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Abstract

The theory of hereditarily finite sets is formalised, following the develop-
ment of Swierczkowski [2]. An HF set is a finite collection of other HF sets;
they enjoy an induction principle and satisfy all the axioms of ZF set theory
apart from the axiom of infinity, which is negated. All constructions that are
possible in ZF set theory (Cartesian products, disjoint sums, natural num-
bers, functions) without using infinite sets are possible here. The definition
of addition for the HF sets follows Kirby [1].

This development forms the foundation for the Isabelle proof of Gédel’s
incompleteness theorems, which has been formalised separately.
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Chapter 1

The Hereditarily Finite Sets

theory HF
imports HOL— Library. Nat-Bijection
abbrevs <: = €
and V<= ¢
begin

From "Finite sets and Godel’s Incompleteness Theorems" by S. Swier-
czkowski. Thanks for Brian Huffman for this development, up to the cases
and induct rules.

1.1 Basic Definitions and Lemmas
typedef hf = UNIV :: nat set (proof)

definition hAfset :: hf = hf set
where hfset a = Abs-hf ¢ set-decode (Rep-hf a)

definition HF : hf set = hf
where HF A = Abs-hf (set-encode (Rep-hf < A))

definition hinsert :: hf = hf = hf
where hinsert a b = HF' (insert a (hfset b))

definition hmem :: hf = hf = bool (infixl <€» 50)
where hmem a b <— a € hfset b

abbreviation not-hmem :: hf = hf = bool (infixl «¢) 50)
where a g b=-a € b

notation (ASCII)
hmem (infix] << 50)

instantiation hf :: zero
begin



definition Zero-hf-def: 0 = HF {}
instance (proof)
end

lemma Abs-hf-0 [simp]: Abs-hf 0 = 0
{proof)

HF Set enumerations

abbreviation inserthf :: hf = hf = hf (infixl > 60)
where y < x = hinsert x y

syntax (ASCII)

-HFinset :: args = hf L)
syntax

-HFinset :: args = hf ({-)
syntax-consts

-HFinset = inserthf
translations

{z, yb =y} <2
{zf =0<«=x

lemma finite-hfset [simp|: finite (hfset a)
(proof)

lemma HF-hfset [simp]: HF (hfset a) = a
(proof)

lemma hfset-HF' [simp|: finite A = hfset (HF A) = A
{proof)

lemma inj-on-HF": inj-on HF (Collect finite)
{proof )

lemma hmem-hempty [simpl: a & 0

(proof)

lemmas hemptyE [elim!] = hmem-hempty [THEN notE)|

lemma hmem-hinsert [iff]:
hmem a (c<4b) «—a=bVa€c

{proof)

lemma hf-ext: a = b +— Vz. 2 € a +— z € D)
{proof)

lemma finite-cases [consumes 1, case-names empty insert):

[finite F; F = {} = P; NA z. [F = insert x A; z ¢ A; finite A] = P] = P

(proof)



lemma hf-cases [cases type: hf, case-names 0 hinsert]:
obtains y = 0 | a b where y =b<aand a ¢ b

(proof)

lemma Rep-hf-hinsert:
assumes a ¢ b shows Rep-hf (hinsert a b) = 2 ~ (Rep-hf a) + Rep-hf b
(proof)

1.2 Verifying the Axioms of HF

HF1
lemma hempty-iff: z=0 +— (Vx. = ¢ 2)
(proof)
HEF2

lemma hinsert-iff: z=x <y +— Vu. v €Ez+— u€xVu=y)
(proof)

HF induction

lemma hf-induct [induct type: hf, case-names 0 hinsert]:
assumes [simp]: P 0

Nry [Pa; Py;zd y] = P (y<x)
shows P z

(proof)
HF3

lemma hf-induct-az: [P 0;Vz. Pz — (Vy. Py — P (z < y))] = Pux
{proof)

lemma hf-equalityl [intro]: (Az. t € a ¢— z € b)) = a = b
{proof)

lemma hinsert-nonempty [simp]: A < a # 0
(proof )

lemma hinsert-commute: (z < y) <z = (z<2) <y
{proof)

lemma hmem-HF-iff [simp]: © € HF A +— x € A A finite A
(proof)

1.3 Ordered Pairs, from ZF/ZF.thy

lemma singleton-eq-iff [iff]: {a}} = {b} +— a=b
{proof)

lemma doubleton-eq-iff: {a,b} = {c,d} +— (a=c A b=d) V (a=d A b=c)



{proof)

definition hpair :: hf = hf = hf
where hpair o b = {{al},{a,b}}

definition hfst :: hf = hf
where hfst p = THE x. 3y. p = hpair x y

definition hsnd :: hf = hf
where hsnd p = THE y. 3x. p = hpair x y

definition hAsplit :: [[hf, hf] = 'a, hf] = 'a::{} — for pattern-matching
where hsplit ¢ = Ap. ¢ (hfst p) (hsnd p)
Ordered Pairs, from ZF/ZF.thy

nonterminal hfs
syntax (ASCII)

-Tuple :: [hf, hfs] = hf («<(-/ -)>)
-hpattern :: [pttrn, patterns] = pttrn = («<-,/ ->»)
syntax
it hf = hfs (¢=»)
-Enum [, hfs] = hfs (<-,/ =)
Tuple [, Wfs] = b (/D)

-hpattern :: [pttrn, patterns] = pttrn  (<{-,/ -)»)
syntax-consts

-Enum -Tuple = hpair and

-hpattern = hsplit
translations

<z, y, z> = <z, <y, 2>>

<z, y> = CONST hpair z y

<z, y, 2> + <z, <y, z>>

A<z,y,zs>. b = CONST hsplit(Az <y,zs>. b)

A<z,y>. b = CONST hsplit(Az y. b)

lemma hpair-def’: hpair a b = {{a,a},{a,b}|}
(proof)

lemma hpair-iff [simp]: hpair a b = hpair a’ b’ +— a=a’ N\ b=b’
(proof )

lemmas hpair-inject = hpair-iff [THEN iffD1, THEN conjE, elim!

lemma hfst-conv [simpl: hfst (a,b) = a

(proof)

lemma hsnd-conv [simp]: hsnd (a,b) = b
{proof)



lemma hsplit [simp]: hsplit ¢ (a,b) = ca b
{proof)

1.4 Unions, Comprehensions, Intersections

1.4.1 Unions

Theorem 1.5 (Existence of the union of two sets).

lemma binary-union: 3z. Vu. u € z+— u €V u€y
(proof)

Theorem 1.6 (Existence of the union of a set of sets).

lemma union-of-set: 3z. Vu. u € z+— (Jy. yE xz A u € y)
(proof)

1.4.2 Set comprehensions

Theorem 1.7, comprehension scheme

lemma comprehension: dz.Vu. u € z+— u€ N Pu

(proof)

definition HCollect :: (hf = bool) = hf = hf — comprehension
where HCollect P A = (THE z.Vu. v € z = (Pu A u € A))

syntax (ASCII)

-HCollect :: idt = hf = bool = hf («(1{- <:/ -./ -})»)
syntax

-HCollect :: idt = hf = bool = hf («(1{- €/ -./ -}))
syntax-consts

-HCollect = HCollect
translations

{z € A. P} = CONST HCollect (A\x. P) A

lemma HCollect-iff [iff]: hmem © (HCollect P A) «+— Pz Az € A
{proof)

lemma HCollectl: a € A = P a = hmem a {z € A. Pz}
(proof )

lemma HCollectE:
assumes a € {z € A. P z| obtains a € A P a

{proof)

lemma HCollect-hempty [simp]: HCollect P 0 = 0
(proof )

1.4.3 Union operators

instantiation Af :: sup



begin
definition sup a b = (THE z.Vu. u € 2 <— u € a V u € b)
instance (proof)

end

abbreviation hunion :: hf = hf = hf (infixl <Ll» 65) where
hunion = sup

lemma hunion-iff [iff]: hmem z (e U b) +— 2z E aV €D
{proof)

definition HUnion :: hf = hf (<]~ [900] 900)
where HUnion A = (THE z.Vu. u € z<+— (Jy. y € AN u € y))

lemma HUnion-iff [iff]: hmem x (|| 4) +— By.y € ANz Ey)
(proof)

lemma HUnion-hempty [simpl: | | 0 = 0
(proof )

lemma HUnion-hinsert [simp]: | | (A< a) =alU|]A4
{proof)

lemma HUnion-hunion [simp]: | J](AU B) = | JAU||B
{proof)

1.4.4 Definition 1.8, Intersections

instantiation hf :: inf

begin
definition infa b = {z € a. z € b}
instance (proof)

end

abbreviation hinter :: hf = hf = hf (infixl <7 70) where
hinter = inf

lemma hinter-iff [iff]: hmem u (z N y) «— v E T ANUE y
{proof)

definition HInter :: hf = hf («[1- [900] 900)
where Hinter(A) = {z € HUnion(A). Vy. y € A — z € y}

lemma Hlinter-hempty [iff]: []1 0 = 0
{proof)

lemma Hinter-iff [simp]: A£0 = hmem z ([ A) +— Vy. y € A — z € y)
{proof)



lemma Hlinter-hinsert [simp]: A#0 = [|(A<a) =aM[]A
{proof)

