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Abstract

Recently, a modern version of Roscoes and Brookes [1] Failure-Divergence
Semantics for CSP has been formalized in Isabelle [4]. On top of this theory,
we develop the so-called “architectural operators”, i.e. generalizations of
basic non-deterministic choices, synchronized producs and sequetializations,
as has been introduced in the well-known FDR4 model-checker for CSP.

While FDR4 uses these architectural operators as handy macros that
help to structure the specifications, they are basically macro-expanded be-
fore the Labelled Transition Systems were generated. In contrast, we develop
the formal theory of these operators in themselves which paves the way for
a more structured approach to reasoning in HOL-CSP. Our generalizations
will take commutativity and idempotence into account, such that they be-
come fully-abstract wrt. to index-sets, index-multi-sets or lists, respectively.

Additionally, the theory of some more exotic — but in the CSP litera-
ture discussed — operators have been developed; in particular throw and
interupt.

For these "architectural operators", we will prove the properties of re-
finement, monotonicity and continuity and the laws of interaction in order
to simplify their use.

Finally, we will give examples of their usefulness when trying to model
complex systems.
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Chapter 1

Introduction

1.1 Motivations

HOL-CSP [4] is a formalization in Isabelle/HOL of the work of Hoare and
Roscoe on the denotational semantics of the Failure/Divergence Model of
CSP. It follows essentially the presentation of CSP in Roscoe’s Book "Theory
and Practice of Concurrency" [2] and the semantic details in a joint Paper
of Roscoe and Brooks "An improved failures model for communicating pro-
cesses" [1].

In the session HOL-CSP are introduced the type (‘a, 'r) processptick, several
classic CSP operators and number of laws that govern their interactions.
Four of them are binary operators: the non-deterministic choice P 1M @), the
deterministic choice P O @), the synchronization P [S] @ and the sequential
composition P ; Q).

Analogously to the finite sum > ) _ ; a ¢ which is generalization of the
addition a + b, we define generalisations of the binary operators of CSP.
The most straight-forward way to do so would be a fold on a list of processes.
However, in many cases, we have additional properties, like commutativity,
idempotency, etc. that allow for stronger/more abstract constructions. In
particular, in several cases, generalization to unbounded and even infinite
index-sets are possible.

The notations we choose are widely inspired by the CSPj; syntax of FDR:
https://cocotec.io/fdr/manual /cspm.html.

For the non-deterministic choice P M @), this is already done in HOL-CSP. In
this session we therefore introduce the multi-operators:

e the global deterministic choice, written O a € A. P a, generalizing P

0Q
o the multi-synchronization product, written [S] m €# M. P m, gen-
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https://cocotec.io/fdr/manual/cspm.html

eralizing P [S] @ with the two special cases ||| m €# M. P m and ||
mE#H M. Pm

¢ the multi-sequential composition, written SEQ | €Q L. P [, generaliz-
ing P ; ). We prove their continuity and refinements rules, as well as
some laws governing their interactions.

We also provide the definitions of the POTS and Dining Philosophers exam-
ples, which greatly benefit from the newly introduced generalized operators.

Since they appear naturally when modeling complex architectures, we may
call them architectural operators: these multi-operators represent the heart
of the architectural composition principles of CSP.

Additionally, we developed the theory of the interrupt operators Sliding,
Throw and Interrupt [3]. This part of the present theory reintroduces de-
notational semantics for these operators and constructs on this basis the
algebraic laws for them.

In several places, our formalization efforts led to slight modifications of the
original definitions in order to achieve the goal of a combined integrated
theory. In some cases — in particular in connection with the Interrupt oper-
ator definition — some corrections have been necessary since the fundamental
invariants were not respected.

Finally, his session includes a very powerful result about deadlock-free and
Sync: the interleaving P ||| @ is deadlock-free if P and @ are, and so is the
multi-interleaving of processes P m for m €# M.

10



1.2 The Global Architecture of HOL-CSPM

[HOL-Library]

‘ Induction_Rules_CSPM ‘ ‘ [HOL-Eisbach] ‘ ‘ [HOLCF] ‘
/ e \
Multi_Synchronization_Product | [ Global_Deterministic_Choice | [ Interrupt | [ Introduction | [ Multi_Sequential_Composition |

?/

[ (csPM_Laws | [ CSPM_Monotonies | [ Non_Deterministic_CSPM_Distributivity | [ Step_CSPM_Laws

DiningPhilosophers | [ Events _Ticks CSPM_Laws | [ POTS | [ CSPM_Deadlock Results | [ Step_CSPM_Laws_Extended

Read_Write_CSPM_Laws

Conclusion

Figure 1.1: The overall architecture

The global architecture of HOL-CSPM is shown in Figure 1.1. The entire
package resides on:

1. HOL-Eisbach from the Isabelle/HOL distribution,
2. HOLCF from the Isabelle/HOL distribution, and

3. HOL-CSP 2.0 from the Isabelle Archive of Formal Proofs.
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Chapter 2

Preliminary Work

2.1 Induction Rules for a set

lemma finite-subset-induct-singleton
[consumes 3, case-names singleton insertion):
(Ja € A; finite F; F C A; P {a};
Nz F. finite F = z € A = z ¢ (insert a F) = P (insert a F)
= P (insert z (insert a F))] = P (insert a F)»
apply (erule Finite-Set.finite-subset-induct, simp-all)
by (metis insert-absorb2 insert-commute)

lemma finite-set-induct-nonempty
[consumes 2, case-names singleton insertion):
assumes (A # {}» and «finite A»
and singleton: <A\a. a € A = P {a}»
and insert: <Az F. [F # {}; finite F; x € A; 2 ¢ F; P F]
= P (insert z F')
shows (P A»
proof—
obtain a A’ where <a € A «finite A» (A’ C A) <A = insert a A"
using <A # {}> «finite A by fastforce
show <P A»
apply (subst <A = insert a A"y, rule finite-subset-induct-singleton[of a A])
by (simp-all add: <a € A <finite A» <A’ C A singleton insert)
qed

lemma finite-subset-induct-singleton’
[consumes 3, case-names singleton insertion):
(Ja € A; finite F; F C A; P {a};
Nz F. [finite F; © € A; insert a F C A; z ¢ insert a F; P (insert a F)]
= P (insert z (insert a F))]
= P (insert a F)»
apply (erule Finite-Set.finite-subset-induct’, simp-all)
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by (metis insert-absorb2 insert-commute)

lemma induct-subset-empty-single[consumes 1]:
finite A; P {}; Na. a € A = P {a};
AF a.[a € A; a & F; finite F; F C A; F # {}; P F] = P (insert a F)] =
P A
by (rule finite-subset-induct’) auto

2.2 Induction Rules for 'a multiset

The following rule comes directly from HOL— Library. Multiset but is written
with consumes 2 instead of consumes 1. I rewrite here a correct version.

lemma msubset-induct [consumes 1, case-names empty add):
(JF C# A; P{#}; Na F. [a €# A; P F] = P (add-mset a F)] = P F»
by (fact multi-subset-induct)

lemma msubset-induct-singleton [consumes 2, case-names m-singleton add):
(o e# A; F C# A; P {#a#};
Nz F. [z €# A; P (add-mset a F)] = P (add-mset z (add-mset a F))]
= P (add-mset a F)»
by (erule msubset-induct, simp-all add: add-mset-commute)

lemma mset-induct-nonempty [consumes 1, case-names m-singleton add]:
assumes (A # {#}
and m-singleton: <N\a. a €# A = P {#a#}
and add: <Az F. [F # {#}; © €# A; P F] = P (add-mset x F))
shows (P A»
proof—
obtain ¢ A’ where (a €# Ay (A’ C# A> <A = add-mset a A"
by (metis <A # {#}> diff-subset-eq-self insert-Diff M multiset-nonemptyE)
show «P A»
apply (subst <A = add-mset a A", rule msubset-induct-singleton[of a A])
by (simp-all add: <a €# A> <A’ CH# Ay m-singleton add)
qed

lemma msubset-induct’ [consumes 2, case-names empty add):
assumes (F C# A»
and empty: <P {#}
and insert: <N\a F. [a €# A — F; F C# A; P F] = P (add-mset a F))
shows <P F»
proof —
from <F C# A»
show ?thesis
proof (induct F)
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show «P {#}» by (simp add: assms(2))
next
case (add z F)
then show <P (add-mset z F)»
using Diff-eq-empty-iff-mset add-diff-cancel-left add-diff-cancel-left’
add-mset-add-single local.insert mset-subset-eq-insertD
subset-mset.le-iff-add subset-mset.less-imp-le by fastforce
qed
qed

lemma msubset-induct-singleton’ [consumes 2, case-names m-singleton add):
(la et A — F; F C# A; P {#a#};
Nz F. [z e# A— F; F C# A; P (add-mset a F)]
= P (add-mset z (add-mset a F))]
= P (add-mset a F)»
by (erule msubset-induct’, simp-all add: add-mset-commute)

lemma msubset-induct-singleton’’ [consumes 1, case-names m-singleton add):
(Jadd-mset a F C# A; P {#a#};
Az F. [add-mset x (add-mset a F) C# A; P (add-mset a F)]
= P (add-mset x (add-mset a F))]
= P (add-mset a F)»
apply (induct F', simp)
by (metis add-mset-commute diff-subset-eq-self subset-mset.trans union-single-eq-diff)

lemma mset-induct-nonempty’ [consumes 1, case-names m-singleton add):
assumes nonempty: <A # {#}» and m-singleton: «N\a. a E# A = P {#a#}
and hyp: <Na z F. [a €# A; z €# A — add-mset a F; add-mset a F C# A;
P (add-mset a F)] = P (add-mset x (add-mset a F))»
shows (P A
proof—
obtain a A’ where <A = add-mset a A’ <add-mset a A’ C# A»
using nonempty multiset-cases subset-mset-def by auto
show «P A
apply (subst <A = add-mset a A")
using (add-mset a A’ C# A»
proof (induct A’ rule: msubset-induct-singleton’’)
show (P {#a#}) using (A = add-mset a A"y m-singleton by force
next
case (add z F)
show <P (add-mset x (add-mset a F))»
apply (subst hyp)
apply (simp add: <A = add-mset a A")
apply (metis <add-mset x (add-mset a F) C# Ay add-mset-add-single
mset-subset-eq-insertD subset-mset.add-diff-inverse
subset-mset.add-le-cancel-left subset-mset-def)
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apply (meson <add-mset x (add-mset a F) C# A» mset-subset-eq-insertD
subset-mset. dual-order.strict-implies-order)
by (simp-all add: <P (add-mset a F)»)
qed
qed

lemma induct-subset-mset-empty-single:
[P {#}; Mo a e M = P {#adt};
AN a. [a €e# M; N C# M; N # {#}; P N] = P (add-mset a N)] = P M)
by (metis in-diff D mset-induct-nonempty’)

2.3 Strong Induction for nat

lemma strong-nat-induct[consumes 0, case-names 0 Suc]:
P 0; An. (Am. m <n= Pm) = P (Sucn)] = Pmn
by (induct n rule: nat-less-induct) (metis grO-implies-Suc gr-zerol less-Suc-eg-le)

lemma strong-nat-induct-non-zero[consumes 1, case-names 1 Suc]:
qO<n; P1; An. 0 <n= (Am. 0 <mAm<n= Pm)= P (Sucn)]
= Pm
by (induct n rule: nat-less-induct) (metis One-nat-def grO-implies-Suc gr-zerol
less-Suc-eq-le)

2.4 Useful Results for Cartesian Products

lemma prem-Multi-cartprod:
Mz, ). 2Qy) ‘(A x B)
(Mz, y). z#y) (A" x B)
«(Ma, 9). [z, y]) (A" x B) =
by auto

{s@Qt |st.(s,t)e A x B}
={s#t |st.(s,t)e A’ x B}
{[s, t] |s ¢t (s, t) € A" x B'}
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Chapter 3

Definitions of the
Architectural Operators

3.1 The Global Deterministic Choice

3.1.1 Definition

This is an experimental generalization of the deterministic choice. In previ-
ous versions, this was done by folding the binary operator (O), but the set
was of course necessarily finite. Now we give an abstract definition with the
failures and the divergences.

lift-definition GlobalDet :: «['b set, 'b = ('a, 'r) processpiick) = (‘a, 'r) pro-

cesSptick’
is AMA P. ({(s, X).s=[] A (s, X) e (Nachd. F (Pa))} U
{(s;, X). s #[] N (s, X) € (UacA. F (Pa))} U
{(s;, X).s=[Ase(JacA. D (Pa))} U
{(s, X).3r.s=[AV(r) ¢ X A[V(r)] € (UacA. T (P a))},
JacA. D (P a))
proof —

show «?thesis A P» (is <is-process (?f, |Ja€A. D (P a)))) for A P
proof (unfold is-process-def DIVERGENCES-def FAILURES-def fst-conv snd-conv,
intro congl olll impl)
show «([], {}) € ?f» by (simp add: is-processT1)
next
show (s, X) € ?f = ftF s» for s X by (auto intro: is-processT?2)
next
show «((s @ ¢, {}) € ?of = (s, {}) € ?/> for st
by (auto introl: is-processT1 dest: is-processT3)
next
fix s XY
assume assm : (s, V)€ A AX C V)
then consider <s = [) <Aa. a € A = (s, Y) € F (P a)
| e s’ a where <a € A «<s=e# s" (s, Y) e F (Pa)
| @ where <a € Ay <s = []» <s € D (P a)
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| a r where <a € Ay <s =[] /(r) & Yo </(r)] €T (P a)
by (cases s) auto
thus «(s, X) € 2f»
proof cases
assume <s = [p «Na. a € A = (s, Y) € F (Pa)
from this(2) assm have <a € A = (s, X) € F (P a)» for a
by (meson is-processT4)
with «s = [> show «(s, X) € ?f) by fast
next
fix e s’ a assume <a € Ay <s = e # sH «(s, Y) € F (P a)
from «(s, Y) € F (P a)» assm[THEN conjunct2]
have «(s, X) € F (P a)» by (fact is-processT4)
with <a € A <s = e # s» show «(s, X) € ?f» by blast
next
show <a € A = s=[ = s€ D (Pa) = (s, X) € ?» for a by blast
next
fix a r assume <a € A s =[] W/ (r) & V> «/(r)] € T (P a)
from «/(r) ¢ Y» assm[THEN conjunct2] have «/(r) ¢ X» by blast
with <a € Ay «<s = [ v/ (r)] € T (P a)> show «(s, X) € ?f» by blast
qed
next
fix s XY
assume assm : (s, X) € 2f A (Ve.ce Y — (sQ[c], {}) ¢ 7))
then consider <s = [) <Aa. a € A = (s, X) € F (P a)
| € 5" a where (a € Ay <s = e # s’ «(s, X) € F (P a)
| @ where (a € A» <s =[] «<s € D (P a)
| a r where <a € A <s=[p /(r) ¢ Xo V()] €T (Pa)
by (cases s) auto
thus «(s, X U Y) € 2>
proof cases
assume <s = [ <Na. a € A = (s, X) € F (P a)
from this(2) assm[THEN conjunct2]
have <a € A = (s, XU Y) € F (P a) for a
by (simp add: is-processT5)
with «s = [ show «(s, X U Y) € ?f» by blast
next
fix e s’ a assume <a € Ay <s = e # s «(s, X) € F (P a)
from «(s, X) € F (P a)) assm[THEN conjunct?2]
have «(s, X U Y) € F (P a)) by (simp add: <a € A> is-processT5)
with <a € A> <s = e # s» show (s, X U Y) € ?f» by blast
next
show «a € A = s=[] = se€D(Pa) = (s, X UY) € ?) for a by
blast
next
fix a r assume a € Ay s =[] /(1) ¢ Xo <[V (r)] € T (P a)
with assm[THEN conjunct2] T-F show (s, X U Y) € ?2f) by simp blast
qed
next
fix srX
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assume <(s @ [V ()], {}) € 7>
then obtain a where «a € A> (s Q [V (7)], {}) € F (P a)» by blast
from this(2) have «(s, X — {/(r)}) € F (P a)» by (fact is-processT6)
show «(s, X — {/(r)}) € 2
proof (cases s = []»)
show s = [| = (s, X — {V/(r)}) € 2/
by simp (metis F-T «(s @ [/ ()], {}) € F (P a)» <a € A> append-Nil)
next
assume (s # [»
with <a € 4> «(s, X — {/(r)}) € F (P a)
show «(s, X — {V/(r)}) € ?f» by blast
qged
next
show <s € ((Ja€A. D (Pa)) ANtFsA ftFt = s@Qt e (|JacA. D (P a))
for s ¢
by (blast intro: is-processT7)
next
show «s € (Ja€A. D (P a)) = (s, X) € ?f» for s X
by (blast intro: is-processT8)
next
show s Q [V/(r)] € (Ja€A. D (Pa)) = s € (JacA. D (P a))» for sr
by (blast intro: is-processT9)
qed
qed

syntax -GlobalDet :: <[pttrn,’b set,('a, 'r) processpiick] = (‘a, 'r) processpiick>

(«(28((-)/€(-)-/ () [78,78,77] 717)
syntax-consts -GlobalDet = GlobalDet
translations O p € A. P = CONST GlobalDet A (Ap. P)

3.1.2 The projections

lemma F-GlobalDet:
«(F(OzeA Pzx)=

{(s, X). s = [ A (s, X) € (acA. F (P a))} U

{(s, X). s # [ A (5 X) e (JacA. F (Pa))} U

{(s, X). s =[| A s € (Jacd D (P a))} U

{(s. X). 3r. S—[] () g XAV(r)] e (Uaeed T (Pa)p

by (simp add: Failures.rep-eq FAILURES-def GlobalDet.rep-eq)

lemma F-GlobalDet":
«(F(OzeA Pz) =
{0, X)| X. Ba€A. Pa= 1)V (YaeA. (J, X) € F (Pa)) v

(FacA. Ar. /(r) ¢ X A[V/(r)] €T (Pa))} U

{(s, X)]asX.a€e ANs#£][AN(s, X)eF (Pa)p
(is«<F (O x € A. Px)= 9rhs)

proof (intro subset-antisym subsetl)
fix sX assume <sX € F (O z € A. Pz)

19



obtain s X where <sX = (s, X)» using prod.ezhaust-sel by blast
with «sX € F (O z € A. P z)» show «sX € ?rhs)
by (auto simp add: F-GlobalDet BOT-iff-Nil-D)
next
fix sX assume (sX € ?rhs
obtain s X where <sX = (s, X)) using prod.ezhaust-sel by blast
with «sX € ?rhs) show <sX € F (O z € A. P x)
by (auto simp add: F-GlobalDet BOT-iff-Nil-D)
qed

lemma D-GlobalDet: <D (O z € A. Pz) = (|JacA. D (P a))»
by (simp add: Divergences.rep-eq DIVERGENCES-def GlobalDet.rep-eq)

lemma 7T-GlobalDet:
T (Oxz € A Px) = (if A= {} then {[|} else (U z€A. T (P z))»
by (auto simp add: Traces.rep-eq TRACES-def Failures.rep-eq[symmetric] F-GlobalDet
intro: is-processT1 is-processT8)

lemma T-GlobalDet”: <T (O x € A. P z) = (insert [| (U z€A. T (P z)))
by (simp add: T-GlobalDet)
(metis T-GlobalDet insert-absorb is-processT1-TR)

lemmas GlobalDet-projs = F-GlobalDet D-GlobalDet T-GlobalDet

lemma mono-GlobalDet-eq:
(Nz. 2 € A= Pz = Q) = GlobalDet A P = GlobalDet A Q)
by (subst Process-eg-spec, simp add: F-GlobalDet D-GlobalDet)

lemma mono-GlobalDet-eq2:
(Az.2€ A= P (fz) = Qz) = GlobalDet (f * A) P = GlobalDet A Q>
by (subst Process-eq-spec, simp add: F-GlobalDet D-GlobalDet)

3.1.3 Factorization of (O) in front of GlobalDet

lemma Process-eq-optimized-bisl :
assumes (\s. sEDP=se€D Q) N\s.s€D Q= scDP»
and A X.DP=D Q= (|, X\) e FP= ([, X) e F @
and A X. DQ=DP= (|, X) e FQ= (], X) e F P
and (Nas X.DP=D Q= (a# s, X) e FP= (a# s, X)eFQ
and  A\as X. DQ=DP = (a#s,X)eFQ= (a#s, X)eFDP
shows <P = ()
proof (subst Process-eq-spec-optimized, safe)
show «<s € D P = s € D @ for s by (fact assms(1))
next
show s € D Q = s € D P» for s by (fact assms(2))
next

show (D P=D Q= (5, X) € FP= (s, X) e F ) for s X
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by (metis assms(3, 5) neq-Nil-conv)
next
show D P=D Q = (s, X) e F Q= (s, X) € F P> for s X
by (metis assms(4, 6) neq-Nil-conv)
qed

lemma GlobalDet-factorization-union:
«(OpeA.Pp)O(OpeB. Pp)=0pec(AUB).Pp
by (rule Process-eq-optimized-bisl)
(auto simp add: D-Det D-GlobalDet F-Det F-GlobalDet T-GlobalDet split:
if-split-asm,)

lemma GlobalDet-Union :
«(Oae (Jiel. Ai).Pa)=0ie€l.0a€ Ai. Paw (is «?lhs = ?rhs)
proof (subst Process-eq-spec, safe)
show «s € D ?lhs = s € D ?rhs»
and s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-GlobalDet)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs» for s X
by (cases s) (auto simp add: GlobalDet-projs)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (cases s; simp add: GlobalDet-projs split: if-split-asm) blast+
qed

3.1.4 First properties

lemma GlobalDet-id [simp] : <A # {} = (Ope A. P) =P
by (auto simp add: Process-eq-spec F-GlobalDet D-GlobalDet
intro: is-processT8 is-processT6-TR-notin)

lemma GlobalDet-unit[simp] : «(O z € {a}. Pz) = P a
by (auto simp add: Process-eq-spec F-GlobalDet D-GlobalDet
intro: is-processT8 is-processT6-TR-notin)

lemma GlobalDet-empty[simp] : «(Oa € {}. P a) = STOP»
by (simp add: STOP-iff-T T-GlobalDet)

lemma GlobalDet-distrib-unit:
(O z€inserta A. Pz)=PaO (O0z€ (A-{a}). Px)p
by (metis GlobalDet-factorization-union GlobalDet-unit Un-Diff-cancel insert-is-Un)

lemma GlobalDet-distrib-unit-bis :
«a¢ A= (OzcinsertaA. Pz)=PaO (0z€ A Pax)
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by (simp add: GlobalDet-distrib-unit)

3.1.5 Behaviour of GlobalDet with (O)

lemma GlobalDet-Det-GlobalDet:
«(0a€A. Pa)0(0Da€c A Qa)=0a€c A PaOQuw
(is «?G1 O 2G2 = ?2@G))
proof (subst Process-eq-spec, safe)
show (s € D (?G1 O 9G2) = s € D ?G»
and s € D G = s € D (?G1 O ?G2)) for s
by (auto simp add: D-Det D-GlobalDet)
next
show «(s, X) € F (?G1 O ?G2) = (s, X) € F ?G» for s X
by (cases s) (auto simp add: F-Det D-Det T-Det D-GlobalDet T-GlobalDet’
F-GlobalDet)
next
show «(s, X) € F 7G = (s, X) € F (?G1 O ?G2)) for s X
by (cases s; simp add: F-Det D-Det T-Det D-GlobalDet T-GlobalDet’ F-GlobalDet)
blast+
qed

3.1.6 Commutativity

lemma GlobalDet-sets-commute:
«(0a€ A ObeB. Pab)=0be B.Oac A. Pab (is «?lhs = ?rhs)
proof (subst Process-eq-spec, safe)
show «s € D ?lhs = s € D ?rhs»
and <s € D %rhs = s € D ?lhs) for s
by (auto simp add: D-GlobalDet)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs» for s X
by (cases s; simp add: F-GlobalDet T-GlobalDet’ D-GlobalDet split: if-split-asm,
blast)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs» for s X
by (cases s; simp add: F-GlobalDet T-GlobalDet’ D-GlobalDet split: if-split-asm,
blast)
qed

3.1.7 Behaviour with injectivity

lemma inj-on-mapping-over-GlobalDet:
<nj-on fA=— (Ozx € A. Px)=0z € f*A. P (inv-into A fz)»
by (simp add: Process-eq-spec F-GlobalDet D-GlobalDet)

3.1.8 Cartesian product results

lemma GlobalDet-cartprod-o s-set-o s-set:
(O (s,t) e AXx B.P(s@Qt))=0Oue{s@t|st (s,t) € Ax B}. Pw
(is «?lhs = %rhsy)
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proof (subst Process-eq-spec, safe)
show (s € D ?lhs = s € D %rhs»
and <s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-GlobalDet)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs» for s X
by (cases s; simp add: F-GlobalDet, blast)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (cases s; simp add: F-GlobalDet, blast)
qed

lemma GlobalDet-cartprod-s-set-os-set:
«(O(s,t)eAXB. P(s#1t)=0ue{s#t|st (s,t) € Ax B}. Pw
(is «<?lhs = ?rhsy)
proof (subst Process-eq-spec, safe)
show <s € D ?lhs = s € D rhs
and <s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-GlobalDet)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs» for s X
by (cases s; simp add: F-GlobalDet, blast)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs» for s X
by (cases s; simp add: F-GlobalDet, blast)
qed

lemma GlobalDet-cartprod-s-set-s-set:
«(O(s,t) e Ax B.Pls,t])=0wue€{[s t]|st. (s,t) € A x B}y. Pw
(is <?lhs = ?rhsy)
proof (subst Process-eq-spec, safe)
show <s € D ?lhs = s € D rhs
and <s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-GlobalDet)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs) for s X
by (cases s; simp add: F-GlobalDet, blast)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs» for s X
by (cases s; simp add: F-GlobalDet, blast)
qed

lemma GlobalDet-cartprod: «(O(s, t) € A X B.Pst)=0s€ A.Ot€ B.Pst
(is «?lhs = ?rhs))
proof (subst Process-eq-spec, safe)
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show «s € D ?lhs = s € D ?rhs
and s € D %rhs = s € D ?lhs) for s
by (auto simp add: D-GlobalDet)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs» for s X
by (cases s) (auto simp add: F-GlobalDet T-GlobalDet D-GlobalDet)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs» for s X
by (cases s; simp add: F-GlobalDet T-GlobalDet D-GlobalDet
split: if-split-asm) blast
qed

3.1.9 Link with Mprefix

This is a trick to make proof of Mprefix using GlobalDet as it has an easier
denotational definition.

lemma Mprefiz-GlobalDet: <0 a € A > Pa=0a€ A.a - Pw
by (simp add: Process-eq-spec write0-projs GlobalDet-projs Mprefix-projs, safe,
auto)

lemma read-is-GlobalDet-write0 :
<«c?a€A — Pa=0bcc “A. b — P (inv-into A c b)»
by (simp add: read-def Mprefiz-GlobalDet)

lemma read-is-GlobalDet-write :
<ing-on ¢ A = c?a€A — P o = 0acA. cla - P a
by (auto simp add: read-is-GlobalDet-write0 write-def write0-def
intro: mono-GlobalDet-eq?2)

3.1.10 Properties

lemma GlobalDet-Det: «(O0 a € A. Pa) O @ = (if A = {} then @ else O a € A.
PaO Q)
(is <?lhs = (if A = {} then Q else ?rhs)»)
proof (split if-split, intro conjl impI)
show <A = {} = %lhs =
by (auto simp add: Process-eq-spec F-Det F-STOP D-STOP T-STOP D-Det
intro: is-processT8 is-processT6-TR-notin)
next
show «?lhs = ?rhs) if <A # {}p
proof (subst Process-eq-spec, safe)
show <s € D ?lhs = s € D ?rhs
and <s € D ?rhs = s € D ?lhs) for s
by (auto simp add: <A # {}» D-Det D-GlobalDet)
next
from <A # {}> show «(s, X) € F ?lhs = (s, X) € F ?rhs» for s X
by (cases s) (auto simp add: F-Det F-GlobalDet D-Det T-Det D-GlobalDet
T-GlobalDet)
next
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from <A # {}> show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (cases s; simp add: F-Det F-GlobalDet D-Det T-Det D-GlobalDet T-GlobalDet,
blast)
qed
qed

lemma Mndetprefiz-Sync-Mprefix-strong-subset:
(JACB;BCC]=Nac€A—-Pa|C]ObeB—-Qb=MNacA— (P

a C] Qa)y
by (simp add: Mndetprefiz-Sync-Mprefiz-subset STOP-Sync-Mprefix Mprefiz-is-STOP-iff)

lemma Mprefiz-Sync-Mndetprefix-strong-subset:

ACC;BC A= 0Oac€A—Pa[C]NbeB—-Qb=mbeB— (P
b C] Q b)

by (subst (1 2) Sync-commute, simp add: Mndetprefiz-Sync-Mprefiz-strong-subset)

corollary Mndetprefiz-Par-Mprefix-strong-subset:
(ACB=MNacA—Pal|l|0beB—-Qb=MacAd—(Pal|l Qa)
by (simp add: Mndetprefiz-Sync-Mprefiz-strong-subset)

corollary Mprefiz- Par-Mndetprefiz-strong-subset:
(BCA=0Oa€cA—Pal|lNbeB—-Qb=NbeB—=(Pb| Qbp
by (simp add: Mprefiz-Sync-Mndetprefiz-strong-subset)

3.1.11 Continuity

lemma mono-GlobalDet : «(Oa € A. Pa) E Oa € A. Q @ if <(Az. 2€ A= P
T C Qo
proof (unfold le-approz-def, safe)
show (s € D (Oa € A. Qa) = s € D (Oa € A. P a) for s
using that[THEN le-approzl] by (auto simp add: D-GlobalDet)
next
fix s X assume <s ¢ D (Oa € A. Pa)) <X € R, (Qa € A. Pa) s
from «s ¢ D (Oa € A. P a)) have * : VacA. s ¢ D (P a)
by (simp add: D-GlobalDet)
with that le-approz2
have xx: <a € A = (5, X) € F (Q a) +— (s, X) € F (P a) for a X by blast
from <X € R, (Oa € A. P a) s x

consider <s = [ «Aa. a € A = (s, X) € F (P a)
| € s" a where <a € Ay <s=e # s «(s, X) € F (P a)
| a r where <a € Ay <s =[] «/(r) & X> <[/ (r)] € T (P a)y

by (cases s) (auto simp add: Refusals-after-def F-GlobalDet)
thus <X € R, (Oa € A. Q a) &
proof cases
assume <s = [ <Na. a € A = (s, X) € F (P a)
from this(2) xx have <\a. a € A = (s, X) € F (Q a)» by simp
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with «<s = [) show <X ¢ R, (Oa € 4. Q a)
by (simp add: Refusals-after-def F-GlobalDet)
next
fix e s’ a assume a € A s =¢e # s (s, X) € F (P a)
from (s, X) € F (P a)» xx have «(s, X) € F (Q a)> by (simp add: <a € A»)
with (a € A» <s = e # s"» show <X € R, (Oa € A. Q a) s
by (auto simp add: Refusals-after-def F-GlobalDet)
next
fix a r assume @ € A s = [p /(1) & X>o <V (r)] € T (P a)
from <a € A <[V (r)] € T (P a) have [/ (r)] € T (Q a)
by (fold T-F-spec, simp add: xx[OF <a € A»])
(metis x «s = []» is-processT9 proc-ord2a self-append-conv2 that)
with ¢ € A s =[p «/(r) ¢ X> show <X € R, (Oa € A. Q a) s»
by (auto simp add: Refusals-after-def F-GlobalDet)
qed
next
fix s X assume (s ¢ D (Oa € A. Pa)) <X € R, (Oa € A. Qa) &
from «s ¢ D (Oa € A. P a)) have * : <VacA. s ¢ D (P a)
by (simp add: D-GlobalDet)
with that le-approz2
have xx : <a € A = (5, X) € F (Q a) <— (s, X) € F (P a)» for a X by blast
from <X e R, (Oa € A. Qa) &
consider <s = [) «Aa. a € A = (s, X) € F (Q a)»
| € s" a where <a € Ay <s = e # s «(s, X) € F (Q a)
| a where <a € Ay <s =[] <s € D (Q a)
| a r where <a € Ay <s = [ «/(r) ¢ X> <[V (r)] € T (Q a)»
by (cases s) (auto simp add: Refusals-after-def F-GlobalDet)
thus <X € R, (Ha € A. Pa) &
proof cases
assume <s = [ <Na. a € A = (s, X) € F (Q a)
from this(2) *x have <\a. a € A = (s, X) € F (P a)» by simp
with «s = [ show <X € R, (Oa € A. P a) s
by (simp add: Refusals-after-def F-GlobalDet)
next
fix e s’ a assume <a € A <s = e # s» (s, X) € F (Q a)
from «(s, X) € F (Q a)» *x have «(s, X) € F (P a)) by (simp add: <a € A>)
with <a € A> <s = e # s"» show«X € R, (Da € A. Pa) &
by (auto simp add: Refusals-after-def F-GlobalDet)
next
show (c € A = s=[|=s€D(Qa) = X € R, (Oa€ A. Pa) s for a
by (simp add: Refusals-after-def F-GlobalDet)
(meson le-approxl subsetD that)
next
fix a r assume <a € Ay s = [ /(1) & Xo <V (r)] € T (Q a)
from <a € A <[V (r)] € T (Q a)> have <[V (r)] € T (P a)
by (fold T-F-spec, simp add: xx[OF <a € A»))
(metis * «<s = []» is-processT9 proc-ord2a self-append-conv? that)
with <a € A «s =[] «/(r) ¢ X> show <X € R, (Oa € A. P a) s
by (auto simp add: Refusals-after-def F-GlobalDet)
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qed
next
from that| THEN le-approz3)
show ¢s € min-elems (D (Oa € A. Pa)) = s € T (Oa € A. Q a) for s
by (auto simp add: min-elems-def subset-iff less-list-def less-eq-list-def
prefir-def D-GlobalDet T-GlobalDet) blast
qed

lemma chain-GlobalDet : <chain Y = chain (Ai. Oa € A. Y i a)
by (simp add: ch2ch-monofun fun-belowD mono-GlobalDet monofunl)

lemma GlobalDet-cont [simp] : <[finite A; Na. a € A = cont (P a)] = cont
(Ay. O z€A. P zy)
by (induct A rule: finite-induct)
(simp-all add: GlobalDet-distrib-unit)

end

3.2 Multiple Synchronization Product

3.2.1 Definition

As in the (M) case, we have no neutral element so we will also have to go
through lists first. But the binary operator Sync is not idempotent either,
so the generalization will be done on b multiset and not on b set.

