HOL-CSP OpSem — Operational Semantics
formally proven in HOL-CSP

Benoit Ballenghien and Burkhart Wolff

March 17, 2025






Abstract

Recently, a modern version of Roscoe and Brookes [3] Failure-Divergence
Semantics for CSP has been formalized in Isabelle [7] and extended [1].
The resulting framework is purely denotational and, given the possibility to
define arbitrary events in a HOL-type, more expressive than the original.

However, there is a need for an operational semantics for CSP. From the
latter, model-checkers, symbolic execution engines for test-case generators,
and animators and simultors can be constructed. In the literature, a few
versions of operational semantics for CSP have been proposed, where it is
assumed, of course, that denotational and operational constructs coincide,
but this is not obvious at first glance.Recently, a modern version of Roscoe
and Brookes [3] Failure-Divergence Semantics for CSP has been formalized in
Isabelle [7] and extended [1]. The resulting framework is purely denotational
and, given the possibility to define arbitrary events in a HOL-type, more
expressive than the original.

However, there is a need for an operational semantics for CSP. From the
latter, model-checkers, symbolic execution engines for test-case generators,
and animators and simulators can be constructed. In the literature, a few
versions of operational semantics for CSP have been proposed, where it is
assumed, of course, that denotational and operational constructs coincide,
but this is not obvious at first glance.

The present work addresses this issue by providing the first (to our knowl-
edge) formal theory of operational behavior derived from HOL-CSP via a
bridge definition between the denotational and the operational semantics. In
fact, the construction is done via locale contexts to be as general as possible,
and several possibilities are discussed.

As a bonus, we have proven new “‘laws” for HOL-CSP.
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Chapter 1

Introduction

1.1 Motivations

HOL-CSP [7] is a formalization in Isabelle/HOL of the work of Hoare and
Roscoe on the denotational semantics of the Failure/Divergence Model of
CSP. It follows essentially the presentation of CSP in Roscoe’s Book "Theory
and Practice of Concurrency" [4] and the semantic details in a joint paper
of Roscoe and Brooks "An improved failures model for communicating pro-
cesses" [3].

Basically, the session HOL-CSP introduces the type (‘a, 'r) processptick, sev-
eral classic CSP operators and number of “laws” (i.e. derived equations)
that govern their interactions. HOL-CSP has been extended by a theory of
architectural operators HOL-CSPM inspired by the CSPj; language of the
model-checker FDR. While in FDR these operators are basically macros
over finite lists and sets, the HOL-CSPM theory treats them in their own right
for the most general cases.

The present work addresses the problem of operational semantics for CSP
which are the foundations for finite model-checking and process simulation
techniques. In the literature, there are a few versions of operational seman-
tics for CSP, which lend themselves to the constructions of labelled tran-
sition systems (LTS). Of course, denotational and operational constructs
are expected to coincide, but this is not obvious at first glance. As a key
contribution, we will define the operational derivation operators P ~», @
(“P evolves internally to ) and P ~», @ (“P evolves to @ by emitting
e”) in terms of the denotational semantics and derive the expected laws for
operational semantics from these. It has been published in ITP24 [2]

The overall objective of this work is to provide a formal, machine checked
foundation for the laws provided by Roscoe in [4, 6].



1.2 The Global Architecture of HOL-CSP_OpSem

[HOL-Library]

[HOL-Eisbach] [HOLCF]

[HOL-CSPM]

Initials.

Introduction

‘ After_Operator ‘ ‘ CSP_New_Laws ‘

After_Ext_Operator

‘ After_Trace_Operator ‘ ‘ Motivations ‘

OpSem_Deadlock_Results ‘ ‘ Operational_Semantics_Laws ‘

Comparison_He_Hoare | [ Recovered_Laws |

Conclusion

Figure 1.1: The overall architecture

The global architecture of HOL-CSP_0OpSem is shown in Figure 1.1.

The package resides on:

e HOL-CSP 2.0 from the Isabelle Archive of Formal Proofs

e HOL-CSPM from the Isabelle Archive of Formal Proofs.
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Chapter 2

The Initials Notion

This will be discussed more precisely later, but we want to define a new
operator which would in some way be the reciprocal of the prefix operator
e — P.

A first observation is that by prefixing P with e, we force its nonempty
traces to begin with ev e.

Therefore we must define a notion that captures this idea.

2.1 Definition

The initials notion captures the set of events that can be used to begin a
given process.
definition initials :: <('a, 'r) processprick = ('a, 'r) eventyiick setr («(-0)» [1000]
999)

where (P? = {e. [e] € T Ph

lemma initials-memlI’ : <[e] € T P = e € P%
and initials-memD : e € P = [e] € T P>
by (simp-all add: initials-def)

lemma initials-def-bis: <P = {e. 3s. e # s € T Ph
by (simp add: set-eq-iff initials-def)
(metis Prefiz-Order.prefiz] append-Cons append-Nil is-processT3-TR)

lemma initials-memI : <e # s € T P = e € P%
unfolding initials-def-bis by blast

We say here that the initials of a process P is the set of events e such that
there is a trace of P starting with e.

One could also think about defining P? as the set of events that P can not
refuse at first: {e. {e} ¢ R P}. These two definitions are not equivalent
(and the second one is more restrictive than the first one). Moreover, the

11



second does not behave well with the non-deterministic choice (1) (see the
notepad below).

Therefore, we will keep the first one.

We also have a strong argument of authority: this is the definition given by
Roscoe [5, p.40].

notepad
begin
fix e :: «("a, 'r) eventyyicr> — just fixing ‘a type

define bad-initials
where <bad-initials (P :: (‘a, 'r) processpiick) = {e. {e} ¢ R P} for P

— This notion is more restrictive than initials
have bad-initials-subset-initials:
<bad-initials P C initials P> for P
unfolding bad-initials-def initials-def Refusals-iff
using is-processT1-TR is-processT5-S7 by force

— and does not behave well with Ndet.
have bad-behaviour-with-Ndet:
<3P Q. bad-initials (P M Q) # bad-initials P U bad-initials ¢
proof (intro exl)
show <bad-initials (SKIP undefined M L) # bad-initials (SKIP undefined) U
bad-initials 1>
by (simp add: bad-initials-def F-Ndet F-SKIP F-BOT Refusals-iff)
qed
end

2.2 Anti-Mono Rules

lemma anti-mono-initials-T: <P Cr @Q — initials Q C initials P>
by (simp add: Collect-mono-iff trace-refine-def initials-def subsetD)

lemma anti-mono-initials-F: <P Cp Q = initials Q C initials P>

unfolding failure-refine-def
by (drule F-subset-imp-T-subset) (fact anti-mono-initials- T [unfolded trace-refine-def)])

Of course, this anti-monotony does not hold for (Cp).

lemma anti-mono-initials-FD: <P Cpp Q = initials Q C initials P>
by (simp add: anti-mono-initials-F leFD-imp-leF)

lemma anti-mono-initials: <P T @ = initials Q C initials P>
by (simp add: anti-mono-initials-T le-approz-lemma-T trace-refine-def)

lemma anti-mono-initials-DT: <P Epr @ = initials Q C initials P»
by (simp add: anti-mono-initials-T leDT-imp-leT)

12



2.3 Behaviour of initials with STOP, SKIP and L

lemma initials-STOP [simp] : <STOP® = {}
by (simp add: initials-def T-STOP)

We already had (7P = STOP) = (T ¢P = {[]}). As an immediate conse-
quence we obtain a characterization of being STOP involving initials.

lemma initials-empty-iff-STOP: «P° = {} +— P = STOP)
proof (intro iffI)
{ assume <7 P # {[|
then obtain a s where <a # s € T P
by (metis Nil-elem-T is-singleton-the-elem is-singletonl’
list.exhaust-sel singletonl empty-iff)
with initials-memD initials-memlI have 3 a. [a] € T P> by blast}
thus <P = {} = P = STOP»
by (simp add: STOP-iff-T initials-def) presburger
next
show «P = STOP = P° = {}» by simp
qed

lemma initials-SKIP [simp] : <«(SKIP r)° = {/(r)}
by (simp add: initials-def T-SKIP)

lemma initials-SKIPS [simp] : «(SKIPS R)° = tick ‘ R»
by (auto simp add: initials-def T-SKIPS)

lemma initials-BOT [simp] : «LY = UNIV)»
by (simp add: initials-def T-BOT)

These two, on the other hand, are not characterizations.

lemma 3 P. P = {/(r)} A P # (SKIP r)
proof (intro exl)
show ((STOP M SKIP r)° = {/(r)} A STOP 1 SKIP r # SKIP )
by (simp add: initials-def T-Ndet T-STOP T-SKIP)
(metis Ndet-FD-self-left SKIP-FD-iff SKIP-Neq-STOP)
qed

lemma 3P. P° = UNIV A P # 1)
proof (intro exl)
show «((Ja € UNIV — 1) N SKIPS UNIV)? = UNIV A (Oa € UNIV — 1)
N SKIPS UNIV # 1»
by (simp add: set-eq-iff BOT-iff-Nil-D Ndet-projs Mprefiz-projs
SKIPS-projs initials-def) (metis eventpi;ck.exhaust)
qed

But when v (r) € PY, we can still have this refinement:

lemma initial-tick-iff-FD-SKIP : «/(r) € P «— P Cprp SKIP 1
proof (intro iffI)
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show «/(r) € P° = P Crp SKIP 1
unfolding failure-divergence-refine-def failure-refine-def divergence-refine-def
by (simp add: F-SKIP D-SKIP subset-iff initials-def)
(metis append-Nil is-processT6-TR-notin tick-T-F)
next
show <P Cpp SKIP r = /(r) € P% by (auto dest: anti-mono-initials-FD)
qed

lemma initial-ticks-iff-FD-SKIPS : <R # {} = tick ‘R C P° +— P Cpp SKIPS
R»
proof (rule iffI)
show (R # {} = tick ‘R C P' = P Cpp SKIPS R
by (unfold SKIPS-def, rule mono-GlobalNdet-FD-const)
(simp-all add: image-subset-iff initial-tick-iff-FD-SKIP)
next
show (P Cpp SKIPS R = tick ‘R C P%
by (metis anti-mono-initials-FD initials-SKIPS)
qed

We also obtain characterizations for P ; @) = L.

lemma Seq-is-BOT-iff : «<P; Q=1+ P=1V@3r./(r)e PPAQ=1)
by (simp add: BOT-iff-Nil-D D-Seq initials-def)

2.4 Behaviour of initials with Operators of HOL-CSP

lemma initials-Mprefiz :  «(da € A — P a)’ = ev * A
and initials-Mndetprefiz : «(Ma € A — P a)’ = ev * 4
and initials-write0 : (a = Q)° = {ev a}h
and initials-write : (cta = Q)° = {ev(ca)p
and initials-read : (c?a€A — Pa)l =ev‘c A

and initials-ndet-write : «(cMa€A — Pa)’ = ev ‘c ‘A
by (auto simp: initials-def T-Mndetprefiz write0-def
write-def T-Mprefiz read-def ndet-write-def)

As discussed earlier, initials behaves very well with (O), (M) and ().

lemma initials-Det :  «(P O Q)° = P° U Q%
and initials-Ndet :  «(P 1 Q)° = P° U Q%
and initials-Sliding : «(P > Q)° = P° U Q%
by (auto simp add: initials-def T-Det T-Ndet T-Sliding)

lemma initials-Seq:
(P35 Q)= ( if P= L then UNIV
else P° — range tick U (Jre{r. /(r) € P°}. Q°))
(is ¢<- = (if - then - else ?rhs)»)
proof (split if-split, intro conjl impl)
show <P = | = (P; Q)° = UNIV) by simp
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next
show «(P; Q)" = P° — range tick U (Jre{r. /(r) € P°}. Q%) if <P # L»
proof (intro subset-antisym subsetl)
fix e assume (¢ € (P; Q)%
from eventpyicr.evhaust consider ¢ where <e = ev @> | r where (e = V()
by blast
thus <e € 7rhs
proof cases
from e € (P; Q)% show <e = eva = e € ?rhs for a
by (simp add: image-iff initials-def T-Seq)
(metis (no-types, lifting) D-T append-Cons append-Nil
is-processT3-TR-append list.exhaust-sel list.sel(1))
next
from e € (P; Q)% <P # 1) show (e = /(1) => e € ?rhs) for r
by (simp add: image-iff initials-def T-Seq BOT-iff-tick-D)
(metis (no-types, opaque-lifting) append-T-imp-tickFree append-eq-Cons-conv
eventpiick-disc(2) not-Cons-self2 tickFree-Cons-iff)
ged
next
fix e assume <e € ?rhs
then consider a where (e = ev a) <ev a € P%
| » where «/(r) € P% e € Q%
by simp (metis empty-iff eventp;ck.ezhaust rangel)
thus e € (P; Q)%
proof cases
show (¢ = eva = eva€ PP = ec (P; Q)" for a
by (simp add: initials-def T-Seq)
next
show «/(r) e PP = e€ Q" = e € (P; Q)" for r
by (simp add: initials-def T-Seq) (metis append-Nil)
qed
qed
qged

lemma initials-Sync:
(P[S] Q°=(ifP= 1LV Q= L then UNIV else
P U Q° — (range tick U ev * S) U P° N Q° N (range tick U ev * 9))»
(is «(P [S] Q)° = (if P= LV Q= L then UNIV else ?rhs)»)
proof (split if-split, intro conjl impl)
show «P = 1V Q=1 = (P[] Q° = UNIV,
by (metis Sync-is-BOT-iff initials-BOT)
next
show «(P [S] Q)° = ?rhs) if non-BOT : <= (P =LV Q= 1)
proof (intro subset-antisym subsetl)
show (e € ?rhs = e € (P [S] Q)% for e
proof (elim UnE)
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assume e € P° U Q° — (range tick U ev * S)»
hence ([e] € T PV [e] € T @ <e ¢ range tick U ev * S
by (auto dest: initials-memD)
have <[e] setinterleaves (([e], []), range tick U ev © S)»
using <e ¢ range tick U ev © S» by simp
with «e] € T PV [e] € T Q> is-processT1-TR setinterleaving-sym
have «[e] € T (P [S] Q) by (simp (no-asm) add: T-Sync) blast
thus <e € (P [S] Q)% by (simp add: initials-meml)
next
assume <¢ € P’ N Q° N (range tick U ev * S)
hence <[e] € T P> «[e] € T @ e € range tick U ev * S»
by (simp-all add: initials-memD)
have «([e] setinterleaves (([e], [€]), range tick U ev © S)»
using <e € range tick U ev ‘' S» by simp
with «e] € T P> <[e] € T @Q» have ([e] € T (P [5] Q)
by (simp (no-asm) add: T-Sync) blast
thus <e € (P [S] Q)° by (simp add: initials-meml)
qed
next
fix e
assume (e € (P [S] Q)%
then consider ¢ u where <t € T Py <u € T @ «[e] setinterleaves ((t, u),
range tick U ev * S)»
| (div) t w r v where (ftF' v» <tFr VvV v=[p (e =1 Q v
«r setinterleaves ((t, u), range tick U ev © S)»
teEDPANueT QVteDQANueT P
by (simp add: initials-def T-Sync) blast
thus (e € ?rhs
proof cases
show <t € T P = u € T Q = |¢] setinterleaves ((t, u), range tick U ev
5)
= e € ?rhs) for t u
by (cases t; cases u; simp add: initials-def image-iff split: if-split-asm)
(use empty-setinterleaving setinterleaving-sym in blast)+
next
case div
have «r # [» using div(4, 5) BOT-iff-Nil-D empty-setinterleaving that by
blast
hence «r =[e] Av=[p
by (metis (no-types, lifting) div(3) Nil-is-append-conv append-eq-Cons-conv)
also from div(5) BOT-iff-Nil-D non-BOT
obtain e’ t’ where <t = ¢’ # t» by (cases t) blast+
ultimately show <e € ?rhs»
using div(4, 5)
by (cases u, simp-all add: initials-def subset-iff T-Sync image-iff split:
if-split-asm,)
(metis [[metis-verbose = false]| D-T setinterleaving-sym empty-setinterleaving)+
qed
qed
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qged

lemma initials- Renaming:
((Renaming P f g)° = (if P = L then UNIV else map-eventyicr fg < P°)
proof (split if-split, intro conjl impl)
show (P = | = (Renaming P f g)° = UNIV) by simp
next
assume <P # 1)
hence <[] ¢ D P> by (simp add: BOT-iff-Nil-D)
show ((Renaming P f 9)° = map-eventpiicr fg < PO
proof (intro subset-antisym subsetl)
fix e assume <e € (Renaming P f g)*
with ([] ¢ D P> obtain s where * : (e] = map (map-eventyicr fg) s> <s €
T P>
by (simp add: initials-def T-Renaming)
(metis D-T append.right-neutral append-is-Nil-conv list.map-disc-iff list.sel(3)
tl-append?2)
from *(1) obtain e’ where xx : <s = [e]) <e = map-eventyicr f g e”» by blast
from xx(1) *(2) have e’ € P% by (simp add: initials-def)
with *%(2) show <e € map-eventyiicr f g ¢ P% by simp
next
fix e assume <e € map-eventyiick, fg ¢ P
then obtain e’ where (e = map-event,iicr f g e <e’ € P%) by fast
thus <e € (Renaming P f g)°» by (auto simp add: initials-def T-Renaming)
qed
qed

Because for the expression of its traces (and more specifically of its diver-
gences), dealing with (\) is much more difficult.

We start with two characterizations:

o the first one to understand P \ S = L

o the other one to understand [e] € D (P \ ).

lemma Hiding-is-BOT-iff :

(P\ S=1+— (Ft.sett Cev S A

(t €D PV (3 f. isInfHiddenRun f P S A t € range f)))

(is<P\ S =1+ %rhs)
proof (subst BOT-iff-Nil-D, intro iffI)

show (] € D (P \ §) = ?rhs

by (simp add: D-Hiding)
(metis (no-types, lifting) filter-empty-conv subsetl)

next

assume < 2rhs»

then obtain ¢t where * : <set ¢t C ev © S»
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<t € D PV (3f. isInfHiddenRun f P S A t € range f)> by blast
hence «tickFree t A [| = trace-hide t (ev * S)»
unfolding tickFree-def by (auto simp add: D-Hiding subset-iff)
with x(2) show «([] € D (P \ S) by (simp add: D-Hiding) metis
qed

lemma event-in-D-Hiding-iff :
e e D (P\S) +—
P\S=1v@zt.e=evz ANz ¢S A [evz] = trace-hide t (ev *S) A
(t € D PV (3f. isInfHiddenRun f P S A t € range f)))»
(is<[e] e D(P\ S) +— P\ S =1V Zugly-assertion))
proof (intro iffT)
assume assm : [e] € D (P \ S)H
show (P \ S = L V Zugly-assertion>
proof (cases e)
fix r assume <e = /(1)
with assm have (P \ § = L)
using BOT-iff-tick-D front-tickFree-Nil is-processT9-tick by blast
thus <P \ S = L V Zugly-assertion> by blast
next
fix z
assume <e = ev )
with assm obtain ¢ u
where x : <front-tickFree uy <tickFree t
[ev z] = trace-hide t (ev *S) Q w
<t € D PV (3 f. isInfHiddenRun f P S A t € range f)
by (simp add: D-Hiding) blast
from (%) consider <set t C ev ‘S | <x ¢ S» cevx € set t
by (metis (no-types, lifting) Cons-eq-append-conv empty-filter-conv
filter-eq-Cons-iff filter-is-subset image-eql list.set-intros(1) subset-code(1))
thus <P \ S = L V %ugly-assertion»
proof cases
assume <set t C ev ‘S
hence (P \ S = L) by (meson *(4) Hiding-is-BOT-iff)
thus <P\ S = L V Zugly-assertion> by blast
next
assume <z ¢ S <ev z € set H
with x(3) have ([ev z] = trace-hide t (ev * S)»
by (induct t) (auto split: if-split-asm)
with x(4) <e = ev 2> «x ¢ S» have < ?ugly-assertion> by blast
thus <P\ S = L V Zugly-assertion> by blast
qed
qed
next
show <P \ S = L V ?ugly-assertion = [¢] € D (P \ S)
proof (elim disjE)
show <P\ S =1 = [e] € D (P \ S) by (simp add: D-BOT)
next
show «?ugly-assertion = [e] € D (P \ S)
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by (elim exE conjE, simp add: D-Hiding)
(metis Hiding-tickFree append-Cons append-Nil eventy;cy.disc(1)
front-tickFree-Nil non-tickFree-imp-not-Nil tickFree-Cons-iff)
qed
qed

Now we can express (P \ §)°. This result contains the term P \ § = L
that can be unfolded with Hiding-is-BOT-iff and the term [ev z] € D (P \
S) that can be unfolded with event-in-D-Hiding-iff.

lemma initials- Hiding:
(P\ 8) = (if P\ S =L then UNIV else
{e. case e of eve =z ¢ S A (Jevz] € D(P\ S) Vv (3t [evz] =
trace-hide t (ev * S) A (¢, ev © S) € F P))
| V(r) = 3t.sett Cev SAtQ[/(r) eT P}y
(is <ingtials (P \ S) = (if P\ S = L then UNIV else ?set)))
proof (split if-split, intro conjl impl)
show (P \ S = 1 = initials (P \ S) = UNIV» by simp
next
assume non-BOT : <P\ S # 1»
show «initials (P \ S) = %set
proof (intro subset-antisym subsetl)
fix e
assume initial : <e € initials (P \ S)
— This implies e ¢ ev ‘S with our other assumptions.
{fixz
assume assms : (x € S <ev x € initials (P \ S)
then consider «3¢. [ev ] = trace-hide t (ev * S) A (t, ev *S) € F P»
| <3t u. front-tickFree u A tickFree t A [ev z] = trace-hide t (ev * S) @ u A
(t € D PV (3 f. isInfHiddenRun f P S A t € range f))»
by (simp add: initials-def T-Hiding) blast
hence <P \ § = 1)
proof cases
assume <3 t. [ev z] = trace-hide ¢t (ev * S) A (t, ev ' S) € F P»
hence Fulse by (metis Cons-eq-filterD image-eql assms(1))
thus <P \ S = 1) by blast
next
assume <3¢ u. front-tickFree u A tickFree t A [ev x| = trace-hide t (ev ¢ S)
Qu A
(t € D PV (3 f. isInfHiddenRun f P S N t € range f))»
then obtain ¢ u
where * : <front-tickFree uy <tickFree t) «[ev x| = trace-hide t (ev * S) @
u
<t € D PV (3 f. isInfHiddenRun f P S A t € range f)> by blast
from *(3) have *x : <set t C ev * S
by (induct t) (simp-all add: assms(1) split: if-split-asm)
from x(4) *x Hiding-is-BOT-iff show <P \ S = 1) by blast
qed
}

with initial have x : <e¢ ¢ ev * S» using non-BOT by blast
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from initial consider <[e] € D (P \ S)
| <3t. [e] = trace-hide t (ev * S) A (t, ev ' S) € F P»
unfolding initials-def by (simp add: T-Hiding D-Hiding) blast
thus e € Zset)
proof cases
assume assm : <e] € D (P \ S)
then obtain z where <e¢ = ev >
by (metis BOT-iff-Nil-D append-Nil eventpi;ci.exhaust non-BOT pro-
cess-charn)
with assm * show (e € ?set» by (simp add: image-iff)
next
assume <3 t. [e] = trace-hide t (ev * S) A (¢, ev *S) € F P»
then obtain ¢ where *x : ([e] = trace-hide t (ev * S)»
«(t, ev ©°S) € F P> by blast
thus <e € ?set
proof (cases e)
have <e = v/ (r) = set (butlast t) C ev * S A butlast t Q [V (r)] € T P>
for r
using *x by (cases t rule: rev-cases; simp add: F-T empty-filter-conv
subset-eq split: if-split-asm)
(metis F-T Hiding-tickFree append- T-imp-tickFree neq-Nil-conv non-tickFree-tick)
thus <e = V/(r) = e € %set» for r by auto
next
fix z
assume <¢ = ev 1)
with x have <z ¢ S» by blast
with (e = ev 2> *x(1) *x(2) show (e € %set» by auto
qed
qed
next
fix e
assume <e € ?set>
then consider r where (¢ = V() «<3t. set t Cev ‘S At Q [/ (r)] € T P»
| @ where (¢ = ev @) <a ¢ S
feval e D(P\ S)V
(3t. [ev a] = trace-hide t (ev * S) A (t, ev *S) € F P)» by (cases e)
stmp-all
thus (e € initials (P \ S)
proof cases
fix r assume assms : <e = V/(r)y «It. sett Cev ‘SAtQ[V(r)] €T P>
from assms(2) obtain ¢
where x : <set t C ev ‘S <t Q [V (r)] € T P> by blast
have xx : ([¢] = trace-hide (t Q [V (7)]) (ev *S) A (t Q [V (7)], ev * §) € F P»
using (1) by (simp add: assms(1) image-iff tick-T-F[OF *(2)] subset-iff)
show <e € initials (P \ S)
unfolding initials-def by (simp add: T-Hiding) (use x* in blast)
next
show <[eva] € D (P \ S) V
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(3t. [ev a] = trace-hide t (ev * S) A (t, ev *S) € F P) = ec (P \ S)%
if <e = ev a for a
proof (elim exE conjE disjE)
show ([eval € D (P\ S) = ec (P\ 9%
by (simp add: <e = ev a)» D-T initials-meml’)
next
show «[ev a] = trace-hide t (ev * S) = (t, ev *S) € F P = e € (P \
$) for ¢
by (metis F-T initials-memlI’ mem-T-imp-mem-T-Hiding <e = ev a»)
qed
qed
qed
qed

In the end the result would look something like this:

(P\ S) = (if It. sett Cev ‘S A (t € D PV (If. isInfHiddenRun f P S
At € range f)) then UNIV else {e. case e of evx = x ¢ S N (((Ft. set t C
ev ‘SN (teDPV (3f. isinfHiddenRun f P S N t € range f))) V (Fza t.
evy =evza A za ¢ S A [evzal = trace-hide t (ev * S) A (t € D PV (3f.
isInfHiddenRun f P S N t € range f)))) V (3 t. [ev ] = trace-hide t (ev
SYAN(t,ev S)e FP))|/(r)=3t.settCev‘SAtQ[/(r) eT P}

Obviously, it is not very easy to use. We will therefore rely more on the
corollaries below.

corollary initial-tick- Hiding-iff :
W(r)e(P\B+—P\B=L1LVv3t.settlev BAtQ[/(r)eT P,
by (simp add: initials-Hiding)

corollary initial-tick-imp-initial-tick- Hiding:
W (r) e PP = v/(r) € (P\ B)"%
by (subst initials-Hiding, simp add: initials-def)
(metis append-Nil empty-iff empty-set subset-iff)

corollary initial-inside- Hiding-iff :
e€S=ewec (P\S)«+—P\S=1
by (simp add: initials-Hiding)

corollary initial-notin-Hiding-iff :
e¢ S = eveec (P\S) <+
P\S=1vVv
(3t. [ev e] = trace-hide t (ev * S) A
(t € D PV (3f. isInfHiddenRun f P .S Nt € range f) V (¢, ev * §) € F
P))
by (auto simp add: initials-Hiding event-in-D-Hiding-iff split: if-split-asm)

21



corollary initial-notin-imp-initial- Hiding:
cev e € (P\ 8)% if initial : <ev e € P° and notin : <e ¢ S)
proof —
from inf-hidden[of S <[ev e]> P]
consider f where <isInfHiddenRun f P S» <[ev €] € range f»
| t where <[ev €] = trace-hide t (ev © S)» «(t, ev *S) € F P>
by (simp add: initials-Hiding image-iff[of <ev e)] notin)
(metis mem-Collect-eq initial initials-def)
thus <ev e € initials (P \ S)
proof cases
show <ev e € (P \ 9)% if ¢isInfHiddenRun f P S» <[ev €] € range f» for f
proof (intro initials-memI[of <ev e <[]»] D-T)
from that show <[eve] € D (P \ S)
by (simp add: event-in-D-Hiding-iff image-iff[of <ev )] notin)
(metis (no-types, lifting) eventpick.inject(1) filter.simps image-iff notin)
qed
next
show <[ev €] = trace-hide t (ev *S) = (t, ev ‘S) € F P = eveec (P)\
5)0, for t
by (auto simp add: initials-Hiding notin)
qed
qed

2.5 Behaviour of initials with Operators of HOL-CSPM

lemma initials- GlobalDet:
(da € A. Pa)® = (Ua € A. initials (P a))»
by (auto simp add: initials-def T-GlobalDet)

lemma initials-GlobalNdet:
«(Ma € A. Pa)® = (Ja € A. initials (P a))
by (auto simp add: initials-def T-GlobalNdet)

lemma initials- MultiSync:
<nitials ([S] m €# M. P m) =
(i M = {#} then {}
else if 3m €# M. P m = L then UNIV
else if Am. M = {#m+#} then initials (P (THE m. M = {#m+#}))
else {e. Im €# M. e € initials (P m) — (range tick U ev * )} U
{e € range tick U ev * S.¥Ym €# M. e € initials (P m)})»
proof —
have x : <initials ([S] m €# (M + {#a, a’#}). P m) =
{e. Im €# M + {#a, a'#}. e € initials (P m) — (range tick U ev © S)}
U
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{e € range tick U ev * S.V'm €# M + {#a, a'#}. e € initials (P m)}p
if non-BOT : <V m €# M + {#a, «'#}. Pm # Ly for a o’ M
proof (induct M rule: msubset-induct'|OF subset-mset.refl])
case I
then show Zcase by (auto simp add: non-BOT initials-Sync)
next
case (2 a" M)
have x : «(MultiSync S (add-mset o' M’ + {#a, a'#}) P =
P a" [S] (MultiSync S (M’ + {#a, a'#}) P)
by (simp add: add-mset-commute)
have xx : (- (P a” = L V MultiSync S (M’ + {#a, a'#}) P = L)
using 2.hyps(1, 2) in-diff D non-BOT
by (auto simp add: MultiSync-is-BOT-iff Sync-is-BOT-iff, fastforce, meson
mset-subset-eqD)
show ?Zcase
by (auto simp only: x initials-Sync ** 2.hyps(3), auto)
qed

show ?thesis
proof (cases «<I3m €# M. Pm = 1)
show (dm €# M. Pm = 1 = ?thesis)
by simp (metis MultiSync-BOT-absorb initials-BOT)
next
show = (Ime#M. P m = 1) = ?2thesis
proof (cases (Ja a’ M'. M = M’ + {#a, a'#}>)
assume assms : <— (AmeH#M. Pm = 1)y «<Jaa' M. M = M’ + {#a, a'#}
from assms(2) obtain a o’ M’ where <M = M’ + {#a, o'#}> by blast
with * assms(1) show ?thesis by simp
next
assume Aaa’ M'. M = M' + {#a, a'#}
hence <M = {#} Vv (3m. M = {#m#})»
by (metis add.right-neutral multiset-cases union-mset-add-mset-right)
thus ?thesis by auto
qged
qed
qed

lemma initials-Throw : «(P © a € A. Q a)’ = P%
proof (cases «(P = 1))
show (P = | = (PO ac A. Qa)® = P" by simp
next
show «(P© a€ A. Qa)® = P% if <P # L)
proof (intro subset-antisym subsetl)
from (P # 1> show <ce € (PO a€ A. Qa)’ = e € P for e
by (auto simp add: T-Throw D-T is-processT7 Cons-eg-append-conv BOT-iff-Nil-D
introl: initials-memlI’ dest!: initials-memD)
next
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show <e € P = e € (PO ac A. Qa)’ for e
by (auto simp add: initials-memD T-Throw Cons-eg-append-conv
intro!: initials-memlI’)
qed
qed

lemma initials-Interrupt: «(P A Q)° = P° U Q%
proof (intro subset-antisym subsetl)
show (e € (P A Q) = ec PP U Q% for e
by (auto simp add: T-Interrupt Cons-eq-append-conv
dest!: initials-memD intro: initials-meml)
next
show (¢ € PO U Q" = e € (P A Q)% for e
by (force simp add: initials-def T-Interrupt)
qed

2.6 Behaviour of initials with Reference Processes

lemma initials-DF: «(DF A)° = ev * A
by (subst DF-unfold) (simp add: initials-Mndetprefiz)

lemma initials-DF s rps: «(DFskrps A R)° = ev “ A U tick * R»
by (subst DF's k1 ps-unfold)
(simp add: initials-Mndetprefiz initials-Ndet)

lemma initials-RUN: «(RUN A)° = ev * A»
by (subst RUN-unfold) (simp add: initials-Mprefiz)

lemma initials-CHAOS: «(CHAOS A)? = ev * A»
by (subst CHAOS-unfold)
(simp add: initials-Mprefix initials-Ndet)

lemma initials-CHAOS sk 1ps: «(CHAOSskips A R)® = ev “ A U tick ‘ R»
by (subst CHAOS s k1 ps-unfold)
(auto simp add: initials-Mprefix initials-Ndet)

lemma empty-ev-initials-iff-empty-events-of :
da. eva € P} ={} +— a(P)={h
proof (rule iffI)
show (a(P) = {} = {a. eva € P’} = {}
by (auto simp add: initials-def events-of-def)
next
show «a(P) = {}» if {a. eva € P’} = {}
proof (rule ccontr)
assume <a(P) # {}p
then obtain a t where <t € T P» <ev a € set t»
by (meson equalsOI events-of-memD)
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from «t € T P» consider ¢t = [|» | r where <t = [V (r)]» | b t' where «t = ev
b # th
by (metis T-imp-front-tickFree <ev a € set t» front-tickFree-Cons-iff
is-ev-def list.distinct(1) list.set-cases)
thus False
proof cases
from <ev a € set t» show <t = [| = Fulse> by simp
next
from <ev a € set t» show «t = [V (r)] = Fualse> for r by simp
next
fix b t' assume ¢t = ev b # t)
with <t € T P) have <b € {a. ev a € P}, by (simp add: initials-memlI)
with ({a. ev a € P'} = {}» show False by simp
qged
qed
qed

2.7 Properties of initials related to continuity

We prove here some properties that we will need later in continuity or ad-
missibility proofs.

lemma initials-LUB:
«chain Y = (| ]i. Y i)’ = (NP € (range Y). P%)
unfolding initials-def by (auto simp add: limproc-is-thelub T-LUB)

lemma adm-in-F: <cont u = adm (Az. (s, X) € F (v z))
by (simp add: adm-def cont2contlubE limproc-is-thelub ch2ch-cont F-LUB)

lemma adm-in-D: (cont v = adm (Az. s € D (u z))
by (simp add: D-LUB-2 adm-def ch2ch-cont cont2contiubE limproc-is-thelub)

lemma adm-in-T: <cont u = adm (Az. s € T (u z))
by (fold T-F-spec) (fact adm-in-F')

lemma initial-adm|[simp] : <cont u => adm (A\z. e € (u z)°)
unfolding nitials-def by (simp add: adm-in-T)
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Chapter 3

Construction of the After
Operator

Now that we have defined P°, we can talk about what happens to P after
an event belonging to this set.

3.1 Definition

We want to define a new operator on a process P which would in some way
be the reciprocal of the prefix operator a — P.

The intuitive way of doing so is to only keep the tails of the traces beginning
by ev a (and similar for failures and divergences). However we have an issue
if ev a ¢ PYie. if no trace of P begins with ev a: the result would no
longer verify the invariant is-process because its trace set would be empty.
We must therefore distinguish this case.

In the previous version, we agreed to get STOP after an event ev a that
was not in the initials of P. But even if its repercussions were minimal, this
choice seemed a little artificial and arbitrary. In this new version we use a
placeholder instead: ¥. When ev a € P° we use our intuitive definition, and
ev a ¢ P° we define P after a being equal to ¥ P a.

For the moment we have no additional assumption on W.

locale After =
fixes U :: <[(‘a, 'r) processpiick, 'a] = (‘a, 'r) processpiick>
begin

lift-definition After :: <[(‘a, 'r) processpiick, 'a] = (’

caftery 86)
is (AP a. ifevac P°

a, 'r) processpiick> (infixl
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then ({(t, X). (eva # t, X) € F P},
{t . ewa#t €DP}
else (F (U Pa),D (¥ Pa))
proof —
show «%thesis P ay (is <is-process (if - then (?f, ?d) else -)») for P a
proof (split if-split, intro conjl implI)
show <is-process (F (¥ P a), D (¥ P a))
by (metis CollectD Divergences.rep-eq Failures.rep-eq processy-of-process pro-
cess-surj-pair)
next
show <is-process (?f, ?d)> if <ev a € P
unfolding is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conv
proof (intro conjl impl alll)
from <ev a € P°) show «([], {}) € #f> by (simp add: initials-memD T-F-spec)
next
show «(t, X) € ?9f = ftF ¢ for t X
by simp (metis front-tickFree-Cons-iff front-tickFree-Nil is-processT2)
next
show «(t @ u, {}) € ?f = (¢, {}) € ?f» for t u by (simp add: is-processT3)
next
from is-processT4 show «(t, V) e 2 NXC VY = (t, X) e ?rfor t X Y
by blast
next
from <ev a € P% show «(t, X) € ?f A (Ve.e€ Y — (t Q [e], {}) ¢ 7f)
= (t, XUY)e % fort XY
by (simp add: initials-memD is-processT5)
next
show «(t @ [V(r)],{}) € % = (t, X — {/(r)}) € r for t r X
by (simp add: is-processT6)
next
from is-processT7 show «t € 2d N tFt N\ ftF u =t Q u € ?d> for t u by
force
next
from D-F show «t € 2d = (t, X) € ?f» for t X by blast
next
show «t @Q [V (r)] € 9d =t € ?d) for ¢ r
by simp (metis append-Cons process-charn)
qed
qed
qed

3.2 Projections

lemma F-After :

(F (P after a) = (if ev a € P° then {(t, X). (eva # t, X) € F P} else F (¥ P
a))

by (simp add: Failures-def After.rep-eq FAILURES-def)

lemma D-After :

28



(D (P after a) = (if eva € P° then {s. eva # s € D P} else D (¥ P a))
by (simp add: Divergences-def After.rep-eq DIVERGENCES-def)

lemma T-After :
(T (P after a) = (if eva € P° then {s. eva # s € T P} else T (¥ P a))
by (auto simp add: T-F-spec[symmetric] F-After)

lemmas After-projs = F-After D-After T-After

lemma not-initial-After : <ev a ¢ P° = P after a =V P o
by (simp add: After.abs-eq Process-spec)

lemma initials-After :
(P after a)® = (if ev a € P° then {e. ev a # [e] € T P} else (¥ P a)%)
by (simp add: T-After initials-def)

3.3 Monotony

lemma mono-After : <P after a C Q after a>
if «<PCQandevad¢ Q= Y PaC V¥ Qa
proof (subst le-approz-def, safe)
from that(1)[THEN anti-mono-initials| that(1)[THEN le-approz2T) that| THEN
le-approx1)
show <t € D (Q after a) = t € D (P after a)» for ¢
by (simp add: D-After initials-def subset-iff split: if-split-asm)
(metis D-imp-front-tickFree append-Cons append-Nil butlast.simps(2) eventpy;ck.disc(1)
is-processT7 last.simps tickFree-Nil tickFree-butlast)
next
from that(1)[THEN anti-mono-initials] that(2)[THEN le-approxz2] that(1)[THEN
proc-ord2a)
show <t ¢ D (P after a) = X € R, (P after a) t = X € R, (Q after a) t»
for t X
by (simp add: Refusals-after-def After-projs initials-def subset-iff split: if-split-asm)
(metis initials-memlI F-T initials-def mem-Collect-eq, blast)
next
from that(1)[THEN anti-mono-initials] that|THEN le-approz2)] that(1)[THEN
le-approx2T)
show <t ¢ D (P after a) = X € R, (Q after a) t = X € R, (P after a) t»
for t X
by (simp add: Refusals-after-def After-projs initials-def subset-iff split: if-split-asm)
(metis F-imp-front-tickFree append-Cons append-Nil butlast.simps(2)
eventpiick-disc(1) is-processT7 last.simps tickFree-Nil tickFree-butlast)
next
show <t € min-elems (D (P after a)) = t € T (Q after a)> for ¢
proof (cases <P = 1)
assume <t € min-elems (D (P after a))» and <P = 1)
hence <t = [
by (simp add: BOT-iff-Nil-D D-After D-BOT min-elems-def)
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(metis append-butlast-last-id front-tickFree-single nil-less2)
thus <t € T (Q after a)) by simp
next
from that(1)[THEN anti-mono-initials] that(1)[THEN le-approz2T]
that(2)[THEN le-approxz3] min-elems6[OF - - that(1)]
show <t € min-elems (D (P after a)) = P # L = t € T (Q after a)
apply (auto simp add: min-elems-def After-projs BOT-iff-Nil-D split: if-split-asm)
by (metis T-F-spec append-butlast-last-id butlast.simps(2) less-self)
(metis (mono-tags, lifting) T-F-spec append-Nil initials-def mem-Collect-eq)
qed
qed

lemma mono-After-T : <P Cp Q = P after a Cr Q after a
and mono-After-F : <P Cp Q = P after a Cp Q after @
and mono-After-D : <P Cp Q = P after a Cp Q after a»
and mono-After-FD : <P Cpp Q = P after a Cpp Q after a»
and mono-After-DT : <P Cpr Q = P after a Epr Q after a
if <eva € Q%
using that F-subset-imp-T-subset[of @ P] D-T[of <ev a # - P]
unfolding failure-divergence-refine-def trace-divergence-refine-def

failure-refine-def divergence-refine-def trace-refine-def
by (auto simp add: After-projs initials-def)
(metis initials-meml in-mono mem-Collect-eq initials-def)

lemmas monos-After = mono-After mono-After-FD mono-After-DT
mono-After-F mono-After-D mono-After-T
3.4 Behaviour of After with STOP, SKIP and L

lemma After-STOP : <STOP after a = ¥ STOP a»
by (simp add: Process-eq-spec After-projs)

lemma After-SKIP : <SKIP r after a = U (SKIP 1) a»
by (simp add: Process-eq-spec After-projs)

lemma After-BOT : <L after a = 1»
by (force simp add: BOT-iff-Nil-D D-After D-BOT)

lemma After-is-BOT-iff :

(P after a = L +— (if eva € P° then [eva] € D Pelse ¥ Pa= 1))
using hd-Cons-tl by (force simp add: BOT-iff-Nil-D D-After initials-def D-T)

3.5 Behaviour of After with Operators of HOL-CSP

In future theories, we will need to know how After behaves with other op-
erators of CSP. More specifically, we want to know how After can be "dis-
tributed" over a sequential composition, a synchronization, etc.
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In some way, we are looking for reversing the "step-laws" (laws of distribu-
tivity of Mprefix over other operators). Given the difficulty in establishing
these results in HOL-CSP and HOL-CSPM, one can easily imagine that proving
After versions will require a lot of work.

3.5.1 Loss of Determinism

A first interesting observation is that the After operator leads to the loss of
determinism.

lemma After-Mprefiz-is-After-Mndetprefiz:
e € A= (Oa € A— Pa) after a = (Ma € A — P a) after @
by (auto simp add: Process-eq-spec initials-Mprefix initials-Mndetprefiz
After-projs Mprefiz-projs Mndetprefiz-projs)

lemma After-Det-is-After-Ndet :
eva € PPU Q' = (PO Q) after a = (P 1 Q) after a»
by (auto simp add: Process-eq-spec initials-Det initials-Ndet
After-projs Det-projs Ndet-projs)

lemma After-Sliding-is-After-Ndet :
eva€ PPU Q= (P> Q) after a = (P N Q) after &
by (auto simp add: Process-eq-spec initials-Sliding initials-Ndet
After-projs Sliding-projs Ndet-projs)

lemma After-Ndet:
(P M Q) after a =
( ifevac P°n QV then P after a M Q after a
else if ev a € P° then P after a
else if eva € Q° then Q after a
else U (P M Q) a) for P Q == «('a, 'r) processprick’
proof —
{ fix P Q :: «("a, 'r) processptick>
assume <ev a € P% <eva ¢ Q%
hence (P M Q) after a = P after a»
by (simp add: Process-eq-spec After-projs Ndet-projs initials-Ndet)
(meson initials-memlI D-T F-T)
}
moreover have (eva ¢ PPU Q° = (PN Q) aftera =9 (P Q) o
by (simp add: Process-eq-spec After-projs initials-Ndet)
moreover have <cva € P' N Q° = (P N Q) after a = P after a N Q after a
by (auto simp add: Process-eq-spec After-projs Ndet-projs initials-Ndet)
ultimately show ?thesis by (metis Int-iff Ndet-commute Un-iff)
qed

lemma After-Det:

«(P O Q) after a =
( ifevac P°n QY then P after a M Q after a
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else if ev a € PO then P after a
else if eva € Q° then Q after a
else U (P O Q) a)
by (simp add: After-Det-is-After-Ndet After-Ndet not-initial-After initials-Det)

lemma After-Sliding:
(P> Q) after a =
( ifevae P° N Q° then P after a T Q after a
else if ev a € PY then P after a
else if eva € Q° then Q after a
else U (P> Q) a)
by (simp add: After-Ndet After-Sliding-is-After-Ndet initials-Sliding not-initial-After)

lemma After-Mprefix:
«(OaeA— Pa)aftera=(ifac Athen Paelse UV (0D a€ A— Pa)a)
by (simp add: Process-eq-spec After-projs initials-Mprefic
Mprefiz-projs image-iff)

lemma After-Mndetprefix:
«(Ma€ A— Pa)aftera=(ifa € Athen Paelse U (Ma€ A— Pa)a)
by (metis (full-types) After-Mprefiz After-Mprefiz-is-After-Mndetprefix
eventpiick-inject(1) imageE not-initial-After initials-Mndetprefiz)

corollary After-write0 : <«(a — P) after b = (if b = a then P else U (a — P) b)»
by (simp add: write0-def After-Mprefix)

lemma «(a — P) after a = P> by (simp add: After-write0)

This result justifies seeing P after a as the reciprocal operator of the prefix
a — P.

