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Chapter 1

Context

1.1 Preface

This is a formalization in Isabelle/HOL of the work of Hoare and Roscoe
on the denotational semantics of the Failure/Divergence Model of CSP. It
follows essentially the presentation of CSP in Roscoe’s Book "Theory and
Practice of Concurrency" [12] and the semantic details in a joint Paper of
Roscoe and Brookes "An improved failures model for communicating pro-
cesses" [2].

The original version of this formalization, called HOL-CSP 1.0 [13], revealed
minor, but omnipresent foundational errors in key concepts like the pro-
cess invariant. A correction was proposed slightly before the apparition of
Roscoe’s book (all three authors were in e-mail contact at that time).

In recent years, a team of authors undertook the task to port HOL-CSP 1.0
to modern Isabelle/HOL and structured proof techniques. This results in
the present version are called HOL-CSP 2.0.

The effort is motivated by the following assets of CSP:

e the theory is interesting in itself, and reworking its formal structure
might help to make it more widely accessible, given that it is a par-
ticularly advanced example of the shallow embedding technique using
the denotational semantics of a language,

it is interesting to compare the ancient, imperative, ML-heavy proof
style to the more recent declarative one in Isabelle/Isar; this compari-
son (not presented here) gives a source of empirical evidence that such
proofs are more stable wrt. the constant changes in the Isabelle itself,

e the semantic presentation of CSP lends itself to a semantically clean
and well-understood combination of specification languages, which rep-
resents a major step to our longterm goal of heterogenuous, yet seman-

9



10 CHAPTER 1. CONTEXT

tically clean system specifications consisting of different formalisms
describing components or system aspects separately,

e the resulting HOL-CSP environment could one day be used as a tool
that certifies traces of other CSP model-checkers such as FDR4 or
PAT.

In contrast to HOL-CSP 1.0, which came with an own fixpoint theory partly
inspired by previous work of Alberto Camilieri under HOL4 [3], it is the
goal of the redesign of HOL-CSP 2.0 to reuse the HOLCF theory that em-
merged from Franz Regensburgers work and was substantially extended by
Brian Huffman. Thus, the footprint of the HOL-CSP 2.0 theory should be
reduced drastically. Moreover, all proofs have been heavily revised or re-
constructed to reflect the drastically improved state of the art of interactive
theory development with Isabelle.

Actually, from the Isabelle-2025 version on, the theory has been extended
in two ways:

e new operators known from Roscoe’s books had been formally inte-
grated (generalized non deterministic choice, sliding choice, etc.)

o the classical constant tick (v') of the CSP theory has been replaced by a
parameterized version carrying a kind of return value. It turns out that
this is a very natural extension of the original setting. Generalizations
of the sequential composition and synchronization product that fully
enjoy this feature will be added in future versions.

1.2 Introduction

DRAWN FROM THE PAPER [13]

In his invited lecture at FME’96, C.A.R. Hoare presented his view on the
status quo of formal methods in industry. With respect to formal proof
methods, he ruled that they "are now sufficiently advanced that a [...] formal
methodologist could occasionally detect [...] obscure latent errors before they
occur in practice" and asked for their publication as a possible "milestone in
the acceptance of formal methods" in industry.

In this paper, we report of a larger verification effort as part of the UniForM
project [7]. It revealed an obscure latent error that was not detected within
a decade. It cannot be said that the object of interest is a "large software
system"' whose failure may "cost millions", but it is a well-known subject in
the center of academic interest considered foundational for several formal
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methods tools: the theory of the failure- divergence model of CSP ([5], [2]).
And indeed we hope that this work may further encourage the use of for-
mal proof methods at least in the academic community working on formal
methods.

Implementations of proof support for a formal method can roughly be di-
vided into two categories. In direct tools like FDR [1], the logical rules of a
method (possibly integrated into complex proof techniques) are hard-wired
into the code of their implementation. Such tools tend to be difficult to
modify and to formally reason about, but can possess enviable automatic
proof power in specific problem domains and comfortable user interfaces.

The other category can be labelled as logical embeddings. Formal methods
such as CSP or Z can be logically embedded into an LCF-style tactical the-
orem prover such as HOL [4] or Isabelle[8]. Coming with an open system
design going back to Milner, these provers allow for user-programmed ex-
tensions in a logically sound way. Their strength is flexibility, generality and
expressiveness that makes them to symbolic programming environments.

In this paper we present a tool of the latter category (as a step towards
a future combination with the former). After a brief introduction into the
failure divergence semantics in the traditional CSP-literature, we will discuss
the revealed problems and present a correction. Although the error is not
"mathematically deep", it stings since its correction affects many definitions.
It is shown that the corrected CSP still fulfils the desired algebraic laws. The
addition of fixpoint-theory and specialised tactics extends the embedding in
Isabelle/HOL to a formally proven consistent proof environment for CSP.
Its use is demonstrated in a paradigmatic example.

1.3 An Outline of Failure-Divergence Semantics

A very first approach to give denotational semantics to CSP is to view
it as a kind of a regular expression. This way, it can be understood as
an automata and the denotations are just the language of the automaton;
this way, synchronization and concurrency can be basically understood as
the construction of a product automaton with potential interleaving. The
semantics becomes compositional, and internal communication between sub-
components of a component can be modeled by the concealment operator.

Hoares work [5] was strongly inspired by this initial idea. However, it be-
came quickly clear that the simplistic automata vision is not a satisfying
paradigm for all aspects of concurrency. Particularly regarding the nature
of communication, where one "sends" actively information and the other "re-
ceives" it, the bi-directional product construction seems to be misleading.
Furthermore, it is an obvious difference if a group of processes remains in a
passive deadlock because all possible communications contradict each other,
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or if a group of processes is too busy with internal chatter and never reaches
the point where this component is again ready for communication.

Hoare solved these apparent problems by presenting a multi-layer approach,
in which the denotational models were refined more and more allowing to
distinguish the above critical situations. An ingenious concept in the overall
scheme is to distinguish non deterministic choice from deterministic one !
in order to solve the sender/receiver problem.

Hoare proposed 3 denotational semantics for CSP:

o the trace model, which is basically the above naive automata model
not allowing to distinguish non deterministic choice from deterministic
one, neither to distinguish deadlock from infinite internal chatter,

o the failure model is able to distinguish non deterministic choice from
deterministic one by different maximum refusal sets, which is however
cannot differentiate deadlock from infinite internal chatter,

o the failure-divergence model overcomes additionally the unresolved
problem of failure model.

In the sequel, we explain these two problems in more detail, giving some
motivation for the daunting complexity of the latter model. It is this com-
plexity which finally raises general interest in a formal verification.

1.3.1 Non-Determinism

Let a and b be any two events in some set of events ¥. The two processes

(a - STOP) O b — STOP (1)
and
(a —» STOP) M b — STOP (2)

cannot be distinguished under the trace semantics, in which both processes
are capable of performing the same sequences of events, i.e. both have the
same set of traces {[], [a], [b]}. This is because both processes can either
engage in a¢ and then STOP, or engage in b and then STOP. We would,
however, like to distinguish between a deterministic choice of a or b (1) and
a non deterministic choice of a or b (2).

This can be done by considering the events that a process can refuse to
engage in when these events are offered by the environment; it cannot refuse

Lwhich in itself produces problems with recursion which had to be overcome by some
restrictions on its use.
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either, so we say its maximal refusal set is the set containing all elements
of ¥ other than a and b, written ¥ — {a, b}, i.e. it can refuse all elements
in ¥ other than a or b. In the case of the non deterministic process (2),
however, we wish to express that if the environment offers the event a say,
the process non deterministically chooses either to engage in a, to refuse it
and engage in b (likewise for b). We say therefore, that process (2) has two
maximal refusal sets, ¥ — {a} and ¥ — {b}, because it can refuse to engage
in either a or b, but not both. The notion of refusal sets is in this way used
to distinguish non determinism from determinism in choices.

1.3.2 Infinite Chatter

Consider the infinite process p X. a — X which performs an infinite stream
of a’s. If one now conceals the event a in this process by writing

(nX.a— X)\ {a} (3)

it no longer becomes possible to distinguish the behaviour of this process
from that of the deadlock process STOP. We would like to be able to make
such a distinction, since the former process has clearly not stopped but
is engaging in an unbounded sequence of internal actions invisible to the
environment. We say the process has diverged, and introduce the notion of
a divergence set to denote all sequences events that can cause a process to
diverge. Hence, the process STOP is assigned the divergence set {}, since
it can not diverge, whereas the process (3) above diverges on any sequence
of events since the process begins to diverge immediately, i.e. its divergence
set is X* , where ¥* denotes the set of all sequences with elements in X.
Divergence is undesirable and so it is essential to be able to express it to
ensure that it is avoided.

1.3.3 The Global Architecture of HOL-CSP 2.0

The global architecture of HOL-CSP 2.0 has been substantially simplified
compared to HOL-CSP 1.0: the fixpoint reasoning is now entirely based on
HOLCF (which meant that the continuity proofs for CSP operators had
basically been re-done).

The theory Process establishes the basic common notions for events, traces,
ticks and tickfree-ness, the type definitions for failures and divergences as
well as the global constraints on them (called the “axioms” in Hoare’s Book.)
captured in a predicate is_process. On this basis, the set of failures and
divergences satisfying is_process is turned into the type ’a process via
a type-definition (making is_process as the central data invariant). In the
sequel, it is shown that ’a process belongs to the type-class cpo stemming
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from HOLCF which makes the concepts of complete partial order, continu-
ity, fixpoint-induction and general recursion available to all expressions of
type ’a process.

The theory Process also establishes the two partial orderings P < P’ for
refinements and P C P’ for the approximation on processes used to give
semantics to recursion. The latter is well-known to be logically weaker than
the former. Note that, unfortunately, the use of these two symbols in HOL-
CSP 2.0, where the latter is already used in the HOLCF-theory, is just
the other way round as in the literature. For this reason, the refinement
notations P Cpp P, P Cp P/, PCp P, P Cr P', P Cpr P’ have been
introduced to be notationally closer to Roscoe’s book.

Each CSP operator is described in an own theory which comprises:

e The denotational core definition in terms of a pair of Failures and
Divergences

o The establishment of is_process for the Failures and Divergences in
the range of the given operator (thus, the preservation of is_process
for this operator). In this new version, the proof is required immedi-
ately after the definition of the operator since we use lift-definition
instead of definition

e The proof of the projections 7 and F and D for this operator

o The proof of continuity of the operator (which is always possible except
for Hiding if applied to infinite hide-sets).

Finally, the theory CSP not only contains the “Laws” of CSP, i.e. the
derived algebraic equalities, but also monotonicities rules, allowing to reason
abstractly over CSP processes. The overall dependency graph is shown in
Figure 1.1.
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Figure 1.1: The HOL-CSP 2.0 Theory Graph
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Chapter 2

The Notion of Processes

As mentioned earlier, we base the theory of CSP on HOLCF, a Isabelle/HOL
library providing a theory of continuous functions, fixpoint induction and
recursion.

HOLCEF sets the default type class to cpo, while our Process theory estab-
lishes links between standard types and pcpo types. Consequently, we reset
the default type class to the default in HOL.

default-sort type

2.1 Pre-Requisite: Basic Traces and tick-Freeness

The denotational semantics of CSP assumes a distinguishable special event,
called tick and written v/, that is required to occur only in the end of traces
in order to signalize successful termination of a process. (In the original text
of Hoare, this treatment was more liberal and lead to foundational problems:
the process invariant could not be established for the sequential composition
operator of CSP; see [13] for details.)

From the Isabelle-2025 version on, the classical constant tick (v) of the
CSP theory has been replaced by a parameterized version carrying a kind
of return value.

datatype (‘a, 'r) eventpiick =
is-ev :ev (of-ev :'a)
| is-tick : tick (of-tick : 'r) («/'(-"))

This type (‘a, 'r) eventpiick is of course isomorphic to the sum type ‘a + 7.

“ptick” stands for parameterized tick, and we introduce the type synonym
for the classical process event type.

type-synonym ’‘a event = «(’a, unit) eventpi;cx>

17



18 CHAPTER 2. THE NOTION OF PROCESSES

abbreviation tick-unit :: <‘a event) («/») where «/ = vV (())»

definition sum-of-event,iicr = <('a, 'r) eventpiick = ‘a + 'm
where (sum-of-event,iicr, € = case e of eva = Inl a | V(1) = Inrr

definition eventy,y;ci-of-sum = <'a + 'r = (‘a, 'r) eventpiick>
where <eventyici-of-sum s = case s of Inl a = ev a | Inr r = V/(r)

lemma type-definition-eventyicr : <type-definition sum-of-eventpiicr eventpyicy-of-sum
UNIV)
(proof )

setup-lifting type-definition-event,ick

lemma range-tick-Un-range-ev-is-UNIV [simp] : <range tick U range ev = UNIV)
(proof)

The generalization is done in a very straightforward way: the old version is
recovered by considering ('a, unit) eventpiick.

lemma not-is-ev [simp] : <— is-ev e <— is-tick e
and not-is-tick [simp] : «— is-tick e +— is-ev e

(proof)

type-synonym (’a, 'r) tracepiicr = <('a, ') eventpiick list)

We recover the classical version with unit.

type-synonym ’‘a trace = «('a, unit) tracepiicr>
We chose as standard ordering on traces the prefix ordering.

Some facts on the prefix ordering.

lemma nil-le  [simp]: «[] < &
and nil-le2  [simp]: <s <[] +— s =[]
and nil-less [simp]: <=t < [
and nil-less2 [simp]: <[] < t Q [a]»

and less-self [simp]: <t < t Q [a]»

and le-cons [simp]:ca # s<a#H t+— s< b
and le-append [simp]: <b Q s < b Q@ t +— s < b
and less-cons [simp]: <a # s < a# t +— s < b
and less-append[simp]: <b Q@ s < b @ t +— s < b

and le-length-mono: <s < t = length s < length t»
and less-length-mono: <s < t = length s < length t
and le-tail: s #£[| = s<t= tls<tlb
and less-tail: <s # [| = s<t=tls < tl b

(proof)
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lemma le-same-imp-eg-or-less: «(s :: ‘a list) <u =t < u=t=8Vs<tV
t< &

(proof)

lemma append-eq-first-pref-spec: <s @t =r Qz] =t #£[]| = s<m

(proof)

lemma prefizes-fin: <finite {t. t < s} A card {t. t < s} = Suc (length s)»
(proof)

lemma sublists-fin: <finite {t. It1 t2. s = t1 Q t Q {2}
(proof)

lemma suffizes-fin: <finite {t. It1. s = t1 Q t}»
(proof)

For the process invariant, it is a key element to reduce the notion of traces to
traces that may only contain one tick event at the very end. This is captured
by the definition of the predicate front_tickFree and its stronger version
tickFree. Here is the theory of this concept.

definition tickFree :: «('a, 'r) tracepiick = booly (<tF»)
where (tF s = range tick N set s = {}

definition front-tickFree :: «('a, 'r) tracepticr = booly ((ftF»)
where (ftF s = s = [| V tickFree (il (rev s))»

lemma tickFree-Nil [simp] : <tF [P
and tickFree-Cons-iff [simp] : <tF (a # t) «— is-ev a N tF b
and tickFree-append-iff [simp] : <tF (s Q t) <— tF's A tF b
and tickFree-rev-iff  [simp] : <tF (rev t) «— tF
and non-tickFree-tick [simp] : <= tF [V (7))
(proof)

lemma tickFree-iff-is-map-ev : <tF t «— (Ju. t = map ev u)>
(proof)

lemma front-tickFree-Nil [simp] : <ftF [
and front-tickFree-single[simp] : <ftF [a]>
(proof)

lemma tickFree-tl : <tF s = tF (it s)»
(proof)

lemma non-tickFree-imp-not-Nil: <= tF s = s # [»
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(proof)

lemma tickFree-butlast: «tF s <— tF (butlast s) A (s # [] — is-ev (last s))»
(proof)

lemma front-tickFree-iff-tickFree-butlast: <ftF s +— tF (butlast s)»
(proof)

lemma front-tickFree-Cons-iff: <ftF' (a # s) «— s =[] V is-ev a A ftF s
(proof)

lemma front-tickFree-append-iff:
JtF (s @ t) «— (if t =[] then ftF s else tF s A ftF t)»
(proof)

lemma tickFree-imp-front-tickFree [simp] : <tF s = ftF s

(proof)

lemma front-tickFree-charn: (ftF s «+— s =[]V (3at. s =1 Q [a] A tF t)
(proof)

lemma nonTickFree-n-frontTickFree: <— tF s = ftF s = 3t r. s =t Q [V (1))

(proof)

lemma front-tickFree-dw-closed : <ftF' (s Q t) = ftF s
(proof )

lemma front-tickFree-append: «tF s = ftF' t = ftF (s Q t)»
(proof)

lemma tickFree-imp-front-tickFree-snoc: <tF s = ftF (s @Q [a])»
(proof)

lemma front-tickFree-nonempty-append-imp: <ftF (t Q r) = r £ [| = tF t A
ftF
(proof)

lemma tickFree-map-ev [simp] : «tF (map ev t))

(proof)

lemma tickFree-map-tick-iff [simp] : <tF (map tick t) +— t = [»

(proof)
lemma front-tickFree-map-tick-iff [simp] : <ftF (map tick t) «— t =[]V (3r. ¢
= [r]p

(proof)

lemma tickFree-map-ev-comp [simp] : <tF (map (ev o f) t)
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(proof)

lemma tickFree-map-tick-comp-iff [simp] : <tF (map (tick o f) t) +— t =[]
(proof)

lemma front-tickFree-map-tick-comp-iff [simp] : <ftF (map (tick o f) t) +— ¢ =
v @3r. t=Ir])
(proof)

2.2 Basic Types, Traces, Failures and Divergences
type-synonym (‘a, 'r) refusalpiick = ((‘a, 'r) eventyiicr set

type-synonym ’a refusal = «(‘a, unit) refusalyyicr’

type-synonym (‘a, 'r) failureyiicr, = <('a, 'r) tracepiick x (‘a, 'r) refusalyiicr
type-synonym ’a failure = <('a, unit) failurepsicy

type-synonym (’a, 'r) divergencepiicr = «('a, 'r) traceptici>

type-synonym ‘a divergence = «('a, unit) divergenceyi;ci>

type-synonym (a, 'r) processo = «('a, 'r) failureyicr set x (‘a, 'r) divergencepyick
set»

|
(

definition FAILURES :: «('a, 'r) processy = ('a, 'r) failurepick set
where (FAILURES P = fst P>

definition TRACES :: «(’a, 'r) processy = ('a, 'r) tracepiick setr
where «<TRACES P = {tr. Aref. (tr, ref) € FAILURES P}»

definition DIVERGENCES :: «('a, 'r) processy = ('a, 'r) divergenceyi;cr set>
where <DIVERGENCES P = snd P»

definition REFUSALS :: «('a, 'r) processy = ('a, 'r) refusalyiicr, set>
where «<REFUSALS P = {ref. (||, ref) € FAILURES P}

2.3 The Process Type Invariant

definition is-process :: «('a, 'r) processy = bool> where

<is-process P =

(I, {}) € FAILURES P A

(Vs X. (s, X) € FAILURES P — ftF' s) A

(Vst (s@Qt {}) € FAILURES P —s (s, {}) € FAILURES P) A

(Vs X Y. (s, Y) € FAILURESP A X C Y —s (s, X) € FAILURES P) A

(Vs X Y. (s, X) € FAILURESP A (Nc.ce€ Y — (sQ[c], {}) ¢ FAILURES
P)

— (s, X U Y) € FAILURES P) A

(Vs X. (s@[/(r)], {}) € FAILURES P —> (s, X — {/(r)}) € FAILURES
P) A

(Vst. s € DIVERGENCES P AN tF s A ftFt — s Q t € DIVERGENCES P)
N

(Vs X. s € DIVERGENCES P — (s, X) € FAILURES P) A
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(Vs r.s@[/(r)] € DIVERGENCES P —» s € DIVERGENCES P))

lemma is-process-spec:
<is-process P <—
(I, {}) € FAILURES P A
(Vs X. (s, X) € FAILURES P — ftF s) A
(Vst (s@t {}) ¢ FAILURES PV (s, {}) € FAILURES P) A
(Vs X Y. (s, Y) & FAILURESPV - X C Y V (s, X) € FAILURES P) A
(Vs X Y. (s, X) € FAILURES P A (Ve. c€ Y — (s @ [d], {}) ¢ FAILURES
P)
— 5 (s, X U Y) € FAILURES P) A
(VsrX. (s@[/(r)], {}) € FAILURES P — (s, X — {/(r)}) € FAILURES
P) A
(Vst.s ¢ DIVERGENCES PV = tF sV -~ ftFtV s @Q t € DIVERGENCES
P) A
(Vs X. s ¢ DIVERGENCES P V (s, X) € FAILURES P) A
(Vs r.sQ[/(r)] ¢ DIVERGENCES P\ s € DIVERGENCES P),
(

proof)

lemma Process-eql :

<(FAILURES P = FAILURES Q = DIVERGENCES P = DIVERGENCES @
= P=Q

(proof)

lemma process-eq-spec:
<P = @Q «— FAILURES P = FAILURES Q N DIVERGENCES P = DIVER-
GENCES @

(proof)

lemma process-surj-pair: <(FAILURES P, DIVERGENCES P) = P»
(proof )

lemma Fa-eq-imp-Tr-eq: <FAILURES P = FAILURES Q — TRACES P =
TRACES @»
(proof)

lemma is-processt : «([], {}) € FAILURES P

and is-process2 : «(s, X) € FAILURES P = ftF s

and is-process3 : «(s Q ¢, {}) € FAILURES P = (s, {}) € FAILURES P»

and is-process : «[is-process P; (s, Y) € FAILURES P; X C Y] = (s, X) €
FAILURES P»

and is-processs : ([is-process P; (s, X) € FAILURES P;Vec. c€ Y — (s @
[c], {}) ¢ FAILURES P]

— (s, X U Y) € FAILURES P>
and is-process6 : «(s Q [/ (r)], {}) € FAILURES P = (s, X — {V/(r)}) €
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FAILURES P»
and is-process7 : «[s € DIVERGENCES P; tF s; ftF t] = s @ t € DIVER-
GENCES P»
and is-process8 : «<s € DIVERGENCES P = (s, X) € FAILURES P)
and is-process9 : <s Q [/ (r)] € DIVERGENCES P — s € DIVERGENCES P)
if (is-process P>

(proof)

lemma trace-with-Tick-imp-tickFree-front :
<is-process P = t Q [/ (r)] € TRACES P = tF t

(proof )

2.4 The Abstraction to the process-Type

typedef (‘a, 'r) processpiick = ({p :: ('a, 'r) processy . is-process p}»
morphisms processg-of-process process-of-processg

(proof)

Again, the old version without parameterized termination can be recovered
by considering (’a, unit) processptick-

type-synonym ’‘a process = «(’a, unit) processpi;ci>

setup-lifting type-definition-processptick

This is where we differ from previous versions: we lift definitions using Is-
abelle’s machinery instead of doing it by hand.

lift-definition Failures :: <('a, ') processpiick = ('a, 'r) failureyicr, set> («F») is
FAILURES (proof)

lift-definition Traces :: «('a, 'r) processprick = ('
TRACES (proof)

a, ') tracepiicr sety (<T») is

lift-definition Divergences :: <('a, 'r) processpiick = ('a, 'r) divergencepiicr, set>
(«D») is DIVERGENCES (proof)

lift-definition Refusals :: <«('a, 'r) processprick = (‘a, 'r) refusalpiick set> ((R»)
is REFUSALS (proof)

lemma Refusals-def-bis : <R P = {X. ([], X) € F P}
(proof)

lemma Refusals-iff : <X € R P+— ([, X) e F P
(proof)

lemma T-def-spec: <T P ={tr.3f. f € F P Atr=fstfh
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(proof)

lemma T-F-spec : «(t, {}) e FP+—te T P»
(proof)

lemma Process-spec: <process-of-processy (F P, D P) = P»

(proof)

lemma Process-eq-spec: <P = Q +— F P=F QAND P =D (p
(proof)

lemma Process-eq-spec-optimized: <P = Q +— D P =D QAN (DP =D Q —
FP=FQ)
(proof )

lemma is-processT:

([, {}) € F P A

(Vs X. (s, X) € FP— ftF s) A
Vst.(s@t,{}) e FP—(s,{}) e FP)A

VsXY. (5, Y)EFPAXCY —(s,X)eFP)A

Vs XY. (s, X) e FPAWNcceY —(sQc,{}) ¢FP) — (s, XU
Y)e FP)A

VsrX.s@(r),{}) e FP— (s, X —{/(r)}) e FP)A
(Vst.seDPALtFsAftFt — sQteDP)A
(VsrX.s€eDP—(s,X) e FP)ANNVs.sQ[/(r)] €eDP— se€DP)p

(proof)

When the second type is set to unit, we recover the classical definition as
defined in the book by Roscoe.

lemma is-process T-unit:

(. {H) eF PA

(Vs X. (s, X) e FP— ftFs) A
(Vst.(s@t,{}) e FP— (s,{}) eFP)A

Vs XY. (5, Y)EFPAXCY —(s,X)eFP)A

Vs XY. (s, X) e FPAWNcceY —(sQc,{}) ¢FP) — (s, XU
Y)e FP)A

VsX. (s@V],{})) eFP— (s, X —{/}) e FP)A

(Vst.se DPALFsAftFt — sQteDP)A
(VsX.s€eDP—(s,X) e FP)AN(Vs.sQV]€DP —scDP)

(proof)

lemma process-charn:
«0, ) eF PA
(Vs X. (s, X) e FP— ftFs) A
(Vst.(s@t,{}) ¢ FPV(s,{}) eFP)A
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(VsXY. (5, Y)¢ FPV-XCYV(s, X) € FP)A

Vs XY. (s, X)EFPANcceY — (sQc,{})) ¢ FP)— (s, XU
Y)e FP)A

VsrX.(sQ@[vV(r),{}) e FP— (s, X —{/(r)}) e FP)A
(Vst.s¢DPV-tFsV-ftFtVsQteDDP)A
VsrX.s¢DPV (s, X)eEFP)AN(Vs.sQ[/(r))¢DPVseDP)
(proof )

split of is_processT:

lemma is-processT1 (L, {yH) e F P

and is-processT1-TR eT P

and is-processT2 (s, X) € F P= ftF s

and is-processT2-TR s €T P= ftF &

and is-processT3 (s@ ¢, {}) e FP=(s,{}) e F P

and is-processT3-pref :«(t,{}) e FP=s<t= (s,{}) e F P»

and is-processT3-TR te€TP=s<t=secT P

and is-processT3-TR-pref : «(t,{}) e FP = s<t= (s, {}) e F P

and is-processT} (s, V) eFP=XCY = (s,X) e F P

and is-processT5 (s, X\) e FP=Vc.ceY —(sQle,{}) ¢ FP
= (5, XUY)eF P

and is-processT6 (sQ (N, {}) e FP= (s, X = {/(r)}) e F P

and is-processT6-TR s Q(r)]eT P= (s, X —{/(r)}) € F P

and is-processT7 SEDP=tFs= ftFt—= sQteDP

and is-processT§ se€DP=(s,X)eF P

and is-processT9 Q[ (r) eDP= seDP

(proof)

lemma is-processT6-notin  : (s Q [V (r)], {}) e FP=V(r) ¢ X = (s, X)
ceF P

and is-processT6-TR-notin : <s Q@ [/ (r)] e TP = V(r) ¢ X = (s, X) € F
P

(proof)

lemma is-processT3-TR-append : <t Q u e T P=tecT P>
(proof)

lemma nonempty-divE :
DP#{} = (A\t. tF t = t € D P = thesis) = thesis»

(proof)

lemma div-butlast-when-non-tickFree-iff :
(ftF s = (if tF s then s else butlast s) € D P +— s € D P»

(proof)
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2.5 Some Consequences of the Process Character-
ization

lemma F-T: (s, X) e FP=seT P
(proof)

lemma T-F:«s €T P = (s, {}) € F P»
(proof)

lemmas D-T = is-processT8 [THEN F-T)|

lemmas is-processT4-empty [elim!] = F-T [THEN T-F)

lemma is-processT5-S7: «t € T P = (¢t, A)¢ FP—=— 3Jz. 2 € ANtQ]z] €
T P»
(proof )

lemma is-processT5-S7"
(t,X)eFP=(t,XUA)¢FP=3z.cc ANz ¢ XANtQz]eT P

(proof)

lemma trace-tick-continuation-or-all-tick-failuresE:
(s, {}) € F P; Ar. s Q [V (r)] € T P = thesis; (s, range tick) € F P =
thesis] = thesis)

(proof)

lemmas Nil-elem-T [simp] = is-processT1-TR

lemmas F-imp-front-tickFree = is-processT2
and D-imp-front-tickFree = is-processT8| THEN is-processT2]
and T-imp-front-tickFree = T-F[THEN is-processT?2)

lemma D-front-tickFree-subset : <D P C Collect ftF»
(proof)

lemma F-D-part : <F P ={(s,z). s€e D P} U{(s,z).s¢ DPA(s,z) € FPh
(proof)

lemma D-F : {(s,z). s€ D P} C F P
(proof)
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lemma append-T-imp-tickFree: <t Q s € T P = s # [| = tF t»
(proof)

lemma tick-T-F: «t Q [/(r)] e T P = (tQ [V(r)], X) e F P»
(proof)

lemma is-processT9-tick: <[/ (r)] € D P = ftF s = s € D P»
(proof)

lemma T-nonTickFree-imp-decomp: <t € T P = -~ tFt = 3sr. t=sQ [/(r)D

(proof)

2.6 Process Approximation is a Partial Ordering,
a Cpo, and a Pcpo

The Failure/Divergence Model of CSP Semantics provides two orderings:
The approzimation ordering (also called process ordering) will be used for
giving semantics to recursion (fixpoints) over processes, the refinement or-
dering captures our intuition that a more concrete process is more deter-
ministic and more defined than an abstract one.