1.4.5 Set Difference

instantiation hf :: minus

begin
definition A — B={xz € A. z ¢ B}
instance (proof)

end

lemma hdiff-iff [iff]: hmemu (z — y) +— v E T AN ugy
(proof)

lemma hdiff-zero [simp]: fixes x :: hf shows (z — 0) =z
{proof)

lemma zero-hdiff [simp]: fixes z :: hf shows (0 — z) = 0
{proof)

lemma hdiff-insert: A — (B<a) = A — B — {a}
{proof)

lemma hinsert-hdiff-if:
(A<z) — B=(ifzr € Bthen A — Belse (A — B) < 1)
(proof)

1.5 Replacement

Theorem 1.9 (Replacement Scheme).

lemma replacement:
NVuvv. u€zr—Ruv— Ruv — v'=v) = 2. Vv.v € 2z +— (Fu. u
€ExARuv)

(proof)

lemma replacement-fun: 3z. Vv. v € z +— (Ju. u € z A v = fu)
(proof )

definition PrimReplace :: hf = (hf = hf = bool) = hf
where PrimReplace A R = (THE z. Vv. v € z +— (3u. u € AN R uvw))

definition Replace :: hf = (hf = hf = bool) = hf
where Replace A R = PrimReplace A (Ax y. (3!2. Rx 2) A R z y)

definition RepFun :: hf = (hf = hf) = hf
where RepFun A f = Replace A (Axy. y = fx)



syntax (ASCII)
-HReplace :: [pttrn, ptirn, hf, bool] = hf (<(1{|-./ -<: -, -|})»)

-HRepFun :: [hf, pttrn, hf] = hf («(1{|- ./ -<: -|})» [61,0,51))
-HINTER  :: [pttrn, hf, hf] = hf («(8INT -<:-./ -)» 10)
-HUNION  :: [pttrn, hf, hf] = hf («(8UN -<:-./ -)» 10)
syntax

-HReplace :: [pttrn, pttrn, hf, bool] = hf («(1{-./ - € -, -})»)
-HRepFun :: [hf, pttrn, hf] = hf («(1{-./ - € -}y [51,0,51])
_HINTER  :: [pttrn, hf, hf] = hf («(3M]-€-/ ) 10)
-HUNION  :: [pttrn, hf, hf] = hf («(3L]-€-./ - 10)

syntax-consts
-HReplace = Replace and
-HRepFun = RepFun and
-HINTER = HInter and
-HUNION = HUnion
translations
{y. z€ A, Q} = CONST Replace A (A\z y. Q)
{b. z€ A} = CONST RepFun A (Az. b)
[1z€A. B = CONST Hlnter(CONST RepFun A (Az. B))
L |Jz€A. B = CONST HUnion(CONST RepFun A (\z. B))

lemma PrimReplace-iff:
assumes sv: Vuvv. u € A — Ruv— Ruv' — v'=v
shows v € (PrimReplace A R) <— (3u. u € AN R uv)
(proof )

lemma Replace-iff [iff]:
v € Replace AR<— (3u.u€ ANRuvA My Ruy — y=v))
{proof)

lemma Replace-0 [simp]: Replace 0 R = 0
(proof)

lemma Replace-hunion [simp]: Replace (A U B) R = Replace A R Ll Replace B
R

{proof)
lemma Replace-cong [cong]:
[ A=B; A\xy. 2 € B=— Pzy+— Qzy] = Replace A P = Replace B Q
{proof )

lemma RepFun-iff [iff]: v € (RepFun A f) +— (Gu. u € AN v =fu)
{proof)

lemma RepFun-cong [cong]:
[ A=B; Az.z € B = f(z)=g(z) ] = RepFun A f = RepFun B g
(proof)

lemma triv-RepFun [simp]: RepFun A (\z. ) = A

10



{proof)

lemma RepFun-0 [simp]: RepFun 0 f = 0
(proof)

lemma RepFun-hinsert [simp]: RepFun (hinsert a b) f = hinsert (f a) (RepFun b

f)
(proof )

lemma RepFun-hunion [simp]:
RepFun (AU B) f = RepFun A f U RepFun B f
{proof)

lemma HF-HUnion: [finite A; N\z. €A = finite (B z)] = HF ((Jz € A. Bx)
= (L|=€HF A. HF (B 1))

(proof)

1.6 Subset relation and the Lattice Properties

Definition 1.10 (Subset relation).

instantiation hf :: order
begin
definition less-eq-hf where A < B +— (Vz. 2 € A — 2 € B)

definition less-hf where A < B<+— A < B A A # (B:hf)

instance (proof)
end

1.6.1 Rules for subsets

lemma hsubsetl [introl]:
(Ax. 26 A = 2€B) =— A< B
{proof)

Classical elimination rule

lemma hsubsetCE [elim]: [ A < B; ¢¢A = P; c€B=—= P] = P
{proof)

Rule in Modus Ponens style

lemma hsubsetD [elim]: [ A < B; ¢c€A] = c€B
{proof)

Sometimes useful with premises in this order

lemma rev-hsubsetD: | c€A; A<B]| = c€B
{proof)

lemma contra-hsubsetD: [ A< B;c¢ B] = c ¢ A

11



{proof)

lemma rev-contra-hsubsetD: [ ¢ ¢ B; A< B] = c¢ A
{proof)

lemma hf-equalityE:
fixes A :: hf shows A=B=— (A< B=—B< A= P)= P
{proof)

1.6.2 Lattice properties
instantiation hf :: distrib-lattice
begin

instance (proof)
end

instantiation hf :: bounded-lattice-bot
begin

definition bot = (0::hf)

instance (proof)
end

lemma hinter-hempty-left [simpl: 0 M A = 0
(proof )

lemma hinter-hempty-right [simpl: AN 0 = 0
(proof )

lemma hunion-hempty-left [simp]: 0 U A = A
(proof)

lemma hunion-hempty-right [simp]: AU 0 = A
(proof )

lemma less-eq-hempty [simp]: u < 0 +— u = (0::hf)

{proof)

lemma less-eq-insert1-iff [iff]: (hinsert zy) < z+— € 2 ANy < 2
(proof)

lemma less-eq-insert2-iff:
z < (hinsert x y) «— 2z < yV (Ju. hinsert cu =z ANz & u A u < y)
(proof )

lemma zero-le [simp]: 0 < (z:hf)
{proof)

lemma hinsert-eq-sup: b < a = b U {a
{proof)

12



lemma hunion-hinsert-left: hinsert + A U B = hinsert x (A U B)
{proof)

lemma hunion-hinsert-right: B Ul hinsert x A = hinsert z (B L A)
{proof)

lemma hinter-hinsert-left: hinsert x A M B = (if x € B then hinsert x (A M B)
else A B)

(proof)

lemma hinter-hinsert-right: B M hinsert x A = (if x € B then hinsert x (B M A)
else BT A)

{proof)

1.7 Foundation, Cardinality, Powersets

1.7.1 Foundation
Theorem 1.13: Foundation (Regularity) Property.

lemma foundation:
assumes z: z # 0 shows Jw. wE€ zANwMNz=10

(proof)

lemma hmem-not-refl: x ¢ x
{proof)

lemma hmem-not-sym: = (z € y A y € )
(proof )

lemma hmem-ne: t € y = = # y
(proof)

lemma hmem-Sup-ne: z € y = | |z £ y
(proof )

lemma hpair-neg-fst: {a,b) # a
(proof )

lemma hpair-neg-snd: {a,b) # b
(proof )

lemma hpair-nonzero [simpl: (z,y) # 0
(proof )

lemma zero-notin-hpair: 0 & {(x,y)
(proof)

13



1.7.2 Cardinality

First we need to hack the underlying representation
lemma hfset-0 [simp]: hfset 0 = {}
(proof)

lemma hfset-hinsert: hfset (b < a) = insert a (hfset b)
{proof)

lemma hfset-hdiff: hfset (x — y) = hfset x — hfset y
(proof)

definition hcard :: hf = nat
where hcard © = card (hfset x)

lemma hcard-0 [simp]: heard 0 = 0
{proof)

lemma hcard-hinsert-if: hcard (hinsert x y) = (if © € y then hcard y else Suc
(heard y))

{proof)

lemma hcard-union-inter: heard (z U y) + heard (z M y) = heard © + heard y

(proof)

lemma hcard-hdiffi-less: © € z = hcard (z — {z}) < hcard z
{proof)

1.7.3 Powerset Operator

Theorem 1.11 (Existence of the power set).

lemma powerset: 3z. Vu. u € z +— u < z
(proof)

definition HPow :: hf = hf
where HPow © = (THE 2. Yu. u € z +— u < 1)

lemma HPow-iff [iff]: v € HPow z +— u < z
{proof)

lemma HPow-mono: x < y = HPow z < HPow y
(proof)

lemma HPow-mono-strict: x < y = HPow © < HPow y
(proof )

lemma HPow-mono-iff [simp]: HPow © < HPow y +— z < y
(proof )

14



lemma HPow-mono-strict-iff [simp]: HPow x < HPow y +— z < y
{proof )

1.8 Bounded Quantifiers

definition HBall :: hf = (hf = bool) = bool where
HBall AP +— (Vz. 2 € A — P1z) — bounded universal quantifiers

definition HBex :: hf = (hf = bool) = bool where
HBex A P «— (3z. € A AN Pz) — bounded existential quantifiers

syntax (ASCII)

-HBall i pttrn = hf = bool = bool («(8ALL -<:-./ -)» [0, 0, 10] 10)

-HBex  pttrn = hf = bool = bool («(8EX -<:-./ -)» [0, 0, 10] 10)

