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Abstract

We study three different Hoare logics for reasoning about time
bounds of imperative programs and formalize them in Isabelle/HOL:
a classical Hoare like logic due to Nielson, a logic with potentials due
to Carbonneaux et al. and a separation logic following work by Atkey,
Chaguérand and Pottier. These logics are formally shown to be sound
and complete. Verification condition generators are developed and are
shown sound and complete too. We also consider variants of the sys-
tems where we abstract from multiplicative constants in the running
time bounds, thus supporting a big-O style of reasoning. Finally we
compare the expressive power of the three systems.

An informal description is found in an accompanying report [HN18].
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1 Arithmetic and Boolean Expressions

theory AFEzp imports Main begin

1.1 Arithmetic Expressions

type__synonym vname = string
type__synonym val = int
type_ synonym state = vname = val

datatype aexp = N int | V vname | Plus aexp aexp | Times aexp aexp |
Div aexp aexp

fun aval :: aexp = state = val where

aval (N n) s =n |

aval (Vz)s=su|

aval (Plus a1 az) s = aval a1 s + aval ag s

aval (Times ay (12) s = aval a1 s * aval ay s
(

aval (Div a1 az) s = aval a1 s div aval az s

value aval (Plus (V' "z") (N 5)) (M. if x = "z"" then 7 else 0)
The same state more concisely:

value aval (Plus (V "z") (N 5)) ((Az. 0) ("z":= 7))
A little syntax magic to write larger states compactly:

definition null_state (<<>)) where
null _state = \z. 0

syntax

_ State :: updbinds => 'a («<_>»)
translations

_ State ms == __ Update <> ms

_ State (__updbinds b bs) <= _ Update (__State b) bs

end

theory BFxp imports AFzp begin

1.2 Boolean Expressions

datatype bexp = Bc bool | Not bexp | And bexp bexp | Less aexp aexp
fun bwal :: bexp = state = bool where

bval (Bc v) s = v |
bval (Not b) s = (= bval b s) |



bval (And by b2) s = (bval by s A bval by s) |
bval (Less a1 az) s = (aval a; s < aval ay $)

value bval (Less (V "z"") (Plus (N 3) (V ""y")))
<//‘,1:// e 3’ //y// = 1>

end

2 IMP — A Simple Imperative Language

theory Com imports BEzxp begin

datatype
com = SKIP
| Assign vname aexp («_ == _> [1000, 61] 61)
| Seq  com com («_5;/ > 160, 61] 60)
| If  bexp com com  («(IF _/ THEN _/ ELSE ) [0, 0, 61] 61)
| While bexp com («(WHILE _/ DO _)» [0, 61] 61)
end

theory Big Step imports Com begin

2.1 Big-Step Semantics of Commands

The big-step semantics is a straight-forward inductive definition with con-
crete syntax. Note that the first parameter is a tuple, so the syntax becomes
(c,s) = s

inductive
big _step :: com x state = state = bool (infix (=» 55)
where
Skip: (SKIP,s) = s |
Assign: (x = a,8) = s(x := aval a s) |
Seq: [ (c1,81) = s2; (c2,82) = s3] = (c13;¢2, $1) = s3 |
IfTrue: | bval b s; (c1,8) = t ] = (IF'b THEN ¢y ELSE c2, s) = t |
IfFalse: [ —bval b s; (c2,8) = t ] = (IF b THEN c¢1 ELSE ca, s) =t |
WhileFalse: —bval b s = (WHILE b DO c¢,s) = s |
While True:
[ bval b s1; (c,51) = s2; (WHILE b DO ¢, s2) = s3]
— (WHILE b DO ¢, s1) = s3

We want to execute the big-step rules:

code_ pred big_step .



For inductive definitions we need command values instead of value.
values {t. (SKIP, \_. 0) = t}
We need to translate the result state into a list to display it.

values {map t ["z"] |t. (SKIP, <"'z"":= 42>) = t}
values {map t ["z"] |t. ("z" == N 2, <'"z" := }2>) = t}

values {map ¢ ["z",""y"] |t.
(WHILE Less (V' "2y (V "y"y DO ("z" ::= Plus (V "z") (N 5)),
<" = 0,"y" = 13>) = t}

Proof automation:

The introduction rules are good for automatically construction small
program executions. The recursive cases may require backtracking, so we
declare the set as unsafe intro rules.

declare big_ step.intros [intro]

The standard induction rule

[x1 = z2; Ns. P (SKIP, s) s; Nz as. P (z = a, s) (s(z := aval a 5));
/\61 81 82 €9 S3.

[(c1, s1) = s2; P (c1, 1) S2; (c2, S2) = s3; P (ca, s2) s3]

= P (c13; c2, 81) $3;
Ab s c1 tco.

[bval b s; (c1, s) = t; P (c1, s) t] = P (IF b THEN ¢, ELSE cs, s) t;
Ab s catcy.

[ bval b s; (c2, s) = t; P (c2, ) t] = P (IF' b THEN c¢; ELSE cs, s)
1
ANbsc.—bvalbs = P (WHILE b DO ¢, s) s;
Ab s1 ¢ 5o s3.

[bval b s1; (¢, s1) = s2; P (¢, s1) s2; (WHILE b DO ¢, s2) = s3;

P (WHILE b DO ¢, s2) s3]

— P (WHILE b DO ¢, s1) s3]

== Pzl 22

thm big step.induct

This induction schema is almost perfect for our purposes, but our trick
for reusing the tuple syntax means that the induction schema has two pa-
rameters instead of the ¢, s, and s’ that we are likely to encounter. Splitting
the tuple parameter fixes this:

lemmas big_step_induct = big__step.induct[split_format(complete)]
thm big step_induct



[(z1a, x1b) = z2a; Ns. P SKIP s s; Az a s. P (z == a) s (s(z := aval a
s));
/\01 §1 §2 C2 S3.

[[(01, 51) = S9; P ¢y 81 $9; (CQ, 52) = s3; P co s 83]]

= P (c13; ¢2) 51 83;
Ab s c1 tco.

[bval b s; (c1, 8) = t; P c1 st] = P (IF b THEN c¢; ELSE ¢3) s t;
Nb s cotc.

[ bval b s; (ca, ) = t; P ca st] = P (IF b THEN ¢, ELSE ¢3) s t;
Ab s c. = bval b s = P (WHILE b DO ¢) s s;
Ab s1 ¢ 5o 83.

[bval b s1; (¢, s1) = s2; P ¢ s1 s2; (WHILE b DO ¢, s3) = s3;

P (WHILE b DO c) sg s3]

= P (WHILE b DO ¢) s1 s3]
= P zla x1b 22a

2.2 Rule inversion

What can we deduce from (SKIP, s) = t ? That s = ¢. This is how we can
automatically prove it:

inductive__cases SkipE[elim!]: (SKIP,s) = t
thm SkipFE

This is an elimination rule. The [elim] attribute tells auto, blast and
friends (but not simp!) to use it automatically; [elim!] means that it is applied
eagerly.

Similarly for the other commands:
inductive__cases AssignE[elim!]: (z = a,s) =t
thm Assignk
inductive__cases SeqE[elim!]: (c1;;¢2,s1) = s3
thm SeqF
inductive__cases IfE[elim!]: (IF' b THEN c1 ELSE c2,s) = t
thm IfE

inductive__cases WhileE[elim]: (WHILE b DO c,s) =t
thm WhileE

Only [elim]: [elim!] would not terminate.
An automatic example:

lemma (IF b THEN SKIP ELSE SKIP, s) =t =t =s
by blast

Rule inversion by hand via the “cases” method:



lemma assumes (IF b THEN SKIP ELSE SKIP, s) =t
shows ¢t = s

proof—
from assms show ?thesis
proof cases — inverting assms

case IfTrue thm IfTrue
thus ?thesis by blast
next
case [fFulse thus ?thesis by blast
qed
qged

lemma assign__simp:
(z == a,8) = s’ +— (' = s(z := aval a 3))
by auto

An example combining rule inversion and derivations

lemma Seq assoc:
(cl3; ¢2;5 ¢3, 8) = 8" «— (cls; (¢255 ¢3), 8) = s’
proof
assume (cl;; ¢2;; ¢3, 8) = s’
then obtain sI s2 where
cl: (c1,s) = sl and
c2: (c2, s1) = s2 and
c3: (¢8, s2) = s’ by auto
from c2 c8
have (¢2;; ¢3, s1) = s’ by (rule Seq)
with c1
show (c1;; (¢2;; ¢3), s) = s’ by (rule Seq)
next
— The other direction is analogous
assume (cl;; (¢2;; ¢3), s) = s’
thus (c1;; ¢2;; ¢3, s) = s’ by auto
qed

2.3 Command Equivalence

We call two statements ¢ and ¢’ equivalent wrt. the big-step semantics when
c started in s terminates in s’ iff ¢’ started in the same s also terminates
in the same s’. Formally:

abbreviation
equiv_c :: com = com = bool (infix (~) 50) where
c~c'=Wst (cs) =t = (c)s) = t)



Warning: ~ is the symbol written \ < s i m > (without spaces).
As an example, we show that loop unfolding is an equivalence transfor-
mation on programs:

lemma unfold _while:
(WHILE b DO ¢) ~ (IF b THEN c¢;; WHILE b DO ¢ ELSE SKIP) (is ?w
~ Ziw)
proof —
— to show the equivalence, we look at the derivation tree for
— each side and from that construct a derivation tree for the other side
{ fix s t assume (%w, s) =t
— as a first thing we note that, if b is False in state s,
— then both statements do nothing:
{ assume —bval b s
hence t = s using «(?w,s) = t» by blast
hence (7w, s) = t using «—bval b s)» by blast
}
moreover
— on the other hand, if b is True in state s,
— then only the While True rule can have been used to derive (%w, s) =

{ assume bval b s
with ¢(?w, s) = ©» obtain s’ where
(¢, s) = s"and (w, s’) = t by auto
— now we can build a derivation tree for the IF
— first, the body of the True-branch:
hence (c¢;; ?w, s) = t by (rule Seq)
— then the whole IF
with <bval b $» have (%iw, s) = t by (rule IfTrue)
}
ultimately
— both cases together give us what we want:
have (7w, s) = t by blast
}
moreover
— now the other direction:
{ fix s t assume (%iw, s) =t
— again, if b is False in state s, then the False-branch
— of the IF' is executed, and both statements do nothing:
{ assume —bval b s
hence s = t using «(%w, s) = t» by blast
hence (7w, s) = t using <—bval b s» by blast

}

moreover



— on the other hand, if b is True in state s,
— then this time only the IfTrue rule can have be used
{ assume bval b s
with «(%w, s) = t» have (¢;; ?w, s) = t by auto
— and for this, only the Seq-rule is applicable:
then obtain s’ where
(¢, s) = s"and (w, s’) = t by auto
— with this information, we can build a derivation tree for the WHILE
with <bval b s
have (?w, s) = t by (rule WhileTrue)
}
ultimately
— both cases together again give us what we want:
have (?w, s) = t by blast
}
ultimately
show ?thesis by blast
qed

Luckily, such lengthy proofs are seldom necessary. Isabelle can prove
many such facts automatically.

lemma while _unfold:
(WHILE b DO ¢) ~ (IF b THEN c;; WHILE b DO ¢ ELSE SKIP)
by blast

lemma triv_if:
(IF b THEN ¢ ELSE ¢) ~ ¢
by blast

lemma commute if:
(IF b1 THEN (IF b2 THEN c11 ELSE c12) ELSE ¢2)
(IF b2 THEN (IF b1 THEN c11 ELSE ¢2) ELSE (IF b1 THEN c12
ELSE ¢2))
by blast

lemma sim_ while__cong aux:

(WHILE b DO ¢,8) =t = ¢~ ¢'= (WHILE b DO ¢;s) =t
apply (induction WHILE b DO c s t arbitrary: b c rule: big_step__induct)
apply blast
apply blast
done

lemma sim_while cong: ¢ ~ ¢’ = WHILE b DO ¢ ~ WHILE b DO ¢’

10



by (metis sim__while__cong _aux)

Command equivalence is an equivalence relation, i.e. it is reflexive, sym-
metric, and transitive. Because we used an abbreviation above, Isabelle
derives this automatically.

lemma sim_refl: ¢ ~ ¢ by simp
lemma sim_sym: (¢ ~ ¢') = (¢’ ~ ¢) by auto
lemma sim_trans: ¢ ~ ¢’ = ¢’ ~ ¢ = ¢ ~ ¢” by auto

2.4 Execution is deterministic
This proof is automatic.

theorem big_step_determ: [ (¢,s) = t; (¢,s) = u] = u =1
by (induction arbitrary: u rule: big_step.induct) blast+

This is the proof as you might present it in a lecture. The remaining
cases are simple enough to be proved automatically:

theorem
(c,s) =t = (c8) =t = t'=1t
proof (induction arbitrary: t’ rule: big_step.induct)
— the only interesting case, WhileTrue:
fix bcssy tt'
— The assumptions of the rule:
assume bval b s and (¢,s) = s; and (WHILE b DO ¢,s1) =t
— Ind.Hyp; note the A because of arbitrary:
assume [He: \t'. (¢,8) =t/ = t' = 5
assume [Hw: \t'. (WHILE b DO ¢,s1) = t' = t' =t
— Premise of implication:
assume (WHILE b DO ¢,s) = t'
with <bval b s» obtain s;’ where
c: (¢,8) = s1' and
w: (WHILE b DO ¢,s1") = t'
by auto
from c¢ [Hc have s1’' = s; by blast
with w IHw show t' = t by blast
qed blast+ — prove the rest automatically

end

3 Big Step Semantics with Time

theory Big StepT imports Big Step begin

11



3.1 Big-Step with Time Semantics of Commands

inductive

big_step_t :: com X state = nat = state = bool (<_ = _ | _» 55)
where
Skip: (SKIP,s) = Suc 0 s |
Assign: (z = a,s) = Suc 0 | s(z := aval a s) |
Seq: [ (cl,s1) = x| s2; (c2,s2) = y | s3; z=a+y | = (cl;;¢2, s1) =
z | s3 |
IfTrue: [ bval b s; (cl,s) = x| t; y=2+1 ]| = (IF b THEN c1 ELSE c2,
s) =yt
IfFalse: | —bval b s; (c2,s) = z | t; y=2+1 | = (IF b THEN c1 ELSE
c2,8) =yl t]
WhileFalse: [ —bval b s | = (WHILE b DO ¢,s) = Suc 0 | s |
WhileTrue: [ bval b s1; (e,s1) = x|} s2; (WHILE b DO ¢, s2) = y | s3;
1+az+y=2z |

— (WHILE b DO ¢, s1) = z || s3

We want to execute the big-step rules:
code_ pred big step t.

For inductive definitions we need command values instead of value.
values {(¢, z). (SKIP, \_. 0) = z | t}

We need to translate the result state into a list to display it.

values {map t ["z"] |t z. (SKIP, <"z := /2>) = z || t}
values {map t ["z"] |t z. ("z" == N 2, <'z":= }2>) = z | t}

values {map ¢ ["z",""y"] |t .
(WHILE Less (V "2y (V "y"y DO ("z" ::= Plus (V "z"") (N 5)),
<'"z":=0,"y" = 13>) = z | t}

Proof automation:

declare big_step_ t.intros [intro]
lemmas big_step_t _induct = big_step__t.induct[split_format(complete)]

3.2 Rule inversion

What can we deduce from (SKIP, s) = z || t ? That s = ¢. This is how we
can automatically prove it:

inductive__cases Skip_ tE[elim!]: (SKIP,s) = x | ¢
thm Skip tFE

12



This is an elimination rule. The [elim] attribute tells auto, blast and
friends (but not simp!) to use it automatically; [elim!] means that it is applied
eagerly.

Similarly for the other commands:
inductive__cases Assign_tE[elim!]: (z = a,s) = p | ¢
thm Assign_ tE
inductive__cases Seq tE[elim!]: (c1;;¢2,s1) = p | s3
thm Seq tF
inductive__cases If tE[elim!]: (IF b THEN c1 ELSE c2,5) = z | ¢
thm If tF£

inductive__cases While_tE[elim|: (WHILE b DO ¢,s) = = | t
thm While tFE
Only [elim]: [elim!] would not terminate.

An automatic example:

lemma (/F'b THEN SKIP ELSE SKIP, s) = z | t = t = s
by blast

Rule inversion by hand via the “cases” method:

lemma assumes ([F b THEN SKIP ELSE SKIP, s) = x | t
shows ¢t = s

proof—
from assms show ?thesis
proof cases — inverting assms

case IfTrue
thus “thesis by blast
next
case [fFualse thus ?thesis by blast
qed
qed

lemma assign_t _simp:
(z == a,8) = Suc 0 | s'+— (s’ = s(z := aval a s))
by (auto)

An example combining rule inversion and derivations

lemma Seq t_assoc:

((c135 ¢85 ¢3, 8) = p b s') < ((cl3; (c25 ¢3), 8) = p I s
proof

assume (cl;; ¢2;;¢3,8) = p | s

then obtain s! s2 p! p2 p3 where

13



cl: (c1, s) = p1 | s1 and
c2: (c2, s1) = p2 || s2 and
c3: (¢3, s2) = p3 || s’ and
p:p=pl + (p2 + p3) by auto
from c2 c8
have (¢2;; ¢3, s1) = p2 + p3 || s' apply (rule Seq) by simp
with c1
show (c1;; (¢2;; ¢3), s) = p || s’ unfolding p apply (rule Seq) by simp
next
— The other direction is analogous
assume (c1;; (¢2;; ¢3),s) = p s
then obtain s! s2 p! p2 p3 where
cl: (c1,s) = pl | s and
c2: (c2, s1) = p2 | s2 and
c3: (¢8, s2) = p3 || s’ and
p:p = (pl + p2) + p3 by auto
from c1 c¢2
have (c1;; ¢2, s) = pl + p2 |} s2 apply (rule Seq) by simp
from this c8
show (cI;; ¢2;; ¢8, s) = p || s’ unfolding p apply (rule Seq) by simp
qed

3.3 Relation to Big-Step Semantics

lemma (3p. ((¢, s) = p | s)) =((c, s) = s
proof
assume 3p. (¢, s) = p | s’
then obtain p where (¢, s) = p | s’
by blast
then show ((¢, s) = /)
apply(induct ¢ s p s’ rule: big_step_t_induct)
prefer 2 apply(rule Big_Step.Assign)
apply(auto) done
next
assume ((¢, s) = s/)
then show (3p. ((¢, s) = p | s)
apply(induct ¢ s s’ rule: big_step _induct)
by blast+
qed

3.4 Execution is deterministic

This proof is automatic.

theorem big_step_t determ: [ (¢,s) = pl t;(¢,s) = qglu] = u=1t

14



apply (induction arbitrary: u q rule: big_step__t.induct)
apply blast+ done

theorem big step t determ2: [ (¢,s) = pl t;(c,s) = qlu] = (u=
t A p=q)
apply (induction arbitrary: u q rule: big_step_t_induct)
apply(elim Skip_tE) apply(simp)
apply(elim Assign_tE) apply(simp)
apply blast
apply(elim If tE) apply(simp) apply blast
apply(elim If tE) apply blast apply(simp)
apply(erule While_tE) apply(simp) apply blast
proof (goal cases)
case |
from 1(7) show ?case apply(safe)
apply(erule While tE)
using 1(1—6) apply fast
using 1(1—6) apply (simp)
apply(erule While tE)
using 1(1—6) apply fast
using 1(1—06) by (simp)
qed

lemma bigstep_det: (c1, s) = pl | t1 = (c1,s) = p | t = pl=p A
t1=t
using big_step_t determ?2 by simp

lemma bigstep__progress: (¢, s) = p | t = p > 0
apply(induct rule: big_step_t.induct, auto) done

abbreviation terminates (<|») where terminates cs = (3n a. (¢s = n |}

a))

abbreviation thestate («|s>) where thestate cs = (THE a. 3n. (¢cs = n

4 a))

abbreviation thetime (¢}>) where thetime cs = (THE n. Ja. (¢cs = n |

a))

lemma bigstepT the_cost: (¢, s) = t || s' = li(c, s) = ¢
using bigstep_ det by blast

15



lemma bigstepT the_state: (¢, s) = t | ' = |s(c, s) = &'
using bigstep_ det by blast

lemma SKIPnot: (- (SKIP, s) = p | t) = (s#t V p#Suc 0) by blast

lemma SKIPp: |(SKIP,s) = Suc 0
apply(rule the__equality)

apply fast
apply auto done

lemma SKIPt: |s(SKIP,s) = s
apply(rule the__equality)

apply fast
apply auto done

lemma ASSp: (THE p. Ex (big_step_t (z == e, s) p)) = Suc 0
apply(rule the__equality)

apply fast
apply auto done

lemma ASSt: (THE t. 3p. (x :=e, s) = p | t) = s(z := aval e s)
apply(rule the__equality)

apply fast
apply auto done

lemma ASSnot: (= (z :=¢€,5) = plt)=(p#Suc 0 V t#s(zx := aval e
s))

apply auto done

lemma If THE True: Suc (THE n. 3a. (c¢1, s) = n | a) = (THE n.
da. (IF b THEN c1 ELSE ¢2, s) = n | a)
if T: bval b s and c1__t: terminates (c1,s) for s 1

proof —

from c1_t obtain p t where a: (¢1, s) = p || t by blast

with T have b: (IF b THEN c1 ELSE ¢2, s) = p+1 |} t using IfTrue
by simp

from a bigstepT the cost have (THE n. Ja. (¢1,s) = n | a) = p by
simp
moreover

16



from b bigstepT _the cost have (THE n. 3a. (IF' b THEN c1 ELSE c2,
s) = nl a) = p+1 by simp
ultimately

show ?thesis by simp
qed

lemma If THE Fulse: Suc (THE n. 3a. (¢2, s) = nl a) = (THE n.
Ja. (IF b THEN c1 ELSE c2, s) = n | a)
if T: —bval b s and c2 t: | (¢2,s) for sl

proof —

from c2_t obtain p t where a: (¢2, s) = p || t by blast

with T have b: (IF b THEN c1 ELSE c2, s) = p+1 || t using IfFalse
by simp

from a bigstepT _the_cost have (THE n. Ja. (c2, s) = n || a) = p by
simp
moreover

from b bigstepT _the_cost have (THE n. 3a. (IF b THEN c1 ELSE c2,
s) = nl a) = p+1 by simp
ultimately

show ?thesis by simp
qed

end

theory Nielson_Hoare
imports Big StepT
begin

4 Nielson Style Hoare Logic with logical variables

abbreviation eq a b == (And (Not (Less a b)) (Not (Less b a)))

type__synonym lvname = string

type__synonym assn2 = (lvname = nat) = state = bool
type__synonym tbd = state = nat

4.1 The support of an assn2

definition support :: assn2 = string set where
support P ={z. 311 12s. Vy.y#xz — 1l y=12y) N Pll s+# P2 s}

lemma support_and: support (Al s. P1ls A Q1s) C support P U support
Q

17



unfolding support_def by blast

lemma support_impl: support (Al s. P s — Q1 s) C support Q
unfolding support def by blast

lemma support _exist: support (Al s. 3 z:nat. Q z1s) C (UN n. support
(@ n)

unfolding support_def apply(auto)

by blast+

lemma support _all: support (Al s.Vz. Q z1s) C (UN n. support (Q n))
unfolding support_def apply(auto)
by blast+

lemma support_single: support (Al's. P (I a) s) C {a}
unfolding support_def by fastforce

lemma support_inv: \P. support (Al's. P s) = {}
unfolding support_def by blast

lemma assn2_lupd: = ¢ support Q@ = Q (I(z:=n)) = Q1
by (simp add: support_def fun__upd_other fun__eq_iff)
(metis (no__types, lifting) fun__upd_def)

4.2 Validity

abbreviation state_subst :: state = aexp = vname = state
«_["/_] [1000,0,0] 999)
where s[a/z] == s(z := aval a s)

definition hoarel walid :: assn2 = com = tbd = assn2 = bool

(= {0}/ )/ { = 1)} 50) where
E1{P} c{ql Q} +— Fk>0.(Vis. Pls— 3tp. ((c,s) =pIt)A

p<kx(gs)N QL))

4.3 Hoare rules

inductive

hoarel :: assn2 = com = tbd = assn2 = bool (<1 ({(1_)}/ () { _
4 (L)1) 50)
where
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Skip: 1 {P} SKIP { (%s. Suc 0) |} P} |
Assign: F1 {\ls. Pl (s[la/x])} x:=a { (%s. Suc 0) |} P} |

If: [Fy {\ls. Pls A boal b st ey { el I Q)
1 {A\ls. PUs A= bualbs)ca{el | Q}]
—s by {P} IF b THEN ¢, ELSE c3 { (As. el s + Suc 0) |} Q} |

Seq: [F1 { (%ls. PrlisANlz=e2"s)}ci{el | (ls. PalsA e2s
<lz)k
F1 {P2} co { e2 || Ps}; © ¢ support Py; x ¢ support Pa;
ANls.Pils=els+ e2 s<es]
= k1 {P1} a2 { e | P3} |

While:

[F1{M\ls. PlsANbvalbsANe' s=1ytc{ e’ ANs PlsAes<ly};
Vis.bvalbs NPls — es>1 + e s+ e"s ;
Vis.“bvalbs AN Pls— 1 <es;

y ¢ support P ]
= 1 {P} WHILEb DO c{ el XNs. Pls A= bval b s} |

conseq: [ 3k>0.V1s. P'ls — (es<k=x(es) AVt. I PU's N (Q
't — Q'lt)));
F{Ple{ el Q} 1=
F{P}e{e’ 4 Q)
Derived Rules:

lemma conseq _old: [3k>0.V1s. P'ls — (PlsA(e's< kx(es)));
Fi{P}c{e' | QhVis. Qls — Q'ls | =
F{PYefe b Q)

using conseq apply(metis) done

lemma If2: [F1 {As. PlsAbvalbs} e {el Q};F1 {Als. PlsA—
bval b s} coa { e | Q};
ANs Pls=es+1=¢s]
— Iy {P} IF b THEN ¢1 ELSE ¢3 { ¢' | Q}
apply(rule conseq]OF __ If, where P=P and P'=P]|) by(auto)

lemma strengthen_ pre:
[Vis.P'ls— Pls; F1{P}c{el Q}] =HrH {P}c{el Q}
apply(rule conseq old[where e'=e and Q=@ and P=P])
by (auto)

lemma weaken__post:
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[Fi{P}c{ed Q) Vis. Qls — Q'ls]= ki {P}c{el Q}
apply(rule conseq_oldlwhere e'=e and Q=@ and P=P)])
by (auto)

lemma ub_cost:

[ 3k>0.Vis.Pls— e s<kx(es); 1 {P}c{e) Q}] = H
{PYcled @)

apply(rule conseq_old[where e'=¢’ and Q=@ and P=P))

by (auto)

lemma Assign’:V1s. Pls — Q1 (sla/z]) = (k1 {P} z = a { (%s. 1)
Q)

using strengthen__pre[OF __ Assign]

by (simp )

4.4 Soundness

The soundness theorem:

theorem hoarel _sound: -1 {P}c{e || Q} = =1 {P}c{e | Q}
apply (unfold hoarel__wvalid__def)
proof( induction rule: hoarel .induct)
case (Skip P)
show ?case by fastforce
next
case (Assign P a x)
show ?Zcase by fastforce
next
case (Seq P1 x e2' ¢l el P2 e2 c2 P3 e)
from Seq(6) obtain k where k: k>0 and S6:Vis. P11sAlxz = e2’
s— (Ftp. (cl,8)=pltAp<kxelsANP2ltAe2t<Ilz)by auto
from Seq(7) obtain k'’ where k" k>0 and S7: Vis. P21ls — (3t
p.(c2,8)=pltAp<k'xe2sA P3Ilt) by auto
from k k' have 0 < maz k k' by auto
show ?case
proof (rule exl[where z=maz k k'], safe)
fix [ s
have z_supp: x ¢ support P1 by fact
have z_supp2: x ¢ support P2 by fact

from S6 have S: P1 (I(xz :=e2's)) s A (l(z :==e2's)) x =e2' s —

Ftp. (cl,8)=pltAN p<kxelsANP2((z:=e2's)tNe2t<(l(z
= e2'3)) z)
by blast
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assume a: P11s

with Seq(5) have 1: el s + €2’ s < e s by simp

with a S assn2_lupd[OF x_supp| have (3t p. (c1,s) = pJtAp <k
x el s NP2 (l(x:=e2's)tNe2t<(l(z:=e2"s)) z) by simp

then obtain ¢ p where c1: (¢1,s) = p | t and costl: p <k xels
and P2 P2 (l(z := e2's)) tand 31: e2t < (I(z := e2' s)) = by blast

from P2’ assn2_lupd|OF z_supp2] have P2: P21t by auto

from 31 have 3: e2t < e2' s by simp

from S7 P2 have (3t p’. ((c¢2,t) = p' I th) N p'<k'xe2t AN P31
t') by blast

then obtain ¢’ p’ where ¢2: (¢2, t) = p’ |} t' and cost2: p’ < k' %
(e2 t) and P3: P31 t' by blast

from c1 ¢2 have weg: (cl;; ¢2,s) = p+p' |t
apply (rule Big_StepT.Seq) by simp

from costl cost2 3 have (p+p’) <k x (el s) + k' x (e2's)
by (meson add_mono mult_le_mono2 order__substl)

also have ... < (maz k k') % (el s) + (mazx k k') x (€2’ s)
by (simp add: add_mono)

also have ... < (maz k k') % (el s + €2’ s)
by (simp add: add _mult distrib2)

also have ... < (maz k k') % (e s) using 1 by simp

finally
have cost: (p + p’) < (maz k k') = (e s) .

from weg cost P3
have (cI;; ¢2, ) = p+p' L t' A (p+p’) < (max k k') x (e s) AN P31t/
by blast
then show (3¢ p. (cl;;¢2,8) = pltA p<(maxkk’) x(es) N P3
[ t) by metis
qed fact
next
case (If Pbcle @ c2)
from If(3) obtain kI where k1: k1>0 and Iff: Vis. Pls A bval b s
— (Jtp. (cl,8)=pltANp<klxesAN QIlt) by auto
from If(4) obtain k2 where k2: k2>0 and If2: VIs. Pls A — buval b
s— (Ttp. (c2,8) =pltAp<k2xesA QILlt)by auto
let 7k’ = mazx (k1+1) (k2+1)
have ?k">0 by auto
show ?Zcase
proof (rule exl[where z=?%k'], safe)
fix ls
assume PI1: Pls
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show 3t p. (IF b THEN c1 ELSE ¢2,s) = p | t A p < 2%k’ x (e s +
Suc 0) N Q1lt
proof (cases bval b s)
case True
with If! P! obtain ¢ p where (c1,s) = p | tp <kl x(es) Qlt
by blast
with True have 1: (IF b THEN c1 ELSE ¢2,s) = p+1 | t (p + 1)
< (k1+1) = (e s + Suc 0)
Qlt
by auto
have (k1+1) x (e s + Suc 0) < %’ * (e s + Suc 0)
by (simp add: nat_mult_maz_left)
with 7 have 2: p+1 < %’ x (e s + Suc 0)
by linarith
from 1 2 show 3¢ p. (IF b THEN c¢1 ELSE ¢2,s) = p{ t ANp < 2’
x (e s+ Suc 0) N Q Lt by metis
next
case Fulse
with If2 P1 obtain ¢ p where (¢2,s) = p | tp < k2 x(es) Qlt
by blast
with False have 1: (IF b THEN c1 ELSE ¢2,s) = p+1 | t (p + 1)
< (k2+1) « (es + Suc 0)
Qlt
by auto
have (k2+1) * (e s + Suc 0) < 2k’ x (e s + Suc 0)
by (simp add: nat_mult_maz_left)
with 7 have 2: p+1 < %k'x (e s + Suc 0)
by linarith
from 1 2 show 3t p. (IF b THEN c1 ELSE ¢2,s) = pl t AN p <
7k’ x (e s + Suc 0) N Q 1t by metis
qed
qed fact
next
case (conseq P' e e’ P Q Q' ¢)
from conseq(1) obtain kI where k1: k1>0 and c1:Vils. P'ls — e
s<klxesANMt.IU.PUsN(QUt— Q'lt)) by auto
then have ¢/ A\ls. P'ls= es<klxe sANt.IU.PU'sN(QI
t— Q')
by auto
from conseq(3) obtain k2 where £k2: k2>0 and c2: Vis. Pls — (3t
p.(c,s)=pltAp<k2xesA QIlt)by auto
then have c2 Als. Pls=— (3tp. (¢, s)=pltAp<k2xesA
Q [ t) by auto
have k2xk1 > 0 using k1 k2 by auto

22



show Zcase
proof (rule exl[where z=k2xk1], safe)
fix [s
assume P’ [ s
with ¢/’ have A: es <kl x e’ sand At. 3. Pl's A (QU't — Q'
[ t) by auto
then obtain fl where At. P (flt) sand B: A\t. Q (flt)t — Q' 1t
by metis
with c2’ obtain ft fp where i: At. (¢, s) = (fp t) | (ft ¢t) and i At.
(fpt) <k2=xes
and i: A\t. Q (fit) (ftt)
by meson
from ¢ obtain ¢ p where tt: Az. ft x = t Az. fp * = p using
big_step_t determ2
by meson
with ¢ have c: (¢, s) = p || ¢t by simp
have p: p < k2 * k1 x ¢/ s using p A
by (metis le_trans mult.assoc mult_le _mono?2)
from B (Q have ¢: Q' 1t by fast

from cp q
show Jdtp. (¢, s) = pltAp< k2xkl xe'sN Q' 1t
by blast
qed fact
next
case (While INV b e’ yc e’ e)
from While(5) obtain k£ where W6: Vi1s. INVIs A bvalbs A e s=1
y— Ftp. (¢, 8)=pltAp<kxe’sNINVItAet<ly)Dby auto
let 2k’ = k+1
{
fixnls
have [ es=n; INVIs] = Jtp. (WHILEb DO c¢,s)=p | tAp
< %'xesANINVItA - bval bt
proof (induction n arbitrary: | s rule: less_induct)
case (less x)

show ?case
proof (cases bval b s)
case False
with less(2,3) While(3) have b: 1 < e s by auto

show ?thesis
apply(rule exI[where z=s])
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apply(rule exI[where z=1]) apply safe
subgoal using WhileFalse[OF False] by simp
subgoal using b by auto

subgoal using less by auto

subgoal using Fulse by auto

done

next

case True

with less(2,3) While(2) have bT: bval b s and costl: 1 + e’ s +
e’ s < e s by auto

let 2! = I(y :=¢'s)

have y_supp: y ¢ support INV by fact

from cost! have Z: ¢’ s < z using less(2) by auto
from W6
have INV 2l" s A bval b s N e’ s = 2"y
— (Ttp. (¢, 8)=pltAN p<kxe’s NINVA tNet<
' y)
by blast
with less(3) bT
have (Ftp. (¢, s) =pld ) A p<kxe’s NINVI tNet<e
s
)
using assn2_lupd[OF y__supp]
by (auto)
then obtain ¢t p where ceff: (¢, s) = p | t and cost2: p < k %
e s
and INVZ": INV 21’ t and cost3: et < ¢e's
by blast

from INVz' have INVz: INV [ t using assn2_lupd[OF y_ supp] by
auto

have e t < z using Z cost3 by auto

with less(1)[OF _ __ INVz, of e | obtain ¢’ p’

where weff: (WHILE b DO ¢, t) = p’ | t' and cost/: p’' < 7k’
etand INVO: INV It/
and nb: — bval b t’
by fastforce

have (WHILE b DO ¢, s) = 1 +p+p' |t
apply(rule WhileTrue)
apply fact
apply (fact ceff)
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apply (fact weff) by simp
moreover
note INV0 nb
moreover
{
have (1 + p+p) <1 + kx*e” s+ %' x et using cost2 cost by
linarith
alsohave ... < I + kxe” s+ %k’ x ¢’ s using cost3
using add_left _mono mult_le_mono2 by blast
also have ... < 2k'x1 + ?%k'x " s + %k’ x e’ s by force
also have ... = 2k’ x (1+ ¢’ s + €"' s) by algebra
also have ... < %k’ x e s using cost1
using mult_le_mono2 by blast
finally have (I +p+ p) < %'*xes.
}
ultimately
show ?thesis by metis
qed
qged
}
then have erg: Al s. INVIs = 3t p. (WHILE b DO ¢, s) = p | tA
p<(k+1)xesANINVItA- bvalbtby auto
show ?case apply(rule exI[where z=7?k']) using erg by fastforce
qed

4.5 Completeness

definition wp! :: com = assn2 = assn2 (<wpy>) where
wpr ¢ @ = (Ms.Jtp. (¢,s) =pltAQIlt)

lemma support_wpt: support (wpy ¢ Q) C support Q
by (simp add: support_def wpl__def) blast

lemma wpl_terminates: wpy ¢ Q s = | (¢, s) unfolding wp!_def by
auto

lemma wpl_SKIP[simp|: wp1 SKIP @ = Q by(auto introl: ext simp: wpl__def)

lemma wp1_Assign][simp]: wpy (z =€) Q@ = (Al s. QI (s(z := aval e 5)))
by (auto introl: ext simp: wpl__def)
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lemma wpl_Seq[simpl: wpy (c15;5¢2) @ = wpr ¢1 (wp1 c2 Q) by (auto simp:
wpl__def fun__eq iff)

lemma wpl_If[simp]: wpy (IF b THEN ¢y ELSE c2) Q = (Al s. wpy (if
bval b s then c1 else c2) @ 1 s) by (auto simp: wpl__def fun__eq iff)

definition prec ¢ E == %s. E (THE t. (3p. (¢,s) = p | 1))

lemma wpl_prec_Seq correct: wpy (cl1;;¢2) Q1ls = |y (cl, s) + prec
cl (As. s (¢2,8) s <t (cl;; c2, )
proof —

assume wp; (cl;;¢2) Qls

then have wp: wpy ¢l (wpy c2 Q) | s by simp

then obtain ¢ p where cI_term: (c1, s) = p | t and (Fta p. (2, t)
= p | ta A Q[ ta) unfolding wp1_def by blast

then obtain ¢’ p’ where c2 term: (¢2,t) = p’ | t'and Q I t' by blast

have p: |; (¢1, s) = p using c1_term bigstepT the_cost by simp
have |; (¢2, t) = p’ using c2_term bigstepT _the__cost by simp

have f: (THE t. 3p. (c1,s) = p | t) = t using c1__term bigstepT _the__state
by simp

have prec c1 (Xs. ¢ (¢2, s)) s = p’ unfolding prec_ def f using c2_term
bigstep__det by blast
then have p” prec ¢/ (As. (THE n. Ja. (¢2,s) = nl a)) s
= p’ unfolding prec_def by blast

from wp have wpy (c1;;¢2) Q1 s by simp
then obtain 7' P where c12_term: (cl1;;¢2,s) = P | Tand Q1 T
unfolding wp! def by blast

have P: (THE n. (3a. (c1;;¢2, s) = n | a)) = P using cI12 term
bigstepT _the__cost by simp

from c12 term have Ppp: P = p + p’
apply(elim Seq tE)
using c1_term bigstep det c2_term by blast

have (THE n. 3Ja. (c1,s) = nl a) + prec c1 (As. (THE n. Ja. (2,
s)=nla))s
= p+ p’using p p’ by auto
also have ... = P using Ppp’ by auto
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also have ... = (THE n. (3a. (c1;;¢2, s) = n | a)) using P by auto
finally
show |; (c1, s) + prec c1 (As. Lt (2, s)) s < |t (cl35 ¢2, s)
by simp
qed

abbreviation new @) = SOME z. x ¢ support Q

lemma bigstep_det: (c¢1, s) = pl | t1 = (c1,s) = p | t = pl=p A
t1=t

using big_step_t determ?2 by simp
lemma bigstepT _the_cost: (¢, s) = P | T = (THE n. Ja. (¢, s) = n
Ja)=P

using bigstep_ det by blast

lemma bigstepT the_state: (¢, s) = P | T = (THE a. 3n. (¢, s) = n
bay=T
using bigstep_ det by blast

lemma assumes b: bval b s

shows wp1 While True”: wpy (WHILE b DO ¢) Qs = wpy ¢ (wp1 (WHILE
bDOc) Q) ls
proof

assume wp; ¢ (wpy (WHILE b DO ¢) Q) s

from this[unfolded wp1__def]

obtain ¢ s’ ¢’ s” where (¢, s) = t | s’ (WHILE b DO ¢, s') = t' | s"
and Q: Q[ s"” by blast

with b have (WHILE b DO ¢, s) = 1+t+t’ |} s” by auto

with @ show wp; (WHILE b DO ¢) @ | s unfolding wp! def by auto
next

assume wp; (WHILE b DO ¢) Qs

from this[unfolded wp1__def]

obtain ¢ s” where (WHILE b DO ¢, s) = t || s" and Q: Q | s’ by blast

with b obtain t1 t2 s’ where (¢, s) = t1 || ' (WHILE b DO ¢, s') =
t2 | s” by auto

with @ show wpy ¢ (wp1 (WHILE b DO ¢) Q) | s unfolding wp!_def
by auto
qged

lemma assumes b: ~ bval b s

shows wpl WhileFalse': wpy (WHILE b DO ¢) Qls= Qs
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proof
assume wp; (WHILE b DO ¢) Qs
from this[unfolded wpl__def]
obtain ¢ s’ where (WHILE b DO ¢, s) = t |} s’and Q: Q [ s’ by blast
with b have s=s’ by auto
with ) show @ [ s by auto
next
assume Q[ s
with b show wpy (WHILE b DO ¢) @ | s unfolding wp1__def by auto
qged

lemma wp1While: wpy (WHILE b DO ¢) @ 1 s = (if bval b s then wpy ¢
(wpy (WHILE b DO ¢) Q) s else Q1 s)

apply(cases bval b s)

using wpl WhileTrue’ apply simp

using wp! WhileFalse' apply simp done

lemma wpl prec2: fixes e::tbd
shows (wpy ¢ Qs A
lz=preccles)=wpr ¢l Ns QlsNhes=1zx)ls
by (metis (mono__tags, lifting) Big_StepT.bigstepT _the_ state prec__def
wpl__def)

lemma wpl_ prec: fixes e::tbd
shows wpy ¢l Q| s =
lz=preccles= wpy cl (Mls. QlsNes=1z)ls

unfolding wp1_def prec_def apply(auto)
proof —

fix pt

assume |z = e (THE t. 3p. (c¢1,s) = p | t)

assume 2: Q It

assume I: (c1,s) = p | ¢

show 3t. (Ip. (cl,s) =pl ) ANQltNet=e(THEt Ip. (cl, s)

=plt)
apply(rule exl[where z=t])
apply (safe)
apply(rule exI[where z=p|) using 1 apply simp
apply (fact)
using 1 by(simp add: bigstepT _the__state)
qged

lemma wpl_is_pre: finite (support Q) = t1 {wp1 ¢ Q} ¢ { As. Lt (¢, )
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4 Q}

proof (induction ¢ arbitrary: Q)

case SKIP

have ff: As n. (3a. (SKIP, s) = n | a) = (n=Suc 0) by blast

show ?case apply (auto intro:hoarel.Skip simp add: ff) using ff done
next

have gg: Azl 22 sn. (3a. (1 == 122, s) = n | a) = (n=Suc 0) by blast

case Assign show Zcase apply (auto intro:hoarel .Assign simp add: gg)
done
next

case (Seq cl ¢2)

— choose a fresh logical variable x

let 2z = new @

have Jz. = ¢ support Q using Seq.prems infinite_ UNIV_list]

using ex _new if finite by blast

hence %z ¢ support @ by (rule somel _ex)

then have z2: %z ¢ support (wp1 ¢2 Q) using support_wpt by (fast)

then have z12: %z ¢ support (wpy (cl;;¢2) Q) apply simp using sup-
port_wpt by fast

— assemble a postcondition Q1 that ensures the weakest precondition of
Q before ¢2 and saves the running time of ¢2 into the logical variable x

let 7Q1 = (Als. (wp1 c2 Q) ls N Lt (c2,s) =1 %)

have finite (support Q1) apply(rule rev_ finite__subset|OF __ support__and))
apply(rule finite__Unl)

apply (rule rev_finite__subset[OF __ support_wpt]) apply(fact)

apply(rule rev_finite__subset| OF __ support__single]) by simp

— we can now specify this Q1 in the first Induction Hypothesis

then have pre: Au. b1 {wpy ¢l ?Q1 } ¢l { Xs. }4 (c1,5) ) ?2Q1 }
using Seq(1) by simp

— we can rewrite this into the form we need for the Seq rule
have A: by {A\ls. wpy (cI3;¢2) Qls ANl %2z = (prec c1 (%s. Lt (¢2, 5)))
spel {As. L (e, 8) U Als. wpr c2QIlsN Lt (c2,s) <%}
apply(rule conseq _old[OF __ pre ])
by (auto simp add: wpl__prec)

— we can now apply the Seq rule with the first IH (in the right shape A)
and the second ITH
show Fq {wpy (cl;; ¢2) Q} cls; ¢2 { As. Ly (cls; 2, s) | Q}
apply(rule hoarel.SeqOF A Seq(2)])
— finally some side conditions have to be proven
using Seq(8) z12 x2 wpl_prec_Seq correct .
next

29



case (If b cl c2)

show ?case apply(simp)
apply (rule If2[where e=%s. if bval b s then |, (c1, s) else |4 (¢2, s)])
apply(simp__all cong:rev__conj_cong)
apply(rule conseq old[where Q=@ and Q'=Q))
prefer 2
apply(rule If IH(1)) apply(fact)
apply(simp__all) apply(auto)[1]
apply(rule conseq oldlwhere Q=@ and Q'=Q))
prefer 2
apply(rule If IH(2)) apply(fact)
apply (simp__all) apply(auto)[1]
apply (blast intro: If THE _True wpl_terminates If THE_False)
done

next

case (While b c)

let %y = (new (wpy (WHILE b DO ¢) Q))
have finite (support (wpy (WHILE b DO c¢) Q))
apply (rule finite__subset| OF support_wpt]) apply fact done
then have Jxz. © ¢ support (wpy (WHILE b DO ¢) Q) using infi-
nite. UNIV_list]
using ex_new_if finite by blast
hence yQz: %y ¢ support (wpy (WHILE b DO ¢) Q) by (rule somel _ex)

show ?Zcase
proof (rule conseq old[OF __ hoarel.While], safe )
show 3k>0.V1s. wpy (WHILE b DO ¢) Qs — wpy (WHILE b DO
c) QlsN Lt (WHILEb DO ¢, s) < kx| (WHILE b DO ¢, s)
apply auto done
next
fix [s
assume wp; (WHILE b DO ¢) Q ls — bval b s
then show @Q [ s by (simp add: wp1While)
next
fix [s
assume wp; (WHILE b DO ¢) Qs
from this[unfolded wpl def] obtain ¢ s’ where t: (WHILE b DO ¢, s)
=t | s’and QI s’ by blast
then have r: |, (WHILE b DO ¢, s) = t using Nielson__Hoare.bigstepT _the__cost
by auto
assume — bval b s
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with r ¢t have t2: t=1 by auto
from r t2 show 1 < |, (WHILE b DO ¢, s) by auto
next
fix [ s
assume wp; (WHILE b DO ¢) Qs
from this[unfolded wp1__def] obtain t s” where t: (WHILE b DO ¢, s)
=t s” QIls" by blast
then have r: |y (WHILE b DO ¢, s) = t using Nielson__Hoare.bigstepT _the__cost
by auto
assume bval b s
with ¢ obtain ¢1 t2 s’ where 1: (¢,s) = ¢1 |} s’and 2: (WHILE b DO
¢, s') = t2 | s” and sum: t=t1+t2+1 and bval b s by auto
from 7 have A: |; (¢,s) = t1 and s” |s (¢,s) = s’ using Niel-
son__Hoare.bigstepT _the__cost bigstepT the_state by auto
from 2 s’ have B: |; (WHILE b DO ¢, |s(c,s)) = t2 using Niel-
son__Hoare.bigstepT _the_ cost by auto

show 1 + (%s. L« (WHILE b DO ¢, s(c,s))) s + (%s. bt (¢,8)) s < Lt
(WHILE b DO ¢, s)
apply(simp add: r A B sum) done
next

show 1 {Al's. wpy (WHILE b DO ¢) Q1ls A bval b s A |y (WHILE b
DO ¢, |5 (¢, s) =12y} ¢
{As. bt (¢, 8) 4 Al's. wpy (WHILE b DO ¢) Q1ls A}y (WHILE b
DO ¢, s) <1 %y}
apply(rule conseq_old[OF __ While(1), of _ %l s. wpy (WHILE b DO
¢) Qls Al (WHILE b DO ¢, s) =1 ?y])
apply(rule exI[where z=1]) apply simp
subgoal apply safe
apply(subst (asm) wp1While) apply simp
proof — fix [ s
assume I1: wpy ¢ (wpy (WHILE b DO ¢) Q) s
assume 2: |y (WHILE b DO ¢, |5 (¢, s)) =1 %y
then have | 2y = prec ¢ (%s. J+ (WHILE b DO ¢, s)) s unfolding
prec__def by auto
with 1 wpl prec2lof ¢ (wp1 (WHILE b DO ¢) Q) ls _ (As. It
(WHILE b DO ¢, s))]
show wp; ¢ (\l's. wp; (WHILEb DO ¢) Qls A |y (WHILE b DO
¢, s) =1 2y) 1l s by auto
qed
subgoal apply(rule finite_subset[OF support_and]) apply auto
apply(rule finite__subset|OF support_wpt]) apply fact
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apply(rule finite__subset) apply(rule support_single) by auto
apply auto done
next
assume new (wp; (WHILE b DO ¢) Q) € support (wpy (WHILE b
DO ¢) Q)
with yQr show Fulse
by blast

ged
qed

lemma valid_wp: =1 {P}ce{p | Q} +— (FEk>0. (Vis. Pls — (wp1 ¢
QlIsN({(THEn. (3 t. ((¢,5) = nl 1) <kxps)))

apply (rule)

apply(auto simp: hoarel _valid__def wp1__def)

subgoal for k apply(rule exl[where z=Fk|) using bigstepT _the__cost by
fast

subgoal for k apply(rule exl[where z=Fk|) using bigstepT _the__cost by
fast

done

theorem hoarel__complete: finite (support Q) — =1 {P}e{p | Q} =

1 {Pte{p I @}
apply(rule conseq_old[OF __ wpl_is_pre, where Q'=Q and Q=Q, sim-

plified])
by (auto simp: valid_wp)

corollary hoarel__sound__complete: finite (support Q) = t1 {P}c{p | Q}
«— 1 {Ptcfp | Q}

by (metis hoarel__sound hoarel__complete)

end

theory Nielson_ VCG imports Nielson_Hoare begin

4.6 Verification Condition Generator

Annotated commands: commands where loops are annotated with invari-
ants.

datatype acom =
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Askip («SKIP») |

Aassign vname aexp  («(_ == _)» [1000, 61] 61) |

Aseq acom acom («_3;/ _» 160, 61] 60) |

Aif bexp acom acom  («(IF _/ THEN _/ ELSE _)> [0, 0, 61] 61) |

Aconseq assn2 assn2 tbhd acom

(«({_/_"/_}) CONSEQ _)» [0, 0, 0, 61] 61)|

Awhile (assn2)x((state= state)*(tbd)) bexp acom («({_}/ WHILE _/ DO
) [0, 0, 61] 61)

notation com.SKIP (<SKIP»)
Strip annotations:

fun strip :: acom = com where

strip SKIP = SKIP |

strip (z == a) = (z == a) |

strip (C13; C2) = (strip Cus; strip Ca) |

strip (IF b THEN Cy ELSE C3) = (IF b THEN strip C1 ELSE strip C3)
|

strip ({_/_/_} CONSEQ C) = strip C |

strip ({__} WHILE b DO C) = (WHILE b DO strip C)

support of an expression

4.6.1 support and supportE

definition supportE :: ((char list = nat) = (char list = int) = nat) =
string set where
supportE P = {x. 311 12s. Vy.y#x — lly=12y) NPl s# PI2

s}

lemma ezpr_lupd: x ¢ supportE Q@ — Q (I(x:=n)) = QI
by (simp add: supportE__def fun_upd_other fun__eq iff)
(metis (no__types, lifting) fun__upd__def)

lemma supportE__if: supportE (Al s. if b s then A s else Bl s)
C supportEl A U supportE B
unfolding supportE__def apply(auto)
by metis+

lemma support_eq: support (Al's. lx = Els) C supportE E U {z}
unfolding support_def supportE _def

apply (auto)
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apply blast
by metis

lemma support_impl_in: G e — support (A\ls. Hels) C T
= support (A\ls. Ge— Hels)C T
unfolding support_def apply(auto)
apply blast+ done

lemma support _supportE: \P e. support (Al 's. P (el) s) C supportE e
unfolding support_def supportE__def
apply(rule subsetl)
apply (simp)
proof (clarify, goal_cases)
case (I Pexlll2s)
have P: Vs.ell s=¢el2 s = ell = el2 by fast
show 31112. Vy.y#z— lly=12y) AN (Ts.ell s#el25s)
apply(rule exl[where z=I[1])
apply(rule exI[where z=I[2])
apply (safe)
using 1 apply blast
apply(rule ccontr)
apply(simp)
using 1(2) P by force
qed

— collects the logical variables in the Invariants and Loop Bodies as well as
the annotated assertions at CONSEQs of an annotated command
fun varacom :: acom = lvname set where
varacom (Cy;; C2)= varacom Cy1 U varacom Cy
| varacom (IF b THEN Cy ELSE C3)= varacom C1 U varacom Cy
| varacom ({P/Qannot/__} CONSEQ C)= support P U varacom C U sup-
port Qannot
| varacom ({(1,(S,(E)))} WHILE b DO C) = support I U varacom C
| varacom _ = {}

Weakest precondition from annotated commands:

fun preT :: acom = tbd = tbd where
preT SKIP e = e |
preT (z ::= a) e = (As. e(s(z := aval a s))) |
preT (Cy;; Ca) e = preT Cy (preT Cy e) |
preT ({_/_/_} CONSEQ C) e = preT C e |
preT (IF b THEN Cy ELSE C3) e =
(As. if bval b s then preT Cy e s else preT Cy e s) |
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preT ({(_,(S,)} WHILEb DO C)e=¢co0 S

lemma preT linear: preT C (%s. k x e s) = (%s. k  preT C e s)
by (induct C arbitrary: e, auto)

fun postQ :: acom = state = state where
postQ SKIP s = s |
postQ (z = a) s = s(z := aval a s) |
post@ (C1;; C2) s = postQ Ca (postQ Cy s) |
post@ ({_/_/_} CONSEQ C) s = postQ C's |
postQ (IF b THEN Oy ELSE Cs) s =
(if bval b s then postQ C1 s else post@ Ca s) |
postQ ({(_,(S,_))} WHILE b DO C) s=S8s

lemma T'Q: preT C e s = e (post@ C s)
apply(induct C arbitrary: e s) by (auto)

function (domintros) times :: state = bexp = acom = nat where
times s b C' = (if bval b s then Suc (times (postQ C s) b C) else 0)
apply(auto) done

lemma assumes I: [ z s and
i: Asz I (Sucz)s= bval b s N Iz (postQ C s)
and di: As. I 0s=— "~ bvalbs
shows times_z: times s b C = 2
proof —
have [ z s = times_dom (s, b, C) A times s b C = z
proof (induct z arbitrary: s)
case (
have A: times_dom (s, b, C)
apply(rule times.domintros)
apply(simp add: #i[OF 0] ) done
have B: times s b C' = 0
using times.psimps|OF A] by(simp add: #i[OF 0])

show ?case using A B by simp
next

case (Suc z)

from i[OF Suc(2)] have bv: bval b s
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and g: Iz (post@ C s) by simp__all

from Suc(1)[OF g] have p1: times_dom (post@ C s, b, C)
and p2: times (post@ C's) b C = z by simp__all

have A: times_dom (s, b, C)
apply(rule times.domintros) apply(rule p1) done

have B: times s b C = Suc z
using times.psimps|OF A] bv p2 by simp

show ?case using A B by simp

qed

then show times s b C = z using I by simp
qed

function (domintros) postQs :: acom = bexp = state = state where
postQs C b s = (if bval b s then (postQs C b (post@ C's)) else s)
apply(auto) done

fun postQz :: acom = state = nat = state where
postQz C's 0 = s |
postQz C s (Suc n) = (postQz C (postQ C s) n)

fun preTZz :: acom = tbd = nat = tbd where
preTz Ce 0 = e |
preTz C e (Suc n) = preT C (preTz C e n)

lemma T72Q: preTz C e n s = e (postQz C s n)
by (induct n arbitrary: s, simp__all add: TQ)