However, we lose information with After: in general, a — P after a # P
(even when ev a € P* and P # 1).

lemma <3 P. a — P after a # P>
proof (intro exl)

show <a — SKIP undefined after a # SKIP undefined> by simp
qed

lemma 3 P. eva € P° A a — P after a # P»
by (metis UNIV-I initials-BOT write0-neq-BOT)

lemma «(3P. eva € PPANP # L Aa— Paftera# P>
proof (intro exl)

define P :: «('a, 'r) processpiick) where P-def: <P = (a — STOP) O SKIP
undefined>

have * : <ev a € P% by (simp add: P-def initials-Det initials-write0)

moreover have (P # 1) by (simp add: Det-is-BOT-iff P-def)

moreover have <a — P after a = a — STOP)»

by (rule arg-conglwhere f = <A\P. a — P»])
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(simp add: P-def After-Det initials-write0 After-write0)
moreover have (¢« — STOP # P)
by (rule contrapos-nn[of «(a — STOP)? = P% <a — STOP = P»])
(auto simp add: P-def initials-Det initials-write0)
ultimately show <eva € P° A P # L A a — P after a # P> by presburger
qed

corollary After-write : <(cla — P) after b = (if b = ¢ a then P else ¥ (cla — P)
b)
by (simp add: write-def After-Mprefiz)

corollary After-read :

«(c?a€A — P a) after b= (if b € ¢ * A then P (inv-into A ¢ b) else U (c?acA
— Pa) b)

by (simp add: read-def After-Mprefiz)

corollary After-ndet-write :

«(ctlacA — P a) after b= (if b € ¢ * A then P (inv-into A ¢ b) else U (MacA
— Pa) b)

by (simp add: ndet-write-def After-Mndetprefiz)

3.5.2 After Sequential Composition

The first goal is to obtain an equivalent of a — P 3 Q@ = a — (P ; Q). But
in order to be exhaustive we also have to consider the possibility of () taking
the lead when v/(r) € PY in the sequential composition P ; Q.

lemma not-skippable-or-not-initial R- After-Seq:
(P35 Q) after a = (if ev a € P° then P after a; Q else ¥ (P35 Q) a)
if <range tick N P° = {} v (Vr. /(r) € P — eva ¢ Q")
proof (cases <P = 1)
show (P = | =
(P3 Q) after a =
(if ev a € PO then P after a3 Q else ¥ (P 3 Q) a)»
by (simp add: After-BOT)
next
assume non-BOT: <P # 1
with that have $ : <eva € (P; Q)° +— eva € P%
by (auto simp add: initials-Seq)
show «(P; Q) after a =
(if ev a € PO then P after a3 Q else ¥ (P 3 Q) a)»
proof (split if-split, intro conjl impl)
from $ show <eva ¢ P° = (P; Q) aftera=¥ (P; Q) &
by (simp add: not-initial-After)
next
assume initial-P : <ev a € P%
show «(P; Q) after a = P after a ; Q»
proof (subst Process-eq-spec-optimized, safe)
fix s
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assume s € D ((P; Q) after a)»
hence x : <eva # s € D (P; Q)
by (simp add: D-After $ initial-P split: if-split-asm)
then consider <eva # s € D P
| t1 t2 r where <eva # s =11 Q t2) «t1 Q [V (r)] € T P> <2 € D
by (simp add: D-Seq) blast
thus <s € D (P after a; Q)
proof cases
show <eva # s € D P = s € D (P after a ; Q)
by (simp add: D-Seq D-After initial-P)
next
fix t1 t2 r assume #x : <ev a # s =11 Q 2y «t1 Q [/(r)] € T P> «t2 €
D @
have «t1 # [|» by (metis ** initials-memI D-T
append-self-conv2 disjoint-iff rangel that)
with xx(1) obtain t1’
where <t1 = eva # t1') «<s = t1' Q t2) by (metis Cons-eq-append-conv)
with #x(2, 3) show «s € D (P after a5 Q)
by (simp add: D-Seq T-After) (blast intro: initial-P)
qed
next
fix s
assume <s € D (P after a; Q)»
hence <eva# s€D PV (Ftl1t2r.s=t1l Q2 Neva#tl Q/(r)]eT
PAt2eD Q)
by (simp add: D-Seq After-projs initial-P)
hence <eva # s € D (P; Q)
by (elim disjE; simp add: D-Seq) (metis append-Cons)
thus <s € D ((P; Q) after a)
by (simp add: D-After $ initial-P)
next
fix s X
assume same-div : <D ((P; Q) after a) = D (P after a 5 Q)
assume «(s, X) € F ((P; Q) after a)»
then consider eva € (P Q)% «(eva # s, X) € F (P; Q)
| <eva ¢ (Pj; Q)% «s=[p by (simp add: F-After $ initial-P)
thus «(s, X) € F (P after a 5 Q)
proof cases
assume assms : <eva € (P35 Q)" «(eva # s, X) € F (P; Q)
from assms(2) consider <eva # s € D (P; Q)
| <«(ev a # s, X U range tick) € F Py tF s
| t1 t2 r where <eva # s =11 Q {2 <t1 Q [/(r)] € T P> «(t2, X) € F
Q>
by (simp add: F-Seq D-Seq) blast
thus (s, X) € F (P after a ; Q)
proof cases
assume <eva # s € D (P; Q)
hence (s € D ((P; Q) after a)
by (simp add: D-After assms(1))
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with same-div D-F show «(s, X) € F (P after a 5 Q)> by blast
next
show <(ev a # s, X U range tick) € F P = tF s = (s, X) € F (P
after a 3 Q)
by (simp add: F-Seq F-After initial-P)
next
fix t1 t2 r assume * : <ev a # s = t1 Q t2) <t1 Q [V (r)] € T P> «(12,
X)e F @
have <t1 # [|» by (metis * initials-memlI F-T
disjoint-iff rangel self-append-conv2 that)
with x(7) obtain ¢’
where <t1 = eva # t1 <s = t1' Q t2» by (metis Cons-eg-append-conv)
with x(2, 3) show (s, X) € F (P after a ; Q)
by (simp add: F-Seq T-After) (blast intro: initial-P)
qed
next
show <eva ¢ (P; Q)° = s=[ = (s, X) € F (P after a; Q)
by (simp add: F-Seq F-After $ initial-P)
qed
next
fix s X
assume same-div : <D ((P; Q) after a) = D (P after a 5 Q)
assume <(s, X) € F (P after a ; Q)
then consider <s € D (P after a ; Q)
| <«(s, X U range tick) € F (P after a)» <tF' s
| t1 t2 r where <s = t1 Q t2) <t1 @ [/(r)] € T (P after a)) «(t2, X) € F
@
by (simp add: F-Seq D-Seq) blast
thus «(s, X) € F (P ; Q) after a)
proof cases
from same-div D-F show «s € D (P after a5 Q) = (s, X) € F ((P; Q)
after a)) by blast
next
show «(s, X U range tick) € F (P after a) = tF s = (s, X) € F ((P;
Q) after a)»
by (simp add: F-After $ initial-P F-Seq)
next
fix t1 t2 r assume * : <s = t1 Q t2» <t1 Q [/(r)] € T (P after a)» «(t2,
X)e F
from *(2) have <eva # t1 Q [/ (r)] € T P> by (simp add: T-After initial-P)
with x(1, 3) show «(s, X) € F ((P; Q) after a)»
by (simp add: F-After $ initial-P F-Seq) (metis append-Cons)
qed
ged
qed
qed

lemma skippable-not-initialL-After-Seq:
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(P35 Q) aftera=( if 3r./(r) e PO)YANevae Q°
then @Q after a else U (P 3 Q) a)»
(is «(P 5 Q) after a = (if ?prem then ?rhs else -)») if <ev a ¢ P%
proof —
from initials-BOT <ev a ¢ P° have non-BOT : <P # 1) by blast
with <ev a ¢ P have $: <eva € (P; Q)° «+— ?Zprem»
by (auto simp add: initials-Seq)
show (P ; Q) after a = (if ?prem then 9rhs else ¥ (P 5 Q) a)
proof (split if-split, intro conjl impl)
show - Zprem = (P Q) aftera =¥ (P; Q) o
by (rule not-initial-After, use $ in blast)
next
show (P ; Q) after a = ?rhsy if Zprem
proof (subst Process-eq-spec, safe)
fix t
assume <t € D ((P; Q) after a)
with «?prem> have <ev a # t € D (P ; Q) by (simp add: D-After $)
with <ev a ¢ P° obtain ¢I t2 r where * : <ev a # t = t1 @ t2) «t1 @
V(r)] eT P»<t2 €D @
by (simp add: D-Seq) (meson initials-memlI D-T)
from *(1, 2) <ev a ¢ P initials-meml have <t1 = [
by (cases t1; simp) blast
with * show <t € D ?rhs»
by (auto simp add: D-After intro: initials-memI D-T)
next
from «?prem) show s € D %rhs = s € D ((P; Q) after a)> for s
by (simp add: D-After $ D-Seq split: if-split-asm)
(metis append-Nil initials-memD)
next
fix t X
assume «(t, X) € F ((P; Q) after a)
hence eva € (P; Q)% «(eva # t, X) € F (P; Q)
by (simp-all add: F-After $ split: if-split-asm) (use <?prem» in blast)+
thus «(t, X) € F ?rhs
by (simp add: F-After F-Seq $)
(metis (no-types, lifting) initials-memlI D-T F-T Nil-is-append-conv
append-self-conv2 hd-append?2 list.exhaust-sel list.sel(1) <ev a ¢ P°»)
next
show «(s, X) € F %rhs = (s, X) € F ((P; Q) after a)) for s X
by (simp add: F-After $ F-Seq split: if-split-asm)
(metis append-Nil initials-memD < ?prem>, use <Zprem» in blast)
qed
qed
qed

lemma skippable-initialL-initialR-After-Seq:

(P 3 Q) after a = (P after a3 Q) M Q after &
(is <«(P; Q) after a = (P after a3 Q) M 2rhs)
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if assms : «37r. /(r) € P) AN eva € Q% <eva € P%
proof (cases <P = 1)
show (P = | = (P; Q) after a = (P after a ; Q) M ?rhs»
by (simp add: After-BOT)
next
show «(P ;5 Q) after a = (P after a5 Q) M ?rhs) if <P # L)
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ((P; Q) after a)»
hence <eva # s € D (P; Q)
by (simp add: D-After initials-Seq <P # 1) <ev a € P° image-iff)
then consider <eva # s € D P>
| t1 t2 r where <eva # s =11 Q 2y «t1 Q [V (r)] € T Py <t2 € D @
by (simp add: D-Seq) blast
thus s € D ((P after a5 Q) N %rhs)»
proof cases
show <ev a # s € D P = s € D ((P after a ; Q) N ?rhs))
by (simp add: D-After D-Seq D-Ndet <P # 1) assms(2))
next
fix t1 t2r assume x :ceva# s=1t1 Q2«1 Q/(r)) €T Pr«t2 €D Q)
show «s € D ((P after a 5 Q) N ?rhs)>
proof (cases <t1 = []»)
from (1, 3) assms(1) show <t =[] = s € D ((P after a5 Q) N ?rhs)»
by (simp add: D-After D-Ndet)
next
assume <t # [»
with x(1, 3) obtain t1’ where <1 = ev a # t1" by (cases t1; simp)
with x show s € D ((P after a ; Q) M 2rhs)
by (simp add: T-After D-Seq D-Ndet assms(2)) blast
qed
qed
next
fix s
assume <s € D ((P after a 3 Q) M ?rhs)»
then consider «s € D (P after a5 Q) | <s € D ?rhs
by (simp add: D-Ndet) blast
thus <s € D ((P; Q) after a)
proof cases
show s € D (P after a; Q) = s € D ((P; Q) after a)
by (simp add: After-projs D-Seq initials-Seq <P # 1) assms(2) image-iff)
(metis append-Cons)
next
from assms show <s € D ?rhs = s € D ((P; Q) after a)»
by (simp add: D-After D-Seq initials-Seq <P # L) split: if-split-asm)
(metis append-Nil initials-def mem-Collect-eq)
qed
next
fix s X
assume same-div : <D ((P; Q) after a) = D ((P after a 5 Q) M frhs)»
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assume <(s, X) € F ((P; Q) after a)
hence «(eva # s, X) € F (P; Q)
by (simp add: F-After initials-Seq <P # L) assms(2) image-iff)
then consider <ev a # s € D P»
| <(ev a # s, X U range tick) € F P> <tF &
| t1 t2 r where <ev a # s=1t1 Q 2> <t1 Q [V (r)] € T P» «(t2, X) € F
by (simp add: F-Seq D-Seq) blast
thus «(s, X) € F ((P after a5 Q) M %rhs)»
proof cases
assume <ev a # s € D P»
hence «s € D (P after a ; Q)
by (simp add: D-After D-Seq assms(2))
with same-div D-Ndet D-F show «(s, X) € F ((P after a ;5 Q) M ?rhs)) by
blast
next
show <(ev a # s, X U range tick) € F P = tF s =
(s, X) € F ((P after a3 Q) N ?rhs)»
by (simp add: F-Ndet F-Seq F-After assms(2))
next
fix t1 t2 r assume * : <ev a # s =t Q 2> <t1 Q [V (r)] € T P» «(t2, X)
eF
show (s, X) € F ((P after a3 Q) 1N 2rhs)
proof (cases «t1 = []»)
from (1, 3) assms show «t1 = [| = (s, X) € F ((P after a5 Q) M 2rhs)»
by (simp add: F-Ndet F-Seq F-After assms(2))
next
assume <t1 # [
with (1, 3) obtain t1’ where «t1 = ev a # t1’ by (cases t1; simp)
with x show (s, X) € F ((P after a ; Q) M 2rhs)
by (simp add: F-Ndet F-Seq F-After T-After assms(2)) blast
qed
qed
next
fix s X
assume same-div : <D ((P 5 Q) after a) = D ((P after a5 Q) M %rhs)»
assume <(s, X) € F ((P after a 5 Q) N ?rhs)>
then consider (s, X) € F (P after a; Q) | «(s, X) € F ?rhs
by (simp add: F-Ndet) blast
thus «(s, X) € F ((P; Q) after a)
proof cases
assume <(s, X) € F (P after a; Q)
then consider <s € D (P after a; Q)»
| <(s, X U range tick) € F (P after a)) <tF s
| t1 t2 r where <s = tI Q 12y <t1 @ [/(r)] € T (P after a)» «(t2, X) € F

o
by (simp add: F-Seq D-Seq) blast
thus «(s, X) € F ((P; Q) after a)
proof cases
show «s € D (P after a ;3 Q) = (s, X) € F ((P; Q) after a)»
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using same-div D-Ndet D-F by blast
next
show «(s, X U range tick) € F (P after a) = tF s = (s, X) € F ((P
Q) after a)»
by (simp add: F-After F-Seq initials-Seq assms(2) image-iff)
next
show «s = t1 Q@ t2 = t1 Q [/ (r)] € T (P after a) = (¢2, X) € F Q
= (s, X) € F (P; Q) after a)» for t1 t2r
by (simp add: F-After T-After F-Seq initials-Seq
assms(2) image-iff <P # 1) (metis Cons-eq-appendl)
qed
next
from assms(1) <P # L) show «(s, X) € F %rhs = (s, X) € F (P ; Q)
after a)»
by (simp add: F-GlobalNdet F-After F-Seq initials-Seq image-iff split:
if-split-asm)
(simp add: initials-def, metis append-Nil)
ged
qed
qed

lemma not-initialL-not-skippable-or-not-initial R- After-Seq:
cev a ¢ P = range tick N P° = {} v (Vr. tickr € P* — eva ¢ Q) =
(P Q) after a =9 (P Q) a
by (simp add: not-skippable-or-not-initial R-After-Seq not-initial-After)

lemma After-Seq:
(P Q) after a =
( if range tick N P* = {} v (Vr. /(r) € P* — eva ¢ Q°)
then if eva € P° then P after a; Q else ¥V (P; Q) a
else if eva € PY
then (P after a5 Q) M Q after a
else @ after a)»
by (simp add: not-skippable-or-not-initialR-After-Seq
skippable-initial L-initialR-After-Seq skippable-not-initialL-After-Seq)

3.5.3 After Synchronization

Now let’s focus on Sync. We want to obtain an equivalent of

Mprefix ?A 7P [2S] Mprefiz 7B 7Q = (Jac(?A — 2S) — (?P a [?S] Mprefix
?B ?Q)) O (Obe(?B — 25) — (Mprefix ?A ?P [2S] ?2Q b)) O (Oze(?4A N
BN 25) — (?P x [?5] ?Q x))

We will also divide the task.

After version of
la ¢ 2S; 9B C 25] = a — P [2S] Mprefiz B ?Q = a — (P [2S] Mprefiz
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?B 2Q).

lemma initialL-not-initialR-not-in-After-Sync:
(P [S] Q) after a = P after a [S] @
if initial-hyps: <ev a € P% <eva ¢ Q° and notin: <a ¢ S»
proof (subst Process-eq-spec-optimized, safe)
{ fix s X
assume assms : <P # 1) <Q # 1y «(eva # s, X) € F (P [S] Q)
and same-div : <D ((P [S] Q) after a) = D (P after a [S] Q)
have «(s, X) € F (P after a [S] Q)
proof (cases <eva # s € D (P [S] @Q))
case True
hence <s € D ((P [S] Q) after a)»
by (force simp add: D-After initials-Sync initial-hyps(1) assms(1, 2) notin)
with D-F same-div show (s, X) € F (P after a [S] Q)» by blast
next
case Fulse
with assms(3) obtain s-P s-Q X-P X-Q
where * : «(s-P, X-P) € F P» «(s-Q, X-Q) € F
«(ev a # s) setinterleaves ((s-P, s-Q), range tick U ev © S)»
«X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q»
by (simp add: F-Sync D-Sync) blast
have *x : <s-P # [| A hd s-P = ev a A s setinterleaves ((tl s-P, s-Q), range
tick U ev © S)»
using *(3) apply (cases s-P; cases s-Q; simp add: notin image-iff split:
if-split-asm)
using *(2) initials-memlI F-T initial-hyps(2) by blast+
hence «(tl s-P, X-P) € F (P after a) A (s-Q, X-Q) € F Q A
s setinterleaves ((tl s-P, s-Q), range tick U ev  §) A
X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q»
by (simp add: F-After sx initial-hyps(1))
(metis (1) %(2) *(4) ** list.ezhaust-sel)
thus «(s, X) € F (P after a [S] Q)
by (simp add: F-Sync) blast
qed
} note x = this

show «D ((P [S] Q) after a) = D (P after a [S] Q) =
(s, X) € F ((P[9] Q) after a) = (s, X) € F (P after a [S] Q) for s X
by (simp add: * F-After initials-Sync initial-hyps notin image-iff split: if-split-asm)
(metis After-BOT BOT-Sync Collect] D-BOT F-imp-front-tickFree Sync-BOT
front-tickFree-Cons-iff front-tickFree-Nil is-processT8)
next

fix s X
assume same-div : <D ((P [S] Q) after a) = D (P after a [S] Q)
{ assume assms : <P # 1y «Q # 1) «(s, X) € F (P after a [S] Q)
from assms(3) consider
«(3s-P s-Q X-P X-Q. (s-P, X-P) € F (P after a) A (s-Q, X-Q) € F Q A
s setinterleaves ((s-P, s-Q), range tick U ev * S) A
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X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q» |
<s € D (P after a [S] Q)
by (simp add: F-Sync D-Sync) blast
hence «(ev a # s, X) € F (P [S] Q)
proof cases
case I
then obtain s-P s-Q X-P X-Q
where * : <(ev a # s-P, X-P) € F Py «((s-Q, X-Q) € F
(s setinterleaves ((s-P, s-Q), range tick U ev © S)»
X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q»
by (simp add: F-After initial-hyps(1)) blast
have «(s-Q, X-Q) € F Q A
(ev a # s) setinterleaves ((ev a # s-P, s-Q), range tick U ev < S) A
X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-OQ»
apply (simp add: (2, /))
using *(3) by (cases s-Q; simp add: notin image-iff)
with (1) show «(ev a # s, X) € F (P [S] @)
by (simp add: F-Sync) blast
next
case 2
from 2[simplified same-div[symmetric]|
have <ev a # s € D (P [S] Q)
by (simp add: D-After initial-hyps(1) initials-Sync assms(1, 2) image-iff
notin)
with D-F show «(ev a # s, X) € F (P [S] Q)» by blast
qed

}
thus «(s, X) € F (P after a [S] Q) = (s, X) € F (P [S] Q) after a)»
by (simp add: F-After initials-Sync initial-hyps After-BOT F-BOT image-iff
notin F-imp-front-tickFree front-tickFree-Cons-iff)
next

{ fix s
assume assms : <P # 1y <Q # Ly ceva # s€ D (P [S] @)
from assms(3) obtain t u r v
where * : <ftF v» <tF rVo=[p<eva# s=r Qv
«r setinterleaves ((t, u), range tick U ev © S)»
t€DPAueT QVteD QAueT P by (simp add: D-Sync) blast
have s* : «r Z[| Ahdr = ev @
by (metis (3, 4, 5) BOT-iff-Nil-D assms(1, 2) empty-setinterleaving hd-append
list.sel(1))
hence #xx : (t e DPAu€eET Q—t#[|ANhdt=evaA
tl r setinterleaves ((tl t, u), range tick U ev ¢ S)) A
teDQANueTP—u#[|ANhdu=ecvaAl
tl r setinterleaves ((t, tl w), range tick U ev “ S))»
using x(4) assms(1, 2)[simplified BOT-iff-Nil-D)] initial-hyps[simplified ini-
tials-def] notin
by (cases t; cases u; simp split: if-split-asm)
(metis [[metis-verbose = false]] initials-memI D-T
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list.sel(1) list.sel(8) initial-hyps(2))+
from *(5) have <s € D (P after a [S] Q)
proof (elim disjE)
assume <t E D PAueT Q
hence (ftF v A (tF (tlr)Vo=[)As=trQuoA
tl r setinterleaves ((tl t, u), range tick U ev *S) A
tlt € D (P aftera) NueT @
by (simp add: D-After initial-hyps(1))
(metis %(1, 2, 8) #* xxx list.collapse list.sel(3)
tickFree-tl tl-append?2)
thus «s € D (P after a [S] Q)» by (simp add: D-Sync) blast
next
assume <t € D QANueT P
hence «(ftF v A (tF (tlr)Vo=[)As=trQuA
tl r setinterleaves ((t, tl u), range tick U ev ©S) A
teD QANtlueT (P after a)
by (simp add: T-After initial-hyps(1))
(metis x(1, 2, 3) #* xxx list.collapse
list.sel(3) tickFree-tl tl-append?2)
thus <s € D (P after a [S] Q)
by (simp add: D-Sync) blast
qed
} note x = this

show <s € D ((P [S] Q) after a) = s € D (P after a [S] Q) for s
by (simp add: D-After initials-Sync initial-hyps notin image-iff *
split: if-split-asm)
(elim disjE;
simp add: After-BOT D-BOT, metis front-tickFree-Cons-iff front-tickFree-Nil)
next

fix s
{ assume assms : <P # 1y «Q # 1) «s € D (P after a [S] Q)
from assms(3) obtain t u r v
where * : <ftF vy <tF rVo=[p s =1rQw
«r setinterleaves ((¢t, u), range tick U ev © S)»
«teD (Paftera) N\ueT QViteD QAueT (P after a)
by (simp add: D-Sync) blast
from *(5) have <eva # s € D (P [S] Q)
proof (elim disjE)
assume <t € D (P after a) Nu €T @
with x(1, 2, 3, 4) initial-hyps(1)
have #x : (tF v A (tF (eva# r)Vo=[])As=rQuouA
(ev a # 1) setinterleaves ((ev a # t, u), range tick U ev * S) A
eva#teDPANueT
by (cases u; simp add: D-After notin image-iff)
show <eva # s € D (P [S] @)
by (simp add: D-Sync) (metis xx Cons-eq-appendl)
next
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assume <t € D Q AN u € T (P after a))
with (1, 2, 3, 4) initial-hyps(1)
have #x : (ftF v A (tF (eva# r)Vo=[])As=rQuA
(ev a # r) setinterleaves ((t, ev a # u), range tick U ev ©S) A
teDQANeva#ueT P
by (cases t; simp add: T-After notin image-iff)
show <eva # s € D (P [S] Q)
by (simp add: D-Sync) (metis xx Cons-eq-appendl)
qged
}
thus s € D (P after a [S] Q) = s € D ((P [S] Q) after a)»
by (simp add: D-After initials-Sync initial-hyps After-BOT D-BOT
notin image-iff D-imp-front-tickFree front-tickFree-Cons-iff)
qed

lemma not-initialL-in-After-Sync:
eva g PP = a€ S =
(P [S] Q) after a = (if @ = L then L else ¥ (P [S] Q) a)»
by (simp add: After-BOT, intro impl)
(subst not-initial-After, auto simp add: After-BOT initials-Sync)

After version of Ja € 2S;a € ?S] = a — P [?S] a — Q = a — (P [%9]

Q).

lemma initialL-initial R-in-After-Sync:

(P [S] Q) after a = P after a [S] Q after a>

if initial-hyps: <ev a € P% <ev a € Q% and inside: <a € S»
proof (subst Process-eq-spec-optimized, safe)

{ fix s X
assume assms : <P # 1y «Q # Ly «(eva# s, X) € F (P[S] @)
and same-div : <D ((P [S] Q) after a) = D (P after a [S] Q after a)»
from assms(3) consider
(35-P 5-Q X-P X-Q. (-P, X-P) € F P A (5-Q, X-Q) € F Q A
(ev a # s) setinterleaves ((s-P, s-Q), range tick U ev  S) A
X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q» |
ceva # se€D(P[S] Q)
by (simp add: F-Sync D-Sync) blast
hence «(s, X) € F (P after a [S] Q after a)>
proof cases
case I
then obtain s-P s-Q X-P X-Q)
where * : (s-P, X-P) € F P) «((5-Q, X-Q) € F @
«(ev a # s) setinterleaves ((s-P, s-Q), range tick U ev * S)»
(X = (X-P U X-Q) N (range tick U ev * ) U X-P N X-@Q» by blast
from *(3) have <s-P # [ Ahd s-P =eva A s-Q #[| AN hd s-Q = ev a A
s setinterleaves ((tl s-P, tl s-Q), range tick U ev © S)»
using inside by (cases s-P; cases s-Q, auto simp add: split: if-split-asm)
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hence «(tl s-P, X-P) € F (P after a) A (tl s-Q, X-Q) € F (Q after a) A
s setinterleaves ((tl s-P, tl s-Q), range tick U ev  S) A
X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q»
using x(1, 2, 4) initial-hyps by (simp add: F-After) (metis list.exhaust-sel)
thus (s, X) € F (P after a [S] Q after a)»
by (simp add: F-Sync) blast
next
assume <ev a # s € D (P [S] Q)
hence <s € D ((P [S] Q) after a)»
by (force simp add: D-After initials-Sync initial-hyps assms(1, 2))
from this[simplified same-div] D-F
show «(s, X) € F (P after a [S] Q after a)) by blast
qed
} note x = this

show «D ((P [S] Q) after a) = D (P after a [S] Q after a) =
(s, X) € F (P [S] Q) after a) = (s, X) € F (P after a [S] Q after a)»
for s X
by (simp add: * F-After initials-Sync initial-hyps image-iff split: if-split-asm)
(metis After-BOT BOT-Sync BOT-iff-Nil-D Collect] D-BOT F-imp-front-tickFree
Sync-BOT front-tickFree-Cons-iff is-processT8)

next

fix s X
assume same-div : <D ((P [S] Q) after a) = D (P after a [S] Q after a)»
{ assume assms : <P # 1) <Q # 1 «(s, X) € F (P after a [S] Q after a)
from assms(3) consider
«3s-P s-Q X-P X-Q. (eva # s-P, X-P) € F P A (eva # s-Q, X-Q) € F Q

s setinterleaves ((s-P, s-Q), range tick U ev © S) A
X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q» |
<s € D (P after a [S] Q after a)»
by (simp add: F-Sync D-Sync F-After initial-hyps) blast
hence «(eva # s, X) € F (P [S] Q)
proof cases
case 1
then obtain s-P s-Q X-P X-Q
where * : <(ev a # s-P, X-P) € F P> <(eva # s-Q, X-Q) € F @
<s setinterleaves ((s-P, s-Q), range tick U ev © §)»
(X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q» by blast
have *x : ((ev a # s) setinterleaves ((ev a # s-P, ev a # s-Q), range tick U
ev ‘S
by (simp add: inside *(3))
show «(eva # s, X) € F (P [S] @)
apply (simp add: F-Sync)
using (1, 2, 4) *x by blast
next
assume <s € D (P after a [S] Q after a)>
with same-div[symmetric] have <ev a # s € D (P [S] Q)
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by (simp add: D-After initial-hyps initials-Sync assms(1, 2) image-iff)
with D-F show «(ev a # s, X) € F (P [S] @)» by blast
qed

thus «(s, X) € F (P after a [S] Q after a) = (s, X) € F (P [S] Q) after a)
by (simp add: F-After initials-Sync initial-hyps F-BOT image-iff
F-imp-front-tickFree front-tickFree-Cons-iff)
next

{ fix s
assume assms : <P # 1y <Q # Ly ceva # s€ D (P[] Q)
from assms(3) obtain t u r v
where x : (ftF v» <tF rVo=[peva# s=rQuw
«r setinterleaves ((t, u), range tick U ev © S)»
G eEDPAueET QVLteD QAucT P by (simp add: D-Sync) blast
have sx :«r Z[[Ahdr=evaAtZ[|Ahdt=evaANuZ[|ANhdu=eva
A
tl r setinterleaves ((tl t, tl u), range tick U ev © S)»
using *(3, 4, §) inside assms(1, 2)[simplified BOT-iff-Nil-D)
by (cases t; cases u) (auto simp add: image-iff split: if-split-asm)
have ((tF (Hr)Vov=[)As=trQuouA
(tlt € D (P after a) N tlu € T (Q after a) V
tlt € D (Q after a) A tlu € T (P after a))»
using *(2, 3, 5) xx apply (simp add: D-After initial-hyps T-After)
by (metis list.collapse list.sel(3) tickFree-tl tl-append2)
with (1) *x have «<s € D (P after a [S] Q after a)» by (simp add: D-Sync)
blast
} note *x = this

show «s € D ((P [S] Q) after a) = s € D (P after a [S] Q after a)» for s
by (simp add: * D-After initials-Sync initial-hyps image-iff split: if-split-asm)
(metis After-BOT BOT-Sync BOT-iff-Nil-D D-BOT Sync-BOT front-tickEFree-Cons-iff
mem-Collect-eq)
next

fix s
{ assume s € D (P after a [S] Q after a)
from this obtain ¢ u r v
where * : ftF v «tF rVo=[p s =rQuw
«r setinterleaves ((t, u), range tick U ev © S)»
ceva#HFteDPANewaH#HueT QVeva#HteDQNevaH#ueT P
by (simp add: D-Sync After-projs initial-hyps) blast
have *x : ((ev a # 1) setinterleaves ((ev a # t, ev a # u), range tick U ev *
S
by (simp add: inside *(4))
have (ev a # s € D (P [S] Q)
by (simp add: D-Sync inside)
(metis %(1, 2, 3, 5) *x Cons-eq-appendl eventp;ci.disc(1) tickFree-Cons-iff)

}
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thus <s € D (P after a [S] Q after a) = s € D ((P [S] Q) after a)»
by (simp add: D-After initials-Sync initial-hyps After-BOT D-BOT inside)
qed

After version of
le¢ ?S;e¢ 25] = e — P[?5] e— Q= (e— (P[?%5] e— Q) O (e
— (e —» P [?25] Q)).

lemma initialL-initial R-not-in-After-Sync:

(P [S] Q) after a = (P after a [S] Q) N (P [S] Q after a)>

if initial-hyps: <ev a € P° <ev a € Q°) and notin: <a ¢ S»> for P Q :: «('a, 'r)
Processptick?
proof (subst Process-eq-spec-optimized, safe)

{fix P Q :: «("a, 'r) processpiick> and s X s-P s-Q X-P X-Q
assume assms : «(s-P, X-P) € F P> «(s-Q, X-Q) € F »
X = (X-P U X-Q) N (range tick U ev *S) U X-P N X-Q»
<s-P # []» <hd s-P = ev
<s setinterleaves ((tl s-P, s-Q), range tick U ev * S)»
cev a € PY
from assms(1, 4, 5, 7) have «(tl s-P, X-P) € F (P after a))
by (simp add: F-After) (metis list.exhaust-sel)
with assms(2, 3, 6) have «(s, X) € F (P after a [S] Q)
by (simp add: F-Sync) blast
} note x = this

{fix s X
assume assms : <P # 1y <Q # Ly «((eva # s, X) € F (P [S] Q)
and same-div : <D ((P [S] Q) after a) = D ((P after a [S] Q) N (P [S] @
after a))»
from assms(3) consider
(Is-P 5-Q X-P X-Q. (s-P, X-P) € F P A (s-Q, X-Q) € F Q A
(ev a # s) setinterleaves ((s-P, s-Q), range tick U ev © S) A
X = (X-P U X-Q) N (range tick U ev *S) U X-P N X-Q» |
<s € D ((P [S] Q) after a)
by (simp add: F-Sync D-After D-Sync initials-Sync assms(1, 2) initial-hyps
image-iff) blast
hence (s, X) € F ((P after o [S] Q) N (P [S] Q after a))»
proof cases
case 1
then obtain s-P s-Q X-P X-Q
where *x : <(s-P, X-P) € F P» «(s-Q, X-Q) € F
«(ev a # s) setinterleaves ((s-P, s-Q), range tick U ev © S)»
(X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q» by blast
have <s-P # [] A hd s-P = ev a A s setinterleaves ((tl s-P, s-Q), range tick
Uev SV
$-Q # [| A hd 5-Q = ev a A s setinterleaves ((s-P, tl s-Q), range tick U
ev ‘S
using *x(3) by (cases s-P; cases s-Q; simp add: notin image-iff split:
if-split-asm) blast
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thus (s, X) € F ((P after a [S] Q) N (P [S] Q after a))»
apply (elim disjE; simp add: F-Ndet)
using * xx(1, 2, /) initial-hyps(1) apply blast
apply (rule disjI2, subst Sync-commute, rule x[OF (2, 1)])
by (simp-all add: xx(4) Int-commute Un-commute Sync-commute
setinterleaving-sym initial-hyps(2))
next
assume <s € D ((P [S] Q) after a)
from this[simplified same-div] D-F
show «(s, X) € F ((P after a [S] Q) N (P [S] Q after a))» by blast
qed
} note #x = this

show <D ((P [S] Q) after a) = D ((P after a [S] Q) 1 (P [S] Q after a)) =
(s, X) € F ((P[9] Q) after a) = (s, X) € F ((P after a [S] Q) N (P [95]
Q after a))» for s X
by (simp add: xx F-After initials-Sync initial-hyps image-iff split: if-split-asm)
(metis After-BOT BOT-Sync BOT-iff-Nil-D D-BOT F-imp-front-tickFree
Sync-commute
front-tickFree-Cons-iff is-processT8 mem-Collect-eq)
next

{fixs XPQ
assume assms : (P # 1) «Q # Ly «(s, X) € F (P after a [S] Q) <eva € P
and same-div : <D ((P [S] Q) after a) = D ((P after a [S] Q) N (P [S] @
after a))»
from assms(3)[simplified F-Sync, simplified] consider
s-P s-Q X-P X-Q where ¢(ev a # s-P, X-P) € F P> «(s-Q, X-Q) € F O
<s setinterleaves ((s-P, s-Q), range tick U ev ¢ S)»
«X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q»
| <s € D (P after a [S] Q)
by (simp add: F-Sync F-After assms(4) D-Sync) blast
hence «(eva # s, X) € F (P [S] Q)
proof cases
fix s-P s-QQ X-P X-Q
assume x : <(ev a # s-P, X-P) € F P» «(s-Q, X-Q) € F »
«s setinterleaves ((s-P, s-Q), range tick U ev < S)»
«X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q»
have «(ev a # s) setinterleaves ((ev a # s-P, s-Q), range tick U ev * S))
using *(3) by (cases s-Q; simp add: notin image-iff)
with (1, 2, /) show «(eva # s, X) € F (P [S] Q)
by (simp add: F-Sync) blast
next
assume <s € D (P after a [S] Q)
hence <s € D ((P [S] Q) after a)» using same-div|[simplified D-Ndet] by fast
hence «(s, X) € F ((P [S] Q) after a) by (simp add: is-processT8)
thus ¢(ev a # s, X) € F (P [S] Q)
by (simp add: F-After initials-Sync assms(1, 2, 4) notin image-iff)
ged
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} note * = this

show «D ((P [S] Q) after a) = D ((P after a [S] Q) 1 (P [S] Q after a)) =
(s, X) € F ((Pafter a [S] Q) N (P [S] Q after a)) = (s, X) € F ((P [9]
Q) after a)> for s X
apply (simp add: F-After initials-Sync initial-hyps F-BOT image-iff
F-imp-front-tickFree front-tickFree-Cons-iff)
apply (rule impl, simp add: F-Ndet, elim disjE conjE)
by (simp add: * initial-hyps(1))
(metis * Ndet-commute Sync-commute initial-hyps(2))
next

{ fix s
assume assms : <P # 1y «Q # Ly <eva # s € D (P [5] Q)
from assms(3) obtain t u r v
where s : <ftF vy <tF rVo=[peva# s=r Qv
«r setinterleaves ((t, u), range tick U ev © S)»
G e€EDPAueT QVteD QAueT P by (simp add: D-Sync) blast
have xxx : «r # []) using *x(4, §) BOT-iff-Nil-D assms(1, 2) empty-setinterleaving
by blast
have <t # [| A hd t = ev a A tl r setinterleaves ((¢ t, u), range tick U ev < S) V
u# [ A hdu=eva A tlrsetinterleaves ((t, tl u), range tick U ev * S)»
using xx(3, 4) by (cases t; cases u, auto simp add: xxx notin split: if-split-asm)
with xx(5) have «<s € D ((P after a [S] Q) M (P [S] Q after a))
proof (elim disjE)
assume x : <t € D PAueT @Q
it £ [ AN hdt=eva A tlr setinterleaves ((t t, u), range tick U ev * S)»
hence <s =tlr Qu A tlt € D (P aftera) NueT
using *x(3) xxx initial-hyps(1) apply (simp add: D-After, intro conjl)
by (metis list.sel(3) tl-append2) (metis list.collapse)
thus ¢<s € D ((P after a [S] Q) M (P [S] Q after a))»
using *(2) *x(1, 2) tickFree-tl by (simp add: D-Ndet D-Sync) blast
next
assume * : <t €D PAueT Q
u # [] A hd u = eva A tlr setinterleaves ((¢, tl u), range tick U ev * S)»
hence <s=tlrQuAteDPAtluecT (Q after a)
using *x(3) initial-hyps(2) xxx apply (simp add: T-After, intro conjI)
by (metis list.sel(3) tl-append2) (metis list.collapse)
thus s € D ((P after a [S] Q) N (P [S] Q after a))»
using *(2) *xx(1, 2) tickFree-tl by (simp add: D-Ndet D-Sync) blast
next
assume x : <t €D QNANueT P
it £ [] AN hdt = eva A tlr setinterleaves ((t t, u), range tick U ev * S)»
hence <s =tlr Qu A tlt € D (Q aftera) NueT P»
using *x(1, 2, 3) initial-hyps apply (simp add: D-After, intro conjl)
by (metis xxx list.sel(3) tl-append?2) (metis list.collapse)
thus ¢<s € D ((P after a [S] Q) N (P [S] Q after a))»
using *(2) *x(1, 2) tickFree-tl by (simp add: D-Ndet D-Sync) blast
next
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assume *x : «t €D QANueET P>
u £ [] A hd u = eva A tlr setinterleaves ((t, tl u), range tick U ev *S)»
hence <s=tlr QuAteD QAtluecT (P after a)
using *x(1, 2, 3) initial-hyps apply (simp add: T-After, intro conjI)
by (metis xx* list.sel(3) tl-append2) (metis list.collapse)
thus «s € D ((P after a [S] Q) N (P [S] Q after a))»
using *(2) *x(1, 2) tickFree-tl by (simp add: D-Ndet D-Sync) blast
qged
} note x = this

show (s € D ((P [S] Q) after a) = s € D ((P after a [S] Q) M (P [S] Q after
a))» for s
by (simp add: = D-After initials-Sync initial-hyps image-iff split: if-split-asm)
(metis D-BOT Ndet-is-BOT-iff Sync-is-BOT-iff
front-tickFree-Cons-iff front-tickFree-Nil mem-Collect-eq)
next

{fix s PQ
assume assms : <P # 1) «Q # 1» <s € D ((P after a [S] Q))» <ev a € P%
from assms(8)[simplified D-Sync, simplified] obtain ¢ u r v
where * : (ftF v «tF rVo=[p s =rQw
«r setinterleaves ((t, u), range tick U ev < S)»
ceva#FteDPAueT QVEteDQNevaH#ueT P>
by (simp add: D-Sync After-projs assms(4)) blast
from *(5) have <eva # s € D (P [S] Q)
proof (elim disjE)
assume *x :evaFt €D PAueET @
have xxx : ((ev a # r) setinterleaves ((ev a # t, u), range tick U ev © S)»
using *(4) by (cases u; simp add: notin image-iff *(1, 2, 3))
show <ev a # s € D (P [S] Q)
by (simp add: D-Sync)
(metis %(1, 2, 3) sx sxx append-Cons eventyy;ck.disc(1) tickFree-Cons-iff)
next
assume #x : <t €D QNeva#uecT P
have *xx : ((ev a # 1) setinterleaves ((t, ev a # u), range tick U ev © S)»
using *(4) by (cases t; simp add: notin image-iff *(1, 2, 3))
show <ev a # s € D (P [S] Q)
by (simp add: D-Sync)
(metis %(1, 2, 3) sx sxx append-Cons eventyy;ck.disc(1) tickFree-Cons-iff)
qged
} note x = this

show <s € D ((P after o [S] Q) M (P [S] Q after a)) = s € D ((P [5] @)
after a)> for s
by (simp add: D-After initials-Sync D-BOT image-iff notin)
(metis * D-Ndet D-imp-front-tickFree Sync-commute
UnE eventpiick-disc(1) front-tickFree-Cons-iff initial-hyps)

qed
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lemma not-initialL-not-initialR-After-Sync: <«(P [S] Q) after a =¥ (P [S] Q) @

if initial-hyps: <ev a ¢ P% <eva ¢ Q%
apply (subst not-initial-After, simp add: initials-Sync)
using initials-BOT initial-hyps by auto

Finally, the monster theorem !

theorem After-Sync:
(P [S] Q) after a =
(fP=L1LvVvV Q=1 then L
else ifevac P'n Q°
then if a € S then P after a [S] Q after a
else (P after a [S] Q) M (P [S] Q after a)
else ifeva € P A a ¢ S then P after a [S] Q
else ifeva€ Q° A a¢ Sthen P[S] Q after a
else U (P [S] Q) a)»
by (simp add: After-BOT initialL-initial R-in-After-Sync initial L-initial R-not-in-After-Sync)
(metis initialL-not-initial R-not-in-After-Sync Sync-commute
not-initialL-in-After-Sync not-initialL-not-initial R- After-Sync)

3.5.4 After Hiding Operator

P\ A is harder to deal with, we will only obtain refinements results.

lemma Hiding-FD-Hiding-After-if-initial-inside:
<a € A= P\ ACpp P after a \ A
and After-Hiding-FD-Hiding-After-if-initial-notin:
<a ¢ A= (P \ A) after a Cpp P after a \ A>
if initial: <ev a € P°
supply initial’ = initial-notin-imp-initial-Hiding| OF initial]
proof —
{ fix s
assume <s € D (P after a \ A)»
with D-Hiding obtain ¢ u
where * : <ftF uy «tF t» <s = trace-hide t (ev ‘ A) Q w»
<t € D (P after a) vV (3 f. isInfHiddenRun f (P after a) A A t € range f)»
by blast
from x(4) have s € (ifa € A then D (P \ A) else D ((P \ A) after a))»
proof (elim disjE)
assume <t € D (P after a)»
hence *x : <ev a # t € D P> by (simp add: D-After initial)
show «s € (ifa € A then D (P \ A) else D (P \ A) after a))»
proof (split if-split, intro conjl impl)
assume <a € A
with %(8) have xxx : (s = trace-hide (ev a # t) (ev ¢ A) @ w» by simp
show <s € D (P \ A)
by (simp add: D-Hiding)
(metis %(1, 2) s* sk eventpyick.disc(1) tickFree-Cons-iff)

50



next
assume <a ¢ 4>
with *(3) have xxx : <ev a # s = trace-hide (ev a # t) (ev * A) @ w»
by (simp add: image-iff)
have (eva # s € D (P \ A)
by (simp add: D-Hiding)
(metis %(1, 2) s* sk eventpyick.disc(1) tickFree-Cons-iff)
thus «<s € D ((P \ A) after a)» by (simp add: D-After initial’ <a ¢ A»)
qed
next
assume <3 f. isInfHiddenRun f (P after a) A A t € range >
then obtain f where <isInfHiddenRun f (P after a) A> <t € range f» by
blast
hence xx : <isInfHiddenRun (\i. ev a # fi) P A A
ev a # t € range (Ai. ev a # fi)
by (simp add: monotone-on-def T-After initial) blast
show «s € (if a € A then D (P \ A) else D (P \ A) after a))»
proof (split if-split, intro conjl impl)
assume <a € A»
with *(3) have sxx : s = trace-hide (ev a # t) (ev ‘' A) Q w) by simp
show s € D (P \ A)
by (simp add: D-Hiding)
(metis %(1, 2) s* sk eventpyck.disc(1) tickFree-Cons-iff)
next
assume <a ¢ A»
with *(3) have xxx : <ev a # s = trace-hide (ev a # t) (ev * A) @ w»
by (simp add: image-iff)
have <eva # s € D (P \ A)
by (simp add: D-Hiding)
(metis %(1, 2) s* sk eventpyick.disc(1) tickFree-Cons-iff)
thus <s € D ((P \ A) after a)» by (simp add: D-After initial’ <a ¢ A»)
qed
qged
} note div-ref = this

{ fix s X
assume «(s, X) € F (P after a \ A)
with F-Hiding D-Hiding consider
«3t. s = trace-hide t (ev * A) A (t, X U ev * A) € F (P after a)»
| <s € D (P after a \ A)» by blast
hence (s, X) € (if a € A then F (P \ A) else F ((P \ A) after a))»
proof cases
assume <3 t. s = trace-hide t (ev * A) A (t, X U ev * A) € F (P after a)»
then obtain ¢ where * : <s = trace-hide t (ev ‘* A)» <«(eva # t, X U ev ‘ A)
cF P
by (simp add: F-After initial) blast
show «(s, X) € (ifa € A then F (P \ A) else F (P \ A) after a))
proof (split if-split, intro conjl impl)
from * show <a € A = (s, X) € F (P \ Ap
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by (simp add: F-Hiding) (metis filter.simps(2) image-eql)
next
assume <a ¢ A>
with (1) have *x : <ev a # s = trace-hide (ev a # t) (ev * A)»
by (simp add: image-iff)
show «(s, X) € F ((P \ A) after a)»
by (simp add: F-After initial’ <a ¢ A> F-Hiding) (blast intro: x(2) xx)
qed
next
show <s € D (P after a \ A) = (s, X) € (if a € A then F (P \ A) else F
((P\ A) after a))»
by (drule div-ref, simp split: if-split-asm; use D-F in blast)
qed
} note fail-ref = this

show <« € A= P\ ACpp Paftera\ 4
and <a ¢ A = (P \ A) after a Cpp P after a \ A»
unfolding failure-divergence-refine-def failure-refine-def divergence-refine-def
using div-ref fail-ref by auto
qed

lemmas Hiding-F-Hiding-After-if-initial-inside =
Hiding-FD-Hiding-After-if-initial-inside] THEN leFD-imp-leF]
and After-Hiding-F-Hiding-After-if-initial-notin =
After-Hiding-FD-Hiding-After-if-initial-notin| THEN leFD-imp-leF]
and Hiding-D-Hiding-After-if-initial-inside =
Hiding-FD-Hiding- After-if-initial-inside] THEN leFD-imp-leD]
and After-Hiding-D-Hiding-After-if-initial-notin =
After-Hiding-FD-Hiding-After-if-initial-notin| THEN leFD-imp-leD)
and Hiding- T-Hiding-After-if-initial-inside =
Hiding-FD-Hiding- After-if-initial-inside] THEN leFD-imp-leF', THEN leF-imp-leT)

and After-Hiding- T-Hiding-After-if-initial-notin =
After-Hiding-FD-Hiding-After-if-initial-notin[ THEN leFD-imp-leF';, THEN leF-imp-leT]

corollary Hiding-DT-Hiding-After-if-initial-inside:

eva€ P’ = a€ A= P\ ACpr Paftera\ 4

and After-Hiding-DT-Hiding-After-if-initial-notin:

eva € P’ = ag¢ A= (P\ A) after a Cpr P after a \ 4

by (simp add: Hiding-D-Hiding-After-if-initial-inside
Hiding-T-Hiding-After-if-initial-inside leD-leT-imp-leDT)

(simp add: After-Hiding-D-Hiding-After-if-initial-notin

After-Hiding-T-Hiding-After-if-initial-notin leD-leT-imp-leDT)

end

52



3.5.5 Renaming is tricky

In all generality, Renaming takes a process P :: (‘a, 'r) processptick, a func-
tion f :: '/a = 'b, a function ¢ :: 'r = 's, and returns Renaming P f g :: ('b,
's) processptick. But if we try to write and prove a lemma After-Renaming
like we did for the other operators, the mechanism of the locale After would
constrain f :: ‘a = ‘aand g :: 'r = 'r.

We solve this issue with a trick: we duplicate the locale, instantiating each
one with a different free type.

locale AfterDuplicated = After, : After W, + Afterg : After Ug
for U, :: <[('a, 'r) processpiick, 'a) = (‘a, 'r) processpiick
and Vg == <[('b, 's) processprick, 'b] = (b, 's) processpiick>
begin

notation After,. After (infixl <afterys 86)
notation Afterg.After (infixl <afterg> 86)

lemma After-Renaming:

<Renaming P f g afterg b =

— We highlight the fact that f :: ‘a = b

( if P= 1 then L

else if 3a.eva € PP A fa =0

then M a€{a. ev a € P° A fa = b}. Renaming (P after, a) fg
else Ug (Renaming P f g) b)»

(is <%lhs = (if P = L then L

else if 3a. eva € P° A\ fa = b then ?rhs else -)))

proof (split if-split, intro conjl impl)
show <P = 1 = ?lhs= L) by (simp add: Afterg.After-BOT)
next
assume non-BOT: <P # 1,
show «?lhs = (if Ja. eva € P° A fa = b then ?rhs else Vg (Renaming P f g)
b)»
proof (split if-split, intro conjl impI)
show fla. eva € P° A fa=b= ?lhs = Vg (Renaming P f g) b
by (subst Afters.not-initial-After)
(auto simp add: initials-Renaming non-BOT image-iff ev-eq-map-eventpci-iff)
next
assume assm : 3a. eva € PPN fa=b
hence initial: <ev b € (Renaming P f )%
by (auto simp add: initials-Renaming image-iff ev-eq-map-event,;cx-iff)
show «?%lhs = %rhs»
proof (subst Process-eq-spec-optimized, safe)
fix s
assume (s € D ?lhs»
hence x : <ev b # s € D (Renaming P f g)»
by (auto simp add: initial Afterg.D-After split: if-split-asm)
from * obtain ¢1 t2

53



where xx : <tF t1) «ftF t2»
cev b # s = map (map-eventpiick fg) t1 Q 2> <t1 € D P»
by (simp add: D-Renaming) blast
from *x(1, 3, 4) non-BOT obtain a ¢1’
where sxx : <t1 = eva # t1" (fa=b
by (cases t1) (auto simp add: BOT-iff-Nil-D ev-eq-map-eventy;ci-iff)
have <ev a € P%
using *x(4) xxx(1) initials-memlI D-T by blast
also have «s € D (Renaming (P aftery a) f g)»
using xx xkx(1) by (simp add: D-Renaming After,.D-After calculation)
blast
ultimately show <s € D ?rhs»
using xxx(2) by (simp add: D-GlobalNdet) blast
next
fix s
assume <s € D ?rhs)
then obtain a where * : <ev a € P <fa = b
<s € D (Renaming (P after, a) f g)»
by (simp add: D-GlobalNdet split: if-split-asm) blast
from *(3) obtain sI s2
where xx : (tF sy <ftF s2»
s = map (map-eventpick fg) s1 Q s2> <eva # sl € D P>
by (simp add: D-Renaming Aftery.D-After x(1)) blast
have sk : (tF (eva # s1) A ev b # s = map (map-eventpiick fg) (ev a #
s1) @Q s2»
by (simp add: xx(1, 3) *(2))
from *x(2, 4) show s € D Zlhs
by (simp add: Afterg.D-After initial D-Renaming) (use **x in blast)
next
fix s X
assume same-div : <D ?lhs = D ?rhs»
assume «(s, X) € F ?lhs
then consider <ev b ¢ (Renaming P f )% s = [
| <ev b € (Renaming P f 9)* <«(ev b # s, X) € F (Renaming P f g)»
by (simp add: initial Afterg.F-After split: if-split-asm)
thus «(s, X) € F ?rhs
proof cases
from initial show <ev b ¢ (Renaming P f 9)° = (s, X) € F ?rhs)» by simp
next
assume assms : <ev b € (Renaming P f g)°
(ev b # s, X) € F (Renaming P f g)»
from assms(2) consider <ev b # s € D (Renaming P f g)»
| s1 where «(s1, map-eventyiick fg — X) € F Py <ev b # s = map
(map-eventpiick fg) s1»
by (simp add: F-Renaming D-Renaming) meson
thus «(s, X) € F ?rhs»
proof cases
assume <ev b # s € D (Renaming P f g)»
hence «s € D ?lhs) by (force simp add: Afterg.D-After assms(1))
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with D-F same-div show (s, X) € F ?rhs) by blast
next
fix sI assume * : ((sI, map-eventyiicr, fg —°X) € F P>
<ev b # s = map (map-eventpiick fg) s>
from x(2) obtain a s1’
where *x : <s] = eva # sl «fa=b
by (cases s1; simp) (metis map-eventy;cx-eq-ev-iff )
have (ev a € P%
using (1) xx(1) initials-memI F-T by blast
also have (s, X) € F (Renaming (P aftery a) f g)
using #(1, 2) *x(1) by (simp add: F-Renaming After.F-After calculation)
blast
ultimately show (s, X) € F ?rhs
using *x(2) by (simp add: F-GlobalNdet) blast
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs)
assume (s, X) € F ?rhs
then consider Va. eva € P — fa# b s =[p
| @ where (fa = b <eva € P% «(s, X) € F (Renaming (P after, a) f g)
by (auto simp add: F-GlobalNdet split: if-split-asm)
thus «(s, X) € F ?lhs
proof cases
from assm show Va. eva € PP — fa# b= s=[] = (s, X) € F
?lhs»
by (auto simp add: Afters.F-After F-Renaming initials-Renaming non-BOT)
next
fix a assume * : (fa = b <ev a € P (s, X) € F (Renaming (P after,,
a) fg)
from x(8) consider <s € D (Renaming (P after, a) f g)
| s1 where (s, map-eventyiick fg —° X) € F (P aftery a)» <s = map
(map-eventyiick f g) s>
by (simp add: F-Renaming D-Renaming) blast
thus «(s, X) € F ?lhs
proof cases
assume <s € D (Renaming (P after, a) f g)»
with x(1, 2) have <s € D ?rhs» by (simp add: D-GlobalNdet) blast
with D-F same-div show <(s, X) € F ?lhs» by blast
next
fix s1 assume xx : <(s1, map-eventyick fg — X) € F (P aftery a)
<s = map (map-eventyicr fg) s1»
from initial x(1, 2) *x
have «(ev a # s1, map-eventpiic, fg —X) € F P AN evb# s= map
(map-eventpiick fg) (eva # s1)
by (simp add: Aftery.F-After x(2))
hence «(ev b # s, X) € F (Renaming P f g)
by (auto simp add: F-Renaming)
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thus «(s, X) € F ?hs
by (simp add: Afterg.F-After initial)
qed
qed
qed
qed
qed

no-notation After,.After (infixl <after,» 86)
no-notation Afterg.After (infixl <afterg> 86)

end

Now we can get back to After.

context After
begin

3.6 Behaviour of After with Operators of HOL-CSPM

lemma After-GlobalDet-is-After-GlobalNdet:
eva€ (Ja€ A (Pa))= (0Oac A. Pa)aftera= (Ma¢c A. Pa) after
by (simp add: Process-eq-spec After-projs initials-GlobalDet
initials-GlobalNdet GlobalNdet-projs GlobalDet-projs)

lemma After-GlobalNdet:
«(Mae A Pa)aftera= ( ifevae (Ja € A. (Pa)?)
then Mz € {z € A. eva € (P z)°}. Pz after a
else ¥ (Ma € A Pa)a)y
(is < ?lhs = (if ?prem then ?rhs else -)»)
proof (split if-split, intro conjl impl)
show - ?prem = %lhs =¥ (Ma € A. Pa) @
by (simp add: not-initial-After initials-GlobalNdet)
next
assume ?prem
then obtain z where z € A) <ev a € (P z)°) by blast
show «?lhs = 2rhs»
proof (subst Process-eq-spec, safe)
from (z € A) <eva € (P z)° show «t € D ?lhs => t € D ?rhs) for t
by (auto simp add: D-After initials-GlobalNdet D-GlobalNdet
split: if-split-asm intro: D-T initials-meml)
next
show «t € D ?rhs = t € D ?lhs» for ¢
by (auto simp add: D-GlobalNdet D-After initials-GlobalNdet)
next
from <z € A) <ev a € (P 7)) show «(t, X) € F %lhs = (t, X) € F ?rhs
for t X
by (auto simp add: F-After initials-GlobalNdet F-GlobalNdet
split: if-split-asm intro: F-T initials-memlI)
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next
from «x € A) <ev a € (P z2)° show «(t, X) € F ?rhs = (t, X) € F ?lhs
for t X
by (auto simp add: F-GlobalNdet F-After initials-GlobalNdet split: if-split-asm)
qed
qed

lemma After-GlobalDet:
«(Oa€ A Pa)aftera= ( ifevac (Jae€ A. (P a)?)
then Mz € {zx € A. eva € (Pz)°}. Pz after a
else U (O ae€ A Pa)a)
by (simp add: After-GlobalDet-is-After-GlobalNdet After-GlobalNdet
initials-GlobalDet not-initial-After)

