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Chapter 1

Context

1.1 Preface

This is a formalization in Isabelle/HOL of the work of Hoare and Roscoe
on the denotational semantics of the Failure/Divergence Model of CSP. It
follows essentially the presentation of CSP in Roscoe’s Book "Theory and
Practice of Concurrency" [12] and the semantic details in a joint Paper of
Roscoe and Brookes "An improved failures model for communicating pro-
cesses" [2].

The original version of this formalization, called HOL-CSP 1.0 [13], revealed
minor, but omnipresent foundational errors in key concepts like the pro-
cess invariant. A correction was proposed slightly before the apparition of
Roscoe’s book (all three authors were in e-mail contact at that time).

In recent years, a team of authors undertook the task to port HOL-CSP 1.0
to modern Isabelle/HOL and structured proof techniques. This results in
the present version are called HOL-CSP 2.0.

The effort is motivated by the following assets of CSP:

e the theory is interesting in itself, and reworking its formal structure
might help to make it more widely accessible, given that it is a par-
ticularly advanced example of the shallow embedding technique using
the denotational semantics of a language,

it is interesting to compare the ancient, imperative, ML-heavy proof
style to the more recent declarative one in Isabelle/Isar; this compari-
son (not presented here) gives a source of empirical evidence that such
proofs are more stable wrt. the constant changes in the Isabelle itself,

e the semantic presentation of CSP lends itself to a semantically clean
and well-understood combination of specification languages, which rep-
resents a major step to our longterm goal of heterogenuous, yet seman-

9



10 CHAPTER 1. CONTEXT

tically clean system specifications consisting of different formalisms
describing components or system aspects separately,

e the resulting HOL-CSP environment could one day be used as a tool
that certifies traces of other CSP model-checkers such as FDR4 or
PAT.

In contrast to HOL-CSP 1.0, which came with an own fixpoint theory partly
inspired by previous work of Alberto Camilieri under HOL4 [3], it is the
goal of the redesign of HOL-CSP 2.0 to reuse the HOLCF theory that em-
merged from Franz Regensburgers work and was substantially extended by
Brian Huffman. Thus, the footprint of the HOL-CSP 2.0 theory should be
reduced drastically. Moreover, all proofs have been heavily revised or re-
constructed to reflect the drastically improved state of the art of interactive
theory development with Isabelle.

Actually, from the Isabelle-2025 version on, the theory has been extended
in two ways:

e new operators known from Roscoe’s books had been formally inte-
grated (generalized non deterministic choice, sliding choice, etc.)

o the classical constant tick (v') of the CSP theory has been replaced by a
parameterized version carrying a kind of return value. It turns out that
this is a very natural extension of the original setting. Generalizations
of the sequential composition and synchronization product that fully
enjoy this feature will be added in future versions.

1.2 Introduction

DRAWN FROM THE PAPER [13]

In his invited lecture at FME’96, C.A.R. Hoare presented his view on the
status quo of formal methods in industry. With respect to formal proof
methods, he ruled that they "are now sufficiently advanced that a [...] formal
methodologist could occasionally detect [...] obscure latent errors before they
occur in practice" and asked for their publication as a possible "milestone in
the acceptance of formal methods" in industry.

In this paper, we report of a larger verification effort as part of the UniForM
project [7]. It revealed an obscure latent error that was not detected within
a decade. It cannot be said that the object of interest is a "large software
system"' whose failure may "cost millions", but it is a well-known subject in
the center of academic interest considered foundational for several formal
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methods tools: the theory of the failure- divergence model of CSP ([5], [2]).
And indeed we hope that this work may further encourage the use of for-
mal proof methods at least in the academic community working on formal
methods.

Implementations of proof support for a formal method can roughly be di-
vided into two categories. In direct tools like FDR [1], the logical rules of a
method (possibly integrated into complex proof techniques) are hard-wired
into the code of their implementation. Such tools tend to be difficult to
modify and to formally reason about, but can possess enviable automatic
proof power in specific problem domains and comfortable user interfaces.

The other category can be labelled as logical embeddings. Formal methods
such as CSP or Z can be logically embedded into an LCF-style tactical the-
orem prover such as HOL [4] or Isabelle[8]. Coming with an open system
design going back to Milner, these provers allow for user-programmed ex-
tensions in a logically sound way. Their strength is flexibility, generality and
expressiveness that makes them to symbolic programming environments.

In this paper we present a tool of the latter category (as a step towards
a future combination with the former). After a brief introduction into the
failure divergence semantics in the traditional CSP-literature, we will discuss
the revealed problems and present a correction. Although the error is not
"mathematically deep", it stings since its correction affects many definitions.
It is shown that the corrected CSP still fulfils the desired algebraic laws. The
addition of fixpoint-theory and specialised tactics extends the embedding in
Isabelle/HOL to a formally proven consistent proof environment for CSP.
Its use is demonstrated in a paradigmatic example.

1.3 An Outline of Failure-Divergence Semantics

A very first approach to give denotational semantics to CSP is to view
it as a kind of a regular expression. This way, it can be understood as
an automata and the denotations are just the language of the automaton;
this way, synchronization and concurrency can be basically understood as
the construction of a product automaton with potential interleaving. The
semantics becomes compositional, and internal communication between sub-
components of a component can be modeled by the concealment operator.

Hoares work [5] was strongly inspired by this initial idea. However, it be-
came quickly clear that the simplistic automata vision is not a satisfying
paradigm for all aspects of concurrency. Particularly regarding the nature
of communication, where one "sends" actively information and the other "re-
ceives" it, the bi-directional product construction seems to be misleading.
Furthermore, it is an obvious difference if a group of processes remains in a
passive deadlock because all possible communications contradict each other,
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or if a group of processes is too busy with internal chatter and never reaches
the point where this component is again ready for communication.

Hoare solved these apparent problems by presenting a multi-layer approach,
in which the denotational models were refined more and more allowing to
distinguish the above critical situations. An ingenious concept in the overall
scheme is to distinguish non deterministic choice from deterministic one !
in order to solve the sender/receiver problem.

Hoare proposed 3 denotational semantics for CSP:

o the trace model, which is basically the above naive automata model
not allowing to distinguish non deterministic choice from deterministic
one, neither to distinguish deadlock from infinite internal chatter,

o the failure model is able to distinguish non deterministic choice from
deterministic one by different maximum refusal sets, which is however
cannot differentiate deadlock from infinite internal chatter,

o the failure-divergence model overcomes additionally the unresolved
problem of failure model.

In the sequel, we explain these two problems in more detail, giving some
motivation for the daunting complexity of the latter model. It is this com-
plexity which finally raises general interest in a formal verification.

1.3.1 Non-Determinism

Let a and b be any two events in some set of events ¥. The two processes

(a - STOP) O b — STOP (1)
and
(a —» STOP) M b — STOP (2)

cannot be distinguished under the trace semantics, in which both processes
are capable of performing the same sequences of events, i.e. both have the
same set of traces {[], [a], [b]}. This is because both processes can either
engage in a¢ and then STOP, or engage in b and then STOP. We would,
however, like to distinguish between a deterministic choice of a or b (1) and
a non deterministic choice of a or b (2).

This can be done by considering the events that a process can refuse to
engage in when these events are offered by the environment; it cannot refuse

Lwhich in itself produces problems with recursion which had to be overcome by some
restrictions on its use.
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either, so we say its maximal refusal set is the set containing all elements
of ¥ other than a and b, written ¥ — {a, b}, i.e. it can refuse all elements
in ¥ other than a or b. In the case of the non deterministic process (2),
however, we wish to express that if the environment offers the event a say,
the process non deterministically chooses either to engage in a, to refuse it
and engage in b (likewise for b). We say therefore, that process (2) has two
maximal refusal sets, ¥ — {a} and ¥ — {b}, because it can refuse to engage
in either a or b, but not both. The notion of refusal sets is in this way used
to distinguish non determinism from determinism in choices.

1.3.2 Infinite Chatter

Consider the infinite process p X. a — X which performs an infinite stream
of a’s. If one now conceals the event a in this process by writing

(nX.a— X)\ {a} (3)

it no longer becomes possible to distinguish the behaviour of this process
from that of the deadlock process STOP. We would like to be able to make
such a distinction, since the former process has clearly not stopped but
is engaging in an unbounded sequence of internal actions invisible to the
environment. We say the process has diverged, and introduce the notion of
a divergence set to denote all sequences events that can cause a process to
diverge. Hence, the process STOP is assigned the divergence set {}, since
it can not diverge, whereas the process (3) above diverges on any sequence
of events since the process begins to diverge immediately, i.e. its divergence
set is X* , where ¥* denotes the set of all sequences with elements in X.
Divergence is undesirable and so it is essential to be able to express it to
ensure that it is avoided.

1.3.3 The Global Architecture of HOL-CSP 2.0

The global architecture of HOL-CSP 2.0 has been substantially simplified
compared to HOL-CSP 1.0: the fixpoint reasoning is now entirely based on
HOLCF (which meant that the continuity proofs for CSP operators had
basically been re-done).

The theory Process establishes the basic common notions for events, traces,
ticks and tickfree-ness, the type definitions for failures and divergences as
well as the global constraints on them (called the “axioms” in Hoare’s Book.)
captured in a predicate is_process. On this basis, the set of failures and
divergences satisfying is_process is turned into the type ’a process via
a type-definition (making is_process as the central data invariant). In the
sequel, it is shown that ’a process belongs to the type-class cpo stemming
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from HOLCF which makes the concepts of complete partial order, continu-
ity, fixpoint-induction and general recursion available to all expressions of
type ’a process.

The theory Process also establishes the two partial orderings P < P’ for
refinements and P C P’ for the approximation on processes used to give
semantics to recursion. The latter is well-known to be logically weaker than
the former. Note that, unfortunately, the use of these two symbols in HOL-
CSP 2.0, where the latter is already used in the HOLCF-theory, is just
the other way round as in the literature. For this reason, the refinement
notations P Cpp P, P Cp P/, PCp P, P Cr P', P Cpr P’ have been
introduced to be notationally closer to Roscoe’s book.

Each CSP operator is described in an own theory which comprises:

e The denotational core definition in terms of a pair of Failures and
Divergences

o The establishment of is_process for the Failures and Divergences in
the range of the given operator (thus, the preservation of is_process
for this operator). In this new version, the proof is required immedi-
ately after the definition of the operator since we use lift-definition
instead of definition

e The proof of the projections 7 and F and D for this operator

o The proof of continuity of the operator (which is always possible except
for Hiding if applied to infinite hide-sets).

Finally, the theory CSP not only contains the “Laws” of CSP, i.e. the
derived algebraic equalities, but also monotonicities rules, allowing to reason
abstractly over CSP processes. The overall dependency graph is shown in
Figure 1.1.
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Figure 1.1: The HOL-CSP 2.0 Theory Graph
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Chapter 2

The Notion of Processes

As mentioned earlier, we base the theory of CSP on HOLCF, a Isabelle/HOL
library providing a theory of continuous functions, fixpoint induction and
recursion.

HOLCEF sets the default type class to cpo, while our Process theory estab-
lishes links between standard types and pcpo types. Consequently, we reset
the default type class to the default in HOL.

default-sort type

2.1 Pre-Requisite: Basic Traces and tick-Freeness

The denotational semantics of CSP assumes a distinguishable special event,
called tick and written v/, that is required to occur only in the end of traces
in order to signalize successful termination of a process. (In the original text
of Hoare, this treatment was more liberal and lead to foundational problems:
the process invariant could not be established for the sequential composition
operator of CSP; see [13] for details.)

From the Isabelle-2025 version on, the classical constant tick (v) of the
CSP theory has been replaced by a parameterized version carrying a kind
of return value.

datatype (‘a, 'r) eventpiick =
is-ev :ev (of-ev :'a)
| is-tick : tick (of-tick : 'r) («/'(-"))

This type (‘a, 'r) eventpiick is of course isomorphic to the sum type ‘a + 7.

“ptick” stands for parameterized tick, and we introduce the type synonym
for the classical process event type.

type-synonym ’‘a event = «(’a, unit) eventpi;cx>

17
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abbreviation tick-unit :: <‘a event) («/») where «/ = vV (())»

definition sum-of-event,iicr = <('a, 'r) eventpiick = ‘a + 'm
where (sum-of-event,iicr, € = case e of eva = Inl a | V(1) = Inrr

definition eventy,y;ci-of-sum = <'a + 'r = (‘a, 'r) eventpiick>
where <eventyici-of-sum s = case s of Inl a = ev a | Inr r = V/(r)

lemma type-definition-eventyicr : <type-definition sum-of-eventpiicr eventpyicy-of-sum
UNIV»
proof unfold-locales
show <sum-of-eventpiic s € UNIV) for s :: «(‘a, 'r) eventpiick> by simp
next
show <eventyicx-of-sum (sum-of-eventyiicr, €) = e» for e :: «(a, 'r) eventpiick?
by (cases e) (simp-all add: eventpi;cr-of-sum-def sum-of-eventpycr-def)
next
show <sum-of-eventyiicr (eventyyicr-of-sum s) = s» for s :: <a + 'r
by (cases s) (simp-all add: eventpick-of-sum-def sum-of-event,;cr-def)
qed

setup-lifting type-definition-event,i;cx

lemma range-tick-Un-range-ev-is-UNIV [simp] : <range tick U range ev = UNIV)
by (metis UNIV-eq-I UnCI eventyy;cy.exhaust rangel)

The generalization is done in a very straightforward way: the old version is
recovered by considering ('a, unit) eventyiick.

lemma not-is-ev  [simp] : - is-ev e «— is-tick e
and not-is-tick [simp] : - is-tick e <— is-ev e
by (use eventpi;ck.exhaust-disc in blast)+

type-synonym ('a, 'r) tracepiick = <(‘a, 'r) eventyiicr list

We recover the classical version with unit.

type-synonym ’a trace = «('a, unit) tracepiic’
We chose as standard ordering on traces the prefix ordering.

Some facts on the prefix ordering.

lemma nil-le  [simp]: ([] < &
and nil-le2 [simp]: <s <[] «— s=[p
and nil-less [simp]: <= ¢t < [
and nil-less2 [simp]: <[] < t Q [a]>
and less-self [simp]: <t < ¢t @ [a]»
and le-cons [simp]: <a # s < a# t+— s< b
and le-append [simp]: <b Q s < bQ ¢t +— s< b
and less-cons [simp]: <a # s < a#H t+— s< b
and less-append[simp]: <b Q@ s < b Q ¢t +— s < b
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and le-length-mono: <s < t = length s < length t
and less-length-mono: <s < t = length s < length t»
and le-tail: s 4[| = s<t=tls<tlb
and less-tail: <s £ [| = s<t = tls < tl b
apply (simp-all add: less-eq-list-def less-list-def prefiz-length-le)
apply (metis prefiz-length-less prefix-order.dual-order.not-eq-order-implies-strict)
apply (metis prefiz-def ti-append?2)
by (metis prefiz-def prefiz-order.eq-iff self-append-conv tl-append?2)

lemma le-same-imp-eq-or-less: (s :: ‘a list) <uv =t < u=—=t=8Vs<tV
t< s
by (metis less-eq-list-def linorder-le-cases nless-le prefiz-length-prefiz)

lemma append-eq-first-pref-spec: <s Qt =r Qz] =t #£[] = s<m
by (metis butlast-append butlast-snoc less-eq-list-def prefiz-def)

lemma prefizes-fin: <finite {t. t < s} A card {t. t < s} = Suc (length s)
proof (induct s)
show <finite {t. t <[]} A card {t. t <[]} = Suc (length [])> by simp
next
case (Cons z s)
have x : ({t. t <z # s} ={[[J UMt x # ) ‘{t. t < sp
by (simp add: image-def less-eq-list-def set-eq-iff)
(meson Sublist.prefiz-Cons)
show <finite {t. t < x # s} A card {t. t < x # s} = Suc (length (x # s))»
proof (intro conjI)
show «finite {t. t < z # s}» by (simp add: x Cons.hyps)
next
have «(finite (At. z # t) ‘{t. t < s})» by (simp add: Cons.hyps)
show <card {t. t < z # s} = Suc (length (z # s))»
by (subst card-Un-disjoint[of {[|}> <«(A\t. z # t) ‘{t. t < s}, folded «])
(auto simp add: card-image Cons.hyps)
qed
qed

lemma sublists-fin: <finite {¢t. It1 t2. s =t1 Q@ t Q t2}»
proof (induct s)
show «(finite {t. 3t1 t2. [| = t1 Q ¢t Q t2}> by simp
next
case (Cons z s)
have «({t. t <z # s} ={t. 2. x # s =t Q 2}
by (simp add: less-eg-list-def prefiz-def)
with prefizes-fin[of <z # ] have <finite {¢t. 2. z # s =t Q t2}» by simp
have «({t. 3t1 2. x # s =t1 @ ¢t Q 2} C
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(t.3t112. s =t1 @t @2} U {t. 3t2. s 4 s =t @ 2}
by (simp add: subset-iff) (meson Cons-eq-append-conv)
show «finite {t. Jt1 2. x # s =t1 Q¢ Q {2}
by (rule finite-subset|OF «?this)], rule finite-Unl)
(simp-all add: Cons.hyps <finite {t. t2. z # s =t Q t2})
qed

lemma suffizes-fin: <finite {t. I3t1. s = t1 Q@ t}
by (rule finite-subsetof - «{t. Ft1 t2. s =11 Q t Q 2}];
simp add: subset-iff sublists-fin) blast

For the process invariant, it is a key element to reduce the notion of traces to
traces that may only contain one tick event at the very end. This is captured
by the definition of the predicate front_tickFree and its stronger version
tickFree. Here is the theory of this concept.

definition tickFree :: <('a, 'r) tracepiick = bool> (<tF)
where (tF s = range tick N set s = {}

definition front-tickFree :: «('a, 'r) tracepiick = bool> ((ftF»)
where (ftF s = s = [| V tickFree (tl (rev s))»

lemma tickFree-Nil [simp] : «tF []»
and tickFree-Cons-iff [simp] : <tF (a # t) «— is-ev a N\ tF &
and tickFree-append-iff [simp] : <tF (s Q t) «— tFs A tF b
and tickFree-rev-iff — [simp] : <tF (rev t) «— tF t»
and non-tickFree-tick [simp] : <= tF [V (1))
by (cases a; auto simp add: tickFree-def)+

lemma tickFree-iff-is-map-ev : <tF ¢t +— (Ju. t = map ev u)
by (induct t) (simp-all add: Cons-eg-map-conv is-ev-def)

lemma front-tickFree-Nil [simp] : <ftF []»
and front-tickFree-single[simp] : <ftF [a])
by (simp-all add: front-tickFree-def)

lemma tickFree-tl : <tF s = tF (il s)»
by (cases s) simp-all

lemma non-tickFree-imp-not-Nil: <= tF s = s # [»
using tickFree-Nil by blast

lemma tickFree-butlast: «tF s <— tF (butlast s) A (s # [| — is-ev (last s))»
by (induct s) simp-all

lemma front-tickFree-iff-tickFree-butlast: <ftF s <— tF (butlast s)»
by (induct s) (auto simp add: front-tickFree-def)
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lemma front-tickFree-Cons-iff: <ftF (a # s) +— s =[] V is-ev a A ftF
by (simp add: front-tickFree-iff-tickFree-butlast)

lemma front-tickFree-append-iff:
(ftF (s Q t) «— (if t =[] then ftF s else tF s N ftF t)»
by (simp add: butlast-append front-tickFree-iff-tickFree-butlast)

lemma tickFree-imp-front-tickFree [simp] : <«tF s = ftF s
by (simp add: front-tickFree-def tickFree-tl)

lemma front-tickFree-charn: <ftF s +— s =[]V (3at. s =1t Q [a] A tF t)
by (cases s rule: rev-cases) (simp-all add: front-tickFree-def)

lemma nonTickFree-n-frontTickFree: <— tF s = ftF s = 3t r. s = ¢t Q [V (7))
by (metis eventp;cr-disc(1) eventyyck.ezhaust front-tickFree-append-iff list.distinct(1)
rev-ezhaust tickFree-Cons-iff tickFree-Nil tickFree-append-iff)

lemma front-tickFree-dw-closed : <ftF' (s Q t) = ftF
by (metis front-tickFree-append-iff tickFree-imp-front-tickFree)

lemma front-tickFree-append: <tF s = ftF' t = ftF (s Q t)»
by (simp add: front-tickFree-append-iff)

lemma tickFree-imp-front-tickFree-snoc: (tF s = ftF' (s Q [a])»
by (simp add: front-tickFree-append)

lemma front-tickFree-nonempty-append-imp: <ftF (t Q r) = r # [| = tF ¢t A
ftE >
by (simp add: front-tickFree-append-iff)

lemma tickFree-map-ev [simp] : <tF (map ev t))
by (induct t) simp-all

lemma tickFree-map-tick-iff [simp] : <tF (map tick t) +— ¢t = [
by (induct t) simp-all

lemma front-tickFree-map-tick-iff [simp] : <ftF (map tick t) «— t =[]V (3r. ¢

= [r])
by (simp add: front-tickFree-iff-tickFree-butlast map-butlast[symmetric])
(metis append-Nil append-butlast-last-id butlast.simps(1, 2))

— map ev (map ft) if automatically simplified into map (ev o f) t by the simplified,
so we need to add the following versions.

lemma tickFree-map-ev-comp [simp] : <tF (map (ev o f) )
by (metis list.map-comp tickFree-map-ev)

lemma tickFree-map-tick-comp-iff [simp] : <tF (map (tick o f) t) +— t = [
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y (fold map-map, unfold tickFree-map-tick-iff) simp

lemma front-tickFree-map-tick-comp-iff [simp] : «ftF (map (tick o f) t) +— t =
v @3r.t=][r])
by (fold map-map, unfold front-tickFree-map-tick-iff)
(simp add: map-eq-Cons-conv)

2.2 Basic Types, Traces, Failures and Divergences

type-synonym (‘a, 'r) refusalpiick = «(‘a, 'r) eventpiicr set>

type-synonym ’‘a refusal = ("a, unit) refusalpticik>

type-synonym (‘a, 'r) failureyiicr = <("a, 'r) tracepiick x (‘a, 'r) refusalyyicr
type-synonym afazlure = ("a, unit) failurey;cx>

type-synonym (‘a, 'r) divergencepiicr = <('a, 'r) tracepiick>

type-synonym ‘a divergence = «('a, unit) divergencept;ci>

type-synonym (’a, 'r) processo = «('a, 'r) failurepiicr set x ('a, 'r) divergenceyi;cr
set»

|
o
.
¢

definition FAILURES :: «('a, 'r) processy = (a, 'r) failureyiicr, set>
where (FAILURES P = fst P>

definition TRACES :: «('a, 'r) processy = ('a, 'r) tracepiick set>
where «TRACES P = {tr. Aref. (ir, ref) € FAILURES P}»

definition DIVERGENCES :: «(a, 'r) processy = (‘a, 'r) divergencepiicr, set>
where «(DIVERGENCES P = snd P>

definition REFUSALS :: «('a, 'r) processy = ('a, 'r) refusalyiicr set
where REFUSALS P = {ref. ([], ref) € FAILURES P}

2.3 The Process Type Invariant

definition is-process :: <(‘a, 'r) processy = bool) where

<is-process P =

([l {}) € FAILURES P A

(Vs X. (s, X) € FAILURES P — ftF s) N\

(Vst. (s@t, {}) € FAILURES P — (s, {}) € FAILURES P) A

(Vs X Y. (s, Y)e FAILURESPAN X CY — (s, X) € FAILURES P) A

(Vs X Y. (s, X) € FAILURESP A (Nc.c€ Y — (s Q [c], {}) ¢ FAILURES
P)

— (s, X U Y) € FAILURES P) A

VsrX. (s@[v/(r)], {}) € FAILURES P — (s, X — {/(r)}) € FAILURES
P) A

(Vst. s € DIVERGENCES P N tF s \ ftFt — s @ t € DIVERGENCES P)
A

(Vs X. s € DIVERGENCES P — (s, X) € FAILURES P) A

(Vsr.s@[/(r)] € DIVERGENCES P — s € DIVERGENCES P)»
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lemma is-process-spec:
<is-process P +—
(I, {}) € FAILURES P A
(Vs X. (s, X) € FAILURES P — ftF s) A
(Vst (s@t {}) ¢ FAILURES PV (s, {}) € FAILURES P) A
(Vs X Y. (s, Y) ¢ FAILURESPV - X C Y V (s, X) € FAILURES P) A
(Vs X Y. (s, X) € FAILURES P A (Ye.ce Y — (s @ [d], {}) ¢ FAILURES
P)
— (s, X U Y) € FAILURES P) A
(VsrX. (s@[/(r)], {}) € FAILURES P — (s, X — {/(r)}) € FAILURES
P) A
(Vs t. s ¢é DIVERGENCES PV —~ tF sV = ftF t V s @ t € DIVERGENCES
P) A
(Vs X. s ¢ DIVERGENCES P V (s, X) € FAILURES P) A
(Vs r. sQ[/(r)] ¢ DIVERGENCES PV s € DIVERGENCES P))
by (simp only: is-process-def HOL.nnf-simps(1)
HOL.nnf-simps(3) [symmetric] HOL.imp-conjL][symmetric])

lemma Process-eql :