4.6.2 Weakest precondition from annotated commands:

fun pre :: acom = assn2 = assn2 where
pre SKIP @ = Q@ |
pre (z == a) @ = (Als. Q1 (s(z := aval a s))) |
pre (C1;; Ca) Q@ = pre Cq (pre C2 Q) |
pre ({P'/_/_} CONSEQ C) Q = P’|
pre (IF b THEN Oy ELSE C3) Q =
(ANl s. if bval b s then pre C1 Q1 s else pre Cy Q1 s) |
pre ({(1,(S,(E)))} WHILE b DO C) Q = I
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lemma supportE_preT: supportE (%l. preT C (e l)) C supportE e
proof (induct C arbitrary: e)
case (Aif b C1 C2 e)
show ?case
apply (simp)
apply(rule subset_trans[OF supportE__if])
using Aif by fast
next
case (Awhile A y C e)
obtain I S F where A: A= (1,5,F) using prod__cases3 by blast
show ?case using A apply(simp) unfolding supportE_def
by blast
next
case (Aseq)
then show ?case by force
qed (simp__all add: supportE__def, blast)

lemma supportE _twicepreT: supportE (%l. preT C1 (preT C2 (e l))) C
supportE e
by (rule subset_trans|OF supportE_preT supportE _preT])

lemma supportE_preTz: supportE (%l. preTz C (e 1) n) C supportE e
proof (induct n)
case (Suc n)
show ?case
apply(simp)
apply(rule subset_trans|OF supportE_preT))
by fact
qed simp

lemma supportE _preTz Un:

supportE (M. preTz C (e l) (I z)) C insert x (UN n. supportE (Al. preTz
C (el) n))

apply(auto simp add: supportE__def subset__iff)

apply metis

done

lemma supportE _preTz2: supportE (%l. preTz C (e l) (I z)) C insert x
(supportE e)
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apply(rule subset_trans[OF supportE_preTz_Un))
using supportE__preTz by blast

lemma pff: An. support (Al. I (I(z := n))) C support I — {z}
unfolding support_def apply(auto) using fun_upd_apply apply smt
apply (smt fun_upd_apply) oops

lemma pff: An. support (M. I (I(z := n))) C support I
unfolding support_def apply(auto) using fun_upd_apply apply smt
by (smt fun__upd__apply)

lemma supportAB: support (Al's. Als N\ Bs) C support A
apply(rule subset_trans[OF support_and))
by (simp add: support_inv)

lemma support (pre ({(I,(S,(E )))} WHILE b DO C) Q) C support I
by (simp add: supportAB)

lemma support_pre: support (pre C Q) C support @ U varacom C
proof (induct C arbitrary: Q)
case (Awhile A b C Q)
obtain I S E where A: A= (I,(S,(F ))) using prod_cases3 by blast
have support_inv: AP. support (Al's. P s) = {}
unfolding support def by blast
show ?case unfolding A apply(simp) using supportAB by fast
next
case (Aseq C1 C2)
then show ?Zcase by(auto)
next
case (Aif x C1 C2 Q)
have s1: support (Al s. bval x s — pre C1 Q 1 s) C support @ U varacom
C1
apply(rule subset_trans[OF support_impl]) by (rule Aif)
have s2: support (Al s. ~ bval z s — pre C2 Q 1 s) C support Q U
varacom C2
apply (rule subset__trans[OF support_impl]) by (rule Aif)

show ?case apply(simp)
apply(rule subset_trans|OF support_and))
using s! s2 by blast
next
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case (Aconseq x1 22 z3 C)
then show ?Zcase by (auto)
qed (auto simp add: support_def)

lemma finite_support_pre[simp|: finite (support Q) = finite (varacom
C) = finite (support (pre C Q))
using finite_ subset support pre finite_ Unl by metis

fun time :: acom = tbd where
time SKIP = (%s. Suc 0) |
time (z = a) = (%s. Suc 0) |
time (Cy;; Ca) = (%s. time Cy1 s + preT Cy (time C3) s) |
time ({_/_/e} CONSEQ C) = e |
time (IF b THEN C; ELSE Cs) =
(As. if bval b s then 1 + time Cy s else 1 + time Csg s) |
time ({(_,(E',(E)))} WHILE b DO C) = E

lemma supportE_single: supportE (Al s. P) = {}
unfolding supportE def by blast

lemma supportE_plus: supportE (Al s. el I s + e21s) C supportE el U
supportE e2

unfolding supportE__def apply(auto)

by metis

lemma supportE__Suc: supportE (Al s. Suc (el ls)) = supportE el
unfolding supportE__def by (auto)

lemma supportE _single2: supportE (Al . P) = {}
unfolding supportE def by blast

lemma supportE _time: supportE (Al. time C) = {}
using supportE__single2 by simp

lemma As. (VI. I (I(z:=0)) s) = NVl.le=0-—115s)
apply(auto)
by (metis fun__upd_triv)

lemma As. (VI. I (I(z:=Suc (I x))) s) = VI. (3n. lz= Sucn) — 115s)
apply(auto)
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proof (goal cases)
case (1 sln)
then have Al. I (I(z := Suc (I z))) s by simp
from thisjwhere [=[(z:=n)]
have I ((I(z:=n))(z := Suc ((I(z:=n)) z))) s by simp
then show ?case using 1(2) apply(simp)
by (metis fun__upd_triv)
qed

Verification condition:

fun vc :: acom = assn2 = bool where

ve SKIP @ = True |

ve (z = a) Q@ = True |

ve (C1 35 C2) @ = ((ve Cq (pre Co Q)) A (ve C2 Q) ) |

ve (IF b THEN C1 ELSE C3) Q = (ve C1 Q N ve C2 Q) |

ve ({P'/Q/e’} CONSEQ C) Q' = (ve C Q AN (Fk>0. (VIs. P'ls —
time Cs<kxe's ANVt.3l (preCQ)UsAN(QUt— Q'11))))) |

ve ({(1.(S,(E)))} WHILE b DO C) Q =

(Wis. (IlsNbvalbs— pre CIlsN Es>1+ preT CE s+ time
Cs

AN Ss=2S (postQ Cs)) A
(IlsAN=bvalbs — QIlsNEs>1ANSs=3s))A

ve C' 1)

lemma pre__mono:

(Vls.Pls— P'ls)y= pre CPls= pre C P'ls
proof (induction C arbitrary: P P’ 1 s)

case (Aseq C1 C2)

then have A: pre C1 (pre C2 P) | s by(simp)

from Aseq(2)[OF Aseq(3)] Aseq(1)[OF _ A]

show ?case by simp
next

case (Awhile A b C)

then obtain I S E where A: A = (I,S,E ) using prod_cases3 by
blast

from Awhile show ?case unfolding A by simp
qed simp_all

lemma vc_mono: (V1s. Pls — P'ls) = vc C P = vc C P’
apply (induct C arbitrary: P P’)
apply auto
subgoal using pre_mono by metis
subgoal using pre_mono by metis
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done

4.6.3 Soundness:

abbreviation preSet U C | s == (Ball U (%u. case u of (z,e) = |z =
preT C e s))
abbreviation postSet Ul s == (Ball U (%u. case u of (r,e) = lxz = e

s))

fun ListUpdate where
ListUpdate f [| | = f
| ListUpdate f ((z,e)#xs) q = (ListUpdate f zs q)(z:=q e x)

lemma allg:
assumes U2: Al s n x. z€ fst “upds = A (l(z :=n)) = Al
shows
fst “set xs C fst ‘upds = A (ListUpdate l" xs q) = A 1"
proof (induct zs)
case (Cons a xs)
obtain z e where aze: a = (z,e) by fastforce
have A (ListUpdate 1" (a # xs) q)
= A ((ListUpdate I" zs q)(z := g e z)) unfolding aze by(simp)
also have
... = A (ListUpdate l" s q)
apply(rule U2)
using Cons axe by force
also have ... = A "
using Cons by force
finally show “case .
qed simp

fun ListUpdateE where
ListUpdateE f [| = f
| ListUpdateE f ((z,v)#xs) = (ListUpdateE f xs )(z:=v)

lemma ListUpdate E: ListUpdateE f xs = ListUpdate f zs (%oe x. e)
apply (induct zs) apply(simp__all)
subgoal for a zs apply(cases a) apply(simp) done
done
lemma allg E: fixes A::assn2
assumes
(ANlsnz. z e fstupds= A (I(x :=n)) = Al) fst ‘set zs C fst ‘ upds
shows A (ListUpdateE fxs) = A f
proof —
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have A (ListUpdate f xs (%oe x. €)) = A f
apply(rule allg)
apply fact+ done
then show ?thesis by(simp only: ListUpdate_FE)
qed

lemma ListUpdateE_updates: distinct (map fst ©s) — x € set s =
ListUpdateE 1" zs (fst z) = snd x
proof (induct zs)
case Nil
then show ?case apply(simp) done
next
case (Cons a xs)
show Zcase
proof (cases fst a = fst x)
case True
then obtain y e where a: a=(y,e) by fastforce
with True have fstz: fst x=y by simp
from Cons(2,3) fstr a have a2: z=a
by force
show ?thesis unfolding a2 a by(simp)
next
case Fulse
with Cons(3) have A: z€set zs by auto
obtain y e where a: a=(y,e) by fastforce
from Cons(2) have B: distinct (map fst zs) by simp
from Cons(1)[OF B A| False
show ?thesis unfolding a by(simp)
qed
qged

lemma ListUpdate updates: x € fst ‘ (set xs) = ListUpdate 1" zs (%e. )
=z
proof (induct xs)
case Nil
then show ?case by(simp)
next
case (Cons a xs)
obtain ¢ p where aze: a = (p,q) by fastforce
from Cons show ?case unfolding aze
apply(cases z=p)
by (simp__all)
qged

42



abbreviation lesvars zs == fst ‘ (set zs)

fun prelList where
preList [| C'ls = True
| preList ((z,e)#xs) Cls= (lz = preT Ces A preList xs C'ls)

lemma preList_Seq: preList upds (C1;; C2) 1 s = preList (map (A(z, e).
(z, preT C2 €)) upds) C11s
proof (induct upds)
case Nil
then show ?case by simp
next
case (Cons a 1s)
obtain y e where a: a=(y,e) by fastforce
from Cons show ?case unfolding a by (simp)
qged

lemma support_ True[simp]: support (Aa b. True) = {}
unfolding support_def
by fast

lemma support _preList: support (preList upds C1) C lesvars upds
proof (induct upds)
case Nil
then show ?case by simp
next
case (Cons a upds)
obtain y e where a: a=(y,e) by fastforce
from Cons show ?case unfolding a apply (simp)
apply(rule subset_trans|OF support_and))
apply(rule Un__least)
subgoal apply(rule subset_trans[OF support_eq])
using supportE__twicepreT subset_trans supportF,__single2 by simp
subgoal by auto
done
qged

lemma preListpreSet: preSet (set xs) C'l s = preList zs C'l s
proof (induct xs)

case Nil

then show ?case by simp
next
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case (Cons a 1s)

obtain y e where a: a=(y,e) by fastforce

from Cons show ?case unfolding a by (simp)
qged

lemma preSetpreList: preList xs C'l s = preSet (set zs) C s
proof (induct zs)
case (Cons a xs)
obtain y e where a: a=(y,e) by fastforce
from Cons show ?case unfolding a
by (simp)
qed simp

lemma preSetpreList _eq: preList xs C 1 s = preSet (set zs) C'l s
proof (induct xs)
case (Cons a 1s)
obtain y e where a: a=(y,e) by fastforce
from Cons show ?case unfolding a
by (simp)
qed simp

fun postList where
postList [| 1 s = True
| postList ((z,e)#xs) s = (lx = es A postList xs [ s)

lemma support postList: support (postList xs) C lesvars s
proof (induct zs)
case (Cons a 1s)
obtain y e where a: a=(y,e) by fastforce
from Cons show ?case unfolding a
apply(simp) apply(rule subset_trans[OF support_and))
apply(rule Un__least)
subgoal apply(rule subset_trans[OF support__eq])
using supportE twicepreT subset trans supportE_single2 by simp
subgoal by (auto)
done
qed simp

lemma postpreList _inv: assumes S s = S (post@ C's)
shows postList (map (A(z, e). (x, As. e (S's))) upds) | s = preList (map
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Mz, €). (z, Xs. e (S s))) upds) C'ls
proof (induct upds)
case (Cons a upds)
obtain y e where aze: a = (y,e) by fastforce

from Cons show ?case unfolding aze apply(simp)
apply(simp only: TQ) using assms by auto
qed simp

lemma postList_preList: postList (map (N(z, €). (x, preT C e)) upds) I s
= prelList upds Cl s
proof (induct upds)

case (Cons a xs)

obtain y e where a: a=(y,e) by fastforce

from Cons show ?case unfolding a

by (simp)

qed simp

lemma postSetpostList: postList xs | s = postSet (set zs) | s
proof (induct zs)
case (Cons a 1s)
obtain y e where a: a=(y,e) by fastforce
from Cons show ?case unfolding a
by (simp)
qed simp

lemma postListpostSet: postSet (set xs) | s = postList xs | s
proof (induct zs)
case (Cons a 1s)
obtain y e where a: a=(y,e) by fastforce
from Cons show ?case unfolding a
by (simp)
qed simp

lemma ListAskip: preList xs Askip | s = postList zs 1 s
apply(induct xs)
apply(simp) by force

lemma SetAskip: preSet U Askip | s = postSet Ul s
by simp
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lemma ListAassign: preList upds (Aassign x1 z2) | s = postList upds |
(s[z2/x1])

apply (induct upds)

apply(simp) by force

lemma SetAassign: preSet U (Aassign x1 z2) | s = postSet Ul (s[z2/x1])
by simp

lemma ListAconseq: preList upds (Aconseq x1 x2 z3 C) | s = preList upds
Cls

apply (induct upds)

apply(simp) by force

lemma SetAconseq: preSet U (Aconseq x1 2 28 C) |l s = preSet U C'l s
by simp

lemma ListAifl: bval b s = preList upds (IF b THEN C1 ELSE C2) | s
= preList upds C1 1 s

apply (induct upds)

apply(simp) by force
lemma SetAifl: bval b s = preSet upds (IF b THEN C1 ELSE C2) | s =
preSet upds C1 1 s

apply(simp) done
lemma ListAif2: ~ bval b s = preList upds (IF'b THEN C1 ELSE C2) 1
s = preList upds C2 1 s

apply (induct upds)

apply(simp) by force

lemma SetAif2: ~ bval b s = preSet upds (IF b THEN C1 ELSE C2) s
= preSet upds C2 1 s
apply(simp) done

lemma vc_sound: ve C Q = finite (support Q) = finite (varacom C')
= fst ‘ (set upds) N varacom C = {} = distinct (map fst upds)
= b1 {%ls. pre C Qs A preList upds C 1 s} strip C { time C | %l
s. @ ls A postList upds [ s}
ANNis.pre CQls— QI (postQ Cs))
proof (induction C arbitrary: @ upds)
case (Askip @ upds)
then show “case
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apply (auto)
apply (rule weaken__postjwhere Q=% s. Q | s N\ preList upds Askip 1
s))
apply(simp add: Skip) using ListAskip
by fast
next
case (Aassign x1 2 Q upds)
then show ?case apply(safe) apply(auto simp add: Assign)[1]
apply(rule weaken__post[where Q=%ls. Q 1 s N\ postList upds 1 s])
apply(simp only: ListAassign)
apply(rule Assign) apply simp
apply(simp only: postQ.simps pre.simps) done
next
case (Aif b C1 C2 Q upds )
then show ?case apply(auto simp add: Assign)
apply(rule If2[where e=\a. if bval b a then time C1 a else time C2
al)
subgoal
apply(simp cong: rev__conj _cong)
apply(rule ub_cost[where e'=time C1])
apply(simp) apply(auto)|[1]
apply (rule strengthen__pre[where P=%ls. pre C1 Q | s A preList upds
C11s))
using ListAifl
apply fast
apply (rule Aif (1)[THEN conjunctl))
apply(auto)
done
subgoal
apply(simp cong: rev__conj _cong)
apply(rule ub_cost[where e'=time C2])
apply(simp) apply(auto)|1]
apply (rule strengthen__pre[where P=%ls. pre C2 Q | s \ preList upds
C21s])
using ListAif2
apply fast
apply (rule Aif (2)[THEN conjunctl))
apply(auto)
done
apply auto apply fast+ done
next
case (Aconseq P’ Qannot eannot C Q upds)
then obtain k£ where k: k>0 and ih1: ve C Qannot
and ih1". (Vls. P'ls — time Cs <k * eannot s A (Vt. 31’ pre C
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Qannot I' s A (Qannot I t — Q1 t)))
by auto

have ih2": V1 s. pre C Qannot | s — Qannot | (postQ C s)
apply(rule Aconseq(1)[THEN conjunct?2]) using Aconseq(2—6) by auto

have G1:tq1 {\ls. P’ 1s A preList upds ({ P’/ Qannot/eannot} CONSEQ
C) s} strip C
{ eannot | N\l s. Q1 s A postList upds [ s}
proof (rule conseq[rotated))
show 1 {\ls. pre C Qannot [ s A\ preList upds C'l s} strip C { time C
I Al's. Qannot | s N postList upds | s}
apply(rule Aconseq(1)[THEN conjunct1])
using Aconseq(2—06) by auto

next
show 3k>0.V1s. P'ls A preList upds ({ P’/ Qannot/eannot} CONSEQ
C)ls —
time C' s < k % eannot s N\
(Vt. 3. (pre C Qannot I’ s A\ preList upds C'1’ s) A
(Qannot I' t A postList upds l' t — Q It N postList
upds 1 t))
proof(rule exI[where z=Fk|, safe)
fix Is

assume P’: P’ [ s and prelist: preList upds ({P’/Qannot/eannot}
CONSEQ C) s
then show time C' s < k x eannot s using ih1’ by simp

fix t

— we now have to construct a logical environment, that both * satisfies
the annotated postcondition Qannot (we obtain it from the first IH) * lets
the updates come true (we have to show that resetting these logical variables
does not interfere with the other variables)

from ih1’ P’ have satQan:(31'. pre C' Qannot I’ s A (Qannot l' t —

Q1) by simp
then obtain [’ where " pre C Qannot I’ s and ii"s (Qannot I’ t —
Q [ t) by blast

let ?upds’ = (map (%(z.e). (z,preT C e s)) upds)
let ?1"” = (ListUpdateE I" ?upds’)

{

fixlsnzx
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assume z € fst ‘ (set upds)
then have z ¢ support (pre C Qannot) using Aconseq(5) support_pre
by auto
from assn2_lupd|OF this| have pre C' Qannot (I(z := n)) = pre C
Qannot 1 .
} note U2=this
{
fixlsnax
assume z € fst ‘ (set upds)
then have z ¢ support Qannot using Aconseq(5) by auto
from assn2_lupd[OF this] have Qannot (I(z := n)) = Qannot [ .
} note K2=this

have pre C' Qannot 71" = pre C Qannot I’
apply(rule ally E[where ?upds=set upds|) apply(rule U2) by
force+
with i’ have i’ pre C Qannot 21" s by simp

have Qannot ?l" = Qannot I’
apply(rule ally E[where Zupds=set upds]) apply(rule K2) by
force+
then have K: (%!’ s. Qannot 't — Q 1t) 21" s = (%!’ s. Qannot
UV't— Qlt)l's
by simp
with 4’ have #": (Qannot 21" t — Q | t) by simp

have zs_upds: map fst ?upds’ = map fst upds
by auto
have resets: \z. x € set ?upds’ = ListUpdateE 1" ?upds’ (fst x) =
snd x apply(rule ListUpdateE__updates)
apply(simp only: xs_upds) using Aconseq(6) apply simp
apply(simp) done

have A: preList upds C 21" s
proof (rule preListpreSet,safe,goal _cases)
case (1 z e)
then have (z, preT C e s) € set Zupds’
by fastforce
from resets|OF this, simplified]
show ?case .
qed

have B: Qannot ?1"” t = postList upds ?1"" t = postList upds | t
proof (rule postListpostSet, safe, goal cases)
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case (1 z e)
from postSetpostList{OF 1(2)] have g: postSet (set upds) 71" t .
with 7(3) have A: 791" z = et
by fast
from 1(3) resets[of (z,preT C e s)] have B: 71" z = snd (z, preT
Ces)
by fastforce
from A B have X: et = preT C e s by fastforce
from preSetpreList[OF prelist] have preSet (set upds) ({ P’/ Qannot/eannot}
CONSEQ C) 1 s .
with 1(3) have Y: [z = preT C e s apply(simp) by fast
from X Y show ?case by simp
qed

show 31" (pre C Qannot I’ s A\ preList upds C 1" s) A
(Qannot 1" t N postList upds It — Q Lt N postList upds |

apply(rule exI[where z=7?1"], safe)
using " A " B by auto
qed fact
qed

have G2: N\ls. P'ls = Q1 (postQ C s)
proof —

fix [ s

assume P’ [ s

with k1’ ih2’ show Q [ (postQ C s) by blast
qed

show ?case using G1 G2 by auto

next
case (Aseq C1 C2 Q upds)

let P = (Al s. pre (C1;; C2) Qs A preList upds (C1;;C2) 1s )
let 2P’ = support Q U varacom C1 U varacom C2 U lesvars upds

have finite_varacom: finite (varacom (C1;; C2)) by fact
have sup_ L: support (preList upds (C1;;C2)) C lesvars upds
apply (rule support_preList) done

— choose a fresh logical variable 7y in order to pull through the cost of
the second command

let 7y = SOME . © ¢ ?P’

have fP". finite (?P’) using finite_varacom Aseq(4,5) apply simp done
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from fP' have 3z. x ¢ 7P’ using infinite._ UNIV__list]
using ex new if finite by metis
hence ynP": %y ¢ ?P' by (rule somel _ex)
hence ysupC1: ?y ¢ varacom C1 using support_pre by auto
have sup_B: support ?P C 7P’
apply(rule subset_trans|OF support_and]) apply simp using sup-
port_pre sup_ L by blast

— we show the first goal: we can deduce the desired Hoare Triple
have C1: Fy {\l s. pre (C1;; C2) Q I s A preList upds (C1;; C2) 1 s}
strip C13;; strip C2
{ time (C1;; C2) | Al s. Q ls A postList upds [ s}
proof (rule Seq[rotated))
— start from the back: we can simply use the IH for C2, and solve the
side conditions automatically
show 1 {(%ls. pre C2 Q ls N preList upds C21s )} strip C2 { time
C2 1 (%ls. Qs A postList upds 1 s)}
apply (rule Aseq(2)[THEN conjunctl])
using Aseq(3—7) by auto
next
— prepare the new updates: pull them through C2 and save the new
execution time of C2 in 7y
let ?upds = map (Aa. case a of (x,e) = (x, preT C2 e)) upds
let Zupds’ = (?y,time C2)# Zupds

have dst_upds”. distinct (map fst ?upds’)
using ynP’ Aseq(7) apply simp apply safe
using image_iff apply fastforce by (simp add: case_prod_beta’
distinct__conv_nth)

— now use the first induction hypothesis (specialised with the augmented
upds list, and the weakest precondition of Q through C as post condition)
have [H1s: b1 {\l s. pre C1 (pre C2 Q) | s A preList ?upds’ C1 1 s}
strip C1
{ time C1 | Xl s. pre C2 Q | s N\ postList ?upds’ [ s}
apply(rule Aseq(1)[THEN conjunctl1])
using Aseq(3—7) ysupC1 dst_upds’ by auto

— glue it together with a consequence rule, side conditions are automatic
show ;1 {Als. (pre (C1;; C2) Q ls A preList upds (C1;; C2) 1s) N1
2y = preT C1 (time C2) s} strip C1
{ time C1 | Xl 's. (Al s. pre C2 Q ls N\ preList upds C21s) ls A\ time
C2s <1 %}
apply(rule conseq old[OF __ IHIs])
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by (auto simp: preList_Seq postList_preList)
next
— solve some side conditions showing that, 7y is indeed fresh
show 2y ¢ support 7P
using sup B ynP’ by auto
have F': support (preList upds C2) C lesvars upds
apply(rule support_preList) done
have support (Al s. pre C2 Q 1 s A preList upds C21s) C 7P’
apply (rule subset_trans|OF support_and]) using F support_pre by
blast
with ynP’
show 2y ¢ support (Al s. pre C2 Q I s N preList upds C2 1 s) by blast
qged simp

— we show the second goal: weakest precondition implies, that Q holds
after the execution of C1 and C2
have C2: Al s. pre (C1;; C2) Qls = Q1 (postQ (C1;; C2) s)
proof —
fix [ s
assume p: pre (C1;; C2) Qs
have A: Vis. pre C1 (pre C2 Q) s — pre C2 Q 1 (post@ C1 s)
apply(rule Aseq(1)[where upds=[], THEN conjunct2])
using Aseq by auto
have B: (Vi1s. pre C2Q ls — Q1 (post@ C2s))
apply(rule Aseq(2)[where upds=|[], THEN conjunct2])
using Aseq by auto
from p A B show Q [ (post@ (C1;; C2) s) by simp
qed

show ?case using C1 C2 by simp

next
case (Awhile A b C Q upds)

— Let us first see, what we got from the induction hypothesis:
obtain / S E where [simp]: A = (I,(S,(F))) using prod__cases3 by blast
with «vc (Awhile A b C) Q> have vc (Awhile (1,5,FE) b C) Q by blast
then have vc: ve C'I and pre2: Als. [ls = —bvalbs = Qls A
1 <EsNSs=s
and 1Q2: Nls. I'ls = bval b s =
pre CI1ls
AN 1+ preT CEs+ timeCs< EsANSs=.5 (postQ
C's) by auto

— the logical variable x represents the number of loop unfoldings

52



from Q2 have IQ _in: Nls. [ls = bvalbs = S s =5 (postQ C
s) by auto

have inv_impl: Nls. Ils= bvalbs = pre C I [susing IQ2 by
auto

have yC: lesvars upds N varacom C = {} using Awhile(5) by auto

let ?Zupds = map (%(z,e). (z, %s. e (S s))) upds
let 2INV = %l s. Ils A postList ?upds | s

have lesvars upds N support I = {} using Awhile(5) by auto

— we need a fresh variable 7z to remember the time bound of the tail of
the loop
let ?P=lesvars upds U varacom ({A} WHILE b DO C)
let 92=SOME z:lvname. z ¢ 7P
have finite ?P using Awhile by auto
hence 3z. 2¢ 7P using infinite_ UNIV_list]
using ex new if finite by metis
hence znP: ?z ¢ 7P by (rule somel ex)
from znP have zny: ?z ¢ lesvars upds
and zI: %z ¢ support I
and blb: 7z ¢ varacom C by (simp__all)

from Awhile(4,6) have 23: finite (varacom C')
and 26: finite (support I) by auto

have Vis. pre CI ls — Il (post@Q C s)
apply(rule Awhile(1)[THEN conjunct2]) by(fact)+
hence step: Nl s. pre C 11l s = 11 (post@ C s) by simp

— we adapt the updates, by pulling them through the loop body and
remembering the time bound of the tail of the loop
let Zupds = map (A(z, €). (z, As. e (S s5))) upds
have fua: lesvars upds = lesvars upds
by force
let ?upds’ = (?2,E) # ?upds
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have g: Ne. e o S = (%s. e (S s)) by auto

— show that the Hoare Rule is derivable
have G1: 1 {\l's. Ils A preList upds ({(I, S, E)} WHILE b DO C) [
s} WHILE b DO strip C
{E |y As. QIls A postList upds [ s}
proof(rule conseq old)
show 1 {Als. I'ls A\ postList ?upds | s} WHILE b DO strip C
{E | XNs. (IlsA postList 2upds 1 s) N —bval b s }
— We use the While Rule and then have to show, that ...
proof (rule While, goal cases)
— A) the loop body preserves the loop invariant
have lesvars Zupds’ N varacom C = {}
using yC blb by(auto)

have z: (fst o (A(z, €). (z, As. e (5 5)))) = fst by auto
have distinct (map fst ?upds’)
using Awhile(6) zny by (auto simp add: z)

— for showing preservation of the invariant, use the consequence rule

show 1 {Als. (I'ls A postList upds 1 s) A bval b s A\ preT CE s =
[ 22}
strip C { time C | Al 's. (I'l s A postList ?upds 1 s) N Es <1 %z}
proof (rule conseq old)
— ... and employ the induction hypothesis, ...
show by {Al's. pre C Il s A preList ?upds’ C'1 s} strip C
{ time C' | Nl s. I'l s N\ postList ?upds’ | s}
apply(rule Awhile.IH[THEN conjunctl]) by fact+
next
— finally we have to prove the side condition.
show 3k>0.V1s. (Ils A postList 2upds 1 s) A bval b s A\ preT C E
s=1%
— (pre C 11 s A preList 2upds’ C'1s) A time C s < k
time C s
apply(rule exI[where z=1]) apply(simp)
proof (safe, goal cases)
case (215s)
note upds_invariant=postpreList_inv[OF 1Q_in]OF 2(1)]]
from 2 wupds invariant show ?case by auto
next
case (I [ s) then show ?Zcase using inv_impl by auto
qged
qed auto
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next
— B) the invariant with number of loop unfoldings greater than 0
implies true loop guard and running time is correctly bounded
show VIs. bval bs AN Ils A postList 2updsls — 1 + preT C E s
+ time Cs < E s
proof (clarify, goal cases)
case (11s)
show ?case using 1Q2 1(1,2) by auto
qed
next
— C) the invariant with number of loop unfoldings equal to 0 implies
false loop guard and running time is correctly bounded
show VIs. —bval b s A Ils A postList ¢updsls — 1 < E's
proof (clarify, goal_cases)
case (115s)
then show ?case
using pre2 1(2) by auto
qed
next
— D) 7z is indeed a fresh variable
have pff: 7z ¢ lesvars ?upds apply(simp only: fua) by fact
have support (Al s. Il s A postList ?upds | s) C support I U support
(postList ?upds)
by (rule support_and)
also have support (postList ?upds) C lesvars ?upds
apply (rule support_postList) done
finally
have support (Al's. Il s A postList 2upds | s) C support I U lesvars
Zupds
by blast
thus 2z ¢ support (Al s. I1s A postList Zupds 1 s)
apply(rule contra__subsetD)
using z[ pff by(simp)
qed
next
show 3k>0.V1s. Ils A preList upds ({(I, S, E)} WHILE b DO C)
ls —
(Ils A postList (map (N(z, €). (z, As. e (S's))) upds) ls) N Es
<kxFEs
apply(rule exI[where z=1]) apply(auto) apply(simp only:
postList__preList[symmetric] ) apply (auto)
apply(simp only:  g)
done
next
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show V1 s. (I'ls A postList (map (N(z, e). (z, Xs. e (S 5))) upds) [ s) A
= bval b s — Qs A postList upds [ s
using pre2 by(induct upds, auto)
qed

have G2: A\l s. pre ({A} WHILE b DO C) Qls = QI (postQ ({A}
WHILE b DO C) s)
proof —
fix s
assume pre ({A} WHILE b DO C) Qs
then have I: I | s by simp
{ fix n
have Es=n = Ils = Q[ (postQ ({A} WHILE b DO C) s)
proof (induct n arbitrary: s | rule: less_induct)
case (less n)
then show ?case
proof (cases bval b s)
case True
with less IQ2 have pre C Il sand S: S s =S (postQ C s) and t:
1 4 preT C E s + time C's < FE s by auto
with step have I": 1] (postQ C s) and 1 + E (postQ C s) + time
C's < E s using TQ by auto
with less have E (post@ C s) < n by auto
with less(1) I' have Q [ (postQ ({A} WHILE b DO C) (post@ C
s)) by auto
with step show Zthesis using S by simp
next
case False
with pre2 less(3) have Q [ s S s = s by auto
then show ?thesis by simp
qged
qged
}
with I show Q [ (postQ ({A} WHILE b DO C) s) by simp
qed

show ?case using GI G2 by auto
qed
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corollary vc_sound”:
assumes vc C ()
finite (support Q) finite (varacom C)
Vis.Pls— pre CQls
shows 1 {P} strip C {time C | Q}
proof —
show “thesis
apply(rule conseq old)
prefer 2 apply(rule vc_sound[where upds=[], OF assms(1—3),
THEN conjunctl])
using assms(4) apply auto
done
qged

lemma preT _constant: preT C (%_. a) = (%_. a)
apply(induct C) by (auto)

corollary vc_sound”:
[veCQ; (Fk>0.V1s.Pls— pre CQIlsA timeCs<kxes);
finite (support Q); finite (varacom C)] = 1 {P} strip C {e | Q}
apply (rule ub_costjwhere e'=time C])
apply(auto)
apply(rule vc_sound’) by auto

4.6.4 Completeness:

lemma vc__complete:
Fi{P}c{el Q} = 3IC.strip C=cANwvecCQ
ANWNls.Pls—pre CQls A QI (postQ C s))
ATk VYls. Pls— time Cs<kxes)
(is_ = 3C.?2GPcQCe
proof (induction rule: hoarel .induct )
case Skip
show ?case (is 3C. 72C C)
proof show ?C Askip by auto
qed
next
case (Assign P a x )
show Zcase (is 3C. ?2C ()
proof show ?C(Aassign x a) apply (simp del: fun_upd_apply) ap-
ply(auto) done qged
next

case (Seq Pz e2’' cl el Qe2c2R e)
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from Seq.IH(1) obtain C1 where ?G (M s. PlsANlz = ¢e2"s) cl
(Aab. QabAe2b<azx) Clel by blast

then obtain k where ih1: strip C1 = c1

ve C1 (Aab. QabAe2b<acx)

ANls.Pls= lz=e2"s= pre C1 (Ma sa. (Q la sa \ e2 sa < la
z)) ls

(Vis.PlsNhNlzx=e2's— time Cls<k=xels)

Nls. Pls=lz=¢e2"s= QI (postQ C1 s) N\ e2 (postQ C1 s) <
lz

apply auto done

from Seq.IH(2) obtain C2 where ih2: ?G Q c2 R C2 e2 Dby blast
then obtain k2 where h2: strip C2 = c2

ve C2 R

(Als. Qls = pre C2R s)

(Vis. Qls— time C2s < k2 % e2s)

ANls. Qls= R (postQ C2s) apply auto done

show Zcase (is 3C. 7C C)
proof
show ?C(Aseq (Aconseq P Q (time C1) C1) C2)
proof (safe, goal _cases)
case |
then show ?case apply(simp add: ih1(1) th2(1)) done
next
case 2
then show ?Zcase apply(simp) apply(safe)
subgoal apply(rule vc_mono) prefer 2 apply (rule ih1(2)) ap-
ply(auto) done
subgoal apply(rule exl[where z=1]) apply safe
subgoal by (auto)
subgoal for [ s ¢
apply(rule exI[where z=I(z:= €2’ s)])
apply (safe)
subgoal apply(rule pre_mono) prefer 2 apply (rule ih1(3))

apply(subst assn2_lupd) using Seq(3) by auto
subgoal apply(rule ih2(3)) using assn2_lupd[OF Seq(4)] by
auto
done
done
subgoal by (rule ih2(2))
done
next
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case (31s)
then show ?case apply(simp) done
next

case (4 [ s)
from / have P (I(z:=e2’'s)) s using assn2_lupd[OF Seq(3)] by simp
with ih1(5)[where [=[(z:=e2’ s)]
have Q (I(z := e2’s)) (postQ C1 s) by simp
then have Q [ (postQ C1 s) using assn2_lupd[OF Seq(4)] by simp
with ¢h2(3) have Q | (postQ C1 s) by simp
with h2(5)
show ?case apply(auto) done
next
case )
from ih1(4) have
g9: Nl s. [Pls; e2' s=1z] = time C1 s <k=x el sDby auto

show Zcase
proof (rule exl[where z=(maxz k k2)], safe, goal cases)
case (11s)
have xnP: x ¢ support P by fact
have 41: P (I(z := €2’ s)) s
apply(subst assn2_lupd)

apply(fact znP)
apply(fact 5) done

have A: time C1 s < k x el s
apply(rule gg[where I=I(z:=e2' s)])
apply(rule 41)
apply(simp) done

have B: preT C1 (time C2) s < k2 % €2’ s
proof —
from 1 have P (I(z := e2's)) s using assn2_lupd|OF xnP] by

have F: Q (I(z:=e2'5)) (postQ C1 s) A €2 (postQ C1 s) < (l(z:=e2’

apply(rule ih1(5)[where I=I[(z:=e2’ s) and s=s])
apply (fact)
apply(simp) done
then have time C2 (postQ C1 s) < k2 x e2 (postQ C1 s) using
ih2(4) by auto
with F have time C2 (postQ C1 s) < k2 x €2’ s
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using order__substl by fastforce
then show preT C1 (time C2) s < k2 x e2' s using TQ by simp

qed
have time C1 s + preT C1 (time C2) s <k x el s + k2 * e2's
using A B by linarith
also have ... < (maz k k2) x el s + (maz k k2) x e2’s
using nat__mult_max_left by auto
also have ... = (maz k k2) x (el s + €2’ s) by algebra
also have ... < (maz k k2) x e s using Seq(5)[OF 1] by auto
finally
have time C1 s + preT C1 (time C2) s < (max k k2) *x e s .
then show “case
by auto
qged
qed
qed

next
case (If Pbcl el Qc2)
from If.IH(1) obtain C1 where ?G (Als. Pls A bval bs) c1 Q C1 el
by blast
then obtain k! where ih1: strip C1 = c1 ANwve C1 QAN (Vls. PlsA
bval b s — pre C1 Q 1ls N Q1 (postQ C1 s)) N (Vils. Pls A bvalbs
— time C1 s < k1 % el s)
by blast
from If.IH(2) obtain C2 where G (Als. Pls A —bval b s) c2 Q C2
el
by blast
then obtain k2 where ih2: strip C2 = c2 ANwvec C2 QN (Vs PlsA
—bval b s — pre C2 Qls N Q1 (postQ C2s)) N (Vis. Pls A —bvalbs
— time C2 s < k2 x el s)
by blast
define k£’ where k' == max (k1+1) (k2+1)
show Zcase (is 3C. 7C ()
proof
show ?C(Aif b C1 C2)
apply (safe)
prefer 5
apply(rule exI[where z=Fk']) apply(safe)
subgoal for [ s apply(auto)
proof(goal_cases)
case I
with a1 have time C1 s < k1 * el s by blast
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then have Suc (time C1 s) < 1 + k1 * el s by auto
also have ... < k' 4+ kI x el s unfolding k’_def by(auto)
also have ... < k’ + k' x el s unfolding k' def
by (simp add: maz__def)
finally show ?case .
next
case 2
with ih2 have time C2 s < k2 x el s by blast
then have Suc (time C2 s) < 1 + k2 x el s by auto
also have ... < k' + k2 x el s unfolding k' def by(auto)
also have ... < k’ + k’ x el s unfolding k' _def
by (simp add: maz__def)
finally show ?Zcase .
qed
using ih! ih2 apply(simp)
using ih1 ih2 apply(auto)
done
qed
next
case (While Pb e’ yce” e)
have supportPre: support (Al s. P1ls A bval b s N e’ s =1y) C support
P U {y}
using support__and support_single by fast
from While.IH obtain C where
ih: G (ANl's. PlsANbvalbsNe s=1y)c(Aab. PabAeb<ay)
C e//
using supportPre by blast
then obtain k£ where ih2: ve C (Aab. Pab A eb<ay)
ANl s.[Pls;bvalbs;e's=1y] = pre C (Na sa. (Plasa A e sa

<lay))ls

ANls.[Pls;bualbs;e's=1ly]= timeCs<k=xe's

ANl s[Pls;bvalbs; e s=1y] = Pl (postQ Cs) A e (postQ C s)
<ly

by fast

let 2S5 = postQs C b
{
fix lsn
have e s = n = Pl s = postQs_dom (C, b, s) AN Pl (95s) N~
bval b (25 s)
proof (induct n arbitrary: 1 s rule: less_induct)
case (less x)
show ?Zcase
proof (cases bval b s)
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case True
with While(2) less(3) have 1 + ¢’ s + €' s < e s by auto
then have c’e: ¢/ s < e s by simp
have P (I(y:=e’ s)) s using less(3) assn2_lupd[OF While(4)] by
simp
from ih2(4)[OF this] True have ee” e (postQ C s) < e’ s and P".
P (l(y := €’ s)) (post@ C's) by auto
from P’ have P". P [ (post@ C s) using less(3) assn2_lupd|OF
While(4)] by simp
from ee’ e’e less(2) have e (postQ C s) < z by auto
from less(1)[OF this _ P'"| have d: postQs_dom (C, b, postQ C' s)
and p: Pl (postQs C b (postQ C' s))
and b: — bval b (postQs C b (postQ C s)) by auto
have d": postQs_dom (C, b, s)
by (simp add: d postQs.domintros)
have p: P (postQs C b s)
using True d p postQ)s.domintros postQs.psimps by fastforce
have b = bval b (postQs C' b s)
by (metis b d postQs.domintros postQs.pelims)

from d’ p’ b’ show ?thesis by auto
next
case Fulse
then have 1: postQs_dom (C, b, s)
using postQs.domintros by blast
then have 2: 75 s = s using postQs.psimps Fualse by force
from 1 2 less(3) False show ?thesis by simp
qed
qed
}
then have Pdom: Al s. Pl s = postQs_dom (C, b, s) N P1(%5s) A
~ bval b (2S s) by simp

have S1: N\ls. Pls = Pl (%S s) using Pdom by simp

have S2: N\ls. Pls = " bval b (7S s) using Pdom by simp

have S3: Nl s. Pl s = bval b s = 25 s = 25 (post@Q C s) using
postQ)s.psimps Pdom by simp

have S4: Al s. Pls = = bval b s = %S s = s using postQs.psimps
Pdom by simp

let 7w = {(P,?S,(%s. max k 1 * e s))} WHILE b DO (Aconseq (Al's. P
ls N buval bs) (Ma sa. Plasa N esa<lay) (time C) C)

show Zcase (is 3C. ?2C C)
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proof
show ?7C ?w
proof (safe, goal cases)
case |
then show ?Zcase using ih by(simp)
next
case 2
then show ?case
proof (simp, safe, goal_cases)
case (11s)
from 2 have z: P (I(y := ¢’ s)) s
using 1 assn2_lupd[OF While(4)] by metis
from h2(3)[where [=l(y := ¢’ s) and s=s]
have A: time C s < k x ¢” s using [ z by(simp)

from ih2(4)[where [=I(y := ¢’ 5) and s=s]
have e (postQ Cs) < (I(y := €’ s)) y apply(simp) using 1 z by(simp)

then have e (post@Q C s) < e’ s by simp

with TQ have B: preT C e s < ¢’ s by simp
let ?eskal = (As. max k (Suc 0) * e s)
have preT C (As. max k (Suc 0) * e s) s = mazx k (Suc 0) x preT
Ces
using preT_linear by simp
with B have B: preT C ?eskal s < max k (Suc 0) * ¢’ s by auto

from While.hyps(2) 1 have C: I + ¢’ s + e'" s < e s by auto
have Suc (preT C %eskal s + time C's) < 1 + (mazx k1) xe' s+ k
xe's

using A B by linarith

also have ... < (maz k1) + (maz k 1) x ¢’ s + (max k 1) * e s
using nat_mult_max_left by auto

also have ... = (maz k 1) * (1 + e’ s+ €' s)
by algebra

also have ... < (maz k 1) x e s

using C by (metis mult.assoc mult_le_mono2)
finally have Suc (preT C %eskal s + time C's) < ((maz k 1) ) x e s

thus ?case by auto
next

case (31s)

with While.hyps(3) show Zcase by auto
next
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case 5

then show ?case
apply(rule ve_mono)
prefer 2 apply(fact ih2(1)) by auto

next

case 6

show ?case apply(rule exI[where z=1]) apply(safe)
subgoal by simp
subgoal for [ s ¢t apply(rule exI[where z=I(y:=e’ 5)])

proof (safe)
assume §: Plsand b: bval b s
then have P (I(y := e’ s)) s using assn2_lupd|OF While(4)]

by metis
with b ih2(2) show pre C' (Aa sa. Pla sa A e sa < lay) (I(y
=ce's)) s
apply(auto) done
fix ¢

assume P (I(y :=¢'s)) ¢
thus P [ ¢ using assn2_lupd|OF While(4)] by simp
qed
done
qed (simp__all add: S4 S3)
next
case 6
show ?case apply(rule exI[where z=Fk+1]) by auto
qed (simp__all add: S1 52)
qed
next
case (conseq P' e e’ P Q Q' ¢)
then obtain C k where C: strip C' = ¢
ve C' Q
(Mis .Pls—preCQ ls)
(Vis.Pls— QI (post@ C s))
(Vils. Pls— time Cs <k x es) by melis
from conseq(1) obtain k2 where cons: Vis. P'ls — es < k2 xe's
ANE I PUsAN(QUt— Q'Lt)) by auto

show ?case
apply(rule exI[where z=Aconseq P' Q (time C) C])
apply (safe)
subgoal apply(simp) by(fact)
subgoal apply(simp)
apply (safe)
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subgoal using C(2)
apply(fast) done

subgoal
apply(rule exI[where z=k+1])
apply auto
using C(2) cons C(3) by blast
done

subgoal apply(rule pre_mono)
prefer 2 apply(simp) using C(3) conseq(1) apply fast
done
subgoal
apply(simp)
using C(/4) conseq(1,3) apply blast done
apply(rule exI[where r=Fkxk2]|) apply(safe)
subgoal for [ s
using C(5) cons apply(auto)
proof(goal__cases)
case 1
then have absch: ¢ s < k2 * e’ s time C s < k x e s by blast+
show ?case
using absch order__trans by fastforce
qged
done
qed

end

4.7 The Variables in an Expression

theory Vars imports Com
begin

We need to collect the variables in both arithmetic and boolean expres-
sions. For a change we do not introduce two functions, e.g. avars and bvars,
but we overload the name wvars via a type class, a device that originated with
Haskell:

class vars =
fixes vars :: 'a = vname set

This defines a type class “vars” with a single function of (coincidentally)
the same name. Then we define two separated instances of the class, one for
aexp and one for bexp:

instantiation aexp :: vars
begin
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fun vars_aexp :: aexp = wvname set where
vars (N n) = {} |

vars (V z) = {z} |

vars (Plus a1 ag) = vars a1 U vars ag |
vars (Times a1 ag) = vars ay U vars ay |
vars (Div a1 ag) = vars a; U vars ag

instance ..
end
value vars (Plus (V "z"") (V "y"))

instantiation bexp :: vars
begin

fun vars_bexp :: bexp = vname set where
vars (Bc v) = {} |

vars (Not b) = vars b |

vars (And by by) = wvars by U vars by |
vars (Less a1 a2) = vars a1 U vars az

instance ..
end
value vars (Less (Plus (V "2") (V "y")) (V "z'"))

abbreviation

eq_on :: ("a = "b) = (‘a = 'b) = 'a set = bool
(«(_=/_/ on_) [50,0,50] 50) where
f=gomX==VzeX fr=9gx

lemma aval_eq if _eq on_vars[simp):
81 = 89 on vars a —> aval a $1 = aval a sy
apply (induction a)
apply simp__all
done

lemma bval _eq if eq on_wvars:

S$1 = 89 on vars b = bval b s1 = bval b s
proof (induction b)

case (Less al a2)
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hence aval al s1 = aval al so and aval a2 s1 = aval a2 so by simp__all
thus ?case by simp
qed simp_all

fun lvars :: com = vname set where

lvars SKIP = {} |

lars (x::=e) = {z} |

lvars (c1;;¢2) = lvars ¢l U lvars c¢2 |

lvars (IF b THEN c1 ELSE ¢2) = lvars c1 U lvars c2 |
lvars (WHILE b DO ¢) = lvars ¢

fun rvars :: com = vname set where

rvars SKIP = {} |

rvars (z::=e) = vars e |

rvars (c1;;¢2) = rvars ¢1 U rvars c¢2 |

rvars (IF b THEN c1 ELSE ¢2) = vars b U rvars ¢1 U rvars c2 |
rvars (WHILE b DO ¢) = vars b U rvars ¢

instantiation com :: vars
begin

definition vars _com ¢ = lvars ¢ U rvars ¢
instance ..
end

lemma vars__com__simps|[simp]:
vars SKIP = {}
vars (z:=e) = {z} U vars e
vars (cl;;¢2) = vars ¢l U vars c2
vars (IF b THEN c1 ELSE ¢2) = vars b U vars c¢1 U vars c2
vars (WHILE b DO ¢) = vars b U vars ¢

by (auto simp: vars_com__def)

end

theory Nielson VCGi
imports Nielson_Hoare Vars
begin
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4.8 Optimized Verification Condition Generator

Annotated commands: commands where loops are annotated with invari-
ants.

datatype acom =
Askip («SKIP») |
Aassign vname aexp  («(_ == _)» [1000, 61] 61) |
Aseq acom acom («_3;/ > 160, 61] 60) |
Aif bexp acom acom  («(IF _/ THEN _/ ELSE _)> [0, 0, 61] 61) |
Aconseq assn2x(vname set) assn2x(vname set) tbd * (vname set) acom
(«({_"/_"/_}) CONSEQ _)» [0, 0,0, 61] 61)|
Awhile (assn2x(vname set))x*((state=>state)*(tbd*((vname setx(vname =
vname set))))) bexp acom («({_}/ WHILE _/ DO _)» [0, 0, 61] 61)

notation com.SKIP (<SKIP)
Strip annotations:

fun strip :: acom = com where

strip SKIP = SKIP |

strip (z = a) = (x == a) |

strip (C1;; C2) = (strip Cus; strip C) |

strip (IF b THEN Cy ELSE C3) = (IF b THEN strip C1 ELSE strip C2)
|

strip ({_/_/_} CONSEQ C) = strip C' |

strip ({_} WHILE b DO C) = (WHILE b DO strip C)

support of an expression

definition supportE :: ((char list = nat) = (char list = int) = nat) =
string set where
supportE P = {z. 311 12s. Vy.y#xz — lly=12y) NPlls# PI2

s}

lemma expr_lupd: z ¢ supportE Q@ — Q (I(z:=n)) = QI
by (simp add: supportE__def fun__upd_other fun__eq iff)
(metis (no__types, lifting) fun__upd_def)

fun varacom :: acom = lvname set where

varacom (C1;; C2)= varacom C1 U varacom Co
| varacom (IF b THEN Cy ELSE C3)= varacom Ci U varacom Co
| varacom ({(P,_)/(Qannot, )/_} CONSEQ C)= support P U varacom C
U support Qannot
| varacom ({((I,_),(S,(E,Es)))} WHILE b DO C) = support I U varacom
C
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| varacom __ = {}

fun varnewacom :: acom = lvname set where

varnewacom (C1;; C2)= varnewacom Cy U varnewacom Cy
| varnewacom (IF b THEN C1 ELSE C9)= varnewacom C1 U varnewacom
Cs
| varnewacom ({_/__/_} CONSEQ C)= varnewacom C
| varnewacom ({(1,(S,(E,Es)))} WHILE b DO C) = varnewacom C
| varnewacom _ = {}

lemma finite__varnewacom: finite (varnewacom C)

by (induct C) (auto)

fun wf :: acom = lvname set = bool where

wf SKIP = True |

wf (x = a) _ = True |

wf (Ci3; C2) S = (wf C1 (S U varnewacom Ca) A wf Cy S) |

wf (IF b THEN Cy ELSE C9) S = (wf C1 S N wf C2 S) |

wf ({_/(Qannot, )/ _} CONSEQ C) S = (finite (support Qannot) N\ wf
¢5) |

wf ({(_,(_,(_,Es)))} WHILE b DO C) S = (wf CS)

Weakest precondition from annotated commands:

fun preT :: acom = tbd = tbd where
preT SKIP e = e |
preT (z ::= a) e = (As. e(s(z := aval a s))) |
preT (Cy;; Ca) e = preT Cy (preT Cy e) |
preT ({_/_/_} CONSEQ C) e = preT C e |
preT (IF b THEN Cy ELSE C3) e =
(As. if bval b s then preT Cy e s else preT Cy e s) |
preT ({(_,(S,_))} WHILEbDO C)e=c¢€o0S

lemma preT constant: preT C (%_. a) = (%_. a)
by (induct C, auto)

lemma preT _linear: preT C (%s. k x e s) = (%s. k * preT C e s)
by (induct C arbitrary: e, auto)

fun postQ :: acom = state = state where
post@ SKIP s = s |
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postQ (x a) s = s(x:= aval a s) |

post (Cris Ca) s — post@ Ci (post@ C1 ) |
postQ ({_/_/ _} CONSEQ C) s = post@Q C's |
postQ (IF b THEN Oy ELSE Cs) s =

(if bval b s then post@ Cy s else post@ Cy s) |
postQ ({(__,(S,_))} WHILE b DO C) s = Ss

fun fune :: acom = vname set = vname set where

fune SKIP LV = LV |

fune (z ::= a) LV = LV U vars a |

fune (Cy;; Cq) LV = fune Cy (fune Cy LV) |

fune ({_/_/_} CONSEQ C) LV = fune C LV |

fune (IF b THEN C1 ELSE C9) LV = vars b U fune C1 LV U fune Co
LV |

fune ({(__,(S,(E,Es,55)))} WHILE b DO C) LV = (JzeLV. SS x)

lemma fune _mono: A C B = fune C A C fune C B

proof (induct C arbitrary: A B)
case (Awhile x1 z2 C)
obtain a b ¢ d e f where a: 1 = (a,b,c,d,e) using prod__cases5 by blast
from Awhile show ?case unfolding a by (auto)

qed (auto simp add: le_supll le_supl2)

lemma TQ: preT C e s = e (postQ Cs)
apply(induct C arbitrary: e s) by (auto)

function (domintros) times :: state = bexp = acom = nat where
times s b C' = (if bval b s then Suc (times (postQ C s) b C) else 0)
apply(auto) done

lemma assumes I: [ z s and
iv Asz. I (Sucz)s= bval b s N Iz (postQ C s)
and i: As. I 0s= " bval b s

shows times z: times s b C' = 2

proof —
have I z s = times_dom (s, b, C) A times s b C = z
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proof (induct z arbitrary: s)
case (
have A: times_dom (s, b, C)
apply (rule times.domintros)
apply(simp add: [OF 0] ) done
have B: times s b C' = 0
using times.psimps|OF A| by(simp add: i[OF 0])

show ?case using A B by simp
next
case (Suc z)
from i[OF Suc(2)] have bv: bval b s
and ¢: Iz (postQ C s) by simp__all
from Suc(1)[OF g] have pI1: times dom (post@ C's, b, C)
and p2: times (post@ C's) b C = z by simp__all
have A: times_dom (s, b, C)
apply (rule times.domintros) apply(rule p1) done
have B: times s b C' = Suc z
using times.psimps|OF A] bv p2 by simp
show ?case using A B by simp
qed

then show times s b C = z using I by simp
qed

fun postQz :: acom = state = nat = state where
postQz C's 0 = s |
postQz C' s (Suc n) = (postQz C (post@ C's) n)

fun preTz :: acom = tbd = nat = tbd where
preTz Ce 0 = e |
preTz C e (Suc n) = preT C (preTz C e n)

lemma 72Q: preTz C e n s = e (postQz C s n)
by (induct n arbitrary: s, simp__all add: TQ)