3.6.1 After Throwing

lemma After- Throw:
(PO©ae€A Qa)aftera =
( if P= 1 then L
else if eva € P° then ifa € A then Q a
else P after a ©® a € A. Q a
else W (PO a€ A Qa)a)
(is «?lhs = %rhs))
proof —
have (?lhs = Q a» if <P # 1) and <ev a € P° and ¢a € A»
proof (rule Process-eg-optimizedI)
fix t
assume <t € D ?lhs»
with <ev a € PY have <eva # t €D (PO a € A. Qa)
by (simp add: D-After initials-Throw)
with (P # 1) show <t € D (Q a)
apply (simp add: D-Throw disjoint-iff BOT-iff-Nil-D, elim disjE)
by (metis hd-append2 hd-in-set image-eql list.sel(1) <a € A»)
(metis append-self-conv2 eventyi;ck.inject(1) hd-append?2
hd-in-set image-eql list.sel(1, 3) <a € A»)
next
have ([ev a] € T P A a € Ay using initials-def <ev a € P% <a € A> by blast
thus ¢t €e D (Qa) =t €D (PO ac A Qa) after a) for t
by (simp add: D-After initials-Throw <ev a € P% D-Throw)
(metis append-Nil empty-set inf-bot-left)
next
fix t X
assume «(¢, X) € F %lhs
with <ev a € P* have «(eva # t, X) € F (PO ac A. Q a)
by (simp add: F-After initials-Throw)
with <P # 1) <a € A show «(t, X) € F (Q a)»
apply (simp add: F-Throw image-iff BOT-iff-Nil-D, elim disjE)
by (metis disjoint-iff hd-append?2 hd-in-set image-eql list.sel(1))
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(metis append-Nil eventy;ck.inject(1) hd-append?2 imagel insert-disjoint(2)
list.exhaust-sel list.sel(1, 3) list.simps(15))
next
have «[ev a] € T P A a € A using initials-def <ev a € P°) <a € A> by blast
thus «(¢t, X) € F (Q a) = (¢, X) € F ?lhs) for t X
by (simp add: F-After initials-Throw <ev a € P% F-Throw)
(metis append-Nil empty-set inf-bot-left)
qed

also have (?lhs = (P after a) © a € A. Q w
if <P +# 1) and <eva € P% and <a ¢ A>
proof (rule Process-eq-optimizedl)
fix ¢
assume <t € D ?lhs)
with (eva € P° have <ecva# t€ D (PO ac A Qa)
by (simp add: D-After initials- Throw)
then consider (divL) t1 t2 where <ev a # t = t1 Q ¢2) <t1 € D P «tF t1»
set t1 Nev A= {} «ftF t2»
| (divR) t1 t2 o’ where <eva # t =11 Qeva' # t2) «t1 Qeval €T P>
settl Nev ‘A ={} «a" € A «t2 €D (Qa)
by (simp add: D-Throw) blast
thus <t € D ((P after a) © a € A. Q a)»
proof cases
case divL
from <P # 1) diwL(1, 2) BOT-iff-Nil-D obtain ¢1’
where (t1 = ev a # t1’ by (cases t1) auto
with divL(1—/) have <t = t1' Q t2 A t1’' € D (P after a) A
tFt1' Asettl’'Nev ‘A={}h
by (simp add: D-After <ev a € P%)
with divL(5) show «t € D ((P after a) © a € A. Q a)»
by (auto simp add: D-Throw)
next
case divR
have (a # a» using divR(4) <a ¢ A> by blast
with divR(1) obtain ¢1’ where *x : (t1 = ev a # t1"» by (cases t1) auto
with divR(2) <ev a € P°) have «t1' Q@ [ev a] € T (P after a)
by (simp add: T-After)
with divR(1, 3—5) *+ show <t € D ((P after a) © a € A. Q a)
by (simp add: D-Throw) blast
qed
next
fix ¢
assume <t € D ((P after a) © a € A. Q a)»
then consider (divL) t1 t2 where <t = t1 Q t2» <t1 € D (P after a)
(tF t1y «set t1 Nev “ A= {} ftF t2»
| (divR) t1 a’ t2 where <t = t1 Q ev a’ # 12> <t1 Q [ev a'] € T (P after a)»
settl Nev ‘A ={} <« € A «t2 €D (Qa)
unfolding D-Throw by blast
thus <t € D ?lhs
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proof cases
case divL
from divL(2) <ev a € P° have xx : <ev a # t1 € D P> by (simp add:
D-After)
have #xx : (tF (eva # t1) A set (eva # t1)Nev ‘A ={}h
by (simp add: image-iff divL(3, 4) <a ¢ A»)
show <t € D ?lhs
by (simp add: D-After D-Throw initials-Throw <ev a € PY))
(metis divL(1, 5) *x xxx Cons-eq-appendl)
next
case divR
from divR(2) <ev a € P° have *x : ceva # t1 Q [eva] € T P
by (simp add: T-After)
have #xx : (set (eva # t1)Nev ‘A= {p
by (simp add: image-iff divR(3) <a ¢ A»)
show <t € D ?lhs)
by (simp add: D-After D-Throw initials-Throw <ev a € P%))
(metis divR(1, 4, 5) ** xxx Cons-eq-appendl)
qed
next
fix t X assume <t ¢ D ?lhs
assume «(t, X) € F ?lhs
with <ev a € P%) have «(eva # t, X) € F (PO ac A. Qa)
by (simp add: F-After initials-Throw)
with «t ¢ D ?lhs) «(t, X) € F ?lhs> consider «(ev a # t, X) € F P> <set t N
ev ‘A={}p
| (failR) t1 o’ t2 where <eva # t =t1 Q eva' # t2)> <t1 Q[eva’] € T P>
et t1 Nev ‘A= {}p «a" € A «(t2, X) € F (Q a')
by (auto simp add: D-After Throw-projs initials- Throw split: if-split-asm)
(metis D-T initials-memlI is-processT7)
thus «(t, X) € F (P after a © a€A. Q a)»
proof cases
show «(eva # t, X) e FP= settNev ‘A={} =
(t, X) € F (P after a © acA. Q a)»
by (simp add: F-Throw F-After <ev a € P%)
next
case failR
have <a # o’ using failR(4) <a ¢ A> by blast
with failR(1) obtain ¢/’ where <t = ev a # t1" by (cases t1) auto
also have «t1' Q [ev a’] € T (P after a) A sett1’'Nev ‘A= {}
using failR(2, 3) by (simp add: image-iff T-After <ev a € P% calculation)
ultimately show «(¢, X) € F (P after a © a € A. Q a)»
using failR(1, 4, 5) by (simp add: F-Throw) blast
ged
next
fix t X
assume <t ¢ D (P after a © acA. Q a)) and «(t, X) € F (P after a © acA.
Q a)
then consider (failL) «(t, X) € F (P after a)) <sett Nev ‘A= {}h
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| (failR) t1 a' t2 where <t = t1 Q ev o’ # t2) <t1 Q [ev o] € T (P after a))
settl Nev A={p <’ €A «(t2, X) e F (Q a')»
by (auto simp add: Throw-projs D-After <ev a € P%))
thus «(¢, X) € F ?lhs
proof cases
case failL
from failL(2) have * : <set (eva # t) Nev ‘A= {}h
by (simp add: image-iff <a ¢ A failL(2))
from failL(1) have «(eva # t, X) € F P»
by (simp add: F-After <ev a € P%)
with x show «(t, X) € F ?lhs»
by (simp add: F-After F-Throw initials-Throw <ev a € P%))
next
case failR
from failR(2) <ev a € P’ have * : <eva # t1 Q [eval € T P>
by (simp add: T-After)
have sk : (set (eva # t1)Nev ‘A= {}h
by (simp add: image-iff failR(3) <a ¢ A»)
from failR(1, 4, 5) show «(¢, X) € F ?lhs
by (simp add: F-After F-Throw initials-Throw <ev a € P%)
(metis *x xxx append-Cons)
qed
qed

ultimately show «?lhs = ?rhs)
by (simp add: After-BOT not-initial-After initials- Throw)
qed

3.6.2 After Interrupting

theorem After-Interrupt:
(P A Q) after a =
( ifevaec PPN Q°
then @Q after a M (P after a A Q)
else ifevac€ POANeva¢g Q°
then P after a AN @
else ifevad POAevae QY
then Q after a
else U (P A Q) a)
proof —
have «(P A Q) after a Crp Q after a» if initial: <ev a € Q%
proof (unfold failure-divergence-refine-def failure-refine-def divergence-refine-def,
safe)
fix t
assume <t € D (Q after a)»
hence (ecva # t € D @
by (simp add: D-After initial)
thus <t € D (P A Q) after a)»
by (simp add: D-After initial initials-Interrupt D-Interrupt)
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(metis Nil-elem-T append-Nil tickFree-Nil)
next
show «(t, X) € F (Q after a) = (¢, X) € F (P A Q) after a)> for t X
by (simp add: F-After initials-Interrupt F-Interrupt initial)
(metis Nil-elem-T append-Nil list.distinct(1) tickFree-Nil)
qed

moreover have (P A Q) after a Crp P after a /N Q» if initial: <ev a € P%
proof (unfold failure-divergence-refine-def failure-refine-def divergence-refine-def,
safe)
show «t € D (P after a A Q) =t € D (P A Q) after a)) for t
by (simp add: D-Interrupt D-After initial T-After initials-Interrupt)
(metis append-Cons eventpiick.disc(1) tickFree-Cons-iff)
next
show «(t, X) € F (P aftera A Q) = (¢, X) € F ((P A Q) after a)) for t X
by (simp add: F-Interrupt F-After initial initials-Interrupt T-After D-After,
elim disjE)
(metis [[metis-verbose = false]] Cons-eg-appendl eventpicy.disc(1) tick-
Free-Cons-iff )+
qed

moreover have «Q after a Cpp (P A Q) after a»
if initial-hyps: <ev a ¢ P% <eva € Q%
proof (unfold failure-divergence-refine-def failure-refine-def divergence-refine-def,
safe)
show <t € D (P A Q) after a) = t € D (Q after a)» for t
by (simp add: D-After initials-Interrupt D-Interrupt initial-hyps)
(metis initials-memlI D-T append-Nil hd-append
list.exhaust-sel list.sel(1) initial-hyps(1))
next
from initials-memlI|of <ev a» - P, simplified initial-hyps(1)]
show «(t, X) € F (P A Q) after a) = (t, X) € F (Q after a)) for t X
by (auto simp add: F-After initials-Interrupt F-Interrupt initial-hyps intro:
F-T D-T)
(metis, metis append-eq-Cons-conv, metis append-eq-Cons-conv is-processT8)
qed

moreover have (P after a A Q Crp (P A Q) after @
if initial-hyps: <ev a € P% <ev a ¢ Q%
proof (unfold failure-divergence-refine-def failure-refine-def divergence-refine-def,
safe)
from initials-memlI[of <ev a) - Q, simplified initial-hyps(2)]
show <t € D (P A Q) after a) = t € D (P after a AN Q)» for t
by (simp add: After-projs initials-Interrupt initial-hyps D-Interrupt)
(metis append-Nil hd-append?2 list.exhaust-sel D-T
list.sel(1, 3) tickFree-Cons-iff tl-append?2)
next
fix t X
assume <(¢, X) € F ((P A Q) after a)»
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with initial-hyps(1) have <(ev a # t, X) € F (P A Q)
by (simp add: F-After initials-Interrupt)
with initials-memI[of <ev ay - Q, simplified initial-hyps(2)]
show «(t, X) € F (P after a & Q)
by (simp add: F-Interrupt After-projs initial-hyps(1), elim disjE)
(metis (no-types, opaque-lifting) [[metis-verbose = false]]
append-self-conv2 eventyiick.simps(8) ti-append?2 F-T list.exhaust-sel
list.sel(1, 3) tickFree-Cons-iff D-T hd-append2)+
qed

moreover have «((Q after a) M (P after a A Q) Crp (P A Q) after a»
if both-initial: <ev a € P% (eva € Q%
proof (unfold failure-divergence-refine-def failure-refine-def divergence-refine-def,
safe)
fix ¢t assume <t € D (P A Q) after a)
with both-initial(1) have <ev a # t € D (P A Q)
by (simp add: D-After initials-Interrupt)
thus «¢t € D ((Q after a) M (P after a A Q))»
by (simp add: D-Interrupt After-projs D-Ndet both-initial)
(metis tickFree-tl append-Cons append-Nil list.exhaust-sel list.sel(1, 8))
next
fix t X assume (¢, X) € F ((P A Q) after a)»
with both-initial(1) have «(eva # ¢, X) € F (P A @)
by (simp add: F-After initials-Interrupt)
thus «(t, X) € F ((Q after a) N (P after a & Q))»
by (simp add: F-Interrupt F-Ndet After-projs both-initial, elim disjE)
(metis (no-types, opaque-lifting) [[metis-verbose = false]]
eventprick-distinct(1) list.sel(1, 3) append-Nil hd-append?2
list.exhaust-sel process-charn tickFree-Cons-iff tl-append2)+
qed

ultimately show ?thesis
by (auto simp add: not-initial-After initials-Interrupt
intro: FD-antisym)
(metis mono-Ndet-FD FD-antisym Ndet-id)
qed

3.7 Behaviour of After with Reference Processes

lemma After-DF":
«<DF A after a = (if a € A then DF A else ¥ (DF A) a)»
by (simp add: not-initial-After initials-DF image-iff)
(subst DF-unfold, simp add: After-Mndetprefiz)

lemma After-DF sk 1ps:
<DFSKIPS AR after a = (ZfCl, € A then DFSKIPS A R else U (DFSKIPS A
R) a)
by (simp add: not-initial-After initials-DF s k1 ps image-iff)
(subst DFSK[ps—unfold,
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simp add: After-Ndet After-Mndetprefiz initials-Mndetprefiz image-iff)

lemma After-RUN:
(RUN A after a = (if a € A then RUN A else U (RUN A) a)»
by (simp add: not-initial-After initials-RUN image-iff)
(subst RUN-unfold, subst After-Mprefiz, simp)

lemma After-CHAOS:
«CHAOS A after a = (if a € A then CHAOS A else ¥V (CHAOS A) a)»
by (simp add: not-initial-After initials-CHAOS image-iff)
(subst CHAOS-unfold,
simp add: After-Ndet initials-Mprefiz After-Mprefix)

lemma After-CHAOSskps:
«<CHAOSskips A R after a = (if a € A then CHAOSskips A R else ¥
(CHAOSSKIPS A R) a)>
by (simp add: not-initial-After initials-CHAOS sk 1 ps image-iff)
(subst CHAOS s k 1 ps-unfold,
simp add: initials-Ndet initials-Mprefiz After-Ndet After-Mprefiz image-iff)

lemma DF-FD-After: <DF A Cpp P after a» if <eva € P and <DF ACpp P>
proof —
have <DF A after a Crpp P after a> by (rule mono-After-FD[OF that])
also have «a € A»
using anti-mono-initials-FD][OF that(2), THEN set-mp, OF that(1)]
by (simp add: initials-DF image-iff)
ultimately show «(DF A Cpp P after a» by (subst (asm) After-DF, simp split:
if-split-asm,)
qed

lemma DF g ps-FD-After: <DFsgrps A R Crp P after o if <ev a € P% and
«(DFsgips A RCpp Py
proof —

have <DFskrps A R after a Cpp P after ay by (rule mono-After-FD[OF that])

also have «a € A»
using anti-mono-initials-FD][OF that(2), THEN set-mp, OF that(1)]
by (simp add: initials-DF sk 1 ps image-iff)
ultimately show «DF gk ps A R Crp P after a> by (subst (asm) After-DF sk ips,
simp split: if-split-asm)
qed

We have corollaries on deadlock-free and deadlock-freesiipg.

corollary deadlock-free-After:
<deadlock-free P —>
deadlock-free (P after a) +—
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(if ev a € P° then True else deadlock-free (¥ P a))»
by (simp add: not-initial-After deadlock-free-def)
(intro impl DF-FD-After)

corollary deadlock-frees 1 ps-After:
<deadlock-freesx1ps P =
deadlock-freesrps (P after a) <—
(if ev a € PO then True else deadlock-freesirps (¥ P a))
by (simp add: not-initial-After deadlock-frees i ps-FD)
(intro impl DF g i 1 ps-FD-After)

3.8 Continuity

This is a new result whose main consequence will be the admissibility of
the event transition that is defined later (property that paves the way for
point-fixed induction). ..

Of course this result will require an additional assumption of continuity on
the placeholder V.

context begin

private lemma mono-¥-imp-chain-After:
(APQ.PC Q=T PaLlL V¥ Qa) = chain Y = chain (\i. Y i after a))
by (simp add: mono-After chain-def)

private lemma cont-prem-After :
(L] i Yi)after a = (] i. Yiafter a)r (is «?lhs = ?rhs))
if cont-¥: «cont (A\P. ¥ P a)» and chain-Y : (chain Y
proof —
from chain-Y cont2monofunE cont-¥ mono-V-imp-chain-After
have chain-After : <chain (\i. Y { after a)> by blast
show «?lhs = 2rhs»
proof (cases <eva € (] i. Y i)%)
assume initial : <eva € (|| 7. Y )%
hence * : Vi. ev a € (Y i) by (simp add: initials-LUB chain-Y)
show «?lhs = ?rhs»
proof (rule Process-eg-optimizedI)
show «t € D ?lhs = t € D %rhs)» for t
by (simp add: D-After initial)
(simp add: D-After x limproc-is-thelub chain-After chain-Y D-LUB)
next
fix t
define S
where<Si={u.t=uANeva#ueD(Yi} fori
assume <t € D ?7rhs»
hence «t € D (Y i after a)> for i
by (simp add: limproc-is-thelub D-LUB chain-After)
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hence «S i # {}» for i by (simp add: S-def D-After x)
moreover have «finite (S 0)) unfolding S-def by (prove-finite-subset-of-prefizes
f
moreover have «S (Suc i) C S i for ¢
by (simp add: S-def subset-iff) (metis in-mono le-approxl po-class.chainFE
chain-Y)
ultimately have «((i. S4) # {}> by (rule Inter-nonempty-finite-chained-sets)
then obtain ¢t/ where Vi. t1 € S
by (meson INT-iff ex-in-conv iso-tuple-UNIV-I)
thus «t € D ?lhs) by (simp add: S-def D-After initial *)
(simp add: limproc-is-thelub chain-Y D-LUB)
next
show «(s, X) € F ?lhs = (s, X) € F ?rhs» for s X
by (simp add: F-After initial)
(simp add: F-After x limproc-is-thelub chain-After chain-Y F-LUB)
next
fix t X assume <t ¢ D ?rhs» and «(¢, X) € F Zrhs
from «t ¢ D ?rhs» obtain j where <t ¢ D (Y j after a)
by (auto simp add: limproc-is-thelub chain-After <chain Yy D-LUB)
moreover from (¢, X) € F ?rhs» have «(t, X) € F (Y j after a)»
by (simp add: limproc-is-thelub chain-After <chain Y> F-LUB)
ultimately show «(t, X) € F ?lhs»
using chain-Y initial is-ub-thelub mono-After proc-ord2a by blast
qed
next
assume <ev a ¢ (| |i. Y )"
then obtain k where * : <eva ¢ (Y (i + k))% for i
by (simp add: initials-LUB chain-Y')
(metis add.commute anti-mono-initials chain-Y in-mono le-addl po-class.chain-mono)
hence ** : <ev a ¢ (| |i. Y (i + k)% by (simp add: initials-LUB chain-Y
chain-shift)
have «?lhs = (|| i. Y (i + k)) after &> by (simp add: chain-Y lub-range-shift)
also have «... = (|| i. Y (i + k) after a)»
by (simp add: not-initial-After * %)
(fact cont2contlubE[OF cont-U chain-shift|OF chain-Y1])

also from chain-After lub-range-shift have «... = ?rhs» by blast
finally show «?lhs = ?rhs» .
qed
qed

lemma After-cont [simp] :
ccont (Ax. f x after a)» if cont-¥ : <cont (AP. U P a)y and cont-f : <cont f»
proof (rule contI2)
show <monofun (Az. f z after a)
by (rule monofunl) (metis cont2monofunE cont-U cont-f mono-After)
next
show <chain ¥ = f ([|i. Y i) after a T (|]1. f (Y ©) after a) for YV
by (simp add: ch2ch-cont cont2contiubE cont-¥ cont-f cont-prem-After)
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qed
end

end
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Chapter 4

Extension of the After
Operator

4.1 The After, Operator

locale AfterExt = After ¥
for ¥ :: ([("a, 'r) processpiick, 'al = ('a, 'T) processpiick *
— Just declaring the types ‘a and 'r. +
fixes Q :: [(‘a, 'r) processpiick, '] = ('a, ') processpiick>
begin

4.1.1 Definition

We just defined P after e for P::(‘a, 'r) processptick and e::'a; in other words
we cannot handle v/(r). We now introduce a generalisation for e::(‘a, 'r)
eventytick-

In the previous version, we agreed to get STOP after a termination, but
only if P was not L since otherwise we kept L. We were not really sure
about this choice, and we even introduced a variation where the result after
a termination was always STOP. In this new version we use a placeholder
instead: 2. We define P after v/(r) being equal to Q P r.

For the moment we have no additional assumption on 2. This will be
discussed later.
definition After;;c,  <[("a, 'r) processprick, ('a, 'r) eventyiick] = (‘a, 'r) pro-
cessprick> (infixl <after ,» 86)

where <P after , e = case e of ev x = P after x | /(r) = Q P

lemma not-initial-Afters;ci:
(e & initials P = P after, e = (case e of eve = WV P | /(r) = Q Pr)
by (auto simp add: Aftery;ci-def After-BOT intro: not-initial-After split: eventy,y;cx.split)
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lemma initials-After;cx:
(P aftery ) =
(case e of /(1) = (2 P r)°
| ev a = if eva € P° then {e. [ev a, e] € T P} else (¥ P a)?)
by (simp add: After,;cx-def initials-After split: eventy;ck.split)

4.1.2 Projections

lemma F-Aftery;.p:
«F (P after s e) =
(case e of /(1) = F (L Pr)
| eva=if evae P then {(s, X). (eva# s, X) € F P} else F (¥ P
a))

by (simp add: After,;cx-def F-After split: eventpi;ck.split)

lemma D-After;;cp:
(D (P aftery e) =
(case e of /(r) =D (Q Pr)
| eva= ifevae PO then {s. eva # s € D P} else D (V P a))
by (simp add: After,;c-def D-After split: eventpyicy.split)

lemma T-Afters;ck:
(T (P after, e) =
(case e of /(r) =T (Q Pr)
| eva = ifevae P°then {s. ecva# s€ T P} else T (¥ Pa))
by (simp add: Afteri;ci-def T-After split: eventpi;ck.split)

4.1.3 Monotony

lemma mono-After;;ci-T

e € Q' = (caseeof /(r) = QPrCrQQr) = PLCr Q = P after,
e Cr Q after, e

and mono-Afteryicr-F :

e € Q" = (case e of /(1) = QPrCpQQr) = PLCp Q = P after,
eCr Q aftery e

and mono-Afteriicr-D :

e € Q¥ = (caseeof V(r) = QPrCpQQr) = PLCp Q = P after,
eCp Q after, e

and mono-Afteriicr-FD :

e € Q¥ = (case e of /(1) = QPrCppQ Qr)= PLCpp Q= P after,
eCrp Q after, e

and mono-Aftery;c,-DT :

e € Q¥ = (caseeof V/(r) = QPrCpr QQr) = PCpr Q = P after,
e Epr Q after, e

using mono-After-T mono-After-F mono-After-D mono-After-FD mono-After-DT
by (auto simp add: After;c-def split: event,y;c.split)

lemma mono-Aftery;c :
(P cE @
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(case e of eva = (eva€ Q° VY Pa T ¥ Qa));
(case e of /(r) = QPrCQQr)] =
P aftery e E Q after s e
by (force simp add: Afteri;ci-def split: eventpicr.split intro: mono-After)

4.1.4 Behaviour of After;;., with STOP, SKIP and L

lemma Aftery;c,,-STOP: «<STOP after, e = (case e of ev a = V STOP a | /(r)
= Q STOP r)»
and Afters;cp-SKIP: <SKIP 1 after , e = (case e of ev a = ¥ (SKIP 1) a | V/(s)
= Q (SKIP r) s)»
and Aftery;c,-BOT : <L after, e = (case e of evz = L | V/(r) = Q L r)
by (simp-all add: Aftery;c,-def After-STOP After-SKIP After-BOT split: eventyy;cr.split)

lemma After;;.,-is-BOT-iff:
«Paftery e =L <—
(case e of /(r) = Q Pr=_1
| eva= ifevac P’ then [eva] € D Pelse W Pa= 1)
by (simp add: Aftery;c,-def After-is-BOT-iff split: eventpyicr.split)

4.1.5 Behaviour of After;;., with Operators of HOL-CSP

Here again, we lose determinism.

lemma After;;.i-Mprefix-is-Aftery;cr.-Mndetprefiz:
(a € A= (Ha € A — Pa) aftery eva= (Na € A — P a) after, ev a
by (simp add: Aftery;ci-def After-Mprefix-is-After-Mndetprefiz)

lemma After;;.,-Det-is-Aftery;..-Ndet:
eva € PPU Q° = (PO Q) aftery eva= (P Q) aftery ev a
by (simp add: Afteri;cr-def After-Det-is-After-Ndet)

lemma After;;.i-Sliding-is-Afters;.,-Ndet:
eva € PPU Q° = (P> Q) aftery eva= (P Q) aftery ev a
by (simp add: Afteri;c,-def After-Sliding-is-After-Ndet)

lemma After;;.,-Ndet:
(PN Q) after, e =
(case e of /(r)=Q(PT1 Q) r
|eva= ifevaec P'NnQ°
then P after y ev a N Q after s ev a
else if eva € P°
then P after , ev a
else if eva € Q°
then Q aftery ev a
else U (P M Q) a)
by (simp add: Aftery;c,-def After-Ndet split: eventpi;ck.split)
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lemma After;;qi-Det:
(PO Q) aftery e =
(case e of V(r) = Q (PO Q) r
|eva= ifevac P°nN Q°
then P after , ev a N Q after s ev a
else if eva € PY
then P after , ev a
else ifeva € Q°
then Q after, ev a
else U (PO Q) a)
by (simp add: After,;.,-def After-Det split: eventy;ck.split)

lemma Aftery;.;-Sliding:
(P> Q) aftery e =
(case e of V(1) = Q (P> Q) r
|eva= ifevac PN Q°
then P after , ev a N Q after s ev a
else if eva € PY
then P after , ev a
else if eva € Q°
then Q after, ev a
else W (P 1> Q) a)
by (simp add: After,;c-def After-Sliding split: eventy,;ck.split)

lemma Aftery;.,-Mprefiz:
(Oae€ A— Pa)aftery e =
(case e of V(r) = Q(Hac€ A— Pa)r
| eva= ifac Athen Paelse UV (Oac A— Pa)a)
by (simp add: After,;.x-def After-Mprefix split: eventyy;cr.split)

lemma After;;.,-Mndetprefiz:
(MaeA— Pa)aftery e =
(case e of /(r) = Q(Ma€e A— Pa)r
| eva=ifa€ Athen Paelse U (Ma€ A— Pa)a)
by (simp add: Afteri;ci-def After-Mndetprefiz split: eventpi;ck.split)

corollary Aftery;.i-write0:
(a — P) after, e =
(case e of /(r) = Q (a — P) r
| ev b= if b= athen P else ¥ (a — P) b)»
by (simp add: Aftery;c-def After-write0 split: eventpi;ck.split)

corollary «(a — P) after, ev a = P> by (simp add: Afters;c,-write0)
corollary Aftery;.i-read:
«(c?acA — P a) aftery e =

(case e of /(r) = Q (c?a€A — Pa) r
| evb=ifbec*A then P (inv-into A ¢ b) else U (c?a€A — P a) b)
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by (simp add: Aftery;c,-def After-read split: eventyy;cr.split)

corollary Aftery;..-ndet-write:
(MacA — Pa) aftery e =
(case e of /(r) = Q (ctlacAd — Pa) r
| evb=ifbe€ c*A then P (inv-into A ¢ b) else ¥ (c!la€A — P a) b)»
by (simp add: Aftery;c,-def After-ndet-write split: eventyick.split)

lemma After;;.;-Seq:
(P Q) aftery e =
(case e of /(r) = Q (P; Q) r
| eva = if range tick N P = {} v (Vr. /(r) € P' — eva ¢ Q")
then if ev a € P° then P aftery evas; Qelse ¥ (P Q) a
else if ev a € PV then (P aftery eva; Q) Q aftery ev a
else Q after , ev a)
by (simp add: Aftery;ci-def After-Seq split: eventyy;ck.split)

lemma After;;.,-Sync:
(P [S] Q) after, e =
(case e of /(r) = Q (P [S] Q) r
|eva= fP=1V Q=L then L
else ifevac P°N Q°
then if a € S then P after, ev a [S] Q after, ev a
else (P after, ev a [S] Q) M (P [S] Q after, ev a)
else ifeva € P A a ¢ S then P after, eva [S] Q
else ifeva€ Q° N a¢ Sthen P[S] Q aftery eva
else U (P [S] Q) a)»
by (simp add: Aftery;c,-def After-Sync split: eventpycy.split)

lemma Hiding-FD-Hiding-Afters; i -if-initial-inside:
eva€ P)=ac A= P\ ACrp P aftery eva \ A
and After;;.i-Hiding-FD-Hiding-Aftery; ., -if-initial-notin:
eva € PP = a¢ A= (P\ A) aftery eva Cpp P aftery eva\ A
by (simp add: Aftery;ci-def Hiding-FD-Hiding-After-if-initial-inside)
(simp add: Aftery;cr-def After-Hiding-FD-Hiding-After-if-initial-notin)

lemmas Hiding-F-Hiding-Afters;..-if-initial-inside =
Hiding-FD-Hiding-Aftery;cx-if-initial-inside] THEN leFD-imp-leF)
and Aftery;.,-Hiding-F-Hiding-Aftery; . -if-initial-notin =
Aftery;cr-Hiding-FD-Hiding-Aftery; qi -if-initial-notin[ THEN leFD-imp-leF)
and Hiding-D-Hiding-Aftery; i -if-initial-inside =
Hiding-FD-Hiding-Aftery;cr-if-initial-inside] THEN leFD-imp-leD)
and Aftery;.,-Hiding-D-Hiding-Afters; .. -if-initial-notin =
Aftery;cr-Hiding-FD-Hiding- Aftery; cx -if-initial-notin| THEN leFD-imp-leD]
and Hiding- T-Hiding-After;;ci-if-initial-inside =
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Hiding-FD-Hiding-Afters;ci-if-initial-inside] THEN leFD-imp-leF', THEN leF-imp-leT)

and Aftery;.r-Hiding-T-Hiding-Aftery; i -if-initial-notin =
Aftery;cx-Hiding-FD-Hiding-Aftery;c-if-initial-notin[ THEN leFD-imp-leF', THEN
leF-imp-1eT)

corollary Hiding-DT-Hiding-After;;.i-if-initial-inside:
<6va€P0:>a€A:>P\AEDTPafter/ eval\ A
and Aftery;cr-Hiding-DT-Hiding-Aftery; i -if-initial-notin:
eva € PP = a ¢ A= (P\ A) aftery eva Cpr P aftery eva\ A
by (simp add: Hiding-D-Hiding-Afters; r-if-initial-inside
Hiding-T-Hiding-Aftery; . -if-initial-inside leD-leT-imp-leDT)
(simp add: Aftery;cr-Hiding-D-Hiding-Aftery;c-if-initial-notin
Aftery;cx-Hiding-T-Hiding-Aftery;cr-if-initial-notin leD-leT-imp-leDT)

end

As with After, we need to "duplicate" the locale to formalize the result for
the Renaming operator.

locale AfterExtDuplicated = Afterticra: AfterExt Wo Qo + Aftersicrp: AfterExt

s Qg
for ¥, :: <[(‘a, ') processpiick, 'a] = ('a, ') processpiici>
and Q, = <[(‘a, 'r) processpiick, '] = ('a, 'r) processptick>

(
and Vg == <[('b, 's) processpiick, 'b] = (b, 's) processpiick?
and Qg :: <[('b, 's) processpiick, 's] = ('b, 's) processpiick?

sublocale AfterExtDuplicated C AfterDuplicated .
— Recovering AfterDuplicated. After-Renaming

context AfterExtDuplicated
begin

notation After;;crq.After (infixl <after,’ 86)
notation After;;cip.After (infixl <afterg> 86)
notation Afteriicipa.Aftersicr (infixl <after o> 86)
notation After;icip.Aftersick (infixl <after s3> 86)

lemma After;;.,-Renaming:
<Renaming P f g after 53 e =
(case e of V/(s) = Qg (Renaming P f g) s
| evb= 4f P=_1 then L
else if Ja.eva € PPN fa=b
then M a€{a. ev a € P° A fa = b}. Renaming (P after, a)
fg
else Y3 (Renaming P f g) b)»
by (auto simp add: After;cka-Afteryick-def Afteryickg.Afteryicr-def
After-Renaming split: eventyy;cr.split)

end
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context AfterExt — Back to AfterExt.
begin

4.1.6 Behaviour of After;;., with Operators of HOL-CSPM

lemma After;;.,-GlobalDet-is-Aftery; i -GlobalNdet:
eva € (Jae A (Pa)) =
(B a€ A Pa)aftery eva= (Mac A Pa) aftery eva
by (simp add: Aftery;ci-def After-GlobalDet-is-After-GlobalNdet)

lemma After;;.i-GlobalNdet:
(Mae A Pa) aftery e =
(case e of /(r) = Q (Ma€ A Pa)r
|eva= ifevac (Jae A (Pa))
thenz € {zx € A. eva € (Pz)°}. Pxaftery eva
else ¥ (Ma € A Pa)a)
and Afters;.,-GlobalDet:
(O ae€ A Pa) aftery e =
(case e of /(r) = Q (D a€ A. Pa)r
|eva= ifevac (Jae A (Pa))
then Mz € {x € A. eva € (P2)°}. Puaaftery eva
else UV (0 a€ A. Pa)a)
by (simp-all add: Aftery;c,-def After-GlobalNdet After-GlobalDet split: eventyy;cr.split)

lemma Aftery;qi-Throw:
(PO acA Qa)aftery e =
(case e of V(1) = Q (PO ac A Qa)r
| eva= if P =1 then L
else if eva € PY
then ifa € A
then @ a
else P aftery eva © a € A. Qa
else W (PO a€ A Qa)a)
by (simp add: Aftery;ci-def After-Throw split: eventyy;ck.split)

lemma Aftery;.i-Interrupt:
(P A Q) aftery e =
(case e of /(1) = Q (P A Q) T
| eva= idfevac P°N Q°
then Q after, ev a1 (P after, ev a A Q)
else ifeva € PPN eva ¢ QY
then P after y ev a A Q
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else ifeva ¢ POAevae Q°
then Q after, ev a
else U (P A Q) a)
by (simp add: Afteri;ci-def After-Interrupt split: eventpy;cr.split)

4.1.7 Behaviour of After;;., with Reference Processes

lemma After;;ci-DF"
«<DF A aftery e =
(case e of /(r) = Q (DF A) r
| eva = ifa € A then DF A else ¥ (DF A) a)»
by (simp add: After,;c-def After-DF split: eventpy;cr.split)

lemma After;;.-DF sk1ps:
«(DFsirps A R after, e =
(case e of /(r) = Q (DFskips A R) r
‘ ev a = z'fa € A then DFskrps A R else ¥ (DFSKIPS A R) a)>
by (simp add: After;ci-def After-DF srps split: eventpiicr.split)

lemma Afters;.-RUN:
«(RUN A after s e =
(case e of /(r) = Q (RUN A) r
| eva = ifa € A then RUN A else ¥ (RUN A) a)»
by (simp add: Aftery;ci-def After-RUN split: eventpiick.split)

lemma Aftery;.-CHAOS:
«CHAOS A aftery e =
(case e of V/(r) = Q (CHAOS A) r
| eva = ifa € A then CHAOS A else ¥ (CHAOS A) a)
by (simp add: After,;ci-def After-CHAOS split: eventyyck.split)

lemma Aftery;.,-CHAOSskps:
<CHAOSSKIPS AR aﬁer/ e =
(case e of V/(r) = Q (CHAOSskips A R) r
| eva=ifa € Athen CHAOSskrps A R else ¥ (CHAOSskrps A R)
a)
by (simp add: Afteri;c-def After-CHAOSsk1ps split: eventyy;cr.split)

lemma DF-FD-Afters;ck:
(DFACpp P=— e P = DF ALCpp P after s e
by (cases e, simp add: Aftery;cr-def DF-FD-After)
(metis anti-mono-initials-FD eventyy;cr.distinct(1) image-iff initials-DF sub-
setD)

lemma DFgxps-FD-Afters;ck:
«<DFskrips AR Cpp P— evac PV — DFskrps AR Crp Pafter/ ev a»
by (simp add: Aftery;cx-def DF sk 1ps-FD-After)
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lemma deadlock-free-Aftery;ck:
(e € P = deadlock-free P —>
deadlock-free (P after , €) +—
(case e of ev a = True | ¥/ (r) = deadlock-free (2 P r))»
using deadlock-free-After by (auto simp add: After,;cx-def split: eventyy;cr.split)

lemma deadlock-freeskrps-Aftersicr:
<e € PO = deadlock-freesgps P =
deadlock-freeskrps (P after , €) «—
(case e of ev a = True | /(r) = deadlock-freesxrps (2 P 1))
using deadlock-frees i 1 ps-After by (auto simp add: Aftery;cr-def split: eventpyicy.split)

4.1.8 Characterizations for Deadlock Freeness

lemma deadlock-free-imp-not-initial-tick: «deadlock-free P => range tick N P =
it

by (rule ccontr, simp add: disjoint-iff)

(meson anti-mono-initials-F'D deadlock-free-def initial-tick-iff-FD-SKIP non-deadlock-free-SKIP
subsetD)

lemma initial-tick-imp-range-ev-in-refusals: «/(r) € P = range ev € R P»
unfolding initials-def image-def
by (simp add: Refusals-iff is-processT6-TR-notin)

lemma deadlock-free-Aftery;.i-characterization:
(deadlock-free P <— range ev ¢ R P A (Ve. ev e € P — deadlock-free (P
after s ev €))
(is <deadlock-free P <— ?rhs»)
proof (intro iffI)
from eventy;ck.erhaust-sel have (range ev = UNIV — range tick> by blast
hence <range ev ¢ R P «— UNIV — range tick ¢ R P» by metis
thus <deadlock-free P = ?rhs»
by (intro conjI)
(solves «simp add: deadlock-free-F failure-refine-def,
subst (asm) F-DF, auto simp add: Refusals-iff>,
use DF-FD-Aftery;c. deadlock-free-def in blast)
next
assume < ?rhs»
hence * : <range ev ¢ R P
eve€ PP = {(s, X) |s X. (eve# s, X) € F P} C F (DF UNIV) for e
by (simp-all add: deadlock-free-F failure-refine-def F-Aftery;cr subset-iff)
show <deadlock-free P)
proof (unfold deadlock-free-F failure-refine-def, safe)
fix s X
assume *x : (s, X) € F P»
show «(s, X) € F (DF UNIV))
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proof (cases s)
show «s = [| = (s, X) € F (DF UNIV))
by (subst F-DF, simp)
(metis (1) *x Refusals-iff image-subset-iff is-processT4)
next
fix e s’
assume #** : (§ = ¢ # s)
from xx[THEN F-T, simplified this, THEN initials-memlI]
initial-tick-imp-range-ev-in-refusals (1)
obtain r where (¢ = ev 2> (ev z € P%)
by (cases e) (simp-all add: initial-tick-imp-range-ev-in-refusals)
with *(2)[OF this(2)] =x *+xx show «(s, X) € F (DF UNIV)»
by (subst F-DF) (simp add: subset-iff)
qed
qed
qed

lemma deadlock-frees i 1 ps-Afters;qr-characterization:
<deadlock-freesx1ps P +—
UNIV ¢ R P A (Ve € P° — range tick. deadlock-freesicrps (P afters e))
(is <deadlock-freeskps P <— ?rhs))
proof (intro iffI)
show ?rhs if <deadlock-freesips P>
proof (intro conjI)
from <deadlock-freesxrps P> show <UNIV ¢ R P»
by (simp add: deadlock-frees k1 ps-def failure-refine-def)
(subst (asm) F-DF sk 1ps, auto simp add: Refusals-iff)
next
from <deadlock-freesx1ps P> show V¥ e€ P® — range tick. deadlock-freesirps
(P after e)
by (auto simp add: deadlock-frees i 1ps-Afteriick split: eventyy;ck.split)
qed
next
assume assm : < 2rhs
have x : <eve € PO = {(s, X) |s X. (eve # s, X) € F P} C F (DFsk1ps
UNIV UNIV) for e
using assm|[THEN conjunct2, rule-format, of <ev ey, simplified]
by (simp add: deadlock-frees k1 ps-def failure-refine-def F-Afteryicr image-iff)
show <deadlock-freesxrps P>
proof (unfold deadlock-frees k1 ps-def failure-refine-def, safe)
fix s X
assume *x : (s, X) € F P)
show <(S, X) e F (DFSKIPS UNIV UNIV))
proof (cases s)
from assm|[THEN conjunctl] xx show «s = [| = (s, X) € F (DFskips
UNIV UNIV)»
by (subst F-DF sk 1ps, simp add: Refusals-iff)
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(metis UNIV-eq-I eventyy;cy.exhaust)
next
fix e s’
assume #** : (s = ¢ # s
show (s, X) € F (DFskips UNIV UNIV))
proof (cases e€)
fix a assume <e = ev @
with s* xxx initials-memlI F-T have <ev a € P° by blast
with *[OF this] #x *xx <¢ = ev &> show «(s, X) € F (DFskrps UNIV
UNIV)»
by (subst F-DF sk rps) (simp add: subset-iff)
next
fix r assume <e = /(1)
hence «s = [V (r)]»
by (metis sk xxx eventyicx.disc(2) front-tickFree-Cons-iff is-processT2)
thus «(s, X) € F (DFsxrps UNIV UNIV)»
by (subst F-DF sk 1ps, simp)
qed
qed
qed
qed

4.1.9 Continuity

lemma Aftery;.x-cont [simp)] :
assumes cont-UQ : <case e of ev a = cont (AP. ¥ P a) | /(r) = cont (AP. Q
Pr)
and cont-f : «cont f>
shows «cont (Az. f z after, e)
by (cases e, simp-all add: Aftery;.,-def)
(use After-cont cont-¥$) cont-f in <auto intro: cont-composey)

end

4.2 The After trace Operator

context AfterEuxt
begin

4.2.1 Definition

We just defined P after, efor P::(’a, 'r) processpticr and e::(‘a, 'r) eventptick.
Since a trace of a P is just an (‘a, 1) eventpiick list, the following inductive
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definition is natural.

fun Afteryrace = <('a, 'r) processpiick = ('a, 'r) tracepiick = ('a, 'r) processpiick)
(infix] <afterys 86)

where <P afterr [| = P>

| (P aftert (e # t) = P after, e aftery t»

We can also induct backward.

lemma After;,qce-append: <P afterr (t @ u) = P afters t afters w

apply (induct u rule: rev-induct, solves (simp»)

apply (induct t rule: rev-induct, solves <simp»)

by (metis Afterirace.sitmps append.assoc append.right-neutral append-Cons ap-
pend-Nil)

lemma Afteryqce-snoc : <P aftery (t Q [e]) = P afterr t after, e
by (simp add: Afteri,qce-append)

4.2.2 Projections

lemma F-After;qce:

(tFt = (t Qu, X) € F P= (u, X) € F (P aftert t)
proof (induct t arbitrary: u rule: rev-induct)

show «(([] @ u, X) € F P = (u, X) € F (P aftert [])» for u by simp
next

fixetu

assume hyp: «(tFt= (1t Qu, X) € F P = (u, X) € F (P aftert t)) for u

assume prems : <tF (t Q [e])» «((t Q [e]) Q u, X) € F P>

have * : «(e # u, X) € F (P after+ t)» by (rule hyp; use prems in simp)

thus «(u, X) € F (P aftert (t Q [e]))

by (simp add: Afterirace-snoc F-Aftersicr split: eventptick.split)
(metis initials-memlI F-T non-tickFree-tick prems(1) tickFree-append-iff)

qed

lemma D-After;,qce:
(tFt=1tQueDP = uecD(Paftery t)
proof (induct t arbitrary: u rule: rev-induct)
show (] @ u € D P = u € D (P aftery [|)> for u by simp
next
fixetu
assume hyp: «tFt=t@Qu € D P = u € D (P afterr t)» for u
assume prems : <tF ((t @ [e]))» «(t Q [e]) @ u € D P»
have * : <e # u € D (P aftert t)» by (rule hyp; use prems in simp)
thus «u € D (P afterr (t Q [e]))»
by (simp add: Afteriyqce-snoc D-Aftery;cr split: eventpi;cx.split)
(metis initials-memI D-T non-tickFree-tick prems(1) tickFree-append-iff)
qed

lemma T-Afterirgee : <t Qu € T P = u € T (P aftery t))
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proof (induct t arbitrary: u rule: rev-induct)

show (] @Qu € T P = u € T (P aftert [])» for u by simp
next

fixetu

assume hyp :«t Qu e T P = u € T (P aftery t)» for u

assume prem : «(t Q [e]) @ u € T P

have * : <e # u € T (P aftert t)» by (rule hyp, use prem in simp)

thus «u € T (P afterr (t Q [e]))

by (simp add: Afterirqce-snoc T-Afteryicr split: eventpy;cr.split)
(metis initials-meml append-T-imp-tickFree
is-processT1-TR non-tickFree-tick prem tickFree-append-iff)

qed

corollary initials-Afteri qce :
tQe# ueT P = cc (Pafterr t)"
by (metis initials-memlI T-Afterirqce)

corollary F-imp-R-Afteri,qce: <(tFt = (t, X) € F P = X € R (P aftery t)»
by (simp add: F-Afteriyqce Refusals-iff)

corollary D-imp-Afterirqce-is-BOT: <tFt =t € D P = P aftery+ t = L»
by (simp add: BOT-iff-Nil-D D-Afterirqce)

lemma F-After;,qc.-€q:
«teT P= tFt = F (P afterr t) = {(u, X). t Qu, X) € F Ph
proof safe
show <t € T P = tFt = (u, X) € F (P afterr t) = (t Q u, X) € F P»
for u X
proof (induct t arbitrary: u rule: rev-induct)
show «(u, X) € F (P aftert [|) = ([] @ u, X) € F P» for u by simp
next
case (snoc e t)
from initials-Afters,qc. snoc.prems(1) have * : <e € (P after+ t)°» by blast
obtain a where (e = ev a»
by (metis eventyi;ck.exhaust non-tickFree-tick snoc.prems(2) tickFree-append-iff)
show ?case
apply (simp, rule snoc.hyps)
apply (metis prefizl is-processT3-TR snoc.prems(1))
apply (use snoc.prems(2) tickFree-append-iff in blast)
using snoc.prems(3) * by (simp add: Afteriyqce-snoc F-Afteryicr, <e = ev ay)
qed
next
show (tF t = (t Q u, X) € F P = (u, X) € F (P aftery t)» for v X
by (faCt F_Aﬁertrace)
qed
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lemma D-Afters,qce-€q:
«(te€T P= tFt = D (Pafterr t)={u.t Qu e D P}h
proof safe
show <t € T P= tFt = u €D (Pafterrt) = tQu e D P for u
proof (induct t arbitrary: u rule: rev-induct)
show «u € D (P afterr [|) =[] @ u € D P» for u by simp
next
case (snoc e t)
from initials-After, qc. snoc.prems(1) have x : (e € (P aftert t)°) by blast
obtain ¢ where (¢ = ev >
by (metis eventpyck.exhaust non-tickFree-tick snoc.prems(2) tickFree-append-iff)
show Zcase
apply (simp, rule snoc.hyps)
apply (metis prefizl is-processT3-TR snoc.prems(1))
using x Aftery;cp-def Afteriyqce-snoc D-After <e = ev ay snoc.prems(2, 8)
by auto
qed
next
show (tFt =t Qu € D P = u € D (P aftery t)) for u by (fact D-Afteri,ace)
qed

lemma T-After;,qce-€q:
«teT P=tFt= T (Pafterr t) ={u.t Qu e T Ph
proof safe
show «t € T P=tFt= ueT (Pafterrt) = tQueT P for u
proof (induct t arbitrary: u rule: rev-induct)
show «u € T (P afterr [|) =[] @ u € T P» for u by simp
next
case (snoc e t)
from initials-After qc. snoc.prems(1) have  : e € (P aftert t)°) by blast
obtain ¢ where (¢ = ev >
by (metis eventpck-exhaust non-tickFree-tick snoc.prems(2) tickFree-append-iff)
show Zcase
apply (simp, rule snoc.hyps)
apply (meson prefixl is-processT3-TR snoc.prems(1))
using x Aftery;c-def Aftersrqce-snoc T-After <e = ev a» snoc.prems(2, 3)
by auto
qed
next
show <t @Qu € T P = u € T (P aftery t)» for u by (fact T-Afterirace)
qed
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4.2.3 Monotony
4.2.4 Four inductive Constructions with After;, ..

