some OpMulNum |
inl - - = None

inductive isinl :: opinl = dynamic list = bool where
isinl OpAddNum [DNum -, DNum -| |
isinl OpMulNum [DNum -, DNum -]

fun deinl :: opinl = op where
deinl OpAddNum = OpAdd |
deinl OpMulNum = OpMul

lemma inl-inj: inj inl
(proof)

lemma inl-invertible: inl op xs = Some opinl = deinl opinl = op
(proof )

fun eval-AddNum :: dynamic list = dynamic where
eval-AddNum [DNum z, DNum y] = DNum (z + y) |

65



eval-AddNum [DBool x, DBool y| = DBool (z V y) |
eval-AddNum [-, -] = DNil

fun eval-MulNum :: dynamic list = dynamic where
eval-MulNum [DNum z, DNum y] = DNum (z * y) |
eval-MulNum [DBool x, DBool y| = DBool (z A y) |
eval-MulNum [-, -] = DNil

fun eval-inl :: opinl = dynamic list = dynamic where
eval-inl OpAddNum = eval-AddNum |
eval-inl OpMulNum = eval-MulNum

lemma eval-AddNum-correct:
length s = 2 = eval-AddNum zs = eval-Add zs

(proof)

lemma eval-MulNum-correct:
length zs = 2 = eval-MulNum xs = eval-Mul xs

{proof)

lemma eval-inl-correct:
length xs = ar (deinl opinl) = eval-inl opinl xs = eval (deinl opinl) xs
(proof)

lemma inl-isinl:
inl op xs = Some opinl = isinl opinl xs
(proof )

interpretation op-Oplnl: nary-operations-inl eval ar eval-inl inl isinl deinl
(proof )
36 Unboxed operations

datatype opubxr =
OpAddNumUbzx

fun ubz :: opinl = type option list = opubz option where
ubz OpAddNum [Some Ubzl, Some Ubzl] = Some OpAddNumUbx |
ubx - - = None

fun deubx :: opubr = opinl where
deubx OpAddNumUbx = OpAddNum

lemma ubz-invertible: ubz opinl rs = Some opubr —> deubx opubx = opinl
(proof)

fun eval-AddNumUbz where
eval-AddNumUbz [OpUbzl z, OpUbxl y] = Some (OpUbzl (z + y)) |
eval-AddNumUbx - = None
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fun eval-ubx where
eval-ubr OpAddNumUbx = eval-AddNumUbz

lemma eval-ubz-correct:

eval-ubx opubx xs = Some z —

eval-inl (deubx opubz) (map unbozed-dynamic.norm-unbozed xs) = unbozed-dynamic.norm-unbozed
z

{proof)

lemma eval-ubz-to-inl:

assumes eval-ubx opubr ¥ = Some z

shows inl (deinl (deubz opubz)) (map unbozred-dynamic.norm-unbozed %) =
Some (deubz opubz)

(proof)

36.1 Typing

fun typeof-opubz :: opubx = type option list x type option where
typeof-opubx OpAddNumUbx = ([Some Ubzxl, Some Ubzl], Some Ubzl)

lemma ubz-imp-typeof-opubx:
ubz opinl ts = Some opubr = fst (typeof-opubx opubz) = ts
(proof )

lemma typeof-opubx-correct:
typeof-opubz opubx = (map typeof xs, codomain) —>
Jy. eval-ubz opubzr xs = Some y A typeof y = codomain

(proof)

lemma typeof-opubx-complete:
eval-ubx opubx rs = Some y —>
typeof-opubz opubx = (map typeof xs, typeof y)
{proof )

lemma typeof-opubz-ar: length (fst (typeof-opubx opubz)) = ar (deinl (deubz op-
ubz))
{proof)

interpretation op-OpUbz:
nary-operations-ubx
eval ar eval-inl inl isinl deinl
DNil is-true is-false DNum unboz-num DBool unbox-bool
eval-ubz ubx deubz typeof-opubx

(proof)

end
theory Std
imports List-util Global Op Env Dynamic
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VeriComp. Language
begin

datatype (‘dyn, "var, 'fun, 'label, 'op) instr =
IPush 'dyn |
IPop |
IGet nat |
ISet nat |
ILoad "var |
IStore "var |
10p "op |
ICJump ‘label 'label |
ICall "fun |
is-return: IReturn

locale std =
Fenv: env F-empty F-get F-add F-to-list +
Henv: env heap-empty heap-get heap-add heap-to-list +
dynval uninitialized is-true is-false +
nary-operations Op Atity
for
— Functions environment
F-empty and
F-get :: 'fenv = "fun = (‘label, ("dyn, "var, 'fun, 'label, 'op) instr) fundef option
and
F-add and F-to-list and