Weakest precondition from annotated commands:

fun pre :: acom = assn2 = assn2 where
pre SKIP Q = Q |
pre (z == a) @ = (Als. Q1 (s(z := aval a s))) |
pre (C1;; C2) @ = pre C1 (pre C2 Q) |
pre ({(P",Ps)/_/_} CONSEQ C) Q = P'|
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pre (IF b THEN Oy ELSE Cs) Q =
(Als. if bval b s then pre C1 Q1 s else pre Cy Q1) |
pre ({(({,1s),(S,(E,Es,55)))} WHILE b DO C) Q =1

fun gdeps :: acom = vname set = vname set where

qdeps SKIP LV = LV |

qdeps (x = a) LV = LV U vars a |

qdeps (Cy;; C2) LV = qdeps C1 (gdeps Cy LV) |

qdeps ({(P",Ps)/__/_} CONSEQ C) _ = Ps |

qdeps (IF b THEN Cy ELSE Cy) LV = vars b U gdeps C1 LV U qdeps
Cy LV |

qdeps ({((1,1s),(S,(E,z,Es)))} WHILE b DO C) _ = 1Is

lemma gdeps _mono: A C B = qdeps C A C qdeps C B
by (induct C arbitrary: A B, auto simp: le__supll le_supl?2)

lemma supportE__if: supportE (Al s. if b s then A s else B 1 s)
C supportEl A U supportE B
unfolding supportE,__def apply(auto)
by metis+

lemma supportE_preT: supportE (%l. preT C (e l)) C supportE e
proof (induct C arbitrary: e)
case (Aif b C1 C2 e)
show ?case
apply(simp)
apply (rule subset_trans|OF supportE__if])
using Aif by fast
next
case (Awhile A y C e)
obtain [ S F z where A: A= (I,S,F,z) using prod_ casesj by blast
show ?case using A apply(simp) unfolding supportE__def
by blast
next
case (Aseq)
then show ?case by force
qed (simp__all add: supportE__def, blast)

lemma supportE__twicepreT: supportE (%l. preT C1 (preT C2 (e l))) C

supportF e
by (rule subset_trans|OF supportE_preT supportE _preT])
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lemma supportE_preTz: supportE (%l. preTz C (e 1) n) C supportE e
proof (induct n)
case (Suc n)
show ?case
apply (simp)
apply(rule subset_trans|OF supportE_preT])
by fact
qed simp

lemma supportE_prelz Un:

supportE (Al. preTz C (e l) (I z)) C insert x (UN n. supportE (A\l. preTz
C (e 1) n))

apply (auto simp add: supportE _def subset_iff)

apply metis

done

lemma support_eq: support (Al's. lxz = E ls) C supportE E U {z}
unfolding support_def supportE _def
apply(auto)
apply blast
by metis

lemma support_impl_in: G e — support (A\ls. Hels) C T
= support (A\ls. Ge— Hels)C T
unfolding support_def apply(auto)
apply blast+ done

lemma support_supportE: \P e. support (Al's. P (el) s) C supportE e
unfolding support_def supportE _def
apply(rule subsetl)
apply(simp)
proof (clarify, goal cases)
case (I Pexlll2s)
have P: Vs. ell s=el2s = ell = e l2 by fast
show 311 12. Vy.y#az —1ly=12y) N (Ts. ell s# el25s)
apply(rule exI[where z=I1])
apply(rule exI[where z=I[2])
apply (safe)
using 1 apply blast
apply(rule ccontr)
apply (simp)
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using 1(2) P by force
qged

lemma support_pre: support (pre C Q) C support Q U varacom C
proof (induct C arbitrary: Q)
case (Awhile A b C Q)
obtain /2 S E Es SS where A: A= (12,(S,(E,Es,S5))) using prod_ cases5
by blast
obtain I Is where 12=(I,Is) by fastforce
note A=this A
have support_inv: AP. support (Al s. P s) = {}
unfolding support_def by blast
show ?case unfolding A by(auto)
next
case (Aseq C1 C2)
then show ?Zcase by(auto)
next
case (Aif x C1 C2 Q)
have s1: support (Al s. bval x s — pre C1 Q 1 s) C support @ U varacom
C1
apply(rule subset_trans[OF support_impl]) by (rule Aif)
have s2: support (Al s. ~ bval v s — pre C2 Q | s) C support @ U
varacom C2
apply(rule subset__trans[OF support_impl]) by (rule Aif)

show ?case apply(simp)
apply(rule subset_trans[OF support_and))
using sI s2 by blast
next
case (Aconseq x1 22 z3 C)
obtain a b ¢ d e f where z1=(a,b) 22=(c,d) z3=(e,f) by force
with Aconseq show ?case by auto
qed (auto simp add: support__def)

lemma finite_support_pre: finite (support Q) = finite (varacom C) —>

finite (support (pre C Q))
using finite__subset support_pre finite_ Unl by metis

fun time :: acom = tbd where
time SKIP = (%s. Suc 0) |
time (z = a) = (%s. Suc 0) |
time (C1;; C2) = (%s. time C1 s + preT Cq (time C2) s) |
time ({_/_/(e,es)} CONSEQ C) = e |

74



time (IF b THEN Cy ELSE Cs) =
(As. if bval b s then 1 + time Cy s else 1 + time Cyq s) |
time ({(_,(E',(E,x)))} WHILE b DO C) =

fun kdeps :: acom = vname set where
kdeps SKIP = {} |
kdeps (z ::= a) = {} |
kdeps (C1;; Cq) = kdeps C1 U fune Cq (kdeps C3) |
kdeps (IF b THEN C1 ELSE C3) = wars b U kdeps Cy U kdeps C4 |
kdeps ({(__,(E',(E,FEs,SS)))} WHILE b DO C) = Es |
kdeps ({_/_/(e,es)} CONSEQ C) = es

lemma supportE_single: supportE (Al s. P) = {}
unfolding supportE def by blast

lemma supportE__plus: supportE (Al s. el ls + e21s) C supportE el U
supportl e2

unfolding supportE__def apply(auto)

by metis

lemma supportE__Suc: supportE (Al s. Suc (el ls)) = supportE el
unfolding supportE__def by (auto)

lemma supportE _single2: supportE (Al . P) = {}
unfolding supportE _def by blast

lemma supportE _time: supportE (Al. time C) = {}
using supportF,__single?2 by simp

lemma As. (VI. I (I(z:=0)) s) = Vl.lae=0—115s)

apply(auto)
by (metis fun__upd__triv)

lemma As. (VI. I (l(z:=Suc (lz))) s) = (VI (In.lx= Sucn) — 11s)
apply(auto)
proof (goal cases)
case (I sln)
then have Al. I (I(z := Suc (Il z))) s by simp
from thisjwhere [=[(z:=n)]
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have I ((I(z:=n))(z := Suc ((I(z:=n)) z))) s by simp
then show ?case using 1(2) apply(simp)
by (metis fun__upd_triv)
qged

Verification condition:

definition funStar where funStar f = (%z. {y. (z,y)e{(z,y). yef z}*})

lemma funStart_propl: x € (funStar f) z unfolding funStar _def by auto
lemma funStart_prop2: f x C (funStar f) z unfolding funStar_def by
auto

fun vc 1 acom = assn2 = vname set = vname set = bool where
ve SKIP @ = True |
ve (x i=a) @ _ _ = True |
ve (C1 55 Co) Q LVQ LVE = ((ve C1 (pre Co Q) (gdeps Co LVQ) (fune
Cy LVE U kdeps C3)) A (ve Cy Q LVQ LVE) ) |
ve (IF b THEN Cy ELSE C3) Q LVQ LVE = (ve C1 Q LVQ LVE A wve
Cy Q LVQ LVE) |
ve ({(P',Ps)/(Q,Qs)/(e’es)} CONSEQ C) Q' LVQ LVE = (ve C Q Qs
LVE — evtl LV weglassen - glaub eher nicht
N (Vsl s21. (VzePs. sl x=s2x) — P'lsl = P'1s2) —
annotation Ps (the set of variables P’ depends on) is correct
A (Vs s2l (VzeQs. sl z=s2z) — Qlsl = Q1ls2) —
annotation Qs (the set of variables @) depends on) is correct
A (Vsl s2. (Va€es. s1 z=s2x) — e’ s1 = ¢’ s2) —
annotation es (the set of variables e’ depends on) is correct
A 3FEk>0. (Vls. P'ls— time Cs<kxe's NVt 3. (pre

CRUsA(QUEL— Q'11))))) |

ve ({((1,Is),(S,(E,es,55)))} WHILE b DO C) Q LVQ LVE = ((¥s1 52 .
(Vazels. s1 = s2x) — I1lsl =11s2) — annotation Is is correct
AN (VyeLVE U LVQ. (let Ss=SS yin (Vs1 s2. (Vz€Ss. s1 v = s2 1)
— (Ss1)y=(5s2)v)) — annotation SS is correct, for
only one step
A (Vsls2. (Vaces. s1 xz=s21x) — E sl = E s2) —
annotation es (the set of variables E depends on) is correct
ANNls. (IlsNbvalbs—pre CIlsN FEs>1+preT CEs+
time C's
A (Vve(UyeLVE U LVQ. (funStar SS) y). (S s) v = (S (post@ C s)) v)
) A
(IlsAN—=bvalbs— QlsNEs>1AN((NVve(UyeLVE U LVQ. (funStar
SS) y). (Ss)v =swv))) A
ve C'I1Is (es U (JyeLVE. (funStar SS) y)))
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4.8.1 Soundness:

abbreviation preSet U C | s == (Ball U (%u. case u of (z,e,v) = lx =
preT C e s))
abbreviation postSet Ul s == (Ball U (%u. case u of (z,e,v) = lz = e

s))

fun ListUpdate where
ListUpdate f [| | = f
| ListUpdate f ((z,e,v)#xs) q = (ListUpdate f zs q)(x:=q e x)

lemma allg:
assumes U2: A\l snx. z€ fst ‘upds = A (I(x :=n)) = Al
shows
fst “ set xs C fst ‘ upds = A (ListUpdate 1" xs q) = A 1"
proof (induct xs)
case (Cons a 1s)
obtain z ¢ v where aze: a = (z,e,v)
using prod_ cases3 by blast
have A (ListUpdate 1" (a # xs) q)
= A ((ListUpdate l"” zs q)(z := q e x)) unfolding aze by(simp)
also have
...= A (ListUpdate 1" s q)
apply(rule U2)
using Cons axe by force
also have ... = A "
using Cons by force
finally show ?case .
qed simp

fun ListUpdateE where
ListUpdateE f [| = f
| ListUpdateE f ((z,e,v)#xs) = (ListUpdateE fxs )(z:=e)

lemma ListUpdate_E: ListUpdateE f xs = ListUpdate f zs (%oe z. e)
apply (induct zs) apply(simp__all)
subgoal for a zs apply(cases a) apply(simp) done
done
lemma allg E: fixes A::assn2
assumes
(Alsnz. z e fstupds = A (I(x :=n)) = Al) fst ‘set zs C fst ‘ upds
shows A (ListUpdateE fxs) = A f
proof —
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have A (ListUpdate f xs (%oe x. €)) = A f
apply(rule allg)
apply fact+ done
then show ?thesis by(simp only: ListUpdate_FE)
qed

lemma ListUpdateE_updates: distinct (map fst ©s) — x € set s =
ListUpdateE 1" zs (fst z) = fst (snd z)
proof (induct zs)
case Nil
then show ?case apply(simp) done
next
case (Cons a xs)
show Zcase
proof (cases fst a = fst x)
case True
then obtain y e v where a: a=(y,e,v)
using prod_cases3 by blast
with True have fstz: fst t=y by simp
from Cons(2,3) fstz a have a2: z=a
by force
show ?thesis unfolding a2 a by(simp)
next
case Fulse
with Cons(3) have A: z€set zs by auto
then obtain y e v where a: a=(y,e,v)
using prod_ cases3 by blast
from Cons(2) have B: distinct (map fst zs) by simp
from Cons(1)[OF B A| False
show ?thesis unfolding a by(simp)
qged
qged

lemma ListUpdate updates: x € fst ‘ (set xs) = ListUpdate 1" zs (%e. )
r=1lx
proof (induct xs)

case Nil

then show ?Zcase by(simp)
next

case (Cons a xs)

obtain ¢ p v where aze: a = (p,q,v)

using prod_ cases3 by blast
from Cons show ?case unfolding aze
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apply(cases z=p)
by (simp__all)
qed

abbreviation lesvars zs == fst ‘ (set xs)

fun preList where
preList [] C'ls = True
| preList ((z,(e,v))#xs) Cls= (lz = preT Ces A preList xs Cls)

lemma preList_Seq: preList upds (C1;; C2) | s = preList (map (A(z, e, v).
(z, preT C2 e, fune C2 v)) upds) C11s
proof (induct upds)

case Nil

then show ?case by simp
next

case (Cons a 1s)

obtain y e v where a: a=(y,(e,v))

using prod_ cases3 by blast

from Cons show ?case unfolding a by (simp)

qged

lemma [simp]: support (Aa b. True) = {}
unfolding support_def
by fast

lemma support preList: support (preList upds C1) C lesvars upds
proof (induct upds)
case Nil
then show ?case by simp
next
case (Cons a upds)
obtain y e v where a: a=(y,(e,v))
using prod__cases3 by blast
from Cons show ?case unfolding a apply (simp)
apply(rule subset_trans[OF support_and))
apply(rule Un__least)
subgoal apply(rule subset_trans[OF support__eq))
using supportE twicepreT subset trans supportE single2 by simp
subgoal by auto
done
qed
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lemma preListpreSet: preSet (set xs) C 1 s = preList xs C'l s
proof (induct zs)

case Nil

then show ?case by simp
next

case (Cons a 1s)

obtain y e v where a: a=(y,(e,v))

using prod_ cases3 by blast

from Cons show ?case unfolding a by (simp)

qged

lemma preSetpreList: preList xs C'l s = preSet (set xs) Cl s
proof (induct zs)
case (Cons a xs)
obtain y e v where a: a=(y,(e,v))
using prod__cases3 by blast
from Cons show ?case unfolding a
by (simp)
qed simp

lemma preSetpreList_eq: preList xs C' 1 s = preSet (set zs) C'ls
proof (induct zs)
case (Cons a xs)
obtain y e v where a: a=(y,(e,v))
using prod__cases3 by blast
from Cons show ?case unfolding a
by (simp)
qed simp

fun postList where
postList [| 1 s = True
| postList ((z,e,v)#xs) ls= (lxz = es A postList zs [ s)

lemma postList zs | s = (foldr (M(z,e,v) accls. lxz=es A accls) zs (%l
s. True)) s

apply(induct zs) apply(simp) by (auto)
lemma support _postList: support (postList xs) C lesvars s

proof (induct xs)
case (Cons a xs)
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obtain y e v where a: a=(y,(e,v))
using prod__cases3 by blast
from Cons show ?case unfolding a
apply(simp) apply(rule subset_trans[OF support__and))
apply(rule Un__least)
subgoal apply(rule subset_trans[OF support__eq])
using supportE twicepreT subset trans supportE single2 by simp
subgoal by (auto)
done
qed simp

lemma postList_preList: postList (map (A(z, e, v). (z, preT C2 e, fune C2
v)) upds) s = preList upds C2 1 s
proof (induct upds)
case (Cons a xs)
obtain y e v where a: a=(y,(e,v))
using prod_ cases3 by blast
from Cons show ?case unfolding a
by (simp)
qed simp

lemma postSetpostList: postList xs | s = postSet (set zs) | s
proof (induct zs)
case (Cons a xs)
obtain y e v where a: a=(y,(e,v))
using prod__cases3 by blast
from Cons show ?case unfolding a
by (simp)
qed simp

lemma postListpostSet: postSet (set xs) | s = postList xs | s
proof (induct xs)
case (Cons a 1s)
obtain y e v where a: a=(y,(e,v))
using prod_ cases3 by blast
from Cons show ?case unfolding a
by (simp)
qed simp

lemma postListpostSet2: postList s | s = postSet (set zs) | s
using postListpostSet postSetpostList by metis
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lemma ListAskip: preList xs Askip | s = postList zs [ s
apply (induct xs)

apply(simp) by force

lemma SetAskip: preSet U Askip | s = postSet Ul s
by simp

lemma ListAassign: preList upds (Aassign z1 z2) | s = postList upds [
(s[x2/x1])

apply (induct upds)

apply(simp) by force

lemma SetAassign: preSet U (Aassign x1 z2) | s = postSet Ul (s[z2/x1])
by simp

lemma ListAconseq: preList upds (Aconseq x1 z2 z3 C) | s = preList upds
Cls

apply (induct upds)

apply(simp) by force

lemma SetAconseq: preSet U (Aconseq x1 2 z8 C) |l s = preSet U C'l s
by simp

lemma ListAifl: bval b s => preList upds (IF b THEN C1 ELSE C2) | s
= preList upds C1 1 s

apply (induct upds)

apply(simp) by force
lemma SetAifl: bval b s = preSet upds (IF b THEN C1 ELSE C2) | s =
preSet upds C1 1 s

apply(simp) done
lemma ListAif2: ~ bval b s = preList upds (IF' b THEN C1 ELSE C2) |
s = preList upds C2 1 s

apply (induct upds)

apply(simp) by force

lemma SetAif2: ~ bval b s = preSet upds (IF b THEN C1 ELSE C2) ls
= preSet upds C2 1 s

apply(simp) done
definition K where K C LVQ Q == (V1 sl s2. s1 = s2 on qdeps C LVQ
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—pre C Qlsl =pre CQ1s2)

definition K2 where K2 C e Es Q == (Vs s2. s1 = s2 on fune C Es
— preT C e sl = preT C e s2)

definition K3 where K3 upds C Q = (V(a,b,c)€set upds. K2 C'b ¢ Q)
definition K/ where K/ upds LV C Q = (K C LV Q N K8 upds C Q N
(Vs s2. s1 = s2 on kdeps C — time C s1 = time C s2))

lemma k4If: Kj upds LVQ C1 Q = K4 upds LVQ C2 Q — K4 upds
LVQ (IF b THEN C1 ELSE C2) Q
proof —

have fi: N\A B sl s2. AC B= sl = s2on B= sl = s2on A by
auto

assume K4 upds LVQ C1 Q K4 upds LVQ C2 Q

then show K4 upds LVQ (IF b THEN C1 ELSE C2) Q

unfolding K4 def K def K3 def K2 def using bval eq if eq on_wvars
fl apply auto

apply blast+ done

qed

4.8.2 Soundness

lemma vc_sound: ve C Q LVQ LVE = finite (support Q)
= fst ‘ (set upds) N varacom C = {} = distinct (map fst upds)
= finite (varacom C)
= (Visls2.s1 =s20onLVQ — Qlsl =Q1Is2)
= (V1 sl s2. s1 = s2 on LVE — postList upds | s1 = postList upds [
s2)
= (V(a,b,c)eset upds. (Vs1s2.s1 =s2onc— bsl =0bs2)) —
c are really the variables b depends on
= (U (a,b,c)eset upds. ¢) C LVE —in LV
are all the variables that the expressions in upds depend on
= k1 {%ls. pre C Qs A preList upds C'l s} strip C { time C | %l s.
Q I s N postList upds [ s}
AN((Vls.pre CQls— QI (postQ Cs)) N Kj upds LVQ C Q)
proof (induction C arbitrary: Q upds LVE LVQ)
case (Askip @ upds)
then show ?case unfolding K4 def K _def K3 def K2 def
apply (auto)
apply(rule weaken__postjwhere Q=%!ls. @ | s N preList upds Askip 1
s])
apply(simp add: Skip) using ListAskip
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by fast
next
case (Aassign x1 2 Q upds)
then show ?case unfolding K _def apply(safe) apply(auto simp add:
Assign)[1]
apply(rule weaken__post[where Q=%ls. Q | s A\ postList upds 1 s])
apply(simp only: ListAassign)
apply(rule Assign) apply simp
apply(simp only: postQ.simps pre.simps) apply (auto)
unfolding K/ def K2 def K3 def K_def by (auto)
next
case (Aif b C1 C2 Q upds)
from Aif(3) have 1: vc C1 Q LVQ LVE and 2: ve C2 Q LVQ LVE by
auto
have T: Als. pre C1 Q ls = bval b s = Q[ (postQ C1 s)
and kT: K4 upds LVQ C1 @
using Aif(1)[OF 1 Aif(4) _ Aif(6)] Aif(5—11) by auto
have F: A\l s. pre C2 Qls = — bval b s = Q| (post@ C2 s)
and kF: K/ upds LVQ C2 @
using Aif (2)[OF 2 Aif(4) __ Aif(6)] Aif(5—11) by auto

show ?case apply/(safe)
subgoal
apply (simp)
apply(rule If2[where e=\a. if bval b a then time C1 a else time C2
al)
subgoal
apply(simp cong: rev__conj_cong)
apply(rule ub_cost[where e'=time C1])
apply(simp) apply(auto)|1]
apply (rule strengthen__pre[where P=%ls. pre C1 Q | s A preList upds
C11s))
using ListAif1
apply fast
apply(rule Aif (1)[THEN conjunctl])
using Aif
apply (auto)
done
subgoal
apply(simp cong: rev__conj _cong)
apply(rule ub_cost[where e'=time C2])
apply(simp) apply(auto)[1]
apply (rule strengthen__pre[where P=%ls. pre C2 Q | s A preList upds
C21s])
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using ListAif2
apply fast
apply (rule Aif (2)[THEN conjunctl))
using Aif
apply(auto)
done
by simp
using T F kT kF by (auto intro: k4If)
next
case (Aconseq P'2 Qannot2 eannot2 C Q upds)
obtain P’ Ps where [simp]: P'2 = (P',Ps) by fastforce
obtain Qannot Q's where [simp]: Qannot2 = (Qannot,Q’s) by fastforce
obtain eannot es where [simp]: eannot2 = (eannot,es) by fastforce

have ih0: finite (support Qannot) using Aconseq(3,6) by simp

from «ve ({P’2/Qannot2/eannot2} CONSEQ C) Q LVQ LVE)
obtain k£ where k0: k>0 and ih1: vc C Qannot Q's LVE
and ih2: (Vls. P'ls— time Cs <k x eannot s A\ (Vt. 31" pre C
Qannot ' s A (Qannot It — Q 1 t)))
and pc: (Vs1 s21. (Vz€Ps. sl z=s2z) — P'ls1 = P'1s2)
and qc: (Vs s21. (VzeQ’s. s1 =52 1) — Qannot | s1 = Qannot [
s2)
and ec: (VsI s2. (Vaz€es. sl x=s2 x) — eannot s1 = eannot s2)
by auto
have k: b1 {Als. pre C Qannot Il s A preList upds C'l s} strip C { time
C | Al's. Qannot I s A\ postList upds [ s}
A ((V1s. pre C Qannot | s — Qannot | (post@ C s)) N K4 upds Q's C
Qannot)
apply(rule Aconseq(1)) using Aconseq(2—10) by auto

note th=k[THEN conjunctl] and ihsnd=k[THEN conjunct2]

show ?case apply(simp, safe)
apply(rule conseq[where e=time C and P=M\ls. pre C' Qannot | s A
preList upds C'l s and Q=% s. Qannot | s N\ postList upds 1 s])

prefer 2
apply(rule ih)

subgoal apply(rule exl[where z=Fk])

proof (safe, goal cases)
case (1)
with k0 show ?case by auto

next
case (215s)
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then show ?case using ih2 by simp
next
case (31st)
have finupds: finite (set upds) by simp
{
fixlsnax
assume z € fst ‘ (set upds)
then have z ¢ support (pre C Qannot) using Aconseq(4) support_pre
by auto
from assn2_lupd[OF this] have pre C' Qannot (I(z := n)) = pre C
Qannot 1 .
} note U2=this
{
fix lsna
assume z € fst ‘ (set upds)
then have z ¢ support Qannot using Aconseq(4) by auto
from assn2_lupd[OF this] have Qannot (I(z := n)) = Qannot [ .
} note K2=this

from ih2 3(1) have x: (31" pre C Qannot I’ s A (Qannot 't — Q1
t)) by simp
obtain [’ where i": pre C' Qannot I’ s and 4" (Qannot l't — Q1 t)
and lzlx: N\z. z€ fst ‘ (set upds) = 'z =l z
proof (goal _cases)
case 1
from * obtain !” where i": pre C' Qannot 1" s and ii": (Qannot 1"

t— Q1)
by blast

note allg=allglwhere ¢=%e z. [ 1]
have pre C' Qannot (ListUpdate 1" upds (Xe. 1)) = pre C Qannot 1"

apply(rule allg[where ?upds=set upds]) apply(rule U2) apply

fast by fast
with i’ have U: pre C Qannot (ListUpdate " upds (Xe. 1)) s by

simp

have Qannot (ListUpdate " upds (Xe. 1)) = Qannot 1"
apply(rule allglwhere ?upds=set upds]) apply(rule K2) apply
fast by fast

then have K: (%1’ s. Qannot 't — Q 1 t) (ListUpdate I" upds (\e.
D) s=(%l"s. Qannot 't — Q1t) 1" s
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by simp
with i’ have K: (Qannot (ListUpdate " upds (Xe. 1)) t — Q 1 t)
by simp

{

fix z
assume as: ¢ € fst ‘ (set upds)
have ListUpdate " upds (Ne. l) x =l x
apply(rule ListUpdate__updates)
using as by fast
} note kla=this

show thesis
apply(rule 1)
apply(fact U)
apply(fact K)

apply(fact kla)
done

qed

let ?upds’ = set (map (%(z,e,v). (z,preT C e s,fune C v)) upds)
have finite ?upds’ by simp

define zs where xs = map (%(z,e,v). (z,preT C e s,fune C v)) upds
then have set zs= ?upds’ by simp

have pre C' Qannot (ListUpdateE |' zs) = pre C Qannot I’
apply(rule ally E|where ?upds=?upds’]) apply(rule U2)
apply force unfolding zs def by simp

with ¢’ have U: pre C Qannot (ListUpdateE l" zs ) s by simp

have Qannot (ListUpdateE I’ zs) = Qannot I’
apply(rule ally _E[where Zupds=?upds’)) apply(rule K2) apply
force unfolding zs def by auto
then have K: (%1’ s. Qannot 't — Q 1 t) (ListUpdateE " zs) s =
(%" s. Qannot 't — Q1t)1's
by simp
with i’ have K: (Qannot (ListUpdateE I’ xs) t — Q 1 t) by simp

have zs_upds: map fst s = map fst upds
unfolding zs def by auto

have grr: Az. x € ?upds’ = ListUpdateE I’ xs (fst x) = fst (snd x)
apply(rule ListUpdateE_updates)
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apply(simp only: xs_upds) using Aconseq(5) apply simp

unfolding zs_def apply(simp) done
show Zcase

apply(rule exI[where z=ListUpdateE 1’ xs))

apply (safe)

subgoal by fact

subgoal apply(rule preListpreSet) proof (safe,goal cases)
case (1 z e v)
then have (z, preT C e s, fune C v) € 2upds’

by force

from grr[OF this, simplified]
show Zcase .

qed
subgoal using K apply(simp) done
subgoal apply(rule postListpostSet)
proof (safe, goal cases)
case (1 z e v)
with lzlz[of 2] have fF: lz ="«
by force

from postSetpostList{OF 1(2)] have g¢: postSet (set upds)
(ListUpdateE " zs) t .
with 1(3) have A: (ListUpdateE ' zs) x = e t
by fast
from 1(3) grr[of (z,preT C e s, fune C v)| have B: ListUpdateE
U'zs x = fst (snd (z, preT C e s, fune C v))
by force
from A B have X: et = preT C e s by fastforce
from preSetpreList|OF 3(2)] have preSet (set upds) ({P'2/Qannot2/eannot2}
CONSEQ C) [ s apply(simp) done
with 7(3) have Y: [ x = preT C e s apply(simp) by fast
from X Y show ?Zcase by simp
qed
done
qed
subgoal using ihsnd ih2 by blast
subgoal using ihsnd[THEN conjunct?2] pc unfolding K/ _def K_ def
apply (auto)
unfolding K3 def K2 def using ec by auto
done
next
case (Aseq C1 C2 Q upds)
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let 7P = (Al's. pre C1 (pre C2 Q) I s A preList upds (C1;;C2) ls )
let 2P’ = support Q U varacom C1 U varacom C2 U lesvars upds

have finite_varacom: finite (varacom (C1;; C2)) by fact
have finite_varacomC2: finite (varacom C2)
apply(rule finite__subset|OF __ finite_varacom|) by simp

let 7y = SOME z. © ¢ 7P’
have sup_ L: support (preList upds (C1;;C2)) C lesvars upds
apply(rule support_preList) done

have sup_B: support ?P C ?P’
apply (rule subset_trans|OF support_and)) using support_pre sup__L
by blast
have fP" finite (?P’) using finite_varacom Aseq(3,4,5) apply simp
done
hence 3z. ¢ ?P’ using infinite UNIV_list]
using ez new_if finite by metis
hence ynP’: %y ¢ ?P' by (rule somel _ex)
hence ysupPreC2Q): ?y ¢ support (pre C2 Q) and ysupC1: ?y ¢ varacom
C1 using support_pre by auto

from Aseq(5) have lesvars upds N varacom C2 = {} by auto

from Aseq show ?case apply(auto)
proof (rule Seq, goal _cases)
case 2
show 1 {(%l s. pre C2 Qs N preList upds C21s )} strip C2 { time
C2 1 (%ls. Q1s A postList upds 1 s)}
apply (rule weaken__post[where Q=(%ls. Q | s A\ postList upds l s)])
apply(rule 2(2)[THEN conjunctl])
apply fact
apply (fact)+ using 2(8) by simp
next
case 3
fix s
show time C1 s + preT C1 (time C2) s < time C1 s + preT C1 (time
C2) s
by simp
next
case I
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from ynP’ have yC1: ?y ¢ varacom C1 by blast

have zC1: lesvars upds N varacom C1 = {} using Aseq(5) by auto
from finite__support_pre[OF Aseq(4) finite__varacomC2]

have G: finite (support (pre C2 Q)) .

let ?upds = map (Aa. case a of (z,e,v) = (x, preT C2 e, fune C2 v))
upds
let Zupds’ = (?y,time C2, kdeps C2)# ?upds

{

have A: lesvars ?upds’ = {?y} U lesvars upds apply simp
by force
from Aseq(5) have 2: lesvars upds N varacom C1 = {} by auto
have lesvars ?upds’ N varacom C1 = {}
unfolding A using ysupC1 2 by blast
} note klar=this

have t: fst o (A(z, e, v). (z, preT C2 e, fune C2v)) = fst by auto

{
fixabcX

assume a ¢ lesvars X (a,b,c) € set X
then have Fulse by force
} note helper=this

have dmap: distinct (map fst ?upds’)
apply (auto simp add: t)
subgoal for e apply(rule helper|of ?y upds €]) using ynP’ by auto
subgoal by fact
done
note blal=1(1)where Q=pre C2 @ and upds=*?upds’, OF 1(10) G
klar dmap]

note bla=1(2)[OF 1(11,3), THEN conjunct2, THEN conjunct2]

from 1(4) have kal: lesvars upds N varacom C2 = {} by auto

from bla[OF kal Aseq.prems(4,6,7,8,9)] have blaj: K4 upds LVQ C2
@ by auto

then have bla: K C2 LV(Q @ unfolding K4 def by auto

have A:
Fi {Als. pre C1 (pre C2 Q) 1 s A preList 2upds’ C1 1 s}
strip C1
{ time C1 | Al s. pre C2 Q 1 s N\ postList ?upds’ | s} N
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(V1s. pre C1 (pre C2 Q) ls — pre C2 Q1 (postQ C1 s)) N K4 Zupds’
(gdeps C2 LVQ) C1 (pre C2 Q)
apply(rule 1(1)[where Q=pre C2 @ and upds=?upds’, OF 1(10) G
klar dmap])
proof (goal cases)
case I
then show ?case using bla unfolding K def by auto
next
case 2
show ?case apply(rule,rule,rule,rule) proof (goal cases)
case (1 1sl s2)
then show ?case using blaj using Aseq.prems(9) unfolding K/ def
K3 def K2_ def
apply(simp)
proof (goal _cases)
case 1
then have t: time C2 s1 = time C2 s2 by auto

have post: postList (map (\(z, e, v). (z, preT C2 e, fune C2 v))
upds) | s1 = postList (map (A(z, e, v). (z, preT C2 e, fune C2 v)) upds) 1
s2 (is ?IH upds)
using 1
proof (induct upds)
case (Cons a upds)
then have IH: ?IH upds by auto
obtain z e v where a: a = (z,e,v) using prod__cases3 by blast
from Cons(4) have v C LVE unfolding a by auto
with Cons(2) have s12v: s1 = s2 on fune C2 v unfolding a
using fune__mono by blast
with Cons(3) IH a show ?case by auto
qged auto

from post t show ?case by auto
qed
qed
next
case 3
then show ?case using bla4 unfolding K4 def K3 def K2 def
by (auto)
next
case /4
then show ?Zcase apply(auto)
proof (goal cases)
case (I z a aa b)
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with Aseq.prems(9) have b C LVE by auto
with fune__mono have fune C2 b C fune C2 LVE by auto
with 1 show “case by blast
qed
qed

show +; {Als. (pre C1 (pre C2 Q) I's A preList upds (C1;; C2) 1s) A
[ 2y = preT C1 (time C2) s} strip C1
{ time C1 | Al's. (pre C2 Q 1 s A preList upds C2 1 s) N time C2 s
<17y}
apply(rule conseq old)
prefer 2
apply(rule A{[THEN conjunctl])
apply(auto simp: preList _Seq postList_preList) done

from A[THEN conjunct2, THEN conjunct2] have A1: K C1 (qdeps C2
LVQ) (pre C2 Q)
and A2: K3 ?upds’ C1 (pre C2 Q) and AS3: (Vs1 s2. s1 = s2
on kdeps C1 — time C1 s1 = time C1 s2) unfolding K/ def by auto
from bla4 have Bi: K C2 LVQ @ and B2: K3 upds C2 () and BS3:
(Vs1 s2. s1 = s2 on kdeps C2 — time C2 s1 = time C2 s2) unfolding
K/ _def by auto
show K/ upds LVQ (C1;; C2) Q
unfolding K/ _def apply(safe)
subgoal using A1 B! unfolding K _def by(simp)
subgoal using A2 B2 unfolding K3 def K2 _def apply(auto) done
subgoal for s s2 using A3 B3 apply auto
proof (goal _cases)
case |
then have t: time C1 s1 = time C1 s2 by auto
from A2 have VsI s2. s1 = s2 on fune C1 (kdeps C2) — preT
C1 (time C2) s1 = preT C1 (time C2) s2 unfolding K3 def K2 def by
auto
then have p: preT C1 (time C2) s1 = preT C1 (time C2) s2
using 1(1) by simp
from t p show ?case by auto
qed
done
next
from ynP’ sup_B show ?y ¢ support ?P by blast
have F': support (preList upds C2) C lesvars upds
apply(rule support_preList) done
have support (Al s. pre C2 Q 1 s A preList upds C21s) C 7P’
apply (rule subset_trans[OF support_and]) using F support_pre by
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blast
with ynP’
show 2y ¢ support (Al s. pre C2 Q s A preList upds C2 1 s) by blast
next
case (61 s)

note bla=6(2)[OF 6(11,3), THEN conjunct2, THEN conjunct2)]

from 6(4) have kal: lesvars upds N varacom C2 = {} by auto

from bla|OF kal Aseq.prems(4,6,7,8,9)] have blaj: Kj upds LVQ C2
@ by auto

then have bla: K C2 LV(Q @ unfolding K4 def by auto

have 11: finite (support (pre C2 Q ))
apply (rule finite__subset| OF support__pre])
using 6(3,4,10) finite_varacomC2 by blast
have A: Vis. pre C1 (pre C2 Q) ls — pre C2 Q [ (post@ C1 s)
apply(rule 6 (1)[where upds=[], THEN conjunct2, THEN conjunctl])
apply(fact)+ apply(auto) using bla unfolding K def apply
blast+ done
have B: (Vis. pre C2 Q s — Q1 (postQ C2 s))
apply(rule 6(2)[where upds=[|, THEN conjunct2, THEN conjunct1])
apply(fact)+ apply auto using Aseq.prems(6) by auto
from A B 6 show ?case by simp
qed
next
case (Awhile A b C Q upds)
obtain /2 S E Es SS where aha[simp|: A = (12,(S,(E,Fs,SS))) using
prod__casesd by blast
obtain [ Is where aha2: 12 = (I, Is)
by fastforce
let 2LV =(JyeLVE U LVQ. (funStar SS) y)
have LVE_LVE: LVE C (JyeLVE. (funStar SS) y) using funStart_prop1
by fast
have LV_LV: LVE U LVQ C ?LV using funStart _propl by fast
have LV _LV2: (UyeLVE U LVQ. SS y) C ?LV using funStart_prop2
by fast
have LVE_LV2: (JyeLVE. SS y) C (JyeLVE. (funStar SS) y) using
funStart_prop2 by fast
note aha = aha2 aha
with aha aha2 <vc (Awhile A b C) Q LVQ LVE> have vc (Awhile
((I,Is),5,E,Fs,55) b C) Q@ LVQ LVE apply auto apply fast+ done
then
have vc: ve C I Is (Es U (JyeLVE. (funStar SS) y))
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and 1Q: Vis. (IlsANbvalbs —pre CIlsN 1+ prelT CEs +
time Cs < EsNSs=S5 (postQ Cs) on ?LV) and

pre:V1ls. (IlsAN—bvalbs — QlsAN1<EsANSs=son?LV)

and Is: (Vs1s21. s1 =s2onls— [lsl =11s2)

and Ss: (VyeLVE U LVQ. let Ss = SS y in Vsl s2. s1 = s2 on Ss —
Ssly=.8s2y)

and Es: (Vs1 s2. s1 = s2 on Es — E s1 = E s2) apply simp__all
apply auto apply fast+ done

then have pre2: Als. Ils = —bvalbs = QlsN1 < EsANSs=
s on LV

and IQ2: Nls. (Ils = bvalbs = pre CIls AN 1+ preT CE s+
time Cs < EsNSs=.25 (postQ Cs) on ?LV)

and Ss2: Ay sl s2. s1 = s2on (JyeLVE. SSy) = S sl = S s2 on
LVE

by auto

from Ss have Ssc: Ac sl s2. ¢ C LVE = s1 = s2 on (Uy€c. SS y)
= S sl =85s2o0nc
by auto

from IQ have IQ _in: Nls. [l s = bvalbs = S s =5 (postQ C s)
on ?LV by auto

have inv_impl: ANls. [ls = bval b s = pre C' I [ s using IQ by auto

have yC': lesvars upds N varacom C = {} using Awhile(4) aha by auto

let Zupds = map (%(z,e,v). (z, %s. e (S s), Uz€v. SS x)) upds
let 2INV = %l s. Ils A postList ?upds | s

have lesvars upds N support I = {} using Awhile(4) unfolding aha by
auto

let ?P=lesvars upds U varacom ({A} WHILE b DO C)
let ?22=SOME z::lvname. z ¢ ?P
have finite 7P apply(auto simp del: aha) by (fact Awhile(6))
hence 3 2. 2¢ 7P using infinite_ UNIV_list]

using ex new_if finite by metis
hence znP: ?z ¢ ?P by (rule somel _ex)
from znP have

zny: 9z & lesvars upds
and zI: %z ¢ support I
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and blb: %2 ¢ varacom C by (simp__all add: aha)

from Awhile(4,6) have 23: finite (varacom C')
and 26: finite (support I) by (auto simp add: finite_subset aha)

have Vis. pre C I ls— Il (post@Q C s)
apply(rule Awhile(1)[THEN conjunct2, THEN conjunctl])
apply(fact)+ subgoal using Is apply auto done
subgoal using Awhile(8) LVE LVE by (metis subsetD sup.cobounded?)
apply fact using Awhile(10) LVE_LVE by blast
hence step: Nl s. pre C'1 | s = Il (post@Q C s) by simp

have fua: lesvars upds = lesvars upds
by force
let ?upds’ = (?2,E,Es) # ?upds

show ?Zcase

proof (safe, goal_cases)
case (21 s)
from 2 have A: I [ s unfolding aha by(simp)
then have I: I s by simp

{ fix n
have Es=n = Ils = Q1 (postQ ({A} WHILE b DO C) s)
proof (induct n arbitrary: s | rule: less_induct)
case (less n)
then show “case
proof (cases bval b s)
case True
with less 1Q2 have pre C Il sand S: Ss= S (postQ C s) on 2LV
and t: 1 + preT C E s 4 time C s < E s by auto
with step have I": 1] (postQ C s) and 1 + E (postQ C s) + time
C's < E s using TQ by auto
with less have F (post@ C s) < n by auto
with less(1) I' have Q [ (postQ ({A} WHILE b DO C) (post@ C
s)) by auto
with step show ?thesis using S apply simp using Awhile(7)
by (metis (no__types, lifting) LV_LV SUP_union contra__subsetD
sup.boundedE)
next
case Fulse
with pre2 less(3) have Q [ s Ss=s on ?LV by auto
then show ?thesis apply simp using Awhile(7)
by (metis (no__types, lifting) LV_LV SUP__union contra__subsetD
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sup.boundedE)
qed
qed
}
with I show @ [ (postQ ({A} WHILE b DO C) s) by simp
next
case I
have g: Ne. eo S = (%s. e (S s)) by auto

have lesvars ?upds’ N varacom C = {}
using yC blb by(auto)

have z: (fst o (A(z, e, v). (z, As. e (8 s), Uzev. SS x))) = fst
by (auto)
have distinct (map fst ?upds’)
using Awhile(5) zny by (auto simp add: z)

have klae: As1 s2AB. BC A= sl =s2onA—=— sl =s2onB
by auto
from Awhile(8) Awhile(9) have gl: Na b ¢ s1 s2. (a,b,c) € set upds
= sl =s2onc=bsl =bs2
by fast
have CombALL: 1 {\ls. pre C Il s A preList ?upds’ Cl s}
strip C
{ time C' | Xl s. I'ls A postList ?upds’ | s} A
(Mis.pre CIls— Il (postQ Cs)) N K4 ((SOME z. z ¢ lesvars upds U
varacom ({A} WHILE b DO C), E, Es) # map (A(z, e, v). (z, Xs. e (S s),
Uzewv. SSx)) upds) Is C' I
apply(rule Awhile.IH [where upds=?upds’| )

apply (fact)+

subgoal apply safe using Is apply blast
using Is apply blast done
subgoal
using Is Fs apply auto
apply (simp__all add: postListpostSet2, safe)
proof (goal cases)
case (11sl s2zew)
from 1(5,6) have i: l x = e (S s1) by auto
from Awhile(10) 1(6) have vLC: v C LVE by auto
have st: (Uyev. SSy) C (UyeLVE. SS y) using vLC by blast
also have ... C (Jy€eLVE. funStar SS y) using LVE _LV2 by
blast
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finally have st: (Jycv. SSy) C Es U (UyeLVE. funStar SS y)
by blast
have ii: e (S s1) = e (5 s2)
apply (rule gl)
apply fact
apply(rule Ssc)
apply fact
using st 1(3) by blast
from ¢ i show Zcase by simp
next
case (21sl s2xew)
from 2(5,6) have i: l z = ¢ (5 s2) by auto
from Awhile(10) 2(6) have vLC: v C LVE by auto
have st: (Uyev. SSy) C (UyeLVE. SS y) using vLC by blast
also have ... C (Uy€LVE. funStar SS y) using LVE _LV2 by
blast
finally have st: (Jyev. SSy) C Es U (UyeLVE. funStar SS y)
by blast
have ii: e (S s1) = e (5 s2)
apply(rule gl)
apply fact
apply(rule Ssc)
apply fact
using st 2(3) by blast
from ¢ i show Zcase by simp
ged apply(auto)
subgoal using Fs by auto
subgoal apply(rule gl) apply(simp) using Ss Awhile(10) by
fastforce
subgoal using Awhile(10) LVE_LV2 by blast
done
from this] THEN conjunct2, THEN conjunct2] have
K: K ClIsI and K3: K3 ?upds’ C I and Kt: Vsl s2. s1 = s2 on
kdeps C — time C' s1 = time C s2 unfolding K/ _def by auto
show K/ upds LVQ ({A} WHILE b DO C) @
unfolding K/ def apply safe
subgoal using K unfolding K def aha using Is by auto
subgoal using K3 unfolding K3 def K2 def aha apply auto
subgoal for = e v apply (rule gl) apply simp apply(rule Ssc)
using Awhile(10)
apply fast apply blast done done
subgoal using Kt Es unfolding aha by auto
done
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show ?case

apply(simp add: aha)
apply(rule conseq _old[where P=¢?INV and e'=F and Q=M\ls. ?INV
s N7~ bual b s])
defer
proof (goal cases)
case 3
show ?case apply(rule exI[where z=1)) apply(auto)[1] apply(simp
only: postList_preList[symmetric] ) apply (auto)[1]
by (simp only: g)
next
case 2
show ?case
proof (safe, goal cases)
case (11s)
then show ?case using pre by auto
next
case (21 s)
from Awhile(8) have Aw7: N\l sl s2. s1 = s2 on LVE = postList
upds | s1 = postList upds | s2 by auto
have postList (map (A(z, e, v). (z, As. e (S s), Uz€v. SS x)) upds)

ls=
postList upds | (S s) apply(induct upds) apply auto done
also have ... = postList upds | s using Aw7[of S s s 1] pre2 2
LV_LV
by fast
finally show ?Zcase using 2(3) by simp
qed
next
case |

show ?case
proof (rule While, goal cases)
case I

note Comb=CombALL[THEN conjunct1]

show 1 {Al's. (Ils A postList Zupds [ s) A bval b s A preT C E s
=1 %}
strip C { time C J Al's. (I'ls N\ postList ?upds | s) N Es <1 ?z}
apply(rule conseq old)
apply(rule exI[where z=1]) apply(simp)
prefer 2
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proof (rule Comb, safe, goal cases)
case (21s)
from IQ in[OF 2(1)] gl Awhile(10,9)
have y: postList ?upds | s =
preList 2upds C 1 s (is ?IH upds)
proof (induct upds)
case (Cons a upds’)
obtain y e v where aze: a = (y,e,v) using prod_ cases3 by blast

have [H: ?IH upds’ apply(rule Cons(1))
using Cons(2—5) by auto
from Cons(3) aze have ke: \sl s2. s1 = s2onv=—>esl =e
s2
by fastforce
have vLC: v C LVE using aze Cons(4) by simp
have step: e (S s) = e (S (postQ C s)) apply(rule ke) using
Cons(2) wusing vLC LV_LV 2(3)
by blast
show ?case unfolding axe using IH step apply(simp)
apply(simp only: TQ) done
qed simp
from 2 show ?case by(simp add: y)
qed (auto simp: inv_impl)
next
show V1 s. bval b s A Il s A postList 2updsls — 1 + preT C E s
+ time Cs < Es
proof (clarify, goal_cases)
case (115s)
thus Zcase
using 1 IQ by auto
qged
next
show VIs. ~bval b s AN Ils A postList 2upds ls — 1 < E s
proof (clarify, goal_cases)
case (11s)
with pre show Zcase by auto
qed
next
have pff: 7z ¢ lesvars ?upds apply(simp only: fua) by fact
have support (Al's. Il s A postList 2upds | s) C support I U support
(postList Zupds)
by (rule support_and)
also
have support (postList ?upds)
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C lesvars ?upds
apply (rule support_postList) done
finally
have support (Al s. Il s A postList Zupds | s) C support I U lesvars
Zupds

by blast

thus 7z ¢ support (Ml s. I1s A postList 2upds | s)
apply(rule contra__subsetD)
using zI pff by(simp)

qged
qged

qed
qed

corollary vc_sound”
assumes vc C @ Qset {}
finite (support Q) finite (varacom C)
Vis.Pls — pre CQls
Ns1 s21. s1 = s2on Qset = Qlsl = Q1s2
shows 1 {P} strip C {time C | Q}
proof —
show ?thesis
apply(rule conseq old)
prefer 2 apply(rule vc_sound[where upds=|[], OF assms(1), simpli-
fied, OF assms(2—3), THEN conjunctl])
using assms(4,5) apply auto
done
qged

corollary vc_sound’:
assumes vc C Q Qset {}
finite (support Q) finite (varacom C)
(Fk>0.Vls. Pls — pre CQls A time Cs<k=xes)
Nsl s21. s1 = s2 on Qset = Qlsl = Q1s2
shows Fy {P} strip C {e | Q}
proof —
show ?thesis
apply(rule conseq_old)
prefer 2 apply(rule vc_sound|where upds=|[], OF assms(1), simpli-
fied, OF assms(2—3), THEN conjunctl])
using assms(4,5) apply auto
done
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qed

end

theory Nielson_ VCGi_complete
imports Nielson_ VCG Nielson_ VCGi
begin

4.8.3 Completeness

As the improved VCG for the Nielson logic is only more liberal in the sense
that the S annotation is only checked for "interesting" variables, if we specify
the set of interesting variables to be all variables we basically get the same
verification conditions as for the normal VCG. In that sense, we can prove
the completeness of the improved VCG with the completeness theorem of
the normal VCG.

