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Chapter 1

Context

1.1 Preface

This is a formalization in Isabelle/HOL of the work of Hoare and Roscoe
on the denotational semantics of the Failure/Divergence Model of CSP. It
follows essentially the presentation of CSP in Roscoe’s Book "Theory and
Practice of Concurrency" [12] and the semantic details in a joint Paper of
Roscoe and Brooks "An improved failures model for communicating pro-
cesses" [2].

The original version of this formalization, called HOL-CSP 1.0 [13], revealed
minor, but omnipresent foundational errors in key concepts like the pro-
cess invariant. A correction was proposed slightly before the apparition of
Roscoe’s book (all three authors were in e-mail contact at that time).

In recent years, a team of authors undertook the task to port HOL-CSP 1.0
to modern Isabelle/HOL and structured proof techniques. This results in
the present version are called HOL-CSP 2.0.

The effort is motivated by the following assets of CSP:

e the theory is interesting in itself, and reworking its formal structure
might help to make it more widely accessible, given that it is a par-
ticularly advanced example of the shallow embedding technique using
the denotational semantics of a language,

it is interesting to compare the ancient, imperative, ML-heavy proof
style to the more recent declarative one in Isabelle/Isar; this compari-
son (not presented here) gives a source of empirical evidence that such
proofs are more stable wrt. the constant changes in the Isabelle itself,

e the semantic presentation of CSP lends itself to a semantically clean
and well-understood combination of specification languages, which rep-
resents a major step to our longterm goal of heterogenuous, yet seman-

7



8 CHAPTER 1. CONTEXT

tically clean system specifications consisting of different formalisms
describing components or system aspects separately,

e the resulting HOL-CSP environment could one day be used as a tool
that certifies traces of other CSP model-checkers such as FDR4 or
PAT.

In contrast to HOL-CSP 1.0, which came with an own fixpoint theory partly
inspired by previous work of Alberto Camilieri under HOL4 [3], it is the
goal of the redesign of HOL-CSP 2.0 to reuse the HOLCF theory that em-
merged from Franz Regensburgers work and was substantially extended by
Brian Huffman. Thus, the footprint of the HOL-CSP 2.0 theory should be
reduced drastically. Moreover, all proofs have been heavily revised or re-
constructed to reflect the drastically improved state of the art of interactive
theory development with Isabelle.

1.2 Introduction

DRAWN FROM THE PAPER [13]

In his invited lecture at FME’96, C.A.R. Hoare presented his view on the
status quo of formal methods in industry. With respect to formal proof
methods, he ruled that they "are now sufficiently advanced that a [...] formal
methodologist could occasionally detect |...] obscure latent errors before they
occur in practice" and asked for their publication as a possible "milestone in
the acceptance of formal methods" in industry.

In this paper, we report of a larger verification effort as part of the UniForM
project [7]. It revealed an obscure latent error that was not detected within
a decade. It cannot be said that the object of interest is a "large software
system" whose failure may "cost millions", but it is a well-known subject in
the center of academic interest considered foundational for several formal
methods tools: the theory of the failure- divergence model of CSP ([5], [2]).
And indeed we hope that this work may further encourage the use of for-
mal proof methods at least in the academic community working on formal
methods.

Implementations of proof support for a formal method can roughly be di-
vided into two categories. In direct tools like FDR [1], the logical rules of a
method (possibly integrated into complex proof techniques) are hard-wired
into the code of their implementation. Such tools tend to be difficult to
modify and to formally reason about, but can possess enviable automatic
proof power in specific problem domains and comfortable user interfaces.

The other category can be labelled as logical embeddings. Formal methods
such as CSP or Z can be logically embedded into an LCF-style tactical the-
orem prover such as HOL [4] or Isabelle[8]. Coming with an open system
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design going back to Milner, these provers allow for user-programmed ex-
tensions in a logically sound way. Their strength is flexibility, generality and
expressiveness that makes them to symbolic programming environments.

In this paper we present a tool of the latter category (as a step towards
a future combination with the former). After a brief introduction into the
failure divergence semantics in the traditional CSP-literature, we will discuss
the revealed problems and present a correction. Although the error is not
"mathematically deep", it stings since its correction affects many definitions.
It is shown that the corrected CSP still fulfils the desired algebraic laws. The
addition of fixpoint-theory and specialised tactics extends the embedding in
Isabelle/HOL to a formally proven consistent proof environment for CSP.
Its use is demonstrated in a final example.

1.3 An Outline of Failure-Divergence Semantics

A very first approach to give denotational semantics to CSP is to view
it as a kind of a regular expression. This way, it can be understood as
an automata and the denotations are just the language of the automaton;
this way, synchronization and concurrency can be basically understood as
the construction of a product automaton with potential interleaving. The
semantics becomes compositional, and internal communication between sub-
components of a component can be modeled by the concealment operator.

Hoares work [5] was strongly inspired by this initial idea. However, it be-
came quickly clear that the simplistic automata vision is not a satisfying
paradigm for all aspects of concurrency. Particularly regarding the nature
of communication, where one "sends" actively information and the other "re-
ceives" it, the bi-directional product construction seems to be misleading.
Furthermore, it is an obvious difference if a group of processes remains in a
passive deadlock because all possible communications contradict each other,
or if a group of processes is too busy with internal chatter and never reaches
the point where this component is again ready for communication.

Hoare solved these apparent problems by presenting a multi-layer approach,
in which the denotational models were refined more and more allowing to
distinguish the above critical situations. An ingenious concept in the overall
scheme is to distinguish non-deterministic choice from deterministic one *
in order to solve the sender/receiver problem.

Hoare proposed 3 denotational semantics for CSP:

e the trace model, which is basically the above naive automata model
not allowing to distinguish non-deterministic choice from deterministic

Lwhich in itself produces problems with recursion which had to be overcome by some
restrictions on its use.
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one, neither to distinguish deadlock from infinite internal chatter,

o the failure model is able to distinguish non-deterministic choice from
deterministic one by different maximum refusal sets, which is however
cannot differentiate deadlock from infinite internal chatter,

e the failure-divergence model overcomes additionally the unresolved
problem of failure model.

In the sequel, we explain these two problems in more detail, giving some
motivation for the daunting complexity of the latter model. It is this com-
plexity which finally raises general interest in a formal verification.

1.3.1 Non-Determinism

Let a and b be any two events in some set of events . The two processes

(a — Stop) O b — Stop (1)
and
(a — Stop) M b — Stop (2)

cannot be distinguished under the trace semantics, in which both processes
are capable of performing the same sequences of events, i.e. both have
the same set of traces {{}, {a}, {b}}. This is because both processes can
either engage in a and then Stop, or engage in b and then Stop. We would,
however, like to distinguish between a deterministic choice of a or b (1) and
a non-deterministic choice of a or b (2).

This can be done by considering the events that a process can refuse to
engage in when these events are offered by the environment; it cannot refuse
either, so we say its maximal refusal set is the set containing all elements
of ¥ other than a and b, written X — {a, b}, i.e. it can refuse all elements
in ¥ other than a or b. In the case of the non-deterministic process (2),
however, we wish to express that if the environment offers the event a say,
the process non-deterministically chooses either to engage in a, to refuse it
and engage in b (likewise for b). We say therefore, that process (2) has two
maximal refusal sets, ¥ — {a} and ¥ — {b}, because it can refuse to engage
in either @ or b, but not both. The notion of refusal sets is in this way used
to distinguish non-determinism from determinism in choices.

1.3.2 Infinite Chatter

Consider the infinite process p . ¢ — x which performs an infinite stream
of a’s. If one now conceals the event a in this process by writing



1.3. AN OUTLINE OF FAILURE-DIVERGENCE SEMANTICS 11
(Lz. a—1x)\ a (3)

it no longer becomes possible to distinguish the behaviour of this process
from that of the deadlock process Stop. We would like to be able to make
such a distinction, since the former process has clearly not stopped but
is engaging in an unbounded sequence of internal actions invisible to the
environment. We say the process has diverged, and introduce the notion of
a divergence set to denote all sequences events that can cause a process to
diverge. Hence, the process Stop is assigned the divergence set {}, since it
can not diverge, whereas the process (3) above diverges on any sequence of
events since the process begins to diverge immediately, i.e. its divergence
set is X* , where ¥* denotes the set of all sequences with elements in X.
Divergence is undesirable and so it is essential to be able to express it to
ensure that it is avoided.

1.3.3 The Global Architecture of HOL-CSP 2.0

The global architecture of HOL-CSP 2.0 has been substantially simplified
compared to HOL-CSP 1.0: the fixpoint reasoning is now entirely based on
HOLCF (which meant that the continuity proofs for CSP operators had
basically been re-done).

The theory Process establishes the basic common notions for events, traces,
ticks and tickfree-ness, the type definitions for failures and divergences as
well as the global constraints on them (called the "axioms" in Hoare’s Book.)
captured in a predicate is_process. On this basis, the set of failures and
divergences satisfying is_process is turned into the type ’a process via
a type-definition (making is_process as the central data invariant). In the
sequel, it is shown that ’a process belongs to the type-class cpo stemming
from HOLCF which makes the concepts of complete partial order, continu-
ity, fixpoint-induction and general recursion available to all expressions of
type ’a process.

The theory Process also establishes the two partial orderings P < P’ for
refinements and P C P’ for the approximation on processes used to give
semantics to recursion. The latter is well-known to be logically weaker than
the former. Note that, unfortunately, the use of these two symbols in HOL-
CSP 2.0, where the latter is already used in the HOLCF-theory, is just the
other way round as in the literature.

Each CSP operator is described in an own theory which comprises:

e The denotational core definition in terms of a pair of Failures and
Divergences
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¢ The establishment of is_process for the Failures and Divergences in
the range of the given operator (thus, the invariance of is_process
for this operator)

e The proof of the projections T and F and D for this operator

o The proof of continuity of the operator (which is always possible except
for hide if applied to infinite hide-sets).

Finally, the theory CSP contains the "Laws" of CSP, i.e. the derived rules
allowing abstractly to reason over CSP processes. The overall dependency
graph is shown in Figure 1.1.
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[Pure]

[Tools]

[HOL]

[HOL-Library]

| tHoL-Eisbach] | [ [HOLCF] |
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Figure 1.1: The HOL-CSP 2.0 Theory Graph
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Chapter 2

The Notion of Processes

As mentioned earlier, we base the theory of CSP on HOLCF, a Isabelle/HOL
library providing a theory of continuous functions, fixpoint induction and
recursion.

theory Process
imports HOLCF
begin

Since HOLCF sets the default type class to cpo, while our Process theory
establishes links between standard types and pcpo types. Consequently, we
reset the default type class to the default in HOL.

default-sort type

2.1 Pre-Requisite: Basic Traces and tick-Freeness

The denotational semantics of CSP assumes a distinguishable special event,
called tick and written v/, that is required to occur only in the end of traces
in order to signalize successful termination of a process. (In the original text
of Hoare, this treatment was more liberal and lead to foundational problems:
the process invariant could not be established for the sequential composition
operator of CSP; see [13] for details.)

datatype '« event = ev ‘o | tick
type-synonym ‘a trace = (‘a event) list

We chose as standard ordering on traces the prefix ordering.

instantiation list :: (type) order
begin

definition le-list-def : (s::'alist) < t+— (I r.sQr =1t)

definition less-list-def: (s::'a list) < t +— s <t ANs#t

15



16 CHAPTER 2. THE NOTION OF PROCESSES

lemma A : ((zalist) < y) = (z <y A -y <)
by (auto simp: le-list-def less-list-def)

instance
proof
fix zy 2z :'a list
show (z < y) = <yA-y<x)
by (auto simp: le-list-def less-list-def)
show = < z by(simp add: le-list-def)
assume A:x < y and B:y < z thus z < 2
apply(insert A B, simp add: le-list-def, safe)
apply(rename-tac r ra, rule-tac t=rQra in exl, simp)
done
assume A:x < yand B:y < z thusz =y
by (insert A B, auto simp: le-list-def)
ged

end

Some facts on the prefix ordering.

lemma nil-le[simp]: [| < s
by (induct s, simp-all, auto simp: le-list-def)

lemma nil-le2[simp]: s <[] = (s =])
by (induct s, auto simp:le-list-def)

lemma nil-less[simp]: = t < |]
by (simp add: less-list-def)

lemma nil-less2[simp]: [| < t Q [a]
by (simp add: less-list-def)

lemma less-self [simp]: t < tQ[a]
by (simp add:less-list-def le-list-def)

lemma le-length-mono: s < t = length s < length t
by (auto simp: le-list-def)

lemma less-length-mono: s < t = length s < length t
by (auto simp: less-list-def le-list-def)

lemma less-cons: s <t = a# s< a #t
by (simp add: le-list-def less-list-def)

lemma less-append: s <t = a Q s < q Q¢
by (simp add: le-list-def less-list-def)

lemma less-tail: s #[| = s < t=tls < tlt
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by (auto simp add: le-list-def less-list-def)

— should be in the List library
lemma list-nonMt-append: s # [ = 3 at. s =1 Q [d]
by (erule rev-mp,induct s,simp-all,case-tac s = [],auto)

lemma append-eq-first-pref-spec[rule-format]: s @t =r Q [z] At #[| — s < r
apply(rule-tac z=s in spec)
apply (induct r,auto)
apply(erule rev-mp)
apply(rename-tac za, rule-tac list=xa in list.induct, simp-all)
apply (simp add: le-list-def)
apply(drule list-nonMt-append, auto)
done

lemma prefizes-fin: let prefives = {t. t2. x = t Q t2} in finite prefizes N card
prefives = length x + 1
proof (induct z, simp)
case (Cons a x)
hence A:finite {t. (3t2. z = t @ t2)} using not-add-less2 by fastforce
have B:inj-on Cons UNIV by (metis injI list.inject)
from Cons A B inj-on-iff-eq-card have C:card (Az. a#tz){t. (3t2. z =t Q
t2)}) = length x + 1
by fastforce
have D:{t. 3t2. a # z =1t Q 12} = {[|]} U (\z. a#x){¢t. (3t2. 2 =t Q t2)}
by (intro set-eql iffI, auto simp add:Cons-eq-append-conv)
from C D card-insert-ifjof (Az. a#x)qt. (t2. z = ¢t Q t2)}] show ?case
by (metis (no-types, lifting) One-nat-def Suc-eq-plusl Un-insert-left finite.insert]

finite-imagel image-iff list.distinct(1) list.size(4) local. A sup-bot.left-neutral)
qed

lemma sublists-fin: finite {t. It1 t2. x = t1 Q t Q t2}
proof (induct z, simp)
case (Cons a x)
have {t. 3t1t2. a# =11 Qt Q@ 2} C {¢t. Jt1 2. x =t1 Q¢ Q@ ¢2} U {1.
Jt2. a#x =t Q 12}
apply(auto) by (metis Cons-eg-append-conv)
with Cons prefizes-fin[of a#x] show ?Zcase by (meson finite-Unl finite-subset)
qed

lemma suffizes-fin: finite {t. 3t1. z = t1 Q ¢}
apply (subgoal-tac {t. It1. x = ¢t1 Q t} C {t. Ft1 2. z = t1 @ ¢t Q ¢2})
using infinite-super sublists-fin apply blast
by blast

For the process invariant, it is a key element to reduce the notion of traces to
traces that may only contain one tick event at the very end. This is captured
by the definition of the predicate front_tickFree and its stronger version
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tickFree. Here is the theory of this concept.

definition tickFree :: ‘o trace = bool
where tickFree s = (tick ¢ set s)

definition front-tickFree :: '« trace = bool
where front-tickFree s = (s =[] V tickFree(tl(rev s)))

lemma tickFree-Nil [simp]: tickFree ||
by (simp add: tickFree-def)

lemma tickFree-Cons [simp]: tickFree (a # t) = (a # tick A tickFree t)
by (auto simp add: tickFree-def)

lemma tickFree-tl : [|s ~= || ; tickFree s|| ==> tickFree(tl s)
by (case-tac s, simp-all)

lemma tickFree-append[simp): tickFree(sQt) = (tickFree s A tickFree t)
by (simp add: tickFree-def member-def)

lemma non-tickFree-tick [simp]: — tickFree [tick]
by (simp add: tickFree-def)

lemma non-tickFree-implies-nonMt: — tickFree s = s # ||
by (simp add:tickFree-def ,erule rev-mp, induct s, simp-all)

lemma tickFree-rev : tickFree(rev t) = (tickFree t)
by(simp add: tickFree-def member-def)

lemma front-tickFree-Nil[simp|: front-tickFree ||
by (simp add: front-tickFree-def)

lemma front-tickFree-single[simp]: front-tickFree [a)
by (simp add: front-tickFree-def)

lemma tickFree-implies-front-tickFree: tickFree s = front-tickFree s
apply(simp add: tickFree-def front-tickFree-def member-def,safe)
apply(erule contrapos-np, simp,(erule rev-mp)—+)

apply(rule-tac zs=s in List.rev-induct,simp-all)

done

lemma front-tickFree-charn: front-tickFree s = (s =[] V (3a t. s =t @ [a] A
tickFree t))

apply(simp add: front-tickFree-def)

apply(cases s=||, simp-all)

apply(drule list-nonMt-append, auto simp: tickFree-rev)

done

lemma front-tickFree-implies-tickFree: front-tickFree (t @Q [a]) = tickFree t
by (simp add: tickFree-def front-tickFree-def member-def)
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lemma tickFree-implies-front-tickFree-single: tickFree t = front-tickFree (t Q [a])
by (simp add:front-tickFree-charn)

lemma nonTickFree-n-frontTickFree: [ tickFree s; front-tickFree s | = 3t. s =
t Q [tick]

apply (frule non-tickFree-implies-nonMt)

apply(drule front-tickFree-charn| THEN iffD1], auto)

done

lemma front-tickFree-dw-closed : front-tickFree (s Q t) = front-tickFree s
apply(erule rev-mp, rule-tac x= s in spec)

apply(rule-tac xzs=t in List.rev-induct, simp, safe)

apply(rename-tac z zs za)

apply(simp only: append-assoc[symmetric])

apply(rename-tac © xs xa, erule-tac z=xa Q xs in all-dupFE)

apply(drule front-tickFree-implies-tickFree)

apply(erule-tac z=za in allE, auto)

apply(auto dest!:tickFree-implies-front-tickFree)

done

lemma front-tickFree-append: [ tickFree s; front-tickFree t] = front-tickFree (s
Q t)

apply(drule front-tickFree-charn| THEN iffD1], auto)

apply (erule tickFree-implies-front-tickEree)

apply (subst append-assoc[symmetric])

apply(rule tickFree-implies-front-tickFree-single)

apply(auto intro: tickFree-append)

done

lemma front-tickFree-mono: front-tickFree (t @ r) A r # [| — tickFree t A

front-tickFree r

by (metis append-assoc append-butlast-last-id front-tickFree-charn
front-tickFree-implies-tickFree tickFree-append)

2.2 Basic Types, Traces, Failures and Divergences

type-synonym ‘a refusal = (‘o event) set
type-synonym '« failure = ‘a trace x 'a refusal
type-synonym 'a divergence = '« trace set
type-synonym '« processy = 'a failure set X '« divergence

definition FAILURES :: 'a processy = ('« failure set)
where FAILURES P = fst P

definition TRACES :: 'a processy = (‘a trace set)
where TRACES P = {tr. 3 a. a € FAILURES P A tr = fst a}
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definition DIVERGENCES :: 'a processy = 'a divergence
where DIVERGENCES P = snd P

definition REFUSALS :: 'a processy = (‘a refusal set)
where REFUSALS P = {ref. 3 F. F € FAILURES P A\ F = ([|,ref)}

2.3 The Process Type Invariant

definition is-process :: ‘o processy = bool where
is-process P =
((I,{}) € FAILURES P A
(V s X. (s,X) € FAILURES P — front-tickFree s) A
(V st. (sQt,{}) € FAILURES P — (s,{}) € FAILURES P) A
(V sXY.(s,Y) € FAILURESP & X <=Y — (s,X) € FAILURES P) A
(V s X Y. (s,X) € FAILURES P A
vV e ceY — ((sQ[c],{}) ¢ FAILURES P)) —
(s,X U Y)eEFAILURES P) A
(V s X. (sQ[tick],{}) : FAILURES P — (s,X—{tick}) € FAILURES P) A
(V st. s € DIVERGENCES P A tickFree s A\ front-tickFree t
— s@Qt € DIVERGENCES P) A
(V s X. s € DIVERGENCES P —> (s,X) € FAILURES P) A
(V s. s @ [tick] : DIVERGENCES P — s € DIVERGENCES P))

lemma is-process-spec:
is-process P =
(([1,{}) € FAILURES P A
(V s X. (s,X) € FAILURES P — front-tickFree s) A
(V st.(sQt{}) ¢ FAILURES PV (s,{}) € FAILURES P) A
(V s X Y.(s,Y) ¢ FAILURES PV —~(XCY) | (s,X) € FAILURES P) A
(V s X Y.(s,.X) € FAILURES P A
(Vcce Y — ((sQ[c],{}) ¢ FAILURES P)) —(s,XU Y) € FAILURES
P) A
(V s X. (sQ[tick]{}) € FAILURES P — (s,X — {tick}) € FAILURES P)
AN
(V st. s ¢ DIVERGENCES P V —tickFree s \/ —front-tickFree t
V s @t e DIVERGENCES P) A
(Y s X. s ¢ DIVERGENCES PV (s,X) € FAILURES P) A
(V s. s @ [tick] ¢ DIVERGENCES P\ s € DIVERGENCES P))
by (simp only: is-process-def HOL.nnf-simps(1) HOL.nnf-simps(3) [symmetric]

HOL.imp-conjL[symmetric])

lemma Process-eql :

assumes A: FAILURES P = FAILURES @

assumes B: DIVERGENCES P = DIVERGENCES @

shows (P::'a processy) = Q

apply(insert A B, unfold FAILURES-def DIVERGENCES-def)
apply(rule-tac t=P in surjective-pairing[symmetric, THEN subst])
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apply(rule-tac t=Q in surjective-pairing[symmetric, THEN subst))

apply (simp)
done

lemma process-eg-spec:

((P::'a processy) = Q) = (FAILURES P = FAILURES Q N DIVERGENCES P
— DIVERGENCES Q)

apply(auto simp: FAILURES-def DIVERGENCES-def)

apply(rule-tac t=P in surjective-pairing[symmetric, THEN subst))
apply(rule-tac t=Q in surjective-pairing[symmetric, THEN subst))

apply(simp)

done

lemma process-surj-pair: (FAILURES P,DIVERGENCES P) = P
by (auto simp: FAILURES-def DIVERGENCES-def)

lemma Fa-eq-imp-Tr-eq: FAILURES P = FAILURES Q — TRACES P = TRACES

Q
by(auto simp: FAILURES-def DIVERGENCES-def TRACES-def)

lemma is-process!: is-process P = ([|,{})€ FAILURES P
by (auto simp: is-process-def)

lemma is-process2: is-process P =V s X. (s,X) € FAILURES P — front-tickFree
s
by (simp only: is-process-spec, metis)

lemma is-process3: is-process P =V st. (s Q t,{}) € FAILURES P — (s, {})
€ FAILURES P

by (simp only: is-process-spec, metis)

lemma is-process3-S-pref: [is-process P; (t, {}) € FAILURES P; s < t] = (s,
{}) € FAILURES P

by (auto simp: le-list-def intro: is-process3 [rule-format])

lemma is-process4: is-process P = Vs X Y. (s, Y) ¢ FAILURES PV - X C
Y V (s, X) € FAILURES P
by (simp only: is-process-spec, simp)

lemma is-process4-S: [is-process P; (s, Y) € FAILURES P; X C Y] = (s, X)
€ FAILURES P
by (drule is-process/, auto)

lemma is-process4-S1: [is-process P; x € FAILURES P; X C snd z] = (fst «,
X) € FAILURES P
by (drule is-process4-S, auto)

lemma is-processs:
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is-process P —>

VsaXY.(sa, X)€ FAILURESPA (Nc.c€ Y — (sa@Q[c], {}) ¢ FAILURES
P) — (sa, X U Y) € FAILURES P
by (drule is-process-spec| THEN 1iffD1],metis)

lemma is-processy-S:

[és-process P; (sa, X) € FAILURES P;Vc. c € Y — (sa Q [¢], {}) ¢ FAILURES
P] = (sa, X U Y) € FAILURES P

by (drule is-process5, metis)

lemma is-processs-S1:

[és-process P; (sa, X) € FAILURES P; (sa, X UY) ¢ FAILURES P] = Jec. ¢
€ Y A(saQ]c], {}) € FAILURES P

by (erule contrapos-np, drule is-process5-S, simp-all)

lemma is-process6: is-process P = V s X. (sQ[tick],{}) € FAILURES P —
(s,X—{tick}) € FAILURES P
by (drule is-process-spec| THEN iffD1], metis)

lemma is-process6-S: [is-process P ;(sQ[tick],{}) € FAILURES P]| = (s,X—{tick})
€ FAILURES P
by (drule is-process6, metis)

lemma is-process7:

is-process P =V s t. s ¢ DIVERGENCES P V — tickFree s V — front-tickFree t
V s @Qt e DIVERGENCES P

by (drule is-process-spec| THEN iff D1], metis)

lemma is-process7-S:

[ is-process P;s : DIVERGENCES P;tickFree s;front-tickFree t]
= s Q¢ e DIVERGENCES P

by (drule is-process7, metis)

lemma is-process8: is-process P =V s X. s ¢ DIVERGENCES P Vv (s,X) €
FAILURES P
by (drule is-process-spec| THEN 1iffD1], metis)

lemma is-process8-S: [ is-process P; s € DIVERGENCES P | = (s,X) € FAIL-
URES P
by (drule is-process8, metis)

lemma is-process9: is-process P =V s. sQltick] ¢ DIVERGENCES P V s €
DIVERGENCES P
by (drule is-process-spec| THEN iff D1], metis)

lemma is-process9-S: [ is-process P;sQ[tick] € DIVERGENCES P | = s € DI-
VERGENCES P
by (drule is-process9, metis)
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lemma Failures-implies-Traces: [is-process P; (s, X) € FAILURES P] = s €
TRACES P
by(simp add: TRACES-def, metis)

lemma is-processs-sing:

[ is-process P ; (s,{x}) ¢ FAILURES P;(s,{}) € FAILURES P] = (s @ [z],{})
€ FAILURES P

by (drule-tac X={} in is-process5-S1, auto)

lemma is-processs-singT"

[ is-process P ; (s,{z}) ¢ FAILURES P;(s,{}) € FAILURES P] — s @ [z] €
TRACES P

apply(drule is-processs-sing, auto)

by(simp add: TRACES-def, auto)

lemma front-trace-is-tickfree:

assumes A: is-process P and B: (t Q [tick],X) € FAILURES P

shows tickFree t

proof —
have C: front-tickFree(t Q [tick]) by(insert A B, drule is-process2, metis)
show ?thesis by(rule front-tickFree-implies-tickFree[OF C|)

qed

lemma trace-with- Tick-implies-tickFree-front : [is-process P; t Q [tick] € TRACES
P) = tickFree t
by(auto simp: TRACES-def intro: front-trace-is-tickfree)

2.4 The Abstraction to the process-Type

typedef

‘ac process = {p :: 'a processy . is-process p}
proof —

have ({(s, X). s = [|},{}) € {p::'a processy. is-process p}

by (simp add: is-process-def front-tickFree-def
FAILURES-def TRACES-def DIVERGENCES-def )

thus ?thesis by auto

qed

definition Fuailures :: ‘o process = ('« failure set) (F)
where F P = FAILURES (Rep-process P)

definition Traces :: ‘a process = (‘o trace set) (T)
where 7 P = TRACES (Rep-process P)

definition Divergences :: 'a process = 'a divergence (D)
where D P = DIVERGENCES (Rep-process P)
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lemmas D-def = Divergences-def

definition R :: 'a process = (‘o refusal set) (R)
where R P = REFUSALS (Rep-process P)

lemma is-process-Rep : is-process (Rep-process P)
by (rule-tac P=is-process in CollectD, rule Rep-process)

lemma Process-spec: Abs-process (F P, D P) = P
by (simp add: Failures-def FAILURES-def D-def
DIVERGENCES-def Rep-process-inverse)

lemma Process-eg-spec: (P = Q)= (F P=F QAND P =D Q)
apply (rule iffI,simp)
apply (rule-tac t=P in Process-spec| THEN subst))
apply(rule-tac t=Q in Process-spec| THEN subst])
by simp

lemma Process-eq-spec-optimized: (P = Q)= (D P =D QAN (D P =D Q —
FP=FQ)

using Process-eq-spec by auto

lemma is-processT:

) eFPrn

(V s X. (s,X) € F P — front-tickFree s) A

(Vv st.(s@t{}) e FP— (s{}) € FP)A

VsXY.(s,Y)e FPA(XCY)— (5,X) € F P)A

Vs XY(s,X) e FPA{Nc. celY —(sQ{})¢ FP)— (;,XUY)E€
F P) A

(V s X. (sQ[tick]{}) € F P — (s, X—{tick}) € F P) A

(V st.s € D P A tickFree s A front-tickFree t — s Q t € D P) A
(VsX.seDP— (s,X)e FP)A

(V s. sQ[tickl e D P — s € D P)

apply(simp only: Failures-def D-def Traces-def)

apply(rule is-process-def[ THEN iffD1])

apply(rule is-process-Rep)

done

lemma process-charn:
0, {HeFpPna
(Vs X. (s, X) € F P — front-tickFree s) A
Vst.(sQt,{}) ¢ FPV(s,{}) eFP)A
Vs XY. (s, Y)¢FPV-XCYV(s,X)€EFP)A
Vs XY. (s,X) e FPANcceY — (sQlc,{}) gFP)— (s, XU
Y)e FP)A
(Vs X. (s @ [tick], {}) € F P — (s, X — {tick}) € F P) A
(Vst.s¢ D PV - tickFree s V — front-tickFree t V s @ t € D P) A
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(Vs X.s¢DPV (s, X)e FP)N(Vs.sQ [tickl¢ D PV seDP)
proof —
{
have A: (Vst. (s@Q¢t, {}) ¢ FPV (s,{}) e FP)=
(Vst.(s@t,{}) e FP—(s,{}) e FP)
by metis

have B: (Vs X Y. (s, Y)¢ FPV-XCYV (s, X)eFP) =
Vs XY. (5,Y)EFPANXCY —(s,X)eFP)
by metis

have C : (Vst. s ¢ D PV — tickFree s V
- front-tickFree t V s @t € D P) =
(Vst. s €D P A tickFree s A front-tickFree t — s Q t € D P)
by metis

have D:(Vs X. s ¢ DPV (s, X) e FP)=(VVsX.s€DP — (s, X) e F
P)
by metis

have E:(Vs. s Q [tickl ¢ D PV s€ D P) =
(Vs. sQ [tickl e DP — s€DP)
by metis

note A BCDE

}

note a = this

then

show ?thesis
apply(simp only: a)
apply(rule is-processT)
done

qged

split of is_processT:

lemma is-processT1: ([], {}) € F P
by (simp add:process-charn)

lemma is-processT2: Vs X. (s, X) € F P — front-tickFree s
by (simp add:process-charn)

lemma is-processT2-TR : Vs. s € T P — front-tickFree s
apply(simp add: Failures-def [symmetric] Traces-def TRACES-def, safe)
apply (drule is-processT2[rule-format], assumption)

done

lemma is-proT2:
assumes A : (s, X) € F Pand B: s # |]
shows tick ¢ set (tl (rev s))
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proof —
have C: front-tickFree s by(insert A B, simp add: is-processT?2)
show ?thesis
by (insert C,simp add: B tickFree-def front-tickFree-def)

qed

lemma is-processT8 :Vst. (sQ ¢, {}) e FP— (s,{}) e FP
by (simp only: process-charn HOL.nnf-simps(3), simp)

lemma is-processT3-S-pref :
[(t,{HeFPs<i]=(s{})eFP
apply(simp only: le-list-def, safe)
apply(erule is-processT3[rule-format])
done

lemma is-processT4 : Vs X Y. (s, Y)e FPANXCY — (s, X)e FP
by (insert process-charn [of P], metis)

lemma is-processT4-S1 : [x € F P; X C snd 2] = (fstx, X) € F P
apply(rule-tac Y = snd x in is-process T/ [rule-format))

apply simp

done

lemma is-processT5:

Vs XY. (s, X) e FPANcceY —(sQc,{})¢FP)— (s, XUY)e€
F P

by (simp add: process-charn)

lemma is-processT5-51:
(, X\)e FP= (5, XUY)¢FP=3dc.ce YAN(sQ[c,{}) eFP
by (erule contrapos-np, simp add: is-processT5 [rule-format])

lemma is-processT5-52: (s, X) e F P = (s Q[c], {}) ¢ F P = (s, X U {c})
e FP
by (rule is-processT5 [rule-format, OF conjl|, metis, safe)

lemma is-processT5-52a: (s, X) e F P = (s, X U{c}) ¢ F P = (sQ|c], {})
e FP

apply(erule contrapos-np)

apply(rule is-processT5-5S2)

apply(simp-all)

done

lemma is-processT5-53:
assumes A: (s, {}) €e F P
and B:(sQ¢,{}))¢FP
shows (s, {c}) e FP
proof —
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have C : {c} = ({} Un {c}) by simp

show ?thesis

by (subst C, rule is-processT5-S2, simp-all add: A B)
qed

lemma is-processT5-S4: (s, {}) e FP = (s,{c}) ¢ FP= (sQ ], {}) € F
P
by (erule contrapos-np, simp add: is-processT5-S3)

lemma is-processT5-55:

(s, X) e FP=Vec.ceY — (s, XU{c})) ¢ FP=Vec.celY — (sQ
[, {}) e F P

by(erule-tac @ = Ve. c € Y — (s, X U {c}) ¢ F P in contrapos-pp, metis
is-processT5-52)

lemma is-processT5-S6: ([], {c¢}) ¢ F P = ([c], {}) € F P
apply (rule-tac t=[c] and s=[|Q[c] in subst, simp)
apply(rule is-processT5-S4, simp-all add: is-processT1)
done

lemma is-processT6: Vs X. (s Q [tick], {}) € F P — (s, X — {tick}) € F P
by (simp add: process-charn)

lemma is-processT7: Vs t.s € D P A tickFree s \ front-tickFree t — s Q t €
DP
by (insert process-charn|of P], metis)

lemmas is-processT7-S = is-processT7 [rule-format,OF conjl[THEN conjl, THEN
conj-commute] THEN iffD1]]]

lemma is-processT8: Vs X.s€e DP — (s, X) e F P
by (insert process-charn|of P], metis)

lemmas is-processT8-S = is-processT8[rule-format]

lemma is-processT8-Puair: fsts € D P = s &€ F P
apply (subst surjective-pairing)

apply(rule is-processT8-S, simp)

done

lemma is-processT9: Vs. s Q [tickl € D P — s€ D P
by (insert process-charn|of P], metis)

lemma is-processT9-S-swap: s ¢ D P = s Q [tick] ¢ D P
by (erule contrapos-nn,simp add: is-processT9|[rule-format])
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2.5 Some Consequences of the Process Character-
ization

lemma no-Trace-implies-no-Failure: s ¢ T P = (s, {}) ¢ F P
by(simp add: Traces-def TRACES-def Failures-def)

lemmas NT-NF = no-Trace-implies-no-Failure

lemma T-def-spec: T P = {tr. 3a. a € F P A tr = fst a}
by (simp add: Traces-def TRACES-def Failures-def)

lemma F-T: (s, X) e FP= se€T P
by (simp add: T-def-spec split-def, metis)

lemma F-T1:a € F P= fstacT P
by (rule-tac X=snd a in F-T,simp)

lemma T-F:s€ T P = (s,{}) e F P
apply (auto simp: T-def-spec)
apply(drule is-processT4-S1, simp-all)
done

lemmas is-processT/-empty [elim!|= F-T [THEN T-F)

lemma NF-NT: (s, {}) ¢ FP= s¢ T P

by (erule contrapos-nn, simp only: T-F')
lemma is-processT6-S1: tick ¢ X = (s Q [tick], {}) e F P = (s, X) e F P
by (subst Diff-triv]of X {tick}, symmetric],

simp, erule is-processT6|rule-format])
lemmas is-processT3-ST = T-F [THEN is-processT3[rule-format, THEN F-T|]
lemmas is-processT3-ST-pref = T-F [THEN is-processT3-S-pref [THEN F-T|]
lemmas is-processT3-SR = F-T [THEN T-F [THEN is-processT3[rule-format]|]
lemmas D-T = is-processT8-S [THEN F-T]

lemma D-T-subset : D P C T P by(auto introl:D-T)

lemma NF-ND : (s, X) ¢ F P= s¢DP
by (erule contrapos-nn, simp add: is-processT8-S)

lemmas NT-ND = D-T-subset|THEN Set.contra-subsetD]

lemma T-F-spec: ((t, {}) €e F P)=(te T P)
by (auto simp:T-F F-T)
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lemma is-processT5-S7: t€ TP = (t, A)¢ FP—= 3Jz.c € ANtQ][z] €
TP
apply(erule contrapos-np, simp)
apply(rule is-processT5 [rule-format, OF conjl,of - {}, simplified))
apply(auto simp: T-F-spec)
done

lemma is-processT5-S7":

(t, X) e FP= (t, XUA) ¢ FP=3Fz.2€e ANz¢ X NtQz]eTP
apply (erule contrapos-np, simp, subst Un-Diff-cancel[of X A, symmetric])
apply (rule is-processT5 [rule-format])
apply(auto simp: T-F-spec)
done

lemma Nil-subset-T: {[|} C T P
by (auto simp: T-F-spec[symmetric] is-processT1)

lemma Nil-elem-T:[| € T P
by (simp add: Nil-subset-T[THEN subsetD])

lemmas D-imp-front-tickFree = is-processT8-S|THEN is-processT2[rule-format)]

lemma D-front-tickFree-subset : D P C Collect front-tickFree
by (auto simp: D-imp-front-tickFree)

lemma F-D-part : F P ={(s,z). s€ D P} U{(s,2). s¢ D P A (s, z) € F P}
by (auto intro:is-process T8-Pair)

lemma D-F : {(s,z). s€e D P} CF P
by (auto intro:is-process T8-Pair)

lemma append-T-imp-tickFree: t Q s € T P = s # [| = tickFree t
by (frule is-processT2- TR|rule-format],
stmp add: front-tickFree-def tickFree-rev)

corollary append-single-T-imp-tickFree : t Q [a] € T P = tickFree t
by (simp add: append-T-imp-tickFree)

lemma F-subset-imp-T-subset: F PC F Q= T PCT Q
by (auto simp: subsetD T-F-spec[symmetric])

lemma is-processT6-S2: tick ¢ X = [tickl e T P = ([], X) e F P
by (erule is-processT6-S1, simp add: T-F-spec)

lemma is-processT9-tick: [tick] € D P = front-tickFree s = s € D P
apply(rule append.simps(1) [THEN subst, of - s])

apply(rule is-processT7-S, simp-all)

apply (rule is-processT9 [rule-format], simp)
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done

lemma T-nonTickFree-imp-decomp: t € T P = — tickFree t = Js. t = s Q
[tick]
by (auto elim: is-processT2-TR|rule-format] nonTickFree-n-frontTickFree)

2.6 Process Approximation is a Partial Ordering,
a Cpo, and a Pcpo

The Failure/Divergence Model of CSP Semantics provides two orderings:
The approzimation ordering (also called process ordering) will be used for
giving semantics to recursion (fixpoints) over processes, the refinement or-
dering captures our intuition that a more concrete process is more deter-
ministic and more defined than an abstract one.

We start with the key-concepts of the approximation ordering, namely the
predicates min_elems and Ra (abbreviating refusals after). The former
provides just a set of minimal elements from a given set of elements of type-
class ord ...

definition min-elems :: ('s::ord) set = 's set
where min-elems X = {se€ X.Vt. t € X — = (t < 3)}

lemma Nil-min-elems : [| € A = [| € min-elems A
by (simp add: min-elems-def)

lemma min-elems-le-self [simp] : (min-elems A) C A
by (auto simp: min-elems-def)

lemmas elem-min-elems = Set.set-mp[OF min-elems-le-self]

lemma min-elems-Collect-ftEF-is-Nil : min-elems (Collect front-tickFree) = {[]}
apply(auto simp: min-elems-def le-list-def)

apply(drule front-tickFree-charn| THEN 4ffD1])

apply(auto dest!: tickFree-implies-front-tickFree)

done

lemma min-elemss :
assumes A: (z::'a list) € A
shows ds<z. s € min-elems A
proof —
have x : !l (x::'a list) (A::a list set) (n::nat).
x € AN length x < n — (Is<z. s € min-elems A)
apply (rule-tac x=z in spec)
apply(rule-tac n=n in nat-induct)
apply(auto simp: Nil-min-elems)
apply(case-tac 3 y. y € A A y < z,auto)
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apply(rename-tac A na z y, erule-tac x=y in allE, simp)
apply(erule impE drule less-length-mono, arith)
apply(safe, rename-tac s, rule-tac z=s in exl,simp)
apply(rule-tac z=x in exl, simp add:min-elems-def)
done
show ?thesis by (rule-tac n=length = in *[rule-format],simp add:A)
qed

lemma min-elems: A # {} = Is. (s :: 'a trace) € min-elems A
by (auto dest: min-elems))

lemma min-elems-charn: t € A = 3 t' r. t = (' Q r) A t' € min-elems A
by (drule min-elems5[simplified le-list-def], auto)

lemmas min-elems-ex = min-elems-charn

lemma min-elems-no: (z::'a list) € min-elems A =t A= t<z =z =1
by (metis (no-types, lifting) less-list-def mem-Collect-eq min-elems-def)

... while the second returns the set of possible refusal sets after a given trace
s and a given process P:

definition Ra :: [‘a process, ‘a trace] = (‘a refusal set) (Rq)
where R, Ps={X. (s, X) € F P}

In the following, we link the process theory to the underlying fixpoint/do-
main theory of HOLCF by identifying the approximation ordering with
HOLCEF’s pcpo’s.

instantiation
process i (type) below
begin

declares approximation ordering _ T _ also written _ << _

definition le-approz-def : PC Q=D QC D P A
(Vs.s¢ DP—Ry,Ps=R, Qs) A
min-elems (D P) C T Q

The approximation ordering captures the fact that more concrete processes
should be more defined by ordering the divergence sets appropriately. For
defined positions in a process, the failure sets must coincide pointwise; more-
over, the minimal elements (wrt. prefix ordering on traces, i.e. lists) must
be contained in the trace set of the more concrete process.

instance ..

end

lemma le-approxl: PCQ — D Q C D P
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by (simp add: le-approz-def)

lemma le-approz2: | PCQ; s ¢ D P] = (s,X) € F Q = ((s,X) € F P)
by (auto simp: Ra-def le-approz-def)

lemma le-approx3: P C @ = min-elems(D P) C T Q
by (simp add: le-approz-def)

lemma le-approz2T: | PCQ; s ¢ DP] = s€T Q= (s€T P)
by (auto simp: le-approx2 T-F-spec[symmetric])

lemma le-approxz-lemma-F : PCQ — F Q C F P
apply (subst F-D-partof Q], subst F-D-part[of P])
apply(auto simp:le-approx-def Ra-def min-elems-def)
done

lemmas order-lemma = le-approz-lemma-F

lemma le-approz-lemma-T: PCQ — T Q C T P
by(auto dest!:le-approz-lemma-F simp: T-F-spec[symmetric])

lemma proc-ord2¢: PC Q= s¢DP = ((s,X) e FP)=((s,X) € FQ)
by (auto simp: le-approz-def Ra-def)

instance
process :: (type) po
proof
fix P::'a process
show P C P by(auto simp: le-approz-def min-elems-def elim: Process.D-T)
next
fix P Q ::'a process
assume A:P C (Q and B:QQ C P thus P = @
apply (insert A{[THEN le-approxl| B[THEN le-approx1])
apply (insert A|{THEN le-approxz-lemma-F| B[THEN le-approz-lemma-F))
by (auto simp: Process-eg-spec)
next
fix P Q R ::'a process
assume A: PC (Qand B: Q C Rthus PC R
proof —
have C: D RCDUP
by (insert A{[THEN le-approxz1] B[THEN le-approz1], auto)
have D :Vs.s ¢ DP — {X. (s, X) e F P} ={X. (s, X) € F R}
apply(rule alll, rule impl, rule set-eql, simp)
apply(frule A[THEN le-approxzl, THEN Set.contra-subsetD))
apply(frule BITHEN le-approxl, THEN Set.contra-subsetD))
apply(drule A|{THEN le-approxz2], drule B[THEN le-approxz2)])
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apply auto
done
have E : min-elems (D P) C T R
apply(insert B[THEN le-approx3] A|[THEN le-approz3] )
apply (insert B{THEN le-approz-lemma-T) A[THEN le-approz1] )
apply (rule subsetl, simp add: min-elems-def, auto)
apply(rename-tac z, case-tac x € D Q)
apply(drule-tac B =T R and t=x
in subset-iff[THEN iffD1,rule-format], auto)
apply (subst B [THEN le-approz2T),simp)
apply(rename-tac x, drule-tac B =T @ and t=z
in subset-iff[THEN iff D1 ,rule-format],auto)
done
show ?thesis
by(insert C D E, simp add: le-approz-def Ra-def)
qed
qged

At this point, we inherit quite a number of facts from the underlying HOLCF
theory, which comprises a library of facts such as chain, directed(sets),
upper bounds and least upper bounds, etc.

Some facts from the theory of complete partial orders:

Porder.chainE : chain ?Y = ?Y 2i C ?2Y (Suc %)
o Porder.chain_mono : [chain ?Y; % < 9j] = ?Y 2% C ?Y %j
o Porder.is_ubD: [%5 <| %u; %z € 25] = %z C %u

e Porder.ub_rangel :
(A\i. 25 ¢ C %) = range 25 <| %x

o Porder.ub_imageD : [?f ¢ 25 <| %u; %z € ?5] = f %2 C %u
o Porder.is_ub_upward : [¢S <| %z; %z C %y] = 25 <| %y
o Porder.is_lubD1l: 25 <<| %z — %S <| %z

o Porder.is_lublI: [%S <| %z; Au. 95 <| u = %z C u] = 25 <<|
o

o Porder.is_lub_maximal : [?S <| %z; %z € 25] = 25 <<| %
o Porder.is_lub_lub: ?M <<| %z = ?M <<| lub ?M

e Porder.is_lub_range_shift:
chain 7S = range (Xi. 25 (i + ?j)) <<| %z = range 25 <<| %x

o Porder.is_lub_rangeD1: range 7S <<| %z = 25 % C %z
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o Porder.lub_eql: ?M <<| %l = lub ?M = %I
o Porder.is_lub_unique:[%5 <<| %z; 25 <<| ?%y] = %z = %y

definition lim-proc :: ('a process) set = '« process
where lim-proc (X) = Abs-process () (F ‘ X), () (D ‘X))

lemma min-elems3: s Q [¢] € D P = s Q [¢] ¢ min-elems (D P) = s€ D P
apply(auto simp: min-elems-def le-list-def less-list-def)
apply(rename-tac t )
apply(subgoal-tac t < s)
apply(subgoal-tac r # [])
apply(simp add: le-list-def)
apply(auto introl: is-processT7-S append-eq-first-pref-spec)
apply(auto dest!: D-T)
apply(simp-all only: append-assoc|[symmetric],
drule append-T-imp-tickFree,
simp-all add: tickFree-implies-front-tickFree)+
done

NN N N N

lemma min-elemsl: s ¢ D P = s Q [c] € D P = 5 Q [¢] € min-elems (D P)
by (erule contrapos-np, auto elim!: min-elems3)

lemma min-elems2: s ¢ D P = sQ[c(Je DP= PLCL S = QL S = (s
@l {})eFQ

apply(frule-tac P=Q and Q=S in le-approz-lemma-T)

apply(simp add: T-F-spec)

apply(rule-tac A=T S in subsetD, assumption)

apply(rule-tac A=min-elems(D P) in subsetD)

apply(simp-all add: le-approz-def min-elems?)
done

lemma min-elems6: s ¢ D P = sQ[c]eDP=— PL S = (sQ]c, {}) €
FS

by (auto introl: min-elems?2)

lemma ND-F-dir2: s ¢ DP = (s, {}) e FP=PL S = QLC S = (s,
Here

apply(frule-tac P=Q and Q=S in le-approz-lemma-T)

apply(simp add: le-approx-def Ra-def T-F-spec, safe)

apply((erule-tac z=s in allE)+,simp)

apply (drule-tac z={} in egset-imp-iff, auto simp: T-F-spec)
done — orig version

lemma ND-F-dir2. s ¢ DP=—=sc€TP=—=PLS= QL S=seT Q
apply(frule-tac P=Q and Q=S in le-approz-lemma-T)
apply(simp add: le-approz-def Ra-def T-F-spec, safe)
apply((erule-tac x=s in allE)+,simp)
apply(drule-tac x={} in egset-imp-iff, auto simp: T-F-spec)
done
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lemma chain-lemma: [chain S] = SiC SkV SEkC S
by (case-tac i < k, auto intro:chain-mono chain-mono-less)

lemma is-process-REP-LUB:
assumes chain: chain S

shows is-process ([ (F ‘range S), () (D * range S))

proof (auto simp: is-process-def)
show ([, {}) € FAILURES ([ a:nat. F (S a), () a:nat. D (S a))
by (auto simp: FAILURES-def is-processT)
next
fix s::’a trace fix X::'a event set
assume A4 : (s, X) € (FAILURES () a = nat. F (S a), () a:: nat. D (S a)))
thus front-tickFree s
by (auto simp: DIVERGENCES-def FAILURES-def
introl: is-processT2[rule-format])
next
fix s t:'a trace
assume (s @ ¢, {}) € FAILURES (| a:nat. F (S a), [ a:nat. D (S a))
thus (s, {}) € FAILURES ([ a:nat. F (S a), () a:nat. D (S a))
by (auto simp: DIVERGENCES-def FAILURES-def
intro: is-process T3 [rule-format])
next
fix s::'a trace fix X Y ::'a event set
assume (s, Y) € FAILURES () a:nat. F (S a), [\ a:nat. D(S a)) and X C
Y
thus (s, X) € FAILURES () a:nat. F (S a), () a:nat. D(S a))
by (auto simp: DIVERGENCES-def FAILURES-def
intro: is-processT4 [rule-format])
next
fix s::'a trace fix X Y :: 'a event set
assume A:(s, X) € FAILURES () a=nat. F (S a), ) a:nat. D (S a))
assume BV c¢. c€Y — (sQ[c| {})¢FAILURES(( a:nat. F(S a),() a:nat.
D(S a))
thus (s, X U Y) € FAILURES ([ a:nat. F (S a), () a:nat. D (S a))

What does this mean: All trace prolongations c in all Y, which are blocking in the
limit, will also occur in the refusal set of the limit.

using A B chain
proof (auto simp: DIVERGENCES-def FAILURES-def,
case-tac ¥ z. x € (range S) — (s, X U Y) € F «z,
simp-all add: DIVERGENCES-def FAILURES-def ,rename-tac a,
case-tac s ¢ D (S a),simp-all add: is-processT8)
fix a:nat
assume X: Va. (s, X) € F (S a)
have X-ref-at-a: (s, X) € F (S a)
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using X by auto
assume Y:Ve. c€ Y — (Fa. (s @[], {}) ¢ F (S a))
assume defined: s ¢ D (S a)
show (s:'a trace, X U Y) € F (S a)
proof(auto simp:X-ref-at-a
introl: is-processT5[rule-format],
frule Y[THEN spec, THEN mp], erule exE,
erule-tac Q=(s Q [c], {}) € F (S a) in contrapos-pp)
fix c::'a event fix a’ :: nat
assume s-c-trace-not-trace-somewhere: (s Q [c], {}) ¢ F (S a’)
show (s @ [¢], {}) ¢ F (S a)
proof (insert chain-lemma|OF chain, of a a'],erule disjE)
assume before: S a C S a’
show (s @ [d], {}) ¢ F (5 a)
using s-c-trace-not-trace-somewhere before
apply(case-tac s Q [c] ¢ D (S a),
simp-all add: T-F-spec before] THEN le-approx2T,symmetric])
apply(erule contrapos-nn)
apply(simp only: T-F-spec[symmetric])
apply(auto dest!:min-elems6[OF defined))
done
next
assume after:S a’'C S a
show (s @ [c], {}) ¢ F (S a)
using s-c-trace-not-trace-somewhere
by (simp add: T-F-spec after[THEN le-approz2T]
s-c-trace-not-trace-somewhere] THEN NF-ND))
qed
qed
qed
next
fix s::’a trace fix X::'a event set
assume (s Q [tick], {}) € FAILURES ([ a:nat. F (S a), [ a:nat. D (S a))
thus (s, X — {tick}) € FAILURES ([ a:nat. F (S a), () a:nat. D (S a))
by(auto simp: DIVERGENCES-def FAILURES-def
introl : is-process T6|rule-format))
next
fix s ¢ ::"a trace
assume s : DIVERGENCES ([ a:nat. F (S a), () a:nat. D (S a))
and  tickFree s and front-tickFree t
thus s @ ¢ € DIVERGENCES ((\ a:nat. F (S a), () aznat. D (S a))
by(auto simp: DIVERGENCES-def FAILURES-def
intro: is-processT7[rule-format])
next
fix s::’a trace fix X::'a event set
assume s € DIVERGENCES () a:nat. F (S a), (] a:nat. D (S a))
thus (s, X) € FAILURES ([ a:nat. F (S a), [\ a:nat. D (S a))
by (auto simp: DIVERGENCES-def FAILURES-def
intro: is-processT8[rule-format])
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next
fix s::'a trace
assume s Q [tick] € DIVERGENCES ([ a:nat. F (S a), () a:nat. D (S a))
thus s € DIVERGENCES () a:nat. F (S a), () aznat. D (S a))
by (auto simp: DIVERGENCES-def FAILURES-def
intro: is-processT9[rule-format])
qed

lemmas Rep-Abs-LUB = Abs-process-inverse[simplified Rep-process,
simplified, OF is-process-REP-LUB,
simplified)

lemma F-LUB: chain S = F(lim-proc(range S)) = () (F  range S)
by (simp add: lim-proc-def , subst Failures-def, auto simp: FAILURES-def Rep-Abs-LUB)

lemma D-LUB: chain S = D(lim-proc(range S)) = () (D ‘ range S)
by (simp add: lim-proc-def , subst D-def, auto simp: DIVERGENCES-def Rep-Abs-LUB)

lemma T-LUB: chain S = T (lim-proc(range S)) = () (T * range S)
apply(simp add: lim-proc-def , subst Traces-def)

apply(simp add: TRACES-def FAILURES-def Rep-Abs-LUB)
apply(auto intro: F-T, rule-tac x={} in exl, auto intro: T-F)

done

schematic-goal D-LUB-2: chain S = t € D(lim-proc(range S)) = ?X
apply(subst D-LUB, simp)
apply(rule trans, simp)

apply (simp)
done

schematic-goal T-LUB-2: chain S = (t € T (lim-proc (range S))) = ?X
apply(subst T-LUB, simp)
apply(rule trans, simp)

apply(simp)
done

2.7 Process Refinement is a Partial Ordering

The following type instantiation declares the refinement order _ < _ written
<= _. It captures the intuition that more concrete processes should be
more deterministic and more defined.

instantiation
process :: (type) ord
begin

definition le-ref-def : P< Q=D QCDPANFQCFP
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definition less-ref-def : (P::'a process) < Q = P < QAP # Q
instance ..
end

Note that this just another syntax to our standard process refinement order
defined in the theory Process.

lemma le-approx-implies-le-ref:  (P::'a process) T Q = P < @
by(simp add: le-ref-def le-approx1 le-approz-lemma-F)

lemma le-ref1: P<Q=DQRCDP
by (simp add: le-ref-def)

lemma le-ref2: P<Q=FQCFP
by (simp add: le-ref-def)

lemma le-ref2T : P<Q=T QCTFP
by (rule subsetl) (simp add: T-F-spec[symmetric] le-ref2[THEN subsetD])

instance process :: (type) order
proof
fix P Q R :: '« process
{
show (P< Q)=(P<QA-Q< P)
by (auto simp: le-ref-def less-ref-def Process-eq-spec)
next
show P < P by(simp add: le-ref-def)
next
assume P < Q and Q < R then show P < R
by (simp add: le-ref-def, auto)
next
assume P < @ and @ < P then show P = @
by (auto simp: le-ref-def Process-eq-spec)
}

qed

lemma lim-proc-is-ub:chain S = range S <| lim-proc (range S)
apply (auto simp: is-ub-def le-approz-def F-LUB D-LUB T-LUB Ra-def)
using chain-lemma is-processT8 le-approx2 apply blast
using D-T chain-lemma le-approx2T le-approz-def by blast

lemma lim-proc-is-lubl: chain S =V u . (range S <| w — D u C D (lim-proc
(range S5)))
by (auto simp: D-LUB, frule-tac i=a in Porder.ub-rangeD, auto dest: le-approzl)

lemma lim-proc-is-lub2:
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chain S =V u . range S <| uw — (¥ s. s ¢ D (lim-proc (range S))
— Ra (lim-proc (range S)) s = Ra u $)

apply(auto simp: is-ub-def D-LUB F-LUB Ra-def)

using proc-ord2a apply blast

using is-processT8-S proc-ord2a by blast

lemma lim-proc-is-lub3a: front-tickFree s = s ¢ D P — (Vt.t € DP — — ¢
< s Q [c])
apply(rule impl, erule contrapos-np, auto)
apply (auto simp: le-list-def less-list-def)
by (metis D-def butlast-append butlast-snoc
front-tickFree-mono is-process7 is-process-Rep self-append-conv)

lemma lim-proc-is-lub3b:
assumes [ : V.2 € X — Vaa. za e Dz A (Vt.t €Dz — -t < za) —
za €T u)
and 2:2a€ X
and 3:Vza.za € X — z €D za
and 4 :Vt (Vz.zeX —teDz) —-t<z
shows €T u
proof (cases Vt. t € D za — — t < x)
case True from «Vt. t € D za — -t < 1» show Zthesis using 1 2 3 by
stmp
next
case Fualse from (—=(Vit. t € Dza — — t < z)» and 3 4
have A: Jyrc ye X Ar¢é¢DyAreDaaArQlc=xz
by (metis D-imp-front-tickFree front-tickFree-charn
less-self lim-proc-is-lub3a nil-less
tickFree-implies-front-tickFree)
show ?thesis
apply(insert A) apply(erule exE)+
using 1 8 D-imp-front-tickFree lim-proc-is-lub3a by blast
qed

lemma lim-proc-is-lub3c:
assumes *:chain S

and xx: X = range S — protection for range - otherwise auto unfolds and gets
lost

shows V u. X <| v — min-elems(D (lim-proc X)) C T u

proof —

have B : D (lim-proc X) = (D ‘ X) by(simp add: x *x D-LUB)
show ?thesis
apply(auto simp: is-ub-def * *x)
apply(auto simp: B min-elems-def le-approz-def HOL.imp-conjR HOL.all-conj-distrib
Ball-def)
apply(simp add: subset-iff imp-conjL[symmetric])
apply (rule lim-proc-is-lub3blof range S, simplified))
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using *x B by auto
qed

lemma limproc-is-lub: chain S = range S <<| lim-proc (range S)
apply (auto simp: is-lub-def lim-proc-is-ub)

apply (simp add: le-approx-def is-lub-def lim-proc-is-ub)

by (simp add: lim-proc-is-lub1 lim-proc-is-lub2 lim-proc-is-lub3c)

lemma limproc-is-thelub: chain S = Lub S = lim-proc (range S)
by (frule limproc-is-lub,frule Porder.po-class.lub-eql, simp)

instance

process :: (type) cpo
proof

fix S ::mat = 'a process

assume C:chain S

thus 3 z. range S <<| = using limproc-is-lub by blast
qed

instance
process :: (type) pepo
proof
show 3 z::'a process. V y::'a process. z C y
proof —
have is-process-witness :
is-process({(s,X). front-tickFree s},{d. front-tickFree d})
apply (auto simp:is-process-def FAILURES-def DIVERGENCES-def)
apply(auto elim!: tickFree-implies-front-tickFree front-tickFree-dw-closed
front-tickFree-append)
done
have bot-inverse :
Rep-process(Abs-process({(s, X). front-tickFree s},Collect front-tickFree))=
({(s, X). front-tickFree s}, Collect front-tickFree)
by (subst Abs-process-inverse, simp-all add: Rep-process is-process-witness)
have divergences-frontTickFree:
Ay z. © € snd (Rep-process y) = front-tickFree
by (rule D-imp-front-tickFree, simp add: D-def DIVERGENCES-def)
have failures-frontTickFree:
Ny s z. (s, x) € fst (Rep-process y) => front-tickFree s
by (rule is-processT2[rule-format],
simp add: Failures-def FAILURES-def)
have minelems-contains-mt:
Ay z. © € min-elems (Collect front-tickFree) = = = ]
by (simp add: min-elems-def front-tickFree-charn,safe,
auto simp: Nil-elem-T)
show ?thesis
apply (rule-tac x=Abs-process ({(s,X). front-tickFree s},{d. front-tickFree d})
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in exl)

apply(auto simp: le-approx-def bot-inverse Ra-def
Failures-def D-def FAILURES-def DIVERGENCES-def
divergences-front TickFree failures-frontTickFree)

apply (metis minelems-contains-mt Nil-elem-T )

done

qged
qed

2.8 Process Refinement is Admissible

lemma le-adm[simp]: cont (u::('a::cpo) = 'b process) = monofun v = adm(Az.
vz < v
proof (auto simp add:le-ref-def cont2contlubE adm-def, goal-cases)
case (1 Y z)
hence v (Yi) C v (|| Y4) for i by (simp add: is-ub-thelub monofunkE)
hence D (v (| ]i. Yi)) € D (u (Y 4)) for ¢ using 1(4) le-approxl by blast
then show ?case
using D-LUB[OF ch2ch-cont[OF 1(1) 1(38)]] limproc-is-thelub[OF ch2ch-cont| OF
1(1) 1(38)]] 1(5) by force
next
case (2 Yab)
hence v (Y i) C v (| |i. Y4) for i by (simp add: is-ub-thelub monofunkE)
hence F (v (| |i. Y i)) C F (u (Y 9)) for ¢ using 2(4) le-approz-lemma-F by
blast
then show ?case
using F-LUB[OF ch2ch-cont[OF 2(1) 2(8)]] limproc-is-thelub| OF ch2ch-cont[OF
2(1) 2(3)]] 2(5) by force
qed

lemmas le-adm-cont[simp] = le-adm[OF - cont2mono)

2.9 The Conditional Statement is Continuous

The conditional operator of CSP is obtained by a direct shallow embedding.
Here we prove it continuous

lemma if-then-else-cont|simp):
assumes x:(Az. P x = cont ((f::'c = (‘a::cpo) = 'b process) x))
and  #x:(Az. - Pz = cont (g z))
shows Az. cont(Ay. if P x then fx y else g x y)
using * x* by (auto simp:cont-def)

end
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Chapter 3

The CSP Operators

3.1 The Undefined Process

theory Bot
imports  Process
begin

definition BOT :: 'a process
where  BOT = Abs-process ({(s,X). front-tickFree s}, {d. front-tickFree d})

lemma is-process-REP-Bot :
is-process ({(s,X). front-tickFree s}, {d. front-tickFree d})
by (auto simp: tickFree-implies-front-tickFree is-process-def
FAILURES-def DIVERGENCES-def
elim: Process.front-tickFree-dw-closed
elim: Process.front-tickFree-append)

lemma Rep-Abs-Bot : Rep-process (Abs-process ({(s,X). front-tickFree s} ,{d. front-tickFree

d})) =
({(s,X). front-tickFree s},{d. front-tickFree d})
by (subst Abs-process-inverse, simp-all only: Collect] Rep-process is-process-REP-Bot)

lemma F-Bot: F BOT = {(s,X). front-tickFree s}
by(simp add: BOT-def FAILURES-def Fuailures-def Rep-Abs-Bot)

lemma D-Bot: D BOT = {d. front-tickFree d}
by(simp add: BOT-def DIVERGENCES-def D-def Rep-Abs-Bot)

lemma T-Bot: T BOT = {s. front-tickFree s}
by(simp add: BOT-def TRACES-def Traces-def FAILURES-def Rep-Abs-Bot)

This is the key result: 1. — which we know to exist from the process instan-
tiation — is equal Bot .

lemma BOT-is-UU[simp]: BOT = L

43
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apply(auto simp: Pcpo.eg-bottom-iff Process.le-approx-def Ra-def
min-elems-Collect-ftF-is-Nil Process.Nil-elem-T
F-Bot D-Bot T-Bot
elim: D-imp-front-tickFree)
apply(metis Process.is-processT2)
done

lemma F-UU: F L = {(s,X). front-tickFree s}
using F-Bot by auto

lemma D-UU: D L = {d. front-tickFree d}
using D-Bot by auto

lemma T-UU: T L = {s. front-tickFree s}
using T-Bot by auto

end

3.2 The SKIP Process

theory Skip
imports Process
begin

definition SKIP :: 'a process
where  SKIP = Abs-process ({(s, X). s =[] A tick ¢ X} U {(s, X). s = [tick]},
{H

lemma is-process-REP-SKIP:

is-process ({(s, X). s =[] A tick ¢ X} U {(s, X). s = [tick]}, {})

apply(auto simp: FAILURES-def DIVERGENCES-def front-tickFree-def is-process-def)
apply(erule contrapos-np,drule neq-Nil-conv[ THEN iffD1], auto)

done

lemma is-process-REP-SKIP2:
is-process ({[|} x {X. tick ¢ X} U {(s, X). s = [tick]}, {})
using is-process-REP-SKIP by auto

lemmas process-prover = Rep-process Abs-process-inverse
FAILURES-def TRACES-def
DIVERGENCES-def is-process-REP-SKIP

lemma F-SKIP:
F SKIP = {(s, X). s =[] A tick ¢ X} U {(s, X). s = [tick]}
by(simp add: process-prover SKIP-def Failures-def is-process-REP-SKIP2)

lemma D-SKIP: D SKIP = {}
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by (simp add: process-prover SKIP-def D-def is-process-REP-SKIP2)

lemma T-SKIP: T SKIP ={{],[tick]}
by(auto simp: process-prover SKIP-def Traces-def is-process-REP-SKIP2)

end

3.3 The STOP Process

theory Stop
imports  Process
begin

definition STOP :: 'a process
where  STOP = Abs-process ({(s, X). s = [|}, {})

lemma is-process-REP-STOP: is-process ({(s, X). s = [|}.{})
by (simp add: is-process-def FAILURES-def DIVERGENCES-def)

lemma Rep-Abs-STOP : Rep-process (Abs-process ({(s, X). s = [[},{})) = ({(s,
X). s = [}1{})

by (subst Abs-process-inverse, simp add: Rep-process is-process-REP-STOP, auto)

lemma F-STOP : F STOP = {(s,X). s = [}
by(simp add: STOP-def FAILURES-def Failures-def Rep-Abs-STOP)

lemma D-STOP: D STOP = {}
by (simp add: STOP-def DIVERGENCES-def D-def Rep-Abs-STOP)

lemma T-STOP: T STOP = {[|}
by(simp add: STOP-def TRACES-def FAILURES-def Traces-def Rep-Abs-STOP)

end

3.4 Deterministic Choice Operator Definition

theory Det
imports Process
begin

3.4.1 Definition

definition
Det i [ process,’a process] = ‘o process (infixl [+] 79)
where P [+] Q = Abs-process( {(s,X). s=[ A (s,X) e F PNF Q}
U{(s,X). s#[ AN (s,X) e FPUF Q}
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=AseDPUD Q}
=[] A tick ¢ X A [tickl € T PUT Q},

notation

Det (infixl O 79)
term «(AO0 B)O D' = C)»
lemma is-process-REP-Det:

is-process ({(s, X). s=[] A (s, X) e FPNF Q} U
{(s, X).s#[| A (s, X) e FPUF Q} U

|
{(s5, X).s=[]]ANseDPUD Q} U
{(s, X). s =[] A tick ¢ X A [tickle T PUT Q},
DPUD Q)

(is is-process(?T,?D))
proof (simp only: fst-conv snd-conv Rep-process is-process-def
DIVERGENCES-def FAILURES-def, intro conjl)
show ([], {}) € ¢T
by (simp add: is-processT1)
next
show Vs X. (s, X) € 2T — front-tickFree s
by (auto simp: is-processT?2)
next
show Vst (s@Qt, {}) e ?T — (s,{}) € ?T
by (auto simp: is-processT1 dest!: is-processT3[rule-format])
next
showVs X Y. (s, V) e %TAXCY — (s, X) € ?T
by (auto dest: is-processT4 [rule-format,OF conj-commute]| THEN iffD1],0F
conjlI])
next
show Vsa X Y. (sa, X) € T A (Ve.c€ Y — (sa Q [c], {}) ¢ ?T) —
(sa, X U Y) e ?T
by (auto simp: is-processT5 T-F)
next
show Vs X. (s @ [tick], {}) € 9T — (s, X — {tick}) € ?T
apply((rule alll)+, rule impl, rename-tac s X)
apply (case-tac s=[], simp-all add: is-processT6|rule-format] T-F-spec)
by (auto simp: is-processT6[rule-format] T-F-spec)
next
show Vs t. s € 2D A tickFree s A\ front-tickFree t — s Q t € 2D
by (auto simp: is-processT7)
next
show Vs X. s € 2D — (s, X) € ?T
by (auto simp: is-processT8[rule-format))
next
show Vs. s Q [tick] € 2D — s € ¢D
by (auto introl:is-processT9|[rule-format])
qed
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lemma Rep-Abs-Det:
Rep-process
(Abs-process

{(s, X).s=]A (s, X) e FPNF Q}U
{(s, X).s#[| A (s, X) e FPUF Q} U
{(s5, X).s=[]ANs€eDPUD Q} U
{(sy, X). s =[] A tick ¢ X A [tickle T PUT Q},
DPUD Q) =
{(s, X).s=[N (s, X) eFPNF Q} U
{(s;, X).s# [N (s, X) e FPUF Q} U
{(s, X). s=[]AseDPUD Q} U
{(s, X). s =[] A tick ¢ X A [tickl e T PUT Q},
DPUD Q)

by (simp only: Collect] Rep-process Abs-process-inverse is-process-REP-Det)

3.4.2 The Projections

lemma F-Det :
FPOQ = {sX).s=]A(s,X)eFPnNFQ}
U{(s,X).s#[ A (s,X)eF PUF Q}
U{(s,X).s=[]AseDPUD Q}
U{(s,X). s =[] A tick ¢ X A [tickl € T PUT Q}
by (subst Failures-def, simp only: Det-def Rep-Abs-Det FAILURES-def fst-conv)

