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Abstract

We use the Restriction_Spaces library as a semantic foundation
for the process algebra framework HOL-CSP, offering a complementary
backend to the existing HOLCF infrastructure. The type of processes is
instantiated as a restriction space, and we prove that it is complete in
this setting. This enables the construction of fixed points for recursive
process definitions without having to rely exclusively on a pointed com-
plete partial order. Notably, some operators are constructive without
being Scott-continuous, and vice versa, illustrating the genuine com-
plementarity between the two approaches. We also show that key
CSP operators are either constructive or non-destructive, and verify
the admissibility of several predicates, thereby supporting automated
reasoning over recursive specifications.
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1 Depth Operator

1.1 Definition

instantiation processptick :: (type, type) order-restriction-space
begin

lift-definition restriction-processpiick ::
(("a, 'r) processpiick, nat] = (‘a, 'r) processpiick>
is APn. (FPU{(tQu, X)|[tuX.t€T P Alengtht=nAtF
t A ftF u},
DPU{tQu |tu teT PANlengtht=nAtFtA
ftF u})
proof —
show ¢ %thesis P ny (is <is-process (?f, ?d)») for P and n
proof (unfold is-process-def FAILURES-def fst-conv DIVERGENCES-def
snd-conv, intro conjl impl alll)
show «([], {}) € ?f» by (simp add: process-charn)
next
show «(t, X) € ?f = ftF t> for t X
by simp (meson front-tickFree-append is-processT)
next
fix t u
assume <(t Q u, {}) € 2
then consider «(t @ u, {}) € F P>
| t/ v where <t @ u = t' Q uy <t/ € T P> <length t' = n» <tF
thy ftF u’y by blast
thus «(¢, {}) € 2/
proof cases
assume «(t Q u, {}) € F P»
with is-processT3 have «(t, {}) € F P> by auto
thus «(¢, {}) € 9> by fast
next
fix t' v’ assume * : <t @ u = t' Q u"» <t' € T Py <length t' =
ny <tF t) ftF u
show «(t, {}) € 2>
proof (cases <t < t)
assume <t < t’
with %(2) is-processT3-TR have <t € T P» by auto
thus «(t, {}) € ?/> by (simp add: T-F)
next
assume - t < th
with x(1) have «t = t’ Q take (length t — length t') u
by (metis (no-types, lifting) Prefiz-Order.prefix] append-Nil2
diff-is-0-eq nle-le take-all take-append take-eq-Nil)
with %(2, 3, 4, 5) show «(t, {}) € 2/
by simp (metis append-take-drop-id front-tickFree-dw-closed)
qed
qed
next



show «(t, V) e f NXCY = (t, X) € ?Hrfor t X YV
by simp (meson is-processT4)
next
show «((t, X) € of A (Ve.ce Y — (tQ[c],{}) ¢ ) = (¢, X
UY)e 9Hrfort XY
by (auto simp add: is-processT5)
next
show «(t @ [V(r), {}) € of = (t, X — {/(r)}) € ?fr for t r X
by (simp, elim disjE exE, solves <simp add: is-processT6)
(metis append-assoc butlast-snoc front-tickFree-dw-closed
nonTickFree-n-front TickFree non-tickFree-tick tickFree-append-iff)
next
from front-tickFree-append is-processT7 tickFree-append-iff
show (t € 2d AN tFt A ftF u =t Q u € ?d> for t u by fastforce
next
from D-F show «t € 2d = (t, X) € ?f» for t X by blast
next
show «t Q [V (r)] € 9d =t € ?d> for t r
by simp (metis butlast-append butlast-snoc front-tickFree-iff-tickFree-butlast
is-processT9
non-tickFree-tick tickFree-Nil tickFree-append-iff tickFree-imp-front-tickFree)
qed
qed

1.2 Projections

context fixes P :: «((‘a, 'r) processpiicr> begin

lemma F-restriction-processptick :
(FPIn)=FPU{tQu,X)|tuX.teT PAlengtht=mnA

tF t A ftF ud>

by (simp add: Failures-def FAILURES-def restriction-processpt;ck.rep-eq)

lemma D-restriction-processptick :
DPln)=DPU{tQultu t €T PAlengtht=nAtFtA

ftE u}»
by (simp add: Divergences-def DIVERGENCES-def restriction-processyi;cx.rep-eq)

lemma T-restriction-processpiick :

T (Pln)=TPU{tQultu t €T PAlengtht=nAtFtA
ftE u}»

using F-restriction-processyiicr, by (auto simp add: Failures-def Traces-def
TRACES-def)

lemmas restriction-processp;ck-projs = F-restriction-processp;cr, D-restriction-processp;ck
T-restriction-processptick



lemma D-restriction-processpticr :
assumes ¢t € D (P | n)
obtains <t € D P) and <length t < n»
| w v where <t = u @ vy <u € T Py <length u = n) <tF uw <ftF v
proof —
note assms = that
from <t € D (P ] n)» have (ftF' t» by (simp add: D-imp-front-tickFree)
from <t € D (P | n)> consider <t € D P»
| v where <t = u @ vy <u € T P> <length u = n) <tF w) <ftF v
by (simp add: D-restriction-processpiick) blast
thus thesis
proof cases
show (t =u @ v = uw €T P = length u = n = tF u = ftF
v = thesis) for u v
by (fact assms(2))
next
show thesis if <t € D P
proof (cases <length t < ny)
from <t € D P» show «length t < n = thesis» by (rule assms(1))
next
show thesis if <= length t < n»
proof (intro assms(2) exl)
show <t = take n t @Q drop n t» by simp
next
show <take n t € T P» by (metis D-T <t € D P> ap-
pend-take-drop-id is-process T3-TR-append)
next
show <length (take n t) = n» by (simp add: min-def «— length
t<m)
next
show «tF (take n t)» by (metis <ftF t» append-take-drop-id
drop-eq-Nil2
front-tickFree-append-iff <— length t < n»)
next
show <ftF' (drop n t)) by (metis «ftF t» append-take-drop-id
drop-eq-Nil
front-tickFree-append-iff that)
qed
qed
qed
qed

lemma F-restriction-processpticr L :

assumes ((t, X) € F (P | n)

obtains (¢, X) € F P» and <length t < n»

| w v where <t = u @ vy <u € T Py <length u = n» <tF u (ftF v
proof —

from «(t, X) € F (P | n)) consider «((t, X) € F P> | <t €D (P |



n)
unfolding restriction-processyi;cr-projs by blast
thus thesis
proof cases
show «(t, X) € F P = thesis
by (metis F-T F-imp-front-tickFree append-take-drop-id
drop-eq-Nil front-tickFree-nonempty-append-imp
is-processT3-TR-append length-take min-def that)
next
show <t € D (P | n) = thesis) by (meson D-restriction-processpiiciE
is-processT8 that)
qed
qed

lemma T-restriction-processpiick
qt € T (Pln);teT P= lengtht < n = thesis;
Nev.t=u@Quv=— u€T P = lengthu = n = tF u = ftF
v = thesis] = thesis)
by (fold T-F-spec, elim F-restriction-processpiicikE) (simp-all add:
T-F)

lemmas restriction-processpy;c-elims =
F-restriction-processpiici BB D-restriction-processyicr B T-restriction-processyiicr B

lemma D-restriction-processptici! :
«teDPVteT PA(lengtht =nAtFtV n<lengtht) =t
eD (Pl np
by (simp add: D-restriction-processpick, elim disjE conjE)
(solves simp, use front-tickFree-Nil in blast,
metis (no-types) T-imp-front-tickFree append-self-conv front-tickFree-nonempty-append-imp
id-take-nth-drop is-processT3-TR-append leD length-take min.absorb4
take-all-iff)

lemma F-restriction-processpticil :

(t, Xy e FPVteT PA(lengtht=mnAtFtVn<lengtht)
= (t, X) € F (P | np

by (metis (mono-tags, lifting) D-restriction-processpticil F-restriction-processpick
Un-iff is-processT8)

lemma T-restriction-processptick :
«teT PVviteT PA(lengtht =nAtFtV n<lengtht) =t
eT (Plnp

using F-restriction-processyiicrI T-F-spec by blast



lemma F-restriction-processp;cr-Suc-length-iff-F :
«(t, X) € F (P | Suc (length t)) «— (t, X) € F P»
and D-restriction-processyt;c-Suc-length-iff-D :
<t € D (P ] Suc (length t)) +— t € D P»
and T-restriction-processpi;cr-Suc-length-iff-T :
<t € T (P Suc (length t)) +— t € T P»
by (auto simp add: restriction-processpiici-projs)

lemma length-less-in-F-restriction-processptick
dengtht <n= (t, X) e F(Pln) = (t, X) e F P»
by (auto elim: F-restriction-processpiiciF)

lemma length-le-in- T-restriction-processpiick :
dengtht <n=teT (Pln)=teT P
by (auto elim: T-restriction-processpiickE)

lemma length-less-in-D-restriction-processpiick :
dengtht <n=1te€DPln)=teDP
by (auto elim: D-restriction-processpiiciF)

lemma not-tickFree-in-F-restriction-processpi;ci-iff :

dengtht <n= -tFt= (t, X) e F (Pl n)+— (t, X) € F
P

by (auto simp add: F-restriction-processpiick)

lemma not-tickFree-in-D-restriction-processps;ci-iff :
dengtht <n= —-tFt=1t€D (Pln)«—tcDP
by (auto simp add: D-restriction-processptick)

end

lemma front-tickFreeE :
(ftF t; tF t = thesis; A\t' r. t =t/ Q [V (r)] = tF t' = thesis]
= thesis
by (metis front-tickFree-append-iff non TickFree-n-front TickFree not-Cons-self2)

1.3 Proof obligation

instance
proof intro-classes
fix P Q :: «("a, 'r) processpiick>
have <P | 0 = L by (simp add: BOT-iff-Nil-D D-restriction-processptick)
thus <P | 0 Crp @Q | 0> by simp
next
show <P | n | m = P | minn m) for P :: «("a, 'r) processptick>
and n m



proof (rule Process-eq-optimizedl)
show <t e D(P|ln] m)=teD (Pl minnm) for ¢
by (elim restriction-processpi;cr-elims)
(auto simp add: D-restriction-processpiicr intro: front-tickFree-append)
next
show <t € D (Pl minnm) =t €D (Pl n] m)fort
by (elim restriction-processpi;cr-elims)
(auto simp add: restriction-processpiicr-projs min-def split:
if-split-asm)
next
fix t X assume «(¢t, X) e F(Plnlmp«t¢&D(Plnlmp
hence (¢, X) € F P A length t < min n m»
by (elim F-restriction-processpiickE) (auto simp add: restric-
tion—processp”ck-pmjs)
thus «(¢, X) € F (P | min n m)> unfolding F-restriction-processpiick
by blast
next
fix ¢ X assume «(¢t, X) € F (P} minnm) <t ¢ D (P ] minn
m)»
hence «(t, X) € F P A length t < min n m»
by (elim F-restriction-processpiickE) (auto simp add: restric-
tz'on—processptick—pmjs)
thus (¢, X) € F (P | n ] m)» unfolding F-restriction-processpiick
by blast
qed
next
show <P Cpp Q = P | n Cprp Q | m for P Q :: «('a, 'r)
processpiick> and n
by (simp add: refine-defs restriction-processyi;cx-projs
flip: T-F-spec) blast
next
fix P Q :: «("a, 'r) processpiick> assume <= P Cpp O
then consider ¢t where <t € D Q) <t ¢ D P»
| t X where «(t, X) € F @ «(t, X) ¢ F P»
unfolding refine-defs by auto
thus <3n. - Pl nCprp Q| m
proof cases
fix t assume ¢t € D @ <t ¢ D P»
with D-restriction-processpt;cr-Suc-length-iff-D
have <t € D (Q | Suc (length t)) At ¢ D (P | Suc (length t))»
by blast
hence - P | Suc (length t) Cpp Q | Suc (length t)» unfolding
refine-defs by blast
thus <dn. - Pl nCprp Q| n ..
next
fix t X assume «(t, X) € F @ «(t, X) ¢ F P>
with F-restriction-processpt;cr-Suc-length-iff-F
have «(t, X) € F (Q | Suc (length t)) A (t, X) ¢ F (P | Suc
(length t))» by blast



hence - P | Suc (length t) Cpp Q | Suc (length t)» unfolding
refine-defs by blast
thus <dn. = Pl nCprp Q1 m ..
qed
qed

— Of course, we immediately recover the structure of restriction-space.

corollary <«OFCLASS(('a, 'r) processpiick, restriction-space-class)»
by intro-classes

end

instance processpiick (type, type) pepo-restriction-space
proof intro-classes
show <P L 0C Q| 0> for P Q :: <('a, 'r) processpick’
by (metis below-refl restriction-0-related)
next
show <P | nC Q| w if <PC @ for P Q :: <("a, 'r) processprick>
and n
proof (unfold le-approx-def Refusals-after-def, safe)
from <P T Q)[THEN le-approx1] <P T Q)[THEN le-approx2T]
show <t e D(Q |l n) =t €D (P n)fort
by (simp add: D-restriction-processpiicr subset-iff) (metis D-T)
next
from (P C Q»[THEN le-approx2] <P C )[THEN le-approz-lemma-T)]
show«t¢D(Pln) = (t, X) e F(Pln) = (t, X) e F (Q

L n)p
and«t¢D(Pln) = (t, X) e F(Qln) = (t, X) e F (P
L n)y for t X
by (auto simp add: restriction-processpiick-projs)
next

from <P T Q)[THEN le-approx3] «P T Q)[THEN le-approxz2T]
show «t € min-elems (D (P | n)) =t €T (Q | n) for ¢
by (simp add: min-elems-def restriction-processptick-projs ball-Un
subset-iff)
(metis is-processT7)
qed
next
fix P Q :: «("a, 'r) processpiick>
assume <~ P C @
then consider ¢t where <t € D Q) <t ¢ D P»
| t X where <t ¢ D Py «((t, X\) e FP+— (t, X) ¢ F
| ¢ where <t € min-elems (D P)y <t ¢ T
unfolding le-approz-def Refusals-after-def by blast
thus <dn. - Pl nC Q| m
proof cases
fix t assume <t € D @ <t ¢ D P»



hence ¢t € D (Q | Suc (length t))» <t ¢ D (P | Suc (length t))»
by (simp-all add: D-restriction-processpi;ci-Suc-length-iff-D)
hence - P | Suc (length t) T @Q | Suc (length t)»
unfolding le-approz-def by blast
thus <dn. - Pl nC Q| m ..
next
fix t X assume <t ¢ D P» «(¢t, X) e FP+— (t, X) ¢ F @
hence <t ¢ D (P | Suc (length t))»
«(t, X) € F (P Suc (length t)) «— (¢, X) ¢ F (Q | Suc (length
t))

by (simp-all add: D-restriction-processy;cr-Suc-length-iff-D
F-restriction-processp;cr-Suc-length-iff-F')
hence - P | Suc (length t) T Q | Suc (length t)»
unfolding le-approx-def Refusals-after-def by blast
thus <dn. - Pl nC Q| mnm ..
next
fix ¢t assume <t € min-elems (D P)) <t ¢ T @
hence <t € min-elems (D (P | Suc (length t)))» <t ¢ T (Q | Suc
(length t))»
by (simp-all add: min-elems-def D-restriction-processpiicr-Suc-length-iff-D
T-restriction-processpcik-Suc-length-iff-T)
(meson length-less-in-D-restriction-processpick less-Sucl less-length-mono)
hence <— P | Suc (length t) C Q | Suc (length t)»
unfolding le-approz-def by blast
thus <dn. - Pl nC Q| m ..
qed
next
show <chain S = I P. range S <<| P» for S :: <nat = (‘a, 'r)
Processptick?
by (simp add: cpo-class.cpo)
next
show <3P :: (‘a, 'r) processpiick- ¥ Q. P T @ by blast
qed

setup «Sign.add-const-constraint (const-name <restrictiony, SOMFE
typ «('a, 'r) processpiick = nat = ('a, 'r) processpiick’)>

— Only allow (J) for (‘a, ') processpiick (otherwise we would often
have to specify).

1.4 Compatibility with Refinements

lemma leF-restriction-processpiickl: <Pl n CTp Q | n
if AsX. (s, X) e FQ=lengths<n= (s, X)eF (Pl n)p
proof (unfold failure-refine-def, safe)
show «(s, X) e F (Q L n) = (s, X) € F (P | n) for s X
proof (elim F-restriction-processpiick E exE conjE)
show «(s, X) € F Q = length s <n = (s, X) € F (P | n)
by (simp add: F-restriction-processpiick) (meson F-restriction-processptick E
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that)
next
fix s’ t’
assume s = s’ Q t" «s' € T @ <length s’ = ny <tickFree s’
front-tickFree t'y
from s’ € T @ «length s’ = n> have «<s' € T P»
by (metis F-T T-F dual-order.refl length-le-in- T-restriction-processptick
that)
with «s = s’ @ t’y <length s’ = ny «tickFree s’s «front-tickFree t's
show (s, X) € F (P | n)» by (simp add: F-restriction-processpiick)
blast
qed
qed

lemma leT-restriction-processpticrl: <P L n Er Q@ | m
if <\As.seT Q= lengths<n=seT (P|n)
proof (unfold trace-refine-def, safe)
show «<s € T (Q Ll n)=seT (Pl n)fors
proof (elim T-restriction-processptickE exE conjE)
show (s € T Q = lengths <n = s €T (Pl n)p
by (simp add: T—restriction—processptiCk) (meson T-restriction-processpiick &
that)
next
fix s’ t’
assume s = s’ Q t «s' € T @ <length s’ = ny <tickFree s’
<front-tickFree t'y
from s’ € T @ <length s’ = n» have <s’ € T P»
using length-le-in- T-restriction-processyiicr that by blast
with «s = s’ @ t’ <length s’ = ny «tickFree s’s «front-tickFree t's
show (s € T (P | n)» by (simp add: T-restriction-processpiick)
blast
qed
qed

lemma leDT-restriction-processpiickl: <P | n Epr Q | n
if <\As.seT Q= lengths<n=seT (P|n)
and (As. length s <n = se€D Q= s D (Pl n)p
proof (rule leD-leT-imp-leDT)
show <P | n Cr Q| n» by (simp add: leT-restriction-processpiicil
that(1))
next
show <P |l nCp Q | m
proof (unfold divergence-refine-def, rule subsetl)
show <s€ D (Ql n) = seD (P n) for s
proof (elim D-restriction-processpiick E exE conjE)
show <s € D Q = length s < n= s € D (P | n)p
by (simp add: D—restrictz'on—pmcessptick) (meson D-restriction-processpyicr B

11



that(2))
next
fix s’ ¢’
assume (s = s’ Q@ t" <s' € T Q> ¢length s’ = ny <tickFree s’
front-tickFree t'y
from «s’ € T Q> «length s’ = n» have «<s' € T P»
using length-le-in- T-restriction-processpiicr, that(1) by blast
with «s = s’ Q t'y <length s’ = ny <tickFree s's «front-tickFree t's
show ¢s € D (P | n)» by (simp add: D-restriction-processptick)
blast
qed
qed
qed

lemma leFD-restriction-processptickl: <P 1 nCpp Q L m

if <AsX. (s, X) e F Q= lengths<n=(s,X)eF (Pln)p

and (As. s € D Q = lengths < n= s D (P n)p

proof (rule leF-leD-imp-leF'D)

show <P | n Cp Q | m» by (simp add: leF-restriction-processpiicil
that(1))
next

show <P [ nCp Q| n» by (meson T-F-spec leDT-imp-leD leD T-restriction-processpicrl
that)
qed

1.5 First Laws

lemma restriction-processpiick-0 [simp] : <P | 0 = L»
by (simp add: BOT-iff-Nil-D D-restriction-processpiick)

lemma restriction-processyiicr-BOT [simp)] : «(L :: (‘a, 'r) processpiick)
ln=1,L
by (simp add: BOT-iff-Nil-D D-restriction-processpiick, D-BOT)

lemma restriction-processpiicr-is-BOT-iff :
«<Pl{n=1+—>n=0VP=1
by (auto simp add: BOT-iff-Nil-D D-restriction-processytick)

lemma restriction-processpiick-STOP [simp] : <STOP | n = (if n =
0 then L else STOP)»
by (simp add: STOP-iff-T T-restriction-processpiicr, T-STOP)

lemma restriction-processptick-15-STOP-iff : <P | n = STOP +— n
# 0 NP = STOP»
by (simp add: STOP-iff-T T-restriction-processpi;cx set-eq-iff)
(metis (no-types, lifting) append-self-conv? front-tickFree-single grOl
less-numeral-extra(3) list.discl list.size(3) tickFree-Nil)

