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Abstract

We formalize the tensor product of Hilbert spaces, and related material. Specif-
ically, we define the product of vectors in Hilbert spaces, of operators on Hilbert
spaces, and of subspaces of Hilbert spaces, and of von Neumann algebras, and study
their properties.

The theory is based on the AFP entry Complex_Bounded_Operators that intro-
duces Hilbert spaces and operators and related concepts, but in addition to their
work, we defined and study a number of additional concepts needed for the tensor
product.

Specifically: Hilbert-Schmidt and trace-class operators; compact operators; posi-
tive operators; the weak operator, strong operator, and weak™ topology; the spectral
theorem for compact operators; and the double commutant theorem.
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1 Misc-Tensor-Product — Miscelleanous results missing from
other theories

theory Misc-Tensor-Product
imports HOL— Analysis. Elementary-Topology HOL— Analysis. Abstract-Topology
HOL— Analysis. Abstract-Limits HOL— Analysis. Function-Topology HOL— Cardinals. Cardinals
HOL— Analysis.Infinite-Sum HOL— Analysis. Harmonic-Numbers Containers. Containers- Auxiliary
Complez-Bounded-Operators. Extra- General
Complez-Bounded-Operators. Extra- Vector-Spaces
Complez-Bounded-Operators. Extra- Ordered- Fields
begin



unbundle lattice-syntax
lemma local-defE: (Az. ==y = P) = P (proof)

lemma inv-prod-swap[simp): <inv prod.swap = prod.swap>

{proof)

lemma filterlim-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique S»
shows (((R ===> §) ===> rel-filter S ===> rel-filter R ===> (=)) filterlim filterlim»
(proof)

definition rel-topology :: <('a = 'b = bool) = ('a topology = 'b topology = bool)> where
<rel-topology R S T <— (rel-fun (rel-set R) (=)) (openin S) (openin T')

A (VU. openin S U — Domainp (rel-set R) U) A (Y U. openin T U — Rangep (rel-set R)

U)

lemma rel-topology-eq[relator-eq]: <rel-topology (=) = (=)
(proof)

lemma Rangep-conversep|simp]: «Rangep (R~*~1) = Domainp R>

(proof)

lemma Domainp-conversep[simpl: «Domainp (R~'71) = Rangep R

{proof)

lemma conversep-rel-fun:
includes lifting-syntax
shows (T ===> U)"!71 = (T717}) ===> (U 171),
(proof)

lemma rel-topology-conversep[simp): <rel-topology (R=*~1) = ((rel-topology R)~171)
(proof )

lemma openin-parametric[transfer-rule]:
includes lifting-syntax
shows «(rel-topology R ===> rel-set R ===> (=)) openin openin»

(proof )

lemma topspace-parametric [transfer-rule]:

includes lifting-syntax

shows «(rel-topology R ===> rel-set R) topspace topspace>
{proof )

lemma [transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-total S»



assumes [transfer-rule]: <bi-unique S»

assumes [transfer-rule]: <bi-total R»

assumes [transfer-rule]: <bi-unique R»

shows «((rel-topology R ===> rel-topology S ===> (R ===> §) ===> (=)) continu-
ous-map continuous-map

{proof)

lemma limitin-closedin:
assumes <limitin T f ¢ F»
assumes <range f C S
assumes <closedin T S»
assumes <~ trivial-limit F»
shows <c € S»

(proof)

lemma closure-nhds-principal: <a € closure A «— inf (nhds a) (principal A) # bot>

(proof)

lemma limit-in-closure:
assumes lim: «((f —— z) F»
assumes nt: <F # bot)
assumes inA: NVpzin F. fz € A>
shows <z € closure A»

(proof)

lemma filterlim-nhdsin-iff-limitin:
I € topspace T A filterlim f (nhdsin T'l) F <— limitin T f1 F»
(proof)

lemma pullback-topology-bi-cont:
fixes g :: <'a = ('b = ’c:itopological-space)y
and f = a="a= '@ and f':: c= c= o
assumes gf-f'g: <Nabi. g (fabd)i=f"(gai)(gbi)
assumes f’-cont: «\a’ b’. (case-prod f' —— f’ a’ b’) (nhds a’ X nhds b'))
defines «T = pullback-topology UNIV g euclidean>
shows (LIM (z,y) nhdsin T a xp nhdsin T b. fx y :> nhdsin T (f a b)»

(proof)

definition <has-sum-in T f A x <— limitin T (sum f) z (finite-subsets-at-top A)>

lemma has-sum-in-finite:
assumes finite '
assumes <(sum f F' € topspace T»
shows has-sum-in T f F (sum [ F')



{proof)

definition «summable-on-in T f A +— (Fz. has-sum-in T f A z)»

definition <infsum-in T f A = (let L = Collect (has-sum-in T f A) in if card L = 1 then the-elem
L else 0)»

lemma hausdorff-OFCLASS-t2-space: < OFCLASS('a::topological-space, t2-space-class)y if <« Haus-
dorff-space (euclidean :: 'a topology)»
(proof)

lemma hausdorffI:

assumes <A\z y. x € topspace T = y € topspace T =—> x # y = U V. openin T U A
openin TV ANz e UNye VAUNV={h

shows <Hausdorff-space T»

{proof)

lemma hausdorff-euclidean[simp]: <Hausdor(f-space (euclidean :: -:t2-space topology)»

{proof)

lemma has-sum-in-unique:
assumes <Hausdorff-space T
assumes <has-sum-in T f A Dy
assumes (has-sum-in T f A 1"
shows <[ = I’

{proof)

lemma infsum-in-def":

assumes <Hausdorff-space T

shows <infsum-in T f A = (if summable-on-in T f A then (THE s. has-sum-in T f A s) else
0)
(proof)

lemma has-sum-in-infsum-in:
assumes (Hausdorff-space T» and summable: <summable-on-in T f A>
shows <has-sum-in T f A (infsum-in T f A)»
(proof )

lemma nhdsin-mono:
assumes [simp|: <\z. openin T' z => openin T >
assumes [simp|: <topspace T = topspace T
shows «(nhdsin T a < nhdsin T' a

(proof )

lemma has-sum-in-cong:



assumes A\z. 2€A = fr =gz
shows has-sum-in T f A © <— has-sum-in T g A z

(proof)

lemma infsum-in-eql "
fixes f g :: <'a = 'b::comm-monoid-add>
assumes (\z. has-sum-in T f A © +— has-sum-in T g B x>
shows nfsum-in T f A = infsum-in T g B>

{proof)

lemma infsum-in-cong:
assumes A\z. 2€6A = fr =gz
shows infsum-in T f A = infsum-in T g A

(proof)

lemma limitin-cong: limitin T f ¢ F <— limitin T g ¢ F if eventually (A\z. fz = gz) F

{proof)

lemma has-sum-in-reindex:
assumes <inj-on h A»
shows <has-sum-in T g (h * A) x <— has-sum-in T (g o h) A >

(proof)

lemma summable-on-in-reindex:
assumes nj-on h A»
shows <summable-on-in T g (h © A) +— summable-on-in T (g o h) A>

{proof)

lemma infsum-in-reindex:
assumes <inj-on h A»
shows <infsum-in T g (h * A) = infsum-in T (g o h) A>
{proof )

lemma has-sum-in-reindez-bij-betw:
assumes bij-betw g A B
shows has-sum-in T (Az. f (g z)) A s «— has-sum-in T f B s

(proof)

lemma has-sum-euclidean-iff: <has-sum-in euclidean f A s <— (f has-sum s) A»
(proof)

lemma summable-on-euclidean-eq: <summable-on-in euclidean f A <— f summable-on A»

{proof)

lemma infsum-euclidean-eq: <infsum-in euclidean f A = infsum f A>

{proof)

lemma infsum-in-reindex-bij-betw:



assumes bij-betw g A B
shows infsum-in T (Az. f (g z)) A = infsum-in T f B
(proof)

lemma limitin-parametric[transfer-rule:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique S»

shows <(rel-topology S ===> (R ===> §) ===> § ===> rel-filter R ===> (+—))
limitin limitin>

(proof)

lemma finite-subsets-at-top-parametric|transfer-rulel:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique R»
shows «(rel-set R ===> rel-filter (rel-set R)) finite-subsets-at-top finite-subsets-at-top

(proof)

lemma sum-parametric’[transfer-rule]:
includes lifting-syntax
fixes R :: <'a = 'b = booly and S :: <'c::comm-monoid-add = 'd::comm-monoid-add = bools
assumes [transfer-rule]: <bi-unique R»

assumes [transfer-rule]: «(S ===> § ===> §) (+) (+)»

assumes [transfer-rule]: «S 0 0»

shows (((R ===> §) ===> rel-set R ===> §) sum sum)
(proof )

lemma has-sum-in-parametric[transfer-rule:
includes lifting-syntax
fixes R :: <'a = 'b = booly and S :: <'c::comm-monoid-add = 'd::comm-monoid-add = bool
assumes [transfer-rule]: <bi-unique R»
assumes [transfer-rule]: <bi-unique S»

[
assumes [transfer-rule]: (S ===> § ===> §) (+) (+)»
assumes [transfer-rule]: «S 0 0»
shows <(rel-topology S ===> (R ===> §) ===> (rel-set R) ===> § ===> (=))
has-sum-in has-sum-in»
(proo)

lemma has-sum-in-topspace: <has-sum-in T f A s = s € topspace T»

(proof )

lemma summable-on-in-parametric[transfer-rule]:

includes lifting-syntax

fixes R :: <a = 'b = booly

assumes [transfer-rule]: (bi-unique R»
assumes [transfer-rule]: <bi-unique S»
[

]:
assumes [transfer-rule]: «(§ ===> § ===> 9) (+) (+)
assumes [transfer-rule]: «S 0 0»
shows «((rel-topology S ===> (R ===> §) ===> (rel-set R) ===> (=)) summable-on-in



summable-on-in»
(proof)

lemma not-summable-infsum-in-0: <— summable-on-in T f A = infsum-in T f A = 0>

{proof)

lemma infsum-in-parametric[transfer-rule]:

includes lifting-syntax

fixes R :: <a = 'b = bool»

assumes [transfer-rule]: (bi-unique R»
assumes [transfer-rule]: <bi-unique S»
[

assumes [transfer-rule]: (S ===> § ===>5) (+) (+)»

assumes [transfer-rule]: «S 0 0»

shows «(rel-topology S ===> (R ===> §) ===> (rel-set R) ===> S) infsum-in infsum-in>
(proof )

lemma infsum-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique R»
shows (((R ===> (=)) ===> (rel-set R) ===> (=)) infsum infsum»
(proof)

lemma summable-on-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique R»

shows «((R ===> (=)) ===> (rel-set R) ===> (=)) Infinite-Sum.summable-on Infi-
nite-Sum.summable-on»
{proof )

lemma abs-gbinomial: <abs (a gchoose n) = (—1) (n — nat (ceiling a)) * (a gchoose n)»

(proof)

lemma gbinomial-sum-lower-abs:
fixes a :: 'a::{floor-ceiling}»
defines <a’ = nat (ceiling a)»
assumes <of-nat m > a—1»
shows (> k<m. abs (a gchoose k)) =
(—1)7a’" * ((—1) “m * (a — 1 gchoose m))
— (=1)7a’ % of-bool (a’>0) = ((—1) ~(a’'—1) * (a—1 gchoose (a'—1)))
+ (O k<a’. abs (a gchoose k))
(proof)

lemma abs-gbinomial-leq! :
fixes a :: /a :: {linordered-field}>
assumes <abs a < 1»
shows (abs (a gchoose b) < 1»

(proof)

lemma gbinomial-summable-abs:



fixes a :: real
assumes <a > 0> and <a < 1»
shows ¢summable (An. abs (a gchoose n))»

(proof)

lemma summable-tendsto-times-n:
fixes [ :: <nat = real>
assumes pos: <An. fn > 0>
assumes dec: <decseq (An. (n+M) x f (n + M))»
assumes sum: <summable f»
shows <(An. n x fn) —— 0»

(proof)

lemma gbinomial-tendsto-0:
fixes a :: real
assumes <a > —1)
shows ¢(An. (a gchoose n)) —— O»

(proof)

lemma gbinomial-abs-sum:
fixes a :: real
assumes <a > (0> and <a < 1»
shows «(An. abs (a gchoose n)) sums 2»

(proof)

lemma sums-has-sum:
fixes s :: <‘a :: banach)
assumes sums: <f sums s»
assumes abs-sum: <summable (An. norm (f n))>
shows «(f has-sum s) UNIV)»

(proof)

lemma sums-has-sum-pos:
fixes s :: real
assumes (f sums s>
assumes (A\n. fn > 0
shows «(f has-sum s) UNIV»

{proof)

lemma gbinomial-abs-has-sum:
fixes a :: real
assumes <a > 0» and <a < 1»
shows ¢((An. abs (a gchoose n)) has-sum 2) UNIV)

{proof)
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lemma gbinomial-abs-has-sum-1:
fixes a :: real
assumes <a > () and <a < 1»
shows ¢((An. abs (a gchoose n)) has-sum 1) (UNIV—{0})>

(proof)

lemma gbinomial-abs-summable:
fixes a :: real
assumes <a > 0> and <a < 1»
shows «(An. (a gchoose n)) abs-summable-on UNIV»

{proof)

lemma gbinomial-abs-summable-1:
fixes a :: real
assumes <a > (0> and <a < 1»
shows ¢(An. (a gchoose n)) abs-summable-on UNIV—{0}»

{proof)

lemma has-sum-singleton|simp: «(f has-sum y) {z} «— fz = y» for y :: /a :: {comm-monoid-add,
t2-space}>
(proof)

lemma has-sum-sums: <f sums s> if «(f has-sum s) UNIV»

(proof)

lemma The-eql1:
assumes \zy. Fo —= Fy =z =
assumes 3 z. F 2»
assumes (A\z. Fz = Pz = Qo
shows <P (The F) = Q (The F)»

{proof)

lemma summable-on-uminus|introl|:
fixes f :: <'a = 'b :: real-normed-vector»
assumes (f summable-on A>
shows «(\i. — f 1) summable-on A>

{proof)

lemma summable-on-diff:
fixes f g :: 'a = 'b::real-normed-vector
assumes <(f summable-on A>
assumes (g summable-on A»
shows ¢(A\z. fz — g x) summable-on A>

(proof )

lemma gbinomial-1: (1 gchoose n) = of-bool (n<1)»

11



(proof)

lemma gbinomial-a-Suc-n:
<(a gchoose Suc n) = (a gchoose n) * (a—n) / Suc n»

{proof)

lemma has-sum-in-0[simpl:
assumes <0 € topspace T
assumes (\z. €A = fz = 0>
shows <has-sum-in T f A 0>

(proof )

lemma has-sum-diff:
fixes f g :: 'a = 'b::{topological-ab-group-add}
assumes <(f has-sum a) A»
assumes ((g has-sum b) A»
shows ¢((Az. fz — g x) has-sum (a — b)) A»
{proof)

lemma has-sum-of-real:
fixes f :: 'a = real
assumes ((f has-sum a) A>
shows ¢((Az. of-real (f x)) has-sum (of-real a :: 'b::{real-algebra-1,real-normed-vector})) A»

{proof)

lemma summable-on-cdivide:
fixes f :: 'a = 'b 2 {t2-space, topological-semigroup-mult, division-ring}
assumes (f summable-on A»
shows (Az. fz / ¢) summable-on A

{proof)

lemma norm-abs[simpl: <norm (abs x) = norm x» for x :: </a :: {idom-abs-sgn, real-normed-div-algebra}»

(proof)

thm abs-summable-product
lemma abs-summable-product:
fixes z :: 'a = 'b::real-normed-div-algebra
assumes z2-sum: (\i. (z 1)) abs-summable-on A
and y2-sum: (\i. (y i)?) abs-summable-on A
shows (\i. z i x y i) abs-summable-on A
(proo)

lemma Cauchy-Schwarz-ineg-infsum:
fixes z :: 'a = 'b::{real-normed-div-algebra}
assumes z2-sum: (\i. (z i)?) abs-summable-on A
and y2-sum: (\i. (y i)?) abs-summable-on A
shows (3" i€A. norm (z i % y i) < sqrt (3. wi€A. (norm (z4))?) * sqrt (3. wi€A. (norm

12



(y 0))*)
(proof )

lemma continuous-map-pullback-both:
assumes cont: <continuous-map T1 T2 g’
assumes ¢'g: <A\z. f1 © € topspace T1 = z € Al = ¢’ (fl z) = f2 (g z)»
assumes topl: <f1 —‘topspace T1 N A1 C g —“ A2
shows «continuous-map (pullback-topology A1 f1 T1) (pullback-topology A2 f2 T2) ¢

(proof)

lemma onorm-case-prod-plus-leq: <onorm (case-prod plus :: - = 'a::real-normed-vector) < sqrt
2)

(proof )

lemma bounded-linear-case-prod-plus[simpl: <bounded-linear (case-prod plus)»

{proof)

lemma pullback-topology-twice:

assumes (f —*B) N A = C»

shows <pullback-topology A f (pullback-topology B g T) = pullback-topology C (g o f) T
(proof)

lemma pullback-topology-homeo-cong:
assumes <homeomorphic-map T S ¢
assumes <range f C topspace T»
shows <pullback-topology A f T = pullback-topology A (g o f) S»

(proof)

definition <opensets-in T = Collect (openin T)»

— This behaves more nicely with the transfer-method (and friends) than openin. So when
rewriting a subgoal, using, e.g., 3 Ucopensets T. zxx instead of I3 U. openin T'U — zxx can
make transfer work better.

lemma opensets-in-parametric[transfer-rule]:

includes lifting-syntax

assumes <bi-unique R»

shows «(rel-topology R ===> rel-set (rel-set R)) opensets-in opensets-in>
(proo)

lemma hausdorff-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique R»
shows «(rel-topology R ===> (+—)) Hausdorff-space Hausdor(f-space>

(proof)

lemma sum-cmod-pos:
assumes (\z. €A = fz > O
shows ((>_z€A. cmod (f x)) = cmod (3 z€A. fx)

{proof)

13



lemma min-power-distrib-left: «(min x y) ~n = min (x ~n) (y ~n) if < > 0> and <y > O»
for z y :: <- i linordered-semidomy

{proof)

lemma abs-summable-times:
fixes f :: <'a = 'c::{real-normed-algebra}> and g :: <'b = ‘o
assumes sum-f: «f abs-summable-on A>
assumes sum-g: <g abs-summable-on B>
shows «(\(4,5). fi * g j) abs-summable-on A x B)
(proof)

definition «(the-default def S = (if card S = 1 then (THE z. x € S) else def)»

lemma cardil:
assumes a € A
assumes A\z. 1 € A =z =4
shows <card A = 1»

{proof)

lemma the-default-Collectl:
assumes P a
and A\z. Pz =z =a
shows P (the-default d (Collect P))

(proof)

lemma the-default-singleton[simp)|: «the-default def {z} = x>
(proof )

lemma the-default-empty[simp]: <the-default def {} = def»
(proof )

lemma the-default-The: <the-default z S = (THE x. x € S)» if <card S = 1>
(proof )

lemma the-default-parametricity[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T

shows (T ===> rel-set T ===> T) the-default the-default
(proof)

definition «<rel-pred T P ) = rel-set T (Collect P) (Collect Q)»

lemma Collect-parametric[transfer-rule]:
includes lifting-syntax
shows «(rel-pred T ===> rel-set T) Collect Collect)
(proof)

14



lemma fold-graph-finite:
— Exists as comp-fun-commute-on.fold-graph-finite, but the comp-fun-commute-on-assumption
is not needed.

assumes fold-graph fz A y

shows finite A

(proof )

lemma fold-graph-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule, simp|: <bi-unique T’
shows (((T ===> U ===> U) ===> U ===> rel-set T ===> rel-pred U)
fold-graph fold-graph»
(proof)

lemma Domainp-rel-filter:
assumes «(Domainp r = S»
shows < Domainp (rel-filter r) F +— (F < principal (Collect S))»

(proof)

lemma map-filter-on-cong:
assumes [simp|: <~V g zin F. x € D»
assumes \z. 2 € D = fax =g n
shows (map-filter-on D f F = map-filter-on D g F»
(proof)

lemma filtermap-cong:
assumes Vp xin F. fz = g o
shows «(filtermap f F = filtermap g F»

{proof)

lemma filtermap-INF-eq:
assumes inj-f: <inj-on f X»
assumes B-nonempty: <B # {}
assumes F-bounded: <\b. be B = F b < principal X>
shows «filtermap f ([ (F ‘ B)) = ([|b€B. filtermap f (F b))

(proof)

lemma filtermap-inf-eq:
assumes <inj-on f X
assumes «F1 < principal X>»
assumes F2 < principal X»
shows «filtermap f (F1 N F2) = filtermap f F1 N filtermap f F2»

(proof)

definition <transfer-bounded-filter-Inf B M = Inf M M principal B>
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lemma Inf-transfer-bounded-filter-Inf: <Inf M = transfer-bounded-filter-Inf UNIV M»
(proof )

lemma Inf-bounded-transfer-bounded-filter-Inf:
assumes (\F. F €¢ M = F < principal B»
assumes (M # {}
shows «Inf M = transfer-bounded-filter-Inf B M»

{proof)

lemma transfer-bounded-filter-Inf-parametric[transfer-rule]:
includes lifting-syntax
fixes r :: <'rep = 'abs = bool>
assumes [transfer-rule]: <bi-unique r»

shows «((rel-set 7 ===> rel-set (rel-filter ) ===> rel-filter r)
transfer-bounded-filter-Inf transfer-bounded-filter-Inf>
(proof)

definition <transfer-inf-principal F M = F 1 principal M>

lemma transfer-inf-principal-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T

shows «(rel-filter T ===> rel-set T ===> rel-filter T') transfer-inf-principal transfer-inf-principal
(proof)

lemma continuous-map-is-continuous-at-point:
assumes <continuous-map T U f>
shows «filterlim f (nhdsin U (f1)) (atin T 1)

{proof)

lemma set-compr-2-image-collect: <{f z y |z y. Pz y} = case-prod f ¢ Collect (case-prod P)»
(proof )

lemma closure-image-closure: <continuous-on (closure S) f == closure (f * closure S) = closure
(f =8y
{proof)

lemma has-sum-reindex-bij-betw:
assumes bij-betw g A B
shows ((Az. f (g z)) has-sum [) A «— (f has-sum [) B

(proof)

lemma enum-ing:
assumes i < CARD('a) and j < CARD('a)

16



shows (Enum.enum ! i :: 'a::enum) = Enum.enum | j +— i = j

{proof)

lemma closedin-vimage:
assumes <closedin U S»
assumes <continuous-map T U f>
shows <closedin T (topspace T N (f —°9))

(proof )

lemma join-forall: «(¥z. Pz) AN Vz. Q z) «— (Yz. Pz A Q z)»
{proof)

lemma closedin-if-converge-inside:
fixes A :: ‘a set»
assumes AT: <A C topspace T
assumes zA: <\(F::'a filter) fo. F 4+ 1L = limitin T fo F = range f C A =z € A
shows «closedin T A»

(proof)

lemma cmod-mono: <0 < a = a < b = cmod a < cmod b

{proof)

lemma has-sum-mono-neutral-complex:
fixes [ :: 'a = complex
assumes «((f has-sum a) A» and (g has-sum b) B
assumes (A\z. z € ANB = fz < g
assumes (A\z. z € A-B = fz < O»
assumes (A\z. 2 € B—A = gz > O
shows a < b

(proof)

lemma choice2: <3f. Va. Q1 z (fz)) AN V. Q2 (fz))
if Va.3dy. Qlzy N Q2z
{proof)

lemma choice3: <Af. Vz. Q1 = (fz)) AN (Vz. Q2z (fz)) AN V. Q3 z (fz))
if Vz.3y. Qlzy N Q2xy N Q3 z
(proof)

lemma choicef: <3f. Va. Q1 z (fz)) AN Vz. Q2z (fz)) AN (V. Q3z (fz)) AN Va. Q4 = (f
z))

if V. dy. Qlzy N Q2xy N Q3zxy N Qf x

{proof )

lemma choice5: <3f. Va. Q1 z (fz)) AN Vz. Q2z (fz)) AN (V. Q3z (fz)) AN V. Qf = (f
z)) AN Va. Q5 x (fz))

if Vz.3y. Qlzy N Q2xy N Q3zy N Qixy N QFzy

(proof)
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definition (in order) <is-Sup X s «+— (VzeX. z < s) A Vy. VzeX. 2z < y) — s < y)p
definition (in order) <has-Sup X <— (I s. is-Sup X s)»

lemma (in order) is-Supl:
assumes (\z. 2z € X = 2z < &
assumes (\y. (Az.z2 € X =2 <y) = s <y
shows (is-Sup X s

(proof )

lemma is-Sup-unique: <is-Sup X a = is-Sup X b = a=b»

{proof)

lemma has-Sup-bdd-above: <has-Sup X — bdd-above X)»
(proof)

lemma is-Sup-has-Sup: <is-Sup X s = has-Sup X»
(proof)

class Sup-order = order + Sup + sup +
assumes is-Sup-Sup: <has-Sup X = is-Sup X (Sup X)»
assumes is-Sup-sup: <has-Sup {z,y} = is-Sup {z,y} (sup z y)»

lemma (in Sup-order) is-Sup-eg-Sup:
assumes <(is-Sup X s
shows s = Sup X»

{proof)

lemma is-Sup-cSup:
fixes X :: ('a::conditionally-complete-lattice set»
assumes <bdd-above X» and <X # {}»
shows ¢is-Sup X (Sup X)»
(proof)

lemma continuous-map-iff-preserves-convergence:
assumes (A\F a. a € topspace T = limitin T id a F = limitin U f (f a) F»
shows <continuous-map T U f»

{proof)

lemma SMT-choices:
— Was included as SMT.choices in Isabelle and disappeared
ANQ.Vz.Jyya Qryya=— Iffa.Vz. Qz (fz) (fax)
ANQ.-Vz. Jyyayb. Qzyyayb = Iffafb.Va. Qz (fz) (fa z) (fbx)
AQ-Vz. 3y yaybye. Qzyyaybyc= 3ffafbfe V. Quz (fz)(faz)(fbz)(fcr)
AQ. Vz. Iy ya yb yc yd. Q z y ya yb yc yd =
ffafofe fd. Vo Qu (fz) (faz)(foz)(fez) (fdz)
AQ.Vz. Ty ya yb yc yd ye. Q x y ya yb yc yd ye =
3 fa b fe f fe. Vo Qo (f2) (fax) (b o) (fo2) (fd @) (fe 2)
AQ.- V. 3y ya yb yc yd ye yf. Q zy ya yb yc yd ye yf =
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3f fa fo fe fd fe ff. Vo. Q x (fz) (fa z) (fo z) (fc z) (fd x) (fe z) (ff x)
AQ. Yz. Iy ya yb yc yd ye yf yg. Q =y ya yb yc yd ye yf yg =
( ﬂf;;a fo fe fd fe ff fg- Vo Q x (fz) (fa z) (fo x) (fcz) (fd z) (fe x) (ff ) (fg =)
PTOOo,

lemma closedin-pullback-topology:
closedin (pullback-topology A f T) S «— (3 C. closedin T C N S = f—‘C N A)

(proof)

lemma reqular-space-pullback|introl:
assumes <reqular-space T»
shows <reqular-space (pullback-topology A f T)»

(proof)

lemma t3-space-euclidean-regular[iff]: <regular-space (euclidean :: 'a::t3-space topology)

{proof)

definition increasing-filter :: <'a::order filter = bool> where
— Definition suggested by [5]
<increasing-filler F «— (Vp zin F.¥Yp yin F. y > )

lemma increasing-filtermap:
fixes F :: (‘a::order filtery and f :: <'a = 'b::ordery and X :: (‘a set»
assumes increasing: <increasing-filter F'»
assumes mono: <mono-on X f»
assumes ev-X: (eventually (Az. z € X) F»
shows <increasing-filter (filtermap f F)»

(proof)

lemma increasing-finite-subsets-at-top[simp]: <increasing-filter (finite-subsets-at-top X)»

{proof)

lemma monotone-convergence:
— Following [5]
fixes f :: <'b = 'a::{order-topology, conditionally-complete-linorder}»
assumes bounded: Vg zin F. fz < B)
assumes increasing: <increasing-filter (fillermap f F')»
shows 31. (f —— ) F)

(proof)

lemma monotone-convergence-complex:
fixes f :: <'b = complex>
assumes bounded: Vg xzin F. fz < B)
assumes increasing: <increasing-filter (filtermap f F)»
shows 3. (f —— 1) F»

(proof)
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lemma compact-closed-subset:
assumes (compact S»
assumes <(closed t»
assumes <t C s»
shows <compact t»

{proof)

definition separable where <separable S «— (3 B. countable B A S C closure B)»

lemma compact-imp-separable: <separable Sy if <compact S» for S :: 'a::metric-space set»
(proof)

lemma ex-normi-not-singleton:
shows <3 z::'a::{real-normed-vector, not-singleton}. norm x = 1»

{proof)

lemma is-Sup-approz-below:
fixes b :: <'a::linordered-ab-group-add>
assumes (is-Sup A b
assumes <€ > ()
shows <dzcA. b — e < 1

(proof)

lemma sums-le-complex:
fixes f g :: nat = complex
assumes (An. fn < gmw
assumes (f sums s>
assumes <g sums t»
shows <s < t»

(proof)

lemma infsum-single:
assumes \j. j#i = jeA = fj=0
shows infsum f A = (if i€ A then f i else 0)
(proof )

lemma suminf-eql:
fixes z :: (-::{comm-monoid-add,t2-space}>
assumes (f sums x>
shows (suminf f = x»

{proof)

lemma suminf-If-finite-set:
fixes f :: <- = -::{comm-monoid-add,t2-space}»
assumes <finite F»
shows «(>_z€F. fz) = (3 z. if x€F then f x else 0)»
(proof)
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definition separating-set :: <«(('a = 'b) = bool) = 'a set = bool» where
<separating-set P S +— (Vfg. Pf — P g — (VzeS. fe =gz) — f=g)

lemma separating-set-mono: <S C T = separating-set P S =—> separating-set P T»

{proof)

lemma separating-set-UNIV [simp|: <separating-set P UNIV»
(proof )

lemma eg-from-separatingl:
assumes <(separating-set P S»
assumes (<P f» and <P ¢»
assumes (\z. z € S = fz =g m
shows «f = ¢

{proof)

lemma eq-from-separatingl2:
assumes <separating-set P (A(z,y). hzy) ‘(SxT))
assumes <P f» and <P ¢
assumes \zy.2€S=yec T = f(hzy) =g (hzy)
shows f = ¢»

{proof)

lemma separating-setl:
assumes \fg. Pf = Pg—=— (A\z. 2€S = foz =gz) = f=¢
shows (separating-set P S»

{proof)

lemma tendsto-le-complex:
fixes = y :: complex
assumes F: — trivial-limit F
and z: (f —— 2) F
and y: (¢ —— y) F
and ev: eventually (Az. gz < fz) F
shows y < z

(proof)

lemma bdd-above-mono2:
assumes (bdd-above (g ‘ B)»
assumes <A C B»
assumes A\z. z € A = fz < gm»
shows <bdd-above (f * A)»

{proof)

end
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2 Misc-Tensor-Product-BO — Miscelleanous results missing
from Complex Bounded_Operators

theory Misc-Tensor-Product-BO
imports
Complez-Bounded-Operators. Complez-L2
Misc-Tensor-Product
HOL— Library. Function-Algebras
begin

no-notation Set-Algebras.elt-set-eq (infix =0 50)

unbundle cblinfun-syntazx

instance cblinfun :: (chilbert-space,chilbert-space) ordered-comm-monoid-add

{proof)

lemma ranki-scaleR[simp]: <rankl (¢ xg a)» if <rankl a> and <c # 0>

(proof)

lemma rank1-butterfly[simp: «<rankl (butterfly = y)»
(proof )

definition «cfinite-dim S «— (3 B. finite B A S C cspan B)»

lemma cfinite-dim-subspace-has-basis:
assumes (cfinite-dim S» and <csubspace S»
shows <3 B. finite B A cindependent B N cspan B = S)»

(proof)

lemma cfinite-dim-subspace-has-onb:
assumes <cfinite-dim S) and <csubspace S»
shows (3 B. finite B A is-ortho-set B A\ c¢span B =S AN (Yz€B. norm z = 1)

(proof)

lemma cspan-finite-diml[intro|: <cfinite-dim (cspan B)» if <finite B>

{proof)

lift-definition finite-dim-ccsubspace :: <'a::complex-normed-vector ccsubspace = bools is cfi-
nite-dim{proof )

lemma ccspan-finite-dim[intro|: <finite-dim-ccsubspace (ccspan B)» if <finite B»