(FAILURES P = FAILURES () = DIVERGENCES P = DIVERGENCES @
= P =0

by (metis DIVERGENCES-def FAILURES-def prod-eq-iff)

lemma process-eq-spec:

<P = @Q +— FAILURES P = FAILURES @ N DIVERGENCES P = DIVER-
GENCES Q)

by (meson Process-eql)

lemma process-surj-pair: «(FAILURES P, DIVERGENCES P) = P»
by (auto simp: FAILURES-def DIVERGENCES-def)

lemma Fa-eq-imp-Tr-eq: <FAILURES P = FAILURES Q — TRACES P =
TRACES Q>
by (auto simp: FAILURES-def DIVERGENCES-def TRACES-def)

lemma is-processt : «([], {}) € FAILURES P

and is-process2 : «(s, X) € FAILURES P = ftF s

and is-process3 : «(s @ ¢, {}) € FAILURES P = (s, {}) € FAILURES P»

and is-processq : ([is-process P; (s, Y) € FAILURES P; X C Y] = (s, X) €
FAILURES P>

and is-process5 : «<[is-process P; (s, X) € FAILURES P;Vc. c € ¥ — (s Q@
[c], {}) ¢ FAILURES P]

— (s, X U Y) € FAILURES P»

and is-process6 : (s @Q [/(r)], {}) € FAILURES P = (s, X — {/(r)}) €

FAILURES P>
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and is-process7 : «[s € DIVERGENCES P; tF s; ftF t] — s @ t € DIVER-
GENCES P»

and is-process8 : «s € DIVERGENCES P = (s, X) € FAILURES P»

and is-process9 : «s Q [/ (r)] € DIVERGENCES P = s € DIVERGENCES P»

if <is-process P>

using <is-process Py unfolding is-process-def by metis+

lemma trace-with-Tick-imp-tickFree-front :
is-process P = t Q [/ (r)] € TRACES P = tF t»
by (simp add: TRACES-def) (meson front-tickFree-append-iff is-process2 neq-Nil-conv)

2.4 The Abstraction to the process-Type

typedef ('a, 'r) processpiick = «{p :: ('a, 'r) processy . is-process p}>
morphisms processg-of-process process-of-processg
proof —

have «({(s, X). s = [}, {}) € {p. is-process p}»
by (simp add: DIVERGENCES-def FAILURES-def is-process-def)
thus ?thesis by auto
qed

Again, the old version without parameterized termination can be recovered
by considering ('a, unit) processpiick-

type-synonym ’‘a process = «(’a, unit) processpiick>

setup-lifting type-definition-processpyici

This is where we differ from previous versions: we lift definitions using Is-
abelle’s machinery instead of doing it by hand.

lift-definition Failures :: <('a, 'r) processpiick = ('a, 'r) failureyiicr set> (<F») is
FAILURES .

lift-definition Traces :: «(‘a, 'r) processpiick = (/
TRACES .

a, 'r) tracepiick setr (<T») is
lift-definition Divergences :: <('a, 'r) processpiick = ('a, 'r) divergencepiicr, set>
((D)) is DIVERGENCES .

lift-definition Refusals :: «(’a, 'r) processpiick = (‘a, 'r) refusalpiick set> ((R»)
is REFUSALS .

lemma Refusals-def-bis : <R P = {X. ([}, X) € F P}h
by (simp add: Failures.rep-eq REFUSALS-def Refusals.rep-eq)

lemma Refusals-iff : <X € R P +— ([], X) € F P»
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by (simp add: Failures-def Refusals-def-bis)

lemma T-def-spec: <T P ={tr.f. f € F P Atr=fstfh
by (simp add: Traces-def TRACES-def Failures-def)

lemma T-F-spec : «(t, {}) e FP+—te T P»
by transfer (auto simp add: TRACES-def intro: is-processs)

lemma Process-spec: (process-of-processg (F P, D P) = P»
by (simp add: Divergences.rep-eq Failures.rep-eq
Processy-of-process-inverse process-surj-pair)

lemma Process-eq-spec: <P = Q «— F P=F QAND P =D @
by (metis Process-spec)

lemma Process-eg-spec-optimized: <P = Q +— D P =D QAN (DP =D Q —
FP=FQ)y

using Process-eq-spec by auto

lemma is-processT:
(I {}) € F P A
(Vs X. (s, X) € FP— ftF s) A
Vst.(s@Qt,{})) e FP— (s,{}) eFP)A
Vs XY. (5, Y)eFPANXCY — (5,X) € FP)
Vs XY.(s,X) e FPANcceY — (sQ [,
Y)e FP)A
VsrX.(sQ[v(r),{})) e FP— (s, X —{/(n)}) € FP)A
(Vst.se DPAIFsAftFt — s@QteDP)A
VsrX.seDP— (s, X) e FP)A(Vs.sQ[/(r)]eDP — se€DP)
by transfer (unfold is-process-def, fast)

N
{H)¢FP)— (s, XU

When the second type is set to unit, we recover the classical definition as
defined in the book by Roscoe.

lemma is-process T-unit:

([, {}) € F P A

(Vs X. (s, X) e FP— ftF s) A
(Vst.(s@t,{}) e FP— (s,{}) eFP)A

(VsX Y. (5, Y)EFPAXCY —» (s, X) € FP)A

Vs XY. (s, X)eFPANc.ceY — (sQc,{}) ¢ FP)— (s, XU
Y)e FP)A

VsX. (s@Q[V],{})) e FP— (s, X —{/}) e FP)A

(Vst.se DPANIFsAftFt — sQteDP)A

(Vs X.s€eDP—(s,X)e FP)AN(Vs.sQ[V]€eDP—seDP)
by transfer (unfold is-process-def, fast)
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lemma process-charn:

«0, ) e FPA

(Vs X. (s, X) € FP— ftF s) A
(Vst.(s@t, {}) ¢ FPV(s,{}) eFP)A

(VsXY.(5, V)¢ FPV-XCYV(s, X)€FP)A

Vs XY. (s, X)eFPAWNc.ceY —(sQlc,{}) ¢ FP) — (s, XU
Y)e FP)A
VsrX.s@[v(r,{}) e FP— (s, X —{/(r)}) € FP)A
(Vst.s¢ DPV-tFsV-aftFtVs@QteDP)A
VsrX.s¢DPV (s, X)e FP)AN(Vs.sQ[/(r)]¢ DPVseDP))
by (meson is-processT)

split of is_processT:

lemma is-processT1 (), {H eF P

and is-processT1-TR eT P

and is-processT?2 (s, X) e FP= fiF &

and is-processT2-TR s €T P= ftF &

and is-processT3 (s@ {})eFP= (s,{}) e FP

and is-processTS-pref :«(t,{}) e FP=s<t= (s,{}) e F P»

and is-processT3-TR teTP=—=s<t=seTDP

and is-processT3-TR-pref : «(t,{}) e FP = s<t= (s, {}) € F P»

and is-processT/ (s, V) eFP=XCY = (s, X) e F P

and is-processT5 (s, X) e FP=Vec.ceY —(sQc,{})¢ FP
— (5, XUY)eFP

and is-processT6 (sQv(n),{}) eFP= (s, X = {/(r)}) e F P

and is-processT6-TR s Q(r)]eT P= (s, X —{/(r)}) € F P

and is-processT7 SsEDP=tFs= fitFt=sQteDP

and is-processT8§ i sEDP=(s,X) e F P

and is-processT9 isQ/(r))eDP= se€DDP

by (fold T-F-spec)
(use is-processT in <metis [[metis-verbose=false]] prefixE»)+

lemma is-processT6-notin  : (s Q [V (r)], {}) e FP=V(r) ¢ X = (s, X)
ceF P
and is-processT6-TR-notin : <s Q@ [/ (r)] e TP = V(r) ¢ X = (s, X) € F
P
by (metis Diff-insert-absorb is-processT6)
(metis Diff-insert-absorb is-processT6-TR)

lemma is-processT3-TR-append : <t Qu € T P— t e T P»
using is-processT3-TR by fastforce

lemma nonempty-divE :
DP#{} = (\t. tFF t = t € D P = thesis) = thesis
by (metis ex-in-conv front-tickFree-nonempty-append-imp is-process T2 is-processT8
is-processT9 neq-Nil-conv nonTickFree-n-front TickFree)

lemma div-butlast-when-non-tickFree-iff :
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(ftF s = (if tF s then s else butlast s) € D P +— s € D P»
by (cases s rule: rev-cases; simp add: front-tickFree-iff-tickFree-butlast)
(metis front-tickFree-Cons-iff is-processT7 is-processT9 is-tick-def)

2.5 Some Consequences of the Process Character-
ization

lemma F-T: (s, X) e FP= s T P»
by (simp add: T-def-spec split-def, metis)

lemma T-F:«s €T P = (s, {}) € F P
using is-processT/ by (auto simp add: T-def-spec)

lemmas D-T = is-processT8 [THEN F-T]

lemmas is-processT4-empty [elim!] = F-T [THEN T-F)

lemma is-processT5-S7: «t € T P = (t, A)¢ FP=— Jz.z € ANtQ[z] €
T P>
by (metis T-F-spec is-processT5 sup-bot-left)

lemma is-processT5-S7"
(t, X) eFP= (t, XUA ¢FP=3TFx.2€ ANz ¢ X ANtQx] T P
by (erule contrapos-np, subst Un-Diff-cancel[symmetric])
(rule is-processT5, auto simp: T-F-spec)

lemma trace-tick-continuation-or-all-tick-failuresE:

(s, {}) € F P; Ar. s @ [V(r)] € T P = thesis; (s, range tick) € F P =
thesis] = thesis)

by (metis F-T f-inv-into-f is-processT5-S7)

lemmas Nil-elem-T [simp] = is-processT1-TR

lemmas F-imp-front-tickFree = is-processT?2
and D-imp-front-tickFree = is-processT8| THEN is-processT2]
and T-imp-front-tickFree = T-F[THEN is-processT2]

lemma D-front-tickFree-subset : <D P C Collect ftF»
by (auto simp: D-imp-front-tickFree)
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lemma F-D-part : <F P={(s,z). s€ DP}U{(s,z).s¢ DPA(s,z)€FPh
by (auto simp add: is-processT8)

lemma D-F : ({(s,z). s€e D P} CF P»
using F-D-part by blast

lemma append-T-imp-tickFree: <t Q@ s € T P = s # [| = tF t»
by (meson front-tickFree-append-iff is-processT2-TR)

lemma tick-T-F: <t Q [/ (r)] e T P = (¢t Q [V/(r)], X) € F P»
by (meson append-T-imp-tickFree is-processT5-57 list.discI non-tickFree-tick tick-
Free-append-iff)

lemma is-processT9-tick: <[V (r)] € D P = ftF s = s € D P»
by (metis append-Nil is-processT7 is-processT9 tickFree-Nil)

lemma T-nonTickFree-imp-decomp: <t € T P = = tFt = 3sr. t=sQ[V/(r)p
by (simp add: is-processT2-TR nonTickFree-n-frontTickFree)

2.6 Process Approximation is a Partial Ordering,
a Cpo, and a Pcpo

The Failure/Divergence Model of CSP Semantics provides two orderings:
The approzimation ordering (also called process ordering) will be used for
giving semantics to recursion (fixpoints) over processes, the refinement or-
dering captures our intuition that a more concrete process is more deter-
ministic and more defined than an abstract one.

We start with the key-concepts of the approximation ordering, namely the
predicates min_elems and R, (abbreviating refusals after). The former
provides just a set of minimal elements from a given set of elements of type-
class ord ...

definition min-elems :: <('s::ord) set = 's set)
where <(min-elems X = {s€ X.Vte X. -~ (t < s)p

lemma Nil-min-elems : <[] € A = || € min-elems A»
by (simp add: min-elems-def)

lemma min-elems-le-self[simp] : «(min-elems A) C A»
by (auto simp: min-elems-def)
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lemmas elem-min-elems = Set.set-mp[OF min-elems-le-self]

lemma min-elems-Collect-ftF-is-Nil : <min-elems (Collect ftF) = {[|p
by (simp add: min-elems-def less-eq-list-def set-eq-iff)
(metis front-tickFree-charn nil-less nil-less2)

lemma min-elems5 : «(s :: 'a list) € A = Jt<s. t € min-elems A»
proof —
have * : <z € A = length < n = Js<x. s € min-elems A for z :: <'a list>
and A n
proof (induct n arbitrary: x rule: nat-induct)
show (x € A = length t < 0 = Js<z. s € min-elems A for z by (simp
add: Nil-min-elems)
next
fix nx
assume <x € Ay <length © < Suc n»
assume hyp : «x € A = length x < n — Js<z. s € min-elems A for x
show (Js<z. s € min-elems A»
proof (cases (Jy € A. y < 1)
show (JycA. y < x = ds<z. s € min-elems A»
by (elim bexE, frule hyp, drule less-length-mono, use <length © < Suc n» in
simp)
(meson dual-order.strict-trans2 less-list-def)
next
show = (FycA. y < z) = Is<z. s € min-elems A»
using <z € A) unfolding min-elems-def by auto
qged
qed
thus (s € A = Jt<s. t € min-elems A by auto
qed

lemma min-elemsq: <A # {} = Is. (s :: ('a, 'r) traceprick) € min-elems A>
by (auto dest: min-elems5)

lemma min-elems-charn: <t € A= 3 t'r. t = (¢’ Q r) A t' € min-elems A»
by (meson prefirtE min-elems5)

lemma min-elems-no: «(s::'a list) € min-elems A —=te€ A=t <s= s=1b
by (metis (mono-tags, lifting) mem-Collect-eq min-elems-def order-neg-le-trans)

... while the second returns the set of possible refusal sets after a given trace
s and a given process P:

definition Refusals-after :: <[(‘a, 'r) processpiick, ('a, 'r) tracepiick] = (‘a, 'r)
refusalpick sety ({Ry))

where <R, P tr = {ref. (tr, ref) € F P}

In the following, we link the process theory to the underlying fixpoint/do-
main theory of HOLCF by identifying the approximation ordering with
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HOLCEF’s pcpo’s.

instantiation
processprick : (type, type) below
begin

declares approximation ordering _ T _ also written _ << _

definition le-approz-def : <PC Q=D Q CD P A
(Vs.s¢ DP—R, Ps=Rs Q3) A
min-elems (D P) C T

The approximation ordering captures the fact that more concrete processes
should be more defined by ordering the divergence sets appropriately. For
defined positions in a process, the failure sets must coincide pointwise; more-
over, the minimal elements (wrt. prefix ordering on traces, i.e. lists) must
be contained in the trace set of the more concrete process.

instance ..
end

lemma le-approxl: «<PC Q = D Q CD P>
by (simp add: le-approz-def)

lemma le-approz2: <PC Q= s¢ D P = ((s, X) € F Q) = ((s, X) € F P)»
by (auto simp: Refusals-after-def le-approz-def)

lemma le-approz8: <P T Q = min-elems(D P) C T Q»
by (simp add: le-approz-def)

lemma le-approx2T: (PC Q —= s ¢ DP—=—=se€T Q+—>scT P
by (auto simp: le-approz2 T-F-spec[symmetric])

lemma le-approx-lemma-F : <PC Q = F Q C F P>
by (meson le-approx2 process-charn subrell)

lemmas order-lemma = le-approz-lemma-F

lemma le-approz-lemma-T: <PC Q — T QC T P»
by (auto dest!:le-approz-lemma-F simp: T-F-spec[symmetric])

lemma proc-ord2a : <PC Q = s¢ DP = (s, X) e FP+— (5, X) e F
by (auto simp: le-approz-def Refusals-after-def)

instance processpiick : (type, type) po
proof intro-classes
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show <P C P) for P :: «('a, 'r) processpiick>
by (metis D-T elem-min-elems le-approz-def subsetl)
next
show (PC Q= QLC P = P = @ for P Q :: «('a, 'r) processpiick’
by (simp add: Process-eq-spec le-approzl le-approz-lemma-F subset-antisym)
next
fix P QR :: <«('a, 'r) processprick’
assume (P C ( and <Q C R»
show <P C R»
proof (unfold le-approx-def, intro conjl alll impl)
show (D R C D P» by (meson <P C @ «Q C R dual-order.trans le-approx1)
next
show «<s ¢ D P = R, Ps=TR, R s for s
by (metis <P C @) <Q C Ry le-approz-def subsetD)
next
from «P C Q)[THEN le-approxzl] «P T Q) [THEN le-approz3)
<Q T RY[THEN le-approz2T] <Q T Ry[THEN le-approz3]
show <min-elems (D P) C T R»
by (simp add: min-elems-def subset-iff) blast
qed
qed

At this point, we inherit quite a number of facts from the underlying HOLCF
theory, which comprises a library of facts such as chain, directed(sets),
upper bounds and least upper bounds, etc.

Some facts from the theory of complete partial orders:
e po_class.chainE : chain ?Y = ?Y 2 T ?Y (Suc %)
e po_class.chain_mono : [chain ?Y; % < ?j] = ?Y % C ?2Y %)
e po_class.is_ubD: [?5 <| %u; v € 95] = %2 C %u

¢ po_class.ub_rangel :
(N\i. 51 C %z) = range 75 <| %z

o po_class.ub_imageD : [7f ‘ 7S <| %u; %z € 25| = ?f %z C %u
o po_class.is_ub_upward : [?S <| %z; %z C ?y] = 25 <| %y
e po_class.is_lubDl: 25 <<| %z = 95 <| %

e po_class.is_1lubIl : [9S <| %z; Au. S <| u = %z C u] = %S
<<| %z

e po_class.is_lub_maximal : [%S <| %x; %z € 95] = 25 <<| %z

e po_class.is_lub_lub: ?M <<| %z = ?M <<| lub ?M
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e po_class.is_lub_range_shift:
chain ?S = range (N\i. 7S (i + %j)) <<| %z = range 25 <<| %z

e po_class.is_lub_rangeD1: range 7S <<| %o = 2S5 % C %z
e po_class.lub_eql: ?M <<| 2l = lub ?M = ?]
o po_class.is_lub_unique:[%5 <<| %x; 75 <<| ?y] = %z = %y

lemma min-elems3: <s Q [c] € D P = s Q [c] ¢ min-elems (D P) = s € D
P»
by (simp add: min-elems-def less-eq-list-def less-list-def)
(metis D-imp-front-tickFree append.right-neutral front-tickFree-append-iff
front-tickFree-dw-closed is-processT7 prefiz-def)

lemma min-elemsl: <s ¢ D P = sQ [c] € D P = s Q [¢] € min-elems (D P)»
using min-elems3 by blast

lemma min-elems2: <s ¢ DP— sQ (] e DP = PLS= QL S = (s

@l {Her@

by (meson T-F in-mono le-approz3 le-approz-lemma-F min-elems3)

lemma min-elems6: <s ¢ DP = sQ[c]e DP= PL S = (sQ]|c], {}) €
F 5
by (auto intro!: min-elems2)

lemma ND-F-dir2: <s ¢ DP = (s, {}) e FP=PL S= QLC S = (s,

{HherF@
by (meson is-processT8 le-approx2)

lemma ND-F-dir2" . «<s¢ DP— se€TP—PLS— QL S=seT Q
by (meson D-T le-approz2T)

lemma chain-lemma: <chain S =— SiC SkV SkC S
by (metis chain-mono-less not-le-imp-less po-class.chain-mono)

context fixes S :: <nat = ('a, 'r) processptick>
assumes <chain S)
begin

lift-definition lim-proc :: <(“a, 'r) processpiick’
is «(() (F ‘range S), () (D ‘range S))
proof (unfold is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conuv,
intro congl alll impl)
show «([], {}) € N (F ‘range S)» by (simp add: is-processT)
next

show «(s, X) € (| (F ‘range S) = ftF s for s X
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by (meson INT-iff UNIV-I image-eql is-processT2)
next
show «(s @ t, {}) € N (F ‘range ) =
(s, {}) € N (F “range S)» for st by (auto intro: is-processT3)
next
show «(s, Y) € () (F ‘range S) N X C Y = (s, X) € (| (F ‘range S)» for
s XY
by (metis (full-types) INT-iff is-processT4)
next
show «(s, X U Y) € N (F ‘ range S)»
if assm : «(s, X) € (| (F ‘range S) A
Ve.ceY — (sQc],{}) ¢ N (F ‘range S))» for s X YV
proof (rule ccontr)
assume (s, X U Y) ¢ [ (F ‘ range S)»
then obtain ¢ where «(s, X U Y) ¢ F (S 4)» by blast
moreover have (s, X) € F (S5 j)» for j using assm by blast
ultimately obtain ¢ where <c € V) and * : «(s @Q [c], {}) € F (S i)
using is-processT5 by blast
from «(s, X U Y) & F (S i) is-processT8 have <s ¢ D (S i) by blast
from assm <¢ € Y) obtain j where xx : <(s @Q [¢], {}) ¢ F (S j)» by blast

from chain-lemma[OF <chain S», of i j] * *x show False
by (elim disjE; use <s ¢ D (S i) is-process T8 min-elems6 proc-ord2a in blast)
qed
next
show «(s @ [V (r)], {}) € N (F ‘range S) =
(s, X = {/(n)}) e N (F “range S)> for s r X by (simp add: is-processT6)
next
show «s € (| (D ‘range S) A tF s N\ ftF t =
s@te() (D ‘range S) for s t by (simp add: is-processT7)
next
show s € (| (D ‘range S) = (s, X) € (| (F ‘ range S)» for s X
by (simp add: is-processT8)
next
show «s @ [/ ()] € ] (D ‘range S) = s € () (D ‘range S)> for s r
by (auto intro: is-processT9)
qed

lemma F-LUB: «F lim-proc = [\ (F ‘range S)»
by (metis Failures.rep-eq lim-proc.rep-eq process-surj-pair prod.sel(1))

lemma D-LUB: <D lim-proc = () (D ‘ range S)»
by (metis Divergences.rep-eq lim-proc.rep-eq process-surj-pair prod.inject)

lemma T-LUB: (T lim-proc = (\ (T ‘range S)»
by (insert F-LUB, auto simp add: T-def-spec) (meson F-T T-F)

lemmas LUB-projs = F-LUB D-LUB T-LUB
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lemma Refusals-LUB: <R lim-proc = (| (R ‘ range S)»
by (auto simp add: Refusals-def-bis F-LUB)

lemma Refusals-after-LUB: <R, lim-proc s = (()i. (Rq (S ©) 8))»
by (auto simp add: Refusals-after-def F-LUB)

lemma F-LUB-2: (s, X) € F lim-proc +— (Vi. (s, X) € F (S )
and D-LUB-2: <t € D lim-proc «<— (Vi.t € D (S1%))
and T-LUB-2: <t € T lim-proc <— (Vi. t € T (S9))
and Refusals-LUB-2: <X € R lim-proc «— (Vi. X € R (S )
and Refusals-after-LUB-2: <X € R, lim-proc s +— (Vi. X € R, (S19) s)»
by (simp-all add: F-LUB D-LUB T-LUB Refusals-LUB Refusals-after-LUB)

end

By exiting the context, terms like F lim-proc will become F (lim-proc S)
and the assumption chain S will be added.