12



lemma restriction-processpiicr-SKIP [simp] : <SKIP r | n = (if n =
0 then L else SKIP r))

by simp (auto simp add: Process-eq-spec restriction-processyi;cx-projs
SKIP-projs)

lemma restriction-processpiick-is-SKIP-iff : <P | n = SKIP r +— n
# 0 N P = SKIP r»
proof (intro iffI conjI)

show «n # 0 AN P = SKIPr = P | n = SKIP r» by simp
next

show (P | n = SKIP r = n # 0» by (metis restriction-processpt;ci-0
SKIP-neq-BOT)
next

show (P | n = SKIP r = P = SKIP r»

by (simp add: Process-eq-spec set-eq-iff SKIP-projs
restriction-processpiick-projs, safe; metis)

qed

lemma restriction-processyiicr,-SKIPS [simp] : <SKIPS R | n = (if n
= 0 then L else SKIPS R)»

by simp (auto simp add: Process-eq-spec restriction-processyt;ck-projs
SKIPS-projs)

lemma restriction-processpt;cr-is-SKIPS-iff : <P | n = SKIPS R +—
n+#0 AP = SKIPS R
proof (cases <R = {}»)
show «<R={} = P | n=SKIPSR<+— n# 0ANP=SKIPSR
by (simp add: restriction-processyy;ck-is-STOP-iff)
next
show <P | n = SKIPSR +— n# 0 AN P = SKIPS Ry if <R # {}
proof (intro iffI conjI)
show «n # 0 A P = SKIPS R = P | n = SKIPS R) by simp
next
show (P | n = SKIPS R = n # 0»
by (metis BOT-iff-Nil-D D-SKIPS empty-iff restriction-processpiick-0)
next
show <P | n = SKIPS R = P = SKIPS R)
by (simp add: Process-eq-spec <R # {}» SKIPS-projs
Testriction-processpick-projs, safe; blast)
qed
qed

1.6 Monotony
1.6.1 P | n is an Approximation of the P

lemma restriction-processyiicr-approz-self : <P | n & P
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proof (unfold le-approz-def Refusals-after-def, safe)
show <t € D P =t € D (P | n)» for t by (simp add: D-restriction-processptick)
next
show«t ¢ D (Pln)= (t, X\)e F(Pln) = (t, X) e F P
for t X
by (auto simp add: D-restriction-processpiick elim: F-restriction-processpiiciF)
next
show«t ¢ D (Pln)= ({, X) e FP= (t, X) e F (Pl n)
for ¢t X
by (auto simp add: restriction-processptick-projs)
next
show «t € min-elems (D (P | n)) =t € T P) for t
by (auto simp add: min-elems-def D-restriction-processpi;cr ball-Un
D-T)
(metis append.right-neutral front-tickFree-charn less-append nil-less2)
qed

lemma restriction-processpiicr-FD-self : <P |l n Cpp P>
by (simp add: le-approz-imp-le-ref restriction-processpyicr-approz-self)

lemma restriction-processptici-F-self : <P | n Cp P»
by (simp add: restriction-processpick-FD-self leFD-imp-leF’)

lemma restriction-processpici-D-self : <P | n Ep P»
by (simp add: restriction-processpiicr-FD-self leFD-imp-leD)

lemma restriction-processpiick-1-self : <P | n Cp P»
by (simp add: restriction-processpi;ci-F-self leF-imp-leT)

lemma restriction-processptick-DT-self : <P | n Cpr P»
by (simp add: restriction-processpticr-D-self restriction-processptici - T-self
leD-leT-imp-leDT)

1.6.2 Monotony of ({)

lemma Suc-right-mono-restriction-processptick : <P | n T P | Suc n
by (metis restriction-processpiick-approz-self restriction-chainD
restriction-chain-restrictions)

lemma Suc-right-mono-restriction-processptick-FD : <P | n Cpp P
3 Suc m»
by (simp add: Suc-right-mono-restriction-processpiick le-approz-imp-le-ref)

lemma Suc-right-mono-restriction-processpiici-F : <P L n Cp P |
Suc n»

by (simp add: Suc-right-mono-restriction-processpiick-FD leFD-imp-leF')

lemma Suc-right-mono-restriction-processptick-D : <P | n Ep P |
Suc ny
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by (simp add: Suc-right-mono-restriction-processpi;ci-FD leFD-imp-leD)

lemma Suc-right-mono-restriction-processpiick-1 : <P | n Cp P |
Suc n»

by (simp add: Suc-right-mono-restriction-processpiick-FD leFD-imp-leF
leF-imp-leT)

lemma Suc-right-mono-restriction-processpiici-DT : <P | n Cpp P
4 Suc m»
by (simp add: Suc-right-mono-restriction-processpyick-D
Suc-right-mono-restriction-processpiick-T leD-leT-imp-leDT)

lemma le-right-mono-restriction-processpick, : <n < m = P | n C
Pl m
by (metis restriction-processpicr-approz-self restriction-chain-def-ter
restriction-chain-restrictions)

lemma le-right-mono-restriction-processpiick-FD : «<(n < m = P | n
Erp P L m
by (simp add: le-approz-imp-le-ref le-right-mono-restriction-processpiick)

lemma le-right-mono-restriction-processpiicr-F : <n < m = P | n
Cp Pl m
by (simp add: leFD-imp-leF le-right-mono-restriction-processpiick-FD)

lemma restriction-processpticr-le-right-mono-D : «n < m = P | n
Cp Plm
by (simp add: leFD-imp-leD le-right-mono-restriction-processptick-FD)

lemma restriction-processptic-le-right-mono-T : «<n < m = P | n
Cr Pl m
by (simp add: leF-imp-leT le—m’ght—mono—restm'ction—pmcessptick—F)

lemma restriction-processyiici-le-right-mono-DT : «<n < m = P |
nCpr P \I, my
by (simp add: restriction-processpiicr-le-right-mono-D
restriction-processp;cr -le-right-mono-T leD-leT-imp-leDT)

1.6.3 Interpretations of Refinements

lemma ex-not-restriction-leD : <3n. = P nCp Q@ | n» if <= PCp
Q»
proof —
from (= P Cp () obtain t where <t € D Q) <t ¢ D P»
unfolding divergence-refine-def by blast
hence <t € D (Q | Suc (length t))» <t ¢ D (P | Suc (length t))»
by (simp-all add: D-restriction-processy;cx-Suc-length-iff-D)
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hence - P | Suc (length t) Cp Q | Suc (length t)
unfolding divergence-refine-def by blast
thus <3n. - Pl nCp Ql n ..
qed

interpretation PRS-leF : PreorderRestrictionSpace <(1)» <(Cp)»
proof unfold-locales
show <P L 0 Cp Q| 0> for P Q :: <("a, 'r) processpiick> by simp
next
show (PCp Q= P | nCr QJ n for P Q :: <("a, 'r) processpiick>
and n
by (simp add: failure-refine-def F-restriction-processyi;ck
flip: T-F-spec) blast
next
fix P Q :: «("a, 'r) processpiick> assume <(— P Cp O
then obtain ¢ X where (¢, X) € F @ «(t, X) ¢ F P»
unfolding failure-refine-def by auto
with F-restriction-processyi;c,-Suc-length-iff-F
have «(t, X) € F (Q | Suc (length t)) A (t, X) ¢ F (P | Suc (length
t))» by blast
hence (= P | Suc (length t) Crp Q | Suc (length t)) unfolding
failure-refine-def by blast
thus <dn. - Pl nCpr Q| n ..
next
show <PCr Q = QLCr R=— PLCr Ry for PQ R :: <('a, '1)
ProcesSptick?
by (fact trans-F)
qed

interpretation PRS-leT : PreorderRestrictionSpace <(1)> <(Cr)»
proof unfold-locales
show <P L 0 Cr Q | 0» for P Q :: <("a, 'r) processpiick> by simp
next
show (PCp Q= P | nCyp Q| n for P Q :: «('a, 'r) processpiicik
and n
by (auto simp add: trace-refine-def T-restriction-processyiick)
next
fix P Q :: «('a, 'r) processpiick assume <~ P Cp
then obtain ¢ where <t € T Q) <t ¢ T P>
unfolding trace-refine-def by auto
with T-restriction-processpticr-Suc-length-iff-T
have «t € T (Q | Suc (length t)) ANt ¢ T (P ] Suc (length t))» by
blast
hence = P | Suc (length t) Cr @ | Suc (length t))> unfolding
trace-refine-def by blast
thus <dn. - Pl nCr Qln ..
next
show «<PCr Q = QCpr R=— PLCy R for PQR :: «('a, '1)
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Processptick?
by (fact trans-T)
qed

interpretation PRS-leDT : PreorderRestrictionSpace <(})» «(Epr)»
proof unfold-locales
show <P | 0 Cpr Q | 0> for P Q :: «('a, 'r) processpiici> by simp
next
show <P Cpr Q = P | n Cpr Q@ L n» for P Q :: <('a, 1)
processpiick> and n
by (auto simp add: refine-defs restriction-processyi;cx-projs)
next
fix P Q :: «("a, 'r) processpiick assume (- P Cpp @)
hence <= PCp @V - P Cr @) unfolding trace-divergence-refine-def
by blast
with ez-not-restriction-leD PRS-leT.ex-not-restriction-related
have «(3n. = Pl nCp @l n)V 3n. - Pl nCr Q| n)p by
blast
thus <3n. - Pl nCpr @l m
unfolding trace-divergence-refine-def by blast
next
show <P Cpr Q — Q Cpr R=— P Cpr R for P Q R <(’a,
'r) processpiick>
by (fact trans-DT)
qged

1.7 Continuity

context begin

private lemma chain-restriction-processpiicr : <chain Y == chain
(M. Yiln)
by (simp add: mono-restriction-below po-class.chain-def)

private lemma cont-prem-restriction-processptick :
(i Yi)dn=(]:i Yiln) (is <2lhs = ?rhs)) if <chain Y>
proof (rule Process-eg-optimizedI)
show «t € D ?lhs = t € D ?rhs) for ¢
by (auto simp add: limproc-is-thelub chain-restriction-processpiick
D-restriction-processpiicr LUB-projs <chain Y)
next
show <t € D %rhs =t € D ?lhs) for ¢
by (simp add: limproc-is-thelub chain-restriction-processyiick
D-restriction-processpiick, LUB-projs <chain Y»)
(metis D-T append-eq-append-conv is-process T3-TR-append)
next
show «(t, X) € F ?lhs = (t, X) € F %rhs» for t X
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by (auto simp add: limproc-is-thelub chain-restriction-processpiick
F-restriction-processpiicr. LUB-projs <chain Y)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (simp add: limproc-is-thelub chain-restriction-processyiick
F-restriction-processpiicr, LUB-projs <chain Y»)
(metis F-T append-eq-append-conv is-process T3-TR-append)
qed

lemma restriction-processpiick-cont [simp] : <cont (Az. fz | n) if
<cont f»
proof (rule contl2)

show (monofun (Az. fz | n)

by (simp add: cont2monofunE mono-restriction-below monofunl

<cont f»)
next

show «chain Y = f (4. Yi) I nC (s f (Yi)l npfor YV

by (simp add: ch2ch-cont cont2contiubE cont-prem-restriction-processpt;ck
<cont f»)
qged

end

1.8 Completeness

Processes are actually an instance of complete-restriction-space.

lemma chain-restriction-chain :
<restriction-chain o = chain o> for o :: <nat = ('a, 'r) ProCessyick’
by (metis po-class.chainl restriction-processpt;ci-approz-self restric-
tion-chainD)

lemma restricted-L UB-restriction-chain-is :

«(An. (In. o n) | n) = oy if «restriction-chain o»
proof (rule ext)

have (chain o> by (simp add: chain-restriction-chain <restriction-chain
o))

moreover have <0 = (An. o n | n)

by (simp add: restricted-restriction-chain-is <restriction-chain o)
ultimately have <chain (An. 0 n | n)) by simp

have <lengtht <n=t €D (o n)+— (Vi.t €D (c i) fortn
proof safe
show «t € D (o i)y if «length t < ny <t € D (0 n)» for ¢
proof (cases <i < ny)
from «t € D (o n)» <chain o) le-approz-def po-class.chain-mono
show «i < n =t € D (0 i)> by blast
next

18



from <length t < m» <t € D (0 n)» show = i< n=t€D (o
i)
by (induct n, simp-all)
(metis <restriction-chain o> length-less-in-D-restriction-processy;ck
nat-le-linear restriction-chain-def-ter)
qed
next
show Vi. t € D (0 i) =t € D (¢ n)> by simp
qed
hence * : <lengtht <n =t €D (0 n) +— t € D (| |i. o i)» for
tn
by (simp add: D-LUB <chain o> limproc-is-thelub)

show «(| |n. o n) . n=0 n for n
proof (subst (3) <o = (An. o n | n)», rule Process-eq-optimizedl)
show <t € D ((|Un.on)ln)=teD(cnln)fort
proof (elim D-restriction-processpiiciF)
show <t € D (| |n. o n) = lengtht <n =t €D (c nln)p
by (simp add: <chain o) limproc-is-thelub D-LUB D-restriction-processptick)
next
show ([t = v Q v; u € T (|| n. o n); length uw = n; tF u; ftF v]
= teD(ocnln)foruv
by (auto simp add: <chain o> limproc-is-thelub LUB-projs
restrz'ction—pmcessptick—pmjs)
qed
next
fix ¢t assume <t € D (o n | n)
hence «ftF' ¢y by (simp add: D-imp-front-tickFree)
with <t € D (o0 n | n)> consider <length t < ny <t € D (¢ n)»
| ' r where <t = t' Q [/ (r)] «tF t) <length t' < n» «t' € D (o
n)»
| v v where <t = u @Q v <u € T (0 n) dength u = n» (F w
ftF vy
by (auto elim!: D-restriction-processpiciE)
(metis D-T Suc-le-lessD antisym-conv2 append.right-neutral
front-tickFree-Nil front-tickFree-nonempty-append-imp
is-process T9 length-append-singleton non TickFree-n-front TickFree)
thus «¢t € D ((|n. o n) | n)
proof cases
show (engtht <n=te€D(on)=tecD((Un.on)lnp
by (simp add: D-restriction-processptick *)
next
fix t' r assume <t = t' Q [/ (r)]» <tF t" <length t' < n» «t' € D
(o n)»
from «length t' < ny <t € D (o n)) have <¢' € D ((| |n. o n) |
n)»
by (simp add: D-restriction-processpiick *)
thus <t € D ((|n. o n) | n)
by (simp add: <t = t' Q [/ (r)]» <tF t"> is-processT7)
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next
fix u v assume ¢t = v Q@ vy <u € T (0 n)» dength u = n> <tF
wy (ftF v
from <length u = n) <u € T (¢ n)» have <u € T (o (Suc n))»
by (metis length-le-in-T-restriction-processpiick, nat-le-linear
restriction-chainD <restriction-chain o))
from «chain o> <u € T (o (Sucn))y D-T le-approx2T po-class.chain-mono
have i < Sucn = u € T (o i) for i by blast
moreover have <Sucn < i = u € T (o i) for i
by (subst T-restriction-processyick-Suc-length-iff- T [symmetric])
(metis <length u = ny <u € T (o (Suc n))»
restriction-chain-def-bis <restriction-chain o)
ultimately have v € T (| |i. o i)
by (metis T-LUB-2 <chain o limproc-is-thelub linorder-not-le)
with (ftF v» <length v = ny «tF w show <t € D ((|n. o n) |
n)»
by (auto simp add: <t = u Q v» D-restriction-processpiick)
qed
next
show «(t, X) e F ((n. o n) I n) =t ¢ D ((||n. o n) | n)
= (t,X) e F(onln)fortX
by (meson <chain o> is-processT8 is-ub-thelub proc-ord2a restric-
tion-processp;cr-approz-self )
next
fix t X assume «(t, X) € F (o n ] n) <t ¢ D (o nln)
hence <length t < n) «(t, X) € F (o n)» <t ¢ D (o n)
by (auto elim!: F-restriction-processpiick E simp add: D-restriction-processyiick)
thus «((t, X) € F (. o @) | n)
by (simp add: F-restriction-processpiick)
(meson <chain o> is-ub-thelub le-approz2)
qed
qed

instance processpiick (type, type) complete-restriction-space
proof (intro-classes, rule restriction-convergentl)
show (o —|— (|]i. o i) if «restriction-chain o) for o :: nat =
('a, 'b) processpiick?
proof (subst restricted-LUB-restriction-chain-is[symmetric])
from <restriction-chain o> show <restriction-chain o» .
next
from restriction-tendsto-restrictions
show «(An. (| ]i. 0 @) L n) =l— (% o i) .
qed
qed

This is a very powerful result. Now we can write fixed-point
equations for processes like v X. f X, providing the fact that f
is constructive.
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setup <Sign.add-const-constraint (const-name <restrictiony, NONE)»
— Back to normal.

2 Constructiveness of Prefixes

2.1 Equality

lemma restriction-processpeici-Mprefiz
OaeA—Paln=(casenof 0= L | Sucm=0acAd — (Pa
L m)) (is «?lhs = ?rhsy)
proof (cases n)
show «n = 0 = ?lhs = ?rhs» by simp
next
fix m assume (n = Suc m»
show <?lhs = ?rhs»
proof (rule Process-eq-optimizedl)
show «t € D ?lhs =t € D ?rhs» for ¢
by (auto simp add: <n = Suc m» Mprefiz-projs D-restriction-processyiick)
blast
next
fix ¢t assume <t € D ?rhs»
with D-imp-front-tickFree obtain a ¢’
where <a € Ay <t = eva # th «ftF t» «t' € D (Pal m)
by (auto simp add: <n = Suc m) D-Mprefiz)
thus ¢t € D ?lhs
by (simp add: <n = Suc m) D-restriction-processpticr, Mpre-
fiz-projs)
(metis append-Cons eventpick.disc(1) length-Cons tickFree- Cons-iff )
next
show «(t, X) € F ?lhs = (t, X) € F %rhs» for t X
by (auto simp add: <n = Suc m» restriction-processpi;ck-projs
Mprefiz-projs)
next
show «(t, X) € F ?rhs = t ¢ D %rhs = (¢, X) € F ?lhs> for
t X
by (auto simp add: <n = Suc m» restriction-processpi;ck-projs
Mprefiz-projs)
qed
qed

lemma restriction-processyticr-Mndetprefiz :
Ma€ A— Paln= (casenof 0 = L | Sucm = MNacAd — (Pa
+ m)) (is «?lhs = %rhsy)
proof (cases n)
show «n = 0 = ?lhs = ?rhs» by simp
next
fix m assume (n = Suc m»
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show «?lhs = 2rhs»
proof (rule Process-eq-optimizedl)
show «t € D ?lhs = t € D ?rhs) for t
by (auto simp add: <n = Suc m» Mndetprefiz-projs D-restriction-processyiick)
blast
next
fix ¢ assume <t € D ?rhs»
with D-imp-front-tickFree obtain a t’
where <a € A <t =eva # th «ftFth «t' €D (Pal m)
by (auto simp add: <n = Suc m) D-Mndetprefiz’)
thus <t € D ?lhs)
by (simp add: <n = Suc m» D-restriction-processpi;cr Mndetpre-
fiz-projs)
(metis append-Cons eventptic.disc(1) length-Cons tickFree- Cons-iff)
next
show «(t, X) € F ?lhs = (t, X) € F ?rhs» for t X
by (auto simp add: <n = Suc m» restriction-processp;ck-projs
Mndetprefiz-projs split: if-split-asm)
next
show «(t, X) € F %rhs = t ¢ D %rhs = (¢, X) € F ?lhs> for
t X
by (auto simp add: <n = Suc m» restriction-processp;ck-projs
Mndetprefiz-projs split: if-split-asm)
qed
qed

corollary restriction-processpi;cr-writel :
<a > Pln= (casenof 0= L|Sucm=a— (P|m))
unfolding write0-def by (simp add: restriction-processyt;ci-Mprefix)

corollary restriction-processpi;cr-write :
<cla - Pl n= (casenof 0 = L] Sucm= cla— (Pl m)
unfolding write-def by (simp add: restriction-processpi;cr-Mprefiz)

corollary restriction-processpiicr-read :
«c?a€A - Paln= (casenof 0 = L | Sucm = c?acA — (Pa

L m))
unfolding read-def comp-def by (simp add: restriction-processy;c,-Mprefix)

corollary restriction-processpt;cr-ndet-write :
«MacA — Paln= (casenof 0 = L | Sucm= cllacA — (Pa

