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Abstract

This entry formalises the paper of the same name by Huang et al. [1]
and presents a unifying characterisation of well-known conformance
relations such as equivalence and language inclusion (reduction) on
languages over input/output pairs. This characterisation simplifies
comparisons between conformance relations and from it a fundamental
necessary and sufficient criterion for conformance testing is developed.
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1 Preliminaries

type-synonym ('a) alphabet = 'a set
type-synonym ('z,’y) word = ('x x 'y) list
type-synonym ('z,’y) language = ('z,’y) word set
(

type-synonym ('y) output-relation = ('y set x 'y set) set

fun is-language :: 'z alphabet = 'y alphabet = ('z,'y) language = bool where
is-language X Y L = (

— nonempty

(L £} A

Vmel.
—over X and Y
(Vayesetm. fstaye X Nsnday € Y) A
— prefix closed
(V «' . prefir ©’ m — w' € L)))

lemma language-contains-nil :
assumes is-language X Y L
shows [| € L
using assms by auto

lemma language-intersection-is-language :
assumes is-language X Y L1
and is-language X Y L2
shows is-language X Y (L1 N L2)
using assms
using language-contains-nil|OF assms(1)] language-contains-nil|OF assms(2)]
unfolding is-language.simps
by (metis IntD1 IntD2 Intl disjoint-iff)

fun language-for-state :: ('z,"y) language = ('z,’y) word = ('z,'y) language where
language-for-state L m = {7 . 7Qr € L}

notation language-for-state (L[-,-])

lemma language-for-state-is-language :

assumes is-language X Y L

and mel
shows is-language X Y L[L,7]
proof —

have A 7.7 € L[Ln] = NV ay € setT.fstaye X ANsndaye Y)N(V 7.
prefic ' T — 7' € L][L,7])

proof —

fix 7 assume 7 € L][L,7]



then have 7Qr € L by auto
then have A zy . zy € set (mQ7) = fstay € X ANsndzy € Y
and A\ ' . prefix '’ (nQr) = 7' € L
using assms(1) by auto

have A\ zy . 2y € set T = fstay € X Asnday € Y
using <\ zy . zy € set (7rQ7) = fst zy € X A snd zy € Y> by auto
moreover have A\ 7/ . prefic 7' 7 = 7' € L][L,7]
by (simp add: <\w'. prefizr 7’ (x Q 7) = 7' € L)
ultimately show (V zy € set 7 . fstay € X ANsndzy € Y) AN (VY 7/ . prefic
' — 7' € L]L,x])
by simp
qed
moreover have L[L,7r] # {}
using assms(2)
by (metis (no-types, lifting) append.right-neutral empty-Collect-eq language-for-state.simps)

ultimately show ?thesis
by simp
qed

lemma language-of-state-empty-iff :
assumes is-language X Y L

shows (L[L,w] = {}) +— (v ¢ L)
using assms unfolding is-language.simps language-for-state.simps
by (metis Collect-empty-eq append.right-neutral prefizl)

fun are-equivalent-for-language :: ('z,’y) language = ('z,"y) word = ('z,"y) word
= bool where
are-equivalent-for-language L o f = (L[L,o] = L[L,B])

abbreviation(input) input-projection © = map fst =
abbreviation(input) output-projection m = map snd 7
notation input-projection ([-]r)

notation output-projection ([-]o)

fun is-executable :: ('z,’y) language = ('z,"y) word = 'z list = bool where
is-executable L m xs = (3 7 € L[L,x] . [t]1 = xs)

fun ezecutable-sequences :: ('z,’y) language = ('z,’y) word = 'z list set where
executable-sequences L m = {xs . is-executable L m xs}

fun ezecutable-inputs :: ('z,'y) language = ('z,’y) word = 'z set where
executable-inputs L m = {x . is-executable L 7 [z]}



notation executable-inputs (exec|-,-])

lemma ezecutable-sequences-alt-def : executable-sequences L m = {xs . 3 ys . length
ys = length xs N zip zs ys € L]L7]}
proof —
have «:\ A zs . (37€A. map fst 7 = xs) = (Jys. length ys = length zs N\ zip zs
ys € A)
by (metis length-map map-fst-zip zip-map-fst-snd)

show ?thesis
unfolding ezecutable-sequences.simps is-executable.simps
unfolding *
by simp
qed

lemma ezecutable-inputs-alt-def : executable-inputs L m = {z . 3 y . [(z,y)] €
L[Lx]}
proof —
have «:\ A zs . (37€A. map fst 7 = xs) = (Fys. length ys = length xs A zip xs
ys € A)
by (metis length-map map-fst-zip zip-map-fst-snd)

have xx: A A z . (Jys. length ys = length [z] A zip [z] ys € A) = (3 y . [(z,y)]
€ A)
by (metis length-Suc-conv length-map zip-Cons-Cons zip-Nil)

show ?thesis
unfolding executable-inputs.simps is-executable.simps
unfolding x
unfolding *x
by fastforce
qed

lemma executable-inputs-in-alphabet :
assumes is-language X Y L
and z € exec[L,n]
shows z € X
using assms unfolding executable-inputs-alt-def by auto

fun output-sequences :: ('z,'y) language = ('z,'y) word = 'z list = 'y list set
where
output-sequences L m xs = output-projection ‘ {T € L|L,x| . [r]; = zs}

lemma prefiz-closure-no-member :
assumes is-language X Y L
and 7w¢L



shows 7Qr ¢ L
by (meson assms(1) assms(2) is-language.elims(2) prefizl)

lemma output-sequences-empty-iff :
assumes is-language X Y L

shows (output-sequences L m zs = {}) = ((m ¢ L) V (= is-executable L © xs))
unfolding output-sequences.simps is-executable.simps language-for-state.simps
using Collect-empty-eq assms image-empty mem-Collect-eq prefiz-closure-no-member

by auto

fun outputs :: ('z,'y) language = ('z,’y) word = 'z = 'y set where
outputs L m z = {y . [(z,y)] € L[L,7]}

notation outputs (out[-,-,-])

lemma outputs-in-alphabet :
assumes is-language X Y L

shows out[L,m,2] C Y
using assms by auto

lemma outputs-ezecutable : (out[L,m,x] = {}) +— (z ¢ exec[L,r])
by auto

fun is-completely-specified-for :: 'z set = ('z,'y) language = bool where
is-completely-specified-for X L= (VY mn € L.V z € X . out[L,m,x] # {})

lemma prefiz-executable :
assumes is-language X Y L
and melL
and i < length m
shows fst (w ! ©) € exec[L,take i 7|
proof —
define 7’ where 7/ = take i 7
moreover define 7' where n'/ = drop (Suc i) 7
moreover define zy where zy = 7 ! ¢
ultimately have 7 = 7/Q[zy]Qn "’
by (simp add: Cons-nth-drop-Suc assms(3))
then have 7'Q[zy] € L
using assms(1,2) by auto
then show ?thesis
unfolding 7'-def zy-def
unfolding executable-inputs-alt-def language-for-state.simps
by (metis (mono-tags, lifting) Collectl eq-fst-iff)



qed

2 Conformance Relations

definition language-equivalence :: ('x,'y) language = ('z,’y) language = bool
where
language-equivalence L1 L2 = (L1 = L2)

definition language-inclusion :: ('z,'y) language = ('z,’y) language = bool where
language-inclusion L1 L2 = (L1 C L2)
abbreviation(input) reduction L1 L2 = language-inclusion L1 L2

definition quasi-equivalence :: ('z,'y) language = ('z,'y) language = bool where
quasi-equivalence L1 L2 = (VY w € L1 N L2 .V z € exec[L2,n] . out|L1,m,x] =
out[L2,m,x))

definition quasi-reduction :: ('z,’y) language = ('z,’y) language = bool where
quasi-reduction L1 L2 = (Y m € L1 N L2 .V z € exec[L2,7w| . (out[L1,m,z] # {}
A out[L1,mx] C out[L2,m,x]))

definition strong-reduction :: ('z,'y) language = ('z,"y) language = bool where
strong-reduction L1 L2 = (quasi-reduction L1 L2 N (VW m € LI N L2 .V z .
out[L2,mx] = {} — out[L1,m,z] = {}))

definition semi-equivalence :: ('z,"y) language = ('z,’y) language = bool where
semi-equivalence L1 L2 = (VY w € LIN L2 .V z € exec[L2,n] .
(out[L1mz] = {} V out|L1,m,x] = out[L2,m,x]) A
(3 z'. out[L1m,z’] N out[L2,m,z'] # {}))

definition semi-reduction :: ('z,'y) language = ('z,’y) language = bool where
semi-reduction L1 L2 = (V. m € LIN L2 .V z € exec[L2,x] .
(out[L1,m,z] C out[L2,m,x]) A
(3 z'. out[L1m,z’] N out[L2m,z'] # {}))

definition strong-semi-equivalence :: ('z,’y) language = ('z,"y) language = bool
where
strong-semi-equivalence L1 L2 = (VW m € LIN L2 .V z .
(z € exec[L2,mr] — ((out[L1,m,x] = {} V out|L1m,x] = out[L2m,z]) A (3 2’
.out[L1mz] N out[L2,mx] £ {}))) A
(z ¢ exec[L2,m] — out[L1,mx] = {}))

definition strong-semi-reduction :: ('z,'y) language = ('z,’y) language = bool
where
strong-semi-reduction L1 L2 = (¥ m€ LIN L2 .V .
(z € exec[L2x] — (out[Ll,ma] C out[L2max] A (3 z' . out[Llmx’] N
out[L2m,z] # {}))) A
(z ¢ exec[L2,x] — out[L1,m,x] = {}))



3 Unifying Characterisations

3.1 = Conformance

fun type-1-conforms :: ('z,"y) language = 'z alphabet = 'y output-relation = ('z,’y)
language = bool where

type-1-conforms LI X HL2= (VY n € LINL2.V z € X . (out[L1,m,x],out[L2,m,z])
€ H)

notation type-1-conforms (- <[-,-] -)

fun equiv :: 'y alphabet = 'y output-relation where
equivY = {(A,A) | A. AC Y}

fun red :: 'y alphabet = 'y output-relation where
red Y ={(A,B)| AB.ACBABCY}

fun quasieq :: 'y alphabet = 'y output-relation where
quasieq Y = {(4,4A) | A. ACYIU{(A{}) | A. AC Y}

fun quasired :: 'y alphabet = 'y output-relation where
quasired Y = {(A,B) | AB. A#{} NACBABCY}U{(C{})|C.CC
Y}

fun strongred :: 'y alphabet = 'y output-relation where
strongred Y = {(A,B) | AB. A#{} NACBABCY}U{{}L{}H}

lemma red-type-1 :
assumes is-language X Y L1
and is-language X Y L2
shows reduction L1 L2 +— (L1 <[X,red Y] L2)
unfolding language-inclusion-def proof
show L1 C L2 = L1 <[X,red Y] L2
using outputs-in-alphabet]| OF assms(2)]
unfolding type-1-conforms.simps red.simps
by auto

show L1 <X[X,red Y] L2 = L1 C L2
proof
fix m assume 7 € LI and LI <[X,red Y] L2

then show 7 € L2 proof (induction m rule: rev-induct)
case Nil
then show ?Zcase using assms(2) by auto
next
case (snoc zy )
then have 7 € Lland 7 € L1 N L2
using assms(1) by auto



obtain z y where zy = (z,y)
by fastforce

then have y € out[L1,m,x]
using snoc.prems(1)
by simp

moreover have r €¢ X and y € Y
using snoc.prems(1) assms(1) unfolding <zy = (z,y)» by auto

ultimately have y € out[L2,,z]
using snoc.prems(2) <m € L1 N L2
unfolding type-1-conforms.simps
by fastforce

then show ?case
using <zy = (z, y)» by auto

qed
qed
qed

lemma equiv-by-reduction : (L1 <X[X,equiv Y] L2) +— ((L1 X[X,red Y] L2) A
(L2 X[X,red Y] L1))
by fastforce

lemma equiv-type-1 :
assumes is-language X Y L1
and is-language X Y L2

shows (L1 = L2) «— (L1 <[X,equiv Y] L2)
unfolding equiv-by-reduction
unfolding red-type-1{OF assms(1,2), symmetric]
unfolding red-type-1[OF assms(2,1), symmetric]
unfolding language-inclusion-def
by blast

lemma quasired-type-1 :

assumes is-language X Y L1

and is-language X Y L2
shows quasi-reduction L1 L2 <— (L1 <[X,quasired Y] L2)
proof

have A\ 7 z . quasi-reduction L1 L2 = 7 € L1 N L2 = z € X = (out[L1,m,z],
out[L2,m,x]) € quasired Y

proof —

fix m x assume quasi-reduction L1 L2 and 7 € LI N L2 and z € X

show (out[L1,m,x], out[L2,m,x]) € quasired Y
proof (cases x € exec[L2,7])
case Fulse
then show %thesis
by (metis (mono-tags, lifting) Collect] UnCI assms(1) outputs-executable



outputs-in-alphabet quasired.elims)
next
case True
then obtain y where y € out[L2,7,z] by auto
then have out[L1,m,z] C out[L2,r,x] and out[L1,7,z] # {}
using «m € LI N L2 «x € X» <quasi-reduction L1 L2»
unfolding quasi-reduction-def by force+
moreover have out[L2,m,z] C Y
by (meson assms(2) outputs-in-alphabet)
ultimately show ?thesis
unfolding quasired.simps by blast
qed
qed
then show quasi-reduction L1 L2 = (L1 <[X,quasired Y] L2)
by auto

have \ m = . L1 <[X,quasired Y| L2 = w € L1 N L2 = z € exec[L2,1] =
out[L1,m,z] C out[L2,m,x]
and \ 7z . L1 X[X,quasired Y] L2 = 7 € L1 N L2 = z € exec[L2,1] =
out[L1,m,x] # {}
proof —
fix 7  assume LI <[X,quasired Y] L2 and 7 € L1 N L2 and z € exec[L2,r]
then have z € X
using ezecutable-inputs-in-alphabet| OF assms(2)] by auto

have out[L2,7,z] # {}
using <z € exec[L2,n]
by (meson outputs-executable)
moreover have (out[L1,7,z],0ut[L2,m,x]) € quasired Y
by (meson <L1 =<[X,quasired Y] L2 <m € L1 N L2 <x € X type-1-conforms.elims(2))
ultimately show out[L1,m,z] C out[L2,m,z]
and out[L1,m,z] # {}
unfolding quasired.simps
by blast+
qed
then show L1 <[X,quasired Y| L2 = quasi-reduction L1 L2
by (meson quasi-reduction-def)
qed

lemma quasieq-type-1 :
assumes is-language X Y L1
and is-language X Y L2
shows quasi-equivalence L1 L2 +— (L1 <[X,quasieq Y] L2)
proof
have A\ 7 z . quasi-equivalence L1 L2 — 7w € LI N L2 = z € X =
(out[L1,m,z], out[L2,m,z]) € quasieq ¥
proof —



fix m x assume quasi-equivalence L1 L2 and m € LI N L2 and x € X

show (out[L1,m,z], out[L2,7,z]) € quasieq Y
proof (cases x € exec[L2,7])
case Fulse
then show ?thesis
by (metis (mono-tags, lifting) Collect]I UnCI assms(1) outputs-executable
outputs-in-alphabet quasieq.simps)
next
case True
then show ?thesis
by (metis (mono-tags, lifting) Collect] UnCI < € L1 N L2 <quasi-equivalence
L1 L2 assms(1) outputs-in-alphabet quasi-equivalence-def quasieq.simps)
qed
qed
then show quasi-equivalence L1 L2 —> (L1 <[X,quasieq Y] L2)
by auto

have A\ 7 = . L1 X[X,quasieq Y] L2 = 7 € L1 N L2 = 1z € exec[L2,1] =
out[L1,m,x] = out[L2,m,x]
proof —
fix 7 z assume L1 <[X,quasieq Y] L2 and 7 € L1 N L2 and = € ezxec[L2,7]
then have z € X
using ezecutable-inputs-in-alphabet| OF assms(2)] by auto

have out[L2,7,z] # {}
using <z € exec[L2,n]
by (meson outputs-executable)
moreover have (out[L1,7,z],0ut[L2,m,x]) € quasieq Y

by (meson <L1 =<[X,quasieq Y] L2 <m € L1 N L2 <z € X> type-1-conforms.elims(2))

ultimately show out[L1,7,2] = out[L2,7,z]
unfolding quasieq.simps
by blast
qed
then show L1 <[X,quasieq Y] L2 = quasi-equivalence L1 L2
by (meson quasi-equivalence-def)
qed

lemma strongred-type-1 :

assumes is-language X Y L1

and is-language X Y L2
shows strong-reduction L1 L2 <— (L1 <[X,strongred Y] L2)
proof

have A 7 z . strong-reduction L1 L2 = w € L1 N L2 = z € X = (out[L1,m,xz],
out[L2,m,x]) € strongred Y

proof —

fix 7 © assume strong-reduction L1 L2 and m € L1 N L2 and z € X

10



have out[L2,m,2] C Y
using outputs-in-alphabet| OF assms(2)] .

show (out[L1,m,x], out[L2,m,x]) € strongred Y
proof (cases © € exec[L2,r])
case Fulse
then have out[L2,m,2] = {}
using outputs-executable by force
then have out[L1,m,z] = {}
using <strong-reduction L1 L2y <m € L1 N L2
unfolding strong-reduction-def by blast
then show ?thesis
using <out[L2,m,2] = {}> by auto
next
case True
then have out[L1,m,z] # {}
using <strong-reduction L1 L2 «<m € L1 N L2
unfolding strong-reduction-def
by (meson quasi-reduction-def)
moreover have out[L1,m,2] C out|L2,m,z]
by (meson True «<m € L1 N L2 <strong-reduction L1 L2 quasi-reduction-def
strong-reduction-def)
ultimately show ?thesis
unfolding strongred.simps
using outputs-executable outputs-in-alphabet| OF assms(2)]
by force
qed
qed
then show strong-reduction L1 L2 = (L1 <[X,strongred Y| L2)
by auto

have A\ m . L1 <[X,strongred Y] L2 = w € L1 N L2 = z € ezec[L2,1] =
out[L1,m,z] # {}

and A\ m x . L1 <X[X,strongred Y] L2 = 7w € L1 N L2 = z € exec[L2,71] =
out[L1,m,z] C out[L2,m,x]

proof —

fix 7 z y assume LI <[X,strongred Y] L2 and 7 € L1 N L2 and z € exec[L2,7]

then have z € X
using ezecutable-inputs-in-alphabet| OF assms(2)] by auto

have out[L2,7,z] # {}
using <z € exec[L2,r]
by (meson outputs-executable)
moreover have (out[L1,7,z],out[L2,m,x]) € strongred Y
by (meson <L1 =<[X strongred Y] L2 «<m € L1 N L2 <z € X type-1-conforms.elims(2))
ultimately show out[L1,m,2] # {} and out[LI,7,z] C out[L2,m,x]
unfolding strongred.simps

11



by blast+
qed
moreover have A\ 7z . L1 <X[X,strongred Y] L2 = w € L1 N L2 = out[L2,7,1]
={} = out[L1mz] = {}
proof —
fix 7 x assume LI <X[X strongred Y] L2 and © € L1 N L2 and out[L2,7,z] =
{}

show out[L1,mx] = {}
proof (rule ccontr)
assume out[L1,7,z] # {}
then have z € X
by (meson assms(1) executable-inputs-in-alphabet outputs-executable)
then have out[L2,m,2] # {}
using «L1 <[X strongred Y] L2 «m € L1 N L2 <out|Ll,mx] # {p by
fastforce
then show Fulse
using <out[L2,m,z] = {}» by simp
qed
qed
ultimately show L1 <[X,strongred Y] L2 = strong-reduction L1 L2
unfolding strong-reduction-def quasi-reduction-def by blast
qed

3.2 < Conformance

fun type-2-conforms :: ('z,’y) language = 'z alphabet = 'y output-relation = ('z,’y)
language = bool where
type-2-conforms L1 X H L2 = (
(VrmeLinL2.V ze€ X . (out]Llma],out]L2,m,z]) € H) A
(V me Lin L2 . exec[L2,w] # {} — (3 z . out[L1,m,z] N out[L2,m x] #