— Memory heap

heap-empty and

heap-get :: "henv = 'var x 'dyn = 'dyn option and
heap-add and heap-to-list and

— Dynamic values
uninitialized :: 'dyn and is-true and is-false and

— n-ary operations
Op 2 'op = 'dyn list = 'dyn and rity
begin

inductive step (infix <—» 55) where
step-push:
next-instr (F-get F) f1 pc = Some (IPush d) =
State FF H (Frame flpc R ¥ # st) — State F H (Frame f 1 (Suc pc) R (d #
5) # st) |

step-pop:
next-instr (F-get F) f 1 pc = Some IPop =
State F H (Frame flpc R (d # X) # st) — State F H (Frame f 1 (Suc pc) R
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Y # ost) |

step-get:
next-instr (F-get F) f1 pc = Some (IGet n) =
n<length R— d=R!n—
State F H (Frame flpc R Y # st) — State F H (Frame f1 (Suc pc) R (d #
X) # st) |

step-set:
next-instr (F-get F) f 1 pc = Some (ISet n) =
n < length R = R’ = R[n = d] =
State F' H (Frame flpc R (d # X) # st) — State F' H (Frame f1 (Suc pc) R’
¥ # st) |

step-load:
next-instr (F-get F) f1 pc = Some (ILoad x) =
heap-get H (z, y) = Some d =
State F' H (Frame flpc R (y # X) # st) — State FF H (Frame f 1 (Suc pc) R

(d # %) # st) |

step-store:
next-instr (F-get F) f 1 pc = Some (IStore x) =
heap-add H (z, y) d = H' —
State F H (Frame flpc R (y # d # X) # st) — State F H' (Frame f 1 (Suc
pe) RS # s |

step-op:
next-instr (F-get F) f1 pc = Some (IOp op) =
Arity op = ar = ar < length ¥ = Op op (take ar ¥) = 2 =
State F H (Frame flpc R ¥ # st) — State F H (Frame f 1 (Suc pc) R (z #
drop ar ) # st) |

step-cjump:
next-instr (F-get F) f 1 pc = Some (ICJump l; ly) =
is-true d AN U= 1; V is-false d N1/ = |} =
State F H (Frame flpc R (d # X) # st) — State F H (Frame f1' 0 R X #
st) |

step-call:
next-instr (F-get F) f 1 pc = Some (ICall g) =
F-get F g = Some gd = arity gd < length ¥ =
framey = allocate-frame g gd (take (arity gd) X) uninitialized =
State F H (Frame flpc R ¥ # st) — State F H (framey # Frame flpc R ¥
4 5t) |

step-return:
next-instr (F-get F) g lg pcg = Some IReturn =
F-get F g = Some gd = arity gd < length ¥ =
length ¥4 = return gd =
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frame;' = Frame f 1y (Suc pcy) Ry (4 Q drop (arity gd) ¥5) =
State F H (Frame g l; pcg Ry ¥4 # Frame fly pcy Ry X5 # st) — State F H
(framey' # st)

lemma step-deterministic:
assumes sI — s2 and sI — s3
shows s2 = s3

{proof)

lemma step-right-unique: right-unique step
(proof)

lemma final-finished:
assumes final F-get IReturn s
shows finished step s

(proof)

sublocale semantics step final F-get [Return
(proof)

definition load where
load = Global.load F-get uninitialized

sublocale language step final F-get IReturn load
(proof )

end

end
theory Std-to-Inca-simulation
imports Global List-util Std Inca
VeriComp. Simulation
begin

37 Generic definitions

locale std-inca-simulation =

Sstd: std
Fstd-empty Fstd-get Fstd-add Fstd-to-list
heap-empty heap-get heap-add heap-to-list
uninitialized is-true is-false
Op Arity +

Sinca: inca
Finca-empty Finca-get Finca-add Finca-to-list
heap-empty heap-get heap-add heap-to-list
uninitialized is-true is-false
Op Arity InlOp Inl TsTnl DeInl

for
— Functions environments
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Fstd-empty and

Fstd-get :: 'fenv-std = "fun = ('label, ('dyn, "var, 'fun, 'label, 'op) Std.instr)
fundef option and

Fstd-add and Fstd-to-list and

Finca-empty and

Finca-get :: 'fenv-inca = '"fun = ('label, ("dyn, "var, 'fun, 'label, 'op, 'opinl)
Inca.instr) fundef option and