L m))
unfolding ndet-write-def comp-def by (simp add: restriction-processpiicr-Mndetprefic)
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2.2 Constructiveness

lemma Mprefiz-constructive : <constructive (AP. Oa € A — P a)»
by (auto intro: constructivel
simp add: restriction-processyi;ck-Mprefix restriction-fun-def)

lemma Mndetprefiz-constructive : <constructive (AP. Ma € A — P a)»
by (auto intro: constructivel
simp add: restriction-processyic,-Mndetprefix restriction-fun-def)

lemma write0-constructive : <constructive (AP. a — P)»
by (auto intro: constructivel simp add: restrictian—pmcessptick—wm’teO)

lemma write-constructive : <constructive (AP. cla — P)»
by (auto intro: constructivel simp add: restriction-processpy;ci-write)

lemma read-constructive : <constructive (AP. ¢c?a € A — P a)»
by (auto intro: constructivel
simp add: restriction-processpt;ck-read restriction-fun-def)

lemma ndet-write-constructive : <constructive (AP. c!ta € A — P a)»
by (auto intro: constructivel
simp add: restriction-processyi;c,-ndet-write restriction-fun-def)

3 Non Destructiveness of Choices

3.1 Equality

lemma restriction-processpick-Ndet : <P Q L n= (Pl n)N(Q.
n)»
by (auto simp add: Process-eq-spec Ndet-projs restriction-processpiick-projs)

lemma restriction-processpticr-GlobalNdet :
«(Ma€ A.Pa)ln=_(ifn=0then L elseMac A. (Paln))
by simp (auto simp add: Process-eq-spec GlobalNdet-projs restric-
tion-processptick-projs)

lemma restriction-processpyici-GlobalDet :
«(Oaec A Pa)ln=_(ifn=0then L else Ja € A. (Pal n))
(is <?lhs = (if n = 0 then L else ?rhs)))
proof (split if-split, intro conjl impl)
show «n = 0 = ?lhs = 1» by simp
next
show «?lhs = ?rhsy if <n # 0>
proof (rule Process-eq-optimized-bisl)
show «t € D ?lhs =t € D ?rhs> for ¢
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by (auto simp add: GlobalDet-projs D-restriction-processpiick <n
# 0> split: if-split-asm)
next
show «t € D ?rhs = t € D ?lhs» for t
by (auto simp add: GlobalDet-projs D-restriction-processpiick)
next
show «([], X) € F %lhs = ([, X) € F %rhs» for X
by (auto simp add: restriction-processpicr-projs F-GlobalDet)
next
show «([], X) € F ?rhs = ([], X) € F ?%lhs> for X
by (auto simp add: restriction-processpick-projs F-GlobalDet)
(metis append-eq-Cons-conv eventpick.disc(2) tickFree-Cons-iff)
next
show (e # t, X) € F 2lhs = (e # t, X) € F ?rhs for e t X
by (auto simp add: «n # 0y F-restriction-processpiicr Glob-
alDet-projs split: if-split-asm)
next
show «(e # t, X) € F orhs = (e # t, X) € F ?lhs) for e t X
by (auto simp add: F-restriction-processpiicr GlobalDet-projs)
qed
qged

lemma restriction-processpiicy-Det: <P O Q L n= (P | n) O (Q ]
n) (is «?lhs = ?rhs»)
proof —

have «P 0 Q | n=0i € {0, 1 :: nat}. (if i = 0 then P else Q) |
m

by (simp add: GlobalDet-distrib-unit-bis)

also have «... = (if n = 0 then L else Oi € {0, 1 :: nat}. (if i =
0 then P | nelse Q | n))»

by (simp add: restriction-processy;cr-GlobalDet if-distrib if-distribR)
also have «...= (P | n) O (Q | n)» by (simp add: GlobalDet-distrib-unit-bis)
finally show «PO Q | n=(P{n)O(Q{ n).
qed

corollary restriction-processpiick-Sliding: <P > Q | n = (P | n) >

(@1 n)p
by (simp add: restriction-processpi;cr-Det restriction-processyi;cr,-Ndet
Sliding-def)

3.2 Non Destructiveness

lemma GlobalNdet-non-destructive : <non-destructive (AP. Ma € A.
P a)
by (auto intro: non-destructivel
simp add: restriction-processyi;cr-GlobalNdet restriction-fun-def)
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lemma Ndet-non-destructive : <non-destructive (A\(P, @). P 1 Q)
by (auto intro: non-destructivel
simp add: restriction-processpiicr-Ndet restriction-prod-def)

lemma GlobalDet-non-destructive : <non-destructive (A\P. Oa € A. P
a)
by (auto intro: non-destructivel
simp add: restriction-processpi;cx-GlobalDet restriction-fun-def)

lemma Det-non-destructive : <non-destructive (A(P, Q). P O Q)»
by (auto intro: non-destructivel
simp add: restriction-processpick-Det restriction-prod-def)

corollary Sliding-non-destructive : <non-destructive (A\(P, Q). P >
Q)
by (auto intro: non-destructivel
simp add: restriction-processyi;cx-Sliding restriction-prod-def)

4 Non Destructiveness of Renaming

4.1 Equality

lemma restriction-processy;cr-Renaming:
<Renaming P f g | n = Renaming (P | n) f ¢ (is «?lhs = ?rhs)
proof (rule Process-eg-optimizedI)
show «t € D ?lhs = t € D ?rhss for ¢
by (auto simp add: Renaming-projs D-restriction-processyiick)
(metis append.right-neutral front-tickFree- Nil map-eventy ;e -tickFree,
use front-tickFree-append in blast)
next
show «t € D ?rhs = t € D ?lhs» for ¢
by (auto simp add: Renaming-projs D-restriction-processpiick
front-tickFree-append map-eventp;ci-tickFree)
next
fix ¢t X assume «(t, X) € F ?lhsy <t ¢ D ?lhs
then obtain v where «(u, map-event,ick fg —X) € F Py <t =
map (map-eventpiick fg) w
by (simp add: Renaming-projs restriction-processyi;cx-projs) blast
thus «(t, X) € F ?rhs) by (auto simp add: F-Renaming F-restriction-processpiick)
next
fix ¢t X assume (¢, X) € F %rhs) <t ¢ D ?rhs
then obtain u where «(u, map-eventyiic fg —X) € F (P | n)
<t = map (map-eventpiick fg) w
unfolding Renaming-projs by blast
from <(u, map-eventpiicy fg —X) € F (P 1 n)
consider <u € D (P | n)» | «(u, map-eventyiick fg —X) € F P>
unfolding restriction-processyiicr-projs by blast
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thus «(t, X) € F ?lhs)
proof cases
assume <u € D (P | n)
hence «t € D ?rhs»
proof (elim D-restriction-processpiiciF)
from <t = map (map-eventpiick fg) w show «u € D P =t €
D Prhs»
by (cases <tF uy, simp-all add: D-Renaming D-restriction-processpiick)
(use front-tickFree-Nil in blast,
metis D-imp-front-tickFree butlast-snoc div-butlast-when-non-tickFree-iff
front-tickFree-iff-tickFree-butlast front-tickFree-single map-append
map-event,; ok -front-tickFree nonTickFree-n-frontTickFree)
next
show (Ju =v @ w; v € T P; length v = n; tF v; ftF w] = ¢t €
D ?rhsy for v w
by (simp add: D-Renaming D-restriction-processpiick <t = map
(map'eventptick fg) U‘))
(use front-tickFree-Nil map-eventp;c,-front-tickFree in blast)
qed
with <t ¢ D ?rhs» have False ..
thus (¢, X) € F %hss ..
next
show «(u, map-eventpiicy fg —*X) € F P = (t, X) € F
(Renaming P f g | n)»
by (auto simp add: F-restriction-processpiicr, F-Renaming <t =
map (map-eventpiick fg) w)
qed
qed

4.2 Non Destructiveness

lemma Renaming-non-destructive [simp| :
<non-destructive (A\P. Renaming P f g)»
by (auto intro: non-destructivel simp add: restriction-processptcr-Renaming)

5 Non Destructiveness of Sequential Com-
position

5.1 Refinement

lemma restriction-processpiicr-Seq-FD :
(P3 QL nCprpp (PLn);(QJ) n) (is <?hs Cpp frhsy)
proof —
have x : <t e D (P | n) = t € D ?lhs) for ¢
by (elim D-restriction-processpiickF)
(auto simp add: Seg-projs D-restriction-processyiick)
{fixtuvrwz
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assume u @ [V ()] € T Py <length u < m) <v = w Q ) <w € T
Q>
dength w = ny <tF wy <ftF x> <t = u Q v
hence <t = (u @ take (n — length u) w) @ drop (n — length u) w

Qaz A

u @ take (n — length u) w € T (P Q) A

length (u Q take (n — length u) w) = n A

tF (u Q take (n — length u) w) A ftF' (drop (n — length u)
w @ z)»

by (simp add: <t = v @ v» T-Seq)
(metis append-T-imp-tickFree append-take-drop-id front-tickFree-append
is-processT3-TR-append list.distinct(1) tickFree-append-iff)
with D-restriction-processpiicr have <t € D ?lhsy by blast
} note *x = this

show <?lhs Crp ?rhs)
proof (unfold refine-defs, safe)
show div : <t € D ?lhsy if <t € D ?rhs) for t
proof —
from «t € D ?rhs» consider <t € D (P | n)
| wvr where <t =u@Qw» «u@[/(r)) €T (Pln) weD
(@1 )
unfolding D-Seq by blast
thus «t € D ?lhs»
proof cases
show <t € D (P | n) =t € D ?%lhs» by (fact *)
next
fix u v rassume <t = v Q@ v «u Q [V(r)] € T (Pl n) we
D(Q np
from v Q [V (r)] € T (P | n)» consider <u Q [V/(r)] € D (P
Lo |« @[/ (r)] €T P> ength u < n)
by (elim T-restriction-processpick E) (auto simp add: D-restriction-processpiick)
thus <t € D ?lhs)
proof cases
show «u @ [/(r)] e D (Pl n) =t €D ?%hs
by (metis x D-imp-front-tickFree <t = uv @ v» <v € D (Q |
n)»
front-tickFree-append-iff is-processT7 is-processT9
not-Cons-self)
next
from v € D (Q | n)» show «u @ [V (r)] € T P = length u
<n=teD ?hs
proof (elim D-restriction-processpiick E exE conjE)
show «v Q [V(r)] e TP=veD Q= 1tcD ?hs
by (sitmp add: <t = v Q vy D-restriction-processpiicr, D-Seq)
blast
next
show «Ju Q [/ (r)] € T P;lengthu < n; v=w Q z; w €
T @Q;
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length w = n; tF w; ftF 2] = t € D ?lhs) for wz
using *x <t = u Q v» by blast
qed
qed
ged
qed

have mono : <«(P | n); (Qln)C P; @
by (simp add: fun-below-iff mono-Seq restriction-fun-def
restriction-processptick-approm-self)

show «(t, X) € F ?lhs) if «(t, X) € F ?rhs> for t X
by (meson F-restriction-processpiicrI div is-processT8 mono
proc-ord2a that)
qed
qed

corollary restriction-processpticy-MultiSeq-FD :

(SEQle@ L. Pl)l nCrp SEQl €@ L. (P1| n)
proof (induct L rule: rev-induct)

show (SEQ 1 €Q[]. P)){ nCpp SEQ 1 €Q[]. (P1] n) by simp
next

fix a L

assume hyp: «((SEQ1 €Q L. Pl) [l nCrp SEQLl €Q L. (P1] n)

have «(SEQ 1 €Q (L @Q [a)). Pl) l n=(SEQl€Q L. Pl;Pa)l
ny by simp

also have «... Cpp SEQ 1 €@ L. (Pl | n); (Paln)

by (fact trans-FD][OF restriction-processp;ck-Seq-FD mono-Seq-FD[OF
hyp idem-FD]])

also have (... = SEQ l€Q(L Q [a]). (Pl | n)> by simp

finally show «(SEQ [ €@ (L Q [a]). PI){ nCprp .. .
qed

5.2 Non Destructiveness

lemma Seg-non-destructive :
(non-destructive (A\(P :: ('a, 'r) processpiick, Q). P35 Q)
proof (rule order-non-destructivel, clarify)
fix PP’ Q Q' :: «('a, 'r) processpiick and n
assume (P, @)l n= (P, Q) |l n 0 <mw
hence <P n=P | m<«Qln=Q | m
by (simp-all add: restriction-prod-def)
show <P; Ql nCrp P'; Q' | n
proof (rule leFD-restriction-processpiicil)
show div: «t € D (P'; Q)= t €D (P; Q| n) if <length t <
ny for ¢
proof (unfold D-Seq, safe)
show «(t e DP' = te D (P; Q| n)
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by (simp add: D-restriction-processptick Seq-projs)
(metis (no-types, opaque-lifting) D-restriction-processpiickE
D-restriction-processpiicrd <P L n = P’ ] m)

next
fix u r v assume <t = v Q v <u Q [V(r)] € T P» «weDQh
from <t = u @ v <length t < n) consider v = []» «length u =

n
| <u = [ «length v = n» | <length u < ny <length v < n)
using nless-le by (cases u; cases v, auto)
thus «u Qv e D (P; QJ n)
proof cases
assume <v = []» <length u = n»
from «u Q [V (r)] € T P’ append-T-imp-tickFree is-process T3-TR-append
have (tF uw» <u € T P’ by auto
from v € T P’ <length u = n> <P | n = P’ ] n» have (u €
T P»
by (metis T-restriction-processyiicrl less-or-eg-imp-le
length-le-in-T-restriction-processptick)
with «¢tF u» have «uw € T (P; Q) by (simp add: T-Seq)
with «length u = n» show «u @ v € D (P; Q | n)

by (simp add: <v = [|» <tF u» D-restriction-processpiicil)
next
assume <u = [» «length v = n

from <0 < «w@Q[V/(r)]eT Phrwuw=[p<«Pln=P |l mnw
have (v (r)l e T P>
by (cases n, simp-all)
(metis Suc-lel T-restriction-processyiickd length-Cons
length-le-in-T-restriction-processpiick list.size(3) zero-less-Suc)
show «u @ v € D (P; Q| n)
proof (cases «tF v»)
assume <tF v
have <«v € T Q" by (simp add: D-T «v € D Q")
with <length v=mn <«Q | n= Q'] n» have <v € T Q»
unfolding restriction-fun-def
by (metis T-restriction-processpiicil less-or-eqg-imp-le
length-le-in-T-restriction-processptick)
with <[/(r)] € T P> have «v € T (P; Q)
by (simp add: T-Seq) (metis append-Nil)
with <length v = n» show <«u @ v € D (P; Q | n)
by (simp add: <u = []» <tF' v> D-restriction-processpt;ciI)
next
assume < tF v
with «u = [P <Q L n= Q'L n» <= tF v» <length t < m»
(t=u Qv wveDQ»have (v e D Q
by (metis append-self-conv2 not-tickFree-in-D-restriction-processpi;ck-iff )
with <[V (r)] € T P> have <v € D (P ; Q)
by (simp add: D-Seq) (metis append-Nil)
thus <u @uv e D (P3; Q| n)
by (simp add: D-restriction-processprick <u = []>)
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qed
next
assume <length u < n» <length v < n»
from «u Q [V (r)] € T P" «engthu < my <P |{n=P | m
have <v Q [V (r)] € T P»
by (metis length-le-in-T-restriction-processyiic, Suc-le-eq
length-append-singleton T-restriction-processpicxl)
moreover from v € D Q% <length v < m» «Q Ll n= Q' | n
have <v € D )
by (metis D-restriction-processpiici I length-less-in-D-restriction-processyiick)
ultimately show <u @ v € D (P35 Q | n)
by (auto simp add: D-restriction-processptick D-Seq)
qed
qed

fix t X assume (¢, X) € F (P'; Q') <length t < n»
consider <t € D (P'; Q') | «(t, X U range tick) € F P «tF t»
| wrvwhere <t =u@uw u@[/(r)]eT P»<«(v,X)eF Qh
using (¢, X) € F (P'; Q') by (auto simp add: Seq-projs)
thus «(¢, X) € F (P; Q | n)»
proof cases
from div <length t < ny D-F
show «t e D (P'; Q) = (t, X) € F (P; Q | n)> by blast
next
show «(t, X) € F (P; Q | n) if (¢, X U range tick) € F P’
<tF b
proof (cases (length t = ny)
assume <length t = n»
from «(¢, X U range tick) € F P’y have <t € T P’ by (simp
add: F-T)
with <P | n = P’ | n» <length t < n) have «t € T P»
by (metis T-restriction-processyi;cx I length-le-in-T-restriction-processyiick)
with (tF' ¢» have <t € T (P ; Q) by (simp add: T-Seq)
with «length t = ny <tF t» show «(¢t, X) € F (P; Q | n)
by (simp add: F-restriction-processpticil)
next
assume <length t # n»
with <length t < n» have <length t < n» by linarith
with <P | n= P’ | n» <«(t, X U range tick) € F P"
have «(t, X U range tick) € F P
by (metis F-restriction-processptici I length-less-in-F-restriction-processpiick)
with «tF t» show «(t, X) € F (P; Q | n)
by (simp add: F-restriction-processpiicrl F-Seq)

qed
next
fix u r vassume <t = v Q@ v <u Q [V(r)] € T P» «(v, X) € F
Q"
from «t = u @ v <length t < n> consider v = [|» <length u =
n
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| <u =[] «length v = n | <length u < ny <length v < n»
using nless-le by (cases u; cases v, auto)
thus «(t, X) € F (P; Q | n)
proof cases
assume (v = [ <length u = n
from <u @Q [V (r)] € T P’ append-T-imp-tickFree is-processT3-TR-append
have «tF w» <u € T P’ by auto
from <u € T P’ <length u = n> <P | n = P’ ] n» have (u €

T P
by (metis T-restriction-processpiicrl less-or-eg-imp-le
length-le-in-T-restriction-processptick)
with tF' u» have <u € T (P ; Q) by (simp add: T-Seq)
with «ength v = n» show (¢, X) € F (P; Q | n)
by (simp add: <«v = []» <tF uy F-restriction-processpiick)
(use <t = u @ vy <tF wy <v = []» front-tickFree-Nil in blast)
next
assume <u = [» «ength v = n»
from 0 <m «w @V (r)] €T Pru=[p«Pln=P |l m
have (v (r)| € T P>
by (cases n, simp-all)
(metis Suc-lel T-restriction-processyiickd length-Cons
length-le-in-T-restriction-processpiick list.size(3) zero-less-Suc)
show «(t, X) € F (P; Q | n)
proof (cases (tF v»)
assume <tF v»
from F-T «(v, X) € F Q" have <v € T Q" by blast
with <length v=m <«Q | n= Q'] n» have <v € T Q»
unfolding restriction-fun-def
by (metis T-restriction-processpiicrl less-or-eq-imp-le
length-le-in-T-restriction-processptick)
with <[V (r)] € T P> have «v € T (P; Q)
by (simp add: T-Seq) (metis append-Nil)
with <length v = n» have <t € D (P; Q | n)
by (simp add: <u = []> <tF v» «t = uw Q vy D-restriction-processpiicil)
with D-F show «(t, X) € F (P; Q | n)» by blast
next
assume < tF v
with «u = [P <Q L n= Q'L n <= tF v» <length t < m»
t=uQuw (v, X) € F Q" have (v, X) € F (»
by (metis append-self-conv2 not-tickFree-in-F-restriction-processpt; ci-iff )
with <[/ (r)] € T P> have «(t, X) € F (P; Q)
by (simp add: <t = u Q v» <u = [|» F-Seq) (metis append-Nil)
thus (¢, X) e F (P; Q | n)
by (simp add: F-restriction-processpiicil)
qed
next

assume <length u < ny <length v < n»
from v @ [/(r)] € T P’ «engthu < n» <P . n=P' | n
have v Q [V (r)] € T P»
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by (metis length-le-in-T-restriction-processyiicr, Suc-le-eq
length-append-singleton T-restriction-processpicil)
moreover from (v, X) € F Q" <ength v < m» <Q | n = Q'
o
have «(v, X) € F O
by (metis F-restriction-processpiici I length-less-in-F-restriction-processpiick)
ultimately show (¢, X) € F (P; Q | n)
by (auto simp add: <t = v @ v» F-restriction-processpick
F-Seq)
ged
qed
qed
qed