-HBex1 i pttrn = hf = bool = bool («(SEX! -<:-./ -)» [0, 0, 10] 10)
syntax

-HBall :: pttrn = hf = bool = bool («(8v-€e-./ -)» [0, 0, 10] 10)

-HBex i pttrn = hf = bool = bool («(83-€-./ -)» [0, 0, 10] 10)

-HBexl i pttrn = hf = bool = bool («(83!-€-./ -» [0, 0, 10] 10)

syntax-consts
-HBall = HBall and
-HBex = HBex and
-HBex1 = Fxl

translations
Va€A. P = CONST HBall A (\z. P)
Jx€A. P = CONST HBex A (Az. P)
JlzeA. P — Flz. zcA N P

lemma hball-cong [cong]:
[ A=4" Nz.z€ A'= P(z) «— P'(z) ] = (Vz€A. P(z)) +— (VacA"
P'(z))
{proof)

lemma hballl [introl]: (Nz. 2€A = Pz) = Va€A. Pz
{proof)

lemma hbspec [dest?]: Vo€A. Pz = €A = Pz
{proof)

lemma hballE [elim]: Ve€A. Pz — (P2 — Q) = (1 ¢ A = Q) = @
(proof)

lemma hbez-cong [congl:
[ A=A"; Nz.z€ A'= P(z) +— P'(z) ] = (Fz€A. P(x)) «— (Jz€A’.
P'(z))
{proof)

lemma hbexI [intro]: Pz = €A = J2€A. Pz
and rev-hbexI [intro?: 1€ A = Pz = Juz€A. Pz

15



and bexCIl: (Vz€A. - Pz = Pa) = a€A = Juz€A. Pz
and hbezE [elim!]: 32€A. Pz = (A\z. 2€A = Pz = Q) = (@
{proof)

lemma hball-triv [simp]: (V2z€A. P) = ((3z. z€A) — P)
and hbez-triv [simp]: (Jz€A. P) = ((3z. z€A) A P)
— Dual form for existentials.
{proof )

lemma hbez-triv-one-pointl [simp]: (z€A. © = a) = (a€A)
(proof)

lemma hbex-triv-one-point2 [simp]: (3z€A. a = z) = (a€A)
{proof)

lemma hbex-one-point! [simp|: (3z€A. z = a AN Pz) = (a€EA N P a)
(proof)

lemma hbez-one-point2 [simp|: (32€A. a =z AN Pz) = (a€EA N P a)
{proof)

lemma hball-one-pointl [simp]: (Vz€EA. x = a — P z) = (e€A — P a)
(proof)

lemma hball-one-point2 [simp): (V2€A. a =z — P z) = (a€EA — P a)
(proof)

lemma hball-conj-distrib:
(Vaz€A. Pz A Qx) «— (Va€A. Px) N (VzEA. Q1))
(proof)

lemma hbex-disj-distrib:
(Jz€A. Pz VvV Qx) +— ((3z€A. Px)V (Fz€A. Q1))
(proof)

lemma hb-all-simps [simp, no-atp:

NAPQ Vz€ A PzVv Q)+ (Vz € A Pz)V Q)
NAPQ Vz€e A PV Qux)«— (PV (Vz € A Q1))
AAPQ (Yo €A P — Qa) ¢ (P — Yz € A. Q1))
NAPQ V€A Pz — Q)+— (Bz€ A Px) — Q)
AP. Yz € 0. P z) +— True

NaBP. Wz € B<a. Pz)+— (PaN (Vz € B. Pux))

AP Q. Yz € HCollect Q A. Pz) +— (Vz € A. Qx — P 1)
NAP. (-~(NVz€ A Pz))«— (3z€ A. = Px)

(proof)

lemma hb-ex-simps [simp, no-atpl:

AN PQ Bz€ A PzAQ) «— (3z€ A Pz)A Q)
AN PQ Az€ A PAQz)+— (PA(Jz€ A Qu))
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AP. (3z € 0. P z) <— False

Na BP. (3z€ B<a. Pz)«— (PaV (3z € B. Px))
AP Q. (3z € HCollect Q A. Pz) +— (J3z € A. Qz A P z)
NAP. (-(3z€ A. Pz)) +— (Ve € A. - Px)

(proof)
lemma le-HCollect-iff: A < {x € B. Pz} «— A< BA (NVz € A. Px)
{proof)

1.9 Relations and Functions

definition is-hpair :: hf = bool
where is-hpair z = (Jz y. z = (z,y))

definition hconverse :: hf = hf
where hconverse(r) = {z. w € r, Iz y. w = (x,y) A z = (y,2)}

definition hdomain :: hf = hf
where hdomain(r) = {z. w € r, Jy. w = (z,y)|}

definition hrange :: hf = hf
where hrange(r) = hdomain(hconverse(r))

definition hrelation :: hf = bool
where hrelation(r) = (Vz. 2 € r — is-hpair z)

definition hrestrict :: hf = hf = hf
— Restrict the relation r to the domain A
where hrestrictr A = {z € r. 3z € A. Fy. z = (z,y)|}

definition nonrestrict :: hf = hf = hf
where nonrestrictr A = {z € r. Vo € A. Vy. z # (z,y)|}

definition Afunction :: hf = bool
where hfunction(r) = Vz y. (z,y) € r — Vy' (z,y) € r — y=y"))

definition app :: hf = hf = hf
where app fz = (THE y. (z, y) € f)

lemma hrestrict-iff [iff]:
z € hrestrictr A<— z€rAN(Jzy z=(z,y) Nz € A)
(proof)

lemma hrelation-0 [simp]: hrelation 0
{proof)

lemma hrelation-restr [iff]: hrelation (hrestrict r x)
{proof)
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lemma hrelation-hunion [simp): hrelation (f U g) <— hrelation f N hrelation g
{proof)

lemma hfunction-restr: hfunction r = hfunction (hrestrict r x)
(proof )

lemma hdomain-restr [simp|: hdomain (hrestrict r ) = hdomain r M x
{proof)

lemma hdomain-0 [simp]: hdomain 0 = 0
(proof)

lemma hdomain-ins [simp]: hdomain (r < {(z, y)) = hdomain r <
{proof)

lemma hdomain-hunion [simpl: hdomain (f U g) = hdomain f U hdomain g
(proof )

lemma hdomain-not-mem [iff]: (hdomain r, a) & r
{proof)

lemma app-singleton [simp]: app {{z, y)} z =y
(proof)

lemma app-equality: hfunction f = (z, y) € f = app fz =y
(proof )

lemma app-ins2: ©' # v = app (f < {(z, y)) 2’ = app fz’
(proof )

lemma hfunction-0 [simp]: hfunction 0
{proof)

lemma hfunction-ins: hfunction f = x & hdomain f = hfunction (f< (z, y))
(proof )

lemma hdomainl: (z, y) € f = x € hdomain f
(proof )

lemma hfunction-hunion: hdomain f M hdomain g = 0
= hfunction (f U g) «— hfunction f A hfunction g
(proof )

lemma app-hrestrict [simp|: © € A = app (hrestrict f A) x = app fx
(proof )

1.10 Operations on families of sets

definition HLambda :: hf = (hf = hf) = hf
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where HLambda A b = RepFun A (Az. (z, b z))

definition HSigma :: hf = (hf = hf) = hf
where HSigma A B = (| |z€A. | |y€B(x). {{z,y)})

definition HPi :: hf = (hf = hf) = hf
where HPi A B = { f € HPow(HSigma A B). A < hdomain(f) A hfunction(f)}

syntax (ASCII)

-PROD  :: [pttrn, hf, hf] = hf («(3PROD -<:-./ -)» 10)

-SUM i [pttrn, hf, hf] = hf («(3SUM -<:-./ -)» 10)

-lam i [pttrn, hf, hf] = hf («(8lam -<:-./ -)» 10)
syntax

-PROD  : [pttrn, hf, hf] = hf («(3[I-€-./ -)» 10)

-SUM i [pttrn, hf, hf] = hf («(3>-€-./ - 10)

-lam o [pttrn, hf, hf] = hf («(8X-€-./ -)» 10)

syntax-consts
-PROD = HPi and
-SUM = HSigma and
-lam = HLambda
translations
[[z€A. B = CONST HPi A (\z. B)
> x€A. B= CONST HSigma A (\z. B)
Az€A. f = CONST HLambda A (Az. f)

1.10.1 Rules for Unions and Intersections of families

lemma HUN-iff [simp]: b € (| |z€A. B(z)) +— (FJz€A. b € B(x))
(proof )

lemma HUN-I: [a € A; b€ B(a)] = b € (|Jz€A. B(x))
(proof)

lemma HUN-E [elim!]: assumes b € (| |z€A. B(z)) obtains z where z € 4 b
€ B(x)
{proof)

lemma HINT-iff: b € ([|z€A. B(z)) +— (Vz€A. b € B(x)) A A#0
(proof )

lemma HINT-I: [ N\z. : € A = b € B(z); A#0 ] = b € ([|z€A. B(z))
(proof)

lemma HINT-E: [ b € ([|z€A. B(z)); a€ A] = b € B(a)
(proof)
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1.10.2 Generalized Cartesian product

lemma HSigma-iff [simp]: (a,b) € HSigma A B +— a € A A b € B(a)
{proof)

lemma HSigmal [intro)]: [ a € A; b € B(a) ] = (a,b) € HSigma A B
{proof)

lemmas HSigmaD1 = HSigma-iff [THEN iffD1, THEN conjunct1]
lemmas HSigmaD2 = HSigma-iff [THEN iffD1, THEN conjunct2]

