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Abstract

Recently, a modern version of Roscoes and Brookes [1] Failure-Divergence
Semantics for CSP has been formalized in Isabelle [3].

The session HOL-CSP introduces among other things some binary op-
erators on processes that we will here generalize in a fully-abstract way.

On these "architectural operators", we will prove the properties of refine-
ment, the rules of continuity and the laws of interaction so that they can be
easily used.

Finally, we will give examples of their usefulness when trying to model
complex systems.






Contents

1 Introduction

1.1
1.2

Motivations . . . . . . . . .
The Global Architecture of HOL-CSPM . . . .. .. ... ..

2 Some Preliminary Work

21
2.2
2.3
24

3.1
3.2

3.3
3.4
3.5
3.6

4 The
4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8

Induction Rules for ‘ac set . . . . . . ... ... ... ... ..
Induction Rules for ‘o multiset . . . . . . . .. ... .. ...
Strong Induction for nat . . . . . ... .o L.
Preliminaries for Cartesian Product Results . . . . . . . . ..

Patch for Compatibility

Results. . . . . . . o o
The Renaming Operator . . . . . . .. ... ... ... ....
3.2.1 Some Preliminaries . . . . . . . ... ... ... ...
3.2.2 The Renaming Operator Definition . . . . . . ... ..
3.2.3 The Projections . . . . . ... ... ... ...
3.2.4 Continuity Rule . . . . ... ... ... ...
3.2.5 Nice Properties . . . . . . . .. ... ...
3.2.6 Renaming Laws . . . . ... ... ... ... ......
Assertions . . . . . ...
Non-terminating Runs . . . . . ... ... ... ... ...
Lifelock Freeness . . . . . . . . . .. ...
New Laws . . . . . . oo oo o

MultiDet Operator

Definition . . . . . . . . . ...
First Properties . . . . . . . .. ... ... .. ...
Some Tests . . . . . . . . ..
Continuity . . . . . . . . ...
Factorization of () in front of MultiDet . . . . . . . . .. ..
L Absorbance . . . . . ... ...
First Properties . . . . . . . ... ... L oo
Behaviour of MultiDet with () . . . . ... ... ... ....

)

11

13
13
14
16
16

17
17
21
21
22
25
25
31
32
40
40
41
42



4.9

4.10
4.11
4.12

The
5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9
5.10
5.11
9.12

The
6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8
6.9
6.10

The
7.1
7.2
7.3
7.4
7.5
7.6
7.7
7.8
7.9
7.10

Commutativity . . . . . . .. ... o
Behaviour with Injectivity . . . . .. ... ... ... ... ..
The Projections . . . . . . . . . ... oL
Cartesian Product Results . . . . . .. .. .. ... .. ...

MultiNdet Operator

Definition . . . . . .. .. oo
First Properties . . . . . . . . . . . ... o
Some Tests . . . . . . ..
Continuity . . . . . . . . ..
Factorization of (M) in front of MultiNdet . . . . .. ... ..
1L Absorbance . . . . .. ...
First Properties . . . . . . . . . ... oL
Behaviour of MultiNdet with (M) . . . .. ... ... .....
Commutativity . . . . . . .. . ...
Behaviour with Injectivity . . . . . . ... .. ... ... ...
The Projections . . . . . . . . . . ... ... ...
Cartesian Product Results . . . . . . ... .. ... ... ..

MultiSync Operator

Definition . . . . . . .. .. ...
First Properties . . . . . . . . ... oL oL
Some Tests . . . . . . . .
Continuity . . . . . . .. .
Factorization of Sync in front of MultiSync . . . . . . . . ..
1L Absorbance . . . . . ...
Other Properties . . . . . .. . ... ... ... ........
Behaviour of MultiSync with Sync . . . . . . .. .. ... ..
Commutativity . . . . .. ... ..o
Behaviour with Injectivity . . . . . . ... ... ... .. ...

MultiSeq Operator

Definition . . . . . . .. . ...
First Properties . . . . . . . . ... .o oL
Some Tests . . . . . . . .
Continuity . . . . . . .. .
Factorization of (3) in front of MultiSeq . . . . . . . .. ...
1L Absorbance . . . . . .. ...
First Properties . . . . . . . . . . . .. ... ... ...
Commutativity . . . . .. ... ..o
Behaviour with Injectivity . . . . . . .. ... ... ... ...
Definition of first-elem . . . . . . . . .. ... ... ... ...

49
49
50
52
52
93
93
53
93
o4
o4
o4
95

57
o7
99
99
61
61
61
62
62
63
63



8 The Global Non-Deterministic Choice
8.1 General Non-Deterministic Choice Definition . . . .. .. ..
8.2 The Projections . . . . . . . . ...
8.3 Factorization of (M) in front of GlobalNdet . . . . . . . . . ..
84 L Absorbance . . . . . . .. .. ... o
8.5 First Properties . . . . . . . . ... oo
8.6 Behaviour of GlobalNdet with (7). . . ... ... ... ....
8.7 Commutativity . . . . . . . ...
8.8 Behaviour with Injectivity . . . . . . .. ...
8.9 Cartesian Product Results . . . . . .. ... ... ... ....
8.10 Link with MultiNdet . . . . . . . . . . . .. ... ... ....
8.11 Link with Mndetprefiz . . . . . . . . .. .. ... ... ..
8.12 Properties . . . . . . . ... Lo

9 CSPM
9.1 Refinements Results . . . . ... ... ... ... ... ...
9.2 Combination of Multi-Operators Laws . . . . ... ... ...
9.3 Results on Renaming . . . . . . . . . . ...

10 Example: Dining Philosophers
10.1 Classic Version . . . . . .. . ... ... o
10.2 Formalization with .—{}fixrec Package . ... ... ... ..

11 Example: Plain Old Telephone System
11.1 The Alphabet and Basic Types of POTS . . . . . .. ... ..
11.2 Auxilliaries to Substructure the Specification . . . . ... ..
11.3 A Telephone . . . . . . . . . . . . .. ..
11.4 A Connector with the Network . . . . . ... ... ... ...
11.5 Combining NETWORK and TELEPHONES to a SYSTEM .
11.6 Simple Model of a User . . . . . . ... .. ... ... ....
11.7 Toplevel Proof-Goals . . . . . . . .. ... ... ... .....

12 Results on events-of
12.1 With Operators of HOL-CSP . . . . . . . . . . . . . ... ...
12.2 With Architectural Operators of HOL-CSPM . . . . . . . . . ..

13 Deadlock Results

13.1 Unfolding Lemmas for the Projections of DF and DF gk p

13.2 Characterizations for deadlock-free, deadlock-freesyp

13.3 Results on Renaming . . . . . . . . . .. ...
13.3.1 Behaviour with References Processes . . . . . . .. ..
13.3.2 Corollaries on deadlock-free and deadlock-freesgrp . .

13.4 Big Results . . . . ... .. oo
13.4.1 Interesting Equivalence . . . . ... ... ... ....

7



13.4.2 STOP and SKIP Synchronized with DF A . . . . ..
13.4.3 Finally, deadlock-free (P|||Q) . . . . . .. ... . ...

14 Conclusion



Chapter 1

Introduction

1.1 Motivations

HOL-CSP [3] is a formalization in Isabelle/HOL of the work of Hoare and
Roscoe on the denotational semantics of the Failure/Divergence Model of
CSP. It follows essentially the presentation of CSP in Roscoe’s Book "Theory
and Practice of Concurrency" [2] and the semantic details in a joint Paper
of Roscoe and Brooks "An improved failures model for communicating pro-
cesses" [1].

In the session HOL-CSP are introduced the type ‘o process, several classic
CSP operators and number of laws that govern their interactions.

Four of them are binary operators: the non-deterministic choice P ' @, the
deterministic choice P O @, the synchronization P [S] @ and the sequential
composition P ; Q.

Analogously to the finite sum > ) _ , a ¢ which is generalization of the
addition a 4+ b, we define generalisations of the binary operators of CSP.

The most straight-forward way to do so would be a fold on a list of processes.
However, in many cases, we have additional properties, like commutativity,
idempotency, etc. that allow for stronger/more abstract constructions. In
particular, in several cases, generalization to unbounded and even infinite
index-sets are possible.

The notations we choose are widely inspired by the CSPj; syntax of FDR:
https://cocotec.io/fdr /manual /cspm.html.

In this session we therefore introduce the multi-operators associated respec-
tively with P 1 @, P O @, P [S] @ and P ; Q. We prove their continuity
and refinements rules, as well as some laws governing their interactions.

We also give the definitions of the POTS and Dining Philosophers examples,
which greatly benefit from the newly introduced generalized operators.
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Since they appear naturally when modeling complex architectures, we may
call them architectural operators of CSP.

Finally this session also includes results on the notion of events-of, and a
very powerful result about deadlock-free and Sync: the interleaving P|||Q is
deadlock-free if P and @) are.
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1.2 The Global Architecture of HOL-CSPM

[Pure]

[Tools]

Eou

[HOL-Library]

PreliminaryWork | | [HOL-Eisbach] | [ [HOLCF] |

[ tHoL-csPl |

| Introduction | J Patch |

MuItiDetl | MultiNdet | | MultiSync | | MultiSeq

GlobalNdet

CSPM

| DeadlockResults | | DiningPhilosophers | | EventsProperties POTS

Conclusion

Figure 1.1: The overall architecture

The global architecture of HOL-CSPM is shown in Figure 1.1. The entire
package resides on:

1. HOL-Eisbach from the Isabelle/HOL distribution,
2. HOLCF from the Isabelle/HOL distribution, and

3. HOL-CSP 2.0 from the Isabelle Archive of Formal Proofs.
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Chapter 2

Some Preliminary Work

theory Preliminary Work
imports HOL— Library. Multiset
begin

2.1 Induction Rules for 'a set

lemma finite-subset-induct-singleton
[consumes 3, case-names singleton insertion):
(Ja € A; finite F; F C A; P {a};
Nz F. finite F —= © € A = z ¢ (insert a F) = P (insert a F)
= P (insert z (insert a F))] = P (insert a F)»
apply (erule Finite-Set.finite-subset-induct, simp-all)
by (metis insert-absorb2 insert-commute)

lemma finite-set-induct-nonempty
[consumes 2, case-names singleton insertion):
assumes (A # {} and «finite A»
and singleton: <Na. a € A = P {a}»
and insert: <Az F. [F # {}; finite F; x € A; x ¢ F; P F]
= P (insert z F)
shows (P A
proof—
obtain a A’ where <a € A «finite A» (A’ C A> <A = insert a A"
using <A # {}> «finite A by fastforce
show (P A»
apply (subst <A = insert a Ay, rule finite-subset-induct-singleton[of a A])
by (simp-all add: <a € Ay <finite Ay <A’ C Ay singleton insert)
qed

lemma finite-subset-induct-singleton’
[consumes 3, case-names singleton insertion):
(Ja € A; finite F'; F C A; P {a};

13



Nz F. [finite F; x € A; insert a F C A; x ¢ insert o F; P (insert a F)]
= P (insert x (insert a F))]
= P (insert a F)»
apply (erule Finite-Set.finite-subset-induct’, simp-all)
by (metis insert-absorb2 insert-commute)

lemma induct-subset-empty-single[consumes 1]:
(Ifinite A; P {}; Va € A. P {a};
AF a. [a € A; finite F; F C A, F # {}; PF] = P (insert a F)] = P A»
by (rule finite-subset-induct’) auto

2.2 Induction Rules for ‘o multiset

The following rule comes directly from HOL— Library. Multiset but is written
with consumes 2 instead of consumes 1. I rewrite here a correct version.

lemma msubset-induct [consumes 1, case-names empty add):
([F C# A; P {#}; Na F. [a €# A; P F] = P (add-mset a F)] = P F»
by (fact multi-subset-induct)

lemma msubset-induct-singleton [consumes 2, case-names m-singleton add):
(a e# A; F C# A; P {#a#};
Nz F. [x €# A; P (add-mset a F)] = P (add-mset z (add-mset a F))]
= P (add-mset a F)»
by (erule msubset-induct, simp-all add: add-mset-commute)

lemma mset-induct-nonempty [consumes 1, case-names m-singleton add):
assumes (A # {#}
and m-singleton: <N\a. a €# A = P {#a#}
and add: <Nz F. [F # {#}; v €# A; P F] = P (add-mset x F)»
shows (P A»
proof—
obtain a A’ where (a €# A> <A’ C# A> <A = add-mset a A"
by (metis <A # {#}> diff-subset-eq-self insert-Diff M multiset-nonemptyE)
show (P A»
apply (subst <A = add-mset a A", rule msubset-induct-singleton[of a A])
by (simp-all add: <a €# Ay (A’ CH# A» m-singleton add)
qed

lemma msubset-induct’ [consumes 2, case-names empty add):
assumes (F C# A
and empty: <P {#}
and insert: <N\a F. Ja €# A — F; F C# A; P F] = P (add-mset a F)»
shows (P F
proof —

14



from <F C# A»
show ?thesis
proof (induct F)
show «P {#}> by (simp add: assms(2))
next
case (add z F)
then show <P (add-mset z F)»
using Diff-eq-empty-iff-mset add-diff-cancel-left add-diff-cancel-left’
add-mset-add-single local.insert mset-subset-eq-insertD
subset-mset.le-iff-add subset-mset.less-imp-le by fastforce
qed
qed

lemma msubset-induct-singleton’ [consumes 2, case-names m-singleton add):
(la e# A — F; F C# A; P {#a#};
Ne F.[x e# A — F; F C# A; P (add-mset a F)]
= P (add-mset x (add-mset a F))]
= P (add-mset a F)»
by (erule msubset-induct’, simp-all add: add-mset-commute)

lemma msubset-induct-singleton’ [consumes 1, case-names m-singleton add):
(Jadd-mset a F C# A; P {#a#};
Az F. [add-mset z (add-mset a F) C# A; P (add-mset a F)]
= P (add-mset z (add-mset a F))]
= P (add-mset a F)»
apply (induct F, simp)
by (metis add-mset-commute diff-subset-eq-self subset-mset.trans union-single-eq-diff)

lemma mset-induct-nonempty’ [consumes 1, case-names m-singleton add):
assumes nonempty: <A # {#}» and m-singleton: <Na. a €# A = P {#a#}
and hyp: <Na z F. [a €# A; © €# A — add-mset a F; add-mset a F C# A,
P (add-mset a F)] = P (add-mset x (add-mset a F))»
shows (P A»
proof —
obtain a A’ where <A = add-mset a A’y <add-mset a A’ C# A»
using nonempty multiset-cases subset-mset-def by auto
show (P A
apply (subst <A = add-mset a A")
using (add-mset a A’ C# A»
proof (induct A’ rule: msubset-induct-singleton’’)
show «P {#a+#}> using <A = add-mset a A"s m-singleton by force
next
case (add z F)
show (P (add-mset z (add-mset a F))»

apply (subst hyp)
apply (simp add: <A = add-mset a A"))
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apply (metis <add-mset x (add-mset a F) C# A add-mset-add-single
mset-subset-eq-insertD subset-mset.add-diff-inverse
subset-mset.add-le-cancel-left subset-mset-def)

apply (meson <add-mset z (add-mset a F) CH# A> mset-subset-eg-insertD
subset-mset.dual-order.strict-implies-order)

by (simp-all add: <P (add-mset a F)»)
qed
qed

lemma induct-subset-mset-empty-single:
(P {#};Va €# M. P {#a#};
AN a. [a €# M; N C# M; N # {#}; P N| = P (add-mset a N)] = P M>
by (metis in-diff D mset-induct-nonempty’)

2.3 Strong Induction for nat

lemma strong-nat-induct[consumes 0, case-names 0 Suc]:
P 0; An. (Am. m <n= Pm) = P (Sucn)] = Pn
by (induct n rule: nat-less-induct) (metis grO-implies-Suc gr-zerol less-Suc-eq-le)

lemma strong-nat-induct-non-zero[consumes 1, case-names 1 Suc]:
O <n; P1; An. 0 <n= (Am. 0 <mAm<n= Pm) = P (Sucn)]
= P
by (induct n rule: nat-less-induct) (metis One-nat-def grO-implies-Suc gr-zerol
less-Suc-eq-le)

2.4 Preliminaries for Cartesian Product Results

lemma prem-Multi-cartprod:
((Mz,y).2@y) ‘(A x B)
Mz, y).2#y) ‘(A xB)
(M@, y)- [, 9]) “ (A" x B) =
by auto

={s@Q¢t |st. (s,t) €A X B}
={s#¢t |st. (s,t) € A’ x B}
{[s, ] |s t. (s, t) € A’ x B

end

16



Chapter 3

Patch for Compatibility

theory Patch
imports HOL— CSP.Assertions
begin

HOL-CSP significantly changed during the past months, but not all the mod-
ifications appear in the current version on the AFP. This theory fixes the
incompatibilities and will be removed in the next release.

3.1 Results

lemma Mprefiz-Det-distr:
(aeAd—-Pa)Od@ObeB— QDb =
Oze AUB— ( ifre ANBthenPzN Quz
else if x € A then P x else Q z)»
(is <?lhs = ?rhsy)
proof (subst Process-eq-spec, safe)
show «(s, X) € F ?lhs = (s, X) € F %rhs) for s X
by (simp add: F-Det F-Mprefix F-Ndet disjoint-iff, safe, auto)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs for s X
by (auto simp add: F-Mprefix F-Ndet F-Det split: if-split-asm)
next
show (s € D ?lhs = s € D ?rhs) for s
by (simp add: D-Det D-Mprefiz D-Ndet, safe, auto)
next
show <s € D %rhs = s € D ?lhs) for s
by (auto simp add: D-Mprefix D-Ndet D-Det split: if-split-asm)
qed

lemma F-Mndetprefiz:
«F (Mndetprefic A P) =
(if A= {} then {(s, X). s =[]} else Jz€A. F (zx — P z))

17



by (simp add: F-Mndetprefiz F-STOP)

lemma D-Mndetprefix:
<D (Mndetprefiv A P) = (if A = {} then {} else | Jz€A. D (x — P z))
by (simp add: D-Mndetprefix D-STOP)

lemma T-Mndetprefiz:
T (Mndetprefiz A P) = (if A = {} then {[|} else Jz€A. T (x — P z))
by (simp add: T-Mndetprefiz T-STOP)

lemma D-expand :
D P ={t1 @¢2|t1t2.t1 € D P A tickFree t1 A front-tickFree t2}»
(is <D P = ?rhsy)
proof (intro subset-antisym subsetl)
show <s € D P = s € ?rhs) for s
apply (simp, cases <tickFree s»)
apply (rule-tac x = s in exl, rule-tac x = «[]» in exl, simp)
apply (rule-tac z = <butlast s» in exl, rule-tac © = <([tick]> in exl, simp)
by (metis front-tickFree-implies-tickFree nonTickFree-n-frontTickFree
process-charn snoc-eq-iff-butlast)
next
show «s € rhs = s € D P) for s
using is-processT7 by blast
qed

lemma F-Seq: «F (P 3 Q) = {(¢t, X). (¢, X U {tick}) € F P A tickFree t} U
{(t1 @ t2, X) |t1 t2 X. t1 Q [tick] € T P A (t2, X) € F Q} U
{(t1, X) |t1 X. t1 € D P}
proof —
have x : ({(¢, X). Jt1t2. t =11 Q2 ANtl Q [tickl € T PANt2 €D Q} C
{(t1 @ 2, X) |t1 t2 X. t1 Q@ [tickl| € T P A (12, X) € F Qb
using is-processT8 by blast
have *x : «({(t1, X) |t X. t1 € D P} =
{(t, X). Ft1t2. t =t1 Q12 AN t1 € D P A tickFree t1 A front-tickFree
2h
by (subst D-expand) blast
show ?thesis
apply (subst Un-absorbl [OF x, symmetric], subst sx)
by (simp add: F-Seq) blast
qed

lemma D-Seq:
D (P; Q)=DPU{t1 Qt2 |t t2.t1 Q[tickl € T PAt2 €D Qh
by (subst (2) D-expand) (auto simp add: D-Seq)

18



lemma T-Seq: <T (P Q) = {t. 3X. (t, X U {tick}) € F P A tickFree t} U
{t1 @12 |t112. t1 @ [tickl e T PA 12 € T Q} U
D P
by (auto simp add: Traces-def TRACES-def Failures-def[symmetric] F-Seq)

lemma tickFree-butlast:
<tickFree s <— tickFree (butlast s) A (s # [| — last s # tick)»
by (induct s) simp-all

lemma front-tickFree-butlast: <front-tickFree s «— tickFree (butlast s)»
by (induct s) (auto simp add: front-tickFree-def)

lemma STOP-iff-T: <P = STOP +— T P ={[|p
apply (intro iffI, simp add: T-STOP)
apply (subst Process-eg-spec, safe, simp-all add: F-STOP D-STOP)
by (use F-T in force, use is-processT5-S7 in fastforce)
(metis D-T append-Nil front-tickFree-single is-processT7-S
list.distinct(1) singletonD tickFree-Nil)

lemma BOT-iff-D: <P = L <— [] € D P»
apply (intro iffI, simp add: D-UU)
apply (subst Process-eq-spec, safe)
by (simp-all add: F-UU D-UU is-processT2 D-imp-front-tickFree)
(metis append-Nil is-processT tickFree-Nil)+

lemma Ndet-is-STOP-iff: <P 1 Q = STOP <— P = STOP AN @ = STOP»
using Nil-subset-T by (simp add: STOP-iff-T T-Ndet, blast)

lemma Det-is-STOP-iff: <P 0 Q = STOP <— P = STOP N Q = STOP»
using Nil-subset-T by (simp add: STOP-iff-T T-Det, blast)

lemma Det-is-BOT-iff: «<kPO Q=1L+—P=1V Q=1
by (simp add: BOT-iff-D D-Det)

lemma Ndet-is-BOT-iff: <P Q=1 <+— P=1V Q=1
by (simp add: BOT-iff-D D-Ndet)

lemma Sync-is-BOT-iff: <P [S] Q= L+— P=1Vv Q=1L

by (rule HOL.sym, intro iffI, metis Sync-BOT Sync-commute)
(use empty-setinterleaving in <auto simp add: BOT-iff-D D-Syncy)

lemma STOP-neq-BOT: <STOP # 1>
by (simp add: D-STOP BOT-iff-D)
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lemma SKIP-neq-BOT: «SKIP # 1»
by (simp add: D-SKIP BOT-iff-D)

lemma Mprefiz-neq-BOT: «Mprefit A P # L»
by (simp add: BOT-iff-D)

lemma Mndetprefiz-neq-BOT: <Mndetprefit A P # 1>
by (cases <A = {}») (simp-all add: D-STOP BOT-iff-D D-Mndetprefiz write0-def)

lemma STOP-T-iff: <STOP Cp P <— P = STOP»
by auto (metis Nil-elem-T STOP-iff-T empty-iff subset-singletonD trace-refine-def)

lemma STOP-F-iff: <STOP Cp P «— P = STOP»
by auto (metis Nil-elem-T STOP-iff-T empty-iff leF-imp-leT
subset-singletonD trace-refine-def)

lemma STOP-FD-iff: <STOP Cgp P «— P = STOP»
using STOP-F-iff idem-FD leFD-imp-leF by blast

lemma SKIP-FD-iff: <SKIP Cprp P «— P = SKIP:»
apply (subst Process-eg-spec,
auto stimp: failure-divergence-refine-def le-ref-def F-SKIP D-SKIP subset-iff)
by (metis F-T insertl1 is-processT5-S6 is-processT6-S2)
(metis F-T append.left-neutral insertll is-processT5-S6 tick-T-F')

lemma SKIP-F-iff: <SKIP Cr P «<— P = SKIP)
apply (subst Process-eg-spec,
auto simp: Process-eq-spec failure-refine-def le-ref-def F-SKIP D-SKIP
subset-iff)
apply (metis F-T insertll is-processT5-S6 is-processT6-S2)
apply (metis F-T append.left-neutral insertll is-processT5-S6 tick-T-F)
by (metis append-Nil insertll neq-Nil-conv process-charn)

lemma Seg-is-SKIP-iff: <P ; Q = SKIP «— P = SKIP N @ = SKIP»
proof (intro iffT)
show (P = SKIP A Q = SKIP — P ; Q = SKIP
by (simp add: Seq-SKIP)
next
have (P ; Q = SKIP = (Q = SKIP — P = SKIP) A Q = SKIP>
proof (intro conjl impl)
show (P; Q = SKIP — Q = SKIP —> P = SKIP>
by (simp add: Seq-SKIP)
next
show <P ; Q = SKIP = () = SKIP»
apply (subst (asm) SKIP-F-iff [symmetric], subst SKIP-F-iff[symmetric])
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unfolding failure-refine-def
apply (subst (asm) subset-iff, subst subset-iff)
by (auto simp add:F-Seq F-SKIP)
(metis (no-types, opaque-lifting) F-T append-Nil insert-absorb insert-iff
is-processT5-S6 tickFree-Nil)+
qed
thus <P ; Q = SKIP = P = SKIP N Q = SKIP» by blast
qed

3.2 The Renaming Operator

3.2.1 Some Preliminaries

setup-lifting type-definition-process
definition EvFExrt where (EvExt f x = case-event (ev o f) tick o>
definition finitary :: <('a = 'b) = bool»

where <finitary f = Vz. finite (f —° {z})»
We start with some simple results.
lemma «f —‘{} = {}» by simp
lemma X CY = f—‘XCf—°Y) by (rule vimage-mono)

lemma f — (XU Y)=f—XUf—°Y) by (rule vimage-Un)

lemma EvExt-id: < EvExt id = id»
unfolding id-def EvExt-def by (metis comp-apply event.exhaust event.simps(4,

5))

lemma EvExt-eq-tick: <EvExt f a = tick «— a = tick>
by (metis EvExt-def comp-apply event.exhaust event.simps(8, 4, 5))

lemma tick-eq-EvExt: <tick = FvExt f a «+— a = tick>
by (metis EvExt-eq-tick)

lemma EvEzt-evi:
(BvExt fb=eva+— (c. b=evc A EvEztf (evc) = eva)
by (metis event.exhaust event.simps(3) tick-eq-EvExt)

lemma EvExt-tF: <tickFree (map (EvEzt f) s) «— tickFree s»
unfolding tickFree-def by (auto simp add: tick-eq-EvExt image-iff)

lemma inj-EvEzt: <inj EvExt
unfolding inj-on-def EvExt-def
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by auto (metis comp-eq-dest-lhs event.simps(4, 5) ext)

lemma FEvExt-ftF: front-tickFree (map (EvExt f) s) «— front-tickFree $)
unfolding front-tickFree-def
by safe (metis (no-types, opaque-lifting) FvExt-tF map-tl rev-map)-+

lemma map-FEvExt-tick: <[tick] = map (EvEzt f) t +— t = [tick]»
using tick-eq-FvExt by fastforce

lemma anteced- EvExt-diff-tick:
<BvExt f —¢ (X — {tick}) = FvExt f —° X — {tick}
by (rule subset-antisym)
(simp-all add: FvExt-eq-tick subset-Diff-insert subset-vimage-iff)

lemma ev-elem-antecedl: <ev a € EvExt f —A «— ev (fa) € A
and tick-elem-antecedl: <tick € EvExt f —° A «— tick € A>
unfolding FEvExt-def by simp-all

lemma hd-map-EvEaxt:
«t#[] = hdt = eva= hd (map (EvEzt f) t) = ev (f a)
and tl-map-EvEzt: <t # [| = tl (map (EvExt f) t) = map (EvExt f) (¢l t)»
by (simp-all add: EvEzt-def list.map-sel(1) map-tl)

