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Abstract

Hyperdual numbers are ones with a real component and a number of

infinitesimal components, usually written as ag+ai-€1+ag-€x+as-€1€s.
They have been proposed by Fike and Alonso [1] in an approach to
automatic differentiation.

In this entry we formalise hyperdual numbers and their applica-
tion to forward differentiation. We show them to be an instance of
multiple algebraic structures and then, along with facts about twice-
differentiability, we define what we call the hyperdual extensions of
functions on real-normed fields. This extension formally represents
the proposed way that the first and second derivatives of a function
can be automatically calculated. We demonstrate it on the standard

logistic function f(z) = H—% and also reproduce the example ana-
lytic function f(x) = m used for demonstration by Fike
and Alonso.
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1 Hyperdual Numbers

Let 7 be some type. Second-order hyperdual numbers over 7 take the form
a1 + ase1 + aszes + age1e where all a; :: 7, and €1 and &9 are non-zero but
nilpotent infinitesimals: £12 = €92 = (e162)? = 0.

We define second-order hyperdual numbers as a coinductive data type with
four components: the base component, two first-order hyperdual components
and one second-order hyperdual component.

codatatype 'a hyperdual = Hyperdual (Base: 'a) (Epsl: 'a) (Eps2: 'a) (Eps12:
/a)

Two hyperduals are equal iff all their components are equal.

lemma hyperdual-eq-iff [iff]:

x =y <— ((Base © = Base y) N (Epsl © = Epsl y) N\ (Eps2 x = Eps2 y) A
(Eps12 x = Eps12y))

using hyperdual.expand by auto

lemma hyperdual-eql:
assumes Base © = Base y
and Epsl x = Epsl y
and Eps2 x = Eps2 y
and Epsi12 x = Epsi2 y
shows z = y
by (simp add: assms)

The embedding from the component type to hyperduals requires the com-
ponent type to have a zero element.

definition of-comp :: ('a :: zero) = 'a hyperdual
where of-comp a = Hyperdual a 0 0 0

lemma of-comp-simps [simp):
Base (of-comp a) = a
Epst (of-comp a) = 0
Eps2 (of-comp a) = 0
Eps12 (of-comp a) = 0
by (simp-all add: of-comp-def)

1.1 Addition and Subtraction

We define hyperdual addition, subtraction and unary minus pointwise, and
zero by embedding.

instantiation hyperdual :: (plus) plus
begin

primcorec plus-hyperdual
where
Base (z + y) = Base x + Base y



| Epsl (x + y) = Epsl z + Epsl y
| Eps2 (x + y) = Eps2 z + Eps2y
| Eps12 (z + y) = Epsi2 z + Epsi2y

instance by standard

end

instantiation hyperdual :: (zero) zero
begin

definition zero-hyperdual
where 0 = of-comp 0

instance by standard
end

lemma zero-hyperdual-simps [simp]:
Base 0 = 0

Eps1 0 =0
Eps2 0 =0
Epsi2 0 = 0

Hyperdual 0 0 0 0 = 0
by (simp-all add: zero-hyperdual-def)

instantiation hyperdual :: (uminus) uminus
begin

primcorec uminus-hyperdual

where
Base (—x) = — Base x
| Epsl (—x) = — Epsl z
| Eps2 (—x) = — Eps2 x
| Eps12 (—x) = — Epsi2x

instance by standard
end

instantiation hyperdual :: (minus) minus
begin

primcorec minus-hyperdual

where
Base (x — y) = Base x — Base y
| Epsl (x — y) = Epsl x — Epsl y
| Eps2 (x — y) = Eps2x — Eps2y
| Eps12 (x — y) = Eps12x — Eps12y



instance by standard
end

If the components form a commutative group under addition then so do the
hyperduals.

instance hyperdual :: (semigroup-add) semigroup-add
by standard (simp add: add.assoc)

instance hyperdual :: (monoid-add) monoid-add
by standard simp-all

instance hyperdual :: (ab-semigroup-add) ab-semigroup-add
by standard (simp-all add: add.commute)

instance hyperdual :: (comm-monoid-add) comm-monoid-add
by standard simp

instance hyperdual :: (group-add) group-add
by standard simp-all

instance hyperdual :: (ab-group-add) ab-group-add
by standard simp-all

lemma of-comp-add:
fixes a b :: 'a :: monoid-add
shows of-comp (a + b) = of-comp a + of-comp b

by simp
lemma
fixes a b :: 'a :: group-add
shows of-comp-minus: of-comp (— a) = — of-comp a

and of-comp-diff: of-comp (a — b) = of-comp a — of-comp b
by simp-all

1.2 Multiplication and Scaling

Multiplication of hyperduals is defined by distributing the expressions and
using the nilpotence of €1 and &g, resulting in the definition used here. The
hyperdual one is again defined by embedding.

instantiation hyperdual :: ({one, zero}) one

begin

definition one-hyperdual
where I = of-comp 1

instance by standard
end



lemma one-hyperdual-simps [simp]:

Base 1 =1
Epsi 1 =0
Eps21 =10
Epsi2 1 =0

Hyperdual 1 0 0 0 = 1
by (simp-all add: one-hyperdual-def)

instantiation hyperdual :: ({times, plus}) times
begin

primcorec times-hyperdual
where
Base (z * y) = Base = * Base y
| Epsl (x * y) = (Base z x Epsl y) + (Epsl x * Base y)
| Eps2 (z * y) = (Base z * Eps2 y) + (Eps2 x x Base y)
| Eps12 (z x y) = (Base z * Eps12y) + (Epsl x x Eps2 y) + (Eps2 z * Epsl y)
+ (Eps12 x * Base y)

instance by standard
end

If the components form a ring then so do the hyperduals.

instance hyperdual :: (semiring) semiring
by standard (simp-all add: mult.assoc distrib-left distrib-right add.assoc add.left-commute)

instance hyperdual :: ({monoid-add, mult-zero}) mult-zero
by standard simp-all

instance hyperdual :: (ring) ring
by standard

instance hyperdual :: (comm-ring) comm-ring
by standard (simp-all add: mult.commute distrib-left)

instance hyperdual :: (ring-1) ring-1
by standard simp-all

instance hyperdual :: (comm-ring-1) comm-ring-1
by standard simp

lemma of-comp-times:
fixes a b :: 'a :: semiring-0
shows of-comp (a * b) = of-comp a x of-comp b
by (simp add: of-comp-def times-hyperdual.code)

Hyperdual scaling is multiplying each component by a factor from the com-



ponent type.

primcorec scaleH :: ('a :: times) = 'a hyperdual = 'a hyperdual (infixr <tp>

75)
where
Base (f *g ) = f * Base
| Epsl (f xg x) = f % Epsl x
| Eps2 (f xg ) = f * Eps2 x
| Eps12 (f g x) = f x Epsi2x

lemma scaleH-times:
fixes f :: 'a :: {monoid-add, mult-zero}
shows f xg x = of-comp f * x
by simp

lemma scaleH-add:
fixes a :: ‘a :: semiring
shows (a + o) *g b=a*g b+ a' xyg b
and a xg (b+ b)) =a*g b+ ax*xg b’

by (simp-all add: distrib-left distrib-right)

lemma scaleH-diff:
fixes a :: ‘a :: ring
shows (a — a') xg b=a*xg b — a’*xg b
and a xg (b—b")=a*xg b — ax*xg b’
by (auto simp add: left-diff-distrib right-diff-distrib scaleH-times of-comp-diff)

lemma scale H-mult:
fixes a :: ‘a :: semigroup-mult
shows (a x a’) xg b= a *xg a’ xg b

by (simp add: mult.assoc)

lemma scaleH-one [simp]:
fixes b :: ('a :: monoid-mult) hyperdual
shows 1 xg b=1»
by simp

lemma scaleH-zero [simp]:
fixes b :: ('a :: {mult-zero, times}) hyperdual
shows 0 xg b= 0

by simp
lemma
fixes b :: ('a :: ring-1) hyperdual
shows scaleH-minus [simp]:— 1 g b= — b
and scaleH-minus-left: — (a xg b) = — a *g b
and scaleH-minus-right: — (a *xg b) = a g — b
by simp-all

Induction rule for natural numbers that takes 0 and 1 as base cases.



lemma nat-induct01Suc[case-names 0 1 Suc]:
assumes P 0
and P 1
and An. n > 0 = P n = P (Sucn)
shows P n
by (metis One-nat-def assms nat-induct neq0-conv)

lemma hyperdual-power:
fixes z :: (‘a :: comm-ring-1) hyperdual
shows = ~ n = Hyperdual ((Base ) ~ n)
(Epsl x x of-nat n * (Base z) ~ (
(Eps2 x x of-nat n * (Base z) ~ (
(Eps12 x = of-nat n * (Base x)
x x of-nat n * of-nat (n — 1) *x (Base z) ~(n — 2))
proof (induction n rule: nat-induct01Suc)
case (
show Zcase
by simp
next
case I
show Zcase
by simp
next
case hyp: (Suc n)
show ?case
proof (simp add: hyp, intro conjl)
show Base x * (Epsl z * of-nat n * Base © ~ (n — Suc 0)) + Epsl x x Base
x " n=Epsl x % (1 + of-nat n) * Base x " n
and Base x * (Eps2 x x of-nat n x Base x ~ (n — Suc 0)) + Eps2 x * Base z
“n = Eps2zxx (1 + of-nat n) x Base x " n
by (simp-all add: distrib-left distrib-right power-eq-if)
show
2 x (Epsl z * (Eps2 z * (of-nat n x Base x ~ (n — Suc 0)))) +
Base © x (Eps12 x * of-nat n * Base x ~ (n — Suc 0) + Epsl z x Eps2 x x
of-nat n x of-nat (n — Suc 0) * Base z ~ (n — 2)) +
Eps12 x x Base x ~n =
Eps12 z * (1 + of-nat n) * Base x ~n + Epsl x x Eps2 x x (1 + of-nat n)
* of-nat n * Base x ~ (n — Suc 0)
proof —
have
2 x (Epsl z * (Eps2 x * (of-nat n x Base xz ~ (n — Suc 0)))) +
Base x x (Eps12 © % of-nat n * Base x ~ (n — Suc 0) + Epsl © * Eps2 x *
of-nat n * of-nat (n — Suc 0) * Base x ~ (n — 2)) +
Eps12 x « Basez "~ n =
2 x Epsl x x Eps2 x x of-nat n * Base x ~ (n — Suc 0) +
Eps12 © x of-nat (n + 1) * Base x ~ n + Epsl x *x Eps2 x % of-nat n *
of-nat (n — Suc 0) * Base x ~ (n — Suc 0)
by (simp add: field-simps power-eq-if le-Suc-eq)
also have ... = Fpsi12 x * of-nat (n + 1) * Base x ~n + of-nat (n — 1 +

) + Epsl x * Eps2



2) x Epsl x© x Eps2 x % of-nat n * Base x ~ (n — Suc 0)
by (simp add: distrib-left mult.commute)
finally show ?thesis
by (simp add: hyp.hyps)
qed
qed
qed

lemma hyperdual-power-simps [simpl:

shows Base ((z :: 'a :: comm-ring-1 hyperdual) ) = Basex " n

“n
and Eps! ((z :: 'a :: comm-ring-1 hyperdual) ~n) = Epsl x x of-nat n * (Base

z) " (n—1)
and Eps2 ((x :: 'a :: comm-ring-1 hyperdual) ~n) = Eps2 z * of-nat n * (Base
z) T (n—1)

and Eps12 ((z :: 'a :: comm-ring-1 hyperdual) ~n) =
(Eps12 z * of-nat n * (Base ) ~(n — 1) + Epsl z * Eps2 x x of-nat n * of-nat
(n — 1) * (Base x) ~(n — 2))
by (simp-all add: hyperdual-power)

Squaring the hyperdual one behaves as expected from the reals.

lemma hyperdual-square-eq-1-iff [iff):
fixes z :: (‘a :: {real-div-algebra, comm-ring}) hyperdual
shows s xrz=1¢+—>2z=1Vor=—1

proof
assume a: T * £ = 1

have base: Base x x Base v = 1
using a by simp
moreover have el: Epsl © = 0
proof —
have Base z x Epsl © = — (Base © x Epsl x)
using mult.commute|of Base z] add-eq-0-iff [of Base z * Epsl x| times-hyperdual.simps(2)[of
x ]
by (simp add: a)
then have Base © x Base v * Epsl x = — Base x * Base © * Epsl ©
using mult-left-cancel]of Base x] base by fastforce
then show ?thesis
using base mult-right-cancel[of Epsl x Base x * Base x — Base © * Base
one-neq-neg-one

by auto
qed
moreover have e2: Eps2 z = 0
proof —
have Base © * Eps2 & = — (Base © * Eps2 x)

using a mult.commute[of Base x Eps2 x| add-eq-0-iff[of Base x x Eps2 ]
times-hyperdual.simps(3)[of z ]
by simp
then have Base © * Base ¢ *+ Eps2 x = — Base x * Base © * Eps2 ¢
using mult-left-cancel|of Base x| base by fastforce



then show ?thesis
using base mult-right-cancel|of Eps2 x Base © x Base x — Base x * Base 1]
one-neq-neg-one
by auto
qed
moreover have Epsi2 z = 0
proof —
have Base © * Eps12 © = — (Base © * Eps12 x)
using a el e2 mult.commute|of Base x Eps12 x| add-eq-0-iff [of Base z x Eps12
x| times-hyperdual.simps(4)[of x ]
by simp
then have Base z * Base x x Eps12 © = — Base v * Base x *x Epsi2 x
using mult-left-cancel]of Base x| base by fastforce
then show ?thesis
using base mult-right-cancel|of Eps12 x Base x * Base x — Base = * Base x]
one-neq-neg-one

by auto
qed
ultimately show z =1 Vz = — I
using square-eq-1-iff [of Base z] by simp
next
assume r = 1 Vz =— 1

then show z x ¢ = 1
by (simp, safe, simp-all)
qed

1.2.1 Properties of Zero Divisors

Unlike the reals, hyperdual numbers may have non-trivial divisors of zero
as we show below.

First, if the components have no non-trivial zero divisors then that behaviour
is preserved on the base component.

lemma divisors-base-zero:
fixes a b :: (‘a :: ring-no-zero-divisors) hyperdual
assumes Base (a * b) = 0
shows Base a = 0 V Base b = 0
using assms by auto
lemma hyp-base-mult-eq-0-iff [iff]:
fixes a b :: (‘a :: ring-no-zero-divisors) hyperdual
shows Base (a * b) = 0 <— Base a = 0 V Base b = 0
by simp

However, the conditions are relaxed on the full hyperdual numbers. This is
due to some terms vanishing in the multiplication and thus not constraining
the result.

lemma divisors-hyperdual-zero [iff]:
fixes a b :: (‘a :: ring-no-zero-divisors) hyperdual

10



shows a x b =0++— (a=0V b=0V (Base a = 0 N Base b =0 AN Epsl a
x Eps2 b = — Eps2 a x Epsl b))
proof
assume mult: a x b = 0
then have split: Base a = 0 V Base b = 0
by simp
show a =0V b= 0V Basea = 0 A Base b= 0 A Epsl a x Eps2 b = — Eps2
a x Epsl b
proof (cases Base a = 0)
case a1 True
then show ?thesis
proof (cases Base b = 0)
— Base a = 0 N\ Base b = 0
case bT: True
then have Epsi2 (a * b) = Epsl a x Eps2 b + Eps2 a x Epsl b
by (simp add: aT)
then show ?thesis
by (simp add: aT bT mult eq-neg-iff-add-eq-0)
next
— Base a = 0 N\ Base b # 0
case bF: Fulse
then have ef: Epsi a = 0
proof —
have FEps! (a * b) = Epsl a * Base b
by (simp add: aT)
then show ?thesis
by (simp add: bF mult)
qed
moreover have e2: Eps2 a = 0
proof —
have Eps2 (a x b) = Eps2 a * Base b
by (simp add: aT)
then show ?thesis
by (simp add: bF mult)
qed
moreover have Epsi2 a = 0
proof —
have Eps12 (a * b) = Epsl a x Eps2 b + Eps2 a x Epsl b
by (simp add: el e2 mult)
then show ?thesis
by (simp add: oT bF')
qed
ultimately show ?Zthesis
by (simp add: aT)
qed
next
case aF': False
then show ?thesis
proof (cases Base b = 0)

11



— Base a # 0 N\ Base b = 0
case bT: True
then have el: Epsi b= 0
proof —
have Eps! (a x b) = Base a * Epsl b
by (simp add: bT)
then show ?thesis
by (simp add: oF mult)
qed
moreover have e2: Eps2 b = 0
proof —
have Eps2 (a x b) = Base a * Eps2 b
by (simp add: bT)
then show ?thesis
by (simp add: oF mult)
qed
moreover have Epsi2 b = 0
proof —
have Eps12 (a x b) = Epsl a *x Eps2 b + Eps2 a x Epsl b
by (simp add: el e2 mult)
then show ?thesis
by (simp add: bT oF)
qed
ultimately show ?thesis
by (simp add: bT)
next
— Base a # 0 N Base b # 0
case bF: Fulse
then have Fulse
using split aF by blast
then show ?thesis
by simp
qed
qed
next
show a =0V b= 0V Basea =0 N Base b =0 A Epsl a x Eps2 b= — Eps2
ax Epsl b— a*xb=10
by (simp, auto)
qed

1.2.2 Multiplication Cancellation

Similarly to zero divisors, multiplication cancellation rules for hyperduals
are not exactly the same as those for reals.