We start with the key-concepts of the approximation ordering, namely the
predicates min_elems and R, (abbreviating refusals after). The former
provides just a set of minimal elements from a given set of elements of type-
class ord ...

definition min-elems :: «(’s::ord) set = s set)
where <min-elems X = {s€ X.Vte X. - (t < s}

lemma Nil-min-elems : <[] € A = || € min-elems 4>
(proof)

lemma min-elems-le-self [simp] : «(min-elems A) C A»

(proof)

lemmas elem-min-elems = Set.set-mp[OF min-elems-le-self]

lemma min-elems-Collect-ftF-is-Nil : «min-elems (Collect ftF) = {[|b
(proof)

lemma min-elems5 : «(s :: 'a list) € A = Jt<s. t € min-elems A»
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(proof)

lemma min-elems/: <A # {} = 3s. (s :: ('a, 1) traceprick) € min-elems A>

(proof)

lemma min-elems-charn: <t € A= 3 t'r. t = (' Q r) A t' € min-elems A>

(proof)

lemma min-elems-no: «(s::'a list) € min-elems A= t€ A=t <s=s=10
(proof)

... while the second returns the set of possible refusal sets after a given trace
s and a given process P:

definition Refusals-after :: <[(‘a, 'r) processpiick, ('a, ’

refusalpiick setr ((Rq»)
where <R, P tr = {ref. (tr, ref) € F Ph

r) tracepiick] = (‘a, 'r)

In the following, we link the process theory to the underlying fixpoint/do-
main theory of HOLCF by identifying the approximation ordering with
HOLCEF’s pcpo’s.

instantiation
processprick : (type, type) below
begin

declares approximation ordering _ T _ also written _ << _
definition le-approz-def : <PC Q=D Q CD P A

(Vs.s¢ DP—RyPs=Rq Q3) A
min-elems (D P) C T @

The approximation ordering captures the fact that more concrete processes
should be more defined by ordering the divergence sets appropriately. For
defined positions in a process, the failure sets must coincide pointwise; more-
over, the minimal elements (wrt. prefix ordering on traces, i.e. lists) must
be contained in the trace set of the more concrete process.

instance (proof)

end

lemma le-approxl: «<PC Q = D Q CD P>
(proof)

lemma le-approz2: <PC Q = s¢ DP = ((s, X) e F Q) = ((s, X) € F P)»
(proof)
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lemma le-approz3: <P C Q = min-elems(D P) C T Q»
(proof)

lemma le-approz2T: (PC Q — s ¢ DP = seT Q+—>scT P
(proof)

lemma le-approz-lemma-F : <PC Q — F Q C F P

(proof)

lemmas order-lemma = le-approz-lemma-F

lemma le-approz-lemma-T: <PC Q=T QC T P

(proof)

lemma proc-ord2a : <PC Q= s¢ DP = (s, X) e FP+— (5, X) e F Q
(proof)

instance processpiick : (type, type) po

(proof)

At this point, we inherit quite a number of facts from the underlying HOLCF
theory, which comprises a library of facts such as chain, directed(sets),
upper bounds and least upper bounds, etc.

Some facts from the theory of complete partial orders:
e po_class.chainE : chain ?Y = ?Y 2 C ?Y (Suc %)
e po_class.chain_mono : [chain ?Y; %1 < ?j] = ?Y %1 C ?2Y ?j
e po_class.is_ubD: [95 <| %u; %z € 95] = %2 C %u

e po_class.ub_rangel :
(A\i. 25 ¢ C %2) = range 25 <| %x

o po_class.ub_imageD : [79f ‘ %S <| %u; %z € 95 = ?f %2 C %u
o po_class.is_ub_upward : [%S <| %z; 2 C %y = 25 <| %y
e po_class.is_lubDl: 25 <<| %z = 25 <| %

e po_class.is_lubI : [9S <| %z; Au. 95 <| u = %2 C u] = 2S5
<<| %z

o po_class.is_lub_maximal : [%S <| %x; 7z € 95] = 725 <<| %z
o po_class.is_lub_lub: ?M <<| %z = ?M <<| lub ?M

e po_class.is_lub_range_shift:
chain 7S = range (Xi. 25 (i + ?j)) <<| %z = range 75 <<| %x
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o po_class.is_lub_rangeD1: range 7S <<| %z = 25 %/ C %x
e po_class.lub_eql: ?M <<| 2l = lub ?M = ?]
e po_class.is_lub_unique:[?S <<| %z; 25 <<| %y] = %z = %y

lemma min-elems3: <s @Q [¢] € D P = s Q [¢] ¢ min-elems (D P) = s € D
P

(proof)

lemma min-elems!: <s ¢ D P = sQ [¢] € D P = 5 Q [¢] € min-elems (D P)»
(proof)

lemma min-elems2: <s ¢ DP —= sQ[(JeDP = PLS= QL S = (s
Qld, {}) eF @
(proof)

lemma min-elems6: <s ¢ DP = sQ [ e DP = PL S = (sQ][q], {}) €
F S5

(proof)

lemma ND-F-dir2: <s ¢ DP = (s,{}) e FP=PL S = QLC S = (s,
Here
(proof)

lemma ND-F-dir2" «s¢ DP—se€TP—=—PLS— QL S=seT Q
(proof)

lemma chain-lemma: <chain S =— SiC SkV SkC S
(proof)

context fixes S :: <nat = ('a, 'r) processptick>
assumes <chain S)
begin

lift-definition lim-proc :: <(“a, 'r) processpiick’
is <«( (F ‘range S), () (D ‘range S))»
(proof )

lemma F-LUB: «F lim-proc = (| (F ‘range S)»
(proof)

lemma D-LUB: <D lim-proc = () (D ‘ range S)»
(proof)

lemma T-LUB: (T lim-proc = (\ (T ‘range S)»
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(proof)

lemmas LUB-projs = F-LUB D-LUB T-LUB

lemma Refusals-LUB: <R lim-proc = (| (R ‘ range S)»
(proof)

lemma Refusals-after-LUB: (R, lim-proc s = (()i. (Rq (S ©) s))»
(proof)

lemma F-LUB-2: «(s, X) € F lim-proc +— (Vi. (s, X) € F (S14))
and D-LUB-2: «t € D lim-proc +— (Vi.t € D (5 1))
and T-LUB-2: <t € T lim-proc <— (Vi. t € T (S 1))
and Refusals-LUB-2: <X € R lim-proc +— (Vi. X € R (S©))»
and Refusals-after-LUB-2: <X € Rq lim-proc s «— (Vi. X € Ry (S©) s)
(proof)

>
>

end

By exiting the context, terms like F lim-proc will become F (lim-proc S)
and the assumption chain S will be added.

2.7 Process Refinement is a Partial Ordering

The following type instantiation declares the refinement order < _ written
_ <= _. It captures the intuition that more concrete processes should be
more deterministic and more defined.

instantiation processpiick :: (type, type) ord
begin

definition less-eg-processpiick = <(‘a, 'r) processprick = ('a, ') processpiick =
bool»
where <less-eq-processprick P Q=D QCDPANF QCF P

definition less-processpiick 2 <('a, 1) processprick = ('a, 'r) processpiick = bool>
where <less-processprick P Q = P < Q AN P #

instance (proof)

end

Note that this just another syntax to our standard process refinement order
defined in the theory Process.

lemma le-ref!l : <P < Q=D QCDPFP
and le-ref2 :«P< Q=F QC F P»
and le-ref2T : «P < Q=T QC T P»
and le-approz-imp-le-ref: «(P::('a, 'r) processpiick) T Q = P < @
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(proof)

lemma F-subset-imp-T-subset : «<F PCF Q=T PCT
(proof)

lemma D-estended-is-D :
{tQu|tu.t € DPANLFtAftFu} =D P»

(proof)

lemma Process-eq-optimizedl :

qAt- teDP=teDQ Nt. t€eD Q= teDP;

NX L, X)eFP=t¢DP=1t¢D Q= (t, X)) € F @;

NX L, X)eFQ=t¢DQ—=>t¢DP—= (t, X\)e FPl=— P=Q@
(proof)

instance processpiick it (type, type) order

(proof)

lemma lim-proc-is-ub: <chain S = range S <| lim-proc S»

(proof)

lemma chain-min-elem-div-is-min-for-sequel:

<chain § = s € min-elems (D (S i) = i < j= se€ D (5j) = s €
min-elems (D (S j))»

(proof)

lemma limproc-is-lub: <range S <<| lim-proc S» if <chain S»

{proof)

lemma limproc-is-thelub: <chain S = (| |4. S i) = lim-proc S»
(proof)

instance processpiick  (type, type) cpo

(proof)

instance processpiick = (type, type) pepo
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(proof)

2.8 Process Refinement is Admissible

lemma le-FD-adm : <cont (u :: ("b::epo) = ('a, 'r) processpiick) = monofun v
= adm (A\z. vz < vz)

(proof)

lemmas le-FD-adm-cont[simp] = le-FD-adm[OF - cont2mono)

2.9 The Conditional Statement is Continuous

The conditional operator of CSP is obtained by a direct shallow embedding.
Here we prove it continuous

lemma if-then-else-cont|simp):
(JAz. Pz = cont (fz); Az. - Px = cont (g 2)] =
cont (Ay. if Pz then fz y else g x y)»
for f :: ¢ = 'b:: cpo = ('a, 'r) processpiick?
(proof)

2.10 Tools for proving continuity

lemma cont-process-rec: <P = (u X. fX) = cont f = P = f P»
(proof )

lemma Inter-nonempty-finite-chained-sets: «(()i. S i) # {p
if <A\i. j<i= Si#{} finite (Sj) <A\i. S (Suci) C S for S :: (nat =
‘a set»

(proof)

method prove-finite-subset-of-prefizes for t :: <(‘a, 'r) tracepiickr =
— Useful for establishing the second hypothesis
solves «(rule finite-Unl; prove-finite-subset-of-prefizes t) |
(rule finite-subset[of - {u. u < t}],
use prefirl in blast, simp add: prefizes-fin))
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Chapter 3

Constant Processes

3.1 The Undefined Process: L

This is the key result: 1 — which we know to exist from the process instan-
tiation — can be explicitly written with its projections.

lemma F-BOT : «<F L = {(s :: (a, 'r) tracepiick, X). ftF s}h
and D-BOT : <D L = {d :: (Ya, 'r) tracepiick- ftF d}
and T-BOT : «<T L = {s:: (‘a, 'r) tracepiick- ftF sp
(proof )

lemmas BOT-projs = F-BOT D-BOT T-BOT

lemma BOT-iff-Nil-D : <P =1 +— [ €D P
(proof)

lemma BOT-iff-tick-D : <P = L <— (3r. [/(r)] € D P)
(proof)

3.2 The SKIP Process

In this new parameterized version, the SKIP process is of course also pa-
rameterized.

lift-definition SKIP :: <'r = (a, 'r) processpiick’
i<S <)\;'>({(H’ X)| X /(r) ¢ X} U {(s, X). s = [V(r)]}, {})>
proo

abbreviation SKIP-unit :: 'a process» («Skipy) where «Skip = SKIP ()»

lemma F-SKIP :
2f (%ﬂp r)={(, X)| X. /(r) ¢ X} U{(s, X). s = [/ (r)]p
Proo,
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lemma D-SKIP : <D (SKIP r) = {}
(proof)

lemma T-SKIP : <T (SKIP r) = {]], [V(r)|p
(proof)

lemmas SKIP-projs = F-SKIP D-SKIP T-SKIP

lemma inj-SKIP : <inj SKIP)
(proof)

3.3 The STOP Process

lift-definition STOP :: «(‘a, 'r) processpiick’
is «({(s, X). s = [I}, {}»
(proof)

lemma F-STOP : «F STOP = {(s, X). s = [|p
(proof)

lemma D-STOP : <D STOP = {}»
(proof)

lemma T-STOP : «<T STOP = {[|p
(proof )

lemmas STOP-projs = F-STOP D-STOP T-STOP

CONSTANT PROCESSES

lemma STOP-iff-T : <P = STOP «— T P ={[|p

(proof)



Chapter 4

The Binary Choice
Operators

4.1 Deterministic Choice

4.1.1 The Det Operator Definition

lift-definition Det :: <[(’a, 'r)processpiick, ('a, 'r)processpiick) = ('a, 'r)processpiick>
(infix] «(+]> 82)

is AP Q. {(s, X).s=[JA(s, X) e FPNF Q} U
{(s, X). s # [N (s, X) e FPUF Q} U
{(s, X). s=[]AseDPUD Q} U
{(s, X).I3r.s=[[AV(r) ¢ XA [V(r)] €T PUT Q},
DPUD Q)

(proof)

notation Det (infixl «O) 82)

4.1.2 The Projections

lemma F-Det :

(F(POQ) ={(s,X).s=[]AN(s,X) e FPNF Q}U
{(5, X). s# [N (s, X) e FPUF Q} U
{(s, X).s=[|]AseDPUD Q} U
{(, X).Fr.s=]AV(r) ¢ XA[V(r)]eT PUT Qh
(proof)
lemma D-Det : <D (PO Q) =D PUD @
(proof)

lemma T-Det :<T (PO Q) =T PUT
(proof)

lemmas Det-projs = F-Det D-Det T-Det
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4.1.3 Basic Laws

The following theorem of Commutativity helps to simplify the subsequent
continuity proof by symmetry breaking. It is therefore already developed
here:

lemma Det-commute : <P 0O Q= QO P>

(proof)

lemma Det-id [simp] : <P O P = P»
(proof)

4.1.4 The Continuity-Rule

lemma mono-Det : «(P :: ('a, 'r)processpiic) T P'=— QC Q'= PO QLC P’
o Qh
(proof)

lemma chain-Det : <chain Y = chain (Ai. Y i 0O S)

(proof)

lemma cont-Det-prem : <((| ] 4. Yi) O S8) = (] ¢ (YiOS9))y if <chain ¥»
(proof)

lemma Det-cont[simp]: <cont (Az. fz O g ) if <cont f» and <(cont ¢

{proof)

4.2 Non Deterministic Choice

4.2.1 The Ndet Operator Definition

lift-definition Ndet :: <[(‘a, 'r)processpiick, ('a, 'r)processpiick] = ('a, 'r)processpiick>
(infixl -] 83)

is \P Q. (FPUFQ,DPUD Q)
(proof)

notation Ndet (infixl M 83)

4.2.2 The Projections

lemma F-Ndet : «<F (PN Q)=F PUF @
(proof)

lemma D-Ndet : <D (P11 Q)=D PUD @
(proof)

lemma T-Ndet : <T (PN Q)=T PUT @
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(proof)

lemmas Ndet-projs = F-Ndet D-Ndet T-Ndet

4.2.3 Basic Laws

The commutativity of the operator helps to simplify the subsequent conti-
nuity proof and is therefore developed here:

lemma Ndet-commute: <P 1 Q = QN P>
(proof)

lemma Ndet-id [simp] : <P 1 P = P» (proof)

4.2.4 The Continuity Rule

lemma mono-Ndet : <P QE P'M Q) if <PC P’ and «<Q C Q%
(proof )

lemma cont-Ndet-prem : «(| | &. Yi)n S = (] i Yin S if «chain ¥>
(proof)

lemma Ndet-cont[simp]: <cont (Az. fz M g z)» if <cont f» and <cont ¢»

(proof)

4.3 Sliding Choice

4.3.1 Definition

definition Sliding :: <('a, 'r)processpiick = (‘a, 'r)processprick = ('a, 'r)processpiick>
(infix] «>> 80)
where <P > Q= (PO Q)M @

4.3.2 Projections

lemma F-Sliding:
(F P> Q) =FQU{(s,X).s£[|AN(s,X)e FPV
s=[AN@Er.seDPVitikr¢ X A [tickr] € T P)p
(proof)

lemma D-Sliding: <D (P > Q) =D PUD @
(proof)

lemma T-Sliding: <T (P> Q) =T PUT @
(proof)

lemmas Sliding-projs = F-Sliding D-Sliding T-Sliding
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4.3.3 Properties
lemma Sliding-id: <P > P = P»
(proof)

4.3.4 Continuity

From the definition, monotony and continuity is obvious.
lemma mono-Sliding : <PC P'=— QC Q' = P> QLC P'> Q"

(proof)

lemma Sliding-cont|[simp] : <cont f = cont g = cont (Az. fz > g z)

(proof)



Chapter 5

The Prefix Choice Operators

5.1 Multiple Deterministic Prefix Choice

5.1.1 The Definition and some Consequences

lift-definition Mprefiz :: «['a set, 'a = (a, 'r)processpiick] = ('a, 'r)processpiici>
is AA P. {(try ref). tr=[Aref Nev ‘A= {}} U
{(tr, ref). tr Z[J A hdtr € ev *A A (a. eva = hd tr A (tl tr, ref) €
F (P a))},
{d.d#[|ANhdde€ev AN (Ja. eva=hddANtldeD(Pa)})
(proof)

syntax -Mprefic :: (pttrn, 'a set, ('a, 'r)processprick] = ('a, 'r)processpiick>
(«(30((-)/€(-))/ = () [78,78,77] 77)

syntax-consts -Mprefir = Mprefix

translations OacA — P = CONST Mprefiz A (Aa. P)

Syntax Check:

term (Oz€Ad — OycAd - Oz2€eA - Pzaxy = @

5.1.2 Projections in Prefix

lemma F-Mprefiz :
F@BacA—-Pa)={(, X)) X.- XNev‘A={}} U
{(eva# s, X)|asX.aec AN (s, X) € F (Pa)}

(proof)

lemma D-Mprefiz: <D (Da € A — Pa)={eva# s|las.a€c ANseD(Pa)p
(proof)

lemma T-Mprefiz: <T (Da € A — P a) = insert || {eva # sl as.a € ANs€
T (Pa)}b
(proof)

lemmas Mprefix-projs = F-Mprefix D-Mprefix T-Mprefix
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lemma mono-Mprefiz-eq: <(Na. a € A= P a= Q a) = Mprefix A P = Mprefix
A Q
(proof)

5.1.3 Basic Properties

lemma tick-notin-T-Mprefiz [simp]: <[V (r)] ¢ T (Ox € A — P )
(proof)

lemma Nil-notin-D-Mprefix [simp]: <[] ¢ D (Ox € A — P z)»
(proof)

5.1.4 Proof of Continuity Rule
Backpatch Isabelle 2009-1

definition
contlub :: (‘a::cpo = 'biicpo) = bool
where
contlub f = (VY. chain Y — f (|| ¢. Yi) = (] 4 f (Y 1))

lemma contlubL:
[contlub f; chain Y] = f (I ¢ Yi) = 4 f (Y1)
(proof)

lemma monocontlub2cont: [monofun f; contlub f] = cont f

(proof)

lemma contlubl:
(ANY.chainY = f (|| i. Yi)= (] i f (Y1) = contlub f
(proof)

lemma cont2contlub: cont f = contlub f

(proof)

Core of Proof

lemma mono-Mprefix : <da € A > PaC Oa € A — Qa (is <?P C 2(»)
if <\Na.a e A= PaC Q w
(proof)

lemma chain-Mprefiz : <chain Y = chain (\i. Oa€A — Y i a)»

(proof)
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lemma cont-Mprefiz-prem : <0a € A — (| |i. Yia)=(]i Oa€ A — Yia)p
(is «?lhs = ?rhsy) if <chain Y>
(proof )

lemma Mprefiz-cont [simp] : <cont (A\b. Oa € A — fa b)) if x: <(N\a. a € A =

cont (f a)»
(proof)

5.1.5 High-level Syntax for Read and Write0O

The following syntax introduces the usual channel notation for CSP. Slightly
deviating from conventional wisdom, we view a channel not as a tag in a
pair, rather than as a function of type ‘a = 'b. This paves the way for typed
channels over a common universe of events.

definition read :: <['a = 'b, 'a set, 'a = (b, 'r)processpiick] = ('b, 'r)processprick>
where <read ¢ A P = Mprefix (¢ * A) (P o (inv-into A c))»

definition write0 :: <['a, (‘a, 'r)processpiick] = ('a, 'r)processpiicr> (infixr —»

77)
where (write0 a P = Mprefiz {a} (Az. P)

5.1.6 CSP,,-Style Syntax for Communication Primitives

syntax
-read :: <['a = 'b, pttrn, ('b, 'r)processpiick] = (b, 'r)processpiick?
(«(3((- ) () /= -0 [78,78,77] 77)
-readX : <['a = 'b, pttrn, bool, ('b, 'r)processpiick] = ('b, 'r)processpiick>
)I-

(S22 /= ) [78,78,78,77) T7)
-readS :: <['a = 'b, ptrn, 'a set, ('b, 'r)processpiick] = (b, 'r)processpiick?
<(3((-)? ( ))E- /= ) [78,78,78,77] 77)

translations
-read ¢ p P = CONST read ¢ CONST UNIV (Ap. P)
-readX ¢ p b P => CONST read ¢ {p. b} (Ap. P)

-readS ¢cp A P => CONST read ¢ A (Ap. P)
syntax-consts -read = read

and -readX = read
and -readS = read

Syntax Check:

term <a — P»

term «c?z — d?y — P a
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term «c?zeX — P x»
term «c?z|(z<0) - P

term «c?z — d?yeB — e —» u?|(t > 1) - Payp

term «(c o d)?a — P

lemma mono-write0 : <P C Q = a — PLC a —

(proof)

lemma mono-read : <(Na. a € A= PaC Qa) = c?a€A — P a C c?acA
- Q w
(proof)

lemma read-cont|[simp]:
«(Aa. a € A = cont (A\b. P ba)) = cont (A\y. read ¢ A (P y))»

(proof)

lemma read-cont’[simp): <cont P = cont (Ay. read ¢ A (P y))»

(proof)

lemma read-cont'[simp]: «(Aa. cont (f a)) = cont (A\y. c?x — fz y)» (proof)

lemma write0-cont[simp|: <cont (P:('b::cpo = (‘a, 'r)processpiick)) = cont(Az.
a — Pzx)

(proof)

lemma Mprefiz-singl : <Ox € {a} - Pz =a — P
(proof)

5.2 Multiple non Deterministic Prefix Choice

5.3 Multiple non deterministic prefix operator

lift-definition Mndetprefiz :: <['a set, 'a = ('a, 'r)processpiick] = ('a, 'r)processpiick?
is <AA P. if A = {} then processy-of-process STOP
else (Ja€eA. F (a — Pa), JacA. D (a — P a))

{proof)

syntax -Mndetprefiz :: pttrn = 'a set = ('a, 'r)processpiick = ('a, 'r)processpiick
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«(37((-)/€()/) = () [78,78,77] 17)
syntax-consts -Mndetprefic = Mndetprefiz

translations Ma € 4 — P = CONST Mndetprefix A (Aa. P)

lemma F-Mndetprefiz:

«(F (Ma€ A — Pa)= (if A= {} then {(s, X). s =[]} else Yz€A. F (x - P
z))»

(proof)

lemma D-Mndetprefix : <D (Ma € A — P a) = (if A = {} then {} else Jz€A. D
(x = Px))

(proof)

lemma T-Mndetprefiz: <T (Ma € A — P a) = (if A = {} then {[]} else JzeA.
T (x— Pz))
(proof )

lemma mono-Mndetprefiz-eq: «(Na. a € A= Pa=Qa) = Ta€ A — Pa
=Ma€eAd— Qaw
(proof)

lemma F-Mndetprefiz’ :
«(F (Ma€e A — Pa)=
( if A={} then {(s, X). s =[]}
else {([, X)] X.Jace A evag X} U{(eva# s, X)|lasX. a € AN (s, X)
e F (Pa)})y
(proof )

lemma D-Mndetprefiz' : <D (Ma € A — Pa) ={eva# slas.ac€ ANseD
(Pa)p
(proof)

lemma T-Mndetprefiz’ : <T (Ma € A — Pa) =insert [ {eva# s|las. ac€ AN
seT (Pa)h
(proof)

lemmas Mndetprefiz-projs = F-Mndetprefiz’ D-Mndetprefix’ T-Mndetprefix’

Thus we know now, that Mndetprefix yields processes. Direct consequences
are the following distributivities:

lemma Mndetprefiz-singl [simp] : <M a € {a} - Pa=a— P &
(proof)
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lemma Mndetprefiz- Un-distrib :
A#£{}=B#{}=TMre€(AUB) > Pz=(a€A— Pa)NN(Nbe B
— P b
(proof )

The two lemmas Mndetprefic {?a} ?P = %a — 9P %a and [?A # {}; 7B
# {}] = Mndetprefiz (?A U ?B) ?P = Mndetprefix ?A ?P M Mndetprefix
?B ?P together give us that Mndetprefix can be represented by a fold in the
finite case.

lemma Mndetprefiz-distrib-unit :

A—{a} #{} =Nz cinsertaA— Pzx=(a— Pa)N (Mz e (A - {a})
— Pa)

(proof)

This also implies that Mndetprefiz is continuous when finite A, but this is
not really useful since we have the general case.

5.3.1 General case Continuity

lemma mono-Mndetprefiz : <Ma € A - PaClNa€e A— Qa
(is<?PC ?@) if <kNa.a € A= Pal Qa
(proof)

lemma chain-Mndetprefiz : <chain Y = chain (Ai. Ma€A — Y i a)

(proof)

lemma cont-Mndetprefiz--prem : <Ma € A — (| Ji. Yia) = (i Na€ A — Yi
a)
(is <?lhs = ?rhs») if <chain Y

(proof)

lemma Mndetprefiz-cont [simp] : <cont (Ab. Ma € A — fa b)y if x : <\a. a € A
= cont (f a)»

(proof)

5.3.2 High-level Syntax for Write

A version with a non deterministic choice is also introduced.
definition ndet-write :: <['a = 'b, 'a set, 'a = ('b, 'r)processprick] = ('b, 'r)processpiick>

where <ndet-write ¢ A P = Mndetprefiz (¢ * A) (P o (inv-into A ¢))»

definition write :: <['a = 'b, ‘a, ('b, 'r)processpiick] = (b, 'r)processpiick>
where (write ¢ a P = Mprefiz {c a} (Az. P)
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syntax
-ndet-write  :: <['a = 'b, pttrn, ('b, 'r)processprick] = ('b, 'r)processpiick’
(SN /= ) [78,78,77) 77)
-ndet-writeX :: <['a = 'b, pttrn, bool,('b, 'r)processpiick) = ('b, 'r)processpiici>
((3(ON- /= ) [78,78,78,77) 77)
-ndet-writeS :: <['a = 'b, pttrn, 'b set,('d, 'r)processpiick] = ('b, 'r)processpiick’
«(E((HN()e- /= ) [78,78,78,77) 17)
-write = «['a = 'b, 'a, ('a, 'r)processpiick) = ('a, 'r)processprickr (((3()(-) /=
) [78,78,77) 77)

syntax-consts -ndet-write = ndet-write

and -ndet-writeX = ndet-write

and -ndet-writeS = ndet-write

and -write = ndet-write
translations

-ndet-write ¢ p P = CONST ndet-write ¢ CONST UNIV (Ap. P)
-ndet-writeX ¢ p b P => CONST ndet-write ¢ {p. b} (Ap. P)
-ndet-writeS ¢ p A P => CONST ndet-write ¢ A (Ap. P)

-write ¢ a P = CONST write ¢c a P

Syntax checks.

term «c!'z — P x»
term «cllzeA — P>
term «c!z|(0<z) — P x»

term «(c o ¢)!la€A — d?beB — event — ela’ — P a b

term «clz — P»

lemma mono-ndet-write: <(Na. a € A = P aC Q a) = (cMacAd — Pa) C
(c!acA — Q a)

(proof)

lemma ndet-write-cont[simp):
«(Aa. a € A => cont (A\b. P ba)) = cont (\y. MacA — Py a)y

(proof)
lemma mono-write: <P C @Q = cla - P C cla — @

(proof)

lemma write-cont[simp]: <cont P = cont (Az. cla — P z))

(proof)
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lemma read-singl[simp] : «c?a€{z} - Pa = cle - P o

(proof)

lemma ndet-write-singl[simp] : «Mac{z} - Pa = clz - Pn

(proof)

lemma write-is-write0 : <clx - P = cx — P>

(proof)



Chapter 6

The Global non
Deterministic Choice

6.1 General non Deterministic Choice Definition

This is an experimental definition of a generalized non deterministic choice
a M b for an arbitrary set. The present version is “totalised” for the case
of A = {} by STOP, which is not the neutral element of the (M) operator
(because there is no neutral element for (M)).

lemma A P.VQ. (P :: ('a, 'r) processpick) M Q = Q
(proof)

lift-definition GlobalNdet :: <['b set, 'b = ('a, 'r) processptick] = ('a, ') pro-
cesspticw

is AA P. if A={}

then ({(s, X). s = I}, {})
else (UacA. F (P a), JacA. D (Pa))

(proof)

syntax -GlobalNdet :: <[pttrn,’b set,('a, 'r) processpiick] = (‘a, 'r) processpiici?

(«(an((-)/€(-))./ () [78,78,77] 77)
syntax-consts -GlobalNdet == GlobalNdet
translations Ma € A. P = CONST GlobalNdet A (Aa. P)

Note that the global non deterministic choice MacA. P a is different from
the multiple non deterministic prefix choice which guarantees continuity
even when A is infinite due to the fact that it communicates its choice via
an internal prefix operator.

