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Abstract

Recently, a modern version of Roscoes and Brookes [1] Failure-Divergence
Semantics for CSP has been formalized in Isabelle [4]. On top of this theory,
we develop the so-called “architectural operators”, i.e. generalizations of
basic non-deterministic choices, synchronized producs and sequetializations,
as has been introduced in the well-known FDR4 model-checker for CSP.

While FDR4 uses these architectural operators as handy macros that
help to structure the specifications, they are basically macro-expanded be-
fore the Labelled Transition Systems were generated. In contrast, we develop
the formal theory of these operators in themselves which paves the way for
a more structured approach to reasoning in HOL-CSP. Our generalizations
will take commutativity and idempotence into account, such that they be-
come fully-abstract wrt. to index-sets, index-multi-sets or lists, respectively.

Additionally, the theory of some more exotic — but in the CSP litera-
ture discussed — operators have been developed; in particular throw and
interupt.

For these "architectural operators", we will prove the properties of re-
finement, monotonicity and continuity and the laws of interaction in order
to simplify their use.

Finally, we will give examples of their usefulness when trying to model
complex systems.
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Chapter 1

Introduction

1.1 Motivations

HOL-CSP [4] is a formalization in Isabelle/HOL of the work of Hoare and
Roscoe on the denotational semantics of the Failure/Divergence Model of
CSP. It follows essentially the presentation of CSP in Roscoe’s Book "Theory
and Practice of Concurrency" [2] and the semantic details in a joint Paper
of Roscoe and Brooks "An improved failures model for communicating pro-
cesses" [1].

In the session HOL-CSP are introduced the type (‘a, 'r) processptick, several
classic CSP operators and number of laws that govern their interactions.
Four of them are binary operators: the non-deterministic choice P 1M @), the
deterministic choice P O @), the synchronization P [S] @ and the sequential
composition P ; Q).

Analogously to the finite sum > ) _ ; a ¢ which is generalization of the
addition a + b, we define generalisations of the binary operators of CSP.
The most straight-forward way to do so would be a fold on a list of processes.
However, in many cases, we have additional properties, like commutativity,
idempotency, etc. that allow for stronger/more abstract constructions. In
particular, in several cases, generalization to unbounded and even infinite
index-sets are possible.

The notations we choose are widely inspired by the CSPj; syntax of FDR:
https://cocotec.io/fdr/manual /cspm.html.

For the non-deterministic choice P M @), this is already done in HOL-CSP. In
this session we therefore introduce the multi-operators:

e the global deterministic choice, written O a € A. P a, generalizing P

0Q
o the multi-synchronization product, written [S] m €# M. P m, gen-
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https://cocotec.io/fdr/manual/cspm.html

eralizing P [S] @ with the two special cases ||| m €# M. P m and ||
mE#H M. Pm

¢ the multi-sequential composition, written SEQ | €Q L. P [, generaliz-
ing P ; ). We prove their continuity and refinements rules, as well as
some laws governing their interactions.

We also provide the definitions of the POTS and Dining Philosophers exam-
ples, which greatly benefit from the newly introduced generalized operators.

Since they appear naturally when modeling complex architectures, we may
call them architectural operators: these multi-operators represent the heart
of the architectural composition principles of CSP.

Additionally, we developed the theory of the interrupt operators Sliding,
Throw and Interrupt [3]. This part of the present theory reintroduces de-
notational semantics for these operators and constructs on this basis the
algebraic laws for them.

In several places, our formalization efforts led to slight modifications of the
original definitions in order to achieve the goal of a combined integrated
theory. In some cases — in particular in connection with the Interrupt oper-
ator definition — some corrections have been necessary since the fundamental
invariants were not respected.

Finally, his session includes a very powerful result about deadlock-free and
Sync: the interleaving P ||| @ is deadlock-free if P and @ are, and so is the
multi-interleaving of processes P m for m €# M.

10



1.2 The Global Architecture of HOL-CSPM

[HOL-Library]

‘ Induction_Rules_CSPM ‘ ‘ [HOL-Eisbach] ‘ ‘ [HOLCF] ‘
/ e \
Multi_Synchronization_Product | [ Global_Deterministic_Choice | [ Interrupt | [ Introduction | [ Multi_Sequential_Composition |

?/

[ (csPM_Laws | [ CSPM_Monotonies | [ Non_Deterministic_CSPM_Distributivity | [ Step_CSPM_Laws

DiningPhilosophers | [ Events _Ticks CSPM_Laws | [ POTS | [ CSPM_Deadlock Results | [ Step_CSPM_Laws_Extended

Read_Write_CSPM_Laws

Conclusion

Figure 1.1: The overall architecture

The global architecture of HOL-CSPM is shown in Figure 1.1. The entire
package resides on:

1. HOL-Eisbach from the Isabelle/HOL distribution,
2. HOLCF from the Isabelle/HOL distribution, and

3. HOL-CSP 2.0 from the Isabelle Archive of Formal Proofs.
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Chapter 2

Preliminary Work

2.1 Induction Rules for a set

lemma finite-subset-induct-singleton
[consumes 3, case-names singleton insertion):
(Ja € A; finite F; F C A; P {a};
Nz F. finite F = z € A = z ¢ (insert a F) = P (insert a F)
= P (insert z (insert a F))] = P (insert a F)»

(proof)

lemma finite-set-induct-nonempty
[consumes 2, case-names singleton insertion):
assumes (A # {}> and «finite A»
and singleton: <N\a. a € A = P {a}»
and insert: <Az F. [F # {}; finite F; x € A;x ¢ F; P F]
= P (insert z F)
shows «P A»

(proof)

lemma finite-subset-induct-singleton’
[consumes 3, case-names singleton insertion):
(Ja € A; finite F; F C A; P {a};
Nz F. [finite F; z € A; insert a F C A; © ¢ insert a F; P (insert a F)]
= P (insert z (insert a F))]
= P (insert a F)»
(proof)

lemma induct-subset-empty-single[consumes 1]:
([finite A; P {}; Na. a € A = P {a};
ANF a.[a € A; a & F; finite F; F C A; F # {}; PF] = P (insert a F)] =
P A
(proof)

13



2.2 Induction Rules for ‘o multiset

The following rule comes directly from HOL— Library. Multiset but is written
with consumes 2 instead of consumes 1. I rewrite here a correct version.

lemma msubset-induct [consumes 1, case-names empty add):
([F C# A; P {#}; Na F. [a €# A; P F] = P (add-mset a F)] = P F»
(proof)

lemma msubset-induct-singleton [consumes 2, case-names m-singleton add):
(o e# A; F C# A; P {#a#};
Nz F. [z €# A; P (add-mset a F)] = P (add-mset z (add-mset a F))]
= P (add-mset a F)»

(proof)

lemma mset-induct-nonempty [consumes 1, case-names m-singleton add]:
assumes (A # {#}
and m-singleton: <N\a. a €# A = P {#a#}
and add: <\z F. [F # {#};  €# A; P F] = P (add-mset x F))
shows (P A»
(proof)

lemma msubset-induct’ [consumes 2, case-names empty add):
assumes (F CH# A»
and empty: <P {#}
and insert: s\N\a F. [a €e# A — F; F C# A; P F] = P (add-mset a F))
shows <P F»
(proof )

lemma msubset-induct-singleton’ [consumes 2, case-names m-singleton add]:
(a e# A — F; F C# A; P {#a#};
Ne F.[Jx et A — F; F C# A; P (add-mset a F)]
= P (add-mset x (add-mset a F))]
= P (add-mset a F)»

(proof)

lemma msubset-induct-singleton’’ [consumes 1, case-names m-singleton add):
Jadd-mset a F C# A; P {#a#};
Az F. [add-mset x (add-mset a F) C# A; P (add-mset a F)]
= P (add-mset z (add-mset a F))]
= P (add-mset o F)»

(proof)

lemma mset-induct-nonempty’ [consumes 1, case-names m-singleton add):

14



assumes nonempty: <A # {#}» and m-singleton: <Na. a €# A = P {#a#}
and hyp: <Naz F. [a €# A; x €# A — add-mset a F; add-mset a F C# A,
P (add-mset a F)] = P (add-mset x (add-mset a F))»
shows <P A»

(proof)

lemma induct-subset-mset-empty-single:

([P {#}: Na. a €# M = P {#ai#};
AN a. [a €# M; N C# M; N # {#}; P N] = P (add-mset a N)] = P M)

(proof)

2.3 Strong Induction for nat

lemma strong-nat-induct[consumes 0, case-names 0 Suc]:
P 0; An. (Am. m < n = Pm) = P (Sucn)] = Pmn

(proof)

lemma strong-nat-induct-non-zero[consumes 1, case-names 1 Suc]:
o <n; P1; An. 0 <n= (Am. 0 <mAm<n= Pm)= P (Sucn)]
= Pn

(proof )

2.4 Useful Results for Cartesian Products

lemma prem-Multi-cartprod:
(Mz,y).2@Q@y) ‘(A xB)
(M, y).z#y) (A" x B)
«(Ma, 9). [z, y]) ‘(A x B) =
(proof)

={s@Q¢t |st. (s,t) €A X B}
={s#t |st.(s,t)e A’ x B}
{[s, t] |s t. (s, t) € A’ x B}

15
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Chapter 3

Definitions of the
Architectural Operators

3.1 The Global Deterministic Choice

3.1.1 Definition

This is an experimental generalization of the deterministic choice. In previ-
ous versions, this was done by folding the binary operator (d), but the set
was of course necessarily finite. Now we give an abstract definition with the
failures and the divergences.

lift-definition GlobalDet :: «['b set, 'b = ('a, 'r) processprick) = (‘a, 'r) pro-

cesSptick’
is AMA P. {(s, X). s=[ A (s, X) € (NacA. F (Pa))} U
(505 # 1 5, X) € Uaea, 7 (Pa)) L
{(s; X). s =[| As € (UacA. D (P a))} U
{(, X). Ar.s=[]AV(r) ¢ X N[V (7’)] (UaeA. T (P a))},
Ja€A. D (P a))
(proof)

syntax -GlobalDet :: <[pttrn,’b set,('a, 'r) processpiick] = (‘a, 'r) processpiick>

(«(38(()/€(-)-/ () [78,78,77) 77)
syntax-consts -GlobalDet = GlobalDet
translations O p € A. P = CONST GlobalDet A (Ap. P)

3.1.2 The projections
lemma F-GlobalDet:

{(s, X). s =0 A (s, X) € (Na€A. F (Pa))} U

{(s, X). s #[| A (5, X) € (UaeA. F (Pa))} U

{(s, X). s=[|ANse€ (JacA. D (Pa))} U

{(s, X).Ir.s=[AV(r) ¢ X A [/(r)] € (UacA. T (Pa)}p

17



(proof)

lemma F-GlobalDet":
«F(BzeA Px)=
([, X)| X. (30€4. Pa= 1) v (YaeA. ([, X) € F (P a)) v
(FacA. Ar. /(r) ¢ X AN[V/(r)] €T (Pa)} U
{(s, X)|]asX.a€c ANs#[| AN (s, X) e F(Pa)p
(is«<F (O z € A. Px)= %rhs)
(proof)

lemma D-GlobalDet: <D (O z € A. Pz) = (|JacA. D (P a))»
(proof)

lemma T-GlobalDet:
27’ (3)3: € A Pz)= (if A= {} then {[]} else (U z€A. T (P x)))
proo,

lemma T-GlobalDet”: <T (O z € A. P x) = (insert [| (U z€A. T (P z)))
(proof)

lemmas GlobalDet-projs = F-GlobalDet D-GlobalDet T-GlobalDet

lemma mono-GlobalDet-eq:
(ANz. 2 € A= Pz = Q) = GlobalDet A P = GlobalDet A ()
(proof)

lemma mono-GlobalDet-eq2:
(ANz. 2 € A= P (fz) = Q ) = GlobalDet (f * A) P = GlobalDet A @Q)»
(proof)