{proof)

lemma finite-dim-ccsubspace-zeroliff]: «finite-dim-ccsubspace 0>

(proof)
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lemma finite-dim-ccsubspace-bot[iff]: «finite-dim-ccsubspace L»

{proof)

lemma compact-scaleC:
fixes s :: 'a::complex-normed-vector set
assumes compact s
shows compact (scaleC ¢ * s)

{proof)

lemma Proj-nearest:
assumes (x € space-as-set S»
shows «dist (Proj S m) m < dist x m»

(proof)

lemma norm-cblinfun-bound-unit:
assumes <b > 0>
assumes (N\¢. norm p = 1 = norm (a xy ) < b
shows <norm a < b

(proof)

lemma cblinfun-norm-is-Sup-cinner:

— [2], Proposition 11.2.13
fixes A :: (‘a::{not-singleton,chilbert-space} =cp '@

assumes Aselfadj: «selfadjoint A»

shows <is-Sup (Ap. cmod (Y ¢ (A xy ©))) “{¢. norm ¢ = 1}) (norm A))
(proof)

lemma cblinfun-norm-approz-witness-cinner:
fixes A :: ‘a::{not-singleton,chilbert-space} =cr '@
assumes <selfadjoint A> and <« > 0»
shows 3. cmod (¢ «¢ (A xy ¥)) > norm A — e A norm ¢ = 1)
(proof)

lemma cblinfun-norm-approz-witness-cinner’:

fixes A :: ('a::chilbert-space =y, 'a»

assumes <selfadjoint A> and <« > 0

shows (3. ecmod (Y «¢ A ) / (norm ) "2 > norm A — &
(proof)

lemma has-sum-mono-neutral-cblinfun:
fixes f :: 'a = ('b::chilbert-space =cp, 'b)
assumes ((f has-sum a) A> and (g has-sum b) B
assumes (A\z. z € ANB = fz < gm
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assumes (A\z. z € A-B = fz < O»
assumes (A\z. 2 € B—A = gz > 0»
shows a < b

(proof)

lemma sums-mono-cblinfun:
fixes f :: nat = ('b::chilbert-space =cr, 'b)
assumes (f sums a> and g sums b
assumes (An. fn < g n
shows a < b

(proof)

lemma scaleC-scaleR-commute: <a ¢ b xg © = b xg a x¢ x> for x :: (-::complex-normed-vector)

(proof)

lemma sandwich-scaleC-left: <sandwich (¢ *c e) = (ecmod ¢) "2 *¢ sandwich e

{proof)

lemma sandwich-scaleR-left: <sandwich (r xg €) = r 2 % sandwich e

{proof)

lemma infsum-product:
fixes f :: <'a = 'c :: {topological-semigroup-mult,division-ring,banach}»
assumes (A(z, y). fz * g y) summable-on X x Y
shows (> z€X. f2) x (O €Y. 9y) = O o(z,y)€XXY. fo x g y)
(proof)

lemma infsum-product’”:
fixes f :: <'a = 'c :: {banach,times,real-normed-algebra}y and g :: <'b = ‘o
assumes <f abs-summable-on X>
assumes <g abs-summable-on Y)
shows (3" wz€X. fz) * O yeY. gy) = O o(my)eXXY. fa x gy)
(proof)

lemma Proj-o-Proj-subspace-right:
assumes <A > B»
shows <Proj A oc Proj B = Proj B»

{proof)

lemma Proj-o-Proj-subspace-left:
assumes <A < B»
shows <Proj A oc Proj B = Proj A»

{proof)

lemma orthogonal-spaces-SUP-left:
assumes (\z. z € X = orthogonal-spaces (A z) B»
shows <orthogonal-spaces (| |z€X. A z) B>

{proof)
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lemma orthogonal-spaces-SUP-right:
assumes (A\z. z € X = orthogonal-spaces A (B x)»
shows <orthogonal-spaces A (| |z€X. B z)»

{proof)

lemma orthogonal-bot-left[simp]: <orthogonal-spaces bot S»

{proof)

lemma infsum-bounded-linear-invertible:

assumes <bounded-linear h»

assumes (bounded-linear h's

assumes h' 0o h = id>

shows <infsum (Az. b (f x)) A = h (infsum f A)»
(proof)

lemma cblinfun-eq-from-separatingl:
fixes a b :: <'a::complex-normed-vector =c 1, 'b::complex-normed-vector)
assumes (separating-set (bounded-clinear :: (a = 'b) = bool) S»
assumes A\z.z € S = az = b
shows <a = b

{proof)

lemma cblinfun-eq-from-separatingl2:
fixes a b :: <'a::complez-normed-vector = 'b::complex-normed-vectors
assumes (separating-set (bounded-clinear :: ('a = 'b) = bool) (Mz,y). hzy) < (SxT))
assumes (A\zy. 2 €S =ye T = a(hzy) =b(hzy)
shows «a = b

(proof )

lemma separating-set-bounded-clinear-dense:
assumes <ccspan S = T)
shows <separating-set bounded-clinear S»

(proof)

lemma separating-set-ket: <separating-set bounded-clinear (range ket)»

{proof)

lemma separating-set-bounded-cbilinear-nested:
assumes <separating-set (bounded-clinear :: (- => 'e::complex-normed-vector) = -) ((A(z, y).
hay) < (UNIV x UNIV))
assumes <bounded-cbilinear h»
assumes <separating-set (bounded-clinear :: (- => 'e)
assumes <(separating-set (bounded-clinear :: (- => 'e)
shows <separating-set (bounded-clinear :: (- => 'e) = -

(proof)

((/\( y)-hwy) (A x B))
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lemma separating-set-bounded-clinear-antilinear:

assumes <separating-set (bounded-clinear :: (- => 'e::complez-normed-vector conjugate-space)
=) 4

shows <separating-set (bounded-antilinear :: (- => 'e) = -) A»
(proof)

lemma separating-set-bounded-sesquilinear-nested:
assumes <separating-set (bounded-clinear :: (- => 'e::complex-normed-vector) = -) ((A(z, y).
hzy) (UNIV x UNIV))
assumes <bounded-sesquilinear h»
assumes sep-A: (separating-set (bounded-clinear :: (- => 'e conjugate-space) = -) A»
assumes sep-B: «separating-set (bounded-clinear :: (- => 'e) = -) B
shows <separating-set (bounded-clinear :: (- => 'e) = -) (Mz,y). hzy) ‘(A x B))»

(proof)

lemma eg-on-ccsubspaces-Sup:
fixes a b :: 'a::complex-normed-vector =¢ 1 'b::complez-normed-vectory
assumes (A\i h. i € I = h € space-as-set (X i) = ah =10l
shows (A\h. h € space-as-set (| |i€l. X i) = ah=0bh

(proof)

lemma eg-on-ccsubspaces-sup:
fixes a b :: 'a::complex-normed-vector =¢, 'b::complex-normed-vectory
assumes (\h i. h € space-as-set S = a h = b h
assumes <\h i. h € space-as-set T = a h = b h
shows (A\h. h € space-as-set (SU T) = ah=">bh

{proof)

lemma ccsubspace-contains-unit:
assumes (£ #£ 1
shows (3 hespace-as-set E. norm h = 1»

(proof)

lemma Proj-0-compl: <Proj S © = 0» if <z € space-as-set (—S)»

{proof)

lemma csubspace-has-basis:
assumes <csubspace S»
shows 3 B. cindependent B A cspan B = S

(proof)

lemma inj-scaleC"
fixes A :: ('a::complex-vector set>
assumes (¢ # O
shows «¢inj-on (scaleC c¢) A»

{proof)
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definition diagonal-operator where <diagonal-operator f =
(if bdd-above (range (Azx. cmod (f x))) then explicit-cblinfun (Ax y. of-bool (z=y) * f ) else
0)»

lemma diagonal-operator-exists:

assumes <bdd-above (range (Az. emod (f z)))»

shows <explicit-cblinfun-ezists (A\x y. of-bool (x = y) * f )
(proof)

lemma diagonal-operator-ket:
assumes <bdd-above (range (Az. cmod (f x)))»
shows <diagonal-operator f (ket x) = fz *c ket x>

(proof)

lemma diagonal-operator-invalid:
assumes (— bdd-above (range (A\z. emod (f x)))»
shows <diagonal-operator f = 0»

{proof)

lemma diagonal-operator-adj: <diagonal-operator fx = diagonal-operator (Az. cnj (f z))»

{proof)

lemma diagonal-operator-comp:
assumes (bdd-above (range (Az. cmod (f z)))»
assumes <bdd-above (range (Ax. cmod (g z)))>
shows <diagonal-operator f ooy, diagonal-operator g = diagonal-operator (Ax. (f z * g x))»

(proof)

lemma summable-on-bdd-above-real: <bdd-above (f * M)y if <f summable-on M» for f :: ¢'a =
real>

(proof)

lemma separating-set-clinear-cspan:
assumes <cspan S = UNIV»
shows <separating-set clinear S»

(proof )

lemma less-eq-chblinfunl:
fixes a b :: <'a = 'a:chilbert-spaces
assumes (A\h. h.c a h < h ¢ b h
shows <a < by

(proof )

end
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3 Strong-Operator-Topology — Strong operator topology on
complex bounded operators

theory Strong-Operator-Topology
imports Misc-Tensor-Product-BO
begin

unbundle cblinfun-syntax

typedef (overloaded) (‘a,’d) cblinfun-sot = <UNIV :: ('a::complez-normed-vector =¢, 'b::complex-normed-vector)

sety {proof)
setup-lifting type-definition-cblinfun-sot

instantiation cblinfun-sot :: (complex-normed-vector, complez-normed-vector) complez-vector

begin

lift-definition scaleC-cblinfun-sot :: <complex = ('a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot»
is «scaleC (proof)

lift-definition uminus-cblinfun-sot :: <('a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot> is uminus

(proof)

lift-definition zero-cblinfun-sot :: <('a, 'b) cblinfun-sots is 0 (proof)

lift-definition minus-cblinfun-sot :: <('a, 'b) cblinfun-sot = (‘a, 'b) cblinfun-sot = (‘a, 'b)

cblinfun-soty is minus (proof)

lift-definition plus-cblinfun-sot :: «('a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot = (‘a, 'b) cblin-

fun-soty is plus (proof)

lift-definition scaleR-cblinfun-sot :: <real = (’a, 'b) cblinfun-sot = ('a, 'b) cblinfun-sot> is

scaleR (proof)

instance

(proof)

end

instantiation cblinfun-sot :: (complez-normed-vector, complex-normed-vector) topological-space

begin

lift-definition open-cblinfun-sot :: «(’a, 'b) cblinfun-sot set = bool is <openin cstrong-operator-topology>
(proof)

instance

(proof)
end

lemma transfer-nhds-cstrong-operator-topology|transfer-rule:

includes lifting-syntax

shows «(cr-cblinfun-sot ===> rel-filter cr-cblinfun-sot) (nhdsin cstrong-operator-topology)
nhds»

{proof)
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lemma filterlim-cstrong-operator-topology: <filterlim f (nhdsin cstrong-operator-topology 1) =
limitin cstrong-operator-topology f 1>

{proof)

lemma hausdorff-sot[simp): «Hausdorff-space cstrong-operator-topology>

(proof)

instance cblinfun-sot :: (complez-normed-vector, complex-normed-vector) t2-space

(proof)

lemma Domainp-cr-cblinfun-sot[simpl: <Domainp cr-cblinfun-sot = (A-. True)»

(proof )

lemma Rangep-cr-cblinfun-sot[simp|: <Rangep cr-cblinfun-sot = (A-. True)»

{proof)

lemma Rangep-set[relator-domain]: Rangep (rel-set T) = (MA. Ball A (Rangep T))
{proof)

lemma transfer-euclidean-cstrong-operator-topology|transfer-rule]:
includes lifting-syntax
shows ¢(rel-topology cr-cblinfun-sot) cstrong-operator-topology euclideany

(proof)

lemma openin-cstrong-operator-topology: <openin cstrong-operator-topology U +— (3 V. open
VAU=(y)—"V)
(proof )

lemma cstrong-operator-topology-plus-cont: «<LIM (z,y) nhdsin cstrong-operator-topology a X g
nhdsin cstrong-operator-topology b.
x + y > nhdsin cstrong-operator-topology (a + b)»
(proof)

instance cblinfun-sot :: (complex-normed-vector, complex-normed-vector) topological-group-add

(proof)

lemma continuous-map-left-comp-sot[continuous-intros|:
fixes b :: <'b::complex-normed-vector =1, 'c::complex-normed-vectors
and f :: <‘a = 'd::complex-normed-vector =c b
assumes <continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. b ocy, f )

(proof)

lemma continuous-cstrong-operator-topology-plus|continuous-intros|:
assumes <continuous-map T cstrong-operator-topology f»
assumes <continuous-map T cstrong-operator-topology g»
shows <continuous-map T cstrong-operator-topology (A\z. fz + g z)»
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{proof)

lemma continuous-cstrong-operator-topology-uminus|continuous-intros):
assumes <continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. — f x)»

{proof)

lemma continuous-cstrong-operator-topology-minus|continuous-intros|:
assumes <continuous-map T cstrong-operator-topology f>
assumes <continuous-map T cstrong-operator-topology g»
shows <continuous-map T cstrong-operator-topology (A\z. fx — g x)»

{proof)

lemma continuous-map-right-comp-sot|continuous-intros|:
assumes (continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. f x ocr, a)

(proof)

lemma continuous-map-scaleC-sot[continuous-intros):
assumes (continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. ¢ x¢ f )

(proof)

lemma continuous-scale C-sot[continuous-intros|:
fixes f :: </a::topological-space = (-,-) cblinfun-sot»
assumes (continuous-on X f»
shows (continuous-on X (Az. ¢ *¢ fz)

(proof )

lemma sot-closure-is-csubspace[simp]:
fixes A::(’a::complex-normed-vector, 'b::complex-normed-vector) cblinfun-sot set
assumes <csubspace A»
shows (csubspace (closure A)»

(proof)

include lattice-syntax

{proof)

lemma limitin-cstrong-operator-topology:
limitin cstrong-operator-topology f I F +— (Vi. (Aj. fj *v i) —— L xy @) F)
(proof)

lemma cstrong-operator-topology-in-closurel:
assumes (A\M . ¢ > 0 = finite M = FacA. VveM. norm ((b—a) v v) < &
shows «b € cstrong-operator-topology closure-of A»

(proof)
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lemma sot-weaker-than-norm-limitin: <limitin cstrong-operator-topology a A F» if <(a —— A)
I

(proof)

lemma [transfer-rulel:
includes lifting-syntax
shows «(rel-set cr-cblinfun-sot ===> (=)) csubspace csubspace)

{proof)

lemma [transfer-rulel:
includes lifting-syntax
shows «(rel-set cr-cblinfun-sot ===> (=)) (closedin cstrong-operator-topology) closed»

{proof)

lemma [transfer-rulel:

includes lifting-syntax

shows «(rel-set cr-cblinfun-sot ===> rel-set cr-cblinfun-sot) (Abstract-Topology.closure-of
cstrong-operator-topology) closure)

{proof)

lemma sot-closure-is-csubspace’[simp]:
fixes A::('a::complex-normed-vector =c, 'b::complex-normed-vector) set
assumes <csubspace A»
shows <csubspace (cstrong-operator-topology closure-of A)»

{proof)

lemma has-sum-closed-cstrong-operator-topology:
assumes aA: <\i. a i € A
assumes closed: <closedin cstrong-operator-topology A»
assumes subspace: <csubspace A»
assumes has-sum: (A\. (Mi. a i xy ) has-sum (b xy ) I»
shows «b € A»

(proof)

lemma has-sum-in-cstrong-operator-topology:
<has-sum-in cstrong-operator-topology f A 1 +— (V4b. (Mi. fi xy ¢) has-sum (I xy ¢)) A
(proof )

lemma summable-sot-absl:
fixes b :: <a = 'b::complex-normed-vector =¢ 'c::chilbert-space;
assumes (A\F f. finite F = (> neF. norm (b n xy f)) < K x norm f»
shows <summable-on-in cstrong-operator-topology b UNIV»

(proof)

declare cstrong-operator-topology-topspace[simp]
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lift-definition cblinfun-compose-sot :: «('a::complez-normed-vector,’b:: complex-normed-vector)
cblinfun-sot = ('c::complex-normed-vector,’a) cblinfun-sot = ('c,’d) cblinfun-sot»
is cblinfun-compose (proof)

lemma isCont-cblinfun-compose-sot-right[simp]: <isCont (AF. cblinfun-compose-sot F G) x>

{proof)

lemma isCont-cblinfun-compose-sot-left[simp]: <isCont (AF. cblinfun-compose-sot G F) x>

{proof)

lemma additive-cblinfun-compose-sot-right[simp]: <additive (AF. cblinfun-compose-sot F' G)»

{proof)

lemma additive-cblinfun-compose-sot-left[simpl: <additive (AF. cblinfun-compose-sot G F)»

{proof)

lemma transfer-infsum-sot[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique R»

shows (((R ===> cr-cblinfun-sot) ===> rel-set R ===> cr-cblinfun-sot) (infsum-in cstrong-operator-topology)
infsum»

{proof)

lemma transfer-summable-on-sot[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: (bi-unique R»

shows (((R ===> cr-cblinfun-sot) ===> rel-set R ===> (+—)) (summable-on-in cstrong-operator-topology)
(summable-on)»

(proof )

lemma sandwich-sot-cont|[continuous-intros|:
assumes (continuous-map T cstrong-operator-topology f>
shows <continuous-map T cstrong-operator-topology (Az. sandwich A (f z))»

(proof )
lemma closed-map-sot-unitary-sandwich:
fixes U :: <a::chilbert-space = ¢ 'b::chilbert-space)

assumes <unitary U»
shows <closed-map cstrong-operator-topology cstrong-operator-topology (Az. sandwich U x)»

(proof)

unbundle no cblinfun-syntax

end
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4  Positive-Operators — Positive bounded operators

theory Positive-Operators
imports
Ordinary-Differential- Equations. Cones
Misc-Tensor-Product-BO
Strong-Operator-Topology
begin

no-notation Infinite-Set-Sum.abs-summable-on (infix abs’-summable’-on 50)
hide-const (open) Infinite-Set-Sum.abs-summable-on
hide-fact (open) Infinite-Set-Sum.abs-summable-on-Sigma-iff

unbundle cblinfun-syntax

lemma cinner-pos-if-pos: «f ¢ (A =y f) > 0y if <A > 0>

{proof)

definition sqri-op :: <('a::chilbert-space =cr, 'a) = ('a =¢ 'a)> where
sqrt-op a = (if (3b::'a=cp 'a. b > 0 A bx ocp b= a) then (SOME b. b > 0 A bx ocp, b
= a) else 0)»

lemma sgrt-op-nonpos: <sqrt-op a = 0> if <= a > 0>
(proof)

lemma generalized-Cauchy-Schwarz:
fixes inner A
assumes Apos: <A > 0>
defines innerz y = z -¢ (4 *y y)
shows (complex-of-real ((norm (inner z y))?) < inner z x * inner y y»

(proof)

lemma sandwich-poslintro|: <sandwich b a > 0» if <a > 0»

{proof)

lemma cblinfun-power-pos: <cblinfun-power a n > 0y if <a > 0»

(proof)

lemma sqrt-op-existence:
fixes A :: ('a::chilbert-space = ¢, 'a::chilbert-space»
assumes Apos: <A > 0»
shows <3B. B> 0 ANBoc, B=AANWNF. Aocrp F=Focp, A— Bocr, F=Focr B)
A B € closure (cspan (range (cblinfun-power A)))»

(proof)
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lemma wecken35hilfssatz:

— Auxiliary lemma from [9]

«(3P.is-Proj PN (NF. Focr, (W —-T)=(W —T) oc, F— Focr P=Pocy F)
ANVf. Wf=0—Pf=Ff)
AN (W = (2 x¢ P — id-cblinfun) ocp T)»

if WT-comm: <Wocr T = T ocr Wy and <W = Wx and «T = Tx
and WW-TT: <W ocr, W = T ocr, T

for W T :: ('a::chilbert-space =c1, 'a»

(proof)

lemma sqrt-op-pos[simpl: <sqrt-op a > 0>
(proof)

lemma sqrt-op-square[simp):
assumes <a > ()
shows <sqrt-op a ocr sqrt-op a = a»
(proof)

lemma sqrt-op-unique:
— Proof follows [9]
assumes <b > 0» and <bx oo, b = a»
shows <b = sqrt-op a»

(proof)

lemma sqrt-op-in-closure: <sqrt-op a € closure (cspan (range (cblinfun-power a)))»

(proof)

lemma sqrt-op-commute:
assumes (A > 0>
assumes (A oo F = F oo A>
shows <sqrt-op A ocp, F = F ocyp, sqrt-op A>
(proof)

lemma sqrt-op-0[simp]: <sqrt-op 0 = 0»

{proof)

lemma sgrt-op-scaleC'
assumes ¢ > (0> and <a > 0»
shows <sqrt-op (¢ ¢ a) = sqrt ¢ *¢ sqrt-op a

(proof)

definition abs-op :: <'a::chilbert-space =c 'b::complez-inner = 'a =¢cr 'a> where <abs-op a
= sqrt-op (a*x ocr a)

lemma abs-op-pos[simp]: <abs-op a > 0>

{proof)

lemma abs-op-0[simpl: <abs-op 0 = 0>
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{proof)

lemma abs-op-idem[simp]: <abs-op (abs-op a) = abs-op a

{proof)

lemma abs-op-uminus|[simp|: <abs-op (— a) = abs-op a

{proof)

lemma selfbutter-pos[simp]: «selfbutter x > 0>

{proof)

lemma abs-op-butterfly[simp]: <abs-op (butterfly z y) = (norm x / norm y) *g selfbutter y» for
x :: (a::chilbert-spaces and y :: <'b::chilbert-space)

(proof)

lemma abs-op-nondegenerate: <a = 0> if <abs-op a = 0>
(proof)

lemma abs-op-scaleC: <abs-op (¢ ¢ a) = |c| *¢ abs-op a»
(proof )

lemma kernel-abs-op[simp]: <kernel (abs-op a) = kernel a

(proof)

definition polar-decomposition where
— [1], 3.9 Polar Decomposition
«polar-decomposition A = cblinfun-extension (range (abs-op A)) (Ap. A %y inv (abs-op A) )
ocr Proj (abs-op A xg top)»
for A :: <a::chilbert-space = ¢ 'b::complex-inner»

lemma
fixes A :: (‘a :: chilbert-space =c 'b :: chilbert-space)
— [1], 3.9 Polar Decomposition
shows polar-decomposition-correct: <polar-decomposition A ocy, abs-op A = A»
and polar-decomposition-final-space: <polar-decomposition A xg top = A xg top>
and polar-decomposition-initial-space[simp|: <kernel (polar-decomposition A) = kernel A)
and polar-decomposition-partial-isometry[simpl: <partial-isometry (polar-decomposition A)»

(proof)

lemma polar-decomposition-correct”: «(polar-decomposition A)x ooy, A = abs-op A)
for A :: <'a :: chilbert-space =cr 'b :: chilbert-space)
(proof)

lemma abs-op-adj: <abs-op (ax) = sandwich (polar-decomposition a) (abs-op a)>

(proof)

lemma abs-opl:
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assumes <a*x ocr a = bx oo b
assumes <a > 0»
shows <a = abs-op b

{proof)

lemma abs-op-id-on-pos: <a > 0 = abs-op a = a»

{proof)

lemma norm-abs-op[simp|: <norm (abs-op a) = norm a>
for a :: <'a::chilbert-space = ¢, 'b::chilbert-space)
(proof)

lemma partial-isometry-iff-square-proj:
— [2], Exercise VIIL.3.15
fixes A :: <‘a :: chilbert-space =cp 'b :: chilbert-space)
shows «partial-isometry A +— is-Proj (Ax ocr, A)

(proof)

lemma abs-op-square: «(abs-op A)x ocy, abs-op A = Ax ooy A

{proof)

lemma polar-decomposition-0[simp]: <polar-decomposition 0 = (0 ::

(proof)

lemma polar-decomposition-unique:
fixes A :: (‘a::chilbert-space = ¢ 'b::chilbert-space;
assumes ker: <kernel X = kernel A»
assumes comp: <X ocy, abs-op A = A»
shows (X = polar-decomposition A»

(proof)

lemma norm-cblinfun-mono:

‘a::chilbert-space = ¢, 'b::chilbert-space)»

— Would logically belong in Complez-Bounded-Operators. Complex- Bounded-Linear- Function but

uses sqrt-op from this theory in the proof.
fixes A B :: <'a:chilbert-space =cr 'a»
assumes <4 > 0»
assumes <4 < By
shows <norm A < norm B»

(proof)

lemma sandwich-mono: <sandwich A B < sandwich A C» if «<B < C»

{proof)

lemma sums-pos-cblinfun:
fixes f :: nat = ('b::chilbert-space =¢cp, 'b)
assumes <f sums a>
assumes (An. fn > 0
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shows a > 0

{proof)

lemma has-sum-mono-cblinfun:
fixes f :: 'a = ('b::chilbert-space =cp 'b)
assumes (f has-sum z) A and (g has-sum y) A
assumes (\z. 2 € A = fz < gm
shows z < y

{proof)

lemma infsum-mono-cblinfun:
fixes f :: ‘a = ('b::chilbert-space = ¢ 'b)
assumes f summable-on A and g summable-on A
assumes (A\z. 2 € A = fz < gm
shows infsum f A < infsum g A

{proof)

lemma suminf-mono-cblinfun:
fixes f :: nat = ('b::chilbert-space =cr 'b)
assumes summable f and summable g
assumes \z. fz < g o
shows suminf f < suminf g

{proof)

lemma suminf-pos-cblinfun:
fixes f :: nat = ('b::chilbert-space =cr, 'b)
assumes (summable [>
assumes (A\z. fz > 0»
shows suminf f > 0

(proof )

lemma infsum-mono-neutral-cblinfun:
fixes f :: 'a = ('b::chilbert-space = ¢, 'b)
assumes f summable-on A and g summable-on B
assumes (A\z. 2 € ANB = fz < gm»
assumes (A\z. z € A-B = fz < O»
assumes (\z. 2 € B—A =gz > O
shows infsum f A < infsum g B

(proof )

lemma abs-op-geq: <abs-op a > a> if <selfadjoint a>
(proof)

lemma abs-op-geq-neq: <abs-op a > — a» if «selfadjoint a>

(proof )

lemma infsum-nonneg-cblinfun:
fixes [ :: 'a = 'bu:chilbert-space =cr b
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assumes A\z.2 € M = 0 < fz
shows infsum f M > 0

(proof )

lemma adj-abs-op[simp]: «(abs-op a)x = abs-op a>

{proof)

lemma cblinfun-image-less-eql:
fixes A :: ('a::complex-normed-vector = ¢, 'b::comples-normed-vector>
assumes (\h. h € space-as-set S = A h € space-as-set T
shows (4 xg S < T

(proof)

lemma abs-op-plus-orthogonal:
assumes <ax ocr, b = 0> and <a ocp bx = 0»
shows <abs-op (a + b) = abs-op a + abs-op b
(proof )

definition pos-op :: <a::chilbert-space =cp 'a = 'a =cr 'a> where
<pos-op a = (abs-op a + a) /r 2>

definition neg-op :: <’a::chilbert-space = ¢ 'a = 'a =cr 'a> where
<neg-op a = (abs-op a — a) /r 2>

lemma pos-op-pos:
assumes <selfadjoint a»
shows <«pos-op a > 0>

{proof)

lemma neg-op-pos:
assumes <selfadjoint a»
shows <neg-op a > 0>

{proof)

lemma pos-op-neg-op-ortho:
assumes <selfadjoint a»
shows <pos-op a oo, neg-op a = 0»

(proof)

lemma pos-op-plus-neg-op: <pos-op a + neg-op a = abs-op a>

(proof )

lemma pos-op-minus-neg-op: <pos-op a — neg-op a = a>

{proof)
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lemma pos-op-neg-op-unique:

assumes bca: <b — ¢ = a»

assumes b > () and <c > 0>

assumes bc: <b oo ¢ = O

shows <b = pos-op a» and <c = neg-op a>
(proof)

lemma pos-imp-selfadjoint: <a > 0 = selfadjoint a»

{proof)

lemma abs-op-one-dim: <abs-op © = one-dim-iso (abs (one-dim-iso x :: complex))

(proof )

lemma pos-selfadjoint: <selfadjoint ay if <a > 0>

{proof)

lemma one-dim-locwner-order-strict: <A > B <— one-dim-iso A > (one-dim-iso B ::

for A B :: <'a =¢ 'a::{chilbert-space, one-dim}>

{proof)

lemma one-dim-cblinfun-zero-le-one: <0 < (1 :: 'a:one-dim =c 'a)

(proof)

lemma one-dim-cblinfun-one-pos: <0 < (1 :: 'a::one-dim =¢yp 'a)

{proof)

lemma Proj-pos|iff]: <Proj S > 0»
(proof )

lemma abs-op-Proj[simp]: <abs-op (Proj S) = Proj S»
{proof)

lemma diagonal-operator-pos:
assumes (\z. fz > 0»
shows (diagonal-operator f > 0>

(proof)
lemma abs-op-diagonal-operator:

<abs-op (diagonal-operator f) = diagonal-operator (Az. abs (f x))»
(proof)

unbundle no cblinfun-syntax

end
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5 HS2Fll2 — Representing any Hilbert space as /»(X)

theory HS2FEIlI2
imports Complez-Bounded-Operators. Complex-L2 Misc-Tensor-Product-BO
begin

unbundle cblinfun-syntax

typedef (overloaded) ’a:«{chilbert-space, not-singleton}> chilbert2ell2 = <some-chilbert-basis
i e sety

{proof)

definition ell2-to-hilbert where <ell2-to-hilbert = cblinfun-extension (range ket) (Rep-chilbert2eli2
o inv ket)»

lemma ell2-to-hilbert-ket: <ell2-to-hilbert xy ket x = Rep-chilbert2ell2 x»
(proof)

lemma norm-ell2-to-hilbert: <norm ell2-to-hilbert = 1>

(proof)

lemma unitary-ell2-to-hilbert[simp]: <unitary ell2-to-hilbert>
(proof)

lemma ell2-to-hilbert-adj-ket: <ell2-to-hilbertx sy 1 = ket (Abs-chilbert2ell2 ) if «ip € some-chilbert-basis
(proof )

definition <cr-chilbert2ell2-ell2 x y <— ell2-to-hilbert xy x = y»

lemma bi-unique-cr-chilbert2ell2-ell2[transfer-rule]: <bi-unique cr-chilbert2ell2-ell2)»

{proof)
lemma bi-total-cr-chilbert2ell2-ell2[transfer-rule]: <bi-total cr-chilbert2ell2-ell2»

{proof)

named-theorems c2(2(2

lemma c2I212-cinner(c212I2]:

includes lifting-syntax

shows ((cr-chilbert2ell2-ell2 ===> cr-chilbert2eli2-ell2 ===> (=)) cinner cinner>
(proof)
lemma c2I212-norm[c212I2]:

includes lifting-syntax

shows ((cr-chilbert2ell2-ell2 ===> (=)) norm norm)

(proof)

lemma ¢212i2-scale C[c21212]:
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includes lifting-syntax
shows (((=) ===> cr-chilbert2eli2-ell2 ===> cr-chilbert2ell2-ell2) scaleC scaleC)
(proof)

lemma c21212-zero[c21212]:
includes lifting-syntax
shows «cr-chilbert2ell2-ell2 0 0>
(proof)

lemma c21212-is-ortho-set[c2l1212):

includes lifting-syntax

shows «(rel-set cr-chilbert2ell2-ell2 ===> (=)) is-ortho-set (is-ortho-set :: 'a::{ chilbert-space,not-singleton }
set = bool)»

{proof)

lemma c2I212-ccspan[c21212]:

includes lifting-syntax

shows «(rel-set cr-chilbert2ell2-ell2 ===> rel-ccsubspace cr-chilbert2ell2-ell2) ccspan ccspan)
(proof)

lemma ell2-to-hilbert-adj-ell2-to-hilbert [simp]: ell2-to-hilbertx xy ell2-to-hilbert *y = = x
{proof)

lemma ell2-to-hilbert-eli2-to-hilbert-adj [simp]: ell2-to-hilbert v ell2-to-hilbertx xy © = x
{proof)

lemma bi-total-rel-ccsubspace-cr-chilbert2ell2-ell2 [transfer-rule]:
<bi-total (rel-ccsubspace cr-chilbert2ell2-ell2))