49
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6.2 The projections

lemma F-GlobalNdet:
2]: (I;Ic>a € A. Pa)=(if A= {} then {(s, X). s =[]} else (U a€A. F (P a)))
Proo

lemma D-GlobalNdet: <D (Ma € A. Pa) = (J acA. D (P a))
(proof)

lemma 7T-GlobalNdet:
27’ (Ijlf>a € A. Pa)= (if A= {} then {[]} else (U a€A. T (P a)))
Proo

lemma T-GlobalNdet”: <T (Ma € A. Pa) = insert [| (U a€A. T (P a))
(proof)

lemmas GlobalNdet-projs = F-GlobalNdet D-GlobalNdet T-GlobalNdet’

lemma mono-GlobalNdet-eq:
«(Na.a € A= Pa= Q a) = GlobalNdet A P = GlobalNdet A ()

(proof)

lemma mono-GlobalNdet-eq2:
«(Na.a € A= P (fa) = Q a) = GlobalNdet (f * A) P = GlobalNdet A @)

(proof)

6.3 Factorization of (M) in front of GlobalNdet

lemma GlobalNdet-factorization-union:

qA#{s B#{ =
MpeA Pp)n(Npe B.Pp)=(Mpe(AUB).Pp)p

(proof)

lemma GlobalNdet-Union :
(Mae(Uiel. Ad.Pa)y="Nie{icl. Ai#{}}.Na€c Ai Pw
(proof )

6.4 First properties

lemma GlobalNdet-id [simp] : <A # {} = (Mpe€ A. P) =P
(proof)

lemma GlobalNdet-unit[simp] : «(M z € {a}. Px) = P o
(proof)
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lemma GlobalNdet-distrib-unit:
A—{a} £ {} = Nz ecinserta A. Pz)=Pan (MNz e (A-{a}). Pz)p
(proof)

lemma GlobalNdet-distrib-unit-bis :
«(Mzeinserta A. Pz) = (if A—{a} ={} then Paelse Pall (Mz € (4 —

{a}). Px))
(proof)

6.5 Behaviour of GlobalNdet with (1)

lemma GlobalNdet-Ndet:
(Ma€eA Pa)N(MNacA Qa)=TNaecA Pan Qa

(proof)

6.6 Commutativity

lemma GlobalNdet-sets-commute:
(Mace A MbeB. Pab)=TMbe B.Ma€c A Pab

(proof)

6.7 Behaviour with injectivity

lemma inj-on-mapping-over-GlobalNdet:
<nj-on fA= Mz € A. Px)=MNaz € f* A P (inv-into A fz)
(proof)

6.8 Cartesian product results

lemma GlobalNdet-cartprod-o s-set-o s-set:
«(M(s,t) eAxB.P(sQt)=Nue{sQt|st (s,t)€ Ax B}. Pw
(proof)

lemma GlobalNdet-cartprod-s-set-os-set:
«(M(s,t) e AXB.P(s#t)=Nuec{s#t|st.(s,t)e€ Ax B}. Pw
(proof)

lemma GlobalNdet-cartprod-s-set-s-set:
«(MN(s,t) e Ax B.P[s,t])=Nue{stl|st (s,t) € A x B}. Pw
(proof)

lemma GlobalNdet-cartprod: <(M(s, t) € A x B.Pst)=MNs€ A.Mte B.Pst
(proof)
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6.9 Link with Mndetprefiz

This is a trick to make proof of Mndetprefix using GlobalNdet as it has an
easier denotational definition.

lemma Mndetprefiz-GlobalNdet: <M a € A > Pa=MNa€ A. a— P
(proof)

lemma write0-GlobalNdet:
x—TMNa€A Pa=(if A={} thenz — STOP else M a € A. z — P a)

(proof)

lemma ndet-write-is-GlobalNdet-write0 :
<cfla€A — Pa=nbec “A. b — P (inv-into A c b)»
(proof )

lemma ndet-write-is-GlobalNdet-write :
<ing-on ¢ A = clla€A — P a =Na€A. cla - P w

(proof)

lemma GlobalNdet-Mprefiz-distr:
A#{} = (MNac A ObeB—-Pab)=0beB— (MNaec A Pabd)y

(proof)

lemma GlobalNdet-Det-distrib:
(Ma€ A PaOQa)=(MNa€A Pa)O(MNae A Qa)y
if «<3Q'b.Va. Qa=(b— Q a)

(proof)

6.10 Continuity

lemma mono-GlobalNdet : «(Na.a € A= PaC Qa) = (Mac€ A. Pa)C Na
ceA Quw

(proof)

lemma chain-GlobalNdet : <chain Y = chain (Ai. Na € A. Y i a))
(proof )
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lemma GlobalNdet-cont [simp] : «[finite A; Na. a € A = cont (P a)] = cont
(Ay. M z€A. Pz y)»

(proof)
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Chapter 7

The Sequential Composition

7.1 Definition

lift-definition Seq :: <[(‘a, 'r) processpiick, ('a, 'r) processpiick] = (‘a, 'r) pro-
cessprick) (Infixl < 74)
is AP Q. ({(t, X) |t X. (t, X U range tick) € F P A tF t} U
{tQu, X) turX. tQ[/(r)] €T PA(u, X) € F Q} U
{(t, X). t € D P},
DPU{tQultur.t@Q@[/(r)]eT PAu€eDQ})
(proof )

7.2 The Projections

lemma F-Seq : <F (P; Q) = {(¢t, X) |t X. (t, X U range tick) € F P AN tF t} U
{tQu, X) [turX.tQ[/(r)]eT PA(u, X) € F Q}U
{(t, X). t €D Ph
(proof)

lemma D-Seq: <D (P; Q) =DPU{tQultur.t@Q/(r)] €T PANueD
Qp
(proof)

lemma T-Seq-bis :
T (P35 Q) = {t. (t, range tick) € F P AN tF t} U
{tQutur.tQ[/(r)]eT PAueT Q}U
D P

(proof)

lemma 7T-Seq :

T (P;Q)={teTP.tFt}U{tQultur.tQ/(r)]eT PAueT Q}U
D P»

— Often easier to use

55
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(proof )

lemmas Seg-projs = F-Seq D-Seq T-Seq

7.3 Continuity Rule

lemma mono-Seq : <PC Q = RC S = P; RC Q; S for P :: «('a, 'r)
ProcesSpiick?
(proof)

context begin

private lemma chain-Seq-left: <chain ¥ = chain (Ai. Yi; S)
(proof) lemma chain-Seg-right: <chain ¥ = chain (Ai. S; Y i)
(proof) lemma cont-left-prem-Seq :

()i Yi); S= (i Yij;S) (is «?lhs = ?rhs) if <chain V>

(proof) lemma cont-right-prem-Seq :

Ss Ui Yi) = (e S Yi)y (is «?lhs = ?rhsy) if <chain Y

(proof)

lemma Seg-cont [simp] : <cont (Az. fz 3 g ) if <cont > and <(cont ¢

(proof)

end
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The Synchronization
Product

8.1 Basic Concepts

fun setinterleaving :: <('a, 'r) tracepiick % ('a, 'r) refusalpiick % ('a, 'r) tracepiick
= (‘a, 'r) tracepiick set>
where

si-emptyl: «setinterleaving ([], X, []) = {[|b
| si-empty2: «setinterleaving ([], X, y # t) =

(ifye X

then {}

else {z. Ju. z =y # u N u € setinterleaving ([], X, t)})»
| si-empty3: «setinterleaving ((xz # s), X, []) =

(ifre X

then {}

else {z. 3 u. z =z # u A u € setinterleaving (s, X, [|)})»

| si-neq : <setinterleaving (x # s, X, y # t) =
(ifre X
then if y € X
then ifx = y
then {z. Ju. z = = # u A u € setinterleaving (s, X, t)}
else {}
else {z. Ju. z =y # u N u € setinterleaving (z # s, X, t)}
elseif y ¢ X
then {z. Ju. z = ¢ # u A u € setinterleaving (s, X, y # t)} U
{z. Ju. 2 = y # u A u € setinterleaving (z # s, X, t)}
else {z. Ju. z =z # u A u € setinterleaving (s, X, y # t)})»

!/ !

fun setinterleavingList = <("a, 'r) traceppick X ( a, 'r)
traceprick = (‘a, 'r) tracepiick list

where

a, 'r) eventyiicr set X (

o7
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si-emptyll: «setinterleavingList ([], X, []) = [[]p
| si-empty2l: «setinterleavingList ([], X, (y # t)) =

(fye X

then ||

else |y # z. z « setinterleavingList ([], X, t)])»
| si-empty3l: «setinterleavingList (x # s, X, []) =

(ifee X

then ||

else [x # z. z + setinterleavingList (s, X, [])])»

| si-neql : «setinterleavingList ((z # s), X, (y # t)) =

(ifre X
then if y € X
then if x = y
then [z # z. z + setinterleavingList (s, X, t)]
else []
else [y # z. z < setinterleaqvingList (z # s, X, t)]
elseify ¢ X

then [z # z. z + setinterleavingList (s, X, y # t)] @
ly # z. z < setinterleavingList (z # s, X, t)]
else [z # z. z + setinterleavingList (s, X, y # t)])»

lemma finiteSetinterleavingList: finite (set (setinterleavingList (s, X, t)))
(proof)

lemma setinterleaving-sym : <(setinterleaving (s, X, t) = setinterleaving(t, X, s)»

(proof)

abbreviation setinterleaves-syntax (- setinterleaves '(()'(-, -")(), -') [60,0,0,0]70)
where u setinterleaves ((s, t), X) == (u € setinterleaving(s, X, t))

8.2 Consequences

lemma emptyLeftProperty: s setinterleaves (([], t = ('a, ') traceprick), A) = s
=1
(proof)

lemma emptyRightProperty: <s setinterleaves ((t, []), 4) = s =
(proof)

lemma emptyLeftSelf: ~Vt1. t1 € set t — t1 ¢ A = ¢ setinterleaves (([], t),
A)»
(proof)

lemma empty-setinterleaving : [| setinterleaves ((t, u), A) = t = ||
(proof)
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lemma emptyLeftNonSync: <s setinterleaves (([], t), A) = Va € set t. a ¢ A
(proof)

lemma ftf-Syncl: «Ja ¢ set u; a ¢ set t; s setinterleaves ((t, u), A)] = a ¢ set
s

(proof)

lemma addNonSync:

<sa setinterleaves ((t, u), A) = yl ¢ A =

(sa Q [y1]) setinterleaves ((t Q [y1], u), A) A (sa Q [yI]) setinterleaves ((t, u
@ [y1]), Ap

(proof )

lemma addSync:<sa setinterleaves ((t, u), A) = yl € A =
(sa @ [y1]) setinterleaves ((t @Q [yI], u Q [y1]), A)

(proof)

lemma doubleReverse: <s1 setinterleaves ((t, u), A) = rev sl setinterleaves ((rev
t, rev u), A)
(proof)

lemma SyncTlEmpty: <a setinterleaves (([], u), A) = tl a setinterleaves (([], t
u), A)»
(proof)

lemma SyncHd-TI:
<a setinterleaves ((t, u), A) = hdt € A= hdu ¢ A
= hd a = hd u A tl a setinterleaves ((t, tl u), A)>

(proof)

lemma SyncHdAddEmpty:
(tl a) setinterleaves (([), u), A) = hd a ¢ A = a # ||
= a setinterleaves (([], hd a # u), A)

(proof)

lemma SyncHdAdd:
(tl a) setinterleaves ((t, u), A) = hda ¢ A = hdt € A = a # ]
= a setinterleaves ((t, hd a # u), A)

(proof)

lemmas SyncHdAddl = SyncHdAdd[of a # r, simplified] for a r
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lemma SyncSameHdTI:
a setinterleaves ((t, u), A) = hdt € A= hdu € A
= hdt=hdu A hda=hdt A (tl a) setinterleaves ((tl t, tl u), A)

(proof)

lemma SyncSingleHeadAdd:
a setinterleaves ((t, u), A) = h ¢ A
= (h # a) setinterleaves ((h # t, u), A)
(proof)

lemma TickLeftSync:

(ltick r € A; front-tickFree t; s setinterleaves (([tick 7], t == ('a, 'r) traceptick),
A)] = s =1t A last t = tick

(proof)

lemma EmptyLeftSync: «s setinterleaves (([], t), A) = s =t Asett N A= {}p
(proof)

lemma EmptyRightSync: s setinterleaves ((¢, []), A) = s =t Asett N A= {}p
(proof)

lemma ftf-Sync21: <a € setu N a & settV a € sett N a & setu— a € A =
setinterleaving (u, A, t) = {p
(proof)

lemma ftf-Sync32:
assumes ¢ = t1 Q [tick ) and <u = ul Q [tick r]>
and <s setinterleaves ((t, u), range tick U ev © A)»
shows (Js1. sl setinterleaves ((t1, ul), range tick U ev * A) A s = s1 Q [tick
]

{proof)

lemma SyncWithTick-imp-NTF:
assumes ((s @ [tick r]) setinterleaves ((t, u), range tick U ev * A)»
and «front-tickFree t» and «<front-tickFree u»
shows «3¢1 ul. t = t1 Q [tick r] A u = ul Q@ [tick r] A s setinterleaves ((t1,
ul), range tick U ev ‘ A)»
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(proof )

lemma suffiz-tick-le-ftf-imp-eq: <front-tickFree t = s @ [tick r] < t = s Q [tick
rl =t

(proof)

lemma synPrefix: <(s Q t) setinterleaves ((ta, u), A) = It ul. t1 < ta N ul
< u A s setinterleaves ((t1, ul), A)

(proof)

lemma interleave-less-left :
<s setinterleaves ((t, u), A) = t1 < t =
Jul s1. ul < u A sl <sA sl setinterleaves ((t1, ul), A)

(proof)

lemma interleave-less-right :
«s setinterleaves ((t, u), A) = ul < u =
Jt1s1.t1 <t A sl <sA sl setinterleaves ((t1, ul), A)

(proof)

lemma interleave-le-left :
<s setinterleaves ((t, u), A) = t1 < t =
Jul s1. ul < u A st <sA sl setinterleaves ((t1, ul), A)

(proof)

lemma interleave-le-right :
«s setinterleaves ((t, u), A) = ul < u =
Jtl s1.t1 <t A sl <sA sl setinterleaves ((t1, ul), A)»

(proof)

lemma SyncWithTick-imp-NTF1:
assumes ((s Q [tick r]) setinterleaves ((t, u), range tick U ev * A)»
and <t € T Pyand «vu € T @
shows (3t v X-P X-Q. (t, X-P) € F P A (u, X-Q) € F Q A
s setinterleaves ((t, u), range tick U ev * A) A
X — {tick r} = (X-P U X-Q) N (range tick U ev * A) U X-P
N X-@»
(proof)
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lemma interleave-size:

<s setinterleaves ((t, u), C) => length s = length t + length v — length (filter
(M. z e C) t)

(proof)

lemma interleave-eq-size:
<s setinterleaves ((t, u), C) = s’ setinterleaves ((t, u), C') = length s = length
sh

(proof)

lemma ftf-Sync:
assumes <front-tickFree ty and <front-tickFree u»
and (s setinterleaves ((t, u), range tick U ev * A)»
shows «front-tickFree s»

(proof )

8.3 The Sync Operator Definition

lift-definition Sync :: <[(‘a, 'r) processpiick, 'a set, (‘a, 'r) processpiick] = ('a,

'r) processpiick>
(«(3(- [-1/ ) [70, 0, 71] 70)
is \APAQ. ({(s, R). 3tuXY.(t, X\) €FPA(u, Y)€F QA
s setinterleaves ((t, u), range tick U ev © A) A
R=(XUY)nN (range tickUev ‘A)U X N Y} U
{(s;, R). 3turv. iIFvAN{FrVov=[)As=rQuA
r setinterleaves ((t, u), range tick U ev © A) A
(teDPAueT QVteDQAueT P},
{s. Jturv. tFvN(FrVov=[])As=rQuovA
r setinterleaves ((t, w), range tick U ev © A) A
(teDPAueT QVteDQANueT P)}p
{proof)

8.4 The Projections

lemma F-Sync :
F(P[A] Q) =
{((,R).3tuX Y. (t, X)EFPA(u Y)EF QA
s setinterleaves ((t, u), range tick U ev © A) A

R=(XUY)N (range tick Uev ‘A)UX N Y} U

{(s, R). 3t u rv. front-tickFree v A\ (tickFree r V v=1[) As=1r Qv A
r setinterleaves ((t, u), range tick U ev © A) A
(teDPAueT QVteDQANueTPh

(proof)

lemma D-Sync :

D(PlA]Q) =
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{s. It u r v. front-tickFree v A (tickFreer V v =1[) As=1r Qv A
r setinterleaves ((t, u), range tick U ev * A) A
(teDPAueT QVteDQAueTP)p

(proof )

lemma T-Sync :
T(P1A]Q -
{s.Ftu.t €T PAueT QA s setinterleaves ((t, u), range tick U ev * A)} U
{s. 3t w rv. front-tickFree v A (tickFree r V v =[]) A
s =1 Qv A r setinterleaves ((t, u), range tick U ev < A) A
(teDPAueT QVteDQAueTP)p

(proof)

lemmas Sync-projs = F-Sync D-Sync T-Sync

8.5 Syntax for Interleave and Parallel Operator

abbreviation Inter-syntaz ((- ||| -) [72,73] 72)
where P [|| Q= (P [{}] Q)

abbreviation Par-syntax ((- || -) [74,75] 74)
where P || Q = (P [ UNIV ] Q)

lemma setinterleaving-UNIV-iff : «s setinterleaves ((t, u), UNIV) +— s =t A s
= w

for s :: «("a, 'r) tracepiick

(proof)

lemma F-Par :
«F P Q) ={(s,R).IXY. (s, X)) eFPA(s,Y)EFQAR=XUYU
XnvY}tu
{(s, R). Itv. iIFv AN (tFtVuv=[)As=1tQuvA
(teDPALteT QVteDQAteT P)p

(proof)

lemma D-Par :

D (P Q) ={s.Ftv. itFoN{FtVov=[)As=tQuA
(teDPAteT QVteDQALteT P)p

(proof)

lemma T-Par :

TP Q=TPNTQQU{tQuv|tv. fitFvA({FtVv=])A
teDPNT QUD RNT PhH

(proof)

lemmas Par-projs = F-Par D-Par T-Par
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lemma superset-T-Inter : {t. tFt ANte€ T PUT Q} T (P||| @
{proof)

lemma superset-D-Inter : <D P UD Q C D (P ||| Q)
(proof)

8.6 Continuity Rule

lemma Sync-commute: <P [S] Q = Q [S] P>
— This will simplify the following proofs.
(proof )

lemma mono-Sync : <P C P'= QC Q'= P [A] Q C P'[A] Q"
for P :: «('a, 'r) processpiick>

(proof)

lemma chain-Sync-left : <chain Y = chain (\i. Y i [A] S)
and chain-Sync-right : «chain ¥ = chain (Ai. S [A] Y i)
(proof)

lemma finite-interleaves: <finite {(t, w). (s :: (‘a, 'r) tracepiick) setinterleaves ((t,
u), A)b
(proof)

lemma finite-interleaves-Sync:
<finite {(t, u, r). v setinterleaves ((t, u), range tick U ev * A) A
(Jv. s =1 @ v A front-tickFree v A (tickFree r V v = [])) }»
(is «finite ?4»)
(proof)

lemma Cont-Sync-prem:
(L] i Yi)[A] @ = (L] ¢ Yi[A4] Q) if chain: <chain Y
(proof )

lemma Sync-cont[simp]: <cont (Ax. fz [A] g z)» if <cont f> <cont g

{proof)
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The Renaming Operator

9.1 Some preliminaries
term <f —‘ B>

definition finitary :: <«('a = 'b) = bool
where <finitary f = Vz. finite(f —* {z})

We start with some simple results.
lemma «f —‘{} = {}» (proof)
lemma X C YV = f—-—‘XCf—°Y) (proof)

lemma f — (XU Y)=f—XUf =Y (proof)

lemma map-eventy;ck-eg-ev-iff : <map-eventyicr fge=evb<+— (3a. e= ev
a ANb=fa)

and map-eventy;c,-eg-tick-iff : «<map-eventpiick fge=v(s) «— 3Ir. e=V(r)
ANs=gr)p

and ev-eg-map-eventpick-iff : <ev b = map-eventpricr fge— (Ja. e=eva
Ab=fa)

and tick-eg-map-eventy;ck-iff : </ (s) = map-eventpiick fge+— (Ir. e =V (r)
ANs=gr)p

(proof)

lemma inj-left-map-event, ;e <inj (Af. map-eventpiick f g)»

(proof)

lemma inj-right-map-eventpiicr: <inj (map-eventpiick f)»

(proof)

lemma map-event, ;i -tickFree : <tickFree (map (map-eventpiick f g) s) <— tick-

65
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Free s»

(proof)

lemma map-event,;cx-front-tickFree : «front-tickFree (map (map-eventpiicr f )
s) «— front-tickFree s

(proof)

lemma map-map-eventy,;ck-eg-tick-iff :
«map (map-evenlpiick fg) t = [V (s)] «— 3r.s=gr At=[/(r)])»
and tick-eg-map-map-event,iicr-iff
(V' (8)] = map (map-eventprick fg) t +— 3r.s=gr At =[/(r)])
(proof )

9.2 The Renaming Operator Definition

Our new renaming operator does not only deal with events but also with
termination.

lift-definition Renaming :: <[(a, 'r) processpiick, 'a = 'b, 'r = 's] = ('b, 's)
ProcesSptick?
is AP fg. ({( map (map-eventyiicr, fg) s1, X)| s1 X. (s1, (map-eventpick [ g)
-‘X)e FP}U
{((map (map-eventpiicr fg) s1) @ s2, X)| s1 s2 X. tickFree s1 A
front-tickFree s2 N s1 € D P},
{( map (map-eventyiicr fg) s1) @ s2| s1 s2. tickFree s1 A front-tickFree
s2 N sl € D P})

(proof)

Some syntactic sugar.

syntax

-Renaming :: <('a, 'r) processpiick = updbinds = updbinds = (
cessprickr (- [-] [-]> [200, 100, 100])

-Renaming-left  :: <('a, 'r) processpiick = updbinds = ('a, 'r) processpiick> (<-
[-] > [200, 100])

-Renaming-right :: «('a, 'r) processprick = updbinds = ('a, 'r) processpiicr> (4-
[ [-I> [200, 100])
syntax-consts -Renaming = Renaming

‘a, 'r) pro-

and -Renaming-left = Renaming
and -Renaming-right = Renaming
translations

-Renaming P f-updates g-updates = CONST Renaming P (-Update (CONST id)
f-updates) (-Update (CONST id) g-updates)

-Renaming-left P f-updates = CONST Renaming P (-Update (CONST id)
J-updates) (CONST id)

-Renaming-right P g-updates = CONST Renaming P (CONST id) (-Update
(CONST id) g-updates)

Now we can write P [a := b] [c := d]. If we only want to rename events, or
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results, we use respectively P [a := b] [] and P [] [¢ := d]. Like in HOL. Fun,
we can write this kind of expression with as many updates we want: P [a
=0, c:=4d, e:=f, g:=h] [rl :=r2, r3 := r4]. By construction we
also inherit all the results about fun-upd, for example %z # %z — (?f(%z
= %y)) %2 = ?f 22

of (%0 = 2y, % = %2) = 9f(%x := %2)

%a # %c = ?m(%a = ?b, ?c := ?d) = ?m(%c := ?d, %a = ?b).

lemma (P [z :=y, z := 2] [| = Pz := 2] []» (proof)

lemma <a # ¢c= PJa:=0b,c:=d][rl :=12] =P [c:=d, a:=10] [r] :=
r2]> (proof)

9.3 The Projections

lemma F-Renaming: «F (Renaming P [ g) =

{( map (map-eventyiicr fg) s1, X)| s1 X. (s1, (map-eventpiick fg) —°X) € F
P} U

{((map (map-eventyiick fg) s1) Q s2, X)| s1 s2 X. tickFree s1 N front-tickFree
s2 AN sl € DPh

(proof)

lemma D-Renaming: <D (Renaming P f g) =

{(map (map-eventyiick fg) s1) @ s2| sl s2. tickFree s1 A front-tickFree s2 A sl
€D Ph

(proof)

lemma T-Renaming: <T (Renaming P f g) =

{ map (map-eventyick fg) s1| s1.s1 € T P} U

{(map (map-eventyick fg) s1) Q s2| sl s2. tickFree s1 A front-tickFree s2 A sl
€D Ph

(proof)

lemmas Renaming-projs = F-Renaming D-Renaming T-Renaming

9.4 Continuity Rule

9.4.1 Monotonicity of Renaming.

lemma mono-Renaming : <Renaming P f g © Renaming Q f ¢» if <P C Q>

(proof)
lemma {ev c |c. f¢c = a} = ev{c. fc = a} (proof)

lemma vimage-map-event,;.r-subset-vimage: <map-event,icr fg —° (ev © A) C
range tick U (ev ‘ (f —¢A))»
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and vimage-subset-vimage-map-event,icx: <(ev < (f —¢A)) C (map-eventpick f
g —*(ev “ A)) — range tick
(proof)

9.4.2 Some useful results about finitary, and preliminaries
lemmas for continuity.

lemma inj-imp-finitary[simp] : <inj f = finitary f> (proof)

lemma finitary-comp-iff : <finitary ¢ = finitary (g o f) «— finitary f»
(proof )

lemma finitary-updated-iff [simp] : <finitary (f (a := b)) <— finitary f>
(proof )

By declaring this simp, we automatically obtain this kind of result.

lemma «finitary f <— finitary (f (a := b, ¢ ;= d, e:= g, h := 7))» {proof)

lemma Cont-RenH2:

finitary ((map-eventyiicr fg) = (Ya, ') eventpiic = ('b, 's) eventppick) <—
finitary f A finitary g
(proof )

lemma Cont-RenH3:
(st @1 |s1¢l. (3 b.sl =[b&fb=a)Alist=mapfitl} =
(U bef—Ha}. (At. b# t) “{t. list = map ft})
(proof )

lemma Cont-RenHj: <finitary f «— (Vs. finite {t. s = map f t})
(proof )

lemma Cont-RenHS5: «finitary f = finitary ¢ = finite (Jt € {¢t. t < s}. {s.
t=map (map-eventyiick fg) s})

(proof)

lemma Cont-RenH6: «{t. 3t2. tickFree t A front-tickFree t2 A © = map (map-eventy;ck
fg)t @iz}

9) st

C{y. Fza. za € {t. t <z} ANy € {s. za = map (map-event,ick f
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(proof)

lemma Cont-RenH7: «finite {t. 312. tickFree t N front-tickFree t2 N s = map
(map-eventyiicr fg) t Q 2}

if <finitary f» and «<finitary g
(proof)

lemma chain-Renaming: <chain Y = chain (Ai. Renaming (Y i) f g)»
(proof)

9.4.3 Finally, continuity !

lemma Cont-Renaming-prem:
«(L] ¢ Renaming (Y i) fg) = Renaming (|| i. Y i) fo
if finitary: <finitary f» <finitary ¢> and chain: <chain Y)
(proof)

lemma Renaming-cont[simp] : <cont P = finitary f = finitary ¢ = cont (Az.
(Renaming (P x) f g))»
(proof)

lemma RenamingF-cont : <cont P => cont (A\z. (P z) [a := b] [c := d])»

(proof)

lemma <cont P = cont (Az. (P z)[a := b, ¢c:=d, e := f, g :== a] [rl = r2,
r3:= 14, r5:= r6])
(proof)

9.5 Some nice properties

lemma map-eventy;ck-comp: <map-eventpick (f2 o f1) (92 o g1) = map-eventpiick
12 g2 o map-eventyiicr f1 g1»
(proof)

lemma Renaming-comp : <Renaming P (f2 o f1) (92 o g1) = Renaming (Renaming
P f1g1) f2 ¢2>
(proof )
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lemma Renaming-id: <Renaming P id id = P>

(proof)

lemma Renaming-inv: <Renaming (Renaming P f g) (inv f) (inv g) = P» if «inj
fand <inj ¢
(proof )

lemma inv-Renaming: <Renaming (Renaming P (inv f) (inv g)) fg = P>
if <b3j f> and <bij 9>
(proof )



Chapter 10

The Hiding Operator

10.1 Preliminaries : primitives and lemmas

abbreviation <trace-hide t A = filter (A\z. z ¢ A) t»

lemma Hiding-tickFree : «tF (trace-hide s (ev  A)) +— tF s
(proof)

lemma Hiding-front-tickFree : «ftF s = ftF' (trace-hide s (ev < A))»
(proof)

lemma trace-hide-union: <trace-hide t (A U B) = trace-hide (trace-hide t A) B>
(proof)

lemma trace-hide-ev-union [simp] :
<trace-hide t (ev ‘ (A U B)) = trace-hide (trace-hide t (ev * A)) (ev  B)»
(proof )

!/

abbreviation isInfHiddenRun :: <[nat = (‘a, 'r) eventpiicr list, ('a, 'r) pro-

cesSprick, ' set] = booly
where <isInfHiddenRun f P A = strict-mono f A (Vi. fi € T P) A
(Vi. trace-hide (f i) (ev © A) = trace-hide (f 0) (ev * A))»

lemma isinfHiddenRun-1 :
<asInfHiddenRun f P A «— strict-mono f A (Vi. fi € T P) A
(Vi.3t. fi=f0QtAsettCev‘A)
(proof)

abbreviation div-hide :: <('a, 'r) processprick = 'a set = (‘a, 'r) eventpiicr list
set»
where <div-hide P A = {s. 3t u. ftF u N tF ¢t A
s = trace-hide t (ev ©* A) Q u A

71
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(t € D PV (3f. isInfHiddenRun f P A A t € range
)i

lemma inf-hidden:

«Af. isInfHiddenRun f P A N\ s € range f>»

if «Vt. trace-hide t (ev ¢ A) = trace-hide s (ev * A) — (¢, ev ' A) ¢ F P» and
s e T P
(proof)

lemma trace-hide-append :

s @ t = trace-hide u (ev ‘ A) =

Js't" u=3s"Qt'A s = trace-hide s’ (ev * A) A t = trace-hide t' (ev * A)»
(proof)

10.2 The Hiding Operator Definition

lift-definition Hiding :: <[(‘a, 'r) processpiick ,'a set] = ('

(infixl <\»> 69)
is AP A. ({(s, X). 3t. s = trace-hide t (ev * A) A (t, X Uev ‘A) € F P} U
{(s, X). s € div-hide P A},
div-hide P A))

a, 'r) processpiick’

(proof)

10.3 Projections

lemma F-Hiding: <F (P \ A) = {(s, X). 3t. s = trace-hide t (ev * A) A (¢, X U
ev‘A) e F P} U
{(s, X). s € div-hide P A}
(proof)

lemma D-Hiding: <D (P \ A) = div-hide P A»
(proof)

lemma T-Hiding: <T (P \ A) = {trace-hide t (ev * A) |t. (¢, ev * A) € F P} U
div-hide P A»
(proof )

lemma Hiding-empty: <P \ {} = P»
(proof )

lemma mem-D-imp-mem-D-Hiding: <trace-hide t (ev * A) € D (P \ A) if <t € D
P
{proof)

lemma mem-T-imp-mem-T-Hiding: <trace-hide t (ev * A) € T (P \ Ap if <t € T
P
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(proof)

10.4 Continuity Rule

lemma mono-Hiding : <«(P \ A) T (Q \ A)» if «(P::(a, 'r) processpiick) T Q>
(proof )

lemma chain-Hiding : <chain ¥ = chain (A i. Y i\ A)
(proof)

lemma KoenigLemma:

3 (frinat = 'a list). strict-mono f A range f C {t. It'eTr. t < t'}

if x : <infinite (Tr::’a list set)y and *x : V4. finite{t. 3t'€Tr. t = take i t'p
(proof )

lemma div-Hiding-lub :
finite (A::'a set) = chain Y = D (|| i. (Yi\ A) CD((|] i Yi)\ Ap
for Y :: <nat = (‘a, 'r) processpiicik>

(proof)

lemma Cont-Hiding-prem : «(|] 7. Y i)\ A = (] i (Y i\ A)) if «finite A
<chain Y>
(proof)

lemma Hiding-cont[simp]: <cont (Aa. fa \ A) if <finite A> and <cont f>
(proof)

lemma length-strict-mono: <strict-mono f => i + length (f 0) < length (f i)
for f :: <nat = 'a list
(proof)

lemma mono-trace-hide: <a < b = trace-hide a (ev ‘ A) < trace-hide b (ev * A)»
(proof)

lemma mono-constant:
assumes mono (funat = ('a, 'r) eventpiick list) and Vi. fi < a
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shows 4. Vj>i. fj=f1
(proof)