Note that a ‘b multiset is by construction finite (cf. theorem finite (set-mset

fun MultiSync-list :: <['a set, 'b list, 'b = ('a, 'r) processpiick] = ('a, 'r) pro-
CESSptick’
where <MultiSync-list S [ P = STOP)

| (MultiSync-list S (I # L) P = fold Az r. v [S] Pz) L (P 1)

interpretation MultiSync: comp-fun-commute where f = Az r. r [E] P ©»
unfolding comp-fun-commute-def comp-fun-idem-azxioms-def comp-def
by (metis Sync-assoc Sync-commute)

lemma MultiSync-list-mset:

«mset L = mset L' = MultiSync-list S L P = MultiSync-list S L' P»
proof (cases L, simp-all)

fix al

assume x* : <add-mset a (mset ) = mset Ly and sx : <L = a # b
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then obtain o’ I’ where *** : < L' = o’ # 1
by (metis list.exhaust mset.simps(2) mset-zero-iff)
note xxxx = x[simplified xxx, simplified]
have a0: <a # o' = MultiSync-list S L P =
fold Az r. r [S] Px) (a' # (removel o’ 1)) (P a)
apply (subst fold-multiset-equiviwhere ys = <))
apply (metis MultiSync.comp-fun-commaute-axioms comp-fun-commute-def)
apply (simp-all add: x sx sxx)
by (metis xxxx insert-Diff M insert-noteqg-member)
have al: (a # o' = MultiSync-list S L' P =
fold Az r. r [S] P x) (a # (removel al’)) (P a’)
apply (subst fold-multiset-equiviwhere ys = «I"])
apply (metis MultiSync.comp-fun-commaute-axioms comp-fun-commute-def)
apply (simp-all add: x sx sxx)
by (metis xxxx insert-Diff M insert-noteqg-member)
from s#xx xx xxx a0 al
show <fold (Az r. v [S] P z) I (P a) = MultiSync-list S L' P»
apply (cases <a = a’y, simp)
apply (subst fold-multiset-equiviwhere ys = 1'])
apply (metis MultiSync.comp-fun-commute-azioms comp-fun-commaute-def)
apply (simp-all)
apply (subst fold-multiset-equiviwhere ys = <removel a 1],
simp-all add: Sync-commute)
apply (metis MultiSync.comp-fun-commute-axioms
comp-fun-commute.comp-fun-commute)
by (metis add-mset-commute add-mset-diff-bothsides)
qed

definition MultiSync :: «['a set, 'b multiset, 'b = ('a, 'r) processpiick] = (‘a, 'r)
Processptick?
where < MultiSync S M P = MultiSync-list S (SOME L. mset L = M) P>

syntax -MultiSync :: <['a set,pttrn,’db multiset,('a, 'r) processpiick] = ('a, 'r) pro-
cesSptick?
(3] -e#-/ -) [78,78,78,77) 77)
syntax-consts -MultiSync = MultiSync
translations [S] p €# M. P = CONST MultiSync S M (Ap. P)

Special case of MultiSync E P when E = {}.

abbreviation Multilnter :: «['b multiset, 'b = ('a, 'r) processpiick] = (‘a, 'r)
Processptick?

where <Multilnter M P = MultiSync {} M P»
syntax -Multilnter :: <[pttrn, 'b multiset, ('a, 'r) processpiick] = ('a, 'r) pro-

CeSSptick®
(«(3||| -€#-./ -)» [78,78,77] T7)
syntax-consts -Multilnter = Multilnter
translations ||| p €# M. P = CONST MultiInter M (Ap. P)

28



Special case of MultiSync E P when E = UNIV.

abbreviation MultiPar :: «[’b multiset, 'b = ('a, 'r) processpiick] = (‘a, 'r) pro-
Cesspticm
where <MultiPar M P = MultiSync UNIV M P)

‘a, 'r) pro-

syntax -MultiPar :: «[pttrn, 'b multiset, ('a, 'r) processpiick] = (
CESSptick?
(3| -€#- / -)» [78,78,77) 77)
syntax-consts -MultiPar = MultiPar
translations || p €# M. P = CONST MultiPar M (Ap. P)

3.2.2 First properties

lemma MultiSync-recO[simp]: <([S] p €# {#}. P p) = STOP»
unfolding MultiSync-def by simp

lemma MultiSync-recl [simp]: «([S] p €# {#a#}. Pp) = P o
unfolding MultiSync-def apply(rule somel2-ex) by simp-all

lemma MultiSync-add[simp]:
M #{#} = ([S] p €# add-mset m M. P p) = P m [S] ([S] p €# M. P p)
unfolding MultiSync-def
apply(rule somel2-ex, simp add: ex-mset)+
proof (goal-cases)
case (1 z z)
thus <MultiSync-list S ' P = P m [S] MultiSync-list S = P»
apply (subst MultiSync-list-mset[where L = <z» and L' = <z Q [m)]»], simp)
by (cases x) (simp-all add: Sync-commute)
qed

lemma mono-MultiSync-eq:
(Nz. 2 €e# M = Pz = Qz) = MultiSync S M P = MultiSync S M Q»
by (cases <M = {#}», simp, induct-tac rule: mset-induct-nonempty) auto

lemma mono-MultiSync-eq2:

(Nz. z € M = P (fz) = Q x) = MultiSync S (image-mset f M) P =
MultiSync S M @Q»

by (cases <M = {#}», simp, induct-tac rule: mset-induct-nonempty) auto

lemmas Multilnter-rec0 = MultiSync-recO[where S = «({})]
and MultiPar-rec0 = MultiSync-recO[where S = (UNIV)]
and Multilnter-recl = MultiSync-recl [where S = «({})]
and MultiPar-recl = MultiSync-recl [where S = (UNIV)]
and Multilnter-add = MultiSync-add[where S = «{})]
and MultiPar-add = MultiSync-add|where S = <UNIV)]
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and mono-MultiInter-eq = mono-MultiSync-eq[where S = «{})]

and mono-MultiPar-eq = mono-MultiSync-eq[where S = <UNIV)]
and mono-Multilnter-eq2 = mono-MultiSync-eq2[where S = «{})]
and mono-MultiPar-eq2 = mono-MultiSync-eq2[where S = <UNIV)]

3.2.3 Some Tests

lemma «MultiSync-list S || P = STOP»
and «MultiSync-list S [a] P = P a
and «MultiSync-list S [a, b) P = P a [S] P b
and «MultiSync-list S [a, b, (] P =P a [S] P b [S] P ©
by simp+

lemma test-MultiSync:
([S] p €# mset |]. Pp) = STOP:
([S] p €# mset [a]. P ) P
([S] p €# mset [a, b]. P ) Pal[S] Pb
([S] p €# mset [a, b, c]. Pp) =P a[S] Pb[S] P e
by (simp-all add: Sync-assoc)

lemma MultiSync-setl: «MultiSync S (mset-set {k::nat..<k}) P = STOP)
by fastforce

lemma MultiSync-set2: «MultiSync S (mset-set {k..<Suc k}) P = P k»
by fastforce

lemma MultiSync-set3:
I < k= MultiSync S (mset-set {l ..< Suc k}) P =
Pl [S] (MultiSync S (mset-set {Suc | ..< Suc k}) P)»
by (simp add: Icc-eg-insert-lb-nat atLeastLess ThanSuc-atLeastAtMost)

lemma test-MultiSync'”:
([S] p €# mset-set {1:int .. 3}. Pp) =P 1 [S] P2 [S] P &
proof —
have «{1::int .. 3} = insert 1 (insert 2 (insert 3 {}))> by fastforce
thus «([S] p €# mset-set {1::int .. 83}. Pp) =P 1 [S] P 2 [S] P 3> by (simp
add: Sync-assoc)
qed

lemma test-MultiSync'”:
([S] p €# mset-set {0:nat .. a}. P p) =
[S] p €# mset-set ({a} U{I .. a} U{0}).P»@
by (metis Un-insert-right atMost-atLeast0 boolean-algebra-cancel.sup0
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image-Suc-lessThan insert-absorb2 insert-is-Un less Than-Suc
lessThan-Suc-atMost less Than-Suc-eg-insert-0)

lemmas test-MultiInter =  test-MultiSync[where S = «{})]
and test-MultiPar =  test-MultiSync[where S = «(UNIV)]
and Multilnter-set] = MultiSync-setl [where S = «{})]
and MultiPar-set] = MultiSync-setl [where S = (UNIV)|
and Multilnter-set2 =  MultiSync-set2[where S = «({}]
and MultiPar-set2 = MultiSync-set2[where S = <UNIV>]
and Multilnter-set3 = MultiSync-set3[where S = «({})]
and MultiPar-set3 = MultiSync-set3[where S = (UNIV)]
and test-MultiInter' = test-MultiSync'[where S = «({})]
and test-MultiPar' = test-MultiSync'[where S = <UNIV)]
and test-Multilnter’ = test-MultiSync'[where S = «({})]
and test-MultiPar'’ = test-MultiSync''[where S = <UNIV)]

3.2.4 Continuity

lemma mono-MultiSync :

(ANv.z e M = PzC Quz)= ([ me# M. Pm)C ([S] me# M. Q
m))

by (cases <M = {#}>, simp, erule mset-induct-nonempty, simp-all add: mono-Sync)

lemmas mono-MultiInter = mono-MultiSync[where S = «({}]
and mono-MultiPar = mono-MultiSync[where S = UNIV]

lemma MultiSync-cont|[simp):
(A\z. 2 €# M = cont (P x)) = cont (A\y. [S] z €# M. P zy)
by (cases <M = {#}>, simp, erule mset-induct-nonempty, simp+)

lemmas Multilnter-cont[simp] = MultiSync-cont[where S = «{}}]
and MultiPar-cont[simp] = MultiSync-cont[where S = <UNIV)]

3.2.5 Factorization of Sync in front of MultiSync

lemma MultiSync-factorization-union:
(M # {#h N # {#}] =
([S] z€# M. P2) [S] ([S] 2z€# N. Pz) =1[S5] 26# (M + N). P »

by (erule mset-induct-nonempty, simp-all add: Sync-assoc[symmetric])

lemmas Multilnter-factorization-union =
MultiSync-factorization-union|where S = «({}]
and MultiPar-factorization-union =
MultiSync-factorization-union|where S = «UNIV)]
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3.2.6 1 Absorbtion

lemma MultiSync-BOT-absorb:
ime# M=Pm=1L= ([S]ze# M. Pz)=L1»
by (metis MultiSync-add MultiSync-recl mset-add Sync-BOT Sync-commute)

lemmas Multilnter-BOT-absorb = MultiSync-BOT-absorb[where S = «{}) ]
and MultiPar-BOT-absorb = MultiSync-BOT-absorb[where S = <UNIV)]

lemma MultiSync-is-BOT-iff:
([SIme# M.Pm)=L1L<+— (Ime# M. Pm= 1)
apply (cases «M = {#}», simp add: BOT-iff-Nil-D D-STOP)
by (rotate-tac, induct M rule: mset-induct-nonempty, auto simp add: Sync-is-BOT-iff)

lemmas Multilnter-is-BOT-iff = MultiSync-is-BOT-iff[where S = «{}» ]
and MultiPar-is-BOT-iff = MultiSync-is-BOT-iff[where S = <UNIV>]

3.2.7 Other Properties

lemma MultiSync-SKIP-id:

([S] r €# M. SKIP r) = (if Ar. set-mset M = {r} then SKIP (THE r. set-mset
M = {r}) else STOP)»

apply (cases «M = {#}>, simp)

apply (induct M rule: mset-induct-nonempty, simp)

by (simp add: subset-singleton-iff split: if-splits)

lemmas  Multilnter-SKIP-id = MultiSync-SKIP-id[where S = «({})]
and MultiPar-SKIP-id = MultiSync-SKIP-id[where S = <UNIV)]

lemma MultiPar-prefiz-two-distincts-STOP:
assumes (m €# M) and «<m’ €# M)» and «<fst m # fst m”
shows «(|| a €# M. (fst a — P (snd a))) = STOP»
proof —
obtain M’ where f2: (M = add-mset m (add-mset m’ M'))
by (metis diff-union-swap insert-DiffM assms)
show «(|| z €# M. (fst t — P (snd z))) = STOP»
apply (simp add: f2, cases <M’ = {#}>, simp add: assms(3) write0-Par-write0)
apply (induct M’ rule: mset-induct-nonempty)
apply (simp add: Sync-commute assms(3) write0-Par-write0)
by simp (metis (no-types, lifting) STOP-Sync-write0 Sync-assoc Sync-commute
UNIV-I)
qed
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lemma MultiPar-prefiz-two-distincts-STOP":
q(m, n) €# M; (m', n') €# M; m # m'] =
(Il (m, n) €e# M. (m — P n)) = STOP»
apply (subst cond-case-prod-eta[where g = <\ z. (fst x — P (snd z)))])
by (simp-all add: MultiPar-prefiz-two-distincts-STOP)

3.2.8 Behaviour of MultiSync with Sync

lemma MultiSync-Sync:
([S] z€# M. P2)[S] ([S] 2z €# M. P'z) =[S] z €# M. (P z [S] P’ z)»
apply (cases <M = {#}>, simp)
apply (induct M rule: mset-induct-nonempty)
by simp-all (metis (no-types, lifting) Sync-assoc Sync-commute)

lemmas Multilnter-Inter = MultiSync-Syncwhere S = «({}]
and  MultiPar-Par = MultiSync-Sync[where S = (UNIV)]

3.2.9 Commutativity

lemma MultiSync-sets-commute:
([Slaec# M. [S]be# N.Pab)=[S]be# N. [SJac# M. Pab
apply (cases «N = {#}>, induct M, simp-all,
metis MultiSync-add MultiSync-recl1 STOP-Sync-STOP)
apply (induct N rule: mset-induct-nonempty, fastforce)
by simp (metis MultiSync-Sync)

lemmas Multilnter-sets-commute = MultiSync-sets-commute[where S = «({})]
and  MultiPar-sets-commute = MultiSync-sets-commute[where S = (UNIV]

3.2.10 Behaviour with Injectivity

lemma inj-on-mapping-over-MultiSync:
ang-on f (set-mset M) =
([S] = €# M. P z) = [S] = €# image-mset f M. P (inv-into (set-mset M) f z)>
proof (induct M rule: induct-subset-mset-empty-single, simp, simp)
case (3 N a)
hence f1: <inv-into (insert a (set-mset N)) f (f a) = a» by force
show ?case
apply (simp add: 3.hyps(2) 3.hyps(3) f1,
rule arg-conglwhere f = <Ax. P a [S] 2])
apply (subst 3.hyps(4), rule inj-on-subset| OF 3.prems],
simp add: subset-insertl)
apply (rule mono-MultiSync-eq)
using 3.prems by fastforce
qed

lemmas inj-on-mapping-over-Multilnter =
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inj-on-mapping-over-MultiSynclwhere S = «{}]
and inj-on-mapping-over-MultiPar =
inj-on-mapping-over-MultiSync[where S = «(UNIV}|

3.3 Multiple Sequential Composition

Because of the fact that SKIP r is not exactly a neutral element for Seq (cf
SKIP ?r; 9P = ¢P
¢P 5 Skip = ?P), we do the folding on the reversed list.

3.3.1 Definition

fun MultiSeg-rev :: «['b list, 'b = ('a, ') processpiick] = ('a, 'r) processpiick?
where MultiSeq-rev-Nil : «MultiSeg-rev [] P = SKIP undefined»
| MultiSeq-rev-Cons : «MultiSeq-rev (I # L) P = MultiSeq-rev L P 5 P Iy

definition MultiSeq :: <['b list, 'b = ('a, 'r) processpiick] = ('a, ') processpiick>
where <MultiSeq L P = MultiSeg-rev (rev L) P»

lemma MultiSeq-Nil [simp] : «MultiSeq || P = SKIP undefined>
and MultiSeq-snoc [simp] : «<MultiSeq (L @ [l]) P = MultiSeq L P ; P Iy
by (simp-all add: MultiSeq-def)

lemma MultiSeqg-elims :
<MultiSeq L P = Q —
(ANP.L=][] = P=P = @ = SKIP undefined = thesis) =
(NNL'P.L=L"Q[l| = P=P = @Q = MultiSeq L' P’ ; P’ | = thesis)
= thesis
by (simp add: MultiSeg-def, erule MultiSeq-rev.elims, simp-all)

syntax -MultiSeq :: «[pttrn, 'b list, 'b = 'r = ('a, 'r) processpiick, '] = ('a, 'r)
Processptick?
((3SEQ -€@-./ )y [78,78,77] 77)
syntax-consts -MultiSeq = MultiSeq
translations SEQ p €Q L. P = CONST MultiSeq L (\p. P)

3.3.2 First Properties
lemma «(SEQ p €Q [|. P p = SKIP undefined) by (fact MultiSeq-Nil)

lemma «SEQ i €Q (L Q[l]). Pi=SEQi€Q L. Pi; P by (fact MultiSeq-snoc)
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lemma MultiSeq-singl [simp] : <SEQ | €@ [Il]. Pl = P I> by (simp add: Multi-
Seg-def)

3.3.3 Some Tests

lemma (SEQ p €Q []. P p = SKIP undefined)
and «(SEQ p €Q [a]. Pp=P w
and «(SEQ p €Q [a, b]. Pp=Paj; P b
and «(SEQ p €Q [a, b,¢]. Pp=Pa; Pb; Po
by (simp-all add: MultiSeq-def)

lemma test-MultiSeq: <(SEQ p €Q [I::int .. 3]. Pp) =P 1; P 2; P %
by (simp add: upto.simps MultiSeq-def)

3.3.4 Continuity

lemma mono-MultiSeq :
(Nz.x€set L= PzC Qz) = SEQlec@Q L. PIC SEQle€Q L. QI
by (induct L rule: rev-induct, simp-all add: fun-belowl mono-Seq)

lemma MultiSeq-cont[simp]:
«(Az. x € set L = cont (P z)) = cont (A\y. SEQ z €Q L. P z y)»
by (induct L rule: rev-induct) simp-all

3.3.5 Factorization of (;) in front of MultiSeq

lemma MultiSeq-factorization-append:
(L2 4[| = SEQpcQLl. Pp; SEQp €@ L2. Pp= SEQpec@ (L1 Q@ L2).
Pp
by (induct L2 rule: rev-induct, simp-all)
(metis (no-types, lifting) MultiSeq-singl MultiSeq-snoc
Seq-assoc append-assoc append-self-conv?2)

3.3.6 1 Absorbtion

lemma MultiSeq-BOT-absorb:

SEQ z€Q (L1 Qa # L2). Pz=SEQz2€QL1. Pz; Lyif <kPa= 1)
proof (cases <L2 = []»)

from (P a = 1) show «L2 = [| = MultiSeq (L1 Q a # L2) P = MultiSeq L1
P 1) by simp
next

show (L2 # [| = MultiSeq (L1 @ a # L2) P = MultiSeq L1 P 5 L)

by (simp add: <P a = Ly flip: Seg-assoc MultiSeq-factorization-append
[of L2 <L1 Q@ [a]», simplified])

qed

3.3.7 First Properties
lemma MultiSeq-SKIP-neutral:
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(SEQ z €Q (L1 Q@ a # L2). P2z =
( if L2 =] then SEQ z €Q L1. P z; SKIP r
else SEQ z €Q (L1 @Q L2). P z)» if <P a = SKIP r)
proof (split if-split, intro conjl impl)
show <L2 = [| = MultiSeq (L1 @ a # L2) P = MultiSeq L1 P ; SKIP r»
by (simp add: <P a = SKIP 1)
next
assume (L2 # [
have (MultiSeq (L1 @ a # L2) P = MultiSeq L1 P ; P a 5 MultiSeq L2 P>
by (metis (mono-tags, opaque-lifting) Cons-eq-appendl MultiSeq-factorization-append
MultiSeg-snoc <L2 # []» append-eg-appendl self-append-conv2)

also have «... = MultiSeq L1 P ; MultiSeq L2 P>
by (simp add: <P a = SKIP 1) flip: Seq-assoc)
also have «... = MultiSeq (L1 @ L2) P»

by (simp add: MultiSeq-factorization-append <L2 # []»)
finally show <MultiSeq (L1 @Q a # L2) P = MultiSeq (L1 @ L2) P) .
ged

lemma MultiSeq-STOP-absorb:
(SEQ z€Q (L1 Qa# L2). Pz=SEQz€QL1.Pz; STOP» if <P a= STOP»
proof (cases <L2 = [])
show «L2 = [| = MultiSeq (L1 Q a # L2) P = MultiSeq L1 P 5 STOP)
by (simp add: <P a = STOP)
next
show (L2 # [| = MultiSeq (L1 Q a # L2) P = MultiSeq L1 P 5 STOP)
by (simp add: <P a = STOP» flip: Seq-assoc MultiSeq-factorization-append
[of L2 <L1 Q@ [a]», simplified])
qed

lemma mono-MultiSeq-eq:
(N\z. z € set L= Pz = Qz) = MultiSeq L P = MultiSeq L ()
by (induct L rule: rev-induct) simp-all

3.3.8 Commutativity

Of course, since the sequential composition P ; @ is not commutative, the
result here is negative: the order of the elements of list L does matter in
SEQ z€QL. P z.

3.3.9 Behaviour with Injectivity

lemma inj-on-mapping-over-MultiSeq:
<ng-on f (set C) =
SEQ z €@ C. Pz = SEQ x €Q map f C. P (inv-into (set C) fz)
proof (induct C rule: rev-induct)
show <inj-on f (set [|) = MultiSeq [| P =
SEQ x€Qmap f []. P (inv-into (set []) fz)> by simp
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next
case (snoc a C)
hence fI: <inv-into (insert a (set C)) f (f a) = a» by force
show ?case
apply (simp add: f1, intro ext arg-conglwhere f = <\z. z 5 P o))
apply (subst snoc.hyps(1), rule inj-on-subset| OF snoc.prems,
simp add: subset-insertl)
using snoc.prems by (auto intro!: mono-MultiSeq-eq)
qed

3.3.10 Definition of first-elem

primrec first-elem :: <['a = bool, 'a list] = nat)
where «first-elem P [| = 0»
| first-elem P (z # L) = (if P x then 0 else Suc (first-elem P L))»

first-elem returns the first index ¢ such that P (L ! i) = True if it exists,
length L otherwise.

This will be very useful later.
value «first-elem (Az. 4 < x) [0::nat, 2, 5]

lemma <first-elem (Az. 5 < z) [0::nat, 2, 5] = 3> by simp
lemma <P ‘ set L C {Fualse} = first-elem P L = length L»> by (induct L; simp)

3.4 The Throw Operator
3.4.1 Definition

The Throw operator allows error handling. Whenever an error (or more
generally any event ev e € ev ¢ A) occurs in P, P is shut down and @Q e is
started.

This operator can somehow be seen as a generalization of sequential com-
position (;): P terminates on any event in ev ‘ A rather than tick (however
it do not hide these events like (;) do for tick, but we can use an additional

AP. P\ A).
This is a relatively new addition to CSP (see [3, p.140]).

lift-definition Throw :: <[('a, 'r) processpiick, 'a set, 'a = (
= (Ya, 'r) processpiick>

is<A\PAQ.

(1, X). (1, X) e FPAsettl Nev ‘A= {}} U

{(t1 @2, X) |t1t2 X. t1 €D P AtFt1 A sett1 Nev A= {} A ftF t2} U

{(t1 @ eva # 12, X) |t1 a t2 X.

t1 Qleval e T PAsettl Nev  A={}ANac AN (t2,X) e F(Qa)},

{t1 Q¢2 |t1t2. t1 € D PANLtFtl ANsettl Nev‘A={} AftF t2} U

{t1 Qeva#t2|t1at2.t1 Qleva]l €T PAsettl Nev‘A={} Na€ AN
t2 € D (Q a)})

‘a, 'r) processpiick]
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proof —
show «?thesis P A @y (is <is-process (?f, ?d)») for P A Q
unfolding is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conv
proof (intro conjl alll implI; (elim conjE)?)
show «([|, {}) € 2> by (simp add: is-processT1)
next
show «(s, X) € ?f = ftF s for s X
apply (simp, elim disjE exE)
apply (metis is-processT)
apply (simp add: front-tickFree-append)
by (metis F-imp-front-tickFree T-nonTickFree-imp-decomp appendl-eq-conv
eventpick-distinct(1)
front-tickFree-Cons-iff front-tickFree-append tickFree-Cons-iff tickFree-append-iff)
next
show «(s @ ¢, {}) € ?of = (s, {}) € ¢f» for s ¢
proof (induct t rule: rev-induct)
case Nil
thus (s, {}) € 2> by simp
next
case (snoc b t)
consider (s @ ¢t @ [b], {}) € F Py «(set s Usett)Nev ‘A= {}h
| t1 t2 where (s @ ¢t @Q [b] = tI Q t2) <t1 € D Py <tF t1» <set tl Nev ‘A
= {}p ftF t2»
| t1 a t2 where <(s Q t Q [b] = t1 Q eva # 12> <11 Q [eva] € T P»
settl Nev “A={p e A «(t2,{}) € F(Qa)
using snoc.prems by auto
thus «(s, {}) € 2»
proof cases
show «((s @t @ [b], {}) € FP= (set sUsett)Nev‘A={} = (s,
e
by (drule is-processT3[rule-format]) (simp add: Int-Un-distrib2)
next
show «[s @ ¢t @ [b] = t1 Q t2;t1 € D P; tF t1; set tl Nev ‘A ={}; ftF
t2]
= (s, {}) € ?f» for t1 2
by (rule snoc.hyps, cases t2 rule: rev-cases, simp-all)
(metis (no-types, opaque-lifting) Int-Un-distrib2 append-assoc is-processT3
is-processT8 set-append sup.idem sup-bot.right-neutral,
metis front-tickFree-dw-closed)
next
show (s @t Q [b] =t Qeva # t2;t1 Qleval €T P;settl Nev ‘A
={k
a € A; (t2,{}) e F(Qa)] = (s, {}) € 9> for t1 a 2
by (rule snoc.hyps, cases t2 rule: rev-cases, simp-all)
(metis T-F is-processT3, metis is-processT3)
qed
qed
next
show (s, V) e of = X C YV = (s, X) e ?rfor s X Y
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by simp (metis is-processT4)
next
fixs XY
assume assms : (s, X) € 9> Ve.ce Y — (s Q [¢], {}) ¢ 2O
consider (s, X) € F Py «set sNev ‘A= {}h
| t1 t2 where <s = t1 Q t2) <t1 € D Py <tF t1) <set t1 Nev ‘ A = {} «ftF

2>
| t1 a t2 where <s =t1 Q eva # 12> <t1 Qleva] € T Py «settl Nev ‘A
={paed (2, X) e F(Qa)
using assms(1) by blast
thus «(s, X U Y) € ?f
proof cases
assume x* : (s, X) € F Py «set sNev ‘A ={}p
have «(s @ [¢], {}) ¢ F P> if <c € Y)» for ¢
proof (cases ¢ € ev * A»)
from x(2) assms(2)[rule-format, OF that]
show «c € ev ‘A = (s Q [c], {}) ¢ F P>
by auto (metis F-T is-processT1)
next
from x(2) assms(2)[rule-format, OF that]
show <c ¢ ev ‘4 = (s Q [c], {}) ¢ F P> by simp
qed
with %(1) is-processT5 have «(s, X U Y) € F P) by blast
with %(2) show «(s, X U Y) € ?f» by blast
next
show «([s =t @ ¢2; t1 € D P; tF t1; set t1 Nev ‘A = {}; ftF t2]
= (s, X U Y) € ?f» for tI t2 by blast
next
fix t1 a t2
assume * : s =t Qeva # 12> «t1 Qeval € T P>
settl Nev ‘A={p «ae€ b «(t2, X) € F (Q a)
have «(t2 Q [c], {}) ¢ F (Qa) if <c€ V) for ¢
using assms(2)[rule-format, OF that, simplified, THEN conjunct2,
THEN conjunct2, rule-format, of a t1 «t2 Q [c]]
by (simp add: (1, 2, 3, 4))
with %(5) is-processT5 have xx : «(t2, X U Y) € F (Q a)» by blast
show «(s, X U Y) € 7
using *(1, 2, 3, 4) =x by blast
ged
next
have x : <(Astl at2r. sQ[/(r)] =tl Qeva# t2 = Ft2". 12 = t2'Q
v ()

by (simp add: snoc-eq-iff-butlast split: if-split-asm)
(metis append-butlast-last-id)
show «(s @ [V ()], {}) € ?of = (s, X — {/(r)}) € ?/» for s r X
apply (simp, elim disjE exE conjE)
apply (solves <simp add: is-processT6»)
apply (metis appendl-eq-conv append-assoc front-tickEree-dw-closed
non TickFree-n-front TickFree non-tickFree-tick tickFree-append-iff)
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by (frule x, elim exE, simp, metis is-processT6)
next
show «[s € 2d; tF s; ftF t] = s Q ¢t € ?d) for s ¢
by (simp, elim disjE)
(meson append-assoc front-tickFree-append tickFree-append-iff,
use append-self-conv?2 is-processT7 tickFree-append-iff in fastforce)
next
show <s € %d = (s, X) € ?f» for s X
by simp (metis is-processT8)
next
show «s Q [V/(r)] € ?2d = s € ?d» for s r
by (simp, elim disjF)
(metis butlast-append butlast-snoc front-tickFree-iff-tickFree-butlast
non-tickFree-tick tickFree-Nil tickFree-append-iff tickFree-imp-front-tickFree,
metis (no-types, lifting) append-butlast-last-id butlast.simps(2) butlast-append
butlast-snoc eventpy;ck.distinct(1) is-processT9 last.simps last-appendR
list.distinct(1))
qed
qed

We add some syntactic sugar.

syntax -Throw :: <[('a, 'r) processpiick, pttrn, 'a set, 'a = ('a, 'r) processpiick) =
('a, ') processprick’
(«((-) © (-€-)./ () [78,78,78,77) T7)
syntax-consts -Throw = Throw
translations P © a € A. Q = CONST Throw P A (Aa. Q)

3.4.2 Projections

lemma F-Throw:
(F(POacA Qa)=
{(t1, X). (¢1, X) e FPAsettl Nev‘A={}} U
{(t1 @2, X) [t1t2X. t1 e DPAtFtl ANsettl Nev ‘A= {} A ftFt2} U
{(t1 @ eva # t2, X) |t1 a t2 X.
t1 Qleval € T PAsettlNev A={}ANac AN (2, X)e F(Qa)}h
by (simp add: Failures.rep-eq FAILURES-def Throw.rep-eq)

lemma D-Throw:

DPOacA Qa)=

{t1 Q2 |t1t2.t1 e D PANtFtl ANsettl Nev‘A={} AftFt2} U

{t1 Qeva#1t2|tlat2. t1 Qleval] € T PAsettl Nev ' A={} Aac AA
t2 €D (Qa)}

by (simp add: Divergences.rep-eq DIVERGENCES-def Throw.rep-eq)

lemma T-Throw:
T (PO acA Qa)=
{t1 € T P.setti Nev‘A={}} U
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{t1 @Q¢2 |t1t2.t1 € D PANLtFtl ANsettl Nev‘A={} AftF t2} U
{t1Q@eva#t2|tlat2. t1 Qleval € T PAsetti Nev A={}Nac AN
t2eT (Qa)p
by (auto simp add: Traces.rep-eq TRACES-def Failures.rep-eq[symmetric] F-Throw)
blast+

lemmas Throw-projs = F-Throw D-Throw T-Throw

lemma Throw-T-third-clause-breaker :
sett N S={};sett’'NS={}ecS;eecl=
tQe#Hu=t'Qe' #u +—t=t'Ne=¢e' Nu=uh
proof (induct t arbitrary: t')
case Nil thus ?case
by (metis append-Nil disjoint-iff hd-append? list.sel(1, 3) list.set-sel(1))
next
case (Cons a t)
show ?case
proof (rule iff)
assume <(a # t) Qe # u=1t" Qe # u
then obtain ¢’ where <t = a # t')
by (metis Cons.prems(1, 4) append-Cons append-Nil disjoint-iff
list.exhaust-sel list.sel(1) list.set-intros(1))
with Cons.hyps Cons.prems «(a # t) Q e # u=1¢"Q e # u’
show (a # t =t'Ae= ¢ A u=u" by auto
next
show«a#t=t'Ne=eNu=u"= (a# t)Qe# u=1t' Qe # u’ by
simp
qed
qed

3.4.3 Monotony

lemma min-elems-Un-subset:
«min-elems (A U B) C min-elems A U (min-elems B — A)»
by (auto simp add: min-elems-def subset-iff)

lemma mono-Throw[simp] : <P ©® a € A. Qa T P' Oac A Q v
if«<PCPrandNa.a€e A—=a€caP)=— Qal Q o
proof (unfold le-approx-def Refusals-after-def, safe)
from le-approxl[OF that(1)] le-approxz-lemma-T[OF that(1)]
le-approx1 [OF that(2)[rule-format]]
show <s € D (PO ac A Q' a) = scD((POac A Qa) for s
by (simp add: D-Throw subset-iff)
(metis events-of-meml in-set-conv-decomp)
next
fix s X
assume assms : s ¢ D (PO ac€ A Qa) «(s,X) e F(POac A Qa)y
from assms(2) consider «(s, X) € F Py <set s Nev ‘A= {}
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| t1 t2 where <s
t2»

| t1 a t2 where <s = t1 Q eva # t2) <t1 Qleva]l € T P> <settl Nev ‘A=
{br«ae€ A (12, X) € F (Q a)

by (simp add: F-Throw) blast

thus «(s, X) e F (P'© a€ A. Q' a)
proof cases

assume * : (s, X) € F Py «set sNev ‘A= {}p

from assms(1)[simplified D-Throw, simplified, THEN conjunctl, rule-format,
of s

t1 @ t2) <t1 € D Py <tF t1y <sett1 Nev ‘A = {}p «ftF

assms(1)[simplified D-Throw, simplified, THEN conjunctl, rule-format, of
<butlast s»]
have *x : <s ¢ D P»

using *(2) apply (cases <tF' s, auto simp add: disjoint-iff)
by (metis (1) D-imp-front-tickFree F-T T-nonTickFree-imp-decomp but-
last-snoc

front-tickFree-append-iff in-set-butlastD is-processT9 list.distinct(1))

show (s, X) e FP=setsNev‘A={} = (s, X) € F (Throw P" A Q")
by (simp add: F-Throw le-approz2[OF that(1) xx])
next

from assms(1) show «[s = t1 Q t2; t1 € D P; tF t1; set t1 Nev ‘A = {};
fF 2]

= (s, X) € F (Throw P" A Q") for t1 t2
by (simp add: F-Throw D-Throw)
next

fix t1 a t2 assume * :

(s =11 Qeva#t2 «tl Qleval €T P»
settl Nev  A={}p «ae€ A «(t2, X) € F (Q a)
from *(2) have *x :

«tF t1y by (simp add: append-T-imp-tickFree)

have xxx : (12, X) € F (Q' a)

using assms(1)[simplified D-Throw, simplified, THEN conjunct2, rule-format,
OF *(4, 3, 2, 1)]

by (metis x(2, 4, 5) events-of-meml last-in-set le-approz2 snoc-eq-iff-butlast
that(2))

have xxxx : «t1 ¢ D P»
apply (rule ccontr, simp,

drule assms(1)[simplified D-Throw, simplified, THEN conjunctl, rule-format,
OF x(3) *x, of <ev a # t2», simplified x(1), simplified])
by (metis x(1) F-imp-front-tickFree assms(2) front-tickFree-append-iff list.discI)
show «(s, X) € F (Throw P" A Q)
by (simp add: F-Throw D-Throw (1))

(metis %(2, 3, 4) sxx sxxx T-F-spec le-approx2 min-elems6 that(1))
qed
next

from le-approx1[OF that(1)] le-approx2[OF that(1)] le-approz2T|[OF that(1)]
le-approx2[OF that(2)[rule-format]]

show «s ¢ D (PO ac A Qa) = (s, X) e F(P'Oac A Q' a)
= (5, X) e F(POac A Qa) for s X

by (simp add: F-Throw D-Throw subset-eq, safe, simp-all)

(metis is-processT8, (metis D-T events-of-meml in-set-conv-decomp)+)
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next
define S-left
where «S-left = {t1 @ ¢2 [t1 t2. t1 € D P AN tF t1 A
settl Nev ‘A ={} A ftF 12}
define S-right
where (S-right = {t1 Q eva # t2 |t1 a t2. 11 Qleval €T P A
settlNev A={}Nac ANt2 €D (Qa)p

have x : «min-elems (D (P © a € A. Q a)) C min-elems S-left U (min-elems
S-right — S-left)»
unfolding S-left-def S-right-def
by (simp add: D-Throw min-elems-Un-subset)
have xx : «min-elems S-left = {t1 € min-elems (D P). set t1 Nev ‘A = {}}
unfolding S-left-def min-elems-def less-list-def less-eq-list-def prefix-def
apply (simp, safe)
apply (solves <meson is-processT7»)
apply (metis (no-types, lifting) append.right-neutral front-tickFree-Nil front-tickFree-append
front-tickFree-nonempty-append-imp inf-bot-right inf-sup-absorb inf-sup-aci(2)
set-append)
apply (metis Int-iff Un-iff append.right-neutral front-tickFree-Nil image-eql
set-append)
apply (metis D-T prefix] same-prefix-nil T-non TickFree-imp-decomp append.right-neutral
front-tickFree-Nil is-processT9 list.distinct(1))
by (metis Nil-is-append-conv append-eq-appendl self-append-conv)

{ fix t1 a 12
assume assms : <t1 Q@ [eval € T Py«settl Nev ‘A= {} <ae A
«t2 € (D (Q a))y <t Q ev a # t2 € min-elems S-righty «t1 Q ev a # t2 ¢
S-left
have («t2 € min-elems (D (Q a))
<t1 Q [ev a] € D P = t1 Q [ev a] € min-elems (D P)»
proof (all <rule ccontry)
assume <t2 ¢ min-elems (D (Q a))
with assms(4) obtain t2’ where <2’ < t2» «t2' € D (Q a)>
unfolding min-elems-def by blast
hence <t1 Q ev a # t2' € S-right> <t1 Q eva # t2' < t1 Q ev a # t2»
unfolding S-right-def using assms(1, 2, 3) by auto
with assms(5) min-elems-no nless-le show False by blast
next
assume <t/ Q [ev a] € D Py «t1 Q [ev a] ¢ min-elems (D P)»
hence «t1 € D P» using min-elems! by blast
with «t1 Q [ev o] € D P> have «t1 Q ev a # t2 € S-lefty
apply (simp add: S-left-def)
by (metis D-imp-front-tickFree T-nonTickFree-imp-decomp appendl-eq-conv
assms(1)
assms(2, 4) eventpic.distinct(1) front-tickFree-Cons-iff tickFree-Cons-iff
tickFree-append-iff)
with assms(6) show False by simp
ged
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} note xxx = this
have xxxx : (min-elems S-right — S-left C
{t1 Qeva#t2|tlat2. t1 Qleval € T P—-DPA
settl Nev  A={} ANae€AANLt2ec minelems (D (Q a))} U
{t1 @ ev a # 12 |t1 a t2. t1 Q [ev a] € min-elems (D P) A
settl Nev A={} ANa€ AAt2 e minelems (D (Q a))}
apply (intro subsetl, simp, elim conjE)
apply (frule set-mp|OF min-elems-le-self], subst (asm) (2) S-right-def)
using xxx by fast

fix s
assume assm: <s € min-elems (D (P © a € A. Q a))»
from set-mp[OF *, OF this]
consider (s € min-elems (D P)» <set sNev ‘A ={}p
| t1 a t2 where <s = t1 Q eva # t2) <settl Nev ‘A ={}p <a€ A 2 €
min-elems (D (Q a))
<t1 Q [ev a] € min-elems (D P)V t1 Q[eva]l € T P A tl Q[eva] ¢ D P»
using sxxx by (simp add: *x) blast
thus«<s €T (PP©ac A Q' a)
proof cases
show <s € min-elems (D P) = set sNev ‘A ={} = s T (Throw P' A
Q")
by (drule set-mp[OF le-approx3|OF that(1)]], simp add: T-Throw)
next
fix t1 a t2
assume skkkk 0 (s = t1 Q eva # 2> «settl Nev ‘A ={}b a€ A 2 €
min-elems (D (Q a))»
<t1 Q [ev a] € min-elems (D P)V t1 Q[eva] € T P A tl Q[eva] ¢ D P»
have (t1 Q [eval € T P'AN12 € T (Q' a)
by (meson xxxxx(3—5) D-T events-of-meml in-set-conv-decomp le-approx2T
le-approz-def subsetD that)
with sxxxx show «s € T (Throw P A Q')
by (simp add: T-Throw) blast
qed
qed

lemma mono-Throw-eq :
(Na.a e A= aca(P)= Qa= Q' a) =
POacA Qa=POac A Q w
by (subst Process-eg-spec) (auto simp add: Throw-projs events-of-meml)

3.4.4 Properties

lemma Throw-STOP [simp] : <STOP © a € A. Q a = STOP»
by (auto simp add: STOP-iff-T T-Throw T-STOP D-STOP)

lemma Throw-is-STOP-iff : <P © a € A. Q a = STOP <— P = STOP:
proof (rule iffT)
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show (P = STOP) if <P © a € A. Q a = STOP»
proof (rule ccontr)
assume <P # STOP»
then obtain ¢ where <t # []» <t € T P> by (auto simp add: STOP-iff-T)
hence ¢[hd t| € T P>
by (metis append-Cons append-Nil is-process T3-TR-append list.sel(1) neg-Nil-conv)
hence ([hdt] € T (P O a € A. Q a)) by (auto simp add: T-Throw Cons-eg-append-conv)
with <P © a € A. Q a = STOP) show Fulse by (simp add: STOP-iff-T)
qed
next
show (P = STOP = P © a € A. Q a = STOP> by simp
qed

lemma Throw-SKIP [simp] : <SKIPr © a € A. Q a = SKIP 1)
by (auto simp add: Process-eq-spec F-Throw F-SKIP D-Throw D-SKIP T-SKIP)

lemma Throw-BOT [simp] : <L © a € A. Qa= 1)
by (simp add: BOT-iff-Nil-D D-Throw D-BOT)

lemma Throw-is-BOT-iff: <P © a € A. Qa=1+— P =1,
by (simp add: BOT-iff-Nil-D D-Throw)

lemma Throw-empty-set [simp] : <P © a € {}. Qa= P>
by (auto simp add: Process-eq-spec F-Throw D-Throw intro: is-processT7 is-processT8)
(metis append.right-neutral front-tickFree-nonempty-append-imp
non TickFree-n-front TickFree process-charn snoc-eq-iff-butlast)

lemma Throw-is-restrictable-on-events-of :
(POacA Qa=P0Oac(Ana(P)). Qa (is «?lhs = ?rhsy)
— A stronger version where «(P) is replaced by a(P) U {a. It. t Q [ev a] €
min-elems (D P)} is probably true.
proof (cases <D P = {}»)
show < ?lhs = 2rhsy if <D P = {}»
proof (rule Process-eq-optimizedl)
fix t assume <t € D ?lhs
with <D P = {}» obtain tI a t2
where  : <t = t1 Q eva # 12> <t Qeval €T P>
settl Nev‘ A={}p «ae€ A «t2 € D(Q a)
unfolding D-Throw by blast
from %(8) have «set t1 Nev ‘(A N a(P)) = {} by blast
moreover from *(2, 4) have <a € A N a(P)> by (simp add: events-of-meml)
ultimately show <t € D ?rhs) using *(1, 2, 5) by (auto simp add: D-Throw)
next
fix t assume <t € D ?rhs)
with <D P = {}> obtain ¢ a t2
where % : <t = {1 Q eva # t2) «t1 Q [eval € T P>
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settl Nev ‘(AN a(P))={p <a€e Ana(P) «t2 € D (Q a)
unfolding D-Throw by blast
from *(2, 3) events-of-memlI have <set t1 N ev * A = {}» by fastforce
with x(1, 2, 4, 5) show <t € D ?lhs» by (auto simp add: D-Throw)
next
fix ¢t X assume «(¢, X) € F ?lhs»
with <D P = {}» consider (¢, X) € F Py «settNev ‘A= {}h
| (failR) t1 a t2 where <t = t1 Q eva # t2> <t1 Qeva] € T P>
settl Nev “A={p aec b «(t2, X) € F(Q a)
unfolding F-Throw by blast
thus «(t, X) € F %rhs
proof cases
show «(t, X) e FP= settNev ‘A={} = (t, X) € F ?rhs
by (simp add: F-Throw disjoint-iff image-iff)
next
case failR
from failR(3) have <set t1 N ev ‘ (A N «a(P)) = {}» by blast
moreover from failR(2, /) have <a € AN a(P)) by (simp add: events-of-memlI)
ultimately show «(t, X) € F %rhs) using failR(1, 2, 5) by (auto simp add:
F-Throw)
qed
next
fix t X assume «(t, X) € F rhs
with <D P = {}> consider «(t, X) € F P> <set t Nev ‘(AN a(P)) ={p
| (failR) t1 a t2 where <t = t1 Q eva # t2)> <t1 Qeva]l € T P>
settl Nev ‘(AN a(P))={}p <ae A
<a € a(P)y «(t2, X) € F (Q a)
unfolding F-Throw by blast
thus (¢, X) € F ?lhs)
proof cases
assume <(t, X) € F Py«settNev ‘(AN alP)) ={h
from «(¢t, X) € F P> have <t € T P> by (simp add: F-T)
with «set t N ev ‘ (A N a(P)) = {}> events-of-meml
have «set t N ev ‘ A = {}» by fast
with «(t, X) € F P> show «(t, X) € F ?lhs» by (simp add: F-Throw)
next
case failR
from failR(2, 8) events-of-memlI have <set t1 N ev * A = {}» by fastforce
with failR(1, 2, /—6) show «(t, X) € F ?lhs> by (auto simp add: F-Throw)
qed
qed
next
assume D P # {}
hence «a(P) = UNIV» by (simp add: events-of-is-strict-events-of-or-UNIV')
thus <?lhs = ?rhsy by simp
qed

lemma Throw-disjoint-events-of: <A N a(P)={} = PO ac€c A Qa=P
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by (metis Throw-empty-set Throw-is-restrictable-on-events-of)