{proof)

lemma c2I212-top[c21212]:
includes lifting-syntax
shows «(rel-ccsubspace cr-chilbert2ell2-ell2) top top»
(proof)
lemma c21212-is-onb[c21212]:
includes lifting-syntax

shows «(rel-set cr-chilbert2ell2-ell2 ===> (=)) is-onb is-onb»

(proof)
unbundle no cblinfun-syntax

end
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6  Weak-Operator-Topology — Weak operator topology on com-
plex bounded operators

theory Weak-Operator-Topology
imports Misc-Tensor-Product Strong-Operator-Topology Positive-Operators Wlog. Wlog
begin

unbundle cblinfun-syntax

definition cweak-operator-topology::('a::complex-normed-vector = ¢, 'b:: complez-inner) topology
where cweak-operator-topology = pullback-topology UNIV (Aa (z,y). cinner z (a xv y)) eu-
clidean

lemma cweak-operator-topology-topspace[simp):
topspace cweak-operator-topology = UNIV
(proof )

lemma cweak-operator-topology-basis:

fixes f::('a::complez-normed-vector =cp 'b::complez-inner) and U::'i = complex set and
x::'i = 'band y:i = ‘o

assumes finite [ Ni. i € I = open (U i)

shows openin cweak-operator-topology {f. Vi€l. cinner (x i) (f *yv y i) € U i}
(proof)

lemma wot-weaker-than-sot:
continuous-map cstrong-operator-topology cweak-operator-topology (Af. f)

(proof)

lemma cweak-operator-topology-weaker-than-euclidean:
continuous-map euclidean cweak-operator-topology (\f. f)

{proof)

lemma cweak-operator-topology-cinner-continuous:
continuous-map cweak-operator-topology euclidean (Af. cinner z (f *y y))

(proof)

lemma continuous-on-cweak-operator-topo-iff-coordinatewise:
continuous-map T cweak-operator-topology f
+— (Vz y. continuous-map T euclidean (Az. cinner x (f z xy y)))

(proof )

typedef (overloaded) (‘a,’d) cblinfun-wot = <UNIV :: ('a::complex-normed-vector = ¢, 'b::complez-inner)
sety {proof)

setup-lifting type-definition-cblinfun-wot

instantiation cblinfun-wot :: (complez-normed-vector, complez-inner) complex-vector begin
lift-definition scaleC-cblinfun-wot :: <complex = ('a, 'b) cblinfun-wot = ('a, 'b) cblinfun-wot»
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is «scaleC (proof)
lift-definition uminus-cblinfun-wot :: <('a, 'b) cblinfun-wot = (‘a, 'b) cblinfun-wots is uminus
(proof)
lift-definition zero-cblinfun-wot :: <('a, 'b) cblinfun-woty is 0 (proof)
lift-definition minus-cblinfun-wot :: «(‘a, 'b) cblinfun-wot = ('a, 'b) cblinfun-wot = ('a, 'b)
cblinfun-wot) is minus (proof)
lift-definition plus-cblinfun-wot :: <(‘a, 'b) cblinfun-wot = ('a, 'b) cblinfun-wot = (‘a, 'b)
cblinfun-woty is plus (proof)
lift-definition scaleR-cblinfun-wot :: <real = ('a, 'b) cblinfun-wot = (‘a, 'b) cblinfun-wot is
scaleR (proof)
instance

(proof )

end

instantiation cblinfun-wot :: (complez-normed-vector, complez-inner) topological-space begin
lift-definition open-cblinfun-wot :: <(’'a, 'b) cblinfun-wot set = bool is <openin cweak-operator-topology>
(proof)

instance

(proof)

end

lemma transfer-nhds-cweak-operator-topology|transfer-rule]:

includes lifting-syntax

shows «(cr-cblinfun-wot ===> rel-filter cr-cblinfun-wot) (nhdsin cweak-operator-topology)
nhds»

{proof)

lemma limitin-cweak-operator-topology:

dimitin cweak-operator-topology f1 F <— (Va b. (Mi. a ¢ (fi*y b)) —— a ¢ (I xy b))
F)

{proof )

lemma filterlim-cweak-operator-topology: <filterlim f (nhdsin cweak-operator-topology 1) = lim-
itin cweak-operator-topology f Iy

{proof)

instance cblinfun-wot :: (complexz-normed-vector, complez-inner) t2-space
(proof)

lemma Domainp-cr-cblinfun-wot[simp): <Domainp cr-cblinfun-wot = (A-. True)»

{proof)

lemma Rangep-cr-cblinfun-wot[simp|: <Rangep cr-cblinfun-wot = (A-. True))

(proof )

lemma transfer-euclidean-cweak-operator-topology[transfer-rule]:
includes lifting-syntax
shows «(rel-topology cr-cblinfun-wot) cweak-operator-topology euclideany

43



(proof)

lemma openin-cweak-operator-topology: <openin cweak-operator-topology U +— (3 V. open V
AU = (Aa (z,y). cinner z (a xy y)) —° V)
(proof)

lemma cweak-operator-topology-plus-cont: «<LIM (z,y) nhdsin cweak-operator-topology a X g nhdsin
cweak-operator-topology b.

x + y > nhdsin cweak-operator-topology (a + b)»
(proof)

instance cblinfun-wot :: (complex-normed-vector, complez-inner) topological-group-add

(proof )

lemma continuous-map-left-comp-wot:

<continuous-map cweak-operator-topology cweak-operator-topology (Aa::'a::complez-normed-vector
=crL - bocy a)>

for b :: <'b::chilbert-space =¢c, 'c::complez-inner;

(proof)

lemma continuous-map-scaleC-wot: <continuous-map cweak-operator-topology cweak-operator-topology

(scaleC ¢ :: (Ya::complex-normed-vector = ¢, 'b::chilbert-space) = -)»

(proof)

lemma continuous-scale C-wot: <continuous-on X (scaleC c :: (-::complex-normed-vector,-:: chilbert-space)
cblinfun-wot = -)»

{proof)

lemma wot-closure-is-csubspace[simp]:
fixes A::('a::complex-normed-vector, 'b::chilbert-space) cblinfun-wot set
assumes (csubspace A>
shows <csubspace (closure A)»

(proof)
include lattice-syntax

{proof)

lemma [transfer-rulel:
includes lifting-syntax
shows «(rel-set cr-cblinfun-wot ===> (=)) csubspace csubspace

{proof)

lemma [transfer-rulel:
includes lifting-syntax
shows ¢(rel-set cr-cblinfun-wot ===> (=)) (closedin cweak-operator-topology) closed»

{proof)

lemma [transfer-rulel:
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includes lifting-syntax
shows «(rel-set cr-cblinfun-wot ===> rel-set cr-cblinfun-wot) (Abstract-Topology.closure-of
cweak-operator-topology) closure)

{proof)

lemma wot-closure-is-csubspace’[simp]:
fixes A::(‘a:complex-normed-vector = ¢, 'b::chilbert-space) set
assumes <csubspace A»
shows <csubspace (cweak-operator-topology closure-of A)»

{proof)

lemma has-sum-closed-cweak-operator-topology:
fixes A :: «('b::complex-normed-vector =c 1, 'c::complez-inner) set)
assumes aA: <\i. a i € A
assumes closed: <closedin cweak-operator-topology A»
assumes subspace: <csubspace A»
assumes has-sum: <A\ ¥. (Ai. ¢ ¢ (a @ *xy ¥)) has-sum ¢ ¢ (b xy ) D>
shows b € A»

(proof)

lemma limitin-adj-wot:
assumes <(limitin cweak-operator-topology f 1 F»
shows «limitin cweak-operator-topology (Ni. (f ©)*) (Ix) F»

(proof)

lemma hausdorff-cweak-operator-topology[simpl: «Hausdorff-space cweak-operator-topology>
(proof)

lemma hermitian-limit-hermitian-wot:
assumes (F' #£ bot»
assumes herm: <\i. (a 0)x = a D
assumes [lim: <limitin cweak-operator-topology a A F»
shows (Ax = A»

{proof)

lemma wot-weaker-than-sot-openin:
<openin cweak-operator-topology © =—> openin cstrong-operator-topology x>

{proof)

lemma wot-weaker-than-sot-limitin: <limitin cweak-operator-topology a A F» if «limitin cstrong-operator-topology
aAF

{proof)

lemma hermitian-limit-hermitian-sot:
assumes (F' # bot»
assumes (\i. (a 0)x = a D
assumes <limitin cstrong-operator-topology a A F»
shows (Ax = A»
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{proof)

lemma hermitian-sum-hermitian-sot:
assumes herm: <\i. (a ))x = a D
assumes sum: <has-sum-in cstrong-operator-topology a X A»
shows (Ax = A»

(proof)

lemma wot-is-norm-topology-findim[simp]:

«(cweak-operator-topology :: ('a::{ cfinite-dim,chilbert-space} = ¢, 'b::{ cfinite-dim, chilbert-space})
topology) = euclidean
(proof)

lemma sot-is-norm-topology-fin-dim[simp]:

«(estrong-operator-topology :: ('a::{ cfinite-dim,chilbert-space} =c, 'b::{ cfinite-dim,chilbert-space})
topology) = euclidean)

(proof)

lemma regular-space-wot: <reqular-space cweak-operator-topology»
(proof)

instance cblinfun-wot :: (complex-normed-vector, complex-inner) t3-space

{proof)

instantiation cblinfun-wot :: (chilbert-space, chilbert-space) order begin

lift-definition less-eq-cblinfun-wot :: <('a, 'b) cblinfun-wot = (‘a, 'b) cblinfun-wot = bools is
less-eq(proof )

lift-definition less-cblinfun-wot :: <('a, 'b) cblinfun-wot = (‘a, 'b) cblinfun-wot = bools is

less(proof)
instance

{proof)

end

instance cblinfun-wot :: (chilbert-space,chilbert-space) ordered-comm-monoid-add
(proof)

lemma limitin-wot-add:

assumes <limitin cweak-operator-topology f a F»

assumes <limitin cweak-operator-topology g b F»

shows <limitin cweak-operator-topology (\xz. fz + g x) (a + b) F»
(proof)

lemma monotone-convergence-wot:
— [1], Proposition 43.1 (i), (ii), but translated to filters.
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fixes [ :: <'b = ('a = 'a:chilbert-space)y
assumes bounded: Vg zin F. fz < B)

assumes increasing: <increasing-filter (filtermap f F)»
shows 3 L. limitin cweak-operator-topology f L F»

(proof)

lemma summable-wot-bounded!:
fixes f :: <'b = ('a = 'a:chilbert-space)»
assumes bounded: <\F. finite F = F C X = sum fF < B»
assumes pos: <A\z. 2 € X = fz > O
shows (summable-on-in cweak-operator-topology f X»

(proof)

lemma summable-wot-boundedl ":
fixes f :: <'b = (‘a::chilbert-space, 'a) cblinfun-wot»
assumes bounded: <\F. finite F — F C X = sum fF < B)
assumes pos: <\z. z € X = fa > O
shows «f summable-on X»

{proof)

lemma has-sum-mono-neutral-wot:

fixes f :: 'a = ('b::chilbert-space =¢r, 'b)

assumes <has-sum-in cweak-operator-topology f A a> and has-sum-in cweak-operator-topology
gBb

assumes (A\z. 2 € ANB = fz < gm

assumes (A\z. 2 € A-B = fz < O»

assumes (A\z. 2 € B—A =gz > O»

shows a < b

(proof)

lemma has-sum-mono-wot:

fixes f :: 'a = ('b::chilbert-space =cp, 'b)

assumes has-sum-in cweak-operator-topology f A x and has-sum-in cweak-operator-topology g
Ay

assumes \z. 2 € A = fz < g o

shows z < y

(proof )

lemma infsum-mono-neutral-wot:

fixes f :: 'a = ('b::chilbert-space =¢p, 'b)

assumes summable-on-in cweak-operator-topology f A and summable-on-in cweak-operator-topology
g B

assumes (A\z. 2 € ANB = fz < gm

assumes (\z. 2 € A—-B = fz < O
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assumes (A\z. 2 € B—A =gz > 0»
shows infsum-in cweak-operator-topology f A < infsum-in cweak-operator-topology g B

(proof )

lemma has-sum-on-wot-transfer|transfer-rule]:
includes lifting-syntax

shows «(((=) ===> cr-cblinfun-wot) ===> (=) ===> cr-cblinfun-wot ===> (+—))
(has-sum-in cweak-operator-topology) HAS-SUM >
(proof )

lemma summable-on-wot-transfer|transfer-rule]:

includes lifting-syntax

shows ((((=) ===> cr-cblinfun-wot) ===> (=) ===> (+—)) (summable-on-in cweak-operator-topology)
(summable-on))

{proof)

lemma Abs-cblinfun-wot-transfer(transfer-rule]:
includes lifting-syntax
shows (((=) ===> cr-cblinfun-wot) id Abs-cblinfun-wot»

{proof)

lemma infsum-mono-neutral-wot’:
fixes f :: 'a = ('b::chilbert-space, 'b) cblinfun-wot
assumes f summable-on A and g summable-on B
assumes (A\z. z € ANB = fz < g
assumes (A\z. z € A-B = fz < O»
assumes (A\z. 2 € B—A = gz > O
shows infsum f A < infsum g B

(proof )

lemma infsum-nonneg-wot":
fixes f :: 'a = (‘c::chilbert-space,’c) cblinfun-wot
assumes \z.2 € M = 0 < fz
shows infsum f M > 0

(proof)

lemma summable-on-Sigma-wotl:
fixes f :: </a x 'b = (‘c::chilbert-space,’c) cblinfun-wot
assumes (\zy. 2 € A=y € Brx = [ (z,y) > O
assumes summableA: «(Az. Y ooy€B z. f (z,y)) summable-on A>
assumes summableB: <\z. 1€ A = (\y. f (2, y)) summable-on (B z)»
shows «f summable-on Sigma A B>

(proof)

lift-definition compose-wot :: «('b::complex-inner,’c::complex-inner) cblinfun-wot = ('a::complex-normed-vector,’d)
cblinfun-wot = ('a,’c) cblinfun-wot) is
cblinfun-compose(proof )
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lift-definition adj-wot :: «(’a::chilbert-space, 'b::complex-inner) cblinfun-wot = (’b, 'a) cblin-
fun-woty is adj(proof)

lemma infsum-wot-is-Sup:

fixes f :: <'b = ('a = 'a:chilbert-space)»

assumes summable: <summable-on-in cweak-operator-topology f X»

— See also summable-wot-boundedl for proving this.

assumes pos: <\z. z € X = faz > O

defines «S = infsum-in cweak-operator-topology f X>

shows ¢is-Sup ((AF. Y ze€F. fz) ‘{F. finite FANF C X}) S
(proof)

lemma has-sum-in-cweak-operator-topology-pointwise:

<has-sum-in cweak-operator-topology f X s «+— (V¢ . (Ax. ¥ ¢ fx ) has-sum ) ¢ s ©)
X))

(proof)

lemma summable-wot-bdd-above:
fixes f :: <'b = ('a =¢ 1 'a:chilbert-space)»
assumes summable: (summable-on-in cweak-operator-topology f X»
— See also summable-wot-boundedl for proving this.
assumes pos: <\z. z € X = fax > O
shows <(bdd-above (sum f ‘{F. finite F N F C X})»

{proof)

lemma summable-on-in-cweak-operator-topology-pointwise:
assumes (summable-on-in cweak-operator-topology f X»
shows «(A\z. a -¢ fx b) summable-on X»

(proof )

lemma infsum-in-cweak-operator-topology-pointwise:
assumes (summable-on-in cweak-operator-topology f X»
shows <a -¢ (infsum-in cweak-operator-topology f X) b = (3. wz€X. a ¢ fz b)
(proof )

instance cblinfun-wot :: (complex-normed-vector, complex-inner) topological-ab-group-add

{proof)

lemma has-sum-in-wot-compose-left:
fixes [ :: <c = 'a::complex-normed-vector = ¢y, 'b::chilbert-space)
assumes <has-sum-in cweak-operator-topology f X s
shows <has-sum-in cweak-operator-topology (A\z. a ocr, fz) X (a ocr $)

(proof)

lemma has-sum-in-wot-compose-right:
fixes [ :: <'c = 'a::complex-normed-vector = ¢ 'b::complex-inner»
assumes <has-sum-in cweak-operator-topology f X s
shows <has-sum-in cweak-operator-topology (Az. fx ocr, a) X (s ocp a)
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(proof)

lemma summable-on-in-wot-compose-left:
fixes [ :: </c = 'a::complex-normed-vector =cp 'b::chilbert-spaces
assumes (summable-on-in cweak-operator-topology f X»
shows (summable-on-in cweak-operator-topology (Az. a ocr fx) X»

{proof)

lemma summable-on-in-wot-compose-right:
assumes (summable-on-in cweak-operator-topology f X»
shows <summable-on-in cweak-operator-topology (Az. f x ocr a) X»

(proof)

lemma infsum-in-wot-compose-left:

fixes f :: </c = 'a::complex-normed-vector = ¢, 'b::chilbert-space)

assumes <summable-on-in cweak-operator-topology f X»

shows <infsum-in cweak-operator-topology (Az. a ocr, fz) X = a oo, (infsum-in cweak-operator-topology
fFxXy

(proof)

lemma infsum-in-wot-compose-right:

fixes [ :: <'c = 'a::complex-normed-vector = ¢ 'b::complex-inner»

assumes <(summable-on-in cweak-operator-topology f X»

shows <infsum-in cweak-operator-topology (Az. fz oo a) X = (infsum-in cweak-operator-topology
fX) ocr @

(proof )

lemma infsum-wot-boundedl:
fixes [ :: <'b = ('a = 'a:chilbert-space)>
assumes bounded: <\F. finite F — F C X = sum fF < B)
assumes pos: <\z. z € X = fa > O
shows <infsum-in cweak-operator-topology f X < B>

(proof)
unbundle no cblinfun-syntax

end

7 Misc-Tensor-Product-TTS — Miscelleanous results missing
from Complex Bounded Operators

Here specifically results obtained from lifting existing results using the types to sets
mechanism ([6]).
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theory Misc-Tensor-Product-TTS
imports
Complez-Bounded-Operators. Complex- Bounded-Linear- Function
Misc-Tensor-Product
Misc-Tensor-Product-BO
With- Type. With- Type
begin

unbundle lattice-syntar and cblinfun-syntax

7.1 Retrieving axioms
(ML)

7.2 Auxiliary lemmas

named-theorems unoverload-def

locale local-typedef = fixes S ::'b set and s::'s itself
assumes FEz-type-definition-S: 3 (Rep::'s = 'b) (Abs::'b = 's). type-definition Rep Abs S
begin
definition Rep = fst (SOME (Rep::'s = 'b, Abs). type-definition Rep Abs S)
definition Abs = snd (SOME (Rep::'s = 'b, Abs). type-definition Rep Abs S)
lemma type-definition-S: type-definition Rep Abs S
(proof )
lemma rep-in-S[simp]: Rep x € S
and rep-inverse[simp|: Abs (Rep z) = z
and Abs-inverse[simp|: y € S = Rep (Abs y) =y
(proof )
definition c¢r-S where cr-S = As b. s = Rep b
lemma Domainp-cr-S[transfer-domain-rule]: Domainp cr-S = (Az. x € 5)
(proof)
lemma right-total-cr-S[transfer-rule]: right-total cr-S
(proof)
lemma bi-unique-cr-S[transfer-rule]: bi-unique cr-S
(proof )
lemma left-unique-cr-S[transfer-rule]: left-unique cr-S
(proof)
lemma right-unique-cr-S|[transfer-rule]: right-unique cr-S
(proof )
lemma cr-S-Replintro, simp: cr-S (Rep a) a (proof)
lemma cr-S-Abs[intro, simpl: a€S = c¢r-S a (Abs a) (proof)
lemma UNIV-transfer[transfer-rule]: <rel-set c¢r-S S UNIV)»
(proof)

end

lemma complete-space-as-set[simp]: <complete (space-as-set V)» for V :: ¢<-::cbanach ccsubspace)

{proof)
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definition <transfer-ball-range A P +— (Vf. range f C A — P f)

lemma transfer-ball-range-parametric'|transfer-rule):

includes lifting-syntax

assumes [transfer-rule, simpl: <right-unique T <bi-total T» <bi-unique U>»

shows «(rel-set U ===> ((T ===> U) ===> (—)) ===> (—)) transfer-ball-range
transfer-ball-range>

(proof)

lemma transfer-ball-range-parametric[transfer-rulel:

includes lifting-syntax

assumes [transfer-rule, simp|: <bi-unique T» <bi-total T <bi-unique U>»

shows «(rel-set U ===> ((T ===> U) ===> (+—)) ===> (+—)) transfer-ball-range
transfer-ball-range>

(proof)

definition <transfer-Times A B = A x B>

lemma transfer-Times-parametricity[transfer-rule]:

includes lifting-syntax

shows «(rel-set T ===> rel-set U ===> rel-set (rel-prod T U)) transfer-Times trans-
fer-Times»

{proof)

lemma csubspace-nonempty: <csubspace X = X # {}

(proof)
definition (transfer-vimage-into f U s = (f —* U) N s
lemma transfer-vimage-into-parametric[transfer-rule]:

includes lifting-syntax
assumes [transfer-rule]: <bi-unique A» <bi-unique B>

shows (((A ===> B) ===> rel-set B ===> rel-set A ===> rel-set A) transfer-vimage-into
transfer-vimage-into»
{proof)

lemma make-parametricity-proof-friendly:

shows «(Vz. P — Qz) +— (P — (Vz. Q z))
and «(Vz.z € § — Q) «— (VzeS. Q z)»
and «(VzCS. R z) «— (Vz€Pow S. R z)»
and {z€S. Q z} = Set.filter Q S»
and ({z. £ C S A R a} = Set.filter R (Pow S)»
and <AP. (Vf. range f C A — P f) = transfer-ball-range A P>
and <AA B. A x B = transfer-Times A B)
and <\AB P. (3ACB. P A) +— (FA€Pow B. P A)»
and <Af Us. (f = U) N s = transfer-vimage-into f U s
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and «(AM B. [|M N principal B = transfer-bounded-filter-Inf B M»
and «(AF M. F N principal M = transfer-inf-principal F M)
(proof )

7.3 plus

locale plus-ow =
fixes U plus
assumes VzeU.VyeU. pluszy € U
lemma plus-ow-parametricity[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ¢(rel-set A ===> (A ===> A ===> A) ===> (=))
plus-ow plus-ow)

{proof)

7.3.1 minus
locale minus-ow = fixes U minus assumes VzeU. VyeU. minus zy € U>
lemma minus-ow-parametricity[transfer-rule]:

includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»

shows «(rel-set A ===> (A ===> A ===> A) ===> (=))
MINUS-0W MINUS-0W>
(proof )

7.3.2 uminus
locale uminus-ow = fixes U uminus assumes ¥ xzcU. uminus x € U»
lemma uminus-ow-parametricity[transfer-rule]:

includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»

shows ((rel-set A ===> (A ===> A) ===> (=))
UMINUS-0W UMINUS-0W»
(proof)

7.4  semigroup

locale semigroup-ow = plus-ow U plus for U plus +
assumes VzeU. VyeU. VzeU. plus z (plus y z) = plus (plus = y) 2>

lemma semigroup-ow-parametricity[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A ===> A) ===> (=))
Semigroup-ow Semigroup-ow)

{proof)
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lemma semigroup-ow-typeclass[simp, iff]: <semigroup-ow V (+)»
if <\ Nzy.2€V = yeV =z + ye Vyfor V :: a:: semigroup-add set

(proof )

lemma class-semigroup-add-ud[unoverload-def]: <class.semigroup-add = semigroup-ow UNIV»

{proof)

7.5 abel-semigroup

locale abel-semigroup-ow = semigroup-ow U plus for U plus +
assumes VzeU. VyeU. plus x y = plus y x>

lemma abel-semigroup-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»

shows ¢(rel-set A ===> (A ===> A ===> A) ===> (=))
abel-semigroup-ow abel-semigroup-ow»
(proof )

lemma abel-semigroup-ow-typeclass[simp, iff]: <abel-semigroup-ow V (+)
if \Nzy.26V= yeV =z+ye V) for V : a:: ab-semigroup-add set>

(proof )

lemma class-ab-semigroup-add-ud[unoverload-def): <class.ab-semigroup-add = abel-semigroup-ow
UNIV)»
(proof )

7.6 comm-monoid

locale comm-monoid-ow = abel-semigroup-ow U plus for U plus +
fixes zero
assumes <zero € U)
assumes VzeU. plus x zero = x>

lemma comm-monoid-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A ===> A) ===> A ===> (=))
comm-monoid-ow comm-monoid-ow>

{proof)

lemma comm-monoid-ow-typeclass[simp, iff]: <comm-monoid-ow V (+) 0>
if <0 € Vyand <Az y. z€V = yeV =z + y € V) for V :: <'a :: comm-monoid-add set»

{proof)

lemma class-comm-monoid-add-ud[unoverload-def]: «class.comm-monoid-add = comm-monoid-ow
UNIV)»
{proof)
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7.7 topological-space

locale topological-space-ow =
fixes U open
assumes <open U>»
assumes VY SCU.VTCU. open S — open T — open (S N T)
assumes V KCPow U. (VS€K. open S) — open (|J K)

lemma topological-space-ow-parametricity[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»

shows ¢(rel-set A ===> (rel-set A ===> (=)) ===> (=))
topological-space-ow topological-space-ow»
(proof)

lemma class-topological-space-ud[unoverload-def]: «class.topological-space = topological-space-ow
UNIV)»

{proof)

lemma topological-space-ow-from-topology|simp]: <topological-space-ow (topspace T) (openin T)»

{proof)

7.8 sum

definition <sum-ow z plus f S =
(if finite S then the-default z (Collect (fold-graph (plus o f) z S)) else z)»
for U z plus S

lemma sum-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T <bi-unique U)
shows (T ===> (V ===> T ===> T) ===> (U ===> V) ===> rel-set U ===>
T)
SUM-0W SUM-0W»

{proof)

lemma (in comm-monoid-set) comp-fun-commute-onl: < Finite-Set.comp-fun-commaute-on UNIV
((%) o g)
(proof)

lemma (in comm-monoid-set) F-via-the-default: «F g A = the-default def (Collect (fold-graph

((x) 0 g) 1 A))
if «finite A»

(proof)

lemma sum-ud[unoverload-def]: <sum = sum-ow 0 plus>

{proof)
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7.9 t2-space

locale t2-space-ow = topological-space-ow +
assumes VzeU.VyeU. x #y — (ASCU. ITCU. open S AN open TNz € SAye T A
SNT={})

lemma t2-space-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»

shows «(rel-set A ===> (rel-set A ===> (=)) ===> (=))
t2-space-ow t2-space-ow»
{proof )

lemma class-t2-space-ud[unoverload-def]: <class.t2-space = t2-space-ow UNIV»

{proof)

lemma 2-space-ow-from-topology|[simp, iff]: «t2-space-ow (topspace T) (openin T)» if <Haus-
dorff-space T»
(proof )

7.9.1 continuous-on

definition continuous-on-ow where <continuous-on-ow A B opnA opnB s f
+—— (VUCB. opnB U — (AVCA. opnA VA (VNs)=(f=U)Ns))H
for f :: ('a = b

lemma continuous-on-ud[unoverload-def]: «continuous-on s f <— continuous-on-ow UNIV UNIV
open open s [>»
for f :: <'a::topological-space = 'b::topological-spaces

{proof)

lemma continuous-on-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A» <bi-unique B>

shows «(rel-set A ===> rel-set B ===> (rel-set A ===> (+—)) ===> (rel-set B ===>
(+—)) ===> rel-set A ===> (A ===> B) ===> (+—)) continuous-on-ow continuous-on-ow
{proof)

7.10 scaleR

locale scaleR-ow =
fixes U and scaleR :: <real = 'a = 'a»
assumes scaleR-closed: <V a € U. scaleR r a € U»

lemma scaleR-ow-typeclass[simp]: <scaleR-ow UNIV scaleR» for scaleR

{proof)

lemma scaleR-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
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shows ((rel-set A ===> ((=) ===> A ===> A) ===> (=))
scaleR-ow scaleR-ow»

(proof )

7.11 scaleC

locale scaleC-ow = scaleR-ow +
fixes scaleC
assumes scaleC-closed: <V a€U. scaleC ¢ a € U)»
assumes (Y a€U. scaleR r a = scaleC (complex-of-real 1) a

lemma scaleC-ow-parametric|[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> ((=) ===> A ===> A) ===> ((=) ===> A ===> A) ===>
(=)
scaleC-ow scaleC-ow»

{proof)

lemma class-scaleC-ud[unoverload-def]: <class.scaleC = scaleC-ow UNIV»

{proof)

7.12  ab-group-add

locale ab-group-add-ow = comm-monoid-ow U plus zero + minus-ow U minus + uminus-ow U
UMINUS

for U plus zero minus uminus +

assumes Y acU. uminus a € U

assumes YV a€ U. plus (uminus a) a = zero

assumes VacU. VbeU. minus a b = plus a (uminus b)

lemma ab-group-add-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows «(rel-set A ===> (A ===> A ===> A) ===> A ===> (A ===> A ===> A)
——=> (A ===> A) ===> (=))
ab-group-add-ow ab-group-add-ow)

{proof)

lemma ab-group-add-ow-typeclass|simp]:
<ab-group-add-ow V (4) 0 (=) uminus
if<0eVyNVzeV. —z e V) VeeV.VyeV.z +ye V»
for V :: - :: ab-group-add set)
(proof)

lemma class-ab-group-add-ud[unoverload-def]: <class.ab-group-add = ab-group-add-ow UNIV)»
(proof)
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7.13 wector-space

locale vector-space-ow = ab-group-add-ow U plus zero minus uminus
for U plus zero minus uminus +
fixes scale :: 'f::field = 'a = 'a
assumes
~VzelU. scale a z € U
VzeU.VyeU. scale a (plus z y) = plus (scale a z) (scale a y)
VzeU. scale (a + b) © = plus (scale a x) (scale b x)
VzeU. scale a (scale b ) = scale (a * b)
VzeU. scale 1 ¢ =z

lemma vector-space-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows «(rel-set A ===> (A ===> A ===> A) ===> A ===> (A ===> A ===> 4)
===> (A ===> A) ===> ((=) ===> 4 ===> A) ===> (=))
vector-space-ow vector-space-ow

(proof )

7.14 complex-vector

locale complez-vector-ow = vector-space-ow U plus zero minus uminus scaleC + scaleC-ow U
scaleR scaleC
for U scaleR scaleC plus zero minus uminus

lemma complex-vector-ow-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique A»

shows ((rel-set A ===> ((=) ===> A ===> A) ===> ((=) ===> A ===> A) ===>
(A ===> A ===> A) ===>

COmpleZ—UeCtOT—Ow Complel‘—vect()r—ouﬂ
(proof )

lemma class-complex-vector-ud[unoverload-def]: <class.complez-vector = complez-vector-ow UNIV»

{proof)

lemma vector-space-ow-typeclass[simp):
wector-space-ow V (+) 0 (=) uminus (x¢)
if [simp]: <csubspace V>
for V :: (-::complex-vector set)

(proof)

lemma complez-vector-ow-typeclass[simpl:
ccomplez-vector-ow V (xgr) (x¢) (+) 0 (=) uminus) if [simp]: <csubspace V'

{proof)
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7.15  open-uniformity

locale open-uniformity-ow = open open + uniformity uniformity
for A open uniformity +
assumes open-uniformity:
NU. U C A= open U +— (VzeU. eventually (M(z', y). ' = z — y € U) uniformity)

lemma open-uniformity-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»

shows «(rel-set A ===> (rel-set A ===> (=)) ===> rel-filter (rel-prod A A) ===> (=))
open-uniformity-ow open-uniformity-ow>
(proof)

lemma class-open-uniformity-ud[unoverload-def]: <class.open-uniformity = open-uniformity-ow
UNIV)
{proof )

lemma open-uniformity-on-typeclass|simp):

fixes V :: (-::open-uniformity set>

assumes <closed V>

shows <open-uniformity-ow V (openin (top-of-set V)) (uniformity-on V)»
(proof)

7.16  uniformity-dist

locale uniformity-dist-ow = dist dist + uniformity uniformity for U dist uniformity +
assumes uniformity-dist: uniformity = ([ |e€{0<..}. principal {(z, y)eUxU. dist z y < e})

lemma class-uniformity-dist-ud[unoverload-def]: «class.uniformity-dist = uniformity-dist-ow UNIV»