We can actually optimize the divergences of the (\) operator.

lemma mono-take : <s < t = take n s < take n t»

(proof)

lemma shift-isInfHiddenRun : <3 f. isInfHiddenRun f P A N t = f 0>
if <isInfHiddenRun f P A N\ t € range f»

{proof)

lemma uniformize-length-isInfHiddenRun :

assumes x : <isInfHiddenRun f P Ay <t = f O»

defines <g = \i. take (i + length t) (f i)

shows <isInfHiddenRun g P A A (Vi. length (g i) = i + length t) At = g 0»
(proof )

abbreviation isInfHiddenRun-optimized ::
(nat = ('a, 'r) eventyiicr list, (‘a, 'r) processpiick, 'a set, ('a, 'r) tracepicr) =
bool»
where (isInfHiddenRun-optimized f P A t =
strict-mono f A (Vi. fi € T P) AN (Vi. fi¢ D P) A
(Vi. trace-hide (f7) (ev * A) = trace-hide (f 0) (ev © A)) A
(Vi. length (fi) = ¢ + length t) At = f O»

abbreviation div-hide-optimized :: <('a, 'r) processpiick = 'a set = ('a, 'r) eventyiick
list sety
where (div-hide-optimized P A =
{s. tu. ftF u N tF ¢t A
s = trace-hide t (ev ‘' A) @ u A
(t € D PV (3f. isInfHiddenRun-optimized f P A t))}

lemma D-Hiding-optimized : <D (P \ A) = div-hide-optimized P A»
{proof)

lemma 7T-Hiding-optimized :

T (P \ A) = {trace-hide t (ev * A) |t. (t, ev * A) € F P} U div-hide-optimized
P A

(proof)

Actually, f 7 can be rewritten as t @ map = [0..<i| where z is the sequence
such that f (Suc i) = fi Q [z i].

definition seqRun :: <[('a, 'r) tracepiick, nat = ('a, 'r) eventpiick] = nat = (‘a,
'r) tracepyick
where <seqRun t z ¢ = t Q map z [0..<i]
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lemma seqRun-is-rec-nat : <seqRun t x = rec-nat t (Ai t. t Q [z 9])

(proof)

lemma seqRun-0  [simp] : <seqRun t z 0 =
and seqRun-Suc [simp] : <seqRun t x (Suc i) = seqRun t x i Q [z i]»
and seqRun-Nil [simp] : <seqRun [ i = map x [0..<i]»
and seqRun-Cons [simp] : <seqRun (a # t) x i = a # seqRun t = D
(proo)

lemma strict-mono-seqRun [simp] : <strict-mono (seqRun t x)»

(proof)

lemma length-seqRun [simp] : <length (seqRun t x i) = i + length t»
(proof)

lemma t-le-seqRun [simp] : <t < seqRun t x © (proof)

lemma take-t-le-seqRun [simp| : <take i t < seqRun t x j»
(proof)

lemma nth-seqRun :
j < i+ length t =
seqRun t x i ! j = (if j < length t then t ! j else x (j — length t))»
(proof)

lemma take-seqRun [simp] :

<take j (seqRun t x i) = (if j < length t then take j t else seqRun t z (min i (j —
length t)))»

(proof)

lemma seqRun-eq-iff [simp] : <seqRun t i = seqRun t x j «— i = j»

(proof)

lemma seqRun-le-iff [simp] : <seqRun t x i < seqRun t x j «— i < j»
(proof)

lemma seqRun-less-iff [simp] : <seqRun t © i < seqRun t © j +— i < j

(proof)

lemma trace-hide-is-Nil-iff : <trace-hide s A =[] +— set s C A»
(proof)

lemma trace-hide-seqRun-eq-iff :
trace-hide (seqRun t x i) A = trace-hide t A «— (Vj<i. xzj € A)
(proof )
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abbreviation isInfHidden-seqRun ::
(nat = ('a, 'r) eventpiick, ('a, 'r) processpiick, 'a set, ('a, 'r) tracepiicx] = bools
where (isinfHidden-seqRun x P At =Vi. seqRuntzi €T PAxi € ev ‘A

abbreviation isInfHidden-seqRun-strong ::
nat = (‘a, 'r) eventpiick, ('a, 1) processpiick, 'a set, ('a, 'r) tracepiick] = bools
where <isinfHidden-seqRun-strong x P A t =
Vi seqRuntxi €T PN seqRuntxi ¢ D PAzi€ev’A

abbreviation div-hide-seqRun :: (', 'r) processpiick = 'a set = (a, 'r) eventpiick
list sety
where (div-hide-seqRun P A =
{s. Jtu. ftF u N tF t N s = trace-hide t (ev * A) Q u A
(t € D PV (3. isInfHidden-seqRun © P A t))}>

lemma D-Hiding-seqRun : <D (P \ A) = div-hide-seqRun P A»
(proof)

lemma T-Hiding-seqRun :

T (P \ A) = {trace-hide t (ev * A) |t. (t, ev * A) € F P} U div-hide-seqRun P
Ay

(proof)

lemma F-Hiding-seqRun :
«F (P\ A) =
{(s, X). 3t. s = trace-hide t (ev * A) A (t, X Uev ‘A) € F P} U
{(s, X). s € div-hide-seqRun P A}»
(proof )

lemma D-Hiding-seqRunl :
ftF u; tF t; s = trace-hide t (ev * A) Q wu;
t € D PV (3z. isInfHidden-seqRun x P A t)] = s € D (P \ A)»
(proof)

lemma D-Hiding-seqRunkE :
assumes s € D (P \ A)
obtains ¢t u where <ftF u) <tF ¢y <s = trace-hide t (ev * A) @ w»
<t € D PV (Jz. isInfHidden-seqRun-strong x P A t)»

{proof)

lemma 7T-Hiding-seqRunkE :
assumes (s € T (P \ A)
obtains t where ¢s = trace-hide t (ev * A)» «(t, ev ‘ A) € F P
| ¢t w where <ftF' w) «tF t) «s = trace-hide t (ev * A) Q w»
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<t € D PV (3z. isInfHidden-seqRun-strong x P A t)»
(proof)

lemma butlast-seqRun : <butlast (seqRun t x i) = (case i of 0 = butlast t
| Suc j = seqRun t x j)»
(proof)

lemma isInfHidden-seqRun-imp-tickFree : <isInfHidden-seqRun x P A t = tF t»
(proof)

lemma tickFree-seqRun-iff : <tF (seqRun t z i) «— tF t A (Vj<i. is-ev (z j))
(proof)

lemma front-tickFree-seqRun-iff :

(ftF (seqRun t z ©) +— (case i of 0 = ftF' t | Suc j = tF t A (Vk<j. is-ev (z
k)))»

(proof)

lemmas Hiding-seqRun-projs = F-Hiding-seqRun D-Hiding-seqRun T-Hiding-seqRun
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Chapter 11

The CSP Refinements

11.1 Definitions and first Properties

11.1.1 Definitions

‘a, 'r) processpiick = boolr

definition trace-refine :: «('a, 'r) processprick = (
(il’lﬁX CEp» 50)
where <PCp Q=T QC T P»

‘a, 'r) processpiick = bool

definition failure-refine :: «('a, 'r) processptick = (
(infix «Cp» 50)

where (PCr Q=F QC F P
definition divergence-refine :: <('a, 'r) processpiick = ('a, 'r) processpiicrk = bool>
(infix <Cp> 50)

where <PCp Q=D QCD P
abbreviation failure-divergence-refine :: <(‘a, 'r) processprick = ('a, 'r) processpiick

= booly (infix «Cpp> 50)
where <P Cpp Q=P < @

definition trace-divergence-refine :: <('a, 'r) processpiick = (‘a, 'r) processpiick =
booly (infix <Epr> 50)
where <P Cpr Q=PCr QAN PCp @

lemma failure-divergence-refine-def : <P Cpp Q «— PCpr Q NP Cp @
(proof)

lemmas refine-defs = failure-divergence-refine-def trace-divergence-refine-def
failure-refine-def divergence-refine-def trace-refine-def

79
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lemma failure-divergence-refinel :

qAs- s €D Q= seDP;\sX. (s, X) e FQ=(s,X) e FP]= P
Crp @

(proof)

lemma failure-divergence-refine-optimizedl :

As. s€DQ=seDP,N\sX.(5,X) eFQ=DQCDP= (s, X)
€ FPl= PLCpp @

(proof)

lemma trace-divergence-refinel :
qAs.- s€D Q= s€DP;\s.s€T Q= se€T P]= PLCpr @
(proof)

lemma trace-divergence-refine-optimizedl :

As.s€e D Q= s€DP;\s.seTQ=DQCDP=seTP]=
PCpr @

(proof)

11.1.2 Idempotency

lemma idem-F[simp] : <P Cp P
and idem-D[simp] : <P Cp P»
and idem-T|[simp] : <P Cr P>
and idem-FD[simp] : <P Cpp P>
and idem-DT[simp] : <P Cpr P>
(proof)

11.1.3 Some obvious refinements

lemma BOT-leF [simp] : <L Cp @
and BOT-leD [simp] : <L Cp
and BOT-leT [simp] : <L Cp @
and BOT-leFD[simp] : <L Cpp @
and BOT-leDT[simp] : <L Cpr Q>
(proof)

11.1.4 Antisymmetry
lemma FD-antisym: <P Cpp Q = Q Crpp P = P = @ (proof)
lemma DT-antisym: <P Cpr Q@ = Q Cpr P=— P =
(proof)
11.1.5 Transitivity

lemma trans-F : <PCp Q — QCpr S — PLCrp S
and trans-D :«PCp Q — QLCp S— PLCp S
and trans-T : «PCpr Q —= QCr S=— PLCr S
and trans-FD : <P Cpp Q = QCrp S = P LCprp S
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and trans-DT : <P Cpr Q — QCpr S — PLCpr S
(proof )

11.1.6 Relations between refinements

lemma leF-imp-leT : <P Cp Q = P Cp @
and leFD-imp-leF : <P Cpp Q = P Cp @
and leFD-imp-leD : <P Cpp Q — P Cp @
and leDT-imp-leD : <P Cpr @ = P Cp @
and leDT-imp-leT : <P Cpr Q@ = P Cp @
and leF-leD-imp-leFD : <PCp Q = PLCp Q = P Cpp O
and leD-leT-imp-leDT : <PCp Q = PLCpr Q = P Cpr @
(proof)

11.1.7 More obvious refinements

lemma [leD-STOP[simp] : <P Cp STOP»
and [eT-STOP[simp] : <P Cr STOP)
and leDT-STOP[simp] : <P Cpp STOP»
(proof)

11.1.8 Admissibility

lemma le-F-adm [simp] : <adm (Az. vz Cp v z)» if <cont w» and <monofun v

(proof)

lemma le-T-adm [simp] : <adm (Az. vz Cp v z) if <cont w» and <monofun v»

(proof)

lemma le-D-adm [simp] : <adm (Az. vz Cp v z)» if <cont w» and <monofun v»

(proof)

declare le-FD-adm [simp]

thm le-F'D-adm le-FD-adm-cont

lemma le-DT-adm [simp] : <cont (w::('b::cpo) = (‘a, 'r) processpiick) = monofun
v = adm(Az. u x Cpr v x))

(proof)

lemmas le-F-adm-cont[simp] = le-F-adm[OF - cont2mono]
and le-T-adm-cont[simp] = le-T-adm|[OF - cont2mono)
and le-D-adm-cont[simp] = le-D-adm[OF - cont2mono]

and le-DT-adm-cont[simp| = le-DT-adm[OF - cont2mono)
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11.2 Monotonies

11.2.1 Straight Monotony

Non Deterministic Choice

lemma mono-Ndet-FD : <P Cpp P — QCrp Q/:> PN @ Cgp P'n Ql>
and mono-Ndet-DT : <P Cpr P'=— QCpr Q' = P11 Q Cpy P'T Q"
and mono-Ndet-F : <PCp P'— QLCr Q"= PN QLCr PN Q"
and mono-Ndet-D : <PCp P'=— QCp Q' =— PN QLCp P'MQ"
and mono-Ndet-T : «<PCp P'— QLCr Q' =— PN QCr P'1N Q"
(proof)

lemmas monos-Ndet = mono-Ndet mono-Ndet-FD mono-Ndet-DT
mono-Ndet-F mono-Ndet-D mono-Ndet-T

Global Non Deterministic Choice

lemma mono-GlobalNdet-FD : «(Na. a € A= PaCpp Qa) = (Ma€ A. P
a)CrpMa € A. Q@

and mono-GlobalNdet-DT : «(Na. s € A= PaCpr Qa) = (Ma € A. P a)
CprMNac A Qw

and mono-GlobalNdet-F : «(Na. a € A = PaCp Qa) = (Ma € A. P a)
CrMa€ A Qa

and mono-GlobalNdet-D : «(Na. a € A= PaCp Q a) = (Ma € A. P a)
CpMNaec A Qa

and mono-GlobalNdet-T : «(Na. a € A= PaLCpr Qa) = (Ma € A. P a)
CrMNa€ A Qa

(proof)

lemmas monos-GlobalNdet = mono-GlobalNdet mono-GlobalNdet-FD mono-GlobalNdet-DT
mono-GlobalNdet-F mono-GlobalNdet-D mono-GlobalNdet-T

lemma GlobalNdet-FD-subset : <A # {} = AC B= (Ma € B. Pa) Crp (Ma
€ A Pa)
and GlobalNdet-DT-subset : <A C B = (Ma € B. Pa) CEpr (Ma € A. P a)
and GlobalNdet-F-subset : <A # {} = AC B = (Ma € B. Pa) Cr (Ma €
A. Pa)
and GlobalNdet-T-subset : <A C B== (Ma € B. Pa) Cy (Ma € A. P a)
and GlobalNdet-D-subset : <A C B= (Ma € B. Pa) Cp (Ma € A. P a)

(proof)

lemmas GlobalNdet-le-subset =
GlobalNdet-FD-subset GlobalNdet-DT-subset
GlobalNdet-F-subset GlobalNdet-T-subset GlobalNdet-D-subset

Deterministic Choice

lemma mono-Det-FD : <P Cpp PP— QCrp Q'=— PO QCrp P'0O Q)
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(proof)

lemma mono-Det-D : <PCp PP— QCp Q'=— PO QCp P'O Q"
(proof)

lemma mono-Det-T : <PCp P/ — QLCr Q'=— PO QLCy P'O Q"

(proof)

corollary mono-Det-DT : <P Cpr P'=— QCpr Q"= PO QLCpyr P'0O Q"
(proof)

Deterministic choice monotony doesn’t hold for (Cp).

lemmas monos-Det = mono-Det mono-Det-FD mono-Det-DT
momno-Det-D mono-Det-T

Sliding choice

lemma mono-Sliding-FD : <P Epp P'=— QCrp Q"= P> QLCrp P'> Q"
and mono-Sliding-DT : <P Epr P'=—= QCpr Q"= P> QCpr P'> Q)
and mono-Sliding-D : <P Cp P'=— QCp Q"= P> QCp P'1> Q"
and mono-Sliding-T : <P Cr P'— QCr Q'"=— P> QLCr P'> Q)
(proof)

Sliding choice monotony doesn’t hold for (Cp).

lemma mono-Sliding-F-right : <Q Cp Q' = P> Q Cr P> Q)
(proof)

lemmas monos-Sliding = mono-Sliding mono-Sliding-FD mono-Sliding-DT
mono-Sliding-D mono-Sliding-T mono-Sliding-F-right

Synchronization

lemma mono-Sync-FD : <[P Cpp P'; Q Crp Q] = P [S] Q Crp P’ [S] @"
for P P' Q Q' :: «('a, 'r) processpiick>
(proof)

lemma mono-Sync-DT : <P Cpr P' = Q Cpr Q' = P [S] Q Cpr P’ [9]
Q"
(proof)

lemmas mono-Par = mono-Sync[where A = UNIV]
and mono-Par-FD = mono-Sync-FD[where S = UNIV]
and mono-Par-DT = mono-Sync-DT|where S = UNIV]
and mono-Inter = mono-Sync[where A = «({})]
and mono-Inter-FD = mono-Sync-FD[where S = «{})]
and mono-Inter-DT = mono-Sync-DT[where S = «{})]
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lemmas monos-Sync = mono-Sync mono-Sync-FD mono-Sync-DT
and monos-Par = mono-Par mono-Par-FD mono-Par-DT
and monos-Inter = mono-Inter mono-Inter-FD mono-Inter-DT

Sequential composition
lemma mono-Seq-FD : <P Epp P! =— Q Crp Q' = P; QCprp P’'; Q"

(proof)

lemma mono-Seq-DT : <P Cpr P! = QCpr Q' = P; QCpr P'; Q"
(proof )

lemma mono-Seq-F-right : <Q Cr Q' = P; QCr P; Q"

(proof)

lemma mono-Seq-D-right : <Q Cp Q' = P; QCp P; Q"
(proof)

lemma mono-Seq-T-right : <Q Cr Q' = P; Q Cr P; Q)
(proof)

Left Sequence monotony doesn’t hold for (Cr), (Cp) and (Crp).

lemmas monos-Seq = mono-Seq mono-Seq-FD mono-Seq-DT
mono-Seq-F-right mono-Seq-D-right mono-Seq-T-right

Renaming

lemma mono-Renaming-D : <P Cp Q = Renaming P f g Cp Renaming Q f ¢
(proof)

lemma mono-Renaming-FD : <P Cpp @ = Renaming P f ¢ Cpp Renaming Q
fo
(proof)

lemma mono-Renaming-DT : <P Epr (Q = Renaming P f g Cpr Renaming Q
fo
(proof)

lemmas monos-Renaming = mono-Renaming mono-Renaming-FD mono-Renaming-DT
mono-Renaming-D

Hiding
lemma mono-Hiding-leT-imp-leD : <P\ A Cp Q \ A if <A # {} and <P Cp

@
(proof)

lemma mono-Hiding-F : <P\ ACp Q \ A if <P Cp Q»
(proof)



11.2. MONOTONIES 85

lemma mono-Hiding-T : <P\ ACp Q \ A if <P Cr Q»
(proof)

lemma mono-Hiding-FD : <P\ ACprp Q\ A if <P Cpp @
(proof )

lemma mono-Hiding-DT : <P\ A Cpr Q \ A if <P Cpr @
(proof)

Obviously, Hide monotony doesn’t hold for (Cp).

lemmas monos-Hiding = mono-Hiding mono-Hiding-FD mono-Hiding-DT
mono-Hiding-F mono-Hiding-T

Prefixes

lemma mono-Mprefiz-FD : «(Na. a € A = P a Cpp Q a) = Mprefit A P
Crp Mprefix A @

and mono-Mprefix-DT : <«(Na. a € A= P aCpr Q a) = Mprefit AP Cpr
Mprefix A Q>

and mono-Mprefiz-F : «(Na. a € A = P a Cp Q a) = Mprefit AP Cp
Mprefix A Q>

and mono-Mprefiz-T : «(Na. a € A = P a Cp Q a) = Mprefixr A P Crp
Mprefix A Q>

and mono-Mprefiz--D : «(Na. a € A = P a Cp Q a) = Mprefixt A P Cp
Mprefiz A Q>

(proof)

lemmas monos-Mprefic = mono-Mprefix mono-Mprefix-F'D mono-Mprefiz-DT
mono-Mprefix-F mono-Mprefix-T mono-Mprefiz-D

corollary mono-write0-FD : <P Cpp Q@ = (a — P) Cpp (a = Q)
and mono-write0-DT : <P Cpr Q@ = (a — P) Cpr (a — Q)
and  mono-write0-F : <P Cp Q@ = (a = P) Cp (a — Q)
and  mono-write0-T : <P Cpr Q@ = (a — P) Cp (a — Q)
and  mono-write0-D : <P Cp Q@ = (¢ —» P) Cp (¢ = Q)

(proof)

lemmas monos-write0) = mono-write0 mono-write0-FD mono-write0-DT
momno-write0-F mono-write0-T mono-write0-D

corollary mono-write-FD : <P Cpp @ = (cla — P) Cpp (cla = Q)
and mono-write-DT : <P Cppr @ = (cla — P) Cpr (cla — Q)
and  mono-write-F' : (P Cp Q@ = (cla = P) Cp (cla — Q)
and  mono-write-T : <P Cpr Q@ = (cla — P) Cr (cla — Q)
and  mono-write-D : <P Cp Q = (cla —» P) Cp (cla — Q)

(proof)
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lemmas monos-write = mono-write mono-write-FD mono-write-DT
mono-write-F mono-write-T mono-write-D

corollary mono-read-FD : «(ANa. a € A= PaCpp Q a) = (c?a€A — P a)
Crp (c?acd — Q a)

and  mono-read-DT : «(Na. a € A= P aCpr Q a) = (c?a€d — P a)
Cpr (c?acd — Q a)

and  mono-read-F : «(Na.a € A= PaClp Qa) = (c?a€A — Pa)Cp
(c?a€d — Q a)

and  mono-read-T : «(Na. a € A= Palr Qa) = (c?a€A — Pa)Cr
(c?acd — Q a)

and mono-read-D : «(Na.a € A= PaLCp Qa) = (c?a€A — Pa) Cp
(c?a€d — Q a)

(proof)

lemmas monos-read = mono-read mono-read-FD mono-read-DT
mono-read-F mono-read-T mono-read-D

lemma mono-Mndetprefiz-FD : «(\a. a € A= P a Cpp Q a) = Mndetprefix
A P Crp Mndetprefix A Q>

and mono-Mndetprefiz-DT : «(Na. a € A = P a Cpr Q a) = Mndetprefic
A P Cpr Mndetprefix A @Q»

and mono-Mndetprefiz-F : «(\a. a € A= P a Cp Q a) = Mndetprefir A P
Cr Mndetprefit A Q»

and mono-Mndetprefiz-T : «(Na. a € A= P a Cr Q a) = Mndetprefiz A P
Cr Mndetprefix A @»

and mono-Mndetprefiz-D : «(Na. a € A = P a Cp Q a) = Mndetprefix A
P Cp Mndetprefix A Q>

(proof)

lemmas monos-Mndetprefic = mono-Mndetprefix mono-Mndetprefix-FD mono-Mndetprefiz-DT
mono-Mndetprefix-F mono-Mndetprefiz-T mono-Mndetprefiz-D

corollary mono-ndet-write-FD : «(Aa. a € A= PaCpp Q a) = (Nacd —
Pa)Crp (MacAd — Q a)

and mono-ndet-write-DT : <«(Na. a € A = P a Cpr Q a) = (c!lacA —
Pa)Cpr (Macd — Q a)

and  mono-ndet-write-F : <«(Na. a € A= PaCp Qa) = (c!lacA — P
a) Cp (cMacA — Q a)

and  mono-ndet-write-T : «(Na. a € A= PaCr Qa) = (c!la€A = P
a) Er (cMacd = Q a)

and mono-ndet-write-D : «(Na. a € A = PaCp @ a) = (c!lacAd - P
a) Cp (cMacd — @ a)

(proof)

lemmas monos-ndet-write = mono-ndet-write mono-ndet-write-F'D mono-ndet-write-DT
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mono-ndet-write-F mono-ndet-write-T mono-ndet-write-D

lemma Mndetprefiz-FD-Mprefix : <Mndetprefit A P Cpp Mprefix A P>
and Mndetprefiz-DT-Mprefix : <Mndetprefir A P Cpr Mprefix A P»
and Mndetprefiz-F-Mprefix : <Mndetprefit A P T Mprefix A P>
and Mndetprefix-T-Mprefix : «Mndetprefic A P Tp Mprefix A P>
and Mndetprefix-D-Mprefix : <Mndetprefic A P Cp Mprefiz A P>
(proof)

lemmas Mndetprefiz-le-Mprefiz =
Mndetprefiz-FD-Mprefix Mndetprefiz-DT-Mprefiz
Mndetprefiz-F-Mprefiz Mndetprefix-T-Mprefix Mndetprefiz-D-Mprefiz

corollary ndet-write-FD-read : <ndet-write ¢ A P Cpp read ¢ A P>
and ndet-write-DT-read : <ndet-write ¢ A P Cpr read ¢ A P>
and ndet-write-F-read : (ndet-write c A P T read ¢ A P>
and ndet-write-T-read : <ndet-write ¢ A P Ty read ¢ A P)»
and ndet-write-D-read : <ndet-write c A P CTp read ¢ A P»

(proof)

lemmas ndet-write-le-read =
ndet-write-FD-read ndet-write-DT-read
ndet-write-F-read ndet-write-T-read ndet-write-D-read

lemma Mndetprefiz-FD-subset : <A # {} = A C B = Mndetprefit BP Cpp
Mndetprefiz A P

and Mndetprefix-DT-subset : <A C B = Mndetprefix B P Cpr Mndetprefiz A
P»

and Mndetprefiz-F-subset : <A # {} = A C B = Mndetprefirt B P Cp
Mndetprefic A P»

and Mndetprefiz-T-subset : <A C B = Mndetprefic B P T Mndetprefic A P»

and Mndetprefiz-D-subset : <A C B = Mndetprefix B P CTp Mndetprefix A P>

(proof)

lemmas Mndetprefiz-le-subset =
Mndetprefiz-FD-subset Mndetprefix-DT-subset
Mndetprefiz-F-subset Mndetprefiz-T-subset Mndetprefix-D-subset

lemma ndet-write-FD-subset : <A # {} = (beB — P b) Cpp (cllacd — P
a)
and ndet-write-DT-subset : «(c!'b€B — P b) Cpr (cMacA — P a)
and ndet-write-F-subset : <A # {} = (c!'b€B — P b) Cp (c!la€A — P a)
and ndet-write-T-subset : «(c!'beB — P b) Cp (c!lacA — P a)
and ndet-write-D-subset : «(c!'b€B — P b) Cp (c!lacA — P a)
if <inj-on ¢ By and <A C B»
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(proof)

lemmas ndet-write-le-subset =
ndet-write-FD-subset ndet-write-DT-subset
ndet-write-F-subset ndet-write-T-subset ndet-write-D-subset

lemma Mndetprefix-FD-write0 : <Mndetprefit A P Cpp (a — P a)»
and Mndetprefiz-DT-write0 : <Mndetprefic A P Cpr (a — P a)
and Mndetprefiz-F-write0 : «Mndetprefir A P Cp (a — P a)»
and Mndetprefiz-T-write0 : <Mndetprefit A P Cp (a — P a)»
and Mndetprefix-D-write0 : <Mndetprefix A P Cp (a — P a)y if <a € A»

(proof)

lemmas Mndetprefiz-le-write() =
Mndetprefiz-FD-write0 Mndetprefix-DT-write0
Mndetprefiz- F-write0 Mndetprefix- T-write0 Mndetprefiz-D-write0

lemma Mprefiz-DT-subset : <A C B = Mprefixt B P Cpr Mprefix A P»
and Mprefiz-T-subset : <A C B = Mprefir B P Cp Mprefizx A P»
and Mprefiz-D-subset : <A C B = Mprefir B P Cp Mprefir A P>
(proof)

lemmas Mprefiz-le-subset = Mprefiz-DT-subset Mprefix-T-subset Mprefix-D-subset

Mprefix set monotony doesn’t hold for (Cr) and (Epp) where it holds for
deterministic choice.

lemma read-DT-subset : «(c?beB — P b) Cpr (c?a€A — P a)
and read-T-subset : «(c?beB — P b) Cr (c?acA — P a)
and read-D-subset : «(c?beB — P b) Cp (c?acA — P a)
if <inj-on ¢ By and <A C B»

(proof)

11.2.2 Monotony Properties

Non Deterministic Choice Operator Laws

lemma Ndet-FD-self-left : <P T Q Cpp P»
and Ndet-DT-self-left : <P 1 Q Cpr P>
and Ndet-F-self-left <P 1 Q Cg P»
and Ndet-T-self-left <P M Q Cp P»
and Ndet-D-self-left :«P 1 QCp P»
and Ndet-FD-self-right : <P Q Cpp @
and Ndet-DT-self-right : <P Q Cpr @
and Ndet-F-self-right :«P 1 Q Cgp @
and Ndet-T-self-right <P 1 Q Cpr @
and Ndet-D-self-right : <P T Q Cp @
(proof)
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lemmas Ndet-le-self-left = Ndet-FD-self-left Ndet-DT-self-left
Ndet-F-self-left Ndet-T-self-left Ndet-D-self-left
and Ndet-le-self-right = Ndet-FD-self-right Ndet-DT-self-right
Ndet-F-self-right Ndet-T-self-right Ndet-D-self-right

lemma Ndet-FD-Det : <P Q Cpp PO @
and Ndet-DT-Det : <PT1 Q Cpr PO @
and Ndet-F-Det : <P Q Cr PO
and Ndet-T-Det : <P 1 Q Cpr PO @
and Ndet-D-Det : <P Q Cp PO @
(proof)

lemmas Ndet-le-Det = Ndet-FD-Det Ndet-DT-Det Ndet-F-Det Ndet-T-Det Ndet-D-Det

lemma Ndet-FD-Sliding : <P Q Cgp P >
and Ndet-DT-Sliding : <P 1 Q Epr P> @
and Ndet-F-Sliding : <P Q Cp P> @
and Ndet-T-Sliding : <P Q Er P> @
and Ndet-D-Sliding : <P T Q Cp P > @
(proof)

lemmas Ndet-le-Sliding = Ndet-FD-Sliding Ndet-DT-Sliding
Ndet-F-Sliding Ndet-T-Sliding Ndet-D-Sliding

lemma GlobalNdet-refine-FD : <a € A = TMa € A. Pa Cpp P w

(proof)

lemma GlobalNdet-refine-DT : <a € A =—=Ta € A. Pa Cpr P w
{proof)

lemma GlobalNdet-refine-F : <a € A =Ta € A. PaCr P

(proof)

lemma GlobalNdet-refine-D : <a € A = Ta € A. Pa Cp P w

(proof)

lemma GlobalNdet-refine-T : <a € A = TMa € A. PaCp P o

(proof)

lemmas GlobalNdet-refine-le = GlobalNdet-refine-F'D GlobalNdet-refine-DT
GlobalNdet-refine-F GlobalNdet-refine-D GlobalNdet-refine-T

lemma mono-GlobalNdet-FD-const:
A#{} = (Na.a€ A= PCpp Qa) = PCpplac A Quw

(proof)
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lemma mono-GlobalNdet-DT-const:
A#{} = (Na.a € A= PLCpr Qa)= PLprfac A Quw
(proof )

lemma mono-GlobalNdet-F-const:
A#{} = (Na.a€ A= PCr Qa)= PLrMac A Quo
(proof )

lemma mono-GlobalNdet-D-const:
A#{} = (Na.a € A= PCp Qa) = PCplMaec A Quw
(proof)

lemma mono-GlobalNdet-T-const:
A#{} = (Na.a€ A= PCyp Qa)= PLCrNac il Quw
(proof )

lemmas mono-GlobalNdet-le-const = mono-GlobalNdet-FD-const mono-GlobalNdet-DT-const
mono-GlobalNdet-F-const mono-GlobalNdet-D-const mono-GlobalNdet-T-const

Refinements and Constant Processes

lemma STOP-T-iff: <STOP Cr P +— P = STOP
(proof)

lemma STOP-F-iff: <STOP Crp P «— P = STOP»
(proof)

lemma STOP-FD-iff: <STOP Cpp P <— P = STOP»
(proof)

lemma STOP-DT-iff: <STOP Cpr P «— P = STOP
(proof)

lemma SKIP-FD-iff: <SKIP r Cpp P <— P = SKIP r) for P :: «('a, 'r) pro-
cesspticm

{proof)

lemma SKIP-F-iff: <SKIP r Cp P +— P = SKIP 1)
{proof)



Chapter 12

Algebraic Rules of CSP

12.1 The Non-Deterministic Distributivity

CSP operators are distributive over non deterministic choice.