3.2.2 The Renaming Operator Definition

lift-definition Renaming :: <['a process, ‘a = 'b] = 'b process)
is AP f. ({(s, R). 3s1. (s1, (EvExzt f) —*R) € F P A
s = map (EvEat f) s1} U
{(s ,R). Is1 s2. tickFree s1 A front-tickFree s2 A
s = (map (EvExt f) s1) @Q s2 A s1 € D P},
{t. 3 s1 s2. tickFree s1 N front-tickFree s2 N
t = (map (EvExt f) s1) Q s2 N s1 € D P})»
proof —
show «?thesis P f» (is is-process(?f, ?d)) for P f
unfolding is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conv
proof (intro conjl alll impl)
show «([], {}) € 7>
by (simp add: process-charn)
next
show «(s, X) € ?f = front-tickFree s» for s X
by (auto simp add: EvEzt-ftF is-processT2 EvExt-tF front-tickFree-append)
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next
show «((s @ ¢, {}) € of = (s, {}) € ?/» for st
proof (induct t rule: rev-induct)
show «(s @ [|, {}) € 9f = (s, {}) € 2> by simp
next
fix tz
assume hyp : (s Q@ ¢, {}) € ?f = (s, {}) € 2
and prem : (s Q ¢t Q [z], {}) € 2
from prem consider «3s1. (s1,{}) € F P AN s @t Q [z] = map (EvExt f)
s1»
| <Is1. tickFree s1 A (3s2. front-tickFree s2 N
sQtQ [z] = map (EvExt ) s1 Q s2 A sI € D P)» by fast
thus «(s, {}) € 2/
proof cases
assume <3s1. (s1,{}) e FP A sQtQ [z] = map (EvExt f) s>
then obtain s! where  : (s, {}) € F P) <s Q ¢t Q [z] = map (EvExt f)
s1y by blast
hence «(butlast s1, {}) € F P> <s Q t = map (EvExt f) (butlast s1)»
by (metis append-butlast-last-id butlast.simps(1) is-processT3-SR)
(metis %(2) append.assoc butlast-snoc map-butlast)
with hyp show «(s, {}) € ?f» by auto
next
assume <3 s!. tickFree s1 A (3s2. front-tickFree s2 A
s @t Q [z] = map (EvExt f) s1 @ s2 A s1 € D P)»
then obtain s! s2
where * : (tickFree s1) <front-tickFree s2»
<s @ ¢t @Q [z] = map (EvExt f) s1 Q 52> <s1 € D P) by blast
show «(s, {}) € 7
proof (cases s2 rule: rev-cases)
from (3, 4) show <s2 =[] = (s, {}) € 2
by (simp add: append-eq-map-conv)
(metis NT-ND T-F is-processT3-ST)
next
fix y s2’
assume <s2 = s2' Q [y]
with x front-tickFree-dw-closed have (s Q ¢, {}) € ?f» by simp blast
thus (s, {}) € 2f» by (rule hyp)
qed
qed
qged
next
show «(s, Y) e f NXCY = (s, X) € frfor s X Y
apply (induct s rule: rev-induct, simp-all)
by (meson is-processT4 vimage-mono)
(metis process-charn vimage-mono)
next
show (s, X) € %f A(Ve.ce Y — (sQc,{}) ¢ ?f) = (s, XU Y) e ?)
for s X Y
by auto (metis (no-types, lifting) is-processT5 list.simps(8, 9) map-append
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vimageF)
next
show «(s @ [tick], {}) € ?f = (s, X — {tick}) € ?/> for s X
apply (simp, elim disjE)
by (metis (no-types, lifting) anteced- EvExt-diff-tick is-processT6 map-EvExt-tick

map-eq-append-conv)
(metis EvExt-tF append.assoc butlast-snoc front-tickFree-charn non-tickFree-tick
tickFree-Nil tickFree-append tickFree-implies-front-tickFree)
next
show «s € 2d A tickFree s A front-tickFree t = s Q t € ?d) for st
using front-tickFree-append by safe auto
next
show (s € 9d = (s, X) € ?f» for s X by blast

next
fix s
assume <s Q [tick] € ?d>
then obtain t1 t2
where <tickFree t1) <front-tickFree t2>»
s @ [tick] = map (EvExt f) t1 Q t2) <t1 € D P> by blast
thus s € ?2d»
apply simp
apply (rule-tac x = t1 in exl, simp)
apply (rule-tac © = <butlast t2> in exl)
by (metis EvExt-tF butlast-append butlast-snoc front-tickFree-butlast
non-tickFree-tick tickFree-append tickFree-butlast)
qed
qed

Some syntaxic sugar

syntax

-Renaming :: ¢'a process = updbinds = 'a process> (<-[-]> [100, 100))
translations

-Renaming P updates = CONST Renaming P (-Update (CONST id) updates)

Now we can write PJa := b]. But like in HOL.Fun, we can write this kind of
expression with as many updates we want: Pla := b, ¢ := d, e := f, g := h].
By construction we also inherit all the results about fun-upd, for example:

chr= (f5=y) 2=
flz =y, z:=2) = f(z:=2)

a#c= m(a:=b,c:=d)=m(c:=d, a:=Db).
lemma Pz := y, x := z] = Pz := z]» by simp

lemma <a # ¢ = Pla :=b, ¢ := d] = Plc:=d, a := b
by (simp add: fun-upd-twist)
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3.2.3 The Projections

lemma F-Renaming: «F (Renaming P f) =
{(s, R). 3s1. (s1, EvExtf —*R) € F P N s = map (EvEzt f) s1} U
{(s, R). 3 sl s2. tickFree s1 A front-tickFree s2 N
s = map (EvExt f) s1 Q s2 A s1 € D P}h
by (simp add: Failures-def FAILURES-def Renaming.rep-eq)

lemma D-Renaming:
<D (Renaming P f) = {t. 3s1 s2. tickFree s1 A front-tickFree s2 N
t = map (EvExt f) s1 @ s2 A s1 € D P}
by (simp add: Divergences-def DIVERGENCES-def Renaming.rep-eq)

lemma T-Renaming: <T (Renaming P f) =
{t.3¢t1.t1 € T PNt = map (EvEzt f) t1} U
{t. 3¢1 t2. tickFree t1 N front-tickFree t2 N\
t = map (EvEzt f) t1 Q t2 A t1 € D P}
by (auto simp add: Traces-def TRACES-def Failures-def[symmetric] F-Renaming)
(metis F-T T-F vimage-empty)

3.2.4 Continuity Rule

Monotonicity of Renaming.

lemma mono-Renaming|simp] : <(Renaming P f) T (Renaming Q f)» if <P C @
proof (unfold le-approx-def, intro conjl subset-antisym subsetl alll impl)
show ¢s € D (Renaming @ f) => s € D (Renaming P f)» for s
using that[THEN le-approxzl] by (auto simp add: D-Renaming)
next
show «s ¢ D (Renaming P f) =
X € R, (Renaming P f) s = X € R, (Renaming Q f) s for s X
using that[THEN le-approz2] apply (simp add: Ra-def D-Renaming F-Renaming)
by (metis (no-types, opaque-lifting) append.right-neutral butlast.simps(2)
front-tickFree-butlast front-tickFree-mono list.distinct(1)
map-EvEzt-tick map-append nonTickFree-n-frontTickFree process-charn)
next
show «s ¢ D (Renaming P f) =
X € R, (Renaming Q f) s = X € R, (Renaming P f) s» for s X
using that[THEN le-approxz2] that[THEN le-approx1)
by (simp add: Ra-def D-Renaming F-Renaming subset-iff)
(metis is-processT8-S)
next
fix s
assume x* : <s € min-elems (D (Renaming P f))»
from elem-min-elems[OF x| obtain sI s2
where xx : <tickFree s1y <front-tickFree s2)
<s = map (FvEzt f) s1 Q s2) <s1 € D P)
front-tickFree s»
using D-imp-front-tickFree D-Renaming by blast
with min-elems-no[OF x, of <butlast $»] have «s2 = []»
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by (cases s rule: rev-cases; simp add: D-Renaming)
(metis butlast-append butlast-snoc front-tickFree-butlast less-self
nless-le tickFree-implies-front-tickFree)
with s« min-elems-no|OF x, of <butlast $)] have «s1 € min-elems (D P)»
apply (cases s; simp add: D-Renaming Nil-min-elems)
by (metis (no-types, lifting) D-imp-front-tickFree append.right-neutral but-
last-snoc
front-tickFree-charn less-self list.discl
list. map-disc-iff map-butlast min-elems1 nless-le)
hence «s! € T @ using that| THEN le-approxz3] by blast
show s € T (Renaming @ f)»
apply (simp add: xx(3) «s2 = [|> T-Renaming)
using «s1 € T @ by blast
qed

lemma ({evele. fec=a}=ev‘{c.fc=a} by (rule setcompr-eq-image)

lemma vimage-EvExt-subset-vimage: <EvExt f —* (ev ¢ A) C insert tick (ev * (f
—A))

and vimage-subset-vimage-EvExt: «(ev * (f — A)) C (EvEzt f —* (ev * A)) —
{tick}

unfolding EvEzt-def by auto (metis comp-apply event.exhaust event.simps(4)
image-iff vimage-eq)

Useful Results about finitary, and Preliminaries Lemmas for Con-
tinuity.

lemma inj-imp-finitary[simp] : <inj f = finitary f> by (simp add: finitary-def
finite-vimagel)

lemma finitary-comp-iff : <finitary ¢ = finitary (g o f) <— finitary f»
proof (unfold finitary-def, intro iffI alll;
(subst vimage-comp|symmetric] | subst (asm) vimage-comp[symmetric]))
have f1: «f —‘g —‘{z} = (Uy € g = {z}. f —*{y}) for z by blast
show «finite (f —‘ g —*‘{z}) if ~Vz. finite (f —‘ {z})> and Vz. finite (¢ —°
{z})» for z
apply (subst f1, subst finite-UN)
by (rule that(2)[unfolded finitary-def, rule-format))
(intro balll that(1)[rule-format])
qed (metis finite-Un insert-absorb vimage-insert vimage-singleton-eq)

lemma finitary-updated-iff [simp] : <finitary (f (a := b)) «— finitary f>
proof (unfold fun-upd-def finitary-def vimage-def, intro iffI alll)
show «finite {z. (if z = a then b else fz) € {y} }»
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if «Vy. finite {z. fz € {y}}» for y

apply (rule finite-subset[of - «{z. z = a} U {z. fz € {y}}], (auto)[1])

apply (rule finite-Unl)

by simp (fact that[rule-format))
next

show «(finite {x. fz € {y}}p if ~Vy. finite {z. (if x = a then b else fz) € {y}p

for y

apply (rule finite-subset[of - {z. c = a AN fz e {y}}U{z. 2 #£a AN fx €
{9, (auto)[1])

apply (rule finite-Unl)

using that[rule-format, of y] by (simp-all add: Collect-mono rev-finite-subset)
qed

By declaring this simp, we automatically obtain this kind of result.

lemma <finitary f <— finitary (f (a := b, ¢ :== d, e= g, h := i))» by simp

lemma le-snoc-is : <t < s Q [z] +— t=sQ [z] VI <
by (metis append-eq-first-pref-spec le-list-def order.trans self-append-conv)

lemma Cont-RenH2: «finitary (EvEzt ) «— finitary f>
proof —
have inj-ev: <inj evy by (simp add: inj-def)
show «finitary (EvExt ) «— finitary f>
apply (subst finitary-comp-iff[of ev f, symmetric, OF inj-imp-finitary|OF
in-ev])
proof (intro iffI; subst finitary-def, intro alll)
have inj-ev: <inj evy by (simp add: inj-def)
show «finite ((ev o f) —*{x})» if <finitary (EvExt ) for z
apply (fold vimage-comp)
proof (cases «x = ticky, (insert finite.simps)[1], blast)
assume <x # tick>
with subset-singletonD[OF inj-vimage-singleton| OF inj-ev, of z]] obtain y
where f1: <ev —“ {2} = {y}
by auto (metis empty-iff event.exhaust vimage-singleton-eq)
have f2: «(f —‘{y}) = ev —“ev ‘ f —“{y}> by (simp add: inj-ev inj-vimage-image-eq)
show «finite (f —‘ev —‘ {x})»
apply (subst f1, subst f2)
apply (rule finite-vimagel[OF - inj-ev])
apply (rule finite-subset|OF vimage-subset-vimage- EvExt])
apply (rule finite-Diff)
using finitary-def that by fastforce
qged
next
show «finite (EvExt f —*{z}) if <finitary (ev o f)» for z
proof (cases «x = ticks,
metis Diff-cancel anteced- EvEzt-diff-tick finite.emptyl
infinite-remove vimage-empty)
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assume <z # tick)
with subset-singletonD[OF inj-vimage-singleton| OF inj-ev, of z]] obtain y
where f1: ({z} = ev ‘ {y}> using event.exhaust by auto
show «finite (EvExt f —* {z})
apply (subst f1)
apply (rule finite-subset| OF vimage-EvExt-subset-vimage))
apply (subst finite-insert)
apply (rule finite-imagel)
by (fact finitary-comp-iff
[OF inj-imp-finitary[OF inj-ev], of f,
simplified that, simplified, unfolded finitary-def, rule-format])
qed
qed
qed

lemma Cont-RenH3:
(st @t1|s1¢1. (3 b.st =[b&fb=a)Alist=mapftl} =
(U bef—Ha}. (Mt. b#t) “{t. list = map ft})
by auto (metis append-Cons append-Nil)

lemma Cont-RenHj: finitary f «— (Vs. finite {t. s = map ft})
proof (unfold finitary-def, intro iffI alll)
show «finite {t. s = map f t}» if ~Vz. finite (f —* {z}) for s
proof (induct s)
show <finite {¢t. [| = map ft}» by simp
next
case (Cons a s)
have ({t. a # s=map ft} = (Ube f —"{a}. {b# t|t. s = map fi})
by (subst Cons-eq-map-conv) blast
thus ?case by (simp add: finite-UN|[OF that[rule-format]] local.Cons)
qed
next
have map1: <[a] = map fs = (3b. s =[b] A fb = a)» for a s by fastforce
show «finite (f —‘{z}) » if <V s. finite {¢. s = map ft}» for z
by (simp add: vimage-def)
(fact finite-vimageI[OF that[rule-format, of <[z]», simplified map1],
of Az. [z]>, unfolded inj-on-def, simplified])
qed

lemma Cont-RenH5: <finite (Jt € {t. t < (s = '« trace)}. {s. t=map (EvEzt f)
s}y if <finitary f»
apply (rule finite-UN-I)
apply (induct s rule: rev-induct)
apply (simp; fail)
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apply (simp add: le-snoc-is; fail)
using Cont-RenH2 Cont-RenH/ that by blast

lemma Cont-RenH6:
{t. 3 2. tickFree t A front-tickFree t2 N x = map (EvExt f) t Q 2}
C{y. Jza. za € {t. t <z} Ay € {s. za = map (EvExt f) s}}h
by (auto simp add: le-list-def)

lemma Cont-RenH7:
finite {t. 3t2. tickFree t N front-tickFree t2 N s = map (EvExt f) t Q t2}
if <finitary f>
proof —
have f1: «({y. map (EvEzt f) y < s} =
Uz € {z. 2 < s}. {y. z = map (EvExt f) y})» by fast
show ?thesis
apply (rule finite-subset| OF Cont-RenH6))
apply (simp add: f1)
apply (rule finite-UN-I)
apply (induct s rule: rev-induct)
apply (simp; fail)
apply (simp add: le-snoc-is; fail)
using Cont-RenH2 Cont-RenH) that by blast
qed

lemma chain-Renaming: <chain Y = chain (A\i. Renaming (Y @) f)»
by (simp add: chain-def)

A key lemma for the continuity.

lemma Inter-nonempty-finite-chained-sets:
Vi Si#{} = finite (S0) = Vi. S (Suci)CSi= (i Si)#{p
proof (induct <card (S 0)> arbitrary: S rule: nat-less-induct)
case I
show ?Zcase
proof (cases Vi. Si =5 0»)
case True
thus ?thesis by (metis 1.prems(1) INT-iff ex-in-conv)
next
case Fulse
have f1: i < j= 5j C S for i j by (simp add: 1.prems(3) lift-Suc-antimono-le)
with False obtain j m where f2: <m < card (S 0)) and f3: <m = card (S j)»
by (metis 1.prems(2) psubset] psubset-card-mono zero-le)
define T where <T i =S (i + j)» for ¢
have f/: «m = card (T 0)> unfolding T-def by (simp add: f3)
from f1 have f5: «((i. S4) = (i T i)
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unfolding T-def by (auto intro: le-add1)
show ?thesis
apply (subst f5)
apply (rule 1.hyps[rule-format, OF f2, of T, OF f4], unfold T-def)
by (simp-all add: 1.prems(1, 3) lift-Suc-antimono-le)
(metis 1.prems(2) add-0 f1 finite-subset le-add1)
qed
qed

Finally, Continuity !

lemma Cont-Renaming-prem:
«(l 4. Renaming (Y 4) f) = (Renaming (L] . Y i) f)» if finitary: <finitary f>
and chain: <chain Y
proof (subst Process-eq-spec, safe)
fix s
define S where ¢S i = {s1. 3t2. tickFree s1 A front-tickFree t2 A
s = map (EvEzt f) s1 Q@ t2 A s1 € D (Y i)} for ¢
assume <s € D (| |i. Renaming (Y i) f)»
hence s € D (Renaming (Y i) f)» for i
by (simp add: limproc-is-thelub chain chain-Renaming D-LUB)

hence Vi. S i # {}> by (simp add: S-def D-Renaming) blast
moreover have «finite (S 0)»

unfolding S-def

by (rule finite-subset|OF - Cont-RenH7[OF finitary, of s|], blast)
moreover have Vi. S (Suci) C S

unfolding S-def using NF-ND po-class.chainE[OF chain]

proc-ord2a le-approz-def by blast

ultimately have «((i. S i) # {}

by (rule Inter-nonempty-finite-chained-sets)

thus «s € D (Renaming (Lub Y) f)
by (simp add: limproc-is-thelub chain D-Renaming
D-LUB ez-in-conv[symmetric] S-def) blast
next
show «s € D (Renaming (Lub Y) f) = s € D (|]i. Renaming (Y i) f)» for s
by (auto simp add: limproc-is-thelub chain chain-Renaming D-Renaming D-LUB)
next
fix s X
define S where «S i = {sI. (s1, EvExt f —*X) € F (Y i) A s = map (EvExt
f) sty u
{s1. 3t2. tickFree s1 A front-tickFree t2 A
s = map (EvExt f) s1 Q t2 N s1 € D (Y i)} for ¢
assume <(s, X) € F (| i. Renaming (Y i) f)»
hence «(s, X) € F (Renaming (Y i) f)» for ¢
by (simp add: limproc-is-thelub chain-Renaming|OF chain] F-LUB)

hence Vi. S i # {}» by (auto simp add: S-def F-Renaming)

30



moreover have <finite (S 0)»

unfolding S-def

apply (subst finite-Un, intro conjI)

apply (rule finite-subset[of - «{s1. s = map (EvExt f) s1}>], blast)

apply (insert Cont-RenH2 Cont-RenH/ finitary, blast)

by (rule finite-subset|OF - Cont-RenH7[OF finitary, of s, blast)
moreover have Vi. S (Suc i) C S i

unfolding S-def using NF-ND po-class.chainE[OF chain]

proc-ord2a le-approz-def by safe blast+

ultimately have «((i. S i) # {}

by (rule Inter-nonempty-finite-chained-sets)

thus «(s, X) € F (Renaming (Lub Y) f)»
by (simp add: F-Renaming limproc-is-thelub chain D-LUB
F-LUB ex-in-conv[symmetric|] S-def) (meson NF-ND)

next

show «(s, X) € F (Renaming (Lub Y) f) = (s, X) € F (| |4. Renaming (Y 7)
) for s X

by (auto simp add: limproc-is-thelub chain chain-Renaming F-Renaming D-LUB
F-LUB)
qed

lemma Renaming-cont[simp] : <cont P = finitary f = cont (Az. (Renaming (P

z) f))
by (rule contl2)

(simp add: cont2monofunE monofunl, simp add: Cont-Renaming-prem ch2ch-cont
cont2contlubE)

lemma RenamingF-cont : <cont P = cont (Az. (P z)[a := b])»

by (simp only: Renaming-cont finitary-updated-iff inj-imp-finitary inj-on-id)

lemma (cont P = cont (Az. (P z)[a :=b, ¢c:=d, e:=f, g := a])

apply (erule Renaming-cont)

apply (simp only: finitary-updated-iff)
apply (rule inj-imp-finitary)

by (rule inj-on-id)

3.2.5 Nice Properties

lemma FEvEzxt-comp: <EvEzt (g o f) = FvExt g o EvExt f»
unfolding EvEzt-def by (auto split: event.split)
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lemma Renaming-comp : <Renaming P (g o f) = Renaming (Renaming P f) ¢
proof (subst Process-eq-spec, intro conjl subset-antisym)
show («F (Renaming P (g o f)) C F (Renaming (Renaming P ) g)»
apply (simp add: F-Renaming D-Renaming subset-iff, safe)
by (metis (no-types, opaque-lifting) EvExt-comp list.map-comp set.compositionality)
(metis (no-types, opaque-lifting) FvExt-comp EvExt-tF append.right-neutral
front-tickFree-Nil list.map-comp)
next
show «F (Renaming (Renaming P f) g) C F (Renaming P (g o f))»
by (auto simp add: F-Renaming D-Renaming EvExt-comp FEvExt-ftF FvExt-tF
front-tickFree-append)
(metis (no-types, opaque-lifting) EvExt-comp list.map-comp set.compositionality)
next
show «D (Renaming P (g o f)) C D (Renaming (Renaming P f) g)»
by (simp add: D-Renaming subset-iff, safe)
(metis (no-types, opaque-lifting) FvExt-comp EvExt-tF append.right-neutral
front-tickFree-Nil list.map-comp)
next
show «D (Renaming (Renaming P f) g) C D (Renaming P (g o f))»
by (auto simp add: D-Renaming subset-iff)
(metis FvExt-comp EvExt-tF front-tickFree-append)
qed

lemma Renaming-id: < Renaming P id = P
by (auto simp add: Process-eq-spec F-Renaming D-Renaming EvExt-id
is-processT7-S is-processT8-S)
(metis append.right-neutral front-tickFree-mono list.distinct(1)
nonTickEFree-n-front TickFree process-charn)

lemma Renaming-inv: «Renaming (Renaming P f) (inv f) = P» if <inj f>
apply (subst Renaming-comp|symmetric])
apply (subst inv-o-cancel| OF that])
by (fact Renaming-id)

3.2.6 Renaming Laws

lemma Renaming-BOT: <Renaming 1 f = 1»
by (fastforce simp add: F-UU D-UU F-Renaming D-Renaming EvExt-tF EvExt-ftF
Process-eq-spec front-tickFree-append intro: tickFree-Nil)+

lemma Renaming-STOP: <Renaming STOP f = STOP>
by (subst Process-eq-spec) (simp add: FvExt-ftF F-STOP D-STOP F-Renaming
D-Renaming)
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lemma Renaming-SKIP: <Renaming SKIP f = SKIP)
by (subst Process-eg-spec) (force simp add: EvExt-def F-SKIP D-SKIP F-Renaming
D-Renaming)

lemma Renaming-Ndet:

<Renaming (P N Q) f = Renaming P f M Renaming Q f»

by (subst Process-eq-spec) (auto simp add: F-Renaming D-Renaming F-Ndet
D-Ndet)

lemma Renaming-Det:
<Renaming (P O Q) f = Renaming P f O Renaming Q f»
proof (subst Process-eq-spec, intro iffI conjl subset-antisym)
show «F (Renaming (P O Q) f) € F (Renaming P f O Renaming Q f)
apply (simp add: F-Renaming D-Renaming T-Renaming F-Det D-Det, safe,
simp-all add: is-processT6-S2)
by blast+ (metis EvExt-eg-tick, meson map-EvExt-tick)+
next
show «F (Renaming P f O Renaming Q f) C F (Renaming (P O Q) f)
apply (simp add: F-Renaming D-Renaming T-Renaming F-Det D-Det, safe,
simp-all)
by blast+ (metis EvExt-eg-tick, metis Cons-eg-append-conv EvExt-tF
list. map-disc-iff tickFree-Cons)+
next
show (D (Renaming (P O Q) f) C D (Renaming P f O Renaming Q f)»
by (auto simp add: D-Renaming D-Det)
next
show (D (Renaming P f O Renaming @ f) C D (Renaming (P O Q) f)
by (auto simp add: D-Renaming D-Det)
qged

lemma mono-Mprefix-eq: <Va € A. Pa = Q a = Mprefix A P = Mprefir A @»
by (auto simp add: Process-eq-spec F-Mprefiz D-Mprefiz)

lemma mono-Mndetprefiz-eq: <Va € A. P a = Q a = Mndetprefit A P = Mn-
detprefiz A Q»
by (subst Process-eg-spec, cases <A = {}) (auto simp add: F-Mndetprefiz D-Mndetprefix)

lemma Renaming-Mprefiz:
(Renaming (D a € A — P (fa)) f=00b€ f*A— Renaming (P b) >
(is <?lhs = ?rhsy)

proof (subst Process-eq-spec-optimized, safe)
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show «s € D ?lhs = s € D ?rhs) for s
by (auto simp add: D-Mprefix D-Renaming hd-map-EvEzt)
(metis map-tl tickFree-tl)
next
fix s
assume <s € D ?rhs»
then obtain a s’ where x : <a € Ay <s = EvExt f (ev a) # s’ <s’ € D (Renaming
(P (f o)) )
by (auto simp add: D-Mprefix EvExt-def) (metis list.collapse)
from *(3) obtain t1 t2
where xx : <tickFree t1» <front-tickFree t2»
s’ = map (EvEzt f) t1 Q t2» <t1 € D (P (fa))
by (simp add: D-Renaming) blast
show «s € D ?lhs»
apply (simp add: D-Renaming x(2))
apply (rule-tac x = <ev a # t1» in exl, simp add: *x(1))
by (rule-tac x = t2 in exl, simp add: *x(2, 3, 4) *(1) D-Mprefiz)
next
fix s X
assume same-div : <D ?lhs = D ?rhs)
assume <(s, X) € F ?lhs
then consider «s € D ?lhs)
| «<3s1. (s1, BvExtf —*X) € F (Ha€ A — P (fa)) A s = map (EvExt f) si»
by (simp add: F-Renaming D-Renaming) blast
thus «(s, X) € F ?rhs
proof cases
from same-div D-F show <s € D ?lhs = (s, X) € F ?rhs) by blast
next
assume Is!. (s1, EvExt f —X) e F (Ha€ A — P (fa)) A s = map (FvExt
f) si»
then obtain s! where x : «(s1, FvEaxt f —X) € F (Ha€ A — P (fa))
<s = map (FvEzt f) s1» by blast
from *(1) consider <sf = [p «BvEztf —*X Nev ‘A= {}p
| Jast’.ac ANsl =eva# sl'N (sl EvExtf —X) e F (P (fa))
by (simp add: F-Mprefix) (metis event.inject imageE list.collapse)
thus «(s, X) € F %rhs
proof cases
show sl = [| = EvEstf — X Nev‘A={} = (s, X) € F ?rhs»
by (simp add: F-Mprefiz x(2) disjoint-iff image-iff)
(metis ev-elem-antecedl vimage-eq)
next
assume <Ja sl a€ ANsl =eva# sl’'N(sl', EvExtf —*X)e F (P (f
a))
then obtain a s’ where *x : <a € A) sl = ev a # s1
«(s1', BvExt f —“X) € F (P (f a))» by blast
have xxx : <EvEzt [ (ev a) = ev (f a)»
by (metis hd-map hd-map-EvEzt list.discl list.sel(1))
show «(s, X) € F ?rhs
apply (simp add: F-Mprefiz x(2) *x(2), intro conjl)
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using #*(1) *kx
apply blast
apply (rule-tac z = <f a> in exl, simp add: xxx)
using *x(3) by (simp add: F-Renaming) blast
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs)
assume «(s, X) € F ?rhs
then consider <s =[p «X Nev ‘f‘A={h
| <Jas’. ac ANs=EvEstf (eva)# s'" A (s, X) e F (Renaming (P (f a))
1)
by (auto simp add: F-Mprefix EvExt-def) (metis list.collapse)
thus «(s, X) € F ?lhs
proof cases
shows == Xnev‘fA={} = (s, X) € F ?lhs
by (auto simp add: F-Renaming F-Mprefix disjoint-iff EvEzt-def)
next
assume <Ja s’. a € AN s= EvEztf (eva) # s’ A (s, X) € F (Renaming (P
(f ) 1)
then obtain a s’ where * : <a € Ay <s = EvEzxt f (ev a) # s’
«(s’, X) € F (Renaming (P (f a)) f)> by blast
from %(3) consider s’ € D (Renaming (P (f a)) f)»
| <3s1. (s1, EvExt f —*X) € F (P (fa)) A s’ = map (EvExt f) s1»
by (simp add: F-Renaming D-Renaming) blast
thus «(s, X) € F ?lhs
proof cases
assume (s’ € D (Renaming (P (f a)) f)»
hence <s € D ?rhs»
by (simp add: D-Mprefiz x(2))
(metis %(1) ev-elem-antecedl imagel singletonl vimage-singleton-eq)
with same-div D-F show «(s, X) € F ?lhs) by blast
next
assume <3si. (s1, EvExt f —*X) € F (P (fa)) A s’ = map (EvExt f) s1»
then obtain s! where *x : (s, FvExt f —* X) € F (P (fa))
<8’ = map (EvEzt f) s1» by blast
show «(s, X) € F ?lhs
apply (simp add: F-Renaming x(2) xx(2), rule disjI1)
by (rule-tac z = <ev a # s1» in exl, simp add: F-Mprefiz (1) xx(1))
qed
qed
qed

lemma Renaming-Mprefiz-inj-on:
<Renaming (Mprefit A P) f=0b¢€ f*‘A— Renaming (P (THE a. a € AN f
a=b) b
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if inj-on-f: <inj-on f A>

apply (subst Renaming-Mprefix[symmetric])

apply (intro arg-conglwhere f = <\Q. Renaming Q f+] mono-Mprefiz-eq)
by (metis that the-inv-into-def the-inv-into-f-f)

corollary Renaming-Mprefiz-inj:

(Renaming (Mprefit A P) f=00b¢ f‘A — Renaming (P (THE a. fa = b))
r if inj-f: <ing f>

apply (subst Renaming-Mprefiz-inj-on, metis inj-eq inj-onl that)

apply (rule mono-Mprefiz-eq[rule-format])

by (metis imageF inj-eq| OF inj-f])