For that, we formulate some translation functions and in the end show
completeness of the improved VCG:

fun transl :: Nielson VCG.acom = Nielson VCGi.acom where

transl SKIP = SKIP |

transl (z == a) = (z == a) |

transl (C1;; Ca) = (transl Cy;; transl Cg) |

transl (IF b THEN Cy ELSE C3) = (IF b THEN transl C1 ELSE transl
Ca) |

transl ({A/B/D} CONSEQ C) = ({(A,UNIV)/(B,UNIV)/(D,UNIV)}
CONSEQ transl C) |

transl ({(1,S,E)} WHILE b DO C) = ({((I,UNIV),S,E,UNIV ,(Av. UNIV))}
WHILE b DO transl C)

lemma qdeps UNIV: qdeps (transl C) UNIV = UNIV
apply(induct C) apply auto done

lemma fune_ UNIV: fune (transl C) UNIV = UNIV
apply(induct C) apply auto done

lemma pre_transl: Nielson_VCGi.pre (transl C') @ = Nielson_VCG.pre

caq
apply (induct C arbitrary: Q) by (auto)

lemma preT transl: Nielson_ VCGi.preT (transl C') E = Nielson_ VCG.preT
CFE
apply(induct C arbitrary: E) by (auto)

lemma postQ transl: Nielson_ VCGi.postQ (transl C') = Nielson_ VCG.postQ
o
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apply(induct C) by (auto)

lemma time__transl: Nielson_ VCGi.time (transl C) = Nielson_ VCG.time

C
apply(induct C' ) by(auto simp: preT _transl)

lemma vc_ transl: Nielson_ VCOG.vc C Q = Nielson_ VCGi.vc (transl C)
Q UNIV UNIV
proof (induct C arbitrary: Q)
next

case (Aconseq x1 22 z3 C)

then show ?Zcase apply (auto simp: pre__transl time__transl) apply pres-
burger+ done
next

case (Awhile A b C)

obtain I S F where A=(I,S,F) using prod_ cases3 by blast

with Awhile show ?case apply (auto simp: pre__transl preT _transl time__transl
postQ)__transl) apply presburger+ done
qed (auto simp: qdeps_UNIV fune_UNIV pre__transl)

lemma strip_transl: Nielson_VCGi.strip (transl C) = Nielson__ VCG.strip
o
by (induct C, auto)

lemma vc_restrict__complete:

assumes H; {P} c{ el Q}

shows 3 C. Nielson_VCGi.strip C = ¢ A Nielson_ VCGi.vc C Q@ UNIV
UNIV

A (VYls. Pls— Nielson_VCGi.pre C Qls N\ Q1 (Nielson_VCGi.postQ
Cs))

A (k. Vis. Pls— Nielson VCGi.time Cs <k xes)

(is3C. ?GPcQCe)
proof —

obtain C' where C: Nielson_VCG.strip C' = ¢ Nielson_ VCG.vc C' Q
(Vis. Pls— Nielson_VCG.pre C Q1ls N Q1 (Nielson_VCG.postQ C
9)

(k. V1 s. Pls — Nielson. VCG.time C s < k * e s) using

ve__complete] OF assms| by blast

let ?C=transl C

from C have ?G Pc @ ?Ce

by (auto simp: strip__transl ve__transl pre__transl post@Q__transl time__transl)

then show ?thesis ..
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qed

end

theory Nielson_ Fxamples
imports Nielson_ VCG
begin

4.8.4 example

lemma H {%l s. True} SKIP;; SKIP { %s. 1 || %l s. True}
proof —
let ?T = %l s. True
have b1 {%l s. True} strip (Aconseq ?T ?T (%s. 1) (Aseq Askip Askip))
{ %s. 1 1 %l s. True}
apply(rule ve__sound’) by auto
then show ?thesis by simp
qged

lemma finite (support P) = b1 {P} strip Askip {time Askip || P}
apply(rule ve__sound’)
apply(simp)
apply (simp)
apply(simp)
apply(simp) done

lemma support_single2: support (Al's. P s) = {}
unfolding support_def by fastforce

lemma 1 { %l s. True } strip (Aassign a (N 1)) {time (Aassign a (N 1))
V%ls. sa=1}
apply(rule ve__sound’)
apply(simp__all add: support_single2) done

lemma - { %l s. True } strip ( (a ::== (N 1)) ;; Askip ) {time ( (a == (N
1)) 3 Askip ) | %ls. sa =1}
apply(rule ve__sound’)
apply(simp__all add: support_single2) done

lemma ; { %l s. True } strip ( (a == (N 1)) 3; b == (V a) ) {time ( (a
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n=(N1)) ;0= (Va))l %ls.sb=1}
apply(rule ve__sound’)
by (simp__all add: support__single2)

lemma assumes

E: E=(%s. 1+ 2% (4 — nat (sa))) and

C: C = {{U,(S,(FE)))} WHILE Less (V a) (N 3) DO a ::= Plus (V a)
(N 1))
shows As. 0 < sa = time C's < 9

unfolding C E apply(simp) done

Count up to 3 lemma example_count upto_3: assumes
It T = (%ls. sa>0)and
E:E=%s. 1+ 2% (4 — nat (sa))) and
S: S = (%s. (if s a > 3 then s else s(a:=3) )) and
C: C = ({{,(S,(E)))} WHILE Less (V a) (N 3) DO a ::= Plus (V a)
(V1))
shows 1 { %ls. 0 < s a} strip C {time C | %l s. True }
unfolding C
apply(rule ve__sound’)
subgoal
apply (simp)
apply (safe)
subgoal unfolding I by simp
subgoal unfolding [ F by simp
subgoal unfolding S by auto
subgoal unfolding I £ by auto
subgoal unfolding I S by auto
done
subgoal
by simp
subgoal
unfolding I by(simp add: support_inv)
subgoal unfolding I by simp
done

Count up to b lemma example count upto b: assumes

I T = (%ls. sa>0)and

E: E= (%s. 1 + 2 % ((nat b+1) — nat (s a))) and

S: S = (%s. (if s a > b then s else s(a:=b) )) and

C: C = ({(I,(S,(F)))} WHILE Less (V a) (Nb) DO a ::= Plus (V a) (N
1)
shows 1 { %l s. 0 < sa} strip C {time C || %l s. True }
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unfolding C
apply(rule ve__sound’) by (auto simp: I E S support_inv)

Example: multiplication by repeated addition lemma helper: (A::int)
x* B+ B = (A+1) = B by(auto simp: distrib__right)

lemma mult: assumes

I:I:(%ZS.SH/I>0/\S”//>5”///\8////>0/\S”y// S//z//
x (s 'b") ) and

E: E = (%s. 1+ 3% ((nat (s "a") + 1) — nat (s "2""))) and

— (%S (ZfS // // // 1 then s else S(//y//_(s //a//) * (s //b//)’ //Z//::S

//a// ) )) and

C: C="y" == (NO);"2":=(NO0);; {(I,(S,(E)))} WHILFE Less (V
1 (Ve DO (// ".._ Plus (V Iy ') ( MYy sy M = Plus (V2"
(N 1)) ) and

Jf = (%s. 3 (nat(s "a”) + 2))
shows 1 { %ls. 0 <s"a"” } strip C{f{ %ls. s"y"=3s"a"x(s"d")
}

unfolding C

apply(rule ve__sound'’)

apply(auto simp: I E S distrib__right support_inv f)
subgoal for s by (auto simp add: helper)
done

lemma mult abstract: assumes

I:I:(%ZS.S////>0/\S////>S/////\S////>0/\S//y// S//Z//
x (s 'b") ) and

E: E = (%s. 1 + 2x ((nat (s "a") + 1) — nat (s "'2""))) and

S = (%s. (if s "2"" > s "a" then s else s("y"":=(s "a’) x (s "'b"), ""z2":=s

g’ ) )) and

e: e = (%s. 1) and

Ib[simp]: (Ib::acom) = ({A\ls. Ils N s 2" <s"a" J1/e} CONSEQ ("y"
= Plus (V "y"") (V "0") 53 72" ©:= Plus (V "2") (N 1)) ) and

l[simp]: (I::acom) = {(I,(S,(E)))} WHILE (Less (V "2") (V "a'")) DO
b and

e'lsimpl: e’ = (%s. 1 + (nat (s "a’’))) and

wl[simp]: (wl::acom) = {I/Xls. I1ls A s"2">s"a"/e'} CONSEQ | and

C: (C::acom) = ("y" := (N 0);; 2" := (N 0) ;; wl ) and

i f = (%s. nat(s "a") + 1)
shows 1 { %ls. 0 < s"a" } strip ( {%ls. 0 <s"a"/ %ls. s"y"=s
//a// * ( //b/q/ f} CONSEQ O) {f lL %l S. s //y// =g //a//* //b//) }
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unfolding C
apply(rule ve__sound”)
apply(auto simp: I E S distrib__right support_inv f e)
subgoal for s by (auto simp add: helper)
apply(rule exI[where z=100]) apply auto
apply(rule exI[where z=100]) apply auto
done

Example: nested loops lemma nested: assumes

12: 12 = (%ls. s "a” > 0N s"0" >0 Ns'a” > s"2" Ns 2>
0/\ S//b//>51/g///\8////>0/\SNN ( ////)*( //b//)+8////)
and

I1: 11 = (%l s.s"a” > 0Ns"b">0Ns"a"> s"2'"Ns"2">0 A
s //y//_ S //z/l*( //b//) )and

E2: B2 = (%s. 1 + 3 x ((nat (s "b") ) — nat (s "¢"))) and
S52: 82 = (%s. (if s "g"" > s "b" then s else s(""y":=(s "2") * (s "b") +
s //b// //gll::S //b// ) )) and

E1: E1 = (%s. 1 + (4 + (3 * ((nat (s "0") ))) ) * ((nat (s "a”) ) —
nat (s ''z"))) and

S1: S1 = (%s. (if s "2" > s "a” then s else s("y":=(s "a") = (s ""b"),
//Z// =g //a// //g// //b// ) )) and

C: C=("y" = (NO0);

// 1. (N 0)

{(I1 ,(S],( )))} WHILE Less (V "2") (V "a') DO

(

E’g” = (N0) 3

{(12,(52,(E2)))y WHILE Less (V "g") (V "b") DO

(" = Plus (V "y") (N 1);

"g" ::= Plus (V "¢"") (N 1))

) 5

"2 = Plus (V "2") (N 1))

) and

fof = (%s. 8 + 4xnat(s "a")+ 3 = (nat(s "a’’) * nat(s "b")))
shows 1 { %ls. 0 < s"a’" Ns"b" >0 } strip C{f | %ls. s"y"=s
// // "y7

(s ") }

unfolding C

apply (rule ve__sound'’)
proof( goal _cases)
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case I
show Zcase apply(simp)
proof (safe, goal_cases)
case (11s)
from 1 show ?case unfolding /1 unfolding 12 by(auto )
next
case (21s)
then show ?case unfolding 1 S2 apply(auto) unfolding E2 ap-
ply(simp) unfolding E2 apply(auto)
unfolding E1 apply(simp)

apply(simp)
proof (goal _cases)

case |

then have ¢: s "a’’ > s "z" by linarith

then have p: (nat (s "a") — nat (s 2" + 1)

(s "z')) — 1 and z: (nat (s "a”) — nat (s "2")) > 1

using 1 apply linarith
using g 1 by linarith

) = (nat (s "a") — nat

have Suc (Suc (Suc (Suc ((4 + 3 * nat (s "b")) * (nat (s "a’") — nat
(s 2"+ 1)) + 3 * nat (s "b")))) =
4+ ((4 + 3 *nat (s "b")) * (nat (s "a”) — nat (s 2"+ 1)) + 3
x nat (s "'b"))
by auto
also
have ... =4 + ( (4 + 3 = nat (s "b")) = (nat (s "a") — nat (s ""z"))
— (4 + 3« nat (s ")) + 8 x nat (s "'b"))
applﬂszmp only: p)
proof —
have An na. (n:nat) * na — n=nx* (na — 1)
by (simp add: diff _mult_distrib2)
then show / + ((4 + 3 * nat (s "b")) = (nat (s "a") — nat (s "'2")
1) 4+ 8 xnat (s "b")) = 4 + ((4 + 3 * nat (s "'b")) x (nat (s "a”) —
nat (s "2")) — (4 + 8 = nat (s "'b")) + 3 x nat (s 'b"))
by presburger
qed
also
have ... = (4 + 3 * nat (s "'b")) = (nat (s "a’”) — nat (s "'2"))
using z
by (smt <4 + (4 + 3 * nat (s "b")) * (nat (s "a") — nat (s 2" +
1)) + 8 *nat (s "b")) = 4 + (4 + 3 = nat (s "'b")) * (nat (s "a") — nat
(s "2")) — (4 + 3 = nat (s "b")) + 8 * nat (s "b"))» add.left _commute
diff _add distrib__left mult.right__neutral p)
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finally show ?case by simp
qed

next
case (31 s)
{ fix i :: int assume 0 < 7 then have int (3> {0..<nat i}) + i = int
(>>{0..nat i})
by (simp add: sum.last_plus) } note bla=this
from & show ?Zcase unfolding 11 S1 S2 apply(auto simp add: )
proof (goal _cases)
case !
then have a: s "a” = s 2" + 1 by linarith
show ?case apply(simp only: a) using 1
by (simp add: distrib__left mult.commute fun__upd twist)
qed
next
case (4 [ s)
then show ?case unfolding 77 by (auto)
next
case (51 s)
then show ?case unfolding 11 E1 by auto
next
case (6 [ s)
then show ?case unfolding 11 S1 by(simp)

next
case (71s)
then show ?case unfolding 72 apply(simp) done
next
case (81 s)
then show ?case unfolding I2 apply(auto) unfolding E2 by(auto)

next
case (91s)
{ fix i :: int assume 0 < i then have int (3 {0..<nat i}) + i = int
(>>{0..nat i})
by (simp add: sum.last_plus) } note bla=this
from 9 show ?case unfolding 12 S2 apply(auto simp add: ) done

next

case (101 s)
then show ?case unfolding 12 I1 by (auto simp add: distrib_left
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mult.commute)
next
case (1115s)
then show ?case unfolding 12 E2 by (simp)
next
case (121 s)
then show ?Zcase unfolding 12 S2 by(simp)
qed
next
case 2
show ?case apply (rule exI[where z=1]) by (auto simp add: I1 C E1 f
distrib__left mult.commute)
qged (auto simp: I1 12 support_single2)

with logical variables lemma fin_sup_single: finite (support (Al. P (I

a)))
apply (rule finite__subset|OF support__single]) by simp

lemmas fin_ support = fin__sup _single

lemma finite_support _and: finite (support A) = finite (support B) —
finite (support (A\l's. Als A Bls))
apply(rule finite__subset|OF support_and]) by blast

end

theory Nielson_ Sqrt

imports Nielson_ VCGi HOL— Library. Discrete_ Functions
begin

4.9 Example: discrete square root in Nielson’s logic

As an example, consider the following program that computes the discrete
square root:

definition c :: com where c=

mt.— N @ -

//m// = N’O’ .

"r':= Plus (N 1) (V "z");

(WHILE (Less (Plus (N 1) (V' "l")) (V "r"))

DO ("m"" == (Div (Plus (V "U"") (V "r"")) (N 2)) ;;
(IF Not (Less (Times (V "m") (V "m")) (V "z"))

THEN "l" ==V "m”
ELSE "r" =:= V "m");
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"m" := N 0))
In this theory we will show that its running time is in the order of
magnitude of the logarithm of the variable "x”

a little lemma we need later for bounding the running time:

lemma absch: Ask. 1 +s"2""=2 k= 5%k <96 + 100 x floor_log
(nat (s "z"))

proof —
fix s :: state and k :: nat
assume F: 1 +s'"z2""=2 "k

then have i: nat (1 + s "z') = 2 "k and nn: s "z"> 0 apply (auto
simp: nat_power_eq)
by (smt one__le__power)
have F: 1 + nat (s "z") = 2 "k unfolding i[symmetric] using nn by
auto
show § x k < 96 + 100 x floor_log (nat (s ""z'""))
proof (cases s "z"' > 1)

case True
have 5 x k = 5 x (floor_log (27k)) by auto
also have ... =5 « floor_log (1 + nat (s ""z")) by (simp only: F[symmetric])

also have ... < § « floor_log (nat (s "z" + s "z")) using True

apply auto apply(rule monoD[OF floor__log_monol) by auto

also have ... = 5 % floor_log (2 * nat (s "z")) by (auto simp:
nat_mult__distrib)
also have ... = 5 + 5 * (floor_log (nat (s ""z'""))) using True by auto

also have ... < 96 + 100 * floor_log (nat (s ""z'")) by simp
finally show ?thesis .
next
case Fulse
with nn have gt1: s = 0 by auto
from Flunfolded gt1] have 2 ~ k = (1::int) using floor_log Suc_zero
by auto
then have k=0
by (metis One_nat_def add.right_neutral gt1 i n_not_Suc_n nat_numeral
nat__power_eq_Suc__0_iff numeral _2_eq 2 numeral__One)
then show ?thesis by (simp add: gt1)
qed
qged

11,11
X

For simplicity we assume, that during the process all segments between
”1” and "r” have as length a power of two. This simplifies the analysis. To
obtain this we choose the precondition P accordingly.

Now lets show the correctness of our time complexity: the binary search
is in O(log "x”)
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lemma
assumes P: P = (Als. (3k. 1 +s"z" =2"k))
and e : e = (\s. floor_log (nat (s "z'")) + 1) and
Q[simp]: Q = (Al s. True)
shows i {P} c{ el Q}
proof —

— first we create an annotated command
let 2Ib = ""m" ::=
(Div (Plus (V' "1") (V "r")) (N 2)) 3;
(IF Not (Less (Times (V ""m"") (V "m'")) (V "z""))
THEN """ .=V "m"
ELSE "r" ==V "m");
("m" ::= N 0)::acom
— with an Invariant
define I :: assn2 where [ = (A\ls. (k. s"r"" —s"l"=2"k)As"l"
>0)

— and an time bound annotation for the loop

define E :: tbd where E = %s. 1 + 5 * floor_log (nat(s "r" — s "l"))
define S :: state = state where S = %s. s

define Es :: vname = vname set where Es = (%x. {z})

define R :: (assn2x(vname set))*((state=state)*(tbdx((vname setx(vname
= vname set)))))
Where R:(<I,{//l//, //T'II}),(S,(E,({”l”,”’l"”},ES))))

let 2C ="1":= N0 ;; ("m"” 2= N0) ;; "r":= Plus (N 1) (V "z");
({R} WHILE (Less (Plus (N 1) (V "l"")) (V "r")) DO ?Ib)

— we show that the annotated command corresponds to the command we
are interested in
have s: strip 7C = ¢ unfolding ¢ _def by auto

— now we show that the annotated command is correct; here we use the
improved VCG and the Nielson
have v: -1 {P} strip ?2C {e | Q}

proof (rule vc_sound”, safe)

— A) first lets show the verification conditions:
show vc ?C Q {} {} unfolding R_def apply (simp only: vc.simps)
apply auto
subgoal unfolding I def by auto
subgoal unfolding I def by auto
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subgoal unfolding E def by auto
proof (goal _cases)
fix s::state and [
assume [: [lsand 2: 1 + s"l" <s'r”
from I obtain k :: nat where 3: s " — s "I = 2 "k and /: s "l”
> 0 unfolding I def by blast
from & 2 have k>0 using gr0l by force
then obtain k' where k- k=k'+1 by (metis Suc_eq plusl Suc_pred)

from 3 k' have R1: s'r" — (s "l” + s "'r") div 2 = 2 " k' and
R2: (s "lI" + s ""r"y div 2 — s """ = 2 T k' by auto
then have E1: 3k. s """ — (s """ + s "r"") div 2 = 2 " k and
E2: 3k (s "l" + s "r") div 2 — s "I = 2 " k by auto
then show 11 (s("1"”:= (s "1" + s "r") div 2, "m" := 0)) and
I (s("r" = (s"l" + s"r") div 2, "m" := 0)) using 2 4 unfolding
I _def by auto

show Suc (Suc (Suc (Suc (Suc (E (s("l" := (s """ + s "'r") div 2,
"t i= ) < B s
unfolding E def apply simp unfolding R1 3 k' by (auto simp:
nat__power_eq nat_mult__distrib)
show Suc (Suc (Suc (Suc (Suc (E (s("r" := (s """ + s "'r") div 2,
= 0))) < B s
unfolding E_def apply simp unfolding R2 3 k' by (auto simp:
nat_power_eq nat_mult__distrib)
next
fix [ s
show Suc 0 < FE s unfolding FE_def by auto
show Suc 0 < E s unfolding E_def by auto
qed
next
— B) lets show that the precondition implies the weakest precondition,
and that the time bound of C can be bounded by log "x”
fix s
show (3k>0.V1ls. Pls — pre 2C Q ls A time ?C s < k % e s)
apply(rule exI[where z=100])
unfolding P R_def I _def E_def e by (auto simp: nat_power_eq
absch)
qed
— last side conditions are proven automatically
(auto simp: Q support_inv R__def I _def)

— now we conclude with the correctness of the Hoare triple involving the
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time bound
from s v show ?thesis by simp
qed

end

5 Quantitative Hoare Logic (due to Carbonneaux)

theory Quant Hoare
imports Big StepT Complexr_Main HOL— Library.Extended Nat
begin

abbreviation eq a b == (And (Not (Less a b)) (Not (Less b a)))

type__synonym lvname = string
type__synonym assn = state = bool
type__synonym qassn = state = enat
The support of an assn2
abbreviation state subst :: state = aerp = vname = state
«_['/_] [1000,0,0] 999)
where s[a/z] == s(z := aval a s)

fun emb :: bool = enat (<1») where
emb False = oo
| emb True = 0

5.1 Validity of quantitative Hoare Triple

definition hoare2 walid :: qassn = com = qassn = bool

(=2 {(1)}/ (L) {(1)}p> 50) where

Eo {P} c{Q} +«— (Vs. Ps<oo— (Ftp. ((¢,s) =plt)ANPs>p
+ Q1)

5.2 Hoare logic for quantiative reasoning

inductive
hoare2 :: qassn = com = qassn = bool (<o ({(1_)}/ (_)/ {(1_)})» 50)
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where
Skip: o {%s. eSuc (P s)} SKIP {P} |
Assign: Fa {As. eSuc (P (s[a/z]))} zi=a { P } |

If: [Fo {Xs. P s+ T( bual b s)} 1 { Q};
Fo {As. P s+ T(= bval b s)} ca { Q} ]
= Fo {As. eSuc (P s)} IF b THEN ¢y ELSE co { Q } |

Seq: [Fo{ P1} c1 { P2 }; Fa {Pa} co { P3 }] = 2 {P1} cis3e2 {P3} |

While:
I Fo{ %s. Is+ 1T(bvalbs)}c{ %t.ITt+ 17} ]
= to{As. s+ 1} WHILE b DO ¢ {\s. Is+ 1(— bvalbs) } |

conseq: [ Fo {P}c{Q} ; Ns. Ps< P's;N\Ns. Q's<Qs] =
F2 {P}e{ Q}

derived rules

lemma strengthen_pre: [Vs. Ps < P's; o {P} ¢ {Q} ] = F2 {P'} ¢
{Q}

using conseq by blast

lemma weaken_post: [ F2 {P} ¢ {Q}; Vs. Qs> Q' s] = o {P}c
{Q%

using conseq by blast

lemma Assign”: Vs. P s > eSuc ( Q(s[a/z])) = 2 {P} z == a {Q}
by (simp add: strengthen_pre[OF _ Assign])

lemma progress: (¢, s) = plt=p> 0
by (induct rule: big_step_ t.induct, auto)

lemma FalseImplies: Fo {%s. oo} ¢ { Q}
apply (induction c arbitrary: Q)
apply(auto intro: hoare2.Skip hoare2.Assign hoare2.Seq hoare2.conseq)
subgoal apply(rule hoare2.conseq) apply(rule hoare2.If[where P=%s.
o0]) by(auto intro: hoare2.If hoare2.conseq)
subgoal apply(rule hoare2.conseq) apply(rule hoare2. Whilelwhere I=%s.
oo]) apply(rule hoare2.conseq) by auto
done
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5.3 Soundness
The soundness theorem:

lemma helpl: assumes enata + X < Y
enat b + Z < X
shows enat (a + b)) + Z < Y
using assms by (metis ab__semigroup__add__class.add__ac(1) add_left _mono
order_trans plus__enat__simps(1))

lemma help2’: assumes enat p + INVt < INV s
0 < pINVs=enatn
shows INV t < INV s
using assms iadd_le_enat_iff by auto

lemma help2: assumes enat p + INVt+ 1 <INV s
INV s = enat n
shows INV t < INV s
using assms le_less_trans not_less iff gr _or_eq by fastforce

lemma Seq sound: assumes =5 {P1} C1 {P2}
o {P2} C2 {P3}
shows =, {P1} C1 ;; C2 {P3}
unfolding hoare2_wvalid_def
proof (safe)
fix s
assume ninfP1: P1 s < oo
with assms(1)[unfolded hoare2_wvalid_def] obtain t1 p1
where 1: (C1, s) = pl || t1 and q1: enat pl + P2t1 < P1 s by blast
with ninfP1 have ninfP2: P2 t1 < oo
using not_le by fastforce
with assms(2)[unfolded hoare2 wvalid def] obtain t2 p2
where 2: (C2, t1) = p2 || t2 and ¢2: enat p2 + P3 t2 < P21 by
blast
with ninfP2 have ninfP3: P3 t2 <
using not_le by fastforce

from Big StepT.Seq[OF 1 2] have bigstep: (C1;; C2, s) = pl + p2 |
t2 by simp
from help1[OF q1 ¢2] have potential: enat (p1 + p2) + P3t2 < P1s.

show 3t p. (C1;; C2,s) = pl t ANenatp+ P3¢t < Pls

apply(rule exI[where z=t2])
apply(rule exI[where z=p1 + p2])
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using bigstep potential by simp
qged

theorem hoare2 sound: o {P}c{ Q} = =2 {P}c{ Q}
proof (induction rule: hoare2.induct)
case (Skip P)
show ?case unfolding hoare2_valid _def apply(safe)
subgoal for s apply(rule exI[where z=s|) apply(rule exI[where
x==Suc 0])
by (auto simp: eSuc__enat_iff eSuc__enat)
done
next
case (Assign P a x)
show ?case unfolding hoare2 valid _def apply(safe)
subgoal for s apply(rule exl[where z=s[a/z]]) apply(rule exI[where
z=_S8uc 0])
by (auto simp: eSuc__enat_iff eSuc__enat)
done
next
case (Seq P1 C1 P2 C2 P3)
thus ?case using Seq sound by auto
next
case (If P b cl Q c2)
show ?case unfolding hoare2_wvalid_ def
proof (safe)
fix s
assume eSuc (P s) < 0o
then have i: P s < 0o
using enat_ord_simps(4) by fastforce
show 3t p. (IF b THEN c1 ELSE c2,s5) = p | t Nenatp + Qt <
eSuc (P s)
proof (cases bval b s)
case True
with ¢ have P s + emb (bval b s) < oo by simp
with If(3)[unfolded hoare2_valid_def] obtain p t
where 1: (c1,s) = p | tand ¢: enat p + Q t < P s + emb (bval
b s) by blast
from Big StepT.IfTrue[OF True 1] have 2: (IF b THEN c1 ELSE
c2,8)=p+ 1| tby simp
show ?thesis apply(rule exl[where z=t]) apply(rule exI[where
r=p+1])
apply (safe) apply(fact)
using ¢ True apply(simp)
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by (metis eSuc__enat eSuc__ile_mono iadd_Suc)
next
case Fulse
with ¢ have P s + emb (™ bval b s) < co by simp
with If(4)[unfolded hoare2_wvalid__def] obtain p t
where 1: (c2,s) = p | tand ¢: enatp + Q ¢t < P s+ emb (~ bval
b s) by blast
from Big StepT.IfFalse[OF Fulse 1] have 2: (IF b THEN c1 ELSE
c2,s)=p+ 1| tby simp
show ?thesis apply(rule exl[where z=t]) apply(rule exI[where
r=p+1])
apply (safe) apply(fact)
using ¢ False apply(simp)
by (metis eSuc__enat eSuc__ile_mono iadd_Suc)
qged
qed
next
case (conseq P ¢ Q P’ Q')
show ?case unfolding hoare2 wvalid_def
proof (safe)
fix s
assume P’ s < oo
with conseq(2) have P s < oo
using le_less trans by blast
with conseq(4)[unfolded hoare2 wvalid def] obtain p ¢t where (¢, s) =
pl tenatp + Qt < P s by blast
with conseq(2,3) show 3t p. (¢, s) = pll t Nenatp+ Q' t < P's
by (meson add_left_mono dual_order.trans)
qed
next

case (While INV b ¢)

from While(2)[unfolded hoare2_valid _def]
have WH2: \s. INV s + 1 (bval b s) < co = (It p. (¢, s) = p | t A
enat p + INVt+ 1 <INV s + 1 (bval b s))
by (simp add: add.commute add.left _commute)

show ?case unfolding hoare2 wvalid_def
proof (safe)
fix s
assume ninfINV: INV s+ 1 < o
then have INV s < oo
using enat_ord_simps(4) by fastforce
then obtain n where i: INV s = enat n using not_infinity_eq
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by auto

In order to prove validity, we induct on the value of the Invariant, which
is a finite number and decreases in every loop iteration. For each step we
show that validity holds.

have INV s = enat n = 3t p. (WHILE b DO ¢, s) = p || t A enat p
+ (INVt+ emb (— bval b t)) < INV s+ 1
proof (induct n arbitrary: s rule: less__induct)
case (less n)
show Zcase
proof (cases bval b s)
case Fulse
show ?thesis
using WhileFalse|OF False] one__enat__def by fastforce
next
case True
— obtain the loop body from the outer ITH
with less(2) WH2 obtain ¢ p
where o: (¢, s) = p | t
and ¢: enat p + INVt 4+ 1 <INV s by force

— prepare premises to ...
from ¢q have g: INVt < INV s
using help?2 less(2) by metis
then have ninfINVt: INV t < co using less(2)
using enat_ord_simps(4) by fastforce
then obtain n’ where i: INV t = enat n’ using not__infinity_eq
by auto
with less(2) have i: n' < n
using g by auto
— ... obtain the tail of the While loop from the inner TH
from i ii less(1) obtain t2 p2
where 02: (WHILE b DO ¢, t) = p2 | 2
and ¢2: enat p2 + (INV t2 + emb (= bval b t2)) < INV t + 1
by blast
have ende: ~ bval b t2
apply(rule ccontr) apply(simp) using ¢2 ninfINVt
by (simp add: i one__enat__def)

— combine body and tail to one loop unrolling:

— - the Bigstep Semantic

from WhileTrue[OF True o 02] have BigStep: (WHILE b DO c¢, s)
=1+ p+ p2 | t2 by simp
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— - the potentialPreservation
from ende ¢2 have ¢2": enat p2 + INV t2 < INV t + 1 by simp

have potentialPreservation: enat (1 + p + p2) + (INV 12 + 1 (=
bval b t2)) < INV s + 1
proof —
have enat (1 + p + p2) + (INV t2 + 1 (- bval b t2))
= enat (Suc (p + p2)) + INV t2 using ende by simp
also have ... = enat (Suc p) + enat p2 + INV t2 by fastforce
also have ... < enat (Suc p) + INV t + 1 using ¢2’
by (metis ab__semigroup__add__class.add__ac(1) add_left _mono)
also have ... < INV s + 1 using ¢
by (metis (no__types, opaque__lifting) add.commute add__left _mono
eSuc__enat iadd__Suc plus_1_eSuc(1))
finally show enat (1 + p + p2) + (INV t2 + 1 (= bval b t2)) <
INVs+ 1.
qed

— finally combine BigStep Semantic and TimeBound
show ?thesis
apply(rule exI[where z=t2])
apply(rule exI[where z= 1 + p + p2])
apply (safe)
by (fact BigStep potential Preservation)+
ged
qed
from this[OF i] show 3t p. (WHILE b DO ¢, s) = p | t A enat p +
(INV t + emb (- bval b t)) < INV s + 1 .
qed
qged

5.4 Completeness

definition wp2 :: com = qassn = qassn (<wpy>) where
wpe ¢ @ = (As. (if Ttp. (¢,s) = pltAQt<oo) then enat (THE p.
3t (¢,5) = pl t)+ Q (THE t. 3p. (¢,5) = p | t) else 0))

lemma wp2 alt: wpz ¢ Q@ = (As. (if }(c,s) then enat (1 (¢, s)) + @ (Is
(¢, 8)) else 0))
apply(rule ext) by(auto simp: bigstepT _the__state wp2_def split: if _split)

theorem wp2 is_weakestprePotential: o {P}c{Q} «— (Vs. wpa ¢ @ s
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< Pys)
unfolding wp2_def hoare2 wvalid__def
apply(rule)
subgoal
apply(safe) subgoal for s
apply(cases It p. (¢, s) = pl t A Qt < 0)
apply(simp) apply auto oops

lemma wp2 Skip[simp|: wps SKIP Q = (%s. eSuc (Q s))
apply (auto introl: ext simp: wp2__def)
prefer 2
apply(simp only: SKIPnot)
apply(simp)
apply (simp only: SKIPp SKIPt)
using one__enat__def plus_1_eSuc(1) by auto

lemma wp?2 Assign[simp|: wpa (z == €) Q = (As. eSuc (Q (s(z := aval e

s))))
by (auto intro!: ext simp: wp2_def ASSp ASSt ASSnot eSuc__enat)

lemma wp2_Seq[simp]: wpa (c155c2) @ = wp2 c1 (wp2 c2 Q)
unfolding wp2 def
proof (rule, case_tac It p. (c13; c2, s) = p b t A Q t < 00, goal__cases)
case (1 s)
then obtain u p where ter: (c1;; c2, s) = p J vand Q: Q u < co by
blast
then obtain ¢ p1 p2 where i: (¢1 , s) = pl || t and ii: (¢co , t) = p2
U v and p: p1 + p2 = p by blast

from bigstepT the state|OF i] have t: | (¢1, s) =t
by blast

from bigstepT _the_state| OF ii] have t2: |5 (ca, t) = u
by blast

from bigstepT _the_cost[OF i] have firstcost: |4 (c1, s) = pl
by blast

from bigstepT _the_cost|OF ii] have secondcost: |4 (c2, t) = p2
by blast

have totalcost: |(c1;; c2, s) = pl + p2

using bigstepT _the_cost|OF ter] p by auto
have totalstate: |s(c1;; c2, $) = u
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using bigstepT _the__state| OF ter| by auto

have ¢2: Jta p. (c2, t) = p | ta A Q ta <
apply(rule exI[where z= ul)
apply(rule exI[where z= p2]) apply safe apply fact+ done

have C: 3t p. (c1, 8) = pd t A (if tap. (ca,t) = p taN Qta< 0
then enat (THE p. Ex (big_step_t (c2, t) p)) + Q (THE ta. Ip. (c2, t) =
p | ta) else 00) < o0

apply(rule exI[where z=t])
apply(rule exI[where z=p1])

apply safe

apply fact

apply(simp only: ¢2 if True)

using @) bigstepT _the_state ii by auto

show Zcase
apply(simp only: 1 if True t t2 c¢2 C totalcost totalstate firstcost sec-
ondcost) by fastforce
next
case (2 s)
show ?case apply(simp only: 2 if False)
apply auto using 2
by force
qed

lemma wp?2_If[simp]:
wpe (IF b THEN ¢y ELSE c3) Q = (As. eSuc (wpy (if bval b s then ¢y else
) Q 9))
apply (auto simp: wp2_def fun__eq iff)
subgoal for z ¢ p i ta ia za apply(simp only: IfTrue[ THEN bigstepT _the__state])
apply(simp only: IfTrue[THEN bigstepT _the__cost))
apply(simp only: bigstepT _the__cost bigstepT _the__state)
by (simp add: eSuc__enat)
apply(simp only: bigstepT _the_state bigstepT _the__cost) apply force
apply(simp only: bigstepT _the__state bigstepT _the__cost)
proof(goal__cases)
case (I z tp i ta ia za)
note f= IfFulse] THEN bigstepT the_state, of b = co za ta Suc za ci,
simplified, OF 1(4) 1(5)]
note f2= IfFalse[THEN bigstepT the_cost, of b x ca za ta Suc za ci,
simplified, OF 1(4) 1(5)]
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note g= bigstep_ det|OF 1(1) 1(5)]
show ?case
apply(simp only: f f2) using 1 g
by (simp add: eSuc__enat)
next
case 2
then
show ?case
apply(simp only: bigstepT _the__state bigstepT _the_cost) apply force
done
qged

lemma assumes b: bval b s
shows wp2WhileTrue: wpy ¢ (wpe (WHILE b DO ¢) Q) s + 1 < wps
(WHILE b DO ¢) Q s
proof (cases It p. (WHILE b DO ¢, s) = p | t AN Qt < o)
case True
then obtain ¢ p where w: (WHILE b DO ¢, s) = p | tand ¢: Q t <
oo by blast
from b w obtain p! p2 t1 where c¢: (¢, s) = pl || t1 and w" (WHILE
bDOc t1)= p2 | tand sum: 1 + pl + p2 =p
by auto
have g: 3ta p. (WHILE b DO ¢, t1) = p | ta A Q ta < o
apply(rule exl[where z=t])
apply(rule exI[where z=p2])
apply safe apply fact+ done

have h: 3t p. (¢, s) = p 4 t A (if Ftap. (WHILE b DO ¢, t) = p | ta
A Q ta < oo then enat (THE p. Ex (big_step_t (WHILE b DO ¢, t) p)) +
Q (THE ta. 3p. (WHILE b DO ¢, t) = p | ta) else 00) < 00
apply(rule exI[where z=t1])
apply(rule exI[where z=p1])
apply safe apply fact
apply (simp only: g if True) using bigstepT _the__state bigstepT _the_cost
w’ ¢ by(auto)

have wpy ¢ (wpe (WHILE b DO ¢) Q) s+ 1 =enatp + Qt
unfolding wp2_def apply(simp only: h if _True)
apply(simp only: bigstepT _the__state|OF c| bigstepT _the_cost|OF ¢c| g
if _True bigstepT _the_state|OF w'] bigstepT _the_cost|OF w’]) using sum
by (metis One__nat__def ab__semigroup__add__class.add__ac(1) add.commute
add.right_neutral eSuc__enat plus_1_eSuc(2) plus_enat_simps(1))
also have ... = wpy (WHILE b DO ¢) Q s
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unfolding wp2 def apply(simp only: True if _True)
using bigstepT _the__state bigstepT _the_cost w apply(simp) done
finally show ?thesis by simp
next
case Fulse
have wpy (WHILE b DO ¢) Q s = o
unfolding wp?2 def
apply(simp only: False if False) done
then show ?thesis by auto
qged

lemma assumes b: bval b s
shows wp2WhileTrue’: wps ¢ (wpe (WHILE b DO ¢) Q) s + 1 = wps
(WHILE b DO ¢) Q s
proof (cases 3p t. (WHILE b DO ¢, s) = p | t)

case True

then obtain ¢ p where w: (WHILE b DO ¢, s) = p | t by blast

from b w obtain p! p2 t1 where c: (¢, s) = p! || t1 and w" (WHILE
bDOc t1)=p2 | tand sum: 1 + pl + p2 =p

by auto
then have z: | (¢, s) and 22: | (WHILE b DO ¢, t1) by auto

have wpy ¢ (wpe (WHILE b DO ¢) Q) s+ 1 =enatp + Qt
unfolding wp2_alt apply(simp only: z if _True)
apply(simp only: bigstepT _the_state[OF c| bigstepT _the_cost|OF c]
22 if _True bigstepT _the__state|OF w’] bigstepT _the__cost[OF w'])
using sum
by (metis One_nat__def ab__semigroup add_ class.add__ac(1) add.commute
add.right_neutral eSuc__enat plus_1_eSuc(2) plus_enat_simps(1))
also have ... = wpy (WHILE b DO ¢) Q s
unfolding wp?2_alt apply(simp only: True if _True)
using bigstepT the_state bigstepT _the cost w apply(simp) done
finally show ?thesis by simp
next
case Fulse
have — (| (WHILE b DO c, ls(c,s)) AN (¢, 9))
proof (rule)
assume P: | (WHILE b DO ¢, |s (¢, s)) N1 (¢, s)
then obtain ¢ s’ where A: (¢,s) = ¢ || s’ by blast
with A P have | (WHILE b DO ¢, s’) using bigstepT _the__state by
auto
then obtain t’ s where B: (WHILE b DO ¢,s’) = t' |} s"” by auto
have (WHILE b DO ¢, s) = 1+t+t’ | s"” apply(rule WhileTrue) using
b A B by auto
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then have | (WHILE b DO ¢, s) by auto
thus Fulse using Fulse by auto
qed
then have —| (WHILE b DO ¢, |s(c,s)) V =l (¢, s) by simp

then show ?thesis apply rule
subgoal unfolding wp2 alt apply(simp only: if False False) by auto
subgoal unfolding wp2 alt apply(simp only: if False False) by auto
done
qged

lemma assumes b: ~ bval b s
shows wp2WhileFalse: Qs + 1 < wpe (WHILE b DO ¢) Q s
proof (cases It p. (WHILEb DO ¢, s) = p | t AN Qt < )
case True
with b obtain ¢ p where w: (WHILE b DO ¢, s) = p | tand Q t < c©
by blast
with b have c: s=t p=Suc 0 by auto
have wpy (WHILEb DO c¢) Qs= Qs + 1
unfolding wp2 def apply(simp only: True if _True)
using w ¢ bigstepT _the__cost bigstepT _the__state by(auto simp add:
one__enat__def)
then show ?thesis by auto
next
case Fulse
have wps (WHILE b DO ¢) Q s = o
unfolding wp2_ def
apply(simp only: False if False) done
then show ?thesis by auto
ged

lemma thet WhileFalse: ~ bval b s = |+ (WHILE b DO ¢, s) = 1 by
auto
lemma thes WhileFalse: ~ bval b s = |s (WHILE b DO ¢, s) = s by

auto

lemma assumes b: ~ bval b s
shows wp2WhileFalse’: Q s + 1 = wpy (WHILE b DO ¢) Q s
proof —
from b have T: | (WHILE b DO ¢, s) by auto
show ?thesis unfolding wp2_alt using b apply(simp only: T if _True)
by(simp add: thet_WhileFalse thes WhileFalse one__enat__def)
qged
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lemma wp2While: (if bval b s then wps ¢ (wps (WHILE b DO ¢) Q) s else
Qs)+ 1 =wpy (WHILE b DO ¢) Qs

apply(cases bval b s)

using wp2WhileTrue’ apply simp

using wp2WhileFalse’ apply simp done

lemma assumes A\Q. Fo {wps ¢ Q} ¢ {Q}
shows to {wpy (WHILE b DO ¢) Q} WHILE b DO ¢ {Q}
proof —
let 21 = %s. (if bval b s then wpy ¢ (wpa (WHILE b DO ¢) Q) s else Q s)
from assms|of wpy (WHILE b DO ¢) Q]
have A: Fo {wps ¢ (wp2 (WHILE b DO ¢) Q)} ¢ {wps (WHILE b DO
0 Q} .
have B: o {As. (?I's) + 1 (bval b s)} ¢ {At. (21t) + 1}
apply(rule conseq)
apply(rule A)
apply simp
using wp2While apply simp done
from hoare2. Whilelwhere I=?I]
have C:to {As. (?Is) + 1 (bval b s)} ¢ {\t. (?It) + 1} =
o {As. (21 s) + 1} WHILE b DO ¢ {Xs. (?Is) + 1 (= bval b s)}
by simp
from C[OF B| have D: b9 {)s. (?1s) + 1} WHILE b DO ¢ {\s. (?I s)
+ 1 (= bval bs)} .
show 9 {wpe (WHILE b DO ¢) Q} WHILE b DO ¢ {Q}
apply(rule conseq)
apply(rule D)
using wp2While apply simp
apply simp done
qged

lemma wp?2 is_pre: ko {wpy ¢ Q} ¢ { Q}
proof (induction ¢ arbitrary: Q)

case SKIP show ?case by (auto intro: hoare2.Skip)
next

case Assign show ?Zcase by (auto intro:hoare2.Assign)
next

case Seq thus ?case by (auto intro:hoare2.Seq)
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next
case (If z1 c1 ¢2 Q) thus Zcase
apply (auto intro!: hoare2.If )
apply(rule hoare2.conseq)
apply(auto)
apply(rule hoare2.conseq)
apply(auto)
done
next
case (While b c)
show Zcase
apply(rule conseq)
apply(rule hoare2. Whilelwhere I1=%s. (if bval b s then wpy ¢ (wp2
(WHILE b DO ¢) Q) s else Q s)])
apply (rule conseq)
apply (rule While[of wps (WHILE b DO ¢) Q))
using wp2While by auto
qed

lemma wp2 is weakestprePotentiall: =9 {P}c{Q} = (Vs. wpz ¢ Q s <
Ps)
apply(auto simp: hoare2_valid__def wp2__def)
proof (goal cases)
case (I stpi)
show ?case
proof(cases P s < 00)
case True
with (1) obtain ¢ p’ where i: (¢, s) = p’ | ¢t and ii: enat p' + Q ¢
< Ps
by auto
show ?thesis apply(simp add: bigstepT _the__state[OF i] bigstepT _the__cost|OF
i] i7) done
qged simp
qed force

lemma wp2_is_weakestprePotential2: (Vs. wpy ¢ Q@ s < P s5) = =
{P}e(Q)
apply(auto simp: hoare2_valid__def wp2_def)
proof (goal cases)

case (1 s 1)

then have A: (if 3¢. (Ip. (¢, s) = p I t) A (Fi. Q t = enat i) then enat
(THE p. Ex (big_step t (¢, s) p)) + Q (THE t. 3p. (¢, s) = p | t) else
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o0) < Ps
by fast
show Zcase
proof (cases 3t. (Ip. (¢, s) = p I t) A (Fi. Qt = enat i))
case True
then obtain ¢ p where i: (¢, s) = p || t by blast
from True A have enat p + Qt < P s by (simp add: bigstepT _the__cost|OF
i] bigstepT _the_state[OF i))
then have (¢, s) = p | t A enat p + Q t < enat 7 using 1(2) i by
simp
then show ?thesis by auto
next
case Fulse
with A have P s > oo by auto
then show ?thesis using 1 by auto
qed
qged

theorem wp2 is_weakestprePotential: (Vs. wpa ¢ @ s < P s) <— =2

{Pre{Q}
using wp2_is weakestprePotential2 wp2 is weakestprePotentiall by
metis

theorem hoare2 complete: =2 {P}c{Q} = F2 {P}c{ @}
apply(rule conseq|OF wp2_is_pre, where Q'=Q and Q=Q, simplified])
using wp2_is weakestprePotentiall by blast

corollary hoare2_sound__complete: o {P}c{Q} +— =2 {P}c{ Q}
by (metis hoare2__sound hoare2__complete)

end

5.5 Verification Condition Generator

theory Quant_VCG
imports Quant_Hoare
begin
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datatype acom =
Askip (<SKIP») |
Aassign vname aexp  («(_ == _)» [1000, 61] 61) |
Aseq acom acom («_3;/ > 160, 61] 60) |
Aif bexp acom acom  («(IF _/ THEN _/ ELSE _)> [0, 0, 61] 61) |
Awhile gassn bexp acom («({_}/ WHILE _/ DO _)» [0, 0, 61] 61)

notation com.SKIP (<SKIP)

fun strip :: acom = com where

strip SKIP = SKIP |

strip (z = a) = (z == a) |

strip (C13; C2) = (strip C1; strip C) |

strip (IF b THEN Cy ELSE Cy) = (IF b THEN strip C1 ELSE strip C3) |
strip ({_} WHILE b DO C) = (WHILE b DO strip C)

fun pre :: acom = gassn = gqassn where
pre SKIP @ = (As. eSuc (Q s)) |
pre (z == a) Q = (As. eSuc (Q (s[a/z]))) |
pre (C13; C2) Q = pre C1 (pre C2 Q) |
pre (IF b THEN Cy ELSE C3) Q =
(As. eSuc (if bval b s then pre C1 @ s else pre Cy Q s )) |
pre ({Iy WHILE b DO C) Q = (As. I's + 1)

fun vc :: acom = qassn = bool where

ve SKIP @) = True |

ve (z := a) Q = True |

ve (C1 355 C2) Q@ = ((ve C1 (pre C2 Q)) A (ve Ca2 Q) ) |
ve (IF b THEN C1 ELSE C3) Q = (ve C1 Q A ve Cq Q)
ve ({I} WHILE b DO C) Q@ = ((Vs. (pre C (As. [s+ 1)
bsH AN (Qs<ITs+ 1 (=bvalbs)) ANveC (%s. s+ 1

|
s < Is+ T(bval
)

5.5.1 Soundness of VCG

lemma vc_sound: ve C Q = o {pre C Q} strip C { Q }
proof (induct C arbitrary: Q)
case (Aif b C1 C2)
then have Aifl: o {pre C1 Q} strip C1 {Q} and Aif2: o {pre C2 Q}
strip C2 {Q} by auto
show ?Zcase apply auto apply(rule hoare2.conseq)
apply(rule hoare2.If[where P=%s. if bval b s then pre C1 @ s else

pre C2 @ s and Q=0)])
subgoal
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apply(rule hoare2.conseq)
apply (fact Aif1)
subgoal for s apply(cases bval b s) by auto
apply simp done
subgoal
apply (rule hoare2.conseq)
apply (fact Aif2)
subgoal for s apply(cases bval b s) by auto
apply simp done
apply auto
done
next
case (Awhile I b C)
then have i: (AQ. ve C Q = b5 {pre C Q} strip C {Q})
and ii: Vs.pre C (As. s+ 1)s<ITs+ 1T (bvalbs) N Qs< Is+ 1
(— bval b s)
and dii: ve C (As. I s + 1) by auto

from i i have A: by {pre C (As. I s+ 1)} strip C {(Xs. s+ 1)} by
auto

have Fo {As. I s+ 1} WHILE b DO strip C {Q}
apply(rule hoare2.conseq)
apply(rule hoare2. While[where I=1))
apply(rule hoare2.conseq)
apply(rule A) using ii by auto
then show ?case by auto
qed (auto intro: hoare2.Skip hoare2.Assign hoare2.Seq )

lemma vc_sound”: Juc C Q; (Vs. pre C Qs < Ps)] = o {P} strip C
{Q}

apply(rule hoare2.conseq)
apply(rule ve__sound) by auto
5.5.2 Completeness

lemma pre_mono: assumes As. P/ s < P s
shows As. pre C P's < pre C P s
using assms by (induct C arbitrary: P P', auto)

lemma vc_mono: assumes A\s. P’ s < P s
shows ve C P = vc C P’
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using assms proof (induct C arbitrary: P P’
case (Awhile I b C)
thus ?case
apply (auto simp: pre_mono)
using order.trans by blast
qed (auto simp: pre_mono)

lemmable { P} c{Q}= 3IC.stripC=cNhvcCQAN(Vs. pre CQ
s < Pys)
(is_ = 3C.?2GPcQQ0)
proof (induction rule: hoare2.induct)
case (Skip P)
show Zcase (is 3C. 2C C)
proof show ?C Askip by auto
qed
next
case (Assign P a x)
show Zcase (is 3C. 7C C)
proof show ?C(Aassign x a) by simp qed
next
case (If P b c¢; Q c2)
from If(3) obtain C1 where stripl: strip C1 = ¢; and vcl: ve C1 Q
and prel: (As. pre C1 Q s < P s+ 1 (bval b s)) by blast
from If(4) obtain C2 where strip2: strip C2 = co and vc2: ve C2 Q
and pre2: (As. pre C2 Q s < P s+ 1T (- bval b s)) by blast

show ?case
apply(rule exI[where z=IF b THEN C1 ELSE C2], safe)
subgoal using strip1 strip2 by auto
subgoal using vcl vc2 by auto
subgoal for s using prel|of s| pre2[of s| by auto
done
next
case (Seq Py ¢1 Py co P3)
from Seq(3) obtain C1 where strip1: strip C1 = ¢; and vcl: ve C1 Py
and prel: (Vs. pre C1 Py s < Py s) by blast
from Seq(4) obtain C2 where strip2: strip C2 = co and vc2: ve C2 P3
and pre2: (Vs. pre C2 P3 s < Py s) by blast
{
fix s
have pre C1 (pre C2 P3) s < Py s
apply (rule order.transjwhere b=pre C1 P3 s))
apply(rule pre_mono) using pre2 apply simp using prel by simp

130



} note pre = this
show ?case
apply(rule exl[where z=C1 ;; C2], safe)
subgoal using strip1 strip2 by simp
subgoal using vcl vc2 ve_mono pre2 by auto
subgoal using pre by auto
done
next
case (While I b ¢)
from While(2) obtain C where strip: strip C = ¢ and vc: ve C (Aa. [
a+ 1)
and pre: As. pre C (Aa. [ a + 1) s < Is+ 1 (bval b s) by blast
show ?case
apply(rule exI[where z={I} WHILE b DO C], safe)
subgoal using strip by simp
subgoal using pre vc by auto
subgoal by simp
done
next
case (conseq P ¢ Q P’ Q')
then obtain C where strip C = ¢ and vc: ve C @ and pre: As. pre C
Q s < P s by blast

from pre_mono[OF conseq(3)] have 1: \s. pre C Q' s < pre C @ s by
auto

show Zcase
apply(rule exI[where z=C])
apply safe

apply fact
subgoal using vc conseq(3) ve_mono by auto
subgoal using pre conseq(2) 1 using order.trans by metis
done
qed

end

5.6 Examples

theory Quant_FEzxzamples
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imports Quant_VCG
begin

fun sum :: int = int where
sum i = (if ¢ < 0 then 0 else sum (i — 1) + 1)

abbreviation wsum ==
WHILE Less (N 0) (V "z
DO ("y" ::= Plus (V "y""y (V "z"");;
"g! = Plus (V "z"") (N (— 1)))
lemma example: Fo {As. enat (2 + 3xn) + emb (s "z"" = int n)} "y ::=
N 0;; wsum {Xs. 0 }
apply(rule Seq)
prefer 2
apply(rule conseq)
apply(rule While[where I=M\s. enat (3 * nat (s ""z"))])
apply(rule Seq)
prefer 2
apply(rule Assign)
apply(rule Assign’)
apply (simp)
apply(safe) subgoal for s apply(cases 0 < s "'z"") apply(simp)
apply (smt Suc_eq _plusl Suc_nat_eq nat_zaddl distrib_left _numeral
eSuc__numeral enat_numeral eq iff tadd__Suc__right nat_mult_1_right one__add_one
plus_1_eSuc(1) plus_enat__simps(1) semiring_norm(5))
apply(simp) done
apply blast
apply simp
apply(rule Assign’)
apply simp
apply(safe) subgoal for s apply(cases s ""z” = int n) apply(simp)
apply (simp add: eSuc_enat plus 1 _eSuc(2))
apply simp
done
done

lemma ezample _sound: |2 {\s. enat (2 + 3xn) + emb (s "z"" = int n)}

"y = N 0;; wsum {As. 0}
apply(rule hoare2_sound) apply (rule ezample) done

5.6.1 Examples for the use of the VCG

abbreviation Wsum ==
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{As. enat (3 * nat (s "z'"))} WHILE Less (N 0) (V "z")
DO (//y// -— Plus (V //y//) (V //.’.C//);;
""" = Plus (V "z") (N (= 1)))

lemma o {As. enat (2 + 3xn) + emb (s "z"" = int n)} "y" 2= N 03
wsum {As. 0 }
proof —
have 5 {)As. enat (2 + 3*n) + emb (s "z = int n)} strip ("'y” == N
0;; Wsum) {Xs. 0 }
apply(rule ve__sound’)
subgoal
apply simp
apply(safe) subgoal for s apply(cases 0 < s "'z")
apply(simp)
apply (smt Suc__eq_plusl Suc_nat_eq nat_zaddl distrib_left _numeral
eSuc__numeral enat_numeral eq iff tadd__Suc__right nat_mult_1_right one__add_one
plus_1_eSuc(1) plus_enat__simps(1) semiring_norm(5))
apply(simp) done
done
subgoal
apply simp
apply(safe) subgoal for s apply(cases s ""z"" = int n) apply(simp)

apply (simp add: eSuc__enat plus_1_eSuc(2))
apply simp
done
done
done
then show ?thesis by simp
qged

end

6 Quantitative Hoare Logic (big-O style)

theory QuantK _Hoare
imports Big StepT Complexr_Main HOL— Library. Extended Nat
begin

abbreviation eq a b == (And (Not (Less a b)) (Not (Less b a)))

type__synonym lvname = string
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type_ synonym assn = state = bool
type__synonym gassn = state = enat

The support of an assn2
abbreviation state_subst :: state = aexp = vname = state

("] [1000,0,0] 999)
where sla/z] == s(z := aval a s)

fun emb :: bool = enat (<1») where
emb False = oo
| emb True = 0

6.1 Definition of Validity

definition hoare2o_wvalid :: qassn = com = qassn = bool

(=2 {1}/ (D)7 {1} 50) where
Eor {P} c{Q} +— (Fk>0.(Vs. Ps<oo— (Ftp. ((¢,5) =plt)A
enatk « Ps > p+ enatk x Q t)))

6.2 Hoare Rules

inductive

hoare@ :: qassn = com = qassn = bool (sko' ({(1_)}/ ()/ {(1)})
50)
where

Skip: For {%s. eSuc (P s)} SKIP {P} |
Assign: For {Xs. eSuc (P (sla/z]))} xzi=a { P } |
If: [For {Xs. P s+ 1(bual b s)} 1 { Q};

For{As. P s+ (= bval b )} c2 { Q} ]
= ko {As. eSuc (P s)} IF b THEN ¢y ELSE co { Q } |

|5€q1 [For{ P1} ci{ Pa}ba {Pa} c2{ P3}] = For {P1} c15ic2 {P3}

While:
I For{ %s. Is+ T(bvalbs)}c{ %t It+ 1} ]
= to{Xs. s+ 1} WHILE b DO ¢ {\s. Is+ (- bvalbs) }|

conseq: [ For {P}c{Q} ; Ns. P s < enatk* P's; \s. enatk* Q' s < Q

s k>0 ] =

Far {P}e{ Q)
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Derived Rules

lemma const: [ Far {As. enat k x P s}c{)s. enat k * Q s}; k>0 ] =

For {Pte{ Q}
apply(rule conseq) by auto

inductive

hoareQ’ :: qassn = com = qassn = bool (<7 ({(1_)}/ ()/ {(1)})
50)
where

ZSkip: bz {%s. eSuc (P s)} SKIP {P} |
ZAssign: Fz {As. eSuc (P (s[a/z]))} z:=a { P } |

ZIf: [ Fz {As. Ps+ T( bual b s)} c1 { Q};
Fz {Xs. P s+ (= bval b s)} ca { Q} ]
=ty {Xs. eSuc (P s)} IF b THEN ¢y ELSE ¢ { Q } |

ZSeq: [Fz { P1}ci { P2 }sFz {P2} co { P3 }] = Fz {P1} cis5c2 {P3}
\

Z While:
I Fz{%s. Is+ T(bvalbs)}c{ %t It+ 1} ]
=tz {As. Is+ 1} WHILEb DO ¢ {Xs. Is+ (- bvalbs) }|