6 Non Destructiveness of Synchronization
Product

6.1 Preliminaries

lemma D-Sync-optimized :
D (P [4] Q) =
{vQuw[tuvw tFvA ftF wA
v setinterleaves ((t, u), range tick U ev * A) A
(teDPAueT QVteDQAueTP)p
(is «<- = ?rhsy)
proof (intro subset-antisym subsetl)
show «d € ?rhs = d € D (P [A] Q) for d
by (auto simp add: D-Sync)
next
fix d assume <d € D (P [4] Q)
then obtain ¢ u v w
where % : «d = v Q@ wy (ftF w «tF vV w =[]
w setinterleaves ((t, u), range tick U ev * A)»
teEDPANueT QVEIeDQANueT P
unfolding D-Sync by blast
show «d € ?rhs»
proof (cases (tF v»)
from x show «(tF v = d € ?rhs» by blast
next
assume <~ tF v
with x(1, 3) have <w = [» <d = v» by simp-all
from D-imp-front-tickFree <d = v» <d € D (P [A] Q)
have «ftF v» by blast
with <— tF v)> obtain r v/ where <v = v’ Q [V (7)]
by (meson nonTickFree-n-frontTickFree)
with x(4) obtain ¢’ u’
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where xx : <t = ¢t/ Q [V (1)) «<u = v’ Q [V (r)]
' setinterleaves ((t', u’), range tick U ev < A)»
by (simp add: «v = v' Q [V (7r)])
(meson *(5) D-imp-front-tickFree SyncWithTick-imp-NTF
T-imp-front-tickFree)
have <t e DPAuW €T QVit' eDQAu €T P>
by (metis x(5) *x(1,2) is-processT3-TR-append is-processT9)
with xx(8) «d = v (ftF v» «v = 0" Q [V (7))
front-tickFree-nonempty-append-imp show <d € ?rhsy by blast
qed
qed

lemma tickFree-interleave-iff :
<t setinterleaves ((u, v), S) = tF t «— tF u A tF v
by (induct <(u, S, v)> arbitrary: t u v rule: setinterleaving.induct)
(auto split: if-split-asm option.split-asm,)

lemma interleave-subsetL :
Ft = {a. eva € setu} C A =
t setinterleaves ((u, v), range tick U ev * A) = ¢t = v
for t w v «(Ya, 'r) tracepiick’
proof (induct «(u, range tick U ev * A :: (‘a, 'r) refusalpiick, v)»
arbitrary: t u v rule: setinterleaving.induct)
case 1 thus ?case by simp
next
case (2 y v) thus ?case by (auto simp add: image-iff split: if-split-asm)
next
case (3 z u) thus ?case
by (simp add: image-iff subset-iff split: if-split-asm)
(metis (mono-tags, lifting) eventpiick.exhaust)
next
case (4 z u y v)
from 4.prems show Zcase
apply (simp add: subset-iff split: if-split-asm)
apply (metis (no-types, lifting) 4.hyps(1) Un-iff
mem-Collect-eq subsetl tickFree-Cons-iff)
apply (metis (no-types, lifting) 4 .hyps(2,4) 4.prems(2,3) SyncHd-T!
SyncSameHd T list.sel(1) setinterleaving-sym tickFree-Cons-iff)
by (metis eventptick.exhaust imagel rangel )+
qed

lemma interleave-subsetR :
(tFt = {a. eva € set v} C A =
t setinterleaves ((u, v), range tick U ev * A) = t = w)
by (simp add: interleave-subsetL setinterleaving-sym)

lemma interleave-imp-lengthLR-le :
<t setinterleaves ((u, v), §) =
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length u < length t A length v < length t»
by (induct «(u, S, v)» arbitrary: t u v rule: setinterleaving.induct;
sitmp split: if-split-asm; use nat-le-linear not-less-eq-eq in fastforce)

lemma interleave-le-preficLR :

<t setinterleaves ((u, v), ) = v' < uw = v' < v =
(Ft' < ¢ Fv"” < vt setinterleaves ((u’, v"), S)) V
(3t < t. FJu” < ' ¢’ setinterleaves ((u'’, v’), S))

proof (induct «(u, S, v)
arbitrary: t u u’ v v’ rule: setinterleaving.induct)
case [
then show Zcase by simp
next
case (2 y v)
thus ?case by (simp split: if-split-asm)
(metis si-emptyl insert-iff nil-le)
next
case (3 z u)
thus ?case by (simp split: if-split-asm)
(metis si-emptyl insert-iff nil-le)
next
case (4 z u y v)
show ?case

proof (cases <u’ = [ Vv =)
show «u' = [| V v/ = [| = %case> by force
next
assume - (u' = Vo' =)
with 4.prems(2, 3)
obtain u’’ v/’ where v’ = z # u' «w” < w w' =y # v w"

< v

by (meson Prefiz-Order.prefiz-Cons)

with /.prems(1) consider (both-in) t’ where <z € S) <y € S»

x =yt =13 H# thH

«t" setinterleaves ((u, v), S)

| (inR-muL) ¢ where <x ¢ S» <y € &) <t =z # t)
«t" setinterleaves ((u, y # v), S)

| (inL-mvR) t' where <z € S» <y ¢ S» <t =y # t/
«t" setinterleaves ((z # u, v), S)»

| (notin-muL) t’ where <z ¢ S» <y ¢ S» «t = x # t)
«t’ setinterleaves ((u, y # v), S)

| (notin-muvR) t’ where «x ¢ S» <y ¢ S» «t = y # th
«t" setinterleaves ((z # u, v), S)
by (auto split: if-split-asm)

thus ?case

proof cases
case both-in
from /.hyps(1)[OF both-in(1—38, 5) <u"" < w «v"” < v]
show ?thesis
proof (elim disjE exE conjE)
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ﬁx t// ,U///
assume <t <ty """ < vy <t” setinterleaves ((u'’, v'"'), S)
hence <y # t"" <t ANy # v/ <v' A
(y # t'") setinterleaves ((u', y # v'""), S)»
by (simp add: «u' =z # u'y «w' =y # v’ both-in(2—4))
thus ?thesis by blast
next
ﬁx t// u///
assume <t < th " < uw' <t setinterleaves ((u'”, v''), S)
hence «x # t" <t ANz # v <u' A
(z # t'') setinterleaves ((z # u'", v’), S)
by (simp add: <u' = z # u'» «w' =y # v both-in(2—4))
thus ?thesis by blast
qed
next
case inR-mvL
from J.hyps(5)[simplified, OF inR-mvoL(1, 2 ,4) «u" < wy v’ <
y # v
show ?thesis
proof (elim disjE exE conjE)
ﬁX t// ,U///
assume <t <t """ < vy <t” setinterleaves ((u”’, v"""), S)»
hence <z # t" <t ANV < V' A
(z # t") setinterleaves ((u’, v'"), S)»
by (cases v'") (simp-all add: <u' = x # v’ ' = v’
Yy D )
inR-muL(1, 3))
thus ?thesis by blast
next
ﬁx t// u///
assume <t"" < th ' < u'h <t setinterleaves ((u'"; v'), S)»
hence <z # t" <t ANz # v <u' A
(z # t'') setinterleaves ((z # u'", v’), S)»
by (simp add: <u' =z # u'» «w' =y # v"» inR-mvL(1, 3))
thus ?thesis by blast
qed
next
case inL-mvR
from 4.hyps(2)[OF inL-mvR(1, 2, 4) <u' < z # w " < v]
show ?thesis
proof (elim disjE exE conjFE)
ﬁx t// ,U///
assume <t <t """ < v <t” setinterleaves ((u’, v"""), S
hence <y # t" <t ANy # 0" <0 A
(y # t') setinterleaves ((u', y # v"""), S)
by (simp add: <uv’ =z # v’ «w' =y # v"» inL-mvR(2, 3))
thus ?thesis by blast
next
ﬁX t// u///

assume <t < ¢t ' < u'y «t" setinterleaves ((u'", v'"), S)
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hence <y # t"" <t A u'"" < u' A
(y # t”) setinterleaves ((u'", v’), S)
by (cases u”"’) (simp-all add: «v' = x # u'» «w' =y # v’
inL-moR(2, 8))
thus ?thesis by blast
qged
next
case notin-muL
from /.hyps(3)[OF notin-muL(1, 2, 4) «u" < uy «v' < y # v
show %thesis
proof (elim disjE exE conjFE)
ﬁx t// ,U///
assume <¢"" < ¢/ """ < v’y «t" setinterleaves ((u”; v""), S)
hence <z # t"" <t AN v < v A
(z # t") setinterleaves ((u’, v'"), S)
by (cases v'"") (simp-all add: <u' = x # v’y «w' =y # v')
notin-mvL(1, 3))
thus ?thesis by blast
next
ﬁx t// u///
assume <t < t) ' < 'y «t" setinterleaves ((u'", v'), S)
hence <z # t" <t ANz # v <u' A
(z # t") setinterleaves ((z # u'", v'), S)
by (simp add: <uv' = x # vy «w' =y # v notin-muL(1, 3))
thus ?thesis by blast
qged
next
case notin-mvR
from 4 .hyps(4)[OF notin-mvR(1, 2, 4) «u' < z # w «v” < v]
show ?thesis
proof (elim disjE exE conjE)
ﬁX t// ,U///
assume <t <t """ < v «t” setinterleaves ((u', v'""), S)»
hence <y # t" <t ANy # v <v' A
(y # t”) setinterleaves ((u', y # v"""), )
by (simp add: <v' =z # u' <’ =y # v’ notin-mvR(2, 3))
thus ?thesis by blast
next
ﬁx t// u///
assume <t"" < th '’ < uhy «t" setinterleaves ((u'"’, v"'), S)»
hence <y # t"" <t AN u'"" < u' A
(y # t") setinterleaves ((u""; v'), S)
by (cases u'”) (simp-all add: <v' =z # uw'» «w' =y # v')
notin-mvR(2, 3))
thus ?thesis by blast
qed
qed
qed
qed
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lemma restriction-processpyici-Sync-FD-div-oneside :
assumes tF wy (ftF v «t-P € D (P L n) «t-Q € T (Q 1 n)»
<u setinterleaves ((t-P, t-Q), range tick U ev © A)»
shows <u @ v € D (P [4] Q | n)
proof (insert assms(3, 4), elim D-restriction-processpiick E T-restriction-processpticiE)
from assms(1, 2, 5) show «t-P e DP = t-Q € T Q@ = u Qv
€D (P[A] Q1 n)
by (auto simp add: D-restriction-processpiicr, D-Sync)
next
fix +-Q' -Q"
assume * : ((-P € D P» <length t-P < ny «(t-Q = t-Q' @Q t-Q'"»
t-Q' € T @ «length t-Q' = n» «(tF t-Q" «ftF t-Q""
from «t-Q = t-Q’ @ t-Q'""» have «t-Q’ < t-Q» by simp
from interleave-le-right|OF assms(5) this]
obtain t-P’ t-P" u' u'’
where *x : <y = v’ Q v’ «t-P = t-P’' Q ¢t-P"»
«u’ setinterleaves ((t-P', t-Q'), range tick U ev < A)»
by (meson Prefiz-Order.prefizE)
from assms(1) <u = u’ @ u'"» have <¢tF u» by auto
moreover from *(1,/) xx(2,3) have <u' € T (P [A] Q)
by (simp add: T-Sync) (metis D-T is-processT3-TR-append)
moreover have <length t-Q’ < length u’s
using *xx(3) interleave-imp-lengthLR-le by blast
ultimately have v’ € D (P [A] Q | n)
by (metis *(5) D-restriction-processyiicxI nless-le)
with *x(1) assms(1, 2) show <u Qv € D (P [A] Q | n)»
by (metis is-processT7 tickFree-append-iff tickFree-imp-front-tickFree)
next
fix t-P’ t-P"
assume * : <-P = -P' Q ¢-P' «t-P' € T P» <length t-P' = n»
(tF t-P «ftF t-P"» <t-Q € T Q> <length t-Q < n»
from <t-P = t-P’ @Q t-P"y have «t-P' < t-P» by simp
from interleave-le-left[OF assms(5) this]
obtain t-Q' t-Q" u’ u'’
where *x : (v = v’ Q v’ «t-Q = t-Q' Q t-Q"»
«u’ setinterleaves ((t-P', t-Q"), range tick U ev © A)»
by (meson Prefix-Order.preficE)
from assms(1) <u = u' @ u”» have «tF' v’y by auto
moreover from x(2,6) xx(2,3) have v’ € T (P [A] Q)
by (simp add: T-Sync) (metis is-processT3-TR-append)
moreover have <length t-P’ < length u’s
using *x(3) interleave-imp-lengthLR-le by blast
ultimately have v’ € D (P [4] Q | n)
by (metis x(3) D-restriction-processpiicil nless-le)
with *x(1) assms(1, 2) show <u @ v € D (P [A] Q | n)»
by (metis is-process T7 tickFree-append-iff tickFree-imp-front-tickFree)
next
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fix t-P’ t-P" +-Q’ t-Q"'
assume $ : (t--P = t-P' @Q t-P'y «t-P' € T P» <length t-P' = n»
(tF t-P' (ftF t-P") «t-Q = t-Q' Q t-Q' «+-Q' € T Q>
length t-Q' = ny «(tF t-Q" «ftF t-Q""»
from $(1, 6) have «t-P’ < t-Py «t-Q' < t-Q» by simp-all
from interleave-le-prefitLR[OF assms(5) this
show (v @ v € D (P [A] @ | n)
proof (elim disjE conjE exE)
fix v’ t-Q"" assume $$ : v’ < w -Q" < t-Q"
<u’ setinterleaves ((t-P', t-Q""), range tick U ev * A)»
from $(7) $$(2) is-processT3-TR have t-Q""' € T @» by blast
with $$(3) «t-P' € T P> have «u' € T (P [A] Q)
by (auto simp add: T-Sync)
moreover have «n < length u’
using $(3) $$(3) interleave-imp-lengthLR-le by blast
ultimately have <u’ € D (P [4] Q | n)»
by (metis $8(1) D-restriction-process,iickI Prefiz-Order.preficE
assms(1) nless-le tickFree-append-iff)
thus «u @v e D (P [A] Q | n)
by (metis $$(1) Prefiz-Order.preficE assms(1,2) is-processT7
tickFree-append-iff tickFree-imp-front-tickFree)
next
fix v’ t-P’" assume $$ : v’ < w «¢t-P""" < t-P'
«u’ setinterleaves ((t-P', t-Q), range tick U ev © A)»
from $(2) $$(2) is-processT3-TR have «t-P'" € T P> by blast
with $$(3) «t-Q" € T @ have v’ € T (P [A4] Q)
by (auto simp add: T-Sync)
moreover have «n < length u’
using $(8) $$(3) interleave-imp-lengthLR-le by blast
ultimately have «u’ € D (P [4] Q | n)»
by (metis $8(1) D-restriction-processyiickI Prefiz-Order.preficE
assms(1) nless-le tickFree-append-iff)
thus <u @ v e D (P [4] Q | n)»
by (metis $$(1) Prefiz-Order.preficE assms(1,2) is-processT7
tickFree-append-iff tickFree-imp-front-tickFree)
qed
qed

6.2 Refinement

lemma restriction-processpiicr-Sync-FD :
PJA) @ 1 nCrp (P4 n)[A4] (Q 1 n) (is <?lhs Cpp frhsy)
proof (unfold refine-defs, safe)
show «t € D %rhs = t € D ?lhs) for t
by (unfold D-Sync-optimized, safe)
(solves <simp add: restriction-processy;ck-Sync-FD-div-onesidey,
metis Sync-commute restriction-processyi;cx-Sync-FD-div-oneside)
thus «(t, X) e F (Pl n) [4] (@4 n) = (¢, X) € F (P [4] Q
L n) for t X
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by (meson is-processT8 le-approx2 mono-Sync restriction-processp;cx-approz-self)
qed

The equality does not hold in general, but we can establish it by
adding an assumption over the strict alphabets of the processes.

lemma strict-events-of-subset-restriction-processp;ci-Sync :

P JA] Q1 n= (Pl n)[A] (Q] n) (is «?lhs = ?rhs»)

if «a(P) C AV a(Q) C A
proof (rule FD-antisym)

show «?lhs Cpp ?rhsy by (fact restriction-processptick-Sync-FD)
next

have div: <t € D (P [A] Q) = t € D ?rhs) for ¢

by (auto simp add: D-Sync restriction-processptick-projs)

{ fix t u v assume <t = v Q@ v»» <u € T (P [4] Q) <length u = n
AF wy (ftF v
from this(2) consider <u € D (P [A] Q)»
| t-P t-Q where «t-P € T Py «t-Q € T @»
<u setinterleaves ((t-P, t-Q), range tick U ev © A)»
unfolding Sync-projs by blast
hence <t € D ?rhs»
proof cases
show v € D (P [A] Q) =t € D ?rhs
by (simp add: <ftF vy <t = u Q vy tF w div is-processT7)
next
fix ¢-P t-Q assume «t-P € T Py <t-Q € T
and setinter : «u setinterleaves ((t-P, t-Q), range tick U ev

A)»
consider <t-P € D PV t+-Q €D @ | <t-P ¢ D Py «t-Q ¢ D @
by blast
thus <t € D ?rhs»
proof cases
assume (-P € D PV t-Q € D @
with <t-P € T P> <t-Q € T @) setinter <ftF v» <t = v Q v
GEF w
have <t € D (P [4] Q)
using setinterleaving-sym by (simp add: D-Sync) blast
thus <t € D ?rhsy by (fact div)
next
assume <-P ¢ D Py «t-Q ¢ D @
with <«t-P € T P» «t+-Q €T @ «a(P) C AV a(Q) C
have {a. eva € set t-P} C AV {a. ev a € set t-Q} C
by (auto dest: subsetD intro: strict-events-of-meml)
with interleave-subsetL[OF <tF uy - setinter]
interleave-subsetR[OF <tF w) - setinter]
have (u = t-P V u = t-Q)» by blast
with (length v = n> have <length t-P = n V length t-Q = n»
by auto
moreover from <tF uy tickFree-interleave-iff[OF setinter]

Ay
Ay
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have «tF t-P> <tF t-(Q)> by simp-all
ultimately have <t-P € D (P [ n) V t-Q € D (Q | n)
using «t-P € T Py «t-Q € T Q> by (metis D-restriction-processpiicil)
moreover from «-P € T Py <t-Q € T
have <t-P € T (P L n) <t-Q € T (Q | n)»
by (simp-all add: T-restriction-processpiickl)
ultimately show <t € D ?rhs)
using <ftF v» <t = u Q vy <tF uy setinter
by (simp add: D-Sync-optimized)
(metis setinterleaving-sym,)
qed
qed
} note x = this

show «?rhs Cpp ?lhs)
proof (unfold refine-defs, safe)
show «t € D ?lhs =t € D ?rhs» for ¢
proof (elim D-restriction-processpiiciF)
show <t € D (P [4] Q) = t € D ?rhs> by (fact div)
next
show ([t = u Q v; u € T (P [4] Q); length uw = n; tF u; ftF v]
=t € D ?rhs) for u v by (fact *)
qed
next
show «(t, X) € F ?lhs = (¢, X) € F ?rhs» for t X
proof (elim F-restriction-processyiickE)
assume <(t, X) € F (P [4] Q)
then consider «t € D (P [A] Q)
| (fail) t-P t-Q X-P X-Q where «(t-P, X-P) € F P> «(t-Q,
X-Q) e F @
<t setinterleaves ((t-P, t-Q), range tick U ev © A)»
«X = (X-P U X-Q) N (range tick U ev * A) U X-P N X-Q»
unfolding Sync-projs by blast
thus «(¢t, X) € F ?rhs
proof cases
from div D-F show <t € D (P [4] Q) = (¢, X) € F ?rhs
by blast
next
case fail
thus «(t, X) € F ?rhs
by (auto simp add: F-Sync F-restriction-processyiick)
qed
next
show ([t = u Q v; u € T (P [4] Q); length uw = n; tF u; ftF v]
= (¢, X) € F ?rhs> for u v by (simp add: * is-processT8)
qed
qed
qed
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corollary restriction-processpticr-MultiSync-FD :
Al m e# M. Pl nCpp [A] m €# M. (P 1] n)
proof (induct M rule: induct-subset-mset-empty-single)
case 1 show ?Zcase by simp
next
case (2 m) show ?case by simp
next
case (3 N m)
show ?case
by (simp add: <N # {#})
(fact trans-FD]OF restriction-processp;ck-Sync-FD mono-Sync-FD[OF
idem-FD 3.hyps(4)]])
qed

In the following corollary, we could be more precise by having
the condition on at least size M — 1 processes.