{H)
notation type-2-conforms (- <[-,-] -)
fun semieq :: 'y alphabet = 'y output-relation where
semicq ¥ = {(A,A) | A AC Y} U{({}A) | A. AC Y}U{(A{})]A.AC
Y}

fun semired :: 'y alphabet = 'y output-relation where
semired Y = {(A,B) | AB.ACBABCY}U{(C{}H|C.CCY}

fun strongsemieq :: 'y alphabet = 'y output-relation where
strongsemieq Y = {(A,A) | A. AC Y} U{{},4A)|A. AC Y}

fun strongsemired :: 'y alphabet = 'y output-relation where
strongsemired Y = {(A,B)| AB. ACBABCY}

lemma strongsemieg-alt-def : strongsemieq Y = semieq Y N red Y

12



by auto

lemma strongsemired-alt-def : strongsemired Y = red Y
by auto

lemma semired-type-2 :
assumes is-language X Y L1
and is-language X Y L2
shows (semi-reduction L1 L2) +— (L1 <[X, semired Y] L2)
proof
show semi-reduction L1 L2 = L1 <[X, semired Y] L2
proof —
assume semi-reduction L1 L2
then have pI: A7z .wm € LI N L2 = z € exec|L2,xr] = (out[L1,mx] C
out[L2,m,x])
and p2: Amz.me€ LinNL2 = z¢€ erec[L2m] = 3 2’ . out[L1,m,z’]
N out[L2,m,z'] # {}
unfolding semi-reduction-def by blast+

have Amz.me L1NL2 = 1z € X = (out[L1,m,x], out|[L2,m,x]) € semired
Y
by (metis (mono-tags, lifting) Collect] UnCI assms(1) assms(2) outputs-executable
outputs-in-alphabet p1 semired.simps)
moreover have A 7z .7 € L1 N L2 = exec[L2,n] # {} = Tz. out[L1,m,x]
N out[L2,m,x] # {}
using p2 by fastforce
ultimately show L1 <[X, semired Y] L2
by auto
qed

show L1 <[X,semired Y] L2 = semi-reduction L1 L2
proof —
assume L1 <[X, semired Y] L2
then have pl : Anz.7m€ LIN L2 = z € X = (out[L1,m,z],out[L2m,z])
€ semired Y
and p2: A7nz.wm € LINL2 = exec[L2m] # {} = 3 z . out[L1,m,1]
N out[L2,m,x] # {}
by auto

have Awz .7 € LIN L2 = z € exec[L2,1] = (out[L1,m,z] C out[L2,m,x])
proof —
fix 7 z assume 7 € L1 N L2 and z € exec[L2,r]
then have (out[L1,m,z],0ut|L2,7,x|) € semired Y
using p1 executable-inputs-in-alphabet| OF assms(2)] by auto
moreover have out[L2,7,z] # {}
using <z € exec[L2,r]> by auto
ultimately show (out[L1,7,z] C out[L2,m,x])
unfolding semired.simps by blast

13



qed
moreover have A mx . m € LIN L2 = 1 € exec[L2m] = 3 z’. out[L1,m,z']
N out[L2,m,z'] # {}
using p2 by blast
ultimately show Zthesis
unfolding semi-reduction-def by blast
qed
qed

lemma semieq-type-2 :
assumes is-language X Y L1
and is-language X Y L2
shows (semi-equivalence L1 L2) «— (L1 <[X, semieq Y] L2)
proof
show semi-equivalence L1 L2 — L1 <[X, semieq Y] L2
proof —
assume semi-equivalence L1 L2
then have pI: Amz.nm € L1N L2 = z € exec[L2,nr] = out[Llnm,z] = {}
V oout[L1,mx] = out[L2,m,1]
and p2: Amxz.me€ LiNL2= z € exec[L2,r]| = 3 z’. out[L1,m,z’]
N out[L2,m,x'| # {}
unfolding semi-equivalence-def by blast+

have Amz.me€ LINL2 = z € X = (out[L1,m,z], out|L2,m,x]) € semieq
Y
proof —
fix m zassume 7w € LI N L2and z € X
show (out[L1,m,x|, out[L2,m,x]) € semieq Y
proof (cases x € exec[L2,m])
case True
then have out[L2,7,z] # {} by auto
then show ?thesis
using pI[OF «w € L1 N L2y True
using outputs-in-alphabet| OF assms(2)]
unfolding semieq.simps
by fastforce
next
case Fulse
then show ?thesis
by (metis (mono-tags, lifting) Collect] UnlI2 assms(1) outputs-executable
outputs-in-alphabet semieq.elims)
qed
qed
moreover have A 7z . m € L1 N L2 = exec[L2,7] # {} = Jz. out[L1,7,1]
N out[L2,m,z] # {}
using p2 by fastforce
ultimately show LI <[X, semieq Y] L2
by auto
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qed

show L1 <[X,semieq Y] L2 = semi-equivalence L1 L2
proof —
assume L1 <[X,semieq Y| L2
then have pl: Anz. 7€ LINL2 = z € X = (out[L1,m,z],out[L2,7,x])
€ semieq Y
and p2: Anmz.wm € LlInN L2 = exec[L2,m] # {} = 3 x . out[L1,m,2]
N out[L2,m,x] # {}
by auto

have Amz.m € L1N L2 = x € exec[L2,r] = out[L1,mx] = {} V out[L1,m,1]
= out[L2,m,x|
proof —
fix 7 z assume 7 € L1 N L2 and z € exec[L2,r]
then have (out[L1,m,x],0out|L2,7,x]) € semieq Y
using p1 executable-inputs-in-alphabet| OF assms(2)] by auto
moreover have out[L2,7,z] # {}
using «z € exec[L2,m]) by auto
ultimately show out[L1,m,z] = {} V out[L1,7,z] = out[L2,m,x]
unfolding semieq.simps
by blast
qed
moreover have A m 2. m € LIN L2 = z € exec[L2,n] = 3 z’. out[L1,m,z']
N out[L2,m,z'] # {}
using p2 by blast
ultimately show Zthesis
unfolding semi-equivalence-def by blast
qed
qed

lemma strongsemired-type-2 :
assumes is-language X Y L1
and is-language X Y L2
shows (strong-semi-reduction L1 L2) +— (L1 <[X, strongsemired Y| L2)
proof
show strong-semi-reduction L1 L2 = L1 <[X, strongsemired Y] L2
proof —
assume strong-semi-reduction L1 L2
then have pI: A7mz.7m € L1N L2 = z € exec[L2,n] = (out[L1,m,x] C
out[L2,m,x))
and p2: Anmz.me€ LiNL2= z € exec[L2,r] = 3 z’. out[L1,m,z’]
N out[L2,m,x'] # {}
and p3 A7mz.me€ LinN L2 = z ¢ exec[L2,7] = out[L1,mzx] = {}
unfolding strong-semi-reduction-def by blast+

have A7z .7 € LIN L2 = z € X = (out[Ll,m,z], out[L2,m,x]) €
strongsemired Y
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unfolding strongsemired.simps
by (metis (mono-tags, lifting) Collect] assms(2) outputs-executable out-
puts-in-alphabet p1 p3 set-eq-subset)
moreover have A 7z . 7w € L1 N L2 = exec[L2,7] # {} = Jz. out[L1,m,1]
N out[L2,m,x] # {}
using p2 by fastforce

ultimately show L1 <[X, strongsemired Y] L2
by auto
qed

show L1 <[X, strongsemired Y| L2 = strong-semi-reduction L1 L2
proof —

assume L1 <[X strongsemired Y] L2

then have pl : Anz .7 € LIN L2 = z € X = (out[L1,mz],out[L2,m,z])
€ strongsemired Y

and p2: Anz.wm e LINL2 = exec[L2m] # {} = 3 z . out[L1,m,1]
N out[L2,m,x] # {}
by auto

have A7z .7 € LIN L2 = x € exec[L2,n1] = (out[L1,m,z] C out[L2,m,x])
proof —

fix 7 z assume 7 € L1 N L2 and z € exec[L2,r]
then have (out[L1,m,z],0ut|L2,7,z]) € semired Y
using p1 executable-inputs-in-alphabet| OF assms(2)] by auto
moreover have out[L2,m,z] # {}
using <z € exec[L2,r]> by auto
ultimately show (out[L1,m,z] C out[L2,m,x])
unfolding semired.simps by blast
qed
moreover have A m 2. 7w € LIN L2 = 1 € exec[L2,n] = 3 z’. out[L1,m,z']
N out[L2,m,z’] # {}
using p2 by blast

moreover have A 7z .7 € L1 N L2 = ¢ ¢ exec[L2,r] = out[L1,m,z] = {}
proof —

fix m z assume 7 € L1 N L2 and z ¢ exec[L2,n]

have (out[L1,m,x],out[L2,m,x]) € strongsemired Y
proof (cases z € exec[L1,m])
case True

then show ?thesis

by (meson «w € L1 N L2 assms(1) executable-inputs-in-alphabet p1)
next

case Fulse
then show ?thesis
using <z ¢ exec[L2,7|> by fastforce
qed
moreover have out[L2,m,z] = {}
using <z ¢ exec[L2,r]> by auto
ultimately show out[L1,7,z] = {}
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unfolding strongsemired.simps
by blast
qed
ultimately show ?thesis
unfolding strong-semi-reduction-def by blast
qed
qed

lemma strongsemieg-type-2 :
assumes is-language X Y L1
and is-language X Y L2
shows (strong-semi-equivalence L1 L2) <— (L1 <[X, strongsemieq Y| L2)
proof
show strong-semi-equivalence L1 L2 = L1 <[X, strongsemieq Y] L2
proof —
assume strong-semi-equivalence L1 L2
then have pI: Amx .7 € LIN L2 = x € evec[L2,1] = out[L1,m,z] = {}
V out|L1,m,x] = out[L2,m,1]
and p2: Anmxz.me€ LinNL2= z € exec[L2,r] = 3 2’ . out[L1,m,z’]
N out[L2,m,z'] # {}
and p3: A7nz.wm € LINL2 = z¢ exec[L2n] = out[L1mx] = {}
unfolding strong-semi-equivalence-def by blast+

have A mz .7 € LI N L2 = 2z € X = (out[Ll,m,z], out[L2m,zx]) €
strongsemieq Y
proof —
fix mz assume ™ € LIN L2and z € X
show (out[L1,m,x], out[L2,m,x]) € strongsemieq Y
proof (cases x € exec[L2,m])
case True
then have out[L2,7,z] # {} by auto
then show ?thesis
using pI[OF «w € L1 N L2y True
using outputs-in-alphabet| OF assms(2)]
by fastforce
next
case Fulse
then show ?thesis
using «r € L1 N L2 p3 by fastforce
qed
qged
moreover have A 7z . m € L1 N L2 = exec[L2,7] # {} = Jz. out[L1,7,1]
N out[L2,m,x] # {}
using p2 by fastforce
ultimately show LI <[X, strongsemieq Y] L2
by auto
ged
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show L1 <[X,strongsemieq Y] L2 = strong-semi-equivalence L1 L2
proof —
assume LI <[X, strongsemieq Y| L2
then have p/ : Anz .7 € LIN L2 = z € X = (out[L1,m,z],out[L2,m,x])
€ strongsemieq Y
and p2: A7mz.m€ L1N L2 = exec[L2,r] # {} = 3 x . out[L1,m,x]
N out[L2,m,x] # {}
by auto

have Amz.m € LIN L2 = x € exec[L2,r] = out[L1,m,x] = {} V out[L1,m,x]
= out[L2,m,x
proof —
fix 7 z assume m € L1 N L2 and z € exec[L2,r]
then have (out[L1,7,z],0out[L2,m,x]) € semieq Y
using p1 executable-inputs-in-alphabet|OF assms(2)] by auto
moreover have out[L2,7,z] # {}
using <z € exec[L2,7]» by auto
ultimately show out[L1,7,z] = {} V out[L1,7,z] = out[L2,mx]
unfolding semieq.simps
by blast
qed
moreover have A mx. 7€ LIN L2 = x € exec[L2,r] = 3 z’. out[L1,m,x]
N out[L2,m,x'] # {}
using p2 by blast
moreover have A 7z .7 € L1 N L2 = z ¢ exec[L2,n] = out[L1,m,z] = {}
proof —

fix 7 z assume 7w € L1 N L2 and z ¢ exec[L2,r]

have (out[L1,m,x],out[L2,7,z]) € strongsemieq Y
proof (cases x € exec[L1,7])
case True
then show ?thesis
by (meson «w € L1 N L2 assms(1) executable-inputs-in-alphabet p1)
next
case Fulse
then show ?thesis
using <z ¢ exec[L2,1]» by fastforce
qed
moreover have out[L2,7,z] = {}
using «z ¢ exec[L2,m]) by auto
ultimately show out[L1,m,z] = {}
unfolding strongsemieq.simps
by blast
qed
ultimately show ¢thesis
unfolding strong-semi-equivalence-def by blast
qed
qed
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4 Comparing Conformance Relations

lemma type-1-subset :
assumes L1 <[X,HI] L2
and H1 C H2

shows L1 <[X,H2] L2
using assms by auto

lemma type-1-subsets :

shows equiv Y C strongred Y
and equiv Y C quasieq Y
and strongred Y C red Y
and strongred Y C quasired Y
and quasieq Y C quasired Y
by auto

lemma type-1-implications :
shows L1 <[X, equiv Y] L2 = L1 <[X, strongred Y] L2
and L1 <[X, equiv Y] L2 = L1 <[X, red Y] L2

and L1 <[X, equiv Y] L2 = L1 <[X, quasired Y] L2
and L1 <[X, equiv Y] L2 = L1 =<[X, quasieq Y] L2
and L1 <[X, strongred Y] L2 = L1 <[X, red Y] L2
and L1 <[X, strongred Y] L2 = L1 <[X, quasired Y] L2

and LI <[X, quasieq Y] L2 = L1 <[X, quasired Y| L2
using type-1-subset|OF - type-1-subsets(4), of L1 X Y L2]
using type-1-subset|OF - type-1-subsets(5), of L1 X Y L2]
by auto

lemma type-2-subset :
assumes L1 <[X,HI] L2
and H1 C H2

shows L1 <[X,H2] L2
using assms by auto

lemma type-2-subsets :
shows strongsemieq Y C strongsemired Y
and strongsemieq Y C semieq Y
and semieq Y C semired Y
and strongsemired Y C semired Y
and strongsemired Y C red Y
by auto

lemma type-2-implications :
shows L1 <[X, strongsemieq Y| L2 = L1 <[X, strongsemired Y] L2
and LI <[X, strongsemieq Y] L2 = L1 <[X, semieq Y] L2
and L1 <[X, strongsemieq Y] L2 = L1 <[X, semired Y] L2
and L1 <[X, strongsemired Y| L2 = L1 <[X, semired Y] L2
and LI <[X, semieq Y] L2 = L1 <[X, semired Y] L2
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by auto

lemma type-1-conformance-to-type-2 :

assumes is-language X Y L2

and L1 =<[X,HI] L2

and Hi1 C H2

and NAB.(AB)e Hl=—= B#{} = AN B# {}
shows L1 <[X,H2] L2

proof —

have A\ 7 z .

m€LINL2 = 2z € X = (out[L1,m,zx], out|[L2,m,x]) € H2

using assms(2,3) by auto
moreover have \ 7.7 € L1 N L2 = exec[L2,n] # {} = Jz. out[L1l,m,z] N
out[L2,mx] # {}

proof —

fix m assume 7 € L1 N L2 and exec[L2,71] # {}
then obtain z where z € exec[L2,7]

by blast

then have z € X

by (meson assms(1) executable-inputs-in-alphabet)
then have (out[L1,m,z], out[L2,m,x]) € HI

using «r € L1 N L2 assms(2) by auto
moreover have out[L2,7,z] # {}

by (meson <z € exec[L2,x]) outputs-ezecutable)
ultimately have out[L1,m,2] N out[L2,7,z] # {}

using assms(4) by blast
then show Jz. out[L1,m,z] N out[L2,m,x] # {}

by blast
qed

ultimately show ?thesis

by auto
qed

lemma type-1-and-2-mized-implications :
assumes is-language X Y L2
shows L1 <[X, strongsemieq Y| L2 = L1 <X[X, red Y] L2

and L1 <[X,
and L1 <[X,
and L1 <[X,
and LI <[X,
and LI <[X,
proof —

strongsemired Y] L2 => L1 <[X, red Y] L2
quasieq Y] L2 = L1 <[X, semieq Y] L2
quasired Y] L2 = L1 <[X, semired Y] L2

equiv Y] L2 = L1 <[X, strongsemieq Y] L2
strongred Y| L2 = L1 <[X, strongsemired Y] L2

show L1 <[X, strongsemieq Y] L2 = L1 <[X, red Y] L2
and L1 <[X, strongsemired Y] L2 = L1 <[X, red Y] L2

by auto

have A A B
by auto

. (A,B) € quasieq Y = B # {} = AN B #{}
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moreover have quasieq Y C semieq Y
by auto

ultimately show LI <[X, quasieq Y] L2 = L1 <[X, semieq Y] L2
using type-1-conformance-to-type-2[OF assms] by blast

have A A B . (A,B) € quasired Y = B # {} = AN B # {}
by auto

moreover have quasired Y C semired Y
unfolding quasired.simps semired.simps by blast

ultimately show LI <[X, quasired Y] L2 = L1 <[X, semired Y] L2
using type-1-conformance-to-type-2[OF assms] by blast

have N A B.(A,B) € equivY = B#{} = AN B #{}
by auto

moreover have equiv Y C strongsemieq Y
unfolding equiv.simps strongsemieq.simps by blast

ultimately show L1 <[X, equiv Y] L2 = L1 <[X, strongsemieq Y] L2
using type-1-conformance-to-type-2[OF assms| by blast

have A\ A B. (A,B) € strongred Y = B # {} = AN B # {}
by auto
moreover have strongred Y C strongsemired Y
unfolding strongred.simps strongsemired.simps by blast
ultimately show L1 <[X, strongred Y] L2 = L1 <[X, strongsemired Y] L2
using type-1-conformance-to-type-2|OF assms| by blast
qged

4.1 Completely Specified Languages

definition partiality-component :: 'y set = 'y output-relation where
partiality-component Y = {(A{}) | A. AC Y} U{{},A)|A. AC Y}

abbreviation(input) I1 Y = partiality-component Y

lemma conformance-without-partiality :

shows strongsemieq Y — II Y = semieq Y — I1 Y
and semieq Y — 11 Y = equiv Y — 11 Y
and strongsemired Y — I Y = semired ¥ — I1 Y
and semired Y — 11 Y =red Y — 11 Y
unfolding partiality-component-def
by fastforce+

5 Conformance Testing

type-synonym ('z,’y) state-cover = ('z,’y) language

type-synonym ('z,’y) transition-cover = ('z,'y) state-cover x 'z set

fun is-state-cover :: ('z,'y) language = ('z,'y) language = ('z,'y) state-cover =
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bool where
is-state-cover L1 L2 V. = (VY m € LIN L2 .3 o € V . L[L1,7n] = L[L1,a] A
L[L2,m] = L[L2,c])

lemma state-cover-subset :
assumes is-language X Y L1
and is-language X Y L2
and is-state-cover L1 L2 V
and w € L1 N L2
obtains a where a € V
and o € LI N L2
and L[L1,7] = L[L1,a]
and L[L2,x] = L[L2,q]
proof —
obtain o where a € V
and L[L1,7] = L[L1,0]
and L[L2,x] = L]L2,q]
using assms
by (meson is-state-cover.elims(2))
moreover have L[L1,7] # {} and L[L2,x] # {}
by (metis Collect-empty-eq-bot Int-iff append.right-neutral assms(4) empty-def
language-for-state.elims)+
ultimately have o € L1 N L2
using language-of-state-empty-iff [OF assms(1)] language-of-state-empty-iff [OF
assms(2)]
by blast
then show ?%thesis using that[OF «« € V) - <L[L1,w] = L[L1,a) L][L2,7] =
L[L2,a])]
by blast
qed

theorem sufficient-condition-for-type-1-conformance :

assumes is-language X Y L1

and is-language X Y L2

and is-state-cover L1 L2 V
shows (L1 X[X,H| L2)+— Vme V.V ze X .me LiN L2 — (out[L1,mux,
out[L2,m,x]) € H)
proof

show (LI X[X,H| L2) —= VreV.VaeeX.me LN L2 — (out]L1,ma,
out[L2,m,x]) € H)

by auto

have (Amz.mne€ V=€ X = 7€ LIN L2 = (out[L1,mx], out[L2x,x])