First, cancelling a common factor has a relaxed condition compared to reals.
It only requires the common factor to have base component zero, instead of
requiring the whole number to be zero.

lemma hyp-mult-left-cancel [iff]:

12



fixes a b ¢ :: ("a :: ring-no-zero-divisors) hyperdual
assumes baseC: Base ¢ # 0
shows cxa=cxb<+—>a=20>
proof
assume mult: ¢ *x a = c * b
show a = b
proof (simp, safe)
show base: Base a = Base b
using mult mult-cancel-left baseC by simp-all
show Eps! a = Epsl b
and Eps2 a = Eps2b
using mult base mult-cancel-left baseC by simp-all
then show Epsi2 a = Epsi2 b
using mult base mult-cancel-left baseC by simp-all
qed
next
showa=b=—= cxa=cxb
by simp
qed

lemma hyp-mult-right-cancel [iff]:
fixes a b ¢ :: ("a :: ring-no-zero-divisors) hyperdual
assumes baseC: Base ¢ # 0
shows a xc=bxc<+—>a=20>
proof
assume mult: a x ¢ = b x ¢
show a = b
proof (simp, safe)
show base: Base a = Base b
using mult mult-cancel-left baseC' by simp-all
show FEpsl a = FEpsl b
and Eps2 a = Eps2b
using mult base mult-cancel-left baseC by simp-all
then show Epsi2 a = Epsi2 b
using mult base mult-cancel-left baseC by simp-all
qed
next
show a = b= axc=0bx*c
by simp
qed

Next, when a factor absorbs another there are again relaxed conditions com-
pared to reals. For reals, either the absorbing factor is zero or the absorbed
is the unit. However, with hyperduals there are more possibilities again due

to terms vanishing during the multiplication.

lemma hyp-mult-cancel-right1 [iff]:
fixes a b :: (‘a :: ring-1-no-zero-divisors) hyperdual

shows a =bxa<—a=0Vb=1V (Basea= 0 A Base b= 1 N Epsl b *

Eps2 a = — Eps2 b x Epsl a)

13



proof
assume mult: a = b x a
showa =0V b=1V (Basea= 0 N Baseb=1 A Epsl b *x Eps2 a = — Eps2
b Epsl a)
proof (cases Base a = 0)
case aT: True
then show %thesis
proof (cases Base b = 1)
— Base a = 0 N\ Base b = 1
case bT: True
then show ?thesis
using aT mult add-cancel-right-right add-eq-0-iff[of Epsl b x Eps2 a]
times-hyperdual.simps(4)[of b a
by simp
next
— Base a = 0 N\ Base b # 1
case bF': Fulse
then show ?thesis
using aT mult by (simp, auto)
qed
next
case afF: Fulse
then show ?thesis
proof (cases Base b = 1)
— Base a # 0 N\ Base b =1
case bT: True
then show ?thesis
using oF mult by (simp, auto)
next
— Base a # 0 N Base b # 1
case bF': False
then show ?thesis
using aF mult by simp
qed
qed
next
have a = 0 = a = b %
andb=1=a=0bxa

s

by simp-all
moreover have Base a = 0 N Base b = 1 N Epsl b x Eps2 a = — Eps2 b x
Epsia=— a=0bxa
by simp
ultimately show a = 0V b= 1V (Base a = 0 A Base b =1 A Epsl b x Eps2
a=— Eps2bx* Epsl a)=— a=bxa
by blast
qed

lemma hyp-mult-cancel-right2 [iff]:
fixes a b :: (‘a :: ring-1-no-zero-divisors) hyperdual
shows bxa=a+—a=0Vb=1V (Basea= 0 N Base b =1 N Epsl b %

14



Eps2 a = — Eps2 b x Epsl a)
using hyp-mult-cancel-right] by smt

lemma hyp-mult-cancel-leftl [iff]:
fixes a b :: (‘a :: ring-1-no-zero-divisors) hyperdual
shows a =axb<+—a=0Vb=1V (Basea= 0 A Baseb=1 A Epsl a *
Eps2 b = — Eps2 a x Epsl b)
proof
assume mult: a = a * b
showa=0V b=1V (Basea= 0 N Base b= 1 A Epsl a x Eps2 b= — Eps2
a * Epsl b)
proof (cases Base a = 0)
case aT: True
then show ?thesis
proof (cases Base b = 1)
— Base a = 0 N\ Base b =1
case bT: True
then show ?thesis
using aT mult add-cancel-right-right add-eq-0-iff [of Epsl a x Eps2 b]
times-hyperdual.simps(4 )[of a b]
by simp
next
— Base a = 0 N\ Base b # 1
case bF: Fulse
then show ?thesis
using aT mult by (simp, auto)
qed
next
case aF': False
then show ?thesis
proof (cases Base b = 1)
— Base a # 0 N\ Base b =1
case bT: True
then show ?thesis
using oF mult by (simp, auto)
next
— Base a # 0 N\ Base b # 1
case bF: Fulse
then show ?thesis
using aF mult by simp
qed
qed
next
have a = 0 = a=ax b
andb=1=—a=axb
by simp-all
moreover have Base a = 0 AN Base b =1 N Epsl a x Eps2 b = — Eps2 a *
Epsib— a=axb
by simp

15



ultimately show a = 0 Vb =1V (Base a = 0 A Base b = 1 A Epsl a x Eps2

b= — Eps2ax Epsl b)) —= a=axb
by blast

qed
lemma hyp-mult-cancel-left2 [iff]:

fixes a b :: (‘a :: ring-1-no-zero-divisors) hyperdual

showsaxb=a+—a=0Vb=1V (Basea= 0 A Base b= 1 A Epsl a *
Eps2 b = — Eps2 a x Epsl b)

using hyp-mult-cancel-left1 by smt

1.3 Multiplicative Inverse and Division

If the components form a ring with a multiplicative inverse then so do the
hyperduals. The hyperdual inverse of a is defined as the solution to a * x
= 1. Hyperdual division is then multiplication by divisor’s inverse.

Fach component of the inverse has as denominator a power of the base
component. Therefore this inverse is only well defined for hyperdual numbers
with non-zero base components.

instantiation hyperdual :: ({inverse, ring-1}) inverse
begin

primcorec inverse-hyperdual

where

Base (inverse a) = 1 / Base a
| Epsl (inverse a) = — Epsl a / (Base a) 2
| Eps2 (inverse a) = — Eps2 a / (Base a)”2

| Eps12 (inverse a) = 2 * (Epsl a * Eps2 a / (Base a)"3) — Eps12 a / (Base
a)”2

primcorec divide-hyperdual
where
Base (divide a b) = Base a / Base b
| Epsl (divide a b) = (Epsl a * Base b — Base a % Eps1 b) / ((Base b)"2)
| Eps2 (divide a b) = (Eps2 a x Base b — Base a * Eps2 b) / ((Base b)"2)
| Eps12 (divide a b) = (2 x Base a x Epsl b x Eps2 b —
Base a * Base b x Eps12 b —
Eps1 a * Base b x Eps2 b —
Eps2 a * Base b * Epsl b +
Eps12 a = ((Base b)72)) / ((Base b)"3)
instance
by standard
end

Because hyperduals have non-trivial zero divisors, they do not form a di-
vision ring and so we can’t use the division-ring type class to establish
properties of hyperdual division. However, if the components form a divi-
sion ring as well as a commutative ring, we can prove some similar facts
about hyperdual division inspired by division-ring.
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Inverse is multiplicative inverse from both sides.

lemma
fixes a :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base a # 0
shows hyp-left-inverse [simp]: inverse a x a = 1
and hyp-right-inverse [simp]: a * inverse a = 1
by (simp-all add: assms power2-eq-square power3-eq-cube field-simps)

Division is multiplication by inverse.

lemma hyp-divide-inverse:
fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows a / b = a * inverse b
by (cases Base b = 0 ; simp add: field-simps power2-eq-square power3-eq-cube)

Hyperdual inverse is zero when not well defined.

lemma zero-base-zero-inverse:
fixes a :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base a = 0
shows inverse a = 0
by (simp add: assms)

lemma zero-inverse-zero-base:
fixes a :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes inverse a = ()
shows Base a = 0
using assms right-inverse hyp-left-inverse by force

lemma hyp-inverse-zero:
fixes a :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows (inverse a = 0) = (Base a = 0)
using zero-base-zero-inverse|of a] zero-inverse-zero-base[of a] by blast

Inverse preserves invertibility.

lemma hyp-invertible-inverse:
fixes a :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows (Base a = 0) = (Base (inverse a) = 0)
by (safe, simp-all add: divide-inverse)

Inverse is the only number that satisfies the defining equation.

lemma hyp-inverse-unique:

fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual

assumes a * b = 1

shows b = inverse a
proof —

have Base a # 0

using assms one-hyperdual-def of-comp-simps zero-neq-one hyp-base-mult-eq-0-iff
by smt

then show ?thesis
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by (metis assms hyp-right-inverse mult.left-commute mult.right-neutral)
qed

Multiplicative inverse commutes with additive inverse.

lemma hyp-minus-inverse-comm:
fixes a :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows inverse (— a) = — inverse a
proof (cases Base a = 0)
case True
then show ?thesis
by (simp add: zero-base-zero-inverse)
next
case Fulse
then show ?thesis
by (simp, simp add: nonzero-minus-divide-right)
qed

Inverse is an involution (only) where well defined. Counter-example for non-
invertible is Hyperdual 0 0 0 0 with inverse Hyperdual 0 0 0 0 which then
inverts to Hyperdual 0 0 0 0.

lemma hyp-inverse-involution:
fixes a :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base a # 0
shows inverse (inverse a) = a
by (metis assms hyp-inverse-unique hyp-right-inverse mult.commute)

lemma inverse-inverse-neq-Ez:
Ja:: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual . inverse (inverse a)
#a
proof —
have Ja :: ‘a hyperdual . Base a = 0 A a # 0
by (metis (full-types) hyperdual.sel(1) hyperdual.sel(4) zero-neq-one)
moreover have Aa :: ‘a hyperdual . (Base a = 0 A a # 0) = (inverse (inverse
0) # a)
using hyp-inverse-zero hyp-invertible-inverse by smt
ultimately show ?thesis
by blast
qed

Inverses of equal invertible numbers are equal. This includes the other di-
rection by inverse preserving invertibility and being an involution.

From a different point of view, inverse is injective on invertible numbers.
The other direction for is again by inverse preserving invertibility and being
an involution.
lemma hyp-inverse-injection:
fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base a # 0
and Base b # 0
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shows (inverse a = inverse b) = (a = b)
by (metis assms hyp-inverse-involution)

One is its own inverse.

lemma hyp-inverse-1 [simpl:
inverse (1 :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual) = 1
using hyp-inverse-unique mult.left-neutral by metis

Inverse distributes over multiplication (even when not well defined).

lemma hyp-inverse-mult-distrib:
fixes a b :: (a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows inverse (a x b) = inverse b * inverse a
proof (cases Base a = 0 V Base b = 0)
case True
then show ?thesis
by (metis hyp-base-mult-eq-0-iff mult-zero-left mult-zero-right zero-base-zero-inverse)
next
case Fulse
then have a x (b * inverse b) * inverse a = 1
by simp
then have a * b x (inverse b x inverse a) = 1
by (simp only: mult.assoc)
thus ?thesis
using hyp-inverse-unique[of a * b (inverse b * inverse a)] by simp
qed

We derive expressions for addition and subtraction of inverses.

lemma hyp-inverse-add:
fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base a # 0
and Base b # 0
shows inverse a + inverse b = inverse a * (a + b) * inverse b
by (simp add: assms distrib-left mult.commute semiring-normalization-rules(18)
add.commute)

lemma hyp-inverse-diff:
fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes a: Base a # 0
and b: Base b # 0
shows inverse a — inverse b = inverse a * (b — a) * inverse b
proof —
have z: inverse a — inverse b = inverse b x (inverse a x b — 1)
by (simp add: b mult.left-commute right-diff-distrib’)
show ?thesis
by (simp add: x a mult.commute right-diff-distrib’)
qed

Division is one only when dividing by self.

lemma hyp-divide-self:
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fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base b # 0
showsa /b=1+—a=1b
by (metis assms hyp-divide-inverse hyp-inverse-unique hyp-right-inverse mult.commute)

Taking inverse is the same as division of one, even when not invertible.

lemma hyp-inverse-divide-1 [divide-simps]:
fixes a :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows inversea =1 / a
by (simp add: hyp-divide-inverse)

Division distributes over addition and subtraction.

lemma hyp-add-divide-distrib:
fixes a b ¢ :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows (a + b) / ¢ = a/c + b/c
by (simp add: distrib-right hyp-divide-inverse)

lemma hyp-diff-divide-distrib:
fixes a b ¢ :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows (a —b) /c=a/c—b/ ¢
by (simp add: left-diff-distrib hyp-divide-inverse)

Multiplication associates with division.

lemma hyp-times-divide-assoc [simp]:
fixes a b ¢ :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows a x (b /c)=(axb)/c
by (simp add: hyp-divide-inverse mult.assoc)

Additive inverse commutes with division, because it is multiplication by
inverse.
lemma hyp-divide-minus-left [simp):

fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual

shows (—a) /b=—(a / b)

by (simp add: hyp-divide-inverse)

lemma hyp-divide-minus-right [simp]:
fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows a / (=b) = — (a / b)
by (simp add: hyp-divide-inverse hyp-minus-inverse-comm)
Additive inverses on both sides of division cancel out.

lemma hyp-minus-divide-minus:
fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows (—a) / (=b)=a /b
by simp
We can multiply both sides of equations by an invertible denominator.

lemma hyp-denominator-eliminate [divide-simps):
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fixes a b ¢ :: ("a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base ¢ # 0
showsa=b/c+—axc=0
by (metis assms hyp-divide-self hyp-times-divide-assoc mult.commute mult.right-neutral)

We can move addition and subtraction to a common denominator in the
following ways:

lemma hyp-add-divide-eq-iff:
fixes z y z :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base z # 0
showsz+y/z=(xx2z+y) /2
by (metis assms hyp-add-divide-distrib hyp-denominator-eliminate)

Result of division by non-invertible number is not invertible.

lemma hyp-divide-base-zero [simp):
fixes a b :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
assumes Base b = 0
shows Base (a / b) = 0
by (simp add: assms)

Division of self is 1 when invertible, 0 otherwise.

lemma hyp-divide-self-if [simp]:
fixes a :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows a / a = (if Base a = 0 then 0 else 1)
by (metis hyp-divide-inverse zero-base-zero-inverse hyp-divide-self mult-zero-right)

Repeated division is division by product of the denominators.

lemma hyp-denominators-merge:
fixes a b ¢ :: ("a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows (a / b) / c=a / (c*b)
using hyp-inverse-mult-distrib[of ¢ b]
by (simp add: hyp-divide-inverse mult.assoc)

Finally, we derive general simplifications for division with addition and sub-
traction.
lemma hyp-add-divide-eq-if-simps |divide-simps]:
fixes a b z :: (‘a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows a + b / z = (if Base z = 0 then a else (a * z + b) / 2)

and a / z + b = (if Base z = 0 then b else (a + b * 2) / 2)
and — (a / 2z) + b= (if Base z = 0 then b else (—a + b % 2) / 2)
and a — b / z = (if Base z = 0 then a else (a x z — b) / 2)

and a / z — b = (if Base z = 0 then —b else (a — b * 2) / z)
and — (a / 2) — b = (if Base z = 0 then —b else (— a — b x 2) / 2)
by (simp-all add: algebra-simps hyp-add-divide-eq-iff hyp-divide-inverse zero-base-zero-inverse)

lemma hyp-divide-eq-eq [divide-simps]:

fixes a b ¢ :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows b / ¢ = a +— (if Base ¢ # 0 then b = a * c else a = 0)
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by (metis hyp-divide-inverse hyp-denominator-eliminate mult-not-zero zero-base-zero-inverse)

lemma hyp-eq-divide-eq [divide-simps]:
fixes a b ¢ :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows a = b / ¢ +— (if Base ¢ # 0 then a x ¢ = b else a = 0)
by (metis hyp-divide-eq-eq)

lemma hyp-minus-divide-eq-eq [divide-simps]:
fixes a b ¢ :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows — (b / ¢) = a +— (if Base ¢ # 0 then — b = a % c else a = 0)
by (metis hyp-divide-minus-left hyp-eq-divide-eq)

lemma hyp-eq-minus-divide-eq [divide-simps]:
fixes a b ¢ :: ('a :: {inverse, comm-ring-1, division-ring}) hyperdual
shows a = — (b / ¢) +— (if Base ¢ # 0 then a x ¢ = — b else a = 0)
by (metis hyp-minus-divide-eq-eq)

1.4 Real Scaling, Real Vector and Real Algebra

If the components can be scaled by real numbers then so can the hyperduals.
We define the scaling pointwise.

instantiation hyperdual :: (scaleR) scaleR

begin

primcorec scaleR-hyperdual
where

Base (f xg ©) = f *g Base
| Epst (f xg ) = f *p Epsl x
| Eps2 (f xg ) = f *p Eps2 x
| Eps12 (f xg z) = f *xg Epsi2x
instance
by standard
end

If the components form a real vector space then so do the hyperduals.
instance hyperdual :: (real-vector) real-vector

by standard (simp-all add: algebra-simps)
If the components form a real algebra then so do the hyperduals
instance hyperdual :: (real-algebra-1) real-algebra-1

by standard (simp-all add: algebra-simps)
If the components are reals then of-real matches our embedding of-comp,
and (*gr) matches our scalar product (x).

lemma of-real = of-comp
by (standard, simp add: of-real-def)
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lemma scaleR-eg-scale:
(¥r) = (*m)
by (standard, standard, simp)

Hyperdual scalar product (xp) is compatible with (xg).

lemma scaleH-scaleR:
fixes a :: ‘a :: real-algebra-1
and b :: 'a hyperdual
shows (f xgp a) xgy b=f g axg b
and a xg f*gp b= f *g axg b
by simp-all

1.5 Real Inner Product and Real-Normed Vector Space

We now take a closer look at hyperduals as a real vector space.

If the components form a real inner product space then we can define one
on the hyperduals as the sum of componentwise inner products. The norm
is then defined as the square root of that inner product. We define signum,
distance, uniformity and openness similarly as they are defined for complex
numbers.

instantiation hyperdual :: (real-inner) real-inner
begin

definition inner-hyperdual :: 'a hyperdual = 'a hyperdual = real
where = - y = Base x© - Base y + Epsl x - Epsl y + Eps2 x - Eps2 y + Epsi2
xz - Epsi2y

definition norm-hyperdual :: 'a hyperdual = real
where norm-hyperdual © = sqrt (z - x)

definition sgn-hyperdual :: 'a hyperdual = 'a hyperdual
where sgn-hyperdual © = z /g norm x

definition dist-hyperdual :: 'a hyperdual = 'a hyperdual = real
where dist-hyperdual a b = norm(a — b)

definition uniformity-hyperdual :: ('a hyperdual x 'a hyperdual) filter
where uniformity-hyperdual = (INF ee{0 <..}. principal {(z, y). dist z y < e})

definition open-hyperdual :: ('a hyperdual) set = bool
where open-hyperdual U +— (Vz€U. eventually (A (z', y). ' =z — y € U)
uniformity)

instance

proof
fix ¢y 2z 2 ‘a hyperdual
fix U :: ("a hyperdual) set
fix r :: real
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show dist ¢ y = norm (z — y)
by (simp add: dist-hyperdual-def)
show sgn x = z /g norm x
by (simp add: sgn-hyperdual-def)
show uniformity = (INF ec{0<..}. principal {(x :: 'a hyperdual, y). dist x y <
e})
using uniformity-hyperdual-def by blast
show open U = (VzeU. VYV (z/, y) in uniformity. x' = 2 — y € U)
using open-hyperdual-def by blast
show z-y=y-2x
by (simp add: inner-hyperdual-def inner-commute)
show (z +y)-2z=z-2+4+y:- 2
and r*xgz-y=71x*(z-7y)
and 0 <z -z
and norm x = sqrt (z - z)
by (simp-all add: inner-hyperdual-def norm-hyperdual-def algebra-simps)
show (z - z=0) = (z = 0)
proof
assume z - ¢ = 0
then have Base x - Base x + Epsl x - Epsl x + Eps2 x - Eps2 © + Epsi2 x
- Epsi2x =0
by (simp add: inner-hyperdual-def)
then have Base x = 0 N Epsi x = 0 N Eps2x = 0 A Epsi2x =0
using inner-gt-zero-iff inner-ge-zero add-nonneg-nonneg
by smit
then show z = 0
by simp
next
assume z = (
then show z - z = 0
by (simp add: inner-hyperdual-def)
qed
qed
end

We then show that with this norm hyperduals with components that form a
real normed algebra do not themselves form a normed algebra, by counter-
example to the assumption that class adds.

lemma not-normed-algebra:
shows —~(Vz y :: (‘a :: {real-normed-algebra-1, real-inner}) hyperdual . norm (z
x y) < norm x * norm y)
proof —
have norm (Hyperdual (1 :: 'a) 111) =2
by (simp add: norm-hyperdual-def inner-hyperdual-def dot-square-norm)
moreover have (Hyperdual (1 :: 'a) 1 1 1) % (Hyperdual 1 1 1 1) = Hyperdual
122/
by (simp add: hyperdual.expand)
moreover have norm (Hyperdual (1 :: 'a) 2 2 4) > 4
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by (simp add: norm-hyperdual-def inner-hyperdual-def dot-square-norm)
ultimately have 3z y :: ‘a hyperdual . norm (z x y) > norm z * norm y
by (smt power2-eq-square real-sqrt-four real-sqrt-pow?2)
then show ?thesis
by (simp add: not-le)
qed