2.7 Process Refinement is a Partial Ordering

The following type instantiation declares the refinement order _ < _ written
<= _. It captures the intuition that more concrete processes should be
more deterministic and more defined.

instantiation processpick = (type, type) ord
begin

definition less-eg-processyiicr = <('a, 'r) processprick = ('a, 'r) processpiick =
bool»
where <less-eq-processptick P Q =D Q CDPANF QCF P»

definition less-processyiick 2 <('a, ') processpiick = ('a, 'r) processpiicr, = bool>
where <(less-processprick P Q@ = P < QNP #

instance ..

end

Note that this just another syntax to our standard process refinement order
defined in the theory Process.

lemma le-refl :«P< Q=D QCDP
and le-ref2 «P< Q=F QC F P
and le-ref2T : «P< Q=T QC T P»
and le-approz-imp-le-ref: «(P::('a, 'r) processpiick) T Q@ = P < @
by (simp-all add: less-eq-processyiick-def le-approzl le-approz-lemma-F')
(use T-F-spec in blast)
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lemma F-subset-imp-T-subset : «<F PC F Q= T PCT
using T-F-spec by blast

lemma D-extended-is-D :
{tQultu.te DPANIFtAftFu} =D P»
by (auto simp add: is-processT7)
(metis D-imp-front-tickFree append.right-neutral butlast-snoc front-tickFree-append-iff
front-tickFree-charn is-processT9 nonTickFree-n-front TickFree tickFree-Nil)

lemma Process-eq-optimizedl :
(At teDP=teDQ Nt. teD Q= 1teDP;
NX tL,X)eFP=t¢DP=1t¢D Q= (t, X) e F @;
NX (6, X)eFQ=—=t¢DQ—t¢DP— (t,X) e FPl=P=Q
by (simp add: Process-eq-spec-optimized, safe, auto intro: is-processT8)

instance processpiicr :: (type, type) order
by intro-classes (auto simp: less-eq-processpiick-def less-processyiicx-def Pro-
cess-eq-spec)

lemma lim-proc-is-ub: <chain S = range S <| lim-proc S»
by (simp add: is-ub-def le-approz-def F-LUB D-LUB T-LUB Refusals-after-def)
(intro alll conjl, blast, use chain-lemma is-processT8 le-approz2 in blast,
use D-T chain-lemma le-approxz2T le-approz-def in blast)

lemma chain-min-elem-div-is-min-for-sequel:
<chain S = s € min-elems (D (S i) = i < j= se€ D (5j) = s €
min-elems (D (S 7))
by (metis elem-min-elems insert-absorb insert-subset le-approx1
min-elemsd min-elems-no po-class.chain-mono)

lemma limproc-is-lub: <range S <<| lim-proc Sy if <chain S»
proof (unfold is-lub-def, intro conjl alll impI)

show <range S <| lim-proc S» by (simp add: lim-proc-is-ub <chain S»)
next

show <lim-proc S C P if <range S <| P» for P

proof (unfold le-approz-def, intro conjl alll impl subsetl)

show <s € D P = s € D (lim-proc S)» for s
by (meson D-LUB-2 <chain S» <range S <| P> is-ub-def le-approzl rangel

subsetD)

next
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show <s ¢ D (lim-proc S) = R, (lim-proc S) s = R, P s for s
by (metis <chain S» <range S <| Py D-LUB-2 le-approx-def lim-proc-is-ub
ub-rangeD)
next
fix s
assume <s € min-elems (D (lim-proc S))»
from elem-min-elems[OF this] have Vi. s € D (S i)
by (simp add: <chain S> D-LUB)
have (34. Vj>i. s € min-elems (D (S 7))
proof (rule ccontr)
assume fi. Vj>i. s € min-elems (D (S j))
hence (Vi. 3j>i. s ¢ min-elems (D (S j))» by simp
with «Vi. s € D (S i) chain-min-elem-div-is-min-for-sequel <chain S»
have «Vj. s ¢ min-elems (D (S j))» by blast
from «s € min-elems (D (lim-proc S))» <Vi. s € D (S i)> show False
by (cases s rule: rev-cases; simp add: min-elems-def D-LUB <chain S»)
(use Nil-min-elems <V j. s ¢ min-elems (D (S j))» in blast,
metis (no-types, lifting) INT-iff «Vj. s ¢ min-elems (D (S 7)) less-self
min-elems3)
qed
thus s € T P» by (meson le-approz3 order.refl subset-eq <range S <| P»
ub-rangeD)
qed
qed

lemma limproc-is-thelub: «<chain S = (|]4. S i) = lim-proc S»
by (frule limproc-is-lub, frule po-class.lub-eql, simp)

instance processpiick  (type, type) cpo
by intro-classes (use limproc-is-lub in blast)

instance processpiicr = (type, type) pcpo

proof
define boty :: <('a, 'r) processor where <botg = ({(s, X). ftF' s}, {d. ftF d})
define bot :: «('a, 'r) processpiick> where <bot = process-of-processy boty

have «<is-process botgy»

unfolding is-process-def boty-def

by (simp add: FAILURES-def DIVERGENCES-def)

(meson front-tickFree-append-iff front-tickFree-dw-closed)

have F-bot : «<F bot = {(s, X). ftF sh

by (metis Collect] FAILURES-def Failures.rep-eq <is-process boto»

boto-def bot-def fst-eqD process-of-processy-inverse)

have D-bot : <D bot = {d. ftF d}»

by (metis Collect] DIVERGENCES-def Divergences.rep-eq <is-process boto»
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boto-def bot-def process-of-processy-inverse prod.sel(2))

show 3z :: (‘a, 'r) processprick- ¥V y. T
proof (intro exI alll)
show <bot C y» for y
proof (unfold le-approx-def, intro conjl alll impl subsetl)
show s € Dy = s € D bot» for s
by (simp add: D-bot D-imp-front-tickFree)
next
from F-imp-front-tickFree show «s ¢ D bot = R, bot s = R, y s for s
by (auto simp add: D-bot Refusals-after-def F-bot)
next
show (s € min-elems (D bot) = s € T y» for s
by (simp add: D-bot min-elems-Collect-ftF-is-Nil)
qed
qed
qged

2.8 Process Refinement is Admissible

lemma le-FD-adm : <cont (u :: ("b::epo) = (‘a, 'r) processpiick) == monofun v
= adm (A\z. uz < vz)

apply (unfold less-eq-processpiick-def adm-def)

apply (simp add: cont2contlubE D-LUB F-LUB ch2ch-cont limproc-is-thelub
monofun-def)

by (meson INF-greatest dual-order.trans is-ub-thelub le-approz1 le-approz-lemma-F')

lemmas le-FD-adm-cont[simp] = le-FD-adm[OF - cont2mono)

2.9 The Conditional Statement is Continuous

The conditional operator of CSP is obtained by a direct shallow embedding.
Here we prove it continuous

lemma if-then-else-cont[simp):
(qAz. Pz = cont (fz); Nx. = Px = cont (g z)] =
cont (Ay. if P x then fz y else g x y)»
for f :: e = b cpo = (‘a, 'r) processpick?
by (auto simp: cont-def)

2.10 Tools for proving continuity
lemma cont-process-rec: <P = (u X. fX) = cont f = P =[P

by (simp add: def-cont-fiz-eq)

lemma Inter-nonempty-finite-chained-sets: «((\i. S i) # {p
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if <Ni. j<i= Si#{} «finite (S7) <A\i. S (Suci) C S for S :: nat =
‘a set»
proof —
have x : «Vi. S i # {} = finite (S 0) = Vi. S (Suci) C Si= ([)i. 1)
#{b
for S :: <nat = 'a set»
proof (induct <card (S 0)> arbitrary: S rule: nat-less-induct)
case ]
show ?Zcase
proof (cases <Vi. Si =5 0»)
case True
thus ?thesis by (metis 1.prems(1) INT-iff ex-in-conv)
next
case Fulse
have f1: «i < j=— 5j C S0 for i j by (simp add: 1.prems(3) lift-Suc-antimono-le)
with False obtain j m where f2: ¢<m < card (S 0)» and f3: <m = card (S
i»
by (metis 1.prems(2) psubset] psubset-card-mono zero-le)
define T where <T'i = S (i + j)» for ¢
have f4: «<m = card (T 0)> unfolding T-def by (simp add: f3)
from fI have f5: <(4. S i) = ((i. T i)> unfolding T-def by (auto intro:
le-add1)
show ?thesis
apply (subst f5)
apply (rule 1.hyps[rule-format, OF f2, of T, OF f/], unfold T-def)
by (simp-all add: 1.prems(1, &) lift-Suc-antimono-le)
(metis 1.prems(2) add-0 f1 finite-subset le-add1)
qed
qed
define S’ where (S’ i =8 (j + i) for i
have Vi. S' i # {}» by (simp add: S'-def <N\i. j < i= Si#{}h)
moreover have <finite (S’ 0)) by (simp add: <S' = Xi. S (j + i)» «finite (S j)»)
moreover have Vi. S’ (Suc i) C S’ O by (simp add: S'-def «\i. S (Suc i) C
S D)
ultimately have «((i. S’ i) # {}» by (fact *)
also from lift-Suc-antimono-lelwhere f = S, OF <\i. S (Suc i) C S D]
have «(Ni. §' i) = (N4 S i)
by (simp add: INF-greatest INF-lower INF-mono' S'-def equalityl)
finally show «((¢. S4) # {}» .
qed

method prove-finite-subset-of-prefizes for t :: <(‘a, 'r) traceprickr =
— Useful for establishing the second hypothesis
solves «(rule finite-Unl; prove-finite-subset-of-prefizes t) |
(rule finite-subset]of - «{u. u < th],
use prefix] in blast, simp add: prefizes-fin)»
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Constant Processes

3.1 The Undefined Process: L

This is the key result: 1 — which we know to exist from the process instan-
tiation — can be explicitly written with its projections.

lemma F-BOT : «F L ={(s :: ('a, 'r) tracepiick, X). ftF sp
and D-BOT : <D L = {d :: ('a, 'r) tracepiick. ftF d}
and T-BOT : <T L ={s = ('a, 'r) traceptick. ftF s}
proof —
define boty :: <('a, 'r) processy> where <botg = ({(s, X). ftF s}, {d. ftF d})»
define bot :: «('a, 'r) processpiick> where <bot = process-of-processy botg>

have «<is-process boty»
unfolding is-process-def boty-def
by (simp add: FAILURES-def DIVERGENCES-def)
(meson front-tickFree-append-iff front-tickFree-dw-closed)
have F-bot : «F bot = {(s, X). ftF s}
by (metis Collect] FAILURES-def Failures.rep-eq <is-process botg»
boto-def bot-def fst-eqD process-of-processg-inverse)
have D-bot : <D bot = {d. ftF d}»
by (metis Collect] DIVERGENCES-def Divergences.rep-eq <is-process botg)
boto-def bot-def process-of-processg-inverse prod.sel(2))
hence T-bot : «T bot = {s. ftF s}
by (metis D-T T-imp-front-tickFree mem-Collect-eq subsetl subset-Un-eq sup.orderE)
have <bot = L»
by (simp add: eq-bottom-iff le-approx-def Refusals-after-def F-bot D-bot
min-elems-Collect-ft F-is-Nil)
(metis D-front-tickFree-subset process-charn)
with F-bot D-bot T-bot
show F L = {(s : ('a, 'r) traceptick, X). ftF s}
D L ={d: ("a, 'r) tracepiick. ftF d}>
T L ={s:('a, 'r) tracepiick- ftF s} by simp-all
qed

39
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lemmas BOT-projs = F-BOT D-BOT T-BOT

lemma BOT-iff-Nil-D : <P = 1L «+— [ € D P»
proof (rule iffI)
show <P = 1 = [| € D P> by (simp add: D-BOT)
next
show «P = L if (] € D P»
proof (subst Process-eq-spec-optimized, safe)
show (s € D P = s € D L for s by (simp add: D-BOT D-imp-front-tickFree)
next
show «<s € D L = s & D P» for s
by (metis <[] € D P> append-Nil process-charn tickFree-Nil)
next
show (s, X) e F P= (s, X) € F L) for s X
using le-approx-lemma-F by blast
next
show DP=D1l= (s, X) e F L= (s, X) e F Pfor s X
using D-BOT F-T T-BOT is-processT8 by blast
qed
qed

lemma BOT-iff-tick-D : <P = L <— (3r. [/(r)] € D P)
by (metis BOT-iff-Nil-D D-BOT front-tickFree-single is-process T9-tick mem-Collect-eq)

3.2 The SKIP Process

In this new parameterized version, the SKIP process is of course also pa-
rameterized.

lift-definition SKIP :: <'r = (a, 'r) processpiick’

is Ar. ({([], X)I X. v (r) ¢ X} UA{(s, X). s = V(r)]}, {})»
unfolding is-process-def FAILURES-def DIVERGENCES-def
by (auto simp add: append-eq-Cons-conv)

abbreviation SKIP-unit :: <'a process) («Skip») where «Skip = SKIP ()»
lemma F-SKIP :

«F (SKIP r) = {([], X)| X. /(r) ¢ X} U {(s, X). s = [V(r)]}

by (simp add: FAILURES-def Failures.rep-eq SKIP.rep-eq)

lemma D-SKIP : <D (SKIP r) = {}»
by (simp add: DIVERGENCES-def Divergences.rep-eq SKIP.rep-eq)

lemma T-SKIP : <T (SKIP r) ={]], vV (r)]}»
by (auto simp add: Traces.rep-eq TRACES-def Failures.rep-eq[symmetric] F-SKIP)

lemmas SKIP-projs = F-SKIP D-SKIP T-SKIP
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lemma inj-SKIP : <inj SKIP)
by (rule injI, simp add: Process-eq-spec F-SKIP) blast

3.3 The STOP Process

lift-definition STOP :: «('a, 'r) processpiick>

is «({(s, X). s =[]}, {}»
unfolding is-process-def FAILURES-def DIVERGENCES-def by simp

lemma F-STOP : <F STOP = {(s, X). s = [|»
by (simp add: FAILURES-def Failures.rep-eq STOP.rep-eq)

lemma D-STOP : <D STOP = {}»
by (simp add: DIVERGENCES-def Divergences.rep-eq STOP.rep-eq)

lemma T-STOP : <T STOP = {[|p»
by (simp add: Traces.rep-eq TRACES-def Fuailures.rep-eq[symmetric] F-STOP)

lemmas STOP-projs = F-STOP D-STOP T-STOP

lemma STOP-iff-T : <P = STOP «— T P = {[|
proof (rule iffT)
show <P = STOP = T P = {[|p> by (simp add: T-STOP)
next
assume <7 P = {[|p
show «P = STOP)
proof (subst Process-eq-spec, safe)
show (s € D P = s € D STOP: for s
by (metis D-T <T P = {[|}> front-tickFree-single not-Cons-self
process-charn self-append-conv2 singletonD tickFree-Nil)
next
show «<s € D STOP = s € D P» for s by (simp add: D-STOP)
next
show «(s, X) € F P = (s, X) € F STOP) for s X
using F-STOP F-T <T P = {[|}> by blast
next
show «(s, X) € F STOP = (s, X) € F P> for s X
by (metis F-T T-STOP <T P ={[|}> is-processT5-S7 singletonD snoc-eq-iff-butlast)
qed
qed
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Chapter 4

The Binary Choice
Operators

4.1 Deterministic Choice

4.1.1 The Det Operator Definition

lift-definition Det :: <[(’a, 'r)processpiick, ('a, 'r)processpiick]) = ('a, 'r)processpiick>
(infixl «[+]> 82)

is AP Q. {(s, X). s=[A (s, X)eFPNF QU
{(s, X).s#[| A (s, X) e FPUF Q} U
{(s, X).s=[]AseDPUD Q} U
{(, X).Ir.s=[AV(r) ¢ XAN[V(r)]eT PUT Q},
DPUD Q)

proof —
show < ?thesis P () (is <is-process (?f, D P UD Q)») for P Q :: <('a, 'r)processpiick>
proof (unfold is-process-def DIVERGENCES-def FAILURES-def fst-conv snd-conv,
intro congl olll impl)
show «([], {}) € 7>
by (simp add: is-processT1)
next
show «(s, X) € ?f = front-tickFree s» for s X
by (auto simp: is-processT2)
next
show «(s @ ¢, {}) € ?of = (s, {}) € ?/» for s ¢
by (auto simp: is-processT1 dest!: is-processT3[rule-format))
next
show «(s, YY) e f NXCY = (s, X) € ?frfor s XY
by (cases s; use is-processT4 in blast)
next
show «(s, X) € 2f A(Vec.ce Y — (sQ[c,{}) ¢ ) = (s, XU Y) € 2O
for s X Y
by (cases s) (auto simp: is-processT5 T-F)
next

show «(s @ [V ()], {}) € ?of = (s, X — {/(r)}) € ?/» for s r X

43
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apply (cases s; simp add: T-F-spec)
by blast (metis T-F-spec append-Cons is-processT6)
next
show <s € D PUD Q A tickFree s N\ front-tickFreet — s Q t € D P U D
Q> for st
by (auto simp: is-processT7)
next
show <s e D PUD Q = (s, X) € ?f» for s X
by (auto simp: is-processT8)
next
show <s Q@ V/(r)] e DPUD Q= s€ DPUD @ for sr
by (meson UnCI UnE is-processT9)
qed
qed

notation Det (infix] <0) 82)

4.1.2 The Projections

lemma F-Det :

FPOQ) ={(s, X).s=[]A(s,X) e FPNF Q} U
{(s, X).s#[|A (s, X) e FPUF Q} U
{(s5, X).s=[]ANs€eDPUD Q} U
{(5, X).3r.s=AV/(r) ¢ X ANV (r)eT PUT Qh

by (subst Failures.rep-eq, simp add: Det.rep-eq FAILURES-def)

lemma D-Det : <D (PO Q) =D PUD @
by (subst Divergences.rep-eq, simp add: Det.rep-eq DIVERGENCES-def)

lemma T-Det :<T (PO Q)=T PUT
by (unfold Traces.rep-eq TRACES-def F-Det Failures.rep-eq[symmetric])
(simp add: T-F F-T set-eq-iff, metis F-T T-F is-processT1)

lemmas Det-projs = F-Det D-Det T-Det

4.1.3 Basic Laws

The following theorem of Commutativity helps to simplify the subsequent
continuity proof by symmetry breaking. It is therefore already developed
here:

lemma Det-commute : <P O @ = Q O P»
by (auto simp: Process-eq-spec F-Det D-Det)

lemma Det-id [simp] : <P O P = P)
by (auto simp add: Process-eq-spec F-Det D-Det
intro: is-processT8 is-processT6-TR-notin)
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4.1.4 The Continuity-Rule

lemma mono-Det : «(P :: (‘a, 'r)processpiick) T P'=—= QC Q"= PO QLC P’
O Q»
proof —
have «(P :: (‘a, 'r)processprick) 0 ST QO S»if <PC @ for P S Q
proof (unfold le-approz-def, intro conjl impl alll subsetl)
show s € D (QOS)= seD (POS) for s
apply (simp add: D-Det)
using le-approz-imp-le-ref le-refl that by blast
next
show«s ¢ D (POS)= R, (POS)s=R, (QOS) s for s
apply (cases s; simp add: D-Det Refusals-after-def F-Det set-eq-iff)
apply (meson front-tickFree-Nil in-mono is-process T9-tick le-approz! le-approz2T
proc-ord2a that)
using le-approz2 that by auto[1]
next
show «s € min-elems (D (PO S)) = s € T (Q O S) for s
by (simp add: min-elems-def D-Det T-Det)
(metis D-T UnCI elem-min-elems in-mono le-approz3 min-elems5 or-
der-neq-le-trans that)
qed

thus«kPC PP— QC Q'=— PO QLC P'OQ"
by (metis Det-commute below-trans)
qed

lemma chain-Det : <chain Y = chain (A\i. Y ¢ O S)
by (simp add: po-class.chain-def mono-Det)

lemma cont-Det-prem : <«((| ] 4. Yi) O S) = (] ¢ (YiOSI)) if <chain Y
proof (subst Process-eq-spec, safe)
show «(s, X) e F (Lub Y O S) = (s, X) € F (I i. Yi O S) for s X
by (auto simp add: limproc-is-thelub F-Det D-LUB F-LUB T-LUB chain-Det
<chain Y»)
next
show «(s, X) e F (| |7 YiOS) = (s, X) € F (Lub Y O S) for s X
using le-approz2T|OF is-ub-thelub[OF <chain Y]]
apply (cases s; simp add: limproc-is-thelub F-Det D-LUB F-LUB T-LUB
chain-Det <chain Y»)
by (metis append-Nil is-processT8 is-processT9)
next
show <s € D (Lub Y O S) = se D (¢ YOS
and«s €D (|| YiOS) = se€ D (Lub Y OS) for s
by (simp-all add: limproc-is-thelub D-Det D-LUB chain-Det <chain Y)
qed

lemma Det-cont[simp]: <cont (Az. fz O g z)> if <cont f> and <cont ¢
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proof (rule cont-apply[where f = Az g. fz O ¢])
show <cont ¢» by (fact <cont g»)
next
show <cont ((O) (fz)) for z
by (rule contI2, simp add: monofun-def mono-Det)
(subst (1 2) Det-commute, simp add: cont-Det-prem,)
next
show <cont (Az. fz O y)» for y
by (rule contl2, simp add: monofun-def mono-Det cont2monofunE <cont f»)
(simp add: ch2ch-cont cont2contlubE cont-Det-prem <cont f»)
qed

4.2 Non Deterministic Choice

4.2.1 The Ndet Operator Definition

lift-definition Ndet :: <[(’a, 'r)processpiick, ('a, 'r)processpiick] = ('a, 'r)processpiick>
(infixl -] 83)
is \PQ.(FPUFQ,DPUD Q)
proof —
show <is-process (F P UF Q@ ,D PUD Q) for P Q :: «(('a, 'r)processpiick>
proof (unfold is-process-def DIVERGENCES-def FAILURES-def fst-conv snd-conv,
intro congl alll impl)
show «([], {}) e FPUF @
by (simp add: is-processT1)
next
show «(s, X) € F P U F Q = front-tickFree s» for s X
by (auto intro: is-processT?2)
next
show (s @ ¢, {}) e FPUF Q= (s, {}) e FPUF @ for st
by (auto intro: is-processT3)
next
show «(s, Y) e FPUFQAXCY = (s, X\) e FPUF @ forsXY
by (auto intro: is-processT4)
next
show «((s, X\) e FPUF QAN (Nc.ce Y —(sQc],{}) ¢ F PUF Q)
= (5, XUY)eFPUF @ for s X Y by (auto intro: is-processT5)
next
show «(s @ [V(r)],{}) e FPUF Q= (s, X —{V/(r)}) e FPUF @ for
srX
by (auto intro: is-processT6)
next
show <s € D PUD Q A tickFree s A\ front-tickFreet — s @t € D P U D
@ for st
by (auto intro: is-processT7)
next

show (s e DPUD Q = (s, X) e FPUF @ for s X
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by (auto intro: is-processT8)
next
show «<s Q [V(r)] e DPUD Q= s€ DPUD @ for sr
by (auto intro: is-processT9)
qed
qed

notation Ndet (infixl My 83)

4.2.2 The Projections

lemma F-Ndet : «F (P11 Q)=F PUF
by (simp add: FAILURES-def Fuailures.rep-eq Ndet.rep-eq)

lemma D-Ndet : <D (P11 Q)=D PUD @
by (simp add: DIVERGENCES-def Divergences.rep-eq Ndet.rep-eq)

lemma T-Ndet : <T (PN Q)=T PUT @
by (subst Traces.rep-eq)
(use T-F-spec in <auto simp: TRACES-def Failures.rep-eq[symmetric] F-Ndet
F-Ty)

lemmas Ndet-projs = F-Ndet D-Ndet T-Ndet

4.2.3 Basic Laws

The commutativity of the operator helps to simplify the subsequent conti-
nuity proof and is therefore developed here:

lemma Ndet-commute: <P 11 Q = QN P>
by (auto simp: Process-eq-spec F-Ndet D-Ndet)

lemma Ndet-id [simp] : <P M P = P> by (simp add: Process-eg-spec F-Ndet
D-Ndet)

4.2.4 The Continuity Rule

lemma mono-Ndet : <P 11 QC P'm Q) if «<PC P)»and «QC Q)
proof (unfold le-approx-def, intro congl alll impl)

show «D (P’ Q') C D (PN Q) by (metis D-Ndet Un-mono le-approxl that)
next

show (s ¢ D (PN Q)= R, (PN Q) s=R, (P'NQ" s for s

using that[THEN le-approz2] by (simp add: D-Ndet Refusals-after-def F-Ndet)
next

show <min-elems (D (P Q)) C T (P'M Q)

using that[ THEN le-approz3] by (auto simp add: min-elems-def D-Ndet T-Ndet)
qed
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lemma cont-Ndet-prem : «(| | ¢. Yi) .S = (] ¢. YinS) if <chain ¥»
proof —
have «chain (A\i. Y i1 S)
by (rule chainl) (simp add: <chain Y> chainE mono-Ndet)
with <chain Y» show ?thesis
by (simp add: limproc-is-thelub Process-eq-spec D-Ndet F-Ndet F-LUB D-LUB)
qed

lemma Ndet-cont[simp]: <cont (Az. fz 1 g z)» if <cont f» and <cont ¢
proof (rule cont-apply[where f = Az g. fa 1 ¢])
show <cont ¢» by (fact <cont g»)
next
show «<cont ((M) (f z))> for z
by (rule contl2, simp add: monofun-def mono-Ndet)
(subst (1 2) Ndet-commute, simp add: cont-Ndet-prem)
next
show <cont (\z. fx M y)» for y
by (rule contl2, simp add: monofun-def mono-Ndet cont2monofunE <cont f»)
(simp add: ch2ch-cont cont2contlubE cont-Ndet-prem <cont f»)
qed

4.3 Sliding Choice

4.3.1 Definition

definition Sliding :: <('a, 'r)processpiick = (‘a, 'r)processpiick = ('a, 'r)processpiick>
(infix] «>» 80)
where <P > Q= (PO Q)N @