{proof)

lemma uniformity-dist-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows «((rel-set A ===> (A ===> A ===> (=)) ===> rel-filter (rel-prod A A) ===>
(=)
uniformity-dist-ow uniformity-dist-ow>

(proof)

lemma uniformity-dist-on-typeclass[simp|: <uniformity-dist-ow V dist (uniformity-on V) for V
o <-nunigformity-dist sety

(proof)

717  sgn

locale sgn-ow =
fixes U and sgn :: <'a = 'a»
assumes sgn-closed: <V acU. sgn a € U>»
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lemma sgn-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A) ===> (=))
Sgn-ow $gn-ow)

{proof)

7.18 sgn-div-norm

locale sgn-div-norm-ow = scaleR-ow U scaleR + norm norm + sgn-ow U sgn for U sgn norm
scaleR +
assumes VzeU. sgn x = scaleR (inverse (norm z))

lemma class-sgn-div-norm-ud[unoverload-def]: <class.sgn-div-norm = sgn-div-norm-ow UNIV

{proof)

lemma sgn-div-norm-ow-parametric[transfer-rule:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A) ===> (A ===> (5)) ===> ((=) ===> 4 ===>
A) ===> (=))
sgn-div-norm-ow sgn-div-norm-ow)

{proof)

lemma sgn-div-norm-on-typeclass[simp):
fixes V :: <-:isgn-div-norm set»
assumes (A\v r. v€V = scaleR rv e V>
shows <sgn-div-norm-ow V sgn norm (xgr)»

{proof)

7.19 dist-norm

locale dist-norm-ow = dist dist + norm norm + minus-ow U minus for U minus dist norm +
assumes dist-norm: YVzeU. VyeU. dist  y = norm (minus = y)

lemma dist-norm-ud|[unoverload-def): «class.dist-norm = dist-norm-ow UNIV»

{proof)

lemma dist-norm-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A ===> A) ===> (A ===> A ===> (=)) ===>
(4 ===> (=) ===> (=)
dist-norm-ow dist-norm-ow»

{proof)

lemma dist-norm-ow-typeclass|simp:
fixes A :: (-:dist-norm set»
assumes (A\ab. [a€ 4;beA]=a—-be A
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shows <dist-norm-ow A (—) dist norm)

{proof)

7.20 complex-inner

locale complez-inner-ow = complex-vector-ow U scaleR scaleC plus zero minus uminus
+ dist-norm-ow U minus dist norm + sgn-div-norm-ow U sgn norm scaleR
+ uniformity-dist-ow U dist uniformity
+ open-uniformity-ow U open uniformity
for U scaleR scaleC plus zero minus uminus dist norm sgn uniformity open +
fixes cinner :: 'a = 'a = complex
assumes VzeU. VyeU. cinner x y = cnj (cinner y z)
and VzeU.VyeU. VzeU. cinner (plus x y) z = cinner © z + cinner y z
and VzeU. VyeU. cinner (scaleC r x) y = cnj r * cinner z y
and VzeU. 0 < cinner x x
and VzeU. cinner z x = 0 <— x = zero
and VzeU. norm x = sqrt (cmod (cinner z x))

lemma class-complex-inner-ud[unoverload-def]: «class.complex-inner = complex-inner-ow UNIV»

{proof)

lemma complex-inner-ow-parametricity[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T

shows ((rel-set T ===> ((=) ===> T ===>T) ===> ((=) ===> T ===> T) ===>
(T ===> T ===> T) ===> T
e (T ===> T ===> T) ===> ([ ===> T) ===> ([ ===> [ ===>
(=) ===> (T ===> ()
===> (T ===> T) ===> rel-filter (rel-prod T T) ===> (rel-set T ===> (=))
===> (T ===> T ===> (=)) ===> (=)) complex-inner-ow complez-inner-ow>
(proof)

lemma complex-inner-ow-typeclass[simp):

fixes V :: <-::complex-inner set>

assumes [simp|: <closed V' <csubspace V>

shows (complex-inner-ow V (xgr) (x¢) (+) 0 (=) uminus dist norm sgn (uniformity-on V)
(openin (top-of-set V)) (-¢)

(proof )

7.21 is-ortho-set

definition is-ortho-set-ow where <is-ortho-set-ow zero cinner S <—
(VzeS. VyeS. o # y — cinnerzy = 0) A zero ¢ S)
for zero cinner

lemma is-ortho-set-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows (4 ===> (A ===> A ===> (=)) ===> rel-set A ===> (=))
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is-ortho-set-ow 1s-ortho-set-ow)

{proof)

lemma is-ortho-set-ud[unoverload-def]: <is-ortho-set = is-ortho-set-ow 0 cinner)

{proof)

7.22  metric-space

locale metric-space-ow = uniformity-dist-ow U dist uniformity + open-uniformity-ow U open
uniformity
for U dist uniformity open +
assumes Ve € U.Vye U. distzy=0+—x =y
and VzeU.VyeU.VzeU. distxy < dist x z + dist y z

lemma metric-space-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> (A ===> A ===> (=)) ===> rel-filter (rel-prod A A) ===>
(rel-set A ===> (=)) ===> (=))
metric-space-ow metric-space-owy

{proof)

lemma class-metric-space-ud[unoverload-def]: <class.metric-space = metric-space-ow UNIV»

{proof)

lemma metric-space-ow-typeclass[simp):
fixes V :: (-::metric-space set»
assumes <closed V>
shows (metric-space-ow V dist (uniformity-on V') (openin (top-of-set V'))»

{proof)

7.23 nhds

definition nhds-ow where <nhds-ow U open a = (INF S€{S. S C U A open S A a € S}.
principal S) M principal U»
for U open

lemma nhds-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: (bi-unique A»
shows ((rel-set A ===> (rel-set A ===> (=)) ===> A ===> rel-filter A)
nhds-ow nhds-ow»

{proof)

lemma topological-space-nhds-ud[unoverload-def]: <topological-space.nhds = nhds-ow UNIV)

(proof )

lemma nhds-ud[unoverload-def]: <nhds = nhds-ow UNIV open»
{proof)
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lemma nhds-ow-topology[simp: <nhds-ow (topspace T) (openin T) x = nhdsin T x» if «x €
topspace T

{proof)

7.24  at-within

definition <at-within-ow U open a s = nhds-ow U open a N principal (s — {a})
for U open a s

lemma at-within-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T
shows (((rel-set T) ===> (rel-set T ===> (=)) ===> T ===> rel-set T ===> rel-filter
7)
at-within-ow at-within-ow»

(proof)

lemma at-within-ud[unoverload-def]: <at-within = at-within-ow UNIV open)

{proof)

lemma at-within-ow-topology:
<at-within-ow (topspace T) (openin T) a S = nhdsin T a M principal (S — {a})
if <a € topspace T»
(proof)

7.25 (has-sum)

definition <has-sum-ow U plus zero open f A © =
filterlim (sum-ow zero plus f) (nhds-ow U (AS. open S) x)
(finite-subsets-at-top A)»
for U plus zero open f A x

lemma has-sum-ow-parametric|transfer-rulel:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T» <bi-unique U)»

shows «(rel-set T ===> (V ===> T ===> T) ===> T ===> (rel-set T ===> (=))
===> (U ===> V) ===> rel-set U ===> T ===> (=))
has-sum-ow has-sum-ow)
(proof )

lemma has-sum-ud[unoverload-def]: <HAS-SUM = has-sum-ow UNIV plus (0::'a::{ comm-monoid-add,topological-spc
open)

{proof)

lemma has-sum-ow-topology:
assumes <l € topspace T
assumes (0 € topspace T
assumes (\z y. z € topspace T = y € topspace T —> = + y € topspace T»
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shows (has-sum-ow (topspace T) (+) 0 (openin T) f S 1 <— has-sum-in T fS D
{proof)

7.26 filterlim

7.27  convergent

definition convergent-ow where
<convergent-ow U open X «— (ILeU. filterlim X (nhds-ow U open L) sequentially)
for U open

lemma convergent-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T
shows ((rel-set T ===> (rel-set T ===> (=)) ===> ((=) ===> T) ===> (+—))
convergent-ow convergent-ow

{proof)

lemma convergent-ud[unoverload-def]: <convergent = convergent-ow UNIV open>

{proof)

lemma topological-space-convergent-ud[unoverload-def]: <topological-space.convergent = conver-
gent-ow UNIV)

(proof)

lemma convergent-ow-topology|[simp):
<convergent-ow (topspace T) (openin T) f <— (1. limitin T f 1 sequentially)>
(proof )

lemma convergent-ow-typeclass[simp):
<convergent-ow V (openin (top-of-set V)) f «— (3. limitin (top-of-set V') f 1 sequentially)>
(proof )

7.28 wuniform-space.cauchy-filter

lemma cauchy-filter-parametric[transfer-rulel:
includes lifting-syntax
assumes [transfer-rule]: bi-unique T
shows (rel-filter (rel-prod T T) ===> rel-filter T ===> (=))
uniform-space. cauchy-filter
uniform-space. cauchy-filter

(proof)

7.29  uniform-space. Cauchy

lemma uniform-space-Cauchy-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique T
shows (rel-filter (rel-prod T T) ===> ((=) ===> T) ===> (=))
uniform-space. Cauchy
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uniform-space. Cauchy

{proof)

7.30 complete-space

locale complete-space-ow = metric-space-ow U dist uniformity open

for U dist uniformity open +

assumes <range X C U — uniform-space. Cauchy uniformity X — convergent-ow U open
X

lemma class-complete-space-ud[unoverload-def)]: «class.complete-space = complete-space-ow UNIV»

(proof)

lemma complete-space-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique T

shows (rel-set T ===> (T ===> T ===> (=)) ===> rel-filter (rel-prod T T) ===>
(rel-set T ===> (=)) ===> (=))
complete-space-ow complete-space-ow
(proof)

lemma complete-space-ow-typeclass|simp]:

fixes V :: (-::uniform-space set»

assumes <complete V>

shows <complete-space-ow V dist (uniformity-on V') (openin (top-of-set V'))»
(proof)

7.31  chilbert-space

locale chilbert-space-ow = complex-inner-ow + complete-space-ow

lemma chilbert-space-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique A»
shows ((rel-set A ===> ((=) ===> A ===> A) ===> ((=) ===> A ===> A) ===>
(A ===> A ===> A) ===>
A===> (A===> A===> A) ===> (A ===> A) ===> (A ===> A ===> (=5))
—==> (A ===> (=) ===>
(A ===> A) ===> rel-filter (rel-prod A A) ===> (rel-set A ===> (=)) ===> (4
> A ===> (=) ===> (=))
chilbert-space-ow chilbert-space-ow»

{proof)

lemma chilbert-space-on-typeclass|simp]:
fixes V :: <-::complex-inner set»
assumes <complete V' <csubspace V>
shows «chilbert-space-ow V (xg) (x¢) (+) 0 (=) uminus dist norm sgn
(uniformity-on V) (openin (top-of-set V)) («¢)»
(proof)
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lemma class-chilbert-space-ud[unoverload-def]:
<class.chilbert-space = chilbert-space-ow UNIV»

{proof)

7.32  (hull)
definition <hull-ow A S s = ((Az. Sz Az C A) hull s) N A

lemma hull-ow-nondegenerate: <hull-ow A S s = ((Az. Sz Az C A) hull s)» if <z C A> and
<s C x> and «S >

(proof)

definition <transfer-bounded-Inf B M = Inf M M B>

lemma transfer-bounded-Inf-parametric[transfer-rule]:

includes lifting-syntax

assumes <bi-unique T

shows «(rel-set T ===> rel-set (rel-set T) ===> rel-set T) transfer-bounded-Inf trans-
fer-bounded-Inf»

{proof)

lemma hull-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique T

shows (rel-set T ===> (rel-set T ===> (=)) ===> rel-set T ===> rel-set T)
hull-ow hull-ow
(proof)
lemma hull-ow-ud[unoverload-def]: «(hull) = hull-ow UNIV»
{proof)

7.33  csubspace

definition

«subspace-ow plus zero scale S = (zero € S N (Vz€S. VyeS. pluszy € S) A (Ve VzeS. scale
crxe S

for plus zero scale S

lemma subspace-ow-parametric[transfer-rulel:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T

shows «((T ===> T ===> T) ===> T ===> ((=) ===> T ===> T) ===> rel-set
subspace-ow subspace-ow»
(proof )

lemma module-subspace-ud[unoverload-def]: <module.subspace = subspace-ow plus 0>

{proof)
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lemma csubspace-ud[unoverload-def]: «csubspace = subspace-ow (+) 0 (x¢)»

(proof )

7.34 cspan

definition
<span-ow U plus zero scale b = hull-ow U (subspace-ow plus zero scale) by
for U plus zero scale b

lemma span-ow-on-typeclass:
assumes <csubspace U>»
assumes <B C U»
shows (span-ow U plus 0 scaleC B = cspan B>

(proof)

lemma (in Modules.module) span-ud|unoverload-def]: «span = span-ow UNIV plus 0 scaley

{proof)

lemmas cspan-ud[unoverload-def] = complez-vector.span-ud

lemma span-ow-parametric[transfer-rulel:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T

shows «(rel-set T ===> (T ===> T ===>T) ===> T ===> ((=) ===> T ===>
T) ===> rel-set T ===> rel-set T)
span-ow span-ow)
(proof )

7.34.1 (islimpt)

definition <islimpt-ow U open xS +— (VTCU. €T — open T — (FyeS. yeT A y#z))»
for open

lemma islimpt-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: <bi-unique T

shows ((rel-set T ===> (rel-set T ===> (=)) ===> T ===> rel-set T ===> (+—))
islimpt-ow islimpt-ow»
{proof )

definition <islimptin T . S «— x € topspace T N ¥V V.2 € V — openin T V — (FyeS.
ye VAy#z)

lemma islimpt-ow-from-topology: <islimpt-ow (topspace T) (openin T) x S <— islimptin T © S

V z ¢ topspace T
(proof )
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7.34.2 closure

definition <closure-ow U open S = S U {z€U. islimpt-ow U open z S}> for open

lemma closure-ow-with-typeclass|simp]:
<closure-ow X (openin (top-of-set X)) S = (X N closure (X N S)) U S»

(proof)

lemma closure-ow-parametric[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: <bi-unique T

shows «(rel-set T ===> (rel-set T ===> (=)) ===> rel-set T ===> rel-set T) closure-ow
closure-ow»

(proof)

lemma closure-ow-from-topology: <closure-ow (topspace T) (openin T) S = T closure-of S» if
«S C topspace T
(proof )

lemma closure-ud[unoverload-def]: «closure = closure-ow UNIV open)

{proof)

7.35 continuous

lemma continuous-on-ow-from-topology: «continuous-on-ow (topspace T) (topspace U) (openin
T) (openin U) (topspace T) f «— continuous-map T U f»

if <f ‘ topspace T C topspace U»

(proof)

7.36 is-onb

definition
<is-onb-ow U scaleC plus zero norm open cinner E <— is-ortho-set-ow zero cinner E N (V bEE.
norm b= 1) A
closure-ow U open (span-ow U plus zero scaleC E) = U)»
for U scaleC plus zero norm open cinner

lemma is-onb-ow-parametric[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: (bi-unique A»
shows «(rel-set A ===>
(=) ===> A ===> A) ===>
(A ===> A ===> 4) ===>

A ===>
(A ===> (=) ===> (rel-set A ===> (=)) ===> (A ===> A ===> (=)) ===>
rel-set A ===> (=))
is-onb-ow is-onb-ow»
(proof)

lemma is-onb-ud|unoverload-def]:
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<is-onb = is-onb-ow UNIV scaleC plus 0 norm open cinner»

{proof)

7.37 Transferring theorems

lemma closure-of-eql:
fixes fg :: <a = 'b> and T :: <'a topology> and U :: <'b topology>
assumes hausdorff: <Hausdorff-space U»
assumes f-eq-g: (\z. 2 € S = fx =g
assumes z: <x € T closure-of S»
assumes f: (continuous-map T U f» and g¢: <continuous-map T U g¢»
shows «fz = g

(proof)

lemma orthonormal-subspace-basis-exists:
fixes S :: (/a::chilbert-space set»
assumes (is-ortho-set Sy and norm: <A\z. €S = norm x = 1» and «S C space-as-set V>
shows (3B. B D § A is-ortho-set B A (Vz€B. norm x = 1) A cecspan B = V)

(proof)

lemma has-sum-in-comm-additive-general:
fixes f :: <a = b :: comm-monoid-add>
and g :: <'b = 'c :: comm-monoid-add»
assumes T0[simp]: <0 € topspace T» and Tplus[simpl: «<\z y. x € topspace T = y € topspace
T = z+vy € topspace T»
assumes Uplus[simp]: <\z y. © € topspace U => y € topspace U = z+y € topspace U»
assumes grange: <g ‘ topspace T C topspace U>
assumes ¢0: (g 0 = O»
assumes frange: <f S C topspace T
assumes gcont: <filterlim g (nhdsin U (g 1)) (atin T 1)
assumes gadd: <Az y. x € topspace T = y € topspace T = g (z+y) =gz + g
assumes sumf: <has-sum-in T f S 1
shows <has-sum-in U (g o f) S (g I)»
(proof)

lemma has-sum-in-comm-additive:
fixes f :: <'a = 'b :: ab-group-add)
and g :: <'b = ‘¢ :: ab-group-add>
assumes <topspace T = UNIV» and <topspace U = UNIV)
assumes <Modules.additive g
assumes gcont: <continuous-map T U ¢
assumes sumf: <has-sum-in T f S )
shows <has-sum-in U (g o f) S (g I)»
(proof)
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8 Stuff relying on the above lifting

definition (some-onb-of X = (SOME B. is-ortho-set B A\ (YbEB. norm b = 1) A ccspan B =
X)»

lemma
fixes X :: <'a::chilbert-space ccsubspace)
shows some-onb-of-is-ortho-set[iff]: <is-ortho-set (some-onb-of X)»
and some-onb-of-norml1: <b € some-onb-of X = norm b = 1>
and some-onb-of-ccspan[simpl: <ccspan (some-onb-of X) = X

(proof)

lemma ccsubspace-as-whole-type:
fixes X :: 'a::chilbert-space ccsubspaces
assumes X #
shows «let 'b::type = some-onb-of X in
JU:'b ell2 =¢cy1, 'a. isometry UN U xg T = X»
(proof)

lemma some-onb-of-0[simp]: <some-onb-of (0 :: 'a::chilbert-space ccsubspace) = {}»

(proof)

lemma some-onb-of-finite-dim:
fixes S :: ('a::chilbert-space ccsubspace)
assumes <(finite-dim-ccsubspace S»
shows «finite (some-onb-of S)»

(proof)

lemma some-onb-of-in-spaceliff]:
fixes S :: ('a::chilbert-space ccsubspaces
shows (some-onb-of S C space-as-set S»

{proof)

lemma sum-some-onb-of-butterfly:
fixes S :: ('a::chilbert-space ccsubspace)
assumes <finite-dim-ccsubspace S»
shows (> z€some-onb-of S. butterfly x ) = Proj S»

(proof)

lemma cdim-infinite-0:
assumes < cfinite-dim S
shows «cdim S = 0>

(proof)

lemma some-onb-of-card:
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fixes S :: ('a::chilbert-space ccsubspace)
shows <card (some-onb-of S) = cdim (space-as-set S)»

(proof)

unbundle no lattice-syntax and no cblinfun-syntaz

end

9 FEigenvalues — Material related to eigenvalues and eigenspaces

theory Figenvalues
imports
Weak- Operator-Topology
Misc-Tensor-Product-TTS
begin

unbundle cblinfun-syntax

definition normal-op :: «('a::chilbert-space =¢c 'a) = bool> where
<normal-op A <— A ocp Ax = Ax ocp A>

definition eigenvalues :: <('a::complez-normed-vector =¢p, 'a) = complex set> where
ceigenvalues a = {z. eigenspace x a # 0}

definition invariant-subspace :: <'a::complez-inner ccsubspace = ('a =¢ 'a) = bool> where
<invariant-subspace S A «+— A xg S < S»

lemma invariant-subspacel: <A xg S < § = invariant-subspace S A»

(proof )

definition reducing-subspace :: <’a::complex-inner ccsubspace = ('a =¢cr 'a) = booly where
<reducing-subspace S A <— invariant-subspace S A A invariant-subspace (—S) A»

lemma reducing-subspacel: <A xg S < § = A xg (—95) < —S = reducing-subspace S A»

(proof )

lemma reducing-subspace-ortho[simp): <reducing-subspace (—S) A <— reducing-subspace S A»
for S :: <'a::chilbert-space ccsubspace)

{proof)

lemma invariant-subspace-bot[simp|: <invariant-subspace L A»

{proof)

lemma invariant-subspace-top[simp): <invariant-subspace T A»

(proof)

lemma reducing-subspace-bot[simp]: <reducing-subspace L A»

{proof)
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lemma reducing-subspace-top[simp|: <reducing-subspace T A»

(proof )

lemma kernel-uminus[simp|: kernel (—A) = kernel A
for a :: complex and A :: (-,-) cblinfun

{proof)

lemma kernel-scaleC': kernel (a xc A) = (if a = 0 then T else kernel A)
for a :: compler and A :: (-,-) cblinfun

{proof) |

lemma eigenvalues-0[simpl: <eigenvalues (0 :: 'a::{not-singleton,complez-normed-vector} =cp,
‘a) = {0p
{proof)

lemma nonzero-ccsubspace-contains-unit-vector:
assumes S #
shows (3. ¥ € space-as-set S N\ norm ¥ = 1>

(proof)

lemma unit-eigenvector-ex:
assumes <z € eigenvalues a)
shows <3h. norm h =1 AN a h =z x¢c b

(proof)

lemma eigenvalue-norm-bound:
assumes (e € eigenvalues ay
shows <norm e < norm a»

(proof)

lemma eigenvalue-selfadj-real:
assumes (e € eigenvalues a»
assumes <selfadjoint a»
shows (e € R»

(proof)

lemma is-Sup-imp-ezx-tendsto:
fixes X :: ‘a::{linorder-topology,first-countable-topology} set
assumes sup: <is-Sup X I
assumes (X # {}
shows (3f. range f C X N f —— D

(proof)

lemma eigenvaluesI:
assumes (A xy h = e xg
assumes <h # 0>
shows (e € eigenvalues A»
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(proof)

lemma tendsto-diff-const-left-rewrite:
fixes ¢ d :: <'a::{topological-group-add, ab-group-add}>
assumes (((Az. fz) —— ¢ — d) F»
shows «((A\z. ¢ — fz) —— d) F»

{proof)

lemma not-not-singleton-no-eigenvalues:
fixes a :: ¢'a::complex-normed-vector =c 'a>
assumes (— class.not-singleton TYPE('a)»
shows <eigenvalues a = {}»

(proof )

lemma cblinfun-cinner-eq0I:
fixes a :: (‘a::chilbert-space =cp 'a»
assumes (A\h. h ¢ a h = 0>
shows «a = 0»

(proof)

lemma normal-op-iff-adj-same-norms:
— [2], Proposition 11.2.16
fixes a :: (‘a::chilbert-space =cy, 'a>
shows <normal-op a «— (Y h. norm (a h) = norm ((ax) h))»

(proof)

lemma normal-op-same-eigenspace-as-ady:
— Shown inside the proof of [2, Proposition 11.5.6]
assumes <(normal-op a
shows <eigenspace | a = eigenspace (cnj 1) (ax )»
(proof)

lemma normal-op-adj-eigenvalues:
assumes (normal-op a)
shows <eigenvalues (ax) = cnj ‘ eigenvalues a)

{proof)

lemma invariant-subspace-iff- PAP:

— [2], Proposition I1.3.7 (b)

<invariant-subspace S A <— Proj S ocr A ocr Proj S = A ocp Proj S»
(proof)
lemma reducing-iff-PA:

— [2], Proposition I1.3.7 (e)

<reducing-subspace S A <— Proj S oo A = A ocr Proj S

(proof)

lemma reducing-iff-also-adj-invariant:
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— [2], Proposition I1.3.7 (g)
shows (reducing-subspace S A +— invariant-subspace S A A invariant-subspace S (Ax)»

(proof)

lemma eigenspace-is-reducing:
— [2], Proposition I1.5.6
assumes <(normal-op a>
shows <reducing-subspace (eigenspace | a) a

(proof)

lemma invariant-subspace-Inf:
assumes (\S. S € M = invariant-subspace S a
shows <invariant-subspace ([ 1 M) a

(proof)

lemma invariant-subspace-INF':
assumes (\z. z € X = invariant-subspace (S ) a»
shows «invariant-subspace ([1z€X. S z) @

(proof)

lemma invariant-subspace-Sup:
assumes (\S. S € M = invariant-subspace S a>
shows <invariant-subspace (| | M) a

(proof)

lemma invariant-subspace-SUP:
assumes (A\z. z € X = invariant-subspace (S ) a»
shows <invariant-subspace (| |z€X. S z) )

(proof )

lemma reducing-subspace-Inf:
fixes a :: (‘a::chilbert-space =cp '@
assumes (\S. S € M = reducing-subspace S a>
shows (reducing-subspace ([1M) a»

(proof)

lemma reducing-subspace-INF':
fixes a :: (‘a::chilbert-space =cp '@
assumes (A\z. © € X = reducing-subspace (S ) a
shows <reducing-subspace ([1z€X. S z) a

(proof)

lemma reducing-subspace-Sup:
fixes a :: (‘a::chilbert-space =cy, 'a>
assumes (\S. S € M = reducing-subspace S a
shows (reducing-subspace (| | M) a>

{proof)

lemma reducing-subspace-SUP:
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fixes a :: (‘a::chilbert-space =cy, 'a>
assumes (A\z. z € X = reducing-subspace (S z) a
shows <reducing-subspace (| |Jz€X. S z) a

{proof)

lemma selfadjoint-imp-normal: <normal-op ay if <selfadjoint a>

{proof)

lemma eigenspaces-orthogonal:
— [2], Proposition IL.5.7
assumes (¢ # f»
assumes (normal-op a>
shows <orthogonal-spaces (eigenspace e a) (eigenspace f a)»

(proof)

definition largest-eigenvalue :: <('a::complex-normed-vector =¢y, 'a) = complex> where
<largest-eigenvalue a =
(if z. z € eigenvalues a N (Vy € eigenvalues a. cmod x > c¢cmod y) then
SOME z. x € eigenvalues a A (Vy € eigenvalues a. cmod © > cmod y) else 0)»

lemma largest-eigenvalue-0-aux:
<largest-eigenvalue (0 :: 'a::{not-singleton,complex-normed-vector} =cr 'a) = 0»

(proof)

lemma largest-eigenvalue-0[simp):
<largest-eigenvalue (0 :: 'a::complez-normed-vector =¢p, 'a) = 0>

(proof)

hide-fact largest-eigenvalue-0-aux

lemma eigenvalues-nonneg:
assumes (a > 0» and v € eigenvalues a>
shows <v > 0>

(proof)
unbundle no cblinfun-syntax

end

10 Compact-Operators — Finite rank and compact operators

theory Compact-Operators
imports Misc-Tensor-Product-BO HS2ElI2
Sqrt-Babylonian.Sqrt- Babylonian- Auxiliary Wlog. Wiog
HOL— Analysis. Abstract-Metric-Spaces
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Strong-Operator-Topology
Misc-Tensor-Product-TTS
FEigenvalues

begin

unbundle cblinfun-syntax

10.1 Finite rank operators

definition finite-rank where «(finite-rank A «<— A € cspan (Collect rank1))

lemma finite-rank-0[simp)|: «finite-rank 0>

{proof)

lemma finite-rank-scaleC[simp): «finite-rank (¢ *¢ a)» if <finite-rank a»

(proof)

lemma finite-rank-scaleR[simp|: <finite-rank (¢ *p a)» if <finite-rank a>

{proof)

lemma finite-rank-uminus[simp): «finite-rank (—a) = finite-rank a)

{proof)

lemma finite-rank-plus[simp|: «finite-rank (a + b)» if «finite-rank a> and «finite-rank b

{proof)

lemma finite-rank-minus[simpl: <finite-rank (a — b)> if <finite-rank a> and «finite-rank b»

{proof)

lemma finite-rank-butterfly[simp: «finite-rank (butterfly = y)»
(proof )

lemma finite-rank-sum-butterfly:
fixes a :: (‘a::chilbert-space =cp 'b::chilbert-spaces
assumes «finite-rank a)
shows 3z y (n:nat). a = (O i<n. butterfly (z i) (y )

(proof)

lemma finite-rank-sum: <finite-rank (3 z€F. fz) if «(A\z. t€F = finite-rank (f z)»
{proof)

lemma ranki-finite-rank: <finite-rank a> if <rankl a»

(proof )

lemma finite-rank-compose-left:
assumes <finite-rank B>
shows «finite-rank (A ocp B)»
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(proof)

lemma finite-rank-compose-right:
assumes <finite-rank A»
shows «finite-rank (A ocy, B)»
(proof)

lemma ranki-Proj-singleton[iff]: <rankl (Proj (ccspan {z}))
(proof)

lemma finite-rank-Proj-singleton[iff]: <finite-rank (Proj (ccspan {z}))
{proof)

lemma finite-rank- Proj-finite-dim:
fixes S :: (‘a::chilbert-space ccsubspaces
assumes <finite-dim-ccsubspace S»
shows «finite-rank (Proj S)»

(proof )

lemma finite-rank-Proj-finite:
fixes I' :: <'a::chilbert-space set>
assumes <finite F»
shows «finite-rank (Proj (ccspan F))»

(proof)

lemma finite-rank-cfinite-dim[simp): «finite-rank (a :: 'a :: {cfinite-dim,chilbert-space} =cr 'b
:: complex-normed-vector))

(proof)

lemma finite-rank-cspan-butterflies:
finite-rank a <— a € cspan (range (case-prod butterfly))»
for a :: <'a::chilbert-space =1 'b::chilbert-spaces

(proof)

lemma finite-rank-comp-left: <finite-rank (a ocr, b)> if «finite-rank a»
for a b :: <-::chilbert-space = ¢ -::chilbert-space>
(proof)

lemma finite-rank-comp-right: <finite-rank (a ocy, b)» if «finite-rank b
for a b :: <-::chilbert-space = ¢ -::chilbert-space)

(proof)

10.2 Compact operators

definition compact-map where <compact-map f +— clinear f N\ compact (closure (f © cball 0

nH)»
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lemma <bounded-clinear f» if <compact-map f>
— [2], Proposition 11.4.2 (a)
thm bounded-clinear-def

(proof)

lift-definition compact-op :: «(’a::complez-normed-vector =cr 'b::complex-normed-vector) =
booly is compact-map{proof)

lemma compact-op-def2: <compact-op a «— compact (closure (a ¢ cball 0 1))

{proof)

lemma compact-op-0[simpl: <compact-op 0>

(proof)

lemma compact-op-scaleC[simpl: <compact-op (¢ *¢ a)» if <compact-op a
(proof)

lemma compact-op-scaleR[simp|: <compact-op (¢ xg a)» if <compact-op a)

{proof)

lemma compact-op-uminus|[simp|: <compact-op (—a) = compact-op a»

{proof)

lemma compact-op-plus[simp]: <compact-op (a + b)» if <compact-op a> and <compact-op b

(proof)

lemma csubspace-compact-op: <csubspace (Collect compact-op)»
— [2], Proposition 11.4.2 (b)
(proof )

lemma compact-op-minus[simpl: <compact-op (a — b)» if <compact-op a> and <compact-op by

{proof)

lemma compact-op-sgn[simp]: <compact-op (sgn a) = compact-op a

(proof)

lemma closed-compact-op:

shows «closed (Collect (compact-op :: (‘a::complex-normed-vector =, 'b::chilbert-space) =
bool))»

— [2], Proposition 11.4.2 (b)
(proof)

lemma ranki-compact-op: <compact-op a» if <rankl a>

(proof)

lemma finite-rank-compact-op: <compact-op as if <finite-rank a>
(proof)
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lemma bounded-products-sot-lim-imp-lim:
— Implicit in the proof of [2], Proposition 11.4.4 (c)
fixes A :: ('a::complex-normed-vector = ¢, 'b::chilbert-space’
assumes lim-PA: <limitin cstrong-operator-topology (Az. P x oo, A) A F»
and <compact-op A»
and P-leg-B: <\z. norm (P z) < B»
shows ¢((A\z. Pz oc, A) —— A) F»
(proof )

lemma compact-op-finite-rank:
fixes A :: ('a::complez-normed-vector = ¢, 'b::chilbert-space’
shows <compact-op A +— A € closure (Collect finite-rank)»
— [2], Proposition I1.4.4 (c)