1.6 Euclidean Space

Next we define a basis for the space, consisting of four elements one for each
component with 1 in the relevant component and 0 elsewhere.

definition ba :: (‘a :: zero-neg-one) hyperdual
where ba = Hyperdual 1 0 0 0

definition ef :: (‘a :: zero-neg-one) hyperdual
where el = Hyperdual 0 1 0 0

definition e2 :: (‘a :: zero-negq-one) hyperdual
where e2 = Hyperdual 0 0 1 0

definition e12 :: (‘e :: zero-neg-one) hyperdual
where €12 = Hyperdual 0 0 0 1

lemmas hyperdual-bases = ba-def el-def e2-def el2-def

Using the constructor Hyperdual is equivalent to using the linear combina-
tion with coefficients the relevant arguments.

lemma Hyperdual-eq:
fixes a bcd: 'a: ring-1
shows Hyperdual a b ¢ d = a xg ba + b xg el + ¢ xg e2 + d xg el2
by (simp add: hyperdual-bases)

Projecting from the combination returns the relevant coefficient:

lemma hyperdual-comb-sel [simp]:
fixes a b cd:: 'a:: ring-1
shows Base (a xg ba + b xg el + ¢ xg €2 + d xg el2) = a
and Eps! (a *g ba + b *xg el + ¢ xyg e2 + d xg el2) = b
and Eps2 (a *g ba + b+ el + c xy e2 + d xg el2) = ¢
and Eps12 (a g ba + b xg el + cxg e2 + d xg el2) = d
using Hyperdual-eq hyperdual.sel by metis+

Any hyperdual number is a linear combination of these four basis elements.

lemma hyperdual-linear-comb:
fixes z :: (‘a :: ring-1) hyperdual
obtains a b ¢ d :: 'a where z = a xg ba + b xg el + c xg e2 + d *g el2
using hyperdual.exhaust Hyperdual-eq by metis

The linear combination expressing any hyperdual number has as coefficients
the projections of that number onto the relevant basis element.

lemma hyperdual-eq:
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fixes z :: (‘a :: ring-1) hyperdual
shows © = Base © xg ba + FEpsl x xg el + Eps2 x xyg e2 + FEpsl2 x xyg el2
using Hyperdual-eq hyperdual.collapse by smt

Equality of hyperduals as linear combinations is equality of corresponding
components.

lemma hyperdual-eg-parts-cancel [simp]:
fixes a bcd: 'a:: ring-1
shows (a g ba + b xg el + ¢ xg e2 + d xg el2 = o’ xg ba + b g el +
¢ kg e2 + d xpy el2) =
(a=a' ANb=bANc=c Nd=d)
by (smt Hyperdual-eq hyperdual.inject)

lemma scaleH-cancel [simp]:
fixes a b :: ‘a :: ring-1

shows (a xg ba = b xg ba) = (a = b)
and (a xy el = bx*xyg el) = (a=0)
and (a xg e2 = bxg e2) = (a=10)

and (a xg el2 = b xy el2) = (a = b)
by (auto simp add: hyperdual-bases)+

We can now also show that the multiplication we use indeed has the hyper-
dual units nilpotent.

lemma epsilon-squares [simp]:
(el :: (Ya :: ring-1) hyperdual) x el = 0
(e2 :: (Ya :: ring-1) hyperdual) x e2 = 0
(e12 :: ('a :: ring-1) hyperdual) x e12 = 0
by (simp-all add: hyperdual-bases)

However none of the hyperdual units is zero.

lemma hyperdual-bases-nonzero [simp):
ba # 0
el #0
e2 £ 0
el2 # 0
by (simp-all add: hyperdual-bases)

Hyperdual units are orthogonal.

lemma hyperdual-bases-ortho [simpl:

(ba :: (Ya :: {real-inner,zero-neg-one}) hyperdual) - el = 0
(ba :: ("a :: {real-inner zero-neg-one}) hyperdual) - e2 = 0
(ba :: ("a :: {real-inner,zero-neg-one}) hyperdual) + e12 = 0
(el == (‘a :: {real-inner,zero-neq-one}) hyperdual) - e2 = 0
(el == (Ya :: {real-inner,zero-neq-one}) hyperdual) - el2 =

(e2 :: ('a = {real-inner,zero-neq-one}) hyperdual) - e12 =
by (simp-all add: hyperdual-bases inner-hyperdual-def)

Hyperdual units of norm equal to 1.
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lemma hyperdual-bases-norm [simp]:
(ba :: ("a :: {real-inner,real-normed-algebra-1}) hyperdual) - ba = 1

(el :: (Ya :: {real-inner real-normed-algebra-1}) hyperdual) - el = 1
(e2 :: (Ya :: {real-inner,real-normed-algebra-1}) hyperdual) - e2 = 1
(e12 :: ('a :: {real-inner,real-normed-algebra-1}) hyperdual) - e12 = 1

by (simp-all add: hyperdual-bases inner-hyperdual-def norm-eq-1[symmetric])

We can also express earlier operations in terms of the linear combination.

lemma add-hyperdual-parts:
fixes abcd:: 'a: ring-1
shows (a *g ba + b xpg el + cxg €2 + d xg el2) + (a’ g ba + b' xg el +
¢« e2 + d xpy el2) =
(a+ a’)*xg ba+ (b+ b)) xg el + (c+ ¢)xg e2 + (d + d') xg el2
by (simp add: scaleH-add(1))

lemma times-hyperdual-parts:
fixes a b cd:: 'a:: ring-1
shows (a g ba + b xpg el + ¢ xg e2 + d xg el2) * (a' *xg ba + b’ xg el +
¢ xg e2 + d' g el2) =
(a*a’)xgba+ (axb +bxa')*xgel +(axc' + cx*a)*ge2+ (a
xd' +bxc'+cexb +dx*a)xg el2
by (simp add: hyperdual-bases)

lemma inverse-hyperdual-parts:
fixes a b ¢ d :: 'a :: {inverse,ring-1}
shows inverse (a xg ba + b xy el + ¢ xg €2 + d xyg el2) =
(1 /a)xgba+ (—b/a " 2)xgel +(—c/a " 2)*xge2+ (2« (bx
c/a"8)—d/a"2) kg el2
by (simp add: hyperdual-bases)

Next we show that hyperduals form a euclidean space with the help of the
basis we defined earlier and the above inner product if the component is
an instance of euclidean-space and real-algebra-1. The basis of this space is
each of the basis elements we defined scaled by each of the basis elements
of the component type, representing the expansion of the space for each
component of the hyperdual numbers.

instantiation hyperdual :: ({euclidean-space, real-algebra-1}) euclidean-space
begin

definition Basis-hyperdual :: ('a hyperdual) set
where Basis = (|Ji€{ba,el,e2,e12}. (Au. u gy i) ‘ Basis)

instance
proof
fix z y 2z :: ‘a hyperdual
show (Basis :: ('a hyperdual) set) # {}
and finite (Basis :: ('a hyperdual) set)
by (simp-all add: Basis-hyperdual-def)
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show z € Basis = y € Basis = z - y = (if © = y then 1 else 0)
unfolding Basis-hyperdual-def inner-hyperdual-def hyperdual-bases
by (auto dest: inner-not-same-Basis)
show (Vu€Basis. z - u = 0) = (z = 0)
by (auto simp add: Basis-hyperdual-def ball-Un inner-hyperdual-def hyperd-
ual-bases euclidean-all-zero-iff)
qed
end

1.7 Bounded Linear Projections

Now we can show that each projection to a basis element is a bounded linear
map.

lemma bounded-linear-Base: bounded-linear Base

proof
show AbI b2. Base (b1 + b2) = Base b1 + Base b2
by simp
show Ar b. Base (r xg b) = r *xr Base b
by simp

have Vz. norm (Base z) < norm x
by (simp add: inner-hyperdual-def norm-eq-sqrt-inner)
then show 3 K. Vz. norm (Base z) < norm z * K
by (metis mult.commute mult.left-neutral)
qed
lemma bounded-linear-Eps1: bounded-linear Epsl
proof
show AbI b2. Epsl (b1 + b2) = Eps1 bl + Epsl b2
by simp
show Ar b. Epsl (r xr b) = r xg Epsl b
by simp
have Vz. norm (Eps! z) < norm z
by (simp add: inner-hyperdual-def norm-eq-sqrt-inner)
then show 3 K. Vz. norm (Epsl ) < norm z *x K
by (metis mult.commute mult.left-neutral)
qed
lemma bounded-linear-Eps2: bounded-linear Eps2
proof
show AbI b2. Eps2 (b1 + b2) = Eps2 bl + Eps2 b2
by simp
show Ar b. Eps2 (r xg b) = r xg Eps2b
by simp
have Vz. norm (Eps2 z) < norm z
by (simp add: inner-hyperdual-def norm-eq-sqrt-inner)
then show 3 K. Vz. norm (Eps2 z) < norm ¢ *x K
by (metis mult.commute mult.left-neutral)
qged
lemma bounded-linear-Eps12: bounded-linear Eps12

proof
show AbI b2. Epsi2 (b1 + b2) = Eps12 bl + Eps12 b2
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by simp
show Ar b. Epsi2 (r xg b) = r xg Epsi2 b
by simp
have Vz. norm (Eps12 z) < norm x
by (simp add: inner-hyperdual-def norm-eq-sqrt-inner)
then show 3 K. Vz. norm (Epsi2 z) < norm z x K
by (metis mult.commute mult.left-neutral)
qed

This bounded linearity gives us a range of useful theorems about limits,
convergence and derivatives of these projections.

lemmas tendsto-Base = bounded-linear.tendsto| OF bounded-linear-Base]
lemmas tendsto-Epsl = bounded-linear.tendsto] OF bounded-linear-Eps1]
lemmas tendsto-Eps2 = bounded-linear.tendsto] OF bounded-linear-Eps2]
lemmas tendsto-Eps12 = bounded-linear.tendsto| OF bounded-linear-Eps12]

lemmas has-derivative-Base = bounded-linear.has-derivative] OF bounded-linear-Base]
lemmas has-derivative-Eps1 = bounded-linear.has-derivative] OF bounded-linear-Eps1|
lemmas has-derivative-Eps2 = bounded-linear.has-derivative] OF bounded-linear-Eps2)]
lemmas has-derivative-Eps12 = bounded-linear.has-derivative] OF bounded-linear-Eps12]

1.8 Convergence

lemma inner-mult-le-mult-inner:
fixes a b :: ‘a :: {real-inner,real-normed-algebra}
shows ((a x b) - (a x b)) < (a-a)* (b-Db)
by (metis real-sqrt-le-iff norm-eg-sqri-inner real-sqrt-mult norm-mult-ineq)

lemma bounded-bilinear-scaleH:
bounded-bilinear ((xg) = ('a :: {real-normed-algebra-1, real-inner}) = 'a hyper-
dual = 'a hyperdual)
proof (auto simp add: bounded-bilinear-def scaleH-add scaleH-scaleR del:exl in-
trol:exl)
fix a :: a
and b :: 'a hyperdual
have norm (a xg b) = sqrt ((a * Base b) - (a * Base b) + (a x Epsl b) - (a *
Eps1 b) + (a % Eps2b) + (a x Eps2b) + (a * Eps12b) - (a *x Epsi2 b))
by (simp add: norm-eq-sqrt-inner inner-hyperdual-def)
moreover have norm a * norm b = sqrt (a - a * (Base b - Base b + Epsl b -
Eps1 b+ Eps2b - Eps2 b + Epsi2b - Eps12 b))
by (simp add: norm-eq-sqrt-inner inner-hyperdual-def real-sqrt-mult)
moreover have sqrt ((a * Base b) - (a x Base b) + (a x Epsl b) - (a x Epsl b)
+ (a x Eps2b) - (a x Eps2 b) 4+ (a x Epsi2b) « (a x Eps12b)) <
sqrt (a - a x (Base b - Base b + Epsl b - Epsl b + Eps2 b - Eps2 b
+ Epsi2b - Epsi2 b))
by (simp add: distrib-left add-mono inner-mult-le-mult-inner)
ultimately show norm (a %y b) < norm a * norm b x 1
by simp
qed
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lemmas tendsto-scaleH = bounded-bilinear.tendsto| OF bounded-bilinear-scaleH|

We describe how limits behave for general hyperdual-valued functions.

First we prove that we can go from convergence of the four component func-
tions to the convergence of the hyperdual-valued function whose components
they define.

lemma tendsto-Hyperdual:
fixes f :: ‘a = (b :: {real-normed-algebra-1, real-inner})
assumes (f —— a) F
and (9 —— b) F
and (h —— ¢) F
and (i —— d) F
shows ((A\z. Hyperdual (f z) (g ) (h z) ({ z)) —— Hyperdual a b ¢ d) F
proof —
have ((Az. (fz) xg ba) —— a *g ba) F
((Az. (gz) g el) —— bxg el) F
((Az. (hx) *g e2) —— c*xy e2) F
(Az. (i z) % el2) —— d g el2) F
by (rule tendsto-scaleH[OF - tendsto-const], rule assms)+
then have ((A\z. (fz) g ba + (g z) xg el + (hz) xg €2 + (i z) xg el2) —
axg ba+ bxyg el +cxg e2 + dxy el2) F
by (rule tendsto-add][OF tendsto-add[OF tendsto-add]] ; assumption)
then show ?thesis
by (simp add: Hyperdual-eq)
qed

Next we complete the equivalence by proving the other direction, from con-
vergence of a hyperdual-valued function to the convergence of the projected
component functions.

lemma tendsto-hyperdual-iff:
fixes [ :: 'a = ('b :: {real-normed-algebra-1, real-inner}) hyperdual
shows (f —— z) F +—
((A\z. Base (f x)) — Base z) F' A
((\x. Epst (fz)) — Epsl z) F A
((Az. Eps2 (fz)) —— Eps2z) F A
((A\z. Eps12 (fz)) — Epsi2z) F
proof safe
assume (f —— z) F
then show ((A\z. Base (f x)) —— Base z) F
and ((Az. Eps! (fz)) —— Epsl z) F
and ((\z. Eps2 (fz)) — Eps2z) F
and ((Az. Eps12 (fz)) — Epsi2zx) F
by (simp-all add: tendsto-Base tendsto-Epsl tendsto-Eps2 tendsto-Eps12)
next
assume ((Az. Base (f x)) —— Base x) F
and ((A\z. Eps! (fz)) — Epsl z) F
and ((A\z. Eps2 (fz)) — Eps2z) F

o~ L~
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and ((Az. Epsi2 (f z)) — Epsi2z) F
then show (f —— z) F
using tendsto-Hyperdual[of Az. Base (f z) Base x F' Az. Epsl (fz) Epsl z \x.
Eps2 (f x) Eps2 x \x. Eps12 (f ) Epsi2 x]
by simp
qed

1.9 Derivatives

We describe how derivatives of hyperdual-valued functions behave. Due to
hyperdual numbers not forming a normed field, the derivative relation we
must use is the general Fréchet derivative (has-derivative).

The left to right implication of the following equivalence is easily proved
by the known derivative behaviour of the projections. The other direction
is more difficult, because we have to construct the two requirements of the
(has-derivative) relation, the limit and the bounded linearity of the deriva-
tive. While the limit is simple to construct from the component functions
by previous lemma, the bounded linearity is more involved.

lemma has-derivative-hyperdual-iff:
fixes [ :: (a :: real-normed-vector) = ('b :: {real-normed-algebra-1, real-inner})
hyperdual
shows (f has-derivative Df) F +—
((Ax. Base (f x)) has-derivative (Az. Base (Df x))) F N
((Az. Epsl (f z)) has-derivative (Az. Epsl (Df z))) F A
((A\z. Eps2 (f z)) has-derivative (Az. Eps2 (Df z))) F A
((Az. Eps12 (f x)) has-derivative (Az. Epsi2 (Df z))) F
proof safe
— Left to Right
assume assm: (f has-derivative Df) F
show ((Az. Base (f z)) has-derivative (Ax. Base (Df z))) F
using assm has-derivative-Base by blast
show ((Az. Epsl (f x)) has-derivative (Az. Epsl (Df x))) F
using assm has-derivative-FEpsl by blast
show ((\z. Eps2 (f x)) has-derivative (A\x. Eps2 (Df x))) F
using assm has-derivative-Eps2 by blast
show ((Az. Epsi2 (f x)) has-derivative (Azx. Eps12 (Df z))) F
using assm has-derivative-Eps12 by blast
next
— Right to Left
assume assm:
((Az. Base (f z)) has-derivative (Az. Base (Df x))) F
((Az. Eps1 (f z)) has-derivative (Az. Epsl (Df z))) F
((Az. Eps2 (f z)) has-derivative (Az. Eps2 (Df z))) F
((Az. Eps12 (f x)) has-derivative (Ax. Epsi2 (Df z))) F

— First prove the limit from component function limits

have ((Ay. Base (((fy — f (Lim F (Az. z))) — Df (y — Lim F (\z. z))) /r
norm (y — Lim F (Az. z)))) — Base 0) F
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using assm has-derivative-def[of (Az. Base (fz)) (Ax. Base (Df x)) F] by simp
moreover have ((\y. Eps! (((fy — f (Lim F (A\z. z))) — Df (y — Lim F (\z.
z))) /r norm (y — Lim F (A\z. z)))) —— Base 0) F
using assm has-derivative-def[of (Az. Epsl (f z)) (Az. Eps! (Df z)) F] by
stmp
moreover have ((\y. Eps2 (fy — f (Lim F (A\z. z))) — Df (y — Lim F (Az.
z))) /r norm (y — Lim F (Az. z)))) — Base 0) F
using assm has-derivative-def[of (Az. Eps2 (f z)) (A\z. Eps2 (Df z)) F] by
stmp
moreover have ((Ay. Eps12 (fy — f (Lim F (Az. z))) — Df (y — Lim F (\x.
x))) /r norm (y — Lim F (Az. z)))) — Base 0) F
using assm has-derivative-def[of (Az. Eps12 (f x)) (Az. Eps12 (Df x)) F| by
stmp
ultimately have ((Ay. (fy — f (Lim F (\z. z))) — Df (y — Lim F (Az. z)))
/r norm (y — Lim F (A\z. z))) —— 0) F
by (simp add: tendsto-hyperdual-iff)

— Next prove bounded linearity of the composed derivative by proving each of
that class’ assumptions from bounded linearity of the component derivatives
moreover have bounded-linear Df
proof
have bl:
bounded-linear (Az. Base (Df z))
bounded-linear (Az. Epsl (Df z))
bounded-linear (Az. Eps2 (Df z))
bounded-linear (Az. Eps12 (Df x))
using assm has-derivative-def by blast+
then have linear (A\z. Base (Df x))
and linear (Az. Eps1 (Df x))
and linear (Az. Eps2 (Df x))
and linear (Az. Eps12 (Df x))
using bounded-linear.linear by blast+
then show Az y. Df (z + y) = Dfz + Dfy
and Az y. Df (z *xgp y) =z xg Dfy
using plus-hyperdual.code scaleR-hyperdual.code by (simp-all add: linear-iff)

show 3 K. V. norm (Df z) < norm z * K
proof —
obtain k-re k-epsi k-eps2 k-eps12
where YV z. (norm (Base (Df z))) 2 <
and Vz. (norm (Epsl (Df z)))"2 < (norm x * k-eps1)”2
and Vz. (norm (Eps2 (Df x))) "2 < (norm x % k-eps2) ™2
and Vz. (norm (Eps12 (Df 2))) 2 < (norm z * k-eps12) 2
using bl bounded-linear.bounded norm-ge-zero power-mono by metis
moreover have Vz. (norm (Df z)) "2 = (norm (Base (Df z))) "2 + (norm
(Eps1 (Df z))) "2 + (norm (Eps2 (Df z))) "2 + (norm (Epsi2 (Df z))) "2
using inner-hyperdual-def power2-norm-eg-inner by metis
ultimately have Vz. (norm (Df z)) 72 < (norm z x k-re) "2 + (norm x *
k-eps1) 72 + (norm x % k-eps2) "2 + (norm x % k-eps12) "2