3.1.3 Factorization of (O) in front of GlobalDet

lemma Process-eq-optimized-bisl :
assumes (\s. sEDP = s€eD Q N\Ns.s€D Q= se€DP»
and A X. DP=D Q= ([, X)) e FP= (], X) e F @
and A X.DQ=DP= (|, X)) e F Q= (], X) e F P
and (N\a s X. DP=D Q= (a# s, X) e FP=(a# s, X)eF Q
and  Nas X.DQ=DP = (a#s,X) e FQ= (a# s, X)eF P
shows <P = @
(proof )

lemma GlobalDet-factorization-union:
(OpeA Pp)O(OpeB. Pp)=0Ope(AUB).Pp
(proof )

lemma GlobalDet-Union :

18



(Oae(Uiel. Ai). Pa)=0i{e[.0a€ Ai Pa (is «?lhs = ?rhs)
(proof)

3.1.4 First properties

lemma GlobalDet-id [simp] : <A #{} = (Ope€ A. P) =P
(proof)

lemma GlobalDet-unit[simp] : «(O z € {a}. Pz) = P @
(proof)

lemma GlobalDet-empty[simp] : «(Oa € {}. P a) = STOP»
(proof)

lemma GlobalDet-distrib-unit:
«(Ox €inserta A. Pz) =PaO (Oz€ (A— {a}). Pa)
(proof)

lemma GlobalDet-distrib-unit-bis :
<a¢ A= (Oz€inserta A. Pz)=PaO (dzec A Pazx)p

(proof)

3.1.5 Behaviour of GlobalDet with (O)

lemma GlobalDet-Det-GlobalDet:
(ODa€cA. Pa)D(0acA Qa)=0a€c A PaOQuw
(is «<?G1 O ?G2 = ?2G)»)

(proof)

3.1.6 Commutativity

lemma GlobalDet-sets-commute:
(ODac A ObeB Pab)=0be B. Oac A Palb (is «?lhs = ?rhs)

(proof)

3.1.7 Behaviour with injectivity

lemma inj-on-mapping-over-GlobalDet:
dnj-on fA= (0Dz € A. Pz)=0z € ‘A P (inv-into A fx)
(proof)

3.1.8 Cartesian product results

lemma GlobalDet-cartprod-o s-set-os-set:
(O(s,t) eAXxB.P(sQt))=0uec{sQtlst. (s,t) € Ax B}. Pw
(is <?lhs = ?rhsy)

(proof)
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lemma GlobalDet-cartprod-s-set-os-set:
«(O(s,t)EAXB. P(s#t)=0uec{s#t|st (s,t)€ Ax B}. Pw
(is <?lhs = ?rhsy)

(proof)

lemma GlobalDet-cartprod-s-set-s-set:
«(O(s,t) € AX B.Pls,t]))=0uec{[s t]|st. (s,t) € Ax B}. Pw
(is <?lhs = ?rhs)

(proof)

lemma GlobalDet-cartprod: «(O(s, t) € A x B. Pst)=0s€ A. Ot€ B. Pst
(is <?lhs = ?rhsy)
{proof)

3.1.9 Link with Mprefix

This is a trick to make proof of Mprefix using GlobalDet as it has an easier
denotational definition.

lemma Mprefiz-GlobalDet: <0 a € A - Pa=0a€ A. a - Pw

(proof)

lemma read-is- GlobalDet-write0 :
<«c?a€A — Pa=0bcc “A. b — P (inv-into A c b)»

(proof)

lemma read-is-GlobalDet-write :
<inj-on ¢ A = c?a€A — P a = Oa€A. cla - P w

(proof)

3.1.10 Properties

lemma GlobalDet-Det: «(0 a € A. Pa) O Q = (if A = {} then Q else O a € A.
PaO Q)

(is «?lhs = (if A = {} then Q else ?rhs)»)
(proof)

lemma Mndetprefiz-Sync-Mprefix-strong-subset:
(JACB;BCC]=NaceA—Pa[C]ObeB—-Qb=MNacAd— (P
a C] Qa)
(proof )

lemma Mprefiz-Sync-Mndetprefiz-strong-subset:

20



JACC;BCAl=0acA—>Pa[C]NbeB—Qb=Nbe B (P
b[C] Qb
(proof)

corollary Mndetprefiz- Par-Mprefix-strong-subset:
(ACB=Na€eA—Pal]|lObeB—-Qb=MacA— (Pal|l Qa)p

(proof)

corollary Mprefiz- Par-Mndetprefix-strong-subset:
(BCA=0Oac€A—=Pal||NbeB—=Qb=MbeB—(Pb]l Qb

(proof)

3.1.11 Continuity

lemma mono-GlobalDet : «(Oa € A. Pa) COa € A. Q o if < N\z. 2€ A= P
zC Qo

(proof)

lemma chain-GlobalDet : <chain ¥ = chain (Ai. Oa € A. Y i a)
(proof)

lemma GlobalDet-cont [simp] : <[finite A; Na. a € A = cont (P a)] = cont
(Ay. O z2€A. P z y)»
(proof )

end

3.2 Multiple Synchronization Product
3.2.1 Definition

As in the (M) case, we have no neutral element so we will also have to go
through lists first. But the binary operator Sync is not idempotent either,
so the generalization will be done on b multiset and not on b set.

Note that a ‘b multiset is by construction finite (cf. theorem finite (set-mset
M)).

fun MultiSync-list :: <['a set, 'b list, 'b = ('a, 'r) processpiick] = ('a, 'r) pro-
CCSSptick)
where «MultiSync-list S [| P = STOP)

| «MultiSync-list S (I # L) P = fold (Az r. v [S] Pz) L (P I)

21



interpretation MultiSync: comp-fun-commute where f = Az r. r [E] P x>

(proof)

lemma MultiSync-list-mset:
<mset L = mset L' = MultiSync-list S L P = MultiSync-list S L' P»

(proof)

definition MultiSync :: ['a set, 'b multiset, 'b = ('a, 'r) processptick] = ('a, 'r)
ProcesSptick?
where < MultiSync S M P = MultiSync-list S (SOME L. mset L = M) P>

syntax -MultiSync :: <['a set,pttrn,’db multiset,('a, 'r) processpiick] = ('a, 'r) pro-
cesSptick?
((8[] -€#-/ -) [78,78,78,77) 17)
syntax-consts -MultiSync = MultiSync
translations [S] p €# M. P = CONST MultiSync S M (Ap. P)

Special case of MultiSync E P when E = {}.

abbreviation Multilnter :: «['b multiset, 'b = ('a, ') processpiick) = (‘a, 'r)
PTOCESSpiick?
where <Multilnter M P = MultiSync {} M P»
syntax -Multilnter :: «[pttrn, 'b multiset, ('a, 'r) processpiick] = (‘a, 'r) pro-
CESSptick’
(3| -€#-./ -)» [78,78,77] T7)
syntax-consts -Multilnter = Multilnter
translations ||| p €# M. P = CONST MultiInter M (Ap. P)
Special case of MultiSync E P when E = UNIV.
abbreviation MultiPar :: <['b multiset, 'b = (‘a, 'r) processprick] = ('a, 'r) pro-

CESSptick’
where «MultiPar M P = MultiSync UNIV M P>

! /

syntax -MultiPar :: «[pttrn, 'b multiset, (‘a, 'r) processpiick] = ('a, 'r) pro-

CESSptick)
((3|| €4t~ | ) [78,78,77] T7)

syntax-consts -MultiPar = MultiPar

translations || p €# M. P = CONST MultiPar M (Ap. P)

3.2.2 First properties

lemma MultiSync-recO[simpl: <«([S] p €# {#}. P p) = STOP»
(proof)

lemma MultiSync-recl [simp]: <([S] p €# {#a#}. Pp) = P w
(proof)
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lemma MultiSync-add|[simp]:

<<M 7;>{#} = ([S] p €# add-mset m M. P p) = P m [S] ([S] p €# M. P p)
Proo

lemma mono-MultiSync-eq:
(Nz. z et M = Pz = Qz) = MultiSync S M P = MultiSync S M @Q»
(proof)

lemma mono-MultiSync-eq2:

(Nz. 2 € M = P (fz) = Q x) = MultiSync S (image-mset f M) P =
MultiSync S M Q>

(proof)

lemmas Multilnter-rec0 = MultiSync-recO[where S = «({})]
and MultiPar-rec0 = MultiSync-recO[where S = <UNIV)]
and Multilnter-recl = MultiSync-recl[where S = «({})]
and MultiPar-recl = MultiSync-recl[where S = (UNIV)]
and Multilnter-add = MultiSync-add|where S = «({})]
and MultiPar-add = MultiSync-add[where S = (UNIV)]
and mono-MultiInter-eq = mono-MultiSync-eq[where S = «{}]
and mono-MultiPar-eq = mono-MultiSync-eq[where S = (UNIV)]
and mono-Multilnter-eq2 = mono-MultiSync-eq2[where S = «({})]
and mono-MultiPar-eq2 = mono-MultiSync-eq2[where S = (UNIV))

3.2.3 Some Tests

lemma «MultiSync-list S [| P = STOP:»
and <MultiSync-list S [a] P = P &
and «MultiSync-list S [a, b] P = P a [S] P b
and <MultiSync-list S [a, b, ¢] P =P a [S]Pb[S] P ©
(proof)

lemma test-MultiSync:
([S] p €# mset []. Pp) = STOP:»

([S] p €# mset [a]. Pp) = P w

([S] p €# mset [a, b] Pp)—Pa[[S]] P b

2([[5']]f]>7 €# mset [a, b, c]. Pp) =Pa[S]Pb[S] P o
proo

lemma MultiSync-setl: «MultiSync S (mset-set {k::nat..<k}) P = STOP)
(proof)
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lemma MultiSync-set2: «MultiSync S (mset-set {k..<Suc k}) P = P k»
(proof)

lemma MultiSync-set3:
(< k= MultiSync S (mset-set {l ..< Suc k}) P =
P [S] (MultiSync S (mset-set {Suc I ..< Suc k}) P)»

(proof)

lemma test-MultiSync':
([S] p €# mset-set {1:int .. 3}. Pp) =P 1 [S]P2[S] P&
(proof)

lemma test-MultiSync'”:
([S] p €# mset-set {0:nat .. a}. P p) =
[S] p €# mset-set ({a} U {I .. a} U{0}).Pp
(proof)

lemmas test-Multilnter =  test-MultiSync[where S = «{}}]
and test-MultiPar =  test-MultiSync[where S = (UNIV)]
and Multilnter-set! = MultiSync-setl [where S = «{}]
and  MultiPar-set] = MultiSync-setl [where S = <UNIV)]
and Multilnter-set2 = MultiSync-set2[where S = «{}]
and MultiPar-set2 = MultiSync-set2[where S = <UNIV)]
and Multilnter-set3 = MultiSync-set3[where S = «{}]
and MultiPar-set3 = MultiSync-set3[where S = «UNIV)|
and test-Multilnter’ = test-MultiSync’/[where S = «{})]
and test-MultiPar’ = test-MultiSync’/[where S = <UNIV)]
and test-Multilnter’ = test-MultiSync''[where S = «{})]
and test-MultiPar'' = test-MultiSync’[where S = (UNIV}|

3.2.4 Continuity

lemma mono-MultiSync :

(Nz.ze# M = Pz C Quz) = ([S] me# M. Pm)C ([S] me# M. Q
m))

(proof)
lemmas mono-MultiInter = mono-MultiSync[where S = «{}]

and mono-MultiPar = mono-MultiSync[where S = UNIV]

lemma MultiSync-cont[simp]:
(N\z. x €# M = cont (P z)) = cont (A\y. [S] z €# M. P zy)
(proof )
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lemmas Multilnter-cont[simp] = MultiSync-cont|where S = «({}]
and  MultiPar-cont[simp] = MultiSync-cont[where S = <UNIV)]

3.2.5 Factorization of Sync in front of MultiSync

lemma MultiSync-factorization-union:

(M # {#1 N # {#}] =
<([[5']]fz> €# M. P2)[S] ([S] z€# N. P2) =[9] 2€# (M + N). P 2
proo,

lemmas Multilnter-factorization-union =
MultiSync-factorization-union[where S = «{}]
and MultiPar-factorization-union =
MultiSync-factorization-union|where S = «UNIV)]

3.2.6 1 Absorbtion

lemma MultiSync-BOT-absorb:
me# M=—=Pm=1L= ([S]ze# M. Pz)=L1)
(proof)

lemmas Multilnter-BOT-absorb = MultiSync-BOT-absorb[where S = «{}» ]
and MultiPar-BOT-absorb = MultiSync-BOT-absorbjwhere S = <UNIV)]

lemma MultiSync-is-BOT-iff:
([STme# M. Pm)=L<+— (Tme# M. Pm= 1)
(proof )

lemmas Multilnter-is-BOT-iff = MultiSync-is-BOT-iff[where S = «{}> ]
and  MultiPar-is-BOT-iff = MultiSync-is-BOT-iff[where S = (UNIV}|
3.2.7 Other Properties

lemma MultiSync-SKIP-id:

([S] r e# M. SKIP r) = (if Ar. set-mset M = {r} then SKIP (THE r. set-mset
M = {r}) else STOP)»

(proof)

lemmas  Multilnter-SKIP-id = MultiSync-SKIP-id[where S = «{})]
and MultiPar-SKIP-id = MultiSync-SKIP-id[where S = <UNIV)|

lemma MultiPar-prefix-two-distincts-STOP:

25



assumes (m €# M> and «<m’ €# M)» and «fst m # fst m”
shows «(|| a €# M. (fst a — P (snd a))) = STOP»

(proof)

lemma MultiPar-prefiz-two-distincts-STOP':
(m, n) €# M; (m', n') €# M; m #m'] =
(|| (m, n) €e# M. (m — P n)) = STOP»
(proof)

3.2.8 Behaviour of MultiSync with Sync

lemma MultiSync-Sync:
2([[5']]fz> eE# M. P2)[S] ([S] z€# M. P 2) =[S] z€# M. (P z[S] P’ 2)»
Proo

lemmas Multilnter-Inter = MultiSync-Sync[where S = «({})]
and  MultiPar-Par = MultiSync-Synclwhere S = «UNIV)]

3.2.9 Commutativity

lemma MultiSync-sets-commute:
([SJac# M. [S]be# N.Pab)=[S]be# N.[S]ac# M. Pab
(proof)

lemmas Multilnter-sets-commute = MultiSync-sets-commute[where S = «({}]
and MultiPar-sets-commute = MultiSync-sets-commute[where S = (UNIV)]

3.2.10 Behaviour with Injectivity

lemma inj-on-mapping-over-MultiSync:

<ing-on f (set-mset M) =

([S] z €# M. P z) = [S] = €# image-mset f M. P (inv-into (set-mset M) f z)»
(proof)

lemmas inj-on-mapping-over-Multilnter =
inj-on-mapping-over-MultiSync[where S = «{}}]
and inj-on-mapping-over-MultiPar =
inj-on-mapping-over-MultiSynclwhere S = «(UNIV)]

3.3 Multiple Sequential Composition

Because of the fact that SKIP r is not exactly a neutral element for Seq (cf
SKIP ?r; 2P = 9P
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¢P 5 Skip = ?P), we do the folding on the reversed list.

3.3.1 Definition

fun MultiSeq-rev :: <['b list, 'b = ('a, 'r) processpiick) = (‘a, 'r) processyiick
where MultiSeq-rev-Nil : <MultiSeq-rev [] P = SKIP undefined»
| MultiSeq-rev-Cons : «MultiSeq-rev (I # L) P = MultiSeq-rev L P 5 P Iy

definition MultiSeq :: <['b list, 'b = (a, 'r) processpiick| = ('a, 'r) processpiick>
where <MultiSeq L P = MultiSeg-rev (rev L) P»

lemma MultiSeq-Nil [simp] : <MultiSeq || P = SKIP undefined»
and MultiSeq-snoc [simp] : «<MultiSeq (L Q [l]) P = MultiSeq L P 5 P I»
(proof)

lemma MultiSeqg-elims :
<MultiSeq L P = Q —
(ANP. L =] = P =P = @ = SKIP undefined => thesis) —>
(NNL'P.L=L"Q[l| = P=P = Q= MultiSeq L' P' ; P’ | = thesis)
= thesis)

(proof)

syntax -MultiSeq :: «[pttrn, 'b list, 'b = 'r = ('a, 'r) processpiick, '] = (‘a, 'r)
Processptick?
(«(3SEQ -€@-.] -)> [78,78,77] 77)
syntax-consts -MultiSeq = MultiSeq
translations SEQ p €Q L. P = CONST MultiSeq L (\p. P)

3.3.2 First Properties
lemma (SEQ p €Q [|. P p = SKIP undefined> (proof)

lemma (SEQ ¢ €Q (L Q[l]). Pi= SEQ i €Q L. Pi; Pl (proof)

lemma MultiSeq-singl [simp] : <SEQ 1 €Q [Il]. Pl = P Iy (proof)

3.3.3 Some Tests

lemma (SEQ p €Q []. P p = SKIP undefined)
and «(SEQ p €@ [a]. Pp=P w
and «(SEQ p €Q [a, b]. Pp=Paj; P b
and «(SEQ p €Q [a, b,¢]. Pp=Pa; Pb; Po
(proof)
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lemma test-MultiSeq: «(SEQ p €Q [I::int .. 3]. Pp) =P 153 P 2; P 3
(proof)

3.3.4 Continuity

lemma mono-MultiSeq :
(Nz.x€setL=—= PzxC Qz) = SEQl€Q L. PICSEQle€Q L. QI
(proof )

lemma MultiSeq-cont|simp]:
«(Az. z € set L = cont (P z)) = cont (A\y. SEQ z €Q L. P z y)»

(proof)

3.3.5 Factorization of (;) in front of MultiSeq

lemma MultiSeq-factorization-append:

(L2 #£[| = SEQpeQLl. Pp; SEQp €@ L2. Pp=SEQpecQ (L1 @ L2).
Pp

(proof )

3.3.6 1 Absorbtion

lemma MultiSeq-BOT-absorb:
WSEQ 2 €Q (L1 @Qa# L2). P2=SEQ2€QLl. Pz; Lyif <Pa= 1)

(proof)

3.3.7 First Properties

lemma MultiSeq-SKIP-neutral:
(SEQ z €Q (L1 Q@ a # L2). Pz =
( if L2 =1 then SEQ z €Q L1. P z; SKIP r
else SEQ z €@ (L1 @Q L2). P z)» if <P a = SKIP r)

{proof)

lemma MultiSeq-STOP-absorb:
(SEQ 2 €Q (L1 Qa# L2). P2=SEQ2€Q L1. Pz; STOP» if <P a = STOP>

{proof)

lemma mono-MultiSeq-eq:
(Nz.z € set L= Px = Qz) = MultiSeq L P = MultiSeq L Q»

(proof)

3.3.8 Commutativity

Of course, since the sequential composition P ; @) is not commutative, the
result here is negative: the order of the elements of list L does matter in
SEQ zeQL. P 2.
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3.3.9 Behaviour with Injectivity

lemma inj-on-mapping-over-MultiSeq:

<ang-on f (set C) =

SEQz €@ C. Pz = SEQ x €Q map f C. P (inv-into (set C) fz)»
(proof)

3.3.10 Definition of first-elem

primrec first-elem :: <['a = bool, 'a list] = nat»
where «first-elem P [| = 0»
| first-elem P (x # L) = (if P x then 0 else Suc (first-elem P L))»

first-elem returns the first index ¢ such that P (L ! i) = True if it exists,
length L otherwise.

This will be very useful later.

value «first-elem (Az. 4 < x) [0::nat, 2, 5]
lemma «first-elem (Ax. 5 < z) [0::nat, 2, 5] = 3> (proof)
lemma <P ‘ set L C {False} = first-elem P L = length L) (proof)

3.4 The Throw Operator
3.4.1 Definition

The Throw operator allows error handling. Whenever an error (or more
generally any event ev e € ev ¢ A) occurs in P, P is shut down and @ e is
started.

This operator can somehow be seen as a generalization of sequential com-
position (;): P terminates on any event in ev ‘ A rather than tick (however
it do not hide these events like (;) do for tick, but we can use an additional
AP. P\ A).

This is a relatively new addition to CSP (see [3, p.140]).

lift-definition Throw :: <[('a, 'r) processpiick, 'a set, 'a = ('

= (‘a, 'r) processpiick>

isAPAQ.

{(t1, X). (t1, X) e FPAsettl Nev ‘A= {}} U

{(t1 @12, X) [t1t2X. t1 € DP AtFt1 Asettl Nev A= {} A ftF t2} U
{(t1 Q@ eva # t2, X) |t1 a t2 X.
t1 @Qleval e T PAsettl Nev  A={}Na€ AN (t2, X) e F(Qa)},
{t1 @ t2 [t1t2.t1 € D P ANLFtl Nsettl Nev‘A={}ANftF12} U
{t1Q@eva#t2|t1at2. t1 Qleval] € T PAsettl Nev A={}Na€ AN

t2 € D (Q a)})

(proof )

We add some syntactic sugar.

a, 'r) processpiick)

syntax -Throw :: <[('a, 'r) processpiick, pttrn, 'a set, 'a = ('a, 'r) processpiick) =
("a, ') processprick’
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(«((-) © (-€-)./ () [78,78,78,77] T7)
syntax-consts -Throw = Throw
translations P © a € A. @ = CONST Throw P A (Aa. Q)

3.4.2 Projections

lemma F-Throw:
(F(POacA Qa)=
{(t1, X). (¢1, X) e FPAsettl Nev‘A={}} U
{(t1 @2, X) [t1t2X. t1 e DPAtFtl Nsettl Nev ‘A= {} A ftFt2} U
{(t1 @ eva # t2, X) |t1 a t2 X.
t1 Qleval € T PAsettlNev A={}ANac AN (2, X)e F(Qa}h
(proof)

lemma D-Throw:

DPOacA Qa)=

{t1 @ ¢t2 [¢t1t2.t1 e D P ANtFtl ANsettl Nev‘A={} AftFt2} U

{t1 Qeva#t2|tlat2. t1 Qleval] e T PAsettl Nev ' A={} ANac€ AA
t2e€D(Qa)p

(proof)

lemma T-Throw:

T (PO acA Qa)=

{t1 € T P.setti Nev‘A={}} U

{t1 Q2 |t112. t1 € DP AtFtl Asettl Nev A= {}AfF 12} U

{t1 Qeva#t2|tlat2. t]1 Qleval e T PAsettl Nev A={} ANae€ AA
2T (Qa)h

(proof )

lemmas Throw-projs = F-Throw D-Throw T-Throw

lemma Throw-T-third-clause-breaker :
settN S={};sett’'NS={}ecS;eecl]=
tQeH#u=t'Qe #u +—t=t'Ne=e¢ ANu=u)
(proof)

3.4.3 Monotony

lemma min-elems-Un-subset:
<min-elems (A U B) C min-elems A U (min-elems B — A)»

(proof)
lemma mono-Throw[simp] : <P©® a € A. QaC P'Oac A Q o
if «<PCPrand Na.a€e A= acaP)= Qal Q w

(proof)
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lemma mono-Throw-eq :
(No.a€e A= a€caP)= Qa=Q"a) =
POacA Qa=POac A Q w
(proof)

3.4.4 Properties

lemma Throw-STOP [simp] : <STOP © a € A. Q a = STOP)
(proof)

lemma Throw-is-STOP-iff : <P © a € A. Q a = STOP +— P = STOP:
(proof)

lemma Throw-SKIP [simp] : <SKIPr © a € A. Q a = SKIP 1)
(proof)

lemma Throw-BOT [simp] : <L © a € A. Q a = 1>
(proof)

lemma Throw-is-BOT-iff: <P O a€ A. Qa=1 +— P=1,
(proof )

lemma Throw-empty-set [simp] : <P © a € {}. Qa =P
(proof)

lemma Throw-is-restrictable-on-events-of :

(POa€e A Qa=P0Oac (AN alP)). Qa (is «?lhs = ?rhs))

— A stronger version where «(P) is replaced by a(P) U {a. It. t Q [ev a] €
min-elems (D P)} is probably true.