(proof)

typedef (overloaded) (’a::chilbert-space,’b::complex-normed-vector) compact-op =
«Collect compact-op :: ('a =¢p 'b) sety
morphisms from-compact-op Abs-compact-op
(proof )
setup-lifting type-definition-compact-op

instantiation compact-op :: (chilbert-space, complez-normed-vector) complex-normed-vector be-
gin
lift-definition scaleC-compact-op :: <complex = (‘a, 'b) compact-op = ('a, 'b) compact-op> is
scaleC' (proof)
lift-definition uminus-compact-op :: <('a, 'b) compact-op = ('a, 'b) compact-op> is uminus
(proof)
lift-definition zero-compact-op :: <('a, 'b) compact-op> is 0 (proof)
lift-definition minus-compact-op :: «(a, 'b) compact-op = ('a, 'b) compact-op = ('a, 'b) com-
pact-opy is minus (proof)
lift-definition plus-compact-op :: «('a, 'b) compact-op = ('a, 'b) compact-op = ('a, 'b) com-
pact-opy is plus (proof)
lift-definition sgn-compact-op :: <(’a, 'b) compact-op = ('a, 'b) compact-ops is sgn (proof)
lift-definition norm-compact-op :: «('a, 'b) compact-op = real> is norm (proof)
lift-definition scaleR-compact-op :: <real = ('a, 'b) compact-op = (‘a, 'b) compact-op> is scaleR
(proof)
lift-definition dist-compact-op :: <('a, 'b) compact-op = ('a, 'b) compact-op = real is dist
(proof)
definition [code del]:

<(uniformity :: (("a, 'b) compact-op x ('a, 'b) compact-op) filter) = (INF e€{0 <..}. principal
{(z, y). dist x y < e})
definition open-compact-op :: (‘a, 'b) compact-op set = bool

where [code del]: open-compact-op S = (Vz€S. Vg (z', y) in uniformity. 2’ = 2 — y € 9)
instance

(proof)

end
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lemma from-compact-op-plus: <from-compact-op (a + b) = from-compact-op a + from-compact-op
by
(proof )

lemma from-compact-op-scaleC': <from-compact-op (¢ *xc a) = ¢ *¢ from-compact-op a)

{proof)

lemma from-compact-op-norm[simp]: <norm (from-compact-op a) = norm a

{proof)

lemma compact-op-butterfly[simp|: «compact-op (butterfly z y)»
(proof )

lift-definition butterfly-co :: <'a::complex-normed-vector = 'b::chilbert-space = ('b,’a) com-
pact-op> is butterfly

{proof)

lemma butterfly-co-add-left: <butterfly-co (a + a’) b = butterfly-co a b + butterfly-co a’ b
(proof )

lemma butterfly-co-add-right: <butterfly-co a (b + b') = butterfly-co a b + butterfly-co a b”
(proof )

lemma butterfly-co-scaleR-left[simp]: butterfly-co (r xr V) @ = r *x¢ butterfly-co ¢ ¢
(proof)

lemma butterfly-co-scaleR-right[simp]: butterfly-co ¥ (r *g ) = r *¢ butterfly-co ¥ ¢
(proof)

lemma butterfly-co-scaleC-left[simp]: butterfly-co (r ¢ ) ¢ = r x¢ butterfly-co ¥ ¢
(proof)

lemma butterfly-co-scale C-right[simp]: butterfly-co 1 (r xc p) = cnj r x¢ butterfly-co ¥ ¢
(proof )

lemma finite-rank-separating-on-compact-op:
fixes F G :: «('a::chilbert-space,’b:: chilbert-space) compact-op = 'c::complex-normed-vector)
assumes (\z. finite-rank (from-compact-op z) — Fz = G ©»
assumes <bounded-clinear F»
assumes <bounded-clinear G»
shows (F = G»

(proof)

lemma trunc-ell2-as-Proj: <trunc-ell2 S ¥ = Proj (ccspan (ket ¢ S)) ¢»
{proof )

lemma unitary-between-bij-betw:
assumes <(is-onb Ay <is-onb B>
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shows <bij-betw ((xv) (unitary-between A B)) A B»
{proof)

lemma tendsto-finite-subsets-at-top-image:

assumes <inj-on g X»

shows «(f —— z) (finite-subsets-at-top (g ‘ X)) <— ((AS. f (g ©S)) —— =) (finite-subsets-at-top
X

(proof)

lemma Proj-onb-limit:
shows (is-onb A = ((AS. Proj (ccspan S) ¢) —— 1) (finite-subsets-at-top A)»
(proof)

lemma is-ortho-setD:
assumes is-ortho-set Sz € Sye Sx #y
shows z:cy=20

{proof)

lemma finite-rank-dense-compact:
fixes A :: 'a::chilbert-space sety and B :: <'b::chilbert-space set»
assumes <(is-onb A> and <is-onb B»
shows <closure (espan ((A(&,n). butterfly € n) (A x B))) = Collect compact-op»

(proof)

lemma compact-op-comp-left: «compact-op (a ooy, b)» if <compact-op a
for a b :: <-::chilbert-space = ¢ -::chilbert-space)
(proof)

lemma compact-op-eigenspace-finite-dim:
fixes a :: ('a =¢ 'a:chilbert-space;
assumes (compact-op a>
assumes (e # 0
shows «finite-dim-ccsubspace (eigenspace e a)»

(proof)

lemma eigenvalue-in-the-limit-compact-op:
— [2], Proposition 11.4.14
assumes <compact-op T
assumes <l # 0
assumes normh: <An. norm (hn) = 1»
assumes Tl-lim: <«(An. (T — [ x¢ id-cblinfun) (b n)) —— O»
shows (I € eigenvalues T

(proof)

lemma norm-is-eigenvalue:
— [2], Proposition I1.5.9
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fixes a :: ('a =¢ 'a::{not-singleton, chilbert-space}»
assumes (compact-op a

assumes <selfadjoint a»

shows (norm a € eigenvalues a V — norm a € eigenvalues a

(proof )

lemma
fixes a :: ('a =c1 'a::{not-singleton, chilbert-space}»
assumes <compact-op a»
assumes <selfadjoint a)
shows largest-eigenvalue-norm-auz: <largest-eigenvalue a € {norm a, — norm a}»
and largest-eigenvalue-ex: <largest-eigenvalue a € eigenvalues a»

(proof )

lemma largest-eigenvalue-norm:
fixes a :: ('a = ¢ 'a:chilbert-space;
assumes <compact-op a>
assumes <selfadjoint a»
shows <largest-eigenvalue a € {norm a, — norm a}»

(proof)

hide-fact largest-eigenvalue-norm-aux

lemma cmod-largest-eigenvalue:
fixes a :: ('a =c 'a:chilbert-space>
assumes <(compact-op a)
assumes <selfadjoint a>
shows <cmod (largest-eigenvalue a) = norm a

(proof )

lemma compact-op-comp-right: <compact-op (a ocyp b)» if <compact-op by
for a b :: <-::chilbert-space = ¢ -::chilbert-space)

(proof)

unbundle no cblinfun-syntax

end

11  Spectral-Theorem — The spectral theorem for compact op-
erators

theory Spectral-Theorem
imports Compact-Operators Positive-Operators Figenvalues
begin

unbundle cblinfun-syntazx
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11.1 Spectral decomp, compact op

fun spectral-dec-val :: «('a::chilbert-space =c 'a) = nat = complex>

— The eigenvalues in the spectral decomposition

and spectral-dec-space :: «('a =¢p 'a) = nat = 'a ccsubspace)

— The eigenspaces in the spectral decomposition

and spectral-dec-op :: «('a =cr 'a) = nat = (‘a =cr a)

— A sequence of operators mostly for the proof of spectral composition. But see also spec-
tral-dec-op-spectral-dec-proj below.

where <spectral-dec-val a n = largest-eigenvalue (spectral-dec-op a n)»

| «spectral-dec-space a n = (if spectral-dec-val a n = 0 then 0 else eigenspace (spectral-dec-val
a n) (spectral-dec-op a n))»

| <spectral-dec-op a (Suc n) = spectral-dec-op a n oo, Proj (— spectral-dec-space a n)»

| <spectral-dec-op a 0 = a

definition spectral-dec-proj :: «('a::chilbert-space = 'a) = nat = (‘a =¢ 'a)> where
— Projectors in the spectral decomposition
«spectral-dec-proj a n = Proj (spectral-dec-space a n)»

declare spectral-dec-val.simps[simp del]
declare spectral-dec-space.simps[simp del]

lemmas spectral-dec-def = spectral-dec-val.simps
lemmas spectral-dec-space-def = spectral-dec-space.simps

lemma spectral-dec-op-selfads:
assumes <selfadjoint a>
shows <selfadjoint (spectral-dec-op a n)»

(proof)

lemma spectral-dec-op-compact:
assumes (compact-op a)
shows <compact-op (spectral-dec-op a n)»

(proof )

lemma spectral-dec-val-eigenvalue-of-spectral-dec-op:
fixes a :: <‘a::{chilbert-space, not-singleton} =cr, ‘as
assumes (compact-op a
assumes <selfadjoint a
shows <spectral-dec-val a n € eigenvalues (spectral-dec-op a n)»

{proof)

lemma spectral-dec-proj-finite-rank:
assumes <compact-op a»
shows «finite-rank (spectral-dec-proj a n)»

{proof)

lemma norm-spectral-dec-op:
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assumes (compact-op a)
assumes <selfadjoint a»
shows <norm (spectral-dec-op a n) = cmod (spectral-dec-val a n)»

{proof)

lemma spectral-dec-op-decreasing-eigenspaces:
assumes (n > my and <e # 0
assumes <selfadjoint a»
shows <eigenspace e (spectral-dec-op a n) < eigenspace e (spectral-dec-op a m)»

(proof)

lemma spectral-dec-val-not-not-singleton:
fixes a :: ('a::chilbert-space =¢cr1, 'a»
assumes (— class.not-singleton TYPE('a)»
shows ¢spectral-dec-val a n = 0>

(proof)

lemma spectral-dec-val-eigenvalue-aux:
— [2], Theorem II.5.1
fixes a :: (‘a::{chilbert-space, not-singleton} =cp,
assumes <compact-op a>
assumes <selfadjoint a»
assumes eigen-neq: <spectral-dec-val a n # 0>
shows (spectral-dec-val a n € eigenvalues a)

(proof)

a»

lemma spectral-dec-val-eigenvalue:
— [2], Theorem I11.5.1
fixes a :: «(‘a::chilbert-space =c1 'a)
assumes <compact-op a»
assumes <selfadjoint a>
assumes eigen-neqQ: <spectral-dec-val a n # 0>
shows (spectral-dec-val a n € eigenvalues a»

(proof)

hide-fact spectral-dec-val-eigenvalue-auz

lemma spectral-dec-val-decreasing:
assumes <compact-op a»
assumes <selfadjoint a»
assumes <n > m)
shows <cmod (spectral-dec-val a n) < cmod (spectral-dec-val a m)»

(proof)

lemma spectral-dec-val-distinct-auz:
fixes a :: «(‘a::{chilbert-space, not-singleton} =cr 'a)
assumes n £ m»
assumes (compact-op a)
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assumes <selfadjoint a»
assumes neq0: <spectral-dec-val a n # 0>
shows <spectral-dec-val a n # spectral-dec-val a m»

(proof)

lemma spectral-dec-val-distinct:
fixes a :: (‘a::chilbert-space =cy, 'a>
assumes n # m»
assumes <compact-op a)
assumes <selfadjoint a)
assumes neq0: <spectral-dec-val a n # 0>
shows <spectral-dec-val a n # spectral-dec-val a m»

(proof )

hide-fact spectral-dec-val-distinct-auz
lemma spectral-dec-val-tendsto-0:

assumes (compact-op a)
assumes <selfadjoint a»
shows «spectral-dec-val a —— 0>

(proof)

lemma spectral-dec-op-tendsto:
assumes <compact-op a)
assumes <selfadjoint a)
shows «spectral-dec-op a —— 0>

{proof)

lemma spectral-dec-op-spectral-dec-proj:
spectral-dec-op a n = a — (D i<n. spectral-dec-val a i *¢ spectral-dec-proj a )
(proof)

lemma sequential-tendsto-reorder:
assumes <inj g
assumes (f —— D
shows «(fo g) —— D

(proof)

lemma spectral-dec-sums:
assumes (compact-op a)
assumes <selfadjoint a»
shows <(An. spectral-dec-val a n xc spectral-dec-proj a n) sums a

(proof)
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lemma spectral-dec-val-real:
assumes (compact-op a)
assumes <selfadjoint a»
shows <spectral-dec-val a n € R»

{proof)

lemma spectral-dec-space-orthogonal:
assumes (compact-op a)
assumes <selfadjoint a>
assumes n # m»
shows <orthogonal-spaces (spectral-dec-space a n) (spectral-dec-space a m)»

(proof)

lemma spectral-dec-proj-pos: <spectral-dec-proj a n > 0>

{proof)

lemma
assumes <compact-op a)
assumes <selfadjoint a)
shows spectral-dec-tendsto-pos-op: <(An. maz 0 (spectral-dec-val a n) ¢ spectral-dec-proj a n)
sums pos-op ar (is Pthesisl)
and spectral-dec-tendsto-neg-op: <(An. — min (spectral-dec-val a n) 0 x¢ spectral-dec-proj a
n) sums mneg-op a> (is ?thesis2)

(proof)

lemma spectral-dec-tendsto-abs-op:

assumes (compact-op a)

assumes <selfadjoint a»

shows <(An. emod (spectral-dec-val a n) xgr spectral-dec-proj a n) sums abs-op a
(proof)

definition spectral-dec-vecs :: «('a =cr, 'a) = 'a::chilbert-space sety where
«spectral-dec-vecs a = (| n. scaleC (csqrt (spectral-dec-val a n)) ¢ some-onb-of (spectral-dec-space
an))

lemma spectral-dec-vecs-ortho:
assumes <(selfadjoint a> and <compact-op a>
shows <is-ortho-set (spectral-dec-vecs a)»

(proof)

lemma spectral-dec-val-nonneg:
assumes <a > 0»
assumes <compact-op a)
shows <spectral-dec-val a n > 0»

(proof)

lemma spectral-dec-space-finite-dim[introl:
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assumes <compact-op a»
shows «finite-dim-ccsubspace (spectral-dec-space a n)»

(proof )

lemma spectral-dec-space-0:
assumes <spectral-dec-val a n = 0>
shows <spectral-dec-space a n = 0>

{proof)

unbundle no cblinfun-syntax

end

12  Trace-Class — Trace-class operators

theory Trace-Class
imports Complez-Bounded-Operators. Complex-L2 HS2FEII2
Weak- Operator-Topology Positive-Operators Compact-Operators
Spectral-Theorem
begin

hide-fact (open) Infinite-Set-Sum.abs-summable-on-Sigma-iff
hide-fact (open) Infinite-Set-Sum.abs-summable-on-comparison-test
hide-const (open) Determinants.trace

hide-fact (open) Determinants.trace-def

unbundle cblinfun-syntax

12.1 Auxiliary lemmas

lemma
fixes h :: ‘a::{chilbert-space}»
assumes <(is-onb E»
shows parseval-abs-summable: «(Ae. (cmod (e -¢ h))?) abs-summable-on E>

(proof )

lemma basis-image-square-has-suml:
— Half of [1, Proposition 18.1], other half in basis-image-square-has-sum1.
fixes E :: 'a::complex-inner set> and F :: <'b::chilbert-space set)
assumes <is-onb E» and <is-onb F»
shows «((\e. (norm (A v €))?) has-sum t) E +— ((A(e,f). (cmod (f -c (A *v €)))?) has-sum
t) (ExF)»
(proof)
lemma basis-image-square-has-sum2:
— Half of [1, Proposition 18.1], other half in basis-image-square-has-sum1.

fixes E :: <'a::chilbert-space sety and F :: ('b::chilbert-space set»
assumes <is-onb E> and <is-onb F)»

87



<sh0}x>/s «((Ne. (norm (A xy €))?) has-sum t) E <— ((Af. (norm (Ax *y f))?) has-sum t) F»
Proo

12.2 Trace-norm and trace-class

lemma trace-norm-basis-invariance:
assumes <is-onb E)> and <is-onb F)
shows «((Ae. cmod (e -¢ (abs-op A xy e))) has-sum t) E «— ((Af. cmod (f -¢ (abs-op A xv
1)) has-sum t) F»
— [1], Corollary 18.2

(proof)

definition trace-class :: «('a::chilbert-space =¢ 1, 'b::complex-inner) = bool
where <trace-class A «— (I E. is-onb E N (Xe. e «¢ (abs-op A xv e€)) abs-summable-on E)»

lemma trace-classl:
assumes (is-onb E» and «(Xe. e ¢ (abs-op A xy €)) abs-summable-on E»
shows (trace-class A»

{proof)

lemma trace-class-iff-summable:
assumes <is-onb E>»
shows <trace-class A «— (Ae. e -¢ (abs-op A xy e)) abs-summable-on E»

{proof)

lemma trace-class-0[simpl: <trace-class 0»

(proof )

lemma trace-class-uminus: <trace-class t = trace-class (—t)»
{proof)

lemma trace-class-uminus-iff [simp]: <trace-class (—a) = trace-class a»

{proof)

definition trace-norm where <trace-norm A = (if trace-class A then (>~ o e€some-chilbert-basis.
cmod (e -¢c (abs-op A xy e))) else 0)»

definition trace where <trace A = (if trace-class A then (> o e€some-chilbert-basis. e - (A
xy e)) else 0)»

lemma trace-0[simpl: <trace 0 = 0>

(proof )

lemma trace-class-abs-op[simp): <trace-class (abs-op A) = trace-class A»

{proof)

lemma trace-abs-op[simp|: <trace (abs-op A) = trace-norm A»
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(proof)

lemma trace-norm-pos: <trace-norm A = trace Ay if <A > 0>

{proof)

lemma trace-norm-alt-def:

assumes <(is-onb B>

shows <trace-norm A = (if trace-class A then () «ce€B. cmod (e -¢ (abs-op A xy ¢€))) else
0)»

(proof)

lemma trace-class-finite-dim|[simp]: <trace-class As for A :: <'a::{cfinite-dim,chilbert-space} = ¢,
'b::complex-inners

{proof)

lemma trace-class-scaleC': <trace-class (¢ xc a) if <trace-class a»
(proof)

lemma trace-scaleC: <trace (¢ xc a) = ¢ * trace a

(proof )

lemma trace-uminus: <trace (— a) = — trace a

(proof)

lemma trace-norm-0[simp|: <trace-norm 0 = 0»

{proof)

lemma trace-norm-nneg|simp|: <trace-norm a > 0»

(proof )

lemma trace-norm-scaleC: <trace-norm (¢ *¢ a) = norm c * trace-norm a)
(proof)

lemma trace-norm-nondegenerate: <a = 0» if <trace-class a» and <trace-norm a = 0>

(proof)

typedef (overloaded) (a:chilbert-space, 'b::chilbert-space) trace-class = < Collect trace-class ::
('a =cr 'b) sety
morphisms from-trace-class Abs-trace-class

{proof)

setup-lifting type-definition-trace-class

lemma trace-class-from-trace-class[simpl: <trace-class (from-trace-class t)»

(proof )

lemma trace-pos: <trace a > 0y if <a > 0>

{proof)
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lemma trace-adj-prelim: <trace (ax) = cnj (trace a)» if <trace-class a> and <trace-class (ax)»
— We will later strengthen this as trace-adj and then hide this fact.

{proof)

12.3 Hilbert-Schmidt operators

definition hilbert-schmidt where <hilbert-schmidt a <— trace-class (ax ocyp, a))

definition hilbert-schmidt-norm where <hilbert-schmidt-norm a = sqrt (trace-norm (ax ocp,

a))

lemma hilbert-schmidtl: <hilbert-schmidt a> if <trace-class (ax ocy a)

{proof)

lemma hilbert-schmidt-0[simp): <hilbert-schmidt 0>

(proof)

lemma hilbert-schmidt-norm-pos[simp): <hilbert-schmidt-norm a > 0

{proof)

lemma has-sum-hilbert-schmidt-norm-square:
— [1], Proposition 18.6 (a)
assumes <is-onb B> and <hilbert-schmidt a>
shows (((Az. (norm (a *v z))?) has-sum (hilbert-schmidt-norm a)?) B>

(proof)

lemma summable-hilbert-schmidt-norm-square:
— [1], Proposition 18.6 (a)
assumes <is-onb By and <hilbert-schmidt a»
shows «(\z. (norm (a xy ))?) summable-on B>

(proof)

lemma summable-hilbert-schmidt-norm-square-converse:
assumes <is-onb B»
assumes «(Az. (norm (a *y z))?) summable-on B>
shows <hilbert-schmidt a»

(proof)

lemma infsum-hilbert-schmidt-norm-square:
— [1], Proposition 18.6 (a)
assumes <(is-onb B> and <hilbert-schmidt a>
shows (3" z€B. (norm (a *v x))?) = ((hilbert-schmidt-norm a)?)»

(proof)

lemma
— [1], Proposition 18.6 (d)
assumes <hilbert-schmidt by
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shows hilbert-schmidt-comp-right: <hilbert-schmidt (a ocr, b)»
and hilbert-schmidt-norm-comp-right: <hilbert-schmidt-norm (a oo, b) < norm a * hilbert-schmidt-norm
b

(proof)

lemma hilbert-schmidt-adj[simp]:
— Implicit in [1], Proposition 18.6 (b)
assumes <hilbert-schmidt a»
shows <hilbert-schmidt (ax)»

(proof)

lemma hilbert-schmidt-norm-adj[simp):

— [1], Proposition 18.6 (b)

shows <hilbert-schmidt-norm (ax) = hilbert-schmidt-norm a»
(proof)

lemma
— [1], Proposition 18.6 (d)
fixes a :: ('a::chilbert-space =¢y, 'b::chilbert-spaces and b
assumes <hilbert-schmidt a»
shows hilbert-schmidt-comp-left: <hilbert-schmidt (a ocyr, b)»

{proof)

lemma

— [1], Proposition 18.6 (d)

fixes a :: (‘a::chilbert-space =cp 'b::chilbert-space> and b

assumes <hilbert-schmidt a»

shows hilbert-schmidt-norm-comp-left: <hilbert-schmidt-norm (a oo b) < norm b x hilbert-schmidt-norm
ay

{proof)

lemma hilbert-schmidt-scaleC: <hilbert-schmidt (¢ *¢ a)y if <hilbert-schmidt a»

{proof)

lemma hilbert-schmidt-scaleR: <hilbert-schmidt (r xg a)> if <hilbert-schmidt a»

{proof)

lemma hilbert-schmidt-uminus: <hilbert-schmidt (— a)» if <hilbert-schmidt a»

(proof )

lemma hilbert-schmidt-plus: <hilbert-schmidt (t + w)» if <hilbert-schmidt t» and <hilbert-schmidt
u

for t u :: <'a::chilbert-space = ¢ 'b::chilbert-spaces

— [1], Proposition 18.6 (e). We use a different proof than Conway: Our proof of trace-class-plus
below was easy to adapt to Hilbert-Schmidt operators, so we adapted that one. However, Con-
way’s proof would most likely work as well, and possible additionally allow us to weaken the sort
of 'b to complez-inner.

(proof)
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lemma hilbert-schmidt-minus: <hilbert-schmidt (a — b)» if <hilbert-schmidt a> and <hilbert-schmidt
b
for a b :: <a::chilbert-space =, 'b::chilbert-space»

{proof)

typedef (overloaded) (‘a::chilbert-space,’b::complex-inner) hilbert-schmidt = < Collect hilbert-schmidt
i ('a =crp 'b) sety

(proof )
setup-lifting type-definition-hilbert-schmidt

instantiation hilbert-schmidt :: (chilbert-space, chilbert-space)
{zero,scaleC',uminus,plus,minus, dist-norm,sgn-div-norm,uniformity-dist,open-uniformity } be-
gin
lift-definition zero-hilbert-schmidt :: «('a,’b) hilbert-schmidty is 0 (proof)
lift-definition norm-hilbert-schmidt :: <(’a,’b) hilbert-schmidt = realy is hilbert-schmidt-norm
(proof)
lift-definition scaleC-hilbert-schmidt :: «complex = (’a,’d) hilbert-schmidt = ('a,’d) hilbert-schmidt)
is scaleC
(proof )
lift-definition scaleR-hilbert-schmidt :: <real = ('a,’b) hilbert-schmidt = ('a,’d) hilbert-schmidty
is scaleR
{proof)
lift-definition uminus-hilbert-schmidt :: «('a,’d) hilbert-schmidt = ('a,’d) hilbert-schmidts is
UMINUS
(proof)
lift-definition minus-hilbert-schmidt :: <('a,’d) hilbert-schmidt = (’a,’d) hilbert-schmidt = ('a,’d)
hilbert-schmidt) is minus
(proof )
lift-definition plus-hilbert-schmidt :: «(’a,’d) hilbert-schmidt = ('a,’b) hilbert-schmidt = ('a,’d)
hilbert-schmidty is plus
(proof)
definition (dist a b = norm (a — b)» for a b :: <(’a,’d) hilbert-schmidt»
definition (sgn z = inverse (norm z) xg x» for z :: <(’a,’d) hilbert-schmidt>
definition <uniformity = (INF ec{0<..}. principal {(z::('a,’d) hilbert-schmidt, y). dist z y <
e
definition <open U = (Va€U. Vp (2/, y) in INF ec{0<..}. principal {(z, y). norm (z — y) <
e}. 2’ =x — y € U) for U :: «('a,’b) hilbert-schmidt set
instance

(proof)

end

lift-definition hs-compose :: «('b::chilbert-space,’c::complez-inner) hilbert-schmidt
= ('a::chilbert-space,’d) hilbert-schmidt = (a,’c) hilbert-schmidts is
cblinfun-compose

(proof )

lemma
— [1], 18.8 Proposition

92



fixes A :: <‘a :: chilbert-space = ¢ 'b :: chilbert-space)
shows trace-class-iff-sqrt-hs: <trace-class A +— hilbert-schmidt (sqrt-op (abs-op A))» (is
Zthesis1)
and trace-class-iff-hs-times-hs: <trace-class A «+— (AB (C::'a=¢ 1 a). hilbert-schmidt B N
hilbert-schmidt C N A = B oo, C) (is ?thesis2)
and trace-class-iff-abs-hs-times-hs: <trace-class A «— (3B (C::'a=¢1 a). hilbert-schmidt B
A hilbert-schmidt C' A abs-op A = B ocyr, C)» (is 7thesis3)
(proof)

lemma trace-exists:
— [1], Proposition 18.9
assumes <is-onb B) and <trace-class A»
shows ((Ae. e -¢ (4 *v e)) summable-on B>

(proof)

lemma trace-plus-prelim:
assumes <(trace-class a» <trace-class by <trace-class (a+b)»
— We will later strengthen this as trace-plus and then hide this fact.
shows <trace (a + b) = trace a + trace b

{proof)

lemma hs-times-hs-trace-class:
fixes B :: 'b::chilbert-space = ¢, 'c::chilbert-space> and C :: 'a::chilbert-space = ¢, 'b::chilbert-spaces
assumes <hilbert-schmidt B> and <hilbert-schmidt C»
shows <trace-class (B ocr C)»
— Not an immediate consequence of trace-class-iff-hs-times-hs because here the types of B, C
are more general.

(proof)

instantiation hilbert-schmidt :: (chilbert-space, chilbert-space) complez-vector begin
instance

{proof)
end

instantiation hilbert-schmidt :: (chilbert-space, chilbert-space) complez-inner begin
lift-definition cinner-hilbert-schmidt :: <('a,’d) hilbert-schmidt = ('a,’d) hilbert-schmidt = com-
plexy is

(Ab c. trace (bx ooy ¢)» (proof)
instance

(proof)
end

lemma hilbert-schmidt-norm-triangle-ineq:

— [1], Proposition 18.6 (e). We do not use their proof but get it as a simple corollary of the
instantiation of hilbert-schmidt as a inner product space. The proof by Conway would probably
allow us to weaken the sort of b to complez-inner.
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fixes a b :: 'a::chilbert-space = ¢ 'b::chilbert-space)
assumes <hilbert-schmidt ay <hilbert-schmidt b»
shows <hilbert-schmidt-norm (a + b) < hilbert-schmidt-norm a + hilbert-schmidt-norm b

(proof)

lift-definition adj-hs :: <(‘a::chilbert-space,’b:: chilbert-space) hilbert-schmidt = ('b,’a) hilbert-schmidt»
is adj
{proof)

lemma adj-hs-plus: <adj-hs (x + y) = adj-hs = + adj-hs v
(proof )

lemma adj-hs-minus: <adj-hs (x — y) = adj-hs x — adj-hs y»
(proof )

lemma norm-adj-hs[simp]: <norm (adj-hs ) = norm x>

{proof)

lemma hilbert-schmidt-norm-geg-norm:
— [1], Proposition 18.6 (c)
assumes <hilbert-schmidt ay
shows <norm a < hilbert-schmidt-norm a»

(proof)

12.4 Trace-norm and trace-class, continued

lemma trace-class-comp-left: <trace-class (a ocp, b)» if <trace-class ay for a :: <'a:chilbert-space
=1 'bi:chilbert-spaces

— [1], Theorem 18.11 (a)
(proof)

lemma trace-class-comp-right: <trace-class (a oo, b)» if <trace-class by for a :: <'a::chilbert-space
=1, 'bi:chilbert-space>

— [1], Theorem 18.11 (a)
(proof)

lemma
fixes B :: (‘a::chilbert-space set> and A :: <'a =cr 'a> and b :: ('bi:chilbert-space =cr,
‘c::chilbert-spacey and ¢ :: <'c =c1 'by
shows trace-alt-def:
— [1], Proposition 18.9
<is-onb B = trace A = (if trace-class A then (D cce€B. e ¢ (4 *v ¢€)) else 0)
and trace-hs-times-hs: <hilbert-schmidt ¢ = hilbert-schmidt b = trace (¢ oo b) =
((of-real (hilbert-schmidt-norm ((cx) + b)))? — (of-real (hilbert-schmidt-norm ((cx) —

i % (of-real (hilbert-schmidt-norm (((cx) + i *¢ b))))? +

i x (of-real (hilbert-schmidt-norm (((cx) — i xc b))))?) / 4>
(proof)
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lemma trace-ket-sum:
fixes A :: ('a ell2 =¢1, 'a ell2»
assumes (trace-class A»
shows <trace A = (3 €. ket e ¢ (A xy ket €))»

{proof)

lemma trace-one-dim[simp|: <trace A = one-dim-iso Ay for A :: <'a::one-dim =cp '@

(proof)

lemma trace-has-sum:
assumes <is-onb E)
assumes <trace-class t»
shows ¢((Ae. e -¢ (¢ xy e)) has-sum trace t) E»

{proof)

lemma trace-sandwich-isometry[simp): <trace (sandwich U A) = trace A if <isometry U»

(proof)

lemma circularity-of-trace:
— [1], Theorem 18.11 (e)
fixes a :: (‘a::chilbert-space =c, 'b::chilbert-space» and b :: <'b =cp 'a»
— The proof from [1] only work for square operators, we generalize it
assumes <(trace-class a
— Actually, trace-class (a ocr b) A trace-class (b ocr, a) is sufficient here, see [3] but the
proof is more involved. Only trace-class (a ocr b) is not sufficient, see [4].
shows «trace (a ocy, b) = trace (b ocr a)»

(proof)

lemma trace-butterfly-comp: <trace (butterfly z y ocr a) = y +¢ (a *y z)»
(proof )

lemma trace-butterfly: <trace (butterfly x y) = y -c

(proof)

lemma trace-butterfly-comp” <trace (a oo butterfly x y) = y ¢ (a *y z)»

{proof)

lemma trace-norm-adj[simp]: <trace-norm (ax) = trace-norm a»
— [1], Theorem 18.11 (f)

(proof)

lemma trace-class-adj[simp]: <trace-class (ax)> if <trace-class a»

(proof)

lift-definition adj-tc :: <(‘a::chilbert-space, 'b::chilbert-space) trace-class = ('b,’a) trace-class
is adj
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(proof )
lift-definition selfadjoint-tc :: <(‘a::chilbert-space, 'a) trace-class = bool> is selfadjoint(proof)

lemma selfadjoint-tc-def”: <selfadjoint-tc a +— adj-tc a = a

{proof)

lemma trace-class-finite-dim’[simp]: <trace-class A» for A :: 'a::chilbert-space = ¢, 'b::{ cfinite-dim,chilbert-space}»

{proof)

lemma trace-class-plus[simp):

fixes t u :: <'a::chilbert-space = ¢ 'b::chilbert-space»

assumes <trace-class t» and «<trace-class w»

shows <trace-class (t + u)»

— [1], Theorem 18.11 (a). However, we use a completely different proof that does not need the
fact that trace class operators can be diagonalized with countably many diagonal elements.