3.4.3 Basic Laws

The following theorem of Commutativity helps to simplify the subsequent
continuity proof by symmetry breaking. It is therefore already developed
here:

lemma D-Det: D (PO Q)=DPUDQ
by (subst D-def, simp only: Det-def Rep-Abs-Det DIVERGENCES-def snd-conv)

lemma T-Det: T (PO Q) =T PUT Q
apply(subst Traces-def, simp only: Det-def Rep-Abs-Det TRACES-def FAIL-
URES-def
fst-def snd-conv)
apply(auto simp: T-F F-T is-processT1 Nil-elem-T)
apply(rule-tac z={} in ez, simp add: T-F F-T is-processT1 Nil-elem-T)+
done

lemma Det-commute:(P O Q) = (Q O P)
by (auto simp: Process-eq-spec F-Det D-Det)

3.4.4 The Continuity-Rule
lemma mono-Detl: PC Q = D (QO S)CD(POSY)
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apply (drule le-approxl)
by (auto simp: Process-eq-spec F-Det D-Det)

lemma mono-Det2:
assumes ordered: P T @
shows (V s.s¢D(POS)— Ra(POS)s=Ra(QONS)s)
proof —
have Ai\st. [|¢ DP=[|¢ DS = s=[ =
(L) eFP=(,)eFS—(t)eFQ
by (insert ordered,frule-tac X=t and s=|| in proc-ord2a, simp-all)
have B:Ast. s ¢ DP = s¢ D S =
(s#[[N({(s,t) EFPV(s,t) eFS) —(s,t) EFQV (s,t)eFS)A
(s =1 A tick ¢ t N ([tick] € T PV [tickle T S) —
(,t)ye FOQA(,t)e FSVI]eDQV [tickleT QV [tickl e T S)
apply (intro conjl impl, elim conjE disjE, rule disjI1)
apply(simp-all add: proc-ord2a|OF ordered,symmetric])
apply (elim conjE disjE,subst le-approx2T|[OF ordered))
apply(frule is-processT9-S-swap, simp-all)
done
have C: \s. s ¢ DP = s¢ D S =
{X.s=IA(X)eFQA(s,X)e FSV

sENAN(s, X) eFQV (s, X) e FS)V
s=[ANseDQVs=][Atick¢ XA
([tickl € T Q V [tick] € T S)}

C{X.s=[JA(, X)e FPA(s,X)eFSV
sZ[IAN(s, X) e FPV (s,X)eFS)V
s=1 A tick ¢ X N ([tickl € T PV [tickl € T S)}
apply (intro subsetl, frule is-processT9-S-swap, simp)
apply(elim conjE disjE, simp-all add: proc-ord2a[OF ordered,symmetric]
is-processT8-S)
apply (insert le-approz1[OF ordered] le-approz-lemma-T[OF ordered))
by (auto simp: proc-ord2a[OF ordered,symmetric])
show ?thesis
apply(simp add: Process-eq-spec F-Det D-Det Ra-def min-elems-def)
apply (intro alll impl equalityl C, simp-all)
apply (intro alll impl subsetl, simp)
apply(metis A B)
done
qed

lemma mono-Det3: P C @ = min-elems (D (PO S)) C T (Q O S)

apply (frule le-approx3)
apply (simp add: Process-eq-spec F-Det T-Det D-Det Ra-def min-elems-def sub-

set-iff)
apply (auto intro:D-T)
done

lemma mono-Det[simp] : PC Q@ = (PO S)C (QOS)
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by (auto simp: le-approz-def mono-Detl mono-Det2 mono-Det3)

lemma mono-Det-sym[simp] : PC Q@ = (SO P)C (SO Q)
by (simp add: Det-commute)

lemma cont-Det0:
assumes C' : chain Y
shows (lim-proc (range Y) O S) = lim-proc (range (Ai. Y i O 5))
proof —
have C':chain (Ai. Y i O S)
by (auto introl:chainl simp:chainE[OF C|)
show ?thesis
apply (subst Process-eg-spec)
apply (simp add: D-Det F-Det)
apply(simp add: F-LUB[OF C| D-LUB[OF C] T-LUB|OF C] F-LUB[OF ('
D-LUB|OF C'| T-LUB|OF C"))
apply (safe)
apply(auto simp: D-Det F-Det T-Det)
using NF-ND apply blast
using is-processT6-S2 is-processT8 apply blast
apply (metis D-T append-Nil front-tickFree-single process-charn tickFree-Nil)
using NF-ND is-processT6-5S2 apply blast
using NF-ND is-processT6-S2 by blast
qed

lemma cont-Det:

assumes C: chain Y

shows ((|]4 Yi9)OS)=(]:i(YiOJs))
apply (insert C)

apply (subst limproc-is-thelub, simp)
apply (subst limproc-is-thelub)
apply(rule chainl)

apply(frule-tac i=1{ in chainE)
apply(simp)

apply (erule cont-Det0)

done

lemma cont-Det":
assumes chain:chain Y
shows ((| | . Y9 OS) = (] (YiONs))
proof —
have chain’.chain (A\i. Y i O S)
by (auto introl:chainl simp: chainE[OF chain])
have B:F (lim-proc (range Y) O S) C F (lim-proc (range (Ai. Y i O S)))
apply(simp add: D-Det F-Det F-LUB T-LUB D-LUB chain chain’)
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apply (intro conjl subsetl, simp-all)
by (auto split:prod.split prod.split-asm)
have C:F (lim-proc (range (Ai. Y i O 5))) C F(lim-proc (range Y) O S)
proof —
have C1 : Nba ab ac. Va. ([, ba) € F (Ya) A (], ba) e FSV [ €D (Ya)
=
€D (Yab) = [ ¢DS = tick€ ba= (], ba) € F (Y ac)
using is-processT8 by auto
have C2 : Aba ab ac ad D.Va. ([], ba) € F (Ya) A ([], ba) e F SV [ €D
(Y a)
V tick ¢ ba A [tick] € T (Y o) =
(¢D(Y ab) = [J[¢D S = ([],ba)¢ F(Y ac) = [tick] ¢ T S =
[tick]eT (Y ad)
using NF-ND is-processT6-5S2 by blast
have C3: Aba ab ac. Va. [] € D (Y a) V tick ¢ ba A [tickl € T (Y a) =
l¢D(Yab) = [¢DS= ([, ba) ¢ F 5=
[tick] ¢ T S = [tick] € T (Y ac)
by (metis D-T append-Nil front-tickFree-single process-charn tick-
Free-Nil)
show ?thesis
apply(simp add: D-Det F-Det F-LUB T-LUB D-LUB chain chain’)
apply (rule subsetl, simp)
apply(simp split:prod.split prod.split-asm)
apply (intro olll impl,simp)
by (metis C3 is-processT6-S2 is-processT8-9)
qed
have D:D (lim-proc (range Y) O S) = D (lim-proc (range (Ai. Y i O S5)))
by (simp add: D-Det F-Det F-LUB T-LUB D-LUB chain chain’)
show ?thesis
by (simp add: chain chain’ limproc-is-thelub Process-eq-spec equalityl B C' D)
qed

lemma Det-cont[simp]:
assumes f:cont f
and g:cont g
shows  cont (Az. fz O g x)
proof —
have A : Az. cont f = cont (\y. y O fz)
apply (rule contI2,rule monofunl)
apply (auto)
apply (subst Det-commute,subst cont-Det)
apply (auto simp: Det-commute)
done
have B : Ay. cont f = cont (\z. y O fz)
apply (rule-tac ¢c=(\ z. y O z) in cont-compose)
apply (rule contI2,rule monofunl)
apply (auto)
apply (subst Det-commute,subst cont-Det)
by (simp-all add: Det-commute)
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show ?thesis using f g
apply(rule-tac f=(Az. (A g. fz O g)) in cont-apply)
apply(auto intro:contI2 monofunl simp:Det-commute A B)
done
qed

end

3.5 Nondeterministic Choice Operator Definition

theory Ndet
imports Process
begin

3.5.1 Definition and Consequences

definition
Ndet  :: ['a process,’a process| = '« process (infixl |—| 80)
where P |—| Q = Abs-process(F PUF Q,D PUD Q)

notation
Ndet (infixl 1 80)

lemma is-process-REP-Ndet:
is-process (F PUF @Q ,D PUD Q)
proof (simp only: fst-conv snd-conv Rep-process is-process-def DIVERGENCES-def
FAILURES-def,
intro conjl)
show ([], {}) e (F PUF Q)
by (simp add: is-processT1)
next
show Vs X. (s, X) € (F PUF Q) — front-tickFree s
by (auto simp: is-processT2)
next
show Vst (sQt {}) e(FPUF Q) — (s,{}) e(FPUF Q)
by (auto simp: is-processT1 dest!: is-processT3[rule-format])
next
showVs X Y. (s, Y)e (FPUFQAXCY —(s5,X)e(FPUF Q)
by (auto dest: is-processT4[rule-format, OF conj-commute] THEN iffD1], OF
congl))
next
show Vsa X V. (sa, X) e (FPUF Q) AN (Ve.ce Y — (sa @ c], {}) ¢
(FPUF Q)
— (sa, XU Y)e (FPUF Q)
by (auto simp: is-processT5 T-F)
next
show Vs X. (s @ [tick], {}) € (FPUF Q) — (s, X — {tick}) e (F PUF
Q)
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apply((rule alll)+, rule impl)
apply(rename-tac s X, case-tac s=[|, simp-all add: is-processT6[rule-format]
T-F-spec)
apply(erule disjE, simp-all add: is-processT6[rule-format] T-F-spec)
apply (erule disjE,simp-all add: is-processT6 [rule-format] T-F-spec)
done
next
show Vst.s € D PUD QA tickFree s A front-tickFreet — s@Q t € D P U
DQ
by (auto simp: is-processT7)
next
showVs X.s€e DPUDQ — (s, X) e (FPUF Q)
by (auto simp: is-processT8|[rule-format])
next
show Vs. s Q [tickl e DPUD Q —se€DPUDQ
by (auto introl:is-processT9|[rule-format])
ged

lemma Rep-Abs-Ndet:
Rep-process(Abs-process(F PUF Q@ , DPUD Q) =(FPUFQ,DPUD

Q)
by (simp only: Collect] Rep-process Abs-process-inverse is-process-REP-Ndet)

3.5.2 Some Laws

The commutativity of the operator helps to simplify the subsequent conti-
nuity proof and is therefore developed here:

lemma F-Ndet : F (PN Q)=F PUF Q
apply (subst Failures-def)
apply (simp only: Ndet-def)
by (simp add: FAILURES-def Rep-Abs-Ndet)

lemma D-Ndet : D(PM Q) =D PUD Q
by (subst D-def, simp only: Ndet-def Rep-Abs-Ndet DIVERGENCES-def snd-conv)

lemma T-Ndet : T (PN Q)=T PUT Q
apply(subst Traces-def, simp only: Ndet-def Rep-Abs-Ndet TRACES-def FAIL-
URES-def

fst-def snd-conv)
apply(auto simp: T-F F-T is-processT1 Nil-elem-T)
apply(rule-tac ={} in exl, simp add: T-F F-T is-processT1 Nil-elem-T)+
done

lemma Ndet-commute: (P 11 Q) = (Q N P)
by (auto simp: Process-eq-spec F-Ndet D-Ndet)
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3.5.3 The Continuity Rule

lemma mono-Ndetl: PC Q =D (QNS)CD(PNSI)
apply(drule le-approx1)
by (auto simp: Process-eq-spec F-Ndet D-Ndet)

lemma mono-Ndet2: PC Q = (V s.s ¢ D(PMNS) — Ra (PN S) s= Ra
(@ 8)s)

apply (subst (asm) le-approz-def)

by (auto simp: Process-eq-spec F-Ndet D-Ndet Ra-def)

lemma mono-Ndet3: P C @ = min-elems (D (PN S)) CT (QMS)
apply(auto dest!:le-approx3 simp: min-elems-def subset-iff F-Ndet D-Ndet T-Ndet)
apply(erule-tac z=t in allE, auto)

by (erule-tac =[] in allE, auto simp: less-list-def Nil-elem-T D-T)

lemma mono-Ndet[simp] : PC Q = (PN S)C (Q M S9)
by (auto simp:le-approz-def mono-Ndet! mono-Ndet2 mono-Ndet3)

lemma mono-Ndet-sym[simp] : PC Q@ = (ST P)C (SN Q)
by (auto simp: Ndet-commute)

lemma cont-Ndet1:
assumes chain:chain Y
shows ((|] ¢ Yio)nS)=(] i (Yins))
proof —
have A : chain (Ai. Y i1 S)
apply (insert chain,rule chainl)
apply (frule-tac i=17 in chainFE)
by (simp)
show ?thesis using chain
by (auto simp add: limproc-is-thelub Process-eq-spec D-Ndet F-Ndet F-LUB
D-LUB A)
qed

lemma Ndet-cont[simp]:
assumes f: cont f
and g: cont g
shows cont (Az. fz M g x)
proof —
have A:\z. cont f = cont ¢ = cont (AX. (f z)1 X)
apply(rule contl2, rule monofunl)
apply(auto)
apply(subst Ndet-commute, subst cont-Ndetl)
by (auto simp:Ndet-commute)
have B:A\y. cont f = cont g = cont (Az. fz M y)
apply(rule-tac ¢c=(\ g. ¢ M y) in cont-compose)
apply(rule contI2,rule monofunl)



54 CHAPTER 3. THE CSP OPERATORS

by (simp-all add: cont-Ndetl)
show ?Zthesis using f g
by (rule-tac f=(\ z. (A g. fz M g)) in cont-apply, auto simp: A B)
qed

end

3.6 The Sequence Operator

theory Seq
imports Process
begin

3.6.1 Definition

abbreviation div-seq P Q = {t1 @ t2 |t t2. t1 € D P A tickFree tI A
front-tickFree t2}
U {t1 @ t2 |t1 t2. t1 Q [tick| € T P A t2 € D Q}

definition Seq :: ['a process,’a process] = 'a process (infixl ;5 74)
where P Q = Abs-process
{(¢, X). (t, X U {tick}) € F P A tickFree t} U
{(t, X). Jt1 t2. t = t1 Q t2 A t1 Q@ [tickl| € T P A (L2,
X)e F QU
{(t, X). t € div-seq P Q},
div-seq P Q)

lemma Seq-maintains-is-process:
is-process  ({(t, X). (t, X U {tick}) € F P A tickFree t} U
{(t, X). Jt1t2. t =t1 Qt2 AN tl Q [tickl € T P A (t2, X) €
F Qr U
{(t, X). t € div-seq P Q},
div-seq P @)
(is is-process(?f, 7d))
proof(simp only: fst-conv snd-conv Failures-def is-process-def FAILURES-def DI-
VERGENCES-def,
fold FAILURES-def DIVERGENCES-def,fold Failures-def intro conjl)
show ([}, {}) € 7
apply(cases [tick] € T P, simp-all add: is-processT1)
using F-T is-processT5-S6 by blast
next
show Vs X. (s, X) € ?f — front-tickFree s
by (auto simp:is-processT2 append-T-imp-tickFree front-tickFree-append D-imp-front-tickFree)

next
show Vst (s@Qt, {}) e 2f — (s, {}) € ?f
apply auto
apply (metis F-T append-Nil2 is-processT is-process T3-SR is-processT5-53)
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apply(simp add:append-eq-append-conv2)
apply (metis T-F-spec append-Nil2 is-processT is-processT5-S4)
apply (metis append-self-conv front-tickFree-append front-tickFree-mono
is-processT2-TR
no-Trace-implies-no-Failure non-tickFree-implies-nonMt non-tickFree-tick)
apply (metis (mono-tags, lifting) F-T append-Nil2 is-processT5-S3 pro-
cess-charn)
apply (metis front-tickFree-append front-tickFree-mono self-append-conv)
apply(simp add:append-eq-append-conv2)
apply (metis T-F-spec append-Nil2 is-processT is-processT5-S/)
by (metis D-imp-front-tickFree append-T-imp-tickFree front-tickFree-append
front-tickFree-mono not-Cons-self2 self-append-conv)
next
showVs X Y. (s, Y)e % NXCY — (s, X) € 7f
apply auto
apply (metis insert-mono is-processT4-S1 prod.sel(1) prod.sel(2))
apply (metis is-processT4)
apply (simp add: append-T-imp-tickFree)
by (metis process-charn)
next
{fixsa XY
have (sa, X U {tick}) € F P =
tickFree sa =
Ve.ce Y ANc#tick— (sa@Qlc], {}) ¢ F P=
(sa, X U Y U {tick}) € F P A tickFree sa
apply(rule-tac t=X U Y U {tick} and s=X U {tick} U (Y—{tick}) in
subst,auto)
by (metis DiffE Un-insert-left is-processTH singletonl)
} note is-processT5-SEQH3 = this
have is-processT5-SEQH/ :
N sa X Y. (sa, X U {tick}) e F P
= tickFree sa
= Ve ce Y — (saQ[c],{tick}) ¢ F PV — tickFree(saQ[c])
= Ve c €Y — (Vi t2. saQ[c]#£t1Qt2 V t1Q[tick]¢T P V
(12.4DEF Q)

= (sa, X U Y U {tick}) € F P A tickFree sa
by (metis append-Nil2 is-processT1 is-processT5-S3 is-processT5-SEQHS
no- Trace-implies-no-Failure tickFree-Cons tickFree-append)
let 2f1 = {(t, X). (¢, X U {tick}) € F P A tickFree t} U
{(t, X). 31 t2. t = t1 @ {2 A t1 @ [tick] € T P A (12, X) € F Q}
have is-processT5-SEQ2: \ sa X Y. (sa, X) € ?f1
= (Vec. c € Y — (saQ[¢], {})¢2)
= (sa, XUY) € ?2f1
apply (clarsimp,rule is-processT5-SEQH/ [simplified])
by (auto simp: is-processTH)
show Vs X Y. (s, X) € %f AN(Ve.ce Y — (sQ [, {}) ¢ ) — (s, X U
Y) e ?f
apply (intro alll impl, elim conjE UnE)
apply(rule rev-subsetD)
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apply (rule is-processT5-SEQ2)
apply auto
using is-processT5-S1 apply force
apply (simp add: append-T-imp-tickFree)
using is-processT5 [rule-format, OF conjl| by force
next
show Vs X. (s @ [tick], {}) € ¢f — (s, X — {tick}) € ?f
apply auto
apply (metis (no-types, lifting) append-T-imp-tickFree butlast-append
butlast-snoc is-processT2 is-processT6 nonTickFree-n-frontTickFree

non-tickFree-tick tickFree-append)
apply (metis append- T-imp-tickFree front-tickFree-append front-tickFree-mono

is-process T2 non-tickFree-implies-nonMt non-tickFree-tick)
apply (metis process-charn)
apply (metis front-tickFree-append front-tickFree-implies-tickFree)
apply (metis D-T T-nonTickFree-imp-decomp append-T-imp-tickFree append-assoc

append-same-eq non-tickFree-implies-nonMt non-tickFree-tick pro-
cess-charn
tickFree-append)
by (metis D-imp-front-tickFree append-T-imp-tickFree front-tickFree-append
front-tickFree-mono non-tickFree-implies-nonMt non-tickFree-tick)
next
show Vs t. s € 2d A tickFree s N\ front-tickFreet — s Q t € 2d
apply auto
using front-tickFree-append apply blast
by (metis process-charn)
next
show Vs X. s € 2d — (s, X) € ?f
by blast
next
show Vs. s Q [tick] € ?d — s € 2d
apply auto
apply (metis append-Nil2 front-tickFree-implies-tickFree process-charn)
by (metis appendl-eq-conv append-assoc front-tickFree-implies-tickFree is-processT2-TR

nonTickFree-n-frontTickFree non-tickFree-tick process-charn tick-
Free-append)
qed

3.6.2 The Projections

lemmas Rep-Abs-Seq[simp] = Abs-process-inverse[simplified, OF Seq-maintains-is-process]

lemma
F-Seq :F (Pj; Q)= {(t, X). (t, X U {tick}) € F P A tickFree t} U
{(t, X). Ft1 t2. t = t1 @ t2 A t1 @ [tick] € T P A (t2,
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X)e F QU

{(t, X). Jt1t2. t =t1 @ t2 AN tl € D P A tickFree t1 A
front-tickFree t2} U

{(t, X). Jt1t2. t = t1 @ 2 A t1 Q [tick] € T P A t2 €
D Q}
unfolding Seq-def by(subst Failures-def, simp only: Rep-Abs-Seq, auto simp: FAIL-
URES-def)

lemma
D-Seq : D (P; Q)= {tI Qt2|t1t2.t1 € D P A tickFree t1 A front-tickFree
t2} U
{t1 @ 12 |t112. t1 @ [tickl € T P A 12 € D Q}
unfolding Seq-def by (subst D-def ,simp only: Rep-Abs-Seq, simp add: DIVERGENCES-def)

lemma
T-Seq :T (P; Q)= {t.3 X. (¢, X U {tick}) € F P A tickFree t} U
{t.3t112. t=1t1 Q2 At] Q[tickle TPAL2 €T Q} U
{t1 @ t2 |t1 t2. t1 € D P A tickFree t1 A front-tickFree
2} U
{t1 @ t2 |t1 t2. t1 @ [tickl € T P A 12 € D Q} U
{t1 @ t2 |t1 t2. t1 € D P A tickFree t1 A front-tickFree
t2} U
{t1 @ 12 |t1 2. t1 @ [tick] € T P A 12 € D Q}
unfolding Seq-def
apply(subst Traces-def, simp only: Rep-Abs-Seq, auto simp: TRACES-def FAIL-
URES-def)
using F-T apply fastforce
apply (simp add: append-T-imp-tickFree)
using F-T apply fastforce
using T-F by blast

3.6.3 Continuity Rule

lemma mono-Seq-D11:
PCQ=D(Q;5 CD(P;85)
apply(auto simp: D-Seq)
using le-approzl apply blast
using le-approxz-lemma-T by blast

lemma mono-Seq-D12:
assumes ordered: P C @
shows (V s.s¢ D (P;S5) — Ra(P;8S)s=Ra(Qj;59)s)
proof —
have mono-SEQI2a:P C Q = Vs. s ¢ D (P;S) — Ra (Q; S) s C Ra (P;
S) s
apply(simp add: Ra-def D-Seq F-Seq)
apply (insert le-approz-lemma-Flof P Q] le-approz-lemma-T[of P Q), auto)
using le-approx! by blast+
have mono-SEQI20:P C Q = Vs.s ¢ D(P;S) — Ra (P;S) s C Ra (Q;
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S) s
apply(simp add: Ra-def D-Seq F-Seq)
apply (insert le-approz-lemma-Flof P Q)] le-approx-lemma-T]of P Q)
le-approx[of P Q] le-approxz2T|[of P Q], auto)
using le-approz2 apply fastforce
apply (metis front-tickFree-implies-tickFree is-processT2-TR process-charn)
apply (simp add: append-T-imp-tickFree)
by (metis front-tickFree-implies-tickFree is-processT2-TR process-charn)
show ?thesis
using ordered mono-SEQI2a mono-SEQI2b by (blast)
qed

lemma minSeqlnclu:
min-elems(D (P ; S))
C min-elems(D P) U {t1Q¢t2]¢1 t2. t1Q[tick]eT PAt1¢D PAt2emin-elems(D
S)}
apply(auto simp: D-Seq min-elems-def)
apply (meson process-charn)
apply (metis append-Nil2 front-tickFree-Nil front-tickFree-append front-tickFree-mono

le-list-def less-list-def)
apply (metis (no-types, lifting) D-imp-front-tickFree Nil-is-append-conv ap-
pend-T-imp-tickFree
append-butlast-last-id butlast-append process-charn less-self lim-proc-is-lub3a

list.distinct(1) nil-less)
by (metis D-imp-front-tickFree append-Nil2 front-tickFree-Nil front-tickFree-mono
process-charn
list.distinct(1) nonTickFree-n-frontTickFree)

lemma mono-Seq-D13 :
assumes ordered: P T @
shows min-elems (D (P; S)) C T (Q3 9)
apply (insert ordered, frule le-approx3, rule subset-trans [OF minSeqInclu])
apply (auto simp: F-Seq T-Seq min-elems-def append-T-imp-tickFree)
apply (rule-tac x={} in ez, rule is-processT5-53)
apply (metis (no-types, lifting) T-F elem-min-elems le-approz3 less-list-def
min-elemsd subset-eq)
using Nil-elem-T no-Trace-implies-no-Failure apply fastforce
apply (metis (no-types, lifting) less-self nonTickFree-n-front TickFree process-charn)

apply (rule-tac z={} in ez, metis (no-types, lifting) le-approx2T process-charn)
by (metis (no-types, lifting) less-self nonTickFree-n-frontTickFree process-charn)
lemma mono-Seq[simp] : PC Q = (P; S)C (@3 5)
by (auto simp: le-approz-def mono-Seq-D11 mono-Seq-D12 mono-Seq-D13)

lemma mono-Seq-D21:



3.6. THE SEQUENCE OPERATOR 59

PCQ=D(S;Q CD(S;P)
apply(auto simp: D-Seq)
using le-approxl by blast

lemma mono-Seq-D22:
assumes ordered: P C @
shows (V s.s¢ D (S;P)— Ra(S;P)s=Ra(5;Q)s)
proof —
have mono-SEQI2a:P C Q = Vs. s ¢ D (S3 P) — Ra (S5 Q) s C Ra (S
P) s
apply(simp add: Ra-def D-Seq F-Seq)
apply (insert le-approz-lemma-Flof P Q] le-approz-lemma-T[of P Q), auto)
using le-approx! by fastforce+
have mono-SEQI20:P C Q = Vs. s ¢ D (S3 P) — Ra (S; P) s C Ra (S
Q) s
apply(simp add: Ra-def D-Seq F-Seq)
apply (insert le-approz-lemma-Flof P Q] le-approz-lemma-T[of P Q)
le-approz! [of P Q] le-approx2T|of P Q)], auto)
using le-approx2 by fastforce+
show ?thesis
using ordered mono-SEQI2a mono-SEQI2b by (blast)
qed

lemma mono-Seq-D23 :
assumes ordered: P C @)
shows min-elems (D (S5 P)) CT (S; Q)
apply (insert ordered, frule le-approx3, auto simp: D-Seq T-Seq min-elems-def)
apply (metis (no-types, lifting) D-imp-front-tickFree Nil-elem-T append.assoc
below-refl
front-tickFree-charn less-self min-elems2 no-Trace-implies-no-Failure)
apply (simp add: append-T-imp-tickFree)
by (metis (no-types, lifting) D-def D-imp-front-tickFree append-butlast-last-id ap-
pend-is-Nil-conv
butlast-append butlast-snoc is-process9 is-process-Rep less-self nonTick-
Free-n-frontTickFree)

lemma mono-Seg-sym[simp] : PC Q@ = (S; P) C (S Q)
by (auto simp: le-approz-def mono-Seq-D21 mono-Seq-D22 mono-Seq-D23)

lemma chain-Seql: chain Y = chain (Ai. Yi; S)
by (simp add: chain-def)

lemma chain-Seq2: chain Y = chain (M\i. S; Y i)
by (simp add: chain-def)

lemma limproc-Seq-D1: chain Y = D (lim-proc (range Y) 5 S) = D (lim-proc
(range (Mi. Y i3 .5)))
apply (auto simp: Process-eq-spec D-Seq F-Seq F-LUB D-LUB T-LUB chain-Seq1)
apply(blast)
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proof —
fix z
assume A:Vza. (3t 2. = t1 Q t2 AN t1 € D (Y za) A tickFree t1 A
front-tickFree t2) V
(Ft1t2.x=1t1 Qt2 ANt1 Q [tickl € T (Yza) ANt2 € DS)
and B: Vil t2. 2 = t1 Q2 — (Fuz. t1 Q [tick] ¢ T (Yz))vVi2¢DS
and C: chain Y
thus 3¢1t2. x =t1 Q2 A (Va. t1 € D (Y x)) A tickFree t1 A front-tickFree
2
proof (cases In. Vil < z. t1 ¢ D (Y n))
case True
then obtain n where Vt! < z. t1 ¢ D (Y n) by blast
with A B C show ?%thesis
apply(erule-tac z=n in allE, elim exE disjE, auto simp add:le-list-def)
by (metis D-T chain-lemma is-processT le-approz2T)
next
case Fulse
from Fulse obtain t1 where D:t1 <z A (Vn.Vi<z. t €D (Yn) —t
< t1) by blast
with False have E:¥n. t1 € D (Y n)
by (metis append-Nil2 append-T-imp-tickFree front-tickFree-append front-tickFree-mono

is-processT le-list-def local. A not-Cons-self2)
from A B C D E show ?thesis

by (metis D-imp-front-tickFree Traces-def append-Nil2 front-tickFree-append

front-tickFree-implies-tickFree front-tickFree-mono is-processT
is-process-Rep le-list-def nonTickFree-n-front TickFree
trace-with- Tick-implies-tickFree-front)
qed
qed

lemma limproc-Seq-F1: chain Y = F (lim-proc (range Y) 3 S) = F (lim-proc
(range (Ni. Y i3 9)))
apply(auto simp add: Process-eq-spec D-Seq F-Seq F-LUB D-LUB T-LUB chain-Seql)
proof (auto, goal-cases)
case (1 a b z)
then show Zcase
apply(erule-tac z=x in allE, elim disjE exE, auto simp add: is-processT7
is-processT8-S)
apply(rename-tac t1 t2, erule-tac x=t1 in allE, erule-tac x=t1 in allE,
erule-tac z=t1 in allE)
apply (metis D-T append-T-imp-tickFree chain-lemma is-processT le-approx2T
not-Cons-self2)
by (metis D-T append-T-imp-tickFree chain-lemma is-processT le-approx2T
not-Cons-self2)
next
case (2ab)

assume AI1:Vt1 2. a =t1 Q2 — (3z. t1 Q [tick] ¢ T (Yz))Vi2¢DS
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and A2:Vt1. tickFree t1 — (Vt2. a =11 Qt2 — (Ja. t1 ¢ D (Y x)) V
= front-tickFree t2)
and A3Vtlt2.a=1t1 Qt2 — (3z. t1 Q [tick] ¢ T (Yx)) Vv (£2,b) ¢ F

S
and B: Vz. (a, insert tick b) € F (Y z) A tickFree a V
(Ft1t2.a=1t1 Qt2 ANt1 Qtickl € T (Yz)A(t2,b) e FS)V
(Ft1 t2. a =t1 Q2 ANt € D (Y z) A tickFree t1 A front-tickFree
t2) v

(Ft1t2.a=11 Qt2 Ntl Q [tickl € T (Yz)ANt2€DS)
and C:chain Y
have E:— tickFree a => Fulse
proof —
assume F:— tickFree a
from A obtain f
where D:f = (M2. {n. 3tl. a = t1 Q 2 A t1 Q [tick] € T (Y n) A (12,
b) € F S}
U{n. 3t1.a=1t1 Qt2 Atl € D (Y n) A tickFree t1 A
front-tickFree t2})
by simp
with B F have Vn. n € (Jze{t. 3t1. a = t1 Q t}. fx)
(is Vn. n € 25 f) using NF-ND by fastforce
hence infinite (S f) by (simp add: Sup-set-def)
then obtain ¢t2 where E:t2€{t. 3t1. a = tI Q t} A infinite (f t2) using
suffizes-fin by blast
{ assume El:infinite{n. 3t1. a = t1 Q t2 A t1 Q [tick] € T (Y n) A (t2,
b) € F S}
(is infinite ?E1)
with F obtain ¢/ where Fia = t1 Q t2 A (t2, b) € F S using D
not-finite-existsD by blast
with A3 obtain m where G:t1Q@ [tick] ¢ T (Y m) by blast
with F1 obtain n where n > m A n € ?E1 by (meson finite-nat-set-iff-bounded-le
nat-le-linear)
with D have n > m A t1Q [tick] € T (Y n) by (simp add: F)
with G C have Fulse using le-approz-lemma-T chain-mono by blast
} note E1 = this
{ assume E2:infinite{n. 3t1. a = t1 Q t2 N t1 € D (Y n) A tickFree t1
A front-tickFree t2}
(is infinite ?E2)
with F obtain ¢t/ where F:a = t1 @Q t2 A tickFree t1 N front-tickFree t2
using D not-finite-existsD by blast
with A2 obtain m where G:t1 ¢ D (Y m) by blast
with F2 obtain n where n > m A n € ?E2 by (meson finite-nat-set-iff-bounded-le
nat-le-linear)
with D have n > m A t1 € D (Y n) by (simp add: F)
with G C have Fualse using le-approzl chain-mono by blast
} note E2 = this
from D FE E1 E2 show Fulse by blast
qed
from E show tickFree a by blast
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qed

lemma cont-left-D-Seq : chain Y = ((|| ¢. Yi); 5) = (] . (Yi;9))
by (simp add: Process-eq-spec chain-Seql limproc-Seq-D1 limproc-Seq-F1 limproc-is-thelub)

lemma limproc-Seq-D2: chain Y = D (S ; lim-proc (range Y)) = D (lim-proc
(range (\i. S5 Y i)))
apply(auto simp add: Process-eq-spec D-Seq F-Seq F-LUB D-LUB T-LUB chain-Seq2)
apply(blast)
proof —
fix =
assume A:Vit1. t1 Q[tickl e T S — (V2. 2 =11 @ t2 — (3z. 12 ¢ D (Y
z)))
and B:Vn. 3t1t2. x =t1 Qt2 AN t1 Q[tickle T SAt2 €D (Yn)
and C: chain Y
from A obtain f where D:f = (At2. {n. 3¢t1. x = t1 Q2 A t1 Q [tick] € T
SAt2eD(Yn)}
by simp
with B have Vn. n € (Jze{t. 3t1. z =1 Q ¢}. fz) (isVn. n € 25 f) by
fastforce
hence infinite (S f) by (simp add: Sup-set-def)
then obtain {2 where E:t2€{t. 3t1. z = tI Q t} A infinite (f t2) using
suffizes-fin by blast
then obtain ¢/ where Fiz = tI @Q 2 A t1 Q [tick] € T S using D
not-finite-existsD by blast
from A F obtain m where G:t2 ¢ D (Y m) by blast
with F obtain n where n > m A n € (ft2) by (meson finite-nat-set-iff-bounded-le
nat-le-linear)
with D have n > m A t2 € D (Y n) by blast
with G C have Fulse using le-approzl po-class.chain-mono by blast
thus Jt1t2. x =t1 Q2 Ntl € D S A tickFree t1 A front-tickFree t2 ..
qed

lemma limproc-Seq-F2:
chain Y = F (S 3 lim-proc (range Y)) = F (lim-proc (range (Xi. S5 Y i)))
apply(auto simp:Process-eq-spec D-Seq F-Seq T-Seq F-LUB D-LUB D-LUB-2
T-LUB T-LUB-2 chain-Seq?2 del:conjl)
apply (auto)[1]
apply (auto)[1]
proof—
fix z X
assume A:Vit1. t1 Q [tickl] e TS — (V2. z =11 Q 2 — (Im. (12, X) ¢
F (Y m)))
and B:Vn. (3t1t2. c =t1 Q2 AN tl Q [tickl e T SA (2, X) € F (Y n))V
(Ft1t2. 2 =t1 Q2 ANt1 Qtickle T SAt2e€D(Yn))
and C: chain Y
hence D:Vn. (3t1t2. x =t1 Q2 AN t1 Q [tick] € T S A (82, X) € F (Y n))
by (meson NF-ND)
from A obtain f where D:f = (At2. {n. 3t1. x =11 Q {2 A t1 Q [tick] € T
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SA(t2, X)eF(Yn)})
by simp
with D have Vn. n € (Jze{t. 3¢t1. z = t1 Q t}. f z) using B NF-ND by
fastforce
hence infinite ((Jze€{t. 3t1. © = ¢t1 Q t}. fz) by (simp add: Sup-set-def)
then obtain t2 where E:t2€{t. 3¢1. x = tI Q t} A infinite (f ¢t2) using
suffizes-fin by blast
then obtain ¢! where Fiz = t1 @Q t2 A t1 Q [tick] € T S using D
not-finite-existsD by blast
from A F' obtain m where G:(t2, X) ¢ F (Y m) by blast
with E obtain n where n > m A n € (ft2) by (meson finite-nat-set-iff-bounded-le
nat-le-linear)
with D have n > m A (t2, X) € F (Y n) by blast
with G C have Fulse using is-processT8 po-class.chain-mono proc-ord2a by
blast
thus (z, insert tick X) € F S A tickFree « ..
qed

lemma cont-right-D-Seq : chain Y = (S5 (I 7. Y1) = (] ¢ (53 Y4))
by (simp add: Process-eq-spec chain-Seq2 limproc-Seq-D2 limproc-Seq-F2 limproc-is-thelub)

lemma Seq-cont[simp]:
assumes f:cont f
and g:cont g
shows cont (Az. fzyga)
proof —
have A : Az. cont g = cont (A\y. y; g x)
apply (rule contI2, rule monofunl)
apply (auto)
by (simp add: cont-left-D-Seq)
have B : A\y. cont g = cont (A\z. y 5 g z)
apply (rule-tac c=(\ z. y 5 z) in cont-compose)
apply (rule contI2,rule monofunl)
by (auto simp add: chain-Seq2 cont-right-D-Seq)
show ?thesis using f g
apply(rule-tac f=(Az. (A f. [ g z)) in cont-apply)
by (auto intro:contI2 monofunl simp:A B)
qed

end
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Chapter 4

Concurrent CSP Operators

4.1 The Hiding Operator

theory Hiding
imports Process
begin

4.1.1 Preliminaries : primitives and lemmas

abbreviation trace-hide t A = filter (Az. © ¢ A) ¢

lemma Hiding-tickFree : tickFree s <— tickFree (trace-hide s (ev‘A))
by (auto simp add: tickFree-def)

lemma Hiding-fronttickFree : front-tickFree s = front-tickFree (trace-hide s (ev‘A))
apply (auto simp add: front-tickFree-charn tickFree-def split:if-splits)
by (metis Hiding-tickFree list-nonMt-append tickFree-append tickFree-def)

lemma trace-hide-union[simp] : trace-hide t (ev ‘ (A U B)) = trace-hide (trace-hide
t (ev ‘A)) (ev ‘' B)
by (subgoal-tac ev ‘(A U B) = (ev * A) U (ev ‘ B)) auto

abbreviation isInfHiddenRun f P A = strict-mono f A (V 4. fi € T P) A
(V i. trace-hide (f i) (ev * A) = trace-hide (f (0::nat))
(ev ¢ A))

lemma isInfHiddenRun-1: isInfHiddenRun f P A «— strict-mono f N (V i. fi €
T P) A
(Vi.dt. fi=f0Qt AsettC (ev‘A))
(is ?A «— ?B)
proof
assume A: 74
{
fix ¢
from A have f 0 < fi using strict-mono-less-eq by blast

65
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then obtain t where B:f i = f 0 @ ¢ by (metis le-list-def)
hence trace-hide (f i) (ev * A) = (trace-hide (f 0) (ev < A)) Q (trace-hide t (ev
“A)) by simp
with A have trace-hide t (ev * A) = [| by (metis append-self-conv)
with B have 3t. fi=f0 Q ¢t A set t C (ev “ A)
using filter-empty-conv[of \x. z ¢ (ev  A)] by auto

with A show ?B by simp
next
assume B: 7B
{
fix ¢
from B obtain ¢t where B:fi = f0 @ t and set t C (ev ‘ A) by blast
hence trace-hide (f i) (ev © A) = (trace-hide (f 0) (ev * A)) by (simp add:
subset-iff)
}
with B show ?A by simp
qed

4.1.2 The Hiding Operator Definition

abbreviation div-hide P A = {s. 3 t u. front-tickFree u N\
tickFree t A\ s = trace-hide t (ev ‘' A) Q u A
(teD PV (3 [ isInfHiddenRun fP ANt €

range f))}

definition Hiding :: [‘a process ,'a set] => 'a process («-\ - [57,56] 57)
where
<P\ A = Abs-process ({(s,X). 3 t. s = trace-hide t (ev‘A) A (£,X U (ev‘d)) €
F P} U
{(s,X). s € div-hide P A}, div-hide P A)»

lemma inf-hidden:
assumes asl:V1i. trace-hide t (ev * A) = trace-hide s (ev * A) — (¢, ev ‘ A) ¢
F P
and as2:s € T P
shows 3 f. isInfHiddenRun f P A N\ s € range f

proof
define f where A:f = rec-nat s (Ai t. (let e = SOMFE e. e € ev'’A ANt Q [e] €
T PintQ le]))

hence B:strict-mono f by (simp add:strict-mono-def lift-Suc-mono-less-iff)
from A have C:s € range f
by (metis (mono-tags, lifting) old.nat.simps(6) range-eql)
{ fix i
have fi € T P A trace-hide (f i) (ev ¢ A) = (trace-hide s (ev ¢ A))
proof (induct i, simp add: A Nil-elem-T as2)
case (Suc 17)
with as![THEN spec, of f i] have a:Je. e € ev'A AN fi Qe e T P
using is-processT5-S7 by force
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from A have b:f (Suci) = (lete=SOME e. e € ev'’ANfiQe] €T Pin
fi@[e])
by simp
with Suc o[ THEN somel-ex] show ?case by simp
qed

with B C show isInfHiddenRun f P A A s € range f by simp
qed

4.1.3 Consequences

lemma trace-hide-append: s Q ¢t = trace-hide ta (ev ¢ A) = Iss tt. ta = ssQtt
A
s = trace-hide ss (ev * A) A
t = trace-hide tt (ev © A)
proof (induct ta arbitrary:s t)
case Nil thus ?case by simp
next
case (Cons a ta) thus Zcase
proof (cases a € (ev ¢ A))
case True
hence s Q t = trace-hide ta (ev ¢ A) by (simp add: Cons)
with Cons obtain ss tt where ta = ss Q tt A s = trace-hide ss (ev  A)
A t = trace-hide tt (ev * A) by blast
with True Cons show ?thesis by (rule-tac x=a+#ss in exl, rule-tac x=tt in
exl, auto)
next
case Fualse thus ?thesis
proof(cases s)
case Nil thus ?thesis using Cons by fastforce
next
case Cons2:(Cons aa tls)
with Fulse have A:a = aa A tls Q t = trace-hide ta (ev * A) using Cons by
auto
with Cons obtain ss tt where ta = ss Q ¢t A tls = trace-hide ss (ev * A)
A t = trace-hide tt (ev © A) by blast
with Cons2 A False show ?thesis by (rule-tac x=a#tss in ezl, rule-tac z=tt
in exl, auto)
qged
qed
qed

lemma Hiding-maintains-is-process:
is-process  ({(s,X). 3 t. s = trace-hide t (ev‘A) A (t,X U (ev‘d)) € F P} U
{(s,X). s € div-hide P A}, div-hide P A) (is is-process(?f, ?d))
proof (simp only: fst-conv snd-conv Failures-def is-process-def FAILURES-def DI-
VERGENCES-def,
fold FAILURES-def DIVERGENCES-def ,fold Failures-def ,intro conjl, goal-cases)
case 1 thus ?case
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proof (auto, rule not-not[THEN iffD1], rule notl, simp, goal-cases)
case [
from inf-hidden[of A [] P] obtain f where A:isInfHiddenRun f P A N || €
range f
using 1(2) Nil-elem-T by auto
from A 1(1)[THEN spec, of []] filter.simps(1) tickFree-Nil show ?case by auto
qed
next
case 2 thus ?case
using is-processT2 Hiding-fronttickFree front-tickFree-append Hiding-tickFree
by blast+
next
case 3 thus ?case
proof (auto del:disjE, goal-cases)
case (1 st ta) show Zcase
proof(cases tickFree s)
case True
from 1(2) obtain ss tt where A:ta = ssQit A s = trace-hide ss (ev © A) A
sseT P
using trace-hide-append|of s t A ta, OF 1(1)] by (metis F-T is-processT3-SR)
with True have B:tickFree ss
by (metis event.distinct(1) filter-set imageE member-filter tickFree-def)
show ?thesis
using 1(8) A Binf-hidden[of A ss P] by (metis append-Nil2 front-tickFree-Nil)
next
case Fulse
with 1(1,2) obtain ss ¢t where A:s = ssQ[tick] A ta = ttQltick]
by (metis append-Nil2 contra-subsetD filter-is-subset front-tickFree-mono
Hiding-fronttickFree is-processT mnonTickFree-n-frontTickFree
tickFree-def)
with 1(1,2) have ss = trace-hide tt (ev < A)
by (metis (no-types, lifting) butlast-append butlast-snoc contra-subsetD
filter.simps(2) filter-append filter-is-subset front-tickFree-implies-tickFree

front-tickFree-single is-processT nonTickFree-n-frontTickFree
non-tickFree-tick
self-append-conv? tickFree-append tickFree-def)
with False 1(1,2) A show ?thesis
by (metis append-Nil2 front-tickFree-mono Hiding-fronttickFree is-processT')
qed
next
case (2 st ta u) show Zcase
proof(cases length s < length (trace-hide ta (ev * A)))
case True
with append-eq-append-conv2[ THEN iffD1, OF 2(3)]
obtain ¢t where sQtt = trace-hide ta (ev * A) by auto
with 2(4) obtain ss ttt where A:ta = ssQttt A s = trace-hide ss (ev < A) A
sseT P
using trace-hide-append|of s tt A ta] by (metis D-T imageFE is-processT3-ST)
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with 2(2) have B:tickFree ss using tickFree-append by blast
show ?thesis
using 2(4,5) A B inf-hidden[of A ss P]
by (metis (no-types, lifting) append-Nil2 is-processT)
next
case Fualse
with 2(3) obtain wu uuu where A:s = trace-hide ta (ev * A) Q uu A u =
uu Q yuu
by (auto simp add: append-eq-append-conv2, metis le-length-mono le-list-def)

with 2(1,2,4) 2(5)[rule-format, of ta wu| show ?thesis
using front-tickFree-dw-closed by blast
qged
qed
next
case / thus ?case
by (auto, metis (mono-tags) Un-subset-iff is-processT4 sup.cobounded2 sup.coboundedI1)
next
case 5 thus ?case
proof (intro impl alll, auto, rule not-not| THEN iffD1], rule notl, simp, goal-cases)
case (1 X Y't)
from 1(3) 1(4)[THEN spec, of t, simplified] obtain ¢ where Al:c € Y and
A2:c ¢ (ev'A)
and A3:tQ[c] € T P
using is-processT5-S7'of t X U (ev‘A) P Y] by (metis UnCI sup-commute
sup-left-commute)
hence trace-hide t (ev * A) @ [¢] = trace-hide (tQlc]) (ev * A) by simp
thus ?case using 1(1)[rule-format, OF A1] inf-hidden[of A tQ]c], rotated, OF
A3]
by (metis (no-types, lifting) append.right-neutral append-T-imp-tickFree
front-tickFree-Nil is-processT5-S7 not-Cons-self2
rangek)
qed
next
case 0 thus ?case
proof (auto, goal-cases)
case (I s X t)
hence front-tickFree t by (simp add:is-processT2)
with 1(1) obtain ¢’ where A:t = ¢'Q[tick]
by (metis filter-is-subset nonTickFree-n-frontTickFree non-tickFree-tick
subset-iff tickFree-append tickFree-def)
with 1(1,2) have B:s = trace-hide t’ (ev * A)
by (auto simp add:tickFree-def split:if-splits)
with A 1(1,2) is-processT6[of P, THEN spec, THEN spec, of t' X U ev ¢ 4]
is-processT4-emptylof t ev ¢ A P] show Zcase
by (auto simp add: Un-Diff split:if-splits)
next
case (25 X tu)
then obtain v’ where A:u = u/Q[tick]
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by (metis filter-is-subset nonTickFree-n-front TickFree non-tickFree-tick
subset-iff tickFree-append tickFree-def)
with 2(3) have B:s = trace-hide t (ev ‘ A) Q v’
by (auto simp add:tickFree-def split:if-splits)
with 2(1,2,5) 2(4)[THEN spec, THEN spec, of t u'] show ?Zcase
using front-tickFree-dw-closed A by blast
next
case (3s X ufz)
then obtain v’ where A:u = u'Q[tick]
by (metis filter-is-subset nonTickFree-n-front TickFree non-tickFree-tick
subset-iff tickFree-append tickFree-def)
with 3(3) have B:s = trace-hide (f z) (ev * A) Q v’
by (auto simp add:tickFree-def split:if-splits)
with 3(1,2,3,5,6,7) 3(4)[THEN spec, THEN spec, of f z u'] show ?case
using front-tickFree-dw-closed|of u' [tick]] by auto
qed
next
case 7 thus ?Zcase using front-tickFree-append by (auto, blast +)
next
case 8 thus ?case by simp
next
case 9 thus ?case
proof (intro alll impl, simp, elim exE, goal-cases)
case (1 st u)
then obtain v’ where u = u/Q[tick]
by (metis Hiding-tickFree nonTickFree-n-frontTickFree non-tickFree-tick tick-
Free-append)
with 1 show Zcase
apply(rule-tac z=t in exl, rule-tac x=u’in exI)
using front-tickFree-dw-closed by auto
qed
qed

lemma Rep-Abs-Hiding: Rep-process (Abs-process
({(s,X). 3 t. s = trace-hide t (ev‘A) A (t,X U (ev‘A))
e FPyU
{(s,X). s € div-hide P A}, div-hide P A))
= ({(s,X). 3 t. s = trace-hide t (ev‘A) A (t,X U (ev‘d))
€ F P}uU
{(s,X). s € div-hide P A}, div-hide P A)
by (simp only: Collect] Rep-process Abs-process-inverse Hiding-maintains-is-process)

4.1.4 Projections

lemma F-Hiding: <F (P \ A) = {(s,X). 3 t. s = trace-hide t (ev‘A) A (£,X U
(ev'd)) € F P} U
{(s,X). s € div-hide P A}»
by (subst Failures-def, simp only: Hiding-def Rep-Abs-Hiding FAILURES-def
fst-conv)
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lemma D-Hiding: <D (P \ A) = div-hide P A»
by (subst D-def, simp only: Hiding-def Rep-Abs-Hiding DIVERGENCES-def
snd-conv)

lemma T-Hiding: <T (P \ A) = {s. 3t. s = trace-hide t (ev‘A) AN (t, ev‘d) € F
P} U div-hide P A»
apply (unfold Traces-def, simp only:Rep-Abs-Hiding Hiding-def TRACES-def
FAILURES-def fst-conv, auto)
apply (metis is-processT sup.cobounded?2)
apply (metis FAILURES-def Failures-def NF-NT range-eql)
apply (metis sup.idem)
by (metis FAILURES-def F-T Failures-def range-eql)

4.1.5 Continuity Rule

lemma mono-Hiding[simp]: «(P::'a process) C Q@ = (P \ A) C (Q \ A)
proof (auto simp only:le-approz-def D-Hiding Ra-def F-Hiding T-Hiding, goal-cases)
case (1 ¢ u) thus Zcase by blast
next
case (2 u f za) thus Zcase
apply(rule-tac z=f za in exl, rule-tac x=u in exl)
by (metis D-T Ra-def le-approz2T le-approz-def rangel)
next
case (3 z t)
hence A:front-tickFree t by (meson is-processT2)
show ?case
proof (cases tickFree t)
case True thus ?thesis
by (metis 3(2) 3(4) 3(5) 8(6) front-tickFree-charn mem-Collect-eq self-append-conv)
next
case Fulse
with A obtain ¢’ where ¢ = t'Q[tick] using nonTickFree-n-frontTickFree by
blast
with & show ?thesis
by (metis (no-types, lifting) filter.simps(1) filter.simps(2) front-tickFree-mono
front-tickFree-Nil filter-append is-processT9 list.distinct(1) local. A mem-Collect-eq)
qed
next
case (4 z t) thus ?case using NF-ND by blast
next
case (5 z t u) thus ?case by blast
next
case (6 z u f za) thus Zcase by (metis D-T Ra-def le-approxz2T le-approx-def
rangel)
next
case (7 1)
from 7(4) have A:z € min-elems (div-hide P A) by simp
from elem-min-elems[OF 7(4), simplified] obtain t u
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where B1:x = trace-hide t (ev ‘ A) @ uw and B2:tickFree t and BS:front-tickFree
u and
B4:(t € D PV (3(f:: nat = 'a event list). strict-mono f A (Vi. fi €
T P) A
(V4. trace-hide (f i) (ev © A) = trace-hide (f 0) (ev * A)) A t € range f))
by blast
show ?case proof(cases t € D P)
case True
then obtain ¢’ t” where C1:¢'Qt"=t and C2:t’ € min-elems (D P) by (metis
min-elems-charn)
hence C3:trace-hide t' (ev ¢ A) € div-hide P A
apply (simp, rule-tac z=t' in exl, rule-tac =[] in exl, simp)
using B2 elem-min-elems tickFree-append by blast
from C1 B1 have D1:trace-hide t' (ev * A) Q trace-hide t"' (ev * A) = trace-hide
t(ev‘A)
by fastforce
from BI C1 D1 min-elems-no[OF A C3] have E1:x=trace-hide t' (ev * A)
by (metis (no-types, lifting) append.assoc le-list-def)
with BI B2 B3 C1 D1 7(5)[simplified, rule-format, of t' []]
have F2:(V (f:: nat = 'a event list). strict-mono f — (Fi. fi ¢ T Q) V
(3. trace-hide (f i) (ev ¢ A) # trace-hide (f 0) (ev * A)) V t' ¢ range f)
apply simp
using front-tickFree-append Hiding-tickFree tickFree-append by blast
with E1 7(3) C2 inf-hidden[of A t' Q] show ?thesis
by (metis (no-types, lifting) contra-subsetD)
next
case Fulse
from B1 B2 B3 B4 have C:trace-hide t (ev * A) € div-hide P A
by (simp, rule-tac z=t in exl, rule-tac =[] in exl, simp)
from BI min-elems-no]OF A C]| have E1:x=trace-hide t (ev ¢ A)
using le-list-def by auto
from B4 False 7(2)[rule-format, of t, OF False] have t € T Q using F-T T-F
by blast
with E1 7(5)[simplified, rule-format, of t [], simplified, OF E1 B2] inf-hidden[of
A t Q] show ?thesis
by metis
qed
qed

lemma cont-Hidingl :<chain Y = chain (A i. (Y i\ A))»
by (simp add: po-class.chain-def)

lemma KoenigLemma:
assumes x:infinite (Tr::'a list set) and =V i. finite{t. It’€Tr. t = take i t'}
shows 3 (f::nat = 'a list). strict-mono f A range f C {t. It’eTr. t < t'}
proof —
define Tr’' where Tr' = {¢. 3t'eTr. t < t'}
have a:infinite Tr'
by (metis (mono-tags, lifting) * Tr'-def infinite-super mem-Collect-eq order-refl



4.1. THE HIDING OPERATOR 73

subset])
{ fix i
have {t € Tr'. length t = i} C {¢. It’€eTr. t = take i t'}
by (auto simp add:Tr'-def, metis append-eq-conv-conj le-list-def)
with xx have finite({t€ Tr'. length t = i}) using infinite-super by blast
} note b=this
{ fixt
define E where E = {e |e. tQlele Tr'}
have aa:finite £
proof —
have inj-on (Xe. t Q [e]) E by (simp add: inj-on-def)

with b[of Suc (length t)] inj-on-finite[of Xe. tQ[e] E {t' € Tr'. length t' =
Suc (length t)}]
show %thesis by (simp add: E-def image-Collect-subsetl)
qed
hence bb:finite {tQ[e] |e. e€E} by simp
have {t'eTr’. t < t'} = {tQ[e] |e. eeE} U (JecE. {t'eTr’. tQle] < t'})
proof (auto simp add:Let-def E-def Tr'-def, goal-cases)
case (1 z za)
then obtain u e where z =t Q [¢] Q@ u
by (metis A append-Cons append-Nil append-Nil2 le-list-def list.exhaust)
with 1 1(4)[rule-format, of €] show ?case by (metis append-assoc le-list-def
less-list-def)
next
case (2 z za xb xc)
thus ?case by (meson less-self less-trans)
qged
with aa bb have infinite {t'€Tr'. t < t'} = Je. infinite {t'€Tr’. tQ[e] < t'}
by auto
} note c=this
define ff where d:ff =rec-nat [| (\i t. (let e = SOME e. infinite {t'e Tr'. tQe]
< t'htint Q [e]))
hence dd:V n. ff (Suc n) > ff n by simp
hence e:strict-mono ff by (simp add: lift-Suc-mono-less strict-monol)
{fixn
have ffn € Tr' A infinite {t' € Tr'. ffn < t'}
proof (induct n)
case (
from a Tr'-def have Tr' = {t' € Tr'. [| < t'} U {[]} by (auto simp add:
le-neg-trans)
with a have infinite {t' € Tr'. [| < t'}
by (metis (no-types, lifting) finite.emptyl finite.insertl finite-Unl)
with d Tr’-def show ?case by auto
next
case (Suc n)
from d have ff (Suc n) = (let e = SOME e. infinite {t'€Tr'. [f nQ[e] < ¢'}
in ffn Q [e]) by simp
with c[rule-format, of ff n] obtain e where
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al:ff (Sucn) = (ffn) Qe] A infinite {t' € Tr'. ffn Q [e] <t}
by (metis (no-types, lifting) Suc.hyps somel-ex)
then obtain ¢ where i € Tr’ A ff (Suc n) < i using not-finite-existsD by
auto
with Tr’-def have ff (Suc n) € Tr' using dual-order.trans less-imp-le by
fastforce
with al show Zcase by simp
qed
} note g=this
hence h:range ff C Tr' by auto
show ?thesis using Tr’-def e h by blast
qed

lemma div-Hiding-lub :
finite (A::'a set) = chain Y = D (|| . (Yi\ A) CD(( ¢ Yi)\ Ap
proof (auto simp add:limproc-is-thelub cont-Hidingl D-Hiding T-Hiding D-LUB
T-LUB, goal-cases)
case (I z)
{fixzatuf
assume a:front-tickFree u A tickFree t N\ x = trace-hide t (ev * A) @ u A
isInfHiddenRun f (Y za) AN (Y 4. fi ¢ D (Y za)) At € range f
hence (Vin. fi € T (Y n)) using 1(2) NT-ND chain-lemma le-approz2T by
blast
with ¢ have Zcase by blast
} note aa=this
{fixzatufj
assume a:front-tickFree u A tickFree t N\ x = trace-hide t (ev * A) Q u A
isInfHiddenRun f (Y za) AN (fj € D (Y za)) A t € range f
hence 3t u. front-tickFree u A tickFree t A x = trace-hide t (ev * A) @ u A ¢
€ D (Y za)
apply(rule-tac z=f j in ezl, rule-tac z=u in exl)
using Hiding-tickFree[of f j A] Hiding-tickFree[of t A] by (metis imageF)
} note bb=this
have cc: Vza. 3t u. front-tickFree u A tickFree t N x = trace-hide t (ev * A) @
u At € D(Y za)
= Ycase (is Vza. 3¢ 7S t za => ?case)
proof —
assume dd:Vza. 3t u. front-tickFree u A tickFree t N x = trace-hide t (ev *
A)@QuAteD(Y za)
(is Vza. 3t. 2S5t za)
define f where f = (An. SOME t. ¢St n)
thus Zcase
proof (cases finite(range f))
case True
obtain ¢ where gg:infinite (f —‘ {t}) using f-def True inf-img-fin-dom by
blast
then obtain k£ where f k = ¢ using finite-nat-set-iff-bounded-le by blast
then obtain u where wu:front-tickFree u A © = trace-hide t (ev * A) Q u
A tickFree t
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using f-def dd[rule-format, of k| some-eq-ex[of At. ¢S t k] by blast
{ fix m
from gg obtain n where gg:n > m A n € (f —°{t})
by (meson finite-nat-set-iff-bounded-le nat-le-linear)
hence t € D (Y n) using f-def dd[rule-format, of n] some-eg-ex[of At. 2S5
t n] by auto
with gg 1(2) have t € D (Y m) by (meson contra-subsetD le-approz-def
po-class.chain-mono)
}
with gg uu show ?thesis by blast
next
case Fulse
{ fixt
assume t € range f
then obtain k& where f k = t using finite-nat-set-iff-bounded-le by blast
then obtain u where uu:front-tickFree u A x = trace-hide t (ev * A) Q
u A tickFree t
using f-def dd[rule-format, of k] some-eq-ex[of At. 2S t k] by blast
hence set t C set U (ev * A) by auto
} note ee=this
{ fix i
have finite {(take i t)|t. t € range f}
proof (induct i, simp)
case (Suc 17)
have ff:{take (Suc 7) t|t. t € range f} C {(take i t)|t. t € range f} U
(Ue€(set z U (ev “ A)). {(take i t)Qle]|t. ¢t € range f}) (is 7AA
C ?BB)
proof
fix t
assume ¢t € 7AA
then obtain ¢’ where hh:t' € range f A t = take (Suc 7) ¢’
using finite-nat-set-iff-bounded-le by blast
with ee[of t'] show t € ?BB
proof(cases length t' > 1)
case True
hence ii:take (Suc ©) t' = take i t' @ [t"4] by (simp add:
take-Suc-conv-app-nth)
with ee[of t'] have t'li € set z U (ev © A)
by (meson True contra-subsetD hh nth-mem)
with i hh show ?Zthesis by blast
next
case Fulse
hence take (Suc i) t' = take i t' by fastforce
with hh show ?thesis by auto
qed
qed
{ fix e
have {z Q [e] |z. It. z = take i t N t € range f} = {take i t' Q [e] |¢".
t’ € range [}
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by auto
hence finite({(take i t') Q [e] |t". t'€range f})
using finite-image-set[of - At. tQle], OF Suc] by auto
} note gg=this
have finite(set x U (ev © A)) using 1(1) by simp
with ff g9 Suc show ?case by (metis (no-types, lifting) finite-UN finite-Un
finite-subset)
qed
} note ff=this
hence Vi. {take i ¢t |t. t € range f} = {t. It’. t = take i (ft')} by auto
with KoenigLemma[of range f, OF False] ff
obtain f’ where gg:strict-mono (f": nat = 'a event list) A
range f' C {t. At'€range f. t < t'} by auto
{ fix n
define M where M = {m. f'n < fm }
assume finite M
hence 11:finite {length (f m)|m. m € M} by simp
obtain Im where [2:lm = Maz {length (f m)|m. m € M} by blast
{ fix k
have length (f' k) > k
by (induct k, simp, metis (full-types) gg lessl less-length-mono
linorder-not-le

}
with gg obtain m where rl:length (f’ m) > Im by (meson lessl
less-le-trans)
from gg obtain r where r2:f’ (maz m n) < fr by blast
with gg have r3: r ¢ M
by (metis (no-types, lifting) M-def max.bounded-iff mem-Collect-eq

not-less-eq-eq order-trans strict-mono-def)

order-refl
order-trans strict-mono-less-eq)
with [1 12 have f1:length (f r) < Im using Maz-ge by blast
from r1 r2 have f2:length (f r) > Im
by (meson dual-order.strict-transl gg le-length-mono maz.bounded-iff
order-refl
strict-mono-less-eq)
from f1 f2 have Fulse by simp
} note #i=this
{fixin
from ii obtain m where jim > n A fm > f'i
by (metis finite-nat-set-iff-bounded-le mem-Collect-eq nat-le-linear)
have kk: (f m) € D (Y m) using f-def dd[rule-format, of m] some-eq-ez[of
At. 2S5 t m] by auto
with jj gg have (f' i) € T (Y m) by (meson D-T is-processT3-ST-pref)
with jj 1(2) have (f'i) € T (Y n) using D-T le-approx2T po-class.chain-mono
by blast
} note jj=this
from gg have kk:mono (An. trace-hide (f' n) (ev < A))
unfolding strict-mono-def mono-def
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by (metis (no-types, lifting) filter-append gg le-list-def mono-def strict-mono-mono)
{ fixn
from gg obtain k r where f k = f' n @Q r by (metis it le-list-def
not-finite-existsD)
hence trace-hide (f' n) (ev ‘ A) < z
using f-def dd[rule-format, of k] some-eq-ex[of At. 25 t k] le-list-def by
auto blast
} note ll=this
{ assume [Il:V'm. In. trace-hide (f' n) (ev * A) > trace-hide (f' m) (ev
4)
hence [l:¥ m. I n. length (trace-hide (f' n) (ev © A)) > length (trace-hide
(f" m) (ev * A))
using less-length-mono by blast
define ff where lll".ff = rec-nat (length (trace-hide (f' 0) (ev © A)))
(Ai t. (let n = SOME n. (length (trace-hide (f' n) (ev < A))) > ¢
in length (trace-hide (f' n) (ev © A))))
{ fix n
from 111’ lll[rule-format, of n] have ff (Suc n) > ffn
apply simp apply (cases n)
apply (metis (no-types, lifting) old.nat.simps(6) somel-ex)
by (metis (no-types, lifting) 11l less-length-mono old.nat.simps(7)
somel-ex)
} note [ll""=this
with [ll"” have strict-mono ff by (simp add: Ul" lift-Suc-mono-less
strict-monol)
hence [1l"":infinite(range [f) using finite-imageD strict-mono-imp-inj-on
by auto
from [l 1ll" have range ff C range (An. length (trace-hide (f' n) (ev ¢ A)))

by (auto, metis (mono-tags, lifting) old.nat.exhaust old.nat.simps(6)
old.nat.simps(7) range-eql)
with [[l" have infinite (range (An. length (trace-hide (f' n) (ev < A))))
using finite-subset by auto
hence Im. length (trace-hide (f' m) (ev * A)) > length «
using finite-nat-set-iff-bounded-le by (metis (no-types, lifting) not-less
rangeF)
with [l have Fulse using le-length-mono not-less by blast
}
then obtain m where mm:V n. trace-hide (f' n) (ev * A) < trace-hide (f'
m) (ev © A)
by (metis (mono-tags, lifting) A kk le-cases mono-def)
with gg obtain k where nn:f k > f’ m by blast
then obtain u where oo:front-tickFree u N © = trace-hide (f' m) (ev ‘ A)
Q u A tickFree (f' m)
using f-def dd[rule-format, of k] some-eq-ex[of At. 25 t k]
by (auto, metis (no-types, lifting) contra-subsetD filter-is-subset front-tickFree-append

front-tickFree-mono le-list-def [l tickFree-Nil tickFree-append
tickFree-def tickFree-implies-front-tickFree)
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show ?thesis
apply(rule-tac z=f" m in exl, rule-tac r=u in exl)
apply(simp add:oo, rule disjI2, rule-tac x=An. f’ (n + m) in exl)
using gg jj kk mm apply (auto simp add: strict-mono-def dual-order.antisym
mono-def)
by (metis plus-nat.add-0 rangel)
qged
qed
show ?case
proof (cases 3 za t u f. front-tickFree u A tickFree t A (VY i. fi ¢ D (Y za)) A
t € range f A
x = trace-hide t (ev * A) @Q u A isInfHiddenRun f (Y za) A)
case True
then show ?thesis using aa by blast
next
case Fulse
have dd:V xza. 3t u. front-tickFree u A tickFree t A x = trace-hide t (ev * A) @
u A
(t € D (Yuza)V (3f. isInfHiddenRun f (Y za) AN (Fi. fi €D (Y za))
A t € range f))
(is Vza. ?dd za)
proof (rule-tac alll)
fix za
from 1(3) obtain ¢ ©v where
front-tickFree u A tickFree t N\ x = trace-hide t (ev * A) @ u A
(t € D (Y za)V (3f. isInfHiddenRun f (Y za) A A t € range f))
by blast
thus ?dd za
apply(rule-tac z=t in exl, rule-tac x=u in exl, intro conjl, simp-all, elim
conjE disjE, simp-all)
using (1) False NT-ND chain-lemma le-approz2T by blast
qed
hence ee:V za. 3t u. front-tickFree u A tickFree t A x = trace-hide t (ev * A) @
u At e DY za)
using bb by blast
with cc show ?thesis by simp
qed
qed

lemma cont-Hiding2 : <finite A = chain Y = ((|] 7. Yi)\ 4) = (] ¢ (Y1
\ A)
proof(auto simp add:limproc-is-thelub cont-Hidingl Process-eq-spec
D-Hiding Ra-def F-Hiding T-Hiding F-LUB D-LUB T-LUB,

goal-cases)

case (I bzt u) thus ?case by blast
next

case (2 b z u f za) thus ?case by blast
next

case (3 s X)
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hence «<s ¢ D ((|] . Y i)\ A
by (simp add:limproc-is-thelub cont-Hidingl F-LUB D-LUB T-LUB D-Hiding)
with 3(1,2) obtain n where a: <s ¢ D (Y n \ A)
by (metis (no-types, lifting) D-LUB-2 div-Hiding-lub subsetCE limproc-is-thelub
cont-Hiding1)
with 3(3) obtain ¢ where b:s = trace-hide t (ev * A) A (t, X U ev ‘ A) € F
(¥ n)
unfolding D-Hiding by blast
hence c:front-tickFree t using is-processT2 by blast
have d:t ¢ D(Y n)
proof(cases tickFree t)
case True
with a b show ?thesis using front-tickFree-Nil
by (simp add: D-Hiding)
next
case Fulse
with ¢ obtain t’ where t = t'Q[tick] using nonTickFree-n-frontTickFree by
blast
with a b show ?thesis
apply(simp add: D-Hiding, erule-tac x=t' in allE, erule-tac z=[tick] in
allE, simp)
by (metis event.distinct(1) filter.simps(1) front-tickFree-implies-tickFree
imageFE is-processT)
qed
with b show ?case using 3(2) NF-ND chain-lemma proc-ord2a by blast
next
case (4 za t u) thus ?case by blast
next
case (5 za u f zb) thus ?case by blast
next
case (0 s)
hence (s € D (] 7. (Yi\ A))
by (simp add:limproc-is-thelub cont-Hidingl 6(1) D-Hiding D-LUB)
with div-Hiding-lub|OF 6(1,2)] have s € D ((| . Y i) \ A)» by blast
thus ?case by (simp add:limproc-is-thelub 6(2) D-Hiding D-LUB T-LUB)
qed

lemma cont-Hiding-base[simp)] : «finite A => cont (\x. z \ A)
by (simp add: cont-def cont-Hidingl cont-Hiding2 cpo-lubl)

lemma Hiding-cont[simp|: <finite A => cont f = cont (A\z. fz \ A
by (rule-tac f=f in cont-compose, simp-all)

end

4.2 The Synchronizing Operator

theory Sync
imports Process HOL— Library. Infinite-Set
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begin

