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Abstract

This submission contains: (1) a formalisation of a small While lan-
guage with support for output; (2) a standard total-correctness Hoare
logic that has been proved sound and complete; and (3) a new Hoare
logic for proofs about programs that diverge: this new logic has also
been proved sound and complete.

Background

The theories in this submission are a port of a similar formalisation in HOL4,
which, in turn, is a simplified version of a program logic for nonterminating
CakeML programs [1] (which was not complete).
The HOL4 version of these theories was developed by Myreen with some
lemmas proved by Aman Pojhola. The Isabelle/HOL theories were devel-
oped by Tanaka with some input from Aman Pojhola.
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1 Miscellaneous lemmas

theory MiscLemmas imports HOL— Library.Sublist begin

inductive star :: (‘a = 'a = bool) = 'a = 'a = bool for r where
refl[simp,introl: star r z x
| step: rxy = starryz = starrx z

inductive star-n :: ('a = ‘a = bool) = nat = 'a = 'a = bool for r where
refl-n: star-nr 0z x
| step-n: r vy = star-nrnyz => star-n r (Suc n) T z

declare star-n.intros[simp, intro)

lemma star-n-decompose:
starrmrnxy = star-nrn’zz=n'<n
= Nzyzrey=rez= y=2z)
= (Anzyz starnrnzy = star-nrnzz=— y = 2)
= star-nr (n —n') zy
(proof)

lemma star-n-add:
star-nrnzz<— (Inl n2y. star-nrnl zy A star-nrn2yzAn=nl+ n2)

(proof)

lemma star-star-n:
starrxy = dn. star-nrnzy

{proof)

lemma star-n-star:
star-nrmnxy = starr Ty

{proof)

lemma star-eq-star-n:
star vz y = (In. star-nrn zy)

{proof)

lemma star-trans:
starrrTy = starryz = star r x 2

(proof)

lemma step-rev:
starrrzy = ryz=— starrzcz

{proof)

lemma star-n-trans:
star-nrnxy = star-nrn’yz= star-nr (n+ n') zz



{proof)

lemma step-n-rev:
star-nrnxy = ryz=— star-nr (Sucn) zz

(proof)

lemma star-n-lastE:
star-n r (Suc n) v z =
(An"z'y' 2. n=n"—=z=2"=—= 2=2'
= star-nrn’z'y = ry' 2z = P) = P

(proof)

lemma
star-n-conjunctl: star-n Az y. Pz y A Qxy) n st = star-n P n st and
star-n-conjunct2: star-n Az y. Pry A Qzy) nst = star-n @ n st and
star-n-commute: star-n Az y. Pxy A Qzy) nst = star-n Az y. Qzy A P
xy) nst
(proof)

lemma forall-swap/:
Vezyzw Przyzw)+— Vzwyz. Pzyzw) (proof)

lemma prefix-drop-append:
prefix xs ys = xs Q drop (length xs) ys = ys
(proof )

lemma min-prefiz:
Vi. prefiz (f i) (f (Suc i) = (Vi. prefix (f 0) (f 7))
(proof)

definition wf-to-wfP where
wf-to-wfP r = Az y. (z, y) € r

end

2 The definition of the While language

theory WhileLang imports MiscLemmas Coinductive. Coinductive-List begin

type-synonym name = char list
type-synonym val = nat
type-synonym store = name = val
type-synonym exp = store = wval

datatype prog =
Skip

| Assign name exp



| Print exp

| Seq prog prog

| If exp prog prog
| While exp prog

type-synonym out = wval list
type-synonym state = store X out

definition output-of :: state = out where
output-of = A(-, out). out

definition subst :: name = exp = state = state where
subst n e = A(s, out). (s(n:= e s), out)

definition print :: exp = state = state where
print e = A(s, out). (s, out @ [e 5])

definition guard :: exp = state = bool where
guard x = X(s, -). £ s # 0

inductive step :: prog x state = prog x state = bool where
step-skip: step (Skip,s) (Skip,s)
| step-assign: step (Assign n x,s) (Skip, subst n z )
| step-print: step (Print x,s) (Skip, print  s)
| step-seql: step (Seq Skip q,s) (g,s)
| step-seq2: step (p0,s0) (pl,s1) = p0 # Skip = step (Seq p0 q,s0) (Seq p1
q,81)
| step-if: step (If z p q, s) ((if guard z s then p else q), s)
| step-while: step (While z p, s) (If © (Seq p (While z p)) Skip, s)