Reachable Processes

inductive-set reachable-processes :: «(‘a, 'r) processpiick = ('a, 'r) processpiick
sety (Rproc?)

for P :: «("a, 'r) processpiick>

where reachable-self : <P € Rproc P>

| reachable-after: <Q € Rproc P => eve € Q' = Q after e € Rproc P

lemma reachable-processes-is: {Rproc P = {Q. 3t € T P. tFt A Q = P afterr
th
proof safe
show Q) € Rproc P =3t €T P. tFt AN Q = P aftery t» for Q
proof (induct rule: reachable-processes.induct)
show (3t € T P. tFt N P = P aftert t»
proof (intro bexl)
show <tF [| A P = P aftert [» by simp
next
show «[] € T P> by simp
qed
next
fix Qe
assume assms : (Q € Rproc Py (At € T P.tFt AN Q = P afterr ©» <eve €
Q%
from assms(2) obtain t where x : <tF ¢y <t € T P> «Q = P aftery t» by blast
show «3teT P. tF't N Q after e = P afterr
proof (intro bexl)
show «tF (t @ [ev e]) A Q after e = P aftert (t Q [ev €])»
by (simp add: Afteri,qce-snoc Afteryici-def *(1, 3))
next
from x T-Afterirace-eq assms(3) initials-def
show «t @ [ev €] € T P» by fastforce
ged
qed
next
show «t € T P = tF't = P aftert t € Rproc P> for t
proof (induct t rule: rev-induct)
show <P aftert [| € Rproc P> by (simp add: reachable-self)
next
fixte
assume hyp: <« €T P = tFt= Pafterr t € Rproc P>
and prems : <t Q [e] € T Py <tF (¢t Q [e])»
from prems T-F-spec is-processT3 tickFree-append-iff
have * : <t € T P> «tF t» by blast+
obtain ¢ where ¢ = ev a»
by (metis eventpick.exhaust non-tickFree-tick prems(2) tickFree-append-iff)
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thus <P aftert (¢t Q [€]) € Rproc P>
by (simp add: Afteri,qce-snoc Aftery;ci-def)
(use initials-Afterirqce prems(1) in
<blast intro: initials-Afterirqce prems(1) reachable-after|OF hyp[OF %|]»)
qed
qed

lemma reachable-processes-trans: <Q € Rproc P = R € Rproc @ = R € Rproc
P»

apply (simp add: reachable-processes-is, elim bezE)

apply (simp add: Afterirqce-append|[symmetric] T-Afterirqce-€q)

using tickFree-append-iff by blast

Antecedent Processes

inductive-set antecedent-processes :: «('a, 'r) processpiick = ('a, 'r) processpiick
sety ((Aproc))

for P :: «(("a, 'r) processpiici>

where antecedent-self : <P € Ayroc P>

| antecedent-after: <Q after e € Aproc P => eve € Q' = Q € Aproc P

lemma antecedent-processes-is: <Aproc P ={Q. 3t € T Q. tF't N P = Q afters
th
proof safe
have <Q € Ayroc P = P € Rproc @ for Q
proof (induct rule: antecedent-processes.induct)
show (P € Ryroc P> by (fact reachable-self)
next
show «Q after e € Aproc P = P € Rproc (Q after ¢) = evee Q° = P
€ Rproc @ for Qe
by (meson reachable-after reachable-self reachable-processes-trans)
qed
thus «Q € Aproc P =3t €T Q. tFt NP = Q aftert t» for @
by (simp add: reachable-processes-is)
next
show <t € T Q = tFt = Q € Aproc (Q afters t)) for ¢t Q
proof (induct t arbitrary: Q)
show «Q € A,roc (Q afters [])» for Q by (simp add: antecedent-self)
next
fixet Q@
assume hyp < N\NQ. t €T Q= tFt= Q € Ao (Q afterr t)
and prems : <e # t € T Q) <tF (e # t)
from prems obtain ¢ where <e = ev a» <ev a € Q%
by (metis initials-meml is-ev-def tickFree-Cons-iff)
with prems have <t € T (Q after a)» <tF t> by (simp-all add: T-After)
from hyp[OF this] have «Q after a € Ayroc (Q afterr (e # t))»
by (simp add: After;ci-def <e = ev a)
from this <ev a € Q) show «Q € A, (Q afterr (e # t))

82



by (fact antecedent-after)
qed
qed

lemma antecedent-processes-trans: <Q € Aproc P= R € Aproc @ = R € Aproc
P

apply (simp add: antecedent-processes-is, elim bexE)

apply (simp add: Afteri,qce-append|[symmetric] T-Afterirace-eq)

using tickFree-append-iff by blast

corollary antecedent-processes-iff-rev-reachable-processes: (P € Aproc @ +— Q €
Rproec P>
by (simp add: antecedent-processes-is reachable-processes-is)

4.2.5 Nth initials Events

primrec nth-initials :: <('a, 'r) processpiick = nat = ('a, 'r) evenlpiick sety (<=7
(1000, 3] 999)

where (P0 = p0,

| PSucn — ) {(P after )" |e. ev e € P')

lemma PV = Po, by simp
lemma first-initials-is : <P1 = J {(P after ¢)° |e. ev e € P°}» by simp

lemma second-initials-is :
«P?2 = {(P after e after f)° |e f. ev e € PO A ev f € (P after €)%}
by (auto simp add: numeral-eq-Suc)

lemma third-initials-is :
P? = U {(P after e after f after g)° |e f g.
eve€ PYAevf e (Paftere)’ A evg € (P after e after f)°h
by (auto simp add: numeral-eq-Suc)

More generally, we have the following result.

lemma nth-initials-is: <P™ = |J {(P afterr t)° | t. t € T P A tF t A length t =
np
proof (induct n arbitrary: P)

show PY = |J {(P aftery t)° |t. t € T P A tF t A length t = 0}» for P by
simp
next

fix n P

assume hyp : <P" = J {(P afterr t)° [t. t € T P A tF t A length t = n}» for
P

show (PSUC ™ — | {(P afters t)° |t. t € T P A tF t A length t = Suc n}>

proof safe

show <¢c € P — ¢ c |J {(P aftery t)° |t. t € T P A tF t A length t =
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Suc n}> for e
by (auto simp add: hyp T-After)
(metis (no-types, lifting) AfterExt. Aftery;cr-def AfterExt. Afteriyqce.simps(2)
eventpiick.simps(9) is-ev-def length-Cons tickFree-Cons-iff)
next
fix et
assume assms : <e € (P afterr t)% «t € T Py «tF t» <length t = Suc n»
from assms(1—3) have x : <t Q [e] € T P>
unfolding initials-def by (simp add: T-Afterirqce-eq)
from assms(3, 4)obtain a t’ where *x : <t = ev a # t"» <tF t) <length t' =

n
by (metis Suc-length-conv eventyiick.collapse(1) tickFree-Cons-iff)
with initials-memlI assms(2) have <ev a € P° by blast
show (e € poucm,
proof (unfold nth-initials.simps(2), rule Unionl)
from <ev a € PY) show ((P after a)™ € {(P after )" |e. ev e € P}, by blast
next
from assms(1, 2) *x(1—3) <ev a € P%
show (e € (P after a)™ by (auto simp add: hyp *x(1) Afters;cr-def T-After)
qed
qed
qed

lemma nth-initials-DF: «(DF A)™ = ev * 4>
by (induct n) (auto simp add: initials-DF After-DF)

lemma nth-initials-DF s 1 ps:

(DFskrips A R)™ = (if A = {} then if n = 0 then tick ‘ R else {} else ev * A
U tick * R)»

by (induct n) (auto simp add: initials-DF s 1ps After-DF sk 1ps)

lemma nth-initials-RUN: «(RUN A)™" = ev * A
by (induct n) (auto simp add: initials-RUN After-RUN)

lemma nth-initials-CHAOS: «(CHAOS A)"™ = ev © A»
by (induct n) (auto simp add: initials-CHAOS After-CHAOS)

lemma nth-initials-CHAOSskps:

(CHAOSskrps A R)" = (if A = {} then if n = 0 then tick ‘ R else {} else ev
‘AU tick * R)

by (induct n) (auto simp add: initials-CHAOS sk 1ps After-CHAOSsk1ps)

Reachable Ev

inductive reachable-ev :: <('a, 'r) processpiick = 'a = bool»
where initial-ev-reachable:
<ev a € PO = reachable-ev P a»
| reachable-ev-after-reachable:
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<ev b € P® = reachable-ev (P after b) a = reachable-ev P a»

definition reachable-ev-set :: «(‘a, 'r) processpiick = 'a sety (Rey?)
where (Re, P=JQ € Rproc P. {a. eva € Q"hH

lemma reachable-ev-BOT : <reachable-ev L a)
and not-reachable-ev-STOP : <— reachable-ev STOP a»
and not-reachable-ev-SKIP : <— reachable-ev (SKIP 1) a)
by (subst reachable-ev.simps, simp)-+

lemma events-of-iff-reachable-ev: <a € a(P) +— reachable-ev P a)
proof (intro iff)
show «<reachable-ev P a = a € a(P)»
apply (induct rule: reachable-ev.induct;
simp add: T-After events-of-def initials-def split: if-split-asm)
by (meson list.set-intros(1)) (meson list.set-intros(2))
next
assume <a € a(P)
then obtain ¢ where x : <t € T P» <ev a € set t» by (meson events-of-memD)
thus (reachable-ev P a»
proof (induct t arbitrary: P)
show AP a. ev a € set [] = reachable-ev P a)> by simp
next
case (Cons e t)
from Cons.prems(1) initials-meml
have * : (e € P% unfolding initials-def by blast
from Cons.prems(2) consider <e = ev @) | <ev a € set t» by auto
thus <reachable-ev P a»
proof cases
assume <e = ev a
from x[simplified this|
show <(reachable-ev P a> by (fact reachable-ev.intros(1))
next
show <reachable-ev P ay if <ev a € set t»
proof (cases e)
fix b
assume <e = ev b
with « Cons.prems(1) have <t € T (P after b)» by (force simp add: T-After)
show <reachable-ev P a»
proof (rule reachable-ev.intros(2))
from * (e = ev by show <ev b € P% by blast
next
show «(reachable-ev (P after b) a
by (fact Cons.hyps[OF <t € T (P after b)» <ev a € set b))
qed
next
from Cons.prems(1) have <e = V/(r) = ¢t = []» for r
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by simp (meson T-imp-front-tickFree eventy;ck.disc(2) front-tickFree-Cons-iff)
with <ev a € set t» show <e = v (r) => reachable-ev P ay for r by simp
qed
qed
qed
qed

lemma reachable-ev-iff-in-initials-Aftery,qce-for-some-tickFree-T:
(reachable-ev P a «— (3t € T P. tF t A ev a € (P afterr t)°)
proof (intro iffT)
show «reachable-ev P a = 3t€T P. tF t A ev a € (P afterr )%
proof (induct rule: reachable-ev.induct)
show (eva € P* = 3t€T P. tFt A ev a € (P aftery t)°) for a P
proof (intro bexl)
show (eva € PP = tF [| A ev a € (P aftert [))® by simp
next
show <[] € T P> by (fact Nil-elem-T)
qed
next
fix baP
assume prems : <ev b € P <reachable-ev (P after b) a
and hyp: 3t € T (P after b). tF t A ev a € (P after b aftery t)°
from hyp obtain ¢
where * : <tF' ) <t € T (P after b)»
cev a € (P after b aftert t)°) by blast
show (3t € T P. tFt A ev a € (P aftert t)%
proof (intro bexl)
show <tF (ev b # t) A ev a € (P aftery (ev b # )%
by (simp add: %(1, 3) Aftery;cr-def)
next
from *(2) show <ev b # t € T P> by (simp add: T-After prems(1))
qed
qed
next
show (3t € T P. tF t A ev a € (P aftery t)° = reachable-ev P a)
proof (elim bexE conjE)
show «t € T P = tF t = ev a € (P aftery t)° = reachable-ev P a) for t
proof (induct t arbitrary: P)
show <ev a € (P afterr [])° = reachable-ev P a) for P
by (simp add: reachable-ev.intros(1))
next
fixetP
assume hyp: <t €T P = tFt = cva € (P afterr t)° =
reachable-ev P a) for P
assume prems : (tF (e # t)» <e # t € T Py <ev a € (P aftery (e # )"
from prems(1) obtain b where (e = ev by by (cases e; simp)
with prems(2) have initial : <ev b € P% by (simp add: initials-meml)
from reachable-ev-after-reachable| OF initial[simplified <e = ev b]]
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Afteriicr-def T-After <e = ev by hyp prems initial
show <reachable-ev P ay by auto
qed
qed
qed

Properties

corollary reachable-ev-set-is-mem-Collect-reachable-ev:
(Rey P = {a. reachable-ev P a}»
by (auto simp add: reachable-ev-set-def reachable-processes-is
reachable-ev-iff-in-initials-Afters, cc-for-some-tickFree-T')

corollary events-of-is-reachable-ev-set: <a(P) = Rey P>
by (simp add: reachable-ev-set-is-mem-Collect-reachable-ev
set-eq-iff events-of-iff-reachable-ev)

lemma events-of-reachable-processes-subset: (Q € Ryroc P = a(Q) C a(P)»
by (induct rule: reachable-processes.induct)
(simp-all add: subset-iff events-of-iff-reachable-ev reachable-ev-after-reachable)

corollary events-of-antecedent-processes-superset: <Q € Aproc P = a(P) C a(Q)»
by (simp add: antecedent-processes-iff-rev-reachable-processes
events-of-reachable-processes-subset)

lemma events-of-is- Union-nth-initials: «a(P) = (|Jn. {a. ev a € P"})
by (auto simp add: nth-initials-is events-of-iff-reachable-ev
reachable-ev-iff-in-initials- Aftersy qce-for-some-tickFree-T)+

Reachable Tick

inductive reachable-tick :: <('a, 'r) processpiick = ' = bool»
where initial-tick-reachable:
«/(r) € P° = reachable-tick P r)
| reachable-tick-after-reachable:
<ev a € P = reachable-tick (P after a) r = reachable-tick P r»

definition reachable-tick-set :: «('a, 'r) processpiicr, = 'r setr (\Ry»)
where (R, P=JQ € Rproc P. {r. /(r) € Q°h

lemma reachable-tick-BOT : <reachable-tick L r»
and not-reachable-tick-STOP : <— reachable-tick STOP s)
and reachable-tick-SKIP-iff : <reachable-tick (SKIP 1) s <— s = 1
by (subst reachable-tick.simps, simp)+

lemma ticks-of-iff-reachable-tick : <r € v/ s(P) <— reachable-tick P r»
proof (intro iffI)
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show <reachable-tick P r = r € /' s(P)»
apply (induct rule: reachable-tick.induct;
simp add: T-After ticks-of-def initials-def split: if-split-asm)
by (metis append-Nil, metis append-Cons)
next
assume r € v/ s(P))
then obtain ¢ where * : <t @ [/ (r)] € T P> by (meson ticks-of-memD)
thus <reachable-tick P r»
proof (induct t arbitrary: P)
show <[] @ [/(r)] € T P = reachable-tick P r) for P
by (simp add: initial-tick-reachable initials-meml )
next
case (Cons e t)
obtain ¢ where ¢ = ev a»
by (meson Cons.prems append-T-imp-tickEree is-ev-def not-Cons-self2 tick-
Free-Cons-iff)
moreover from Cons.prems have <e € PY) by (auto intro: initials-meml)
ultimately have «t @ [/(r)] € T (P after a)»
using Cons.prems by (simp add: T-After <e = ev a))
with Cons.hyps have <reachable-tick (P after a) r» by blast
with (e = ev a» <e € P reachable-tick-after-reachable
show <reachable-tick P r» by blast
qed
qed

lemma reachable-tick-iff-in-initials-Afteriyqce-for-some-tickFree-T:
(reachable-tick P r «+— (3t € T P. tFt A/ (r) € (P aftery t)°)
proof (intro iffI)
show (reachable-tick P r = 3t€T P. tF t A /(r) € (P afterr t)®
proof (induct rule: reachable-tick.induct)
show «/(r) € P = 3teT P. tF t A /(r) € (P aftert t)° for r P
proof (intro bexl)
show «/(r) € P = tF [| A V/(r) € (P after [))*» by simp
next
show <[] € T P» by (fact Nil-elem-T)
qed
next
fixaPr
assume prems : <ev a € PY) «(reachable-tick (P after a) m
and hyp : 3t€T (P after a). tF t A /(r) € (P after a after+ )%
from hyp obtain ¢
where * : «tF » <t € T (P after a)
/(1) € (P after a aftert t)°> by blast
show 3teT P. tF t A V(1) € (P aftery t)
proof (intro bexl)
show (tF (ev a # t) A V/(r) € (P aftert (eva # t))%
by (simp add: (1, 3) Afters;cr-def)

next
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from x(2) show <ev a # t € T P> by (simp add: T-After prems(1))
qged
qed
next
show ¢ 3teT P. tF t A /(r) € (P afterr t)° = reachable-tick P r»
proof (elim bexE conjE)
show <t € T P = tF t = /(r) € (P aftery t)° = reachable-tick P r for
t
proof (induct t arbitrary: P)
show «/(r) € (P afterr [|)° = reachable-tick P r» for P
by (simp add: initial-tick-reachable)
next
fixetP
assume hyp:«t €T P = tFt = /(1) € (P aftert t)° => reachable-tick
P ry for P
assume prems : «tF (e # t)) <e # t € T P> /(1) € (P aftery (e # 1))
from prems(1) obtain a where <e = ev @ by (cases e; simp)
with prems(2) have initial : <ev a € P% by (simp add: initials-meml)
from reachable-tick-after-reachable| OF initial[simplified <e = ev a]]
Afteryicr-def T-After <e = ev a> hyp prems initial
show <reachable-tick P r» by auto
qed
qed
qed

Properties

corollary reachable-tick-set-is-mem-Collect-reachable-tick :
(R, P = {a. reachable-tick P a}»
by (auto simp add: reachable-tick-set-def reachable-processes-is
reachable-tick-iff-in-initials- Aftery, q ce-for-some-tickFree-T)

corollary ticks-of-is-reachable-tick-set : «/s(P) = R, P»
by (simp add: reachable-tick-set-is-mem-Collect-reachable-tick
set-eq-iff ticks-of-iff-reachable-tick)

lemma ticks-of-reachable-processes-subset : <Q € Rproc P = V's(Q) C V' s(P)
by (induct rule: reachable-processes.induct)
(simp-all add: subset-iff ticks-of-iff-reachable-tick reachable-tick-after-reachable)

corollary ticks-of-antecedent-processes-superset : <Q € Aproe P = vs(P) C

/s(Q)
by (simp add: antecedent-processes-iff-rev-reachable-processes
ticks-of-reachable-processes-subset)

lemma ticks-of-is- Union-nth-initials: </ s(P) = (Un. {r. /(r) € P"}))

by (auto simp add: nth-initials-is ticks-of-iff-reachable-tick
reachable-tick-iff-in-initials- Aftery, o ce-for-some-tickFree-T)+
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4.2.6 Characterizations for Deadlock Freeness

Remember that we have characterized deadlock-free P with an equality in-
volving (after,): deadlock-free P = (range ev ¢ R P A (Ve. ev e € PY
— deadlock-free (P after, ev e))). This can of course be derived in a
characterization involving (aftery).

lemma deadlock-free-Afteriyqce-characterization:
<deadlock-free P «— (Yt € T P. range ev ¢ Rq Pt A (t # [| — deadlock-free
(P afterr 1))
proof (intro iffT)
show <deadlock-free P =V t€T P. range ev ¢ R, Pt A (t # [] — deadlock-free
(P afters t))
proof (intro balll)
show «deadlock-free P = t € T P = range ev ¢ R, Pt AN (t # [] —
deadlock-free (P afterr t)) for t
proof (induct t rule: rev-induct)
case Nil
thus ?case
by (subst (asm) deadlock-free-Afters;.r-characterization)
(simp add: Refusals-after-def Nil.prems(1) Refusals-iff)
next
case (snoc e t)
thus ?case
by (simp add: Refusals-after-def Afterirqce-snoc)
(metis Afterirace.stmps(1) Afterirqce-snoc DE-FD-Aftery;c, F-imp-R-Afterirace
T-F-spec
deadlock-free-Aftery; . -characterization deadlock-free-def
deadlock-free-implies-non-terminating initials-Afteri qce is-processT3)
qed
qed
show (VteT P. range ev ¢ R, Pt A (¢t # [| — deadlock-free (P afters t)) =
deadlock-free P>
by (subst deadlock-free-Aftery;c-characterization)
(metis Afterirace.simps Nil-elem-T Refusals-after-def
Refusals-iff list.distinct(1) mem-Collect-eq initials-def)
qed

lemma deadlock-frees i 1 ps-Afterirqce-characterization:
<deadlock-freesk1ps P +—
(Vt € T P.tFt — UNIV ¢ R, Pt A (t # || — deadlock-freesi1ps (P

aftert t)))»
by (auto simp add: deadlock-frees i 1ps-is-right F-After; qce-eq T-Afterirqce-€q
Refusals-after-def)

Actually, with Afteri;qce, we can obtain much more powerful results. This
will be developed later.
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4.2.7 Continuity

lemma After;,qc.-cont :

(Va. evace sett — cont (A\P. U P a);

Vr./(r) € set t — cont (AP. Q P r); cont f] =

cont (Az. f x after t)
proof (induct t arbitrary: f)

case Nil thus ?case by simp
next

case (Cons e s)

show ?case by (cases e; simp, rule Cons.hyps) (simp-all add: Cons.prems)
qed

end
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Chapter 5

Motivations for our
Definitions

To construct our bridge between denotational and operational semantics, we
want to define two kind of transitions:

o without external event: P ~», P’
o with the terminating event v (r): P ~>,, P’

e with a non terminating external event ev e: P ~», P’

We will discuss in this theory some fundamental properties that we
want

P ~»; @, P~ P'and P ~~/, P’to verify, and the consequences that
this will have.

Let’s say we want to define the 7 transition as an inductive predicate with
three introduction rules:

o we allow a process to make a 7 transition towards itself: P ~~, P

o the non-deterministic choice (M) can make a 7 transition to the left
side PM Q ~, P

 the non-deterministic choice (M) can make a 7 transition to the right
side P M Q@ ~~, Q.

inductive 7-trans :: <('a, 'r) processpiick = ('a, 'r) processpiick = booly (infixl
vy 50)

where 7-trans-eq  : (P ~>. P»

|  7-trans-NdetL : <P 1 Q ~, P»
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|  7-trans-NdetR : <P 11 Q ~, @

— We can obtain the same inductive predicate by removing 7-trans-eq and 7-trans-NdetR
clauses (because of (M) properties).

With this definition, we immediately show that the 7 transition is the FD-
refinement (Cpp).

lemma 7-trans-is-FD: «(~.) = (Cpp)
apply (intro ext iffI)
by (metis Ndet-FD-self-left Ndet-FD-self-right T-trans.simps order-class.order-eq-iff)
(metis FD-antisym Ndet-FD-self-left Ndet-id 7-trans-NdetR mono-Ndet-FD)

The definition of the event transition will be a little bit more complex.

First of all we want to prevent a process P::(a, 'r) processptici to make a
transition with ev (e::’a) (resp. v/(r::'r)) if P can not begin with ev e (resp.
v(r)).

More formally, we want P ~, P/ = ev e € P? (resp. P~/ P' = /(1)
e PY).

Moreover, we want the event transitions to absorb the 7 transitions.

Finally, when e € P° (resp. v (r) € P°), we want to have P ~. P after,
ev e (resp. P~ P after, /(1)).
This brings us to the following inductive definition:

inductive event-trans-prem :: «('a, 'r) processpiick = ('a, 'r) eventpiicr = (‘a,

'r) processpiick = booly
where
7-left-absorb : «[e € initials P'; P ~>, P’; event-trans-prem P’ e P'']
= event-trans-prem P e P’
| T-right-absorb : «[e € initials P; event-trans-prem P e P’; P’ ~>, P']]
= event-trans-prem P e P’
| initial-trans-to-Aftersic = <e € initials P = event-trans-prem P e (P after ,
e)

abbreviation event-trans :: <('a, 'r) processpiick = ‘a = (‘a, 'r) processpiick =
bool»
(- ~- > [50, 3, 51] 50)

where (P ~», P’ = ev e € initials P N\ event-trans-prem P (ev e) P’

)
abbreviation tick-trans :: «('a, 'r) processpricr = T = (’
booly (¢~~~ - - [50, 3, 51] 50)

where P ~ /- P’ = /(r) € P® A event-trans-prem P /(1) P’

a, 'r) processptick =

We immediately show that, under the assumption of monotony of €, this
event transition definition is equivalent to the following:

lemma startable-imp-ev-trans-is-startable-and-FD-After:
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((case e of evw = P~y P'| /(1) = P ~>p P') «— e € PY A\ P aftery e ~,
P’
if <\AP Q. caseeof /(r)=QPr~,QQmn
proof —
have ((case e of evx = P~y P' | V/(r) = P~ p P') +—
e € initials P N\ event-trans-prem P e P’y by (simp split: event,y;cr.split)
also have «... <— e € initials P \ P after, e ~». P’
proof (insert that, safe)
show (event-trans-prem P e P! = ¢ € P’ —
(AP Q. case e of /(1) = Q Pr ~, Q Qr) = P after, e ~». P’
proof (induct rule: event-trans-prem.induct)
case (7-left-absorb e P! P P")
thus ?2case
apply (cases e)
apply (metis (mono-tags, lifting) T-trans-is-FD eventpi;cr.simps(5) mono-Afters;cr-FD
trans-FD)
by (metis Aftery;cx-def FD-antisym T-trans-is-FD eventp;ck.simps(6))
next
case (7-right-absorb e P P’ P")
thus ?case by (metis T-trans-is-FD trans-FD)
next
case (initial-trans-to-Aftersicr e P)
thus ?case by (simp add: T-trans-eq)
qed
next
show (e € initials P = P after, e ~», P’ = event-trans-prem P e P’
by (rule T-right-absorb[of e P <P after s e» P])
(simp-all add: initial-trans-to-Afteri;cx, T-trans-is-FD)
qed
finally show ?thesis .
qed

With these two results, we are encouraged in the following theories to define:

e P~ Q=PCpp Q
e P~¢P' =cvec PPN Paftery eve~, Q

o P~y p P'=V(r) € PP A Paftery /(1) ~, Q

and possible variations with other refinements.

But we want to make the construction as general as possible. Therefore
we will continue with the locale mechanism, eventually adding additional
required assumptions for each operator, and we will instantiate with refine-
ments at the end.
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Chapter 6

Generic Operational
Semantics as a Locale

Some Properties of Monotony lemma FD-iff-eq-Ndet: <P Cpp Q <— P
=P
by (auto simp add: Process-eg-spec failure-divergence-refine-def failure-refine-def
divergence-refine-def F-Ndet D-Ndet)

lemma non-BOT-mono-Det-F :

(P=1VP ##1=Q=1VQR #1l—=PLprP = QLCr Q' = PO
QCr P'OQ"

using F-subset-imp-T-subset by (simp add: failure-refine-def F-Det BOT-iff-Nil-D)
blast

lemma non-BOT-mono-Det-left-F : <P =1V P' # 1V Q=1=— PLCp P’
— POQCFP'OQ>

and non-BOT-mono-Det-right-F : <Q =1V Q" # 1LV P=1=— QCr Q'
— POQCyP OQh

by (metis Det-is-BOT-iff idem-F non-BOT-mono-Det-F)+

lemma non-BOT-mono-Sliding-F :
«(P=1VP #1VvQ@Q=1L=—PLrP — QLCr Q' = P> QLCr P'>
Q"
unfolding Sliding-def by (metis Ndet-is-BOT-iff idem-F mono-Ndet-F non-BOT-mono-Det-F')

6.1 Definition

locale OpSemTransitions = AfterExt W )
for U :: <[('a, 'r) processpiick, 'a] = ('a, 'r) processptick>
and Q :: ([(‘a, 'r) processptick, 'r] = (‘a, 'r) processpiicr
— Just declaring the types ‘a and r. +
fixes 7-trans :: <[("a, 'r) processpiick, ('a, ') processpiick] = booly (infixl <~ >
50)
assumes 7-trans-NdetL: <P M Q ~», P»
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and 7-trans-transitivity: <P ~~, Q@ = @ ~» R = P ~,; R

and 7-trans-anti-mono-initials: <P ~», Q = initials ) C initials P>

and T-trans-mono-Afteryicr: <e € initials Q = P ~, Q = P afters e ~,
Q after s e

begin

This locale needs to be instantiated with:

o a function V::('a, 'r) processprick = 'a = (‘a, 'r) processpticy that is
a placeholder for the value of P after e when ev e ¢ P°

o a function Q::('a, 'r) processprick = 'r = ('a, 'r) processpiick that is
a placeholder for the value of P after, v/ (r)

e a binary relation (~;) which:

— is compatible with (1)

is transitive

— makes initials anti-monotonic

— makes Afters;c, monotonic.

From the 7 transition P ~», ) we derive the event transition as follows:

abbreviation ev-trans :: <[('a, 'r) processpiick, 'a, (’

(-~ =[50, 3, 51] 50)
where (P ~»¢ Q = eve e PO A P after s ev e~

a, 'r) processpiick) = booly

abbreviation tick-trans :: <[('a, 'r) processpiick, 'r, ('a, 'r) processpiick] = bool
(-~ [60, 3, 51] 50)
where (P ~ /- Q = V/(r) € P° A P aftery /(r) ~, @

lemma ev-trans-is: <P ~¢ Q <— ev e € initials P N P after e ~~. @
by (simp add: Aftery;cx-def)

lemma tick-trans-is: <P~/ Q «— /(1) € PP AQ Pr o~ @
by (simp add: Aftery;r-def)

lemma reverse-event-trans-is:
e € PO N\ Paftery e ~, Q «— (case e of /(r) = P~ pr Q| cvz = P~y

Q)
by (simp split: eventyi;ck.split)

From idempotence, commutativity and L absorbency of (1), we get the
following free of charge.

lemma 7-trans-eq: <P ~>,; P»
and 7-trans-NdetR: <P M Q ~,
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and BOT-t-trans-anything: <1 ~~, P>

apply (metis Ndet-id T-trans-NdetL)
apply (metis Ndet-commute T-trans-NdetL)
by (metis Ndet-BOT T-trans-NdetL)

lemma BOT-ev-trans-anything: <L ~~¢ P»
and BOT-tick-trans: <L ~ ,r Q L 1
by (simp-all add: Aftery;cx-BOT T-trans-eq BOT-T-trans-anything)

As immediate consequences of the axioms, we prove that event transitions
absorb 7 transitions on right and on left.

lemma ev-trans-t-trans: <P ~»¢ P' = P’ ~, P = P ~»¢ P’
and tick-trans-t-trans: <P ~» yp P' => P’ ~»_ P"" = P ~> ,p P
by (meson T-trans-transitivity)+

lemma 7-trans-ev-trans: <P ~»; P/ = P’ ~~»¢ P = P ~»¢ P’

and 7-trans-tick-trans: <P ~»; P' = P’ ~ s P'"" = P~/ P

using 7-trans-mono-Aftery;cr T-trans-transitivity T-trans-anti-mono-initials by
blast+

We can also add these result which will be useful later.

lemma initial-tick-imp-t-trans-SKIP: <P ~. SKIP r) if «/(r) € P%
proof —
from that have <P Cpp SKIP ry by (simp add: initial-tick-iff-F'D-SKIP)
with FD-iff-eq-Ndet have <P = P M SKIP r» ..
thus <P ~». SKIP r» by (metis T-trans-NdetR)
qed

lemma exists-tick-trans-is-initial-tick: (3 P'. P ~ s P') +— /(1) € P%
using 7-trans-eq by blast

There is also a major property we can already prove.

lemma 7-trans-imp-leT : <P ~~, Q@ = P Cp
proof (unfold trace-refine-def, rule subsetl)
show <P ~, Q = s€T Q= s&T P)fors
proof (induct s arbitrary: P Q)
show (AP.[] € T P> by simp
next
fixes P Q
assume hyp : (P ~, Q= s€T Q= s T P)for PQ
assume prems : <P ~. Q> <e # s €T Q»
from prems(2)[THEN initials-memlI] have e € Q" .
show <e # s € T P»
proof (cases e)
fix r assume <e = V/(r)»
hence «s = [> by (metis append-Cons append-Nil append-T-imp-tickFree
non-tickFree-tick prems(2))
with <e = V(1)) <P ~>; Q[THEN t-trans-anti-mono-initials] <e # s € T
show (e # s € T P» by (simp add: initials-def subset-iff)
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next
fix z
assume <e = ev )
from <e € Q% prems(2) have s € T (Q afters e)
by (simp add: <e = ev x> T-Afteri;ck)
from 7-trans-mono-Afters;ici[OF <e € Q% <P ~,. Q]
have <P after, e ~, Q aftery e .
from hyp[OF this <s € T (Q after, e))] have «s € T (P after, e)> .
with <e € Q% [THEN <P ~, Q)[THEN T-trans-anti-mono-initials, THEN
set-mpl]
show <e # s € T P)> by (simp add: T-Afteriic, <€ = ev x»)
qed
qed
qed

We can now define the concept of transition with a trace and demonstrate
the first properties.

inductive trace-trans :: «('a, 'r) processpiick = ('a, 'r) tracepiicr = ('a, 'r) pro-
cessptick = booly

(- ~*- o [50, 8, 51] 50)

where  trace-t-trans : <P ~», P' = P ~»* [| P)

| trace-tick-trans : <P ~» sy P' = P ~* [/(1)] P

| trace-Cons-ev-trans : <P ~»¢ P'= P'~~»* s P = P ~* (eve) # s P

lemma trace-trans-t-trans: (P ~*s P! = P’ ~s_ P = P ~»*s P'/)
apply (induct rule: trace-trans.induct)
using 7-trans-transitivity trace-t-trans apply blast
using 7-trans-transitivity trace-tick-trans apply blast
using trace-Cons-ev-trans by blast

lemma 7-trans-trace-trans: (P ~,. P’ = P’ ~*s P = P ~~*s P'/)
apply (rotate-tac, induct rule: trace-trans.induct)
using 7-trans-transitivity trace-t-trans apply blast
using 7-trans-tick-trans trace-trans.simps apply blast
using 7-trans-ev-trans trace-Cons-ev-trans by blast

lemma BOT-trace-trans-tickFree-anything : <tickFree s =—> L ~~*s P»
proof (induct s arbitrary: P)
show (AP. tickFree [| = L ~*[| P»
by (simp add: BOT-t-trans-anything trace-t-trans)
next
fix es P
assume prem: <tickFree (e # s)) and hyp: <tickFree s = L ~~*s P) for P
have x : (tickFree s» using prem by auto
obtain a where <e = ev > by (meson is-ev-def prem tickFree-Cons-iff)
thus <L ~*e # s P»
by simp (rule trace-Cons-ev-trans|OF - hypl;
simp add: x After;c-BOT BOT-T-trans-anything)
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qged

6.2 Consequences of P ~»*s () on F, T and D

lemma trace-trans-imp-F-if-r-trans-imp-leF"
(P~*s@QQ=XeR Q= (s, X) e F P
if VPQ. P~,Q— PLCp
proof (induct rule: trace-trans.induct)
show (P v, Q= X e R Q= ([J, X) € F P> for P Q
by (meson failure-refine-def in-mono Refusals-iff that)
next
show (P ~,r Q= X e R Q= (V(r)], X) € FPrfor PQr
by (metis append-Nil mem-Collect-eq initials-def tick-T-F)
next
fix Pe Qs Q'
assume * : (P~ QX ER Q' = (s, X) e FQ X eR Q"
have (P after , ev e Cp () using (1) that by blast
hence «(s, X) € F (P after s ev e)) by (simp add: failure-refine-def subsetD *(2,
9))
thus «(ev e # s, X) € F P» by (simp add: F-Afters;cr, *(1))
qed

lemma trace-trans-imp-T: <P ~~*s Q = s € T P»
proof (induct rule: trace-trans.induct)
show (P ~,. Q@ =[] € T P» for P Q by simp
next
show (P ~,r Q = [/ (1) € T P> for P Qr
by (simp add: initials-def)
next
fix Pe Qs Q'
assume * : (P~ Q) s €T
have (P after , ev e Cp @ using *(1) 7-trans-imp-leT by blast
hence «s € T (P after, ev e)» by (simp add: *(2) subsetD trace-refine-def)
with x(1) list.collapse show <eve # s € T P»
by (force simp add: T-Afteri;cr, initials-def)
qed

lemma tickFree-trace-trans-BOT-imp-D-if-T-trans-BOT-imp-eq-BO T-weak:
<tickFree s => P ~~*s . = s € D P
if YVP.P~, 1l —P=_1
proof (induct s arbitrary: P)
show <P ~*[] L =[] € D P» for P
apply (erule trace-trans.cases)
using BOT-iff-Nil-D that by blast+
next
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fix es P
assume prems : (tickFree (e # s)» (P ~*e # s 1)
assume hyp: <tickFree s = P ~~*s 1 =—> s € D P» for P
from prems(1) have (tickFree s» by simp
from prems(2) have <P after , e ~*s L)

by (cases rule: trace-trans.cases)

(auto simp add: trace-T-trans intro: T-trans-trace-trans)

show e # s € D P»

apply (rule trace-trans.cases|OF prems(2)])

using hyp[OF «tickFree sy <P after, e ~*s L»] prems(1)

by (simp-all add: D-Afters;cr)

qed

6.3 Characterizations for P ~~*s ()

lemma trace-trans-iff :
(P ~*] Q+— P~y
Pt V()] Q s Py @
(P~*(eve)# sQ +— (3Q. P~e QAN Q~*sQ)
(P ~*s@lf] Q) «—
tickFree s A (3 Q. P ~*s Q A (case fof /(1) = Q ~ r Q' | evz = Q ~y
Q)
front-tickFree (s Q@ t) = (P ~*s @t Q') +— (3Q. P ~*s Q AN Q ~*t Q')
proof —
show f1 : (AP Q. P ~*[ Q+— P~
and f2 : (AP Q. P ~* [/(r)] Q «— P~ r @
and f3 :« AP Q' e. P~*(eve) #sQ +— (FQ. P~e QN Q~*sQ)
by ((subst trace-trans.simps, auto)[1])+

show f/ : «(P ~* s Q [f] Q') +—
tickFree s A (3Q. P ~*s Q A (case fof /(1) = Q ~,r Q' | evz =
Q ~z Q) for s f P Q'
proof safe
from append-T-imp-tickFree trace-trans-imp-T
show «P ~~*s Q [f] Q' = tickFree $» by blast
next
show (P ~*s Q [f] Q' = 3 Q. P ~*s Q A (case fof eve = Q ~z Q| /(1)
= Q~yr Q)
proof (induct s arbitrary: P)
case Nil
thus ?case
apply (subst (asm) trace-trans.simps, cases f; simp)
using 7-trans-eq T-trans-transitivity f1 by blast+
next
case (Cons e s)
from Cons.prems have * : <e € initials P N\ P after , e ~*s Q [f] Q"
by (subst (asm) trace-trans.simps)
(auto simp add: intro: T-trans-trace-trans)
with Cons.hyps obtain @)
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where *x : <P after, e ~*s @
((case fof ev e = Q ~z Q" | /(1) = Q ~,r Q') by blast
have <P ~~*e # s ()
proof (cases e)
fix e’
assume (e = ev e’

thus <P ~*e # s @

apply simp

by (rule trace-Cons-ev-trans|OF - xx(1)]) (use * T-trans-eq in blast)
next

from Cons.prems have (¢ = V/(r) = s = [|» for r by (subst (asm)

trace-trans.simps) auto
thus (¢ = V/(r) = P ~*e # s @ for r using * xx(1) fI f2 trace-tick-trans
by auto
qed
with #x(2) show «(3Q. P ~* e # s Q A (case fof evz = Q ~; Q' | /(1)
= Q ~r Q') by blast
ged
next
show <tickFree s = P ~*s Q = (case fof ev e = Q ~z Q' | /(r) = @
e Q)
= P ~*s @ [f] @ for Q
proof (induct s arbitrary: P Q)
show «tickFree [| = P ~*[] @ =
(case fof evr = Q vz Q| V(1) = Q wyr Q) = P ~*[ @ [f] Q"
for P Q
apply (cases f; simp add: f1 f2)
apply (meson T-trans-eq T-trans-ev-trans trace-Cons-ev-trans trace-t-trans)
using 7-trans-tick-trans trace-tick-trans by blast
next
case (Cons e s)
from Cons.prems(2) have * : <e € initials P \ P after , e ~*s )
by (subst (asm) trace-trans.simps)
(auto simp add: f1 intro: T-trans-trace-trans)
show ?Zcase
proof (cases e)
fix e’
assume (e = ev e’
thus <P ~*(e # s) @ [f] Q"
by (cases f; simp)
(metis (no-types, lifting) * Cons.hyps Cons.prems(1, 3)
T-trans-eq tickFree-Cons-iff trace-trans.simps)+
next
show <e = V/(r) = P ~*(e # s) Q [f] Q" for r using Cons.prems(1)
by auto
qed
qed
qed
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show <front-tickFree (s Q t) = P ~*s Q ¢t Q' +— (3 Q. P ~*s Q N Q ~*t
Q)
proof (induct t arbitrary: Q' rule: rev-induct)
show (P ~*s Q [| Q' +— (3Q. P ~*s Q A Q ~*[] Q") for Q'
by (metis T-trans-eq append.right-neutral trace-trans-t-trans f1)
next
case (snoc e t)
from snoc.prems have $ : «tickFree s» «tickFree t
by (simp-all add: front-tickFree-append-iff)
show (P ~*s @t Q [e] Q' +— (3Q. P ~*s QN Q ~*t Q@[] Q)
proof (intro iffT)
assume assm : (P ~*s Q@ t @ [e] Q)
from f/[of P <s Q t» e Q', simplified] assm $ obtain Q
where * : (P ~*s Q t @) <case e of evx = Q ~5 Q' | V(1) = Q ~ 1
Q" by blast
obtain R where xx : <P ~~*s R) (R ~*t ()
by (metis (1) append.assoc front-tickFree-dw-closed snoc.hyps snoc.prems)
show <3 Q. P ~*s Q A Q ~*t Q [¢] @)
proof (intro exl conjI)
show <P ~~*s Ry by (fact %x(1))
next
from *(2) *x(2) show (R ~~*t @ [e] Q" by (simp add: f{ $(2)) blast
ged
next
assume (3 Q. P ~*s Q A Q ~*t Q [e] @)
then obtain @ where * : <P ~*s Q) <Q ~*t @ [e] Q" by blast
from f/[of Q t e Q’, simplified this(2)]
obtain R where (Q ~*t R) <case e of ev x = R ~+5 Q' | /(1) = R ~ sy
Q" by blast
with (1) show <P ~*s @ ¢t @Q [e] @)
by (simp add: fi[of P «s Q@ t» e Q’, simplified] $, cases e; simp)
(metis append.assoc front-tickFree-dw-closed snoc.hyps snoc.prems)—+
qed
qed
qed

6.4 Finally: P ~*s Q is P afterr s ~, Q

theorem trace-trans-iff-T-and-Afteriyqce-T-trans :
(P ~*s Q) «— s €T P A Pafterr s ~, @
proof —
have <s € T P = (P ~*s Q) «<— P aftert s ~, @
— This is a trick to reuse the proof of this less powerful version (trace-trans-imp-T
was not proven at the time...).
proof (intro iffI)
show (P w*s Q = s € T P = P aftert s ~, @
proof (induct s arbitrary: P Q)
show <(A\P Q. P ~*[] Q =[] € T P = P aftery [| ~ O
using trace-trans.cases by auto
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next
show (AP Q. P ~*s Q = s € T P = P aftery s ~, Q) =
Pw*e# sQ = c#seT P = Pafterr (e # s) ~, @ for se P

apply (cases e; simp)
by (meson T-trans-trace-trans trace-trans-iff (3) trace-trans-imp-T)
(metis Afterirace.simps(1) T-imp-front-tickFree front-tickFree-Cons-iff
non-tickFree-tick tickFree-Cons-iff tickFree-Nil trace-trans-iff (2))
qged
next
show P afterr s ~», Q = s €T P = P ~*s @
proof (induct arbitrary: P Q rule: Aftersyqce.induct)
show (AP Q. Pafterr [| ~, Q@ = [ €T P = P ~*[| @
by (simp add: trace-T-trans)
next
fix e and s :: <«(‘a, 'r) tracepiicr> and Q P
assume hyp : (P afterr s ~, Q = s €T P = P ~*s @ for P Q)
assume prems : <P aftery (e # 8) ~>, Qe # s€ T P»
have x : <e € initials P \ s € T (P after, e)
by (metis Afterirqce-simps(1, 2) initials-meml
T-Afterirace append-Cons append-Nil prems(2))
show (P ~~*e # s ()
proof (cases e)
fix e’
assume ** : (¢ = ev e
from * +x have <P~/ P after, (ev e)y by (simp add: T-trans-eq)
thus <P ~*e # s @
by (subst #x, rule trace-Cons-ev-trans|OF - hyp|OF prems(1)[simplified]
*[THEN conjunct2), simplified *x]])
next
have (¢ =V (r) = s = []» for r
by (metis T-imp-front-tickFree eventyyck.disc(2) front-tickFree-Cons-iff
prems(2))
with * prems(1) trace-tick-trans
show (e = V/(r) = P ~*e # s @ for r by auto
qed
qed
qed
with trace-trans-imp-T show (P ~*s Q) «— s € T P A P aftery s ~. Q»
by blast
qed

As corollaries we obtain the reciprocal results of

[VP Q. P~y Q— PCp Q; 7P ~*%5 2Q; X € R 2Q] = (s, ?X) €
F ¢P

9P ~~*%5 Q) = %s €T 7P
[VP.P~s; L — P = 1;tF %s; 2P ~*%s 1] = %s € D 7P

lemma tickFree-F-imp-exists-trace-trans:
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tickFree s = (s, X) e FP=3Q. (P ~*sQ)ANX R
by (meson F-T F-imp-R-Afteri,qce trace-trans-iff-T-and-After;,qce-T-trans T-trans-eq)

lemma T-imp-exists-trace-trans: <s € T P = 3 Q. P ~*s @
using trace-trans-iff-T-and-After;,qce-T-trans T-trans-eq by blast

lemma tickFree-D-imp-trace-trans-BOT: <tickFree s — s € D P — P ~~*s 1)
by (simp add: D-imp-Aftersyqce-is-BOT D-T T-trans-eq
trace-trans-iff-T-and-Aftery, qce-T-trans)

And therefore, we obtain equivalences.

lemma F-trace-trans-reality-check-weak:

~PQ.P~,Q— PLp Q= tickFree s =

(5, X) e FP+— (AQ. (P~*sQ NXeER Q)

using tickFree-F-imp-exists-trace-trans trace-trans-imp-F-if-r-trans-imp-leF by
blast

lemma T-trace-trans-reality-check: <s € T P +— (3 Q. P ~*s Q)
using T-imp-exists-trace-trans trace-trans-imp-T by blast

lemma D-trace-trans-reality-check-weak:
VP.P~, 1 — P=1 = tickFree s = s € D P +— P ~*s 1)
using tickFree-D-imp-trace-trans-BOT
tickFree-trace-trans-BO T-imp-D-if-T-trans-BO T-imp-eq- BOT-weak by blast

When we have more information on P ~~, @), we obtain:

lemma STOP-trace-trans-iff: <STOP ~*s P «— s =[] A P = STOP)
using STOP-T-iff T-trans-imp-leT
by (subst trace-trans.simps) (auto simp add: T-trans-eq)

lemma Q-SKIP-is-STOP-imp-7-trans-imp-leF-imp-SKIP-trace-trans-iff :
«Q (SKIPr) r=8TOP —= (APQ.P~, Q= PLp Q) =
(SKIP r ~*s P) «— s=[|ANP=S8KIPrV s=[/(r)] AN P = STOP»
using SKIP-F-iff STOP-F-iff
apply (subst trace-trans.simps)
apply (auto simp add: Aftery;.,-SKIP T-trans-eq)
by fastforce blast+

lemma trace-trans-imp-initials-subset-initials-Afters,qce:
(P ~*s Q = initials Q C initials (P aftery s)»
using trace-trans-iff-T-and-Aftery,qce-7-trans
anti-mono-initials-T trace-trans-imp-T T-trans-imp-leT by blast

lemma imp-trace-trans-imp-initial:
(P ~*(s@Q e # t) Q= e € initials (P afters s)
using initials-Afterirqce trace-trans-imp-T by blast
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Under additional assumptions, we can show that the event transition and
the trace transition are admissible.

lemma ev-trans-adm-weak[simp):
assumes 7-trans-adm:
(Aw v. cont (u:: b cpo = (‘a, ') processpiick) = monofun v => adm(Az.
UL~y VL)
and VU-cont-hyp : <cont (A\P. U P e)»
and cont-u: <cont (u :: 'b = ('a, 'r) processpiick)> and monofun-v : <monofun
v
shows <adm(Az. u z ~¢ (v 2))
apply (intro adm-conj)
by (fact initial-adm[OF cont-u))
(rule T-trans-adm[OF - monofun-v], simp add: V-cont-hyp cont-u)

lemma tick-trans-adm-weak|[simp:
assumes 7-trans-adm:
(Auwv. cont (u:: b ecpo = (‘a, ') processpiick) = monofun v => adm(Az.
UT ~>r VT
and Q-cont-hyp : <cont (AP. Q P 1))
and cont-u: <cont (u :: 'b = ('a, 'r) processpiick)> and monofun-v : <monofun
vy
shows <adm(Az. vz ~,p (v 1))
apply (intro adm-conj)
by (fact initial-adm[OF cont-ul)
(rule T-trans-adm[OF - monofun-v|, simp add: Q-cont-hyp cont-u)

lemma trace-trans-adm-weak[simpl:
assumes 7-trans-adm: <Au v. cont (u = 'b :x ecpo = (a, 'r) processpiick) =
monofun v => adm (Az. u T ~>, v T)»
and Afteriqce-cont-hyps: <Vx. evx € set s — cont (AP. U P z)y «Vr. /(r)
€ set s — cont (AP. Q P r)
and cont-u: <cont (u = 'b :x cpo = ('a, ') processpiick)> and monofun-v:
<momnofun v’
shows <adm (Az. vz ~* s (va))
apply (subst trace-trans-iff-T-and-After;, qce-T-trans)
apply (intro adm-conj)
apply (solves <simp add: adm-in-T cont-u)
by (rule T-trans-adm[OF - monofun-v], rule Afters,qece-cont;
simp add: Afters,qce-cont-hyps cont-u)

6.5 General Rules of Operational Semantics

We can now derive some rules or the operational semantics that we are
defining.

lemma SKIP-trans-tick-Q-SKIP: <SKIP r ~» s Q (SKIP 1) 1)
by (simp add: Aftery;c,-SKIP T-trans-eq)
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lemmas SKIP-OpSem-rule = SKIP-trans-tick-Q-SKIP

This is quite obvious, but we can get better.

lemma initial-tick-imp-tick-trans-Q-SKIP: «/(r) € P* = P~ /- Q (SKIP ) 1>
using SKIP-trans-tick-Q-SKIP T-trans-tick-trans
indtial-tick-imp-1-trans-SKIP by blast

lemma tick-trans-imp-tick-trans-Q-SKIP : <3 P'. P ~» sy P! => P~/ Q (SKIP
)T
using initial-tick-imp-tick-trans-Q-SKIP by blast

lemma SKIP-cant-ev-trans: <= SKIP r ~¢ P»
and STOP-cant-ev-trans: <= STOP ~-¢ P)
and STOP-cant-tick-trans: <= STOP ~ ,r P) by simp-all

lemma ev-trans-Mprefiz: <e € A = Oa € A — P a ~¢ (Pe)
by (simp add: Aftery;ci-def After-Mprefix T-trans-eq initials-Mprefix)

lemma ev-trans-Mndetprefiz: <e € A = TMa € A = P a ~¢ (P e)
by (simp add: Afteri;c-def After-Mndetprefiz T-trans-eq initials-Mndetprefix)

lemma ev-trans-prefiz: <e — P ~v¢ P>
by (metis ev-trans-Mprefiz insertll write0-def)

lemmas prefiz-OpSem-rules = ev-trans-prefix ev-trans-Mprefiz ev-trans-Mndetprefiz

lemma 7-trans-GlobalNdet: <Ma € A. P a ~, P ey if <e € A
proof —
have <Ma € A. Pa=PeMN (Ma € A. Pa)
by (metis GlobalNdet-factorization-union GlobalNdet-unit
empty-iff insertl1 insert-absorb insert-is-Un that)
thus «Ma € A. P a ~, P e by (metis 7-trans-NdetL)
qed

lemmas Ndet-OpSem-rules = T-trans-NdetL T-trans-NdetR T-trans-GlobalNdet
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lemma 7-trans-fiz-point: <cont f = P = (u X. fX) = P ~, [ P»
by (metis T-trans-eq cont-process-rec)

lemmas fiz-point-OpSem-rule = T-trans-fix-point

lemma ev-trans-DetL: <P ~» P' = P O Q ~»¢ P’
by (metis Afters;cr-Det-is-Afterticr-Ndet UnCI t-trans-NdetL T-trans-ev-trans
initials-Det)

lemma ev-trans-DetR: <Q ~e Q' = P 0 Q ~¢ Q"
by (metis Det-commute ev-trans-DetL)

lemma tick-trans-DetL: <P ~,p P' = P O Q ~»/r Q (SKIP ) 1
by (metis UnCI initials-Det initial-tick-imp-tick-trans-Q-SKIP)

lemma tick-trans-DetR: <Q ~»,r Q' = P O Q ~»,r Q (SKIP 1) 1
by (metis Det-commute tick-trans-DetL)

lemma ev-trans-GlobalDet:
{da € A. Pa ~e @ if <a € A> and (P a ~e @
proof (cases <A = {a}»)
show (A = {a} = Oa € A. P a ~¢ @ by (simp add: <P a ~¢ Q)
next
assume <A # {a}
with (¢ € A» obtain A’ where <a ¢ A" <A = {a} U 4"
by (metis insert-is-Un mk-disjoint-insert)
have (0a € A. P a = P a O GlobalDet A’ P»
by (simp add: <A = {a} U A" GlobalDet-distrib-unit-bis|OF <a ¢ A"])
also from ev-trans-DetL <P a ~~¢ @ have (... ~» Q> by blast
finally show da € A. P a ~¢ @ .
qed

lemma tick-trans-GlobalDet:
Oa € A. Pa~yrQ(SKIPT) 1 if <a € A and <P a ~/p @
proof (cases <A = {a}»)
show (A = {a} = Oa € A. Pa ~,r Q (SKIP r) 1
by (simp add: initial-tick-imp-tick-trans-Q-SKIP <P a ~~ sr @)
next
assume <A # {a}
with <a € A» obtain A’ where <a ¢ A" <A = {a} U A"
by (metis insert-is-Un mk-disjoint-insert)
have <Oa € A. P a = P a O GlobalDet A’ P
by (simp add: <A = {a} U A"y GlobalDet-distrib-unit-bis|OF <a ¢ A"))
also from tick-trans-DetL <P a ~+,r Q> have <... ~ ,r Q (SKIP r) r) by blast
finally show Oa € A. P a ~»,r Q (SKIP ) 1) .
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qed

lemma ev-trans-SlidingL: <P ~¢ P' = P 1> Q ~»¢ P
by (simp add: Sliding-def)
(meson T-trans-NdetL T-trans-ev-trans ev-trans-DetL)

lemma tick-trans-SlidingL: <P ~,p P' = P > Q ~»/r Q (SKIP 1) 1)
by (metis UnCI initials-Sliding initial-tick-imp-tick-trans-Q-SKIP)

lemma 7-trans-SlidingR: <P > @ ~~, >
by (simp add: Sliding-def T-trans-NdetR)

lemma 7-trans-SeqR: <P 5 Q ~+, Q" if <P ~» ,r P"» and «Q ~, Q"
proof —
from that(1) have <P Cpp SKIP r by (simp add: initial-tick-iff-FD-SKIP)
with FD-iff-eq-Ndet have <P = P M SKIP r» ..
hence <P ; Q = (P; Q) N (SKIP r; Q) by (metis Seq-distrib-Ndet-right)
also have «... = (P; Q) 1 @ by simp
also have «... ~,. @ by (simp add: T-trans-NdetR)
finally show (<P ; Q ~, Q" by (rule T-trans-transitivity) (fact that(2))
qed

lemma «/(r) € P' = Q ~¢ Q' = P; Q ~¢ Q)
using 7-trans-SeqR T-trans-eq T-trans-ev-trans by blast

lemma tick-trans-Hiding: <P ~» s P' = P \ B ~»/+ Q (SKIP 1) 1
by (simp add: initial-tick-imp-tick-trans-Q-SKIP initial-tick-imp-initial-tick- Hiding)

lemma 7-trans-SKIP-SyncL: <P [S] Q ~+; SKIP r [S] @ if <P~/ P’
proof —
from that have <P Crp SKIP ry by (simp add: initial-tick-iff-FD-SKIP)
with FD-iff-eq-Ndet have «P = P M SKIP r» ..
hence <P [S] @ = (P [S] Q) M (SKIP r [S] Q) by (metis Sync-distrib-Ndet-right)
also have «... ~. (SKIP r [S] Q) by (rule T-trans-NdetR)
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finally show <P [S] Q ~, SKIP r [S] @ .
qed

lemma 7-trans-SKIP-SyncR: <Q ~»,r Q' = P [S] Q ~», P [S] SKIP r»
by (metis Sync-commute T-trans-SKIP-SyncL)

lemma tick-trans-SKIP-Sync-SKIP: «<SKIP r [S] SKIP 1 ~ s Q (SKIP 1) 1)
by (simp add: SKIP-trans-tick-Q2-SKIP)

lemma «(SKIP r [S] SKIP r ~~. SKIP r»
by (simp add: T-trans-eq)

lemma tick-trans-InterruptL : <P ~»,r P' = P A Q ~ /s Q (SKIP r) 1)
and tick-trans-InterruptR : <Q ~>,r Q' = P A Q ~,r Q (SKIP r) 1)
by (rule initial-tick-imp-tick-trans-Q-SKIP, simp add: initials-Interrupt)+

lemma tick-trans-ThrowL : <P ~»,r P'= P © a € A. Q a ~,r Q (SKIP 1) 1
by (rule initial-tick-imp-tick-trans-Q-SKIP)
(simp add: initials- Throw)

lemma ev-trans- ThrowR-inside:
te€ A= P~ P = POac A Qa~¢(Qe)p
by (simp add: Aftery;cr- Throw initials- Throw BOT-T-trans-anything T-trans-eq)

end

6.6 Recovering other operational rules

By adding a 7-transition hypothesis on each operator, we can recover the
remaining operational rules.