(proof)

lemma Throw-disjoint-events-of: <AN a(P) ={} = PO ac A Qa=P
(proof)

3.4.5 Continuity

context begin

private lemma chain-Throw-left : <chain Y = chain (\i. Y i © a € A. Q a)»
(proof ) lemma chain-Throw-right : <chain Y => chain (A\i. P© a € A. Yia)
(proof) lemma cont-left-prem-Throw :

(Ui Yi)OacA Qa=(]i YiOaec A Qa)
(is «%lhs = ?rhsy) if <chain V)

(proof) lemma cont-right-prem-Throw :
(POacA (||i Yia)=(] i POacA Yia)
(is «?lhs = ?rhsy) if (chain >
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(proof)

lemma Throw-cont[simp] :
assumes cont-f : «cont f> and cont-g : <V a. cont (g a)»
shows <cont (Az. fz © a € A. g a x)

(proof)

end

3.5 The Interrupt Operator

3.5.1 Definition

We want to add the binary operator of interruption of P by @: it behaves
like P except that at any time () can take over.

The definition provided by Roscoe [3, p.239] does not respect the invariant
is-process: it seems like tick is not handled.

We propose here our corrected version.

lift-definition Interrupt :: <[(‘a, 'r) processprick, ('a, 'r) processpiick] = (‘a, 'r)

processpiickr (Infixl <A»> 81)
is (AP Q.

{tQ@v(r,X)ltrX. t@[/(r)] € T P}U

{t, X = {v/(nN}) [trX.t@[/(r) €T P}U

{(t, X). t, X) e FPAIFtA(], X) e F Q} U

{tQu, X) tuX.teTPAFtAN(u, X)eFQAu#I[}U
{t, X ={/(NYH) trX.teTPAIFtAN[V(r)]eT QU
{(t, X). te D P} U

{tQu, X)[tuX.teT PAtFtANueDQ},

DPU{tQultu.teT PALIFtNueDQ})p

3.5.2 Projections

lemma F-Interrupt :

F(PAQ) =

{t@[v(r)], X)|trX.t@[/(r) €T P} U
{(tX—{/()})|trX.t@[/(7")]€7'P}
{tX). (t, X)e FPAFtA(], X)eF QU
{(t@uX)|tuXteTP/\tFt/\(uX)E]:Q u# [} U
{(¢, X—{/( W trX.teT PAFtA[/(r)eT QU
{(t, X).t e D P} U

{(t@u,

tQu, X)[tuX.teT PANtFtAueDQp
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(proof)

lemma D-Interrupt :
DPAQ)=DPU{tQu|tu.teT PANttFtANueDQp
(proof)

lemma T-Interrupt :
T (PAQ)=TPU{tQu|tu.teT PAttFtANueT Qp
(proof)

lemmas Interrupt-projs = F-Interrupt D-Interrupt T-Interrupt

3.5.3 Monotony

lemma mono-Interrupt : <P A Q T P’ A Q) if <P E P and «Q C Q"
(proof)

3.5.4 Properties

lemma Interrupt-STOP [simp] : <P A STOP = P»
(proof)

lemma STOP-Interrupt [simp] : <STOP A P = P»
(proof)

lemma Interrupt-is-STOP-iff : <P A\ Q@ = STOP «— P = STOP AN Q = STOP»
(proof)

lemma Interrupt-BOT [simp] : <P A L = 1
and BOT-Interrupt [simp] : <L A P = 1)

(proof)

lemma Interrupt-is-BOT-iff : <P A Q=1+—P=1V Q=1
(proof)

lemma SKIP-Interrupt-is-SKIP-Det : <SKIP r A P = SKIP r O P»
(proof )

lemma Interrupt-assoc: <P A (Q A R) =P A Q A Ry (is «?lhs = ?rhs»)
(proof)

3.5.5 Continuity

context begin

private lemma chain-Interrupt-left: <chain Y = chain (Ai. Y i A Q)
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(proof) lemma chain-Interrupt-right: <chain ¥ = chain (A\i. P A\ Y i))
(proof) lemma cont-left-prem-Interrupt : <(| | . Yi) A Q= (] i Yi & Q)
(is «?lhs = %rhs)) if chain : <chain Y»
(proof) lemma cont-right-prem-Interrupt : <S A (L ]i. Y i) = (7. S A Y i) if
<chain Y)

(proof )

lemma Interrupt-cont [simp)] :
ccont (Ax. fz A\ gx) if <cont fr and <cont g»

(proof)

end

3.6 Monotonies

3.6.1 The Throw Operator

lemma mono-Throw-F-right :

(Na.aeA=a€caP)= QaLlr Q a)=—POacA QaLlr POa
e A Q w

(proof)

lemma mono-Throw-T-right :

(Na.ac A= a€caP) = Qalr Qa)=—POacA Qalr POa
e A Q w

(proof)

lemma mono-Throw-D-right :

(Na.ae A= a€eaP)= Qalp Q' a)= POacA Qalp POa
e A Q w

(proof)

lemma mono-Throw-FD : <P © a€ A. QaCrp PO ac A Q' w
if <PCpp Phand (Aa. a € A= a€ a(P)= Qalrp Q o

(proof)

lemma mono-Throw-DT : <P © a € A. Qa Cpr PPO ac A. Q'
if <PCpr Phand <Aa. a € A= a€alP) = Qalpr Q'

{proof)

lemmas monos-Throw = mono-Throw mono-Throw-FD mono-Throw-DT
mono-Throw-F-right mono-Throw-D-right mono-Throw-T-right
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3.6.2 The Interrupt Operator

lemma mono-Interrupt-T: <P Cp P/ = Q Cr Q"= P A QCp P' A\ Q)
(proof)

lemma mono-Interrupt-D-right : <Q Ep Q' = P A QCp P A Q"
(proof)

lemma mono-Interrupt-FD:
«(PCrp P'= QCrp Q"= P A QCrp P'A Q"
(proof)

lemma mono-Interrupt-D T
«(PCpr PP== QLCpr Q"= PA QLCpr P'A Q"
(proof)

lemmas monos-Interrupt = mono-Interrupt mono-Interrupt-FD mono-Interrupt-DT
mono-Interrupt-D-right mono-Interrupt-T

3.6.3 Global Deterministic Choice

lemma mono-GlobalDet-DT : «(Aa. a € A= PaCpr Qa) = (Oa€ A. P
a) Cpr (Oa € A. Q a)

and mono-GlobalDet-T : «(Na. a € A= PaCp Qa) = (Oa € A. Pa)Crp
(Oa € A. Q a)

and mono-GlobalDet-D : «(Na. a € A= PaLCp Qa) = (Da€ A. Pa) Cp
(Oa € A. Q a)

(proof)

lemma mono-GlobalDet-FD : «(ANa. a € A= PaLCpp Qa) = (Da € A. P
a) Crp (DCL c A Q (l))

(proof)

lemmas monos-GlobalDet = mono-GlobalDet mono-GlobalDet-FD mono-GlobalDet-DT
mono-GlobalDet-T mono-GlobalDet-D

lemma GlobalNdet-FD-GlobalDet : <«(Ma € A. P a) Epp (Oa € A. P a)
and GlobalNdet-DT-GlobalDet : «(Ma € A. P a) Cpr (Oa € A. P a)
and GlobalNdet-F-GlobalDet : «(Ma € A. Pa) Cp (Oa € A. P a)
and GlobalNdet-T-GlobalDet : <(Ma € A. P a) Cp (Oa € A. P a)
and GlobalNdet-D-GlobalDet : «(Ma € A. P a) Cp (Oa € A. P a)

(proof)

lemmas GlobalNdet-le-GlobalDet = GlobalNdet-FD-GlobalDet GlobalNdet-DT-GlobalDet
GlobalNdet-F-GlobalDet GlobalNdet-T-GlobalDet GlobalNdet-D-GlobalDet

3.6.4 Multiple Synchronization Product

lemma mono-MultiSync-FD :
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(Am. m e#$ M = Pm Cpp Q m) = ([S] m €# M. P m) Crp ([S] m
EH# M. Q m)

and mono-MultiSync-DT :

(Am. me# M= PmCpr Qm) = ([S] m €# M. Pm) Cpr ([S] m €#
M. Q m)

(proof)

lemmas mono-MultiInter-FD = mono-MultiSync-FD[where S = «{}]
and mono-MultiInter-DT = mono-MultiSync-DT|[where S = «({})]
and  mono-MultiPar-FD = mono-MultiSync-FD[where S = <UNIV)|
and  mono-MultiPar-DT = mono-MultiSync-DT[where S = «(UNIV)]

lemmas monos-MultiSync = mono-MultiSync mono-MultiSync-FD mono-MultiSync-DT
and monos-MultiPar = mono-MultiPar mono-MultiPar-FD mono-MultiPar-DT
and monos-MultiInter = mono-MultiInter mono-MultiInter-F D mono-Multilnter-DT

Monotony doesn’t hold for (Cr), (Er) and (Cp).

3.6.5 Multiple Sequential Composition

lemma mono-MultiSeq-FD

(Nz.z€set L= Pz Cpp Quz)=— SEQl€Q L. PICpp SEQl €Q L. Q
0y

and mono-MultiSeq-DT :

(Nz.x€set L= Pz Cpr Qz) = SEQl€Q L. PICpr SEQl €@ L. Q
0>

(proof)

lemmas monos-MultiSeq = mono-MultiSeq mono-MultiSeq-FD mono-MultiSeq-FD

3.6.6 The Throw Operator

lemma Throw-distrib- Ndet-right :
«(PMP'O®acA Qa=(POacA Qa)N(P'©®acA Qa)y
and Throw-distrib-Ndet-left :
POacA QanNn@Qa=(POacA Qa)N(POac A Q a)
(proof)

lemma Throw-distrib-GlobalNdet-right :
«(Ma€e A Pa)ObeB Qb=TNa€c A (Pa®©®be B. Qb)
and Throw-distrib-GlobalNdet-left :
(P'"©®aec A (Mbe B. Q' abd) =
(if B ={} then P' © a € A. STOP else Mb € B. (P’ © a € A. Q' a b))
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(proof)

3.6.7 The Interrupt Operator

lemma Interrupt-distrib- GlobalNdet-left :
(PA(MNae€ A Qa)=(if A={} then PelseMa € A. P A Q a)
(is «?lhs = (if - then - else ?rhs)y)

(proof)

lemma Interrupt-distrib-GlobalNdet-right :
(Ma€ A Pa) A Q= (if A={} then Q elseMa € A. Pa A Q)
(is «?lhs = (if - then - else ?rhs)y)

(proof)

corollary Interrupt-distrib-Ndet-left : <P A Q1 M Q2 = (P A Q1)1 (P A Q2)
(proof)

corollary Interrupt-distrib-Ndet-right : <P1 11 P2 A @ = (P1 A Q) N (P2 A
Q)
(proof )

3.6.8 Global Deterministic Choice

lemma GlobalDet-distrib-Ndet-left :
«(Oa€ A. Pan Q) = (if A ={} then STOP else (Oa € A. P a) M Q)
(proof)

lemma GlobalDet-distrib-Ndet-right :
«(Oae€ A. PN Qa)=(if A= {} then STOP else P 1 (Oa € A. Q a))
(proof)

lemma Ndet-distrib-GlobalDet-left :
(P (Oa € A. Q a) = (if A= {} then PN STOP else Oa € A. PN Q a)
(proof)

lemma Ndet-distrib-GlobalDet-right :
(Oa€ A Pa)n Q= (if A= {} then @ 1 STOP else Da € A. Pa T Q)
(proof)

3.7 The Step-Laws

The step-laws describe the behaviour of the operators wrt. the multi-prefix
choice.
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3.7.1 The Throw Operator

lemma Throw-Mprefiz:
«(O0a€eA—Pa)Obe B. Qb=
Oa€ A— (ifa € Bthen Qaelse Pa® be B. Qb))
(is «?lhs = %rhsy)