4.2.1 Basic Concepts

fun setinterleaving:: 'a trace x ('a event) set x 'a trace = ('a trace)set
where

si-emptyl: setinterleaving([], X, []) = {[|}
| si-empty2: setinterleaving([], X, (y # t)) =
(if (y € X)
then {}

else {z.3 u. z = (y # u) A u € setinterleaving ([], X, t)})
| si-empty3: setinterleaving((z # s), X, []) =

(if (z € X)

then {}

else {z.3 u. z = (z # u) A u € setinterleaving (s, X, [])})

| si-neq : setinterleaving((z # s), X, (y # t)) =
(if (z € X)
then if (y € X)
then if (z = y)
then {2.3 w. z = (z#u) A u € setinterleaving(s, X, t)}
else {}
else {z.3 u. z = (y#u) N u € setinterleaving ((z#s), X, t)}
else if (y ¢ X)
then {z.3 u. z = (z # u) A u € setinterleaving (s, X, (y # t))}
U{z.3 u. 2 = (y # u) A\ u € setinterleaving((z # s), X, t)}
else {z.3 u. z = (z # u) A u € setinterleaving (s, X, (y # t))})

fun setinterleavingList::'a trace x ('a event) set X 'a trace = ('a trace)list
where

(0]
t) =

si-emptyll: setinterleavingList([], X, [])
| si-empty2l: setinterleavingList([], X, (y

(if (y € X)

then []

else map (Az. y#z) (setinterleavingList ([], X, t)))
| si-empty3l: setinterleavingList((z # s), X, []) =

(if ( € X)

then []

else map (Az. z#z) (setinterleavingList (s, X, [])))

F=

| si-neql : setinterleavingList((z # s), X, (y # t)) =
(if (z € X)
then if (y € X)
then if (z = y)
then map (\z. x#z) (setinterleavingList(s, X, t))
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else []
else map (Az. y#2z) (setinterleavingList ((x#s), X, t))
else if (y ¢ X)
then map (\z. x#z) (setinterleavingList (s, X, (y # t)))
Q map (Az. y#z) (setinterleavingList ((z#s), X, t))
else map (Az. z#z) (setinterleavingList (s, X, (y # t))))

lemma finiteSetinterleavingList: finite (set (setinterleavingList(s, X, t)))
by auto

lemma sym : setinterleaving(s, X, t)= setinterleaving(t, X, s)
by (rule setinterleaving.induct[of \(s,X,t). setinterleaving (s, X, t)
= setinterleaving (t, X, s) (s, X, t), simplified], auto)

abbreviation setinterleaves-syntaz (- setinterleaves '(()'(-, -')(), -') [60,0,0,0]70)
where u setinterleaves ((s, t), X) == (u € setinterleaving(s, X, t))

4.2.2 Definition

definition Sync :: ['a process,’a set,’a process] => 'a process (8- 11/ -)
[64,0,65) 64)
where P A] Q@ = Abs-process({(s,R).3 tu X Y. (t,X) € F P A (u,Y) € F
QN
(s setinterleaves ((t,u),(ev‘A) U {tick})) A
R=(XUY)n ((ev'A) U {tick}) U X N
Y} u
{(5,R).3 t urv. front-tickFree v A\ (tickFree r V v=[]) A
s =rQu A
(r setinterleaves ((t,u),(ev‘A) U {tick})) A
(teDPAueT QVEteD QAuE
T P)),

{s. 3 turw. front-tickFree v A (tickFree r V v=[]) A
s =rQu A
(r setinterleaves ((t,u),(ev‘A) U {tick})) A
(teDPANueT QVLteDQANueT
P)})

4.2.3 Consequences

lemma emptyLeftProperty:¥ s. s setinterleaves (([], t), A)—s=t
apply (induct-tac t)
apply simp
by auto

lemma emptyLeftSelf: (Vitl. t1€ set t—st1¢A)—t setinterleaves (([], t), 4)
apply (induct-tac t)
apply simp
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by auto

lemma emptyLeftNonSync: ¥V s. s setinterleaves (([], t), A)—>(Vt1. t1€ set t—t1¢ A)
apply (induct-tac t)
apply simp
proof—
fix a list
assume a: Vs. s setinterleaves (([], list), A) — (Vt1. t1 € set list — t1 ¢ A)
thus Vs. s setinterleaves (([], a # list), A) — (Vt1. t1 € set (a # list) — t1
¢ A)
proof—
have th: s setinterleaves (([|, a # list), A)—a¢ A by auto
obtain s! where thi: s setinterleaves (([], a # list), A)—> sl setinterleaves
(0, tist), A)
using mem-Collect-eq th by fastforce
from a thl have th2: Vs. s setinterleaves (([], a # list), A)—(Vt. t€ set
list—st ¢ A)
by auto
with a show ?thesis
by (metis (no-types, lifting) empty-iff set-ConsD setinterleaving.simps(2))
qed
qed

lemma ftf-Syncl: a ¢ set(u) A a ¢ set(t) A s setinterleaves ((t, u), A) — a ¢
set(s)
proof (induction length t + length u arbitrary:s t u rule:nat-less-induct)
case I
show ?case
apply(cases t) using sym emptyLeftProperty apply blast
apply(cases u) using sym emptyLeftProperty apply blast
apply (simp split:if-splits, intro conjl impl, elim conjE disjE exE)
apply (metis 1.hyps add-less-le-mono length-Cons lessI order-refil set-ConsD)
apply (metis 1.hyps add-Suc-right length-Cons lessI set-ConsD)
apply (metis 1.hyps add-less-mono length-Cons lessl set-ConsD)
apply (metis 1.hyps add-Suc-right length-Cons lessI set-ConsD)
apply (metis (no-types, opaque-lifting) 1.hyps add.commute add-Suc-right
insert-iff
length-Cons lessI list.simps(15))
by (metis 1.hyps add-less-le-mono length-Cons lessI order-refl set-ConsD)
qed

lemma addNonSyncEmpty: sa setinterleaves (([], u), A) N yl ¢ A —
(sa @ [y1]) setinterleaves (([y1], u), A) A (sa @ [y1]) setinterleaves (([], v @
[y1]), 4)
proof (induction length u arbitrary:sa u rule:nat-less-induct)
case ]
then show “case

apply(cases u)
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apply simp
proof—
fix a list
assume a: Vm<length u. Yz. m = length t — (VY za. za setinterleaves (([],
z), A) Nyl ¢ A —
(za @ [y1]) setinterleaves (([y1], z), A) A (za Q [y1]) setinterleaves (([], z Q
[y1]), 4))
and b: u = a # list
from b have th: sa setinterleaves (([], u), A)==(tl sa) setinterleaves ((], list),
4)
by (metis emptyLeftNonSync emptyLeftProperty emptyLeftSelf list.distinct(1)
list.sel(3)
list.set-sel(2))
from a b th have thl: sa setinterleaves (([], u), 4) A y1 ¢ A— ((¢ sa) @
[y1])
setinterleaves (([y1], list), A)A((H sa)Q[y1]) setinterleaves (([], list@[y1]), A)
by auto
thus sa setinterleaves (([], u), A) Nyl ¢ A —
(sa @ [y1]) setinterleaves (([y1], u), A) A (sa Q [yI]) setinterleaves (([], u
Q [y1]), 4)
using b th by auto
qed
qed

lemma addNonSync: sa setinterleaves ((t,u),A)N yl ¢ A—
(sa@[y1]) setinterleaves ((tQ[y1],u),A)A(saQy1]) setinterleaves ((t,u@[y1]),A)
proof (induction length t + length u arbitrary:sa t u rule:nat-less-induct)
case 1
then show Zcase
apply/(cases t)
apply (simp add: addNonSyncEmpty)
apply (cases u)
apply (metis Sync.sym addNonSyncEmpty append-self-conv?2)
proof—
fix a list aa lista
assume a: Vm<length t + length u. V& za. m = length x + length xa —
(Vzb. b setinterleaves ((z, za), A) A yl ¢ A —(zb Q [y1]) setinterleaves ((z
Q [y1], za), A)
A (zb @ [yI]) setinterleaves ((z, za Q [y1]), A))
and b: t = a # list
and c: u = aa # lista
thus sa setinterleaves ((t, u), A) Nyl ¢ A —
(sa @ [y1]) setinterleaves ((t Q [yI], u), A) A (sa Q [yI]) setinterleaves ((t, u
@ [y1]), 4)
proof—
from b ¢ have thOpre: a=aaNaa€ A== sa setinterleaves ((t, u), ) =
(tl sa) setinterleaves ((list,lista), A) by auto
from thOpre a b ¢ have thOprel: a=aaNaa€ A=>sa setinterleaves ((t, u),
ANyl ¢ A—
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((tl sa) @ [y1]) setinterleaves ((list@ [y1], lista), A)A
((tl sa) @ [y1]) setinterleaves ((list, lista@ [yI]), A)
by (metis add-less-mono length-Cons lessI)
from thOpre thOprel b ¢ have th0: a=aaNaa€ A== sa setinterleaves ((t, u),
A) Nyl ¢ A —
(sa @ [y1]) setinterleaves ((t Q [y1], u), A)A(sa Q [y1]) setinterleaves ((t, u
@ [y1]), 4)
by auto
from b ¢ have thipre: a¢ ANaae A== sa setinterleaves ((t, u), A) =
(tl sa) setinterleaves ((list,aa#lista), A) by auto
from thipre a b ¢ have thiprel: a¢ ANaa€ A=—>sa setinterleaves ((t, u), A)A
yl ¢ A—
((tl sa) @ [y1]) setinterleaves ((list@ [y1], aa#tlista), A)A
((tl sa) @ [y1]) setinterleaves ((list, aa#lista@ [y1]), A)
by (metis add-Suc append-Cons length-Cons lessI)
from thlpre thiprel b ¢ have thl: a¢ ANaae A= sa setinterleaves ((t, u),
Ay Nyl ¢ A —
(sa @ [y1]) setinterleaves ((t Q [y1], u), A)A(sa Q [y1]) setinterleaves ((t, u
@ [y1]), 4)
by auto
from b ¢ have th2pre: aa¢ ANa€ A== sa setinterleaves ((t, u), A) =
(tl sa) setinterleaves ((a#list,lista), A) by auto
from th2pre a b ¢ have th2prel: aa¢ ANa€ A= sa setinterleaves ((t, u), A)A
yl ¢ A—
((tl sa) @ [y1]) setinterleaves ((a#listQ [y1], lista), A)A
((tl sa) @ [y1]) setinterleaves ((a#tlist, lista@ [y1]), A)
by (metis add-Suc-right append-Cons length-Cons lessI)
from th2pre th2prel b ¢ have th2: aa¢ ANa€ A=—>sa setinterleaves ((t, u),
ANyl ¢ A —
(sa @ [y1]) setinterleaves ((t Q [y1], u), A)A(sa @ [y1]) setinterleaves ((t, u
@ [y1]), 4)
by auto
from b ¢ have th3pre: aa¢ ANa¢ A=—>sa setinterleaves ((t, u), A)=—
(tl sa) setinterleaves ((a#tlist,lista), A)V(tl sa)setinterleaves ((list,aa#tlista),
A) by auto
from th3pre a b ¢ have th3prel: aa¢ ANa¢ A=>sa setinterleaves ((t, u), A)A
(tl sa) setinterleaves ((a#tlist,lista), AN yl ¢ A =
((¢ sa) @Q [y1]) setinterleaves ((a#list@ [y1], lista ), A)A((H sa) @ [y1])
setinterleaves
((a#tlist, lista@ [y1] ), A)
by (metis add-Suc-right append-Cons length-Cons lessI)
from th3pre a b ¢ have th3pre2: aa¢ ANa¢ A=>sa setinterleaves ((t, u), A)A
(tl sa) setinterleaves ((list,aa#tlista), AN\ y1 ¢ A =>((tl sa) @ [y1]) setinter-
leaves
((list@ [y1], aaftlista ), A)A((H sa) Q [y1]) setinterleaves ((list, aa#lista @
[y1]), 4)
by (metis add-Suc append-Cons length-Cons lessI)
from th3pre th3prel th3pre2 a b ¢ have th3: aa¢ ANa¢ A=>sa setinterleaves
((t, w), A) A
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yl ¢ A —(sa Q [y1]) setinterleaves ((t @ [yI], u), A) A
(sa @ [y1]) setinterleaves ((t, u @ [y1]), A) by auto
show ?thesis
using b c th0 th1 th2 th3 by auto
qed
qed
qed

lemma addSyncEmpty: sa setinterleaves (([], u), A) ANyl € A —
(sa @ [y1]) setinterleaves (([y1], v @ [y1]), A)
proof (induction length u arbitrary:sa u rule:nat-less-induct)
case I
then show Zcase
apply/(cases u)
apply simp
proof—
fix a list
assume a: Vm<length u. Yz. m = length t — (¥ za. za setinterleaves (([],
z), A) Nyl € A
— (za @ [y1]) setinterleaves (([y1], z @ [y1]), A))
and b: u = a # list
from b have th: sa setinterleaves (([], u), A)=(tl sa) setinterleaves (([], list),
4)
by (metis emptyLeftNonSync emptyLeftProperty emptyLeftSelf list. distinct(1)
list.sel(3)
list.set-sel(2))
from a th have th1: sa setinterleaves (([], u), A) A yl € A—
((tl sa) Q [y1]) setinterleaves (([y1], list @ [y1]), A) using b by auto
thus sa setinterleaves (([], u), A) Nyl € A —
(sa @ [y1]) setinterleaves (([yl], v @ [y1]), A) using b th by auto
qed
qed

lemma addSync: sa setinterleaves ((t,u),A)A yl € A—(saQ[yl1]) setinterleaves
(taly1]ualy1]),4)
proof (induction length t + length u arbitrary:sa t u rule:nat-less-induct)
case I
then show ?case
apply/(cases t)
apply (simp add: addSyncEmpty)
apply(cases u)
apply (metis Sync.sym addSyncEmpty append.left-neutral)
proof—
fix a list aa lista
assume a: Vm<length t + length u. Vx za. m = length x + length xa —
(Vab. zb setinterleaves ((z, za), A) Nyl € A — (zb Q [yI])
setinterleaves
(& @ [y1], 7a @ [y1]), 4))
and b: t = a # list
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and c: u = aa # lista
thus sa setinterleaves((t, u),A)Ayl €A—(sa Q [yI]) setinterleaves ((t Q [y1],
u @ [y1]), A)
proof—
from b ¢ have thOpre: a=aaNaae A=>sa setinterleaves ((t, u), A) =
(¢l sa) setinterleaves ((list,lista), A) by auto
from thOpre a b ¢ have thOprel: a=aaNaa€ A=>sa setinterleaves ((t, u),
ANyl € A=
((tl sa) @ [y1]) setinterleaves ((listQ [y1], lista @ [yI]), A)
by (metis add-less-mono length-Cons lessI)
from thOpre thOprel b ¢ have th0: a=aaNa€A=>sa setinterleaves ((t, u),
ANyl e A —
(sa @ [y1]) setinterleaves ((t Q [y1], u @ [y1]), A) by auto
from b ¢ have thipre: a¢ ANaae A== sa setinterleaves ((t, u), A) =
(tl sa) setinterleaves ((list,aa#lista), A) by auto
from thipre a b ¢ have thiprel: a¢ ANaa€ A=>sa setinterleaves ((t, u), A)A
yl € A—
((tl sa) @ [y1]) setinterleaves ((list@ [y1], aa#tlista @ [y1]), A)
by (metis add-Suc append-Cons length-Cons lessI)
from thipre thiprel b ¢ have thl: a¢ ANaae A==>sa setinterleaves ((t, u),
Ay Nyl € A —
(sa Q [y1]) setinterleaves ((t @Q [yI], v @ [yI]), A) by auto
from b ¢ have th2pre: aa¢ ANa€ A= sa setinterleaves ((t, u), A) =
(tl sa) setinterleaves ((a#tlist,lista), A) by auto
from th2pre a b ¢ have th2prel: aa¢ ANa€ A=>sa setinterleaves ((t, u), A)A
yl € A—
((tl sa) @ [y1]) setinterleaves ((a#list@ [y1], lista Q [y1]), A)
by (metis add-Suc-right append-Cons length-Cons lessI)
from th2pre th2prel b ¢ have th2: aa¢ ANa€ A=>sa setinterleaves ((t, u),
ANyl e A—
(sa @ [y1]) setinterleaves ((t Q [y1], u @ [y1]), A) by auto
from b ¢ have th3pre: aa¢ ANa¢ A=>sa setinterleaves ((t, u), A)=
(tl sa) setinterleaves((a#tlist,lista), A)V(tl sa)setinterleaves ((list,aa#tlista),
A) by auto
from th3pre a b ¢ have th3prel: aa¢ ANa¢ A=>sa setinterleaves ((t, u), A)A
(tl sa) setinterleaves ((a#tlist,lista), A)A yl € A =
((tl sa) @ [y1]) setinterleaves ((a#tlist@ [y1], lista Q [y1]), A)
by (metis add-Suc-right append-Cons length-Cons lessI)
from th3pre a b ¢ have th3pre2: aa¢ ANa¢ A=—>sa setinterleaves ((t, u), A)A
(tl sa) setinterleaves ((list,aa#lista), AN y1 € A =
((tl sa) @ [y1]) setinterleaves ((listQ [y1], aaftlista @ [y1]), A)
by (metis add-Suc append-Cons length-Cons lessI)
from th3pre th3prel th3pre2 a b ¢ have th3: aa¢ ANa¢ A= sa setinterleaves
(¢, w), 4) A
yl € A — (sa Q [y1]) setinterleaves ((t Q [y1], u Q [y1]), A) by auto
show ?thesis
using b ¢ th0 thi th2 th3 by auto
qed
qed
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qged

lemma doubleReverse: s1 setinterleaves ((t, u), A)—(rev s1) setinterleaves ((rev
t, rev u), A)
proof (induction length t + length u arbitrary:sl t u rule:nat-less-induct)
case I
then show ?case
apply/(cases t)
using emptyLeftNonSync
apply (metis emptyLeftProperty emptyLeftSelf rev.simps(1) set-rev)
apply(cases u)
using sym
apply (metis (no-types, lifting) emptyLeftNonSync emptyLeftProperty emptyLeft-
Self
rev.simps(1) set-rev)
proof—
fix a list aa lista
assume a: Vm<length t + length u. Vx za. m = length v + length xa —
(Vzb. zb setinterleaves ((z, za), A) —rev xb setinterleaves ((rev x, rev
va), A))
and b: t = a # list
and c: u = aa # lista
thus s! setinterleaves ((t, u), A) —rev s1 setinterleaves ((rev ¢, rev u), A)
proof—
from b ¢ have thOpre: a=aaNaac€ A==s1 setinterleaves ((t, u), A)=
(tl s1) setinterleaves ((list,lista), A) by auto
from thOpre a b ¢ have thOprel: a=aalhaa€ A=>s1 setinterleaves ((t, u),
A)=
((rev (tl s1)) setinterleaves ((rev list, rev lista), A))
by (metis add-less-mono length-Cons lessI)
from thOpre thOprel b ¢ have th0: a=aaNaa€ A=>s1 setinterleaves ((t, u),
A) —
rev sl setinterleaves ((rev t, rev u), A) using addSync by fastforce
from b ¢ have thipre: a¢ ANaae A==s1 setinterleaves ((t, u), A)=
(tl s1) setinterleaves ((list,aa#lista), A) by auto
from thipre a b ¢ have thiprel: a¢ ANaae A==s1 setinterleaves ((t, u),
A=
((rev (¢l s1)) setinterleaves ((rev list, rev (aa#lista)), A))
by (metis add-less-monol length-Cons lessI)
from thipre thiprel b ¢ have thl: a¢ ANaae A==s1 setinterleaves ((t, u),
A) —
rev sl setinterleaves ((rev t, rev u), A) using addNonSync by fastforce
from b ¢ have th2pre: aa¢ ANa€ A=—>s1 setinterleaves ((t, u), A)—
(tl s1) setinterleaves ((a#tlist,lista), A) by auto
from th2pre a b ¢ have th2prel: aa¢ ANac A==>s1 setinterleaves ((t, u),
A)=
((rev (¢l s1)) setinterleaves ((rev (a#tlist), rev lista), A))
by (metis add-Suc-right length-Cons lessI)
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from th2pre th2prel b ¢ have th2: aa¢ ANa€ A=>s1 setinterleaves ((t, u),
A) —
rev s1 setinterleaves ((rev t, rev u), A)
using addNonSync by fastforce
from b ¢ have th3pre: aa¢ ANa¢ A== sl setinterleaves ((t, u), A)=
(tl s1) setinterleaves ((a#tlist,lista),A)V(tl s1) setinterleaves((list,aa#tlista),
A) by auto
from th3pre a b ¢ have th3prel: aa¢ ANa¢ A=>s1 setinterleaves ((t, u), A)A
(tl s1) setinterleaves ((a#tlist,lista), A) =
((rev (tl s1)) setinterleaves ((rev (a#tlist), rev (lista)), A))
by (metis add-Suc-right length-Cons lessI)
from th3pre a b ¢ have th3pre2: aa¢ ANa¢ A=—>s1 setinterleaves ((t, u), A)A
(tl s1) setinterleaves ((list,aa#tlista), A) =
((rev (tl s1)) setinterleaves ((rev (list), rev (aa#tlista)), A))
by (metis add-less-monol length-Cons lessI)
from th3prel have th3pre3l: aag ANa¢ A==s1 setinterleaves ((¢t, u), A)A
((rev (tl s1)) setinterleaves ((rev (a#tlist), rev (lista)), A))—
((rev (tl s1))Qlaa]) setinterleaves ((rev (a#list), (rev (lista))@[aa]), A)
by (simp add: addNonSync)
from th3pre2 have th3pre32: aag ANa¢ A== sl setinterleaves ((t, u), A)A
((rev (¢l s1)) setinterleaves ((rev (list), rev (aa#tlista)), A))—
((rev (tl s1))Qla]) setinterleaves (((rev (list)@Q[a]), (rev (aa#tlista))), A)
by (simp add: addNonSync)
from th3pre th3prel th3pre2 th3pre31 th3pre32 a b ¢ have th3: aa¢ ANa¢
A=
s1 setinterleaves ((t, u), A) —rev sl setinterleaves ((rev t, rev u), A) by
force
show ?thesis
using b ¢ th0 thi th2 th3 by auto
qed
qed
qed

lemma ftf-Sync21: (a€set(u)Nagset(t)Vacset(t)Aagset(u))Aa€ A—s setinterleaving(u,
40={}
proof (induction length t + length u arbitrary: t u rule:nat-less-induct)
case I
then show ?case
apply(cases t)
using Sync.sym emptyLeftNonSync apply fastforce
apply(cases u)
apply auto|1]
apply(simp split:if-splits, intro conjl impl, elim conjE disjE exE)
apply blast
apply auto[1]
apply blast
apply auto|[!]
apply auto[1]
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using less-Sucl apply blast
apply auto[1]
apply auto[1]
using list.simps(15) apply auto[1]
by auto
qed

lemma ftf-Sync32: u=ul Q[tick|\t=t1Q[tick]As setinterleaves ((t, u), insert tick
(ev “ A))=
1. sl setinterleaves ((t1, ul), insert tick (ev * A))A (s=s1Q[tick])
proof—
assume h: u=ul Q[tick|\t=t1Q[tick]As setinterleaves ((t, u), insert tick (ev *
1))
thus 3s1. si setinterleaves ((t1, ul), insert tick (ev * A))A (s=s1Qltick])
proof—
from h have a:rev u=tick#rev ul by auto
from h have b:rev t=tick#rev t1 by auto
from h have ab: (rev s) setinterleaves ((tick#rev t1, tick#rev ul), insert tick
(ev * 4))
using doubleReverse by fastforce
from h obtain ss where c: ss setinterleaves ((rev t1, rev ul), insert tick (ev
CANNA
ss=tl(rev s) using ab by auto
from c have d: (rev ss) setinterleaves (( t1, ul), insert tick (ev © A))
using doubleReverse by fastforce
from d have e: rev s=tick#ss
using ab append-Cons-eq-iff ¢ by auto
show %thesis
using d e by blast
qed
qed

lemma SyncWithTick-imp-NTF:
(s Q [tick]) setinterleaves ((t, u),insert tick (ev © A))
= teTP=ueTAQ
= J¢1 ul. t=t1Q[tick] A u=ulQ[tick]A s setinterleaves ((t1, ul), insert tick
(ev © 4))
proof—
assume h: (s Q [tick]) setinterleaves ((t, u), insert tick (ev < A))
and hi:te T P
and h2: ue T Q
thus 3¢1 ul. t=t1Q[tick] A u=ulQ[tick]A s setinterleaves ((t1, ul), insert tick
(ev * 4))
proof—
from h have a: (tick#trev s) setinterleaves ((rev t, rev u), insert tick (ev * A))
using doubleReverse by fastforce
from h obtain it uu where b: t=ttQ[tick] \u=uuQ][tick]
by (metis T-nonTickFree-imp-decomp empty-iff ftf-Syncl ftf-Sync21 hi1 h2
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insertl1
non-tickFree-tick tickFree-append tickFree-def)
from h b have d: s setinterleaves ((tt, uu), insert tick (ev ¢ A))
using ftf-Sync32 by blast
show ?thesis
using b d by blast
qed
qed

lemma synPrefizl:
ta = ]
= Jt1 ul. (s Q t) setinterleaves ((ta, u), A) —
t1 < ta A ul < u A s setinterleaves ((t1, ul), A)
proof—
assume a: ta = []
obtain ul where th: ul=s by blast
from o have th2: (s Q t) setinterleaves ((ta, u), A) — (s Q t)= u
by (simp add: a emptyLeftProperty)
from a have th3: (s Q t) setinterleaves ((ta, u), A) — (V1. t1€set u—st1¢A)

by (simp add: emptyLeftNonSync)
from a th have thi: (s Q t) setinterleaves ((ta, u), A) — [| < ta A ul < u
using le-list-def th2 by blast
from a th have thh1: (s Q t) setinterleaves ((ta, u), A)A (V1. t1€set ul —t1¢A)
e
s setinterleaves (([], ul), A) by (simp add: emptyLeftSelf)
thus 3¢1 ul. (s Q t) setinterleaves ((ta, u), A) — t1 < ta A ul < u A
s setinterleaves ((t1, ul), A) using th th1 th2 th3 thhl by fastforce
qed

lemma synPrefiz: It1 ul. (s Q t) setinterleaves ((ta, u), A)—
t1 <taAul<uAs setinterleaves ((t1, ul), A)
proof (induction length ta + length u arbitrary: s t ta u rule:nat-less-induct)
case I
then show ?case
apply/(cases ta)
using synPrefix] apply fastforce
apply(cases u)
using sym synPrefix] apply metis
proof—
fix a list aa lista s t
assume a: Vm<length ta + length u. ¥V za. m = length ¢ + length xa —
(Vab ze. 3t1 ul. (zb Q xzc) setinterleaves ((z, za), A) —
t1 <z A ul < za A zb setinterleaves ((t1, ul), A))
and b: ta = a # list
and c: u = aa # lista
thus 3t ul. (s Q t) setinterleaves ((ta, u), A) — t1 < ta A ul < u A
s setinterleaves ((t1, ul), A)
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proof—
from a have th0: Vxb zc. 3t1 ul. (zb Q xc) setinterleaves ((list, lista), A)
BN
t1 < list A ul < lista N zb setinterleaves ((t1, ul), A)
by (metis add-less-le-mono b ¢ impossible-Cons le-cases not-le-imp-less)
from b ¢ obtain yb where thp: a=aara€ AN(sQt) setinterleaves ((ta, u),
A)Nlength s >1 —
yb=tl s by blast
with b ¢ have thp{: a=aarac AN(s Q t) setinterleaves ((ta, u), A)Alength
s >1 =s=a#yd
by (auto, metis Cons-eq-append-conv list.sel(3) list.size(3) not-less0O)
have thp5: a=aaNa€ AN(s Q t) setinterleaves ((ta, u), A)Alength s >1 —
(yb @ t) setinterleaves ((list, lista), A) using b ¢ thp/ by auto
from th0 obtain yt yu where thpl: a = aa N a € A => (s Q t) setinterleaves
((ta, u), A) A
1 < length s=>yb setinterleaves ((yt, yu), A)Ayt<listAyu<lista using thps
by blast
from thp thp! have thp2: a=aaha€ A= (s Q t) setinterleaves ((ta, u),
AN length s >1—
s setinterleaves ((a#yt, aa#yu), A) using thp4 by auto
from b ¢ have thp8: a=aaNa€ A= (s Q t) setinterleaves ((ta, u), A) A
length s=1—
s setinterleaves (([a], [aa]), A)
using append-eg-append-conv2[of s t [aa]] by (auto, metis append-Nil2
append-eq-append-conv length-Cons list.size(3))
have thp6: a=aanae A= (s Q t) setinterleaves ((ta, u), A) A length
$5=0—>
s setinterleaves (([], []), 4) by auto
from thp1 have thp7: a=aaha€ A= (s Q t) setinterleaves ((ta, u), A)A
length s >1—
(a # yt)<ta A(aa # yu)<u by (metis b c le-less less-cons)
have th: a=aaNae A=3t1 ul. (s Q t) setinterleaves ((ta, u), A) —
t1 < ta A ul < u A s setinterleaves ((t1, ul), A)
proof —
assume dd:a=aa A a€ A
consider (aa) length s = 0 | (bb) length s = 1 | (cc) length s > 1
by linarith
then show ?thesis
proof cases
case aa
with thp6 show ?thesis
by (rule-tac =[] in ezl, rule-tac =[] in ezl, simp)
next
case bb
with dd thp3 b ¢ show ?thesis
by (rule-tac x=|a] in ezl, rule-tac x=[a] in exl, auto simp add: le-list-def)

next
case cc
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with dd thp2 thp7 b ¢ show ?thesis
by (rule-tac x=a#tyt in exl, rule-tac x=a#tyu in exl, auto simp add:
le-list-def)
qed
qed
from b ¢ have thipre: a¢ ANaa€ AN(s Q t) setinterleaves ((ta, u), A) —
tl (s @ t) setinterleaves ((list, u), A)Ahd (sQt)=a by auto
from a b ¢ obtain yt! yul where thiprel: a¢ ANaac AN(s @ t) setinterleaves
((ta, w), A)A
length s>0—yt1 <list\ yul < uA tl s setinterleaves ((yt1, yul), A)
by (metis (no-types, lifting) length-Cons length-greater-0-conv lessI plus-nat.simps(2)

thipre tl-append?2)
from b have thipre2: yt1 <list—a#ytl <ta
by (simp add: le-less less-cons)
from b ¢ have thipres: a¢ ANaac ANt s setinterleaves ((ytl, yul), A)—
(a#(tl s)) setinterleaves ((a#ytl, yul), A)
by (metis (mono-tags, lifting) addNonSync doubleReverse rev.simps(2)
rev-rev-ident)
from b c thiprel thipre2 have thipres: a¢ ANaa€ AN(s @Q t) setinterleaves
((ta, u), A)A
length s>0 —a#tytl <taA yul <uA s setinterleaves ((a#ytl, yul), A)
using thipre thipre3 by fastforce
have thipre5:a¢ ANaac AN(s Q t) setinterleaves ((ta, u), A)Alength s=0
—s[[<tan [] <uA
s setinterleaves (([], []), A) by auto
have th1: a¢ ANaae A=3t1 ul. (s Q t) setinterleaves ((ta, u), A) —
t1 < ta A ul <uA s setinterleaves ((t1, ul), A) using thiprej thipre5 by
blast
from b c have th2pre: aag ANa€ AN(s Q t) setinterleaves ((ta, u), A) —
tl (s Q t) setinterleaves ((ta, lista), A)Ahd (sQt)=aa by auto
from a b ¢ obtain yt2 yu2 where th2prel: aa¢ ANa€ AN(s Q t) setinterleaves
((ta, u), A)A
length s>0—yt2<tan yu2 < listaA (tl s) setinterleaves ((yt2, yu2), A)
by (metis (no-types, lifting) add-Suc-right length-Cons length-greater-0-conv
lessI
th2pre tl-append?2)
from c¢ have th2pre2: yu2<lista—aa#yu2<u
by (simp add: le-less less-cons)
from b ¢ have th2pre3: aa¢ ANa€ ANIl s setinterleaves ((yt2, yu2), A)—
(aa#(tl s)) setinterleaves ((yt2, aa#yu2), A)
by (metis (mono-tags, lifting) addNonSync doubleReverse rev.simps(2)
rev-rev-ident)
from b c th2prel th2pre2 have th2prej: aag ANa€ AN(s Q t) setinterleaves
((ta, u), A)A
length s>0 —yt2<taN aaftyu?2 <uA s setinterleaves ((yt2, aa#yu2), A)
using th2pre th2pre3 by fastforce
have th2pre5:aa¢ ANa€ AN(s Q t) setinterleaves ((ta, u), A)Alength s=0 —
[[<taA [] <uA s setinterleaves (([], []), A) by auto
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have th2: aa¢ ANae A= t1 ul. (s Q t) setinterleaves ((ta, u), A) —
t1 < ta A ul < uA s setinterleaves ((t1, ul), A) using th2pre/ th2pre5 by
blast
from b ¢ have th3pre: aa¢ ANa¢ AN(s Q t) setinterleaves ((ta, u), A)—stl
(s@t)
setinterleaves ((ta, lista), A)Ahd (sQt)=aaVtl (s Q t)setinterleaves((list, u),
A)Ahd(sQt)=a
by auto
from a b ¢ th3pre obtain yt31 yu31 where th3prel: aa¢ ANa¢ AN
(s @ t) setinterleaves ((ta, u), A)Atl (s Q t) setinterleaves ((ta, lista), A)A
hd (sQt)=aaNlength s>0—yt31<taA yuS1 < listaA (tl s) setinterleaves
((yt31, yudl), A)
by (metis(no-types,lifting) add-Suc-right length-Cons length-greater-0-conv
lessI tl-append?2)
from a b ¢ th3pre obtain yt32 yu32 where th3pre2: aa¢ ANag AN(sQt)setinterleaves
((ta, u),A)A
tl (s Q t) setinterleaves ((list, u), A)Ahd (sQt)=aAlength s>0—yt32<list\
yu32 <uA
(tl s) setinterleaves ((yt32, yu32), A)
by (metis add-less-monol impossible-Cons le-neg-implies-less length-greater-0-conv

nat-le-linear tl-append?2)
from b ¢ have th3pre3: aa¢ ANa¢ AAtL s setinterleaves ((yt31, yu3l), A)—
(aa#(tl s)) setinterleaves ((yt31, aa#yusl), A)
by (metis (mono-tags, lifting) addNonSync doubleReverse rev.simps(2)
rev-rev-ident)
from b c th3prel th3pre2 have th3pre: aag ANa¢ AN(s Q t) setinterleaves
((ta, u), A)A
length s>0Ntl (s Q t) setinterleaves ((ta, lista), A)Ahd (sQt)=aa —> yt31 <taA
aaftyull <uA
s setinterleaves ((yt31, aa#yu3l), A)
by (metis hd-append?2 le-less length-greater-0-conv less-cons list.exhaust-sel
th3pred)
from b ¢ have th3pre5: aa¢ ANa¢ ANt s setinterleaves ((yt32, yu32), A)—
(a#(tl s)) setinterleaves ((a#yt32, yu32), A)
by (metis (mono-tags, lifting) addNonSync doubleReverse rev.simps(2)
rev-rev-ident)
from b c th3prel th3pre2 have th3pre6: aa¢ ANa¢ AN(s Q t) setinterleaves
((ta, u), A)A
length s>0Ntl (s @Q t) setinterleaves ((list, u), A)Ahd (sQt)=a — a#yt32<taA
yu32 <uA
s setinterleaves ((a#yt32, yu32), A)
using th3pre th3pre5 by (metis hd-append?2 le-less length-greater-0-conv
less-cons
list.exhaust-sel)
have th3pre7:aa¢ ANa¢ AN(s Q t) setinterleaves ((ta, u), A)Alength s=0 —
[[<tan [] <uA s setinterleaves (([], []), A) by auto
have th3: aa¢ ANa¢ A= t1 ul. (s Q t) setinterleaves ((ta, u), A) —
t1 < ta A ul < u A s setinterleaves ((t1, ul), A)
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using th3pre thS3pre4 th3pre6 th3pre7 by blast
with a b ¢ th th1 th2 show ?thesis
by fastforce
qed
qed
qed

lemma SyncWithTick-imp-NTF1:
(s @Q [tick]) setinterleaves ((t, u), insert tick (ev ¢ A))
= te T P=ue T Q
= JtuXaY. (t,Xa) e FPA((u, Y)EF QA
s setinterleaves ((t, u), insert tick (ev © A)) A
X — {tick} = (Xa U Y) N insert tick (ev “ A) U Xa N Y)
apply (drule SyncWithTick-imp-NTF)
apply simp
apply simp
proof —
assume A: t € T P
and B:u e T Q
and C: 3t1 ul. t = t1 Q [tick|Au = ul Q[tick]|As setinterleaves ((t1, ul), insert
tick (ev ¢ A))
from C obtain t1 ul
where D: t = t1 @ [tick] A u = ul Q [tick] A
s setinterleaves ((t1, ul), insert tick (ev * A)) by blast
from A B D have E: (t1, X—{tick}) € F P A (ul, X—{tick}) € F Q
by (simp add: T-F process-charn)
thus JtuXaY. (t,Xa) e FPA(u, Y)EF QA
s setinterleaves ((t, u), insert tick (ev * A)) A
X — {tick} = (Xa U Y) N insert tick (ev “A) U XaN Y
using A B C D E by blast
qed

lemma ftf-Sync:
front-tickFree u
= front-tickFree t
= s setinterleaves ((t, u),insert tick (ev * A))
= front-tickFree s
proof—
assume A: front-tickFree u
assume B: front-tickFree t
assume C': s setinterleaves ((t, u), insert tick (ev © A))
thus front-tickFree s
proof—
from A obtain u! where A1:V u2. ul <uAtickFree ulA (u2<uAtickFree
u2—u2<ul)
by (metis append.right-neutral append-eq-first-pref-spec front-tickFree-charn
le-list-def
tickFree-Nil)
from A A1 have AA1: ul=uVu=ulQ[tick]
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by (metis(no-types, lifting) antisym append-Nil2 append-eq-first-pref-spec ap-
pend-is-Nil-conv
front-tickFree-charn le-list-def less-list-def less-self nonTickFree-n-front TickFree)
from B obtain tI where B1: V t2. t1<tAtlickFree t1N (t2<tAtickFree
t2—t2<t1)
by (metis append.right-neutral append-eq-first-pref-spec front-tickFree-charn
le-list-def
tickFree-Nil)
from B B1 have BBI: t1=tVt=t1Q][tick|
by (metis(no-types, lifting) antisym append-Nil2 append-eq-first-pref-spec ap-
pend-is-Nil-conv
front-tickFree-charn le-list-def less-list-def less-self nonTickFree-n-front TickFree)
from A1 B1 have CI1: Vsl1. sl setinterleaves ((t1, ul), insert tick (ev *
A))—tickFree s1
by (meson ftf-Syncl tickFree-def)
from AAI BBI have CC1: ul=uAtl=t—tickFree s
by (simp add: C C1)
from AA1 BBI1 have CC2: ul =uAt=t1Q[tick]|—tickFree s using ftf-Sync21

by (metis A1 C equalsOD insertll non-tickFree-tick tickFree-append tick-
Free-def)

from AA1 BBI1 have CC3: u=ulQ[tick|\t]1=t—tickFree s using ftf-Sync21

by (metis B1 C insertll insert-not-empty mk-disjoint-insert non-tickFree-tick
tickFree-append

tickFree-def)

from AA1 BB1 have CC/: u=ul Q[tick|\t=t1Q[tick]|—>

Is1. sl setinterleaves ((t1, ul), insert tick (ev * A))A(s=s1Q[tick])
using C ftf-Sync32 by blast

from C1 CCj have CC5: front-tickFree s
using AA1 BB1 CC1 CC2 CC38 tickFree-implies-front-tickFree
tickFree-implies-front-tickFree-single by auto

with A1 Bl C1 AA1 BB1 show ?thesis
using CC1 CC2 CC3 tickFree-implies-front-tickFree by auto

qed

qed

lemma is-processT5-SYNC2:
N\ sa YituXaYa (t,Xa)€ F P A (u,Ya) € F QA (sa setinterleaves ((t,u),insert
tick (ev © A)))
—=VeceY —
(V t1 ul. (saQlc]) setinterleaves ((t1,ul),insert tick (ev < A))—
((t14}) € F P—(ul, {}) ¢ F QM(t1.{}) € F Qq—(ul, {}) ¢ F P)))
= Jt2 u2 Xb. (¢t2, Xb) € F P A
(3Yb. (u2, Yb) € F Q A
sa setinterleaves ((t2, u2), insert tick (ev * A)) A
( Xa U Ya) N insert tick (ev “A) U Xa N Ya U Y =
(Xb U Yb) N insert tick (ev * A) U Xb N Yb)
proof —
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fix sa YtuXa Ya
assume A: (t,Xa) € F P A (u,Ya) € F Q A(sa setinterleaves ((t,u),insert tick
(ev © A)))
and B: Vc.ce YV —
(V t1 ul. (sa@Qlc]) setinterleaves ((t1,ul),insert tick (ev < A)) —
(t1.{}) € F P —
(ul, (1) & F Q) A (H1,{}) € F @—(ul, {}) ¢ F P)))
thus 342 u2 Xb. (12, Xb) € F P A
(3 YD. (u2, Yb) € F Q A sa setinterleaves ((t2, u2), insert tick (ev
CA)) A
(Xa U Ya) N insert tick (ev ‘A) U XanN YaU Y =
(Xb U Yd) N insert tick (ev * A) U Xb N Yd)
proof—
from A B obtain Y71 Y2
where A1: (Y1=(YnNinsert tick (ev ‘ A)))A(Y2=(Y — insert tick (ev
< 4)))

by blast
from A7 have AA1: YIU Y2 =Y
by blast
from A1 have newAA: VyeYl1. ye insert tick (ev ‘ A)
by blast
from A1 have newAAA: VyeY2. y¢ insert tick (ev ‘ A)
by blast
from B A1 have AA2: Vz€Y1.(tQ[z], {}) ¢ F PV (vQ[z], {}) ¢ F Q
proof(cases 3z € Y1. (tQ[z], {})eF P A (uQ[z], {}) € F Q)
case True
from True obtain z! where TrA: z1€ YIA(tQ[z1], {})eF P A (uQ[z1], {})
eF Q
by blast
from TrA A have TrB:
[sa setinterleaves ((t,u),insert tick(ev ¢ A));
z1€insert tick (ev < A)]
= (saQ[z1]) setinterleaves ((tQ[z1],(u@[z1])),insert tick (ev © A))
proof—
have a: (rev sa) setinterleaves ((rev t,rev u),insert tick (ev * A))
using local.A doubleReverse by blast
have b: (z1#rev sa) setinterleaves ((z1#rev t,z1# rev u),insert tick (ev
)
using TrA a newAA by auto
show ?thesis
using b doubleReverse by fastforce
qed
then show ?thesis
using A1 B TrA local.A by blast
next
case Fulse
then show ?thesis
by blast
qed
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from A B A1 obtain Z1 Z2 where A2: (Z1=Y1N{z.(tQ[z], {})¢F P})A(Z2=Y1—{z.(tQ[z],
(eF PY)
by blast
from A2 have BA: YI=710UZ2
by blast
from A2 have BAA: Vz€Z1. (tQ[z], {}) ¢ F P
by blast
from A2 have BAAA: Vz2€Z2. (uQlz], {})¢ F Q
using AA2 by blast
from A2 BA BAA have A3: (t, Z1)e F P
by (meson F-T NF-NT is-processT5-S7 local.A)
from A A1 have A43: VyeY2. (tQly], {})¢ F P A (uQ[y], {})¢ F Q
proof(cases JycY2. ((tQ[y], {})e F P)V((vQly], {})E F Q))
case True
from True obtain yI where innAA: y1€ Y2A(((tQ[y1], {})e F P)V((v@[y1],
{H)e F Q)) by blast
from innAA have innAAA: y1¢ insert tick (ev * A)
using newAAA by auto
from innAA have innAAI:
[sa setinterleaves ((t,u),insert tick (ev © A));
yl ¢ insert tick (ev © A)]
= ((t@fy1], {})e F P
—(saQ[y1]) setinterleaves ((tQ[y1],u),insert tick (ev © A))) A
((v@[y1], {})e F Q—(saQlyl]) setinterleaves((t,u@[y1]),insert
tick (ev‘A)))
by (simp add: addNonSync)
with A B innAA1 innAA show ?thesis
by (metis A1 DiffD1 innAAA is-processT4-empty)
next
case Fulse
then show ?thesis by blast
qed
from A1 A2 obtain Xbb where B1: Xbb=(XaUZ1UY2)
by blast
from A Bl A3 A43 have A5: (t, Xbb)e F P
by (meson BAA is-processT5-S1)
from A1 A2 obtain Ybb where B2: Ybb=(YaUZ2UY2)
by blast
from A B have A52: (u, Ybb)e F Q
by (metis A48 B2 BAAA is-processT5-S1)
from A1 A2 have A61: (Xbb U Ybb)Ninsert tick (ev ‘ A)=((XaUYaUY1UY2)
N insert tick (ev © A))
using B B2 by blast
from A1 have A62: (Y1) N insert tick (ev * A)=Y1
using inf.orderE by auto
from A1 have A63: (Y2) N insert tick (ev * A)={}
by (simp add: AA1 Int-commute)
from A61 A62 A63 have A64:((XaUYaUYIUY2)Ninsert tick(ev ‘A))=((XaU Ya)Ninsert
tick(ev ‘A)UYT)
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by (simp add: Int-Un-distrib2)
from AA1 BA BI B2 have A65: (XbbNYbb)C((XaNYa)UY)
by auto
from AA1 BA B1 B2 have A66:(XbbNYbb)D((XanYa)UY?2)
by auto
from A1 A2 have A66: ((Xa U Ya) N insert tick (ev *A) U Xa N Ya U Y)
= ((Xbb U Ybb) N
insert tick (ev © A) U Xbb N Ybb)
proof —
have f1: (Xa U Ya) N insert tick (ev “A) U XaN YaUY =Y U Xan Ya
U ((Xa U Ya) N
insert tick (ev ¢ A) U Xbb N Ybb)using A65 by auto
have Xa N Ya U Y2 U Xbb N Ybb = Xbb N Ybb
by (meson A66 le-iff-sup)
then have (Xa U Ya) N insert tick (ev “ A) U Xa N Ya U Y = Xbb N Ybb
U ((Xa U Ya) N
insert tick (ev © A) U Y1) using fI Al by auto
then show ?thesis
using A61 A64 by force
qed
with A5 A52 A66 show ?thesis
using local. A by blast
qed
qed

lemma pt3:
tacT P
= ueT Q= (sQt) setinterleaves ((ta, u), insert tick (ev * A))
— JtuX. (t X) € FPA
@Y. (u, Y)EF QA
s setinterleaves ((t, u), insert tick (ev * A)) A
tick¢g X Ntick¢ YA(XUY)New ‘A={3AXNY={}
proof—
assume al: ta € T P
assume a2: u € T @
assume a3: (s Q t) setinterleaves ((ta, u), insert tick (ev < A))
have aa: ta € T P =u € T Q = (s Q t) setinterleaves ((ta, u), insert tick
(ev “ A)=
Jtu. t €T P ANueT Q As setinterleaves ((t, u), insert tick (ev *
)

using is-processT3-ST-pref synPrefix by blast
thus 3tu X. (t, X) e FPAEY. (v, Y) e F QA
s setinterleaves ((t, u), insert tick (ev * A)) A
tick¢ X Ntick¢ YA(XUY)New ‘A={} ANXNY={})
using NF-NT al a2 a3 by blast
qed

lemma Sync-maintains-is-process:
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is-process ({(s,R).3 tu X Y. (t,X) e FPA (u,Y) € F QA
(s setinterleaves ((t,u),(ev‘A) U {tick})) A
R=(XUY)N ((ev'Ad) U{tick})) UX N Y}U
{(s,R).3 t urv. front-tickFree v A\ (tickFree r V v=[]) A
s = rQuv A
(r setinterleaves ((t,u),(ev‘A) U {tick})) A
(teDPAueT QVteDQAueT P},

{s. 3 turo. front-tickFree v A (tickFree r V v=[]) A
s =rQu A
(r setinterleaves ((t,u),(ev‘A) U {tick})) A
(teDPAueT QVteDQAueT P}
(is is-process(?f, 2d))
proof (simp only: fst-conv snd-conv Failures-def is-process-def FAILURES-def DI-
VERGENCES-def,
fold FAILURES-def DIVERGENCES-def ,fold Failures-def intro conjI)
show ([], {}) €
apply auto
by (metis Int-commute Int-empty-right Sync.si-emptyl Un-empty empty-iff in-
sert-iff is-processT1)
next
show Vs X. (s, X) € ?f — front-tickFree s
apply (auto simp:is-processT2 append-T-imp-tickFree front-tickFree-append
D-imp-front-tickFree)
using ftf-Sync is-processT2 apply blast
using D-imp-front-tickFree ftf-Sync is-processT2-TR apply blast
using D-imp-front-tickFree ftf-Sync is-processT2-TR by blast
next
show Vst (s@Qt {}) e ?of — (s,{}) € 9
apply auto
apply(drule F-T)
apply(drule F-T)
proof(goal-cases)
case (I sttauXY)
then show ?case
using pt3 by fastforce
next
case (2sttaurvw)
have aa: front-tickFree v
= sQt = r Q@ v = r setinterleaves ((ta, u), insert tick (ev * A))
= Yt u r. r setinterleaves ((t,u),insert tick(ev ‘4)) —
(Vv. s=r@Quv—s front-tickFree v —
—tickFree r AN v£[V(t € D P —
ue¢T QAN({HeEDQ— ug¢TP))
= tickFreer = ta € DP = uveT Q = s<r
apply(simp add: append-eq-append-conv2)
by (metis append-Nil2 front-tickFree-Nil front-tickFree-dw-closed le-list-def less-list-def)
from 2(1,2,3,4,5,6,7) Sync.sym aa have al: s<r by blast
have aaa: r setinterleaves ((ta, u), insert tick (ev © A))
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= tickFree r = ta € D P
= ueT Q= s<r
= JtuX. (t, X)) e FPAEY. (v, Y)EF QA
s setinterleaves ((t, w), insert tick (ev © A)) A
tick¢ X Ntick¢ YANXUY)New  A={}AXNnY={})
apply(drule D-T)
apply(simp add: le-list-def less-list-def)
using Sync.sym pt3 by blast
have aab: 3t u X. (t, X) e F PAEY. (u, Y) € F QA
s setinterleaves ((t, u), insert tick (ev * A)) A
tick¢ X Ntick¢ YAN(XUY)New‘A={3}AXNY={})
using 2(1,2,3,4,5,6,7) aa aaa Sync.sym by auto
then show ?case by auto
next
case (3 sttauruw)
have aa: front-tickFree v=—s Q t =r Q v
= r setinterleaves ((ta, u), insert tick (ev * A))
= Vit ur. rsetinterleaves ((t, u), insert tick (ev * A)) —
(Vv. s =1 Qv —>front-tickFree v —— tickFree r A v # [] V
(teDP —ud¢T QAN(ETeDQ—ug¢gTP)
= tickFree r
—tae€D Q= uecT P=— s<r
apply(simp add: append-eq-append-conv2)
by (metis append-Nil2 front-tickFree-Nil front-tickFree-dw-closed le-list-def less-list-def)

have aaa: r setinterleaves ((ta, u), insert tick (ev * A))
= tickFreer = ta € D Q = u €T P =s<r
= JtuX.(t, X) e FPA
(3Y. (u, Y) € F Q As setinterleaves ((t, u), insert tick (ev ¢
A)) A

{H
apply(drule D-T)

apply(simp add: le-list-def less-list-def)
using Sync.sym pt3 by blast
from 3(1,2,3,4,5,6,7) Sync.sym aa have al: s<r
by blast
have aab: Jtu X. (¢, X) e FPABY. (v, Y)EF QA
s setinterleaves ((t, u), insert tick (ev * A)) A
tick ¢ X Ntick¢ YA(XUY)New A={} AXNY ={})
using 3(1,2,3,4,5,6,7) aa aaa Sync.sym by auto
then show ?case
by auto
next
case (4 st ta u)
from 4(3) have al: ta € T P
by (simp add: D-T)
then show ?case
using 4 (1) 4(4) pt3 by blast

tick¢ X Ntick¢ Y AN(XUY)New A={} AXNY=
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next
case (5 st ta u)
from 5(3) have al: ta € T Q
by (simp add: D-T)
then show ?case
using 5(1) 5(4) Sync.sym pt3 by blast
qed
next
showVs X Y. (s, Y)e %f NXCY — (s, X) € 7f
apply auto
proof (goal-cases)
case (I s X t u Xa Ya)
have aa: X C ((Xa U Ya) N insert tick (ev * A) U Xa N Ya )=3Txl yl.
x1CXa AN yICYa A
X=((z1 U y1) N insert tick (ev * A) U x1 N yI)
apply(simp add: Set.subset-iff-psubset-eq)
apply (erule disjE)
defer
apply blast
proof—
assume A: X C (Xa U Ya) N insert tick (ev ‘ A) U Xa N Ya
from A obtain X! where B: X1=((Xa U Ya) N insert tick (ev “* A) U Xa
N Ya)—X
by blast
from A obtain z where C: x=Xa— X1
by blast
from A obtain y where D: y=Ya—X1
by blast
from A B C D have E: X = (z U y) N insert tick (ev “A) Uz Ny
by blast
thus Jz1. (21 C XaV 2l =Xa) A (Jyl. (yI C YaV yl = Ya) N X = (x1
Ugyl)n
insert tick (ev < A) U x1 N yl)
using A B C D E by (metis Un-Diff-Int inf.strict-order-iff inf-sup-absorb)
qed
then show ?Zcase using 1(1,2,3,4,5)
by (meson process-charn)
qed

next
let 791 = {(s,R). 3 tuXY. (t,X) e FPA(u,Y)eF QA
(s setinterleaves ((t,u),(ev‘A) U {tick})) A
R=(XUY)n ((ev‘A) U {tick}) U X N Y}
have is-processT5-SYNCS:
Nsa X Y.(sa, X) €2f1 = (V. c€ Y—(saQ]c]{})¢?f)=(sa, XUY)
€ 91
apply/(clarsimp)
apply (rule is-processT5-SYNC2|simplified])
apply(auto simp:is-processT5) apply blast
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by (metis Sync.sym Un-empty-right inf-sup-absorb inf-sup-aci(5) insert-absorb
insert-not-empty)
show Vs X Y. (s, X) € %f AN(Ve.ce Y — (s@c, {}) ¢ 2f) — (s, X U
Y)e ?f
apply (intro alll impl, elim conjE UnkE)
apply(rule rev-subsetD)
apply(rule is-processT5-SYNCS)
by (auto)
next
show Vs X. (s @Q [tick], {}) € 2f — (s, X — {tick}) € ?f
apply auto
apply(drule F-T)
apply(drule F-T)
using SyncWithTick-imp-NTF1 apply fastforce
apply(metis append-assoc append-same-eq front-tickFree-dw-closed nonTick-
Free-n-frontTickFree
non-tickFree-tick tickFree-append)
apply(metis butlast-append butlast-snoc front-tickFree-charn non-tickFree-tick
tickFree-append
tickFree-implies-front-tickFree)
apply (metis NT-ND append-Nil2 front-tickFree-Nil is-processT3-ST is-process T9-S-swap

SyncWith Tick-imp-NTF')
by (metis NT-ND append-Nil2 front-tickFree-Nil is-processT3-ST is-process T9-S-swap

SyncWith Tick-imp-NTF)

next
show Vs t. s € 2d A tickFree s A\ front-tickFree t — s Q t € 2d
apply auto
using front-tickFree-append apply blast
using front-tickFree-append apply blast
apply blast
by blast
next
show Vs X. s € 2d — (s, X) € ?f
by blast
next
show Vs. s @Q [tick] € ?d — s € 2d
apply auto
apply (metis butlast-append butlast-snoc front-tickFree-charn non-tickFree-tick

tickFree-append tickFree-implies-front-tickFree)
apply (metis butlast-append butlast-snoc front-tickFree-charn non-tickFree-tick

tickFree-append tickFree-implies-front-tickFree)
apply (metis D-T append.right-neutral front-tickFree-Nil is-processT3-ST
is-processT9
Sync WithTick-imp-NTF')
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by (metis D-T append.right-neutral front-tickFree-Nil is-process T3-S T is-processT9

SyncWithTick-imp-NTF')
qed

lemmas Rep-Abs-Sync[simp] = Abs-process-inverse[simplified, OF Sync-maintains-is-process]

4.2.4 Projections

lemma
F-Sync :F(P[A] Q) =

{((R)3 tuX Y. (LX) € FPA
(u,Y)e F QA
s setinterleaves ((t,u),(ev‘A) U {tick}) A
R=(XUY)N ((ew'A) U {tick})) U XNY}U

{(s,R).3 t urv. front-tickFree v A
(tickFree v vV v=[]) A
s =rQu A
r setinterleaves ((t,u),(ev‘A)U{tick}) N
(teDPAueT QVteDQAueT P)}

unfolding Sync-def

apply (subst Failures-def)
apply(simp only: Rep-Abs-Sync)
by (auto simp: FAILURES-def)

lemma
D-Sync ::D(P[A] Q) =
{s. 3 twurw. front-tickFree v A\ (tickFree r V v=[]) A
s = rQu A r setinterleaves ((t,u),(ev‘A) U {tick}) A
(teDPAueT QVteDQAueT P)}

unfolding Sync-def

apply(subst D-def)

apply(simp only: Rep-Abs-Sync)
by (simp add: DIVERGENCES-def)

lemma
T-Sync T (P[A] Q)=
{s. JtuteTPAueT QA
s setinterleaves ((t,u),(ev‘A) U {tick})}U
{s. 3 turo front-tickFree v A (tickFree r V v=[]) A
s = rQu A r setinterleaves ((t,u),(ev‘A) U {tick}) A
(teDPAueT QVteDQANueT P)}

unfolding Sync-def
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apply(subst Traces-def, simp only: Rep-Abs-Sync, simp add: TRACES-def FAIL-
URES-def)

apply auto

apply (meson F-T)

using T-F by blast

4.2.5 Syntax for Interleave and Parallel Operator

abbreviation Inter-syntaz ((-|||-) [72,73] 72)
where P ||| @ = (P [{}] Q)

abbreviation Par-syntaz ((-|-) [74,75] 74)
where P || Q = (P [ UNIV | Q)

4.2.6 Continuity Rule

lemma mono-Sync-D1:
PCQ—D(Q[A]SCD(PLA]S)
apply(auto simp: D-Sync)
using le-approxl apply blast
using le-approz-lemma-T apply blast
apply (metis append-Nil2 le-approxl subsetCE tickFree-Nil tickFree-implies-front-tickFree)

by (metis append-Nil2 le-approz-lemma-T subsetCE tickFree-Nil tickFree-implies-front-tickFree)

lemma mono-Sync-D2:
PC Q=W s s¢D(P [A] S)— Ra(P[A] S)s=Ra(Q [A] 9S)s)
apply auto
apply(simp add: Ra-def D-Sync F-Sync)
apply (metis (no-types, lifting) F-T append-Nil2 front-tickFree-Nil le-approz2)
apply(simp add: Ra-def D-Sync F-Sync)
apply (insert le-approz-lemma-F[of P Q] le-approz-lemma-T[of P Q)
le-approxl[of P Q) le-approx2T|of P Q), auto)
apply blast
apply blast
apply blast
using front-tickFree-Nil apply blast
using front-tickFree-Nil by blast

lemma interPrefitEmpty: s setinterleaves ((1,]]),A)At1<t=3s1<s. sl setinter-
leaves ((t1, []), A)
by (metis (no-types, lifting) Sync.sym emptyLeftProperty le-list-def nil-le2
order.strict-implies-order synPrefixl)

lemma interPrefiz:3ul s1. s setinterleaves((t,u),A)At1 <t—ul <uAsl<sAsl set-
interleaves((t1,ul),A)
proof (induction length t + length u arbitrary:s t u t1 rule:nat-less-induct)

case I

then show ?case

apply(cases t)
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apply auto|1]
apply(cases u)
apply (meson interPrefitEmpty nil-le2)
proof—
fix a list aa lista
assume a: Vm<length t + length u. Vx zra. m = length ¢ + length xa —
(Vb xzc. ul si.
zb setinterleaves((z, za),A)Azc < © — ul < za A s1 < xb A sl setinterleaves
(ac, ul), 4))
and b: t = a # list
and c: u = aa # lista
thus Jul si. s setinterleaves((t, u),A)Atl <t—ul <uAsl<sAsl setinterleaves
((¢1, ul), A)
proof—
from b ¢ have thOpre: a=aaNaa€e A==s setinterleaves ((t, u), A) =
(tl s) setinterleaves ((list,lista), A) by auto
from a obtain yu ys
where thOprel: a=aaNaac€ A A s setinterleaves ((t, u), A)N t1 < a # list
A length t1>0
= yu < lista A ys<tl s A ys setinterleaves ((tl t1, yu), A)
apply (simp add: le-list-def less-list-def append-eq-Cons-conv)
by (metis add-less-mono b ¢ length-Cons lessI list.sel(3) thOpre)
from thOpre thOprel b c
have thOpre2: a=aa N aa€A
= s setinterleaves ((a # list, u), A) A t1<a#FlistAlength t1>0
= (a#tys)setinterleaves((a#ttl t1, aftyu), A)Na#ys<sAa#HFyu<uAtl=a#tl
t1
apply (simp add: le-list-def less-list-def Cons-eg-append-conv)
by (metis append-Cons list.exhaust-sel list.inject list.sel(3))
have thOpre3: a=aaNaa€ A=>s setinterleaves ((a # list, u), A)At] < a #
list\length t1=0—
[J<sA|[<uA [] setinterleaves ((t1, []), A)
apply (simp add: le-list-def less-list-def) using ¢ by auto
from thOpre2 thOpre3 ¢ have th0 : a=aaNaa€ A=>s setinterleaves ((a #
list, u), A)A
t1 < a # list=3ul <u. Is1<s. s1 setinterleaves ((t1, ul), A) by fastforce
from b ¢ have thipre: a¢ ANaae A==>s setinterleaves ((a # list, u), A) =
(tl s) setinterleaves ((list,aa#tlista), A) by auto
from a obtain yul ys1 where thiprel: a¢ ANaa€ AAs setinterleaves ((a #
list, u), A)A
t1 < a # lstAlength t1>0—=yul <uAysl<tl sAysl setinterleaves ((tl t1,
yul), A)
apply (simp add: le-list-def less-list-def append-eq-Cons-conv)
by (metis add-Suc b ¢ length-Cons lessI list.sel(3) thipre)
from thiprel have thipre2: a¢ ANaac A A ysl setinterleaves ((t t1, yul),
A)=
(a#tysl) setinterleaves ((a#ttl t1, yul), A) apply simp
by (metis (mono-tags, lifting) addNonSync doubleReverse rev.simps(2)
rev-rev-ident)
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from thipre thiprel b c have thipre3: a¢ ANaa€ A=—>s setinterleaves ((a
# list, u), A)A

t1 <a#listAlength t1>0=—=(aftysl) setinterleaves ((aFtl t1, yul), A)Aa#ysl <sAyul <uAtl=a#tl
t1

apply (simp add: le-list-def less-list-def )
by (metis append-Cons list.exhaust-sel list.inject list.sel(3) thipre2)
have thipreEmpty: a¢ ANaa€ A=—>s setinterleaves ((a # list, u), A)At] < a
# listAlength t1=0
=[]<sA[|<uA [] setinterleaves ((t1, []), A) apply (simp add: le-list-def
less-list-def)

using c by auto

from c have th1: a¢ ANaa€ A=>s setinterleaves ((a # list, u), A)At] < a
# list—

Jul<u. Is1<s. sl setinterleaves ((t1, ul), A) using thipre3 thipreEmpty
by fastforce

from b ¢ have th2pre: aa¢ ANa€ A=>s setinterleaves ((a # list, u), A) =
(tl s) setinterleaves ((aftlist,lista), A) by auto

from a th2pre obtain yu2 ys2 where th2prel: aa¢ ANa€ AAs setinterleaves
((a # lst, u), A)A
t1 < a # lstAlength t1>0=—=yu2<listaAys2<tl sA\ys2 setinterleaves ((t1,
yu2), A)

apply (simp add: le-list-def less-list-def)
by (metis add-Suc-right b ¢ length-Cons lessI)

from th2prel have th2pre2: aa¢ ANa€ A N\ ys2 setinterleaves ((t1, yu2),
A)=

(aa#tys?2) setinterleaves ((t1, aa#yu?2), A) apply simp
by (metis (mono-tags, lifting) addNonSync doubleReverse rev.simps(2)
rev-rev-ident)

from th2pre th2prel b ¢ have th2pre3: aa¢ ANa€ A =>s setinterleaves ((a
# list, u), A)A

t1 < a # listAlength t1>0=—=>(aa#ys2) setinterleaves ((t1, aa#yu2), A)Naa#Hys2<sAhaa#Hyul2<u
apply (simp add: le-list-def less-list-def ) using th2pre2 by auto
have th2preEmpty: aa¢ ANa€ A=>s setinterleaves ((a # list, u), A)Atl < a
# listAlength t1=0
=[]<sA[|<uA [] setinterleaves ((t1, []), A) apply (simp add: le-list-def
less-list-def)

using c by auto

from th2pre3 b ¢ have th2: aa¢ ANa€ A=>s setinterleaves ((a # list, u),
ANt < a # list=