The general elimination rule

lemma HSigmaFE [elim!]:
assumes ¢ € HSigma A B
obtains z y where z € A y € B(z) c=(z,y)
{proof)

lemma HSigmaE2 [elim!]:
assumes (a,b) € HSigma A B obtains ¢« € A and b € B(a)

{proof)

lemma HSigma-emptyl! [simp]: HSigma 0 B = 0
(proof )

instantiation Ahf :: times

begin
definition A x B = HSigma A (\z. B)

instance (proof)
end

lemma times-iff [simp]: (a,b) € Ax B+—a€ ANDE B
{proof)

lemma timesI [introl]: [a € 4; b€ B] = (a,b) € A x B
(proof)

lemmas timesD1 = times-iff [THEN iffD1, THEN conjunctl]
lemmas timesD2 = times-iff [THEN iffD1, THEN conjunct2]

The general elimination rule

lemma timesE [elim!]:
assumes c: ¢ € A« B
obtains z y where z € A y € B c=(z,y) (proof)

...and a specific one

lemma timesE2 [elim!]:
assumes (a,b) € A *x B obtains a € A and b € B

(proof)

lemma times-emptyl [simpl: 0 x B = (0::hf)
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{proof)

lemma times-empty2 [simp|: Ax0 = (0::hf)
{proof)

lemma times-empty-iff: AxB=0 +— A=0 V B=(0::hf)
(proof)

instantiation hf :: mult-zero
begin

instance (proof)
end

1.11 Disjoint Sum

instantiation hf :: zero-neg-one
begin
definition One-hf-def: 1 = {0}
instance (proof)
end

instantiation Af :: plus

begin
definition A + B = ({0} « A) U ({1} = B)
instance (proof)

end

definition Inl :: hf=hf where
Inl(a) = (0,a)

definition Inr :: hf=-hf where
Inr(b) = (1,b)

lemmas sum-defs = plus-hf-def Inl-def Inr-def

lemma Inl-nonzero [simp):Inl © # 0
{proof)

lemma Inr-nonzero [simp|:Inr z # 0
{proof)
Introduction rules for the injections (as equivalences)
lemma Inl-in-sum-iff [iff]: Inl(a) € A+B +— a € A
{proof)
lemma Inr-in-sum-iff [iff]: Inr(b) € A+B +— b € B
{proof)

Elimination rule

21



lemma sumkFE [elim!]:
assumes u: u € A+B
obtains = where z € A u=Inl(z) | y where y € B u=Inr(y) (proof)

Injection and freeness equivalences, for rewriting
lemma Inl-iff [iff]: Inl(a)=Inl(b) +— a=b
(proof)

lemma Inr-iff [iff]: Inr(a)=Inr(b) <— a=b
(proof)

lemma Inl-Inr-iff [iff]: Inl(a)=Inr(b) +— False
(proof)

lemma Inr-Inl-iff [iff]: Inr(b)=Ini(a) +— False
{proof)

lemma sum-empty [simp]: 0+0 = (0::hf)
{proof)

lemma sum-iff: u € A+B<+— (Jz. € A AN u=Inl(z)) vV (3y. y € B A u=Inr(y))

{proof)

lemma sum-subset-iff:
fixes A :: hf shows A+B < C+D +— A<C N B<D
{proof )

lemma sum-equal-iff:
fixes A :: hf shows A+B = C+D <— A=C N B=D
(proof)

definition is-hsum :: hf = bool
where is-hsum z = (3z. z = Inl z V z = Inr x)

definition sum-case :: (hf = 'a) = (hf = 'a) = hf = 'a
where
sum-case f g a =

THE z. Vz.a=Inlz — z=faz) A NVy.a=Inry — z=gy) A

is-hsum a — z = undefined)

lemma sum-case-Inl [simp]: sum-case f g (Inl z) = fx
(proof )

lemma sum-case-Inr [simpl: sum-case f g (Inry) = gy

(proof)

lemma sum-case-non [simp|: = is-hsum a => sum-case f g a = undefined
(proof)
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lemma is-hsum-cases: (3x. z = Inl x V z = Inr z) V = is-hsum z
{proof)

lemma sum-case-split:

P (sum-case f g a) «— (Vz. a = Inlz — P(fz)) AN (Vy. a = Inr y — P(yg
y)) A (= is-hsum a — P undefined)

(proof)

lemma sum-case-split-asm:

P (sum-case fg a) «— = ((Fx. a=Inlz A= P(fz))V 3y. a=1Inry A =
P(gy)) V (= is-hsum a A = P undefined))

{proof )

end
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Chapter 2

Ordinals, Sequences and
Ordinal Recursion

theory Ordinal imports HF
begin

2.1 Ordinals

2.1.1 Basic Definitions

Definition 2.1. We say that x is transitive if every element of x is a subset
of x.

definition
Transset :: hf = bool where
Transset(z) =Vy. y€z — y<zx

lemma Transset-sup: Transset © = Transset y = Transset (z Ll y)
{proof)

lemma Transset-inf: Transset © = Transset y = Transset (z M y)
(proof)

lemma Transset-hinsert: Transset © = y < © = Transset (z <4 y)
(proof )

In HF, the ordinals are simply the natural numbers. But the definitions
are the same as for transfinite ordinals.

definition
Ord :: hf = bool where
Ord(k) = Transset(k) A (Vz € k. Transset(x))

2.1.2 Definition 2.2 (Successor).

definition
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succ :: hf = hf where
suce(x) = hinsert ¢ x

lemma succ-iff [simp]: x € succ y +— =y V z € y
(proof )

lemma succ-ne-self [simp|: i # succ i
{proof)

lemma succ-notin-self: succ i & i
(proof)

lemma succE [elim?]: assumes z € succ y obtains z=y | z € y
{proof)

lemma hmem-succ-ne: succ t € y = x # y
(proof)

lemma hball-succ [simp]: (V2 € succ k. Px) «— Pk AN (Vz € k. Px)
{proof)

lemma hbez-succ [simp]: (3x € succ k. Px) «— PkV (3z € k. P x)
(proof)

lemma One-hf-eq-succ: 1 = succ 0
(proof )

lemma zero-hmem-one [iff|: x € 1 +— z =0
{proof)

lemma hball-One [simp]: (Vz€1l. Px) = P 0
{proof)

lemma hbex-One [simp]: (3z€1. Pz) = P 0
{proof)

lemma hpair-neg-succ [simp): (z,y) # succ k
{proof)

lemma succ-neg-hpair [simp): succ k # (z,y)
{proof)

lemma hpair-neg-one [simpl: (z,y) # 1
(proof)

lemma one-neg-hpair [simp]: 1 # (z,y)
(proof )

lemma hmem-succ-self [simp]: k € succ k
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{proof)

lemma hmem-succ: | € k = | € succ k

(proof)
Theorem 2.3.
lemma Ord-0 [iff]: Ord 0
(proof)

lemma Ord-succ: Ord(k) = Ord(succ(k))
{proof)

lemma Ord-1 [iff]: Ord 1
(proof)

lemma OrdmemD: Ord(k) = j€ k = j <k
{proof)

lemma Ord-trans: [ i€j; j€k; Ord(k) ] = i€k
{proof)

lemma hmem-0-Ord:
assumes k: Ord(k) and knz: k # 0 shows 0 € k

(proof)

lemma Ord-in-Ord: | Ord(k); m € k] = Ord(m)
{proof)

2.1.3 Induction, Linearity, etc.

lemma Ord-induct [consumes 1, case-names step:
assumes k: Ord(k)
and step: Az.[ Ord(z); Ay.y € = P(y) ] = P(x)
shows P(k)
(proof)

Theorem 2.4 (Comparability of ordinals).

lemma Ord-linear: Ord(k) = Ord(l) = k€l vV k=l V I€k
(proof)

The trichotomy law for ordinals

lemma Ord-linear-It:

assumes o: Ord(k) Ord(l)

obtains (It) k€l | (eq) k=1 | (gt) I€k
(proof)

lemma Ord-linear?:
assumes o: Ord(k) Ord(l)
obtains (it) k€l | (ge) | < k
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(proof)

lemma Ord-linear-le:
assumes o: Ord(k) Ord(l)
obtains (le) k < 1| (ge) | < k
(proof )

lemma hunion-less-iff [simpl: [Ord i; Ord j] = i U j < k +— i<k A j<k
(proof )
Theorem 2.5
lemma Ord-mem-iff-lt: Ord(k) = Ord(l) = k€l +— k < I
(proof )

lemma le-succE: succ i < succj = i < j
{proof )

lemma le-succ-iff: Ord i = Ord j = succ i < succ j +— i < j
(proof )

lemma succ-inject-iff [iff]: succ i = succ j +— i =3
(proof )

lemma mem-succ-iff [simp]: Ord j = succ i € succ j «— i € j
(proof )

lemma Ord-mem-succ-cases:
assumes Ord(k) | € k
shows succ l = k V succl € k

(proof)

2.1.4 Supremum and Infimum
lemma Ord-Union [intro,simp]: [ \i. i€A = Ord(i) | = Ord(|] A)
(proof)

lemma Ord-Inter [intro,simp):
assumes Ai. i€A = Ord(i) shows Ord([] A)

(proof)

Theorem 2.7. Every set x of ordinals is ordered by the binary relation
<. Moreover if x = 0 then x has a smallest and a largest element.