{proof)

3.7.2 The Interrupt Operator

lemma Interrupt-Mprefiz:
(da€eA—-Pa)AQ=Q0O(0acA— Pal Q) (is «?lhs = rhs))
(proof)

3.7.3 Global Deterministic Choice

lemma GlobalDet-Mprefix :

«(Oa€ A.Obe Ba— Pab)=

Obe (Ua€e A Ba) >Tla€{a€ A. be Ba}. Pab (is <?lhs = ?rhs»)
{proof)

3.7.4 Multiple Synchronization Product

lemma MultiSync-Mprefix-pseudo-distrib:
([S]Be# M.Oze B— PBz)=
Oz e (B € set-mset M. B) — ([S] B €# M. P B z)»
if nonempty: <M # {#}> and hyp: <\A\B. Be# M — B C S»
(proof)

lemmas MultiPar-Mprefix-pseudo-distrib =
MultiSync-Mprefiz-pseudo-distribjwhere S = <UNIV», simplified]

3.7.5 The Throw Operator

lemma Throw-Mndetprefiz:
(M€ A—Pa)®ObeB. Qb=
MNa € A— (ifa€ Bthen Qaelse Pa©® be B. Qb)
(proof)

3.7.6 The Interrupt Operator

lemma Interrupt-Mndetprefiz:
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(MeeAd—-Pa)AQ=Q0O(MNaeA— Pal Q)
(proof)
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Chapter 4

CSPM Laws

4.0.1 The Throw Operator

lemma Throw-read :
anj-on c A= (c?la€ A—-Pa)Oac B Qa=
c?lac A— (ifcae€ Bthen Q (ca)else Pa® ae€ B. Qa)
(proof)

lemma Throw-ndet-write :
anj-on c A= (la € A -+ Pa)©Oa€ B Qa=
MaeA— (ifcae Bthen Q (ca) else Pa® a € B. Qa)
(proof)

lemma Throw-write :

(cla > P)©aec B Qa=cla— (ifca€ Bthen Q (ca) else PO a € B. Q
a)

(proof)

lemma Throw-write0 :
(a—>P)OacB Qa=a— (ifa € Bthen Qaelse PO a € B. Q a)

(proof)

4.0.2 The Interrupt Operator

lemma Interrupt-read :
(c?lac A—-Pa)AQ=Q0O(c?ac A—>Pal Q)
(proof)

lemma Interrupt-ndet-write :
(MaeA—->Pa)AQ=QUO(Mae A—Pal Q)
(proof)

lemma Interrupt-write : <(cla — P) A Q@ = Q O (cla = P A Q)
(proof)

lemma Interrupt-write0 : <(a — P) A Q@ = Q O (a - P A Q)
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(proof)

4.0.3 Global Deterministic Choice

lemma GlobalDet-read :

Da€ A c?be Ba—Pab=c?be (JacA Ba) » MNac{a € A. b € Ba}.
Pab

if <inj-on ¢ ((Ja€A. B a)
(proof)

lemma GlobalDet-write :

Dae€ A . cd(ba) > Pa=clzcb‘A—Nac{ac A. z=0>ba}. P if unj-on
c(b Ay
{proof)

lemma GlobalDet-write0 :
OacA. ba—Pa=0z€(b‘A) »Nae{ac A z=0ba}. Pw
(proof)

4.0.4 Multiple Synchronization Product
4.1 Results for Throw

4.1.1 Laws for Throw

lemma Throw-GlobalDet :
(ODa€A. Pa)©ObeB. Qb=0a€ A Pa®be B. Qb (is «?lhs = rhs))
(proof )

lemma Throw-GlobalNdetR :
«(POacANbeB. Qab=
(if B={} then PO ac A. STOP else b€ B. PO ac€ A. Q ab)
(is <?lhs = (if - then - else ?rhs)y)

{proof)

corollary Throw-Det : <POP' ©ac A. Qa=(POacA Qa)0(P'Oac
A. Qa)
{proof)

corollary Throw-NdetR : <P O a € A. QaM Q a=(POac A Qa)O (PO

a€ A Q a)
{proof)

4.1.2 Laws for Sync
lemma Sync-GlobalNdet-cartprod:
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(M (a, b)
(if A ={
(proof)

€A><B (PalS] QD)) =
} vV B = {} then STOP else (Ma € A. P a) [S] (Mb € B. Q b))

lemmas Inter-GlobalNdet-cartprod = Sync-GlobalNdet-cartprod[where S = «{})]
and Par-GlobalNdet-cartprod = Sync-GlobalNdet-cartprod[where S = UNIV]

lemma MultiSync-Hiding-pseudo-distrib:

\fﬂiteAﬁAﬁS:{}Z([[ST]IJE#M-(Pp\A)):([[S]]pE#M-Pp)
>

(proof)

lemma MultiSync-prefix-pseudo-distrib:
)<)M#{#}ﬁa€5=>([[5]]p€#M-(a—>Pp))=(a—>([[3]]p€#M.P
p))
(proof)

lemmas Multilnter- Hiding-pseudo-distrib =
MultiSync-Hiding-pseudo-distrib[where S = «{}», simplified]
and MultiPar-prefiz-pseudo-distrib =
MultiSync-prefiz-pseudo-distriblwhere S = «UNIV», simplified)

A result on Mndetprefix and Sync.

lemma Mndetprefiz-Sync-distr: <A # {} = B # {} =
(MaeA—Pa)[SJ(MbeB— Qb =

MacA. M beB. (Oce ({a} — 5) = (Pa[S)(b— QD)) O
(Od € {8} = S) = ((a > Pa) [S] Qb)) O
(Oce({a} N {b} N S5) = (Pa[S] QD)

(proof)

lemma A#{} = B#{} = (MNaecA—-Pa)[S](Mbe B— Qb =
M acA. M beB. (if a € S then STOP else (a — (P a [S] (b — Q1)) O
(if b € S then STOP else (b — ((a — P a) [S] @ b)) O
(ifa=bAac Sthen (a = (P a[S] Q a)) else STOP)»
(proof)

4.1.3 GlobalDet, GlobalNdet and write0

lemma GlobalDet-write0-is- GlobalNdet-write0:
«(OpeA (a— Pp)=NpeA (a— Pp) (is «?lhs = ?rhs)
(proof )

lemma write0-GlobalNdet-bis:
A#{} = (a—-(MNMpec A Pp)=0peA (a— Pp))
(proof)
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4.2 Some Results on Renaming

lemma Renaming-GlobalNdet:
<Renaming (Ma € A. P (fa)) fg=Nb e f*A. Renaming (P b) f ¢

(proof)

lemma Renaming-GlobalNdet-inj-on:
<Renaming (Ma € A. Pa) fg=
Mbef A Renaming (P (THE a. a € AN fa=0) fo
if inj-on-f: <inj-on f A>
(proof)

corollary Renaming-GlobalNdet-inj:
<Renaming (Ma € A. Pa) fg=
Mbe f*A Renaming (P (THE a. fa = b)) f ¢ if inj-f: <inj f»
(proof)

lemma Renaming-distrib-GlobalDet :
(Renaming (Oa € A. P a) fg = 0a € A. Renaming (P a) f ¢» (is <?lhs = ?rhs))

{proof)

lemma Renaming-Mprefiz-bis :
<Renaming (Oa € A — Pa) fg=0a € A. (fa — Renaming (P a) f g)»
(proof )

lemma Renaming-GlobalDet-alt:
(Renaming (O a € A. P (fa)) fg=00be€ f*A. Renaming (Pb) f ¢
(is <?lhs = ?rhsy)

(proof)

lemma Renaming-GlobalDet-inj-on:
<ing-on f A = Renaming (0 a € A. Pa) fg =
Obef*“A. Renaming (P (THE a. a € ANfa=0b)) fo
(proof)

corollary Renaming-GlobalDet-inj:

<inj f = Renaming (0 a € A. Pa) fg=01b € f*‘A. Renaming (P (THE a. f
a="0))fg

(proof)

lemma Renaming-Interrupt :
<Renaming (P A Q) f g = Renaming P f g A\ Renaming Q f ¢» (is «?lhs = ?rhs»)
(proof )
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lemma inj-on-Renaming- Throw :
<Renaming (P © a € A. Qa) fg=
Renaming P fg © b € f‘A. Renaming (Q (inv-into A f b)) f ¢
(is «<?lhs = ?rhsy) if inj-on-f : <inj-on f (events-of P U A)»
(proof)

4.2.1 Renaming and (\)

When f is one to one, Renaming (P \ S) f will behave like we expect it to
do.

lemma strict-mono-map: <strict-mono g => strict-mono (Ai. map f (g i))»

(proof)

lemma trace-hide-map-map-eventpsicr :
«ang-on (map-eventpiicr fg) (set s U ev ©S) =
trace-hide (map (map-eventpiick fg) s) (ev “f < S) =
map (map-eventpiick fg) (trace-hide s (ev < S))»
(proof)

lemma inj-on-map-eventy;c-set-T"
<ng-on (map-eventpiicr fg) (set s)» if <inj-on f (events-of P)» «<s € T P»
(proof)

theorem bij-Renaming-Hiding: <Renaming (P \ S) f g = Renaming P fg\ f ‘5S>
(is «?lhs = %rhsy) if bij-f: <bij /> and bij-g : <bij g»
(proof)

4.2.2 Renaming and Sync

Idem for the synchronization: when f is one to one, Renaming (P [S] Q)
will behave as expected.

lemma bij-map-setinterleaving-iff-setinterleaving :
«map f r setinterleaves ((map ft, map fu), f ¢ S) +—
r setinterleaves ((t, u), S)» if bij-f : <bij >

(proof)

theorem bij-Renaming-Sync:
«Renaming (P [S] Q) f g = Renaming P f g [f ¢S] Renaming Q f ¢»
(is «?lhs P Q = %rhs P @) if bij-f: <bij /> and bij-g : <bij ¢»

(proof )
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Chapter 5

Results on events-of and
ticks-of

5.1 Events

lemma events-of-GlobalDet :
«@(Oa € A. Pa) = (JacA. a(P a))

(proof)

lemma strict-events-of-GlobalDet-subset : <a(0a € A. P a) C (|Ja€A. a(P a))
(proof )

lemma events-of-MultiSync-subset :
«([S] a €# M. Pa) C (Ja € set-mset M. a(P a))»

(proof)

lemma events-of-Multilnter :
(||| a € M. Pa)=(Ja € set-mset M. a(P a))»

(proof)

lemma strict-events-of-MultiSync-subset :
«([[S] a €# M. Pa) C (Ja € set-mset M. a(P a))»

(proof)

lemma events-of-Throw-subset :
«w(POacA Qa) Ca(P)U(Uae AN alP). a(Q a))
(proof)

lemma events-of-Interrupt : «a(P A Q) = o(P) U a(Q)»
(proof)
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lemma strict-events-of-Interrupt-subset : <a(P A Q) C a(P) U a(Q)»
(proof)

5.2 Ticks

lemma ticks-of-GlobalDet:
«ticks-of (Oa € A. P a) = (|Ja€A. ticks-of (P a))
(proof)

lemma strict-ticks-of-GlobalDet-subset : «/s(Oa € A. P a) C (|Ja€A. V/s(P a))
(proof)

lemma ticks-of-MultiSync-subset :
WS([S] a €# M. Pa) C (Ja € set-mset M. /s(P a))
(proof)

lemma strict-ticks-of-MultiSync-subset :
«'s([S] a €# M. Pa) C (Na € set-mset M. /s(P a))
(proof)

lemma ticks- Throw-subset :
Ws(P O acA. Qa) CVs(P)U (Jaed N a(P). V/s(Q a))
(proof )

lemma ticks-of-Interrupt : «/s(P A Q) = v/s(P) U Vs(Q)
(proof)

lemma strict-ticks-of-Interrupt-subset : «/s(P A Q) C v/s(P) U V/s(Q)
(proof)

events-of and deadlock-free
lemma nonempty-events-of-if-deadlock-free: «deadlock-free P — «(P) # {}
(proof)

lemma nonempty-strict-events-of-if-deadlock-free: <deadlock-free P = a(P) #

{H
(proof)
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lemma events-of-in-DF: <DF A Cpp P = «(P) C A»
(proof)

lemma nonempty-events-of-if-deadlock-frees ik 1 p:
<deadlock-freesrps P = (3r. [V(r)] € T P) V a(P) #{}
(proof)

lemma events-of-in-DF sk rp: <DFskxrps A RCpp P = a(P) C A

(proof)

DF A EFD P
DFskips ARCpp P»

lemma - a(P) C A
and (- a(P) C A
(proof)

— -
— -

lemma <chain ¥ = o |i. Yi) = (Ui a(Y )
(proof)

lemma fI : <chain ¥ = a(|]i. Yi) = (U7 a(Y )
(proof)

find-theorems Lub

lemma f2 : <chain Y = D (Y i) = {} = (Ui. a(Y i) = a(Y i)
(proof)
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Chapter 6

Deadlock results

When working with the interleaving P ||| @, we intuitively expect it to be
deadlock-free when both P and @ are.