6.6.1 Det Laws

locale OpSemTransitionsDet = OpSemTransitions ¥ Q «(~;)»
for U :: <[('a, 'r) processpiick, 'a] = ('a, 'r) processptick>
and Q :: «[('a, 'r) processpiick, 'r] = (‘a, ') processpiick?

and 7-trans :: <[('a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl <~-.»
50) +
assumes 7-trans-Detl : <P ~, P'=— P [ Q ~, P’ Q»
begin

lemma 7-trans-DetR : <Q ~, Q' = P 0 Q ~, PO @"
by (metis Det-commute T-trans-DetL)

lemmas Det-OpSem-rules = 7-trans-DetL T-trans-DetR
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ev-trans-DetL ev-trans-DetR
tick-trans-DetL tick-trans-DetR

end

6.6.2 Det relaxed Laws

locale OpSemTransitionsDetRelazed = OpSemTransitions ¥ Q <(~>,)
for U :: <[(“a, ') processpiick, 'a] = ('a, 'r) processptick>

and Q :: ([('a, 'r) processpiick, 'r] = ('a, ') processpiick?
and 7-trans :: <[('a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl <~-.»
50) +
assumes 7-trans-Detl, : <P =1 VP # 1V Q=1=—P~, PP= POQ
. P'O O
begin

lemma 7-trans-DetR : <Q = 1LV Q' # LV Q=1= Q~, Q= POQ
~, PO Q)
by (metis Det-commute T-trans-DetL)

lemmas Det-OpSem-rules = T-trans-DetL T-trans-DetR
ev-trans-DetL ev-trans-DetR
tick-trans-DetL tick-trans-DetR

end

6.6.3 Seq Laws

locale OpSemTransitionsSeq = OpSemTransitions U Q ((~,)»
for ¥ :: ([('a, 'r) processpiick, 'al = ('a, 'r) processpiick>
and Q :: ([('a, 'r) processpiick, 'r] = ('a, 'r) processpiick’
and 7-trans :: <[('a, ') processpiick, ('a, 'r) processpiick] = booly (infixl <~-r»
50) +
assumes 7-trans-SeqL : <P ~», P' = P; Q ~, P';
begin

lemma ev-trans-SeqL: <P ~¢ P/ = P ; Q ~¢ P’
apply (cases <P = Ly, solves «simp add: BOT-ev-trans-anything)
apply (simp add: Aftery;ci.-Seq initials-Seq image-iff disjoint-iff)
by (meson 7-trans-NdetL T-trans-SeqL T-trans-transitivity ev-trans-is)

lemmas Seq-OpSem-rules = T-trans-SeqL ev-trans-SeqL T-trans-SeqR

end
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6.6.4 Renaming Laws

We are used to it now: we need to duplicate the locale in order to obtain
the rules for the Renaming operator.

locale OpSemTransitionsDuplicated =
OpSemTransitions,: OpSemTransitions ¥y, Qo (o~ ) +
OpSemTransitionsg: OpSemTransitions Vg Qg (g~7)
for W, :: <[('a, 'r) processptick, 'a] = ('a, 'r) processpick?
and Q, :: <[('a, 'r) processpiick, 'T] = (‘a, 'r) processpiick>
and 7-trans, :: <[(‘a, 'r) processpiick, ('a, 'T) processpiick] = booly (infixl
(o~ 850)
and Vg :: <[('D, 's) processpiick, 'b] = ('b, 's) processpiick>

and Qg 2 <[('b, 's) processprick, 's] = (b, 's) processpiick>

and 7-transg :: <[('b, 's) processpiick, ('b, 's) processpiick] = booly (infixl (g~-;>
50)
begin

notation OpSem Transitionsy.ev-trans (- o~- - [50, 8, 51] 50)

notation OpSemTransitions,.tick-trans (¢- o~ /- = [50, 3, 51] 50)

notation OpSemTransitionsg.ev-trans (<- g~- - [50, 3, 51] 50)
( -

notation OpSemTransitionsg.tick-trans (<- g~ - - [50, 3, 51] 50)

lemma tick-trans-Renaming: <P o~ sr P’ = Renaming P f g g~ /g r (g (SKIP
(gr) (gr))
by (metis OpSem Transitionsg.initial-tick-imp-tick-trans-Q-SKIP
Renaming-SKIP mono-Renaming-FD initial-tick-iff-FD-SKIP)

end

sublocale OpSem TransitionsDuplicated C AfterExtDuplicated .
— Recovering AfterExtDuplicated. Aftery;qi-Renaming (and AfterDuplicated. After- Renaming)

locale OpSemTransitionsRenaming =
OpSemTransitionsDuplicated W, Qo T-trans, Vg g T-transg
for W, :: <[('a, 'r) processpiick, 'a] = ('a, 'r) processpiick?
and Q, :: «[('a, 'r) processpiick, 'T] = ('a, 'T) processpiick>
and 7-trans, :: <[(‘a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl
(oot 50)
and Vg == <[('b, 's) processprick, 'b] = (b, 's) processpiick>

and Qg :: <[('b, 's) processprick, 's] = (b, 's) processpiick>
and 7-transg :: <[('b, 's) processprick, ('b, 's) processpiick] = bools (infixl (g~-r>
50) +
assumes 7-trans-Renaming : <P 4~; P’ => Renaming P f g g~>, Renaming
P'fg
begin

lemma ev-trans-Renaming: <Renaming P f g g~} (Renaming P’ f g)»
if <fa = b and <P 4,~q P"
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proof (cases <P = 1)
show <P = 1 = Renaming P f g g~ (Renaming P’ f g)»
by (simp add: Afteri;ci-Renaming)
(simp add: OpSemTransitionsg. BOT-T-trans-anything
OpSem Transitionsg. BOT-ev-trans-anything)
next
assume non-BOT: <P # L)
from that have initial : <3 a. ev a € initials P N\ fa = by by blast
show «Renaming P f g g~} (Renaming P’ f g)
proof (intro conjI)
from initial show <ev b € (Renaming P f g)
by (force simp add: initials-Renaming image-iff)
next
show «OpSemTransitionsg.Afteri;c,, (Renaming P f g) (ev b) g~ Renaming
P'fg
apply (simp add: Afters;cr-Renaming non-BOT initial)
apply (rule OpSemTransitionsg.T-trans-transitivity
[OF OpSemTransitionsg.T-trans-GlobalNdet[of a] T-trans-Renaming])
apply (solves <simp add: that»)
using OpSemTransitions,.ev-trans-is that(2) by blast
qed
qed

lemmas Renaming-OpSem-rules = T-trans-Renaming tick-trans-Renaming ev-trans-Renaming

end

6.6.5 Hiding Laws

locale OpSemTransitionsHiding = OpSemTransitions ¥ Q <(~.)»
for ¥ :: ([("a, 'r) processpiick, 'al = ('a, 'r) processpiick’
and Q :: ([('a, 'r) processpiick, 'r] = ('a, 'T) processpiick
and 7-trans :: <[('a, ') processpiick, ('a, 'r) processpiick) = booly (infixl <~-r»
50) +
assumes 7-trans-Hiding : <P ~», P/ = P\ A ~, P'\ A
begin

lemma 7-trans-Hiding-inside: <P \ A ~». P\ A if <e € A)> and (P ~», P’
proof —
have <P\ A Crp P aftery eve\ A
by (simp add: Hiding-FD-Hiding-Afters;cr-if-initial-inside that)
with FD-iff-eq-Ndet have <P \ A = (P \ A) N (P after, eve\ A) ..
moreover have (... ~. P after , ev e\ A by (simp add: T-trans-NdetR)
moreover have <... ~,. P'\ Ay by (simp add: T-trans-Hiding that(2))
ultimately show (P \ A ~, P’\ A) by (metis T-trans-transitivity)
qed

lemma ev-trans-Hiding-notin: <P \ A ~»¢ P'\ A if <e ¢ A> and <P ~»¢ P’
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proof —
note initial = initial-notin-imp-initial- Hiding[ OF that(2)[THEN conjunctl] that(1)]
have (P \ A) after, eve Cpp P aftery eve\ A
by (simp add: Aftery;c,-Hiding-FD-Hiding-Aftery; i -if-initial-notin that)
with FD-iff-eq-Ndet
have (P \ A) after, eve = (P \ A) after, ev e (P after, eve\ A) ..
moreover have (... ~. P after , ev e\ A by (simp add: T-trans-NdetR)
moreover have (... ~. P\ A by (simp add: T-trans-Hiding that(2))
ultimately show (P \ A ~», P’'\ A by (metis (no-types) 7-trans-transitivity
initial)
qed

lemmas Hiding-OpSem-rules = 7-trans-Hiding tick-trans-Hiding
ev-trans-Hiding-notin T-trans-Hiding-inside

end

6.6.6 Sync Laws

locale OpSemTransitionsSync = OpSemTransitions U Q «(~>,)»
for W :: ([("a, 'r) processpiick, 'al = ('a, 'r) processpiick>
and Q :: «[('a, 'r) processpiick, '] = ('a, ') processpiici>
and 7-trans :: <[(‘a, 'r) processprick, (‘a, 'r) processpiick] = booly (infixl <~-,»
50) +
assumes 7-trans-SyncL : <P ~», P' = P [S] Q ~. P’ [S] @
begin

lemma 7-trans-SyncR : «Q ~, Q' = P [S] Q@ ~, P [S] Q"
by (metis Sync-commute T-trans-Syncl)

lemma ev-trans-SyncL : <e ¢ S => P ~»¢ P/ = P [S] Q ~»¢ P’ [S] @
by (simp add: Aftery;ci-Sync initials-Sync BOT-7-trans-anything image-iff)
(meson T-trans-NdetL T-trans-SyncL T-trans-transitivity ev-trans-is)

lemma ev-trans-SyncR : e ¢ S = Q ~»¢ Q' = P [S] Q ~¢ P [S] Q"
by (metis Sync-commute ev-trans-SyncL)

lemma ev-trans-SyncLR :
e€ S = P~¢P = Q~eQ = P[S] Q~eP [5] Q"
by (simp add: Afteri;cr-Sync BOT-7-trans-anything initials-Sync)
(meson T-trans-SyncL T-trans-SyncR T-trans-transitivity ev-trans-is)

lemmas Sync-OpSem-rules = T-trans-SyncL T-trans-SyncR
ev-trans-SyncL ev-trans-SyncR
ev-trans-SyncLR
T-trans-SKIP-SyncL T-trans-SKIP-SyncR
tick-trans-SKIP-Sync-SKIP
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end

6.6.7 Sliding Laws

locale OpSemTransitionsSliding = OpSemTransitions ¥ € <(~>,)»
for U :: <[('a, ') processpiick, 'a] = ('a, 'r) processpiick>
and Q :: ([('a, 'r) processpiick, 'r] = ('a, ') processpiick’
and 7-trans :: <[('a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl <~-.»
50) +
assumes 7-trans-Slidingl : <P ~», P' = P 1> Q ~, P' > ()
— We just add the 7-trans-SlidingL property.
begin

lemmas Sliding-OpSem-rules = T-trans-SlidingR T-trans-SlidingL
ev-trans-SlidingL tick-trans-SlidingL

end

6.6.8 Sliding relaxed Laws

locale OpSemTransitionsSlidingRelaxed = OpSemTransitions W Q <(~;)
for ¥ :: ([('a, 'r) processpiick, 'al = ('a, 'r) processpiick’
and Q :: ([('a, 'r) processpiick, 'T] = ('a, 'r) processpiick’
and 7-trans :: <[('a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl <~-r»
50) +
assumes 7-trans-SlidinglL : <P =1V P # 1V Q=1= P~, PP=— P>
Q ~, P >
— We just add the 7-trans-SlidingL property.
begin

lemmas Sliding-OpSem-rules = T-trans-SlidingR T-trans-SlidingL
ev-trans-SlidingL tick-trans-SlidingL

end

6.6.9 Interrupt Laws

locale OpSemTransitionsInterruptL = OpSemTransitions ¥ Q <(~,)»
for U :: <[('a, ') processpiick, 'a] = ('a, 'r) processpick>
and Q :: ([('a, 'r) processpiick, 'r] = ('a, 'r) processpiick’
and 7-trans :: <[('a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl <~-.»
50) +
assumes 7-trans-Interruptl : <P ~». P'=— P A\ Q ~, P' A\ Q>
begin

lemma ev-trans-InterruptL: <P ~»¢ P’ => P /\ Q ~¢ P’ A\ @

apply (simp add: Aftery;ci-Interrupt initials-Interrupt)
using 7-trans-InterruptL T-trans-NdetR T-trans-transitivity by blast
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lemma ev-trans-InterruptR: <Q ~¢ Q' = P A Q ~¢ Q)
apply (simp add: Aftery;cr-Interrupt initials-Interrupt)
using 7-trans-NdetL T-trans-transitivity by blast

end

locale OpSemTransitionsInterrupt = OpSemTransitionsInterruptL U £ <(~,)»
for W :: ([("a, 'r) processpiick, 'al = ('a, 'r) processpiick>
and Q :: «[('a, 'r) processpiick, '] = ('a, ') processpiici>
and 7-trans :: <[(‘a, 'r) processpiick, (‘a, 'r) processpiick] = booly (infixl <~-,»
50) +
assumes 7-trans-InterruptR : (Q ~, Q' = P A\ Q ~, P \ Q"
— We just add the 7-trans-InterruptR property.
begin

lemmas Interrupt-OpSem-rules = T-trans-InterruptL T-trans-InterruptR
ev-trans-InterruptL ev-trans-InterruptR
tick-trans-InterruptL tick-trans-InterruptR

end

6.6.10 Throw Laws

locale OpSemTransitionsThrow = OpSemTransitions ¥ Q «(~,)»
for W :: ([("a, 'r) processpiick, 'al = ('a, 'T) processpiick>
and Q :: «[('a, 'r) processpiick, 'r] = ('a, ') processpiici>
and 7-trans :: <[(‘a, 'r) processprick, ('a, 'r) processpiick] = booly (infixl <~-,»
50) +
assumes 7-trans-ThrowL : (P ~, P'=—= PO ac€ A. Qa~, P'POac A Q
a
begin

lemma ev-trans- ThrowL-notin:
te¢ A= P~ P = POacA Qa~e(POacA Qa)y
by (simp add: Aftery;ci.- Throw initials- Throw BOT-7-trans-anything T-trans- ThrowL)

lemmas Throw-OpSem-rules = 7-trans-ThrowL tick-trans-ThrowL
ev-trans- ThrowL-notin ev-trans- ThrowR-inside

end
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6.7 Locales, Assemble !

It is now time to assemble our locales.

locale OpSemTransitionsAll =
OpSemTransitionsDet U Q ¢(~,)» +
OpSemTransitionsSeq U Q «(~,)y +
OpSemTransitionsHiding ¥ Q <(~;) +
OpSemTransitionsSync ¥ Q «(~,)» +
OpSem TransitionsSliding ¥ Q «(~;)) +
OpSemTransitionsInterrupt U Q <(~,)» +
OpSemTransitionsThrow ¥ Q ((~,)»
for ¥ :: ([('a, 'r) processpiick, 'al = ('a, 'r) processpiick’
and Q :: ([('a, 'r) processpick, 'r] = (‘a, 'r) processpiick
and 7-trans :: <[(‘a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl v~ »
50)

Of course we need to duplicate the locale for obtaining Renaming rules.

locale OpSemTransitionsAllDuplicated =
OpSemTransitionsAll,: OpSemTransitionsAll ¥, Qo ((a~7)) +
OpSemTransitionsAllg: OpSemTransitionsAll Ug Qg «(g~7)> +
OpSemTransitionsRenaming W, o T-trans, Vg Qg T-transg
for U, :: <[('a, 'r) processpiick, 'a] = (‘a, 'r) processpiick
and Q, :: <[('a, 'r) processptick, 'T] = (‘a, 'r) processpiick>
and 7-trans, :: «[(‘a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl
Carrd 50)
and Vg = <[('b, 's) processpiick, 'b] = (b, 's) processpiick?
and Qg =z <[('b, 's) processpiick, 's| = (b, 's) processpiick
and 7-transg :: <[('b, 's) processpiick, ('b, 's) processpiick] = booly (infixl (g~-,»
50)
begin

notation OpSemTransitionsAlly.ev-trans (- o~- - [50, 3, 51] 50)
notation OpSemTransitionsAll,.tick-trans (<- o~ - = [50, 3, 51] 50)
notation OpSem TransitionsAllg.ev-trans (<- g~_ -» [50, 8, 51] 50)
notation OpSemTransitionsAllg.tick-trans (<- g~ ,- -» [50, 3, 51] 50)

end

6.8 (~,) instantiated with (Crp) or (Cpr)

6.8.1 (~,) instantiated with (Cgp)

locale OpSemFD =
fixes U :: <[('a, 'r) processpiick, 'a] = ('a, 'r) processpiick>
and Q :: ([('a, 'r) processpiick, 'r] = ('a, 'r) processpiick’
assumes mono-Q-FD: «/(r) € Q° = PLCrp Q= QPrCrp QQmn
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sublocale OpSemFD C OpSemTransitionsAll - - «(Cpp) = (Ya, 'r) processpiick
= ('a, 'r) processpiick = bool
proof unfold-locales
show (P Q Cpp P> for P Q :: <('a, 'r) processpiick> by (fact Ndet-FD-self-left)
next
show (PCrp Q= QLCpp R= PLpp Ry for P Q R :: «('a, 'r) processpiick>
by (fact trans-FD)
next
show (P Cpp Q = Q" C P% for P Q :: «('a, 'r) processprick> by (fact
anti-mono-initials-FD)
next
show (e € QO:>PEFD Q =
AfterExt. Afteryicr W Q P e Cpp AfterExt. Afteryicry ¥ Q Q e for e P Q)
by (cases e) (simp-all add: AfterExt. Aftery;.r-def After.mono-After-FD mono-Q2-FD)
next
show <P Cpp P'=— PO QCpp P'O @ for PP' Q:: «("a, 'r) processprick’
by (intro mono-Det-FD idem-FD)
next
show <P Cpp P'= P; Q Cpp P'; @ for P P’ Q :: <('a, 'r) processpiick>
by (intro mono-Seq-FD idem-FD)
next
show <P Cpp P'= P\ ACpp P'\ A for P P':: <('a, 'r) processpiick> and
A
by (intro mono-Hiding-FD idem-FD)
next
show (P Cpp P'= P [S] QCrp P'[S] @ for PP’ Q:: «('a, 'r) processpiick>
and S
by (intro mono-Sync-FD idem-FD)
next
show <P Cpp P'= P> QLCpp P'> @ for P P' Q :: <("a, 'r) processpiici>
by (intro mono-Sliding-FD idem-FD)
next
show «<PCpp P'= P A QCprp P'A @ for PP’ Q :: <('a, 'r) processpiick>
by (intro mono-Interrupt-FD idem-FD)
next
show «QCpp Q"= P A QCpp P A Q) for P Q Q' :: <('a, 'r) processpiick>
by (intro mono-Interrupt-FD idem-FD)
next
show <PCpp PP=—= PO a€c A Qalprp PO ac A Qa for P P':: (a,
'r) processpiick) and A Q
by (intro mono-Throw-FD idem-FD)
qed

context OpSemFD
begin

Finally, the only remaining hypothesis is [v'(?r) € ?Q"; ?P Cpp ?Q] =
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Q%P ?r Cpp Q 2Q ?r when we instantiate our locale with the failure-
divergence refinement (Crp).

Of course, we can strengthen some previous results.

notation failure-divergence-refine (infixl g p~» 50)
notation ev-trans (¢- pp~- - [50, 3, 51] 50)
notation tick-trans («- pp~ - -» [50, 3, 51] 50)
notation trace-trans («- pp~*- -» [50, 3, 51] 50)

lemma trace-trans-imp-F: <P pp~*s Q = X € R Q = (s, X) € F P»
by (rule trace-trans-imp-F-if-r-trans-imp-leF) (simp add: leF'D-imp-leF)

lemma tickFree-trace-trans-BOT-imp-D: <tickFree s = P pp~*s L = s € D
P

by (rule tickFree-trace-trans-BOT-imp-D-if-T-trans-BO T-imp-eq-BOT-weak) (simp
add: FD-antisym)

lemma F-trace-trans-reality-check: <tickFree s = (s, X) € F P +— (3Q. (P
FD~s Q) ANXeR Q))
by (simp add: F-trace-trans-reality-check-weak leFD-imp-leF)

lemma D-trace-trans-reality-check: <tickFree s => s € D P <— P pp~*s 1)
by (simp add: D-trace-trans-reality-check-weak FD-antisym)

lemma Q-SKIP-is-STOP-imp-SKIP-trace-trans-iff:
«Q (SKIPr) r = STOP = (SKIP r pp~*s P) «— s=[ AP =SKIPr Vs
= [/(r)] AN P = STOP»
by (erule Q-SKIP-is-STOP-imp-7-trans-imp-leF-imp-SKIP-trace-trans-iff )
(simp add: leFD-imp-leF)

lemmas 7-trans-adm = le-F'D-adm

lemma ev-trans-adm][simp):
(Jeont (AP. W P e); cont u; monofun v] = adm (Az. u & pp~>e U )
by simp

lemma tick-trans-adm[simp):
([cont (AP. Q P r); cont u; monofun v] = adm (Az. u & pp~sr v T))
by simp

lemma trace-trans-adm|[simpl:
(Vz. evx € set s — cont (AP. ¥ P z);
Vr./(r) € set s — cont (AP. Q P r); cont u; monofun v]
= adm (M\z. uz pp~*s (v I))
by simp
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end

locale OpSemFDDuplicated =
OpSemFD,: OpSemFD ¥, Qo + OpSemFDg: OpSemFD Vg Qg
for W, :: <[('a, 'r) processpiick, 'a] = ('a, 'r) processpiick?
and Q, :: <[('a, 'r) processpiick, 'T] = ('a, 'T) processpiick>
and Uy == <[('b, 's) processpiick, 'b] = (b, 's) processpiick>
and Qg =z <[('b, 's) processpiick, 's| = (b, 's) processpiick

sublocale OpSemFDDuplicated C OpSem TransitionsAllDuplicated - - «(Epp)» -
- «(CEFrp)
by (unfold-locales) (simp add: mono-Renaming-FD)

6.8.2 (~,) instantiated with (Cpr)

locale OpSemDT =
fixes U :: «[(“a, 'r) processpiick, 'a] = ('a, 'r) processpiick>
and Q :: «[('a, 'r) processpiick, 'r] = (‘a, ') processpiick?
assumes mono-Q-DT: «/(r) € Q = PCpr Q = Q PrCpr Q Qnr

sublocale OpSemDT C OpSemTransitionsAll - - «(Cpr) = (‘a, 'r) processpyiick
= ('a, 'r) processpiick = bool>
proof unfold-locales
show <P M Q Cpyp Py for P Q :: <(a, 'r) processpiick> by (fact Ndet-DT-self-left)
next
show <P Cpr Q@ = Q Cpr R= PLpr R for P Q R :: <('a, 'r) processpici>
by (fact trans-DT)
next
show (P Cpr @ = Q° C P% for P Q = «('a, 'r) processptick> by (fact
anti-mono-initials-DT)
next
show (e € Q° = P Cpr Q =
AfterExt. Afteriicr ¥ Q P e Cpr AfterExt. Aftersicr, ¥ Q Q e for e P Q)
by (cases e) (simp-all add: AfterExt. Aftery;qi-def After.mono-After-DT mono-Q-DT)
qed (simp-all add: mono-Det-DT mono-Seq-DT mono-Hiding-DT mono-Sync-DT
mono-Sliding-DT mono-Interrupt-DT mono-Throw-DT')

context OpSemDT
begin

Finally, the only remaining hypothesis is [v/(?r) € ?Q°; ?P Cpr ?Q] =
Q 2P ?r Cpr Q ?Q ?r when we instantiate our locale with the failure-
divergence refinement (Cprp).

Of course, we can strengthen some previous results.

notation trace-divergence-refine (infixl «pr~,» 50)
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notation ev-trans (<- pr~- - [50, 8, 51] 50)
notation tick-trans (<- pr~ - - [50, 8, 51] 50)
notation trace-trans (<- pr~*- - [50, 3, 51] 50)

lemma tickFree-trace-trans-BOT-imp-D: <tickFree s — P pr~*s L — s € D
P»
by (rule tickFree-trace-trans-BOT-imp-D-if-T-trans-BOT-imp-eq- BOT-weak)
(meson BOT-iff-Nil-D divergence-refine-def leDT-imp-leD subsetD)

lemma D-trace-trans-reality-check: <tickFree s =—> s € D P <— P pp~"*s 1»
by (simp add: D-trace-trans-reality-check-weak BOT-iff-Nil-D tickFree-trace-trans-BOT-imp-D
trace-T-trans)

lemmas 7-trans-adm = le-DT-adm

lemma ev-trans-adm][simp):
([cont (AP. W P e); cont u; monofun v] = adm (Az. u & pr~e v T))
by simp

lemma tick-trans-adm[simp]:
(cont (AP. Q P r); cont u; monofun v] = adm (Az. v x pr~sr v T)>
by simp

lemma trace-trans-adm|[simpl:
([Vz. evz € set s — cont (AP. ¥ P z);
Vr./(r) € set s — cont (AP. Q P r); cont u; monofun v]
= adm (Az. uz pr~*s (va))
by simp

If we only look at the traces and the divergences, non-deterministic and
deterministic choices are the same. Therefore we can obtain even stronger
results for the operational rules.

lemma 7-trans-Det-is-T-trans-Ndet: <P 0 Q pr~, R<+— PN Q pr~, R
unfolding trace-divergence-refine-def trace-refine-def divergence-refine-def
by (simp add: T-Det T-Ndet D-Det D-Ndet)

lemma 7-trans-Sliding-is-T-trans-Ndet: <P > Q pr~, R+— PN Q pr~, R
unfolding Sliding-def by (metis Det-assoc Det-id T-trans-Det-is-T-trans-Ndet)

end
locale OpSemDTDuplicated =
OpSemDT,: OpSemDT V¥, Qo + OpSemDTg: OpSemDT Vg Qg

for ©, :: <[(‘a, ') processpiick, ‘a] = ('a, ') processpiici>
and Q, :: <[('a, 'r) processpiick, '] = (‘a, 'r) processpiici>
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and Ug == <[('b, 's) processprick, 'b] = (b, 's) processpiick>
and Qg :: <[('b, 's) processpiick, 's] = (b, 's) processpiick>

sublocale OpSemDTDuplicated C OpSem TransitionsAllDuplicated - - <(Epr)» -
- «(Cpr)
by (unfold-locales) (simp add: mono-Renaming-DT')

6.9 (~,) instantiated with (Cp) or (Crp)

We will only recover the rules for some operators.

6.9.1 (~,) instantiated with (Cp)

locale OpSemF =
fixes U :: <[(‘a, 'r) processpiick, 'a] = (‘a, 'r) processpiick?
and Q :: «[('a, 'r) processpiick, 'T] = ('a, ') processpiici>
assumes mono-Q-F: «/(r) € Q® = PLCr Q= QPrCrQQn

sublocale OpSemF C OpSemTransitionsHiding - - <«(Cr) == ('a, 'r) processpiick
= ('a, 'r) processpiick = bool> +

OpSemTransitionsDetRelaxzed - - «(Cp) :: (‘a, 'r) processpiick = (
cessptick = booly +

OpSemTransitionsSlidingRelazed - - <«(Cp) :: ('a, ') processpiick = ('a, 'r) pro-
cessprick = booly
proof unfold-locales

show <P M Q Cp P> for P Q :: «('a, 'r) processpiick> by (fact Ndet-F-self-left)
next

show <P Cp Q = Q Cp R= PCp R for P Q R :: «('a, 'r) processpiick>
by (fact trans-F)
next

show (P Cp Q = Q° C P% for P Q :: «('a, 'r) processprick> by (fact
anti-mono-initials-F')
next

show (e € Q* = PLCr Q —

AfterExt. Afteriicr ¥ Q P e Cp AfterExt. Afteriicr ¥ Q Q e for e P Q

by (cases e) (simp-all add: AfterExt. Aftery;cr-def After.mono-After-F mono-Q-F')

qed (simp-all add: non-BOT-mono-Det-left-F non-BOT-mono-Sliding-F mono-Hiding-F')

‘a, 'r) pro-

context OpSemF

begin

notation failure-refine (infixl <p~~,» 50)
notation ev-trans (<- p~_ - [50, 3, 51] 50)
notation tick-trans (<- p~ . - [50, 3, 51] 50)

notation trace-trans (<- p~*- -» [50, 3, 51] 50)

For Det and Sliding, we have relaxed versions on 7 transitions.
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end

By duplicating the locale, we can recover a rules for Renaming.

locale OpSemFDuplicated =
OpSemFy: OpSemF ¥, Q, + OpSemFz: OpSemF Vg Qg
for ¥, :: <[(a, ') processpiick, ‘a] = ('a, ') processpiici>
and Q, = <[(‘a, 'r) processpiick, '] = ('a, 'r) processptick>
and Ug == <[('b, 's) processprick, 'b] = (b, 's) processpiick?
and Qg == <[('b, 's) processpiick, 's] = (b, 's) processpiick?

sublocale OpSemFDuplicated C OpSemTransitionsDuplicated - - <(Eg)> - - <((Cp)»
by unfold-locales

context OpSemF Duplicated
begin

notation OpSemF.ev-trans (- op~- - [50, 8, 51] 50)
notation OpSemF . .tick-trans (<- ap~>y- - [50, 8, 51] 50)
notation OpSemFg.ev-trans (<- gp~_ - [50, 3, 51] 50)
notation OpSemF g.tick-trans (<- g~ - - [50, 3, 51] 50)

end

context OpSemF
begin

lemma trace-trans-imp-F: <P p~~>*s Q —= X e R Q = (s, X) e F P»
by (rule trace-trans-imp-F-if-r-trans-imp-leF) simp

lemma Q-SKIP-is-STOP-imp-SKIP-trace-trans-iff:

«Q (SKIP r) r = STOP = (SKIP r p~*s P) «— s =[] NP =S8KIPr V s
=[/(r)] AN P = STOP»

by (erule Q-SKIP-is-STOP-imp-1-trans-imp-leF-imp-SKIP-trace-trans-iff ) simp

lemmas 7-trans-adm = le-F-adm

lemma ev-trans-adm][simp):
(Jeont (AP. W P e); cont u; monofun v] = adm (Az. u x p~e v T)
by simp

lemma tick-trans-adm|simp]:

(cont (AP. Q P r); cont u; monofun v] = adm (Az. uw z p~ s v Z)>
by simp
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lemma trace-trans-adm[simp):
(Vz. evz € set s — cont (AP. ¥ P z);
Vr./(r) € set s — cont (AP. Q P r);
cont u; monofun v] = adm (Az. u z p~*s (v))
by simp

end

6.9.2 (~,) instantiated with (Cr)

locale OpSemTransitionsForT =
OpSemTransitionsDet U  ¢(~,)» +
OpSemTransitionsHiding W Q «(~,)» +
OpSemTransitionsSliding U Q «(~;)» +
OpSemTransitionsInterrupt W Q «(~,)»
for W :: ([("a, 'r) processpiick, 'al = ('a, 'T) processpiick>
and Q :: «[('a, 'r) processpiick, '] = ('a, ') processpiici>
and 7-trans :: <[(‘a, 'r) processpiick, ('a, 'r) processpiick] = booly (infixl <~-r»
50)

locale OpSemT =
fixes U :: <[(“a, 'r) processpiick, 'a] = (‘a, 'r) processpiick?
and Q :: ([(‘a, 'r) processptick, 'r] = (‘a, 'r) processpiick
assumes mono-Q-T: «/(r) € Q* = PCr Q = QPrCrQQn

sublocale OpSemT C OpSemTransitionsForT - - (CZr) :: ('a, ') processpiick =
("a, 'r) processpiick = bool>
proof unfold-locales

show (P 1 Q Cr Py for P Q :: «('a, 'r) processpiicr> by (fact Ndet-T-self-left)
next

show <P Cyp @ = Q Ty R = PCyp R for P Q R :: «('a, 'r) processpiick>
by (fact trans-T)
next

show (P Cp @ = Q° C P% for P Q = «(‘a, 'r) processpiick> by (fact
anti-mono-initials-T)
next

show (e € Q* = P LCr Q =

AfterExt. Afteriicr W Q P e Cp AfterExt. Afteriicr ¥ Q Q e for e P Q

by (cases e) (simp-all add: AfterExt. Aftery;.r-def After.mono-After-T mono-Q2-T)

qed (simp-all add: mono-Det-T mono-Sliding-T mono-Hiding-T mono-Interrupt-T)

context OpSemT
begin

notation trace-refine (infixl «p~>,» 50)
notation ev-trans (<- p~>_ -» [50, 8, 51] 50)
notation tick-trans (<- p~ - - [50, 3, 51] 50)
notation trace-trans (- p~*- - [50, 3, 51] 50)
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end

By duplicating the locale, we can recover a rules for Renaming.

locale OpSemTDuplicated =
OpSemTy: OpSemT W, Qo + OpSemTg: OpSemT ¥g Qg
for ©, :: <[(‘a, ') processpiick, ‘a] = ('a, ') processpiici>
and Q, = <[(‘a, 'r) processpiick, 'T] = ('a, 'r) processptick>
and Vg 2 [('D, 's) processpiick, 'b) = ('b, 's) processpiick>
and Qg :: <[('b, 's) processpiick, 's] = (b, 's) processpiick?

sublocale OpSemTDuplicated C OpSem TransitionsDuplicated - - <«(Cr)s - - <(Cp)»
by unfold-locales

context OpSemTDuplicated
begin

notation OpSemT,.ev-trans (<- o7~- - [50, 3, 51] 50)
notation OpSemT . tick-trans (<- o7~ y- - [50, 3, 51] 50)
notation OpSemTg.ev-trans (<- gp~- - [50, 3, 51] 50)
notation OpSemT g.tick-trans (<- gr~ . -» [50, 8, 51] 50)

end

context OpSemT
begin

lemmas 7-trans-adm = le-T-adm

lemma ev-trans-adm][simp):
(Jeont (AP. W P e); cont u; monofun v] = adm (Az. u & 7~>e v T)
by simp

lemma tick-trans-adm|simp):
([cont (AP. Q P r); cont u; monofun v] = adm (Az. u x 7~ /r v T)>
by simp

lemma trace-trans-adm|[simp):
(V. evxz € set s — cont (AP. ¥ P z);
Vr./(r) € set s — cont (AP. Q P r); cont u; monofun ]
= adm (A\z. u x 7~*s (v z))
by simp

If we only look at the traces, non-deterministic and deterministic choices are
the same. Therefore we can obtain even stronger results for the operational
rules.

lemma 7-trans-Det-is-T-trans-Ndet: <P 0 @ 7~ R +— P T Q r~,; R
unfolding trace-divergence-refine-def trace-refine-def divergence-refine-def
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by (simp add: T-Det T-Ndet D-Det D-Ndet)
lemma 7-trans-Sliding-is-t-trans-Ndet: <P > @ 7~ R <+— P T Q 7~, R»

unfolding Sliding-def by (metis Det-assoc Det-id T-trans-Det-is-T-trans-Ndet)

end
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Chapter 7

Recovered Laws pretty
printed

7.1 General Case

This is the general case, working for (Crp) and (Epr).

context OpSemTransitionsAll begin

Absorbency rules

ZP ~vg, 7P’ 2P~ 2P 2P ~~. 2P’ 2P ~sq, 2P
2P ~vg, ?P" 2P ~~g, ?P"
2P ~> 9. 2P’ 2P s 2P 2P ~~, 2P’ 2P ~> g0 7P
2P S O ?PN 2P S Or ?P”
SKIP rule

SKIP 2r ~ ¢, Q (SKIP or) or

e — P rules

e — 7P ~ %6 P
%e € 7A e € YA
Hac?A — 9P a ~»9, ?P Ze Mac?A — 9P a ~»9, ?P Ze
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(M) rules

P 2Q ~>, 7P PN 2Q ~, 2Q
e € A
MNac?A. 2P a ~, ?P %e

u z. fxrule

cont ?f P = (u z. ?f x)

ZP ~, 2f 2P
(O) rules
P ~». 2P’ 2Q ~r 2Q’
2P O 2Q ~, ?P' 0 20 2P 00 7Q ~, 2P 0 20’
P ~g, 7P’ 2Q ~g, 7Q'
ZP O 2Q ~»g, 2P’ 2P [ 2Q ~ g, ?2Q’
2P ~ o, 2P’ 2Q ~y o 2Q’

2P O 2Q ~, 2 Q (SKIP ?r) or 2P O 2Q ~, 2, Q (SKIP ?r) or

(;) rules

9P ~s, 2P’
2P 2Q ~, 2P 2Q
2P ~sg, 7P’ 2P ~~ 0. 2P’ 2Q ~, 2Q’
PP 5 7Q g, PP 70 PP 2Q ~r 2Q

(\) rules

2P ~s, 2P’ 2P ~ s 0. 7P’
2P\ ?A ~, 2P"\ ?A P \ ?B ~~ /9. Q (SKIP ?r) ?r
%e ¢ 74 2P ~s g, 2P’ %e € 74 2P ~s g, 2P’
2P\ ?A ~sg, 7P\ 24 2P\ ?A ~; 7P\ 24
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Sync rules

2P ~s, 7P’ 2Q ~, 2Q’'
2P [2S] ?2Q ~, ?P'[?5] ?Q 2P [2S] ?2Q ~, ?P [?S] ?2Q’
%e ¢ 28 2P ~~g, 7P’ %e ¢ 7S 2Q ~9, 2Q’
2P [2S] 2Q ~ 9, 7P’ [25] ?Q 2P [2S] 2Q ~ 9, 7P [2S] 2Q’
%e € 75 2P ~p, 7P’ 2Q ~ g, 2Q’
2P [ 7S] 2Q ~ 9, ?P'[25] ?2Q’
2P ~ 9. 2P’
ZP [2S5] ?Q ~~. SKIP ?r [25] ?Q
7Q ~y o Q'

2P [2S] 2Q ~+, 2P [?S] SKIP or

SKIP 2r [28] SKIP ?r ~ 4, Q (SKIP #r) #r

(>>) rules
9P ~». 7P’
P > 7Q ~: 70Q P > 2Q ~, 2P > 2Q
2P ~sg, 7P’ 2P ~s s, 7P’

PP > 2Q ~p, 7P’ P > 2Q ~ 9. Q (SKIP or) or

(A) rules
9P ~s. 2P’ 2Q ~r 2Q'
9P N 2Q ~, 7P A 20 9P N 2Q ~, 2P A 20
2P ~op, 7P’ 2Q ~g 70
PN 2Q wgy 2P A QP A 2Q g, 20
2P~y op 7P’ 2Q ~ o 7Q’

oP N 2Q ~ 5 Q (SKIP ?r) or 2P A 2Q ~> 9, QU (SKIP #r) or

Throw rules
2P ~s, 7P’
2P © ac?A. ?Q a ~, ?P' O ac?A. ?2Q a
2P ~ o, 2P’
P © ac?A. 7Q a ~> 2, Q (SKIP ?r) ?r
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e ¢ 74 2P~ g, 7P’
7P © ac?A. 7Q a ~, 7P’ © ac?A. 7Q a
%e € 74 2P ~p, 7P’
PP © ac?A. 7Q a g, 7Q %e

end

context OpSemTransitionsAllDuplicated begin

Renaming rules

P o~y 2P
Renaming ?P ?f ?g g~ Renaming ?P' ?f %g
P o~y o op’
Renaming ?P 2f 2g g~ 2q o0 Qg (SKIP (%9 1)) (%9 %r)
f %0 = b PP o~ 7P’

Renaming ?P ?f 29 g~ ¢, Renaming 7P’ ?f 2g

end

7.2 Special Cases

7.2.1 With the Refinement (Cpr)
context OpSemDT begin

(O) rules

PO Q pr~, P POQ pr~r Q
(>) rules

P> Q pr~; P P> Q pr~r Q
end

7.2.2 With the Refinement (Cp)
context OpSemF begin
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Absorbency rules

2P F~ %¢ ?P/ ?P/ F~r ?P” P F~r ?P/ ?P/ F~ % ?P”
2P psg, 2P 2P p~ g, 2P
2P p~~yop 2P’ 2P p~s 2P
P F~ 2r ?P”
9P p~my 2P’ 2P g~ yop 2P

2P g~ yop 2P

SKIP rule

SKIP ?r p~ 2. Q (SKIP ?r) 71

e — P rules

e — ?Pa p~9, ?Pa

e e 7A %ec 7A
Uac?A — 9P a p~g, 7P %e Mac?4 — 2P a p~g, 7P %e
(M) rules
?Pa M 2Q p~, ?Pa ?Pa M 2Q p~; 2Q
%e € ?A

MNac?A. 2P a p~, 7P %¢

w x. fzrule

cont ?f P = (n z. ?fx)
9P p~~r 2f 7P
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(O) rules
PP=1V P £ 1VeQ=1 2P g~y 7P’
?P 0 2Q g~y 7P 0 2Q
Q=1Vv?Q #1LVveQ=_1 2Q pr 2Q
P 0 2Q p~, 7P O 2Q’

PP p~gp 7P’ 2Q e 7Q]
PP 2Q pgy PP' PP 01 2Q pomgy 2Q'
2P p~yop 7P’ 2Q o 7Q

(;) rules
?P F~ S 2r ?P/ QQ P~ QQ,
P 7Q py Q)
(\) rules
P g~y 7P P py o 7P
ZP \ ?A g~ 2P\ 24 P \ ?B p~ o Q (SKIP ?r) %r
%e ¢ 7A 2P p~g, 2P’ %e € 74 2P p~g, 2P’
ZP \ ?A p~sg, 2P\ 74 2P\ ?A prsr 2P\ 24
Sync rules
P F~2 2r ?Pl
ZP [2S] ?2Q g~ SKIP ?r [25] ?Q
7Q oy 7Q
2P [2S] ?Q p~~r 7P [2S] SKIP ?r
SKIP ?r [2S] SKIP #r g~y Q (SKIP #r) 7r
(r>) rules
PP=1V P £ 1V ?2Q0=_1 2P p~sy 2P’
P > 2Q p~r 7Q P > 2Q p~y 7P D> 7Q

2P p~g, 7P’ 2P p~o o 7P’
P > 20Q p~op 2P’ P > 2Q) g op S (SKIP ?T) or
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(A) rules

PP py o 2P 7Q pyar 7Q

Throw rules

e c 7A 2P p~g, 7P’
P © ac?A. 7Q a p~9. 7Q Ye
2P g~ yop 2P’
P © ac?A. 7Q a p~y 2. Q (SKIP 9r) o1

end

context OpSemFDuplicated begin

Renaming rules

2P g~y op 7P’
Renaming 7P ?f 29 g~ 2 or Q5 (SKIP (%9 7)) (%9 r)

end

7.2.3 With the Refinement (Cr)
context OpSemT begin

Absorbency rules

2P g, 2P’ P! pas 2P P o, 2P/ 2P pro g, 2P
2p T~ %e ?PH P T~ 2e ?P”
2P T 2r ?P/ ?P/ T~ .?P”
2P sy op 2P
P T~ ?P/ QP/ T~ 2r ?PN

P T 2r .QP”

SKIP rule

SKIP ?r 7~y 2. Q (SKIP ?r) %r
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e — P rules

e — ?Pa p~ 9, ?Pa

%e € 74

%e € A

Oac?A — 2P a p~ro, 7P %e

(M) rules

2Pa M 2Q p~, ?Pa

Mac?A — 2P a p~9, 7P %e

?Pa M 2Q 7~ 2Q

%e € 7A

MNac?A. 2P a 7~~, ?P %e

wx. fzrule

cont ?f

P =

(1 z. 7f x)

P oy Of 7P

(O) rules

2P p~sy 7P’

?Q s 7Q

?P O 2Q 7, ?P'0 2Q
P T~ %¢ QP/

2P 0 2Q 7, 2P O 20’

7Q 14, Q'

?P O 2Q 17~ 9, 7P’
2P 1~y op 2P’

PO 7Q 1oz 7Q!
2Q 1~y o 2Q’

?P O 2Q 1~ o Q (SKIP or) or

(;) rules

P T 2r ?P/

7Q v 7Q’

°P 3 2Q 1y 7Q)
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(\) rules
OP p~sy 2P/ 2P 7~ yop 2P’
2P \ 2A p~p 72P1\ 2A P \ B p~ 2. Q (SKIP ?r) or
%e ¢ 74 2P p~g, 7P’ e € 7A 2P p~ g, 7P’
2P\ ?A 7o, 2P\ 24 ZP \ ?A p~p 2P\ 24

Sync rules
2P 7~y 0. 7P’
7P [%S] ?Q 7~ SKIP 7r [?5] ?Q)
7Q vy o Q'
7P [2S] ?Q p~, 2P [2S] SKIP ?r

SKIP #r [?S] SKIP r 1~ /4 Q (SKIP 1) or

(>>) rules
9P p~s. 2P
P > 2Q p~r 70Q 2P > 2Q 1~ 2P 1> 2Q
2P g, 2P’ 2P o~y o 2P’
2P > 2Q p~g, 7P’ P > 2Q 7~y 9. Q (SKIP ?r) or

(A) rules
2P p~sr 2P 2Q r~r 2Q’
2P A Q poon PTA QP A 2Q pon PP A 20
?P r~g, 7P’ 2Q 7~ 7Q
P A PQ poge PPN QP A PQ gz, 20
2P 7~y op 7P 2Q 1~y o 7Q’

2P N 2Q p~yop Q (SKIP 2r) 2r 2P A 2Q 7~ ¢ Q0 (SKIP 1) or

Throw rules
%e € 74 2P p~ g, 7P’
7P © ac?A. 7Q a 7~ 2, ?Q Ye
2P 1~y op 2P’
P © ac?A. 7Q a 7~y 2 Q (SKIP ?r) ?r

Because we only look at the traces, we actully have the following results.
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(O) rules

PDQTWTP PDQTWTQ

(r>) rules

P Qr~r P PbQr—; Q

end

context OpSemTDuplicated begin

Renaming rules

P aT™~ 9r ?P/
Renaming P 2f 29 gr~ /¢4 or Qp (SKIP (29 ?r)) (%9 ?r)

end
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Chapter 8

Comparison with He and
Hoare

lemma (in After) initial-ev-imp-eq-prefiz-After-Sliding :
(P = (e — (P after e)) > P> if <ev e € P%)
proof (subst Process-eq-spec, safe)
show «(s, X) €e F P = (s, X) € F ((e — (P after e)) > P)» for s X
by (simp add: F-Sliding)
next
show «(s, X) € F ((e — (P after e)) > P) = (s, X) € F P» for s X
by (cases s) (auto simp add: F-Sliding write0-def F-Mprefiz F-After <ev e €
P%)
next
show <s € D P = s € D ((e — (P after e)) > P)» for s
by (simp add: D-Sliding)
next
show «s € D ((e — (P after ¢)) > P) = s € D P for s
by (cases s) (auto simp add: D-Sliding write0-def D-Mprefiz D-After <ev e €
P%)
qed

context OpSemTransitions
begin

abbreviation 7-eq :: <[('a, ') processpiick, ('a, 'r) processpiick] = bool (infix
<= 50)
where <P =, Q=P ~,; QN Q ~, P>
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lemma 7-eql : <P ~~,; Q = Q ~», P— P =, @@
and 7-eqD1 : <P =, @ = P ~,.
and 7-eqD2 : <P =, Q = Q ~,; P»
by simp-all

lemma 7-trans-iff-t-eq-Ndet:

VYPQP Q.P~, P — Q~; Q —PMNQ~ PNNQ = P~, Q<+
P=, PN

by (metis Ndet-id T-trans-NdetL T-trans-NdetR T-trans-transitivity)

lemma eg-imp-t-eq: <P = Q = P =, @ by (simp add: T-trans-eq)

definition ev-transgoarg = <('a, 'r) processpiick = ‘a = (‘a, 'r) processpiick =
bools (- goARE~- - [50, 3, 51] 50)
where <P gospp~e @ = P ~, (e » Q) O P»

lemma ev-transg o a g g-imp-in-initials:

(P HOARE™e Q = ev e € P%

using 7-trans-ev-trans ev-trans-DetL ev-trans-prefiz unfolding ev-transgo 4 rg-def
by blast

lemma ev-transgo arEe-imp-ev-trans: <P ~¢ @ if <P goarp~e @
proof (rule conjI)
from «P gosrp~—~e @ show (eve € PY) by (fact ev-transg o 4 g p-imp-in-initials)

from <P pgospp~e @ lunfolded ev-transmo are-def]
have (P after , ev e ~», ((e = Q) O P) after, ev e
by (rule T-trans-mono-Afters;ci[rotated]) (simp add: initials-Det initials-write0)
moreover have (... = Q M (P after, ev e)
by (simp add: Aftersicr-Det <ev e € P initials-write0 Aftery;cr-write0)
moreover have «... ~, @ by (fact T-trans-NdetL)
ultimately show (P after s ev e ~, O
using <ev e € P ev-trans-r-trans by presburger
qed

Two assumptions on 7 transitions are necessary in the following proof, but
are automatic when we instantiate (~.) with (Crp), (Epr), (EF) or (Cp).

lemma hyps-on-t-trans-imp-ev-trans-imp-ev-transgo are: ‘P HOARE e @
if non-BOT-r-trans-DetL : VWP P' Q. P=1V P'# 1 — P ~, P'— PO
Q ~, P'0OQ
and 7-trans-prefiz :«YPP'e P~, P — (¢ P)~,(e— P)
and (P ~~¢
proof (unfold ev-transgo arg-def)
show (P ~, (e —» Q) O P»
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proof (rule T-trans-transitivity)
have <P = (e — (P after ¢)) > P»
by (simp add: initial-ev-imp-eq-prefix-After-Sliding <P ~>¢ @)
also have (e — (P after €)) > P ~». (e = (P after e¢)) O P»
by (simp add: Sliding-def T-trans-NdetL)
finally show <P ~~, (e — (P after e)) O P> .
next
show (e — (P after ¢)) O P ~, (e —» Q) O P
by (rule non-BOT-1-trans-DetL[rule-format],
solves «simp add: write0-def>)
(rule T-trans-prefir[rule-format],
fact <P ~¢ Qy[simplified ev-trans-is, THEN conjunct2])
qed
qed

— Of course, we obtain an equivalence.
lemma hyps-on-T-trans-imp-ev-transg o A g g -iff-ev-trans:
VPP Q. P=1VP #1L —>P~, PP—POQ~,P0OQ—
VPP e P~ P — (e > P)~; (e P)= P gosrE~e Q@ <— P ~¢
(05

by (rule iff[[OF ev-transg o A g g-imp-ev-trans hyps-on-T-trans-imp-ev-trans-imp-ev-transgo AR Eg|)

— When P = 1, we have the following result.
lemma BOT-ev-transgo are-anything: <L gosrp~e P>
proof —
have <L = (e — P) O L) by simp
thus <L goarp~e P> unfolding ev-transg o are-def by (simp add: T-trans-eq)
qed

— Finally, again under two (automatic during instantiation) assumption on (~,),
we have an equivalent definition with an 7 equality instead of a 7 transition.
lemma hyps-on-T-trans-imp-ev-transgo are-def-bis: <P goArg~e @ +— P =
(e—= Q) > P
if non-BOT-r-trans-SlidingL : YWPP' Q. P=1V P'#1 —P~, P' — P
> Q ~, P> Q
and 7-trans-prefix :«VPP'e P~ P — (e > P)~, (e > P
proof (rule iffI)
show <P =, (e > Q) > P = P goAsrE~e @
by (metis Sliding-def T-trans-NdetL T-trans-transitivity ev-transg o arg-def)
next
show <P =, (e = Q) > P if <P goaspp~e @
proof (rule T-eql)
show (e = Q) > P ~, P» by (simp add: T-trans-SlidingR)
next
from <P gospp~e @ have <P = (e — (P after e)) > P»
by (simp add: ev-transg o a g g-imp-in-initials initial-ev-imp-eq-prefiz-After-Sliding)
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also have «... ~, (e = Q) > P»
by (rule non-BOT-1-trans-SlidingL[rule-format],
solves <simp add: write0-def»)
(rule T-trans-prefiz|rule-format],
fact <P goarE~>e Q@ [THEN ev-transgo A rg-imp-ev-trans,
unfolded ev-trans-is, THEN conjunct2))
finally show <P ~, (e = Q) > P» .
qed
qed

end
context OpSemFD

begin

notation ev-transgo are ((— FD—HOARE™~- = [50, 3, 51] 50)
notation 7-eq (infix (pp=;> 50)

theorem ev-transyoare-iff-ev-trans : <P pp_HoARE e @ <— P rp e @
by (simp add: T-trans-DetL hyps-on-t-trans-imp-ev-transg o A r g -iff-ev-trans mono-write0-FD)

theorem ev-transgo are-def-bis: <P pp_HOAREe @ «— P rp=7r (e = Q)
> P
by (simp add: T-trans-SlidingL hyps-on-T-trans-imp-ev-transy o A g g -def-bis mono-write0-FD)
end
context OpSemDT

begin

notation ev-transgo Are ((— DT—HOARE™- - [50, 3, 51] 50)
notation 7-eq (infix «ppr=,> 50)

theorem ev-transyoare-iff-ev-trans : <P pr_fgoArp~e @ «— P pr~e @
by (simp add: T-trans-DetL hyps-on-7-trans-imp-ev-transg o A g g-iff-ev-trans mono-write0-DT')

theorem ev—tmnsHoARE—def—biss <P DT—HOARE™ e Q <— P pr=, (8 — Q)

> P

by (simp add: T-trans-SlidingL hyps-on-T-trans-imp-ev-transy o A g g-def-bis mono-write0-DT')
end

context OpSemF
begin
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notation ev-transgoare (- p_ gOARE>>- - [90, 8, 51] 50)
notation 7-¢q (infix <p=;» 50)

theorem ev-transgoare-iff-ev-trans : <P p_pgoARE~e @ «— P p~e O
by (simp add: hyps-on-T-trans-imp-ev-trans g o A r g -4ff-ev-trans 7-trans-DetL mono-write0-F')

theorem ev-transyo arg-def-bis: <P p_pgoArE~re @ <— P r=: (e > Q) > P»
by (simp add: hyps-on-T-trans-imp-ev-transg o A r g-def-bis T-trans-SlidingL mono-write0-F')
end
context OpSemT
begin

notation ev-transgoare (- T_HOARE™- - [50, 3, 51] 50)
notation 7-¢q (infix (r=,» 50)

theorem ev-transgoarge-iff-ev-trans : <P p_fgoargp~e @ «— P r~¢ @
using 7-trans-DetL ev-transg o Ao rg-imp-ev-trans hyps-on-T-trans-imp-ev-trans-imp-ev-transSgo ARE
mono-write0-T by blast
theorem ev—tmnsHOARE—def—bz's: <P T—HOARE™ e Q +— P r=; (6 — Q) >
P

by (simp add: T-trans-SlidingL hyps-on-T-trans-imp-ev-transy o A r g-def-bis mono-write0-T)

end

8.1 Deadlock Results

lemma initial-ev-imp-in-events-of: <ev a € P = a € a(P))
by (meson AfterExt.events-of-iff-reachable-ev AfterExt.initial-ev-reachable)

lemma initial-tick-imp-in-ticks-of: «/(r) € P = r € /s(P)

by (meson AfterExt.initial-tick-reachable AfterExt.ticks-of-iff-reachable-tick)
lemma «UNIV € R P «<— P Cr STOP»

unfolding failure-refine-def

apply (simp add: D-STOP F-STOP Refusals-iff)

using is-processT4 by blast

lemma no-events-of-if-at-most-initial-tick: <P° C range tick = o(P) = {}
using empty-ev-initials-iff-empty-events-of by fast

lemma deadlock-free-initial-evE:
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(deadlock-free P => (\a. ev a € P = thesis) = thesis
using empty-ev-initials-iff-empty-events-of
nonempty-events-of-if-deadlock-free by fastforce

context AfterExt
begin

As we said earlier, Afters,qce allows us to obtain some very powerful results
about deadlock-free and deadlock-freesirps.