4.3.2 Projections

lemma F-Sliding:
(F (P> Q) =FQU{(s, X).s#[[AN(s,X)e FPV
s=[AN@Er.seDPVtickr¢ X A [tickr] € T P)p
by (auto simp add: Sliding-def F-Ndet F-Det intro: is-processT8 is-process T6-TR-notin)

lemma D-Sliding: <D (P> Q) =D PUD @
by (simp add: Sliding-def D-Ndet D-Det)

lemma 7-Sliding: <T (P> Q)=T PUT
by (simp add: Sliding-def T-Ndet T-Det)

lemmas Sliding-projs = F-Sliding D-Sliding T-Sliding
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4.3.3 Properties
lemma Sliding-id: <P > P = P»
by (simp add: Sliding-def)

4.3.4 Continuity

From the definition, monotony and continuity is obvious.
lemma mono-Sliding : <PC P'=— QC Q"= P> QLC P'> Q"
unfolding Sliding-def by (simp add: mono-Det mono-Ndet)

lemma Sliding-cont|[simp] : <cont f => cont g = cont (A\z. fz > g z)
by (simp add: Sliding-def)
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Chapter 5

The Prefix Choice Operators

5.1 Multiple Deterministic Prefix Choice

5.1.1 The Definition and some Consequences

lift-definition Mprefiz :: <['a set, 'a = ('a, 'r)processpiick] = ('a, 'r)processpiick>
is AA P. ({(tr, ref). tr=[] ArefNev ‘A={}} U
{(tr, ref). tr Z[J AN hd tr € ev ‘A A (a. eva = hd tr A (tl tr, ref) €
F(Pa},
{d.d#[|A"hdde€ev ‘AN (Ta eva=hddAtldeD(Pa))})p
proof —
show «?thesis A Py (is <is-process(?f, ?d)) for P and A
proof (unfold is-process-def DIVERGENCES-def FAILURES-def fst-conv snd-conuv,
intro congl alll impl)
show «([], {}) € 7>
by (simp add: is-processT1)
next
show «(s, X) € ?f = front-tickFree s» for s X
apply (cases s; simp add: image-iff)
by (meson F-imp-front-tickFree eventpicx.disc(1) front-tickFree-Cons-iff)
next
show «(s @ ¢, {}) € ?of = (s, {}) € ?/» for s ¢
by (auto intro: is-processT3)
next
show «(s, Y) e f NXCY = (s, X) e ?frfor s XY
by (auto intro: is-processT4)
next
show (s, X) € %f A (Ve.ce Y — (sQ e, {}) ¢ ?f) = (s, XU Y) e ?)
for s XY
apply (cases s; simp add: disjoint-iff image-iff)
using is-processT1 apply blast
by (metis is-processT5)
next
show «(s @ [V ()], {}) € ?of = (s, X — {/(r)}) € ?f» for s r X
by (cases s) (auto intro: is-processT6)

o1
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next
show «s € 2d A tickFree s A front-tickFree t = s Q t € ?d) for s t
by (cases s) (auto intro: is-processT7)
next
show s € %d = (s, X) € ?f» for s X
by (auto intro: is-processT8)
next
show «s Q [V/(r)] € ?2d = s € ?d> for s r
by (cases s) (auto intro: is-processT9)
qed
qed

syntax -Mprefic :: «pttrn, 'a set, ('a, 'r)processpiick] = ('a, 'r)processpiick?
(«(&8((-)/€(-))/ = () [78,78,77] 17)

syntax-consts -Mprefic = Mprefiz

translations OacA — P = CONST Mprefiz A (Aa. P)

Syntax Check:

term (Oz€A — OycAd —» OzeAd - Pzaxy = @

5.1.2 Projections in Prefix

lemma F-Mprefiz :
F@OaeAdA—-Pa)={, X)) X. XNne ‘A={}}U
{(eva# s, X)asX. ac AN (s, X) e F (Pa)}
by (subst Failures.rep-eq, auto simp add: Mprefiz.rep-eq FAILURES-def)
(metis list.collapse)

lemma D-Mprefiz: <D (Da € A — Pa)={eva# slas.a€c ANseD(Pa)p
by (subst Divergences.rep-eq, auto simp add: Mprefiz.rep-eq DIVERGENCES-def)
(metis list.collapse)

lemma T-Mprefiz: <T (Da € A — Pa) =1nsert [ {eva# slas.ac ANs¢€
T (Pa)b
by (subst Traces.rep-eq, auto simp add: TRACES-def Failures.rep-eq[symmetric]
F-Mprefiz)
(use F-T T-F in blast)+

lemmas Mprefiz-projs = F-Mprefiz D-Mprefiz T-Mprefiz
lemma mono-Mprefiz-eq: «(N\a. a € A= P a= Q a) = Mprefir A P = Mprefix

A Q)
by (subst Process-eg-spec) (auto simp add: F-Mprefiz D-Mprefiz)

5.1.3 Basic Properties
lemma tick-notin-T-Mprefiz [simp]: <[V (r)] ¢ T (Ox € A — P a)
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by (simp add: T-Mprefiz)

lemma Nil-notin-D-Mprefiz [simp]: <[] ¢ D (Ox € A — P x)»
by (simp add: D-Mprefiz)

5.1.4 Proof of Continuity Rule
Backpatch Isabelle 2009-1

definition
contlub :: (a::cpo = 'biicpo) = bool
where
contlub f = (VY. chain Y — f (L] i. Y i) = (] ¢ f (Y1)

lemma contlubE:
[contlub f; chain Y] = f (] 7. Yi) = (| ¢ f (Y 7))
by (simp add: contlub-def)

lemma monocontlub2cont: [monofun f; contlub f] = cont f
apply (rule contl)
apply (rule thelubE)
apply (erule (1) ch2ch-monofun)
apply (erule (1) contlubE [symmetric])
done

lemma contlubl:
(ANY.chain Y = f (] ¢. Yi)= (] ¢ f (Y1) = contlub f
by (simp add: contlub-def)

lemma cont2contlub: cont f = contlub f
apply (rule contlubl)
apply (rule po-class.lub-eql [symmetric])
apply (erule (1) contE)
done

Core of Proof

lemma mono-Mprefix : <0a € A > PaC Oa€ A— Qa (is <P C ?2Q»)
if  (N\a.ae A= PaC Quw
proof (unfold le-approx-def, intro congl impI alll subsetl)
from that|THEN le-approzl] show s € D ¢Q = s € D ?P) for s
by (auto simp add: D-Mprefix)
next
from that| THEN le-approz2] show s ¢ D 9P — R, ?P s =R, ?Q s> for s
by (auto simp add: Refusals-after-def D-Mprefix F-Mprefix)
next
from that[THEN le-approz3] show s € min-elems (D ?P) = s € T ?Q) for s
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by (simp add: min-elems-def D-Mprefix T-Mprefiz subset-iff) (metis less-cons)
qed

lemma chain-Mprefiz : <chain Y = chain (Ai. Da€A — Y i a)
by (simp add: fun-belowD mono-Mprefix chain-def)

lemma cont-Mprefix-prem : <0a € A — (| |i. Yia)=(]i. Oac A — Yia)p
(is «?lhs = %rhsy) if <chain Y»
proof (subst Process-eq-spec, safe)
show «(s, X) € F ?lhs = (s, X) € F ?rhs) for s X
by (auto simp add: F-Mprefix limproc-is-thelub <chain Y> F-LUB ch2ch-fun
chain-Mprefiz)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs» for s X
by (simp add: F-Mprefix limproc-is-thelub <chain V> F-LUB ch2ch-fun chain-Mprefix)
blast
next
show «s € D ?lhs = s € D %rhs) for s
by (auto simp add: D-Mprefix limproc-is-thelub <chain Y> D-LUB ch2ch-fun
chain-Mprefiz)
next
show «s € D ?rhs = s € D ?lhs) for s
by (simp add: D-Mprefix limproc-is-thelub «chain Yy D-LUB ch2ch-fun chain-Mprefix)
blast
qed

lemma Mprefiz-cont [simp] : <cont (Ab. Oa € A — fa b if x: (ANa. a € 4 =
cont (f a)»
proof —
define g where <ga b = if a € A then f a b else undefined> for a b
have «(A\b. Oa € A — fab)=(Ab.0a € A — gabd)
by (intro ext mono-Mprefiz-eq) (simp add: g-def)
moreover have «cont (A\b. Oa € A — g a b)
proof (rule cont-compose[where ¢ = «Mprefiz As])
show <cont (Mprefiz A)
proof (rule contI2)
show <monofun (Mprefiz A)) by (simp add: fun-belowD mono-Mprefiz mono-
funl)
next
show «chain Y = Mprefix A (| |i. Y i) C (|]i. Mprefizx A (Y i))»
for Y :: <nat = 'a = ('a, 'r)processpiick>
by (simp add: cont-Mprefiz-prem lub-fun)
qed
next
show <cont (A\b a. g a b)»
by (rule cont2cont-lambda, rule contI2)
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(simp-all add: cont2monofunE cont2contlubE g-def monofunl x)
qed
ultimately show <cont (A\b. Da€A — fa b)) by simp
qed

5.1.5 High-level Syntax for Read and Write0O

The following syntax introduces the usual channel notation for CSP. Slightly
deviating from conventional wisdom, we view a channel not as a tag in a
pair, rather than as a function of type ‘a = 'b. This paves the way for typed
channels over a common universe of events.

definition read :: <['a = 'b, 'a set, 'a = (b, 'r)processpiick] = ('b, 'r)processpiick>
where <read ¢ A P = Mprefix (¢ * A) (P o (inv-into A c))»

definition write0 :: <['a, (‘a, 'r)processpiick] = ('a, 'r)processpiicr> (infixr —»

77)
where (write0 a P = Mprefiz {a} (Az. P)

5.1.6 CSP,,-Style Syntax for Communication Primitives

syntax
-read :: <['a = 'b, pttrn, ('b, 'r)processpiick] = (b, 'r)processpiick?
(«(3((- ) () /= -0 [718,78,77] 77)
-readX :: <['a = 'b, pttrn, bool, ('b, 'r)processpiick] = ('b, 'r)processpiick>
)I-

«(E()2D]- /= ) [78,78,78,77) T7)
-readS :: <['a = 'b, pttrn, 'a set, ('b, 'r)processpiick] = (b, 'r)processpiick?
«(3((-)? ( ))E- /= ) [78,78,78,77] 77)

translations
-read ¢ p P = CONST read ¢ CONST UNIV (Ap. P)
-readX ¢cp b P => CONST read ¢ {p. b} (Ap. P)

-readS cp A P => CONST read ¢ A (Ap. P)

syntax-consts -read = read
and -readX = read
and -readS = read

Syntax Check:

term <a — P»

term «c?z — d?y — P a y»
term («c?zeX — P
term <c?z|(z<0) = P

term «c?z — d?yeB — e — u?t(t > 1) > Payp
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term ¢(c o d)?a — P

lemma mono-write0 : <P C Q = a — PLC a —
unfolding write0-def by (simp add: mono-Mprefix)

lemma mono-read : <(Aa. a € A= PaC Qa) = c?a€A — P a C c?acA
- Q w
unfolding read-def by (simp add: inv-into-into mono-Mprefiz)

lemma read-cont[simp]:
«(A\a. a € A = cont (A\b. P ba)) = cont (A\y. read ¢ A (P y))»
unfolding read-def o-def by (rule Mprefiz-cont) (simp add: inv-into-into)

lemma read-cont’[simp]: <cont P = cont (Ay. read ¢ A (P y))»
unfolding read-def o-def by (rule Mprefiz-cont, rule cont2cont-fun)

lemma read-cont'[simp]: «(A\a. cont (f a)) = cont (\y. c?x — fz y)> by simp

lemma write0-cont[simp): <cont (P::('b::cpo = ('a, 'r)processpiick)) = cont(Az.
a — Pz)
by (simp add: write0-def)

lemma Mprefiz-singl : <Ox € {a} - Pz =a — P
by (auto simp add: Process-eq-spec write0-def Mprefiz-projs)

5.2 Multiple non Deterministic Prefix Choice

5.3 Multiple non deterministic prefix operator

lift-definition Mndetprefiz :: <['a set, 'a = ('a, 'r)processpiick) = (‘a, 'r)processpick>
is <(AA P. if A = {} then processy-of-process STOP
else (Ja€A. F (a = Pa),Jac€A. D (a — P a))
proof (split if-split, intro conjl impl)
show <is-process (processg-of-process STOP)»
by (metis STOP.rep-eq STOP.rsp eq-onp-def)
next
show <is-process (|Ja€A. F (a — P a), |Ja€A. D (a — P a)) (is <is-process
(2f, 2d)»)
if <A#{} for Aand P :: <'a = ('a, 'r)processpiici>
proof (unfold is-process-def DIVERGENCES-def FAILURES-def fst-conv snd-conv,
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intro congl alll impl)
show «([], {}) € ?f> by (simp add: ex-in-conv is-processT1 <A # {}>)
next
show (s, X) € ¢f = front-tickFree s» for s X
by (blast intro: is-processT?2)
next
show «((s @ ¢, {}) € ?of = (s, {}) € ?/> for st
by (blast intro: is-processT3)
next
show «(s, Y) e f NXCY = (s, X) € frfor s X Y
by (blast intro: is-processT4)
next
show «(s, X) € 2f A (Ve.ce Y — (sQ ], {}) ¢ ) =
(s, XU Y) e 2/ for s X Y by (blast introl: is-processT5)
next
show «(s @ [V(r)], {}) € of = (s, X — {/(r)}) € ?» for s r X
by (blast intro: is-processT6)
next
show «s € 2d A tickFree s A front-tickFree t = s Q t € ?d» for st
by (blast intro: is-processT7)
next
show «s € 2d = (s, X) € ?f» for s X
by (blast intro!: is-processT8)
next
show «s Q [V(r)] € ?2d = s € ?d> for s r
by (blast introl: is-processT9)
qed
qed

syntax -Mndetprefiz :: pttrn = 'a set = ('a, 'r)processpiick = (‘a, 'r)processpiick

(«(an((-)/e(-)/) = () [78,78,77] 77)
syntax-consts -Mndetprefic = Mndetprefiz

translations Ma € A — P = CONST Mndetprefiz A (Aa. P)

lemma F-Mndetprefiz:

«(F (Ma € A — Pa)= (if A= {} then {(s, X). s =[]} else Jz€A. F (x = P
z))

by (simp add: Failures.rep-eq FAILURES-def STOP.rep-eq Mndetprefix.rep-eq)

lemma D-Mndetprefiz : <D (Ma € A — P a) = (if A = {} then {} else | Jz€A. D
(x = Pax))
by (simp add: Divergences.rep-eq DIVERGENCES-def STOP.rep-eq Mndetpre-
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fix.rep-eq)

lemma T-Mndetprefix: <T (Ma € A — P a) = (if A = {} then {[]} else |Jz€A.
T (xr— Pux))p
by (auto simp add: Traces.rep-eq TRACES-def Failures.rep-eq[symmetric] F-Mndetprefiz)

lemma mono-Mndetprefiz-eq: «(Aa. a € A= Pa=Qa) = TNa€ A— Pa
=Ma€Ad— Quaw

by (cases <A = {}», simp; subst Process-eq-spec, auto simp add: F-Mndetprefix
D-Mndetprefiz)

lemma F-Mndetprefiz’ :
«(F (Ma€e A — Pa)=
( if A=A} then {(s, X). s =[]}
else {([, X)] X. Jac A evag¢g X} U{(eva# s, X)|lasX.a€ AN (s, X)
e F(Pa)})
by (simp add: F-Mndetprefix write0-def F-Mprefix) blast

lemma D-Mndetprefiz’ : <D (Ma € A — Pa)={eva# slas.ac€ ANseD

(Pa)p
by (auto simp add: D-Mndetprefiz write0-def D-Mprefiz)

lemma T-Mndetprefiz’ : <T (Ma € A — Pa) =insert | {eva# slas. ae€ AN
seT (Pa)p
by (auto simp add: T-Mndetprefiz write0-def T-Mprefix)

lemmas Mndetprefiz-projs = F-Mndetprefiz’ D-Mndetprefiz’ T-Mndetprefix’

Thus we know now, that Mndetprefix yields processes. Direct consequences
are the following distributivities:

lemma Mndetprefiz-singl [simp] : <M a € {a} - Pa=0a— P
by (auto simp add: Process-eq-spec F-Mndetprefiz D-Mndetprefix)

lemma Mndetprefiz- Un-distrib :

A#{} = B#{} =M€ (AUB) > Pz=(Ma€eA—-Pa)N(NbeB
— P b)

by (auto simp : Process. Process-eq-spec F-Ndet D-Ndet F-Mndetprefix D-Mndetprefix)

The two lemmas Mndetprefiz {?a} ?P = %a — ?P %a and [?A # {}; 7B
# {}] = Mndetprefizr (?A U ?B) P = Mndetprefix ?A P M Mndetprefix
?B ?P together give us that Mndetprefiz can be represented by a fold in the
finite case.

lemma Mndetprefiz-distrib-unit :

(A—{a} #{} =Nz c€insertaA— Pzx=(a— Pa)N (Nz e (4 - {a})
— P )

by (metis Un-Diff-cancel insert-is-Un insert-not-empty Mndetprefix- Un-distrib
Mndetprefiz-singl)
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This also implies that Mndetprefir is continuous when finite A, but this is
not really useful since we have the general case.

5.3.1 General case Continuity

lemma mono-Mndetprefix : <Ma € A - PaClMNa€ A — Qw
(is<?PC ?(h) if <Na.a€e A= PalC Qa
proof (unfold le-approx-def, intro conjl impl alll subsetl)
from that[THEN le-approz1] show <s € D ?Q)Q = s € D ?P) for s
by (auto simp add: D-Mndetprefix’)
next
from that|THEN le-approz2] show <s ¢ D 9P = R, ?P s =R, ?Q s> for s
by (auto simp add: Refusals-after-def D-Mndetprefix’ F-Mndetprefiz')
next
from that[THEN le-approz3] show <s € min-elems (D ?P) = s € T ?Q) for s
by (simp add: min-elems-def D-Mndetprefix’ T-Mndetprefiz’ subset-iff) (metis
less-cons)
qed

lemma chain-Mndetprefiz : <chain Y = chain (\i. Ma€A — Y i a)
by (simp add: fun-belowD mono-Mndetprefic chain-def)

lemma cont-Mndetprefiz-prem : <Ma € A — (| |i. Yia) = (i Na€ A — Yi
a)
(is «?lhs = ?rhsy) if <chain >
proof (subst Process-eq-spec, safe)
show «(s, X) € F ?lhs = (s, X) € F %rhs» for s X
by (auto simp add: F-Mndetprefiz' limproc-is-thelub <chain Y> F-LUB
ch2ch-fun chain-Mndetprefic split: if-split-asm)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (simp add: F-Mndetprefiz' limproc-is-thelub <chain Yy F-LUB ch2ch-fun
chain-Mndetprefiz split: if-split-asm) blast
next
show s € D ?lhs = s € D ?rhs) for s
by (auto simp add: D-Mndetprefiz’ limproc-is-thelub <chain Ys D-LUB ch2ch-fun
chain-Mndetprefiz)
next
show «s € D %rhs = s € D ?lhs) for s
by (simp add: D-Mndetprefiz' limproc-is-thelub <chain Y> D-LUB ch2ch-fun
chain-Mndetprefiz) blast
qed

lemma Mndetprefiz-cont [simp] : <cont (Ab. Ma € A — fa b) if x : <\a. a € A
= cont (f a)
proof —
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define g where <ga b = if a € A then fa b else undefined> for a b
have «(Ab.Ma € A — fab)=(Ab.Ma€ A — gabd)p
by (intro ext mono-Mndetprefiz-eq) (simp add: g-def)
moreover have (cont (A\b. Ma € A — g a b)
proof (rule cont-compose[where ¢ = < Mndetprefix A)])
show <cont (Mndetprefiz A)>
proof (rule contl2)
show (monofun (Mndetprefiz A)> by (simp add: fun-belowD mono-Mndetprefix
monofunl)
next
show <chain Y = Mndetprefic A (| |i. Y i) C (| |i. Mndetprefizx A (Y i))»
for Y :: <nat = 'a = ('a, 'r)processpiick>
by (simp add: cont-Mndetprefiz-prem lub-fun)
qed
next
show <cont (Ab a. g a b)»
by (rule cont2cont-lambda, rule contI2)
(simp-all add: cont2monofunE cont2contlubE g-def monofunl )
qed
ultimately show <cont (A\b. Ma€A — fa b))y by simp
qed

5.3.2 High-level Syntax for Write

A version with a non deterministic choice is also introduced.

definition ndet-write :: <['a = 'b, 'a set, 'a = ('b, 'r)processpiick] = (b, 'r)processpiick?
where <ndet-write ¢ A P = Mndetprefix (¢ * A) (P o (inv-into A ¢))»

definition write :: <['a = 'b, 'a, ('b, 'r)processprick] = ('b, 'r)processpiici>
where «write ¢ a P = Mprefiz {c a} (\z. P)»

syntax
-ndet-write :: <['a = 'b, pttrn, ('b, 'r)processprick] = ('b, 'r)processpiick>
(«(3((IN) /= ) [78,78,77] T7)
-ndet-writeX :: «['a = 'b, pttrn, bool,('b, 'r)processpiici] = ('b, 'r)processpiick>
(S /= ) [78,78,78,77) 717)

-ndet-writeS :: <['a = 'b, pttrn, b set,('d, 'r)processpiick] = ('b, 'r)processpiick’
((3((MN))e- /= ) [78,78,78,77) 77)
-write i «['a = 'b, 'a, ('a, 'r)processprick] = (‘a, 'r)processprick> (<(3()(-) /—

) [78,78,77) 17)

syntax-consts -ndet-write = ndet-write

and -ndet-writeX = ndet-write
and -ndet-writeS = ndet-write
and -write = ndet-write

translations
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-ndet-write ¢ p P = CONST ndet-write ¢ CONST UNIV (Ap. P)
-ndet-writeX ¢ p b P => CONST ndet-write ¢ {p. b} (Ap. P)
-ndet-writeS ¢ p A P => CONST ndet-write ¢ A (Ap. P)

-write ¢ a P = CONST write c a P

Syntax checks.

term 'z — P )
term <«clzcA — P x>
term «c!lz|(0<x) — P o

term «(c o ¢')!lacA — d?beB — event — ela’ — P a b
term «clz — P»
lemma mono-ndet-write: <(Aa. a € A = P aC Q a) = (c!la€A — Pa) C
(Maed — Q a)

unfolding ndet-write-def by (simp add: inv-into-into mono-Mndetprefix)
lemma ndet-write-cont[simp):

«(Aa. a € A = cont (A\b. P b a)) = cont (\y. MNacAd — Py a)y
unfolding ndet-write-def o-def by (rule Mndetprefiz-cont) (simp add: inv-into-into)

lemma mono-write: <P C Q — cla — P C cla —
unfolding write-def by (simp add: mono-Mprefiz)

lemma write-cont[simp]: <cont P = cont (Az. cla — P z))
unfolding write-def by simp

lemma read-singl[simp] : <c?a€{z} - P a = clz — Pz
by (simp add: read-def Mprefiz-singl write-def)

lemma ndet-write-singl[simp] : «Ma€{z} - Pa=clz - Pn
by (simp add: ndet-write-def Mprefiz-singl write-def)

lemma write-is-write0 : <clx - P = cx — P»
by (simp add: write0-def write-def)
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Chapter 6

The Global non
Deterministic Choice

6.1 General non Deterministic Choice Definition

This is an experimental definition of a generalized non deterministic choice
a M b for an arbitrary set. The present version is “totalised” for the case
of A = {} by STOP, which is not the neutral element of the (1) operator
(because there is no neutral element for (I1)).

lemma A P.V Q. (P :: ('a, 'r) processprick) M Q = @
proof (rule ccontr, simp, elim exE)
fix P
assume * : <V Q. (P :: (“a, 'r) processpiicr) M Q = @
hence <P = STOP»
by (erule-tac x = STOP in allE) (auto simp add: STOP-iff-T T-Ndet T-STOP)
with x show Fulse
apply (erule-tac x = <SKIP undefineds in allF)
apply (simp add: Process-eq-spec F-STOP F-Ndet F-SKIP set-eg-iff)
by (metis UNIV-I not-Cons-self)
qed

lift-definition GlobalNdet :: «['b set, 'b = (a, 'r) processpiick] = ('a, 'r) pro-
cesSptick?
is MAP. ifA={}
then ({(s, X). s = [I}, {})
else (JacA. F (P a), JacA. D (P a))
proof (split if-split, intro conjl impl)
show <is-process ({(s, X). s = [|}, {})» by (metis STOP.rsp eg-onp-def)
next
show <is-process (| Ja€A. F (P a), |Ja€A. D (P a)) (is <is-process (?f, 2d)»)
if <A # {} for P :: <'b= ("a, 'r) processpiicr> and A
proof (unfold is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conuv,

63
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intro congl impl alll)
from <A # {}) is-processT1 show ([, {}) € ?f> by blast
next
from is-processT2 show «(s, X) € ?f = ftF s» for s X by blast
next
from is-processT3 show «(s Q ¢, {}) € ?f = (s, {}) € ?f» for s t by blast
next
from is-processT4 show «(s, Y) € 2 NX CY = (s, X) € ¢hrfor s X Y
by blast
next
from is-processTH
show «(s, X) € %f A (Ve.ce Y — (sQ[c], {}) ¢ ?)
= (s, XU Y) e ?/» for s X Y by simp blast
next
from is-processT6
show «(s @ [V (r)], {}) € % = (s, X — {/(r)}) € ?f» for s r X by fast
next
from is-processT7 show <s € 2d N tF s N ftF t = s Q t € 2d) for s t by
blast
next
from is-processT8 show «s € ?d = (s, X) € ?f» for s X by blast
next
from is-processT9 show s Q [V/(r)] € ?d = s € ?d> for s r by fast
qed
qed

syntax -GlobalNdet :: <[pttrn,’b set,('a, ') processpiick] = (‘a, 'r) processpiick>

(«(3n((-)/€(-))-/ () [78,78,77] 17)
syntax-consts -GlobalNdet == GlobalNdet
translations Ma € A. P = CONST GlobalNdet A (Aa. P)

Note that the global non deterministic choice Ma€A. P a is different from
the multiple non deterministic prefix choice which guarantees continuity
even when A is infinite due to the fact that it communicates its choice via
an internal prefix operator.