€H) = (ANmrz.meLlnNL2= z€ X = (out|Llnm,z], out[L2,m,z]) € H)
proof —

fixrzassume (Amz.ne V=12 X = m€ LlNL2= (out[Llmzl,
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out[L2,m,x]) € H)
and w € LIN L2
and z € X

obtain o where o« € Vand a € LI N L2 and L[L1,7] = L[L1,a] and L[L2,7]
= L[L2,q]
using state-cover-subset|OF assms «w € L1 N L2)] by auto
then have out[L1,7,z] = out[L1,«,z] and out[L2,7,z] = out[L2,c,x]
by force+
moreover have (out[L1,a,z], out[L2,x,z]) € H
using \(Amz.meV=2¢e€ X = 7m¢€LlnNL2= (out|L1mual,
out[L2,m,x]) € H) «a« € Vi sz € Xo <w€ LI N LY
by blast
ultimately show (out[LI,7,z], out[L2,m,x]) € H
by simp
qed
then show VreV.VzeX. m € L1 N L2 — (out[L1,m,z], out[L2,m,x]) € H =
L1 <[X,H] L2
by auto
qed

theorem sufficient-condition-for-type-2-conformance :

assumes is-language X Y L1

and is-language X Y L2

and is-state-cover L1 L2 V
shows (L1 <[X,H| L2)+— Vre V.Vze X .me LN L2 — (out|L1,ma,
out[L2,mx]) € H A (out[L2,mz] # {} — (T 2/ € X . out[L1,m,2'] N out[L2,m,x]
#1{}))

proof

have Amz . (LI<[XH| L2) = neV=2eX=mellNl? =
(out[L1,m,x], out|L2,m,x]) € H A (out[L2mx] # {} — (3 z' € X . out[L1,m,2
N out[L2,m,z'] # {}))
proof —
fix 7 2 assume LI <[X,H] L2and 7 € Vand z € X and 7w € LI N L2

have (out[L1,m,x], out[L2,m,x]) € H
using <L1 <[X,H] L2> <w € L1 N L2 <z € X» by force
moreover have out[L2,m,z] # {} = (3 2’ € X . out[L1,m,z] N out[L2,m,x
#1{}
by (metis (no-types, lifting) «L1 <[X,H] L2 < € L1 N L2 assms(2) empty-iff
executable-inputs-in-alphabet inf-bot-right outputs-executable type-2-conforms.elims(2))

ultimately show (out[L1,m,x], out[L2,m,z]) € H A (out[L2,m,z] # {} — (3
z' € X . out|L1m,z’] N out[L2,m,z'] # {}))
by blast
qed
then show (LI <[X,H] L2) = VrneV .VzeX.mellnlLl2 —
(out[L1,m,x], out|L2,m,x]) € H A (out[L2m,x] # {} — (3 ¢’ € X . out[L1,m,2]
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N out[L2,m,z'] # {})))
by auto

have (Anz.ne€ V=2€ X = w € LIN L2 = (out[L1,m,z], out|L2,m,x])
€ HA (out[L2m,z] # {} — (3 ' € X . out[L1,m,z’] N out[L2,m,x'] # {}))) =
(ANmz.mellnNl2 = 2 X = (out[Ll,m,zx|, out|L2,m,z]) € H)
by (meson assms(1) assms(2) assms(3) sufficient-condition-for-type-1-conformance
type-1-conforms.elims(2))
moreover have (Amz. 1€ V= 2€ X = w € LIN L2 = (out[L1,m,x],
out[L2,mx]) € H A (out[L2,mx] # {} — (T 2/ € X . out[L1,m,x'] N out[L2,m,x]
#{})) = (A7 .7me€ LlIN L2 = exec[L2m] # {} = (3 = . out[L1,m,z] N
outlL2m,1] £ (1)
proof —
fix 7 assume 7 € L1 N L2
and ezxec[L2,m] # {}
and x: (Amz.ne V=2 X = 7m¢€LlnNL2= (out|L1,ma,
out[L2,m,x]) € H A (out[L2,m,x] # {} — (3 2z’ € X . out[L1,m,x'] N out[L2,m,z’]
7 {1)

then obtain z where z € X and out[L2,m,z] # {}
by (metis all-not-in-conv assms(2) executable-inputs-in-alphabet outputs-executable)

moreover obtain oo where oo € V
and o € L1 N L2
and L[L1,7] = L[L1,a]
and L[L2,x] = L[L2,q]
using state-cover-subset|OF assms «m € L1 N L2)] by blast
ultimately show (3 z . out[L1,m,z] N out[L2,m,x] # {})
using *
by (metis outputs.elims)
qed
ultimately show (V 7 € V .V z € X . 7 € LI N L2 — (out]Llm,z],
out[L2,m,x]) € H A (out[L2,m,x] # {} — (3 2z’ € X . out[L1,m,x'] N out[L2,m,z’]
£ (1) = (L1 <[X.H] L?)
by auto
qed

lemma intersections-card-helper :
assumes finite X
and  finite Y
shows card {ANB|AB. A€ XANBe Y} <card X x card Y
proof —
have {ANB|AB. A€ XANBeY}=(\NAB).ANB) ‘(X xY)
by auto
then have card {ANB|AB.Ae XANBe Y} <card (X x Y)
by (metis (no-types, lifting) assms(1) assms(2) card-image-le finite-Sigmal)
then show ?thesis
by (simp add: card-cartesian-product)
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qed

lemma prefiz-length-take :

(prefiz xs ys N length xs < k) «— (prefiz xs (take k ys))
proof

show prefix zs ys A length s < k = prefix zs (take k ys)

using prefiz-length-prefiz take-is-prefix by fastforce

show prefix zs (take k ys) = prefix xs ys N\ length xs < k

by (metis le-trans length-take min.cobounded? prefiz-length-le prefix-order.order-trans
take-is-prefiz)
qed

lemma brute-force-state-cover :
assumes is-language X Y L1
and is-language X Y L2
and finite {L[L1,7] | ® . m € L1}
and finite {L[L2,7] | m . m € L2}
and card {L[Ll,7] | 7. 7w € L1} <n
and card {L[L2x] | 7.7 € L2} < m
shows is-state-cover L1 L2 {« . length « < mxn — 1 A (V zy € set « . fst
zy€ X ANsndazy € Y)}
proof (rule ccontr)
let 2V = {a. length a < mxn — 1 A (Vay€set a. fstzy € X N snday € Y)}
assume - is-state-cover L1 L2 ?V

define is-covered where is-covered = (A7 .3 a € ?V . L[L1,x] = L[L1,a] A
L[L2,x] = L[L2,a])

define missing-traces where missing-traces = {r . 7 € L1 N L2 A —is-covered
T}

define 7 where 7 = arg-min length (A © . m € missing-traces)

have missing-traces # {}
using (- is-state-cover L1 L2 2V
using is-covered-def missing-traces-def by fastforce
then have 7 € missing-traces
N\ 7' . 7' € missing-traces = length T < length 7’
using arg-min-nat-lemmalwhere P=(\ 7 . m € missing-traces) and m=length]

unfolding 7-def[symmetric] by blast+
then have 7-props: 7 € L1 N L2
Na.ae V= —(L[L1,7] = L[L1,a] A L]L2,7] = L[L2,a])
unfolding missing-traces-def is-covered-def by blast+
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have A\ zy . 2y € set 7 = fstay € X A snday € Y
using <7 € L1 N L2 assms(1) by auto

moreover have 7 ¢ 7V
using 7-props(2) by blast

ultimately have length 7 > msn—1
by simp

let 2012 = {L[Li,w] |7 .me L1} x {L[L2x] | 7.7 e L2}

have finite 7L12
using assms(3,4)
by blast

have card ?L12 < mx*n
using assms(3,4,5,6)
by (metis (no-types, lifting) Sigma-cong card-cartesian-product mult.commaute
mult-le-mono)

let ?visited-states = {(L[L1,7,L[L2,7]) | T'. 7' € set (prefizes T) A length 7' <
mx*n— 1}

have A\ 7/ . 7' € set (prefizes 7) = 7' € LI N L2
by (meson T-props(1) assms(1) assms(2) in-set-prefizes is-language.elims(2)
language-intersection-is-language)
then have “visited-states C ?L12
by blast
then have card ?visited-states < m * n
using <finite ?L12) <card ?L12 < m x n»
by (meson card-mono dual-order.trans)

have no-indez-loop : \ ij . i < j = j < length T = L[L1, take i 7] # L[L1,
take j 7| V L[L2, take i 7] # L[L2, take j 7|
proof (rule ccontr)
fix ij
assume ¢ < j and j < length 7 and — (L[L1,take i 7| # L[L1,take j 7] V
L[L2take i 7] # L[L2,take j 7))
then have L[L1take i 7] = L[L1,take j 7] and L[L2,take { 7| = L][L2,take j 7]
by auto
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have {t". 7 Q7' € L1} = {7 take j T Q drop j 7 @ 7' € L1}
by (metis append.assoc append-take-drop-id)

have {r. 7 Q7' € L2} = {7/ take j 7 Q drop j 7 Q 7" € L2}
by (metis append.assoc append-take-drop-id)

have L[L1,take i T Q drop j 7| = L]L1,7]
using «L[L1,take i 7| = L[L1,take j T)>
unfolding language-for-state.simps
unfolding «{7. 7 Q@ 7" € L1} = {7/ take j 7 Q drop j 7 Q 7' € L1}
append.assoc by blast
moreover have L[L2,take i T @ drop j 7] = L[L2,7]
using <L[L2,take i 7] = L[L2,take j T]»
unfolding language-for-state.simps
unfolding «{7. 7 @ 7/ € L2} = {7 take j 7 Q drop j 7 @ 7/ € L2}
append.assoc by blast

have (take i 7 @ drop j 7) € missing-traces
proof (rule ccontr)
assume take i 7 Q drop j T ¢ missing-traces
moreover have take i 7 Q drop j 7 € L1 N L2
by (metis IntD1 IntD2 Intl <L[L1,take i 7| = L[L1,take j Ty <L[L2,take i 7] =
L[L2take j T]> T-props(1) append-take-drop-id language-for-state.elims mem-Collect-eq)
ultimately obtain a where length o < m xn — 1
(Vayeset a. fstzy € X N snday € Y)
L[L1take i 7 Q drop j 7| = L]L1,0]
L[L2,take i T Q drop j 7] = L[L2,q]
unfolding missing-traces-def is-covered-def
by blast
then have 7 ¢ missing-traces
unfolding missing-traces-def is-covered-def
using <7 € L1 N L2
unfolding «L[L1,take i 7 Q drop j 7] = L]L1,7]
unfolding «L[L2,take i 7 Q drop j 7] = L[L2,7]
by blast
then show Fulse
using (7 € missing-traces> by simp
qed
moreover have length (take i 7 Q drop j 7) < length T
using i < j» «j < length >
by (induction T arbitrary: i j; auto)
ultimately show Fulse
using <A\ 7. 7’ € missing-traces = length 7 < length 7"
using leD by blast
qed
have no-prefiz-loop : \ 7' 7" . 17" € set (prefivzes T) = 7' € set (prefives T)
= 7' £ 7" = (L[L1,7,L[L2,7]) # (L[L1,7"),L]L2,7"])
proof —
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fix 7/ 7' assume 7’ € set (prefives T) and 7" € set (prefizes ) and 7/ # T

obtain i where 7/ = take i 7 and i < length T
using (7’ € set (prefizes T)»
by (metis append-eq-conv-conj in-set-prefizes linorder-linear prefiz-def take-all-iff)

obtain j where 7'/ = take j 7 and j < length T
using 7' € set (prefizes T)»
by (metis append-eq-conv-conj in-set-prefizes linorder-linear prefiz-def take-all-iff)

have i # j
using «7' = take i 7> «7' £ 7'y 7" = take j 7> by blast
then consider (a) i < j | (b) j < i
using nat-neq-iff by blast
then show (L[L1,7',L[L2,7") # (L[L1,7"),L[L2,7"])
using no-indez-loop
using <j < length 7 <i < length T
unfolding <7/ = take i ™ 7' = take j T
by (cases; blast)
qged
then have inj-on (\ 7' . (L[L1,7], LIL2,7"])) {7/ . 7' € set (prefizes T) A length
T'<m=x*xn— 1}
using inj-onl
by (metis (mono-tags, lifting) mem-Collect-eq)
then have card (A 7/ . (L[L1,77], L[L2,7)) ‘{7’ . 7' € set (prefizes T) A length
T'<mxn—1}) = card {7’ . 7' € set (prefires T) A length 7/ < m x n — 1}
using card-image by blast
moreover have ?visited-states = (A 7' . (L[L1,7], L[L2,7])) ‘{7’ . 7' € set
(prefizes T) A length 7/ < m x n — 1}
by auto
ultimately have card ?visited-states = card {T'. 7' € set (prefizes T) A length
T'<mxmn— 1}
by simp
moreover have card {7’ . 7' € set (prefizes T) A length 7/ < m x n — 1} =
m*n
proof —
have {7 . 7' € set (prefizes 7) A length 7' < m * n — 1} = set (prefizes (take
(mxn—1) 1))
unfolding in-set-prefizes prefiz-length-take
by auto
moreover have length (take (mxn—1) 7) = mxn—1
using «length 7 > mxn—1> by auto
ultimately show ¢thesis
using length-prefixes distinct-prefizes
by (metis <card {(L[L1,7], LIL2,7"]) |7'. 7' € set (prefizes T) A length 7/ < m
x n — 1} = card {7’ € set (prefizes 7). length 7/ < m x n — 1} <card {(L]L1,7],
LIL2,7) |7'. 7! € set (prefizes T) A length 7/ < m x n — 1} < m % ny distinct-card
less-diff-conv not-less-iff-gr-or-eq order-le-less)
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qed

ultimately have card ?visited-states = mxn
by simp
then have ?visited-states = 7112
by (metis (no-types, lifting) <card ({L|L1,x] |x. m € L1} x {L[L2x] |r. 7 €
L2}) < m x ny <finite ({L[L1,x] |7. m € L1} x {L[L2,x] |w. m € L2})» «{(L[L1,7,
LIL2,7") |T. 7" € set (prefizes T) A length 7/ < m « n — 1} C {L[L1,7] |r. 7 €
L1} x {L[L2x] |7. m € L2}> card-seteq)

have (L[L1,7], L[L2,7]) € ?L12
using <7 € L1 N L2
by blast
moreover have (L[L1,7], L[L2,7]) ¢ ?visited-states
proof
assume (L[L1,7], L[L2,7]) € Pvisited-states
then obtain 7’ where (L[L1,7], L[L2,7]) = (L]L1,7,L[L2,7])
and 7' € set (prefizes T)
and length 7/ < m * n — 1
by blast

then have 7 # 7’
using <length 7 > mxn—1> by auto

show Fulse
using «(L[L1,7], L]L2,7]) = (L[L1,7),L[L2,7"])»
using no-prefiz-loop|OF - <1’ € set (prefives T)y <7 # 7]
by simp
qed
ultimately show False
unfolding < ?visited-states = ?L12)
by blast
qed

6 Reductions Between Relations

6.1 Quasi-Equivalence via Quasi-Reduction and Absences

fun absence-completion :: 'z alphabet = 'y alphabet = ('x,'y) language = ('z, 'y
x bool) language where
absence-completion X Y L =
(A - map (A@.y) - (2.(y, True))) =) “ 1)
U {(map Mz,y) . (z,(y,True))) m)Q[(z,(y,False))]Qr | 7 zy 7.7 € L A
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g/u)t}EL,ﬂ,z] #{}Nye Y ANy¢ out[Lima] AV (2,(y,a)) €setT.2€ X ANy €

lemma absence-completion-is-language :
assumes is-language X Y L
shows is-language X (Y x UNIV) (absence-completion X Y L)
proof —
let 7L = (absence-completion X Y L)
have [| € 7L
using language-contains-nil|OF assms| by auto

have 7L # {}
using language-contains-nil|OF assms] by auto
moreover have A yzy .y € /L = sy € set v = fstay € X A sndzy € (V
x UNIV)
and Ay~ .v€ ?L = prefizy' v = v' € ?L
proof —
fix v 2y v’ assume v € ?L
then consider (a) v € (A 7 . map (M=,y) . (z,(y,True))) m) ‘L) |
(b) v € {(map (A(z,y) . (z,(y, True))) m)Q[(z,(y,False))|QT | 7wz y T
.mE€LANout[Lymaz]| A{} ANye Y Ay ¢ out[Lmaz] AV (z,(y,a)) € set 7.z €
XANyeY)}
unfolding absence-completion.simps by blast
then have (zy € set v — fst zy € X A snd zy € (Y x UNIV)) A (prefiz v/
v — v’ € ?L)
proof cases
case a
then obtain m where x:v = map (A(z,y) . (z,(y,True))) m and 7 € L
by auto
then have pl: A zy . 2y € set 1 = fstay € X Asnday € Y
and p2: A« . prefizc n’'m = v’ € L
using assms by auto

have zy € set v = fstay € X N snd zy € (Y x UNIV)
proof —
assume 1y € set y
then have (fst zy, fst (snd zy)) € set m and snd (snd zy) = True
unfolding * by auto
then show fst zy € X A snd zy € (Y x UNIV)
by (metis p1 Sigmal UNIV-I fst-conv prod.collapse snd-conv)
qed
moreover have prefiz v/ v = ~' € 7L
proof —
assume prefiz v’y
then obtain i where v’ = take i v
by (metis append-eq-conv-conj prefiz-def)
then have v’ = map (A(z,y) . (z,(y,True))) (take i m)
unfolding * using take-map by blast
moreover have take i m € L
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using p2 «w € L) take-is-prefix by blast
ultimately have v' € (A 7 . map (A(z,y) . (2,(y,True))) =) ‘L)

by simp
then show ~' € ?L
by auto
qed
ultimately show ?thesis by blast
next
case b
then obtain 7 z y 7 where *: v = (map (M(,y) . (z,(y, True))) 7)Q[(z,(y, False))|Qr
and 7 € L
and out[L,m,z] # {}
and y € Y
and y ¢ out[L,m,x]
and (V (z,(y,a)) € setT.z2€ X AyeY)
by blast

then have pI: A zy . zy € set m = fstazy € X A snday € Y
and p2: A . prefiz n' m = ' € L
using assms by auto

have z € X
using <out[L,m,x] # {}> assms
by (meson executable-inputs-in-alphabet outputs-executable)

have zy € set v = fstay € X A snd zy € (Y x UNIV)
proof —
assume zy € set 7y
then consider (b1) zy € set (map (A(z,y) . (z,(y,True))) =) |
(b2) 2y = (3,(y, False)) |
(b3) 2y € set T
unfolding * by force
then show ?thesis proof cases
case bl
then have (fst zy, fst (snd zy)) € set m and snd (snd zy) = True
unfolding * by auto
then show fst zy € X A snd zy € (Y x UNIV)
by (metis p1 Sigmal UNIV-I fst-conv prod.collapse snd-conv)
next
case b2
then show ?thesis
using <z € X» <y € Y» by simp
next
case b3
then show ?thesis
using «(V (z,(y,a)) € set 7.2 € X ANy € Y)» by force
qed
qed
moreover have prefiv v/ v = v’ € 7L
proof —
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assume prefiz v’y
then obtain i where ' = take i
by (metis append-eq-conv-conj prefiz-def)
then consider (b1) i < length m |
(b2) i > length
by linarith
then show v’ € ?L proof cases
case bl
then have i < length (map (M(z, y). (z, y, True)) 7)
by auto
then have v/ = map (A(z,y) . (z,(y,True))) (take i )
unfolding * <y’ = take i v»
by (simp add: take-map)
moreover have take i m € L
using p2 «w € L) take-is-prefix by blast
ultimately have v/ € (A 7 . map (A(z,y) . (z,(y,True))) «) ‘ L)
by simp
then show v’ € 2L
by auto
next
case b2
then have i > length (map (A(z, y). (z, y, True)) )
by auto

have A\ k zs ys . k > length xs = take k (xsQys) = zsQ(take (k — length
) v9)
by simp
have take-helper: \ k zs y zs . k > length xs = take k (zsQ[y]Qzs) =
xzsQ[y|Q(take (k — length xs — 1) zs)
by (metis One-nat-def Suc-pred <M\ys xs k. length zs < k = take k
(zs @ ys) = xs Q take (k — length xs) ys» append-Cons append-Nil take-Suc-Cons
zero-less-diff)

have xx: v' = (map (A(z,y) . (z,(y,True))) m)Q[(z,(y,False))|Q(take (i —
length m — 1) T)
unfolding * «y' = take i v
using take-helper|OF <i > length (map (M=, y). (z, y, True)) 7)] by

stmp

have (V (z,(y,a)) € set (take (i — lengthm — 1) 7) .2 € X ANy e Y)
using «((V (z,(y,a)) € set 7.2 € X Nye Y)
by (meson in-set-takeD)

then show “thesis
unfolding xx absence-completion.simps
using «r € Ly <out[L,mz] # {}» <y € ¥ <y ¢ out[L,m,x]>
by blast

qed
qed

ultimately show ?thesis by simp

32



qed
then show zy € set v = fst ay € X A snd zy € (Y x UNIV)
and prefiz 7' v = v’ € 7L
by blast+
qed
ultimately show %thesis
unfolding is-language.simps by blast
qed

lemma absence-completion-inclusion-R :

assumes is-language X Y L

and m € absence-completion X Y L
shows (map (A(z,y,a) . (z,y)) m € L) «— (¥ (z,y,a) € set 7. a = True)
proof —

define L’a where L'a = (A m . map (M(z,y) . (z,(y,True))) w) ‘L)

define L'b where L'b = {(map (A(z,y) . (2,(y,True))) m)Q[(z,(y,False))|Qr |
zyT.mE€LAoutlLmz] #{} Nye Y Ay¢ out[Lmz] AV (z,(y,a)) € set T
.teXNyeY)}