Jul<u. Isi<s. sl setinterleaves ((t1, ul), A)
using th2preEmpty by blast

from b ¢ have th3pre: aa¢ ANa¢ A=>s setinterleaves ((a # list, u), A) =
(tl s) setinterleaves ((aftlist,lista), A)Ahd s=aaV(tl s) setinterleaves ((list,u),
A)Ahd s=a

by auto

from a c b th3pre obtain yu3 ys3 where th3prel: (aag ANa¢ ANs setinter-
leaves

((a # list, u), A)A t1 < a # listAlength t1>0N(tl s) setinterleaves ((aftlist,lista),
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A)—
yu3<listaAys3 <tl sAys3 setinterleaves((t1,yu3),A)) apply(simp add:le-list-def
less-list-def)
by (metis (no-types, lifting) add-Suc length-Cons lessI)
have adsmallPrefiz: t1<a # listA\length t1>0=tl t1<list
using less-tail by fastforce
from a b c th3pre adsmallPrefix obtain yu30 ys30 where th3prel2:
(aa¢ ANa¢ A—
(tl s) setinterleaves ((list,u), A)Ahd s=aNntl t1< list—ryu30<uAys30<tl sA
ys30 setinterleaves ((tl t1, yu30), A)) apply (simp add: le-list-def less-list-def)

by (metis (no-types, lifting) add-Suc-right length-Cons lessI)
have th3prelmorel: yu3<lista —>aa#yu3<u using c

by (metis le-less less-cons)
have th3prelmore2: aa¢ ANag¢ AAs setinterleaves ((a # list, aaftlista), A) A
(tl ) setinterleaves ((a#tlist,lista), A)ANhd s=aanys3<tl s =>aa#ys3<s using

by (metis less-cons list.exhaust-sel list.sel(2) nil-less)
have th3prelmore21: aa ¢ A Na ¢ A N ys3<tl shys3 setinterleaves ((t1,
yu3), A) A
hd s = aa —(aa # ys3) setinterleaves ((t1, aa # yu3), A)
by (metis (mono-tags, lifting) addNonSync doubleReverse rev.simps(2)
rev-rev-ident)
from th3prelmorel th3prelmore2 th3prelmore2l th3prel have th3prelmore3:
(aa¢ ANag AN
s setinterleaves ((a # list, u), A)A t1 < a # listAlength t1>0N(tl s) setinter-
leaves
((a#tlist,lista), A)Ahd s=aa— aaFtyud<uiaaftys3<sA(aa#tys3) setinter-
leaves ((t1, aa#tyud), A))
using c by blast
have th3prelmore32: aag¢ ANa¢ AAs setinterleaves ((a # list, aa#tlista), A)
A
(tl s) setinterleaves ((list,aa#tlista), A)Ahd s=aNys30<tl s = a#ys30<s
using ¢
by (metis less-cons list.exhaust-sel list.sel(2) nil-less)
have th3prelmore213: aa ¢ A Na ¢ A N ys30<tl sAys30 setinterleaves ((tl
t1, yu30), A) A
hd s = a At1<a#list—(a # ys30) setinterleaves ((a#ttl t1, yu30), A)
by (metis (mono-tags, lifting) addNonSync doubleReverse rev.simps(2)
rev-rev-ident)
from th3prelmore32 th3prel2 th3prelmore213 have th3prelmore33: (aa¢ ANag¢
ANs setinterleaves
((a # list, u), A)A t1 < a # listAlength t1>0N(tl s) setinterleaves ((list,aa#lista),
AN
hd s=a—yu30<uAaF#ys30<sA(a#ys30) setinterleaves ((t1, yu30), A))
by (metis adsmallPrefiz ¢ hd-append?2 le-list-def length-greater-0-conv list.exhaust-sel

list.sel(1) order.strict-implies-order)
from th3prelmore3 th3prelmore33 b ¢ th3pre have th3NoEmpty: aa¢ ANa¢
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A=>s setinterleaves
((a # list, u), A)AtI < a # listAlength t1>0=—=3ul <u. Fs1<s. sl setinter-
leaves ((t1, ul), A)
apply (simp add: le-list-def less-list-def)
by (metis append.simps(2))
have th3preEmpty: aa¢ ANa¢ A=—>s setinterleaves ((a # list, u), A)At] < a
# list\length t1=0
=[]<sA[|<uA ] setinterleaves ((t1, []), A)
apply (simp add: le-list-def less-list-def) using ¢ by auto
from th8NoEmpty th3preEmpty have th3: aa¢ ANa¢ A=—>s setinterleaves ((a
# list, u), A)At] <
a # list=3Ful <u. Is1<s. sl setinterleaves ((t1, ul), A)
by blast
show ?thesis
using b c th0 thi th2 th3 by auto
qed
qed
qed

lemma mono-Sync2a:
remin-elems(D (P [A] 5))
= 3t u. r setinterleaves ((t, u),insert tick (ev < A)) A
(t € min-elems(D P) AN u € T SV t € min-elems(D S) A
weT PAue (TP — (D P—min-elems(D P))))
proof—
fix r
assume A: r € min-elems(D (P [A] S))
thus 3¢ u. r setinterleaves ((t, u), insert tick (ev * A))A(t € min-elems(D P) A
ue€T SVte minelems(DS)ANueT PAue (TP — (D
P—min-elems(D P))))
proof(cases Vt u rl. r1<rA rl setinterleaves((t, u),insert tick (ev * A))
— (t ¢ min-elems(D P)) A (t ¢ min-elems(D S)))
case True
from A have AA: r € D (P [4] 5)
using elem-min-elems by blast
from AA obtain t1 u! where A1:
Ir1<r. rl setinterleaves ((t1, ul), insert tick (ev < A)) A
(t1 € D PV tl € DS) apply(simp add: D-Sync)
using le-list-def by blast
from True A1 have A2: (t1 ¢ min-elems(D P)) A (t1 ¢ min-elems(D S))
by blast
from A1 A2 min-elems5 obtain tm1 tm2
where tmA: (t1€D P —
(tm1<tiAtm1€ min-elems(D P))) A (t1€D S—(tm2<t1Ntm2€
min-elems(D S)))
by metis
from A2 tmA have ABI: (11€D P—tm1<tl)A(t1€D S—tm2<tl)
by (metis A1 order.not-eq-order-implies-strict)
from A1 ABI obtain um! rmi um2 rm2 where AB2: (t1€D P—uml<ul
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A rml setinterleaves
((tm1, uml),insert tick (ev * A)))A(t1€D S—sum2<ul A rm2 setinterleaves
((tm2, um?2), insert tick (ev * A))) by (meson interPrefiz)
from A1 A2 True tmA ABI have A3: (t1€D P—srml1<rArmleD(P[A]S))A(t1€D
S—rrm2<rArm2¢€ D(P[A]S))
by (meson dual-order.strict-implies-order interPrefiz order-trans)
from A3 AA have ATrue: r ¢ min-elems(D (P [A] S)) using min-elems-def

using A1 by blast
with A ATrue show ?Zthesis
by blast
next
case Fulse
from A have dsync: r€D (P [4] S)
by (simp add: local. A elem-min-elems)
from dsync obtain r1 t2 u2
where C: r1<rA ri setinterleaves ((t2, u2), insert tick (ev < A)) A
(t2€eDPAu2eT S)V(t2eDSAu2eTP))
apply(simp add: D-Sync)
using le-list-def by blast
from C have r1D: r1 € D (P [A] S) apply(simp add: D-Sync)
using front-tickFree-Nil by blast
from A C riD have eq: ri=r apply(simp add: min-elems-def)
using le-neg-trans by blast
from A False have minAa: (t2 € D PAu2eT S)—(t2 € min-elems(D P))
proof(cases t2 € D P Au2 € T SA t2 ¢ min-elems(D P))
case True
from True obtain t3 where inA: t8<t2At3€min-elems(D P)
by (metis le-imp-less-or-eq min-elemsd)
from inA obtain 73 u3 where inA1: u3<u2Ar3 setinterleaves((t3,u3),insert
tick(ev < A))Ar8<r
using C eq interPrefiz by blast
from inA1 have inA3: u3 € T S
using True is-processT3-ST-pref by blast
from inA1 have inA2: r3 € D(P [A] S) apply (simp add: D-Sync)
using elem-min-elems front-tickFree-Nil inA inA3 by blast
with A eq inA1 show ?thesis
by (simp add: min-elems-def)
next
case Fulse
then show ?thesis
by blast
qed
from A Fulse have minAbl: (12 € D SAu2€ T P)—(t2 € min-elems(D S))

proof(cases t2 € D S AN u2 € T PA t2 ¢ min-elems(D S))
case True
from True obtain t3 r8 u8 where inA: t3<t2At3€min-elems(D S)
and ind1: uS<u2Ar3 setinterleaves ((t3, u3), insert tick (ev * A))Ar3<r
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by (metis C eq interPrefix le-less min-elems5)
from inA! have inA3: u3 € T P
using True is-processT3-ST-pref by blast
from inAl have inA2: r3 € D (P [A] S) apply (simp add: D-Sync)
using elem-min-elems front-tickFree-Nil inA inA3 by blast
with A eq inA1 show ?thesis
by (simp add: min-elems-def)
next
case Fulse
then show ?thesis
by blast
qed
from A False have minAb2: (t2 € D SAu2e T P)—(u2 € (T P—(D
P—min-elems(D P))))
proof(cases t2 € D S Au2 € T PA u2 €(D P—min-elems(D P)))
case True
from True have inAAA: u2€D PAu2¢min-elems(D P)
by blast
from inAAA obtain u3 where ind: u3<u2Au3€min-elems(D P)
by (metis le-neg-trans min-elems5)
from inA obtain t3 r3 where ind1: t3<t2Ar3 setinterleaves((t3,us),insert
tick(ev < A))Ar3<r
using C Sync.sym eq interPrefix by blast
from inA1 have inA3: u3 € D PAt3 € T S
using D-T True elem-min-elems inA is-processT3-ST-pref by blast
from inAl have inA2: r3 € D (P [A] S) apply (simp add: D-Sync)
using Sync.sym front-tickFree-Nil inA3 by blast
with A inA1 inA2 show ?Zthesis
by (simp add: min-elems-def)
next
case Fulse
then show ?thesis
by blast
qed
with A C show ?thesis
using eq minAa minAbl by blast
qed
qed

lemma mono-Sync-D3:
assumes ordered: P C @)
shows min-elems (D (P [A] S)) C T(Q [4] S)
proof—
have mono-sync2b:P C Q = VY r. r € min-elems(D (P[A]S))—r € T(Q[A]S)

apply (frule impl)

apply(auto simp: mono-Sync2a)
proof —

fix r
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assume A: P C @
and B: r € min-elems(D(P[A]S))
from B obtain ¢ u

where E: r setinterleaves ((t, u), insert tick (ev < A)) A (t € min-elems(D
P) A

)
using mono-Sync2a by blast
from F have F:(t € T QAuw€eT S)V{IEET SAueT Q)
using le-approz2T le-approz3 ordered by blast
thus r € 7 (Q [A] 5)
by (metis (no-types, lifting) E Sync.sym T-Sync UnCI Un-commute in-
sert-is-Un mem-Collect-eq)
qed
show ?thesis
apply (insert ordered)
apply(frule mono-sync2b)
by blast
qed

u €T SVte min-elems(D S) A ue (T P-(D P — min-elems(D

lemma mono-D-Sync: D (S[A] Q) =D (Q[A]S)
by (auto simp: D-Sync)

lemma mono-T-Sync: T (S[A] Q) =T (Q[A]S)
apply(auto simp: T-Sync)
using Sync.sym by fastforce+

lemma mono-F-Sync: F (S[A] Q) =F (Q[A]S)
apply auto
apply (simp add: F-Sync)
using Sync.sym apply blast
apply (simp add: F-Sync)
using Sync.sym by blast

lemma mono-Ra-Sync: Ra (S[A] Q) s=Ra (Q[A]S) s
apply auto
apply (auto simp: Ra-def)
by (auto simp: mono-F-Sync)

lemma mono-Sync[simp] PC Q= (P[A]S)C(Q[A]S)
by (auto simp: le-approz-def mono-Sync-D1 mono-Sync-D2 mono-Sync-D3)

lemma mono-Sync-sym [simp]: PC Q@ = (S[A]P)C(S[A] Q)
by (metis Process-eq-spec mono-D-Sync mono-F-Sync mono-Sync)

lemma chain-Syncl: chain ¥ = chain (M\i. Yi [ A] S)
by (simp add: chain-def)
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lemma chain-Sync2: chain ¥ = chain (A\i. S [ A] Y1)
by(simp add: chain-def)

lemma empty-setinterleaving : [] setinterleaves ((t, u), A) = t = |]
by (cases t, cases u, auto, cases u, simp-all split:if-splits)

lemma inters-fin-fund: finite{(t, u). s setinterleaves ((t, u), A)}
proof (induction length s arbitrary:s rule:nat-less-induct)
case I
have A:{(¢, u). s setinterleaves((t, u), A)} C {([],[)} U
{(t, w). s setinterleaves ((t, u), A)
(3 alist. t = atlist Na¢ A) ANu=1[}U
{(t, u). s setinterleaves ((t, u), A) A
(3 alist. u=a#list Na¢g A) Nt =]} U
{(t, u). s setinterleaves ((t, u), A) A
(3 a list aa lista. w = a#tlist A t = aaftlista)}
(is 2A C {([l,Ih} U 2B U 2C U ?2D)
apply (rule subsetl, safe)
apply(simp-all add: neq-Nil-conv)
apply (metis Sync.si-empty2 Sync.sym empty-iff list.exhaust-sel)
using list.exhaust-sel apply blast
apply (metis Sync.sym emptyLeftNonSync list.exhaust-sel list.set-intros(1))

using list.ezhaust-sel apply blast
apply (metis emptyLeftNonSync list.exhaust-sel list.set-intros(1))
by (metis Sync.si-empty2 Sync.sym empty-iff list.exhaust-sel)
have al:?B C { ((hd s#tlist), [])| list. (tl ) setinterleaves ((list, []), A) A (hd s)
¢ A)
(is B C ?BI1) by auto
define f where a2:f = (Aa (t, (u::'a event list)). ((a::'a event)#t, ([]::'a event
list)))
have a3:?B1 C {(hd s # list, []) |list. tl s setinterleaves ((list, []), A)} (is ?BI
C ?B2)
by blast
from al a3 have al13:?B C ?B2
by simp
have AA: finite B
proof (cases s)
case Nil
then show ?thesis
using not-finite-existsD by fastforce
next
case (Cons a list)
hence aa:finite{(t,u).(tl s) setinterleaves((t, u), A)}using 1[THEN spec, of
length (¢l s)]
by (simp)
have {(hd s#tlist, [])|list. tl s setinterleaves((list,]]),A)}CS(A\(t, uw).f(hd s)(t, u))
1, ).

tl s setinterleaves ((t, u), A)} using a2 by auto



4.2. THE SYNCHRONIZING OPERATOR 113

hence finite B2 using finite-imagel [of {(t, u). (¢l s) setinterleaves ((t, u),
)}
A(t, w). f (hd s) (t, u), OF aa] using rev-finite-subset by auto
then show ?thesis using al3
by (meson rev-finite-subset)
qed
have a1:2C C { ([],(hd s#tlist))| list. (tl s) setinterleaves (([],list), A) A (hd s) ¢
3
(is ?C C ?2C1) by auto
define f where a2:f = (Aa ((t::'a event list), u). (([J::'a event list), (a:'a
event)#u))
have a3:7C1 C {([],hd s # list) |list. tl s setinterleaves (([],list), A)} (is ?C1
C ?202)
by blast
from al a3 have a13:72C C 2C2
by simp
have AAA:finite 2C
proof (cases s)
case Nil
then show ?thesis
using not-finite-existsD by fastforce
next
case (Cons a list)
hence aa:finite {(t,u).(tl s)setinterleaves((t, u), A)}using 1[THEN spec, of
length (tl s)]
by (simp)
have {([], hd s # list) |list. ¢l s setinterleaves (([], list), A)} C (A(¢, u).
f (hd s) (t, w)) “{(t, u). tl s setinterleaves ((t, u), A)} using a2 by auto
hence finite ?C2 using finite-imagel [of {(t, u). (¢l s) setinterleaves ((t, u),
)}
A(t, w). f (hd s) (t, u), OF aa] using rev-finite-subset by auto
then show ?thesis using al13
by (meson rev-finite-subset)
qed
have dd0:?D C {(a#l, aa#tla)|a aa | la. s setinterleaves ((a#l, aa#la), A)} (is
?D C ?D1)
apply (rule subsetl, auto, simp split:if-splits)
by (blast, blast, metis, blast)
have AAAA:finite 2D
proof (cases s)
case Nil
hence ?D C {([.[)}
using empty-setinterleaving by auto
then show %thesis
using infinite-super by auto
next
case (Cons a list)
hence dd1:?D1 C {(a#l, u)| I u. list setinterleaves ((I, u), A)}
U {(t, a#la)| t la. list setinterleaves ((t, la), A)}
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U {(a#l, a#la)|l la. list setinterleaves ((1, la), A)}(is D1 C ?D2 U
?D3 U ?DJ)

by (rule-tac subsetl, auto split:if-splits)

with Cons have aa:finite {(t,u). list setinterleaves ((t, u), A)}
using 1[THEN spec, of length list] by (simp)

define f where a2:f = (A (¢, (u::'a event list)). ((a::'a event)# t, u))

with Cons have ?D2 C (f “ {(t, u). list setinterleaves ((t, u), A)})
using a2 by auto

hence dd2:finite ?D2
using finite-imagel [of {(t, u). list setinterleaves ((t, u), A)} f, OF aq]
by (meson rev-finite-subset)

define f where a2:f = (A ((¢t::'a event list),u). (t,(a::'a event)#u))

with Cons have D3 C (f ‘ {(t, u). list setinterleaves ((t, u), A)})
using a2 by auto

hence dd3:finite ?D3
using finite-imagel [of {(t, u). list setinterleaves ((t, u), A)} f, OF aq]
by (meson rev-finite-subset)

define f where a2:f = (A (t,u). ((a::'a event)#t,(a::'a event)#u))

with Cons have ?Dj C (f “ {(t, u). list setinterleaves ((t, u), A)})
using a2 by auto

hence dd4 :finite 7D/
using finite-imagel [of {(t, u). list setinterleaves ((t, u), A)} f, OF aa]
by (meson rev-finite-subset)

with dd0 dd1 dd2 dd3 dd4 show fZthesis
by (simp add: finite-subset)

qed
from A AA AAA AAAA show Pcase
by (simp add: finite-subset)
qed

lemma inters-fin: finite{(¢, u, r). r setinterleaves ((t, u), insert tick (ev * A)) A
(3v. z =1 Qv A front-tickFree v A\ (tickFree r V v
=

proof —
have a:?AC(|Jr € {r. r < z}. {a. 3t u. a=(t,u,r)Ar setinterleaves((t,u),insert
tick(ev < A))})
(is?AC (Ure{r.r<z}. 2P r))
using le-list-def by fastforce
have b:V (r::'a event list). finite (7P )
proof (rule alll)
fix r::'a event list
define f where f= (A((t::'a event list), (u::'a event list)). (t,u,r))
hence 7P r C (f * {(t, u). r setinterleaves ((t, u), insert tick (ev * A) )})
by auto
then show finite (P r)
using inters-fin-fund[of r insert tick (ev © A)] finite-imagel[of {(t, u). r
setinterleaves
((t, u), insert tick (ev < A))} f] by (meson rev-finite-subset)

(is finite ?A)
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qed
have {t. 3t2. z =t Q t2} = {r. Ira. r Q ra = z}
by blast
hence finite {r. r < z} using prefizes-fin[of x, simplified Let-def, THEN con-
Junctl]
by (auto simp add:le-list-def)
with a b show ?Zthesis
by (meson finite-UN-I infinite-super)
qed

lemma limproc-Sync-D:
chain Y= D (lim-proc(range Y)[A] S) = D(lim-proc(range(Xi. Y i [A] 5)))
apply(auto simp: Process-eq-spec F-Sync D-Sync T-Sync F-LUB D-LUB T-LUB
chain-Syncl)
apply blast
apply blast
using front-tickFree-Nil apply blast
using front-tickFree-Nil apply blast
proof —
fix z
assume A: chain Y
and B: Vza. 3t u rv. front-tickFree v A\ (tickFree r V v =[]) A
z =1 Qv A r setinterleaves ((t, u), insert tick (ev < A)) A
(teD(Yza)NhueT SVvteDSANueT (Y za))
thus 3¢ u rv. front-tickFree v A (tickFreer Vv =) Az =r Qv A
r setinterleaves ((t, u), insert tick (ev © A)) A
(Vz.teD(Yz)AueT SVvteDSANz.ueT (Ya)))
proof(cases V't u r. r setinterleaves ((t, u), insert tick (ev * A)) —
(r<e — (Bz.t¢ D (YY) VugTS) A
(teDS— 3z.ué¢ T (Yx)))))
case True
from A obtain tryunion where Ctryy:
tryunion={(t, u, r). r setinterleaves ((t, u), insert tick (ev * A)) A
(Fv.(xr = r Qv A front-tickFree v A (tickFree r V v
=)}
by simp
from Citryy inters-fin have tolfin: finite tryunion
by auto
obtain tryunionl
where Ctryyl: tryunionl = {n. 3 (t,u, r) € tryunion.
teD(Yn)ANueT SVteDSAueT (Y
n))} by simp
from B Ctryyl Ctryy have Ctryy3: ¥V n. netryunionl
by blast
from Ctryy3 have Ctryy2: infinite tryunionl
using finite-nat-set-iff-bounded by auto
from Ctryy2 Ctryyl tolfin obtain r2 t2 u2
where Fe: (t2,u2, r2) € tryunion A
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infinite {n. (12 €D (Yn)Au2eT SVi2eDSAu2eT (Y

o
by auto
from True Fe Ctryy obtain z1 z2
where Fel: (12 ¢ D(Yzl))Vu2 ¢ TS)AN(t2€DS — (w2¢T (Y
22)))
apply (simp add: le-list-def) by blast
from FEe Eel Ctryy obtain z3
where Fe2: (z1<z3) A (22<z3) AN (t2 € D (Ya3) ANu2 € T SV t2 €D
SAu2eT (Ya3))
apply(simp add: infinite-nat-iff-unbounded-le)
proof —
assume al: r2 setinterleaves ((t2, u2), insert tick (ev < A)) A
(Fv. z =12 Q v A front-tickFree v A\ (tickFree 12 V v = [])) A
(Vm.3n>m. t2 e D(Yn) Au2 €T S)V
(Vm.3In>m. t2 € DS Au2 €T (Yn))
assume a2: Az3. 21 < z3 N a2 < 23A(t2 € D(Yz3) ANu2 €T SV t2
eEDSAu2eT (Ya3))
= thesis
obtain nn :: nat = nat
where f3: Va0. (3vi>z0.t2 €e DS Au2 €T (Yol)) =
(20 <mnz0 ANt2 € DS Au2eT (Y (nnz0))) by moura
obtain nna :: nat = nat
where Vz0. (3vi>20. 12 € D (Yvl) Au2 € T S) =
(20 < nna 20 A t2 € D (Y (nna 20)) A u2 € T S) by moura
then have f}/: (Vn.n <nnan At2 €D (Y (nnan)) ANu2 €T S)V
(Vn.n<nnnAt2eDSAu2eT (Y (nnn)) using f3 al
by presburger
have (3n. - n<nnnVit2¢DSVu2¢T (Y (nnn))V
(In>z1. 22 <n A (2 €D (Yn)A
w2 €T SVvit2eDSAu2eT (Yn))) by (metis le-cases
order.trans)
moreover
{assume In. - n<nnnVit2¢DSVu2¢T (Y (nnn))
then have Vn. n < nnan At2 € D (Y (nnan)) ANu2 €T S
using f4 by blast
then have I3n>z1. 22 < n A (2 €D (Yn)Au2eT SVi2eDSA
u2 € T (Y n))
by (metis (no-types) le-cases order.trans)
}
ultimately show ?thesis
using a2 by blast
qed
from A have Abbl:Vnl n2. n1<n2 — Y nil T Y n2
by (simp add: po-class.chain-mono)
from A Abbl have Abb2: Vnl n2. n1>n2 Nt ¢ D (Y n2) — t¢ D (Y
nl)
using le-approxl less-imp-le-nat by blast
from A Abbl have Abb3:Vnl n2. ni>n2 ANt ¢ T (Yn2) — t¢T (Y
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nl)
by (meson NT-ND le-approz2T less-imp-le-nat)
from Abb2 Fe2 have Abl: 12 ¢ D (Y z1)—t2 ¢ D (Y 23)
by (meson Abbl le-approxl less-imp-le-nat subsetCE)
from Abb3 have Ab2: u2 ¢ T (Y 22)—u2 ¢ T (Y z3)
by (meson Abbl Ee2 NT-ND le-approz2T less-imp-le-nat)
from True Fe Fel Fe2 Abl Ab2 show ?thesis
by blast
next
case Fulse
from A B Fulse obtain t u r
where BbI: r setinterleaves ((t, u), insert tick (ev “ A)) A r < x A
(Ve.teD(Yo)ANueT SVEeDSANVz.ueT (YY)
by auto
from B have Bb21: front-tickFree x
by (metis D-imp-front-tickFree append-Nil2 front-tickFree-append ftf-Sync
is-processT2-TR)
from B Bbi have Bb2: Jv. front-tickFree v A (tickFree r V v =[)Az = r
@
by (metis Bb21 front-tickFree-Nil front-tickFree-mono le-list-def)
then show ?thesis
using BbI by blast
ged
qed

lemma limproc-Sync-F-annexl:
chain Y
= Vn. (a,b) € F(Yn[4] S)
= 3Jz.a ¢ D (Yz[A] S)
= JtuX. Vz. (t, X) e F(Yx)) A
3Y. (u, Y) € FSA a setinterleaves((t, u),insert tick (ev * A)) A
b= (X UY)nN insert tick (ev “A) U X NY)
proof —
fixabd
assume A: chain Y
assume B: Vn. (a, b) € F (Y n [4] 5)
assume C: 3z. a ¢ D (Y z [4] 5)
thus 3tu X. Va. (¢, X) € F (Yz)) A
3Y. (u, Y)EFSA
a setinterleaves ((t, u), insert tick (ev ¢ A)) A
b= (X UY)nN insert tick (ev “A) U X NY)
proof—
from B C obtain z1 where D: a ¢ D (Y z1 [A] S)
by blast
from B D obtain ¢ vl X1 Y1 where E:
a setinterleaves ((t1, ul), insert tick (ev * A)) A
(t1, X1) e F(Yal) N (ul, YI) e FSA
b= (X1 U Y1) N insert tick (ev * A) U X1 N Y1
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apply(auto simp: D-Sync F-Sync)
by fastforce
from BD E have F: t1 ¢ D (Yal) A tl € T(Y x1) apply(auto simp: D-Sync)

using F-T front-tickFree-Nil apply blast
by (simp add: F-T)
from F have ee: Vi. (t1, X1) € F (Y i)A(ul, Y1)e F SA a setinterleaves
((t1, ul), insert tick (ev ¢ A))A b= (X1 U Y1) N insert tick (ev * A) U X1 N
Y1
using E chain-lemma is-processT8-S le-approz2 local.A by metis
with A B C D E F ee show ?thesis
by blast
qed
qed

lemma limproc-Sync-F-annex2:
chain Y
= Vit ur. r setinterleaves ((t, u), insert tick (ev * A)) —
(Vv. a =1 Qv —> front-tickFree v —
- tickFreer Nv#[|V(3z. t¢D (YY) VuégTS) A
(teDS— Fz.ue¢ T (Yx))))
= 3dz.a¢ DYz [A]S)
apply(auto simp: D-Sync)
proof—
fix a
assume A: Vit u r. r setinterleaves ((t, u), insert tick (ev * A)) —
(Vv.a=1r@Q@uv— front-tickFree v —
= tickFree r A v # [| V
(Bz.t¢D(Y))VugT S)AN(teDS — (Bz.ugT
(v 2)))
assume B: chain Y
thus Jz. Vit u r. r setinterleaves ((t, u), insert tick (ev * A)) —
(Vv.a=1r Qv — front-tickFree v —>
= tickFree rAv£A]|V (1t € D (Yz) — uéT SYAN(teDS —ug¢gT
(v 2)))
proof—
from Bhave D: (3z. ¢t ¢ D (Yz))Vu g T S)AN(teDS — Fz.ugT

(Y 2)))
z))))

by (meson D-T chain-lemma le-approzl le-approz2T subsetCE)
from A obtain tryunion

where Ciryy: tryunion={(t, u, r). r setinterleaves ((t, u), insert tick (ev
A)) A

= @z (t€eD(Yz) —mu¢T SHAN({HteDS—ug¢gT (Y

3

(3v. a =1 Qv A front-tickFree v A\ (tickFree r V v =[]))}
by simp
from Ctryy have tolfin: finite tryunion
using inters-fin by auto
from B have Abbl:Vnl n2. n1<n2 — Y nl T Y n2
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by (simp add: po-class.chain-mono)
from A Abbl have Abb2: Vnl n2t. ni>n2At ¢ D (Y n2)—t ¢ D (Y nl)
using le-approxl less-imp-le-nat by blast
from A AbbI have AbbS: Vnl n2t. ni>n2At ¢ T (Y n2)—t ¢ T (Y nl)
by (meson NT-ND le-approx2T less-imp-le-nat)
from Abb2 Abb3
have onelndexPre:Vtu. (3z. t ¢ D (Yz)Vué T S)A(teD S —
Fz.ug T (Ya)) —
Fz. 0 ¢D(Y)VuegT SH)N(EteDS —ué¢T (Y
)
by (meson B D-T ND-F-dir2’ chain-lemma le-approzl subsetCE)
from A B onelndexPre Abb2 Abb3
have onelndex: ¥Vt u r. r setinterleaves ((t, u), insert tick (ev < A)) —
(Vv. a = r Qv —>front-tickFree v — — tickFree rAv#£]] V
(Jz((t¢D(Y)VugT SHHYAN(teDS — (ugT
(Y 2)))))) by blast
define proUnionl

where finiUnion: proUnion! = {n. 3 (t,u, r)Etryunion. (((t € D (Y n) —

udg T S)A
(teDS—ug¢T (Yn))A
Vm. ((teD(Ym—ug¢TS)A
(teDS—ué¢T (Ym))—n<m))}
from B

have finiSet1: Art u. (t,u, r) € tryunion
= finite {n1.((t e D (Y nl)—u ¢ T S)A
(teD S—ug¢T (Y nl)))A(VmI. (t € D (Y ml) —
wugT SYN(teDS—u¢T (Yml))—nl<ml))}

by (metis (no-types, lifting) infinite-nat-iff-unbounded mem-Collect-eq not-less)
from B tolfin finiUnion onelndex finiSet!l have finiSet: finite proUnionl
by auto
from finiSet obtain proMaz where ann: proMaz=Maz(proUnionl)
by blast
from ann Abb2 have annl: ¥ numéeproUnionl. Vit. t ¢ D (Y num)—t ¢ D
(Y proMax)
by (meson Abbl Mazx-ge finiSet le-approxl subsetCE)
from ann AbbS have ann2: ¥V numeproUnionl. Vit. t ¢ T (Y num)—t ¢ T
(Y proMax)
by (meson Abbl D-T Maz-ge finiSet le-approx2T)
from finiUnion
have ann3: VY numeproUnionl. 3r ¢ u. 1 setinterleaves((t, u),insert tick (ev
A) —
(Vv. a = r Q@ v —front-tickFree v —
= tickFree v A v # [| V(( ((¢¢D(Y num))Vu ¢ T
S) A
(teDS — (ué¢T (Ynum)))))) by auto
obtain proUnion2
where ann0: proUnion2 ={(¢, u, r).3n. (¢, u, r) € tryunion A
(teD(Yn)—ug¢gTS) A
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(teDS—ué¢T (Yn))} by auto
from ann0 Ctryy finiUnion
have anni: At ur. (¢, u, r)€ proUnion2
=3I num. numeproUnionl A ((t € D (Y num) — u ¢ T S)

(teDS — ué¢T (Y num))
proof—

fix tur

assume a: (t, u, 7)€ proUnion2

define P where PP:P = (Anum. (t € D (Ynum) — u ¢ T S) A (t €D
S— u ¢ T (Y num))))

thus 3 num. numeproUnion1 N\ P num

proof—

from finiUnion obtain minindexRB where annlpreB: minIndexRB={n. (P
n)}

by auto

from B annlpreB obtain minmin where ab: (minmin::nat) = Inf (minIndezRB)

by auto

from ann0 annlpreB PP have annlpreNoEmptyl: minIndexRB # {}
using a by blast

from ab annlpreNoEmptyl have annlpre0:minmin € minIndexRB
using Inf-nat-def wellorder-Least-lemma(1) by force

have minmine {n. 3t u r. (t,u,r)€tryunion A (t € D (Yn) — u ¢ T S)

teDS—ué¢T (Yn)ANNVm. (teD(Ym) —
ugTSHHAN({HeDS —ué¢T (Ym) —n<m}
apply(rule Collect], rule-tac x=t in exl rule-tac z=u in exl,rule-tac x=r
in ezl intro conjl)
using a annl0 apply blast
using PP annlpre0 annlpreB apply blast
using PP annlpre0 annlpreB apply blast
by (simp add: Inf-nat-def PP ab annlpreB wellorder-Least-lemma(2))
then show ?thesis
using annlipre0 annlpreB finiUnion by blast
qed
qed
from annt
have anni2: V't u r. Inum.(t, u, r) € proUnion2 — numéeproUnionl A
((teD(Ynum) —ué¢T SH)AN({HteDS —ué¢T (Y
num))) by auto
from ann0 Ctryy
have ann2: Vit u r. (¢, u, r) € proUnion2 —
(r setinterleaves ((t, u), insert tick (ev * A)) A
(Jv. a =1 Qv A front-tickFree v A (tickFree r V v =[])) A
Fnutl. (teD(Ynul) —ugT SHANEteDS —ug¢T
(Y nul)))) by simp
have anni15: Vit u r. (r setinterleaves ((t, u), insert tick (ev < A)) A
(Jv. a =1 @ v A front-tickFree v A (tickFree r V v =[])) A
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Gnul. (teD (Ynul) —ué¢T SHHN{EeDS —ug¢gT
(Y nut)))) —
(t, u, ) € proUnion2
using Ctryy ann0 by blast
from anni2 annis
have ann01: V't u r. ((r setinterleaves ((t, uw), insert tick (ev * A)) A
(Jv. a =1 Qv A front-tickFree v A (tickFree r V v =[])) A
Fnul. (t € D (Ynul)—u¢TS)A
(teDS—u¢T (Ynul))))—
(InumeproUnionl. ((t € D (Y num) — u ¢ T S) A
(teDS — ué¢T (Ynum)))) by blast
from ann01
have annhelp: ¥Vt u r. r setinterleaves ((t, u), insert tick (ev * A)) —
(Vv. a =1 Qv — front-tickFree v — (tickFree r V v = [])—
(FnumeproUnionl .((t € D (Ynum) — ug¢ T S)A(t €D S —
w g T (Y num))))
by (metis onelndez)
from Abb1 Abb2
have annHelp2: ¥V nn t u.
nn € proUnionl AN (t €D (Ynn) — ug¢T S)AN(teD S —
ué¢ T (Ynn) —
(teD (YproMaz) — u ¢ T S)YN({teDS—ug¢T (Y
proMaz))
by (metis Abb3 Max-ge ann finiSet le-neq-trans)
from annHelp2 annhelp
have annHelp1: V't u r.
r setinterleaves ((t, u), insert tick (ev * A)) —
Vv.a=rQuv—
front-tickFree v —»
tickFree r V v =1[ — (t € D (Y proMaz) — u ¢ T S) A
(teDS— u¢T (YproMaz))) by
blast
with A B show %thesis
by blast
qed
qed

lemma limproc-Sync-F:
chain Y = F(lim-proc (range Y)[ A |S) = F(lim-proc (range (A\i. Y i [ A ]
S5)))
apply(auto simp add: Process-eq-spec D-Sync F-Sync F-LUB D-LUB T-LUB
chain-Syncl)
apply blast
apply blast
apply blast
using front-tickFree-Nil apply blast
using front-tickFree-Nil apply blast
proof—
fix a b
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assume A7: Vz. (tu X. (t, X) € F (Yz)A
QY. (u Y)eFSA
a setinterleaves ((t, u), insert tick (ev ¢ A)) A
b= (XUY)nN insert tick (ev “A)U X NY)V
(3t u rv. front-tickFree v A (tickFreer V v=[) A a=r Qo A
r setinterleaves ((t, uw), insert tick (ev ¢ A)) A
teD(Yo)hueT SVvteDSAueT (V)
and B: VYt u r. r setinterleaves ((t, u), insert tick (ev * A)) —
(Vv.a =1 Qv — front-tickFree v —
- tickFree r A v #£ [ V
(Bz.t¢D(Yz)VugT ) AN(teDS — Bz ugT
(Y )
and C: chain Y
thus JtuX. (Vz. (¢, X) e F (YY) NAY. (u, Y) € F S A a setinterleaves
((t, u), insert tick (ev “ A)) AN b= (X U Y) N insert tick (ev “A) U X NY)
proof (cases Am. a ¢ D(Ym [ A]S))
case True
then obtain m where a ¢ D(Ym [ A]S)
by blast
with A7 have D:Vn. (a, b)e F (Yn[A]S)
by (auto simp: F-Sync)
with A1 B C' show ?thesis
apply(erule-tac z=m in allE)
apply(frule limproc-Sync-F-annex2)
apply simp
by (simp add: limproc-Sync-F-annexl)
next
case False
with False have E:Vn. a € D(Yn[A]S)
by blast
with C E B show ?thesis
apply auto
apply(drule limproc-Sync-F-annex2)
apply blast
by fast
qed
qed

lemma cont-left-Sync : chain Y = (|| . YO [A] S)=(] i (Yi[A]S))
by (simp add: Process-eq-spec chain-Syncl limproc-Sync-D limproc-Sync-F limproc-is-thelub)

lemma cont-right-Sync : chain Y = (S[A] (] ¢ Yi))=(] ¢ (S[A]Y
i)

by (metis (no-types, lifting) Process-eq-spec cont-left-Sync lub-eq mono-D-Sync
mono-F-Sync)

lemma Sync-cont[simp):
assumes f:cont f
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and g:cont g
shows  cont (Az. (fz) [A] (g z))
proof —
have 4 : Az. cont g = cont (My. y [4] (g z))
apply (rule contI2, rule monofunl)
apply (auto)
by (simp add: cont-left-Sync)
have B : Ay. cont ¢ = cont (Az. y [A] g z)
apply(rule-tac c=(\ z. y [A] z) in cont-compose)
apply(rule contl2, rule monofunl)
apply (simp)
apply (simp add: cont-right-Sync)
by simp
show ?thesis using f g
apply(rule-tac f=(Az. (A f. f [4] g z)) in cont-apply)
by (auto intro:contI2 simp:A B)
qged

end

4.3 The Multi-Prefix Operator Definition

theory Mprefix
imports Process
begin

4.3.1 The Definition and some Consequences

definition Mprefizx  :: ['a set,’a => 'a process] => 'a process where
Mprefit A P = Abs-process(
{(tr,ref). tr =[] A ref Int (ev * A) = {}} U
{(tr,ref). tr #[| A hd tr € (ev * A) A
(3 a. ev a = (hd tr)A(H tr,ref)eF(P a))},
(d.d#£ A hdd € (ev‘ A) A
(3 a.eva=hddAtideD(Pa))})

syntax
-Mprefix :: [pttrn,’a set,’a process| = 'a process ((30(-/€-)/ — (-))[0,0,64]64)

term Ball A (A\z. P)

translations
OzeA — P = CONST Mprefiz A (A\z. P)

Syntax Check:

term (Oz€A — OycAd > 0Oz26éA - Pzaxy = @
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4.3.2 Well-foundedness of Mprefix

lemma is-process-REP-Mprefix :
is-process ({(tr,ref). tr=[] A ref N (ev * A) = {}} U
{(tryref). tr £ [| A hd tr € (ev * A) A

(3 a. eva = (hd tr) A (t tr,ref) € F(P a))},
{d.d# [] N hdd € (ev ‘ A) A
(Faewa=hdd Ntld e D(Pa))})

(is is-process(?f, ?d))
proof (simp only:is-process-def FAILURES-def DIVERGENCES-def
Product-Type.fst-conv Product-Type.snd-conv,
intro congl alll impl)
show ([.{}) € #f by(simp)
next
fix s 'a event list fix X::'a event set
assume H : (s, X) € ?f
show front-tickFree s
apply(insert H, auto simp: front-tickFree-def tickFree-def
dest!:list-nonMt-append)
apply(rename-tac aa ta x, case-tac ta, auto simp: front-tickFree-charn
dest! : is-processT2[rule-format])
apply(simp add: tickFree-def)
done
next
fix st :: 'a event list
assume (s Q¢ {}) € ?f
then show (s, {}) € ?f
by (auto elim: is-processT3[rule-format])
next
fix s 'a event list fix X Y::'a event set
assume (5, V) e fAXCY
then show (s, X) € #f
by (auto intro: is-process T4 [rule-format])
next
fix s 'a event list fix X Y::'a event set
assume (s, X) € I AV c. c€Y — (s Q [c], {}) ¢ ?)
then show (s, XU Y) e ?f
by (auto introl: is-processT1 is-processT5 [rule-format])
next
fix s::  'a event list fix X::'a event set
assume (s Q [tick], {}) € ?f
then show (s, X — {tick}) € 7
by(cases s, auto dest!: is-processT6[rule-format))
next
fix s t:: 'a event list fix X::'a event set
assume s € 2d A tickFree s N\ front-tickFree t
then show s @ ¢ € 2d
by (auto introl: is-processT7-S, cases s, simp-all)
next
fix s::  'a event list fix X::'a event set
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assume s€ ?d

then show (s, X) € 7f
by (auto simp: is-processT8-S)

next

fix s:: 'a event list

assume s Q [tick] € ?d

then show s € 2d
apply(auto)
apply(cases s, simp-all)
apply(cases s, auto intro: is-processT9[rule-format])
done

qed

lemma is-process-REP-Mprefiz' :
is-process ({(tr,ref). tr=[] A ref N (ev * A) = {}} U
{(tr,ref). tr #[| A hd tr € (ev * A) A
(3 a. eva = (hd tr) A (t tr,ref) € F(P a))},
{d.d# [] AN hdd € (ev‘A) A
(3 a.eva=hdd Ntld e DPa))})
(is is-process(?f, 2d))
proof (simp only:is-process-def FAILURES-def DIVERGENCES-def
Product-Type.fst-conv Product-Type.snd-conv,
intro conjl alll impl,goal-cases)

case I
show ([].{}) € #f by(simp)
next
case (2 s X)
assume H : (s, X) € ?f
have front-tickFree s

apply(insert H, auto simp: front-tickFree-def tickFree-def
dest!:list-nonMt-append)
apply(rename-tac aa ta z, case-tac ta, auto simp: front-tickFree-charn
dest! : is-processT2[rule-format])
apply(simp add: tickFree-def)
done
then show front-tickFree s by(auto)
next
case (3 s t)
assume H : (s @ ¢, {}) € 7f
show (s, {}) € ?f using H by(auto elim: is-processT3[rule-format])
next
case (4sXY)
assume HI: (s, V)€ % ANXCY
then show (s, X) € ?f by(auto intro: is-processT4 [rule-format])
next
case (5sXY)
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assume (s, X) € ?f A (Y c. c€Y — (s Q [¢], {}) ¢ ?2f)
then show (s, X U Y) € ?f by(auto introl: is-processT1 is-processT5 [rule-format])

next
case (6 s X)
assume (s @ [tick], {}) € ?f
then show (s, X — {tick}) € ?f by(cases s, auto dest!: is-processT6 [rule-format])
next
case (7 s t)
assume HI : s € ?d A tickFree s N\ front-tickFree t
have 7: sQte ?d
using HI by(auto intro': is-processT7-S, cases s, simp-all)
then show s Q ¢ € ?d using HI by(auto)
next
case (8 s X)
assume H : s € 2d
then show (s, X) € ?f using H by(auto simp: is-processT8-S)
next
case (9 s)
assume H: s Q [tick] € ?d
then have 9: s € %d
apply (auto)
apply(cases s, simp-all)
apply/(cases s, auto intro: is-processT9[rule-format))
done
then show s € ?d by(auto)
qed

lemmas Rep-Abs-Mprefiz[simp] = Abs-process-inverse[simplified, OF is-process-REP-Mprefix]
thm Rep-Abs-Mprefiz

lemma Rep-Abs-Mprefiz'’ :
assumes HI : f = {(tr, ref). tr =[] ArefNev “A={}} U
{(tr, ref). tr Z[J AN hd tr € ev * A
A (Ja. eva=hdtrA (ttr, ref) € F (Pa))}
and H2 : d={d. d # [ A hdd € (ev‘A) A
(3 a.eva=hdd ANtlde D(Pa))}

shows Rep-process (Abs-process (f,d)) = (f,d)
by (subst Abs-process-inverse,

simp-all only: H1 H2 Collect] Rep-process is-process-REP-Mprefix)

4.3.3 Projections in Prefix

lemma F-Mprefiz :
F@OzeA— Puzx)={(trref). tr=[] A ref N (ev “A) ={}} U
{(tryref). tr £ [| A hd tr € (ev * A) A
(3 a. eva=(hd tr) A (t tr,ref) € F(P a))}
by (simp add: Mprefiz-def Failures-def Rep-Abs-Mprefiz'" FAILURES-def)
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lemma D-Mprefiz:
DOzeA—Pz)={d d# [|AN hddec (ev A) A
(3 a.eva=hdd Ntlde DPa)}
by (simp add: Mprefiz-def D-def Rep-Abs-Mprefiz' DIVERGENCES-def)

lemma T-Mprefix:
TOzecA—-Pr)={s.s=[|] V(I a.acAANs#E]ANhds=evaANitlseT(P
a))}

by (auto simp: T-F-spec[symmetric] F-Mprefix)

4.3.4 Basic Properties

lemma tick-T-Mprefic [simp]: [tick] ¢ T (0 z € A — P 1)
by (simp add: T-Mprefix)

lemma Nil-Nin-D-Mprefix [simp]: [| ¢ D (D xz € A — P x)
by (simp add: D-Mprefiz)

4.3.5 Proof of Continuity Rule
Backpatch Isabelle 2009-1

definition
contlub :: (a::cpo = 'b::epo) = bool
where
contlub f = (VY. chain Y — f (I ¢ Yi)=( ¢ f (Y1)

lemma contlubE:
[contlub f; chain Y] = f (] 7. Yi) = (] ¢ f (Y 7))
by (simp add: contlub-def)

lemma monocontlub2cont: [monofun f; contlub f] = cont f
apply (rule contl)

apply (rule thelubE)

apply (erule (1) ch2ch-monofun)

apply (erule (1) contlubE [symmetric])

done

lemma contlubl:
(AY.chain Y = f (|| ¢. Yi)= (] i f (Y1) = contlub f
by (simp add: contlub-def)

lemma contZcontlub: cont f = contlub f
apply (rule contlubl)
apply (rule Porder.po-class.lub-eql [symmetric])
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apply (erule (1) contE)
done

Core of Proof

lemma mono-Mprefizl:
VacA. Pa T Q a = D (Mprefir A Q) C D (Mprefiz A P)
apply(auto simp: D-Mprefiz) using le-approzl by blast

lemma mono-Mprefiz2:

VeeAd. Pz C Q2 =

Vs. s ¢ D (Mprefit A P) — Ra (Mprefit A P) s = Ra (Mprefit A Q) s
apply (auto simp: Ra-def D-Mprefiz F-Mprefiz) using proc-ord2a by blast+

lemma mono-Mprefiz3 :
assumes H:VzcA. Pz C Qx
shows min-elems (D (Mprefit A P)) C T (Mprefiz A Q)
proof(auto simp: min-elems-def D-Mprefiz T-Mprefiz image-def, goal-cases)
case (1 z a)
with H[rule-format, of a, OF 1(2)] show ?case
apply(auto dest!: le-approx3 simp: min-elems-def)
apply(subgoal-tac Vt. t € D (P a) — — t < tl z, auto)
apply(rename-tac t, erule-tac x=(ev a)#t in allE, auto)
using less-cons hd-Cons-tl by metis
qed

lemma mono-Mprefiz0:

VaeeA. Pz C Q x = Mprefir A P C Mprefixr A Q
apply(simp add: le-approz-def mono-Mprefixrl mono-Mprefiz3)
apply (rule mono-Mprefiz2)

apply (auto simp: le-approz-def)

done

lemma mono-Mprefix[simp]: monofun(Mprefiz A)
by (auto simp: Fun-Cpo.below-fun-def monofun-def mono-Mprefiz0)

lemma proc-ord2-set:
PCQRQ={(s,X).s¢DPA(s,X) e FP}={(5,X).s¢DPA(s,X)EF

by (auto simp: le-approx2)

lemma proc-ord-proc-eq-spec: PC Q = D P CD Q = P = Q
by (metis (mono-tags, lifting) below-antisym below-refl le-approx-def subset-antisym,)

lemma Mprefiz-chainpreserving: chain Y = chain (Ai. Mprefiz A (Y 7))



4.3. THE MULTI-PREFIX OPERATOR DEFINITION 129

apply(rule chainl, rename-tac )
apply(frule-tac i=i in chainE)
by (simp add: mono-Mprefix0 fun-belowD)

lemma limproc-is-thelub-fun:
assumes chain S
shows (Lub S ¢) = lim-proc (range (Az. (S z ¢)))
proof —
have  Aza. chain (Az. S z za)
using <chain S» by (auto introl: chainl simp: chain-def fun-belowD )
then  show ?thesis by (metis contlub-lambda limproc-is-thelub)
qed

lemma contlub-Mprefiz : contlub(%P. Mprefizr A P)
proof (rule contlubl, rule proc-ord-proc-eq-spec)
fix Y : nat = 'a = ’a process
assume C : chain Y
have C’: Aza. chain (Az. Y z za)
apply(insert C,rule chainl)
by (auto simp: chain-def fun-belowD)
show Mprefic A (|| ¢ Yi) C (] ¢ Mprefiz A (Y i))
by (auto simp: Process.le-approx-def F-Mprefix D-Mprefix T-Mprefix
cc’
Mprefiz-chainpreserving limproc-is-thelub limproc-is-thelub-fun
D-T D-LUB D-LUB-2 F-LUB T-LUB-2 Ra-def
min-elems-def)
next
fix Y :: nat = 'a = 'a process
assume C : chain Y
show D (Mprefiz A (|| i. Y4)) CD (] i. Mprefixr A (Y 1))
apply(auto simp: Process.le-approz-def F-Mprefix D-Mprefix T-Mprefix

C Mprefiz-chainpreserving limproc-is-thelub D-LUB-2)
by (meson C fun-below-iff in-mono is-ub-thelub le-approx1)
qed

lemma Mprefiz-cont [simp):

(Az. cont (fz)) = cont (A\y. Oz€ A— fzy)

apply(rule-tac f = Az y. (f y 2z) in Cont.cont-compose)

apply (rule monocontlub2cont)

apply(auto intro: mono-Mprefix contlub-Mprefiz Fun-Cpo.cont2cont-lambda)
done
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4.3.6 High-level Syntax for Read and Write

The following syntax introduces the usual channel notation for CSP. Slightly
deviating from conventional wisdom, we view a channel not as a tag in a
pair, rather than as a function of type ‘a = 'b. This paves the way for typed
channels over a common universe of events.

definition read  :: ['a = 'b,’a set, 'a = 'b process| = 'b process

where read ¢ A P = Mprefix(c © A) (P o (inv-into A ¢))

definition write :: ['a = 'b, 'a, 'b process| = 'b process

where write ¢ a P = Mprefix {c a} (A z. P)

definition write0 :: ['a, 'a process] = 'a process

where write0 o P = Mprefix {a} (A z. P)

syntax
-read :: [id, pttrn, 'a process| => 'a process
(3(2) /= ) [0,0,78] 78)
-readX :: [id, pttrn, bool,’a process] => 'a process

((3(-29)- /= -) [0,0,78] 78)
-readS :: [id, pttrn, 'b set,’a process] => 'a process

((8(-?-)e- /— -) [0,0,78] 78)
-write :: [id, 'b, 'a process| => 'a process

((3(-)-) /= -) [0,0,78] 78)
~writeS :: ['a, 'a process] => 'a process

(8- /= -) [0,78]78)

4.3.7 CSP,,-Style Syntax for Communication Primitives

translations
-read ¢ p P = CONST read ¢ CONST UNIV (Ap. P)
-write ¢ p P = CONST write ¢ p P
-readX ¢ p b P => CONST read ¢ {p. b} (Ap. P)
-writeS a P = CONST write0 a P
-readS ¢cp A P => CONST read ¢ A (Ap. P)

Syntax Check:

term« d?y — clz - P = @

lemma read-cont[simp|: cont P = cont (Ay. read ¢ A (P y))
unfolding read-def o-def
by (rule Mprefiz-cont) (rule cont2cont-fun)

lemma read-cont’[simp]: (Az. cont (f £)) = cont (Ay. ¢?x — fz y) by simp

lemma write-cont[simp]: cont (P::('b::cpo = 'a process)) = cont(Az. (cla — P

z))
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by (simp add:write-def)

corollary write0-cont-lub : contlub( Mprefiz {a})
using contlub-Mprefix by blast

lemma write0-contlub : contlub(writed a)
unfolding write0-def contlub-def
proof (auto)
fix Y :: nat = 'a process
assume chain Y
have x : chain (\i. (A-. Y i)::'b = 'a process)
by (meson <chain Y fun-below-iff po-class.chain-def)
have sx: (Az. Lub Y) = Lub (Ai. (A\-. Y 1))
by (rule ext,metis x ch2ch-fun limproc-is-thelub limproc-is-thelub-fun lub-eq)
show Mprefix {a} (Az. Lub V) = (| |i. Mprefizx {a} (Az. Y 7))
apply (subst *x, subst contlubE[OF contlub-Mprefiz])
by (simp-all add: *)
qed

lemma write0-cont[simpl: cont (P::('b:icpo = 'a process)) = cont(Az. (a — P
1ic))y)(simp add:write0-def)

end

theory Mndetprefiz

imports Process Stop Mprefiz Ndet
begin

4.4 Multiple non deterministic operator

definition
Mndetprefix  :: ['a set, ‘a = 'a process] = 'a process
where Mndetprefit A P = if A = {}
then STOP
else Abs-process(|J z€A. F(xz — P x),
U z€A. D(z — Pux))
syntax
-Mndetprefix : pttrn = 'a set = 'a process = 'a process
((8n-e-— / -) [0, 0, 70] 70)
translations

MzeA— P = CONST Mndetprefix A (Az. P)

lemma mt-Mndetprefix[simp] : Mndetprefix {} P = STOP
unfolding Mndetprefiz-def by simp
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lemma Mndetprefiz-is-process : A # {} = is-process (|J z€A. F(z — P z), U
z€A. D(z — Pzx))

unfolding is-process-def FAILURES-def DIVERGENCES-def

apply auto

using is-processT1 apply auto[1]

using is-processT2 apply blast

using is-processT3-SR apply blast

using is-processT4 apply blast

using is-processT5-S1 apply blast

using ¢s-processT6 apply blast

using is-processT7 apply blast

using NF-ND apply auto|[1]

using is-processT9 by blast

lemma T-Mndetprefizl : T (Mndetprefiz {} P) = {[|}
unfolding Mndetprefiz-def by(simp add: T-STOP)

lemma rep-abs-Mndetprefic[simp]: A # {} =
(Rep-process (Abs-process(|Jz€A. F(z — P z)|Jz€A. D (z — Px)))) =
(UzeA. F(x - Px), | JzcA. D (z — P 1))
apply (subst Process.process. Abs-process-inverse)
by (auto intro: Mndetprefiz-is-process|simplified])

lemma T-Mndetprefiz: A#{} = T (Mndetprefic A P) = (| z€A. T (x — Pzx))
unfolding Mndetprefiz-def
apply(simp, subst Traces-def, simp add: TRACES-def FAILURES-def)
apply (auto intro: Mndetprefiz-is-process|simplified))
unfolding TRACES-def FAILURES-def apply(cases A = {})
apply(auto intro: F-T D-T simp: Nil-elem-T)
using NF-NT by blast

lemma F-Mndetprefizl : F (Mndetprefiz {} P) = {(s, X). s = [|}
unfolding Mndetprefiz-def by(simp add: F-STOP)

lemma F-Mndetprefiv: A#{} = F (Mndetprefix A P) = (J z€A. F(z — P z))
unfolding Mndetprefiz-def
by (simp, subst Failures-def, auto simp : FAILURES-def F-Mndetprefiz1)

lemma D-Mndetprefizl : D (Mndetprefix {} P) = {}
unfolding Mndetprefiz-def by (simp add: D-STOP)

lemma D-Mndetprefiv : A#{} = D(Mndetprefix A P) = (|J z€A. D (z — P

z))
unfolding Mndetprefiz-def

apply(simp, subst D-def, subst Process.process. Abs-process-inverse)

by (auto intro: Mndetprefiz-is-process[simplified| simp: DIVERGENCES-def)

Thus we know now, that Mndetprefix yields processes. Direct consequences
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are the following distributivities:

lemma Mndetprefiz-unit : (M z € {a} - Pz) = (a — P a)
by (auto simp : Process. Process-eq-spec F-Mndetprefiz D-Mndetprefiz)

lemma Mndetprefiz-Un-distrib : A #{} = B #{} = (Mz € AUB — P z) =
(MzeA—-Pz)N(MNz € B — Px))
by (auto simp : Process. Process-eq-spec F-Ndet D-Ndet F-Mndetprefix D-Mndetprefix)

The two lemmas Mndetprefiz {?a} ?P = %?a — 9P %a and [?A # {}; /B
# {}] = Mndetprefiz (?A U ?B) ?P = Mndetprefix ?A ?P M Mndetprefix
?B ?P together give us that Mndetprefiz can be represented by a fold in the
finite case.

lemma Mndetprefiz-distrib-unit : A—{a} # {} = (M € inserta A — Pz) =
((a > Pa)yn(Nze A-{a} — Pux))

by (metis Un-Diff-cancel insert-is-Un insert-not-empty Mndetprefiz- Un-distrib
Mndetprefiz-unit)

4.4.1 Finite case Continuity

This also implies that Mndetprefix is continuous for the finite A and an
arbitrary body f:

lemma Mndetprefiz-cont-finite[simp]:
assumes finite A
and Az cont (fz)
shows cont (A\y.Mze A= fzy)
proof (rule Finite-Set.finite-induct|OF «<finite A»])
show cont (Ay. Nze{} — fzy) by auto
next
fix A fix a
assume cont (A\y. Mz€A — fzy)and a ¢ A
show cont (Ay. Mz€insert a A — f z y)
proof (cases A={})
case True
then show %thesis by (simp add: Mndetprefiz-unit True <A\z. cont (f x)»)
next
case Fulse
have * : A—{a} # {} by (simp add: False <a ¢ A»)
have xx : A—{a} = A by (simp add: <a ¢ A»)
show ?thesis
apply(simp only: Mndetprefiz-distrib-unit|OF ], simp only: *x)
by (simp add: <cont (Ay. Mz€A — [z y)> assms(2))
qed
qed

4.4.2 General case Continuity

lemma mono-Mndetprefix[simp| : monofun (Mndetprefiz (A::'a set))
proof (cases A={})
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case True
then show ?thesis by (auto simp: monofun-def)
next
case Fulse
then show “thesis apply(simp add: monofun-def, intro alll impl)
unfolding le-approz-def
proof(simp add: T-Mndetprefix F-Mndetprefix D-Mndetprefiz, intro conjl)
fix z::'a = ’a process and y::'a = 'a process
assume A # {} and z C y
show (JzeA. D (z— yz)) C (Jza€A. D (za — z za))
by (metis (mono-tags, lifting) SUP-mono «x T y» fun-below-iff le-approx1
mono-Mprefix0 write0-def)
next
fix z::'a = ’a process and y::'a = ’'a process
assume x:A # {} and xx:z C y
have #xx : N\z. z € A = 22 C y z by (simp add: <x C y> fun-belowD)
with x show Vs. (Vza€A. s ¢ D (za — z za)) — Ra (Mndetprefix A z) s
= Ra (Mndetprefix A y) s
unfolding Ra-def
by (auto simp:proc-ord2a mono-MprefizQ write0-def F-Mndetprefiz)
(meson le-approz2 mono-Mprefiz0 write0-def )+
next
fix z::'a = ’a process and y::'a = ’'a process
assume x:A # {} and z C y
have #xx : N\z. 2€ A= (z > 22) C (z = y 2)
by (metis <z = y» fun-below-iff mono-Mprefiz0 write0-def)
with x show min-elems (| Jza€A. D (za — z za)) C (J2z€A. T (z — y z))
unfolding min-elems-def apply auto
by (metis Set.set-insert elem-min-elems insert-subset le-approx3 le-less
min-elemsd)
qed
qed

lemma Mndetprefiz-chainpreserving: chain ¥ = chain (Mi. (M z € A — Y i 2))
apply(rule chainl, rename-tac )
apply(frule-tac i=1{ in chainFE)
by (simp add: below-fun-def mono-Mprefiz0 write0-def monofunkE)

lemma contlub-Mndetprefic : contlub (Mndetprefiz A)
proof(cases A={})
case True
then show %thesis by (auto simp: contlub-def)
next
case Fulse
show ?thesis
proof (rule contlubl, rule proc-ord-proc-eq-spec)
fix Y :: nat = ‘a = 'a process
assume a:chain Y
show (Mz€A — (| |4 Y4) z) C (| ]i. Nz€ed —» Yia)
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proof(simp add:le-approx-def, intro conjl alll impl)
show D (| |i. Mz€d — Yiz) CD (Mz€Ad — Lub Y )
using a False D-LUB[OF Mndetprefiz-chainpreserving| OF a], of A]
limproc-is-thelub[OF Mndetprefiz-chainpreserving[OF al, of A

apply (auto simp add:write0-def D-Mprefix D-LUB|[OF ch2ch-fun]|OF al]
limproc-is-thelub-fun[OF a] D-Mndetprefiz)

by (metis (mono-tags, opaque-lifting) event.inject)
next
fix s :: 'a event list
assume s ¢ D (Mz€A — Lub Y z)
show Ra (Mz€A — Lub Y z) s = Ra (| ]i. Nz€Ad — Yiz) s
unfolding Ra-def
using a False F-LUB[OF Mndetprefiz-chainpreserving| OF al, of A
limproc-is-thelub| OF Mndetprefiz-chainpreserving| OF a], of A
apply (auto simp add:write0-def F-Mprefiz F-LUB[OF ch2ch-fun|OF al)
limproc-is-thelub-fun[OF a] F-Mndetprefiz)
by (metis (mono-tags, opaque-lifting) event.inject)
next
show min-elems (D (Mz€A — Lub Y z)) C T (| ]i. Nz€A — Y ix)
unfolding min-elems-def
using a False limproc-is-thelub| OF Mndetprefiz-chainpreserving[OF a), of A
D-LUB[OF Mndetprefiz-chainpreserving[OF al, of A
F-LUB|OF Mndetprefiz-chainpreserving| OF a], of A
by (auto simp add:D-T write0-def D-Mprefiz F-Mprefix D-Mndetprefiz
F-Mndetprefiz
D-LUB[OF ch2ch-fun[OF a)] F-LUB|[OF ch2ch-fun]|OF al]
limproc-is-thelub-fun[OF a])
qed
next
fix Y :: nat = 'a = ’a process
assume a:chain Y
show D (MzcA — (i Yi) z) CD (i Nz€d — Yix)
using a False D-LUB[OF Mndetprefiz-chainpreserving| OF a], of A]
limproc-is-thelub| OF Mndetprefiz-chainpreserving|OF a], of A
by (auto simp add:write0-def D-Mprefix D-Mndetprefix D-LUB|[OF ch2ch-fun| OF
all

qed
qed

limproc-is-thelub-fun[OF a))

lemma Mndetprefiz-cont[simp]: (Az. cont (f x)) = cont (A\y. (Mz€ A — (fz

v)

apply(rule-tac f = Az y. (f y 2) in Cont.cont-compose, rule monocontlub2cont)
by (auto intro: mono-Mndetprefix contlub-Mndetprefiz Fun-Cpo.cont2cont-lambda)

end
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Chapter 5

The "Laws" of CSP

theory CSP-Laws
imports Bot Skip Stop Det Ndet Mprefix Mndetprefix Seq Hiding Sync
HOL- Eisbach. Eisbach
begin

method ex] for y::'a = (rule-tac exl[where z = y|)

5.1 General Laws

lemma SKIP-Neq-STOP: SKIP # STOP
by (auto simp: Process-eq-spec F-SKIP F-STOP D-SKIP D-STOP Un-def)

lemma BOT-less![simp]: L < (X::'a process)
by (simp add: le-approz-implies-le-ref)

lemma BOT-less2[simp]: BOT < (X::'a process)
by simp

5.2 Deterministic Choice Operator Laws

lemma mono-Det-FD-onside[simp]: P < P'=— (PO S) < (P'OS)
unfolding le-ref-def F-Det D-Det using F-subset-imp-T-subset by blast

lemma mono-Det-FD[simp]: [P < P;S§<8]= (POS)<(P'OS
by (metis Det-commute dual-order.trans mono-Det-FD-onside)

lemma mono-Det-ref: [PC P, SC S]] = (POS)C (P'OSY
using below-trans mono-Det mono-Det-sym by blast

lemma Det-BOT : (PO 1) =1

by (auto simp add: Process-eq-spec D-Det F-Det is-process T2 D-imp-front-tickFree
F-UU D-UU)

137
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lemma Det-STOP: (P O STOP) = P
by (auto simp add: Process-eq-spec D-Det F-Det D-STOP F-STOP T-STOP
Un-def Sigma-def is-processT8 is-processT6-52)

lemma Det-id: (P O P) = P
by (auto simp: Process-eq-spec D-Det F-Det Un-def Sigma-def is-process T8 is-process T6-52)

lemma Det-assoc: (M O P)0O Q)= (M O (P OQ))
by (auto simp add: Process-eq-spec D-Det F-Det Un-def Sigma-def T-Det)

5.3 NonDeterministic Choice Operator Laws

lemma mono-Ndet-FD[simp]: [P < P S<S]= (PNS)<(P'NS
by (auto simp: le-ref-def F-Ndet D-Ndet)

lemma mono-Ndet-FD-left[simp]: P < Q@ = (P11 S) < Q
by (metis D-Ndet F-Ndet dual-order.trans le-ref-def le-sup-iff order-refl)

lemma mono-Ndet-FD-right[simp]: P < @ = (ST P) < Q
by (metis D-Ndet F-Ndet dual-order.trans le-ref-def le-sup-iff order-refl)

lemma mono-Ndet-ref: [PC P, SCS]= (PNS)C(P'MS)
using below-trans mono-Ndet mono-Ndet-sym by blast

lemma Ndet-BOT: (PN 1) =1
by (auto simp: Process-eq-spec D-Ndet F-Ndet is-processT2 D-imp-front-tickFree
F-UU D-UU)

lemma Ndet-id: (P 1 P) =P
by (simp-all add: F-Ndet D-Ndet Process-eq-spec)

lemma Ndet-assoc: (M M P)MN Q)= (MnN (PN Q))
by (simp-all add: F-Ndet D-Ndet Process-eq-spec Un-assoc)

5.3.1 Multi-Operators laws

lemma Det-distrib: (M O (P11 Q)= (M OP)MN (MO Q))
by (auto simp add: Process-eq-spec F-Det D-Det F-Ndet D-Ndet Un-def T-Ndet)

lemma Ndet-distrib: (M N (PO Q)) = (M N P)O(MnN Q))
by (auto simp add: Process-eq-spec F-Det D-Det F-Ndet
D-Ndet Un-def T-Ndet is-processT8 is-processT6-52)

lemma Ndet-FD-Det: (PN Q) < (PO Q)

apply (auto simp add:le-ref-def D-Ndet D-Det F-Ndet F-Det T-Ndet T-Det Ra-def
min-elems-def)

using is-processT6-S2 NF-ND by blast+
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5.4 Sequence Operator Laws

5.4.1 Preliminaries

definition F-minus-D-Seq where
F-minus-D-Seq P Q = {(t, X). (t, X U {tick}) € F P A tickFree t} U
{(t, X). 3t1 2. t = t1 @ 2 A t1 Q [tick] € T P A (t2,
X) e F Q)
lemma F-minus-D-Seq-opt: (a,b) € F(P; Q) = (a € D(P3; Q) V (a,b) € F-minus-D-Seq
P Q)
by (auto simp add: F-Seq D-Seq F-minus-D-Seg-def)

lemma Process-eq-spec-optimized-Seq :

(P; Q) =(U;8)=([D(P;Q =D (U; 8 A
F-minus-D-Seq P Q C F (U3 S) A
F-minus-D-Seq U S C F (P Q))
unfolding Process-eq-spec-optimized[of (P 3 Q) (U; S)]

by (auto simp:F-minus-D-Seq-opt)

5.4.2 Laws

lemma mono-Seq-FD[simp]: [P < P; S < 8] = (P;8) <(P';8
apply (auto simp: le-ref-def F-Seq D-Seq)
by (metis F-subset-imp-T-subset subsetCE)+

lemma mono-Seg-ref: [PC P SC S| = (P;S)C (P'; S
using below-trans mono-Seq mono-Seq-sym by blast

lemma BOT-Seq: (L 3 P) =L
apply(auto simp add: Process-eq-spec D-Seq F-Seq front-tickFree-append F-UU
D-UU T-UU)
using front-tickFree-append front-tickFree-implies-tickFree is-processT2 apply
blast
using D-imp-front-tickFree front-tickFree-append front-tickFree-implies-tickFree
apply blast
using front-tickFree-charn tickFree-Nil apply blast
using D-imp-front-tickFree front-tickFree-append front-tickFree-implies-tickFree
apply blast
using front-tickFree-Nil tickFree-Nil by blast

lemma Seq-SKIP: (P ; SKIP) = P
apply (auto simp add: Process-eq-spec F-Seq D-Seq F-SKIP D-SKIP is-processT7
is-process T8-S
T-F-spec is-processT6-S1)
apply (meson insertI2 is-processT4 subsetl)

apply (meson append-T-imp-tickFree is-process T5-S7 non-tickFree-tick not-Cons-self2
tickFree-append)

using T-F-spec insert-absorb is-processT5-S2 apply fastforce

apply (metis F-T is-processT nonTickFree-n-front TickFree)
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by (metis append-Nil2 front-tickFree-mono is-processT nonTickFree-n-front TickFree
not-Cons-self)

lemma SKIP-Seq: (SKIP ; P) = P
by (auto simp add: Process-eq-spec D-Seq T-SKIP F-Seq F-SKIP D-SKIP is-processT8-Pair)

lemma STOP-Seq: (STOP 5 P) = STOP
by (auto simp: Process-eq-spec F-Seq D-Seq F-STOP D-STOP T-STOP Un-def)

5.4.3 Multi-Operators laws

lemma Seq-Ndet-distrR: (P11 Q) ;S) = ((P;S) N (Q;59))
by (auto simp add: Process-eq-spec D-Seq D-Ndet T-Ndet Un-def F-Seq T-Seq
F-Ndet)

lemma Seq-Ndet-distrL: (P35 (Q M S)) = (P; Q) N (P;9))
by (auto simp add: Process-eq-spec D-Seq D-Ndet T-Ndet Un-def F-Seq F-Ndet)

lemma Seg-assoc-D: D (P (Q3;S5) =D (P; Q)3 95)
proof(safe, goal-cases)
case (I z)
then show ?case
apply(auto simp add:D-Seq T-Seq)
using front-tickFree-Nil apply blast
apply (metis append.assoc append-single- T-imp-tickFree tickFree-append)
by (metis append.assoc)
next
case (2 z)
then show ?case
proof(auto simp add:D-Seq T-Seq, goal-cases)
case (1 t2 tla t2a)
then show ?case using front-tickFree-append by fastforce
next
case (2 t1 t2 tla t2a)
then obtain 20 where ¢2a = t2bQ][tick]
by (metis T-nonTickFree-imp-decomp append-single-T-imp-tickFree non-tickFree-tick
tickFree-append)
with 2 show Zcase by auto
next
case (3 t1 t2 tla t2a)
then show ?Zcase by (metis front-tickFree-implies-tickFree process-charn)
next
case (4 t1 t2 tla t2a)
then obtain {20 where 20 = t20Q][tick)
by (metis D-T T-nonTickFree-imp-decomp append-single- T-imp-tickFree non-tickFree-tick
tickFree-append)
with 4 show “case
by (metis D-imp-front-tickFree append.assoc butlast-snoc front-tickFree-implies-tickFree
process-charn)
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next
case (5 t1 t2 tla t2a)
then show Zcase by (metis front-tickFree-implies-tickFree process-charn)
next
case (6 t1 t2 tla t2a)
then obtain t2b0 where 20 = t2bQ|tick]
by (metis D-T T-nonTickFree-imp-decomp append-single- T-imp-tickFree non-tickFree-tick
tickFree-append)
with 6 show Zcase
by (metis D-imp-front-tickFree append.assoc butlast-snoc front-tickFree-implies-tickFree
process-charn)
qed
qed

lemma Seg-assoc: (P; (Q3S5)) = ((P3; Q)3 S5)
proof (auto simp: Process-eq-spec-optimized-Seq Seq-assoc-D, goal-cases)
case (1 ab)
then show ?case
proof (auto simp add: F-minus-D-Seq-def Seq-assoc-D F-minus-D-Seq-opt append-single- T-imp-tickFree
del:conjl
goal-cases 11 12)
case (11 t1t2)
then show %case by (metis (mono-tags, lifting) D-Seq Seq-assoc-D UnCI
mem-Collect-eq)
next
case (12 t1 tla t2a)
hence (t1 @ t1a) Q [tick] € T (P ; Q) by (auto simp: T-Seq)
then show ?case
using 12(2)[rule-format, of t1Qtla t2a] 12(4,5,6) by simp
qed
next
case (2ab)
then show ?case
proof (auto simp add: F-minus-D-Seq-def Seq-assoc-D F-minus-D-Seq-opt append-single- T-imp-tickFree
T-Seq del:conjl,
goal-cases 21 22 23 24 25 26)
case 21
then show ?Zcase
by (metis (mono-tags, lifting) D-Seq UnCI append-Nil2 front-tickFree-Nil
mem-Collect-eq)
next
case (22 t1 t2 tla t2a)
then obtain ¢2b0 where 20 = t2bQ|tick]
by (metis T-nonTickFree-imp-decomp append-single- T-imp-tickFree non-tickFree-tick
tickFree-append)
with 22 show ?case using append.assoc butlast-snoc by auto
next
case (23 t1 t2 tla t2a)
hence t1 € D (P; (Q; 9))
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by (simp add:D-Seq) (metis append-Nil2 front-tickFree-implies-tickFree pro-
cess-charn)
with 23 Seq-assoc-D show ?case by (metis front-tickFree-implies-tickFree pro-
cess-charn)
next
case (24 t1 t2 tla t2a)
then obtain 20 where t2a = t2bQ][tick]
by (metis D-T T-nonTickFree-imp-decomp append-single- T-imp-tickFree non-tickFree-tick
tickFree-append)
with 24 show ?case by (metis D-T append.assoc butlast-snoc)
next
case (25 t1 t2 tla t2a)
hence t1 € D (P; (Q; 9))
by (simp add:D-Seq) (metis append-Nil2 front-tickFree-implies-tickFree pro-
cess-charn)
with 25 Seg-assoc-D show ?Zcase by (metis front-tickFree-implies-tickFree pro-
cess-charn)
next
case (20 t1 t2 t1a t2a)
then obtain {20 where (20 = t20Q][tick]
by (metis D-T T-nonTickFree-imp-decomp append-single- T-imp-tickFree non-tickFree-tick
tickFree-append)
with 26 show ?case by (metis D-T append.assoc butlast-snoc)
qed
qed