Zeonseq': [Fz {P}c{Q} ; Ns. Ps< P's; Ns. Q' s< Qs] =
Fz AP} Q|

Zeonst: [z {Xs. enat k x P s}c{As. enat k x Q s}; k>0] =
Fz {P}e{ Q}

lemma Zconseq: [ Fz {P}c{Q} ; Ns. P s < enat k x P’s; \s. enat k x
Q's< Qs k>0] =
2 (Pl Q)
apply (rule Zconst[of k P' ¢ Q)
apply(rule Zconseq'[where P=P and Q=(@)]) by auto

lemma ZQ: Fz { P} c{Q}= tro{P}c{Q}
apply (induct rule: hoareQ'.induct)
apply (auto simp: hoareQ.Skip hoareQ.Assign hoareQ.If hoareQ.Seq
hoareQ. While)
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subgoal using conseg[where k=1] using one__enat_def by auto
subgoal for k£ P ¢ () using const by auto
done
lemma QZ: Fo/ { P} c{Q}= Fz{P}c{Q}
apply (induct rule: hoareQ.induct)
apply (auto simp: ZSkip ZAssign ZIf ZSeq ZWhile )
using Zconseq by blast

lemma QZ_iff: For{ P}t c{Q}+— tz{P}c{Q}
using ZQ QZ by metis

6.3 Soundness

lemma enatSucO[simp]: enat (Suc 0) * z = x
using one__enat_def by auto

theorem hoare@_sound: o {P}c{ Q} = k2 {P}c{ Q}
apply (unfold hoare20__valid__def)
proof( induction rule: hoareQ.induct)
case (Skip P)
show ?case apply(rule exI[where z=1]) apply(auto)
subgoal for s apply(rule exzl[where z=s]) apply(rule exl[where
z=>S8uc 0])
apply safe
apply fast
by (metis add.left_neutral add.right _neutral eSuc__enat iadd_Suc
le_iff _add zero__enat__def)
done
next
case (Assign P a 1)
show ?case apply(rule exI[where z=1]) apply(auto)
subgoal for s apply(rule exl[where z=s[a/z]]) apply(rule exI[where
z=>S8uc 0])
apply safe
apply fast
by (metis add.left_neutral add.right_neutral eSuc__enat iadd_Suc
le_iff _add zero__enat__def)
done
next
case (Seq P1 C1 P2 C2 P3)
from Seq(3) obtain kI where Seq3: Vs. P1 s < co — (It p. (C1, s)
= pl t A enalt p + enat kI * P2t < enat kI * P1 s) and 10: k1>0 by
blast
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from Seq(4) obtain k2 where Seq/: Vs. P2 s < oo — (It p. (C2, s)
= pd t A enat p + enat k2 x P3¢t < enat k2 x P2 s) and 20: k2>0 by
blast

let %k = lem k1 k2

show ?case apply(rule exI[where z=?k])

proof (safe)

from 10 20 show lcm k1 k2>0 by (auto simp: lem__pos_nat)
fix s
assume ninfP1: Pl s < oo
with Seg3 obtain t1 p! where 1: (C1, s) = pl |} t1 and qI: enat p1
+ k1 x= P2t1 < k1 x P1 s by blast
with ninfP1 have ninfP2: P2 t1 < oo
using not_le 10 by fastforce
with Seq obtain t2 p2 where 2: (C2, t1) = p2 | t2 and ¢2: enat
p2 + k2 « P3t2 < k2 x P2 t1 by blast
with ninfP2 have ninfP3: P3 t2 < oo
using not_le 20 by fastforce
then obtain u2 where u2: P3 t2 = enat u2 by auto
from ninfP2 obtain u! where ul: P2 t1 = enat ul by auto
from ninfP1 obtain u0 where u0: P1 s = enat u0 by auto

from Big StepT.Seq[OF 1 2] have 12: (C1;; C2, s) = pl + p2 | t2
by simp

have i: (C1;; C2, s) = pl+p2 | t2 using 1 and 2 by auto

from 10 20 have p: kI div ged k1 k2 > 0 k2 div ged k1 k2 > 0
by (simp__all add: div__greater__zero__iff)

have za: %k = (k1 div gcd k1 k2) * k2
apply(simp only: lem__nat__def)
by (simp add: dvd__div_mult)

have za2: %k = (k2 div gcd k1 k2) * ki1
apply (simp only: lem__nat_def)
by (metis dvd__div_mult ged__dvd2 mult.commute)

from q1[unfolded ul u2 u0] have z: p1 + kI * ul < ki * u0 by auto

from ¢2[unfolded ul u2 u0] have y: p2 + k2 x u2 < k2 x ul by
auto

have pl+p2 + % * u2 < pl + (k1 div ged k1 k2)*p2 + 2k * u2
using p by simp

also have ... < (k2 div ged k1 k2)xpl + (k1 div ged k1 k2)xp2 + 2k *
u2 using p by simp
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also have ... = (k2 div ged k1 k2)*pl + (k1 div gcd k1 k2)x(p2 + k2%
u?2)
apply(simp only: za) by algebra
also have ... < (k2 div ged k1 k2)xp1 + (k1 div ged k1 k2)*(k2 x  ul)
using y
by (metis add_left _mono distrib_left le_iff _add)
also have ... = (k2 div ged k1 k2)*pl + ?k % ul by(simp only: za)

also have ... = (k2 div ged k1 k2)xpl + (k2 div ged k1 k2) *(k1x ul)
by (simp only: za2)
also have ... < (k2 div gcd k1 k2)*(p1 + ki1xul)

by (simp add: distrib_left)

also have ... < (k2 div gcd k1 k2)*(k1 = u0) using z
by fastforce

also have ... < 2k x u0 by(simp only: za2)

finally

have p1+p2 + %k x u2 < %k x u0 .

then have i: enat (p1+p2) + %k « P3t2 < %k« Pl s
unfolding u0 u2 by auto

from ¢ it show 3t p. (C1;; C2,s5) = pl t Nenatp + %k x P3t < %
x P1 s by blast
qed
next
case (If P b cl Q c2)
from If(3) obtain kT where If3: Vs. P s+ 1 (bval b s) < co — (3t
p. (c1,s) = pl t Aenatp+ enat kT x Q t < enat kT * (P s + 1 (bval
bs)) and T: kT > 0 by blast
from If(4) obtain kF where If/: Vs. Ps+ 1 (= bval b s) < oo — (It
p. (c2,5) = p t A enatp+ enat kF x Q t < enat kF % (P s + T (— bval
b s))) and F: kF > 0 by blast
show ?case apply(rule exl[where t=kTxkF))
proof (safe)
from T F show 0 < kT x kF by auto
fix s
assume eSuc (P s) < 0o
then have i: P s < oo
using enat_ord_simps(4) by fastforce
then obtain w0 where u0: P s = enat u0 by auto
show 3t p. (IF b THEN c1 ELSE ¢2, s) = p | t A\ enat p + enat (kT
x kF) « Qt < enat (kT % kF') x eSuc (P s)
proof (cases bval b s)
case True
with ¢ have P s + emb (bval b s) < oo by simp
with If3 obtain p ¢t where 1: (c1, s) = p | t and ¢: enat p + enat
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ET « Qt < enat kT % (P s + emb (bval b s)) by blast
from Big StepT.IfTrue[OF True 1] have 2: (IF b THEN c1 ELSE
c2,8)=p+ 1| tby simp

from ¢ have Q) t < oo using ¢ T True
using less_irrefl by fastforce
then obtain ul where uil: Q) t = enat ul by auto
from ¢ True have ¢": p + kT * ul < kT * u0 unfolding u0 ul by
auto
have (p+1) + (kT * kF) x ul < kF'x(p+1) + (kT % kF) % ul using
F
by (simp add: mult_eq_if)
also have ... < kFx(p+1 + kT x ul)
by (simp add: add_mult_distrib2)
also have ... < kFx(1 + kT * u0)
using ¢’ by auto
also have ... < (kT * kF) * Suc u0 using T by simp
finally
have (p+1)+ (kT % kF) * ul < (kT % kF) x Suc u0 .
then have I: enat (p+1) + enat (kT % kF) x Q t < enat (kT = kF)
x eSuc (P s)
unfolding u! u0 by (simp add: eSuc_enat)
from 1 2 show ?thesis by metis
next
case Fulse
with ¢ have P s + emb (Ybval b s) < oo by simp
with If/ obtain p ¢t where 1: (¢2, s) = p |} t and ¢: enat p + enat
kF x Q t < enat kF % (P s + emb (~bval b s)) by blast
from Big StepT.IfFalse[OF Fualse 1] have 2: (IF b THEN c1 ELSE
c2,8)=p+ 1| tby simp

from ¢ have @) t < oo using ¢ F' Fulse
using less_irrefl by fastforce
then obtain u! where ul: @ t = enat ul by auto
from ¢ False have ¢ p + kF' * ul < kF % u0 unfolding u0 ul by
auto
have (p+1) + (kF % kT) * ul < kTx(p+1) + (kF % kT) % ul using
T
by (simp add: mult_eq if)
also have ... < kTx(p+1 + kF x ul)
by (simp add: add_mult_distrib2)
also have ... < kT*(1 + kF * u0)
using ¢’ by auto
also have ... < (kF = kT) % Suc u0 using F by simp
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finally
have (p+1)+ (kT % kF) x ul < (kT * kF) x Suc u0
by (simp add: mult.commute)
then have I: enat (p+1) + enat (kT % kF) « Q t < enat (kT = kF)
x eSuc (P s)
unfolding u! u0 by (simp add: eSuc__enat)
from 1 2 show %thesis by metis
qged
qed
next

case (conseq P ¢ Q k1 P’ Q')
from conseq(5) obtain £ where ¢/: Vs. Ps < oo — (3tp. (¢, 8) = p

JtAenatp+ enatk * Qt < enatk * Ps)and 0: k>0 by blast
show ?case apply(rule exI[where z=Fkxk1])
proof (safe)
show kxk1>0 using 0 conseq(4) by auto
fix s
assume P’ s < oo
with conseq(2,4) have P s < oo
using le_less trans
by (metis enat.distinct(2) enat_ord_simps(4) imult_is_infinity)
with ¢4 obtain p t where 1: (¢, s) = p || t and 2: enat p + enat k
x Qt < enatk x P s by blast

have enat p + enat (kxk1) x Q' t = enat p + enat (k) x ( (enat k1)
Q')
by (metis mult.assoc times__enat__simps(1))
also have ... < enat p + enat (k) * @) t using conseq(3)
by (metis add_left _mono distrib_left le_iff add)
also have ... < enat k x P s using 2 by auto
also have ... < enat (kxk1) x P’ s using conseq(2)
by (metis mult.assoc mult_left_mono not_less not_less zero times__enat__simps(1))
finally have 2: enat p + enat (kxk1) * Q' t < enat (kxkl1) x P’ s
by auto
from 1 2 show 3t p. (¢, s) = pl t A enat p + (kxkl) x Q' ¢t < (kxkl)
x P’ s by auto
qed
next
case (While INV b ¢)
then obtain & where W2:Vs. INV s+ 1 (bval b s) < oo — (It p. (¢,
s)=pl tAenatp+ enatk* (INVt+ 1)< enatk* (INVs+ 1 (bval
bs))) and g0: k>0
by blast
show ?case apply(rule exI[where z=Fk|)
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proof (safe)

show 0<k by fact

fix s

assume ninfINV: INV s+ 1 < o

then have f: INV s < o0
using enat_ord_simps(4) by fastforce

then obtain n where i: INV s = enat n using not_infinity_eq
by auto

have INV s = enat n = 3t p. (WHILE b DO ¢, s) = p | t A enat p
+ enat k x (INV t + emb (= bval b t)) < enat k x (INV s + 1)
proof (induct n arbitrary: s rule: less_induct)
case (less n)

then show ?case
proof (cases bval b s)
case Fulse
show ?thesis
apply(rule exI[where z=s])
apply(rule exI[where z=Suc 0])
apply safe
apply (fact WhileFalse[OF False])
using Fulse
apply (simp add: one__enat_def) using g0
by (metis One_nat_def Suc__ile _eq add.commute add_left _mono
distrib__left enat__0_iff (2) mult.right_neutral not__gr_zero one__enat__def)

next

case True

with less(2) W2 have (3t p. (¢, s) = p | t A enat p + enat k *
(INVt+ 1) <enatkx«INVs)

by force

then obtain ¢ p where o: (¢, s) = p |} t and ¢: enat p + enat k *
(INVt+ 1)< enatk = INVs by auto

from o bigstep progress have p: p > 0 by blast

from ¢ have pf: enat k x (INVt + 1) < enat k x INV s
using dual_order.trans by fastforce
then have INV ¢ < oo using less(2)
using g0 not_le by fastforce
then obtain invt where invt: INV t = enat invt by auto
from pf g0 have g: INVt < INV s
unfolding less(2) invt
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by (metis (full_types) Suc_ile__eq add.commute eSuc__enat enat__ord__simps(1)
nat_mult_le__cancel _disj plus_1_eSuc(1) times__enat_simps(1))

then have ninfINVt: INV t < oo using less(2)
using enat_ord_simps(4) by fastforce
then obtain n’ where i: INV t = enat n’ using not__infinity_ eq
by auto
with less(2) have i: n' < n
using g by auto
from ¢ ii less(1) obtain t2 p2 where 02: (WHILE b DO ¢, t) =
p2 || t2 and ¢2: enat p2 + enat k x (INV t2 + emb (— bval b t2)) < enat
kx (INVt+ 1) by blast
have ende: ~ bval b t2
apply(rule ccontr) apply(simp) using ¢2 g0 ninfINVt
by (simp add: i one__enat__def)
from WhileTrue[OF True o 02] have (WHILE b DO ¢, s) = 1 + p
+ p2 | t2 by simp

from ende ¢2 have ¢2" enat p2 + enat k « INV t2 < enat k x (INV
t 4+ 1) by simp

show ?Zthesis
apply(rule exI[where z=t2])
apply(rule exI[where z= 1 + p + p2])
apply (safe)
apply (fact)
using ende apply(simp)
proof —
have enat (Suc (p + p2)) + enat k x INV t2 = enat (Suc p) +
enat p2 + enat k x INV t2 by fastforce
also have ... < enat (Suc p) + enat k x (INV t + 1) using ¢2’
by (metis ab__semigroup__add__class.add__ac(1) add_left _mono)
also have ... < I + enat k * (INV s) using ¢
by (metis (no__types, opaque_lifting) add.commute add_left _mono
eSuc__enat iadd__Suc plus_1_eSuc(1))
also have ... < enat k + enat k x (INV s) using g0
by (simp add: Suc_lel one__enat__def)
also have ... < enat k « (INV s+ 1)
by (simp add: add.commute distrib__left)
finally show enat (Suc (p + p2)) + enat k x INV t2 < enat k *
(INVs+1).
qed
qed
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qed

from this[OF i] show 3t p. (WHILE b DO ¢, s) = p | t A enat p +
enat k « (INV t + emb (= bval b t)) < enat k « (INV s+ 1) .

qed
qed

lemma conseq”:
[For{P} c{Q}; Vs. Ps< P's;Vs. Q' s< Qs ]|=ta {P}c{Q"}
apply(rule conseqiwhere k=1]) by auto

lemma strengthen__pre:
[Vs. Ps<P's; bor {P} c{Q} ] = Far {P} ¢ {Q}
apply(rule conseq[where k=1 and Q'=Q and Q=@Q)|) by auto

lemma weaken__post:
[For {P} c{Q}; Vs. Qs> Q' s] = tao {P} c{Q"}
apply(rule conseq[where k=1]) by auto

lemma Assign”: Vs. P s > eSuc ( Q(s[a/z])) = Fa2/ {P} z == a {Q}
by (simp add: strengthen_pre[OF __ Assign])

6.4 Completeness
lemma bigstep_det: (c¢1, s) = pl | t1 = (cl,s) = p | t = pl=p A

t1=t
using big_step_t determ?2 by simp

lemma bigstepT _the_cost: (¢, s) = P | T = (THE n. Ja. (¢, s) = n
Ja)=P
using bigstep_ det by blast

lemma bigstepT the_state: (¢, s) = P | T = (THE a. In. (¢, s) = n
bay=T
using bigstep_ det by blast

lemma SKIPnot: (- (SKIP, s) = p | t) = (s#t V p#£Suc 0) by blast

lemma SKIPp: (THE p. 3t. (SKIP, s) = p | t) = Suc 0
apply (rule the__equality)
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apply fast
apply auto done

lemma SKIPt: (THE t. 3p. (SKIP, s) = p | t)
apply(rule the__equality)

apply fast
apply auto done

S

lemma ASSp: (THE p. Ex (big_step_t (z == e, s) p)) = Suc 0
apply(rule the__equality)

apply fast
apply auto done

lemma ASSt: (THE t. 3p. (x :=e, s) = p | t) = s(z := aval e s)
apply(rule the__equality)

apply fast
apply auto done

lemma ASSnot: (= (z :=¢€,5) = plt)=(p#Suc 0 V t#s(zx := aval e
s))

apply auto done

The completeness proof proceeds along the same lines as the one for
partial correctness. First we have to strengthen our notion of weakest pre-
condition to take termination into account:

definition wpQ :: com = qassn = qassn ((wpgy>) where
wpg ¢ @ = (As. (if (tp. (¢,s) = plt AN Qt<oo) then enat (THE p.
Jt. (e,s) = p U t)+ Q (THE t. Ip. (¢c,s) = p | t) else 0))

lemma wp@ _skip[simp|: wpg SKIP Q = (%s. eSuc (Q s))
apply (auto intro!: ext simp: wpQ _def)
prefer 2
apply(simp only: SKIPnot)
apply(simp)
apply (simp only: SKIPp SKIPt)
using one__enat__def plus_1_eSuc(1) by auto

lemma wpQ) ass[simp]: wpg (z == e) Q = (As. eSuc (Q (s(z = aval e
5))))
by (auto intro!: ext simp: wp@Q__def ASSp ASSt ASSnot eSuc__enat)

lemma wpt Seq[simp]: wpg (c13;¢2) Q@ = wpg c1 (wpg c2 Q)
unfolding wp@_def
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proof (rule, case_tac It p. (c1;; ¢c2, ) = p I t A Q t < 00, goal cases)

case (1 s)

then obtain u p where ter: (c¢1;; c2, s) = pJ vand @Q: Q u < oo by
blast

then obtain ¢ p! p2 where i: (¢1 , s) = p!l | ¢t and i@i: (¢c2 , t) = p2
| v and p: pI + p2 = p by blast

from bigstepT _the_state]OF i| have t: (THE t. 3p. (c1, s) = p | t) =
t
by blast
from bigstepT the state|OF ii] have t2: (THE u. 3p. (ca, t) = p | u)
=u
by blast
from bigstepT _the cost[OF i] have firstcost: (THE p. 3t. (c1, s) = p |
t) = pl
by blast
from bigstepT _the_cost[OF ii] have secondcost: (THE p. Ju. (c2, t) =
pdu)=p2
by blast

have totalcost: (THE p. Ex (big_step_t (c1;3; c2, 8) p)) = pl + p2
using bigstepT _the__cost|OF ter] p by auto

have totalstate: (THE t. I p. (c155 ¢, 8) = p I t) =u
using bigstepT _the__state[OF ter| by auto

have c2: Jta p. (ca, t) = p | ta A Q ta < ©
apply(rule exl[where z= u))
apply(rule exI[where z= p2]) apply safe apply fact+ done

have C: 3t p. (c1,s) = pd t A (if tap. (ca,t) = p taN Qta<

then enat (THE p. Ex (big_step_t (c2, t) p)) + Q (THE ta. Ip. (c2, t) =
p | ta) else 00) < oo

apply(rule exI[where z=t))

apply(rule exI[where z=p1])

apply safe

apply fact

apply(simp only: c2 if _True)

using () bigstepT _the_state ii by auto

show ?case
apply(simp only: 1 if True t t2 c2 C totalcost totalstate firstcost sec-
ondcost) by fastforce
next
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case (2 s)
show Zcase apply(simp only: 2 if False)
apply auto using 2
by force
qed

lemma wp@__If[simp]:
wpg (IF b THEN ¢y ELSE ¢3) Q = (As. eSuc (wpg (if bval b s then ¢
else c3) @ s))
apply (auto simp: wp@Q__def fun__eq iff)
subgoal for z t p i ta ia za apply(simp only: IfTrue] THEN bigstepT _the__state])
apply(simp only: IfTrue[THEN bigstepT _the__cost])
apply(simp only: bigstepT _the__cost bigstepT _the__state)
by (simp add: eSuc__enat)
apply(simp only: bigstepT _the__state bigstepT _the__cost) apply force
apply(simp only: bigstepT _the_ state bigstepT the_ cost)
proof(goal__cases)
case (I z tpita ia za)
note f= IfFalse] THEN bigstepT _the_state, of b = co za ta Suc za ci,
simplified, OF 1(4) 1(5)]
note f2= IfFalse[THEN bigstepT _the_cost, of b x ¢y xa ta Suc za c,
simplified, OF 1(4) 1(5)]
note g= bigstep_det[OF 1(1) 1(5)]
show Zcase
apply(simp only: f f2) using 1 g
by (simp add: eSuc_enat)
next
case 2
then
show Zcase
apply(simp only: bigstepT _the_ state bigstepT the_cost) apply force
done
qed

lemma hoareQ _inf: ka2 {%s. oo} ¢ { Q}

apply (induction c arbitrary: Q)

apply(auto intro: hoareQ.Skip hoare@.Assign hoare@.Seq hoareQ.conseq)

subgoal apply(rule hoare@Q.conseq) apply(rule hoareQ.If[where P=%s.
oo]) by(auto intro: hoareQ.If hoareQ.conseq)

subgoal apply(rule hoareQ.conseq) apply(rule hoare@. While[where I=%s.
oo]) apply(rule hoareQ.conseq) by auto

done
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lemma assumes b: bval b s
shows wp@Q _WhileTrue: wpg ¢ (wpg (WHILE b DO ¢) Q) s + 1 <
wpg (WHILE b DO ¢) Q s
proof (cases It p. (WHILE b DO ¢, s) = p | t AN Qt < o)
case True
then obtain t p where w: (WHILE b DO ¢, s) = p | tand ¢: Q t <
oo by blast
from b w obtain p! p2 t1 where c: (¢, s) = pl || t1 and w" (WHILE
bDOc t1)= p2 | tand sum: 1 + pl + p2 =p
by auto
have ¢: 3ta p. (WHILE b DO ¢, t1) = p | ta N Q ta < o©
apply(rule exI[where z=t))
apply(rule exI[where z=p2])
apply safe apply fact+ done

have h: 3t p. (¢, s) = p  t A (if Ftap. (WHILE b DO ¢, t) = p | ta
A Q ta < oo then enat (THE p. Ex (big_step_t (WHILE b DO ¢, t) p)) +
Q (THE ta. 3p. (WHILE b DO ¢, t) = p | ta) else 00) < 00
apply(rule exI[where z=t1])
apply(rule exI[where z=p1])
apply safe apply fact
apply(simp only: g if _True) using bigstepT _the__state bigstepT _the__cost
w’ ¢ by(auto)

have wpg ¢ (wpg (WHILE b DO ¢) Q) s+ 1 =enatp + Q' t
unfolding wp@ def apply(simp only: h if True)
apply(simp only: bigstepT _the__state|OF c| bigstepT _the__cost|OF ¢c| g
if _True bigstepT _the_state|OF w'] bigstepT _the_cost|OF w]) using sum
by (metis One__nat__def ab__semigroup__add__class.add__ac(1) add.commute
add.right_neutral eSuc__enat plus_1_eSuc(2) plus_enat_simps(1))
also have ... = wpg (WHILE b DO ¢) Q s
unfolding wp@Q_def apply(simp only: True if True)
using bigstepT _the__state bigstepT _the cost w apply(simp) done
finally show ?thesis by simp
next
case Fulse
have wpg (WHILE b DO ¢) @ s = o0
unfolding wp@_def
apply(simp only: False if False) done
then show ?thesis by auto
qged

lemma assumes b: ~ bval b s

shows wp@_WhileFalse: Qs + 1 < wpg (WHILE b DO ¢) Q s
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proof (cases It p. (WHILE b DO ¢, s) = p | t A Q t < o0)
case True
with b obtain ¢ p where w: (WHILE b DO ¢, s) = p | tand Q t < c©
by blast
with b have c¢: s=t p=Suc 0 by auto
have wpg (WHILEb DO c¢) Qs= Qs + 1
unfolding wp@__def apply(simp only: True if _True)
using w ¢ bigstepT _the cost bigstepT _the state by(auto simp add:
one__enat__def)
then show ?thesis by auto
next
case Fulse
have wpg (WHILE b DO ¢) @ s = o0
unfolding wp@__def
apply(simp only: False if _False) done
then show ?thesis by auto
qged

lemma wp@ is pre: o {wpg ¢ Q} ¢ { Q}
proof (induction ¢ arbitrary: Q)
case SKIP show ?case apply (auto intro: hoare@.Skip) done
next
case Assign show ?case apply (auto intro:hoareQ.Assign) done
next
case Seq thus Zcase by (auto intro:hoare@.Seq)
next
case (If z1 c1 ¢2 Q) thus Zcase
apply (auto intro!: hoareQ.If )
apply(rule hoare@.conseq)
apply(auto)
apply(rule hoare@.conseq)
apply(auto)
done
next
case (While b c)
show ?case
apply(rule conseqlwhere k=1])
apply(rule hoareQ. Whilelwhere I=%s. (if bval b s then wpg ¢ (wpg
(WHILE b DO ¢) Q) s else Q s)])
apply(rule conseq[where k=1])
apply (rule While[of wpg (WHILE b DO ¢) Q))
apply(case_tac bval b s)

apply(simp) apply(simp)
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subgoal for s
apply(cases bval b s)
using wp@_ While True apply simp
using wp@Q)__ WhileFalse apply simp done
apply simp

subgoal for s
apply(cases bval b s)
using wp@Q)_ WhileTrue apply simp
using wp@)_ WhileFulse apply simp done
apply(case_tac bval b s)
apply (simp) apply(simp)
apply simp done

qged

lemma wpQ is pre” For {wpg ¢ (%s. enat k x Q s )} ¢ {(%s. enat k * Q

s )}

using wp@)_is_pre by blast

lemma wpQ_is weakestprePotentiall: =2/ {P}c{Q} = (3k>0.V s. wpg
c (%s. enat kx Q s) s < enat k * P s)
apply(auto simp: hoare20__valid _def wp@Q__def)
proof (goal cases)
case (1 k)
show Zcase
proof (rule exl[where z=Fk], safe)
show 0<k by fact
next
fixstpi
assume (¢, s) = p | tenat k x Q t = enat ¢

show enat (| (¢, s)) + enat k * Q (s (¢, 8)) < enat k x P s
proof (cases P s < 00)
case True
with 7 obtain ¢ p’ where i: (¢, s) = p’ |} t and ii: enat p’ + enat k
x Qt<enatkx*x Ps
by auto
show ?thesis by (simp add: bigstepT _the__state| OF i| bigstepT _the__cost[OF
i) i)
next
case Fulse
then show ?thesis
using 1 by auto
qged
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next
fix s
assume Vit (Vp. = (¢, s) = plt) Venatk* Qt =00
then show enat k x P s = oo using 1 by force
qed
qged

theorem hoare@__complete: =2/ {P}c{Q} = a2 {P}c{ Q}
proof —
assume o/ {P}c{Q}
with wpQ)_is weakestprePotentiall obtain k& where k>0
and 1: As. wpg ¢ (As. enat k * @ s) s < enat k * P s by blast
show o/ {P}c{Q}
apply(rule conseq|OF wpQ __is_pre'])
apply(fact 1)
apply simp by fact
qged

theorem hoareQ _complete”. |=or {P}c{Q} = Far {P}c{ Q}

unfolding hoare20 walid_def
proof —

assume 3k>0.Vs. Ps < oo — (Ftp. (¢, s) = p | t A enatp+ enat
kx Qt<enathk=x Ps)

then obtain k£ where f: Vs. P s < oo — (3t p. (¢, s) = p | ¢t A enat
p+ enat kx Qt < enat k x P s) and k: k>0 by auto

show o/ {P}c{ Q}
apply(rule conseqOF wpQ_is_pre’, where Q'=Q, simplified, where
k1=Fk and k=k and QI1=Q))
unfolding wp@__def
subgoal for s
proof(cases P s < 00)
case True
with f obtain ¢ p’ where i: (¢, s) = p’ |} t and ii: enat p’ + enat
kx Qt<enatk* Ps
by auto
from i k True have iii: enat k x Q t < oo
using imult_is_infinity by fastforce
have kla: 3t p. (¢, s) = pl t ANenatk x Q t < oo
using i ¢ by auto
show ?thesis unfolding bigstepT the__state| OF 1]
unfolding bigstepT the cost[OF i
apply(simp only: kla) using ii by simp
next
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case Fulse
then show ?thesis using k by auto
qed
subgoal by auto
using k£ by auto
qged

corollary hoareQ _sound_complete: For {P}c{Q} +— 2 {P}rc{ Q}
by (metis hoareQ _sound hoare@)_complete)

6.5 Example

lemma fixes X::int assumes 0 < X shows

Z: eSuc (enat (nat (2 = X) * nat (2 = X))) < enat (5 * (nat (X * X)))
proof —

from assms have nn: 0 < X by auto

from assms have 0 < nat X by auto

then have 0 < enat (nat X) by (simp add: zero__enat__def)

then have A: eSuc 0 < enat (nat X) using ilel!

by blast

have (nat X) < (nat (XxX)) using nn nat_mult_distrib by auto
then have D: enat (nat X) < enat (nat (X+xX)) by auto

have C: (enat (nat (2 * X) * nat (2 * X))) = 4% enat (nat (X * X))
using nn nat_mult_ distrib
by (simp add: numeral_eq _enat)
have eSuc (enat (nat (2 * X) x nat (2 x X)))
= eSuc 0 + (enat (nat (2 x X) % nat (2 x X)))
using one__eSuc plus_1_eSuc(1) by auto
also have ... < enat (nat X) + (enat (nat (2 * X) % nat (2 x X)))
using A add_right _mono by blast
also have ... < enat (nat X) + 4* enat (nat (X * X)) using C by auto
also have ... < enat (nat (X * X)) + 4x* enat (nat (X % X)) using D

by auto
also have ... = 5% enat (nat (X x X))
by (metis eSuc_numeral mult__eSuc semiring_norm(5))
also have ... = enat ( 5% nat (X * X))
by (simp add: numeral_eq _enat)
finally
show ?thesis .
qged
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lemma weakenpre: [ For {P}c{Q}; (Vs. Ps< P's) | =
For {P"}e{ @} using conseq[where Q'=Q and k=1
by auto

lemma whileDecr: tbor { %s. enat (nat (s "z")) + 1} WHILE (Less (N 0)
(V "z")) DO (SKIP;; SKIP;; "z := Plus (V "z") (N (—=1))) { %s. enat
0}
apply(rule conseq[where k=4])
apply(rule Whilelwhere I=%s. enat 4 * (enat (nat (s "z'"")))])
prefer 2
subgoal for s apply(simp only: one__enat__def plus__enal__simps times__enat__simps
enat__ord__code(1)) by presburger
apply(rule Seqlwhere Po=wpg (""z" ::= Plus (V "z") (N (—=1))) (At.
enat 4 * enat (nat (t "z")) + 1)])
apply(simp)
apply(rule Seqiwhere Py=wpg (SKIP) (As. eSuc (enat (4 * nat (s
" 1)) + 1))
apply simp
subgoal apply(rule weakenpre) apply(rule Skip) apply auto
subgoal for s apply(cases s ""z" > 0) apply auto
apply(simp only: one__enat__def plus__enat__simps times__enat__simps
enat_ord__code(1) eSuc__enat) done
done
subgoal apply simp apply(rule Skip) done
subgoal apply simp apply(rule weakenpre) apply (rule Assign) by simp
apply simp
subgoal for s apply(cases s "z"" > 0) by auto
by simp

lemma whileDecrlf: o { %s. enat (nat (s "z")) + 1} WHILE (Less (N
0) (V "z")) DO ( (IF Less (N 0) (V "'z") THEN SKIP;; SKIP ELSE SKIP
);; "z = Plus (V "2y (N (=1))) { %s. enat 0}
apply(rule conseqOF While, where k=6 and I1=%s. enat 6 x (enat

(nat (s "))

prefer 2
subgoal for s apply(simp only: one__enat__def plus__enal__simps times__enat__simps
enat__ord__code(1)) by presburger

apply(rule Seqlwhere Po=wpq (""z" ::= Plus (V "z") (N (—1))) (At
enat 6 x enat (nat (t "z")) + 1)])

apply (simp)

apply(rule weakenpre)

apply(rule If[where P=wpg (IF Less (N 0) (V "z") THEN SKIP;;
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SKIP ELSE SKIP ) (As. eSuc (enat (6 = nat (s "z" — 1)) + 1))])
subgoal
apply simp
apply(rule Seq[where Py=wpg (SKIP) (Xs. eSuc (enat (6 * nat (s
" 1)) + 1))
subgoal apply(rule weakenpre) apply(rule Skip) by auto
subgoal apply(rule weakenpre) apply(rule Skip) by auto
done
subgoal
apply simp
subgoal apply(rule weakenpre) apply(rule Skip) by auto
done
subgoal
apply auto
subgoal for s apply(cases s ""z" > 0) apply auto
apply(simp only: one__enat_def plus_enal__simps times__enat__simps
enat__ord__code(1) eSuc__enat) done
subgoal for s apply(cases s "z" > 0) apply auto
apply(simp only: one__enat_def plus_enat__simps times__enat__simps
enat_ord_code(1) eSuc_enat) done
done
subgoal apply simp apply(rule weakenpre) apply(rule Assign) by simp
apply simp
subgoal for s apply(cases s ""z"" > 0) by auto
by simp

lemma whileDecrIf2: to:r { %s. enat (nat (s "z')) + 1} WHILE (Less (N
0) (V "z")) DO ( (IF Less (N 0) (V "2y THEN SKIP;; SKIP ELSE SKIP
);; "z = Plus (V "2y (N (=1))) { %s. enat 0}
apply(rule conseqOF While, where k=6 and I1=%s. enat 6 = (enat
(nat (s "5"))))
apply(rule Seqlwhere Po=wpq (""z" ::= Plus (V "z") (N (=1))) (At
enat 6 * enat (nat (t "z")) + 1)])
apply (simp)
apply(rule weakenpre)
apply(rule If[where P=wpg (IF Less (N 0) (V "2") THEN SKIP;;
SKIP ELSE SKIP ) (As. eSuc (enat (6 % nat (s "z" — 1)) + 1))])
subgoal
apply simp
apply(rule Seq[where Py=wpg (SKIP) (Xs. eSuc (enat (6 * nat (s
" 1) + 1)
subgoal apply(rule weakenpre) apply(rule Skip) by auto
subgoal apply(rule weakenpre) apply(rule Skip) by auto
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done
subgoal
apply simp
subgoal apply(rule weakenpre) apply(rule Skip) by auto
done
prefer 2
subgoal apply simp apply(rule weakenpre) apply(rule Assign) by
simp
subgoal
apply auto
subgoal for s apply(cases s ""z" > 0) apply auto
apply(simp only: one__enat_def plus__enal__simps times__enat__simps
enat__ord__code(1) eSuc__enat) done
subgoal for s apply(cases s ""z" > 0) apply auto
apply (simp only: one__enat_def plus_enat__simps times__enat__simps
enat_ord_code(1) eSuc_enat) done
done
subgoal for s apply(simp only: one__enat__def plus__enat__simps times__enat__simps
enat_ord__code(1)) by presburger
subgoal for s apply(cases s "z" > 0) by auto
by simp

end

6.6 Verification Condition Generator

theory QuantK_VCG
imports QuantK_Hoare
begin

6.6.1 Ceiling integer division on extended natural numbers

definition mydiv (a::nat) (k::nat) = (if k dvd a then a div k else (a div k)
+ 1)

lemma mydivcode: k>0 — D>k = mydiv D k = Suc (mydiv (D—k) k)

unfolding mydiv_def apply (auto simp add: le_div_geq)
using dvd__minus_self by auto

lemma mydivcodel: mydiv 0 k = 0
unfolding mydiv_def by auto
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lemma mydivcode2: k>0 — 0<D — D<k = mydiv D k = Suc 0
unfolding mydiv_def by auto

lemma mydiv_mono: a<b = mydiv a k < mydiv b k unfolding my-
div__def
apply(cases k dvd a)
subgoal apply(cases k dvd b) apply auto apply (auto simp add: div_le_mono)
using div_le_mono le_Suc__eq by blast
subgoal apply(cases k dvd b) apply auto apply (auto simp add: div_le_mono)
by (metis Suc_lel add.right_neutral div_le _mono div_mult_mod__eq
dvd_imp_mod_0 le__addl le__antisym less_le)
done

lemma mydiv_cancel: 0 < k = mydiv (k % i) k =1
unfolding mydiv_def by auto

lemma assumes k: k>0 and B: B < kxA
shows mydiv_le E: mydiv Bk < A

proof —
from mydiv_mono[OF B] and k mydiv_ cancel show ?Zthesis

by metis

qged

lemma mydiv_mult_leq: 0 < k = I<k = mydiv (IxA) k < A
by (simp add: mydiv_le_F)

lemma mydiv_cancel3: 0 < k = ¢ < k x mydiv i k
by (auto simp add: mydiv__def dividend__less__times__divle_eq less_or_eq)

definition ediv a k = (if a=o00 then oo else enat (mydiv (THE i. a=enat
i) 1))
lemma ediv_enat[simp]: ediv (enat a) k = enat (mydiv a k)
unfolding ediv_def by auto
lemma ediv_mydiv[simp|: ediv (enat a) k < enat f <— mydiva k < f

unfolding ediv_def by auto

lemma ediv _mono: a<b — ediv a k < ediv b k
unfolding ediv_def by (auto simp add: mydiv_mono)

lemma ediv_cancel2: k>0 = ediv (enat k x z) k = x
unfolding ediv_def apply(cases z=00) using mydiv__cancel by auto

lemma ediv cancel3: k>0 — A < enat k * ediv A k

155



unfolding ediv_def apply(cases A=00) using mydiv__cancel3 by auto

6.6.2 Definition of VCG

datatype acom =
Askip («SKIP») |
Aassign vname aexp  («(_ == _)» [1000, 61] 61) |
Aseq acom acom («_3;/ _» [60, 61] 60) |
Aif bexp acom acom  («(IF _/ THEN _/ ELSE _)> [0, 0, 61] 61) |
Auwhile qassn bexp acom («({_}/ WHILE _/ DO _)» [0, 0, 61] 61)
| Abst nat acom («({_}/ Ab _)» [0, 61] 61)

notation com.SKIP (<SKIP)

fun strip :: acom = com where

strip SKIP = SKIP |

strip (x == a) = (z == a) |

strip (C13; C2) = (strip Cu3; strip C2) |

strip (IF b THEN Cy ELSE Cs) = (IF b THEN strip Cy ELSE strip Cs) |
strip ({_} WHILE b DO C) = (WHILE b DO strip C) |

strip ({_} Ab C) = strip C

fun pre :: acom = gassn = qassn where
pre SKIP @) = (As. eSuc (Q s)) |
pre (z == a) Q = (As. eSuc (Q (s[a/z]))) |
pre (C1;; Ca) Q = pre Cy (pre C2 Q) |
pre (IF b THEN Cy ELSE C2) Q =
(As. eSuc (if bval b s then pre C1 Q s else pre Co Qs )) |
pre ({P} WHILE b DO C) Q = (%s. Ps+ 1) |
pre ({k} Ab C) Q = (Xs. ediv (pre C' (As. kxQ s) s) k)

In contrast to pre, vc produces a formula that is independent of the state:

fun vc :: acom = qassn = bool where

ve SKIP @ = True |

ve (z = a) @ = True |

ve (C1 55 Ca) @ = ((ve C1 (pre C2 Q) A (ve C2 Q) ) |

(e ([F b THEN Ci ELSE Cg) Q = (UC Ci1 Q N ve Cq Q) ’

ve ({I} WHILE b DO C) Q@ = ( (Vs. (pre C (As. I s+ 1)s<1Is+
Toval b s)) N ( Qs <TIs+ 1T (=bvalbs))) ANveC (%s. Is+ 1)) |

ve ({k} Ab C) Q = (ve C (As. enat kx Q ) N k>0 S/0945709/ /1557 /o00)
KA IR A I 30 A Koy o) O SO83 1 4180 Y )

6.6.3 Soundness of VCG
lemma vc_sound: ve C' Q = ko {pre C Q} strip C { Q }

156



proof (induct C arbitrary: Q)
case (Aif b C1 C2)
then have Aifl: o/ {pre C1 Q} strip C1 {Q} and Aif2: o, {pre C2 Q}
strip C2 {Q} by auto
show ?case apply auto apply(rule hoare@Q.conseq[where k=1])
apply (rule hoareQ.If[where P=%s. if bval b s then pre C1 Q s else
pre C2 @ s and Q=Q))
subgoal
apply(rule hoareQ.conseq/where k=1])
apply (fact Aifl)
subgoal for s apply(cases bval b s) by auto
apply auto done
subgoal
apply(rule hoare@.conseqlwhere k=1])
apply (fact Aif2)
subgoal for s apply(cases bval b s) by auto
apply auto done
apply auto
done
next
case (Awhile I b C)
then have i: (AQ. vc C Q = o/ {pre C Q} strip C {Q})
and it Vs.pre C (As. Is+ 1) s<ITs+ 7T (bvalbs)
and ii": N\s. Qs < Is+ 1 (- bval b s)
and dii: ve C (As. I's + 1)
by auto

from 7 it have A: o/ {pre C (As. I s+ 1)} strip C {(As. I s+ 1)} by
auto

show ?case
apply simp
apply(rule conseq[where k=1])
apply(rule Whilejwhere [=1I])
apply (rule weakenpre)
apply(rule A)
apply(rule ii") apply simp
using "’ apply auto done
next
case (Abst k C)
then have ve: ve C (As. kx @Q s) and k: k>0 by auto
from Abst(1) vc have C: os {pre C (%s. kxQ s)} strip C {(%s. kxQ
s)} by auto
show ?case apply(simp)
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apply(rule conseq)
apply(rule C) using k apply auto
using ediv__cancel3 by auto
qed (auto intro: hoareQ.Skip hoareQ.Assign hoare@.Seq )

lemma vc_sound”: Jve C Q ; (Vs. pre C Qs < Ps) ] = Fo {P} strip
c{Q}
apply(rule hoareQ.conseq/where k=1])
apply(rule ve__sound) by auto

lemma vc_sound”: Jvc C Q'; (Vs. pre C Q' s < kx Ps) ; (A\s. enat k
x Qs < Q's); k>0] = bo {P}stripC{Q}
apply (rule hoareQ.conseq )
apply(rule ve__sound) by auto

6.6.4 Completeness

lemma pre_mono: assumes As. P/ s < P s
shows As. pre C P's < pre CP s
using assms by (induct C arbitrary: P P, auto simp: ediv_mono mult_left_mono

)

lemma vc_mono: assumes A\s. P' s < P s
shows v¢ C P = vc C P’
using assms
proof (induct C arbitrary: P P’)
case (Awhile I b C Q)
thus Zcase
apply (auto simp: pre_mono)
using order.trans by blast
next
case (Abst z1 C)
then show ?case by (auto simp: mult_left_mono)
qed (auto simp: pre_mono)

lemmaty { P} c{Q}=3C. strip C=cANvcCQAN(Vs. pre CQ
s< Pys)

(is_ = 3C.2GPcQ0)
proof (induction rule: hoareQ.induct)

case (conseq P ¢ Q k P’ Q')

then obtain C where strip: strip C' = ¢ and ve: ve C @ and pre: As.
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pre C Q s < Ps
by blast

{ fix s
have pre C' (As. enat k x Q' s) s < pre C' Q s using pre_mono conseq(3)
by simp
also
from pre conseq(2) have ... < enat k * P’ s using order.trans by
blast
finally have pre C' (Xs. enat k * Q" s) s < enat k x P’ s by auto
then have ediv (pre C (As. enat k * Q' s) s) k < ediv (enat k * P’
s) k using ediv_mono by auto
moreover note ediv_cancel2[OF conseq(4)]
ultimately have ediv (pre C (As. enat k x Q' s) s) k < P's
by simp
} note compensate=this

show ?case
apply(rule exI[where z={k} Ab C])
apply (safe)
subgoal using strip by simp
subgoal apply simp apply safe
subgoal using vc ve_mono conseq(3) by force
subgoal by fact
done
subgoal apply simp using compensate by auto
done
next
case (Skip P)
show Zcase (is 3C. 7C C)
proof show ?C Askip by auto qed
next
case (Assign P a x)
show Zcase (is 3C. 72C ()
proof show ?C(Aassign x a) by auto qed
next
case (If P b c1 Q c2)
from If(3) obtain C1 where stripl: strip C1 = ¢; and vcl: ve C1 Q
and prel: (As. pre C1 Q s < (P s + T(bval b 5)))
by blast
from If(4) obtain C2 where strip2: strip C2 = co and vc2: ve C2 Q
and pre2: (As. pre C2 (As. Q@ s) s < (P s+ 1(— bval b s)))
by blast
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show Zcase
apply(rule exI[where z=IF b THEN C1 ELSE C2], safe)
subgoal using strip1 strip2 by auto
subgoal wusing vcil vc2 by auto
subgoal for s using prel|of s| pre2|of s| by auto
done
next
case (Seq Py ¢1 Py co P3)
from Seq(3) obtain C1 where strip1: strip C1 = ¢; and vcl: ve C1 Py
and prel: (Vs. pre C1 P s < Py s) by blast
from Seq(4) obtain C2 where strip2: strip C2 = co and vc2: ve C2 P3
and pre2: A\s. pre C2 P3 s < Py s by blast

{

fix s
have pre C1 (pre C2 P3) s < Py s
apply (rule order.transjwhere b=pre C1 P3 s))
apply(rule pre_mono) using pre2 apply simp using prel by simp
} note pre = this
show Zcase
apply(rule exI[where z=C1 ;; C2], safe)
subgoal using strip! strip2 by simp
subgoal apply simp apply safe using vcl vc2 ve_mono pre2 by auto

subgoal apply simp using pre by auto
done
next
case (While I b ¢)
from While(2) obtain C where strip: strip C = ¢ and vc: ve C (Aa. [
a+ 1)
and pre: As. pre C (Aa. [ a + 1) s < Is+ 1 (bval b s) by blast
show ?case
apply(rule exI[where z={I} WHILE b DO C], safe)
subgoal using strip by simp
subgoal apply simp using pre vc by auto
subgoal by simp
done
qed

lemmatz {P}c{Q}=3C.stripC=cAhvcCQAN(Vs. preCQ
s < Pys)

(is_ = 3C.2GPcQQC)
proof (induction rule: hoareQ'.induct)

case (ZSkip P)
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show Zcase (is 3C. 7C C)

proof show ?C Askip by auto

qed
next

case (ZAssign P a x)

show Zcase (is 3C. 7C ()

proof show ?C(Aassign x a) by simp qed
next

case (ZIf P b c; Q c2)

from ZIf(3) obtain C1 where stripl: strip C1 = ¢; and vel: ve C1 Q
and prel: (As. pre C1 Q@ s < P s+ 1 (bval b s)) by blast

from ZIf(4) obtain C2 where strip2: strip C2 = co and vc2: ve C2 Q
and pre2: (As. pre C2 Q s < P s+ 1 (= bval b s)) by blast

show ?case apply(rule exI[where z=IF b THEN C1 ELSE C2))
apply (safe)
subgoal using stripl strip2 by auto
subgoal using vcl vc2 by auto
subgoal for s apply auto
subgoal using prel [of s] by auto
subgoal using pre2[of s] by auto
done
done
next
case (ZSeq P1 C1 P2 Co Pg)
from ZSeq(3) obtain C1 where stripl: strip C1 = ¢; and vel: ve C1
Py and prel: (Vs. pre C1 Py s < Py s) by blast
from ZSeq(4) obtain C2 where strip2: strip C2 = ¢y and vc2: ve C2
Ps and pre2: (Vs. pre C2 Ps s < Py s) by blast
{
fix s
have pre C1 (pre C2 P3) s < Py s
apply(rule order.transjwhere b=pre C1 Pj s))
apply(rule pre_mono) using pre2 apply simp using prel by simp
} note pre = this
show ?case apply(rule exl[where z=C1 ;; C2])
apply safe
subgoal using strip1 strip2 by simp
subgoal using vcl vc2 ve_mono pre2 by auto
subgoal using pre by auto
done
next
case (ZWhile I'b c)
from ZWhile(2) obtain C' where strip: strip C = ¢ and vc: ve C (Aa.
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Ia+ 1)
and pre: As. pre C (Aa. [ a + 1) s < Is+ 1 (bval b s) by blast
show ?case apply(rule exl[where z={I} WHILE b DO ()
apply safe
subgoal using strip by simp
subgoal using pre vc by auto
subgoal by simp
done
next
case (Zconseq' P ¢ Q P' Q')
then obtain C where strip C = ¢ and vc: ve C @ and pre: As. pre C
Q@ s < P s by blast

from pre_mono|OF Zconseq'(3)] have 1: \s. pre C Q' s < pre C @ s
by auto

show ?case
apply(rule exI[where z=C])
apply safe
apply fact
subgoal using vc Zconseq'(3) ve_mono by auto
subgoal using pre Zconseq'(2) 1 using order.trans by metis
done
next
case (Zconst k P ¢ Q)
then obtain C where strip: strip C = ¢ and vc: ve C (Aa. enat k * Q

a
)
and k: k>0 and pre: \s. pre C (Ma. enat k * @ a) s < enat k * P s by
blast
show ?case
apply(rule exI[where z={k} Ab C]) apply safe
subgoal using strip by auto
subgoal using vc k by auto
subgoal apply auto using ediv_mono[OF pre] ediv__cancel2|OF k] by
metis
done
qged

end

6.7 Examples for quantitative Hoare logic

theory QuantK_FExamples
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imports QuantK_VCG
begin

fun sum :: int = int where
sum i = (if 1 < 0 then 0 else sum (i — 1) + 1)

abbreviation wsum ==
WHILE Less (N 0) (V "z
DO (//y// = Plus (V //y//) (V //.’.C//);;
""" = Plus (V "z") (N (= 1)))

lemma ezample: o/ {Xs. enat (2 4+ 3*n) + emb (s "z"" = int n)} "y ==
N 0;; wsum {Xs. 0 }
apply(rule Seq)
prefer 2
apply(rule conseq’)
apply(rule While[where I=\s. enat (3 * nat (s ""z"))])
apply(rule Seq)
prefer 2
apply (rule Assign)
apply(rule Assign’)
apply (simp)
apply(safe) subgoal for s apply(cases 0 < s ""z'") apply(simp)
apply (smt Suc_eq plusl Suc_nat_eq nat_zaddl distrib_left _numeral
eSuc__numeral enat_numeral eq iff tadd__Suc__right nat_mult_1_right one__add_one
plus_1_eSuc(1) plus_enat_simps(1) semiring _norm(5H))
apply(simp) done
apply blast
apply simp
apply(rule Assign’)
apply simp
apply(safe) subgoal for s apply(cases s "z = int n) apply(simp)
apply (simp add: eSuc__enat plus_1_eSuc(2))
apply simp
done
done
lemma ezample sound: o/ {\s. enat (2 + 3%n) + emb (s "z" = int n)}
"y" = N 0;; wsum {As. 0 }
apply(rule hoareQ _sound) apply (rule example) done
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schematic__goal o/ {As. ?A s + emb (s "z" = int n)} "y" ==

wsum {As. 0 }
apply (rule Seq)
prefer 2
apply(rule conseq’)
apply(rule While)
apply(rule Seq)
prefer 2
apply(rule Assign)
apply(rule Assign’)
apply (simp)
apply(safe) apply(case_tac 0 < s "z"") apply(simp) defer
apply(simp)
apply blast
apply simp
apply(rule Assign’)
apply simp
apply(safe) apply(case_tac s "z" = int n) apply(simp)
apply (simp add: eSuc_enat plus 1_eSuc(2)) defer
apply simp
prefer 2 apply auto oops

6.7.1 Example for VCG

lemma o, {As. 1} SKIP ;; SKIP {)s. 0 }
proof —
have o/ {As. enat 1} strip ({2} Ab (SKIP ;; SKIP)) {Xs. 0 }
apply(rule ve__sound’)
apply(auto simp: eSuc__enat zero__enat__def)
by (simp add: mydivcode mydivcodel mydivcode2)
then show ?thesis by (simp add: one__enat__def)
ged

N 0;;

lemma hoare@) Seq assoc: o {P} A;; By, C {Q} = (F2r {P} 4;; (B;; €)

{@})

by (auto simp: hoare2o_valid__def hoareQ _sound__complete Seq t_assoc)

lemma o/ {As. 1} SKIP ;; SKIP ;; SKIP {)s. 0 }
proof —

have o/ {Xs. enat 1} strip ({2} Ab (SKIP ;; {2} Ab (SKIP ;; SKIP)))

{As. 0}
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apply(rule ve__sound’)
apply(auto simp: eSuc__enat zero__enat__def)
by (simp add: mydivcode mydivcodel mydivcode2)
then show ?thesis by (simp add: one__enat__def hoare@)__Seq assoc)
qed

abbreviation Wsum ==
{As. enat (3 * nat (s "z'"))} WHILE Less (N 0) (V "z")
DO (//y// = Plus (V //y//) (V //.’.C//);;
""" = Plus (V "z") (N (= 1)))

lemma 3/ {As. enat (2 + 3xn) + emb (s "z” = int n)} "y"" == N 0;;
wsum {As. 0 }
proof —
have ko {As. enat (2 + 3%n) + emb (s "z" = int n)} strip ("y" == N
0;; Wsum) {As. 0 }
apply (rule ve__sound’)
subgoal
apply simp
apply(safe) subgoal for s apply(cases 0 < s "'z"’)
apply (simp)
apply ( smt Suc__eq_plusl Suc_nat_eq nal_zadd1 distrib_left _numeral
eSuc__numeral enat__numeral eq iff iadd__Suc_right nat_mult_1_right one__add__one
plus 1 _eSuc(1) plus enat_simps(1) semiring norm(5))
apply(simp) done
done
subgoal
apply simp
apply(safe) subgoal for s apply(cases s "z" = int n) apply(simp)

apply (simp add: eSuc__enat plus_1_eSuc(2))
apply simp
done
done
done
then show ?thesis by simp
ged

lemma assumes n0: n>0 shows o/ {As. enat (n ) + emb (s "z"" = int
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n)} "y” = N 0;; wsum {As. 0 }
proof —
from n0 obtain n’ where n’ n=Suc n’
using not0_implies__Suc by blast
have Fy/ {As. enat (n ) + emb (s "z" = int n)} strip ({5} Ab ("y" ==
N 0;; Wsum)) {As. 0 }
apply(rule ve__sound’)
subgoal
apply simp
apply(safe) subgoal for s apply(cases 0 < s "'z")
apply (simp)
apply ( smt Suc__eq plusl Suc_nat_eq nat_zadd1 distrib_left _numeral
eSuc_numeral enat__numeral eq iff iadd__Suc_right nat_mult_1_right one__add__one
plus_1_eSuc(1) plus_enat_simps(1) semiring _norm(5))
apply(simp) done
done
subgoal
apply simp
apply(safe) subgoal for s apply(cases s "z" = int n) apply(simp)

subgoal apply (simp add: eSuc__enat plus_1_eSuc(2))
apply(simp add: n') apply (simp add: mydiv_le_F) done
apply simp
done
done
done
then show ?thesis by simp
qged

lemma o/ {As. enat (n+1) + emb (s "z" = int n)} "y"” == N 0;; wsum
{As. 0}
proof —
have o/ {)s. enat (n+1) + emb (s ""z" = int n)} strip ({3} Ab ("'y" ==
N 0;; Wsum)) {As. 0 }
apply(rule ve_sound’)
subgoal
apply simp
apply(safe) subgoal for s apply(cases 0 < s "'z"’)
apply (simp)
apply ( smt Suc__eq_plusl Suc_nat_eq nat_zadd1 distrib_left _numeral
eSuc__numeral enat__numeral eq iff iadd__Suc__right nat_mult_1_right one__add__one
plus 1 _eSuc(1) plus enat_simps(1) semiring norm(5))
apply(simp) done
done
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subgoal
apply simp
apply(safe) subgoal for s apply(cases s "z

"1 __

int n) apply(simp)

subgoal apply (simp add: eSuc__enat plus_1_eSuc(2))

apply (simp add: mydiv_le_FE) done
apply simp
done
done
done
then show ?thesis by simp
qed

abbreviation Wsuml z ==

{Xs. enat (z * nat (s "z""))} WHILE Less (N 0) (V "z"")

DO ("y" == Plus (V "y") (V "z"");
"g!" = Plus (V "z") (N (= 1)))

abbreviation Wsum2 n vier ==

{As. enat (vier % (nat (s "z"") + n+ 1)) } WHILE Less (N 0) (V "z")

DO ("y" == Plus (V "y") (V "z");
"g! := Plus (V "z"") (N (= 1)))

end
theory QuantK_Sqrt

imports QuantK_VCG HOL— Library.Discrete_ Functions

begin

6.8 Example: discrete square root in the quantitative Hoare

logic

As an example, consider the following program that computes the discrete

square root:

definition ¢ :: com where c¢=
"":= N0
"m! = Ng *
"r':= Plus (N 1) (V "z");
(WHILE (Less (Plus (N 1) (V "I")) (V "r"))
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DO ("m" ::= (Div (Plus (V "U'""y (V "r')) (N 2)) 3
(IF Not (Less (Times (V "m'") (V "m")) (V "z"))
THEN """ .= V "m"
ELSE "r" ::= V "m");
"m" == N 0))

In this theory we will show that its running time is in the order of
magnitude of the logarithm of the variable "x”

a little lemma we need later for bounding the running time:

lemma absch: N\sk. 1 +s"2"=2"k= 5%k < 96 + 100 * floor_log
(nat (s "z'))
proof —

fix s :: state and k :: nat

assume F: 1 +s"z""=2"k

then have i: nat (1 + s "z') = 2 "k and nn: s "z"> 0 apply (auto
simp: nat_power _eq)

by (smt one__le__power)

have F: 1 + nat (s "z") = 2 "k unfolding i[symmetric] using nn by
auto

show § x k < 96 + 100 x floor_log (nat (s "z'""))

proof (cases s ""z"' > 1)

case True
have 5 x k = 5 x (floor_log (27k)) by auto
also have ... = 5 x floor_log (1 + nat (s ""z"")) by (simp only: F[symmetric])
also have ... < § « floor_log (nat (s "z"" + s "z")) using True
apply auto apply(rule monoD[OF floor_log_mono)) by auto
also have ... = 5 x floor_log (2 x nat (s "z")) by (auto simp:
nat_mult_distrib)
also have ... = 5 + 5 * (floor_log (nat (s ""z'""))) using True by auto

also have ... < 96 + 100 * floor_log (nat (s "z'")) by simp
finally show ?thesis .
next
case Fulse
with nn have gt1: s = 0 by auto
from Flunfolded gt1] have 2 ~ k = (1::int) using floor_log _Suc_zero
by auto
then have k=0
by (metis One__nat__def add.right_neutral gt1 i n_not_Suc_n nat_numeral
nat__power_eq_Suc__0_iff numeral _2_eq 2 numeral__One)
then show ?thesis by (simp add: gt1)
qed
qed

1.1
X

For simplicity we assume, that during the process all segments between
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”1” and ”r” have as length a power of two. This simplifies the analysis. To
obtain this we choose the prepotential P accordingly.