This chapter contains several results about deadlock notion, and concludes
with a proof of the theorem we just mentioned.

6.1 Unfolding lemmas for the projections of DF
and DFSKIPS

DF and DF sk ps naturally appear when we work around deadlock-free and
deadlock-frees i 1 ps notions (because

deadlock-free P = DF UNIV Cgpp P
deadZOCk-fTEGSK[pS P = DFSKIPS UNIV UNIV Cr P).

It is therefore convenient to have the following rules for unfolding the pro-
jections.

lemma F-DF:
«F (DF A) =
(if A ={} then {(s, X). s =]}
else (JacA. {[]} x {X. eva ¢ X} U{(ewa # s, X)| s X. (s, X) € F (DF
A) D))
(proof)

lemma F—DFSKIPSZ

«(F (DFsgips A R) =

( if A={} then {(s, X). s=[ vV (3reR. s= [/ (r)])}

else (JacA. {[]} x {X. eva ¢ X} U

{(eva# s, X)|sX. (s, X) e F (DFskrps A R)}) U
( if R ={} then {(s, X). s =[]}

< f>else {([J, X) |X.3reR. /(r) ¢ X} U{(s, X). IreR. s = [V(r)]}))
PrOoo
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corollary Cons-F-DF"

(z#t, X)e F(DFA) = (t, X) € F (DF A)»

and Cons-F-DF sk rps:

(X ¢ tick ‘ R = (CE # t, X) e F (DFSKIPS A R) — (t, X) e F (DFSKIPS
A R)»

(proof)

lemma D-DF: <D (DF A) = (if A = {} then {} else {eva # sl as.a € AN sE
D (DF A)})»

and D-DFskrps: <D (DFskrips A R) = (if A = {} then {} else {eva # s| a
s.a€ ANseD (DFSKIPS A R)}))

(proof)

thm T-SKIPS[of R]
lemma T-DF

T (DF A) = (if A = {} then {[]} else insert [| {eva # sl as. a€ ANs€ET
(DF 4)})»

and T-DFSK[psl

T (DFskrps A R) = (if A = {} then insert || {[/(r)] |r. r € R}

else {s. s=1[ VvV (3reR. s=[V(r)]) Vv
s#[AN(FacA. hds=eva ANtlseT (DFskrps A R))})
(proof)

6.2 Characterizations for deadlock-free, deadlock-freesips

We want more results like deadlock-free (P 1 Q) = (deadlock-free P A\ dead-
lock-free @), and we want to add the reciprocal when possible.

The first thing we notice is that we only have to care about the failures
lemma <deadlock-freesxrps P = DFsirps UNIV UNIV Cp P>
(proof)

lemma deadlock-free-F: <deadlock-free P <— DF UNIV Cp P»
(proof )

lemma deadlock-free-Mprefiz-iff: <deadlock-free (O a € A — P a) +—
A#{} N (Ya € A. deadlock-free (P a))»
and deadlock-frees i 1 ps-Mprefiz-iff: <deadlock-freeskrps (Mprefix A P) +—
A#{} N (Va € A. deadlock-freesxrps (P a))

(proof)

lemma deadlock-free-read-iff :
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<deadlock-free (c?a€A — P a) +— A # {} AN (Vacgc ‘ A. deadlock-free ((P o
inv-into A ¢) a))

and deadlock-frees i 1 ps-read-iff :

<deadlock-freeskrps (c?a€A — Pa) +— A # {} A (Va€c ‘ A. deadlock-freesk1ps
((P o inv-into A ¢) a))

(proof)

lemma deadlock-free-read-inj-on-iff :

<ing-on ¢ A => deadlock-free (c?a€A — P a) <— A # {} A (Va€A. deadlock-free
(P o))

and deadlock-frees ik 1 ps-read-inj-on-iff :

<ng-on ¢ A = deadlock-freeskrps (c?a€A — P a) «— A # {} N (VagA.
deadlock-freeskrps (P a))»

(proof)

lemma deadlock-free-write-iff :
<deadlock-free (cla — P) +— deadlock-free P>
and deadlock-frees i 1 pg-write-iff :
<deadlock-freeskrps (cla — P) «— deadlock-freesxips P»

(proof)

lemma deadlock-free-write0-iff :
<deadlock-free (a — P) +— deadlock-free P>
and deadlock-frees ik 1 ps-write0-iff :
<deadlock-freeskrps (a — P) «— deadlock-freeskips P»

(proof)

lemma deadlock-free-GlobalNdet-iff: «deadlock-free (M a € A. P a) «—
A# {3 N a€ A deadlock-free (P a))»
and deadlock-frees i 1 ps-GlobalNdet-iff: «deadlock-freesxrps (M a € A. P a)
—
A#{} N (Y a € A. deadlock-freesirps (P a))

(proof)

lemma deadlock-free-Mndetprefiz-iff: <deadlock-free (M a € A — P a) +—
A #{} N (Va€A. deadlock-free (P a))»
and deadlock-frees i 1 ps-Mndetprefiz-iff: <deadlock-freeskrps (Ma € A — P a)
“—
A #{} N (Va€A. deadlock-freesxrps (P a))»

(proof)

lemma deadlock-free-Ndet-iff: <deadlock-free (P 1 Q) «—
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deadlock-free P N deadlock-free @Q»
and deadlock-frees k1 ps-Ndet-iff: «deadlock-freeskrps (P T Q) +—
deadlock-freeskrps P N deadlock-freeskrps Q>

(proof)

lemma deadlock-free-is-right:

«deadlock-free (P :: ('a, 'r) processpiick) <— (Vs € T P. tickFree s N (s,
UNIV) & F P)

<deadlock-free P +— (Vs €T P. tickFree s A (s, ev * UNIV) ¢ F
P)

(proof)

lemma <deadlock-free (P O Q) +— P = STOP A deadlock-free Q V deadlock-free
PAQ=STOP)

(proof)

lemma deadlock-free-GlobalDet-iff :
(A # {}; finite A; ¥V a€A. deadlock-free (P a)] = deadlock-free (Oa € A. P a)
and deadlock-frees i 1 ps-MultiDet:
(A # {}; finite A; Y a€A. deadlock-freeskips (P a)] = deadlock-freeskrps
(Oa € A. P a)
(proof)

lemma deadlock-free-Det:

<deadlock-free P —> deadlock-free @ = deadlock-free (P O Q)»

and deadlock-frees i1 ps-Det:

<deadlock-frees i 1ps P = deadlock-freesxrps @ = deadlock-freeskrps (P
O Q)

(proof)

For P O (@, we can not expect more:

lemma
«<AP Q. deadlock-free P A = deadlock-free  Q A
deadlock-free (P O Q)»
<3P Q. deadlock-freesxps P N — deadlock-freesips @ N
deadlock-freeskrps (P O Q)

(proof)
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lemma FD-Mndetprefiz-iff:
(A#{} = PCppNacAdA— Q<+— Va€e A PLpp (a = Q)
(proof)

lemma Mndetprefiz-FD: «(3a € A. (a - Q) Cpp P) = MNa € A— QLCprp P»
(proof)

Mprefiz, Sync and deadlock-free

lemma Mprefiz-Sync-deadlock-free:
assumes not-all-empty: <A # {} Vv B# {} Vv A’'n B' # {h
and <ANS={pand <4’'C S»and «BN S ={}p and <B' C S»
and «Vz€A. deadlock-free (P x [S] Mprefix (B U B’) Q)»
and «V yeB. deadlock-free (Mprefizr (AU A') P [S] Q y)»
and «Vz€A’' N B’. deadlock-free (P z [S] Q x))»
shows <deadlock-free (Mprefix (A U A’) P [S] Mprefiz (B U B’) Q)»
(proof)

lemmas Mprefiz-Sync-subset-deadlock-free = Mprefiz-Sync-deadlock-free

[where A = «{} and B = «({}, simplified]

and Mprefiz-Sync-indep-deadlock-free = Mprefiz-Sync-deadlock-free
[where A’ = ({}> and B’ = «{}», simplified]

and Mprefiz-Sync-right-deadlock-free = Mprefiz-Sync-deadlock-free
[where A = «{}» and B’ = «{}», simplified]

and Mprefiz-Sync-left-deadlock-free = Mprefiz-Sync-deadlock-free
[where A’ = «({}» and B = «{}», simplified]

6.3 Results on Renaming

The Renaming operator is new (release of 2023), so here are its properties on
reference processes from HOL— CSP.CSP-Assertions, and deadlock notion.

6.3.1 Behaviour with references processes

For DF

lemma DF-FD-Renaming-DF: <DF (f ¢ A) Cpp Renaming (DF A) f ¢»
(proof)

lemma Renaming-DF-FD-DF': <Renaming (DF A) fg Crp DF (f ¢ A)»
if finitary: <finitary f> <finitary ¢
(proof)

For DFskips

55



lemma Renaming-SKIPS [simp] : «Renaming (SKIPS R) f g = SKIPS (g ‘ R)»
(proof)

lemma DFgips-FD-Renaming-DF skrps:
(DFskrps (f“A) (9 ‘R) Crp Renaming (DFskips A R) f g

(proof)

lemma Renaming—DFSKlps—FD—DFSKIPS:
(Renaming (DFsxrps A R) fgCrp DFskrps (f “A) (9 ‘ R)»
if finitary: <finitary f> <finitary g

(proof )

For RUN

lemma RUN-FD-Renaming-RUN: <RUN (f ‘ A) Crp Renaming (RUN A) f ¢»
(proof )

lemma Renaming-RUN-FD-RUN: <Renaming (RUN A) fg Crp RUN (f © A)
if finitary: <finitary f> <finitary g»
(proof )

For CHAOS

lemma CHAOS-FD-Renaming-CHAOS:
«(CHAOS (f © A) Cpp Renaming (CHAOS A) f ¢»

{proof)

lemma Renaming-CHAOS-FD-CHAOS:
(Renaming (CHAOS A) fg Crp CHAOS (f © A)
if finitary: <finitary f> <finitary g

{proof )

For CHAOSsk1ps

lemma CHAOSskps-FD-Renaming-CHAOSskps:
<CHAOSSKIPS (f ¢ A) (g ‘R) EFD Renamz’ng (CHAOSSKIPS A R) fg)

(proof)

lemma Renaming-CHAOSsk1ps-FD-CHAOSskps:
<Renaming (CHAOSSKIPS A R) f9gCrp CHAOSskrps (f ‘ A) (g ¢ R))
if finitary: <finitary f> <finitary g

(proof )

6.3.2 Corollaries on deadlock-free and deadlock-freesirps

lemmas Renaming-DF =
FD-antisym|OF Renaming-DF-FD-DF DF-FD-Renaming-DF)
and Renaming-DF sxrps =
FD-antz'sym[OF Renaming-DF sk rps-FD-DF skrps DFskips -FD-Renaming-DFSKlps]
and Renaming-RUN =
FD-antisym[OF Renaming-RUN-FD-RUN RUN-FD-Renaming-RUN]
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and Renaming-CHAOS =