8.1.1 Preliminaries and induction Rules

context fixes P :: «('a, 'r) processpiick> begin

lemma initials-Afters,qce-subset-events-of:
(P aftery t)° C ev ‘ a(P)» if <non-terminating P> <t € T P»
proof —
have (tF t = ev a € (P aftert t)° = reachable-ev P a> for a
using reachable-ev-iff-in-initials- Aftery, qce-for-some-tickFree-T that(2) by blast
also have (tF t A range tick N (P aftert t)° = {}
by (simp add: disjoint-iff image-iff)
(metis T-Afterirqce-eq initials-def mem-Collect-eq non-terminating-is-right
non-tickFree-tick that(1) that(2) tickFree-append-iff)
ultimately show «(P aftery t)° C ev ‘ a(P)»
by (simp add: subset-iff image-iff disjoint-iff)
(metis eventpiick.echaust events-of-iff-reachable-ev)
qed

end

With the next result, the general idea appears: instead of doing an induction
only on the process P we are interested in, we include a quantification over
all the processes than can be reached from P after some trace of P.

theorem After;,qce-fiz-ind [consumes 2, case-names cont stepl:
fixes ref :: [(‘a, 'r) processpiick, (‘a, 'r) processpiick] = booly (infix <C,. s>
60)
assumes adm-ref : «A\u v. cont (u :: ('a, 'r) processprick = (‘a, 'r) processpiick)
= monofun v
= adm (A\z. u & Crey v 2)
and BOT-le-ref : <\Q. L C,ef @
and cont-f : <cont f»
and hyp : A\sz.VQ €{Q.3s€ T P.gs QAN Q= P afterr s}. z Crer Q
_—
s€T P = gs (P afterr s) = fa Crcr P afterr s
shows VQ € {Q. 3s€ T P.gs QN Q= Paftery s}. (n X. fX)Crep @
apply (induct rule: fiz-ind)
apply (solves <simp add: adm-ref monofunlI»)
apply (solves <simp add: BOT-le-ref>)
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using hyp cont-f by auto

lemma After;,qce-fiz-ind-F [consumes 1, case-names cont step):
Qe {Q.3teT P.gt QAN Q = P aftery t}; cont f;
Ntz [VQe{Q.3t €T P.gt QAN Q= P aftery t}. z Cp Q;
t €T P; gt (P afterr t)] = fz Cp P aftery t] =
(n X. fX) Cr @
and After;,qce-fiz-ind-D [consumes 1, case-names cont stepl:
Qe {Q.3teT P.gt QN Q = P aftery t}; cont f;
Ntz [VQ e {Q.3teT P.gt QA Q= P aftery t}. x Cp @;
t €T P; gt (P afterr t)] = fz Cp P afterr t] =
(nX. fX)Cp @
and After;,qce-fiz-ind-T [consumes 1, case-names cont step):
Qe {Q.3teT P.gt QN Q = P aftery t}; cont f;
Ntz [VQe{Q.3t €T P.gt QAN Q= P aftery t}. z Cp @;
t €T P; gt (P afterr t)] = fz Cr P afterr t] =
(nX. fX)Cr @
and After;,qce-fiz-ind-FD [consumes 1, case-names cont step:
Qe {Q.3teT P.gt QN Q = P aftery t}; cont f;
Ntz [VQe{Q.3teT P.gt QAN Q= P aftery t}. x Cpp Q;
t €T P;gt (P afterr t)] = fz Cpp P aftery t] =
(v X. fX)Cpp @
and After;,qce-fiz-ind-DT [consumes 1, case-names cont stepl:
Qe {Q.3teT P.gt QN Q= P aftery t}; cont f;
Ntz [VQe{Q.3t €T P.gt QAN Q= P aftery t}. x Cpr Q;
t €T P; gt (P afterr t)] = fz Cpr P aftery ] =
(n X. fX)Cpr @
by (all <rule Afteriyqce-fiz-ind|rule-format)y) simp-all

corollary reachable-processes-fiz-ind [consumes 3, case-names cont step):
<[[Q € Rproc P7
Nu v. [eont (u :: ("a, 'r) processpiick = ('a, 'r) processpiick); monofun v] =
adm (Az. ref (u ) (v z));
AQ. ref L Q;
cont f;
Ntz [VQ € Rproc P. refx Q; t € T P; tickFree t] = ref (f z) (P aftert t)]
=
ref (pz. fz) Q
by (simp add: reachable-processes-is,
rule Afterirqce-fiz-ind[where g = <A\s Q. tickFree s», simplified, rule-format];
simp)

corollary reachable-processes-fiz-ind-F [consumes 1, case-names cont step:
JQ € Rproc P; cont f;
Ntz VQERproc P.2Cp Q=1t€T P= tickFreet = fx Cp P aftert
t] =
(WX . fX)Cp @
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and reachable-processes-fix-ind-D [consumes 1, case-names cont step:
JQ € Rproc P; cont f;
Ntz VQERproc P.2Cp Q= t €T P = tickFreet = fz Cp P aftert
] =
(W X.[fX)Cp @
and reachable-processes-fiz-ind-T [consumes 1, case-names cont stepl:
JQ € Rproc P; cont f;
ANtz.VQ € Rproc P.2Cp Q =t €T P = tickFreet = fx Crp P afters
] =
(X [X)Cr Q
and reachable-processes-fiz-ind-FD [consumes 1, case-names cont step):
(JQ € Rproc P; cont f;
Ntz.VQ € Rproc P.2Cpp Q =t €T P = tickFreet = fz Cpp P
afters t] =
(0 X. fX)Crp @
and reachable-processes-fix-ind-DT [consumes 1, case-names cont step):
JQ € Rproc P; cont f;
Ntz.YVQ € Rproc P. 2 Cpr Q = t € T P = tickFreet = fz Cpr P
afterr t] =
(u X. fX)Epr @
by (all <rule reachable-processes-fiz-ind>) simp-all

8.1.2 New idea: (after) induct instead of (afters)

8.1.3 New results on R,

lemma reachable-processes-FD-refinement-propagation-induct [consumes 1, case-names
cont base step):
— May be generalized or duplicated to other refinements.
assumes reachable : <(Q :: ('a, 'r) processpiick) € Rproc P>
and cont-f : <cont f»
and base : «(u z. fz) Cpp P>
and step : <N\a. a € a(P) = [ (u z. fz) after a = (u x. fx)
shows «(u z. fz) Cpp @
proof (use reachable in <induct rule: reachable-processes.inducty)
case reachable-self
show «(u z. fz) Cpp Py by (fact base)
next
case (reachable-after Q a)
from reachable-after.hyps(2) have <f (u z. fz) Cpp @
by (subst (asm) cont-process-rec| OF refl cont-f])
hence = :«f (u 2. fz) after a Crp Q after a)
by (simp add: mono-After-FD reachable-after.hyps(3))
from reachable-after.hyps(1, 3) have <a € a(P)»
using events-of-reachable-processes-subset initial-ev-imp-in-events-of by (metis
in-mono)
hence xx : «f (p z. fz) after a = (u z. f x)» by (fact local.step)
from x[unfolded xx] show «(u z. fz) Cpp Q after > .
qed
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theorem R, ,.-fiz-ind [consumes 3, case-names cont step):
fixes ref :: <[('a, 'r) processpiick, (‘a, 'r) processpiick] = booly (infix «C,. >
60)
assumes reachable : <Q € Rproc P
and adm-ref : <A\u v. cont (u :: ('a, 'r) processpiick = (‘a, 'r) processpiick)
= monofun v
= adm (A\z. u z Crep v 2)
and BOT-le-ref : «<ANQ. L C,ef @
and cont-f : <cont f»
and hyp : (A\z. VQ € Rproc P. 2 Cref @ =V Q € Rproe P. fz Crep @
shows «((u X. fX) Crep @
proof —
have VQ € Rproc P. (0 X. fX) Crey @
apply (induct rule: fiz-ind)
apply (solves <simp add: adm-ref monofunly)
apply (solves «simp add: BOT-le-ref»)
using hyp cont-f by auto
with reachable show «(u X. f X) C,c; Q> by blast
qed

lemma R, ,c-fiz-ind-FD [consumes 1, case-names cont step]:

<[[Q € 7zproc Pa CO’ﬂ,tf; /\I Q VQ € Rproc P x Crp Q - Q € 7zproc P =
fzCrp Q]

= (uX. fX)Crp @

by (rule Rproc-fiz-ind) auto

— See what else we can add.

8.1.4 Induction Proofs

Generalizations

lemma <Mprefixt A P = Mprefit B (Q = A = B»
by (drule arg-conglwhere f = initials]) (auto simp add: initials-Mprefiz)

lemma <Mndetprefixr A P = Mprefit BQ — A = B
by (drule arg-cong|where f = initials]) (auto simp add: initials-Mprefix ini-

tials-Mndetprefix)

lemma <Mndetprefix A P = Mndetprefit B Q — A = B>
by (drule arg-cong|where f = initials]) (auto simp add: initials-Mndetprefix)

print-context
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lemma superset-initials-restriction-Mndetprefiz-FD:
<Ma € B—> PaClpp @
if Ma€A— PaCpp @ and ({e. eveec Q°} C Byand <A # {} VvV B={}h
supply that’ = that(1)[unfolded failure-divergence-refine-def failure-refine-def di-
vergence-refine-def]
proof (unfold failure-divergence-refine-def failure-refine-def divergence-refine-def,
safe)
from that’ | THEN conjunct2] that(2)
show (s € D Q = s € D (Mndetprefix B P)» for s
by (simp add: D-Mndetprefix write0-def D-Mprefiz subset-iff split: if-split-asm)
(metis initials-memI D-T empty-iff)
next
from that have that” : «Q° C ev “ A
using anti-mono-initials-FD initials-Mndetprefix by blast
fix s X
assume * : (s, X) € F @
with set-mp[OF that'[THEN conjunctl] this)
consider «s = [) | e s’ where «s = ev e # s ceve € Q%
by (simp add: F-Mndetprefix write0-def F-Mprefix split: if-split-asm)
(metis initials-memlI F-T)
thus (s, X) € F (Mndetprefix B P))
proof cases
assume <s = [
hence «(([], X U (— @Q°)) € F @
by (metis x ComplD initials-meml is-processT5-S7" self-append-conv2)
from set-mp[OF that'|THEN conjunctl] this| that' that(2, &)
show «(s, X) € F (Mndetprefix B P))
by (simp add: <s = [|» F-Mndetprefiz write0-def F-Mprefix split: if-split-asm)
blast
next
fix e s’ assume s = ev e # s <eve € Q%
with set-mp[OF that'|THEN conjunctl] x| that(2)
show «(s, X) € F (Mndetprefix B P))
by (simp add: F-Mndetprefiz write0-def F-Mprefiz subset-iff split: if-split-asm)
blast
qed
qed

corollary initials-restriction-Mndetprefixz-FD:
Ma€A— PaClpp Q=Tla€ {e.ecveec Q'Y - PaClrp @
by (cases <A = {}», simp add: STOP-FD-iff)
(simp add: superset-initials-restriction-Mndetprefiz-FD)

corollary events-of-restriction-Mndetprefiz-FD:
Ma€ A— Palpp (Q:: (Ya, 'r) processprick) => MNa € a(Q) - Pa Cpp @
by (cases <A = {}», simp add: STOP-FD-iff)
(erule superset-initials-restriction-Mndetprefiz-FD,
stmp-all add: subset-iff initial-ev-imp-in-events-of)
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lemma superset-initials-restriction-Mprefiz-FD:
{da€ B—Palprp
if da€ A— PaCrp @ and {e. eve e Q) C B
and «B C A) — Stronger assumption than with Mndetprefix.
supply that’ = that(1)[unfolded failure-divergence-refine-def failure-refine-def di-
vergence-refine-def]
proof (unfold failure-divergence-refine-def failure-refine-def divergence-refine-def,
safe)
from that’|[THEN conjunct2] that(2)
show (s € D Q = s € D (Mprefiz B P)) for s
by (simp add: D-Mprefix subset-iff image-iff)
(metis initials-memI D-T)
next
from that have that” : (Q° C ev * 4>
using anti-mono-initials-FD initials-Mprefiz by blast
fix s X
assume * : (s, X) € F @
with set-mp|OF that'|THEN conjunctl] this|
consider <s = [) | Jes. s=ceve# s'Neveec Q"
by (simp add: F-Mprefix) (metis initials-memlI F-T)
thus (s, X) € F (Mprefizx B P)
proof cases
assume <s = [
hence «([, X U (- Q%) € F @
by (metis x ComplD initials-meml is-processT5-S7’ self-append-conv?2)
from set-mp[OF that'|THEN conjunct1] this| that'’ that(2, 3)
show «(s, X) € F (Mprefiz B P)» by (simp add: <s = [» F-Mprefix) blast
next
assume Jes. s=cve# s’ Neveec Q%
with set-mp|OF that'|THEN conjunctl] | that(2)
show «(s, X) € F (Mprefiz B P)» by (auto simp add: F-Mprefix image-iff)
qed
qed

corollary initials-restriction-Mprefiz-FD:
de.evee @} C A= Ta€ A— Palpp Q=
Oa€{e.evee Q'Y - PaClrp @
by (erule superset-initials-restriction-Mprefiz-FD; simp)

corollary events-of-restriction-Mprefiz-FD:
() CA=0ac A— PaClpp (Q: ("a, 'r) processprick) =
Oa € a(@) - Palpp O
by (erule superset-initials-restriction-Mprefiz-FD,
simp add: subset-iff initial-ev-imp-in-events-of)
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— This is much better with (Cpr) refinement.
lemma superset-initials-restriction-Mprefiz-DT":
{Da€B—PaCpr @ if <dac€ A— PaCpr @ and {e. eveec Q°} C B
supply that’ = that(1)[unfolded trace-divergence-refine-def
trace-refine-def divergence-refine-def]
proof (unfold trace-divergence-refine-def trace-divergence-refine-def
trace-refine-def divergence-refine-def, safe)
from that’ | THEN conjunct2] that(2)
show (s € D Q = s € D (Mprefiz B P)» for s
by (simp add: D-Mprefix subset-iff image-iff)
(metis initials-memI D-T)
next
from that have that” : «Q° C ev “ A
using anti-mono-initials-DT initials-Mprefix by blast
fix s
assume * : <s € T
with set-mp[OF that'[THEN conjunctl] this)
consider <s = [ | Fes. s=eve# s’ ' ANeveec Q¥
by (simp add: T-Mprefix) (metis initials-meml)
thus «<s € T (Mprefiz B P)»
proof cases
show «s = [| = s € T (Mprefix B P)» by simp
next
assume (Jes. s=ecve# s’ Neveec Q%
with set-mp|OF that'|THEN conjunctl] %] that(2)
show «s € T (Mprefix B P)» by (auto simp add: T-Mprefiz)
qed
qed

corollary initials-restriction-Mprefiz-DT'
Da€A—PaClpr Q= 0Oac{e.evec Q}y - PaClpr @
by (erule superset-initials-restriction-Mprefix-DT) simp

corollary events-restriction-Mprefiz-DT:
{dae A— Palpr (Q::(‘a, 'r) processprick) = Oa € a(Q) = P a Cpr
by (erule superset-initials-restriction-Mprefiz-DT')
(simp add: subset-iff initial-ev-imp-in-events-of)

Admissibility lemma not-le-F-adm[simp]: <cont v = adm (Az. = v z Cp
P)»
by (simp add: adm-def cont2contlubE ch2ch-cont failure-refine-def
limproc-is-thelub F-LUB subset-iff) blast

lemma not-le-T-adm[simp]: <cont v = adm (Az. = vz Cp P)
by (simp add: adm-def cont2contlubE ch2ch-cont trace-refine-def
limproc-is-thelub T-LUB subset-iff) blast

lemma not-le-D-adm[simp]: <cont u = adm (Az. - uwzx Cp P)
by (simp add: adm-def cont2contlubE ch2ch-cont divergence-refine-def
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limproc-is-thelub D-LUB subset-iff) blast

lemma not-le-FD-adm|[simp|: <cont u = adm (Ax. - wz Cpp P)
by (simp add: adm-def cont2contlubE ch2ch-cont failure-divergence-refine-def
failure-refine-def divergence-refine-def limproc-is-thelub F-LUB D-LUB
subset-iff ) blast

lemma not-le-DT-adm[simp]: <cont u => adm (Az. = uz Cpr P)
by (simp add: adm-def cont2contlubE ch2ch-cont trace-divergence-refine-def trace-refine-def
divergence-refine-def limproc-is-thelub D-LUB T-LUB subset-iff) blast

lemma initials-refusal:
(t, UNIV) € F P if assms: <t € T P> <tF t» «(t, (P aftery t)°) € F P>
proof (rule ccontr)
assume «(t, UNIV) ¢ F P»
from is-processT5-S7'[OF assms(3), of UNIV, simplified, OF this|
obtain e where (e ¢ (P afterr t)O ANt Q [e] € T P ..
thus False by (simp add: initials-def T-Afterirace-eq assms(1, 2))
qed

lemma leF-ev-initialE’ :

assumes <STOP M (Ma € UNIV — Pa) Cp @ <Q # STOP> obtains a where
eva € Q%
proof —

from <Q # STOP» initials-empty-iff-STOP obtain e where (e € Q° by blast

with «<STOP M (Ma € UNIV — P a) Cp Q> obtain a where <¢ = ev a»

by (auto simp add: failure-refine-def F-Ndet F-STOP F-Mndetprefiz'
intro: T-F dest!: initials-memD)

with <e € Q% that show thesis by blast

qed

corollary leF-ev-initialE :
assumes Ma € UNIV — P a Cp (> obtains a where <ev a € Q%)
proof —
from <Ma € UNIV — P a Cg Q> Ndet-F-self-right trans-F
have «STOP N (Ma € UNIV — P a) Cp @ by blast
moreover from (g € UNIV — P a Cp @ have «Q # STOP:
by (auto simp add: Process-eq-spec failure-refine-def F-Mndetprefix’ F-STOP)
ultimately obtain a where <ecv a € Q%) by (rule leF-ev-initialE')
with that show thesis by blast
qed
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lemma leFD-ev-initialE’ :

«(STOP M (Ma € UNIV — Pa) Cpp Q = Q # STOP = (\a. eva € Q°
= thesis) = thesis)

by (meson leFD-imp-leF leF-ev-initialE”)

lemma leFD-ev-initialE :
(Ma € UNIV - PaCprp Q = (ANa. ev a € Q° = thesis) = thesis
by (meson leFD-imp-leF leF-ev-initialE)

method prove-propagation uses simp base =
induct rule: reachable-processes-FD-refinement-propagation-induct,
solves simp, solves <use base in <simp add: simp»», solves <simp add: simp»

The three following results illustrate how powerful are our new rules of
induction.

Really ? The second version with [cont ?F; cont ?G; adm (Az. ?P (fst x)
(snd z)); P L 1; Nxy. Pry = 7P (9F z) (?G y)] = ?P (fiz-syn
?F) (fix-syn ?@G) seems easier...

lemma
(Q € Rproc P = DF «(P) Cp @ if df-P: ¢<deadlock-free P»
proof (unfold DF-def, induct rule: reachable-processes-fiz-ind-F')
show <cont (A\z. M a € events-of P — x)) by simp
next
fix z
assume hyp : <V Q € Rproc P. 2 Cp
show (s € T P = tickFree s = Ma € events-of P — = Cp P aftert s» for s
proof (unfold failure-refine-def, safe)
show (s € T P = tickFree s = (t, X) € F (P aftery s) =
(t, X) € F (Ma € events-of P — z)» for t X
proof (induct t arbitrary: s)
case Nil
have * : (deadlock-free (P aftery s)»
by (metis Afterirqce-simps(1) «s € T P) deadlock-free-Afteriy,qce-characterization
df-P)
have «([], X U (— initials (P aftert s))) € F (P aftert s)»
by (metis ComplD Nil.prems T-Afteri,qce-eq is-processT5-S7'
mem-Collect-eq initials-Afterirqce self-append-conv2)
from this|[ THEN set-rev-mp, OF x[unfolded deadlock-free-F failure-refine-def]]
show «([], X) € F (Ma € events-of P — z)»
apply (subst (asm) F-DF, simp add: F-Mndetprefix write0-def F-Mprefix
image-iff)
using Nil.prems(1) deadlock-free-implies-non-terminating events-of-iff-reachable-ev

reachable-ev-iff-in-initials-Aftery, o ce-for-some-tickFree-T that by blast
next
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case (Cons e t)
from Cons.prems(1, 2) have x : <P aftert s € Rproc P>
by (auto simp add: reachable-processes-is)
obtain e’ where ** : <¢ = ev e¢/» (e’ € events-of P»
by (meson Cons.prems(1, &) initials-memlI F-T set-mp
deadlock-free-implies-non-terminating df-P imageE
non-terminating-is-right initials-Afteri, qc.-subset-events-of)
from Cons.prems F-Afteri,qce-eq **(1)
have «(t, X) € F (P aftery (s Q [e]))» by (simp add: F-Afterirace)
also have «... C F »
apply (rule hyp[rule-format, unfolded failure-refine-def,
of <P aftery (s Q [e])y, simplified])
apply (simp add: Afteri,qce-snoc xx(1) Aftery;cr-def)
apply (rule reachable-after|OF x ])
using Cons.prems(3) initials-memlI F-T xx(1) by blast
finally have (¢, X) € F o> .
with xx show ?case by (auto simp add: F-Mndetprefiz write0-def F-Mprefiz)
ged
qed
qed

lemma
<Q € Rproc P— DFskips Oz(P) UNIV Cp Q) if deij—P: <deadlock—freeSK1pS
P»
proof (unfold DF sk ps-def, induct rule: reachable-processes-fiz-ind-F)
show <cont (Az. (Ma € events-of P — x) M SKIPS UNIV)) by simp
next
fix z
assume hyp : <V Q € Rproc P. 2 Cp @
show (s € T P = tickFree s => (Ma € events-of P — x) N SKIPS UNIV Cp
P aftery s» for s
proof (unfold failure-refine-def, safe)
show s € T P = tickFree s = (t, X) € F (P aftery s) =
(t, X) € F ((Ma € events-of P — x) M SKIPS UNIV)) for t X
proof (induct t arbitrary: s)
case Nil
have * : «deadlock-freeskrps (P afters s)»
by (metis Afterirace.simps(1) Nil.prems(1, 2) deadlock-frees i 1 ps-Afterirqce-characterization
dfskrp-P)
have «([], X U (— initials (P aftery s))) € F (P aftert s)
by (metis (no-types, opaque-lifting) ComplD initials-meml
Nil.prems(3) append-eq-Cons-conv is-processT5-S7")
from this] THEN set-rev-mp, OF x[unfolded deadlock-freesyps-def fail-
ure-refine-def]]
show «([], X) € F ((Ma € events-of P — x) N SKIPS UNIV)»
apply (subst (asm) F-DF sk ps, simp add: F-Ndet F-SKIPS F-Mndetprefiz
write0-def F-Mprefix image-iff)
using Nil.prems(1, 2) events-of-iff-reachable-ev
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reachable-ev-iff-in-initials- Afters,qce-for-some-tickFree-T by blast
next
case (Cons e t)
from Cons.prems(1, 2) have x : <P aftert s € Rproc P>
by (auto simp add: reachable-processes-is)
have «deadlock-freesicrps (P afters s)»
by (metis Afterirqce-simps(1) Cons.prems(1, 2) deadlock-frees i 1 ps-Afterirqce-characterization
df sk 1p-P)
then consider ¢ where <e = ev a) <a € events-of P> | r where <e = /(1)
unfolding deadlock-frees i 1 ps-def failure-refine-def
apply (subst (asm) F-DF skrps, simp add: subset-iff image-iff)
by (metis reachable-ev-iff-in-initials- Afters, qce-for-some-tickFree-T Cons.prems
initials-memlI F-T events-of-iff-reachable-ev list.distinct(1) list.sel(1))
thus ?case
proof cases
fix ¢ assume *x : (e = ev a) <a € events-of P»
from Cons.prems F-Afterirqce **(1)
have «(t, X) € F (P aftert (s Q [e]))> by (simp add: F-Afterirqce-€q)
also have «... C F
apply (rule hyp[rule-format, unfolded failure-refine-def,
of <P afters (s Q [e]), simplified))
apply (simp add: Afterirqce-snoc xx(1) Afters;cr-def)
apply (rule reachable-after|OF x ])
using Cons.prems(3) initials-memlI F-T xx(1) by blast
finally have (¢, X) € F o .
with «x show ?case by (auto simp add: F-Ndet F-Mndetprefiz write0-def
F-Mprefiz)
next
fix r assume (e = V/(r)
hence <t = [»
by (metis Cons.prems(3) F-imp-front-tickFree eventptci.disc(2) front-tickFree- Cons-iff)
thus ?case by (simp add: <e = /(r)» F-Ndet F-SKIPS)
qed
qed
qed
qed

context fixes P :: «('a, 'r) processpiick) begin

theorem deadlock-free-iff-empty-ticks-of-and-deadlock-freeskips :
<deadlock-free P +— v/ s(P) = {} A deadlock-freesxrps P>
proof (intro iffI conjI)
from deadlock-free-implies-non-terminating tickFree-traces-iff-empty-ticks-of
show «deadlock-free P = /' s(P) = {}» by fast
next
show <deadlock-free P = deadlock-freesrps P>
by (fact deadlock-free-imp-deadlock-freeskrps)
next
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have «Q € Rproc P = DFgirps UNIV UNIV Cp Q = DF UNIV Cp @
if «/s(P) = {} for Q
proof (unfold DF-def DF s i 1 ps-def, induct arbitrary: Q rule: cont-parallel-fix-ind)
show «cont (A\z. (Mac UNIV — z) M SKIPS UNIV)) by simp
next
show <cont (Az. Ma€ UNIV — z)> by simp
next
show <adm (Az.V Q. @ € Rproc P —> fstz Cp Q@ — snd z Cp Q)» by simp
next
show «<\Q. L Cr Q> by simp
next
fix zy Q assume hyp : (Q € Rproc P=2Cr Q@ = y Cr @ for Q
assume <Q € Rproc P <(Ma € UNIV — z) M SKIPS UNIV Cp @
from «/s(P) = {} «Q € Rproc P> have «/s(Q) = {}p
using ticks-of-reachable-processes-subset by auto

from «/s(Q) = {}» initial-tick-imp-in-ticks-of have ({r. /(r) € Q°} = {}> by
force
moreover from «(Ma € UNIV — z) N SKIPS UNIV Cp @
have «Q° # {}> by (auto simp add: initials-empty-iff-STOP Process-eq-spec
failure-refine-def
F-Ndet F-Mndetprefiz’ F-SKIPS subset-iff F-STOP)
ultimately have {a. eva € Q°} # {}
by (metis empty-Collect-eq equalsOl eventy;cy.echaust)
hence «a € UNIV — y Cp Ma € {a. eva € Q°} — »
by (metis Mndetprefiz-F-subset top-greatest)
moreover have «... Cr Ma € {a. ev a € Q°} — Q after &
proof (rule mono-Mndetprefiz-F, clarify, rule hyp)
show (eva € Q° = Q after a € Rproc Py for a
by (simp add: <Q € Rproc P> reachable-after)
next
show (ev a € Q" = z Cp Q after o> for a
by (frule mono-After-F[OF - «(Ma € UNIV — z) N SKIPS UNIV Cr (Q])
(simp add: After-Ndet initials-Mndetprefix image-iff After-Mndetprefix)
qed
moreover have ... Cp @
proof (unfold failure-refine-def, safe)
show «(t, X) € F (Ma € {a. eva € Q°} = Q after a)y if «(t, X) € F @
for t X
proof (cases t)
from initial-tick-imp-in-ticks-of «/s(Q) = {}> have <range tick C — Q%
by force
assume <t = [
with «(t, X) € F @ have «([J, X U - Q°) € F @
by (metis ComplD initials-meml is-processT5-S7T' self-append-conv2)
with «(Ma € UNIV — z) N SKIPS UNIV Cp Q»
show «((t, X) € F (Ma € {a. eva € Q°} — Q after a)
by (simp add: failure-refine-def F-Ndet F-SKIPS «t = [> F-Mndetprefiz’
subset-iff)
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(meson Compl-iff Unll UnI2 <range tick C — Q% list.distinct(1)
range-subsetD)
next
from «(t, X) € F @ «(Ma € UNIV — z) N SKIPS UNIV Cp @ «{a. ev
a€ Q' #{b s(Q) ={p
show «t = e # t' = (t, X) € F (Ma € {a. eva € Q°} — Q after a) for
et
by (simp add: failure-refine-def F-Ndet F-SKIPS F-Mndetprefiz' F-After
subset-iff)
(metis F-T empty-iff eventpiick.exhaust initial-tick-imp-in-ticks-of
indtials-meml)
qged
qed
ultimately show «Ma € UNIV — y Cp @) using trans-F by blast
qed
thus «/s(P) = {} A deadlock-freeskps P = deadlock-free P»
by (simp add: reachable-self deadlock-frees k1 ps-def deadlock-free-F')
qed

lemma reachable-processes-DF-UNIV-leF-imp-DF-events-of-leF :
(@ € Rproc P = DF UNIV Cp Q = DF o(P) Cp @ for Q
proof (unfold DF-def, induct arbitrary: @ rule: cont-parallel-fiz-ind)
show «cont (Az. Ma € UNIV — z)> by simp
next
show <cont (Az. Ma € a(P) — z)) by simp
next
show <adm (A\z. V Q. Q € Rproc P — fstz Cp Q — snd z Cp Q)» by simp
next
show (AQ. L Cp @ by simp
next
fix zy Q assume hyp : <Q € Rproc P=2Cr Q@ = y Cr ) for Q
assume <Q € Ryroc P> and Ma € UNIV — 2 Cp O

from «a € UNIV — 2 Cr Q) obtain a where <eva € Q°> by (elim leF-ev-initialE)

have a € a(P) - yCrMa € {a. eva € Q°} — »
by (metis (mono-tags, lifting) Mndetprefiz-F-subset <Q € Rproc P?
cev a € Q¥ empty-iff events-of-reachable-processes-subset
initial-ev-imp-in-events-of mem-Collect-eq subset-iff)
moreover have «... Cp Ma € {a. ev a € Q°} — Q after a»
proof (rule mono-Mndetprefiz-F, clarify)
show «eva € Q° = y Cr Q after a» for a
by (metis mono-After-F After-Mndetprefix UNIV-I <Q € Rproc P>
«Ma€UNIV — x Cp @) hyp reachable-processes.simps)
qed
moreover have (... Cp @
proof (unfold failure-refine-def, safe)
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show «(t, X) € F (Ma € {a. eva € Q°} — Q after a)y if «(t, X) € F @ for
t X
proof (cases t)
assume <t = [
with «(t, X) € F @ have «(([], X U (- Q) € F @
by (metis ComplD initials-meml is-processT5-S7’ self-append-conv?2)
from Ma € UNIV = 2 Cr @ «([], X U (— Q%)) € F @ have <~ range ev
CXU-@Q%
by (simp add: failure-refine-def F-Mndetprefiz’ subset-iff) blast
then obtain b where <cv b € Q% <ev b ¢ X) by auto
with ¢t = [|» <eva € Q% show «(t, X) € F (Ma € {a. eva € Q°} — Q after
a)
by (auto simp add: F-Mndetprefiz')
next
from a € UNIV = 2 Cp @ «(t, X) € F @ <eva € Q%
show <t = e # t' = (t, X) € F (Na € {a. eva € Q°} — Q after a)) for e
t/
by (auto simp add: failure-refine-def F-Mndetprefix’ F-After introl: F-T
initials-memlI)
qed
qed
ultimately show Ma € o(P) — y Cr @ using trans-F by blast
qed

lemma reachable-processes-CHAOS-UNIV-leF-imp-CHAOS-events-of-leF :
(Q € Rproc P = CHAOS UNIV Cp Q = CHAOS o(P) Cp @ for Q
proof (unfold CHAOS-def, induct arbitrary: Q rule: cont-parallel-fiz-ind)
show <cont (Az. STOP N (Oa € UNIV — x))» by simp
next
show <cont (Az. STOP 1M (Oa € o(P) — z))» by simp
next
show <adm (Az. V Q. Q € Rproe P — fstc Cp Q — snd z Cp Q)» by simp
next
show <A\Q. L Cr @ by simp
next
fix zy Q assume hyp : <Q € Rproc P=2Cr Q = y Cr ) for Q
assume <Q € Rproc P> and «(STOP M (HaceUNIV — z) Cp @

from «Q € Rproc P> events-of-reachable-processes-subset initial-ev-imp-in-events-of
have (STOP 1 (Oa € a(P) — y) CEp STOP M (Qa € {a. eva € Q°} — y)»

by (fastforce simp add: failure-refine-def Ndet-projs Mprefiz-projs STOP-projs)
moreover have «... Cp STOP 1 (Qa € {a. eva € Q°} — Q after a)
proof (intro mono-Ndet-F|[OF idem-F] mono-Mprefiz-F, clarify)

show <eva € Q° = y Cp Q after o> for a

by (frule mono-After-F[OF - <STOP M (Hac UNIV — z) Cp @Q))
(simp add: After-Ndet initials-Mprefiz After-Mprefix
(Q € Rproc Py hyp reachable-after)

qed
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moreover have ... Cp @
proof (unfold failure-refine-def, safe)
from «STOP M (DacUNIV — z) Cp
show «(t, X) € F Q = (t, X) € F (STOP 1 (Qa € {a. eva € Q°} — Q
after a))» for t X
by (auto simp add: refine-defs F-Ndet F-Mprefix F-After intro!: F-T ini-
tials-memlI)
qed
ultimately show <STOP N (Qa € a(P) — y) Cp @ using trans-F by blast
qed

lemma reachable-processes-CHAOS s 1 ps-UNIV-UNIV-leF-imp-CHAOS-events-of-ticks-of-leF D

<Q € Rproc P = CHAOSSKIPS UNIV UNIV Cpgp Q - CHAOSSK[PS
a(P) /s(P) Crp @ for Q
proof (unfold CHAOS sk 1 ps-def, induct arbitrary: Q rule: cont-parallel-fix-ind)
show <cont (A\z. SKIPS UNIV 1 STOP N (Oa € UNIV — x))» by simp
next
show <cont (Az. SKIPS v/s(P) M STOP M (Ha € o(P) — xz))» by simp
next
show <adm (A\z. VQ. Q €Rproc P — fst 2 Cpp @ — snd x Crp Q) by
simp
next
show <A\Q. L Crp @ by simp
next
fix zy Q assume hyp : <Q € Ryproc P= 2 Epp Q@ = y Crpp @ for Q
assume (@) € R0 P> and «SKIPS UNIV 1 STOP N (Ha € UNIV — z) Crp

o

from <@ € Ryroc P> ticks-of-reachable-processes-subset initial-tick-imp-in-ticks-of
have «SKIPS v/ s(P) 1 STOP Crp SKIPS {r. /(r) € Q"} 1 STOP»
by (fastforce simp add: refine-defs Ndet-projs STOP-projs SKIPS-projs)
moreover from <Q € R,,.o. P> events-of-reachable-processes-subset initial-ev-imp-in-events-of
have «STOP M (Ja € a(P) — y) Epp STOP M (Qa € {a. eva € Q°} — y)»
by (fastforce simp add: refine-defs Ndet-projs STOP-projs Mprefiz-projs)
ultimately have (SKIPS vs(P) M STOP N (Oa € a(P) = y) Crp
SKIPS {r. /(r) € Q°} 1 STOP N (Qa € {a. eva € Q°} — y)»
by (auto simp add: refine-defs Ndet-projs)
moreover have «... Cpp SKIPS {r. /(r) € Q°} N STOP N (Qa € {a. eva €
Q°} — Q after a)
proof (intro mono-Ndet-FD[OF idem-FD] mono-Mprefiz-FD, clarify)
show <eva € Q° = y Cpp Q after o for a
by (frule mono-After-FD[OF - «SKIPS UNIV M STOP 1 (Oa € UNIV —
z) Cpp @)
(simp add: After-Ndet initials-Mprefiz initials-Ndet image-iff
After-Mprefiz <Q € Rproc P hyp reachable-after)
qed
moreover have <... Cpp @
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proof (unfold refine-defs, safe)
from «SKIPS UNIV 1 STOP N (a € UNIV — z) Crp Q>
show <t € D Q = t € D (SKIPS {r. /(r) € Q°} N STOP 1 (Ja € {a. ev
a € Q% — Q after a)) for t
by (auto simp add: refine-defs D-Ndet D-Mprefix D-STOP D-After D-SKIPS)
(use D-T initials-memlI in blast)
next
from «SKIPS UNIV 1 STOP N (Ja € UNIV — z) Cpp @
show «(t, X) € F Q = (¢, X) € F (SKIPS {r. /(r) € Q°} N STOP N (Qa
€ {a. eva € Q°} — Q after a)), for t X
by (cases t, simp-all add: refine-defs F-Ndet F-Mprefix F-After F-SKIPS
F-STOP)
(use F-T initials-memlI in blast)
qed
ultimately show <SKIPS v/s(P) N STOP N (Oa € a(P) — y) Crp @ by
force
qged

theorem deadlock-free-iff-DF-events-of-leF :
<deadlock-free P +— «(P) # {} AN DF «a(P) Cp P»
proof (intro iffI conjI)
show «a(P) # {} A DF a(P) Cp P = deadlock-free P»
by (meson DF-Univ-freeness deadlock-free-F order-refl trans-F)
next
show «deadlock-free P = a(P) # {}> by (simp add: nonempty-events-of-if-deadlock-free)
next
show <deadlock-free P = DF «(P) Cp P»
by (simp add: deadlock-free-F reachable-self
reachable-processes-DF-UNIV-leF-imp-DF-events-of-leF")
qed

corollary deadlock-free-iff-DF-events-of-leFD :
<deadlock-free P <— a(P) # {} AN DF «(P) Cpp P>
by (metis deadlock-free-iff-DF-events-of-leF deadlock-free-def div-free-DF
divergence-refine-def failure-divergence-refine-def)

corollary deadlock-free-iff- DF-strict-events-of-leF :
<deadlock-free P +— a(P) # {} N DF a(P) Cp P
by (metis anti-mono-events-of-F deadlock-free-iff-DF-events-of-leF
deadlock-free-implies-div-free events-of-DF events-of-is-strict-events-of-or-UNIV
order-class.order-eg-iff strict-events-of-subset-events-of)

corollary deadlock-free-iff-DF-strict-events-of-leFD :
<deadlock-free P «— a(P) # {} A DF a(P) Cpp P>
by (metis DF-Univ-freeness deadlock-free-iff-DF-events-of-leFD
deadlock-free-implies-div-free events-of-is-strict-events-of-or-UNIV')
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theorem lifelock-free-iff-CHAQOS-events-of-leF :
lifelock-free P <— CHAOS «o(P) Cp P»
proof (intro iffI conjI)
show «CHAOS «o(P) Cp P = lifelock-free P>
by (meson CHAOS-subset-FD lifelock-free-def non-terminating-F
non-terminating-FD top-greatest trans-F)
next
show lifelock-free P = CHAOS o(P) Cp P
by (simp add: leFD-imp-leF lifelock-free-def reachable-self
reachable-processes-CHAOS-UNIV-leF-imp-CHAOS-events-of-leF)
qed

corollary lifelock-free-iff-CHAQOS-strict-events-of-leF :
clifelock-free P +— CHAOS a(P) Cp P»
by (metis anti-mono-ticks-of-F bot.extremum-uniquel empty-not-UNIV
events-of-is-strict-events-of-or-UNIV lifelock-free-iff-CHAOS-events-of-leF
ticks-CHAOS ticks-of-is-strict-ticks-of-or-UNIV)

corollary lifelock-free-iff-CHAOS-events-of-leFD :
lifelock-free P +— CHAOS «(P) Cpp P»
by (metis div-free-CHAOS divergence-refine-def failure-divergence-refine-def
lifelock-free-def lifelock-free-iff-CHAQOS-events-of-leF)

corollary lifelock-free-iff-CHAOS-strict-events-of-leFD :
clifelock-free P +— CHAOS a(P) Cpp P>
by (metis anti-mono-events-of-F antisym events-of-CHAOS leFD-imp-leF
lifelock-free-iff-CHAOS-events-of-leF'D
lifelock-free-iff-CHAOS-strict-events-of-leF strict-events-of-subset-events-of )

theorem lifelock-frees i 1 ps-iff-CHAOS s i 1 ps-events-of-ticks-of-FD :
lifelock-freeskyps P <— CHAOSskips a(P) /s(P) Cpp P»
proof (intro iffT)
show «CHAOSsk1ps a(P) /s(P) Crpp P = lifelock-freesrps P»
by (metis events-of-is-strict-events-of-or-UNIV lifelock-frees i 1 ps-def
lifelock-frees i 1 ps-iff-div-free ticks-of-is-strict-ticks-of-or-UNIV)
next
show «lifelock-freesxrps P = CHAOSskips a(P) /s(P) Crp P>
by (simp add: lifelock-frees i 1 ps-def reachable-self
reachable-processes-CHAOS s i 1 ps-UNIV-UNIV-leF-imp-CHAOQS-events-of-ticks-of-leFD)
qed

corollary lifelock-frees i 1 ps-iff-CHAOS s k 1 ps-strict-events-of-strict-ticks-of-FD :
lifelock-freeskrps P +— CHAOSsk1ps a(P) /s(P) Crp P>
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by (metis (no-types) anti-mono-events-of-FD anti-mono-ticks-of-FD events-of-CHAOSsk1ps
events-of-is-strict-events-of-or- UNIV lifelock-frees i 1 p s -iff-CHAOS s i 1 p s -events-of-ticks-of-FD
lifelock-frees i 1 ps -iff-div-free ticks-CHAOS s i 1 p s ticks-of-is-strict-ticks-of-or-UNIV
top. extremum-uniquel )

theorem deadlock-frees i 1 ps-iff-DF s k1 ps-events-of-ticks-of-leF :
<deadlock-freesxrps P «— ( if a(P) = {} A V/s(P) = {} then Fulse
else if /s(P) = {} then DF «(P) Cp P
else if a(P) = {} then SKIPS /s(P) Cp P
else DFsikrps a(P) /s(P) Cp P)
(is <- <— Zrhsy)
proof (split if-split, intro conjl impl)
from deadlock-free-iff-empty-ticks-of-and-deadlock-frees i 1 ps nonempty-events-of-if-deadlock-free
show «a(P) = {} A V/s(P) = {} = deadlock-freesx1ps P <— False> by blast
next
assume - (a(P) = {} AVs(P) = {})»
show <deadlock-freesxrps P +—
( i /s(P)={} then DF a(P) Cp P
else if a(P) = {} then SKIPS V/'s(P) Cp P else DFskips a(P) v/s(P)
Cr P)
proof (split if-split, intro conjl impl)
from - (a(P) = {} A V/s(P) = {})» deadlock-free-iff-DF-events-of-leF'
deadlock-free-iff-empty-ticks-of-and-deadlock-frees k1 ps
show «/s(P) = {} = deadlock-freesiips P «— DF «a(P) Cr P> by blast
next
show «<deadlock-freesxrps P +—
(if a(P) = {} then SKIPS /'s(P) Cg P else DFskips a(P) v/s(P) Cp
P)y if «/s(P) # {}p
proof (split if-split, intro conjl impl)
assume <a(P) = {}
with initial-ev-imp-in-events-of have <range ev C — P% by force
show <deadlock-freesrps P +— SKIPS /'s(P) Cg P»
proof (rule iffT)
show (SKIPS /' s(P) Cp P = deadlock-freeskips P>
by (metis deadlock-frees i1 ps-SKIPS deadlock-frees kps-def «/s(P) #
{}» trans-F)
next
show (SKIPS /' s(P) Cp P) if «deadlock-freeskips P>
proof (unfold failure-refine-def, safe)
show «(t, X) € F (SKIPS v/s(P))» if «(t, X) € F P» for t X
proof (cases t)
assume <t = [»
with «(¢, X) € F P have «((t, X U — P%) € F P)
by (metis ComplD initials-meml is-processT5-S7' self-append-conv?)
with (deadlock-freesxrps P> have «(t, X U — P°) € F (DFskrps
UNIV UNIV)»
by (auto simp add: deadlock-freesy 1ps-def failure-refine-def)
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with «range ev C — P% «/s(P) # {} show «(t, X) € F (SKIPS
V' s(P))»
by (subst (asm) DFgskps-unfold)
(auto simp add: F-Ndet F-Mndetprefiz’ F-SKIPS «t = [
intro: initial-tick-imp-in-ticks-of)
next
fix e t' assume «t = e # t)
with F-T «(t, X) € F P» «a(P) = {}> obtain r where «r € /s(P) <e
=V(rpy t'=1[p
by (metis F-imp-front-tickFree empty-iff eventpi;ci.exhaust events-of-meml
front-tickFree-Cons-iff initial-tick-imp-in-ticks-of
ingtials-meml is-ev-def list.set-intros(1))
thus (¢, X) € F (SKIPS v/ s(P))»
by (simp add: F-Mndetprefiz’ F-SKIPS «/s(P) # {}» <t = e # t")
qed
qed
qged
next
show <deadlock—freegK1p5 P +— DFSKIPS Oé(P) /S(P) Cr Py if (OL(P) 7&
b
proof (rule iffI)
show «DFgsxkrps a(P) /s(P) Crp P = deadlock-freesxips P>
by (meson DF gk 1ps-subset «/s(P) # {}» «a(P) # {}p
deadlock-frees i 1 ps-def leFD-imp-leF subset-UNIV that trans-F)
next
have <Q S ’R,p”,c P — DFskgrps UNIV UNIV Cp Q = DFskrps
a(P) /s(P) Cp @ for Q
proof (unfold DF s 1 ps-def, induct arbitrary: Q rule: cont-parallel-fiz-ind)
show <cont (Az. (Ma € UNIV — z) 1 SKIPS UNIV)) by simp
next
show <cont (Az. (Ma € a(P) — z) N SKIPS /s(P))» by simp
next
show <adm (Az.V Q. Q € Rproc P —> fstz Cp Q@ — snd x Cp Q) by
simp
next
show (AQ. L Cp @ by simp
next
fix zy Q assume hyp : <Q € Rproc P=2Cr Q@ = y Cr Q) for Q
assume <Q € Ryoc P> and «(Ma € UNIV — z) N SKIPS UNIV Cp @
consider ({a. eva € Q°} = {h ({r. /(r) € Q°} = {}b
| {a. evae Q) ={} {r. /(r) € Q°} # {p
| {a. eva € Q°} # {}> by blast

thus «(Ma € a(P) — y) N SKIPS /s(P) Crp @

proof cases
assume {a. eva € Q°} = {b ({r. /(r) € Q°} = {b

hence <Q° = {}» by (metis Collect-empty-eq all-not-in-conv eventpt;cy.exhaust)
hence «Q = STOP» by (simp add: initials-empty-iff-STOP)
with «(Ma € UNIV — z) N SKIPS UNIV Cr @ have Fualse
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by (auto simp add: failure-refine-def Process-eq-spec
F-STOP F-Ndet F-Mndetprefiz’ F-SKIPS)
thus «(Ma € a(P) — y) N SKIPS V/'s(P) Cp @ ..
next
assume {a. eva € Q°} = {p {r. /(r) € Q°} # {b
have «(SKIPS {r. /(r) € Q°} Cr @
proof (unfold failure-refine-def, safe)
show «(t, X) € F (SKIPS {r. /(r) € Q°})» if «(t, X) € F @ for t X
proof (cases t)
assume <t = [
with «(t, X) € F @ have ([, X U - Q°) € F @
by (metis ComplD initials-meml is-processT5-S7' self-append-conv2)
with «t = [» «(Na € UNIV — z) N SKIPS UNIV Cp Q) {a. eva
€} ={p
show «(t, X) € F (SKIPS {r. /(r) € Q°})
by (simp add: failure-refine-def F-Ndet F-Mndetprefiz’ F-SKIPS

subset-iff)
(metis Compl-iff Un-iff neg-Nil-conv)
next
from «(Ma € UNIV — x) M SKIPS UNIV Cr Q> {a. eva € Q°}
={p
«(t, X) € F @ F-T initials-memlI
show (¢t = e # t' = (t, X) € F (SKIPS {r. /(r) € Q°}) for e t’
by (simp add: failure-refine-def F-Ndet F-Mndetprefiz’ F-SKIPS)
blast
qed
qed

moreover from «Q € R0 P> {r./(r) € Q°} # {}> initial-tick-imp-in-ticks-of
ticks-of-reachable-processes-subset
have «(SKIPS v/ s(P) Cp SKIPS {r. /(r) € Q°}
by (force simp add: SKIPS-F-SKIPS-iff «/s(P) # {}»)
ultimately show «(Ma € «(P) — y) M SKIPS /s(P) Cp
using Ndet-F-self-right trans-F by blast
next
assume {a. eva € Q°} # {}p
from «Q € Rproc P> initial-tick-imp-in-ticks-of ticks-of-reachable-processes-subset
have «{r. /(r) € Q°} C v/s(P)) by force
from <Q) € Rproc P> events-of-reachable-processes-subset initial-ev-imp-in-events-of
have «(Ma € a(P) — y) M SKIPS V/s(P) Cr (Ma € {a. eva € Q°} —
y) M SKIPS v/ s(P)»
by (force intro: mono-Ndet-F|OF Mndetprefiz-F-subset[OF {a. ev a €

Q°} # {p] idem-F])

moreover have «... Cp (Ma € {a. ev a € Q°} — Q after a) 1 SKIPS
V' s(P)
proof (rule mono-Ndet-F[OF mono-Mndetprefiz-F idem-F|, clarify)
show (ev a € Q" = y Cr Q after o> for a
by (frule mono-After-F[OF - «(Ma € UNIV — z) N SKIPS UNIV
Cr @))