Now lets show the correctness of our time complexity: the binary search
is in O(log "x”)

lemma
assumes
P:P =M\s.t( 3k 1 +s"2" =27k)) + (floor_log (nat (s "z"))
+ 1)) and
Qlsimpl: @ = (A_. 0)
shows ta/ {P} c {Q}
proof —

— first we create an annotated command
let 2lb = "m" =
(Div (Plus (V "l") (V "'r"")) (N 2)) ;;
(IF Not (Less (Times (V "m") (V "m")) (V "z""))
THEN "l" .=V "m”
ELSE "r" =V "m");;
("m" ::= N 0)::acom
— with an invariant potential
define I where I = (As::state. ((emb (s "I">0 A (k. sr" — s
""=27"k))+ 5 % floor_log (nat (s "'r"") — nat (s "1")))::enat) )
let 2C = (("l"":= N 0) :: acom) ;; ("m"” := N 0) 3; "r":= Plus (N 1)
(V "z");; ({1} WHILE (Less (Plus (N 1) (V "1")) (V "r'")) DO ?Ib)

— we show that the annotated command corresponds to the command we
are interested in
have s: strip ?C = ¢ unfolding ¢ _def by auto

— now we show that the annotated command is correct; here we use the
VCG for the QuantK logic

have v: o, {P} strip 2C {Q}

proof (rule vc_sound”, safe)

— A) first lets show the verification conditions:
show vc ?C () apply auto
unfolding I def
subgoal for s
apply(cases (3k. s "'r" — s "l" = 2 " k)) apply auto
apply(cases (1 + s "l < s "'r")) apply auto
apply(cases 0 < s "l") apply auto
proof (goal cases)
case (1 k)
then have k>0 using gr0I by force
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then obtain k' where k" k=k'+1 by (metis Suc_eq _plusl Suc__pred)

from 1 k' have R: s 'r" — (s """ + s "r") div 2 = 2 T k' by auto

have gN: s "l""<s "r"" s "1'">0 s "r" > 0 using 1 by auto

have n: nat (s "'r” — (s """ 4+ s "'r") div 2 ) = nat (s "r") — nat
((s """+ s "'r"y div 2)

using gN apply(simp add: nat__diff _distrib nat__div_distrib) done

have R nat (s "r"") — nat ((s "l" + s "'r") div 2) = 2 "k’
apply(simp only: n[symmetric] R nat_power _eq) by auto
have S”: nat (s "'r") — nat (s "l") = 2 "k
using gN apply(simp only: nat_diff _distrib[symmetric] 1(2)
nat_power_eq) by auto
have N: 0 < (s "l1"” + s "r"") div 2 using gN by auto

from N show ?case apply (simp ) apply (simp only : R R" S’ k')
by (auto simp: eSuc__enat plus_1_eSuc(2))
qed
subgoal for s
apply(cases k. s — s """ =2 " k) apply auto
apply (cases (1 + s "1"” < s 'r")) apply auto
apply(cases 0 < s "l") apply auto
proof (goal cases)
case (1 k)
from 1(2,3) have k>0 using gr0I by force
then obtain k' where k”: k=k’+1 by (metis Suc_eq plusl Suc_pred)

11,11
r

from 1 k' have R: (s "l + s "'r") div 2 — s 1" = 2 7 k' by auto

have gN: s "l"'<s "r"" s "l'">0 s "r"" > 0 using 1 by auto

have n: nat ((s 1" + s "'r") div 2 — s "l") = nat ( (s "l" + s "'r")
div 2) — nat (s "'1")

using gN apply(simp add: nat_diff _distrib nat_div_distrib) done

have R" nat ( (s "l" + s "r") div 2) — nat (s "l") = 2 "k’
apply (simp only: n[symmetric] R nat_power_eq) by auto
have S nat (s "'r"") — nat (s "I") = 2 "k
using gN apply(simp only: nat_diff _distriblsymmetric] 1(2)
nat__power_eq) by auto

show ?case apply (simp only : R R’ S’ k') by (auto simp: eSuc__enat
plus_1_eSuc(2))
ged done
next
— B) lets show that the precondition implies the weakest precondition,
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and that the time bound of C can be bounded by log "x”
fix s
show pre ?C Q) s < enat 100 x P s unfolding I def apply(simp only:
P) apply auto apply(cases (3k. 1 + s "z" =2 "k))
apply (auto simp: eSuc__enat plus_1_eSuc(2) nat_power_eq)
using absch by force
qed auto

from s v show ?thesis by simp
qged

end

7 Partial States

7.1 Partial evaluation of expressions

theory Partial Fvaluation
imports AExp Vars
begin

type__synonym partstate = (vname = wval option)

definition emb :: partstate = state = stale where
emb ps s = (%v. (case (ps v) of (Some r) = r | None = s v))

definition part :: state = partstate where
part s = (%v. Some (s v))

lemma emb_ part[simp|: emb (part s) ¢ = s unfolding emb__def part_def
by auto

lemma part_emb[simp]: dom ps = UNIV = part (emb ps q¢) = ps un-
folding emb__def part_def apply(rule ext)
by (simp add: domD option.case__eq if)

lemma dom__part[simp]: dom (part s) = UNIV unfolding part def by
auto
abbreviation optplus :: int option = int option = int option where

optplus a b = (case a of None = None | Some a’ = (case b of None =
None | Some b" = Some (a’ 4+ b))
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abbreviation opttimes :: int option = int option = int option where
opttimes a b = (case a of None = None | Some a’ = (case b of None =
None | Some b" = Some (a’ * b))

abbreviation optdiv :: int option = int option = int option where optdiv
a b = (case a of None = None | Some a’ = (case b of None = None |
Some b" = Some (a’ div b")))

fun paval’ :: aexp = partstate = wval option where
paval’ (N n) s = Some n |

paval’ (V) s = s x|

paval’ (Plus a1 ag) s = optplus (paval” ay s) (paval’ ag s) |
paval’ (Times a1 az) s = opttimes (paval’ a1 s) (paval’ ag s) |
paval’ (Div a1 ag) s = optdiv (paval’ a1 s) (paval’ ay s)

lemma paval’ a ps = Some v = vars a C dom ps
proof (induct a arbitrary: v)
case (Plus al a2)
from Plus(3) obtain v! where 1: paval’ al ps = Some vl
by fastforce
with Plus(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Plus(1)[OF 1] Plus(2)[OF 2] show ?case by auto
next
case (Times al a2)
from Times(3) obtain vl where 1: paval’ al ps = Some vl
by fastforce
with Times(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Times(1)[OF 1] Times(2)[OF 2] show ?case by auto
next
case (Div al a2)
from Div(3) obtain v! where 1: paval’ al ps = Some vl
by fastforce
with Div(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Div(1)[OF 1] Div(2)[OF 2] show ?case by auto
qed (simp__all, blast)

lemma paval’_aval: paval’ a ps = Some v = aval a (emb ps s) = v
proof (induct a arbitrary: v)
case (Plus al a2)
from Plus(3) obtain v! where 1: paval’ al ps = Some vl
by fastforce
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with Plus(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Plus(1)[OF 1] Plus(2)[OF 2] Plus(3) 1 2 show ?case by auto
next
case (Times al a2)
from Times(3) obtain vl where 1: paval’ al ps = Some vl
by fastforce
with Times(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Times(1)[OF 1] Times(2)[OF 2] Times(3) 1 2 show ?case by
auto
next
case (Div al a2)
from Div(3) obtain vl where I: paval’ al ps = Some vl
by fastforce
with Div(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Div(1)[OF 1] Diw(2)[OF 2] Div(3) 1 2 show ?case by auto
qed (simp__all add: emb__def)

fun paval :: aexp = partstate = val where
paval (N n) s =n |

paval (V ) s = the (s z) |

paval (Plus a1 a2) s = paval a1 s + paval ag s |
paval (Times a1 a2) s = paval a1 s * paval ag s |
paval (Div a1 az) s = paval a1 s div paval ag s

lemma paval _aval: vars a C dom ps = paval a ps = aval a (Av. case ps
v of None = s v | Some r = r)
by (induct a, auto)

lemma paval’_paval: vars a C dom ps = paval’ a ps = Some (paval a

ps)
by (induct a, auto)

lemma paval paval”: paval’ a ps = Some v = paval a ps = v
proof (induct a arbitrary: v)
case (Plus al a2)
from Plus(3) obtain v! where 1: paval’ al ps = Some vl
by fastforce
with Plus(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Plus(1)[OF 1] Plus(2)[OF 2] Plus(3) 1 2 show ?case by auto
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next
case (Times al a2)
from Times(3) obtain vl where 1: paval’ al ps = Some vl
by fastforce
with Times(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Times(1)[OF 1] Times(2)[OF 2] Times(3) 1 2 show ?case by
auto
next
case (Div al a2)
from Div(3) obtain v! where 1: paval’ al ps = Some vl
by fastforce
with Div(3) obtain v2 where 2: paval’ a2 ps = Some v2
by fastforce
from Div(1)[OF 1] Div(2)[OF 2] Div(3) 1 2 show ?case by auto
qed simp_all

fun pbval :: bexp = partstate = bool where
pbval (Be v) s = v |

pbval (Not b) s = (— pbval b s) |

pbval (And by by) s = (pbval by s A pbual by s) |
pbval (Less a1 a2) s = (paval ay s < paval az s)

abbreviation optnot where optnot a = (case a of None = None | Some
a’ = Some (~a'))

abbreviation optand where optand a b = (case a of None = None |
Some a’ = (case b of None = None | Some b’ = Some (a’ A b))
abbreviation optless where optless a b = (case a of None = None |
Some a’ = (case b of None = None | Some b’ = Some (a’ < b")))

fun pbuval’ :: bexp = partstate = bool option where

pbual’ (Be v) s = Some v |

pbual’ (Not b) s = (optnot (pbval’ b s)) |

pbual’ (And by ba) s = (optand (pbval’ by s) (pbval’ be s)) |
pbual’ (Less a1 az) s = (optless (paval’ a1 s) (paval’ az s))

lemma pbval’ _pbval: vars a C dom ps => pbval’ a ps = Some (pbval a

ps)
apply(induct a) apply (auto simp: paval’ _paval) done

174



lemma paval_aval _vars: vars a C dom ps = paval a ps = aval a (emb

ps s)
apply(induct a) by (auto simp: emb__def)

lemma pbval _bval_vars: vars b C dom ps = pbval b ps = bval b (emb ps
s)

apply(induct b) apply (simp__all)

using paval _aval _varsjwhere s=s| by auto

lemma paval’dom: paval’ a ps = Some v = vars a C dom ps
proof (induct a arbitrary: v)
case (Plus al a2)
then show ?case apply auto
apply fastforce
by (metis (no__types, lifting) domD option.case__eq_if option.collapse
subset__iff)
next
case (Times al a2)
then show ?case apply auto
apply fastforce
by (metis (no__types, lifting) domD option.case__eq if option.collapse
subset__iff)
next
case (Div al a2)
then show ?case apply auto
apply fastforce
by (metis (no__types, lifting) domD option.case__eq if option.collapse
subset__iff)
qed auto

end

theory Product__Separation__Algebra

imports Separation_ Algebra.Separation__Algebra
begin

instantiation prod :: (sep__algebra, sep__algebra) sep__algebra
begin

definition
zero__prod_def: 0 = (0, 0)

definition
plus_prod_def: m1 + m2 = (fst m1 + fst m2 , snd m1 + snd m2)
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definition
sep__disj_prod_def: sep_disj m1 m2 = sep_disj (fst m1) (fst m2) A
sep_disj (snd m1) (snd m2)

instance
apply standard unfolding sep disj prod_def zero_prod__def plus_prod__def

subgoal by auto

subgoal by (auto simp: sep__disj _commutel)

subgoal by (auto )

subgoal using sep add__commute by metis

subgoal by (auto simp: sep__add__assoc)

subgoal apply auto using sep_disj addD1 by metis+
subgoal apply auto using sep disj addll apply auto done
done

end

lemma sep_disj _prod _commute[simp]: (ps, 0) ## (0, n) (0, n) ## (ps,
0) unfolding sep_ disj _prod__def by auto

lemma sep disj _prod__conv[simp|: (a, x) ## (b, y) = (a##b N x##y)
unfolding sep disj prod__def by auto

lemma sep_plus _prod__conv|simp|: (ps, n) + (ps’, n') = (ps + ps’, n +
n') unfolding plus prod_def by auto

lemma
fixes h :: ("a::sep_algebra) = ('b::sep_algebra)
shows ((%(a,b). Pa Ab=0) xx (%(a,b). a =0 N Qb)) =
(%(a,b). Pa A Qb) unfolding sep_conj def sep disj prod_ def plus _prod_ def
apply auto apply(rule ext) apply auto by force

instantiation nat :: sep_algebra
begin

definition
sep__disj_nat__def[simp|: sep__disj (m1::nat) m2 = True

instance

apply standard by(auto)
end
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lemma
fixes h :: nat
shows (P #x Q xx H) h = (Q *x H *x P) h
by (simp add: sep__conj_ac)

lemma
fixes h :: ("a::sep_algebra) = ('b::sep__algebra)
shows (P #x Q #x H) h = (Q #x H xx P) h
by (simp add: sep__conj_ac)

lemma
fixes h :: nat * nat
shows (P #x Q xx H) h = (Q *x H *x P) h
by (simp add: sep__conj_ac)

end
theory Sep Algebra_Add
imports Separation_ Algebra.Separation__Algebra Separation__Algebra.Sep Heap Instance
Product__Separation__Algebra
begin

definition puree :: bool = 'h::sep__algebra = bool (1)) where puree P =
Ah. h=0 N P

lemma puree_alt: 1® = ((®) and O)
by (auto simp: puree__def sep _empty_def)

lemma pure_alt: (P) = (1P *x sep_true)
apply (clarsimp simp: puree__def)
proof —
{ fix aa :: 'a
obtain aaa :: (‘a = bool) = ('a = bool) = ’'a where
f1: Ap pa a pb pc aa. (= (p A* pa) a V p (aaa p pb) V (pb Ax
pa) a) A (= pb (aaa p pb) V = (p Ax pc) aa V (pb Ax pc) aa)
by (metis (no__types) sep__globalise)
then have 3p. ((Aa. a = 0) A* p) aa
by (metis (full_types) sep__conj _commutel sep_conj sep _emptyE
sep__empty__def)
then have = ® vV ® A ((Aa. a = 0) Ax (Aa. True)) aa
using ff1 by (metis (no__types) sep__conj_commutel) }
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then show (Aa. @) = (Aa. ® A ((Ma. (a::'a) = 0) Ax (Ma. True)) a)
by blast
qed

abbreviation NO_PURE :: bool = ('h::sep__algebra = bool) = bool
where NO_PURE X Q= (NO_MATCH ({X)::'h=bool) Q N NO_MATCH

((1X)::"h=-bool) Q)

named__theorems sep_simplify < Assertion simplifications»

lemma sep_reorder[sep__simplify]:
((a Ax b) Ax ¢) = (a Ax b Ax ¢)
(NO_PURE X a) = (a #x b) = (b ** a)
(NO_PURE X b) = (b Ax a Ax ¢) = (a Ax b Ax ¢)
(Q #x (P)) = ((P) ** Q)
(Q *x TP) = (1P *x Q)
NO_PURE X Q = (Q ** (P) #x F) = ((P) *x Q *x F)
NO_PURE X Q = (Q #x TP xx F) = (TP *x @ *x F)
by (simp__all add: sep.add__ac)

lemma sep__combinel [simp]:
(TP #x 1Q) = T(PAQ)
((P) (@) = (PAQ)
(1P ++ (Q)) = (PAQ)
((P) %+ 1Q) = (PAQ)
apply (auto simp add: sep__conj _def puree__def intro!: ext)
apply (rule_tac z=0 in ezl)
apply simp
done

lemma sep_combine2[simp):
(1P 5 1Q *+ F) = (N(PAQ) 5 F)
((P) #x (Q) *xx F) = ((PAQ) *x F)
(1P 45 (Q) + F) = ((PAQ) ++ F)
((P) #x 1Q xx F) = ((PAQ) *x F)
apply (subst sep.add__assoc[symmetric]; simp)+
done

lemma sep__extract_pure[simp]:
NO_MATCH True P = ((P) xx Q) h = (P A (sep_true xx Q) h)
(1P Q) h = (P A Qh)
1 True = O
1 False = sep_ false
using sep_conj sep true_right apply fastforce
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by (auto simp: puree__def sep__empty__def[symmetric])

lemma sep_ pure_ front2[simpl:
(TP sxx A *x 1Q xx F) = (1(P A Q) xx F xx A)
apply (simp add: sep__reorder)
done

lemma ex_h_simps[simp]:
Ex (10) «— @
Ex (1® *x P) <— (® A Ez P)
apply (cases ®; auto)
apply auto
done

lemma
fixes h :: ("a = 'b option) * nat
shows (P #x Q xx H) h = (Q *x H *x P) h
by (simp add: sep__conj_ac)

lemma map le substate _conv: map_le = sep__substate
unfolding map_le_def sep_ substate def sep disj fun_ def plus_fun__ def
domain__def dom__def none__def apply (auto intro!: ext)
subgoal for m1 m2 apply(rule exl[where x=%z. if (3y. m1 z = Some
y) then None else m2 x])
by auto
by blast

end

7.2 Big step Semantics on partial states

theory Big StepT Partial

imports Partial_FEvaluation Big_StepT SepLogAdd/Sep Algebra_Add
HOL— Eisbach. Fisbach

begin

type__synonym lvname = string
type__synonym pstate_t = partstate * nat
type__synonym assnp = partstate = bool
type_ synonym assn2 = pstate_t = bool
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7.2.1 helper functions

restrict definition restrict where restrict S s = (%z. if x:S then Some
(s x) else None)

lemma restrictl: Va€S. s1 x = s2 x = restrict S s1 = restrict S s2
unfolding restrict_def by fastforce

lemma restrictl: restrict S s1 = restrict S s2 = sl = s2on S
unfolding restrict_def by (meson option.inject)

lemma dom__restrict[simp|: dom (restrict S s) = S
unfolding restrict_def
using domlIff by fastforce

lemma restrict_less part: restrict St < part t

unfolding restrict _def map_le_substate__conv[symmetric] map_le_def
part__def apply auto

by (metis option.simps(3))

Heap helper functions fun Imaps to_expr :: aexp = wval = assn2
where
Imaps_to_expr a v = (%(s,c). dom s = vars a A paval a s = v A ¢ = 0)

fun Imaps_to_expr x :: vname = aexp = val = assn2 where
Imaps_to_expr_z x a v = (%(s,c). dom s = vars a U {z} A paval a s =
vAc=0)

lemma subState: © < y = v € dom x = z v = y v unfolding map__le_ substate__conv|symmetric]
map__le_def
by blast

lemma fixes ps:: partstate
and s::state
assumes vars a C dom ps ps < part s
shows emb_update: emb [z — paval a ps| s = (emb ps s) (z := aval a
(emb ps s))
using assms
unfolding emb_ def apply auto apply (rule ext)
apply(case_tac v=x)
apply(simp add: paval__aval)
apply(simp) unfolding part _def apply(case_tac v € dom ps)
using subState apply fastforce
by (simp add: domlff)
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lemma paval _aval2: vars a C dom ps = ps =< part s => paval a ps =
aval a s

apply(induct a) using subState unfolding part_def apply auto

by fastforce

lemma fixes ps:: partstate
and s::state
assumes vars a C dom ps ps < part s
shows emb_update2: emb (ps(x — paval a ps)) s = (emb ps s)(z := aval
a (emb ps s))
using assms
unfolding emb__def apply auto apply (rule ext)
apply(case_tac v=x)
apply(simp add: paval__aval)
by (simp)

7.2.2 Big step Semantics on partial states

inductive
big_step_t_part :: com X partstate = nat = partstate = bool (<_ =4

_ 55

where

Skip: (SKIP,s) =4 Suc 0 | s |

Assign: [ vars a U {z} C dom ps; paval a ps = v ; ps' = ps(z — v) | =
(z = a,ps) =4 Suc 0 | ps’|

Seq: [ (c1,s1) =4zl s2; (¢2,52) =4y | s3; z2=a+y ]| = (cl;;c2, s1)
=4 2z 83|

IfTrue: | vars b C dom ps ; dom ps’ = dom ps ; pbval b ps; (cl,ps) =4 x
I psy y=2+1 ] = (IF b THEN c1 ELSE ¢2, ps) =4 y | ps’|
IfFalse: [ vars b C dom ps ; dom ps’ = dom ps ; = pbval b ps; (c2,ps) =a
z | ps’; y=2z+1 | = (IF b THEN c1 ELSE ¢2, ps) =4 y | ps’|
WhileFalse: | vars b C dom s; = pbval b s | = (WHILE b DO c¢,s) =4
Suc 01 s |
WhileTrue: [ pbval b s1; vars b C dom s1; (¢,s1) =4 x|} s2; (WHILE b
DO ¢, s2) =4y s3; 1+a+y=2 |

= (WHILE b DO ¢, s1) =4 z | s3

declare big_step_t_part.intros [intro]
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inductive__cases Skip_ tE3[elim!]: (SKIP,s) =4 x | t

thm Skip tES3

inductive__cases Assign_tE3[elim!]: (z == a,5) =4 p | ¢

thm Assign_ tES3

inductive__cases Seq tE3[elim!]: (c1;;¢2,51) =4 p || s3

thm Seq tE3

inductive__cases If tES3[elim!]: (IF b THEN c1 ELSE c2,s) =a z | t
thm If tE3

inductive__cases While_tE3[elim|: (WHILE b DO ¢,s) =4 z | t
thm While tE3

lemmas big_step_t_part_induct = big__step__t_part.induct[split_format(complete)]

lemma big_step_t3 post_dom__conv: (¢,ps) =4 t | ps’ = dom ps’ =
dom ps
apply(induct rule: big_step_t_part_induct) apply (auto simp: sep__disj_fun__def
plus__fun__def)
apply metis done

lemma add_update distrib: psl x1 = Some y = psl ## ps2 — vars
x2 C dom psl = psi(zl — paval z2 psl) + ps2 = (psl + ps2)(zl —
paval 2 psl)

apply (rule ext)

apply (auto simp: sep__disj_fun__def plus_fun__def)

by (metis disjoint_iff _not__equal doml domain__conv)

lemma paval extend: psl ## ps2 —> vars a C dom psl = paval a
(psl + ps2) = paval a psl
apply(induct a) apply (auto simp: sep_disj _fun__def domain__conv)

by (metis domI map__add__comm map__add__dom__app__simps(1) option.sel
plus__fun__conv)

lemma pbval__extend: psl ## ps2 = vars b C dom psl = pbval b (psl
+ ps2) = pbval b psl
apply(induct b) by (auto simp: paval__extend)

lemma Framer: (C, psl) =4 m || psl’' = psl ## ps2 = (C, psl +
ps2) =4 ml psl’+ps2
proof (induct rule: big_step_t_part_induct)

case (Skip s)

then show ?Zcase by (auto simp: big_step_t_part.Skip)
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next
case (Assign a x ps v ps’)
show ?case apply(rule big_step_t_part.Assign)
using Assign
apply (auto simp: plus_fun__def)
apply(rule ext)
apply(case_tac ra=x)
subgoal apply auto subgoal using paval _extend|unfolded plus_fun__def]
by auto
unfolding sep disj fun_def
by (metis disjoint_iff _not__equal doml domain__conv)
subgoal by auto
done
next
case (IfTrue b ps ps’ c1 z y c2)
then show ?Zcase apply (auto ) apply(subst big_step_t _part.IfTrue)
apply (auto simp: pbval__extend)
subgoal by (auto simp: plus_fun__def)
subgoal by (auto simp: plus_fun_ def)
subgoal by (auto simp: plus_fun__def)
done
next
case (IfFalse b ps ps' c2 x y cl)
then show ?case apply (auto ) apply(subst big_step_t _part.IfFalse)
apply (auto simp: pbval__extend)
subgoal by (auto simp: plus_fun__def)
subgoal by (auto simp: plus_fun__def)
subgoal by (auto simp: plus_fun_ def)
done
next
case (WhileFalse b s c)
then show ?Zcase apply(subst big_step_t_part. WhileFalse)
subgoal by (auto simp: plus_fun__def)
subgoal by (auto simp: pbval__extend)
by auto
next
case (WhileTrue b s1 ¢ x s2 y s3 z)
from big_step_t3 post_dom__conv|OF WhileTrue(3)] have dom s2 =
dom s1 by auto
with WhileTrue(8) have s2 ## ps2 unfolding sep_ disj fun_def do-
main__conv by auto
with WhileTrue show ?case apply auto apply(subst big_step_t _part. While True)
subgoal by (auto simp: pbval__extend)
subgoal by (auto simp: plus_fun__def)
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apply (auto) done

next

case (Seq cl s1 zs2 c2y s3 z)

from big_step t3 post_dom__conv[OF Seq(1)] have dom s2 = dom s1
by auto

with Seq(6) have s2 ## ps2 unfolding sep_ disj_fun__def domain__conv
by auto

with Seq show ?case apply (subst big_step t part.Seq)

by auto

qged

lemma Framer2: (C, psl) =4 m | psl’' = psl ## ps2 = ps = psl
+ ps2 = ps’ = psl’+ps2 = (C, ps) =4 m | ps’
using Framer by auto

7.2.3 Relation to BigStep Semantic on full states

lemma paval _aval _part: paval a (part s) = aval a s
apply(induct a) by (auto simp: part_def)

lemma pbval _bval part: pbval b (part s) = bval b s
apply(induct b) by (auto simp: paval _aval__part)

lemma part_paval _aval: part (s(x := aval a s)) = (part s)(z — paval a
(part s))

apply(rule ext)

apply(case_tac za=1)

unfolding part_def apply auto by (metis (full_types) domlIff map_le_def
map__le_substate _conv option.distinct(1) part_def paval aval2 subsetl)

lemma full to_part: (C, s) = m || s' = (C, part s) =4 m | part s’
apply(induct rule: big_step_t_induct)
using Skip apply simp
apply (subst Assign)
using part_paval _aval apply(simp__all add: )
apply(rule Seq) apply auto
apply(rule IfTrue) apply (auto simp: pbval_bval _part)
apply(rule IfFalse) apply (auto simp: pbval _bval_part)
apply(rule WhileFalse) apply (auto simp: pbval_bval _part)
apply(rule WhileTrue) apply (auto simp: pbval _bval _part)
done
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lemma part_to_full”. (C, ps) =4 m | ps’ = (C, emb ps s) = m || emb
ps’ s
proof (induct rule: big_step_t_part_induct)
case (Assign a x ps v ps’)
have z: paval a ps = aval a (emb ps s)
apply(rule paval _aval_vars) using Assign(1) by auto
have g :emb ps’ s = (emb ps s)(z:=aval a (emb ps s) )
apply(simp only: Assign z[symmetric))
unfolding emb _def by auto
show ?case apply(simp only: g) by(rule big_step_t.Assign)
qged (auto simp: pbval__bval _vars[symmetric])

lemma part_to_full: (C, part s) =4 m |} part s = (C, s) = m | s’
proof —

assume (C, part s) =4 m | part s’

then have (C, emb (part s) s) = m | emb (part s’) s by (rule part_to_ full’)
then show (C, s) = m | s’ by auto
qged

lemma part_full _equiv: (C, s) = m | s’ +— (C, part s) =4 m | part s’
using part_to_full full _to_part by metis

7.2.4 more properties

lemma big step_t3 gt0: (C, ps) =4 z | ps' = z > 0
apply(induct rule: big_step t_part_induct) apply auto done

lemma big_step_t3_same: (C, ps) =4 m || ps'’ ==> ps = ps’ on UNIV

— lvars C

apply (induct rule: big_step_t_part_induct) by (auto simp: sep__disj_fun_ def
plus__fun__def)

lemma avalDirekt3 _correct: (z ::= N v, ps) =4 m |} ps’ = paval’ a ps
= Some v = (z == a, ps) =4 m | ps’
apply(auto) apply(subst Assign) by (auto simp: paval _paval’ paval’dom)

7.3 Partial State

lemma
fixes h :: (vname = wval option) % nat
shows (P #x Q #x H) h = (Q #x H xx P) h
by (simp add: sep__conj_ac)
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lemma separate_othogonal _commuted”. assumes
Aps n. P (ps,n) = ps = 0
Aps n. Q (ps,n) = n =0
shows (P #x ()) s «— P (0,snd s) A Q (fst s,0)
using assms unfolding sep_ conj def by force

lemma separate_othogonal _commuted: assumes
Aps n. P (ps,n) = ps = 0
Aps n. Q (ps,n) = n =10

shows (P #x Q) (ps,n) «— P (0,n) A\ Q (ps,0)

using assms unfolding sep_ conj def by force

lemma separate_othogonal: assumes
Aps n. P (ps,n) = n =0
Aps n. Q (ps,n) = ps = 0
shows (P #x Q) (ps,n) «— P (ps,0) A Q (0,n)
using assms unfolding sep_ conj def by force

lemma assumes ((A(s, n). P (s, n) A vars b C dom s) Nx (X(s, ¢). s =
0 N ¢ = Suc0)) (ps, n)
shows 3 n'. P (ps, n’) A vars b C dom ps A n = Suc n’
proof —
from assms obtain z y where = ## y and (ps, n) =z + y
and 2: (case z of (s, n) = P (s, n) A vars b C dom s)
and (case y of (s, ¢) = s= 0 A c = Suc 0)
unfolding sep conj def by blast
then have y = (0, Suc 0) and f: fst z = ps and n: n = snd x + Suc 0
by auto

with 2 have P (ps, snd ) A vars b C dom ps A n = Suc (snd z)
by auto
then show ?thesis by simp
qed
7.4 Dollar and Pointsto

definition dollar :: nat = assn2 (<$») where
dollar ¢ = (%(s,c). s = 0 N ¢=q)

lemma sep reorder__dollar__aux:

186



NO_MATCH ($3X) A = (3B *x A) = (A *x $B)

(3X %+ 3Y) = $(X+7Y)

apply (auto simp: sep__simplify)

unfolding dollar_def sep conj def sep__disj prod_def sep_disj nat_def
by auto

lemmas sep_reorder__dollar = sep__conj assoc sep__reorder__dollar__aux

lemma stardiff: assumes (P Ax $m) (ps, n)
shows P: P (ps, n — m) and m<n using assms unfolding sep_ conj def
dollar_def by auto

lemma [simp]: (Q *x $0) = Q unfolding dollar__def sep__conj_def sep__disj_prod__def
sep__disj_nat__def
by auto

definition embP :: (partstate = bool) = partstate X nat = bool where
embP P = (%(s,n). Ps A\ n=10)

lemma orthogonal _split: assumes (embP Q Nx $ n) = (embP P Ax $ m)

shows (@ = P A n=m)V Q = (Xs. False) N P = (\s. False)
using assms unfolding embP__def dollar_def apply (auto intro!: ext)
unfolding sep conj def apply auto unfolding sep disj prod def
plus__prod__def
apply (metis fst_conv snd_conv)+ done

lemma F': assumes (embP Q Ax $ n) = (embP P Ax $§ m)
obtains (blub) Q@ = P and n = m |
(da) @ = (As. False) and P = (\s. False)
using assms orthogonal__split by auto

lemma T: assumes (embP Q Ax $ n) = (embP P Ax § m)
obtains (blub) z::nat where @ = P and n = m and z=z |
(da) @ = (\s. False) and P = ()\s. False)
using assms orthogonal__split by auto

definition pointsto :: vname = val = assn2 (<_ — _» [56,51] 56) where
v—=n=(%(sc). s= v n] A c=0)
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notation pred_ex (binder 3> 10)

definition maps_to_ex :: vname = assn2 (<_ < —) [56] 56)
where r — — =3dy. 2z — y

fun Imaps_to ex :: vname set = assn?2 where
Imaps_to_ex xs = (%(s,c). dom s = xs A ¢ = 0)

lemma (z — —) (s,n) = = € dom s
unfolding maps_to_ex_def pointsto_def by auto

fun Imaps_to__axpr :: bexp = bool = assnp where
Imaps_to_axpr b bv = (%ps. vars b C dom ps A pbval b ps = bv )

definition Imaps to axpr’:: bexp = bool = assnp where
Imaps_to__axpr’ b bv = lmaps_to__axpr b bv

7.5 Frame Inference

definition Frame where Frame P Q FF = Vs. (P imp (Q *x F)) s
definition Frame’ where Frame' P P' Q F = Vs. (( P/ xx P) imp (Q *x
F))s

definition cnv where cnvz y ==z =1y

lemma cnv I: cnvz z
unfolding cnv_def by simp

lemma Frame’ _conv: Frame P Q F = Frame' (P xx O) O (Q *x O) F
unfolding Frame_def Frame' def apply auto done

lemma Frame'l: Frame' (P *x 0) O (Q *x O) F = cnv F F' = Frame
PQF'
unfolding Frame_def Frame' def cnv_def apply auto done

lemma FrameD: assumes Frame P Q F' P s

shows (F #x Q) s
using assms unfolding Frame__def by (auto simp: sep__conj _commute)

lemma Frame' _match: Frame' (P *x P’) O Q F = Frame’' (z < v xx
P)P'(z = vxx Q) F

188



unfolding Frame_ def Frame' _def apply (auto simp: sep__conj _ac)
by (metis (no__types, opaque__lifting) prod.collapse sep.mult__assoc sep__conj_impll)

lemma R: assumes As. (A imp B) s shows ((A #x $n) imp (B ** $n)) s

proof (safe)

assume (A Ax $ n) s

then obtain h1 h2 where A: A h1 and n: $n h2 and disj: h1 ## h2
s = h1+h2 unfolding sep conj def by blast

from assms A have B: B h1 by auto

show (B *x $n) s using B n disj unfolding sep_conj def by blast
qged

lemma Frame’' _matchdollar: assumes Frame' (P xx P’ xx $(n—m)) O Q
F and nm: n>m
shows Frame' ($n xx P) P’ ($m **x Q) F
using assms(1) unfolding Frame_def Frame' def apply (auto simp:
sep__conj__ac)
proof (goal _cases)
case (1 a b)
have g: ((P Ax P’ Ax $ n) imp (F Ax Q Ax $ m)) (a, b)
+— (((P Ax P' Ax $(n—m)) xx $m) imp ((F Ax Q) Ax $ m)) (a, b)
by (simp add: nm sep__reorder__dollar)
have ((P Ax P' Ax $ n) imp (F Ax Q Ax$ m)) (a, b)
apply(subst g)
apply(rule R) using 1(1) by auto
then have (P Ax P’ Ax $ n) (a, b) — (F Ax Q Ax $ m) (a, b)
by blast
then show ?Zcase using 1(2) by auto
ged

lemma Frame' _nomatch: Frame' P (p xx P’) (x < v xx Q) F= Frame’
(p#x P) P'(x = v#*x Q) F
unfolding Frame’ _def by (auto simp: sep_conj _ac)

lemma Frame’ _nomatchempty: Frame' P P' (x — v xx Q) F—> Frame’
(O %x P) P'(z — vx**x Q) F
unfolding Frame’ def by (auto simp: sep_conj ac)

lemma Frame’ end: Frame' P O O P

unfolding Frame’ def by (auto simp: sep_conj ac)
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schematic__goal Frame (z — vl Nx y — v2) (z — %v) ?F

apply(rule Frame'l) apply(simp only: sep__conj_assoc)

apply(rule Frame' _match)

apply(rule Frame' _end) apply(simp only: sep__conj_ac sep__conj _empty’
sep__conj_empty) apply(rule cnv_I) done

schematic__goal Frame (z — vl Nx y — v2) (y — %v) ?F
apply(rule Frame'l) apply(simp only: sep_ conj assoc)
apply(rule Frame'_end Frame' _match Frame' _nomatchempty Frame' _nomatch;
(simp only: sep__conj assoc)?)+
apply(simp only: sep__conj _ac sep__conj_empty’ sep__conj_empty) ap-
ply(rule cnv_1I)
done

method frame__inference_init = (rule Frame'l, (simp only: sep__conj _assoc) ?)

method frame_inference solve = (rule Frame' matchdollar Frame' end
Frame'_match Frame’ _nomatchempty Frame' _nomatch; (simp only: sep__conj _assoc) ?)+

method frame__inference__cleanup = ( (simp only: sep__conj_ac sep__conj _empty’
sep__conj_empty) ?; rule cnv_I)

method frame__inference = (frame__inference__init, (frame__inference__solve;
fail), (frame__inference__cleanup; fail))
method frame__inference__debug = (frame__inference__init, frame__inference__solve)

7.5.1 tests

schematic__goal Frame (x — vl Nx y — v2) (y — %v) ?2F
by frame__inference

schematic__goal Frame (z < vl *x P s« O xx y < 02 Ax 2z — v2 %% Q)
(z = %0 xx y — %v2) 7F
by frame__inference

schematic_goal 1 < v = Frame ($ (2 x v) Ax "z" — int v) (3 1 Ax
Ug!' — ?2d) ?F

apply(rule Frame'l) apply(simp only: sep__conj_assoc)

apply(rule Frame' _matchdollar Frame' _end Frame’ _match Frame' _nomatchempty
Frame’ _nomatch; (simp only: sep__conj _assoc) ?)+

apply (simp only: sep__conj _ac sep__conj_empty’ sep__conj_empty)?
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apply (rule cnv_I) done

schematic_goal 0 < v = Frame ($ (2 = v) Ax "z" < int v) ($ 1 Ax
"g! — 2d) ?F
apply frame__inference done

7.6 Expression evaluation

definition symeval where symeval P e v = (Vs n. P (s,n) — paval’ e s
= Some v)

definition symevalb where symevalb P e v = (Vs n. P (s,n) — pbual’ e
s = Some v)

lemma symeval_c: symeval P (N v) v
unfolding symeval def apply auto done

lemma symeval_v: assumes Frame P (z < v) F
shows symeval P (V z) v
unfolding symeval def apply auto
apply (drule FrameD|OF assms]) unfolding sep__conj _def pointsto__def

apply (auto simp: plus_fun__conv) done

lemma symeval plus: assumes symeval P el vi symeval P e2 v2
shows symeval P (Plus el e2) (v1+v2)
using assms unfolding symeval def by auto

lemma symevalb__c: symevalb P (Bc v) v
unfolding symevalb def apply auto done

lemma symevalb _and: assumes symevalb P el vl symevalb P e2 v2
shows symevalb P (And el e2) (vl A v2)
using assms unfolding symevalb _def by auto

lemma symevalb__not: assumes symevalb P e v
shows symevalb P (Not €) (- v)
using assms unfolding symewvalb__def by auto

lemma symevalb__less: assumes symeval P el vl symeval P e2 v2

shows symevalb P (Less el e2) (vl < v2)
using assms unfolding symeuvalb__def symeval_def by auto
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lemmas symeval = symeval__c symeval__v symeval__plus symevalb__c symevalb__and
symevalb__not symevalb_less

schematic__goal symevalb ( (z — vl) *x (y — v2) ) (Less (Plus (V z)

(Vy) (N3)) %
apply(rule symeval | frame__inference)+ done

end

8 Hoare Logic based on Separation Logic and Time
Credits

theory SepLog Hoare
imports Big_StepT _Partial SepLogAdd/Sep__Algebra__Add
begin

8.1 Definition of Validity

definition hoare3 wvalid :: assn2 = com = assn2 = bool
(ks {(10}/ ()] { (1)} 50) where
Fs{P}c{Q} <«
(Vps n. P (ps,n)
— (3ps’ m. ((¢,ps) =4 m | ps’)
A n>m A Q (ps’, n—m)) )

lemma alternative: =3 { P} ¢{ Q } +—
(Vps n. P (ps,n)
— (3ps’ tn”. ((e,ps) =a t | ps’)
A n=n"+t A Q (ps’, n')) )
proof rule
assume =3 {P} ¢ { Q}
then have P: (Vpsn. P (ps,n) — (3 ps’ m. ((¢,ps) =4 m | ps’) A n>m
A Q (ps’, n—m)) ) unfolding hoare3_wvalid__def.
show Vpsn. P (ps,n) — (Ips'me. (¢, ps) =a m ps' A\n=e+m
A Q (p5, )
proof (safe)
fix ps n
assume P (ps, n)
with P obtain ps’ m where Z: ((¢,ps) =4 m | ps’) n>m Q (ps’,
n—m) by blast
show Ips’ me. (¢, ps) =am | ps' A\n=e+ mA Q (ps, e
apply(rule exI[where z=ps’))
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apply(rule exI[where rz=m])
apply(rule exI[where t=n—m]) using Z by auto
qed
next
assume Vps n. P (ps, n) — (Ips’' me. (¢, ps) =a m ps' An=e+
m A Q (ps', €))
then show =3 { P } ¢ { @ } unfolding hoare3 wvalid def
by fastforce
ged

8.2 Hoare Rules

inductive

hoareT3 :: assn2 = com = assn2 = bool (<+3 ({(1_)}/ (_)/ { (1 )})
50)
where

Skip: F3 {$1} SKIP { $0} |

Assign: s {lmaps_to_expr_z x a v xx $1} zu=a { (%(s,c). dom s = vars
a—{z} Nec=0)*xz— v} |

If: [ Fs { A(s,n). P (s,n) A lmaps_to_axpr b True s } c1 { Q };
Fs { A(s,n). P (s,n) A lmaps_to_azpr b False s } ca { Q } ]
= k3 { (A(s,n). P (s,n) A vars b C dom s) «x $1} IF b THEN ¢; ELSE
co{ @} |

Frame: [ F3{ P} C{Q }]
— b3 {(Psx F}C{Q#x F} |

Seq: [Fs{ P} C1{Q}; F3{Q}Ca{R }]
= t3{P}Ci;;Co{ R} |

While: [ k3 { (A(s,n). P (s,n) A lmaps_to_axpr b True s) } C { P xx $1

I
= F3 { (\(s,n). P (s,n) A wars b C dom s) xx $1 } WHILE b
DO C { X(s,n). P (s,n) A lmaps_to__azxpr b False s } |

conseq: [ F3s {P}c{Q} ; Ns. P's= Ps; N\s. Qs —= Q' s] =
Fs {Pte{ Q|

normalize: [ F3 { P*x$m } C { Q *x$n }; n<m ]
by (P S(men) } C{ Q)|
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constancy: [ Fs { P} C{ Q}; Apsps’. ps = ps’ on UNIV — lvars C
= R ps= R ps’ |

= k3 { %(ps,n). P (ps,n) A R ps} C { %(ps,n). Q (ps,n) A
Rps} |

Assign”": b3 { 81 xx (z = ds) } 2= (Nv){ (z <= v) }|

Assign”"". [ symeval P a v; b3 {P} z == (Nv) {Q} | = F3 {P} z ==
a{Q" |

Assignd: s { (A(ps,t). z€dom ps A vars a C dom ps A Q (ps(z—(paval a
ps)),t) ) #x $1} x=a { Q } |

False: =3 { X(ps,n). False } ¢ { Q } |

purel: (P = F3{ Q} ¢c{ R}) = F3 {IP *x Q} ¢ { R}
Derived Rules

lemma Frame R: assumests { P} C { Q } Frame P' P F
shows 3 { P’} C{ Q xx F }
apply(rule conseq) apply(rule Frame) apply(rule assms(1))
using assms(2) unfolding Frame__def by auto

lemma strengthen_post: assumes 3 {P}c{Q} N\s. Q@ s = Q' s
shows 3 {P}c{ Q'}
apply(rule conseq)
apply (rule assms(1))
apply simp apply fact done

lemma weakenpre: [F3 {P}c{Q}; N\s. P's = Ps | =
F3 {P}he{ Q}

using conseq by auto

8.3 Soundness Proof

lemma ezec_preserves disj: (¢,ps) =4 t || ps' = ps" ## ps = ps”

## ps'
apply(drule big_step_t3_post_dom__conv)
unfolding sep_disj fun_def domain__conv by auto

lemma FrameRuleSound: assumes =3 { P } C { Q }
shows =3 { Pxx FF } C{ Q*x F }
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proof —
{
fix psn
assume (P Ax F) (ps, n)
then obtain pP nP pF nF where orth: (pP, nP) ## (pF, nF) and
add: (ps, n) = (pP, nP) + (pF, nF)
and P: P (pP, nP) and F: F (pF, nF) unfolding sep_ conj def
by auto
from assms[unfolded hoare3 valid _def] P
obtain pP’ m where ex: (C, pP) =4 m | pP’and m: m < nP and
Q: Q (pP', nP — m) by blast

have ezF: (C, ps) =4 m || pP’ + pF
using Framer2 ex orth add by auto
have QF: (Q N F) (pP' 4+ pF, n — m)
unfolding sep conj def
apply(rule exI[where z=(pP’,nP—m)])
apply(rule exI[where z=(pF ,nF)])
using orth exec_preserves_disj|OF ex] add m F @ by (auto simp
add: sep__add__ac)
have (C, ps) =4 m | pP+pF A m < n A (Q A F) (pP+pF, n —
m)
using QF exF add m by auto
hence Ips’ m. (C, ps) =4 m I ps’ Am < nA(QAx F) (ps’, n — m)
by auto
}
thus ?thesis unfolding hoare3 wvalid__def by auto
qged

theorem hoare3 _sound: assumes 3 { P }c{ Q }

shows =3 { P } ¢ { @ } using assms
proof (induction rule: hoareT3.induct)

case (False ¢ Q)

then show ?Zcase by (auto simp: hoare3_valid__def)
next

case Skip

then show ?case by (auto simp: hoare3_valid__def dollar_def)
next

case (Assign4 = a Q)

then show “case

apply (auto simp: dollar_def sep__conj_def hoare3_valid__def )
subgoal for ps b y
apply(rule exI[where z=ps(z — paval a ps)])
apply(rule exI[where z=Suc 0]) by auto
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done
next
case (Assign x a v)
then show ?case unfolding hoare3_wvalid__def apply auto apply (auto
simp: dollar_def ) apply (subst (asm) separate__othogonal)
apply simp__all apply(intro exl conjI)
apply(rule big_step_t _part.Assign)
apply (auto simp: pointsto_def) unfolding sep conj def
subgoal for ps apply(rule exl[where z=((%y. if y=z then None else
psy) , 0)])
apply(rule exI[where z=((%vy. if y = x then Some (paval a ps) else
None),0)))
apply (auto simp: sep__disj_prod__def sep__disj _fun__def plus_fun__def)
apply (smt domlIff domain__conv)
apply (metis domlI insertE option.simps(3))
using domlff by fastforce
done
next
case (If P b c1 Q c2)
from If(3)[unfolded hoare3 valid_def]
have T: Aps n. P (ps, n) = vars b C dom ps = pbval b ps
= (Ips’ m. (c1, ps) =a m | ps'’ A m < n A Q (ps’, n—m)) by auto
from If(4)[unfolded hoare3 _wvalid_def]
have F: Aps n. P (ps, n) = vars b C dom ps = — pbual b ps
= (Ips’' m. (co, ps) =4 m I ps' Am < n A Q (ps’, n—m)) by auto
show ?case unfolding hoare3 _wvalid__def apply auto apply (auto simp:
dollar_def)
proof (goal _cases)
case (1 ps n)
then obtain n’ where P: P (ps, n') and dom: vars b C dom ps and
Suc: n = Suc n’ unfolding sep_ conj def
by force
show Zcase
proof (cases pbval b ps)
case True
with T[OF P dom| obtain ps’ m where d: (c1, ps) =4 m | ps’
and m1: m < n’and Q: Q (ps’, n’—m) by blast
from big_step_t3 post_dom__conv[OF d] have klong: dom ps’ = dom
ps .
show “thesis
apply(rule exI[where z=ps’|) apply(rule exI[where x=m+1])
apply safe
apply(rule big_step t part.IfTrue)
apply (rule dom)
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apply fact
apply (rule True)
apply (rule d)
apply simp
using m1 Suc apply simp
using @) Suc by force
next
case Fulse
with F[OF P dom| obtain ps’ m where d: (c2, ps) =4 m | ps’
and m1: m < n’and Q: Q (ps’, n'—m) by blast
from big_step_t3 post_dom__conv[OF d| have dom ps’ = dom ps .
show “thesis
apply(rule exI[where z=ps’|) apply(rule ex]l[where x=m+1])
apply safe
apply(rule big_step_t _part.IfFalse)
apply fact
apply fact
apply (rule False)
apply (rule d)
apply simp
using m1 Suc apply simp
using @ Suc by force
ged
qed
next
case (Frame P C Q F)
then show ?case using FrameRuleSound by auto
next
case (Seq P C1 Q Cq R)
show ?case unfolding hoare3 _wvalid__def
proof (safe, goal_cases)
case (1 ps n)
with Seq(3)[unfolded hoare3 wvalid_def] obtain ps’ m where C1: (C,
ps) =4 m | ps’
and m: m < n and @: Q (ps’, n — m) by blast
with Seq(4)[unfolded hoare3 _valid__def] obtain ps” m’ where C2: (Cs,
ps’) =4 m' | ps”
and m" m’<n — mand R: R (ps”, n — m — m') by blast
have a: (C1;; Co, ps) =4 m + m’ |} ps” apply(rule big_step _t_part.Seq)
apply fact+ by simp
have b: m + m’ < n using m’ m by auto
have ¢: R (ps”, n — (m + m')) using R by simp
show ?case apply(rule exl[where z=ps”]) apply(rule exI[where
z=m+m/])
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using a b ¢ by auto
qed
next
case (While P b C)
show Zcase unfolding hoare3 _wvalid__def apply auto apply (auto simp:
dollar_def)
proof (goal cases)
case (1 ps n)
from 1 show ?case
proof (induct n arbitrary: ps rule: less_induct)
case (less x ps3)

show Zcase
proof (cases pbval b ps3)
case True
— prepare premise to obtain ...
from less(2) obtain z’ where P: P (ps3, x') and dom: vars b
C dom ps3 and Suc: z = Suc z' unfolding sep_ conj _def dollar_def by
auto
from P dom True have
g: ((\(s, n). P (s, n) A lmaps_to_azxpr b True s)) (ps3, z’)
unfolding dollar_def by auto
— ... the loop body from the outer IH
from While(2)[unfolded hoare3_wvalid__def] g obtain ps3’ "’ where
C: (C,ps3) =az" | ps3'and z: 2"’ < z"and P (P A+ $ 1) (ps3/, 2’ —
z'") by blast
then obtain 2"’ where P": P (ps8’, ') and Suc': z' — 2" = Suc
z'" unfolding sep conj def dollar_def by auto

from C big step t3 post_dom__conv have dom ps3 = dom ps3’
by simp
with dom have dom’: vars b C dom ps3’ by auto

— prepare premises to ...
from C big step t3 gt0 have gt0: z'" > 0 by auto
have 3ps’ m. (WHILE b DO C, ps8') =4 m | ps'’ A m < (z — (1
+ ")) A P (ps', (x — (1 + z")) — m) A vars b C dom ps’ A = pbuval b ps’
apply(rule less(1))
using ¢t0 x Suc apply simp
using dom’ Suc P’ unfolding dollar_def sep__conj def
by force
— ... obtain the tail of the While loop from the inner IH
then obtain ps3” m where w: (WHILE b DO C, ps3') =4 m |

ps3”)
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and m": m < (z — (1 + z”)) and P": P (ps3”, (x — (1
+ z')) — m)

and dom': vars b C dom ps3" and b"": = pbval b ps3" by
auto

— combine body and tail to one loop unrolling:
— - the Bigstep Semantic
have BigStep: (WHILE b DO C, ps3) =4 1 + 2"+ m | ps3”
apply(rule big_step_t _part. While True)
apply (fact True) apply (fact dom) apply (fact C) apply (fact
w) by simp
— - the TimeBound
have TimeBound: 1 + z"" + m < z
using m'"’ Suc” Suc by simp
— - the invariantPreservation
have invariantPreservation: P (ps8", z — (1 + z” + m)) using P”
m'" by auto