5.5 The Multi-Prefix Operator Laws

lemma mono-Mprefiz-FD[simp]: Vo € A. P x < P’ © = Mprefiz A P < Mprefix
A P’
by (auto simp: le-ref-def F-Mprefiz D-Mprefix) blast+

lemmas mono-Mprefiz-ref = mono-Mprefiz0

lemma Mprefiz-STOP: (Mprefiz {} P) = STOP
by (auto simp:Process-eq-spec F-Mprefiz D-Mprefiz D-STOP F-STOP)

5.5.1 Multi-Operators laws

lemma Mprefiz- Un-distrib: (Mprefiz (A U B) P) = ((Mprefixt A P) O (Mprefix B
P))

apply (unfold Process-eq-spec, rule conjl)

apply (auto, (elim disjE conjE | simp-all add: F-Det F-Mprefix Un-def im-
age-def)+, auto)

by (auto simp add: D-Det D-Mprefiz Un-def)

lemma Mprefiz-Seq: ((Mprefiz A P) 5 Q) = (Mprefix A (Az. (P z) 3 Q))
proof (unfold Process-eq-spec, rule conjl, rule subset-antisym, goal-cases)
case 1
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then show ?case
apply(unfold split-def F-Seq D-Seq F-Mprefiz T-Mprefix D-Mprefiz)
apply(rule subsetl, simp-all, elim disjE conjE exE)
apply(rule disjI1, simp, meson tickFree-tl)
apply (rule disjI2, rule conjl, simp) apply auto[!]
apply (auto simp add:hd-append)[1]
using tickFree-tl apply fastforce
by (auto simp add: hd-append)[1]
next
case 2
then show ?case
apply (unfold split-def F-Seq D-Seq F-Mprefiz T-Mprefiz D-Mprefiz)
apply(rule subsetl, simp-all, elim disjE conjE exE)
apply(rule disjl1, simp, blast)
apply(rule disjl1, metis event.simps(3) list.exhaust-sel tickFree-Cons)
proof (goal-cases)
case (1 z a t1 t2)
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac z=(ev a)#tl in exl)
using hd-Cons-tl image-iff by fastforce
next
case (2 z a t1 t2)
then show ?case
apply(rule-tac disjI2, rule-tac disjI2, rule-tac disjl1, rule-tac z=(ev a)#t1
in exl)
using hd-Cons-tl image-iff by fastforce
next
case (3 z a t1 t2)
then show ?case
apply(rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac z=(ev a)#t1
in exl)
using hd-Cons-tl image-iff by fastforce
qed
next
case 3
then show ?case
apply (auto simp add: D-Mprefiz D-Seq T-Mprefix)
using tickFree-tl apply blast
apply (metis event.distinct(1) hd-append image-iff list.sel(1))
apply (metis event.distinct(1) hd-append list.sel(1) tl-append2)
apply (metis (no-types, opaque-lifting) append-Cons event.distinct(1) image-eql
list.distinct(1)
list.exhaust-sel list.sel(1) list.sel(3) tickFree-Cons)
by (metis append-Cons list.exhaust-sel list.sel(1) list.sel(3))
qed

5.5.2 Derivative Operators laws

lemma Mprefiz-singl: (Mprefix {a} P) = (a — (P a))
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by (simp add:write0-def Mprefiz-def, rule arg-conglof - - Ax. Abs-process x])
fastforce

lemma mono-read-FD: (Az. Pz < Qz) = (c?z — (P z)) < (c?z — (Q z))
by (simp add: read-def)

lemma mono-write-FD: (P < Q) = (clz — P) < (clz — Q)
by (simp add: write-def)

lemma mono-write0-FD: P < Q = (a — P) < (a = Q)
by (simp add: write0-def)

lemma mono-read-ref: (Axz. P2z C Q z) = (c?z — (P z)) C (c¢?z — (Q x))
by (simp add: mono-Mprefiz0 read-def)

lemma mono-write-ref: (P C Q) = (clz — P) C (clz — Q)
by (simp add: mono-Mprefix0 write-def)

lemma mono-write0-ref: PC Q = (a — P) C (a — Q)
by (simp add: mono-Mprefiz0 write0-def)

lemma write0-Ndet: (¢ — (P 1 Q)) = (e = P) M (¢ = Q))
by (auto simp: Process-eq-spec write0-def D-Ndet F-Ndet F-Mprefix D-Mprefiz
Un-def)

lemma write0-Det-Ndet: ((a — P) O (a — Q)) = (¢ = P) M (a = Q))
by (auto simp: Process-eq-spec write0-def D-Ndet F-Ndet F-Det D-Det) (simp
add: F-Mprefiz)+

lemma Mprefiz-Det: «(Oe€cA — Pe) O (Oecd - Qe) =0ecA — (Pen Qe
by (auto simp: Process-eq-spec F-Det D-Det) (auto simp: D-Ndet F-Ndet F-Mprefiz
D-Mprefiz)

5.6 The Hiding Operator Laws

5.6.1 Preliminaries

lemma elemDIselemHD: <t € D P = trace-hide t (ev *A) € D (P \ A)
proof (cases tickFree t)

case True

assume ¢t € D P

with True show ?thesis by (simp add:D-Hiding, rule-tac x=t in exl, rule-tac
z=[] in ezxl, simp)
next

case Fulse

assume a:t € D P

with False obtain ¢’ where ¢t = t'Q[tick] using D-imp-front-tickFree nonTick-
Free-n-frontTickFree by blast

with o show ?%thesis apply (auto simp add:D-Hiding, rule-tac z=t’ in exl,
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rule-tac x=[tick] in exI)
by (meson front-tickFree-implies-tickFree front-tickFree-single is-processT)
qed

lemma length-strict-mono: strict-mono (f:nat = 'a list) = length (f i) > i +
length (f 0)

apply (induct i, simp)

by (metis dual-order.trans lessI less-length-mono not-less not-less-eg-eq plus-nat.simps(2)
strict-mono-def)

lemma mono-trace-hide: a < b = trace-hide a (ev * A) < trace-hide b (ev © A)
by (metis filter-append le-list-def)

lemma mono-constant:
assumes mono (f:nat = 'a event list) and Vi. fi < a
shows Ji. Vj>i. fj=f1
proof —
from assms(2) have Vi. length (f i) < length a
by (simp add: le-length-mono)
hence aa:finite {length (f i)|i. True}
using finite-nat-set-iff-bounded-le by auto
define Im where [2:lm = Max {length (f ©)|i. True}
with aa obtain im where length (f im) = Im using Maz-in by fastforce
with 2 assms(1) show ?thesis
apply(rule-tac z=im in exl, intro impI alll)
by (metis (mono-tags, lifting) Maz-ge aa antisym le-length-mono le-neg-trans
less-length-mono
mem-Collect-eq mono-def order-less-irrefl)
qed

lemma elemTIselemHT: <t € T P = trace-hide t (ev ‘' A) € T (P \ A)»
proof (cases tickFree t)
case True
assume a:t € T P
with True show ?thesis
proof (cases (3 ta. trace-hide t (ev * A) = trace-hide ta (ev * A) A (ta, ev * A) €
Fp)
case True
thus ?thesis by (simp add: T-Hiding)
next
case Fulse
with a False inf-hidden[of A t P] obtain f where isInfHiddenRun f P A A t
€ range f by auto
with True show ?thesis
by (simp add:T-Hiding, rule-tac disjI2, rule-tac x=t in ezl rule-tac z=[] in
exl, auto)
qed
next
case Fulse
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assume a:t € T P
with False obtain t’ where tt:t = t'Q[tick] using T-nonTickFree-imp-decomp
by auto
with a show %thesis
proof (cases (Fta. trace-hide t (ev * A) = trace-hide ta (ev * A) A (ta, ev ‘ A) €
F P)
case True
thus ?thesis by (simp add: T-Hiding)
next
case Fulse
assume ¢t € T P
with False inf-hidden[of A t P] obtain f where isInfHiddenRun f P A A t €
range f by auto
then show ?thesis
apply (simp add:T-Hiding, rule-tac disjI2, rule-tac z=t’ in exl, rule-tac
z=[tick] in exl, auto)
apply (metis append-T-imp-tickFree list.distinct(1) tt)
using ¢t apply force
by (metis False append-T-imp-tickFree is-processT5-S7 non-tickFree-tick
not-Cons-self2 tickFree-append tt)
qed
qed

lemma Hiding-Un-D1: <D (P \ (AU B)) C D ((P\ A) \ B)
proof (simp add:conj-commute D-Hiding, intro conjl subset-antisym subsetl, simp-all,
goal-cases)
case (I z)
then obtain ¢ u where BI:x = trace-hide t (ev ‘ (A U B)) Q u and B2:tickFree
t and B3:front-tickFree u and
B4:(t € D PV (3(f:: nat = 'a event list). isInfHiddenRun f P (A U B)
A t € range f)) by auto
thus ?case
apply (erule-tac disjE)
apply(rule-tac x=trace-hide t (ev ‘ A) in exl, rule-tac z=u in exl)
apply(simp add: Hiding-tickFree tickFree-def)
apply(rule disjl1, rule-tac x=t in exl, rule-tac z=[] in exl, simp)
proof (goal-cases)
case I

then obtain f n where fc:isInfHiddenRun f P (A U B) A t = fn by auto
define ff where ff = (\i. take (i + length (f 0)) (f 7))
with fc have ffe:isInfHiddenRun ff P (A U B) A t € range ff

proof (auto, goal-cases)
case 1
{fixz
from length-strict-mono[of f Suc z , OF 1(2)]
have a:take (z + length (f 0)) (f (Suc x)) < take ((Suc x) + length (f 0))
(f (Sue 2)
by (simp add: take-Suc-conv-app-nth)
from 1(2)[THEN strict-monoD, of x Suc x, simplified]
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obtain ¢ where [ (Suc z) = (fz Q t) by (metis le-list-def less-imp-le)
with length-strict-monolof f x, OF 1(2)]
have take (z + length (f 0)) (f ) = take (z + length (f 0)) (f (Suc z))
by simp
with a have take (z + length (f 0)) (f z) < take (Suc z + length (f 0)) (f
(Suc z)) by simp

thus ?case by (meson lift-Suc-mono-less strict-mono-def)
next
case (2 1)
have take (i + length (f0)) (fi) < fi
using append-take-drop-id le-list-def by blast
alsohaveVzy. 2 <yAy €T P— z €T P using is-processT3-ST-pref
by blast
ultimately show ?case using 2(3) by blast
next
case (3 1)
hence (f i) > (f 0) using strict-mono-less-eq by blast
hence take (i + length (f 0)) (fi) > (f 0)
by (metis add.commute append-eq-conv-conj le-list-def take-add)
hence a:[z<take (i + length (f0)) (fi) .2 ¢ ev ANz ¢ ev ‘Bl > [zf0
.xédev ANz ¢ ev’B
by (metis (no-types, lifting) filter-append le-list-def)
have take (i + length (f 0)) (fi) < fi
using append-take-drop-id le-list-def by blast
hence [z<take (i + length (f0)) (fi) .2 ¢ ev ‘ANz ¢ ev ‘B] < [zfi.
réev‘AANz¢ev’D]
by (metis (no-types, lifting) filter-append le-list-def)
with a 3(4) show ?case by (metis (no-types, lifting) dual-order.antisym)
next
case 4
have f (length (f n) — length (f 0)) > fn
by (simp add: 4(2) add-le-imp-le-diff length-strict-mono strict-mono-less-eq)
hence fn = (\i. take (i + length (f 0)) (f 7)) (length (f n) — length (f 0))
by (metis 4(2) add.commute append-eq-conv-conj diff-is-0-eq’
le-add-diff-inverse le-list-def le-zero-eq nat-le-linear strict-mono-less-eq)
then show ?case by blast
qed
thus ?case proof(cases Im. (Vi>m. last (ff i) € (ev © 4)))
case True
then obtain m where mc:Vi>m. last (ff i) € (ev ¢ A) by blast
hence mc2:tickFree (ff m)
by (metis (no-types, lifting) B2 event.distinct(1) ffc
image-iff mem-Collect-eq set-filter tickFree-def)
with mc mc2 1 ffc show %thesis
apply(rule-tac x=trace-hide (ff m) (ev * A) in exl, rule-tac z=u in ezl,
sitmp, intro conjl)
apply (metis (no-types, lifting) mem-Collect-eq set-filter tickFree-def)
apply (metis (no-types, lifting) rangeE)
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apply(rule disjI1, rule-tac x=ff m in exl, rule-tac =[] in exI, intro conjl,
simp-all)
apply(rule disjI2, rule-tac x=M\i. ff(i + m) in exl, intro conjI)
apply (metis (no-types, lifting) add.commute add.right-neutral rangel)
apply (simp add: strict-mono-def)
apply blast
proof (rule alll, goal-cases)
case (1 1)
from ffc ff-def True have 3t. (ff (i + m)) = (fm) Q@ t A set t C (ev ¢

proof (induct i)
case (
then show ?case by fastforce
next
case (Suc 1)
then obtain ¢t where tc:(ff (i + m)) = (f m) Q &t A set tt C (ev * A)
by blast
from ffc ff-def length-strict-mono|of ff] have lc:length (ff (Suc i + m))
= Suc (length (ff (i + m)))
by (metis (no-types, lifting) add-Suc fc length-strict-mono length-take
min.absorb2)
from True obtain [ where lc2:l = last (ff (Suc i+ m)) Al € (ev ‘ A)
by (meson less-add-same-cancel2 mc zero-less-Suc)
from ffc obtain r where rc:ff (Suc i + m) = ff (i + m)Qr
by (metis add.commute add-Suc-right le-list-def lessI less-imp-le
strict-mono-less-eq)
with lc have length r = 1 by (metis Suc-eq-plus! add-left-cancel
length-append)
with rc lc2 have r = []]
by (metis (no-types, lifting) Nil-is-append-conv Suc-eq-plusl ap-
pend-butlast-last-id
append-eq-append-conv append-eq-append-conv2 length-Cons
length-append)
with Suc lc2 tc rc show ?case by (rule-tac z=ttQ[l] in exl, auto)
qed
then show ?case using filter-empty-conv by fastforce
qed
next
case Fulse
{ fix i
assume as:(i::nat) > 0
with ffc obtain tt where tic:ff i = [f0 Q tt A set tt C ev ‘ (AU B)
unfolding isInfHiddenRun-1 by blast
with ffc as have tt # [] using strict-mono-eq by fastforce
with ttc have last (ff ) € ev ‘ (A U B) by auto
}
hence as2:Vi. 3j>i. last(ff j) € ((ev * B) — (ev ‘ A))
by (metis DiffI False UnE gr-implies-not-zero gr-zerol image-Un)
define ffb where ffb = rec-nat t (Ai t. (let j = SOME j. ffj >t A
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last(ff j) € ((ev * B) — (ev * A)) in ff j))
with as2 have ffbff:An. ffb n € range ff
by (metis (no-types, lifting) ffc old.nat.exhaust old.nat.simps(6) old.nat.simps(7)
rangel)
from 1 ffbo-def show ?thesis
apply(rule-tac z=trace-hide t (ev ¢ A) in exl, rule-tac z=u in exl, simp,
intro conjl)
apply (meson filter-is-subset set-rev-mp tickFree-def)
proof(rule disjI2, rule-tac x=M\i. trace-hide (ffb i) (ev < A) in exl, intro conjl,
goal-cases)
case I
then show ?case by (metis (no-types, lifting) old.nat.simps(6) rangel)
next
case 2
{ fix n
have a0:(ffb (Suc n)) = ff (SOME j. ffj > ffo n A last(ff j) € ((ev * B)
~ (ev A))
by (simp add: ffb-def)
from ffbff obtain i where al:ffb n = ff i by blast
with as2 have 3j. ffj > ffo n A last(ffj) € ((ev * B) — (ev © A))
by (metis ffc strict-mono-def)
with a0 al have a:(ffb (Suc n)) > (ffo n) A last (ffo (Suc n)) ¢ (ev © A)
by (metis (no-types, lifting) Diff-iff tfl-some)
then obtain r where ffb (Suc n) = (ffo n)Qr A last r ¢ (ev © A)
by (metis append-self-conv last-append le-list-def less-list-def)
hence trace-hide (ffb (Suc n)) (ev * A) > trace-hide (ffb n) (ev * A)
by (metis (no-types, lifting) a append-self-conv filter-append filter-empty-conv

last-in-set le-list-def less-list-def)
}
then show ?case by (metis (mono-tags, lifting) lift-Suc-mono-less-iff
strict-monol)
next
case 3
then show ?case by (metis (mono-tags) elemTIselemHT ffbff ffc rangeE)
next
case 4
from fbff ffc show ?case by (metis rangeE trace-hide-union)
qed
qged
qed
qed

lemma Hiding-Un-D2: «finite A= D (P\ A)\ B) CD (P\ (AU B))
proof (simp add:conj-commute D-Hiding, intro conjl subset-antisym subsetl, simp-all,
goal-cases)
case (1 z)
then obtain ¢ u where B1:x = trace-hide t (ev ‘* B) Q u
and B2:tickFree t
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and BS3:front-tickFree u
and B4:(teD (P\ A)V
(3 (f:: nat = 'a event list). isInfHiddenRun f (P \ A) B At
€ range f))
by (simp add:D-Hiding) blast
thus ?case
proof (erule-tac disjE, auto simp add:D-Hiding, goal-cases)
case (1 ta ua)
then show ?case
by (rule-tac z=ta in exl, rule-tac x = trace-hide ua (ev * B) @ v in ezl
auto simp add: front-tickFree-append tickFree-def)
next
case (2 ua f za)
then show ?case
apply(rule-tac z=f za in exl, rule-tac z=trace-hide ua (ev * B) @ u in exl,
intro congl disjI2)
apply(auto simp add: front-tickFree-append tickFree-def)
by (rule-tac z=f in exl) (metis (no-types) filter-filter rangel)
next
case (3 f xx)
note 3a = 3
then show ?case
proof(cases i. fi € D (P \ A))
case True
with & show ?thesis
proof(auto simp add:D-Hiding, goal-cases)
case (1 i ta ua)
then show ?Zcase
apply (rule-tac z=ta in exl, rule-tac x=trace-hide ua (ev ‘* B) @Q v in exl,
intro conjl)
apply (metis (full-types) front-tickFree-append Hiding-tickFree tick-
Free-append)
apply (subgoal-tac trace-hide (f xx) (ev * B) = trace-hide (f i) (ev ¢ B),
auto)
apply (metis (full-types) filter-append filter-filter)
by (metis (full-types) filter-append filter-filter)
next
case (2 i ua fa xa)
hence trace-hide (f zx) (ev * B) = trace-hide (f i) (ev * B) by metis
with 2 show Zcase
apply (rule-tac z=fa za in exl, rule-tac x=trace-hide ua (ev ‘* B) @ v in
exl, intro conjl)
apply (metis (full-types) front-tickFree-append Hiding-tickFree tick-
Free-append)
apply (simp-all)
apply (rule-tac disjI2, rule-tac x=fa in exl, auto)
by (metis (no-types) filter-filter)
qed
next
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case Fulse
with 3 have FualsebisVi. (fi € T (P\ A)ANfi¢ D (P\ A)) by blast
with T-Hidinglof P A] D-Hiding[of P A]
have Vi. (f i € {trace-hide t (ev * A) |t. (¢, ev * A) € F P})
by (metis (no-types, lifting) UnkE)
hence ff0:Vi. (3t. fi = trace-hide t (ev * A) At € T P) using F-T by
fastforce
define ff where ff1:ff = (\i. SOME t. f i = trace-hide t (ev *A) ANt € T P)
hence inj ff unfolding inj-def by (metis (mono-tags, lifting) 3(4) ff0
strict-mono-eq tfl-some)
hence [f2:infinite (range ff) using finite-imageD by blast
{ fix tt i
assume tt € range ff
then obtain k where ff k = tt using finite-nat-set-iff-bounded-le by blast
hence kk0:f k = trace-hide tt (ev * A) A tt € T P using [f1
by (metis (mono-tags, lifting) ff0 somel-ex)
hence set (take i tt) C set (fi) U (ev ‘ A)
proof(cases k < i)
case True
hence set (f k) C set (f 1)
by (metis 3(4) le-list-def set-append strict-mono-less-eq sup.coboundedl)
moreover from kk0 have set (take i tt) C set (f k) U (ev © A) using
in-set-takeD by fastforce
ultimately show ?thesis by blast
next
case Fulse
have a:length (fi) > i by (meson 3(4) dual-order.trans le-add1 length-strict-mono)
have b:f i < fk using 3(4) False nat-le-linear strict-mono-less-eq by blast
with a have c:take i (f k) < (f9)
by (metis append-eg-conv-conj le-add-diff-inverse le-list-def take-add)
from kkO[THEN conjunctl] have cl:f k = (trace-hide (take i tt) (ev © A))

(trace-hide (drop i tt) (ev ¢ A))
by (metis append-take-drop-id filter-append)
have length (trace-hide (take i tt) (ev ‘ A)) < i
by (metis length-filter-le length-take min.absorb2 nat-le-linear order.trans
take-all)
with ¢! have take i (f k) > (trace-hide (take i it) (ev © A)) by (simp add:
le-list-def)
with ¢ obtain ¢ where d:f i = (trace-hide (take i tt) (ev * A))Qt
by (metis append.assoc le-list-def)
then show ?thesis using in-set-takeD by fastforce
qed
} note ee=this
{ fix ¢
have finite {(take i t)|t. t € range ff}
proof (induct i, simp)
case (Suc 1)
have ff:{take (Suc ) t|t. t € range ff} C {(take i ¢)|t. t € range ff} U
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(U e€(set (f (Suci)) U (ev  A)). {(take i t)Q[e]|t. t € range ff})
(is ?AA C ?BB)
proof
fix ¢
assume t € 7AA
then obtain ¢’ where hh:t’ € range ff A t = take (Suc i) t’
using finite-nat-set-iff-bounded-le by blast
with ee[of t'] show t € ?BB
proof(cases length t' > i)
case True
hence idi:take (Suc i) t' = take i t' @ [t'Vi] by (simp add:
take-Suc-conv-app-nth)
with eef[of t’ Suc i]| have t'li € set (f (Suc i)) U (ev * A) by (simp

add: hh)

with 7 hh show ?thesis by blast

next
case Fulse
hence take (Suc i) t’' = take i t' by fastforce
with hh show ?thesis by auto

qed

qed
{fix e

have {z Q [¢] |z. 3t. z = take i t A t € range ff} = {take i t' Q [¢] |t".
t' € range [}
by auto
hence finite({(take i t') Q [e] |t". t'€range ff})
using finite-image-set[of - At. tQ[e], OF Suc| by auto
} note gg=this
have finite(set (f (Suc 7)) U (ev © A)) using 1(1) by simp
with ff gg Suc show ?case by (metis (no-types, lifting) finite-UN finite-Un
finite-subset)
qed
} note ff=this
hence Vi. {take i t |t. t € range ff} = {t. 3t’. t = take i (ff t')} by auto
with KoenigLemmalof range ff] ff [f2
obtain [’ where gg:strict-mono (f": nat = 'a event list) A
range f' C {t. It'€range ff. t < t'} by auto
{ fix ¢
from gg obtain n where aa:f’ i < ff n by blast
have 3¢. fn = f0 @ t by (metis 3a(4) le0 le-list-def strict-mono-less-eq)
with mono-trace-hide[OF aa, of A] ff0 ff1 have 3 t. trace-hide (f' i) (ev *
Ay <foat
by (metis (mono-tags, lifting) somel-ex)
} note zz=this
{
define [f’ where ff' = (\i. trace-hide (f’ ©) (ev ¢ A))
with gg have mono ff'
by (rule-tac monol, simp add: mono-trace-hide strict-mono-less-eq)
assume aa:V i. trace-hide (f' i) (ev “A) < f0
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with aa mono-constant have 31. Vj>i. ff' j = ff’ i using <mono ff" ff'-def

by blast
then obtain m where bb:Vj>m. ff' j = ff’ m by blast

have ff' m € D (P \ A)
proof(simp add:D-Hiding, rule-tac z=f" m in exl, rule-tac =[] in ezl,

intro congl, simp, goal-cases)

case I

from gg have f’' m < f' (Suc m) by (meson lessI strict-monoD)
moreover from gg obtain k where f’ (Suc m) < ff k by blast
moreover have ffk € T P by (metis (mono-tags, lifting) ff0 [f1 somel-ex)

ultimately show ?Zcase
by (metis NF-NT append-Nil2 front-tickFree-mono is-processT le-list-def

less-list-def)
next
case 2
then show ?case unfolding ff’-def by simp
next
case 3
then show ?case
proof (rule disjI2, rule-tac z=Xi. f’' (m + i) in exl, simp-all, intro conjl
alll, goal-cases)

case I
show ?case using gg[THEN conjunct1]

by (rule-tac strict-monol, simp add: strict-monoD)

next

case (2 1)
from gg obtain k where f’ (m + i) < ff k by blast

moreover from ff0 ff1 have ff k € T P by (metis (mono-tags, lifting)
somel-ex)

ultimately have f' (m + i) € T P using is-processT3-ST-pref by blast

then show ?case by (simp add: add.commute)

next
case (3 1)
then show ?case using bb[THEN spec, of m+i, simplified] unfolding

ff'-def by assumption
next

case 4
then show ?case by (metis Nat.add-0-right rangel)

ged
qed

with gg Fulse have Fulse
by (metis (no-types, lifting) Falsebis aa append-Nil2 [f'-def front-tickFree-mono

is-processT is-processT2-TR le-list-def)

}
with zz obtain m where hh:trace-hide (f' m) (ev ¢ A) > f 0
unfolding le-list-def by (metis append-eq-append-conv2)

from ff0 ff1 gg show ?thesis
proof(auto simp add: T-Hiding, rule-tac =f" m in exl, rule-tac x=u in exl,
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intro conjl, simp-all add:3(3), goal-cases)
case I
hence f' m < f’ (Suc m) by (meson lessI strict-monoD)
moreover from gg obtain k where f’ (Suc m) < ff k by blast
moreover have ff k € T P by (metis (mono-tags, lifting) ff0 ff1 somel-ex)
ultimately show “case
by (metis NF-NT append-Nil2 front-tickFree-mono is-processT le-list-def
less-list-def)
next
case 2
from gg obtain k where f' m < ff k by blast
with ff0 ff1 mono-trace-hide[of f' m] have trace-hide (f' m) (ev * A) < fk
by (metis (mono-tags, lifting) somel-ex)
with mono-trace-hide[OF this, of B] mono-trace-hide|OF hh, of B] 3(6)[THEN
spec, of k] 3(6)
show ?case by (metis (full-types) dual-order.antisym filter-filter)
next
case 3 show Zcase
proof (rule disjI2, rule-tac x=Xi. f' (m + ©) in exl, simp-all, intro conjl
alll, goal-cases)
case I
then show ?Zcase by (metis Nat.add-0-right rangel)
next
case 2 with 3(4) show ?case
by (rule-tac strict-monol, simp add: strict-monoD)
next
case (3 1)
from gg obtain k where f’ (m + @) < ff k by blast
moreover from ff0 ff1 have ff k € T P by (metis (mono-tags, lifting)
somel-ex)
ultimately have f' (m + i) € T P using is-processT3-ST-pref by blast
then show ?case by (simp add: add.commute)
next
case (4 1)
from gg obtain k& where [’ (m + i) < ff k by blast
with ff0 ff1 mono-trace-hide[of f' (m + )] have ll:trace-hide (f' (m + 1))
(ev “A) < fk
by (metis (mono-tags, lifting) somel-ex)
{ fix a b ¢ assume (a::'a event list) < band b < ¢ and ¢ < a hence b
= ¢ by auto}
note jj=this
from jj[OF mono-trace-hide| OF hh, of B,
OF mono-trace-hide| THEN mono-trace-hide, of f' m f' (m + i) B

OF gg|THEN conjunctl, THEN strict-mono-mono,
THEN monoD, of m m+i, simplified]]]
mono-trace-hide[OF 11, of B|
show ?case unfolding 3a(6) [THEN spec, of k] by simp
qed
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qged
qged
qed
qed

lemma Hiding-Un-D: <finite A= D (P\ A)\ B)=D (P \ (AU B))»
using Hiding-Un-D1 Hiding-Un-D2 by blast

5.6.2 Laws

lemma mono-Hiding-FD[simp]: <P < @ = P\ A< Q\ A
apply (auto simp: le-ref-def F-Hiding D-Hiding)
using F-subset-imp-T-subset by blast+

lemmas mono-Hiding-ref = mono-Hiding

lemma Hiding-Un: <finite A= P\ (AU B)=(P\ A\ B
proof (simp add:Process-eq-spec, intro conjl, unfold F-Hiding, goal-cases)
case I
thus ?case (is {(s, X). 24 s X} U {(s, X). B s} =
{(s, X). (3t. (?C1stA(t, XUev B)e 202U 203))} U {(s, X).
?D s})
proof (unfold F-Hiding set-eq-subset Un-subset-iff, intro conjl, goal-cases)
case I
then show ?case
by (auto, metis (no-types) filter-filter image-Un sup-commute sup-left-commute)
next
case 2
then show ?case
by (rule-tac Un-monolof {}, simplified], insert Hiding-Un-D[of A P B, simp
add: D-Hiding)
next
case 3
have {(s, X). (3t. (?C1 st A (t, X Uev ‘B) € 202))} C {(s, X). ?4 s X}
by (auto, metis (no-types) filter-filter image-Un sup-commute sup-left-commute)
moreover have {(s, X). (3t. (?C1 st A (t, X Uev ‘B) € 2C3))} C {(s, X).
?B s}
proof(auto,goal-cases)
case (1 ta u)
then show ?case using Hiding-fronttickFree by blast
next
case (2 u fx)
then show ?case
apply(rule-tac z=f z in exl, rule-tac x=trace-hide u (ev ‘ B) in ezxl, auto)
using Hiding-fronttickFree apply blast
apply (erule-tac x=f in allF) by (metis (no-types) filter-filter rangel)
qged
moreover have {(s, X). (3¢. (?C1 st A (¢t, X Uev ‘B) € 202 U ?2C3))} =
{(s, X). (3t. (?C1stN(t,XUev‘B)e ?202))} U
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{(s, X). (3t. (?2C1 st A (t, X Uev ‘B) e 2C3))} by
blast
ultimately show ?case by (metis (no-types, lifting) Un-mono)
next
case 4
then show ?case
by (rule-tac Un-monolof {}, simplified], insert Hiding-Un-D[of A P B|, simp
add:D-Hiding)
qed
next
case 2
then show ?case by (simp add: Hiding-Un-D)
qed

lemma Hiding-set-BOT: (L \ A) = L
apply(auto simp add:Process-eq-spec D-Hiding F-Hiding F-UU D-UU)
using Hiding-fronttickFree apply blast
using front-tickFree-append Hiding-tickFree apply blast
using front-tickFree-append Hiding-tickFree apply blast
apply (metis (full-types) append-Nil filter.simps(1) tickFree-Nil tickFree-implies-front-tickFree)
using front-tickFree-append Hiding-tickFree apply blast
using front-tickFree-append Hiding-tickFree apply blast
using tickFree-Nil by fastforce

lemma Hiding-set-STOP: (STOP \ A) = STOP
apply(auto simp add: Process-eq-spec D-Hiding F-Hiding F-STOP D-STOP T-STOP)
by (metis (full-types) lessI less-irrefl strict-mono-eq) +

lemma Hiding-set-SKIP: (SKIP \ A) = SKIP
apply(auto simp add: Process-eq-spec D-Hiding F-Hiding F-SKIP D-SKIP T-SKIP
split:if-splits)
apply (metis filter.simps(1) non-tickFree-tick)
apply (metis (full-types) Hiding-tickFree n-not-Suc-n non-tickFree-tick strict-mono-eq)
apply (metis (full-types) Hiding-tickFree n-not-Suc-n non-tickFree-tick strict-mono-eq)
apply (metis event.distinct(1) filter.simps(1) imageFE)
apply (metis event.distinct(1) filter.simps(1) filter.simps(2) imageE)
by (metis (full-types) Hiding-tickFree n-not-Suc-n non-tickFree-tick strict-mono-eq)

lemma Hiding-set-empty: (P \ {}) = P

apply(auto simp add: Process-eq-spec D-Hiding F-Hiding is-processT7 is-process T8-S
strict-mono-eq)

by (metis append-Nil2 front-tickFree-implies-tickFree front-tickFree-single is-processT

non TickFree-n-front TickFree)

5.6.3 Multi-Operators laws

lemma Hiding-Ndet: (P11 Q) \ A= ((P\ A)N(Q\ 4))
proof(auto simp add:Process-eq-spec D-Hiding F-Hiding,
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simp-all add: F-Ndet T-Ndet D-Ndet D-Hiding F-Hiding, goal-cases)
case (1b1)
then show ?case by blast
next
case (2btu)
then show ?case by blast
next
case (3bu fx)
from 3(4) have A:infinite ({i. fi € T P}) V infinite ({i. fi € T Q})
using finite-nat-set-iff-bounded by auto
hence (Vi. fi € T P)V (Vi. fi € T Q)
by (metis (no-types, lifting) 3(3) finite-nat-set-iff-bounded
is-process T3-ST-pref mem-Collect-eq not-less strict-mono-less-eq)
with A show %case by (metis (no-types, lifting) 3(1,2,3,5) rangel)
next
case (4 a'b)
then show ?case by blast
next
case (51t u)
then show ?case by blast
next
case (6 u fx)
from 6(4) have A:infinite ({i. fi € T P}) V infinite ({i. fi € T Q})
using finite-nat-set-iff-bounded by auto
hence (Vi.fie T P)V (Vi. fi e T Q)
by (metis (no-types, lifting) 6(3) finite-nat-set-iff-bounded
is-process T3-S T-pref mem-Collect-eq not-less strict-mono-less-eq)
with A show ?case by (metis (no-types, lifting) 6(1,2,3,5) rangel)
next
case (7 z)
then show ?case by blast
qed

lemma Hiding-Mprefiz-distr:
(BN A) = {} = ((Mprefiz A P) \ B) = (Mprefis A (\a. (P ) \ B)))
proof (auto simp add: Process-eg-spec,
simp-all add: F-Mprefix T-Mprefix D-Mprefix D-Hiding F-Hiding,
goal-cases)
case (1 z b) then show ?case
proof (elim exE disjE conjE, goal-cases)
case (1 t)
then show Zcase by (simp add: inf-sup-distrib2)
next
case (2t a)
then show ?case
by (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)
imagek list.sel(1) list.sel(3) list.collapse neq-Nil-conv)
next
case (3t ua)
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hence hd t ¢ ev ‘ B by force
with 3 havex = hd t # trace-hide (¢l t) (ev * B) Q u
by (metis append-Cons filter.simps(2) list.exhaust-sel)
with 3 show Zcase by (metis list.distinct(1) list.sel(1) list.sel(3) tickFree-tl)
next
case (4 tuf)
then obtain k where kk:t = f k by blast
from 4 obtain a where f1 # [ A eva = hd (f1) and aa:a € 4
by (metis less-numeral-extra(1) nil-le not-less strict-mono-less-eq)
with 4 (1) 4(6)[THEN spec, of 0] 4(7)[THEN spec, of 1] have f0 # [| A hd
(fO)=eva
apply auto
apply (metis (no-types, lifting) disjoint-iff-not-equal event.inject
filter.simps(2) hd-Cons-tl imageE list.distinct(1))
apply (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)

hd-Cons-tl imageFE list.distinct(1))
by (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)
hd-Cons-tl imageFE list.sel(1))
with 4(1, 7) aa have nf: Vi. fi £ [| A hd (fi) = eva
by (metis (mono-tags, opaque-lifting) 4(5) append-Cons le-list-def le-simps(2)
list.distinct(1)
list.exhaust-sel list.sel(1) neq0-conv old.nat.distinct(1) strict-mono-less-eq)

with 4(5) have sm:strict-mono (tl o f) by (simp add: less-tail strict-mono-def)
with 4/ aa kk nf show Zcase
apply (rule-tac disjI2, intro conjl)
apply (metis (no-types, lifting) Nil-is-append-conv disjoint-iff-not-equal
event.inject
filter.simps(2) hd-Cons-tl imagekE list.distinct(1))
apply (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)

hd-Cons-tl hd-append2 image-iff list.distinct(1)
list.sel(1))

apply(rule-tac z=a in ezl, intro conjl disjI2)

apply (metis disjoint-iff-not-equal event.inject filter.simps(2)

hd-Cons-tl hd-append?2 image-iff list.distinct(1) list.sel(1))

apply (rule-tac x=tl t in exl, rule-tac x=u in exl, intro conjl, simp-all)

apply (metis tickFree-tl)
apply (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)

hd-Cons-tl imageFE list.distinct(1) list.sel(3)

tl-append2)

apply (subst disj-commute, rule-tac disjCT)

apply(rule-tac z=tl o f in exl, intro conjl)

apply auto
apply (metis (no-types, lifting) filter.simps(2) hd-Cons-tl list.sel(3))
done
qed
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next
case (2 z b)
then show ?case proof(elim exE disjE conjE, goal-cases)
case I then show ?case
apply (rule-tac disjl1, rule-tac =[] in exl)
by (simp add: disjoint-iff-not-equal inf-sup-distrib2)
next
case (2 a t) then show ?case
apply(rule-tac disjl1, rule-tac z=(ev a)#t in exl)
using list.collapse by fastforce
next
case (3 atu)
then show ?case
apply(rule-tac disjI2, rule-tac z=(ev a)#t in exl, rule-tac z=u in exl)
using list.collapse by fastforce
next
case (4 atuf)
then show ?case
apply(rule-tac disjI2)
apply(rule-tac z=(ev a) # t in exl, rule-tac z=u in exl, intro conjl, simp)
apply auto[!]
using hd-Cons-tl apply fastforce
apply(rule-tac disjI2, rule-tac x=M\i. (ev a) # (f¢) in exl)
by (auto simp add: less-cons strict-mono-def)
qed
next
case (3 z) then show ?case
proof (elim exE disjE conjE, goal-cases)
case (1 tua)
hence aa: hd (trace-hide t (ev * B)) = ev a A trace-hide t (ev  B) # ||
by (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)
hd-Cons-tl
imagekE list.distinct(1) list.sel(1))
with 7 have hd z = eva A z # [] by simp
with 7 show Zcase
apply(intro conjl, simp-all, rule-tac r=a in exl, simp)
apply(rule-tac z=tl t in ezxl, rule-tac z=u in exl, intro conjl, simp-all)
using tickFree-tl apply blast
using aa by (metis (no-types, lifting) disjoint-iff-not-equal event.inject fil-
ter.simps(2)
hd-Cons-tl imageFE list.sel(3) tl-append?2)
next
case (2t uf)
then obtain k where kk:t = f k by blast
from 2 obtain a« where f1 # [| A eva = hd (f1) and aa:a € A
by (metis less-numeral-extra(1) nil-le not-less strict-mono-less-eq)
with 2(1) 2(6)[THEN spec, of 0] 2(7)[THEN spec, of 1] have f 0 # [| A hd
(fO)=¢eva
apply auto
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apply (metis (no-types, lifting) disjoint-iff-not-equal event.inject
filter.simps(2) hd-Cons-tl imageE list.distinct(1))
apply (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)

hd-Cons-tl imageE list.distinct(1))
by (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)
hd-Cons-tl imageFE list.sel(1))
with 2(1, 7) aa have nf: Vi. fi £ [ A hd (fi) = eva
by (metis (mono-tags, opaque-lifting) 2(5) append-Cons le-list-def le-simps(2)
list.distinct(1)
list.exhaust-sel list.sel(1) neq0-conv old.nat.distinct(1) strict-mono-less-eq)

with 2(5) have sm:strict-mono (tl o f) by (simp add: less-tail strict-mono-def)
from 2(1,4) nf aa kk have z1:x # [|
by (metis Nil-is-append-conv disjoint-iff-not-equal event.inject filter.simps(2)
hd-Cons-tl imageFE list.distinct(1))
with 2(1,4) nf aa kk have 22: hd (trace-hide t (ev  B)) = ev a A trace-hide
t (ev*B) # ]
by (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)
hd-Cons-tl
imagel list.distinct(1) list.sel(1))
with 2(1,4) nf aa kk 21 have xz3:hd z = ev a by simp
with 2 aa kk nf sm x1 show ?case
apply(intro conjl, simp-all)
apply(rule-tac z=tl t in exl, rule-tac z=u in exl, intro conjl, simp-all)
apply (metis tickFree-tl)
apply (metis (no-types, lifting) disjoint-iff-not-equal event.inject filter.simps(2)

hd-Cons-tl imageE list.distinct(1) list.sel(3)
tl-append?2)
apply(subst disj-commute, rule-tac disjCI)
apply(rule-tac z=tl o f in exl, intro conjl)
apply auto
apply (metis (no-types, lifting) filter.simps(2) hd-Cons-tl list.sel(3))
by (metis (no-types, lifting) filter.simps(2) hd-Cons-tl list.sel(3))
qed
next
case (4 z) then show Zcase
proof(elim exE disjE conjE, goal-cases)
case (1 a t u)
then show ?case
apply(rule-tac z=(ev a)#t in ezxl, rule-tac z=u in exl)
using list.collapse by fastforce
next
case (2atuf)
then show ?case
apply(rule-tac x=(ev a) # t in exl, rule-tac z=w in exl, intro conjl, simp-all)
apply auto[1]
using hd-Cons-tl apply fastforce
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apply(rule-tac disjI2, rule-tac x=Xi. (ev a) # (f i) in exl)
by (auto simp add: less-cons strict-mono-def)
qed
qed

lemma no-Hiding-read: (Vy. cy ¢ B) = ((¢?2 — (P z)) \ B) = (¢?z = ((P z)

\ B))
by (simp add: read-def o-def, subst Hiding-Mprefiz-distr, auto)

lemma no-Hiding-write0: a ¢ B= ((a — P) \ B) = (a = (P \ B))
by (simp add: Hiding-Mprefiz-distr write0-def)

lemma Hiding-write0: a € B = ((a — P) \ B) = (P \ B)
proof (auto simp add: write0-def Process-eg-spec,
simp-all add: F-Mprefix T-Mprefix D-Mprefiz D-Hiding F-Hiding,
goal-cases)
case (1 z b)
then show ?case
apply(elim exE disjE conjE)
apply (metis filter.simps(2) hd-Cons-tl image-eqI)
apply (metis (no-types, lifting) filter.simps(2) image-eql list.sel(1)
list.sel(3) neq-Nil-conv tickFree-tl)
proof(goal-cases)
case (1 tuf)
have fS: strict-mono (f o Suc) by (metis 1(5) Suc-mono comp-def strict-mono-def)
from I have aa:Vi. f (Suc i) # ||
by (metis (full-types) less-Suc-eq-le less-irrefl nil-le strict-mono-less-eq)
with fS have sm:strict-mono (tl o f o Suc) by (simp add: less-tail strict-mono-def)
with 7 aa show ?case
apply(subst disj-commute, rule-tac disjCI, simp)
apply(rule-tac z=tl (f 1) in exl, rule-tac z=u in exl, intro conjl, simp-all)
apply (metis Hiding-tickFree imageE tickFree-tl)
apply (metis (no-types, lifting) filter.simps(2) hd-Cons-tl image-eql rangeE)
apply(subst disj-commute, rule-tac disjCI)
apply(rule-tac z=tl o f o Suc in exl, intro conjI)
apply auto
apply (metis (no-types, lifting) filter.simps(2) hd-Cons-tl list.sel(3))
done
qed
next
case (2 aa b)
then show ?case
apply(elim exE disjE conjE)
apply (metis (no-types, lifting) filter.simps(2) image-eql list.distinct(1)
list.sel(1) list.sel(3))
proof(goal-cases)
case (1t u)
then show Zcase by (rule-tac disjI2, rule-tac z=(ev a)#t in exl, auto)
next
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case (2tuf)
then show ?case
apply(rule-tac disjI2)
apply(rule-tac x=(ev a) # t in exl, rule-tac z=w in exl, intro conjl, simp-all)
apply(rule-tac disjl2)
apply (rule-tac x=X\i. (ev a) # (f ) in exl, intro conjl)
by (auto simp add: less-cons strict-mono-def)
qed
next
case (3 z)
then show ?case
apply(elim exE disjE conjE)
apply(rule-tac z=tl t in exl, rule-tac x=u in exl, intro conjl, simp-all)
using tickFree-tl apply blast
apply (metis filter.simps(2) hd-Cons-tl image-eql )
proof (goal-cases)
case (1 tuf)
have fS: strict-mono (f o Suc) by (metis 1(5) Suc-mono comp-def strict-mono-def)
from 1 have aa:Vi. f (Suc i) # ||
by (metis (full-types) less-Suc-eq-le less-irrefl nil-le strict-mono-less-eq)
with fS have sm:strict-mono (tl o f o Suc) by (simp add: less-tail strict-mono-def)
with 7 aa show ?case
apply(rule-tac z=tl (f 1) in exl, rule-tac z=u in exl, intro conjl, simp-all)
apply (metis Hiding-tickFree imageFE tickFree-tl)
apply (metis (no-types, lifting) filter.simps(2) hd-Cons-tl image-eql rangeE)
apply(subst disj-commute, rule-tac disjCI)
apply(rule-tac z=tl o f o Suc in ezl, intro conjI)
apply auto
apply (metis (no-types, lifting) filter.simps(2) hd-Cons-tl list.sel(3))
done
qed
next
case (4 z)
then show ?case
apply(elim exE disjE conjE)
proof (goal-cases)
case (1t u)
then show ?Zcase by (rule-tac z=(ev a)#t in exl, auto)
next
case (2t uf)
then show ?case
apply(rule-tac x=(ev a) # t in exl, rule-tac z=w in exl, intro conjl, simp-all)
apply (rule-tac disjI2)
apply (rule-tac x=X\i. (ev a) # (f ) in exl, intro conjl)
by (auto simp add: less-cons strict-mono-def)
qed
qed

lemma no-Hiding-write: (Vy. ¢ y ¢ B) = ((c!la = P) \ B) = (cla — (P \ B))
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by (simp add: write-def, subst Hiding-Mprefiz-distr, auto)

lemma Hiding-write: (¢ a) € B ==> ((c!a — P) \ B) = (P \ B)
by (simp add: write-def Hiding-write0 Mprefiz-singl)

5.7 The Sync Operator Laws

5.7.1 Preliminaries

lemma SyncTIEmpty:a setinterleaves (([], u), A) = tl a setinterleaves (([], tl u),
A4)

by (case-tac u, simp, case-tac a, simp-all split:if-splits)

lemma SyncHd-TI:
a setinterleaves ((t, u), A) Nhdt € ANhdu ¢ A
= hd a = hd u A tl a setinterleaves ((t, tl u), A)
by (case-tac u) (case-tac t, auto split:if-splits)+

lemma SyncHdAddEmpty:
(tl a) setinterleaves (([], u), A) ANhda ¢ AN a # ]|
= a setinterleaves (([], hd a # u), A)
using hd-Cons-tl by fastforce

lemma SyncHdAdd:
(tl a) setinterleaves ((t, u), A) ANhda ¢ ANhdt € AN a#]|
= a setinterleaves ((t, hd a # u), A)
by (case-tac a, simp, case-tac t, auto)

lemmas SyncHdAddl = SyncHdAdd[of a#r, simplified] for a r

lemma SyncSameHdTI:
a setinterleaves ((t, u), A) Nhdt € ANhdu € A
= hdt=hdu A hda=hdt A (tl a) setinterleaves ((tl t, tl u), A)
by (case-tac u) (case-tac t, auto split:if-splits)+

lemma SyncSingleHeadAdd:
a setinterleaves ((t, u), A) AN h & A
= (h#a) setinterleaves ((h#t, u), A)
by (case-tac u, auto split:if-splits)

lemma TickLeftSync:
tick € A A front-tickFree t A s setinterleaves (([tick], t), A) = s =1t A last ¢
= tick
proof (induct t arbitrary: s)
case Nil
then show ?case by (simp add: Nil.prems)
next
case (Cons a t)
then show ?case
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apply (auto split:if-splits)
using emptyLeftProperty apply blast
apply (metis last-ConsR last-snoc nonTickFree-n-frontTickFree tickFree-Cons)
by (metis append-Cons append-Nil front-tickFree-mono)+
qed

lemma EmptyLeftSync:s setinterleaves (([], t), A) = s =t A sett N A ={}
by (meson Int-emptyl emptyLeftNonSync emptyLeftProperty)

lemma tick-T-F:tQ[tick] € T P = (tQ[tick], X) € F P
using append-T-imp-tickFree is-processT5-S7T by force

lemma event-set: (e::'a event) € insert tick (range ev)
by (metis event.ezhaust insert-iff rangel)

lemma Mprefiz-Sync-distri-D:
ACS
= BCS
= D (Mprefix A P [S] Mprefizt BQ)= D(0ze€ ANB— (Pz[S5] Q
7))
apply (auto,simp-all add:D-Sync F-Sync F-Mprefiz T-Mprefiz D-Mprefiz)
apply(elim exE disjE conjE)
apply (metis (no-types, lifting) Sync.sym empty-iff image-iff insertI2
list.exhaust-sel setinterleaving.simps(2) subsetCE)
proof(goal-cases)
case (1 zturvaaa)
from 1(1,2,6,8,11,13) have aal: hd t€insert tick (ev * S)Ahd u€insert tick (ev
I3 S)
by blast
from 1(5,6,7,8,11,13) aal have aa2: hdxz € ev ‘(AN B)
by (metis (no-types, lifting) Intl empty-setinterleaving event.inject hd-append2
image-iff SyncSameHdT!)
then show ?case
using 1(3,4,5,6,7,9,10,13,14) by (metis (no-types, lifting) Nil-is-append-conv
aal
empty-setinterleaving event.inject hd-append2
SyncSameHdT! tickFree-tl tl-append?)
next
case (2zturva)
then show ?case
by (metis (no-types, lifting) Sync.si-empty3 equals0D imageE image-eql insertI2
list.exhaust-sel subsetCE)
next
case (3zturvaaa)
from 3(1,2,6,8,11,13) have aal: hd t€insert tick (ev ¢ S)Ahd u€insert tick (ev
(S)
by blast
from 5(5,6,7,8,11,13) aal have aa2: hdx € ev ‘(A N B)
by (metis (no-types, lifting) Intl empty-setinterleaving event.inject hd-append2
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image-iff SyncSameHdT!)
then show ?case
using 3(3,4,5,6,7,9,10,153,14)
by (metis (no-types, lifting) Nil-is-append-conv aal empty-setinterleaving
event.inject
hd-append2 SyncSameHdT! tickFree-tl tl-append2)
next
case (Jzturwva)
then show ?case
by (metis (no-types, lifting) Sync.si-empty3 equals0D imageE image-eql insertI2
list.exhaust-sel subsetCE)
next
case (b zturvaaa)
from 5(1,2,6,8,11,13) have aal: hd t€insert tick (ev * S)Ahd u€insert tick (ev
3 S)
by blast
from 5(5,6,7,8,11,13) aal have aa2: hd x € ev ‘* (A N B)
by (metis (no-types, lifting) Intl empty-setinterleaving event.inject hd-append2
image-iff SyncSameHdTI)
then show ?case
using 5(3%,4,5,6,7,9,10,13,14) by (metis aal append-Nil2 empty-setinterleaving
event.inject SyncSameHdTl)
next
case (6zturwva)
then show ?case
by (metis (no-types, lifting) Sync.si-empty3 equals0D imageE image-eql insertI2
list.exhaust-sel subsetCE)
next
case (7zturvaaa)
from 7(1,2,6,8,11,13) have aal: hd t€insert tick (ev * S)Ahd u€insert tick (ev
I3 S)
by blast
from 7(5,6,7,8,11,13) aal have aa2: hd x € ev ‘* (A N B)
by (metis (no-types, lifting) Intl empty-setinterleaving event.inject hd-append2
image-iff SyncSameHdTI)
then show ?case
using 7(3,4,5,6,7,9,10,13,14) by (metis aal append-Nil2 empty-setinterleaving
event.inject SyncSameHdT!)
next
case (8 1)
then show ?case
apply(elim exE disjE conjE)
proof(goal-cases)
case (1 aturvw)
obtain r1 t1 ul where aa0: ri1=hd z#rAtl=hd z#tA\ul=hd x#u
by auto
from 1(3,4,5,7,8,9) have aal: tickFree riANx = rl Q v
by (metis Cons-eq-appendl aal event.distinct(1) list.exhaust-sel tickFree-Cons)
from 1(2,4,9) have aa2: r1 setinterleaves ((t1, ul), insert tick (ev * S))At!
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# [

using aal subsetCE by auto
from 1(4,5,10,11) aa0

have aa3: (t1t1) e D (Pa) AN (Hlul) €T (Qa) Neva=hdtl Neva=hd
ul A

hdtl € ev AN hd ul € ev ‘B

by auto
then show ?case

using 1(6) aal aa?2 by fastforce

next

case (2aturwv)
obtain r1 t1 ul where aa0: ri=hd x#rAtl=hd x#tNul=hd x#u

by auto
from 2(5,4,5,7,8,9) have aal: tickFree riAz = r1 Qv
by (metis Cons-eq-appendl aa0 event.distinct(1) list.exhaust-sel tickFree-Cons)

from 2(2,4,9) have aa2: r1 setinterleaves ((t1, ul), insert tick (ev * S))At!
# [

using aal subsetCE by auto
from 2(4,5,10,11) aa0

have aa3: (t1t1) e D (Qa) AN (tlul) € T (Pa) Neva=hdtl Neva=hd
ul A

hd tl € ev “ AN hd ul € ev ‘B
by auto
then show ?case
using 2(6) aal aa?2 by fastforce
next
case (3aturwv)

obtain r1 t1 ul where aa0: ri=hd z#rAtl=hd x#tNul=hd x#u
by auto

from 3(2.4,9) have aa2: r1 setinterleaves ((t1, ul), insert tick (ev * S))At1
7# |

using aa0 subsetCE by auto
from 3(3,4,5,7,8,10,11) aa0
have aa3: (tlt1) € D(P a)A(tlul) € T (Q a)A eva = hd t1Aeva = hd ul A
hdtl € ev AN hdul € ev *‘BAz =11 Qo
by (metis (no-types, lifting) Int-lowerl Int-lower2 append-Nil2 imageE im-
age-eql

list.exhaust-sel list.sel(1) list.sel(3) subsetCE)
then show Zcase

by (metis (no-types, lifting) 3(6) 3(7) aa2 event.inject imagek)
next
case (faturw)

obtain r1 t1 ul where aa0: r1=hd x#rAtl=hd x#tA\ul=hd x#u
by auto

from /4(2,4,9) have aa2: rl1 setinterleaves ((t1, ul), insert tick (ev © S))At!
# [l

using aal subsetCE by auto
from 4(3,4,5,7,8,10,11) aa0
have aa3: (t1t1) € D (Q a)A(tlul) € T (Pa) A eva=hdtlNeva= hdulA



5.7. THE SYNC OPERATOR LAWS 167

hdtl € ev AN hdul € ev *‘BAz =711 Qo
by (metis (no-types, lifting) Int-lowerl Int-lower2 append-Nil2 imageE im-
age-eql
list.exhaust-sel list.sel(1) list.sel(3) subsetCE)
then show ?case
by (metis (no-types, lifting) 4(6) 4(7) aa2 event.inject imageE)
qed
qed

lemma Hiding-interleave:
AncC={}
= r setinterleaves ((t, u), C)
= (trace-hide r A) setinterleaves ((trace-hide t A, trace-hide u A), C)
proof (induct r arbitrary:t u)
case Nil
then show ?case
using EmptyLeftSync empty-setinterleaving by fastforce
next
case (Cons a 1)
then show ?case
apply(cases t) using EmptyLeftSync apply fastforce
apply(cases u) apply fastforce
proof (simp split:if-splits, goal-cases)
case (1 a list lista)
then show ?Zcase by fastforce
next
case (2 a list aa lista)
then show ?case
apply(erule-tac disjE)
using Cons(1)[of list u]
apply (metis (no-types, lifting) filter.simps(2) SyncSingleHeadAdd)
using Cons(1)[of t lista)
by (metis (no-types, lifting) Sync.sym filter.simps(2) SyncSingleHeadAdd)
next
case (3 a list lista)
then show ?Zcase by fastforce
qed
qed

lemma non-Sync-interleaving:

(set t U set u) N C = {} = setinterleaving (¢, C, u) # {}
proof (induct ¢ arbitrary:u)

case Nil

then show ?case

by (metis Un-empty-left disjoint-iff-not-equal emptyLeftSelf empty-iff empty-set)
next

case (Cons a t)

then show ?case
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proof (induct u)
case Nil
then show ?case using Sync.sym by auto
next
case (Cons a u)
then show ?case by auto
qed
qed

lemma interleave-Hiding:
AnC={}
= ra setinterleaves ((trace-hide t A, trace-hide u A), C)
= 3r. ra = trace-hide r A A r setinterleaves ((t, u), C)
proof (induct length t + length u arbitrary:ra t u rule:nat-less-induct)
case Ind:1
then show ?case
proof (cases t)
case Nilt: Nil
from Ind(2) have a:set (trace-hide u A) N C = {} = set u N C = {} by
auto
hence b: u setinterleaves ((t, u), C)
by (metis (no-types, lifting) Ind(3) EmptyLeftSync Nilt disjoint-iff-not-equal
emptyLeftSelf filter.simps(1))
then show ?thesis
apply(rule-tac z=u in exl)
using EmptyLeftSync|of ra C trace-hide uw A] a b Cons Nilt Ind(8) by auto
next
case Const: (Cons ta tlist)
then show ?thesis
proof (cases u)
case Nilu: Nil
from Ind(2) have a:set (trace-hide t A) N C = {} = sett N C = {} by
auto
hence b: t setinterleaves ((t, u), C)
by (metis Ind(3) Nilu EmptyLeftSync disjoint-iff-not-equal emptyLeftSelf
filter.simps(1) Sync.sym)
then show ?thesis
apply(rule-tac z=t in exl)
using EmptyLeftSync|of ra C trace-hide t A] a b Ind Nilu by (metis Sync.sym
filter.simps(1))
next
case Consu: (Cons ua ulist)
with Const Ind(2,8) show ?thesis
proof (auto split:if-splits simp del:setinterleaving.simps, goal-cases)
case I
then show ?case
proof (auto, goal-cases)
case (1 raa)
with Ind(1)[THEN spec, of length tlist + length u, simplified Const,
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simplified,
THEN spec, THEN spec, of tlist u, simplified Ind, simplified,
THEN spec, of raa] obtain r where
raa = trace-hide v A A 1 setinterleaves ((tlist, u), C) by auto
then show Zcase using 1(4) Consu by force
next
case (2 raa)
with Ind(1)[THEN spec, of length t + length ulist, simplified Consu,
simplified,
THEN spec, THEN spec, of t ulist, simplified Ind, simplified,
THEN spec, of raa) obtain r where
raa = trace-hide r A A r setinterleaves ((t, ulist), C) by auto
then show Zcase using 2(2) 2(4) by force
next
case (3 raa)
with Ind(1)[THEN spec, of length tlist + length ulist, simplified Const
Consu, simplified,
THEN spec, THEN spec, of tlist ulist, simplified Ind, simplified,
THEN spec, of raa] obtain r where
raa = trace-hide v A A 1 setinterleaves ((tlist, ulist), C) by auto
then show ?case using 3(4) by force
next
case (4 raa)
with Ind(1)[THEN spec, of length t + length ulist, simplified Consu,
simplified,
THEN spec, THEN spec, of t ulist, simplified Ind, simplified,
THEN spec, of raa) obtain r where
raa = trace-hide r A A r setinterleaves ((t, ulist), C) by auto
then show Zcase using /(5) Const by force
next
case (5 raa)
with Ind(1)[THEN spec, of length tlist + length u, simplified Const,
simplified,
THEN spec, THEN spec, of tlist u, simplified Ind, simplified,
THEN spec, of raa] obtain r where
raa = trace-hide v A A 1 setinterleaves ((tlist, u), C) by auto
then show Zcase using 5(4) Consu by force
next
case (6 raa)
with Ind(1)[THEN spec, of length t + length ulist, simplified Consu,
simplified,
THEN spec, THEN spec, of t ulist, simplified Ind, simplified,
THEN spec, of raa) obtain r where
raa = trace-hide r A A r setinterleaves ((t, ulist), C) by auto
then show Zcase using 6(5) Const by force
next
case (7 raa)
with Ind(1)[THEN spec, of length tlist + length u, simplified Const,
simplified,
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THEN spec, THEN spec, of tlist u, simplified Ind, simplified,
THEN spec, of raa] obtain r where
raa = trace-hide v A A r setinterleaves ((tlist, u), C) by auto
then show ?case using 7(4) Consu by force
qed
next
case 2
with Ind(1)[THEN spec, of length t + length ulist, simplified Consu,
simplified,
THEN spec, THEN spec, of t ulist, simplified Ind, simplified,
THEN spec, of ra] obtain r where
ra = trace-hide v A A r setinterleaves ((t, ulist), C) by auto
then show ?case
apply(rule-tac z=ua#tr in exl)
using 2(5) Const Ind.prems(1) by auto
next
case 3

with Ind(1)[THEN spec, of length tlist + length u, simplified Const, simplified,

THEN spec, THEN spec, of tlist u, simplified Ind, simplified,
THEN spec, of ra] obtain r where
ra = trace-hide r A A r setinterleaves ((tlist, u), C) by auto
then show ?case
apply(rule-tac z=taftr in exl)
using 3(4) Consu Ind.prems(1) by auto
next
case 4
with Ind(1)[THEN spec, of length tlist + length ulist, simplified Const
Consu, simplified,
THEN spec, THEN spec, of tlist ulist, simplified Ind, simplified,
THEN spec, of ra] obtain r where
ra = trace-hide r A A r setinterleaves ((tlist, ulist), C) by auto
then show ?case
apply (rule-tac x=ta#tua#r in exl)
using /(4,5) Consu Const Ind.prems(1) apply auto
using SyncSingleHeadAdd apply blast
by (metis Sync.sym SyncSingleHeadAdd)
qed
qed
qed
qed

lemma interleave-size:

s setinterleaves ((t,u), C) = length s = length t 4+ length u — length(filter (A\x.
zeC) t)
proof (induct s arbitrary:t u)

case Nil

then show ?case using EmptyLeftSync empty-setinterleaving by fastforce
next
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case (Cons a list)
then show ?case
apply/(cases t) using emptyLeftProperty apply fastforce
apply(cases u)
apply (metis (no-types, lifting) Sync.sym add-diff-cancel-right’ emptyLeftNon-
Sync
emptyLeftProperty filter-empty-conv)
proof(auto split:if-splits, goal-cases 11 12 13 14 15)
case (11 tlist ulist)
then show ?case
by (metis (no-types, lifting) Suc-diff-le le-add1 length-filter-le order-trans)
next
case (12 ta tlist ulist)
with 12(3)[rule-format, of ta#ttlist ulist] show ?case
by simp (metis Suc-diff-le le-addl length-filter-le order-trans)
next
case (13 tlist ua ulist)
with 13(3)[rule-format, of tlist ua#tulist] show ?case
by simp (metis Suc-diff-le le-less-trans length-filter-le less-Sucl less-Suc-eq-le
less-add-Sucl)
next
case (14 ta tlist ulist)
with 14(3)[rule-format, of ta#ttlist ulist] show ?case
by simp (metis Suc-diff-le le-less-trans length-filter-le less-Sucl less-Suc-eq-le
less-add-Sucl)
next
case (15 tlist ua ulist)
with 15(3)[rule-format, of tlist ua#tulist] show ?case
by simp (metis Suc-diff-le le-less-trans length-filter-le less-Sucl less-Suc-eq-le
less-add-Sucl)
qed
qed

lemma interleave-eq-size:
s setinterleaves ((t,u), C') = s’ setinterleaves ((t,u), C) = length s = length
!

s

by (simp add: interleave-size)

lemma interleave-set: s setinterleaves ((t,u), C) = set t U set u C set s
proof (induct s arbitrary: t u)
case Nil
then show ?case using EmptyLeftSync empty-setinterleaving by blast
next
case (Cons a s)
then show ?case
apply/(cases t) using emptyLeftProperty apply fastforce
apply(cases u) apply (metis Sync.sym Un-empty-right emptyLeftProperty
empty-set eq-refl)
by (auto simp add: subset-iff split:if-splits)
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qed

lemma interleave-order: s setinterleaves ((t1Qt2,u), C) = set(t2) C set(drop
(length t1) s)
proof (induct s arbitrary: t1 t2 u)
case Nil
then show ?case using empty-setinterleaving by auto
next
case (Cons a s)
then show ?case
apply(cases t1) using append-self-conv2 interleave-set apply fastforce
apply(cases u) apply (metis EmptyLeftSync Sync.sym append-eq-conv-conj or-
der-refl)
proof (auto simp add: subset-iff split:if-splits, goal-cases)
case (1 a list lista t)
then show ?Zcase using Cons(1)[of aftlist t2 lista, simplified, OF 1(6)]
by (meson Suc-n-not-le-n contra-subsetD nat-le-linear set-drop-subset-set-drop)
next
case (2 a list lista t)
then show ?Zcase using Cons(1)[of a#tlist t2 lista, simplified, OF 2(7)]
by (meson Suc-n-not-le-n contra-subsetD nat-le-linear set-drop-subset-set-drop)
qed
qed

lemma interleave-append:
s setinterleaves ((t1Qt2,u), C)
= 3 ul u2 sl s2. u=ulQu2 N s =s1Qs2 A
s1 setinterleaves ((t1,ul), C) A s2 setinterleaves ((t2,u2), C)
proof (induct s arbitrary: t1 t2 u)
case Nil
then show ?case using empty-setinterleaving by fastforce
next
case (Cons a s)
then show ?case
apply(cases t1) using append-self-conv2 interleave-set apply fastforce
apply(cases u) apply(ez! [], exI []) apply auto[!]
apply (metis (no-types, opaque-lifting) Nil-is-append-conv append-Cons)
proof (auto simp add: subset-iff split:if-splits, goal-cases)
case (1 list lista)
with Cons(1)[of list 2 lista, simplified, OF 1(5)] show ?Zcase
proof(elim exE conjE, goal-cases)
case (1 ul u2 sl s2)
then show ?Zcase
by (exl a#ul, exl u2, simp) (metis append-Cons)
qed
next
case (2 aa list lista)
with Cons(1)[of aa#tlist t2 lista, simplified, OF 2(6)] show ?case
proof(elim exE conjE, goal-cases)
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case (1 ul u2 sl s2)
then show ?case
by (exl a#ul, exl u2, simp) (metis append-Cons)
qged
next
case (3 list aa lista)
with Cons(1)[of list t2 aa#lista, simplified, OF 3(6)] show ?case
proof(elim exE conjE, goal-cases)
case (1 ul u2 sl s2)
then show ?case
apply (exl ul, exl u2, simp) by (metis append-Cons SyncSingleHeadAdd)
qged
next
case (4 aa list lista)
with Cons(1)[of aa#list t2 lista, simplified, OF 4(6)] show 2case
proof(elim exE conjE, goal-cases)
case (1 ul u2 sl s2)
then show ?case
by (exl a#ul, exl u2, simp) (metis append-Cons)
qed
next
case (5 list aa lista)
with Cons(1)[of list t2 aa#lista, simplified, OF 5(6)] show ?case
proof(elim exE conjE, goal-cases)
case (1 ul u2 sl s2)
then show ?case
apply (exl ul, exl u2, simp) by (metis append-Cons SyncSingleHeadAdd)
qged
qed
qed

lemma interleave-append-sym:
s setinterleaves ((t,ulQu2), C)
= J t1t25s1s2.t=1t1Qt2 AN s = s1Qs2 A
s1 setinterleaves ((t1,ul), C) A s2 setinterleaves ((t2,u2), C)
by (metis (no-types) Sync.sym interleave-append)

lemma interleave-append-tail:

s setinterleaves ((t1,u), C) = (set t2) N C = {} = (sQt2) setinterleaves
((t1@t2,u), C)
proof (induct s arbitrary: t1 t2 u)

case Nil

then show ?case by (metis Set.set-insert Sync.sym append-Nil disjoint-insert(2)

emptyLeftSelf empty-setinterleaving)
next
case (Cons a s)
then show ?case
apply(cases u) using EmptyLeftSync Sync.sym apply fastforce
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apply(cases t1, cases t2) apply simp apply fastforce
proof (auto, goal-cases)

case (1 list lista)

with 1(1)[OF 1(7) 1(2)] show Zcase by simp
next

case (2 list aa lista)

with 2(1)[OF 2(2)] show ?case by simp
next

case (3 list aa lista)

with 3(1)[OF 3(9) 3(2)] show Zcase by simp
next

case (4 list aa lista)

with 4(1)[OF 4(9) 4(2)] show ?Zcase by simp
qed

qed

lemma interleave-append-tail-sym:

s setinterleaves ((t,ul), C) = (set u2) N C = {} = (sQu2) setinterleaves
((t,ul@Qu2), C)

by (metis (no-types) Sync.sym interleave-append-tail)

lemma interleave-assoc-1:
tu setinterleaves ((t, u), A)
= tuv setinterleaves ((tu, v), A)
= Juw. uv setinterleaves ((u, v), A) A tuv setinterleaves ((t, uv), A)
proof (induct tuv arbitrary: t tu u v)
case Nil
then show ?case using EmptyLeftSync empty-setinterleaving by blast
next
case Cons-tuv:(Cons a tuv)
then show ?case
proof (cases t)
case Nil-t:Nil
with Cons-tuv(2) have *:tu = u using EmptyLeftSync by blast
show ?thesis
proof (cases u)
case Nil-u:Nil
with Nil-t Cons-tuv show ?thesis using EmptyLeftSync by fastforce
next
case Cons-u:(Cons ua ulist)
with Nil-t Cons-tuv(2) have ua ¢ A by force
show ?thesis
proof(cases v)
case Nil-v:Nil
with * Nil-t Cons-tuv(2,3) Cons-u show ?thesis using Sync.sym by blast
next
case Cons-v:(Cons va vlist)
with * Nil-t Cons-tuv(2,3) Cons-u show ?thesis apply(exl a#tuv, auto
split:if-splits)
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using Cons-tuv.hyps Cons-tuv.prems(1) emptyLeftProperty by blast+
qed
qed
next
case Cons-t:(Cons ta tlist)
show ?thesis
proof(cases u)
case Nil-u:Nil
with Cons-t Cons-tuv show ?thesis
by (metis Sync.sym emptyLeftProperty emptyLeftSelf empty-set equalsOD
ftf-Sync21)
next
case Cons-u:(Cons ua ulist)
show ?thesis
proof (cases v)
case Nil-v:Nil
with Cons-tuv(3) have a # tuv = tu by (simp add: Nil-v EmptyLeftSync
Sync.sym)
with Nil-v Cons-u Cons-t Cons-tuv show ?thesis apply(ex] u, auto
split:if-splits)
apply (metis Cons-t Nil-v Sync.sym emptyLeftNonSync list.set-intros(1))
using Cons-tuv(1)[of tuv tlist u)
apply(metis (no-types, lifting) Sync.sym emptyLeftNonSync emptyLeftSelf
list.sel(8) SyncTIEmpty)
by (metis Cons-t Sync.sym emptyLeftProperty) fastforce+
next
case Cons-v:(Cons va vlist)
with Cons-t Cons-u Cons-tuv(2,3) show ?thesis
proof (auto split:if-splits, goal-cases)
case (1 tulist)
from Cons-tuv(1)[OF 1(5) 1(10)] obtain wuvlist
where wvlist setinterleaves ((ulist, vlist), A) A tuv setinterleaves ((tlist,
wvlist), A) by blast
with 7 show Zcase by(exl vaftuvlist, simp)
next
case (2 u)
then show ?Zcase by (metis Cons-tuv.hyps Cons-tuv.prems(1) Sync.sym
SyncSingleHeadAdd)
next
case (3 u)
then show ?Zcase by (metis Cons-tuv.hyps Sync.sym SyncSingleHeadAdd)

next
case (4 u)
then show ?Zcase by (metis Cons-tuv.hyps Cons-tuv.prems(1) Sync.sym
SyncSingleHeadAdd)
next
case (5 u)
then show ?case by (metis Cons-tuv.hyps Sync.sym SyncSingleHeadAdd)
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next
case (6 u)
then show ?case by (metis Cons-tuv.hyps Cons-tuv.prems(1) Sync.sym
SyncSingleHeadAdd)
next
case (7 u)
then show ?case by (metis Cons-tuv.hyps Sync.sym SyncSingleHeadAdd)
next
case (8 tulist)
from Cons-tuv(1)[OF 8(5) 8(9)] obtain uvlist
where wvlist setinterleaves ((vaftulist, va#tvlist), A) A
tuv setinterleaves ((tlist, wvlist), A) by blast
with 8 show Zcase using SyncSingleHeadAdd by (exI uvlist, simp) blast
next
case (9 u)
then show ?case by (metis Cons-tuv.hyps Cons-tuv.prems(1) Sync.sym
SyncSingleHeadAdd)
next
case (10 tulist)
from Cons-tuv(1)[OF 10(6) 10(10)] obtain uvlist
where uvlist setinterleaves ((ua#tulist, va#olist), A) A
tuv setinterleaves ((tlist, wvlist), A) by blast
with 10 show ?case using SyncSingleHeadAdd by (exl uvlist, simp) blast
next
case (11 u)
then show ?case by (metis Cons-tuv.hyps Cons-tuv.prems(1) Sync.sym
SyncSingleHeadAdd)
next
case (12 u)
then show ?case using Cons-tuv.hyps by fastforce
next
case (13 u)
then show ?case by (metis Cons-tuv.hyps Sync.sym SyncSingleHeadAdd)
next
case (14 u)
then show ?case by (metis Cons-tuv.hyps Sync.sym SyncSingleHeadAdd)
next
case (15 u)
then show ?case by (metis Cons-tuv.hyps Sync.sym SyncSingleHeadAdd)
next
case (16 u)
then show ?case by (metis Cons-tuv.hyps Cons-tuv.prems(1) Sync.sym
SyncSingleHead Add)
next
case (17 u)
then show ?case by (metis Cons-tuv.hyps Sync.sym SyncSingleHeadAdd)
next
case (18 u)
then show ?case using Cons-tuv.hyps by fastforce
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next
case (19 u)
then show ?case using Cons-tuv.hyps by fastforce
next
case (20 u)
then show ?case by (metis Cons-tuv.hyps Cons-tuv.prems(1) Sync.sym
SyncSingleHeadAdd)
next
case (21 u)
then show ?case using Cons-tuv.hyps by fastforce
qed
qed
qged
qed
qed

lemma interleave-assoc-2:
assumes *:uv setinterleaves ((u, v), A) and
sk tuv setinterleaves ((t, uv), A)
shows Jtu. tu setinterleaves ((t, u), A) A tuv setinterleaves ((tu, v), A)
using * xx Sync.sym interleave-assoc-1 by blast