6.2 The projections

lemma F-GlobalNdet:
«(F (Ma€ A Pa)= (if A={} then {(s, X). s =[]} else (U a€A. F (P a)))
by (simp add: Failures.rep-eq FAILURES-def GlobalNdet.rep-eq)

lemma D-GlobalNdet: <D (Ma € A. Pa) = (J a€A. D (P a))
by (simp add: Divergences.rep-eq DIVERGENCES-def GlobalNdet.rep-eq)

lemma T-GlobalNdet:
T (Mae€ A. Pa)=(if A= {} then {[]} else (U acA. T (P a)))
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by (auto simp add: Traces.rep-eq TRACES-def Failures.rep-eq[symmetric]
F-GlobalNdet intro: F-T T-F)

lemma T-GlobalNdet”: <T (Ma € A. P a) = insert [| (J a€A. T (P a))
by (simp add: T-GlobalNdet)
(metis T-GlobalNdet insert-absorb is-processT1-TR)

lemmas GlobalNdet-projs = F-GlobalNdet D-GlobalNdet T-GlobalNdet'

lemma mono-GlobalNdet-eq:
(Na. a € A= Pa=Qa) = GlobalNdet A P = GlobalNdet A @Q»
by (subst Process-eg-spec, simp add: F-GlobalNdet D-GlobalNdet)

lemma mono-GlobalNdet-eq2:
(Na. a € A= P (fa) = Q a) = GlobalNdet (f * A) P = GlobalNdet A Q>
by (subst Process-eq-spec, simp add: F-GlobalNdet D-GlobalNdet)

6.3 Factorization of (M) in front of GlobalNdet

lemma GlobalNdet-factorization-union:
JA# (B # ] —
Mpe A Pp)n(MNpeB. Pp)=(Mpe(AUB).Pp)p
by (subst Process-eq-spec) (simp add: F-GlobalNdet D-GlobalNdet F-Ndet D-Ndet)

lemma GlobalNdet-Union :
(Mae(Uiel. Ad.Pa)y=nie{icl. Ai#{}}.Na€di Paw
by (auto simp add: Process-eq-spec GlobalNdet-projs)

6.4 First properties

lemma GlobalNdet-id [simp] : <A # {} = (Mp € A. P) = P»
by (subst Process-eq-spec) (simp add: F-GlobalNdet D-GlobalNdet)

lemma GlobalNdet-unit[simp] : «(M = € {a}. Pz) = P
by (auto simp : Process-eq-spec F-GlobalNdet D-GlobalNdet)

lemma GlobalNdet-distrib-unit:
A—{a} £ {} = (MNzcinserta A. Pz)=Pan (MNz e (A—-{a}). Pz)p
by (metis GlobalNdet-factorization-union GlobalNdet-unit
empty-not-insert insert-Diff-single insert-is-Un)

lemma GlobalNdet-distrib-unit-bis :
«(Mzeinserta A. Pz) = (if A—{a} ={} then Paelse Pall (Mz € (4 —

{a}). P z))
by (metis GlobalNdet-distrib-unit GlobalNdet-unit insert-Diff-single)
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6.5 Behaviour of GlobalNdet with (I7)

lemma GlobalNdet-Ndet:
(Ma€e A Pa)N(MNacA Qa)=Nac A PalnQuaw
by (auto simp add: Process-eq-spec F-GlobalNdet D-GlobalNdet F-Ndet D-Ndet)

6.6 Commutativity

lemma GlobalNdet-sets-commudte:
(Ma€e A MNbeB. Pab)y=MNbeB.MNac A Pab
by (auto simp add: Process-eq-spec F-GlobalNdet D-GlobalNdet)

6.7 Behaviour with injectivity

lemma inj-on-mapping-over-GlobalNdet:
«anj-on fA= Mz e A. Pzx)=Naz e f A P (inv-into A fz)
by (simp add: Process-eq-spec F-GlobalNdet D-GlobalNdet)

6.8 Cartesian product results

lemma GlobalNdet-cartprod-o s-set-os-set:
«(MN(s,t) eAxB.P(sQt)=Nuec{sQt|st (s,t) € Ax B}. Pw
apply (subst Process-eg-spec, simp add: F-GlobalNdet D-GlobalNdet)
by safe auto

lemma GlobalNdet-cartprod-s-set-os-set:
(M(s,t) e AXB.P(s#t)=NNuec{s#t|st.(s,t)€ Ax B}. Pw
apply (subst Process-eg-spec, simp add: F-GlobalNdet D-GlobalNdet)
by safe auto

lemma GlobalNdet-cartprod-s-set-s-set:
«(M(s,t) e Ax B.Pls,t])=T1ue{[stl]|st (s,¢t) € Ax B}. Pw
apply (subst Process-eg-spec, simp add: F-GlobalNdet D-GlobalNdet)
by safe auto

lemma GlobalNdet-cartprod: «(M(s, t) € A x B.Pst)=Nsc€ A.NMte€ B.Pst
apply (subst Process-eg-spec, simp add: F-GlobalNdet D-GlobalNdet)
by safe auto

6.9 Link with Mndetprefiz

This is a trick to make proof of Mndetprefix using GlobalNdet as it has an
easier denotational definition.
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lemma Mndetprefiz-GlobalNdet: <M a € A > Pa=MNa€ A. a— Paw
by (cases <A = {}>; subst Process-eq-spec-optimized)
(simp-all add: F-Mndetprefix D-Mndetprefix F-GlobalNdet D-GlobalNdet)

lemma write0-GlobalNdet:
(x> MNa€A Pa=(if A={} thenx — STOP else M a € A. x — P a)»
by (auto simp add: Process-eq-spec write0-def STOP-projs
F-GlobalNdet D-GlobalNdet F-Mprefix D-Mprefiz)

lemma ndet-write-is-GlobalNdet-write0 :
<c!la€A — Pa=nNbec “A. b — P (inv-into A ¢ b))
by (simp add: ndet-write-def Mndetprefiz-GlobalNdet)

lemma ndet-write-is- GlobalNdet-write :
<inj-on ¢ A = clla€A — P a =TNa€A. cla - P w
by (auto simp add: ndet-write-is-GlobalNdet-write0 write-def write0-def
intro: mono-GlobalNdet-eq2)

lemma GlobalNdet-Mprefix-distr:
A#{}=(MNa€c A ObeB—->Pab)=0beB—(MNac A Pab)p
by (auto simp add: Process-eq-spec F-GlobalNdet D-GlobalNdet F-Mprefix D-Mprefiz)

lemma GlobalNdet-Det-distrib:
(Ma€A PaOQa)=(MNac€A Pa)O(Maec A Qa)y
if «<3Q'b.Va. Qa=(b— Q' a)
proof —
from that obtain b Q' where Va. (Q a = (b — Q' a))» by blast
thus ?thesis
by (auto simp add: Process-eq-spec F-Det D-Det write0-def
F-GlobalNdet D-GlobalNdet T-GlobalNdet F-STOP D-STOP
F-Mprefix D-Mprefiz T-Mprefiz)
qed

6.10 Continuity

lemma mono-GlobalNdet : «(Na.a € A= PalC Qa) = (Ma€ A. Pa) C MNa
ceA Quw
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by (simp add: le-approz-def D-GlobalNdet Refusals-after-def F-GlobalNdet
min-elems-def T-GlobalNdet subset-iff) blast

lemma chain-GlobalNdet : <chain Y = chain (Ai. Na € A. Y i a)
by (simp add: ch2ch-monofun fun-belowD mono-GlobalNdet monofunl)

lemma GlobalNdet-cont [simp] : «[finite A; Na. a € A = cont (P a)] = cont
(Ay. M z€A. P zy)
proof (induct A rule: finite-induct)

case empty

thus ?case by (simp add: GlobalNdet.abs-eq)
next

case (insert a A)

thus “case

by (cases <A = {}>, simp)
(subst GlobalNdet-distrib-unit[of A a], auto)

qed
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The Sequential Composition

7.1 Definition

lift-definition Seq :: <[(“a, 'r) processptick, ('a, 'r) processpiick] = ('a, 'r) pro-
cessprick) (Infixl > 74)
is AP Q. ({(t, X) |t X. (t, X U range tick) € F P A tF t} U
{tQu, X) turX. tQ[/(r)] €T PA(u, X) e F Q} U
{(t, X). t € D P},
DPu{tQultur.t@Q[/(r)eT PAueDQ})
proof —
show «?thesis P Q» (is <is-process(?f, ?d)) for P and @
proof (unfold is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conwv,
intro congl alll impl)
show «([, {}) € %
by simp (metis (no-types, opaque-lifting) T-F-spec append-Nil f-inv-into-f
is-processT1 is-processTH5-S7)
next
show «(s, X) € ?f = front-tickFree s» for s X
by (auto simp: is-processT2 append-T-imp-tickFree front-tickFree-append
D-imp-front-tickFree)
next
show «(s @ ¢, {}) € ?of = (s, {}) € ?/» for s ¢
proof (induct t arbitrary: s)
show «(s @ [], {}) € 9 = (s, {}) € ?f» for s by simp
next
fix s e t assume prem : (s Q e # ¢, {}) € 2
assume hyp : (s @ t, {}) € of = (s, {}) € 7> for s
from prem have «((s @Q [e]) @Q ¢, {}) € ?f> by simp
with hyp have «(s @ [e], {}) € ?f» by presburger
then consider (F-P) «(s @Q [e], range tick) € F P» <tF s
| (F-Q) tur where <sQ [e] =tQuw <t Q [/ (r)] €T P> «(u, {}) € F
by (auto intro: is-processT8)
(meson F-T append-T-imp-tickFree is-processT8 not-Cons-self2)
thus «(s, {}) € 2/
proof cases

69



70 CHAPTER 7. THE SEQUENTIAL COMPOSITION

case F-P
from F-P(1) is-processT3 is-processT4-empty have (s, {}) € F P> by blast
with F-P(2) show «(s, {}) € 7
by (elim trace-tick-continuation-or-all-tick-failuresE)
(simp-all, metis append.right-neutral is-processT1)
next
case F-Q)
show «(s, {}) € 7f»
proof (cases u rule: rev-cases)
assume <u = [
with F-Q(1) have «s @ [¢] = t» by simp
with F-Q(2) T-F is-processT3 have (s, {}) € F P» by blast
with F-Q(2) «s @ [e] = t» show «(s, {}) € 7f»
by (elim trace-tick-continuation-or-all-tick-failuresE, simp-all)
(metis append.right-neutral is-processT1,
metis append-T-imp-tickFree not-Cons-self2 tickFree-append-iff)
next
from F-Q show «u = v’ Q [e/] = (s, {}) € 7> for u’ ¢’
by simp (metis is-processT3)
qed
qed
qed
next
show «(s, V) e f NXC Y = (5, X) € fr for s X Y
by simp (metis Un-mono image-mono is-processT4 top.extremum-unique)
next
fix s X Y assume x : <(s, X) € 2/ A Vec.c€ Y — (s Q [c], {}) ¢ 7))
from * consider s € ?d>
| (F-P) «(s, X U range tick) € F P» <tickFree s
| (F-Q) tur where <s=1tQw <t Q [V/(r)] €T P> «(u, X) € F @ by fast
thus «(s, X U Y) € ?f»
proof cases
from is-processT8 show <s € 2d = (s, X U Y) € ?2f» by simp blast
next
case F-P
let ?Y-evs = <Y — range tick>
have «(s, X U range tick U ?Y-evs) € F P»
proof (intro is-processT5[OF F-P(1)] alll impI)
fix ¢ assume ¢ € ?Y-evs)
then obtain r where <¢c = ev r <ev 1 € Y
by (metis Diff-iff eventpi;cr.exhaust rangel)
from *[THEN conjunct2, rule-format, OF <ev r € Y)]
show «(s @ [¢], {}) ¢ F P»
by (simp add: <c = ev r» <tickFree s» image-iff)
(metis append-Nil2 is-process T1 trace-tick-continuation-or-all-tick-failuresE)
qed
also have <X U range tick U ?Y-evs = X U Y U range tick> by fast
finally have (s, X U Y U range tick) € F P> .
with F-P(2) show «(s, X U Y) € 2/> by simp
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next
case F-Q)
from * have Vc.c€ YV — (v Q [c], {}) ¢ F @
by (simp add: F-Q(1)) (metis F-Q(2))
with F-Q(38) have «(u, X U Y) € F @ by (simp add: is-processT5)
with F-Q(1, 2) show «(s, X U Y) € ?f» by auto
ged
next
show <s € 2d NtF s N\ ftFt = s Q t € ?d) for st
by (simp, elim conjE disjE exE)
(metis is-processT7, meson append-assoc is-processT7 tickFree-append-iff)
next
from is-processT8 show s € 2d = (s, X) € ?f) for s X by simp blast
next
show s Q [/ (r)] € 9d = s € ?d» for s r
by (simp, elim conjE disjE exFE)
(meson is-processT9,
metis (no-types) D-T T-nonTickFree-imp-decomp append.assoc append-T-imp-tickFree
butlast-snoc is-process T9 non-tickFree-tick not-Cons-self2 tickFree-append-iff)
fix s r X assume (s @Q [V ()], {}) € ¢»
then consider «s @ [V (r)] € ?d>
| (F-Q) tur’where<sQ [V(r)]=tQw «tQ[V(r)] €T P «(u, X) € F
o
by (auto simp add: is-processT8)
(metis F-T append-T-imp-tickFree is-processT5-S7
non-tickFree-tick not-Cons-self2 tickFree-append-iff)
thus «(s, X — {V(r)}) € 2
proof cases
assume <s @ [V(r)] € ?d>
hence s € ?d> by (fact <s Q [V(r)] € 2d = s € ?d»)
with is-processT8 show (s, X — {/(r)}) € ?f» by simp blast
next
case F-Q)
from F-Q(1, 2) obtain v’ where (v = u" Q [V ()]
by (cases u rule: rev-cases, simp-all)
(meson append-T-imp-tickFree non-tickFree-tick not-Cons-self2 tick-
Free-append-iff)
with F-Q(8) have «(u/, X — {/(r)}) € F @ by (simp add: F-T is-processT6-TR)
with F-Q(1, 2) «u = «’ Q [V (r)]) show (s, X — {V/(r)}) € ?f» by auto
qged
qed
qed

7.2 The Projections

lemma F-Seq : <F (P; Q) = {(¢t, X) |t X. (t, X U range tick) € F P A tF t} U
{tQu, X) [turX. tQ[/(r)]eT PA(u, X) € FQ}U
{(t, X).t € D Ph
by (simp add: Failures.rep-eq FAILURES-def Seq.rep-eq)
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lemma D-Seq : <D (P; Q) =D PU{tQu|tur.t@Q[/(r)]eT PANueD

Qb
by (simp add: Divergences.rep-eq DIVERGENCES-def Seq.rep-eq)

lemma T-Seq-bis :
T (P3; Q) = {t. (t, range tick) € F P A tF t} U
{tQutur.t@Q(r)]eT PAueT Q}U
D P»
by (auto simp add: Traces.rep-eq TRACES-def F-Seq simp flip: Failures.rep-eq)
(meson is-processT4 sup-ge2, meson is-processT5-S7’, blast)

lemma 7-Seq :
T (P;Q)={teT P tFt}u{tQu|tur.tQ(r)])eT PAueT Q}U
D P
— Often easier to use
by (auto simp add: T-Seq-bis F-T)
(metis T-F-spec append.right-neutral is-processT1-TR
trace-tick-continuation-or-all-tick-failuresE))

lemmas Seg-projs = F-Seq D-Seq T-Seq

7.3 Continuity Rule

lemma mono-Seq : <PC Q= RLC S = P; RC Q; S for P :: ((Va, 'r)
Processptick?
proof —
have <P; SC Q3 S»if <P C @ for P Q :: <('a, 'r) processpiick> and S
proof (unfold le-approx-def, intro conjl alll impl subset-antisym)
show <D (Q; S) CD (P; S
apply (rule subsetl, simp add: D-Seq, elim disjE exE conjF)
by (meson in-mono le-approxl <P T Q) (metis D-T le-approz2T <P C @)
next
show «<s ¢ D (P35 5) = Ry (P;S5) sC R, (Q;S5) s for s
apply (auto simp add: D-Seq Refusals-after-def F-Seq set-eq-iff append-T-imp-tickFree)[1]
by (meson le-approz2 «P T Q)
(metis F-imp-front-tickFree append-T-imp-tickFree is-processT7 is-processT9
le-approx2T not-Cons-self2 <P C Q)+
next
show «<s ¢ D (P35 5) = R, (Q3S5) sC R, (P S) s for s
apply (auto simp add: D-Seq Refusals-after-def F-Seq set-eq-iff append-T-imp-tickFree)
apply (meson le-approz2 «P T ()
by ((metis D-T le-approx2T <P T Q)+)[2]
((meson in-mono le-approxl <P T Q)+)[2]
next

show <min-elems (D (P35 S)) CT (Q; S)»
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proof (rule subset-trans; rule subsetl)
fix t assume <t € min-elems (D (P S))»
hence «t € D (P ; S)» by (meson elem-min-elems)
then consider <t € D P | u v r where <t =u Qv «u Q [V (1) € T P> <u
¢DPweDS
by (simp add: D-Seq)
(metis D-imp-front-tickFree append-T-imp-tickFree is-process T7 not-Cons-self2)
thus <t € min-elems (D P)U{uQuluvr. uQ[/(r) € T PANu¢DP
A v € min-elems (D S)}»
proof cases
assume ¢t € D P»
with «t € min-elems (D (P ; S))» have <t € min-elems (D P)»
by (auto simp add: D-Seq min-elems-def)
thus «t € min-elems (D P)U{u@Qu|uvr. v Q[ (r)] €T PANu¢DP
A v € min-elems (D S)} ..
next
fixuvrassume«t=uQ@w «wQV(r)]eT PP «w¢DPr«weDS
with «t € min-elems (D (P ; S))
have ¢t e {u Qv |uvr. v @Q[V(r) € T PANu¢DPAvE min-elems
(D $)b
by (simp add: D-Seq min-elems-def)
(metis (mono-tags, lifting) Un-iff less-append mem-Collect-eq)
thus <t € min-elems (D P) U{u@Qu|uvr.u@[/(r)] €T PANu¢DP
A v € min-elems (D S)}» ..
qed
next
show «t € min-elems (D P)U{uQu|uvr.u@Q[/(r) € T PANu¢DP
A v € min-elems (D S)}
= tecT (Q;9S) fort
by (simp add: T-Seq, elim disjE exE conjF)

(metis (no-types, lifting) Prefix-Order.prefizl T-nonTickFree-imp-decomp
elem-min-elems in-mono is-processT9 le-apprors min-elems-no
not-Cons-self2 self-append-conv <P T @,
metis D-T elem-min-elems is-processT9 le-approx2T <P T Q)

qed
qed

moreover have «S; PC S; @ if <P C @ for P Q and S :: <('a, 1)
Processptick’
proof (unfold le-approxz-def, intro conjl alll impl subset-antisym,)
show <D (S; Q) C D (S; P
by (rule subsetl, simp add: D-Seq) (metis in-mono le-approz! that)
next
show «<s ¢ D (S; P) = Ra (S5 P) s C R, (55 Q) o for s
apply (auto simp add: D-Seq Refusals-after-def F-Seq append-T-imp-tickFree)
by (metis proc-ord2a that)+
next
show <s ¢ D (S;3 P) = R, (55 Q) s CR, (53 P) s for s
apply (auto simp add: D-Seq Refusals-after-def F-Seq append-T-imp-tickFree)
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by (metis proc-ord2a that)+
next
show <min-elems (D (S; P)) C T (S35 Q)
proof (rule subset-trans; rule subsetl)
fix t assume <t € min-elems (D (S5 P))»
hence «t € D (S5 P)» by (meson elem-min-elems)
then consider <t € D S» | u v r where <t = u Q@ v <uw Q [V(r)] € T S» <u
¢DS»<«weD P
by (simp add: D-Seq)
(metis D-imp-front-tickFree append-T-imp-tickFree is-process T'7 not-Cons-self2)
thus <t € min-elems (D S) U{u Qujuvr. v Q[ (r)] €T SAuéDSA
v € min-elems (D P)}
proof cases
assume <t € D S
with <t € min-elems (D (S ; P))» have <t € min-elems (D S)»
by (auto simp add: D-Seq min-elems-def)
thus <t € min-elems (D S) U{uQu |luvr. u @[/ (r)] €T SAuégDS
A v € min-elems (D P)}» ..
next
fixuvrassume«t=vQw «w@Q[/(r)eT SH«wugDS«weDDP
with <t € min-elems (D (S ; P))»
have<t e {fu Qu |luvr. v @[V (r)] €T SAu¢ DS AvE min-elems (D
P)}h
by (simp add: D-Seq min-elems-def)
(metis (mono-tags, lifting) Un-iff less-append mem-Collect-eq)
thus <t € min-elems (D S) U{uQu|uvr. u@[/(r)]eT SAu¢gDS
A v € min-elems (D P)}» ..
qged
next
show <t € min-elems (D S)U{uQu|uvr. u@Q[(r) eT SAu¢DS
A v € min-elems (D P)}
=teT (5; Q) fort
by (simp add: T-Seq, elim disjE exE conjE)
(use elem-min-elems in blast,
metis insert-absorb insert-subset le-approxd <P T Q)
qed
qed

ultimately show «<PC Q= RC S= P; RC Q; S by (meson below-trans)
qed
context begin

private lemma chain-Seq-left: <chain Y = chain (Ai. Y i; S)
by (simp add: mono-Seq po-class.chain-def)

private lemma chain-Seq-right: <chain ¥ = chain (Ai. S; Y i)
by (simp add: mono-Seq po-class.chain-def)
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private lemma cont-left-prem-Seq :
(Ui Y93 S= (e Yij;S) (is «?lhs = ?rhs) if <chain Y
proof (subst Process-eq-spec-optimized, safe)
show «t € D ?lhs =t € D %rhs» for t
by (auto simp add: D-Seq limproc-is-thelub <chain Y chain-Seg-left LUB-projs)
next
fix ¢ assume <t € D ?rhs»
define T where «Ti={u €D (Yi).t=u} U
{u.FJrvt=v@uvAuQ@/(r)]eT (Yi)nveDS}H fori
from <t € D ?rhs» have <T i # {}» for {
by (auto simp add: T-def D-Seq limproc-is-thelub <chain Y) chain-Seq-left
D-LUB)
moreover have «finite (T 0)» unfolding T-def by (prove-finite-subset-of-prefizes
0
moreover have (T (Suc i) C T 7> for {
unfolding T-def apply (intro alll Un-mono subsetl, simp-all)
by (meson <chain Y in-mono le-approzl po-class.chainFE)

(metis <chain Y le-approz-lemma-T po-class.chain-def subset-iff)
ultimately have «((i. T %) # {} by (rule Inter-nonempty-finite-chained-sets)
then obtain u where <Vi. u € T 7) by fast
show <t € D ?lhs)
proof (cases <Vi.t € D (Y i))

show Vi.t € D (Yi) =t € D ?lhs

by (simp add: D-Seq limproc-is-thelub D-LUB <chain Y)

next
assume <~ (Vi. t € D (Y i)
with «Vi. u € T i) obtain r v j

where <t =u @ v «w Q@ [V(r)] € T (Y «uéD(YjpweDS

by (simp add: T-def)