A smart application (as f is of course injective on the singleton {a})

corollary Renaming-prefiz: <Renaming (a — P) f = (f a — Renaming P f)»
unfolding write0-def by (simp add: Renaming-Mprefiz-inj-on)

lemma Renaming-Mndetprefiz:
(Renaming (Ma € A — P (fa)) f=N0be f*A— Renaming (P b) >
apply (cases <A = {}», simp add: Renaming-STOP)
by (subst Process-eq-spec)
(auto simp add: F-Renaming F-Mndetprefix D-Renaming D-Mndetprefiz Re-
naming-prefic[symmetric])

corollary Renaming-Mndetprefiz-inj-on:
<Renaming (Mndetprefixt A P) f=nbe f‘A— Renaming (P (THE a. a € A
Afa=10b)pH
if inj-on-f: <inj-on f A>
apply (subst Renaming-Mndetprefiz[symmetric])
apply (intro arg-conglwhere f = <AQ. Renaming Q f+] mono-Mndetprefiz-eq)
by (metis that the-inv-into-def the-inv-into-f-f)

corollary Renaming-Mndetprefiz-ing:

«Renaming (Mndetprefix A P) f=Mbe f*A— Renaming (P (THE a. fa =
D) b

if inj-f: <inj f>

apply (subst Renaming-Mndetprefiz-inj-on, metis inj-eq inj-onl that)

apply (rule mono-Mndetprefiz-eq|rule-format))

by (metis imageE inj-eq|OF inj-f])
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lemma Renaming-Seq:
<Renaming (P 3 Q) f = Renaming P f; Renaming @ f» (is <?lhs = ?rhs»)
proof (subst Process-eq-spec-optimized, safe)
show (s € D ?lhs = s € D ?rhs) for s
by (auto simp add: D-Seq D-Renaming T-Renaming)
(metis map-EvExt-tick map-append)
next
fix s
assume <s € D ?rhs)
then consider «s € D (Renaming P f)
| (3s1s2.s=s1Qs2A sl QJ[tickl € T (Renaming P f) A s2 € D (Renaming
Qf)
using D-Seq by blast
thus <s € D ?lhs
proof cases
show <s € D (Renaming P f) = s € D ?lhs
by (auto simp add: D-Renaming D-Seq)
next
assume (sl s2. s = s1 @ s2 A sl Q [tick] € T (Renaming P f) A s2 € D
(Renaming Q f)»
then obtain s1 s2
where x : <s = s1 Q s2» «s1 Q [tick] € T (Renaming P f)» «s2 € D (Renaming
Q f)» by blast
then obtain t7 t2 ul u2
where *x : «t1 € T P A sl Q [tick] = map (EvEzt f) t1 V
tickFree t1 N front-tickFree t2 A
s1 Q [tick] = map (FvExt f) t1 Q t2 A t1 € D P»
<tickFree ul» <front-tickFree u2> <s2 = map (EvEzt f) ul @ u2)> <ul
€D
by (simp add: T-Renaming D-Renaming) blast
have xxx : (tickFree (butlast t1)»
using (1) front-tickFree-butlast is-processT2-TR tickFree-butlast by blast
from sx(1) show «s € D ?lhs
apply (rule disjE; simp add: D-Renaming D-Seq)
apply (rule-tac x = <butlast t1 Q w1y in exl, simp add: *xxx **x(2))
apply (rule-tac z = <u2» in exl, simp add: *x(38), intro conjl,
metis *(1) *x(4) butlast-snoc map-butlast)
apply (rule disjI2, rule-tac x = <butlast t1» in exl, rule-tac x = ul in exl)
apply (simp add: xx(5), metis xxx EvExt-tF snoc-eq-iff-butlast tickFree-butlast)

apply (rule-tac © = «if t2 = [] then butlast t1 else t1» in exl, intro conjl)

using s

apply presburger

apply (rule-tac x = <butlast t2 @ 2 in exl, intro conjl)

apply (meson D-imp-front-tickFree <s2 € D (Renaming @ f)»

front-tickFree-append front-tickFree-butlast)

apply ((cases t1 rule: rev-cases; simp add: (1) snoc-eq-iff-butlast),
metis butlast.simps(2) butlast-append list.discl tick-eq-EvEat)

by (metis EvExt-tF non-tickFree-tick tickFree-Nil tickFree-append)
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qed
next
fix s X
assume same-div: <D ?lhs = D ?rhs)
assume <(s, X) € F ?lhs
then consider «3s1. (s1, EvExtf —“X) € F (P; Q) A s = map (EvExt f) s1»
| <s € D ?lhsy
by (simp add: F-Renaming D-Renaming) blast
thus «(s, X) € F ?rhs
proof cases
assume <3 s1. (s1, EvExt f —“X) € F (P Q) A s = map (EvEzt f) si»
then obtain s/ where x : «(sl, FvEzt f —“X) € F (P; Q)» <s = map (EvExt
f) sl by blast
from this(1)[simplified F-Seq, simplified]
show «(s, X) € F ?rhs
apply (elim disjE; simp add: F-Seq)
apply (rule disjl1, simp add: F-Renaming,
metis (no-types, lifting) *(2) Diff-insert-absorb
EvExt-tF anteced- BvExt-diff-tick insertl1
insert-Diff insert-absorb tick-elem-antecedl)
apply (rule disjI2, rule disjl1, simp add: F-Renaming T-Renaming,
metis (no-types, lifting) *(2) map-FEvExt-tick map-append)
apply (rule disjI2, rule disjI2, simp add: D-Renaming)
apply (rule-tac x = «if tickFree sl then s1 else butlast s1» in exl)
by (auto simp add: *(2),
metis NF-ND append-butlast-last-id front-tickFree-implies-tickFree
is-processT2 tickFree-Nil,
metis FvEzt-tF front-tickFree-single map-butlast
nonTickFree-n-frontTickFree process-charn snoc-eq-iff-butlast)
next
from NF-ND same-div show <s € D ?lhs = (s, X) € F ?rhs> by blast
qed
next
fix s X
assume same-div: <D ?lhs = D ?rhs)
assume <(s, X) € F ?rhs
then consider «(s, insert tick X) € F (Renaming P f) A tickFree s
| «(3s1 s2. s =351 Q@ s2 A sl Q [tickl € T (Renaming P f) A (s2, X) € F
(Renaming Q f)»
| <s € D ?rhs)
by (simp add: F-Seq D-Seq) blast
thus «(s, X) € F ?lhs
proof cases
show «(s, insert tick X) € F (Renaming P f) A tickFree s = (s, X) € F ?lhs»
by (auto simp add: F-Renaming F-Seq D-Seq)
(metis (no-types, lifting) Diff-insert-absorb EvExt-tF anteced-EvExt-diff-tick
insertCI insert-Diff insert-absorb tick-elem-antecedl)
next
assume <351 s2. s = s1 Q s2 A s1 Q [tick] € T (Renaming P f) A (s2, X) €
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F (Renaming @ f)»
then obtain s! s2 where * : (s = s1 Q s2» <sl Q [tick] € T (Renaming P
2
«(s2, X) € F (Renaming @ f)» by blast
from (2, 8) obtain tI ul where s :
«t1 € T P A sl Q [tick] = map (EvExt f) t1 V
tickFree t1 A (3t2. front-tickFree t2 N s1 Q [tick] = map (EvExt f) t1 Q ¢2
A tl € D P)
(ul, BEvExt f —“X) € F Q A s2 = map (EvExt f) ul V
tickFree ul A (3u2. front-tickFree u2 A s2 = map (EvEzt f) ul Q u2 A ul
€D Q)
by (simp add: F-Renaming T-Renaming) blast
show «(s, X) € F ?lhs
using **(1)
apply (elim disjE conjE exE; simp add: (1) F-Renaming D-Seq)
using *x(2)
apply (elim disjE conjE exE)
apply (rule disjl1, simp add: F-Seq,
metis (no-types, lifting) *(1) append-eq-map-conv map-FEvExt-tick)
apply (rule disjI2, simp add: D-Seq)
apply (rule-tac ¢ = <butlast t1 Q ul) in exl, intro conjl)
using front-tickFree-butlast is-processT2-TR tickFree-append
apply blast
apply (rule-tac = u2 in exl, intro conjl, blast,
metis append.assoc butlast-snoc map-append map-butlast,
metis EvExt-tF T-nonTickFree-imp-decomp snoc-eq-iff-butlast tickFree-butlast)
apply (rule disjI2)
apply (rule-tac x = «if t2 # || then t1 else tl t1» in exl, intro congl)
apply (metis (mono-tags, opaque-lifting) tickFree-tl tl-Nil)
apply (rule-tac x = «(butlast t2) @ s2» in exl, intro conjl)
apply (meson *(3) front-tickFree-append front-tickFree-butlast process-charn)
apply (simp, metis EvEzt-tF butlast-append butlast-snoc non-tickFree-tick
tickFree-append)
by (metis EvExt-tF non-tickFree-tick self-append-conv tickFree-append)
next
from NF-ND same-div show <s € D ?rhs = (s, X) € F ?lhs» by blast
qed
qed

lemma mono-Renaming-D: <P Cp @ = Renaming P f Cp Renaming Q f>
unfolding divergence-refine-def D-Renaming by blast

lemma mono-Renaming-FD: <P Crp Q = Renaming P f Crpp Renaming Q f>
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unfolding failure-divergence-refine-def le-ref-def
apply (simp add: mono-Renaming-D[unfolded divergence-refine-def])
unfolding F-Renaming D-Renaming by blast

lemma mono-Renaming-DT: <P Cpr Q = Renaming P f Cpr Renaming Q f>
unfolding trace-divergence-refine-def
apply (simp add: mono-Renaming-D)
unfolding trace-refine-def divergence-refine-def T-Renaming by blast

3.3 Assertions

abbreviation deadlock-freesip :: 'a process = bool
where deadlock-freesxp = deadlock-free-v2

lemma deadlock-free-implies-lifelock-free: <deadlock-free P = lifelock-free P>
unfolding deadlock-free-def lifelock-free-def
using CHAOS-DF-refine-FD trans-FD by blast

lemmas deadlock-frees i1 p-def = deadlock-free-v2-def
and deadlock-frees i 1 p-is-right = deadlock-free-v2-is-right
and deadlock-freeg i 1 p-implies-div-free = deadlock-free-v2-implies-div-free
and deadlock-frees k1 p-FD = deadlock-free-v2-FD
and deadlock-freeg i 1 p-is-right-wrt-events = deadlock-free-v2-is-right-wrt-events
and deadlock-free-is-deadlock-frees 1 p = deadlock-free-is-deadlock-free-v2
and deadlock-frees 1 p-SKIP = deadlock-free-v2-SKIP
and non-deadlock-frees 1 p-STOP = non-deadlock-free-v2-STOP

3.4 Non-terminating Runs

definition non-terminating :: 'a process = bool
where non-terminating P = RUN UNIV Cp P

corollary non-terminating-refine-DF: non-terminating P = DF UNIV Cp P
and non-terminating-refine-CHAQOS: non-terminating P = CHAOS UNIV Cr P
by (simp-all add: DF-all-tickfree-traces! RUN-all-tickfree-traces1 CHAOS-all-tickfree-traces1

non-terminating-def trace-refine-def)

lemma non-terminating-is-right: non-terminating P <— (Vs € T P. tickFree s)
apply (rule iffI)
by (auto simp add:non-terminating-def trace-refine-def tickFree-def RUN-all-tickfree-traces1)[1]
(auto simp add:non-terminating-def trace-refine-def RUN-all-tickfree-traces2)

lemma nonterminating-implies-div-free: non-terminating P — D P = {}

unfolding non-terminating-is-right
by (metis NT-ND equals0I front-tickFree-charn process-charn tickFree-Cons tick-
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Free-append)

lemma non-terminating-implies-F: non-terminating P —> CHAOS UNIV Cp P
using CHAOS-has-all-tickFree-failures F-T
by (auto simp add: non-terminating-is-right failure-refine-def) blast

corollary non-terminating-F: non-terminating P = CHAOS UNIV Cp P
by (auto simp add:non-terminating-implies-F non-terminating-refine-CHAOS leF-imp-leT)

corollary non-terminating-FD: non-terminating P = CHAOS UNIV Cgpp P
unfolding non-terminating-F
using div-free-CHAOS nonterminating-implies-div-free leF'D-imp-leF
leF-leD-imp-leF'D divergence-refine-def non-terminating-F
by fastforce

3.5 Lifelock Freeness

corollary lifelock-free-is-non-terminating: lifelock-free P = non-terminating P
unfolding lifelock-free-def non-terminating-FD by simp

lemma div-free-divergence-refine:

DP:{}(—) CHAOSSK]P UNIV EDP

D P={} +— CHAOS UNIV LCp P

D P ={} +— RUN UNIV Cp P

DP:{}<—>DFSKIP UNIV Cp P

D P={} +— DF UNIV Cp P

by (simp-all add: div-free-CHAOS sk 1p div-free-CHAOS div-free-RUN div-free-DF

div-free-DF g 1 p divergence-refine-def)

definition lifelock-freesy1p :: 'a process = bool
where lifelock-freesxp P = CHAOSskrp UNIV Cpp P

lemma div-free-is-lifelock-frees iy p: lifelock-freesxrp P +— D P = {}
using CHAOS g i 1 p-has-all-failures-Un leFD-imp-leD leF-le D-imp-leF'D
div-free-divergence-refine(1) lifelock-frees k 1 p-def
by blast

lemma lifelock-free-is-lifelock-frees i 1 p: lifelock-free P = lifelock-freesxrp P
by (simp add: leFD-imp-leD div-free-divergence-refine(2) div-free-is-lifelock-frees i 1 p
lifelock-free-def)

corollary deadlock-frees i 1 p-is-lifelock-frees k1 p: deadlock-freesip P = life-
lock-freesxrp P

by (simp add: deadlock-freeg k 1 p-implies-div-free div-free-is-lifelock-frees i p)
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3.6 New Laws

lemma non-terminating-Seq:

<non-terminating P = (P ; Q) = P»

unfolding non-terminating-is-right apply (subst Process-eq-spec, intro conjl)

apply (auto simp add: F-Seq is-processT7 F-T)[1]

using is-processT4 apply blast

using process-charn apply blast

apply (metis F-T Un-commute insert-is-Un is-processT5-S2 non-tickFree-tick

tickFree-append)

by (auto simp add: D-Seq)

lemma non-terminating-Sync:
<non-terminating P = lifelock-freesx1p @ = non-terminating (P [A] Q)
apply (simp add: non-terminating-is-right div-free-is-lifelock-freesxp T-Sync)
apply (intro balll, simp add: non-terminating-is-right nonterminating-implies-div-free)
by (metis empty-iff ftf-Syncl ftf-Sync21 insertl1 tickFree-def)

lemmas non-terminating-Par = non-terminating-Sync[where A = (UNIV)]
and non-terminating-Inter = non-terminating-Syncjwhere A = «{}]

syntax

-writeS : ['b = 'a, pttrn, b set, 'a process| => 'a process ((4(-!-|-) /= -)
[0,0,50,78] 50)
translations

-writeS ¢ p b P => CONST Mndetprefiz (¢ ‘{p. b}) (A-. P)

end
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Chapter 4

The MultiDet Operator

theory MultiDet
imports Patch Preliminary Work
begin

4.1 Definition

definition MultiDet :: <['a set, 'a = 'b process| = 'b process»
where  «MultiDet A P = Finite-Set.fold (Aa r. r O P a) STOP A»

syntax -MultiDet :: ([pttrn, 'a set, 'b process] = b process) («(30-€-./ -)» 75)
translations O p € A. P = CONST MultiDet A (Ap. P)

4.2 First Properties

lemma MultiDet-recO[simp]: «(O p € {}. P p) = STOP»
by (simp add: MultiDet-def)

lemma MultiDet-recl [simp]: «(O p € {a}. Pp) = P w
unfolding MultiDet-def
apply (subst comp-fun-commute-on.fold-insert-remove[where S = «{a})])
by (simp-all add: comp-fun-commute-on-def
Det-commute[of «STOP>, simplified Det-STOP))

lemma MultiDet-in-id[simp]:
«ae A= (OpeinsertaA. Pp)=0pe A. Pp
unfolding MultiDet-def by (simp add: insert-absorb)

lemma MultiDet-insert[simp]:
finite A= (O p € inserta A. Pp)=PaO(dpec A— {a}. Pp)p
unfolding MultiDet-def
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apply (subst comp-fun-commute-on.fold-insert-remove[where S = <insert a A»])
unfolding comp-fun-commute-on-def comp-def

apply (metis Det-assoc Det-commute)
by (auto simp: comp-fun-commute-on-def Det-commute Det-assoc comp-def)

lemma MultiDet-insert’[simp]:
finite A= (O p € insert a A. Pp) = (PaO (O pe€ A. Pp))p
by (cases <a € Ay, metis MultiDet-insert Det-assoc Det-id insert-absorb, simp)

lemma mono-MultiDet-eq:
finite A = Vax € A. Px = Q x = MultiDet A P = MultiDet A @
by (induct A rule: induct-subset-empty-single, simp, simp)
(metis MultiDet-insert’ insertCI)

4.3 Some Tests

lemma test-MultiDet: «(O p € {{int .. 3}. Pp)=P1 O P20OP 3
proof —

have ({1::int .. 3} = insert 1 (insert 2 (insert 3 {}))» by fastforce

thus «(0 p € {I:int .. 3}. Pp)=P 1 O P 20 P 3 by (simp add: Det-assoc)
qed

lemma test-MultiDet":
«(Ope{0unat..at. Pp)=0Ope{a} U{l . a}U{0}.Ppp
by (metis Un-insert-right atMost-atLeast0 boolean-algebra-cancel.sup0
image-Suc-lessThan insert-absorb2 insert-is-Un lessThan-Suc
less Than-Suc-atMost less Than-Suc-eg-insert-0)

4.4 Continuity

lemma MultiDet-cont[simp):
(finite A; Yz € A. cont (P x)] = cont (Ay. O z€A. P z y)»
by (rule Finite-Set.finite-subset-induct[of A A], simp+)

4.5 Factorization of () in front of MultiDet

lemma MultiDet-factorization-union:
([finite A; finite B = (OUpe A. Pp)U(dpeB.Pp)=UOpe AUB.Pp
apply (erule finite-induct, simp-all)
by (metis Det-commute Det-STOP)
(metis MultiDet-insert MultiDet-insert’ Det-assoc finite-Unl)
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4.6 1 Absorbance

lemma MultiDet-BOT-absorb:
assumes fin: (finite A> and bot: <P a = L) and dom: <a € A»
shows «(Oz € A. Pz) = 1)
apply (rule rev-mp[OF dom], rule rev-mp|OF bot])
by (metis Det-commute MultiDet-insert’ Det-BOT fin insert-absorb)

lemma MultiDet-is-BOT-iff:
finite A = MultiDet AP=1¢+— (3ac€c A. Pa= 1)
by (induct A rule: finite-induct) (auto simp add: STOP-neq-BOT Det-is-BOT-iff)

4.7 First Properties

lemma MultiDet-id: <A # {} = finite A = (Op € A. P) = P»
by (erule finite-set-induct-nonempty, simp-all add: Det-id)

lemma MultiDet-STOP-id: «finite A = (Op € A. STOP) = STOP)
by (cases <A = {}») (simp-all add: MultiDet-id)

lemma MultiDet-STOP-neutral:
finite A= Pa=STOP = (O z€ inserta A. Pz)=02z¢€ A. P »
by (metis Det-commute MultiDet-insert’ Det-STOP)

lemma MultiDet-is-STOP-iff:
finite A= (D a€ A Pa)=STOP «— A={} Vv VYa € A. Pa = STOP),
by (induct rule: finite-induct) (auto simp add: Det-is-STOP-iff)

4.8 Behaviour of MultiDet with ([J)

lemma MultiDet-Det:
finite A— (Ha€ A Pa)O(Ha€c A Qa)=0ac A PaOQuw
proof (induct A rule: finite-induct)
case emptly show ?case by (simp add: Det-id)
next
case (insert z F)
hence <MultiDet (insert x F) P O MultiDet (insert x F) Q =
P2 O MultiDet F P O Q z O MultiDet F Q> by (simp add: Det-assoc)
also have ... = (P20 Qz) O (daecF. PalO Q a)y
by (metis (no-types, lifting) Det-assoc Det-commute insert.hyps(3))
ultimately show «MultiDet (insert z F)) P O MultiDet (insert x F) Q
(O a€insert x F. P a0 Q a)
by (simp add: <finite F» «x ¢ F»)
qed
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4.9 Commutativity

lemma MultiDet-sets-commute:
finite A; finite Bl = (Hac A ObeB. Pab)=0beB. Oa€c A Pab
by (induct A rule: finite-induct) (simp-all add: MultiDet-STOP-id MultiDet-Det)

4.10 Behaviour with Injectivity

lemma inj-on-mapping-over-MultiDet:
(finite A; inj-on fA] = Oz € A. Pz) =0z € f*A. P (inv-into A fz)
proof (induct A rule: induct-subset-empty-single)
case I
thus ?case by force
next
case 2
thus ?case by force
next
case (3 F a)
hence f1: <inv-into (insert a F) f (f a) = a> by force
show ?case
apply (simp add: 8.hyps(2) 3.hyps(4) f1 del: MultiDet-insert)
apply (rule arg-cong[where f = \z. P a O o))
apply (subst 8.hyps(5), rule inj-on-subset|OF 3.prems subset-insertl])
apply (rule mono-MultiDet-eq, simp add: 3.hyps(2))
using 3.prems by fastforce
qed

4.11 The Projections

lemma D-MultiDet: <finite A= D (ODze€ A. Pz)=(J pec A D (Pp))
by (induct rule: finite-induct) (simp-all add: D-Det D-STOP)

lemma T-MultiDet:
finite A= T Dz € A Pz)=(if A= {} then {[]} else U p€ A. T (P p)»
apply (simp add: T-STOP, intro impl, rotate-tac)
by (induct rule: finite-set-induct-nonempty) (simp-all add: T-Det T-STOP)

4.12 Cartesian Product Results

lemma MultiDet-cartprod-o s-set-os-set:

[finite A; finite B; Vs € A. length s = len1] =

O, t)eAx B P(sQt))=Ouec{sQt|st. (s,t) € A x B}y. Pw

apply (subst inj-on-mapping-over-MultiDet[where f = <\ (s, t). s @Q t3],
simp-all add: inj-on-def)

apply (subst prem-Multi-cartprod(1)[simplified, symmetric])

apply (rule mono-MultiDet-eq, simp add: finite-image-set2)

by (metis (no-types, lifting) case-prod-unfold f-inv-into-f)
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lemma MultiDet-cartprod-s-set-o s-set:
(Ifinite A; finite B] =
O(s,t) e AXxB.P(s#1t)=0uec{s#t]|st (s,t) € Ax B}. Pw
apply (subst inj-on-mapping-over-MultiDet[where f = <\ (s, t). s # ¥,
simp-all add: inj-on-def)
apply (subst prem-Multi-cartprod(2)[simplified, symmetric])
apply (rule mono-MultiDet-eq, simp add: finite-image-set2)
by (metis (no-types, lifting) case-prod-unfold f-inv-into-f)

lemma MultiDet-cartprod-s-set-s-set:
(Ifinite A; finite B] =
O(s,t) e Ax B . Pls,t]))=0wue{[st]|st (s,t) € Ax B}. Pw
apply (subst inj-on-mapping-over-MultiDet[where f = <\ (s, t). [s, t]],
simp-all add: inj-on-def)
apply (subst prem-Multi-cartprod(3)[simplified, symmetric])
apply (rule mono-MultiDet-eq, simp add: finite-image-set2)
by (metis (no-types, lifting) case-prod-unfold f-inv-into-f)

lemma MultiDet-cartprod:
finite A = finite B= (0 (s, t) € Ax B. Pst)=0scA. 0teB. Pst
supply arg-cong-Det = arg-cong[where f = «\Q. - O @]
supply MultiDet-insert[simp del]
proof (induct <card A> arbitrary: A B rule: nat-less-induct)
case (1 A B)
from «finite A> <finite B> consider <A = {}» | «<B = {}» |
«<dmA mBabA B'. A=inserta A’ N B = insert b B’ N\ mA = card A’ A
mB = card B’ AN mA < card A N mB < card B»
by (metis card-Diff1-less-iff ex-in-conv insert-Diff)
thus «(0O(z, y)€A x B. Pzy)=0s€A. MultiDet B (P s)»
proof cases
show <A = {} = (0O(z, y)€A x B. Pz y) = OscA. MultiDet B (P s)»
by simp
next
show «B = {} = (0O(z, y)€A x B. Pz y) = Os€A. MultiDet B (P s)»
by (simp add: MultiDet-STOP-id[OF 1.prems(1)])
next
assume <ImA mB a b A’ B'. A = insert a A’ N\ B = insert b B’ A
mA = card A’ N mB = card B’ AN mA < card A A mB < card B»
then obtain mA mB a b A’ B’
where * : <A = insert a A» (B = insert b B (mA = card A"
«<mB = card B"y «<mA < card A> «mB < card B> by blast
have *x : (Pair a * B’ = {a} x B’y unfolding image-def by blast
show «(O(z, y)€A x B. Pz y)=0s€A. MultiDet B (P s)»
using (1, 2) <finite As finite B> apply simp
apply (subst MultiDet-factorization-union|symmetric], simp-all)
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apply (subst 1(1)[rule-format, OF x(5, 3)], simp-all)
apply (simp add: MultiDet-Det[symmetric])
apply (subst Det-assoc, rule arg-cong-Det)
apply (subst (8) Det-commute, rule arg-cong-Det)
apply (subst inj-on-mapping-over-MultiDet[of B’ <\b. (a, b))],
simp-all add: inj-on-def xx)
apply (rule mono-MultiDet-eq)
apply (simp; fail)
by (metis *x case-prod-conv f-inv-into-f)
qed
qed

end
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Chapter 5

The MultiNdet Operator

theory MultiNdet
imports Patch Preliminary Work
begin

5.1 Definition

Defining the multi operator of (M) requires more work than with (CJ) since
there is no neutral element. We will first build a version on ‘o list that we
will generalize to ‘o set.

fun MultiNdet-list :: <['a list, 'a = 'b process| = b process»
where <MultiNdet-list [| P = STOP»
| (MultiNdet-list (a # 1) P = fold Az r. v M Px) 1 (P a)

syntax -MultiNdet-list :: <[pttrn,’a set,’b process] = 'b process)