declare step.intros[simp,intro]

inductive-cases skipE[elim!]: step (Skip, s) ct
inductive-cases assignE|[elim!]: step (Assign n z, s) ct
inductive-cases printE[elim!]: step (Print z, s) ct
inductive-cases seqFE|elim|: step (Seq c1 c2, s) ct
inductive-cases ifE[elim!]: step (If x c1 c2, s) ct
inductive-cases whileE[elim]: step (While z p, s) ct

lemmas step-induct = step.induct|split-format(complete)]

inductive terminates where
star step (p, s) (Skip, t) = terminates s p t

inductive diverges where
Vt. - terminates s p t
A out = ISup { llist-of out | out. I q t. star step (p, s) (q, t, out) }



=
diverges s p out

lemma step-exists”:
3t. step (prog, (s, out)) t

(proof)

theorem step-exists:
Vs, dt. step st

{proof)

theorem terminates-or-diverges:
(3 t. terminates s p t) V (3 output. diverges s p output)

(proof)

lemma step-deterministic”:
step (prog, st, out) t1 = step (prog, st, out) t2 = t1 = 2

(proof)

theorem step-deterministic:
step s t1 = step s t2 —> t1 = t2

{proof)

lemma star-step-refi:
star step (Skip, t1) (Skip, t2) = t1 = 12
(proof )

theorem terminates-deterministic:
terminates s p t1 = terminates s p t2 — t1 = t2

(proof)

theorem diverges-deterministic:
diverges s p t1 = diverges s p t2 —> t1 = t2

{proof)

end

3 A standard total correctness Hoare logic

theory StdLogic imports WhileLang begin

inductive hoare :: (state = bool) = prog = (state = bool) = bool where
h-skip[simp,introl]: hoare P Skip P

| h-assign[simp,introl]: hoare (As. Q (subst n x s)) (Assign n x) @

| h-print[simp,intro!]: hoare (As. @ (print x s)) (Print z) Q



| h-seq[intro]: hoare P p M —> hoare M q Q = hoare P (Seq p q) Q@
| h-if[intro!l]  : hoare (As. P s A guard z s) p Q
= hoare (As. P s A ~“guard z s) ¢ Q = hoare P (If x p q) Q
| h-while : (\sO. hoare (As. P s A guard z s A s = s0) p (As. P s A R s s0))
— wfP R = hoare P (While z p) (As. P s A ~guard z s)
| h-weaken: (\s. P s = P’ s) = hoare P’ p Q@' = (A\s. Q' s = @ s) =
hoare P p Q)

definition hoare-sem :: (state = bool) = prog = (state = bool) = bool where
hoare-sem P p QQ =
(Vs. Ps — (3t. terminates s pt A Q 1))

end

4 Lemmas about the While language

theory WhileLangLemmas imports WhileLang Coinductive. Coinductive-List- Prefix
begin

lemma NRC-step-deterministic:
star-n step n x y = star-n stepnrz = y = 2

(proof)

inductive erec where

exec-skip: exec s Skip s
| exec-assign: exec s (Assign n ) (subst n z s)
| exec-print: exec s (Print x) (print  s)
| exec-seq:  exec s0 p s1 = exec sl q 2 = exec s0 (Seq p q) s2
| exec-if: exec s (if guard z s then p else q) s1 = exec s (If z p q) sl
| exec-whilel: —guard x s => exec s (While z p) s
| exec-while2: guard x s = exec s p s1 = exec s1 (While z p) s2

= exec s (While z p) s2

declare ezxec.intros[intro!]

lemma NRC-step[simp]:
star-n step n (Skip,s) (Skip,t) = s =t
(proof)

lemma terminates-Skip:
terminates s Skip t +— s =t
(proof)

lemma NRC-assign[simp):
star-n step n (Assign n' z,s) (Skip, t) = t = subst n’ z s
(proof)



lemma terminates-Assign:
terminates s (Assign n ) t <— t = subst n s

{proof)

lemma NRC-print[simp]:
star-n step n (Print z,s) (Skip, t) = ¢t = print z s
(proof)

lemma terminates-Print:
terminates s (Print z) t +— t = print © s

(proof)

lemma terminates-If:
terminates s (If z p q) t +— terminates s (if guard x s then p else q) t