(simp add: After-Ndet initials-Mndetprefiz image-iff
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After-Mndetprefiz reachable-after <Q € Ryroc P> hyp)
qged
moreover have ¢... Cp ()
proof (unfold failure-refine-def, safe)
show «(t, X) € F ((Na € {a. eva € Q°} — Q after a) N SKIPS
/s(P)) if «(t, X) € F @ for t X
proof (cases t)
assume <t = [
with «(t, X) € F @ have «(([], XU — Q°) ¢ F @
by (metis ComplD eq-Nil-appendl initials-meml’ is-processT5-S7)
with «(Ma € UNIV — x) 1 SKIPS UNIV Cr @ {r. /(r) € Q°}

show «(t, X) € F ((Ma € {a. ev a € Q°} — Q after a) N SKIPS

by (simp add: failure-refine-def F-Ndet F-Mndetprefiz’ <t = []»
F-SKIPS «/s(P) # {}> subset-iff)
(meson Compll Unll Unl2 list.distinct(1))
next
from «(t, X) € F @ «(Na € UNIV — z) N SKIPS UNIV Cr Q
dr. /(r) € Q°} C v/s(P)»
show (t=e# t'= (t, X) € F ((Na € {a. eva € Q°} — Q after
a) M SKIPS /s(P)) for e t'
by (simp add: failure-refine-def F-Ndet F-Mndetprefiz' F-SKIPS
F-After «/s(P) # {}> subset-iff)
(metis F-T initials-meml list.distinct(1) list.inject)
qed
qed
ultimately show «(Ma € a(P) — y) N SKIPS /s(P) Cr (> using
trans-F by blast
qed
qed
thus «deadlock-freesxrps P = DFskrps a(P) /s(P) Cr P)
by (simp add: deadlock-frees k1 ps-def reachable-self)
qged
qed
qed
qed

corollary deadlock-frees i 1 ps-iff-DF s ik 1 ps-events-of-ticks-of-leFD

<deadlock-freesrps P +— ( if a(P) ={} A V/s(P) = {} then False

else if /s(P) = {} then DF a(P) Cgpp P
else if a(P) = {} then SKIPS v/'s(P) Cpp P
else DFSKIPS CY(P) JS(P) Crp P))

by (metis deadlock-frees k1 ps-iff-DF s i 1 ps-events-of-ticks-of-leF D-SKIPS dead-

lock-frees g1 ps-FD
div-free-DF' div-free-DF g 1 ps divergence-refine-def failure-divergence-refine-def)

corollary deadlock-frees i 1 ps-iff-DF s i 1 ps-strict-events-of-strict-ticks-of-leF :
<deadlock-freescrps P +— ( if a(P) = {} A V/s(P) = {} then False
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else if /s(P) = {} then DF o(P) Cp P
else if a(P) = {} then SKIPS /'s(P) Cp P
else DFSKIPS a(P) \/S(P) EF P))

by (simp add: deadlock-frees k1 ps-iff-DF s k 1 ps-events-of-ticks-of-leF

events-of-is-strict-events-of-or-UNIV ticks-of-is-strict-ticks-of-or-UNIV)
(meson deadlock-free-iff-DF-strict-events-of-leF DF g i 1 ps-subset deadlock-frees i 1 ps-SKIPS

deadlock-frees i 1 ps-def deadlock-frees i 1 pg-itmplies-div-free trans-F
deadlock-free-implies-div-free failure-divergence-refine-def subset-UNIV')

corollary deadlock-frees i 1 ps-iff-DF s i 1 ps-strict-events-of-strict-ticks-of-leF'D :
<deadlock-freesrps P +— ( if a(P) = {} A V/s(P) = {} then False
else if /s(P) = {} then DF a(P) Cpp P
else if a(P) = {} then SKIPS /s(P) Crp P
else DFSKIPS a(P) /S(P) EFD P))
by (metis deadlock-frees i 1 ps-iff-DF s k 1 ps-events-of-ticks-of-leFD
deadlock-frees i 1 ps-iff-DF s i 1 ps-strict-events-of-strict-ticks-of-leF’
deadlock-freeg i 1 ps-itmplies-div-free events-of-is-strict-events-of-or-UNIV
leFD-imp-leF ticks-of-is-strict-ticks-of-or-UNIV')

8.1.5 Big results

As consequences, we have very powerful results, and especially a “data in-
dependence” deadlock freeness theorem.

lemma deadlock-free-is-right:
«deadlock-free P «— (Yt € T P. tFt A (¢, UNIV) ¢ F P)
<deadlock-free P «+— (Yt € T P. tFt A (t, ev * UNIV) ¢ F P)
proof —
from deadlock-free-iff-empty-ticks-of-and-deadlock-frees k1 ps
deadlock-frees i 1 ps-is-right tickFree-traces-iff-empty-ticks-of
show <deadlock-free P +— (Yt € T P. tF ¢t A (t, UNIV) ¢ F P)» by blast
thus (deadlock-free P «— (Yt € T P. tF ¢t A (t, ev * UNIV) ¢ F P)»
by (auto intro: is-processT4)
(metis Aftersrqce.simps(1) deadlock-free-Aftery;q,-characterization
F-imp-R-Afterirace deadlock-free-Aftery,qce-characterization)
qed

end

— We may probably prove deadlock-free P = (Vt€T P. tFt A (T, ev ‘a(P)) ¢ F
P)

theorem data-independence-deadlock-free-Sync:

fixes P Q :: «('a, 'r) processptick>

assumes df-P : <deadlock-free Py and df-Q : «deadlock-free Q>

and hyp : <events-of @ NS = {} V (Fy. events-of Q@ N S = {y} A events-of P
NS c{y}y
shows (deadlock-free (P [S] Q)
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proof —
have non-BOT : <P # 1) <Q # L»
by (simp-all add: BOT-iff-Nil-D deadlock-free-implies-div-free df-P df-Q)

have nonempty-events : <events-of P # {}» <events-of Q # {}
by (simp-all add: df-P df-Q nonempty-events-of-if-deadlock-free)

obtain a b where initial : <ev a € P% <ev b € Q%
by (meson deadlock-free-initial-evE df-P df-Q)

have <eva € (P [S] Q)° V evb e (P [S] Q)%
by (simp add: initials-Sync non-BOT image-iff)
(metis events-of-iff-reachable-ev reachable-ev.intros(1)
Int-iff initial empty-iff hyp insert-iff subset-singleton-iff)
hence nonempty-events-Sync: <«a(P [S] Q) # {}
by (metis events-of-iff-reachable-ev empty-iff reachable-ev.intros(1))

have x : «(DF (a(P) U a(Q)) Crp DF «(P) [S] DF a(Q)
by (simp add: DF-FD-DF-Sync-DF hyp nonempty-events)

also have «... Cpp P [S] @
by (meson deadlock-free-iff-DF-events-of-leFD df-P df-Q mono-Sync-FD)

ultimately show <deadlock-free (P [S] Q)»
by (meson DF-Univ-freeness Un-empty nonempty-events(1) trans-FD)
qed

lemma data-independence-deadlock-free-Sync-bis:
[deadlock-free P; deadlock-free @Q; a(Q) N S = {}] =
deadlock-free (P [S] @)» for P :: <('a, 'r) processpiick?
by (simp add: data-independence-deadlock-free-Sync)

We can’t expect much better without hypothesis on the processes P and Q.
We can easily build the following counter example.

lemma <3P Q S. deadlock-free P N deadlock-free @ A
(Fy 2. events-of Q N S C {y, 2z} A events-of PN S C {y, z}) A
= deadlock-free (P [S :: nat set] Q)
proof (intro exl conjI)
show <deadlock-free (DF {0})> and <deadlock-free (DF {Suc 0})»
by (metis DF-Univ-freeness empty-not-insert idem-FD)+
next
show <events-of (DF {Suc 0}) N {0, Suc 0} C {0, Suc 0}
and <events-of (DF {0}) N {0, Suc 0} C {0, Suc 0}> by simp-all
next
have <DF {0} [{0, Suc 0}] DF {Suc 0} = STOP)
by (simp add: initials-empty-iff-STOP|symmetric]
initials-Sync initials-DF BOT-iff-Nil-D div-free-DF)
from this[ THEN arg-cong[where f = deadlock-free]]
show «— deadlock-free (DF {0} [{0, Suc 0}] DF {Suc 0})»
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by (simp add: non-deadlock-free-STOP)
qed

end
find-theorems name: data-independence-deadlock-free-Sync-bis

— Think about a deadlock-frees i1 ps version.

8.1.6 Results with other references Processes

RUN and non-terminating

lemma non-terminating-STOP [simp] : <non-terminating STOP)»
unfolding non-terminating-def by simp

lemma not-non-terminating-SKIP [simp|: <— non-terminating (SKIP r))
unfolding non-terminating-is-right by (simp add: T-SKIP)

lemma not-non-terminating-BOT [simp] : <— non-terminating 1>
unfolding non-terminating-is-right T-BOT
using front-tickFree-single non-tickFree-tick by (metis mem-Collect-eq)

context AfterExt begin

lemma non-terminating-iff-RUN-events-T:
«non-terminating P <— RUN «a(P) Ty P> for P :: <('a, ') processpiick’
proof (intro iffI)
have RUN-subset-T: «(A :: 'a set) C B = RUN B Cr RUN A) for A B
by (drule RUN-subset-DT, unfold trace-divergence-refine-def, elim conjE, as-
sumption)
show (RUN (events-of P) Cr P = non-terminating P>
unfolding non-terminating-def by (meson RUN-subset-T UNIV-I subsetl
trans-T)
next
assume non-terminating-P: <(non-terminating P>
have <Q € Rproc P = RUN (events-of P) Ty @ for Q
proof (unfold RUN-def, induct rule: reachable-processes-fiz-ind-T)
show <cont (Az. Oe € events-of P — z)» by simp
next
fix z s
assume hyp: <V Q € Rproc P. 2 E7 @
show s € T P = tickFree s = e € events-of P — = Cp P aftert
proof (unfold trace-refine-def, safe)
show «s € T P = tickFree s = t € T (P aftert s) =
t € T (Oe € events-of P — z)» for t
proof (induct t arbitrary: s)
show «[| € T (Hecevents-of P — z)» by simp
next
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case (Cons e t)

from Cons.prems(1, 2) have x : <P aftert s € Rproc P>
by (auto simp add: reachable-processes-is)

obtain e’ where ** : (¢ = ev e¢/» (e’ € events-of P»
by (meson Cons.prems(1, &) initials-memlI imageE

non-terminating-P initials-Afters,qce-subset-events-of set-mp)

from Cons.prems T-Afterirqce *%(1)

have «t € T (P aftert (s @ [e]))» by (simp add: T-Afterirace-€q)

also have ... C T o
apply (rule hyp[rule-format, unfolded trace-refine-def,

of <P afters (s Q [e]), simplified))

apply (simp add: Afterirqce-snoc xx(1) Afters;cr-def)
apply (rule reachable-after[OF x ])
using Cons.prems(3) initials-memlI F-T xx(1) by blast

finally have <t € T > .

with #x show ?case by (auto simp add: T-Mprefiz)

qged
qed
qed
with reachable-self show <RUN «(P) Cp P> by blast
qed

lemma lifelock-free-F: <lifelock-free P «+— CHAOS UNIV Cp P
by (simp add: lifelock-free-is-non-terminating non-terminating-F')

end
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Chapter 9

Bonus: powerful new Laws

9.1 Powerful Results about Sync

lemma add-complementary-events-of-in-failure:
(t, X) e FP= (t, XUev ‘(— a(P))) € F P
by (erule is-processT5) (auto simp add: events-of-def, metis F-T in-set-conv-decomp)

lemma add-complementary-initials-in-refusal: <X € R P = XU - P c R P»
unfolding Refusals-iff by (erule is-processT5) (auto simp add: initials-def F-T)

lemma TickRightSync:

W (r) € S = ftF u = t setinterleaves ((u, [V (r)]), S) = t = u A last u =
V(1)

by (simp add: TickLeftSync setinterleaving-sym)

theorem Sync-is-Sync-restricted-superset-events:
fixes S A :: <Ja sety and P Q :: <('a, 'r) processprick’
assumes superset : <a(P) U a(Q) C A»
defines «S'= S N A
shows «P [S] @ = P [S] @
proof (subst Process-eq-spec-optimized, safe)
show «<s € D (P [S] Q) = s € D (P [S] Q) for s
by (simp add: D-Sync S'-def)
(metis Un-UNIV-left Un-commute equals0D events-of-is-strict-events-of-or-UNIV
inf-top.right-neutral sup.orderE superset)
next
show <s € D (P [S] Q) = s € D (P [S] Q) for s
by (simp add: D-Sync S'-def)
(metis Un-UNIV-left Un-commute equals0D events-of-is-strict-events-of-or-UNIV
inf-top.right-neutral sup.orderE superset)
next
let 2S5 = <range tick U ev ‘S = (‘a, 'r) eventyiicr set>
and 25’ = <range tick U ev * S":: ("a, 'r) eventpiick sety
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fix s X
assume same-div : <D (P [S] Q) =D (P [S] Q)
assume (s, X) € F (P [S] @)
then consider <s € D (P [S] Q)
| s-P X-P s-Q X-Q where ((rev s-P, X-P) € F P «(rev s-Q, X-Q) € F
«s setinterleaves ((rev s-P, rev s-Q), 25")
(X = (X-PUX-Q) N 28'U X-P N X-Q
by (simp add: F-Sync D-Sync) (metis rev-rev-ident)
thus «(s, X) € F (P [S] Q)
proof cases
from same-div D-F show <s € D (P [S'] Q) = (s, X) € F (P [S] Q) by
blast
next
fix s-P s-Q and X-P X-Q :: «("a, 'r) eventpiicr set»
let ?X-P'=<X-PUev ‘(— a(P)) and ?X-Q'=«X-QU ev ‘ (— a(Q))
assume assms : ((rev s-P, X-P) € F P «(rev s-Q, X-Q) € F
<s setinterleaves ((rev s-P, rev 5-Q), 25"
X = (X-PUX-Q) N 25'U X-P N X-Q

from assms(1, 2)[THEN F-T] and assms(3)
have assms-3-bis : «s setinterleaves ((rev s-P, rev s-Q), 25)»
proof (induct <(s-P, 25, s-Q)> arbitrary: s-P s-Q s rule: setinterleaving.induct)
case I
thus «s setinterleaves ((rev [], rev []), #5)» by simp
next
case (2 y s-Q)
from 2.prems(3)[THEN doubleReverse] obtain s’ b
where * : <y = ev by <b & S «s=rev (y # s')»
s’ setinterleaves (([], s-Q), 2S')»
by (simp add: image-iff split: if-split-asm) (metis eventpicy.echaust)
from 2.prems(2)[unfolded <y = ev b)
have «b € a(Q)> by (force simp add: events-of-def)
with «b ¢ S’ superset have <b ¢ S» by (simp add: S’-def subset-iff)
from 2.prems(2)[simplified, THEN is-processT3-TR] have <rev s-Q € T
by auto
have «y ¢ 25 by (simp add: (1) <b & S) image-iff)
have «rev s’ setinterleaves ((rev [], rev s-Q), 2S)»
by (fact 2.hyps|OF «y ¢ 25y 2.prems(1) <rev s-Q € T Q> x(4)[THEN
doubleReverse]])
from this[THEN addNonSync, OF <y ¢ 25|
show «s setinterleaves ((rev [], rev (y # s-Q)), ?25)
by (simp add: «<s = rev (y # s'))
next
case (3 z s-P)
from 3.prems(3)[THEN doubleReverse] obtain s’ a
where * : <z = ev a) <a ¢ S s = rev (v # s’
s’ setinterleaves ((s-P, []), 25"
by (simp add: image-iff split: if-split-asm) (metis eventpticr.evhaust)
from 3.prems(1)[unfolded <x = ev @]
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have <a € «(P)» by (force simp add: events-of-def)
with <a ¢ S’ superset have <a ¢ S» by (simp add: S’-def subset-iff)
from 3.prems(1)[simplified, THEN is-processT3-TR] have <rev s-P € T P»
by auto
have «x ¢ 25) by (simp add: %(1) <a ¢ S> image-iff)
have «rev s’ setinterleaves ((rev s-P, rev []), 2S)
by (fact 8.hyps|OF <x ¢ 25> <rev s-P € T P» 3.prems(2) =(4)[THEN
doubleReverse]])
from this[THEN addNonSync, OF <z ¢ ?5)]
show «s setinterleaves ((rev (x # s-P), rev []), 29)
by (simp add: <s = rev (x # s'))
next
case (4 = s-P y s-Q)
from 4 .prems(1)[simplified, THEN is-processT3-TR] have <rev s-P € T P»
by auto
from /.prems(2)[simplified, THEN is-processT3-TR] have <rev s-Q € T
by auto
from 4.prems(1) have <z € range tick U ev ‘ a(P)»
by (cases x; force simp add: events-of-def image-iff split: eventpi;ck.split)
from 4.prems(2) have <y € range tick U ev ‘ a(Q)»
by (cases y; force simp add: events-of-def image-iff split: eventyi;cr.split)
consider (z € 25 and <y € 25 | <x € 25> and <y ¢ 25
| <z ¢ 25y and <y € 25y | <z ¢ 25> and «y ¢ 25 by blast
thus «s setinterleaves ((rev (z # s-P), rev (y # s-Q)), 25)
proof cases
assume <z € 25) and <y € 25»
with «x € range tick U ev * a(P)» <y € range tick U ev ‘ o(Q)> superset
have «x € 25 and «y € 25" by (auto simp add: S’-def)
with 4.prems(8)[THEN doubleReverse] obtain s’
where * : <z = ) <s = rev (z # s')» s’ setinterleaves ((s-P, s-Q), ?S')»
by (simp split: if-split-asm) blast

from 4.hyps(1)[OF «x € 25 «y € 25 «x = g <rev s-P € T P» <rev s-Q
eT @
s’ setinterleaves ((s-P, s-Q), ?S’)»[THEN doubleReverse]]
have (rev s’ setinterleaves ((rev s-P, rev s-Q), 259)» .
from this|[THEN doubleReverse] <x € 25
have «(z # s') setinterleaves ((x # s-P, x # s-Q), ?5)» by simp
from this| THEN doubleReverse] show ?Zcase by (simp add: x(1, 2))
next
assume <z € 75> and <y ¢ 25
with <z € range tick U ev ‘ a(P)» <y € range tick U ev ‘ a(Q)> superset
have «x € 25" and «y ¢ 25" by (auto simp add: S’-def)
with 4.prems(8)[THEN doubleReverse, simplified] obtain s’
where * : <s = rev (y # s')» «s’ setinterleaves ((z # s-P, s-Q), 2S')
by (simp split: if-split-asm) blast
from 4.hyps(2)[OF <z € 25 <y ¢ 25» <rev (z # s-P) € T P> <rev s-Q €
T
s’ setinterleaves ((x # s-P, s-Q), ?S')|[THEN doubleReverse])
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)

have «rev s’ setinterleaves ((rev (z # s-P), rev s-Q), 25) .

from this|THEN doubleReverse] <x € 25y <y ¢ 25

have «(y # s’) setinterleaves ((x # s-P, y # s-Q), 25)» by simp

from this] THEN doubleReverse] show ?Zcase by (simp add: <s = rev (y #

next

assume (¢ ¢ 25 and <y € 25
with «x € range tick U ev ‘ a(P)» <y € range tick U ev ‘ a(Q)> superset
have «x ¢ 25" and «y € 25" by (auto simp add: S’-def)
with 4.prems(8)[THEN doubleReverse] obtain s’
where * : <s = rev (z # s')> «s’ setinterleaves ((s-P, y # s-Q), 25"
by (simp split: if-split-asm) blast
from /.hyps(5)[OF <x ¢ 258 -<revs-P € T Py <rev (y # s-Q) € T @
s’ setinterleaves ((s-P, y # s-Q), ?S")»[THEN doubleReverse]]

<y € 25

)

have «rev s’ setinterleaves ((rev s-P, rev (y # s-Q)), 25)> by simp

from this|[THEN doubleReverse] <x ¢ 25> <y € 25»

have «(z # s’) setinterleaves ((x # s-P, y # s-Q), 25)» by simp

from this] THEN doubleReverse] show ?Zcase by (simp add: <s = rev (z #

next

T

s'))

T

assume ¢ ¢ 25 and <y ¢ 25
with <z € range tick U ev ‘ a(P)» <y € range tick U ev ‘ a(Q)>
have «x ¢ 25 and «y ¢ 25" by (auto simp add: S’-def)
with 4.prems(3)[THEN doubleReverse, simplified] consider
s’ where (s = rev (z # s')» «s' setinterleaves ((s-P, y # s-Q), 25')»
| s" where s = rev (y # s')» «s’ setinterleaves ((z # s-P, s-Q), 25')
by (simp split: if-split-asm) blast
thus “case
proof cases
fix s’ assume s = rev (z # s')» <s’ setinterleaves ((s-P, y # s-Q), 25"
from 4.hyps(3)[OF «x & 25 <y ¢ 25 <rev s-P € T P» <rev (y # s-Q) €

s’ setinterleaves ((s-P, y # s-Q), ¢S')[THEN doubleReverse]]
have (rev s’ setinterleaves ((rev s-P, rev (y # s-Q)), 25) .
from this| THEN doubleReverse] «x ¢ 25) <y ¢ 25»
have «(z # s') setinterleaves ((x # s-P, y # s-Q), 25)» by simp
from this[ THEN doubleReverse] show ?case by (simp add: <s = rev (x #

next
fix s’ assume <s = rev (y # s')» <s’ setinterleaves ((xz # s-P, s-Q), 25')
from 4.hyps(4)[OF «x ¢ 25y <y ¢ 25 <rev (x # s-P) € T P» <rev s-Q €

«s’ setinterleaves ((x # s-P, s-Q), ?S')y[THEN doubleReverse]]
have <rev s’ setinterleaves ((rev (z # s-P), rev s-Q), 25) .
from this|[ THEN doubleReverse] «x ¢ 25) <y ¢ 25»
have «(y # s') setinterleaves ((z # s-P, y # s-Q), 25)»> by simp
from this[ THEN doubleReverse] show ?case by (simp add: <s = rev (y #
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qed
qed
qed

from add-complementary-events-of-in-failure[ OF assms(1)]
have ((rev s-P, ?X-P’) € F P» .
moreover from add-complementary-events-of-in-failure] OF assms(2)]
have ((rev 5-Q, ?X-Q") € F @ .
ultimately have (s, (?X-P' U ?X-Q') N 25 U ?X-P' N ?X-Q) € F (P [9]
Q)
using assms-3-bis by (simp add: F-Sync) blast
moreover have <X C (?X-P'U ?X-Q') N 25 U ?X-P' N 2X-Q"
by (auto simp add: assms(4) S'-def image-iff)
ultimately show (s, X) € F (P [S] Q)» by (rule is-processT4)

qed

next
let 25 = <range tick U ev * S = (‘a, 'r) eventyiicr set>
and 25’ = <range tick U ev * S':: ('a, 'r) eventpyick sety
fix s X

assume same-div : <D (P [S] Q) =D (P [S] Q)
assume <(s, X) € F (P [5] Q)
then consider <s € D (P [S] Q)
| s-P X-P s-Q X-Q where (rev s-P, X-P) € F P) «(rev s-Q, X-Q) € F
«s setinterleaves ((rev s-P, rev s-Q), 2S)
(X = (X-PUX-Q) N 25 U X-P N X-Q
by (simp add: F-Sync D-Sync) (metis rev-rev-ident)
thus (s, X) € F (P [S] Q)
proof cases
from same-div D-F show «<s € D (P [S] Q) = (s, X) € F (P [9] Q)» by
blast
next
fix s-P s-Q and X-P X-Q :: <('a, 'r) eventyyick seb»
let ?X-P'=<«X-PUev ‘(— a(P)) and ?X-Q'=<«X-Q U ev ‘ (— a(Q))
assume assms : (rev s-P, X-P) € F P) «(rev s-Q, X-Q) € F @»
<s setinterleaves ((rev s-P, rev s-Q), 25)

(X =(X-PUX-Q)N 25 U X-P N X-Q

from assms(1, 2)[THEN F-T] and assms(3)
have assms-3-bis : <s setinterleaves ((rev s-P, rev s-Q), 25')»
proof (induct «(s-P, 25’, s-Q)» arbitrary: s-P s-Q s rule: setinterleaving.induct)
case I
thus <s setinterleaves ((rev [], rev []), 25')» by simp
next
case (2 y s-Q)
from 2.prems(3)[THEN doubleReverse] obtain s’ b
where * : <y = ev by <b ¢ S «<s =rev (y # s»
s’ setinterleaves (([], s-Q), 25)
by (simp add: image-iff split: if-split-asm) (metis eventp;ci.exhaust)
from 2.prems(2)[unfolded <y = ev b)
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have «b € a(Q)> by (force simp add: events-of-def)
with b ¢ S» have <b ¢ S’ by (simp add: S’-def)
from 2.prems(2)[simplified, THEN is-processT3-TR| have <rev s-Q € T @
by auto
have «y ¢ 25% by (simp add: (1) <b ¢ S’ image-iff)
have <rev s’ setinterleaves ((rev [], rev s-Q), 257)
by (fact 2.hyps|OF <y ¢ 25" 2.prems(1) <rev s-Q € T Q> *(4)[THEN
doubleReverse]])
from thisTHEN addNonSync, OF <y ¢ 75"]
show «s setinterleaves ((rev [], rev (y # s-Q)), 25"
by (simp add: <s = rev (y # s'))
next
case (3 z s-P)
from 3.prems(3)[THEN doubleReverse] obtain s’ a
where x : <z = ev a» <a ¢ S» <s = rev (x # s
s’ setinterleaves ((s-P, []), 25)
by (simp add: image-iff split: if-split-asm) (metis eventyy;cy.echaust)
from 3.prems(1)[unfolded <x = ev @]
have «a € a(P)» by (force simp add: events-of-def)
with <a ¢ S» have <a ¢ S by (simp add: S’-def)
from 3.prems(1)[simplified, THEN is-processT3-TR] have <rev s-P € T P»
by auto
have «z ¢ 25" by (simp add: x(1) <a ¢ S’ image-iff)
have <rev s’ setinterleaves ((rev s-P, rev []), 25')
by (fact 3.hyps|OF «x ¢ 25" «<rev s-P € T P> 3.prems(2) =(4)[THEN
doubleReverse]])
from this|[THEN addNonSync, OF <z ¢ ?2S"]
show «s setinterleaves ((rev (x # s-P), rev []), 25')
by (simp add: <s = rev (z # s'))
next
case (4 z s-P y s-Q)
from /.prems(1)[simplified, THEN is-processT3-TR] have <rev s-P € T P»
by auto
from 4.prems(2)[simplified, THEN is-processT3-TR] have <rev s-Q € T
by auto
from 4.prems(1) have <z € range tick U ev ‘ a(P)»
by (cases x; force simp add: events-of-def image-iff split: eventpi;cr.split)
from /.prems(2) have <y € range tick U ev ‘ a(Q)»
by (cases y; force simp add: events-of-def image-iff split: eventp;ck.split)
consider «z € 25 and <y € 25" | <z € 25" and «y ¢ 25"
| <z ¢ ¢S and <y € 25" | «x ¢ 2S5 and <y ¢ ?S"» by blast
thus ¢s setinterleaves ((rev (z # s-P), rev (y # s-Q)), 25')
proof cases
assume <z € 25’ and «y € 25"
with <z € range tick U ev ‘ a(P)» <y € range tick U ev ‘ a(Q)>
have «z € 25 and «y € 25 by (auto simp add: S'-def)
with 4.prems(8)[THEN doubleReverse] obtain s’
where * : <z = y» <s = rev (z # s') s’ setinterleaves ((s-P, s-Q), ?S)
by (simp split: if-split-asm) blast
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from 4.hyps(1)[OF <z € 25" <y € 25" «x = y» <rev s-P € T P> <rev s-Q

eT

s’ setinterleaves ((s-P, s-Q), 25)y[THEN doubleReverse]]
have (rev s’ setinterleaves ((rev s-P, rev s-Q), 25')» .
from this| THEN doubleReverse] «x € 25"
have «(z # s’) setinterleaves ((x # s-P, x # s-Q), 25')» by simp
from this|[ THEN doubleReverse] show Zcase by (simp add: x(1, 2))
next
assume <z € 25" and <y ¢ 25"
with «x € range tick U ev ‘ a(P)» <y € range tick U ev ‘ o(Q)> superset
have «z € 25) and «y ¢ 25 by (auto simp add: S’-def)
with 4 .prems(3)[THEN doubleReverse, simplified] obtain s’
where * : <s = rev (y # s')» «s’ setinterleaves ((z # s-P, s-Q), 25)»
by (simp split: if-split-asm) blast
from /.hyps(2)[OF <z € 25" <y ¢ 25" <rev (z # s-P) € T P> «rev s-Q €

T @

s'))

s’ setinterleaves ((z # s-P, s-Q), 2S)[THEN doubleReverse]]
have (rev s’ setinterleaves ((rev (z # s-P), rev s-Q), 25')» .
from this|THEN doubleReverse] <x € 25" <y ¢ 25"
have «(y # s') setinterleaves ((z # s-P, y # s-Q), 25')» by simp
from this] THEN doubleReverse] show ?case by (simp add: <s = rev (y #

next
assume <z ¢ 25" and <y € 25"
with «x € range tick U ev * a(P)» <y € range tick U ev ‘ o(Q)> superset
have «x ¢ 25) and «y € 25) by (auto simp add: S’-def)
with 4.prems(8)[THEN doubleReverse] obtain s’
where * : <s = rev (z # s')» s’ setinterleaves ((s-P, y # s-Q), 29)»
by (simp split: if-split-asm) blast
from /.hyps(5)[OF <z ¢ 28"y - <revs-P € T Py <rev (y # s-Q) € T
s’ setinterleaves ((s-P, y # s-Q), 2S)[THEN doubleReverse]]

iy € 28

s'))

have <rev s’ setinterleaves ((rev s-P, rev (y # s-Q)), 25') by simp

from this| THEN doubleReverse] «x ¢ 25" «y € 25"

have «(z # s') setinterleaves ((z # s-P, y # s-Q), 2S')» by simp

from this| THEN doubleReverse] show ?case by (simp add: «s = rev (z #

next

assume <z ¢ ?S"» and <y ¢ 25"

with <z € range tick U ev ‘ «(P)» <y € range tick U ev ‘ a(Q)> superset

have «x ¢ 25) and «y ¢ 25) by (auto simp add: S’-def)

with /.prems(8)[THEN doubleReverse, simplified] consider
s’ where «s = rev (x # s')» <s’ setinterleaves ((s-P, y # s-Q), 25)

| s" where s = rev (y # s')» «s’ setinterleaves ((z # s-P, s-Q), 25)»
by (simp split: if-split-asm) blast

thus ?Zcase

proof cases
fix s’ assume «s = rev (z # s’)» «s’ setinterleaves ((s-P, y # s-Q), 2S)»
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from 4.hyps(3)[OF <z ¢ 25" «y ¢ 25" <rev s-P € T P> <rev (y # s-Q)
eT @
s’ setinterleaves ((s-P, y # s-Q), 2S) [ THEN doubleReverse]]
have <rev s’ setinterleaves ((rev s-P, rev (y # s-Q)), 257)» .
from this| THEN doubleReverse] «x ¢ 25" «y ¢ 25"
have «(z # s') setinterleaves ((z # s-P, y # s-Q), 25')» by simp
from this[ THEN doubleReverse] show ?case by (simp add: <s = rev (z #
5)
next
fix s’ assume (s = rev (y # s')» s’ setinterleaves ((x # s-P, s-Q), 25)
from 4.hyps(4)[OF <z ¢ 25" <y ¢ 25" «rev (z # s-P) € T P> <rev s-Q
eT
s’ setinterleaves ((z # s-P, s-Q), 2S)[THEN doubleReverse])
have (rev s’ setinterleaves ((rev (z # s-P), rev s-Q), 25')» .
from this|[THEN doubleReverse] <x ¢ 25" <y ¢ 25"
have «(y # s') setinterleaves ((x # s-P, y # s-Q), 25')» by simp
from this[ THEN doubleReverse] show ?case by (simp add: <s = rev (y #

s))
qed
qed
qed

from add-complementary-events-of-in-failure] OF assms(1)]
have ((rev s-P, ?X-P’) € F P> .
moreover from add-complementary-events-of-in-failure] OF assms(2)]
have ((rev s-Q, ?X-Q) € F @ .
ultimately have «(s, (?X-P'U ?X-Q") N 25'U ?X-P' N ?X-Q") € F (P [S]
Q)
using assms-3-bis by (simp add: F-Sync) blast
moreover from superset have «(X C (?X-P’'U ?X-Q") N 25'U 2X-P' N ?X-Q"
by (auto simp add: assms(4) S’-def image-iff)
ultimately show «(s, X) € F (P [S] Q)» by (rule is-processT4)
qed
qed

corollary Sync-is-Sync-restricted-events : <P [S] @ = P [S N (a(P) U a(Q))] @
by (simp add: Sync-is-Sync-restricted-superset-events)

This version is closer to the intuition that we may have, but the first one
would be more useful if we don’t want to compute the events of a process
but know a superset approximation.

corollary «deadlock-free P = deadlock-free Q —
SN (a(P) U a(Q)) = {} = deadlock-free (P [S] Q)
by (subst Sync-is-Sync-restricted-events) (simp add: Inter-deadlock-free)
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9.2 Powerful Results about Renaming

In this section we will provide laws about the Renaming operator. In the
first subsection we will give slight generalizations of previous results, but in
the other we prove some very powerful theorems.

9.2.1 Some Generalizations

For Renaming, we can obtain generalizations of the following results:
Renaming (Mprefiz A P) fg=0yef ‘A — MNac{z € A. y = fz}. Renaming
(Pa)fyg

Renaming (Mndetprefic A P) f g = Mbef * A — Mac{a € A. b = f a}.
Renaming (P a) f g

lemma Renaming-Mprefiz-Sliding:
(Renaming (Ha € A - Pa)> Q) fg=
(Oyef‘A—TNac{ze€ A y=fz} Renaming (P a) fg) > Renaming Q f ¢»
unfolding Sliding-def
by (simp add: Renaming-Det Renaming-distrib-Ndet Renaming-Mprefiz)

9.2.2 Renaming and (\)

When f is one to one, Renaming (P \ S) f will behave like we expect it to
do.

lemma strict-mono-map: <strict-mono g = strict-mono (Ai. map f (g 7))
unfolding strict-mono-def less-eq-list-def less-list-def prefix-def by fastforce

lemma trace-hide-map-map-eventys;cr :
<ang-on (map-eventpiicr fg) (set sU ev © S) =
trace-hide (map (map-eventpiick fg) s) (ev ‘f°8) =
map (map-eventpiick fg) (trace-hide s (ev < S))»
proof (induct s)
case Nil
show ?case by simp
next
case (Cons e s)
hence * : (trace-hide (map (map-eventyiick fg) s) (ev ‘f<S) =
map (map-eventpiick fg) (trace-hide s (ev © S))» by fastforce
from Cons.prems[unfolded inj-on-def, rule-format, of e, simplified] show Zcase
by (simp add: *, simp add: image-iff split: eventpicy.split)
(metis eventptick.simps(9))
qed
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theorem bij-Renaming-Hiding: <Renaming (P \ S) f g = Renaming P fg \ f ‘S
(is «?lhs = %rhsy) if bij-f: <bij /> and bij-g : <bij ¢»
proof —
have inj-on-map-event, ik : <inj-on (map-eventyiicr fg) X> for X
by (metis bij-betw-imp-ing-on bij-f bij-g eventyiick.-inj-map ing-eq ing-onl)
have inj-on-map-event,y;cr-inv : <ing-on (map-event,yicr, (inv f) (inv g)) X> for
X
by (metis bij-betw-def bij-f bij-g eventpiick.inj-map inj-on-inversel inv-f-eq
surj-imp-ing-inv)
show «?lhs = ?rhs»
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
then obtain s7 s2 where * : (tF sI) (ftF s2»
<s = map (map-eventpiicr fg) s1 Q 52> «<s1 € D (P\ S)
by (simp add: D-Renaming) blast
from x(4) obtain t u
where #x : (ftF uy <tF t» s = trace-hide t (ev * S) @ w
<t € D PV (3g. isInfHiddenRun g P S N t € range g)»
by (simp add: D-Hiding) blast
from *x(4) show <s € D ?rhs»
proof (elim disjE)
assume <t € D P»
hence (ftF' (map (map-eventyiick fg) u @ s2) A tF (map (map-eventyiicr f
g) t) A
s = trace-hide (map (map-eventpick f g) t) (ev * f ©S) Q@ map
(map-eventpiick fg) u @ s2 A
map (map-eventpiick fg) t € D (Renaming P f g)
apply (simp add: =(3) *x(2, 3) map-eventy;ck-tickFree, intro conjI)
apply (metis x(1, 2) *x(1) xx(3) front-tickFree-append-iff
map-eventy;ck-front-tickFree map-eventpyicp-tickFree tick-
Free-append-iff)
apply (rule trace-hide-map-map-event,;x[symmetric])
apply (meson inj-def inj-onCI inj-on-map-event,i;ck)
apply (simp add: D-Renaming)
using *x(2) front-tickFree-Nil by blast
thus «s € D ?rhsy by (simp add: D-Hiding) blast
next
assume <3 h. isInfHiddenRun h P S A t € range h»
then obtain i where <isInfHiddenRun h P S» <t € range h> by blast
hence «ftF' (map (map-eventyiick fg) u @ s2) A
tF (map (map-eventpiick fg) t) A
s = trace-hide (map (map-eventyick f g) t) (ev < f ©S) @ map
(map-eventpiick fg) v @ s2 A
isInfHiddenRun (A\i. map (map-eventyiick, fg) (h i) (Renaming P f g)
(f£8) A

i)

map (map-eventpiicr fg) t € Tange (Ai. map (map-eventpiicr fg) (b

apply (simp add: =(3) *x(2, 3) map-eventy;c,-tickFree, intro conjI)
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apply (metis (1, 2) xx(3) front-tickFree-append map-eventy;cx-tickFree
tickFree-append-iff)
apply (rule trace-hide-map-map-event,;cx[OF inj-on-map-eventyi; ek,
symmetric])
apply (solves «<rule strict-mono-map, simp»)
apply (solves <auto simp add: T-Renaming»)
apply (subst (1 2) trace-hide-map-map-eventy;c,[OF inj-on-map-eventyicr))
by metis blast
thus «s € D ?rhsy by (simp add: D-Hiding) blast
qed
next
fix s
assume <s € D ?rhs)
then obtain ¢ u
where * : (ftF' uy <tF t» s = trace-hide t (ev ‘ f *S) Q@ w»
<t € D (Renaming P f g) V
(3 h. isInfHiddenRun h (Renaming P f g) (f ©S) A t € range h)»
by (simp add: D-Hiding) blast
from x(4) show (s € D ?lhs)
proof (elim disjE)
assume <t € D (Renaming P f g)»
then obtain t1 t2 where xx : ({F t1) (ftF t2»
«t = map (map-eventpiick fg) t1 Q t2> <t1 € D P»
by (simp add: D-Renaming) blast
have «tF (trace-hide t1 (ev * S)) A
ftF' (trace-hide t2 (ev ‘ f ©S) @ u) A
trace-hide (map (map-eventyeicr fg) t1) (ev * f ©S) Q trace-hide t2 (ev

‘fes)yaw =
map (map-eventpiick fg) (trace-hide t1 (ev ¢ S)) Q trace-hide t2 (ev ‘ f
“S) @ u A

trace-hide t1 (ev ' S) € D (P \ S)
apply (simp, intro conjl)
using (1) Hiding-tickFree apply blast
using x(1, 2) xx(3) Hiding-tickFree front-tickFree-append tickFree-append-iff
apply blast
apply (rule trace-hide-map-map-event,;cx| OF inj-on-map-eventyi;cx])
using *x(4) mem-D-imp-mem-D-Hiding by blast
thus «s € D ?lhs)» by (simp add: D-Renaming x(3) *x(3)) blast
next
have inv-S: «S = inv f “ f <S> by (simp add: bij-is-inj bij-f)
have inj-inv-f: <inj (inv f)
by (simp add: bij-imp-bij-inv bij-is-inj bij-f)
have xx : (map (map-event,iicr (inv f) (inv g) o map-eventypick fg) v = v
for v
by (induct v, simp-all)
(metis UNIV-I bij-betw-inv-into-left bij-f bij-g eventyi;cx. exhaust eventpicr.map(2)
eventptick.simps(9))
assume <3 h. isInfHiddenRun h (Renaming P f g) (f *S) A t € range h»
then obtain h
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where sk : <isInfHiddenRun h (Renaming P f g) (f ¢ S)» <t € range h» by
blast
then consider tI where <t1 € T P> <t = map (map-eventpiick fg) t1»
| t1 t2 where <tF t1» <ftF t2»
<t = map (map-eventyeicr fg) t1 Q 2y <t1 € D P»
by (simp add: T-Renaming) blast
thus s € D ?lhs»
proof cases
fix t1 assume sxxx : <t1 € T P> <t = map (map-eventpiick fg) t1»
have sk 1 (21 = map (map-eventyiicr (inv f) (inv g)) © by (simp add:
have sxxxxx : (trace-hide t1 (ev *S) = trace-hide t1 (ev * S) A
isInfHiddenRun (Ai. map (map-eventpiick (inv f) (inv g)) (h ©))
PSA
t1 € range (Ai. map (map-eventpiicr (inv f) (inv g)) (k1))
apply (simp add: xxx(1) strict-mono-map, intro conjl)
apply (subst Renaming-inv[where f = f and g = g, symmetric])
apply (solves <simp add: bij-is-inj bij-f>)
apply (solves <simp add: bij-is-inj bij-g»)

using (1) apply (subst T-Renaming, blast)
apply (subst (1 2) inv-S, subst (1 2) trace-hide-map-map-eventy;cr|OF
inj-on-map-event,; .k -inv)])
apply (metis xxx(1))
using #kk(2) sx#x% by blast
have «tF (trace-hide t1 (ev < S)) N ftF' t1 A
trace-hide (map (map-eventyeicr fg) t1) (ev “f8) Q u =
map (map-eventyiick fg) (trace-hide t1 (ev §)) @ u A
trace-hide t1 (ev ¢ S) € D (P \ S)
apply (simp, intro conjl)
using #(2) s#xx(2) map-eventpy;cr-tickFree Hiding-tickFree apply blast
using sk (1) is-processT2-TR apply blast
apply (rule trace-hide-map-map-event, ;x| OF inj-on-map-eventyiick])
apply (simp add: D-Renaming D-Hiding)
using *(2) skl sskkkk Map-eventy;ck-tickFree front-tickFree-Nil by

blast
with (1) show «s € D ?lhs) by (simp add: D-Renaming *(3) sx*x(2))
blast
next
fix t1 t2 assume skxx @ <tF t1) (ftF t2)
(t = map (map-eventpiick fg) t1 Q t2) <t1 € D P>
have «tF (trace-hide t1 (ev © S)) A
ftF (trace-hide t2 (ev ‘ f ©S) @ u) A
trace-hide (map (map-eventyyicr fg) t1) (ev “ f ©.S) Q trace-hide t2 (ev
‘fes)yau=
map (map-eventpiick fg) (trace-hide t1 (ev ¢ S)) Q trace-hide t2 (ev *
f¢8)@un

trace-hide t1 (ev *S) € D (P \ S)
apply (simp, intro conjl)
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using sxxx(1) Hiding-tickFree apply blast
using (1, 2) xxxx(8) Hiding-tickFree front-tickFree-append tickFree-append-iff
apply blast
apply (rule trace-hide-map-map-event, ;e[| OF inj-on-map-eventpt;ck])
using sxxx(4) mem-D-imp-mem-D-Hiding by blast
thus «s € D ?lhs) by (simp add: D-Renaming x(3) xxxx(3)) blast
qed
qged
next
fix s X
assume same-div : <D ?lhs = D ?rhs»
assume ((s, X) € F ?lhs
then consider <s € D ?lhs»
| s1 where «(s1, map-eventpiick fg —°X) € F (P \ S) <s = map
(map-eventpiick fg) s>
by (simp add: F-Renaming D-Renaming) blast
thus (s, X) € F ?rhs
proof cases
from D-F same-div show s € D %lhs = (s, X) € F ?rhs» by blast
next
fix s1 assume x : (s, map-eventyricr, fg —°X) € F (P\ S)
<s = map (map-eventyick fg) s1»
from this(1) consider <s1 € D (P \ S)
| t where «s1 = trace-hide t (ev * S)» «(t, map-eventpiick fg — X U ev ¢
S)e F P
by (simp add: F-Hiding D-Hiding) blast
thus (s, X) € F ?rhs»
proof cases
assume <s1 € D (P \ S)
then obtain ¢t u
where s : ftF' uy <tF' t» s = trace-hide t (ev ‘' S) @ w)
<t € D PV (3g. isInfHiddenRun g P S A t € range g)»
by (simp add: D-Hiding) blast
have sxx : (ftF (map (map-eventpiick fg) u) A tF (map (map-eventpick f
g) t) A

fg)u=

map (map-eventpiick fg) (trace-hide t (ev S)) Q@ map (map-eventy; e

trace-hide (map (map-eventpiick fg) t) (ev “ f £ S) @ (map
(map_eventptick fg) U)>
by (simp add: map-eventyck,-front-tickFree map-eventy;cx-tickFree sx(1,
2))

(rule tmce-hide-map-map—eventptiCk[OF inj-on-map-eventyi;ck, symmet-
ric])
from xx(4) show «(s, X) € F ?rhs
proof (elim disjE exFE)
assume <t € D P»
hence $ : <map (map-eventpiick fg) t € D (Renaming P f g)»
apply (simp add: D-Renaming)
using xx(2) front-tickFree-Nil by blast
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show «(s, X) € F ?rhs)
by (simp add: F-Hiding) (metis $ %(2) #x(3) *xx map-append)
next
fix h assume <isInfHiddenRun h P S N\ t € range h»
hence $ : <isInfHiddenRun (Ai. map (map-eventyeicr fg) (h 1)) (Renaming

Pfg)(f 8 A
g9) (b))

apply (subst (1 2) trace-hide-map-map-eventyi,c, [ OF inj-on-map-eventpicr))
by (simp add: strict-mono-map T-Renaming image-iff) (metis (mono-tags,
lifting))
show «(s, X) € F ?rhs)
apply (simp add: F-Hiding)

map (map-eventyiick fg) t € range (Ai. map (map-eventyick f

by (smt (verit, del-insts) $ *(2) *x(8) **x map-append)
qed
next
fix ¢ assume x*x : <s1 = trace-hide t (ev * S)
((t, map-eventyicr fg — X Uev‘S) e F P»
have sxx : <map-eventpiicr fg —° X U map-eventprick fg —"ev  f S =
map-eventyick fg — X Uev S
by (simp add: set-eq-iff map-event,;cx-eq-ev-iff image-iff) (metis bij-f
bij-pointE)
have <map (map-eventpiick fg) (trace-hide t (ev * S)) =
trace-hide (map (map-eventpiick fg) t) (ev ‘f*S) A
(map (map-eventprick fg) t, X Uev ‘ f¢S5) € F (Renaming P f g)
apply (intro conjI)
apply (rule trace-hide-map-map-eventyicr|OF inj-on-map-eventy,;ck,
symmetric])
apply (simp add: F-Renaming)
using #x(2) xxx by auto
show «(s, X) € F ?rhs
apply (simp add: F-Hiding *(2) *x(1))
using « ?this» by blast
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume «(s, X) € F ?rhs
then consider <s € D ?rhs»
| t where «s = trace-hide t (ev ‘ f “S) «(t, X U ev ' f‘S) € F (Renaming
Pfg)
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F ?lhs
proof cases
from D-F same-div show s € D ?rhs = (s, X) € F ?lhs» by blast
next
fix t assume <s = trace-hide t (ev *f *S) «(t, X Uev ‘ f*S) € F (Renaming

182



Pfag)
then obtain ¢
where * : <s = trace-hide t (ev “ f * S)»
(t, X Uev ‘f*S) e F (Renaming P f g)) by blast
have sx : (map-eventptick, f g —° X U map-eventpticr fg —"ev “f°S =
map-eventyick fg — X Uev ‘S
by (simp add: set-eq-iff map-event,,;cx-eq-ev-iff image-iff) (metis bij-f
bij-pointE)
have «(3s1. (s1, map-eventyiick fg —° X U map-eventpiick fg —ev ‘f°5)
€ F P At= map (map-eventpiick fg) s1) V
(s s2. tF s1 A ftF s2 N t = map (map-eventprick fg) s1 Q s2 A sl
€D P)
using *(2) by (auto simp add: F-Renaming)
thus «(s, X) € F ?lhs
proof (elim disjE exE conjFE)
fix s1
assume <(sl, map-eventyiicr fg —° X U map-eventpick fg — ev < f€S)
€ F Py <t = map (map-eventyiicr, fg) s1»
hence «(trace-hide s1 (ev ‘), map-eventyick fg —X) € F (P \ S) A
s = map (map-eventpiick fg) (trace-hide s1 (ev © S))»
apply (simp add: *(1) F-Hiding *x, intro conjl)
by blast (rule trace-hide-map-map-event,;cx[OF inj-on-map-eventyy;ck|)
show «(s, X) € F ?lhs»
apply (simp add: F-Renaming)
using < ?this> by blast
next
fix s1 s2
assume (¢F sl <ftF s2» <t = map (map-eventpick fg) s1 Q s2) «s1 € D
P
hence (tF' (trace-hide s1 (ev © S)) A
ftE' (trace-hide s2 (ev “ f < 5)) A
s = map (map-eventyyicr fg) (trace-hide s1 (ev ©S)) Q trace-hide s2
(ev “f<89) A
trace-hide s1 (ev * S) € D (P \ S)
apply (simp add: F-Renaming x(1), intro conjl)
using Hiding-tickFree apply blast
using Hiding-front-tickFree apply blast
apply (rule trace-hide-map-map-event,; k| OF inj-on-map-eventy;ck])
using mem-D-imp-mem-D-Hiding by blast
show «(s, X) € F ?lhs
apply (simp add: F-Renaming)
using < ?this» by blast
qed
ged
qed
qed
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9.2.3 Renaming and Sync

Idem for the synchronization: when f is one to one, Renaming (P [S] Q)
will behave as expected.