corollary strict-events-of-subset-restriction-processp;ci-MultiSync :
(Al m €# M. Pm | n= (if n = 0then L else [A] m e# M. (P
m } n))
— if n = 0 then L else - is necessary because we can have M = {#}.
if <Am. m e## M = a(P m) C A
proof (split if-split, intro conjl impl)
show «n = 0 = [A] m €# M. Pm | n = 1) by simp
next
show (Al m €# M. Pm | n=[A] m €# M. (P m | n)» if <n
# 0>
proof (induct M rule: induct-subset-mset-empty-single)
case 1 from «n # 0> show Zcase by simp
next
case (2 m) show %case by simp
next
case (3 N m)
have «([A] ne#add-mset m N. P n) | n = (P m [A] [A] ne#N.
Pn) | n
by (simp add: <N # {#})
also have «... = (P m | n) [A] ([A] n€#N. Pn | n)
by (rule strict-events-of-subset-restriction-processyi;cx-Sync)
(simp add: 3.hyps(1) <Am. m €# M = a(P m) C A)
also have «([A] me#N. P m) | n = [A] me#N. (P m | n)) by
(fact 3.hyps(4))
finally show ?case by (simp add: <N # {#})
qed
qed

corollary restriction-processy;cr-Par :

Pl Qin=(PLn)|(QLn)
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by (simp add: strict-events-of-subset-restriction-processpick-Sync)

corollary restriction-processy;cr-MultiPar :
| me# M. Plln=(if n=20then L else|| me# M. (Pl]
n))»

by (simp add: strict-events-of-subset-restriction-processpiicr-MultiSync)

6.3 Non Destructiveness

lemma Sync-non-destructive :
<non-destructive (A\(P, Q). P [A] Q)»
proof (rule order-non-destructivel, clarify)
fix PP’ Q Q' :: «('a, 'r) processpiick> and n
assume (P, Q) | n = (P, Q") | n»
hence <P n=P | m<«Qln=Q | m
by (simp-all add: restriction-prod-def)
show «P [A] @ | n Crp P'[A] Q'L m
proof (rule leFD-restriction-processpiicil)
show div: «t € D (P'[A] Q) =t € D (P [4] Q | n)» if <length
t <n for t
proof (unfold D-Sync-optimized, safe)
fix u v t-P t-Q
assume x : (t = u Q@ v (tF uy <ftF v
«u setinterleaves ((t-P, t-Q), range tick U ev © A)»
«t-P € D PH«t-QeT Q)
from (1) «length t < n» have <length v < n) by simp
from «length u < n» interleave-imp-lengthLR-le[OF *(/4)]
have <¢length t-P < n» <length t-Q < ny by simp-all
from «t-Q € T Q) <length t-Q < n» <Q | n = Q' | n» have
t-Q € T @
by (metis T-restriction-processyi;cx I length-le-in-T-restriction-processpt;ck)
show <u @ v e D (P [A] Q| n)
proof (cases (length u = n»)
assume <length u = n»
from «t-P € D P’y «length t-P < n» <P | n = P’ | n) have
«t-P €T P
by (simp add: D-T D-restriction-processyi;cx I length-le-in-T-restriction-processyt;ck)
with «t-Q € T @ x(4) have «u € T (P [A] Q)
unfolding T-Sync by blast
with <length u = n» %(2, 8) show <u Qv € D (P [4] Q | n)»
by (simp add: D-restriction-processpiicikl is-processT7)
next
assume <length v # n»
with <length u < n» have <length u < n» by simp
with interleave-imp-lengthLR-1e[OF *(4)]
have <length t-P < n»> by simp
with <t-P € D P <P | n = P’ | n» have <i-P € D P»
by (metis D-restriction-processpticil
length-less-in-D-restriction-processptick)
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with «t-Q € T @ %x(2—4) have «<u Qv € D (P [A] Q)
unfolding D-Sync by blast
thus <«u @ v e D (P [A] Q | n)
by (simp add: D-restriction-processpicil)
ged
next
fix u v t-Pt-Q
assume * : (t = u @ v tF uy <ftF v
<u setinterleaves ((t-Q, t-P), range tick U ev © A)»
«t-P €T Ph «t-Q € D Q"
from (1) <length t < n» have <length u < n> by simp
from <length u < n» interleave-imp-lengthLR-le[OF *(4)]
have <length t-P < n» <length t-Q < n» by simp-all
from «t-P € T P’ (length t-P < n» <P | n= P’ | n» have (t-P
eT P
by (metis T-restriction-processyiicxl length-le-in-T-restriction-processyi;ck)
show «u @ v e D (P [4] Q | n)»
proof (cases (length u = n»)
assume <length u = n»
from <t-Q € D Q" <length t-Q < n> <Q | n = Q' | n» have
t-Q € T @
by (simp add: D-T D-restriction-processyiick 1 length-le-in-T-restriction-processyiick)
with «t-P € T Py x(4) have <v € T (P [4] Q)
unfolding T-Sync using setinterleaving-sym by blast
with ¢length u = n» %(2, 8) show <u @ v € D (P [4] Q | n)»
by (simp add: D-restriction-processpiicil is-processT7)
next
assume <length u # n»
with <length u < n» have <length v < n> by simp
with interleave-imp-lengthLR-le[OF ()]
have <length t-Q < n» by simp
with <t-Q € D Q) <Q | n= Q'] n» have «t-Q € D Q»
by (metis D-restriction-processpiickl
length-less-in-D-restriction-processpiick)
with <¢-P € T P> x(2—4) have «u @ v € D (P [4] Q)
unfolding D-Sync by blast
thus <«u Qv e D (P [A] Q | n)
by (simp add: D-restriction-processpiicil)
qed
qed

fix t X assume (¢, X) € F (P'[A] Q') <length t < n»
then consider ¢ € D (P’ [A] Q')
| (fail) t-P t-Q X-P X-Q
where ((t-P, X-P) € F P «((t-Q, X-Q) € F Q"
<t setinterleaves ((t-P, t-Q), range tick U ev © A)»
«X = (X-P U X-Q) N (range tick U ev * A) U X-P N X-Q»
unfolding Sync-projs by blast
thus «(¢t, X) € F (P [4] Q | n)»
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proof cases
from div <length t < n» D-F
show «t € D (P'[4] Q) = (¢, X) € F (P [4] Q | n)> by
blast
next
case fail
show (¢, X) € F (P [A] Q | n)»
proof (cases (length t = ny)
assume <length t = n»
from <length t < n» interleave-imp-lengthLR-le[OF fail(3)]
have <length t-P < n» <length t-Q < n» by simp-all
with fail(1, 2)<P{n=P' |lm«Qln=Q | w
have <t-P € T Py <t-Q € T
by (metis F-T T-restriction-processpticil
length-le-in-T-restriction-processptick )+
from F-imp-front-tickFree «(t, X) € F (P'[A] Q')
have «(ftF' t» by blast
with fail(3) consider «tF t»
| s t-P’ t-Q' where «t-P = t-P' @Q [/ (r)] «t-Q = t+-Q' @
v (s))
by (metis F-imp-front-tickFree SyncWithTick-imp-NTF
fail(1—2) nonTickFree-n-frontTickFree)
thus (¢, X) € F (P [4] Q@ | n)»
proof cases
assume <tF t»
from «t-P € T Py <t-Q € T @ fail(3)
have «t € T (P [A] Q)» unfolding T-Sync by blast
hence <t € D (P [A] @ | n)»
by (simp add: D-restriction-processpticid <length t = ny tF
i)
thus (¢, X) € F (P [A] Q| n)» by (simp add: is-processT8)
next
fix r s t-P’ -Q' assume «¢-P = t-P' Q [/ (r)] «t-Q = t-Q’
Q [V (s))
have ((t-P, X-P) € F P»
by (metis <t-P € T Py <t-P = t-P' Q [/ ()] tick-T-F)
moreover have «(t-Q, X-Q) € F
by (metis <t-Q € T @ «t-Q = t-Q' Q [V (s)]» tick-T-F)
ultimately have (¢, X) € F (P [4] Q)
using fail(8, 4) unfolding F-Sync by fast
thus «(¢, X) € F (P [A] Q | n)
by (simp add: F-restriction-processpiicil)
qed
next
assume <length t # n»
with <length t < n) have <length t < n) by simp
with interleave-imp-lengthLR-le]OF fail(3)]
have <length t-P < m» <length t-Q < n» by simp-all
with fail(1, 2) <P {n=P' lm«Qln=Q | w
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have ((t-P, X-P) € F P> «(t+-Q, X-Q) € F @

by (metis F-restriction-processpticil
length-less-in- F-restriction-processpick )+

with fail(3, /) have «(t, X) € F (P [A] Q)
unfolding F-Sync by fast

thus «(t, X) € F (P [A] @ | n)
by (simp add: F-restriction-processpicil)

qed
qed
qed
qed

end

7 Non Destructiveness of Throw

7.1 Equality

lemma Depth-Throw-1-is-constant: <P © a € A. Q1 al 1 = P © a
€A . Q2al 1»
proof (rule FD-antisym)
show <PO ac A. Q2al 1 Cpp PO ac A. Q1 al 1) for Q1
Q2
proof (unfold refine-defs, safe)
show div: <t € D (Throw PA Q1 | 1) = t € D (Throw P A
Q2| 1) fort
proof (elim D-restriction-processpiiciF)
assume <t € D (P © a € A. Q1 a)> and <length t < 1)
from <length t < 1> consider «t = [> | e where <t = [e]» by
(cases t) simp-all
thus <t € D (POac A Q2al 1)
proof cases
from«t € D (PO ac€ A Q1 a)) show <t =[] =t € D (P
©acA Q2al 1)
by (simp add: D-restriction-processpiick D-Throw)
next
fix e assume <t = [¢]»
with ¢t €e D (PO a € A. QI a)
consider <[] € D P» | a where <t = [ev a]» [ev a] € D P) <a
¢ A
| a where «t = [ev a]) [ev a] € T Py <a € A
by (auto simp add: D-Throw disjoint-iff image-iff)
(metis D-T append-Nil eventpy;ck.exhaust process-charn,
metis append-Nil empty-iff empty-set hd-append2 hd-in-set
in-set-conv-decomp set-ConsD)
thus<t€e D (PO ac A. Q2al 1)
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proof cases
show «t = [eva]l| = [eval| € T P=a€ A=t D (P
©acA Q2al 1) fora
by (simp add: D-restriction-processpiicr T-Throw)
(metis append-Nil append-self-conv front-tickFree-charn
inf-bot-left
is-ev-def is-processT1-TR length-0-conv length-Cons
list.set(1)
tickFree-Cons-iff tickFree-Nil)
next
show(|]eDP=tecD((POacA Q2al 1)
by (simp flip: BOT-iff-Nil-D add: D-BOT)
(use <t = [e]» front-tickFree-single in blast)
next
show <t = [eva)l| = [eval e DP = a¢ A=t €D (P
OacA Q2al 1) fora
by (simp add: D-restriction-processpiicr D-Throw disjoint-iff
image-iff)
(metis append.right-neutral empty-set eventpicr.disc(1)
eventpick.-sel(1)
front-tickFree-Nil list.simps(15) singletonD tickFree-Cons-iff
tickFree-Nil)
qed
qed
next
fix u vassume x : <t = u Q v <u € T (Throw P A Q1) <length
u =1 <tF w (ftF v
from <length v = 1) «tF w» obtain a where «u = [ev a]>
by (cases u) (auto simp add: is-ev-def)
with x(2) show <t € D (Throw P A Q2 | 1))
by (simp add: <t = u Q v» D-restriction-processpiick Throw-projs
Cons-eq-append-conv)
(metis (no-types) *(3—5) One-nat-def append-Nil empty-set
inf-bot-left
insert-disjoint(2) is-processT1-TR list.simps(15))
qed

show «(t, X) € F (Throw P A Q1 | 1) = (¢, X) € F (Throw P
AQ2 1)y fortX
proof (elim F-restriction-processyiickF)
assume (¢, X) € F (P O a € A. QI a) ength t < 1)
then consider <t € D (PO a € A. Q1 a)y | «(t, X) € F P» <set
tNev A={h
| @ where <t = [ev a]) <[eva] € T P> <a € A
by (auto simp add: F-Throw D-Throw)
thus «(t, X) e F(POac A Q2al 1)
proof cases
from D-F div <length t < 1»
show «t e D (PO a€ A Qla) = (I, X) € F (PO ac A
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Q2al 1)
using D-restriction-processpiicrI by blast
next
show «(t, X) e FP=settNev ‘A={} = (t, X) € F
(Throw P A Q2 | 1)
by (simp add: F-restriction-processpiicr F-Throw)
next
show ([t = [eva]; [eva]l € T P;a € A] = (¢, X) € F (Throw
PAQ2] 1) fora
by (simp add: F-restriction-processpiick T-Throw)

(metis append.right-neutral append-Nil empty-set eventpi;cx.disc(1)
front-tickFree-Nil inf-bot-left is-processT1-TR length-Cons
list.size(8) tickFree-Cons-iff tickFree-Nil)

qed
next
fix u v assume * : <t = v Q v» <u € T (Throw P A Q1) <length
w = 1) <tF uy <ftF v
from <length v = 1) «tF w» obtain a where <u = [ev a]>
by (cases u) (auto simp add: is-ev-def)
with x(2) show «(¢t, X) € F (Throw P A Q2 | 1)
by (simp add: <t = u @ v) F-restriction-processpick Throw-projs
Cons-eq-append-conv)
(metis (no-types) *(3—5) One-nat-def append-Nil empty-set
inf-bot-left
insert-disjoint(2) is-processT1-TR list.simps(15))
qed
qed

thus «<PO a€ A Q2al 1 Cpp PO ac A. Q1 al 1> by simp
qed

7.2 Refinement

lemma restriction-processpici-Throw-FD :
(POacA Qa)lnCrp (Pln)Oac A (Qal n) (is «?hs
Crp ?’I“hs))
proof (unfold refine-defs, safe)
show «t € D ?lhs) if <t € D ?rhs) for t
proof —
from <t € D ?rhs»
consider t1 t2 where ¢t = t1 Q {2 <t1 € D (P | n)» «(F t1»
set t1 Nev A= {} <ftF t2»
| t1 a t2 where <t =11 Q eva # t2) <t1 Q [eva]l € T (P | n)
settl Nev‘A={php e A «t2e€D(Qaln)
unfolding D-Throw by blast
thus <t € D ?lhs
proof cases
show ([t = ¢1 Q t2;t1 € D (P ] n); tFtl; settl Nev ‘A =
{}; iF t2] = t € D ?lhs» for t1 t2
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by (elim D-restriction-processpiick E, simp-all add: Throw-projs
D—restm'ction—processptick)
(blast, metis (no-types, lifting) front-tickFree-append inf-sup-aci(8)
inf-sup-distrib2 sup-bot-right)
next
fix t1 a t2
assume <t = t1 Q ev a # 12> <t1 Qeval €T (P | n)
settl Nev A={p e «2€D(Qaln)
from «t2 € D (Q a | n)) show <t € D ?lhs)
proof (elim D-restriction-processyiickE)
from <t @ [eva] € T (P ] n)» show «t2 € D (Q a) = length
t2 <n=tecD ?hs
proof (elim T-restriction-processptickE)
from <a € Ay settl Nev ‘A={b =1t Qeva#t>
show «t2 € D (Qa) = t1 Qeval € T P =t €D ?hs
by (auto simp add: D-restriction-processpiicr D-Throw)
next
fix u v assume «t2 € D (Q a) <length t2 < n» <t1 @ [ev a]
=u@w»
<u € T Py <length u = ny <tF w <ftF v
from <t Q [ev a] = u @ v (ftF v> consider «t1 @ [ev a] =
u
| v/ where <t = v @Q vy <v =" Q@ [ev a]y «ftF v
by (cases v rule: rev-cases) (simp-all add: front-tickFree-append-iff)
thus ¢t € D ?lhs
proof cases
from <a € A <length u = n> <set t1 Nev ‘A ={} «t2 €
D(Qay tFw weT P
show «t1 Q [ev a] = v =t € D ?lhs
by (simp add: D-restriction-processptick T-Throw <t = t1
Q eva# t2))
(metis Cons-eq-appendl D-imp-front-tickFree append-Nil
append-assoc is-processT1-TR)
next
from (ftF v> «length u = n» <set t1 Nev ‘A = {}» <t =1
Qeva#t2«ueT P
show «tl =u Qv = v=0"Qleva) = fitF v =t €
D ?lhsy for v’
by (simp add: D-restriction-processpiicr T-Throw)
(metis D-imp-front-tickFree Int-assoc Un-Int-eq(3)
append-assoc
front-tickFree-append front-tickFree-nonempty-append-imp
inf-bot-right list.distinct(1) same-append-eq set-append
<t € D ?rhsy)
qed
qed
next
from «t1 Q [eva] € T (P n)
show «[t2 = v Q v; uw € T (Q a); length u = n; tF u; ftF v
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=t € D ?lhs) for u v
proof (elim T-restriction-processptickE)
assume <2 = u Q@ vy <u € T (Q a) <length v = ny <tF w
ftF vy <t1 Q [ev a] € T Py <length (t1 Q [ev a]) < n»
from <a € A «settl Nev ‘A={}p «tl Qleval €T P> <u
€T (Qa)
have «(t1 @Q eva # u €T (P © acA. Q a)» by (auto simp
add: T-Throw)
moreover have (n < length (t1 Q ev a # u)> by (simp add:
<length u = ny)
ultimately have «t1 @Q ev a # u € D ?lhs) by (simp add:
D—restriction—processptickl)
moreover have <t = (t1 @ ev a # u) Q@ v» by (simp add: <t
=11 Q@eva#t2 2 =uQw)
moreover from (¢! Q [eva] € T P> <tF w append-T-imp-tickFree
have «tF (t1 Q ev a # u)» by auto
ultimately show <t € D ?lhs) using <ftF vy is-processT7 by
blast
next
fix w z assume 2 = v Q@ v <uw € T (Q a) <length u = n»
AF w (ftF v
t1 Q@ [ev a)l = w Q 2> <w € T Py <length w = n» <tF w»

ftF x>
from (t1 @ [ev a] = w @ 2> consider (t! @Q [ev a] = w»
| '’ where <t = w Q 2y <z = 2’ @ [ev a]»
by (cases x rule: rev-cases) simp-all
thus ¢t € D ?lhs
proof cases
assume <t! Q [ev a] = w»
with <a € Ay «settl Nev A={ph «weT (Qa) «weT
P

have «t1 Q eva # u €T (P © acA. Q a)) by (auto simp
add: T-Throw)
moreover have (n < length (t1 Q ev a # u)) by (simp
add: <length u = n»)
ultimately have «t1 Q ev a # u € D ?lhs) by (blast intro:
D-restriction-processpiicil)
moreover have ¢t = (t1 Q eva # u) Q v
by (simp add: <t = t1 Q ev a # t2) <t2 = v Q v»)
moreover from (¢! @ [ev a] = w» «tF w» <tF wy have (tF
(t1 @ ev a # u)> by auto
ultimately show <t € D ?lhsy using <ftF v» is-processT7
by blast
next
fix z’ assume «t1 = w Q zy <z = 2’ Q [ev a]»
from «settl Nev‘A={p «tl =wQzhHh «weT P
have «w € T P A set wN ev * A = {}» by auto
hence (w € T (P © a€A. Q a)) by (simp add: T-Throw)
with <length w = n» «tF w» have <w € D ?lhs
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by (blast intro: D-restriction-processpickl)
moreover have (t = w Q z Q t2)
by (simp add: <t = t1 Q ev a # t2) <t Q [ev a] = w Q
)
moreover from D-imp-front-tickFree[OF <t € D ?rhs)] <t
=tl Qeva#t2 <tl =wQzh
front-tickFree-nonempty-append-imp that tickFree-append-iff
have «ftF' (z @ t2)) by (simp add: <t = w Q z @ {2)
front-tickFree-append-iff)
ultimately show <t € D ?lhsy by (simp add: <tF w»
is-processT7)
qed
qed
qed
qed
qed

thus «(t, X) € F %rhs = (¢, X) € F ?lhs) for t X
by (meson is-processT8 le-approx2 mono-Throw restriction-processpt;cx-approz-self)
qed

7.3 Non Destructiveness

lemma Throw-non-destructive :

(non-destructive (A(P :: (‘a, 'r) processpiick, Q). P © a € A. Q a)
proof (rule order-non-destructivel, clarify)

fix P P':: «('a, 'r) processpiicky and Q Q' :: 'a = (
cessprick’ and n

assume (P, Q) l n= (P, Q") L m <0 <

hence <P | n=P' | m<«Qln=0Q | n

by (simp-all add: restriction-prod-def)