have A\ 7 zya . 7 € L'a = zya € set 1 = snd (snd zya) = True
unfolding L’a-def by auto
moreover have \ 7.7 € L'b = 3 zya € set 7w . snd (snd zya) = False
unfolding L'b-def by auto
moreover have m € L'a U L’b
using assms(2) unfolding absence-completion.simps L'a-def L'b-def .
ultimately have (V (z,y,a) € set 7 . a = True) = (7 € L'a)
by fastforce

show ?thesis proof (cases (V (z,y,a) € set . a = True))

case True
then obtain 7 where 7 = map (A\(x, y). (z, y, True)) T
and 7 € L
unfolding «(V (z,y,a) € set 7 . a = True) = (7 € L'a)y L'a-def
by blast

have map (A(z, y, a). (z, y)) 7 =7
unfolding «w = map (A(z, y). (z, y, True)) ™
by (induction T; auto)

show ?thesis
using True <t € L»
unfolding «(V (z,y,a) € set w . a = True) = (m € L'a)y L'a-def
unfolding <map (A(z, y, a). (z, y)) © = 7
unfolding «m = map (A(z, y). (z, y, True)) ™
by blast

next

case Fulse

then have 7 € L'b
using «(V (z,y,a) € set . a = True) = (7 € L'a)y <w € L'a U L'ty by blast
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then obtain 7 z y 7’ where m = (map (A(z,y) . (z,(y, True))) 7)Q[(z,(y,False))|Qr’
and 7 € L
and out[L,7,z] # {}
and y € Y
and y ¢ out[L,T,z]
and (V (z,(y,a)) € set 7.z € X ANyeY)
unfolding L’'b-def by blast
then have T7Q[(z,y)] ¢ L
by fastforce
then have 7Q[(z,y)|Q(map (A(z, y, a). (z, y)) 7') ¢ L
using assms(1)
by (metis append.assoc prefix-closure-no-member)
moreover have map (A(z, y, a). (z, y)) 7 = 7Q[(z,y)]Q(map (A(z, v, a). (z,
¥) 7
unfolding «r = (map (A(z,y) . (z,(y, True))) 7)Q[(z,(y,False))]Qr"
by (induction T; auto)
ultimately have map (A(z, y, a). (z, y)) 7 ¢ L
by simp
then show ?thesis
using False by blast
qged
qged

lemma absence-completion-inclusion-L :
(m € L) «— (map (A(z,y) . (z,y,True)) = € absence-completion X Y L)
proof —

let ?L = absence-completion X Y L
define L’a where L'a = (A 7 . map (M(z,y) . (z,(y,True))) w) ‘L)
define L’b where L'b = {(map (A(z,y) . (2,(y,True))) m)Q[(z,(y,False))|@Qr | 7
zyT.mE€LAoutlLmaz] #{} Nye Y Ay¢ out[Lmz] AV (2,(y,a)) € set T
.t€XNyeY)}
have ?L = L'a U L'b
unfolding L’a-def L'b-def absence-completion.simps by blast

have A 7.7 € L'b = 3 zya € set 7w . snd (snd zya) = False
unfolding L'b-def by auto
then have (map (A(z,y) . (z,y,True)) m € ?L) = (map (Mz,y) . (z,y,True)) = €
L'a)
unfolding <?L = L'a U L'b
by fastforce

have inj (A © . map (M (z,y) . (z,(y,True))) =)
by (simp add: inj-def)
then show ?thesis
unfolding «(map (A(z,y) . (z,y,True)) m € ?L) = (map (A(z,y) . (z,y,True)) =
€ L'a)
unfolding L’a-def
by (simp add: image-iff inj-def)
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qed

fun is-present :: ("z,’y x bool) word = ('z,'y) language = bool where
is-present m L = (m € map (M=, y). (z, y, True)) ‘L)

lemma is-present-rev :
assumes is-present w L
shows map (A(z, y, a). (z, y)) ® € L
proof —
obtain 7’ where 7 = map (\(z, v). (z, y, True)) 7’ and 7’ € L
using assms by auto
moreover have map (\(z, y, a). (z, y)) (map (A\(z, y). (z, y, True)) ') = 7’
by (induction 7'; auto)
ultimately show “thesis
by force
qed

lemma absence-completion-out :
assumes is-language X Y L
and z€ X
and w € absence-completion X Y L
shows is-present m L => out[L,map (A\(z, y, a). (x, y)) m,z] # {} = out[absence-completion
XYL w2z ={(y,True) | y.y € out[L,map (\(z, y, a) (z, v)) 7z} U {(y,False)
ly.y €Y Ay¢ out[Lymap (A(z, y, a). (z, y)) 7,2]}
and is-present m L => out[L,map (A\(z, y, a ) (z,y)) mx] = {} = out[absence-completion
XYL r =1}
and - is-present 1 L = out[absence-completion X Y L, w, 2] = Y x UNIV
proof —

let ?L = absence-completion X Y L
define L’a where L'a = (A 7 . map (M(z,y) . (z,(y,True))) =) ‘L)
define L’b where L'b = {(map (A(z,y) . (2,(y,True))) m)Q[(z,(y,False))|@Qr | 7
zyT.mE€LANoutlLma] #{} Nye Y Ay¢ out[Lmz] AV (2,(y,a)) € set T
.te€XNyeY)}
have ?L = L'a U L'b
unfolding L’a-def L'b-def absence-completion.simps by blast
then have out[?L, 7, z] = {y. 7 Q [(z, y)] € L'a} U {y. 7 Q [(z, y)] € L'b}
unfolding outputs.simps language-for-state.simps by blast

show is-present m L = out[L,map (\(z, y, a). (z, y)) m,2] # {} = out[?L, =,
z] = {(y,True) | y . y € out[Lymap (A (z, y, a). (z, y)) m,z]} U {(y,False) |y .y €
Y Ay ¢ outlLmap (A(z, 3, 0). (3, 1)) mal}
proof —
assume is-present © L and out[L,map (A\(z, y, a). (z, y)) m,z] # {}
then have map (\(z, y, a). (z, y)) 7 € L
using assms(1) by auto
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have {y. 7 Q [(z, y)] € L'a} = {(y,True) | y . y € out[L,map (\(z, y, a). (z,
y)) ™z}
proof
show {y. 7 Q [(z, y)] € L'a} C {(y, True) |y. y € out[L,map (A(z, y, a). (=,
) ]}
proof
fix ya assume ya € {y. 7 Q [(z, y)] € L'a}
then have 7 Q [(z, ya)] € map (A\(z, y). (z, y, True)) ‘L
unfolding L’a-def by blast
then obtain v where v € L and 7 Q [(z, ya)] = map (A(z, y). (z, vy,
True)) ~
by blast
then have length (7 Q [(z, ya)]) = length v
by auto
then obtain v’ zy where v = 7/Q[xy]
by (metis add.right-neutral dual-order.strict-iff-not length-append-singleton
less-add-Suc2 rev-ezhaust take0 take-all-iff)
then have (z,ya) = (A(z, y). (z, y, True)) zy
using «r @ [(z, ya)] = map (A\(z, y). (z, y, True)) 7> unfolding «y =
~v'Qlzy]> by auto
then have ya = (snd zy, True) and zy = (z,snd zy)
by (simp add: split-beta)+
moreover define y where y = snd zy
ultimately have ya = (y, True) and zy = (z,y)
by auto
have 7 = map (A(z, y). (z, y, True)) v’
using 7 @ [(z, ya)] = map (A(z, y). (z, y, True)) > unfolding «y =
~v'Qlzy]> by auto
then have map (\(z, y, a). (z, y)) # =7
by (induction 7 arbitrary: v'; auto

/

have ((z, y)] € {r. map (\(z, ¥, ). (3, ) 7 @ 7 € I}
using <y € L»
unfolding «y = v'Q[zy]> «ya = (y, True)s <zy = (z,y)>
unfolding <map (\(z, y, a). (z, y)) 7 =)
by auto
then show ya € {(y, True) |y. y € out[L,map (A\(z, y, a). (z, y)) m,z]}
unfolding <ya = (snd zy, True)> outputs.simps language-for-state.simps
unfolding «ya = (y, True)s <zy = (z,y)> <map (M(z, y, a). (z, y)) 7 ="
by auto
qed
show {(y, True) |y. y € out[L,map (A(z, y, a). (z, y)) m,z]} C {y. 7 Q [(=,
y) € L'a}
proof
fix ya assume ya € {(y, True) |y. y € out[L,map (A\(z, y, a). (z, y)) 7,2}
then obtain y where ya = (y,True) and y € out[L,map (A\(z, y, a). (z,

y)) ma]
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by blast
then have [(z, y)] € {r. map (A (2, y, a). (z, y)) T Q7T € L}
unfolding outputs.simps language-for-state.simps by auto
then have (map (A(z, y, a). (z, y)) 7) Q [(z,y)] € L
by auto
moreover have map (A(z, y). (z, y, True)) ((map (\(z, y, a). (z, y)) 7) Q
(@) = 7 8 [(z, (y, True))]
using <is-present m Ly unfolding is-present.simps
by (induction w arbitrary: x y; auto)
ultimately have m Q [(z, (y, True))] € L'a
unfolding L’a-def
by force
then show ya € {y. ® Q [(z, y)] € L'a}
unfolding <ya = (y, True)»
by blast
qed
qed
moreover have {y. 7 Q [(z, y)] € L'b} = {(y,False) | y .y € Y Ny ¢
out[Lymap (A\(z, y, a). (z, y)) 7,z]}
proof
show {y. 7 @ [(z, y)] € L'b} C {(y, False) |y. y € Y N y ¢ out[L,map (A(z,
Y, a). (z, y)) mz]}
proof
fix ya assume ya € {y. 7 Q [(z, y)] € L'b}
then have 7 @ [(z,ya)] € L'b
by auto
then obtain 7’ z’ y’ 7 where m Q [(z,ya)] = map (A (z, y). (z, y, True))
7w’ @ [(z, y', False)] @
and 7' € L
and out[L,w' x| # {}
and y' € Y
and y’ ¢ out[L,w',z]
and (V(z, y, a)eset T. 2 € X ANy e Y)
unfolding L’b-def by blast

obtain 7' where m = map (A(z, y). (z, y, True)) 7"’ and #"" € L
using <is-present m L» by auto

then have A zya . zya € set 1 = snd (snd zya) = True
by (induction m; auto)

have 7 = ||
proof (rule ccontr)
assume 7 # ||
then obtain 7’ zyz where 7 = 7/Q[zyz]
by (metis append-butlast-last-id)
then have © = map (\(z, y). (z, y, True)) n’ @ [(2’, y’, False)] @ 7’
using «r Q [(z,ya)] = map (A(z, y). (z, y, True)) «' Q [(z', y’, False)]
Q7
by auto
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then have (z’, y/, False) € set 7
by auto
then show Fulse
using <A zya . zya € set 1 = snd (snd zya) = True) by force
qged
then have z’ = z and ya = (y/, False) and © = map (A\(z, y). (z, y, True))

7r
using <7 @Q [(z,ya)] = map (A(z, y). (z, y, True)) =’ Q [(z', y/, False)] Q
T
by auto
have +: map (A(z, 9, o). (&, 9)) (map (\(s, 9). (&, y, True)) ) = =
by (induction w'; auto)
have y/ ¢ OU’t[L7map ()\(CE, Y, a)‘ (‘7:7 y)) 7T,J)]
using «y' ¢ out[L,m',z']
unfolding outputs.simps language-for-state.simps
unfolding «m = map (A\(z, v). (z, y, True)) ©’ <z’ = o
unfolding x* .
then show ya € {(y, False) |y. y € Y A y ¢ out[Lymap (M=, y, a). (z, y))
]}

using <y’ € V)
unfolding <ya = (y’, False)» by auto
qed

show {(y, False) |y. y € Y A y ¢ out[Lymap (Mz, y, a). (z, y)) m,z]} C {y.
m Q [(z, y)] € L'b}
proof
fix ya assume ya € {(y, False) |y. y € Y A y & out[L,map (A\(z, y, a). (z,
y)) mxl}
then obtain y where ya = (y,False)
and y € YV
and y ¢ out[L,map (\(z, y, a). (z, y)) 7,1
by blast

obtain 7’ where 7 = map (A(z, y). (2, y, True)) 7’ and 7’ € L
using <is-present m L» by auto

have x: map (A(z, y, a). (z, y)) (map (A (z, v). (z, y, True)) ©") = =’
by (induction 7', auto)

have out[L,w’ 2] # {}
using <out[L,map (A\(z, y, a). (z, y)) mx] #{p
unfolding «m = map (A(z, y). (z, y, True)) ©' * .

have y ¢ out[L,r’ ]
using <y ¢ out[L,map (A\(z, y, a). (z, y)) 7,z]
unfolding «m = map (A\(z, y). (z, y, True)) ™’ * .

have 7Q[(z,ya)] = map (M=, y). (z, y, True)) n’ @ [(x, y, False)]
unfolding <ya = (y,False)r «m = map (A(z, y). (z, y, True)) 7
by auto
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then show ya € {y. 7 Q [(z, y)] € L'b}
unfolding L'b-def
using 1’ € Ly <out[L,w’x] # {} <y € V> <y ¢ out[L,',z]
by force
qed
qed
ultimately show ¢thesis
unfolding <out[?L, m, z] = {y. ® Q [(z, y)] € L'a} U {y. 7 Q [(z, y)] € L'b}
by blast
qged

show is-present m1 L = out[L,map (\(z, y, a). (z, y)) m,z] = {} = out[absence-completion
XYL n =1}
proof —
assume is-present © L and out[L,map (A\(z, y, a). (z, y)) m,a] = {}

obtain 7’ where m = map (A\(z, y). (¢, y, True)) 7’ and 7’ € L
using <is-present m Ly by auto

have *: map (\(z, y, a). (z, y)) (map Mz, y). (2, y, True)) ©’) =«
by (induction w'; auto)

then have map (\(z, y, a). (z, y)) 7 =7’
using «m = map (A(z, y). (z, y, True)) ©’» by blast

!’

have {y. 7 Q [(z, y)] € L'a} = {}
proof —
have 3 y .7 Q [(z, y)] € L'a
proof
assume Jy. 7 Q [(z, y)] € L'a
then obtain ya where 7 Q [(z, ya)] € L'a
by blast
then obtain 7'’ where 7"’ € L and map (A(z, y). (z, y, True)) 7"’ =7 Q
(2, ya)]
unfolding L’a-def by force
then have (z,ya) = (\(z, v). (2, y, True)) (last ©”)
by (metis (mono-tags, lifting) append-is-Nil-conv last-map last-snoc
list.map-disc-iff not-Cons-self2)
then obtain y where ya = (y, True)
by (simp add: split-beta)

have map (A(z, v). (z, y, True)) ©" = map (A(z, y). (z, y, True)) (v’ Q
[(z, v)])

using (map (A(z, y). (z, y, True)) 7"’ = 7 Q [(x, ya)]

unfolding «w = map (A\(z, y). (z, y, True)) ©'» «ya = (y, True)) by auto
moreover have inj (A(z, y). (z, y, True))

by (simp add: inj-def)
ultimately have 7’/ = 7’ @ [(z,y)]

using inj-map-eq-map by blast
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show Fulse

by simp
qed
then show ?thesis
by blast
qed
moreover have {y. 7 Q [(z, y)] € L'b} = {}
proof —
have 3 y .7 Q [(z, y)] € L'b
proof
assume Jy. w Q [(z, y)] € L'd
then obtain ya where © Q [(z, ya)] € L'b
by blast
then obtain 7" 2’ y' 7 where m Q [(z,ya)] = map (A(z, y). (z, y, True))
7w’ Q [(2', y/, False)] @ 7
and 7" € L
and out[L,x" z'] # {}
and y' € Y
and y’ ¢ out[L,w" x|
and (V(z, y, a)€set .z € X ANy € Y)
unfolding L’b-def by blast

have A zya . zya € set 1 = snd (snd zya) = True
using «r = map (A(z, y). (z, y, True)) 7
by (induction ; auto)

have 7 = ||
proof (rule ccontr)
assume 7 # ||
then obtain 7’ zyz where 7 = 7/Q[zyz]
by (metis append-butlast-last-id)
then have m = map (\(z, y). (z, y, True)) =" Q [(z', y’, False)] @Q 7’
using 7 @ [(z,ya)] = map (A\(z, y). (z, y, True)) ©'' @ [(z', y’, False)]

@ 7>
by auto
then have (z/, y’, False) € set «
by auto
then show Fulse
using <A zya . zya € set 1 = snd (snd zya) = True) by force
qged
then have ' = z and ya = (y/, False) and m = map (A(z, y). (z, y, True))
7_r//
using «r Q [(z,ya)] = map (A\(z, v). (z, y, True)) #"" Q [(z', y’, False)]
@ 7

by auto
moreover have inj (A(z, y). (z, y, True))
by (simp add: inj-def)
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ultimately have 7’/ = =’
unfolding <« = map (A\(z, y). (z, y, True)) 7
using map-injective by blast
then show False
using <out[L,"x’] # {}> <out[L,map (A(z, y, a). (z, y)) m,z] = {}
unfolding <map (A(z, y, a). (z, y)) 7 = 7" <z’ =z
by blast
qed
then show ?thesis
by blast
qed
ultimately show ¢thesis
unfolding <out[?L, m, z] = {y. ® Q [(z, y)] € L'a} U {y. 7 Q [(z, y)] € L'b}
by blast
qed

show — is-present 1 L = out[absence-completion X Y Lw,x] = Y x UNIV
proof

show out[absence-completion X Y Liw,z] C Y x UNIV
using absence-completion-is-language] OF assms(1)]
by (meson outputs-in-alphabet)

assume - is-present w L
then have 7 ¢ L'a
unfolding L’a-def by auto
then have 7 € L'b
using 7 € ?Ly <?L = L’a U L'b by blast

then obtain 7’ 2’ y' 7 where © = map (A\(z, y). (z, y, True)) n’ Q [(z', v/,
False)] @ T

and 7' € L

and out[L,w' .z # {}

and y' € Y

and y' ¢ out[L,7',x]

and (V(z, y, a)€set 7.z € X Ny e Y)
unfolding L'b-def by blast

show Y x UNIV C out[absence-completion X Y L,z
proof

fix ya assume ya € Y x (UNIV :: bool set)

have 7Q[(z,ya)] = map (A(z, y). (z, y, True)) =’ Q [(z', y’, False)] @ (r @
(@3a)])
using «r = map (M=, y). (z, y, True)) =’ @ [(z/, y’, False)] Q »
by auto
moreover have «(V(z, y, a)€set (1 Q [(z,ya)]) .z € X Ay e Y)
using «((V (z, y, a)eset 7.z € X Ny€ Y «w e Xo«ya € Y x (UNIV
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bool set)»
by auto
ultimately have 7Q[(z,ya)] € L'b
unfolding L’b-def
using «nv’ € Iy <out[L,w,x) £ {}b ' € Y» «y' ¢ out[L,w,z]p
by blast
then show ya € out[?L,n,1]
unfolding <out[?L, m, z] = {y. # Q [(z, y)] € L’a} U {y. 7 Q [(z, y)] €
L'b}
by blast
qed
qed
qed

theorem quasieq-via-quasired :
assumes is-language X Y L1
and is-language X Y L2
shows (L1 =[X,quasieq Y] L2) «— ((absence-completion X Y L1) =[X, quasired
(Y x UNIV)] (absence-completion X Y L2))
proof

define L1’ where L1’ = absence-completion X Y L1
define L2’ where L2’ = absence-completion X Y L2

define L1’a where L1'a = (A 7 . map (M(z,y) . (z,(y, True))) w) ¢ LI1)

define L1’b where L1'b = {(map (A(z,y) . (z,(y, True))) m)Q[(z,(y,False))|Qr |
mxyT.m e LIAoutlLimaz] #{} Nye Y ANy¢ outlLima] AN (¥ (z,(y,a)) €
setT.z€ X NyeY)}

define L2'a where L2'a = (A © . map (Mx,y) . (z,(y,True))) =) ‘ L2)

define L2'b where L2'b = {(map (Mx,y) . (2,(y, True))) m)Q[(z,(y,False))]QT |
mxyT.nm € L2A outlL2max] Z{} Nye Y ANy¢ out[L2mz] AV (z,(y,a)) €
sett.z e X NyeY)}

have A m zya . 7 € L1'a = aya € set 1 => snd (snd zya) = True
unfolding L1’a-def by auto

moreover have A\ 7 zya . 7 € L2'a = zya € set 1 = snd (snd zya) = True
unfolding L2’a-def by auto

moreover have \ 7. 7 € L1'b = 3 zya € set 7 . snd (snd zya) = False
unfolding L1'b-def by auto

moreover have \ 7.7 € L2'b = 3 zya € set m . snd (snd xya) = False
unfolding L2'b-def by auto