3.4.5 Continuity

context begin

private lemma chain-Throw-left : <chain Y = chain (A\i. Yi O a € A. Q a)
by (simp add: chain-def)

private lemma chain- Throw-right : <chain Y => chain (\i. P © a € A. Y i a)
by (simp add: chain-def fun-belowD)

private lemma cont-left-prem-Throw :
(] Yi)OaceAd Qa=(]4 YiOac A Qa)
(is «<%lhs = ?rhsy) if <chain Y»
proof (subst Process-eq-spec-optimized, safe)
show (s € D ?lhs = s € D ?rhs) for s
by (auto simp add: limproc-is-thelub <chain Y» chain-Throw-left D-Throw
T-LUB D-LUB)
next
fix s
define S
where «S i = {t1.3t2. s=1t1 Q t2 AN t1 € D (Y i) A tickFree t1 A
set t1 Nev ‘A ={} A front-tickFree t2} U
{t1.3at2.s=1t1 Qeva#t2ANtl Qleval €T (Yi)A tickFree
t1 A
settiNev ‘ A={}Nac ANt2 €D (Qa)} for i
assume <s € D ?rhs)
hence ftF: (front-tickFree s» using D-imp-front-tickFree by blast
from <s € D ?rhs) have <s € D (Yi© a € A. Q a) for ¢
by (simp add: limproc-is-thelub D-LUB chain- Throw-left <chain Y)
hence «S i # {}» for i by (simp add: S-def D-Throw)
(metis append-T-imp-tickFree not-Cons-self2)
moreover have «finite (S 0)»
unfolding S-def by (prove-finite-subset-of-prefizes s)
moreover have S (Suc i) C S i for ¢
unfolding S-def apply (intro alll Un-mono subsetl; simp)
by (metis in-mono le-approzl po-class.chainE <chain Y»)
(metis le-approz-lemma-T po-class.chain-def subset-eq <chain Y)
ultimately have (. S i) # {}
by (rule Inter-nonempty-finite-chained-sets)
then obtain ¢/ where % : Vi. t1 € S
by (meson INT-iff ex-in-conv iso-tuple-UNIV-I)
show «s € D ?lhs»
proof (cases <Jjat2. s=1t1 Qeva# t2ANtl Qleval €T (Yj)ANa€ AN
t2 € D (Q a))
case True
then obtain j a t2 where *x : <s =t Q eva # t2) «t1 Qleval € T (Y i)
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<a € Ay <t2 € D (Q a)) by blast
from * xx(1) have Vi. t1 Q [eva] € T (Y i)
by (simp add: S-def) (meson D-T front-tickFree-single is-processT7)
with * xx(1, 3, 4) show «s € D ?lhs)
by (simp add: S-def D-Throw limproc-is-thelub <chain Y> T-LUB) blast
next
case Fulse
with x« have Vi. 3¢2. s =11 Q t2 A t1 € D (Y i) A front-tickFree 2>
by (simp add: S-def) blast
hence 3t2. s = t1 Q t2 AN (Vi. t1 € D (Y i) A front-tickFree t2> by blast
with x show «s € D ?lhs)
by (simp add: S-def D-Throw limproc-is-thelub <chain Y> D-LUB) blast
qed
next
show «(s, X) € F ?lhs => (s, X) € F %rhs» for s X
by (auto simp add: limproc-is-thelub <chain Y chain-Throw-left F-Throw
F-LUB T-LUB D-LUB)
next
assume same-div : <D ?lhs = D ?rhs)
fix s X assume «(s, X) € F ?rhs
show «(s, X) € F ?lhs»
proof (cases <s € D ?rhs»)
show <s € D ?rhs = (s, X) € F ?lhs» by (simp add: is-processT8 same-div)
next
assume <s ¢ D ?rhs)
have (Va€A. Q a C Q a>» by simp
moreover from (s ¢ D ?rhs) obtain j where «<s ¢ D (Yj© a € A. Q a)
by (auto simp add: limproc-is-thelub chain-Throw-left <chain Y» D-LUB)
moreover from (s, X) € F ?rhs» have (s, X) € F(YjO a € A. Q a)
by (simp add: limproc-is-thelub chain-Throw-left <chain Y> F-LUB)
ultimately show (s, X) € F ?lhs
by (meson is-ub-thelub le-approz2 mono-Throw <chain Y)
qed
qed

private lemma cont-right-prem-Throw :

«(POacA (||i Yia)=(]i POacA Yiap

(is «<?lhs = ?rhsy) if <chain Y
proof (subst Process-eq-spec-optimized, safe)

show «s € D ?lhs = s € D ?rhs) for s

by (simp add: limproc-is-thelub <chain Y chain-Throw-right ch2ch-fun[OF

<chain Y] D-Throw D-LUB) blast
next

fix s

assume <s € D ?rhs

define S

where «S i = {t1.3t2. s=1t1 Q2 Nt1 € D P A tFtl A
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settl Nev ‘A ={} A ftF t2} U
{t1.3at2.s=11 Qeva#t2ANtl Qleval €T PA
settiNev‘ A={}Na€ ANt2 €D (Yia)p for i
assume <s € D ?rhs)
hence <s € D (PO ac A Yia) for i
by (simp add: limproc-is-thelub D-LUB chain-Throw-right <chain Y)
hence (S i # {}» for i by (simp add: S-def D-Throw) metis
moreover have «finite (S 0)»
unfolding S-def by (prove-finite-subset-of-prefizes s)
moreover have «S (Suc i) C S ¢ for ¢
unfolding S-def apply (intro alll Un-mono subsetl; simp)
by (metis fun-belowD le-approxl po-class.chainE subset-iff <chain Y»)
ultimately have (. S i) # {}
by (rule Inter-nonempty-finite-chained-sets)
then obtain ¢! where Vi. t1 € S
by (meson INT-iff ex-in-conv iso-tuple-UNIV-I)
then consider «t1 € D Py «tF t1»
settl Nev ‘A= {}p 3t2. s =11 Q t2 N ftF t2»
| <sett1 Nev ‘A= {p
NVi.Jat2. s=tl Qeva# t2ANt1 Qleval] e T PANac ANt2e€D (Y
a)
by (simp add: S-def) blast
thus <s € D ?lhs
proof cases
show «t1 € D P = tickFree t1 = set t1 Nev ‘A ={} =
Jt2. s = t1 Q t2 A front-tickFree t2 — s € D ?lhs»
by (simp add: D-Throw) blast
next
assume assms: <set t1 Nev ‘A ={}p
NVi.Jdat2. s=t1l Qeva#t2 N1l Qleval €T PA
a€ ANt2eD (Yia)
from assms(2) obtain a t2
where x : <s =t Q eva # t2) <t1 Q[eva] € T P> <a € A by blast
with assms(2) have «Vi. t2 € D (Y i a)) by blast
with assms(1) *(1, 2, 3) show «s € D ?lhs)
by (simp add: D-Throw limproc-is-thelub <chain Y» ch2ch-fun D-LUB) blast
qed
next
show «(s, X) € F ?lhs = (s, X) € F %rhs) for s X
by (simp add: limproc-is-thelub <chain Y> chain-Throw-right ch2ch-fun[OF
<chain Y>] F-Throw F-LUB T-LUB D-LUB) blast
next
assume same-div : <D ?lhs = D ?rhs)
fix s X assume <(s, X) € F Zrhs
show «(s, X) € F ?lhs»
proof (cases <s € D ?rhs»)
show «s € D %rhs = (s, X) € F ?lhs» by (simp add: is-processT8 same-div)
next
assume <s ¢ D ?rhs
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have Va€A. Yia C (| |i. Yia) for i by (metis ch2ch-fun is-ub-thelub <chain
)
moreover from <s ¢ D ?rhs> obtain j where <s ¢ D (PO a € A. Yja)
by (auto simp add: limproc-is-thelub chain-Throw-right <chain Y» D-LUB)
moreover from (s, X) € F ?rhs» have (s, X) e F (PO a€ A. Yja)
by (simp add: limproc-is-thelub chain-Throw-right <chain Y F-LUB)
find-theorems <chain (Aa. ?P))
ultimately show (s, X) € F ?lhs»
by (metis (mono-tags, lifting) below-refl le-approx2 mono-Throw)
qed
qed

lemma Throw-cont[simp] :
assumes cont-f : <cont f> and cont-g : <V a. cont (g a)
shows <cont (Az. fr © a € A. ga z)
proof —
have * : «cont (A\y. y © a € A. g a z)» for z
by (rule contl2, rule monofunl, solves simp, simp add: cont-left-prem-Throw)
have «\y. cont (Throw y A)»
by (simp add: contI2 cont-right-prem-Throw fun-belowD lub-fun monofunI)
hence *x : <cont (A\z. y © a € A. g a x)) for y
by (rule cont-compose) (simp add: cont-g)
show ?thesis by (fact cont-apply[OF cont-f x *x))
qed

end

3.5 The Interrupt Operator
3.5.1 Definition

We want to add the binary operator of interruption of P by @Q: it behaves
like P except that at any time () can take over.

The definition provided by Roscoe [3, p.239] does not respect the invariant
is-process: it seems like tick is not handled.

We propose here our corrected version.

lift-definition Interrupt :: <[('a, 'r) processpiick, ('a, 'r) processpiick] = ('a, 'r)
processpiick> (Infixl <A 81)
is (AP Q.

{ta v, X)|trX.tQ[/(r)] €T P} U
{t, X —{v(m}) trX.t@[/(r)] €T P} U
{(t, X). (t, X) e FPAttFt AN (], X) € F Q} U
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{tQu, X) [tuX.teT PAtFtA(u, X) EF QAu#I[}U
{t, X —{vV(nN}H) |trX.t €T PAtFtAN[V(r)] €T Q} U
{(t, X). t e D P} U
tQu, X)[tuX.teT PANtFtANuweDQ},
DPU{tQultu.teT PANtFtANueDQ})
proof —
show «?thesis P Q>
(is «is-process (2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7, 2d1 U 2d2))) for P
Q
unfolding is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conv
proof (intro conjl alll impl)
have «([], {}) € 9/%> by (simp add: is-processT1)
thus «([], {}) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U ?f7» by fast
next
show «(t, X) € 2f1 U 2f2 U 2f3 U 2f/ U 2f5 U 2f6 U 97 = ftF t» for t X
by (simp add: is-processT2 D-imp-front-tickFree front-tickFree-append)
(meson front-tickFree-append front-tickFree-dw-closed is-processT2-TR pro-
cess-charn)
next
fix tu
show «(t @ u, {}) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U ?2f6 U 27 =
(t, {}) € 2f1 U 2f2 U 23 U 2f4 U 2f5 U 2f6 U 2fT»
proof (induct u rule: rev-induct)
show «(t @[], {}) € 2f1 U 2f2 U 2f3 U 24 U 2f5 U 2f6 U 27 =
(t, {}) € 2f1 U 2f2 U 2f3 U 2f/ U 2f5 U 2f6 U ?f7» by simp
next
fix a u
assume assm : (t Q u @ [a], {}) € 2f1 U 2f2 U 2f3 U 2f, U 2f5 U 2f6 U
of7T>
and hyp: «(t Qu, {}) € 9f1 U 92 U 2f3 U 2f4 U 2f5 U 2f6 U 2f71 —
(t, {}) € 2f1 U 2f2 U 2f3 U 24 U 2f5 U 2f6 U 2fT»
from assm have «(t @ w Q [a], {}) € 91 V (t @ uw @ [a], {}) € 22 V
(tQu@la,{}H)e?93Vv(tQuaQla,{}) €24V (tQuQIla,{}) € 75

(t@Qu@Qlal, {}) € 26V (tQuaqlal, {}) € /7> by fast
thus «(¢, {}) € 21 U 22 U 2f3 U 2f4 U 2f5 U 2f6 U 27>
proof (elim disjE)
assume (¢t Q@ u Q@ [a], {}) € 2f1»
hence «(t, {}) € 2/3»
by simp (meson T-F append-T-imp-tickFree is-processT snoc-eq-iff-butlast)

thus «(t, {}) € 2f1 U 2f2 U 2f3 U 2/ U 2f5 U 2f6 U 2f7> by blast
next
assume ((t Q@ y Q [a], {}) € 2f2>
hence (¢, {}) € /3>
by simp (metis T-F Nil-is-append-conv append-T-imp-tickFree is-processT
list.discI)
thus «(t, {}) € 2f1 U 2f2 U 2f3 U 2f, U 2f5 U 2f6 U 2f7> by blast

next
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assume (t Q y @ [qa], {}) € 2f3
with is-processT3 have «(t, {}) € 2f3» by simp blast
thus (¢, {}) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7> by blast
next
assume (¢t Q@ v @ [a], {}) € 2/
then obtain ¢’ u’
where x : <t Qu=¢'Qu" «t' €T P «tFth «(v'Q[a], {}) € F ®
by simp (metis butlast-append last-appendR snoc-eq-iff-butlast)
show «(t, {}) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7»
proof (cases <u’ = [])
assume (v’ = [
with (1, 2, 3) have «(t, {}) € 7%
by simp (metis T-F process-charn tickFree-append-iff)
thus (¢, {}) € 2f1 U 2f2 U 2f3 U 24 U 2f5 U 2f6 U 2f7> by blast
next
assume <u’' # []»
with x is-processT3 have «(t @Q u, {}) € ?f/> by simp blast
thus «(¢, {}) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7> by (intro hyp)
blast
qed
next
assume (t Q y @ [a], {}) € 2f5>
hence (¢, {}) € 7/3> by simp (metis T-F process-charn)
thus (¢, {}) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7) by blast
next
assume (¢t @ u @ [a], {}) € 2f6>
hence (¢, {}) € %
by simp (meson D-T append-T-imp-tickFree process-charn snoc-eq-iff-butlast)
thus (¢, {}) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7) by blast
next
assume <(t @ v Q [a], {}) € 2/
then obtain ¢’ v’
where * : <t Q u @Q [a] = t' Q@ u"» <t' € T Py <tF t" «uv' € D Q> by blast
hence «(t @ u, {}) € (if length u’' < 1 then ?f3 else ?f})»
apply (cases u’ rule: rev-cases; simp)
by (metis T-F append-assoc process-charn tickEree-append-iff)
(metis D-T T-F is-processT3)
thus «(t, {}) € 2f1 U 2f2 U 2f3 U 2f/ U 2f5 U 2f6 U 21>
by (intro hyp) (meson Unll Unl2)
qed
qed
next
fixt XY
assume assm : (t YYe?ftu22U0 23U 2% U2f(5U26U2TANXCY)
hence «(t, Y)Y e ?f1 v (t, Y) e 92V (t, Y) e 2f3V (¢, Y) € 2f4 v
(t, Y) e ?f5 V(t, Y)e 2f6 v (t, Y)e 7 by fast
thus (¢, X) € 2f1 U 2f2 U 2f8 U 2f4 U 2f5 U 2f6 U 2f7>
proof (elim disjE)
assume «(¢, Y) € ?f1»
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hence «(t, X) € ?f1)> by simp
thus (¢, X) € 2f1 U 2f2 U 23 U 2f/ U 2f5 U 2f6 U 2f7> by blast
next
assume «(t, V) € 2f2»
with assm[THEN conjunct2] have (t, X) € 2f2» by simp blast
thus «(t, X) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U ?f7> by blast
next
assume «(t, Y) € 2f3»
with assm|[THEN conjunct2] is-processT4 have «(t, X) € 2f3> by simp blast
thus «(t, X) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 27> by blast
next
assume «(t, Y) € 2f)»
with assm|[THEN conjunct2] is-processT4 have «(t, X) € ?f/» by simp blast
thus «(t, X) € 2f1 U 2f2 U 2f3 U 2 U 2f5 U 2f6 U 27> by blast
next
assume «(t, Y) € 2f5)
with assm[THEN conjunct2] have «(t, X) € 2f5» by simp blast
thus (¢, X) € 2f1 U 22 U 23 U 2f4 U 2f5 U 2f6 U ?f7> by blast
next
assume «(t, Y) € 2f6»
hence «(t, X) € 2f6» by simp
thus «(t, X) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U ?2f7> by blast
next
assume «(t, Y) € 2f1»
hence «(t, X) € 2f7» by simp
thus «(t, X) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U ?f7> by blast
qed
next
fixtXY
assume assm : <(t, X) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7 A
Ve.ce Y — (tQ [, {}) ¢ 971 U 2f2 U 2f3 U 24 U 2f5 U 2f6
U 2f7)
have «(t, X) € ?f1 v (t, X) € 22 v (t, X) € 23V (t, X) € ?f4 V
(t, X) € 2f5 v (t, X) € 2f6 V (¢, X) € 2f7> using assm|[THEN conjunct1]
by fast
thus «(t, X U Y) € 2f1 U 22U 23 U 2/ U 2f5 U 2f6 U 271>
proof (elim disjE)
assume «(t, X) € 2f1»
hence «(t, X U Y) € ?f1) by simp
thus «(t, X U Y) € 21 U 22 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7» by blast
next
assume «(t, X) € 7f2)
with assm[THEN conjunct2] have ¢(t, X U Y) € 2f2»
by simp (metis Diff-insert-absorb Un-Diff)
thus «(¢t, X U Y) € 2f1 U 2f2 U 2f3 U 2f/ U 2f5 U 2f6 U ?f7> by blast
next
assume «(t, X) € 7f3»
with assm[THEN conjunct2] have ¢(t, X U Y) € 2/3»
by simp (metis F-T T-F T-nonTickFree-imp-decomp appendl-eq-conv ap-
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pend-Nil eventyci.distinct-disc(2)
is-processT5-S7" list.distinct(1) tickFree-Cons-iff tickFree-append-iff)
thus «(t, X U Y) € 2f1 U 2f2 U 2f3 U 2/ U 2f5 U 2f6 U 2f7> by blast
next
assume «(t, X) € 94>
with assm[THEN conjunct2] have «(¢t, X U Y) € 2f}»
by simp (metis append.assoc append-is-Nil-conv is-processT5)
thus «(t, X U Y) € 2f1 U 22U 2f3 U 2f/ U 2f5 U 2f6 U 2f7> by blast
next
assume <(t, X) € 75
with assm[THEN conjunct2] have «(¢t, X U Y) € 2f5)
by simp (metis Diff-empty Diff-insert0 T-F Un-Diff not-Cons-self)
thus (¢, X U Y) € 2f1 U 2f2 U 23 U 2f/ U 2f5 U 2f6 U ?f7> by blast
next
assume <«(t, X) € ?f6»
hence ¢(t, X U Y) € 2f6) by simp
thus «(t, X U Y) € 2f1 U 2f2 U 23 U 2f4 U 2f5 U 2f6 U 2f7> by blast
next
assume «(t, X) € 2f1»
hence (¢, X U Y) € 2f7) by simp
thus «(t, X U Y) € 2f1 U 2f2 U 2f3 U 2/ U 2f5 U 2f6 U ?f7> by blast
qed
next
fixtrX
have = : «(t @ [V (r)], {}) & 2f2 U 2f3 U 2f5)
by simp (metis T-imp-front-tickFree front-tickFree- Cons-iff front-tickFree-append-iff
non-tickFree-tick tickFree-Cons-iff tickFree-Nil)
assume (¢t Q@ [V (r)], {}) € 2f1 U 2f2 U 2f3 U 24 U 2f5 U 2f6 U 2f7»
with x have <(t Qr,{He?frtvigav(n,{}) eV
(ta V() 1} € 76 v (t @ ()], {}) € 77> by fast
thus (¢, X — {V(r)}) € 2f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 27>
proof (elim disjE)
assume <(¢t @ [V (r)], {}) € 7>
hence «(t, X — {V/(r)}) € 22> by blast
thus (¢, X — {V/(r)}) € 2f1 U 2f2 U 2f3 U 2f/ U 2f5 U 2f6 U ?f7> by blast
next
assume (¢t Q [V ()], {}) € )
then obtain ¢’ v’
where xx : <t =t' Q@ u <t' € T Py <tF th «(v' @ [V(1)], {}) € F @
by simp (metis butlast-append last-appendR snoc-eq-iff-butlast)
hence «(t, X — {V/(r)}) € (if u’ =[] then 25 else 2f4})>
by simp (metis F-T process-charn self-append-conv2)
thus «(t, X — {V/(r)}) € 2f1 U 2f2 U 23 U 2f4 U ?2f5 U 2f6 U 27> by
(meson UnCI)
next
assume «(t Q [V ()], {}) € ?/6>
with is-processT9 have <t € D Py by fast
thus «(t, X — {V(r)}) € 9f1 U 2f2 U 2f3 U 2f4 U 2f5 U 2f6 U 2f7> by blast

next
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assume <(t @ [V (r)], {}) € oD
then obtain ¢’ v’
where *x : <t Q [/ ()] = t' Q u) «t' € T Py <«tF t"» <u’ € D @ by blast
from (1, 3, /) obtain u" where v/ = v” Q [/ (r)]y <u" @ [V (r)] € D Q@
by (cases u’ rule: rev-cases) auto
with #x(1) is-processT9 have <t = t' Q v A u” € D @ by force
with *x(2, 3) have «(t, X — {V(r)}) € 2f7> by simp blast
thus «(t, X — {V(r)}) € 21 U 2f2'U 23 U 24 U 2f5 U 2f6 U ?f7> by blast
qged
next
show «t € 2d1 U 2d2 NtFt N ftFu =t @Qu € 2d1 U ?d2) for t u
apply (simp, elim conjE disjE exE)
by (solves <simp add: is-processT7»)
(meson append.assoc is-processT7 tickFree-append-iff)
next
show «t € 2d1 U 2d2 = (t, X) € 2f1 U 2f2 U 2f8 U 2f4 U 2f5 U 2f6 U 217>
for ¢t X
by blast
next
fix tr
assume <t Q [V(r)] € 2d1 U 2d2)
then consider «t Q [V (r)] € ?d1» | <t Q [V/(r)] € 2d2> by blast
thus «¢t € 9d1 U 2d2»
proof cases
assume <t Q [/ (r)] € 2d1>
hence <t € 2d1) by (fact is-processT9)
thus <t € 2d1 U 2d2» by blast
next
assume <t Q [V (r)] € 2d2»
then obtain ¢’ v’
where xx : <t Q [/ (r)] = t' Q u) <t' € T Py <tF t» <u’ € D @ by blast
from (1, 3, /) obtain u" where (v’ = v” Q [V (r)]y <u" @ [V (r)] € D Q@
by (cases u’ rule: rev-cases) auto
with xx(1) is-processT9 have <t = t' Q v A u” € D @ by force
with xx(2, 8) have <t € 2d2) by simp blast
thus «¢t € 2d1 U 2d2) by blast
qed
qed
qed

3.5.2 Projections

lemma F-Interrupt :

WF(PAQ) =

{tQ@[v(n)], X) |trX.t@[/(r) eT P}U
{t, X —{/(n)}) trX.tQ[/(r) €T P} U
{(t, X). (t, X) € FPAtFtA ([, X) € F Q} U
{tQu, X)[tuX. teTPAtFtAN(u, X)eFQAu#I[}U
{t, X = {/("}) [tr X.teT PAtFtAN[/(r)]eT QU
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{(t, X).te D P} U
{tQu, X) [tuX.teT PANtFtANueDQp
by (simp add: Failures.rep-eq FAILURES-def Interrupt.rep-eq)

lemma D-Interrupt :
DPAQ=DPU{tQultu.teT PANtFtANueDQh
by (simp add: Divergences.rep-eq DIVERGENCES-def Interrupt.rep-eq)

lemma T-Interrupt :
T (PAQ=TPU{tQu|tu.teT PANtFtANueT Qp
apply (simp add: Traces.rep-eq TRACES-def F-Interrupt flip: Failures.rep-eq)
apply (safe, simp-all add: is-processT8)
apply (meson is-processT4-empty is-processT6)
apply auto[2]
apply (metis is-processT8)
apply (metis is-processT4-empty nonTickFree-n-frontTickFree process-charn)
by (metis append.right-neutral is-processT4-empty tickFree-Nil)

lemmas Interrupt-projs = F-Interrupt D-Interrupt T-Interrupt

3.5.3 Monotony

lemma mono-Interrupt : <P A Q T P' A Q" if <P C P» and «Q C Q"
proof (unfold le-approx-def, intro conjl alll impl subsetl)
show <s e D (P'A Q) = se D (P A Q) for s
using <P T P»[THEN le-approx1] «Q T Q"»[THEN le-approx1]
(P C PH[THEN le-approz2T| D-T by (simp add: D-Interrupt) blast
next
show <s ¢ D(PA Q)= R, (PA Q)s=R, (P'A Q) s for s
apply (simp add: D-Interrupt Refusals-after-def F-Interrupt,
intro subset-antisym subsetl; simp, elim disjE)
apply (metis le-approz2T <P C P")
apply (metis is-processT9 le-approz2T <P T P")
apply (metis F-T append.right-neutral le-approz2 <P C P’ «Q C Q")
apply (metis is-processT2 is-processT7 le-approz2T proc-ord2a <P T
P «QC Q")
apply (metis append-Nil2 is-processT9 le-approx2T self-append-conv2 <P
CPh QL Q)
apply metis
apply (metis le-approz2T <P T P")
apply (metis le-approz-lemma-T subset-eq <P T P")
apply (metis is-processT8 le-approz2 <P T P’y «Q C Q")
apply (metis is-processT2 is-processT7 le-approx2 le-approx2T <P T Py <Q
C Q)
apply (metis D-T le-approz2T <P C P’ «Q C Q")
apply (metis in-mono le-approzl <P C P’)
by (metis le-approxl le-approx2T process-charn subsetD <P T P «Q T Q")
next
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show «s € min-elems (D (P A Q)) = s€ T (P'A Q') for s
apply (rule set-mp[of «<min-elems (D P) U {t1 Q ¢2| t1t2. t1 € T P’ A tickFree
t1 A t2 € min-elems (D Q)}])

apply (rule Un-least)
apply (simp add: T-Interrupt le-approz3 le-supll <P C P")
apply (simp add: T-Interrupt subset-iff, metis le-approx-def subset-iff <Q C
Q")
apply (simp add: min-elems-def D-Interrupt less-list-def)

by (smt (verit, ccfv-threshold) D-imp-front-tickFree same-prefiz-prefiz Un-iff
is-processT7 le-approx2T mem-Collect-eq same-append-eq that(1))
qed

3.5.4 Properties

lemma Interrupt-STOP [simp] : <P A STOP = P»
proof (subst Process-eq-spec, safe)
show <t € D (P A STOP) =t € D P) for ¢
by (simp add: D-Interrupt D-STOP)
next
show <t € D P =t € D (P A STOP)) for ¢
by (simp add: D-Interrupt D-STOP)
next
show «(t, X) € F (P A STOP) = (t, X) € F P for t X
by (simp add: F-Interrupt STOP-projs)
(meson is-processT6-TR is-processT8 tick-T-F)
next
show «((t, X) e F P = (t, X) € F (P A STOP)) for t X
by (simp add: F-Interrupt STOP-projs)
(metis F-T T-nonTickFree-imp-decomp)
qed

lemma STOP-Interrupt [simp] : <STOP A P = P»
proof (subst Process-eq-spec, safe)
show <t € D (STOP A P) =t e D P) for ¢
by (simp add: D-Interrupt STOP-projs)
next
show <t e D P =t € D (STOP A P)) for ¢
by (simp add: D-Interrupt STOP-projs)
next
show «(t, X) € F (STOP A P) = (t, X) € F P> for t X
by (simp add: F-Interrupt STOP-projs)
(metis is-processT6-TR is-processT8 self-append-conv?)
next
show «(t, X) e F P = (¢, X) € F (STOP A P)) for t X
by (auto simp add: F-Interrupt STOP-projs)
qed
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lemma Interrupt-is-STOP-iff : <P A Q = STOP <— P = STOP AN Q = STOP»
by (simp add: STOP-iff-T T-Interrupt set-eq-iff)
(metis append-self-conv2 is-processT1-TR tickFree-Nil)

lemma Interrupt-BOT [simp] : <P A L = 1»
and BOT-Interrupt [simp] : <L A P = 1»
by (simp-all add: BOT-iff-Nil-D D-Interrupt D-BOT)

lemma Interrupt-is-BOT-iff : <P AN Q=1 +—> P=1Vv Q=1L
by (simp add: BOT-iff-Nil-D D-Interrupt)

lemma SKIP-Interrupt-is-SKIP-Det : <SKIP r A P = SKIP r O P»
proof (subst Process-eq-spec, safe)
show <t € D (SKIP r A P) = t € D (SKIP r O P) for t
by (auto simp add: D-Interrupt D-Det SKIP-projs)
next
show «t € D (SKIP r O P) =t € D (SKIP r A P)) for t
by (auto simp add: D-Interrupt D-Det SKIP-projs intro: tickFree-Nil)
next
show «(t, X) € F (SKIPr A P) = (t, X) € F (SKIP r O P)) for t X
by (cases t) (auto simp add: F-Interrupt SKIP-projs F-Det intro: is-processT8)
next
show «(t, X) € F (SKIPr O P) = (t, X) € F (SKIP r A\ P)) for t X
by (cases t) (auto simp add: F-Interrupt SKIP-projs F-Det intro: tickFree-Nil)
qed

lemma Interrupt-assoc: <P A (Q A R) =P A Q@ A R (is «?lhs = 2rhs)
proof —
have «?lhs = ?rhsy if non-BOT : <P # 1) <Q # 1y (R # 1»
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
then consider <s € D P»
| <3t1t2. s=t1 Qt2 ANtl € T P A tickFree t1 A t2 € D (Q A R)»
by (simp add: D-Interrupt) blast
thus s € D ?rhs»
proof cases
show s € D P = s € D ?rhs» by (simp add: D-Interrupt)
next
assume <3t t2. s=1t1 Q2 ANtl € T P A tickFreet1 Nt2 € D (Q A R)»
then obtain t1 {2 where * : <s = t1 Q 2> <t1 € T P>
<tickFree t1> <t2 € D (Q A R)> by blast
from x(4) consider <t2 € D @
| Gul u2.t2 =ul Qu2 Aul €T QA tickFree ul A u2 € D R»
by (simp add: D-Interrupt) blast
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thus <s € D rhs
proof cases
from x(1, 2, 3) show «t2 € D Q = s € D ?rhs» by (simp add: D-Interrupt)
blast
next
show (Ful u2. t2 = ul Qu2 AN ul € T Q A tickFree ul ANu2 € D R —=
s € D ?rhs
by (simp add: *(1) D-Interrupt T-Interrupt)
(metis x(2, 8) append-assoc tickFree-append-iff)
qed
qed
next
fix s
assume <s € D ?rhs)
then consider <s € D (P A Q)
| Ft1t2.s=t1 Qt2ANtl €T (P A Q) A tickFreetl Nt2 € D R
by (simp add: D-Interrupt) blast
thus <s € D ?lhs»
proof cases
show <s € D (P A Q) = s € D ?lhsy by (simp add: D-Interrupt) blast
next
assume «3t1 2. s=t1 Q2 A t1 € T (P A Q) A tickFree t1 AN t2 € D R»
then obtain ¢I t2 where % : «<s = t1 Q t2) «t1 € T (P A Q)
<tickFree t1y <t2 € D R» by blast
from x(2) consider <t1 € T P»
| (Ful u2. t1 =ul Qu2 A ul €T P A tickFree ul AN u2 € T )
by (simp add: T-Interrupt) blast
thus <s € D ?lhs
proof cases
show «t1 € T P = s € D ?lhs)
by (simp add: D-Interrupt (1))
(metis %(3, 4) Nil-elem-T append-Nil tickFree-Nil)
next
show (Jul u2. t1 = ul Qu2 ANul € T P A tickFreeul Nu2 € T Q =
s € D ?lhs)
by (simp add: D-Interrupt (1))
(metis (8, 4) append.assoc tickFree-append-iff)
qed
ged
next
fix s X
assume same-div: <D ?lhs = D ?rhs
assume ((s, X) € F ?lhs
then consider <s € D ?lhs»
| Ftlr.s=t1 Q/(r)Atl Q[/(r)]eT P
| r.sQ [V (r)] e T PAV(r)¢X>
| <«(s, X) € F P A tickFree s A ([], X) € F (@ A R)»
| <Ft1t2.s=1t1 Qt2 ANtl € T P A tickFree t1 N (12, X) € F (Q A R) A
t2 # [
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| «<Ir.s €T P AtickFree s AN [V(r)] € T (Q A R)ANV(r) ¢ X»
by (subst (asm) F-Interrupt, simp add: D-Interrupt) blast
thus «(s, X) € F ?rhs
proof cases
from same-div D-F show «s € D ?lhs = (s, X) € F ?rhs» by blast
next
show (Jtir.s=t1 Q[ (r))Atl1 Q[/(r)] €T P= (s, X) € F ?rhs
by (auto simp add: F-Interrupt T-Interrupt)
next
show «<Ir. s Q@ [V(r)] € T PAV(r) ¢ X = (s, X) € F ?rhs»
by (simp add: F-Interrupt T-Interrupt) (metis Diff-insert-absorb)
next
assume assm : (s, X) € F P A tickFree s A (], X) € F (Q A R)»
with non-BOT(2, 3) consider r where «([V(r)] € T Q A V/(r) ¢ X»
([, X) € FQAL X) € F R
| r where (| e T QA [V (r)] e T RAV(r) ¢ X»
by (simp add: F-Interrupt BOT-iff-Nil-D) blast
thus «(s, X) € F ?rhs
proof cases
show «(V(r)] e T QA V(r) ¢ X = (s, X) € F ?rhs) for r
by (simp add: F-Interrupt T-Interrupt) (metis Diff-insert-absorb F-T assm)
next
show «(([J, X) e F QA ([}, X) € F R = (s, X) € F ?rhs
by (simp add: F-Interrupt assm)
next
show <[] e T QA[V(r)]eT RAV(r) ¢ X = (s, X) € F ?rhs for r
by (simp add: F-Interrupt T-Interrupt) (metis Diff-insert-absorb F-T assm)
qged
next
assume «3t1 2. s = t1 Q t2 N t1 € T P A tickFree t1 N
(2, X) e F(QA R N2 # [
then obtain t1 t2 where x : «<s = t1 @ t2y <t1 € T P> <tickFree t1>
«(t2, X) € F (Q A R)» <t2 # [ by blast
from (4 ) consider <2 € D (Q A R)»
| ul r where «t2 = ul Q [/ (r)) <ul Q [/ (r)] € T
| » where 12 Q [V ()] € T Q@ /(1) ¢ X>
| «(t2, X) € F @ <tickFree t2> «([], X) € F R»
| ul u2 where «t2 = ul Q@ u2) <ul € T @ <tickFree uly «(u2, X) € F R
w2 # [
| » where 12 € T @) <tickFree t2> <[V (r)] € T Ry «/(r) ¢ X»
by (simp add: F-Interrupt D-Interrupt) blast
thus «(s, X) € F ?rhs
proof cases
assume (2 € D (Q A R)»
with x(1, 2, 3) have <s € D ?lhs) by (simp add: D-Interrupt) blast
with same-div D-F show «(s, X) € F ?rhs» by blast
next
from *(1, 2, 3) show <12 = ul Q [V (r)] = ul Q [V(r)] € T Q = (s,
X) € F %rhsy for ul r
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by (auto simp add: F-Interrupt T-Interrupt)
next
from *(1, 2, 3) show «t2 Q [V ()] €e T Q = V(r) ¢ X = (s, X) € F
?rhsy for r
by (simp add: F-Interrupt T-Interrupt) (metis Diff-insert-absorb)

next
from x(1) show «(¢2, X) € F Q = tickFree 12 = ([], X) € F R = (s,
X) e F ?rhs
by (simp add: F-Interrupt T-Interrupt) (metis (2, 3, 5))
next

from (1, 2, 8) show «t2 = ul Q u2 = ul € T Q = tickFree ul =
(u2, X) e FR= u2 #[| = (s, X) € F ?rhs) for ul
u2
by (simp add: F-Interrupt T-Interrupt)
(metis (mono-tags, lifting) append-assoc tickFree-append-iff)
next
from *(1, 2, 8) show «t2 € T Q = tickFree 12 =
V()] eTR=V(r)¢ X = (s, X) € F ?rhs for r
by (simp add: F-Interrupt T-Interrupt) (metis Diff-insert-absorb)
qed
next
show 3r. s € T P A tickFree s N /(1)) € T (@ A R) ANV (r) ¢ X = (s,
X) € F ?rhs
by (simp add: F-Interrupt T-Interrupt)
(metis Diff-insert-absorb append-eq-Cons-conv non-tickFree-tick tick-
Free-append-iff)
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs»
assume «(s, X) € F ?rhs
then consider <s € D ?rhs»
| Ftir.s=tl Q/(r)|Atl Q[/(r)]eT (PA Q)
| » where <s @ [V ()] € T (P A Q) /(r) ¢ X»
| <«(s, X) € F (P A Q) A tickFree s A (], X) € F R
[«t1t2.s=1t1 Q2 ANtl €T (P A Q) A tickFree t1 A (12, X) € F R A
te # [
[«<Ir.se T (P A Q) A tickFree s NV (r)] € T RAV(r) ¢ X»
by (subst (asm) F-Interrupt, simp add: D-Interrupt) blast
thus «(s, X) € F ?lhs
proof cases
from same-div D-F show «s € D ?rhs => (s, X) € F ?lhs» by blast
next
show «<Jtlir.s=t1 Q/ (| AtI Q/(r)]eT (PAQ = (s, X)eF
?lhs»
by (simp add: F-Interrupt T-Interrupt)
(metis last-append self-append-conv snoc-eq-iff-butlast)
next
fix r assume s Q [V ()] € T (P A Q) /(r) ¢ X»
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from this(1) consider <s @ [/(r)] € T P»
| t1 t2 where <s Q [/ (r)] = t1 Q t2y <t1 € T P> <tickFree t1» <t2 € T @
by (simp add: T-Interrupt) blast
thus «(s, X) € F ?lhs
proof cases
show s @ [V (r)] € T P = (s, X) € F ?lhs
by (simp add: F-Interrupt) (metis Diff-insert-absorb «/(r) ¢ X»)
next
show <s Q [V/(r)] =t1 Q2 = t1 € T P = tickFreetl — t2 € T Q
= (s, X) € F ?lhs) for t1 t2

apply (simp add: F-Interrupt T-Interrupt, safe, simp-all)
apply (smt (28) Diff-insert-absorb T-nonTickFree-imp-decomp </ (r) ¢ X»
append.assoc appendl-eq-conv append-self-conv2 non-tickFree-tick tickEFree-append-iff)

apply (metis <s Q [V (r)] € T (P A Q) append-T-imp-tickFree list.discI)
apply (smt (28) Diff-insert-absorb T-nonTickFree-imp-decomp </ (r) ¢ X>
appendl-eq-conv append-assoc is-processT6-TR non-tickFree-tick tickFree-append-iff)
apply (smt (28) Diff-insert-absorb T-nonTickFree-imp-decomp /(1) ¢ X»
appendl-eq-conv append-assoc non-tickFree-tick self-append-conv2 tickEree-append-iff)
done
ged
next
assume assm : (s, X) € F (P A Q) A tickFree s A ([], X) € F R
from assm[THEN conjunctl] consider <s € D (P A Q)»
| 1 r where <s = ¢t1 Q [/(r)) «t1 Q [V (r)] € T P>
|  where <s Q [V (r)] € T Py «/(r) ¢ X»
| «(s, X) € F Py <tickFree s» <([], X) € F @
| t1 t2 where «<s = t1 Q t2» <t1 € T P» <tickFree t1y «(12, X) € F @Q» <12
£
| » where <s € T P» <tickFree s» <[/ (r)] € T @ «/(r) ¢ X»
by (simp add: F-Interrupt D-Interrupt) blast
thus «(s, X) € F %hs
proof cases
assume <s € D (P A Q)
hence <s € D ?rhs» by (simp add: D-Interrupt)
with same-div D-F show «(s, X) € F ?lhs) by blast
next