(proof)

lemma terminates- While:
terminates s (While f ¢) t <— terminates s (If f (Seq ¢ (While f ¢)) Skip) t
(proof)

definition real-step where
real-step = A(p, s) qt. p # Skip A step (p,s) qt

lemma terminates:
terminates s p t «— star real-step (p,s) (Skip,t)

(proof)

lemma NRC-real-step-Skip|simp]:
star-n real-step n (Skip,s) (Skip,t) «— n=0ANs=1
(proof )

lemma NRC-real-step-not-Skip:
p # Skip =
(star-n real-step n (p,s) (Skip,t) <—
(3k m. real-step (p,s) m A star-n real-step k m (Skip,t) A n=Fk + 1))
{proof)

lemma real-step-seqE:
real-step (Seq p q, ) © =
(r= (g, s) = p = Skip = P) =
(Ap' s’ x = (Seqp’ q, ') = real-step (p, s) (p', s') = p # Skip = P)
= P
(proof )

lemma real-steps-Seq:
star-n real-step n (Seq p q,s) (Skip,t) «—
(Int n2 m.
star-n real-step n1 (p,s) (Skip,m) A
star-n real-step n2 (q,m) (Skip,t) An=nl + n2 + 1)



(proof)

lemma terminates-Seq:
terminates s (Seq p q) t +— (I m. terminates s p m A terminates m q t)

(proof)

lemma terminates-eq-exec:
terminates s pt <— exec spt

(proof)

lemma terminates- While-NRC'"
assumes terminates m p t
assumes p = While f c
shows I n. star-n (As t. guard f s A terminates s ¢ t) n m t A —guard f ¢

(proof)

lemma not-diverges|simp]:
~diverges s Skip [
~diverges s (Assign n x) |
~diverges s (Print x) 1
(proof )

lemma star-n-Skip:
star-n step n (Skip, s) (¢, t) = ¢’ = Skip Nt = s
{proof)

lemma star-n-Seq:
star-n step n (c, s) (c¢/, t) =
In. star-n step n (Seq ¢ p, s) (Seq ¢’ p, ¥)
(proof )

lemma RTC-Seq:
star step (c,s) (c';t) =
star step (Seq ¢ p, s) (Seq ¢’ p,t)
(proof)

lemma step-output-mono:
step s t = prefiz (output-of (snd s)) (output-of (snd t))
(proof)

lemma NRC-step-output-mono:
star-n step k (c,s) (¢',s") = prefiz (output-of s) (output-of s’)
(proof)

lemma Iprefiz-chain-RTC-step’:
Complete-Partial-Order.chain Iprefix {llist-of out | out. (I ¢ t. step z (gq,t,0ut))}
{proof)

lemma star-n-step-decompose:



star-n step n x y = star-n stepn’ Ttz = n' < n
= star-n step (n — n') z y
{proof)

lemma Iprefiz-chain-NRC-step’:
star-n step n x (q, t, out) =
star-n step n' z (q', t', out’) =
Iprefix (llist-of out) (llist-of out”) V lprefix (llist-of out’) (llist-of out)
(proof )

lemma Iprefiz-chain-NRC-step:

Complete-Partial-Order.chain lprefix {llist-of out | out. (I q t. star-n step n
(q.t,0ut))}

(proof )

lemma Iprefiz-chain-RTC-step:
Complete-Partial-Order.chain lprefix {llist-of out | out. (3 ¢ t. star step x (q,t,out))}
(proof )

lemma Iprefiz-chain-NRC-step-ex:

Complete-Partial-Order.chain lprefix {llist-of out | out. (3 ¢ t n. star-n step n x
(q,t,0ut))}

(proof)

definition [lprefiz-rel where
Iprefiz-rel Is ls' =V1 € ls. 31" € Is'. lprefiz 1 I

lemma diverges-unique:
diverges s p l = V1'. diverges s p 1’ — ' =1
(proof )

lemma terminates-unique:
terminates s p t => Vt'. terminates s pt' — t' =t

{proof)

lemma star-n-real-step-Seq-ezract:
star-n real-step n (¢, s) (Skip, t) = star-n step n (Seq ¢ ¢', s) (Seq Skip ¢’ t)
(proof )

lemma star-n-real-step-Seg-ezact’:

star-n real-step n (c, s) (Skip, t) = star-n real-step n (Seq ¢ ¢’, s) (Seq Skip ¢/,
t)