(norm x * k-re) "2
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by smt
then have Vz. (norm (Df 2))72 < (norm z)"2 * (k-re”2 + k-epsl1™2 +
k-eps272 + k-eps1272)
by (simp add: distrib-left power-mult-distrib)
then have final: V. norm (Df ) < norm x * sqrt(k-re”2 + k-eps1™2 +
k-eps272 + k-eps1272)
using real-le-rsqrt real-sqrt-mult real-sqrit-pow2 by fastforce
then show 3 K. Vz. norm (Df z) < norm z * K
by blast
qed
qed
— Finally put the two together to finish the proof
ultimately show (f has-derivative Df) F
by (simp add: has-derivative-def)
qed

Stop automatically unfolding hyperduals into components outside this the-
ory:

lemmas [iff del] = hyperdual-eq-iff

end

2 Twice Field Differentiable

theory TwiceFieldDifferentiable
imports HOL— Analysis. Analysis
begin

2.1 Differentiability on a Set

A function is differentiable on a set iff it is differentiable at any point within
that set.

definition field-differentiable-on :: (‘a = 'a::real-normed-field) = 'a set = bool
(infix «field-differentiable’-ony 50)
where f field-differentiable-on s = ¥V z€s. f field-differentiable (at © within s)

This is preserved for subsets.

lemma field-differentiable-on-subset:
assumes f field-differentiable-on S
and T C §
shows f field-differentiable-on T
by (meson assms field-differentiable-on-def field-differentiable-within-subset in-mono)

2.2 Twice Differentiability

Informally, a function is twice differentiable at x iff it is differentiable on
some neighbourhood of x and its derivative is differentiable at x.
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definition twice-field-differentiable-at :: ['a = 'a::real-normed-field, 'a | = bool
(infixr <(twice'-field'-differentiable’-at)) 50)
where f twice-field-differentiable-at © =
3. f field-differentiable-on S A x € interior S A (deriv f) field-differentiable
(at z)

lemma once-field-differentiable-at:
f twice-field-differentiable-at * = f field-differentiable (at x)
by (metis at-within-interior field-differentiable-on-def interior-subset subsetD twice-field-differentiable-at-def)

lemma deriv-field-differentiable-at:
f twice-field-differentiable-at * = deriv f field-differentiable (at x)
using twice-field-differentiable-at-def by blast

For a composition of two functions twice differentiable at x, the chain rule
eventually holds on some neighbourhood of x.

lemma eventually-deriv-compose:
assumes 3 8. f field-differentiable-on S N\ x € interior S
and g twice-field-differentiable-at (f )
shows V  x in nhds x. deriv (Az. g (fx)) z = deriv g (fz) * deriv f z
proof —
obtain S S’
where Df-on-S: f field-differentiable-on S and x-int-S: x € interior S
and Dg-on-S'": g field-differentiable-on S’ and fz-int-S”: f x € interior S’
using assms twice-field-differentiable-at-def by blast

let ?T = {z € interior S. f x € interior S'}

have continuous-on (interior S) f
by (meson Df-on-S continuous-on-eq-continuous-within continuous-on-subset
field-differentiable-imp-continuous-at
field-differentiable-on-def interior-subset)
then have open (interior S N {z. f z € interior S'})
by (metis continuous-open-preimage open-interior vimage-def)
then have z-int-T: x € interior T
by (metis (no-types) Collect-conj-eq Collect-mem-eq Int-Collect fx-int-S’ inte-
rior-eq z-int-S)
moreover have Dg-on-fT: g field-differentiable-on f‘¢T
by (metis (no-types, lifting) Dg-on-S’ field-differentiable-on-subset image-Collect-subset]
interior-subset)
moreover have Df-on-T: f field-differentiable-on ¢T
using field-differentiable-on-subset Df-on-S
by (metis Collect-subset interior-subset)
moreover have Vz € interior ¢?T. deriv (Az. g (fz)) x = deriv g (f z) * deriv
fz
proof
fix z
assume z-int-T: x € interior ?T
have f field-differentiable at x
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by (metis (no-types, lifting) Df-on-T at-within-interior field-differentiable-on-def
interior-subset subsetD x-int-T')
moreover have g field-differentiable at (f x)
by (metis (no-types, lifting) Dg-on-S' at-within-interior field-differentiable-on-def
interior-subset mem-Collect-eq subsetD z-int-T)
ultimately have deriv (g o f) x = deriv g (f x) * deriv f x
using deriv-chain|of f x g] by simp
then show deriv (Az. g (f z)) z = deriv g (f z) * deriv f
by (simp add: comp-def)
qged
ultimately show %thesis
using eventually-nhds by blast
qed

lemma eventually-deriv-compose’:
assumes | twice-field-differentiable-at x
and g twice-field-differentiable-at (f x)
shows V  z in nhds z. deriv (A\z. g (fz)) © = deriv g (f z) * deriv f x
using assms eventually-deriv-compose twice-field-differentiable-at-def by blast

Composition of twice differentiable functions is twice differentiable.

lemma twice-field-differentiable-at-compose:
assumes | twice-field-differentiable-at
and g twice-field-differentiable-at (f )
shows (A\z. g (f z)) twice-field-differentiable-at
proof —
obtain S S5’
where Df-on-S: f field-differentiable-on S and x-int-S: x € interior S
and Dg-on-S': g field-differentiable-on S’ and fr-int-S’: f x € interior S’
using assms twice-field-differentiable-at-def by blast

let ?T = {z € interior S. f x € interior S’}

have continuous-on (interior S) f
by (meson Df-on-S continuous-on-eq-continuous-within continuous-on-subset
field-differentiable-imp-continuous-at
field-differentiable-on-def interior-subset)
then have open (interior S N {z. fz € interior S'})
by (metis continuous-open-preimage open-interior vimage-def)
then have z-int-T: z € interior ¢?T
by (metis (no-types) Collect-conj-eq Collect-mem-eq Int-Collect fr-int-S' inte-
rior-eq x-int-S)

have Dg-on-fT: g field-differentiable-on f?T
by (metis (no-types, lifting) Dg-on-S’ field-differentiable-on-subset image-Collect-subset]
interior-subset)

have Df-on-T: f field-differentiable-on ?T
using field-differentiable-on-subset Df-on-S
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by (metis Collect-subset interior-subset)

have (Az. g (f z)) field-differentiable-on ¢T
unfolding field-differentiable-on-def
proof
fix © assume z-int: © € {x € interior S. f x € interior S’}
have f field-differentiable at x
by (metis Df-on-S at-within-interior field-differentiable-on-def interior-subset
mem-Collect-eq subsetD z-int)
moreover have g field-differentiable at (f x)
by (metis Dg-on-S’ at-within-interior field-differentiable-on-def interior-subset
mem-Collect-eq subsetD x-int)
ultimately have (g o f) field-differentiable at z
by (simp add: field-differentiable-compose)
then have (\z. g (f x)) field-differentiable at x
by (simp add: comp-def)
then show (\z. g (f z)) field-differentiable at x within {x € interior S. fz €
interior S'}
using field-differentiable-at-within by blast
qed
moreover have deriv (Az. g (f z)) field-differentiable at x
proof —
have (Az. deriv g (f z)) field-differentiable at
by (metis DERIV-chain2 assms deriv-field-differentiable-at field-differentiable-def
once-field-differentiable-at)
then have (\z. deriv g (f z) * deriv f x) field-differentiable at x
using assms field-differentiable-mult[of Az. deriv g (f )]
by (simp add: deriv-field-differentiable-at)
moreover have deriv (deriv (A\z. g (f z))) z = deriv (Az. deriv g (f z) * deriv
fz)z
using assms Df-on-S z-int-S deriv-cong-ev eventually-deriv-compose by fast-
force
ultimately show ¢thesis
using assms eventually-deriv-compose DERIV-deriv-iff-field-differentiable
Df-on-S z-int-S
DERIV-cong-ev[of z x deriv (Axz. g (f x)) Az. deriv g (f z) * deriv f x
by blast
qed
ultimately show ?thesis
using twice-field-differentiable-at-def z-int-T by blast
qed

2.2.1 Constant

lemma twice-field-differentiable-at-const [simp, intro):
(Az. a) twice-field-differentiable-at x
by (auto intro: exI [of - UNIV] simp add: twice-field-differentiable-at-def field-differentiable-on-def)
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2.2.2 Identity

lemma twice-field-differentiable-at-ident [simp, intro):
(A\z. z) twice-field-differentiable-at
proof —
have V€ UNIV. (Az. z) field-differentiable at x
and deriv ((Az. z)) field-differentiable at x
by simp-all
then show ?thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by fastforce
qed

2.2.3 Constant Multiplication

lemma twice-field-differentiable-at-cmult [simp, intro]:
() k twice-field-differentiable-at x
proof —
have Vze UNIV. (%) k field-differentiable at x
by simp
moreover have deriv ((x) k) field-differentiable at
by simp
ultimately show ?thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by fastforce
qed

lemma twice-field-differentiable-at-uminus [simp, introl:
uminus twice-field-differentiable-at x
proof —
have Ve UNIV. uminus field-differentiable at x
by (simp add: field-differentiable-minus)
moreover have deriv uminus field-differentiable at x
by simp
ultimately show ?thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by auto
qed

lemma twice-field-differentiable-at-uminus-fun |[introl:
assumes | twice-field-differentiable-at x
shows (A\z. — f x) twice-field-differentiable-at x
by (simp add: assms twice-field-differentiable-at-compose)

2.2.4 Real Scaling

lemma deriv-scaleR-right-id [simp:
(deriv ((xg) k)) = (Az. k xg 1)
using DERIV-imp-deriv has-field-derivative-scaleR-right DERIV-ident by blast
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lemma deriv-deriv-scaleR-right-id [simp]:
deriv (deriv ((xg) k)) = (Az. 0)
by simp

lemma deriv-scaleR-right:
f field-differentiable (at z) => deriv (Ax. k xg fz) z = k xg deriv f z
by (simp add: DERIV-imp-deriv field-differentiable-derivl has-field-derivative-scale R-right)

lemma field-differentiable-scaleR-right [intro]:
f field-differentiable F —> (Az. ¢ xg f ) field-differentiable F
using field-differentiable-def has-field-derivative-scale R-right by blast

lemma has-field-derivative-scaleR-deriv-right:

assumes | twice-field-differentiable-at z

shows ((Az. k xg deriv f z) has-field-derivative k g deriv (deriv f) z) (at z)

by (simp add: DERIV-deriv-iff-field-differentiable assms deriv-field-differentiable-at
has-field-derivative-scale R-right)

lemma deriv-scaleR-deriv-right:
assumes | twice-field-differentiable-at z
shows deriv (\z. k xg deriv f z) z = k xgr deriv (deriv f) 2z
using assms deriv-scaleR-right twice-field-differentiable-at-def by blast

lemma twice-field-differentiable-at-scaleR [simp, intro]:
(xgr) k twice-field-differentiable-at x
proof —
have Vx€ UNIV. (xg) k field-differentiable at x
by (simp add: field-differentiable-scaleR-right)
moreover have deriv ((xg) k) field-differentiable at x
by simp
ultimately show “thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by auto
qed

lemma twice-field-differentiable-at-scaleR-fun [simp, introl:
assumes | twice-field-differentiable-at x
shows (\z. k g f z) twice-field-differentiable-at x
by (simp add: assms twice-field-differentiable-at-compose)

2.2.5 Addition

lemma eventually-deriv-add:
assumes f twice-field-differentiable-at
and g twice-field-differentiable-at x
shows V  x in nhds x. deriv (A\x. fz + g ) x = deriv fx + deriv g ©
proof —
obtain S where Df-on-S: f field-differentiable-on S and z-int-S: x € interior S
using assms twice-field-differentiable-at-def by blast
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obtain S’ where Dg-on-S: g field-differentiable-on S' and z-int-S": © € interior
S/
using assms twice-field-differentiable-at-def by blast
have 1 € interior (S N S’
by (simp add: z-int-S z-int-S”)
moreover have Df-on-SS": f field-differentiable-on (S N S’)
by (meson Df-on-S IntD1 field-differentiable-on-def field-differentiable-within-subset
inf-sup-ord(1))
moreover have Dg-on-SS": g field-differentiable-on (S N S’)
by (meson Dg-on-S IntD2 field-differentiable-on-def field-differentiable-within-subset
inf-le2)
moreover have open (interior (S N S’))
by blast
moreover have Vze interior (S N S'). deriv (A\z. fz + gz) x = deriv fz +
deriv g
by (metis (full-types) Df-on-SS’ Dg-on-SS’ at-within-interior deriv-add field-differentiable-on-def
in-mono interior-subset)
ultimately show ?thesis
using eventually-nhds by blast
qed

lemma twice-field-differentiable-at-add [intro]:
assumes f twice-field-differentiable-at x
and g twice-field-differentiable-at x
shows (\z. fz + g x) twice-field-differentiable-at x
proof —
obtain S5 S’
where Df-on-S: f field-differentiable-on S and x-int-S: x € interior S
and Dg-on-S" g field-differentiable-on S’ and z-int-S”": x € interior S’
using assms twice-field-differentiable-at-def by blast

let ?T = interior (S N S’

have z-int-T: x € interior ?T
by (simp add: z-int-S z-int-S’)

have Df-on-T': f field-differentiable-on ?T

by (meson Df-on-S field-differentiable-on-subset inf-sup-ord(1) interior-subset)
have Dg-on-fT: g field-differentiable-on ?T

by (meson Dg-on-S' field-differentiable-on-subset interior-subset le-infF)

have (A\z. fz + g ) field-differentiable-on ¢T
unfolding field-differentiable-on-def
proof
fix z assume z-in-T: z € ?T
have f field-differentiable at x
by (metis z-in-T Df-on-T at-within-open field-differentiable-on-def open-interior)
moreover have g field-differentiable at x
by (metis z-in-T Dg-on-fT at-within-open field-differentiable-on-def open-interior)
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ultimately have (\z. fz + ¢ z) field-differentiable at
by (simp add: field-differentiable-add)
then show (A\z. fz + g z) field-differentiable at x within ¢T
using field-differentiable-at-within by blast
qed
moreover have deriv (Az. fz + g ) field-differentiable at =
proof —
have deriv (Az. fz + gz) x = deriv fz + deriv g
by (simp add: assms once-field-differentiable-at)
moreover have (Az. deriv f x + deriv g z) field-differentiable at x
by (simp add: field-differentiable-add assms deriv-field-differentiable-at)
ultimately show ¢thesis
using assms DERIV-deriv-iff-field-differentiable
DERIV-cong-ev[of z © deriv (Az. fz + g x) Az. deriv f x + deriv g z]
by (simp add: eventually-deriv-add field-differentiable-def)
qged
ultimately show ?thesis
using twice-field-differentiable-at-def z-int-T by blast
qed

lemma deriv-add-id-const [simp]:
deriv (Az. © 4+ a) = (Az. 1)
using ext trans|OF deriv-add] by force

lemma deriv-deriv-add-id-const [simp):
deriv (deriv (A\z. x + a)) 2 =0
by simp

lemma twice-field-differentiable-at-cadd [simp]:
(Az. z + a) twice-field-differentiable-at
proof —
have Vae€ UNIV. (Az. x + a) field-differentiable at x
by (simp add: field-differentiable-add)
moreover have deriv (Az. x + a)) field-differentiable at
by (simp add: ext)
ultimately show ?thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by auto
qed

2.2.6 Linear Function

lemma twice-field-differentiable-at-linear [simp, intro]:
(Az. k * x + a) twice-field-differentiable-at ©
proof —
have Vze UNIV. (A\x. k x  + a) field-differentiable at x
by (simp add: field-differentiable-add)
moreover have deriv (Az. k * = + a)) field-differentiable at =
proof —
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have deriv (Az. k x z + a)) = (\z. k)
by (simp add: ext)
then show ?thesis
by simp
qed
ultimately show %thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by auto
qed

lemma twice-field-differentiable-at-linearR [simp, intro:
(Az. k *p = + a) twice-field-differentiable-at x
proof —
have Vze UNIV. (\z. k xg = + a) field-differentiable at x
by (simp add: field-differentiable-scaleR-right field-differentiable-add)
moreover have deriv (Az. k xgr T + a)) field-differentiable at x
proof —
have deriv (Az. k xg 2 + a)) = (A\z. k xg 1)
by (simp add: ext once-field-differentiable-at)
then show ?thesis
by simp
qed
ultimately show ?thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by auto
qged

2.2.7 Multiplication

lemma eventually-deriv-mult:
assumes | twice-field-differentiable-at x
and g twice-field-differentiable-at x
shows V r z in nhds z. deriv (A\z. fz x gx) © = fx * deriv g x + deriv f x x
gz
proof —
obtain S and S’
where f field-differentiable-on S and in-S: z € interior S
and g field-differentiable-on S’ and in-S": z € interior S’
using assms twice-field-differentiable-at-def by blast
then have Df-on-SS’: f field-differentiable-on (S N S)
and Dg-on-SS": g field-differentiable-on (S N S7)
using field-differentiable-on-subset by blast+

have Vze interior (S N S’). deriv (A\z. fz x gz) x = fz x deriv g x + deriv
TH*QGT
proof
fix x assume z € interior (S N S7)
then have f field-differentiable (at x)
and g field-differentiable (at x)

41



using Df-on-SS' Dg-on-SS’ field-differentiable-on-def at-within-interior inte-
rior-subset subsetD by metis+
then show deriv (A\z. fz *x gx) x = fz * deriv g x + deriv fz x g x
by simp
qed
moreover have = € interior (S N S’
by (simp add: in-S in-S’)
moreover have open (interior (S N S’))
by blast
ultimately show “thesis
using eventually-nhds by blast
qed

lemma twice-field-differentiable-at-mult [intro):
assumes | twice-field-differentiable-at x
and g twice-field-differentiable-at x
shows (\z. fx x g x) twice-field-differentiable-at =
proof —
obtain S 5’
where Df-on-S: f field-differentiable-on S and x-int-S: x € interior S
and Dg-on-S" g field-differentiable-on S’ and z-int-S”: x € interior S’
using assms twice-field-differentiable-at-def by blast

let ?T = interior (S N S’)

have z-int-T: x € interior ¢T
by (simp add: z-int-S z-int-S’)

have Df-on-T: f field-differentiable-on ?T

by (meson Df-on-S field-differentiable-on-subset inf-sup-ord(1) interior-subset)
have Dg-on-fT: g field-differentiable-on ?T

by (meson Dg-on-S’' field-differentiable-on-subset interior-subset le-infE)

have (Az. fz * g z) field-differentiable-on ?T
unfolding field-differentiable-on-def
proof
fix r assume z-in-T: ¢ € ?T
have f field-differentiable at x
by (metis z-in-T Df-on-T at-within-open field-differentiable-on-def open-interior)
moreover have g field-differentiable at x
by (metis z-in-T Dg-on-fT at-within-open field-differentiable-on-def open-interior)
ultimately have (\z. f z * g z) field-differentiable at =
by (simp add: field-differentiable-mult)
then show (A\z. fz * g z) field-differentiable at x within ¢T
using field-differentiable-at-within by blast
qed
moreover have deriv (Az. f z % g z) field-differentiable at x
proof —
have deriv (Az. fz x gx) x = fz x deriv gz + deriv fz x gz