(metis D-imp-front-tickFree append-T-imp-tickFree is-processT7 not-Cons-self2)

from «u ¢ D (Y j) «u@ [/(r)] € T (Yj) have Vi>j. v Q [V (r)] € T (Y
i)
by (meson ND-F-dir2’ <chain Y <u ¢ D (Y j)» is-processT9 is-ub-thelub)
hence (v @ [/ (r)] € T (| ]i. Y i)
by (simp add: limproc-is-thelub T-LUB <chain Y)
(meson D-T <chain Y» le-approz2T nle-le po-class.chain-mono)
with <v € D S) show <t € D ?lhs» by (auto simp add: <t = v Q vy D-Seq
<chain Y)
qed
next
show «(t, X) € F ?lhs = (t, X) € F ?rhs» for t X
by (auto simp add: F-Seq limproc-is-thelub <chain Y chain-Seqg-left LUB-projs)
next
assume same-div : <D ?lhs = D ?rhs)
fix t X assume «(t, X) € F ?rhs
then consider Vi. t € D (Y i)
| where <t ¢ D (Y j)» «(t, X U range tick) € F (Y j)» «tF &
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| jurvwhere <t ¢ D (Yjip«t=u@w<u@[/(r)eT (Yip (v X)e€
F S
by (simp add: limproc-is-thelub <chain Y) chain-Seq-left F-LUB F-Seq) blast
thus «(t, X) € F ?lhs)
proof cases
show Vi. t € D (Vi) = (t, X) € F ?lhs
by (simp add: D-LUB-2 D-Seq is-processT8 limproc-is-thelub <chain Y))
next
fix j assume <t ¢ D (Y j)» «(t, X U range tick) € F (Y j) «tF &
hence «(t, X U range tick) € F (| ]i. Y i)
by (simp add: limproc-is-thelub «chain Y F-LUB)
(metis is-processT8 nle-le po-class.chain-mono proc-ord2a <chain Y»)
with <tF ¢y show (¢, X) € F ?lhs» by (simp add: F-Seq)
next
fix jurvassume «t ¢ D (YVip«t=uQw«u@[(r)]eT (Yj)» (v, X)
e F S
hence <u @ [V (r)] € T (IJi. Y i)
by (simp add: limproc-is-thelub <chain Yy T-LUB)
(meson F-imp-front-tickFree ND-F-dir2' T-F-spec append-T-imp-tickFree
is-processT7 is-ub-thelub min-elems2 not-Cons-self2 <chain Y)
with (v, X) € F S» show «(¢t, X) € F ?lhs) by (auto simp add: F-Seq <t =
u @ v)
qed
qed

private lemma cont-right-prem-Seq :
Ss (Ui Yi)y= (i S Yi) (is «?lhs = ?rhsy) if <chain Y
proof (subst Process-eq-spec-optimized, safe)
show «t € D ?lhs = t € D ?rhs) for t
by (auto simp add: D-Seq limproc-is-thelub <chain Y» chain-Seq-right D-LUB)
next
show «t € D ?lhs) if <t € D ?rhs» for t
proof (cases <t € D S»)
show <t € DS =t €D (S; (| ]i Vi) by (simp add: D-Seq)
next
assume (¢t ¢ D S
define T where «Ti={u. Jvr.t=uQuAuQ[(r) €T SAveD (Y
i)} for ¢
from «t ¢ D S) <t € D ?rhs» have <T i # {}» for i
by (simp add: T-def limproc-is-thelub chain-Seq-right <chain Y> D-LUB D-Seq)
moreover have <finite (T 0)»
unfolding T-def by (prove-finite-subset-of-prefizes t)
moreover have <T (Suc i) C T % for ¢
unfolding T-def apply (intro alll Un-mono subsetl; simp)
by (metis le-approzl po-class.chainE subset-iff <chain Y))
ultimately have «((i. T'7) # {}» by (rule Inter-nonempty-finite-chained-sets)
then obtain u where <Vi. u € T ©) by fast
then obtain v » where <t = u @ » «<u Q [/ (r)] € T S» Vi. v e D (Y i)



7.3. CONTINUITY RULE 77

by (simp add: T-def) blast
from Vi. v € D (Y i)» have «v € D (| |i. Y i)
by (simp add: D-LUB <chain Y limproc-is-thelub)
with «uv @ [V (r)] € T S» show <& € D ?lhsy by (auto simp add: <t = u Q v
D-Seq)
qed
next
show «(t, X) € F ?lhs = (¢, X) € F ?rhs» for t X
by (auto simp add: F-Seq limproc-is-thelub <chain Y chain-Seq-right F-LUB)
next
assume same-div : <D ?lhs = D ?rhs)
show «(t, X) € F ?lhsy if «(t, X) € F ?rhs) for t X
proof (cases <t € D ?rhs))
show «t € D %rhs = (t, X) € F ?lhs
by (simp add: is-processT8 same-div)
next
assume <t ¢ D ?rhs
then obtain j where <t ¢ D (S35 Y j)
by (auto simp add: limproc-is-thelub chain-Seq-right <chain Y> D-LUB)
moreover from (¢, X) € F ?rhs) have «(t, X) € F (S5 Y j)
by (simp add: limproc-is-thelub chain-Seq-right <chain Y» F-LUB)
ultimately show (¢, X) € F ?lhs
by (fact le-approx2[OF mono-Seq[OF below-refl is-ub-thelub[OF <chain Y]],
THEN iffD2))
qed
qed

lemma Seg-cont [simp] : <cont (Az. fx; g x) if <cont f» and <cont g»
proof (rule cont-apply[where f = Az y. fx ;5 p])
show <cont ¢» by (fact <cont g»)
next
show <cont ((5) (fz))» for
proof (rule contl2)
show «monofun ((;) (f z))» by (simp add: mono-Seq monofunl)
next
show <chain Y = fz; (i Yi) C (i fz; Yip for YV
by (simp add: cont-right-prem-Seq)
qed
next
show <cont (A\z. fx; y) for y
proof (rule contl2)
show <monofun (Ax. fz 5 y)» by (simp add: cont2monofunE mono-Seq monofunl
<cont f»)
next
show «chain Y = f (| Ji. Yi); y C (Ui f(Yi);y)» for YV
by (simp add: ch2ch-cont cont2contlubE cont-left-prem-Seq <cont f»)
qed
qed
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end



Chapter 8

The Synchronization
Product

8.1 Basic Concepts

fun setinterleaving :: <('a, 'r) tracepiick % ('a, 'r) refusalpiick % ('a, 'r) tracepiick
= (‘a, 'r) tracepiick set>
where

si-emptyl: «setinterleaving ([], X, []) = {[|b
| si-empty2: «setinterleaving ([], X, y # t) =

(ifye X

then {}

else {z. Ju. z =y # u N u € setinterleaving ([], X, t)})»
| si-empty3: «setinterleaving ((xz # s), X, []) =

(ifre X

then {}

else {z. 3 u. z =z # u A u € setinterleaving (s, X, [|)})»

| si-neq : <setinterleaving (x # s, X, y # t) =
(ifre X
then if y € X
then ifx = y
then {z. Ju. z = = # u A u € setinterleaving (s, X, t)}
else {}
else {z. Ju. z =y # u N u € setinterleaving (z # s, X, t)}
elseif y ¢ X
then {z. Ju. z = ¢ # u A u € setinterleaving (s, X, y # t)} U
{z. Ju. 2 = y # u A u € setinterleaving (z # s, X, t)}
else {z. Ju. z =z # u A u € setinterleaving (s, X, y # t)})»

!/ !

fun setinterleavingList = <("a, 'r) traceppick X ( a, 'r)
traceprick = (‘a, 'r) tracepiick list

where

a, 'r) eventyiicr set X (

79
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si-emptyll: «setinterleavingList ([], X, []) = [[]p
| si-empty2l: «setinterleavingList ([], X, (y # t)) =

(fye X

then ||

else |y # z. z « setinterleavingList ([], X, t)])»
| si-empty3l: «setinterleavingList (x # s, X, []) =

(ifee X

then ||

else [x # z. z + setinterleavingList (s, X, [])])»

| si-neql : «setinterleavingList ((z # s), X, (y # t)) =

(ifre X
then if y € X
then if x = y
then [z # z. z + setinterleavingList (s, X, t)]
else []
else [y # z. z < setinterleaqvingList (z # s, X, t)]
elseify ¢ X

then [z # z. z + setinterleavingList (s, X, y # t)] @
ly # z. z < setinterleavingList (z # s, X, t)]
else [z # z. z + setinterleavingList (s, X, y # t)])»

lemma finiteSetinterleavingList: finite (set (setinterleavingList (s, X, t)))
by auto

lemma setinterleaving-sym : <(setinterleaving (s, X, t) = setinterleaving(t, X, s)»
by (rule setinterleaving.induct[of «A(s, X, t). setinterleaving (s, X, t) =
setinterleaving (t, X, s)» «(s, X, t)», simplified]) auto

abbreviation setinterleaves-syntax (- setinterleaves '(()'(-, -')(), -") [60,0,0,0]70)
where u setinterleaves ((s, t), X) == (u € setinterleaving(s, X, t))

8.2 Consequences

lemma emptyLeftProperty: s setinterleaves (([], t = ('a, ') tracepiick), A) = s
=b

by (induct «([] = (‘a, 'r) tracepiick, A, t)» arbitrary: s t rule: setinterleav-
ing.induct)

(auto split: if-split-asm)

lemma emptyRightProperty: <s setinterleaves ((t, []), A) = s =1
by (simp add: setinterleaving-sym emptyLeftProperty)

lemma emptyLeftSelf: «~Vt1. t1 € set t — t1 ¢ A = t setinterleaves (([], t),
A)»
by (induct t) auto
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lemma empty-setinterleaving : || setinterleaves ((t, u), A) = ¢t =[]
by (cases t; cases u) (simp-all split: if-split-asm)

lemma emptyLeftNonSync: <s setinterleaves (([], t), A) = Va € set t. a ¢ A>
proof (induct t arbitrary: s)

case Nil
show ?case by simp
next

case (Cons a t)
thus ?case by (cases s; simp split: if-split-asm)
qed

lemma ftf-Syncl: «Ja ¢ set u; a ¢ set t; s setinterleaves ((t, u), A)] = a ¢ set
)
by (induct «(t, A, u)> arbitrary: s t u rule: setinterleaving.induct)
(auto intro: emptyLeftProperty emptyRightProperty split: if-split-asm)

lemma addNonSync:
sa setinterleaves ((t, u), A) = yl ¢ A =
(sa Q [y1]) setinterleaves ((t Q [y1], u), A) A (sa Q [yI]) setinterleaves ((t, u
@ [y1]), A)
by (induct «(t, A, u)> arbitrary: sa t u rule: setinterleaving.induct)
(auto split: if-split-asm)

lemma addSync:<sa setinterleaves ((t, u), A) = yl € A =
(sa @ [y1]) setinterleaves ((t @Q [yI], u Q [y1]), A
by (induct «(t, A, u)» arbitrary: sa t u rule: setinterleaving.induct)
(auto split: if-split-asm)

lemma doubleReverse: <s1 setinterleaves ((t, u), A) = rev sl setinterleaves ((rev
t, rev u), A)
by (induct «(t, A, u)y arbitrary: sl t u rule: setinterleaving.induct; simp split:
if-split-asm,)
(metis [[metis-verbose = false]] addNonSync addSync rev.simps(2))+

lemma SyncTIEmpty: <a setinterleaves (([], u), A) = tl a setinterleaves (([], tl
u), A)
by (cases u; cases a) (simp-all split: if-splits)

lemma SyncHd-TI:
<a setinterleaves ((t, u), A) = hdt € A= hdu ¢ A



82 CHAPTER 8. THE SYNCHRONIZATION PRODUCT

= hd a = hd u A tl a setinterleaves ((t, tl u), A)>
by (cases u; cases t) (auto split: if-split-asm)

lemma SyncHdAddEmpty:
(tl a) setinterleaves (([], u), A) = hd a ¢ A = a # ||
= a setinterleaves (([], hd a # u), A)
by (cases a) simp-all

lemma SyncHdAdd:
(tl a) setinterleaves ((¢, u), A) = hda ¢ A = hdt € A = a # ||
= a setinterleaves ((t, hd a # u), A)
by (cases a, simp, cases t, auto)

lemmas SyncHdAdd1 = SyncHdAdd[of a # r, simplified] for a r

lemma SyncSameHdTI:
a setinterleaves ((t, u), A) = hdt € A = hdu € A
= hdt="hdu A hda=hdtA (tl a) setinterleaves ((tl t, tl u), A)
by (cases u) (cases t, auto split:if-splits)+

lemma SyncSingleHeadAdd:
a setinterleaves ((t, u), A) = h ¢ A
= (h # a) setinterleaves ((h # t, u), A)
by (cases u, auto split:if-splits)

lemma TickLeftSync:

tick r € A; front-tickFree t; s setinterleaves (([tick 7], t == ("a, 'r) traceptick),
A)] = s =1t A last t = tick r

apply (induct <([tick r] == (‘a, 'r) traceptick, A, t)> arbitrary: s t rule: setinter-
leaving.induct)

apply (simp-all add: front-tickFree-Cons-iff split: if-split-asm)

by force (metis distinct.simps(1) distinct-length-2-or-more emptyRightProperty
front-tickFree-Nil)

lemma EmptyLeftSync: «s setinterleaves (([], t), A) = s =t Asett N A= {}p
by (meson Int-emptyl emptyLeftNonSync emptyLeftProperty)

lemma EmptyRightSync: <s setinterleaves ((t, []), ) = s=t Asett N A= {}p
by (simp add: EmptyLeftSync setinterleaving-sym)
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lemma ftf-Sync21: <a € setu N a ¢ settV a € sett N a ¢ setu— a € A =
setinterleaving (u, A, t) = {}
by (induct «(t, A, u)» arbitrary: t u rule: setinterleaving.induct)
(auto split: if-split-asm)

lemma ftf-Sync32:
assumes (¢ = t1 Q [tick r]» and <u = ul Q@ [tick r]»
and «s setinterleaves ((t, u), range tick U ev * A)»
shows «Jsl. sl setinterleaves ((t1, ul), range tick U ev * A) A s = s1 Q [tick
]
proof —
from assms(1) have b : <rev t = tick r # rev t1» by auto
from assms(2) have a : <rev u = tick r # rev ul» by auto
from assms have ab: «(rev s) setinterleaves ((tick r # rev t1, tick r # rev ul),
range tick U ev ¢ A)»
using doubleReverse by fastforce
from ab have c: <t (rev s) setinterleaves ((rev t1, rev ul), range tick U ev © A)»
by auto
hence d: «(rev (¥ (rev s))) setinterleaves ((t1, wul), range tick U ev ‘ A)»
using doubleReverse by fastforce
from ab append-Cons-eq-iff ¢ have «rev s = tick r # tl (rev s)» by auto
with d show ?thesis by blast
qed

lemma SyncWithTick-imp-NTF"
assumes ((s Q [tick r]) setinterleaves ((t, ), range tick U ev © A)»
and «front-tickFree t» and «front-tickFree u»
shows «3t1 ul. t = t1 Q [tick r] A u = ul Q [tick r] A s setinterleaves ((t1,
ul), range tick U ev © A)»
proof—
from assms(1) have a: «(tick r # rev s) setinterleaves ((rev t, rev u), range tick
Uev ‘A
using doubleReverse by fastforce
from assms(1)[THEN doubleReverse] obtain ¢t uu where b: <t = tt Q [tick r]
u = uwu Q [tick r]
apply (cases t rule: rev-cases; cases u rule: rev-cases; simp add: image-iff)
by ((split if-split-asm, safe)+, auto)+
from ftf-Sync32[OF this assms(1)] have <s setinterleaves ((tt, uu), range tick U
ev “ A)» by blast
with b show ?thesis by blast
qed

lemma suffiz-tick-le-ftf-imp-eq: <front-tickFree t —> s Q [tick r] < t = s Q [tick
rl =t
by (metis preficE append-Nil2 front-tickFree-nonempty-append-imp non-tickFree-tick
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tickFree-append-iff)

lemma synPrefiz: <(s @Q t) setinterleaves ((ta, u), A) = It1 ul. t1 < ta A ul
< u A s setinterleaves ((t1, ul), A)»
proof (induct ¢(ta, A, u)) arbitrary: s t ta u rule: setinterleaving.induct)
case I
thus ?case by simp
next
{ case (2 y u)
thus ?Zcase
by (cases s; simp split: if-split-asm)
(metis si-emptyl insertll nil-le,
metis (no-types) 2.prems emptyLeftNonSync emptyLeftProperty
emptyLeftSelf less-eq-list-def prefiz-def set-ConsD)
} note x = this

case (3 z ta)
thus ?case by (metis (full-types) * setinterleaving-sym,)
next
case (4 z ta y u)
show “case
proof (cases s)
show «s = [| = ?case» by (metis si-emptyl insertll nil-le)
next
fix a s’
assume s = a # s
consider <z € r«ye A |« e Ay A |«xg¢g e A |wg¢ dyd
Ay by blast
thus Zcase
proof cases
assume <z € Ay € A
with /.prems have <z = y <a = y (s’ Q t) setinterleaves ((ta, u), A)>
by (simp-all add: <s = a # s> split: if-split-asm)
from 4.hyps(1)[OF <z € A <y € A «x = y> this(3)] obtain tI ul
where <t1 < ta> <ul < u A s’ setinterleaves ((t1, ul), A)» by blast
hence <z # t1 < x # ta Ny # ul < y # u A s setinterleaves ((z # t1, y
# ul), A
by (simp add: <s = a # s’ «<x € Ay <y € A <z =y <a = 1)
thus ?case by blast
next
{fixzytausas'
assume <z € A <y ¢ A <s = a # sh
and prems: (s Q t) setinterleaves ((z # ta, y # u), A)»
assume hyps: <z € A = y ¢ A = (s Q ¢) setinterleaves ((z # ta, u), A)
_
Jt1 ul. t1 <z # ta A ul <uA s setinterleaves ((¢t1, ul), A)
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for st
from <z € A <y ¢ A s = a # s> prems
have <a = y (s’ Q t) setinterleaves ((z # ta, u), A)
by (simp-all add: <s = a # s> split: if-split-asm)
from hyps[OF «xz € Ay <y ¢ A this(2)] obtain t1 ul
where <t1 < x # ta> «ul < w «s’ setinterleaves ((t1, ul), A)» by blast
hence <t1 <z # ta Ny # ul <y # u A s setinterleaves ((t1, y # ul),
A)»
by (cases t1; simp add: <s = a # s «y ¢ A <a =)
hence (3t1 ul. t1 < z # ta N ul <y # u A s setinterleaves ((t1, ul),
A)> by blast
} note x = this

show «?cases if «x € A» and «y ¢ A»
using x[OF <z € A <y ¢ A «s = a # s 4.prems /.hyps(2)] by simp

show «?Zcaser if <z ¢ A» and <y € A>
by (metis x[OF <y € Ay <x ¢ A <s = a # s", of u ta]
4 .hyps(5) 4.prems setinterleaving-sym,)
next
assume <z ¢ A and <y ¢ A>
with /.prems have <o« = = A (s’ Q t) setinterleaves ((ta, y # u), A) V
a=y A (s Qt) setinterleaves ((z # ta, u), A) (is <%c V =)
by (simp add: <s = a # s’ split: if-split-asm)
thus Zcase
proof (elim disjE conjFE)
assume <a = x> (s’ Q t) setinterleaves ((ta, y # u), A)
from 4.hyps(3)[OF «x ¢ Ar <y ¢ A> this(2)] obtain tI ul
where «t1 < tay «ul < y # w s’ setinterleaves ((t1, ul), A)> by blast
hence <z # t1 < x # ta AN ul < y # u A s setinterleaves ((x # t1, ul),

A)»
by (cases ul; simp add: <s = a # s"» <a =1 <z ¢ A)
thus “case by blast
next
assume <a = 1y (s’ Q t) setinterleaves ((x # ta, u), A)
from 4.hyps(4)[OF «x ¢ A> <y ¢ A> this(2)] obtain t1 ul
where <t1 < x # ta> «ul < w «s’ setinterleaves ((t1, ul), A)»> by blast
hence «t1 < x # ta Ay # ul < y # u A s setinterleaves ((t1, y # ul),
A)»
by (cases t1; simp add: <s = a # s <a =y <y & A)
thus ?case by blast
qed
qed
qed
qed

lemma interleave-less-left :
«s setinterleaves ((t, u), A) = t1 < t =
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Jul s1. ul < u A sl <sA sl setinterleaves ((t1, ul), A)
proof (induct «(t, A, u)y arbitrary: s t u t1 rule: setinterleaving.induct)
case I
thus ?case by simp
next
case (2 y u)
hence Fulse by simp
thus ?case by simp
next
case (3 z t)
thus Zcase by (metis (no-types, lifting) emptyRightProperty less-eq-list-def pre-
fix-def
nil-le2 order-less-imp-le synPrefir)
next
case (4 zty u)
show ?case
proof (cases <t1 = [»)
show «(t1 = [| = %case
by (metis 4.prems(1) si-emptyl empty-setinterleaving insertl1
list.distinct(1) nil-le order-le-imp-less-or-eq)
next
assume <(t1 # [
with «t1 < x # t)> obtain t1’' where «t1 =z # t1 «t1’' < t»
by (metis hd-append? less-eq-list-def prefiz-def less-list-def less-tail list. exhaust-sel
list.sel(1, 3))
consider <z € rye A |«we Dby b |«xg bhyed | byd
Ay by blast
thus ?case
proof cases
assume x € A) <y € A
with /.prems(1) obtain s’ where <z = y» <s = y # s’ s’ setinterleaves ((t,
u), A)
by (simp split: if-split-asm) blast
from 4.hyps(1)[OF <z € A <y € Ay <x = > this(3) «t1’ < B)
obtain u! sI where «ul < w) «sI < s’ «sl setinterleaves ((t1', ul), A)> by
blast
hence <y # ul <y # u Ay # sl <s A (yF# sl) setinterleaves ((t1, y #
ul), A)
by (simp add: <t1 =z # t1 «<x =y «y € A <s =y # sh)
thus ?case by blast
next
assume <z € A <y ¢ A
with /.prems(1) obtain s’ where <s = y # s’ s’ setinterleaves ((z # t,
u), A)
by (simp split: if-split-asm) blast
from 4.hyps(2)[OF <x € A> <y ¢ A> this(2) less-cons| THEN iffD2, OF <t1’
< B
obtain ul sI where <ul < w «s1 < s’ (sl setinterleaves ((x # t1', ul),
A)y by blast
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hence «y # ul <y # u Ny # sl <sA(y# sl) setinterleaves ((t1, y #
ul), A
by (simp add: <t1 =z # t1 <y ¢ A <s =y # sh)
thus ?case by blast
next
assume <z ¢ A «y € A
with /.prems(1) obtain s’ where (s = z # s"» «s’ setinterleaves ((t, y #
u), A)»
by (simp split: if-split-asm) blast
from 4.hyps(5)[OF <z ¢ A - this(2) «t1' < ] <y € A»
obtain ul s! where <ul < y # w «sl < s’ «sl setinterleaves ((t1’, ul),
A)y by blast
hence «ul <y # u Az # s1 < s A (z # sl) setinterleaves ((t1, ul), A)»
by (cases ul; simp add: <t1 =z # t1" <x ¢ A <s = x # s")
thus ?case by blast
next
assume <z ¢ A <y ¢ A
with 4.prems(1) obtain s’
where <s = x # s’ A s’ setinterleaves ((t, y # u), A) V
s =y # s' A s setinterleaves ((z # t, u), A)
by (simp split: if-split-asm) blast
thus ?Zcase
proof (elim disjE conjFE)
assume <s = x # s s’ setinterleaves ((t, y # u), A
from 4.hyps(3)[OF <z ¢ A» <y ¢ A this(2) «t1' < ]
obtain ul s! where (ul < y # w sl < s «sl setinterleaves ((t1', ul),
A)> by blast
hence <ul <y # u Az # sl < s A (x# s1) setinterleaves ((t1, ul), A)
by (cases ul; simp add: <t1 = x # t1" <x ¢ A <s = x # s")
thus ?case by blast
next
assume <s = y # s «s’ setinterleaves ((z # t, u), A
from 4 .hyps(4)[OF <z ¢ Ay <y ¢ A> this(2) less-cons|THEN iffD2, OF «t1’
< v
obtain ul s! where «ul < w sl < s «sI setinterleaves ((x # t1', ul),
A)» by blast
hence <y # ul <y # u Ny # sl < s A (y# sl) setinterleaves ((t1, y #
ul), A)
by (simp add: <t1 =z # t1" <y & A s =y # s)
thus ?case by blast
qed
qed
qed
qed