(proof)

lemma div-Seql-always-Seq:
[ star-n step n (Seq c ¢’, s) (q, s); ¢ # Skip;
Ya b n. - star-n step n (¢, s) (Skip, a, b)]



= Ju. g = Seq u c' A u# Skip
(proof)

lemma div-Seql-steps:
[star-n step n (Seq ¢ ¢/, s) (Seq u ¢’, 8'); ¢ # Skip;
Ya b n. - star-n step n (¢, s) (Skip, a, b)]
= star-n step n (¢, s) (u, s’)
(proof )

lemma div-Seql-ISup-eq:
Vt. = terminates s ¢ t
= [Sup {llist-of out |out. I q t. star step (c, s) (¢, t, out)} =
ISup {llist-of out |out. 3 q t. star step (Seq ¢ ¢’, s) (g, ¢, out)}

{proof)

lemma star-n-real-step-step:
star-n real-step n x y = star-n step n x y

{proof)

lemma div-Seq2-steps:
[ star-n real-step n' (¢, s) (Skip, s’); n’ < n;
Vt' n. = star-n real-step n (¢’, s’) (Skip, t');
star-n step n (Seq ¢ ¢'; s) (g, t, out)]
= Im q t’. star-n step m (c’, s') (g, t', out)
(proof)

lemma div-Seq2-1Sub-eq:
[terminates s ¢ s} Vt. = terminates s’ ¢’ t]
= [Sup {llist-of out |out. 3 q t. star step (Seq c ¢’, s) (q, t, out)} =
ISup {llist-of out |out. I q t. star step (c¢’, s') (¢, t, out)}

(proof)

lemma diverges-Seg:
diverges s (Seq ¢ ¢') | +— diverges s ¢ | V (3 t. terminates s ¢ t A diverges t ¢’ [)

{proof)

lemma div-true-If-lSup-eq:
[Vt. = terminates s p t; guard f s]
= [Sup {llist-of out |out. I qa t. star step (prog.If f p q, s) (qa, t, out)} =
ISup {llist-of out |out. 3 q t. star step (p, s) (¢, t, out)}

{proof)

lemma div-false-If-lSup-FEq:
[Vt. = terminates s q t; = guard f §]
= [Sup
{llist-of out |out. A qa t. star step (prog.If f p q, s) (qa, t, out)} =
ISup {llist-of out |out. 3¢’ t. star step (q, s) (q’, t, out)}

(proof)

10



lemma diverges-If:
diverges s (If fp q) | = diverges s (if guard f s then p else q) 1
(proof)

lemma While-body-addS3real-step:
[star-n real-step n (c, s) (Skip, s); guard g ]
= star-n real-step (n + 3) (While g ¢, s) (While g ¢, s')
(proof )

lemmas While-body-add3step = While-body-add3real-step| THEN star-n-real-step-step]

lemma div-body- While-lSup-eq:
lguard g s; ¥ t. = terminates s ¢ ]
= [Sup {llist-of out |out. I q t. star step (¢, s) (g, t, out)} =
ISup {llist-of out |out. 3 q t. star step (While g ¢, s) (q, t, out)}
(proof )

lemma inf-loop- While-steps:
[ star-n real-step n' (¢, s) (Skip, s’); n' + 3 < n; guard g s;
star-n step n (While g ¢, s) (q, t, out)]
= 3¢’ t' n. star-n step n (While g ¢, s') (¢, t’, out)
(proof )

lemma inf-loop- While-1Sup-eq:
lguard g s; terminates s ¢ (a, b); ¥V aa ba. — terminates (a, b) (While g ¢) (aa,
ba)]
= [Sup {llist-of out |out. I q t. star step (While g ¢, a, b) (g, t, out)} =
ISup {llist-of out |out. I q t. star step (While g ¢, s) (q, t, out)}

{proof)

lemma diverges- While:
diverges s (While g ¢) | <— diverges s (If g (Seq ¢ (While g ¢)) Skip) 1
(proof)

lemma NRC-terminates:
assumes star-n (Az y. terminates x ¢ y) © s t
shows Vt1. star-n (Az y. terminates x c y) i s t1 +— (t = t1)