42



by (simp add: assms once-field-differentiable-at)
moreover have (Az. fz * deriv g x + deriv f x * g x) field-differentiable at
by (rule field-differentiable-add, simp-all add: field-differentiable-mult assms
once-field-differentiable-at deriv-field-differentiable-at)
ultimately show ?thesis
using assms DERIV-deriv-iff-field-differentiable
DERIV-cong-ev|of x x deriv (Az. fz x gx) Ax. fz x deriv g x + deriv f
T * g 1]
by (simp add: eventually-deriv-mult field-differentiable-def)
qged
ultimately show %thesis
using twice-field-differentiable-at-def xz-int-T by blast
qed

2.2.8 Sine and Cosine

lemma deriv-sin [simp]: deriv sin a = cos a

by (simp add: DERIV-imp-deriv)

lemma deriv-sinf [simp]: deriv sin = (Az. cos x)
by auto

lemma deriv-cos [simp]: deriv cos a = — sin a
by (simp add: DERIV-imp-deriv)

lemma deriv-cosf [simp]: deriv cos = (Ax. — sin x)
by auto

lemma deriv-sin-minus [simp]:
deriv (Az. — sin ) a = — deriv (\z. sin z) a
by (simp add: DERIV-imp-deriv Deriv.field-differentiable-minus)

lemma twice-field-differentiable-at-sin [simp, introl:
sin twice-field-differentiable-at x
by (auto intro: exl [of - UNIV] simp add: field-differentiable-at-sin
field-differentiable-on-def twice-field-differentiable-at-def field-differentiable-at-cos)

lemma twice-field-differentiable-at-sin-fun [intro:
assumes | twice-field-differentiable-at x
shows (Az. sin (f z)) twice-field-differentiable-at
by (simp add: assms twice-field-differentiable-at-compose)

lemma twice-field-differentiable-at-cos [simp, intro]:
cos twice-field-differentiable-at
by (auto intro!: exl [of - UNIV| simp add: field-differentiable-within-sin field-differentiable-minus
field-differentiable-on-def twice-field-differentiable-at-def field-differentiable-at-cos)

lemma twice-field-differentiable-at-cos-fun [intro]:
assumes f twice-field-differentiable-at x
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shows (Az. cos (f z)) twice-field-differentiable-at
by (simp add: assms twice-field-differentiable-at-compose)

2.2.9 Exponential

lemma deriv-exp [simp|: deriv exp © = exp x

using DERIV-exp DERIV-imp-deriv by blast

lemma deriv-expf [simpl: deriv exp = exp
by (simp add: ext)

lemma deriv-deriv-exp [simp]: deriv (deriv exp) © = exp x
by simp

lemma twice-field-differentiable-at-exp [simp, intro]:
exp twice-field-differentiable-at x
proof —
have Vxze€ UNIV. exp field-differentiable at x
and deriv exp field-differentiable at
by (simp-all add: field-differentiable-within-exp)
then show ?thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by auto
qed

lemma twice-field-differentiable-at-exp-fun [simp, intro|:
assumes | twice-field-differentiable-at
shows (A\z. exp (f z)) twice-field-differentiable-at x
by (simp add: assms twice-field-differentiable-at-compose)

2.2.10 Square Root

lemma deriv-real-sqrt [simp]: © > 0 = deriv sqrt © = inverse (sqrt x) | 2
using DERIV-imp-deriv DERIV-real-sqrt by blast

lemma has-real-derivative-inverse-sqrt:
assumes z > 0
shows ((Az. inverse (sqrt x) / 2) has-real-derivative — (inverse (sqrt x ~ 3) /
1) (at o)
proof —
have inv-sqrt-mult: (inverse (sqrt z)/2) = (sqrt © % 2) = 1
using assms by simp
have inv-sqrt-mult2: (— inverse ((sqrt ) 73)/2)x x % (sqrt © * 2) = —1
using assms by (simp add: field-simps power3-eg-cube)
then show ?thesis
using assms by (safe intro!: DERIV-imp-deriv derivative-eq-intros)
(auto intro: derivative-eg-intros inv-sqrt-mult [THEN ssubst] inv-sqrt-mult2
[THEN ssubst]
stmp add: divide-simps powerS3-eq-cube)
qed
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lemma deriv-deriv-real-sqrt’:
assumes z > (
shows deriv (A\x. inverse (sqrt x) / 2) © = — inverse ((sqrt x)"8)/4
by (simp add: DERIV-imp-deriv assms has-real-derivative-inverse-sqrt)

lemma has-real-derivative-deriv-sqrt:
assumes z > (
shows (deriv sqrt has-real-derivative — inverse (sqrt x ~ 8) / 4) (at z)
proof —
have ((Az. inverse (sqrt x) / 2) has-real-derivative — inverse (sqrt x — 3) | 4)
(at z)
using assms has-real-derivative-inverse-sqrt by auto
moreover
{fix za :: real
assume za € {0<..}
then have inverse (sqrt za) / 2 = deriv sqrt za
by simp
}
ultimately show ?thesis
using has-field-derivative-transform-within-open [where S={0 <..} and f=(\x.
inverse (sqrt z) | 2)]
by (meson assms greater Than-iff open-greaterThan)
qed

lemma deriv-deriv-real-sqrt [simp]:
assumes z > 0
shows deriv(deriv sqrt) © = — inverse ((sqrt x)"3)/4
using DERIV-imp-deriv assms has-real-derivative-deriv-sqrt by blast

lemma twice-field-differentiable-at-sqrt [simp, intro):
assumes z > 0
shows sqrt twice-field-differentiable-at
proof —
have sqrt field-differentiable-on {0<..}
by (metis DERIV-real-sqrt at-within-open field-differentiable-def field-differentiable-on-def
greaterThan-iff open-greaterThan)
moreover have z € interior {0<..}
by (metis assms greater Than-iff interior-interior interior-real-atLeast)
moreover have deriv sqrt field-differentiable at
using assms field-differentiable-def has-real-derivative-deriv-sqrt by blast
ultimately show “thesis
using twice-field-differentiable-at-def by blast
qed

lemma twice-field-differentiable-at-sqrt-fun [intro:
assumes | twice-field-differentiable-at x
and fz > 0
shows (Az. sqrt (f x)) twice-field-differentiable-at x
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by (simp add: assms(1) assms(2) twice-field-differentiable-at-compose)

2.2.11 Natural Power

lemma field-differentiable-power [simp]:
(Az. " n) field-differentiable at
using DERIV-power DERIV-ident field-differentiable-def
by blast

lemma deriv-power-fun [simpl:
assumes f field-differentiable at x
shows deriv (Az. fz “n) z = of-nat n x deriv fz x fz " (n — 1)
using DERIV-power|of f deriv f ]
by (simp add: DERIV-imp-deriv assms field-differentiable-derivl mult.assoc
[symmetric])

lemma deriv-power [simp]:
deriv (Az. ¢ " n) x = of-natnxx " (n— 1)
using DERIV-power|of \z. x 1] DERIV-imp-deriv by force

lemma deriv-deriv-power [simp]:
deriv (deriv (Az. ¢ " n)) x = of-nat n x of-nat (n — Suc 0) x x ~(n — 2)
proof —
have (Az. ¢ ~ (n — 1)) field-differentiable at
by simp
then have deriv (Az. of-nat n * x ~ (n — 1)) © = of-nat n x of-nat (n — Suc
0)«x  (n—2)
by (simp add: diff-diff-add mult.assoc numeral-2-eq-2)
then show ?thesis
by (simp add: ext[OF deriv-power])
qged

lemma twice-field-differentiable-at-power [simp, introl:
(Az. 7 n) twice-field-differentiable-at x

proof —
have Vze UNIV. (Ax. z ~ n) field-differentiable at
by simp
moreover have deriv (Az.  ~ n)) field-differentiable at
proof —

have deriv (Az. z " n)) = (Az. of-nat nxz ~ (n — 1))
by (simp add: ext)
then show ?thesis
using field-differentiable-mult[of Az. of-nat n x UNIV Az. xz ~ (n — 1)]
by (simp add: field-differentiable-caratheodory-at)
qed
ultimately show ?thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by force
qed
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lemma twice-field-differentiable-at-power-fun [introl:
assumes | twice-field-differentiable-at x
shows (Az. fz 7 n) twice-field-differentiable-at
by (blast intro: assms twice-field-differentiable-at-compose [OF - twice-field-differentiable-at-power])

2.2.12 Inverse

lemma eventually-deriv-inverse:
assumes z % 0
shows V  z in nhds x. deriv inversex = — 1 / (z ~ 2)
proof —
obtain T where open-T: open T and V2€T. z # 0 and z-in-T: z € T
using assms t1-space by blast

then have Vx € T. deriv inverse x = — 1 / (z ~ 2)
by simp
then show ?thesis
using eventually-nhds open-T x-in-T by blast
qged

lemma deriv-deriv-inverse [simpl:
assumes z #
shows deriv (deriv inverse) x = 2 x inverse (xz ~ 3)
proof —
have deriv (Az. inverse (z = 2)) x = — (of-nat 2 x z) / ((z ~2) ~ 2)
using assms by simp
moreover have (Az. inverse (x ~ 2)) field-differentiable at x
using assms by (simp add: field-differentiable-inverse)
ultimately have deriv (Az. — (inverse (z = 2))) © = of-nat 2 x z / (x ~ 4)
using deriv-chain[of Az. inverse (z ~ 2) x]
by (simp add: comp-def field-differentiable-minus field-simps)
then have deriv (Az. — 1 / (z ~ 2)) z = 2 * inverse (z ~ 3)
by (simp add: powerj-eq-zxzr power3-eq-cube field-simps)
then show ?thesis
using assms eventually-deriv-inverse deriv-cong-ev by fastforce
qed

lemma twice-field-differentiable-at-inverse [simp, intro):
assumes z # 0
shows inverse twice-field-differentiable-at x
proof —
obtain T where zero-T: 0 ¢ T and z-in-T: z € T and open-T: open T
using assms t1-space by blast
then have T C {z. 2z # 0}
by blast
then have VzeT. inverse field-differentiable at x within T
using DERIV-inverse field-differentiable-def by blast
moreover have deriv inverse field-differentiable at x
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proof —
have (Az. — inverse (z ~ 2)) field-differentiable at ©
using assms by (simp add: field-differentiable-inverse field-differentiable-minus)
then have (\z. — 1 / (z ~ 2)) field-differentiable at x
by (simp add: inverse-eq-divide)
then show ?thesis
using eventually-deriv-inverse| OF assms]
by (simp add: DERIV-cong-ev field-differentiable-def)
qed
moreover have z € interior T
by (simp add: z-in-T open-T interior-open)
ultimately show ?thesis
unfolding twice-field-differentiable-at-def field-differentiable-on-def
by blast
qed

lemma twice-field-differentiable-at-inverse-fun [simp, introl:
assumes [ twice-field-differentiable-at x
fx#0
shows (Az. inverse (f x)) twice-field-differentiable-at x
by (simp add: assms twice-field-differentiable-at-compose)

lemma twice-field-differentiable-at-divide [intro]:
assumes | twice-field-differentiable-at x
and g twice-field-differentiable-at x
and gz # 0
shows (\z. fx / g x) twice-field-differentiable-at x
by (simp add: assms divide-inverse twice-field-differentiable-at-mult)

2.2.13 Polynomial

lemma twice-field-differentiable-at-polyn [simp, intro:
fixes coef :: nat = 'a :: {real-normed-field}
and n :: nat
shows (Az. Y i<n. coef i x x ~ i) twice-field-differentiable-at x
proof (induction n)
case (
then show ?case
by simp
next
case hyp: (Suc n)
show Zcase
proof (simp, rule twice-field-differentiable-at-add)
show (Az. Y i<n. coef i x x ~ i) twice-field-differentiable-at =
by (rule hyp)
show (Az. coef n x & ~ n) twice-field-differentiable-at ©
using twice-field-differentiable-at-compose[of Az. x ~n x (%) (coef n)]
by simp
qed
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qed

lemma twice-field-differentiable-at-polyn-fun [simp):
fixes coef :: nat = 'a :: {real-normed-field}
and n :: nat
assumes | twice-field-differentiable-at x
shows (A\z. Y i<n. coef i * fx ~ 1) twice-field-differentiable-at
by (blast intro: assms twice-field-differentiable-at-compose [OF - twice-field-differentiable-at-polyn))

end

3 Hyperdual Extension of Functions

theory HyperdualFunctionFExtension
imports Hyperdual TwiceFieldDifferentiable
begin

The following is an important fact in the derivation of the hyperdual exten-
sion.

lemma
fixes z :: (Ya :: comm-ring-1) hyperdual and n :: nat
assumes Base x = 0
shows z ~(n+ 3) = 0
proof (induct n)
case (
then show ?case
using assms hyperdual-power|of z 3] by simp
next
case (Suc n)
then show ?case
using assms power-Suclof x n + 8] mult-zero-right add-Suc by simp
qed

We define the extension of a function to the hyperdual numbers.

primcorec hypext :: (('a :: real-normed-field) = 'a) = 'a hyperdual = 'a hyperdual
(ckhx - [80] 80)

where

Base ((xh* f) z) = f (Base )

| Epst ((xh* f) ) = Epsl z % deriv f (Base x)

| Eps2 ((xhx f) x) = Eps2 x x deriv [ (Base 1)

| Eps12 ((xhx f) ) = Eps12 x = deriv f (Base ©) + Epsl x = Eps2 z % deriv
(deriv f) (Base z)

This has the expected behaviour when expressed in terms of the units.

lemma hypext-Hyperdual-eq:
(xhx f) (Hyperdual a b ¢ d) =
Hyperdual (f a) (b * deriv f a) (¢ * deriv f a) (d * deriv f a + b * ¢ * deriv
(deriv f) a)
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by (simp add: hypext.code)

lemma hypext-Hyperdual-eq-parts:
(xhx f) (Hyperdual a b ¢ d) =
faxmg ba+ (b« derivfa)*g el + (c* deriv fa) xg e2 +
(d x deriv fa + b * ¢ x deriv (deriv f) a) g el2
by (metis Hyperdual-eq hypext-Hyperdual-eq)

The extension can be used to extract the function value, and first and second
derivatives at x when applied to x %z re + el 4+ e2 + 0 *g el2, which we
denote by 8 .

definition hyperdualz :: (‘a :: real-normed-field) = 'a hyperdual (:f3))
where 5 © = (Hyperdual x 1 1 0)

lemma hyperdualz-sel [simp]:
shows Base (8 z) = z
and Eps! (B z) = 1
and Eps2 (B z) = 1
and Eps12 (8 z) = 0
by (simp-all add: hyperdualz-def)

lemma hypext-extract-eq:

(xhx f) (B z) = fz *xg ba + deriv fx g el + deriv f x xg e2 + deriv (deriv
f) z*xg el2

by (simp add: hypext-Hyperdual-eq-parts hyperdualz-def)

lemma Base-hypext:

Base ((+hs f) (8 @) = fa
by (simp add: hyperdualz-def)

lemma Epsi-hypext:
Epst ((xhx f) (B z)) = deriv f x
by (simp add: hyperdualz-def)

lemma Eps2-hypext:
Eps2 ((xhx f) (B z)) = deriv f x
by (simp add: hyperdualx-def)

lemma Epsi2-hypext:
Eps12 ((xhx f) (B z)) = deriv (deriv f) z
by (simp add: hyperdualz-def)

3.0.1 Convenience Interface

Define a datatype to hold the function value, and the first and second deriva-
tive values.

/

datatype (‘a :: real-normed-field) derivs = Derivs (Value: 'a) (First: 'a) (Second:
I

a)
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Then we convert a hyperdual number to derivative values by extracting the
base component, one of the first-order components, and the second-order
component.

fun hyperdual-to-derivs :: (‘a :: real-normed-field) hyperdual = 'a derivs
where hyperdual-to-derivs x = Derivs (Base ) (Epsl x) (Epsi2 x)

Finally we define way of converting any compatible function into one that
yields the value and the derivatives.
fun autodiff :: ('a :: real-normed-field = 'a) = 'a = 'a derivs

where autodiff f = (Az. hyperdual-to-derivs ((xhx f) (8 z)))

lemma autodiff-sel:

Value (autodiff f x) = Base ((xhx f) (8 z))
First (autodiff f x) = Eps1 ((xh* f) (8 z))
Second (autodiff f x) = Eps12 ((xhx f) (8 z))

by simp-all

The result contains the expected values.

lemma autodiff-extract-value:
Value (autodiff f z) = fx
by (simp del: hypext.simps add: Base-hypext)

lemma autodiff-extract-first:
First (autodiff f x) = deriv f
by (simp del: hypext.simps add: Epsl-hypext)

lemma autodiff-extract-second:
Second (autodiff f x) = deriv (deriv f) x
by (simp del: hypext.simps add: Eps12-hypext)

The derivative components of the result are actual derivatives if the function
is sufficiently differentiable on that argument.

lemma autodiff-first-derivative:
assumes | field-differentiable (at z)
shows (f has-field-derivative First (autodiff f x)) (at )
by (simp add: autodiff-extract-first DERIV-deriv-iff-field-differentiable assms)

lemma autodiff-second-derivative:

assumes | twice-field-differentiable-at x

shows ((deriv f) has-field-derivative Second (autodiff f z)) (at )

by (simp add: autodiff-extract-second DERIV-deriv-iff-field-differentiable assms
deriv-field-differentiable-at)

3.0.2 Composition

Composition of hyperdual extensions is the hyperdual extension of compo-
sition:
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lemma hypext-compose:
assumes | twice-field-differentiable-at (Base x)
and g twice-field-differentiable-at (f (Base z))
shows (xhx (Az. g (fz))) = (xhx g) ((xhx f) )
proof (simp add: hyperdual-eq-iff, intro conjl disjI2)
show goall: deriv (Az. g (f z)) (Base z) = deriv f (Base z) * deriv g (f (Base
)
proof —
have deriv (Az. g (f z)) (Base z) = deriv (g o f) (Base x)
by (simp add: comp-def)
also have ... = deriv g (f (Base z)) * deriv f (Base x)
using assms by (simp add: deriv-chain once-field-differentiable-at)
finally show ?thesis
by (simp add: mult.commute deriv-chain)
qed
then show deriv (Az. g (f x)) (Base z) = deriv f (Base x) * deriv g (f (Base

have first-diff: (Az. deriv g (f z)) field-differentiable at (Base x)
by (metis DERIV-chain2 assms deriv-field-differentiable-at field-differentiable-def
once-field-differentiable-at)

have deriv (deriv g o f) (Base z) = deriv (deriv g) (f (Base x)) x deriv f (Base
)
using deriv-chain assms once-field-differentiable-at deriv-field-differentiable-at
by blast
then have deriv-deriv-comp: deriv (Az. deriv g (f z)) (Base x) = deriv (deriv g)
(f (Base )) * deriv f (Base x)
by (simp add: comp-def)

have deriv (deriv (Az. g (f z))) (Base x) = deriv ((Az. deriv f z % deriv g (f x)))
(Base 1)
using assms eventually-deriv-compose’lof [ Base x ¢
by (simp add: mult.commute deriv-cong-ev)
also have ... = deriv f (Base z) * deriv (Az. deriv g (f z)) (Base z) + deriv
(deriv f) (Base z) x deriv g (f (Base z))
using assms(1) first-diff by (simp add: deriv-field-differentiable-at)
also have ... = deriv f (Base z) x deriv (deriv g) (f (Base z)) * deriv f (Base
x) + deriv (deriv f) (Base z) * deriv g (f (Base x))
using deriv-deriv-comp by simp
finally show Epsi2 z * deriv (Az. g (f z)) (Base z) + Epsl © * Eps2 x * deriv
(deriv (Az. g (fx))) (Base z) =
(Eps12 z * deriv f (Base x) + Epsl x * Eps2 x * deriv (deriv f) (Base 1)) *
deriv g (f (Base )) +
Epsl z * deriv f (Base x) * (Eps2 z * deriv f (Base x)) * deriv (deriv g) (f
(Base z))
by (simp add: goall field-simps)
qged
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3.1 Concrete Instances