5.7.2 Laws

lemma Sync-commute: (P [ S] Q) =(Q[S] P)
by (simp add: Process-eq-spec mono-D-Sync mono-F-Sync)

lemma mono-Sync-FD-oneside[simp]: P < P'= (P[S] Q) < (P'[S] Q)
apply(auto simp:le-ref-def F-Sync D-Sync)
using F-subset-imp-T-subset front-tickFree-Nil by blast+

lemma mono-Sync-FD[simp]: [P < P, Q< Q] = (P[S] Q) <(P'[S] Q)
using mono-Sync-FD-oneside[of P P" S Q] mono-Sync-FD-oneside[of Q Q' S P]
by (simp add: order-trans Sync-commute)

lemma mono-Sync-ref: [PC P QC Q] = (P[S] Q)
using mono-Sync-symlof @ Q' P S| mono-Synclof P P’
blast

CP[s5]Q)
S Q'] below-trans by

lemma Sync-BOT: (P[S] 1)=1
apply (auto simp add: Process-eq-spec, simp-all add:D-Sync F-Sync F-UU D-UU)
apply (metis D-imp-front-tickFree append-Nil2 front-tickFree-append ftf-Sync
is-processT is-processT2-TR)
apply (metis Nil-elem-T Sync.si-emptyl append-Nil front-tickFree-Nil insertl1
non-tickFree-implies-nonMt)
apply (metis D-imp-front-tickFree append-Nil2 front-tickFree-append ftf-Sync
is-processT2-TR)
by (metis Nil-elem-T Sync.si-emptyl append-Nil front-tickFree-Nil insertl1 non-tickFree-implies-nonMt)
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lemma Sync-SKIP-SKIP: (SKIP [ S| SKIP) = SKIP
apply(auto simp add: Process-eq-spec, simp-all add:D-Sync F-Sync F-SKIP D-SKIP)
apply(elim exE conjE disjE, auto)
apply (metis Sync.si-emptyl inf.idem insertl1 sup-commute sup-inf-absorb)
apply (exl [tick], exI [tick], simp)
by blast

lemma Sync-SKIP-STOP: (SKIP [S] STOP) = STOP
proof(auto simp add: Process-eg-spec, simp-all add: D-Sync F-Sync F-SKIP D-SKIP
F-STOP D-STOP, goal-cases)
case (1 ab)
then show ?case by (elim exE conjE disjE, auto)
next
case (2ab)
then show ?case
apply(rule-tac z=[] in exl, simp, rule-tac x=b—{tick} in exl, simp, rule-tac
z=b in exl)
by blast
qed

5.7.3 Multi-Operators laws

lemma Mprefiz-Sync-distr:
[AnS={}; A'CS;BnS={}; BC S =
ODzeAdUA'-Pz)[S](0OyeBUB - Quy)=(0zecA — (
Pz [S](@yeBUB = Qy)))
O(@yeB - ((ODze AU A’
— Pz)[5] Qy))

z [ 5] Q 7))
proof (auto simp add: Process-eg-spec, simp-all add:D-Sync F-Sync D-Mprefiz F-Mprefiz
T-Mprefix D-Det F-Det T-Det,
elim exE disjE conjE, goal-cases)
case (IabtulXY)
then show ?case by auto
next
case (2abtu XY aa)
have 21:<a = w
using 2(5,7) EmptyLeftSync by blast
hence 22:<hd a € ev ‘ B»
using emptyLeftNonSync[rule-format, of a <insert tick (ev © S)> u <hd u»,
simplified]
2(10,4,5,7,9) by auto
with 2 show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp add:21)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp add:21)
apply (intro disjI2 conjl, simp-all add:21 22)
apply(exl aa, simp add:21)
apply(rule-tac disjl1, exl t, exl «tl wy, ex]l X, rule-tac conjl, simp, exl Y,

O(@ze A'NnB —( P
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simp)
by (meson SyncTIEmpty)
next
case (3abtu XY aa)
have 31:<a = t»
using 3(6) 3(8) EmptyLeftSync Sync.sym by blast
hence 32:<hd a € ev * A>
using emptyLeftNonSync[rule-format, of a <insert tick (ev *S)> t <hd )
3(10,2,5,6,8) Sync.sym by auto blast
with & show “case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp add:31)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp add:31)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp-all add:31 32)
apply(exl aa, simp)
apply(rule-tac disjI1, exl <tl t>, exl u, exl X, rule-tac conjl, simp, exl Y, simp)

by (simp add: Sync.sym SyncTIEmpty)
next
case (JabtuX Y aaab)
hence « (hd a = evaa AN hd a € ev * A A tl a setinterleaves ((tl t, u), insert
tick (ev © S)))
V (hd a =evab A hd a € ev * B A tl a setinterleaves ((t, tl u), insert
tick (ev ¢ S)))
V (hda=evabAaa=ab A hda€ ev’(A"N B') A tla setinterleaves
((tl t, tl u), insert tick (ev © S)))
using si-neqlof <hd t> <tl t> <insert tick (ev ©S)» <hd w) <t w]
apply (simp del:si-neq split:if-splits)
apply (metis (no-types, lifting) Intl UnE disjoint-iff event.simps(1) event.simps(3)
imageE imagel list.sel(1) list.sel(3))
by (metis (no-types, opaque-lifting) UnE image-Un list.sel(1) list.sel(3) subset-eq
subset-image-iff )+
with 4 show ?case
proof (elim disjE conjE, goal-cases)
case 41:1
then show ?case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis empty-setinterleaving)

apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis empty-setinterleaving,
simp-all)
apply(ezl aa, simp)
apply(rule-tac disjl1, exI <tl t», exl u, exl X, rule-tac conjl, simp, exl Y,
simp)
by blast
next
case 42:2
then show ?case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis empty-setinterleaving)
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apply(rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac conjl, metis
empty-setinterleaving, simp-all)
apply(exI ab, simp)
apply(rule-tac disjl1, exl t, ex] «tl w, ex] X, rule-tac conjI)
by blast+
next
case 43:3
then show ?case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis empty-setinterleaving)
apply (rule-tac disjl2, rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac
conjl, metis empty-setinterleaving, simp)
by (exl aa, simp, rule-tac disjl1, exI <tl t>, ex] <tl wy, exl X, rule-tac conjl,
simp, exl Y, simp)
qed
next
case (5abturwvaa)
have 51:<a = tQuv»
using 5(7,8,11) EmptyLeftSync Sync.sym by blast
hence 52:<hd a € ev * A>
using emptyLeftNonSync[rule-format, of r <insert tick (ev © S)» t <hd t]
5(10,11,2,8,9) Sync.sym by auto blast
with 5 show Zcase
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp add:51)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp-all add:51)
apply(rule-tac disjl1, exl aa, simp)
apply (rule-tac disjI2, exl <tl t», exl u, exI <tl r, exl v, simp)
by (simp add: Sync.sym SyncTIEmpty tickFree-tl)
next
case (6abturwvaa ab)
hence «(hd 7 = ev aa A hd r € ev * A A tl r setinterleaves ((tl t, u), insert tick
(ev )
V (hdr=evab A hdr € ev ‘B A tl r setinterleaves ((t, tl u), insert tick
(ev *5))
using si-neqlof <hd t» <tl t» <insert tick (ev ©S)» <hd w <t w]
apply(simp del:si-neq split:if-splits, blast, metis empty-iff list.collapse)
apply(metis (no-types, lifting) event.simps(3) image-eql insert-iff SyncHd-TI)
defer
apply blast

proof —
assume al: <hd t ¢ ev © S
and a2: <setinterleaving (t, insert tick (ev *S), ev ab # tl u) =
{hd t # ua |ua. ua setinterleaves ((tl t, ev ab # tl u), insert tick (ev ¢
S))}
U {ev ab # ua |ua. ua setinterleaves ((t, tl u), insert tick (ev < S))P
have f3: evab € ev ‘B

using 6(13) by blast
have f/: hdt € ev ‘ A
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using al 6(10) 6(2) by blast
show <hd r = hd t A hd r € ev * A A tl r setinterleaves ((tl t, u), insert tick
(ev © S)) Vv
hdr = evab A hdr € ev ‘B A tl r setinterleaves ((t, tl u), insert tick (ev

‘S
apply auto
using 6(8) a2 6(14) 6(15) hd-Cons-tl apply fastforce
using 6(8) a2 6(14) 6(15) f{ hd-Cons-tl apply fastforce
using 6(8) a2 6(14) 6(15) hd-Cons-tl apply fastforce
using 6(8) a2 6(14) 6(15) f3 hd-Cons-tl apply fastforce
using 6(8) a2 6(14) 6(15) f3 hd-Cons-tl apply fastforce
using 6(8) a2 6(14) 6(15) f4 f3 hd-Cons-tl apply fastforce
using 6(13) 6(8) a2 6(14) 6(15) hd-Cons-tl apply fastforce
using 6(8) a2 6(14) 6(15) f4 hd-Cons-tl apply fastforce
using 6(8) a2 6(14) 6(15) hd-Cons-tl by fastforce

qed

with 6 show ?case
proof(elim disjE conjE, goal-cases)
case 61:1
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving, simp-all)
apply(rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply(exl aa, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply(rule-tac disjI2, exI <tl t>, exI u, exl <tl >, exl v)
by (metis empty-setinterleaving tickFree-tl tl-append?2)
next
case 62:2
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjl2, rule-tac disjl2, rule-tac disjl2, rule-tac conjl, metis
append-is-Nil-conv empty-setinterleaving)
apply(rule-tac conjl, metis empty-setinterleaving hd-append2)
apply(exl ab, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply(rule-tac disjI2, exl t, exI «tl wy, exl <tl r», exl v)
by (metis empty-setinterleaving tickFree-tl tl-append?2)

qed
next
case (7abturwvaa ab)
hence <« (hdr = evaa A hdr € ev * A A tl r setinterleaves ((tl t, u), insert

tick (ev ¢ S5)))
V(hdr =evab A aa =ab A hdr € ev ‘(AN B’) A tl r setinterleaves
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((tl t, tl u), insert tick (ev * S)))
using si-neqlof <hd t» <tl t> <insert tick (ev © S)» <hd w> <tl w]
apply (simp del:si-neq split:if-splits)
apply (metis (no-types, opaque-lifting) Intl UnE empty-iff event.inject imageE
imagel insert-iff SyncSameHdTl)
apply (metis empty-iff hd-Cons-tl, blast, blast)
proof
assume al: evab € ev ¢ S
assume a2: hd t ¢ ev ‘S
assume a3: hd t # tick
assume a4: hd u = ev ab
assume a5: hd t € ev ‘(AU A')
assume a7: A’ C S
show <hd 7 = hd t A hd r € ev * A A tl 1 setinterleaves ((tl t, u), insert tick
(ev “S))
apply safe
apply (metis 7(8) Sync.sym al a2 a3 a4 insertCI insertE SyncHd-TI)
apply (metis 7(8) Sync.sym Un-iff al a2 a4 ab a7 image-Un insert-iff
sup.absorb-iff2 SyncHd-TI SyncSameHdTI)
by (metis 7(8) Sync.sym al a2 a3 a4 insertCI insertE SyncHd-TI)
qed
with 7 show ?Zcase
proof(elim disjE conjE, goal-cases)
case 71:1
then show ?case
apply(rule-tac disjl2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving, simp-all)
apply(rule-tac conjl, metis empty-setinterleaving hd-append2)
apply(exl aa, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply(rule-tac disjI2, exI <tl t», exl u, exl <tl >, exl v)
by (metis empty-setinterleaving tickFree-tl tl-append?2)
next
case 72:2
then show Zcase
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac
congl, metis append-is-Nil-conv empty-setinterleaving)
apply (rule-tac conjl, metis empty-setinterleaving hd-append2)
apply (exl aa, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply (rule-tac disjI2, exl <tl t>, exI <tl uy, exl «tl ry, exI v)
by (metis empty-setinterleaving tickFree-tl tl-append?2)
qed
next
case (8abutrwvaa)
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have 81:«r = w
using 8 EmptyLeftSync Sync.sym by blast
hence 82:<hd r € ev ‘' B)
using emptyLeftNonSync[rule-format, of r <insert tick (ev *S)> u <hd u»)
8 Sync.sym by auto blast
with 8 show “case
apply(rule-tac disjI2, rule-tac disjll, rule-tac conjl, simp add:81)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(intro disjI2 conjl, simp-all add:81 82)
apply(exl aa, simp add:81)
apply (rule-tac disjI2, exI <tl wy, exl t, exl <tl 1>, exl v)
by (simp add: 81 Sync.sym SyncTIEmpty tickFree-tl)
next
case (9abutrwvabaa)
hence «(hd r = ev aa A hd r € ev * A A tl r setinterleaves ((tl t, u), insert tick
(ev ©5)))
V(hdrT =evab A hdr € ev ‘B A tlr setinterleaves ((t, tl u), insert tick
(ev * $)))
using si-neqlof <hd t> <tl t» <insert tick (ev < S)y <hd w) <tl w]
apply(simp del:si-neq split:if-splits, metis disjoint-iff event.inject image-iff,
blast, blast)
apply (simp add: Sync.sym image-Un list.exhaust-sel rev-image-eql sup.absorb-iff2)
defer
apply (metis (no-types, lifting) Sync.sym event.simps(3) imagel insertE insertI2
SyncHd-TI)
proof —
assume al: hd u € ev BV hd u € ev * B’
assume a2: r setinterleaves ((t, u), insert tick (ev ©5))
assume a3: setinterleaving (u, insert tick (ev ©S), ev aa # tlt) =
{ev aa # ua |ua. ua setinterleaves ((u, tl t), insert tick (ev  S5))} U
{hd v # ua |ua. ua setinterleaves ((¢l u, ev aa # tl t), insert tick (ev
©5))}
assume a4: hd t = ev aa
assume ad: ¢ # [|
assume a6: aa € A
assume a7: hd u ¢ ev S
assume a8: B'U § =8
obtain ees :: ‘a event list = 'a event list where
f9: (Pes. r = hd u # es A es setinterleaves ((tl u, ev aa # tl t), insert tick
(ev < 8)) v
r = hd u # ees v N\ ees r setinterleaves ((tl u, ev aa # tl t), insert tick
(ev ©5))

) A

((Fes. r = hd u # es A es setinterleaves ((tl u, ev aa # tl t), insert tick
(ev £ 9))) Vv

(

Ves. r# hd u # es V es ¢ setinterleaving (tl u, insert tick (ev ¢ S), ev

aa # tlt)))
by fastforce

have f10: evaa # tlt =1t
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using a5 a4 hd-Cons-tl by fastforce
then have f11: r € {ev aa # es |es. es setinterleaves ((u, tl t), insert tick (ev

FS))p v
(ev *9))}

using a8 a2 by (simp add: Sync.sym)
have f12: Ve fa A. (e:’a event) # f (a:'a) Vag¢g AVeecf A
by (meson image-eql)
moreover
{ assume r # hd u # ees r V ees r ¢ setinterleaving (¢ u, insert tick (ev * S),
ev aa # tlt)
then obtain eesa :: 'a event list = 'a event list where
r = ev aa # eesa T A eesa r setinterleaves ((u, tl t), insert tick (ev ¢ 9))
using f11 f9 by fast
then have hd r = evaa A hd r € ev * A A tl r setinterleaves ((u, tl t), insert
tick (ev “S)) Vhdr =hdu A hdr € ev ‘B A tlr setinterleaves ((t, tl u), insert
tick (ev ¢ S))
using f12 a6 by (metis list.sel(1) list.sel(3)) }
ultimately show hd r = ev aa A hd r € ev * A A tl 1 setinterleaves ((u, tl t),
insert tick (ev *S)) V hdr = hd u A hd r € ev * B A tl r setinterleaves ((t, tl u),
insert tick (ev © S))
using f10 a8 a7 al by (metis Sync.sym Unll image-Un list.sel(1) list.sel(3))
qed
with 9 show Zcase
proof(elim disjE conjE, goal-cases)
case 91:1
then show ?case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving, simp)
apply(rule-tac conjl, metis empty-setinterleaving hd-append image-eql)
apply(exl aa, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply(rule-tac disjI2, exl u, exl «tl t>, exI <tl ry, exl v, simp)
by (metis Sync.sym empty-setinterleaving tickFree-tl tl-append?2)
next
case 92:2
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
emply-setinterleaving)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac conjl, metis
append-is-Nil-conv empty-setinterleaving, simp)
apply(rule-tac conjl, metis empty-setinterleaving hd-append)
apply(exl ab, rule-tac conjl, metis empty-setinterleaving hd-append2)
apply (rule-tac disjI2, exl <tl us, exI <t», exI <tl r, exl v, simp)

{hd u # es |es. es setinterleaves ((tl u, ev aa # tl t), insert tick
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by (metis Sync.sym empty-setinterleaving tickFree-tl tl-append2)
qed
next
case (10 abutrwvabaa)
hence <« (hdr = evab A hd r € ev * B A tl r setinterleaves ((t, tl u), insert
tick (ev © 9)))
V (hdr =evab A aa = ab A hdr € ev ‘(AN B’) A tlr setinterleaves
((tl t, tl u), insert tick (ev © S)))
using si-neglof <hd t> <tl t» <insert tick (ev ©S)y <hd w) <tl w]
apply (simp del:si-neq split:if-splits)
apply (metis (no-types, opaque-lifting) Intl Sync.sym UnE empty-iff event.inject
image-iff insert-iff SyncSameHdTI)
apply (metis insert-iff SyncSameHdTI)
defer
apply (metis imagel subsetD)
apply (metis imagel subsetD)
proof
assume al: hd u # tick N hdu & ev © S
assume a2: evaa € ev ‘S
assume a3: hd t = ev aa
assume af: r setinterleaves ((u, t), insert tick (ev * S))
assume a5: B’ C S
show (hd r = hd u A hd r € ev * B A tl r setinterleaves ((t, tl u), insert tick
(ev “ S))»
apply safe
apply (metis 10(8) Sync.sym al a2 a3 insertCI insertE SyncHd-TI)
apply (metis (no-types, opaque-lifting) 10(10) 10(8) Sync.sym UnE al a2
a3 a5 image-Un insert-iff subset-eq subset-image-iff SyncHd-TI)
by (metis Sync.sym al a2 a8 a4 insertCI insertE SyncHd-TI)
qed
with 70 show ?case
proof(elim disjE conjE, goal-cases)
case 101:1
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac conjl, metis
append-is-Nil-conv empty-setinterleaving, simp)
apply(rule-tac conjl, metis empty-setinterleaving hd-append)
apply(exl ab, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply(rule-tac disjI2, exl <tl uy, exI <ts, exI <tl r, exl v, simp)
by (metis Sync.sym empty-setinterleaving tickFree-tl tl-append2)
next
case 102:2
then show ?case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
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apply (rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac
conjl, metis append-is-Nil-conv empty-setinterleaving)
apply(rule-tac conjl, metis empty-setinterleaving hd-append2)
apply (ez! aa, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply (rule-tac disjI2, exI <tl wy, exl «tl t», exI <tl , exl v, simp)
by (metis Sync.sym empty-setinterleaving tickFree-tl tl-append?2)
qed
next
case (11 abtwurwvaa)
have 111:<a = tQu»
using 11(7,8,11) EmptyLeftSync Sync.sym by blast
hence 112:<hd a € ev * A>
using emptyLeftNonSync[rule-format, of r <insert tick (ev *S)> t <hd t»]
11(10,11,2,8,9) Sync.sym by auto blast
with 71 show ?case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp add:111)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp-all add:111)
apply(rule-tac disjl1, exI aa, simp)
apply(rule-tac disjI2, exI <tl t», exl u, exI <tl vy, exl v, simp)
by (simp add: Sync.sym SyncTIEmpty tickFree-tl)
next
case (12 abturwvaaab)
hence «(hd r = evaa A hd r € ev * A A tl r setinterleaves ((tl t, u), insert tick
(ev *5)))
V(hdr=evab A hdr € ev ‘B A tlrsetinterleaves ((t, tl u), insert tick
(ev )
using si-neq[of <hd t» <tl t» <insert tick (ev * S)> <hd w> <t w]
apply(simp del:si-neq split:if-splits, metis disjoint-iff event.inject image-iff,
blast)
apply (metis (no-types, lifting) event.simps(3) imagel insert-iff SyncHd-TI)
defer apply blast
proof —
assume al: ab € B
assume a2: r setinterleaves ((t, u), insert tick (ev < 5))
assume a3: setinterleaving (t, insert tick (ev *S), ev ab # ¢l u)
{hd t # ua |ua. ua setinterleaves ((tl t, ev ab # tl u), insert tick (ev
S)ru

{ev ab # ua |ua. ua setinterleaves ((t, tl u), insert tick (ev * S))}
assume a4: hd v = ev ab
assume ad: u # [|
assume a6: hd t € ev ‘(A U A')
assume a7: A’ C S
assume a8: hd t ¢ ev ‘S
have f9: hdt € ev ‘ A
using a8 a7 a6 by blast
show hd r = hd t A hdr € ev * A A tl r setinterleaves ((tl t, u), insert tick (ev
“S)) Vv
hd r = evab A hd r € ev * B A tl r setinterleaves ((t, tl u), insert tick (ev
*5))
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proof —
obtain ees :: ‘a event list = 'a event list where
fl: (Bes. 7= hd t # es A\ es setinterleaves ((tl t, ev ab # tl u), insert tick
(ev * S)) v
7= hdt # ees T A ees 1 setinterleaves ((tl t, ev ab # tl u), insert tick
(ev ©5))) A
((Hes. r = hd t # es N\ es setinterleaves ((tl t, ev ab # tl u), insert tick
(ev )
(Ves. r# hd t # es V es ¢ setinterleaving (t t, insert tick (ev © §), ev
ab # tl u)))
by meson
have f2: ev ab # tlu = u
using ad by (subst a4 [symmetric], rule list.collapse)
moreover
{ assume r # hd t # ees r V ees r & setinterleaving (¢l t, insert tick (ev
S), ev ab # tl u)
then obtain eesa :: 'a event list = 'a event list where
r = ev ab # eesa r A eesa r setinterleaves ((t, tl u), insert tick (ev < 5))
using f2 f1 a2 a3 by fastforce
then have ?thesis
by (metis al imagel list.sel(1) list.sel(8)) }
ultimately show #thesis
by (metis (no-types) f9 list.sel(1) list.sel(3))
qed
qed
with 72 show ?case
proof(elim disjE conjE, goal-cases)
case 121:1
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving, simp)
apply(ezxl aa, rule-tac conjl, simp)
by (rule-tac disjI2, exI <tl t>, exl u, exl <tl r», exl v, simp)
next
case 122:2
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac conjl, metis
append-is-Nil-conv empty-setinterleaving, simp)
by (rule-tac disjl2, exl by, exl <tl wy, exI <tl v, exl v, simp) blast
qed
next
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case (13 abturwvaaab)
hence « (hdr = evaa AN hdr € ev * A N tl 1 setinterleaves ((tl t, u), insert
tick (ev ¢ S)))
V (hd r=evab A aa=ab A hdr e ev (AN B') A tlr setinterleaves
((tL ¢, ¢l u), insert tick (ev < S)))»
using si-neq[of <hd t» <tl t» <insert tick (ev © S)» <hd w> <t w]
apply (simp del:si-neq split:if-splits)
apply (metis (no-types, opaque-lifting) IntI UnE empty-iff event.inject image-iff
insert-iff SyncSameHdTI)
apply (metis empty-iff hd-Cons-tl, blast, blast)
proof
assume al: <r setinterleaves ((t, u), insert tick (ev ©S))»
assume a2: <hd t € ev ‘(AU A')
assume a3: <hd t # tick
assume a4: <hd t ¢ ev © S
assume aj: <ev ab € ev © Sy
assume a6: <setinterleaving (t, insert tick (ev ©S), ev ab # tlu) = {hd t #
ua |ua. ua setinterleaves ((tl t, ev ab # tl u), insert tick (ev * S))}»
show <hd 7 = hd t A hd r € ev * A A tl 1 setinterleaves ((tl t, u), insert tick
(ev “S))
apply safe
using 15(14) 13(15) 13(8) a6 list.collapse apply fastforce
using 13(14) 13(15) 13(2) al a2 a4 a6 list.collapse apply fastforce
by (metis 13(15) Sync.sym a5 a8 a4 al insertCI insertE SyncHd-TI)
qed
with 13 show ?case
proof(elim disjE conjE, goal-cases)
case 151:1
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving, simp-all)
apply(ezl aa, rule-tac conjl, simp)
apply(rule-tac disjI2, exI <tl t», exl u, exl <tl r», exl v)
using 151(5) by blast
next
case 132:2
then show ?case
apply(rule-tac disjl2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac
conjl, metis append-is-Nil-conv empty-setinterleaving)
apply(rule-tac conjl, metis empty-setinterleaving hd-append2)
apply (ez! aa, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply (rule-tac disjI2, exI <tl ¢y, exl <tl wy, exI <tl r», exl v)
by (metis empty-setinterleaving tl-append2)
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qed
next
case (14 abutrwvaa)
have 141:<r = w
using 14 EmptyLeftSync Sync.sym by blast
hence 1/2:<hd r € ev * B»
using emptyLeftNonSync[rule-format, of r <insert tick (ev © S)» u <hd w]
14 Sync.sym by auto blast
with 1/ show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, simp add:141)
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(intro disjI2 conjl, simp-all add:141 142)
apply(exl aa, simp add:141)
apply(rule-tac disjI2, exl <tl w, exl t, ex] <tl ), exl v)
by (simp add: 141 Sync.sym SyncTIEmpty tickFree-tl)
next
case (15abutrwvabaa)
hence «(hd r = evaa A hd r € ev * A A tl r setinterleaves ((t t, u), insert tick
(ev * )))
V(hdr=evab A hdr e ev ‘B A tlrsetinterleaves ((t, tl u), insert tick
(ev ©5)))
using si-neq[of <hd t> <tl t> <insert tick (ev ©S)» <hd wy <tl w]
apply(simp del:si-neq split:if-splits, metis disjoint-iff event.inject image-iff,
blast, blast)
defer
apply (metis (no-types, lifting) Sync.sym event.simps(3) imagel insertE in-
sertl2 SyncHd-TI)
proof —
assume al: hd u € ev * (B U B’)
assume a2: B’ C §
assume a3: hd u ¢ ev ‘S
assume aj: r setinterleaves ((u, t), insert tick (ev ©S))
assume ad: setinterleaving (ev aa # tl t, insert tick (ev © S), u) =
{ev aa # ua |ua. ua setinterleaves ((tl t, u), insert tick (ev *S))} U
{hd u # ua |ua. ua setinterleaves ((ev aa # tlt, tl u), insert tick (ev
9))}
assume a6: hd t = ev aa
assume a7: ¢t # []
assume a8: aa € A
have f9: hd u € ev ‘B
using a3 a2 al by fast
have f10: evaa # tlt =1t
using a7 a6 hd-Cons-tl by fastforce
then have r € {ev aa # es |es. es setinterleaves ((tl t, u), insert tick (ev * S))}

{hd u # es |es. es setinterleaves ((ev aa # tl t, tl u), insert tick (ev

©9)}

using af a4 by (simp add: Sync.sym)
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then show hd r = ev aa A hd r € ev * A A tl r setinterleaves ((tl t, u), insert
tick (ev < S)) VvV
hd r=hdu A hdr € ev ‘B A tl rsetinterleaves ((t, tl u), insert tick
(ev )
using f10 f9 a8 by fastforce
qed
with 15 show ?case
proof(elim disjE conjE, goal-cases)
case 151:1
then show ?case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving, simp)
apply (rule-tac disjI2, exl u, exl <tl t», exI <tl r, exl v, simp)
using Sync.sym by blast
next
case 152:2
then show ?case
apply (rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac conjl, metis
append-is-Nil-conv empty-setinterleaving, simp)
apply(exI ab, rule-tac conjl, simp)
apply(rule-tac disjI2, exI <tl uy, exl <>, exI <tl v, exl v, simp)
by (metis Sync.sym)
qed
next
case (16 abutrwvabaa)
hence « (hdr = evab A hd r € ev * B A tl r setinterleaves ((t, tl u), insert
tick (ev ¢ S)))
V (hdr=evab A aa = ab A hdr e ev (AN B') A tlr setinterleaves
((tl t, tl u), insert tick (ev < S)))
using si-neq[of <hd t» <tl t» <insert tick (ev * S)» <hd w> <t w]
apply (simp del:si-neq split:if-splits)
apply (metis (no-types, opaque-lifting) 16(11) 16(3) Int-iff Sync.sym UnE
empty-iff event.inject imageE imagel insertCI SyncSameHdT!)
apply (metis insert-iff SyncSameHdTI)
defer
apply (metis imagel subsetD)
apply (metis imagel subsetD)
proof —
assume al: hd u # tick N hd u ¢ ev © S
assume a2: B’ C §
assume a3: hd u € ev ‘* (B U B’)
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assume aj: r setinterleaves ((u, t), insert tick (ev ¢ S))
assume ad: setinterleaving (ev aa # tl t, insert tick (ev © S), u) =
{hd u # ua |ua. ua setinterleaves ((ev aa # tlt, tl u), insert tick (ev
©5))}

assume a6: hd t = ev aa
assume a7: ¢t # [|
have f8: B'U S = S
using a2 by blast
have f9: evaa # tlt =t
using a7 a6 hd-Cons-tl by fastforce
then have Jes. r = hd u # es A es setinterleaves ((ev aa # tl t, tl u), insert
tick (ev ¢ 9))
using af a4 by (simp add: Sync.sym)
then show hd r = hd u A hd v € ev * B A tl r setinterleaves ((¢, tl u), insert
tick (ev < S)) vV
hdr=hdu A aa=ab A hdr € ev ‘(A" N B') A tlr setinterleaves
((¢ t, tl u), insert tick (ev < 5))
using f9 f8 a3 al by (metis Un-iff image-Un list.sel(1) list.sel(3))
qed
with 16 show ?case
proof(elim disjE conjE, goal-cases)
case 101:1
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply(rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac conjl, metis
append-is-Nil-conv empty-setinterleaving, simp)
apply(exl ab, rule-tac conjl, simp)
apply(rule-tac disjI2, exI <tl uy, exl «t>, exI <tl >, exl v, simp)
by (metis Sync.sym)
next
case 162:2
then show ?case
apply(rule-tac disjI2, rule-tac disjl1, rule-tac conjl, metis append-is-Nil-conv
empty-setinterleaving)
apply (rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac disjI2, rule-tac
conjl, metis append-is-Nil-conv empty-setinterleaving)
apply(rule-tac conjl, metis empty-setinterleaving hd-append2)
apply (ez!l aa, rule-tac conjl, metis empty-setinterleaving hd-append?2)
apply (rule-tac disjI2, exl <tl w, exl <t ty, exI «tl v, exl v, simp)
by (metis Sync.sym)
qed
next
case (17 aA bB)
have tact:«\ AP Q. fturv. Pturv= QV (3 turv. Pturv) = @
by fastforce
from 17 show ?case
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proof (safe, goal-cases)
case [
obtain X where 11: (X::'a event set)= bB — ev * A’ by auto
obtain Y where 12: (Y::'a event set)= bB — ev B’ by auto
from 1 11 12 have 13: bB = (X U Y) N insert tick (ev *S)U X N Y
by auto
with 11 12 1 show ?case
apply(exI <[]y, exI «[]>, ex] X, rule-tac conjI)
apply safe
apply (metis disjoint-iff-not-equal imagel)
apply (metis image-iff)
apply (metis disjoint-iff imagel)
apply (metis Intl image-eql)
apply (metis image-eql)
apply (metis rev-image-eql)
by (exl Y) (simp add: disjoint-iff image-Un)
next
case (2zatuXY)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjI1, exl <ev x4y, ex <[]y, exl X, rule conjl, simp)
by (exI Y, simp, metis disjoint-iff event.inject hd-Cons-tl imageFE)
next
case (3zatu X Y za aa)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjI1, exl <ev z#ty, exl <w, ex] X, rule conjl, simp)
apply (exl Y, simp)
using hd-Cons-tl SyncSingleHeadAdd by fastforce+
next
case (JzatuX Y za aa)
then show ?case
apply (erule-tac tact)
apply(rule-tac disjl1, exI <ev z#t>, exl <w, exl X, rule conjl, simp)
apply (exl Y, simp)
using hd-Cons-tl SyncSingleHeadAdd by fastforce+
next
case (b zaturvw)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exI <ev z#b>, exl <[], exl <ev x#ry, exl v, simp)
by (metis disjoint-iff event.inject hd-Cons-tl imageE)
next
case (6zaturwvaa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <ev z#b, exl <uy, exl <ev z#ry, exl v, simp)
using hd-Cons-tl SyncSingleHeadAdd by fastforce+

next
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case (7zaturwvaa)

then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exI <ev z#b>, exl <uy, exl <ev x#ry, exl v, simp)
using hd-Cons-tl SyncSingleHeadAdd by fastforce+

next

case (8zautrwvzaaa)

then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <wy, exl <ev x#tr, exl <ev x#ry, exl vy, simp)

using si-neqlof <ev x> «t» <insert tick (ev © S)> <hd w> <t w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast)

by (metis Sync.sym SyncSingleHeadAdd event.distinct(1) insert-iff list.collapse)

blast
next

case (9zautrvzaaa)

then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <wy, exl <ev x#ty, exl <ev x#ry, exl vy, simp)

using si-neq[of <ev x» «t» <insert tick (ev © S)» <hd wy <t w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast, blast)
by (metis SyncHdAdd1 event.distinct(1) insert-iff list.collapse)
next
case (10z aturw)
then show Zcase
apply(erule-tac tact)
apply (rule-tac disjI2, exI <ev x#ty, ex <[], exl <ev x#r, exl <[]>, simp)
by (metis disjoint-iff event.inject hd-Cons-tl imageE)
next
case (11 zaturvaa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <ev z#b>, exl <uy, exl <ev x#ry, exl ([, simp)
using SyncSingleHeadAdd list.collapse by fastforce
next
case (12zaturvaa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <ev z#b>, exl <uy, exl <ev x#ry, exl «[], simp)
using SyncSingleHeadAdd list.collapse by fastforce
next
case (I3zautrwvza aa)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjlI2, exI <uy, exl <ev x#ty, exl <ev z#my, exl <[]>, simp)
using si-neq[of <ev x> «t» <insert tick (ev © S)y <hd wy <t w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast)
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by (metis Sync.sym SyncSingleHeadAdd event.distinct(1) insert-iff list.collapse)
blast
next
case (14 zautrvza aa)
then show ?case
apply (erule-tac tact)
apply (rule-tac disjI2, exl <uy, exl <ev x#ty, exl <ev x#ry, exl <[], simp)
using si-neqlof <ev x> «t» <insert tick (ev © S)» <hd w> <tl w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast, blast)
by (metis SyncHdAdd1 event.distinct(1) insert-iff list.collapse)
next
case (15zatuXY)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjI1, exl <[>, ex] <ev z#w, exl X, rule conjl, simp)
by (exl Y, simp, metis disjoint-iff event.inject hd-Cons-tl imageFE)
next
case (16 zatu X Y za aa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjl1, exI <t>, exl <ev z#w, exl X, rule conjl, simp, exl Y,
simp)
using si-neqlof <hd ¢ <tl t> <insert tick (ev © S)» <ev 2y <t w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast, blast)
by (metis Sync.sym SyncSingleHeadAdd event.distinct(1) insert-iff list.collapse)
blast
next
case (17zatu X Y za aa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjl1, exl <t>, exl <ev z#w, exl X, rule conjl, simp)
apply (exl Y, simp)
using si-neqlof <hd ¢ <t t> <insert tick (ev © S)» <ev 2y <t w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast) sledgeham-
mer
using SyncHdAdd by fastforce blast+
next
case (18zaturwvzaaa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exI <t>, ex] <ev z#uy, exl <ev x#ry, exl vy, simp)

using si-neqlof <hd ¢ <t t> <insert tick (ev © S)» <ev 2y (w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast, blast)
by (metis Sync.sym SyncSingleHeadAdd event.distinct(1) insert-iff list. collapse)
blast
next
case (19zaturvza aa)
then show ?case
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apply(erule-tac tact)
apply(rule-tac disjI2, exI <t», exl <ev z#uy, exl <ev x#ry, exl vy, simp)

using si-neq(of <hd t» <tl t> <insert tick (ev © S)» <ev xy <w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast)
by (metis SyncHdAdd1 event.distinct(1) insert-iff list.collapse) blast+
next

case (20z autrw)

then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <ev x#w, exl <[]y, ex] <ev z#ry, exl vy, simp)

by (metis disjoint-iff event.inject hd-Cons-tl imageE)
next
case (21 zautrvaa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <ev z#w, exl <t>, exl <ev x#ry, exl vy, simp)
using si-neq(of <hd t» <tl t> <insert tick (ev © S)» <ev xy <w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast, blast)
by (metis list.collapse) blast
next
case (22zautrvaa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <ev z#w, exl b, ex] <ev x#mry, exl vy, simp)
using si-neqlof <hd t> <t t> <insert tick (ev * S)» <ev 2y (w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast)
by (metis list.exhaust-sel) blast+
next
case (23 zaturvza aa)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjI2, exI <t», ex] <ev x#us, exl <ev a#ry, exl <[], simp)

using si-neqlof <hd t» <tl t> <insert tick (ev © S)» <ev xy <w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast, blast)

by (metis Sync.sym SyncSingleHeadAdd event.distinct(1) insert-iff list.collapse)

blast
next

case (24 zaturvza aa)

then show ?case
apply(erule-tac tact)
apply (rule-tac disjI2, exI <t», ex] <ev x#us, exl <ev x#ry, exl <[], simp)

using si-neq[of <hd t» <tl t> <insert tick (ev © S)» <ev 2y <w]

apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast) sledgeham-
mer

using SyncHdAdd1 list.collapse by fastforce blast+
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next
case (25zaturvw)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjI2, exl <ev z#ty, exl <[], exl <ev z#ry, exl <[]y, simp)
by (metis disjoint-iff event.inject hd-Cons-tl imageE)
next
case (26 zautrvaa)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjI2, exl <ev x#w, exl <y, exI <ev z#ry, exl []>, simp)
using si-neqlof <hd ¢ <t t> <insert tick (ev * S)» <ev 2y (w]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast, blast)
by (metis list.collapse) blast
next
case (27zautrvaa)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <ev x#w, exl b, exl <ev x#ry, exl <[>, simp)
using si-neqlof <hd t» <tl t» <insert tick (ev © S)» <ev > (w)]
apply (simp add: SyncSingleHeadAdd split: if-splits, blast, blast) sledgeham-
mer
by (metis list.collapse) blast+
next
case (28zatuXY)
then show ?case
apply (erule-tac tact)
apply(rule-tac disjI1, exl <ev z#t, exl <ev z#w, exl X, rule conjl, simp)
by (exl Y, simp, metis hd-Cons-tl image-eql in-mono)
next
case (29zaturvw)
then show ?case
apply (erule-tac tact)
apply(rule-tac disjI2, exl <ev x#t>, exl <ev x#w, exl <ev x#ry, exl v,
simp)
by (metis image-eql list.exhaust-sel subsetD)
next
case (30 z aturw)
then show ?case
apply(erule-tac tact)
apply(rule-tac disjI2, exl <ev xz#t>, exl <ev z#w, exl <ev z#ry, exl vy,
simp)
by (metis image-eql list.exhaust-sel subsetD)
next
case (31 zaturvw)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjI2, exI <ev z#ts, exl <ev x#w, exl <ev z#ry, exl ([,
simp)



5.7. THE SYNC OPERATOR LAWS 197

by (metis image-eql list.exhaust-sel subsetD)
next
case (32zaturw)
then show ?case
apply(erule-tac tact)
apply (rule-tac disjI2, exI <ev z#ty, exl <ev x#w, exl <ev z#ry, exl ([]»,
simp)
by (metis image-eql list.exhaust-sel subsetD)
qed
next
case (18 aA)
then show ?case
proof (elim exE disjE conjE, goal-cases)
case (I turva)
have 11:«r =t
using 1 EmptyLeftSync Sync.sym by blast
hence 12:<hd aA € ev * A»
using emptyLeftNonSync[rule-format, of r <insert tick (ev © S)» t <hd ]
1 Sync.sym by auto blast
with 7 11 show ?case
apply(rule-tac disjl1, simp)
by (metis Sync.sym SyncTIEmpty tickFree-tl)
next

case (2turvaaa)
hence «(hd r = eva A hdr € ev ¢ A A tl r setinterleaves ((tl ¢, u), insert tick

(ev ©5)))
V (hdr = evaa A hdr € ev * B A tl r setinterleaves ((t, tl u), insert tick
(ev 9N

using si-neqlof <hd t» <tl t> <insert tick (ev © S)» <hd uy <tl w]
apply(simp del:si-neq split:if-splits, blast , metis empty-iff hd-Cons-tl)
apply (metis (no-types, lifting) event.simps(3) imagel insert-iff SyncHd-TI)

defer
apply blast
proof(safe, simp-all add: in-mono, goal-cases)
case (1 1)
show ?Zcase
using 1(18) 1(21) 2(14) 2(15) 2(8) list.collapse by fastforce
next
case (2 z)
show ?Zcase
using 2(13) 2(14) 2(18) 2(20) 2(21) 2(8) list.collapse by fastforce
next
case (3 z)
show ?Zcase
using 2(14) 2(15) 2(8) 3(18) 3(21) list.collapse by fastforce
next
case (4 z)
show ?Zcase
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using 2(13) 2(14) 2(15) 2(8) 4(18) 4(21) list.collapse by fastforce
next
case (5 1)
show ?Zcase
using 2(14) 2(15) 2(8) 5(18) 5(21) list.collapse by fastforce
next
case (6 )
show ?Zcase
using 6(13) 6(14) 6(18) 6(8) hd-Cons-tl 2(13) 6(20) 6(21) by fastforce
next
case (7 x)
show ?Zcase
using 2(13) 2(14) 2(15) 2(8) 7(18) 7(21) list.collapse by fastforce
next
case (8 1)
show ?Zcase
using 8(20) 8(21) 8(13) 8(14) 8(18) 8(8) hd-Cons-tl by fastforce
next
case (9 x)
show ?Zcase
using 9(21) 9(18) 9(14) 9(13) 9(14) 9(18) 9(8) hd-Cons-tl by fastforce
qed
with 2 show “case
by (simp add: hd-append) (metis empty-setinterleaving tickFree-tl)
next
case (3turvaaa)
hence « (hdr =eva A hdr € ev * A A tl r setinterleaves ((¢ ¢, u), insert
tick (ev ¢ S)))
V(hdr=evaa Naa=aAhdr € ev‘(A"N B) A tl rsetinterleaves
((tl t, tl u), insert tick (ev ©S)))
using si-neqlof <hd t» <tl ¢ <insert tick (ev ©S)y <hd wy <tl w]
apply (simp del:si-neq split:if-splits)
apply (simp add: UnE disjoint-iff imageE insertI2 rev-image-eql)
apply (metis (no-types, lifting) Int-iff Un-iff event.inject imageE image-eql
insertCI SyncSameHdTI)
apply (metis insert-iff SyncSameHdTl)
apply (metis imagel subsetD)
apply (metis imagel subsetD)
by (metis (no-types, opaque-lifting) 3(10) 3(2) Sync.sym Un-iff image-Un
subset-insert] sup.orderE SyncHd-Tl SyncSameHdTl)
with & show Zcase
by (simp add: hd-append) (metis Sync.sym empty-setinterleaving tickFree-tl)
next
case (futrwva)
have 41:«r = w
using 4 EmptyLeftSync Sync.sym by blast
hence 4/2:<hd aA € ev ‘* By
using emptyLeftNonSync|rule-format, of r <insert tick (ev < S)» u <hd w]
4 Sync.sym by auto blast
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with 4 41 show ?case
apply(rule-tac disjI2, rule-tac disjl1, simp)
by (metis Sync.sym SyncTIEmpty tickFree-tl)
next
case (Jutrvaa a)
hence «(hd r = eva A hdr € ev * A A tl r setinterleaves ((tl ¢, u), insert tick
(ev ©5)))
V (hdr=evaa A hdr € ev * B A tl r setinterleaves ((t, tl u), insert tick
(ev * $))
using si-neq[of <hd wy <tl wy <insert tick (ev < S)» <hd t> «tl t» ]
apply(simp del:si-neq split:if-splits, blast, blast)
apply (metis (no-types, lifting) Sync.sym event.simps(3) imagel insert-iff
SyncHd-TI)
defer
apply blast
proof (safe, simp-all add: in-mono, goal-cases)
case (1 z)
show ?Zcase
using 1(138) 1(14) 1(18) 1(21) 5(8) list.collapse by fastforce
next
case (2 1)
show Zcase
using 5(14) 5(15) 2(18) 5(8) 2(21) 5(13) list.collapse by fastforce
next
case (3 z)
show Zcase
using 3(18) 8(21) 5(14) 5(15) 5(8) Sync.sym hd-Cons-tl by fastforce
next
case (4 z)
show ?Zcase
using 4(18) 4(20) 4(21) 5(14) 5(15) 5(8) list.collapse by fastforce
next
case (5 z)
show Zcase
using 5(138) 5(14) 5(18) 5(21) 5(8) Sync.sym hd-Cons-tl by fastforce
next
case (6 z)
show Zcase
using 6(20) 6(21) 6(13) 6(14) 6(18) 6(8) 6(12) Sync.sym hd-Cons-tl by
fastforce
next
case (7 z)
show ?Zcase
using 7(18) 7(13) 7(14) 7(8) 7(20) 7(21) Sync.sym hd-Cons-tl by fastforce
next
case (8 z)
show ?Zcase
using 8(13) 8(14) hd-Cons-tl Sync.sym 8(18) 8(8) 8(21) 8(12) by fastforce

next
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case (9 x)
show ?Zcase
using 9(14) 9(13) list.collapse 9(21) Sync.sym 9(18) 9(8) by fastforce
qed
with 5 show Zcase
by (simp add: hd-append) (metis Sync.sym empty-setinterleaving tickFree-tl)
next
case (6 utrvaaa)
hence « (hdr = evaa A hdr € ev * B A tl r setinterleaves ((t, tl u), insert
tick (ev © S)))
V(hdr=evaa N ao=aANhdr € ev ‘(A" N B’') A tlr setinterleaves
((tl t, tl u), insert tick (ev * S)))
using si-neqlof <hd t» <tl t» <insert tick (ev ©S)y <hd w <t w]
apply (simp del:si-neq split:if-splits)
apply (simp add: UnE disjoint-iff imageE insertI2 rev-image-eql)
apply (metis (no-types, lifting) Int-iff Sync.sym Un-iff event.inject imageE
image-eql insertCI SyncSameHdT!)
apply (metis insert-iff SyncSameHdTl)
apply (metis (no-types, opaque-lifting) Sync.sym UnE image-Un insert-iff
subset-eq subset-image-iff SyncHd-TI! SyncSameHdTI)
apply (metis imagel subsetD)
by (metis image-eql subsetD)
with 6 show Zcase
by (simp add: hd-append) (metis Sync.sym empty-setinterleaving tickFree-tl)
next
case (7turwva)
have 71:«r =t
using 7 EmptyLeftSync Sync.sym by blast
hence 72:<hd aA € ev * A>
using emptyLeftNonSync|[rule-format, of r <insert tick (ev ©S)» t <hd t]
7 Sync.sym by auto blast
with 7 71 show ?case
apply (rule-tac disjI1, simp)
by (metis Sync.sym append-self-conv front-tickFree-Nil SyncTIEmpty)
next
case (8turvaaa)
hence «(hd r = eva A hd r € ev ¢ A A tl r setinterleaves ((tl t, u), insert tick
(ev © 5)))
V(hdr =evaa N hdr € ev ‘B A tl r setinterleaves ((t, tl u), insert tick
(ev ©9)))
using si-neqlof <hd t» <tl t» <insert tick (ev < S)y <hd wy <tl w]
apply(simp del:si-neq split:if-splits, blast , metis empty-iff hd-Cons-tl)
apply (metis (no-types, lifting) event.simps(3) imagel insert-iff SyncHd-TI)

defer
apply blast
proof (safe, simp-all add: in-mono, goal-cases)
case (I x)
show ?Zcase
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using 1(17) 1(20) 8(14) 8(15) 8(8) list.collapse by fastforce
next
case (2 z)
show Zcase
using 2(12) 2(18) hd-Cons-tl 2(11) 8(8) 2(17) 2(20) 2(19) by fastforce
next
case (3 z)
show ?Zcase
using 3(12) 3(13) 3(17) 3(20) 3(7) 3(8) Sync.sym hd-Cons-tl by fastforce
next
case (4 z)
show ?case
using 4(11) 4(17) 4(20) 8(14) 8(15) 8(8) list.collapse by fastforce
next
case (9 z)
show Zcase
using 5(17) 5(12) 5(13) 5(7) 5(8) 5(20) list.collapse Sync.sym hd-Cons-tl
by fastforce
next
case (6 z)
show ?Zcase
using 6(11) 6(12) 6(13) 6(17) 6(19) 6(20) 6(7) list.collapse by fastforce
next
case (7 z)
show ?Zcase
using 7(17) 7(20) 8(13) 8(14) 8(15) 8(8) list.collapse by fastforce
next
case (8 z)
show ?Zcase
using 8(12) 8(13) 8(17) 8(19) 8(20) 8(7) list.collapse by fastforce
next
case (9 z)
show Zcase
using 9(20) Sync.sym 9(12) 9(13) list.exhaust-sel 9(12) 9(13) 9(17) 9(7)
Sync.sym hd-Cons-tl by fastforce
qged
with § show ?case
by (metis empty-setinterleaving self-append-conv)
next
case (9turvaaa)
hence « (hdr =eva A hdr € ev ‘A A tlr setinterleaves ((tl t, u), insert
tick (ev © S)))
V(hdr =evaa AN aa=aANhdr € ev ‘(A" N B') A tlr setinterleaves
((¢ t, tl u), insert tick (ev < S)))
using si-neq[of <hd t» <tl t> <insert tick (ev © S)» <hd w> <tl w]
apply (simp del:si-neq split:if-splits)
apply (simp add: disjoint-iff)
apply (metis (no-types, lifting) Int-iff Un-iff event.inject imageFE image-eql
insertCI SyncSameHdTI)
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apply (metis insert-iff SyncSameHdTI)
apply (metis rev-image-eql subsetD)
apply (metis imagel subsetD)
by (metis (no-types, opaque-lifting) Sync.sym Un-iff image-Un insert-iff
sup.absorb-iff2 SyncHd-TI)
with 9 show Zcase
by (metis empty-setinterleaving self-append-conv)
next
case (10 utrva)
have 101:«<r = w
using 10 EmptyLeftSync Sync.sym by blast
hence 102:<hd aA € ev ‘ B»
using emptyLeftNonSync[rule-format, of r <insert tick (ev *S)» u <hd w]
10 Sync.sym by auto blast
with 10 101 show ?case
apply (rule-tac disjI2, rule-tac disjl1, simp)
by (metis Sync.sym append.right-neutral front-tickFree-Nil Sync TIEmpty)
next
case (11 utrwvaaa)
hence «(hd r = eva A hdr € ev * A A tl r setinterleaves ((tl t, u), insert tick
(ev © 5)))
V(hdr=evaa N hdr € ev * B A tl r setinterleaves ((t, tl u), insert tick
(ev *9))
using si-neq[of <hd w> <tl wy <insert tick (ev < S)» <hd t> «tl t» ]
apply(simp del:si-neq split:if-splits, blast, blast)
apply (metis (no-types, lifting) Sync.sym event.simps(3) imagel insert-iff
SyncHd-TI)
defer
apply blast
proof(safe, simp-all add: in-mono, goal-cases)
case (1 1)
show ?Zcase
using 1(17) 1(20) 11(14) 11(15) 11(8) list.collapse by fastforce
next
case (2 z)
show ?case
using 2(12) 2(13) hd-Cons-tl 2(11) 11(8) 2(17) 2(20) by fastforce
next
case (3 1)
show ?Zcase
using 3(12) 3(13) 3(17) 3(20) 3(7) 3(8) Sync.sym hd-Cons-tl by
fastforce
next
case (4 z)
show ?Zcase
using 11(14) 11(15) 11(8) 4(17) 4(19) 4(20) list.collapse by fastforce
next
case (5 z)
show ?Zcase
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using 5(17) 5(12) 5(18) 5(7) 5(8) 5(20) list.collapse Sync.sym hd-Cons-tl
by fastforce
next
case (0 z)
show ?case
using 6(11) 6(12) 6(13) 6(17) 6(19) 6(20) 6(7) list.collapse by fastforce
next
case (7 z)
show ?case
using 7(12) 7(13) 7(17) 7(19) 7(20) 7(7) Sync.sym list.collapse by
fastforce
next
case (8 z)
show ?case
using 8(20) 8(12) 8(11) 8(13) list.collapse Sync.sym 8(12) 8(13) 8(17)
8(7) hd-Cons-tl by fastforce
next
case (9 z)
show ?case
using 9(20) Sync.sym 9(12) 9(13) list.exhaust-sel 9(12) 9(13) 9(17)
9(7) Sync.sym hd-Cons-tl by fastforce
qed
with 17 show ?case
by (metis Sync.sym append.right-neutral empty-setinterleaving)
next
case (12utrvaaa)
hence « (hdr = evaa A hdr € ev * B A tl r setinterleaves ((¢, tl u), insert
tick (ev ¢ S5)))
V(hdr=evaa Aaa=aAhdr e ev ‘(A" N B') A tlrsetinterleaves
((tl t, tl u), insert tick (ev © S)))
using si-neqlof <hd ¢ <tl t> <insert tick (ev * S)» <hd w> <tl w]
apply (simp del:si-neq split:if-splits)
apply (simp add: UnE disjoint-iff imageE insertI2 rev-image-eql)
apply (metis (no-types, lifting) Int-iff Sync.sym Un-iff event.inject imageE
image-eql insertCI SyncSameHdTI)
apply (metis insert-iff SyncSameHdTI)
apply (metis (no-types, opaque-lifting) Sync.sym UnE image-Un insert-iff
subset-eq subset-image-iff SyncHd-Tl SyncSameHdTI)
apply (metis imagel subsetD)
by (metis image-eql subsetD)
with 72 show ?case
by (metis (no-types, lifting) Sync.sym append-Nil2 empty-setinterleaving)
qed
next
case (19 z)
then show ?case
proof(elim exE disjE conjE, goal-cases)
case (1 aturw)
then show ?case
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apply(exl <ev a#ty, exl u, exl <ev a#try, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (2aturwvaa)
then show ?case
apply(exl <ev a#tt, exl u, exl <ev a#ry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (3 aturwvaa)
then show ?case
apply(exl <ev a#tty, exl u, exl <ev a#ry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (4 aturvaa)
then show ?case
apply(exl <t», ex] <ev aftw, exl <ev a#try, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff in-mono SyncHdAdd1 SyncS-
ingleHeadAdd)
apply (metis list.exhaust-sel)
apply (metis (no-types, opaque-lifting) Sync.sym event.inject event.simps(3)
imageE insertE SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (baturw)
then show ?case
apply(exl <ev a#tty, exl u, exl <ev a#ry, exl v, simp)
apply (safe, simp-all)
apply blast
by (metis list.exhaust-sel)
next
case (6 aturwvaa)
then show ?case
apply(exl <ev a#b>, exl u, exl <ev aFry, exl v, simp)
apply (safe, simp-all add: disjoint-iff-not-equal image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (7a turwvaa)
then show ?case
apply(exl <ev a#b>, exl u, exl <ev aFry, exl v, simp)
apply (safe, simp-all add: disjoint-iff-not-equal image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (8aturwvaa)
then show ?case
apply(exl <t», ex] <ev a#tw, exl <ev aFtry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff in-mono SyncHdAdd1)
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apply (metis list.exhaust-sel)
apply (metis (no-types, lifting) Sync.sym event.distinct(1) event.inject im-
ageE insertE SyncSingleHeadAdd)
by (metis list.collapse)
next
case (9aturwvaa)
then show ?case
apply(exl <t», exl <ev a#tw, exl <ev a#ry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff in-mono SyncHdAdd1)
apply (metis list.exhaust-sel)
apply (metis (no-types, lifting) Sync.sym event.distinct(1) event.inject im-
ageE insertE SyncSingleHeadAdd)
by (metis list.collapse)
next
case (10 aturv)
then show ?case
apply(exl <ev a#ty, exl u, ex] <ev a#ry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (11 aturvaa)
then show ?case
apply(exl <ev a#tty, exl <w, exl <ev a#ry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (12 aturwvaa)
then show ?case
apply(exl <ev a#tty, exl <w, exl <ev a#ry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (13 aturwvaa)
then show ?case
apply(exl <t», exl <ev a#tw, exl <ev a#ry, exl v, simp)
apply (safe, auto simp add: disjoint-iff image-iff subset-eq SyncHdAdd1)
apply (metis list.ezhaust-sel)
apply (metis (no-types, lifting) Sync.sym event.inject event.simps(3) imageE
insertE SyncSingleHeadAdd)
by (metis hd-Cons-tl)
next
case (14 aturvw)
then show ?case
apply(exl <ev a#ty, exl u, ex] <ev a#ry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.collapse)
next
case (15 aturwvaa)
then show ?case



206 CHAPTER 5. THE "LAWS" OF CSP

apply(exl <ev a#ty, exl <uwy, exl <ev atry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (16 a tu r v aa)
then show Zcase
apply(exl <ev a#tty, exl <w, exl <ev a#ry, exl v, simp)
apply (safe, simp-all add: disjoint-iff image-iff SyncSingleHeadAdd)
by (metis list.exhaust-sel)
next
case (17aturwv)
then show ?case
apply(exl <ev a#tty, exl <ev aftw, exl <ev a#try, exl v, simp)
apply (safe, simp-all)
apply (metis list.exhaust-sel)
by blast+
next
case (18 aturw)
then show Zcase
apply(exl <ev a#tb, exl <ev aftw, exl <ev a#try, exl v, simp)
apply (safe, simp-all)
apply (metis list.exhaust-sel)
by blast+
next
case (19 aturvw)
then show Zcase
apply(exl <ev a#ty, ex] <ev aftw, ex] <ev a#ry, exl v, simp)
apply (safe, simp-all)
apply (metis list.exhaust-sel)
by blast+
next
case (20 a turv)
then show ?case
apply(exl <ev a#tby, exl <ev aftw, exl <ev a#try, exl v, simp)
apply (safe, simp-all)
apply (metis list.exhaust-sel)
by blast+
qed
qed

lemma Mprefiz-Sync-distr-bis:
«((Mprefix A P) [S] (Mprefiz B Q) =
(Ozed — S — (P z [S] Mprefiz B Q)) O (OyeB — S — (Mprefiz A P [S] Q
y)) O (OzeANBNS— (Pz[S] Q)
by (subst Mprefiz-Sync-distr[of <A — S» S <A N S «B — S «BN Sy, simplified
Un-Diff-Int])
(simp-all add: Int-commute inf-left-commute)
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lemmas Mprefiz-Sync-distr-subset = Mprefiz-Sync-distr[where A = «{}> and
B = {}, simplified, simplified Mprefiz-STOP Det-STOP trans|OF Det-commute
Det-STOP]]

and Mprefiz-Sync-distr-indep = Mprefiz-Sync-distr[where A'= «{}» and B'=
), simplified, simplified Mprefiz-STOP Det-STOP)

and Mprefiz-Sync-distr-right = Mprefiz-Sync-distr[where A = «{}»> and B'=
A}, simplified, simplified Mprefix-STOP Det-STOP trans[OF Det-commute Det-STOP],
rotated]

and  Mprefiz-Sync-distr-left = Mprefiz-Sync-distr[where A’= «{}» and B =
), simplified, simplified Mprefix-STOP Det-STOP trans|OF Det-commute Det-STOP])

lemma Mprefiz-Sync-SKIP: (Mprefic BP [ S] SKIP)=(0z€ B— S - (Px
[ S] SKIP))
proof (auto simp add:Process-eq-spec-optimized, goal-cases)
case (1 z)
then show ?case
proof (simp-all add: D-Sync D-Mprefix D-SKIP T-SKIP, elim exE conjE, goal-cases)
case (1 turwva)
then show ?Zcase
apply (intro conjl)
using empty-setinterleaving apply blast
apply(elim disjE)
apply (metis (no-types, lifting) DiffI Sync.sym emptyLeftProperty empty-iff
hd-append?2 image-diff-subset insertI2 list.exhaust-sel setinterleaving.simps(2) sub-
setCE)
apply (metis D-imp-front-tickFree Sync.sym TickLeftSync empty-iff
empty-setinterleaving event.distinct(1) ftf-Sync21 insertll list.expand list.sel(1) list.set-intros(1)
SyncHd-TI SyncSameHdT! tickFree-def)
using Sync.sym emptyLeftNonSync emptyLeftProperty hd-in-set apply
fastforce
apply (metis (no-types, lifting) DiffT Sync.sym append-Nil2 event.distinct(1)
image-diff-subset insertll insertI2 list.sel(1) subsetCE SyncHd-TI SyncSameHdT!)
apply(rule-tac z=a in ez, intro conjl)
apply (metis Sync.sym emptyLeftProperty empty-setinterleaving hd-append?2
insertll list.sel(1) SyncHd-Tl SyncSameHdT)
apply(rule-tac x=tl t in exl, rule-tac z=u in exl, rule-tac x=tl r in exl,
rule-tac x=v in exl)
by (metis (no-types, lifting) Sync.sym empty-setinterleaving event.distinct(1)
insertll list.sel(1) SyncHd-TI SyncSameHd Tl Sync TIEmpty tickFree-tl tl-append?2)
qed
next
case (2 z)
then show ?case
proof (simp-all add: D-Sync D-Mprefix D-SKIP T-SKIP, elim exE conjE, goal-cases)
case (1 aturvw)
then show ?case
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apply(rule-tac z=hd z#t in exl, rule-tac z=u in exl, rule-tac x=hd x#r
in exl,
rule-tac x=v in ezl, auto)
using hd-Cons-tl list.exhaust-sel by force+
qed
next
case (3 a b)
then show ?case
proof(simp add:F-Sync F-Mprefic F-SKIP, elim exE disjE, simp-all, goal-cases)
case (1 tu X)
{fix XYAB
assume b = (X U Y) N insert tick (ev ‘B)UXNYand X Nev‘A={}
and tick ¢ Y
hence b N ev * (A — B) = {} by (rule-tac equalsOI, auto)
} note 11 = this
from 1 show ?case
apply(elim exE conjE disjE)
using /1 apply simp
apply(rule disjI2, simp)
apply (intro disjI2 conjI)
using empty-setinterleaving apply blast
apply (metis (no-types, opaque-lifting) Diffl Sync.sym Unl2 contra-subsetD
emptyLeftNonSync
emptyLeftProperty hd-in-set image-diff-subset insert-is-Un)
apply (metis Sync.sym Un-commute emptyLeftProperty list.sel(1) list.sel(3)
neq-Nil-conv SyncTIEmpty)
apply (intro disjI2 conjl)
using empty-setinterleaving apply blast
apply (metis (no-types, opaque-lifting) DiffI Sync.sym event.distinct(1)
event.inject
imageE image-eql insertll insertI2 list.sel(1) SyncHd-Tl
SyncSameHdT!)
apply (metis Sync.sym event.distinct(1) insertl1 list.sel(1) SyncHd-T! Sync-
SameHdTI)
done
next
case (2t urv)
from 2(2) have a € D (Mprefix B P [S] SKIP)
apply(simp add:D-Sync) using T-SKIP by blast
with 2(3) have a e D(O0z € B— S — (Pxz [ S] SKIP)) by simp
with 2(2) show ?Zcase
by (simp add:D-Sync D-Mprefiz, rule-tac disjI2, metis)
qed
next
case (4 a b)
then show ?case
proof (simp add: F-Sync F-Mprefix F-SKIP, elim exE disjE, simp-all, goal-cases)
case I
then show ?case
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apply (rule-tac disjl1, rule-tac z=[] in exl, simp, rule-tac =[] in exl, simp)
apply(rule-tac z=b — (ev ‘ B) in exl, rule-tac conjl)
by (blast, rule-tac z=b — {tick} in exl, blast)
next
case 2
then show ?Zcase
proof (elim conjE exE, elim disjE exE, simp-all, goal-cases)
case (1 aa t u X)
then show ?case
apply(erule-tac conjE, erule-tac exE, simp-all)
apply (rule-tac disjI1, rule-tac x=(ev aa)#t in exl, rule-tac x=u in ezl
rule-tac =X in exl, intro conjl, simp-all)
apply auto[1]
by (metis (no-types, lifting) DiffE event.distinct(1) event.inject
imageF insertE list.exhaust-sel SyncSingleHeadAdd)
next
case (2 aa turv)
from 2(2) have a e D (0 2z € B— S — (Pz[S] SKIP))
apply (simp add:D-Mprefix D-Sync) by (metis 2(1) 2(3) 2(4))
with 2(5) have a € D (Mprefix B P [S] SKIP) by simp
with 2(2) show Zcase by (simp add:D-Sync D-Mprefiz)
qed
qed
qed

lemma Sync-Ndet-left-distrib: (P Q) [S]M)=(P[S]M)n(Q[S] M)
by (auto simp: Process-eq-spec, simp-all add: D-Sync F-Sync D-Ndet F-Ndet
T-Ndet) blast+

lemma Sync-Ndet-right-distrib: (M [ S] (PN Q) =(M[S]P)N(M[S]