12.1.1 Global Distributivity

lemma Mndetprefiz-distrib-GlobalNdet :
B#{}= (Na€A—-nNbeB. Pab)=Tbe B Na€A— Pab

(proof)

lemma Det-distrib- GlobalNdet-left :
«P O (NacA. Q a) = (if A = {} then P else MacA. P O Q a)»
(proof)

corollary Det-distrib-GlobalNdet-right :
«(Ma€A. Pa) O Q = (if A= {} then Q else Ma€A. P a O Q)

(proof)

lemma Sliding-distrib-GlobalNdet-left :
(P> (Ma€A. Q a) = (if A ={} then P 11 STOP else MacA. P> Q a)

(proof)

lemma Sliding-distrib-GlobalNdet-right :
«(MacA. Pa) > Q = (if A = {} then Q else Ma€A. Par> Q)

(proof)

lemma Sync-distrib-GlobalNdet-left :
P [S] (MacA. Q a) = (if A ={} then P [S] STOP else M acA. (P [S] Q a))»
(proof)

corollary Sync-distrib-GlobalNdet-right :
«(Ma€A. Pa)[S] Q= (if A= {} then STOP [S] Q else M acA. (P a [S] Q))

91
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(proof)

lemmas Inter-distrib-GlobalNdet-left = Sync-distrib-GlobalNdet-left[where S =

{b]
and Par-distrib-GlobalNdet-left = Sync-distrib-GlobalNdet-left[where S = UNIV|
and Inter-distrib-GlobalNdet-right = Sync-distrib-GlobalNdet-rightlwhere S =

]
and Par-distrib-GlobalNdet-right = Sync-distrib-GlobalNdet-right[where S =
UNIV]

lemma Seg-distrib-GlobalNdet-left :
«(P3MacA. Qa= (if A= {} then P3; STOP else M acA. (P; Q a))
(proof)

lemma Seq-distrib-GlobalNdet-right : «(M a€A. Pa) 3 Q =T a€A. (Pa; Q)
(proof)

lemma Renaming-distrib-GlobalNdet : <Renaming (M a€A. P a) f g = M a€A.
Renaming (P a) f ¢

(proof)

The (\) operator does not distribute the GlobalNdet in general. We give a
finite version derived from the binary version below.

12.1.2 Binary Distributivity

lemma Mndetprefiz-distrib-Ndet :
(MaeA—-PanNQa)=(Ma€A—-Pa)N(NacAd— Qa)y
(proof)

lemma Det-distrib-Ndet-left : <P 0O QM R= (PO Q)N (POR)
(proof)

corollary Det-distrib-Ndet-right : <P M Q O R = (P O R) M (Q O R)
(proof)

lemma Ndet-distrib-Det-left : <P (Q O R)=PMN QO PMNR
(proof)
corollary Ndet-distrib-Det-right : «(P O Q)M R=PMN RO QN R

(proof)

lemma Sliding-distrib-Ndet-left : <P > (@M R) = (P> Q)N (P> R)
and Sliding-distrib-Ndet-right : (PN Q) > R= (P> R) N (Q > R)»
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(proof)

lemma Sync-distrib-Ndet-left : «M [S] P11 Q = (M [S] P) 1 (M [S] @)
(proof)

corollary Sync-distrib-Ndet-right : <P 1 Q [S] M = (P [S] M) 1 (Q [S] M)»
(proof)

lemma Seg-distrib-Ndet-left : <P 3 QM R = (P; Q)M (P; R)
(proof)

lemma Seq-distrib-Ndet-right : <P 11 Q3 R = (P3; R) N (Q; R)
(proof)

lemma Renaming-distrib-Ndet : «Renaming (P M Q) f g = Renaming P f g 1M
Renaming Q f ¢
(proof )

lemma Hiding-distrib-Ndet : <P Q\ S =(P\S)MN(Q\ )
(proof)

lemma Hiding-distrib-finite-GlobalNdet :
finite A= (Ma € A. Pa)\ S=TNac A. (Pa\ S)
(proof)

For the Mprefiz operator, we obviously do not have a conventional distribu-
tivity: (M) becomes (O).

lemma Mprefiz-distrib-Ndet :
(OaeA—-PNQR)=(0ac A— P)0O(0ac A— Q) (is «?lhs = ?rhs))

(proof)

12.2 The Basic Laws

By “basic” laws we mean the behaviour of 1, STOP and SKIP, plus the
associativity of some concerned operators.

12.2.1 The Laws of L

From the characterization (P = 1) = ([] € D ¢P), we can easily derive
the behaviour of 1 wrt. STOP, SKIP, and the operators.
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lemma BOT-less1 [simp]: <(L :: (‘a, 'r) processprick) < X

(proof)

lemma STOP-neq-BOT [simp] : <STOP # L)
and SKIP-neq-BOT [simp] : «<SKIP r # 1»
{proof)

lemma Det-is-BOT-iff -« PO Q=1l+—>P=1VvQE=0_L
(proof)

lemma Det-BOT [simp] : <P O 1L = 1) and BOT-Det [simp] : <L O P = L»
(proof)

lemma Ndet-is-BOT-iff : «<PMNM Q=1+—P=1V Q=1
(proof )

lemma Ndet-BOT [simp] : <P 1 L = 1) and BOT-Ndet [simp] : <L T P = 1)
(proof)

lemma Sliding-is-BOT-iff: <P > Q=1 +—P=1V Q=1
(proof)

lemma Sliding-BOT [simp] : <P > L = 1) and BOT-Sliding [simp] : <L > P =
L
(proof)

lemma Mprefix--neq-BOT [simp] : <0 a € A — Pa# Ly
(proof)

lemma Mndetprefiz-neq-BOT [simp] : <M a € A — Pa# L»
(proof)

lemma Seq-is-BOT-iff : «P3; Q=1L +—P=1LV 3r.[V(r)eTPAQ=_1)
(proof )

lemma BOT-Seq [simp] : <L ; P = L1 (proof)

lemma Hiding-BOT [simp] : <L \ A = 1)
(proof)

lemma Sync-is-BOT-iff : <P [S] Q=L +—=P=1VvV Q=1L
(proof )
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lemma Sync-BOT [simp] : <P [ S] L =1 and BOT-Sync [simp] : <L [S] P
=1
(proof)

lemma Renaming-is-BOT-iff : <Renaming P fg= 1 +— P = 1»
(proof)

lemma Renaming-BOT [simp] : <Renaming L fg = 1>
(proof)

lemma GlobalNdet-is-BOT-iff : «(Ma€A. Pa) = L +— (JacA. Pa = 1)
(proof)

lemma GlobalNdet-BOT [simp] : <a € A= Pa=1 = (MacAd. Pa) =1
(proof)

12.2.2 The Laws of STOP

From the characterization (P = STOP) = (T ?P = {]|}), we can easily
derive the behaviour of STOP wrt. SKIP and the operators.

lemma SKIP-Neq-STOP : <SKIP r # STOP:
(proof)

lemma Det-is-STOP-iff : <P O Q = STOP «<— P = STOP N @Q = STOP»
(proof)

lemma Det-STOP [simp] : <P O STOP = P> and STOP-Det [simp] : <STOP O
P="nP
(proof)

lemma Ndet-is-STOP-iff : <P 11 Q = STOP +<— P = STOP N @Q = STOP»
(proof)

lemma Sliding-is-STOP-iff: <P > Q = STOP +— P = STOP AN Q = STOP:
(proof)

lemma Sliding-STOP [simp] : <P > STOP = P N STOP> and STOP-Sliding
[simp] : <STOP > P = P)
(proof)

lemma Mprefiz-is-STOP-iff : <0 a € A — Pa= STOP «+— A={}
(proof)
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lemma Mprefiz-empty [simp] : <0 ¢ € {} - P a = STOP)
(proof)

lemma Mndetprefiz-is-STOP-iff : <M a € A — Pa=STOP +— A={}
(proof )

lemma Mndetprefiz-empty [simp] : <N a € {} = P a = STOP»
(proof)

lemma Seg-is-STOP-iff :

(P3 Q =STOP +— T P C insert [| {[/(r)]| r. True} A (P # STOP — @ =
STOP);
(proof)

lemma STOP-Seq [simp] : <STOP ; P = STOP> (proof)

lemma Hiding-STOP [simp] : <STOP \ A = STOP)
(proof)

lemma STOP-Sync-STOP [simp] : «<STOP [S] STOP = STOP:»
(proof)

lemma Renaming-is-STOP-iff : <Renaming P f g = STOP +— P = STOP»
(proof)

lemma Renaming-STOP [simp] : <Renaming STOP f g = STOP»
(proof)

lemma GlobalNdet-is-STOP-iff : «(Ma€A. P a) = STOP <— (Va€A. P a =
STOP)»

(proof)

lemma GlobalNdet-empty [simp] : «(Ma€{}. P a) = STOP»
(proof)

lemma GlobalNdet-id [simp] : <«(Ma€A. P) = (if A = {} then STOP else P)»
(proof)

lemma ¢(Ma€A. STOP) = STOP> (proof)

More powerful Laws

lemma Inter-STOP [simp] : <P ||| STOP = P 5 STOP)
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(proof)

corollary STOP-Inter [simp] : <STOP ||| P = P ; STOP»
(proof)

lemma Par-STOP [simp] : <P || STOP = (if P = L then L else STOP))
(proof)

lemma STOP-Par [simp] : <STOP || P = (if P = L then L else STOP))
(proof)

12.2.3 The Laws of SKIP

The definition of SKIPS
definition SKIPS :: <'r set = ('a, 'r) processpiici>
where (SKIPS R = MNr € R. SKIP r»

lemma SKIPS-empty [simp] : «SKIPS {} = STOP»
and SKIPS-singl-is-SKIP [simp] : <SKIPS {r} = SKIP r» (proof)

lemma F-SKIPS :
«(F (SKIPS R) = ( if R = {} then {(s, X). s = [|}
else {([], X) |X.3r € R. tickr ¢ X} U
{(s, X). 3r € R. s = [tick r]})»
(proof)

lemma D-SKIPS : <D (SKIPS R) = {}»
(proof)

lemma T-SKIPS : <T (SKIPS R) = insert || {[tick ]| r. 7 € R}
(proof)

lemmas SKIPS-projs = F-SKIPS D-SKIPS T-SKIPS

Laws

lemma SKIP-Sliding [simp] : <SKIP r > P = P 1 SKIP r»
(proof)

lemma Sliding-SKIP [simp] : <P > SKIP r = P O SKIP r»
(proof)

lemma Mprefiz-neq-SKIP [simp] : <0 a € A — P a # SKIP )
(proof)

lemma Mndetprefiz-neq-SKIP [simp] : <1 a € A — P a # SKIP r»
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(proof)

lemma SKIP-Seq [simp] : «SKIP r; P = P»
(proof )

lemma Seq-SKIP [simp] : <P 3 SKIP () = P»
— This is only true when the type 'r of (‘a, 'r) processpiick is set to unit (morally,
we have “only one tick”).

(proof)

lemma Hiding-SKIP [simp] : «<SKIP r \ A = SKIP r)
(proof)

Synchronization

lemma SKIP-Sync-SKIP [simp] : <SKIP r [ S| SKIP s = (if r = s then SKIP r
else STOP)»
for S :: a set» and r :: 'r

(proof)

lemma SKIP-Sync-STOP [simp] : <SKIP r [S] STOP = STOP:
and STOP-Sync-SKIP [simp] : <STOP [S] SKIP r = STOP:

(proof)

lemma Mprefiz-Sync-SKIP : «(Oa € A — P a) [S] SKIP res =0a € (A — §) —
(P a [S] SKIP res)»
(is <?lhs = ?rhs»)

(proof)

lemma SKIP-Sync-Mprefiz : <SKIP res [S] (Ob€ B— Pb)=0b€e (B—-§) —
(SKIP res [S] P b)»
(proof)

lemma Renaming-SKIP [simp] : «Renaming (SKIP r) f g = SKIP (g r)
(proof)

Associative Operators

lemma Det-assoc: <P O (QO R)=POQ0OR
(proof)
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lemma Ndet-assoc: <P (QMR)=PN QN R
(proof)

lemma Sliding-assoc: <P > (Q > R)=P1> Q> R
(proof )

lemma Seg-assoc : <P; (Q; R)=P; Q3 R
(proof)

Synchronization

lemma interleave-set: <s setinterleaves ((t, u), C) = set t U set u C set $»

(proof)

lemma interleave-order: (s setinterleaves ((¢t1 Q t2, u), C') = set 2 C set (drop
(length t1) s)»
(proof)

lemma interleave-append-left :
«s setinterleaves ((t1 Q t2, u), C) =
Jul u2 sl s2. u=ul Qu2 As=slQs2A
s1 setinterleaves ((t1, ul), C) N s2 setinterleaves ((t2, u2), C)»

(proof)

lemma interleave-append-right :
<s setinterleaves ((t, ul @ u2), C) =
Jt1t2s1s2.t=11 Qt2 ANs=s1Qs2A
s1 setinterleaves ((t1, ul), C) N s2 setinterleaves ((t2, u2), C)»

(proof)

lemma interleave-append-tail-left:

<s setinterleaves ((t1, u), C) = set t2 N C = {} = (s Q ¢2) setinterleaves
((t1 @ t2, u), O)

(proof )

lemma interleave-append-tail-right:

<s setinterleaves ((t, ul), C) = set u2 N C = {} = (s Q u2) setinterleaves
((t, ul @ u2), C)

(proof)



100 CHAPTER 12. ALGEBRAIC RULES OF CSP

lemma interleave-assoc-1:
(tu setinterleaves ((t, u), A); tuv setinterleaves ((tu, v), A)] =
Juv. wv setinterleaves ((u, v), A) A tuv setinterleaves ((t, uv), A)

(proof)

lemma interleave-assoc-2:
assumes *:<uv setinterleaves ((u, v), A)> and
sk tuv setinterleaves ((t, uv), A)»
shows <3 tu. tu setinterleaves ((t, u), A) A tuv setinterleaves ((tu, v), A)»

(proof)

theorem Sync-assoc: <P [S] (Q [S] R) = P [S] Q [S] R» for P Q R :: «('a, 'r)
PrOCeSSptick?

(proof )

12.3 The Step-Laws

The step-laws describe the behaviour of the operators wrt. the multi-prefix
choice.

12.3.1 Deterministic Choice

lemma Mprefiz-Det-Mprefix:

«(Oa€e A—Pa)O0(Obe B— Qb) =

Oz € (AUB) — (ifz € AN Bthen Px M Q x else if x € A then P z else Q
z)

(is «?lhs = %rhs))
(proof)

corollary Mprefiz- Un-distrib:
{0a€ (AUB) > Pa=(0ac€A— Pa)0(0be B— Pbp
(proof)

12.3.2 Non-Deterministic Choice

lemma Mprefiz-Ndet-Mprefix :
(Da€eA—-Pa)n(0be B— Qb =
(Oae(A—B)—-Pa)n(0be(B-—A4) - QbO0(@0zec(ANDB)— Pzn
Q z)
(is «?lhs = %rhsy)

{proof)

12.3.3 Sliding Choice
lemma Mprefiz-Sliding-Mprefix :
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«(Oae A — Pa)> (O0beB— Qb)) =

(Oz € (AU B) = (ifr € AN Bthen Pz N Q x else if x € A then P x else Q
z)) N

(Obe B— (ifbe Athen PbM Qb else Qb))

(is «?lhs = %rhs))

— It is not so much a “step law” as a rewriting.

(proof)

corollary Mprefiz-Sliding-superset-Mprefiz :
«(Oee A —- Pa)>(O0be B— QD) =
Obe B— (ifbe Athen PbT Qb else Qb)) if <AC B
— This one (with the additional assumption A C B) is a “step law”.

(proof)

corollary Mprefiz-Sliding-same-set-Mprefix :
(Oae A - Pa)p(DaeAd—Qa)=0aeA—-PalNQuw

(proof)

12.3.4 Sequential Composition

lemma Mprefiz-Seq: <Dda € A - Pa; Q=0a€ A— (Paj; Q)
(proof )

12.3.5 Hiding

We use a context to hide the intermediate results.

context begin

Two intermediate Results

private lemma D-Hiding-Mprefiz-dir2:
<s€D(Oa€cA—Pa\SpifseD (@Oac(A—-S) = (Pa\ IS
(proof) lemma F-Hiding-Mprefix-dir2:
(s, X) e F(Dae A— Pa\ S)if <s# [ and «(s, X) € F (Oa € (A — 9)
= (Pa\ S
(proof )

(\) and Mprefix for disjoint Sets

theorem Hiding-Mprefiz-disjoint:
WMDa€eA—Pa\S=0acA— (Pa\SH
(is «?lhs = ?rhs)) if disjoint: <A N S ={}p
(proof)

(\) and Mprefiz for non disjoint Sets

theorem Hiding-Mprefiz-non-disjoint:
— Rework this proof
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{da€eA—-Pa\S=(0ac(A-8) = Pa\9)>(Mac(ANS). (Pa)
S))»

(is < ?lhs = ?rhsy) if non-disjoint: <A N S # {p
(proof)

end

12.3.6 Synchronization

lemma Mprefiz-Sync-Mprefix-bis :
«Mprefix (AU A’) P [S] Mprefiz (BU B’) Q =
(OacA — (P a [S] Mprefizx (B U B') @))
O (O0beB — (Mprefir (AU A') P [S] Q b))
O (Oze(A'Nn By —» (Pz [S] Q z))
(is<?lhs AA'"PBB' Q= %hs A A" P BB @)
if sets-assms: <ANS={h A’ CSHBNS={h B CH
for P Q :: <'a = (‘a, 'r) processpiick>

(proof)

corollary Mprefiz-Sync-Mprefiz:
— This version is easier to use.
«Oa€A — Pa [S]0ObeEB = Qb=
(Oae(A — S) —» (Pa[S] BbeB — Qb)) O
(Obe(B— S) —» (OacA —» Pa [S] Qb)) O
(Oze(ANBNS)—= (Pz[S] Q)
(proof)

Renaming

lemma Renaming-Mprefiz:

<Renaming (Da € A — Pa) fg=

Oyef‘A—Tac{ze A y=fz}. Renaming (P a) f ¢ (is «(?lhs = ?rhs))
(proof )

12.4 Extension of the Step-Laws

12.4.1 Derived step-laws for Sync

lemma Mprefiz-Inter-Mprefix :

«0a€A — Pall| ObeB - Qb= (0acA — (Pa ||| ObeB — Qb)) O (ObeB
—(0a€e A— Palll Qb))

(proof)

lemma Mprefiz-Par-Mprefiz : <da€A — P a || ObeB — @ b = Oze(A N B) —
(Pz|l Q)
(proof )

lemma Mprefiz-Sync-Mprefix-subset :
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(JAC S; BC S) = Mprefiz A P [S] Mprefixr BQ = Oze(AN B) — (Pz[9]
Q z)»
(proof)

lemma Mprefiz-Sync-Mprefix-indep :

AnNS={}=BnS={ =

Mprefit A P [S] Mprefix B Q = (Da€A — (P a [S] Mprefiz B Q)) O (ObeB
— (Mprefix A P [S] Q b))

(proof)

lemma Mprefiz-Sync-Mprefiz-left :

(AN S={} = BC S = Mprefir AP [S] Mprefir B@Q = OacA — (P a [S]
Mprefix B Q)»

(proof)

lemma Mprefiz-Sync-Mprefix-right :

(A C S= BN S ={} = Mprefix A P [S] Mprefizt B Q = 0beB — (Mprefix
AP[S] Qb

(proof)

lemma Mprefiz-Sync-STOP : «(Oa € A — P a) [S] STOP = 0a € (A - S) —
(P a [S] STOP))
(proof)

lemma STOP-Sync-Mprefiz : <STOP [S] (Obe B— Qb)=0b€e (B—-85) —
(STOP [S] Q b)»
(proof)

Mixing deterministic and non deterministic prefix choices lemma
Mndetprefiz-Sync-Mprefiz
«(Ma€e A— Pa)[S)(Obe B— Qb) =
( if A={} then STOP [S] (Ob € B — Qb)
else MacA. (if a € S then STOP else (a — (P a [S] (Obe B — @Qb)))) O
(Obe(B — S) = ((a = Pa) [S] Qb)) DO
(ifa € BN Sthen (a — (P a [S] Q a)) else STOP))»
(proof)

lemma Mprefiz-Sync-Mndetprefix
«(Oa€e A— Pa)[S](Mbe B— Qb =
( if B={} then (Oa € A — P a) [S] STOP
else MbeB. (if b € S then STOP else (b — ((ODa € A — Pa) [S] Qb)) O
(Oae(A - S) = (Pa[S] (b— Qb)) O
(if be An Sthen (b — (P b[S] Qb)) else STOP))»
(proof )

In particular, we can obtain the theorem for Mndetprefix synchronized with
STOP.

lemma Mndetprefiz-Sync-STOP :
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«(Na€ A — Pa)[S] STOP =
(fANnS={}thenNaec A— (Pal[S] STOP)
else (Ma € (A — S) = (P a [S] STOP)) M STOP)»
(is <?lhs = (if AN S = {} then ?rhsl else ?rhs2 M STOP)»)
{proof)

corollary STOP-Sync-Mndetprefix :
«<STOP [S] (Mbe B— Qb)) =
(ifBNnS=/{}thenlb e B— (STOP [S] Q b)
else (Mb € (B — S) = (STOP [S] Q b)) N STOP)»
(proof )

corollary Mndetprefir-Sync-Mprefiz-subset :
«(Ma€e A— Pa)[S] (Bbe B— Qb) =
(fACBthenMace A— (PalS] Q a)
else (Ma € (AN B) = (Pal[S] Qa)) N STOP)
(is «?lhs = (if A C B then ?rhsi else ?rhs2)y) if <A C $H» «B C S»
(proof)

corollary Mprefiz-Sync-Mndetprefiz-subset :
(ACS=— BCS—
OaeA— PalSJMbe B— Qb=
( if BC Athenlbe B— (Pb[S] QD)
else (Mb e (AN B) — (Pb[S] Qb)) N STOP)»
(proof )

corollary Mndetprefiz-Sync-Mprefix-indep :
«(Ma€e A— Pa)[S] (Bbe B— Qb)) =
( if A={} then ObeB — (STOP [S] Q b)
else Ma€A. (a - (Pa [S](Obe B— Qb)) O
(0beB — ((a — Pa) [S] Qb))
if<AnS={pand«BNS={p

(proof)

corollary Mprefiz-Sync-Mndetprefix-indep :
ANS={}=BnS={} =
(ODaeA— Pa)[S] (Mbe B— Qb)) =
( if B={} then Ja € A — (P a[S] STOP)
else MbeB. (b — ((Da € A — Pa)[S] Qb)) O
(Oaed — (Pa[S] (b— QD))
(proof)

corollary Mndetprefiz-Sync-Mprefix-left :
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«(Ma€e A— Pa)[S) (Obe B— Qb) =

( if A={} then STOP [S] (Bb e B — @ b)
else Ma€A — (Pa [S] (Bbe B— Qb))

if<AnS={pand<«BC S

(proof)

corollary Mndetprefiz-Sync-Mprefix-right :
«(Ma€e A— Pa)[S)](Obe B— Qb =
( if A={} then STOP [S] (Ob e B — Q b)
else ObeB — ((Ma€A — P a) [S] Q b))
if <AC S»and BN S ={h

(proof)

corollary Mprefiz-Sync-Mndetprefiz-left :
AnNS={} = BCS=
(Dae A— Pa)[S](Nbe B— Qb) =
( if B={} then (ODa € A — P a) [S] STOP
else Da€A — (P a [S] (Mbe B— Qb))
(proof)

corollary Mprefiz-Sync-Mndetprefix-right :
(ACS=BnS={} =
(ODae A— Pa)[S](NMbe B— Qb) =
( if B={} then (Oa € A — P a) [S] STOP
else MbeB — ((Oa € A — Pa) [S] Q b))
(proof)

corollary Mndetprefiz-Par-Mprefix :
Ma€ A— PallObeB— Qb=
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(f AC BthenMa € A— (Pall Qa)else(Mae (ANB)—= (Pall Qa))nN

STOP)»
(proof)

corollary Mprefiz-Par-Mndetprefix :
{da€ A— PallMbeB— Qb=

(if BC Athenbe B— (Pb|| Qb)else(Mbe (AN B)—= (Pb| Qb)) N

STOP)»
(proof)

corollary Mndetprefiz-Inter-Mprefix :
(Ma€e A— Pa)l||(Obe B— Qb) =
( if A={} then (Ob e B — Q b; STOP)
else Mac€A. (a — (Pal|]| (Obe B— Qb)) O
(0beB — ((a — Pa) ||| Qb))

(proof)
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corollary Mprefiz-Inter-Mndetprefix :
(Oa€eA— Pa)l||(Mbe B— Qb)) =
( if B={} then (Da€ A — Pa; STOP)
else MbeB. (b— ((Da€ A — Pa)l|| Qb)) O
(BaeAd = (Palll (b= QD))
(proof)

12.4.2 Non deterministic step-laws

The Mndetprefiz operator slightly differs from Mprefiz so we can often adapt
the step-laws.

lemma Mndetprefiz-Ndet-Mndetprefix :

— We assume A N B # {}, otherwise this rewriting rule is not interesting.