ultimately have L1’a N L2'b = {} and L1'b N L2'a = {}
by blast+

moreover have L1’ = L1'a U L1'b
unfolding L1’-def L1'a-def L1'b-def by auto
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moreover have L2’ = L2'a U L2'b
unfolding L2'-def L2'a-def L2'b-def by auto

ultimately have L1’ N L2’ = (L1'a N L2%a) U (L1'b N L2'D)
by blast

have inj (A © . map (\(z,y) . (z,(y,True))) =)
by (simp add: inj-def)

then have L1’'a N L2'a = (A m . map (M(z,y) . (z,(y,True))) m) (L1 N L2))
unfolding L1'a-def L2'a-def
using image-Int by blast

have intersection-b: L1'b N L2'b = {(map (A(z,y) . (z,(y, True))) )Q[(z,(y,False))|Qr
|mzy7T.me LInNL2A outlLima] # {} A out[L2ma] #{} Nye Y Ny ¢
out[L1mz) Ay ¢ out[L2,m,z] A (V (z,(y,a)) € set 7.2 € X Nye Y)}
(is L1'h N L2'b = ?L12'D)
proof
show ?L12'b C L1'b N L2’
unfolding L1'b-def L2'b-def by blast
show L1’'b N L2'b C ?2L12'b
proof
fix v assume v € L1'b N L2'b

obtain 71 z1 yI 71 where v = (map (\(z,y) . (z,(y, True))) 71)Q[(z1,(y1,False))|QT 1

and 71 € LI

and out[L1,m1,x1] # {}

and yl € Y

and y1 ¢ out[L1,71,z1]

and (V (z,(y,a)) € set 71 .2 € X NyeY)
using y € L1'b N L2'by unfolding L1'b-def by blast

obtain 72 22 y2 72 where v = (map (A(z,y) . (z,(y, True))) 72)Q[(z2,(y2,False))|Qr 2

and 72 € L2

and out[L2,72,22] # {}

and y2 € Y

and y2 ¢ out[L2,72,12]

and (V (z,(y,a)) € set 2.2 € X ANyeY)
using «y € L1'b N L2’by unfolding L2'b-def by blast

have A i . i < length 11 = snd (snd (y! ©)) = True
proof —
fix 7 assume i < length w1
then have ¢ < length (map (M(z,y) . (z,(y,True))) w1) by auto
then have v ! i = (map (A(z,y) . (z,(y,True))) n1) ! i
unfolding «y = (map (A(z,y) . (z,(y,True))) 71)Q[(x1,(y1,False))|Qr I
by (simp add: nth-append)
also have ... = (A(z,y) . (z,(y, True))) (w1! )
using i < length w1> nth-map by blast
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finally show snd (snd (v ! 7)) = True
by (metis (no-types, lifting) case-prod-conv old.prod.ezhaust snd-conv)
qed
have ~ ! length w1 = (z1,(y1,False))
unfolding «y = (map (A(z,y) . (z,(y, True))) w1)Q[(x1,(y1,False))|Qr 1>
by (metis append-Cons length-map nth-append-length)
have A i . i < length 712 = snd (snd (v ! 7)) = True
proof —
fix ¢ assume i < length 72
then have ¢ < length (map (M(z,y) . (z,(y, True))) 72) by auto
then have v ! i = (map (A(z,y) . (z,(y,True))) ©2) ! i
unfolding «y = (map (A(z,y) . (z,(y,True))) 72)Q[(z2,(y2,False))|Qr 2
by (simp add: nth-append)
also have ... = (A(z,y) . (z,(y,True))) (72! 9)
using <i < length m2» nth-map by blast
finally show snd (snd (v ! i) = True
by (metis (no-types, lifting) case-prod-conv old.prod.ezhaust snd-conv)
qed
have « ! length 72 = (22,(y2,Fulse))
unfolding <y = (map (M(z,y) . (z,(y, True))) w2)Q[(z2,(y2,False))]|QT 2>
by (metis append-Cons length-map nth-append-length)

have length 71 = length 72
by (metis <\i. i < length 71 = snd (snd (v ! 7)) = True> <\i. i < length
w2 = snd (snd (v ! 9)) = Truer «y ! length 71 = (x1, yl1, False)» «y ! length 72
= (22, y2, Fualse)) not-less-iff-gr-or-eq snd-conv)
then have 71 = 72
using <y = (map (M(z,y) . (z,(y,True))) n1)Q[(z1,(y1,False))|Qr 1> <inj (A
7. map (z,y) - (@,(y, True))) 7>
unfolding «y = (map (M(z,y) . (z,(y, True))) w2)Q[(z2,(y2,False))]|QT 2>
using map-injective by fastforce
then have [(21,(y1,False))|Qr1 = [(22,(y2,False))|QT 2
using <y = (map (A(z,y) . (z,(y,True))) n1)Q[(z1,(y1,False))]Qr 1>
unfolding «y = (map (A\(z,y) . (z,(y, True))) w2)Q[(z2,(y2,False))|QT 2>
by force
then have z7 = 22 and yI = y2and 71 = 72
by auto

show v € ?L12'b

using «w1 € L) <out[Ll,wl,zl] # {}p <yl € Y> <yl ¢ out[L1,mw1,x1] «(V
(z,(y,a)) € set 7l .2 € X Nye Y

using (12 € L2 <out[L2m2,22] # {} w2 € Y «y2 ¢ out[L2,m2,22]) «(V
(z,(y,0)) € set 2. 2€ X Nye Y)

unfolding w1 = 72> <zl = 22 <yl = y2» <71 =72 <y = (map (A(z,y) .
(z,(y, True))) w2)Q[(z2,(y2,False))|QT 2>

by blast

qed
ged
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have is-language X (Y x UNIV) L1’

using absence-completion-is-language] OF assms(1)] unfolding L1’-def .
have is-language X (Y x UNIV) L2’

using absence-completion-is-language] OF assms(2)] unfolding L2'-def .

have (L1 <[X,quasieq Y| L2) = quasi-equivalence L1 L2
using quasieg-type-1[OF assms| by blast

have (L1’ X[X,quasired (Y x UNIV)] L2") = quasi-reduction L1" L2’
using quasired-type-1[OF <is-language X (Y x UNIV) L1"s <is-language X (Y
x UNIV) L2%] by blast

have A\ 7 z . quasi-equivalence L1 L2 = 7 € L1' N L2' = 1 € exec[L2' 7]
= (out[L1'/mx] # {} A out[L1'm,x] C out[L2' mx])

proof —

fix m x assume quasi-equivalence L1 L2 and 7w € L1'N L2 and z € exec[L2' x]

have z € X
using <z € exec[L2'w]) absence-completion-is-language[OF assms(2)]
by (metis L2'-def executable-inputs-in-alphabet)

have 7 € absence-completion X Y L1 and 7 € absence-completion X Y L2
using «r € L1’ N L2y unfolding L1’-def L2'-def by blast+

consider (a) m € L1'an L2'a | (b) m € (L1'b N L2'b) — (L1'a N L2a)

using «w € L1' N L2 «<L1'N L2' = (L1'a N L2%a) U (L1'b N L2'b)» by blast
then show (out[L1’,mx] # {} N out[L1'/m,z] C out[L2'mx])
proof cases

case a

then obtain 7 where 7 € L1 N L2

and 7 = map (A (z,y) . (z,(y, True))) 7
using «L1'a N L2'a = (A 7 . map (A(z,y) . (z,(y,True))) ©) < (L1 N L2))
by blast

have map (\(z, y, a). (z, y)) 7 =7
unfolding «m = map (A(z,y) . (z,(y, True))) 7> by (induction T; auto)

have is-present m L1 and is-present m L2
using v € LI N L2 unfolding v = map (A(z,y) . (z,(y,True))) 7 by
auto

have out[L2,map (A\(z, y, a). (z, y)) 2] # {}
using <z € exec[L2', 7]
using absence-completion-out(2)[OF assms(2) <x € X» «m € absence-completion
X Y L2 <is-present m L2
unfolding L2'-def[symmetric]
by (meson outputs-executable)
then have z € exec[L2,map (A\(z, y, a). (z, y)) 7]
by auto
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then have out[L1,map (M(z, y, a). (z, y)) m,z] # {} and out[L1,map (A(=,
b, ). (2, v) 1] = outlLe,map (Nz, 9, a). (2, 9)) ma]
using <quasi-equivalence L1 L2y <t € L1 N L2
unfolding quasi-equivalence-def <map (A\(z, y, a). (z, y)) ® = 7> by force+

have out[L1',w,x] = out[L2'm,x]
unfolding L1’-def L2'-def
unfolding absence-completion-out(1)[OF assms(2) <z € X> «m € ab-
sence-completion X Y L2) <is-present m L2) <out[L2,map (A(z, y, a). (z, y)) m,x]

(b
unfolding absence-completion-out(1)[OF assms(1) <z € X> «m € ab-
sence-completion X Y L1y <is-present m L1y <out[L1,map (N(z, y, a). (z, y)) m,z]
£ (1)
using <quasi-equivalence L1 L2y <t € L1 N L2 «x € exec[L2,map (\(z, y,
a). (z, y)) 7
unfolding quasi-equivalence-def
unfolding <map (A(z, y, a). (z, y)) ®# = T
by blast
then show ?thesis
by (metis <z € exec[L2'w]> dual-order.refl outputs-executable)
next
case b

then obtain 7’ 2’ y' 7/ where m = map (\(z, vy). (z, y, True)) =’ Q [(z’, v/,
Fualse)] @ 7/
and 7’ € L1 N L2
and out[L1,n’z’] # {}
and out[L2,m'z'] # {}
and y' € Y
and y' ¢ out[L1,7' x|
and y' ¢ out[L2,m’ x|
and (V(z, y, a)€set 7.2 € X Ny e Y)
unfolding intersection-b
by blast

have — is-present m L1
using <L1'a = map (A(z, y). (z, y, True)) ‘L1 <L1'a N L2'b = {}» b by
auto

have — is-present m L2
using <L2'a = map (A\(z, y). (z, y, True)) ‘' L2» <L1'b N L2'a = {}> b by
auto

show ?thesis
unfolding L1'-def L2'-def
unfolding absence-completion-out(3)[OF assms(1) <z € X> «m € ab-
sence-completion X Y L1y <= is-present m L1)]
unfolding absence-completion-out(3)[OF assms(2) <z € X» «w € ab-
sence-completion X Y L2y «— is-present m L2)]
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using (y' € V>
by blast
qed
qed
then show L1 <[X,quasieq Y] L2 = (absence-completion X Y L1) <[X,quasired
(Y x UNIV)] (absence-completion X Y L2)
unfolding L1'-def[symmetric] L2’-def[symmetric]
unfolding «(L1’ <[X,quasired (Y x UNIV)] L2') = quasi-reduction L1' L2’
unfolding «(L1 <[X,quasieq Y] L2) = quasi-equivalence L1 L2»
unfolding quasi-reduction-def
by blast

have A\ 7 z . quasi-reduction L1’ L2’ = 7w € L1 N L2 = x € exec[L2,n] =
out[L1,m,z] = out[L2,m,x]
proof —
fix 7 © assume quasi-reduction L1’ L2 and 7 € L1 N L2 and z € exec[L2,7]
then have z € X
by (meson assms(2) executable-inputs-in-alphabet)

let 7 = map (\(z, y). (z, y, True)) 7

have map (\(z, y, a). (z, y)) 7 ==
by (induction m; auto)

then have out[L2,map (A\(z, y, a). (z, y)) om,z] # {}
using «z € exec[L2,m]» by auto

have is-present ?m L1 and is-present 2w L2
using «m € L1 N L2 by auto

have ?r € L1'anN L2'a
using L1’a-def <L2'a = map (M(z, y). (2, y, True)) L2 <is-present (map
Mz, y). (z, y, True)) w) L1 <is-present (map (A(z, y). (z, y, True)) ©) L2 by
auto
then have ?r € absence-completion X Y L1 and %7 € absence-completion X
Y L2 and %7 € L1’ N L2’
unfolding L1’-def[symmetric] L2’-def][symmetric]
unfolding «L1' = L1’a U L1’y <L2' = L2'a U L2’
by blast+

have out[L2',?rr,z] = {(y, True) |y. y € out[L2,m,z]} U {(y, False) |ly. y € Y
Ay & out[L2,m, x|}
using absence-completion-out(1)[OF assms(2) «x € X» «?m € absence-completion
X Y L2 <is-present 2w L2> <out[L2,map (A(z, y, a). (z, y)) ?ma] # {}]
unfolding L2’-def[symmetric] «<map (A(z, y, a). (z, y)) %7 = 7> .
then have z € exec[L2', 7]
using <z € ezec[L2,x]» by fastforce
then have out[L1’,%7,x] # {} and out[L1’,?r,x] C out[L2’, 7, x]
using (quasi-reduction L1’ L2y «?m € L1’ N L2
unfolding quasi-reduction-def
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by blast+

have out[L1,m,z] # {}
by (metis L1’-def <is-present (map (M=, y). (x, y, True)) ) L1» ¢map (\(z,
y). (z, y, True)) ™ € absence-completion X Y L1> <map (A(z, y, a). (z, y)) (map
Mz, ). (z, y, True)) ™) = m <out| L1 map (N(z, y). (z, y, True)) m,z] # {} <=
€ X» absence-completion-out(2) assms(1))
then have out[L1’,?r,2] = {(y, True) |y. y € out[L1,mz]} U {(y, False) |y. y
€ Y Ay ¢ out[L1mz|}
using absence-completion-out(1)[OF assms(1) <x € X» <1 € absence-completion
X Y L1» cis-present ¢m LD)]
unfolding L1'-def[symmetric] <map (A(z, y, a). (z, y)) %7 = m™
by blast

have out[L1,m,2] C Y and out[L2,mr,z] C Y
by (meson assms(1,2) outputs-in-alphabet)+

have A y . y € out[Ll,m,z] = y € out[L27,x]
proof —
fix y assume y € out[LI,m,z]
then have (y, True) € out[L1’,7r,x]
unfolding <out[L1’,?mr,z] = {(y, True) |y. y € out[L1,mx]} U {(y, False) |y.
y €Y Ay ¢ out]Llm,x]}> by blast
then have (y, True) € out[L2’, ?r,x]
using <out[L1’,?m,x] C out[L2’, ?m,x]> by blast
then show y € out[L2,7,x]
unfolding <out[L2’,?m,x] = {(y, True) |y. y € out[L2,m,x]} U {(y, False)
ly. y € Y Ay & out[L2,m,x]}
by fastforce
qed
moreover have A\ y . y € out[L2,7,z] = y € out[L1,7,z]
proof —
fix y assume y € out[L2,m,x]
then have (y, True) € out[L2’,?r,z] and (y, False) ¢ out[L2’, %7 1]
unfolding <out[L2',%m,x] = {(y, True) |y. y € out[L2,m,2]} U {(y, False)
ly. y € Y Ay ¢ out[L2,m,z]}> by blast+
moreover have (y, True) € out[L1’,?r,x] V (y, False) € out[L1’, 7, x]
unfolding <out[L1',?m,x] = {(y, True) |y. y € out[L1,m,x]} U {(y, False) |y.
y €Y Ay¢ out[Llmz]p
using <out[L2,m,x] C V) <y € out[L2,m,x]> by auto
ultimately have (y, True) € out[L1’, % x]
using <out[L1’,%m,x] C out[L2', ?m,x]> by blast
then show y € out[LI1,m,z]
unfolding <out[L1’,?m,x] = {(y, True) |y. y € out[L1,m,x]} U {(y, False) |y.
y€ Y Ay¢ out[Llmz]p
by fastforce
qed
ultimately show out[L1,7,2] = out[L2,m,z]
by blast
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qed
then show (absence-completion X Y L1) <[X,quasired (Y x UNIV')| (absence-completion
X Y L2) = L1 <[X,quasieq Y| L2
unfolding L1’-def[symmetric] L2'-def][symmetric]
unfolding «(L1’ =[X,quasired (Y x UNIV)] L2") = quasi-reduction L1’ L2
unfolding (L1 =[X,quasieq Y] L2) = quasi-equivalence L1 L2»
unfolding quasi-reduction-def quasi-equivalence-def
by blast
qed

6.2 Quasi-Reduction via Reduction and explicit Undefined
Behaviour

fun bottom-completion :: 'z alphabet = 'y alphabet = ('z,’y) language = ('z, 'y

option) language where
bottom-completion X Y L =
(A 7 . map (Az,y) - (z,50me 1)) 7) * L)
U {(map (A(z,y) . (z,Some y)) m)Q[(z,y)]Q7 | Tz y T .7 € L A out]L,m, x] =
{JANze XA (y=NoneVyec Some “Y)NN (z,y) €Eset 7.2 XN (y
None V y € Some  Y))}

lemma bottom-completion-is-language :

assumes is-language X Y L
shows is-language X ({None} U Some ‘Y (bottom-completion X Y L)
proof —

let L = bottom-completion X Y L

have 7L # {}
using language-contains-nil|OF assms] by auto
moreover have A 7. 7€ L = (V zy € set w . fst zy € X A snd zy € ({ None}
U Some ‘Y)) AV 7’ . prefic 7' m — w' € ?L)
proof —
fix 7 assume 7 € 7L
then consider (a) 7 € (A 7. map (A(z,y) . (z,Some y)) w) ‘L) |
(b) m € {(map (A (z,y) . (z,Some y)) m)Q[(z,y)]Q7 | T zyT .7 €L
A outlLymzxl ={} Nz € X A (y = None V y € Some ) vV (z,y) € set 7. x
€ X A(y= NoneV y € Some ‘Y))}
unfolding bottom-completion.simps by blast
then show (V zy € set . fst xy € X A snd zy € ({None} U Some “ Y)) A
(V 7' . prefic 7' m — w' € ?L)
proof cases
case a
then obtain 7’ where © = map (\(z, y). (z, Some y)) 7’ and 7’ € L
by auto
then have (V zy € set 7’ . fstzy € X N snday € Y)
and (VY #'" . prefic o' 7' — 7" € L)
using assms by auto
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have (V 7’ . prefix n’ m — 7w’ € (A 7 . map (A(z,y) . (z,Some y)) ) ‘ L))
using «(V 7" . prefix 7' 7' — ©' € L)) unfolding «r = map (A\(z, y).
(z, Some y)) ©h
using prefix-map-rightE by force
then have (V ©’. prefix 7’ 71 — w' € ?L)
by auto
moreover have (V zy € set m . fst zy € X A snd zy € ({None} U Some *
v))
using «(V zy € set 7’ . fst xy € X A snd zy € Y)» unfolding v = map
Mz, y). (z, Some y)) 7'
by (induction 7'; auto)
ultimately show ?thesis
by blast
next
case b
then obtain 7’ z y 7 where m = (map (M(z,y) . (z,Some y)) #")Q[(z,y)]Qr

and 7' € L
and out[L,w’".2] = {}
and z € X
and (y = None V y € Some ‘ Y)
and (V (z,y) € set 7.2 € X A (y = NoneV y € Some ‘ Y))
by blast
then have (V zy € set 7’ . fstzy € X AN snday € Y)
and (VY «'"" . prefic "' 7' — 7" € L)
using assms by auto

have (VY zy € set (map (A(z,y) . (z,Some y)) ©') . fst zy € X A snd zy €
({None} U Some ¢ Y))
using «(V zy € set 7’ . fstzy € X AN sndzy € Y)»
by (induction w'; auto)
moreover have set m = set (map (A(z,y) . (x,Some y)) #") U {(z,y)} U set T
unfolding «r = (map (A(z,y) . (z,Some y)) 7" )Q[(z,y)]Qr>
by simp
ultimately have (V zy € set . fst zy € X A snd zy € ({None} U Some °
v))
using <z € X» <(y = None V y € Some ‘ Y)» «(V (z,y) € set 7.2 € X A
(y = None V y € Some ‘Y))

by auto
moreover have A\ ' . prefic 7' 7 = 7" € ?L
proof —

fix 7'/ assume prefiz 7'’ 7

then obtain 7 where 7'/ = take i 7

by (metis append-eg-conv-conj prefiz-def)
then consider (b1) i < length ' |
(b2) i@ > length ©'
by linarith
then show 7'’ € ?L proof cases
case b1
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then have i < length (map (A(z,y) . (z,Some y)) ')
by auto

then have 7' = map (A(z,y) . (z,Some y)) (take i 7"
unfolding 7'’ = take i m
using «m = map (A(z, y). (z, Some y)) 7' Q [(z, y)] @ 7> take-map by

fastforce

moreover have take i 7' € L
using «w’ € L take-is-prefiz
using V7', prefix 7'’ 7' — 7'’ € L) by blast