(«(3M: -/ -)» 76)
translations []; p € I. P = CONST MultiNdet-list I (Ap. P)

interpretation MultiNdet: comp-fun-idem where f=\z r. r M P x»
unfolding comp-fun-idem-def comp-fun-commute-def
comp-fun-idem-axioms-def comp-def
by (metis Ndet-commute Ndet-assoc Ndet-id)

lemma MultiNdet-list-set:
<set L = set L' = MultiNdet-list L P = MultiNdet-list L' P>
apply (cases L, simp-all)
proof —
fix a I
assume * : <insert a (set 1) = set L'y and xx : <L =a # D
then obtain o’ I’ where xxx : <L’ = o’ # I’y by (metis insertll list.set-cases)
note x = x[simplified xxx, simplified)
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have a0: «MultiNdet-list L P =
Finite-Set.fold (Ax r. r M P xz) (P a) (set L — {a})»
by (metis xx List.finite-set MultiNdet.fold-fun-left-comm
MultiNdet.fold-insert-idem2 MultiNdet.fold-rec
MultiNdet.fold-set-fold MultiNdet-list.simps(2)
insert-iff list.simps(15) Ndet-id set-removeAll)
have al1: <a’ € set I»
and al2: <a # o’ = insert o’ (set L — {a, a'}) = set L — {a}
by (auto simp add: * xx)
hence a2: «Finite-Set.fold (Az r. r M P z) (P a) (insert o’ (set L — {a, a’})) =
Finite-Set.fold (Ax r. r M Px) (Pam Pa') (set L — {a, a’})»
by (subst MultiNdet.fold-insert-idem2, simp-all)
have a8:«MultiNdet-list L' P =
Finite-Set.fold (Ax r. r M P x) (P a’) (set L' — {a'})
by (metis xxx List.finite-set MultiNdet.fold-fun-left-comm
MultiNdet.fold-insert-idem2 MultiNdet.fold-rec
MultiNdet.fold-set-fold MultiNdet-list.simps(2)
insert-iff list.simps(15) Ndet-id set-removeAll)
have a41: <a € set L
and af2: (a # o' = insert a (set L' — {a, a'}) = set L' — {a'p
using * xx* by auto
hence a5: ¢Finite-Set.fold (Ax r. r 1 P z) (P a’) (insert a (set L' — {a, a'}))
= Flinite-Set.fold (Az r. 1 Pz) (Pan Pa’) (set L' — {a, a'})
by (subst MultiNdet.fold-insert-idem?2, simp-all add: Ndet-commute)
have a6: «(set L — {a, a’}) = (set L' — {a, a'})
using * xx *x*x by force
from x xx xxx a0 all al2 a2 a8 a4l a42 ad ab
show <fold (A\z r. r 11 P x) | (P a) = MultiNdet-list L' P»
by (metis MultiNdet-list.simps(2) list.simps(15))
qed

definition MultiNdet :: <['a set, 'a = 'b process] = 'b process»
where  «MultiNdet A P = MultiNdet-list (SOME L. set L = A) P»

syntax -MultiNdet :: «[pttrn, 'a set, 'b process] = 'b process) (<(3[] -€-. / -)» 76)
translations [ | p € A. P = CONST MultiNdet A (Ap. P)
5.2 First Properties

lemma MultiNdet-recO[simp]: <([] p € {}. P p) = STOP>»
by (simp add: MultiNdet-def)

lemma MultiNdet-recl [simp]: <([] p € {a}. Pp) = P @
unfolding MultiNdet-def apply (rule somelI2[of - <[a]}], simp)
by (rule MultiNdet-list-setjwhere L' = ([a]), simplified])
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lemma MultiNdet-in-id[simp]:
€ A= ([|peinsertaA. Pp)=[]pe€ A Pp
unfolding MultiNdet-def by (simp add: insert-absorb)

lemma MultiNdet-insert|simp]:
assumes fin: <finite A> and notempty: <A # {}> and notin: <a ¢ A>
shows «([| p € inserta A. Pp)=Pan ([| p€ A. Pp)
unfolding MultiNdet-def
apply (rule somel2-ex, simp add: fin finite-list)+
proof—
fix [ 1’
assume <set | = Ay and «<set I’ = insert a A»
from notempty and «set | = A have <l # [|» by fastforce
then have <MultiNdet-list (a # 1) P = P a N MultiNdet-list | P»
proof (induct | rule: List.list-nonempty-induct)
case (single )
show «MultiNdet-list [a, z] P = P a N MultiNdet-list [x] P> by simp
next
case (cons z xs)
have «(MultiNdet-list (a # x # xs) P = P o N ((MultiNdet-list xs P) 1 P x)»
by (metis List.finite-set MultiNdet.fold-insert-idem MultiNdet.fold-set-fold
MultiNdet-list.simps(2) cons.hyps(2) list.simps(15) Ndet-assoc)
thus <MultiNdet-list (a # x # xs) P = P a N MultiNdet-list (z # xs) P»
proof —
have f1: «MultiNdet-list (a # x # xs) P =
Finite-Set.fold (Aa p. p M P a) (Px M P a) (set zs))
by (simp add: MultiNdet.fold-set-fold Ndet-commute)
have «MultiNdet-list (v # zs) P =
Finite-Set.fold (Aa p. p M P a) (P z) (set zs)
by (simp add: MultiNdet.fold-set-fold)
hence «MultiNdet-list (a # x # xs) P = MultiNdet-list (x # xs) PN P a
using f1 by (simp add: MultiNdet.fold-fun-left-comm,)
thus «MultiNdet-list (a # x # xs) P = P a N MultiNdet-list (z # xs) P»
by (simp add: Ndet-commute)
qed
qed
moreover have <set I’ = set (a # 1)
by (simp add: <set | = A <set I’ = insert a A»)
ultimately show <MultiNdet-list I’ P = P a M MultiNdet-list | P»
by (metis MultiNdet-list-set)
qed

lemma MultiNdet-insert’[simp):
(finite A; A #{}] = (| p € inserta A. Pp)=Pan ([] p€ A Pp)
apply (cases <a € Ay, subst Set.insert-absorb, simp-all)
apply (cases <A = {a}>, simp add: Ndet-id)
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proof —

assume <finite A» and <a € A> and <4 # {a}

then obtain A’ where (A’ # {}) <A = insert a Ay <a ¢ A"y <finite A"

by (metis Set.set-insert finite-insert)

hence «MultiNdet A P = P a N MultiNdet A’ P> by simp

hence <MultiNdet A P = P a M P a M MultiNdet A’ P> by (simp add: Ndet-id)

thus <MultiNdet A P = P a N MultiNdet A P> by (metis Ndet-id Ndet-assoc)
qed

lemma mono-MultiNdet-eq:
finite A = Vx € A. Px = Q x = MultiNdet A P = MultiNdet A @Q»
by (induct A rule: induct-subset-empty-single; simp)

5.3 Some Tests

lemma «([]; p € []. P p) = STOP»
and «([]; p € [a]. Pp) =P w
and «([];p€a, b. Pp)=PanNPb
and «([|;p€la, b, ¢]. Pp)=PaNPbMIPo
by auto

lemma «([] p € {}. P p) = STOP»
and «(([] p € {a}. Pp) =P w
and «(([| p€{a, b}. Pp) =Pan Ph
and «([1 p€{a,b,c}. Pp)=PannPbMNPo
by (simp add: Ndet-assoc)+

lemma test-MultiNdet: «([] p € {1:int .. 3}. Pp) =P 1M P2NP3
proof —

have «{1::int .. 3} = insert 1 (insert 2 (insert 3 {}))» by fastforce

thus «([| p € {1uint .. 3}. Pp)=P 1 M P21 P38 by (simp add: Ndet-assoc)
qed

lemma test-MultiNdet”:
([1pe{0inat..at. Pp)=(]pe{aU{l . a}tU{0}.Pp)
by (metis Un-insert-right atMost-atLeast0 boolean-algebra-cancel.sup0
image-Suc-lessThan insert-absorb2 insert-is-Un less Than-Suc
lessThan-Suc-atMost less Than-Suc-eg-insert-0)

5.4 Continuity
lemma MultiNdet-cont|[simp:

finite A; ¥z € A. cont (P z)] = cont (Ay. [| 2€A. P zy)
by (cases <A = {}», simp, erule finite-set-induct-nonempty; simp)

52



5.5 Factorization of (M) in front of MultiNdet

lemma MultiNdet-factorization-union:
(A # {}; finite A; B # {}; finite B] =
[1peA Ppnn([|lpeB. Pp)=[|pecAUB.Ppw
by (erule finite-set-induct-nonempty, simp-all add: Ndet-assoc)

5.6 1 Absorbance

lemma MultiNdet-BOT-absorb:
assumes fin: (finite A> and bot: <P a = 1) and dom: <a € A>
shows (([] z € A. Pz) = L»
apply (rule rev-mp[OF dom), rule rev-mp[OF bot])
by (metis MultiNdet-insert MultiNdet-rec! Ndet-commute fin
finite-insert mk-disjoint-insert Ndet-BOT)

lemma MultiNdet-is-BOT-iff:
(finite A= ([1pe A. Pp)=L<+— (3a€ A Pa= 1)
apply (cases <A = {}», simp add: STOP-neq-BOT)
by (rotate-tac, induct A rule: finite-set-induct-nonempty) (simp-all add: Ndet-is-BOT-iff)

5.7 First Properties

lemma MultiNdet-id: <A # {} = finite A= ([| p€ A. P) = P>
by (erule finite-set-induct-nonempty, (simp-all add: Ndet-id))

lemma MultiNdet-STOP-id: finite A= ([ | p € A. STOP) = STOP)
by (cases <A = {}») (simp-all add: MultiNdet-id)

lemma MultiNdet-is-STOP-iff:
finite A= ([ p€ A. Pp) = STOP «+— A={} Vv (Va € A. Pa = STOP),
apply (cases <A = {}», simp)
by (rotate-tac, induct A rule: finite-set-induct-nonempty) (simp-all add: Ndet-is-STOP-iff)

5.8 Behaviour of MultiNdet with ()

lemma MultiNdet-Ndet:
(finite A= ([|a€ A. Pa)N([la€ A Qa)=[]a€ A Pall Qua
apply (cases <A = {}>, simp add: Ndet-id)
apply (rotate-tac, induct A rule: finite-set-induct-nonempty)
by simp-all (metis (no-types, lifting) Ndet-commute Ndet-assoc)
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5.9 Commutativity

lemma MultiNdet-sets-commute:
[finite A; finite B] =
([lecA[]beB. Pab)y=[]beB.[|]acA Pab
proof (cases <A = {})
show «finite A = finite B—= A = {} =
([1 a€A. MultiNdet B (P a)) =[] beB. [] acA. Pa b
by (simp add: MultiNdet-STOP-id)
next
assume <A # {}> and «(finite A> and «finite B>
thus «([] a€A. MultiNdet B (P a)) =[] b€B. [] a€A. Pab
apply (induct A rule: finite-set-induct-nonempty)
by (simp-all add: MultiNdet-Ndet)
qed

5.10 Behaviour with Injectivity

lemma inj-on-mapping-over-MultiNdet:
finite A; inj-on fA] = ([ z € A. Px) =[] z € f‘A. P (inv-into A fz)»
proof (induct A rule: induct-subset-empty-single)
show «MultiNdet {} P =[] z€f ‘{}. P (inv-into {} fz)» by force
next
case 2
show ?case by force
next
case (3 F a)
hence f1: <inv-into (insert a F) f (f a) = a> by force
show ?case
apply (simp add: 3.hyps(2) 3.hyps(4) f1)
apply (rule arg-cong[where f = Az. P a M ])
apply (subst 3.hyps(5), rule inj-on-subset| OF 3.prems subset-insertl))
apply (rule mono-MultiNdet-eq, simp add: 3.hyps(2))
using 3.prems by fastforce
qed

5.11 The Projections

lemma D-MultiNdet: <finite A= D ([| z€ A. Pz)=(J p€ A. D (Pp))»
apply (cases <A = {}», simp add: D-STOP, rotate-tac)
by (induct rule: finite-set-induct-nonempty) (simp-all add: D-Ndet)

lemma F-MultiNdet:
finite A= F ([| € A. Pz) =
(if A={} then {(s, X). s=[]} else J p€ A. F (P p))»
apply (simp add: F-STOP, intro impl, rotate-tac)
by (induct rule: finite-set-induct-nonempty) (simp-all add: F-Ndet)
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lemma T-MultiNdet:
(finite A= T ([ z€ A. Pz) =
(if A={} then {[]} else Y p € A. T (P p))
apply (simp add: T-STOP, intro impl, rotate-tac)
by (induct rule: finite-set-induct-nonempty) (simp-all add: T-Ndet)

5.12 Cartesian Product Results

lemma MultiNdet-cartprod-o s-set-os-set:

([finite A; finite B; Vs € A. length s = len1] =

(1 (s,t)eAxB.P(s@Qt))=[lue{sQt|st (s,t) € Ax B}. Pw

apply (subst inj-on-mapping-over-MultiNdet[where f = «\ (s, t). s @Q D],
simp-all add: inj-on-def)

apply (subst prem-Multi-cartprod(1)[simplified, symmetric])

apply (rule mono-MultiNdet-eq, simp add: finite-image-set2)

by (metis (no-types, lifting) case-prod-unfold f-inv-into-f)

lemma MultiNdet-cartprod-s-set-os-set:
([finite A; finite B] =
(1 (s, t)eAxB.P(s#t)=[luc{s#t|st. (s,t)€ Ax B}. Pw
apply (subst inj-on-mapping-over-MultiNdet[where f = (A (s, t). s # 1],
simp-all add: inj-on-def)
apply (subst prem-Multi-cartprod(2)[simplified, symmetric])
apply (rule mono-MultiNdet-eq, simp add: finite-image-set2)
by (metis (no-types, lifting) case-prod-unfold f-inv-into-f)

lemma MultiNdet-cartprod-s-set-s-set:
([finite A; finite B] =
(1 (s,t) e Ax B.P s, t]) =[] ue{stll|st (s,t)€ Ax B}. Pw
apply (subst inj-on-mapping-over-MultiNdet[where f = (A (s, t). [s, t]],
stmp-all add: inj-on-def)
apply (subst prem-Multi-cartprod(3)[simplified, symmetric])
apply (rule mono-MultiNdet-eq, simp add: finite-image-set2)
by (metis (no-types, lifting) case-prod-unfold f-inv-into-f)

lemma MultiNdet-cartprod:
([finite A; finite B = ([] (s, t) € A x B. Pst)=[] s€A.[] t€B. Pst
supply arg-cong-Ndet = arg-conglwhere f = <\Q. - T Q]
proof (induct <card Ay arbitrary: A B rule: nat-less-induct)
case (1 A B)
from «(finite A> <finite B> consider <A = {}» | «<B = {}» |
«<dmA mB ab A’ B'. A= insert a A’ N B = insert b B' A mA = card A’ A
mB = card B’ A mA < card A AN mB < card B»
by (metis card-Diff1-less-iff ex-in-conv insert-Diff)
thus «([](z, y) € A x B. Pzy) =[] s€A. MultiNdet B (P s)»
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proof cases
show <A = {} = ([] (=, y)€A x B. Pz y) =[] s€A. MultiNdet B (P s)»
by simp
next
show B = {} = ([] (=, y)€A X B. Pz y) =[] s€A. MultiNdet B (P s)
by (simp add: MultiNdet-STOP-id[OF 1.prems(1)])
next
assume <dmA mB a b A’ B'. A = insert a A’ N B = insert b B’ A
mA = card A’ N mB = card B’ A mA < card A N mB < card B>
then obtain mA mB a b A’ B’
where * : <A = insert a A"y «B = insert b B> «<mA = card A"
«<mB = card B"» «<mA < card Ay <mB < card B> by blast
have *x : <Pair a ‘ B’ = {a} x B"
and sxx : ((Aa. (a, b)) ‘A’ = A’ x {b}» unfolding image-def by blast+
show «([|(z, y) € A x B. Pzy) =[] s€A. MultiNdet B (P s)»
using (1, 2) «finite A» <finite B»
apply (cases <A’ = {}>; cases <B' = {}»; simp-all)
apply (rule arg-cong-Ndet)
apply (subst inj-on-mapping-over-MultiNdet[of B’ <\b. (a, b)>],
simp-all add: inj-on-def *x)
apply (rule mono-MultiNdet-eq, simp-all)
apply (metis Pair-inject f-inv-into-f image-eql)
apply (rule arg-cong-Ndet)
apply (subst inj-on-mapping-over-MultiNdet[of A’ <Aa. (a, b)],
simp-all add: inj-on-def *xx)
apply (rule mono-MultiNdet-eq, simp-all)
apply (metis (no-types, lifting) f-inv-into-f image-eql prod.inject)

apply (subst MultiNdet-factorization-union|symmetric], simp-all)
apply (subst 1(1)[rule-format, OF *(5, 8)], simp-all)
apply (simp add: MultiNdet-Ndet|symmetric])
apply (subst Ndet-assoc, rule arg-cong-Ndet)
apply (subst (3) Ndet-commute, rule arg-cong-Ndet)
apply (subst inj-on-mapping-over-MultiNdet[of B’ <\b. (a, b)>],
simp-all add: inj-on-def *x)
apply (rule mono-MultiNdet-eq)
apply (simp; fail)
by (metis xx case-prod-conv f-inv-into-f)
qed
qed

end
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Chapter 6

The MultiSync Operator

theory MultiSync
imports HOL— Library. Multiset PreliminaryWork Patch
begin

6.1 Definition

As in the (M) case, we have no neutral element so we will also have to go
through lists first. But the binary operator Sync is not idempotent either,
so the generalization will be done on ‘o multiset and not on '« set.

Note that a ‘a multiset is by construction finite (cf. theorem finite (set-mset

fun MultiSync-list :: <['b set, 'a list, 'a = 'b process| = 'b process)
where <MultiSync-list S [| P = STOP)
| «MultiSync-list S (I # L) P = fold (Az r. v [S] Pz) L (P I)

syntax -MultiSync-list :: <[pttrn, 'b set, 'a list, 'b process| = 'b process)

«(3[-1i-€--/ -)» 63)
translations [S]; p € L. P = CONST MultiSync-list S L (Ap. P)

interpretation MultiSync: comp-fun-commute where f = Az r. r [E] P >
unfolding comp-fun-commute-def comp-fun-idem-azxioms-def comp-def
by (metis Sync-assoc Sync-commute)

lemma MultiSync-list-mset:
«mset L = mset L' = MultiSync-list S L P = MultiSync-list S L' P»
apply (cases L; simp)
proof —
fix al
assume x* : <add-mset a (mset ) = mset Ly and sx : <L = a # b
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then obtain o’ I’ where *** : < L' = o’ # 1
by (metis list.exhaust mset.simps(2) mset-zero-iff)
note xxxx = x[simplified xxx, simplified]
have a0: <a # o' = MultiSync-list S L P =
fold Az r. r [S] Px) (a' # (removel o’ 1)) (P a)
apply (subst fold-multiset-equiviwhere ys = <))
apply (metis MultiSync.comp-fun-commaute-axioms comp-fun-commute-def)
apply (simp-all add: x sx sxx)
by (metis xxxx insert-Diff M insert-noteqg-member)
have al: (a # o' = MultiSync-list S L' P =
fold Az r. r [S] P x) (a # (removel al’)) (P a’)
apply (subst fold-multiset-equiviwhere ys = «I"])
apply (metis MultiSync.comp-fun-commaute-axioms comp-fun-commute-def)
apply (simp-all add: x sx sxx)
by (metis xxxx insert-Diff M insert-noteqg-member)
from s#xx xx xxx a0 al
show <fold (Az r. v [S] P z) I (P a) = MultiSync-list S L' P»
apply (cases <a = a’y, simp)
apply (subst fold-multiset-equiviwhere ys = 1'])
apply (metis MultiSync.comp-fun-commute-azioms comp-fun-commaute-def)
apply (simp-all)
apply (subst fold-multiset-equiviwhere ys = <removel a 1],
simp-all add: Sync-commute)
apply (metis MultiSync.comp-fun-commute-axioms
comp-fun-commute.comp-fun-commute)
by (metis add-mset-commute add-mset-diff-bothsides)
qed

definition MultiSync :: «['b set, 'a multiset, 'a = 'b process] = 'b process»
where <MultiSync S M P = MultiSync-list S (SOME L. mset L = M) P>

syntax -MultiSync :: «[pttrn,’b set,’a multiset,’d process| = 'b process

(«(3[-] -€#- / -)» 63)
translations [S] p €# M. P = CONST MultiSync S M (Ap. P)

Special case of MultiSync E P when E = {}.

abbreviation Multilnter :: <['a multiset, 'a = 'b process| = b process»
where < Multilnter M P = MultiSync {} M P»

syntax -Multilnter :: «[pttrn, 'a multiset, 'b process] = 'b process)
(<3l -€#- / -0 77)
translations ||| p €# M. P = CONST Multilnter M (Ap. P)

Special case of MultiSync E P when E = UNIV.

abbreviation MultiPar :: <['a multiset, 'a = 'b process] = 'b process»
where «MultiPar M P = MultiSync UNIV M P>

syntax -MultiPar :: <[pttrn, 'a multiset, 'b process] = b process»
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(3l -€#~ [ -» 77)
translations || p €é# M. P = CONST MultiPar M (Ap. P)

6.2 First Properties

lemma MultiSync-recO[simp]: <([S] p €# {#}. P p) = STOP»
unfolding MultiSync-def by simp

lemma MultiSync-recl [simp]: <«([S] p €# {#a#}. Pp) = P w
unfolding MultiSync-def apply(rule somel2-ex) by simp-all

lemma MultiSync-add[simp]:
(M # {#} = ([S] p €# add-mset m M. Pp) =P m [S] ([S] p €# M. P p)»
unfolding MultiSync-def
apply (rule somel2-ex, simp add: ex-mset)+
proof —
fix L L'
assume <M # {#} «mset L = M> <mset L' = add-mset m M>
thus <MultiSync-list S L' P = P m [S] MultiSync-list S L P»
apply (subst MultiSync-list-mset[where L = «L’» and L' = <L @ [m]], simp)
by (cases L; simp add: Sync-commute)
qed

lemma mono-MultiSync-eq:
Nz e# M. Pr=Qzx= MultiSync S M P = MultiSync S M @Q»
by (induct M rule: induct-subset-mset-empty-single; simp)

lemmas MultiInter-recO0 = MultiSync-recO[where S = «({})]
and MultiPar-recO0 = MultiSync-recO[where S = (UNIV)]
and Multilnter-recl = MultiSync-recl [where S = «({})]
and MultiPar-recl = MultiSync-recl[where S = «UNIV)]
and Multilnter-add = MultiSync-add[where S = «({}]
and MultiPar-add = MultiSync-add|where S = «UNIV)]
and mono-Multilnter-eq = mono-MultiSync-eq[where S = «({})]
and mono-MultiPar-eq = mono-MultiSync-eq[where S = <UNIV)]

6.3 Some Tests

lemma «([S]; p € []- Pp) = STOP»
and «([S]; p € [a]. P ) P a
and «([S]: p € [a, ] ) Pa[S] P b
and «([S]ip €[a, b, c]. Pp)=Pa[S]Pb[S] Po
by simp+
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lemma test-MultiSync:
([S] p €# mset |]. Pp) = STOP)
([S] p €# mset [a]. P ) Pw
([S] p €# mset [a, b]. Pp) = P a [S] P b
([S] p €# mset [a, b, c]. Pp) =P a[S] Pb[S] P e
by (simp-all add: Sync-assoc)

lemma MultiSync-setl: «MultiSync S (mset-set {k:nat..<k}) P = STOP»
by fastforce

lemma MultiSync-set2: «MultiSync S (mset-set {k..<Suc k}) P = P k»
by fastforce

lemma MultiSync-set3:
(< k= MultiSync S (mset-set {l ..< Suc k}) P =
Pl [S] (MultiSync S (mset-set {Suc | ..< Suc k}) P)»
by (simp add: Icc-eg-insert-lb-nat atLeastLess ThanSuc-atLeastAtMost)

lemma test-MultiSync':
([S] p €# mset-set {1::int .. 3}. Pp) =P 1 [S] P2 [S] P %
proof —
have «{1::int .. 3} = insert 1 (insert 2 (insert 3 {}))> by fastforce
thus «([S] p €# mset-set {1::int .. 3}. Pp) =P 1 [S] P 2 [S] P 3 by (simp
add: Sync-assoc)
qed

lemma test-MultiSync'”:
([S] p €# mset-set {0:nat .. a}. P p) =
[S] p €# mset-set ({a} U {1 .. a} U{0}).Pp
by (metis Un-insert-right atMost-atLeast0 boolean-algebra-cancel.sup0
image-Suc-lessThan insert-absorb2 insert-is-Un less Than-Suc
less Than-Suc-atMost less Than-Suc-eg-insert-0)

lemmas test-Multilnter =  test-MultiSync[where S = ({}»]
and test-MultiPar =  test-MultiSync[where S = <UNIV)]
and Multilnter-setl = MultiSync-setl [where S = «({}]
and MultiPar-set] = MultiSync-set! [where S = «UNIV)]
and Multilnter-set2 =  MultiSync-set2|where S = «{}]
and MultiPar-set?2 = MultiSync-set2[where S = «UNIV)|
and Multilnter-set3 = MultiSync-set3[where S = «({}]
and MultiPar-set3 = MultiSync-set3[where S = «UNIV)]
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and test-Multilnter’ = test-MultiSync’[where S = «({}]
and test-MultiPar’ = test-MultiSync’[where S = <UNIV»]
and test-Multilnter” = test-MultiSync''|where S = «({})]
and test-MultiPar' = test-MultiSync'[where S = <UNIV)]

6.4 Continuity

lemma MultiSync-cont[simp]:
N e# M. cont (Px) = cont (\y. [S] z €# M. P zy)
by (cases <M = {#}», simp, erule mset-induct-nonempty, simp+)

lemmas Multilnter-cont[simp] = MultiSync-cont[where S = «({}]
and  MultiPar-cont[simp] = MultiSync-cont[where S = <UNIV>|

6.5 Factorization of Sync in front of MultiSync

lemma MultiSync-factorization-union:
(M # {#}; N # {#}] =
(IS] z€# M. P2)[S) ([S] z€# N. Pz)=[5] z6# M + N. P 2

by (erule mset-induct-nonempty, simp-all add: Sync-assoc)

lemmas Multilnter-factorization-union =
MultiSync-factorization-union|where S = «{}]
and MultiPar-factorization-union =
MultiSync-factorization-union|where S = <UNIV)]

6.6 1 Absorbance

lemma MultiSync-BOT-absorb:
me# M=—Pm=1L= ([S]ze# M. Pz)=L1)
by (metis MultiSync-add MultiSync-rec1 mset-add Sync-BOT Sync-commute)

lemmas Multilnter-BOT-absorb = MultiSync-BOT-absorb[where S = «{} ]
and MultiPar-BOT-absorb = MultiSync-BOT-absorbjwhere S = <UNIV)]

lemma MultiSync-is-BOT-iff:
([STme# M. Pm)=L<+— (Ime# M. Pm= 1)
apply (cases <M = {#}>, simp add: BOT-iff-D D-STOP)
by (rotate-tac, induct M rule: mset-induct-nonempty)
(auto simp add: Sync-is-BOT-iff)

lemmas Multilnter-is-BOT-iff = MultiSync-is-BOT-iff[where S = «{}> ]
and MultiPar-is-BOT-iff = MultiSync-is-BOT-iff[where S = (UNIV)]

61



6.7 Other Properties

lemma MultiSync-SKIP-id: <M # {#} = ([9] z €# M. SKIP) = SKIP»
by (rule mset-induct-nonempty, simp-all add: Sync-SKIP-SKIP)

lemmas  Multilnter-SKIP-id = MultiSync-SKIP-id[where S = «({})]
and MultiPar-SKIP-id = MultiSync-SKIP-id[where S = <UNIV)|

lemma MultiPar-prefiz-two-distincts-STOP:
assumes (m €# M) and (m’ €# M> and «<fst m # fst m”
shows (|| @ €# M. (fst a — P (snd a))) = STOP»
proof —
obtain M’ where f2: <M = add-mset m (add-mset m’' M)
by (metis diff-union-swap insert-Diff M assms)
show «(|| z €# M. (fst . — P (snd z))) = STOP»
apply (cases «M' = {#}»,
simp-all add: f2 prefix-Parl[rotated, rotated, OF assms(3)])
apply (induct M’ rule: mset-induct-nonempty, simp)
apply (metis (no-types, opaque-lifting) Sync-BOT Par-STOP prefiz-Par2
prefix-Parl assms(3))
by (metis (no-types, lifting) MultiPar-add add-mset-commute empty-not-add-mset
Par-BOT Par-STOP prefiz-Par-SKIP Par-commute)
qged

lemma MultiPar-prefiz-two-distincts-STOP":
(m, n) €# M; (m’, n') €# M; m #m'] =
(Il (m, n) €# M. (m — P n)) = STOP)
apply (subst cond-case-prod-eta|where g = <\ z. (fst z — P (snd z))»])
by (simp-all add: MultiPar-prefiz-two-distincts-STOP)

6.8 Behaviour of MultiSync with Sync

lemma Sync-STOP-STOP: «<STOP [S] STOP = STOP)
by (fact Mprefiz-Sync-distr-subset[of «{}» S «({}», simplified,
stmplified Mprefiz-STOP))

lemma MultiSync-Sync:
([S] z€# M. P2)[S]([S] z€# M. P z)=1[S] z€# M. Pz [S] P’ »
apply (cases <M = {#}>, simp add: Sync-STOP-STOP)
apply (induct M rule: mset-induct-nonempty)
by simp-all (metis (no-types, lifting) Sync-assoc Sync-commute)

lemmas Multilnter-Inter = MultiSync-Syncwhere S = «({})]
and  MultiPar-Par = MultiSync-Synclwhere S = «(UNIV)]

62



6.9 Commutativity

lemma MultiSync-sets-commute:
([Slaec# M. [S]be# N.Pab)=[S]be# N. [SJac# M. Pa b
apply (cases <N = {#}», induct M, simp-all,
metis MultiSync-add MultiSync-rec1 Sync-STOP-STOP)
apply (induct N rule: mset-induct-nonempty, fastforce)
by simp (metis MultiSync-Sync)

lemmas Multilnter-sets-commute = MultiSync-sets-commute[where S = «({}]
and MultiPar-sets-commute = MultiSync-sets-commutelwhere S = (UNIV)]

6.10 Behaviour with Injectivity

lemma inj-on-mapping-over-MultiSync:
ang-on f (set-mset M) =
([S] = €# M. P z) = [S] « €# image-mset f M. P (inv-into (set-mset M) f x)»
proof (induct M rule: induct-subset-mset-empty-single)
case (3 N a)
hence f1: <inv-into (insert a (set-mset N)) f (f a) = a» by force
show ?case
apply (simp add: 3.hyps(2) 3.hyps(3) f1,
rule arg-conglwhere f = <\z. P a [S] ©])
apply (subst 3.hyps(4), rule inj-on-subset| OF 3.prems],
simp add: subset-insertl)
apply (rule mono-MultiSync-eq)
using 3.prems by fastforce
ged auto

lemmas inj-on-mapping-over-Multilnter =
inj-on-mapping-over-MultiSynclwhere S = «{}]
and inj-on-mapping-over-MultiPar =
inj-on-mapping-over-MultiSynclwhere S = «(UNIV)]

end
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Chapter 7

The MultiSeq Operator

theory MultiSeq
imports Patch
begin

7.1 Definition

definition MultiSeq :: <['a list, 'a = 'b process] = b process»
where «MultiSeq S P = foldr (Aar. (Pa); r ) S SKIP»

syntax -MultiSeq :: «[pttrn,’a list, 'b process] = 'b process)
(«(3SEQ -@-./ -); 73)
translations SEQ i €@ A. P = CONST MultiSeq A (\i. P)

7.2 First Properties

lemma MultiSeq-recO[simp]: <(SEQ p €Q [|. P p) = SKIP»
by (simp add: MultiSeg-def)

lemma MultiSeqg-rec! [simp]: «(SEQ p €Q [a]. P p) = P w
by (simp add: MultiSeg-def Seq-SKIP)

lemma MultiSeq-Cons[simpl: «(SEQ i €Q a # L. Pi) = Pa; (SEQ i €Q L. P
i)
by (simp add: MultiSeq-def)

7.3 Some Tests
lemma ((SEQ p €Q [|. P p) = SKIP)

and «((SEQ p €Q [a]. Pp) = P o
and «(SEQ p €Q [a,b]. Pp) = Pay; P b
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and «((SEQ p €Q [a,b,c]. Pp) =Pa; Pb; Po
by (simp-all add: Seq-SKIP Seq-assoc)

lemma test-MultiSeq: «(SEQ p €Q [1::int .. 3]. Pp) =P 1;P2;P %
by (simp add: upto.simps Seq-SKIP Seg-assoc)

7.4 Continuity

lemma MultiSeq-cont|[simp):
Nz € set L. cont (P z) = cont (\y. SEQ z €Q L. P z y)»
by (induct L) force+

7.5 Factorization of (;) in front of MultiSeq

lemma MultiSeq-factorization-append:
(SEQpe@A. Pp); (SEQp€QB. Pp)=(SEQpe€@Q AQ@B.Pp)
by (induct A rule: list.induct, simp-all add: SKIP-Seq, metis Seg-assoc)

7.6 1 Absorbance

lemma MultiSeq-BOT-absorb:
(Pa=1= (SEQz€Q 1 Q[a] @I2. P2) = (SEQ 2z€Q 1. Pz); L
by (metis BOT-Seq MultiSeq-Cons MultiSeg-factorization-append)

7.7 First Properties

lemma MultiSeq-SKIP-neutral:
«<Pa=SKIP = (SEQ 2€Q [l Q[a) @QI2. P2)=SEQz€Qlf @l2. P»
by (simp add: MultiSeg-def SKIP-Seq)

lemma MultiSeq-STOP-absorb:
«<Pa=STOP =
(SEQ z €Q 1 @ [a] @I2. P2) = (SEQ z €Q 1. P z); STOP»
by (metis STOP-Seq MultiSeq-Cons MultiSeq-factorization-append)

lemma mono-MultiSeq-eq:
~VzesetL Pr=Qzxr—=— MultiSeq L P = MultiSeq L @Q»
by (induct L) fastforce+

lemma MultiSeq-is-SKIP-iff:
(MultiSeq L P = SKIP < (Ya € set L. P a = SKIP)>
by (induct L, simp-all add: Seq-is-SKIP-iff)
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7.8 Commutativity

Of course, since the sequential composition P ; () is not commutative, the
result here is negative: the order of the elements of list L does matter in

SEQ z€QL. P 2.