— finally combine BigStep Semantic, TimeBound, invariantPreserva-

tion
show ?thesis
apply(rule exI[where z=ps3"))
apply(rule exI[where =1 + z'' + m])
using BigStep TimeBound invariantPreservation dom' b" by
blast
next
case False

from less(2) obtain z’ where P: P (ps3, z’) and dom: vars b C
dom ps3 and Suc: x = Suc ' unfolding sep conj def
by force
show ?thesis
apply(rule exI[where z=ps3])
apply(rule exl[where z==Suc 0]) apply safe
apply (rule big_step_t_part. WhileFalse)
subgoal using dom by simp
apply fact
using Suc apply simp
using P Suc apply simp
using dom apply auto
using Fulse apply auto done
qed
qged
qed
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next
case (conseq P ¢ Q P’ Q)
then show ?case unfolding hoare3 wvalid_def by metis
next
case (normalize P m C @Q n)
then show ?case unfolding hoare3 wvalid_def
apply(safe) proof (goal cases)
case (1 ps N)
have Q2: P (ps, N — (m — n)) apply(rule stardiff) by fact
have mn: m — n < N apply(rule stardiff (2)) by fact
have P: (P A+ $ m) (ps, N — (m — n) + m) unfolding sep_ conj def
dollar_def
apply(rule exI[where z=(ps,N — (m — n))]) apply(rule exI[where
2=(0,m))
apply (auto simp: sep__disj _prod__def sep__disj_nat_def) by fact
have N — (m — n) + m = N +n using normalize(2)
using mn by auto

from P 1(3) obtain ps’ m’ where (C, ps) =4 m'{ ps’and m” m’ <
N —(m—n)+mand Q: (Q Ax$n) (ps',) N— (m —n) + m — m’) by
blast
have Q2: Q (ps’, (N — (m — n) + m — m') — n) apply(rule stardiff)
by fact
have nm2: n < (N — (m — n) + m — m’) apply(rule stardiff (2)) by
fact
show Zcase
apply(rule exI[where z=ps’)) apply(rule exI[where z=m/))
apply (safe)
apply fact
using ()2
using <N — (m — n) + m = N + n» m’' nm2 apply linarith
using Q2 <N — (m — n) + m = N + n> by auto
ged
next
case (constancy P C Q R)
from constancy(3) show ?case unfolding hoare3 walid__def
apply safe proof (goal cases)
case (1 ps n)
then obtain ps’ m where C: (C, ps) =4 m || ps’and m: m < n and
Q: Q (ps’, n — m) by blast
from C big_step t3 same have ps = ps’ on UNIV — lvars C by auto
with constancy(2) 1(3) have R ps’ by auto

show ?case apply(rule exl[where z=ps']) apply(rule exI[where z=m])
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apply (safe)
apply fact+ done
qed
next
case (Assign’’ x ds v)
then show ?case
unfolding hoare3 wvalid def apply auto
subgoal for ps n apply(rule exI[where r=ps(z—v)])
apply(rule exI[where z=_Suc 0])
apply safe
apply(rule big_step_t_part.Assign)
apply (auto)
subgoal apply(subst (asm) separate_othogonal__commuted’) by (auto
simp: dollar_def pointsto__def)
subgoal apply(subst (asm) separate__othogonal__commuted’) by (auto
simp: dollar_def pointsto__def)
subgoal apply(subst (asm) separate_othogonal__commuted’) by (auto
simp: dollar_def pointsto__def)
done
done

next
case (Assign”"" P a vz Q)
show ?Zcase

unfolding hoare3_wvalid _def apply auto
proof (goal cases)
case (1 ps n)
with Assign’"(3)[unfolded hoare3 _valid_def] obtain ps’ m
where (z ::= N v, ps) =4 m | ps'm < n Q' (ps’, n — m) by metis
from 1(1) Assign”"(1)[unfolded symeval_def] have paval’ a ps =
Some v by auto
show ?case apply(rule exI[where z=ps’]) apply(rule exl[where
p=m))
apply safe
apply(rule avalDirekt3 _correct)
apply fact+ done
qed
next
case (purel P @ ¢ R)
then show ?case unfolding hoare3 wvalid_def by auto
ged
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8.4 Completeness

definition wp3 :: com = assn2 = assn2 (<wps>) where
wps ¢ Q@ = (A(s,n). It m. n>m A (¢,s) =4 m I t A Q (t,n—m))

lemma wp8_SKIP[simp|: wps SKIP Q = (Q *x $1)
apply (auto intro!: ext simp: wp3_def)
unfolding sep_ conj def dollar_def sep__disj prod_def sep_disj nat_def
apply auto apply force
subgoal for ¢ n apply(rule exI[where z=t|) apply(rule exI[where
z=>S8uc 0])
using big_step t part.Skip by auto
done

lemma wp3 Assign|simp]: wps (z == e) Q@ = ((A(ps,t). vars e U {z} C
dom ps N @ (ps(x — paval e ps),t)) xx $1)
apply (auto intro!: ext simp: wp3_def )
unfolding sep_ conj_def apply (auto simp: sep__disj_prod__def sep__disj _nat__def
dollar_def) apply force
by fastforce

lemma wpt_Seq[simp]: wps (c135¢2) @ = wps c1 (wps c2 Q)
apply (auto simp: wp3_def fun__eq iff )
subgoal for a b t m1 s2 m2

apply(rule exI[where z=s2])
apply(rule exI[where z=m1])
apply simp
apply(rule exI[where z=t])
apply(rule exI[where z=m2])
apply simp done
subgoal for s m t' m1 t m2
apply(rule exI[where z=t])
apply(rule exI[where z=m1+m?2])
apply (auto simp: big_step_t_part.Seq) done
done

lemma wp3_If[simp]:

wps (IF b THEN ¢1 ELSE c3) Q = ((A(ps,t). vars b C dom ps A wps (if
pbual b ps then ¢y else c3) Q (ps,t)) *x $1)

apply (auto simp: wp3_def fun__eq iff)

unfolding sep__conj_def apply (auto simp: sep__disj_prod__def sep__disj_nat__def
dollar_def)

subgoal for a ba t x apply(rule exI[where z=ba — 1]) apply auto
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apply(rule exl[where z=t|) apply(rule exl[where z=z|) apply auto
done
subgoal for a ba t = apply(rule exI[where z=ba — 1)) apply auto
apply(rule exl[where z=t]) apply(rule exl[where z=z]) apply auto
done
subgoal for a ba t m
apply(rule ezl[where z=t|) apply(rule exl[where x=Suc m]) apply
auto
apply(cases pbval b a)
subgoal apply simp apply (subst big_step t _part.IfTrue) using big_step t3 post_dom__conv
by auto
subgoal apply simp apply (subst big_step t part.IfFalse) using big_step_ t3 post_dom__conv
by auto
done
done

lemma sF'True: assumes pbval b ps vars b C dom ps

shows wps (WHILE b DO ¢) Q (ps, n) = ((A(ps, n). vars b C dom ps A
(if pbval b ps then wps ¢ (wps (WHILE b DO ¢) Q) (ps, n) else @ (ps, n)))
A $ 1) (ps, n)

(is fwp = (2T Ax 8 1) )

proof

assume wps (WHILE b DO ¢) Q (ps, n)

from this[unfolded wp3_def] obtain ps” ¢t where tn: it < n and wi:
(WHILE b DO ¢, ps) =4 tt || ps” and Q: Q (ps”, n — tt) by blast

with assms obtain t ¢’ ps’ where w2: (WHILE b DO ¢, ps’) =4 t' |
ps” and c: (¢, ps) =4 t | ps’ and tt: tt=1+t+t’ by auto

from tn obtain k£ where n: n=tt+k
using le_Suc_ex by blast

from assms show (71 Ax $ 1) (ps,n)
unfolding sep_ conj def dollar _def wp3_def apply auto
apply(rule exI[where x=t+t"+k])
apply safe subgoal using n tt by auto
apply(rule exI[where z=ps’))
apply(rule exI[where z=t))
using c apply auto
apply(rule exI[where z=ps'’)
apply(rule exI[where z=t"])
using w2 () n by auto
next
assume (71 Ax $ 1) (ps,n)
with assms have Q: wps ¢ (wps (WHILE b DO ¢) Q) (ps, n—1) and n:
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n>1 unfolding dollar_def sep__conj def by auto
then obtain ¢ ps’ t/ ps’’ where t: t < n — 1
and c: (¢, ps) =4t | ps’and t:t' < (n—1) — t and w: (WHILE
b DO ¢, ps’) =4 t' | ps”
and Q: Q (ps”, ((n—1) — 1) — 1)
unfolding wp3_def by auto

show “wp unfolding wp3 def
apply simp apply(rule exl[where z=ps']) apply(rule exl[where
z=1-+t+t"])
apply safe
subgoal using t t' n by simp
subgoal using ¢ w assms by auto
subgoal using Q t t' n by simp
done
qged

lemma sFFalse: assumes ~ pbval b ps vars b C dom ps
shows wps (WHILE b DO ¢) Q (ps, n) = ((A(ps, n). vars b C dom ps A
(if pbval b ps then wps ¢ (wps (WHILE b DO ¢) Q) (ps, n) else @ (ps, n)))
Ax$ 1) (ps, n)
(is fwp = (2T Nx 8 1) )
proof
assume wps (WHILE b DO ¢) Q (ps, n)
from this[unfolded wp3_def] obtain ps’ t where tn: t < n and wl:
(WHILE b DO ¢, ps) =4 t | ps’and Q: Q (ps’, n — t) by blast
from assms have w2: (WHILE b DO ¢, ps) =4 1 | ps by auto
from wl w2 big_step_t_determ2 have t1: t=1 and pps: ps=ps’ by auto
from assms show (71 Ax $ 1) (ps,n)
unfolding sep_ conj def dollar_def using t1 tn @ pps apply auto
apply(rule exI[where z=n—1]) by auto
next
assume (71 Ax $ 1) (ps,n)
with assms have @Q: Q(ps,n—1) n>1 unfolding dollar_def sep__conj _def
by auto
from assms have w2: (WHILE b DO ¢, ps) =4 1 | ps by auto
show “wp unfolding wp3 def
apply auto apply(rule exI[where x=ps|) apply(rule exI[where z=1])
using @ w2 by auto
qged

lemma sF'": wps (WHILE b DO ¢) Q (ps,n) = ((A(ps, n). vars b C dom ps
A (if pbval b ps then wps ¢ (wps (WHILE b DO ¢) Q) (ps, n) else @ (ps,
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n)) A% S 1) (ps,n)
apply(cases vars b C dom ps)
subgoal apply(cases pbval b ps) using sFTrue sFFalse by auto
subgoal by (auto simp add: dollar _def wp3_def sep conj def)
done

lemma sF: wps (WHILE b DO ¢) Q s = ((A(ps, n). vars b C dom ps A (if
pbval b ps then wps ¢ (wps (WHILE b DO ¢) Q) (ps, n) else Q (ps, n)))
Ax§ 1) s

using sF’

by (metis (mono__tags, lifting) prod.case__eq_if prod.collapse sep__conj_impll)

lemma assumes A\Q. F3 {wp3 ¢ Q} ¢ {Q}

shows WhileWpisPre: 3 {wps (WHILE b DO ¢) Q} WHILE b DO ¢ {
Q}
proof —

define I where [ = (A(ps, n). vars b C dom ps A (if pbval b ps then
wps ¢ (wps (WHILE b DO ¢) Q) (ps, n) else @ (ps, n)))

from assms|where Q=(wps (WHILE b DO ¢) Q)] have
c: g {wps ¢ (wps (WHILE b DO ¢) Q)} ¢ {(wps (WHILE b DO ¢) Q)}

have ¢ F3 { (A\(s,n). I (s,n) A lmaps_to_azpr b True s) } ¢ { I *x $1
}
apply (rule conseq)
apply(rule c)
subgoal apply auto unfolding I def by auto
subgoal unfolding I def wusing sF' by auto
done

from hoareT3. While[where P=I] ¢’ have
w: F3 { (A(s,n). I (s,n) A wvars b C dom s) xx $1 } WHILE b DO c {
A(s,n). I (s,n) A Ilmaps_to_azxpr b False s } .

show 3 {wps (WHILE b DO ¢) Q} WHILE b DO ¢ { Q}

apply (rule conseq)
apply(rule w)

subgoal using sF' I def
by (smt Pair_inject R case_prodE case__prodI2)

subgoal unfolding I def by auto

done

qed
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lemma wp3_is_pre: k3 {wps ¢ Q} ¢ { Q}
proof (induction ¢ arbitrary: Q)
case SKIP
then show ?case apply auto
using Frame[where F=Q and Q=$%0 and P=$1, OF Skip]
by (auto simp: sep.add__ac)
next
case (Assign z1 z2)
then show ?case using Assignj by simp
next
case (Seq cl ¢2)
then show ?case apply auto
apply (subst hoareT3.Seq[rotated]) by auto
next
case (If x1 cl ¢2)
then show ?case apply auto
apply(rule weakenpre| OF hoareT3.If, where P1=%(ps,n). wps (if pbval
x1 ps then cl else ¢2) Q (ps,n)])
apply auto
subgoal apply(rule conseqiwhere P=wps ¢! @ and Q=@Q)]) by auto
subgoal apply(rule conseqiwhere P=wps c¢2 @ and Q=@Q)]) by auto
proof —
fixabd
assume ((A(ps, t). vars 1 C dom ps A wps (if pbval x1 ps then cl else
c2) Q (ps, t)) Ax $ (Suc 0)) (a, b)
then show ((A(ps, t). wps (if pbval x1 ps then c1 else c2) Q (ps, t) A
vars 1 C dom ps) Ax $ (Suc 0)) (a, b)
unfolding sep_ conj def apply auto apply(case_tac pbval z1 aa)
apply auto done
qged
next
case (While b c)
with WhileWpisPre show ?Zcase .
qged

theorem hoare3 complete: =3 {P}c{Q} = F3 {P}c{Q}

apply(rule conseq|OF wp3_is_pre, where Q'=Q and Q=0Q, simplified])
apply(auto simp: hoare3_valid__def wp3_def)
by fast

theorem hoare3 _sound_complete: =3 {P}c{Q} «— F3 {P}c{Q}
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using hoare3 complete hoare3 _sound by metis

8.4.1 What about garbage collection?

definition F where F C Q = (%(ps,n). Ipsl’ ps2’' m el e2. (C, ps) =4
m | psl’+ ps2' N psl’ #4 ps2' An=-el + €2 +m A Q (psl'el))

lemma wps C (Q+x(%_.True)) = F C Q
apply rule
unfolding wp8 _def sep__conj_def
unfolding F_def apply auto
subgoal for a b m aaa ba ab bb apply(rule exl[where z=aaa))
apply(rule exI[where z=ab]) apply(rule exI[where z=m)|)
apply auto apply(rule exl[where x=ba]) apply auto apply(rule exI[where
z=>bb])
apply auto
done
subgoal for a ps1’ ps2’ m el e2
apply(rule exI[where z=ps1'+ps2])
apply(rule exl[where z=m|) by auto
done

definition hoareT8 validGC :: assn2 = com = assn2 = bool

(‘e {(1)}/ (L) { (1)} 50) where
Fa{P}c{Q} +—E3{P}c{Qx*x(%_.True)}

end

8.5 Examples

theory SepLog FEzxamples
imports SepLog Hoare
begin

8.5.1 nice example

lemmas strongAssign = Assign’"'|OF __ strengthen__post, OF __ Frame_R,
OF __ Assign”|
lemma myrule: assumes case s of (s, n) = ($ (2 * ) Ax "z" — int z)
(s, n) A lmaps_to_axpr’ (Less (N 0) (V "z'")) True s
and symevalb ($ (2 * z) *x 2" — int z) (Less (N 0) (V "z")) v
shows (T(v=True) *x $ (2 * x) *x "z" < int x) s
using assms unfolding symevalb def lmaps _to axpr’ def by auto
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fun sum :: int = int where
sum i = (if i < 0 then 0 else sum (i — 1) + 1)

abbreviation wsum ==
WHILE Less (N 0) (V "z
DO (
"g! = Plus (V "z"") (N (= 1)))

lemma E/ R: b3 {T(v>0) *x $(2xv) ** pointsto "z (int v) }
"g!" = Plus (V "z") (N (= 1))
{t(v>0) xx $(2xv—1) *x pointsto "z" (int v—1) }
apply(rule purel)
apply (rule strongAssign)
apply(rule symeval | frame__inference)+
by (simp add: sep_reorder _dollar )

lemma prod_0:
shows (A(s::char list = int option, c::nat). s = Map.empty A ¢ = 0) h
= h = 0 by (auto simp: zero_prod__def zero__fun__def)

lemma example2: b3 { (pointsto "z n) *x (pointsto "y" n) == $1 } ""z”

= Plus (V "2") (N (= 1)) { (pointsto "z"" (n—1)) *x (pointsto ""y" n) }
apply(rule conseq)
apply(rule Frame[where F=(pointsto ""y" n) and P=Imaps_to_expr_zx
"g" (Plus (V "z"") (N (= 1))) (n—1) ** $1])
apply (rule Assign)
apply (simp add: sep__conj _assoc) apply (rule sep__conj _impl)
apply auto[1]
subgoal for s h unfolding pointsto__def apply auto
by (meson option.distinct(1))
apply (simp add: sep__conj_commute)
apply simp apply (rule sep__conj _impl)
apply auto[1]
apply auto
unfolding sep conj def
using prod_ 0 by fastforce
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end

9 Hoare Logic based on Separation Logic and Time
Credits (big-O style)

theory SepLogK Hoare
imports Big StepT Partial Fvaluation Big StepT Partial
begin

9.1 Definition of Validity

definition hoare3o _valid :: assn2 = com = assn2 = bool

(s {(1)}/ (L)/ { (1)} 50) where
Fs{P}c{Q} «—
(3 k>0. (Vps n. P (ps,n)
— (Ips’ ps”" me e’ ((c,ps) =4 m | ps’ + ps”)
ANps' ## ps" Nkxn=kxe+ e +m
A Q (ps'e))))

9.2 Hoare Rules

inductive

hoare3a :: assn2 = com = assn2 = bool (3, ({(1_)}/ () { (1)}
50)
where

Skip: Fsq {$1} SKIP { $0} |

Assignd: Fsq { (A(ps,t). z€dom ps A vars a C dom ps A Q (ps(x—(paval
@ ps)ht) ) 1) i { Q }

If: [ F3a { A(s,n). P (s,n) A lmaps_to_axpr b Trues } c1 { Q };
Fsoa { A(s,n). P (s,n) A lmaps_to_axpr b False s } co { Q } ]
= k34 { (A(s,n). P (s,n) A vars b C dom s) xx $1} IF b THEN ¢y ELSE
c2{ @} |

Frame: [ F3,{ P} C{Q }]
= t3, {Pxx F} C{Q=xF} |

Seq: II}_?)a{P}Cl{Q}? FSa{Q}C2{R }]]
= 3. {P}C1;;Co{ R} |
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While: [ F3q { (A(s,n). P (s,n) A lmaps_to_axpr b True s) } C { (A(s,n).
P (s,n) A wvars b C dom s) #x $1 } ]

= k34 { (A(s,n). P (s,n) A wars b C dom s) xx $1 } WHILE
b DO C { X(s,n). P (s,n) A lmaps_to_axpr b False s } |

conseqS: [ Fszq {P}c{Q} ; As n. P/ (s,n) = P (s,n) ; As n. Q (s,n) =
Q" (sin) | =
F3a {P}hef Q)

inductive

hoare3b :: assn2 = com = assn2 = bool (<3, ({(1)}/ (L)) { (1 )})
50)
where

import: F3, {P} c{ Q} = F3p {P} c { Q} |

conseq: [ Fap {P}c{Q} ; As n. P’ (s,n) = P (s,kxn) ; As n. Q (s,n) =
Q' (s,n div k); k>0 ] =
Fap {P}ef Q7

inductive

hoare3' :: assn2 = com = assn2 = bool (sk3." ({(1_)}/ (_)/ { (1 )})
50)
where

Assign: s {lmaps_to_expr xxav*x $1} xi=a { (%(s,c). dom s = vars
a—{z}Ne=0)*xz— v} |
Assign’s Fgi {pointsto x v" xx ( pointsto z v —* Q) *x $1} zu= Nv { Q

I

Assign2: s {3v . ( (0. pointsto x v’) xx ( pointsto x v —x Q) *x* $1)
and sep__true xx (%(ps,n). vars a C dom ps A paval a ps = v

) )} am=a{Q} |
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If: [ 3/ { A(s,n). P (s,n) A lmaps_to_azpr b True s } ¢1 { Q };
Far { A(s,n). P (s,n) A lmaps_to_axpr b False s } ca { Q } ]
= 3/, { (A(s,n). P (s,n) A wvars b C dom s) xx $1} IF b THEN ¢; ELSE
co{ @} |

Frame: [ F3:{ P} C{Q }]
=ty {PxxF} C{Q=xF} |

Seq: [F3 {P}C1{Q}; Fs{Q}Ca{R }]
=3 {P}Cry;C2{ R} |

While: [ 3/ { (A(s,n). P (s,n) A lmaps_to_axpr b True s) } C { (A\(s,n).
P (s,n) A wvars b C dom s) ** $1 } ]

= k3 { (A(s,n). P (s,n) A wvars b C dom s) xx $1 } WHILE b
DO C { X(s,n). P (s,n) A lmaps_to_axpr b False s } |

conseq: [ Fsr {P}c{Q} ; As n. P' (s,n) = P (s,kxn) ; As n. Q (s,n) =
Q' (s,n div k); k>0 ] =
P {P"}e{ Q} |

normalize: [ F3/ { Pxx$m } C { Q *x3%n }; n<m |
b (P S(m-n) } C{Q} |

Assign”": b3 { $1 xx (z = ds) } z == (Nv) { (z = v) } |

Assign”"". [ symeval P a v; b3/ {P} z 2= (Nv) {Q'} | = F3/ {P} z =
a{Q" |

Assignd: 3 { (M(ps,t). zedom ps A vars a C dom ps N\ Q (ps(z—(paval
wps))t) ) e S0} zima { Q } |

False: 3. { M(ps,n). False } ¢ { Q } |

purel: (P = F3. { Q} ¢ { R}) = k3 {tP *x Q} ¢ { R}

definition A4 :: vname = aexp = assn2 = assnl

where A} za Q = ((A(ps,t). xk€dom ps A\ vars a C dom ps A Q (ps(z—(paval
a ps)),t) ) wx $1)
definition A2 :: vname = aexp = assn2 = assnl

where A2z a Q = (3v. ( ((Fv' pointsto x v') *x ( pointsto x v —* Q)
*x $1)
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and sep__true xx (%(ps,n). vars a C dom ps A paval a ps = v

)))

lemma A za Q (ps,n) = A2z a Q (ps,n)
unfolding A/ def A2 def sep__conj def dollar__def sep__impl_def pointsto__def
apply auto
apply(rule exI[where z=paval a ps))
apply safe
subgoal for n v
apply(rule exI[where z=[z — v|::partstate])
apply(rule exI[where z=0])
apply auto apply(rule exl[where z=ps(z:=None)])
apply auto
unfolding sep_ disj fun_ def domain__conv apply auto
unfolding plus_fun_ conv apply auto
by (simp add: map__add_upd_left map__upd__triv)
subgoal for n v
apply(rule exI[where z=0])
apply(rule exI[where z=n))
apply(rule exI[where z=ps])
by auto
done

lemma A2z a Q (ps,n) = A4 za Q (ps,n)
unfolding A/ def A2 def sep__conj def dollar_def sep__impl_def pointsto__def
apply (auto simp: sep__disj__commute)
subgoal for aa ba ab ac be za bd apply(rule exI[where z=0bd])
by (auto simp: sep__add_ac domain__conv sep__disj_fun__def)
subgoal for aa ba ab ac bc za bd apply(rule exI[where r=bd)])
apply (auto simp: sep__add__ac)
subgoal apply (auto simp: domain__conv sep_disj_fun__def)
by (metis fun__upd_same none__def plus_fun__def)
subgoal
by (metis domD map__add__dom__app__simps(1) plus_fun__conv sub-
setCE)
subgoal
proof —
assume a: ab + [z — za] = aa + ac
assume b: ps = aa + ac and o: aa ## ac
then have b" ps = ac + aa by(simp add: sep_add_ac)
assume vars: vars a C dom ac
have pa: paval a ps = paval a ac unfolding b’
apply(rule paval__extend) using o vars by (simp__all add: sep__add__ac)
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have f: Af. (ab + [z — za])(z — f) = ab + [z — f]
by (simp add: plus_fun__conv)

assume @ (ab + [z — paval a ac], bd)
thus @ ((aa + ac)(z — paval a (aa + ac)), bd)
unfolding b[symmetric] pa
unfolding b a[symmetric] pa f by auto
ged
done
done

lemma E_extendsR: b3, { P} c{F}="ts {P}c{F}
apply (induct rule: hoare3a.induct)
apply(intro hoare3’.Skip)
apply (intro hoare3’. AssignJ)
subgoal using hoare3’.If by auto
subgoal using hoare3’.Frame by auto
subgoal using hoare3’.Seq by auto
subgoal using hoare3’. While by auto
subgoal using hoare3’.conseqwhere k=1] by simp
done

lemma E_extendsS: b3y { P} c{ F}="ts {P}c{F}
apply (induct rule: hoare3b.induct)
apply(erule E_extendsR)
using hoare3’.conseq by blast

lemma Skip’ P = (F ++ $1) = F3, { P} SKIP { F }
apply(rule conseq[where k=1])
apply(rule Frame|where F=F))
apply (rule Skip)
by (auto simp: sep__conj_ac)

9.2.1 experiments with explicit and implicit GarbageCollection

lemma ( (Vps n. P (ps,n)
— (3ps' ps”" mee’ ((¢,ps) =4 m | ps' + ps”)
ANps' ##ps" N n= e+e +m
A Q (ps'se))))
«— (Ypsn. P (ps,n) — (Ips'me. ((e,ps) =amps’) N n=ce
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+ m A (Q *x (\_. True)) (ps',e)))

proof (safe)
fix psn
assume Vps n. P (ps, n) — (Ips’ ps”" m e e’ (¢, ps) =4 m || ps’ +
ps”" N ps' #H# ps" Am=e+ e +mAQ (ps e))
P (ps, n)
then obtain ps’ ps”’ m e ¢/’ where C: (¢, ps) =4 m | ps’ + ps"" N ps’
#H# ps" Nn=e+ e +mAQ (ps’, e) by blast
show Jps’ me. (¢, ps) =a m | ps' An=e+ mA(Q*x (A_. True))
(ps’,e) unfolding sep conj def
apply(rule exI[where z=ps’ + ps'’)
apply(rule exI[where z=m])
apply(rule exI[where z=e+e¢']) using C' by auto
next
fix psn
assume Vps n. P (ps,n) — (Ips'me. ((¢,ps) =a m | ps’) A n=
e + mA(Qxx (A_. True)) (ps’e))
P (ps, n)
then obtain ps’ m e where C: ((¢,ps) =4 m | ps') AN n=e + m
and Q: (Q *x (\_. True)) (ps’,e) by blast
from @ obtain psi ps2 el e2 where Q" Q (psl,el) ps'=psl+ps2
psl##ps2 e=el+e2 unfolding sep_conj def by auto
show Ips’ ps”" me e’ (¢, ps) =4 m | ps’ + ps"" A ps’' ## ps”" ANn=e
+ e+ mAQ (ps e)
apply(rule exI[where z=ps1])
apply(rule exI[where z=ps2])
apply(rule exI[where z=m])
apply(rule exI[where r=el])
apply(rule exI[where z=e2]) using C Q' by auto
ged

9.3 Soundness

theorem hoareT _sound2_part: assumes F3/ { P }e{ @ }

shows 3/ { P } ¢ { Q } using assms
proof (induction rule: hoare3’.induct)

case (conseq P ¢ Q P' k1 Q')

then obtain k£ where p: Vps n. P (ps, n) — (Ips’ ps"" m e e’ ((¢,ps)
=aml ps' + ps") Nps'#H#ps" Nkxn=kxe+ e +mAQ(pse))
and g¢t0: k>0

unfolding hoare30_wvalid__def by blast
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show ?case  unfolding hoare3o_valid_def
apply(rule exI[where z=kxk1])
apply safe
using g¢t0 conseq(4) apply simp
proof —
fix ps n
assume P’ (ps,n)
with conseq(2) have P (ps, k1xn) by simp
with p obtain ps’ ps” m e ¢’ where pB: (¢, ps) =4 m || ps’ + ps’
and orth: ps’ #4# ps”
and m: k * (kI x n) = kxe + ¢/ + mand Q: Q (ps’, ¢) by blast

/

from @ conseq(3) have Q" Q' (ps', e div k1) by auto

have k x kI x n = kxe + ¢/ + m using m by auto

also have ... = kx(kl = (e div k1) + e mod k1) + ¢’ + m using
mod__mult_div_eq by simp
also have ... = kxkIx(e div k1) + (kx(e mod k1) + ¢’) + m

by (metis add.assoc distrib_left mult.assoc)
finally have k « kI «x n =k x kI % (e div k1) + (k * (e mod k1) + ¢€’)
+ m .

show 3 ps’ ps"" m e e’ (¢, ps) =a m | ps’ + ps” N ps’ ## ps"”" N k
kIl xn=%kxkl xe+ e +mAnAQ (ps e)
apply(rule exI[where z=ps’])
apply(rule exI[where z=ps"])
apply(rule exI[where z=m])
apply(rule exI[where z=e div k1))
apply(rule exI[where z=Fk * (e mod k1) + ¢])
apply safe apply fact apply fact apply fact apply fact done
qed
next
case (Frame P ¢ Q F)
from Frame(2)[unfolded hoare3o__valid _def] obtain k
where hyp: Vps n. P (ps, n) — (I ps’ ps”" m e e’ ((¢,ps) =4 m || ps
+ps") ANps'##ps" Nkxn=kxe+ e +mA Q (pse))
and k: k>0
unfolding hoare3o0_wvalid__def by blast

/

show ?case unfolding hoare3o_valid__def apply(rule exI[where z=Fk])
using k£ apply simp
proof (safe)
fix psn
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assume (P Ax F) (ps, n)
then obtain ps! ps2 where orth: psl ## ps2 and add: (ps, n) = psl
+ ps2
and P: P psl and F: F ps2 unfolding sep_conj def by
blast
from hyp P have (Ips’ ps”" m e e’ ((c,fst ps1) =4 m | ps’ + ps”) A
ps' ## ps”" Nk x sndpsl =kxe+ e +mAQ (pse))
by simp
then obtain ps’ ps” m e e/ where a: (¢, fst ps1) =4 m | ps’ + ps”
and orth2[simp): ps’ ## ps”
and m: k x snd psl = kx e+ e + m and Q: Q (ps/, e) by
blast

from big_step t3_post_dom__conv[OF a] have dom: dom (ps’ + ps”)
= dom (fst ps1) by auto

from add have g: ps = fst ps1 + fst ps2 and h: n = snd psl + snd
ps2 by (auto simp add: plus _prod__def)

from orth have [simpl: fst ps2 ## ps’ fst ps2 ## ps”

apply (metis dom map__convs(1) orth2 sep__disj _addD1 sep__disj _commutel
sep__disj_fun__def sep__disj prod__def)

by (metis dom map__convs(1) orth orth2 sep__add__commute sep__disj _addD1
sep__disj _commutel sep__disj fun__def sep__disj _prod__def)

then have e: ps’ #+# fst ps2 unfolding sep disj fun_ def using dom
unfolding domain__conv by blast

have 3: (Q Ax F) (ps'+fst ps2, e+snd ps2) unfolding sep_conj def

apply(rule exI[where z=(ps’,e)])

apply(rule exI[where z=ps2])

apply safe
subgoal using orth unfolding sep disj prod def apply (auto

simp: sep__disj_nat__def)

apply(rule e¢) done

subgoal unfolding plus prod_def apply auto done

apply fact apply fact done

show I ps’ ps”’ m. (¢, ps) =4 m || ps’+ ps”" N ps" ## ps” A (Fe. (€.
kxn=kxe+e +m)A(QANxF)(ps e))
apply(rule exI[where z=ps’+fst ps2])
apply(rule exI[where z=ps'’)
apply(rule exI[where z=m])
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proof safe
show (¢, ps) =4 m | ps’ + fst ps2 + ps”
apply(rule Framer2[OF _ _ g]) apply (fact a)
using orth apply (auto simp: sep__disj _prod__def)
by (metis <fst ps2 #4# ps's «fst ps2 ## ps’y orth2 sep__add__assoc
sep__add_commute sep__disj _commutel)
next
show ps’ + fst ps2 ## ps'
by (metis dom map__convs(1) orth orth2 sep__add__disjl1 sep__disj _fun__def
sep__disj_prod__def)
next
show Je. (e kxn=kxe+ e +m) A (Q N« F) (ps’ + fst ps2,
e
)
apply(rule exI[where r=e+snd ps2])
apply safe
subgoal proof(rule exl[where z=¢'))
have k * n = k * snd psl + k * snd ps2 unfolding h by (simp
add: distrib__left)

also have ... = k x e + ¢/ + m + kx snd ps2 unfolding m by
auto

finally show k « n =k % (e + snd ps2) + ¢/ + m

by algebra
qed apply fact done
qed
ged

next

case (False ¢ Q)
then show ?case by (auto simp: hoare3o__valid__def)
next
case (Assign2 z @ a)
show ?case
unfolding hoare3o0_valid__def
apply (rule exI[where z=1], safe) apply auto
proof —
fix psnwv
assume A: ((As. Jza. (z — za) s) A*x (z — v —* Q) Ax $ (Suc 0))
(ps, n)
assume B: ((As. True) Ax (A(ps, n). vars a C dom ps A paval a ps =

v)) (ps, n)

from A obtain psl ps2 n1 n2 v’ where psi ## ps2 and addl: ps
= psl + ps2 and n: n = nl + n2 and
1: (Jzaa. (x — zaa) (psi,nl))

217



and 2: ((z = v —=* Q) Ax $ (Suc 0)) (ps2,n2) unfolding
sep__conj _def

by fastforce

from 2 obtain ps2a ps2b n2a n2b where ps2a ## ps2b and add2:
ps2 = ps2a + ps2b and n2: n2 = n2a + n2b
and @: (z — v —x* Q) (ps2a,n2a) and ps2b: ps2b=0 and n2b:
n2b=1 unfolding dollar_def sep_ conj def
by fastforce

from 1 obtain v/ where n1: n1=0 and p: psl = ([z — v']::partstate)

and z: z : dom psl by (auto simp: pointsto__def)
from z addl have z: z : dom ps

by (simp add: plus_fun__conv subset_iff)

have f: ([z — 0] + ps2a)(z — v) = ps2a + [z — V]

by (smt «Athesis. (A\v”. [n1 = 0; psl = [z — v']; z € dom ps1] = the-
sis) = thesisy <psl ## ps2> add2 disjoint_iff _not_equal dom__fun__upd
domain__conv fun__upd__upd map__add__upd_left option.distinct(1) plus_fun__conv
ps2b sep__add__commute sep__add__zero sep__disj_fun__def)

let ?n’ = n2a + nl
from n n2 n2b have n”: n=1+2n' by simp
have Q" Q (ps(z — v), ?n') using @ n! unfolding sep impl_def
apply auto
unfolding pointsto_def apply auto
subgoal
by (metis <psl ## ps2> ps2 = ps2a + ps2b> «ps2b = 0>
dom__fun__upd domain__conv option.distinct(1) p sep__add_ zero sep__disj _commute
sep__disj_fun__def)
subgoal unfolding add! p add2 ps2b
by (auto simp: f)
done

from B obtain ps! ps2 nl n2 where orth: ps1 ## ps2 and add: ps
= ps2 + psl and n: n=nl+n2

and wvars: vars a C dom ps2 and v: paval a ps2 = v
unfolding sep_conj def by (auto simp: sep__add_ac)

from vars add have a: vars a C dom ps
by (simp add: plus_fun__conv subset_iff)
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from a z have vars a U {z} C dom ps by auto

have paval a ps = v unfolding add apply(subst paval__extend)
using orth vars v by(auto simp: sep__disj__commute)

show dps’ ps”’ m. (z ::= a, ps) =4 m | ps’ + ps” A ps’ ## ps” A
(Je.Fe.n=e+ e +m)A Q (ps, e))

apply(rule exl[where z=ps(z—v)])

apply(rule exI[where z=0])

apply(rule exl[where z==Suc 0])

apply auto

apply(rule big_step_t _part.Assign)
apply fact+ apply simp

apply(rule exI[where z="2n"))
apply safe
apply(rule exI[where z=0]) using n’ apply simp
using Q' by auto

qed
next
case Skip
then show ?case by (auto simp: hoare3o__valid__def dollar_def)
next
case (Assign4 z a Q)
then show ?case
apply (auto simp: dollar_def sep__conj_def hoare3o__valid_def )
apply(rule exI[where z=1]) apply auto
subgoal for ps b y
apply(rule exI[where z=ps(z — paval a ps)])
apply(rule exI[where z=0])
apply(rule exI[where z=Suc 0]) apply auto
apply(rule exI[where z=b5]) by auto
done
next
case (Assign’ z v’ v Q)
have Aaa. aa ## [z — v] =
- aa ## [z — v] = False unfolding sep_disj _fun__def domain__def
apply auto by (smt Collect _conj eq Collect__empty_eq)
have f: Av’. domain [z — v'] = {2} unfolding domain__conv by auto

{ fix ps
assume u: ps ## [z — v/
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have 2: [z — 0] + ps = ps + [z — 0]
[z — v] + ps = ps + [z — 1]
subgoal apply (subst sep__add__commute) using u by (auto simp:
sep__add__ac)
subgoal apply (subst sep__add_commute) using u apply (auto
simp: sep__add__ac)
unfolding sep disj fun_ def f by auto done
have (z := N v, [z — 0] + ps) =4 Suc 0 | [x — v] + ps
apply(rule Framer[OF big_step t part.Assign])
apply simp__all using u by (auto simp: sep__add_ac)
then have (z ::= N v, ps + [z — v']) =4 Suc 0 | ps + [z — 9]
by (simp only: 2)
} note f2 = this

from Assign’ show ?Zcase
apply (auto simp: dollar_def sep__conj_def pointsto__def sep__impl_def
hoare3o__valid__def )
apply(rule exl[where z=1]) apply (auto simp: sep__add__ac)
subgoal unfolding sep_ disj fun_def f by auto
subgoal for ps n
apply(rule exI[where z=ps+[z — v]])
apply(rule exI[where z=0))
apply(rule exI[where z=>Suc 0])
apply safe
subgoal using f2 by auto
subgoal by auto
subgoal by force
done
done
next
case (Assign x a v)
then show ?case unfolding hoare3o_wvalid__def
apply(rule exI[where z=1])
apply auto apply (auto simp: dollar_def )
subgoal for ps n
apply (subst (asm) separate_othogonal) apply auto
apply (rule exI[where r=ps(z:=Some v)])
apply(rule exI[where z=0])
apply(rule exI[where z=1])
apply auto
apply (auto simp: pointsto_def) unfolding sep conj def
subgoal apply(rule exI[where z=((%y. if y=x then None else ps y) ,

0)))

apply(rule exI[where z=((%y. if y = x then Some (paval a ps) else
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None),0)))
apply (auto simp: sep__disj_prod__def sep__disj _fun__def plus_fun__def)
apply (smt domlIff domain__conv)
apply (metis domlI insertE option.simps(3))
using domlff by fastforce
done
done
next
case (If P b c¢; Q c2)
from If(8)[unfolded hoare3o_wvalid__def]
obtain k1 where T: Aps n. P (ps, n) = vars b C dom ps = pbval
b ps
= (Ips’ ps"" me e’ (c1, ps) =4 m | ps’ + ps”" N ps' ## ps" A ki
xn==Fk xe+ e +mAQ(ps e)
and k1: k1 > 0 by force
from If(4)[unfolded hoare30_valid_def]
obtain k2 where F: Aps n. P (ps, n) = vars b C dom ps => — pbuval
b ps
= (Aps’' ps"" me e’ (ca, ps) =4 m | ps’ + ps”" N ps’ ## ps"" N k2
xn=Fk xe+ e +mAQ(pse))
and k2: k2 > 0 by force

show ?Zcase unfolding hoare3o_wvalid_def apply auto apply (auto
simp: dollar_def)
apply(rule exl[where z=k1 * k2]) using k1 k2 apply auto
proof (goal _cases)
case (1 ps n)
then obtain n’ where P: P (ps, n') and dom: vars b C dom ps and
Suc: n = Suc n’ unfolding sep_ conj def
by force
show ?case
proof (cases pbval b ps)
case True
with T[OF P dom] obtain ps’ ps” m e ¢’ where d: (c1, ps) =4 m ||
ps' + ps'
and orth: ps' ## ps'”’ and m1: ki1 x n' =kl x e + ¢/’ + m and
Q: Q (ps', e)
by blast
from big_step t3 post_dom__conv[OF d] have klong: dom (ps’ +
ps’) = dom ps .
from k1 obtain k1’ where k1’ k1 = Suc k1’
using gr0_implies Suc by blast
from k2 obtain k2’ where k2" k2 = Suc k2’
using gr0_implies Suc by blast
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let el = (k2" x (¢/ + m + k1) + e’ + k1)
show “thesis
apply(rule exI[where z=ps))
apply(rule exI[where z=ps']) apply(rule exl[where z=m+1])
apply safe
apply(rule big_step t part.IfTrue)
apply (rule dom)
apply fact
apply (rule True)
apply (rule d)
apply simp
apply fact
subgoal apply(rule exl[where z=e¢])
apply safe
subgoal proof (rule exI[where z=7?el])
have kI * k2 x n = k2 = (k1xn) by auto

also have ... = k2 x (k1xn’ + k1) unfolding Suc by auto

also have ... = k2 x (kI x e + ¢/’ + m + k1) unfolding mI by
auto

also have ... = kI * k2 x e + k2% (¢/ + m + k1) by algebra

also have ... = k1 x k2 x e+ k2'x (e¢/+ m + k1) + (¢/+ m
+ k1) unfolding k2’

by simp

also have ... = kI « k2 x e+ k2" % (e/ + m + k1) + (e/ + k1’
+ m + 1) unfolding k1’ by simp

also have ... = kI *k2xe + (k2" % (e¢/+ m + k1) + ¢’ + k1)

+ (m+1) by algebra
finally show k1 « k2 x n =kl « k2 x e+ %el + (m + 1) .
ged using @ by force
done
next
case Fulse
with F[OF P dom| obtain ps’ ps"”" m e ¢/ where d: (ca, ps) =4 m |
ps' + ps’!
and orth: ps’ ## ps’”’ and m2: k2 x n' = k2 x e + ¢/ + m and
Q Q (ps's e)
by blast
from big_step_t3_post_dom__conv|OF d| have klong: dom (ps’ +
ps’) = dom ps .
from k1 obtain k1’ where k1’ kI = Suc k1’
using gr0_implies_Suc by blast
from k2 obtain k2’ where k2" k2 = Suc k2’
using gr0_implies_Suc by blast
let %e2 = (k1'x (e/4+ m + k2) + e’ + k2/)
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show “thesis
apply(rule exl[where z=ps’])
apply(rule exI[where z=ps"|) apply(rule exl[where z=m+1])
apply safe
apply(rule big_step t_part.IfFalse)
apply (rule dom)
apply fact
apply (rule False)
apply (rule d)
apply simp
apply fact
subgoal apply(rule exl[where z=e¢])
apply safe
subgoal proof (rule exI[where z=7?e2])
have k1 % k2 x n = kI * (k2xn) by auto

also have ... = kI * (k2xn’ + k2) unfolding Suc by auto

also have ... = kI * (k2 x e + ¢/ + m + k2) unfolding m2 by
auto

also have ... = kI % k2 x e + kix (e¢/ + m + k2) by algebra

also have ... =kl s k2 x e + k1'% (e/+ m + k2) + (e + m
+ k2) unfolding k1’

by simp

also have ... = kI x k2 x e + k1’ x (e + m + k2) + (' + k2’
+ m + 1) unfolding k2’ by simp

also have ... = kI «xk2xe + (k1'% (¢ + m + k2) + ¢’ + k2/)

+ (m+1) by algebra
finally show k1 « k2 x n =kl « k2 x e+ %e2 + (m + 1) .
ged using @Q by force
done
qged
qged
next

case (Seq P C1 Q Cq R)

from Seq(3)[unfolded hoare3o_valid__def] obtain ki1 where
1: (Vpsn. P (ps,n) — (Ips' ps”" mee' (Cy, ps) =4 m | ps’ + ps”
A ps' ##ps" Nkl xn=Fkl xe+ e +mA Q (ps, e)))
and k10: k1 > 0 by blast
from Seq(4)[unfolded hoare3o__valid _def] obtain k2 where
2: (Vpsn. Q (ps,n) — (Ips' ps”" mee' (Ca, ps) =4 m | ps’ + ps”
N ps' ## ps" Nk2xn=k2xe+ e +mA R (ps, e)))
and £20: k2 > 0 by blast

from k10 obtain ki1’ where k1" k1 = Suc k1’
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using gr0 _implies_Suc by blast
from k20 obtain k2’ where k2" k2 = Suc k2’
using gr0_implies_Suc by blast

show ?case unfolding hoare3o_ valid_ def
apply(rule exI[where r=k2xk1])
proof safe

fix psn

assume P (ps, n)

with 7 obtain ps!’ ps1” m1 el el’ where C1: (Cy, ps) =4 ml |
psl’ + ps1' and orth: ps1’ #4# ps1”
and ml: kI x n =kl x el + el’+ mland Q: Q (psl’, el) by
blast

from @ and 2 obtain ps2’ ps2” m2 e2 e2’ where C2: (Csq, psl’) =4
m2 || ps2’ + ps2' and orth2: ps2’ ## ps2”
and m2: k2 x el = k2 x e2 + 2’ + m2 and R: R (ps2/, e2) by
blast

let ?ee = (k1 xe2’ + k2xel’ +k2"mi1+ k1'«xm2)

show Jps’ ps"" m e e’ (Cy;; Co, ps) =4 m | ps’ + ps” N ps’ #4# ps”
ANk2 xkl xn==Fk2xkl xe+ e +mAR(ps e
apply(rule exI[where z=ps2))
apply(rule exI[where x=ps2" + ps1’))
apply(rule exI[where z=m1-+m2])
apply(rule exI[where z=e2])
apply(rule exI[where z="%ee])
proof safe
have C2" (Cy, ps1’ + ps1') =4 m2 || ps2’ + (ps2" + ps1”)
apply(rule Framer2[OF C2, of ps1"]) apply fact apply simp
using sep__add__assoc
by (metis C2 big_step_t3 _post_dom__conv map__convs(1) orth orth2
sep__add_commute sep__disj _addD1 sep__disj _commutel sep__disj_fun__def)
show (Cy;; Co, ps) =4 ml + m2 | ps2' + (ps2” + ps1”)
using C1 C2' by auto
next
show ps2' ## ps2' + ps1”
by (metis C2 big_step_t3_post_dom__conv map__convs(1) orth orth2
sep_ disj_addI3 sep_ disj_fun__def)

next
have k2 x k1 x n = k2 *x (kI * n) by auto
also have ... = k2 % (kI % el + el’+ ml) using ml by auto
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also have ... = kI * k2 x el + k2 % (el’ + m1) by algebra

also have ... = kI * (k2 * e2 + €2’ + m2) + k2 * (el'+ ml) using
m2 by auto
also have ... = k2 x k1 x e2 + (k1 xe2’ + k2xel’ +k2xml1+ k1xm2)
by algebra
also have ... = k2 x kI x e2 + (k1 xe2’ + k2xel’ +k2"mi+ml+
k1’*m2+4m2) unfolding k1’ k2’ by auto
also have ... = k2 % k1 * €2 + (kI *e2’ + k2xel’ +k2mi1+

k1'«sm2)+(mi14+m2) by auto
finally show k2 x k1 x n = k2 % kI * e2 + %ee + (ml + m2) .
qed fact
qed (simp add: k10 k20)
next

case (While P b C)

{
assume 3 k>0.V ps n. (case (ps, n) of (s,n) = P (s, n) A lmaps_to__azxpr
b True s) —

(Fps' ps”" mee' (C, ps) =4 m ps’ + ps’" A ps’ #4# ps” A
kxn==Fkxe+ e+ mA(As, n). P(s,n) ANvars b C dom s) A\x $ 1)
(ps’, e))

then obtain k where While2: V ps n. (case (ps, n) of (s, n) = P (s,
n) A lmaps_to_azxpr b True s) — (Ips’ ps”" m e e’ (C, ps) =4 m | ps’
+ ps"”" AN ps' ## ps" Nkxn=kxe+ e +mA (N, n). P(s,n)A vars
b C doms) Ax$ 1) (ps’, e)) and k: k>0 by blast

from k obtain k' where k'’ k = Suc k’
using gr0_implies_Suc by blast

have 3k>0. Vps n. (A(s, n). P (s, n) A vars b C dom s) Ax $ 1) (ps,
n) —
(ps' ps"”" me e
(WHILE b DO C, ps) =4 m | ps’' + ps”" A
ps' ## ps" Nkxn=Fkxe+ e + m A (case (ps’, e) of
(s, n) = P (s, n) A lmaps_to_axpr b False s))  proof (rule exl[where
x=k], safe, goal_cases)
case (2 ps n)
from 2 show Zcase
proof (induct n arbitrary: ps rule: less_induct)
case (less x ps3)

show ?Zcase

proof (cases pbval b ps3)
case True
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from less(2) obtain z’ where P: P (ps3, z') and dom: vars b
C dom ps3 and Suc: z = Suc ' unfolding sep_conj _def dollar_def by
auto

from P dom True have

g: ((A(s, n). P (s, n) A lmaps_to_axpr b True s)) (ps3, z')

unfolding dollar_def by auto

from While2 g obtain ps3’ ps3” m e ¢’ where C: (C, ps3) =4
m || ps3’ + ps3” and orth: ps3’ ## ps3"

and z: kx 2’ =k *x e+ e + mand P ((A(s, n). P (s, n) A

vars b C dom s) Ax $ 1) (ps3’', e) by blast

then obtain z’”/ where P P (ps3’, ') and domb: vars b C
dom ps3’ and Suc’: e = Suc z""

unfolding sep_ conj def dollar_def by auto

from C big_step_t3_post_dom__conv have dom ps3 = dom (ps3’
+ ps3") by simp
with dom have dom’: vars b C dom (ps3’ + ps3') by auto

from C big_step t3 gt0 have gt0: m > 0 by auto

have e < z using z Suc gt0
by (metis kle_addl le_less_trans less_Sucl less__add__same__cancell
nat_mult_less_cancell)

have Jps’ ps"”" m e2 e2’. (WHILE b DO C, ps3') =4 m || ps’+ ps”
Nps' ##ps" Nkxe=kxe2+ e2' +m AP (ps, e2) A lmaps_to_azxpr
b False ps’
apply(rule less(1))
apply fact by fact

then obtain ps/’ psj” mt et et’ where w: (WHILE b DO C,
ps3’) =a mt | ps4’ + psq”)
and ortho: ps{’' #+# ps4' and m”: k x e = k x et + et’ + mt
and P": P (ps4’, et) and dom': vars b C dom psj’ and b"": —
pbval b psj’ by auto

have psj " ## ps3" and psj ' ## ps3' by (metis big_step_t3_post_dom__conv
domain__conv orth ortho sep__add_disjD sep disj _fun_ def w)+

show ?thesis
apply(rule exI[where x=psj])
apply(rule exI[where z=(ps4" + ps3")])
apply(rule exI[where z=1 + m + mt])
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apply(rule exI[where r=et])
apply(rule exI[where z= et’ + k' + ¢€/])
proof (safe)
have (WHILE b DO C, ps3' + ps3") =4 mt || ps4' + (ps4” +
ps3”)
apply(rule Framer2[OF w, of ps3"]) apply fact
apply simp
apply(rule sep__add__assoc[symmetric])
by fact+
show (WHILE b DO C, ps3) =4 1 + m + mt |} psf’' + (ps4”
+ ps3”)
apply(rule WhileTrue) apply fact apply fact apply (fact C)
apply fact by auto
next
show ps/' #4# psj" + ps3”
by (metis big_step_t3_post_dom__conv domain__conv orth ortho

sep_ disj _addI3 sep_disj fun_def w)

next
have k x x = k * 2’ + k unfolding Suc by auto
also have ... = k x e + ¢/ + m + k unfolding = by simp
also have ... = k x et + et' + mt + ¢’ + m + k using m’ by
simp
also have ... =k x et + et + mt + ¢/ + m + 1 + k' using %’
by simp
alsohave ... =Fkx et + (et’ + k'+ ¢') + (I + m + mt) using
k' by simp
finally show k x z =k x et + (et + k' + €) + (1 + m + mt)
by simp
next
show P (ps4’, et) by fact
next
show Imaps to_axpr b False ps/’ apply simp using dom” b" ..
qed
next
case Fulse

from less(2) obtain z’ where P: P (ps3, ') and dom: vars b C
dom ps3 and Suc: z = Suc x’ unfolding dollar def sep_conj def
by force
show “thesis
apply(rule exI[where z=ps3])
apply(rule exI[where z=0])
apply(rule exI[where z==Suc 0])
apply(rule exI[where z=2x"])
apply(rule exI[where z=Fk']) apply safe
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apply simp apply (rule big_step_t _part. WhileFalse)
subgoal using dom by simp
apply fact apply simp
using Suc k k' apply simp
using P Suc apply simp
using dom apply auto
using Fulse apply auto done
qed

qged

qed (fact)

} with While(2)
show ?case unfolding hoare3o_valid__def by simp
next
case (Assign’"’ x ds v)
then show ?case
unfolding hoare3o walid_def apply auto
apply(rule exI[where z=1]) apply auto
subgoal for ps n apply(rule exl[where z=ps(z—v)]) apply(rule
exl[where z=0])
apply(rule exI[where z=Suc 0])
apply safe
apply (rule big_step_t _part.Assign)
apply (auto)
subgoal apply(subst (asm) separate__othogonal__commuted’) by (auto
stmp: dollar_def pointsto__def)
subgoal apply (subst (asm) separate_othogonal__commuted’) by (auto
sitmp: dollar_def pointsto__def)
done
done
next
case (Assign”"”" P a vz Q)
from Assign’"’'(3)[unfolded hoare3o_valid__def] obtain k where k: k>0
and
A: Vpsn. P (ps,n) — (Ips’ ps"" mee' (x := Nw, ps) =4 m | ps’
+ps”" Nps' #H#ps" Nkxn=kxe+ e +mAQ (ps e))
by auto
show ?case
unfolding hoare3o walid_def apply auto
apply(rule exI[where z=Fk]) using k apply auto
proof (goal _cases)
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case (1 ps n)
with A obtain ps’ ps”’ m e e’
where (z := N v, ps) =4 m || ps’ + ps’" and orth: ps’ ## ps”
and m: kxn=%Fkxe+ e + mand Q: Q' (ps’, e) by metis
from 1(2) Assign'"(1)[unfolded symeval def] have paval’ a ps =
Some v by auto
show ?case apply(rule exl[where z=ps']) apply(rule exl[where
z=ps') apply(rule exl[where z=m))
apply safe
apply(rule avalDirekt3 correct) apply fact+
apply(rule exI[where z=e]) apply safe
apply(rule exI[where z=e¢']) apply fact
apply fact done
qed
next
case (purel P Q ¢ R)
show ?case
proof (cases P)
case True
with purel(2)[unfolded hoare30_valid def] obtain k where k: k>0
and
thing: ¥ psn. Q (ps, n) — (Ips’ ps”’ m e e’ (¢, ps) =4 m | ps’ +
ps"" N ps' #4# ps”" Nkxn=kxe+ e + mA R (ps', e)) by auto

show ?thesis unfolding hoare30_valid_def apply(rule exl|where
z=Fk])
apply safe apply fact
using thing by fastforce
next
case Fulse
show ?thesis unfolding hoare3o_valid__def apply(rule exI[where
o—1])
using False by auto
qed
next
case (normalize P m C Q n)
then show ?case unfolding hoare3o0_wvalid__def
apply(safe) subgoal for k apply(rule exl[where z=k]) apply safe
proof (goal _cases)
case (1 ps N)
have Q2: P (ps, N — (m — n)) apply(rule stardiff) by fact
have mn: m — n < N apply(rule stardiff(2)) by fact
have P: (P Ax $ m) (ps, N — (m — n) + m) unfolding sep_ conj def
dollar__def
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apply(rule exI[where z=(ps,N — (m — n))]) apply(rule exI[where
z=(0,m)])
apply(auto simp: sep_disj_prod_def sep__disj _nat_def) by fact
have N: N — (m — n) + m = N +n using normalize(2)
using mn by auto
from P N have P (P Ax $ m) (ps, N +n) by auto

from P’ 1(4) obtain ps’ ps”’ m’ e ¢/ where (C, ps) =4 m’ || ps’ +
ps’"" and orth: ps’ ## ps”’
and m" kx (N 4+n) =kx*xe+ e + m'and Q: (Q Ax$ n) (ps/, e)
by blast

have Q2: Q (ps’, e — n) apply(rule stardiff) by fact

have en: e>n using @
using stardiff (2) by blast

show ?case
apply(rule exl
apply(rule exl
apply(rule exl
apply(rule exl
proof (safe)
show (C, ps) =4 m’' || ps’ + ps”’ by fact

where z=ps))

where z=ps"]) apply(rule exI[where z=m/))
where z=e — n))

where z=¢])

next
show ps’ ## ps” by fact
next
have k « N = k x ( (N + n)— n) by auto
also have ... = kx(N + n) — kxn using right_diff distrib’ by
blast
also have ... = (k x e + ¢/ + m') — kxn using m’ by auto
also have ... = k x e — kxn + e/ + m’ using en

by (metis Nat.add__diff _assoc2 ab__semigroup__add__class.add__ac(1)
distrib_left le_add1 le__add__diff _inverse)
also have ... =k x (e—n) + e+ m'by (simp add: diff _mult_distrib2)

finally show k * N =k (e — n) + ¢ + m’'.
next
show @ (ps’, e — n) by fact
qed
qged
done
qed
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thm hoareT sound?2_part E__extendsR

lemma hoareT _sound2_partR: b3, {P} ¢ { Q} = 3/ {P} ¢ {Q}
using hoareT sound?2_ part E_extendsR by blast