Finca-add and Finca-to-list and

— Memory heap

heap-empty and

heap-get :: 'henv = "var x 'dyn = 'dyn option and
heap-add and heap-to-list and

— Dynamic values
uninitialized :: 'dyn and is-true and is-false and

— n-ary operations

Op :: 'op = 'dyn list = 'dyn and rity and

InlOp and Inl and JsTnl and DeInl :: ‘opinl = ‘op
begin

fun norm-instr where
norm-instr (Inca.IPush d) = Std.IPush d |
norm-instr Inca.IPop = Std.IPop |
norm-instr (Inca.IGet n) = Std.IGet n |
norm-instr (Inca.ISet n) = Std.ISet n |
norm-instr (Inca.ILoad x) = Std.ILoad x |
norm-instr (Inca.IStore ©) = Std.IStore x |
norm-instr (Inca.IOp op) = Std.I0p op |
norm-instr (Inca.I0pInl opinl) = Std.I0p (DeInl opinl) |
norm-instr (Inca.ICJump Iy 1) = Std. ICJump 1, 1y |
norm-instr (Inca.ICall x) = Std.ICall x |
norm-instr Inca.IReturn = Std.IReturn

abbreviation norm-eq where
norm-eq T y = norm-instr y = «

definition rel-fundefs where
rel-fundefs f g = (V. rel-option (rel-fundef (=) norm-eq) (f z) (g ))

lemma rel-fundefsI:
assumes Az. rel-option (rel-fundef (=) norm-eq) (F1 z) (F2 z)
shows rel-fundefs F'1 F2

{proof)

lemma rel-fundefsD:
assumes rel-fundefs F1 F2
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shows rel-option (rel-fundef (=) norm-eq) (F1 z) (F2 x)
{proof)

lemma rel-fundefs-next-instr:

assumes rel-F1-F2: rel-fundefs F1 F2

shows rel-option norm-eq (next-instr F1 f1 pc) (next-instr F2 f1 pc)
(proof)

lemma rel-fundefs-next-instri:

assumes rel-F1-F2: rel-fundefs F1 F2 and next-instrl: next-instr F1 f 1 pc
Some instrl

shows Finstr2. next-instr F2 f 1 pc = Some instr2 A norm-eq instrl instr2

{proof)

lemma rel-fundefs-next-instr2:

assumes rel-F1-F2: rel-fundefs F1 F2 and next-instr2: next-instr F2 f 1 pc
Some instr2

shows Finstrl. next-instr F1 f 1 pc = Some instrl N\ norm-eq instrl instr2

{proof)

lemma rel-fundefs-empty: rel-fundefs (A-. None) (A-. None)
(proof )

lemma rel-fundefs-Nonel:
assumes rel-fundefs f g and fz = None
shows g z = None

{proof)

lemma rel-fundefs-None2:
assumes rel-fundefs f g and g © = None
shows fx = None

(proof)

lemma rel-fundefs-Somel:
assumes rel-fundefs f g and fx = Some y
shows Jz. g £ = Some z A rel-fundef (=) norm-eq y z

(proof)

lemma rel-fundefs-Some2:
assumes rel-fundefs f g and g x = Some y
shows Jz. fz = Some z A rel-fundef (=) norm-eq z y

(proof)
lemma rel-fundefs-rel-option:

assumes rel-fundefs f g and Az y. rel-fundef (=) norm-eqzy = hzxy
shows rel-option h (f z) (g 2)

{(proof)

lemma rel-fundefs-rewritel2:
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assumes
rel-F1-F2: rel-fundefs (Fstd-get F1) (Finca-get F'2) and
next-instrl: next-instr (Fstd-get F'1) f 1 pc = Some instrl
norm-eq instrl instr2’
shows rel-fundefs (Fstd-get F1)
(Finca-get (Sinca.Fenv.map-entry F2 f (Mfd. rewrite-fundef-body fd 1 pc instr2’)))
(is rel-fundefs (Fstd-get ?F1") (Finca-get ?F2"))
(proof)

38 Simulation relation

inductive match (infix <~» 55) where
wf-fundefs (Fstd-get F1) =
rel-fundefs (Fstd-get F1) (Finca-get F2) =
(State F1 H st) ~ (State F2 H st)

39 Backward simulation

lemma backward-lockstep-simulation:
assumes Sinca.step s2 s2' and match sl s2
shows Js1’. Sstd.step s1 s1’ N match s1’ s2'

(proof)

lemma match-final-backward:
assumes match s s2 and final-s2: final Finca-get Inca.IReturn s2
shows final Fstd-get Std.IReturn sl

{proof)

sublocale std-inca-simulation:
backward-simulation where
stepl = Sstd.step and finall = final Fstd-get Std.IReturn and
step2 = Sinca.step and final2 = final Finca-get Inca.IReturn and
order = \- -. False and match = \-. match

(proof)

40 Forward simulation

lemma forward-lockstep-simulation:
assumes Sstd.step s1 s1’ and match s1 s2
shows 352’ Sinca.step s2 s2’' N s1’ ~ s2'

(proof)

lemma match-final-forward:
assumes match sl s2 and final-s1: final Fstd-get Std.IReturn si
shows final Finca-get Inca.IReturn s2