7.9 Behaviour with Injectivity

lemma inj-on-mapping-over-MultiSeq:
<ng-on f (set C) =
(SEQz €@ C.Pzx)=SEQz €Q mapfC. P (inv-into (set C) fz)
proof (induct C)
case Nil
show ?case by simp
next
case (Cons a C)
hence f1: ¢<inv-into (insert a (set C)) f (f a) = a> by force
show ?case
apply (simp add: f1, rule arg-conglwhere f = <\z. P a ; o))
apply (subst Cons.hyps(1), rule inj-on-subset| OF Cons.prems],
simp add: subset-insertl)
apply (rule mono-MultiSeq-eq)
using Cons.prems by fastforce
qed

7.10 Definition of first-elem

primrec first-elem :: «['a = bool, '« list] = nat»
where «first-elem P[] = 0»
| first-elem P (x # L) = (if P x then 0 else Suc (first-elem P L))

first-elem returns the first index ¢ such that P (L ! i) = True if it exists,
length L otherwise.

This will be very useful later.

value «first-elem (Az. 4 < x) [0::nat, 2, 5]
lemma <first-elem (Az. 5 < z) [0::nat, 2, 5] = 3> by simp
lemma <P ‘ set L C {Fualse} = first-elem P L = length L»> by (induct L; simp)

end
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Chapter 8

The Global

Non-Deterministic Choice

theory GlobalNdet
imports MultiNdet
begin

8.1 General Non-Deterministic Choice Definition

This is an experimental definition of a generalized non-deterministic choice
a M b for an arbitrary set. The present version is "totalised" for the case
of A = {} by STOP, which is not the neutral element of the (1) operator
(because there is no neutral element for (M)).

lemma B P.V Q. (P :: 'a process) N Q = @
proof —
{ fix P :: a process
assume x : <V Q. P11 Q = @
hence <P = STOP»
by (erule-tac x = STOP in allE) (simp add: Ndet-is-STOP-iff)
with * have False
by (erule-tac x = SKIP in allF)
(metis mono-Ndet-FD-right Ndet-commute
SKIP-FD-iff SKIP-Neq-STOP idem-FD)

thus “thesis by blast
qed

lift-definition GlobalNdet :: (['a set, ‘a = 'B process| = 'B process»
is NP ifAd={}

then ({(s, X). s = [I}, {})
else (JacA. F (P a), JacA. D (P a))
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proof —
show «?thesis A P>
(is «is-process ( if A = {} then ({(s, X). s =[]}, {}) else (?f, ?d))) for A P
proof (split if-split, intro conjl impl)
show «is-process ({(s, X). s = [|}, {})
by (simp add: is-process-REP-STOP)
next
show <is-process (|Ja€A. F (P a), JacA. D (P a)) if nonempty: <A # {}
unfolding is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conv
proof (intro conjl alll impl)
show «([], {}) € ?f» using is-processT1 nonempty by blast
next
show «(s, X) € ?f = front-tickFree s» for s X
using is-processT2 by blast
next
show «(s @ ¢, {}) € ?f = (s, {}) € 2> for st
using is-processT3 by blast
next
show «(s, V) e f NXC Y = (s, X) € rfor s XY
using is-processT4 by blast
next
show «(s, X) € of A(Nec.ce Y — (s@Q e, {}) ¢ ?) = (s, XU Y) €
7% for s X Y
using is-processT5 by simp blast
next
show «(s @ [tick], {}) € o = (s, X — {tick}) € ?f» for s X
using is-processT6 by blast
next
show «s € 2d A tickFree s A front-tickFree t = s Q t € ?d» for st
using is-processT7 by blast
next
show (s € 2d = (s, X) € ?f» for s X
using is-processT8 by blast
next
show «s Q@ [tick] € ?d = s € ?d» for s
using is-processT9 by blast
qed
qed
qed

syntax -GlobalNdet :: «[pttrn,’a set,’b process] = 'b processy («(3M -€-. / -)» 76)
translations M p € A. P = CONST GlobalNdet A (Ap. P)

Note that the global non-deterministic choice M peA. P p is different from
the multi-non-deterministic prefix MpeA — P p which guarantees continu-
ity even when A is infinite due to the fact that it communicates its choice
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via an internal prefix operator.

It is also subtly different from the multi-non-deterministic choice [] peA.
P p which is only defined when A is finite.

lemma empty-GlobalNdet[simp] : <GlobalNdet {} P = STOP:
by (simp add: GlobalNdet.abs-eq STOP-def)

8.2 The Projections

lemma F-GlobalNdet:
«F (Mze A Px)=(if A= {} then {(s, X). s =[]} else (U z€A. F (P x)))
by (simp add: Failures-def FAILURES-def GlobalNdet.rep-eq)

lemma D-GlobalNdet:
D (MNze A Px)=(if A= {} then {} else (U z€A. D (P x)))»
by (simp add: Divergences-def DIVERGENCES-def GlobalNdet.rep-eq)

lemma T-GlobalNdet:
T (Mze A Pz)=(if A= {} then {[|} else (U z€A. T (P z)))
by (auto simp add: Traces-def TRACES-def Failures-def[symmetric]
F-GlobalNdet intro: F-T T-F)

lemma mono-GlobalNdet-eq:
Nz e A Px= Qz = GlobalNdet A P = GlobalNdet A @
by (subst Process-eq-spec, simp add: F-GlobalNdet D-GlobalNdet)

lemma mono-GlobalNdet-eq2:
Nz e A P (fz) = Qz = GlobalNdet (f * A) P = GlobalNdet A ()
by (subst Process-eq-spec, simp add: F-GlobalNdet D-GlobalNdet)

8.3 Factorization of (M) in front of GlobalNdet

lemma GlobalNdet-factorization-union:
[A#{} B#{l =
Mpe A Pp)nn(MNpeB.Pp)=(MpeAJB.Pp)p
by (subst Process-eq-spec) (simp add: F-GlobalNdet D-GlobalNdet F-Ndet D-Ndet)

8.4 | Absorbance

lemma GlobalNdet-BOT-absorb: <Pa=1=—a€ A= (Mz € A. Pz)=1»
using is-processT?2
by (subst Process-eg-spec)
(auto simp add: F-GlobalNdet D-GlobalNdet F-UU D-UU D-imp-front-tickFree)

lemma GlobalNdet-is-BOT-iff: «(Mz € A. Px) =1L +— (3a€ A. Pa= 1)
by (simp add: BOT-iff-D D-GlobalNdet)
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8.5 First Properties

lemma GlobalNdet-id: <A # {} = (Mp e A. P)=P»
by (subst Process-eg-spec) (simp add: F-GlobalNdet D-GlobalNdet)

lemma GlobalNdet-STOP-id: «(M p € A. STOP) = STOP»
by (cases <A = {}») (simp-all add: GlobalNdet-id)

lemma GlobalNdet-unit[simp] : «(M z € {a}. Pz) = P a
by(auto simp : Process-eq-spec F-GlobalNdet D-GlobalNdet)

lemma GlobalNdet-distrib-unit:
(A—{a} #{} = Nz cinserta A. Px)=PanN(MNzec A— {a}. Pz)
by (metis GlobalNdet-factorization-union GlobalNdet-unit
empty-not-insert insert-Diff-single insert-is-Un)

8.6 Behaviour of GlobalNdet with (1)

lemma GlobalNdet-Ndet:
(Ma€eA Pa)N(NacA Qa)=Ta€cA Pall Qaw
by (auto simp add: Process-eg-spec F-GlobalNdet D-GlobalNdet F-Ndet D-Ndet)

8.7 Commutativity

lemma GlobalNdet-sets-commudte:
«(Mae ANbeB. Pab)=NbeB MNaecA Pab
by (auto simp add: Process-eq-spec F-GlobalNdet D-GlobalNdet
F-Ndet D-Ndet F-STOP D-STOP)

8.8 Behaviour with Injectivity

lemma inj-on-mapping-over-GlobalNdet:
<anj-on fA= (Mxe€ A. Pz) =Nz e f A P (inv-into A fz)
by (simp add: Process-eq-spec F-GlobalNdet D-GlobalNdet
F-Ndet D-Ndet F-STOP D-STOP)

8.9 Cartesian Product Results

lemma GlobalNdet-cartprod-o s-set-o s-set:
«(MN(s,t) eAxB.P(sQt))=Nuec{sQt|st (s,t) € Ax B}. Pw
apply (subst Process-eg-spec, simp add: F-GlobalNdet D-GlobalNdet)
by safe auto
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lemma GlobalNdet-cartprod-s-set-os-set:
«(M(s,t) e AXB.P(s#t)=Nuec{s#t|st. (s,t)€ Ax B}. Pw
apply (subst Process-eq-spec, simp add: F-GlobalNdet D-GlobalNdet)
by safe auto

lemma GlobalNdet-cartprod-s-set-s-set:
«(M(s,t) e AX B.P[s,t])=Nue{stl|st (s,t) € Ax B}. Pw
apply (subst Process-eq-spec, simp add: F-GlobalNdet D-GlobalNdet)
by safe auto

lemma GlobalNdet-cartprod: <(M(s, t) € A x B.Pst)=MNs€ A.NMte B.Pst
apply (subst Process-eq-spec, simp add: F-GlobalNdet D-GlobalNdet)
by safe auto

8.10 Link with MultiNdet

This operator is in fact an extension of MultiNdet to arbitrary sets: when A
is finite, we have M a€A. Pa =[] acA. P a.

lemma finite-GlobalNdet-is-MultiNdet:
(finite A— (Mpe A. Pp)=[]peA Pp
by (simp add: Process-eq-spec F-GlobalNdet F-MultiNdet D-GlobalNdet D-MultiNdet)

We obtain immediately the continuity when A is finite (and this is a neces-
sary hypothesis for continuity).

lemma GlobalNdet-cont[simp]:
(finite A; YV z. cont (fz)] = cont (A\y. Mz € A. (fzy)))
by (simp add: finite-GlobalNdet-is-MultiNdet)

8.11 Link with Mndetprefiz

This is a trick to make proof of Mndetprefix using GlobalNdet as it has an
easier denotational definition.

lemma Mndetprefiz-GlobalNdet: <Mz € A - Px =Mz € A (zr — P )
apply (cases <A = {}», simp)
by (subst Process-eq-spec-optimized)
(simp-all add: F-Mndetprefix D-Mndetprefix F-GlobalNdet D-GlobalNdet)

lemma write0-GlobalNdet:
(A#{} = (Nz€A. (a - P2) = (a = (MNa€A. Pz))

by (auto simp add: Process-eq-spec write0-def
F-GlobalNdet D-GlobalNdet F-Mprefix D-Mprefiz)
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8.12 Properties

lemma GlobalNdet-Det:
A#{} = (MNa€A Pa)OQ=MNa€ A PalO Q
by (auto simp add: Process-eq-spec F-GlobalNdet D-GlobalNdet
F-Det D-Det Un-def T-GlobalNdet)

lemma Mndetprefiz-STOP: <A C C = (Ma € A — Pa) [C] STOP = STOP)
proof (subst STOP-iff-T, intro subset-antisym subsetl)
show s € {[|]} = s € T (Mndetprefit A P [C] STOP)) for s
by (simp add: Nil-elem-T)
next
show <A C C = s € T (Mndetprefiz A P [C] STOP) = s € {[|}> for s
by (auto simp add: STOP-iff-T T-Sync T-Mndetprefiz D-Mndetprefiz
T-STOP D-STOP write0-def T-Mprefix D-Mprefix subset-iff
split: if-split-asm)
(metis Sync.sym emptyLeftNonSync hd-in-set imagel insert-iff )+
qed

lemma GlobalNdet-Sync-distr:
A4 {} = Nze A Px)[C]Q=NzecA (Pz][C] Q)
apply (auto simp: Process-eq-spec T-GlobalNdet
F-GlobalNdet D-GlobalNdet D-Sync F-Sync) — takes some seconds
using front-tickFree-Nil by blast+

lemma Mndetprefiz-Mprefix-Sync-distr:
(ACB;BC(C]=(MaeA—Pa)[C]@ObeB—Qb)=
MaceAd— (Pa]C] Qa)

— does not hold in general when A C C
apply (cases <A = {}», simp,

metis (no-types, lifting) Mprefiz-STOP Mprefix-Sync-distr-subset

empty-subsetl inf-bot-left)
apply (cases «B = {}», simp add: Mprefiz-STOP Mndetprefiz-STOP)
apply (subst Mndetprefiz-GlobalNdet, subst GlobalNdet-Sync-distr, assumption)
apply (subst Mndetprefiz-GlobalNdet, subst Mprefiz-singl[symmetric])
apply (unfold write0-def, rule mono-GlobalNdet-eq[rule-format])
apply (subst Mprefiz-Sync-distr-subset[of - C B P @], blast, blast)
by (metis (no-types, lifting) in-mono inf-lel insert-disjoint(1)
Mprefiz-singl subset-singletonD)

corollary Mndetprefiz-Mprefix-Par-distr:
(ACB=(Ma€A—Pa)||(beB—->Qb)=MNacA—Pall Qw
by (simp add: Mndetprefiz-Mprefiz-Sync-distr)

lemma Mndetprefiz-Sync-Det-distr:
(MaeA—= (Pa[C](NMNbeB— Qb)) O
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(MbeB—=((MacA—Pa)[C] QD))
Crp(Mac€A—Pa)[C]J(Mbe B— Qby
if set-hyps : «A#{hH «B#{pAnC={php«BnC={p
— both surprising: equality does not hold + deterministic choice
proof —
have mono-GlobalNdet-FD:
(NP QA VYzre A PxLCpp Q= GlobalNdet A P Cpp GlobalNdet A Q>
by (auto simp: failure-divergence-refine-def le-ref-def F-GlobalNdet D-GlobalNdet)

have x : «a € A = b€ B =
(Mbe B. (a— (PalC](b— Qb)) O
(Ma e A. (b— ((a— Pa)[C] Qb)) Crp
(a = Pa)C] (b— Qb)) forad
apply (subst Mprefiz-Sync-distr-indep[of <{a}> C «{b}>, unfolded Mprefiz-singl])
using that(3)
apply (simp add: disjoint-iff; fail)
using that(4)
apply (simp add: disjoint-iff; fail)
apply (rule mono-Det-FD)
unfolding failure-divergence-refine-def le-ref-def
by (auto simp add: D-GlobalNdet F-GlobalNdet)

have «(Ma€ A.Mbe B. (a— (PaC] (b= QD)) O
(Mbe B MNae A (b— ((a— Pa)[C] QD)) Crp
Mmbe B.Mae A. ((a— Pa)[C](b— Qb))
apply (subst Det-commute, subst GlobalNdet-Det, simp add: set-hyps(2))
apply (subst Det-commute, subst GlobalNdet-Det, simp add: set-hyps(1))
apply (intro balll impl mono-GlobalNdet-FD)
using * by blast

thus ?thesis
apply (simp add: Mndetprefiz-GlobalNdet GlobalNdet-Sync-distr)
apply (subst (1 2 8) Sync-commute, simp add: GlobalNdet-Sync-distr set-hyps(2))
apply (subst (1 2 3) Sync-commute, simp add: GlobalNdet-Sync-distr set-hyps(1))
by (simp add: set-hyps(1, 2) write0-GlobalNdet)
qed

lemma GlobalNdet-Mprefiz-distr:
A#{}=(MNacADObeB—-Pab)=0beB—-(MNacA Pab)
by (auto simp add: Process-eg-spec F-GlobalNdet D-GlobalNdet F-Mprefix D-Mprefix)

lemma GlobalNdet-Det-distrib:
(Ma€eA PadQa)=MNacA Pa)OMac A Qa)
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if«<3Q'b.Va. Qa=(b— Q" a)p
proof —
from that obtain b Q' where Va. (Q a = (b — Q' a))» by blast
thus ?thesis
apply (cases <A = {}», simp add: Det-STOP)
apply (simp add: Process-eq-spec F-Det D-Det write0-def
F-GlobalNdet D-GlobalNdet T-GlobalNdet, safe)
by (auto simp add: F-Mprefix D-Mprefix T-Mprefix)
qed

end

76



Chapter 9

CSPM

theory CSPM
imports MultiDet MultiNdet MultiSync MultiSeq GlobalNdet HOL— CSP.Assertions
begin

From the binary laws of HOL-CSP, we immediately obtain refinement results
and lemmas about the combination of multi-operators.

9.1 Refinements Results

lemma mono-MultiDet-F":
finite A = Vax € A. Px Cp Q x = MultiDet A P Cp MultiDet A Q>
apply (induct A rule: induct-subset-empty-single; simp)
0oops

lemma mono-MultiDet-D[simp, elim]:
finite A = Vax € A. Px Cp Q v = MultiDet A P Cp MultiDet A @
and mono-MultiDet-T[simp, elim]:
finite A = Vo € A. Px Cp Q v = MultiDet A P Ty MultiDet A @»
and mono-MultiDet-DT[simp, elim):
finite A= Vzx € A. Pz Cpr Q x = MultiDet A P Cpr MultiDet A @Q»
and mono-MultiDet-FD[simp, elim]:
finite A=—=Vz € A. Pz Cpp Q x = MultiDet A P Crp MultiDet A Q>
by (induct A rule: induct-subset-empty-single; simp del: MultiDetl-insert)+

lemma mono-MultiNdet-F[simp, elim)]:
finite A= Vz € A. Pz Cp Q x = MultiNdet A P Cp MultiNdet A Q>
and mono-MultiNdet-D[simp, elim]:
(finite A= Vzr € A. Pz Cp Q= MultiNdet A P Cp MultiNdet A Q>
and mono-MultiNdet-T[simp, elim]:
finite A = Vax € A. Px Cr Q v = MultiNdet A P Ty MultiNdet A Q>
and mono-MultiNdet-DT [simp, elim]:
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finite A= Vr € A. Pz Cpr Q x = MultiNdet A P Cpp MultiNdet A @Q»
and mono-MultiNdet-FD[simp, elim]:

finite A= Vzx € A. Pz Cpp Q x = MultiNdet A P Crp MultiNdet A Q>
by (induct A rule: induct-subset-empty-single; simp)+

lemma mono-MultiNdet-F-single:
(A #{} = finite A=—=Vac A PCp Qa = P Cp MultiNdet A ()
and mono-MultiNdet-D-single:
(A #£{} = finite A= Va€ A PCp Qa = P Cp MultiNdet A @)
and mono-MultiNdet- T-single:
(A #£{} = finite A=Vac A PCpr Qa = P Cr MultiNdet A Q>
and mono-MultiNdet-DT-single:
(A # {} = finite A= Vac A PCpr Qa=— P Cpp MultiNdet A
and mono-MultiNdet-FD-single:
(A #{} = finite A—Va€ A PCprp Q a = P Cpp MultiNdet A ()
by (subst MultiNdet-id|where A = A, symmetric], simp-all)+

lemma
assumes <A # {}» and «<finite B> and <A C B)
shows mono-MultiNdet-F-left-absorb-subset:
Nz e A Pz Cp Q x = MultiNdet B P Cgp MultiNdet A ()
and mono-MultiNdet-D-left-absorb-subset:
Nz e A Pz Cp Q= MultiNdet B P Cp MultiNdet A @Q»
and mono-MultiNdet-T-left-absorb-subset:
Nz e A Pz Cpr Qr = MultiNdet B P Ty MultiNdet A Q>
and mono-MultiNdet-FD-left-absorb-subset:
Nz €A Pz Cprp Qx = MultiNdet B P Cpp MultiNdet A Q>
and mono-MultiNdet-DT-left-absorb-subset:
~Vzx e A PxCpr Qx— MultiNdet B P Cpr MultiNdet A Q>
supply finiteA = finite-subset|OF <A C B> «finite B»]
and B-eq = Un-absorbl[OF <A C B>, symmetric,
simplified Un-Diff-cancel[of A B, symmetric]]
and results = Diff-cancel MultiNdet-factorization-union Un-Diff-cancel assms(1,
2)
apply (metis mono-MultiNdet-F mono-Ndet-F-left results finiteA B-eq)
apply (metis mono-MultiNdet-D mono-Ndet-D-left results finiteA B-eq)
apply (metis mono-MultiNdet-T mono-Ndet-T-left results finiteA B-eq)
apply (metis mono-MultiNdet-FD mono-Ndet-FD-left results finiteA B-eq)
by (metis mono-MultiNdet-DT mono-Ndet-DT-left results finiteA B-eq)

corollary mono-MultiNdet-F-left-absorb|simp]:
finite A=z € A= Pz LCp Q = MultiNdet A P Cp @

and mono-MultiNdet-D-left-absorb[simp]:
finite A=z € A= Pz Cp Q = MultiNdet A P Cp @
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and mono-MultiNdet- T-left-absorb[simp):
finite A = v € A = Pz Cr Q = MultiNdet A P Cp @
and mono-MultiNdet-FD-left-absorb[simp]:
(finite A=z € A= Pz Crp Q = MultiNdet A P Crp @
and mono-MultiNdet-D T-left-absorb[simp):
(finite A= x € A= Px Cpr Q = MultiNdet A P Cpr Q>
apply (rule trans-F [OF mono-MultiNdet-F-left-absorb-subset
[where A = {z}>, simplified]]; simp)
apply (rule trans-D [OF mono-MultiNdet-D-left-absorb-subset
[where A = {z}, simplified]]; simp)
apply (rule trans-T [OF mono-MultiNdet-T-left-absorb-subset
[where A = {z}>, simplified]]; simp)
apply (rule trans-FD[OF mono-MultiNdet-FD-left-absorb-subset
[where A = {z}>, simplified]]; simp)
by (rule trans-DT[OF mono-MultiNdet-DT-left-absorb-subset
[where A = {z}>, simplified]]; simp)

lemma mono-MultiNdet-MultiDet-F[simp, elim]:
<finite A = MultiNdet A P Cr MultiDet A P>
and mono-MultiNdet-MultiDet-D]simp, elim]:
<finite A = MultiNdet A P Cp MultiDet A P>
and mono-MultiNdet-MultiDet-T[simp, elim]:
<finite A = MultiNdet A P Ty MultiDet A P>
and mono-MultiNdet-MultiDet-FD|simp, elim]:
<finite A = MultiNdet A P Cpp MultiDet A P>
and mono-MultiNdet-MultiDet-D T [simp, elim]:
<finite A = MultiNdet A P Cpr MultiDet A P
by (induct A rule: induct-subset-empty-single;
simp del: MultiDet-insert;
meson tdem-F mono-Ndet-F mono-Ndet-Det-F trans-F
idem-D mono-Ndet-D mono-Ndet-Det-D trans-D
idem-T mono-Ndet-T mono-Ndet-Det-T trans-T
idem-FD mono-Ndet-FD mono-Ndet-Det-FD trans-FD
idem-DT mono-Ndet-DT mono-Ndet-Det-DT trans-DT)+

lemma mono-MultiSync-F: <Nz €# M. Pz Cp @ © = MultiSync S M P
MultiSync S M @Q»

apply (induct M rule: induct-subset-mset-empty-single; simp)

oops

lemma mono-MultiSync-D: Nz €# M. Pz Cp Q v = MultiSync S M P
MultiSync S M Q>

apply (induct M rule: induct-subset-mset-empty-single; simp)

oops
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lemma mono-MultiSync-T: Nz €# M. Pz Cpr Q x = MultiSync S M P Crp
MultiSync S M @Q»

apply (induct M rule: induct-subset-mset-empty-single; simp)

oops

lemma mono-MultiSync-DT[simp, elim]:
Nz e# M. PrCpr Q= MultiSync S M P Cpp MultiSync S M Q>
and mono-MultiSync-FD|[simp, elim]:
Nz e€# M. PrxCrp Qx = MultiSync S M P Crp MultiSync S M @Q»
by (induct M rule: induct-subset-mset-empty-single; simp)+

find-theorems name: mset name: ind

lemmas mono-Multilnter-DT [simp, elim] = mono-MultiSync-DT[where S = «({}]
and mono-MultiInter-FD[simp, elim] = mono-MultiSync-FD[where S = «{})]
and mono-MultiPar-DT[simp, elim] = mono-MultiSync-DT|[where S = <UNIV)]
and mono-MultiPar-FD[simp, elim] = mono-MultiSync-FD[where S = «<UNIV>]

lemma mono-MultiSeq-F':
~Vzxe€setL. PxCp Qr — MultiSeq L P T MultiSeq L Q>
apply (induct L, fastforce) apply simp oops

lemma mono-MultiSeq-D:
Nz € set L. Px Cp Q x = MultiSeq L P Cp MultiSeq L @»
apply (induct L, fastforce) apply simp oops

lemma mono-MultiSeq-T':
~VzesetL PxLlp Qr—=— MultiSeq L P "y MultiSeq L @Q»
apply (induct L, fastforce) apply simp oops

lemma mono-MultiSeq-D T [simp, elim]:
~Vx e set L. Px Cpr Q x = MultiSeq L P Epr MultiSeq L Q)
and mono-MultiSeq-FD[simp, elim]:
Nz €setL. PrxCprp Qx = MultiSeq L P Crp MultiSeq L Q>
by (induct L) fastforce+

lemma mono-GlobalNdet[simp] : <GlobalNdet A P T GlobalNdet A @Q»

if Ve e A PzC Q
proof (cases <A = {})

show <A = {} = GlobalNdet A P C GlobalNdet A @Q)»> by simp
next

assume <A # {}P

show (GlobalNdet A P C GlobalNdet A Q>

unfolding le-approz-def
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proof (intro conjl impI alll subsetl)
show (s € D (GlobalNdet A Q) = s € D (GlobalNdet A P)» for s
using that[rule-format, THEN le-approzl] by (auto simp add: D-GlobalNdet
A £ (1)

next
show (s ¢ D (GlobalNdet A P) = R, (GlobalNdet A P) s = R, (GlobalNdet
A Q) s for s
using that[rule-format, THEN le-approz2)
by (auto simp add: D-GlobalNdet Ra-def F-GlobalNdet <A # {}»)
next
show (s € min-elems (D (GlobalNdet A P)) = s € T (GlobalNdet A Q)» for

using that[rule-format, THEN le-approz3)
by (simp add: D-GlobalNdet T-GlobalNdet <A # {}» min-elems-def) blast
qed
qed

lemma mono-GlobalNdet-F[simp, elim]:
~NVze A Pz Cp Q x = GlobalNdet A P Cr GlobalNdet A Q»
and mono-GlobalNdet-D[simp, elim]:
Nz €A Pz Cp Qrz = GlobalNdet A P Cp GlobalNdet A (>
and mono-GlobalNdet-T[simp, elim]:
Nz e A Pz Cpr Qr = GlobalNdet A P Cp GlobalNdet A @Q»
and mono-GlobalNdet-DT[simp, elim]:
Nz e A Pz Cpr Qx = GlobalNdet A P Cpr GlobalNdet A
and mono-GlobalNdet-FD[simp, elim)]:
Nz €A Pz Cprp Qx = GlobalNdet A P Crp GlobalNdet A Q>
unfolding failure-refine-def divergence-refine-def trace-refine-def

trace-divergence-refine-def failure-divergence-refine-def le-ref-def

by (auto simp add: F-GlobalNdet D-GlobalNdet T-GlobalNdet)

lemma GlobalNdet-refine-FD-subset:
(A #{} = A C B= GlobalNdet B P Crp GlobalNdet A P>
by (metis mono-Ndet-FD-left GlobalNdet-factorization-union
bot.extremum-uniquel idem-FD le-iff-sup)

lemma GlobalNdet-refine-F-subset:
(A #{} = A C B= GlobalNdet B P Cr GlobalNdet A P>
by (simp add: GlobalNdet-refine-FD-subset leF D-imp-leF)

lemma GlobalNdet-refine-FD: <a € A = GlobalNdet A P Crp P a»
using GlobalNdet-refine-FD-subset|of <{a}> A] by simp

lemma GlobalNdet-refine-F: <a € A = GlobalNdet A P Cg P a»
by (simp add: GlobalNdet-refine-FD leFD-imp-leF)

lemma mono-GlobalNdet-FD-const:
(A#{} =Vre A PCrp Q2 = P Cpp GlobalNdet A
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by (metis GlobalNdet-id mono-GlobalNdet-FD)

lemma mono-GlobalNdet-F-const:
(A#{} = Ve e A PCr Qz = P Cp GlobalNdet A ()
by (metis GlobalNdet-id mono-GlobalNdet-F)