ultimately have 7’ € (A 7 . map (M(z,y) . (z,Some y)) w) ‘L)
by simp

then show 7'/ € ?L
by auto

next

case b2

then have i > length (map (A(z,y) . (z,Some y)) ')
by auto

have A\ k zs ys . k > length xs = take k (xsQys) = zsQ(take (k — length
) v9)
by simp
have take-helper: \ k zs y zs . k > length xs = take k (zsQ[y]Qzs) =
xsQ[y|Q(take (k — length xs — 1) zs)
by (metis One-nat-def Suc-pred <\ys zs k. length xs < k = take k
(zs @ ys) = zs @Q take (k — length xs) ys» append-Cons append-Nil take-Suc-Cons
zero-less-diff)

have sx: 7" = (map (A(z,y) . (z,Some y)) 1")Q[(z,y)|Q(take (i — length
= 1)T)
unfolding «w = map (A(z, y). (z, Some y)) 7' Q [(z, y)] @ 7» «x"" =
take i m»
using take-helper[OF <i > length (map (A(z,y) . (z,Some y)) ©')] by
stmp

have (V (z,y) € set (take (i — length 7’ — 1) 7) . 2 € X A (y = None V
y € Some ¢ Y))
using «(V (z,y) € set 7.z € X A (y = None V y € Some * Y))»
by (meson in-set-takeD)
then show ?thesis
unfolding xx bottom-completion.simps
using 7’ € L) <out[L,w’,z] = {}» <z € X» «(y = None V y € Some * Y)»
by blast
qged
qed
ultimately show ?thesis by auto
qed
qed
ultimately show ?thesis
unfolding is-language.simps by blast
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qed

fun is-not-undefined :: ('z,’y option) word = ('r,’y) language = bool where
is-not-undefined m L = (w € map (A(z, y). (z, Some y)) ¢ L)

lemma bottom-id : map (A(z,y) . (z, the y)) (map (M (z, y). (z, Some y)) 7) =«
by (induction ; auto)

fun mazimum-prefiz-with-property :: ('a list = bool) = 'a list = 'a list where
mazimum-prefiz-with-property P xs = (last (filter P (prefizes xs)))

lemma mazimum-prefiz-with-property-props :
assumes 3 ys € set (prefizes zs) . P ys
shows P (mazimum-prefiz-with-property P xs)
and (mazimum-prefiz-with-property P xs) € set (prefizes xs)
and A ys. prefix ys s = P ys = length ys < length (mazimum-prefiz-with-property
P zs)
proof —

have P (mazimum-prefiz-with-property P xs) A
(mazimum-prefiz-with-property P xzs) € set (prefizes xs) A
(Y ys . prefiz ys s — P ys —> length ys < length (mazimum-prefix-with-property
P zs))
using assms
proof (induction zs rule: rev-induct)
case Nil
then show ?case by auto
next
case (snoc z zs)
have prefizes (zs Q [z]) = (prefizes zs)Q[zs Q [z]]
by simp

show ?case proof (cases P (xsQ[z]))
case True
then have mazimum-prefiz-with-property P (zs Q [z]) = (zs Q [z])
unfolding mazimum-prefiz-with-property.simps <prefizes (zs Q [z]) = (prefizes
zs)Qlzs Q [z]]»
by auto
show ?thesis
using True
unfolding «mazimum-prefiz-with-property P (zs Q [z]) = (2sQ[z])»
using in-set-prefizes prefir-length-le by blast
next
case Fulse
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then have mazimum-prefiz-with-property P (zsQ[z]) = maximum-prefiz-with-property
P zs
unfolding mazimum-prefiz-with-property.simps <prefizes (zs Q [z]) = (prefizes
xs)Qlzs Q [z]]
by auto

have Jacset (prefizes zs). P a
using snoc.prems False unfolding (prefizes (xs Q [z]) = (prefizes zs)@Q[zs
@ [z]]» by auto

show ?thesis
using snoc.IH[OF <3 a€set (prefizes zs). P a»] False
unfolding «mazimum-prefiz-with-property P (zsQ[z]) = maximum-prefiz-with-property
P zs)
unfolding «prefives (xs Q [z]) = (prefizes xs)Q[zs Q [z]]» by auto
qed
qed
then show P (mazimum-prefiz-with-property P xs)
and (mazimum-prefiz-with-property P xs) € set (prefizes xs)
and A ys . prefix ys s = P ys = length ys < length (maximum-prefix-with-property
P xs)
by blast+
qed

lemma bottom-completion-out :

assumes is-language X Y L

and ze X

and m € bottom-completion X Y L
shows is-not-undefined # L = out[L,map (A(z,y) . (z, the y)) mz] # {} =
out[bottom-completion X Y L, w, ] = Some ‘ out[L, map (M(x,y) . (z, the y)) 7, ]
and  is-not-undefined m L = out[L,map (A(z,y) . (z, the y)) ma] = {} =
out[bottom-completion X Y L, w, z] = {None} U Some ‘Y
and - is-not-undefined m L = out[bottom-completion X Y L, 7, z] = {None}
U Some ‘Y
proof —

let 2L = bottom-completion X Y L
define L'a where L'a = (A m . map (A(z,y) . (z,Some y)) w) ‘L)
define L'b where L'b = {(map (A(z,y) . (z,Some y)) m)Q[(z,y)]Q7 |7z y T .7
€ LA out[Lymz] ={} Nz € X N (y= NoneV y e Some ‘Y)A(V (z,y) € set
T7.2€ X A (y= NoneV y € Some ‘Y))}
have ?L = L'a U L'b
unfolding L’a-def L'b-def bottom-completion.simps by blast
then have out[?L, 7, z] = {y. 7 Q [(z, y)] € L'a} U {y. # Q [(z, y)] € L'b}
unfolding outputs.simps language-for-state.simps by blast

have is-language X ({None} U Some ¢ Y) ?L
using bottom-completion-is-language[OF assms(1)] .
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show is-not-undefined 7 L = out[L,map (N(z,y) . (z, the y)) mz] # {} =
out[bottom-completion X Y L, 7, ] = Some ‘ out[L, map (M(z,y) . (z, the y)) m, ]
and is-not-undefined # L = out[L,map (A(z,y) . (z, the y)) m,z] = {} =
out[bottom-completion X Y L, m, ] = {None} U Some ‘Y
proof —
assume is-not-undefined w L
then obtain 7’ where m = map (A\(z, y). (z, Some y)) 7’ and 7’ € L
by auto
then have map (\(z, y). (z, the y)) m ==«
using bottom-id by auto

!

have {y. 7 Q [(z, y)] € L'a} = Some  out[L,map (A(z,y) . (z, the y)) 7,x]
proof
show {y. 7 Q [(z, y)] € L'a} C Some ‘ out[Lymap (A(z, y). (z, the y)) m,z]
proof
fix y assume y € {y. 7 @Q [(z, y)] € L'a}
then have 7 @ [(z, y)] € L'a by auto
then obtain 7’ where 7 Q [(z, y)] = map (A(z,y) . (z,Some y)) 7’ and 7’
€L
unfolding L’a-def by blast
then have length (7 Q [(z, y)]) = length ©’
by auto
then obtain v’ zy where 7' = 7/Q[xy]
by (metis add.right-neutral dual-order.strict-iff-not length-append-singleton
less-add-Suc?2 rev-exhaust takel take-all-iff)
then have (z,y) = (A(z, y). (z, Some y)) zy
using «r @ [(z, y)] = map (A(z, y). (z, Some y)) "> unfolding 7w’ =
~v'Qlzy]> by auto
then have y = Some (snd zy) and zy = (x,snd zy)
by (simp add: split-beta)+
moreover define y’ where y' = snd zy
ultimately have y = Some y’ and zy = (z,y’)
by auto

have map (A(z, y). (z, the y)) m = 7'
using «r Q [(z, y)] = map (A(z,y) . (z,Some y)) ©’» unfolding «r’ =
7'Qzy)
using bottom-id by auto

have y’ € out[L,map (A=, y). (z, the y)) 7,z
using 7’ € Ly
unfolding «map (A(z, y). (z, the y)) @ = v» ' = v'Qay]> <xy = (z,y)
by auto
then show y € Some  out[L,map (A\(z, y). (z, the y)) m,z]
unfolding <y = Some y'» by blast
qed
show Some ‘ out[L,map (A(z, y). (z, the y)) m,z] C {y. # Q [(z, y)] € L'a}
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proof
fix y assume y € Some  out[L,map (A(z, y). (z, the y)) 7,z
then obtain y’ where y = Some y’ and y’ € out[L,map (\(z, y). (z, the
y)) ™1
by blast
then have 7'Q[(z,y’)] € L
unfolding <map (A(z, y). (z, the y)) @ = 7’ by auto
then show y € {y. 7 @Q [(z, y)] € L'a}
unfolding L'a-def «m = map (A(z, y). (z, Some y)) 7
using <y = Some y’» image-iff by fastforce
qed
qed

show out[L,map (A(z,y) . (z, the y)) m,z] # {} = out[bottom-completion X YV
L, m, x] = Some * out[L, map (N(z,y) . (z, the y)) 7, z]
proof —
assume out[L,map (A(z,y) . (z, the y)) m,z] # {}
then obtain ya where 7'Q[(2,ya)] € L
using «7’ € L) unfolding <map (A(z,y) . (z, the y)) m = ©» by auto

have {y. 7 @ [(z, y)] € L'} = {}
proof (rule ccontr)
assume {y. 7 Q [(z, y)] € L'b} # {}
then obtain y where m Q [(z, y)] € L'b by blast
then obtain 7" z’ y' 7 where 7 @ [(z, y)] = (map (A(z,y) . (z,Some y))
7)G[(a",y ) @r
and 7" € L
and out[L,x",z'] = {}
and 2’ € X
and (y' = None V y' € Some ‘Y)
and (V (z,y) € set 7.2 € X A (y = None V y € Some
YY)
unfolding L'b-def
by blast

have A 3" . 7/a[(z'y")] ¢ L
using 7" € Ly <out[L,w" 2] = {}
unfolding outputs.simps language-for-state.simps by force

have length 7' = length "'
proof —

have length ' = length w
using <map (\(z, y). (z, the y)) @ = ©» length-map by blast

have - length ' < length ©"'
proof
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assume length ' < length ©'"'
then have length 7' = Suc (length ')
by (metis (no-types, lifting) One-nat-def < @ [(z, y)] = map (A(=,
y). (z, Some y)) «"" @ [(z', y")] Q@ 7> <length ' = length ™ add-diff-cancel-left’
length-append length-append-singleton length-map list.size( 3) not-less-eq plus-1-eq-Suc
zero-less-Suc zero-less-diff)
then have length ©'' > length =
by (simp add: «m = map (A(z, y). (z, Some y)) ©)
then show Fulse
by (metis (no-types, lifting) One-nat-def «w Q [(z, y)] = map (M =, y).
(z, Some y)) #"' Q [(z’, y")] Q 7> length-Cons length-append length-append-singleton
length-map less-add-same-cancell list.size(8) not-less-eq plus-1-eg-Suc zero-less-Suc)

qed

moreover have — length ©'' < length 7’

proof

assume length ©'' < length 7'

then have prefiz ((map (A(z.y) - (z,Some y)) 7)0[(z,y)]) (map (A(z,y)

. (z,Some y)) 7'
by (metis (no-types, lifting) «m = map (A(z, y). (z, Some y))

' «m Q [(z, y)] = map (A(z, y). (z, Some y)) #"" Q [(z', y')] @ 7> append.assoc
length-append-singleton length-map linorder-not-le not-less-eq prefixl prefiz-length-prefix)

then have prefiz '/ 7’

by (metis append-prefixD bottom-id map-mono-prefiz)
then have take (length ©') 7’ = ©"'

by (metis append-eq-conv-conj prefiz-def)

have (#/,y/) = ((map (A(z) - (z,S0me y)) 7)0[(@",y)])) ! (length =)
by (induction 7' arbitrary: z’ y’; auto)
then have (z',y") = (map (A(z,y) . (z,Some y)) ©') ! (length 7"
by (metis (no-types, lifting) <m = map (A(=, y). (z, Some y)) 7" «r Q
[(z, )] = map (A(z, y). (z, Some y)) ©"" Q [(z/, y')] Q@ 7> <length ©"" < length ©"»
append-Cons length-map nth-append nth-append-length)
then have fst (7' ! (length ")) = z'
by (simp add: <length ©'" < length "> split-beta)

have out[L, take (length ©'") ', fst (7’ (length ©'"))] = {}
unfolding <take (length ') 7’ = ="' «fst (x’! (length ")) = z"»
using <out[L,n" 2] = {}> .
moreover have A\ i . i < length 7’ = out[L, take i ', fst (' i)] # {}
using prefiz-ezecutable]OF assms(1) «n' € Ly]
by (meson outputs-executable)
ultimately show Fulse
using <length ©'' < length ©'» by blast
qed
ultimately show “thesis
by simp
qed
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then have 7'/ = 7/
by (metis < Q [(z, y)] = map (A(z, y). (z, Some y)) ©"" Q [(z', y')] @ 7>
«map (A(z, y). (z, the y)) m = 7> append-eg-append-conv bottom-id length-map)

show Fulse
using «r Q [(z, y)] = map (A (z, y). (z, Some y)) 7" Q [(z/, y")] @ 7> 7"’
=7 «map (M(z, y). (z, the y)) 7 = © <out[L,w" x| = {}p <out[L,map (A(z, y).
(z, the y)) mx] # {p
by force
qed
then show %thesis
using <out[bottom-completion X Y Lzl = {y. # Q [(z, y)] € L'a} U {y. 7
@ [z, )] € L'bh
using «({y. 7 @ [(z, y)] € L'a} = Some ‘ out[L,map (A(z,y) . (z, the y))
)
by force
qed

show out[L,map (A (z,y) . (z, the y)) m,z] = {} = out[bottom-completion X YV
L, m, ] = {None} U Some ‘Y
proof —
assume out[L,map (A(z,y) . (z, the y)) m,z] = {}
then have {y. 7 @ [(z, y)] € L'a} = {}
unfolding {y. # Q [(z, y)] € L'a} = Some ¢ out[L,map (N(z,y) . (z, the
y)) m,z]> by blast
moreover have {y. 7 Q [(z, y)] € L'b} = {None} U Some ‘Y
proof
show {y. 7 @ [(z, y)] € L'b} C {None} U Some ‘Y
proof
fix y assume y € {y. 7 Q [(z, y)] € L'b}
then have © @ [(z, y)] € L'b by blast
then obtain 7"/ 2’ y' 7 where © Q [(z, y)] = (map (M(z,y) . (z,Some y))
/6| (a'y )]
and 7" € L
and out[L,n",z'] = {}
and z' € X
and (y' = None V y' € Some ‘Y)
and (V (z,y) € set 7.2z € X A (y = None V y €
Some ¢ Y))
unfolding L'b-def
by blast

show y € {None} U Some ‘Y
by (metis (no-types, lifting) Un-insert-right <out[bottom-completion X
Y Lzl ={y. 7 Q[(z, y)] € L'a} U{y. 7 Q [(z, y)] € L'b}p <y € {y. 7 Q [(=,
y)] € L'b} assms(1) bottom-completion-is-language insert-subset mk-disjoint-insert
outputs-in-alphabet)
qed
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show {None} U Some ‘Y C {y. 7 Q [(z, y)] € L'b}
proof
fix y assume y € {None} U Some ‘Y

have 7 @Q [(z, y)] = map (M=, y). (z, Some y)) 7’ Q [(z, y)] Q ]
by (simp add: «m = map (A(z, y). (z, Some y)) ')
moreover note (v’ € L»
moreover have out[L,7’z] = {}
using <out[L,map (A(z,y) . (z, the y)) m,z] = {}> unfolding <map (A(z,y)
. (z, they)) m=7" .
moreover note <z € X»
moreover have (y = None V y € Some ‘ Y)
using <y € {None} U Some ‘ Y) by blast
moreover have (V(z, y)€set [|. z € X A (y = None V y € Some ‘ Y))
by simp
ultimately show y € {y. 7 Q [(z, y)] € L'b}
unfolding L’b-def by blast
qged
qed
ultimately show ?thesis
using <out[bottom-completion X Y Lymw,z] = {y. 7 Q [(x, y)] € L'a} U {y. =
Q [(z, y)] € L'd}h
using {y. 7 Q [(z, y)] € L'a} = Some * out[Lymap (A(z,y) . (z, the y))
,x)
by force
qged
qed

show — is-not-undefined m L = out[bottom-completion X Y L,m,x] = {None}
U Some ‘Y
proof —
assume — is-not-undefined m L
then have 7 ¢ L'a
unfolding L’a-def by auto

have {y. 7 @ [(z, y)] € L'a} = {}
proof (rule ccontr)
assume {y. 7 Q [(z, y)] € L'a} # {}
then obtain y where m Q [(z, y)] € L'a by blast
then obtain v where © @ [(z, y)] = map (M(=, y). (z, Some y)) v and v €

unfolding L’a-def by blast
then have © = map (\(z, y). (x, Some y)) (butlast v)
by (metis (mono-tags, lifting) butlast-snoc map-butlast)
moreover have butlast v € L
using <y € Ly assms(1)
by (simp add: prefizeq-butlast)
ultimately show Fulse
using «r ¢ L'ay

o8



using L’a-def by blast
qed
then have out[?L, 7, z] = {y. 7 Q [(z, y)] € L'b}
using <out[bottom-completion X Y Lm,x] = {y. 7 Q [(z, y)] € L'a} U {y. 7
Q [(z, y)] € L'b}» by blast

also have ... = {None} U Some ‘Y

proof
show {y. 7 @ [(z, y)] € L'b} C {None} U Some ‘Y
proof

fix y assume y € {y. 7 Q [(z, y)] € L'b}
then obtain 7’ 2’ y' 7 where 7 @ [(z, y)] = (map (A(z,y) . (z,Some y))
)@[(x ) @r
and 7' € L
and out[L,7'z'] = {}
and 2’ € X
and (y' = None V y' € Some ‘Y)
and (V (z,y) € set 7.2 € X A (y = None V y € Some
‘YY)
unfolding L'b-def
by blast

have (z,y) € set ([(z',y")]QT)
by (metis v @ [(z, )] = map (A(z, ¥). (z, Some y)) 7' @ [(&, 3]
@ 7y append-is-Nil-conv last-appendR last-in-set last-snoc length-Cons list.size(8)
nat.simps(3))
then show y € {None} U Some ‘Y
using «(y’ = None V y’ € Some ‘* Y) «(V (z,y) € set 7.2 € X A (y =
None V y € Some ‘ Y))) by auto
qed
show {None} U Some ‘Y C {y. 7 Q [(z, y)] € L'b}
proof
fix y assume y € {None} U Some ‘Y

have 7 € L'b
using <7 ¢ L'ay <?L = L'a U L’by assms(3) by fastforce
then obtain 7’ 2’ y’ 7 where m = (map (A(z,y) . (z,Some y)) #"Q[(z’,y")]|Qr

and 7' € L
and out[L,x’,z’] = {}
and 7' € X
and (y’ = None V y' € Some ‘' Y)
and (V (z,y) € set 7.2 € X A (y = None V y € Some
‘YY)
unfolding L’b-def
by blast

have © @ [(z,y)] = (map (M(z,y) . (z,Some y)) #"Q[(z",y")]Q(TQ[(z,y)])

unfolding «m = (map (A(z,y) . (z,Some y)) ©')Q[(z',y")]Q7> by auto
moreover note 1’ € Ly and <out[L,n’z'] = {}» and <z’ € X» and «(y’
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= None V y' € Some ‘ Y)»
moreover have (V (z,y) € set (71Q[(z,y)]) . 2 € X A (y = None V y €
Some ¢ Y))
using <V (z,y) € set 7.z € X A (y = None V y € Some ‘ Y)» <y €
{None} U Some ‘ Y» <z € X»
by auto
ultimately show y € {y. 7 @Q [(z, y)] € L'b}
unfolding L’b-def by blast
qed
qed
finally show out[?L,m,z] = {None} U Some ‘Y .
qed
qed

theorem quasired-via-red :
assumes is-language X Y L1
and is-language X Y L2
shows (L1 =[X,quasired Y] L2) +— ((bottom-completion X Y L1) <X[X, red
({None} U Some * Y)] (bottom-completion X Y L2))
proof —

define L1’ where L1’ = bottom-completion X Y L1
define L2’ where L2’ = bottom-completion X Y L2

define L1’a where L1'a = (A 7 . map (A(z,y) . (z,Some y)) w) ‘ L1)

define L1’b where L1'b = {(map (M(=,y) . (z,Some y)) m)Q[(z,y)]QT | 7z y T
.me€ LI Nout[Llimz] ={} ANz e X A (y= NoneV yec Some ‘YY) ANV (z,9)
csetT.z€ XA (y= NoneV ye Some ‘Y))}

define L2'a where L2'a = (A © . map (M(x,y) . (z,Some y)) m) ‘ L2)

define L2'b where L2'b = {(map (A(z,y) . (z,S0ome y)) m)Q[(z,y)]Q7T | 7 zy T
.m € L2 A out[L2mz] ={} ANz € X AN (y = None V y € Some ‘Y) A (V (z,9)
csett.z€ XN (y= NoneV ye Some ‘Y))}

let ?L1 = bottom-completion X Y L1

have ?L1 = L1'a U L1'b
unfolding L1’a-def L1'b-def bottom-completion.simps by blast
then have A\ 7 = . out[?L1, w, 2] = {y. # Q [(z, y)] € L1'a} U {y. 7 Q [(z, y)]
€ L1'b}
unfolding outputs.simps language-for-state.simps by blast

let L2 = bottom-completion X Y L2
have ?L2 = L2'a U L2'b
unfolding L2'a-def L2'b-def bottom-completion.simps by blast

then have \ 7 z . out[?L2, 7, 2] = {y. 7 Q [(z, y)] € L2%a} U {y. 7 Q [(z, y)]
€ L2'b}
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unfolding outputs.simps language-for-state.simps by blast

have is-language X ({None} U Some ‘ Y) ?L1
using bottom-completion-is-language[OF assms(1)] .