show «s=t1 Q [/ (r)] = t1 Q [V (r)] € T P = (s, X) € F ?lhs> for t1

by (simp add: F-Interrupt)

next

show (s Q@ [V (r)] e T P = V(r) ¢ X = (s, X) € F ?lhs> for r
by (simp add: F-Interrupt) (metis Diff-insert-absorb)

next

show (s, X) € F P = tickFree s = ([], X) e F Q = (s, X) € F ?lhs
by (simp add: F-Interrupt assm[THEN conjunct2])

next
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show «s = t1 Q t2 = t1 € T P = tickFree t] — (12, X) € F Q =
t2 # [| = (s, X) € F ?lhs) for t1 t2
by (simp add: F-Interrupt) (metis assm| THEN conjunct?2] tickFree-append-iff)
next
show <s € T P = tickFree s = [V (r)] e T Q = /(1) ¢ X = (s, X)
€ F ?lhsy for r
by (simp add: F-Interrupt T-Interrupt) (metis Diff-insert-absorb)
qed
next
assume 3t1t2. s=1t1 Q2 ANtl € T (P A Q) A
tickFree t1 A (t2, X) € F R A t2 # [
then obtain ¢1 t2 where x : <s = ¢1 Q ¢2) <t1 € T (P A Q)
tickFree t1> «(t2, X) € F R «t2 # [» by blast
from x(2) consider <1 € T P»
| (Ful u2. t1 =ul Qu2 A ul €T P A tickFree ul N u2 € T )
by (simp add: T-Interrupt) blast
thus (s, X) € F ?lhs
proof cases
from (1, 3, 4, 5) show <t1 € T P = (s, X) € F ?lhs
by (simp add: F-Interrupt T-Interrupt)
(metis Nil-elem-T append-Nil tickFree-Nil)
next
from (1, 3, 4, 5) show <Jul u2. t1 =ul Qu2 Aul € T P A
tickFree ul N u2 € T Q = (s, X) € F ?lhs
by (elim exE, simp add: F-Interrupt) (metis append-is-Nil-conv)
qed
next
show (3r. s € T (P A Q) A tickFree s N[V (r)] € T RAV(r) ¢ X = (s,
X) € F ¢lhs
by (simp add: F-Interrupt T-Interrupt)
(metis Diff-insert-absorb Nil-elem-T append.right-neutral
append-Nil tickFree-append-iff)
qged
qed

thus «?lhs = ?rhs)

by (cases <P = L»; cases <Q = L»; cases <R = L») simp-all
qed

3.5.5 Continuity

context begin

private lemma chain-Interrupt-left: <chain Y = chain (Ai. Y i & Q)
by (simp add: chain-def mono-Interrupt)

private lemma chain-Interrupt-right: <chain ¥ = chain (Ai. P A Y i)
by (simp add: chain-def mono-Interrupt)
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private lemma cont-left-prem-Interrupt : «(| ] 7. Yi) A Q= (] i. Yi A Q)
(is «?lhs = %rhs)) if chain : <chain Y»
proof (subst Process-eq-spec-optimized, safe)
show «s € D ?lhs = s € D ?rhs) for s
by (simp add: limproc-is-thelub chain chain-Interrupt-left
D-Interrupt T-LUB D-LUB) blast
next
fix s
define S
where «Si={tl1.s=tl Nt1 e D (Y i)} U
{t1.3t2. s=t1 Q2 Nt1 € T (Y i) A tickFree t1 N t2 € D Q}»
for ¢
assume <s € D ?rhs
hence <s € D (Y i A Q) for ¢
by (simp add: limproc-is-thelub D-LUB chain-Interrupt-left chain)
hence S i # {}» for ¢ by (simp add: S-def D-Interrupt) blast
moreover have <finite (S 0)»
unfolding S-def by (prove-finite-subset-of-prefizes s)
moreover have «S (Suc i) C S i for ¢
unfolding S-def apply (intro alll Un-mono subsetl; simp)
by (metis in-mono le-approxl po-class.chainE chain)
(metis le-approz-lemma-T po-class.chain-def subset-eq chain)
ultimately have (. S i) # {}
by (rule Inter-nonempty-finite-chained-sets)
then obtain ¢/ where x : <Vi. t1 € S i
by (meson INT-iff ex-in-conv iso-tuple-UNIV-I)
show <s € D ?lhs»
proof (cases Vi. s € D (Y i))
case True
thus <s € D ?lhsy by (simp add: D-Interrupt limproc-is-thelub D-LUB chain)
next
case Fulse
with * obtain j t2 where xx : <s = t1 Q {2 «t1 € T (Y j)» « tickFree t1) «t2
€D
by (simp add: S-def) blast
from x D-T have Vi. t1 € T (Y i)» by (simp add: S-def) blast
with xx(1, 3, /) show «s € D ?lhs
by (simp add: D-Interrupt limproc-is-thelub T-LUB chain) blast
qed
next
show «(s, X) € F ?lhs => (s, X) € F %rhs» for s X
by (simp add: limproc-is-thelub chain chain-Interrupt-left
F-Interrupt F-LUB T-LUB D-LUB, safe; simp; metis)
next
assume same-div : <D ((|]i. Yi) A Q) =D (| ]i. Yi A Q)
fix s X assume «(s, X) € F (| 7. Yi A Q)
show «(s, X) € F (7. Yi) & Q)
proof (cases <s € D (| |i. Yi A Q))
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show s € D (|]i. YiA Q) = (s, X) e F (Ui Yi) A Q)
by (simp add: is-processT8 same-div)
next
assume <s ¢ D (| |i. Yi A Q)
then obtain j where <s ¢ D (Y j A Q)
by (auto simp add: limproc-is-thelub chain-Interrupt-left «chain Y> D-LUB)
moreover from (s, X) € F (| |i. Yi A Q) have «(s, X) € F (YjA Q)
by (simp add: limproc-is-thelub chain-Interrupt-left <chain Y> F-LUB)
ultimately show (s, X) € F ((|Ji. Yi) A @)
by (fact le-approx2|OF mono-Interrupt[OF is-ub-thelub|OF <chain Y>| be-
low-refl], THEN iffD2])
qed
qed

private lemma cont-right-prem-Interrupt : <S A (| ]i. Yi) = (| |4 S A Y i) if
<chain Y
proof (subst Process-eq-spec-optimized, safe)
show «<s € D (S A (i Vi) = s D (]i S A Yi) for s
by (auto simp add: D-Interrupt limproc-is-thelub <chain Yy chain-Interrupt-right
D-LUB)
next
fix s assume <s € D (| |i. S A Y i)
show <s € D (S A (I]i. Y9
proof (cases <s € D S»)
show «<s € D S = s€ D (S A (]i Yi)) by (simp add: D-Interrupt)
next
assume <s ¢ D S
thm D-Interrupt
define T where <T i = {t1. 3t2r. s=1t1 Qt2 AN tl1 € T S A tickFree t1 N
t2 € D (Y1)} for i
from s ¢ D S»«seD(|]i. S A Yi) have «T i # {}» for i
by (simp add: T-def limproc-is-thelub chain-Interrupt-right <chain Y> D-LUB
D-Interrupt) blast
moreover have «finite (T 0)»
unfolding T-def by (prove-finite-subset-of-prefizes s)
moreover have «T (Suc i) C T i) for i
unfolding T-def apply (intro alll Un-mono subsetl; simp)
by (metis le-approzl po-class.chainE subset-iff <chain Y))
ultimately have «((i. T i) # {}> by (rule Inter-nonempty-finite-chained-sets)
then obtain t7 where Vi. t1 € T i» by auto
then obtain t2 where x : «<s = t1 Q t2) <t1 € T S» <tickFree t1» «Vi. t2 €
D (Yi)
by (simp add: T-def) blast
thus <s € D (S A (i Yo
by (simp add: D-Interrupt limproc-is-thelub <chain Y» D-LUB) blast
qed
next
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show «(s, X) e F (S A (IJi. Yi) = (s, X) e F(IJi.- S A Yi)for s X
by (simp add: F-Interrupt limproc-is-thelub <chain Y chain-Interrupt-right
F-LUB T-LUB D-LUB)
(elim disjE exE conjE; metis)
next
assume same-div : <D (S A (| ]i. Y4) =D (| ]i. S A Yip
fix s X assume «(s, X) € F (| ]i. S A Yip
show (s, X) € F (S A (| ]i. Y i)
proof (cases <s € D (| |i. S A Y i))
show s €D (| Ji. SA Y = (s, X) e F(SA (Ui YY)
by (simp add: is-processT8 same-div)
next
assume <s ¢ D (| |i. S A Y i)
then obtain j where <s ¢ D (S A Y j)
by (auto simp add: limproc-is-thelub chain-Interrupt-right <chain Y» D-LUB)
moreover from «(s, X) € F (| |i. S A Y i) have «(s, X) € F (S A Yj)»
by (simp add: limproc-is-thelub chain-Interrupt-right <chain Y> F-LUB)
ultimately show (s, X) € F (S A (| i Y i)
by (fact le-approz2[OF mono-Interrupt|OF below-refl is-ub-thelub| OF <chain
Y»]], THEN iffD2])
qed
qed

lemma Interrupt-cont [simp)] :
ccont (Ax. fz A gx) if <cont fr and <cont g»
proof (rule cont-apply[where f = Az y. fx A y])
show <cont ¢» by (fact <cont g»)
next
show <cont ((A) (f z))» for z
proof (rule conti2)
show «monofun ((A) (f x))» by (simp add: mono-Interrupt monofunl)
next
show <chain Y = faz A (| 7. Y49 C (i fz A Yip for YV
by (simp add: cont-right-prem-Interrupt)
qed
next
show <cont (Az. fz A y) for y
proof (rule contlI2)
show «monofun (Az. fz A y)» by (simp add: cont2monofunE mono-Interrupt
monofunl <cont f»)
next
show <chain Y = f (7. Yi) Ay C (i f(Yi) Ay for YV
by (simp add: ch2ch-cont cont2contlubE cont-left-prem-Interrupt <cont f»)
qed
qed
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end

3.6 Monotonies

3.6.1 The Throw Operator

lemma mono-Throw-F-right :
(Na.ae A= a€a(P)= Qalr Q' a)—POacA Qalr POa
e A Q w
unfolding failure-refine-def by (simp add: F-Throw subset-iff disjoint-iff)
(metis events-of-meml in-set-conv-decomp)

lemma mono-Throw-T-right :
(Na.a e A= a€caP) = Qalr Q a)— POacA Qalr POa
e A Q w
unfolding trace-refine-def by (simp add: T-Throw subset-iff disjoint-iff)
(metis events-of-meml in-set-conv-decomp)

lemma mono-Throw-D-right :
(Na.a e A= a€aP)= Qalp Q a)=POacA Qalp POa
e A Q w
unfolding divergence-refine-def by (simp add: D-Throw subset-iff disjoint-iff)
(metis events-of-meml in-set-conv-decomp)

lemma mono-Throw-FD : <P © ac€ A. Qa Crp PO ac A Q'
if <PCpp Phrand (Na. a € A=— a€ a(P) = Qalprp Q o
proof (rule trans-FD)
from <P Cpp Phshow (P©ac€ A. QaClrp PPOac A Q a
by (simp add: refine-defs Throw-projs subset-iff, safe, simp-all flip: T-F-spec,
blast)
next
show (P O ac A QaClprp PPOacA Q o
by (meson anti-mono-events-of-FD failure-divergence-refine-def
mono-Throw-D-right mono-Throw-F-right subsetD that)
qed

lemma mono-Throw-DT : <P © a€ A. Qa Cpr PO ac A Q' w
if «<PCpr Phand <Aa. a € A= a€ a(P) = Qalpr Q' o
proof (rule trans-DT)
from (P Cpr PhYshow «(PO ac€ A. QaClpr PPOac A Quw
by (simp add: refine-defs Throw-projs subset-iff, safe, auto)
next
show <P"©ac A. QaCpr PPOac A Q w
by (meson anti-mono-events-of-DT leDT-imp-leD leD T-imp-leT leD-leT-imp-leDT
mono- Throw-D-right mono- Throw-T-right subsetD that)
qed

67



lemmas monos-Throw = mono-Throw mono-Throw-FD mono-Throw-DT
mono-Throw-F-right mono-Throw-D-right mono-Throw-T-right

3.6.2 The Interrupt Operator

lemma mono-Interrupt-T: <P Cp P/ = QCr Q' = P A QCp P’ A Q)
unfolding trace-refine-def by (auto simp add: T-Interrupt)

lemma mono-Interrupt-D-right : <Q Ep Q' = P A QCp P A Q"
unfolding divergence-refine-def by (auto simp add: D-Interrupt)

— We have no monotony, even partial, with (Cp).

lemma mono-Interrupt-FD:
(PCpp P'== QLCrp Q"= PA QCrp P'A Q)
unfolding failure-divergence-refine-def failure-refine-def divergence-refine-def
by (simp add: D-Interrupt F-Interrupt, safe;
metis [[metis-verbose = false]] F-subset-imp-T-subset subsetD)

lemma mono-Interrupt-DT'
(PCpr PP— QCpr Q= P A QLpr P'A Q)
unfolding trace-divergence-refine-def trace-refine-def divergence-refine-def
by (auto simp add: T-Interrupt D-Interrupt subset-iff)

lemmas monos-Interrupt = mono-Interrupt mono-Interrupt-FD mono-Interrupt-DT
mono-Interrupt-D-right mono-Interrupt-T

3.6.3 Global Deterministic Choice

lemma mono-GlobalDet-DT : «(Aa. a € A= PaCpr Qa) = (Oa€ A. P
a) Cpr (Oa € A. Q a)

and mono-GlobalDet-T : «(Na. a € A= Pa Ly Qa) = (0Da € A. Pa) Cp
(Oa € A. Q a)

and mono-GlobalDet-D : «(Na. a € A= PaCp Qa) = (Oa€ A. Pa)Cp
(Oa € A. Q a)

by (auto simp add: refine-defs GlobalDet-projs)

lemma mono-GlobalDet-FD : «(Aa. a € A= PaLlpp Qa) = (Dac A. P
a) Erp (Da € A. Q a)
by (simp add: refine-defs GlobalDet-projs subset-iff) (meson F-T T-F in-mono)

lemmas monos-GlobalDet = mono-GlobalDet mono-GlobalDet-FD mono-GlobalDet-DT
mono-GlobalDet-T mono-GlobalDet-D

lemma GlobalNdet-FD-GlobalDet : «(Ma € A. P a) Cpp (Oa € A. P a)
and GlobalNdet-DT-GlobalDet : «(Ma € A. P a) Cpr (Oa € A. P a)
and GlobalNdet-F-GlobalDet : «(Ma € A. P a) Cp (Oa € A. P a)
and GlobalNdet-T-GlobalDet : <(Ma € A. P a) Cr (Oa € A. P a)
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and GlobalNdet-D-GlobalDet : «(Ma € A. P a) Cp (Oa € A. P a)
by (simp-all add: refine-defs GlobalDet-projs GlobalNdet-projs subset-iff, safe)
(blast, blast intro: is-processT8, metis append-Nil is-processT6-TR-notin)+

lemmas GlobalNdet-le-GlobalDet = GlobalNdet-FD-GlobalDet GlobalNdet-DT-GlobalDet
GlobalNdet-F-GlobalDet GlobalNdet-T-GlobalDet GlobalNdet-D-GlobalDet

3.6.4 Multiple Synchronization Product

lemma mono-MultiSync-FD :
(Am. m e# M = PmCpp Q@ m) = ([S] m €# M. Pm) Crp ([S] m
EH# M. Q m)
and mono-MultiSync-DT :
«(Am. me# M= PmCpr Q@Qm) = ([S] m €# M. Pm) Cpr ([S] m €#
M. Q m)
by (cases <M = {#}>, simp, erule mset-induct-nonempty, simp-all add: monos-Sync)+

lemmas mono-MultiInter-FD = mono-MultiSync-FD[where S = «{})]
and mono-MultiInter-DT = mono-MultiSync-DT[where S = «({})]
and mono-MultiPar-FD = mono-MultiSync-FD[where S = (UNIV)|
and mono-MultiPar-DT = mono-MultiSync-DT[where S = <UNIV»]

lemmas monos-MultiSync = mono-MultiSync mono-MultiSync-FD mono-MultiSync-DT
and monos-MultiPar = mono-MultiPar mono-MultiPar-FD mono-MultiPar-DT
and monos-MultiInter = mono-MultiInter mono-MultiInter-FD mono-Multilnter-DT

Monotony doesn’t hold for (Cg), (Cr) and (Cp).

3.6.5 Multiple Sequential Composition

lemma mono-MultiSeq-FD

<(/\£E.13€56tL:>P13EFD QI):>SEQZG@LPZEFD SEQZE@L Q
Iy

and mono-MultiSeq-DT

(Nz.z€set L= PxCpr Qz) = SEQl €@ L. PICpr SEQl €@ L. Q
0>

by (induct L rule: rev-induct, simp-all add: monos-Seq)

lemmas monos-MultiSeq = mono-MultiSeq mono-MultiSeq-FD mono-MultiSeq-FD

3.6.6 The Throw Operator

lemma Throw-distrib- Ndet-right :
(PNMP'OaceA Qa=(POacA Qa)nn (P OacA Qa)
and Throw-distrib-Ndet-left :
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(POaeceA QanN@Qa=(POacA Qa)NN(POac A Q a)y
by (simp add: Process-eq-spec F-Throw F-Ndet D-Throw D-Ndet T-Ndet,
safe, simp-all; blast)+

lemma Throw-distrib-GlobalNdet-right :
(Ma€ A Pa)ObeB Qb=Tae€ A (Pa®be B. Qb)
and Throw-distrib-GlobalNdet-left :
(P’®ac A (MbeB. Q abd)=
(if B={} then P ©® a € A. STOP else b € B. (P’ ©® a € A. Q' a b))

by (simp add: Process-eq-spec Throw-projs GlobalNdet-projs, safe, simp-all; blast)
(simp add: Process-eq-spec Throw-projs GlobalNdet-projs STOP-projs; blast)

3.6.7 The Interrupt Operator

lemma Interrupt-distrib- GlobalNdet-left :
(PA(Mae A Qa)=(if A={} then Pelse Ma € A. P A Q a)
(is < ?lhs = (if - then - else ?rhs)y)
proof (split if-split, intro conjl impI)
show <A = {} = %lhs = P» by simp
next
show «%lhs = %rhsy if <A # {}
proof (rule Process-eq-optimizedl)
show «t € D ?lhs = t € D ?rhs) for ¢
by (auto simp add: <A # {}» D-Interrupt D-GlobalNdet)
next
show <t € D ?rhs =t € D ?lhs» for ¢
by (auto simp add: <A # {}» D-Interrupt D-GlobalNdet)
next
fix t X assume «(¢t, X) € F %lhs) <t ¢ D ?lhs
with (A # {}» consider r u where ¢t = v Q [V (7)) «v Q [V (r)] € T P>
| r where «/(r) ¢ X»> <t @Q [/ (r)] € T P»
| a where <a € Ay «(t, X) € F Py <tF b «([], X) € F (Q a)»
| @ wvwhere <a € A «t=uQ@w weT Py «F w «(v, X) € F (Qa) «w
# [
| a r where <a € A «/(r) ¢ Xo <t € T Py <tF & V(1) € T (Q a)
unfolding Interrupt-projs GlobalNdet-projs by force
thus «(¢t, X) € F ?rhs
proof cases
from <A # {p show ¢t =u Q [V(r)] = v Q [/(r)] e T P = (1, X) €
F ?rhsy for ru
by (auto simp add: F-GlobalNdet F-Interrupt)
next
show «/(r) ¢ X = tQ [/ (r)] e T P = (t, X) € F ?rhs) for r
by (simp add: F-GlobalNdet F-Interrupt)
(metis Diff-insert-absorb all-not-in-conv <A # {}»)
next
show« e A= ({,X) e FP=tFt= (|, X) € F (Q a) = (1, X)
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€ F ?rhs) for a
by (auto simp add: F-GlobalNdet F-Interrupt)
next
show (Ja€ A;t=uQu;ueT P;tFu (v, X) € F(Qa); v+#I]
= (t, X) € F ?rhs) for a u v by (auto simp add: F-GlobalNdet
F-Interrupt)
next
show Jae A;/(r)¢ X;teT P;tFt; [V(r)] €T (Qa)] = (&, X) e F
?rhsy for a r
by (simp add: F-GlobalNdet F-Interrupt) (metis Diff-insert-absorb <A # {}»)
qed
next
fix t X assume «(t, X) € F rhs» <t ¢ D ?rhs)
from «(¢, X) € F ?rhs)> obtain a where <a € 4> «(t, X) € F (P A Q a)»
by (auto simp add: <A # {}» F-GlobalNdet)
with <¢ ¢ D ?rhs> consider u r where <t = v Q [V (7)) «u Q [V (r)] € T P»
| r where «/(r) ¢ Xo <t Q@ [V(r)] € T P>
| «(t, X) € F Py <tF b «([], X) € F (Q a)
| wvwhere <t =u@w weT Py «F w «(v, X) € F(Qa) <v#][p
| » where /(r) ¢ Xo «t €T Py «tFt (/(r)] € T (Q a)»
unfolding D-GlobalNdet Interrupt-projs by blast
thus «(t, X) € F ?hs
proof cases
show <t =u Q [V(r))] = uQ [V(r)] € T P = (t, X) € F ?lhs) for ur
by (simp add: F-Interrupt)
next
show «/(r) ¢ X = tQ [/(r)]e T P= (t, X) € F ?lhs for r
by (auto simp add: F-Interrupt)
next
from <a € A show ([(t, X) € F P; tF t; ([, X) € F (Q a)] = (¢, X) €
F ?lhs)
by (auto simp add: F-Interrupt F-GlobalNdet)
next
from <a € A show ([t =u Quv; u € T P; tFu; (v, X) € F (Q a); v # ]
= (¢, X) € F ?lhs) for v v
by (simp add: <A # {}> F-Interrupt F-GlobalNdet) blast
next
from < € Ay show ([V(r) ¢ X;t € T P; tF t; [V ()] € T (Q a)] = (¢,
X) € F ?hs for r
by (simp add: F-Interrupt GlobalNdet-projs) blast
qed
qed
qed

lemma Interrupt-distrib- GlobalNdet-right :
(Ma€e A Pa)AN Q= (if A={} then QelseMa € A. Pa N Q)
(is «?lhs = (if - then - else ?rhs)y)

proof (split if-split, intro conjl impl)
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show <A = {} = %lhs = @ by simp
next
show «%lhs = %rhsy if <A # {}
proof (rule Process-eq-optimizedI)
show «t € D ?lhs = t € D ?rhs) for t
by (simp add: GlobalNdet-projs D-Interrupt)
(metis ex-in-conv is-processT1-TR <A # {}»)
next
show «t € D ?rhs = t € D ?lhs) for ¢
by (auto simp add: GlobalNdet-projs D-Interrupt)
next
fix t X assume (¢, X) € F ?lhsy <t ¢ D ?lhs
then consider u r where «t = v Q [V (r)] «v Q [V (r)] € T (Ma € A. P a)
| » where «/(r) ¢ X»> <t Q [/ (r)] € T (Ma € A. P a)
| «(t, X) € F(Ma € A. Pa) <tFt» «([], X) € F @
| wv where <t = v @ vy <u € T (Ma € A. Pa)y «tF w «(v, X) € F @ v
A1
| » where «/(r) ¢ X»> <t € T (Ma € A. Pa) <tF b /(1) € T @
unfolding Interrupt-projs by blast
thus «(t, X) € F ?rhs
proof cases
show «t =uv Q@ [V(r)] = u Q@ [V(r)] € T (Ma€ A. Pa) = (t, X) € F
?rhsy for u r
by (auto simp add: <A # {}» GlobalNdet-projs F-Interrupt)
next
show «/(r) ¢ X =t Q [/(r)] € T (Ma € A. Pa) = (t, X) € F ?rhs
for r
by (simp add: <A # {}» GlobalNdet-projs F-Interrupt) (metis Diff-insert-absorb)
next
show «(t, X) e F (Ma € A. Pa) = tFt= ([, X) e F Q = (¢, X) €
F ?rhs
by (auto simp add: <A # {}» F-GlobalNdet F-Interrupt)
next
show ([t =u @Qu;u e T (Ma € A. Pa); tFu; (v, X) € F Q; v#[]
= (t, X) € F ?rhs» for v v
by (simp add: <A # {}> GlobalNdet-projs F-Interrupt)
(metis ex-in-conv is-processT1-TR <A # {})
next
show «/(r)¢ X = teT (Ma€ A. Pa) = tFt = [V(r)] €T Q =
(t, X) € F %rhsy for r
by (simp add: <A # {}> GlobalNdet-projs F-Interrupt)
(metis Diff-insert-absorb equalsOI is-processT1-TR <A # {})
qed
next
fix t X assume «(t, X) € F %rhs» <t ¢ D ?rhs)
from «(t, X) € F ?rhs> obtain a where <a € 4> «((t, X) € F (Pa A Q)
by (auto simp add: <A # {}» F-GlobalNdet)
with <¢ ¢ D ?rhs) consider u r where <t = v Q [V (r)) «uv @ [V (r)] € T (P
a)y
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| r where «/(r) ¢ X> <t Q@ [V(r)] € T (P a)
| «(t, X) € F(Pa) <tF b «([], X) € F
| wvwhere <t =u@w < weT (Pa)p «tF w (v, X) € F @ v #[p
| » where /(r) ¢ Xo «t € T (Pa) <tFt (/' (r)] €T @
unfolding D-GlobalNdet Interrupt-projs by blast
thus «(t, X) € F ?lhs
proof cases
from (¢ € Ay show <t =uvQ [V(r)] = uQ[V(r) €T (Pa) = (t, X) €
F ?lhsy for u r
by (auto simp add: F-Interrupt T-GlobalNdet)
next
from <o € A> show «/(r) ¢ X = tQ [V(r)] € T (Pa) = (t, X) € F
?lhs) for r
by (auto simp add: F-Interrupt GlobalNdet-projs)
next
from <a € A> show «(t, X) e F (Pa) = tFt = ([, X) € F Q = (¢,
X) e F ?lhs
by (auto simp add: F-Interrupt F-GlobalNdet)
next
from <a € A show ([t =u Qu; u e T (Pa); tFu; (v, X) € F Q; v# ]
= (¢, X) € F ?lhs) for u v
by (simp add: F-Interrupt GlobalNdet-projs) blast
next
from <a € A show [V (r) ¢ X;t €T (Pa); tF t; [V(r)] € T Q] = (¢,
X) € F ?lhs for r
by (simp add: F-Interrupt GlobalNdet-projs) blast
qed
qed
qed

corollary Interrupt-distrib-Ndet-left - <P A Q1 M Q2 = (P A Q1)N (P A Q2)
proof —
have (P A Q1 N Q2 =P A (Mn € {0::nat, 1}. (if n = 0 then Q1 else Q2))»
by (simp add: GlobalNdet-distrib-unit)

also have «... = (Mn € {0=nat, 1}. P A (if n = 0 then Q1 else Q2))»
by (simp add: Interrupt-distrib-GlobalNdet-left)
also have «... = (P A Q1)1 (P A Q2)

by (simp add: GlobalNdet-distrib-unit)
finally show ?thesis .
qed

corollary Interrupt-distrib-Ndet-right : <P1 1 P2 A @ = (P1 A Q) N (P2 A
Q)
proof —
have «(P1 M P2 A @ = (Mn € {0:nat, 1}. (if n = 0 then P1 else P2)) A @Q»
by (simp add: GlobalNdet-distrib-unit)
also have «... = (Mn € {0::nat, 1}. (if n = 0 then P1 else P2) A Q)
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by (simp add: Interrupt-distrib-GlobalNdet-right)
also have «... = (P1 A Q)N (P2 A Q)
by (simp add: GlobalNdet-distrib-unit)
finally show ?thesis .
qed

3.6.8 Global Deterministic Choice

lemma GlobalDet-distrib-Ndet-left :
«(Oa € A. Pan Q) = (if A= {} then STOP else (Oa € A. P a) N Q)
by (auto simp add: Process-eq-spec Ndet-projs GlobalDet-projs F-STOP D-STOP
intro: is-processT8 is-processT6-TR-notin)

lemma GlobalDet-distrib-Ndet-right :
«(Oa € A. PN Qa) = (if A= {} then STOP else PN (Oa € A. Q a))
by (subst (1 2) Ndet-commute) (fact GlobalDet-distrib-Ndet-left)

lemma Ndet-distrib-GlobalDet-left :
<P (Oa € A. Qa) = (if A= {} then PN STOP else Oa € A. P Q a)
by (simp add: GlobalDet-distrib-Ndet-right)

lemma Ndet-distrib-GlobalDet-right :
«(Oa€e A Pa)n Q= (if A= {} then @ 1 STOP else Da € A. Pa Q)
by (metis (no-types) GlobalDet-distrib-Ndet-left GlobalDet-empty Ndet-commute)

3.7 The Step-Laws

The step-laws describe the behaviour of the operators wrt. the multi-prefix
choice.

3.7.1 The Throw Operator

lemma Throw-Mprefiz:
(O0a€eA—Pa)Obe B. Qb=
Oa€ A— (ifac Bthen Qaelse Pa® be B. Qb
(is «?lhs = %rhsy)
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
then consider t! t2 where <s =t Q {2) <t1 € D (Oa € A — P a)» <tF t1»
set t1 Nev ‘B = {}» <ftF t2»
| t1 b t2 where <s =11 Q ev b # ¢2) <t1 Q [ev ] € T (Da€d — P a)
settl Nev ‘B={h<be B «t2e€D(QDb)y
by (simp add: D-Throw) blast
thus s € D ?rhs
proof cases
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fix t1 t2 assume * : <s = t1 @ t2) <t1 € D (Da€A — P a)y tF t1»
set t1 Nev ‘B = {} ftF t2»

from *(2) obtain a t1' where *x : <t1 = eva # t1 <a € A <t1' € D (P a)»
by (auto simp add: D-Mprefix)

from #(4) xx(1) have xxx : <a ¢ B> by (simp add: image-iff)

have «t1' @ t2 € D (Throw (P a) B Q)
using *(3, 4, §) *x(1, 8) by (auto simp add: D-Throw)

with ##x show (s € D ?rhs»
by (simp add: D-Mprefix (1) *x(1, 2))

next

fix t1 b t2 assume x : (s =11 @Q ev b # t2)> <t1 Q [ev b] € T (Da€A — P a)
settl Nev‘B={}ph<be B «t2e€D(QDby

show «s € D ?rhs)

proof (cases «t1»)

from *(2) show «t1 = [| = s € D ?rhs
by (simp add: D-Mprefix T-Mprefiz x(1, 4, 5))
next
fix a t1’

assume <t1 = a # t1"
then obtain a’ where <t = ev a’ # t1"
by (metis x(2) append-Cons append-Nil append-T-imp-tickFree
eventptick-echaust non-tickFree-tick not-Cons-self tickFree-append-iff)
with %(2, 3, 4, 5) show (s € D ?rhs»
by (auto simp add: (1) D-Mprefix T-Mprefix D-Throw)
qed
qed
next
fix s
assume <s € D ?rhs)
then obtain a s’ where * : <a € A) (s = eva # s)
<s’ € D (if a € B then Q a else Throw (P a) B Q)
by (auto simp add: D-Mprefiz)
show «s € D ?lhs»
proof (cases <a € B)
assume <a € B»
hence *x : «[] @ [eva] € T (Oacd — Pa) Aset[|[Nev B={}ANs' €D
(Q ap
using *(3) by (simp add: T-Mprefix (1))
show <s € D ?lhs»
by (simp add: D-Throw) (metis *x(2) xx <a € B> append-Nil)
next
assume <a ¢ B>
with *(2, 3)
consider tI1 t2 where <s = ev a # t1 Q ¢2) <t1 € D (P a)» «tF t1»
set t1 Nev ‘B = {} ftF t2»
| t1 b t2 where <s = eva # t1 Qevb # t2> «t1 Qlevd] € T (P a)
csettl Nev ‘B ={} <be B «t2e€D(QDb)
by (simp add: D-Throw) blast
thus s € D ?lhs)
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proof cases
fix {1 t2 assume ** : <s = ev a # t1 Q t2) <t1 € D (P a)y <tF t1»
cset t1 Nev ‘B = {} ftF t2»
have #xx : <ev a # t1 € D (ODa€A — P a) A tickFree (ev a # t1) A
set (eva# tl)Nev‘B={h
by (simp add: D-Mprefiz image-iff *(1) xx(2, 3, 4) <a ¢ B»)
show «s € D ?lhs)
by (simp add: D-Throw) (metis xx(1, 5) *xx append-Cons)
next
fix t1 b2
assume ** : s =ceva# t1 Qevb # t2> «t1 Qlevd € T (P a)
settl Nev‘B={}p<be B «t2e€D(QDby
have sxx : «(eva # t1) Qev b] € T (Da€A — P a) A set (eva # t1) N ev
‘B={}h
by (simp add: T-Mprefiz image-iff *(1) *xx(2, 3) <a ¢ B»)
show «s € D ?lhs)
by (simp add: D-Throw) (metis xx(1, 4, 5) *xx append-Cons)
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume (s, X) € F ?lhs
then consider (s, X) € F (ODa€A — Pa) <setsNev ‘B ={}p
| <s € D ?lhs
| t1 b t2 where <s =11 Q ev b # t2) <t1 Q [ev b] € T (Oa€Ad — P a)
sett1 Nev *B={} b€ B «(t2, X) € F (Q b)»
by (simp add: F-Throw D-Throw) blast
thus (s, X) € F ?rhs)
proof cases
show «(s, X) € F (ODa€A — Pa) = setsNev ‘B={} = (s, X) € F
?rhs»
by (simp add: F-Mprefix F-Throw)
(metis image-eql insert-disjoint(1) list.simps(15))
next
show s € D ?lhs = (s, X) € F ?rhs)
using same-div D-F by blast
next
fix t1 b t2 assume x : <s =11 @Q ev b # t2) <t1 Q [ev b] € T (Da€A — P a)
settl Nev ‘B ={p «b e B (12, X) € F (Q db)»
show «(s, X) € F ?rhs
proof (cases t1)

from *(2) show «t1 = [| = (s, X) € F ?rhs
by (auto simp add: F-Mprefix T-Mprefix F-Throw x(1, 4, 5))
next
fix a t1’

assume <t1 = a # t1"
then obtain o’ where <t1 = ev a’ # t1
by (metis *(2) append-Cons append-Nil append-T-imp-tickFree
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eventpiick-echaust non-tickFree-tick not-Cons-self tickFree-append-iff)
with %(2, 3, 5) show «(s, X) € F ?rhs
by (auto simp add: F-Mprefix T-Mprefiz F-Throw (1, 4))
qged
qed
next
show «(s, X) € F %rhs = (s, X) € F ?lhs for s X
proof (cases s)
show s = [| = (s, X) € F %rhs = (s, X) € F ?lhs
by (simp add: F-Mprefix F-Throw)
next
fix a s’
assume assms : <s = a # sh «(s, X) € F Zrhs
from assms(2) obtain a’
where * : <a’ € A <s = eva’ # sh
«(s', X) € F (if o’ € B then Q o’ else Throw (P a’) B Q)»
by (simp add: assms(1) F-Mprefiz) blast
show «(s, X) € F ?lhs
proof (cases <a’ € B»)
assume <a’ € B)
hence *x : <[] Q [ev a] € T (Oa€A — P a) A
set[[Nev B=A{}A(s, X)eF(Qa)
using *(3) by (simp add: T-Mprefix (1))
show «(s, X) € F ?lhs
by (simp add: F-Throw) (metis x(2) *x <a’ € B> append-Nil)
next
assume <a’ ¢ B»
then consider «(s’, X) € F (Pa')y ¢<set s'Nev ‘B ={}h
| t1 t2 where s’ =t1 Q t2) <t1 € D (P a')» <tF t1»
(set t1 Nev * B = {}» <ftF 2>
| t1 b t2 where <s' = t1 Q ev b # t2» <t1 Q [ev b] € T (P a')»
settl Nev ‘B ={}h«be B «(t2, X) e F (Qdbp
using *(3) by (simp add: F-Throw D-Throw) blast
thus (s, X) € F ?hs
proof cases
show «(s’, X) e F (Pa') = set s'"Nev ‘B ={} = (s, X) € F ?hs
by (simp add: F-Mprefix F-Throw x(1, 2) <a’ ¢ B) image-iff)
next
fix t1 t2 assume *x : <’ = t1 @Q ¢2) <t1 € D (P a') «tF t]»
set t1 Nev * B = {}» <ftF t2»
have sxx : s = (eva' # t1) Q2 N eva’ # t1 € D (OacA — P a) A
tickFree (ev a’ # t1) A set (eva’ # t1)Nev ‘B ={}p
by (simp add: D-Mprefiz <a’ ¢ By image-iff *(1, 2) =xx(1, 2, 3, 4))
show «(s, X) € F ?lhs)
by (simp add: F-Throw F-Mprefiz) (metis xx(5) ##x)
next
fix {1 b t2
assume *x : s’ =11 Q ev b # t2) «t1 Qev b € T (P a')
set t1 Nev ‘B ={h «be B «(t2, X) € F (Q b
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have sxx : «<s = (eva'# t1) Q ev b # t2 A set (eva’ # t1)Nev ‘B = {}

(eva'# t1) Qevd] € T (ODacA — P a)
by (simp add: T-Mprefiz <o’ ¢ B> image-iff =(1, 2) xx(1, 2, 3))
show «(s, X) € F ?lhs
by (simp add: F-Throw F-Mprefix) (metis xx(4, 5) #xx)
qged
qed
qed
qed