lemma hmem-Sup-Ords: [A#0; N\i. i€A = Ord(i)] = | JA € A
(proof)

lemma hmem-Inf-Ords: [A#0; N\i. i€A = Ord(i)] = []A € A
(proof)

lemma Ord-pred: [Ord(k); k # 0] = suce(| | k) = k
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(proof)

lemma Ord-cases [cases type: hf, case-names 0 succ]:
assumes Ok: Ord(k)
obtains k = 0 | [ where Ord [ succl = k

(proof)

lemma Ord-induct2 [consumes 1, case-names 0 succ, induct type: hf):
assumes k: Ord(k)
and P: PO Nk. Ord k = P k = P (succ k)
shows P k

(proof)

lemma Ord-succ-iff [iff]: Ord (succ k) = Ord k
{proof)

lemma [simp]: succ k # 0
{proof)

lemma Ord-Sup-succ-eq [simp]: Ord k = | | (succ k) = k
{proof)

lemma Ord-lt-succ-iff-le: Ord k = Ord | = k < succ l +— k <1
(proof)

lemma zero-in-Ord: Ord k = k=0 V 0 € k
(proof )

lemma hpair-neq-Ord: Ord k = (x,y) # k
(proof )

lemma hpair-neq-Ord’: assumes k: Ord k shows k # (z,y)
(proof )

lemma Not-Ord-hpair [iff]: = Ord (z,y)
{proof)

lemma is-hpair [simp): is-hpair (z,y)
(proof)

lemma Ord-not-hpair: Ord © = — is-hpair z
(proof )

lemma zero-in-succ [simp,intro]: Ord i = 0 € succ i
{proof)

2.1.5 Converting Between Ordinals and Natural Numbers

fun ord-of :: nat = hf
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where
ord-of 0 = 0
| ord-of (Suc k) = succ (ord-of k)

lemma Ord-ord-of [simp]: Ord (ord-of k)
{proof)

lemma ord-of-inject [iff]: ord-of i = ord-of j +— i=j
(proof)

lemma ord-of-minus-1: n > 0 = ord-of n = succ (ord-of (n — 1))
(proof)

definition nat-of-ord :: hf = nat
where nat-of-ord © = (THE n. x = ord-of n)

lemma nat-of-ord-ord-of [simp]: nat-of-ord (ord-of n) = n
{proof)

lemma nat-of-ord-0 [simpl: nat-of-ord 0 = 0
(proof )

lemma ord-of-nat-of-ord [simp]: Ord x = ord-of (nat-of-ord z) = x
(proof)
lemma nat-of-ord-inject: Ord v = Ord y = nat-of-ord x = nat-of-ord y +— x
=Y
(proof)

lemma nat-of-ord-succ [simp]: Ord x => nat-of-ord (succ z) = Suc (nat-of-ord z)

(proof)

lemma inj-ord-of: inj-on ord-of A
{proof )

lemma hfset-ord-of: hfset (ord-of n) = ord-of * {0..<n}
(proof)

lemma bij-betw-ord-of: bij-betw ord-of {0..<n} (hfset (ord-of n))
{proof)

lemma bij-betw-ord-ofI:
bij-betw h A {0..<n} = bij-betw (ord-of o h) A (hfset (ord-of n))
(proof)

2.2 Sequences and Ordinal Recursion

Definition 3.2 (Sequence).
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definition Seq :: hf = hf = bool
where Seq s k «<— hrelation s A\ hfunction s A k < hdomain s

lemma Seq-0 [iff]: Seq 0 0
(proof )

lemma Seq-succ-D: Seq s (succ k) = Seq s k
(proof )

lemma Seq-Ord-D: Seq s k — | € k = Ord k — Seq s |
(proof )

lemma Seg-restr: Seq s (succ k) = Seq (hrestrict s k) k
{proof)

lemma Seq-Ord-restr: [Seq s k; | € k; Ord k] = Seq (hrestrict s 1) |
(proof)

lemma Seg-ins: [Seq s k; k & hdomain s] = Seq (s < (k, y)) (succ k)
{proof)

definition insf :: hf = hf = hf = hf
where insf s k y = nonrestrict s {k} < (k, y)

lemma hrelation-insf: hrelation s = hrelation (insf s k y)
(proof )

lemma hfunction-insf: hfunction s = hfunction (insf s k y)
(proof )

lemma hdomain-insf: k < hdomain s = succ k < hdomain (insf s k y)
(proof )

lemma Seq-insf: Seq s k = Seq (insf s k y) (succ k)
(proof )

lemma Seq-succ-iff: Seq s (succ k) < Seq s k A (Fy. (k, y) € s)
(proof )

lemma nonrestrictD: a € nonrestrict s X — a € s
(proof)

lemma hpair-in-nonrestrict-iff [simp]:
(a,b) € nonrestrict s X <— (a,b) € sAN—~a € X
{proof)

lemma app-nonrestrict-Seq: Seq s k = z & X = app (nonrestrict s X) z = app
sz

{proof)
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lemma app-insf-Seq: Seq s k = app (insf s ky) k =y
(proof )

lemma app-insf2-Seq: Seq s k = k' £ k = app (insf s k y) k' = app s k'
(proof )

lemma app-insf-Seq-if: Seq s k = app (insf s k y) k' = (if k' = k then y else app
s k)
(proof )

lemma Seq-imp-eq-app: [Seq s d; {(z,y) € s] = app sz =y
(proof )

lemma Seq-iff-app: [Seq s d; © € d] = (z,y) € s+— app sz =y
(proof)

lemma FEzists-iff-app: Seq s d = z € d = (Jy. (x, y) € s AN Py) =P (app s
z)
(proof )

lemma Ord-trans2: [i2 € i;i € j; j € k; Ord k] = i2€k
(proof)

definition ord-rec-Seq :: hf = (hf = hf) = hf = hf = hf = bool
where
ord-rec-Seq T G s k y +—
(Seq sk Ny= G (app s (L |k)) Napps 0 =T A
(Vn. succn € k — app s (succ n) = G (app s n)))

lemma Seg-succ-insf:
assumes s: Seq s (succ k) shows 3 y. s = insfsky

(proof)

lemma ord-rec-Seq-succ-iff:

assumes k: Ord k and knz: k # 0

shows ord-rec-Seq T G s (succ k) z +— (3 s’ y. ord-rec-Seq T G s" ky N z =
GyANs=insfs' ky)
(proof)

lemma ord-rec-Seq-functional:

Ord k = k # 0 = ord-rec-Seq T G s k y = ord-rec-Seq T G s' ky' = y’
=Y
(proof)

definition ord-recp :: hf = (hf = hf) = (hf = hf) = hf = hf = bool
where
ord-recp T G Hzx y =
(if z=0theny =T
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else
if Ord(x) then 3 s. ord-rec-Seq T G sz y
else y = H )

lemma ord-recp-functional: ord-recp T G Hxzy = ord-recp T G Hz y' — v’
=Y
(proof)

lemma ord-recp-succ-iff:
assumes k: Ord k shows ord-recp T G H (succ k) z +— (3y. z= G y A ord-recp
T GHEy)

(proof)
definition ord-rec :: hf = (hf = hf) = (bf = hf) = hf = hf

where
ord-rec T G Hx = (THE y. ord-recp T G H x y)

lemma ord-rec-0 [simp]: ord-rec T G HO = T
{proof)

lemma ord-recp-total: y. ord-recp T G Hzx y
(proof)

lemma ord-rec-succ [simp]:
assumes k: Ord k shows ord-rec T G H (succ k) = G (ord-rec T G H k)
(proof)

lemma ord-rec-non [simp]: = Ord ¥ = ord-rec T G Hx = Hz
{proof)

end
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Chapter 3

V-Sets, Epsilon Closure,
Ranks

theory Rank imports Ordinal
begin

3.1 V-sets

Definition 4.1
definition Vset :: hf = hf
where Vset © = ord-rec 0 HPow (Az. 0) x

lemma Vset-0 [simp]: Vset 0 = 0
(proof)

lemma Vset-succ [simp]: Ord k = Vset (succ k) = HPow (Vset k)
{proof)

lemma Vset-non [simp]: = Ord t = Vset © = 0
{proof)
Theorem 4.2(a)

lemma Vset-mono-strict:
assumes Ord m n € m shows Vset n < Vset m

(proof)

lemma Vset-mono: [Ord m; n < m] = Vset n < Vset m
{proof)

Theorem 4.2(b)

lemma Vset-Transset: Ord m = Transset (Vset m)
{proof)

lemma Ord-sup [simp]: Ord k = Ord | = Ord (k U )
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{proof )
lemma Ord-inf [simp]: Ord k = Ord | = Ord (kN 1)
{proof)
Theorem 4.3

lemma Vset-universal: 3n. Ord n AN x € Vset n

(proof)

3.2 Least Ordinal Operator

Definition 4.4. For every x, let rank(x) be the least ordinal n such that...

lemma Ord-minimal:
Ordk = Pk=3In. Ordn APnAKN¥m. Ordm AP m— n<m)

{proof)

lemma OrdLeast]: Ord k = P k = P(LEAST n. Ord n A\ P n)
(proof)

lemma OrdLeast-le: Ord k = P k = (LEAST n. Ord n AN Pn) < k
(proof)

lemma OrdLeast-Ord:
assumes Ord k P kshows Ord(LEAST n. Ord n A P n)

(proof)
3.3 Rank Function

definition rank :: hf = hf
where rank x = (LEAST n. Ord n A © € Vset (succ n))

lemma [simp]: rank 0 = 0
{proof)

lemma in-Vset-rank: a € Vset(succ(rank a))
(proof)

lemma Ord-rank [simp]: Ord (rank a)
(proof)

lemma le-Vset-rank: a < Vset(rank a)
{proof)

lemma Vsetl: succ(rank a) < k = Ord k = a € Vset k
{proof)

lemma Vset-succ-rank-le: Ord k = a € Vset (succ k) = rank a < k
{proof)
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lemma Vset-rank-lt: assumes a: a € Vset k shows rank a < k
(proof)

Theorem 4.5

theorem rank-lt: a € b = rank(a) < rank(b)
(proof)

lemma rank-mono: x < y = rank x < rank y

(proof)

lemma rank-sup [simp]: rank (a U b) = rank a U rank b
(proof)

lemma rank-singleton [simp]: rank {a} = succ(rank a)

(proof)

lemma rank-hinsert [simp|: rank (b < a) = rank b U succ(rank a)
{proof)

Definition 4.6. The transitive closure of z is the minimal transitive set y
such that z < v.