(MaeA—-Pa)N(MbeB— Qb =

(fA=BthenNbe B—-PbMN QDb

else if AC Bthen(Mbe (B—A) - QbN(MzecA—PaxnQua)
else if BC Athen (Ma€ (A —B)—=Pa)N(Mze B—PxN Q)
else (Ma€ (A—B)=>Pa)NN(Mbe (B—A) = Qb N (Mze(4An

B) - PznQux))

(is «?lhs = (if A = B then %rhsl else if A C B then ?rhs2 else if B C A then
?rhs3 else ?rhs4)»)

if <AnB#{}p

{proof)

lemma Mndetprefiz-Det-Mndetprefix :
«(Mae A —- Pa)d(Mbe B— Qb)) =
(f A={} thenbe B— Qbelseif B={} thenMae€ A— Pa
elseMa € A.Mbe B. (ifa=bthena— Pan Qaelse(a— Pa)O(b— Q
b))
(is < ?lhs = (if A = {} then ?rhsi else if B = {} then ?rhs2 else ?rhs3)»)
(proof)

lemma FD-Mndetprefiz-Det-Mndetprefix :
z€(AUB) — (ifx € AN Bthen Pz Q z else if x € A then P x else Q z)
Crp (HGEA%PG)D(HI)EB%QI)»
(is «?lhs Cpp ?rhsy)

{proof)

lemma FD-Mndetprefiz-Sliding-Mndetprefiz

«(NMz e (AUB) = (ifr€e ANBthen Px M Qxelseif v € A then P x else Q
z)) N

(Mbe B— (ifbe Athen Pb11 Q belse Qb)) Crp

(Mae A — Pa)r> (Mbe B — Qb) (is «?lhs Cpp ?rhs))

(proof)
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lemma Mndetprefiz-Sliding-superset-Mndetprefiz :
«(Ma€ A —- Pa)>(Mbe B— Qb) =
Mbe B— (ifbe Athen PbM Qb else Q b)»
(is «?lhs = %rhs)) if <A C B»

(proof )

corollary Mndetprefiz-Sliding-same-set-Mndetprefiz
(M€ A—-Pa)>(MaeeAd—Qa)=Tlac A—-PanNQuw
(proof)

lemma Renaming-Mndetprefiz :
<Renaming (Ma € A — Pa) fg=Tbef‘A—TNac {a€ A b= fa}. Renaming

(Pa)fg
(proof)

lemma Mndetprefiz-Seq : <Ma € A - Pa; Q=TNa€ A— (Paj Q)
(proof )

For (\), we can not use the distributivity of GlobalNdet since it is only
working for finite non determinism. But we can still reuse some previous
results in the following proof.

theorem Hiding-Mndetprefix-disjoint :
Ma€eA—Pa\S=TNa€Ad— (Pa\S) (is<%hs= ?rhs) if <AN S ={h
(proof )

theorem Hiding-Mndetprefix-subset :
Mac€A—Pa\S=Naec A (Pa\S) (is <%lhs = ?rhsy) if <A C S
(proof)

theorem Hiding-Mndetprefix-non-disjoint-not-subset :
Ma€A—-Pa\S=Mac(A—-8) = (Pa\S)MN(Mae(ANS). (Pa)

S))»
(is «?lhs = %rhs1 M 2rhs2y) if <KAN S # {}rand <= A C S

(proof)

12.5 Read and Write Laws

12.5.1 Projections

read

lemma F-read :
(F(c?acA = Pa)={(, X\) | X. XNev‘c‘A={}}U
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{levaf# s, X)|lasX.a€c‘ AN (s, X)€F ((Po inv-into A
c) a)p
(proof)

lemma F-read-inj-on :
<inj-on ¢ A =
F(c?tacA—-Pa)={[, X)|X. XNev‘c‘A={}} U
{(ev (ca)# s, X)lasX.a€e AN (s, X) e F(Pa)h
(proo)

lemma D-read :
D (c?a€A — Pa)={eva#slas.acc ANseD((Poinv-into Ac)a)p
(proof)

lemma D-read-inj-on :
<nj-on ¢ A =D (c?a€A — Pa)={ev(ca)# slas.ac ANseD (Pa)p
(proof )

lemma T-read :

T (c?a€A — Pa) =insert [|{eva# slas.a€c*ANseT ((Po inv-into
Ac)a)b

(proof)

lemma T-read-inj-on :

<ng-on ¢ A =T (c?a€A — Pa) =insert | {ev(ca) # slas.a€ ANs€
T (Pa)b

(proof )

lemmas read-projs = F-read D-read T-read
and read-inj-on-projs = F-read-inj-on D-read-inj-on T-read-inj-on

ndet-write

lemma F-ndet-write :
«(F (MacA — Pa) =
(if A={} then {(s, X). s = [}
else {([J, X) |X.JacA. ev (ca) ¢ X} U
< {>(ev a# s, X)|lasX.ac€c AN(s, X)eF ((Poinv-into A c) a)})
proof

lemma F-ndet-write-inj-on :
<inj-on ¢ A =
F (cMa€Ad — Pa) =
( if A ={} then {(s, X). s =[]}
else {([], X) |X. JacA. ev (ca) ¢ X} U
{(ev (ca)# s, X) lasX.a€e AN (s, X) e F(Pa)})
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(proof)

lemma D-ndet-write :
D (MacA — Pa)={eva#slas.acc ANseD((Poinv-into Ac)a)}h
(proof)

lemma D-ndet-write-inj-on :
ang-on c A = D (MNa€A — Pa)={ev(ca)# slas.ac ANseD(Pa)p
(proof)

lemma T-ndet-write :

(T (Ma€A — Pa) =insert [|{eva# slas.a€c ANseT ((P o inv-into
Ac)a)h

(proof)

lemma T-ndet-write-inj-on :

ang-on ¢ A =T (cMla€A — P a) =insert || {ev(ca) # slas.a € ANsE
T (Pa)p

(proof )

lemmas ndet-write-projs = F-ndet-write D-ndet-write T-ndet-write
and ndet-write-inj-on-projs = F-ndet-write-inj-on D-ndet-write-inj-on T-ndet-write-inj-on

write and (—)

lemma F-write :

«(F (a—=P)={(, X)|X.ev(ca) ¢ X}U{(ev(ca)# s X)|sX. (s, X) €
F PhH

(proof )

lemma F-write0 :
2]: (c}>—> P)={(, X) |X.eva ¢ X} U{(eva# s, X)|s X. (s, X) € F Ph
Proo

lemma D-write : <D (cla — P) = {ev (ca) # s|s.s €D P}h
(proof)

lemma D-write0 : <D (a — P) ={eva # s|s.s €D Ph
(proof)
lemma T-write : <T (cla — P) = insert [| {ev (ca) # s|s. s €T P}p

(proof)

lemma T-write0 : <T (a — P) = insert [| {eva # s|s. s € T Ph
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(proof)

lemmas write-projs = F-write D-write T-write
and write0-projs = F-write0 D-write0 T-write0

12.5.2 Equality with Constant Process

STOP

lemma read-is-STOP-iff : <c?a€A — P a = STOP +— A ={}
(proof)

lemma read-empty [simp] : <c?ac{} — P a = STOP» (proof)

lemma ndet-write-is-STOP-iff : <c!la€A — P a = STOP +— A = {}
(proof)

lemma ndet-write-empty [simp] : <cMa€{} = P a = STOP> (proof)
lemma write0-neq-STOP [simp] : <a — P # STOP» (proof)

lemma write-neg-STOP [simp] : <cta — P # STOP» (proof)

SKIP
lemma read-neq-SKIP [simp] : <c?a€A — P a # SKIP r» (proof)

lemma ndet-write-neq-SKIP [simp] : <c!la€A — P a # SKIP r» {proof)
lemma write0-neq-SKIP [simp] : <a — P # SKIP 1> {proof)

lemma write-neq-SKIP [simp)] : «cta — P # SKIP r» (proof)

L
lemma read-neq-BOT [simp] : <c?a€A — P a # L {proof)

lemma ndet-write-neq-BOT [simp] : <c!la€A — P a # L (proof)
lemma write0-neq-BOT [simp] : <a — P # Ly (proof)
lemma write-neq-BOT [simp] : <cla — P # L) (proof)

12.5.3 Extensions of Step-Laws
Monotony for equality

lemma mono-read-eq :
(Na.a € A= Pa=Qa) = read c AP =readc A @

(proof)
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lemma mono-ndet-write-eq :
(ANa. a € A= Pa= Qa) = ndet-write ¢ A P = ndet-write ¢ A @

(proof)

(O0) and (M)

lemma read-Ndet-read :

«(c?a€A — Pa) M (c?beB — Q b) =

(c?a€(A — B) - Pa) N (c?he(B— A) - Qb) O (c?z€e(ANDB)— Px Q
)

(is «?lhs = %rhs) if <inj-on ¢ (A U B)»
(proof)

lemma read-Det-read :
«(c?a€A — Pa) O (c?beB — Q b) =
c?ac(AUB) — (ifa€ AN Bthen Pam Q aelse if a € A then P a else ) a)»
(is «?lhs = %rhs) if <inj-on ¢ (A U B)»

(proof)

lemma ndet-write-Det-ndet-write :

(cMa€A — Pa) O (NbeB — Qb) =

( if A={} then (beB — Q b)

else if B = {} then (c!!la€A — P a)
else Ma€A. MbeB. (if a = b then cla — P am Q a else (cla — P a) O (b

~Qu))

if <inj-on ¢ (A U B)»
(proof)
lemma ndet-write-Ndet-ndet-write :

(cMa€A — Pa) M (MbeB — Q b) =
( if A= B then (¢MbeB — P b1l Q b)

else if AC B
then (eM'be(B — A) = Q b) M (cMla€A — Pa Q a)
else if BC A
then (cMNa€(A — B) — Pa) M (MNbeB — PbM Qb)
else (Ma€(A — B) — Pa) N (MNbe(B— A) — Q b) M (ctlac(A N B)
— Pal Qa)
if <A N B#{}» <inj-on ¢ (AU B)
(proof)

lemma write0-Ndet-write0 : «(¢ — P) M (a = Q) =a — PN
(proof)

lemma write0-Det-write0-is-write0-Ndet-write0 : «(a — P) O (a = Q) = (a —
P)n(a— Q)
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(proof)

lemma write-Ndet-write : <(cla — P) M (cla = Q) = cla — P M Q»
(proof)

lemma write-Det-write-is-write-Ndet-write: «(cla — P) O (cla — Q) = (cla —
P)n(cla — Q)
(proof)

lemma write-Ndet-read :

«(cla — P) M (c?beB — Qb) =

(if a € B then STOP else cla — P) M (c?be(B — {a}) — Q b) O (if a € B then
cla - PN Q aelse STOP))

if <inj-on ¢ ({a} U B)»

(proof)

lemma read-Ndet-write :

<ing-on ¢ (AU {b}) = (c?a€A — Pa) N (b — Q) =

(if b € A then STOP else ctb — Q) M (c?ac(A — {b}) — P a) O (if b € A then
clb — P b Q else STOP)»

(proof)

lemma write0-Ndet-read :

(a — P) N (id?beB — Q b) =

(if a € B then STOP else a — P) M (id?be(B — {a}) — @ b) O (if a € B then
a— PN Q a else STOP)»

(proof)

lemma read-Ndet-write0 :

«(id?a€A — Pa) N (b — Q) =

(if b € A then STOP else b — Q) M (id?ac(A — {b}) — P a) O (if b € A then
b— Pbn Q else STOP)»

(proof )

lemma write-Det-read :

<ing-on ¢ (insert a B) = (cla — P) O (¢?b€B — Q b) =

c?be(insert a B) — (if b=a A a € B then PN Q a else if b = a then P else
Q b)

(proo)

lemma read-Det-write :

<ing-on ¢ (insert b A) = (c¢?a€A — P a) O (c!b — Q) =

c?ac(insert b A) — (ifa =b A b€ Athen Pall Q else if a =0 then Q else
P a)

(proof)
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lemma write0-Det-read :

«((a — P) O (id?beB — Q b) =

id?be(insert a B) — (if b= a A a € B then PN Q a else if b = a then P else
Q b)

(proof)

lemma read-Det-write0 :

(id?a€A — Pa) O (b— Q) =

id?a€(insert b A) — (if a=b A b€ A then Pal Q else if a = b then @ else
Pa)

(proof)

Sliding

lemma write0-Sliding-write0 :
(a—P)p> (b— Q) =
(Oz € {a, b} — (if a = b then P 11 Q else if © = a then P else Q)) N
(b — (if a = b then P Q else Q))»
(proof)

lemma write-Sliding-write :
(cla - P) > (d'b — Q) =
(Oz € {ca,db} = (ifca=dbthen P Q else if z = ¢ a then P else Q)) N
(d'o — (if ca = dbthen P Q else Q)
(proof)

lemma write0-Sliding-write :
(a—= P)> (d'b— Q) =
(Oz € {a, d b} — (if a = d b then P N Q else if © = a then P else Q)) I
(d'o — (if a = d b then P Q else Q))»
(proof)

lemma write-Sliding-write0 :
(cla - P)> (b= Q) =
(Oz € {ca, b} = (if ca=0bthen P Q else if t = ¢ a then P else Q)) N
(b— (if ca = bthen PN Q else Q))»
(proof )

lemma read-Sliding-superset-read :
— Not really interesting without the additional assumptions.
<A C B= inj-onc B=
(c?acA — Pa) > (c?beB — Qb) = c?beB — (if b€ A then P b1 Q b else
Q b)
(proof)

lemma read-Sliding-same-set-read :
ang-on ¢ A = (c?a€A — Pa) > (c?a€Ad — Qa) = c?a€d - Pal Q o
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(proof)

lemma ndet-write-Sliding-superset-ndet-write :

<A C B = inj-on ¢ B =

(cMa€A — Pa) > (MbeB — Qb) = c!MbeB — (if b€ Athen PbM Qb else
Q b

(proof)

lemma ndet-write-Sliding-same-set-ndet-write :
<ng-on ¢ A = (cfla€A — Pa) > (Ma€ld — Qa) = clacA - Panl Qw

(proof)

lemma write-Sliding-superset-read :
<a € B= inj-on ¢c B =
(ctla = P) > (c?beB — Qb) = c?beB — (if b= a then P Q b else Q b)»
(proof)

lemma write0-Sliding-superset-read :

<a € B= (a = P) > (id?b€B — Q b) = id?beB — (if b=a then P11 Q b
else @ b)»

(proof)

lemma write-Sliding-superset-ndet-write :
<a € B= inj-on ¢c B =
(cta = P) > (MbeB — Qb) = MbeB — (if b= a then P Q b else Q b)»
(proof)

lemma write0-Sliding-superset-ndet-write :
<a € B= (a — P) > (id'beB — Q b) = id'beB — (ifb=athen PT1 Qb
else @ b)»
(proof)
Seq
lemma read-Seq : <¢?a€A — Paj; Q = c?acA — (Pa; Q)

(proof)

lemma write0-Seq : <a — P3; Q@ =a— (P Q)
(proof)

lemma ndet-write-Seq : <c!'a€A — Pa; Q = clacAd — (Paj; Q)
(proof)

lemma write-Seq : <cla - P 3 Q = cla — (P; Q)

(proof)

Renaming

lemma Renaming-read :
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«Renaming (c?a€A — Pa) fg= (f o ¢)?7a€A — Renaming (P a) f ¢
if <inj-on ¢ A> and <inj-on f (¢

(proof)

(f
A)»

lemma Renaming-write :
(Renaming (cla — P) fg = (f o ¢)!la — Renaming P f ¢
(proof)

lemma Renaming-write0 :
<Renaming (a — P) fg = fa — Renaming P [ ¢»

(proof)

lemma Renaming-ndet-write :
<Renaming (cMNa€A — Pa) fg= (f o c)!'a€A — Renaming (P a) f ¢
if <inj-on ¢ A» and <inj-on f (¢ “ A)»

(proof )

(\)

lemma Hiding-read-disjoint :
c‘ANS={} = cta€A - Pa\ S=ctacA — (Pa\ S
(proof)

lemma (A C B = a € A = (inv-into A ¢) a = (inv-into B ¢)

(proof)

lemma Hiding-read-non-disjoint :

<«c?a€A — Pa\ S=(c?ac(A—c—8) > (Pa\S)> (Mac(ANc—-9).
(Pa\S))

if <inj-on ¢ A and <¢c AN S #{p
(proof)

lemma Hiding-read-subset :
«c?a€A = Pa\ S="ac(c ‘AN S). (P (inv-into A ¢ a) \ S)
if <inj-on ¢ A> and <¢c ‘A C S»

(proof)

lemma Hiding-ndet-write-disjoint :
‘' AnS={} = (MNacA - Pa)\ S =(MNacA — (Pa\ S
(proof)

lemma Hiding-ndet-write-subset :
(c*ACS = (c!a€d — Pa)\ S ="nNacc “A. (P (inv-into A c a) \ S)
(proof )

lemma Hiding-ndet-write-subset-bis :
— With the injectivity...
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<nj-onc A= ¢c‘ACS = (clacAd — Pa)\ S =NacA. (Pa\ S)H
(proof)

lemma (A C B = a € A = (inv-into A ¢) a = (inv-into B ¢)

(proof)

lemma Hiding-ndet-write-non-disjoint-not-subset :
(cMacA — Pa)\ S =
(Magc(A—c—S) = (Pa\S)MN(Mae(ANc—=°5).(Pa\ S
if <nj-onc A and «c ‘ANS#{pand—c‘ACS

(proof )

lemma Hiding-write0-disjoint :
¢ S=a—->P\S=a— (P\SSH
(proof )

lemma Hiding-write0-non-disjoint :
«aeS=a—->P\S=P\S
(proof)

lemma Hiding-write-disjoint :
«cag¢ S=cla—> P\ S=cla— (P\S)
(proof)

lemma Hiding-write-subset :
«caeS=cla—-P\S=P\S

(proof)

Sync

read lemma read-Sync-read :
— This is the general case.
«c?a€A — Pa [S] d?beB — Q b =
(c?ac(A —c—“8) = (PalS] d?beB — Qb)) O
(d?be(B—d —*S) = (c?acA — Pa [S] Qb)) O
(Oze(c “ANnd  BnNS)— (P (inv-into A c z) [S] Q (inv-into B d x)))»
(is «?lhs = %rhs1 O ?rhs2 O 2rhs3»)
if<«c‘ANS={}Vve ACSVinj-onch
«d‘BNS={}vd BCSVinjondB
— Assumptions may seem strange, but the motivation is that when A — ¢ —* S
# {} (which is equivalent to = ¢ * A C §), we need to ensure that inv-into (A — ¢
—¢8) cis equal to inv-into A c¢. This requires A — ¢ —“S = A (which is equivalent
toc ‘ANS={}) orinj-on ¢ A. We need obviously a similar assumption for B.

{proof)

Enforce read lemma read-Sync-read-forced-read-left
«c?acA — P a [S] d?heB — Qb =
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(c?ac(A — ¢ —*8) = (Pa[S] d?beB — Qb)) O
(d?be(B —d —“S) — (c?a€A - Pa [S] Qb)) O
(c?ze(ANc—“(d*BnNS)) = (Pz[S] Q)
(is <%lhs = %rhsl O ?rhs2 O 2rhs3»)
if «¢c AN S ={}VinjoncA
«d BN S={}VinjondB
Nab.aceA=beB=ca=db=dbeS=a=b

(proof)

lemma read-Sync-read-forced-read-right:
e AN S ={}VinjoncA; d*BnNS={}Vinjond B,
Naob.aeA=beB=ca=db=dbe S = a=0 =
c?acA — Pa [S] d?beB — Q b =
(c?ac(A — ¢ —* S) (Pal[S] d?beB — Qb))
(d?be(B ) = (c?a€A — Pa[S] QD)) O
d'7:v€(B N d “(e*ANS) = (Pz[S] Qo)
(proof)

Special Cases lemma read-Sync-read-subset :
«c?a€A — Pa [S] d?beB — Q b =
Oze(c “ANd ‘B) — (P (inv-into A ¢ z) [S] @ (inv-into B d x))»
if«c‘ACS «d*“BCS

(proof)

lemma read-Sync-read-subset-forced-read-left :
«c?a€A — Pa[S] d?b€eB - Qb= c?lzec(ANc—‘d‘B)— (Pz[S] Qxz)»
if «¢c*AC S «d*BCS) «inj-on ¢ Ay <inj-on d B>
Nab.aed=beB=ca=db=dbeS=a=b

(proof)

lemma read-Sync-read-subset-forced-read-right :
e “AC S;d*BCS;inj-on ¢ A; inj-on d B;
Nab.aeA=—=beB=ca=db=dbe S = a=10 =
c?a€A — Pa [S] d?beB — Qb=d?ze(BNd—‘c‘A) = (Pxz[S5] Q x)
(proof )

lemma read-Sync-read-indep :
«c?a€Ad — Pa [S] d?beB — Q b =
(c?acA — (P a [S] (d?beB — Q b))) O (d?beB — ((c?acA — P a) [S] Q
b))
if<«c‘AnS={p«d‘BnS={p
(proof)

lemma read-Sync-read-left :
«c?a€A — P a [S] d?beB — Q b = c?acA — (P a [S] (d?0€B — Q b))
if<«c‘AnNS={hp«d*BCS

(proof)
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lemma read-Sync-read-right :
«c‘ACS=d‘BnS={} =
c?a€A — Pa[S] d?beB — Q b = d?beB — ((c?ac€d — Pa) [S] Q b)
(proof )

corollary read-Par-read :
<«c?a€A — Pal| d?beB — Q b=
Oze(c “ANd‘B) — (P (inv-into A c z) || Q (inv-into B d z))»
(proof)

corollary read-Par-read-forced-read-left :
([inj-on ¢ A; inj-on d B; N\ab.a € A—beEB= ca=db—=— a=10b =
c?a€A - Pal|l d?beB— Qb= clze(ANc—‘d‘B)— (Pz|| Quz)
(proof)

corollary read-Par-read-forced-read-right :
([inj-on ¢ A; inj-on d B; Nab.a € A= beB=ca=db= a=10 =
c?a€A - Pa |l d?beB - Qb=d?ze(BNd—‘¢c‘A) = (Pz|l Q)
(proof)

corollary read-Inter-read :
([inj-on ¢ A; injron d B; N\ab.a€e A= beB=ca=db= a=10 =
c?a€A — Pal|| d?beB — Qb =
(c?a€A — (Pal||| d?beB — Qb)) O (d?beB — (c?a€A — Pa ||| Q b))
(proof )

Same channel Some results can be rewritten when we have the same
channel.

lemma read-Sync-read-forced-read-same-chan :
«c?a€A — Pa[S] c?beB = Q b=
(c?ac(A —c—“5) = (Pal[S] c?beB — Qb)) O
(e?be(B —c —“S) = (c?a€A — Pa [S] Qb)) O
(c?tze(ANBNc—S) = (Pz[S] Q)
(is «?lhs = 9rhs1 O ?rhs2 O 2rhs3»)
if <«c AN S={}VinjoncA <«¢c* BnNnS={}VinjonchB
Nab.aeA=beB=ca=cb=cbeS = a=b

(proof)

lemma read-Sync-read-forced-read-same-chan-weaker :
— Easier with a stronger assumption.
<ng-on ¢ (AU B) =
c?a€A — P a [S] c?b€B — Q b =
(c?ac(A —c—*S) = (Pa[S] c?beB — Q b)) O
(e?be(B —c —“8) — (c?acA — Pa [S] Qb)) O
(c?ze(ANBNc—°5)—= (Pz[S] Q)
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(proof)

lemma read-Sync-read-subset-forced-read-same-chan :

— In the subset case, the assumption inj-on ¢ (A U B) is equivalent. The result
is not weaker anymore.

«c?a€A — Pa [S] c?beB — Q b= c?ze(AN B) — (Px [5] Q z)»

if <¢c “AC S «c‘BCS) «injonc (AU B)
(proof)

read and ndet-write. lemma ndet-write-Sync-read :
(MacA — Pa[S] d?beB — Qb =
( if A= {} then STOP [S] d?beB — Qb
else Macc “ A. (if a € S then STOP else a — (P (inv-into A ¢ a) [S] d?beB
— Qb)) O
(Obe(d *B — S) — (a — P (inv-into A ¢ a) [S] @ (inv-into B d

b))) O
(ifa € d “BnN Sthen a — (P (inv-into A ¢ a) [S] Q (inv-into B
d a)) else STOP)))
(proof)

lemma read-Sync-ndet-write :
«c?a€A — Pa [S] d'beB = Qb=
( if B={} then c?acA — P a [S] STOP
else Mbed “ B. (if b € S then STOP else b — (c?a€A — P a [S] Q (inv-into
B db))) O
(Oae(c “A — §) — (P (inv-into A c a) [S] b — @ (inv-into B d

b))) O
(ifbec AN Sthen b — (P (inv-into A ¢ b) [S] @ (inv-into B d
b)) else STOP))»
(proof)

lemma ndet-write-Sync-read-subset :
(c‘ACS=d‘BCS=
cla€A — Pa[S] d?beB — Qb =
(ifec*ACd‘BthenNacc ‘A — (P (inv-into A ¢ a) [S] @ (inv-into B d a))
else (Mag(c AN d‘B) — (P (inv-into A ¢ a) [S] Q (inv-into B d a))) N
STOP)»
(proof)

lemma read-Sync-ndet-write-subset :
(c‘ACS=d‘BCS—=
c?acA — P a [S] dMbeB — Q b =
(ifd*“BCc‘Athennbed ‘B — (P (inv-into A ¢ b) [S] Q (inv-into B d b))
else (Mbe(ec “A N d *B) — (P (inv-into A ¢ b) [S] Q (inv-into B d b))) 1M
STOP)»
(proof )

lemma ndet-write-Sync-read-subset-same-chan:
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(MacA — P a[S] c?heB — Qb =

(if A C B then cMacA — (P a [S] Q a) else (cMac(A N B) — (Pal[S] Q a))
N STOP))

if <¢c “AC S <cBCS) <inj-onc (AU B)
(proof)

lemma read-Sync-ndet-write-subset-same-chan:
«c‘ACS=c¢c‘BCS=injonc(AUB) =
c?a€A — Pa[S] MNbeB — Qb=
(if B C A then cM'beB — (P b [S] Q b) else (c!'be(A N B) — (P b [S] Qb))
N STOP)»
(proof )

lemma ndet-write-Sync-read-indep :
c‘AnS={}=d‘BnS={} =
claeA — PalS] d?heB — Qb =
( if A={} then d?beB — (STOP [S] Q b)
else Macc * A. (a — (P (inv-into A ¢ a) [S] d?beB — Q b)) O
(d?beB — (a — P (inv-into A c a) [S] Q b))
(proof)

lemma read-Sync-ndet-write-indep :
e AnS={}=d‘BnsS={} =
cPacA — P a [S] dbeB — Qb =
( if B={} then c?a€A — (P a [S] STOP)
else Mbed “ B. (b — (c?a€A — P a [S] Q (inv-into B d b))) O
(c?acA — (P a [S] b — Q (inv-into B d b))))»
(proof )

lemma ndet-write-Sync-read-left :
<cllacA — P a [S] d?beB — Q b = cllacA — (P a [S] d?beB — Q b)
(is «<?lhs = ?rhey) if «¢c “ANS={h«d*BCS

(proof)

lemma read-Sync-ndet-write-left :
<«c?a€A — P a [S] dbeB — Q b = c?acA — (P a [S] dbeB — Q b)
(is «?2lhs = ?rhsy) if «c “ANS={php «d*BCS

(proof)

lemma ndet-write-Sync-read-right :
c‘ACS=d‘BnS={} =
cMlacA — Pa[S] d?beB — Q b = d?beB — (cMacA — P a [S] Q b)
(proof)

lemma read-Sync-ndet-write-right :
c‘ACS=d‘BnS={} =
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c?a€A — Pa [S] d'beB — Q b = d'beB — (c?acA — P a [S] Q b)
(proof)

read and write. lemma write-Sync-read :
<cla — P [S] d?beB — Q b=
(if c a € S then STOP else cta — (P [S] d?beB — Q b)) O
(Obe(d *B — S) — (cta — P [S] @ (inv-into B d b))) O
(ifcae d*Bn Sthen cla — (P [S] Q (inv-into B d (¢ a))) else STOP)»
(proof)

lemma read-Sync-write :
«c?a€Ad — Pa [S] d'b — Q=
(if d b € S then STOP else d'b — (c?a€A — P a [S] Q)) O
(Oag(c “A — S) = (P (inv-into A ¢ a) [S] d'b — Q)) O
(ifdbec AN Sthen db — (P (inv-into A ¢ (d b)) [S] Q) else STOP)»
(proof )

lemma write-Sync-read-subset :
icaeS=—d‘BCS—=
cla — P [S] d?beB — Q b =
(if ca € d * B then cla — (P [S] Q (inv-into B d (c a))) else STOP)»
(proof)

lemma read-Sync-write-subset :
(c‘'ACS=dbe § =
c?a€Ad - Pa[S] dlb — Q =
(ifdbec‘Athen db — (P (inv-into A ¢ (d b)) [S] Q) else STOP))
(proof)
lemma write-Sync-read-subset-same-chan:
<ca € 8= c¢*‘BC S = inj-onc (insert a B) =
cla — P [S] c?beB — Q b = (if a € B then cla — (P [S] Q a) else STOP)»
(proof)

lemma read-Sync-write-subset-same-chan:
(c‘ACS = cbe S = inj-onc (insert b A) =
c?a€Ad - Pa[S] ctb — Q = (if b € A then clb — (P b [S] Q) else STOP)»
(proof)

lemma write-Sync-read-indep :
«ca¢ S=d‘BnS={ =
cla — P [S] d?beB — Q b =
(cta — (P [S] d?beB — Q b)) O (d?beB — (cla — P [S] Q b))
(proof)
lemma read-Sync-write-indep :

c‘ANS={}=4db¢ S =
c?a€A — Pa [S] d'b — Q =
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(d'b — (c?a€A — P a [S] Q) O (c?acA — (P a [S] d'b — Q)
(proof)

lemma write-Sync-read-left :
«ca¢ S=—=d‘BCS=
cla — P [S] d?beB — Q b = cla — (P [S] d?beB — Q b)»
(proof)

lemma read-Sync-write-left :
c‘AnS={}=dbe S=
c?a€A = Pa[S] dlb = Q = c?acA — (P a [S] d'b — Q)
(proof)

lemma write-Sync-read-right :
«caeS=d‘BnS={} =
cla — P [S] d?beB — Q b = d?beB — (cla — P [S] Q b))
(proof)

lemma read-Sync-write-right :
c‘ACS=db¢ S =
c?a€A — Pa[S] dlb — Q= d'b — (c?acA — P a [S] Q)
(proof)

ndet-write and ndet-write lemma ndet-write-Sync-ndet-write :
(cMacA — P a [S] dMbeB — Q b=
(ifA={then ifd BNS=1{}then dbeB — (STOP [S] Q b)
else (Mzed * (B —d —*8) — (STOP [S] Q (inv-into B d z))) M
STOP
else if B={} then ifc ‘ ANS={} then c!la€cA — (P a [S] STOP)
else (Mzec (A — ¢ —*°S) — (P (inv-into A ¢ z) [S] STOP))
N STOP
else Mbed ‘ B. Maec “ A.
(if a € S then STOP else a — (P (inv-into A ¢ a) [S] b — Q (inv-into
Bdb))) O
(if b € S then STOP else b — (a — P (inv-into A ¢ a) [S] Q (inv-into
Bdb))) O
(ifa=bAbe Sthen b — (P (inv-into A ¢ a) [S] Q (inv-into B d b))
else STOP))»
(is «2lhs = ( if A = {} then if d * BN S = {} then ?muv-right else ?muv-right’'
STOP
else if B={} thenif ¢ *AN S = {} then ?muv-left else ?muv-left’ M
STOP
else Zhuge-mess)»)

{proof)

lemma ndet-write-Sync-ndet-write-subset :
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<clacA — Pa [S] d'beB — Qb =
(if3b.c“A={b} ANd‘B={b}
then (THE b. d * B = {b}) — (P (inv-into A ¢ (THE a. ¢ ‘A = {a})) [5] @
(inv-into B d (THE b. d * B = {b})))
else (Mze(c AN d ‘“B) — (P (inv-into A ¢ z) [S] Q (inv-into B d z))) M
STOP)»
(is «?lhs = (if 2cond then ?rhsl else ?rhs2))) if «¢ “A C Sy «d ‘B C S»

(proof)

lemma ndet-write-Sync-ndet-write-indep :
c‘AnNS={}=d‘BnS={} =
MacA — Pa [S] dbeB — Q b =
(if A={} then dbeB — (STOP [S] Q b)
else if B = {} then c!lacA — (P a [S] STOP)
else Mbed ‘ B. Maecc ‘ A.
((a = (P (inv-into A c a) [S] b = Q (inv-into B d b)))) O
((b = (a — P (inv-into A ¢ a) [S] @ (inv-into B d b)))))>
(proof)

lemma ndet-write-Sync-ndet-write-left :
<clacA — Pa [S] d'beB — Qb= clacA — (P a [S] d'beB — Q b)»
(is <%lhs = ?rhsy) if «¢c ‘AN S={p«d‘BCS

(proof)

lemma ndet-write-Sync-ndet-write-right :
(c‘ACS=d‘BnsS={} =
cMacA — Pa[S] dVeB — @ b= dl'beB — (MNacA — P a [S] @ b)
(proof)

ndet-write and write lemma write-Sync-ndet-write :
«cla — P [S] d''beB — Q b =
( if B={} then cta — P [S] STOP
else Mbed “ B. (if b € S then STOP else b — (cla — P [S] Q (inv-into B d
b)) O

O

(if c a € S then STOP else cta — (P [S] b — @ (inv-into B d b)))

(ifb=ca A caec Sthen cla — (P [S] Q (inv-into B d (c a)))
else STOP))»
(proof)

lemma ndet-write-Sync-write :
(eMacAd — Pa[S] d'b— Q =
( if A={} then STOP [S] d'b — @
else Ma€c “ A. (if a € S then STOP else a — (P (inv-into A c a) [S] d'b —

Q) o
(if d b € S then STOP else d'b — (a — P (inv-into A ¢ a) [S] Q))
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O
(ifa=dbAdbe Sthen db — (P (inv-into A c a) [S] Q) else
STOP))»
(proof)

lemma write-Sync-ndet-write-subset :
<cla — P [S] d"'beB — Qb=
(ifcad¢d’Bthen STOP elseif d ‘ B = {c a} then cla — (P [S] @ (inv-into
Bd (ca)
else (cta — (P [S] Q (inv-into B d (¢ a)))) M STOP)) if <ca € S» «d * B C
S»