Q))
by (metis Sync-commute Sync-Ndet-left-distrib)

lemma prefiz-Sync-SKIP1: a ¢ S = (a — P [S] SKIP) = (a — (P [S] SKIP))
by (metis (no-types, lifting) write0-def empty-Diff insert-Diff-if Mprefiz-Sync-SKIP
Mprefiz-singl)

lemma prefiz-Sync-SKIP2: a € S = (a — P [S] SKIP) = STOP
by (simp add: Mprefiz-STOP Mprefiz-Sync-SKIP write0-def)

lemma prefiz-Sync-SKIP: (a — P [S] SKIP) = (if a € S then STOP else (a —
(P [S] SKIP)))
by (auto simp add: prefiz-Sync-SKIP2 prefiz-Sync-SKIP1)

lemma prefiz-Synci: [a € S;b € S; a# b = (a — P [S] (b —» Q)) = STOP
using Mprefiz-Sync-distr-subset[of {a} S {b} Az. P Ax. Q, simplified]
by (auto, simp add: Mprefiz-STOP Mprefiz-singl)

lemma prefiz-Sync2: a € S = ((a —» P) [S] (a = Q)) = (a — (P [5] Q))
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by (simp add:write0-def Mprefiz-Sync-distr-subset[of {a} S {a} Az. P Az. Q,
simplified])

lemma prefiz-Sync3: [a € S; b ¢ S] = (a = P [S] (b = Q) = (b = ((a —
P) [5] Q)

using Mprefiz-Sync-distr-right[of {b} S {a} Az. P Az. Q, simplified)

by (auto simp add:write0-def Sync-commute)

lemma Hiding-Sync-D1: <finite A— ANS={}= D{(P[S]Q)\A)CD
(P 4) [S] (@ \ A))
proof (simp only:D-Sync T-Sync D-Hiding T-Hiding, intro subsetl Collectl,
elim CollectE exE conjE, elim exE CollectE disjE, goal-cases)
case (I z t u ta ua rv)
then show ?case (is 3t ua ra va. ¢P t ua ra va)
apply (subgoal-tac ?P (trace-hide ta (ev * A)) (trace-hide ua (ev © A))
(trace-hide r (ev © A)) ((trace-hide v (ev * A))Qu))
apply (metis (no-types, lifting))
apply (simp-all add:front-tickFree-append Hiding-tickFree tickFree-def disjoint-iff-not-equal
Hiding-interleave[of ev © A insert tick (ev ¢ S) r ta ual)
apply(elim conjE, erule-tac disjE, rule-tac disjI1, rule-tac conjl, case-tac
tickFree ta)
apply(meson front-tickFree-charn self-append-conv tickFree-def)
apply (metis D-imp-front-tickFree emptyLeftNonSync ftf-Sync21 ftf-Sync32
in-set-conv-decomp-last
insertll is-processT2-TR nonTickFree-n-frontTickFree tickFree-Nil
tickFree-def)
apply (subst disj-commute, rule-tac disjCI, simp)
subgoal proof (goal-cases)
case I
hence a:tickFree ua by (metis front-tickFree-implies-tickFree is-processT2-TR
is-processT5-S7)
from 1(11) 1(10) inf-hidden[of A ua Q)] obtain ff where isInfHiddenRun
ff Q@ A N ua € range ff by auto
with 1(2,3,4,7) a show Zcase
apply(rule-tac x=ua in exl, rule-tac z=[] in exl)
using front-tickFree-Nil tickFree-def by blast
qed
apply (rule-tac disjI2, rule-tac conjl, case-tac tickFree ta)
apply(meson front-tickFree-charn self-append-conv tickFree-def)
apply (metis D-imp-front-tickFree emptyLeftNonSync ftf-Sync21 ftf-Sync32
in-set-conv-decomp-last
insertll is-processT2-TR nonTickFree-n-frontTickFree tickFree-Nil
tickFree-def)
apply (subst disj-commute, rule-tac disjCI, simp)
proof(goal-cases)
case 1
hence a:tickFree ua by (metis front-tickFree-implies-tickFree is-processT2-TR
is-processT5-S7)
from 1(10) 1(11) inf-hidden[of A ua P] obtain ff where isInfHiddenRun ff
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P A A ua € range ff by auto
with 1(2,3,4,7) a show ?case
apply(rule-tac z=ua in exl, rule-tac z=[] in exI)
using front-tickFree-Nil tickFree-def by blast
qed
next
case (2ztuf)
then show %case (is It ua ra va. P t ua ra va)
proof (elim UnE exE conjE rangeE CollectE, goal-cases 21)
case (21 za)
note aa = 21(7)[rule-format, of xa)
with 21 show ?case
proof(elim UnE exE conjE rangeE CollectE, goal-cases 211 212)
case (211 taa uaa)
then show ?case (is 3t ua ra va. ¢P t ua ra va)
proof (cases Vi. fi € {s.Jtu. t € T PANueT QA s setinterleaves ((t,
u), ev © S U {tick})})
case True
define ftu where ftu = \i. (SOME (t,u). t € T PANueT QA
(f ©) setinterleaves ((t, u), ev * S U {tick}))
define ft fu where ft = fst o ftu and fu = snd o ftu
have inj ftu
proof
fix zy
assume ftuzy: ftu v = ftu y
obtain ¢ u where tu:(t, u) = ftu x by (metis surj-pair)
have 3tu. t € T PAu €T QA fzx setinterleaves ((t, u), ev * S U {tick})

using True[rule-format, of z] by simp
with tu have a:(f z) setinterleaves ((t, u), ev * S U {tick})
unfolding ftu-def by (metis (mono-tags, lifting) exE-some old.prod.case

tu)
have 3tu. t € T PAu e T QA fy setinterleaves ((t, u), ev * S U {tick})
using True[rule-format, of y] by simp
with ftuzy tu have b:(f y) setinterleaves ((t, u), ev * S U {tick})
unfolding ftu-def by (metis (mono-tags, lifting) exE-some old.prod.case
tu)

from interleave-eq-size[OF a b] have length (f ©) = length (f y) by
assumption
with 211(6) show z =y
by (metis add.left-neutral less-length-mono linorder-neqE-nat not-add-less2
strict-mono-def)
qed
hence inf-ftu: infinite (range ftu) using finite-imageD by blast
have range ftu C range ft x range fu
by (clarify, metis comp-apply fst-conv ft-def fu-def rangel snd-conv)
with inf-ftu have inf-ft-fu: infinite (range ft) V infinite (range fu)
by (meson finite-Sigmal infinite-super)
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have a:isInfHiddenRun f (P [S] Q) A
using 2(6) T-Sync by blast
{ fix i
from o obtain ¢ where fi = f0 Q¢ A sett C (ev ‘ A)
unfolding isInfHiddenRun-1 by blast
hence set (fi) C set (f 0) U (ev * A) by auto
} note b = this
{ fix z
obtain ¢ u where tu:(t, u) = ftu © by (metis surj-pair)
have 3tu. t € T PAu €T QA fx setinterleaves ((t, u), ev * S U {tick})

using Truelrule-format, of x] by simp
with tu have a:t € T PAu e T Q A (f z) setinterleaves ((¢, u), ev © S
U {tick})
unfolding ftu-def by (metis (mono-tags, lifting) exE-some old.prod.case
tu)
hence ftz € T PA fux € T Q A (f x) setinterleaves ((ft x, fu x), ev S
U {tick})
by (metis comp-apply fst-conv fi-def fu-def snd-conv tu)
hence ftz € T PAfuz €T Q A set (ft x) U set (fux) C set (fx)
A (f z) setinterleaves ((ft z, fu x), ev * S U {tick}) using interleave-set
by blast
} note ft-fu-f = this
with b have c:;ft i € T P A fui € T Q A set (ft i) U set (fu i) C set (f0)
U ev ¢ A for 7 by blast
with inf-ft-fu show ?thesis
proof (elim disjE, goal-cases 2111 2112)
case 2111
have t'erange ft. t = take i t' — (set t C set (f0) U ev * A A length t
< 1) for ¢
by simp (metis 211(9) b)
hence {t. It’erange ft. t = take i t'} C {t. set t C set (f0) U ev ‘A A
length t < i} for i
by auto (meson UnE ¢ in-set-takeD subsetCE sup.boundedE)
with 2(1) finite-lists-length-le[of set (f 0) U ev ¢ A] have finite {t.
It’'erange ft. t = take i t'} for i
by (meson List.finite-set finite-Un finite-imagel finite-subset)
from KoenigLemma|of range ft, OF 2111(2), rule-format, OF this| obtain
ftf::nat = 'a event list where
d:strict-mono ftf A range ftf C {t. t'€range ft. t < t'} by blast
with ¢ d[THEN conjunct2] have e:range ftf C T P using is-processT3-ST-pref
by blast
define fifs where f:fitfs = ftf o (An. n + length (f 0))
from e d[THEN conjunctl] strict-mono-def have fI:range ftfs C T P and
f2:strict-mono ftfs
by (auto simp add: strict-mono-def f)
{ fix ¢
have t0:length (ftfs 0) > length (f 0)
by (metis d[THEN conjunctl] add-leE comp-def f length-strict-mono)
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obtain ¢t where t1:ftfs i = (ftfs 0) Q t¢
by (metis f2 le0 le-list-def strict-mono-less-eq)
from d[THEN conjunct2] f obtain j where t2:ftfs i < ft j by simp
blast
obtain ¢t/ where t3: ft j = (ftfs 0) Q ¢t Q {t!
by (metis append.assoc le-list-def t1 t2)
with t0 interleave-order(of f j fifs 0 ttQttl ev * S U {tick} fu j) fe-fu-f
have tj:set tt C set (drop (length (f 0)) (f 7))
by (metis Un-subset-iff set-append set-drop-subset-set-drop subset-Un-eq)
with 21 isInfHiddenRun-1[of f - A] have t5: set (drop (length (f 0)) (f
) Ceva
by (metis (full-types) a append-eq-conv-conj)
with ¢t/ have set it C ev ‘ A by simp
with t1 have trace-hide (ftfs i) (ev * A) = trace-hide (ftfs 0) (ev < A)
by (simp add: subset-eq)
} note f3 = this
from d[THEN conjunct2] f obtain ¢ where f/:ftfs 0 < ft i by simp blast
show Zcase
apply(rule-tac x=trace-hide (ft i) (ev * A) in exl, rule-tac x=trace-hide
(fu i) (ev “ A) in exl)
apply (rule-tac x=trace-hide (f i) (ev * A) in exl, rule-tac x=u in exl)
proof (intro conjl, goal-cases 21111 21112 21118 21114 21115)
case 21111
then show ?case using 2 by (simp add: 211(3))
next
case 21112
then show ?case by (metis 211(4) 211(9) a Hiding-tickFree)
next
case 211153
then show Zcase by (metis 211(5) 211(8) 211(9))
next
case 21114
then show ?case
apply(rule Hiding-interleave)
using 211(2) apply blast
using ft-fu-f by simp
next
case 21115
from f/ obtain u where f5:ft i = (ftfs 0) Q u by (metis le-list-def)
have tickFree (f i) by (metis 211(4) 211(8) 211(9) Hiding-tickFree)

with fi-fu-f have f6:tickFree (ft i) by (meson subsetCE sup.boundedE
tickFree-def)

show ?case
apply (rule disjl1, rule conjl, simp)
apply(rule-tac z=ftfs 0 in exl, rule-tac x=trace-hide u (ev * A) in
exl, intro conjl)
apply (metis f5 front-tickFree-Nil front-tickFree-mono ft-fu-f Hid-
ing-fronttickFree is-processT2-TR)
apply (metis f5 f6 tickFree-append)
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apply (simp add: f5, rule disjI2, rule-tac z=ftfs in exl)
using fI f2 f3 apply blast
using elemTIselemHT|of fu i @ A, simplified T-Hiding| ft-fu-f by blast
qed
next
case 2112
have Jt'€range fu. t = take i t' — (set t C set (f0) U ev “ A A length t
< 1) for ¢
by simp (metis 211(9) b)
hence {t. 3t'€range fu. t = take i t'} C {¢t. set t C set (f0) U ev ‘A A
length t < i} for i
by auto (meson UnE c in-set-takeD subsetCE sup.boundedF)
with 2(1) finite-lists-length-le[of set (f 0) U ev * A] have finite {t.
It’erange fu. t = take i t'} for ¢
by (meson List.finite-set finite-Un finite-imagel finite-subset)
from KoenigLemmalof range fu, OF 2112(2), rule-format, OF this] obtain
fuf::nat = 'a event list where
d:strict-mono fuf A range fuf C {t. It'€range fu. t < t'} by blast
with ¢ d[THEN conjunct2] have e:range fuf C T Q using is-processT3-ST-pref
by blast
define fufs where f:fufs = fuf o (An. n + length (f 0))
from e d[THEN conjunctl] strict-mono-def have f1:range fufs C T Q
and f2:strict-mono fufs
by (auto simp add: strict-mono-def f)
{ fix ¢
have t0:length (fufs 0) > length (f 0)
by (metis d[THEN conjunctl] add-leE comp-def f length-strict-mono)
obtain ¢t where t1:fufs i = (fufs 0) Q ¢t
by (metis f2 le0 le-list-def strict-mono-less-eq)
from d[THEN conjunct2] f obtain j where t2:fufs i < fu j by simp
blast
obtain ¢! where t3: fu j = (fufs 0) Q ¢t @ ¢t1 by (metis append.assoc
le-list-def t1 t2)
with t0 interleave-order[of f j fufs 0 ttQtt1 ev * S U {tick} ft j] ft-fu-f
have tj:set tt C set (drop (length (f 0)) (f 7))
by (metis (no-types, opaque-lifting) Sync.sym Un-subset-iff order-trans

set-append set-drop-subset-set-drop)
with 21 isInfHiddenRun-1[of f - A] have t5: set (drop (length (f 0)) (f
M) Cevid
by (metis (full-types) a append-eq-conv-conj)
with ¢t/ have set it C ev * A by simp
with t1 have trace-hide (fufs i) (ev * A) = trace-hide (fufs 0) (ev ¢ A)
by (simp add: subset-eq)
} note f3 = this
from d[THEN conjunct2] f obtain ¢ where f/:fufs 0 < fu i by simp blast
show ?case
apply (rule-tac z=trace-hide (fu i) (ev * A) in ezl
rule-tac x=trace-hide (ft i) (ev  A) in exl)
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apply (rule-tac x=trace-hide (f i) (ev * A) in exl, rule-tac x=u in exl)
proof (intro conjl, goal-cases 21111 21112 21113 21114 21115)
case 21111
then show ?case using 2 by (simp add: 211(3))
next
case 21112
then show ?case by (metis 211(4) 211(9) a Hiding-tickFree)
next
case 21113
then show ?case by (metis 211(5) 211(8) 211(9))
next
case 21114
then show ?case
apply(rule Hiding-interleave)
using 211(2) apply blast
using ft-fu-f using Sync.sym by blast
next
case 21115
from f/ obtain u where f5:fu i = (fufs 0) @ u by (metis le-list-def)
have tickFree (f i) by (metis 211(4) 211(8) 211(9) Hiding-tickFree)

with fi-fu-f have f6:tickFree (fu i) by (meson subsetCE sup.boundedE
tickFree-def)

show ?Zcase
apply (rule disjI2, rule conjl, simp)
apply(rule-tac x=fufs 0 in exl, rule-tac z=trace-hide u (ev ¢ A) in
exl, intro conjl)
apply (metis f5 front-tickFree-Nil front-tickFree-mono ft-fu-f Hid-
ing-fronttickFree is-processT2-TR)
apply (metis f5 f6 tickFree-append)
apply (simp add: f5, rule disjI2, rule-tac x=fufs in exl)
using f1 f2 f3 apply blast
using elemTIselemHT|of ft i P A, simplified T-Hiding| ft-fu-f by blast

qged
qed
next
case Fualse
then obtain zaa

where fzaa ¢ {s. Jtu. t € T PAu €T QA s setinterleaves ((t, u), ev
‘S U {tick})}
by blast
with 211(7)[rule-format, of zaa] obtain ta ua ra va
where bb:front-tickFree va A (tickFree ra V va = []) A
fzaa = ra @ va A ra setinterleaves ((ta, ua), ev * S U {tick}) A
(tae DPANua€eT QViaceDQAua€eT P) Dby blast
from 211 have cc:z = trace-hide (f zaa) (ev * A) Q u by (metis (no-types,
lifting))
from bb 211(9) 211(8) 21(4) have tickFree ra A tickFree va
by (metis Hiding-tickFree tickFree-append)
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with cc bb 211 show ?thesis
apply(subgoal-tac ?P (trace-hide ta (ev “ A)) (trace-hide ua (ev ¢ A))
(trace-hide ra (ev © A)) ((trace-hide va (ev © A))Qu))
apply (metis (no-types, lifting))
apply(simp-all add:front-tickFree-append Hiding-tickFree tickFree-def
disjoint-iff-not-equal
Hiding-interleave[of ev © A insert tick (ev © S) ra ta
ual)
apply(elim conjE disjE, rule-tac disjI1, rule-tac conjl, case-tac tickFree
ta)
apply(meson front-tickFree-charn self-append-conv tickFree-def)
apply (metis D-imp-front-tickFree emptyLeftNonSync ftf-Sync21
ftf-Sync32 in-set-conv-decomp-last
insertll is-processT2-TR nonTickFree-n-frontTickFree
tickFree-Nil tickFree-def)
apply (subst disj-commute, rule-tac disjCI, simp)
subgoal proof(goal-cases 2111)
case 2111
hence a:tickFree ua by (metis front-tickFree-implies-tickFree is-processT2-TR
is-processT5-S7)
from 2111(20) 2111(21) inf-hidden[of A ua Q)] obtain ff
where isInfHiddenRun ff Q A N\ ua € range ff by auto
with 2111(2,3,4,7) a show ?case
apply (rule-tac x=ua in ez, rule-tac z=[] in ezl)
using front-tickFree-Nil tickFree-def by blast
qed
apply (rule-tac disjI2, rule-tac conjl, case-tac tickFree ta)
apply(meson front-tickFree-charn self-append-conv tickFree-def)
apply (metis D-imp-front-tickFree emptyLeftNonSync ftf-Sync21 ftf-Sync32
in-set-conv-decomp-last
insertl! is-processT2-TR nonTickFree-n-frontTickFree tickFree-Nil
tickFree-def)
apply (subst disj-commute, rule-tac disjCI, simp)
proof (goal-cases 2111)
case 2111
hence a:tickFree ua by (metis front-tickFree-implies-tickFree is-processT2-TR
is-processT5-S7)
from 2111(20) 2111(21) inf-hidden[of A ua P] obtain ff
where isinfHiddenRun ff P A N\ ua € range ff by auto
with 2111(2,8,4,7) a show ?case
apply(rule-tac z=ua in exl, rule-tac =[] in exl)
using front-tickFree-Nil tickFree-def by blast
qed
ged
next
case (212 ta ua r v)
then show ?case (is 3t ua ra va. ?P t ua ra va)
apply (subgoal-tac ?P (trace-hide ta (ev * A)) (trace-hide ua (ev ‘ A))
(trace-hide r (ev © A)) ((trace-hide v (ev © A))Qu))
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apply (metis (no-types, lifting))
apply(simp-all add:front-tickFree-append Hiding-tickFree tickFree-def dis-
joint-iff-not-equal
Hiding-interleave[of ev © A insert tick (ev ¢ S) r ta ual)
apply(erule-tac disjE, rule-tac disjl1, rule-tac conjl, case-tac tickFree ta)
apply(meson front-tickFree-charn self-append-conv tickFree-def)
apply (metis D-imp-front-tickFree emptyLeftNonSync ftf-Sync21 ftf-Sync32
in-set-conv-decomp-last
insertll is-processT2-TR nonTickFree-n-frontTickFree tickFree-Nil
tickFree-def)
apply(subst disj-commute, rule-tac disjCI, simp)
subgoal proof(goal-cases 2121)
case 2121
hence a:tickFree ua by (metis front-tickFree-implies-tickFree is-processT2-TR
is-processT5-S7)
from 2121(14) 2121(13) inf-hidden|of A ua @] obtain ff
where isInfHiddenRun ff Q@ A N\ ua € range ff by auto
with 2121(2,3,4,7) a show ?case
apply(rule-tac z=ua in exl, rule-tac z=[] in exl)
using front-tickFree-Nil tickFree-def by blast
qed
apply (rule-tac disjI2, rule-tac conjl, case-tac tickFree ta)
apply(meson front-tickFree-charn self-append-conv tickFree-def)
apply (metis D-imp-front-tickFree emptyLeftNonSync ftf-Sync21 ftf-Sync32
in-set-conv-decomp-last
insertl1 is-process T2-TR nonTickFree-n-frontTickFree tickFree-Nil
tickFree-def)
apply(subst disj-commute, rule-tac disjCI, simp)
proof(goal-cases 2121)
case 2121
hence a:tickFree ua by (metis front-tickFree-implies-tickFree is-processT2-TR
is-processT5-S7)
from 2121(14) 2121(13) inf-hidden]of A ua P] obtain ff
where isInfHiddenRun ff P A A ua € range ff by auto
with 2121(2,3,4,7) a show ?case
apply(rule-tac z=ua in exl, rule-tac z=[] in exl)
using front-tickFree-Nil tickFree-def by blast
qed
ged
qed
qed

lemma Hiding-Sync-D2:
assumes x:A N S = {}
shows D ((P\ A) [5] (Q\ 4)) €D (P [5] @)\ A)
proof —
{fix P Q
have {s. 3t u r v. front-tickFree v A (tickFree r V v =[]) A
s =1 Qo A r setinterleaves ((t, u), insert tick (ev  S)) A
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(teD(P\NAANueT (Q\A)}CD(P[S] Q) \A)
proof(simp add:D-Hiding D-Sync, intro subsetl Collectl, elim exE conjE Col-
lectE, goal-cases a)
case (a z turvtal ta2)
from a(1,5—9) show ?case
proof (erule-tac disjE, goal-cases)
case ]
with interleave-append|of r trace-hide tal (ev ¢ A) ta2 insert tick (ev * S)

4
obtain uil u2 r1 r2
where af:u = vl Q u2 and a2:r = r! Q r2 and
a3:rl setinterleaves ((trace-hide tal (ev “ A), ul), insert tick (ev * S))
and
a4 :r2 setinterleaves ((ta2, u2), insert tick (ev © S)) by blast
with 1 show ?case
proof(auto simp only: T-Hiding, goal-cases 11 12 13)
case (11 ua)
from trace-hide-append[OF 11(12)]
obtain ual where a5:ul = trace-hide ual (ev ‘ A) A ual < ua A ual €
TQ

using 11(13) F-T is-processT3-ST-pref le-list-def by blast
from interleave-Hiding[OF - 11(10)[simplified a5]] obtain ral
where a6:r1 = trace-hide ral (ev < A) A ral setinterleaves ((tal, ual),
insert tick (ev ¢ S))
using * by blast
from a(2) 11 a5 a6 show ?case
apply(exl ral, exI r2Qu, intro conjl, simp-all (asm-Ir))
apply (metis a(5) append-Nil2 front-tickFree-append front-tickFree-mono
ftf-Sync is-processT2-TR)
apply (metis equalsOD ftf-Syncl ftf-Sync21 insertll tickFree-def)
using front-tickFree-Nil by blast
next
case (12 ual ua2)
then show ?case
proof(cases ul < trace-hide ual (ev ‘ A))
case True
then obtain wul where ulQuul = trace-hide ual (ev * A) using
le-list-def by blast
with trace-hide-append|OF this] obtain uaal
where ab:ul = trace-hide uaal (ev ‘ A) A waal < uwal A waal € T Q
using 12(15) NT-ND is-processT3-ST-pref le-list-def by blast
from interleave-Hiding[OF - 12(10)[simplified a5]] obtain rrl
where a6:r1 = trace-hide rr1 (ev < A) A
rrl setinterleaves ((tal, uaal), insert tick (ev * S))
using * by blast
from a(2) 12 a5 a6 show ?thesis
apply(exl rr1, exl r2Qu, intro conjl, simp-all (asm-Ir))
apply (metis a(5) append-Nil2 front-tickFree-append front-tickFree-mono
ftf-Sync is-processT2-TR)
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apply (metis equalsOD ftf-Syncl ftf-Sync21 insertll tickFree-def)
using front-tickFree-Nil by blast
next
case Fulse
with 12(1/) obtain uaal where ul = trace-hide ual (ev * A)Quaal
by (metis append-eq-append-conv2 le-list-def)
with a3 interleave-append-sym[of r1 trace-hide tal (ev © A) insert tick
(ev ©S)
trace-hide ual (ev * A) uaal]
obtain taal taa? ral ra2
where aal:trace-hide tal (ev * A) = taal Q taa2 and aa2:r1 = ral
@ ra2 and
aa3:ral setinterleaves ((taal, trace-hide ual (ev © A)), insert tick (ev
“5)) and
aa4:ra2 setinterleaves ((taa2,uaal), insert tick (ev * S)) by blast
with trace-hide-append|OF aal[symmetric)|
obtain taaal where a5:taal = trace-hide taaal (ev * A) A tasal < tal
A taaal € T P
using 12(7) D-T is-processT3-ST-pref le-list-def by blast
with interleave-Hiding|OF - aa3[simplified a5]] obtain rrl
where a6:ral = trace-hide rr1 (ev * A) A rrl setinterleaves ((taaal,
ual), insert tick (ev < 9))
using * by blast
from a(2) 12 a5 show ?thesis
apply(exI rr1, exl ra2Qr2Qu, intro conjl, simp-all (asm-Ir))
apply (metis aa2 front-tickFree-append front-tickFree-mono ftf-Sync
Hiding-tickFree self-append-conv tickFree-append)
apply (metis a6 fif-Syncl le-list-def tickFree-append tickFree-def)
using a6 aa2 apply blast
using Sync.sym a6 front-tickFree-Nil by blast
qed
next
case (15 ua fa za)
with isInfHiddenRun-1[of fa Q] have a0:Vi. 3t. fai = fa 0 Q ¢t A set t
C (ev “ A) by simp
define tif where tif = \i. drop (length (fa 0)) (fa )
have tif-def2:(fa x) = (fa 0) Q (tif z) for x by (metis a0 append-eq-conv-conj
tlf-def)
{fixzy
assume *:(z::nat) < y
hence fa z = fa 0 Q tif x A fa y = fa 0 Q tif y by (metis tif-def2)
hence tif x < tif y
using strict-monoD[OF 18(16), of = y] by (simp add: A * le-list-def)
} note tlf-strict-mono = this
have tif-range:set (tif i) C (ev © A) for i
by (metis a0 append-eg-conv-conj tlf-def)
from 13 show ?case
proof(cases ul < trace-hide (fa za) (ev ‘ A))
case True
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then obtain uul where ulQuul = trace-hide (fa za) (ev ¢ A) using
le-list-def by blast
with trace-hide-append|OF this]
obtain uaal where a5:ul = trace-hide uaal (ev * A) A uaal < (fa za)
A wuaal €T Q
by (metis 13(17) is-processT3-ST le-list-def)
from interleave-Hiding[OF - 13(10)[simplified a5]] obtain rr!
where a6:11 = trace-hide rr1 (ev * A) A rrl setinterleaves ((tal, uaal),
insert tick (ev ¢ S))
using * by blast
from a(2) 13 a5 a6 show ?thesis
apply(exI rr1, exl r2Qu, intro conjl, simp-all (asm-Ir))
apply (metis a(5) append-Nil2 front-tickFree-append front-tickFree-mono
ftf-Sync is-processT2-TR)
apply (metis equalsOD ftf-Syncl ftf-Sync21 insertll tickFree-def)
using front-tickFree-Nil by blast
next
case Fulse
with 13(14) obtain uaal where ul = trace-hide (fa 0) (ev * A)Quaal
by (metis 13(18) append-eg-append-conv2 le-list-def)
with a3 interleave-append-sym|of r1 trace-hide tal (ev © A) insert tick
(ev ©9)
trace-hide (fa 0) (ev * A) uaal]
obtain taal taa2 ral ra2
where aal:trace-hide tal (ev ‘* A) = taal Q taa2 and aa2:11 = ral
@ ra2 and
aad:ral setinterleaves ((taal, trace-hide (fa 0) (ev © A)), insert tick
(ev ©9)) and
aa4 a2 setinterleaves ((taa2,uaal), insert tick (ev © S)) by blast
with trace-hide-append|OF aal[symmetric]|
obtain taaal where a5:taal = trace-hide taaal (ev ‘ A) A taaal < tal
A taaal € T P
using 15(7) D-T is-processT3-ST-pref le-list-def by blast
with interleave-Hiding[OF - aa3[simplified a5]] obtain rril
where a6:ral = trace-hide rr1 (ev © A) A
rrl setinterleaves ((taaal, (fa 0)), insert tick (ev < S))
using * by blast
from a(2) 13 a0 a5 a6 aal aa2 aa3 show ?thesis
apply(exI rri1, exl ra2Qr2Qu, intro conjl, simp-all (asm-Ir))
apply (metis front-tickFree-append front-tickFree-mono ftf-Sync
Hiding-tickFree self-append-conv tickFree-append)
apply (metis a6 ftf-Syncl le-list-def tickFree-append tickFree-def)
proof (rule-tac disjI2, exI Ai. rr1Q(tlf ©), intro conjl, goal-cases 131
132 138 134)
case 131
then show ?case
apply(rule-tac strict-monol, drule-tac tif-strict-mono,rule-tac
less-append) by assumption
next
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case 132
have (rr1Qtlf 7) setinterleaves ((taaal, fa i), insert tick (ev © S)) for ¢
apply(subst tif-def2, rule interleave-append-tail-sym|OF a6| THEN
conjunct2], of tif 1))
using * tif-range by blast
then show ?case
unfolding T-Sync using a5 13(17) by auto
next
case 133
from tif-range have trace-hide (y Q tif ) (ev * A) = trace-hide y (ev
“A) for iy
apply (induct y) using filter-empty-conv apply fastforce by simp
then show ?Zcase by simp
next
case 134
have tlf 0 = ||
by (simp add: tif-def)
then show ?Zcase by simp
qed
qed
qed
next
case 2
from 2(8) obtain nta::nat and ff::nat = ‘o event list
where strict-mono ff and ff:(Vi. [fi € T P) A tal = ff nta A
(V4. trace-hide (ff 7) (ev * A) = trace-hide (ff 0) (ev * A)) by blast
define f where f = (\i. ff (i + nta))
with ff have fI:strict-mono f and f2:(Vi. fi € T P) and f3:tal = f 0
and
f4:(Vi. trace-hide (f i) (ev * A) = trace-hide tal (ev ‘ A))
apply auto apply (rule strict-monol, rule <strict-mono ff>[ THEN strict-monoD])
by simp metis
with isInfHiddenRun-1[of f P] have a0:Vi. 3t. fi=f0 Qt A sett C (ev
“A) by simp
define tlf where tif = Ai. drop (length (f 0)) (f )
have tlf-def2:(f z) = tal Q (tlf z) for z by (metis a0 f3 append-eq-conv-conj
tif-def)
{fixzy
assume *:(z:nat) < y
hence fz =f0 Q tlfz A fy=[f0 Q tlf y by (metis f3 tif-def2)
hence tif z < tif y
using strict-monoD[OF f1, of = y] by (simp add: A x le-list-def)
} note tlf-strict-mono = this
have tlf-range:set (tif i) C (ev * A) for i
by (metis a0 append-eq-conv-conj tlf-def)
with 2 interleave-append|of r trace-hide tal (ev © A) ta2 insert tick (ev © S)

obtain ul u2 r1 r2
where al:u = vl @Q v2 and a2:r = r1 Q r2 and
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a3:rl setinterleaves ((trace-hide tal (ev “ A), ul), insert tick (ev * S))
and
a4 :r2 setinterleaves ((ta2, u2), insert tick (ev © S)) by blast
with 2(1-06) f1 f2 f3 f4 show ?case
proof(auto simp only: T-Hiding, goal-cases 21 22 23)
case (21 ua)
from trace-hide-append|OF 21(14)] obtain ual
where a5:ul = trace-hide ual (ev * A) A ual < ua A ual € T Q
using 21(15) F-T is-processT3-ST-pref le-list-def by blast
from interleave-Hiding[OF - a3[simplified a5]] obtain ral
where a6:r1 = trace-hide ral (ev * A) A ral setinterleaves ((tal, ual),
insert tick (ev ¢ S))
using * by blast
from a(2) 21 a5 a6 show ?case
apply(ezl ral, exl r2Qu, intro conjl, simp-all (asm-Ir))
apply (metis a(5) append-Nil2 front-tickFree-append front-tickFree-mono
ftf-Sync is-processT2-TR)
apply (metis equalsOD ftf-Syncl ftf-Sync21 insertll tickFree-def)
proof (rule-tac disjI2, exl X\i. ralQ(tlf ©), intro conjl, goal-cases 211
212 213 214)
case 211
then show ?case
by (rule-tac strict-monol, drule-tac tlf-strict-mono, rule-tac
less-append) (assumption)
next
case 212
have (ralQtlf i) setinterleaves ((f i, ual),insert tick (ev © S)) for 4
apply (subst tif-def2, rule interleave-append-tail|OF a6 THEN
conjunct2], of tif i)
using x tlf-range by blast
then show ?case
unfolding T-Sync using ad 21(15) f2 by auto
next
case 213
from tif-range have trace-hide (y Q tif i) (ev * A) = trace-hide y (ev
“A) for iy
apply (induct y) using filter-empty-conv apply fastforce by simp
then show ?case by simp
next
case 21/
have tif 0 = |]
by (simp add: tlf-def)
then show ?case by simp
qged
next
case (22 ual ua2)
then show ?case
proof(cases ul < trace-hide ual (ev ¢ A))
case True
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then obtain uul where ulQuul = trace-hide ual (ev * A) using
le-list-def by blast
from trace-hide-append|OF this]
obtain uaal where a5:ul = trace-hide uaal (ev ‘ A) A uaal < ual A
uaal € T @
using 22(17) D-T is-processT3-ST le-list-def by blast
from interleave-Hiding[OF - a3[simplified a5]]
obtain raf
where a6:r1 = trace-hide ral (ev * A) A ral setinterleaves ((tal,
uaal), insert tick (ev © 9))
using * by blast
from a(2) 22 a5 a6 show ?thesis
apply(ex] ral, exI r2Qu, intro conjl, simp-all (asm-Ir))
apply (metis a(5) append-Nil2 front-tickFree-append front-tickFree-mono
ftf-Sync is-processT2-TR)
apply (metis equals0D ftf-Syncl ftf-Sync21 insertl1 tickFree-def)
proof (rule-tac disjI2, exI \i. ralQ(tlf i), intro conjl, goal-cases 211
212 213 214)
case 211
then show ?Zcase apply(rule-tac strict-monol, drule-tac tlf-strict-mono,
rule-tac less-append) by assumption
next
case 212
have (ra1@tlf i) setinterleaves ((f i, uaal),insert tick (ev © S)) for ¢
apply(subst tif-def2, rule interleave-append-tail|OF a6| THEN
conjunct2], of tif i])
using * tif-range by blast
then show ?case
unfolding T-Sync using a5 22(15) f2 by auto
next
case 213
from tlf-range have trace-hide (y @ tif 7) (ev * A) = trace-hide y (ev
“A) for iy
apply(induct y) using filter-empty-conv apply fastforce by simp
then show ?Zcase by simp
next
case 214
have tif 0 = ||
by (simp add: tif-def)
then show ?case by simp
qed
next
case Fulse
with 22(16) obtain uaal where ul = trace-hide ual (ev ‘ A)Quaal
by (metis append-eg-append-conv2 le-list-def)
with a3 interleave-append-sym|of r1 trace-hide tal (ev © A) insert tick
(ev ©S)
trace-hide ual (ev * A) uaal]
obtain taal taa2 ral ra2
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where aal:trace-hide tal (ev * A) = taal Q taa2 and aa2:11 = ral
@ ra2 and
aa3:ral setinterleaves ((taal, trace-hide ual (ev ‘ A)), insert tick (ev
£§)) and
aa4:ra2 setinterleaves ((taa2,uaal), insert tick (ev ¢ S)) by blast
with trace-hide-append|OF aal[symmetric]|
obtain taaal where a5:taal = trace-hide taaal (ev ‘ A) A taaal < tal
A taaal € T P
using f2 f3 is-processT3-ST-pref le-list-def by metis
with interleave-Hiding|OF - aa3[simplified a5]] obtain rrl
where a6:ral = trace-hide rrl (ev * A) A
rrl setinterleaves ((taaal, ual), insert tick (ev * S))
using * by blast
from a(2) 22 a5 show ?thesis
apply(ezl rr1, ex] ra2Qr2Qu, intro conjl, simp-all (asm-lr))
apply (metis a(5) a(8) aa? front-tickFree-append front-tickFree-mono
ftf-Sync Hiding-tickFree
is-processT2-TR self-append-conv tickFree-append)
apply (metis a6 ftf-Syncl le-list-def tickFree-append tickFree-def)
using a6 aa?2 apply blast
using Sync.sym a6[THEN conjunct2| front-tickFree-Nil by (metis
append-Nil2)
qed
next
case (23 ua fa za)
with isInfHiddenRun-1[of fa Q] have a0:Vi. 3t. fai = fa 0 Q ¢t A set t
C (ev “ A) by simp
define tifa where tifa = \i. drop (length (fa 0)) (fa 7)
have tifa-def2:(fa z) = (fa 0) @ (tifa z) for x by (metis a0 ap-
pend-eq-conv-conj tifa-def)
{fixzy
assume *:(z:nat) < y
hence fa z = fa 0 Q tifa A fa y = fa 0 Q tifa y by (metis tifa-def2)
hence tifa z < tifa y
using strict-monoD[OF 23(18), of = y] by (simp add: A x le-list-def)
} note tifa-strict-mono = this
have tifa-range:set (tifa i) C (ev ‘ A) for ¢
by (metis a0 append-eq-conv-conj tifa-def)
from 23 show ?Zcase
proof(cases ul < trace-hide (fa za) (ev < A))
case True
then obtain uul where ulQuul = trace-hide (fa za) (ev ¢ A) using
le-list-def by blast
with trace-hide-append|OF this]
obtain uwaal where a5:ul = trace-hide uaal (ev * A) A uwaal < (fa za)
ANwuaal €T Q
by (metis 23(19) is-processT3-ST le-list-def)
from interleave-Hiding[OF - a3[simplified a5])
obtain rrl
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where a6:11 = trace-hide rr1 (ev * A) A rrl setinterleaves ((tal, uaal),
insert tick (ev ¢ S5))
using * by blast
from a(2) 23 a5 a6 show ?thesis
apply(exl rri, exl r2Qu, intro conjl, simp-all (asm-Ir))
apply (metis a(5) append-Nil2 front-tickFree-append front-tickFree-mono
ftf-Sync is-processT2-TR)
apply (metis equalsOD ftf-Syncl ftf-Sync21 insertIl tickFree-def)
proof (rule-tac disjI2, exI Ai. rr1Q(tlf ©), intro conjl, goal-cases 211
212 213 214)
case 211
then show Zcase apply(rule-tac strict-monol, drule-tac tlf-strict-mono,
rule-tac less-append) by assumption
next
case 212
have (rr1Qtlf 7) setinterleaves ((f i, uaal),insert tick (ev * S)) for i
apply (subst tif-def2, rule interleave-append-tail|OF a6 THEN
conjunct2], of tif i)
using * tif-range by blast
then show ?case
unfolding T-Sync using ad 25(17) f2 by auto
next
case 213
from tlf-range have trace-hide (y Q tif i) (ev * A) = trace-hide y (ev
“A) for iy
apply(induct y) using filter-empty-conv apply fastforce by simp
then show ?Zcase by simp
next
case 214
have tif 0 = |]
by (simp add: tif-def)
then show ?Zcase by simp
ged
next
case Fulse
with 23(16) obtain uaal where ul = trace-hide (fa 0) (ev * A)Quaal
by (metis 23(20) append-eg-append-conv2 le-list-def)
with a3 interleave-append-sym[of r1 trace-hide tal (ev © A) insert tick
(ev ©S) trace-hide (fa 0) (ev “ A) uaal]
obtain taal taa2 ral ra2
where aal:trace-hide tal (ev * A) = taal Q taa2 and aa2:r1 = ral
@ ra2 and
aad:ral setinterleaves ((taal, trace-hide (fa 0) (ev © A)), insert tick
(ev ¢ S)) and
aa4:ra2 setinterleaves ((taa2,uaal), insert tick (ev *S)) by blast
with trace-hide-append|OF aal[symmetric)|
obtain taaal where a5:taal = trace-hide tacal (ev ‘ A) A taaal < tal
A taaal € T P
by (metis f2 f3 is-processT3-ST le-list-def)
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with interleave-Hiding[ OF - aa3[simplified a5]] obtain rrl
where a6:ral = trace-hide rr1 (ev © A) A
rrl setinterleaves ((taaal, (fa 0)), insert tick (ev < S))
using * by blast
from a(2) 23 a0 a5 a6 aal aa? aa3 show ?thesis
apply(exI rri1, exl ra2Qr2Qu, intro conjl, simp-all (asm-Ir))
apply (metis a(5) a(8) front-tickFree-append front-tickFree-mono
Jtf-Sync
Hiding-tickFree is-processT2-TR self-append-conv)
apply (metis a6 ftf-Syncl le-list-def tickFree-append tickFree-def)
proof (rule-tac disjI2, exl \i. rr1Q(tlfa ©), intro conjl, goal-cases 131
132 138 134)
case 131
then show ?case
by (rule-tac strict-monol, drule-tac tlfa-strict-mono, rule-tac
less-append) assumption
next
case 132
have (rr1Qtlfa i) setinterleaves ((taaal, fa i),insert tick (ev * S)) for ¢
apply(subst tifa-def2, rule interleave-append-tail-sym[OF a6 THEN
conjunct2], of tifa i])
using * tlfa-range by blast
then show ?case
unfolding T-Sync using a5 23(19) by auto
next
case 133
from tlfa-range have trace-hide (y Q tifa i) (ev * A) = trace-hide y
(ev “ A) for iy
apply (induct y) using filter-empty-conv apply fastforce by simp
then show ?case by simp
next
case 134
have tifa 0 = ||
by (simp add: tlfa-def)
then show Zcase by simp
qed
qed
qed
qged
qed
}
from this|of P Q] this[of Q P] Sync-commute[of P S Q] show ?thesis
by (simp add:D-Sync T-Sync) blast
qed

lemma Hiding-Sync:

finite A = AN S = {} = (P [S] Q) \ A) = (P\ A) [S] (@ \ A))
proof (auto simp add: Process-eq-spec-optimized subset-antisym|OF Hiding-Sync-D1
Hiding-Sync-D2],
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simp-all add: F-Sync F-Hiding,
goal-cases)
case (1 a b)
then show ?case
proof (elim disjE, goal-cases 11 12)
case 11
then show ?case
proof(elim exE conjE, elim disjE, goal-cases 111 112)
case (111 ¢)
from 111(7) obtain ¢t v X Y where
a: (t, X) € F P and
b: (u, Y) € F @Q and
c: ¢ setinterleaves ((t, u), insert tick (ev ©S)) and
d:b Uev ‘A= (XUY)nN insert tick (ev *S) U X N Y by auto
from 1(2) d have ezev ‘A C X N Y by blast
from a b cde 111(2,3) show Zcase
apply (rule-tac disjI1)
apply(rule-tac x=trace-hide t (ev * A) in exl, rule-tac x=trace-hide u (ev
A) in exl)
apply(rule-tac z=X — ((ev * A) — b) in exl, intro conjl disjl1, rule-tac
z=t in ex])
apply (metis Int-subset-iff Un-Diff-Int Un-least is-processT4 sup-gel)
apply(rule-tac =Y — ((ev * A) — b) in exl, intro conjl disjI1, rule-tac
z=u in exl)
apply (metis Int-subset-iff Un-Diff-Int Un-least is-processT/ sup-gel)
using Hiding-interleave[of ev ¢ A insert tick (ev © S) ¢ t u] by blast+
next
case (112t)
from 112(7) have a:front-tickFree ¢
by (metis (mono-tags, opaque-lifting) D-imp-front-tickFree append-Nil2
front-tickFree-append ftf-Sync is-processT2-TR)
from 112 have t € D (P [S] Q) by (simp add:D-Sync)
with 112(1,2,3) have a € D ((P [S] Q) \ 4)
apply (simp add:D-Hiding)
proof (case-tac tickFree t, goal-cases 1121 1122)
case 1121
then show “case
by (rule-tac z=t in exl, rule-tac =[] in exl, simp)
next
case 1122
with a obtain ¢’ where t = ¢'Q[tick] using nonTickFree-n-frontTickFree
by blast
with a show ?case
apply (rule-tac z=t' in exl, rule-tac x=[tick] in exl, auto)
using front-tickFree-mono apply blast
using 1122(4) is-processT9 by blast
qed
then show ?case
apply (rule-tac disjI2)

¢



228 CHAPTER 5. THE "LAWS" OF CSP

using Hiding-Sync-D1of A S P Q, OF 112(1,2)] D-Synclof P\ A S Q \
A] by auto
qed
next
case 12
hence a € D ((P [S] @) \ A) by (simp add:D-Hiding)
then show ?case
apply(rule-tac disjI2)
using Hiding-Sync-D1[of A S P Q, OF 12(1,2)] D-Synclof P\ A S Q \ 4]
by auto
qed
next
case (2 a b)
then show ?case
proof (elim disjE, goal-cases 21 22)
case 21
then show ?case
proof(elim exE conjE, elim disjE, goal-cases 211 212 213 214)
case (211tuXY)
then obtain ta ua where t211: t = trace-hide ta (ev * A) A (ta, X U ev ¢
A) € F Pand
u211: u = trace-hide ua (ev * A) A (ua, Y U ev ‘A) € F
Q by blast
from interleave-Hiding[of (ev ¢ A) insert tick (ev ' S) a ta ua] 211(1,2,3)
t211 u2il
obtain aa where a211: a = trace-hide aa (ev * A) A
aa setinterleaves ((ta, ua), insert tick (ev ¢ S)) by blast
with 211(1,2,53,4) t211 u211 show ?case
apply(rule-tac disjl1, rule-tac x=aa in exl, simp)
apply(rule-tac disjl1, rule-tac x=ta in exl, rule-tac x=ua in exl)
apply(rule-tac =X U ev ‘ A in ez, rule conjl) using is-processT4 apply
blast
apply(rule-tac =Y U ev ‘ A in ezl, rule conjl) using is-processT/ by
blast+
next
case (212tu X Y)
hence u e D (Q\ A)and t € T (P \ A)
apply (simp add:D-Hiding)
using 212(8) F-T elemTIselemHT by blast
with 212(3,8) have a € D (((P \ A) [S] (@ \ 4)))
apply (simp add:D-Sync)
using Sync.sym front-tickFree-charn by blast
then show ?Zcase
apply (rule-tac disjI2)
using Hiding-Sync-D2[of A S P Q, OF 2(2)] D-Hiding[of (P [S] @),
simplified] by auto
next
case (213tu X Y)
hence u € T (Q\ A)and t € D (P \ A)
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by (simp-all add:D-Hiding, metis F-T elemTIselemHT)
with 213(3,8) have a € D (P \ A4) [S] (Q \ 4)))
apply (simp add:D-Sync)
using Sync.sym front-tickFree-charn by blast
then show ?case
apply (rule-tac disjI2)
using Hiding-Sync-D2[of A S P Q, OF 2(2)] D-Hiding[of (P [S] @),
simplified] by auto
next
case (214 tuXY)
hence u € T (Q\ A)and t € D (P \ A)
by (simp-all add:D-Hiding T-Hiding)
with 214(3,8) have a € D (P \ A4) [S] (Q \ 4)))
apply (simp add:D-Sync)
using Sync.sym front-tickFree-charn by blast
then show ?case
apply (rule-tac disjI2)
using Hiding-Sync-D2[of A S P Q, OF 2(2)] D-Hiding[of (P [S] @),
simplified] by auto
qed
next
case 22
hence <a € D (((P \ A) [S] (@ \ A)))> by (simp add:D-Sync)
then show ?case
apply (rule-tac disjI2)
using Hiding-Sync-D2[of A S P Q, OF 2(2)| D-Hiding[of (P [S] @), simpli-
fied] by auto
qed
qed

lemma Sync-assoc-oneside-D: D (P [S] (Q [S] T)) C D (P [S] Q [S] T)
proof(auto simp add:D-Sync T-Sync del:disjE, goal-cases a)
case (a tt uu rr vv)
from a(3,4) show ?case
proof (auto, goal-cases)
case (1t u)
with interleave-assoc-2[OF 1(5) 1(1)] obtain tu
where x:tu setinterleaves ((tt, t), insert tick (ev © S))
and xx:rr setinterleaves ((tu, u), insert tick (ev ¢ S))
by blast
with a(1,2) 1 show %case by (metis append.right-neutral front-tickFree-charn)

next
case (2t u ul u2)
with interleave-append-sym [OF 2(1)] obtain t1 t2 r1 r2
where al:tt = t1 Q t2 and a2:mr = r1 Q r2
and a3:11 setinterleaves ((t1, ul), insert tick (ev < S))
and a/:12 setinterleaves ((t2, u2), insert tick (ev *S)) by blast
with interleave-assoc-2[OF 2(5) a3] obtain tu
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where x:tu setinterleaves ((t1, t), insert tick (ev ¢ S))
and sx:11 setinterleaves ((tu, u), insert tick (ev ¢ S))
by blast
with al a2 a3 a(1,2) 2 show ?case
apply(ezxl tu, exl u, exl r1, ex] r2Quu, intro conjl, simp-all)
apply (metis D-imp-front-tickFree append-Nil2 front-tickFree-append front-tickFree-mono
ftf-Sync)
using D-imp-front-tickFree front-tickFree-append front-tickFree-mono ftf-Sync
apply blast
by (metis NT-ND Sync.sym append-Nil2 front-tickFree-Nil is-processT3-ST)
next
case (3 v u ul u2)
with interleave-append-sym [OF 3(1)] obtain tI t2 r1 r2
where al:tt = t1 Q t2 and a2:rr = r1 Q r2
and a3:r! setinterleaves ((t1, ul), insert tick (ev * S))
and a4:r2 setinterleaves ((t2, u2), insert tick (ev * S)) by blast
with interleave-assoc-2|OF - a3, of u v] obtain tu
where x:tu setinterleaves ((t1, u), insert tick (ev < S))
and xx:71 setinterleaves ((tu, v), insert tick (ev * S))
using Sync.sym 3(5) by blast
with al a2 a3 a(1,2) 3 show ?case
apply(exl v, exl tu, exI 1, exI r2Quu, intro conjl, simp-all)
apply (metis D-imp-front-tickFree append-Nil2 front-tickFree-append front-tickFree-mono
Jtf-Sync)
using D-imp-front-tickFree front-tickFree-append front-tickFree-mono ftf-Sync
apply blast
using Sync.sym apply blast by (meson D-T is-processT3-ST)
next
case (4 t u)
with interleave-assoc-2[{OF 4(3) 4(1)] obtain tu
where *:tu setinterleaves ((tt, t), insert tick (ev * S))
and 17 setinterleaves ((tu, u), insert tick (ev < 9))
by blast
with a(1,2) 4 show ?case
apply(exl tu, exI u, exI rr, exl vv, simp) using NT-ND front-tickFree-Nil by
blast
next
case (5t u)
with interleave-assoc-2[OF - 5(1), of u t] obtain tu
where x:tu setinterleaves ((tt, u), insert tick (ev  S))
and xx:r7 setinterleaves ((tu, t), insert tick (ev * S))
using Sync.sym by blast
with a(1,2) 5 show ?case
apply(exl tu, exl t, exI rr, exl vv, simp) using NT-ND front-tickFree-Nil by
blast
next
case (6t u ul u2)
with interleave-append [OF 6(1)] obtain t1 t2 rl r2
where al:uu = t1 @ t2 and a2:rr =11 Q 12
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and a3:11 setinterleaves ((t1, ul), insert tick (ev ©S))
and a4:r2 setinterleaves ((t2, u2), insert tick (ev ©S)) using Sync.sym by
blast
with interleave-assoc-2[OF 6(5) a3] obtain tu
where *:tu setinterleaves ((t1, t), insert tick (ev < 9))
and xx:r1 setinterleaves ((tu, u), insert tick (ev © S))
by blast
with al a2 a3 a(1,2) 6 show ?case
apply(exl tu, exl u, exl r1, exI r2Quu, intro conjl, simp-all)
apply (metis append-Nil2 front-tickFree-append front-tickFree-mono ftf-Sync
is-processT2-TR)
apply (meson front-tickFree-append front-tickFree-mono ftf-Sync is-processT2-TR)

by (metis Sync.sym append-Nil2 front-tickFree-Nil is-processT3-ST)
next
case (7 v u tl t2)
with interleave-append [OF 7(1)] obtain ul u2 r1 r2
where al:uu = vl Q w2 and a2:rr = r1 Q r2
and a3:r1 setinterleaves ((t1, ul), insert tick (ev ¢ S))
and a4:r2 setinterleaves ((t2, u2), insert tick (ev < S)) by blast
with interleave-assoc-2[of t1 u - v r1 ul] obtain tu
where x:tu setinterleaves ((ul, u), insert tick (ev * S))
and xx:71 setinterleaves ((tu, v), insert tick (ev * S))
using 7(5) Sync.sym by blast
with al a2 a3 a(1,2) 7 show ?case
apply(exl v, exl tu, exl v1, exl r2Quuv, intro conjl, simp-all)
apply (metis append-Nil2 front-tickFree-append front-tickFree-mono ftf-Sync
is-processT2-TR)
apply (meson front-tickFree-append front-tickFree-mono ftf-Sync is-processT2-TR)

using Sync.sym apply blast by (meson D-T is-processT3-ST)
next
case (81t u)
with interleave-assoc-2[OF 8(3), of rr uu] obtain tu
where *:tu setinterleaves ((uu, t), insert tick (ev * S))
and xx:rr setinterleaves ((tu, u), insert tick (ev © S))
using Sync.sym by blast
with a(1,2) 8 show Zcase
apply(exI tu, exI u, exI rr, exl vv, simp) using Sync.sym front-tickFree-Nil
by blast
next
case (91 u)
with interleave-assoc-1[OF 9(3), of rr uu] obtain uv
where x:uv setinterleaves ((u, uu), insert tick (ev ¢ S))
and k77 setinterleaves ((t, uv), insert tick (ev < 5))
by blast
with a(1,2) 9 show Zcase
apply(exl t, ezl uv, exl rr, exI vv, simp) using Sync.sym front-tickFree-Nil
by blast
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qed
qed

lemma Sync-assoc-oneside: (P [S] Q) [S] T) < (P [S] (@ [S] T))
proof(unfold le-ref-def, rule conjl, goal-cases D F)
case D
then show ?case using Sync-assoc-oneside-D by assumption
next
case F
then show ?case
unfolding F-Sync proof(rule Un-least, goal-cases FF DD)
case (FF)
then show ?case
proof (rule subsetl, simp add:D-Sync T-Sync split-paired-all, elim exE conjE
disjE, goal-cases)
case (I r Xtuv t wv Xt Xuv u v Xu Xv)
with interleave-assoc-2[OF 1(6), OF 1(2)] obtain tu
where x:tu setinterleaves ((t, u), insert tick (ev ¢ S))
and xx:r setinterleaves ((tu, v), insert tick (ev ¢ S)) by blast
with 1(1,3,4,5,7) show ?case
apply(rule-tac disjl1, exl tu, exI v, ex] (Xt U Xu) N insert tick (ev *S) U
Xt N Xu,
intro conjl disjI1, simp-all)
by blast+
next
case (2 r Xtuv t uwv Xt Xuv u v wvl ww2)
with interleave-append-sym [of v t - uvl uv2] obtain t1 t2 r1 r2
where a1:t = t1 Q {2 and a2:r =11 Q 12
and a3:r1 setinterleaves ((t1, uvl), insert tick (ev ¢ S))
and a4:72 setinterleaves ((12, uww2), insert tick (ev * S)) by metis
with interleave-assoc-2[OF 2(6), OF a3] obtain tu
where *:tu setinterleaves ((t1, u), insert tick (ev ©S))
and xx:r1 setinterleaves ((tu, v), insert tick (ev ¢ S)) by blast
from 2(1) al obtain Xt! where xxx:(t1, Xt1) € F P using is-processT3-SR
by blast
from 2 al a2 a8 a4 * *x xxx show ?case
apply(rule-tac disjI2, exl tu, exl v, exl r1, exl 2, intro conjl disjl1,
simp-all)
apply (metis front-tickFree-charn front-tickFree-mono ftf-Sync is-processT2)

apply (metis equalsOD ftf-Syncl ftf-Sync21 insertll tickFree-def)
using F-T Sync.sym front-tickFree-Nil by blast
next

case (3 r Xtuv t wv Xt Xuv v u wvl wv2)

with interleave-append-sym [of v t - uvl uv2] obtain t1 t2 r1 r2
where a1:t = t1 Q {2 and a2:r =11 Q r2
and a3:r! setinterleaves ((t1, uvl), insert tick (ev < S))
and a4:r2 setinterleaves ((t2, uv2), insert tick (ev © S)) by metis

with interleave-assoc-2[OF - a3, of u v] obtain tu
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where x:tu setinterleaves ((t1, u), insert tick (ev ¢ .S))
and =xx:71 setinterleaves ((tu, v), insert tick (ev ©S)) using 3(6) Sync.sym
by blast
from 3(1) al obtain Xt!
where sxx:(t1, Xt1) € F P using is-processT3-SR by blast
from 3 al a2 a3 a4 * *x *x+x show ?case
apply(rule-tac disjI2, exI v, exl tu, exl r1, exl r2, intro conjl, simp-all)
apply (metis front-tickFree-charn front-tickFree-mono ftf-Sync is-processT2)

apply (metis equals0D ftf-Syncl ftf-Sync21 insertl1 tickFree-def)
using Sync.sym F-T by blast+
next
case (4 r Xtuv t uwv Xt Xuv u v uwvl uv2)
with interleave-assoc-2[OF 4(6), of r t] obtain tu
where *:tu setinterleaves ((t, u), insert tick (ev * 9))
and xx:r setinterleaves ((tu, v), insert tick (ev * S)) by auto
from 4 * xx show ?case
apply (rule-tac disjI2, exI tu, exI v, exI r, exl [], intro conjl, simp-all)
by (metis 4(4) F-T Sync.sym append.right-neutral)
next
case (5 r Xtuv t uv Xt Xuv v u wvl uv2)
from 5(2,7,5,6) interleave-assoc-2[of uv u - v r t] obtain tu
where x:tu setinterleaves ((t, u), insert tick (ev < 5))
and sx:1 setinterleaves ((tu, v), insert tick (ev < S)) by (metis Sync.sym
append-Nil2)
from 5 * *xx show ?case
apply (rule-tac disjI2, exl v, exI tu, exI r, exl [], intro conjl, simp-all)
using Sync.sym F-T by blast+
qged
next
case (DD)
then show ?case
using Sync-assoc-oneside-D[of P .S Q T] by (simp add:D-Sync Collect-mono-iff
sup.coboundedI2)
qed
qed

lemma Sync-assoc: (P [S] @) [S] T) = (P [S] (Q [S] T))

by (metis antisym-conv Sync-assoc-oneside Sync-commaute)

5.7.4 Derivative Operators laws

lemmas Par-BOT = Sync-BOT[where S = <UNIV)]
and Par-SKIP-SKIP = Sync-SKIP-SKIP[where S = <UNIV)]
and Par-SKIP-STOP = Sync-SKIP-STOP[where S = «UNIV)]
and Par-commute = Sync-commute[where S = <UNIV)]
and Par-assoc = Sync-assoc[where S = <UNIV)]
and Par-Ndet-right-distrib = Sync-Ndet-right-distribjwhere S = (UNIV}|
and Par-Ndet-left-distrib = Sync-Ndet-left-distribjlwhere S = <UNIV)]
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and Mprefiz-Par-SKIP = Mprefiz-Sync-SKIP[where S = (UNIV))

and prefiz-Par-SKIP = prefiz-Sync-SKIP[where S = «(UNIV», simplified)

and mono-Par-FD = mono-Sync-FD[where S = <UNIV»]

and mono-Par-ref = mono-Sync-ref[where S = (UNIV}|

and prefiz-Parl = prefiz-Syncl[where S = <UNIV», simplified]

and prefiz-Par2 = prefiz-Sync2[where S = <UNIV», simplified]

and Mprefiz-Par-distr = Mprefiz-Sync-distr-subset[where S = <UNIV)>, simpli-
fied)

and Inter-BOT = Sync-BOT|[where S = «({})]

and Inter-SKIP-SKIP = Sync-SKIP-SKIP[where S = «({})]

and Inter-SKIP-STOP = Sync-SKIP-STOP[where S = «({}]

and Inter-commute = Sync-commute[where S = {}]

and Inter-assoc = Sync-assoc[where S = «({}]

and Inter-Ndet-right-distrib = Sync-Ndet-right-distribjwhere S = «{})]

and Inter-Ndet-left-distrib = Sync-Ndet-left-distriblwhere S = «{}]

and Mprefiz-Inter-SKIP = Mprefiz-Sync-SKIP[where S = «{}», simplified,
simplified Mprefiz-STOP]

and prefiz-Inter-SKIP = prefiz-Sync-SKIP[where S = «{}», simplified]

and mono-Inter-FD = mono-Sync-FD[where S = «({})]

and mono-Inter-ref = mono-Sync-ref[where S = «({}]

and Hiding-Inter = Hiding-Sync[where S = «{}», simplified)

and Mprefiz-Inter-distr = Mprefiz-Sync-distr-indep[where S = «{}», simplified]

and prefiz-Inter = Mprefiz-Sync-distr-indeplof {a}> ({}P (b} Az. P> Az
@,

simplified, folded write0-def] for a P b Q

lemma Inter-SKIP: (P ||| SKIP) = P
proof (auto simp: Process-eq-spec D-Sync F-Sync F-SKIP D-SKIP T-SKIP, goal-cases)
case (1atXY)
then have aa:(X U Y) N {tick} U X N'Y C X by (simp add: Int-Un-distrib2)
have front-tickFree t using 1(1) is-processT2 by blast
with 1 EmptyLeftSync|of a {tick} t] have bb:a=t
using Sync.sym by blast
from 1(1) aa bb show ?Zcase using is-processT4 by blast
next
case (2atXY)
have front-tickFree t using 2(1) is-processT2 by blast
with 2 TickLeftSynclof {tick} t a] have bb:a=t A last t=tick
using Sync.sym by blast
with 2 have a € T P A last a = tick using F-T by blast
with tick-T-F|of butlast a P (X U Y) N {tick} U X N Y] show %case
by (metis 2(2) EmptyLeftSync bb self-append-conv2 snoc-eg-iff-butlast)
next
case (3 btrw)
with & EmptyLeftSynclof r {tick} t] have bb:r=t
using Sync.sym by blast
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with 8 show ?case using is-processT by blast
next
case (4 btrw)
with TickLeftSynclof {tick} t r, simplified] have bb:r=t
using D-imp-front-tickFree Sync.sym by blast
with 4 show ?case using is-processT by blast
next
case (5 btr)
with EmptyLeftSync|of r {tick} t] have bb:r=t
using Sync.sym by blast
with 5 show ?case using is-processT by blast
next
case (6btr)
with TickLeftSynclof {tick} t r, simplified] have bb:r=t
using D-imp-front-tickFree Sync.sym by blast
with 6 show ?case using is-processT by blast
next
case (7 a b)
then show ?case
apply/(cases tickFree a)
apply(rule-tac z=a in exl, rule-tac z=[| in exl, rule-tac x=>b in exl, simp)
apply (rule-tac x=b — {tick} in exl, simp, intro conjl)
using emptyLeftSelf[of a {tick}] Sync.sym tickFree-def apply fastforce
apply blast
apply(rule-tac z=a in ezl, rule-tac x=[tick] in exl, rule-tac x=0b in exl, simp,
rule conjl)
subgoal proof —
assume al: — tickFree a
assume a2: (a, b) € F P
then obtain ees :: ‘a event list = 'a event list where
13: a = ees a Q [tick]
using al by (meson is-processT2 nonTickFree-n-front TickFree)
then have ees a setinterleaves (([], ees a), {tick})
using a2 by (metis (no-types) Diff D2 Diff-insert-absorb emptyLeftSelf
front-tickFree-implies-tickFree is-processT2 tickFree-def)
then show a setinterleaves ((a, [tick]), {tick})
using f3 by (metis (no-types) Sync.sym addSyncEmpty insertl1)
qed
apply (rule-tac x=b — {tick} in exl) by blast
next
case (8t rv)
with EmptyLeftSync|of v {tick} t] have bb:r=t
using Sync.sym by blast
with 8 show ?case using is-processT by blast
next
case (9t rv)
with TickLeftSynclof {tick} t r, simplified] have bb:r=t
using D-imp-front-tickFree Sync.sym by blast
with 9 show ?case using is-processT by blast
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next
case (10t )
with EmptyLeftSync|of r {tick} t] have bb:r=t
using Sync.sym by blast
with 10 show ?case by simp
next
case (11tr)
with TickLeftSync|of {tick} t r, simplified] have bb:r=t
using D-imp-front-tickFree Sync.sym by blast
with 11 show ?case by simp
next
case (12 z)
then show ?case
proof (cases tickFree x)
case True
with 12 show ?thesis
apply(rule-tac z=z in exl, rule-tac z=]] in ezl
rule-tac r=z in exl, rule-tac =[] in exl, simp)
by (metis Sync.sym emptyLeftSelf singletonD tickFree-def)
next
case Fulse
with 12 show ?thesis
apply (rule-tac x=butlast z in exl, rule-tac =[] in exl,
rule-tac x=butlast x in exl, rule-tac z=[tick] in exl, simp, intro conjl)
apply (metis D-imp-front-tickFree append-butlast-last-id front-tickFree-mono

list.distinct(1) tickFree-Nil)
using NT-ND T-nonTickFree-imp-decomp apply fastforce
apply (metis NT-ND Sync.sym append-T-imp-tickFree append-butlast-last-id
emptyLeftSelf
list.distinct(1) singletonD tickFree-Nil tickFree-def)
using D-imp-front-tickFree is-processT9 nonTickFree-n-frontTickFree by fast-
force
qed
qed

lemma Inter-STOP-Seq-STOP: (P ||| STOP) = (P ; STOP)
proof (auto simp add:Process-eq-spec D-Sync F-Sync F-STOP D-STOP T-STOP
F-Seq D-Seq, goal-cases)

case (1atXY)

have insert tick (X U Y) N {tick} U X N Y) C X U {tick} by blast

with 1 show ?Zcase

by (metis (mono-tags, lifting) EmptyLeftSync Sync.sym is-processT
is-process T5-S2 no-Trace-implies-no-Failure)

next

case (2atX)

then show ?case using EmptyLeftSync Sync.sym tickFree-def by fastforce
next

case (3 btrw)
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then show ?case using EmptyLeftSync Sync.sym tickFree-def by blast
next
case (4 t )
then show ?case using EmptyLeftSync Sync.sym by blast
next
case (5btr)
then show Zcase by (metis EmptyLeftSync Sync.sym is-processT)
next
case (6t )
then show ?case using EmptyLeftSync Sync.sym tickFree-def by fastforce
next
case (7ab)
then show ?case
apply(rule-tac z=a in ezl, rule-tac z=> in exl, intro conjl)
apply (meson insert-iff is-processT subsetl)
using emptyLeftSelf|of a {tick}] Sync.sym tickFree-def apply fastforce
by blast
next
case (8 ab)
then show ?case
apply(rule-tac z=a in exl, rule-tac z=b—{tick} in exl, intro conjI)
apply (meson NF-NT is-processT6)
using emptyLeftSelf[of a {tick}] Sync.sym tickFree-def
apply (metis append-T-imp-tickFree list.distinct(1) singletonD)
by blast
next
case (9 b t1 t2)
hence t1 setinterleaves ((t1, []), {tick})
using emptyLeftSelf[of t1 {tick}] Sync.sym tickFree-def by fastforce
with 9(1)[THEN spec, THEN spec, of t1 t1, simplified] have False
using 9(2) 9(3) 9(4) by blast
then show ?case ..
next
case (10t 1 v)
then show ?case
apply(rule-tac z=r in exl, rule-tac z=v in ezl, auto)
using EmptyLeftSync Sync.sym by blast
next
case (11tr)
then show ?case
apply(rule-tac z=r in exl, rule-tac =[] in exl, simp)
using EmptyLeftSync Sync.sym tickFree-def by fastforce
next
case (12 t1t2)
then show ?case
apply(rule-tac z=t1 in exl, rule-tac x=t1 in exl, rule-tac t=t2 in exl, simp)
by (metis Sync.sym emptyLeftSelf singletonD tickFree-def)
qed



238 CHAPTER 5. THE "LAWS" OF CSP

lemma Par-STOP: P # 1 = (P || STOP) = STOP
proof(auto simp add:Process-eg-spec,
simp-all add:D-Sync F-Sync F-STOP D-STOP T-STOP is-process T2 D-imp-front-tickFree
F-UU D-UU,
goal-cases)
case (1 a b aa ba)
then show ?case
proof(elim exE conjE disjE, goal-cases)
case (1t X Y)
then show Zcase
proof(cases t)
case Nil then show ?thesis using 1(4) EmptyLeftSync by blast
next
case (Cons a list)
with 1 show %thesis by (simp split:if-splits, cases a, simp-all)
qged
next
case (2t rv)
hence [ € D P
proof (cases t)
case Nil with 2 show ?thesis by simp
next
case (Cons a list)
with 2 show %thesis by (simp split:if-splits, cases a, simp-all)
qed
with 2(1,2) show ?case using NF-ND is-processT7 by fastforce
next
case (3t rv)
hence [ € D P
proof (cases t)
case Nil with 8 show ?thesis by simp
next
case (Cons a list)
with 3 show %thesis by (simp split:if-splits, cases a, simp-all)
qed
with 3(1,2) show Zcase using NF-ND is-processT7 by fastforce
qed
next
case (2 a b aa ba)
then show ?case
apply (rule-tac disjl1, rule-tac =[] in ezl, rule-tac x={} in exl, simp, rule-tac
congl)
using is-processT apply blast
apply(rule-tac z=ba in exl, rule-tac set-eql, rule-tac iffI)
using cvent-set apply blast
by fast
next
case (3 abx)
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then show Zcase
proof (elim exE conjE disjE, goal-cases)
case (1 trw)
hence [| € D P
proof(cases t)
case Nil with 1 show ?thesis by simp
next
case (Cons a list)
with 1 show %thesis by (simp split:if-splits, cases a, simp-all)
qed
with 3(1,2) show ?case using NF-ND is-processT7 by fastforce
next
case (2t rwv)
hence [| € D P
proof (cases t)
case Nil with 2 show ?thesis by simp
next
case (Cons a list)
with 2 show %thesis by (simp split:if-splits, cases a, simp-all)
qed
with 3(1,2) show ?Zcase using NF-ND is-processT7 by fastforce
qed
next
case (4 z ab)
then show ?case
proof (elim exE conjE disjE, goal-cases)
case (1tXY)
then show ?case
proof(cases t)
case Nil then show ?thesis using 1(4) EmptyLeftSync by blast
next
case (Cons a list)
with 1 show ?thesis by (simp split:if-splits, cases a, simp-all)
qed
next
case (2t rwv)
hence | € D P
proof(cases t)
case Nil with 2 show ?thesis by simp
next
case (Cons a list)
with 2 show %thesis by (simp split:if-splits, cases a, simp-all)
qed
with 2(1,2) show ?case using NF-ND is-processT7 by fastforce
next
case (3t rwv)
hence [| € D P
proof(cases t)
case Nil with 8 show ?thesis by simp
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next
case (Cons a list)
with 3 show %thesis by (simp split:if-splits, cases a, simp-all)
qed
with 3(1,2) show ?case using NF-ND is-processT7 by fastforce
qed
next
case (5 z a b)
then show ?case
apply (rule-tac disjI1, rule-tac z=[| in exl, rule-tac z={} in exl, simp, rule-tac
congl)
using is-processT apply blast
apply(rule-tac x=>b in exl, rule-tac set-eql, rule-tac iffI)
using event-set apply blast
by fast
next
case (6 z za)
then show ?case
proof(elim exE conjE disjE, goal-cases)
case (1t rv)
hence | € D P
proof(cases t)
case Nil with 1 show ?thesis by simp
next
case (Cons a list)
with 1 show ?%thesis by (simp split:if-splits, cases a, simp-all)
qed
with 6(1,2) show ?case using NF-ND is-processT7 by fastforce
next
case (2t v)
hence [ € D P
proof (cases t)
case Nil with 2 show ?thesis by simp
next
case (Cons a list)
with 2 show %thesis by (simp split:if-splits, cases a, simp-all)
qed
with 6(1,2) show ?case using NF-ND is-processT7 by fastforce
qed
qed