3.7.2 The Interrupt Operator

lemma Interrupt-Mprefiz:
(Oa€eA—-Pa)AQ=QO(0aecA— Pal Q) (is «?lhs = rhs))
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
then consider <s € D (Oa € A — P a)
| Gt1t2. s=t1 Q12 ALl €T (Dac€ A—Pa)AtFt1 A2 €D Q
by (simp add: D-Interrupt) blast
thus <s € D rhs
proof cases
show <s € D (Oa € A — Pa) = s € D ?rhs
by (auto simp add: D-Det D-Mprefiz D-Interrupt)
next
assume 3t1 t2. s =11 Q2 AN tl1 €T (Dac€ A— Pa) NtFtl Nt2 € D @
then obtain t1 t2
where <s = t1 Q ¢2) «t1 € T (ODa € A — Pa)) «tF tl) «t2 € D @ by blast
thus «s € D ?rhsy by (fastforce simp add: D-Det Mprefiz-projs D-Interrupt)
qed
next
fix s
assume <s € D ?rhs
then consider <s € D @) | a s’ where <s=eva # s <a€ A s’ €D (Pa
Q)
by (auto simp add: D-Det D-Mprefix image-iff)
thus <s € D ?lhs
proof cases
show <s € D Q = s € D ?lhs
by (simp add: D-Interrupt) (use Nil-elem-T tickFree-Nil in blast)
next
fix a s’ assume s = eva # sh <a€ A s'€e D (Pal Q)
from this(3) consider <s’ € D (P a)»
| t1 t2 where «s' = t1 Q t2» «t1 € T (P a)y <tF tl) <t2 € D @
by (auto simp add: D-Interrupt)
thus <s € D ?lhs»
proof cases
show «s' € D (P a) = s € D ?lhs»
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by (simp add: D-Interrupt D-Mprefiz <a € A» <s = ev a # s")
next
show ([s' =11 Q@ t2;t1 € T (Pa); tFt1;t2 € D Q] = s € D ?hs for
t1 t2
by (simp add: <s = ev a # s"» D-Interrupt T-Mprefix)
(metis Cons-eq-appendl <a € Ay eventyyicr.disc(1) tickFree-Cons-iff)
ged
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs)
assume <(s, X) € F ?lhs
then consider <s € D ?lhs)
| t1 » where <s = t1 Q [V (r)]» «t1 @Q [/(r)] € T (Mprefix A P)»
| » where ¢<s Q [V(r)] € T (Mprefix A P)y «/(r) ¢ X»
| <(s, X) € F (Mprefiz A P)» <tickFree » «([], X) € F @
| t1 t2 where «s = t1 @ ¢2) «t1 € T (Mprefix A P)» <tickFree t1) «(t2, X) €
F @ <2 # [
| » where <s € T (Mprefix A P)» <tickFree sy <[/ (r)] € T @ «/(r) ¢ X»
by (simp add: F-Interrupt D-Interrupt) blast
thus (s, X) € F ?rhs)
proof cases
from D-F same-div show s € D %lhs = (s, X) € F %rhs» by blast
next
show s = t1 Q [/ (r)] = t1 Q [V (r)] € T (Mprefir A P) = (s, X) € F
?rhs) for t1 r
by (simp add: F-Det T-Mprefiz F-Mprefiz F-Interrupt image-iff)
(metis append-Nil eventyycr.distinct(1) list.inject list.sel(3) tl-append2)
next

show (s Q [V (r)] € T (Mprefit A P) = /(r) ¢ X = (s, X) € F ?rhs» for

by (simp add: F-Det T-Mprefiz F-Mprefiz F-Interrupt image-iff)
(metis (no-types, opaque-lifting) Diff-insert-absorb append-Nil
eventyiick-distinct(1) hd-append?2 list.sel(1, 8) neg-Nil-conv tl-append?2)
next
show «(s, X) € F (Mprefix A P) = tickFree s = ([, X) € F Q@ = (s, X)
€ F ?rhs)
by (simp add: F-Det F-Mprefiz F-Interrupt image-iff) (metis tickFree-Cons-iff)
next
show s = t1 @ t2 = t1 € T (Mprefixt A P) = tickFree t1 = (12, X) €
F Q=
t2 £[] = (s, X) € F ?rhs) for t1 t2
by (simp add: F-Det T-Mprefiz F-Mprefiz F-Interrupt image-iff)
(metis append-Cons append-Nil tickFree-Cons-iff)
next
show «s € T (Mprefit A P) = tickFree s = [V (1) € T Q@ =
/(r)¢ X = (s, X) € F ?rhs) for r
by (simp add: F-Det T-Mprefiz F-Mprefiz F-Interrupt image-iff)
(metis Diff-insert-absorb tickFree-Cons-iff)
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qed

next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume assm : (s, X) € F rhs»
show «(s, X) € F ?lhs

proof (cases «<s = [»)
from assm show <s = [| = (s, X) € F ?lhs»
by (simp add: F-Det F-Mprefiz F-Interrupt) blast
next

assume <s # [
with assm consider «(s, X) € F @
| Fas. . s=eva# s"NacAN(s, X)e F(Pal Q)
by (auto simp add: F-Det F-Mprefiz image-iff)
thus «(s, X) € F ?lhs
proof cases
show «(s, X) € F Q = (s, X) € F ?hs
by (simp add: F-Interrupt)
(metis Nil-elem-T <s # [|> append-Nil tickFree-Nil)
next
assume <Jas'. s=ceva# s'Nac€c AN(s, X)eF (Pal Q)
then obtain a s’
where * : <s = eva # s <a € A «(s', X) € F (P al Q) by blast
from #(3) consider <s’ € D (P a A Q)
| t1 r where s’ = t1 Q [/ (r)]y <t1 @ [/ (r)] € T (P a)
| » where <s' Q [V(r)] € T (Pa) «/(r) ¢ X»
| «(s’, X) € F (P a)» <tickFree s"» «([], X) € F @
| t1 t2 where <s' = t1 Q t2) <t1 € T (P a)» <tickFree t1y «(t2, X) € F
2 # [
| » where s’ € T (P a) <tickFree sh <[/ (r)] € T @ «/(r) ¢ X»
by (simp add: F-Interrupt D-Interrupt) blast
thus «(s, X) € F ?lhs
proof cases
assume s’ € D (P a A Q)
hence <s € D ?lhs
apply (simp add: D-Interrupt D-Mprefix T-Mprefix (1, 2) image-iff)
apply (elim disjE exE conjE; simp)
by (metis x(2) Cons-eg-appendl eventyyicr.disc(1) tickFree-Cons-iff)
with D-F same-div show (s, X) € F ?lhs» by blast
next
show «s'=t1 Q [V (r)] = t1 Q [V(r)] € T (P a) = (s, X) € F ?lhs
for t1 r
by (simp add: (1, 2) F-Interrupt T-Mprefix)
next
show <" @ [V(r)] € T (Pa) = V(1) ¢ X = (5, X) € F ?lhs) for r
by (simp add: (1, 2) F-Interrupt T-Mprefiz) blast
next
show «(s’, X) € F (P a) = tickFree s' = ([], X) e F Q = (s, X) €
F 2lhs
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by (simp add: x(1, 2) F-Interrupt F-Mprefiz image-iff)
next
show «s' = t1 Q t2 = t1 € T (P a) = tickFree t1 = (12, X) € F Q

t2 £ [| = (s, X) € F 2lhs) for t1 ¢2
apply (simp add: F-Interrupt T-Mprefix x(1))
by (metis (no-types, lifting) x(1, 2) Cons-eg-appendl F-imp-front-tickFree
append-is-Nil-conv assm front-tickFree-Cons-iff tickFree-Cons-iff)
next
show s’ € T (P a) = tickFree s' = [V(r)| € T Q = /(1) ¢ X =
(s, X) € F ?lhs) for r
by (simp add: F-Interrupt T-Mprefiz x(1, 2) image-iff) blast
qed
qged
qed
qed

3.7.3 Global Deterministic Choice

lemma GlobalDet-Mprefiz :
«(Oa€ A.ObeBa— Pab)=
Obe(Uae A Ba) Mae€{aec A be Ba}. Pab (is <?lhs = ?rhs»)
proof (subst Process-eq-spec, safe)
show «s € D ?lhs = s € D rhs»
and «s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-Mprefix D-GlobalDet D-GlobalNdet)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs for s X
by (simp add: F-Mprefix F-GlobalDet F-GlobalNdet D-Mprefiz) blast
next
show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (auto simp add: F-Mprefix F-GlobalDet F-GlobalNdet split: if-split-asm)
qed

3.7.4 Multiple Synchronization Product

lemma MultiSync- Mprefix-pseudo-distrib:
([S]Be# M. Oze B— PBzx)=
Oz € (B € set-mset M. B) — ([S] B €# M. P B z)»
if nonempty: <M # {#}> and hyp: <\A\B. Be# M — B C S»
proof —
from nonempty obtain b M’ where b €# M — M"
« M = add-mset b M’y «<M' C# M>
by (metis add-diff-cancel-left’ diff-subset-eq-self insert-DiffM
insert-Diff M2 multi-member-last multiset-nonemptyE)
show ?thesis
apply (subst (1 2 8) <M = add-mset b M")
using b €# M — My <M’ C# M>
proof (induct rule: msubset-induct-singleton’)
case m-singleton show ?case by fastforce
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next
case (add z F) show ?case
apply (simp, subst Mprefiz-Sync-Mprefiz-subset[symmetric])
apply (meson add.hyps(1) hyp in-diffD,
metis <b €# M — M" hyp in-diffD le-infI1)
using add.hyps(8) by fastforce
qed
qed

lemmas MultiPar-Mprefix-pseudo-distrib =
MultiSync-Mprefiz-pseudo-distrib[where S = «<UNIV», simplified]

3.7.5 The Throw Operator

lemma Throw-Mndetprefiz:
(MaeA—Pa)ObeB. Qb=
Ma € A— (ifa € Bthen Qaelse Pa®© b e B. Qb)
by (auto simp add: Mndetprefiz-GlobalNdet Throw-distrib-GlobalNdet-right
write0-def Throw-Mprefiz
intro: mono-GlobalNdet-eq mono-Mprefiz-eq)

3.7.6 The Interrupt Operator

lemma Interrupt-Mndetprefiz:
(MeeAd—-Pa)AQ=Q0O(MaeA— Pal Q)
by (simp add: Mndetprefiz-GlobalNdet Interrupt-distrib-GlobalNdet-right
write0-def Interrupt-Mprefiz Det-distrib- GlobalNdet-left)
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Chapter 4

CSPM Laws

4.0.1 The Throw Operator

lemma Throw-read :
anj-on c A= (c?la€ A—-Pa)Oac B Qa=
c?lac A— (ifcae€ Bthen Q (ca)else Pa® ae€ B. Qa)
by (auto simp add: read-def Throw-Mprefix intro: mono-Mprefiz-eq)

lemma Throw-ndet-write :
anj-on c A= (la € A -+ Pa)©Oa€ B Qa=
MaeAd— (ifca€ Bthen Q (ca) else Pa® a € B. Q a)
by (auto simp add: ndet-write-def Throw-Mndetprefix intro: mono-Mndetprefiz-eq)

lemma Throw-write :

(cla > P)©aec B Qa=cla— (ifca€ Bthen Q (ca) else PO a € B. Q
a)

by (auto simp add: write-def Throw-Mprefix intro: mono-Mprefiz-eq)

lemma Throw-write0 :
(a—>P)OacB Qa=a— (ifa € Bthen Qaelse PO a € B. Q a)
by (auto simp add: write0-def Throw-Mprefix intro: mono-Mprefiz-eq)

4.0.2 The Interrupt Operator

lemma Interrupt-read :
(c?a€e A= Pa)AQ=Q0O(c?ac A= Pal Q)
by (auto simp add: read-def Interrupt-Mprefix
introl: mono-Mprefiz-eq arg-cong|where f = (AP. Q O P)])

lemma Interrupt-ndet-write :
(MaeA—-Pa)AQ=QO(MNa€e A—Pal Q)
by (auto simp add: ndet-write-def Interrupt-Mndetprefiz
introl: mono-Mndetprefiz-eq arg-conglwhere f = <(AP. @ O P»])

lemma Interrupt-write : <(cla — P) A Q@ = Q O (cla - P A Q)
by (auto simp add: write-def Interrupt-Mprefiz intro: mono-Mprefiz-eq)
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lemma Interrupt-write0 : «(a — P) A Q@ = Q O (a = P A Q)
by (auto simp add: write0-def Interrupt-Mprefiz intro: mono-Mprefix-eq)

4.0.3 Global Deterministic Choice

lemma GlobalDet-read :
Da€A. c?be Ba— Pab=c?be (|JacA Ba) —» MNac{a € A. b € B a}.
Pab
if <inj-on ¢ (Ja€A. B a)
proof —
have x : «a € A= b€ Ba =
{a € A. inv-into (|J (B“A4))c(cb)eBa}={ac A cbec‘Bap
for a b
by (metis (no-types, opaque-lifting) SUP-upper UN-iff
inj-on-image-mem-iff inv-into-f-eq <inj-on ¢ (|J a€A. B a)»)
have «(Oa € A. c?b € Ba — Pa b=
Obe(Jz€A. ¢ “Bz) »Tac{a € A. b€ ¢ ‘Ba}. Pa (inv-into (B a) ¢ b)»
by (simp add: read-def GlobalDet-Mprefiz)
also have «(|Jz€A. ¢ *Bz) = ¢ ‘ (Ja€A. B a) by blast
finally show <Oa € A. ¢?b€ Ba — Pab=c?b € (|Ja€A. Ba) — Mac{a €
A.be Ba}. Pab
by (auto simp add: read-def * introl: mono-Mprefiz-eq mono-GlobalNdet-eq)
(metis (lifting) SUP-upper UN-I inv-into-f-eq subset-inj-on <inj-on ¢ (|J a€A.
B a))
qed

lemma GlobalDet-write :
Dae A cl(ba) > Pa=c?zeb‘A—Nac{ac A z=0a}. Pa if <inj-on
c(b*“Ay
proof —
from <inj-on ¢ (b * A)) have * : «x € A = {a € A. inv-into (b * A) ¢ (¢ (b z))
=) a} =
{a€e A c(bx)=c(ba)} for x
by (auto simp add: inj-on-eq-iff)
have <Oa € A. c!(ba) - P a=0ze(|JacA. {c (b a)}) = GlobalNdet {a € A.
z=c(ba)} P
by (simp add: write-def GlobalDet-Mprefix)
also have «(|JacA. {c (ba)}) =c ‘b ‘A by blast
finally show «Oa € A. c!(ba) > Pa=c?z € b ‘A —Nac{a € A. z =10 a}.
P a
by (auto simp add: read-def * intro: mono-Mprefiz-eq)
qed

lemma GlobalDet-write0 :
<0aeAd. ba— Pa=0ze€(b‘A) >Nace{ac A z=ba}. Pw
by (auto simp add: GlobalDet-writelwhere ¢ = <\z. z, simplified write-is-write0]
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read-def
intro!: mono-Mprefiz-eq) (metis (lifting) f-inv-into-f image-eql)

4.0.4 Multiple Synchronization Product
4.1 Results for Throw

4.1.1 Laws for Throw

lemma Throw-GlobalDet :
«(ODa€ A Pa)ObeB. Qb=0ac A Pa®be B. Qb (is <?lhs = ?rhs))
proof (rule Process-eq-optimizedI)
show «t € D ?lhs =t € D ?rhs» for ¢
by (simp add: D-Throw GlobalDet-projs split: if-split-asm) blast
next
show «t € D ?rhs = t € D ?lhs» for ¢
by (simp add: D-Throw GlobalDet-projs) (meson empty-iff)
next
fix ¢t X assume «(¢, X) € F ?lhs) <t ¢ D ?lhs
then consider «(t, X) € F (Ha € A. Pa)) <settNev ‘B =/
| (failR) t1 b t2 where <t = t1 @ ev b # t2) «t1 Q [ev b] € T
settl Nev ‘B ={}p <be B «(t2, X) € F (Q b)»
unfolding Throw-projs by blast
thus «(t, X) € F %rhs
proof cases
show ((t, X) e F (ODa€ A. Pa) = settNev‘B={} = (t, X) € F ?rhs
by (cases t) (auto simp add: F-GlobalDet Throw-projs)
next
case failR
from failR(2) obtain a where <a € A <t1 Q [ev b] € T (P a)»
by (auto simp add: T-GlobalDet split: if-split-asm)
with failR(3—5) show «(t, X) € F ?rhs»
by (simp add: F-GlobalDet F-Throw failR(1)) blast
qed
next
fix t X assume (¢, X) € F ?rhs) <t ¢ D ?rhs
then consider ¢ = [|» VacA. ({, X) e F (Pa®© be B. Qb
| @ where <a € Ay <t £ [» «(t, X) e F(Pa©® be B. Qb
| a r where <a € A <t =1[p /(r) ¢ Xo ([V(r)] €T (Pa®be B. Qb
by (auto simp add: GlobalDet-projs)
thus (¢, X) € F ?lhs
proof cases
show (¢t = [| = VacA. (t, X) e F(Pa®be B. Qb)) = (t, X) € F ?lhs
by (auto simp add: F-Throw F-GlobalDet)
next
show ace A= t#[| = (t, X) e F(Pa©®be B. Qb) = (t, X) € F
?lhsy for a
by (simp add: F-Throw GlobalDet-projs) (metis empty-iff)
next

b
(Oa € A. Pa)
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show «Ja e A;t=[;V/(r) ¢ X; [V(r)] €T (Pa®be B. Qb = (¢, X)
€ F ?lhsy for a r
by (simp add: Throw-projs F-GlobalDet Cons-eq-append-conv) (metis is-process T9-tick)
qed
qed

lemma Throw-GlobalNdetR :
«(PO®ac A TbeB. Qab=
(if B={}thenP© ac A STOP else b € B. PO a € A. Q ab)
(is < ?lhs = (if - then - else ?rhs)y)
proof (split if-split, intro conjl impI)
show (B = {} = %lhs = P © a € A. STOP» by simp
next
show «?lhs = %rhs) if «<B # {}
proof (subst Process-eq-spec, safe)
show <t € D ?lhs = t € D ?rhs) for ¢
by (auto simp add: <B # {}> D-Throw D-GlobalNdet D-GlobalDet)
next
show «t € D %rhs = t € D ?lhs) for ¢
by (auto simp add: <B # {}» D-Throw D-GlobalNdet D-GlobalDet)
next
show «(t, X) € F ?lhs = (t, X) € F %rhs» for t X
by (cases t) (auto simp add: «B # {}» F-Throw F-GlobalNdet F-GlobalDet)
next
show «(t, X) € F ?rhs = (¢, X) € F ?%lhs) for t X
by (auto simp add: <B # {}> Throw-projs F-GlobalNdet F-GlobalDet D-T
is-processT7 Cons-eg-append-conv introl: is-processT6-TR-notin)
qed
qed

corollary Throw-Det : <POP' ©@a€ A. Qa=(POac A Qa)0(P'Oac
A Qa)
proof —
have <POP' © a € A. Q a = (0ae{0 :: nat, 1}. (if a = 0 then P else P)) ©
a €A Qw
by (simp add: GlobalDet-distrib-unit)
also have «... = Oae{0 :: nat, 1}. (if a = 0 then Pelse P')© a € A. Q o
by (fact Throw-GlobalDet)
alsohave (... = (PO ac A Qa) 3 (P O©ac A Qa)
by (simp add: GlobalDet-distrib-unit)
finally show ?thesis .
qed

corollary Throw-NdetR : <P O a € A. QaM Q@ a=(POac A Qa)O (PO
a€ A Q a)

proof —

have (PO a € A. QaNQ a=POac A Nbe{0: nat, 1}. (if b = 0 then
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Q a else Q' a)»
by (simp add: GlobalNdet-distrib-unit)

also have ¢... =0b € {0 :: nat, 1}. PO a € A. (if b = 0 then Q a else Q' a)
by (simp add: Throw-GlobalNdetR)
alsohave ... = (PO ac€ A Qa) O (PO ac A Q' a)

by (simp add: GlobalDet-distrib-unit)
finally show ?thesis .
qed

4.1.2 Laws for Sync

lemma Sync-GlobalNdet-cartprod:
«(M(a,b) e Ax B.(Pal[S] Qb)) =
(if A={} VvV B ={} then STOP else (Ma € A. P a) [S] (Mb € B. Q b))»
by (simp add: GlobalNdet-cartprod Sync-distrib-GlobalNdet-left
Sync-distrib-GlobalNdet-right GlobalNdet-sets-commute[of A])

lemmas Inter-GlobalNdet-cartprod = Sync-GlobalNdet-cartprod[where S = «{})]
and Par-GlobalNdet-cartprod = Sync-GlobalNdet-cartprod[where S = UNIV]

lemma MultiSync-Hiding-pseudo-distrib:

finite A= AN S={} = ([SIpe# M. (Pp\ A)) = ([S] p €# M. P p)
\ A

by (induct M, simp) (metis MultiSync-add MultiSync-recl Hiding-Sync)

lemma MultiSync-prefix-pseudo-distrib:
)<)M#{#}ﬁa€5=>([[5]]p€#M-(a—>Pp))=(a—>([[S]]p€#M~P
p))

by (induct M rule: mset-induct-nonempty)
(simp-all add: write0-Sync-write0-subset)

lemmas Multilnter- Hiding-pseudo-distrib =
MultiSync-Hiding-pseudo-distrib[where S = «{}», simplified]
and MultiPar-prefiz-pseudo-distrib =
MultiSync-prefiz-pseudo-distribjwhere S = «UNIV», simplified)

A result on Mndetprefix and Sync.

lemma Mndetprefiz-Sync-distr: <A # {} = B # {} =
(MaeA—Pa)[S](Mbe B— Qb) =
MacA. M beB. (Oce ({a} — 5) = (Pa[S)(b— QD)) DO
(Od € {8} = 8) = ((a > Pa) [S] QD) O
(Oce({a} N{b}NS) = (PalS] Qb))
apply (subst (1 2) Mndetprefiz-GlobalNdet)
apply (subst Sync-distrib-GlobalNdet-right, simp)
apply (subst Sync-commute)
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apply (subst Sync-distrib-GlobalNdet-right, simp)
apply (subst Sync-commute)
apply (unfold write0-def)

apply (subst Mprefiz-Sync-Mprefiz)

by (fold write0-def, rule refl)

lemma A#{} = B#{} = (MNa€A—-Pa)[S](MbeB— Qb =
N acA. N beB. (if a € S then STOP else (a — (P a [S] (b — Qb)) O

(if b € S then STOP else (b — ((a — P a) [S] @ b))) O
(ifa=bAae Sthen (a = (Pa[S] Q a)) else STOP)»

apply (subst Mndetprefiz-Sync-distr, assumption+)

apply (intro mono-GlobalNdet-eq)

apply (intro arg-cong2[where f = «(O))])

by (simp-all add: Mprefiz-singl insert-Diff-if Int-insert-left)

4.1.3 GlobalDet, GlobalNdet and write0

lemma GlobalDet-write0-is- GlobalNdet-write0:
«(OpeAd (a— Pp)=Npe A (a— Pp) (is «?lhs = ?rhs)
proof (subst Process-eq-spec, safe)
show «s € D ?lhs = s € D ?rhs»
and <s € D %rhs = s € D ?lhs) for s
by (simp-all add: D-GlobalDet write0-def D-Mprefix D-GlobalNdet)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs
and «(s, X) € F ?rhs = (s, X) € F ?lhs) for s X
by (auto simp add: F-GlobalDet write0-def F-Mprefix F-GlobalNdet split: if-split-asm)
qed

lemma write0-GlobalNdet-bis:
A#{} = (a—-(MNpeA Pp)=0pe A (a = Pp))
by (simp add: GlobalDet-write0-is-GlobalNdet-write0 write0-GlobalNdet)

4.2 Some Results on Renaming

lemma Renaming-GlobalNdet:
<Renaming (Ma € A. P (fa)) fg=Tbe f*‘A. Renaming (Pb) f ¢
by (metis Renaming-distrib-GlobalNdet mono-GlobalNdet-eq2)

lemma Renaming-GlobalNdet-inj-on:
<Renaming (Ma € A. Pa) fg=
Mbe f*A Renaming (P (THE a. a € AN fa=0)) f¢
if inj-on-f: <inj-on f A>
by (smt (verit, ccfv-SIG) Renaming-distrib-GlobalNdet inj-on-def mono-GlobalNdet-eq2
that the-equality)

corollary Renaming-GlobalNdet-inj:
<Renaming (Ma € A. Pa) fg=
Mbe fA Renaming (P (THE a. fa = b)) f ¢ if inj-f: <inj f»
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apply (subst Renaming-GlobalNdet-inj-on, metis inj-eq inj-onl inj-f)
apply (rule mono-GlobalNdet-eq[rule-format])
by (metis imageE inj-eq[OF inj-f])

lemma Renaming-distrib-GlobalDet :
<Renaming (Oa € A. P a) fg =0a € A. Renaming (P a) f ¢> (is <?lhs = ?rhs))
proof (subst Process-eq-spec-optimized, safe)
show <s € D ?lhs = s € D ?rhs
and <s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-Renaming D-GlobalDet)
next
assume same-div : <D ?lhs = D ?rhs
fix s X assume «(s, X) € F ?lhs
then consider <s € D ?lhs)
| ¢ where «s = map (map-eventyiicr fg) © «(t, map-eventyrick fg —°X) € F
(Oa € A. P a)
unfolding Renaming-projs by blast
thus «(s, X) € F ?rhs
proof cases
from same-div D-F show «s € D ?lhs = (s, X) € F ?rhs» by blast
next
show (s = map (map-event,iicr fg) t = (¢, map-eventpiick fg — X) € F
(Oa € A. P a)
= (s, X) € F ?rhs) for ¢
by (cases t; simp add: F-GlobalDet Renaming-projs)
(force, metis list.simps(9))
qed
next
assume same-div : <D ?lhs = D ?rhs)
fix s X assume «(s, X) € F ?rhs»
then consider <s = [ «Va€A. (s, X) € F (Renaming (P a) f g)
| @ where <a € Ay «<s # [ «(s, X) € F (Renaming (P a) fg)
| @ where <a € Ay <s = []» «<s € D (Renaming (P a) fg)
| a r where <a € A <s =[] «/(r) & X> <[V (r)] € T (Renaming (P a) f g)
unfolding F-GlobalDet by blast
thus «(s, X) € F ?lhs
proof cases
show (s = [| = Va€A. (s, X) € F (Renaming (P a) fg) = (s, X) € F
2lhs)
by (auto simp add: F-Renaming F-GlobalDet)
next
show <« € A = s # [| = (s, X) € F (Renaming (P a) fg) = (s, X) € F
?lhsy for a
by (simp add: F-Renaming GlobalDet-projs) (metis list.simps(8))
next
show (¢ € A = s =[] = s € D (Renaming (P a) f g) = (s, X) € F ?lhs
for a
by (auto simp add: Renaming-projs D-GlobalDet)
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next

fix a r assume x : <a € Ay <s = [ «/(r) ¢ X> <[V (r)] € T (Renaming (P a)
fa)

from *(4) consider sI where [V (7)] = map (map-eventptick fg) s1» <s1 €
T (P a)

| s1 s2 where <[V (r)] = map (map-eventpick [ g) s1 Q s2»
<tickFree s1» <front-tickFree s2) <s1 € D (P a)»
by (simp add: T-Renaming) meson
thus «(s, X) € F ?lhs
proof cases
fix s1 assume [V (r)] = map (map-eventyiick fg) sl <s1 € T (P a)
from <[V (r)] = map (map-eventyick f g) s> obtain r’ where <r = g "
sl = [V (r")]
by (metis map-map-event,; cx-eq-tick-iff )
with x(1, 2, 3) «<s1 € T (P a)
show «(s, X) € F ?lhs> by (auto simp add: F-Renaming F-GlobalDet)
next
fix s1 s2 assume <[V (r)] = map (map-eventpiick fg) s1 Q s2»
<tickFree s1» <front-tickFree s2y <s1 € D (P a)»
from <[V (r)] = map (map-eventpiick fg) s1 Q s2» <tickFree s1»
have <s1 = [| A s2 = [V (7))
by (cases s1; simp) (metis eventyiick-disc(2) eventyy;cr.map-disc-iff (1))
with x(1, 2) <s1 € D (P a)> show «(s, X) € F ?lhs)
by (auto simp add: F-Renaming F-GlobalDet)
qed
qed
qed

lemma Renaming-Mprefiz-bis :
<Renaming (Oa € A — Pa) fg=0a € A. (f a — Renaming (P a) f g)
by (simp add: Mprefiz-GlobalDet Renaming-distrib-GlobalDet Renaming-write0)

lemma Renaming-GlobalDet-alt:
<Renaming (0 a € A. P (fa)) fg=0b € f*A. Renaming (P b) [ ¢»
(is «?lhs = %rhsy)
by (simp add: Renaming-distrib-GlobalDet mono-GlobalDet-eq2)

lemma Renaming-GlobalDet-inj-on:
<inj-on f A = Renaming (0 a € A. Pa) fg =
Obef‘A. Renaming (P (THE a. a € AN fa=0)) fg
by (simp add: Renaming-distrib-GlobalDet inj-on-def mono-GlobalDet-eq2 the-equality)

corollary Renaming-GlobalDet-inj:
<inj f = Renaming (0 a € A. Pa) fg=01b € f*‘A. Renaming (P (THE a. f
a="0)fg
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by (subst Renaming-GlobalDet-inj-on, metis inj-eq inj-onl)
(rule mono-GlobalDet-eq, metis imageE inj-eq)

lemma Renaming-Interrupt :
«Renaming (P A\ Q) f g = Renaming P f g A Renaming Q f g (is «?lhs = ?rhs»)
proof (subst Process-eq-spec-optimized, safe)
fix ¢ assume <t € D ?lhs)
then obtain t1 t2
where * : ¢ = map (map-eventpiick fg) t1 Q t2) <tF t1) (ftF t2) <t1 € D (P
A Q)
unfolding D-Renaming by blast
from *(4) consider «t1 € D P)
| ul u2 where <t1 = ul Q u2> <ul € T P> <tFul» <u2 € D )
unfolding D-Interrupt by blast
thus ¢t € D ?rhs
proof cases
from %(1—3) show «t1 € D P =t € D ?rhs
by (auto simp add: D-Interrupt D-Renaming)
next
show <t =ul Qu2 —= ul € T P=tFul = u2e€D Q= tecD ?hs
for ul u2
by (simp add: D-Interrupt Renaming-projs =(1))
(metis %(2, 8) map-event,y;cx-tickFree tickFree-append-iff)
qed
next
fix t assume <t € D ?rhs»
then consider «t € D (Renaming P f g)»
| t1 t2 where <t = t1 Q t2y <t1 € T (Renaming P f g)» <tF t1» <t2 € D
(Renaming Q f g)»
unfolding D-Interrupt by blast
thus ¢t € D ?lhs
proof cases
show «t € D (Renaming P f g) = t € D ?lhs
by (auto simp add: D-Renaming D-Interrupt)
next
show «t = t1 Q@ t2 = t1 € T (Renaming P f g) = tF tl — t2 € D
(Renaming Q f g) = t € D ?lhs) for t1 t2
by (auto simp add: Renaming-projs D-Interrupt append.assoc map-eventy ;. -tickFree)
(metis (no-types, opaque-lifting) append.assoc map-append tickFree-append-iff ,
metis front-tickFree-append map-eventyt;c,-tickFree)
qed
next
fix t X assume same-div : <D ?lhs = D ?rhs»
assume «(t, X) € F ?lhs
then consider <t € D ?lhs»
| w where «t = map (map-eventpiicr fg) w <(u, map-eventpicr fg —° X) €
F (P A Q)
unfolding Renaming-projs by blast
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thus (¢, X) € F rhs
proof cases
from same-div D-F show <t € D ?lhs = (t, X) € F ?rhs» by blast
next
fix u assume * : <t = map (map-eventyick fg) w <(u, map-eventypick fg —°
X)eF (P A Q)
from *(2) consider <u € D (P A Q)»
| ' r where <u=u'Q [V(r)p «w' Q[/(r)] €T P>
| X' r where <map-eventpiicr fg — X = X' —{/(r)h «w@ [/(r)] € T P»
| «(u, map-eventpiick fg —<X) € F Py <tF w «([], map-eventypicr fg —<X)
eF @
| ul u2 where <u = ul Q u2) <ul € T Py <«tF ul» «(u2, map-eventpiick f g
—X)eF Q w2 #[p
| X' r where (map-eventpicr, fg — X = X' —{/(r)}h <u €T P <tF w
(V(r)] eT @
unfolding Interrupt-projs by safe auto
thus (¢, X) € F %rhs
proof cases
assume <u € D (P A Q)
hence <t € D ?lhs)

by (simp add: %(1) D-Renaming)

(metis (no-types, opaque-lifting) D-imp-front-tickFree append-Nil2 snoc-eq-iff-butlast
butlast.simps(1) div-butlast-when-non-tickFree-iff front-tickFree-Nil
front-tickFree-iff-tickFree-butlast front-tickFree-single map-butlast)

with same-div D-F show «(t, X) € F ?rhs) by blast
next
show «u = v Q [V (r)] = v Q[V/(r)] e T P= (t, X) € F ?rhs) for v’ r
by (auto simp add: *(1) F-Interrupt T-Renaming)
next
fix X' r assume #x : <map-eventpiicy fg — ' X = X' — {V(r)p «uw Q [V(r)]
eT P
from #+ obtain X' where <X = X" — {/ (g r)}p
by (metis DiffD2 Diff-insert-absorb eventyy;ck.simps(10) insertll vimage-eq)
moreover from xx(2) have «t Q [V (g r)] € T (Renaming P f g)
by (auto simp add: (1) T-Renaming)
ultimately show (¢, X) € F ?rhs» by (auto simp add: F-Interrupt)
next
show «<(u, map-eventyiicr fg —X) € F P = tFu =
(I, map-eventprick fg — X)) € F Q = (¢, X) € F ?rhs»
using map-eventy, . -tickFree by (auto simp add: *(1) F-Interrupt F-Renaming)
next
fix ul u2 assume <u = ul Q u2) <ul € T Py <tF ul»
(u2, map-eventyick fg — X) € F Q) w2 # [
hence «t = map (map-eventyiick fg) ul Q map (map-eventyiick fg) u2»
«map (map-eventyiick fg) ul € T (Renaming P f g)»
«tF' (map (map-eventpiick fg) ul)
«(map (map-eventpiicr fg) u2, X) € F (Renaming Q f g)»
«map (map-eventyick fg) u2 # [
by (auto simp add: *(1) Renaming-projs map-eventy;ck-tickFree)
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thus «(t, X) € F ?rhs) by (simp add: F-Interrupt) blast
next
fix X' r assume xx : <map-eventpiicr fg — X = X' —{/(r)p «weT P
GF w <[V (r)])eT @
from (1, 2) obtain X' where <X = X" — {/(g )P
by (metis Diff D2 Diff-insert-absorb eventyy;ck.simps(10) insertll vimage-eq)
moreover from x(2—/) have <t € T (Renaming P f g)» «tF
V(g r)] €T (Renaming Q f g)»
by (auto simp add: *(1) T-Renaming map-eventy;.y-tickFree)
ultimately show (¢, X) € F ?rhs» by (simp add: F-Interrupt) blast
qed
qed
next
fix t X assume same-div : <D ?lhs = D ?rhs»
assume «(t, X) € F ?rhs
then consider «t € D ?rhs»
| ' s where <t = t' Q [V (s)]p «t' Q [V (s)] € T (Renaming P f g)»
| X' s where <X = X' — {V/(s)}» <t Q[/(s)] € T (Renaming P [ g)
| <«(t, X) € F (Renaming P f g)» <tF t» «([], X) € F (Renaming Q f g)»
| t1 t2 where <t = t1 Q t25 <t1 € T (Renaming P f g)» «tF t1»
«(t2, X) € F (Renaming Q f g)» «t2 # []»
| X’ s where <X = X' — {/(s)}» <t € T (Renaming P f g)» <tF t» <[/ (s)] €
T (Renaming Q f g)»
by (simp add: Interrupt-projs) blast
thus «(¢t, X) € F ?lhs
proof cases
from same-div D-F show <t € D rhs = (¢, X) € F ?lhs» by blast
next
show <[t = ¢t/ Q [V (s)]; t' Q@ [V(s)] € T (Renaming P f g)] = (¢, X) € F
?lhs) for t’ s
by (simp add: Renaming-projs Interrupt-projs)
(metis T-nonTickFree-imp-decomp map-eventy; i -tickFree non-tickFree-tick
tickFree-append-iff)
next
fix X' s assume * : <X = X' — {V/(s)}» <t Q [V(s)] € T (Renaming P f g)»
from %(2) consider u! u2 where
t @ [V/(s)] = map (map-eventprick fg) ul @ u2y <tF ul> (ftF u2» «ul € D
P
| u r where s = g r <t = map (map-eventyiicr f9) w «uw @ [V (r)] € T P»
by (simp add: T-Renaming)
(metis (no-types, opaque-lifting) T-nonTickFree-imp-decomp eventptick.disc(4)
eventptick.-map-sel(2) eventpiick.sel(2) last-map map-bdutlast map-event,i;cx-tickFree
non-tickFree-tick snoc-eq-iff-butlast tickFree-append-iff)
thus «(t, X) € F ?lhs
proof cases
fix ul u2 assume <t Q [V (s)] = map (map-eventpiick fg) ul Q u2> tF ul>
ftF u2y <ul € D P>
hence <t € D ?lhs)
by (cases u2 rule: rev-cases)
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(auto simp add: D-Interrupt D-Renaming intro: front-tickFree-dw-closed,
metis map-eventyick-tickFree non-tickFree-tick tickFree-append-iff)
with D-F show «(t, X) € F ?lhs» by blast
next
fix u r assume s = g r & = map (map-eventyiick fg) w u @ [V (r)] €T
P»
moreover from x(1) <s = g r obtain X’ where <map-eventpiicr fg —° X
=X"-{/(n}p
by (metis Diff-iff Diff-insert-absorb eventyi;cx.simps(10) vimage-eq vim-
age-singleton-eq)
ultimately show «(¢, X) € F ?lhs) by (simp add: F-Renaming F-Interrupt)
metis
qed
next
show «[(t, X) € F (Renaming P f g); tF t; ([, X) € F (Renaming Q f g)] =
(t, X) € F ?lhs
by (simp add: Renaming-projs Interrupt-projs)
(metis is-processT8 map-eventy,;.y-tickFree)
next
fix 1 t2 assume * : <t = t1 Q t2) <t1 € T (Renaming P f g)» «tF t1»
«(t2, X) € F (Renaming Q f g)» «t2 # [»
from *(2) consider ul u2 where
«t1 = map (map-eventpiick fg) ul @ u2y <tF uly <ftF u2> <ul € D P»
| ul where «t1 = map (map-eventpick fg) ul> <ul € T P>
unfolding 7-Renaming by blast
thus «(¢t, X) € F ?lhs
proof cases
fix ul u2 assume <t1 = map (map-eventpiick fg) ul Q u2y <tF uly <ftF
u2y <ul € D P
hence <t1 € D ?lhs) by (auto simp add: D-Interrupt D-Renaming)
with (1, 8, 4) F-imp-front-tickFree is-processT7 have <t € D ?lhsy by blast
with D-F show «(t, X) € F ?lhs> by blast
next
fix ul assume *x : t1 = map (map-eventyyicr fg) ul» <ul € T P»
from (4 ) consider u2 u3 where
t2 = map (map-eventpiick fg) u2 Q u3» <tF u2) (ftF u3» «u2 € D @
| u2 where «t2 = map (map-eventyiick fg) u2» «(u2, map-eventprick fg —*
X)e FQ
unfolding F-Renaming by blast
thus «(t, X) € F ?lhs
proof cases
fix u2 u3 assume <t2 = map (map-eventpiick fg) v2 Q udy tF u2» «ftF
udr «u2 € D Q
hence «t € D ?lhs)
by (simp add: *(1) *x(1) D-Renaming D-Interrupt flip: map-append
append.assoc)
(metis %(3) *x(1, 2) map-eventyi;cx-tickFree tickFree-append-iff)
with D-F show (¢, X) € F ?lhs» by blast

next
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3

show (t2 = map (map-eventyiick [ g) w2 = (u2, map-eventyiick f g —
X)e FQ
= (¢, X) € F ?lhs» for u2
by (simp add: F-Renaming F-Interrupt x(1) xx(1) flip: map-append)
(metis (3, 5) *x(1, 2) list.map-disc-iff map-eventyy;.y-tickFree)
qed
ged
next
fix X' s assume * : <X = X' — {V/(s)}» <t € T (Renaming P f g)»
F t» «[V/(s)] € T (Renaming Q f g)»
from *(2) consider ul u2 where
<t = map (map-eventpiick fg) ul Q u2y (F uly <ftF u2> <ul € D P)
| u where <t = map (map-eventpiick fg) w «uw €T P»
by (auto simp add: T-Renaming)
thus «(¢, X) € F ?lhs
proof cases
fix ul u2 assume <t = map (map-eventpiick fg) ul Q@ u2> tF uly <ftF u2»
<ul € D P>
hence <t € D ?lhs) by (auto simp add: D-Interrupt D-Renaming)
with D-F show «(t, X) € F ?lhs» by blast
next
fix u assume *x : <t = map (map-eventyick fg) w <u € T P>
from x(4) consider (Renaming Q fg = L» | r where <s = g m [/ ()] € T
o
by (simp add: Renaming-projs BOT-iff-tick-D)
(metis map-map-eventy; ok -eq-tick-iff)
thus (¢, X) € F %lhs)
proof cases
assume <Renaming Q fg = 1>
hence <Q = L) by (simp add: Renaming-is-BOT-iff)
hence <Renaming (P A Q) fg = L) by simp
thus «(t, X) € F ?lhsy by (simp add: F-BOT %(8))
next
fix r assume s = g V(1) € T @
moreover from (1) <s = g r» obtain X"’
where (map-eventpiicr fg — X = X" — {/(r)p
by (metis Diff D2 Diff-empty Diff-insert0 eventyi;ci.simps(10) insertl!
vimage-eq)
ultimately show «(¢, X) € F ?lhs
by (simp add: =x(1) F-Renaming F-Interrupt)
(metis %(3) *x(1, 2) map-eventyi;cx-tickFree)
qed
qed
qed
qed