‘a, 'r) pro-

{let ?lhs =P O ac A Qalmw
fix t uvassume <t = u Q@ vy <u € T (Throw P' A Q') <ength u
= n <tF w ftF v
from this(2) consider <u € T P’y <setu Nev ‘A= {}
| (divLl) t1 t2 where <u = t1 Q t2) «t1 € D P’ «tF t1»
set t1 NMev * A= {} «ftF t2»
| (traces) t1 a t2 where (u = t1 @ ev a # t2) <t1 Q [eva] € T
P
settl Nev A={h«ae b 2T (Q a)
unfolding T-Throw by blast
hence <t € D ?lhs)
proof cases
assume <y € T Ph«setuNev ‘A= {}h
from <u € T P’ «engthu=n> <P |l n= P’ | n have <u € T
Py
by (metis T-restriction-processpiickI dual-order.refl
length-le-in-T-restriction-processptick)
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with <set u N ev ‘A = {}> have <u € T (Throw P A Q)»
by (simp add: T-Throw)
with «ftF vy <t = u Q@ vy tF w <length u = n» show «t € D
?lhs»
by (simp add: D-restriction-processpiickl is-processT7)
next
case divL
show «t € D ?lhs)
proof (cases length t1 = n»)
assume <length t1 = n»
with <P | n = P’ | n divL(2,4) have «t1 € T (Throw P A
Q)
by (simp add: T-Throw)
(metis D-T T-restriction-processptick! dual-order.refl
length-le-in-T-restriction-processptick )
with «ftF v» «ength t1 = n> ¢t = u Q v» <tF w
divL(1,3,5) <length u = n» show «t € D Zlhs»
by (auto simp add: D-restriction-processpiicy is-processT7)
next
assume <length t1 # n»
with «length u = n» divL(1) have <length t1 < n» by simp
with <P | n = P’ | ny divL(2,3,/) have «t1 € D P»
by (simp add: D-Throw)
(metis D-restriction-processpticik length-less-in-D-restriction-processpick)
with «ftF v» «t = u @ v diwL(1,3,4) show <t € D ?lhs
by (simp add: D-restriction-processpiick T-Throw)
(metis «length u = ny <tF uy append.assoc divL(5))
qed
next
case traces
from «length v = n» traces(1)
have <length (t1 Q [ev a]) < n» <length t2 < n» by simp-all
from <P | n=P' | n <l QJleva] €T P" <length (t1 Q [ev
al) <
have «t1 Q [ev a] € T P»
by (metis T-restriction-processyiicx I length-le-in-T-restriction-processyi;ck)
moreover from <length t2 < m <t2 € T (Q' a) <Q | n = Q’
3w
have «t2 € T (Q a)»
by (metis T-restriction-processpiicrl restriction-fun-def
length-le-in-T-restriction-processpiick)
ultimately have «u € 7 (P © a € A. Q a)»
using traces(1,3,4) unfolding T-Throw by blast
with «ftF vy <length u = ny <t = u Q v» (tF w
show <t € D ?lhsy by (auto simp add: D-restriction-processpiick)
qed
} note x = this

show (P©®a€ A QalnCprp PPOac A Q al n (is «?hs
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Crp ?Ths))
proof (unfold refine-defs, safe)
show div : <t € D ?rhs = t € D ?lhs) for t
proof (elim D-restriction-processpiiciF)
assume ¢t € D (P'O© a € A. Q' a) <length t < m»
from this(1) consider (divL) t1 t2 where <t = t1 Q t2» <t €
D P’
GAF t1) «set t1 Nev “ A= {}p (ftF t2
| (divR) t1 a t2 where <t = t1 Q ev a # t2) <t1 Q [eva] € T
P’
settl Nev‘A={} <ae€ A «t2 €D (Q a)
unfolding D-Throw by blast
thus «t € D ?lhs»
proof cases
case divL
show «t € D ?lhs»
proof (cases (length t1 = n»)
assume <length t1 = n»
have <t1 € T P’ by (simp add: D-T divL(2))
with <P | n = P’ | n» <length t1 = n) have «t1 € T P»
by (metis T-restriction-processyiickI dual-order.eq-iff
length-le-in-T-restriction-processptick)
with divL(4) have <t1 € T (Throw P A Q)» by (simp add:
T-Throw)
with «length t1 = n) divL(1,3,5) show <t € D ?lhs
by (simp add: D-restriction-processpyicil is-processT7)
next
assume <length t1 # n»
with <length t < n) divL(1) have <length t1 < n) by simp
with «¢1 € D P> <P | n= P’ | n have «t1 € D P»
by (metis D-restriction-processptick I length-less-in-D-restriction-processptick)
with divL(3, 4) front-tickFree-Nil have «t1 € D (Throw P A
Q)
by (simp (no-asm) add: D-Throw) blast
with divL(1,3,5) show <t € D ?lhs)
by (simp add: D-restriction-processpyicil is-processT7)
qged
next
case divR
from <ength t < n» divR(1)
have «length (t1 Q [ev a]) < ny <length t2 < ny by simp-all
from <P { n =P’ | n <tl Q[eva] €T P’ <length (t1 Q [ev
al) < mw
have «t1 Q [eva] € T P»
by (metis T-restriction-processy;cr I length-le-in- T-restriction-processyiick)
moreover from <length t2 < n» <t2 € D (Q' a)) «Q | n = Q'
I
have «t2 € D (Q a)
by (metis D-restriction-processpiick I restriction-fun-def
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length-less-in-D-restriction-processpiick)
ultimately have <t € D (P O a € A. Q a)
using divR(1,3,4) unfolding D-Throw by blast
thus <t € D ?lhs) by (simp add: D-restriction-processpiickl)
ged
next
show «t =4 Qv = w €T (Throw P' A Q') = length u = n
_—
tFu= ftFlv= 1t € D ?lhs for u v by (fact %)
qed

show «(t, X) € F ?rhs = (t, X) € F ?lhs» for t X
proof (elim F-restriction-processyiickE)
assume <(¢, X) € F (Throw P" A Q") ength t < n»
from this(1) consider <t € D (Throw P’ A Q") | «(t, X) € F
Phsettnev ‘A= {h
| (failR) t1 a t2 where <t = t1 Q ev a # t2> «t1 Q [eva]l € T
P
et tl Nev ‘A ={}p «ae A «(t2, X) € F(Q" a)»
unfolding Throw-projs by auto
thus «(¢t, X) € F ?lhs
proof cases
assume <t € D (Throw P" A Q')
hence <t € D ?rhs» by (simp add: D-restriction-processpiicil)
with D-F div show «(t, X) € F ?lhs» by blast
next
assume (¢, X) € F Ph«settNev‘A={}h
from «(t, X) € F P» <P | n =P’ | n» <length t < n» have
«teT Py
by (metis F-T T-restriction-processpiici ! length-le-in-T-restriction-processptici)
with <set t N ev ‘A = {}» have «t € T (Throw P A Q) by
(simp add: T-Throw)
from F-imp-front-tickFree «(t, X) € F P’ have (ftF t» by
blast
thus «(¢t, X) € F ?lhs
proof (elim front-tickFreeE)
show «(t, X) € F ?lhsy if «tF t»
proof (cases (length t = n»)
assume <length t = n»
with <t € T (Throw P A Q)» <tF t» front-tickFree-charn
show «(¢, X) € F ?lhs»
by (simp add: F-restriction-processpic) blast
next
assume <length t # n»
with <length t < n> have <length t < n» by simp
with «(t, X) € F P» <P | n= P’ | n» have (¢, X) € F

by (simp add: F-restriction-processpiick length-less-in-F-restriction-processyiick)
with «set t N ev * A = {}> have (¢, X) € F (Throw P A
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Q) by (simp add: F-Throw)
thus «(t, X) € F ?lhs) by (stmp add: F-restriction-processpiick!)
qed
next
fix ¢t r assume <t = ¢’ Q [V (r)]
with <t € T (Throw P A Q) have «(t, X) € F (Throw P A

Q)
by (simp add: tick-T-F)
thus (¢, X) € F ?lhs» by (simp add: F-restriction-processpiici[)
qged
next
case failR

from <length t < n» failR(1)
have «length (t1 Q [ev a]) < ny <length t2 < ny by simp-all
from <P { n=P'| n<tl Q[eva] €T P’ <length (t1 Q [ev
al) < mw
have «t1 Q [eva] € T P»
by (metis T-restriction-processy;cr I length-le-in- T-restriction-processyiick)
moreover from <length t2 < ny «(t2, X) € F (Q' a)» <Q I n
=Q'In
have «(t2, X) € F (Q a)
by (metis F-restriction-processpiickl restriction-fun-def
length-less-in-F-restriction-processpiick)
ultimately have «((t, X) e F (P© a € A. Q a)
using failR(1,3,4) unfolding F-Throw by blast
thus (¢, X) € F ?lhs) by (simp add: F-restriction-processpiicil)
qged
next
show <t = u Qv = u € T (Throw P' A Q') = length u = n
_—
tFu = ftF v = (t, X) € F ?lhs) for u v
by (simp add: x is-processT8)
qed
qed
qed

lemma ThrowR-constructive-if-disjoint-initials :
cconstructive (AQ :: 'a = ('a, 'r) processpiick. P © a € A. Q a)
if «cAn{e ewee P} ={h

proof (rule order-constructivel )
fix Q Q' :: <a = (‘a, 'r) processpiick> and n assume <Q | n = Q’

I

{ let ?lhs = «Throw P A Q | Suc n»
fix tuwv
assume ¢t = u Q@ v <u € T (Throw P A Q') <length u = Suc n»

HF wy (ftF v
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from <u € T (Throw P A Q') consider <u € T Py <set u N ev *
A={p
| (divL) t1 t2 where <u = t1 Q t2) <t1 € D P «tF t1»
set t1 Nev A= {} <ftF t2»
| (traces) t1 a t2 where (u = t1 Q ev a # t2) <t1 Qeva] € T
P»
settl Nev‘A={phwwe Db «2eT (Q a)
unfolding T-Throw by blast
hence «u € D ?lhs»
proof cases
assume <u € T Py <setuNev ‘A= {}h
hence (u € T (Throw P A Q)» by (simp add: T-Throw)
with <length v = Suc n> <tF u> show <u € D ?lhs»
by (simp add: D-restriction-processpiici!)
next
case divL
hence «(u € D (Throw P A @)» by (auto simp add: D-Throw)
thus <u € D ?lhs) by (simp add: D-restriction-processpicrl)
next
case traces
from <length v = Suc n» traces(1) have <length t2 < n» by simp
with «t2 € T (Q' a)» «Q L n= Q'] n> have «t2 € T (Q a)»
by (metis T-restriction-processyiicxl restriction-fun-def
length-le-in- T-restriction-processptick)
with traces(1—4) have «u € T (Throw P A Q)> by (auto simp
add: T-Throw)
thus «u € D ?lhs»
by (simp add: D-restriction-processpiickI <length u = Suc n»
F wy)
qed
hence <t € D ?lhsy by (simp add: ftF v» <t = u Q vy <tF w
is-processT7)
} note x = this

show (PO a€ A Qa)l SucnCpp PO ac A Q' al Sucw
(is «?lhs Cpp ?rhsy)
proof (unfold refine-defs, safe)
show div : <t € D ?rhs = t € D ?lhs) for ¢
proof (elim D-restriction-processpiiciF)
assume <t € D (P © a € A. Q' a) «length t < Suc m
from this(1) consider (divL) t1 t2 where <t = t1 Q t2» «tl €
D P»
tF t1y «set tl Nev ‘A= {}p «ftF t2
| (divR) t1 a t2 where <t = t1 Q eva # t2) <t1 Q [eva] € T
P»
settl Nev A={} <ae€ A «t2 €D (Q a)
unfolding D-Throw by blast
thus <t € D ?lhs
proof cases
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case divL
hence <t € D (P © a € A. Q a)» by (auto simp add: D-Throw)
thus <t € D ?lhsy by (simp add: D-restriction-processptick!)
next
case divR
from divR(2,4) that have <t1 # []»
by (cases t1) (auto intro: initials-meml)
with divR(1) <length t < Suc n) nat-less-le have <length t2 <
ny by force
with «t2 € D (Q' a)) <Q | n = Q'] n» have «t2 € D (Q a)»
by (metis D-restriction-processptickl restriction-fun-def
length-less-in-D-restriction-processpiick)
with divR(1—4) have <t € D (Throw P A Q)» by (auto simp
add: D-Throw)
thus <t € D ?lhs) by (simp add: D-restriction-processpiickl)
qged
next
show (¢t = u @ v = u €T (Throw P A Q') = length u =
Suc n =
tFu= ftF v =t € D ?lhs) for u v by (fact *)
qed

show «(t, X) € F %rhs = (t, X) € F ?lhs» for t X
proof (elim F-restriction-processyiicrF)
assume <(¢, X) € F (Throw P A Q)» <length t < Suc n»
from this(1) consider <t € D (Throw P A Q") | «(t, X) € F
Py settnev ‘A= {p
| (failR) t1 a t2 where <t = t1 Q ev a # t2> <t1 Q [eva]l €T
P
settl Nev ‘A={}p «ae A «(t2, X) € F(Q a)»
unfolding Throw-projs by auto
thus «(t, X) € F ?lhs
proof cases
assume <t € D (Throw P A Q')
hence <t € D ?rhs» by (simp add: D-restriction-processpiicil)
with D-F div show «(t, X) € F ?lhs) by blast
next
assume <(t, X) € F Py <settNev ‘A= {}h
hence «(t, X) € F (Throw P A @)» by (simp add: F-Throw)
thus «(t, X) € F ?lhs) by (simp add: F-restriction-processpiicil)
next
case failR
from failR(2, 4) that have <t1 # []»
by (cases t1) (auto intro: initials-meml)
with failR(1) <length t < Suc n> nat-less-le have <length t2 <
ny by force
with «(t2, X) € F (Q" a)» <Q L n= Q' | n» have «(t2, X) €
F(Q a)

by (metis F-restriction-processpiickl restriction-fun-def
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length-less-in-F-restriction-processpiick)
with failR(1—4) have «(t, X) € F (Throw P A @)» by (auto
simp add: F-Throw)
thus (¢, X) € F ?lhs) by (simp add: F-restriction-processpiicil)
ged
next
show <t = u Qv = u €T (Throw P A Q') = length u =
Suc n =
tFu= ftF v= (t, X) € F ?lhs) for u v
by (simp add: x is-processT8)
qed
qed
qed

8 Non Destructiveness of Interrupt

8.1 Refinement

lemma restriction-processp;cr-Interrupt-FD :
(PAQLnCrp (Pln)A(QL n) (is «?lhs Cpp ?rhsy)
proof (unfold refine-defs, safe)
show x : <t € D ?lhsy if <t € D ?rhs) for ¢
proof —
from <t € D ?rhsy consider <t € D (P | n)»
| wvwhere<t=uQw weT (Pln) tFu«weD(Qln)
by (simp add: D-Interrupt) blast
thus <t € D ?lhs)
proof cases
show <t € D (P | n) = t € D %lhs
by (elim D-restriction-processpiici E) (auto simp add: D-restriction-processpiick
Interrupt-projs)
next
fix u vassume <t = v Qv cu € T (Pl n) <tF w <weD(Q
L n)p
from v € D (Q | n)» show «t € D ?lhs
proof (elim D-restriction-processyiickE)
from <« =uQuwv «uweT (P n) «F uw show <v € D Q =
t € D ?lhs
by (auto simp add: restriction-processpi;cr-projs Interrupt-projs
D-imp-front-tickEree front-tickFree-append)
next
fix w x assume (v = w Q@ » «<w € T @ <length w = ny <tF
wy (ftF x>
from <u € T (P | n)> consider <u e D (P | n) |«u €T P>
<length u < m»
by (elim T-restriction-processpick E) (auto simp add: D-restriction-processpiick)
thus <t € D ?lhs)
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proof cases
assume v € D (P | n)
with D-imp-front-tickFree <t = u @Q vy <tF u» <v € D (Q |
n)y is-processT7
have <t € D (P | n)» by blast
thus <t € D ?lhs) by (elim D-restriction-processyiickE)
(auto simp add: D-restriction-processpiicr Interrupt-projs)
next
assume <u € T P» <length u < n»
hence <t = take n (u Q w) Q drop (n — length u) w @ z A
take n (v Q@ w) € T (P A Q) A length (take n (u Q@ w))
=nA
tF (take n (u @ w)) A ftF' (drop (n — length u) w Q z)»
by (simp add: <t = v Q vy <v = w Q 2> (length w = ny <tF
wy T-Interrupt)
(metis ftF x» <tF w «tF wy «w € T Q> append-take-drop-id
front-tickFree-append is-processT3-TR-append tick-
Free-append-iff)
with D-restriction-processpiici; show <t € D ?lhs) by blast
qed
ged
qed
qed

show «(t, X) € F %rhs = (t, X) € F ?lhs) for t X
by (meson * is-processT8 mono-Interrupt proc-ord2a restriction-processpyyick-approz-self)
qed

8.2 Non Destructiveness

lemma Interrupt-non-destructive :
(non-destructive (A\(P :: ('a, 'r) processpiick, Q). P A Q)
proof (rule order-non-destructivel, clarify)
fix PP’ Q Q' :: «('a, 'r) processpick and n
assume (P, Q) l n= (P, Q") L m <0 < m»
hence <P n=P | m<«Qln=Q | m
by (simp-all add: restriction-prod-def)

{let ?lhs =«P A Q| m
fix t wvassume <t = v Qv <u €T (P'A Q) <length u = n»
AF wy (ftF v
from this(2) «tF w» obtain ul u2
where (v = ul Q u2) «ul € T P» <tFul> «u2 € T Q" «tF u2»
by (simp add: T-Interrupt)
(metis append-Nil2 is-processT1-TR tickFree-append-iff)

from <length u = n> <u = ul Q u2>»

have <length ul < n» <length u2 < n» by simp-all
with«ul e TPHY»Pln=P'|lm w2eT QHr«Qln=Q"]
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ny
have <ul € T P> «u2 € T @
by (metis T-restriction-processpt;cil
length-le-in-T-restriction-processptick)+
with «¢tF ul» have <u € T (P A Q)
by (auto simp add: <u = ul @ u2> T-Interrupt)
with <length v = n> (tF w» have <u € D ?lhs»
by (simp add: D-restriction-processpiicil)
hence <t € D ?lhsy by (simp add: ftF v» <t = u Q vy <tF w
is-processT7)
} note x = this

show <P A QL nCpp P'A Q'] n (is <?lhs Crp ?rhs)
proof (unfold refine-defs, safe)
show div : <t € D ?rhs = t € D ?lhs» for t
proof (elim D-restriction-processpiiciF)
assume <t € D (P’ A Q') <length t < n»
from this(1) consider <t € D P/
| (divR) t1 t2 where <t = t1 @Q 2y <t1 € T P’ <tF t1) «t2 €
D Q"
unfolding D-Interrupt by blast
thus <t € D ?lhs)
proof cases
assume <t € D P’
hence (ftF' t» by (simp add: D-imp-front-tickFree)
thus «t € D ?lhs»
proof (elim front-tickFreeE)
show «t € D ?lhsy if <tF t
proof (cases «length t = n»)
assume <length t = n»
from <P | n=P'| n» <t € D P «length t < n) have <¢

eT P
by (metis D-T T-restriction-processptickl
length-le-in-T-restriction-processptick)
with <tF t» <length t = n» front-tickFree-Nil show «t € D
?lhs»

by (simp (no-asm) add: D-restriction-processyi;ck
T-Interrupt) blast
next
assume <length t # n»
with <length t < n> have <length t < n» by simp
with <P | n= P’ | ny <t € D P have <t € D P)
by (metis D-restriction-processpticil
length-less-in-D-restriction-processptick)
thus <t € D ?lhs) by (simp add: D-restriction-processpticil
D-Interrupt)
qed
next
fix ¢t r assume <t = ¢’ Q [V (r)]> <tF t"
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with <t € D P’y <ength t < n»
have ¢t’ € D P’y «length t' < n) by (auto intro: is-processT9)
with <P | n = P’ | n» have <t' € D P»
by (metis D-restriction-processpticit
length-less-in-D-restriction-processpiick)
with <t = ¢/ Q [V (r)] «tF t"» have <t € D P» by (simp add:
is-processT7)
thus ¢ € D ?lhsy by (simp add: D-restriction-processpticil
D-Interrupt)
qged
next
fix u v assume <t = u Q vy <u € T P <tF w <v € D Q)
from <t = u @ v» «length t < n» have «length u < n) by simp
with«(P | n=P' | n «ue&T P have cu € T P
by (metis T-restriction-processyi; kI length-le-in-T-restriction-processyiick)
show «t € D ?lhs»
proof (cases (length v = ny)
assume <length v = n»
with ¢t = u @ v «length t < n» have (u = [> by simp
from D-imp-front-tickFree <v € D Q"> have (ftF v» by blast
thus <t € D ?lhs)
proof (elim front-tickFreeE)
assume <tF v»
from <lengthv=mn <Q |l n= Q'] n «<veD Q" have (v