3.1.1 Constant

Component embedding is an extension of the constant function.

lemma hypext-const [simp]:
(xhx (Az. a)) x = of-comp a
by (simp add: of-comp-def hyperdual-eq-iff)

lemma autodiff (\z. a) = (Az. Derivs a 0 0)
by simp

3.1.2 Identity

Identity is an extension of the component identity.

lemma hypext-ident:
(xhx (A\z. z)) 2z =z
by (simp add: hyperdual-eq-iff)

3.1.3 Component Scalar Multiplication

Component scaling is an extension of component constant multiplication:

lemma hypext-scaleH:
(xhx (M\z. kxz)) z =k *g x
by (simp add: hyperdual-eq-iff)

lemma hypext-fun-scaleH:
assumes | twice-field-differentiable-at (Base x)
shows (xhx (Az. k x fz)) o = k xg (xh* f) z
using assms by (simp add: hypext-compose hypext-scaleH)

Unary minus is just an instance of constant multiplication:

lemma hypext-uminus:
(xhx uminus) x = — x
using hypext-scaleH[of —1 z] by simp

3.1.4 Real Scalar Multiplication

Real scaling is an extension of component real scaling;:
lemma hypext-scaleR:

(xhx (Az. kg z)) e =k *p T
by (auto simp add: hyperdual-eq-iff)

lemma hypext-fun-scaleR:
assumes | twice-field-differentiable-at (Base x)
shows (xhx (Az. k xp fx)) o = k xg (xhx f) z
using assms by (simp add: hypext-compose hypext-scaleR)
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3.1.5 Addition

Addition of hyperdual extensions is a hyperdual extension of addition of
functions.

lemma hypext-fun-add:
assumes | twice-field-differentiable-at (Base x)
and g twice-field-differentiable-at (Base x)
shows (xhx (Az. fz + g z)) © = (xhx f) o + (xhx g) z
proof (simp add: hyperdual-eq-iff distrib-left[symmetric], intro conjl disjI2)
show goall: deriv (A\z. fx + g x) (Base x) = deriv f (Base z) + deriv g (Base

x)
by (simp add: assms once-field-differentiable-at distrib-left)
then show deriv (\z. fz + g z) (Base x) = deriv f (Base x) + deriv g (Base

have deriv (deriv (Az. fz + g x)) (Base x) = deriv (Aw. deriv f w + deriv g w)
(Base 1)
by (simp add: assms deriv-cong-ev eventually-deriv-add)
moreover have Epsi2 x x deriv [ (Base z) + Eps12 xz = deriv g (Base z) =
Eps12 x * deriv (\z. fz + g x) (Base z)
by (metis distrib-left goall)
ultimately show Eps12 x x deriv (A\x. fz + g z) (Base z) +
Epsl x « Eps2 x x deriv (deriv (Az. fz + g z)) (Base x) =
Eps12 x + deriv f (Base ) + Epsl x x Eps2 x % deriv (deriv f) (Base z) +
(Eps12 x % deriv g (Base x) + Epsl z * Eps2 x x deriv (deriv g) (Base z))
using deriv-add|OF deriv-field-differentiable-at deriv-field-differentiable-at, OF
assms]
by (simp add: distrib-left add.left-commute)
qed

lemma hypext-cadd [simp):
(xhx (A\z. = + a)) x = = + of-comp a
by (auto simp add: hyperdual-eg-iff of-comp-def)

lemma hypext-fun-cadd:
assumes | twice-field-differentiable-at (Base x)
shows (xhx (Az. fz + a)) z = (xhx f) x + of-comp a
using assms hypext-compose[of f © Az. x + a] by simp

3.1.6 Component Linear Function

Hyperdual linear function is an extension of the component linear function:

lemma hypext-linear:
(xhx (Az. k x4+ a)) © = k xg = + of-comp a
using hypext-fun-add[of () k z Az. a)
by (simp add: hypext-scaleH)

lemma hypext-fun-linear:
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assumes | twice-field-differentiable-at (Base x)
shows (xhx (Az. k * fo + a)) v = k *g (xhx f) © + of-comp a
using assms hypext-composelof f z A\x. k x z + a] by (simp add: hypext-linear)

3.1.7 Real Linear Function

We have the same for real scaling instead of component multiplication:

lemma hypext-linearR:
(¢hx (A\z. kg z + a)) x = k *p © + of-comp a
using hypext-fun-add|of (xgr) k x Az. a)
by (simp add: hypext-scaleR)

lemma hypext-fun-linearR:
assumes | twice-field-differentiable-at (Base x)
shows (xhx (Az. k *p fz + a)) x = k *r (xh* f) x + of-comp a
using assms hypext-compose[of f x Ax. k xg x + a] by (simp add: hypext-linearR)

3.1.8 Multiplication

Extension of multiplication is multiplication of the functions’ extensions.

lemma hypext-fun-mult:
assumes | twice-field-differentiable-at (Base z)
and g twice-field-differentiable-at (Base x)
shows (xhx (Az. fz % g 2)) © = (xh* f) x x (xhx g) z
proof (simp add: hyperdual-eq-iff distrib-left[symmetric], intro conjl)
show Eps! z * deriv (Az. fz x g z) (Base z) =
f (Base ©) % (Epsl x * deriv g (Base x)) + Epsl z * deriv f (Base ©) * g
(Base )
and Eps2 z * deriv (A\z. f 2z x g z) (Base x) =
f (Base x) % (Eps2 z * deriv g (Base x)) + Eps2 z * deriv f (Base ) * g
(Base 1)
using assms by (simp-all add: once-field-differentiable-at distrib-left)

have
deriv (deriv (A\z. fz * g 2)) (Base z) =
f (Base z) * deriv (deriv g) (Base ) + 2 * deriv f (Base z) * deriv g (Base
z) + deriv (deriv f) (Base z) x g (Base z)
proof —
have deriv (deriv (Az. f 2z * g z)) (Base x) = deriv (Az. f z % deriv g z + deriv
fzx* g z) (Base x)
using assms by (simp add: eventually-deriv-mult deriv-cong-ev)
also have ... = (Az. f z % deriv (deriv g) z + deriv f z x deriv g z + deriv f z
* deriv g z + deriv (deriv f) z % g z) (Base x)
by (simp add: assms deriv-field-differentiable-at field-differentiable-mult once-field-differentiable-at)
finally show ?thesis
by simp
qed
then show
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Eps12 x x deriv (Az. fz x g z) (Base x) + Epsl z x Eps2 x x deriv (deriv (Az.
fzxgz)) (Base z) =

2 % (Epsl z x (Eps2 x x (deriv f (Base z) * deriv g (Base z)))) +

f (Base x) % (Eps12 x * deriv g (Base ) + Epsl x * Eps2 x x deriv (deriv g)
(Base 1)) +

(Eps12 x * deriv f (Base ) + Epsl x * Eps2 x  deriv (deriv f) (Base 1)) *
g (Base x)

using assms by (simp add: once-field-differentiable-at field-simps)
qed

3.1.9 Sine and Cosine

The extended sin and cos at an arbitrary hyperdual.

lemma hypext-sin- Hyperdual:

(xhx sin) (Hyperdual a b ¢ d) = sin a *xg ba + (b *cos a) g el + (¢ * cos a)
kg e2 4+ (d x cos a — b x ¢ x sin a) xy el2

by (simp add: hypext-Hyperdual-eq-parts)

lemma hypext-cos- Hyperdual:

(xh* cos) (Hyperdual a b ¢ d) = cos a g ba — (b * sin a) g el — (¢ * sin a)
kg e2 — (d x sina+ b* cx* cosa) xpg el?
proof —

have of-comp (— (d % sin a) — b * ¢ x cos a) *x el2 = — (of-comp (d * sin a +
b*c*cosa)xel2)

by (metis add-uminus-conv-diff minus-add-distrib mult-minus-left of-comp-minus)

then show ?thesis

by (simp add: hypext-Hyperdual-eq-parts of-comp-minus scaleH-times)

qed

lemma Epsi-hypext-sin [simp]:
Eps1 ((xhx sin) x) = Epsl x x cos (Base x)
by simp

lemma Eps2-hypext-sin [simp]:
Eps2 ((xhx sin) x) = Eps2 x x cos (Base x)
by simp

lemma FEpsi12-hypext-sin [simp):
Eps12 ((xhx sin) ©) = Eps12 © x cos (Base x) — Epsl x x Eps2 x = sin (Base x)
by simp

lemma hypext-sin-el [simp]:
(xhx sin) (z x el) = el * x
by (simp add: el-def hyperdual-eq-iff one-hyperdual-def)

lemma hypext-sin-e2 [simp]:

(xhx sin) (z % e2) = e2 x x
by (simp add: e2-def hyperdual-eq-iff one-hyperdual-def)
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lemma hypext-sin-el12 [simp):
(xhx sin) (z % el2) = el2 x ¢
by (simp add: el2-def hyperdual-eq-iff one-hyperdual-def)

lemma hypext-cos-el [simp]:
(xhx cos) (z x el) = 1
by (simp add: el-def hyperdual-eq-iff one-hyperdual-def)

lemma hypext-cos-e2 [simpl:
(xhx cos) (z * e2) = 1
by (simp add: e2-def hyperdual-eq-iff one-hyperdual-def)

lemma hypext-cos-e12 [simp]:
(xhx cos) (z * el2) = 1
by (simp add: e12-def hyperdual-eq-iff one-hyperdual-def)

The extended sin and cos at 3 z.

lemma hypext-sin-extract:
(xhx sin) (B x) = sin z *xg ba + cos x xg el + cos x xg e2 — sin x xy el2
by (simp add: hypezt-sin-Hyperdual of-comp-minus scaleH-times hyperdualz-def)

lemma hypext-cos-extract:
(xhx cos) (B z) = cos x g ba — sin x xg el — sinx xg €2 — cos x *g el2
by (simp add: hypext-cos-Hyperdual hyperdualz-def)

Extracting the extended sin components at 3 z.

lemma Base-hypext-sin-extract [simpl:
Base ((xhx sin) (8 ©)) = sin x
by (rule Base-hypext)

lemma Eps2-hypext-sin-extract [simp):
Eps2 ((xhx sin) (B x)) = cos
using Eps2-hypext[of sin] by simp

lemma FEpsi2-hypext-sin-extract [simp]:
Eps12 ((xhx sin) (B z)) = — sinx
using Eps12-hypext|of sin] by simp

Extracting the extended cos components at 3 .

lemma Base-hypext-cos-extract [simp):
Base ((xhx cos) (B z)) = cos
by (rule Base-hypext)

lemma FEps2-hypext-cos-extract [simp]:
Eps2 ((xhx cos) (B z)) = — sin x
using Eps2-hypext|of cos| by simp

lemma Epsi12-hypext-cos-extract [simp):
Eps12 ((xhx cos) (B z)) = — cos x
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using Eps12-hypext[of cos] by simp

We get one of the key trigonometric properties for the extensions of sin and
Cos.

lemma ((xh* sin) z)? + ((xh* cos) z)? = 1
by (simp add: hyperdual-eg-iff one-hyperdual-def power2-eg-square field-simps)

lemma (xhx sin) z + (xhx cos) x = (xhx (Az. sin  + cos z))
by (simp add: hypext-fun-add)

3.1.10 Exponential

The exponential function extension behaves as expected.

lemma hypext-exp-Hyperdual:
(xhx exp) (Hyperdual a b ¢ d) =
exp a g ba + (b *x exp a) xg el + (¢ * exp a) xg €2 + (d x exp a + b * ¢
* exp a) xpy el2
by (simp add: hypext-Hyperdual-eq-parts)

lemma hypext-exp-extract:
(xhx exp) (B x) = exp x g ba + exp © xg el + exp x *g €2 + exp x g el2
by (simp add: hypext-extract-eq)

lemma hypext-exp-el [simp:
(xhx exp) (z xel) =1+ el xx
by (simp add: el-def hyperdual-eq-iff)

lemma hypext-exp-e2 [simp]:
(xhx exp) (x * e2) =1 + €2 *x x
by (simp add: e2-def hyperdual-eq-iff)

lemma hypext-exp-e12 [simp]:
(xhx exp) (z * el2) =1 + el2 x x
by (simp add: el12-def hyperdual-eq-iff)

Extracting the parts for the exponential function extension.

lemma Epsi-hypext-exp-extract [simp):

Eps1 ((xhx exp) (B z)) = exp
using Epsi-hypext[of exp] by simp

lemma Eps2-hypext-exp-extract [simp]:

Eps2 ((xhx exp) (B8 x)) = exp
using Eps2-hypezt|of exp| by simp

lemma FEpsi12-hypext-exp-extract [simpl:

Eps12 ((xh* exp) (B z)) = exp x
using Eps12-hypext[of exp] by simp
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3.1.11 Square Root

Square root function extension.

lemma hypext-sqrt-Hyperdual-Hyperdual:
assumes a > 0
shows (xhx sqrt) (Hyperdual a b ¢ d) =
Hyperdual (sqrt a) (b % inverse (sqrt a) / 2) (c * inverse (sqrt a) / 2)
(d * inverse (sqrt a) / 2 — b * ¢ * inverse (sqrt a ~ 3) / 4)
by (simp add: assms hypext- Hyperdual-eq)

lemma hypext-sqrt-Hyperdual:
a > 0 = (xhx sqrt) (Hyperdual a b ¢ d) =
sqrt a xg ba + (b * inverse (sqrt a) / 2) xg el + (¢ x inverse (sqrt a) / 2)
X 62 +
(d x inverse (sqrt a) /| 2 — b * ¢ x inverse (sqrt a ~ 8) | 4) g el2
by (auto simp add: hypext-Hyperdual-eg-parts)

lemma hypext-sqrt-extract:
x> 0 = (xhx sqrt) (8 ) = sqrt x xg ba + (inverse (sqrt x) / 2) g el +
(inverse (sqrt z) | 2) g e2 — (inverse (sqrt x ~ 83) / 4) *m el2
by (simp add: hypext-sqri- Hyperdual hyperdualz-def of-comp-minus scaleH-times)

Extracting the parts for the square root extension.

lemma FEpsi-hypext-sqrt-extract [simp):
z > 0 = Epsl ((xhx sqrt) (8 ©)) = inverse (sqrt z) | 2
using Epsi-hypext[of sqrt] by simp

lemma FEps2-hypext-sqri-extract [simp):
z > 0 = Eps2 ((xhx sqrt) (8 z)) = inverse (sqrt z) | 2
using Eps2-hypext|of sqrt] by simp

lemma Epsi12-hypext-sqrt-extract [simp):
z > 0 = Eps12 ((xhx sqrt) (8 z)) = — (inverse (sqrt x ~ 3) / 4)
using Eps12-hypext|of sqrt] by simp

lemma Base z > 0 = (xhx sin) © + (xhx sqrt) x = (xhx (Az. sin  + sqrt ©)) z
by (simp add: hypext-fun-add)

3.1.12 Natural Power

lemma hypext-power:
(xhx (Az.z "n))z=2z " n
by (simp add: hyperdual-eq-iff hyperdual-power)

lemma hypext-fun-power:
assumes | twice-field-differentiable-at (Base x)
shows (xhx (Az. (fz) " n)) z = ((xhx f) ) " n
using assms hypext-compose|of f z Az. x ~ n] by (simp add: hypext-power)
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lemma hypext-power-Hyperdual:
(xhx (Az. z " n)) (Hyperdual a b ¢ d) =
a “nxg ba+ (ofnatnxbxa " (n— 1)) *y el + (ofnatn*cx*a " (n
— 1)) xg e2 +
(dx (ofnatnxa "~ (n— 1))+ b+ cx* (of-natn * of-nat (n — 1) x a ~(n
by (simp add: hypext-Hyperdual-eq-parts algebra-simps)

lemma hypext-power-Hyperdual-parts:
(xhx (Az. z " n)) (a *xg ba + b*xg el + ¢ xg €2 + d xg el2) =
a “nxg ba+ (ofnatnxbxa " (n— 1)) xyg el + (of-natn*cxa  (n
— 1)) *g e2 +
(d* (of-natn*a " (n— 1))+ bxcx*(of-nat n* of-nat (n — 1) * a " (n
—2))) #p el?
by (simp add: Hyperdual-eq [symmetric] hypext-power-Hyperdual)

lemma hypext-power-extract:
(xhx (Az. z " n)) (B z) =
x " nxg ba+ (ofnatnxx " (n— 1)) xg el + (of-natnxz " (n— 1)) xpy
e2 +
(of-nat n x of-nat (n — 1) xx ~(n — 2)) xyg el2
by (simp add: hypext-extract-eq)

lemma FEpsi-hypext-power [simp]:
Eps1 ((xhx (Az. x " n)) ) = of-nat n x Epsl x * (Base z) ~ (n — 1)
by simp

lemma Eps2-hypext-power [simpl:
Eps2 ((xhx (Az. x " n)) ) = of-nat n x Eps2 x * (Base z) ~ (n — 1)
by simp

lemma FEpsi12-hypext-power [simp):

Eps12 ((xhx (Az. z " n)) z) =

Eps12 z x (of-nat n x Basex ~ (n — 1)) + Epsl z x Eps2 x x (of-nat n x of-nat
(n — 1) % Basex ~(n — 2))

by simp

3.1.13 Inverse

lemma hypext-inverse:
assumes Base © # 0
shows (xhx inverse) x = inverse
using assms by (simp add: hyperdual-eq-iff inverse-eq-divide)

lemma hypext-fun-inverse:
assumes | twice-field-differentiable-at (Base x)
and f (Base x) # 0
shows (xhx (Az. inverse (f z))) x = inverse ((xhx f) x)
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using assms hypext-compose[of f x inverse] by (simp add: hypext-inverse)

lemma hypext-inverse- Hyperdual:
a# 0 =
(xhx inverse) (Hyperdual a b ¢ d) =
Hyperdual (inverse a) (— (b / a®)) (= (¢ / a?) (2xbxc/(a " 8) —d/ a?)
by (simp add: hypext-Hyperdual-eq divide-inverse)

lemma hypext-inverse- Hyperdual-parts:
a# 0 =
(xhx inverse) (a g ba + b xg el + ¢ xg €2 + d xg el2) =
inverse a g ba + — (b /) a?) xg el + — (¢ / a®) g e2 +(2+bxc/a "3
—d / a®) xg el2
by (metis Hyperdual-eq hypext-inverse-Hyperdual)

lemma inverse-Hyperdual-parts:
(a:'az:real-normed-field) # 0 =
inverse (a *g ba + b xg el + ¢ xg e2 + d xy el2) =
inverse a xg ba + — (b ) a®) xg el + — (¢ / a®>) g e2 + (2xbxc/a "3
—d / a®) *g el2
by (metis Hyperdual-eq hyperdual.sel(1) hypext-inverse hypext-inverse- Hyperdual-parts)

lemma hypext-inverse-extract:

T # 0 = (%h* inverse) (8 x) = inverse x *g ba — (1 / 22) g el — (1 | 2?)
xg e2 + (2 /) x " 8) %y el2

by (simp add: hypext-extract-eq divide-inverse of-comp-minus scaleH-times)

lemma inverse-extract:

T # 0 = inverse (8 x) = inverse x xg ba — (1 | 2%) g el — (1 ] 22) *p €2
+(2/x78) %y el2

by (metis hyperdual.sel(1) hyperdualz-def hypext-inverse hypext-inverse-extract)

lemma FEpsi-hypext-inverse [simp):

Base © # 0 = Eps1 ((xh* inverse) 1) = — Epsl x x (1 / (Base 1)?)

by simp
lemma FEpsi-inverse [simp):

Base (z::'a::real-normed-field hyperdual) # 0 = Epsl (inverse ) = — Epsl x
* (1 / (Base z)?)

by simp

lemma FEps2-hypext-inverse [simpl:

Base (z::'a::real-normed-field hyperdual) # 0 —> Eps2 (inverse ) = — Eps2 x
x (1 / (Base z)?)

by simp

lemma FEpsi2-hypext-inverse [simpl:
Base (z::'a::real-normed-field hyperdual) # 0
= Eps12 (inverse z) = Epsl x x Eps2 x x (2/ (Base x ~ 3)) — Epsi2 x /
(Base z)?
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by simp

3.1.14 Division

lemma hypext-fun-divide:
assumes | twice-field-differentiable-at (Base x)
and g twice-field-differentiable-at (Base x)
and g (Base z) # 0
shows (xhx (Az. fz / gz)) x = (xhx f) z / (xh* g) ©
proof —
have (\z. inverse (g z)) twice-field-differentiable-at Base x
by (simp add: assms(2) assms(3) twice-field-differentiable-at-compose)
moreover have (xhx f) x * (xhx (Az. inverse (g z))) © = (xhx f) x * inverse
((+hx g) )
by (simp add: assms(2) assms(3) hypext-fun-inverse)
ultimately have (xhx (\z. f z * inverse (g x))) © = (xhx f) x * inverse ((xhx*
9) z)
by (simp add: assms(1) hypext-fun-mult)
then show ?thesis
by (simp add: divide-inverse hyp-divide-inverse)
qged

3.1.15 Polynomial

lemma hypext-polyn:
fixes coef :: nat = 'a i {real-normed-field}
and n :: nat
shows (xhx (Az. > i<n. coef i x ©77)) x = (D i<n. (coef ©) xg (%))
proof (induction n)
case 0
then show Zcase
by (simp add: zero-hyperdual-def)
next
case hyp: (Suc n)

have (Az. Y i<Suc n. coef i x x " i) = (Az. (O] i<n. coef i x x i) + coef n *
x " n)
and (A\z. > i<Suc n. coef i xg x " i) = (Az. O i<n. coef i xyg x " i) + coef n
kg T n)
by (simp-all add: field-simps)

then show Zcase
proof (simp)
have (Az. coef n x & ~ n) twice-field-differentiable-at Base x
using twice-field-differentiable-at-compose[of Az. © ~ n Base x (x) (coef n))
by simp
then have (xhx (Az. (D] i<n. coef i * x " i) + coef n x x " n)) z =
(xhx (Az. (O i<n. coef i * x 1)) x + (xhx (Ax. coef n * x " n))
by (simp add: hypezt-fun-add)
moreover have (xhx (Az. coef n * x " n)) © = coef n g z " n
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by (simp add: hypext-fun-scaleH hypext-power)
ultimately have (xhx (Az. (D] i<n. coef i x x " i) + coef n x x " n)) z =
(>i<n. coef i xg x T i) + coef n kg T n
using hyp by simp
then show (xhx (Az. (3] i<n. coef i x © i) + coef n x x " n)) z = (> i<n.
coef i xg © " i) + coef n kg x T n
by simp
qed
qed

lemma hypext-fun-polyn:
fixes coef :: nat = 'a :: {real-normed-field}
and n :: nat
assumes | twice-field-differentiable-at (Base z)
shows (xhx (Az. > i<n. coef i x (f2)7%)) © = (O] i<n. (coef ©) g (((xhx f)
) 7i))
using assms hypext-composelof fx Ax. (3 i<n. coef i x 7%)] by (simp add:
hypext-polyn)

end

theory LogisticFunction
imports HyperdualFunctionExtension
begin

3.2 Logistic Function

Define the standard logistic function and its hyperdual variant:

definition logistic :: real = real
where logistic x = inverse (1 + exp (—z))

definition hyp-logistic :: real hyperdual = real hyperdual
where hyp-logistic © = inverse (1 + (xhx exp) (—x))

Hyperdual extension of the logistic function is its hyperdual variant:

lemma hypext-logistic:
(xhx logistic) x = hyp-logistic x
proof —
have (xhx (Az. exp (— x) + 1)) & = (xh* exp) (— =) + of-comp 1
by (simp add: hypext-compose hypext-uminus hypext-fun-cadd twice-field-differentiable-at-compose)
then have (xhx (Az. I + exp (— z))) © = 1 + (xh* ezp) (— z)
by (simp add: one-hyperdual-def add.commute)
moreover have 1 + exp (— Base z) # 0
by (metis exp-ge-zero add-eq-0-iff neg-0-le-iff-le not-one-le-zero)
moreover have (A\z. 1 + exp (— z)) twice-field-differentiable-at Base x
proof —
have (Az. exp (— z)) twice-field-differentiable-at Base x
by (simp add: twice-field-differentiable-at-compose)
then have (\z. exp (— z) + 1) twice-field-differentiable-at Base
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using twice-field-differentiable-at-compose[of Azx. exp (— z) Base © Az. x +
1]
by simp
then show ?thesis
by (simp add: add.commute)
qed
ultimately have (xhx (Az. inverse (1 + exp (— z)))) z = inverse (1 + (xhx
exp) (= z))
by (simp add: hypext-fun-inverse)
then show ?thesis
unfolding logistic-def hyp-logistic-def .
qed
From properties of autodiff we know it gives us the derivative:
lemma FEps1 (hyp-logistic (8 z)) = deriv logistic ©
by (metis Epsi-hypext hypext-logistic)
which is equal to the known derivative of the standard logistic function:

lemma First (autodiff logistic ) = exp (— z) / (1 + exp (— z)) ~ 2
apply (simp only: autodiff .simps hyperdual-to-derivs.simps derivs.sel hypext-logistic)
apply (simp only: hyp-logistic-def inverse-hyperdual.code hyperdual.sel)

apply (simp add: hyperdualz-def hypext-exp-Hyperdual hyperdual-bases)
done

Similarly we can get the second derivative:

lemma Second (autodiff logistic x) = deriv (deriv logistic)
by (rule autodiff-extract-second)

and derive its value:

lemma Second (autodiff logistic ) = ((exp (— z) — 1) * exp (— z)) / (1 + exp
(=) 73

apply (simp only: autodiff .simps hyperdual-to-derivs.simps derivs.sel hypext-logistic)
apply (simp only: hyp-logistic-def inverse-hyperdual.code hyperdual.sel)
apply (simp add: hyperdualz-def hypext-exp-Hyperdual hyperdual-bases)

proof —
have
))QA*Q(&BP (—z)xexp (=) /(I +exp (=) 38— exp(—x)/(I+ emp (-
(2xexp(—x)/ (I +exp(—2z) "8—1/(1+exp(—2x) " 2)*exp(—x)
by (simp add: field-simps)
also have ... = (2 xexp (—2) / (I +exp(—2) "8 — (1 + exp(—2x)) /(1
+ exp (—z)) T 3) * exp (— )
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proof —
have inverse ((1 + exp (— z)) ~ 2) = inverse (1 + exp (— z)) ~ 2
by (simp add: power-inverse)

also have ... = (I + exp (— z)) * inverse (1 + exp (— x)) * inverse (1 + exp
(—=z) "2
by (simp add: inverse-eq-divide)
also have ... = (1 + exp (— z)) * inverse (1 + exp (— z)) ~ 3

by (simp add: power2-eg-square power3-eq-cube)
finally have inverse ((1 + exp (— z)) ~ 2) = (I + exp (— z)) * inverse ((1
+ exp (= z)) 7 3)
by (simp add: power-inverse)
then show ?thesis
by (simp add: inverse-eq-divide)
qed
also have ... = (2 xexp (—z) — (I + exp (—x))) / (I + exp (— z)) ~ 3 * exp
(= )
by (metis diff-divide-distrib)
finally show
2 = (eap (= 2)  eap (=) [ (1 + eap (= 2)) "8 = eap (= 2) | (1 + eap (-
z))* =
(exp (—x) — 1) *xexp(—z) / (I + exp (— 1)) ~ 38
by (simp add: field-simps)
qed

end

theory Analytic TestFunction
imports HyperdualFunctionExtension HOL— Decision-Procs. Approzimation
begin

3.3 Analytic Test Function

We investigate the analytic test function used by Fike and Alonso in their
2011 paper [1] as a relatively non-trivial example. The function is defined
as: Az. exp = / sqrt ((sin z)° 4 (cos z)%).

definition fa-test :: real = real

where fa-test © = exp x / (sqrt (sinx ~ 3 + cos z — 3))

We define the same composition of functions but using the relevant hyperd-
ual versions. Note that we implicitly use the facts that hyperdual extensions
of plus, times and inverse are the same operations on hyperduals.

definition hyp-fa-test :: real hyperdual = real hyperdual
where hyp-fa-test x = ((xhx exp) z) / ((xhx sqrt) (((xh* sin) z) ~ 8 + ((xh*
cos) ) ~ 3))

We prove lemmas useful to show when this function is well defined.

lemma sin-cube-plus-cos-cube:
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sint "8 4+ cosx "3 =1/2x (sinz+ cosz)* (2 — sin (2 x x))
for z :: 'a::{real-normed-field,banach}
proof —
have sinxz ~ 3 + cosz ~ 8 = (sinx + cos ) x (cosx ~ 2 — cos x x sin T + sin
x " 2)
by (smt (28) add.commute combine-common-factor diff-add-cancel distrib-left
mult.commute mult.left-commute power2-eq-square power3-eg-cube)
also have ... = (sin z + cos ) * (1 — cos x * sin z)
by simp
finally show ?thesis
by (smt (28) mult.commute mult.left-neutral mult-2 nonzero-mult-div-cancel-left
right-diff-distrib’ sin-add times-divide-eg-left zero-neg-numeral)
qed

lemma sin-cube-plus-cos-cube-gt-zero-iff:
(sinz =8 + cosxz ~8>0)= (sinxz+ cosx > 0)
for z ::real
by (smt (verit, best) cos-zero power3-eq-cube power-zero-numeral sin-cube-plus-cos-cube
sin-le-one sin-zero zero-less-mult-iff)

lemma sin-plus-cos-eq-45:
sin x + cos x = sqrt 2 * sin (x + pi/4)
apply (simp add: sin-add sin-45 cos-45 )
by (simp add: field-simps)

lemma sin-cube-plus-cos-cube-gt-zero-iff :
(sinz =8 + cosxz ~ 83> 0) = (sin (x + pi/4) > 0)
by (smt (verit, best) mult-pos-pos real-sqrt-gt-0-iff
sin-cube-plus-cos-cube-gt-zero-iff sin-plus-cos-eq-45 zero-less-mult-pos)

lemma sin-less-zero-pi:
[—pri<zyz< 0] = sinz <0
by (metis add.inverse-inverse add.inverse-neutral neg-less-iff-less sin-gt-zero sin-minus)

lemma sin-45-positive-intervals:
(sin (z + pi/4) > 0) = (z € (Unuint. {—pi/{ + 2*pixn <.< 3*pi/] +
proof (standard ; (elim UnionE rangeE | —))
obtain y :: real and n :: int
where © = y + 2xpixn and — pi < y and y < pi
using sincos-principal-value sin-cos-eq-iff less-eq-real-def by metis
note yn = this

assume 0 < sin (z + pi / 4)
then have a: 0 < sin (y + pi / 4)
using yn by (metis sin-add sin-cos-eq-iff)
then have y € {— pi / 4<.<3 x pi [ 4}
proof (unfold greater ThanLess Than-iff, safe)
show —pi / 4 <y

66



proof (rule ccontr)
assume - — pi / 4 <y
then have y < —pi / 4 Vy=—pi/ 4
by (simp add: not-less le-less)
then show Fulse
using a sin-less-zero-pilwhere © = y + pi/4] yn sin-zero
by force
qed
show y < 3 % pi / 4
proof (rule ccontr)
assume — y < 3 x pi / 4
then have pi < y + pi/4
by (simp add: not-less)
then show Fulse
using a sin-le-zero yn pi-ge-two by fastforce
qed
qed
then have z € {— pi / /| + 2xpixn<..<3 % pi | 4 + 2+pixn}
using yn greater ThanLessThan-iff by simp
then show z € (|Jn:int. {— pi / 4 + 2xpixn<.<3 % pi | 4 + 2xpixn})
by blast
next
fix X and n :: int
assume z € X
and X = {— pi / 4 + 2*pixn<..<3 * pi / / + 2*pixn}
then have z € {— pi / 4 + 2xpixn<..<8 * pi / 4 + 2xpixn}
by simp
then obtain y :: real and n :: int
where z = y + 2xpixnand — pi / 4 <yand y < & x pi / 4
by (smt (23) greaterThanLessThan-iff)
note yn = this

have 0 < sin (y + pi / 4)
using sin-gt-zero yn by force
then show 0 < sin (v + pi / 4)
using yn sin-cos-eq-iff[of © + pi / 4 y + pi / 4] by simp
qed

When the function is well defined our hyperdual definition is equal to the
hyperdual extension.

lemma hypext-fa-test:
assumes Base z € (|Jn:int. {—pi/4 + 2xpixn <..< 3xpi/4 + 2xpixn})
shows (xhx fa-test) © = hyp-fa-test
proof —
have inverse-sqrt-valid: 0 < sin (Base x) ~ 8 + cos (Base z) ~ 3
using assms sin-45-positive-intervals sin-cube-plus-cos-cube-gt-zero-iff ' by force

have Af. (A\z. (sin z) ~ &) twice-field-differentiable-at Base x
and Af. (Az. (cos ) ~ 3) twice-field-differentiable-at Base
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by (simp-all add: twice-field-differentiable-at-compose[ OF - twice-field-differentiable-at-power])
then have (xhx (Az. sinz ~ 3 + cosz ~ 3)) x = (xhx sin) © ~ 3 + (xhx cos) «
-3
and d-sincos: (Az. sinx ~ 8 + cos x ~ 3) twice-field-differentiable-at Base x
using hypext-fun-add[of Az. sin x = 3 x Az. cos z 3]
by (simp-all add: hypezt-fun-power twice-field-differentiable-at-add)
then have (xhx (Az. sqrt (sinxz ~ 3 + cos x ~ 8))) © = (xhx sqrt) ((xhx sin) z
T8 + (xhx cos) z T 3)
using inverse-sqrt-valid hypext-compose[of Az. sinx ~ 8 + cos x ~ 3 z] by simp
moreover have d-sqrt: (Az. sqrt (sinz =8 + cosx ~ 3)) twice-field-differentiable-at
Base z
using inverse-sqrt-valid d-sincos twice-field-differentiable-at-compose twice-field-differentiable-at-sqrt
by blast
ultimately have (xhx (Az. inverse (sqrt (sinx ~ 8 + cos z ~ 8)))) & = inverse
((xh* sqrt) ((xh* sin) z =8 + (xhx cos) z ~ 3))
using inverse-sqrt-valid hypext-fun-inverse[of Az. sqrt (sinx ~ 3 + cos z ~ 3)
x
}
by simp
moreover have (Az. inverse (sqrt (sinz ~ 3 + cos x ~ 3))) twice-field-differentiable-at
Base z
using inverse-sqrt-valid d-sqrt real-sqrt-eq-zero-cancel-iff
twice-field-differentiable-at-compose twice-field-differentiable-at-inverse
less-numeral-extra(3)
by force
ultimately have
(xhx (Az. exp x * inverse (sqrt (sinz — 3 + cosz ~ 3)))) © =
(xhx exp) z * inverse ((xhx sqrt) ((xhx sin) x =~ 3 + (xh* cos) x ~ 3))
by (simp add: hypext-fun-mult)
then have
(xhx (Mz. exp z [ sqrt (sinz ~ 3 + cosx ~ 8))) z =
(xhx exp) z / (xhx sqrt) ((xhx sin) £ = 8 + (xhx cos) x ~ 3)
by (simp add: inverse-eq-divide hyp-divide-inverse)
then show ?thesis
unfolding fa-test-def hyp-fa-test-def .
qed

We can show that our hyperdual extension gives (approximately) the same
values as those found by Fike and Alonso when evaluated at (15::%a) /
(10::"a).

lemma
assumes z = hyp-fa-test (8 1.5)
shows |Base x — 4.4978| < 0.00005
and |Epsl z — 4.0534| < 0.00005
and |Eps12 z — 9.4631| < 0.00005
proof —
show |Base x — 4.4978] < 0.00005
by (simp add: assms hyp-fa-test-def, approzimation 20)
have d: 0 < sin (3/2 == real) ~ 3 + cos (3/2 :: real) ~ 3
using sin-cube-plus-cos-cube-gt-zero-iff ' sin-gt-zero pos-add-strict pi-gt3 by force
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show |Epsl © — 4.0534| < 0.00005
by (simp add: assms hyp-fa-test-def d, approzimation 22)
show |Eps12 ¢ — 9.4631| < 0.00005
by (simp add: assms hyp-fa-test-def d, approzimation 2/ )
qed

A number of additional lemmas that will be required to prove the derivatives:

lemma hypext-sqrt-hyperdual-parts:
a> 0= (xhx sqrt) (a xg ba + b*xgyg el + c g e2 + d xgy el2) =
sqrt a *g ba + (b * inverse (sqrt a) / 2) *g el + (¢ * inverse (sqrt a) / 2)
X 62 +
(d * inverse (sqrt a) /| 2 — b x ¢ = inverse (sqrt a ~ 8) /| 4) *g el2
by (metis Hyperdual-eq hypext-sqrt-Hyperdual)

lemma cos-multiple: cos (n x ) = 2 % cos z x cos ((n — 1) *x z) — cos ((n — 2)
* T)
for z :: 'a :: {banach,real-normed-field}
proof —
have cos (n — 1) *z+2) + cos (n — 1) xz —xz) = 2 xcos ((n — 1) x x)
* COS T
by (simp add: cos-add cos-diff)
then show ?thesis
by (simp add: left-diff-distrib’ eq-diff-eq)
qged

lemma sin-multiple: sin (n % ) = 2 x cosx x sin (n — 1) * z) — sin ((n — 2)
* T)
for z :: 'a :: {banach,real-normed-field}
proof —
have sin (n — 1) *z + z) + sin (n — 1) xx — x) = 2 * cos © * sin ((n —
1) * x)
by (simp add: sin-add sin-diff)
then show ?thesis
by (simp add: left-diff-distrib’ eq-diff-eq)
qed

lemma powers:
fixes z :: 'a :: monoid-mult
shows 2 "6 =z*x 2% 2% 2 % 2
by (simp add: mult.assoc power2-eg-square power-numeral-odd)

lemma power6:
fixes z :: 'a :: monoid-mult
shows 2 "6 =z*z% 2% 2% 2% 2
by (simp add: mult.assoc power3-eq-cube power-numeral-even,)

We find the derivatives of fa-test by applying a Wengert list approach, as
done by Fike and Alonso, to make the same composition but in hyperduals.
We know that this is equal to the hyperdual extension which in turn gives
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us the derivatives.