lemma inj-on-Renaming- Throw :
(Renaming (P ©® a € A. Qa) fg =
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Renaming Pfg © b € f*A. Renaming (Q (inv-into A f b)) f ¢
(is «?lhs = ?rhs)) if inj-on-f : <inj-on f (events-of P U A)»
proof —
have § : «set (map (map-eventpiicy fg) t) Nev  f A={}
+——settNev‘A={pif <t €T P> fort
proof —
from <t € T P) inj-on-f have <inj-on f ({a. ev a € set t} U A)»
by (auto simp add: inj-on-def events-of-memlI)
thus <set (map (map-eventpick fg) t) Nev ‘ f*A={}
— settNev A={h
by (auto simp add: disjoint-iff image-iff inj-on-def map-eventy;.r-eq-ev-iff)
(metis eventpick.simps(9), blast)
qed
show «?lhs = 2rhs»
proof (subst Process-eq-spec-optimized, safe)
fix ¢t assume <t € D ?lhs)
then obtain ¢t t2 where * : <t = map (map-eventpiick fg) t1 Q 2> <tF t1)
ftF t2y <«t1 e D (PO a € A. Q a)
unfolding D-Renaming by blast
from *(4) consider ul u2 where <t = ul Q u2) <ul € D P) <tF ul»
setul Nev ‘A= {} <ftF u2»
| ul a u2 where <t1 = ul Q eva # u2> <ul Qleval €T P>
setul Nev‘A={} <ae€ A «wu2eD(Qa)
unfolding D-Throw by blast
thus <t € D ?rhs
proof cases
fix ul u2 assume *x : <t1 = ul Q u2» <ul € D P> «tF ul»
set ul Nev ‘A= {}p «ftF u2>
from $ xx(2) xx(4) D-T
have s : (set (map (map-eventpiicr fg) ul) Nev ‘f*A={} by blast
have «t = map (map-eventyiick fg) ul Q@ (map (map-eventpiicr fg) u2 Q
t2)»
by (simp add: x(1) **(1))
moreover from (2, 8) (1) have <ftF' (map (map-eventyicr [ g) u2 Q
t2)»
by (simp add: front-tickFree-append map-eventy;cx-tickFree)
moreover have «tF' (map (map-eventpiicr fg) ul)
by (simp add: *x(8) map-eventy;ck-tickFree)
ultimately show <t € D ?rhs)
by (simp add: D-Throw D-Renaming)
(use #x(2) xx(8) **x front-tickFree-Nil in blast)
next
fix ul a u2 assume *x : <t = ul Q eva # u2) <ul Qleva] €T P»
setul Nev A={}p <ae€ A «w2eD(Qa)
have sk : (set (map (map-eventpiicr fg) ul) Nev‘f*A={h
by (meson $ *x(2) **(3) T-F-spec is-processT3)
have «tF u2> using *(2) *x(1) by auto
moreover have <t = map (map-eventpiicr f g) uwl @ ev (f a) # map
(map-eventpiick fg) u2 Q t2)
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by (simp add: *(1) x(1))
moreover from *x(2) have <map (map-eventpiick fg) ul Q[ev (fa)] € T
(Renaming P f g)»
by (auto simp add: T-Renaming )
moreover have «inv-into A f (fa) = @
by (meson xx(4) inj-on-Un inv-into-f-eq inj-on-f)
ultimately show <t € D ?rhs»
by (simp add: D-Throw D-Renaming)
(metis *(3) xx(4) *x(5) **x imagel)
qed
next
fix ¢t assume <t € D ?rhs»
then consider tI t2 where <t = t1 @ t2) <t1 € D (Renaming P f g)»
tF 11y csettl Nev ‘f A ={}p StF t2»
| t1 b t2 where <t = t1 @ ev b # t2) <t1 Q [ev b] € T (Renaming P f g)»
settl Nev ‘fA={p bef‘A
«t2 € D (Renaming (Q (inv-into A f b)) fg)
unfolding D-Throw by blast
thus <t € D ?lhs)
proof cases
fix t1 t2 assume * : <t = t1 Q t2) <t1 € D (Renaming P f g)»
AF t1y «set tl Nev ‘f A= {}p ftF t2
from x(2) obtain u! u2
where sx : (11 = map (map-eventpiick fg) ul Q u2> <tF uly <ftF u2» <ul
eD P
unfolding D-Renaming by blast
from *(4) (1) have <set ul N ev ‘A = {}» by auto
moreover have <t = map (map-event,icr fg) ul @ (u2 Q ¢2)
by (simp add: (1) *x(1))
moreover from (3, 5) xx(1) front-tickFree-append tickFree-append-iff
have «ftF (u2 Q t2)) by blast
ultimately show <t € D ?lhs)
by (simp add: D-Renaming D-Throw)
(use xx(2, 4) front-tickFree-Nil in blast)
next
fix t1 b t2 assume x : <t = t1 Q ev b # t2» <t1 Q [ev b] € T (Renaming P f
9)
settl Nev “f*A={h<bef‘A
«t2 € D (Renaming (Q (inv-into A f b)) fg)
from «b € f * A) obtain a where <a € A) <b = f a) by blast
hence <inv-into A f b = a» by (meson inj-on-Un inv-into-f-f inj-on-f)
from x(2) consider u! u2 where
t1 @ [ev b] = map (map-eventyiick [ g) ul @ u2> <u2 # [|p «tF ul> <ftF
u2y <ul € D P»
| ul where <t Q [ev b] = map (map-eventpiick fg) ul> <ul € T P»
by (simp add: D-T T-Renaming)
(metis (no-types, opaque-lifting) D-T append.right-neutral)
thus <t € D ?lhs)
proof cases
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fix ul u2
assume sk : <t1 Q [ev b] = map (map-eventpiick fg) ul Q@ u2y w2 # [
tF uly <ftF u2y <ul € D P>
from xx(1, 2) obtain u2’ where sxx : <tI = map (map-eventycr f g) ul
Q@ u2’
by (metis butlast-append butlast-snoc)
from #(3) xxx have sk : <set ul N ev ‘A = {}> by auto
have sk 1 <t = map (map-eventpiick fg) ul Q@ (u2' Q ev b # t2)) (ftF
(u2’ @ ev b # t2)
by (simp-all add: *(1) sxx xxxx front-tickFree-append-iff)
(metis %(2, 5) xxx D-imp-front-tickFree append-T-imp-tickFree
eventpiick-disc(1) front-tickFree- Cons-iff not-Cons-self tickFree-append-iff)
show «t € D ?lhs»
by (simp add: D-Renaming D-Throw)
(metis #x(3) #x(5) sxkk sxxxx append-Nil2 front-tickFree-Nil)
next
fix ul assume <tI Q [ev b] = map (map-eventpiick fg) uls <ul € T P»
then obtain ul’ where *x : (t1 = map (map-eventpiick fg) ul’ <ul’ @
[eval € T P>
by (cases ul rule: rev-cases, simp-all add: <b = f a> ev-eq-map-eventy,i;cr-iff)
(metis Nil-is-append-conv Un-iff <a € Ay events-of-meml inj-onD
inj-on-f last-in-set last-snoc list.distinct(1))
from (3) *x(1) have sxx : <set ul ' N ev * A = {}» by auto
from x(5) <inv-into A f b = a> obtain u2 u3 where
sokk 1 (t2 = map (map-eventpiick fg) u2 Q udy tF u2) «ftF u3» u2 €
D (Q a)
unfolding Renaming-projs by blast
have sk <t = map (map-eventpiick fg) (ul’ Q ev a # u2) Q u8» (tF
(ul’ @ ev a # u2)
by (simp-all add: (1) xx(1) <b = f a> **xxx(1))
(metis xx(2) sxxx(2) T-imp-front-tickFree butlast-snoc
front-tickFree-iff-tickFree-butlast)
show <t € D ?lhs»
by (simp add: D-Renaming D-Throw)
(metis xx(2) stk xxkx(3, 4) skkxx(1, 2) <a € A»)
qed
qed
next
fix t X assume same-div : <D ?lhs = D ?rhs»
assume «(t, X) € F ?lhs
then consider <t € D ?lhs»
| u where «t = map (map-eventpiicr fg) w <(u, map-eventpick fg —°X) €
F(POae A Qa)
unfolding Renaming-projs by blast
thus (¢, X) € F %rhs
proof cases
from same-div D-F show <t € D %lhs = (t, X) € F ?rhs> by blast
next
fix u assume * : <t = map (map-eventpiick fg) w
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(u, map-eventprick fg—X) € F (PO ac€ A Qa)
then consider <(u, map-eventpiic, fg —X) € F Py <setuNev‘A={}p
| ul u2 where <u = ul Q u2» <ul € D Py <tF uly <setul Nev ‘A= {}h
ftF u2»
| ul a u2 where (u = ul @ eva # u2> «ul Qleval €T Py <setul N ev
‘A={h
(@ € A (u2, map-eventypicr fg —X) € F (Q a)
unfolding F-Throw by blast
thus «(t, X) € F ?rhs
proof cases
show «(u, map-eventyicr, fg —X) € F P = setuNev‘A={} = (1,
X) € F ?rhsy
by (simp add: F-Throw F-Renaming) (metis $ (1) F-T)
next
fix vl u2 assume <u = ul Q u2) <ul € D Py <tF ul» <setul Nev ‘A=
{}b (ftF u2»
hence <t € D ?lhs)
by (simp add: (1) D-Renaming D-Throw)
(metis append-Nil2 front-tickFree-Nil map-eventy;ck-front-tickFree)
with same-div D-F show «(t, X) € F ?rhs» by blast
next
fix ul a u2
assume sk : <u = ul Q eva # u2» <ul Qleval €T Pr<setul Nev ‘A
={b
(@ € A «(u2, map-eventyicr fg — ' X) € F (Q a)
have sk : «set (map (map-eventpiick fg) ul) Nev ‘f*A={p
by (meson $ xx(2, 3) T-F-spec is-processT3)
have <t = map (map-eventyiicr fg) ul Q ev (f a) # map (map-eventyyick
fag) u2
by (simp add: (1) *x(1))
moreover from xx(2) have <map (map-eventpiick fg) ul Q [ev (f a)] €
T (Renaming P f g)»
by (auto simp add: T-Renaming)
moreover have <inv-into A f (fa) = @
by (meson *x(4) inj-on-Un inv-into-f-f inj-on-f)
moreover from xx(5) have <(map (map-eventpiick f g) u2, X) € F
(Renaming (Q a) f g)»
by (auto simp add: F-Renaming)
ultimately show «(t, X) € F ?rhs
by (simp add: F-Throw) (metis xx(4) xxx image-eql)
qed
qed
next
fix t X assume same-div : <D ?lhs = D %rhs
assume «(t, X) € F Zrhs
then consider «t € D ?rhs»
| <«(t, X) € F (Renaming P fg)y <settNev‘f‘A={}p
| t1 b t2 where <t = ¢t1 Q ev b # t2) <t Q [ev b] € T (Renaming P f g)»
settl Nev “f*A={h<bef‘A
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«(t2, X) € F (Renaming (Q (inv-into A f b)) fg)
unfolding Throw-projs by auto
thus «(¢t, X) € F ?lhs
proof cases
from same-div D-F show <t € D %rhs = (¢, X) € F ?lhs> by blast
next
assume x : «(t, X) € F (Renaming P f g) <sett Nev ‘f A ={}p
from (1) consider <t € D (Renaming P f g)
| v where <t = map (map-eventpiick fg) w «(u, map-eventpiick fg —*X)
e F P
unfolding Renaming-projs by blast
thus «(¢t, X) € F ?lhs
proof cases
assume <t € D (Renaming P f g)»
hence «t € D ?lhs)
by (simp add: D-Renaming D-Throw)
(metis (no-types, lifting) $ x(2) D-T Un-Int-eq(3) append-Nil2
front-tickFree-Nil inf-bot-right inf-sup-aci(2) set-append)
with D-F show «(t, X) € F ?lhs» by blast
next
show <t = map (map-eventyiick fg) v = (u, map-eventyicr fg —X) €
F P
= (t, X) € F ?lhs for u
by (simp add: F-Renaming F-Throw) (metis $ %(2) F-T)
qed
next
fix t1 b t2
assume * : <t = t1 Q ev b # t2» <11 Q [ev b] € T (Renaming P f g)»
settl Nev ‘fA={hdbef‘h
«(t2, X) € F (Renaming (Q (inv-into A f b)) fg)
from *(4) obtain a where <a € Ay <b = f a> by blast
hence (inv-into A f b = a» by (meson inj-on-Un inv-into-f-f inj-on-f)
from *(2) consider ul u2 where
«t1 Q [ev b] = map (map-eventpick fg) ul @ u2> <u2 # [|» «tF ul> <ftF
u2y «<ul € D P»
| ul where «t1 Q [ev b] = map (map-eventpiick fg) uly <ul € T P>
by (simp add: D-T T-Renaming)
(metis (no-types, opaque-lifting) D-T append.right-neutral)
thus «(¢t, X) € F ?lhs
proof cases
fix ul u2
assume xx : <t Q [ev b] = map (map-eventyiicr fg) ul Q u2> u2 # [
AF uly <ftF u2> <ul € D P>
from «x(1, 2) obtain u2’ where sxx : <tI = map (map-event,icr fg) ul
Q u2’
by (metis butlast-append butlast-snoc)
from x(38) s« have <set ul Nev ‘A = {}» by auto
with xx(3—5) sk« have <t € D ?rhs
by (simp add: D-Renaming D-Throw)
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(metis %(1, 8) F-imp-front-tickFree «(t, X) € F ?rhsy front-tickFree-Nil
front-tickFree-append-iff front-tickFree-dw-closed list.discI)
with same-div D-F show «(t, X) € F ?lhs» by blast
next
fix ul assume <t @ [ev b] = map (map-eventpiick fg) uls <ul € T P>
then obtain ul’ where *x : <t = map (map-eventprick fg) ul’ ul’ @
[eval €T P>
by (cases ul rule: rev-cases, simp-all add: <b = f a> ev-eq-map-eventy;ci-iff)
(metis Nil-is-append-conv Un-iff <a € Ay events-of-meml inj-onD
inj-on-f last-in-set last-snoc list.distinct(1))
from *(3) (1) have sxx : (set ul' N ev “ A = {}» by auto
from x(5) <inv-into A f b = a> consider (t2 € D (Renaming (Q a) f g)
| u2 where «t2 = map (map-eventyick [ g) u2> «(u2, map-eventyiick f g
—‘X)eF(Qa)y
unfolding Renaming-projs by blast
thus (¢, X) € F ?lhs
proof cases
assume <t2 € D (Renaming (Q a) f g)»
with x(1—4) «inv-into A fb = a>» have <t € D ?rhs)
by (auto simp add: D-Throw)
with same-div D-F show «(t, X) € F ?lhs> by blast
next
fix u2 assume sxxx : <t2 = map (map-eventpiick fg) ul»
«(u2, map-eventyick fg —X) € F (Q a)
from ssx(1) have ks : (¢ = map (map-eventyicr fg) (ul’ Q ev a #
u2)>
by (simp add: x(1) *x(1) st <b = fa)
show «(t, X) € F ?lhs»
by (simp add: F-Renaming F-Throw)
(use *x(2) xxx xxxx(2) xxxxx (a € A> in blast)
qed
qed
qged
qed
qed

4.2.1 Renaming and (\)

When f is one to one, Renaming (P \ S) f will behave like we expect it to
do.

lemma strict-mono-map: <strict-mono g = strict-mono (Xi. map f (g 7))
unfolding strict-mono-def less-eq-list-def less-list-def prefix-def by fastforce

lemma trace-hide-map-map-event,icr :
ang-on (map-eventpiicr fg) (set s U ev ©S) =
trace-hide (map (map-eventpiick fg) s) (ev “f©S) =
map (map-eventpiick fg) (trace-hide s (ev ¢ S))»
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proof (induct s)

case Nil
show ?case by simp
next

case (Cons e s)
hence * : (frace-hide (map (map-eventpiick fg) s) (ev *f < S) =
map (map-eventyiick fg) (trace-hide s (ev © S))» by fastforce

from Cons.prems[unfolded inj-on-def, rule-format, of e, simplified] show Zcase
apply (simp add: *)
apply (simp add: image-iff)
by (metis eventp;cr.simps(9))

qed

lemma inj-on-map-eventy,i;cr-set-1'
<ang-on (map-eventyiicr fg) (set s)» if <inj-on f (events-of P)y «<s € T P»
proof (rule inj-onl)
show (¢ € set s = e’ € set s —> map-eventyiicr f g e = map-eventpiick f g e’
= e =¢) for e e’
by (cases e; cases e’; simp)
(meson events-of-meml inj-onD that(1, 2),
metis T-imp-front-tickFree eventyy; k. disc(2) eventyyick.simps(2) front-tickFree-Cons-iff
that(2)
front-tickFree-nonempty-append-imp list.distinct(1) snoc-eq-iff-butlast split-list-last)
qed

theorem bij-Renaming-Hiding: <Renaming (P \ S) f g = Renaming P fg\ f ‘S
(is «?lhs = %rhsy) if bij-f: <bij /> and bij-g : <bij ¢»
proof —
have inj-on-map-event,iicr : <inj-on (map-eventyiicr fg) X> for X
proof (rule inj-onlI)
show e € X = e’ € X = map-event,iick g € = map-eventprick fg e =
e =¢c) for e e’
by (cases e; cases e'; simp)
(metis bij-f bij-pointE, metis bij-g bij-pointE)
qed
have inj-on-map-event,y;cr-inv : <ing-on (map-event,yicr, (inv f) (inv g)) X> for
X
proof (rule inj-onl)
show (e € X = e’ € X = map-event,iicr (inv f) (inv g) e = map-eventpiick
(inv f) (inv g) €’
= e=¢"y for ee’
by (cases e; cases e’, simp-all)
(metis bij-f bij-inv-eq-iff , metis bij-g bij-inv-eq-iff)
qed
show < ?lhs = ?rhs»
proof (subst Process-eq-spec-optimized, safe)
fix s
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assume <s € D ?lhs»
then obtain si s2 where * : <tickFree s1» <front-tickFree s2»
<s = map (map-eventyick fg) s1 Q s2y «<s1 € D (P\ S)
by (simp add: D-Renaming) blast
from *(4) obtain ¢ u
where xx : «front-tickFree uy <tickFree t) (sl = trace-hide t (ev ' S) @ w»
<t € D PV (3h. isInfHiddenRun h P S A t € range h)»
by (simp add: D-Hiding) blast
from *x(4) show «s € D Zrhs
proof (elim disjE)
assume <t € D P»
hence «front-tickFree (map (map-eventpiick fg) w Q s2) A tickFree (map
(map'eventptick fg) t) A
s = trace-hide (map (map-eventyiick f g) t) (ev * f ©S) @ map
(map-eventpiicr fg) u @ s2 A
map (map-eventyeick fg) t € D (Renaming P f g)»
apply (simp add: %(3) *x(2, 3) map-eventy;ck-tickFree, intro conjl)
apply (metis %(1, 2) *x(1) **(3) front-tickFree-append-iff
map-eventy,y;ck-front-tickFree map-eventyy ;. -tickFree tickFree-append-iff)
apply (simp add: trace-hide-map-map-eventpicr inj-on-map-eventptick)
by (metis (mono-tags, lifting) xx(2) Collect] D-Renaming append.right-neutral
front-tickFree-Nil)
thus <s € D ?rhsy by (simp add: D-Hiding) blast
next
assume <3 h. isInfHiddenRun h P S A t € range h»
then obtain h where (isinfHiddenRun h P Sy <t € range hy by blast
hence «front-tickFree (map (map-eventpiick fg) u @ s2) A
tickFree (map (map-eventyick [ g) t) A
s = trace-hide (map (map-eventyick fg) t) (ev * f ©S) @ map
(map-eventpiicr fg) u @ s2 A
isInfHiddenRun (Ai. map (map-eventpiick fg) (k1)) (Renaming P f g)
(F8) A

7))

map (map-eventyick fg) t € range (Ai. map (map-eventyiicr fg) (h

apply (simp add: %(3) *x(2, 3) map-eventyi;cx-tickFree, intro conjl)
apply (metis x(1, 2) x(3) front-tickFree-append map-eventy;c,-tickFree
tickFree-append-iff)
apply (rule trace-hide-map-map-eventy ;.| OF inj-on-map-event,iick, sym-
metric])
apply (solves <rule strict-mono-map, simp»)
apply (solves <auto simp add: T-Renaming»)
apply (subst (1 2) trace-hide-map-map-eventpici| OF inj-on-map-event,i;cr))
by metis blast
thus «s € D ?rhs) by (simp add: D-Hiding) blast
qged
next
fix s
assume <s € D ?rhs)
then obtain ¢ u
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where * : <front-tickFree u> <tickFree t» <s = trace-hide t (ev * f *S) Q w)
<t € D (Renaming P f g) V
(3 h. isInfHiddenRun h (Renaming P f g) (f ¢ S) A t € range h)»
by (simp add: D-Hiding) blast
from x(4) show «s € D ?lhs)
proof (elim disjE)
assume <t € D (Renaming P f g)
then obtain ¢7 t2 where xx : <tickFree t1) <front-tickFree t2»
<t = map (map-eventpiick fg) t1 Q t2> <t1 € D P»
by (simp add: D-Renaming) blast
have «tickFree (trace-hide t1 (ev © S)) A
front-tickFree (trace-hide t2 (ev ‘ f < S) Q u) A
trace-hide (map (map-eventpiick fg) t1) (ev  f ©S) Q trace-hide t2 (ev
A RCRTES
map (map-eventpiick fg) (trace-hide t1 (ev ©S)) Q trace-hide t2 (ev ‘ f
fS)@u A
trace-hide t1 (ev ' S) € D (P \ S)
apply (simp, intro conjl)
using *x(1) Hiding-tickFree apply blast
using x(1, 2) xx(83) Hiding-tickFree front-tickFree-append tickFree-append-iff
apply blast
apply (rule trace-hide-map-map-event, .k OF inj-on-map-eventy;ck])
using *x(4) mem-D-imp-mem-D-Hiding by blast
thus s € D ?2lhs) by (simp add: D-Renaming *(3) *x(3)) blast
next
have inv-S: «S =inv f * f < S) by (simp add: bij-is-inj bij-f)
have inj-inv-f: <inj (inv f))
by (simp add: bij-imp-bij-inv bij-is-inj bij-f)
have s : «<map (map-event,iicr (inv f) (inv g) o map-eventyiick fg) v = v
for v
by (induct v, simp-all)
(metis bij-f bij-g bij-inv-eq-iff eventpiick.exhaust eventpticr.simps(9)
map-event ek -eq-tick-iff)
assume <3 h. isInfHiddenRun h (Renaming P f g) (f * S) A t € range h»
then obtain A
where #xx : <isInfHiddenRun h (Renaming P f g) (f ¢ S)» «t € range hy by
blast
then consider {1 where «t1 € T P> «t = map (map-eventpiick fg) t1>
| t1 t2 where <tickFree t1y «front-tickFree t2)
«t = map (map-eventpiick fg) t1 Q t2> <t1 € D P»
by (simp add: T-Renaming) blast
thus <s € D ?lhs
proof cases
fix t1 assume sxxx : <t1 € T P> <t = map (map-eventyiick fg) t1»
have s : <t1 = map (map-eventyicr, (inv f) (inv g)) © by (simp add:
have sxxxxx : (trace-hide t1 (ev * S) = trace-hide t1 (ev *S) A
isInfHiddenRun (Ai. map (map-eventye;cr (inv f) (inv g)) (b))
PSA
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t1 € range (Ai. map (map-eventyyicr (inv f) (inv g)) (b 7))

apply (solves «simp add: bij-is-inj bij-g»)

apply (simp add: *xx(1) strict-mono-map, intro conjl)
apply (subst Renaming-inv[where f = f and g = g, symmetric|)
apply (solves <simp add: bij-is-inj bij-f»)

(

using *xx(1) apply (subst T-Renaming, blast)
apply (subst (1 2) inv-S, subst (1 2) trace-hide-map-map-eventy;ck[OF
inj-on-map-eventyy;cr-inv))
apply (metis *xx(1))
using sk (2) st by blast
have <tickFree (trace-hide t1 (ev © S)) A front-tickFree t1 A
trace-hide (map (map-eventpiick fg) t1) (ev ‘f < S) Q u =
map (map-eventpiick fg) (trace-hide t1 (ev ©§)) @ u A
trace-hide t1 (ev *S) € D (P \ S)
apply (simp, intro congl)
using *(2) #xxx(2) map-eventy;.i-tickFree Hiding-tickFree apply blast
using sxxx(1) is-processT2-TR apply blast
apply (rule trace-hide-map-map-event, ;.| OF inj-on-map-eventp;ck|)
apply (simp add: D-Renaming D-Hiding)
using *(2) sxkik skkknx map-eventyicr-tickFree front-tickFree-Nil by
blast
with x(1) show (s € D ?lhsy by (simp add: D-Renaming *(3) ##xx(2))
blast
next
fix t1 t2 assume xxxx : <tickFree t1» <front-tickFree t2»
t = map (map-eventyiicr fg) t1 Q 2> <t1 € D P>
have <tickFree (trace-hide t1 (ev *S)) A
front-tickFree (trace-hide t2 (ev ‘ f *S) @Q u) A
trace-hide (map (map-eventyiick fg) t1) (ev ‘ f ¢ S) Q trace-hide t2 (ev
‘fesS)Qu=
map (map-eventyyicr fg) (trace-hide t1 (ev *S)) @ trace-hide t2 (ev
feS)@un
trace-hide t1 (ev *S) € D (P \ S)
apply (simp, intro conjl)
using sxxx(1) Hiding-tickFree apply blast
using (1, 2) sxxx(8) Hiding-tickFree front-tickFree-append tickFree-append-iff
apply blast
apply (rule trace-hide-map-map-event,;.,|OF inj-on-map-eventy;ck|)
using sxxx(4) mem-D-imp-mem-D-Hiding by blast
thus s € D ?lhs) by (simp add: D-Renaming *(3) *xxx(3)) blast
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs»
assume <(s, X) € F ?lhs
then consider <s € D ?lhs»
| s1 where «(s1, map-eventpiick fg —°X) € F (P \ S) «<s = map
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(map-eventyiick fg) s1»
by (simp add: F-Renaming D-Renaming) blast
thus «(s, X) € F ?rhs
proof cases
from D-F same-div show «s € D ?lhs = (s, X) € F ?rhs» by blast
next
fix s1 assume * : (s, map-eventprick, fg —X) € F (P \ S)
<s = map (map-eventyicr fg) s1»
from this(1) consider <s1 € D (P \ S)
| t where («s1 = trace-hide t (ev * S)» «(t, map-eventpicr fg — X U ev
S)e F P
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F ?rhs
proof cases
assume <s! € D (P \ S)
then obtain ¢ u
where xx : <front-tickFree uy <tickFree t» <s1 = trace-hide t (ev *S) Q u»
«t € D PV (3g. islnfHiddenRun g P S A t € range g)»
by (simp add: D-Hiding) blast
have sxx : (front-tickFree (map (map-eventpiick f g) u) A tickFree (map
(map-eventpiick fg) t) A
map (map-eventyyick fg) (trace-hide t (ev ©.S)) @ map (map-eventy;ck
fg)u=

3

trace-hide (map (map-eventpiick fg) t) (ev “ f ©S) Q (map
(map-eventpiick fg) u)
by (simp add: map-eventps;c,-front-tickFree map-eventy;cr-tickFree sx(1,
2))

ric])

(rule trace-hide-map-map-eventyicr|OF inj-on-map-event,cx, symmet-

from xx(4) show «(s, X) € F ?rhs
proof (elim disjE exE)
assume ¢t € D P»
hence $ : ¢map (map-eventyiick fg) t € D (Renaming P f g)»
apply (simp add: D-Renaming)
using #x(2) front-tickFree-Nil by blast
show «(s, X) € F ?rhs»
by (simp add: F-Hiding) (metis § %(2) *x(3) sk map-append)
next
fix h assume <isInfHiddenRun h P S N t € range h»
hence § : <isInfHiddenRun (Ai. map (map-eventpiick fg) (h 1)) (Renaming
Pfg)(f S A

9) (b))
apply (subst (1 2) trace-hide-map-map-eventy;ck|OF inj-on-map-eventyicr])
by (simp add: strict-mono-map T-Renaming image-iff ) (metis (mono-tags,
lifting))
show «(s, X) € F ?rhs
apply (simp add: F-Hiding)

map (map-eventpiicr fg) t € range (Ai. map (map-eventpiick f
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by (smt (verit, del-insts) $ %(2) xx(3) **xx map-append)
qed
next
fix ¢ assume *x : <s1 = trace-hide t (ev * S)»
«(t, map-eventprick fg— "X Uev‘S)eF P»
have xxx : (map-eventyiicr fg —° X U map-eventpiicr fg —‘ev ‘f°S =
map-eventyick fg — X Uev ‘S
by (auto simp add: image-iff map-eventy;ck-eg-ev-iff) (metis bij-f
bij-pointE)
have (map (map-eventyi;cr, f g) (trace-hide t (ev ¢ S)) =
trace-hide (map (map-eventyiicr fg) t) (ev f ©S) A
(map (map-eventprick fg) t, X Uev ‘ f¢S) € F (Renaming P f g)
apply (intro conjI)
apply (rule trace-hide-map-map-eventyi;ck[OF inj-on-map-eventyi;ck,
symmetric])
apply (simp add: F-Renaming)
using xx(2) sk by auto
show «(s, X) € F ?rhs
apply (simp add: F-Hiding x(2) *x(1))
using < ?this» by blast
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs»
assume <(s, X) € F ?rhs
then consider <s € D ?rhs»
| t where «s = trace-hide t (ev * f *S) «(t, X U ev ‘ f *S) € F (Renaming
Pfag)
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F %lhs
proof cases
from D-F same-div show s € D %rhs = (s, X) € F ?lhs) by blast
next
fix t assume <s = trace-hide t (ev ‘ f*S) «(¢t, X U ev ‘ f*S) € F (Renaming
Pfg)
then obtain ¢
where * : <s = trace-hide t (ev * f < S)
(t, X Uev ‘f*S) e F (Renaming P f g)» by blast
have *x : (map-eventpticr, f g —° X U map-eventpricr fg —"ev “f° S =
map-eventyick fg — X Uev S
by (auto simp add: image-iff map-eventp;cr-eq-ev-iff ) (metis bij-f bij-pointE)
have «(3s1. (s1, map-eventyick fg — X U map-eventpiicr fg — ev ‘f°5)
€ F P At = map (map-eventpiick fg) s1) V
(I sl s2. tickFree s1 A front-tickFree s2 A t = map (map-eventpiick f9)
s1 @ s2 A st €DP)
using *(2) by (auto simp add: F-Renaming)
thus «(s, X) € F ?lhs
proof (elim disjE exE conjE)
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fix s1
assume (s, map-eventpiick fg —° X U map-eventyick fg — ev < f°5)
€ F Py <t = map (map-eventyiicr fg) s1»
hence «(trace-hide s1 (ev ¢ S), map-eventyick fg — ' X) € F (P \ S) A
s = map (map-eventyiicr fg) (trace-hide s1 (ev © S))
apply (simp add: (1) F-Hiding *x, intro conjl)
by blast (rule trace-hide-map-map-event,;cx|OF inj-on-map-eventyiick])
show «(s, X) € F ?lhs
apply (simp add: F-Renaming)
using < ?this> by blast
next
fix s1 s2
assume <tickFree s1» <front-tickFree s2» «t = map (map-eventpiick fg) sl
Q s2) «<s1 € D P»
hence «tickFree (trace-hide s1 (ev © S)) A
front-tickFree (trace-hide s2 (ev ‘ f *S)) A
s = map (map-eventpiick fg) (trace-hide s1 (ev ©S)) Q trace-hide s2
(ev “f8) A
trace-hide s1 (ev *S) € D (P \ S)
apply (simp add: F-Renaming x(1), intro conjl)
using Hiding-tickFree apply blast
using Hiding-front-tickFree apply blast
apply (rule trace-hide-map-map-event,;cx|OF inj-on-map-eventyiick])
using mem-D-imp-mem-D-Hiding by blast
show «(s, X) € F ?lhs
apply (simp add: F-Renaming)
using < ?this> by blast
qged
qed
qed
qed

4.2.2 Renaming and Sync

Idem for the synchronization: when f is one to one, Renaming (P [S] Q)
will behave as expected.

lemma bij-map-setinterleaving-iff-setinterleaving :
<map f r setinterleaves ((map ft, map fu), f*S) +—
r setinterleaves ((t, w), S)» if bij-f : <bij >
proof (induct «(t, S, u)> arbitrary: t u r rule: setinterleaving.induct)
case I
thus ?case by simp
next
case (2 y u)
show ?case
proof (cases <y € S»)
show <y € S = Zcase» by simp
next
assume <y ¢ S»
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hence <fy ¢ f *S» by (metis bij-betw-imp-inj-on inj-image-mem-iff bij-f)
with 2.hyps|OF <y ¢ S», of «tl ] show ?case
by (cases r; simp add: <y ¢ S») (metis bij-pointE bij-f)
qed
next
case (3 z t)
show ?case
proof (cases <x € S»)
show «x € § = Zcase» by simp
next
assume <z ¢ S
hence <fz ¢ f *S» by (metis bij-betw-imp-inj-on inj-image-mem-iff bij-f)
with 3.hyps|OF «x ¢ S», of <tl r] show ?case
by (cases r; simp add: <x ¢ S») (metis bij-pointE bij-f)
qed
next
case (4 ztyu)
have x:<x # y = fz # [y by (metis bij-pointE bij-f)
have xx : (fze€ f S +— 2z¢€ S5 for 2
by (meson bij-betw-def inj-image-mem-iff bij-f)
show ?case
proof (cases «x € S»; cases <y € S»)
from 4.hyps(1)[of «tl ] show <z € § = y € § = %case
by (cases r; simp add: x) (metis bij-pointE bij-f)
next
from /.hyps(2)[of «tl r] show <z € § = y ¢ S = %case
by (cases r; simp add: *x) (metis bij-pointE bij-f)
next
from 4.hyps(5)[of «tl ] show «x ¢ § = y € § = %case>
by (cases r; simp add: xx) (metis bij-pointE bij-f)
next
from /.hyps(3, 4)[of «tl ] show <z ¢ S = y ¢ S = Pcase)
by (cases r; simp add: xx) (metis bij-pointE bij-f)
qed
qed

theorem bij-Renaming-Sync:
«Renaming (P [S] Q) f g = Renaming P f g [f *S] Renaming Q f ¢»
(is «?lhs P Q = %rhs P @) if bij-f: <bij /> and bij-g : <bij ¢»
proof —
— Four intermediate results.
have bij-map-event,yicr, : <bij (map-eventyiick f g)
proof (rule bijI)
show <inj (map-eventpiick f g)»
proof (rule injI)
show (map-eventyiicr, f g e = map-eventyicr fg e’ = e = e’y for e e’
by (cases e; cases e’; simp)
(metis bij-f bij-pointE, metis bij-g bij-pointE)
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qed
next
show «surj (map-eventpiick f g)»
proof (rule surjI)
show <map-event,iicr [ g (map-eventyyicr (inv f) (inv g) e) = e for e
by (cases e, simp-all)
(meson bij-f bij-inv-eq-iff, meson bij-g bij-inv-eq-iff)
qed
qed
moreover have <map-eventpsicr (inv f) (inv g) o map-eventpiicr f g = id>
proof (rule ext)
show «(map-eventyyicr (inv f) (inv g) o map-eventyyicr fg) e = id e for e
by (cases e, simp-all)
(meson bij-betw-def bij-f inv-f-eq, meson bij-betw-def bij-g inv-f-eq)
qed
ultimately have inv-map-event,ici-is-map-eventpy;cr-inov
anv (map-eventpick | g) = map-eventyicr (inv f) (inv g)»
by (metis bij-betw-imp-inj-on bij-betw-imp-surj-on inv-o-cancel surj-fun-eq)
have sets-S-eq : «<map-eventpiick f g ‘ (range tick U ev © S) = range tick U ev ‘ f
“S»
by (auto simp add: image-iff)
(metis Un-iff bij-g bij-pointE eventpiick.simps(10) rangel,
metis Un-iff eventp;ck.simps(9) imagel)
have inj-map-event, icr @ <inj (map-eventpiick fg)
and inj-inv-map-eventpick : <inj (inv (map-eventpiick f g))»
by (use bij-betw-imp-inj-on bij-map-eventyi;cr in blast)
(meson bij-betw-imp-ing-on bij-betw-inv-into bij-map-eventpticr)
show «?lhs P @ = %rhs P Q>
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D (?lhs P Q)»
then obtain si s2 where * : <tickFree s1» <front-tickFree s2»
<s = map (map-eventyicr fg) s1 @ s2> <s1 € D (P [S] Q)
by (simp add: D-Renaming) blast
from *(4) obtain t u r v
where sx : <front-tickFree v» <tickFree v V v = []»
<s1 = r @ v «r setinterleaves ((t, u), range tick U ev * S)»
teEDPANueT QVEteDQANueTP
by (simp add: D-Sync) blast
{fixtuPQ
assume assms : <r setinterleaves ((t, u), range tick U ev * S)»
teDPrueT @
have (map (map-eventyiicr fg) r setinterleaves
((map (map-eventyiick f g) t, map (map-eventyick fg) ), range tick U
ev ‘ f S
by (metis assms(1) bij-map-setinterleaving-iff-setinterleaving bij-map-eventp;ck
sets-S-eq)
moreover have map (map-eventyiicr fg) t € D (Renaming P f g)»
apply (cases <tickFree t»; simp add: D-Renaming)
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using assms(2) front-tickFree-Nil apply blast
by (metis D-T D-imp-front-tickFree append- T-imp-tickFree assms(2) front-tickFree-Cons-iff
is-processT9 list.simps(3) map-append nonTickFree-n-frontTickFree
map-eventyy;cr-front-tickFree)
moreover have <map (map-eventpiick fg) u € T (Renaming Q f g)»
using assms(3) by (simp add: T-Renaming) blast
ultimately have «s € D (?rhs P Q)»
by (simp add: D-Sync *(3) *x(3))
(metis %(1, 2) *x(3) map-eventyi;cx-tickFree front-tickFree-append tick-
Free-append-iff)
} note xxx = this

from *x(4, 5) *xx show «<s € D (?rhs P Q)»
apply (elim disjE)
using *x(4) xxx apply blast

using xx(4) sk by (subst Sync-commute) blast
next

fix s
assume <s € D (?rhs P Q)»
then obtain ¢ u r v
where * : <front-tickFree vy <tickFree r V v = [ <s=1r Q v
«r setinterleaves ((t, u), range tick U ev “ f * S))
<t € D (Renaming P fg) A uw € T (Renaming Q f g) V

t € D (Renaming Q fg) AN u € T (Renaming P f g)
by (simp add: D-Sync) blast

{fixtuPQ
assume assms : (r setinterleaves ((t, u), range tick U ev ‘ f * S)»
«t € D (Renaming P f g)» <u € T (Renaming Q f g)»
have <inv (map-eventpiicr f g) ¢ (range tick U ev ‘ f < §) =
inv (map-eventpiicr fg) © map-eventyrick f g ¢ (range tick U ev ¢ .S)
using sets-S-eq by presburger
from bij-map-setinterleaving-iff-setinterleaving
[THEN iffD2, OF - assms(1), of <inv (map-eventpiick f 9)»,
simplified this image-inv-f-f[OF inj-map-eventpick]]
have s : ((map (inv (map-eventpiick fg)) ) setinterleaves
((map (inv (map-eventptick [ g)) t, map (inv (map-eventyiick fg))
u), range tick U ev < S)»
using bij-betw-inv-into bij-map-eventyiicr, by blast
from assms(2) obtain sI s2