lemma map-antecedent-if-subset-rangeFE :
assumes <set u C range f»
obtains ¢ where (u = map f
— In particular, when f is surjective or bijective.
proof —
from «<set u C range f> have <3t. w = map f ¥
proof (induct u)
show «3¢. [| = map f ¥ by simp
next
fix a u
assume prem : <set (a # u) C range f»
and hyp : <set u C range f => It. u = map f O
then obtain ¢ where * : <u = map f
by (meson set-subset-Cons subset-trans)
from prem obtain z where xx : <f x = a)> by auto
show (3t. a # v = map f &
proof (intro exl)
show <a # u = map f (z # t)» by (simp add: * *x)
qed
qed
with that show thesis by blast
qed

lemma bij-map-setinterleaving-iff-setinterleaving :
<map f r setinterleaves ((map ft, map fu), f *S) +—
r setinterleaves ((t, w), S)» if bij-f : <bij >
proof (induct «(t, S, u)» arbitrary: t u r rule: setinterleaving.induct)
case I
thus ?case by simp
next
case (2 y u)
show ?case
proof (cases <y € S»)
show <y € § = Zcase» by simp
next
assume <y ¢ S
hence <fy ¢ f “S) by (metis bij-betw-imp-inj-on inj-image-mem-iff bij-f)
with 2.hyps[OF <y ¢ S», of <tl r] show ?Zcase
by (cases r; simp add: <y ¢ S») (metis bij-pointE bij-f)
qed
next
case (3 z t)
show ?case
proof (cases «x € S»)
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show «x € § = %case) by simp
next
assume <z ¢ S»
hence <fz ¢ f ¢ S> by (metis bij-betw-imp-inj-on inj-image-mem-iff bij-f)
with 3.hyps|OF <z ¢ S, of «tl m] show Zcase
by (cases r; simp add: <x ¢ S») (metis bij-pointE bij-f)
qed
next
case (4 z ty u)
have *: <z # y = fz # fy by (metis bij-pointE bij-f)
have xx : (fze€ f S +— z2¢€ 5 for z
by (meson bij-betw-def inj-image-mem-iff bij-f)
show ?case
proof (cases <x € S»; cases <y € S»)
from /.hyps(1)[of «tl ] show <z € § = y € § = %case
by (cases r; simp add: x) (metis bij-pointE bij-f)
next
from 4.hyps(2)[of «tl ] show <z € § = y ¢ S = %case
by (cases r; simp add: xx) (metis bij-pointE bij-f)
next
from /.hyps(5)[of «tl r] show <z ¢ S = y € § = %case
by (cases r; simp add: xx) (metis bij-pointE bij-f)
next
from 4.hyps(3, 4)[of «tl m] show <z ¢ S = y ¢ S = Pcase
by (cases r; simp add: xx) (metis bij-pointE bij-f)
qed
qed

theorem bij-Renaming-Sync:
«Renaming (P [S] Q) f g = Renaming P f g [f *S] Renaming Q f ¢»
(is <?lhs P Q = ?rhs P @) if bij-f: <bij f» and bij-g : <bij g»
proof —
— Some intermediate results.
have map-eventyi;cx-inv-comp-map-event,yicr, © <map-eventpiickr (inv f) (inv g)
o map-eventpiick [ g = id>
proof (rule ext)
show map-eventy;cx-inv-comp-map-eventyiick
«(map-eventprick (inv f) (inv g) o map-eventprick fg) t = id t» for ¢
by (induct t, simp-all) (metis bij-f bij-inv-eq-iff, metis bij-g bij-inv-eq-iff)
qed
have map-eventy;ck-Comp-map-eventy;c,-inv : <map-eventy; fgo map-eventytick
(inv f) (inv g) = id>
proof (rule ext)
show map-eventpytcr-inv-comp-map-eventpiicr
«(map-eventpiick f g o map-eventpiicr (inv f) (inv g)) t = id t» for ¢
by (induct t, simp-all) (metis bij-f bij-inv-eq-iff, metis bij-g bij-inv-eq-iff)
qed
from map-event,i;cr-inv-comp-map-eventpticr, Map-eventyt;ck-comp-map-eventyt;cy-inv
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0-bij
have bij-map-event, icr, @ <bij (map-eventpiick fg)> by blast
have inv-map-eventy;;cr-is-map-eventpsicr-inv @ <inv (map—eventptick fag =
map-eventyicr, (inv f) (inv g)
by (simp add: inv-equality map-eventy;cr-comp-map-eventys; cr-inv Mmap-eventy; r-inv-comp-map-eve
pointfree-idE)
have sets-S-eq : «<map-eventpick f g ¢ (range tick U ev © S) = range tick U ev ‘ f
S
by (auto simp add: set-eq-iff image-iff tick-eq-map-eventy;c,-iff ev-eq-map-eventy;cr-iff
split: eventpy;cr.split)
(metis UNIV-I Un-iff bij-betw-def bij-g image-iff, blast)
have inj-map-event,icx @ <inj (map-eventpiick f9)
and inj-inv-map-eventpiick 1 <inj (inv (map-eventpiick f g))»
by (use bij-betw-imp-inj-on bij-map-event,i;cx in blast)
(meson bij-betw-imp-ing-on bij-betw-inv-into bij-map-eventptick)
show <?lhs P Q = %rhs P (>
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D (?lhs P Q)»
then obtain s s2
where * : <tF s1y (ftF s2) «s = map (map-eventpiick fg) s1 Q s2y <s1 € D
(P[] Q)
by (simp add: D-Renaming) blast
from x(4) obtain t u r v
where #x : (ftF' v <tF r V v = [
sl =1 @Q v «r setinterleaves ((t, u), range tick U ev * S)»
teDPANueT QVteDQANANueT P
by (simp add: D-Sync) blast
{fixtuPQ
assume assms : <r setinterleaves ((t, u), range tick U ev * S)»
teDPrueT @
have (map (map-eventyiicr fg) r setinterleaves
((map (map-eventyiick [ g) t, map (map-eventprick fg) u), range tick U
ev ‘ f S
by (metis assms(1) bij-map-setinterleaving-iff-setinterleaving bij-map-eventp;ck
sets-S-eq)
moreover have (map (map-eventpiicr fg) t € D (Renaming P f g)»
apply (cases <tF ty; simp add: D-Renaming)
using assms(2) front-tickFree-Nil apply blast
by (metis D-T D-imp-front-tickFree append-T-imp-tickFree assms(2) front-tickFree-Cons-iff
is-processT9 list.simps(3) map-append nonTickFree-n-frontTickFree
map-eventy;ck-front-tickFree)
moreover have (map (map-eventyiicr fg) u € T (Renaming @ f g)»
using assms(3) by (simp add: T-Renaming) blast
ultimately have «s € D (?rhs P Q)»
by (simp add: D-Sync %(3) *%(3))
(metis x(1, 2) *x(3) map-eventyi;cx-tickFree front-tickFree-append tick-
Free-append-iff)
} note sxx = this
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from *x(4, 5) *xx show «<s € D (?rhs P Q)»
apply (elim disjE)
using *x(4) *xx apply blast

using xx(4) sxx by (subst Sync-commute) blast
next

fix s
assume <s € D (?rhs P Q)»
then obtain ¢t u r v
where x : (ftF » <tFrVo=[s=rQwn
«r setinterleaves ((t, u), range tick U ev “ f < S))
<t € D (Renaming P fg) A uw € T (Renaming Q f g) V

t € D (Renaming Q fg) AN u € T (Renaming P f g)»
by (simp add: D-Sync) blast

{fixtuPQ
assume assms : (r setinterleaves ((t, u), range tick U ev ‘ f  S)»
«t € D (Renaming P f g)» <u € T (Renaming Q f g)»
have <inv (map-eventpiick fg) ¢ (range tick U ev ‘ f < §) =
inv (map-eventpiicr fg) © map-eventyiick f g ¢ (range tick U ev ¢ .S)
using sets-S-eq by presburger
from bij-map-setinterleaving-iff-setinterleaving
[THEN iffD2, OF - assms(1), of <inv (map-eventpiick f 9)?,
simplified this image-inv-f-f[OF inj-map-eventpick]
have s : ((map (inv (map-eventpiick f g)) ) setinterleaves
((map (inv (map-eventpiick fg)) t, map (inv (map-eventpiick f9g))
u), range tick U ev < S)»
using bij-betw-inv-into bij-map-eventyiicr, by blast
from assms(2) obtain sI s2
where <t = map (map-eventpiicr fg) s1 Q s2y <tF sy <ftF' s2» «s1 € D P»
by (auto simp add: D-Renaming)
hence «map (map-event,iicr, (inv f) (inv g)) t € D (Renaming (Renaming P
fg) (inv f) (inv g))>
apply (simp add: D-Renaming)
apply (rule-tac © = <map (map-eventpiick fg) s1» in exl)
apply (rule-tac © = <map (map-eventpicr (inv f) (inv g)) s2» in exl)
by simp (metis append-Nil2 front-tickFree-Nil map-eventy; . -front-tickFree
map-event,; .k -tickFree)
hence *xx : <map (inv (map-eventyick fg)) t € D P»
by (metis Renaming-inv bij-def bij-f bij-g inv-map-event,; ck-is-map-eventy;c,-inv)
have <map (map-eventpiick (inv f) (inv g)) v € T (Renaming (Renaming Q
7.9) (inv f) (inv g))
using assms(3) by (subst T-Renaming, simp) blast
hence sxxx : <map (inv (map-eventyiicr fg)) uw €T @
by (simp add: Renaming-inv bij-f bij-g bij-is-inj inv-map-eventy; ck-iS-map-event,y; ek -inv)
have sk @ (map (map-eventpiick fg o inv (map-eventpiick fg)) 7= 1
by (metis (no-types, lifting) bij-betw-imp-inj-on bij-betw-inv-into bij-map-eventpick
ing-iff list.map-comp list.map-id)
have <s € D (?lhs P Q)»
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proof (cases <tF )
assume <tF' r»
have $ : «r Q v = map (map-eventyiicr fg) (map (inv (map-eventpiick f
9) 1)@ v
by (simp add: xxxxx)
show <s € D (%lhs P Q)»
apply (simp add: D-Renaming D-Sync *(3))
by (metis § *(1) #x sk sk map-eventycx-tickFree <tF 1
append.right-neutral append-same-eq front-tickFree-Nil)
next
assume < tF' )
then obtain r’ res where $ : <r = 7/ @ [/ (res)] <tF r’
by (metis D-imp-front-tickFree assms butlast-snoc front-tickFree-charn
front-tickFree-single ftf-Sync is-processT2-TR list.distinct(1)
nonTickFree-n-frontTickFree self-append-conv2)
then obtain ¢’ v’
where $$ : <t = ¢’ Q [V (res)]» «u = u’ Q [V (res)]
by (metis D-imp-front-tickFree Sync With Tick-imp-NTF T-imp-front-tickFree
assms)
hence $3$3 : «(map (inv (map-event,iicr fg)) r') setinterleaves
((map (inv (map-eventyiick fg)) t', map (inv (map-eventyiicr f
9)) u),
range tick U ev * S)»
by (metis (no-types) $(1) append-same-eq assms(1) bij-betw-imp-surj-on
bij-map-setinterleaving-iff-setinterleaving bij-map-eventpeick
ftf-Sync32 inj-imp-bij-betw-inv inj-map-eventyiicr sets-S-eq)
from s+ $$(1) have s*x : ¢map (inv (map-eventpiick fg)) t' € D P»
by simp (use inv-map-eventy;ck-15-map-event i ck-inv is-processT9 in
force)
from s+ $$(2) have sxxx : ¢map (inv (map-eventpiick fg)) u' € T @
using is-processT3-TR prefixl by simp blast
have $33$ : <r = map (map-eventyick fg) (map (inv (map-eventyiick f9))
r’) @ [/ (res))
using $ xxxxx by auto
show «s € D (?lhs P Q)»
by (simp add: D-Renaming D-Sync *(3) $39)
(metis $(1) $(2) $$3 $$$$ (2) sxx sk map-eventpycp-tickFree «— tF
)
append.right-neutral append-same-eq front-tickFree-Nil front-tickFree-single)
qed
} note *x = this
show «s € D (?lhs P Q)» by (metis x(4, 5) *x Sync-commute)
next
fix s X
assume same-div : <D (?lhs P Q) = D (?rhs P Q)»
assume «(s, X) € F (?lhs P Q)
then consider «s € D (?lhs P Q)»
| s1 where <¢(sI, map-eventprick fg —° X) € F (P [S] Q) <s = map
(map-eventpiick fg) sy
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by (simp add: F-Renaming D-Renaming) blast
thus «(s, X) € F (%rhs P Q)»
proof cases
from same-div D-F show <s € D (?lhs P Q) = (s, X) € F (%rhs P Q)» by
blast
next
fix s1 assume * : <(s, map-eventprick fg —° X) € F (P [S] @)
(s = map (map-eventpiick fg) sl»
from (1) consider <s1 € D (P [S] Q)
| t-P t-Q X-P X-Q
where «(t-P, X-P) € F P) «(t-Q, X-Q) € F @
«s1 setinterleaves ((t-P, t-Q), range tick U ev * S)»
«map-eventpiick fg — X = (X-P U X-Q) N (range tick U ev © S) U
X-P N X-Q»
by (auto simp add: F-Sync D-Sync)
thus (s, X) € F (%rhs P Q)
proof cases
assume (s! € D (P [S] Q)
hence (s € D (?lhs P Q)»
apply (cases «tF sl»; simp add: D-Renaming x(2))
using front-tickFree-Nil apply blast
by (metis (no-types, lifting) map-event,;.x-front-tickFree butlast-snoc
front-tickFree-iff-tickFree-butlast
front-tickFree-single map-butlast nonTickFree-n-frontTickFree
process-charn)
with same-div D-F show «(s, X) € F (?rhs P Q)> by blast
next
fix +-P t-Q X-P X-Q
assume *x : ((t-P, X-P) € F Py «(t-Q, X-Q) € F Q»
«s1 setinterleaves ((t-P, t-Q), range tick U ev  S)»
«map-eventpiick fg — X = (X-P U X-Q) N (range tick U ev ‘ §)
U X-P N X-Q»
have «(map (map-eventyiick f g) t-P, (map-eventyicr f g) ¢ X-P) € F
(Renaming P f g)»
by (simp add: F-Renaming)
(metis xx(1) bij-betw-def bij-map-event,iicr, inj-vimage-image-eq)
moreover have «((map (map-eventyiick fg) t-Q, (map-eventyiick [ 9)
X-Q) € F (Renaming Q f g)»
by (simp add: F-Renaming)
(metis *x(2) bij-betw-imp-inj-on bij-map-eventy;ck inj-vimage-image-eq)
moreover have <s setinterleaves ((map (map-eventpiick f g) t-P, map
(map'eventptick fg) t'Q)v

3

range tick U ev “ f < S)
by (metis *(2) *x(3) bij-map-eventyicr sets-S-eq
bij-map-setinterleaving-iff-setinterleaving)
moreover have <X = ((map-eventpiick fg) * X-P U (map-eventpiick [ 9)
X-Q) N (range tick U ev ‘ f < §) U
(map-eventpiick fg) ¢ X-P N (map-eventyick fg) < X-Q
apply (rule inj-image-eq-iff [ THEN iffD1, OF inj-inv-map-eventyicr])

¢
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apply (subst bij-vimage-eg-inv-image| OF bij-map-event,;cx, symmetric))
apply (subst xx(4), fold image-Un sets-S-eq)
apply (subst (1 2) image-Int[OF inj-map-eventyicr, symmetric])
apply (fold image-Un)
apply (subst image-inv-f-f|OF inj-map-eventy;ck])
by simp
ultimately show «(s, X) € F (%rhs P Q)
by (simp add: F-Sync) blast
qged
qed
next
fix s X
assume same-div : <D (?lhs P Q) = D (?rhs P Q)»
assume <(s, X) € F (%rhs P Q)
then consider «s € D (?rhs P Q)»
| t-P t-Q X-P X-Q where
«(t-P, X-P) € F (Renaming P f g)» «(t-Q, X-Q) € F (Renaming Q f g)
<s setinterleaves ((t-P, t-Q), range tick U ev  f < 8)»
«X = (X-PU X-Q) N (range tick U ev ‘ f < S) U X-P N X-Q»
by (simp add: F-Sync D-Sync) blast
thus «(s, X) € F (%lhs P Q)»
proof cases
from same-div D-F show <s € D (?rhs P Q) = (s, X) € F (?lhs P Q)» by
blast
next
fix t-P +-Q X-P X-Q
assume x : ((t-P, X-P) € F (Renaming P f g)» «(t-Q, X-Q) € F (Renaming
Qfag)
<s setinterleaves ((t-P, t-Q), range tick U ev  f < S)
(X = (X-P U X-Q) N (range tick U ev * f < §) U X-P N X-Q»
from *(1, 2) consider «t-P € D (Renaming P f g) V t-Q € D (Renaming Q
fap
| t-P1 t-Q1 where «(t-P1, map-eventyick f g —° X-P) € F Py <t-P = map
(map-eventpiick fg) t-P1»
«(t-Q1, map-eventpiick fg — X-Q) € F @ «t-Q = map
(map-eventpiick fg) t-Q1>
by (simp add: F-Renaming D-Renaming) blast
thus «(s, X) € F (?lhs P Q)»
proof cases
assume <t-P € D (Renaming P f g) V t-Q € D (Renaming Q f g)»
hence «s € D (?rhs P Q)»
apply (simp add: D-Sync)
using *(1, 2, 3) F-T setinterleaving-sym front-tickFree-Nil by blast
with same-div D-F show «(s, X) € F (?lhs P Q)» by blast
next
fix t-P1 +-Q1
assume xx : «(t-P1, map-eventpiick fg —° X-P) € F Py t-P = map
(map-eventpiick fg) t-P1>
(t-Q1, map-eventprick, fg —° X-Q) € F @ «-Q = map
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(map-eventyiick fg) t-Q1»
from *x(2, 4) have sxx : (t-P1 = map (inv (map-eventyiick f g)) t-P»
t-Q1 = map (inv (map-eventyrick [ g)) -6
by (simp-all add: inj-map-eventpiick)
have sk : <map (map-eventyiicr fg) (map (inv (map-eventprick fg)) S)

=9
by (metis bij-betw-imp-surj bij-map-event,y;cr, list.map-comp list.map-id
surj-iff)
from bij-map-setinterleaving-iff-setinterleaving
[of <inv (map-eventpiick fg)» s t-P <range tick U ev “ f < S) t-Q, simplified
(3]

have «map (inv (map-eventyiick fg)) s setinterleaves ((t-P1, t-Q1), range
tick U ev © S)
by (metis sxx bij-betw-def bij-map-event,iicr inj-imp-bij-betw-inv sets-S-eq)
moreover have <map-eventpiicr fg —* X = (map-eventpicr fg — X-P U
map-eventyicr, f g —¢ X-Q) N (range tick U ev < 5) U
map-eventyiick fg — X-P N map-eventpricr fg —° X-Q»
by (metis (no-types, lifting) *(4) inj-map-event,i;cx inj-vimage-image-eq
sets-S-eq vimage-Int vimage-Un)
ultimately show <(s, X) € F (%lhs P Q)»
by (simp add: F-Renaming F-Sync)
(metis xx(1, 8) **xx)
qed
qed
qed
qed

9.3 (\) and Mprefix

We already have a way to distribute the (\) operator on the Mprefiz operator
with S N A = {} = Mprefix S P\ A =0aeS — (?Pa\ A). But this is
only usable when A N S = {}. With the (>>) operator, we can now handle
the case A N S # {}.

9.3.1 (\) and Mprefiz for disjoint Sets

This is a result similar to 4 N ¢S = {} = Mprefix A 7P \ 25 = Oac?A
— (2P a \ ?S) when we add a (>>) in the expression.

theorem Hiding-Mprefiz-Sliding-disjoint:
(OaeA—-Pa)>QQ\S=0acAd— (Pa\S)>(Q\S)
if disjoint: <A N S ={}p
proof (subst Hiding-Mprefiz-disjoint|OF disjoint, symmetric|)
show (Hae A —-Pa)> Q) \S=0acAd—-Pa\S)>(Q\ )
(is <?lhs = ?rhsy)
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
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hence «<s € D (Mprefit A P11 Q\ S)H
by (simp add: D-Hiding D-Sliding D-Ndet T-Sliding T-Ndet)
thus <s € D ?rhs)
by (rule set-rev-mp) (simp add: D-Ndet D-Sliding Hiding-distrib-Ndet)
next
fix s
assume <s € D ?rhs
hence <s€e D (Q\S)VseD(Hac A— Pa\ S)H
by (simp add: Hiding-Mprefiz-disjoint[OF disjoint]
D-Ndet D-Sliding) blast
thus <s € D ?lhs»
by (auto simp add: D-Hiding D-Sliding T-Sliding)
next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume <(s, X) € F ?lhs
then consider (s € D ?lhs
[«3t. s = trace-hide t (ev * S) A (¢, X U ev *§) € F (Mprefix A P > Q)
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F %rhs)
proof cases
from same-div D-F show «s € D ?lhs = (s, X) € F ?rhs» by blast
next
assume <3 t. s = trace-hide t (ev * S) A
(t, X Uev < S) € F (Mprefixr A P> Q)
then obtain ¢
where * : <s = trace-hide t (ev * S)
«(t, X Uev‘S)eF (Mprefit A P> Q) by blast
from *(2) consider (¢, X U ev ‘S) € F @
| <t # [P «(t, X Uev ‘S) e F (Mprefixr A P)»
by (simp add: F-Sliding D-Mprefix) blast
thus «(s, X) € F ?rhs
proof cases
have «(t, X Uev ‘S) e F Q = (s
by (auto simp add: F-Hiding x(1))
thus «(t, X Uev ‘S) € F Q = (s, X) € F ?rhs
by (simp add: F-Ndet F-Sliding (1))
next
assume assms : <t # [» «(t, X U ev *S) € F (Mprefit A P)»
with disjoint have <trace-hide t (ev S) # [»
by (cases t, auto simp add: F-Mprefiz)
also have (s, X) € F (Mprefixt A P\ S)
using assms by (auto simp: F-Hiding *(1))
ultimately show (s, X) € F ?rhs
by (simp add: F-Sliding x(1))
qed
qed
next
have « : <t € T (Mprefir A P) = trace-hide t (ev *S) =[] «— t = []» for ¢

, X) e F(Q\ S
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using disjoint by (cases t, auto simp add: T-Mprefir)
have xx : ([] ¢ D (Mprefizr A P\ S)
apply (rule ccontr, simp add: D-Hiding, elim exE conjE disjE)
by (use * D-T Nil-notin-D-Mprefiz in blast)
(metis (no-types, lifting) * UNIV-I f-inv-into-f old.nat.distinct(2) strict-mono-on-eqD)
fix s X
assume same-div : <D ?lhs = D ?rhs
assume <(s, X) € F ?rhs»
with *x consider «(s, X) € F (Q \ S)
| <s # [ «(s, X) € F (Mprefix A P\ S)
by (simp add: Hiding-Mprefiz-disjoint| OF disjoint] F-Sliding D-Mprefiz) blast
thus «(s, X) € F %lhs
proof cases
assume <(s, X) € F (Q \ S)»
then consider <s € D (@ \ S)
| «<3t. s = trace-hide t (ev *S) A (t, X Uev ‘S) e F
by (simp add: F-Hiding D-Hiding) blast
thus (s, X) € F ?hs
proof cases
assume <s € D (Q \ S)
hence <s € D ?rhs» by (simp add: D-Ndet D-Sliding)
with same-div D-F show «(s, X) € F ?lhs) by blast
next
assume <3 t. s = trace-hide t (ev *S) A (t, X Uev ‘S) € F @
thus «(s, X) € F ?lhs
by (simp add: F-Hiding F-Sliding) blast
qed
next
assume assms : <s # [ «(s, X) € F (Mprefiz A P\ S)
then consider «s € D (Mprefiz A P\ S)
| <3t t # ][] A s = trace-hide t (ev * S) A (t, X U ev *§) € F (Mprefiz A
P)
by (simp add: F-Hiding D-Hiding) (metis filter.simps(1))
thus (s, X) € F ?hs
proof cases
assume <s € D (Mprefixt A P\ S)
hence <s € D ?rhs» by (simp add: D-Ndet D-Sliding)
with same-div D-F show «(s, X) € F ?lhs> by blast
next
show <3t. t # [| A s = trace-hide t (ev * S) A
(t, X Uev ‘S) € F (Mprefix A P) = (s, X) € F ?lhs
by (auto simp add: F-Sliding F-Hiding)
qed
ged
qed
qed
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9.3.2 (\) and Mprefiz for non-disjoint Sets

Finally the new version, when A N S # {}.

lemma <3 A :: nat set. 3P S.
ANS={}A0Oa€cA—Pa\S#
(ae(A—-8)—= (Pa\S)>(MNac(ANS). (Pa\ S
proof (intro exl)
show ({0} N {Suc 0} = {} A
Oa € {0} — SKIP undefined \ {Suc 0} #
(Oa € ({0} — {Suc 0}) — (SKIP undefined \ {Suc 0})) > (Ma € ({0} N
{Suc 0}). (SKIP undefined \ {Suc 0}))»
apply (simp add: write0-def[symmetric] Hiding-write0-disjoint)
using UNIV-I list.discI by (auto simp add: Process-eq-spec write0-def F-Ndet
F-Mprefiz F-Sliding F-STOP set-eq-iff)
qed

This is a result similar to A N 25 # {} = Mprefix ?A 7P \ 25 = (Hac(?4
— 28) = (2P a )\ 29)) > (Mac(?A N 25). (?P a \ 25)) when we add a (1>)
in the expression.

lemma Hiding-Mprefiz-Sliding-non-disjoint:
(aeA—-Pa)>Q\S=0ac(A4-S5)—(Pa\9)) >
Q\S N Mae(ANnS). (Pa\ Sy
if non-disjoint: <A N S # {p
proof (subst Sliding-distrib-Ndet-left,
subst Hiding-Mprefiz-non-disjoint| OF non-disjoint, symmetric])
show «Mprefixt A P> Q\ S =
(Hae(A=8) = (Pa\S)>(Q\S)N(HacA— Pa\ S
(is «?lhs = %rhs))
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
hence «s € D (Mprefix A P11 Q \ S)
by (simp add: D-Hiding D-Sliding D-Ndet T-Sliding T-Ndet)
thus s € D ?rhs»
by (rule set-rev-mp)
(simp add: D-Ndet D-Sliding Hiding-distrib-Ndet subsetl)
next
fix s
assume <s € D ?rhs)
hence s e D (Q\ S)VseD Hac A— Pal\S)
by (simp add: Hiding-Mprefix-non-disjoint| OF non-disjoint)
D-Ndet D-Sliding) blast
thus <s € D ?lhs
by (auto simp add: D-Hiding D-Sliding T-Sliding)
next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume «(s, X) € F ?lhs
then consider <s € D ?lhs)
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[«3t. s = trace-hide t (ev *S) A (t, X U ev *S) € F (Mprefix A P> Q)
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F %rhs
proof cases
from same-div D-F show (s € D ?lhs = (s, X) € F ?rhs» by blast
next
assume (3 t. s = trace-hide t (ev * S) A
(t, X Uev ‘S) € F (Mprefir A P> Q)
then obtain ¢
where * : <s = trace-hide t (ev ‘ S)»
(t, X Uev*S)eF (Mprefir A P 1> Q) by blast
from *(2) consider (¢, X Uev ‘S) € F @
| <«(t, X Uev ¢ S) € F (Mprefix A P)»
by (simp add: F-Sliding D-Mprefix) blast
thus «(s, X) € F ?rhs»
proof cases
have «(t, X Uev ‘S) e F Q= (s, X) € F (Q\ S)
by (auto simp add: F-Hiding =(1)
thus «(t, X Uev ‘S) e F Q = (s, X) € F rhs
by (simp add: F-Ndet F-Sliding (1))
next
assume (¢, X U ev °S) € F (Mprefit A P)»
hence (s, X) € F (Mprefix A P\ S)» by (auto simp: F-Hiding *(1))
thus «(s, X) € F ?rhs» by (simp add: F-Ndet (1))
qed
qed
next
fix s X
have x : s #[| = (s, X) e F(Hae€ (A —-S5) = (Pa\ 9S)) =
(s, X) e F(Oa€e A— Pa\ S
by (simp add: Hiding-Mprefiz-non-disjoint| OF non-disjoint] F-Sliding)
assume same-div : <D ?lhs = D ?rhs»
assume «(s, X) € F ?rhs
with x consider «(s, X) € F (Q \ S)» | «(s, X) € F (Mprefix A P\ S)
by (auto simp add: F-Ndet F-Sliding)
thus «(s, X) € F %lhs
proof cases
assume <(s, X) € F (Q \ S)
then consider <s € D (Q \ S)
| <3t. s = trace-hide t (ev *S) AN (t, X Uev ‘S) e F @
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F ?lhs
proof cases
assume s € D (Q \ S)
hence <s € D ?rhs» by (simp add: D-Ndet D-Sliding)
with same-div D-F show «(s, X) € F ?lhs> by blast
next
assume <3 t. s = trace-hide t (ev *S) A (t, X Uev ‘S) € F @
thus «(s, X) € F ?hs
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by (simp add: F-Hiding F-Sliding) blast
qed
next

assume «(s, X) € F (Mprefit A P\ S)

then consider s € D (Mprefit A P\ S)
| <3t. s = trace-hide t (ev * S) A (t, X U ev ©°S) € F (Mprefix A P)»
by (simp add: F-Hiding D-Hiding) blast

thus «(s, X) € F ?lhs

proof cases
assume (s € D (Mprefir A P\ S)»
hence «s € D ?rhsy by (simp add: D-Ndet D-Sliding)

with same-div D-F show «(s, X) € F ?lhs) by blast

next

assume <3 t. s = trace-hide t (ev ' S) A (t, X U ev * S) € F (Mprefizr A P)»
then obtain ¢ where * : s = trace-hide t (ev * S)»

(t, X Uev ‘S) e F (Mprefix A P)» by blast
from x(2) non-disjoint have <t # [> by (simp add: F-Mprefix) blast
with x show (s, X) € F ?lhs

by (simp add: F-Hiding F-Sliding) blast
qed
qed
qed
qed

9.4 () behaviour

We already proved several laws for the (I>) operator. Here we give other re-
sults in the same spirit as Hiding-Mprefiz-Sliding-disjoint and Hiding-Mprefiz-Sliding-non-disjoin

lemma Mprefiz-Sliding-Mprefiz-Sliding:
«(OaeA—-Pa)>(0beB— Qb >R=
(ODze(AUB)— (ifr € AN Bthen Px 1 Qxelse if t € A then Pz else Q
z)) > R
(is«(aeA—Pa)>(0beB— Qb)> R= %term> R))
proof (subst Sliding-def, subst Mprefiz-Det-Mprefiz)
have <Mprefix B Q M (Mprefit A P O Mprefix B Q) > R = Mprefiz A P O
Mprefiz B @ > R»
by (metis (no-types, opaque-lifting) Det-assoc Det-commute Ndet-commute
Ndet-distrib-Det-left Ndet-id Sliding-Det Sliding-assoc Sliding-def)
thus «?term M Mprefix B Q > R = ?term > R»
by (simp add: Mprefiz-Det-Mprefix Ndet-commute)
qed

lemma Mprefix-Sliding-Seq:
(OaeAd—-Pa)>P;Q=0acA— (Pa; Q) > (P'; Q)
proof (subst Mprefiz-Seq[symmetric])
show «(Ha€ A —- Pa)> P'); Q =
(Hae€ A— Pa); Q) > (P'; Q) (is «?lhs = ?rhs))

196



proof (subst Process-eq-spec, safe)
show <s € D ?lhs = s € D ?rhs) for s
by (simp add: D-Sliding D-Seq T-Sliding) blast
next
show «<s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-Sliding D-Seq T-Sliding)
next
show «(s, X) € F ?lhs = (s, X) € F ?rhs) for s X
by (cases s; simp add: F-Sliding D-Sliding T-Sliding F-Seq) metis
next
show «(s, X) € F ?rhs = (s, X) € F ?lhs» for s X
by (cases s; simp add: F-Sliding D-Sliding T-Sliding
F-Seq D-Seq T-Seq D-Mprefiz T-Mprefix)
(metis eventpiick.simps(4) hd-append list.sel(1), blast)
qed
qed

lemma Throw-Sliding :
«(ODa€eA—Pa)>P' ObeB Qb=
(Oa€ A— (ifa€e Bthen Qaelse Pa©®be B. Qb)) > (P'©be B. Qb
(is «<?lhs = ?rhsy)
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
then consider ¢1 ¢t2 where (s = t1 Q t2) «t1 € D (Mprefix A P > P')
(tF t1y «<set t1 Nev ‘B = {}p ftF t2»
| t1 b t2 where <s =11 Q ev b # t2) <t1 Q [ev b] € T (Mprefir A P > P’)»
settl Nev ‘B={} <be B «t2ecD(QDby
by (simp add: D-Throw) blast
thus s € D ?rhs»
proof cases
fix t1 t2 assume x* : <s = 1 @Q ¢2y «t1 € D (Mprefix A P > P')y «tF t1»
set t1 Nev ‘B = {} ftF t2»
from *(2) consider (t1 € D (Mprefix A P)> | <t1 € D P’
by (simp add: D-Sliding) blast
thus s € D ?rhs»
proof cases
assume <t! € D (Mprefix A P)»
then obtain a t1’ where «t1 = eva # t1 <a € A <t1' € D (P a)
by (auto simp add: D-Mprefix image-iff)
with x(1, 3, 4, 5) show «s € D ?rhs)
by (simp add: D-Sliding D-Mprefiz D-Throw) (metis image-eql)
next
from (1, 3, 4, 5) show <t1 € D P' = s € D ?rhs
by (simp add: D-Sliding D-Throw) blast
qed
next
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fix t1 b t2 assume * : <s =t1 Q ev b # t2» <t1 Q [ev b] € T (Mprefiz A P 1>
P
settl Nev‘B={}hbe B «t2ecD(QDb)
from *(2) consider <t! @ [ev b] € T (Mprefix A P)y | <t1 Q [ev b] € T P
by (simp add: T-Sliding) blast
thus <s € D ?rhs»
proof cases
assume <t! Q [ev b] € T (Mprefix A P)»
then obtain a t1’
where (11 Q [ev b = eva # 1" a€ A «t1’'€ T (P a)
by (auto simp add: T-Mprefiz)
with x(1, 3, 4, 5) show <s € D ?rhs)
by (cases t1; simp add: (1) D-Sliding D-Mprefix D-Throw)
(metis image-eql)
next
from (1, 3, 4, 5) show «t1 Q[evb] € T P/ = s € D rhs
by (simp add: D-Sliding D-Mprefix D-Throw) blast
qed
qed
next
fix s
assume <s € D ?rhs»
then consider «s € D (Throw P' B Q)»
| <s € D (HacA — (if a € B then Q a else Throw (P a) B Q))
by (simp add: D-Sliding) blast
thus <s € D ?lhs
proof cases
show «s € D (Throw P' B Q) = s € D ?lhs
by (simp add: D-Throw D-Sliding T-Sliding) blast
next
assume <s € D (Ha€A — (if a € B then Q a else Throw (P a) B Q))»
then obtain a s’
where * : <s = eva # s’ <a € A
<s’ € D (if a € B then Q a else Throw (P a) B Q)
by (cases s; simp add: D-Mprefix) blast
show <s € D ?lhs»
proof (cases <a € B))
from * show <a € B = s € D ?lhs)
by (simp add: D-Throw T-Sliding T-Mprefiz disjoint-iff)
(metis Nil-elem-T emptyE empty-set self-append-conv2)
next
assume <a ¢ B>
with x(8) consider
t1 t2 where «s' = t1 Q t2) <t1 € D (P a) <tF t1»
set t1 Nev ‘B = {} ftF t2»
| t1 b t2 where <s' =11 Q ev b # t2) <t1 Q [ev b] € T (P a)
settl Nev ‘B={}p<be B 2D (QDby
by (simp add: D-Throw) blast
thus <s € D ?lhs»
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proof cases
fix t1 t2 assume *x* : <s' = t1 @ ¢2y «t1 € D (P a) «tF t1)
set t1 Nev ‘B = {}» <ftF t2»
have sxx : s = (eva # t1) Q 2 N set (eva # t1)Nev ‘B ={}p
by (simp add: (1) *x(1, 4) image-iff <a ¢ B»)
from x xx(1, 2, 8, 5) show <s € D ?lhs»
by (simp add: D-Throw D-Sliding D-Mprefix image-iff)
(metis xxx eventyyck.disc(1) tickFree-Cons-iff)
next
fix ¢t1 b t2 assume *x : <s' =t1 Q ev b # t2) <t1 Q [ev b € T (P a)
settl Nev B={}h<be B «t2e€D(QDb)
have xxx : «<s = (eva # t1 Qlevd]) Q t2 A set (eva# tl)Nev ‘B ={}h
by (simp add: (1) *x(1, 3) image-iff <a ¢ B»)
from * (1, 2, 4, 5) show <s € D ?lhs
by (simp add: D-Throw T-Sliding T-Mprefiz) (metis xxx Cons-eq-appendl)
qed
ged
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume <(s, X) € F ?lhs
then consider «s € D ?lhs»
| <«(s, X) € F (Mprefit A P> P')y «<set sNev‘B={}
| t1 b t2 where <s = t1 @ ev b # t2) <t1 Q [ev b] € T
settl Nev ‘B ={}p <be B «(t2, X) €
by (auto simp add: F-Throw D-Throw)
thus (s, X) € F ?rhs
proof cases
from same-div D-F show «s € D ?lhs = (s, X) € F ?rhs» by blast
next
show «(s, X) € F (Mprefit AP > P') = setsNev‘B={} = (s, X) €
F rhs
by (cases s; simp add: F-Sliding F-Mprefix F-Throw) blast
next
fix t1 b t2 assume x : <s =11 Q ev b # 12> <t1 Q [ev b] € T (Mprefir A P >
P

)
(Mprefix A P > P')
F (Q b)

set t1 Nev ‘B ={}h <be B «(t2, X) e F (Q b)
from %(2) consider <t! @ [ev b] € T (Mprefix A P)» | <t1 Q [ev b] € T P"
by (simp add: T-Sliding) blast
thus «(s, X) € F %rhs
proof cases
assume <t! Q [ev b] € T (Mprefix A P)»
then obtain a t1’
where «t1 Qevb] =eva # t1h «a€ A <1’ €T (Pa)
by (auto simp add: T-Mprefiz)
with %(1, 3, 4, 5) show (s, X) € F %rhs»
by (cases t1; simp add: *(1) F-Sliding F-Mprefiz F-Throw) blast

next
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from x(1, 3, 4, 5) show «t1 Q [ev b] € T P! = (s, X) € F ?rhs»
by (simp add: F-Sliding F-Mprefix F-Throw) blast
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs»
assume <(s, X) € F ?rhs
then consider «s € D ?rhs) | «(s, X) € F (Throw P’ B Q)»
| «<s # [ «(s, X) € F (Oa € A— (if a € Bthen Q a else Throw (P a) B Q))»
by (simp add: F-Sliding D-Sliding) blast
thus (s, X) € F ?lhs
proof cases
from same-div D-F show «s € D ?rhs = (s, X) € F ?lhs» by blast
next
show «(s, X) € F (Throw P’ B Q) = (s, X) € F ?lhs
by (simp add: F-Throw F-Sliding D-Sliding T-Sliding) blast
next
assume <s # [ «(s, X) € F (HOa € A — (if a € B then Q a else Throw (P a)
B Q)
then obtain a s’
where * : <s = eva # s’ <a € A
«(s’, X) € F (if a € B then Q a else Throw (P a) B Q)»
by (auto simp add: F-Mprefix image-iff)
show «(s, X) € F ?lhs
proof (cases <a € B))
assume (a € B>
have <[ev a] € T (Mprefit A P 1> P')
by (simp add: T-Sliding T-Mprefix *(2))
with x(1, 3) <a € B» show (s, X) € F ?lhs»
by (simp add: F-Throw) (metis append-Nil empty-set inf-bot-left)
next
assume <a ¢ B>
with x(3) consider <s’ € D (Throw (P a) B Q)»
| «(s’, X) € F (Pa) <set s"Nev‘B={h
| t1 b t2 where <s' =11 Q ev b # t2> <t1 Q [ev b] € T (P a)»
settl Nev ‘B ={} «be B «(t2, X) € F (Q b
by (auto simp add: F-Throw D-Throw)
thus «(s, X) € F %lhs
proof cases
assume <s’ € D (Throw (P a) B Q)»
hence <s € D ?rhsy by (simp add: (1, 2) D-Sliding D-Mprefix <a ¢ B))
with same-div D-F show «(s, X) € F ?lhs) by blast
next
show «(s’, X) € F (Pa) = sets'Nev ‘B ={} = (s, X) € F ?lhs»
using *(1, 2) <a ¢ B> by (simp add: F-Throw F-Sliding F-Mprefix) blast
next
fix t1 b t2 assume xx : <s' =1 @ ev b # t2) <t1 Q [ev b € T (P a)
(set t1 Nev ‘B ={h «be B «(t2, X) € F (Q b
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from xx have sxx : <(ev a # t1) Q [ev b] € T (Mprefiz A P) A
set (eva # tl1)Nev‘B={p

by (simp add: T-Mprefix x(2) image-iff <a ¢ B))

from (1) *x(1, 4, 5) *x(5) show «(s, X) € F ?lhs
by (simp add: F-Throw T-Sliding) (metis s+x Cons-eq-appendl)

qed
ged
qed
qed

9.5 Dealing with SKIP

lemma Renaming-Mprefiz-Det-SKIP:
(Renaming (D a € A — Pa) O SKIP ) fg=
(Oyef‘A—-Nac{ze A y=fax}. Renaming (P a) fg) O SKIP (g r)

by (simp add: Renaming-Det Renaming-Mprefix)

lemma Mprefiz-Sliding-SKIP-Seq: «((D a € A — Pa)> SKIPr); Q= (0a €
A= (Pa; Q) > @

by (simp del: Sliding-SKIP add: Mprefiz-Sliding-Seq)

lemma Mprefiz-Det-SKIP-Seq: (0D a€ A —- Pa)OSKIPr); Q= (0a€ A

- (Pa; Q) > @
by (fold Sliding-SKIP) (fact Mprefixz-Sliding-SKIP-Seq)

lemma Sliding-Ndet-pseudo-assoc : «(P > Q) M R=P> QN R
by (metis Ndet-assoc Ndet-distrib-Det-right Ndet-id Sliding-def)

lemma Hiding-Mprefiz-Det-SKIP:
«(OecA—-Pa)OSKIPr\ S =
(ifANS={}then (DacAd— (Pa\S)) OSKIPr
else (Dae(A—-—S5)—= (Pa\S)OSKIPr)N(Mae(ANS). (Pa\S9)))
by (fold Sliding-SKIP)
(simp del: Sliding-SKIP add: Hiding-Mprefiz-Sliding-disjoint
Hiding-Mprefiz-Sliding-non-disjoint Sliding-Ndet-pseudo-assoc)

lemma s #[] = (s, X)) e F(PO Q) «— (s, X) e F (PN Q)
by (simp add: F-Det F-Ndet)

lemma Mprefiz-Det-SKIP-Sync-SKIP :
«((Oa€ A— Pa)d SKIP res) [S] SKIP res’ =
(if res = res’ then (D a € (A — S) — (P a [S] SKIP res’)) O SKIP res’
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else (O a€ (A—S)— (PalS] SKIP res’)) M STOP)»
(is «?lhs = (if res = res’ then ?rhsl else ?rhs2)»)
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs)
then obtain a t u rv
where « : (ftF v»» ¢FrVvo=[ps=rQuwn
«r setinterleaves ((ev a # t, u), range tick U ev © S)»
<a € Ay <t €D (Pa) <u €T (SKIP res’)
by (simp add: D-Sync D-SKIP D-Det D-Mprefix T-SKIP image-iff) blast
from x(3, 4,5, 7) have xsx : «<a € A — S <s=eva# tlr Qv
«tl r setinterleaves ((t, u), range tick U ev * S)»
by (auto simp add: image-iff T-SKIP split: if-split-asm)
have «tl s € D (P a [S] SKIP res’)
by (simp add: D-Sync)
(metis %(1, 2, 6, 7) *x(2, 8) list.sel(3) tickFree-tl)
with xx(1) show (s € D (if res = res’ then ?rhsi else ?rhs2)»
by (simp add: D-Det D-Ndet D-Mprefiz «x(2))
next
fix s
assume <s € D (if res = res’ then ?rhsl else ?rhs2)»
then obtain ¢ s’ where * : (s =ceva # sh» <a€ A — S «s’"€ D (P a [S] SKIP
res’)
by (auto simp add: D-Det D-Ndet D-SKIP D-STOP D-Mprefiz image-iff split:
if-split-asm,)
then obtain ¢t u r v
where s« : <ftF vy <tFrVo=[p<s' =rQw
«r setinterleaves ((t, u), range tick U ev © S)»
<t € D (Pa) «ueT (SKIP res’)
by (simp add: D-Sync D-SKIP) blast
have «(ev a # r) setinterleaves ((ev a # t, u), range tick U ev * S)»
using *(2) *x(4, 6) by (auto simp add: T-SKIP)
with x(2) xx(1, 2, 3, 5, 6) show «s € D ?lhs)
by (simp add: D-Sync D-SKIP D-Det D-Mprefix T-SKIP image-iff)
(metis (no-types, opaque-lifting) (1) Cons-eg-appendl eventp;cr.disc(1)
tickFree- Cons-iff)
next
fix s Z
assume same-div : <D ?lhs = D (if res = res’ then ?rhsl else ?rhs2)»
assume <(s, Z) € F ?lhs
then consider «s € D ?lhs
| tu X Y where (¢, X) € F (Mprefiz A P O SKIP res)) «(u, Y) € F (SKIP
res’)
«s setinterleaves ((t, u), range tick U ev < S)»
«Z = (X UY)N (range tick U ev * S) U X N Y>»
by (simp add: F-Sync D-Sync) blast
thus (s, Z) € F (if res = res’ then ?rhsl else ?rhs2)»
proof cases
from same-div D-F show «s € D ?lhs => (s, Z) € F (if res = res’ then ?rhs1
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else ?rhs2)» by blast
next
fixtuXY
assume x* : (¢, X) € F (Mprefix A P O SKIP res)s «(u, Y) € F (SKIP res’)»
«s setinterleaves ((t, u), range tick U ev * S)»
«Z =(XUY)N (range tick U ev *S)UX N Y
from *(1) consider «t = []» | <t = [/ (res)]> | a t' where <t = ev a # t"
by (auto simp add: F-Det F-SKIP F-Mprefix)
thus «(s, Z) € F (if res = res’ then ?rhsl else ?rhs2)»
proof cases
assume <t = [»
with %(2, 3) have s = []» by (auto simp add: F-SKIP)
with <t = []» *(3)[simplified <t = [>, THEN emptyLeftProperty] x(1, 2, 3, 4)
show «(s, Z) € F (if res = res’ then ?rhsl else ?rhs2)»
by (auto simp add: F-Det F-Ndet F-Mprefix F-STOP F-SKIP D-SKIP
T-SKIP)
next
assume <t = [V (res)]
with %(2, 3) have (res’ = res A s = [/ (res)]»
by (cases u; auto simp add: F-SKIP split: if-split-asm,)
with <t = [V (res)]> show «(s, Z) € F (if res = res’ then ?rhsl else ?rhs2)»
by (simp add: F-Det F-Ndet F-STOP F-SKIP)
next
fix a t' assume <t = ev a # t"
with x(1, 2, 8) empty-setinterleaving obtain s’
where xx : <s’ setinterleaves ((t', u), range tick U ev * S)»
s=eva# sHh«(th X)e F(Pa)pacA—-5
by (auto simp add: F-SKIP F-Det F-Mprefix image-iff split: if-split-asm)
from (2, 4) *x(1, 3) have «(s’, Z) € F (P a [S] SKIP res’)
by (simp add: F-Sync) blast
with xx(4) show «(s, Z) € F (if res = res’ then ?rhsi else ?rhs2)»
by (simp add: F-Det F-Ndet <s = ev a # s"» F-SKIP F-Mprefiz)
qged
qed
next
fix s Z
assume same-div : <D ?lhs = D (if res = res’ then ?rhsl else ?rhs2))
assume <(s, Z) € F (if res = res’ then ?rhsl else ?rhs2)»
then consider <res = res’s «(s, Z) € F 2rhsl»
| <res # res’y «(s, Z) € F 9rhs2) by presburger
thus «(s, Z) € F ?lhs
proof cases
assume <res = res’ (s, Z) € F ?rhsl»
then consider s = []» | <s = [V (res’)] | a s’ where <s = ev a # s
by (auto simp add: F-Det F-SKIP F-Mprefix)
thus «(s, Z) € F ?lhs
proof cases
assume <s = [
with «(s, Z) € F 2rhsl» have «tick res’ ¢ 7>
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by (auto simp add: F-Det F-Mprefix F-SKIP D-SKIP T-SKIP)
with «<s = []» show «(s, Z) € F ?lhs
by (simp add: F-Sync F-Det T-SKIP F-SKIP <res = res’y)
(metis Int-Un-eq(3) si-emptyl Un-Int-eq(4) Un-commute insertll)
next
assume <s = [V (res’)]
hence x : «([V(res)], Z) € F (Mprefir A P O SKIP res’) A
s setinterleaves (([v(res’)], [V (res’)]), range tick U ev *S) A
(V(res)), Z) € F (SKIP res’y N Z = (Z U Z) N (range tick U ev ¢
S)yuzn 2z
by (simp add: F-Det F-SKIP)
show «(s, Z) € F ?lhs> by (simp add: F-Sync <res = res’y) (meson %)
next
fix a s’ assume s = ev a # s
with «(s, Z) € F ?rhsl» have x : <a € Ay «a ¢ S) «(s’, Z) € F (P a [9]
SKIP res’)»
by (simp-all add: F-Det F-SKIP F-Mprefix image-iff)
from #(3) consider <s’ € D (P a [S] SKIP res’)
| t w X Y where «(t, X) € F (P a) «(u, Y) € F (SKIP res’)
s’ setinterleaves ((t, u), range tick U ev * S)
«Z = (XU Y)N (range tick U ev *S)UX N Y
by (simp add: F-Sync D-Sync) blast
thus «(s, Z) € F ?lhs
proof cases
assume s’ € D (P a [S] SKIP res'))
hence <s € D ?rhsi»
by (simp add: D-Det D-Mprefix image-iff *(1, 2) <s = ev a # s")
with same-div show «(s, Z) € F ?lhsy by (simp add: <res = res’
is-processT8)
next
fix t u X Y assume *x : «((t, X) € F (P a) «(u, Y) € F (SKIP res’)
s’ setinterleaves ((t, u), range tick U ev * S)»
«Z = (X UY)N (range tick U ev *S) U X N Y
from *x(2, 3) have «(ev a # s’) setinterleaves ((ev a # t, u), range tick U
ev ‘S
by (auto simp add: (1, 2) F-SKIP image-iff)
thus «(s, Z) € F ?lhs»
by (simp add: F-Sync F-Det F-Mprefix image-iff)
(metis %(1) xx(1, 2, 4) <s = ev a # s’ list.distinct(1))

qed
qed
next
assume <res # res’ «(s, Z) € F ?rhs2»
then consider s = [

| @ s" where <a € A <a ¢ S> <s=eva# sH (s, Z) e F (PalS] SKIP
res’)
by (auto simp add: F-Ndet F-STOP F-Mprefiz)
thus «(s, Z) € F ?lhs
proof cases
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have «([], UNIV) € F ?lhs)
apply (simp add: F-Sync, rule disjI1)
apply (rule-tac x = <[> in ez, simp add: F-Det F-Mprefix F-SKIP T-SKIP
D-SKIP)
apply (rule-tac x = <[> in exl, rule-tac x = <UNIV — {/(res)}» in exl)
apply (simp, rule-tac x = <UNIV — {/(res’)}» in exl)
using <res # res’s by auto
thus s = [| = (s, Z) € F ?%lhs> by (auto intro: is-processT4)
next

fix a s’ assume x : <a € A <a ¢ S»s=ceva# sH (s, Z) e F (PalS]
SKIP res'))
from (4 ) consider <s’ € D (P a [S] SKIP res’)
| t w X Y where «(t, X) € F (P a) «(u, Y) € F (SKIP res’)
s’ setinterleaves ((¢, u), range tick U ev “ S)»
«Z =(XUY)N (range tick U ev *S)U X NY)
by (auto simp add: F-Sync D-Sync)
thus «(s, Z) € F ?lhs»
proof cases
assume (s’ € D (P a [S] SKIP res’)
hence <s € D ?rhs2» by (simp add: (1, 2, 8) D-Ndet D-Mprefiz)
with same-div show «(s, Z) € F ?lhs> by (simp add: <res # res’
is-processT8)
next
fix t u X YV assume #x : «(t, X) € F (P a) <(u, Y) € F (SKIP res’)
s’ setinterleaves ((t, u), range tick U ev * S))
«Z =(XUY)N (range tick U ev *S)U X NY)
show «(s, Z) € F ?lhs»
apply (simp add: F-Sync, rule disjI1)
apply (rule-tac © = <ev a # t» in exl)
apply (rule-tac © = u in exl)
apply (rule-tac ¢ = X in exl)
apply (rule conjl, solves <simp add: F-Det F-Mprefiz (1) xx(1)»)
apply (rule-tac z = Y in exl)
apply (simp add: =x(2, 4))
using *x(2, 3) by (auto simp add: (1, 2, 3) F-SKIP)
qed
qed
qed
qed

lemma Sliding-def-bis : <P > Q = (P11 Q)0
by (simp add: Det-distrib-Ndet-right Sliding-def)
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Chapter 10

Conclusion

We started by defining the operators (r>), Throw and (A) and provided on
them several new laws, especially monotony, "step-law" (behaviour with Oa
€ A — P a) and continuity.

We defined the initials notion, and described its behaviour with the reference
processes and the operators of HOL-CSP and HOL-CSPM (which is already a
minor contribution).

As main contribution, we defined the After.After operator which represents
a bridge between the denotational and the versions of operational semantics
for CSP. We made the construction as generic as possible, by exploiting
the locale mechanism. Therefore we derive the correspondence between
denotational and operational semantics by construction. Based on failure
divergence or trace divergence refinements, the two operational semantics
correspond to the versions described in [4, 6].

We have slight variations that can open up for discussion.

Thus, we provided a formal theory of operational behaviour for CSP, which
is, to our knowledge, done for the first time for the entire language and
the complete FD-Semantics model. Some of the proofs turned out to be
extremely complex and out of reach of paper-and-pencil reasoning.

A notable point is that the experimental order (Cp7) behaves surprisingly
well: initially pushed in HOL-CSP for pure curiosity, it looks promising for
future applications, since it gives a direct handle for an operational trace
semantics for non-diverging processes which is executable.

Another take-away is the development of alternatives with (Cr) and (Crp)
orders but this remains a bit disappointing because their monotony w.r.t.
to some operators does not allow to recover all the laws of [4, 6].

As a bonus we provided in HOL— CSP-OpSem.CSP-New-Laws some power-
ful laws for CSP. Here, we recall only the most important ones:
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bij 2 bij %
Renaming (P \ ?2S) ?f 29 = Renaming ?P 2f 29 \ ?f ¢ 28
bij of  bij %
Renaming (?P [?S] 2Q) ?f g = Renaming ?P ?f 2g [?f ¢ ¢S] Renaming ?Q ?f %g
PAN 25 £
Oac?A — ?Pa \ 95 = (Hac(?4 — 25) — (2P a \ 25)) > (Mac(?A N 25). (?Pa \ 99))

Finally, we discovered that the After.After operator and its extensions Af-
terExt. Afteryicr, and AfterExt. Afteri.qc.e have a real interest even without
the construction of operational semantics.

With induction rules based on AfterExt. Afteriyqce, we could for example
prove the following theorem:

deadlock-free ?P deadlock-free 2Q) al?Q)nN 25 =10
deadlock-free (7P [?S] 7Q)
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