(proof)

lemma step-output-append:
step (¢, a, b) (¢/, a’, b') = Tnew. b’ = b Q new
(proof)

lemma step-output-extend’:
step (¢, a, b) (¢, a’, b Q new) = Vxs. step (¢, a, xs) (c
(proof)

" a’, 1s Q new)

lemma step-output-extend:
step (¢, a, b) (¢’, a’, b') = Anew. b’ = b Q new A (Vus. step (¢, a, xs) (¢, a’,
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xs @ new))
{proof)

lemma star-n-real-step-output-extend:
star-n real-step n (c, s) (Skip, t) =
dnew. snd t = snd s Q new A
(Vxs. In. star-n real-step n (c, fst s, xs)
(Skip, fst t, zs Q new))

{proof)

lemma terminates-history:
terminates s ¢ t =
Jdnew. snd t = snd s Q new A
(V zs. terminates (fst s,xs) ¢ (fst t,zs @Q new))

(proof)

lemma terminates-ignores-history:
terminates (s, outl) ¢ (t, out2) =
terminates (s, []) ¢ (¢, drop (length outl) out2)
{proof)

end

5 Soundness of the standard Hoare logic

theory StdLogicSoundness imports StdLogic WhileLangLemmas begin

theorem Hoare-soundness:
hoare P ¢ ) = hoare-sem P ¢ Q

(proof)

end
theory CoinductiveLemmas imports Coinductive. Coinductive-List begin

lemma [Sup-lappend:
[Complete-Partial-Order.chain Iprefiv A; A # {}]
= [Sup (lappend zs * A) = lappend zs (ISup A)
(proof )

lemma [Sup-Imap:
[Complete-Partial-Order.chain lprefiv A; A # {}]
= ISup ((Imap f) * A) = lmap f (ISup A)
(proof )

lemma ISup-lconcat:
[ Complete-Partial-Order.chain lprefix A; A # {}]
= ISup (lconcat © A) = lconcat (ISup A)

{proof)
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lemma cpo-llist-of-upt:
Complete-Partial-Order.chain lprefix {z. 3i. x = llist-of [0..<i]}
{proof)

lemma iterates-Suc-is-lSup-upt:
iterates Suc 0 = ISup {x. i. x = llist-of [0..<i]}
(proof)

abbreviation (input) flat :: 'a list llist = 'a llist where
flat zs = lconcat (Imap llist-of xs)

lemma flat-inf-llist-1Sup:
flat (inf-llist f) = [Sup {x. Ii. = llist-of (concat (map f [0..<i]))}
{proof)

lemma upper-subset-1Sup-eq:
[Complete-Partial-Order.chain lprefic B; A C B;
VzeB. JyeA. lprefix z y] = ISup B = ISup A
(proof )

lemma [Imap-iterates-id:
Imap (Az. x) (iterates Suc 0) = iterates id x
(proof)

end

6 A Hoare logic for diverging programs

theory DivLogic
imports WhileLang StdLogic CoinductiveLemmas
begin

definition ignores-output :: (val = state = bool) = bool where
ignores-output H = Vi s outl out2. H i (s,outl) = H i (s,out2)

inductive pohjola where
p-seq-d: pohjola P p (D::val llist = bool) => pohjola P (Seq p q) D
| p-seq-h: hoare P p M = pohjola M q D = pohjola P (Seq p q) D
| p-if: pohjola (As. P s A guardz s) p D =
pohjola (As. P s A\ ~guard z s) ¢ D = pohjola P (If x p q) D
|
p-whilel: (As. P s =
(3 H ev.
guard x s N\ H 0 s N\ ignores-output H A
D (flat (LCons (output-of s) (inf-llist ev))) A
(Vi. hoare (As. H i s A output-of s =[]) p
(As. H (i+1) s A output-of s = ev i A guard z 5)))) =
pohjola P (While x p) D
|
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p-while2: (Vs. P s — guard z s) = wfP R =
(Vs0. hoare (As. Ps AbsANs=3s0)p(As. PsARss0)) =
pohjola (As. P s A ~b s) p D = pohjola P (While = p) D