have is-language X ({None} U Some ‘' Y) ?L2
using bottom-completion-is-language| OF assms(2)] .

then have A\ m z . out[bottom-completion X Y L2,m,z] C {None} U Some ‘Y
by (meson outputs-in-alphabet)

have (?L1 <[X, red ({None} U Some ‘Y)] ?L2) = (V w € ?L1N ?L2 .V z €
X . out[?L1,mx] C out[?L2,m,x])
unfolding type-1-conforms.simps red.simps
using <A\ 7 z . out[bottom-completion X Y L2,m,x] C {None} U Some ‘ Y> by
force
alsohave ... = (Y me€ ?L1IN ?L2 .V z € X . (out[?L2,m,z] = {None} U Some
‘Y V (out[?L1m,x] # {} A out[?L1,m,z] C out[?L2,m,x])))
by (metis (no-types, lifting) IntD1 <is-language X ({None} U Some ‘ Y)
(bottom-completion X Y L1)» <is-language X ({None} U Some ‘Y (bottom-completion
X Y L2)s assms(1) bottom-completion-out(1) bottom-completion-out(2) bottom-completion-out(3)
image-is-empty outputs-in-alphabet subset-antisym)
alsohave ... = (Y me€ ?L1IN ?L2 .V z € X . (out[?L2,m,z] = {None} U Some
“Y V (is-not-undefined ® L1 A is-not-undefined = L2 A out[L1,map (A(z,y) . (=,
the y) m,a] # {} A out{LLmap (N.y) - (s, the 9)) ma] C out|L2,map (A(z.y)
(z, the y)) ma])))
proof —
have A mz.7m € ?L1N 202 = z € X = out[?L2,m,x] # {None} U Some
Y =
(out[?L1,mx] # {} A out[?L1,mx] C out|?L2,m,x]) = (is-not-undefined
m L1 A is-not-undefined m L2 A out[Ll,map (A(z,y) . (z, the y)) mx] # {} A
out[L1,map (A(z,y) . (z, the y)) m,x] C out[L2,map (A(z,y) . (z, the y)) 7,z])
proof —
fix 7 z assume 7 € ?L1I N ?L2 and z € X and out[?L2,7,x] # {None} U
Some Y
then have 7 € ?L1 and w € ?L2 by blast+

have is-not-undefined m L2
using bottom-completion-out|OF assms(2) «x € X» «m € 7L2)]
using <out[bottom-completion X Y L2,m,x] # {None} U Some ¢ Y» by
fastforce
have out[L2,map (A (z, y). (z, the y)) m,z] # {}
using bottom-completion-out(1,2)[OF assms(2) <x € X» «w € ?2L2)]
using (is-not-undefined © L2 <out[bottom-completion X Y L2,7,x] # { None}
U Some ¢ Y) by blast

show (out[?L1,m,x] # {} N out[?L1,m,z] C out[?L2,m,z]) = (is-not-undefined
m L1 A is-not-undefined m L2 A out[Ll,map (A (z,y) . (z, the y)) mx] # {} A
out[L1,map (A(z,y) . (z, the y)) m,x] C out[L2,map (A(z,y) . (z, the y)) 7,z])
proof (cases is-not-undefined w L1)
case Fulse
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then have out[?L1,m,z] = {None} U Some ‘Y
by (meson IntD1 «w € bottom-completion X Y L1 N bottom-completion X
Y L2y <z € X» assms(1) bottom-completion-out(3))
then have — (out[?L1,m,z] C out[?L2,m,x])
by (metis <is-language X ({None} U Some ¢ Y) (bottom-completion X Y L2)»
<out[bottom-completion X Y L2 7 x| # {None} U Some ‘YY) outputs-in-alphabet
subset-antisym)
then show ?thesis
using False by presburger
next
case True

have (out[?L1,m,x] # {} A out[?Li,mx] C out[?L2,m,z]) = (out[L1,map
Mz,y) . (z, the y)) 2] # {} A out[L1,map (A(z,y) . (z, the y)) 7,z] C out[L2,map
(Azy) - (@, the y)) 7,1])
proof (;ases out[L1,map (A(z, y). (z, the y)) ma] = {})

have - (out[?L1,m,z] # {} A out[?L1,m,z] C out[?L2,m,x])
unfolding bottom-completion-out(2)[OF assms(1) «x € X» «<w € ?L1
<as-not-undefined m L1y True]
by (meson <Az 7. out[bottom-completion X Y L2,m,z] C {None} U Some
“Y» <out[bottom-completion X Y L2,m,x] # {None} U Some ‘Y subset-antisym)
moreover have — (out[L1,map (A(z,y) . (z, the y)) m,2] # {} A out[L1,map
Mz,y) . (z, the y)) m,z] C out[L2,map (A (z,y) . (z, the y)) m,x])
using True by simp
ultimately show ?thesis by blast
next
case Fulse
show ?thesis
unfolding bottom-completion-out(1)[OF assms(1) <x € X» «m € ?LI
<as-not-undefined m L1y False]
unfolding bottom-completion-out(1)[OF assms(2) «x € X» «w € ¢L2)
das-not-undefined m L2y <out[L2,map (A(z, y). (z, the y)) m,z] # {P]
by blast
qed
then show ?thesis
using <is-not-undefined m L1» <is-not-undefined m L2»
by blast
qed
qed
then show ?thesis
by meson
qed
alsohave ... = ((V me ?L1N ?L2 .V z € X . - is-not-undefined m L1 —
is-not-undefined m L2 — out[?L2,m,x] = {None} U Some ‘ Y)
ANV mTeLINL2.V zeX.outlL2mx] ={} V (out[L1,m,x] #
{} A out[L1m,z] C out[L2,mx])))
(is 24 = ?B)
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proof
show ?4 — 2B
proof —
assume ?A

have A7mz .7 € ?L1N ?2L2 = z € X = — is-not-undefined 1 L1 =
is-not-undefined m L2 = out[?L2,m,z] = {None} U Some ‘Y
using <?A» by blast
moreover have A mz . m € LI N L2 = z € X = out[L2mz] = {} V
(out[L1,m,x] # {} A out[L1,mx] C out|L2,m,x])
proof —
fixmzassumem € LIN L2and z € X

let ?r = map (M(z, y). (z, Some y)) =

have is-not-undefined ?n L1 and is-not-undefined ?w L2
using «<m € L1 N L2 by auto

then have 97 € ?L1 and %r € ?L2
by auto

show out[L2,m,x] = {} V (out[L1,m,z] # {} A out[L1,m,z] C out[L2,mx])
proof (cases out[L2,m.x] = {}
case True
then show ?thesis by auto
next
case False
then have out[bottom-completion X Y L2,?r,x] # {None} U Some ‘Y
using bottom-completion-out(1)[OF assms(2) <x € X» «?m € ?2L2
das-not-undefined ?m L2)]
unfolding bottom-id
by force
then have out[L1,map (A(z, y). (z, the y)) ?m,z] # {} A out[L1,map (\(z,
y). (z, the y)) ?m,2] C out[L2,map (A(z, y). (z, the y)) m,x]
using <?4»
using <?m € L1 «m € L2 <z € X»
by blast
then show out[L2,m,2] = {} V (out[Ll,m,z] # {} N out[L1m,z] C
out[L2,m,x])
unfolding bottom-id by blast
qed
qed
ultimately show ?B
by meson
qed
show B — %4
proof —
assume ?B

have Amz.7m€ ?LIN L2 = z € X = out[?L2,m,z] = {None} U Some
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“Y V is-not-undefined m L1 A is-not-undefined m L2 A out[L1,map (A(z, y). (=,
the y)) m,a] # {} A out[Ll,map (A(z, y). (z, the y)) m,z] C out[L2,map (A z, y).
(z, the y)) m,x]
proof —
fix m z assume 7 € YLIN ?L2and z € X
then have 7 € ?L1 and 7w € ?L2 by auto

show out[?L2,m,z] = {None} U Some ‘Y V is-not-undefined m L1 A
is-not-undefined m L2 N out[L1,map (\(z, y). (z, the y)) m,z] # {} A out[L1,map
Mz, ). (z, the y)) m,z] C out[L2,map (A(z, y). (z, the y)) m,x]

proof (cases out[?L2,m,x] = {None} U Some ¢ Y)
case True

then show ?thesis by blast

next
case Fulse

let 7 = map (\(z, y). (z, the y)) =

have is-not-undefined = L2
using Fualse «(¥ 7 €bottom-completion X Y L1 N bottom-completion X Y L2.
VzeX. - is-not-undefined m L1 — is-not-undefined m L2 — out[bottom-completion
X Y L2m,x] = {None} U Some ‘' Y) AN Vrell N L2. VzeX. out]L2,mx] = {} V
out[L1m,z] # {} A out[L1,m,z] C out[L2,m,x])y «m € bottom-completion X Y L1 N
bottom-completion X Y L2 <z € X»
by (meson «m € bottom-completion X Y L2> assms(2) bottom-completion-out(3))
then have %7 € L2
using bottom-id
by (metis (mono-tags, lifting) imageE is-not-undefined.elims(2))

have is-not-undefined © L1
using Fualse «(¥ 7 €bottom-completion X Y L1 N bottom-completion X Y L2.
VzeX. - is-not-undefined m L1 — is-not-undefined m L2 — out[bottom-completion
X Y L2,mx] = {None} U Some ‘Y) AN (Voell N L2. VzeX. out|L2,m,x] = {} V
out[L1m,z] # {} A out[L1,m,z] C out[L2,m,x])y «m € bottom-completion X Y L1 N
bottom-completion X Y L2 <z € X»
using <is-not-undefined m L2> by blast
then have %7 € LI
using bottom-id
by (metis (mono-tags, lifting) imageE is-not-undefined.elims(2))

have out[L2,?r,2] # {}
using Fulse bottom-completion-out(2)[OF assms(2) <z € X» «w € ?L2)
<as-not-undefined © L2)]
by blast
then have out[L1,%r,z] # {} and out[L1,?r,x] C out[L2,?r,x
using <?By <?mr € LD <% € L2 <x € X»
by (meson Intl)+
then show “thesis
using (is-not-undefined w L1> <is-not-undefined m L2»
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by blast
qed
qed
then show “4
by blast
qed
qed
alsohave ... = ((V 7€ ?L1N ?L2 .V z € X . - is-not-undefined m L1 —
is-not-undefined m L2 — out[L2,map (A(z, y). (z, the y)) m,z] = {})
ANV mTeLINL2.V zeX.outlL2mzx] ={}V (out[L1m,x] #
{} A out[L1,m,z] C out[L2,mx])))
(is (?A A ?B) = (2C A ?2B))
proof —
have 74 = ?C
by (metis IntD2 None-notin-image-Some UnCI assms(2) bottom-completion-out(1)
bottom-completion-out(2) insertCI)
then show ?thesis by meson
qed
alsohave ... = (Vwm e LINL2.V z € X . out[L2mz] = {} V (out[L1,m,2]
# {} A out[L1,mx] C out[L27,z]))
(is (?A A ?B) = ?B)
proof —
have 7B — %4
proof —
assume ?B

have A7z .7 e 01N L2 = z € X = — is-not-undefined 7 L1 =
is-not-undefined m L2 = out[L2,map (A\(z, y). (z, the y)) mz] = {}
proof (rule ccontr)
fix m z assume 7 € ?L1 N ?L2 and x € X and — is-not-undefined w L1
and is-not-undefined ™ L2
and out[L2,map (A\(z, y). (z, the y)) mz] # {}

let 20 = map (A(z, y). (z, the y)) =
have 77 € L2
by (metis (mono-tags, lifting) <is-not-undefined © L2> bottom-id image-iff
is-not-undefined.elims(2))

have 7 € ?L1
using «m € ?L1 N ?L2> by auto
moreover have 7 ¢ L1'a
unfolding L1’a-def using «— is-not-undefined m L1 by auto
ultimately have 7 € L1'b
unfolding <?L1 = L1'a U L1'b> by blast
then obtain 7’ z’ y’ 7 where © = (map (\(z,y) . (z,Some y)) n)Q[(z",y")]| QT

and 7’ € L1
and out[L1,7"z'] = {}
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and z’' € X
and (y’ = None V y' € Some ‘' Y)
and (V (z,y) € set 7.2 € X A (y = None V y € Some
Y))
unfolding L1'b-def
by blast

have ?r = (7'Q[(z’, the y')]) @ (map (\(z, y). (z, the y)) T)
unfolding <7 = (map (A(z,y) . (z,Some y)) ©")Q[(z',y")]Q1>
using bottom-id by (induction 7' arbitrary: 'y’ T; auto)

then have 7'Q[(z’, the y')] € L2 and n’ € L2
using «?r € L2
by (metis assms(2) prefiz-closure-no-member)+

then have out[L2,7' 2] # {}
by fastforce

show Fulse
using «?B) «w' € L1 «w' € L2 <z’ € X» <out[L2,m",x'] # {}» <out[L1,m' 2’

= (b

by blast
qed
then show ?4
by blast
qed
then show ?thesis by meson
qged
also have ... = (LI <[X,quasired Y] L2)

unfolding quasired-type-1[OF assms, symmetric| quasi-reduction-def
by (meson assms(2) executable-inputs-in-alphabet outputs-ezecutable)
finally show ?thesis
by meson
qed

6.3 Strong Reduction via Reduction and Undefinedness Out-
puts

fun non-bottom-shortening :: ('z,’y option) word = ('z,’y option) word where
non-bottom-shortening © = filter (A (z,y) . y # None) 7

fun non-bottom-projection :: ('z,'y option) word = ('z,'y) word where
non-bottom-projection m = map (A(z,y) . (z,the y)) (non-bottom-shortening )

lemma non-bottom-projection-split: non-bottom-projection (7'Qn’") = (non-bottom-projection
7")@(non-bottom-projection ")
by (induction w' arbitrary: ©'’; auto)

lemma non-bottom-projection-id : non-bottom-projection (map (M z,y) . (x,Some

y) ) =7
by (induction 7; auto)
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fun undefinedness-completion :: 'z alphabet = ('z,'y) language = ('z, 'y option)
language where
undefinedness-completion X L =
{7 . non-bottom-projection 1 € LA (¥ «' z " . 7 = n’ Q [(z,None)] @ 7"’
— z € X A out[L, non-bottom-projection 7', z] = {})}

lemma undefinedness-completion-is-language :

assumes is-language X Y L
shows is-language X ({None} U Some ‘ Y) (undefinedness-completion X L)
proof —

let ?L = undefinedness-completion X L

have [| € L
using language-contains-nil|[OF assms] .
moreover have non-bottom-projection [| = |]
by auto
ultimately have || € 2L
by simp
then have ?L # {}
by blast
moreover have A 7.7 € 2L = (A zy . 2y € set 1 = fst ay € X A snd zy
€ ({None} U Some “ Y))
and An.7m€ 2L = (An'.prefin’'m = 7' € ?L)
proof —
fix 7 assume 7w € ?L
then have p1: non-bottom-projection m € L
and p2: A 7'z 7" . 7w =x' Q [(z,None)] @ 1" = z € X A out[L,
non-bottom-projection ©', x] = {}
by auto

show A\ zy . zy € set m1 = fst ay € X A snd zy € ({None} U Some ¢ Y)
proof —
fix zy assume zy € set 7
then obtain 7’ z y 7"’ where zy = (z,y) and 7 = 7' Q [(z,y)] @ 7"
by (metis append-Cons append-Nil old.prod.ezhaust split-list)

show fst xy € X A snd zy € ({None} U Some ‘ Y)
proof (cases snd xy)
case None
then show ?thesis
unfolding <zy = (z,y)» snd-conv
using p2 «r = 7' Q [(z,y)] Q@ 7'
by simp
next
case (Some y’)
then have y = Some y’
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unfolding <zy = (z,y)> by auto

have (z,y’) € set (non-bottom-projection )
unfolding <7 = 7' Q [(z,y)] @ 7' <y = Some y"
by auto

then show ?%thesis
unfolding <zy = (z,y)> snd-conv <y = Some y"» fst-conv
using p! assms
unfolding is-language.simps by fastforce

qed
qed

show \ ' . prefir n’' m = n' € ?L
proof —
fix 7’ assume prefizr ©' 7
then obtain 7’/ where 7 = 7'Qr
using preficrE by blast

1

have non-bottom-projection ™ = (non-bottom-projection w')Q(non-bottom-projection
,n_//)
unfolding «r = r'Qn’"
using non-bottom-projection-split .
then have non-bottom-projection 7’ € L
by (metis assms pl prefiz-closure-no-member)
moreover have A n#"" z #"""" . 7’/ = n'"” @ [(z,None)] @ """ —= z € X A
out[L, non-bottom-projection ©'"', z] = {}
using p2 unfolding «r = 7'Qn’"
by (metis append.assoc)
ultimately show 7’ € 2L
by fastforce
qed
qed
ultimately show ?thesis
by (meson is-language.elims(3))
qed

lemma undefinedness-completion-inclusion :

assumes 7 € L
shows map (A(z,y) . (z,Some y)) © € undefinedness-completion X L
proof —

let ?r = map (M(z,y) . (xz,Some y)) 7

have A a . (a,None) ¢ set ?r
by (induction ; auto)
then have V 7’/ z 7" . 2r = 7/ @Q [(z,None)] @ 7"/ — z € X A out[L,
non-bottom-projection ©', x] = {}
by (metis Cons-eg-appendl in-set-conv-decomp)
moreover have non-bottom-projection ?m € L
using «m € Ly unfolding non-bottom-projection-id .
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ultimately show ?thesis
by auto
qed

lemma undefinedness-completion-out-shortening :
assumes is-language X Y L
and m € undefinedness-completion X L
and re X
shows out[undefinedness-completion X L, w, z] = out[undefinedness-completion X
L, non-bottom-shortening ., ]
using assms(2,3) proof (induction length 7 arbitrary: ™ x rule: less-induct)
case less

let ?L = undefinedness-completion X L

show ?case proof (cases 7 rule: rev-cases)
case Nil
then show ?thesis by auto

next
case (snoc 7' xy)

then obtain z’ y’ where zy = (2,y’) by fastforce

have z' € X
using snoc less.prems(1) unfolding «xy = (z',y’)
using undefinedness-completion-is-language[ OF assms(1)]
by (metis fst-conv is-language.elims(2) last-in-set snoc-eq-iff-butlast)

have '’ € 7L
using snoc less.prems(1)
using undefinedness-completion-is-language[ OF assms(1))
using prefiz-closure-no-member by blast

show ?thesis proof (cases y’)
case None

then have non-bottom-shortening m = non-bottom-shortening '
unfolding «zy = (z',y")) snoc by auto
then have out[?L, non-bottom-shortening w, z] = out[?L, non-bottom-shortening
7', ]
by simp
also have ... = out[?L, 7/, 1]
using less.hyps[OF - «n’ € 2Ly «x € X»] unfolding snoc
by (metis Suc-lessD length-append-singleton not-less-eq)
also have ... = out[?L, w, 1]
proof

show out[?L, 7', z] C out[?L, =, z
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proof
fix y assume y € out[?L, 7', 7]
then have 7'Q[(z,y)] € L
by auto
then have p1: non-bottom-projection (7'Ql(z,y)]) € L
and p2: A v a " . 7'Q[(z,y)] = v’ Q [(a,None)] @ ~v" = a € X A
out[L, non-bottom-projection ', a] = {}
by auto

have non-bottom-projection (7Q[(z,y)]) = non-bottom-projection (w'Q[(z,y)])

unfolding snoc <zy = (z’,y’)> None by auto

then have non-bottom-projection (7Q[(z,y)]) € L
using p! by simp

moreover have A\ v a v" . 7Q[(z,y)] = v’ @ [(a,None)] @ v = a €

X A out]L, non-bottom-projection v, a] = {}

proof —
fix v/ a v assume 7Q[(z,y)] = v’ [(a None)] @ ~"
then have 7'Q[(z’,None)|Q[(z,y)] = 7' @ [(a,None)] @ ~"

unfolding snoc «zy = (z',y’)> None by auto

show a € X A out[L, non-bottom-projection ', a] = {}
proof (cases v"' rule: rev-cases)
case Nil
then show ?thesis
using <7 @ [(z, y)] = v’ Q [(a, None)] @ vy <non-bottom-shortening
7 = non-bottom-shortening ©'» p2 by auto
next
case (snoc v""" xy’)
then show ?thesis
using «r @Q [(z, y)] = v’ @ [(a, None)] Q@ v"y less.prems(1) by force
qed
qed
ultimately show y € out[?L, 7, ]
by auto
qed

show out[?L, m, x] C out[?L, 7', z]
proof
fix y assume y € out[?L, 7, 1]
then have 7'Q[(z’,None)|Q[(z,y)] € ?L
unfolding snoc «xy = (z',y’)» None

by auto
then have pI: non-bottom-projection (w'Q[(z’, one)] (z,y)]) € L
and p2: A\ v/ a~" . 7'Q[(z',None)|Q[(z,y)] = v’ Q [(a,None)] @ v"
= a € X A out[L, non-bottom-projection ', a] = {}
by auto

have non-bottom-projection (n'Q[(z',None)|Q[(z,y)]) = non-bottom-projection

(r'@[(z,9)])
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by auto
then have non-bottom-projection (7'Q[(z,y)]) € L
using p! by auto
moreover have \ v/ a v" . 7'Q[(z,y)] = v’ Q [(a,None)] @ v = a €
X A out]L, non-bottom-projection v, a] = {}
proof —
fix v/ a v assume 7'Q[(z,y)] = v’ Q [(a,None)] @ "
show a € X A out[L, non-bottom-projection v', a] = {}
proof (cases v"' rule: rev-cases)
case Nil
then show ?thesis
by (metis None «x’ Q [(z, y)] = v’ @ [(a, None)] @ ~')
<non-bottom-shortening m = non-bottom-shortening ©' «xy = (z', y’)» append.assoc
append.right-neutral appendl-eq-conv non-bottom-projection.simps p2 snoc)
next
case (snoc """ xy’)
then show ?thesis
using <7’ Q [(z, y)] = v’ @ [(a, None)] @ v «w’ € undefined-
ness-completion X Ly by force
qed
qed
ultimately show y € out[?L, 7/, 1]
by auto
qed
qed
finally show ?thesis
by blast
next
case (Some y"))

have non-bottom-shortening m = (non-bottom-shortening =')Q[(z’,Some y’’)]
unfolding snoc <zy = (z',y’)» Some by auto

then have non-bottom-projection m = (non-bottom-projection ©')Q[(z',y"")]
by auto

have 7’ @ [(z’, Some y')] € 7L
using less.prems(1) unfolding snoc <zy = (z',y’)» Some .