eT @
by (metis D-T D-restriction-processpiicrkl dual-order.refl
length-le-in-T-restriction-processptick)
with «tF u» <u € T P> have <t € T (P A Q)
by (auto simp add: <t = uw @ vy T-Interrupt)
with <length v = n» <t = u @ v» <¢tF v» <u = [> show «(t €
D ?lhsy

by (simp add: D-restriction-processpiicil)
next
fix v’ r assume v = v’ @ [/ (r)]» tF v)
with «<v € D Q" «lengtht < m» <t = u Q
have v’ € D Q" «length v’ < n) by (auto intro: is-processT9)
with «Q | n = Q' | n» have <v' € D >
by (metis D-restriction-processpticil
length-less-in-D-restriction-processpiick)
with v = v/ Q [V(r)] ¢tF v"» have <v € D @ by (simp
add: is-processT7)
with <¢tF w» <u € T P> have <t € D (P A Q)
by (auto simp add: <t = v @ vy D-Interrupt)
thus <t € D ?lhs) by (simp add: D-restriction-processpticil)
qed
next
assume <length v # n»
with <length t < ny <t = u @ v» have <length v < n» by simp
with «Q |l n= Q'] n <veD Q) have <v € D
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by (metis D-restriction-processpticil
length-less-in-D-restriction-processpiick)
with <t = v @ v» <tF w <u € T P> have <t € D (P A Q)
by (auto simp add: D-Interrupt)
thus <t € D ?lhs) by (simp add: D-restriction-processpiickl)
qed
qed
next
show <t =u Qv = ue T (P'A Q) = lengthu =n =
tFu= ftF v=t € D ?lhs) for u v by (fact *)
qed

show «(t, X) € F %rhs = (¢, X) € F ?lhs for t X
proof (elim F-restriction-processpiickE)
assume (¢, X) € F (P’ A Q') dength t < w
from this(1) consider <t € D (P’ A Q)
| wr where <t = v @ [V (r)) <u @ [/(r)] € T P)
| » where /(1) ¢ X» <t Q [/(r)] € T P)
| «(t, X) e F PH«tF b «([], X) e F Q)
| w v where <t = v @Q v» <u € T P <tF w (v, X) € F Q)
w#
| r where «/(r) ¢ X»> <t € T P «tF t «/(r)] € T Q%
unfolding Interrupt-projs by blast
thus «(¢, X) € F ?lhs
proof cases
assume ¢ € D (P’ A Q')
hence <t € D ?rhs)» by (simp add: D-restriction-processpiicil)
with div D-F show «t € D (P’ A Q') = (¢, X) € F ?lhs
by blast
next
fix v r assume <t = v Q [V(r)p «v Q@ [V(r)] € T P
with <P | n = P’ | n «ength t < n» have «u Q [V (r)] € T
P»
by (metis T-restriction-processy;cr I length-le-in- T-restriction-processyiick)
hence «(t, X) € F (P A Q) by (auto simp add: <t = v Q
[V (r)]» F-Interrupt)
thus (¢, X) € F ?lhs) by (simp add: F-restriction-processpiicil)
next
fix r assume /(1) ¢ X> «t Q [V (r)] € T P)
show «(t, X) € F ?lhs
proof (cases (length t = n»)
assume <length t = n»
with <P | n =P’ | m dengtht < m <t Q [V(r)] € T P’
have <t € T P»
by (metis T-restriction-processpicxl is-processT3-TR-append
length-le-in-T-restriction-processptick)
moreover from <t Q [V (r)] € T P append-T-imp-tickFree
have (tF t) by blast
ultimately have <t € T (P A Q)» by (simp add: T-Interrupt)
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with «length t = ny «tF t) show (¢, X) € F ?lhs
by (simp add: F-restriction-processpiicil)
next
assume <length t # n»
with «length t < n» have <length (t Q [V (r)]) < n> by simp
with <P | n=P' | m «tQ[/(r)] €T P’ have «t Q [V/(r)]
eT P
by (metis T-restriction-processyi;ci I length-le-in-T-restriction-processytick)
with «/(r) ¢ X> have «(t, X) € F (P A Q)
by (simp add: F-Interrupt) (metis Diff-insert-absorb)
thus «(t, X) € F ?lhs) by (simp add: F-restriction-processpiick )
qed
next
assume «(t, X) € F P «F t» «([], X) € F Q"
show «(¢, X) € F ?lhs
proof (cases (length t = n»)
assume <length t = n»
from «(t, X) € F P» <P | n= P’ | n» ength t < n) have
«teT P
by (simp add: F-T T-restriction-processpiick
length-le-in-T-restriction-processptick)
hence <t € T (P A Q) by (simp add: T-Interrupt)
with «length t = ny <tF t» show «(¢, X) € F ?lhs
by (simp add: F-restriction-processpiicil)
next
assume <length t # n»
with <length t < n> have <length t < n» by simp
with (¢, X) € F P» «P | n= P’ | n «length t # n» have
(t, X) e F P»
by (metis F-restriction-processpiici I length-less-in-F-restriction-processpiick)
moreover from «([], X) € F Q" have «([], X) € F »
by (metis F-restriction-processpiickl <0 < ny <Q | n= Q'
I
length-less-in-F-restriction-processpicr list.size(3))
ultimately have (¢, X) € F (P A Q)
using (tF t» by (simp add: F-Interrupt)
thus «(t, X) € F ?lhs) by (simp add: F-restriction-processpiick[)
qed
next
fix u v assume ¢t = v Q@ »» <u € T P «tF w (v, X) € F
Q» w4
from <t = u @ vy «length t < n> have <length u < n» by simp
with <P | n=P' | n»«u €T P» have <u € T P)
by (simp add: T-restriction-processpick length-le-in-T-restriction-processptick)
show «(t, X) € F ?lhs
proof (cases (length v = n»)
assume <length v = n»
with ¢ = u @ v «length t < n» have «u = [> by simp
from F-imp-front-tickFree «(v, X) € F Q" have (ftF v» by
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blast
thus «(¢t, X) € F ?lhs
proof (elim front-tickFreeE)
assume <tF v
from <length v =m <Q L n= Q" | m (v, X) € F @)
have <v € T @
by (metis F-T F-restriction-processpiicrl dual-order.refl
length-le-in- T-restriction-processptick)
with <tF w» <u € T P> have <t € T (P A Q)
by (auto simp add: <t = w @ vy T-Interrupt)
with <ength v = n) <t = u Q vy «tF v» <u = [» show «(¢,
X) € F ?lhs
by (simp add: F-restriction-processpiicil)
next
fix v/ r assume v = v’ @ [V (r)]» (F v’
with (v, X) € F Q" dength t < n) <t = u Q v
«Qln=Q Il m =1 have w' Q [V(r)] € T @
by (metis F-T T-restriction-processpiickl append-self-conv?
length-le-in- T-restriction-processptick)
with «t =4 Q@ v <tF w <u € T Py <v =0’ @ [/(r)]> have
e T (P A Q)
by (auto simp add: T-Interrupt)
thus (¢, X) € F ?lhs
by (simp add: <t = v Q@ v <u = [[» <v =" Q@ [V ()]
restriction-processpiick-projs(8) tick-T-F)
qed
next
assume <length v # n»
with <length t < ny <t = v @ v» have <length v < n» by simp
with<«Q |l n= Q' | m «(v, X) € F Q" have «(v, X) e F
by (metis F-restriction-processpticil
length-less-in-F-restriction-processpiick)
with <t = v @ v (tF w «u € T P» <v # [» have (¢, X) €
F (P A Q)
by (simp add: F-Interrupt) blast
thus (¢, X) € F ?lhs» by (simp add: F-restriction-processpiick[)
qged
next
fix r assume /(1) ¢ Xo «t € T P tF & <[/ (r)) € T Q"
have <t € T P»
by (metis T-restriction-processpiickl <P L n = P’ ] ny <length
t < n»
<t € T P's length-le-in-T-restriction-processpiick)
moreover have [V (r)] € T @
by (metis (no-types, lifting) Suc-lel T-restriction-processpiick
Un-iff <0 <my<«Qln=Q |l m<(r)]eT Q" length-Cons
length-le-in-T-restriction-processptick list.size(3))
ultimately have (¢, X) € F (P A Q)
using /(1) ¢ X» «tF t» by (simp add: F-Interrupt) blast
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thus (¢, X) € F ?lhs) by (simp add: F-restriction-processpiicil)
qed

next
show«t=uQuv= ueT (P'A Q) = lengthu =n =

tFu = ftF v = (t, X) € F ?lhs) for u v
by (simp add: x is-processT8)
qed
qed
qed

9 Non too Destructiveness of After

9.1 Equality

lemma initials-restriction-processptick: <(P L n)® = (if n = 0 then
UNIV else P%)
by (cases n, solves simp)
(auto simp add: initials-def T-restriction-processpiick,
metis append.right-neutral append-eq-conv-conj drop-Nil drop-Suc-Cons)

lemma (in After) restriction-processpiick-After:
P after e . n = (if ev e € P° then (P | Suc n) after e else ¥ P e
Ln)y
proof (split if-split, intro conjl impI)
show (ev e ¢ PP = P aftere | n =V Pe | n by (simp add:
not-initial-After)
next
assume <ev e € P%)
show <P after e | n = (P | Suc n) after e> (is <%lhs = ?rhs»)
proof (subst Process-eq-spec, safe)
show «t € D ?lhs = t € D %rhs) for t
by (elim D-restriction-processpiiciE)
(simp-all add: <ev e € PO After-projs
initials-restriction-processpiicr, D-restriction-processyiick,
meson Cons-eq-appendl eventy;ci.disc(1) length-Cons tick-
Free-Cons-iff)
next
show <t € D ?rhs =t € D ?lhs) for t
by (auto simp add: D-After initials-restriction-processpiick <€v e
€ PY%
D-restriction-processpiicr, T-After Cons-eg-append-conv)
next
show «(t, X) € F ?lhs = (¢, X) € F %rhs» for t X
by (elim F-restriction-processpiiciF)
(simp-all add: <ev e € P After-projs
initials-restriction-processpticr F-restriction-processptick,
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meson Cons-eq-appendl eventy;cr.disc(1) length-Cons tick-
Free-Cons-iff)
next
show «(t, X) € F ?rhs = (t, X) € F ?lhs) for t X
by (auto simp add: F-After initials-restriction-processptick <€v e
€ PY%
F-restriction-processpiicr T-After Cons-eg-append-conv)
qed
qed

lemma (in AfterExt) restriction-processpiick-Afterick:
<P aftery el n=
(case e of /(1) = Q Pr|n|evz = ifeec P°then (P | Sucn)
after s e else ¥ Pz | n)
by (simp add: Aftery;ci-def restriction-processpiick-After split: eventpticr.split

)

lemma (in AfterExt) restriction-processpiick-Afterirace:

«te€T P=tFt= Pafterr t L n= (Pl (n+ length t)) afters
t
proof (induct t arbitrary: n rule: rev-induct)

show <P afterr [| } n = (P | (n + length [])) after [> for n by
stmp
next

fixetn

assume hyp:«t €T P = tFt= Pafterr tln= (Pl (n+
length t)) after+ t» for n

assume prems : <t Q [e] € T Py <tickFree (t Q [e])

from prems(2) obtain a where <e = ev a> by (cases e) simp-all

with initials-Afteri,qce|OF prems(1)] have <ev a € (P afterr )%
by simp

from prems is-processT3-TR-append have <t € T Py «tF t» by auto

from hyp[OF this] have <P after+ t | Sucn = (P ] (Suc n + length
t)) afters t .

thus <P afterr (t @ [e]) } n = (P ] (n + length (t Q [e]))) afterr
(t @ [e])»

by (simp add: Afteriyqce-snoc restriction-processyiick-Afterick
e = ev a> <ev a € (P aftert t)%)

qed

9.2 Non too Destructiveness

lemma (in After) non-too-destructive-on-After :
(non-too-destructive-on (AP. P after ¢) {P. eve € P}
by (auto intro!: non-too-destructive-onl simp add: restriction-processyi;c,-After)

lemma (in AfterExt) non-too-destructive-on-Aftery;cy

(non-too-destructive-on (AP. P after, €) {P. e € P'}
if (A\r. e = /(r) = non-too-destructive-on Q {P. /(r) € P}
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proof (intro non-too-destructive-onl, clarify)
fix P Q nassume % : <P | Sucn = Q | Sucn <e € P% <e € Q%
show «P after, el n = Q aftery, e | w
proof (cases ¢€)
from * show (¢ = eva = P after, e | n = Q after, e | n) for

by (simp add: restriction-processpiicr-Aftertick)
next
fix r assume <e = /(1)
with #(2, 8) have <P € {P. /(r) € P°}» «Q € {P. /(r) € P},
by auto
from non-too-destructive-onD[OF' that[simplified <e = /(r)>, OF
refl] this x(1)]
have QP | n=QQ | n .
with (e = /(r)» show <P after, e | n = Q after, e | n»
by (simp add: restriction-processpiici-Afteriick) (metis restric-
tion-fun-def)
qed
qed

lemma (in After) non-too-destructive-After :
<non-too-destructive (AP. P after e)) if x : <non-too-destructive-on
U {P. eved¢g P}
proof (rule non-too-destructivel )
fix P Q :: «('a, 'r) processpiick and n
assume <P | Sucn = @ | Suc n»
hence <ecve€ PP Nevee Q°Veved PO Neved Q%
by (metis initials-restriction-processpticr nat.distinct(1))
thus <P after e L n = Q after e | n»
proof (elim disjE conjFE)
show (eve € PO = eve € Q¥ = Paftere |l n= Q aftere |

n
by (simp add: restriction-processpiicr-After <P | Sucn = Q|
Suc ny)
next
assume <ev e & P% <eve ¢ Q%
hence (P after e =W P e) <Q after e =V @ e»
by (simp-all add: not-initial-After)
from <P | Sucn= @ | Sucn> have <0 P [ n=V Q | n
by (intro x| THEN non-too-destructive-onD, of P Q])
(simp-all add: <ev e & P% <eve ¢ Q)
with <P after e =V P e <Q aftere =Y Q e
show <P after e |l n = Q after e | n»
by (metis restriction-fun-def)
qed
qed
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lemma (in AfterExt) non-too-destructive-Afters;cy :
<non-too-destructive (A\P. P after ; e)»
if *: (\a. e = ev a = non-too-destructive-on ¥ {P. ev a ¢ P’}
(\r. e = /(r) = non-too-destructive (AP. Q P r)»
proof (rule non-too-destructivel )
show «P after, e | n = Q aftery, e | n» if <P | Sucn = @ | Suc
ny for P Q n
proof (cases ¢€)
show (P after, e |l n = Q aftery, e | n» if <e = ev a» for a
by (simp add: After;ci-def <e = ev a)
(fact non-too-destructive-After|OF x(1)[simplified <e = ev a,
OF refl],
THEN non-too-destructiveD, OF <P | Suc n = @ | Suc m])
next
fix r assume <e = /(1)
from x(2)[unfolded <e = v/ (r)», OF refi,
THEN non-too-destructiveD, OF <P | Suc n = @ | Suc n»]
have <Q Prin=Q Qr | n .
thus «P after, el n = Q aftery, e | w
by (simp add: Afteri;cr-def <e = /(r))
qed
qed

lemma (in AfterExt) restriction-shift-Afterirqce :
<restriction-shift (AP. P after+ t) (— int (length t))»
if «(non-too-destructive ¥y (non-too-destructive {2
— We could imagine more precise assumptions, but is it useful?
proof (induct t)
case Nil show ?case by (simp add: restriction-shiftl)
next
case (Cons e t)
have (non-too-destructive (AP. P after , e)
by (rule non-too-destructive-Aftery;.i)
(simp add: <non-too-destructive U»,
metis non-too-destructive-fun-iff <non-too-destructive )
hence * : (restriction-shift (\P. P after, e) (— 1)»
unfolding non-too-destructive-def
non-too-destructive-on-def restriction-shift-def .
from restriction-shift-comp-restriction-shift|OF Cons.hyps |
show ?case by simp
qed

10 Destructiveness of Hiding
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theory Hiding-Destructive
imports HOL— CSPM.CSPM-Laws Prefizes-Constructive
begin

10.1 Refinement

lemma Hiding-restriction-processpiick-FD : <«(P L n)\ S Cpp P\ S
b
proof (unfold refine-defs, safe)
show x :«t € D(P\S|{n)=teD(Pln)\S) fort
proof (elim D-restriction-processpticrE)
show <t e D(P\ S) = te€D ((Pln)\ Sy
by (simp add: D-Hiding restriction-processpiick-projs) blast
next
fix uv
assume <t = u Q@ vy <u € T (P \ ) <length u = ny <tF wy «ftF
V)
from «u € T (P \ S)[simplified T-Hiding, simplified]
consider <u € D (P \ S) | u’ where <u = trace-hide u’ (ev * S)
(u'yev *S)eF Py
by (simp add: F-Hiding D-Hiding) blast
thus <t € D (P n)\ S)
proof cases
assume <u € D (P \ S)
hence <t € D (P \ S)» by (simp add: <ftF' v> <t = v Q v» tF w
is-processT7)
with restriction-processpticr-approz-self le-approxl mono-Hiding
show <t € D ((P | n) \ S)» by blast
next
fix u’ assume <u = trace-hide u’ (ev * S)) «(u’, ev *S) € F P
with <length v = n> <tF w Hiding-tickFree length-filter-le F-T
have «n < length u’y <tickFree v’» <u’ € T P> by blast+
with «u = trace-hide u’ (ev * S)»
have «u’ = (take n u’) @ (drop n u') A takenu’ € T P A
length (take n u') = n A tF (take n u') A ftF (drop n u')
by (simp add: min-def) (metis append-take-drop-id is-processT3- TR-append
tickFree-append-iff tickFree-imp-front-tickFree)
with D-restriction-processpiicr have <u’ € D (P | n)» by blast
with Hiding-tickFree <ftF v» <t = u @ vy <(u = trace-hide u’ (ev
£8) <tF w
show <t € D ((P | n) \ S)» by (simp add: D-Hiding) blast
qed
qed

fix s X

assume <(s, X) € F (P \ S) | np

then consider <s € D ((P\ S) L n)» | <«(s, X) € F (P \ Sy
unfolding restriction-processpiici-projs by blast
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thus (s, X) e F (P L n)\ S)
proof cases
from x D-F show <s€ D ((P\ S)ln) = (s, X) e F((Pln)
\ S)» by blast
next
show (s, X) e F(P\ S) = (s, X) e F((P L n)\
using restriction-processy;cr-approz-self D-F mono-Hiding proc-ord2a
by blast
qed
qged

10.2 Destructiveness

lemma Hiding-destructive :

3P Q :: ("a, 'r) processprick. Pl n=0Q L nA(P\S)| Suc0 #
(Q\ S) ) Suc 0y if <SS #{p
proof —

from «S # {}> obtain ¢ where (e € S» by blast

define P :: «(‘a, 'r) processpiick> where <P = iterate (Suc n)-(A X.
write0 e X)-(SKIP undefined)»

define @ :: «(‘a, 'r) processpiick> where «Q = iterate (Suc n)-(A
X. write0 e X)-STOP»

have <P [ n=Q | m

unfolding P-def Q-def by (induct n) (simp-all add: restriction-processy;cx-writeQ)

have (P \ S = SKIP undefined»

unfolding P-def by (induct n) (simp-all add: Hiding-write0-non-disjoint
e € 5)

hence «(P \ §) | Suc 0 = SKIP undefined> by simp

have «Q \ S = STOP)

unfolding Q-def by (induct n) (simp-all add: Hiding-write0-non-disjoint
e € 5)

hence «(Q \ S) | Suc 0 = STOP> by simp

have <P {n=Q{nA(P\S)] Suc0#(Q\S) | Suc
by (simp add: <P L n= Q| ny «(P\ S) | Suc 0 = SKIP undefined>
«(Q\ S) | Suc 0 = STOP» SKIP-Neg-STOP)

thus ?thesis by blast
qed

11 Admissibility

named-theorems restriction-adm-processyt;cr-simpset
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11.1 Belonging

lemma restriction-adm-in-D [restm'ction—adm—processptiCk-simpset] :
<admy (Az. t € D (fz))
and restriction-adm-notin-D [restriction-adm-processpic-simpset] :
<admy (Az. t ¢ D (fz))
and restriction-adm-in-F [restriction-adm-processpyicy-simpset] :
<admy (Az. (1, X) € F (fz))
and restriction-adm-notin-F [restriction-adm-processpt;c,-simpset)] :
cadmy (Az. (¢, X) ¢ F (fx)) if <conty f>
for f :: <'b :: restriction = (‘a, 'r) processpiick>
proof (all <rule restriction-adm-subst[OF <cont f>]>)
have * : <0 —|—= ¥ = In0.Vn > nl. o n ] Suc (length t) = X
1 Suc (length t)»
for o and ¥ :: «(‘a, 'r) processpiick?
by (metis restriction-tendstoD)

show <adm; (Az. t € D z)» <adm (Az. t ¢ D x)
by (rule restriction-adml,
metis (no-types) * D-restriction-processpi;ck-Suc-length-iff-D
dual-order.refl)+

show <adm; (Az. (¢, X) € F z)» <admy (Az. (¢, X) ¢ F z)»
by (rule restriction-adml,
metis (no-types) * F-restriction-processpt;ci-Suc-length-iff-F
dual-order.refl)+
qed

corollary restriction-adm-in-T [restriction-adm-processy;r-simpset]