(proof)

lemma ndet-write-Sync-write-subset :
c ' ACS=dbe S =
(MlaeA — Pa) [S] (d'b — Q) =
(ifdb¢ c A then STOP else if ¢ * A = {d b} then d'b — (P (inv-into A ¢
(@ b)) [5] Q)
else (d'b — (P (inv-into A ¢ (d b)) [S] Q)) 1 STOP)»
(proof)

lemma write-Sync-ndet-write-indep :
«ca¢ S=d‘BnS={ =
cla — P [S] d"'beB — Qb =
( if B={} then cta — (P [S] STOP)
else Mbed “ B. (cla — (P [S] b — @ (inv-into B d b))) O
(b — (cla — P [S] Q (inv-into B d b))))
(proof)

lemma ndet-write-Sync-write-indep :
c‘ANS={}=4db¢ S =
claeAd — Pal[S] d'b— Q =
(if A={} then d'b — (STOP [S] Q)
else Maec “ A. (a — (P (inv-into A ¢ a) [S] d'b — Q)) O
(d'b — (a — P (inv-into A c a) [S] Q)))

(proof)

lemma write-Sync-ndet-write-left :

«ca¢ S=d‘BCS= cla— P[S] deB— Qb= cla— (P[S] d'beB
= Qb

(proof )

lemma ndet-write-Sync-write-left :
c‘AnNS={}=dbe S = clacAd - Pa[S] dlb - Q = cMacA — (P
a [S] d'b — Q)
(proof)
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lemma write-Sync-ndet-write-right :
caeS=d‘BNS={} = cla— P[S] dbeB — Qb= d'beB — (cla
— P [S] Q b)
(proof)

lemma ndet-write-Sync-write-right :
«c‘ACS=db¢ S = cllacA — Pa[S] d'b— Q= d'b— (!acA — P
a [5] @)
(proof )

write and write lemma write-Sync-write :
<ctla = P [S] d'b — Q =
(if d b € S then STOP else d'b — (cla — P [S] @Q)) O
(if c a € S then STOP else cla — (P [S] d'b — Q)) O
(ifca=dbAdbe Sthen cla — (P [S] Q) else STOP)»

(proof)

lemma write-Inter-write :
<cta = Pl d'b — Q = (cla— (P ||| db— Q) O (d'b — (cla — P ||| Q))
(proof)

lemma write-Par-write :
<cla = P || d'b— Q= (if ca=dbthen cla — (P || Q) else STOP))
(proof)

lemma write-Sync-write-subset :
ica€eS=dbe S =
cla — P[S] d'b— Q= (if ca=dbthen cla — (P [S] Q) else STOP))
(proof)

lemma write-Sync-write-indep :

cag¢S=db¢ S =

cla — P [S] d'b — @ = (cta — (P [S] d'b — @)) O (d'b — (cla — P [9]
Q)

(proof)

lemma write-Sync-write-left :
«ca¢ S=dbeS= cla— P[S] d'b— Q= cla— (P [S] d'b — Q)
(proof)

lemma write-Sync-write-right :
caeS=db¢ S = cla— P[S] d'b— Q= db— (cda — P [S] Q)
(proof)
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read and (—). lemma write0-Sync-read :
<a — P [S] d?beB — Q b =
(if a € S then STOP else a — (P [S] d?beB — @ b)) O
(Obe(d *B — S) = (a — P [S] Q (inv-into B d b))) O
(ifa € d*Bn Sthen a — (P [S] Q (inv-into B d a)) else STOP)>
(proof)

lemma read-Sync-write0 :
«c?a€A - Pa[S]b— Q=
(if b € S then STOP else b — (c?a€A — Pa [S] Q)) O
(Oae(c “A — S) = (P (inv-into A ca) [S] b = Q)) O
(ifbec An Sthen b — (P (inv-into A ¢ b) [S] Q) else STOP)»
(proof )

lemma write0-Sync-read-subset :
iaeS=—d‘BCS—=
a— P[S] d?beB = Qb =
(if a € d * B then a — (P [S] Q (inv-into B d a)) else STOP)»
(proof)

lemma read-Sync-write0-subset :
«c ' ACS=beS=
c?a€A - Pa[S]b— Q=
(if b€ ¢ “ A then b — (P (inv-into A ¢ b) [S] Q) else STOP)»
(proof)

lemma write0-Sync-read-subset-same-chan:
<a€ S=— BCS§S—
a — P [S] id?beB — Q b= (if a € B then a — (P [S] Q a) else STOP)»
(proof)

lemma read-Sync-write0-subset-same-chan:
(ACS=be S =
id?a€A — Pa[S]b— Q= (ifbe Athenb— (Pb][S] Q) else STOP)»
(proof)

lemma write0-Sync-read-indep :
¢ S=d‘BnS={ =
a— P[S] d?beB — Qb =
(a = (P [S] d?beB — Qb)) O (d?beB — (a — P [S] Q b))
(proof)

lemma read-Sync-write0-indep :
c‘AnNS={}=0¢5 =
c?a€A - Pa[S]b— Q=
(b= (c?acA = Pa[S] Q) O (c?acA — (Pa[S] b— Q)
(proof)

lemma write0-Sync-read-left :
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<a¢ S=d‘ BCS=a— P[S] d?eB = Q@ b=a— (P[] d?beB —
Q b)
(proof)

lemma read-Sync-write0-left :

«c‘AnNS={}=beS= c?acA > Pa[S]b— Q= c?acA — (Pal9]
b— Q)

(proof)

lemma write0-Sync-read-right :

«weS=d‘BNnS={}=a— P[S] d?beB = Qb= d?beB — (a —» P
[5] @ b)»

(proof)

lemma read-Sync-write0-right :

(c‘ACS=0b¢ S = clacA - Pa[S]b— Q=10b— (c?acA — Pa[9]
Q)

(proof)

ndet-write and (—) lemma write0-Sync-ndet-write
(a — P [S] d"'beB — Q b =
( if B={} then a — P [S] STOP
else Mbed “ B. (if b € S then STOP else b — (a — P [S] Q (inv-into B d b)))
O
(if a € S then STOP else a — (P [S] b — Q (inv-into B d b))) O
(ifb=1a A a € Sthen a — (P [S] Q (inv-into B d a)) else STOP))»

(proof)

lemma ndet-write-Sync-write0 :
<clacAd - Pa[S]b— Q=
( if A={} then STOP [S] b — @
else Macc ‘ A. (if a € S then STOP else a — (P (inv-into A c a) [S] b — @Q))
O
(if b € S then STOP else b — (a — P (inv-into A ¢ a) [S] Q)) O
(ifa=bAbe Sthenb— (P (inv-into A ¢ a) [S] Q) else STOP))»

(proof)

lemma write0-Sync-ndet-write-subset :
ia€S=—=d‘BCS—=
a— P[S] dbeB — Qb=
( ifa¢ d°‘DBthen STOP elseif d * B = {a} then a — (P [S] Q (inv-into B d
a))
else (a — (P [S] @ (inv-into B d a))) M STOP)»
(proof)

lemma ndet-write-Sync-write0-subset :
(c'ACS=beS=
cMa€eAd - PaS]b— Q=
(ifbé¢ c A then STOP elseif ¢ * A = {b} then b — (P (inv-into A ¢ b) [95]
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Q)
else (b — (P (inv-into A ¢ b) [S] @Q)) N STOP)»

(proof)

lemma write0-Sync-ndet-write-indep :
¢ S=d‘BnS={} =
a— P[S] deB — Qb=
( if B={} then a — (P [S] STOP)
else Mbed  B. (a — (P [S] b — @ (inv-into B d b))) O
(b = (a = P [S] Q (inv-into B d b))))»
(proof)

lemma ndet-write-Sync-write0-indep :
e ANS={}=0b¢ 5=
Macd - PalS]b— Q=
( if A={} then b — (STOP [S] Q)
else Magc * A. (a — (P (inv-into A c a) [S] b — Q)) O
(b — (a — P (inv-into A c a) [S] Q)))
(proof)

lemma write0-Sync-ndet-write-left :

a¢S=d‘BCS=a— P[S]d'eB - Qb=a— (P[S] dbeB —
Q b)

(proof)

lemma ndet-write-Sync-write0-left :
c‘AnNS={}=beS= Macd > Pa[S]b— Q= cllacA — (P a[9]
b— Q)
(proof)

lemma write-Sync-ndet-write0-right :
weS=d‘BnNnS={} = a— P[S] deB - Qb= d'beB — (a —
P [S] Q by
(proof)

lemma ndet-write-Sync-write0-right :
c‘ACS=b¢S= MacA - Pa[S]b— Q=0b— (MNacA — Pa[9]
Q)
(proof )

(—) and (—) lemma write0-Sync-write0 :
<a > P[S]b— Q=
(if b € S then STOP else b — (¢« — P [S] @Q)) O
(if a € S then STOP else a — (P [S] b — Q)) O
(ifa=bAbe Sthena — (P [S] Q) else STOP)»

(proof)

lemma write0-Sync-write0-bis :

«(a—= P)[S] (b — Q) =
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( ifaecsS
then ifbe S
then ifa ="
then a — (P [S] Q)
else STOP
else (b = ((a — P) [5] @))
else ifbe S
then a — (P [S] (b — Q))
< elsefga = (P[S](b— Q@) O(b— ((a = P)[S] @)
Proo,

lemma write0-Inter-write0 :
a—=>Plllb—>Q=(@—=> Plb—=0)D(b—(a— Pl Q)
(proof)

lemma write0-Par-write0 :
<a > Pl b= Q= (ifa="0bthena — (P || Q) else STOP)»
(proof)

lemma write0-Sync-write0-subset :

wweS=beS=a—=>P[S]b— Q= (ifa="bthena— (P [S] Q) else
STOP)»

(proof)

lemma write0-Sync-write0-indep :
a¢S=b¢S=a—-P[S]b—>Q=(a— (P[S]b— Q) O (b— (a
— P [S] Q)
(proof)

lemma write0-Sync-write0-left :
g S=beS=a—->P[S]b=>Q=a— (P[S]b— Q)
(proof)

lemma write0-Sync-write0-right :
weS=b¢S=a—-P[S]b—>Q=b— (a— P[S] Q)
{proof )

write and (—) lemma write0-Sync-write :
<a = P [S] d'b — Q =
(if d b € S then STOP else d'b — (a — P [S] Q)) O
(if a € S then STOP else a — (P [S] d'b — Q)) O
(ifa=dbAdbe Sthena— (P [S] Q) else STOP)»

(proof)

lemma write-Sync-write( :
<cla - P[S]b— Q=
(if b € S then STOP else b — (cla — P [S] Q)) O
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(if c a € S then STOP else cla — (P [S] b — Q)) O
(if ca=0bAbe Sthen cla — (P [S] Q) else STOP)»

(proof)

lemma write0-Sync-write-subset :
(aeES=dbe S =
a— P[S] d'b— Q= (ifa=dbthena— (P[S] Q) else STOP))
(proof)

lemma write-Sync-write0-subset :
«caeS=0be S =
cla - P[S]b— Q= (if ca="0bthen cla — (P [S] Q) else STOP)»
(proof)

lemma write0-Sync-write-indep :
g S=db¢ S =
a— P[S]d'b— Q= (a— (P[S] db— Q) O (db— (a = P[S] Q)
(proof)

lemma write-Sync-write0-indep :
cag S=>b¢ S —=
cla > P[S]b— Q= (cdla— (P[S]b— Q) O(b— (cta— P[S] Q)
(proof)

lemma write0-Sync-write-left :
a¢gS=dbeS=a—P[S]db— Q=a— (P[S] d'b— Q)
(proof)

lemma write-Sync-write0-left :
cagS=beS=cla—->P[S]b— Q=cla— (P[S]b— Q)
(proof)

lemma write0-Sync-write-right :
weS=db¢S= a— P[S] db— Q=4db— (¢« = P[S] Q)
(proof )

lemma write-Sync-write0-right :
caeS=b¢S=cla—>P[S]b— Q@=0b— (cta— P[S] @)
(proof)
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12.5.4 Sync, SKIP and STOP
SKIP

Without injectivity, the result is a trivial corollary of read ¢c ?A P =
Mprefiz (?c ¢ ?A) (2P o inv-into ?A ?c) and Mprefix ?A ?P [?S] SKIP
fres = Oac(?A — 25) — (9P a [2S] SKIP ?res).

lemma read-Sync-SKIP :

«c?a€A — Pa[S] SKIPr = c?ac(A — ¢ —*S) — (P a [S] SKIP r)) if <inj-on
c Ay
(proof)

lemma SKIP-Sync-read :

<inj-on d B = SKIP r [S] d?beB — Q b = d?be(B — d —*S) — (SKIP r [S]
Q b)

(proof)

corollary write-Sync-SKIP :
«cta — P [S] SKIP r = (if ¢ a € S then STOP else cla — (P [S] SKIP r))»
and SKIP-Sync-write :
(SKIP r [S] d'b — Q = (if d b € S then STOP else d'b — (SKIP r [S] Q))»

(proof)

corollary write0-Sync-SKIP :
<a = P [S] SKIP r = (if a € S then STOP else a — (P [S] SKIP r))»
and SKIP-Sync-write0 :
(SKIP r [S] b — Q = (if b € S then STOP else b — (SKIP r [S] Q))»

(proof)

lemma ndet-write-Sync-SKIP :
«cMacA — Pa[S] SKIP r =
(ifc AN S ={} then MlacA — (P a [S] SKIP r)
else (ctlac(A — ¢ —°S) — (P a [S] SKIP r)) 1 STOP)»
(is «?lhs = (if ¢ AN S = {} then ?rhsl else ?rhs2 M STOP)») if <inj-on ¢ A>
(proof)

corollary SKIP-Sync-ndet-write :
<inj-on d B =
SKIP r [S] d''beB — Q b =
(ifd* BnNS={} then doeB — (SKIP r [S] Q b)
else (dMbe(B — d —*S) — (SKIP r [S] Q b)) N STOP)»
(proof)

STOP

Without injectivity, the result is a trivial corollary of read ?c ?A 7P =
Mprefiz (?c ¢ 2A) (?P o inv-into YA %c) and Mprefix ?A ?P [?S] SKIP
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fres = Oac(?A — 2S8) — (2P a [25] SKIP ?res).

lemma read-Sync-STOP :

<«c?a€A — P a [S] STOP = c?ac(A — ¢ —*S) — (P a [S] STOP); if <inj-on
c A
(proof)

lemma STOP-Sync-read :

<inj-on d B = STOP [S] d?beB — Q b = d?be(B — d —°S) — (STOP [S5]
Qb

(proof)

corollary write-Sync-STOP :
<cla — P [S] STOP = (if c a € S then STOP else cla — (P [S] STOP))»
and STOP-Sync-write :
«(STOP [S] d'o — Q = (if d b € S then STOP else d'b — (STOP [S] Q))

(proof)

corollary write0-Sync-STOP
<a = P [S] STOP = (if a € S then STOP else a — (P [S] STOP))»
and STOP-Sync-write0 :
«(STOP [S] b — Q = (if b € S then STOP else b — (STOP [S] Q))»

(proof)

lemma ndet-write-Sync-STOP :
<cMacA — Pa[S] STOP =
(ifc AN S ={} then tlacA — (P a [S] STOP)
else (Mac(A — ¢ —*8S) — (P a [S] STOP)) N STOP)»
(is <?lhs = (if ¢ “ AN S = {} then ?rhsi else ?rhs2 M STOP)») if <inj-on ¢ A»
(proof)

corollary STOP-Sync-ndet-write :
<inj-on d B =
STOP [S] d!'beB — Q b =
(ifd BnNS={} then dbeB — (STOP [S] Q b)
else (d"oe(B — d —*S) — (STOP [S] Q b)) N STOP)»
(proof)

12.6 Powerful Laws of CSP

12.6.1 Laws for Mndetprefix and Sync

lemma Mndetprefiz-Sync-Det-distr-FD :
(MaeA— (Pa]C](NbeB— Qb)) 0O
MbeB—=((MacA—=Pa)[C] QD))
Crp (Mac€A—-Pa)[C](Mbe B— Qb
(is «?lhs1 O 2lhs2 Crp 9rhs))
ifcA#£{p BAL{pANC={hBnC={p
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(proof)

lemmas Mndetprefiz-Sync-Det-distr-F = Mndetprefiz-Sync-Det-distr-F D[ THEN leFD-imp-leF)
and Mndetprefiz-Sync-Det-distr-D = Mndetprefiz-Sync-Det-distr-FD[THEN leFD-imp-leD)|

lemmas Mndetprefiz-Sync-Det-distr-T = Mndetprefiz-Sync-Det-distr-F[THEN leF-imp-leT)

lemma Mndetprefiz-Sync-Det-distr-DT :
[A#{:B# (3 ANC={}:BnC=(]=
(Mae A— (P [[C]](ﬂbeB—>Qb)))D
(I‘IbGB—>((Ha€A—>Pa)[[ ] Qb))
Cpr(Ma€eA—Pa)[C](Mbe B— Qb
(proof)

12.6.2 Hiding Operator Laws

theorem Hiding-Hiding-less-eq-process-Hiding-Un : <P \ A\ B Cpp P\ (A U
B)»

(proof )

theorem Hiding-Un : <P\ (AU B) =P\ A\ B
if «finite As for P :: <(‘a, 'r) processpiick>

(proof)

12.6.3 Sync Operator Laws

Preliminaries

lemma tickFree-isInfHiddenRun : <tF s»
if <isInfHiddenRun f P A> and <s € range f>

(proof)

lemma Hiding-interleave:
«r setinterleaves ((t, u), C') =
(trace-hide r A) setinterleaves ((trace-hide t A, trace-hide u A), C)»

(proof)

lemma non-Sync-interleaving:
((set t U set u) N C = {} = setinterleaving (t, C, u) # {}

(proof)

lemma interleave-Hiding:
«s setinterleaves ((trace-hide t A, trace-hide u A), C)
= Jr. s = trace-hide v A A r setinterleaves ((t, u), C)» if <AN C = {}p

(proof)
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lemma le-trace-hide : «u < trace-hide t S = Fu’. v = trace-hide v’ S N u' < t»

(proof)

lemma append-interleave :
«s1 setinterleaves ((t1, ul), S) = s2 setinterleaves ((t2, u2), S) =
(s1 @ s2) setinterleaves ((t1 Q 12, ul Q u2), S)

{proof)

The Theorem: Sync and Hiding
theorem Hiding-Sync : <(P [S] Q) \ A= (P \ 4) [S] (@ \ 4)
if «finite A» and (AN S ={} for P Q :: <('a, 'r) processpici>
— Monster theorem!
(proof)

12.6.4 Renaming Operator Laws

lemma Renaming-Ndet: «Renaming (P M Q) f g = Renaming P f g Tl Renaming

Qg
(proof)

lemma Renaming-Det: <Renaming (P O Q) f g = Renaming P f g O Renaming

Qg
(proof)

lemma Sliding-STOP-Det [simp] : «(P > STOP) O Q = P > Q»
(proof)

lemma Sliding-Det: «(P > P')0 Q=P > P' 0@
(proof)

lemma Renaming-Sliding:
<Renaming (P > Q) f g = Renaming P f g > Renaming Q f ¢

(proof)

lemma Renaming-Mprefix-image:
«Renaming (D a € A — P (fa)) fg=
Obef‘A— Renaming (P b) f g (is «?lhs = ?rhs»)
(proof)

lemma Renaming-Mprefiz-image-inj-on:
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<Renaming (Mprefic A P) fg=0b¢€ f‘A — Renaming (P (THE a. a € A A
fa=10)fg

if inj-on-f: <inj-on f A>

(proof)

corollary Renaming-Mprefiz-image-ing:

<Renaming (Mprefix A P) fg=00b¢€ f*‘A— Renaming (P (THE a. fa = b))
f o if inj-f: <injg f>

(proof)

lemma Renaming-Mndetprefix-image: <Renaming (Ma € A — P (fa)) fg=1b
€ f“A — Renaming (P b) f ¢
(proof)

corollary Renaming-Mndetprefiz-inj-on:

<Renaming (Mndetprefixt A P) fg=nb € f‘A — Renaming (P (THE a. a €
ANfa=0b) fog

if inj-on-f: <inj-on f A>

(proof)

corollary Renaming-Mndetprefiz-ing:

<Renaming (Mndetprefit A P) fg=MNbe f‘A— Renaming (P (THE a. f a
=0)fo

if inj-f: <ing >

(proof)

lemma Hiding-distrib-FD-GlobalNdet :
«(Ma€ A. Pa)\ SCrppNae€ A (Pa\ Sy (is <?lhs Cpp ?rhs)
(proof)

lemma Renaming-Seq :
<Renaming (P 5 Q) f g = Renaming P f g ; Renaming Q f ¢» (is «?lhs = %rhs))
(proof )

lemma Renaming-fix :

«Renaming (u X. ¢ X) fg= (u X. (AP. Renaming P f g) o ¢ o (AP. Renaming
P (inv f) (i g))) X)

(is «Renaming (u X. p X) fg= (p X. 2’ X)) if <cont ¢»

and <bij /> and <bij > for ¢ = «(‘a, 'r) processprick = ('a, 'r) processpiick>

(proof)
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Chapter 13

Events and Ticks of a
Process

13.1 Definitions

13.1.1 Events of a Process

definition events-of :: <('a, ') processpiick = 'a set> («a’(-)»)
— «a(P) for “alphabet of P”
where «a(P) = |JteT P. {a. ev a € set t}

lemma events-of-meml : <t € T P = ev a € set t = a € a(P)

(proof)

lemma events-of-memD : <a € a(P) = 3t € T P. eva € set t»

(proof)

lemma events-of-memkE :
a € a(P) = (A\t. t € T P = ev a € set t = thesis) = thesis»

(proof)

definition strict-events-of :: «(‘a, 'r) processpiick = 'a sety (<a’(-')»)
where <a(P) = | JteT P — D P. {a. eva € set t}

lemma strict-events-of-meml :
te€TP=t¢DP= evac€sett—= ac€ a(P)

(proof)

lemma strict-events-of-memD : <a € a(P) = 3t € T P.t ¢ D P A eva € set
t

(proof)

lemma strict-events-of-memFE :
@€ alP)= (Nt.t € TP=1t¢DP = evac set t = thesis) =

137
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thesisy

(proof)

lemma events-of-is-strict-events-of-or-UNIV
«a(P) = (if D P = {} then a(P) else UNIV)»
(proof )

lemma strict-events-of-subset-events-of : «a(P) C a(P)»
(proof)

13.1.2 Ticks of a Process

definition ticks-of :: <('a, 'r) processpiick = 'r setr («/s(-))
where «/s(P) = {r.3t. t Q [/(r)] € T Pp

lemma ticks-of-meml : <t Q [/ (r)] € T P = r € /s(P)
(proof)

lemma ticks-of-memD : «r € /s(P) = 3t. t Q [/ (r)] € T P»
(proof)

lemma ticks-of-memkFE :
«r € /s(P) = (A\t. t @ [/ (r)] € T P = thesis) = thesis»

(proof)

definition strict-ticks-of :: «('a, 'r) processpiick = 'r set) («/s'(-)»)
where «/s(P)={r.3s.sQ [/(r)] €T P —-D Ph

lemma strict-ticks-of-memlI :
Q[ (r)]eTP=1tQ[/(r) ¢ DP=re/s(P)
(proof)

lemma strict-ticks-of-memD :
irevs(P)=3t. tQ[/(r)]eT PANt¢gDP

(proof)

lemma strict-ticks-of-memkE :
irev/s(P)= (At. t Q@ [V/(r)] € T P =t ¢ D P = thesis) = thesis

(proof)

lemma ticks-of-is-strict-ticks-of-or-UNIV :
«W/'s(P) = (if D P = {} then /s(P) else UNIV)»
(proof)

lemma strict-ticks-of-subset-ticks-of : «/s(P) C v/ s(P)»
(proof)
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13.2 Laws

13.2.1 Preliminaries

lemma inj-on-map-map-eventyticr-T-tickFree :
cinj-on (map (map-eventyiicn £ 9)) {t € T P. tF t} if <inj-on [ a(P)»
(proof)

lemma inj-on-map-map-eventyicr-T :
ang-on (map (map-eventprick f9)) (T P)r if <inj-on f a(P)» <inj-on g v/ s(P)
(proof)

lemma inj-on-map-map-event ey - T-diff-D-tickFree :
ang-on (map (map-eventyicr f9)) {t € T P — D P. tF th if <inj-on f a(P)
(proof)

lemma inj-on-map-map-eventpticr-T-diff-D :

ang-on (map (map-eventpiick fg)) (T P — D P)y if <inj-on f a(P)» and <inj-on
g vV's(P)»
(proof)

13.2.2 Events of a Process

lemma events-of-BOT [simp] : <a(L) = UNIV)
and events-of-SKIP [simp] : «a(SKIP r) = {}
and events-of-STOP [simp] : <a(STOP) = {}
(proof )

lemma anti-mono-events-of-T: <P Cr Q@ = «(Q) C a(P)»

(proof)

lemma anti-mono-events-of-F: <P Cp Q = a(Q) C a(P)
(proof)

lemma anti-mono-events-of-FD: <P Crp Q@ = a(Q) C a(P)»

(proof)

lemma anti-mono-events-of-DT: <P Cpr @ = a(Q) C a(P)

(proof)

lemma anti-mono-events-of : <P C Q@ = a(Q) C a(P)»
(proof)

lemma events-of-GlobalNdet: «a(Ma € A. P a) = (Ja€A. a(P a))
(proof)
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lemma events-of-write0 : «a(a — P) = insert a o(P)»

(proof)

lemma events-of-Mndetprefiz: «a(MNa€A — P a) = AU (Ja€A. a(P a))
(proof)

lemma events-of-Mprefiz: <«a(Oa€A — P a) = AU (JacA. a(P a))
(proof)

lemma events-of-read :
«a(c?acAd — Pa)=c ‘AU (Jacc ‘ A. a(P (inv-into A ¢ a)))
(proof)

lemma events-of-inj-on-read :
<ing-on ¢ A = a(c?a€A — Pa)=c ‘AU (|JacA. a(P a))
(proof)

lemma events-of-ndet-write :
a(cta€Ad — Pa)=c AU (Jacc ‘ A. a(P (inv-into A c a)))
(proof)

lemma events-of-inj-on-ndet-write :
<ng-on ¢ A = a(cMa€Ad — Pa)=c AU (JacA. a(P a))
(proof)

lemma events-of-write : «a(cla — P) = insert (¢ a) a(P)»

(proof)

lemma events-of-Ndet: «a(P M Q) = a(P) U a(Q)»
(proof)

lemma events-of-Det: «a(P O Q) = o(P) U a(Q)»
(proof)

lemma events-of-Sliding: «a(P > Q) = a(P) U a(Q)»
(proof)

lemma events-of-Renaming:
<a(Renaming P f g) = (if D P = {} then f * a(P) else UNIV)»
{proof )

lemma events-of-Seq : <a(P; Q) = a(P) U (if /s(P) = {} then {} else a(Q))»
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(is «<- = 24»)
(proof)

lemma events-of-Sync-subset : <a(P [S] Q) C a(P) U a(Q)»
(proof)

lemma events-of-Inter: «a((P :: (‘a, 'r) processpiick) ||| Q) = a(P) U a(Q)>
(proof)

lemma events-of-Par-div
DPNTQQUDOANT P#£{} = a(P || Q) = UNIV»
and events-of-Par-subset :
DPNTQQUDANT P={} = a(P || Q) C a(P) N a(Q)
(proof)

lemma events-of-Hiding:
«a(P\ B) = (if D(P\ B) ={} then a(P) — B else UNIV)»
(proof)

13.2.3 Strict Events of a Process

lemma strict-events-of-BOT [simp] : «a(L) = {}
and strict-events-of-SKIP [simp] : <a(SKIP 1) = {}»
and strict-events-of-STOP [simp] : «a(STOP) = {}»
(proof)

lemma strict-events-of-GlobalNdet-subset : «a(Ma € A. P a) C (JacA. a(P a))
(proof)

lemma strict-events-of-Mprefix:
«(O0aeA = Pa)={acA. Pa# L} U (Jac{acA. Pa # L} a(P a))
(proof)

lemma strict-events-of-Mndetprefiz:
«a(Ma€A — Pa) ={acA. Pa# L} U (Jac{acA. Pa # L}. a(P a))
(proof)

lemma strict-events-of-write0 : «a(a — P) = (if P = L then {} else insert a
a(P))
(proof )
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lemma strict-events-of-read :
«a(c?a€A — Pa)={cala.a € AN P (inv-into A ¢ (ca)) # L} U
(Uac{a € A. P (inv-into A ¢ (c a)) # L}. a(P (inv-into A ¢
(c a))))

(proof)

lemma strict-events-of-inj-on-read :
<ing-on ¢ A = a(c?a€Ad - Pa)={cala.a € ANPa# 1} U
(Uac{a € A. Pa # 1}. (P a))»
(proof)

lemma strict-events-of-ndet-write :
ca(claeAd — Pa) ={cala.a € AN P (inv-into A ¢ (ca)) # L} U
(Uac{a € A. P (inv-into A ¢ (¢ a)) # L}. a(P (inv-into A ¢
(ca)))

(proof)

lemma strict-events-of-inj-on-ndet-write :
<ng-on ¢ A = a(cMa€d - Pa)={cala.a€ ANPa# 1} U
(Uac{a € A. Pa # L}. o(P a))
(proof)

lemma strict-events-of-write : «a(cla — P) = (if P = L then {} else insert (¢ a)
a(P))
(proof)

lemma strict-events-of-Ndet-subset : «a(P N Q) C a(P) U a(Q)»
(proof )

lemma strict-events-of-Det-subset : «a(P O Q) C a(P) U a(Q)»
(proof)

lemma strict-events-of-Sliding-subset : <a(P > Q) C a(P) U a(Q)»
(proof)

lemma strict-events-of-Renaming-subset : <«a(Renaming P f g) C f ‘ a(P)»

(proof)

lemma strict-events-of-inj-on-Renaming :
<a(Renaming P f g) = f “ a(P)» if <inj-on f a(P)
(proof)

lemma strict-events-of-Seq-subseteq :
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(P 3 Q) C a(P) U (if /s(P) = {} then {} else a(Q))>
(proof)

lemma strict-events-of-Sync-subset : <«a(P [S] Q) C a(P) U a(Q)»
(proof)