3.4 Epsilon Closure

definition
eclose  :: hf = hf where
eclose X = [| {Y € HPow(Vset (rank X)). Transset Y N X<Y|

lemma eclose-facts:
shows Transset-eclose: Transset (eclose X)
and le-eclose: X < eclose X

(proof)

lemma eclose-minimal:
assumes Y: Transset Y X<Y shows eclose X < Y

(proof)

lemma eclose-0 [simp]: eclose 0 = 0
(proof)

lemma eclose-sup [simp]: eclose (a U b) = eclose a U eclose b
(proof)

lemma eclose-singleton [simp]: eclose {a}} = (eclose a) < a

(proof)

lemma eclose-hinsert [simp]: eclose (b < a) = eclose b Ll (eclose a < a)
{proof)
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lemma eclose-succ [simp]: eclose (succ a) = eclose a < a
{proof)

lemma fst-in-eclose [simp]: x € eclose (z, y)
{proof)

lemma snd-in-eclose [simp]: y € eclose {(z, y)
{proof)
Theorem 4.7. rank(x) = rank(cl(x)).

lemma rank-eclose [simp|: rank (eclose x) = rank x

(proof)

3.5 Epsilon-Recursion

Theorem 4.9. Definition of a function by recursion on rank.

lemma hmem-induct [case-names step):
assumes ih: Az. (A\y. y € © = P y) = P z shows Pz
(proof)

definition
hmem-rel :: (hf * hf) set where
hmem-rel = trancl {(z,y). z € y}

lemma wf-hmem-rel: wf hmem-rel
(proof )

lemma hmem-eclose-le: y € © = eclose y < eclose x
(proof)

lemma hmem-rel-iff-hmem-eclose: (z,y) € hmem-rel <— x € eclose y

(proof)

definition hmemrec :: ((hf = 'a) = hf = 'a) = hf = 'a where
hmemrec G = wfrec hmem-rel G

definition ecut :: (hf = 'a) = hf = hf = ’a where
ecut fz = (Ay. if y € eclose x then f y else undefined)

lemma hmemrec: hmemrec G a = G (ecut (hmemrec G) a) a
{proof)
This form avoids giant explosions in proofs.
lemma def-hmemrec: f = hmemrec G = fa = G (ecut (hmemrec G) a) a

(proof )

lemma ecut-apply: y € eclose x = ecut fry = fy
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{proof)

lemma RepFun-ecut: y < z => RepFun y (ecut f z) = RepFun y f
(proof )

Now, a stronger induction rule, for the transitive closure of membership

lemma hmem-rel-induct [case-names step):
assumes ih: Az. (Ay. (y,2) € hmem-rel = P y) = P z shows P ¢

(proof)

lemma rank-HUnion-less: © # 0 = rank (| |z) < rank
(proof)

corollary Sup-ne: x # 0 = | |z # z
(proof )

end
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Chapter 4

An Application: Finite
Automata

theory Finite-Automata imports Ordinal
begin

The point of this example is that the HF sets are closed under disjoint
sums and Cartesian products, allowing the theory of finite state machines
to be developed without issues of polymorphism or any tricky encodings of
states.

record 'a fsm = states :: hf
init 2 hf
final :: hf

next :: hf = 'a = hf = bool

inductive reaches :: ['a fsm, hf, 'a list, hf] = bool
where
Nil: st € states fsm = reaches fsm st [| st
| Cons: [next fsm st x st’’; reaches fsm st’’ xs st’; st € states fsm] = reaches
fsm st (zftxs) st’

declare reaches.intros [intro]
inductive-simps reaches-Nil [simp|: reaches fsm st [| st’
inductive-simps reaches-Cons [simp]: reaches fsm st (z#xs) st’

lemma reaches-imp-states: reaches fsm st zs st' = st € states fsm N st’ € states
fsm
(proof)

lemma reaches-append-iff:
reaches fsm st (xsQys) st’ +— (I st”. reaches fsm st zs st’’ N reaches fsm st”’
ys st’)
(proof )

definition accepts :: 'a fsm = 'a list = bool where
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accepts fsm xs = st st’. reaches fsm st xs st’ A st € init fsm A st’ € final fsm

definition regular :: 'a list set = bool where
reqular S = 3 fsm. S = {xs. accepts fsm xs}

definition Null where
Null = (states = 0, init = 0, final = 0, next = Ast x st’. False))

theorem regular-empty: reqular {}
(proof )

abbreviation NullStr where
NullStr = (states = 1, init = 1, final = 1, next = st z st’. False))

theorem regular-emptystr: reqular {[|}

(proof)

abbreviation SingStr where
SingStr a = (states = {0, 1}, init = {0}, final = {1}, next = Ast z st’. st=0
A z=a A st'=1)

theorem regular-singstr: reqular {[a]}
(proof)

definition Reverse where
Reverse fsm = (states = states fsm, init = final fsm, final = init fsm,
next = Ast x st’. next fsm st’ x st

lemma Reverse-Reverse-ident [simp]: Reverse (Reverse fsm) = fsm
{proof)

lemma reaches-Reverse-iff [simp]:
reaches (Reverse fsm) st (rev xs) st’ <— reaches fsm st’ zs st

{proof)

lemma reaches-Reverse-iff2 [simp]:
reaches (Reverse fsm) st’ xs st «— reaches fsm st (rev xs) st’

{proof)

lemma [simp]: init (Reverse fsm) = final fsm
{proof)

lemma [simp]: final (Reverse fsm) = init fsm
(proof )

lemma accepts-Reverse: rev © {xs. accepts fsm xs} = {xs. accepts (Reverse fsm)
xs}
{proof)

39



theorem regular-rev: regular S = regular (rev ¢ S)
{proof )

definition Times where
Times fsm1 fsm2 = (states = states fsm1 * states fsm2,
init = init fsml1 * init fsm2,
final = final fsm1 * final fsm2,
next = Ast x st’. (Fstl st2 st1’ st2'. st = (stl,st2) A st’ =
(st1',st2"y N
next fsmi st1 x st1’ A next fsm2 st2 z st2'))

lemma states-Times [simp]: states (Times fsm1 fsm2) = states fsm1 x states fsm2
(proof )

lemma indt-Times [simp]: init (Times fsm1 fsm2) = init fsm1 * init fsm2
{proof)

lemma final-Times [simp]: final (Times fsm1 fsm2) = final fsm1 x final fsm2
(proof )

lemma next-Times: next (Times fsml1 fsm2) (st1,st2) z st’ «—
(st1! st2’. st’ = (st1',st2") N next fsml stl x st1’ A next fsm2 st2 x st2’)

{proof)

lemma reaches-Times-iff [simp]:
reaches (Times fsm1 fsm2) (st1,st2) xs (st1’,st2") +—
reaches fsm1 st1 zs st1’ A reaches fsm2 st2 xs st2’

(proof)

lemma accepts-Times-iff [simp]:
accepts (Times fsm1 fsm2) xs +— accepts fsml1 xs A accepts fsm2 xs
(proof )

theorem reqular-Int:
assumes S: regular S and T: regular T shows regular (S N T)

(proof)

definition Plus where
Plus fsml1 fsm2 = (states = states fsm1 + states fsm2,

init = init fsm1 + init fsm2,

final = final fsm1 + final fsm2,

next = Ast x st’. (Istl st1’. st = Inl st1 A st’ = Inl st1’ A next
fsm1 st z st1’) v

(I st2 st2’. st = Inr st2 A st’ = Inr st2' N next

fsm2 st2 x st2'))

lemma states-Plus [simp]: states (Plus fsm1 fsm2) = states fsm1 + states fsm?2
{proof)
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lemma init-Plus [simp]: init (Plus fsm1 fsm2) = init fsm1 + init fsm2
{proof)

lemma final-Plus [simp]: final (Plus fsm1 fsm2) = final fsm1 + final fsm2
(proof )

lemma next-Plusi: next (Plus fsm1 fsm2) (Inl st1) x st’ «— (Ist1’. st’ = Inl
st1' A next fsml stl x st1’)

{proof)

lemma next-Plus2: next (Plus fsm1 fsm2) (Inr st2) z st’ +— (Ist2’. st' = Inr
st2' A next fsm2 st2 x st2')

{proof)

lemma reaches-Plus-iff1 [simp]:
reaches (Plus fsm1 fsm2) (Inl st1) xs st’ +—
(Ist1’. st’ = Inl st1’ A reaches fsml stl xs st1’)