lemma interleave-less-right :
«s setinterleaves ((t, u), A) = ul < u =
Jtl s1.t1 <t A sl <s A sl setinterleaves ((t1, ul), A)
by (metis (no-types) interleave-less-left setinterleaving-sym)
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lemma interleave-le-left :
<s setinterleaves ((t, u), A) = t1 <t =
Jul sl. ul <uA sl <sA sl setinterleaves ((t1, ul), A)»
by (metis interleave-less-left order-le-less)

lemma interleave-le-right :
<s setinterleaves ((t, u), A) = ul < u =
Jtl s1.t1 <t A sl <s A sl setinterleaves ((t1, ul), A)
by (metis (no-types) interleave-le-left setinterleaving-sym)

lemma SyncWithTick-imp-NTF1:
assumes ((s Q [tick r]) setinterleaves ((t, ), range tick U ev * A)»
and <t € T P>and <u € T
shows <3t u X-P X-Q. (t, X-P) ¢ F P A (u, X-Q) € F Q A
s setinterleaves ((t, w), range tick U ev © A) A
X — {tick r} = (X-P U X-Q) N (range tick U ev * A) U X-P
N X-@Q»
proof —
from SyncWithTick-imp-NTF[OF assms(1)] assms(2, 3) is-processT2-TR
obtain t1 ul
where * : <t = ¢t1 Q [tick r]» «u = ul Q [tick r]>
<s setinterleaves ((t1, ul), range tick U ev * A)) by blast
from (1, 2) assms(2, 3) have E: «(t1, X — {tick r}) € F P» «(ul, X — {tick
r}) € F
by (simp-all add: T-F process-charn)
with %(3) show %thesis by blast
qed

lemma interleave-size:
<s setinterleaves ((t, u), C) = length s = length t + length v — length (filter
(Az.z e C) tp
apply (induct «(t, C, u)» arbitrary: t u s rule: setinterleaving.induct)
apply (simp; fail)
apply (metis add-diff-cancel-left’ emptyLeftProperty filter.simps(1))
apply (metis add-diff-cancel-right” emptyLeftNonSync
emptyRightProperty filter-False setinterleaving-sym)
by (simp split: if-split-asm;
metis (no-types) [[metis-verbose = false]] Suc-diff-le add-Suc-right
length-Cons length-filter-le trans-le-add1)

lemma interleave-eq-size:
<s setinterleaves ((t, u), C) = s’ setinterleaves ((t, u), C') = length s = length
sh
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by (simp add: interleave-size)

lemma ftf-Sync:
assumes <(front-tickFree ty and <front-tickFree u»
and «s setinterleaves ((t, u), range tick U ev * A)»
shows «front-tickFree s
proof (cases (tickFree s»)
show <tickFree s = front-tickFree s» by (fact tickFree-imp-front-tickFree)
next
assume <~ tickFree s»
hence «3s1 s2 r. tickFree s1 A s = (s1 Q [tick r]) Q s2»
proof (induct s rule: rev-induct)
case Nil thus ?case by simp
next
case (snoc a s)
from «<— tickFree (s @ [a])> consider r where <tickFree sy <a = tick r> | «—
tickFree s
by (auto simp add: tickFree-def)
thus Zcase
proof cases
show «(tickFree s = a = tick r =
Is1 s2 r. tickFree s1 A s Q [a] = (s Q [tick r]) @Q 52> for r by blast
next
assume <~ tickFree s»
with snoc.hyps obtain s s2 r where <tickFree s1» <s = (sl Q [tick r]) @
$2» by blast
hence «(tickFree s1 A s Q [a] = (s1 Q [tick r]) @ (s2 Q [a])» by simp
thus ?case by blast
qed
qed
then obtain s s2 r where (tickFree s1» «<s = (s1 Q@ [tick r]) @ s2) by blast
from synPrefix[of «s1 @ [tick r]> s2, folded <s = (s1 Q [tick r]) Q s2), OF
assms(3)]
obtain t1 ul
where * : <t1 < t» <ul < w
«(s1 @ [tick r]) setinterleaves ((t1, ul), range tick U ev © A)> by blast
from (1, 2) assms(1, 2) have «front-tickFree t1 <front-tickFree ul»
by (metis prefixE front-tickFree-dw-closed)+
from SyncWithTick-imp-NTF[OF *(3) this]
obtain t2 u2 where «t1 = t2 Q [tick r]> <ul = u2 Q [tick r]»
«s1 setinterleaves ((t2, u2), range tick U ev * A)» by blast
from <t1 < ¢ «t1 = t2 Q [tick r]> assms(1) suffiz-tick-le-ftf-imp-eq have <t =
t1y by metis
from <ul < w <ul = u2 Q [tick r]> assms(2) suffiz-tick-le-ftf-imp-eq have <u
= ul> by metis
have «(s1 Q@ [tick r]) setinterleaves ((t, u), range tick U ev © A)»
by (simp add: %(3) <t = t1» <u = ul»)
with assms(3) interleave-eg-size have <length s = length (s1 Q [tick r])> by blast
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with «s = (s1 Q@ [tick r]) Q s2» have s = s1 Q [tick r]» by simp
thus <front-tickFree s» by (simp add: <tickFree s1y front-tickFree-append)
qed

8.3 The Sync Operator Definition

lift-definition Sync :: <[(‘a, 'r) processpiick, 'a set, (‘a, 'r) processpiick] = ('a,
'r) processpiick>
(3 [-1/ ) [70, 0, 71] 70)
isAPAQ. {(s,R). ItuXY. (t, X) e FPA(u, Y)EF QA
s setinterleaves ((t, u), range tick U ev © A) A
R=(XUY)nN (range tick U ev ‘A)UX N Y} U
{(s;, R). 3turv. iIFvAN{FrVov=[)As=rQuA
r setinterleaves ((t, u), range tick U ev © A) A
(teDPAueT QVteDQAueT P},
{s. 3turv. iIFvAN({(FrVo=[])As=rQuA
r setinterleaves ((t, w), range tick U ev © A) A
(teDPAueT QVEteDQAueT Py
proof —
show «?thesis P A @» (is «is-process(?f, ?d P Q)») for P Q :: <«('a, 'r) pro-
cessprick) and A
proof (unfold is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conv,
intro congl impl alll)
show «([], {}) € #f»
by simp (metis Int-commute Int-empty-right si-emptyl
Un-empty insert-iff is-processT1)
next
show «(s, X) € ?f = ftF s for s X
apply (simp, elim disjE)
using F-imp-front-tickFree ftf-Sync apply blast
by (metis D-imp-front-tickFree T-imp-front-tickFree append.right-neutral
front-tickFree-append ftf-Sync)

next

fix s t assume (s Q ¢, {}) € 7

then consider (fail) t-P t-Q X-P X-Q where
«(t-P, X-P) € F Py «(t-Q, X-Q) € F @
(s @ t) setinterleaves ((¢-P, t-Q), range tick U ev © A)»
(X-P U X-Q) N (range tick U ev * A) U X-P N X-Q ={p

| (div) t' uwr v where <ftF vy tFrVo=[p<sQt=rQuw
«r setinterleaves ((t', u), range tick U ev ¢ A)»
'eDPAueT QVieDQAueT P

by (smt (verit, ccfo-SIG) Un-iff case-prod-conv mem-Collect-eq)
thus «(s, {}) € 7
proof cases
case fail
from fail(3)[THEN synPrefix] show «(s, {}) € 2>
apply (elim exE conjF)
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apply (drule fail(1, 2)[THEN F-T, THEN is-processT3-TR])+
by simp (metis Int-empty-left T-F Un-absorb)
next
case div
show «(s, {}) € 7
proof (cases <length r < length $»)
assume <length r < length s>
with div have «front-tickFree (take (length s — length r) v) A
(tickFree v V take (length s — length r) v = []) A
s =1 Q take (length s — length r) v
by simp (metis append-eq-conv-conj append-take-drop-id
front-tickFree-dw-closed take-all-iff take-append)
show «(s, {}) € ?f» by simp (use «?this> div in blast)
next
assume <— length v < length $»
with div obtain r’ where (r = s @
by (metis append-eq-append-conv-if append-take-drop-id)
from div <r = s Q ry synPrefiz obtain t1 ul
where *x : <t <t (ul < w
<s setinterleaves ((t1, ul), range tick U ev * A)» by metis
from div xx(1, 2) D-T is-processT3-TR
have <t1 e T PAul € T QVitl €T QAN ul €T P> by blast
thus «(s, {}) € 7
by simp (metis xx(3) Int-Un-eq(1) T-F setinterleaving-sym sup-bot.right-neutral)
qed
qed
next
fix s XY
assume (s, V) € % A X C Y
then consider <s € ¢d P ()
| (fail) s-P s-Q X-P X-Q
where ((s-P, X-P) € F P> «(s-Q, X-Q) € F
«s setinterleaves ((s-P, s-Q), range tick U ev © A)»
<Y = (X-P U X-Q) N (range tick U ev * A) U X-P N X-(»
by simp blast
thus «(s, X) € 7
proof cases
show «s € 2d P Q = (s, X) € ?f» by blast
next
case fail
have «(s-P, X-P N X) € F P» using fail(1) by (meson inf-lel process-charn)
moreover have «((s-Q, X-Q N X) € F @ using fail(2) by (meson inf-lel
process-charn)
moreover have <X = (X-PN X U X-Q N X) N (range tick U ev * A) U X-P
NXN(X-QnNX)
by (subst «(s, Y) € 2f AN X C Y)[THEN conjunct2, THEN Int-absorbl,
symmetric])
(use fail(4) in blast)
ultimately show «(s, X) € ?f» using fail(3) by simp blast
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qed
next
fixs XY
assume (s, X) € 2f A Vec.ce Y — (s @[], {}) ¢ )
then consider <s € 2d P O | «(s, X) € 9f A s ¢ ?d P > by linarith
thus «(s, X U Y) € ?7f»
proof cases
show (s € d P Q = (s, X U Y) € ?/) by blast
next
assume <(s, X) € ?f ANs ¢ ?2d P ()
then obtain s-P X-P s-Q X-Q
where assms : «(s-P, X-P) € F P» «(s-Q, X-Q) € F
<s setinterleaves ((s-P, s-Q), range tick U ev © A)»
«X = (X-P U X-Q) N (range tick U ev * A) U X-P N X-Q»
by simp blast
have assmsj : <«c € Y = ((s Q [c]) setinterleaves ((t1, ul), range tick U ev
‘A) =
(t,{) € FP— (ul, {}) ¢ F Q) A
((t1,{}) e F Q — (ul,{}) ¢ F P)) for c t1 ul
using «(s, X) € 2/ As ¢ 2d P @
(s, X) e 2f ANNe.ce Y — (sQ ¢, {}) ¢ 2>
by simp (metis (no-types, lifting) Int-empty-left setinterleaving-sym sup-bot.right-neutral)
show «(s, X U Y) € ?f»
proof—
define Y1 Y2 where Yi-def: <Y1 = Y N (range tick U ev  A)»
and Y2-def: <Y2 = Y — (range tick U ev * A)»
hence (Y71 U Y2 = YY) by blast
have § : VzeY1. (s-PQ[z], {}) ¢ FPV (s-QQ [2], {}) ¢ F O
proof (rule ccontr)
assume - (Vz2e€Y1. (s-PQ [z], {}) ¢ F PV (s-Q @ [2], {}) ¢ F Q)
then obtain 21/ where x : <21 € Y1) «(s-P @ [z1], {}) € F P> «(s-Q @
(1], {}) € F @ by blast
have «(s @ [z1]) setinterleaves ((s-P @ [z1], s-Q Q [z1]), range tick U ev
A
by (metis (1) IntD2 Y1-def addSync assms(3))
with * assmsj show False by (metis IntD1 Y1-def)
qed
define Z1 Z2 where Zi-def: <Z1 = Y1 N {z. (s-P Q [z], {}) ¢ F Ph
and Z2-def: <22 = Y1 — {z. (s-P Q [¢], {}) ¢ F P}
hence <Y1 = Z1 U Z2) by blast
have $$ : (VyeY2. (s-PQ [y], {}) ¢ FP A (s-QQ [y], {}) ¢ F @
proof (rule ccontr)
assume - (VyeY2. (s-P Q [y, {}) ¢ F P A (s-Q Q [y], {}) ¢ F Q)
then obtain y! where * : <yl € Y2 «((s-P Q [yI], {}) € F PV (s-Q
@ [y1], {}) € F Q) by blast
hence «(s @Q [y1]) setinterleaves ((s-P Q [y1], s-Q), range tick U ev * A) V
(s @ [y1]) setinterleaves ((s-P, s-Q Q@ [y1]), range tick U ev © A)»
by (simp add: Y2-def addNonSync assms(3))
with * assms show False
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by (metis Diff D1 DiffD2 Y2-def addNonSync assms(1, 2, 8) assms4
is-process T4-empty)
qed

define X-P’ where <X-P'= X-P U Z1 U Y2)
hence fI: «(s-P, X-P') € F P> by (simp add: $$ Z1-def assms(1) pro-
cess-charn)
define X-Q’ where (X-Q' = X-Q U Z2 U Y2
hence f2: «(s-Q, X-Q') € F @ using $ $$ by (simp add: Z2-def assms(2)
is-processTH)
have «((X-P U X-Q U Y1 U Y2) N range tick U ev ‘* A =
(X-P U X-Q) N range tick U ev “ AU Y1)
unfolding YI-def Y2-def by auto
hence «(X-P U X-Q) N (range tick U ev ‘A) U X-PN X-QU Y =
(X-P'U X-Q') N (range tick U ev * A) U X-P' N X-Q"
using X-P'-def X-Q’-def <Y1 = Z1 U Z2> <Y1 U Y2 = Y by blast
thus «(s, X U Y) € ?f» by simp (use fI f2 assms(3, 4) in blast)

qed
qed
next
show processT9: <s Q [/ (res)] € 9d P Q = s € ?d P @) for s res
proof —
{fixsturvandres: rand P Q
assume assms : <front-tickFree vy <tickFree r V v = [> <s Q [/ (res)] = r Q
v
«r setinterleaves ((t, u), range tick U ev “ Ay <t € D Py <u € T
from assms(2) have s € ?d P
proof (elim disjE)
assume <tickFree r»
with assms(1, 3) have <s Q [V (res)] = r Q (butlast v Q [V (res)])
by (cases v rule: rev-cases) auto
with «tickFree ry assms(1, 4, 5, 6) show <s € 2d P (
by simp (use front-tickFree-iff-tickFree-butlast tickFree-imp-front-tickFree
in blast)
next
assume v = []»
with assms(3) obtain r’ where <r = v’ Q [/ (res)]> <s = r’» by auto
with D-imp-front-tickFree Sync With Tick-imp-NTF assms(4, 5, 6) is-processT2-TR
obtain t1 ul where <t = t1 Q [/ (res)]» «u = ul Q [/ (res)]>
«r’ setinterleaves ((t1, ul), range tick U ev © A)) by metis
with assms(5, 6) show <s € ?d P ()
apply (simp add: <s = 1)
by (metis prefix] <v = []> append.right-neutral assms(1) is-processT3-TR
is-processT9)
qed

}
thus «<s @ [V (res)] € 9d P Q = s € 2d P @ for s by simp blast
qed
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fix s X res
assume (s Q [/ (res)], {}) € 7
hence «s Q [/ (res)] € 2d P Q V
(35-P 5-Q X-P X-Q. (5-P, X-P) € F P A (5-Q, X-Q) € F Q A
(s @ [/(res)}) setinterleaves ((s-P, s-Q), range tick U ev

{} = (X-P U X-Q) N (range tick U ev * A) U X-P N X-Q)>

3

A) A

by auto
thus «(s, X — {V/(res)}) € 7f»
proof (elim disjE exE conjFE)
from processT9 show ¢«s Q [/ (res)] € ?d P Q = (s, X — {/(res)}) € 2
by blast
next
fix s-P s-QQ X-P X-Q res
assume x : «(s-P, X-P) € F P) «(s-Q, X-Q) € F
(s @ [v(res)]) setinterleaves ((s-P, s-Q), range tick U ev < A)»
«{} = (X-P U X-Q) N (range tick U ev * A) U X-P N X-(Q»
from SyncWithTick-imp-NTF1[OF %(3) x(1, 2)[THEN F-T]]
show «(s, X — {/(res)}) € ?f» by simp
qed
next
show s € 2d P Q A tickFree s \ front-tickFree t = s Q t € 2d P )> for s t
using front-tickFree-append by fastforce
next
show (s € d P Q = (s, X) € ¢/ for s X by blast
qed
qed

8.4 The Projections

lemma F-Sync :
F(PIA]Q) =
{(5,R). 3tuXY. (t, X) e FPA (4, Y)EF QA
s setinterleaves ((t, w), range tick U ev © A) A

R=(XUY)N (range tick Uev ‘A)U X N Y} U

{(s, R). 3t u r v. front-tickFree v A (tickFreer Vv =1[)As=rQuA
r setinterleaves ((t, ), range tick U ev * A) A
(teDPAueT QVteDQAueTP)h

by (simp add: Failures.rep-eq Sync.rep-eq FAILURES-def)

lemma D-Sync :
D(P[A]Q) =
{s. 3t u rv. front-tickFree v A (tickFreer Vv =) As=1r Qv A
r setinterleaves ((t, u), range tick U ev © A) A
(teDPAueT QVteDQANueT P)p
by (simp add: Divergences.rep-eq Sync.rep-eq DIVERGENCES-def)

lemma T-Sync :

T(PLA]Q =
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{s. Ftu.t €T PAueT QA s setinterleaves ((¢, u), range tick U ev * A)} U
{s. 3t u r v. front-tickFree v A (tickFree r V v =[]) A
s =1 Qv A r setinterleaves ((t, u), range tick U ev * A) A
(teDPAueT QVteDQAueT P)p
by (simp add: Traces.rep-eq TRACES-def Failures.rep-eq[symmetric] F-Sync)
blast

lemmas Sync-projs = F-Sync D-Sync T-Sync

8.5 Syntax for Interleave and Parallel Operator

abbreviation Inter-syntaxz ((- ||| -) [72,78] 72)
where P [|| Q= (P [{}] Q)

abbreviation Par-syntax ((- || -) [74,75] 74)
where P || Q@ = (P [ UNIV ] Q)

lemma setinterleaving-UNIV-iff : «s setinterleaves ((t, u), UNIV) +— s =t A s
=w
for s :: «("a, 'r) tracepiick>
by (induct <«(u, UNIV :: (‘a, 'r) eventpiick set, t)»
arbitrary: s t u rule: setinterleaving.induct) auto

lemma F-Par :
F P Q={(sR.IXY.(5,X) e FPA(, Y)EFQAR=XUYU
XnY}u
{(s, R). Itv. iIFv AN (tFtVuv=[)As=1tQuvA
(teDPAteT QVteDQAteT P)p
by (auto simp add: F-Sync setinterleaving- UNIV-iff)

lemma D-Par :
D (P Q) ={s.Ftv. ,AFoN{FtVov=[)As=tQuA
(teDPANLteT QVteDQAteT P)p
by (simp add: D-Sync setinterleaving- UNIV-iff)

lemma T-Par :
TP Q=TPNTQQU{tQuvtv fiFvA(FtVov=])A
teDPNT QUDQNT Ph
by (simp add: set-eq-iff T-Sync setinterleaving-UNIV-iff) blast

lemmas Par-projs = F-Par D-Par T-Par

lemma superset-T-Inter : <{t. tFt ANt T PUT QT (P||| @
proof (rule subsetl, clarify)
fix t assume «(tF ) <t €T PUT @
from <tF ¢» have <t setinterleaves ((t, []), range tick)»
by (metis disjoint-iff emptyLeftSelf setinterleaving-sym tickFree-def)
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with «t € T PUT @ show <t € T (P ||| Q)
by (simp add: T-Sync) (use Nil-elem-T setinterleaving-sym in blast)
qed

lemma superset-D-Inter : <D PUD Q C D (P ||| Q)»
proof (rule subsetl)
fix t assume <t € D PUD @
define t’ where «t’' = if tF t then t else butlast t>
from <t € D P UD @) D-imp-front-tickFree front-tickFree-iff-tickFree-butlast
have <tF t» unfolding t’-def by auto
with <t € D PUD @ have <t'€¢ D PUD
by (metis t’-def D-imp-front-tickFree Un-iff butlast-snoc
is-processT9 nonTickFree-n-frontTickFree)
from <tF' t'» have <t’ setinterleaves ((t', []), range tick)»
by (metis disjoint-iff emptyLeftSelf setinterleaving-sym tickFree-def)
with <t/ € D PUD @ have <t' € D (P ||| Q)
by (simp add: D-Sync) (use front-tickFree-Nil Nil-elem-T in blast)
thus <t € D (P ||| Q)
by (metis <tF t’s butlast-snoc front-tickFree-iff-tickFree-butlast
front-tickFree-single is-processT7 nonTickFree-n-front TickFree t'-def)
qed

8.6 Continuity Rule

lemma Sync-commute: <P [S] Q@ = Q [S] P>
— This will simplify the following proofs.
proof (subst Process-eq-spec, safe)
show <s € D (P [S] Q) = s € D (Q [S] P)» for s by (simp add: D-Sync)
blast
next
show <s € D (Q [S] P) = s € D (P [S] Q) for s by (simp add: D-Sync)
blast
next
show «(s, X) € F (P [S] Q) = (s, X) € F (Q [S] P)» for s X
by (simp add: F-Sync, elim disjE exE)
(metis (no-types) Int-commute Un-commute setinterleaving-sym, blast)
next
show «(s, X) € F (Q [S] P) = (s, X) € F (P [S] Q) for s X
by (simp add: F-Sync, elim disjE exFE)
(metis (no-types) Int-commute Un-commute setinterleaving-sym, blast)
qed

lemma mono-Sync : <P C P'= QC Q'= P [A] Q C P'[A] Q"
for P :: «('a, 'r) processpiick>

proof —
have <P [A] ST Q [4] S» if <P T @ for P S Q :: «("a, 'r) processpiick>
proof (unfold le-approz-def, safe)
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from le-approxz1[OF <P C @] le-approz-lemma-T[OF <P C Q]
show <s € D (Q [4] S) = s € D (P [A] S) for s by (simp add: D-Sync)
blast
next
show <s ¢ D(P[A] S) = X € R, (P[4] §) s = X € R, (Q [4] S) &
for s X
by (simp add: D-Sync Refusals-after-def F-Sync, elim disjE)
(metis F-T front-tickFree-Nil proc-ord2a|OF that] self-append-conv, blast)
next
show <s ¢ D(P[A] S) = X € R, (Q[A] S) s = X € R, (P [4] S) &
for s X
apply (simp add: D-Sync Refusals-after-def F-Sync, elim disjE)
using le-approx-lemma-F that apply blast

by (smt (verit, ccfo-SIG) in-mono le-approz! le-approz-lemma-T that)
next

fix s
assume <s € min-elems (D (P [A] S))»
hence <s € D (P [A] S)» by (simp add: elem-min-elems)
then obtain t u r

where x : «r < sy «te DPANuecT SVteDSANueTP

«r setinterleaves ((t, u), range tick U ev ¢ A)»
by (simp add: D-Sync less-eq-list-def prefiz-def) blast

have (3t u r. v < s A r setinterleaves ((t, u), range tick U ev © A) A
(t € min-elems (D P) Nu e T SV te min-elems (DS)ANueT
P)»
proof (rule ccontr)
assume assm : Pt url. r1 < s A ri setinterleaves ((t, u), range tick U ev
A) A

¢

(t € min-elems (D P) Nue€ T SV te min-elems (D S)
ANuweT Py

obtain tm! tm2 where $: <t € D P = tm1 < t A tml € min-elems (D
P)
«t €D S = tm2 < tAitm2 € min-elems (D S)
by (metis min-elems5)
hence$$: «t e DP=—=ueT S=tml <Hr«t€DS=ueT P =
tm2 < t
by (metis (1, 3) assm order-neg-le-trans)+
then obtain umi rmi um2 rm2 where
«teDP = uecTS= uml <u A rml setinterleaves ((tm1, uml),
range tick U ev ¢ A)»
teDS = ueT P= um2 < u A rm2 setinterleaves ((tm2, um2),
range tick U ev © A)»
by (metis x(3) interleave-less-left)
moreover have (t e D P = u €T S = rml < sArml €D (P [A] S)
teDS=ueT P= mm2<sAmm2eD(P[A] S)»
by (meson assm $(1, 2) $$(1, 2) x(1) x(3)
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interleave-le-left is-processT3-TR order-trans)+
ultimately show False by (metis *(2) <s € min-elems (D (P [A] S))
less-list-def min-elems-no)
qed