5.8 Multiple Non Deterministic Operator Laws

lemma Mprefiz-refines-Mndetprefiz: (Mz € A - Pz) < (0Dz € A — Px)
proof(cases A = {})

case True

then show ?thesis by (simp add: Mprefiz-STOP)
next

case Fulse
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then show ?thesis
by (auto simp add:le-ref-def D-Mprefix write0-def F-Mprefix F-Mndetprefix
D-Mndetprefiz)
qed

lemma Mndetprefiz-refine-FD: a € A —= (Mz € A — (Pz)) < (a = (Pa))
by (subgoal-tac A # {}, auto simp:le-ref-def D-Mndetprefix F-Mndetprefiz)

lemma Mndetprefiz-subset-FD:A # {} = (Mza€ AU B — P) < (Mzac A —
P)
by (simp add: D-Mndetprefiz F-Mndetprefix le-ref-def)

lemma mono-Mndetprefiz-FD[simp]: Vo € A. Pz < P'z = (Mz € A — (Px))
<(MNzeA— (P'x)

apply(cases A # {}, auto simp:le-ref-def D-Mndetprefix F-Mndetprefiz)

by (meson contra-subsetD le-ref-def mono-write0-FD)+

lemma Mndetprefiz-FD-subset : A+ {} = ACB= (Mz € B— Pz) <(M
r € A— Pux))

by (metis bot.extremum-uniquel Mndetprefiz-Un-distrib mono-Ndet-FD-right or-
der-refl sup.absorb-iff1)

5.9 Infra-structure for Communication Primitives

lemma read-read-Sync:

assumes contained: (Ny. ¢y € S)

shows ((¢?z — P z) [S] (¢?z — Q xz)) = (c?z — (P z) [5] (Q )))

proof —

have A: range ¢ C S by (insert contained, auto)

show ?thesis by (auto simp: read-def o-def Set.Int-absorb2 Mprefiz-Sync-distr-subset
A)
qed

lemma read-read-non-Sync:

INy- cy ¢ S; Ay. dy € S] = (c?z — (P z)) [9] (d?z —=(Q z)) = c?z — ((P
2) 18] (470 —(Q ©)))

apply (auto simp add: read-def o-def)

using Mprefiz-Sync-distr-right[of range ¢ S range d Az. Q (inv d x) Az. P (inv ¢
2)

apply (subst (1 2) Sync-commute)

by auto

lemma write-read-Sync:
assumes contained: \y. cy € S
and is-construct: inj c
shows (cla — P) [S] (¢?z — Q z) = (cla — (P [S] Q a))
proof —
have A : range ¢ C S by (insert contained, auto)
have B: {c a} N range ¢ N S = {c a} by (insert contained, auto)
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show ?thesis
apply (simp add: read-def write-def o-def, subst Mprefiz-Sync-distr-subset)
by (simp-all add: A B contained Mprefiz-singl is-construct)
qed

lemma write-read-non-Sync:
[daé¢ S; Ny.cye S] = (dla = P) [S] (¢?z = Q z) = dla — (P [S] (c?x
Q)
apply (simp add: read-def o-def write-def)
using Mprefiz-Sync-distr-right[of {d a} S range ¢ Az. (Q (inv ¢ z)) Az. P)
apply (subst (1 2) Sync-commute)
by auto

lemma write0-read-non-Sync:

[de S; Ay.cy ¢ S] = (d — P) [5] (c?z = Qz)=c?z — ((d = P)[5] @
)

apply (simp add: read-def o-def)

apply (subst (1 2) Mprefiz-singl[symmetric))

apply (subst Mprefiz-Sync-distr-right)

by auto

lemma write0-write-non-Sync:

[dad¢ C;ce 0] = (¢c— Q) [C] (dla — P) =dla— ((c—= Q) [C] P)
apply(simp add: write-def )

apply(subst (1 2) Mprefiz-singl[symmetric))

by (auto simp: Mprefiz-Sync-distr-right)

lemmas Sync-rules = prefix-Sync2
read-read-Sync read-read-non-Sync
write-read-Sync write-read-non-Sync
write0-read-non-Sync
write0-write-non-Sync

lemmas Hiding-rules = no-Hiding-read no-Hiding-write Hiding-write Hiding-write0
lemmas mono-rules = mono-read-ref mono-write-ref mono-write0-ref

end
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Refinements

theory Process-Order
imports Process Stop
begin

definition trace-refine :: <'a process = 'a process = bool»
60)
where «<PCr Q=T QC T P»

definition failure-refine :: <'a process = 'a process = bool)
60)

where <PCpr Q=F QC F P
definition divergence-refine :: ('a process = 'a process = bool»
53)

where <PCp Q=D QCD P

(infix <Cp»

infix «<Cp»
( F

(infix <Cp>

definition failure-divergence-refine :: <'a process = 'a process = bool) (infix <Cpp»

60)
where <P Cpp Q=P < @

definition trace-divergence-refine :: <'a process = 'a process = bool>  (infix

<EDT> 53)

Where<PEDTQEPETQ/\PED Q)

6.1 Idempotency

lemma idem-F|[simp]: <P Cp P»
and idem-D[simp]: <P Cp P»
and idem-T[simp]: <P Cp P»
and idem-FD[simp|: <P Cpp P»
and idem-DT[simp: <P Cpr P»

243
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by (simp-all add: failure-refine-def divergence-refine-def trace-refine-def
failure-divergence-refine-def trace-divergence-refine-def)

6.2 Some obvious refinements

lemma BOT-leF'[simp]: <L Cp Q»
and BOT-leD[simp]: <L Cp @
and BOT-leT[simp]: <L Cp @
by (simp-all add: failure-refine-def le-approx-lemma-F trace-refine-def
le-approxl divergence-refine-def le-approx-lemma-T)

6.3 Antisymmetry

lemma FD-antisym: <P Cpp Q@ = Q Cpp P = P = ()
by (simp add: failure-divergence-refine-def)

lemma DT-antisym: <P Cpr ) = Q Cpr P— P = @
apply (simp add: trace-divergence-refine-def)
oops

6.4 Transitivity

lemma trans-F: <PLCp Q — QLCr S — PLCprp S

and trans-D: <PCp Q — QLCp S— PLCp S

and trans-T: «<PCpr Q —= QLCr S=— PLCr S

and trans-FD: <P Cpp Q = QCrp S = P LCpp S

and trans-DT: <P Cpr Q = Q Cpr S = P LCpr S

by (meson failure-refine-def order-trans, meson divergence-refine-def order-trans,

meson trace-refine-def order-trans, meson failure-divergence-refine-def or-
der-trans,
meson divergence-refine-def order-trans trace-divergence-refine-def trace-refine-def)

6.5 Relations between refinements

lemma leF-imp-leT: <P Cp Q = P Cp @

and leFD-imp-leF: <P Cpp Q@ = P Cp @

and leFD-imp-leD: <P Cpp Q — P Cp

and leDT-imp-leD: <P Cpr Q = P Cp @

and leDT-imp-leT: <P Epr Q = P Cp

and leF-leD-imp-leFD: <P Cp Q = PLCp Q = P Cpp @

and leD-leT-imp-leDT: <PCp Q = PLCpr Q = P Cppr @

by (simp-all add: F-subset-imp-T-subset failure-refine-def trace-refine-def diver-
gence-refine-def

trace-divergence-refine-def failure-divergence-refine-def le-ref-def)
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6.6 More obvious refinements

lemma BOT-leFD[simp]: <L Crpp @
and BOT-leDT[simp]: <L Cpr @
by (simp-all add: leF-leD-imp-leFD leD-leT-imp-leDT)

lemma leDT-STOP[simp]: <P Cpp STOP)
by (simp add: D-STOP leD-leT-imp-leDT Nil-elem-T T-STOP divergence-refine-def
trace-refine-def)

lemma leD-STOP[simp]: <P Cp STOP)
and leT-STOP[simp]: <P Cp STOP)
by (simp-all add: leDT-imp-leD leDT-imp-leT)

6.7 Admissibility

lemma le-F-adm[simp]: <cont (u:('a:cpo) = 'b process) = monofun v =
adm(Az. vz Cp v z))
proof(auto simp add:cont2contiubE adm-def failure-refine-def)
fix Yab
assume I: (cont w
and 2: <monofun v
and 3: <chain Y»
and 4: «Vi. F (v (Y4) CF (v (Y
and 5: «(a, b) € F (v (Jz. Ya))
hence v (Y4i) C v (| |i. Vi) for { by (simp add: is-ub-thelub monofunkE)
hence «F (v (| Ji. Y i)) C F (u (Y ©))» for ¢ using 4 le-approz-lemma-F by
blast
then show «(a, b) € F (| ]i. v (Y i)
using F-LUB[OF ch2ch-cont|OF 1 8]] limproc-is-thelub|OF ch2ch-cont[OF 1
3]] 5 by force
qed

lemma le-T-adm|[simp]: <cont (u::('a::cpo) = 'b process) = monofun v => adm(Az.
vz Cp va)
proof (auto simp add:cont2contlubE adm-def trace-refine-def)
fix Yz
assume I: (cont w
and 2: (monofun v»
and 3: <chain >
and 4: ~Vi. T (v (Yi) CT (u(Yi))
and 5: <z € T (v (i Yi))
hence v (Y i) C o (| |7 Y i) for ¢ by (simp add: is-ub-thelub monofunE)
hence «T (v (| ]i. Y i) C T (u (Y ¢)) for i using 4 le-approz-lemma-T by
blast
then show «z € T (| ]i. u (Y i)
using T-LUB[OF ch2ch-cont[OF 1 3]] limproc-is-thelub|OF ch2ch-cont[OF 1
3]] 5 by force
qed
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lemma le-D-adm[simp]: <cont (u::('a::cpo) = 'b process) = monofun v = adm(Ax.
vz Cp va)
proof(auto simp add:cont2contlubE adm-def divergence-refine-def)
fix Yz
assume [: (cont w
and 2: (monofun v
and 3: <chain Y
and 4: Vi. D (v (Y1) CD (u(Yi)
and 5: €D (v (i Yi))p
hence v (Yi) C v (| |i. Vi) for i by (simp add: is-ub-thelub monofunkE)
hence <D (v (| ]i. Yi)) C D (u (Y1) for i using 4 le-approx! by blast
then show <z € D (| ]i. v (Y ))
using D-LUB[OF ch2ch-cont[OF 1 3]] limproc-is-thelub|OF ch2ch-cont[OF 1
3]] 5 by force
qed

lemmas le-FD-adm[simp] = le-adm[folded failure-divergence-refine-def]

lemma le-DT-adm[simp]: <cont (u::('a::cpo) = 'b process) = monofun v =
adm(Az. vz Cpr v z)
using adm-conj[OF le-T-adm[of u v] le-D-adm[of u v]] by (simp add: trace-divergence-refine-def)

end



Chapter 7

Generalisation of
Normalisation of Non
Deterministic CSP Processes

theory CSP
imports CSP-Laws Process-Order
begin

7.1 Monotonicity

lemma mono-Det-D[simp]: <[P Cp P SCp S| = (PO S) Cp (P'O S')
by (metis D-Det Un-mono divergence-refine-def)

lemma mono-Det-T[simp]: <[P Ty P; SCr S = (PO S)Cy (P'OS)
by (metis T-Det Un-mono trace-refine-def)

corollary mono-Det-DT[simp: <[P Cpr P’; S Cpr 8] = (P O S) Cpr (P’
os)

by (simp-all add: trace-divergence-refine-def)
lemmas mono-Det-FD[simp]= mono-Det-FD|[folded failure-divergence-refine-def]

— Deterministic choice monotony doesn’t hold for C g

lemma mono-Ndet-F-left[simp]: <P Cp @ = (PN S) Cp
by (simp add: F-Ndet failure-refine-def order-trans)

lemma mono-Ndet-D-left[simp]: <P Cp Q = (PN S) Cp @
by (simp add: D-Ndet divergence-refine-def order-trans)

lemma mono-Ndet-T-left[simp]: <P Cpr Q = (P M S) Cpr

247
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by (simp add: T-Ndet trace-refine-def order-trans)

7.2 Monotonicity

lemma mono-Ndet-F[simp]: <[P Cp P; SCp 8] = (PN S)Cr (P18
by (metis F-Ndet Un-mono failure-refine-def)

lemma mono-Ndet-D[simp: <[P Cp P; SCp S| = (PN S)Cp (P'MS)
by (metis D-Ndet Un-mono divergence-refine-def)

lemma mono-Ndet-T[simp]: <[P Cr P, SCr 8] = (PN S)Cr (P11 SN
by (metis T-Ndet Un-mono trace-refine-def)

corollary mono-Ndet-DT[simp]: <[P Cpr P’; S Cpr S| = (PN S) Cpr (P’
n s’
by (auto simp add: trace-divergence-refine-def)

lemmas mono-Ndet-FD[simp|= mono-Ndet-FD|folded failure-divergence-refine-def]

corollary mono-Ndet-DT-left[simp]: <P Cpr @ = (P 1 S) Cpr @
and mono-Ndet-F-right[simp]: <P Cp Q@ = (ST1 P) Cp @
and mono-Ndet-D-right[simp]: <P Cp Q@ = (SN P)Cp
and mono-Ndet-T-right[simp]: <P Cr Q@ = (SN P) Cr
and mono-Ndet-DT-right[simp]: <P Cpr @ = (ST P) Cpr @
by (simp-all add: trace-divergence-refine-def Ndet-commute)

lemmas mono-Ndet-FD-left[simp] = mono-Ndet-FD-left|folded failure-divergence-refine-def]
and mono-Ndet-FD-right[simp] = mono-Ndet-FD-right[folded failure-divergence-refine-def]

lemma mono-Ndet-Det-FD[simp]: «(P 1 S) Cpp (P O S)
by (metis Det-id failure-divergence-refine-def mono-Det-FD mono-Ndet-FD-left
mono-Ndet-FD-right order-refl)

corollary mono-Ndet-Det-F[simp]: <«(P 1 S) Cp (P O S)H
and mono-Ndet-Det-D[simp]: «(P T S) Cp (P O S)
and mono-Ndet-Det-T[simpl: <(P 1 S) Cp (P O S)

and mono-Ndet-Det-DT[simpl: «(P M S) Cpr (P O S)
by (simp-all add: leFD-imp-leF leFD-imp-leD leF-imp-leT leD-leT-imp-leDT)

lemma mono-Seq-F-right[simp]: <S Cp S'= (P; S) Cr (P S')
apply (auto simp: failure-refine-def F-Seq append-single- T-imp-tickFree)
using NF-ND by fastforce+

lemma mono-Seq-D-right[simp]: <S Cp S’ = (P;S) Cp (P; S')
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by (auto simp: divergence-refine-def D-Seq)

lemma mono-Seq-T-right[simp: <S Cr S' = (P 3 S) Cpr (P 3 S
apply (auto simp: trace-refine-def T-Seq append-single- T-imp-tickFree)
using D-T by fastforce+

corollary mono-Seq-DT-right[simp]: <S Cpr S'= (P S) Cpr (P3; S)
by (simp add: trace-divergence-refine-def)

lemma mono-Seq-DT-left[simp|: <P Cpr P’ = (P 3 S) Cpr (P'; S)
apply (auto simp: trace-divergence-refine-def divergence-refine-def trace-refine-def
D-Seq T-Seq)
by (metis (no-types, lifting) Nil-elem-T Process.F-T T-F append.right-neutral
is-processT5-S3 subset-eq)

— left Sequence monotony doesn’t hold for Cg, Cp and Crp

corollary mono-Seq-DT[simp]: <P Cpr P'=—= S Cpr S’ = (P S) Cpr (P’
3 S7)
)

using mono-Seq-DT-left mono-Seq-DT-right trans-DT by blast

lemmas mono-Seq-FD[simp|= mono-Seq-FD[folded failure-divergence-refine-def]

lemma mono-Mprefix-F[simp|: Vax € A. Px Cp Q x = Mprefit A P Cp Mprefix

A
by (auto simp: failure-refine-def F-Mprefix) blast+

lemma mono-Mprefiz-D[simp]: <Yz € A. Px Cp Q x = Mprefit A P Cp Mprefix

A
by (auto simp: divergence-refine-def D-Mprefiz) blast+

lemma mono-Mprefiz-T[simp]: Vz € A. Px Cr Q © = Mprefir A P Cr Mprefix
A Q

by (auto simp: trace-refine-def T-Mprefiz)
corollary mono-Mprefiz-DT[simp]: Nz € A. Pz Cpr Q x = Mprefit A P Cprp
Mprefix A Q>

by (simp add: trace-divergence-refine-def)
lemmas mono-Mprefiz-FD[simp] = mono-Mprefix-FD[folded failure-divergence-refine-def]
lemma mono-Mprefiz-DT-set[simp]: <A C B = Mprefix B P Cpr Mprefiz A P»

by (auto simp add: T-Mprefix D-Mprefix trace-divergence-refine-def
trace-refine-def divergence-refine-def)

corollary mono-Mprefiz-D-set[simp]: <A C B = Mprefixt B P Cp Mprefix A P>
and mono-Mprefiz-T-set[simp]: <A C B = Mprefixt B P Ty Mprefiz A P»
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by (simp-all add: leDT-imp-leD leDT-imp-leT)

— Mprefix set monotony doesn’t hold for Cr and Cgp where it holds for deter-
ministic choice

lemma mono-Hiding-F[simp]: <P Cp Q@ = (P \ A) Cr (Q \ A)p
apply(cases <A = {}», simp-all add: Hiding-set-empty failure-refine-def F-Hiding,
intro conjl, blast)
proof(subst (2) Un-commute, rule subsetl, rule UnCI, auto, goal-cases)
case (1 btu)
then obtain a where a:<a € A) by blast
define f where A: <f = rec-nat t (i t. t Q [ev a])»
hence AA: «f (Suc i) = (f4) Q [ev a] for i by simp
hence B: (strict-mono f» by (simp add:strict-mono-def lift-Suc-mono-less-iff)
from A have C: «t € range f» by (metis (mono-tags, lifting) old.nat.simps(6)
range-eql )
{ fix i
have «fi € D Q A tickFree (f i) A trace-hide (f i) (ev * A) = (trace-hide t (ev
CA))
proof (induct 7)
case (
then show Zcase by (simp add: 1(4) 1(7) A)
next
case (Suc 17)
then show ?Zcase
apply (simp add:AA a)
using is-processT7[rule-format, of <f ©» Q «[ev a]] front-tickFree-single by
blast
qed
}
with B C have <isInfHiddenRun f P A A t € range f»
by (metis 1(1) D-T F-subset-imp-T-subset subsetD)
with 1 show ?case by metis
next
case (2bu fx)
then show ?case using F-subset-imp-T-subset by blast
qed

lemma mono-Hiding-T[simp]: <P Cpr @ = (P \ A) Cr (Q \ Ap
apply(cases <A={}», simp add: Hiding-set-empty,
simp add:trace-refine-def T-Hiding, intro conjl)
proof(goal-cases)
case I
then show ?case
proof (subst Un-commute, rule-tac subsetl, rule-tac UnCI, auto, goal-cases)
case 11:(1ta)
hence tt: <t € T P» by (meson Process.F-T subset-eq)
with 11(1) inf-hidden[of A t P] obtain f where <isInfHiddenRun f P A A ¢
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€ range f» by auto
with 11(4)[rule-format, of t <[]>] show Zcase
by (metis 11(1) ¢t append-Nil2 front-tickFree-Nil is-processT2-TR
nonTickFree-n-frontTickFree tick-T-F)
qed
next
case 2
then show ?case
proof (subst Un-commute, auto, goal-cases)
case 21:(1t u a)
define f where A: «f = rec-nat t (Ai t. t Q [ev a])»
hence AA: «f (Suc i) = (f7) Q [ev a]» for i by simp
hence B: <strict-mono fr by (simp add:strict-mono-def lift-Suc-mono-less-iff)
from A have C: <t € range f»
by (metis (mono-tags, lifting) old.nat.simps(6) range-eql)
{ fix ¢
have «fi € D Q A tickFree (f i) A trace-hide (f i) (ev * A) = (trace-hide t (ev
“CA))
proof (induct 7)
case (
then show ?Zcase by (simp add: 21(4) 21(7) A)
next
case (Suc 1)
then show ?case
apply (simp add:AA 21(6))
using is-processT7[rule-format, of <fi» Q <[ev a]’] front-tickFree-single by
blast
qged

with B C have <isInfHiddenRun f P A A t € range f» by (metis 21(1) D-T
subsetD)
with 21 show Zcase by metis
next
case 22:(2bu fx)
then show ?Zcase by blast
qed
qed

lemma mono-Hiding-DT[simp]: <P Cpr Q@ = (P \ A) Cpr (Q \ A)
proof —
assume as: <P Cpr O
then have «(P \ 4) Cp (Q \ A)
apply (auto simp:trace-divergence-refine-def divergence-refine-def
trace-refine-def D-Hiding T-Hiding)
by blast+
with leDT-imp-leT[THEN mono-Hiding-T, OF as] show ?thesis by (simp add:
trace-divergence-refine-def)
qed
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lemmas mono-Hiding-FD[simp] = mono-Hiding-FD|folded failure-divergence-refine-def)

— Obviously, Hide monotony doesn’t hold for Cp

lemma mono-Sync-DT[simpl: <P Cpr P'— Q Cpr Q' = (P[A] Q) Cpr
(PTAT Q)
by (simp add:trace-divergence-refine-def divergence-refine-def trace-refine-def T-Sync
D-Sync)
blast

lemmas mono-Sync-FD|[simp] = mono-Sync-FD|folded failure-divergence-refine-def]

— Synchronization monotony doesn’t hold for Cp, Cp and Cp

lemma mono-Mndetprefiz-F[simp]: V2€A. Pz Cp Q x = Mndetprefit A P Cp
Mndetprefizr A @
by (cases <A = {}>, auto simp: failure-refine-def F-Mndetprefix write0-def F-Mprefiz)

lemma mono-Mndetprefiz-D[simp|: <V 2z€A. Pz Cp Q © = Mndetprefix A P Cp
Mndetprefiz A

by (cases <A = {}>, auto simp: divergence-refine-def D-Mndetprefix write0-def
D-Mprefiz)

lemma mono-Mndetprefiz-T[simp]: <Vaz€A. Px Cpr Q © = Mndetprefir A P Cp
Mndetprefiz A
by (cases <A = {}>, auto simp: trace-refine-def T-Mndetprefix write0-def T-Mprefix)

corollary mono-Mndetprefiz-DT|[simp]: <Vz€A. Pz Cpr Q x = Mndetprefiz A
P Cpr Mndetprefizt A @Q»
by (simp add: trace-divergence-refine-def)

lemmas mono-Mndetprefiz-FD[simp] = mono-Mndetprefiz-FD|folded failure-divergence-refine-def]
lemmas mono-Mndetprefiz-FD-set[simp]| = Mndetprefiz-FD-subset|folded failure-divergence-refine-def]

corollary mono-Mndetprefiz-F-set[simp] : <A # {} = A C B = Mndetprefizx B
P Cr Mndetprefix A P>

and mono-Mndetprefiz-D-set[simp] : <A C B = Mndetprefict BP Cp Mn-
detprefiz A P»
and mono-Mndetprefiz-T-set[simp] : <A C B = Mndetprefixt B P Cr Mn-
detprefix A P»
and mono-Mndetprefiz-DT-set[simp]: <A C B = Mndetprefixt B P Cpr
Mndetprefix A P>
by (cases <A = {}», simp-all add: leFD-imp-leF leFD-imp-leD leF-imp-leT leD-leT-imp-leDT)+
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lemmas Mprefiz-refines-Mndetprefiz-FD[simp] =
Mprefiz-refines-Mndetprefiz|folded failure-divergence-refine-def]

corollary Mprefiz-refines-Mndetprefiz-F[simp] : <Mndetprefix A P Cp Mprefiz A
P»
and Mprefiz-refines-Mndetprefiz-D[simp] : «Mndetprefic A P Cp Mprefiz A

P

and Mprefiz-refines-Mndetprefiz-T|[simp| : <Mndetprefixt A P Cp Mprefix A
P»

and Mprefiz-refines-Mndetprefiz-D T [simp]: «Mndetprefiz A P Cpr Mprefix A
P»

by (simp-all add: leFD-imp-leF leFD-imp-leD leF-imp-leT leD-leT-imp-leDT)

lemma mono-read-FD[simp, elim]: (Az. Px Cpp Q z) = (¢?z — (P z)) Cpp

(e?2z — (Q x))
by (simp add: read-def)

lemma mono-write-FD[simp, elim]: (P Cpp Q) = (clz — P) Cpp (clz — Q)
by (simp add: write-def)

lemma mono-write0-FD[simp, elim]: P Cpp @ = (a = P) Cpp (a — Q)

by (simp add: write0-def)

lemma mono-read-DT[simp, elim|: (Az. Pz Cpr Q z) = (c?2z — (P z)) Cpr

(c?z = (Q )
by (simp add: read-def)

lemma mono-write-DT[simp, elim]: (P Cpr Q) = (clz — P) Cpr (clz — Q)
by (simp add: write-def)

lemma mono-write0-DT[simp, elim]: P Cpr Q@ = (a = P) Cpr (a — Q)
by (simp add: write0-def)

— The following result is very useful, but we are not sure about where is its place

lemma cont-process-rec: <P = (u X. f X) = cont f = P = f P) by (simp add:
def-cont-fiz-eq)
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end

theory Assertions
imports CSP Process-Order
begin

7.3 CSP Assertions

definition DF : ‘a set = 'a process
where DFA=pX. MNze A—- X

lemma DF-unfold : DF A= (1z¢€ A— DF A)
by(simp add: DF-def, rule trans, rule fiz-eq, simp)

definition deadlock-free :: 'a process = bool
where deadlock-free P = DF UNIV Cgp P

definition DF gk rp :: 'a set = 'a process
where DFgxp A=p X. (Mz e A— X) N SKIP)

definition deadlock-free-v2 :: 'a process = bool
where deadlock-free-v2 P = DFgigrp UNIV Cp P

7.4 Some deadlock freeness laws

lemma DF-subset: A #{} = AC B=— DF BLCpp DF A
apply (subst DF-def, rule fiz-ind)
apply(rule le-FD-adm, simp-all add: monofunl, subst DF-unfold)
by (meson mono-Mndetprefix-FD mono-Mndetprefiz-FD-set trans-FD)

lemma DF-Univ-freeness: A # {} = (DF A) Crp P = deadlock-free P
by (meson deadlock-free-def DF-subset failure-divergence-refine-def order.trans
subset-UNIV)

lemma deadlock-free-Ndet: deadlock-free P —> deadlock-free ) = deadlock-free

(PN Q)
by (simp add: D-Ndet F-Ndet deadlock-free-def failure-divergence-refine-def le-ref-def)

7.5 Preliminaries

lemma DFggp-unfold : DFskgrp A = ((H z€ A — DFskrp A) [l SKIP)
by(simp add: DF gk p-def, rule trans, rule fix-eq, simp)

7.6 Deadlock Free

lemma dz’v—free—DFSKIp: D(DFSKIP A) = {}
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proof (simp add:DF gk p-def fix-def)
define Y where Y = \i. iterate i-(A z. (Mza€A — z) N SKIP)-L
hence a:chain Y by simp
have D (Y (Suci)) ={d. d #[|ANhdd € (ev “A) ANtld € D(Y i)} for i
by (cases A={}, auto simp add: Y-def D-STOP D-SKIP D-Mndetprefiz write0-def
D-Mprefizx D-Ndet)
hence b:d € D(Y i) = length d > i for d i
by (induct i arbitrary:d, simp-all add: Nitpick.size-list-simp(2))
{ fix z
assume cV i. z € D (Y i)
from b have z ¢ D (Y (Suc (length z))) using Suc-n-not-le-n by blast
with ¢ have Fulse by simp
}
with a show D (| |i. Yi) = {}
using D-LUB[OF a] limproc-is-thelub|OF a] by auto
qed

lemma div-free-DF: D(DF A) = {}
proof —
have DFSKIP A ED DF A
apply (simp add:DF s 1 p-def)
by (rule fiz-ind, simp-all add: monofunl, subst DF-unfold, simp)
then show ?thesis using divergence-refine-def div-free-DF s 1p by blast
qed

lemma deadlock-free-implies-div-free: deadlock-free P — D P = {}
by (simp add: deadlock-free-def div-free-DF failure-divergence-refine-def le-ref-def)
7.7 Run

definition RUN :: 'a set = 'a process
where RUNA=p X. Oze A - X

definition CHAOS :: 'a set = 'a process
where CHAOS A=up X. (STOPN (O z € A — X))

definition lifelock-free :: 'a process = bool

where lifelock-free P = CHAOS UNIV Cpp P

7.8 Reference processes and their unfolding rules

definition CHAOSskrp :: 'a set = ’a process
where CHAOSskrp A=p X. (SKIPN STOPM (O z € A— X))

lemma RUN-unfold : RUN A = (0 z € A — RUN A)
by (simp add: RUN-def, rule trans, rule fiz-eq, simp)
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lemma CHAOS-unfold : CHAOS A = (STOP N (O z € A — CHAOS A))
by(simp add: CHAOS-def, rule trans, rule fiz-eq, simp)

lemma CHAOSgkp-unfold: CHAOSskip A= SKIP M STOPM (O z € A —
CHAOSskrp A)

unfolding CHAOS sk 1p-def using fiz-eqlof A X. (SKIP 1 STOP M (O x € A
— X))] by simp

7.9 Process events and reference processes events

definition events-of where events-of P = (|Jt€T P. {a. ev a € set t})

lemma events-DF': events-of (DF A) = A
proof(auto simp add:events-of-def)
fix xt
show t € T (DF A) = evz € sett =z € A
proof (induct t)
case Nil
then show ?Zcase by simp
next
case (Cons a t)
from Cons(2) have a # t € T (Mz€A — DF A) using DF-unfold by metis
then obtain aa where a = ev aa A aa € ANt €T (DF A)
by (cases A={}, auto simp add: T-Mndetprefix write0-def T-Mprefix T-STOP)
with Cons show Zcase by auto
qed
next
fix z
show © € A = J2a€T (DF A). evz € set za
apply (subst DF-unfold, cases A={}, auto simp add:T-Mndetprefiz write0-def
T-Mprefix)
by (metis Nil-elem-T list.sel(1) list.sel(3) list.set-intros(1))
qed

lemma events-DF sk rp: events-of (DFskxip A) = A
proof(auto simp add:events-of-def)
fix z ¢
show t € T (DFgkip A) = evz € sett = x € A
proof (induct t)
case Nil
then show ?Zcase by simp
next
case (Cons a t)
from Cons(2) have a # t € T ((Mz€A — DFgskrp A) M SKIP) using
DF s i1 p-unfold by metis
with Cons obtain aa where a = evaa AN aa € ANt €T (DFskrp A)
by (cases A={}, auto simp add: T-Mndetprefiz write0-def T-Mprefix T-STOP
T-SKIP T-Ndet)
with Cons show ?Zcase by auto
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qed
next
fix z
show ¢ € A = Jza€T (DFskip A). evx € set za
apply(subst DF gk 1 p-unfold, cases A={})
apply(auto simp add: T-Mndetprefix write0-def T-Mprefix T-SKIP T-Ndet)
by (metis Nil-elem-T list.sel(1) list.sel(3) list.set-intros(1))
qed

lemma events-RUN: events-of (RUN A) = A
proof(auto simp add:events-of-def)
fix x ¢
show t € T (RUN A) = evz € sett =z € A
proof (induct t)
case Nil
then show ?case by simp
next
case (Cons a t)
from Cons(2) have a # t € T (0z€A — RUN A) using RUN-unfold by
metis
then obtain aa where a = evaa A aa € ANt €T (RUN A) by (auto simp
add: T-Mprefiz)
with Cons show ?case by auto
qed
next
fix
show © € A = Jza € T(RUN A). evz € set za
apply(subst RUN-unfold, simp add: T-Mprefiz)
by (metis Nil-elem-T list.sel(1) list.sel(3) list.set-intros(1))
qed

lemma events-CHAOS: events-of (CHAOS A) = A
proof(auto simp add:events-of-def)
fix zt
show t € T (CHAOS A) = evz € sett =z € A
proof (induct t)
case Nil
then show ?case by simp
next
case (Cons a t)
from Cons(2) have a # t € T (STOP N (O z € A — CHAOS A)) using
CHAOS-unfold by metis
then obtain aa where a = evaa A aa € ANt €T (CHAOS A)
by (auto simp add:T-Ndet T-Mprefiz T-STOP)
with Cons show ?Zcase by auto
qed
next

fix z
show z € A = JzacT (CHAOS A). ev z € set za
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apply (subst CHAOS-unfold, simp add:T-Ndet T-Mprefiz T-STOP)
by (metis Nil-elem-T list.sel(1) list.sel(3) list.set-intros(1))
qed

lemma events-CHAOS sk rp: events-of (CHAOSskrp A) = A
proof(auto simp add:events-of-def)
fix ot
show t € T (CHAOSskip A) = evax € sett =z € A
proof (induct t)
case Nil
then show ?Zcase by simp
next
case (Cons a t)
from Cons(2) have a # t € T (SKIP M STOP N (O z € A — CHAOSskr1p
)
using CHAOS s i 1 p-unfold by metis
with Cons obtain aa where a = evaa A aa € ANt €T (CHAOSskp A)
by (auto simp add:T-Ndet T-Mprefix T-STOP T-SKIP)
with Cons show ?Zcase by auto
qed
next
fix =
show r € A = JzacT (CHAOSskip A). ev x € set za
apply(subst CHAOS g i 1 p-unfold, simp add: T-Ndet T-Mprefiz T-STOP T-SKIP)
by (metis Nil-elem-T list.sel(1) list.sel(3) list.set-intros(1))
qed

lemma events-div: D(P) # {} = events-of (P) = UNIV
proof(auto simp add:events-of-def)
fix x xza
assume [: x € D P
show Jz€T P. evza € setx
proof (cases tickFree x)
case True
hence zQ[ev za] € T P
using I NT-ND front-tickFree-single is-processT7 by blast
then show ?thesis by force
next
case Fulse
hence (butlast )Qlev za] € T P
by (metis 1 D-T D-imp-front-tickFree append-single- T-imp-tickFree butlast-snoc

front-tickFree-single nonTickFree-n-frontTickFree process-charn)
then show %thesis by force
qed
qed
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lemma DFggp-subset-FD: A # {} — AC B— DFskgrip BCrp DFskrp
A
apply(subst DF g k1 p-def, rule fiz-ind, rule le-FD-adm, simp-all add:monofunl,
subst DF g i 1 p-unfold)
by (rule mono-Ndet-FD, simp-all) (meson mono-Mndetprefiz-FD mono-Mndetprefiz-FD-set
trans-FD)

lemma RUN-subset-DT: A C B = RUN B Cpr RUN A

apply(subst RUN-def, rule fiz-ind, rule le-DT-adm, simp-all add:monofunl, subst
RUN-unfold)

by (meson mono-Mprefiz-DT mono-Mprefiz-DT-set trans-DT)

lemma CHAOS-subset-FD: A C B = CHAOS B Crp CHAOS A
apply(subst CHAOS-def, rule fiz-ind, rule le-FD-adm, simp-all add:monofunl,
subst CHAOS-unfold)
by (auto simp add: failure-divergence-refine-def le-ref-def
D-Mprefiz D-Ndet F-STOP F-Mprefiz F-Ndet)

lemma CHAOS gk p-subset-FD: A C B=— CHAOSskip BCrp CHAOSsk 1P
A
apply(subst CHAOS s k 1 p-def, rule fiz-ind, rule le-FD-adm)
apply(simp-all add:monofunl, subst CHAOS g i 1 p-unfold)
by (auto simp add: failure-divergence-refine-def le-ref-def
D-Mprefiz D-Ndet F-STOP F-Mprefix F-Ndet)

7.10 Relations between refinements on reference
processes

lemma CHAOS-has-all-tickFree-failures:
tickFree a = {z. evx € set a} C A = (a,b) € F (CHAOS A)
proof (induct a)
case Nil
then show ?case
by (subst CHAOS-unfold, simp add:F-Ndet F-STOP)
next
case (Cons a0 al)
hence tickFree al
by (metis append.left-neutral append-Cons front-tickFree-charn front-tickFree-mono)
with Cons show ?Zcase
apply (subst CHAOS-unfold, simp add:F-Ndet F-STOP F-Mprefiz events-of-def)
using event-set by blast
qed

lemma CHAOSg k1 p-has-all-failures:
assumes as:(events-of P) C A
shows CHAOSSKIP A Cr P
proof —
have front-tickFree a = set a C (|Jt€T P. set t) = (a,b) € F (CHAOSsk1p
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A) for a b
proof (induct a)
case Nil
then show ?case
by (subst CHAOS s k 1 p-unfold, simp add:F-Ndet F-STOP)
next
case (Cons a0 al)
hence front-tickFree al
by (metis append.left-neutral append-Cons front-tickFree-charn front-tickFree-mono)
with Cons show ?Zcase
apply (subst CHAOS s i 1 p-unfold, simp add:F-Ndet F-STOP F-SKIP F-Mprefix
events-of-def as)
apply/(cases a0=tick)
apply (metis append.simps(2) front-tickFree-charn
front-tickFree-mono list.distinct(1) tickFree-Cons)
using event-set image-iff as[simplified events-of-def] by fastforce
qed
thus ?thesis
by (simp add: F-T SUP-upper failure-refine-def process-charn subrell)
qed

corollary CHAOS s k1 p-has-all-failures-ev: CHAOS sk 1p (events-of P) Cp P
and CHAOS sk p-has-all-failures-Un: CHAOSskip UNIV Cg P
by (simp-all add: CHAOS s i 1 p-has-all-failures)

lemma DFSKIP-DF-reﬁne-F: DFSKIP A EF DF A
by (simp add:DF g i 1 p-def , rule fiz-ind, simp-all add: monofunl, subst DF-unfold,
simp)

lemma DF-RUN-refine-F: DFA CTrp RUN A
apply (simp add:DF-def, rule fiz-ind, simp-all add: monofunl, subst RUN-unfold)
by (meson Mprefiz-refines-Mndetprefiz-F mono-Mndetprefiz-F trans-F)

lemma CHAOS-DF-refine-F: CHAOS A Cp DF A
apply (simp add: CHAOS-def DF-def, rule parallel-fiz-ind, simp-all add: mono-
funl)
apply (rule le-F-adm, simp-all add: monofun-snd)
by (cases A={}, auto simp add:adm-def failure-refine-def F-Mndetprefix
F-Mprefiz write0-def F-Ndet F-STOP)

corollary CHAOS sk p-CHAOS-refine-F: CHAOSskxip A Cp CHAOS A
and CHAOSSKIP—DFSK[p—reﬁne—F: CHAOSSKIP A EF DFSKIP A
by (simp-all add: CHAOS s k1 p-has-all-failures events-CHAOS events-DF sk 1 p
trans-F[OF CHAOS-DF-refine-F DF-RUN-refine-F))
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lemma div-free-CHAOSsk1p: D (CHAOSsk1p A) = {}
proof —
have DFsgrp A Cp CHAOSskrip A
proof (simp add:DF g 1 p-def, rule fix-ind, simp-all add: monofunl, subst CHAOS s i 1 p-unfold)
fix z
assume 1:x Cp CHAOSskip A
have a:((Mza€A — z) N SKIP) = (SKIP N SKIP N (Nza€A — z))
by (simp add: Ndet-commute Ndet-id)
from 1 have b:(SKIP 1 SKIP 1 (MzacA — z)) Cp (SKIP 11 STOP N
(DIGGA — CHAOSskrp A))
by (meson Mprefiz-refines-Mndetprefiz-D idem-D leD-STOP mono-Mprefix-D
mono-Ndet-D trans-D)
from a b show ((Mza€A — z) |—| SKIP) Cp (SKIP |—| STOP |—| Mprefiz
A ()\{17 CHAOSSK[P A))
by simp
qed
then show ?%thesis using divergence-refine-def div-free-DF s 1p by blast
qed

lemma div-free-CHAOS: D(CHAOS A) = {}
proof —
have CHAOSSKIP A ED CHAOS A
apply (simp add: CHAOS sk 1 p-def, rule fix-ind)
by (simp-all add: monofunl, subst CHAOS-unfold, simp)
then show ?thesis using divergence-refine-def div-free-CHAOS sk p by blast
qed

lemma div-free-RUN: D(RUN A) = {}
proof —
have CHAOS A CTp RUN A
by (simp add: CHAOS-def, rule fix-ind, simp-all add: monofunl, subst RUN-unfold,
simp)
then show ?thesis using divergence-refine-def div-free-CHAOS by blast
qed

corollary DF sk p-DF-refine-FD: DFsi;p A Crpp DF A
and DF-RUN-refine-FD: DF A Crp RUN A
and CHAOS-DF-refine-FD: CHAOS A Crpp DF A
and OHAOSSK[p—CHAOS—Teﬁne-FDZ CHAOSSKIP A EFD CHAOS A
and CHAOSSKIP—DFSKIP—T’eﬁne—FD: CHAOSSKIP A EFD DFSKIP A
using div-free-DF g i 1 p[of A] div-free-CHAOS s i 1 p[of A] div-free-DF[of A] div-free-RUN |of
Al
div-free-CHAOS|of A]
leF-leD-imp-leFD|OF DF gy 1p-DF-refine-F, of A] leF-leD-imp-leFD[OF
DF-RUN-refine-F, of A
leF-leD-imp-leFD|OF CHAOS-DF-refine-F, of A] leF-leD-imp-leFD[OF
CHAOS s k1 p-CHAOS-refine-F, of A]
leF-leD-imp-leFD|OF CHAOS sk 1p-DF sk 1p-refine-F, of A]
by (auto simp add:divergence-refine-def)
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lemma traces-CHAOS-sub: T(CHAOS A) C {s. set s C ev ‘ A}
proof (auto)

fix s sa

assume s € T (CHAOS A) and sa € set s

then show sa € ev ‘ A

apply (induct s, simp)

by (subst (asm) (2) CHAOS-unfold, cases A={}, auto simp add:T-Ndet T-STOP
T-Mprefix)
qed

lemma traces-RUN-sub: {s. set s C ev * A} C T(RUN A)
proof (auto)

fix s

assume set s C ev ‘ A

then show s € 7 (RUN A)

by (induct s, simp add: Nil-elem-T) (subst RUN-unfold, auto simp add: T-Mprefiz)
qed

corollary RUN-all-tickfree-tracesl: T(RUN A) = {s. set s C ev ‘ A}
and DF-all-tickfree-traces1: T(DF A) = {s. set s C ev * A}
and CHAOS-all-tickfree-tracesl: T(CHAOS A) = {s. set s C ev ‘ A}
using DF-RUN-refine-F[THEN leF-imp-leT, simplified trace-refine-def]
CHAOS-DF-refine-F[THEN leF-imp-leT simplified trace-refine-def]
traces-CHAOS-sub traces-RUN-sub by blast+

corollary RUN-all-tickfree-traces2: tickFree s = s € T(RUN UNIV)
and DF-all-tickfree-traces2: tickFree s => s € T(DF UNIV)
and CHAOS-all-tickfree-trace2: tickFree s =—> s € T(CHAOS UNIV)
apply (simp-all add:tickFree-def RUN-all-tickfree-traces1
DF-all-tickfree-traces1 CHAOS-all-tickfree-traces1)
by (metis event-set insertE subsetl)+

lemma traces-CHAOS sk p-sub: T(CHAOSskip A) C {s. front-tickFree s N set
s C (ev “ AU {tick})}
proof(auto simp add:is-processT2-TR)
fix s sa
assume s € T (CHAOSgskrp A) and sa € set s and sa ¢ ev ‘ A
then show sa = tick
apply (induct s, simp)
by (subst (asm) (2) CHAOS sk p-unfold, cases A={}, auto simp add:T-Ndet
T-STOP T-SKIP T-Mprefiz)
qed

lemma traces-DF gk 1 p-sub:

{s. front-tickFree s N set s C (ev * A U {tick})} C T(DFskrp A::'a process)
proof(auto)

fix s
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assume a:front-tickFree s and b:set s C insert tick (ev © A)

have c:front-tickFree ((tick::'a event) # s) = s =[] for s
by (metis butlast.simps(2) butlast-snoc front-tickFree-charn list.distinct(1) tick-
Free-Cons)

with a b show s € T (DFskip A)
apply (induct s, simp add: Nil-elem-T, subst DF s k1 p-unfold, cases A={})
apply (subst DF gk 1 p-unfold, cases A={})

apply(auto simp add: T-Mprefix T-Mndetprefix write0-def T-SKIP T-Ndet
T-STOP)

apply (metis append-Cons append-Nil front-tickFree-charn front-tickFree-mono)
by (metis append-Cons append-Nil front-tickFree-mono)

qed

corollary DFg k1 p-all-front-tickfree-traces1:
T(DFskip A) = {s. front-tickFree s N\ set s C (ev ‘A U
{tick})}

and CHAOS s k1 p-all-front-tickfree-traces1:
T(CHAOSsk1p A) = {s. front-tickFree s N\ set s C (ev ¢
A U {tick})}
using CHAOS sk 1p-DF s k1 p-refine-F[THEN leF-imp-leT, simplified trace-refine-def]
traces-CHAOS s k1 p-sub traces-DF s i1 p-sub by blast+

corollary DF g p-all-front-tickfree-traces2: front-tickFree s => s € T(DFsk1p
UNIV)
and CHAOS s i 1 p-all-front-tickfree-traces2: front-tickFree s —> s € T(CHAOS sk 1p
UNIV)
apply (simp-all add:tickFree-def DF s k1 p-all-front-tickfree-traces1
CHAOS s i 1 p-all-front-tickfree-traces1)
by (metis event-set subsetl)+

corollary DF gk p-has-all-traces: DF ggcrp UNIV Cp P
and CHAOS sk 1p-has-all-traces: CHAOSsgrp UNIV Ty P
apply (simp add:trace-refine-def DF g i 1 p-all-front-tickfree-traces2 is-process T2-TR
subsetl)
by (simp add:trace-refine-def CHAOS s i 1 p-all-front-tickfree-traces2 is-processT2- TR
subsetl)

lemma deadlock-free-implies-non-terminating:

deadlock-free (P::'a process) = ¥V s€T P. tickFree s

unfolding deadlock-free-def apply(drule leF'D-imp-leF, drule leF-imp-leT) un-
folding trace-refine-def

using DF-all-tickfree-traceslof (UNIV::'a set)] tickFree-def by fastforce

lemma deadlock-free-v2-is-right:

deadlock-free-v2 (P::'a process) «— (Vs€T P. tickFree s — (s, UNIV::'a event
set) ¢ F P)
proof
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assume a:deadlock-free-v2 P
have tickFree s — (s, UNIV) ¢ F (DFsk1p UNIV) for s::'a event list
proof (induct s)
case Nil
then show ?case by (subst DF g i 1 p-unfold, simp add: F-Mndetprefix write0-def
F-Mprefiz F-Ndet F-SKIP)
next
case (Cons a s)
then show ?case
by (subst DF gk p-unfold, simp add:F-Mndetprefix write0-def F-Mprefix
F-Ndet F-SKIP)
qed
with a show VseT P. tickFree s — (s, UNIV) ¢ F P
using deadlock-free-v2-def failure-refine-def by blast
next
assume asl:Vs€T P. tickFree s — (s, UNIV) ¢ F P
have as2:front-tickFree s = (Jaa € UNIV. evaa ¢ b) = (s, b) € F (DFsk1p
(UNIV::'a set))
for s b
proof (induct s)
case Nil
then show ?case
by (subst DF s i 1 p-unfold, auto simp add:F-Mndetprefix write0-def F-Mprefiz
F-Ndet F-SKIP)
next
case (Cons hda tla)
then show ?case
proof(simp add:DF sk p-def fiz-def)
define Y where Y = \i. iterate i-(A z. (Mzac(UNIV::'a set) — z) N
SKIP)- 1
assume a:front-tickFree (hda # tla) and b:front-tickFree tla = (tla, b) € F
and c:Jaa. evaa ¢ b
from Y-def have cc:chain Y by simp
from b have d:front-tickFree tla = Jaac UNIV. ev aa ¢ b =>(tla, b) € F
(Y i) for ¢
using F-LUB[OF cc] limproc-is-thelub| OF cc| by simp
from Y-def have e:F(Mndetprefix UNIV (Az. Y i) N SKIP) C F (Y (Suc
i)) for ¢ by(simp)
from a have f:tla # [| = hda # tick front-tickFree tla
apply (metis butlast.simps(2) butlast-snoc front-tickFree-charn
list.distinct(1) tickFree-Cons)
by (metis a append-Cons append-Nil front-tickFree-Nil front-tickFree-mono)
have g:(hda#tla, b) € F (Y (Suc 7)) for i
using f ¢ elof 7] d[of 1]
by (auto simp: F-Mndetprefiz write0-def F-Mprefix Y-def F-Ndet F-SKIP)
(metis event.exhaust)+
have h:(hda#tla, b) € F (Y 0)
using NF-ND cc g po-class.chainE proc-ord2a by blast
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from a b ¢ show (hda#ttla, b) € F (| ]i. Y i)
using F-LUB[OF cc] is-ub-thelub[OF cc]
by (metis D-LUB-2 cc g limproc-is-thelub po-class.chainE proc-ord2a pro-
cess-charn)
qed
qed
show deadlock-free-v2 P
proof(auto simp add:deadlock-free-v2-def failure-refine-def)
fix s b
assume as3:(s, b) € F P
hence al:s € T P front-tickFree s
using F-T apply blast
using as3 is-processT2 by blast
show (8, b) e F (DFSKIP UNIV)
proof (cases tickFree s)
case FT-True:True
hence a2:(s, UNIV) ¢ F P
using al as! by blast
then show ?thesis
by (metis FT-True UNIV-I UNIV-eq-1 a1(2) as2 as3 emptyE event.exhaust

is-processTG-S1 tickFree-implies-front-tickFree-single)
next
case FT-Fulse: Fualse
then show ?thesis
by (meson T-F-spec UNIV-witness al(2) append-single-T-imp-tickFree
as2 emptyE is-processT5-S7)
qged
qed
qed

lemma deadlock-free-v2-implies-div-free: deadlock-free-v2 P —> D P = {}
by (metis F-T append-single- T-imp-tickFree deadlock-free-v2-is-right ex-in-conv
nonTickFree-n-front TickFree process-charn)

corollary deadlock-free-v2-FD: deadlock-free-v2 P = DFgirp UNIV Cpp P
unfolding deadlock-free-v2-def
using deadlock-free-v2-implies-div-free leFD-imp-leF leF-leD-imp-leF'D
deadlock-free-v2-def divergence-refine-def
by fastforce

lemma all-events-refusal:
(s, {tick} U ev ‘ (events-of P)) € F P = (s, UNIV::'a event set) € F P
proof —
assume al:(s, {tick} U ev ‘ events-of P) € F P
{ assume (s, UNIV) ¢ F P
then obtain ¢ where ¢ ¢ {tick} U ev ‘ events-of P AN s Q [c] € T P
using is-processT5-S1[of s {tick} U ev ¢ events-of P P
UNIV — ({tick} U ev ‘ events-of P), simplified] F-T al by auto
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hence Fulse by (simp add:events-of-def, cases c) fastforce+

with a! show (s, UNIV) € F P by blast
qed

corollary deadlock-free-v2-is-right-wrt-events:
deadlock-free-v2 (P::'a process) +—
(VseT P. tickFree s — (s, {tick} U ev ‘ (events-of P)) ¢ F P)
unfolding deadlock-free-v2-is-right using all-events-refusal apply auto
using is-processT4 by blast

lemma deadlock-free-is-deadlock-free-v2:

deadlock-free P —> deadlock-free-v2 P

using DF s ;p-DF-refine-FD deadlock-free-def deadlock-free-v2-FD trans-FD by
blast

7.11 deadlock-free and deadlock-free-v2 with SKIP and
STOP

lemma deadlock-free-v2-SKIP: deadlock-free-v2 SKIP
unfolding deadlock-free-v2-FD by (subst DF g i 1 p-unfold) simp

lemma non-deadlock-free-SKIP: <— deadlock-free SKIP)»
by (metis T-SKIP deadlock-free-implies-non-terminating insertCI non-tickFree-tick)

lemma non-deadlock-free-v2-STOP: <— deadlock-free-v2 STOP)
by (simp add: F-STOP Nil-elem-T deadlock-free-v2-is-right)

lemma non-deadlock-free-STOP: - deadlock-free STOP»
using deadlock-free-is-deadlock-free-v2 non-deadlock-free-v2-STOP by blast

end



Chapter 8

Conclusion

8.1 Related Work

As mentioned earlier, this work has its very ancient roots in a first formal-
ization of A. Camilieri in the early 90s in HOL. This work was reformu-
lated and substantially extended in HOL-CSP 1.0 published in 1997. In
2005, Roggenbach and Isobe published CSP-Prover, a formal theory of a
(fragment of) the Failures model of CSP. This work led to a couple of pub-
lications culminating in [6]; emphasis was put on actually completing the
CSP theory up to the point where it is sufficiently tactically supported
to serve as a kind of tool. This theory is still maintained and last re-
leases (the latest one was released on 18 February 2019) can be found under
https://staff.aist.go.jp/y-isobe/CSP-Prover /CSP-Prover.html. This theory
represents the first half of Roscoes theory of a Failures/Divergence model,
i.e. the Failures part. More recently, Pasquale Noce [9, 11, 10] developed a
theory of non-interference notions based on an abstract denotational model
fragment of the Failure/Divergence Model of CSP (without continuity and
algebraic laws); this theory could probably be rebuilt on top of our work.

The present work could be another, more "classic" foundation of test-generation
techniques of this kind paving the way to an interaction with FDR and its
possibility to generate labelled transition systems as output that could drive
specialized tactics in HOL-CSP 2.0.

8.2 Lessons learned

We have ported a first formalization in Isabelle/HOL on the Failure/Diver-
gence model of CSP, done with Isabelle93-7 in 1997, to a modern Isabelle
version. Particularly, we use the modern declarative proof style available in
Isabelle/Isar instead of imperative proof one, the latter being used in the old
version. On the one hand, it is worth noting that some of the old theories
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still have a surprisingly high value: Actually it took time to develop the right
granularity of abstraction in lemmas, which is thus still quite helpful and
valuable to reconstruct the theory in the new version. If a substantially large
body of lemmas is available, the degree of automation tends to increase. On
the other hand, redevelopment from scratch is unavoidable in parts where
basic libraries change. For example, this was a necessary consequence of our
decision to base HOL-CSP 2.0 on HOLCF instead of continuing the devel-
opment of an older fixed-point theory; nearly all continuity proofs had to
be redeveloped. Moreover, a fresh look on old proof-obligations may incite
unexpected generalizations and some newly proved lemmas that cannot be
constructed in the old version even with several attempts. The influence
of the chosen strategy (from scratch or refactoring) on the proof length is
inconclusive.

Note that our data does not allow to make a prediction on the length of
a porting project — the effort was distributed over a too long period and
performed by a team with initially very different knowledge about CSP and
interactive theorem proving.

8.3 A Summary on New Results

Compared to the original version of HOL-CSP 1.0, the present theory is com-
plete relative to Roscoe’s Book[12]. It contains a number of new theorems
and some interesting (and unexpected) generalizations:

1. P C ?2Q = 7P \ A C ?Q \ ?A is now also valid for the infinite
case (arbitrary hide-set A).

2. P\ AU B= P\ A\ Bis true for finite A (see finite A = 7P \
?A U ?B = ?P \ YA\ ?B); this was not even proven in HOL-CSP
1.0 for the singleton case! It can be considered as the most complex
theorem of this theory.

3. distribution laws of hiding over synchronisation [finite ?A; YA N 25
={}] = 2P [95] ?Q \ A = (?P \ ?A) [25] (?Q \ ?A); however,
this works only in the finite case. A true monster proof.

4. the synchronization operator is associative ?P [2S] ¢2Q [2S] ¢?T = ¢P
[25] (?2Q [?S] ¢T). (In HOL-CSP 1.0, this had only be shown for
special cases like ?P||?Q||?T = ?P||(?Q||¢T)).

5. the generalized non-deterministic choice operator — relevant for proofs
of deadlock-freeness — has been added to the theory Mndetprefiz ?A
?P = if ?A = {} then STOP else Abs-process (\J zco4 F (z — 7P x),
Uze2a D (x — ?P x)); it is proven monotone in the general case and
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continuous for the special case (A\z. cont (?fz)) = cont (\y. Mz€?A
—  ?2f z y) relevant for the definition of the deadlock reference processes
DF ?A = p z. Nzac?A — z and DFgirp A = p x. (Mza€?A —
z) N SKIP.

end
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Chapter 9

Annex: Refinement Example
with Buffer over infinite

Alphabet

theory CopyBuffer
imports  Assertions
begin

9.1 Defining the Copy-Buffer Example

datatype ‘a channel = left 'a | right 'a | mid 'a | ack

definition SYN :: (‘a channel) set
where  SYN = (range mid) U {ack}

definition COPY :: (‘a channel) process
where  COPY = (u COPY. left?z — (rightls — COPY))

definition SEND :: ('a channel) process
where  SEND = (u SEND. left?s — (midlz —( ack — SEND)))

definition REC : (‘a channel) process
where  REC = (u REC. mid?z — (right!lz — (ack — REC)))

definition SYSTEM :: ('a channel) process
where  «(SYSTEM = (SEND [ SYN | REC) \ SYN>

thm SYSTEM-def

271
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9.2 The Standard Proof

9.2.1 Channels and Synchronization Sets

First part: abstract properties for these events to SYN. This kind of stuff
could be automated easily by some extra-syntax for channels and SYN-sets.

lemma [simp]: left © ¢ SYN
by (auto simp: SYN-def)

lemma [simp]: right © ¢ SYN
by (auto simp: SYN-def)

lemma [simp]: ack € SYN
by (auto simp: SYN-def)

lemma [simp]: mid © € SYN
by (auto simp: SYN-def)

lemma [simp]: inj mid
by (auto simp: inj-on-def)

lemma finite (SYN:: 'a channel set) = finite {(¢::’a). True}
by (metis (no-types) SYN-def UNIV-def channel.inject(3) finite-Un finite-imageD
inj-on-def)

9.2.2 Definitions by Recursors

Second part: Derive recursive process equations, which are easier to handle
in proofs. This part IS actually automated if we could reuse the fixrec-syntax
below.

lemma COPY-rec:
COPY = left?x — right'lr — COPY
by(simp add: COPY-def ,rule trans, rule fiz-eq, simp)

lemma SEND-rec:
SEND = left?e — midlz — (ack — SEND)
by (simp add: SEND-def,rule trans, rule fiz-eq, simp)

lemma REC-rec:
REC = mid?z — right!x — (ack — REC)
by (simp add: REC-def ,rule trans, rule fiz-eq, simp)

9.2.3 A Refinement Proof

Third part: No comes the proof by fixpoint induction. Not too bad in au-
tomation considering what is inferred, but wouldn’t scale for large examples.

lemma impl-refines-spec : COPY Cpp SYSTEM
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apply(simp add: SYSTEM-def COPY-def)

apply(rule fiz-ind, simp-all)

apply (intro le-FD-adm, simp-all add: cont-fun monofunlI)
apply (subst SEND-rec, subst REC-rec)

by (simp add: Sync-rules Hiding-rules)

lemma spec-refines-impl :
assumes fin: finite (SYN:: ‘a channel set)
shows SYSTEM Crp (COPY :: 'a channel process)
apply(simp add: SYSTEM-def SEND-def)
apply(rule fiz-ind, simp-all)
apply (intro le-FD-adm)
apply (simp add: fin)
apply (simp add: cont2mono)
apply (simp add: Hiding-set-BOT Sync-BOT Sync-commute)
apply (subst COPY-rec, subst REC-rec)
by (simp add: Sync-rules Hiding-rules)

Note that this was actually proven for the Process ordering, not the refine-
ment ordering. But the former implies the latter. And due to anti-symmetry,
equality follows for the case of finite alphabets ...

lemma spec-equal-impl :
assumes fin: finite (SYN::('a channel)set)
shows SYSTEM = (COPY::'a channel process)
by (simp add: FD-antisym fin impl-refines-spec spec-refines-impl)

9.2.4 Deadlock Freeness Proof

HOL-CSP can be used to prove deadlock-freeness of processes with infinite
alphabet. In the case of the COPY - process, this can be formulated as the
following refinement problem:

lemma (DF (range left U range right)) Cpp COPY
apply(simp add:DF-def ,rule fiz-ind2)
proof —
show adm (Aa. a Cpp COPY) by(rule le-FD-adm, simp-all add: monofunl)
next
show | Cpp COPY by fastforce
next
have 1: (Mza€ range left U range right — L) Crp (Mza€ range left — 1)
by (rule mono-Mndetprefiz-FD-set, simp, blast)
have 2: (Mza€ range left — L) Cpp (left?e — 1)
unfolding read-def
by (meson Mprefiz-refines-Mndetprefiz-FD BOT-leFD mono-Mndetprefiz-FD
trans-FD)
show (A z. Mza€range left U range right — z)-L Cpp COPY
by simp (metis (mono-tags, lifting) 1 2 COPY-rec mono-read-FD BOT-leFD
trans-FD)
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next
fix P::'a channel process
assume #*: P Cpp COPY and xx : (A z. Mza€range left U range right — x)-P
Crp COPY
have 1:(Mza€ range left U range right — P) Cpp (Mza€ range right — P)
by (rule mono-Mndetprefiz-FD-set, simp, blast)
have 2:(Mza€ range right — P) Cpp (right!z — P) for z
apply (unfold write-def, rule trans-FD[OF mono-Mndetprefiz-FD-set[of «{right
z}r «range right>]])
by simp-all
from 1 2 have ab:(Mza€ range left U range right — P) Cpp (rightla — P)
for z
using trans-FD by blast
hence 3:(left?z — (Mza€ range left U range right — P)) Cpp (left?x —(rightlx
— P)) by simp
have /:AX. (Mza€ range left U range right — X) Cpp (Nza€ range left — X)
by (rule mono-Mndetprefiz-FD-set, simp, blast)
have 5:AX. (Mza€ range left — X) Cpp (left?z — X)
by (unfold read-def, subst K-record-comp, fact Mprefiz-refines-Mndetprefiz-FD)
from 3 4[of (Mza€ range left U range right — P)]
5 [of (Mza€ range left U range right — P)]
have 6:(Mza€ range left U range right —
(Mza€ range left U range right — P)) Cpp (left?z — (rightlx —
P))
using trans-FD by blast
from x xx have 7:left?z — rightlx — P Cpp left?a — right'ls — COPY by
stmp
show (A z. MzaE€range left U range right — x)-
((A z. Mzacrange left U range right — z)-P) Cpp COPY

by simp (metis (mono-tags, lifting) 6 7 COPY-rec trans-FD)
qed

9.3 An Alternative Approach: Using the fixrec-
Package

9.3.1 Channels and Synchronisation Sets

As before.

9.3.2 Process Definitions via fixrec-Package

fixrec

COPY"' :: ('a channel) process
and

SEND' :: ('a channel) process
and

REC' :: ("a channel) process
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where

COPY '-rec[simp del]: COPY' = left?x — right's — COPY’
| SEND’-rec[simp del]: SEND' = left?x — midlx — (ack — SEND’)
| REC'-rec[simp del] : REC’' = mid?z — right!ls — (ack — REC")

thm COPY'-rec
definition SYSTEM' :: ('a channel) process
where  (SYSTEM'= ((SEND'[ SYN | REC") \ SYN)»

9.3.3 Another Refinement Proof on fixrec-infrastructure

Third part: No comes the proof by fixpoint induction. Not too bad in au-
tomation considering what is inferred, but wouldn’t scale for large examples.

thm COPY'-SEND’-REC".induct
lemma impl-refines-spec’ : (COPY"::'a channel process) Cpp SYSTEM'
apply (unfold SYSTEM'-def)
apply (rule-tac P=<A abc. a Cpp ((SEND'[SYN] REC')\ SYN)» in COPY’'-SEND'-REC".induct)
apply (subst case-prod-beta’)+
apply (intro le-FD-adm, simp-all add: monofunl)
apply (subst SEND'-rec, subst REC'-rec)
by (simp add: Sync-rules Hiding-rules)

lemma spec-refines-impl’ :
assumes fin: finite (SYN::('a channel)set)
shows SYSTEM' Crp (COPY'::’a channel process)
proof (unfold SYSTEM'-def, rule-tac P=«\ a b c¢. ((b [SYN] REC')\ SYN) Crp
COPY"
in COPY'-SEND’-REC'.induct, goal-cases)
case I
have aa:<adm (A(a::’a channel process). ((a [SYN] REC’) \ SYN) Crp COPY"))
apply (intro le-FD-adm)
by (simp-all add: fin cont2mono)
thus ?case using adm-subst[of A(a,b,c). b, simplified, OF aa] by (simp add:
split-def)
next
case 2
then show ?case by (simp add: Hiding-set-BOT Sync-BOT Sync-commute)
next
case (3 a aa b)
then show ?case
apply (subst COPY '-rec, subst REC'-rec)
by (simp add: Sync-rules Hiding-rules)
qed

lemma spec-equal-impl’ :

assumes fin: finite (SYN::('a channel)set)

shows SYSTEM' = (COPY"::'a channel process)
apply (rule FD-antisym)
apply (rule spec-refines-impl’|OF fin])
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apply (rule impl-refines-spec’)
done

end



Chapter 10

Advanced Induction
Schemata

theory Induction-ext
imports HOLCF

begin

10.1 k-fixpoint-induction

lemma nat-k-induct [case-names base step]:
fixes k::nat
assumes Vi<k. P i and Vng. (Vi<k. P (no+i)) — P (no+k)
shows P (n:nat)
proof (induct rule: nat-less-induct)
case (1 n)
then show ?case
apply(cases n < k)
using assms(1) apply blast
using assms(2)[rule-format, of n—k] by auto
qed

thm fiz-ind fiz-ind2

lemma fiz-ind-k [case-names admissibility base-k-steps step]:
fixes k::nat
assumes adm: adm P
and base-k-steps: Vi<k. P (iterate i-f-1)
and step: Az. (Vi<k. P (iterate i-f-x)) = P (iterate k-f-x)
shows P (fiz-f)
unfolding fiz-def2 apply (rule admD [OF adm chain-iterate])
apply(rule nat-k-induct|of k], simp add: base-k-steps)
using step by (subst (1 2) add.commute, unfold iterate-iterate[symmetric]) blast
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lemma nat-k-skip-induct [case-names lower-bound base-k step):
fixes k::nat
assumes k£ > [ and Vi<k. P {and Vng. P (ng) — P (no+k)
shows P (n::nat)
proof (induct rule:nat-less-induct)
case (1 n)
then show ?case
apply(cases n < k)
using assms(2) apply blast
using assms(3)[rule-format, of n—k] assms(1) by auto
qed

lemma fiz-ind-k-skip [case-names lower-bound admissibility base-k-steps step):
fixes k::nat
assumes k-1: k > 1
and adm: adm P
and base-k-steps: Vi<k. P (iterate i-f-1)
and step: A\z. P x = P (iterate k-f-z)
shows P (fiz-f)
unfolding fiz-def2 apply (rule admD [OF adm chain-iterate])
apply (rule nat-k-skip-induct]of k])
using k-1 base-k-steps apply auto
using step by (subst add.commute, unfold iterate-iterate[symmetric]) blast

thm parallel-fiz-ind

10.2 Parallel fixpoint-induction

lemma parallel-fiz-ind-inc|case-names admissibility base-fst base-snd stepl:
assumes adm: adm (Az. P (fst z) (snd x))
and base-fst: Ay. P L y and base-snd: Az. Pz L
and step: Az y. Pry= P (Gx) y=—= Pz (Hy) = P (G-z) (H-y)
shows P (fiz-G) (fiz-H)
proof —
from adm have adm’: adm (case-prod P)
unfolding split-def .
have P (iterate i-G-1) (iterate j-H-1) for i j
proof (induct i+j arbitrary:i j rule:nat-less-induct)
case I
{ fix i’ j’
assume i:7 = Suc ¢’ and j:j = Suc j’
have P (iterate i"G-L) (iterate j"H-L1)
and P (iterate i"G-L) (iterate j-H-L)
and P (iterate i-G-L) (iterate j-H-1)
using 1.hyps add-strict-mono i j apply blast
using 1.hyps i apply auto[1]
using 1.hyps j by auto
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hence ?case by (simp add: i j step)
}
thus Zcase
apply/(cases i, simp add:base-fst)
apply/(cases j, simp add:base-snd)
by assumption
qed
then have Ai. case-prod P (iterate i-G-L, iterate i-H-1)
by simp
then have case-prod P (|| 4. (iterate i-G-L, iterate i-H-1))
by — (rule admD [OF adm'], simp, assumption)
then have P (| |4. iterate i-G-L1) (|| 4. iterate i-H-L1)
by (simp add: lub-Pair)
then show P (fiz-G) (fiz-H)
by (simp add: fix-def2)
qed

end
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