where ¢ = map (map-eventpiick fg) s1 Q s2» <tickFree s1» «front-tickFree
s2y «<s1 € D P»

by (auto simp add: D-Renaming)
hence «map (map-event,yicr, (inv f) (inv g)) t € D (Renaming (Renaming P
fg) (inv f) (inv g))
apply (simp add: D-Renaming)
apply (rule-tac ¢ = <map (map-eventpiick fg) s1> in exl)
apply (rule-tac z = <map (map-eventyiicr (inv f) (inv g)) s2» in exl)
by simp (metis append-Nil2 front-tickFree-Nil map-eventy ;. -front-tickFree
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map-eventy,; .k -tickFree)
hence #xx : ¢map (inv (map-eventpiick fg)) t € D P»
by (metis Renaming-inv bij-def bij-f bij-g inv-map-event,; ok -is-map-eventpt;c,-inv)
have <map (map-eventpick (inv f) (inv g)) u € T (Renaming (Renaming Q
16) (ino f) (inv g))»
using assms(3) by (subst T-Renaming, simp) blast
hence sxxx : <map (inv (map-eventyicr f9)) u €T @
by (simp add: Renaming-inv bij-f bij-g bij-is-inj inv-map-event,; cx -is-map-eventy;ck-inv)
have sk @ ¢map (map-eventpiick fg o inv (map-eventpiick fg)) r =1
by (metis (no-types, lifting) bij-betw-imp-inj-on bij-betw-inv-into bij-map-eventpsicr
ing-iff list.map-comp list. map-id)
have <s € D (%lhs P Q)»
proof (cases <tickFree r»)
assume <tickFree r»
have § : «r @ v = map (map-eventpiicr fg) (map (inv (map-eventpiick f
9) ) Qv
by (simp add: xxxkx)
show «s € D (?lhs P Q)»
apply (simp add: D-Renaming D-Sync *(3))
by (metis § *(1) #x sk sorkx map-eventpi,ck-tickFree <tickFree r»
append.right-neutral append-same-eq front-tickFree-Nil)
next
assume < tickFree r»
then obtain r’ res where $ : <r = v/ Q [/ (res)]» <tickFree '
by (metis D-imp-front-tickFree assms butlast-snoc front-tickFree-charn
front-tickFree-single ftf-Sync is-processT2-TR list.distinct(1)
nonTickFree-n-front TickFree self-append-conv2)
then obtain ¢’ v’
where $$ : <t = ¢’ Q [V (res)]» «u = u’ Q [V (res)]»
by (metis D-imp-front-tickFree Sync With Tick-imp-NTF T-imp-front-tickFree
assms)
hence $3$ : <(map (inv (map-eventyick fg)) 1) setinterleaves
((map (inv (map-eventyiick fg)) t', map (inv (map-eventpiick f
9)) u),

range tick U ev < S)»
by (metis $(1) append-same-eq assms(1) bij-betw-imp-surj-on
bij-map-setinterleaving-iff-setinterleaving bij-map-eventptick
ftf-Sync32 inj-imp-bij-betw-inv inj-map-event,icx sets-S-eq)
from s+ $$(1) have s*x : ¢map (inv (map-eventpiick fg)) t' € D P»
by simp (use inv-map-eventy;ck-1s-map-eventy;cx-inv is-processT9 in
force)
from sk $$(2) have sxxx : «map (inv (map-eventpiicr fg)) v’ € T Q
using is-processT3-TR prefixl by simp blast
have $33$ : <r = map (map-eventyick fg) (map (inv (map-eventyiick f g))
r’) @ [/ (res)]
using $ xxxxx by auto
show «s € D (?lhs P Q)
by (simp add: D-Renaming D-Sync *(3) $$$)
(metis $(1) $(2) $3$8 $38$ #(2) sxx sokxk map-eventyt;cp-tickFree =
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tickFree >
append.right-neutral append-same-eq front-tickFree-Nil front-tickFree-single)
qed
} note #x = this
show «s € D (?lhs P Q)» by (metis *(4, 5) »x Sync-commute)
next
fix s X
assume same-div : <D (?lhs P Q) = D (%rhs P Q)»
assume <(s, X) € F (?lhs P Q)
then consider <s € D (?lhs P Q)»
| s1 where «(s1, map-eventyicr, f g —° X) € F (P [S] Q) «s = map
(map-eventyiick fg) s>
by (simp add: F-Renaming D-Renaming) blast
thus «(s, X) € F (%rhs P Q)»
proof cases
from same-div D-F show «s € D (?lhs P Q) = (s, X) € F (?rhs P Q)> by
blast
next
fix s1 assume * : <(s1, map-eventpiicr fg —  X) € F (P [S] @)
(s = map (map-eventpiicr fg) s1»
from (1) consider ¢s1 € D (P [S] Q)
| t-P t-Q X-P X-Q
where «(-P, X-P) € F P) «((1-Q, X-Q) € F
«s1 setinterleaves ((t-P, t-Q), range tick U ev  S)»
«map-eventpiick fg — X = (X-P U X-Q) N (range tick U ev * §) U X-P
N X-@»
by (auto simp add: F-Sync D-Sync)
thus (s, X) € F (%rhs P Q)
proof cases
assume <s! € D (P [S] @)
hence «s € D (%lhs P Q)»
apply (cases <tickFree s1v; simp add: D-Renaming *(2))
using front-tickFree-Nil apply blast
by (metis (no-types, lifting) map-eventy,; k-front-tickFree butlast-snoc
front-tickFree-iff-tickFree-butlast
front-tickFree-single map-butlast nonTickFree-n-frontTickFree pro-
cess-charn)
with same-div D-F show «(s, X) € F (?rhs P Q)» by blast
next
fix (-P -Q X-P X-Q
assume *x : (t-P, X-P) € F Py «(t-Q, X-Q) € F
sl setinterleaves ((t-P, t-Q), range tick U ev * S)»
«map-eventpiick fg — X = (X-P U X-Q) N (range tick U ev * S) U X-P
N X-@Q»
have <(map (map-eventyiicr f g) t-P, (map-eventyicr, f g) ¢ X-P) € F
(Renaming P f g)»
by (simp add: F-Renaming)
(metis xx(1) bij-betw-def bij-map-event,i;cx inj-vimage-image-eq)
moreover have «(map (map-eventpiick fg) t-Q, (map-eventprick [ g)

3
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X-Q) € F (Renaming Q f g)»
by (simp add: F-Renaming)
(metis xx(2) bij-betw-imp-inj-on bij-map-event,i;cr nj-vimage-image-eq)
moreover have <s setinterleaves ((map (map-eventpiick f g) t-P, map
(map'eventptick fg) t'Q)7
range tick U ev “ f < S))
by (metis %(2) *x(3) bij-map-eventyicr sets-S-eq
bij-map-setinterleaving-iff-setinterleaving)
moreover have <X = ((map-eventpiick fg) ‘ X-P U (map-eventyiick f g)
X-Q) N (range tick U ev ‘ f < 5) U
(map-eventyiick fg) ¢ X-P N (map-eventprick fg) < X-Q»
apply (rule inj-image-eq-iff THEN iffD1, OF inj-inv-map-eventyy;ck])
apply (subst bij-vimage-eg-inv-image| OF bij-map-event, ;cx, symmetric))
apply (subst xx(4), fold image-Un sets-S-eq)
(
(
(

13

apply (subst (1 2) image-Int[OF inj-map-eventpi;cx, symmetric|)
apply (fold image-Un)
apply (subst image-inv-f-f|OF inj-map-event,y;ck])
by simp
ultimately show «(s, X) € F (%rhs P Q)
by (simp add: F-Sync) blast
qed
qed
next
fix s X
assume same-div : <D (?lhs P Q) = D (%rhs P Q)
assume «(s, X) € F (¢rhs P Q)»
then consider <s € D (?rhs P Q)»
| t-P t-Q X-P X-@Q where
«(t-P, X-P) € F (Renaming P f g)» «(t-Q, X-Q) € F (Renaming Q f g)»
<s setinterleaves ((t-P, t-Q), range tick U ev * f < S)
«X = (X-PU X-Q) N (range tick U ev ‘ fS5) U X-P N X-Q»
by (simp add: F-Sync D-Sync) blast
thus (s, X) € F (?lhs P Q)
proof cases
from same-div D-F show «s € D (?rhs P Q) = (s, X) € F (?lhs P Q)» by
blast
next
fix -P t-Q X-P X-Q
assume x : ((t-P, X-P) € F (Renaming P f g)» «(t-Q, X-Q) € F (Renaming
Qfag)
<s setinterleaves ((t-P, t-Q), range tick U ev * f < S)
X = (X-PU X-Q) N (range tick U ev ‘ f5) U X-P N X-Q»
from (1, 2) consider (t-P € D (Renaming P f g) V t-Q € D (Renaming Q
fap
| t-P1 t-Q1 where «(t-P1, map-eventyick, f g —° X-P) € F P> <t-P = map
(map-eventpiick fg) t-P1»
(t-Q1, map-eventprick fg — X-Q) € F Q> <t-Q = map (map-eventyiick
f9) QD
by (simp add: F-Renaming D-Renaming) blast
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thus (s, X) € F (?lhs P Q)»
proof cases
assume <t-P € D (Renaming P f g) V t-Q € D (Renaming Q f g)»
hence «s € D (%rhs P Q)»
apply (simp add: D-Sync)
using (1, 2, 8) F-T setinterleaving-sym front-tickFree-Nil by blast
with same-div D-F show <(s, X) € F (?lhs P Q) by blast
next
fix t-P1 t-Q1
assume *x : «(t-P1, map-eventpiicr f g —° X-P) € F Py «t-P = map
(map-eventyyick fg) t-P1>
(t-Q1, map-eventyick fg — X-Q) € F Q) «t-Q = map (map-eventyck
f9) QD
from *x(2, 4) have sxx : (t-P1 = map (inv (map-eventyiick [ g)) t-P»
(t-Q1 = map (inv (map-eventprick [ g)) t-Q>
by (simp-all add: inj-map-eventy;ck)
have sk : <map (map-eventpiick fg) (map (inv (map-eventprick fg)) S)
=&
by (metis bij-betw-imp-surj bij-map-event,y;cr, list.map-comp list.map-id
surj-iff)
from bij-map-setinterleaving-iff-setinterleaving
[of <inv (map-eventyiick fg)> s t-P <range tick U ev “ f * Sy t-Q, simplified
«(3)]
have map (inv (map-eventyiicr fg)) s setinterleaves ((t-P1, t-Q1), range
tick U ev © S)»
by (metis s«xx bij-betw-def bij-map-eventpiicr inj-imp-bij-betw-inv sets-S-eq)
moreover have <map-eventyiicr fg — X = (map-eventpricr fg —° X-P U
map-eventpick f g —¢ X-Q) N (range tick U ev * §) U
map-eventyiick fg — X-P 0 map-eventyick fg — X-Q»
by (metis (no-types, lifting) *(4) inj-map-eventyiicx inj-vimage-image-eq
sets-S-eq vimage-Int vimage-Un)
ultimately show «(s, X) € F (?lhs P Q)»
by (simp add: F-Renaming F-Sync) (metis xx(1, 3) sxxx)
qed
qed
qed
qed

end
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Chapter 5

Results on events-of and
ticks-of

5.1 Events

lemma events-of-GlobalDet :
«@(Oa € A. Pa) = (JacA. a(P a))
by (simp add: events-of-def T-GlobalDet)

lemma strict-events-of-GlobalDet-subset : <a(0a € A. P a) C (|Ja€A. a(P a))
by (auto simp add: strict-events-of-def GlobalDet-projs)

lemma events-of-MultiSync-subset :
«([S] a €# M. Pa) C (Ja € set-mset M. a(P a))»
by (induct M rule: induct-subset-mset-empty-single, simp-all)
(meson Diff-subset-conv dual-order.trans events-of-Sync-subset)

lemma events-of-Multilnter :
(||| @ €# M. Pa)=(Ja € set-mset M. (P a))»
by (induct M rule: induct-subset-mset-empty-single)
(simp-all add: events-of-Inter)

lemma strict-events-of-MultiSync-subset :
«([S] a €e# M. Pa) C (Ja € set-mset M. a(P a))
by (induct M rule: induct-subset-mset-empty-single, simp-all)
(metis (no-types, lifting) inf-sup-aci(7) le-supI2 strict-events-of-Sync-subset
sup.orderE)

lemma events-of-Throw-subset :
«w(POacA Qa) Ca(P)U(Uae AN alP). a(Q a))
proof (intro subsetl)
fix e assume <e € a(P © a € A. Q a)
then obtain s where x : ceve € set s» <s€ T (PO a€ A Q a)
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by (simp add: events-of-def) blast
from *(2) consider <s € T P> «set sNev ‘A= {}p
| t1 t2 where <s = t1 @ ¢2) <t1 € D Py <tF t1) <set t1 Nev ‘A = {}» ftF
t2»
| t1 a t2 where <s = t1 @ eva # t2) <t1 Q [ev a] € T P>
settl Nev A={p «ae€ b <t2e€T (Qa)
by (simp add: T-Throw) blast
thus (e € a(P) U (Ja € AN a(P). a(Q a))
proof cases
from (1) show«<s € T P = setsNev ‘A ={} =
eca(P)U(Uae AN a(P). a(Qa))
by (simp add: events-of-def) blast
next
show «([s = ¢1 @ ¢2; t1 € D P; tF t1; set t1 Nev ‘A = {}; ftF 2] =
ecalP)U(Uae AN a(P). a(Q a)) for t1 t2
by (metis x(1) D-T Unll events-of-meml is-processT7)
next
fix t1 a t2
assume *x : s = t1 Q ev a # t2) <t1 Q [eva]l € T P>
settl Nev‘A={} e A 2eT(Qa)
from (1) *x(1) have <ev e € set (t1 Q [ev a]) V ev e € set t2) by simp
thus <e € a(P) U (Ja € AN a(P). a(Q a))
proof (elim disjE)
show <eve € set (t1 Q[eva]) = e € a(P)U (Ua € AN a(P). a(Q a))
by (metis xx(2) Unll events-of-memlI)
next
show <eve € sett2 = ec a(P)U (Ja € AN a(P). a(Q a))
by (metis (no-types, lifting) *x(2, 4, 5) Int-iff UN-iff UnI2
events-of-meml list.set-intros(1) set-append)
qed
qed
qed

lemma events-of-Interrupt : <a(P A Q) = a(P) U a(Q)»
by (safe elim!: events-of-memkFE,
auto simp add: events-of-def Interrupt-projs)
(metis append-Nil is-processT1-TR tickFree-Nil)

lemma strict-events-of-Interrupt-subset : <«a(P A Q) C a(P) U a(Q)»
by (safe elim!:strict-events-of-memkFE,

auto simp add: strict-events-of-def Interrupt-projs)
(metis DiffT T-imp-front-tickFree is-processT7)

5.2 Ticks

lemma ticks-of-GlobalDet:
<ticks-of (Oa € A. P a) = (| a€A. ticks-of (P a))
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by (auto simp add: ticks-of-def T-GlobalDet)

lemma strict-ticks-of-GlobalDet-subset : «/s(0a € A. P a) C (|Ja€A. V/s(P a))
by (auto simp add: strict-ticks-of-def GlobalDet-projs)

lemma ticks-of-MultiSync-subset :
Ws([S] a €# M. Pa) C (Ja € set-mset M. /s(P a))»
by (induct M rule: induct-subset-mset-empty-single, simp-all)
(meson Diff-subset-conv dual-order.trans ticks-of-Sync-subset)

lemma strict-ticks-of-MultiSync-subset :
Ws([S] a €# M. Pa) C ((a € set-mset M. /s(P a))»
by (induct M rule: induct-subset-mset-empty-single, simp-all)
(use strict-ticks-of-Sync-subset in fastforce)

lemma ticks-Throw-subset :
Ws(P O acA. Qa) CVs(P)U (Jacd N a(P). /s(Q a))
proof (rule subsetl, elim ticks-of-memkE)
fix t r assume <t Q [V (r)] € T (P © acA. Q a)
from ¢t @ [V/(r)] € T (P © acA. Q a)) consider <t Q [/ (r)] € T P>
| t1 t2 where <t Q [V (r)] = t1 Q t2) <t1 € D Py «tF t1» ftF t2»
| t1 a t2 where <t Q [V (r)] =t1 Qeva # t2)> <t1 Qeval € T Pr <a € A
2 €T (Qa)
unfolding T-Throw by blast
thus «r € vVs(P) U (JacA N a(P). /s(Q a))
proof cases
show «t Q [V (r)] € T P = r € /s(P) U (UacA N a(P). V/s(Q a))»
by (simp add: ticks-of-meml)
next
show ([t @Q [V (r)] = t1 Q ¢2; t1 € D P; tF t1; ftF t2]
= r € /s(P)U (JacA N a(P). V/s(Q a)) for t1 t2
by (cases t2 rule: rev-cases, auto)
(metis D-T append-assoc is-processT7 ticks-of-meml)
next
show (t @ [V(r)]=tl Qeva#t2;tl Qleval €T P;ac A;t2 €T (Q a)]
= r € V/s(P)U (JaeA N a(P). v/s(Q a)) for t1 a t2
by (cases t2 rule: rev-cases, simp-all)
(meson Intl events-of-meml in-set-conv-decomyp ticks-of-meml)
qed
qed

119



lemma ticks-of-Interrupt : «/s(P A Q) = v/s(P) U Vs(Q)
by (safe elim!: ticks-of-memkFE,
auto simp add: ticks-of-def Interrupt-projs)
(metis append.right-neutral last-appendR snoc-eq-iff-butlast,
metis append-Nil is-processT1-TR tickFree-Nil)

lemma strict-ticks-of-Interrupt-subset : «/s(P A Q) C v/s(P) U Vs(Q)
by (safe elim!: strict-ticks-of-memE,
auto simp add: strict-ticks-of-def Interrupt-projs)
(meson is-processT9,
metis (no-types, opaque-lifting) Nil-is-append-conv append-assoc
append-butlast-last-id butlast-snoc is-processT9 last-appendR list.distinct(1))

events-of and deadlock-free

lemma nonempty-events-of-if-deadlock-free: <deadlock-free P — «a(P) # {}
unfolding deadlock-free-def events-of-def failure-divergence-refine-def
failure-refine-def divergence-refine-def
apply (simp add: div-free-DF, subst (asm) DF-unfold)
apply (auto simp add: F-Mndetprefiz write0-def F-Mprefiz subset-iff)
by (metis (full-types) Nil-elem-T T-F is-processT5-S7
list.set-intros(1) rangel snoc-eg-iff-butlast)

lemma nonempty-strict-events-of-if-deadlock-free: <deadlock-free P — a(P) #

{p

by (metis deadlock-free-implies-div-free events-of-is-strict-events-of-or- UNIV nonempty-events-of-if-deac

lemma events-of-in-DF: <DF A Cpp P = a(P) C A
by (metis anti-mono-events-of-FD events-of-DF')

lemma nonempty-events-of-if-deadlock-frees i 1 p:

<deadlock-freesxrps P = (3r. [V(r)] € T P) V a(P) # {}

unfolding deadlock-frees i 1 ps-def events-of-def failure-refine-def

apply (subst (asm) DFsk1ps-unfold)

apply (auto simp add: F-Mndetprefiz write0-def F-Mprefix subset-iff F-Ndet
F-SKIPS)

by (metis eventpick.exhaust is-processT1-TR is-processT5-S7 iso-tuple-UNIV-I
list.set-intros(1) self-append-conv2)

lemma events-of-in-DF s 1p: <DFskxips A RCpp P = a(P) C A
by (metis anti-mono-events-of-FD events-of-DF sk rps)

lemma (- a(P) C A= - DF ACpp P>
and «<— a(P) CA= - DFgskrips A RCpp P»
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by (metis anti-mono-events-of-FD events-of-DF)
(metis anti-mono-events-of-FD events-of-DF sk rps)

lemma (chain ¥ = «a(|]i. Y i) = (Ui (Y i)
apply (simp add: events-of-def limproc-is-thelub T-LUB D-LUB)
apply auto

oops
lemma f1 : <chain ¥ = a(|]i. Y i) = (Ui a(Y 7))

apply (simp add: strict-events-of-def limproc-is-thelub T-LUB D-LUB)
apply auto

by (smt (verit, ccfo-threshold) D-T DiffI INT-iff Inter-iff le-approz2T lim-proc-is-ub
rangel ub-rangeD)

find-theorems Lub
lemma f2 : <chain Y = D (Y i) = {} = (Ui. a(Y i) = a(Y ip

apply (auto simp add: strict-events-of-def)
by (meson ND-F-dir2' chain-lemma)
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Chapter 6

Deadlock results

When working with the interleaving P ||| @, we intuitively expect it to be
deadlock-free when both P and @ are.

This chapter contains several results about deadlock notion, and concludes
with a proof of the theorem we just mentioned.

6.1 Unfolding lemmas for the projections of DF
and DFSKIPS

DF and DF sk ps naturally appear when we work around deadlock-free and
deadlock-frees i 1 ps notions (because

deadlock-free P = DF UNIV Cgpp P
deadZOCk-fTEGSK[pS P = DFSKIPS UNIV UNIV Cr P).

It is therefore convenient to have the following rules for unfolding the pro-
jections.

lemma F-DF:
(F (DF A) =
(if A ={} then {(s, X). s =]}
else (JacA. {[]} x {X. eva ¢ X} U{(ewa # s, X)| s X. (s, X) € F (DF
A)}))
by (subst DF-unfold) (auto simp add: F-STOP F-Mndetprefic write0-def F-Mprefix)

lemma F—DFSKIPSZ
«(F (DFsgips A R) =
(if A={}then {(s, X). s=[ VvV 3reR. s=[V(r)])}
else (JacA. {[]} x {X. eva ¢ X} U
{(eva# s, X)|sX. (s, X) e F (DFskrps A R)}) U
( if R ={} then {(s, X). s =[]}
else {([], X) |X. 3reR. /(r) ¢ X} U {(s, X). IreR. s = [V ()]}
by (subst DF gk 1 ps-unfold, simp add: F-Ndet F-STOP F-SKIPS F-Mndetprefiz
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write0-def F-Mprefix, safe, simp-all)

corollary Cons-F-DF:

(z#t, X)e F(DFA) = (t, X) € F (DF A)

and Cons-F-DF s rps:

X ¢ tick ‘ R — (w # t, X) e F (DFSKIPS A R) — (t, X) e F (DFSKIPS
A R)»

by (subst (asm) F-DF F-DF gk pgs; auto split: if-split-asm)+

lemma D-DF: <D (DF A) = (if A = {} then {} else {eva # sl as.a € AN s €
D (DF A)})
and D—DFSK]pst <D (DFSKIPS A R) = (ZfA = {} then {} else {61) a # S| a
s.a € ANseD (DFSKIPS A R)}))
by (subst DF-unfold DF' s i 1 ps-unfold;
auto simp add: D-Mndetprefiz D-Mprefiz write0-def D-Ndet D-SKIPS)+

thm T-SKIPS|of R)
lemma T-DF:
T (DF A) = (if A = {} then {[|} else insert [| {eva # sl as.a€ ANseET
(DF A)})
and T—DFSijst
T (DFskips A R) = (if A = {} then insert [| {V(r)] |r. r € R}
else {s. s=1[ vV (IreR. s=[V/(r)]) V
s#Z[ANEBacA. hds=evaANtlseT (DFsgrps A R))})»
by (subst DF-unfold DF s k1 ps-unfold;
auto simp add: T-STOP T-Mndetprefix write0-def T-Mprefix T-Ndet T-SKIPS)+
(metis list.collapse)

6.2 Characterizations for deadlock-free, deadlock-freeskps

We want more results like deadlock-free (P M Q) = (deadlock-free P N\ dead-
lock-free @), and we want to add the reciprocal when possible.

The first thing we notice is that we only have to care about the failures
lemma <deadlock—f7‘eeSK1ps P = DFSKIPS UNIV UNIV Cr P
by (fact deadlock-frees i 1 ps-def)

lemma deadlock-free-F: <deadlock-free P «<— DF UNIV Cp P»
by (auto simp add: deadlock-free-def refine-defs F-subset-imp-T-subset
non-terminating-refine-DF nonterminating-implies-div-free)

lemma deadlock-free-Mprefiz-iff: <deadlock-free (O a € A — P a) +—
AZ£{} AN (Va € A. deadlock-free (P a))»
and deadlock-frees i 1 ps-Mprefiz-iff: <deadlock-freeskrps (Mprefix A P) +—
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A#{} N (Va € A deadlock-freeskips (P a))
unfolding deadlock-free-F deadlock-frees i 1 ps-def failure-refine-def
apply (all <subst F-DF F‘DFSKIPS>7
auto simp add: div-free-DF F-Mprefix D-Mprefiz subset-iff)
by blast+

lemma deadlock-free-read-iff :

<deadlock-free (c?a€A — P a) «— A # {} AN Vacc ‘ A. deadlock-free ((P o
inv-into A ¢) a))

and deadlock-frees k1 ps-read-iff :

<deadlock-freesrps (c?a€A — Pa) +— A #{} AN (Vacgc ‘ A. deadlock-freeskrps
((P o inv-into A ¢) a))»

by (simp-all add: read-def deadlock-free-Mprefiz-iff deadlock-frees i 1 ps-Mprefiz-iff)

lemma deadlock-free-read-inj-on-iff :

<inj-on ¢ A = deadlock-free (c?a€A — P a) «— A # {} A (Va€A. deadlock-free
(P o)

and deadlock-frees ik 1 ps-read-inj-on-iff :

<ng-on ¢ A = deadlock-freeskrps (c?a€A — P a) «— A # {} A (VaceA.
deadlock-freesrps (P a))

by (simp-all add: deadlock-free-read-iff deadlock-frees 1 ps-read-iff)

lemma deadlock-free-write-iff :

<deadlock-free (c!a — P) +— deadlock-free P>

and deadlock-frees i 1 ps-write-iff :

<deadlock-freeskrps (cla — P) «— deadlock-freesxrps P»

by (simp-all add: deadlock-free-Mprefiz-iff deadlock-frees k 1 ps-Mprefiz-iff write-def)

lemma deadlock-free-write0-iff :

<deadlock-free (a — P) +— deadlock-free P)

and deadlock-frees ik 1 ps-write0-iff :

<deadlock-freesrps (a — P) +— deadlock-freeskrps P>

by (simp-all add: deadlock-free-Mprefiz-iff deadlock-frees i 1 ps-Mprefiz-iff write0-def)

lemma deadlock-free-GlobalNdet-iff: «deadlock-free (M a € A. P a) +—
A#{} N (Y a€ A deadlock-free (P a))»
and deadlock-frees i 1 ps-GlobalNdet-iff: <deadlock-freesxrps (M a € A. P a)
—
A#{I N (Y a€ A deadlock-freeskips (P a))»
by (metis (mono-tags, lifting) GlobalNdet-refine-FD deadlock-free-def trans-FD
mono-GlobalNdet-FD-const non-deadlock-free-STOP GlobalNdet-empty)
(metis (mono-tags, lifting) GlobalNdet-refine-FD deadlock-frees i 1 ps-FD trans-FD
mono-GlobalNdet-FD-const non-deadlock-frees i 1 ps-STOP GlobalNdet-empty)
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lemma deadlock-free-Mndetprefiz-iff: <deadlock-free (M a € A — P a) +—
A # {} N (Ya€A. deadlock-free (P a))»
and deadlock-frees k 1 ps-Mndetprefiz-iff: <deadlock-freesxrps (Ma € A — P a)
—
A #{} N (Va€A. deadlock-freeskrips (P a))
by (simp-all add: Mndetprefiz-GlobalNdet
deadlock-free-GlobalNdet-iff deadlock-frees i 1 ps-GlobalNdet-iff
deadlock-free-write0-iff deadlock-frees i  ps-write0-iff)

lemma deadlock-free-Ndet-iff: <deadlock-free (P M Q) «—
deadlock-free P N\ deadlock-free @»
and deadlock-frees i 1 ps-Ndet-iff: <deadlock-freesrps (P 1 Q) +—
deadlock-freesxrps P N deadlock-freeskrps @
unfolding deadlock-free-F deadlock-freegs i 1 ps-def failure-refine-def
by (simp-all add: F-Ndet)

lemma deadlock-free-is-right:

<deadlock-free (P :: (‘a, 'r) processpiick) «— (Vs € T P. tickFree s A (s,
UNIV) & F P)

<deadlock-free P «—— (Vs €T P. tickFree s \ (s, ev * UNIV) ¢ F
Py,

oops

lemma <deadlock-free (P O Q) +— P = STOP A deadlock-free Q V deadlock-free
P A Q= STOP

oops

lemma deadlock-free-GlobalDet-iff :

(A # {}; finite A; ¥V a€A. deadlock-free (P a)] = deadlock-free (Oa € A. P a)

and deadlock-frees i 1 ps-MultiDet:

(JA # {}; finite A; VY a€A. deadlock-freesirps (P a)] = deadlock-freeskrps
(Oa € A. P a)

by (metis GlobalNdet-FD-GlobalDet deadlock-free-GlobalNdet-iff deadlock-free-def
trans-FD)

(metis GlobalNdet-FD-GlobalDet deadlock-frees k 1 ps-FD deadlock-frees i 1 ps-GlobalNdet-iff
trans-FD)
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lemma deadlock-free-Det:

<deadlock-free P = deadlock-free Q) = deadlock-free (P O Q)»

and deadlock-frees k1 ps-Det:

<deadlock-freesk1ps P = deadlock-freeskrps Q@ = deadlock-freeskrps (P
O Q)

by (metis deadlock-free-Ndet-iff Ndet-F'D-Det deadlock-free-def trans-FD)

(metis deadlock-frees i 1 ps-Ndet-iff Ndet-F-Det deadlock-frees i 1 ps-def trans-F)

For P O (), we can not expect more:

lemma
<3P Q. deadlock-free P A — deadlock-free @ A
deadlock-free (P O Q)
(AP Q. deadlock-freesxrps P N — deadlock-freesrps Q N
deadlock-freeskrps (P O Q)
by (rule-tac x = <DF UNIV) in exl, rule-tac x = STOP in exl,
simp add: non-deadlock-free-STOP, simp add: deadlock-free-def)
(rule-tac x = <DF g 1ps UNIV UNIV) in exl, rule-tac x = STOP in ezl,
stmp add: non-deadlock-frees i 1 ps-STOP, simp add: deadlock-frees i 1ps-FD)

lemma FD-Mndetprefiz-iff:
(A#{}:PEFDHQEA—)Q(—)(VGEA.PEFD (a—)Q))>
by (auto simp: failure-divergence-refine-def failure-refine-def divergence-refine-def
subset-iff D-Mndetprefiz F-Mndetprefix write0-def D-Mprefix F-Mprefix)

lemma Mndetprefiz-FD: «(3a € A. (a - Q) Cpp P) = MNa € A— QLCprp P»
by (metis FD-Mndetprefiz-iff ex-in-conv idem-FD trans-FD)

Mprefiz, Sync and deadlock-free

lemma Mprefiz-Sync-deadlock-free:
assumes not-all-empty: <A # {} VB #{} vA' nB #{H
and <ANS={pand <4'C S»and <BN S = {}» and <B'C S»
and Vz€A. deadlock-free (P z [S] Mprefix (B U B) Q)
and «VyeB. deadlock-free (Mprefiz (A U A’) P [S] @ y)»
and «Vaz€A’' N B’. deadlock-free (P z [S] Q x))»
shows <deadlock-free (Mprefix (A U A’) P [S] Mprefiz (B U B’) Q)»
proof —
have <A={} ABLZ{ANA'NB' #{}VAL{JANB={}ANA'NB' ={}V
A3 ANB={nNANB' #{VA={ANB#{IANA'NB ={}V
A{J3ANB##{JANANB' ={}vA={}AB={} NA'NnB' #{}V
A#{ NB#{} NA'Nn B #{} by (meson not-all-empty)
thus “thesis
by (elim disjE, all «subst Mprefiz-Sync-Mprefiz-bis|OF assms(2—5)]»)
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(use assms(6—8) in <auto intro!: deadlock-free-Det deadlock-free-Mprefiz-iff [ THEN

iffD2]»)
qed

lemmas Mprefiz-Sync-subset-deadlock-free = Mprefiz-Sync-deadlock-free

[where A = «{} and B = «({}, simplified]

and Mprefiz-Sync-indep-deadlock-free = Mprefir-Sync-deadlock-free
[where A’ = «({}> and B’ = «{}», simplified]

and Mprefiz-Sync-right-deadlock-free = Mprefix-Sync-deadlock-free
[where A = «{}» and B’ = «{}», simplified]

and Mprefiz-Sync-left-deadlock-free = Mprefiz-Sync-deadlock-free
[where A’ = ({}» and B = «({}», simplified]

6.3 Results on Renaming

The Renaming operator is new (release of 2023), so here are its properties on
reference processes from HOL— CSP.CSP-Assertions, and deadlock notion.

6.3.1 Behaviour with references processes

For DF

lemma DF-FD-Renaming-DF: <DF (f ¢ A) Cpp Renaming (DF A) f ¢
proof (subst DF-def, induct rule: fix-ind)
show <adm (Aa. a Cpp Renaming (DF A) f g)» by (simp add: monofun-def)
next
show <L Crpp Renaming (DF A) f ¢» by simp
next
show «(Az.Ma € f *A — z)-x Cpp Renaming (DF A) f ¢
if <z Cpp Renaming (DF A) f ¢» for z
apply simp
apply (subst DF-unfold)
apply (subst Renaming-Mndetprefiz)
by (auto simp add: that introl: mono-Mndetprefiz-FD)
qed

lemma Renaming-DF-FD-DF': (Renaming (DF A) fg Cpp DF (f ¢ A)»
if finitary: <finitary f> <finitary g
proof (subst DF-def, induct rule: fix-ind)
show <adm (Aa. Renaming a f g Cpp DF (f “ A))»
by (simp add: finitary monofun-def)
next
show «Renaming L fg Crpp DF (f © A)» by simp
next
show <Renaming (A z. Ma € A — z)x) fg Cpp DF (f < A)
if <Renaming z f g Cpp DF (f ¢ A)) for z
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apply simp

apply (subst Renaming-Mndetprefiz)

apply (subst DF-unfold)

by (auto simp add: that intro!: mono-Mndetprefiz-FD)
qed

For DFskips

lemma Renaming-SKIPS [simp] : <Renaming (SKIPS R) f g = SKIPS (g ‘ R)»
by (simp add: SKIPS-def Renaming-distrib-GlobalNdet)
(metis mono-GlobalNdet-eq?2)

lemma DFggps-FD-Renaming-DF sk rps:
«(DFsirps (f“A) (9 ‘R) Crpp Renaming (DFskips A R) f g
proof (subst DF gk ps-def, induct rule: fix-ind)
show <adm (Aa. a Cpp Renaming (DFskrips A R) fg)» by (simp add: mono-
fun-def)
next
show <1l Cpp Renaming (DFskrps A R) f g by simp
next
show «(A z. (Macf ‘A — z) N SKIPS (g ‘R))-x Cpp Renaming (DFski1ps
AR)fo
if <z Cpp Renaming (DFskrps A R) f ¢» for z
by (subst DF s i1 pg-unfold)
(auto simp add: Renaming-Ndet Renaming-Mndetprefiz
intro!: mono-Ndet-FD mono-Mndetprefix-FD that)
qed

lemma Renaming-DFSKIPs-FD-DFSKIPS:
(Renaming (DFskrps A R) fg Crp DFskrps (f“A) (9 R)
if finitary: <finitary f> <finitary ¢
proof (subst DF gk ps-def, induct rule: fix-ind)
show <adm (Aa. Renaming a f ¢ Cpp DFskrips (f “A) (g R))
by (simp add: finitary monofun-def)
next
show (Renaming L fg Cpp DFskrps (f ¢ A4) (g ¢ R)» by simp
next
show (Renaming (A z. (Ma € A — z) N SKIPS R)-x) fg Crp DFskips (f ¢
A) (g9 * R
if «<Renaming x f g Cpp DFskrps (f “A) (g ¢ R) for z
by (subst DF s i 1 ps-unfold)
(auto simp add: Renaming-Ndet Renaming-Mndetprefic
intro!: mono-Ndet-FD mono-Mndetprefiz-FD that)
qed

For RUN

lemma RUN-FD-Renaming-RUN: <RUN (f “ A) Cpp Renaming (RUN A) f ¢
proof (subst RUN-def, induct rule: fix-ind)
show <adm (Aa. a Cpp Renaming (RUN A) f g)» by (simp add: monofun-def)
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next
show <L Crp Renaming (RUN A) f ¢» by simp
next
show «(Az. Oa € f ‘A — ) Cpp Renaming (RUN A) f ¢
if <z Cpp Renaming (RUN A) f ¢» for z
by (subst RUN-unfold)
(auto simp add: Renaming-Mprefix introl: mono-Mprefiz-FD that)
qed

lemma Renaming-RUN-FD-RUN: <Renaming (RUN A) fg Cpp RUN (f © A)
if finitary: <finitary f> <finitary g
proof (subst RUN-def, induct rule: fix-ind)
show <adm (Aa. Renaming a f ¢ Cpp RUN (f ¢ A))»
by (simp add: finitary monofun-def)
next
show «Renaming L f g Cpp RUN (f ¢ A)» by simp
next
show (Renaming (A z. Oa € A — x)x) fg Cpp RUN (f “ A
if <Renaming z f g Cpp RUN (f * A)» for x
by (subst RUN-unfold)
(auto simp add: Renaming-Mprefixz introl: mono-Mprefiz-FD that)
qed

For CHAOS

lemma CHAOS-FD-Renaming-CHAOS:
«(CHAOS (f © A) Cpp Renaming (CHAOS A) f ¢
proof (subst CHAOS-def, induct rule: fix-ind)
show (adm (Aa. a Cpp Renaming (CHAOS A) f g)» by (simp add: monofun-def)
next
show <L Crpp Renaming (CHAOS A) f ¢» by simp
next
show (A z. STOP M (Qa€f ‘ A — z))-x Cpp Renaming (CHAOS A) f ¢
if <z Cpp Renaming (CHAOS A) f ¢» for z
by (subst CHAOS-unfold)
(auto simp add: Renaming-Mprefiz Renaming-Ndet
introl: mono-Ndet-FD][OF idem-FD] mono-Mprefiz-FD that)
qed

lemma Renaming-CHAOS-FD-CHAOS:
<Renaming (CHAOS A) f g Cpp CHAOS (f < A)»
if finitary: <finitary f> <finitary g
proof (subst CHAOS-def, induct rule: fix-ind)
show <adm (Aa. Renaming a f g Cpp CHAOS (f ¢ A))»
by (simp add: finitary monofun-def)
next
show «Renaming L f g Cpp CHAOS (f ¢ A)) by simp
next
show (Renaming ((A z. STOP M (Oza€A — x))-z) fg Cpp CHAOS (f < A)»
if <Renaming z f g Cpp CHAOS (f ¢ A)» for z
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by (subst CHAOS-unfold)
(auto simp add: Renaming-Mprefix Renaming-Ndet
introl: mono-Ndet-FD][OF idem-FD] mono-Mprefiz-FD that)
qed

For CHAOSsk1pPs

lemma CHAOSgsk1ps-FD-Renaming-CHAOSskps:
(CHAOSSK]PS (f ‘ A) (g ¢ R) Crp Renaming (CHAOSSK]PS A R) fg)
proof (subst CHAOS sk 1ps-def, induct rule: fix-ind)
show <adm (Aa. a Cpp Renaming (CHAOSskips A R) f g)»
by (simp add: monofun-def)
next
show <l Cpp Renaming (CHAOSskips A R) f ¢ by simp
next
show «(A z. SKIPS (¢ * R) M STOP N (Ozacf ‘A — z))-x Cpp
Renaming (CHAOSskrps A R) f ¢
if <z Cpp Renaming (CHAOSskips A R) f ¢» for z
by (subst CHAOS s i 1 ps-unfold)
(auto simp add: Renaming-Ndet Renaming-Mprefiz
introl: mono-Ndet-FD mono-Mprefiz-FD that)
qed

lemma Renaming-CHAOSsk1ps-FD-CHAOSsk1ps:
<Renaming (CHAOSskips AR) fg Cpp CHAOSskips (f “A) (g9 ‘R
if finitary: <finitary f> <finitary ¢
proof (subst CHAOS sk 1ps-def, induct rule: fix-ind)
show <adm (Aa. Renaming a f ¢ Cpp CHAOSskrps (f ' A4) (g * R))»
by (simp add: finitary monofun-def)
next
show (Renaming L fg Cpp CHAOSskips (f ¢ A) (g ‘ R)> by simp
next
show ¢« Renaming ((A z. SKIPS R M STOP N (OzacA — z))z) f g Crp
CHAOSSK[PS (f ‘ A) (g ‘ R))
if <Renaming v f g Cpp CHAOSskrps (f ¢ A) (¢ ‘ R)» for z
by (subst CHAOS s i 1 ps-unfold)
(auto simp add: Renaming-Ndet Renaming-Mprefiz
introl: mono-Ndet-FD mono-Mprefiz-FD that)
qed

6.3.2 Corollaries on deadlock-free and deadlock-freesirps

lemmas Renaming-DF =
FD-antisym[OF Renaming-DF-FD-DF DF-FD-Renaming-DF]
and Renaming-DF sxrps =
FD-antisym[OF Renaming-DF sk 1ps-FD-DF sk 1ps DF sk 1ps-FD-Renaming-DF sk 1ps]
and Renaming-RUN =
FD-antisym[OF Renaming-RUN-FD-RUN RUN-FD-Renaming-RUN]
and Renaming-CHAOS =
FD-antisym|OF Renaming-CHAOS-FD-CHAOS CHAOS-FD-Renaming-CHAOS)
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and Renaming-CHAOSskips =
FD-antisym|OF Renaming-CHAOS sk 1ps-FD-CHAOSskips
CHAOSSKIPS—FD—Renaming— OHA OSSK]ps]

lemma deadlock-free-imp-deadlock-free-Renaming: <deadlock-free (Renaming P f
g9)

if <deadlock-free P

apply (rule DF-Univ-freeness[of <range f>], simp)

apply (rule trans-FD[OF DF-FD-Renaming-DF))

apply (rule mono-Renaming-FD)

by (rule that[unfolded deadlock-free-def])

lemma deadlock-free- Renaming-imp-deadlock-free: <deadlock-free P>
if <inj f» and <inj ¢» and <deadlock-free (Renaming P f g)»
apply (subst Renaming-inv[OF that(1, 2), symmetric])
apply (rule deadlock-free-imp-deadlock-free- Renaming)
by (rule that(3))

corollary deadlock-free-Renaming-iff:
<nj f = inj g = deadlock-free (Renaming P f g) «— deadlock-free P)
using deadlock-free- Renaming-imp-deadlock-free
deadlock-free-imp-deadlock-free- Renaming by blast

lemma deadlock-frees i 1 ps-imp-deadlock-frees ik 1 ps-Renaming:
<deadlock-freesx1ps P = deadlock-frees i 1ps (Renaming P f g)»
unfolding deadlock-frees i ps-FD
apply (rule trans-FD|of - <DFskrps (f ¢ UNIV) (g * UNIV))])
by (simp add: DF gk ps-subset) (meson DFgkrps-FD-Renaming-DF sirps
mono-Renaming-FD trans-FD)

lemma deadlock-frees i 1 ps-Renaming-imp-deadlock-freeskrps:
<deadlock-frees i rps P if <inj f» and <inj ¢» and <deadlock-frees k1 ps (Renaming
Pfg)
apply (subst Renaming-inv[OF that(1, 2), symmetric])
apply (rule deadlock-frees i 1 ps-imp-deadlock-frees i 1 ps-Renaming)
by (rule that(3))

corollary deadlock-frees i 1 ps-Renaming-iff:
<anj f = inj g = deadlock-frees k1 ps (Renaming P f g) +— deadlock-freeskips
P
using deadlock-frees i 1 ps-Renaming-imp-deadlock-freesxrps
deadlock-freeg i 1 ps-imp-deadlock-frees i 1 ps-Renaming by blast
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6.4 The big results

6.4.1 An interesting equivalence

lemma deadlock-free-of-Sync-iff-DF-FD-DF-Sync-DF:
(VP Q. deadlock-free (P::('a, 'r) processpiick) — deadlock-free @ —»
deadlock-free (P [S] Q))
<— (DF UNIV :: (‘a, 'r) processprick) Crpp (DF UNIV [S] DF UNIV)) (is
«?lhs +— ?rhsy)
proof (rule iffT)
assume ?lhs
show ?rhs by (fold deadlock-free-def, rule < ?lhs)[rule-format))
(simp-all add: deadlock-free-def)
next
assume ?rhs
show ?lhs unfolding deadlock-free-def
by (intro alll impl trans-FD[OF «?%rhs)]) (rule mono-Sync-FD)
qed

From this general equivalence on Sync, we immediately obtain the equiv-
alence on A ||| B: (VP Q. deadlock-free P — deadlock-free ) — dead-
lock-free (P ||| Q)) = (DF UNIV Cgpp DF UNIV ||| DF UNIV).