(proof)

lemma reaches-Plus-iff2 [simp]:
reaches (Plus fsm1 fsm2) (Inr st2) zs st’ +—
(Fst2'. st’ = Inr st2' A reaches fsm2 st2 xs st2”)

(proof)

lemma reaches-Plus-iff [simp]:
reaches (Plus fsm1 fsmg2) st xs st' +—
(I st1 st1’. st = Inl st1 A st’ = Inl st1’ A reaches fsml1 stl xs st1') V
(I st2 st2'. st = Inr st2 A st’ = Inr st2' A reaches fsm2 st2 s st2’)

(proof)

lemma accepts-Plus-iff [simp]:
accepts (Plus fsm1 fsm2) xs <— accepts fsml1 xs V' accepts fsm2 xs

{proof)

lemma regular-Un:
assumes S: regular S and T: regular T shows regular (S U T)

(proof)

end

theory Finitary
imports Ordinal
begin

class finitary =
fixes hf-of :: 'a = hf
assumes inj: inj hf-of
begin
lemma hf-of-eq-iff [simp]: hf-of © = hf-of y +— z=y
(proof)
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end

instantiation unit :: finitary

begin
definition hf-of-unit-def: hf-of (u:unit) = 0
instance

(proof )
end

instantiation bool :: finitary

begin
definition hf-of-bool-def: hf-of b = if b then 1 else 0
instance

(proof)

end

instantiation nat :: finitary

begin
definition hf-of-nat-def: hf-of = ord-of
instance

(proof)

end

instantiation int :: finitary
begin
definition hf-of-int-def:
hf-of i = if i>(0::int) then (0, hf-of (nat i)) else {1, hf-of (nat (—i)))
instance

(proof)

end

Strings are char lists, and are not considered separately.

instantiation char :: finitary
begin
definition hf-of-char-def:
hf-of © = hf-of (of-char x :: nat)
instance

(proof)

end

instantiation prod :: (finitary,finitary) finitary
begin
definition hf-of-prod-def:
hf-of = Az,y). (hf-of z, hf-of y)

instance
(proof)

end

instantiation sum :: (finitary,finitary) finitary
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begin
definition hf-of-sum-def:
hf-of = case-sum (HF.Inl o hf-of) (HF.Inr o hf-of)
instance

(proof)

end

instantiation option :: (finitary) finitary
begin
definition hf-of-option-def:
hf-of = case-option 0 (Az. {hf-of z|})
instance

(proof)

end

instantiation list :: (finitary) finitary
begin
primrec hf-of-list where
hf-of-list Nil = 0
| hf-of-list (x#xs) = (hf-of x, hf-of-list xs)

lemma [simp]: fixes z :: ‘a list shows hf-of x = hf-of y = z =y
(proof )

instance
(proof)
end

end
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Chapter 5

Addition, Sequences and
their Concatenation

theory OrdArith imports Rank
begin

5.1 Generalised Addition — Also for Ordinals

Source: Laurence Kirby, Addition and multiplication of sets Math. Log.
Quart. 53, No. 1, 52-65 (2007) / DOI 10.1002/malq.200610026 http://
faculty.baruch.cuny.edu/lkirby /mlgarticlejan2007.pdf

definition
hadd = hf = hf = hf (infixl «Q+» 65) where
hadd x = hmemrec (A\f z. x U RepFun z f)

lemma hadd: © @+ y = z U RepFun y (Az. © Q+ 2)
(proof )

lemma hmem-hadd-E:
assumes [: | € z Q+ y
obtains [ € z | 2 where z € y [ =z Q+ 2
{proof )

lemma hadd-0-right [simp]: x Q+ 0 = z
{proof)

lemma hadd-hinsert-right: * Q-+ hinsert y z = hinsert (z Q+ y) (z Q+ 2)
{proof)

lemma hadd-succ-right [simp]: x Q+ succ y = succ (x Q+ y)
(proof )

lemma not-add-less-right: = (z Q+ y < z)
(proof)
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lemma not-add-mem-right: = (z Q+ y € )
{proof)

lemma hadd-0-left [simp]: 0 Q+ z = ¢
{proof)

lemma hadd-succ-left [simp]: Ord y => succ z Q+ y = succ (z Q+ y)
(proof )

lemma hadd-assoc: (z Q@+ y) Q+ z = z Q+ (y Q+ 2)
(proof)

lemma RepFun-hadd-disjoint: z 1 RepFun y ((Q+) z) = 0
(proof )

5.1.1 Cancellation laws for addition

lemma Rep-le-Cancel: © U RepFun y ((Q+) z) < z U RepFun z ((Q+) z)
= RepFun y ((Q+) z) < RepFun z ((Q+) z)
{proof )

lemma hadd-cancel-right [simp]: x Q+ y = © Q+ z +— y=z

(proof)
lemma RepFun-hadd-cancel: RepFun y (Az. v Q4+ z) = RepFun z (Az. © Q+ 2)
— y=z

(proof)

lemma hadd-hmem-cancel [simp]: x @+ y € 2 Q+ 2z +— y € 2
(proof )

lemma ord-of-add: ord-of (i+j) = ord-of i Q@+ ord-of j
(proof )

lemma Ord-hadd: Ord ¥ = Ord y = Ord (z Q+ y)
{proof)

lemma hmem-self-hadd [simp]: k1 € kI Q+ k2 «+— 0 € k2
{proof)

lemma hadd-commute: Ord x = Ord y — ¢ Q+ y = y Q+ z

{proof)

lemma hadd-cancel-left [simp]: Ord © = y Q+ x = z Q+ z +— y=2
{proof)

5.1.2 The predecessor function

definition pred :: hf = hf
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where pred x = (THE y. succ y = © V =0 A y=0)

lemma pred-succ [simp]: pred (succ z) = x
{proof)

lemma pred-0 [simp]: pred 0 = 0
(proof)

lemma succ-pred [simp]: Ord © = © # 0 = succ (pred z) = x
{proof)

lemma pred-mem [simp]: Ord v = z # 0 = pred z € ¢
(proof )

lemma Ord-pred [simp]: Ord © = Ord (pred x)
{proof)

lemma hadd-pred-right: Ord y = y # 0 = x Q+ pred y = pred (x Q+ y)
(proof )

lemma Ord-pred-HUnion: Ord(k) = pred k = | | k
{proof)
5.2 A Concatentation Operation for Sequences

definition shift :: hf = hf = hf
where shift f delta = {v . v € f, Iny. u = (n, y) A v = (delta Q+ n, y)}

lemma shiftD: x € shift f delta = Ju. u € f A © = (delta Q+ hfst u, hsnd u)
(proof )

lemma hmem-shift-iff: (m, y) € shift f delta <+— (In. m = delta @+ n A (n, y)
€ f)
(proof )

lemma hmem-shift-add-iff [simp]: (delta Q+ n, y) € shift f delta +— {(n, y) € f
(proof )

lemma hrelation-shift [simp|: hrelation (shift f delta)
{proof)

lemma app-shift [simpl: app (shift f k) (k Q+ j) = app f ]
(proof)

lemma hfunction-shift-iff [simp|: hfunction (shift f delta) = hfunction f
(proof )

lemma hdomain-shift-add: hdomain (shift f delta) = {delta Q@+ n . n € hdomain
i
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{proof)

lemma hdomain-shift-disjoint: delta M hdomain (shift f delta) = 0
(proof )

definition seg-append :: hf = hf = hf = hf
where seq-append k f g = hrestrict f k U shift g k

lemma hrelation-seq-append [simp|: hrelation (seg-append k f g)
(proof )

lemma Seg-append:
assumes Seq s k1 Seq s2 k2
shows Seq (seq-append k1 s1 s2) (k1 Q+ k2)

(proof)

lemma app-hunionl: x & hdomain g = app (f U g) z = app fz
(proof )

lemma app-hunion2: x & hdomain f = app (f U g) © = app g x
(proof )

lemma Seq-append-appl: Seq s k = | € k = app (seq-append k s s') | = app s
l

{proof)

lemma Seg-append-app2: Seq s1 kI — Seq s2 k2 — | = ki1 Q+ j = app
(seg-append k1 s1 s2) | = app s2 j
(proof )

5.3 Nonempty sequences indexed by ordinals

definition OrdDom where
OrdDom r =Vuzy. (z,y) €Er — Ord x

lemma OrdDom-insf: [OrdDom s; Ord k] = OrdDom (insf s (succ k) y)
{proof)

lemma OrdDom-hunion [simp]: OrdDom (s1 U s2) <— OrdDom s1 N OrdDom
s2

{proof)

lemma OrdDom-hrestrict: OrdDom s = OrdDom (hrestrict s A)
(proof)

lemma OrdDom-shift: [OrdDom s; Ord k] = OrdDom (shift s k)
{proof)