FD-antisym[OF Renaming-CHAOS-FD-CHAOS CHAOS-FD-Renaming-CHAOS]

and Renaming-CHAOSskips =

FD-antisym[OF Renaming-CHAOSsk1ps-FD-CHAOSsk1ps
CHAOSSKIPS-FD—Renaming— CHAOSSK[ps]

lemma deadlock-free-imp-deadlock-free-Renaming: <deadlock-free (Renaming P f
9)

if <deadlock-free P>

(proof)

lemma deadlock-free- Renaming-imp-deadlock-free: <deadlock-free P>
if «<inj f» and <inj ¢> and <deadlock-free (Renaming P f g)»

(proof)

corollary deadlock-free-Renaming-iff:
<anj f = inj ¢ = deadlock-free (Renaming P [ g) «— deadlock-free P>
(proof)

lemma deadlock-freeg i 1 ps-imp-deadlock-frees i 1 ps-Renaming:
<deadlock-freeskrps P = deadlock-freesrps (Renaming P f g)»
(proof)

lemma deadlock-frees i 1 ps-Renaming-imp-deadlock-freeskrps:
<deadlock-frees k1 ps P» if <inj f> and <inj ¢» and «deadlock-frees i 1 ps (Renaming
Pfg)
(proof)

corollary deadlock-frees i 1 ps-Renaming-iff:
<inj f = inj g = deadlock-frees k1 ps (Renaming P f g) +— deadlock-freesikips
P»

(proof )

6.4 The big results

6.4.1 An interesting equivalence

lemma deadlock-free-of-Sync-iff-DF-FD-DF-Sync-DF':
(VP Q. deadlock-free (P::('a, 'r) processpiick) — deadlock-free @ —
deadlock-free (P [S] Q))
«— (DF UNIV :: (‘a, 'r) processpiick) Crp (DF UNIV [S] DF UNIV) (is
«?lhs «— ?rhsy)
(proof)

o7



From this general equivalence on Sync, we immediately obtain the equiv-
alence on A ||| B: (VP Q. deadlock-free P — deadlock-free ) — dead-
lock-free (P ||| Q)) = (DF UNIV Cgpp DF UNIV ||| DF UNIV).

6.4.2 STOP and SKIP synchronized with DF A

lemma DF-FD-DF-Sync-STOP-or-SKIP-iff:
if P-disj: <P = STOP v P = SKIP r»
(proof)

lemma DF-Sync-STOP-or-SKIP-FD-DF: <DF A [S] P Cpp DF A»
if P-disj: <P = STOP vV P = SKIP ry and empty-inter: <AN S ={}p
(proof )

lemmas DF-FD-DF-Sync-STOP-iff =
DF-FD-DF-Sync-STOP-or-SKIP-iff[of STOP, simplified]
and DF-FD-DF-Sync-SKIP-iff =
DF-FD-DF-Sync-STOP-or-SKIP-iff [of <SKIP r», simplified]
and DF-Sync-STOP-FD-DF =
DF-Sync-STOP-or-SKIP-FD-DF|[of STOP, simplified)
and DF-Sync-SKIP-FD-DF =
DF-Sync-STOP-or-SKIP-FD-DF[of <SKIP r», simplified] for r

6.4.3 Finally, deadlock-free (P ||| Q)

theorem DF-F-DF-Sync-DF: «(DF (A U B) :: (‘a, 'r) processpiick) Cr DF A [S]
DF B»
if nonempty: <A # {} AN B # {p
and intersect-hyp: «<BN S ={}v (3y. BNS={y} AANS C{y})
{proof)

lemma DF-FD-DF-Sync-DF"
A£{3ANB#{}=BnS={}v@y.BnS={yrAAnSC{y}) =
DF (AU B) Crp DF A [S] DF B>
(proof )

theorem DF-FD-DF-Sync-DF-iff:
( ifA={}thenBn S ={}
else if B={} then An S = {}
else ANS={}Vv(Fa ANnS={a} ABN S C{a})V
BNnS={v@E@bBnS={b}ANANSC{b}))
(is <?FD-ref «— (  if A={} then BN S ={}
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else if B={} then AN S = {}
else ?cases)y)

(proof)

lemma

(Vae A XanS={}Vv{¥beAd Iy XanS={ypAXbNnSC{y})

+— Vae A.Vbe A Jy. (XaUXbd)NS CA{y}y

— this is the reason we write ugly_hyp this way

(proof)

lemma DF-FD-DF-MultiSync-DF":
«(DF (U = € (insert a A). X z) :: (‘a, 'r) processprick) Crp [S] © €# mset-set
(insert a A). DF (X z)»
if fin: <finite A» and nonempty: <X a #{p ~Vbe A Xb# {}p
and ugly-hyp: Vbe A. XbnNS={}Vv By XdbnNnS={y} AXan§C

{y})
WbeAVee A Iy (XbUXc)n S C {yh

(proof)

lemma DF-FD-DF-MultiSync-DF":
(finite A;Va € A. Xa#{};Vae A Vbe A Jy. (XaUXb) NS C{y}]
= DF (J a € A. X a) Cpp [I] a €# mset-set A. DF (X a)»

(proof)

lemmas DF-FD-DF-Multilnter-DF =
DF-FD-DF-MultiSync-DF ''where S = «{}», simplified]
and DF-FD-DF-MultiPar-DF =
DF-FD-DF-MultiSync-DF [where S = UNIV, simplified]
and DF-FD-DF-MultiPar-DF' =
DF-FD-DF-MultiSync-DF '[where S = UNIV, simplified]

lemma «(DF {a} = DF {a} [S] STOP <— a ¢ S»
(proof)

lemma («DF {a} [S] STOP = STOP +— a € S»
(proof)
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corollary DF-FD-DF-Inter-DF: <DF A Crp DF A ||| DF A»
(proof)

corollary DF-UNIV-FD-DF-UNIV-Inter-DF-UNIV:
«DF UNIV Cpp DF UNIV ||| DF UNIV)

(proof)

corollary Inter-deadlock-free:
<deadlock-free P = deadlock-free Q = deadlock-free (P ||| Q)

(proof)

theorem Multilnter-deadlock-free:
M # {#}; Am. m e# M = deadlock-free (P m)] =
deadlock-free (||| p €# M. P p)»

(proof )
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Chapter 7

The Main Entry Point

This is the theory HOL-CSPM should be imported from.
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Chapter 8

Example: Dining
Philosophers

8.1 Classic version

We formalize here the Dining Philosophers problem with a locale.
locale DiningPhilosophers =

fixes N::nat

assumes N-g1[simp] : <N > 1»

— We assume that we have at least one right handed philosophers (so at least
two philosophers with the left handed one).

begin

We use a datatype for representing the dinner’s events.

datatype dining-event =  picks (phil:nat) (fork:nat)
| putsdown (phil:nat) (fork:nat)

We introduce the right handed philosophers, the left handed philosopher
and the forks.
definition RPHIL:: (nat = dining-event process»
where <RPHIL i = p X. (picks i i — (picks i ((i—1) mod N) —
(putsdown i ((i—1) mod N) — (putsdown i i — X))))

definition LPHILO:: <dining-event process»
where «<LPHILO = u X. (picks 0 (N—1) — (picks 0 0 —
(putsdown 0 0 — (putsdown 0 (N—1) — X))))»

definition FORK :: (nat = dining-event process)
where <FORK i = p X. (picks i i — (putsdown i i — X)) O
(picks ((i+1) mod N) i — (putsdown ((i+1) mod N) i — X))»

Now we use the architectural operators for modelling the interleaving of the
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philosophers, and the interleaving of the forks.

definition <PHILS = ||| P €# add-mset LPHILO (mset (map RPHIL [1..< NJ])).
P
definition «(FORKS = ||| P €# mset (map FORK [0..< NJ]). P»

corollary <N = 8 = PHILS = (LPHILO ||| RPHIL 1 ||| RPHIL 2)»
— just a test

(proof)

Finally, the dinner is obtained by putting forks and philosophers in parallel.

definition DINING :: «dining-event process)
where <DINING = (FORKS || PHILS)»

end

8.2 Formalization with fixrec package

The fixrec package of HOLCF provides a more readable syntax (essentially, it
allows us to "get rid of u" in equations like p z. P x).

First, we need to see nat as cpo.

instantiation nat :: discrete-cpo
begin

definition below-nat-def:
(zznat) Cy+— =y

instance (proof)
end
locale DiningPhilosophers-fizrec =

fixes N::nat
assumes N-g1[simp] : <N > 1)

— We assume that we have at least one right handed philosophers (so at least
two philosophers with the left handed one).

begin

We use a datatype for representing the dinner’s events.

datatype dining-event =  picks (phil:nat) (fork:nat)
| putsdown (phil:nat) (fork:nat)

We introduce the right handed philosophers, the left handed philosopher
and the forks.
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fixrec RPHIL :: <nat — dining-event process»
and LPHILO :: «dining-event process»
and FORK : (nat — dining-event process)
where
RPHIL-rec [simp del] :
<RPHIL-i = (picks i i — (picks i (i—1) —
(putsdown i (i—1) — (putsdown i i — RPHIL-i))))»
| LPHILO-rec[simp del] :
«(LPHILO = (picks 0 (N—1) — (picks 0 0 —
(putsdown 0 0 — (putsdown 0 (N—1) — LPHIL0))))»
| FORK-rec [simp del] :
«<FORK-i = (picks i i — (putsdown i i — FORK-i)) O
(picks ((i+1) mod N) i — (putsdown ((i+1) mod N) i — FORK-i))»

Now we use the architectural operators for modelling the interleaving of the
philosophers, and the interleaving of the forks.

definition «PHILS = ||| P €# add-mset LPHILO (mset (map (Ai. RPHIL-i)
[1..<N])). P>
definition «(FORKS = ||| P €# mset (map (Ai. FORK-i) [0..<N]). P»

corollary <N = 8 = PHILS = (LPHILO ||| RPHIL-1 ||| RPHIL-2))
— just a test

(proof)

Finally, the dinner is obtained by putting forks and philosophers in parallel.

definition DINING :: «dining-event process)
where «<DINING = (FORKS || PHILS)»

end
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Chapter 9

Example: Plain Old
Telephone System

The "Plain Old Telephone Service is a standard medium-size example for
architectural modeling of a concurrent system.

Plain old telephone service (POTS), or plain ordinary telephone system,[1] is
a retronym for voice-grade telephone service employing analog signal trans-
mission over copper loops. POTS was the standard service offering from
telephone companies from 1876 until 1988[2] in the United States when
the Integrated Services Digital Network (ISDN) Basic Rate Interface (BRI)
was introduced, followed by cellular telephone systems, and voice over IP
(VoIP). POTS remains the basic form of residential and small business ser-
vice connection to the telephone network in many parts of the world. The
term reflects the technology that has been available since the introduction
of the public telephone system in the late 19th century, in a form mostly
unchanged despite the introduction of Touch-Tone dialing, electronic tele-
phone exchanges and fiber-optic communication into the public switched
telephone network (PSTN).

C.f. wikipedia https://en.wikipedia.org/wiki/Plain_ old__telephone_ service.