9.2 Combination of Multi-Operators Laws

lemma finite-Mprefiz-is-MultiDet:
finite A=— Ope A—Pp)=0pe A (p— Pp)p
by (induct rule: finite-induct, simp-all add: Mprefiz-STOP)
(metis Mprefiz-Un-distrib Mprefiz-singl insert-is-Un)

lemma finite-Mndetprefiz-is-MultiNdet:
finite A = Mndetprefit AP =[] pe A (p = Pp)
by (cases <A = {}», simp, rotate-tac, induct rule: finite-set-induct-nonempty)
(simp-all add: Mndetprefiz-unit Mndetprefix-distrib-unit)

lemma QO ([ pe{}. Pp)=[]lpe{}. (QOPp) = Q= STOP»
by (simp add: Det-STOP)

lemma Det-MultiNdet-distrib:
A#{} = finite A= MO(]pecA Pp)=[|peA MOPp
by (erule finite-set-induct-nonempty, simp-all add: Det-distrib)

lemma <M N Ope{}. Pp)=0pe{}. (MNPp)= MnNSTOP = STOP)
by simp

lemma Ndet-MultiDet-distrib:
A#{} = finte A= MN Opec A Pp)=0Opec A MNIPp
by (erule finite-set-induct-nonempty, simp-all add: Ndet-distrib)

lemma MultiNdet-Sync-left-distrib:
«(B#{} = finite B= ([]a€ B.Pa)[S]M =[] a€ B.(PalS] M)
by (induct rule: finite-set-induct-nonempty)
(simp-all add: Sync-Ndet-left-distrib)

lemma MultiNdet-Sync-right-distrib:
(B # {} = finite B= M [S] MultiNdet B P =[] acB. (M [S] P a)»
by (subst Sync-commute, subst MultiNdet-Sync-left-distrib)
(simp-all add: Sync-commute)
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lemma Sync-MultiNdet-cartprod:
(A # {} = finite A = B # {} = finite B =
(N (sst)ye Ax B.(zs[SJyt)=(]s€Azs)[S](]te B ytp
apply (subst MultiNdet-cartprod, assumption+)
apply (subst MultiNdet-Sync-left-distrib, assumption+)
apply (subst MultiNdet-Sync-right-distrib, assumption+)
by presburger

lemmas Inter-MultiNdet-cartprod = Sync-MultiNdet-cartprod[where S = «({})]
and Par-MultiNdet-cartprod = Sync-MultiNdet-cartprod[where S = UNIV)

lemmas MultiNdet-Inter-left-distrib =
MultiNdet-Sync-left-distribjwhere S = «{}]
and MultiNdet-Par-left-distrib =
MultiNdet-Sync-left-distrib[where S = <UNIV»]

lemma Seq-MultiNdet-distribR:
(finite A= ([1pe A Pp);S=([1ped (Pp; S
by (induct A rule: finite-induct, simp add: STOP-Seq)
(metis MultiNdet-insert’ MultiNdet-rec1 Seq-Ndet-distrR)

lemma Seq-MultiNdet-distribL:
(A #{} = finite A= S; (| pe A. Pp)=(]pe€ Al (S; Pp)
by (induct A rule: finite-set-induct-nonempty, simp-all add: Seq-Ndet-distrL)

lemma prefiz- MultiNdet-distrib:
A#{} = finite A= (a > (| p€ A. Pp)=[]|pe A (a— Pp))
by (induct A rule: finite-set-induct-nonempty, simp-all add: write0-Ndet)

lemma Mndetprefiz- MultiNdet-distrib:
«(MgeB—=(]1peA Ppq)=[]lpednNqgeB—Pypqy
if finB: «finite B> and nonemptyA: <A # {}» and finA: «finite A>
proof (cases «<B = {}»)
case True thus ?thesis by (simp add: MultiNdet-STOP-id finA)
next
case Fulse thus ?thesis
proof (insert finB, induct B rule: finite-set-induct-nonempty)
case (singleton a)
thus ?case
by (simp add: Mndetprefiz-unit finA prefiz-MultiNdet-distrib nonemptyA)
next
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case (insertion z F')

show ?Zcase
apply (subst Mndetprefiz-Un-distriblof <{z}>, simplified, OF <F # {}])
apply (subst Mndetprefiz-unit,

subst prefiz-MultiNdet-distrib| OF nonemptyA finA])
apply (subst insertion.hyps(5))
apply (subst MultiNdet-Ndet[OF finA))
by (insert <F # {}> «x ¢ F», subst Mndetprefix-distrib-unit) force+
qed
qed

lemma MultiDet-Mprefiz:
finite A= (Ha€ A.Oz € Sa— Paxzx)=
Oze(Uac A Sa)—[lace{ac A € Sa}. Pam>
proof (induct A rule: induct-subset-empty-single)
case I
show ?case by (simp add: Mprefiz-STOP)
next
case 2
show ?case
by (simp, intro balll mono-Mprefiz-eq)
(simp add: Collect-conv-if)
next
case (3 F a)
show ?case
apply (simp del: MultiDet-insert add: «finite F)
apply (subst 3.hyps)
apply (subst Mprefiz-Det-distr)
apply (intro mono-Mprefiz-eq balll)
using «finite F» by (auto simp add: Process-eq-spec F-MultiNdet F-Ndet D-MultiNdet
D-Ndet)
qed

lemma MultiDet-prefiz-is-MultiNdet-prefix:
finite A= (Ope A (a—Pp)=[]pec A (a— Pp)p
by (induct A rule: induct-subset-empty-single, simp, simp)
(metis MultiDet-insert’ MultiNdet-insert’ prefix-MultiNdet-distrib write0-Det-Ndet)

lemma prefiz-MultiNdet-is- MultiDet-prefix:
(A#{} = finite A= (a - ([| p€e A. Pp)=0Ope A (a— Pp))
by (simp add: MultiDet-prefiz-is-MultiNdet-prefix prefix-MultiNdet-distrib)

lemma Mprefiz-MultiNdet-distrib”:
finite B = A # {} = finite A =
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(DgeB—[|peA Ppqg=0peAOqeB—=>Ppg
proof (induct B rule: finite-induct)
case empty
thus ?case by (simp add: Mprefiz-STOP MultiDet-STOP-id)
next
case (insert z F)
show ?Zcase
apply (subst (1 2) Mprefiz-Un-distriblof «{z}> F, simplified])
apply (subst Mprefiz-singl, subst prefiz-MultiNdet-distrib| OF insert.prems))
apply (subst MultiDet-prefiz-is-MultiNdet-prefix[symmetric, OF «finite A»])
apply (subst insert.hyps(3)[OF insert.prems])
apply (subst MultiDet-Det[OF «finite A»],
rule mono-MultiDet-eq[OF «finite A»])
by (subst Mprefiz-singl) fast
qed

lemma MultiSync-Hiding-pseudo-distrib:
finite B= BN S ={} =
([S] p e#t M. (Pp)\ B)) = ([S] p € M. Pp)\ B
by (induct M, simp add: Hiding-set-STOP)
(metis MultiSync-add MultiSync-rec1 Hiding-Sync)

lemma MultiSync-prefiz-pseudo-distrib:
M #A{#} = ae § =

((IST p €# M. (a — Pp)) = (a = ([S] p €# M. P p)))
by (induct M rule: mset-induct-nonempty) (simp-all add: prefiz-Sync2)

lemmas Multilnter- Hiding-pseudo-distrib =
MultiSync-Hiding-pseudo-distribjwhere S = «({}», simplified]
and MultiPar-prefiz-pseudo-distrib =
MultiSync-prefiz-pseudo-distrib[where S = <UNIV», simplified]

lemma Hiding-MultiNdet-distrib:
(finite A= ([1pe A. Pp)\B=(|pe A (Pp\ B))
by (cases <A = {}>, simp add: Hiding-set-STOP, rotate-tac)
(induct A rule: finite-set-induct-nonempty, simp-all add: Hiding-Ndet)

lemma Mndetprefiz- Hiding-is- MultiNdet-prefix- Hiding:

finite A—NpeA—-B— (Pp)\B) =[|peAd—-B.(p—((Pp)\ B))
proof (induct A rule: finite-induct)

case empty

thus ?case by fastforce
next

show «(finite F — ¢ ¢ F —
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MpeF-B— (Pp\B)=[|peF-B. (p—(Pp\B) =
MNpé€insertz F — B— (Pp\ B) =
[1p€insertz F — B. (p — (Pp\ B)) for z F
apply (cases <z € By, simp)
apply (cases «F — B = {}»,
metis (no-types, lifting) Mndetprefiz-unit MultiNdet-recl insert-Diff-if)
by (simp add: Mndetprefiz-distrib-unit insert-Diff-if )
qed

lemma Hiding-Mndetprefix-is-MultiNdet-Hiding:
finite A— ACB=—= (Ma€ A— P)\B=[|ac A (P\ Bp
by (cases <A = {}», simp add: Hiding-set-STOP, rotate-tac 2)
(induct A rule: finite-set-induct-nonempty,
simp-all add: Mndetprefiz-unit Hiding-Ndet Hiding-write(
Mndetprefiz-distrib-unit)

lemma MultiSync-Mprefiz-pseudo-distrib:
([S]Be# M.Ozx€ B— PBz) =
Oz e (B € set-mset M. B) — ([S] B €# M. P B x)»
if nonempty: <M # {#}> and hyp: ¥ Be€# M. BC S
proof—
from nonempty obtain b M’ where (b €¢# M — M"
< M = add-mset b M’y <M' C# M)
by (metis add-diff-cancel-left’ diff-subset-eq-self insert-Diff M
insert-Diff M2 multi-member-last multiset-nonemptyE)
show ?thesis
apply (subst (1 2 8) <M = add-mset b M")
using b €# M — My «M' CH# M>
proof (induct rule: msubset-induct-singleton’)
case m-singleton show ?case by fastforce
next
case (add = F) show ?case
apply (simp, subst Mprefiz-Sync-distr-subset[symmetric])
apply (meson add.hyps(1) hyp in-diffD,
metis <b €# M — M" hyp in-diffD le-infI1)
using add.hyps(3) by fastforce
qed
qed

lemmas MultiPar-Mprefix-pseudo-distrib =
MultiSync-Mprefiz-pseudo-distrib[where S = <UNIV», simplified)

A result on Mndetprefix and Sync.
lemma Mndetprefiz-Sync-distr: <A # {} = B # {} =
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(MaeA—Pa)[SJ(MbeB— Qb)) =
MNacA. NbeB. (Oce{a} -5 = (Pal]S] (b—
(Ode{b} — S > ((a— Pa)[S] Qb)) O
(Dcefa}n{db} NS = (PalS] Q
apply (subst (1 2) Mndetprefiz-GlobalNdet)
apply (subst GlobalNdet-Sync-distr, assumption)
apply (subst Sync-commute)
apply (subst GlobalNdet-Sync-distr, assumption)
apply (subst Sync-commute)
apply (unfold write0-def)
apply (subst Mprefix-Sync-distr-bis)
by (fold write0-def) blast

A result on MultiSeq with non-terminating.

lemma non-terminating-MultiSeq:
(SEQ a €Q L. Pa) =
SEQ a €Q take (Suc (first-elem (\a. non-terminating (P a)) L)) L. P a)
by (induct L; simp add: non-terminating-Seq)

9.3 Results on Renaming

lemma Renaming-GlobalNdet:
(Renaming (Ma € A. P (fa)) f=N0b¢€ f*A Renaming (P b) f>
by (subst Process-eq-spec)
(auto simp add: F-Renaming D-Renaming F-GlobalNdet D-GlobalNdet)

lemma Renaming-GlobalNdet-inj-on:
(Renaming (Ma € A. Pa) f =
nbef A Renaming (P (THE a. a € AN fa=0)) f»
if inj-on-f: <inj-on f A>
apply (subst Renaming-GlobalNdet[symmetric])
apply (intro arg-cong[where f = <\Q. Renaming @ f>] mono-GlobalNdet-eq)
by (metis inj-on-f the-inv-into-def the-inv-into-f-f)

corollary Renaming-GlobalNdet-inj:
(Renaming (Ma € A. Pa) f =
MNbef A Renaming (P (THE a. fa = b)) f» if inj-f: <nj >
apply (subst Renaming-GlobalNdet-inj-on, metis inj-eq inj-onl inj-f)
apply (rule mono-GlobalNdet-eq[rule-format])
by (metis imageE inj-eq|OF inj-f])

lemma Renaming-MultiNdet: <finite A => Renaming ([] a € A. P (fa)) f =
[1bef*A. Renaming (P b) f>
by (subst (1 2) finite-GlobalNdet-is-MultiNdet[symmetric))
(simp-all add: Renaming-GlobalNdet)

87



lemma Renaming-MultiNdet-inj-on:
finite A = inj-on f A =
Renaming ([ a € A. Pa) f =
[1bef A Renaming (P (THE a. a € ANfa=0)) [
by (subst (1 2) finite-GlobalNdet-is-MultiNdet[symmetric])
(sitmp-all add: Renaming-GlobalNdet-inj-on)

corollary Renaming-MultiNdet-inj:
finite A = inj [ =
Renaming ([1 a € A. Pa) f =[] b€ f*A. Renaming (P (THE a. fa = 1)) f>
by (subst (1 2) finite-GlobalNdet-is-MultiNdet[symmetric])
(simp-all add: Renaming-GlobalNdet-iny)

lemma Renaming-MultiDet:
finite A = Renaming (0 a € A. P (fa)) f =
Obef*“A. Renaming (P b) f>
apply (induct A rule: finite-induct)
by (simp-all add: Renaming-STOP Renaming-Det del: MultiDet-insert)

lemma Renaming-MultiDet-inj-on:
<Renaming (D a € A. Pa) f =
Obef A Renaming (P (THE a. a € AN fa=10))
if finite-A: <finite Ay and inj-on-f: <inj-on f A>
apply (subst Renaming-MultiDet| OF finite-A, symmetric])
apply (intro arg-conglwhere f = <AQ. Renaming Q f»]

mono-MultiDet-eq finite-A)

by (metis inj-on-f the-inv-into-def the-inv-into-f-f)

corollary Renaming-MultiDet-inj:
<Renaming (D a € A. Pa) f =00 € f*A. Renaming (P (THE a. fa = b)) /»
if finite-A: <finite Ay and inj-f: <inj f»
apply (subst Renaming-MultiDet-inj-on|OF finite-A], metis inj-eq inj-onl inj-f)
apply (rule mono-MultiDet-eq[rule-format], fact finite-imagel[OF finite-A])
by (metis imageE inj-eq|OF inj-f])

lemma Renaming-MultiSeq:
<Renaming (SEQ 1 €@ L. P (f1)) f = SEQ m €Q map f L. Renaming (P m) f»
by (induct L, simp-all add: Renaming-SKIP Renaming-Seq)

lemma Renaming-MultiSeq-inj-on:
<Renaming (SEQ 1 €Q L. P1) f =
SEQ m €Q map f L. Renaming (P (THE l. 1 € set L A fl=m)) f»
if inj-on-f: <inj-on f (set L)»
apply (subst Renaming-MultiSeq[symmetric])
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apply (intro arg-cong|where f = «AQ. Renaming Q f+] mono-MultiSeq-eq)
by (metis that the-inv-into-def the-inv-into-f-f)

corollary Renaming-MultiSeq-inj:
(Renaming (SEQ 1 €@ L. P1l) f =
SEQ m €Q map f L. Renaming (P (THE I. f1 = m)) f» if inj-f: <inj f>
apply (subst Renaming-MultiSeq-inj-on, metis inj-eq inj-onl inj-f)
apply (rule mono-MultiSeq-eq[rule-format])
by (metis (mono-tags, opaque-lifting) inj-image-mem-iff list.set-map inj-f)

end
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Chapter 10

Example: Dining
Philosophers

theory DiningPhilosophers
imports CSPM
begin

10.1 Classic Version

We formalize here the Dining Philosophers problem with a locale.
locale DiningPhilosophers =

fixes N::nat

assumes N-g1[simp] : <N > 1)

— We assume that we have at least one right handed philosophers (so at least
two philosophers with the left handed one).

begin

We use a datatype for representing the dinner’s events.

datatype dining-event =  picks (phil:nat) (fork:nat)
| putsdown (phil:nat) (fork:nat)

We introduce the right handed philosophers, the left handed philosopher
and the forks.

definition RPHIL:: <nat = dining-event process»
where <RPHIL i = p X. (picks i i — (picks i ((i—1) mod N) —
(putsdown i ((i—1) mod N) — (putsdown i i — X))))

definition LPHILO:: <dining-event process»

where <(LPHILO = p X. (picks 0 (N—1) — (picks 0 0 —
(putsdown 0 0 — (putsdown 0 (N—1) — X))))»
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definition FORK :: <nat = dining-event process»
where <FORK i = p X. (picks i i — (putsdown i i — X)) O
(picks ((i+1) mod N) i — (putsdown ((i+1) mod N) i — X))

Now we use the architectural operators for modelling the interleaving of the
philosophers, and the interleaving of the forks.

definition <PHILS = ||| P €# add-mset LPHILO (mset (map RPHIL [1..< NJ)).
P
definition (FORKS = ||| P €# mset (map FORK [0..< NJ]). P»

corollary <N = 3 = PHILS = (LPHILO ||| RPHIL 1 ||| RPHIL 2)»
— just a test
unfolding PHILS-def by (simp add: eval-nat-numeral upt-rec Sync-assoc)

Finally, the dinner is obtained by putting forks and philosophers in parallel.

definition DINING :: «dining-event process)
where «<DINING = (FORKS || PHILS)»

end

10.2 Formalization with fixrec Package

The fixrec package of HOLCF provides a more readable syntax (essentially,
it allows us to "get rid of u" in equations like p z. P z).

First, we need to see nat as cpo.

instantiation nat :: discrete-cpo
begin

definition below-nat-def:
(zznat) Cy+— =y

instance proof
qed (rule below-nat-def)

end
locale DiningPhilosophers-fizrec =

fixes N::nat

assumes N-g1[simp] : <N > 1)

— We assume that we have at least one right handed philosophers (so at least
two philosophers with the left handed one).

begin
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We use a datatype for representing the dinner’s events.

datatype dining-event =  picks (phil:nat) (fork:nat)
| putsdown (phil:nat) (fork:nat)

We introduce the right handed philosophers, the left handed philosopher
and the forks.

fixrec RPHIL :: <nat — dining-event process»
and LPHILO :: <dining-event process»
and FORK :: <nat — dining-event process)
where
RPHIL-rec [simp del] :
«(RPHIL-i = (picks i i — (picks i (i—1) —
(putsdown i (i—1) — (putsdown i i — RPHIL-i))))»
| LPHILO-rec|simp del] :
«(LPHILO = (picks 0 (N—1) — (picks 0 0 —
(putsdown 0 0 — (putsdown 0 (N—1) — LPHILO))))»
| FORK-rec [simp del] :
«(FORK-i = (picks i i — (putsdown i i - FORK-i)) O
(picks ((i+1) mod N) i — (putsdown ((i+1) mod N) i — FORK-i))»

Now we use the architectural operators for modelling the interleaving of the
philosophers, and the interleaving of the forks.

definition «PHILS = ||| P €# add-mset LPHILO (mset (map (Ai. RPHIL-7)
[1..<N])). P»
definition «(FORKS = ||| P €# mset (map (Ai. FORK-i) [0..<N]). P»

corollary <N = 8 =— PHILS = (LPHILO ||| RPHIL-1 ||| RPHIL-2))
— just a test
unfolding PHILS-def by (simp add: eval-nat-numeral upt-rec Sync-assoc)

Finally, the dinner is obtained by putting forks and philosophers in parallel.

definition DINING :: (dining-event process)
where (DINING = (FORKS || PHILS))

end

end

93



94



Chapter 11

Example: Plain Old
Telephone System

The "Plain Old Telephone Service is a standard medium-size example for
architectural modeling of a concurrent system.

Plain old telephone service (POTS), or plain ordinary telephone system,[1] is
a retronym for voice-grade telephone service employing analog signal trans-
mission over copper loops. POTS was the standard service offering from
telephone companies from 1876 until 1988[2] in the United States when
the Integrated Services Digital Network (ISDN) Basic Rate Interface (BRI)
was introduced, followed by cellular telephone systems, and voice over IP
(VoIP). POTS remains the basic form of residential and small business ser-
vice connection to the telephone network in many parts of the world. The
term reflects the technology that has been available since the introduction
of the public telephone system in the late 19th century, in a form mostly
unchanged despite the introduction of Touch-Tone dialing, electronic tele-
phone exchanges and fiber-optic communication into the public switched
telephone network (PSTN).

C.f. wikipedia https://en.wikipedia.org/wiki/Plain_ old__telephone_ service.

theory POTS
imports CSPM
begin
We need to see int as a cpo.
instantiation int :: discrete-cpo

begin

definition below-int-def:
(zzint) Cy+— =y

instance proof
qed (rule below-int-def)
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end

11.1 The Alphabet and Basic Types of POTS

Underlying terminology apparent in the acronyms:

1. T-side (target side, callee side)

2. O-side (originator (?) side, caller side)

datatype MtcO = Osetup | Odiscon-o
datatype MctO = Obusy | Oalert | Oconnect | Odiscon-t
datatype MtcT = Tbusy | Talert | Tconnect | Tdiscon-t
datatype MctT = Tsetup | Tdiscon-o

type-synonym Phones = <int»

datatype channels = tcO <Phones x MtcO» —

| ¢tO «Phones x MctO»

| teT <Phones x MtcT x Phones»

| ctT <Phones x MctT x Phones»

| tcOdial  «Phones x Phones»

| StartReject Phones — phone x rejects from now on to be
called

| EndReject Phones — phone x accepts from now on to be
called

| terminal ~ Phones

| off-hook  Phones

| on-hook  Phones

| digits <Phones x Phonesy — communication relation: x calls y

| tone-ring Phones
| tone-quiet Phones
| tone-busy Phones
| tone-dial Phones

| connected Phones

locale POTS =
fixes min-phones :: int
and maz-phones :: int
and VisibleEvents :: <channels set)
assumes min-phones-g-1[simp) : <1 < min-phones)
and maz-phones-g-min-phones[simp] : <min-phones < maz-phones
begin
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definition phones :: <Phones set> where <phones = {min-phones .. maz-phones}

lemma nonempty-phones[simpl: <phones # {}»

and finite-phones[simp|: <finite phones»

and at-least-two-phones[simpl: <2 < card phones»

and not-singl-phone[simp]: <phones — {p} # {}

apply (simp-all add: phones-def)

using mazx-phones-g-min-phones apply linarith+

by (metis atLeastAtMost-iff less-le-not-le maz-phones-g-min-phones order-refl sin-
gletonD subsetD)

definition FEwventsIPhone :: <Phones = channels set)

where  (EventsIPhone u = {tone-ring u, tone-quiet u, tone-busy u, tone-dial
u, connected u}»
definition FventsUser :: «Phones = channels set»

where  <EventsUser u = {off-hook u, on-hook u} U {z . 3 n. z = digits (u,

n)p

11.2 Auxilliaries to Substructure the Specification

abbreviation Sliding :: <'a process = 'a process = ‘a processy (infixl <>) 78)
where <P > Q= (PO Q)N
— This operator is also called Timeout, more studied in future theories.

abbreviation
Tside-connected 2 <Phones = Phones = channels process»
where (Tside-connected ts os =
(etTV(ts, Tdiscon-0,08) — teTV(ts, Tdiscon-t,08) — EndReject!ts— SKIP)
> (teTV(ts, Tdiscon-t,08) — ctTV(ts, Tdiscon-0,08) — EndReject!ts—SKIP))

abbreviation
Oside-connected :: «(Phones = channels process»
where <Oside-connected ts =
(ctO\(ts,Odiscon-t) — tcOl(ts,Odiscon-0) — EndReject!ts— SKIP)
> (tcO!(ts,Odiscon-0) — ctO!(ts,Odiscon-t) — EndReject!ts—SKIP))

abbreviation
Osidel :: <[Phones, Phones| = channels process»
where

<Osidel ts p = tcOdiall(ts,p)
—  (ctO\(ts,Oalert)
— ¢tO!(ts,Oconnect)
— (Oside-connected ts))
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O(ctO!(ts,Oconnect) —(Oside-connected ts))
O(ctO(ts,Obusy) — tcO!(ts,Odiscon-0) — EndRejectlts —
SKIP)»

definition
ITside-connected  :: <[Phones,Phones,channels process] = channels process»
where
«ITside-connected ts os IT = (ctT(ts, Tdiscon-o0,0s)
—( (tone-busylts
— on-hook!ts
— teTY(ts, Tdiscon-t,0s)
— EndReject!ts
— IT)
O (on-hook!ts
— teT(ts, Tdiscon-t,08)
— EndReject!ts
— IT)

O (on-hook!ts
— teTV(ts, Tdiscon-t,0s)
— ctTY(ts, Tdiscon-0,08)
— EndReject!ts
—IT)»

11.3 A Telephone

fixrec T :: «Phones — channels process»
and Oside :: «Phones — channels process»
and Tside :: <Phones — channels process)
and NoReject :: <Phones — channels process»
and Reject :: <Phones — channels process»
where
T-rec [simp del]: «T-ts = (Tside-ts 5 T-ts) > (Oside-ts 5 T-ts)
| Oside-rec  [simp del]: «Oside-ts = StartRejectlts

— tcO\(ts,Osetup)
— ([l p € phones. Osidel ts p)»
| Tside-rec  [simp del]: «Tside-ts = ctT?(y,z,08)|((y,z)=(ts, Tsetup))
— StartReject!ts
— ( teT¥(ts, Talert,os)
— tcTY(ts, Tconnect,0s)
—(Tside-connected ts 0s)
M (tcT(ts, Tconnect,os)
— (Tside-connected ts 0s)))»
| NoReject-rec [simp del]: «NoReject-ts = StartReject!ts — Reject-ts)
| Reject-rec  [simp del]: «Reject-ts = ctT?(y,z,08)|(y=ts A z=Tsetup N\ osEphones
A 08#£ts)
—  (tcTV(ts, Tbusy,0s) — Reject-ts)
O (EndReject!ts — NoReject-ts)»
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definition Tel:: <Phones = channels process»
where «Telp = (T-p [{StartReject p, EndReject p}] NoReject-p) \ {StartReject
p, EndReject p}»

11.4 A Connector with the Network

fixrec Call 2 <Phones — channels process»
and BUSY :: <Phones — Phones — channels processy
and Connected :: <Phones — Phones — channels process»
where
Call-rec [simp del]: <Call-os = (tcO! (o0s,0setup) — tcOdial?(z,ts)|(z=0s)
— (BUSY -0s-ts)) 5 Call-os»
| BUSY-rec [simp del]: <BUSY -o0sts = (if ts = os
then ctO!(o0s,0busy) — tcO!(o0s,0Odiscon-0) — SKIP
else ctT(ts, Tsetup,0s)
—( (teT(ts, Thusy,os)
— ctOY(o0s,0busy)
— tcOY(0s,0discon-0) — SKIP)
]
(teT'! (ts, Talert,os)
— ¢tO(0s,Oalert)
— teTV(ts, Tconnect,os)
— ¢tO!(os,Oconnect)
— Connected-o0s-ts)
(|
(tcTY(ts, Tconnect,0s)
— ¢tO!(o0s,Oconnect)
— Connected-o0s-ts)))»
| Connected-rec [simp del]: «Connected-os-ts = (tcO!(o0s,0discon-0) —
(( (etT(ts,Tdiscon-0,08) — tcTV(ts, Tdiscon-t,08) — SKIP)
(|

(tcTV(ts, Tdiscon-t,0s)— ctT)(ts, Tdiscon-o0,0s) — SKIP)

)
3 (ctOYo0s,0discon-t) — SKIP)))
(]
(tcTV(ts, Tdiscon-t,08) —
( (ctOYos,Odiscon-t)
— ctTV(ts, Tdiscon-0,08)
— tcOY(0s,0discon-o)
— SKIP )
O
(tcO(0s,0discon-o)
— ctTV(ts, Tdiscon-0,08)
— ctOY(o0s,0discon-t)
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— SKIP)

)
11.5 Combining NETWORK and TELEPHONES

to a SYSTEM

:: <channels process»
= (||| os €# (mset-set phones). Call-0s)>

definition NETWORK

where «<NETWORK
definition TELEPHONES :: (channels process)
where «(TELEPHONES = (||| ts €# (mset-set phones). Tel ts)»
definition SYSTEM :: <channels process»
«SYSTEM = NETWORK |[VisibleEvents] TELEPHONES)

where
We underline here the usefulness of the architectural operators, especially
MultiSync but also MultiNdet which appears in Oside recursive definition.