lemma Wengert-autodiff-fa-test:
assumes z € ({Jnuint. {—pi/] + 2xpixn <..< 3*pi/j + 2xpixn})
shows First (autodiff fa-test x) =
(expz* (3% cosx+ & % cos (8 xz)+ 9 *sinz+ sin(3x*x)))/
(8 % (sqrt (sinz ~ 3 + cosxz — 8)) ~ 3)
and Second (autodiff fa-test z) =
(exp x % (130 — 12 * cos (2 * z) +
30 * cos (4 * x) + 12 x cos (6 * x) —
111 * sin (2 * x) +
48 % sin (4 * ) + 5 x sin (6 * x))) /
(64 % (sqrt (sinz 3 + cosxz — 8)) ~9)
proof —
have s3-c3-gt-zero: (sinxz) ~ 8 + (cosz) ~8 > 0
using assms sin-45-positive-intervals sin-cube-plus-cos-cube-gt-zero-iff ' sin-gt-zero
by force
— Work out hyp-fa-test as Wengert list of basic operations
let w0 = x
have w0: w0 = x xg ba + 1 g el + 1 xg e2 + 0 gy el2
by (simp add: Hyperdual-eq hyperdualz-def)

let w1 = (xhx exp) w0
have wi: 2wl = exp x xy ba + exp x *y el + exp x xy e2 + exp = xy €l2
using hypext-exp-extract by blast

let w2 = (xhx sin) 2wl
have w2: w2 = sin x *g ba + cos © xyg el + cos T xyg e2 + — sinx xg el2
by (simp add: hypext-sin-extract of-comp-minus scaleH-times)

let w3 = (xhx (Az. z ~ 3)) w2
have w3: w3 = (sinz) ~ 3 xg ba + (3 * cos z * (sin 1)?) *z el + (3 * cos
* (sin 7)?) *g €2 + — (3/4 * (sinx — 3 x sin (3 * 1))) *g el2
by (simp add: w2 hypext-power-Hyperdual-parts power2-eq-square cos-times-cos
stn-times-sin
sin-times-cos distrib-left right-diff-distrib’ divide-simps)

let 2w/ = (xh* cos) 2wl
have w/: 2w} = cos x xg ba + — sinx *yg el + — sin T xg €2 + — cos x *g
el?2
by (simp add: hypext-cos-extract of-comp-minus scaleH-times)

let w5 = (xhx (Az. = 3)) ?wf
have w5: w5 = (cos ) ~ 3 xy ba + — (3 = sin x % (cos z)?) g el + — (3 *
sin z * (cos ©)%) *y €2 + — (3/4 * (cos z + 3 * cos (3 x x))) xg el2
by (simp add: w4 hypext-power-Hyperdual-parts sin-times-sin right-diff-distrib’
cos-times-cos
power2-eq-square distrib-left sin-times-cos divide-simps)

let w6 = w3 + 2wd
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have sqrt-pos: Base ?w6 > 0
using s3-c3-gt-zero by auto
have w6: w6 = (sinx ~ 8 + cosx ~ 3) g ba +
(8 * cos x x sin x * (sin © — cos z)) *g el +
(3 * cos x x sin x * (sin © — cos z)) *g €2 +
—(8/4 x (sinx 4+ cosz + 3 x cos (8 xx) — 8 * sin (3 * x))) *gy
el?2
by (auto simp add: w3 wd add-hyperdual-parts power2-eq-square right-diff-distrib’
divide-simps)

let w7 = inverse ((xh* sqrt) 2w6)
have w7: w7 = inverse(sqrt(sin x = 8 + cos x ~ 3)) *g ba +
— ((3 * cosz * sinx * (sinx — cos x))/(2 = (sqrt (sinx ~ 3 + cos
x 7 38)) T8)) kg el +
— ((3 * cos z * sinx * (sinx — cos x))/(2 * (sqrt (sinz ~ 3 + cos
z78)) T8)) xg €2 +
((83 % (30 + 2 % cos (4 *x) — 41 xsin (2 xx)+ 3 * sin (6
%))/ (64 = (sqrt (sinx ~ 8 4+ cosx ~ 3)) ~5)) xg el
— Apply the functions in two steps, then simplify the result to match
proof —
let ?w7a = (xhx sqrt) w6
have w7a: w70 =
sqrt (sinx 3 + cosx — 8) xp ba +
((3 % (cos x = (sin z * (sin x — cos x)))) * inverse (sqrt (sinx ~ 8 + cos x ~
3)) ] 2) *g el +
((3 % (cos x = (sin z * (sin x — cos x)))) * inverse (sqrt (sinx ~ 8 + cos x ~
3))/ 2) xg e2 +
(= (8 *xsinz+ 3 xcosz+ 9 xcos (8 *1z)— 9 x sin (3% 1)) * inverse
(sqrt (sinxz =8 + cosz ~3)) / 8) +
— 9 % (cos x * (sin z x ((sin x — cos x) * (cos x * (sin x * (sin ¢ — cos
z)))))) * inverse (sqrt (sinx ~ 8 + cosx —3) T 8) ) 4) *u el2
unfolding w6
using sqrt-pos by (simp add: hypext-sqrt-hyperdual-parts mult.assoc)

let 2w7b = inverse ?w7a
have %w7b =
(1 /sqrt(sinz ™83 + cosx —8)) g ba +
— (8 * (cos z x (sin x * (sin x — cos x))) * inverse (sqrt (sinx ~ 3 + cos x
3)) /(2 % (sqrt (sinz "8 + cosx " 3))?)) *y el +
— (8 *x (cos z x (sin x * (sin x — cos x))) * inverse (sqrt (sinx ~ 3 + cos
T38)) /(2 % (sqrt (sinz "3 + cosx " 3))?)) *m €2 +
(9 % (cos T * (cos © % (sin x * (sin z * ((sin £ — cos x) * ((sin z — cos
x) * (inverse (sqrt (sin x — 8 + cos x ~ 83)) * inverse (sqrt (sin x = 3 + cos © ~
NN /(2 % sqrt (sinz ~ 8 + cosz ~3) " 3) —
(—((3*sinx+ 3 xcosx+ 9 % cos (3 xx)— 9 % sin (3 1x)) * inverse
(sqrt (sinxz ~ 8 + cosz ~3)) / 8) —
9 x (cos T * (sin © * ((sin x — cos x) x (cos T * (sin z * (sin z — cos x))))))
* dnverse (sqrt (sinx ~ 3 + cosxz ~8) T 8) [/ 4)/
(sqrt (sinz =3 + cosz ~8))?) xy el2

—_
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— Push the inverse in
by (simp add: w7a inverse-hyperdual-parts)
then have w7b: w7b =
(inverse (sqrt (sinz ~ 3 + cosx ~ 3))) *xg ba +
— (8 xcosz* sinzx* (sinz — cosx) /(2% (sqrt (sinx ™3 4+ cosz ~ 3))
T3)) xg el +
— (8 xcosz*sinz* (sine — cosx) /(2% (sqrt (sinz =3 4+ cosz ~ 3))
T38)) kg e2 +
(9 % cos x * cos T * sin x * sin x x ((sin x — cos x) * (sin z — cos x) / ((sqrt
(sinz =8 +cosz " 3)) T2)) /(2 xsqrt (sinz "3 + cosz " 3) " 8) —
(—((8xsinx+ 8 xcosx+ 9 x*cos(3*x)— 9% sin(3x*x))/(8x*sqrt
(sinz =8 + cosz ~ 3))) —
9 x cos x * sinx * (sin T — cos x) * cos T * sin & * (sinz — cos x) |/ (4 *
sqrt (sinx ~ 3 + cosx ~ 3) ~ 3))
/ (sqrt (sinx =8 + cos & ~ 3))?) xg el2
— Simplify powers and parents
by (simp add: power2-eg-square power3-eq-cube field-simps)

have
9 % cos x x cos x * sin x x sin x * ((sin ¢ — cos x) * (sin x — cos x)) / ((sqrt
(sinz "3 +cosz " 8))% % (2 x sqrt (sinz "3 +cosz ~3) " 3)) —
(—((3*sinz+ 3 xcosxz+ 9 xcos(3xxz)—9x*sin(3xzx))/(8x*sqrt
(sinz =8 + cosxz ~ 3))) —
9 % cos T * sin T * (sin T — cos x) * cos T * sinz * (sinx — cosz) | (4
x sqrt (sinx 8 + cosxz " 3) T 3))/
(sqrt (sinz =8 + cosz ~3))? =
(90 + 6 x cos (4 *x) — 123 x sin (2 xx) + 9 x sin (6 x x)) / (64 * sqrt
(sinx =3 + cosz ~3) ~5H)
— Equate the last component’s coefficients
proof —
have
9 % cos T % cos T x sin & x sin x x ((sin € — cos x) * (sin & — cos z)) /
((sqrt (sinx =8 + cosx ~3))% x (2 * sqrt (sinx ~ 8 + cosx ~3) ~3)) —
(—((B*xsinz+ 8 *cosx+ 9 xcos(3*z)— 9 xsin(3xx))/(8x*
sqrt (sinxz — 8 + cosx ~ 3))) —
9 % cos T * sinx * (sin T — cosx) * cos T * sinz * (sinz — cos ) / (4
x sqrt (sinx ~ 8 + cosxz " 3) T 3))/
(sqrt (sinx =8 + cosz ~ 3))% =
9 % cos x % cos T * sin T x sinx x (sinx — cos z) * (sinz — cos x) / (2 *
sqrt (sinz ~ 83 + cosxz " 3) T5) +
((8xsinz+ 8 xcosz+ 9*cos(3*xx)—9xsin(3x*x))/(8x*sqrt
(sinz =8 + cosxz " 3)) +
9% cosx*x sinz * (sinx — cosx) * cos T x sinx* (sinz — cosz) [/ (4
x sqrt (sinz ~ 3 +cosxz ~8) T 3))/
(sqrt (sinx ~ 3 + cosxz ~ 3)) ~ 2
by (simp add: divide-simps)
also have ... =
9 % cos T % cosx * sin T *x sinxx (sinz — cosx)x (sinz — cosx) /(2%
sgrt (sinx ~ 3 + cosxz —8) T 5) +
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((3*xsinz+ 3%cosz~+ 9 *cos(3*xx)— 9 xsin(3x1x))/ (8= (sqrt
(sinz =8 + cosz ~3)) " 3) +
9 % cos x *x sin T * (sin & — cos x) * cos x x sin x * (sinx — cosz) / (4
x sqrt (sinx =8 + cosxz T 8) T3 * (sqrt (sinz T3 + cosx T 3)) T 2))
by (simp add: add-divide-distrib power2-eq-square power3-eq-cube mult.commute
mult.left-commute)
also have ... =
9 % cos x % cos T * sin T x sinx x (sinx — cos x) * (sinz — cosx) [/ (2 *
sqrt (sinx ~3 + cosxz T 8) T5H) +
((3*xsinz+ 3xcosz~+ 9 *cos (3*xx)— 9 xsin(3xx))/ (8« (sqrt
(sinz =8 +cosx —3)) " 3) +
9 % cosx *x sinz * (sinx — cosx) * cos T x sinx * (sinz — cosz) | (4
x sqrt (sinz ~ 3 + cosxz —8) T 5))
by (simp add: mult.commute mult.left-commute)
also have ... =
9 % cos T * cosx * sin T *x sinxx (sinz — cosx)x (sinz — cosx) /(2 %
sqrt (sinz =8 4+ cosxz T 3) T 5) +
((3*xsinz+ 3%cosz+ 9*cos(3*xx)— 9 xsin(3x1x))*(sinz "3
+cosxz " 83) /(8 x (sqrt (sinz "8 + cosz " 8)) T8+
9 % cos T * sinx * (sin T — cosx) * cos T * sinz * (sinz — cos ) / (4
x sqrt (sinx 3 + cosx " 8) T 5))
proof —
have (sinx ~ 8 + cos x ~ &) * inverse ((sqrt (sinz ~ 3 + cosz ~ 3)) ~ 2)
=1
using s3-c3-gt-zero by auto
then have
1 /(8% (sqrt (sinz ~ 8 4+ cosx ~3)) ~8) =
(sinz =8 + cosx ~3)/ ((sqrt (sinz "3 + cosz ~3)) ~2) /(8 * (sqrt
(sinx =3 + cosz —38)) ~3)
by (simp add: field-simps)
then have
1 /(8% (sqrt (sinz =8 4+ cosx ~3)) ~8) =
(sinz =8 +cosx " 83) /(8% (sqrt (sinz ~ 83 + cosx —3)) " 5)
by auto
then show ?thesis
by (metis (mono-tags, lifting) divide-real-def inverse-eq-divide times-divide-eq-right)
qed
also have ... =
(288 * cos x * cos x % sin T * sin x * (sin x — cos z) * (sin T — cos z) +
(3*sinz+ 3xcosx+ 9 *cos(3%xx)— 9=xsin(3xx))*(sinz 3
+cosz " 8) %8+
144 * cos T x sin x * (sin © — cos ) * cos T * sin & * (sin x — cos x))
/ (64 % (sqrt (sinxz ~ 3 + cosz — 8)) ~5)
by (simp add: divide-simps)
also have ... =
(482 % cos x x cos T * sin x * sin z * (sin & — cos x) * (sin © — cos x) +
(24 % sinx + 24 % cos © + 72 % cos (3 * x) — 72 * sin (3 * z)) * (sin
T8 4+ cosz T 3))
/ (64 = (sgrt (sinx ~ 3 + cosz —3)) ~5)
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by (simp add: divide-simps)
finally show ?thesis
— Having matched the denominators, prove the numerators equal
by (simp, force intro: disjI2 simp add: power2-eq-square power)-eq-rxrx
power3-eq-cube cos-times-sin
sin-times-cos cos-times-cos sin-times-sin right-diff-distrib power6 powerd
distrib-left distrib-right left-diff-distrib divide-simps)
qed
then show ?thesis
— Put it all together
by (simp add: w7b)
qed

let w8 = %wl x w7
have w§: w8 =
((exp x)/(sqrt(sin ¢ = 3 + cos x ~ 8))) *u ba +
((exp x % (3 *x cosx + 5 % cos (3 xx) + 9 % sinz + sin (3 *x)))/(8 % (sqrt
(sinz =8 + cosx ~3)) " 8)) xg el +
((exp z % (3 % cosx + 5 % cos (3 xx) + 9 x sinx + sin (3 * x)))/(8 * (sqrt
(sinz =8 + cosx " 38)) T 8)) kg e2 +
((exp x % (130 — 12 % cos (2 x x) + 30 * cos (4 * x) + 12 x cos (6 * x) —
111 = sin (2 * x) + 48 * sin (4 = z) +
5% sin (6 % 2)))/(64 % (sqrt (sinz 3 + cosxz — 8)) ~5)) xg el2
proof (auto simp add: w7 wi times-hyperdual-parts)
show exp x * inverse (sqrt (sinx ~ 3 + cosx ~ 8)) = exp x / sqrt (sinz ~ 8
+ cosx T 3)
by (simp add: divide-inverse)

have sqrt-sc3: sqrt (sinx =3 + cosz ~3) T8 = (sinz "3 + cosx ~ 3) *
sqrt (sinax ~ 8 + cosx  3)
using s3-c3-gt-zero
by (simp add: power3-eq-cube)
then have inverse (sqrt (sinx = 3 + cosz — 3)) —
(3% cosaxsinex*(sinz — cosx)) /[ (2x*sqrt (sinz =3+ cosz —8)
3) =
(3% cosax+ 5 xcos(3xz)+ 9xsinz+ sin (8 xx)) /(8 sqrt (sinz
T8 4+ cosx T 3) " 3)
using sqrt-pos
apply (simp add: right-diff-distrib’ sin-times-sin cos-times-cos sin-times-cos
cos-times-sin power3-eq-cube left-diff-distrib’ divide-simps)
by (simp add: distrib-right cos-times-cos)
then show exp x x inverse (sqrt (sinz ~ 8 + cosx ~ 3)) —
exp & x (3 % cos x % sinx * (sinx — cos x)) / (2 * sqrt (sinz ~ 3 + cos
z " 38) T38) =
exp T x (3 % cos x + 5 % cos (8 % x) + 9 x sinx + sin (3 xx)) /(8 *
sqrt (sinx — 8 + cosx ~ 3) " 3)
by (simp add: algebra-simps)

have sqrt (sinx ~ 3 + cosxz ~8) "8 = (sinx "3+ cosz " 8) "4
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using s3-c3-gt-zero
by (smt mult-2 numeral-Bit0 power2-eq-square power-even-eq real-sqri-mult-self)
moreover have sqrt (sinx ~ 3 + cosx ~3) "5 = (sinz "8 4+ cosz " 3)
T2 % sqrt (sinx T3 4+ cosxz T 3)
by (simp add: mult.assoc power2-eq-square powers)
ultimately
have (90 + 6 * cos (4 x x) — 123 x sin (2 * z) + 9 = sin (6 x z)) / (64 *
sqrt (sinx ~ 3 + cosxz —8) T H) —
3 * (cos z * ((sin z x (sin x — cos x)))) / sqrt (sinx =8 + cosxz ~8) ~
3+
inverse (sqrt (sinx ~ 8 4+ cosx ~ 3)) =
(130 — 12 % cos (2 x z) + 30 * cos (4 * z) + 12 % cos (6 * x) — 111 %
sin (2 x x) + 48 x sin (4 xxz) + & * sin (6 x z)) /
(64 % sqrt (sinz ~ 3 + cosx ~ 8) ~5)
using sqrt-pos
apply (simp add: sqrt-sc3 power2-eq-square divide-simps)
by (simp add: distrib-right distrib-left power3-eq-cube sin-times-sin sin-times-cos
cos-times-cos cos-times-sin right-diff-distrib’ left-diff-distrib’ divide-simps)
moreover have Vr a b c. (a:real) x b — c*x (a*x 1) =a* (b — c*r)
by (simp add: right-diff-distrib)
ultimately show exp z * (90 + 6 * cos (4 * ) — 123 * sin (2 x ) + 9 =
sin (6 = x)) / (64 = sqrt (sinx ~ 3 + cosz —3) ~5) —
3 % (cos x * (exp z = (sin z x (sin x — cos x)))) / sqrt (sinz ~ 3 +
cosz ~8) "8+
exp x x inverse (sqrt (sinxz ~ 8 + cosx ~ 3)) =
exp T *
(130 — 12 * cos (2 x x) + 30 * cos (4 *
x sin (2 xx) + 48 x sin (4 xz) + & x sin (6 x z)) /
(64 = sqrt (sinxz ~ 8 + cosz — 3) ~5)
by (metis (mono-tags, opaque-lifting) distrib-left mult.left-commute times-divide-eq-right)
qed

)+ 12 % cos (6 x ) — 111

— Check that we have indeed computed the hyperdual extension of our analytic
test function
moreover have w8-eq-hyp-fa-test: w8 = (xhx fa-test) (8 z)
using assms
by (simp add: hyp-divide-inverse hyp-fa-test-def hypext-fa-test hypext-power)

— Now simply show that "extraction" of first and second derivatives are as ex-
pected
ultimately
show Flirst (autodiff fa-test x) =
(expx x (3 % cosx + &5 x cos (§ *xz) + 9 * sinz + sin (3 x 1)) /
(8 x (sgrt (sinz 8 + cosz ~ 3)) ~ 3)
and
Second (autodiff fa-test x) =
exp x % (130 — 12 % cos (2 = =) +

30 x cos (4 % x) + 12 % cos (6 * z) —
111 % sin (2 x x) + 48 x sin (4 xz) + & * sin (6 x z)) /
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(64 * sqrt (sinxz ~ 8 + cosz ~ 3) ~5)
by (metis autodiff-sel hyperdual-comb-sel)+
qed

end
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