6.4.2 STOP and SKIP synchronized with DF A

lemma DF-FD-DF-Sync-STOP-or-SKIP-iff:
(DFACpp DFA[S]P)«— AN S={p
if P-disj: <P = STOP Vv P = SKIP r»
proof
{ assume al: <DF ACpp DF A [S] Py and a2: <AN S # {}p
from a2 obtain z where fI1: <x € A) and f2: <x € S» by blast
have «DF A [S] P Cgp DF {z} [S] P
by (intro mono-Sync-FD[OF - idem-FD)) (simp add: DF-subset f1)
also have «... = STOP»
apply (subst DF-unfold)
using P-disj apply (rule disjE; simp)

apply (simp add: write0-def, subst Mprefiz-empty|symmetric))
apply (subst Mprefix-Sync-Mprefiz-right, (simp-all add: f2)[3])
by (subst DF-unfold, simp add: f2 write0-Sync-SKIP)
finally have Fulse
by (metis DF-Univ-freeness al empty-not-insert f1
insert-absorb non-deadlock-free-STOP trans-FD)
}
thus <DF ACprp DFA[S] P = AN S ={}» by blast
next
have D-P: <D P = {}» using D-SKIP[of r| D-STOP P-disj by blast
note F-T-P = F-STOP T-STOP F-SKIP D-SKIP
{ assume al: <« DF ACpp DF A[S] P> and a2: <AN S ={p
have Fualse
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proof (cases <A = {}»)
assume <4 = {}
with al[unfolded DF-def] that show ?thesis
by (auto simp add: fiz-const)
next
assume a3: (A # {P
from a1 show ?thesis
unfolding failure-divergence-refine-def failure-refine-def divergence-refine-def
proof (auto simp add: F-Sync D-Sync D-P div-free-DF subset-iff, goal-cases)
case (latuXY)
then show ?case
proof (induct t arbitrary: a)
case Nil
show ?case by (rule disjE][OF P-disj], insert Nil a2)
(subst (asm) F-DF, auto simp add: a3 F-T-P)+
next
case (Cons z t)
from Cons(4) have f1: «u = [»
apply (subst disjE[OF P-disj], simp-all add: F-T-P)
by (metis Cons.prems(1, 2, 4) F-T F-imp-front-tickFree Int-iff TickLeft-
Sync
append-T-imp-tickFree inf-sup-absorb is-processT5-S7 list.distinct(1)
non-tickFree-tick rangel setinterleaving-sym tickFree- Cons-iff tickFree-Nil
tickFree-butlast)
from Cons(2, 8) show Fulse
apply (subst (asm) (1 2) F-DF, auto simp add: a3)
by (metis Cons.hyps Cons.prems(8, 4) setinterleaving-sym
SyncTIEmpty emptyLeftProperty f1 list.sel(3))
qed
qed
qed

}
thus <A NS ={} = DF ACprp DF A [S] P’ by blast
qed

lemma DF-Sync-STOP-or-SKIP-FD-DF: <DF A [S] P Cpp DF A»
if P-disj: <P = STOP vV P = SKIP ry and empty-inter: <AN S = {}h
proof (cases <A = {})
from P-disj show (A = {} = DF A [S] P Cpp DF A»
by (rule disjE) (simp-all add: DF-def fiz-const)
next
assume A4 # {}
show ?thesis
proof (subst DF-def, induct rule: fix-ind)
show <adm (Aa. a [S] P Cpp DF A)) by (simp add: cont2mono)
next
show <L [S] P Crp DF A by (metis BOT-leFD Sync-BOT Sync-commute)
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next
case (3 1)
have «(Ma € A — z) [S] P Cpp (a — DF A)) if <a € A for a
find-theorems Mndetprefix name: set
apply (rule trans-FD[OF mono-Sync-FD
[OF Mndetprefiz-FD-subset
[of {a}>, simplified, OF that] idem-FD]])
apply (rule disjE[OF P-disj], simp-all)
apply (subst Mprefiz-Sync-Mprefiz-left
[of {a} - {} Aa. >, simplified, folded write0-def])
using empty-inter that apply blast
using 3 mono-write0-FD apply fast
by (metis 8 disjoint-iff empty-inter mono-write0-FD that write0-Sync-SKIP)
thus ?case by (subst DF-unfold, subst FD-Mndetprefiz-iff; simp add: <A # {}>)
qed
qed

lemmas DF-FD-DF-Sync-STOP-iff =
DF-FD-DF-Sync-STOP-or-SKIP-iff [of STOP, simplified]
and DF-FD-DF-Sync-SKIP-iff =
DF-FD-DF-Sync-STOP-or-SKIP-iff [of <SKIP r», simplified]
and DF-Sync-STOP-FD-DF =
DF-Sync-STOP-or-SKIP-FD-DF[of STOP, simplified)
and DF-Sync-SKIP-FD-DF =
DF-Sync-STOP-or-SKIP-FD-DF|[of <SKIP r», simplified] for r

6.4.3 Finally, deadlock-free (P ||| Q)

theorem DF-F-DF-Sync-DF: «(DF (AU B) :: ('a, 'r) processpiick) Cr DF A [S]
DF B
if nonempty: <A # {} N B # {b
and intersect-hyp: <BN S ={}Vv (3y. BN S={y} AANS C{y})
proof —
let ?Z = <range tick U ev * S :: (‘a, 'r) eventpiick setr
have ([(¢t, X) € F (DF A); (u, Y) € F (DF B); v setinterleaves ((t, u), ?Z)]
= (v, XUY)N?2ZUXNY)e F(DF (AUB)) forvtu: (a r)
traceptick and X Y
proof (induct «(t, ?Z, u)> arbitrary: t u v rule: setinterleaving.induct)
case (1 v)
from 1.prems(3) emptyLeftProperty have v = []» by blast
with intersect-hyp 1.prems(1, 2) show Zcase
by (subst (asm) (1 2) F-DF, subst F-DF)
(simp add: nonempty image-iff subset-iff, metis Intl empty-iff insertE)
next
case (2 y u)
from 2.prems(3) emptyLeftProperty obtain b
where <b ¢ S) <y = ev by <v = y # w <u setinterleaves (([], u), ¢Z)»
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by (cases y) (auto simp add: image-iff split: if-split-asm)
from 2.prems(2) have <b € B> «(u, Y) € F (DF B)»
by (subst (asm) F-DF; simp add: <y = ev by nonempty)+
have ((u, (XU Y)N?ZUXNY)eF (DF (AU B))»
by (rule 2.hyps)
(simp-all add: 2.prems(1) «(u, Y) € F (DF B)y <b ¢ S) <y = ev by
<u setinterleaves (([], u), ?Z)» image-iff)
thus ?case by (subst F-DF) (simp add: nonempty <«v = y # w <y = ev b <b
€ B)
next
case (3 z t)
from 3.prems(3) emptyRightProperty obtain a
where <a ¢ S) <x = ev @ v =z # b <t setinterleaves ((t, []), ?2)
by (cases x) (auto simp add: image-iff split: if-split-asm)
from 3.prems(1) have <a € A «(t, X) € F (DF A)»
by (subst (asm) F-DF; simp add: <x = ev @) nonempty)+
have ((t, XU Y)N?ZUXNY)eF (DF (AU B))
by (rule 3.hyps)
(simp-all add: 3.prems(2) «(t, X) € F (DF A)) <a ¢ S) <z = ev @
<t setinterleaves ((t, []), ¢Z)» image-iff)
thus ?case by (subst F-DF') (simp add: nonempty <v = z # & (x = ev a) <a
e A)
next
case (4 z ty u)
from 4.prems(1) obtain a where <a € A) <z = ev > «(t, X) € F (DF A)»
by (subst (asm) F-DF) (auto simp add: nonempty)
from /.prems(2) obtain b where b € B> <y = ev b «(u, Y) € F (DF B)»
by (subst (asm) F-DF) (auto simp add: nonempty)
consider <z € 77y <y € 92> |« € 7y «y & 7>
| <x & 92> <y € 22 | «x & ¢Z> <y & ?Z> by blast
thus ?Zcase
proof cases
assume <z € 22> <y € ?Z)
with 4.prems(3) obtain v’
where <z =y v = y # v W’ setinterleaves ((t, u), 2Z)>
by (simp split: if-split-asm) blast
from /.hyps(1)[OF <z € 27y <y € ?Z) <x =
(t, X) € F (DF A)> «(u, Y) € F (DF B)» this(3)]
have «(v, (X U Y)N?2ZUXNY)eF (DF (AUB) .
thus ?2case by (subst F-DF) (simp add: nonempty <«v = y # v’ <y = ev b
b e B)
next
assume <z € 72y <y & 72>
with 4.prems(3) obtain v’
where v = y # v v’ setinterleaves ((z # t, u), ¢Z)»
by (simp split: if-split-asm) blast
from 4.hyps(2)[OF <z € 27y <y & 27> J.prems(1) «(u, Y) € F (DF B))
this(2)]
have «(v, (X U Y)N?2ZUXNY)eF (DF (AUB) .
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thus ?case by (subst F-DF') (simp add: nonempty <v = y # v’ <y = ev by
b e B)
next
assume <z ¢ 77y <y € 7>
with 4.prems(8) obtain v’
where v = z # v’y ' setinterleaves ((t, y # u), ?Z)
by (simp split: if-split-asm) blast
from 4.prems(2) 4.hyps(5) «x ¢ 22y <y € ?Z> «(t, X) € F (DF A)» this(2)
have «(v, (XU Y)N?ZUXNY)eF (DF (AU B)) by simp
thus ?case by (subst F-DF') (simp add: nonempty <«v = x # v <z = ev @
@ € A)
next
assume <z ¢ 72y <y & 22
with 4.prems(3) obtain v’
where (v = z # v’ A v’ setinterleaves ((¢, y # u), ?Z) V
v =y # v A v setinterleaves ((x # t, u), ?Z)» by auto
thus ?Zcase
proof (elim disjE conjFE)
assume v = z # v v’ setinterleaves ((t, y # u), ¢Z)»
from /4.hyps(3)[OF «x ¢ 27y <y ¢ 272> «(t, X) € F (DF A)) 4.prems(2)
this(2)]
have «(v/, (XU Y)N?ZUXNY)eF (DF (AUB)).
thus ?case by (subst F-DF) (simp add: nonempty v = z # v’ (x = ev @
a € Ay)
next
assume v = y # v’ (v’ setinterleaves ((z # t, u), ?Z)
from 4.hyps(4)[OF «x ¢ 22y <y ¢ ?Z> 4.prems(1) «(u, Y) € F (DF B)»
this(2)]
have (v, (XU Y)N?2ZUXNY)eF (DF (AUB)).
thus ?case by (subst F-DF) (simp add: nonempty <v =y # v <y = ev b
b € B)
qed
qged
qed

thus «(DF (AU B) = ('a, 'r) processpiick) Crp DF A [S] DF B>
by (auto simp add: failure-refine-def F-Sync div-free-DF')
qed

lemma DF-FD-DF-Sync-DF"
A£{3ANB#£{}=BnS={}v@3y.BnNnS={yprAnAnSC{y}) =
DF (AU B) Cgp DF A [S] DF B»
unfolding failure-divergence-refine-def failure-refine-def divergence-refine-def
by (simp add: div-free-DF D-Sync)
(simp add: DF-F-DF-Sync-DF[unfolded failure-refine-def])

theorem DF-FD-DF-Sync-DF-iff:
«<DF (AU B) Cpp DF A [S] DF B +—
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( ifA={}then BN S={}
else if B = {} then An S = {}
else ANS={}Vva AN S={a} ABN S C{a})V
BNS={}v@bBnNnS={} AANS C{b}))
(is <?FD-ref +— (  if A={} then BN S ={}
else if B={} then AN S = {}
else ?cases)y)

apply (cases <A = {}», simp,
metis DF-FD-DF-Sync-STOP-iff DF-unfold Sync-commute Mndetprefiz-empty)
apply (cases «B = {}», simp,
metis DF-FD-DF-Sync-STOP-iff DF-unfold Sync-commute Mndetprefiz-empty)
proof (simp, intro iffI)
{ assume <4 # {}» and «B # {}» and ?FD-ref and <— Zcases)
from (- ?cases)[simplified]
obtain ¢ and b where <a € A) <a € Sy <b € By <b € S) <a # b by blast
have <DF A [S] DF B Cpp (a — DF A) [S] (b — DF B)»
by (intro mono-Sync-FD; subst DF-unfold, meson Mndetprefiz-FD-write0 <a
€A e B
also have (... = STOP» by (simp add: <a € S» <a # by <b € Sy write0-Sync-write0-subset)
finally have Fulse
by (metis DF-Univ-freeness Un-empty <A # {}»
trans-FD[OF «?FD-refy] non-deadlock-free-STOP)}
thus (A # {} = B # {} = ?FD-ref = ?cases» by fast
qed (metis Sync-commute Un-commute DF-FD-DF-Sync-DF')

lemma
(Vaee A XanS={}v{F¥beAd Iy XanS={y AXbNSC{y})
+— Vae A Vbe A. Jy. (XaUXb)NSC{y}p
— this is the reason we write ugly__hyp this way
apply (subst Int-Un-distrib2, auto)
by (metis subset-insertl) blast

lemma DF-FD-DF-MultiSync-DF"
(DF (U z € (insert a A). X z) == (“a, 'r) processprick) Crp [S] © €# mset-set
(insert a A). DF (X z)»
if fin: <finite A> and nonempty: <X a # {}» Vbe A. X b # {p
and ugly-hyp: Vbe A. XbNS={}Vv By XdbNnS={ypAXanSC

{y})
Vbe A Vee A Jy. (XbUXc)Nn S C{yh

apply (rule conjunctl[where Q = «Vbe A. XbNnS={}V
Hy. XbnS={y} AU (X “insert a A) N S C {y})])
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proof (induct rule: finite-subset-induct-singleton’
[of a <insert a A, simplified, OF fin,
simplified subset-insertl, simplified))
case I
show ?case by (simp add: ugly-hyp)
next
case (20 A
show ?case
proof (rule conjl; subst image-insert, subst Union-insert)
show <DF (X bUJ (X “insert a A")) Cpp
[S] ac#mset-set (insert b (insert a A')). (DF (X a) :: (Ya, 'r) processpiick)’
apply (subst Un-commute)
apply (rule trans-FD[OF DF-FD-DF-Sync-DF [where S = S]))
apply (simp add: 2.hyps(2) nonempty ugly-hyp(1))
using 2.hyps(2, 5) apply blast
apply (subst Sync-commute,
rule trans-FD[OF mono-Sync-FD
[OF idem-FD 2.hyps(5)[THEN conjunct1]]])
by (simp add: 2.hyps(1, 4) mset-set-empty-iff)
next
show WVece A XenS={}Vv @By XcnS={y} A
(XbUl (X “insert a A)) NS C {y})
apply (subst Int-Un-distrib2, subst Un-subset-iff)
by (metis 2.hyps(2, 5) Int-Un-distrib2 Un-subset-iff
subset-singleton-iff ugly-hyp(2))
qed
qed

lemma DF-FD-DF-MultiSync-DF":
(finite A;Vae A. Xa#{};Vae A Vbe A. Jy. (XaUXbd) NS C{y}]
= DF (J a€ A. X a) Cpp [9] a €# mset-set A. DF (X a)>
apply (cases A rule: finite.cases, assumption)
apply (subst DF-unfold, simp)
apply clarify
apply (rule DF-FD-DF-MultiSync-DF)
by simp-all (metis Int-Un-distrib2 Un-subset-iff subset-singleton-iff)

lemmas DF-FD-DF-Multilnter-DF =
DF-FD-DF-MultiSync-DF '[where S = «{}», simplified]
and DF-FD-DF-MultiPar-DF =
DF-FD-DF-MultiSync-DF [where S = UNIV, simplified]
and DF-FD-DF-MultiPar-DF’ =
DF-FD-DF-MultiSync-DF '[where S = UNIV, simplified]
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lemma «DF {a} = DF {a} [S] STOP <— a ¢ S»
by (metis DF-FD-DF-Sync-STOP-iff DF-Sync-STOP-FD-DF Diff-disjoint
Diff-insert-absorb FD-antisym insert-disjoint(2))

lemma «DF {a} [S] STOP = STOP +— a € S»
by (metis (no-types, lifting) DF-unfold Diff-disjoint Diff-eq-empty-iff Int-commute
Int-insert-left Mndetprefix-Sync-STOP Mndetprefiz-is-STOP-iff
Ndet-is-STOP-iff empty-not-insert inf-le2)

corollary DF-FD-DF-Inter-DF: <DF A Crp DF A ||| DF A»
by (metis DF-FD-DF-Sync-DF-iff inf-bot-right sup.idem)

corollary DF-UNIV-FD-DF-UNIV-Inter-DF-UNIV:
«DF UNIV Cgpp DF UNIV ||| DF UNIV)
by (fact DF-FD-DF-Inter-DF)

corollary Inter-deadlock-free:
<deadlock-free P = deadlock-free Q = deadlock-free (P ||| Q)
using DF-FD-DF-Inter-DF deadlock-free-of-Sync-iff-DF-FD-DF-Sync-DF by blast

theorem Multilnter-deadlock-free:
(M # {#}; Am. m e# M = deadlock-free (P m)] =
deadlock-free (||| p €# M. P p)»
proof (induct rule: mset-induct-nonempty)
case (m-singleton a) thus ?case by simp
next
case (add z F) with Inter-deadlock-free show Zcase by auto
qed
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Chapter 7

The Main Entry Point

This is the theory HOL-CSPM should be imported from.
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Chapter 8

Example: Dining
Philosophers

8.1 Classic version

We formalize here the Dining Philosophers problem with a locale.
locale DiningPhilosophers =

fixes N::nat

assumes N-g1[simp] : <N > 1»

— We assume that we have at least one right handed philosophers (so at least
two philosophers with the left handed one).

begin

We use a datatype for representing the dinner’s events.

datatype dining-event =  picks (phil:nat) (fork:nat)
| putsdown (phil:nat) (fork:nat)

We introduce the right handed philosophers, the left handed philosopher
and the forks.
definition RPHIL:: (nat = dining-event process»
where <RPHIL i = p X. (picks i i — (picks i ((i—1) mod N) —
(putsdown i ((i—1) mod N) — (putsdown i i — X))))

definition LPHILO:: <dining-event process»
where «<LPHILO = u X. (picks 0 (N—1) — (picks 0 0 —
(putsdown 0 0 — (putsdown 0 (N—1) — X))))»

definition FORK :: (nat = dining-event process)
where <FORK i = p X. (picks i i — (putsdown i i — X)) O
(picks ((i+1) mod N) i — (putsdown ((i+1) mod N) i — X))»

Now we use the architectural operators for modelling the interleaving of the
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philosophers, and the interleaving of the forks.

definition <PHILS = ||| P €# add-mset LPHILO (mset (map RPHIL [1..< NJ])).
P
definition (FORKS = ||| P €# mset (map FORK [0..< NJ]). P»

corollary <N = 8 = PHILS = (LPHILO ||| RPHIL 1 ||| RPHIL 2)»
— just a test
unfolding PHILS-def by (simp add: eval-nat-numeral upt-rec Sync-assoc)

Finally, the dinner is obtained by putting forks and philosophers in parallel.

definition DINING :: «dining-event process)
where «<DINING = (FORKS || PHILS))

end

8.2 Formalization with fixrec package

The fixrec package of HOLCF provides a more readable syntax (essentially, it
allows us to "get rid of u" in equations like p z. P ).

First, we need to see nat as cpo.

instantiation nat :: discrete-cpo
begin

definition below-nat-def:
(rznat) Cy+— =y

instance proof
qed (rule below-nat-def)

end
locale DiningPhilosophers-fizrec =
fixes N::nat
assumes N-g1[simp] : <N > 1)
— We assume that we have at least one right handed philosophers (so at least
two philosophers with the left handed one).

begin

We use a datatype for representing the dinner’s events.

datatype dining-event =  picks (phil:nat) (fork:nat)
| putsdown (phil:nat) (fork:nat)
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We introduce the right handed philosophers, the left handed philosopher
and the forks.

fixrec RPHIL :: <nat — dining-event process»
and LPHILO :: «dining-event process»

and FORK : (nat — dining-event process)
where

RPHIL-rec [simp del] :
<RPHIL-i = (picks i i — (picks i (i—1) —
(putsdown i (i—1) — (putsdown i i — RPHIL-%))))»
| LPHILO-rec[simp del] :
«(LPHILO = (picks 0 (N—1) — (picks 0 0 —
(putsdown 0 0 — (putsdown 0 (N—1) — LPHILO))))»
| FORK-rec [simp del] :
«<FORK-i = (picks i i — (putsdown i i — FORK-i)) O
(picks ((i+1) mod N) i — (putsdown ((i+1) mod N) i — FORK-i))»

Now we use the architectural operators for modelling the interleaving of the
philosophers, and the interleaving of the forks.

definition «PHILS = ||| P €# add-mset LPHILO (mset (map (Ai. RPHIL-7)
[1..<N))). P>
definition (FORKS = ||| P €# mset (map (Ai. FORK-i) [0..<NJ]). P>

corollary <N = 8 = PHILS = (LPHILO ||| RPHIL-1 ||| RPHIL-2)»
— just a test

unfolding PHILS-def by (simp add: eval-nat-numeral upt-rec Sync-assoc)

Finally, the dinner is obtained by putting forks and philosophers in parallel.

definition DINING :: <dining-event process)
where «<DINING = (FORKS || PHILS)»

end
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Chapter 9

Example: Plain Old
Telephone System

The "Plain Old Telephone Service is a standard medium-size example for
architectural modeling of a concurrent system.

Plain old telephone service (POTS), or plain ordinary telephone system,[1] is
a retronym for voice-grade telephone service employing analog signal trans-
mission over copper loops. POTS was the standard service offering from
telephone companies from 1876 until 1988[2] in the United States when
the Integrated Services Digital Network (ISDN) Basic Rate Interface (BRI)
was introduced, followed by cellular telephone systems, and voice over IP
(VoIP). POTS remains the basic form of residential and small business ser-
vice connection to the telephone network in many parts of the world. The
term reflects the technology that has been available since the introduction
of the public telephone system in the late 19th century, in a form mostly
unchanged despite the introduction of Touch-Tone dialing, electronic tele-
phone exchanges and fiber-optic communication into the public switched
telephone network (PSTN).

C.f. wikipedia https://en.wikipedia.org/wiki/Plain_ old__telephone_ service.

We need to see int as a cpo.

instantiation int :: discrete-cpo
begin

definition below-int-def:
(zuint) Cy+—z =1y

instance proof
ged (rule below-int-def)

end
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9.1 The Alphabet and Basic Types of POTS

Underlying terminology apparent in the acronyms:

1. T-side (target side, callee side)

2. O-side (originator (7) side, caller side)

datatype MtcO = Osetup | Odiscon-o
datatype MctO = Obusy | Oalert | Oconnect | Odiscon-t
datatype MtcT = Tbusy | Talert | Tconnect | Tdiscon-t
datatype MctT = Tsetup | Tdiscon-o

type-synonym Phones = <int»

datatype channels = tcO <Phones x MtcO» —
| ¢ctO <Phones x MctO»
| teT «Phones x MtcT x Phones
| ¢ctT «Phones x MctT x Phones
| tcOdial  <Phones x Phones)
| StartReject Phones — phone x rejects from now on to be called
| EndReject Phones — phone x accepts from now on to be called
| terminal  Phones
| off-hook  Phones
| on-hook  Phones
| digits ~ <Phones x Phones) — communication relation: x calls y
| tone-ring Phones
| tone-quiet Phones
| tone-busy Phones
| tone-dial Phones
| connected Phones

locale POTS =
fixes min-phones :: int
and maz-phones :: int
and VisibleEvents :: <channels set)
assumes min-phones-g-1[simp) : <1 < min-phones»
and maz-phones-g-min-phones|simp| : <min-phones < maz-phones
begin

definition phones :: <Phones sety where <phones = {min-phones .. maz-phones}»

lemma nonempty-phones|[simp|: <phones # {}
and finite-phones[simp)]: «finite phones)
and at-least-two-phones[simpl: <2 < card phones»
and not-singl-phone[simp|: <phones — {p} # {}»
apply (simp-all add: phones-def)
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using mazx-phones-g-min-phones apply linarith+
by (metis atLeastAtMost-iff less-le-not-le maz-phones-g-min-phones order-refl sin-
gletonD subsetD)

definition FEventsIPhone :: <Phones = channels set)

where  (EventsIPhone u = {tone-ring u, tone-quiet u, tone-busy u, tone-dial
u, connected u})
definition FventsUser :: «Phones = channels set»

where  <EventsUser u = {off-hook u, on-hook u} U {z . 3 n. z = digits (u,

n)}b

9.2 Auxilliaries to Substructure the Specification

abbreviation
Tside-connected :: <Phones = Phones = channels process»
where < Tside-connected ts os =
(ctTV(ts, Tdiscon-0,08) — teTV(ts, Tdiscon-t,08) — EndReject!ts— Skip)
> (teTV(ts, Tdiscon-t,08) — ctTV(ts, Tdiscon-0,0s) — EndReject!ts— Skip)»

abbreviation
Oside-connected :: «Phones = channels process)
where <Oside-connected ts =
(ctO!(ts,Odiscon-t) — tcO\(ts,Odiscon-0) — EndReject!ts— Skip)
> (tcO!(ts,Odiscon-0) — ctO!(ts,Odiscon-t) — EndReject!ts— Skip)»

abbreviation
Osidel :: <[Phones, Phones| = channels process»
where

<Osidel ts p = tcOdiall(ts,p)
—  (ctO\(ts,Oalert)
— ¢tO!(ts,Oconnect)
— (Oside-connected ts))
O(ctO!(ts,Oconnect) —( Oside-connected ts))
O(ctO(ts, Obusy) — tcO!(ts,Odiscon-0) — EndReject!ts — Skip)»

definition
ITside-connected  :: «[Phones,Phones,channels process] = channels process»
where
«ITside-connected ts os IT = (ctT(ts, Tdiscon-0,08)
—( (tone-busylts
— on-hook!ts
— teTV(ts, Tdiscon-t,0s)
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— EndReject!ts
— IT)
O (on-hook!ts
— teTV(ts, Tdiscon-t,0s)
— EndReject!ts
— IT)
)
O (on-hook!ts
— teTV(ts, Tdiscon-t,0s)
— ctTY(ts, Tdiscon-0,0s)
— EndReject!ts
—IT)»

9.3 A Telephone

fixrec T :: «(Phones — channels process»
and Oside :: «Phones — channels process»
and Tside :: <Phones — channels process)
and NoReject :: «Phones — channels process»
and Reject :: «Phones — channels process»
where
T-rec [simp del]: «T-ts = (Tside-ts 3 T-ts) > (Oside-ts 5 T-ts)»
| Oside-rec  [simp del]: «Oside-ts = StartReject!ts

— tcO!(ts,Osetup)
— (M p € phones. Osidel ts p)»
| Tside-rec  [simp del]: < Tside-ts = ctT?(y,z,08)|((y,z)=(ts, Tsetup))
— StartReject!ts
— ( teT¥(ts, Talert,os)
— teT(ts, Tconnect,os)
—(Tside-connected ts 0s)
M (teTV(ts, Teconnect,o0s)
— (Tside-connected ts 0s)))»
| NoReject-rec [simp del]: «NoReject-ts = StartReject!ts — Reject-ts)
| Reject-rec  [simp del]: <Reject-ts = ctT?(y,z,08)|(y=ts A z=Tsetup N\ os€Ephones
N 05#ts)
—  (tcT(ts, Thusy,o0s) — Reject-ts)
O (EndReject!'ts — NoReject-ts)»

definition Tel:: <Phones = channels process»

where <«Telp = (T-p [{StartReject p, EndReject p}] NoReject-p) \ {StartReject
p, EndReject p}»
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9.4 A Connector with the Network

fixrec Call :: <Phones — channels process»
and BUSY :: <Phones — Phones — channels process»
and Connected :: <Phones — Phones — channels process)
where
Call-rec [simp del]: <Call-os = (tcO! (0s,0setup) — tcOdial?(z,ts)|(z=0s)

— (BUSY-0s-ts)) 3 Call-0s)
| BUSY-rec [simp del]: <BUSY-o0s-ts = (if ts = os
then ctO!(os,0busy) — tcO!(o0s,Odiscon-o0) — Skip
else ctTY(ts, Tsetup,os)
—( (teT(ts, Thusy,0s)
— ¢tO!(0s,0busy)
— tcOY(0s,0discon-0) — Skip)
O
(teT ! (ts,Talert,os)
— ¢tO!(o0s,Oalert)
— tcTY(ts, Tconnect,0s)
— ¢tO!(0s,Oconnect)
— Connected-0s-ts)
O
(tcTY(ts, Tconnect,0s)
— ctO(0s,Oconnect)
— Connected-0s-ts)))»
(

| Connected-rec [simp del]: «Connected-os-ts = (tcO(os,Odiscon-0) —
(( (ctTV(ts, Tdiscon-0,0s) — tcT(ts, Tdiscon-t,0s) — Skip)
O

(tcTV(ts, Tdiscon-t,08)— ctTV(ts, Tdiscon-0,08) — Skip)

)
5 (ctO)(0s,0discon-t) — Skip)))
O
(teTV(ts, Tdiscon-t,0s) —
( (ctOYos,Odiscon-t)
— ctTV(ts, Tdiscon-0,08)
— tcO!(0s,0discon-o)
— Skip )
O
(tcOYo0s,0discon-0)
— ctTY(ts, Tdiscon-0,08)
— ¢tO!0s,0discon-t)
— Skip)

)

9.5 Combining NETWORK and TELEPHONES
to a SYSTEM

definition NETWORK  :: (channels process»
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where (NETWORK = (||| os €# (mset-set phones). Call-0s)»

definition TELEPHONES :: <channels process»
where «<TELEPHONES = (||| ts €# (mset-set phones). Tel ts)»

definition SYSTEM :: <channels process)
where «(SYSTEM = NETWORK |[VisibleEvents] TELEPHONES)»

We underline here the usefulness of the architectural operators, especially
MultiSync but also GlobalNdet which appears in Oside recursive definition.

9.6 A simple Model of a User

fixrec User :: «(Phones — channels process»
and UserSCon :: <Phones — channels process»
where

User-rec[simp del] : <User-u = (off-hooktu —
(tone-diallu —
(M p € phones. digits!(u,p)—tone-quiet! u—
( (tone-ring!u— connected!u— UserSCon-u)
O (connected!u— UserSCon-u)
O (tone-busy!u— on-hook!u— User-u)

)
)
)
O (connected!u — UserSCon-u)
)
O (tone-ring!u— off-hook!u— connected!u — UserSCon-u)»
| UserSCon-rec[simp del]: «UserSCon-u = (tone-busylu — on-hooklu — User-u)
> (on-hooklu — User-u)»

fixrec User-Ndet 2 «Phones — channels processy
and UserSCon-Ndet :: <Phones — channels process»
where

User-Ndet-rec[simp del] : «User-Ndet-u = (off-hooklu —
(tone-diallu —
(M p € phones. digits!(u,p)—tone-quiet! u—
( (tone-ring!u— connected!u— UserSCon-Ndet-u)
M (connected!u— UserSCon-Ndet-u)
M (tone-busy!u— on-hooktu— User-Ndet-u)

)
)
)

M (connected!u — UserSCon-Ndet-u)

)

M (tone-ring!u— off-hooktu—s connected!u — UserSCon-Ndet-u)»
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| UserSCon-Ndet-rec[simp del]: «UserSCon-Ndet-u = (tone-busy!u — on-hook!u
— User-Ndet-u) M (on-hook!u — User-Ndet-u)»

definition ImplementT 2 «(Phones = channels process»
where <ImplementT ts = ((Tel ts) [EventsIPhone ts U EventsUser ts] (User-ts))
\ (EventsIPhone ts U EventsUser ts)»

9.7 Toplevel Proof-Goals

This has been proven in an ancient FDR model for maz-phones = 5...

lemma <V p € phones. deadlock-free (Tel p)» oops
lemma <V p € phones. deadlock-free-v2 (Call-p)> oops
lemma <deadlock-free-v2 NETWORK)> oops

lemma <deadlock-free-v2 SYSTEM)» oops

lemma <lifelock-free SYSTEM)» oops

lemma <V p € phones. lifelock-free (ImplementT p)> oops
lemma <V p € phones. Tel p Crp ImplementT p)> oops

lemma <V p € phones. Tel p Cr RUN UNIV) oops

this should represent "deterministic" in process-algebraic terms. . .

end
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Chapter 10

Conclusion

In this session, we defined three architectural operators: GlobalDet, Multi-
Sync, and MultiSeq as respective generalizations of P O @, P [S] @, and P
; Q. The generalization of P M @, GlobalNdet, is already in HOL-CSP since
it is required for some algebraic laws.

We did this in a fully-abstract way, that is:

e (O) is commutative, idempotent and admits STOP as a neutral el-
ement so we defined GlobalDet on a 'a set A by making it equal to
STOP when A = (). Continuity only holds for finite cases, while the
operator is always defined.

e (M) is also commutative and idempotent so in HOL-CSP GlobalNdet has
been defined on a 'a set A by making it equal to STOP when A = (.
Beware of the fact that STOP is not the neutral element for (1) (this
operator does not admit a neutral element) so we do not have the
equality

Mpe{a}. Pp = P an (Mpeb. P p)

while this holds for (O) and GlobalDet). Again, continuity only holds
for finite cases.

e Sync is commutative but is not idempotent so we defined MultiSync
on a 'a multiset M to keep the multiplicity of the processes. We made
it equal to STOP when M = {#} but like (M), Sync does not admit
a neutral element so beware of the fact that in general

[S] pe#{#a#}. Pp # P a [S] [S] pe#{#}. Pp
. By construction, multiset are finite and therefore continuity holds.
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e (3) is neither commutative nor idempotent, and SKIP r is neutral only
on the left hand side (note if the second type 'r of (‘a, 'r) processpiick
is actually unit, that is to say we go back to the old version without
parameterized termination, it is neutral element on both sides, see ?P
5 Skip = 9P
SKIP ?r; P = ?P). Therefore we defined MultiSeq on a a list L to
keep the multiplicity and the order of the processes, and the folding
is done on the reversed list in order to enjoy the neutrality of SKIP r
on the left hand side. For example, proving SEQ pe@QL1. P p ; SEQ
peEQL2. Pp = SEQ pc@Q(L1 @Q L2). P p in general requires L2 # [].

We presented two examples: Dining philosophers, and POTS.

In both, we underlined the usefulness of the architectural operators for mod-
eling complex systems.

Finally we provided powerful results on events-of and deadlock-free among
which the most important is undoubtedly:

[M # {#}; Am. m e# M = deadlock-free (P m)]
= deadlock-free (||| pe#M. P p)

This theorem allows, for example, to establish:
0 < n = deadlock-free (||| me#mset [0..<n]. P m)

under the assumption that a family of processes parameterized by m :: nat
verifies V. m<n. deadlock-free (P m).

More recently, two operators Throw and (A) have been added. The corre-
sponding continuities and algebraic laws can also be found in this session.
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