11.6 Simple Model of a User

User ;2 <Phones — channels process»
<Phones — channels process)

and UserSCon ::
where
«User-u = (off-hooklu —

User-rec[simp del]
(tone-diallu —
([l p € phones. digits!(u,p)—tone-quiet! u—
( (tone-ring!u— connected!u— UserSCon-u)

fixrec

O (connected!u— UserSCon-u)
O (tone-busylu— on-hook!u— User-u)

)
)
)
O (connected!u — UserSCon-u)
)
O (tone-ring!u— off-hook!u— connected!v — UserSCon-u)»

| UserSCon-rec[simp del]: «UserSCon-u = (tone-busylu — on-hooklu — User-u)

> (on-hook!u — User-u)»

fixrec User-Ndet 2 <Phones — channels process»
and UserSCon-Ndet :: <Phones — channels process»
where
«User-Ndet-u = (off-hook!u —

User-Ndet-rec[simp del]
(tone-diallu —
([l p € phones. digits!(u,p)—tone-quiet! u—
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( (tone-ring!u— connected!u— UserSCon-Ndet-u)
M (connected!u— UserSCon-Ndet-u)
M (tone-busy!u— on-hook!u— User-Ndet-u)

)
)
)

M (connected!u — UserSCon-Ndet-u)

)

N (tone-ring!u— off-hooktu—s connected!uw — UserSCon-Ndet-u)»

| UserSCon-Ndet-rec[simp del]: «UserSCon-Ndet-u = (tone-busylu — on-hooklu
— User-Ndet-u) M (on-hooklu — User-Ndet-u)»

definition ImplementT :: «Phones = channels process»

where

11.7

«ImplementT ts = ((Tel ts) [ EventsIPhone ts U EventsUser ts] (User-ts))
\ (EventsIPhone ts U EventsUser ts)»

Toplevel Proof-Goals

This has been proven in an ancient FDR model for maz-phones = ...

lemma
lemma
lemma
lemma
lemma
lemma
lemma

lemma

V' p € phones. deadlock-free (Tel p) oops

«Vp € phones. deadlock-free-v2 (Call-p)> oops
<deadlock-free-v2 NETWORK)> oops
<deadlock-free-v2 SYSTEM)> oops

lifelock-free SYSTEM)> oops

V' p € phones. lifelock-free (ImplementT p)> oops
«Vp € phones. Tel p Cpp ImplementT p> oops

«Vp € phones. Tel"p CTr RUN UNIV> oops

this should represent "deterministic" in process-algebraic terms. . .

end

end
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Chapter 12

Results on cvents-of

theory FEventsProperties
imports CSPM
begin

12.1 With Operators of HOL-CSP

lemma events-of-def-tickFree:
cevents-of P = (Ute{t € T P. tickFree t}. {a. ev a € set t})»
proof —
have <s € T P = — tickFree s = ev e € set s = ev e € set (butlast s)» for
es
by (cases s rule: rev-cases) (simp-all add: append-single- T-imp-tickFree)
thus ?thesis
by (auto simp add: events-of-def)
(metis butlast-snoc front-tickFree-butlast is-processT2-TR
is-process T3-ST nonTickFree-n-front TickFree)
qed

lemma events-BOT: <events-of 1 = UNIV»
and events-SKIP: <events-of SKIP = {}»
and events-STOP: <events-of STOP = {}»
by (auto simp add: events-of-def T-UU T-SKIP T-STOP)
(meson front-tickFree-single list.set-intros(1))

lemma anti-mono-events-T: <P Cpr () => events-of @ C events-of P»
unfolding trace-refine-def events-of-def by fast

lemma anti-mono-events-F: <P Cp @ = events-of Q C events-of P>
by (intro anti-mono-events-T leF-imp-leT)

lemma anti-mono-events-FD: <P Cpp @) = events-of @ C events-of P»
by (intro anti-mono-events-F leFD-imp-leF’)
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lemmas events-fiz-prefic =
events-DF [of «{a}», simplified DF-def Mndetprefiz-unit] for a

lemma events-Mndetprefiz:

cevents-of (Mndetprefix A P) = A U (|J a€A. events-of (P a))»

apply (cases <A = {}», simp add: events-STOP)

unfolding events-of-def

apply (simp add: T-Mndetprefic T-Mprefiz write0-def, safe; simp)
apply (metis event.inject list.exhaust-sel set-ConsD)

by (metis Nil-elem-T list.sel(1, &) list.set-intros(1))
(metis list.sel(1, 3) list.set-intros(2))

lemma events-Mprefiz:
cevents-of (Mprefizt A P) = A U (|Ja€A. events-of (P a))
apply (rule subset-antisym)
apply (rule subset-trans[ OF anti-mono-events-FD[OF Mprefiz-refines-Mndetprefiz-FD]],
simp add: events-Mndetprefiz)
unfolding events-of-def
apply (simp add: T-Mprefiz, safe; simp)
by (metis Nil-elem-T list.sel(1, 8) list.set-intros(1))
(metis list.sel(1, 8) list.set-intros(2))

lemma events-prefiz: <events-of (a — P) = insert a (events-of P))
unfolding write0-def by (simp add: events-Mprefiz)

lemma events-Ndet: <events-of (P M Q) = events-of P U events-of Q>
unfolding events-of-def by (simp add: T-Ndet)

lemma events-Det: <events-of (P O @) = events-of P U events-of
unfolding events-of-def by (simp add: T-Det)

lemma events-Renaming:

cevents-of (Renaming P f) = (if D P = {} then f ‘ events-of P else UNIV)»
proof (split if-split, intro conjl impl)

show (D P # {} = events-of (Renaming P f) = UNIV)

by (rule events-div, simp add: D-Renaming)
(metis D-imp-front-tickFree ex-in-conv front-tickFree-charn
front-tickFree-implies-tickFree is-process T9-S-swap non TickFree-n-front TickFree)

next

show <events-of (Renaming P f) = f ¢ events-of P» if div-free : <D P = {}»

proof (intro subset-antisym subsetl)
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fix e
assume <e € events-of (Renaming P f)»
then obtain s t where x : <t € T P» <s = map (EvEzxt ) t» <ev e € set &
by (auto simp add: events-of-def T-Renaming div-free)
from (2, 8) obtain ¢’ where <e = fe’s <eve’ € set t»
by (auto simp add: EvExt-def split: event.split-asm)
with x(1) show <e € f ¢ events-of P»
unfolding events-of-def by blast
next
fix e
assume <e € f ‘ events-of P>
then obtain ¢’ where * : <¢ = f e’y <e’ € events-of P> by blast
from %(2) obtain ¢t where ¢t € T P) <eve’ € set b
unfolding events-of-def by blast
thus <e € events-of (Renaming P f)
apply (simp add: events-of-def T-Renaming)
apply (rule disjI1)
apply (rule-tac © = <map (FEvExt f) ¢ in exl)
using (1) by (auto simp add: EvExt-def image-iff split: event.split)
qed
qed

lemma events-Seg:
cevents-of (P35 Q) =
(if non-terminating P then events-of P else events-of P U events-of Q)»
proof (split if-split, intro conjl impl)
show <non-terminating P —> events-of (P ; Q) = events-of P»
by (simp add: non-terminating-Seq)
next
show <events-of (P 3 Q) = events-of P U events-of @Q» if <= non-terminating P>
proof (intro subset-antisym subsetl)
show (e € events-of (P Q) = e € events-of P U events-of @) for e
by (auto simp add: events-of-def T-Seq F-T D-T intro: is-processT3-ST)
next
fix s
assume <s € events-of P U events-of (>
then consider <s € events-of Py | <s € events-of Q> by fast
thus <s € events-of (P Q)
proof cases
show (s € events-of P = s € events-of (P ; Q)
by (simp add: events-of-def-tickFree T-Seq)
(metis Nil-elem-T append.right-neutral is-processT5-S7 singletonD)
next
from non-terminating-refine-DF that
obtain t! where * : <t1 € T Py <t1 ¢ T (DF UNIV)»
by (metis subsetl trace-refine-def)
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then obtain ¢/’ where (t1 = t1’ Q [tick]»
using DF-all-tickfree-traces2 T-nonTickFree-imp-decomp is-processT3-ST
by blast
hence (12 € T Q = t1'Q 2 € T (P; Q) for t2
using (1) T-Seq by blast
thus (s € events-of Q = s € events-of (P ; Q)
by (simp add: events-of-def, elim bexFE)
(metis UnCI set-append)
qed
qed
qed

lemma events-Sync: <events-of (P [S] Q) C events-of P U events-of Q»

apply (subst events-of-def, subst T-Sync, simp add: subset-iff)
proof (intro alll impI conjl, goal-cases)

case (1 a)

thus ?case by (metis (no-types, lifting) UN-I events-of-def ftf-Syncl mem-Collect-eq)

next
case (2 a)
then obtain t u where <t e D PAu€eT QViteD QANueT P by blast
thus ?case using events-div by blast

qed

lemma events-Inter:
cevents-of ((P :: 'a process) ||| Q) = events-of P U events-of Q>
proof (rule subset-antisym|[OF events-Sync])
have «[tickFree s; s € T (P :: 'a process)] = s € T (P ||| Q)» for s P Q
apply (simp add: T-Sync)
apply (rule disjI1)
apply (rule-tac x = s in exl, simp)
apply (rule-tac z = «[]» in ezl, simp add: Nil-elem-T)
by (metis Sync.sym emptyLeftSelf singletonD tickFree-def)
hence (events-of (P :: 'a process) C events-of (P ||| Q) for P Q
unfolding events-of-def-tickFree by fast
thus <events-of P U events-of Q C events-of (P ||| Q)
by (metis Inter-commute Un-least)
qed

lemma empty-div-hide-events-Hiding: <events-of (P \ B) C events-of P — B»
if <div-hide P B = {}»
unfolding events-of-def T-Hiding
apply (subst that, simp)
using F-T by auto blast
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lemma not-empty-div-hide-events- Hiding:
«div-hide P B # {} = events-of (P \ B) = UNIV)
using D-Hiding events-div by blast

events-of and deadlock-free

lemma nonempty-events-if-deadlock-free: «deadlock-free P —> events-of P # {}
unfolding deadlock-free-def events-of-def failure-divergence-refine-def le-ref-def
apply (simp add: div-free-DF, subst (asm) DF-unfold)
apply (simp add: F-Mndetprefiz write0-def F-Mprefiz subset-iff)
by (metis Nil-elem-T T-F-spec UNIV-I hd-in-set is-processT5-S7
list.distinct(1) self-append-conv2)

lemma events-in-DF: «<DF A Cpp P = events-of P C A»
by (metis anti-mono-events-FD events-DF')

lemma nonempty-events-if-deadlock-frees ik 1 p:
<deadlock-freesyp P = [tick] € T PV events-of P # {}»
unfolding deadlock-frees i 1 p-def events-of-def failure-refine-def le-ref-def
apply (subst (asm) DF gk p-unfold)
apply (simp add: F-Mndetprefiz write0-def F-Mprefiz subset-iff F-Ndet F-SKIP)
by (metis Nil-elem-T T-F-spec UNIV-I hd-in-set is-processT5-S7
list.distinct(1) self-append-conv2)

lemma events-in-DF g rp: <DFsxip A Cpp P = events-of P C A»
by (metis anti-mono-events-FD events-DF gk 1p)

lemma - events-of PC A= - DF ACpp P>
and <— events—ofP - A= = DFgskrp A Crp P
by (metis anti-mono-events-FD events-DF')
(metis anti-mono-events-FD events-DF gk 1p)

12.2 With Architectural Operators of HOL-CSPM

lemma events-MultiNdet:
finite A = events-of (MultiNdet A P) = (| a€A. events-of (P a))»
by (cases <A = {}>, simp add: events-STOP)
(rotate-tac, induct A rule: finite-set-induct-nonempty; simp add: events-Ndet)

lemma events-MultiDet:
finite A = events-of (MultiDet A P) = (|Ja€A. events-of (P a))»
by (induct A rule: finite-induct) (simp-all add: events-STOP events-Det)

lemma events-MultiSeq:
cevents-of (SEQ a €Q L. P a) =
(Ua € set (take (Suc (first-elem (Aa. non-terminating (P a)) L)) L).
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events-of (P a))»
by (subst non-terminating-MultiSeq, induct L; simp add: events-SKIP events-Seq)

lemma events-MultiSeq-subset:
cevents-of (SEQ a €@ L. P a) C (Ja € set L. events-of (P a))»
using in-set-takeD by (subst events-MultiSeq) fastforce

lemma events-MultiSync:
cevents-of ([S] a €# M. P a) C (Ua € set-mset M. events-of (P a))»
by (induct M rule: induct-subset-mset-empty-single; simp add: events-STOP)
(meson Diff-subset-conv dual-order.trans events-Sync)

lemma events-Multilnter:
cevents-of (||| a €# M. P a) = ([Ja € set-mset M. events-of (P a))
by (induct M rule: induct-subset-mset-empty-single)
(simp-all add: events-STOP events-Inter)

end
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Chapter 13

Deadlock Results

theory DeadlockResults
imports CSPM
begin

When working with the interleaving P|||Q, we intuitively expect it to be
deadlock-free when both P and @) are.

This chapter contains several results about deadlock notion, and concludes
with a proof of the theorem we just mentioned.

13.1 Unfolding Lemmas for the Projections of DF
and DFSKIP

DF and DF gk 1p naturally appear when we work around deadlock-free and
deadlock-frees i 1 p notions (because

deadlock-free P = DF UNIV Cgpp P
deadlock-freesxip P = DFsxgrp UNIV Cp P).

It is therefore convenient to have the following rules for unfolding the pro-
jections.

lemma F-DF:
«F (DF A) =
(if A = {} then {(s, X). s = [}
else (JzeA. {[]} x {ref. evx & ref} U
{(tr, ref). tr Z[] A hd tr = ev x A (8l tr, ref) € F (DF A)}))»
and F—DFSKIPZ
«F (DFSKIP A) =
(if A= {} then {(s, X). s =[] V s = [tick]}
else {(s, X)| s X. s =[] A tick ¢ X V s = [tick]} U
(UzeA. {[]} x {ref. evz ¢ ref} U
{(tr, ref). tr #[] A hd tr = evz A (t tr, ref) € F (DFskrp A)}))
by (subst DF-unfold DF g 1 p-unfold;
auto simp add: F-STOP F-Mprefizx F-Mndetprefix write0-def F-SKIP F-Ndet)+
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corollary Cons-F-DF"
(z#t, X) € F(DFA) = (t, X) € F (DF A)
and Cons-F-DF gk 1p:
(T 7é tick = (37 # t, X) e F (DFSKIP A) - (t, X) e F (DFSKIP A))
by (subst (asm) F-DF F-DF gk p; auto split: if-split-asm)+

lemma D-DF: <D (DF A) = (if A = {} then {}
else {s. s#[|AN Bz e A hds=eva Atls €D (DF A))})
and D-DFSKIPZ <D (DFSKIP A) = (ZfA = {} then {}
else {s.s#[|AN(FBzxe€ A hds=evaz Atls €D (DFskip A))})
by (subst DF-unfold DF g 1 p-unfold;
auto simp add: D-Mndetprefix D-Mprefiz write0-def D-Ndet D-SKIP)+

lemma T-DF:

T (DF A) =

(if A = {} then {[}

else{s.s=[|Vs#[[ NGBz e A hds=evz ANtlse T (DF A)})
and T—DFSK]PZ
(T (DFskrip A) =

(if A = {} then {(), [tick]}

else {s. s =[] V s = [tick] V

s#Z[INEBze A hds=cecvz ANtlseT (DFskrp A))})

by (subst DF-unfold DF gk 1 p-unfold;

auto simp add: T-STOP T-Mndetprefiz write0-def T-Mprefiz T-Ndet T-SKIP)+

13.2 Characterizations for deadlock-free, deadlock-freesgp

We want more results like [deadlock-free P; deadlock-free Q] = dead-
lock-free (P T @), and we want to add the reciprocal when possible.

The first thing we notice is that we only have to care about the failures

lemma <deadlock-freesip P = DFsgrp UNIV Cp P
by (fact deadlock-frees i 1 p-def)

lemma deadlock-free-F': <deadlock-free P +— DF UNIV Cp P»
by (metis deadlock-free-def div-free-divergence-refine(5) leFD-imp-leF
leF-imp-leT leF-leD-imp-leF'D non-terminating-refine-DF
nonterminating-implies-div-free)

lemma deadlock-free-Mprefiz-iff: <deadlock-free (0 a € A — P a) +—
AZ£{} AN (Va € A. deadlock-free (P a))»
and deadlock-frees i 1 p-Mprefiz-iff: <deadlock-frees x1p (Mprefix A P) +—
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A#{} N (Va € A deadlock-freeskip (P a))
unfolding deadlock-free-F deadlock-frees i 1 p-def failure-refine-def
apply (all <subst F-DF F‘DFSKIP>7
auto simp add: div-free-DF F-Mprefix D-Mprefix subset-iff)
by (metis imagel list.distinct(1) list.sel(1, 3))
(metis (no-types, lifting) event.distinct(1) image-eql list.sel(1, 3) neq-Nil-conv)

lemmas deadlock-free-prefiz-iff =
deadlock-free-Mprefiz-iff [of {a}> <\a. P», folded write0-def, simplified)
and deadlock-frees i 1 p-prefix-iff =
deadlock-frees i 1 p-Mprefiz-iff [of <{a}» <Aa. P», folded write0-def, simplified]
for a P

lemma deadlock-free-Mndetprefiz-iff: «deadlock-free (M a € A — P a) +—
A #{} N (Va€A. deadlock-free (P a))
and deadlock-frees i 1 p-Mndetprefiz-iff: <deadlock-freesxrp (M a € A — P a)
—>
A # {} N (Ya€A. deadlock-freesgrp (P a))
apply (all <intro iffI conjl»)
using non-deadlock-free-STOP
apply force
apply (meson Mprefiz-refines-Mndetprefix-FD
deadlock-free-Mprefiz-iff deadlock-free-def trans-FD)
apply (metis (no-types, lifting) Mndetprefiz-GlobalNdet
deadlock-free-def deadlock-free-prefiz-iff mono-GlobalNdet-FD-const)
using non-deadlock-free-v2-STOP
apply force
apply (meson Mprefix-refines-Mndetprefiz-FD deadlock-frees i 1 p-FD
deadlock-freeg i 1 p-Mprefiz-iff trans-FD)
by (metis (no-types, lifting) Mndetprefiz-GlobalNdet deadlock-frees i 1 p-prefiz-iff
deadlock-free-v2-FD mono-GlobalNdet-FD-const)

lemma deadlock-free-Ndet-iff: <deadlock-free (P 1 Q) «—
deadlock-free P N deadlock-free Q>
and deadlock-frees i 1 p-Ndet-iff: <deadlock-freesirp (P 1 Q) +—
deadlock-freesxrp P N deadlock-freesrp @Q»
unfolding deadlock-free-F deadlock-frees i 1 p-def failure-refine-def
by (simp-all add: F-Ndet)

lemma deadlock-free-GlobalNdet-iff: «deadlock-free (M a € A. P a) +—
A#{} N (Y a € A deadlock-free (P a))»
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and deadlock-frees i 1 p-GlobalNdet-iff: «deadlock-freeskxrp (M a € A. P a) +—
A#{} N (Y a€ A deadlock-freeskrp (P a))
by (metis (mono-tags, lifting) GlobalNdet-refine-FD deadlock-free-def trans-FD
mono-GlobalNdet-FD-const non-deadlock-free-STOP empty-GlobalNdet)
(metis (mono-tags, lifting) GlobalNdet-refine-FD deadlock-freeg i 1 p-FD trans-FD
mono-GlobalNdet-FD-const non-deadlock-frees i 1 p-STOP empty-GlobalNdet)

lemma deadlock-free-MultiNdet-iff: «deadlock-free ([ a € A. P a) +—
A#{} AN (Y a€ A deadlock-free (P a))»
and deadlock-frees i 1 p-MultiNdet-iff: <deadlock-freesxrp ([ a € A. P a) +—
A#{} N (Y a€ A deadlock-freesirp (P a))
if fin: <finite A»
by (metis deadlock-free-GlobalNdet-iff  finite- GlobalNdet-is-MultiNdet that)
(metis deadlock-frees i 1 p-GlobalNdet-iff finite- GlobalNdet-is-MultiNdet that)

lemma deadlock-free-MultiDet:
(A # {}; finite A; V acA. deadlock-free (P a)] = deadlock-free (Oa € A. P a)
and deadlock-frees i 1 p-MultiDet:
(JA # {}; finite A; V a€A. deadlock-freeskrp (P a)] = deadlock-freeskrp (Da
€ A. Pa)
by (metis deadlock-free-MultiNdet-iff deadlock-free-def
mono-MultiNdet-MultiDet-FD trans-FD)
(metis deadlock-frees i 1p-FD deadlock-frees i 1 p-MultiNdet-iff
mono-MultiNdet-MultiDet-FD trans-FD)

lemma deadlock-free-Det:
<deadlock-free P = deadlock-free ~ Q = deadlock-free (P O Q)
and deadlock-freeg i 1 p-Det:
<deadlock-frees g1 p P = deadlock-freesrp Q = deadlock-freesrp (P O Q)
by (meson deadlock-free-Ndet deadlock-free-def mono-Ndet-Det-FD trans-FD)
(metis deadlock-frees i p-FD deadlock-frees i 1 p-Ndet-iff mono-Ndet-Det-FD
trans-FD)

For P O @), we can not expect more:

lemma
<3P Q. deadlock-free P A — deadlock-free  Q A
deadlock-free (P O Q)
<3P Q. deadlock-freesxrp P N — deadlock-freesxrp @ A
deadlock-freesrp (P O Q)
by (metis Det-STOP deadlock-free-def idem-FD non-deadlock-free-STOP)
(metis Det-STOP deadlock-frees i1 p-FD idem-FD non-deadlock-frees g 1 p-STOP)
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lemma FD-Mndetprefiz-iff:
(A%{}:>PEFDHCL€A*>Q(—)(V(IGA.PEFD (a%Q)))
by (auto simp: failure-divergence-refine-def le-ref-def subset-iff
D-Mndetprefix F-Mndetprefiz write0-def D-Mprefiz F-Mprefix) blast

lemma Mndetprefiz-FD: «(3a € A. (a > Q) Cpp P)=MNa € A— QLCprp P»
by (meson Mndetprefiz-refine-FD failure-divergence-refine-def trans-FD)

Mprefix, Sync and deadlock-free

lemma Mprefiz-Sync-deadlock-free:
assumes not-all-empty: <A #{} Vv B#{} v A'NnB #{}h
and <ANS={pand <A’'C S»and «<BN S ={} and <B'C S»
and «Vz€A. deadlock-free (P x [S] Mprefiz (B U B') Q)
and <V yeB. deadlock-free (Mprefiz (AU A") P [S] Q y)»
and «Vz€A’' N B’. deadlock-free (P z [S] Q z))
shows «deadlock-free (Mprefiz (A U A’) P [S] Mprefix (B U B) Q)
proof —
have < A={} ABZ{}NA'NB' #{}VAL{IANB={}ANA'NB' ={}V
A£{JANB={JANA'NB A#{}VA={3AB#£{} NA'NB' ={}V
AJANB##{NANB ={}VA={}AB={}ANA'NB #{}V
A+ {3} ANB#{} NA'Nn B # {}> by (meson not-all-empty)
thus ?thesis
apply (subst Mprefiz-Sync-distr; simp add: assms Mprefiz-STOP)
by (metis (no-types, lifting) Det-STOP Det-commute Mprefiz-STOP
assms(6, 7, 8) deadlock-free-Det deadlock-free-Mprefiz-iff)
qed

lemmas Mprefiz-Sync-subset-deadlock-free = Mprefiz-Sync-deadlock-free

[where A = «{}p and B = ({}, simplified]
and Mprefiz-Sync-indep-deadlock-free = Mprefiz-Sync-deadlock-free

[where A’ = ({}> and B’ = ({}», simplified]
and Mprefiz-Sync-right-deadlock-free = Mprefiz-Sync-deadlock-free

[where A = «{}» and B’ = «{}», simplified]
and Mprefiz-Sync-left-deadlock-free = Mprefiz-Sync-deadlock-free

[where A’ = «{}> and B = «({}, simplified]

13.3 Results on Renaming

The Renaming operator is new (release of 2023), so here are its properties
on reference processes from HOL— CSP.Assertions, and deadlock notion.