<conty f => adm) (A\z. t € T (fz)»
and restriction-adm-notin-T [restriction-adm-processyi;cx-simpset] :
ccont) f = adm; (Az. t ¢ T (fz))
by (fact restriction-adm-in-F[of f t {}», simplified T-F-spec])
(fact restriction-adm-notin-F[of f t <{}», simplified T-F-spec])

corollary restriction-adm-in-initials [restriction-adm-processpycr-simpset]

ccont| f = adm; (M\z. e € (fz)°)
and restriction-adm-notin-initials [restriction-adm-processpci-simpset)

cconty f = adm (A\z. e & (fz)°)
by (simp-all add: initials-def restriction-adm-in-T restriction-adm-notin-T)

11.2 Refining

corollary restriction-adm-leF [restriction-adm-processpicr-simpset] :
<conty f = conty g = admy (Az. fz Cp g z)
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by (simp add: failure-refine-def subset-iff restriction-adm-processp;ck-simpset)

corollary restriction-adm-leD [restriction-adm-processpiici-simpset] :
<conty [ = conty g = admy (A\z. fz Cp g z)»
by (simp add: divergence-refine-def subset-iff restriction-adm-processyy;cr-simpset)

corollary restriction-adm-leT [restriction-adm-processpi;cr-simpset] :
<cont; f => cont; g = adm (A\z. fz Cp g x)»
by (simp add: trace-refine-def subset-iff restriction-adm-processpyici-simpset)

corollary restriction-adm-leFD [restriction-adm-processpcr-simpset]

<cont; f => cont; g = adm (Az. fz Cpp g z)
by (simp add: failure-divergence-refine-def restriction-adm-processpyicr-simpset)

corollary restriction-adm-leDT [restriction-adm-processp;cr-simpset]

<cont) f = cont; g = adm (Az. fz Cpr g z)
by (simp add: trace-divergence-refine-def restriction-adm-processyi; ci-simpset)

11.2.1 Transitions

lemma (in After) restriction-cont-After [restriction-adm-simpset] :
<cont; (Az. fx after a)» if <cont; f> and <cont; ¥»
— We could imagine more precise assumptions, but is it useful?
proof (rule restriction-cont-comp[OF - <cont| f>])
show <cont; (AP. P after a)
proof (rule restriction-contI)
show ¢<(An. o n after a) —|— ¥ after > if <0 —]— %) for 0 ¥
proof (rule restriction-tendstol)
fix n
from ¢ —|— 3 obtain n0
where x : Vk>n0. X | Sucn =0 k| Suc n>
by (blast dest: restriction-tendstoD)
consider <ev a € X% «Vn>Suc n0. ev a € (o0 n)"
| <ev a ¢ X% «Vn>Suc n0. eva ¢ (o n)"
by (metis * Suc-leD initials-restriction-processpick nat.distinct(1))
thus «(I3n0. Vk>n0. X after a | n = o k after a | n»
proof cases
assume (ev a € X% (VY n>Suc n0. ev a € (o n)"
hence Vk>Suc n0. ¥ after a | n = o k after a | n»
by (metis x Suc-leD restriction-processyiick-After)
thus <3I3n0. Vik>n0. X after a L n = o k after a | n» ..
next
assume <ev a ¢ X% «Vn>Suc nl. eva ¢ (o n)"
hence X after a = U X a» Vk>Suc n0. o k after a = ¥ (o

0

0

k) @
by (simp-all add: not-initial-After)
moreover from <cont; W)[THEN restriction-contD]
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obtain nl where Vk>n1. U X [ n=V (o k) | »
by (blast intro: <o —|— X dest: restriction-tendstoD)
ultimately have «Vk>maz nl (Suc n0). X afteral n=o0k
after a | n»
by simp (metis restriction-fun-def)
thus <3I3n0. VEk>n0. X after a L n = o k after a | n» ..
qed
qed
qed
qged

lemma (in AfterEat) restriction-cont-Aftery;cr [restriction-adm-simpset)

«conty (Az. fx after , e) if «cont) fr> and <cont; ¥» and <cont|
— We could imagine more precise assumptions, but is it useful?
proof (cases e)
show (e = ev a = conty (A\z. fz after s e)» for a
by (simp add: Afters;cr-def restriction-cont-After <conty f» <cont
)
next
fix r assume (e = V()
hence «(\z. f z after, e) = (Az. Q (f z) r)» by (simp add: Af-
tericr-def)
thus cont; (\z. f x after , e)
by (metis restriction-cont-comp restriction-cont-fun-imp that(1,3))
qged

lemma (in AfterExt) restriction-cont-Afteri,qce [restriction-adm-simpset)]

cconty (Az. fz afterr t)y if <cont) > and (cont; ¥» and <cont; O
— We could imagine more precise assumptions, but is it useful?
proof (rule restriction-cont-comp[OF - <cont| f>])
show <cont, (AP. P afters t)
proof (induct t)
show <cont; (AP. P afterr [|)» by simp
next
fix e t assume <cont; (AP. P afters t)
show <cont; (AP. P aftert (e # t))»
by (simp, rule restriction-cont-comp[OF <cont, (AP. P aftert
0])
(simp add: restriction-cont-Aftery;cr, <conty ¥ <conty )
qed
qed

lemma (in OpSemTransitions) restriction-adm-weak-ev-trans [restriction-adm-processyi;cx-simpset):
— Could be weakened to a continuity assumption on W.
fixes f g :: /b = restriction = (‘a, 'r) processpiick>
assumes 7-trans-restriction-adm:

72



Nfg b= ("a, 'r) processpiick. cont, f => conty g = adm,
Az, fo~r ga)
and <cont; f> and <cont; ¢» and <cont; ¥» and <cont;
shows <adm| (Az. fz ~»¢ g x)»
proof (intro restriction-adm-conj)
show <adm; (M\z. eve € (fz)')
by (simp add: <cont f» restriction-adm-in-initials)
next
show <adm, (Az. f z after, ev e ~. g z)»
proof (rule T-trans-restriction-adm[OF - <cont; ¢],
rule restriction-cont-comp|[OF - <cont| f3])
show <conty (Az. z after , ev e)
by (simp add: <conty Uy <conty 0 restriction-cont-Afteriicr)
qed
qed

lemma (in OpSemTransitions) restriction-adm-weak-tick-trans [restriction-adm-processptci-simpset]:
fixes f g :: b :: restriction = ('a, 'r) processpiick>
assumes T-trans-restriction-adm:
Nfg b= ("a, 'r) processpiick. cont, f = conty g = adm,
Mz, fox~r ga)
and (cont, f» and <cont; ¢> and (cont; ¥» and <cont; b
shows <adm; (Az. fx ~/r (g 2))
proof (intro restriction-adm-cony)
show <adm; (\z. /(r) € (fz)°)
by (simp add: <cont f» restriction-adm-in-initials)
next
show <adm (Az. f z after, /(1) ~; g x)>
proof (rule T-trans-restriction-adm[OF - <cont| ¢],
rule restriction-cont-comp|OF - <cont) f>])
show «<cont; (Az. z after , /(7))
by (simp add: <cont; U» <cont| O restriction-cont-Afteri;ck)
qed
qed

lemma (in OpSemTransitions) restriction-adm-weak-trace-trans [restriction-adm-processpyicr-simpset]:
fixes f g :: </b = restriction = ('a, 'r) processpiick>
assumes T-trans-restriction-adm:
Nfg b= ("a, 'r) processpiick. cont) f => conty g = adm,
Az, fo~r ga)
and <cont; f> and <cont; ¢» and <cont; ¥» and <cont| I
shows <adm (Az. fz ~* ¢ (g z))
proof (subst trace-trans-iff- T-and-After,,qce-T-trans, intro restriction-adm-cony)
show <adm; (Az. t € T (f z))» by (stimp add: <conty f» restric-
tion-adm-in-T)
next
show <adm; (Az. fz afterr t ~>, g )
proof (rule T-trans-restriction-adm[OF - <cont| ¢])
show <cont| (Az. f x aftery t)»
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by (simp add: <cont| f> <cont; U» <cont) > restriction-cont-Afterirqce)
qed
qed

declare restriction-adm-processpi;cr-simpset [simp]

12 Higher-Order Rules

This is the main entry point. We configure the simplifier below.

named-theorems restriction-shift-processpt;cr-simpset

12.1 Prefixes

lemma Mprefiz-restriction-shift-processpiick [restriction-shift-processptic,-simpset)

cconstructive (Az. Da € A — fax)y if «(A\a. a € A = non-destructive
(f )
proof —
have x : <(Ja € A — fax=0a € A — (if a € A then f a z else
STOP) for z
by (auto intro: mono-Mprefiz-eq)
show <constructive (Az. Ja € A — fa x)
by (subst *, rule constructive-comp-non-destructive
[OF Mprefiz-constructive, of <Az a. if a € A then f a x else
STOP»))
(auto intro: that)
qed

lemma Mndetprefiz-restriction-shift-processpiick [restriction-shift-processpiicr-simpset]

<constructive (Az.Ma € A — fax)y if «(A\a. a € A = non-destructive
(fa))
proof —
have x : <(Ma € A = faz=Ta € A — (if a € A then f a z else
STOP) for z
by (auto intro: mono-Mndetprefiz-eq)
show <constructive (Az. Ma € A — fa z)»
by (subst *, rule constructive-comp-non-destructive
[OF Mndetprefiz-constructive, of <Az a. if a € A then f a x else
STOP»])
(auto intro: that)
qed
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corollary write0-restriction-shift-processpiici [restriction-shift-processpyicy-simpset]

<non-destructive f = constructive (Az. a — f )
by (simp add: write0-def Mprefiz-restriction-shift-processpick)

corollary write-restriction-shift-processpiick [restriction-shift-processpiici-simpset]

<non-destructive f = constructive (A\z. cla = f )
by (simp add: write-def Mprefiz-restriction-shift-processpiick)

corollary read-restriction-shift-processpiick [restriction-shift-processpiicr-simpset]

«(Aa. a € A = non-destructive (f a)) = constructive (A\z. c?a €
A— faz)
by (simp add: read-def Mprefiz-restriction-shift-processyiicr, inv-into-into)

corollary ndet-write-restriction-shift-processyi;cx, [restriction-shift-process,;cx-simpset]

«(Aa. a € A = non-destructive (f a)) = constructive (Az. c!la €
A— faz)

by (simp add: ndet-write-def Mndetprefiz-restriction-shift-processpiick
inv-into-into)

12.2 Choices

lemma GlobalNdet-restriction-shift-processpiicr, [restriction-shift-processpicr-simpset]

(ANa. a € A = non-destructive (f a)) = non-destructive (Az. Na
€A faax)p

(Aa. a € A = constructive (f a)) = constructive (Az. Ma € A.
faz)
proof —

have x : <Ma € A. faz =Ta € A. (if a € A then fa x else STOP))
for z

by (auto intro: mono-GlobalNdet-eq)

show ((Aa. a € A = non-destructive (f a)) = non-destructive
(Az.MNa € A. fazx)
by (subst *, rule non-destructive-comp-non-destructive
[OF GlobalNdet-non-destructive, of <A\x a. if a € A then fa x
else STOP»]) auto

show «(Aa. a € A = constructive (f a)) = constructive (Az. Ma
€A faax)p
by (subst *, rule non-destructive-comp-constructive
[OF GlobalNdet-non-destructive, of <Az a. if a € A then fa x
else STOP»)) auto
qed
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lemma GlobalDet-restriction-shift-processyiick [restriction-shift-processyi;cx-simpset]

«(Aa. a € A = non-destructive (f a)) = non-destructive (Az. Oa

€A faax)p

«(Aa. a € A = constructive (f a)) = constructive (Az. Oa € A.
faz)
proof —

have x : <da € A. faxz =0a € A. (ifa € A then f a x else STOP))
for z
by (auto intro: mono-GlobalDet-eq)

show ((Aa. a € A = non-destructive (f a)) = non-destructive
(M. Oa € A. fax)
by (subst *, rule non-destructive-comp-non-destructive
[OF GlobalDet-non-destructive, of <Az a. if a € A then f a x
else STOP»]) auto

show «((Aa. a € A = constructive (f a)) = constructive (Az. Oa
€A fazx)p
by (subst *, rule non-destructive-comp-constructive
[OF GlobalDet-non-destructive, of <Az a. if a € A then f a x
else STOP>]) auto
qed

lemma Ndet-restriction-shift-processpiick [restriction-shift-processpyici-simpset]

<non-destructive f = non-destructive g = non-destructive (Az. f
z M gx)
<constructive f = constructive g = constructive (Az. fz M g x)»
by (auto intro!: non-destructivel constructivel
sitmp add: restriction-processpicr-INdet dest!: non-destructiveD
constructiveD)

lemma Det-restriction-shift-processpyici [restriction-shz’ﬁ—pmcessmick—sz'mpset]

<non-destructive f = non-destructive g = non-destructive (Az. f
z 0O ga)
<constructive f = constructive ¢ = constructive (Az. fz O g z)»
by (auto introl: non-destructivel constructivel
simp add: restriction-processpiick-Det dest!: non-destructiveD
constructiveD)

lemma Sliding-restriction-shift-processptick [restriction-shift-processpici-simpset]
<non-destructive f = non-destructive g = non-destructive (Az. f
T > g )

<constructive f = constructive g = constructive (Az. fz > g z))
by (auto introl: non-destructivel constructivel
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stmp add: restriction-processpick-Sliding dest!: non-destructiveD
constructiveD)

12.3 Renaming

lemma Renaming-restriction-shift-processpyic [restm'ction-shift-processptick—simpset]

<non-destructive P =—> non-destructive (A\x. Renaming (P z) f g)»
<constructive P => constructive (Az. Renaming (P x) f g)»
by (auto introl: non-destructivel constructivel
stmp add: restriction-processpiici-Renaming dest!: non-destructiveD
constructiveD)

12.4 Sequential Composition

lemma Seq-restriction-shift-processpiick [restriction-shift-processpyc,-simpset)

<non-destructive f = non-destructive g = non-destructive (Az. f
x5 gz)
<constructive f = constructive g = constructive (A\z. fz 3 g x)»
by (fact non-destructive-comp-non-destructive] OF Seq-non-destructive
non-destructive-prod-codomain, simplified)])
(fact non-destructive-comp-constructive[ OF Seg-non-destructive con-
structive-prod-codomain, simplified))

lemma MultiSeg-restriction-shift-processyiicx [restriction-shift-processyick-simpset]

(AL 1 € set L = non-destructive (f 1)) = non-destructive (A\z.
SEQleQ L. flzx)

(Al 1 € set L = constructive (f 1)) = constructive (A\z. SEQ 1
€Q L. flax)

by (induct L rule: rev-induct; simp add: Seg-restriction-shift-processpiick)+

corollary MultiSeg-non-destructive : <non-destructive (\P. SEQ | €@
L.Pl)
by (simp add: MultiSeg-restriction-shift-processpiick(1)[of L <Al z. x

b))

12.5 Synchronization Product

lemma Sync-restriction-shift-processpiick [restriction-shift-processpiici-simpset]

<non-destructive f = non-destructive g = non-destructive (Az. f
z [S] g =)

(constructive f = constructive g = constructive (Az. fx [S] g )
by (fact non-destructive-comp-non-destructive| OF Sync-non-destructive
non-destructive-prod-codomain, simplified))
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(fact non-destructive-comp-constructive] OF Sync-non-destructive
constructive-prod-codomain, simplified])

lemma MultiSync-restriction-shift-processpiick [restriction-shift-processptici,-simpset)

(Am. m €# M = non-destructive (f m)) = non-destructive (A\z.
[S] m e# M. fmzx)
(Am. m e# M = constructive (f m)) = constructive (Az. [9]
m EH# M. fmx)
by (induct M rule: induct-subset-mset-empty-single;
simp add: Sync-restriction-shift-processpiick)+

corollary MultiSync-non-destructive : <non-destructive (AP. [S] m
€# M. P m)

by (rule MultiSync-restriction-shift-processpiici(1)[of M <Am z.
my]) simp

12.6 Throw

lemma Throw-restriction-shift-processyiici [restm'ction-shiﬁ—pmcessmick—simpset]

<non-destructive f = (Na. a € A = non-destructive (g a)) =
non-destructive (Az. fz © a € A. g a x)»

<constructive f = (N\a. a € A = constructive (g a)) => construc-
tive (Az. fr © a € A gax)
proof —

have x : «fz Q@ ac A gar=frOac A (ifac Athengax
else STOP) for «

by (auto intro: mono-Throw-eq)

show <non-destructive f = (\a. a € A = non-destructive (g a))
= non-destructive (Az. fz © a € A. g a z)»
by (subst *, erule non-destructive-comp-non-destructive
[OF Throw-non-destructive non-destructive-prod-codomain, sim-

plified]) auto

show (constructive f = (A\a. a € A = constructive (g a)) =
constructive (Az. fz © a € A. g a x)
by (subst *, erule non-destructive-comp-constructive
[OF Throw-non-destructive constructive-prod-codomain, simpli-
fied]) auto
qed

12.7 Interrupt

lemma Interrupt-restriction-shift-processptick [restm'ction-shift-processptick-simpset]
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<non-destructive f = non-destructive g = non-destructive (Az. f
z A ga)

<constructive f = constructive g = constructive (Az. fz A g x)»

by (fact non-destructive-comp-non-destructive| OF Interrupt-non-destructive
non-destructive-prod-codomain, simplified))

(fact non-destructive-comp-constructive[ OF Interrupt-non-destructive
constructive-prod-codomain, simplified])

12.8 After

lemma (in After) After-restriction-shift-processpiic [restriction-shift-processpiick-simpset]

<non-too-destructive ¥ = constructive f = non-destructive (\z.
fz after a)
«non-too-destructive W = non-destructive f => non-too-destructive
(Az. fz after a)»
by (auto intro!: non-too-destructive-comp-constructive] OF non-too-destructive-After]
non-too-destructive-comp-non-destructive| OF non-too-destructive-After])

lemma (in AfterExt) Aftery;cr-restriction-shift-processpiicr [restriction-shift-processpi;cx-simpset]

([non-too-destructive ¥; non-too-destructive Q; constructive f]
= non-destructive (A\z. fz after, e)
([non-too-destructive ¥; non-too-destructive ; non-destructive f]
= non-too-destructive (A\z. fx after, e)
by (auto intro!: non-too-destructive-comp-constructive| OF non-too-destructive-Aftery; ]
non-too-destructive-comp-non-destructive| OF non-too-destructive-Afters; ]
simp add: non-too-destructive-fun-iff)

12.9 TIllustration

declare restriction-shift-processpi;ck-simpset [simp)

notepad begin
fixefg:lafixrs:'r
fix A B C :: a set
fix S :: a= 'a='a= "aseb
define P where <P =v X. (Ha € A - X N SKIPr) A (f —
STOP))
O (g — X)
O(f >e— (LM (e— X)) © b < insert e
B. (e — SKIP s))»
(is«P=v X. 9f X»)
have <constructive ?f> by simp
have <cont ?f> by simp
have (P = ?f P»
unfolding P-def by (subst restriction-fiz-eq) simp-all
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define Q where <Q=v X. (A\oo'c”.e—>NbeSoo’'c” Xb
bbmn SKIP 7)) (is«Q =v X. %9 X»)
have <constructive ?g> by simp

define R where <R =v (2, y). (e > y M SKIP r, Oa € 4 — x)»
(is«R=wv(z,y). (?hy, %x))
have <snd R = Oa € A — fst R»
by (unfold R-def, subst restriction-fix-eq)
(simp-all add: case-prod-beta’)

end

end
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