(proof)

lemma trace-class-minus[simp): <trace-class t = trace-class v = trace-class (t — u)>
for t u :: ('a::chilbert-space =y, 'b::chilbert-space»

{proof)

lemma trace-plus:
assumes <trace-class a» <trace-class b
shows <trace (a + b) = trace a + trace b

{proof)

hide-fact trace-plus-prelim

lemma trace-class-sum:
fixes a :: (‘a = 'b::chilbert-space =c 1, 'c::chilbert-space)
assumes (\i. i€l = trace-class (a i)
shows <trace-class (> i€l. a i)

{proof)

lemma
assumes (\i. i€l = trace-class (a i)»
shows trace-sum: <trace (3" i€l. a i) = (> i€l. trace (a 7))

{proof)

lemma cmod-trace-times: <cmod (trace (a ocr, b)) < norm a * trace-norm by if <trace-class b
for b :: <'a::chilbert-space = ¢, 'b::chilbert-space>
— [1], Theorem 18.11 (e)

(proof )

lemma trace-leg-trace-norm][simp|: <cmod (trace a) < trace-norm a

(proof)

lemma trace-norm-triangle:
fixes a b :: 'a::chilbert-space = ¢ 'b::chilbert-space)
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assumes [simp|: <trace-class a) <trace-class b
shows <trace-norm (a + b) < trace-norm a + trace-norm by
— [1], Theorem 18.11 (a)

(proof)

instantiation trace-class :: (chilbert-space, chilbert-space) {complex-vector} begin

lift-definition zero-trace-class :: <('a,’d) trace-class» is 0 {proof)

lift-definition minus-trace-class :: <('a,’b) trace-class = ('a,’d) trace-class = ('a,’d) trace-class»
is minus {proof)

lift-definition uminus-trace-class :: «(’a,’d) trace-class = ('a,’d) trace-class» is uminus {proof)
lift-definition plus-trace-class :: «(‘a,’d) trace-class = ('a,’d) trace-class = ('a,’d) trace-class
is plus {proof)

lift-definition scaleC-trace-class :: <complex = ('a,’d) trace-class = ('a,’d) trace-class is scaleC

{proof)

lift-definition scaleR-trace-class :: <real = ('a,’d) trace-class = ('a,’d) trace-class) is scaleR

{proof)

instance

(proof)

end

lemma from-trace-class-0[simp): <from-trace-class 0 = 0»

{proof)

instantiation trace-class :: (chilbert-space, chilbert-space) {complex-normed-vector} begin

lift-definition norm-trace-class :: <(’a,’d) trace-class = reals is trace-norm (proof)
definition sgn-trace-class :: <('a,’d) trace-class = ('a,’b) trace-class) where <sgn-trace-class a
= a /g norm a

definition dist-trace-class :: <('a,’b) trace-class = - = -» where <(dist-trace-class a b = norm
(a — b

definition [code del]: uniformity-trace-class = (INF ec{0<..}. principal {(x::('a,’d) trace-class,
y). dist z y < e})

definition [code del]: open-trace-class U = (VzeU. Vg (', y) in INF ee{0<..}. principal {(z,
y). distzy <e}.z'=x— ye U)for U : (‘a,’d) trace-class set

instance

(proof)

end

lemma trace-norm-comp-right:
fixes a :: ('b::chilbert-space = ¢, 'c::chilbert-space> and b :: <’a::chilbert-space =1, b
assumes <(trace-class b
shows <trace-norm (a ocr, b) < norm a * trace-norm b
— [1], Theorem 18.11 (g)
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(proof)

lemma trace-norm-comp-left:
— [1], Theorem 18.11 (g)
fixes a :: <'b::chilbert-space = ¢, 'c::chilbert-spacey and b :: <’a::chilbert-space =cp 'b»
assumes [simp]: <trace-class a
shows <trace-norm (a ocp b) < trace-norm a * norm b

(proof)

lemma bounded-clinear-trace-duality: <trace-class t = bounded-clinear (\a. trace (t ocr a))

{proof)

lemma trace-class-butterfly[simp]: <trace-class (butterfly x y)» for z :: <’a::chilbert-spacer and y
:: <'b::chilbert-space>

{proof)

lemma trace-adj: <trace (ax) = cnj (trace a)»

{proof)

hide-fact trace-adj-prelim

lemma cmod-trace-times” <cmod (trace (a ooy b)) < norm b * trace-norm a> if <trace-class a»
— [1], Theorem 18.11 (e)

{proof)

lift-definition iso-trace-class-compact-op-dual’ :: <('a::chilbert-space,’d:: chilbert-space) trace-class
= ('b,’a) compact-op =c compler) is

<At c. trace (from-compact-op c ocy, t)»
(proof)

include lifting-syntax

{proof)

lemma iso-trace-class-compact-op-dual’-apply: <iso-trace-class-compact-op-dual’ t ¢ = trace (from-compact-op
¢ oo from-trace-class t)>

(proof)

lemma iso-trace-class-compact-op-dual’-plus: <iso-trace-class-compact-op-dual’ (a + b) = iso-trace-class-compact-op-
a + iso-trace-class-compact-op-dual’ b

{proof)

lemma iso-trace-class-compact-op-dual’-scaleC: <iso-trace-class-compact-op-dual’ (¢ ¢ a) = ¢
x¢ 1so-trace-class-compact-op-dual’ a>

{proof)

lemma iso-trace-class-compact-op-dual’-bounded-clinear|bounded-clinear, simpl:

— [1], Theorem 19.1

<bounded-clinear (iso-trace-class-compact-op-dual’ :: ('a::chilbert-space,’b:: chilbert-space) trace-class
= )
(proof)
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lemma iso-trace-class-compact-op-dual’-surjective[simp]:
<surj (iso-trace-class-compact-op-dual’ :: ('a::chilbert-space,’b:: chilbert-space) trace-class = -)»
(proof)

lemma iso-trace-class-compact-op-dual’-isometric|simp]:

— [1], Theorem 19.1

<norm (iso-trace-class-compact-op-dual’ t) = norm t» for t :: <(‘a::chilbert-space, 'b:: chilbert-space)
trace-class»
(proof)

instance trace-class :: (chilbert-space, chilbert-space) cbanach

(proof)

lemma trace-norm-geq-cinner-abs-op: < - (abs-op t xy ) < trace-norm t» if <trace-class t»
and <norm ¢ = 1>
(proof)

lemma norm-leq-trace-norm: <norm t < trace-norm t» if <trace-class t»
for t :: <a::chilbert-space =1, 'b::chilbert-space»
(proof)

lemma clinear-from-trace-class[iff]: <clinear from-trace-class

{proof)

lemma bounded-clinear-from-trace-class[bounded-clinear]:
<bounded-clinear (from-trace-class :: ('a::chilbert-space,’b:: chilbert-space) trace-class = -)»

(proof)

instantiation trace-class :: (chilbert-space, chilbert-space) order begin

lift-definition less-eg-trace-class :: «('a, 'b) trace-class = (‘a, 'b) trace-class = bool) is
less-eq{proof )

lift-definition less-trace-class :: <('a, 'b) trace-class = ('a, 'b) trace-class = bool) is

less{proof )
instance

(proof)

end

lift-definition compose-tcl :: «(’a::chilbert-space, 'b:: chilbert-space) trace-class = (’c::chilbert-space
=cyr 'a) = ('¢,'d) trace-class) is
<cblinfun-compose :: 'a =cp 'b = ¢ =cp 'a = 'c =cr 'B

{proof)
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lift-definition compose-ter :: «('a::chilbert-space = ¢ 'b::chilbert-space) = (’c::chilbert-space,
'a) trace-class = ('c,’d) trace-classy is
<cblinfun-compose :: 'a =cp 'b = 'c =¢crp 'a = 'c =cp B

{proof)

lemma norm-compose-tcl: <norm (compose-tcl a b) < norm a * norm b

{proof)

lemma norm-compose-ter: <norm (compose-ter a b) < norm a * norm b

{proof)

interpretation compose-tcl: bounded-cbilinear compose-tcl

(proof )

interpretation compose-tcr: bounded-cbilinear compose-ter
(proof)

lemma trace-norm-sandwich: <trace-norm (sandwich e t) < (norm €)”2 % trace-norm t» if
<trace-class

{proof)

lemma trace-class-sandwich: <trace-class b = trace-class (sandwich a b)»

(proof)
definition (sandwich-tc e t = compose-tcl (compose-ter e t) (ex)»

lemma sandwich-tc-transfer(transfer-rule]:
includes lifting-syntax
shows «((=) ===> cr-trace-class ===> cr-trace-class) (Ae. (xv) (sandwich e)) sandwich-tc

(proof )

lemma from-trace-class-sandwich-tc:
<from-trace-class (sandwich-tc e t) = sandwich e (from-trace-class t)»

{proof)

lemma norm-sandwich-tc: <norm (sandwich-tc e t) < (norm €)”2 * norm t»

{proof)

lemma sandwich-tc-pos: <sandwich-tc e t > 0y if <t > 0>

(proof )

lemma sandwich-tc-scaleC-right: (sandwich-tc e (¢ *¢ t) = ¢ *¢ sandwich-tc e t»

{proof)

lemma sandwich-tc-plus: <sandwich-tc e (t + u) = sandwich-tc e t + sandwich-tc e w

{proof)
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lemma sandwich-tc-minus: <sandwich-tc e (t — u) = sandwich-tc e t — sandwich-tc e w

{proof)

lemma sandwich-tc-uminus-right: <sandwich-tc e (— t) = — sandwich-tc e t»

{proof)

lemma trace-comp-pos:
fixes a b :: </a:chilbert-space =c 1, 'a
assumes <trace-class b
assumes <a > 0) and <b > 0>
shows «(trace (a ocp b) > 0>

(proof)

lemma trace-norm-one-dim: <trace-norm x = cmod (one-dim-iso x)»

{proof)

lemma trace-norm-bounded:
fixes A B :: ('a::chilbert-space =c1, 'a»
assumes (A > 0» and <trace-class B»
assumes <4 < B»
shows <trace-class A»

(proof)

lemma trace-norm-cblinfun-mono:
fixes A B :: <'a:chilbert-space =cr 'a»
assumes (A > 0» and <trace-class B»
assumes <A < B»
shows <trace-norm A < trace-norm B)

(proof)

lemma norm-cblinfun-mono-trace-class:
fixes A B :: «('a::chilbert-space, 'a) trace-class)
assumes (A > 0>
assumes <A < B
shows <norm A < norm B»

{proof)

lemma trace-norm-butterfly: <trace-norm (butterfly a b) = (norm a) x (norm b))
for a b :: <~ :: chilbert-spacey
(proof)

lemma from-trace-class-sum:
shows «from-trace-class (> zeM. fx) = (>, zeM. from-trace-class (f x))»
(proof )
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lemma has-sum-mono-neutral-traceclass:
fixes f :: 'a = ('b::chilbert-space, 'b) trace-class
assumes «((f has-sum a) A» and (g has-sum b) B
assumes (A\z. 2 € ANB = fz < gm
assumes (\z. 2 € A-B = fz < O
assumes (A\z. 2 € B—A =gz > 0»
shows a < b

(proof)

lemma has-sum-mono-traceclass:
fixes f :: ‘a = ('b::chilbert-space, 'b) trace-class
assumes (f has-sum ) A and (g has-sum y) A
assumes (A\z. 2 € A = fz < gm
shows z < y

{proof)

lemma infsum-mono-traceclass:
fixes f :: 'a = ('b::chilbert-space, 'b) trace-class
assumes f summable-on A and g summable-on A
assumes \z. 2 € A = fz < g o
shows infsum f A < infsum g A

{proof)

lemma infsum-mono-neutral-traceclass:
fixes f :: 'a = ('b::chilbert-space, 'b) trace-class
assumes [ summable-on A and g summable-on B
assumes (A\z. z € ANB = fz < g
assumes (A\z. 2 € A—-B = fz < O»
assumes (A\z. 2 € B-A = gz > 0»
shows infsum f A < infsum g B

{proof)

instance trace-class :: (chilbert-space, chilbert-space) ordered-complez-vector

(proof)

lemma Abs-trace-class-geq0I: <0 < Abs-trace-class t» if <trace-class t» and <t > 0»

{proof)

lift-definition tc-compose :: «('b::chilbert-space, 'c::chilbert-space) trace-class
= (‘a::chilbert-space, 'b) trace-class = ('a,’c) trace-class) is
cblinfun-compose

{proof)

lemma norm-tc-compose:
<norm (tc-compose a b) < norm a * norm b

(proof)
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lift-definition trace-tc :: «(’a::chilbert-space, 'a) trace-class = complex) is trace(proof)

lemma trace-te-plus: <trace-tc (a + b) = trace-tc a + trace-tc b

{proof)

lemma trace-tc-scaleC: <trace-tc (¢ *¢ a) = ¢ *¢ trace-tc a)

{proof)

lemma trace-tc-norm: <norm (trace-tc a) < norm a»

{proof)

lemma bounded-clinear-trace-tc[bounded-clinear, simp): <bounded-clinear trace-tc

(proof )

lemma norm-tc-pos: <norm A = trace-tc Ay if <A > 0>
(proof)

lemma norm-tc-pos-Re: <norm A = Re (trace-tc A)y if <A > 0»

{proof)

lemma from-trace-class-pos: <from-trace-class A > 0 +— A > 0>

{proof)

lemma infsum-tc-norm-bounded-abs-summable:
fixes A :: <'a = ('b::chilbert-space, 'b::chilbert-space) trace-class
assumes pos: <Nz. 2 € M = Az > 0
assumes bound-B: <\F. finite F = F C M = norm (>_z€F. A z) < B
shows (A abs-summable-on M)>

(proof)

lemma trace-norm-uminus[simpl: <trace-norm (—a) = trace-norm a»

{proof)

lemma trace-norm-triangle-minus:
fixes a b :: <'a:chilbert-space = ¢, 'b::chilbert-space’
assumes [simp]: (trace-class a) <trace-class by
shows <trace-norm (a — b) < trace-norm a + trace-norm by

{proof)

lemma trace-norm-abs-op[simpl: <trace-norm (abs-op t) = trace-norm t

{proof)

lemma
fixes t :: <'a =1, 'a::chilbert-space»
shows cblinfun-decomp-4pos: «
11213 1.
t =11 7t2+i*c t3*i*ct4
ANtl>0NE2>0NE3>0ANt >0 (is ?thesisl)
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and trace-class-decomp-4pos: <trace-class t =
i1 t2 t3 t4.
t=1t1 —t2 +1ix*xc t8 —ixc t4
A trace-class t1 A trace-class t2 N trace-class t3 N trace-class t/
A trace-norm t1 < trace-norm t A trace-norm t2 < trace-norm t A trace-norm t3
< trace-norm t N trace-norm t4 < trace-norm t
ANtLZ0NE2>0NE8>0ANt >0 (is «- = ?thesis2y)
{proof)

lemma trace-class-decomp-4pos’:
fixes t :: <(a::chilbert-space,’a) trace-classy
shows <3 t1 t2 t3 t4.
t=1t1 —t2 4+1i*xc t3 —1ixc t4
A norm t1 < norm t A norm t2 < norm t A norm t8 < norm t A norm t4 < norm

AL >0NE2>0A3>0At >0
(proof)

thm bounded-clinear-trace-duality
lemma bounded-clinear-trace-duality’: <trace-class t = bounded-clinear (\a. trace (a ooy, t))»
for t :: <-::chilbert-space = ¢ -:chilbert-space»

{proof)

lemma infsum-nonneg-traceclass:
fixes f :: 'a = ('b::chilbert-space, 'b) trace-class
assumes A\z. z € M = 0 < fz
shows infsum f M > 0

{proof)

lemma sandwich-tc-compose: <sandwich-tc (A ocr B) = sandwich-tc A o sandwich-tc B»

{proof)

lemma sandwich-te-0-left[simp]: «<sandwich-tc 0 = 0»

{proof)

lemma sandwich-tc-0-right[simp]: <sandwich-tc e 0 = 0>

{proof)

lemma sandwich-tc-scaleC-left: <sandwich-tc (¢ *¢ €) t = (emod ¢) 72 *¢ sandwich-tc e t»

(proof )

lemma sandwich-tc-scaleR-left: <sandwich-tc (r xg e) t = r~ 2 xg sandwich-tc e t»

{proof)

lemma bounded-cbhilinear-tc-compose: <bounded-cbilinear tc-composey

(proof )

lemmas bounded-clinear-tc-compose-left[bounded-clinear] = bounded-cbilinear.bounded-clinear-left| OF
bounded-cbilinear-tc-compose]
lemmas bounded-clinear-tc-compose-right[bounded-clinear] = bounded-cbilinear.bounded-clinear-right| OF
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bounded-cbilinear-tc-compose]

lift-definition tc-butterfly :: <'a::chilbert-space = 'b::chilbert-space = ('b,’a) trace-class
is butterfly
(proof)

lemma norm-te-butterfly: <norm (tc-butterfly ¥ @) = norm ¥ * norm ¢

(proof )

lemma comp-tc-butterfly[simp]: <tc-compose (tc-butterfly a b) (tc-butterfly ¢ d) = (b +¢ ¢) *¢
te-butterfly a d»
(proof )

lemma te-butterfly-pos[simp]: <0 < tc-butterfly 1 i
(proof )

lift-definition rankI-tc :: <(’a::chilbert-space, 'b::chilbert-space) trace-class = bools is rankl (proof)
lift-definition finite-rank-tc :: <('a::chilbert-space, 'b::chilbert-space) trace-class = bools is fi-
nite-rank{proof)

lemma finite-rank-te-0[iff]: «finite-rank-tc 0>

{proof)

lemma finite-rank-tc-plus: <finite-rank-tc (a + b)»
if «finite-rank-tc o> and «finite-rank-tc b

{proof)

lemma finite-rank-tc-scale: «finite-rank-tc (c x¢ a)y if «finite-rank-tc a»

(proof )

lemma csubspace-finite-rank-tc: <csubspace (Collect finite-rank-tc)»

{proof)

lemma rankl-trace-class: <trace-class ay if <rankl a»
for a b :: <'a::chilbert-space =c 1, 'b::chilbert-space>

{proof)

lemma finite-rank-trace-class: <trace-class a) if <finite-rank a>
for a :: <'a::chilbert-space = ¢, 'b::chilbert-space)

(proof)

lemma trace-minus:
assumes <trace-class a> <trace-class by
shows <trace (a — b) = trace a — trace b

(proof )

lemma trace-cblinfun-mono:
fixes A B :: <'a:chilbert-space =cr 'a»
assumes <trace-class A> and <trace-class B)»
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assumes (A < B»
shows <trace A < trace B»

(proof)

lemma trace-tc-mono:
assumes (A < B»
shows <trace-tc A < trace-tc B>

(proof )

lemma trace-te-0[simp]: <trace-tc 0 = 0

{proof)

lemma cspan-te-transfer|[transfer-rule]:
includes lifting-syntax
shows ((rel-set cr-trace-class ===> rel-set cr-trace-class) cspan cspan

(proof)

lemma finite-rank-tc-def”: «finite-rank-tc A +— A € cspan (Collect rankI-tc)»

(proof)

lemma tc-butterfly-add-left: <tc-butterfly (a + a’) b = tc-butterfly a b + te-butterfly a’ by
(proof )

lemma tc-butterfly-add-right: <tc-butterfly a (b + b’) = te-butterfly a b + te-butterfly a b’
(proof )

lemma tc-butterfly-sum-left: <tc-butterfly (> i€M. ¢ i) ¢ = (D i€eM. te-butterfly (¢ i) p)»
(proof )

lemma tc-butterfly-sum-right: <tc-butterfly v (> i€M. p i) = (> ieM. te-butterfly ¥ (¢ 7))
(proof)

lemma tc-butterfly-scaleC-left[simp]: te-butterfly (¢ xc ¥) ¢ = ¢ x¢ te-butterfly ¥ ¢
(proof )

lemma tc-butterfly-scale C-right[simp): te-butterfly 1 (¢ xc p) = cnj ¢ x¢ te-butterfly ¥ ¢
(proof)

lemma bounded-sesquilinear-tc-butterfly[iff]: «bounded-sesquilinear (Aa b. tc-butterfly b a)>

(proof)

lemma trace-norm-plus-orthogonal:
assumes <trace-class a» and <trace-class b
assumes <ax ocr b= 0> and <a ocp bx = 0»
shows <trace-norm (a + b) = trace-norm a + trace-norm b

(proof)
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lemma norm-te-plus-orthogonal:
assumes (tc-compose (adj-tc a) b = 0> and <tc-compose a (adj-tc b) = 0»
shows <norm (a + b) = norm a + norm b

{proof)

lemma trace-norm-sum-exchange:
fixes ¢ :: <- = (-:chilbert-space =, -:chilbert-space)»
assumes (\i. i € F = trace-class (t i)»
assumes (N\ij i € F—= jeF = i#j= (ti)xocp tj= 0
assumes (N\ij. i € F= jeF = i#j= tiocy (tj)x = 0>
shows (trace-norm (> i€F. t i) = (D i€F. trace-norm (t 7))

(proof )

lemma norm-tc-sum-exchange:
assumes (\ij. i € F = j € F = i # j = tc-compose (adj-tc (t 7)) (tj) =
assumes (\ij. i € F = j € F = i # j = tc-compose (t i) (adj-tc (tj)) =
shows <norm (>_i€F. ti) = (3. i€F. norm (t i))
(proof )

instantiation trace-class :: (one-dim, one-dim) complez-inner begin

lift-definition cinner-trace-class :: «(‘a, 'b) trace-class = ('a, 'b) trace-class = complex> is
«(-c¢)»(proof )

instance

(proof)

end

instantiation trace-class :: (one-dim, one-dim) one-dim begin
lift-definition one-trace-class :: <('a, 'b) trace-class) is 1
(proof)
lift-definition times-trace-class :: <('a, 'b) trace-class = (‘a, 'b) trace-class = ('a, 'b) trace-class
is «(x)»
(proof )
lift-definition divide-trace-class :: <('a, 'b) trace-class = ('a, 'b) trace-class = ('a, 'b) trace-class»
is <(/)
(proof)
lift-definition inverse-trace-class :: <('a, 'b) trace-class = ('a, 'b) trace-class) is ¢ Fields.inverse»

(proof )

definition canonical-basis-trace-class :: <('a, 'b) trace-class listy where <canonical-basis-trace-class
= [1]

definition canonical-basis-length-trace-class :: <('a, 'b) trace-class itself = nat» where <canon-
ical-basis-length-trace-class = 1»

instance

(proof)

end

lemma from-trace-class-one-dim-iso[simp|: «from-trace-class = one-dim-iso
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(proof)

lemma trace-tc-one-dim-iso[simpl: <trace-tc = one-dim-iso»

{proof)

lemma compose-ter-id-left[simpl: <compose-ter id-cblinfun t =

{proof)

lemma compose-tcl-id-right[simp]: <compose-tcl t id-cblinfun = t»

{proof)

lemma sandwich-tc-id-cblinfun[simpl: <sandwich-tc id-cblinfun t = t»

(proof)

lemma bounded-clinear-sandwich-tc[bounded-clinear]: «bounded-clinear (sandwich-tc e)»

{proof)

lemma trace-class-Proj: <trace-class (Proj S) «— finite-dim-ccsubspace S»

(proof)

lemma not-trace-class-traceQ: <trace a = 0> if <= trace-class a»

{proof)

lemma trace-Proj: <trace (Proj S) = cdim (space-as-set S)»
(proof)

lemma trace-tc-pos: <t > 0 = trace-tc t > 0

(proof )

lift-definition tc-apply :: «(’a::chilbert-space,’b:: chilbert-space) trace-class = 'a = by is cblin-
fun-apply(proof )

lemma bounded-cbilinear-tc-apply: <bounded-cbilinear tc-apply>

{proof)

lift-definition diagonal-operator-tc :: «('a = complex) = (‘a ell2, 'a ell2) trace-class is
Af.if fabs-summable-on UNIV then diagonal-operator f else 0>

(proof)

lemma from-trace-class-diagonal-operator-tc:
assumes <f abs-summable-on UNIV)
shows «from-trace-class (diagonal-operator-tc f) = diagonal-operator f»

(proof )

lemma tc-butterfly-scaleC-summable:
fixes [ :: <'a = complex>
assumes <f abs-summable-on A>
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shows «(\z. fx *¢ te-butterfly (ket x) (ket z)) summable-on A»
(proof)

lemma tc-butterfly-scaleC-has-sum:
fixes f :: <'a = complex>
assumes <f abs-summable-on UNIV)
shows ¢((Az. f z x¢ tc-butterfly (ket z) (ket x)) has-sum diagonal-operator-tc f) UNIV)»

(proof)

lemma diagonal-operator-te-invalid: «— f abs-summable-on UNIV = diagonal-operator-tc f =
0>

(proof)

lemma tc-butterfly-scale C-infsum:

fixes [ :: <'a = complex>

shows (3" 2. f 2 *¢ te-butterfly (ket z) (ket x)) = diagonal-operator-tc f>
(proof )

lemma from-trace-class-abs-summable: <f abs-summable-on X = (Az. from-trace-class (f z))
abs-summable-on X»

(proof)

lemma from-trace-class-summable: <f summable-on X => (Az. from-trace-class (f x)) summable-on
X

(proof )

lemma from-trace-class-infsum:
assumes <f summable-on UNIV)
shows «from-trace-class (> ooz. f 1) = (O 0. from-trace-class (f x))»

{proof)

lemma cspan-trace-class:
<espan (Collect trace-class :: ('a::chilbert-space =-¢ 1, 'b::chilbert-space) set) = Collect trace-class)

(proof)

lemma monotone-convergence-tc:
fixes [ :: <'b = ('a, 'a::chilbert-space) trace-class)
assumes bounded: <~V g x in F. trace-tc (f z) < B»
assumes pos: Vg zin F. fz > 0»
assumes increasing: <increasing-filter (filtermap f F')»
shows (L. (f —— L) F»

(proof)

lemma nonneg-bdd-above-summable-on-tc:
fixes f :: <'a = ('c::chilbert-space, 'c) trace-class
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assumes pos: {A\z. €4 = fz > O
assumes bdd: <bdd-above (trace-tc ‘ sum f ‘{F. FCA A finite F})
shows «f summable-on A»

(proof)

lemma summable-Sigma-positive-tc:
fixes f :: <'a = 'b = (’c, 'c::chilbert-space) trace-class)
assumes (\z. z€X = f z summable-on Y z
assumes (Az. Y y€Y z. fz y) summable-on X»
assumes Nz y. z € X =y Yo = fzy> 0
shows ¢(A\(z, y). fz y) summable-on (SIGMA xz:X. Y x)»

(proof )

lemma infsum-Sigma-positive-tc:

fixes f :: <'a = 'b = ('ci:chilbert-space, 'c) trace-class)

assumes (\z. z€X = f z summable-on Y x

assumes (\zy.2 € X = ye Yo = fzy> 0

shows (3 o2€X. Y oyeY z. fry) = O o(z,y)ESigma X Y. fx y)
(proof)

lemma infsum-swap-positive-tc:

fixes f :: <'a = 'b = (’c::chilbert-space, 'c) trace-class)

assumes (\z. z€X = f z summable-on Y

assumes (\y. y€¢ Y = (A\z. fz y) summable-on X>

assumes Nz y. 2 € X = ye Y = fzy> 0

shows (3" wz€X. > oyeY. fzy) = O yeY. Y wzeX. fz y)
(proof)

lemma separating-density-ops:
assumes <B > (>
shows <separating-set clinear {t :: (‘a::chilbert-space, 'a) trace-class. 0 < t A norm t < B}y

(proof)

lemma summable-abs-summable-tc:
fixes f :: <'a = ('b::chilbert-space,’b) trace-class
assumes <f summable-on X»
assumes (A\z. 26X = fz > O»
shows «f abs-summable-on X)»

(proof)

12.5 More Hilbert-Schmidt

lemma trace-class-hilbert-schmidt: <hilbert-schmidt as if <trace-class a»
for a :: <'a::chilbert-space = ¢, 'b::chilbert-space)

(proof )
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lemma finite-rank-hilbert-schmidt: <hilbert-schmidt a» if <finite-rank a»
for a :: <'a::chilbert-space = ¢, 'b::chilbert-spaces

{proof)

lemma hilbert-schmidt-compact: <compact-op a> if <hilbert-schmidt a»

for a :: <'a::chilbert-space = 'b::chilbert-spaces

— [1], Corollary 18.7. (Ouly the second part. The first part is stated inside this proof though.)
(proof)

lemma trace-class-compact: <compact-op a» if <trace-class a»
for a :: <'a::chilbert-space = ¢, 'b::chilbert-space)

(proof )

12.6 Spectral Theorem

The spectral theorem for trace class operators. A corollary of the one for compact
operators (Hilbert-Space-Tensor-Product.Spectral- Theorem) but not an immediate one.

lift-definition spectral-dec-proj-tc :: <('a::chilbert-space, 'a) trace-class = nat = ('a, 'a) trace-class
is
spectral-dec-proj

(proof )

lift-definition spectral-dec-val-tc :: <('a::chilbert-space, 'a) trace-class = nat = complex) is
spectral-dec-val{proof )

lemma spectral-dec-proj-te-finite-rank:
assumes <adj-tc a = a»
shows «finite-rank-tc (spectral-dec-proj-tc a n)»

{proof)

lemma spectral-dec-summable-tc:
assumes <selfadjoint-tc a>
shows <(An. spectral-dec-val-tc a n *¢ spectral-dec-proj-tc a n) abs-summable-on UNIV»

(proof)

lemma spectral-dec-has-sum-tc:
assumes <selfadjoint-tc a>
shows <((An. spectral-dec-val-tc a n *¢ spectral-dec-proj-tc a n) has-sum a) UNIV»

(proof)

lemma spectral-dec-sums-tc:
assumes <selfadjoint-tc a>
shows <(An. spectral-dec-val-tc a n *¢ spectral-dec-proj-tc a n) sums a»

{proof)
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lift-definition spectral-dec-vecs-tc :: <('a,’a) trace-class = 'a::chilbert-space sety is
spectral-dec-vecs{proof )

lemma compact-from-trace-class[iff]: «compact-op (from-trace-class t)»

{proof)

lemma sum-some-onb-of-tc-butterfly:
assumes <finite-dim-ccsubspace S»
shows (3" z€some-onb-of S. te-butterfly x x) = Abs-trace-class (Proj S)»

{proof)

lemma butterfly-spectral-dec-vec-tc-has-sum:
assumes <t > 0>
shows <((\v. te-butterfly v v) has-sum t) (spectral-dec-vecs-tc t)»

(proof)

lemma spectral-dec-vec-tc-norm-summable:
assumes (¢t > (>
shows «(Av. (norm v)?) summable-on (spectral-dec-vecs-tc t)»

(proof )

12.7 More Trace-Class

lemma finite-rank-tc-dense-auz: <closure (Collect finite-rank-tc :: ('a::chilbert-space, 'a) trace-class
set) = UNIV)

(proof)

lemma finite-rank-tc-dense: <closure (Collect finite-rank-tc :: ('a:: chilbert-space, 'b:: chilbert-space)
trace-class set) = UNIV)

(proof)

hide-fact finite-rank-tc-dense-auzx

lemma onb-butterflies-span-trace-class:
fixes A :: (‘a::chilbert-space set> and B :: <'b::chilbert-space set»
assumes <(is-onb Ay and <is-onb B»
shows <ccspan ((A(z, y). te-butterfly x y) ‘ (AxB)) = T»

(proof)

¢

lemma separating-set-te-butterfly: <separating-set bounded-clinear ((A(g,h). tc-butterfly g h)
(UNIV x UNIV))»

{proof)

lemma separating-set-tc-butterfly-nested:
assumes <(separating-set (bounded-clinear :: (- = 'c::complez-normed-vector) = -) A»
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assumes <(separating-set (bounded-clinear : = 'c conjugate-space) = -) B)

(- c
shows <separating-set (bounded-clinear :: (- = '¢c) = -) ((M(g,h). te-butterfly g h) ‘(A x B))»
(proof)

unbundle no cblinfun-syntax

end

13 Weak-Star-Topology — Weak™* topology on complex bounded
operators

theory Weak-Star-Topology
imports Trace-Class Weak-Operator-Topology Misc-Tensor-Product-TTS
begin

unbundle cblinfun-syntazx

definition weak-star-topology :: <('a::chilbert-space =, 'b:: chilbert-space) topology:
where (weak-star-topology = pullback-topology UNIV (Az. At€ Collect trace-class. trace (t ocp,

z))