| p-const: pohjola (A\s. False) p D
| p-case: pohjola (As. P s A b s) p D = pohjola (As. P s A ~b s) p D = pohjola
PpD
| p-weaken: (Vs. P s — P’ s) = pohjola P' p D' = (¥Vs. D' s — D s) =
pohjola P p D
print-theorems

definition pohjola-sem where
pohjola-sem P p D =
Vs. Ps— (3. diverges sp I A D)

end

7 Completeness of the standard Hoare logic

theory StdLogicCompleteness imports StdLogic WhileLangLemmas begin

lemma Hoare-strengthen:
(\s. P s = P’'s) = hoare P' p Q = hoare P p Q (proof)

lemma Hoare-strengthen-post:
(As. Q' s = Q s) = hoare P p Q' = hoare P p Q {proof)

theorem Hoare- While:

assumes hl: (As. Ps = R s)

assumes h2: (As. R s A ~guard x s = Q s)

assumes h3: As0. hoare (As. R s A\ guard z s AN s = s0) p (As. Rs A m s <
((m s0)::nat))

shows hoare P (While z p) @Q

(proof)

lemma NRC-lemma:
star-n (As t. guard f s A\ terminates s ¢ t) kO m t0 =
star-n (As t. guard f s A terminates s ¢ t) kI m t1 =
—guard ft0 N —guard f t1 =
t0 =t1 AN kO = ki
(proof )

lemma Hoare-terminates:
hoare (As. 3t. terminates s ct A Q t) ¢ Q

(proof)

theorem Hoare-completeness:
hoare-sem P ¢ () = hoare P ¢ @

14



{proof)

lemma hoare-pre-False:
hoare (A-. False) prog Q
(proof )

end

8 Completeness of Hoare logic for diverging pro-
grams

theory DivLogicCompleteness
imports DivLogic StdLogicCompleteness StdLogicSoundness
begin

declare pohjola.intros|intro, simp]
declare pohjola.intros(7)[simp del]
declare pohjola.intros(7)[rule del]
declare pohjola.intros(6)[rule del)

theorem pohjola-strengthen:
[pohjola P’ p D; ¥s. P s — P’ s] = pohjola P p D
(proof )

inductive div-at-iteration where
guard f s = diverges s ¢ | = D | = div-at-iteration 0 s f ¢ D
| guard f s = terminates s ¢ t = div-at-iteration n t f ¢ D =
div-at-iteration (Suc n) s fe D
print-theorems

inductive-cases
div-at-0 [elim!]:  div-at-iteration 0 s f ¢ D and
div-at-S [elim!]: div-at-iteration (Suc n) s fe¢ D
print-theorems

theorem div-at-iteration-11:
div-at-iteration ¢ s f ¢ D =
div-at-iteration j s f ¢ D = i = j

(proof )

lemma star-n- While-flatten:
star-n (As t. star step (While x p, s) (While z p, t)
A terminates s p t A\ guard z s) i st
= Jn’. star-n step n' (While x p, s) (While z p, t) A n' > i
(proof )
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lemma diverges-init-state:
[terminates s ¢ t; diverges t (While g ¢) I; guard g s] = diverges s (While g ¢) 1
(proof)

lemma diverges-init-state-n:
[star-n (As t. terminates s ¢ t A\ guard g s) n s t; diverges t (While g ¢) 1; guard
g1
= diverges s (While g ¢) 1
(proof)

lemma div-at-i-unwind:
div-at-iteration i s g ¢ D
< (3t. star-n (As t. terminates s ¢ t A\ guard g s) i st A\ guard g t
A (3. diverges t ¢ I N D 1))

(proof)

lemma diverging-body-diverges:
[diverges s ¢ I; guard g s] = diverges s (While g ¢) |
(proof)

lemma non-diverging-inf-loop:
[Vi. = div-at-iteration i s g ¢ D; diverges s (While g ¢) I; D ]
= V. 3t. star-n (As t. (k. star-n step k (While g ¢, s) (While g ¢, t))
A terminates s ¢ t N\ guard g s) i st
(proof )

lemma While-lemma:
[Vi. = div-at-iteration i s g ¢ D; diverges s (While g ¢) I; D ]
= Jis. ts 0 = s A (Vi. guard g (ts i) A terminates (ts i) ¢ (ts (Suc 1))
A (3 k. star-n step (i+k) (While g ¢, ts 0) (While g ¢, ts i)))
{proof)

lemma H-for-Nil-output:
H i (a, b)) = ignores-output H = H i (a, [])
(proof)

lemma output-of-simp|[simp]:
output-of (a, b) = b (proof)

lemma star-n-step-output-extend:
star-n step n (¢, s) (¢/, t) =
dnew. snd t = snd s Q@ new A
(Vxs. star-n step n (c, fst s, zs)
(¢, fst t, zs Q new))

(proof)

lemma lappend-initial-output:
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{llist-of out |out.