13.3.1 Behaviour with References Processes

For DF
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lemma DF-FD-Renaming-DF: <DF (f ¢ A) Cpp Renaming (DF A) f»
proof (subst DF-def, induct rule: fix-ind)
show <adm (Aa. a Cpp Renaming (DF A) f)> by (simp add: monofun-def)
next
show <L Crpp Renaming (DF A) f» by simp
next
show «(A z.Ma € f *A — z)-x Cpp Renaming (DF A) f»
if <z Cpp Renaming (DF A) f> for z
apply simp
apply (subst DF-unfold)
apply (subst Renaming-Mndetprefiz)
by (rule mono-Mndetprefiz-FD[rule-format, OF that])
qed

lemma Renaming-DF-FD-DF: <Renaming (DF A) f Cpp DF (f < A)»
if finitary: <finitary f>
proof (subst DF-def, induct rule: fiz-ind)
show <adm (\a. Renaming a f Cpp DF (f ¢ A))»
by (simp add: finitary monofun-def)
next
show (Renaming L f Crpp DF (f ¢ A)) by (simp add: Renaming-BOT)
next
show <Renaming (A z. Ma € A — z)z) f Cpp DF (f * A)
if <Renaming z f Cpp DF (f ¢ A)) for z
apply simp
apply (subst Renaming-Mndetprefiz)
apply (subst DF-unfold)
by (rule mono-Mndetprefiz-FD[rule-format, OF that])
qed

For DFSKIP

lemma DFgip-FD-Renaming-DF sk 1p:
<DFSKIP (f ¢ A) EFD Renamz’ng (DFSKIP A) f)
proof (subst DF g 1p-def, induct rule: fiz-ind)
show <adm (Aa. a Crpp Renaming (DFskrp A) f)» by (simp add: monofun-def)
next
show <L Crp Renaming (DFskrp A) f» by simp
next
show «((A z. (Macf ‘A — )N SKIP)-x Cpp Renaming (DFskrp A) >
if <z Cpp Renaming (DFskrp A) > for z
apply simp
apply (subst DF sk 1 p-unfold)
apply (simp add: Renaming-Ndet Renaming-SKIP)
apply (subst Renaming-Mndetprefiz)
apply (rule mono-Ndet-FD [OF - idem-FD))
by (rule mono-Mndetprefiz-FD[rule-format, OF that])
qed

lemma Renaming-DF sk 1p-FD-DF gk 1 p:
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<Renaming (DFSKIP A) f Crp DFSKIP (f ¢ A))
if finitary: <finitary f>
proof (subst DF sk p-def, induct rule: fiz-ind)
show <adm (Aa. Renaming a f Cpp DFgskip (f © A))
by (simp add: finitary monofun-def)
next
show <Renaming | f Cpp DFskrp (f ¢ A)) by (simp add: Renaming-BOT)
next
show (Renaming ((A z. (Ma € A — z) N SKIP)-z) f Cpp DFgskrp (f ¢ A
if <Renaming ¢ f Cpp DFskip (f ¢ A) for z
apply simp
apply (simp add: Renaming-Ndet Renaming-SKIP)
apply (subst Renaming-Mndetprefiz)
apply (subst DF g 1 p-unfold)
apply (rule mono-Ndet-FD [OF - idem-FD])
by (rule mono-Mndetprefiz-FD[rule-format, OF that])
qged

For RUN

lemma RUN-FD-Renaming-RUN: «<RUN (f * A) Cpp Renaming (RUN A) f»
proof (subst RUN-def, induct rule: fix-ind)
show <adm (Aa. @« Cpp Renaming (RUN A) f)» by (simp add: monofun-def)
next
show <L Crp Renaming (RUN A) f> by simp
next
show «(Az.Oa € f ‘A — z)-x Cpp Renaming (RUN A) f»
if <x Cpp Renaming (RUN A) f> for z
apply simp
apply (subst RUN-unfold)
apply (subst Renaming-Mprefir)
by (rule mono-Mprefiz-FDlrule-format, OF that])
qed

lemma Renaming-RUN-FD-RUN: (Renaming (RUN A) f Crp RUN (f < A)
if finitary: <finitary f>
proof (subst RUN-def, induct rule: fix-ind)
show <adm (Aa. Renaming a f Cpp RUN (f < A))»
by (simp add: finitary monofun-def)
next
show (Renaming L f Cpp RUN (f ¢ A)» by (simp add: Renaming-BOT)
next
show (Renaming (A z. Da € A — z)-z) f Cpp RUN (f * A)»
if <Renaming ¢ f Cpp RUN (f ¢ A)) for z
apply simp
apply (subst Renaming-Mprefiz)
apply (subst RUN-unfold)
by (rule mono-Mprefiz-FD[rule-format, OF that])
qed

For CHAOS
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lemma CHAOS-FD-Renaming-CHAOS:
«(CHAOS (f ¢ A) Cpp Renaming (CHAOS A) f
proof (subst CHAOS-def, induct rule: fix-ind)
show <adm (Aa. « Cpp Renaming (CHAOS A) f)» by (simp add: monofun-def)
next
show <1 Crp Renaming (CHAOS A) f» by simp
next
show «(A z. STOP N (Oaef ‘ A — z))-x Crpp Renaming (CHAOS A) >
if <z Cpp Renaming (CHAOS A) f» for z
apply simp
apply (subst CHAOS-unfold)
apply (simp add: Renaming-Ndet Renaming-STOP)
apply (rule mono-Ndet-FD[OF idem-FD))
apply (subst Renaming-Mprefiz)
by (rule mono-Mprefiz-FD[rule-format, OF that])
qed

lemma Renaming-CHAOS-FD-CHAOS:
(Renaming (CHAOS A) f Cpp CHAOS (f < A)
if finitary: <finitary f>
proof (subst CHAOS-def, induct rule: fiz-ind)
show <adm (Aa. Renaming a f Cpp CHAOS (f < A))»
by (simp add: finitary monofun-def)
next
show (Renaming L f Cpp CHAOS (f ¢ A)) by (simp add: Renaming-BOT)
next
show «Renaming ((A z. STOP M (Oza€A — x))-x) f Cpp CHAOS (f < A)»
if «Renaming x f Cpp CHAOS (f ¢ A)» for «
apply simp
apply (simp add: Renaming-Ndet Renaming-STOP)
apply (subst CHAOS-unfold)
apply (subst Renaming-Mprefix)
apply (rule mono-Ndet-FD|[OF idem-FD])
by (rule mono-Mprefiz-FD[rule-format, OF that])
qed

For CHAOSskp

lemma CHAOSSKIP—FD—Renaming— CHAOSSK]PZ
(CHAOSSK[P (f ‘ A) Crp Renaming (CHAOSSKIP A) f)
proof (subst CHAOS sk 1p-def, induct rule: fiz-ind)
show <adm (Aa. a Cpp Renaming (CHAOSskrp A) f)
by (simp add: monofun-def)
next
show <L Cpp Renaming (CHAOSskip A) > by simp
next
show «(A z. SKIP N STOP N (Ozacf ‘A — z))-x Cpp
Renaming (CHAOSskip A)
if <z Cpp Renaming (CHAOSskip A) [ for z

apply simp
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apply (subst CHAOS s i 1 p-unfold)
apply (simp add: Renaming-Ndet Renaming-STOP Renaming-SKIP)
apply (rule mono-Ndet-FD[OF idem-FD])
apply (subst Renaming-Mprefiz)
by (rule mono-Mprefiz-FD|rule-format, OF that])
qed

lemma Renaming-CHAOSskp-FD-CHAOSsk1p:
<Renaming (CHAOSSK]P A) f EFD CHAOSSKIP (f ¢ A))
if finitary: <finitary f>
proof (subst CHAOS sk p-def, induct rule: fiz-ind)
show <adm (Aa. Renaming a f Cpp CHAOSskip (f “A))
by (simp add: finitary monofun-def)
next
show (Renaming L f Cpp CHAOSskp (f ¢ A)» by (simp add: Renaming-BOT)
next
show «Renaming ((A x. SKIP 1 STOP M (HOxza€A — z))-z) f Cpp CHAOSsk1p
()
if <Renaming x f Cpp CHAOSsk1p (f ¢ A) for z
apply simp
apply (simp add: Renaming-Ndet Renaming-STOP Renaming-SKIP)
apply (subst CHAOS s i 1 p-unfold)
apply (subst Renaming-Mprefir)
apply (rule mono-Ndet-FD[OF idem-FD])
by (rule mono-Mprefiz-FD|rule-format, OF that])
qed

13.3.2 Corollaries on deadlock-free and deadlock-freesy p

lemmas Renaming-DF =

FD-antisym|OF Renaming-DF-FD-DF DF-FD-Renaming-DF)

and Renaming-DF sxrp =
FD—antz'sym[OF Renamz’ng—DFSKIp—FD—DFSKIP DFSKIP—FD—Renaming—DFSKIp]

and Renaming-RUN =

FD-antisym|OF Renaming-RUN-FD-RUN RUN-FD-Renaming-RUN]
and Renaming-CHAOS =

FD-antisym[OF Renaming-CHAOS-FD-CHAOS CHAOS-FD-Renaming-CHAOS]

and Renaming-CHAOSskip =

FD-antisym[OF Renaming-CHAOS sk p-FD-CHAOSsk1p

CHA OSSKIP—FD-Renaming— CHAOSSKIP}

lemma deadlock-free-imp-deadlock-free-Renaming: <deadlock-free (Renaming P f)»
if <deadlock-free P>
apply (rule DF-Univ-freeness[of <range f>], simp)
apply (rule trans-FD[OF DF-FD-Renaming-DF])
apply (rule mono-Renaming-FD)
by (rule that[unfolded deadlock-free-def])
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lemma deadlock-free- Renaming-imp-deadlock-free: <deadlock-free P>
if <inj /> and «deadlock-free (Renaming P f)»
apply (subst Renaming-inv[OF that(1), symmetric])
apply (rule deadlock-free-imp-deadlock-free-Renaming)
by (rule that(2))

corollary deadlock-free- Renaming-iff:
<inj f = deadlock-free (Renaming P f) <— deadlock-free P»
using deadlock-free- Renaming-imp-deadlock-free
deadlock-free-imp-deadlock-free- Renaming by blast

lemma deadlock-frees i 1 p-imp-deadlock-freeg i 1 p-Renaming:
<deadlock-frees i rp (Renaming P f)» if <deadlock-freesirp P>
unfolding deadlock-frees i p-FD
apply (rule trans-FD[OF DF gk 1 p-subset-FD[of <range f»]], simp-all)
apply (rule trans-FD[OF DF sk 1p-FD-Renaming-DF sk 1 p])
by (rule mono-Renaming-FD[OF that[unfolded deadlock-frees i rp-FD]])

lemma deadlock-frees i 1 p-Renaming-imp-deadlock-frees i p:
<deadlock-freesrp Py if <inj > and <deadlock-freesxrp (Renaming P f)»
apply (subst Renaming-inv[OF that(1), symmetric])
apply (rule deadlock-frees i 1 p-imp-deadlock-freeg i 1 p-Renaming)
by (rule that(2))

corollary deadlock-frees i j p-Renaming-iff:
<inj f = deadlock-frees k1 p (Renaming P f) +— deadlock-freesirp P>
using deadlock-freeg i 1 p- Renaming-imp-deadlock-frees i 1 p
deadlock-freeg i 1 p-imp-deadlock-frees i 1 p-Renaming by blast

13.4 Big Results

13.4.1 Interesting Equivalence

lemma deadlock-free-of-Sync-iff-DF-FD-DF-Sync-DF":

(VP Q. deadlock-free (P::'a process) — deadlock-free @ —

deadlock-free (P [S] @Q))

«— (DF (UNIV:'a set) Cpp (DF UNIV [S] DF UNIV))» (is < 2lhs +—s ?rhs))
proof (rule iffI)

assume ?lhs

show ?rhs by (fold deadlock-free-def, rule < 2lhs)[rule-format))

(simp-all add: deadlock-free-def)

next

assume ?rhs

show ?lhs unfolding deadlock-free-def

by (intro alll impl trans-FD[OF <%rhs)]) (rule mono-Sync-FD)

qed
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From this general equivalence on Sync, we immediately obtain the equiva-
lence on A|||B: (V P Q. deadlock-free P — deadlock-free ) — deadlock-free
(P|||Q)) = DF UNIV Cgpp DF UNIV|||DF UNIV.

13.4.2 STOP and SKIP Synchronized with DF A

lemma DF-FD-DF-Sync-STOP-or-SKIP-iff:
if P-disj: <P = STOP vV P = SKIP)
proof
{ assume al: <DF ACpp DF A [S] P> and a2: <AN S # {p
from a2 obtain z where fI1: <x € A) and f2: <x € S) by blast
have «DF A [S] P Cgp DF {z} [S] P
by (intro mono-Sync-FD[OF - idem-FD]) (simp add: DF-subset f1)
also have «... = STOP»
apply (subst DF-unfold)
using P-disj
apply (rule disjE; simp add: Mndetprefiz-unit)
apply (simp add: write0-def, subst Mprefiz-STOP[symmetric],
subst Mprefiz-Sync-distr-right, (simp-all add: f2 Mprefiz-STOP)[3])
by (subst DF-unfold, simp add: Mndetprefiz-unit f2 prefiz-Sync-SKIP2)
finally have Fulse
by (metis DF-Univ-freeness al empty-not-insert f1
insert-absorb non-deadlock-free-STOP trans-FD)

thus «(DF ACpp DF A [S] P = AN S ={} by blast
next
have D-P: <D P = {}» using D-SKIP D-STOP P-disj by blast
note F-T-P = F-STOP T-STOP F-SKIP D-SKIP
{ assume al: <<« DF ACpp DF A [S] Py and a2: <AN S ={}p
have Fulse
proof (cases <A = {})
assume A = {}
with al[unfolded DF-def] show False
by (simp add: fiz-const)
(metis Sync-SKIP-STOP Sync-STOP-STOP Sync-commute idem-FD that)
next
assume a3: <A # {h
have falsify: <(a, (X U Y) N insert tick (ev *S)UXNY)¢F (DF A) =
(t, X) e F(DFA) = (v, Y)e F P =
a setinterleaves ((t, u), insert tick (ev *S)) = False) for a t u
XY
proof (induct t arbitrary: a)
case Nil
show Zcase by (rule disjE[OF P-disj|, insert Nil a2)
(subst (asm) F-DF, auto simp add: a3 F-T-P)+
next
case (Cons z t)
from Cons(4) have f1: «u = [»
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apply (subst disjE[OF P-disj], simp-all add: F-T-P)
by (metis Cons(2, 8, 5) F-T Sync.sym TickLeftSync empty-iff
ftf-Sync21 insertl1 nonTickFree-n-frontTickFree
non-tickFree-tick process-charn tickFree-def tick-T-F)
from Cons(2, 8) show Fulse
apply (subst (asm) (1 2) F-DF, auto simp add: a3)
by (metis Cons.hyps Cons.prems(3, 4) Sync.sym SyncTIEmpty
emptyLeftProperty f1 list.distinct(1) list.sel(1, 3))
qged
from al show Fulse
unfolding failure-divergence-refine-def le-ref-def
by (auto simp add: F-Sync D-Sync D-P div-free-DF subset-iff intro: falsify)
qed

thus <AN S ={} = DF ACpp DF A [S] P> by blast
qed

lemma DF-Sync-STOP-or-SKIP-FD-DF: <DF A [S] P Cpp DF A»
if P-disj: <P = STOP vV P = SKIP> and empty-inter: <A N S ={}h
proof (cases <A = {})
from P-disj show <A = {} = DF A [S] P Cpp DF A»
by (rule disjE) (simp-all add: DF-def fix-const Sync-SKIP-STOP
Sync-STOP-STOP Sync-commuite)
next
assume <4 # {}
show ?thesis
proof (subst DF-def, induct rule: fix-ind)
show <adm (Aa. a [S] P Crp DF A)» by (simp add: cont2mono)
next
show <L [S] P Crpp DF A» by (metis BOT-leFD Sync-BOT Sync-commute)
next
case (3 1)
have «(Ma € A — z) [S] P Cpp (a — DF A)» if <a € A for a
apply (rule trans-FD[OF mono-Sync-FD
[OF mono-Mndetprefiz-FD-set
[of <{a}>, simplified, OF that] idem-FD]])
apply (rule disjE[OF P-disj|, simp-all add: Mndetprefiz-unit)
apply (subst Mprefiz-Sync-distr-left
[of {ab - H{P Aa. v,
simplified Mprefiz-STOP, folded write0-def],
(insert empty-inter that 3, auto)[3])
by (subst prefiz-Sync-SKIP1, (insert empty-inter that 3, auto)[2])
thus ?case by (subst DF-unfold, subst FD-Mndetprefiz-iff; simp add: <A # {})
qed
qed

120



lemmas DF-FD-DF-Sync-STOP-iff =

DF-FD-DF-Sync-STOP-or-SKIP-iff[of STOP, simplified]

and DF-FD-DF-Sync-SKIP-iff =
DF-FD-DF-Sync-STOP-or-SKIP-iff [of SKIP, simplified)

and DF-Sync-STOP-FD-DF =
DF-Sync-STOP-or-SKIP-FD-DF|[of STOP, simplified)

and DF-Sync-SKIP-FD-DF =
DF-Sync-STOP-or-SKIP-FD-DF[of SKIP, simplified]

13.4.3 Finally, deadlock-free (P|||Q)

theorem DF-F-DF-Sync-DF: «<DF (A U B::'a set) Cp DF A [S] DF B»
if nonempty: <A # {} N B# {b
and intersect-hyp: «<BN S ={}Vv 3y. BN S={y} AANSC{y})
unfolding failure-refine-def apply (simp add: F-Sync div-free-DF ;| safe)
proof —
fixvtuXY
assume * : «(t, X) € F (DF A)» «(u, Y) € F (DF B)»
v setinterleaves ((t, u), insert tick (ev *S))
define § where 8 = (¢, insert tick (ev ©S), u)»
with « have «(fst 8, X) € F (DF A)» «(snd (snd ), Y) € F (DF B)»
v € setinterleaving B> by simp-all

thus (v, (X U Y) N dnsert tick (ev *S)UXNY)eF (DF (AU B))
apply (subst F-DF, simp add: nonempty)
proof (induct arbitrary: v rule: setinterleaving.induct)

case (1 Z)
hence mt-a: <v = [ using emptyLeftProperty by blast
from intersect-hyp
consider <kBN S={p |«Fy.BNS={y} A AN S C {y}p by blast
thus ?case
proof cases
case 11: 1
with 1(2) show ?thesis by (subst (asm) F-DF)
(auto simp add: nonempty mt-a)
next
case 12: 2
then obtain y where f12: <BN S = {y}» and <A N S C {y}> by blast
from this(2) consider <A N S ={}p | (AN S = {y}p by blast
thus ?thesis
proof cases
case 121: 1
with 1(1) show ?thesis by (subst (asm) F-DF)
(auto simp add: nonempty mt-a)
next
case 122: 2
with 1(1, 2) f12 nonempty mt-a mk-disjoint-insert show ?thesis
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by (subst (asm) (1 2) F-DF) (auto, fastforce)
qed
qed
next

case (2 7 y u)
have x : <y ¢ Z) «([], X) € F (DF A)» «(u, Y) € F (DF B)> <v =y # w
using 2.prems Cons-F-DF by (auto simp add: emptyLeftProperty)
have *x : (u setinterleaves (([], uv), Z)»
by (metis %(4) 2.prems(3) SyncTIEmpty list.sel(3))
from 2.prems(2) obtain b where xxx : <b € By <y = ev b
by (subst (asm) F-DF, simp split: if-split-asm) blast
show Zcase
apply (rule disjI2, rule-tac z = b in bexI)
using 2.hyps[simplified, OF (1, 2, 3) ]
by (subst F-DF) (auto simp add: x(4) **%)

next

case (3z 1t 2)
have x : «x ¢ Z) «(t, X) € F (DF A)) «([}, Y) € F (DF B)» <v =z # b
using 3.prems Cons-F-DF by (auto simp add: Sync.sym emptyLeftProperty)
have xx : (t setinterleaves ((t, []), Z)
by (metis x(4) 3.prems(3) Sync.sym SyncTIEmpty list.sel(3))
from 3.prems(1) obtain a where xxx :(a € A <z = ev @
by (subst (asm) F-DF, simp split: if-split-asm) blast
show ?Zcase
apply (rule disjI1, rule-tac x = a in bexl)
using 3.hyps[simplified, OF (1, 2, 3) ]
by (subst F-DF) (auto simp add: x(4) *xx)
next

case (4 zt Zyu)
consider <z € Z» <y € Z» |« € 2> <y & Z»
| «<x ¢ Zv«ye Zv |« ¢ 2y y ¢ Z> by blast
then show ?case
proof (cases)
assume hyps: <x € Z» <y € Z»
obtain v’ where * : <x = y» «(t, X) € F (DF A)
(u, Y) € F (DF B)» <v =x # v)
using 4.prems Cons-F-DF by (simp add: hyps split: if-split-asm) blast
have xx : v’ setinterleaves ((t, u), Z)»
using (1, 4) 4.prems(3) hyps(1) by force
from 4.prems(1) obtain a where xxx :<a € A <z = ev a)
by (subst (asm) F-DF, simp split: if-split-asm) blast
show Zcase
apply (rule disjl1, rule-tac x = a in bexl)
using 4 .hyps(1)[simplified, OF hyps(2) x(1, 2, 8) x|
by (subst F-DF) (auto simp add: *(4) #%x)

next
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assume hyps: <z € Z» <y & Z»
obtain v’ where * : «(z # ¢, X) € F (DF A)» «(u, Y) € F (DF B)»
w =y # vH ' setinterleaves ((x # t, u), Z)»
using /.prems Cons-F-DF by (simp add: hyps split: if-split-asm) blast
from /.prems(2) 4.hyps(2)[simplified, OF hyps x(1, 2, 4)]
show ?case by (subst (asm) F-DF, subst F-DF)
(auto simp add: nonempty x(3))
next
assume hyps: <z & Z» <y € Z»
obtain v’ where * : «(t, X) € F (DF A)> «(y # u, Y) € F (DF B)»
w =z # v w’ setinterleaves ((t, y # u), Z)»
using 4.prems Cons-F-DF by (simp add: hyps split: if-split-asm) blast
from 4 .prems(1) 4.hyps(5)[simplified, OF hyps =(1, 2, 4)]
show ?case by (subst (asm) F-DF, subst F-DF)
(auto simp add: nonempty *(3))
next
assume hyps: <z ¢ Z» <y & Z»
note f} = 4[simplified, simplified hyps, simplified)
from f/(8) obtain v’ v"
where v =z # v’ A v’ setinterleaves ((t, y # u), Z) V
v =y # v’ A" setinterleaves ((z # t, u), Z)
(is «?left vV ?right>) by blast
then consider «?lefty | «?right) by fast
then show ?thesis
proof cases
assume < ?left>
from £4(6) f4(3)[OF £4(6)[THEN Cons-F-DF] f}(7)
«?lefty| THEN conjunct2])
show ?thesis by (subst (asm) F-DF, subst F-DF')
(auto simp add: «?left> nonempty)
next
assume < ?right»
from £4(7) £4(4)[OF #4(6) £4(7)[THEN Cons-F-DF|
«?rightsy|[ THEN conjunct2]]
show %thesis by (subst (asm) F-DF, subst F-DF')
(auto simp add: <?right> nonempty)
qed
qed
qed
qed

lemma DF-FD-DF-Sync-DF"
A#{JANB#{} =BnS={}v@EByBnS={ytAnAnSC{y}) =
DF (AU B) Cpp DF A [S] DF B
unfolding failure-divergence-refine-def le-ref-def
by (simp add: div-free-DF D-Sync)
(simp add: DF-F-DF-Sync-DF[unfolded failure-refine-def])
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theorem DF-FD-DF-Sync-DF-iff:
(DF (AU B) Cpp DF A [S] DF B «—
( ifA={}then BN S ={}
else if B={} then An S = {}
else ANS={}v@@aAdnS={a} ABNSC{a})V
BNnS={}v@bBnS={b}ANANSC{b}))
(is <?FD-ref «— (  if A={} then BN S = {}
else if B={} then AN S = {}
else ?cases)y)
proof —
{ assume (4 # {}» and «B # {}> and ?FD-ref and <— ?Zcases)
from (- ?casesy[simplified)
obtain ¢ and b where <a € A» <a € Sy <b € By <b € S» <a # b» by blast
have «DF A [S] DF B Cpp (a — DF A) [S] (b — DF B)»
by (intro mono-Sync-FD; subst DF-unfold,
subst Mndetprefix-unit[symmetric], simp add: <a € A» <b € B»)
also have «... = STOP» by (simp add: <a € S» <a # by <b € S» prefix-Syncl)
finally have Fulse
by (metis DF-Univ-freeness Un-empty <A # {}»
trans-FD[OF «?2FD-refy] non-deadlock-free-STOP)
}
thus ?Zthesis
apply (cases <A = {}», simp,
metis DF-FD-DF-Sync-STOP-iff DF-unfold Sync-commute mt-Mndetprefiz)
apply (cases «B = {}», simp,
metis DF-FD-DF-Sync-STOP-iff DF-unfold Sync-commute mt-Mndetprefiz)
by (metis Sync-commute Un-commute DF-FD-DF-Sync-DF')
qed

lemma
«(VaeA. XanS={}Vv{¥beA Ty XanS={yAXbNSC{y}))
+—— NVae A Vbe A Jy. (XaUXb) NS CA{y})
— this is the reason we write ugly hyp this way
apply (subst Int-Un-distrib2, auto)
by (metis subset-insertl) blast

lemma DF-FD-DF-MultiSync-DF"
(DF (J = € (insert a A). X x) Cpp [S]  €# mset-set (insert a A). DF (X z)»
if fin: <finite A> and nonempty: <X a # {}» Vb e A. X b # {}
and ugly-hyp: Vbe A. XbNS={}Vv @By XbNnS={ytAXanSC{y}t)p
WbeAVee A Iy (XbUXe)nNSC{yh
proof —
have (DF (|J (X ‘insert a A)) Crp ([S] © €# mset-set (insert a A). DF (X
z)) A
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Voed. XonS={} v By. XbnS={y} AU (X “inserta A) N S C
{yh)
— We need to add this in our induction
proof (induct rule: finite-subset-induct-singleton’
[of a <insert a Ay, simplified, OF fin,
simplified subset-insertl, simplified))
case [
show ?case by (simp add: ugly-hyp)
next
case (20 A')
show ?Zcase
proof (rule conjl; subst image-insert, subst Union-insert)
show «DF (X b U |J (X ‘insert a A’)) Crp
[S] ac#mset-set (insert b (insert a A")). DF (X a)
apply (subst Un-commute)
apply (rule trans-FD|OF DF-FD-DF-Sync-DF[where S = S]])
apply (simp add: 2.hyps(2) nonempty ugly-hyp(1))
using 2.hyps(2, 5)
apply blast
apply (subst Sync-commute,
rule trans-FD[OF mono-Sync-FD
[OF idem-FD 2.hyps(5)[THEN conjunct1]]])
by (simp add: 2.hyps(1, 4) mset-set-empty-iff)
next
show Veec A. XcenS={}Vv @By XecnS={y} A
(XbUU (X “insert a AN) N S C {y})
apply (subst Int-Un-distrib2, subst Un-subset-iff)
by (metis 2.hyps(2, 5) Int-Un-distrib2 Un-subset-iff
subset-singleton-iff ugly-hyp(2))
qed
qed
thus ?thesis by (rule conjunctl)
qged

lemma DF-FD-DF-MultiSync-DF "
(finite A;Vae A. Xa#{};Vae A Vbe A. Fy. (X aUXb) NS C{y}]
= DF (J a€ A. X a) Cpp [I] a €# mset-set A. DF (X a)>
apply (cases A rule: finite.cases, assumption)
apply (metis DF-unfold MultiSync-recO UN-empty idem-FD
mset-set.empty mi-Mndetprefiz)
apply clarify
apply (rule DF-FD-DF-MultiSync-DF)
by simp-all (metis Int-Un-distrib2 Un-subset-iff subset-singleton-iff)

lemmas DF-FD-DF-Multilnter-DF =
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DF-FD-DF-MultiSync-DF [where S = «{}», simplified]
and DF-FD-DF-MultiPar-DF =

DF-FD-DF-MultiSync-DF [where S = UNIV, simplified]
and DF-FD-DF-MultiPar-DF’ =

DF-FD-DF-MultiSync-DF [where S = UNIV, simplified]

lemma «DF {a} = DF {a} [S] STOP +— a ¢ S»
by (metis DF-FD-DF-Sync-STOP-iff DF-Sync-STOP-FD-DF Diff-disjoint
Diff-insert-absorb FD-antisym insert-disjoint(2))

lemma «DF {a} [S] STOP = STOP <— a € S)
by (metis DF-FD-DF-Sync-STOP-iff DF-unfold Diff-disjoint Sync-SKIP-STOP
Diff-insert-absorb Mndetprefix-unit Sync-STOP-STOP
Sync-assoc UNIV-I insert-disjoint(2) prefiz-Sync-SKIP2)

corollary DF-FD-DF-Inter-DF: «DF (A:'a set) Cpp DF A ||| DF Ay
by (metis DF-FD-DF-Sync-DF-iff inf-bot-right sup.idem)

corollary DF-UNIV-FD-DF-UNIV-Inter-DF-UNIV:
«DF UNIV Cpp DF UNIV ||| DF UNIV)
by (fact DF-FD-DF-Inter-DF)

corollary Inter-deadlock-free:
<deadlock-free P = deadlock-free Q = deadlock-free (P ||| Q)
using DF-FD-DF-Inter-DF deadlock-free-of-Sync-iff-DF-FD-DF-Sync-DF by blast

theorem Multilnter-deadlock-free:
(M #£ {#} = Vp €# M. deadlock-free (P p) =
deadlock-free (||| p €# M. P p)»
proof (induct rule: mset-induct-nonempty)
case (m-singleton a)
thus ?case by simp
next
case (add ¢ F)
thus ?case using Inter-deadlock-free by auto
qed

end
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Chapter 14

Conclusion

In this session, we defined five architectural operators: MultiDet, MultiNdet
and GlobalNdet, MultiSync, and MultiSeq as respective generalizations of P
OQ PN Q@ P[S] Q and P Q.

We did this in a fully-abstract way, that is:
o () is commutative, idempotent and admits STOP as a neutral ele-

ment so we defined MultiDet on a finite ‘o set A by making it equal
to STOP when A = {).

o (M) is also commutative and idempotent so we defined MultiNdet on
a finite 'a set A by making it equal to STOP when A = (). Beware of
the fact that STOP is not the neutral element for (M) (this operator
does not admit a neutral element) so we do not have the equality

[1 pe{a}. Pp=Pan (] ped. P p)

while this holds for () and MultiDet).

As its failures and divergences can easily be generalized to the infinite
case, we also defined GlobalNdet verifying

finite A = M pcA. Pp=][] p€A. Pp

e Sync is commutative but is not idempotent so we defined MultiSync
on a ‘a multiset M to keep the multiplicity of the processes. We made
it equal to STOP when M = {#} but like (M), Sync does not admit
a neutral element so beware of the fact that in general

[S] pe#{#a#}. Pp # Pa[S] ([S] pe#{#} Pp)

e (3) is neither commutative nor idempotent, so we defined MultiSeq on
a 'a list L to keep the multiplicity and the order of the processes.
Since SKIP is the neutral element for (;), we have
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SEQ peQ[a]. P p = (SEQ peQ[]. Pp); Pa

SEQ peQla]. Pp = P a; (SEQ pe@]]. P p)

On our architectural operators we proved continuity (under weakest liberal
assumptions), wrote refinements rules and obtained results about the be-
haviour with other operators inherited from the binary rules.

We presented two examples: Dining Philosophers, and POTS.

In both, we underlined the usefulness of the architectural operators for mod-
eling complex systems.

Finally we provided powerful results on events-of and deadlock-free among
which the most important is undoubtedly :

[M # {#}; Vpe#M. deadlock-free (P p)] = deadlock-free (||| pe#M. P p)
This theorem allows, for example, to establish:
0 < n = deadlock-free (||| i€#mset [0..<n]. P 1)

under the assumption that a family of processes parameterized by 7 :: nat
verifies V i<n. deadlock-free (P 7).
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