(product-topology (A-. euclidean) (Collect trace-class))»

lemma open-map-product-topology-reindex:
fixes 7 :: <'b = '
assumes bij-m: <bij-betw m B A» and ST: <A\z. 2éB = Sz =T (7 a)»
assumes g-def: <\f. g f = restrict (f o w) B>
shows <open-map (product-topology T A) (product-topology S B) ¢
(proof)

lemma homeomorphic-map-product-topology-reindex:
fixes 7 :: <'b = '
assumes big-m: <bij-betw 7 B A> and ST: <A\z. z€B = Sz =T (7w z)»
assumes g-def: <\f. g f = restrict (f o 7) B>
shows <homeomorphic-map (product-topology T A) (product-topology S B) g¢»
(proof)

lemma weak-star-topology-def:
«weak-star-topology = pullback-topology UNIV (A\z t. trace (from-trace-class t ocp 1)) eu-
clideany

(proof)

lemma weak-star-topology-topspace[simp]:
topspace weak-star-topology = UNIV
(proof )

lemma weak-star-topology-basis’:
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fixes f::(‘a::chilbert-space = ¢, 'b::chilbert-space) and U::'i = complex set and t¢::'i = ('b,’a)
trace-class

assumes finite I N\i. i € I = open (U i)

shows openin weak-star-topology {f. Vi€l. trace (from-trace-class (t i) ocyr f) € Ui}
(proof)

lemma weak-star-topology-basis:

fixes f::(‘a::chilbert-space =, 'bi:chilbert-space) and U::'i = complex set and t::"i = ('b
=CL ’a)

assumes finite I N\i. i € I = open (U i)

assumes tc: <\i. i € I = trace-class (1 i)

shows openin weak-star-topology {f. Vi€l. trace (t i ocr, f) € U i}

(proof )

lemma wot-weaker-than-weak-star:
continuous-map weak-star-topology cweak-operator-topology (Af. f)

{proof)

lemma wot-weaker-than-weak-star':
<openin cweak-operator-topology U = openin weak-star-topology U>

{proof)

lemma weak-star-topology-continuous-duality:
shows continuous-map weak-star-topology euclidean (Axz. trace (from-trace-class t oo x))

(proof)

lemma weak-star-topology-continuous-duality:
assumes <trace-class t»
shows continuous-map weak-star-topology euclidean (Ax. trace (t oo x))

(proof )

lemma continuous-on-weak-star-topo-iff-coordinatewise:
fixes [ :: <'a = 'buchilbert-space = ¢ 'c::chilbert-spaces
shows continuous-map T weak-star-topology f
+— (Vt. trace-class t — continuous-map T euclidean (Az. trace (t ocr, fx)))

(proof)

lemma weak-star-topology-weaker-than-euclidean:
continuous-map euclidean weak-star-topology (Af. f)

(proof )

typedef (overloaded) (‘a,’b) cblinfun-weak-star = «UNIV :: ('a::complex-normed-vector =c,
'b:: complex-normed-vector) set

morphisms from-weak-star to-weak-star {proof)
setup-lifting type-definition-cblinfun-weak-star

lift-definition id-weak-star :: «(’a::complex-normed-vector, 'a) cblinfun-weak-star» is id-cblinfun
(proof)

114



instantiation cblinfun-weak-star :: (complexz-normed-vector, complez-normed-vector) complez-vector
begin
lift-definition scaleC-cblinfun-weak-star :: <complex = ('a, 'b) cblinfun-weak-star = (‘a, 'b)
cblinfun-weak-star>

is «scaleC (proof)
lift-definition uminus-cblinfun-weak-star :: <(’a, 'b) cblinfun-weak-star = ('a, 'b) cblinfun-weak-star»
is uminus (proof)
lift-definition zero-cblinfun-weak-star :: «('a, 'b) cblinfun-weak-stars is 0 (proof)
lift-definition minus-cblinfun-weak-star :: <('a, 'b) cblinfun-weak-star = ('a, 'b) cblinfun-weak-star
= ('a, 'b) cblinfun-weak-star) is minus (proof)
lift-definition plus-cblinfun-weak-star :: <('a, 'b) cblinfun-weak-star = ('a, 'b) cblinfun-weak-star
= (‘a, 'b) cblinfun-weak-stars is plus (proof)
lift-definition scaleR-cblinfun-weak-star :: <real = ('a, 'b) cblinfun-weak-star = ('a, 'b) cblin-
fun-weak-star> is scaleR (proof)
instance

{proof)

end

instantiation cblinfun-weak-star :: (chilbert-space, chilbert-space) topological-space begin
lift-definition open-cblinfun-weak-star :: <('a, 'b) cblinfun-weak-star set = bools is <openin
weak-star-topology> {proof)

instance

(proof)

end

lemma transfer-nhds-weak-star-topology|transfer-rule]:

includes lifting-syntax

shows «(cr-cblinfun-weak-star ===> rel-filter cr-cblinfun-weak-star) (nhdsin weak-star-topology)
nhds»

(proof)

lemma limitin-weak-star-topology’:
limitin weak-star-topology f1 F +— (Vt. ((Aj. trace (from-trace-class t oo fj)) —— trace
(from-trace-class t ocr, 1)) F)»

{proof)

lemma limitin-weak-star-topology:

limitin weak-star-topology f 1 F «— (¥ t. trace-class t — ((\j. trace (t ocp, [ j)) —— trace
(t ocrL l)) F)>

(proof)

lemma filterlim-weak-star-topology:
filterlim f (nhdsin weak-star-topology 1) = limitin weak-star-topology f 1>

(proof )

lemma openin-weak-star-topology”: <openin weak-star-topology U <— (V. open VN U = (Az
t. trace (from-trace-class t ocr ©)) —° V)

{proof)
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lemma hausdorff-weak-star[simp|: <Hausdorff-space weak-star-topology>

{proof)

lemma Domainp-cr-cblinfun-weak-star[simp|: «Domainp cr-cblinfun-weak-star = (A-. True)»

{proof)

lemma Rangep-cr-cblinfun-weak-star[simp): «Rangep cr-cblinfun-weak-star = (A-. True)»

(proof )

lemma transfer-euclidean-weak-star-topology[transfer-rule]:
includes lifting-syntax
shows ¢(rel-topology cr-cblinfun-weak-star) weak-star-topology euclideany

(proof)

instance cblinfun-weak-star :: (chilbert-space, chilbert-space) t2-space

(proof)

lemma weak-star-topology-plus-cont: «LIM (z,y) nhdsin weak-star-topology a X g nhdsin weak-star-topology
b.

x + y > nhdsin weak-star-topology (a + b)»
(proof)

instance cblinfun-weak-star :: (chilbert-space, chilbert-space) topological-group-add
(proof)

lemma continuous-map-left-comp-weak-star:
<continuous-map weak-star-topology weak-star-topology (Aa::'a::chilbert-space =cp, -. b oo, a)

for b :: <'b::chilbert-space = ¢ 'c::chilbert-space)
(proof)

lemma continuous-map-right-comp-weak-star:
<continuous-map weak-star-topology weak-star-topology (Ab::'b::chilbert-space =c¢y, - b ocr, a)

for a :: <'a::chilbert-space = ¢, 'b::chilbert-space)

(proof)

lemma continuous-map-scale C-weak-star: <continuous-map weak-star-topology weak-star-topology
(scaleC c)»

{proof)
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lemma continuous-scaleC-weak-star: <continuous-on X (scaleC ¢ :: (-,-) cblinfun-weak-star =
_)>
{proof)

lemma weak-star-closure-is-csubspace|simp:
fixes A::(‘a::chilbert-space, 'b::chilbert-space) cblinfun-weak-star set
assumes <csubspace A»
shows <csubspace (closure A)»

(proof)

include lattice-syntax

{proof)

lemma transfer-csubspace-cblinfun-weak-star|transfer-rule]:
includes lifting-syntax
shows «((rel-set cr-cblinfun-weak-star ===> (=)) csubspace csubspace>

{proof)

lemma transfer-closed-cblinfun-weak-star|transfer-rule]:
includes lifting-syntax
shows «((rel-set cr-cblinfun-weak-star ===> (=)) (closedin weak-star-topology) closed>

(proof)

lemma transfer-closure-cblinfun-weak-star(transfer-rule):

includes lifting-syntax

shows «(rel-set cr-cblinfun-weak-star ===> rel-set cr-cblinfun-weak-star) (Abstract-Topology.closure-of
weak-star-topology) closure»

(proof )

lemma weak-star-closure-is-csubspace’[simp]:
fixes A::(‘a::chilbert-space =¢p 'bi:chilbert-space) set
assumes <csubspace A»
shows <csubspace (weak-star-topology closure-of A)»

(proof)

lemma has-sum-closed-weak-star-topology:
assumes aA: (\i. a i € A
assumes closed: <closedin weak-star-topology A»
assumes subspace: (csubspace A)
assumes has-sum: </\t. trace-class t => ((\i. trace (t oc, a ©)) has-sum trace (t ooy b)) Id
shows b € A»

(proof)

lemma has-sum-in-weak-star:
<has-sum-in weak-star-topology f A | +—
(Vt. trace-class t — ((Ni. trace (t ocr, f 1)) has-sum trace (t ocr, 1)) A)»
(proof)
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lemma has-sum-butterfly-ket: <has-sum-in weak-star-topology (Ai. butterfly (ket i) (ket 7)) UNIV
id-cblinfun»

(proof)

lemma sandwich-weak-star-cont[simp):
<continuous-map weak-star-topology weak-star-topology (sandwich A)»

{proof)

lemma has-sum-butterfly-ket-a: <has-sum-in weak-star-topology (Ai. butterfly (a xyv ket ©) (ket
i)) UNIV a»

(proof)

lemma finite-rank-weak-star-dense[simp|: <weak-star-topology closure-of (Collect finite-rank) =
(UNIV :: (‘a ell2 =cyr 'bi:chilbert-space) set)»
(proof)

lemma butterkets-weak-star-dense[simp]:
«weak-star-topology closure-of cspan (A(&,n). butterfly (ket &) (ket )) ¢ UNIV) = UNIV»

(proof)

lemma weak-star-clinear-eq-butterfly-ketl:
fixes F' G :: «(('a ell2 =c 'b ell2) = 'c::complex-vectors
assumes clinear F' and clinear G
and <continuous-map weak-star-topology T F»> and <continuous-map weak-star-topology T G>»
and <«Hausdorff-space T»
assumes A¢ j. F' (butterfly (ket ©) (ket j)) = G (butterfly (ket i) (ket 7))
shows F = G

(proof)

lemma continuous-map-scale C-weak-star’[continuous-intros|:
assumes <continuous-map T weak-star-topology f>
shows <continuous-map T weak-star-topology (Az. scaleC ¢ (f z))»

{proof)

lemma continuous-map-uminus-weak-star|continuous-intros|:
assumes <continuous-map T weak-star-topology f>
shows <continuous-map T weak-star-topology (A\z. — f x)»

{proof)

lemma continuous-map-add-weak-star|continuous-intros|:
assumes <continuous-map T weak-star-topology f>
assumes <continuous-map T weak-star-topology g
shows <continuous-map T weak-star-topology (A\z. fz + g z)»

(proof)
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lemma continuous-map-minus-weak-star|continuous-intros|:
assumes <continuous-map T weak-star-topology f>
assumes <continuous-map T weak-star-topology g
shows <continuous-map T weak-star-topology (A\z. fz — g z)»

{proof)

lemma weak-star-topology-is-norm-topology-fin-dim[simp):

«(weak-star-topology :: ('a::{cfinite-dim,chilbert-space} =cp 'b::{cfinite-dim,chilbert-space})
topology) = euclidean
(proof)

lemma infsum-mono-wot:

fixes [ :: ‘a = ('b::chilbert-space =c 1 'b)

assumes summable-on-in cweak-operator-topology f A and summable-on-in cweak-operator-topology
g A

assumes (A\z. 2 € A = fz < gm

shows infsum-in cweak-operator-topology f A < infsum-in cweak-operator-topology g A

{proof)

unbundle no cblinfun-syntax

end

14  Hilbert-Space-Tensor-Product — Tensor product of Hilbert
Spaces

theory Hilbert-Space-Tensor-Product
imports Complex-Bounded-Operators. Complex-L2 Misc-Tensor-Product
Strong-Operator-Topology Polynomial-Interpolation. Ring-Hom
Positive-Operators Weak-Star-Topology Spectral-Theorem Trace-Class
begin

unbundle cblinfun-syntax
hide-const (open) Determinants.trace
hide-fact (open) Determinants.trace-def

14.1 Tensor product on - ell2

lift-definition tensor-ell2 :: <a ell2 = 'b ell2 = (‘ax'd) ell2) (infixr ®, 70) is
N (isf). i x
(proof)

lemma tensor-ell2-addl: <tensor-ell2 (a + b) ¢ = tensor-ell2 a ¢ + tensor-ell2 b ¢

(proof)
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lemma tensor-ell2-add2: <tensor-ell2 a (b + ¢) = tensor-ell2 a b + tensor-ell2 a ¢

(proof )

lemma tensor-eli2-scaleC1: <tensor-ell2 (¢ x¢ a) b = ¢ x¢ tensor-ell2 a b

{proof)

lemma tensor-eli2-scaleC2: <tensor-ell2 a (¢ *¢ b) = ¢ *¢ tensor-ell2 a b

{proof)

lemma tensor-eli2-diff1: <tensor-ell2 (a — b) ¢ = tensor-ell2 a ¢ — tensor-ell2 b ¢

{proof)

lemma tensor-ell2-diff2: <tensor-ell2 a (b — ¢) = tensor-ell2 a b — tensor-ell2 a ¢

{proof)

lemma tensor-ell2-inner-prod[simp|: <tensor-ell2 a b -¢ tensor-ell2 ¢ d = (a ¢ ¢) * (b +¢ d)»

{proof)

lemma norm-tensor-ell2: <norm (a ®s b) = norm a * norm b

{proof)

lemma clinear-tensor-ell21: clinear (A\b. a ®; b)

(proof)

lemma bounded-clinear-tensor-ell21: bounded-clinear (Ab. a @, b)

{proof)

lemma clinear-tensor-ell22: clinear (Aa. a ®5 b)

(proof )

lemma bounded-clinear-tensor-ell22: bounded-clinear (Aa. tensor-ell2 a b)

{proof)

lemma tensor-eli2-ket: tensor-ell2 (ket i) (ket j) = ket (i,5)
(proof)

lemma tensor-eli2-0-left[simp]: <0 @5 x = 0>

{proof)

lemma tensor-ell2-0-right[simp]: <x ®¢ 0 = 0>

{proof)

lemma tensor-ell2-sum-left: <> z€X. a z) ®s b= (D z€X. a z Q4 b)»
{proof)

lemma tensor-ell2-sum-right: <a @5 (> z€X. bz) = (> z€X. a @ b z)
(proof)
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lemma tensor-ell2-dense:
fixes S :: ‘a ell2 sety and T :: <'b ell2 set>
assumes <(closure (cspan S) = UNIV» and «closure (cspan T) = UNIV)»
shows <closure (cspan {a®sb | a b. a€S A beT}) = UNIV»

(proof)

definition assoc-ell2 :: <(('ax'b)x’c) ell2 =c1 (‘ax('bx’c)) ell2y where
assoc-ell2 = classical-operator (Some o (A((a,b),c). (a,(b,c))))

lemma unitary-assoc-ell2[simpl: <unitary assoc-ell2»

{proof)

lemma assoc-ell2-tensor: <assoc-ell2 xy ((a Q@5 b) ®; ¢) = (a ®s (b Qs ¢))

(proof)

lemma assoc-ell2’-tensor: <assoc-ell2x xy tensor-ell2 a (tensor-ell2 b ¢) = tensor-ell2 (tensor-ell2
ab) o
{proof)

lemma assoc-ell2’-inv: assoc-ell2 oo assoc-ell2x = id-cblinfun

{proof)

lemma assoc-ell2-inv: assoc-ell2x ocy, assoc-ell2 = id-cblinfun

(proof)

definition swap-ell2 :: <('ax’'b) ell2 =c ('bx’a) ell2y where
<swap-ell2 = classical-operator (Some o prod.swap)»

lemma unitary-swap-ell2[simp]: <unitary swap-ell2>

{proof)

lemma swap-ell2-tensor[simp]: «swap-ell2 xy (a ®s b) = b ®s a> for a :: ‘a ell2> and b :: b
ell2»

(proof)

lemma swap-ell2-ket[simp|: «(swap-ell2 :: ("ax'b) ell2 =cp, -)*v ket (z,y) = ket (y,z)
{proof)

lemma adjoint-swap-ell2[simp): <swap-ell2x = swap-ell2)

(proof)

lemma tensor-ell2-extensionality:
assumes (Ast. a *xy (8 ®; t) = b *y (5 Qs t))
shows a = b

(proof)
lemma tensor-ell2-nonzero: <a @5 b # 0» if <a # 0> and b # 0>
{proof )
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lemma swap-ell2-selfinv[simp]: <swap-ell2 ocp, swap-ell2 = id-cblinfun)

(proof )

lemma bounded-cbilinear-tensor-ell2[bounded-cbilinear]: <bounded-cbilinear (®s)>
(proof)

lemma ket-pair-split: <ket x = tensor-ell2 (ket (fst x)) (ket (snd z))»
{proof)

lemma tensor-ell2-is-ortho-set:
assumes <(is-ortho-set Ay <is-ortho-set B>
shows <is-ortho-set {a ®s blab. a € ANb€E B}

{proof)

lemma tensor-ell2-dense’: <ccspan {a @5 b |ab. a € AN Db € B} = Ty if <cespan A = Ty and
<cespan B = T

(proof)

lemma tensor-ell2-is-onb:
assumes <is-onb A <is-onb B>
shows ¢is-onb {a ®; blab.a € AANDE B}p

(proof)

lemma continuous-tensor-ell2: <continuous-on UNIV (A(z::'a ell2, y::'b ell2). z ®; y)»
(proof)

lemma summable-on-tensor-ell2-right: «p summable-on A = (Az. ¥ ®; ¢ x) summable-on A»

{proof)

lemma summable-on-tensor-ell2-left: <o summable-on A = (Az. ¢ = ®; V) summable-on A»

{proof)

lift-definition tensor-ell2-left :: <'a ell2 = ('b ell2 =c1 ("ax’d) ell2)) is
MY p. P R @
(proof)

lemma tensor-ell2-left-apply[simpl: <tensor-ell2-left ¥ xy ¢ = ¥ @5 @
(proof)

lift-definition tensor-ell2-right :: <'a ell2 = ('b ell2 =c1 ('bx’a) ell2) is
A @ p @5 P>
{proof)

lemma tensor-ell2-right-apply[simp]: <tensor-ell2-right b xy ¢ = ¢ Q4 >
(proof )
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lemma isometry-tensor-ell2-right: <isometry (tensor-ell2-right )y if <norm ¢ = 1)

{proof)

lemma isometry-tensor-ell2-left: <isometry (tensor-ell2-left )y if <norm ¢ = 1>

{proof)

lemma tensor-ell2-right-scale: <tensor-ell2-right (a ¢ V) = a *¢ tensor-ell2-right ¥

(proof )

lemma tensor-ell2-left-scale: <tensor-ell2-left (a xc V) = a x¢ tensor-ell2-left ¢

{proof)

lemma tensor-ell2-right-0[simpl: <tensor-ell2-right 0 = 0)

{proof)
lemma tensor-ell2-left-0[simp]: <tensor-ell2-left 0 = 0>

{proof)

lemma tensor-ell2-right-adj-apply[simp]: «(tensor-ell2-right vx) *y (a ®s 8) = (¢ ¢ B) *c @
(proof)

lemma tensor-eli2-left-adj-apply[simp]: <(tensor-ell2-left ¥x) xy (o ®s B) = (Y ¢ a) *¢ B
(proof )

lemma infsum-tensor-ell2-right: <) ®s (O 0z€A. ¢ ) = (O] w2€A. ¥ ®5 ¢ x)
(proof)

lemma infsum-tensor-ell2-left: <«(3_ cot€A. ¢ ) @5 ¥ = (D 0T€A. ¢ T R, )
(proof)

lemma tensor-ell2-extensionality3:
assumes (Astu. a xy (s Qs t @5 u) = b xy (s Qs t s u))
shows a = b

{proof)

lemma cblinfun-cinner-tensor-eql:

assumes (\Y ¢. (V¥ @5 ¢) ¢ (A *y (Y Qs @) = (¥ ®s ) «c (B xy (¥ @5 )
shows <A = B»

(proof)

lemma unitary-tensor-ell2-right-CARD-1:
fixes ¢ :: <'a :: {CARD-1,enum} ell2)
assumes norm P = 1»
shows <unitary (tensor-ell2-right ¥)»

(proof)

14.2 Tensor product of operators on - ell2

definition tensor-op :: <«(‘a eli2, 'b ell2) cblinfun = ('c ell2, 'd ell2) cblinfun
= (('ax’c) ell2, ('bx'd) ell2) cblinfun) (infixr ®, 70) where
<tensor-op M N = cblinfun-extension (range ket) (Mk. case (inv ket k) of (x,y) = tensor-ell2
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(M xy ket ) (N *y ket y))

lemma

— Loosely following [7, Section IV.1]

fixes a :: <'a» and b :: </b> and ¢ :: v and d :: <'d> and M :: <'a ell2 =¢cr, 'b ell2> and N
e ell2 =op 'd ell2y

shows tensor-op-ell2: «(M ®, N) xy (¥ ®s ©) = (M xy 1) ®; (N *y )

and tensor-op-norm: <norm (M ®, N) = norm M * norm N)»

(proof)

lemma tensor-op-ket: <tensor-op M N xy (ket (a,c)) = tensor-ell2 (M *y ket a) (N xy ket c)»
{proof)

lemma comp-tensor-op: (tensor-op a b) ocyr (tensor-op ¢ d) = tensor-op (a ocr ¢) (b ocr d)
for a :: e ell2 =cr, ‘cell2 and b :: 'fell2 =cr, 'd ell2 and
c:'aell2 =cp 'eell2 and d :: 'b ell2 =cp, 'f ell2

{proof)

lemma tensor-op-left-add: «(z + y) ®o b =2 Q@ b + y ®, b
for z y :: <'a ell2 =cp 'cell2y and b :: /b ell2 = 'd ell2y

{proof)

lemma tensor-op-right-add: <b ®, (z + y) = b Q,  + b ®, Y
for z y :: <'a ell2 =cp 'cell2y and b :: <'b ell2 =cp 'd ell2y

(proof )

lemma tensor-op-scaleC-left: (¢ xc z) ®, b = ¢ *¢ (z ®, b)
for z :: (a ell2 =cr cell2y and b :: <'b ell2 =cr 'd ell2»

(proof )

lemma tensor-op-scaleC-right: <b ®, (¢ *¢ ) = ¢ *¢ (b ®, )
for z :: </a ell2 =¢yr, ‘cell2y and b :: <'b ell2 =, 'd ell2)

{proof)

lemma tensor-op-bounded-cbilinear|simpl: <bounded-cbilinear tensor-op»

{proof)

lemma tensor-op-cbilinear|simpl: «cbilinear tensor-op)

{proof)

lemma tensor-butter: <butterfly (ket i) (ket j) ®, butterfly (ket k) (ket 1) = butterfly (ket (i,k))
(ket (4,0))
(proof)

lemma cspan-tensor-op-butter: <cspan {tensor-op (butterfly (ket 7) (ket 7)) (butterfly (ket k)
(ket 1))] (i::-::findte) (ju:-i:finite) (k::-:finite) (I:-:findte). True} = UNIV)»
(proof )

lemma cindependent-tensor-op-butter: <cindependent {tensor-op (butterfly (ket i) (ket 7)) (butterfly
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(ket k) (ket 1))| i j k1. True}
{proof)

lift-definition right-amplification :: «('a ell2 =cr b ell2) =cr ((lax’c) ell2 =cr ('bx’c)
ell2) is

Aa. a ®, id-cblinfun>

(proof)

lift-definition left-amplification :: <(‘a ell2 =c1, 'b ell2) =cp (('ex’a) ell2 =c ('ex'd) ell2)»
is

<Aa. id-cblinfun ®, a>

(proof)

lemma sandwich-tensor-ell2-right: <sandwich (tensor-ell2-right ) vy a ®, b = (¢ ¢ (b *y
V) *c a

(proof )
lemma sandwich-tensor-ell2-left: <sandwich (tensor-ell2-left yx) xy a ®, b = (V¥ -¢ (a *y ¥))

*C by

{proof)

lemma tensor-op-adjoint: «(tensor-op a b)x = tensor-op (ax) (bx)»

(proof)

lemma has-sum-id-tensor-butterfly-ket: «((Ai. (id-cblinfun ®, butterfly (ket i) (ket 7)) xy )
has-sum ) UNIV»
(proof)

lemma tensor-op-dense: <cstrong-operator-topology closure-of (cspan {a ®, b | a b. True}) =
UNIV>»
— [7, p-185 (10)], but we prove it directly.

(proof)

lemma tensor-extensionality-finite:
fixes F G :: <«((("a::finite x 'b::finite) ell2) =cr (('c::finite x 'd::finite) ell2)) = 'e::complez-vector)
assumes [simp]: clinear F clinear G
assumes tensor-eq: (Aa b. F (tensor-op a b) = G (tensor-op a b))
shows F = G

(proof)

lemma tensor-id[simp|: <tensor-op id-cblinfun id-cblinfun = id-cblinfun)

(proof )

lemma tensor-butterfly: tensor-op (butterfly ¥ ') (butterfly ¢ ¢') = butterfly (tensor-ell2 ¢
©) (tensor-ell2 ¢’ ')
(proof )
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definition tensor-lift :: <(('al::finite ell2 =c 'a2::finite ell2) = ('b1::finite ell2 = ¢ 'b2::finite
ell2) = 'c)
= ((("a1x'b1) ell2 =cr ('a2x'b2) ell2) = 'c::complex-normed-vector)»
where
tensor-lift F2 = (SOME G. clinear G A (Ya b. G (tensor-op a b) = F2 a b))

lemma
fixes F'2 :: 'a:finite ell2 =cp 'b:finite ell2
= 'ci:finite ell2 =c 1 'd::finite ell2
= 'e::complez-normed-vector
assumes cbilinear F2
shows tensor-lift-clinear: clinear (tensor-lift F2)
and tensor-lift-correct: <(Aa b. tensor-lift F2 (a ®, b)) = F2»

(proof)

lemma tensor-op-nonzero:
fixes a :: (‘a ell2 =c 'cell2y and b :: <'b ell2 =c1 'd ell2)
assumes <a # 0> and <b # 0>
shows <a ®, b # 0»

(proof)

lemma inj-tensor-ell2-left: <inj (Aa::’a ell2. a @5 b) if <b # 0> for b :: <'b ell2)
(proof)

lemma inj-tensor-ell2-right: <inj (Ab::’b ell2. a ®; b)» if <a # 0» for a :: ('a ell2»
(proof)

lemma inj-tensor-left: <inj (Aa::'a ell2 =cp 'c ell2. a ®, b)) if b # 0y for b :: <'b ell2 =1,
'd ell2»
(proof)

lemma inj-tensor-right: <inj (Ab::'b ell2 =cp, 'c ell2. a ®, b)» if <a # 0) for a :: ('a ell2 =¢ 1,
'd ell2»

(proof)

lemma tensor-ell2-almost-injective:
assumes <tensor-ell2 a b = tensor-ell2 c d»
assumes <a # 0>
shows (37. b = v x¢ &

(proof)

lemma tensor-op-almost-injective:
fixes a ¢ :: ('a ell2 =c1, 'b ell2»
and b d :: (‘cell2 =¢yr 'd ell2>
assumes <tensor-op a b = tensor-op ¢ d»
assumes <a # 0>
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shows (37. b = v x¢ d»

(proof)

lemma clinear-tensor-left[simp|: <clinear (Aa. a ®, b :: - ell2 =cp - ell2)
{proof)

lemma clinear-tensor-right[simp): <clinear (Ab. a ®, b :: - ell2 =cp, - ell2))
(proof)

lemma tensor-op-0-left[simp]: <tensor-op 0 x = (0 :: ('ax'b) ell2 =cr ('ex'd) ell2)»
{proof)

lemma tensor-op-0-right[simp]: <tensor-op x 0 = (0 :: ("ax'b) ell2 =cr (‘ex'd) ell2)»

(proof)

lemma bij-tensor-ell2-one-dim-left:

assumes (¢ # 0

shows <bij (Az::'b ell2. (¢ 2 'a::CARD-1 ell2) ®5 x)»
(proof)

lemma bij-tensor-op-one-dim-left:
fixes a :: ('a:{CARD-1,enum} ell2 =cp 'b:{CARD-1,enum} ell2)
assumes (a # 0>
shows <bij (Az::'c ell2 =cp 'd ell2. a ®, )

(proof)

lemma bij-tensor-op-one-dim-right:
assumes b # 0
shows <bij (A\z::'c ell2 = 'dell2. © ®, (b:: 'a::{ CARD-1,enum} ell2 =cr, 'b:{ CARD-1,enum}
ell2))»
(is <bij 2f»)
(proof)

lemma overlapping-tensor:
fixes a23 :: «('a2x'a8) ell2 =cp ('b2+'b3) ell2»
and 012 :: «((Yal+'a2) ell2 =cp ('b1%'b2) ell2»
assumes eq: <butterfly v V' ®, a23 = assoc-ell2 ocp, (b12 ®, butterfly ¢ ¢') oo assoc-ell2x»
assumes ¢ £ 0y «p' £ 0> <p £ 0y <«p' # 0>
shows <3 c. butterfly ¢ ¥’ ®, a23 = butterfly ¢ V' ®, ¢ ®, butterfly ¢ v’
(proof )

lemma tensor-op-pos: <a ®, b > 0 if [simp]: <a > 0> <b > 0>
for a :: (a ell2 =cr 'aell2y and b :: <'b ell2 =c1 'b ell2)
— [8, Lemma 18]

(proof)

lemma abs-op-tensor: <abs-op (a ®, b) = abs-op a ®, abs-op b
— [8, Lemma 18]
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(proof)

lemma trace-class-tensor: <trace-class (a ®, b)» if <trace-class a> and <trace-class b
— [8, Lemma 32]

(proof)

lemma swap-tensor-op[simp): <swap-ell2 ocr, (a ®, b) oo swap-ell2 = b ®, a>

(proof )

lemma swap-tensor-op-sandwich[simpl: (sandwich swap-ell2 (a ®, b) = b ®, a

{proof)

lemma swap-ell2-commute-tensor-op:
swap-ell2 ocp, (a ®, b) = (b ®, a) oc swap-ell2)
(proof )

lemma trace-class-tensor-op-swap: <trace-class (a ®, b) «— trace-class (b ®, a)
(proof)

lemma trace-class-tensor-iff: <trace-class (a ®, b) «— (trace-class a A trace-class b) V

Vb= 0>
(proof)

lemma trace-tensor: <trace (a ®, b) = trace a * trace b
— [8, Lemma 32]
(proof)

lemma isometry-tensor-op: <isometry (U ®, V) if <isometry U> and <isometry V>

{proof)

lemma is-Proj-tensor-op: <is-Proj a = is-Proj b = is-Proj (a ®, b)>

{proof)

lemma isometry-tensor-id-right[simp]:
fixes U :: </a ell2 =cr 'b ell2)
shows (isometry (U ®, (id-cblinfun :: 'c ell2 =¢y, -)) +— isometry U>

(proof)
lemma isometry-tensor-id-left[simp):

fixes U :: </a ell2 =cr 'b ell2)
shows (isometry ((id-cblinfun :: 'c ell2 =cr -) ®, U) +— isometry U

(proof)

lemma unitary-tensor-id-right[simp|: <unitary (U ®, id-cblinfun) +— unitary U»

{proof)

lemma unitary-tensor-id-left[simp|: <unitary (id-cblinfun ®, U) +— unitary U>
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{proof)

lemma sandwich-tensor-op: <sandwich (a ®, b) (¢ ®, d) = sandwich a ¢ ®, sandwich b d»

{proof)

lemma sandwich-assoc-ell2-tensor-op[simp|: «sandwich assoc-ell2 ((a ®, b) ®, ¢) = a ®, (b
®o )
{proof)

lemma unitary-tensor-op: <unitary (a ®, b)) if [simp]: <unitary a> <unitary b

{proof)

lemma tensor-ell2-right-butterfly: <tensor-ell2-right 1 ocr tensor-ell2-right p+ = id-cblinfun
R, butterfly ¥ p»