{proof)

sublocale std-inca-forward-simulation:
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forward-simulation where
stepl = Sstd.step and finall = final Fstd-get Std.IReturn and
step2 = Sinca.step and final2 = final Finca-get Inca.IReturn and
order = A- -. False and match = A\-. match

(proof)

41 Bisimulation

sublocale std-inca-bisimulation:
bisimulation where
stepl = Sstd.step and finall = final Fstd-get Std.IReturn and
step2 = Sinca.step and final2 = final Finca-get Inca.IReturn and
ordery = XA- -. False and order, = A- -. False and match = \-. match

{proof)

end

end
theory Std-to-Inca-compiler
imports Std-to-Inca-simulation
VeriComp. Compiler
begin

41.1 Compilation of function definitions

fun compile-instr where
compile-instr (Std.IPush d) = Inca.IPush d |
compile-instr Std.IPop = Inca.IPop |
compile-instr (Std.IGet n) = Inca.IGet n |
compile-instr (Std.ISet n) = Inca.ISet n |
compile-instr (Std.ILoad z) = Inca.ILoad z |
compile-instr (Std.IStore ©) = Inca.IStore x |
compile-instr (Std.I0p op) = Inca.IO0p op |
compile-instr (Std.ICJump 1y 1) = Inca ICJump Iy Iy |
compile-instr (Std.ICall f) = Inca.ICall f |

compile-instr Std.IReturn = Inca.IReturn
fun compile-fundef where
compile-fundef (Fundef [] - - -) = None |
compile-fundef (Fundef bblocks ar ret locals) =
Some (Fundef (map-ran (A-. map compile-instr) bblocks) ar ret locals)

context std-inca-simulation begin

lemma lambda-eq-eq[simp]: Az y. y = x) = (=)
{proof)

lemma norm-compile-instr:
norm-instr (compile-instr instr) = instr
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(proof)

lemma rel-compile-fundef:
assumes compile-fundef fd1 = Some fd2
shows rel-fundef (=) norm-eq fd1 fd2

{proof)

lemma rel-fundef-imp-fundef-ok-iff:
assumes rel-fundef (=) norm-eq fd1 fd2
shows wf-fundef fd1 +— wf-fundef fd2

(proof)

lemma rel-fundefs-imp-wf-fundefs-iff:
assumes rel-f-g: rel-fundefs f g
shows wf-fundefs f +— wf-fundefs g
(proof )

lemma compile-fundef-wf:
assumes compile-fundef fd = Some fd’
shows wf-fundef fd’

(proof)

41.2 Compilation of function environments

definition compile-env where
compile-env e =
Some Sinca.Fenv.from-list o ap-map-list (ap-map-prod Some compile-fundef)
(Fstd-to-list e)

lemma compile-env-imp-rel-option:

assumes compile-env F1 = Some F2

shows rel-option (Afdl fd2. compile-fundef fd1 = Some fd2) (Fstd-get F1 f)
(Finca-get F2 f)
{proof )

lemma Finca-get-compile:
assumes compile-F'1: compile-env F1 = Some F2
shows Finca-get F2 f = Fstd-get F1 f >= compile-fundef

{proof)

lemma compile-env-rel-fundefs:
assumes compile-env F1 = Some F2
shows rel-fundefs (Fstd-get F1) (Finca-get F2)

{proof)

lemma compile-env-imp-wf-fundefs2:
assumes compile-env F1 = Some F2
shows wf-fundefs (Finca-get F2)
(proof )
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41.3 Compilation of programs

fun compile where
compile (Prog F1 H f) = Some Prog ¢ compile-env F1 ¢ Some H o Some f

theorem compile-load:
assumes
compile-p1: compile pI = Some p2 and
load: Sinca.load p2 s2
shows ds1. Sstd.load p1 s1 N\ match s1 s2

(proof)

sublocale std-to-inca-compiler:
compiler where
stepl = Sstd.step and finall = final Fstd-get Std.IReturn and loadl = Sstd.load
and
step2 = Sinca.step and final2 = final Finca-get Inca.IReturn and load2 =
Sinca.load and
order = \- -. False and match = A-. match and compile = compile

{proof)

41.4 Completeness of compilation

lemma compile-fundef-complete:
assumes wf-fundef fd1
shows 3 fd2. compile-fundef fd1 = Some fd2

(proof)

lemma compile-env-complete:
assumes wf-F1: wf-fundefs (Fstd-get F1)
shows 3 F2. compile-env F1 = Some F2

(proof)

theorem compile-complete:
assumes wf-pl: wf-prog Fstd-get pl1
shows I p2. compile pI = Some p2
(proof)

theorem compile-load-forward:
assumes
wf-p1: wf-prog Fstd-get pI and load-p1: Sstd.load p1 s1
shows 3p2 s2. compile p1 = Some p2 N Sinca.load p2 s2 N match s1 s2

(proof)
end

end
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