I q t. star step (While z p, a, b) (q, t, out)}
= lappend (llist-of b) * {llist-of out |out.

Iq t. star step (While z p, a, []) (g, t, out)}
(proof )

lemma ts-accum:
Vi. prefiz (output-of (ts i)) (output-of (ts (Suc i))) =
concat (map (Ai. drop (length (output-of (ts))) (output-of (ts (Suc)))) [0..<i])
= drop (length (output-of (ts 0))) (output-of (ts i))
(proof)

theorem Pohjola-diverges:
pohjola (As. 1. diverges s c I N D 1) ¢ D

(proof)

theorem Pohjola-completeness:
pohjola-sem P ¢ D = pohjola P ¢ D

(proof)

end

9 Soundness of Hoare logic for diverging programs

theory DivLogicSoundness imports StdLogicSoundness DivLogicCompleteness be-
gin

lemma p-loop-deterministic:
star-n (As t. guard x s A terminates s p t) n st =
star-n (As t. guard x s A terminates spt) nst' = t =1t'

(proof)

lemma loop-accum:
[Vi. hoare (As. Hi s A output-of s =[]) p
(As. H (Suc i) s A output-of s = ev i A\ guard x s);
guard z (a, b); H 0 (a, b); ignores-output H]
= Vi. 3 s. star-n (As t. guard x s A terminates s p t) i (a, b) s A
guard x s N His

{proof)

lemma output-accum:
[star-n (As t. guard x s A terminates s p t) i (a, b) s;
guard z (a, b); H 0 (a, b); ignores-output H;
Vi. hoare (As. H i s A output-of s = []) p
(As. H (Suc i) s A output-of s = ev i A guard z s)]
= output-of s = b @Q (concat (map ev [0..<i]))

(proof)
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lemma helper-lemma:
[guard z (a, b); H 0 (a, b); ignores-output H;
Vi. hoare (As. Hi s A output-of s =[]) p
(As. H (Suc i) s A output-of s = ev i A guard z s)]
= Vi. 3 s. star-n (As t. guard x s A terminates s p t) i (a, b) s A
guard x s N H i s N\ output-of s = b @Q (concat (map ev [0..< {]))

{proof)

lemma add- While-loops:
[star-n (As t. guard x s A terminates s p t) i (a, b) $]
= star-n (As t. star step (While z p, s) (While z p, t) A terminates s p t A
guard x )
i (a, b) s
(proof)

lemma loop-upper-bound:

[Vi. 3s. star-n (As t. guard x s A terminates s p t) i (a, b) s A guard x s N H i s;

star-n step n (While z p, a, []) (g, t, out)] =
3it' n'. star-n (As t. star step (While x p, s) (While x p, t)
A terminates s p t A guard x 8) i (a, b) t' A
star-n step n' (While z p, a, b) (While x p, t') A n < n’

(proof)
theorem Pohjola-soundness:

pohjola P ¢ () = pohjola-sem P ¢ Q

(proof )

end

10 Examples

theory Examples imports DivLogicSoundness
begin

definition pure-loop :: prog where
pure-loop = While (A-. 1) Skip

lemma pure-loop-correct:
pohjola (As. output-of s = []) pure-loop (Al. | = LNil)
(proof)

definition zero :: prog where
zero = While (A-. 1) (Print (A-. 0))

definition zero-llist :: nat llist where
zero-llist = iterates id 0
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lemma zero-correct:
pohjola (As. output-of s = []) zero (Al. I = zero-llist)
{proof)

definition ex2 where
ex2 = While (A-. 1) zero

lemma ex2-correct:
pohjola (As. output-of s = []) ex2 (Al. | = zero-llist)
(proof )

end
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