then have Some y"’ € out[?L,w’x’]
by auto

moreover have out[?L,w’ x| = out[?L,non-bottom-shortening m’,z’
using less.hyps|OF - «n’ € 2Ly <z’ € X»]
unfolding snoc <zy = (z',y’)y Some
by (metis length-append-singleton lessI)

ultimately have Some y'' € out[?L,non-bottom-shortening 7', z’|
by blast

show ?thesis
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proof
show out[?L,m,x] C out[?L,non-bottom-shortening m,x]
proof
fix y assume y € out[?L,m,z]
then have 7/Q[(z’,Some y')|Q[(z,y)] € 7L
unfolding snoc <zy = (z',y’)» Some by auto
then have p1: non-bottom-projection (7'Q[(z’,Some y'")]|Q|[(x
and p2: \ v’ a " . 7'Q[(z",Some y")|Q[(z,y)] = " @ [
v = a € X A out[L, non-bottom-projection 7', a] = {}
by auto

y))) € L
(a,None)] @

have non-bottom-projection ((non-bottom-shortening m)Q[(z,y)]) =
non-bottom-projection (mw'Q[(z’,Some y)|Q[(z,y)])
unfolding «non-bottom-shortening m = (non-bottom-shortening =')Q[(z’,Some

y")
by auto
then have non-bottom-projection ((non-bottom-shortening m)Q[(z,y)]) € L
using p! by simp
moreover have A v’ a v . (non-bottom-shortening )Q[(z,y)] = v’ Q
[(a,None)] @ v"" = a € X A out[L, non-bottom-projection ~', o] = {}
proof —
fix v/ a v assume (non-bottom-shortening 7)Q[(z,y)] = v’ Q [(a,None)]
@ ~"
moreover have (a, None) ¢ set (non-bottom-shortening m)
by (induction m; auto)
moreover have A\ zs a ys b zs . £sQ[a] = ysQ[b]Qzs = b ¢ set xs —>
2z = ||

by (metis append-Cons append-Nil butlast.simps(2) butlast-snoc
in-set-butlast-appendl list.distinct(1) list.sel(1) list.set-sel(1))
ultimately have 7/ = [|
by fastforce
then have v’ = non-bottom-shortening m

and z = a

and y = None
using ¢(non-bottom-shortening m)Q[(z,y)] = v' Q [(a,None)] @ '’
by auto

show a € X A out[L, non-bottom-projection ', a] = {}
using <z € X» unfolding <z = @
unfolding <y’ = non-bottom-shortening m»
by (metis (no-types, lifting) <non-bottom-projection (non-bottom-shortening
7w Q [(z, y)]) = non-bottom-projection (' Q [(z', Some y'")] Q [(z, )] «x = &> <y =
None) append.assoc append.right-neutral append-same-eq non-bottom-projection-split
p2)
qed
ultimately show y € out[?L,non-bottom-shortening ,z
by auto
qed
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show out[?L,non-bottom-shortening m,z] C out[?L,mr,x]
proof
fix y assume y € out[?L,non-bottom-shortening m,x]
then have (non-bottom-shortening n’)Q[(z’,Some y")|Q[(z,y)] € ?L
unfolding snoc <zy = (z',y’)» Some by auto
then have p1: non-bottom-projection ((non-bottom-shortening =")Q[(z’,Some
Y6l € L
and p2: \ 7' a~" . (non-bottom-shortening w')Q[(z’,Some y')]|Q[(z,y)]
=~'Q [(a,None)] @ v = a € X A out[L, non-bottom-projection ', a] = {}
by auto

have non-bottom-projection ((non-bottom-shortening ©")Q[(z’,Some
y'"N]Q[(z,y)]) = non-bottom-projection (rQ[(z,y)])
unfolding snoc «xy = (z',y’)> Some by auto
then have non-bottom-projection (7Q[(z,y)]) € L
using p! by presburger
moreover have A\ v/ a v . 7Q[(z,y)] = v’ Q [(a,None)] @ v = a €
X A out[L, non-bottom-projection ', a] = {}
proof
fix v/ a v assume 7Q[(z,y)] = 7' Q [(a,None)] @ ~
then have (a,None) € set (7Q[(z,y)])
by auto
then consider (a,None) € set © | (a,None) = (z,y)
by auto
then show o € X
by (metis assms(1) fst-conv is-language.elims(2) less.prems(1)
less.prems(2) undefinedness-completion-is-language)

1

show out|L,non-bottom-projection v',a] = {}
proof (cases v"' rule: rev-cases)
case Nil
then have 7 = v’ and z = a and y = None
using «7Q[(z,y)] = v’ @ [(a,None)] @ v""» by auto
then show ?thesis
by (metis (no-types, opaque-lifting) <non-bottom-projection
(non-bottom-shortening =’ Q [(z', Some y"")] Q [(z, y)]) = non-bottom-projection
(m @ [(z, y)])» <non-bottom-shortening m = non-bottom-shortening ©' @ [(z’, Some

y'N append assoc append-Cons append-Nil append-same-eq non-bottom-projection-split

pQ)
next
case (snoc v'" xy’)
then have 7 = v/ @ [(a, None)] @ '
using «7Q[(z,y)] = v’ @ [(a,None)] @ v’ by auto

have v" @ [(a, None)] € 7L
using less.prems(1) unfolding v = v’ @ [(a, None)] @ v
using undefinedness-completion-is-language[ OF assms(1)]
by (metis append-assoc prefiz-closure-no-member)
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then show out[L, non-bottom-projection ', a] = {}
by auto

qed

qed

ultimately show y € out][?L,m,x]
by auto

qged
qed
qed
qged
qged

lemma undefinedness-completion-out-projection-not-empty :
assumes is-language X Y L
and m € undefinedness-completion X L
and ze X

and  out[L, non-bottom-projection m, x| # {}
shows out[undefinedness-completion X L, non-bottom-shortening m, x] = Some °
out[L, non-bottom-projection m, x
proof

let ?L = undefinedness-completion X L

have 7Q[(z,None)] ¢ ?L
using assms(4) by auto
then have None ¢ out[?L,m,x]
by auto
then have None ¢ out[?L,non-bottom-shortening m,x]
using undefinedness-completion-out-shortening|OF assms(1,2,3)] by blast
then have (non-bottom-shortening 7)Q[(x,None)] ¢ ?L
by auto

show out[?L, non-bottom-shortening 7, ] C Some * out[L, non-bottom-projection
m, I
proof
fix y assume y € out[?L, non-bottom-shortening w, ]
then have (non-bottom-shortening w) Q [(z,y)] € ?L by auto
then have y # None
using ¢(non-bottom-shortening m)Q[(z,None)] ¢ ?L»
by meson
then obtain y’ where y = Some y’
by auto

have non-bottom-projection ((non-bottom-shortening w) Q [(z,y)]) = (non-bottom-projection

™) @ [(z,y")]
unfolding <y = Some y"
by (induction m; auto)
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then have (non-bottom-projection ) Q [(z,y")] € L
using ((non-bottom-shortening 7) @ [(z,y)] € ¢Ly unfolding <y = Some y”
by auto
then show y € Some ‘ out[L, non-bottom-projection m, ]
unfolding <y = Some y"» by auto
qed

show Some ¢ out|L,non-bottom-projection m,x] C out|?L,non-bottom-shortening
]
proof
fix y assume y € Some ‘ out[L,non-bottom-projection m,x]
then obtain y’ where y = Some y’ and y’ € out[L,non-bottom-projection m,x
by auto
then have (non-bottom-projection m) Q [(z,y)] € L
by auto
moreover have non-bottom-projection ((non-bottom-shortening m) Q [(z,y)])
= (non-bottom-projection 7) Q [(z,y"))
unfolding <y = Some y"
by (induction m; auto)
ultimately have non-bottom-projection ((non-bottom-shortening m) Q [(z,y)])
€L
unfolding <y = Some y”
by auto
moreover have A\ 7’ z’ #"' . ((non-bottom-shortening w) Q [(z,y)]) = ©’ Q
[(z',None)] @ n" = 2’ € X A out|[L, non-bottom-projection ©', x
proof —
fix 7’ ' 7'’ assume ((non-bottom-shortening ) Q [(z,y)]) = «' Q [(z',None)]
@ 7T//
then have (z/,None) € set (non-bottom-shortening )
by (metis <y = Some y"» append-Cons in-set-conv-decomp old.prod.inject
option.distinct(1) rotatel.simps(2) set-ConsD set-rotatel)
then have Fulse
by (induction 7; auto)
then show z’ € X A out[L, non-bottom-projection ', z'] = {}
by blast
qed
ultimately show y € out[?L,non-bottom-shortening ,z)
by auto
qed
qed

—>

I
—_~——
—

lemma undefinedness-completion-out-projection-empty :

assumes is-language X Y L

and m € undefinedness-completion X L

and re X

and  out[L, non-bottom-projection m, x] = {}
shows out[undefinedness-completion X L, non-bottom-shortening m, ] = {None}
proof
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let ?L = undefinedness-completion X L

have p1: non-bottom-projection m € L
and p2: A #' 2 " . 7 =« @ [(x,None)] @ 7" = z € X A out[L,
non-bottom-projection 7', z] = {}
using assms(2) by auto

have non-bottom-projection (m@[(z,None)]) € L
using p! by auto
moreover have A\ 7' 2’/ 7" . 7Q[(z,None)] = ' Q [(z',None)] @ 7" = 2’ € X
A out]L, non-bottom-projection 7', x'] = {}
proof —
fix 7’ 2/ ' assume 7Q[(z,None)] = n’ Q [(z',None)] @ 7"’
show 2z’ € X A out[L, non-bottom-projection ©', z'] = {}
proof (cases '’ rule: rev-cases)
case Nil
then show ?thesis
using «r Q [(z, None)] = 7’ @ [(z’, None)] @ 7' assms(8) assms(4) by
auto
next
case (snoc ys y)
then show ?thesis
using <7 @ [(z, None)] = «’ Q [(z’, None)] @ 7' p2 by auto
qed
qged
ultimately have 7Q[(z,None)] € 7L
by auto
then show {None} C out[?L,non-bottom-shortening m,x]
unfolding undefinedness-completion-out-shortening|OF assms(1,2,3), symmet-
ric]
by auto

show out|?L,non-bottom-shortening m,z] C {None}
proof (rule ccontr)
assume — out[?L,non-bottom-shortening w,z] C { None}
then obtain y where y € out[?L,non-bottom-shortening m,z] and y # None
by blast
then obtain y’ where y = Some y’
by auto

have 7Q[(z,Some y')] € 7L
using <y € out[?L,non-bottom-shortening ]
unfolding <y = Some y’s
unfolding undefinedness-completion-out-shortening|OF assms(1,2,3), sym-
metric]
by auto
then have (non-bottom-projection m)Q[(z,y")] € L
by auto

76



then show Fulse
using assms(4) by auto
qed
qed

theorem strongred-via-red :
assumes is-language X Y L1
and is-language X Y L2
shows (L1 <[X,strongred Y] L2) +— ((undefinedness-completion X L1) <[X, red
({None} U Some * Y)| (undefinedness-completion X L2))
proof —

let ?L1 = undefinedness-completion X L1
let ?L2 = undefinedness-completion X L2

have (L1 <[X,strongred Y] L2) = (VN m € LINL2 .V z € X . (out[Ll,mz] =
{} AN out[L2,m,x] = {}) V (out[L1,m,z] # {} A out|L1,mz] C out[L2,m,x]))
(is A = ?B)
proof
show 74 = 7B
unfolding strongred-type- 1] OF assms, symmetric] strong-reduction-def quasi-reduction-def
by (metis outputs-executable)
show 7B — %4
unfolding strongred-type-1[OF assms, symmetric| strong-reduction-def quasi-reduction-def
by (metis assms(1) assms(2) executable-inputs-in-alphabet outputs-executable
subset-empty)
qed
alsohave ... = (Y we€ ?L1N ?L2 .V x € X . (out[L1,non-bottom-projection m,x]
= {} A out[L2,non-bottom-projection w,x] = {}) V (out[L1,non-bottom-projection
ma] # {} N out[L1,non-bottom-projection mx| C out[L2,non-bottom-projection
)
(is 24 = ?B)
proof
have Amz. %A= m € ?L1IN ?L2 = z € X = (out[L1,non-bottom-projection
m,x] = {} A out[L2,non-bottom-projection 7,z] = {}) V (out[L1,non-bottom-projection
ma] # {} N out[L1,non-bottom-projection mx| C out[L2,non-bottom-projection
7))
proof —
fix m z assume YA and 7 € ?LIN ?L2 and z € X

let 2 = non-bottom-projection w

have %1 € L1
and %r € L2
using «m € ?L1 N ?L2» by auto
then show (out[L1,%m,x] = {} A out[L2,%r,z] = {}) V (out[L1,?r,x] # {} A
out[L1,%m,x] C out[L2,?m,x])
using < ?A> «x € X» by blast
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qed
then show 24 — ¢B
by blast

have A7z . B = n € LI N L2 = ¢ € X = (outLlma] = {} A
out[L2,m,x] = {}) V (out[L1,m,x] # {} A out[L1l,m,x] C out[L2,m,x])
proof —
fix m x assume ?Band 7 € LIN L2and z € X

let ?r = map (M(z,y) . (z,Some y)) 7

have %1 € ?L1 and %7 € ?L2
using «m € L1 N L2 undefinedness-completion-inclusion by blast+
then have (out[L1,non-bottom-projection ?m,z] = {} A out[L2,non-bottom-projection
?m,x) = {}) V (out|L1,non-bottom-projection ?m,x] % {} A out[L1,non-bottom-projection
?m,x] C out[L2,non-bottom-projection ?m,x))
using <?B» «x € X» by blast
then show (out[L1,m,z] = {} A out[L2,mx] = {}) V (out[LIl,m,z] # {} A
out[L1,m,z] C out[L2,m,x])
unfolding non-bottom-projection-id .

qed
then show ?B — ?4
by blast
qed
also have ... = (V w# € ?LI N ?2L2 .V z € X . (out[?L1,m,x] = {None} A

out[?L2,m,x] = {None}) V (out[?L1,m,x] # {None} A out|?L1,m,x] C out[?L2,m,x]))
proof —
have A mz . 7€ L1 N ?L2 = 2 € X = (out[L1,non-bottom-projection
m,x] = {} A out[L2,non-bottom-projection w,z] = {}) = (out[?L1,m,z] = {None} A
out[?L2,m,x] = {None})
by (metis IntD1 IntD2 None-notin-image-Some assms(1) assms(2) insertCI un-
definedness-completion-out-projection-empty undefinedness-completion-out-projection-not-empty
undefinedness-completion-out-shortening)
moreover have A 7z .7 € ?L1N ?L2 = z € X = (out[L1,non-bottom-projection
mx] # {} A out[Llnon-bottom-projection m,x] C out[L2,non-bottom-projection
max]) = (out[?L1,m,x] # {None} A out[?L1,m,z] C out[?L2,m,x])
proof —
fix mzassume 7 € ?L1N YL2and z € X
then have 7 € ?L1 and 7 € ?L2 by auto

have (out[L1,non-bottom-projection w,x] # {}) = (out[?L1,m,x] # {None})

by (metis None-notin-image-Some < € undefinedness-completion X L1y <z €
X» assms(1) singletonl undefinedness-completion-out-projection-empty undefined-
ness-completion-out-projection-not-empty undefinedness-completion-out-shortening)

show (out[L1,non-bottom-projection m,x] # {} A out[L1,non-bottom-projection
m,2] C out[L2,non-bottom-projection m,x]) = (out[?L1,m,x] # {None} A out[?L1,m,x)
C out[?L2,m,x])
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proof (cases out[L1,non-bottom-projection m,x] # {})
case Fulse
then show ?thesis using <(out[LI1,non-bottom-projection mx] # {}) =
(out[?L1,m,x] # {None})> by blast
next
case True
have out[undefinedness-completion X L1,m,z] = Some ¢ out[L1,non-bottom-projection
]
using undefinedness-completion-out-projection-not-empty| OF assms(1) «m
€ LD «x € X» True]
unfolding undefinedness-completion-out-shortening| OF assms(1) «m € ?L1
x € Xy, symmetric| .

show ?thesis proof (cases out[L2,non-bottom-projection m,z] = {})
case True
then show ?thesis
by (metis <(out[L1,non-bottom-projection mw,x] # {}) = (out[undefinedness-completion
X L1,m,x] # {None})s «<w € undefinedness-completion X L2 <out[undefinedness-completion
X Lim,z] = Some © out[L1,non-bottom-projection m,x]> «x € X> assms(2) im-
age-is-empty subset-empty subset-singletonD undefinedness-completion-out-projection-empty
undefinedness-completion-out-shortening)
next
case Fulse

have out[undefinedness-completion X L2,m,x] = Some  out| L2,non-bottom-projection
]
using undefinedness-completion-out-projection-not-empty[ OF assms(2)
r € ?L2y <x € X» False]
unfolding undefinedness-completion-out-shortening(OF assms(2) «m €
?L2y «x € X»,symmetric] .

show ?thesis
unfolding <out[undefinedness-completion X L1,m x] = Some ¢ out[L1,non-bottom-projection
T,z
unfolding (out[undefinedness-completion X L2,m,x] = Some * out| L2,non-bottom-projection
T,z
by (metis «(out[L1,non-bottom-projection w,z] # {}) = (out[undefinedness-completion
X L1,m,z] # {None}) <out[undefinedness-completion X L1,m,x] = Some ¢ out[L1,non-bottom-projection
m,x]> subset-image-iff these-image-Some-eq)
qed
qed
qed
ultimately show ¢thesis
by meson
qed
alsohave ... = (V m € ?LIN ?L2 .V z € X . out[?L1,m x| C out[?L2,m,x])
(is A = ?B)
proof
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show ?4A — ?B
by blast
show ?B — 74
by (metis IntD2 None-notin-image-Some assms(2) insert-subset undefined-
ness-completion-out-projection-empty undefinedness-completion-out-projection-not-empty
undefinedness-completion-out-shortening)
qed
also have ... = (2L <[X, red ({None} U Some ‘ Y)| ?L2)
unfolding type-1-conforms.simps red.simps
using outputs-in-alphabet| OF undefinedness-completion-is-language| OF assms(2)]]
by force
finally show ?thesis .
qed

end
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