We need to see int as a cpo.

instantiation int :: discrete-cpo
begin

definition below-int-def:
(zuinl) Cy+—z =1y

instance (proof)

end
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9.1 The Alphabet and Basic Types of POTS

Underlying terminology apparent in the acronyms:

1. T-side (target side, callee side)

2. O-side (originator (7) side, caller side)

datatype MtcO = Osetup | Odiscon-o
datatype MctO = Obusy | Oalert | Oconnect | Odiscon-t
datatype MtcT = Tbusy | Talert | Tconnect | Tdiscon-t
datatype MctT = Tsetup | Tdiscon-o

type-synonym Phones = <int»

datatype channels = tcO <Phones x MtcO» —
| ¢ctO <Phones x MctO»
| teT «Phones x MtcT x Phones
| ¢ctT «Phones x MctT x Phones
| tcOdial  <Phones x Phones)
| StartReject Phones — phone x rejects from now on to be called
| EndReject Phones — phone x accepts from now on to be called
| terminal  Phones
| off-hook  Phones
| on-hook  Phones
| digits ~ <Phones x Phones) — communication relation: x calls y
| tone-ring Phones
| tone-quiet Phones
| tone-busy Phones
| tone-dial Phones
| connected Phones

locale POTS =
fixes min-phones :: int
and maz-phones :: int
and VisibleEvents :: <channels set)
assumes min-phones-g-1[simp) : <1 < min-phones»
and maz-phones-g-min-phones|simp| : <min-phones < maz-phones
begin

definition phones :: <Phones sety where <phones = {min-phones .. maz-phones}»

lemma nonempty-phones|[simp|: <phones # {}
and finite-phones[simp)]: «finite phones)
and at-least-two-phones[simpl: <2 < card phones»
and not-singl-phone[simp|: <phones — {p} # {}»
(proof)
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definition FEwventsIPhone :: <Phones = channels set)

where  (FventsIPhone u = {tone-ring u, tone-quiet u, tone-busy u, tone-dial
u, connected u}»
definition FventsUser :: «Phones = channels set»

where  <FventsUser u = {off-hook u, on-hook v} U {z .3 n. z = digits (u,

n)p

9.2 Auxilliaries to Substructure the Specification

abbreviation
Tstde-connected 2 «Phones = Phones = channels processy
where «(Tside-connected ts 0s =
(ctTY(ts, Tdiscon-0,08) — tcTV(ts, Tdiscon-t,08) — EndReject!ts— Skip)
> (teTV(ts, Tdiscon-t,0s) — ctTV(ts, Tdiscon-0,0s) — EndReject!ts— Skip)»

abbreviation
Oside-connected :: «Phones = channels process»
where <Oside-connected ts =
(ctO(ts,Odiscon-t) — tcOl(ts,Odiscon-0) — EndReject!ts— Skip)
> (tcO!(ts,Odiscon-o0) — ctO!(ts,Odiscon-t) — EndReject!ts— Skip)»

abbreviation
Osidel :: <[Phones, Phones] = channels process)
where

«Osidel ts p = tcOdial!(ts,p)
—  (ctO(ts,Oalert)
— ctO!(ts,Oconnect)
— (Oside-connected ts))
O(ctO!(ts,Oconnect) —(Oside-connected ts))
O(ctO(ts,Obusy) — tcO!(ts,Odiscon-0) — EndReject!ts — Skip)»

definition
ITside-connected  :: <[Phones,Phones,channels process] = channels process)
where
ITside-connected ts os IT = (ctT(ts, Tdiscon-0,0s)
—( (tone-busylts
— on-hook!ts
— tcTY(ts, Tdiscon-t,0s)
— EndReject!ts
— IT)
O (on-hook!ts
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— teTV(ts, Tdiscon-t,0s)
— EndReject!ts
— IT)

O (on-hook!ts
— tcTY(ts, Tdiscon-t,0s)
— ctTY(ts, Tdiscon-0,0s)
— EndReject!ts

—IT)
9.3 A Telephone
fixrec T :: «(Phones — channels process»
and Oside :: «Phones — channels process»
and Tside :: <Phones — channels process)
and NoReject :: < Phones — channels process»
and Reject :: «Phones — channels process»
where
T-rec [simp del]: «T-ts = (Tside-ts 3 T-ts) > (Oside-ts 5 T-ts)»
| Oside-rec  [simp del]: «Oside-ts = StartReject!ts

— tcO!(ts,Osetup)
— (M p € phones. Osidel ts p)»
| Tside-rec  [simp del]: < Tside-ts = ctT?(y,z,08)|((y,z)=(ts, Tsetup))
— StartReject!ts
— ( teT¥(ts, Talert,os)
— teT(ts, Tconnect,os)
—(Tside-connected ts 0s)
M (teTV(ts, Teconnect,o0s)
— (Tside-connected ts 0s)))»
| NoReject-rec [simp del]: <NoReject-ts = StartReject!ts — Reject-ts»
| Reject-rec  [simp del]: <Reject-ts = ctT?(y,z,08)|(y=ts A z=Tsetup N\ os€phones
N 05Fts)
= (teT(ts, Thusy,o0s) — Reject-ts)
O (EndReject!'ts — NoReject-ts)»

definition Tel:: <Phones = channels process»
where <«Telp = (T-p [{StartReject p, EndReject p}] NoReject-p) \ {StartReject
p, EndReject p}»

9.4 A Connector with the Network
fixrec Call :: «(Phones — channels process»

and BUSY :: «Phones — Phones — channels process»
and Connected :: <Phones — Phones — channels process)
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where
Call-rec [simp del]: <Call-os = (tcO! (0s,0setup) — tcOdial?(z,ts)|(z=0s)
— (BUSY -0s-t5)) 5 Call-os»
| BUSY-rec [simp del]: <BUSY-o0s-ts = (if ts = os
then ctO!(o0s,0busy) — tcO!(o0s,Odiscon-o) — Skip
else ctT(ts, Tsetup,0s)
—( (teTV(ts, Thusy,os)
— ctOY(o0s,0busy)
— tcOY(o0s,0discon-0) — Skip)
O
(teT! (ts, Talert,os)
— ¢tO!(0s,Oalert)
— teTV(ts, Tconnect,os)
— ¢tO!(o0s,0connect)
— Connected-0s-ts)
O
(tcTY(ts, Tconnect,0s)
— ¢tO!(0s,Oconnect)
— Connected-o0s-ts)))»
| Connected-rec [simp del]: «Connected-os-ts = (tcO os,Odiscon-0) —
(( (ctT¥(ts, Tdiscon-0,0s) — tcT(ts, Tdiscon-t,0s) — Skip)
O
(tcTV(ts, Tdiscon-t,08)— ctT)(ts, Tdiscon-o0,0s) — Skip)

3 (ctOYo0s,Odiscon-t) — Skip)))
O
(tcTV(ts, Tdiscon-t,0s) —
( (ctOYos,Odiscon-t)
— ctTV(ts, Tdiscon-0,08)
— tcO!(0s,0discon-o)
— Skip )
O
(tcO(0s,0discon-o)
— ctTV(ts, Tdiscon-0,08)
— ¢tO!(0s,0discon-t)
— Skip)
)

9.5 Combining NETWORK and TELEPHONES

to a SYSTEM
definition NETWORK  :: <channels process»
where (NETWORK = (||| os €# (mset-set phones). Call-0s)»

definition TELEPHONES :: <channels process»
where «TELEPHONES = (||| ts €# (mset-set phones). Tel ts)
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definition SYSTEM :: <channels process)
where «(SYSTEM = NETWORK |[VisibleEvents] TELEPHONES)»

We underline here the usefulness of the architectural operators, especially
MultiSync but also GlobalNdet which appears in Oside recursive definition.

9.6 A simple Model of a User

fixrec User :: «(Phones — channels process»
and UserSCon :: <Phones — channels process»
where

User-rec[simp del] : «User-u = (off-hooklu —
(tone-diallu —
(M p € phones. digits!(u,p)—tone-quiet! u—
( (tone-ring!u— connected!u— UserSCon-u)
O (connectedu— UserSCon-u)
O (tone-busy!u— on-hook!u— User-u)

)
)
)
O (connected!v — UserSCon-u)
)
O (tone-ring!u— off-hook!u— connected!u — UserSCon-u)»
| UserSCon-rec[simp del]: «UserSCon-u = (tone-busylu — on-hooklu — User-u)
> (on-hooklu — User-u)»

fixrec User-Ndet 2 <Phones — channels process»
and UserSCon-Ndet :: «Phones — channels process»
where

User-Ndet-rec[simp del] : «User-Ndet-u = (off-hooktu —
(tone-diallu —
(M p € phones. digits!(u,p)—tone-quiet!u—
( (tone-ring!u— connected!u— UserSCon-Ndet-u)
M (connected!u— UserSCon-Ndet-u)
M (tone-busy! u— on-hook!u— User-Ndet-u)

)

)

)
M (connectedv — UserSCon-Ndet-u)
)
M (tone-ring!u— off-hooktu— connected!u — UserSCon-Ndet-u)»

| UserSCon-Ndet-rec[simp del]: «UserSCon-Ndet-u = (tone-busylu — on-hooklu
— User-Ndet-u) M (on-hooklu — User-Ndet-u)»

definition ImplementT 2 <Phones = channels process»
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where <ImplementT ts = ((Tel ts) [EventsIPhone ts U EventsUser ts] (User-ts))
\ (FventsIPhone ts U EventsUser ts)»

9.7 Toplevel Proof-Goals

This has been proven in an ancient FDR model for maz-phones = ...

lemma <V p € phones. deadlock-free (Tel p)» (proof)
lemma «Vp € phones. deadlock-free-v2 (Call-p)» (proof)
lemma <deadlock-free-v2 NETWORK)> (proof)

lemma <deadlock-free-v2 SYSTEM)> {proof)

lemma <lifelock-free SYSTEM> (proof)

lemma <V p € phones. lifelock-free (ImplementT p)s (proof)
lemma <V p € phones. Tel p Crp ImplementT p» {proof)

lemma <V p € phones. Tel"p CTrp RUN UNIV> {proof)

this should represent "deterministic" in process-algebraic terms. . .

end
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Chapter 10

Conclusion

In this session, we defined three architectural operators: GlobalDet, Multi-
Sync, and MultiSeq as respective generalizations of P O @, P [S] @, and P
; Q. The generalization of P M @, GlobalNdet, is already in HOL-CSP since
it is required for some algebraic laws.

We did this in a fully-abstract way, that is:

e (O) is commutative, idempotent and admits STOP as a neutral el-
ement so we defined GlobalDet on a 'a set A by making it equal to
STOP when A = (). Continuity only holds for finite cases, while the
operator is always defined.

e (M) is also commutative and idempotent so in HOL-CSP GlobalNdet has
been defined on a 'a set A by making it equal to STOP when A = (.
Beware of the fact that STOP is not the neutral element for (1) (this
operator does not admit a neutral element) so we do not have the
equality

Mpe{a}. Pp = P an (Mpeb. P p)

while this holds for (O) and GlobalDet). Again, continuity only holds
for finite cases.

e Sync is commutative but is not idempotent so we defined MultiSync
on a 'a multiset M to keep the multiplicity of the processes. We made
it equal to STOP when M = {#} but like (M), Sync does not admit
a neutral element so beware of the fact that in general

[S] pe#{#a#}. Pp # P a [S] [S] pe#{#}. Pp
. By construction, multiset are finite and therefore continuity holds.
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e (3) is neither commutative nor idempotent, and SKIP r is neutral only
on the left hand side (note if the second type 'r of (‘a, 'r) processpiick
is actually unit, that is to say we go back to the old version without
parameterized termination, it is neutral element on both sides, see ?P
5 Skip = 9P
SKIP ?r; P = ?P). Therefore we defined MultiSeq on a a list L to
keep the multiplicity and the order of the processes, and the folding
is done on the reversed list in order to enjoy the neutrality of SKIP r
on the left hand side. For example, proving SEQ pe@QL1. P p ; SEQ
peEQL2. Pp = SEQ pc@Q(L1 @Q L2). P p in general requires L2 # [].

We presented two examples: Dining philosophers, and POTS.

In both, we underlined the usefulness of the architectural operators for mod-
eling complex systems.

Finally we provided powerful results on events-of and deadlock-free among
which the most important is undoubtedly:

[M # {#}; Am. m e# M = deadlock-free (P m)]
= deadlock-free (||| pe#M. P p)

This theorem allows, for example, to establish:
0 < n = deadlock-free (||| me#mset [0..<n]. P m)

under the assumption that a family of processes parameterized by m :: nat
verifies V. m<n. deadlock-free (P m).

More recently, two operators Throw and (A) have been added. The corre-
sponding continuities and algebraic laws can also be found in this session.
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