9.3.1 nice example

lemma Frame_R: assumes b3, { P} C { Q } Frame P' P F
shows 3, { P'} C{ Q *x F }
apply (rule conseq[where k=1]) apply(rule Frame) apply (rule assms(1))
using assms(2) unfolding Frame__def by auto

lemma strengthen_post: assumes 3, {P}c{Q} N\s. Q@ s = Q' s
shows 3/ {P}c{ Q'}
apply(rule conseqlwhere k=1])
apply (rule assms(1))

apply simp apply simp apply fact apply simp done

lemmas strongAssign = Assign’"'|OF __ strengthen__post, OF __ Frame__R,
OF __ Assign”|

lemma weakenpre: [ 3 {P}c{Q}; Ns. P's= Ps | =
F3r {P"}e{ Q}

using conseqlwhere k=1] by auto

lemma weakenpreR: [ tsq {P}c{Q}; Ns. P's = Ps | =
F3a {Phe{ Q)

using hoare3a.conseqS by auto

9.4 Completeness

definition wp3’ :: com = assn2 = assn2 (<wps."») where
wpsr ¢ @ = (A(sy,n). It m. n>m A (¢,8) =4 m | t A Q (t,n—m))

lemma wp3Skip[simp|: wps: SKIP Q = (Q ** $1)
apply (auto intro!: ext simp: wp3'_def)
unfolding sep conj def dollar__def sep__disj _prod_def sep__disj _nat_def
apply auto apply force
subgoal for ¢ n apply(rule exl[where z=t|) apply(rule exI[where
z=_S8uc 0])
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using big_step t part.Skip by auto
done

lemma wp3Assign[simp]: wps: (z =€) Q = ((A(ps,t). vars e U {z} C dom
ps A Q (ps(x — paval e ps),t)) =+ $1)
apply (auto intro!: ext simp: wp3'_def )
unfolding sep_ conj _def apply (auto simp: sep__disj_prod__def sep__disj _nat_ def
dollar_def) apply force
by fastforce

lemma wpt_Seq[simpl: wps: (c135¢2) @ = wps: c1 (wps: ca Q)
apply (auto simp: wp3'_def fun_eq iff )
subgoal for a bt m1 s2 m2

apply(rule exI[where z=s2])
apply(rule exI[where z=m1])
apply simp
apply(rule exI[where z=t])
apply(rule exI[where z=m2])
apply simp done
subgoal for s m t' m1 t m2
apply(rule exI[where z=t])
apply(rule exI[where z=m1+m2])
apply (auto simp: big_step_t part.Seq) done
done

lemma wpSIf[simp:
wpsg: (IF b THEN ¢1 ELSE c3) Q = ((A(ps,t). vars b C dom ps A\ wps: (if
pbual b ps then c1 else ca) Q (ps,t)) *x $1)
apply (auto simp: wp3'_def fun__eq iff)
unfolding sep_ conj def apply (auto simp: sep__disj_prod_ def sep__disj _nat_ def
dollar_def)
subgoal for a ba t x apply(rule exI[where z=ba — 1]) apply auto
apply(rule exl[where z=t]) apply(rule exl[where z=z]) apply auto
done
subgoal for a ba t x apply(rule exI[where z=ba — 1]) apply auto
apply(rule exl[where z=t|) apply(rule exl[where z=z|) apply auto
done
subgoal for a ba t m
apply(rule exl[where z=t]) apply(rule exl[where z=Suc m|) apply
auto
apply(cases pbval b a)
subgoal apply simp apply (subst big_step_t _part.IfTrue) using big_step_t3 _post_dom__conv
by auto
subgoal apply simp apply (subst big_step_t _part.IfFalse) using big_step_t3_post_dom__conv
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by auto
done
done

lemma sF'True: assumes pbval b ps vars b C dom ps

shows wps, (WHILE b DO ¢) @Q (ps, n) = ((A(ps, n). vars b C dom ps
A (if pbval b ps then wps: ¢ (wps: (WHILE b DO ¢) Q) (ps, n) else @ (ps,
n))) Ak $ 1) (ps, )

(is fwp = (2T Ax 8 1) )

proof

assume wps (WHILE b DO ¢) Q (ps, n)

from this[unfolded wp3' _def] obtain ps” tt where tn: tt < n and wi:
(WHILE b DO ¢, ps) =4 tt || ps” and Q: Q (ps”, n — tt) by blast

with assms obtain t ¢’ ps’ where w2: (WHILE b DO ¢, ps’) =4 t' |
ps” and c: (¢, ps) =4 t | ps’ and tt: tt=1+t+t’ by auto

from tn obtain k where n: n=tt+k&
using le_Suc_ex by blast

from assms show (21 Ax $ 1) (ps,n)
unfolding sep_ conj def dollar_def wp3’' def apply auto
apply(rule exI[where x=t+t"+k])
apply safe subgoal using n tt by auto
apply(rule exI[where z=ps’))
apply(rule exI[where z=t))
using c apply auto
apply(rule exI[where z=ps'’)
apply(rule exI[where z=t"])
using w2 @ n by auto
next
assume (71 Ax $ 1) (ps,n)
with assms have Q: wps: ¢ (wps: (WHILE b DO ¢) Q) (ps, n—1) and
n: n>1 unfolding dollar_def sep _conj def by auto
then obtain t ps’ t/ ps’’ where t: t < n — 1
and c: (¢, ps) =4t | ps’and t:t' < (n—1) — t and w: (WHILE
b DO ¢, ps’) =4 t' | ps”
and Q: Q (ps"" ((n—1) — t) — 1
unfolding wp3’ def by auto
show ?wp unfolding wp3’ def
apply simp apply(rule exl[where z=ps”]) apply(rule exl[where
o=1+1+1)
apply safe
subgoal using t t' n by simp
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subgoal using ¢ w assms by auto
subgoal using Q t t' n by simp
done

qged

lemma sFFalse: assumes ~ pbval b ps vars b C dom ps
shows wps, (WHILE b DO ¢) @Q (ps, n) = ((A(ps, n). vars b C dom ps
A (if pbval b ps then wps: ¢ (wps: (WHILE b DO ¢) Q) (ps, n) else @ (ps,
n))) A 8 1) (ps, )
(is fwp = (2T Ax 8 1) )
proof
assume wps (WHILE b DO ¢) Q (ps, n)
from this[unfolded wp3’ _def] obtain ps’ t where tn: t < n and wi:
(WHILE b DO ¢, ps) =4 t | ps’and Q: Q (ps’, n — t) by blast
from assms have w2: (WHILE b DO ¢, ps) =4 1 | ps by auto
from wl w2 big_step_t_determ2 have t1: t=1 and pps: ps=ps’ by auto
from assms show (21 Ax $ 1) (ps,n)
unfolding sep_conj def dollar_def using t1 tn @ pps apply auto
apply(rule exI[where z=n—1]) by auto
next
assume (71 Ax $ 1) (ps,n)
with assms have Q: Q(ps,n—1) n>1 unfolding dollar_def sep__conj__def
by auto
from assms have w2: (WHILE b DO ¢, ps) =4 1 | ps by auto
show ?wp unfolding wp3’ def
apply auto apply(rule exI[where x=ps|) apply(rule exI[where z=1])
using @ w2 by auto
qged

lemma sF' wps: (WHILE b DO ¢) Q (ps,n) = ((A(ps, n). vars b C dom
ps A (if pbval b ps then wps: ¢ (wps, (WHILE b DO ¢) Q) (ps, n) else Q
(ps, n))) Ax $ 1) (ps,n)
apply(cases vars b C dom ps)
subgoal apply(cases pbval b ps) using sFTrue sFFalse by auto
subgoal by (auto simp add: dollar_def wp3' _def sep_conj def)
done

lemma sF: wps: (WHILE b DO ¢) Q s = ((A(ps, n). vars b C dom ps A (if
pbual b ps then wps, ¢ (wps, (WHILE b DO c) Q) (ps, n) else Q (ps, n)))
Nx$ 1) s

using sF’

by (metis (mono__tags, lifting) prod.case__eq_if prod.collapse sep__conj_impll)
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lemma strengthen_ postR: assumes 3, {P}c{Q} Ns. Q@ s = Q' s
shows 3, {P}c{ Q'}
apply(rule hoare3a.conseqS)
apply (rule assms(1))
apply simp by (fact assms(2))

lemma assumes AQ. F3, {wps ¢ Q} ¢ {Q}
shows While WpisPre: \3, {wps: (WHILE b DO ¢) Q} WHILE b DO ¢ {

Q}

proof —

define I where [ = (A(ps, n). vars b C dom ps A (if pbval b ps then
wpss ¢ (wpsr (WHILE b DO ¢) Q) (ps, n) else @ (ps, n)))

define I’ where I’'= (\(ps, n). (if pbval b ps then wps: ¢ (wps, (WHILE
b DO ) Q) (ps, n) else Q (ps, )

have I": I = (\(ps, n). vars b C dom ps A I’ (ps, n)) unfolding I def
I"_def by auto

from assms|where Q=(wps, (WHILE b DO ¢) Q)] have
c: F3q {wpsr ¢ (wps: (WHILE b DO ¢) Q)} ¢ {(wps: (WHILE b DO c)
Q)} -
have ¢" b3, { (A(s,n). I (s,n) A lmaps_to_axpr b True s) } ¢ { I *x $1
}
apply(rule hoare3a.conseqS)
apply(rule c)
subgoal apply auto unfolding I def by auto
subgoal unfolding I def wusing sF' by auto
done

have ¢": 3, { (A(s,n). I (s,n) A lmaps_to_azxpr b True s) } ¢ { (A(s,
n). I (s, n) A vars b C dom s) *x $1 }
apply (rule strengthen_postR[OF ¢))
unfolding I’

by (smt R case_prod_beta prod.sel(1) prod.sel(2))

have ka: (A(s, n). I (s, n) A vars b C dom s) = I
apply rule unfolding I’ by auto

from hoare3a. Whilelwhere P=I] ¢'" have
w: F34 { (A(s,n). I (s,n) A wars b C dom s) %+ $1 } WHILE b DO ¢ {
A(s,n). I (s,n) A lmaps_to_azpr b False s } .
show 3, {wps, (WHILE b DO ¢) Q} WHILE b DO ¢ { Q}
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apply(rule hoare3a.conseqS)
apply (rule w)
subgoal unfolding ka using sF' I def by simp
subgoal unfolding I def by auto
done
qged

lemma wpT _is_pre: b3, {wps: ¢ Q} ¢ { Q}
proof (induction ¢ arbitrary: Q)
case SKIP
then show ?case apply auto
using hoare3a.Frame[where F=Q and Q=%0 and P=$1, OF hoare3a.Skip]
by (auto simp: sep.add__ac)
next
case (Assign z1 x2)
then show ?case using hoare3a.Assign4 by simp
next
case (Seq cl ¢2)
then show ?case apply auto
apply (subst hoare3a.Seq[rotated]) by auto
next
case (If z1 cl ¢2)
then show ?case apply auto
apply(rule weakenpreR[OF hoare3a.If, where P1=%(ps,n). wps: (if
pbual x1 ps then c1 else ¢2) Q (ps,n)])
apply auto
subgoal apply(rule hoare3a.conseqS[where P=wps: c1  and Q=@Q))
by auto
subgoal apply(rule hoare3a.conseqS[where P=wps: c2  and Q=@Q))
by auto
proof —
fixabd
assume ((\(ps, t). vars x1 C dom ps A wps (if pbval x1 ps then cl else
c2) Q (ps, t)) Ax $ (Suc 0)) (a, b)
then show ((A(ps, t). wpss (if pbval x1 ps then cl else c2) @ (ps, t) A
vars 1 C dom ps) Ax $ (Suc 0)) (a, b)
unfolding sep_ conj def apply auto apply(case_tac pbval z1 aa)
apply auto done
qed
next
case (While b c)
with WhileWpisPre show ?case .
qged
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lemma hoare3o_valid_alt: =3 { P} c{ Q} =
(3 k>0. (Vps n. P (ps,n div k)
— (Ips’ ps”" mee’ ((¢,ps) =4 m | ps' + ps”)
ANps' ##ps" A\mn=e+ e +m
A Q (pshe div K))))
proof —
assume =3 {P} ¢ { Q}
from this[unfolded hoare30_valid def] obtain k where k0: k>0 and
P: Aps n. P (ps, n) = (Ips" ps"" m e e’ (¢, ps) =4 m | ps’ + ps”
ANps'## ps" Nkxn=kxe+ e +mAQ (ps e))
by blast
show ?thesis apply(rule exI[where z=Fk])
apply safe apply fact
proof —
fix psn
assume P (ps, n div k)
with P obtain ps’ ps”’ m e ¢/ where 1: (¢, ps) =4 m | ps’ + ps” ps’
## ps”"and e: kx (ndivk) =kxe+ e + mand Q: Q (ps’, e)
by blast
have k x (n div k) < n using k0
by simp
then obtain ¢’ where n = k x (n div k) + €' using le_Suc_ex by
blast

also have ... = kx e+ ¢+ ¢’ + m using e by auto

finally have n = k x e + (e'+¢”) + m and Q (ps’, (kxe) div k) using
Q@ k0 by auto

with 1

show dps’ ps"" me e’ (¢, ps) =4 m | ps’' + ps” A ps’ ## ps” A n
=e+ e +mA Q (ps', e divk) by blast
qged
qged

lemma valid__alternative_with _GC': assumes (V ps n. P (ps,n)
— (Ips"' ps”" me e’ ((e,ps) =4 m | ps’ + ps”)
ANps' #H#ps" Am=e+ e +m
A Q (ps’e))) shows (Vps n. P (ps,n)
— (3ps’ me. ((¢,ps) =4 m | ps’ )
An=-e+ mA (Q*x sep_true) (ps',e)))
proof safe
fix psn
assume P: P (ps,n)
with assms obtain ps’ ps” m e ¢/ where c: (¢,ps) =4 m || ps’ + ps”
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and
ps: ps' ## ps” and n: n = e + ¢ + mand Q: Q (ps’,e) by blast
show Jps’ me. (¢, ps) =a m | ps" An=¢e+ mA (Q N« (As. True))
(ps', e)
apply(rule exlI[where x=ps’ + ps'’])
apply(rule exI[where rz=m])
apply(rule exI[where z=e+e])
apply safe apply fact apply fact
unfolding sep_ conj _def apply simp apply(rule exI[where z=ps))
apply(rule exI[where r=¢])
apply(rule exl[where z=ps"]) apply safe apply fact apply(rule
exl[where z=e']) apply simp
apply fact done
qed

lemma hoare3o_valid_GC: =3, {P} ¢ { Q } = 3/ {P} ¢ { Q *x
sep__true}
proof —
assume =3/ {P} ¢ { Q }
then obtain k£ where k>0 and P: Aps n. P (ps, n) = (Ips’ ps”’ m e
e'. (¢, ps) =a m | ps' + ps”" N ps' ## ps" Nkxn=kxe+ e +mA
Q (ps’, e))
unfolding hoare3o_wvalid__def by blast
show =3/ {P} ¢ { Q *x sep_true} unfolding hoare3o_valid__def
apply(rule exI[where z=£k))
apply safe apply fact
proof —
fix psn
assume P (ps, n)
with P obtain ps’ ps”’ m e ¢/ where (¢, ps) =4 m |} ps’ + ps”' ps’ ##
ps” kxn=kxe+ e +m and Q: Q (ps’, e)
by blast

show 3 ps’ ps"" m e e’ (¢, ps) =a m | ps’ + ps” N ps’ ## ps"" Nk «
n=~rkxe+ e+ mA(Q N« (Xs. True)) (ps’, e)
apply(rule exI[where z=ps’])
apply(rule exI[where z=ps"])
apply(rule exI[where z=m])
apply(rule exI[where z=¢))
apply(rule exI[where z=e'))
apply safe apply fact+ unfolding sep conj_def apply(rule exI[where
z=(ps', e)]) apply(rule exl[where z=0]) using @ by simp
qed
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qed

lemma hoare3a_sound GC: k3o {P} ¢ { Q} = =3/ {P} ¢ { Q *x
sep__true} using hoare3o_valid__GC hoareT _sound2_partR by auto

lemma valid_wp: =3/ {P} ¢ { Q} = (Fk>0.Vsn. P (s, n) — wps c
(A(ps, n). (Q *x sep_true) (ps, n div k)) (s, k * n))
proof —
let P = Ak (ps,n). P (ps,n div k)
let 2Q = Mk (ps,n). Q (ps,n div k)
let 2QG = Mk (ps,n). (Q *x sep_true) (ps,n div k)
assume =3/ {P} ¢ { Q}
then obtain £ where k[simp|: k>0 and (Vps n. P (ps,n div k)
— (Ips' ps”" mee’ ((e,ps) =4 m | ps’ + ps”)
ANps' #H#ps" Am=e+ e +m
A Q (ps’.e div k))) using hoare3o_valid_alt by blast
then have (Vps n. ?P k (ps,n)
— (Ips’' ps”" mee’ ((e,ps) =4 m | ps’ + ps”)
Aps' #4#ps" Am=e+ e+ m
A ?Q k (ps'se))) by auto
then have f: (Vps n. P k (ps,n) — (Ips’ me . ((¢,ps) =4 m | ps’
)
An=-e+mA (?QFk xx sep_true) (ps’e)))
apply (rule valid__alternative_with_ GC') done

have As n. P (s, n) = wp3’ ¢ (A\(ps, n). (Q *x sep_true) (ps, n div k))
(s, k% n)
unfolding wp3’ def apply auto
proof —
fix psn
assume P (ps,n)
then have P (ps,(kxn) div k) apply simp done
with f obtain ps’ m e where ((¢,ps) =4 m || ps’ )and z: kxn =e
+ m
and Q: (7Q k *x sep__true) (ps’,e) by blast
from z have e: e = k x n —m by auto
from Q[unfolded e sep__conj def] obtain psi ps2 el e2 where
psl ## ps2 (ps’' = psl +ps2) and eq: k x n — m = el + €2 and
Q: Q (psl, el div k) by force

let ?f = (el + €2) divk — (el divk + (e2 div k))

have ki: (el + e2) div k > (el div k + (e2 div k)) using k
using div_addl_eq le_iff add by blast
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show Ftm. m < kxn A (¢, ps) =am t A(Q Nx (As. True)) (¢, (k
xn — m) divk)
apply(rule exI[where z=ps’))
apply(rule exI[where z=m]) apply safe using z apply simp
apply fact unfolding e unfolding sep_ conj def
apply(rule exI[where z=(ps1,el div k)])
apply(rule exI[where z=(ps2,e2 div k+ ?f)]) apply auto apply fact+
unfolding eq using ki
apply force using @) by auto
qed
then show (3k>0.Vsn. P (s, n) — wpzr ¢ (A(ps, n). (Q *x sep_true)
(ps, n div k)) (s, k % n))
using k by metis
qed

theorem completeness: =3/ {P} ¢ { Q} = F3p {P} ¢ { Q *x sep_true}
proof —

let P = Mk (ps,n). P (ps,n div k)

let ?Q = Ak (ps,n). Q (ps,n div k)

let QG = \k (ps,n). (Q *x sep_true) (ps,n div k)

assume =3 {P} ¢ { Q}

then obtain k& where k[simp]: k>0 and P: As n. P (s, n) = wp3’ ¢
(M(ps, n). (Q *x sep__true) (ps, n div k)) (s, k * n)

using valid__wp by blast

from wpT is _pre have R: k3, {wps: ¢ (?QG k)} ¢ {?QG k} by auto

show F3;, {P} ¢ { Q *x sep_true}
apply(rule hoare3b.conseq| OF hoare3b.import[OF R|, where k=Fk])
subgoal for s n by (fact P)

apply simp by (fact k)
ged
thm F_extendsR completeness

lemma completenessR: =3 {P} ¢ { Q} = F3/ {P} ¢ { Q *x sep_true}
using F_extendsS completeness by metis

end
theory SepLogK VCG
imports SepLogK__Hoare
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begin
lemmas conseqS = conseq[where k=1, simplified]

datatype acom =

Askip (<SKIP») |
Aassign vname aexp  («(_ == _)» [1000, 61] 61) |
Aseq acom acom (¢ » 60, 61] 60) |

5/
Aif bexp acom acom  («( F _/ THEN _/ ELSE _)» 1[0, 0, 61] 61) |
Awhile assn2 bexp acom («({_}/ WHILE _/ DO _ )y [0, 0, 61] 61)

notation com.SKIP (<SKIP)

fun strip :: acom = com where

strip SKIP = SKIP |

strip (x == a) = (z == a) |

strip (C1;; Cq) = (strip Chy; strip Ca) |

strip (IF b THEN Cy ELSE C3) = (IF b THEN strip C1 ELSE strip C3) |
strip ({_} WHILE b DO C) = (WHILE b DO strip C)

fun pre :: acom = assn2 = assn2 where
pre SKIP @ = ($1 *x Q) |
pre (z = a) Q = ((A(ps,t). x€dom ps A vars a C dom ps A Q (ps(z—(paval
@ ps),t) )+ $1) |
pre (C1;; C2) Q = pre C1 (pre C2 Q) |
pre (IF b THEN C1 ELSE C3) Q = (
$1 xx (A(ps,n). vars b C dom ps A (if pbval b ps then pre C1 @ (ps,n)

else pre Ca Q (ps;n) ))) |
pre ({I} WHILE b DO C) Q = (I ** $1)

fun vc :: acom = assn2 = bool where
ve SKIP @ = True |
ve (z == a) @ = True |
ve (C1 35 C2) @ = ((ve C1 (pre C2 Q) A (ve C2 Q) ) |
(IF b THEN C1 ELSE C9) Q = (ve C1 Q A ve C2 Q) |
ve ({I} WHILE b DO C) Q@ = ( (Vs. (I s —> wvars b C dom (fst s) ) A
((/\(s,n). I (s,n) A lmaps_to_axpr b True s) s — pre C (I xx $ 1) s)
A ((A(s,n). I (s,n) A lmaps_to_azpr b False s) s — @ s)) A ve C
(I #x$ 1))

ve

lemma dollar0_left: (3 0 N Q) = Q
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apply rule unfolding dollar_def sep__conj def
by force

lemma vc_sound: ve C Q = 3/ {pre C Q} strip C { Q }
proof (induct C arbitrary: Q)
case Askip
then show ?case
apply simp
apply(rule conseqS|OF Frame|OF Skip]])
by (auto simp: dollar0_left)
next
case (Aassign x1 z2)
then show ?case
apply simp
apply (rule conseqS)
apply(rule Assign4)
apply auto done
next
case (Aseq C1 C2)
then show ?case apply (auto intro: Seq) done
next
case (Aif b C1 C2)
then have Aif1: b3/ {pre C1 Q} strip C1 {Q}
and Aif2: k3. {pre C2 Q} strip C2 {Q} by auto
show ?case apply simp
apply (rule conseqS)
apply(rule If[where P=%(ps,n). (if pbval b ps then pre C1 @ (ps,n)
else pre C2 @ (ps,n)) and Q=@Q))
subgoal apply simp
apply (rule conseqS) apply(fact Aifl) by auto
subgoal apply simp
apply (rule conseqS) apply(fact Aif2) by auto
apply (auto simp: sep__conj__ac)
unfolding sep conj def by blast
next
case (Awhile I b C)
then have
dom : N\s. (I s — vars b C dom (fst s) )
and i: As. (A(s,n). I (s,n) A lmaps_to_azxpr b True s) s — pre C
(I#x$1)s
and ii: As. (A(s,n). I (s,n) A lmaps_to_axpr b False s) s — @ s
and C:t3/ {pre C (I *x $ 1)} strip C {I xx $ 1}
by fastforce+
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show Zcase
apply simp
apply(rule conseqS)
apply(rule Whilel[where P=I])
apply(rule conseqS)
apply(rule C)
subgoal using 7 by auto
subgoal apply simp using dom unfolding sep_ conj def by force
subgoal apply simp using dom unfolding sep conj def by force
subgoal using i apply auto done
done
qed

lemma vc2valid: ve C Q = Vs. P s — pre C Q s = =3/ {P} strip C

{ @

using hoareT sound?2_part weakenpre vc__sound by metis

lemma pre _mono: assumes Vs. P s — () s shows As. pre C P s =
pre C @ s
using assms proof (induct C arbitrary: P Q)
case Askip
then show ?case apply (auto simp: sep__conj _def dollar_def)
by force
next
case (Aassign r1 z2)
then show Zcase by (auto simp: sep conj def dollar _def)
next
case (Aseq C1 C2)
then show ?case by auto
next
case (Aif b C1 C2)
then show ?Zcase apply (auto simp: sep__conj _def dollar_def)
subgoal for ps n
apply(rule exI[where z=0])
apply(rule exI[where z=1])
apply(rule exI[where z=ps|) by auto
done
next
case (Awhile x1 22 C)
then show ?case by auto
qged

lemma vc_mono: assumes Vs. P s — () s shows vc C P = vc C @
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using assms proof (induct C arbitrary: P Q)
case Askip
then show ?case by auto
next
case (Aassign r1 z2)
then show ?case by auto
next
case (Aseq C1 C2 P Q)
then have i: ve C1 (pre C2 P) and 4i: ve C2 P by auto
from pre_mono[OF | Aseq(4) have dii: Vs. pre C2 P s — pre C2 @ s
by blast
show Zcase apply auto
using Aseq(1)[OF i iii] Aseq(2)[OF ii Aseq(4)] by auto
next
case (Aif z1 C1 C2)
then show ?case by auto
next
case (Awhile I b C P Q)
then show ?case by auto
ged

lemma vc_sound” ve C Q = (As n. P’ (s, n) = pre C Q (s, k % n))
— (Asn. Q(s,n) = Q' (s, ndivk)) = 0 < k= tg, {P'} strip C {
Q}

using conseq vc_mono vc__sound by metis

lemma pre_Frame: (Vs. P s — pre C Q s) = vc C Q
= (3C". strip C = strip C' N ve C' (Q x F) AN (Vs. (P xx F) s —
pre C' (Q *x F) s) )
proof (induct C arbitrary: P Q)
case Askip
show “case
proof (rule exI[where z=Askip|, safe)
fix ab
assume (P Ax F) (a, b)
then obtain psi ps2 n1 n2 where A: psl##ps2 a=psi1+ps2 b=nl+n2
and P: P (psi,n1) and F: F (ps2,n2) unfolding sep_conj def by
auto
from P Askip have p: ($ (Suc 0) Ax Q) (ps1, nl) by auto
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fromp A F
have (($ (Suc 0) Ax Q) Ax F) (a, b)
apply (subst (2) sep__conj_def) by auto
then show pre SKIP (Q Ax F) (a, b) by (simp add: sep__conj_ac)
qed simp
next
case (Aassign = a)
show ?case
proof (rule exI[where z=Aassign z a|, safe)
fix psn
assume (P Ax F) (ps,n)
then obtain ps! ps2 nl n2 where o: ps1##ps2 ps=psl—+ps2 n=nl+n2
and P: P (psi,n1) and F: F (ps2,n2) unfolding sep conj def by
auto
from P Aassign(1) have z: ((A(ps, t). x € dom ps A vars a C dom ps
A Q (ps(z — paval a ps), t))
Ax § (Suc 0)) (ps1, nl)
by auto
with o F show pre (z == a) (Q A+ F) (ps,n) apply auto
unfolding sep_ conj _def dollar_def apply (auto)
subgoal by (simp add: plus_fun__def)
subgoal by (auto simp add: plus_fun__def)
subgoal
by (smt add__update__distrib dom__fun__upd domain__conv insert__dom
option.simps(3) paval _extend sep__disj _fun__def)
done
qed auto
next
case (Aseq C1 C2)
from Aseq(3) have pre: Vs. P s — pre C1 (pre C2 Q) s by auto
from Aseq(4) have vcl: ve C1 (pre C2 Q) and vc2: ve C2 @ by auto
from Aseq(1)[OF pre vcl] obtain C1’ where S1: strip C1 = strip C1’
',
(

~— —

and vcl” ve C1' (pre C2 Q Nx F)
and I1: (Vs. (P Ax F) s — pre C1' (pre C2 Q N F) s) by blast
from Aseq(2)[of pre C2 Q Q, OF _ vc2] obtain C2’ where S2: strip
C2 = strip C2'
and ve2”: ve C2' (Q Nx F)
and 12: (Vs. (pre C2 Q Nx F) s — pre C2' (Q N+ F) s) by blast

show ?case apply(rule exl[where z=Aseq C1' C27))
apply safe
subgoal using S71 52 by auto
subgoal apply simp apply safe
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subgoal using vc_mono[OF I2 vcl'] .
subgoal by (fact vc2’)
done
subgoal using 1 12 pre__mono
by force
done
next
case (Aif b C1 C2)
from Aif(3) have i: Vs. P s —
($ (Suc 0) Nx
(M(ps, n). vars b C dom ps A (if pbval b ps then pre C1 Q (ps, n)
else pre C2 @ (ps, n))))
s by simp
from Aif(4) have vcl: ve C1 @ and vc2: ve C2 Q by auto
from Aif(1)[where P=pre C1 @Q and Q=@Q, OF __ vcl] obtain C1’
where
s1: strip C1 = strip C1"and v1: ve C1' (Q N+ F)
and pi: (Vs. (pre C1 Q A« F) s — pre C1' (Q Nx F) s)
by auto
from Aif(2)[where P=pre C2 Q and Q=Q, OF _ vc2] obtain C2'
where
§2: strip C2 = strip C2’ and v2: ve C2' (Q N+ F)
and p2: (Vs. (pre C2 Q ANx F) s — pre C2' (Q Nx F) s)
by auto

show ?case apply(rule exl[where z=Aif b C1’ C2])
proof safe
fix ps n
assume (P Ax F) (ps, n)
then obtain psi ps2 n1 n2 where o: ps1 ##ps2 ps=psl+ps2 n=nl+n2
and P: P (psi,n1) and F: F (ps2,n2) unfolding sep_conj def by
auto
from P i have P’ ($ (Suc 0) Ax
(M(ps, n). vars b C dom ps A (if pbval b ps then pre C1 Q (ps, n)
else pre C2 @Q (ps, n))))
(ps1,n1) by auto
have PF: (($ (Suc 0) Nx
(M(ps, n). vars b C dom ps A (if pbval b ps then pre C1 Q (ps, n)
else pre C2 Q (ps, n)))) ** F)
(ps,n) apply(subst (2) sep__conj _def)
apply(rule exI[where z=(ps1,n1)])
apply(rule exI[where z=(ps2,n2)])
using F' P’ o by auto
from this[simplified sep__conj assoc| obtain psi ps2 nl1 n2 where o:
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psl##ps2 ps=psl+ps2 n=nl+n2
and P: ($ (Suc 0)) (ps1,n1) and F: ((A(ps, n). vars b C dom ps A (if
pbval b ps then pre C1 Q (ps, n) else pre C2 @ (ps, n))) A*x F) (ps2,n2)
unfolding sep_ conj def apply auto by fast
then have ((A(ps, n). vars b C dom ps A (if pbval b ps then (pre C1 Q
Nx F) (ps, n) else (pre C2 Q Ax F) (ps, n)))) (ps2,n2)
unfolding sep conj def apply auto
apply (metis contra__subsetD domD map__add__dom__app_simps(1)
plus__fun__conv sep__add__commute)
using pbval _extend apply auto[1]
apply (metis contra__subsetD domD map__add__dom__app__simps(1)
plus__fun__conv sep__add__commute)
using pbval_extend apply auto[l] done
then have ((A(ps, n). vars b C dom ps A (if pbval b ps then (pre C1’
(Q N F)) (ps, n) else (pre C2' (Q N+ F)) (ps, n)))) (ps2,n2)
using p! p2 by auto
with o P
show pre (IF b THEN C1' ELSE C2') (Q N+ F) (ps, n)
apply auto apply(subst sep_ conj _def) by force
qed (auto simp: s1 s2 vl v2)
next
case (Awhile I b C)
from Awhile(2) have pre: Vs. Ps — (I % $1) s by auto
from Awhile(3) have
dom: Ypsmn. I (ps, n) — vars b C dom ps
and (B:Vs. Is A wvarsb C dom (fst s) A pbval b (fst s) — pre C' (I Nx
$ (Suc 0)) s
and fB:Vpsn. I (ps, n) A vars b C dom ps A = pbval b ps — Q (ps,
n
)
and vcB: ve C (I Ax $(Suc 0)) by auto
from Awhile(1)[OF tB vcB] obtain C’ where st: strip C' = strip C’
and vc” ve C' ((I A+ $ (Suc 0)) Ax F)
and pre”. (Vs. ((Aa. I a A vars b C dom (fst a) A pbval b (fst a)) Ax F)
s —
pre C' ((I Ax $ (Suc 0)) Ax F) s)
by auto
show ?case apply(rule exl[where z=Awhile (IxxF) b C])
apply safe
subgoal using st by simp
subgoal apply simp apply safe
subgoal using dom unfolding sep_conj def apply auto
by (metis domD sep__substate_disj _add subState subsetCE)
subgoal using pre’ apply(auto simp: sep__conj_ac)
apply(subst (asm) sep__conj_def)
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apply(subst (asm) sep__conj_def) apply auto
by (metis dom pbval__extend sep__add__commute sep__disj _commutel)
subgoal using fB unfolding sep conj def apply auto
using dom pbval_extend by fastforce
subgoal using vc’ apply(auto simp: sep__conj_ac) done
done
subgoal apply simp using pre unfolding sep_ conj def apply auto
by (smt semiring _normalization_rules(23) sep__add__assoc sep__add__commute
sep__add__disjD sep__add__disjl1)
done
qged

lemma vc_complete: 34 {P} c{ Q@ } = (3C. ve C QAN (Vs. Ps —
pre C Q s) N strip C = ¢)
proof (induct rule: hoare3a.induct)
case Skip
then show ?case apply(rule exl[where x=Askip]) by auto
next
case (Assign4 z a Q)
then show ?Zcase apply(rule exI[where r=Aassign = a]) by auto
next
case (If P b ¢; Q c2)
from If(2) obtain C1 where A1: ve C1 Q strip C1 = ¢; and
A2: Aps n. (P (ps, n) A\ lmaps_to__azxpr b True ps) — pre C1 Q (ps,n)
by blast
from If(4) obtain C2 where B1: ve C2 @ strip C2 = ¢ and B2:
Aps n. (P (ps, n) A lmaps_to_axpr b False ps) — pre C2 Q (ps,n)
by blast

show ?case apply(rule exl[where z=Aif b C1 C2]) using A1 B1 apply
auto
subgoal for ps n
unfolding sep conj def dollar_def apply auto
apply(rule exI[where z=0])
apply(rule exI[where z=1])
apply(rule exI[where r=ps])
using A2 B2 by auto
done
next
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case (Frame P C Q F)
then obtain C’ where vc: ve C' Q and pre: (Vs. P s — pre C' @ s)
and strip: strip C' = C by auto
show ?case using pre_Frame[OF pre vc| strip by metis
next
case (Seq P ¢; Q ca R)
from Seq(2) obtain C1 where A1: ve C1 Q strip C1 = ¢; and
A2: Ns. Ps — pre C1 Q s
by blast
from Seq(4) obtain C2 where B1: vc C2 R strip C2 = ¢y and
B2: Ns. Qs — pre C2R s
by blast
show ?case apply(rule exI[where z=Aseq C1 C2])
using B1 A1 apply auto
subgoal using vc_mono B2 by auto
subgoal apply(rule pre_mono[where P=()]) using B2 apply auto
using A2 by auto
done
next
case (While I b ¢)
then obtain C' where 1: vc C ((A\(s, n). I (s, n) A vars b C dom s) Ax
$1)
strip C' = c and 2:
Aps n. (I (ps, n) A lmaps_to_axpr b True ps) —
pre C ((A(s, n). I (s, n) Awvarsb C dom s) Ax$ 1) (ps,n) by
blast

show ?case apply(rule exl[where z=Awhile (A(s, n). I (s, n) A vars b
C dom s) b C])
using 1 2 by auto
next
case (conseqS P ¢ Q P' Q)
then obtain C’'where C" vc C' Q (Vs. Ps — pre C' Q s) strip C' =
c
by blast
show ?case apply(rule exl[where z=C"))
using C’ conseqS(3,4) pre_mono vc_mono by force
qed

theorem vc__completeness:

assumes =3/ {P} ¢ { Q}
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shows 3 C k. vc C (Q *x sep__true)
A (Vpsn. P (ps, n) — pre C (A(ps, n). (Q *x sep_true) (ps, n
div k)) (ps, k * n))
A strip C = ¢
proof —
let 2QG = Mk (ps,n). (Q *x sep_true) (ps,n div k)
from assms obtain k where k[simp|: k>0 and p: Aps n. P (ps, n) =
wpsr ¢ (A(ps, n). (Q ** sep_true) (ps, n div k)) (ps, k * n)
using valid__wp by blast

from wpT is_pre have R: b3, {wps' ¢ (?QG k)} ¢ {?QG k} by auto

have z: (Vs. (A(ps, n). (Q Ax (As. True)) (ps, n div k)) s) = (¥s. (\(ps,
n). (Q Nx (As. True)) (ps, n)) s)

by (metis (no__types) case__prod__conv k neq0__conv nonzero__mult__div__cancel _left
old.prod.ezhaust)

have z: Aps n. ((Q Nx (As. True)) (ps, n div k) = (Q Nx (As. True))
(s, )
proof —
fix psn
assume (Q Ax (As. True)) (ps, n div k)
then obtain psi nl ps2 n2
where o: ps1 ## ps2 ps = psl + ps2 Q (psl, nl) ndivk = nl + n2
unfolding sep_conj def by auto
from o(4) have nni: n>nl using k
by (metis (full _types) add_leE div_le_dividend)
show (Q Ax (As. True)) (ps, n) unfolding sep_ conj def
apply(rule exI[where z=(ps1, nl1)])
apply(rule exI[where z=(ps2, n — nl)))
using o nnl by auto
qed
then have 2" Vs. ((Q Ax (As. True)) (fst s, (snd s) div k) — (Q Ax
(As. True)) s)
by (metis prod.collapse)

from vc__complete]OF R] obtain C
where o: vc C (A(ps, n). (Q Ax (As. True)) (ps, n div k))
Va b. wps: (strip C) (A(ps, n). (Q NAx (As. True)) (ps, n div k)) (a, b)
—
pre C (A(ps, n). (Q Nx (As. True)) (ps, n div k)) (a, b)
¢ = strip C' by auto
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have y: Aps n. P (ps, n) = pre C (A(ps, n). (Q Ax (As. True)) (ps, n
div k)) (ps, k * n)
using o p by metis

show ?thesis apply(rule exI[where z=C|]) apply(rule exI[where z=Fk|)
apply safe
subgoal apply(rule vc_mono[OF _ o(1)]) using z by blast
subgoal using y by blast
subgoal using o by simp
done
qged

end

10 Discussion

10.1 Relation between the explicit Hoare logics

theory Discussion
imports Quant_Hoare SepLog_Hoare
begin

10.1.1 Relation SepLogic to quantHoare
definition em where em P’ = (%(ps,n). P’ (emb ps (%__. 0)) < enat n )

lemma assumes s: =3 { em P’} ¢ { em Q' }
shows 2 { P’} c{Q"}
proof —
from s have s Aps n. em P’ (ps, n) = (Ips’ m. (¢, ps) =4 m | ps’
Am<nAemQ (ps’, n — m)) unfolding hoare3 _valid_def by auto
{
fix s
assume P P’ s < oo
then obtain n where n: P’ s = enat n
by fastforce
with P’ have em P’ (part s, n) unfolding em__def by auto
with s’ obtain ps’ m where c: (¢, part s) =4 m || ps’and m: m < n
and Q" em Q' (ps’, n — m) by blast

from Q' have ¢: Q' (emb ps’ (A_. 0)) < enat ( n — m) unfolding
em__def by auto
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thm full to part part_to_ full
have i: (¢, s) = m | emb ps’ (\_. 0) using part_to_full'|OF c| apply
stmp done

have ii: enat m + Q' (emb ps’ (A\_. 0)) < P’ s unfolding n using ¢
m
using enat_ile by fastforce

from i ii have (3t p. (¢, s) = p | t Aenatp + Q' t < P’ s) by auto
} then
show ?thesis unfolding hoare2 wvalid _def by blast
qed

end

10.2 Relation between the Hoare logics in big-O style

theory DiscussionO
imports SepLogK_Hoare QuantK_Hoare Nielson__Hoare
begin

10.2.1 Relation Nielson to quantHoare

definition emN :: qassn = Nielson Hoare.assn2 where emN P = (Al s.
Ps < o0)

lemma assumes s: =1 { emN P’} ¢ { %s. (THE e. enat e = P’ s — Q'
(THEt. 3n. (¢, ) =n{t))demNQ } (isE1{ %P} c{ % ?Q})
shows quantNielson: =2 { P'} ¢ { Q' }
proof —
from s obtain k where k: k>0 and ¢d: Al s. enN P’ s = (3t p. (c,
s)=pltAp<kxZsANemNQ Ilt)
unfolding hoarel wvalid_def by blast

show ?thesis unfolding QuantK Hoare.hoare20__valid_def
apply(rule exI[where z=£k))
apply safe apply fact
proof —
fix s
assume P P’ s < oo
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then have (emN P’) (A_. 0) s unfolding emN__def by auto
with ¢d obtain p ¢t where i: (¢, s) = p | tand p: p < k % %e s and
e:emN Q' (A\_.0)t
by blast
have t: |5 (¢, s) = t using bigstepT the_state|OF i| by auto

from P’ obtain pre where pre: P’ s = enat pre by fastforce
from e have Q' t < oo unfolding emN _def by auto
then obtain post where post: Q' t = enat post by fastforce

have p > 0 using ¢ bigstep progress by auto

thm enat.inject idiff _enat__enat the equality
have k: (THE e. enat e = P' s — Q' (THE t. 3n. (¢, s) = n { t)) =
pre — post
unfolding t pre post apply(rule the__equality)
using idiff _enat_enat by auto
with p have ieq: p < k * (pre — post) by auto
then have p + k * post < k x pre using «p>0)»
using diff mult _distrib2 by auto
then
have ii: enat p + k * Q' t < k x P’ s unfolding post pre by simp

from i ii show (3¢t p. (¢, s) = pl tAenatp+ k= Q t < kxP's)
by auto
qed
qed

lemma assumes s: =9/ { %s . emb (VI. P1s) + enat (e s) } ¢ { %s. emb
(V1. Qls) } (is o { 7P} ¢ { 2Q })
and sP: A\lt. Plt=VI. Plt
and sQ: Alt. Qlt= VI QIlt
shows NielsonQuant: =1 { P} c{ el Q}
proof —
from s obtain k where k: k>0 and ¢d: A\s. 7P s < co — (It p. (¢, s)
= pltAenatp+ enatk * ?Qt < enat k x 7P s)
unfolding QuantK__Hoare.hoare2o_valid_def by blast

show ?thesis unfolding hoarel wvalid def
apply(rule exI[where z=£k))
apply safe apply fact
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proof —
fix s
assume P’ P s
then have aP: VI. Pl s using sP by auto
then have P: ?P s < oo by auto
with ¢d obtain p t where i: (¢, s) = p | t and p: enat p + enat k *
Qt < enatk*x ?Ps
by blast
have t: |5 (¢, s) = t using bigstepT _the_state[OF i] by auto

from P have @Q: Q [t using p k
apply auto

by (metis (full_types) emb.simps(1) enat__ord_simps(2) imult_is_infinity

infinity_ileE not_less_zero plus__enat__simps(3))
with s@Q) have VI. Q [ ¢t by auto
then have Q) t = 0 by auto
with p have enat p < enat k *x ?P s by auto
with aP have p”: p < k x e s by auto

from i Q p’show Ftp. (¢, s) = pltAp<kxesAN QIltDby blast

qed
qed

10.2.2 Relation SepLogic to quantHoare

definition em :: gassn = (pstate_t = bool) where
em P = (%(ps,n). (Vex. P (Partial_Evaluation.emb ps ex) < enat n) )

lemma assumes s: =3/ { em P} ¢ { em Q }
shows o { P} c{Q}
proof —
from s obtain k where k: 0<k and s Aps n. em P (ps, n) = (I ps
ps”" mee (¢, ps) =a m | ps'+ ps"”" Nps' #H# ps" Nkxn=kxe+ e
+ m A em @ (ps’, e)) unfolding hoare30_wvalid_def by auto
{
fix s
assume P: P s < o0
then obtain n where n: P s = enat n
by fastforce
with P have em P (part s, n) unfolding em__def by auto
with s’ obtain ps’ ps”’ m e ¢/ where c: (¢, part s) =4 m || ps’ + ps’
and orth: ps’ #4# ps”
and m:kxn=kxe+ e + mand Q: em Q (ps’, e) by blast

/

/
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from @ have ¢: Q (Partial _FEvaluation.emb ps’ (Partial _FEvaluation.emb
ps”" (A_. 0))) < enat (e) unfolding em__def by auto

have z: (Partial_Evaluation.emb ps’ (Partial__Evaluation.emb ps'' (A_
0))) = (Partial_Evaluation.emb (ps'+ps”) (A_. 0))
unfolding Partial_Fvaluation.emb__def apply (auto simp: plus_fun__def)
apply (rule ext) subgoal for v apply (cases ps’ v) apply auto using
orth by (auto simp: sep_disj_fun__def domain__conv) done

from ¢ z have ¢: enat k x Q (Partial_Evaluation.emb (ps™+ps’) (A_
0)) < enat k * enat e using k
by (metis i0_lb mult_left _mono)

have i: (¢, s) = m |} (Partial_Evaluation.emb (ps’+ps’) (A_. 0)) using
part_to_full'|OF c] by simp

have ii: enat m + enat k x Q (Partial_Evaluation.emb (ps™+ps’) (A_.
0)) < enat k * P s unfolding n using ¢ m
using enat_ile by fastforce

from ¢ it have (It p. (¢, s) = p | t A enat p + enat k x Q t < enat k
x P s) by auto
} note B=this
show ?thesis unfolding QuantK Hoare.hoare20__valid_def
apply(rule exl[where z=Fk]|, safe) apply fact
apply (fact B) done
qed

definition embe :: (pstate_t = bool) = gassn where
embe P = (%s. Inf {enat n|n. P (part s, n)} )

lemma assumes s: =2/ { embe P } ¢ { embe @ } and full: Aps n. P (ps,n)
= dom ps = UNIV
shows 3. { P} c{Q}
proof —
from s obtain k£ where k: k>0 and s: A\s. embe P s < oo — (3t p.
(¢, s) = pl t A enatp+ enat k x embe Q t < enat k *x embe P s)
unfolding QuantK_Hoare.hoare2o0 valid_def by auto

{ fix psn

let ?s = (Partial _Evaluation.emb ps (\_. 0))
assume P: P (ps, n)
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with full have dom ps = UNIV by auto
then have ps: part ?s = ps by simp
from P have " ({enat n |n. P (ps, n)} = {}) = False by auto
have t: embe P ?s < oo unfolding embe_def Inf enat_def ps I’
apply(rule ccontr) using !’ apply auto
by (metis (mono__tags, lifting) Least_le infinity_ileF)
with s obtain ¢ p where c: (¢, %s) = p |} t and ineq: enat p + enat k
x embe QQ t < enat k x embe P ?s by blast
from ¢ obtain z where z: embe P ?s = enat z
using less_infinityF by blast
with ineq obtain y where y: embe Q t = enat y
using k by fastforce
then have [: embe @ t < co by auto
then have zz: ({enat n|n. @ (part t, n)} = {}) = False unfolding
embe__def Inf enat_def apply safe by simp
from y have @Q (part t, y) unfolding embe_def zz Inf _enat__def apply
auto
using 2z apply auto by (smt Collect_empty_eq Leastl enat.inject)

from full_to_part|OF c| ps have ¢ (¢, ps) =4 p | part t by auto

have AP n. P (n:nat) = (LEAST n. P n) < n apply(rule Least le)
by auto

from z P have zn: z < n unfolding embe__def ps unfolding embe__def
Inf enat_def 1’
apply auto
by (metis (mono__tags, lifting) Least_le enat_ord_simps(1))

from ineq z y have enat p + enat k x y < enat k * z by auto

then have p + k x y < k *x z by auto

also have ... < k x n using zn k by simp

finally obtain e’ where k x n = k x y + ¢/ + p using k by (metis
add.assoc add.commute le_iff add)

have Jps’ ps”" me e’ (¢, ps) =4 m | ps’ + ps” N ps’ ## ps" Nk xn
=kxe+e +mAQ(pse)
apply(rule exI[where z=part t])
apply(rule exI[where z=0])
apply(rule exI[where z=p])
apply(rule exI[where z=y])
apply(rule exI[where z=e']) apply auto by fact+
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show ?thesis unfolding hoare3o_valid__def apply(rule exI[where z=F],
safe)
apply fact by fact
qged

10.3 A General Validity Predicate with Time

definition valid where
valid Pc Qn = ¥Vs. Ps— (3s'm. (¢, s) = m{s'"Am<nAQs))

definition wvalidk where
validk Pc Qn = (3k>0. Vs. Ps — (3s'm. (¢, s) = m | s Am<k
xn A Qs'))

lemma validk P ¢ Q n = (3k>0. valid P ¢ Q (kxn))
unfolding valid def validk__def by simp

10.3.1 Relation between valid predicate and Quantitative Hoare
Logic

lemma =9/ {%s. emb (Ps) + enat n} ¢ { As. emb (Qs) } = Fk>0.
valid P ¢ @ (kxn)
proof —
assume valid: =9/ {\s. T (P s) + enat n} ¢ {As. T (Q s)}
then obtain k& where val: As. T (P s) + enat n < co = (It p. (¢, s)
=pl tAenatp+ enatk 1 (Qt) <enatkx* (T (Ps)+ enatn))
and k: k>0 unfolding QuantK_Hoare.hoare20__valid_def by blast
{
fix s
assume Ps: P s
then have 1 (P s) + enat n < co by auto
with val obtain ¢ m where
c: (e, s) = ml tand enat m + k* 1 (Qt) <k x (1 (P s) + enat
n) by blast

then have m < k x n A @ ¢t using k
using Ps add.commute add.right _neutral emb.simps(1) emb.simps(2)
enat__ord__simps(1) infinity_ileE plus__enat_simps(3)
by (metis (full_types) mult_zero__right not__gr_zero times__enat__simps(1)
times__enat__simps(4))

with c
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have (3s" m. (¢, s) = m | s Am < kxnA Qs') by blast
} note bla=this
show 3k>0. valid P ¢ Q (k+n) unfolding valid_def apply(rule exl[where
z=k]) using bla k by auto
qed

lemma valid _quantHoare: 3k>0. valid P ¢ Q (kxn) = =2/ {%s. emb (P
s) + enat n} ¢ { As. emb (Qs) }
proof —
assume Jk>0. valid P ¢ Q (kxn)
then obtain k where valid: valid P ¢  (kxn) and k: k>0 by blast
{
fix s
assume (%s. emb (P's) + enat n) s < oo
then have Ps: P s apply auto
by (metis emb.elims enat.distinct(2) enat.simps(5) enat_defs(4))
with valid[unfolded valid__def] obtain ¢ m where
c: (¢, s) = ml tand m < k*n Qt by blast
then have enat m + kx 1 (Qt) < kx* (T (Ps)+ enat n) using Ps
by simp
with c
have (3s" m. (¢, s) = m | s’ A enat m + enat k x 1 (Q s’) < enat k *
(T (P s) + enat n)) by blast
} note funk=this
show =2/ {%s. emb (P s) + enat n} ¢ { As. emb (@ s) } unfolding
QuantK__Hoare.hoare20__valid__def
apply(rule exl[where z=Fk]) using funk k by auto
qged

10.3.2 Relation between valid predicate and Hoare Logic based
on Separation Logic

definition embP2 P = (%(ps,n). Vs. P (Partial_Evaluation.emb ps s) A

n=20)

definition embP3 P = (%(ps,n). dom ps = UNIV A (Vs. P (Partial _Evaluation.emb
pss)) An=20)

lemma emp: a + Map.empty = a
by (simp add: plus_fun__conv)
lemma oneway: =3/ {embP3 P xx $n} ¢ {embP2 Q} = validk P ¢ @ n

proof —

assume partial_true: 3 {embP3 P xx $n} ¢ {embP2 Q}
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from partial_true[unfolded hoare3o_wvalid_def] obtain k where k: k>0
and
q : Vps na. (embP3 P Ax $ n) (ps, na) —
(Fps' ps”" mee (¢, ps) =a m | ps' + ps”" N ps’ #H# ps” A
k*na="Fkxe+ e + mA embP2Q (ps’, e)) by blast
{ fix s
assume P s
then have g: (embP3 P Ax $ n) (part s, n)
unfolding embP3 def dollar _def sep conj def by auto
from ¢ ¢
obtain ps’ ps’”” m e ¢’ where pbig: (¢, part s) =4 m | ps’ + ps” and
orth: ps’ #4# ps”
and ii: kxn=Fkx* e+ e + m and erg: embP2 Q (ps’, e) by blast

have ii". m < k * n using 4 by auto

from part_to_ full'|OF pbig] have i: (¢, s ) = m || Partial_Evaluation.emb
(ps’ + ps") s by simp

from erg have 22: \s. Q (Partial _Evaluation.emb ps’ s) unfolding
embP2__def by auto
have Partial _Evaluation.emb (ps’ + ps’') s = Partial_Evaluation.emb
(ps" + ps’) s
using orth by (simp add: sep__add__commute)
also have Partial Evaluation.emb (ps’' + ps’) s = Partial FEvaluation.emb
(ps’) (Partial _Evaluation.emb (ps’) s)
apply rule
unfolding emb__def plus_fun__conv map__add__def
by (metis option.case__eq_if option.simps(5))
finally have z: Partial_Fuvaluation.emb (ps’ + ps'’) s = Partial_FEvaluation.emb
(ps’) (Partial_Evaluation.emb (ps'’) s) .
have 4ii: @ (Partial _Evaluation.emb (ps’ + ps”) s) unfolding z apply
(fact) .

from 4 7’ i
have 3s" m. (¢, s) = m | s Am < kxnA Qs by auto

}
with k£ show validk P ¢ @ n unfolding validk_def by blast

qged

lemma theother: validk P ¢ Q n = [=3: {embP3 P xx $n} ¢ {embP2 Q }
proof —
assume valid: validk P ¢ Q n

259



then obtain £ where k£ : k>0 and v: (Vs. P s — (3s' m. (¢, s) = m
bs"Am<kxnAQs)
unfolding validk_def by blast

{ fix ps na
assume an: (embP3 P Ax $ n) (ps, na)
have dom: dom ps = UNIV and Pps: A\s. P (Partial__FEvaluation.emb
ps s) and nan: na = n using an unfolding sep_ conj_def
by (auto simp: embP3_def dollar_def)

from v Pps
obtain s’ m where big: (¢, (Partial _FEvaluation.emb ps (%__. 0))) =
m ) s’and ii: m < k * n and erg: Q s’ by blast

have part (Partial _FEvaluation.emb ps (A_. 0)) = ps using dom by
sTmp
with full _to_part|OF big] have i: (¢, ps) =4 m | part s’ by auto

have iii: embP2 Q (part s’, 0)
unfolding embP2 def apply auto by fact

have k * na = k x n — m + m using % k nan by simp

have (Ips’ ps”" m e e’ (¢, ps) =4 m | ps’ + ps”" A ps’ ## ps” N k x
na=kxe+ e+ mA embP2 Q (ps', e))
apply(rule exI[where z=part s'))
apply(rule exI[where z=0])
apply(rule exI[where z=m])
apply(rule exI[where z=0))
apply(rule exI[where =k x n — m]) apply auto
by fact+
}
with k show |=3/ {embP3 P xx $n} ¢ {embP2 @ } unfolding hoare3o_valid__def
by blast
qged

lemma validk P ¢ Q n +— 3/ {embP3 P *x $n} ¢ {embP2 Q }
using oneway and theother by metis
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theory Hoare Time imports
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