(proof)
lemma tensor-ell2-left-butterfly: <tensor-ell2-left b oo tensor-ell2-left px = butterfly ¢ ¢ ®,
id-cblinfun»

(proof)

lift-definition tc-tensor :: «(‘a ell2, 'b ell2) trace-class = ('c ell2, 'd ell2) trace-class =
(("a x 'c) ell2, ('b x 'd) ell2) trace-class) is
tensor-op

(proof)

lemma trace-norm-tensor: <trace-norm (a ®, b) = trace-norm a * trace-norm by

{proof)

lemma bounded-cbilinear-tc-tensor: <bounded-cbilinear tc-tensors

{proof)

lemmas bounded-clinear-te-tensor-left[bounded-clinear] = bounded-cbilinear.bounded-clinear-left| OF
bounded-cbilinear-tc-tensor]

lemmas bounded-clinear-te-tensor-right|bounded-clinear] = bounded-cbilinear.bounded-clinear-right| OF
bounded-cbilinear-tc-tensor]

lemma tc-tensor-scaleC-left: <tc-tensor (¢ x¢ a) b = ¢ x¢ te-tensor a by

{proof)

lemma tc-tensor-scaleC-right: <tc-tensor a (¢ x¢ b) = ¢ *¢ te-tensor a by

(proof)

lemma comp-tc-tensor: <tc-compose (tc-tensor a b) (te-tensor ¢ d) = te-tensor (tc-compose a
¢) (te-compose b d)»
{proof)

lemma norm-tc-tensor: <norm (te-tensor a b) = norm a * norm b

{proof)
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lemma tc-tensor-pos: <tc-tensor a b > 0» if <a > 0> and <b > 0>
for a :: «('a ell2,’a ell2) trace-classy and b :: <('b ell2,’b ell2) trace-class

(proof )

interpretation tensor-op-cbilinear: bounded-cbilinear tensor-op

{proof)

lemma tensor-op-mono-left:
fixes a :: (‘a ell2 =cr 'a ell2y and ¢ - <'b ell2 =c1, b ell2»
assumes <a < by and <c > 0»
shows <a ®, ¢ < b ®, ¢

(proof)

lemma tensor-op-mono-right:
fixes a :: (‘a ell2 =¢cyp, 'a ell2y and b :: <'b ell2 =c1 b ell2»
assumes b < ¢ and «a > 0>
shows (¢ ®, b < a ®, ¢

(proof)

lemma tensor-op-mono:
fixes a :: ('a ell2 =c1 'a ell2) and c :: (/b ell2 =cr 'b ell2)
assumes a < b and ¢ < d> and <b > 0) and ¢ > 0>
shows (¢ ®, ¢ < b ®, d»

(proof)

lemma sandwich-tc-tensor: <sandwich-tc (E ®, F) (tc-tensor t u) = te-tensor (sandwich-tc E
t) (sandwich-tc F u)»

{proof)

lemma tensor-te-butterfly: te-tensor (te-butterfly ¥ ') (te-butterfly ¢ ') = te-butterfly (tensor-ell2
P @) (tensor-ell2 ' @)
(proof )

lemma separating-set-bounded-clinear-tc-tensor:
shows <separating-set bounded-clinear ((A(0,0). te-tensor o o) * (UNIV x UNIV))»

(proof)

lemma separating-set-bounded-clinear-tc-tensor-nested:

assumes <(separating-set (bounded-clinear :: (- => 'e::complez-normed-vector) = -) A»
assumes <(separating-set (bounded-clinear :: (- => 'e::complex-normed-vector) = -) B»
shows <separating-set (bounded-clinear :: (- => 'e::complez-normed-vector) = -) ((A(g,0).

te-tensor p o) ‘(A x B))»
{proof)
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lemma tc-tensor-0-left[simpl: <tc-tensor 0 x = 0>

(proof )

lemma tc-tensor-0-right[simp]: <tc-tensor x 0 = 0>

{proof)

14.3 Tensor product of subspaces

definition tensor-ccsubspace (infixr ®g¢ 70) where
<tensor-ccsubspace A B = cespan {¢ ®s ¢ | ¥ @. b € space-as-set A N @ € space-as-set B}

lemma tensor-ccsubspace-via-Proj: <A ®s B = (Proj A ®, Proj B) xg T»
(proof)

lemma tensor-ccsubspace-top[simpl: «<T ®g T = T»

(proof )

lemma tensor-ccsubspace-0-left[simp]: <0 ®s X = 0>

{proof)

lemma tensor-ccsubspace-0-right[simpl: <X ®g 0 = 0»

(proof )

lemma tensor-ccsubspace-image: <(A xg T) ®s (B *xs U) = (A ®, B) s (T ®s U)»
(proof)

lemma tensor-ccsubspace-bot-left[simp]: <L ®g S = L»

{proof)

lemma tensor-ccsubspace-bot-right[simp]: «S ®s L = L)

{proof)

lemma swap-ell2-tensor-ccsubspace: <swap-ell2 xs (S @®s T) = T ®s SH

{proof)

lemma tensor-ccsubspace-right1dim-member:
assumes ) € space-as-set (S ®g cespan{p})
shows (Y. ¢ = ' @ ¢

(proof )

lemma tensor-ccsubspace-left1dim-member:
assumes ) € space-as-set (cespan{p} Qg S)»
shows (Y’ ¢ = p @, P’

(proof )

lemma tensor-ell2-mem-tensor-ccsubspace-left:
assumes (¢ ®; b € space-as-set (S ®g T)» and <b # 0»
shows (a € space-as-set S»

(proof)
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lemma tensor-ell2-mem-tensor-ccsubspace-right:
assumes (a ®;s b € space-as-set (S ®g T)» and <a # 0»
shows <b € space-as-set T

(proof)

lemma tensor-ell2-in-tensor-ccsubspace: <a ®¢ b € space-as-set (A ®g B)» if <a € space-as-set
Ay and <b € space-as-set By
— Converse is tensor-ell2-mem-tensor-ccsubspace-left and . .. -right.

{proof)

lemma tensor-ccsubspace-INF-left-top:
fixes S :: </a = 'b ell2 ccsubspaces
shows ((INF z€X. S z) ®g (T::'c ell2 ccsubspace) = (INF zeX. Sz ®g T)

(proof)

lemma tensor-ccsubspace-INF-right-top:
fixes S :: <'a = 'b ell2 ccsubspaces
shows ¢(T::"c ell2 ccsubspace) ®s (INF z€X. S z) = (INF z€X. T ®s S z)»

(proof)

lemma tensor-ccsubspace-INF-left: <«(INF z€X. Sz) ®g T = (INF zeX. Sz ®g T) if (X #

{b
(proof)

lemma tensor-ccsubspace-INF-right: <(INF z€X. T ®g S z) = (INF ze€X. T ®g S z)» if <X

7 {b
(proof)

lemma tensor-ccsubspace-cespan: <cecspan X ®g cespan Y = cespan {z Q5 y |z y. 2 € X Ny
eYh
(proof)

lemma tensor-ccsubspace-mono: <A ®s B < C ®g Dy if <A < C» and <B < D»

(proof)

lemma tensor-ccsubspace-element-as-infsum:
fixes A :: (‘a ell2 ccsubspace> and B :: <'b ell2 ccsubspace)
assumes () € space-as-set (4 ®@g B)»
shows (¢ d. (Vn:nat. ¢ n € space-as-set A) A (Vn. § n € space-as-set B)
A ((An. ¢ n ®5 & n) has-sum p) UNIV
(proof )

lemma ortho-tensor-ccsubspace-right: «<— (T ®s A) = T ®g (— A)
(proof)

lemma ortho-tensor-ccsubspace-left: (— (A @g T) = (— A) ®s T»
(proof )
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lemma kernel-tensor-id-left: <kernel (id-cblinfun ®, A) = T ®g kernel A
(proof)

lemma kernel-tensor-id-right: <kernel (A ®, id-cblinfun) = kernel A ®g T»
(proof)

lemma eigenspace-tensor-id-left: <eigenspace ¢ (id-cblinfun ®, A) = T ®g eigenspace ¢ A

(proof)

lemma eigenspace-tensor-id-right: <eigenspace ¢ (A ®, id-cblinfun) = eigenspace ¢ A ®g T»
(proof)

unbundle no cblinfun-syntax

end

15 Partial-Trace — The partial trace

theory Partial-Trace
imports Trace-Class Hilbert-Space-Tensor-Product
begin

unbundle cblinfun-syntazx

hide-fact (open) Infinite-Set-Sum.abs-summable-on-Sigma-iff
hide-fact (open) Infinite-Set-Sum.abs-summable-on-comparison-test
hide-const (open) Determinants.trace

hide-fact (open) Determinants.trace-def

definition partial-trace :: «(('a x '¢) ell2, (b x 'c) ell2) trace-class = ('a ell2, 'b ell2)
trace-class» where
<partial-trace t = (3 ooj. compose-tcl (compose-ter ((tensor-ell2-right (ket j))«) t) (tensor-ell2-right

(ket j)))>

lemma partial-trace-def’: «partial-trace t = (> ooj. sandwich-tc ((tensor-ell2-right (ket 7))*) t)»
— We cannot use this as the definition of partial-trace because this definition has a more restricted
type (t is a square operator).

{proof)

lemma partial-trace-abs-summable:
«(Nj. compose-tcl (compose-ter ((tensor-ell2-right (ket 7))x) t) (tensor-ell2-right (ket j))) abs-summable-on
UNIV»
and partial-trace-has-sum:
«((Nj. compose-tcl (compose-ter ((tensor-ell2-right (ket 7))x) t) (tensor-ell2-right (ket 7)))
has-sum partial-trace t) UNIV»
and partial-trace-norm-reducing: <norm (partial-trace t) < norm t

(proof)
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lemma partial-trace-abs-summable”:
«(Aj. sandwich-tc ((tensor-ell2-right (ket j))*) t) abs-summable-on UNIV)
and partial-trace-has-sum’:
«((Aj. sandwich-tc ((tensor-ell2-right (ket j))*) t) has-sum partial-trace t) UNIV)»

{proof)

lemma trace-partial-trace-compose-eq-trace-compose-tensor-id:
<trace (from-trace-class (partial-trace t) ocr, ©) = trace (from-trace-class t oo, (x ®, id-cblinfun))»

(proof)

lemma right-amplification-weak-star-cont[simp):
<continuous-map weak-star-topology weak-star-topology (Aa. a ®, id-cblinfun)
— Logically does not belong in this theory but uses the partial trace in the proof.

(proof)

lemma left-amplification-weak-star-cont|simp]:

<continuous-map weak-star-topology weak-star-topology (Ab. id-cblinfun ®, b :: (‘ex’a) ell2
=cr (ex’d) ell2)»

— Logically does not belong in this theory but uses the partial trace in the proof.
(proof)

lemma partial-trace-plus: <partial-trace (t + w) = partial-trace t + partial-trace u»

(proof)

lemma partial-trace-scaleC': <partial-trace (¢ x¢ t) = ¢ *¢ partial-trace t

{proof)

lemma partial-trace-tensor: <partial-trace (tc-tensor t u) = trace-tc u x¢ t

(proof)

lemma bounded-clinear-partial-trace[bounded-clinear, iff]: <bounded-clinear partial-trace)

{proof)

lemma vector-sandwich-partial-trace-has-sum:
((Az. ((z ®s ket 2) - (from-trace-class o xy (y ®s ket z))))
has-sum © - (from-trace-class (partial-trace o) xy y)) UNIV)

(proof)

lemma vector-sandwich-partial-trace:
@ +¢ (from-trace-class (partial-trace o) *v y) =
0”0z ((z ®5 ket 2) ¢ (from-trace-class o *v (y ®s ket 2))))
(proof)
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unbundle no cblinfun-syntax

end

16  Von-Neumann-Algebras — Von Neumann algebras and the
double commutant theorem

theory Von-Neumann-Algebras
imports Hilbert-Space-Tensor-Product
begin

unbundle cblinfun-syntazx

16.1 Commutants

definition commutant F = {z. VyeF. z ocr, y = y ocr T}

lemma sandwich-unitary-commutant:
fixes U :: <'a::chilbert-space = ¢ 'b::chilbert-space)
assumes [simp|: <unitary U»
shows <sandwich U ‘ commutant X = commutant (sandwich U ‘ X)»

(proof)

lemma commutant-tensorl: «commutant (range (Aa. a ®, td-cblinfun)) = range (Ab. id-cblinfun
®o b)
(proof)

lemma csubspace-commutant[simpl: <csubspace (commutant X)»

{proof)

lemma closed-commutant[simp]: <closed (commutant X)»

(proof)

lemma closed-csubspace-commutant[simp]: <closed-csubspace (commutant X)»

{proof)

lemma commutant-mult: <a oo, b € commutant X» if <a € commutant X» and <b € commutant
X

{proof)

lemma double-commutant-grows[simp]: <X C commutant (commutant X)»

(proof)

lemma commutant-antimono: <X C Y = commutant X O commutant Y»

{proof)
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lemma triple-commutant[simp]: <commutant (commutant (commutant X)) = commutant X»

{proof)

lemma commutant-adj: <adj * commutant X = commutant (adj * X)»

{proof)

lemma commutant-empty[simp|: <commutant {} = UNIV)

{proof)

lemma commutant-weak-star-closed[simp): «closedin weak-star-topology (commutant X)»

(proof)

lemma cspan-in-double-commutant: <cspan X C commutant (commutant X)»

{proof)

lemma weak-star-closure-in-double-commutant: <weak-star-topology closure-of X C commutant
(commutant X))

{proof)

lemma weak-star-closure-cspan-in-double-commutant: <weak-star-topology closure-of cspan X C
commutant (commutant X)»

(proof )

lemma commutant-memberl:
assumes (\y. y € X = zocr y = y ocr o
shows <x € commutant X)»

{proof)

lemma commutant-sot-closed: <closedin cstrong-operator-topology (commutant A)»
— [2], Exercise 1X.6.2

(proof)

lemma commutant-tensorl’: <commutant (range (Aa. id-cblinfun ®, a)) = range (Ab. b ®,
id-cblinfun)»
(proof)

lemma closed-map-sot-tensor-op-id-right:

<closed-map cstrong-operator-topology cstrong-operator-topology (Aa. a ®, id-cblinfun :: (‘a x
'b) ell2 =cr (a x 'b) ell2)
{proof )

lemma id-in-commutant[iff]: <id-cblinfun € commutant A>

{proof)
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lemma double-commutant-hull: <commutant (commutant X) = (AX. commutant (commutant
X)=X) hull X>»
{proof)

lemma commutant-adj-closed: «(\z. © € X = zx € X) = z € commutant X = x* €
commutant X»

{proof)

lemma double-commutant-Un-left: <commutant (commutant (commutant (commutant X) U Y))
= commutant (commutant (X U Y))

{proof)

lemma double-commutant-Un-right: <(commutant (commutant (X U commutant (commutant
Y))) = commutant (commutant (X U Y))»

{proof)

lemma amplification-double-commutant-commute:
ccommutant (commutant (Aa. a ®, id-cblinfun) < X))
= (Aa. a ®, id-cblinfun) ¢ commutant (commutant X)»
— [7], Corollary IV.1.5

(proof)

lemma amplification-double-commutant-commute’:
ccommutant (commutant ((Aa. id-cblinfun ®, a) ‘ X))
= (Xa. id-cblinfun ®, a) ¢ commutant (commutant X)»

(proof)

lemma commutant-cspan: <commutant (cspan A) = commutant A»

(proof )

lemma double-commutant-grows” <z € X = = € commutant (commutant X)»

{proof)

16.2 Double commutant theorem

fun inflation-op’ :: «<nat = ('a ell2 =cr b ell2) list = (‘axnat) ell2 =cp (‘bxnat) eli2»
where

<nflation-op’ n Nil = 0>
| <inflation-op’ n (a#tas) = (a ®, butterfly (ket n) (ket n)) + inflation-op’ (n+1) as

abbreviation <inflation-op = inflation-op’ 0»
fun inflation-state’ :: <nat = ‘a ell2 list = (‘axnat) ell2» where
<inflation-state’ n Nil = 0>

| <inflation-state’ n (a#as) = (a ®s ket n) + inflation-state’ (n+1) as

abbreviation <inflation-state = inflation-state’ 0»
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fun inflation-space’ :: <nat = 'a ell2 ccsubspace list = (‘axnat) ell2 ccsubspacey where
<inflation-space’ n Nil = 0)
| <inflation-space’ n (S#Ss) = (S ®s cespan {ket n}) + inflation-space’ (n+1) Ss»

abbreviation (inflation-space = inflation-space’ 0>

definition inflation-carrier :: <nat = (‘axnat) ell2 ccsubspace> where
<inflation-carrier n = inflation-space (replicate n T)»

definition inflation-op-carrier :: <nat = (('axnat) ell2 =cr ('bxnat) ell2) sety where
<inflation-op-carrier n = { Proj (inflation-carrier n) ocr a ooy, Proj (inflation-carrier n) | a.
True }»

lemma inflation-op-compose-outside: <inflation-op’ m ops ocr (a ®, butterfly (ket n) (ket n))
= 0 if «<n < m»

{proof)

lemma inflation-op-compose-outside-rev: «(a ®, butterfly (ket n) (ket n)) ocr inflation-op’ m
ops = 0y if <n < m»

{proof)

lemma Proj-inflation-carrier: <Proj (inflation-carrier n) = inflation-op (replicate n id-cblinfun)»

(proof)

lemma inflation-op-carrierl:
assumes (Proj (inflation-carrier n) ocr, a ocy Proj (inflation-carrier n) = a»
shows <a € inflation-op-carrier n»

(proof )

lemma inflation-op-compose: <inflation-op’ n opsl ocy inflation-op’ n ops2 = inflation-op’ n
(map2 cblinfun-compose opsl ops2)»
(proof)

lemma inflation-op-in-carrier: <inflation-op ops € inflation-op-carrier ny if <length ops < n»

{proof)

lemma inflation-op’-apply-tensor-outside: <n < m = inflation-op’ m as *y (v ®; ket n) = 0»
(proof )
lemma inflation-op’-compose-tensor-outside: <n < m = inflation-op’ m as oc, tensor-ell2-right
(ket n) = 0>
(proof)

lemma inflation-state’-apply-tensor-outside: «n < m = (a ®, butterfly ¥ (ket n)) *v infla-
tion-state’ m vs = 0»

{proof)

lemma inflation-op-apply-inflation-state: <inflation-op’ n ops *v inflation-state’ n vecs = infla-
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tion-state’ n (map2 cblinfun-apply ops vecs)»
(proof)

lemma inflation-state-in-carrier: <inflation-state vecs € space-as-set (inflation-carrier n)s if
<length vecs + m < n»

{proof)

lemma inflation-op’-apply-tensor-outside’: <n > length as + m = inflation-op’ m as *y (v @
ket n) = 0»
(proof )

lemma Proj-inflation-carrier-outside: <Proj (inflation-carrier n) *y (¢ ®g ket i) = 0y if < >
n

(proof)

lemma inflation-state’-is-orthogonal-outside: <n < m = is-orthogonal (a ® ket n) (inflation-state’
m vs)»

{proof)

lemma inflation-op-adj: «(inflation-op’ n ops)x = inflation-op’ n (map adj ops)»

{proof)

lemma inflation-state0:
assumes (\v. v € set f = v = 0>
shows <inflation-state’ n f = 0»

{proof)

lemma inflation-state-plus:
assumes <length f = length ¢
shows <inflation-state’ n f + inflation-state’ n g = inflation-state’ n (map2 plus f g)»

{proof)

lemma inflation-state-minus:
assumes <length f = length ¢
shows <inflation-state’ n f — inflation-state’ n g = inflation-state’ n (map2 minus f g)»

{proof)

lemma inflation-state-scaleC"
shows <c x¢ inflation-state’ n f = inflation-state’ n (map (scaleC c) f)»

(proof)

lemma inflation-op-compose-tensor-ell2-right:

assumes (i > n» and i < n + length f»

shows «inflation-op’ n f oo, tensor-ell2-right (ket i) = tensor-ell2-right (ket i) ocr, (f!(i—n))»
(proof)

lemma inflation-op-apply:
assumes (i > n» and ¢ < n + length f»
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shows <inflation-op’ n f vy (Y ®s ket i) = (f1(i—n) *y ¥) Qs ket D
{proof)

lemma norm-inflation-state:
(norm (inflation-state’ n f) = sqrt (3_ vef. (norm v)?)
(proof)

lemma cstrong-operator-topology-in-closure-algebraicl:

— [2], Proposition IX.5.3

assumes space: <csubspace A»

assumes mult: <Naa’. a € A= a'€ A= aocp a’' € A

assumes one: <id-cblinfun € A»

assumes main: <A\n S. S < inflation-carrier n = (Aa. a € A = inflation-op (replicate n
a) xg 5 < S) -

inflation-op (replicate n b) xg S < S»

shows (b € cstrong-operator-topology closure-of A»

(proof)

lemma commutant-inflation:
— One direction of [2], Proposition IX.6.2.
fixes n
defines <A X. commutant’ X = commutant X N inflation-op-carrier n
shows ¢(\a. inflation-op (replicate n a)) ¢ commutant (commutant A)
C commutant’ (commutant’ ((Aa. inflation-op (replicate n a))  A))»

(proof)

lemma double-commutant-theorem-aux:

— Basically the double commutant theorem, except that we restricted to spaces of the form ‘a
ell2

— [2], Proposition IX.6.4

fixes A :: «((‘a ell2 =1 'a ell2) seb

assumes <csubspace A>

assumes (N\aa. a € A= o' € A= aocp o’ € A

assumes <id-cblinfun € A»

assumes (N\a. a € A = ax € A

shows <commutant (commutant A) = cstrong-operator-topology closure-of A»

(proof)

lemma double-commutant-theorem-aux2:

— Basically the double commutant theorem, except that we restricted to spaces of typeclass
not-singleton

— [2], Proposition IX.6.4

fixes A :: «(‘a::{chilbert-space,not-singleton} =cr, 'a) set»

assumes subspace: (csubspace A)

assumes mult: <Naa’. a € A= a'€ A= aocp a’ € A

assumes id: ¢id-cblinfun € A»

assumes adj: <\a. a € A = ax € A

shows <commutant (commutant A) = cstrong-operator-topology closure-of A»
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(proof)

lemma double-commutant-theorem:
— [2], Proposition IX.6.4
fixes A :: «(‘a::{chilbert-space} =c 'a) set»
assumes subspace: <csubspace A»
assumes mult: <Naa’. a € A= a'€ A= aocp a’' € A
assumes id: <id-cblinfun € A»
assumes adj: <\a. a € A = ax € A
shows <commutant (commutant A) = cstrong-operator-topology closure-of A»

(proof)

hide-fact double-commutant-theorem-aux double-commutant-theorem-aux2

lemma double-commutant-theorem-span:
fixes A :: «(‘a::{chilbert-space} =c 'a) seb»
assumes mult: <Naa’. a € A= a'€ A= aocp a’' € A
assumes id: <id-cblinfun € A»
assumes adj: <\a. a € A = ax € A
shows <commutant (commutant A) = cstrong-operator-topology closure-of (cspan A))

(proof )

16.3 Von Neumann Algebras

definition one-algebra :: «('a = 'a::chilbert-space) sety where
cone-algebra = range (Ac. ¢ *¢ id-cblinfun)»

definition von-neumann-algebra where <von-neumann-algebra A +— (VY a€A. ax € A) A com-
mutant (commutant A) = A»

definition von-neumann-factor where <von-neumann-factor A <— von-neumann-algebra A N
A N commutant A = one-algebra)

lemma von-neumann-algebral: «(Na. a€ A = ax € A) = commutant (commutant A) C A
= von-neumann-algebra A> for §

(proof)
lemma von-neumann-factorl:

assumes (von-neumann-algebra A»

assumes (A N commutant A C one-algebra>
shows (von-neumann-factor A»

(proof)

lemma commutant-UNIV: <commutant (UNIV :: ('a =¢r, 'a::chilbert-space) set) = one-algebra)

(proof)

lemma von-neumann-algebra-UNIV: <von-neumann-algebra UNIV»
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{proof)

lemma von-neumann-factor-UNIV: <von-neumann-factor UNIV

{proof)

lemma von-neumann-algebra-UNION:
assumes (A\z. © € X = von-neumann-algebra (A z)»
shows (von-neumann-algebra (commutant (commutant ((Jz€eX. A z)))

(proof)

lemma von-neumann-algebra-union:
assumes (von-neumann-algebra A»
assumes <von-neumann-algebra B>
shows <von-neumann-algebra (commutant (commutant (A U B)))»

{proof)

lemma von-neumann-algebra-commutant: <von-neumann-algebra (commutant A)» if <von-neumann-algebra
A

(proof)

lemma von-neumann-algebra-def-sot:
<von-neumann-algebra § +—
(Va€F. ax € F) A csubspace § N (Va€F. VIEF. a oo, b € F) A id-cblinfun € §F A
closedin cstrong-operator-topology §»

(proof)

lemma double-commutant-hull”:
assumes (A\z. z € X = zx € X»
shows <commutant (commutant X) = von-neumann-algebra hull X»

(proof)

lemma commutant-one-algebra: <commutant one-algebra = UNIV)

{proof)

definition tensor-vn (infixr ®,x 70) where
<tensor-vn X 'Y = commutant (commutant ((Aa. a ®, id-cblinfun) ¢ X U (Aa. id-cblinfun ®,
a) ‘YY)

lemma von-neumann-algebra-adj-image: <von-neumann-algebra X = adj ‘* X = X»»

{proof)

lemma von-neumann-algebra-tensor-vn:
assumes (von-neumann-algebra X
assumes (von-neumann-algebra Y
shows <von-neumann-algebra (X ®,n Y)»

(proof)
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lemma tensor-vn-one-one[simpl: <one-algebra @, N one-algebra = one-algebra)

(proof )

lemma sandwich-swap-tensor-vn: <sandwich swap-ell2 “ (X Q,n YY) =Y Q,n X»

{proof)

lemma tensor-vn-one-left: <one-algebra @, X = (Az. id-cblinfun ®, z) ‘ X> if (von-neumann-algebra
X»

(proof)

lemma tensor-vn-one-right: <X ®,n one-algebra = (Az. x ®, id-cblinfun) ‘ X if (von-neumann-algebra
X»

(proof )

lemma double-commutant-in-vn-algl: <commutant (commutant X) C Y
if <von-neumann-algebra V) and <X C Y

{proof)

lemma von-neumann-algebra-compose:
assumes (von-neumann-algebra M)
assumes <z € M)»> and «y € M)
shows <x oo ¥y € M»

{proof)

lemma von-neumann-algebra-id:
assumes <von-neumann-algebra M)
shows <id-cblinfun € M>»

{proof)

lemma tensor-un-UNIV [simpl: <UNIV ®,n UNIV = (UNIV :: (("ax'd) ell2 =¢y, -) set)
(proof)

unbundle no cblinfun-syntax

end

17  Tensor-Product-Code — Support for code generation

theory Tensor-Product-Code
imports Hilbert-Space-Tensor-Product
Complez-Bounded-Operators. Cblinfun-Code
begin

Automatic evaluation of formulas involving finite dimensional tensor products. Builds
upon Complex-Bounded-Operators. Cblinfun-Code and reduces computations to the ex-
isting procedures from Jordan_Normal_ Form.

unbundle cblinfun-syntaz and jnf-syntaz
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hide-const (open) Finite-Cartesian-Product.vec
hide-const (open) Finite-Cartesian-Product.mat

definition tensor-pack :: nat = nat = (nat X nat) = nat
where tensor-pack X Y = (A (z, y). z x Y + y)

definition tensor-unpack :: nat = nat = nat = (nat X nat)
where tensor-unpack X Y xy = (zy div Y, zy mod Y)

lemma tensor-unpack-inj:
assumes i < Ax* Band j < A *x B
shows tensor-unpack A B i = tensor-unpack A Bj+— it =]

(proof )

lemma tensor-unpack-boundl [simp: i < A * B => fst (tensor-unpack A B i) < A

{proof)

lemma tensor-unpack-bound2[simpl: i < A * B = snd (tensor-unpack A B i) < B

{proof)

lemma tensor-unpack-fstfst: «fst (tensor-unpack A B (fst (tensor-unpack (A x B) C'17)))
= fst (tensor-unpack A (B x C) i)»
(proof )
lemma tensor-unpack-sndsnd: <snd (tensor-unpack B C (snd (tensor-unpack A (B x C) 7)))
= snd (tensor-unpack (A * B) C i)
(proof )
lemma tensor-unpack-fstsnd: <fst (tensor-unpack B C (snd (tensor-unpack A (B x C) 7)))
= snd (tensor-unpack A B (fst (tensor-unpack (A * B) C 7))

{proof)

definition tensor-state-jnf ¢ ¢ = (let d1 = dim-vec ¥ in let d2 = dim-vec @ in
vec (d1xd2) (Mi. let (i1,i2) = tensor-unpack d1 d2 i in (vec-index 1 i1) * (vec-index p i2)))

lemma tensor-state-jnf-dim[simp]: <dim-vec (tensor-state-jnf b @) = dim-vec ¥ * dim-vec )

{proof)

lemma enum-prod-nth-tensor-unpack:
assumes ({ < CARD('a) x CARD('b)»
shows (Enum.enum ! i :: ‘a::enumX 'b::enum) =
(let (i1,i2) = tensor-unpack CARD('a) CARD('b) i in
(Enum.enum ! i1, Enum.enum ! i2))

(proof)

lemma vec-of-basis-enum-tensor-state-index:
fixes 1 :: <a:enum ell2y and @ :: 'b:enum ell2>
assumes [simp|: <i < CARD('a) * CARD(’b)»
shows (vec-of-basis-enum (Y Qs @) $ i = (let (il,i2) = tensor-unpack CARD('a) CARD('b)
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1
vec-of-basis-enum ¢ $ i1 * vec-of-basis-enum ¢ $ i2)»

(proof)

lemma vec-of-basis-enum-tensor-state:

fixes 1 :: <'a:zenum ell2) and @ :: <'b:ienum ell2»

shows <vec-of-basis-enum (¢ ®5 @) = tensor-state-jnf (vec-of-basis-enum 1)) (vec-of-basis-enum
o)

(proof )

lemma mat-of-cblinfun-tensor-op-index:
fixes a :: ('a:zenum ell2 =c1 'biienum ell2) and b :: (ci:enum ell2 =c1, 'di:enum ell2)»
assumes [simp]: i < CARD('b) x CARD('d)»
assumes [simp]: <j < CARD('a) x CARD('c)»
shows «<mat-of-cblinfun (tensor-op a b) $$ (i,j) =
(let (i1,i2) = tensor-unpack CARD('b) CARD('d) i in
let (j1,j2) = tensor-unpack CARD('a) CARD(’c) j in
mat-of-cblinfun a $$ (i1,51) * mat-of-cblinfun b $$ (i2,52))>
(proof)

definition tensor-op-jinf A B =

(let r1 = dim-row A in

let ¢1 = dim-col A in

let r2 = dim-row B in

let ¢2 = dim-col B in

mat (r1 * r2) (c1 * c2)

(A(2,9). let (il,i2) = tensor-unpack r1 2 % in
let (j1,j2) = tensor-unpack c1 c2 j in

(488 (i1,1)) (B $5 (i2,12))))

lemma tensor-op-jnf-dim|simp]:
<dim-row (tensor-op-jnf a b) = dim-row a % dim-row b
«dim-col (tensor-op-jnf a b) = dim-col a * dim-col b

{proof)

lemma mat-of-cblinfun-tensor-op:
fixes a :: (a:zenum ell2 =c1 'biienum ell2) and b :: (‘ci:enum ell2 =c1, 'di:enum ell2)»
shows (mat-of-cblinfun (tensor-op a b) = tensor-op-jnf (mat-of-cblinfun a) (mat-of-cblinfun
b)
(proof)

lemma mat-of-cblinfun-assoc-ell2[simp]:
<mat-of-cblinfun (assoc-ell2x :: (('a::enumx ('b::enumx’c::enum)) ell2 =cyp -)) = one-mat

(CARD('a)x CARD('b)* CARD('c))>
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(is mat-of-cblinfun Zassoc = -)
(proof)

lemma mat-of-cblinfun-assoc-ell2[simp]:

<mat-of-cblinfun (assoc-ell2 :: ((('a::enumx’b:enum)X’c::enum) ell2 =cp -)) = one-mat
(CARD('a)* CARD('b)xCARD('c))»

(is mat-of-cblinfun ?assoc = -)

(proof)

unbundle no cblinfun-syntax and no jnf-syntax

end
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