13.3 Ticks of a Process

lemma ticks-of-BOT [simp] : «/s(L) = UNIV)»
and ticks-of-SKIP [simp] : «/s(SKIP r) = {r}
and ticks-of-STOP [simp] : «/s(STOP) = {}
(proof)

lemma anti-mono-ticks-of-T: <P Cr @ = v/'s(Q) C v/ s(P)»

(proof)

lemma anti-mono-ticks-of-F: <P Cp @ = v/'s(Q) C /s(P)»
(proof)

lemma anti-mono-ticks-of-FD: <P Cpp Q@ = /s(Q) C /s(P)»
(proof)

lemma anti-mono-ticks-of-DT: <P Cpr Q = v/s(Q) C v/s(P)»
(proof )

lemma anti-mono-ticks-of : <P C Q = v's(Q) C v/ s(P)»
(proof)

lemma ticks-of-GlobalNdet: «/s(Ma € A. P a) = (|Ja€A. /s(P a))»
(proof)

lemma ticks-of-Mprefiz: «/s(da€A — P a) = (Ja€A. /s(P a))
(proof)

lemma ticks-of-write0 : «/s(a — P) = /' s(P)
(proof)

lemma ticks-of-Mndetprefiz: «/s(Ma€A — P a) = (JacA. /s(P a))
(proof)

lemma ticks-of-read :
«Ws(c?a€A — Pa) = (Jacc * A. /s(P (inv-into A ¢ a)))
(proof)
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lemma ticks-of-inj-on-read :
<ing-on ¢ A = /s(c?a€A — P a) = (JacA. /s(P a))
(proof)

lemma ticks-of-ndet-write :
Ws(cMa€A — Pa) = (Jacc “ A. /s(P (inv-into A ¢ a)))
(proof )

lemma ticks-of-inj-on-ndet-write :
<ng-on ¢ A = /s(clla€A — P a) = (|Ja€A. V/s(P a))
(proof)

lemma ticks-of-write : «/s(cla — P) = /s(P)»
(proof)

lemma ticks-of-Ndet: «/s(P N Q) = v/s(P) U Vs(Q)»

(proof)

lemma ticks-of-Det: «/s(P O Q) = v's(P) U vs(Q)
(proof)

lemma ticks-of-Sliding: «/s(P > Q) = v/ s(P) U v/s(Q)»
(proof)

lemma ticks-of-Renaming:
«/s(Renaming P f g) = (if D P = {} then g ‘ /' s(P) else UNIV))
(proof)

lemma ticks-of-Seq :
W's(P3 Q)= (if DP = {} then if /s(P)={} then {} else V/'s(Q) else UNIV)»
(is «%lhs = ?rhs»)

{proof)

lemma ticks-of-Sync-subset : «/s(P [S] Q) C vs(P) U Vs(Q)»
(proof)

lemma ticks-of-no-div-Sync-subset :
Ws(P[S] Q) Cvs(P)nvs(Q) if <D (P [S] Q) ={}p
(proof)

lemma ticks-of-Par-div :
DPNTQQUDOANT P#£{} = vs(P|| Q) = UNIV»
and ticks-of-no-div-Par-subset :
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DPNTQQUDOANT P={} = vs(P|l Q) CVs(P)nNvVs(Q)
(proof)

lemma ticks-of-Hiding:
«s(P\ B) = (if D(P\ B) ={} then /s(P) else UNIV)»
(proof)

lemma tickFree-traces-iff-empty-ticks-of : «(Nt € T P. tF t) «— v/s(P) = {}
(proof)

13.3.1 Strict Events of a Process

lemma strict-ticks-of-BOT [simp] : «/s(L) = {}p
and strict-ticks-of-SKIP [simp] : «/s(SKIP r) = {r}
and strict-ticks-of-STOP [simp] : «/s(STOP) = {}
(proof)

lemma strict-ticks-of-GlobalNdet-subset : «/s(Ma € A. P a) C (|Ja€A. /s(P a))
(proof)

lemma strict-ticks-of-Mprefiz:
Ws(0acA = Pa) = (Jac{acA. Pa # L}. /s(Pa))
(proof )

lemma strict-ticks-of-Mndetprefiz:
«W's(MacA — Pa) = (Jac{acA. Pa # L}. /s(P a))
(proof)

lemma strict-ticks-of-write0 : «/s(a — P) = (if P = L then {} else v/'s(P))»
(proof)

lemma strict-ticks-of-read :

«W's(c?a€A — Pa) = (Jac{a € A. P (inv-into A ¢ (c a)) # L}. /s(P (inv-into
Ac(ca))))y

(proof )

lemma strict-ticks-of-inj-on-read :
<ng-on ¢ A => /s(c?a€Ad — Pa) = (Jac{a € A. Pa # L}. /s(Pa))
(proof)

lemma strict-ticks-of-ndet-write :
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«W's(claeAd — Pa) = (Jae{a € A. P (inv-into A ¢ (c a)) # L}. /s(P (inv-into
A c(ca))))
(proof)

lemma strict-ticks-of-inj-on-ndet-write :
<ng-on ¢ A = /s(cMla€Ad — Pa) = (Ja€{a € A. Pa # L}. /s(P a))
(proof)

lemma strict-ticks-of-write : «/s(cla — P) = (if P = L then {} else /s(P))»
(proof)

lemma strict-ticks-of-Ndet-subset : «/s(P 1 Q) C Vs(P) U V/s(Q)»
(proof)

lemma strict-ticks-of-Det-subset : «/s(P O Q) C v/s(P) U vs(Q)»
(proof)

lemma strict-ticks-of-Sliding-subset : «/s(P > Q) C vs(P) U v/s(Q)»
(proof)

lemma strict-ticks-of-Renaming-subset : «/s(Renaming P f g) C g ‘/s(P)»
{proof )

lemma strict-ticks-of-inj-on-Renaming :
«/s(Renaming P f g) = g ‘/s(P) if <inj-on f a(P)»
(proof)

lemma strict-ticks-of-Seq-subset : «/s(P ; Q) C (if /s(P) = {} then {} else
vs(Q))
(proof)

lemma strict-ticks-of-Sync-subset : «/s(P [S] Q) C v/s(P) N /s(Q)»
(proof )
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CSP Assertions

14.1 Reference Processes

definition DF :: <'a set = ('a, 'r) processpiick>
where <«DF A=pu X.Macd - X»

lemma DF-unfold : <DF A = Ma€A — DF A»
(proof)
definition DF gk ps = <‘a set = 'r set = ('a,'r) processpiick?

where «DFsgrps A R=p X. (Ma € A — X) N SKIPS R»

lemma DFSK]ps—UTLfold : <DFSKIPS AR = (|_|(1 €A — DFSKIPS A R) 1
SKIPS R»

(proof)

definition RUN :: <‘a set = ('a,'r) processpiick>
where (RUN A = p X. Oz€d — X»

lemma RUN-unfold : <RUN A = Oa€A — RUN A»
(proof)

definition CHAOS :: 'a set = (a,'r) processpiick?
where <CHAOS A = p X. STOP N (Oa € A — X)»

lemma CHAOS-unfold : <CHAOS A = STOP N (ODacA — CHAOS A)»
(proof)

definition CHAOSskps 2 <'a set = 'r set = ('a,'r) processpiick?
where <CHAOSskips A R = w X. SKIPS R STOP 1 (D(LEA — X))

147
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lemma CHAOSskps-unfold: <CHAOSskrps A R = SKIPS R STOP 1 (Qa
cA— OHAOSSKIPS A R))

(proof)

14.2 Assertions

definition deadlock-free :: «('a,’r) processpiick = booly
where (deadlock-free P = DF UNIV Cpp P>

definition deadlock-freesirps = <('a, 'r) processpiicr, = bool»
where (deadlock-freesxrps P = DFsixrps UNIV UNIV Cp P>

definition lifelock-free :: «(’a,’r) processpiick = bools
where «(lifelock-free P = CHAOS UNIV Cgp P

definition lifelock-freeskrps : <('a,’'r) processpiick = bools
where (lifelock-freesxrps P = CHAOSskips UNIV UNIV Cpp P>

definition non-terminating :: <('a,’r) processpiick = booly
where (non-terminating P = RUN UNIV Cp P»

14.3 Properties

lemma DFSK[ps-FD-DF: <DFSKIPS AR EFD DF A»
(proof)

lemma SKIPS-FD-SKIPS-iff :
«(SKIPS S Crp SKIPS R +— (if R = {} then S = {} else R C S)»

(proof)

lemma SKIPS-F-SKIPS-iff :
«SKIPS S Cp SKIPS R <— (if R = {} then S = {} else R C S)»
(proof)

lemma SKIPS-T-SKIPS-iff : <SKIPS S Cy SKIPS R < (R C S)»
(proof )

lemma DF-subset : <DF B Cpp DF Ay if <A # {}» <A C B) for A B :: </a set»
{proof)
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lemma DF-Univ-freeness : <A # {} = DF A Cpp P = deadlock-free P)
(proof)

lemma deadlock-free-Ndet-iff :
<deadlock-free (P M Q) «— deadlock-free P N deadlock-free @

(proof)

lemma DFSK[ps—Subset : <DFSKIPS BS Crp DFSKIPS AR
if  A#{p  ACB R#{H RC S
(proof)

lemma DFSKIPS—Univ—freeness : (HA 7é {}, R 7& {}, DFskips ARCpgp P]] —
deadlock-freesxrps P>

(proof)

lemma deadlock-frees ik 1 ps-Ndet-iff :
<deadlock-freeskrps (P M Q) +— deadlock-freesps P A deadlock-freeskps

(05
(proof)

lemma div-free-DF s rps: <D (DFskrps A R) = {}
(proof)

lemma div-free-DF: <D (DF A) = {}
(proof)

lemma deadlock-free-implies-div-free: <deadlock-free P =— D P = {}»

(proof)

14.4 Events and Ticks of Reference Processes

lemma events-of-SKIPS : «a(SKIPS R) = {}»
and ticks-of-SKIPS : «/s(SKIPS R) = R»

(proof)

lemma no-ticks-imp-tickFree-T : «/s(P) = {} = s€ T P = tF &

(proof)

lemma events-of-DF : «a(DF A) = A
(proof)

lemma ticks-DF : «/s(DF A) = {}»
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(proof)

lemma events-of-DF sk rps : «a(DFskrps A R) = A

{proof)

lemma tick‘s—DFSK]pS : <'/3(DFSKIPS A R) = R
{proof )

lemma events-of-RUN : <«a(RUN A) = A»
(proof)

lemma ticks-RUN : «/s(RUN A) = {}
{proof)

lemma events-of-CHAOS : <a(CHAOS A) = A»
(proof)

lemma ticks-CHAOS : «/s(CHAOS A) = {}»
(proof)

lemma events-of-CHAOSsk1ps : «a«(CHAOSskips A R) = 4>
(proof)

lemma ticks-CHAOSskips : «/$(CHAOSskips A R) = R»
(proof )

lemma RUN-subset-DT: <RUN B Cpr RUN A
if <A C By for A B :: <'a set

{proof)

lemma CHAOS-subset-FD : <CHAOS B Crp CHAOS A»
if (A C By for A B :: ('a set»

{proof)

lemma CHAOSskps-subset-FD : <CHAOSskgrps BS Crp CHAOSskrps A
R

if < ACB «(R#{H < RC S
(proof )
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14.5 Relations between refinements on reference
processes

lemma CHAOS-has-all-tickFree-failures :
(tF s = {a. eva € set s} C A= (s, X) € F (CHAOS A)»

(proof)

lemma CHAOS s k1 ps-superset-events-of-ticks-of-leF :
«<CHAOSskips A RCp Py if «a(P) C A and «/s(P) C R»

(proof)

corollary CHAOS s i 1 ps-events-of-ticks-of-leF: <CHAOSskrps a(P) v/s(P) Cg
P
and CHAOSSK]ps—UNIV—UNIV—Z@F: (CHAOSSKIPS UNIV UNIV EF P

(proof)

lemma DFSK[ps—F—DF : <DFSKIPS AR Cr DF A

(proof)
lemma DF-F-RUN : <DF A CTr RUN A for A :: ('a set»
(proof)
lemma CHAOS-F-DF : <CHAOS A Cg DF A»
(proof )

corollary CHAOS sk ps-F-CHAOS : <CHAOSskips A R Cp CHAOS A»
and CHAOSSijs-F-DFSKIPS : (CHAOSSKIPS AR EF DFSKIPS A Ry

(proof)

lemma dZ'U—fT’ee—CHAOSSK[psl <D (CHAOSSKIPS A R) = {})
(proof)

lemma div-free-CHAOS: <D (CHAOS A) = {}»
(proof)

lemma div-free-RUN: <D (RUN A) = {}
(proof)
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corollary DF-FD-RUN : «<DF A Crp RUN A»
and CHAOS-FD-DF : <CHAOS A Cgrp DF A»
and CHAOSSK[ps—FD—CHAOS : (CHAOSSK[PS AR EFD CHAOS Ay
and CHAOSskrps-FD-DF sk rps : <CHAOSskips A RCprpp DFskgrps A Ry

(proof)

lemma traces-CHAOS-subset : <T (CHAOS A) C {s. set s C ev ‘ A}
{proof)

lemma traces-RUN-superset : «{s. set s C ev * A} C T (RUN A)»
{proof )

corollary RUN-all-tickfree-tracesl1 : «<T (RUN A) = {s. set s C ev ‘ A}
and  DF-all-tickfree-traces1  : <T (DF A) = {s. set s Cev ‘ A}
and  CHAOS-all-tickfree-traces! : <T (CHAOS A) = {s. set s C ev ‘ A}
(proof)

corollary RUN-all-tickfree-traces2 : «<s € T (RUN UNIV)»
and  DF-all-tickfree-traces?2 :«s € T (DF  UNIV)»
and  CHAOS-all-tickfree-trace? : <s € T (CHAOS UNIV )y if «tF s

(proof)

lemma traces-CHAOS sk 1ps-subset :
T (CHAOSskrps A R) C{s. ftF s N\ set s C ev * A U tick * R}»
(proof )

lemma traces-DF sk 1ps-superset :
{s. ftF s N set s C ev “ AU tick “R} CT (DFskrps A R)
(proof )

corollary DFsyps-all-front-tickfree-traces? :
T (DFskrps A R)={s. ftF s A set s C ev ‘AU tick ‘R}p
and CHAOS sk ps-all-front-tickfree-traces? :
T (CHAOSskrps A R) = {s. ftF s A\ set s C ev * A U tick ‘* R}
(proof)

corollary DF g 1pgs-all-front-tickfree-traces2 :«s € T (DFskrps UNIV UNIV))
and CHAOS sk 1 ps-all-front-tickfree-traces2: <s € T (CHAOS sk 1ps UNIV UNIV)»
if (ftF s
(proof)
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corollary DF g pg-UNIV-UNIV-leT : «DFsgrps UNIV UNIV Cp P»
and CHAOSSK[ps—UNIV—UN[V—leT . <CHAOSSKIPS UNIV UNIV ET P>

(proof)

lemma deadlock-free-implies-lifelock-free: <deadlock-free P = lifelock-free P>

(proof)

lemma deadlock-free-implies-non-terminating:

«tF sy if <deadlock-free Py <s € T P»
(proof)

lemma deadlock-freeg i 1 ps-is-right:

(deadlock-freeskrps (P :: ('a, 'r) processpiick) +—

(VseT P.tF s — (s, UNIV :: (‘a, 'r) eventpiick set) ¢ F P)
(proof )

lemma deadlock-frees i 1 ps-implies-div-free: <deadlock-freesxips P = D P =

{h
(proof)

corollary deadlock-freesps-FD: <deadlock-freeskips P +— DFgskips UNIV
UNIV Crp P

(proof)

lemma all-events-ticks-refusal:
(s, tick ‘V/s(P)U ev ‘a(P)) € F P=> (s, UNIV) € F P»
(proof)

corollary deadlock-frees i 1 ps-is-right-wrt-events:
<deadlock-freesx1ps P +—
(VseT P.tF s — (s, tick ‘*/s(P) U ev ‘a(P)) ¢ F P)
(proof)

lemma deadlock-free-imp-deadlock-frees k1 ps: <deadlock-free P = deadlock-freeskps
P

(proof)

14.6  deadlock-free and deadlock-freesips with SKIP
and STOP

lemma non-deadlock-frees k1 ps-STOP: <— deadlock-freesxrps STOP>
(proof)

lemma non-deadlock-free-STOP: <= deadlock-free STOP»
(proof)
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lemma deadlock-frees 1 ps-SKIPS : <deadlock-freesips (SKIPS R) +— R #

{p
{proof)

lemma deadlock-frees k1 ps-SKIP: <deadlock-frees i ps (SKIP r)»
(proof)

lemma non-deadlock-free-SKIPS : <— deadlock-free (SKIPS R)»
{proof)

lemma non-deadlock-free-SKIP: <= deadlock-free (SKIP r)»
(proof)

corollary non-terminating-refine-DF : <non-terminating P +— DF UNIV Cr P

and non-terminating-refine-CHAOS : <non-terminating P «<— CHAOS UNIV
Er P
(proof)

lemma non-terminating-is-right : <non-terminating P «— (V¥ s€T P. tF s)

(proof)

lemma nonterminating-implies-div-free : <non-terminating P =— D P = {}»
(proof)

lemma non-terminating-implies-F : <non-terminating P =— CHAOS UNIV Cpg
P»

(proof)

corollary non-terminating-F : <non-terminating P «— CHAOS UNIV Cp P)

(proof)

corollary non-terminating-FD : <non-terminating P +— CHAOS UNIV Cgpp P>
(proof)

corollary lifelock-free-is-non-terminating: <lifelock-free P = non-terminating P>

(proof)

lemma divergence-refine-div-free :
«CHAOSskrps UNIVUNIV Cp P+«— D P ={}p
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«(CHAOS UNIV Cp P «—=DP={h
(RUN UNIV Cp P «—DP={h
(DFsy1ps UNIVUNIV Cp P <D P ={}
«DF UNIV Cp P «—DP={}h
(proof)

lemma lifelock-frees i 1 ps-iff-div-free : <lifelock-freesxrps P <— D P = {}
(proof)

lemma lifelock-free-imp-lifelock-frees k1 ps : <lifelock-free P = lifelock-freesikps
P

(proof)

corollary deadlock-frees i 1 ps-imp-lifelock-frees k1 ps: <deadlock-freesx1ps P =
lifelock-freesxrps P>

(proof)

lemma non-terminating-Seq : <P ; Q = P» if <non-terminating P>

(proof)

lemma non-terminating-Sync :
<non-terminating P = lifelock-freesxrps Q@ = non-terminating (P [A] Q)

(proof)

lemmas non-terminating-Par = non-terminating-Sync[where A = <UNIV]
and non-terminating-Inter = non-terminating-Sync[where A = «({}]
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Chapter 15

Advanced Induction
Schemata

15.1 k-fixpoint-induction

lemma nat-k-induct [case-names base step]:
<P ny if Vi<k. P and Vng. (Vi<k. P (ng + 4)) — P (no + k) for kn
nat

(proof)
thm fiz-ind fiz-ind2

lemma fiz-ind-k [case-names admissibility base-k-steps step]:
assumes adm : <adm P
and base-k-steps : «Vi<k. P (iterate i-f-1)»
and step : «<AX. (Vi<k. P (iterate i-f-X)) = P (iterate k-f-X)»
shows <P (fiz-f)»
(proof)

lemma nat-k-skip-induct [case-names lower-bound base-k step]:
<P nyif <1 <k and Vi<k. P9 and Vng. P ng — P (ng + k)» for k n :
nat

(proof)

lemma fiz-ind-k-skip [case-names lower-bound admissibility base-k-steps step):
assumes k-1 : <1 < k»
and adm : <adm P>
and base-k-steps : <V i<k. P (iterate i-f-1)»
and step : <{AX. P X = P (iterate k-f-X)»
shows <P (fiz-f)
(proof)
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15.2 Parallel fixpoint-induction

lemma parallel-fiz-ind-inc|case-names admissibility base-fst base-snd stepl:
assumes adm: <adm (AX. P (fst X) (snd X))
and base-fst: <\Y. P L Y and base-snd: <\ AX. P X L)
and step: \A XY. PXY = P (GX)Y = PX (HY) = P (GX)
(H-Y)
shows «P (fiz-G) (fiz-H)»
(proof)



Chapter 16

The Main Entry Point

This is the theory HOL-CSP should be imported from.
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Chapter 17

Conclusion

17.1 Related Work

As mentioned earlier, this work has its very ancient roots in a first formal-
ization of A. Camilieri in the early 90s in HOL. This work was reformu-
lated and substantially extended in HOL-CSP 1.0 published in 1997. In
2005, Roggenbach and Isobe published CSP-Prover, a formal theory of a
(fragment of) the Failures model of CSP. This work led to a couple of pub-
lications culminating in [6]; emphasis was put on actually completing the
CSP theory up to the point where it is sufficiently tactically supported
to serve as a kind of tool. This theory is still maintained and last re-
leases (the latest one was released on 18 February 2019) can be found under
https://staff.aist.go.jp/y-isobe/CSP-Prover /CSP-Prover.html. This theory
represents the first half of Roscoes theory of a Failures/Divergence model,
i.e. the Failures part. More recently, Pasquale Noce [9, 11, 10] developed a
theory of non interference notions based on an abstract denotational model
fragment of the Failure/Divergence Model of CSP (without continuity and
algebraic laws); this theory could probably be rebuilt on top of our work.

The present work could be another, more “classic” foundation of test-generation
techniques of this kind paving the way to an interaction with FDR and its
possibility to generate labelled transition systems as output that could drive
specialized tactics in HOL-CSP 2.0.

17.2 Lessons learned

We have ported a first formalization in Isabelle/HOL on the Failure/Diver-
gence model of CSP, done with Isabelle93-7 in 1997, to a modern Isabelle
version. Particularly, we use the modern declarative proof style available in
Isabelle/Isar instead of imperative proof one, the latter being used in the old
version. On the one hand, it is worth noting that some of the old theories
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still have a surprisingly high value: Actually it took time to develop the right
granularity of abstraction in lemmas, which is thus still quite helpful and
valuable to reconstruct the theory in the new version. If a substantially large
body of lemmas is available, the degree of automation tends to increase. On
the other hand, redevelopment from scratch is unavoidable in parts where
basic libraries change. For example, this was a necessary consequence of our
decision to base HOL-CSP 2.0 on HOLCF instead of continuing the devel-
opment of an older fixed-point theory; nearly all continuity proofs had to
be redeveloped. Moreover, a fresh look on old proof-obligations may incite
unexpected generalizations and some newly proved lemmas that cannot be
constructed in the old version even with several attempts. The influence
of the chosen strategy (from scratch or refactoring) on the proof length is
inconclusive.

Note that our data does not allow to make a prediction on the length of
a porting project — the effort was distributed over a too long period and
performed by a team with initially very different knowledge about CSP and
interactive theorem proving.

It is also worth noting that the restructuring of the theory, as well as the
proofs (declarative Isar style), has substantially increased the possibility to
parallelize the proof checking process and makes the entire theory more
maintainable.

Finally, having the entire theory formalized makes extensions such as param-
etized ticks possible since the effect of changes of basic definitions can be
traced consequently. This is an important aspect that extensions of this
kind are not ad hoc and do not endanger global consistency.

17.3 A Summary on New Results

Compared to the original version of HOL-CSP 1.0, the present theory is com-
plete relative to Roscoe’s Book[12]. It contains a number of new theorems
and some interesting (and unexpected) generalizations:

1. P C ?2Q = 7P \ A C ?Q \ ?A is now also valid for the infinite
case (arbitrary hide-set A).

2. P\ (AUB) =P\ A\ Bis true for finite A (see finite A = ?P \
(AU ?B) = ?P \ ?A\ ?B); this was not even proven in HOL-CSP
1.0 for the singleton case! It can be considered as the most complex
theorem of this theory.

3. distribution laws of (\) over Sync [finite ?4; A N 25 = {}] = ¢P
[25] 2Q \ 24 = (9P \ ?A) [2S] (?Q \ ?A); however, this works only
in the finite case. A true monster proof.
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4. distribution of Mprefiz over Sync Mprefix ?A ?P [?S] Mprefix ?B ?Q
= (Oae(?A — 25) — (2P a [?S] Mprefix ?B ?Q)) O (Obe(?B — 25)
— (Mprefix ?A 2P [25] 2Q b)) O (Oze(?A N 2B N 25) — (2P x [29]
?Q z)) in the most generalized case. Also a true monster proof, but
reworked using symmetries and abstractions to be more reasonable
(and faster)

5. the synchronization operator is associative 7P [2S] (7Q [?S] ?R) =
7P [25] ?Q [2S] ?R. (In HOL-CSP 1.0, this had only be shown for
special cases like 7P || (?Q || ?R) = ?P || ?Q || ?R).

6. the generalized non deterministic prefix choice operator — relevant for
proofs of deadlock-freeness — has been added to the theory Mndet-
prefic = map-fun id (map-fun id process-of-processy) (AA P. if A =
{} then processy-of-process STOP else (|J qea F (a — P a), Jaca D
(a — P a))); it is proven monotone and continuous (Aa. a € ?4 —
cont (?f a)) = cont (A\b. Ma€?A — ?f a b) in the general case (in
contrast to the global choice without prefix, see [finite ?A; Na. a €
?A = cont (7P a)] = cont (Ay. Mze?A. ?P z y)). This is relevant
for the definition of the deadlock reference processes DF A = p z.
Ma€?A — z and DFgsirps ?A 7R = p z. (Ma€?A — z) N SKIPS
?R.

7. since Isabelle-2025, new support for read read ¢ A P and non deter-
ministic write ndet-write ¢ A P has been added. Also, sliding choice
has been added and new algebraic laws involving this operator (see ?4
N 25 # {} = Mprefiz ?A ?P \ 25 = (Oae(?A — 25) — (7P a \
29)) > (Mae(?A N 2S). (7P a \ ?5))) have been proven.
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Chapter 18

Annex: Refinement Example

with Buffer over infinite
Alphabet

18.1 Defining the Copy-Buffer Example
datatype ‘a channel = left 'a | right 'a | mid 'a | ack

definition SYN :: 'a channel set
where  SYN = range mid U {ack}

definition COPY :: ‘a channel process
where COPY = u COPY. left?x — right'r — COPY

definition SEND :: 'a channel process
where SEND = u SEND. left?x — midlx — ack — SEND

definition REC :: 'a channel process
where REC = u REC. mid?x — right'tr — ack — REC
definition SYSTEM :: 'a channel process

where («(SYSTEM = SEND [ SYN | REC \ SYN»

thm SYSTEM-def

18.2 The Standard Proof

18.2.1 Channels and Synchronization Sets

First part: abstract properties for these events to SYN. This kind of stuff
could be automated easily by some extra-syntax for channels and SYN-sets.
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lemma simplification-lemmas [simp] :
<range left N SYN = {}
<range right N SYN = {}
<ack € SYN»
<range mid C SYN»
«mid x € SYN)»
<right © ¢ SYN)»
left x ¢ SYN)»
<inj mid>

(proof)

lemma finite (SYN:: 'a channel set) = finite {(t::’a). True}
(proof)

18.2.2 Definitions by Recursors

Second part: Derive recursive process equations, which are easier to handle
in proofs. This part IS actually automated if we could reuse the fixrec-syntax
below.

lemma COPY-rec:
COPY = left?z — right'lr — COPY

(proof)

lemma SEND-rec:
SEND = left?x — midlzx — ack — SEND

(proof)

lemma REC-rec:
REC = mid?z — right!lz — ack — REC

(proof)

18.2.3 Various Samples of Refinement Proofs

lemmas Sync-rules = read-Sync-read-subset-forced-read-same-chan
read-Sync-read-left read-Sync-read-right
write-Sync-read-left write-Sync-read-right
read-Sync-write-left read-Sync-write-right
write-Sync-write-subset
write-Sync-read-subset read-Sync-write-subset

write0-Sync-write-right write0-Sync-write0

lemmas Hiding-rules = Hiding-read-disjoint Hiding-write-subset Hiding-write-disjoint
Hiding-write0-non-disjoint Hiding-write0-disjoint

lemmas mono-rules = mono-read-FD mono-write-F'D mono-write0-FD

An example for a very explicit structured proof. Slow-motion for presenta-
tions. Note that the proof makes no assumption over the structure of the
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content of the channel; it is truly polymorphic wrt. the channel type ‘o.

lemma impl-refines-spec’ : (COPY :: 'a channel process) Cpp SYSTEM
(proof)

An example for a highly automated proof.

Not too bad in automation considering what is inferred, but wouldn’t scale
for large examples.

lemma impl-refines-spec : COPY Crpp SYSTEM
(proof)

lemma spec-refines-impl :
assumes fin: finite (SYN:: ‘a channel set)
shows SYSTEM Crp (COPY :: 'a channel process)

(proof)

Note that this was actually proven for the Process ordering, not the refine-
ment ordering. But the former implies the latter. And due to anti-symmetry,
equality follows for the case of finite alphabets ...

lemma spec-equal-impl :
assumes fin: finite (SYN::('a channel)set)
shows SYSTEM = (COPY::'a channel process)

(proof)

18.2.4 Deadlock Freeness Proof

HOL-CSP can be used to prove deadlock-freeness of processes with infinite
alphabet. In the case of the COPY - process, this can be formulated as the
following refinement problem:

lemma DF-COPY : (DF (range left U range right)) Cpp COPY
(proof)

18.3 An Alternative Approach: Using the fixrec-
Package

18.3.1 Channels and Synchronisation Sets
As before.

18.3.2 Process Definitions via fixrec-Package

fixrec
COPY' :: 'a channel process
and
SEND’ :: 'a channel process
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and
REC' :: 'a channel process
where
COPY '-rec[simp del]: COPY' = left?x — right'tz — COPY"’
| SEND'-rec[simp del]: SEND’ = left?x — midlz — ack — SEND’
| REC'-rec[simp del] : REC' = mid?x — right!x — ack — REC’

thm COPY'-rec
definition SYSTEM' :: 'a channel process
where «(SYSTEM' = ((SEND' [ SYN | REC') \ SYN)»

18.3.3 Another Refinement Proof on fixrec-infrastructure

Third part: No comes the proof by fixpoint induction. Not too bad in au-
tomation considering what is inferred, but wouldn’t scale for large examples.

thm COPY'-SEND’-REC".induct
lemma impl-refines-spec’ : (COPY"::'a channel process) Cpp SYSTEM'
(proof)

lemma spec-refines-impl’ :
assumes fin: finite (SYN::'a channel set)
shows SYSTEM' Crp (COPY":'a channel process)

(proof)

lemma spec-equal-impl’ :
assumes fin: finite (SYN::('a channel)set)
shows SYSTEM' = (COPY"::'a channel process)
(proof)
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