A sequence of positive length ending with y
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definition LstSeq :: hf = hf = hf = bool
where LstSeq s ky = Seq s (succ k) A Ord k A (k,y) € s A OrdDom s

lemma LstSeq-imp-Seq-succ: LstSeq s k y = Seq s (succ k)
(proof )

lemma LstSeq-imp-Seq-same: LstSeq s k y =—> Seq s k
(proof)

lemma LstSeq-imp-Ord: LstSeq s k y = Ord k
(proof )

lemma LstSeq-trunc: LstSeq s k y = | € k = LstSeq s | (app s )
(proof )

lemma LstSeq-insf: LstSeq s k 2 = LstSeq (insf s (succ k) y) (succ k) y
(proof)

lemma app-insf-LstSeq: LstSeq s k z = app (insf s (succ k) y) (succ k) =y
(proof )

lemma app-insf2-LstSeq: LstSeq s k z => k' # succ k = app (insf s (succ k) y)
k' = app s k'
(proof )

lemma app-insf-LstSeq-if: LstSeq s k z = app (insf s (succ k) y) k' = (if k' =
succ k then y else app s k')
(proof)

lemma LstSeq-append-appl:
LstSeq s ky = 1| € succ k = app (seq-append (succ k) s ") | = app sl
(proof)

lemma LstSeq-append-app2:
[LstSeq s1 k1 y1; LstSeq s2 k2 y2; | = succ k1 Q+ j]
= app (seq-append (succ k1) s1 s2) 1 = app s2j
(proof )

lemma Seg-append-pair:

[Seq s1 k1; Seq s2 (succ n); (n, y) € s2; Ord n] = (k1 Q+ n, y) € (seq-append
k1 s1 s2)

(proof )

lemma Seq-append-OrdDom: [Ord k; OrdDom s1; OrdDom s2] = OrdDom (segq-append
ksl s2)

{proof)

lemma LstSeq-append:
[LstSeq s1 k1 y1; LstSeq s2 k2 y2] = LstSeq (seq-append (succ k1) s1 s2) (succ
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(k1 @+ k2)) y2
{proof)

lemma LstSeq-app [simp]: LstSeq s ky = app s k = y
(proof )

5.3.1 Sequence-building operators

definition Builds :: (hf = bool) = (hf = hf = hf = bool) = hf = hf = bool
where Builds BCsl= B (appsl)V (I3me . In €l C (app sl) (app s m)

(app s n))

definition BuildSeq :: (hf = bool) = (hf = hf = hf = bool) = hf = hf = hf
= bool
where BuildSeq B C s ky = LstSeq s ky A (V1 € succ k. Builds B C s 1)

lemma BuildSeql: LstSeq s k y = (Al. | € succ k = Builds B C s |) =
BuildSeq B C's k y

{proof)

lemma BuildSeq-imp-LstSeq: BuildSeq B C' s ky = LstSeq s k y
(proof )

lemma BuildSeg-imp-Seq: BuildSeq B C s k y = Seq s (succ k)
(proof )

lemma BuildSeq-conj-distrib:

BuildSeq (Axz. Bx AN Pxz) (A yz CrxyzAPuzx)sky+—
BuildSeq B C's ky N (V1 € succ k. P (app s 1))
(proof)

lemma BuildSeg-mono:
assumes y: BuildSeq B C' sk y
and B: A\z. Bx = B'zand C: Az yz Cryz= C'zyz
shows BuildSeq B' C' sk y

(proof)

lemma BuildSeq-trunc:
assumes b: BuildSeq B C' s k y
and I: [ € k
shows BuildSeq B C s 1 (app s 1)

{proof)

5.3.2 Showing that Sequences can be Constructed

lemma Builds-insf: Builds B C s | = LstSeq s k z = | € succ k = Builds B
C (insf s (succ k) y) 1
(proof)

lemma BuildSeg-insf:
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assumes b: BuildSeq B C s k z
and m: m € succ k
and n: n € succ k
and y: By VvV Cy (app s m) (app s n)
shows BuildSeq B C (insf s (succ k) y) (succ k) y
(proof)

lemma BuildSeq-insf1:
assumes b: BuildSeq B C s k z
and y: By
shows BuildSeq B C (insf s (succ k) y) (succ k) y
(proof)

lemma BuildSeqg-insf2:
assumes b: BuildSeq B C' s k z
and m: m € k
and n: n € k

and y: C'y (app s m) (app s n)
shows BuildSeq B C (insf s (succ k) y) (succ k) y

{proof)

lemma BuildSeq-append:
assumes s1: BuildSeq B C s1 k1 y1 and s2: BuildSeq B C s2 k2 y2
shows BuildSeq B C (seq-append (succ k1) s1 s2) (succ (k1 Q4+ k2)) y2

(proof)

lemma BuildSeq-combine:
assumes b1: BuildSeq B C' s1 k1 yI and b2: BuildSeq B C s2 k2 y2
and y: C'y yl y2
shows BuildSeq B C (insf (seg-append (succ k1) s1 s2) (succ (suce (k1 Q+ k2)))
y) (suce (suce (k1 Q4+ k2))) y

(proof)

lemma LstSeq-1: LstSeq {(0, y)} 0y
(proof)

lemma BuildSeq-1: B y = BuildSeq B C {(0, y)} 0y
(proof )

lemma BuildSeq-exl: Bt = Js k. BuildSeq B C sk t
(proof )

5.3.3 Proving Properties of Given Sequences

lemma BuildSeq-succ-E:
assumes s: BuildSeq B C' sk y
obtains By | mn where m € kn € k Cvy (app s m) (app s n)
(proof)
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lemma BuildSeg-induct [consumes 1, case-names B C]:
assumes major: BuildSeq B C s k a
and B: A\z. Bx = Pz
and C: Ao yz. Czyz— Py— Pz=— Pz
shows P a

(proof)

definition BuildSeq2 :: [[hf,hf] = bool, [hf hf,hf hf hf hf] = bool, hf, hf, hf, hf]
= bool
where BuildSeq2 B C sk yy' =
BuildSeq (Ap. 3z z’. p = (x,2") N Bz x')
Mpgr.Jzz’yy' z2 p={zx) Nqg={(yy) ANr=(22)ANCz
'y y' 22
sk (y,y)

lemma BuildSeq2-combine:
assumes b1: BuildSeq2 B C sl k1 yI y1’ and b2: BuildSeq2 B C s2 k2 y2 y2'
and y: Cyy' yl y1' y2 y2'
shows BuildSeq2 B C (insf (seg-append (succ k1) s1 s2) (succ (succ (kI Q4
k2))) (v: 7))
(suce (suce (k1 Q@+ k2))) y y’

{proof)

lemma BuildSeq2-1: B y y' = BuildSeq2 B C {{(0, y, y} 0y vy’
(proof )

lemma BuildSeq2-exl: Bt t' = Js k. BuildSeq2 B C s k t t’
(proof )

lemma BuildSeq2-induct [consumes 1, case-names B C1:
assumes BuildSeq2 B C sk a a’
and B: Az z’. Bzaz' = Pz az’
and C: Az z'yy' 22 Caxaz'yy 22/ = Pyy' = Pz2'=— Puxua’
shows P a a’
(proof)

definition BuildSeq3
= [[Bf hf hf] = bool, [hf,hf hf hf,hf hf hf hf hf] = bool, hf, hf, hf, hf, hf] =
bool
where BuildSeq3 B Cskyvy' y' =
BuildSeq (Ap. 3z z' z". p = {(x,2’ 2"y AN Bz z' z")
Apqgr.dza’' " yy' y"' 22" 2"
p= <$,I/,$H> Nq= <y7y/7y”> Nr o= <z,z',z”> A
Cra'z"yy' y'zz2 2"
sk (y,yy")
lemma BuildSeq3-combine:

assumes b1: BuildSeq3 B C sl k1 y1 y1’ y1' and b2: BuildSeq3 B C s2 k2 y2
ygl y2 12
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and y: Cyy' vy yl y1' y1'" y2y2' y2"
shows BuildSeq3 B C (insf (seg-append (succ k1) s1 s2) (succ (succ (kI Q4

k2))) v: v’ y")
(suce (succ (k1 @+ k2))) yy'y"

(proof)

lemma BuildSeq3-1: By y' y'"' = BuildSeq3 B C {{0, y, v', y'")}} 0y vy’ y"
(proof )

lemma BuildSeq3-exl: Bt t' t'"" = s k. BuildSeq3 B C skttt
(proof )

lemma BuildSeq3-induct [consumes 1, case-names B C]:
assumes BuildSeq3 B C sk aa’ a”
and B: Az 2’2" Bz az' 2" = Paza'z”
and C: N\xz’' 2" yy' y" 22" 2" Caa'a"yy' y' 22" 2= Pyy' y' =
Pzz 2/'=— Pxaz' x"
shows Paa’ a”
(proof)

5.4 A Unique Predecessor for every non-empty set

lemma Rep-hf-0 [simp]: Rep-hf 0 = 0
(proof )

lemma hmem-imp-less: © € y = Rep-hf < Rep-hf y
(proof)

lemma hsubset-imp-le:
assumes z < y shows Rep-hf z < Rep-hf y

(proof)

lemma diff-hmem-imp-less: assumes = € y shows Rep-hf (y — {z[) < Rep-hfy
(proof)

definition least :: hf = hf
where least a = (THE z. € a AN Vy. y € a — Rep-hf x < Rep-hf y))

lemma least-equality:
assumes z € a and \y. y € a = Rep-hf © < Rep-hf y
shows least a = =
(proof )

lemma leastI2-order:
assumes z € a
and A\y. y € a = Rep-hf x < Rep-hf y
and \z. z€ a = Vy. y € a — Rep-hf 2 < Rep-hfy = Q =
shows @ (least a)
(proof)
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lemma nonempty-imp-ex-least: a # 0 = Jz. c € a A (Vy. y € a — Rep-hf x
< Rep-hf y)
(proof )

lemma least-hmem: a # 0 = least a € a
(proof)

end
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