— We override.
then obtain ¢ u r
where * : «r < $ «r setinterleaves ((t, u), range tick U ev © A)»
<t € min-elems (D P) ANu € T SV te min-elems (D S)ANuweT P>by
blast

from *(2, 3) have «r € D (P [A] S)
by (simp add: D-Sync) (use elem-min-elems front-tickFree-Nil in blast)
with x(1) «s € min-elems (D (P [A] S))» min-elems-no have <s = r by blast

have<te DS = ueT P= ueT P — (D P — min-elems (D P))
proof (rule ccontr)
assume assms : (t € D S  «u €T Py«u ¢ T P — (D P — min-elems (D
P))
from assms(2, 3) have «u € D P» <u ¢ min-elems (D P)» by simp-all
then obtain u! where <ul < w «ul € min-elems (D P)»
by (metis min-elems5 order-neg-le-trans)

obtain t1 r1 where «t1 < t» «rl setinterleaves ((t1, ul), range tick U ev *
Ay «rl <
by (metis (no-types, lifting) *(2) <ul < w interleave-less-left setinterleav-
ing-sym)
from «t1 < t» <ul € min-elems (D P)) assms(1) have <ul € D PAtl €T
S»
using D-T elem-min-elems is-processT3-TR by blast
moreover have <r1 € D (P [A] S)»
by (simp add: D-Sync)
(use «rl setinterleaves ((t1, ul), range tick U ev © A)»
«ul € D P ANtl €T S front-tickFree-Nil setinterleaving-sym in blast)
ultimately show Fulse
by (metis «rl < 1y <s = 1 <s € min-elems (D (P [A4] S))» less-list-def
min-elems-no)
qed

hence 3t u. s setinterleaves ((t, u), range tick U ev * A) A
(t € min-elems (D P) AN u €T SV te min-elems (D S) A
vweT PANueT P — (DP — min-elems (D P)))
using *(2, 3) «<s = m elem-min-elems by blast
thus s € T (Q [A] S)
by (simp add: T-Sync)
(metis (no-types) append.right-neutral elem-min-elems front-tickFree-Nil
le-approx2T|[OF <P T @] <P C [unfolded le-approz-def] in-mono)
qed
thus (P C P' = QC Q' = P [A] Q C P’ [A] Q%
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by (metis Sync-commute below-trans)

qed
lemma chain-Sync-left : <chain Y = chain (Ai. Y i [A] S)
and chain-Sync-right : <chain Y => chain (\i. S [A] Y i)

by (simp-all add: chain-def mono-Sync)

99

lemma finite-interleaves: <finite {(t, u). (s :: (‘a, 'r) tracepiick) setinterleaves ((t,

u), A)b
proof (induction <length s) arbitrary: s rule: nat-less-induct)
fix s <('a, 'r) traceptick

assume hyp : <~V'm < length s. V' s. m = length s — finite {(t, u). s setinterleaves

(¢, w), A)b
show «finite {(t, u). s setinterleaves ((t, u), A)}>
proof (cases s)
have (|| setinterleaves ((¢, u), A) = t=[ Au=[p for t u
using EmptyLeftSync empty-setinterleaving by blast
hence <{(t, u). [ setinterleaves ((t, u), A)} = {([], )}> by auto
thus «s = [| = finite {(t, u). s setinterleaves ((t, u), A)}> by simp
next
fix z s’
assume (s = T # s’
define S where S = {(t, u). s’ setinterleaves ((t, u), A}
with hyp <s = = # s"» have «finite S> by auto
have (s setinterleaves ((t, u), A) =
t# [ Ahdt =z AN s setinterleaves ((¢1 ¢, u), A) V
uwZ[| ANhdu=2x A s setinterleaves (( ¢, tlu), A) V
t£[Ahdt=2ANu#[ANhdu=2zA
s" setinterleaves ((tl t, tl u), A)> for t u
by (cases t; cases u; simp add: <s = x # s’ split: if-split-asm) blast
hence * : <{(¢, u). s setinterleaves ((t, u), A)} C
{(t, w). t ;é | Ahdt=ux A s setinterleaves ((t t, wu), A)} U

{(t, u). u £ [| AN hd u =z A s’ setinterleaves (( ¢, tl u), A)} U

{(t,w).t£[[AhMMt=xzANu#[]Ahdu=2zA
s’ setinterleaves ((tl t, tl u), A)}

(is <{(t, u). s setinterleaves ((t, u), A)} C 251 U 252 U 253>) by blast

have (251 = {(z # t, u)| t u. s’ setinterleaves ((t, u), A)}» by force
also have «... = (A(t, u). (x # t, u)) S unfoldlng S-def by auto
finally have «finite 251> by (simp add: <finite S»)

have <252 = {(¢, z # u)| t u. s’ setinterleaves ((t, u), A)p by force
also have «... = (A(t, u). (t, z # u)) *S> unfolding S-def by auto
finally have <finite 252) by (simp add: finite S»)
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have (253 = {(z # t, x # u)| t u. s’ setinterleaves ((t, u), A)p

by (simp add: set-eq-iff) (metis list.collapse list.distinct(1) list.sel(1, 3))
also have «... = (A(t, u). (z # t, ¢ # u)) °S> unfolding S-def by auto
finally have «finite 253 by (simp add: <finite S»)

from = <finite 251> <finite 252> <finite 258> finite-subset
show «(finite {(t, u). s setinterleaves ((t, u), A)}> by blast
qed
qed

lemma finite-interleaves-Sync:
<finite {(t, u, ). r setinterleaves ((t, u), range tick U ev < A) A
(Fv. s =1 Qv A front-tickFree v A\ (tickFree r V v =[]))}
(is «finite ?A»)
proof —
have «?A C (Jre{r. r < s}. {(t, u, r) |t u. r setinterleaves ((t, u), range tick
Uev A}
(is<?AC (Ure{r.r<s} ?Pr)h)
unfolding less-eq-list-def prefix-def by blast

have «?P r C (\(t, u). (¢, u, r)) *
{(t, w). r setinterleaves ((t, u), range tick U ev < A)}» for r by auto
hence <finite (?P r)> for r by (rule finite-subset) (simp add: finite-interleaves)

have «({r. Jv. s = r Q@ v} = {r. Jv. r Q@ v = s}» by blast
hence «finite {r. r < sp
by (fold prefiz-def less-eq-list-def)
(use prefizes-fin[of s, simplified Let-def] in presburger)

show ?thesis
by (rule finite-subset|OF <?A C (Jr € {r. r < s}. 2P r)])
(rule finite-UN-I[OF «finite {r. r < s}» <Ar. finite (2P r)])
qed

lemma Cont-Sync-prem:
(L i Yo [A] @ = (I ¢ Yi[4] Q) if chain: <chain Y
proof (subst Process-eq-spec-optimized, safe)
show <s €D ((|] ¢ Yi) [4] Q) = s D (|Ji. Yi[4] Q) for s
by (simp add: limproc-is-thelub chain chain-Sync-left D-Sync D-LUB T-LUB)
blast
next
show «(s, X) e F (I 7. Y1) [A] Q) = (s, X) € F (i Yi[4] Q) for s X
by (simp add: limproc-is-thelub chain chain-Sync-left F-Sync D-LUB T-LUB
F-LUB) blast

next
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fix s
assume s € D (| |i. Vi [A] Q)
define S
where <S5 i = {(t, u, 7). 3v. front-tickFree v A (tickFree r V v=1[) As=1rQ
v A
r setinterleaves ((t, u), range tick U ev © A) A
(teD(YHDAueT QVteDQAueT (Yi)p
for ¢

have «(i. Si) #{p
apply (rule Inter-nonempty-finite-chained-sets, unfold S-def)
apply (use <s € D (| 4. Yi[A] Q) in
<simp add: limproc-is-thelub chain chain-Sync-left D-Sync T-LUB D-LUB,
blasty)
apply (rule finite-subset|OF - finite-interleaves-Sync]; auto)
using D-T le-approzl [OF po-class.chainE[OF chain]]
le-approx2T|OF po-class.chainE[OF chain]] by blast
then obtain ¢ u r where (¢, u, r) € ((i. S i) by auto
hence «front-tickFree (drop (length r) s) A (tickFree r V drop (length r) s = [])
N
s = r @ drop (length ) s A r setinterleaves ((t, u), range tick U ev © A)
N
(Vi.teD(Yi)ANueT QViteDQANNMi.ueT (Yi)y
by (auto simp add: S-def) (meson chain-lemma le-approx1 le-approx-lemma-T
subsetD chain)

show <s € D ((|] ¢ Y9) [4] Q)
by (simp add: limproc-is-thelub chain chain-Sync-left D-Sync T-LUB D-LUB)
(use «?this) in blast)
next
assume same-div : <D ((|] 4. Yi) [4] Q) =D (] ¢ Yi[4] @)
fix s X assume «(s, X) € F (| Ji. Yi[4] @)
show «(s, X) € F (L] i Y1) [A] @)
proof (cases <s € D (|| i. Yi[A] Q))
show <s € D (| ]i. Yi[A] Q) = (s, X) € F ((Ll4- Y i) [4] Q)
by (simp add: is-processT8 same-div)
next
assume <s ¢ D (| ]i. Yi[A] Q)
then obtain j where <s ¢ D (Y j [4] Q)
by (auto simp add: limproc-is-thelub chain-Sync-left «chain Yy D-LUB)
moreover from «(s, X) € F (| ]i. Yi[A] Q) have «(s, X) € F (Y j [4] Q)
by (simp add: limproc-is-thelub chain-Sync-left «chain Yy F-LUB)
ultimately show «(s, X) € F ((|] ¢ Y9) [4] Q)
by (fact le-approx2[OF mono-Sync|OF is-ub-thelub[OF <chain Y] below-refl],
THEN iffD2))
qed
qed
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lemma Sync-cont[simp]: <cont (Ax. fz [A] g z)» if <cont f> <cont g
proof (rule cont-apply[where f = Az y. y [4] g ])
from <cont f» show <cont f» .
next
show «cont (A\y. y [4] g z)» for z
proof (rule contI2)
show <monofun (Ay. y [A] g z)» by (simp add: monofunl mono-Sync)
next
show <chain Y = (| |i. Y i) [4] g2 C (i Y i [4] g ) for YV
by (simp add: Cont-Sync-prem)
qed
next
show <cont (A\z. y [4] g z)» for y
proof (rule cont-compose[of <Az. y [A] x])
show <cont (Sync y A)»
proof (rule contI2)
show «<monofun (Sync y A)» by (simp add: monofunl mono-Sync)
next
show «chain ¥ = y [A] (Ui Y i) C (4 v [A] Vi) for ¥V
by (subst (1 2) Sync-commute) (simp add: Cont-Sync-prem)
qed
next
from <cont g» show «cont g .
qed
qed



Chapter 9

The Renaming Operator

9.1 Some preliminaries
term <f —‘ B>

definition finitary :: <«('a = 'b) = bool
where <finitary f = Vz. finite(f —* {z})

We start with some simple results.

lemma «f —‘{} = {}» by simp
lemma X CY = f—‘XCf—°Y) by (rule vimage-mono)

lemma f — (XU Y)=f—XUf—°Y) by (rule vimage-Un)

lemma map-eventy;ck-eg-ev-iff : <map-eventyicr fge=evb<+— (3a. e= ev
a ANb=fa)

and map-eventy;c,-eg-tick-iff : «<map-eventpiick fge=v(s) «— 3Ir. e=V(r)
ANs=gr)p

and ev-eg-map-eventpick-iff : <ev b = map-eventpricr fge— (Ja. e=eva
Ab=fa)

and tick-eg-map-eventy;ck-iff : </ (s) = map-eventpiick fge+— (Ir. e =V (r)
ANs=gr)p

by (cases e; auto)+

lemma inj-left-map-event, ;e <inj (Af. map-eventpiick f g)»
proof (intro injl ext)
show (map-eventpicr f1 g = map-eventpicr f2 9 = f1 a = f2 a» for f1 f2 :
<a="byand a :: 'a
by (drule fun-conglwhere z = <ev a)]) simp
qed

lemma inj-right-map-eventpick: <inj (map-eventpiick f)»

103
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proof (intro injl ext)
show (map-eventyiicr f g1 = map-eventptick f 92 = g1 v = g2 r for g1 g2 :
dr='ssand r :: 'r
by (drule fun-cong|where z = «/(r))]) simp
qed

lemma map-event,;cx-tickFree : «tickFree (map (map-eventpiick fg) s) <— tick-
Free s»
by (induct s) (simp-all add: eventyy;cr.case-eq-if)

lemma map-event,; x-front-tickFree : «front-tickFree (map (map-eventyiick f g)
s) «— front-tickFree s
by (simp add: front-tickFree-iff-tickFree-butlast map-butlast[symmetric] map-eventy .y -tickFree)

lemma map-map-event,;cr -eq-tick-iff :
«map (map-eventyick fg) t = [V ()] +— Br.s=gr At=[/(r)])
and tick-eq-map-map-event,iicr-iff
(V' (s)] = map (map-eventpiick fg) t +— 3r.s=gr At =[/(r)])
by (auto simp add: map-eventy;.i-eq-tick-iff tick-eq-map-eventyiicr-iff)

9.2 The Renaming Operator Definition

Our new renaming operator does not only deal with events but also with
termination.

lift-definition Renaming :: <[(a, 'r) processpiick, 'a = 'b, 'r = 's] = ('b, 's)
PrOCesSptick?
is AP fg. ({( map (map-eventyiicr fg) s1, X)| s1 X. (s1, (map-eventpick [ g)
-‘X)e FP}U
{((map (map-eventpiick fg) s1) Q s2, X)| s1 s2 X. tickFree s1 A
front-tickFree s2 N\ sl € D P},
{( map (map-event,iicr fg) s1) Q s2| sl s2. tickFree s1 A\ front-tickFree
s2 N sl € D P})
proof —
show < %thesis P f ¢» (is <is-process(?f, ¢d)») for P f g
proof (unfold is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conv,
intro congl alll impl)
show «([], {}) € #f»
by (simp add: process-charn)
next
show «(s, X) € ?f = front-tickFree s» for s X
by (auto simp add: F-imp-front-tickFree map-eventy;cy-front-tickFree
map-eventpi;ck-tickFree front-tickFree-append)
next
show «(s @ ¢, {}) € 9f = (s, {}) € ?f» for s ¢
proof (induct t rule: rev-induct)
case Nil thus «(s, {}) € ?f> by simp
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next
case (snoc e t)
from snoc.prems is-processT8§
consider (fail) s1 where <s @ t @ [e] = map (map-eventyick fg) s1v «(s1,
{}) e F P
| (div) s1 s2 where ¢<s Q ¢t Q [e] = map (map-eventyiick [ g) s1 Q s2» ¢s2

£
<tickFree s1»y «front-tickFree s2) <s1 € D P> by auto blast
thus «(s, {}) € 2/»
proof cases
case fail
from fail(1) obtain s!’ e’ where <sI = s1’ @ [e]y <s Q@ t = map
(map-eventpiick fg) s1h
by (metis Nil-is-append-conv butlast-append list.map-disc-iff map-butlast
snoc-eg-iff-butlast)
from this(1) fail(2) is-processT3 have «(s1’, {}) € F P> by blast
=m

with s @ ¢ ap (map-eventyyicr, fg) s1” have «(s @ ¢, {}) € 2f» by
auto
with snoc.hyps show «(s, {}) € ?f» by presburger
next
case div

from div(2) obtain s2’ ¢/ where «s2 = s2’ Q [e¢/]» by (meson rev-ezhaust)
with div(1, 3, 4, 5) <s2 = s2' Q [e']y front-tickFree-dw-closed
have «(s @ ¢, {}) € ?f» by simp blast
with snoc.hyps show «(s, {}) € ?f» by presburger
qed
qed
next
show «(s, V) e f NXCY = (s, X) € rfor s XY
by (induct s rule: rev-induct, simp-all)
(meson is-processT4 vimage-mono)+
next
show (s, X) € % A (Ve.ce Y — (sQ e, {}) ¢ ?f) = (s, XU Y) e ?)
for s XY
by auto (metis (no-types, lifting) is-processT5 list.simps(8, 9) map-append
vimagek)
next
fix s r X assume (s @ [V ()], {}) € 9>
then consider (fail) s1 where <s @ [V (r)] = map (map-eventyiick fg) s>
«(s1,{}) e F P
| (div) s1 s2 where <s Q [V (r)] = map (map-eventpiicr, fg) s1 Q 52> <s2 #
I

<tickFree s1y <front-tickFree s2) <s1 € D P»
using is-processT8 by auto blast
thus «(s, X — {V/(r)}) € 7
proof cases
case fail
from fail(1) obtain s1’ r’ where * : <s = map (map-eventyiici fg) s1’ <sl
=s1'Q[V(r)p «r=grhH
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by (simp add: append-eqg-map-conv) (metis (mono-tags, opaque-lifting)
map-map-eventy ;i -eq-tick-iff)
from this(2) fail(2) have «(s1’, map-eventyiicr fg — X — {/(r")}) € F P»

by (simp add: is-processT6)
hence «(s1’, map-eventyiick fg — (X — {V/(1)})) € F P»
by (rule is-processT4) (auto simp add: <r = g ')
thus «(s, X — {V(r)}) € 2> by (unfold x(1)) blast
next
case div
from div(2, 4) front-tickFree-charn tickFree-imp-front-tickFree
obtain s2’ ¢/ where «s2 = 2’ Q [e']> «front-tickFree s2'» by blast
from <s2 = 52’ Q [e]> div(1) have <s = map (map-eventpiick fg) s1 Q s2"
by simp
with div(3, 5) «front-tickFree s2’y show «(s, X — {/(r)}) € ?f> by blast
qed
next
show «s € 2d A tickFree s A front-tickFree t —> s Q t € ?d» for s ¢
using front-tickFree-append by safe auto
next
show «s € 2d = (s, X) € ?f» for s X by blast

next
fix s r assume s Q [V (r)] € ?d>
then obtain s s2 where * : <s @ [V (r)] = map (map-eventpicr fg) s1 Q
52)
<tickFree s1y <front-tickFree s2> <s1 € D Py by blast
from (1, 2, 3) obtain s2’ e where «s2 = 52’ Q [e]» «front-tickFree s2'
by (metis append-self-conv front-tickFree-charn front-tickFree-dw-closed
non-tickFree-tick map-eventy;c,-tickFree tickFree-append-iff)
from this(1) (1) have «s = map (map-eventyiicr fg) s1 Q s2' by simp
with x(2, 4) <front-tickFree s2"» show (s € ?d) by blast
qed
qed

Some syntactic sugar.

syntax

-Renaming :: <('a, 'r) processpiick = updbinds = updbinds = (
cessprick> (- [-] [-]> [100, 100, 100])

-Renaming-left  :: <('a, 'r) processpiick = updbinds = ('a, 'r) processpiick> (<-
[-] [I> [200, 100])

-Renaming-right :: <('a, 'r) processpirick = updbinds = ('a, 'r) processpiick> (¢-
1 [ 1100, 100))
syntax-consts -Renaming = Renaming

‘a, 'r) pro-

and -Renaming-left = Renaming
and -Renaming-right = Renaming
translations

-Renaming P f-updates g-updates = CONST Renaming P (-Update (CONST id)
f-updates) (-Update (CONST id) g-updates)
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-Renaming-left P f-updates = CONST Renaming P (-Update (CONST id)
f-updates) (CONST id)

-Renaming-right P g-updates = CONST Renaming P (CONST id) (-Update
(CONST id) g-updates)

Now we can write P [a := b] [c¢ := d]. If we only want to rename events, or
results, we use respectively P [a := b] [] and P [] [¢ := d]. Like in HOL.Fun,
we can write this kind of expression with as many updates we want: P [a
=10, c:=d, e:=f, g:=h] [rl :=r2, r3 := r4]. By construction we
also inherit all the results about fun-upd, for example ?z # %z — (?f(%z
= 2y)) 2= ?f %2

of(%x = %y, 2z := 22) = ?f(%z := ?2)

%0 # %c = ?m(%a := %b, %c := ?d) = m(%c := ?d, %a := ?D).

lemma (P [z :=y, z := 2] [] = Pz := 2] []» by simp

lemma <a #c= Pla:=0b,c:=d][rl :=r2] =P [c:=d, a:=10] [r] =
r2]> by (simp add: fun-upd-twist)

9.3 The Projections

lemma F-Renaming: «F (Renaming P f g) =

{( map (map-eventyyicr fg) s1, X)| s1 X. (s1, (map-eventpiick fg) — X) € F
P} U

{((map (map-eventyiick fg) s1) @ s2, X)| s1 s2 X. tickFree s1 N front-tickFree
s2 Nsl € D P}

by (simp add: Failures.rep-eq FAILURES-def Renaming.rep-eq)

lemma D-Renaming: <D (Renaming P f g) =

{(map (map-eventyiick fg) s1) Q s2| s1 s2. tickFree s1 A front-tickFree s2 A sl
€ DPhH

by (simp add: Divergences.rep-eq DIVERGENCES-def Renaming.rep-eq)

lemma T-Renaming: <T (Renaming P f g) =

{ map (map-eventyiick fg) s1| s1. s1 € T P} U

{(map (map-eventyiick fg) s1) Q s2| s s2. tickFree s1 A front-tickFree s2 A sl
€ DPhH

by (subst set-eq-iff, fold T-F-spec, simp add: F-Renaming)

lemmas Renaming-projs = F-Renaming D-Renaming T-Renaming

9.4 Continuity Rule

9.4.1 Monotonicity of Renaming.

lemma mono-Renaming : <Renaming P f g © Renaming Q f ¢» if <P C @
proof (subst le-approz-def, intro conjl subset-antisym alll impl subsetl)
show <s € D (Renaming @ f g) = s € D (Renaming P f g)) for s
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unfolding D-Renaming using le-approzl <P T @) by blast
next
show «s ¢ D (Renaming P f g) = X € R, (Renaming P f g) s = X € R,
(Renaming @Q f g) & for s X
by (simp add: D-Renaming Refusals-after-def F-Renaming)
(metis (no-types, opaque-lifting) F-imp-front-tickFree append.right-neutral
front-tickFree-Nil
front-tickFree-append-iff front-tickFree-single is-processT9 map-append tick-
Free-Nil
map-map-eventy; i -eg-tick-iff nonTickFree-n-front TickFree non-tickFree-tick
proc-ord2a <P T Q)
next
show (s ¢ D (Renaming P f g) = X € R, (Renaming Q fg) s = X € R,
(Renaming P f g) s for s X
by (simp add: D-Renaming Refusals-after-def F-Renaming)
(metis (no-types, lifting) is-processT8 le-approxl proc-ord2a subset-eq <P C
o)
next
show (s € min-elems (D (Renaming P f g)) = s € T (Renaming Q f g)» for s
apply (rule set-mp[of «{map (map-eventpiicr f g) s1 |s1. s1 € min-elems (D
P)b))
apply (simp add: T-Renaming, use le-approz3 <P T @) in blast)
apply (drule set-rev-mp[of - - ¢min-elems {map (map-eventyiicr fg) sl |s1.
tickFree s1 A s1 € D P}))
apply (simp-all add: D-Renaming min-elems-def subset-iff)
by (metis prefix] antisym-conv2 append.right-neutral front-tickFree-Nil)
(metis (no-types, lifting) antisym-conv2 append-butlast-last-id
front-tickFree-iff-tickFree-butlast less-self list.map-disc-iff map-butlast
min-elems1 min-elems-no nil-less order-less-imp-le tickFree-imp-front-tickFree)
qed

lemma {ev c |c. fc = a} = ev{c . fc = a}> by (rule setcompr-eq-image)

lemma vimage-map-eventy;cr-subset-vimage: <map-eventyicr fg —° (ev © A) C
range tick U (ev ‘ (f — A))»
and vimage-subset-vimage-map-event,icx: <(ev < (f —¢A)) C (map-eventpick f
g —*(ev “ A)) — range tick
by (auto simp add: image-def vimage-def)
(metis eventptick.exhaust-sel eventpick.sel(1) eventpiick.simps(9))

9.4.2 Some useful results about finitary, and preliminaries
lemmas for continuity.

lemma inj-imp-finitary[simp)] : <inj f = finitary f> by (simp add: finitary-def
finite-vimagel)

lemma finitary-comp-iff : <finitary ¢ = finitary (g o f) «— finitary f»
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proof (unfold finitary-def, intro iffI alll;
(subst vimage-comp|symmetric] | subst (asm) vimage-comp[symmetric]))
have f1: «f —‘g —‘ {2} = (Uy € g —{z}. f —“{y})» for = by blast
show «finite (f —‘ g —‘{z})» if V. finite (f —° {z})> and ~Vz. finite (g —¢
{z}) for z
apply (subst f1, subst finite-UN)
by (rule that(2)[unfolded finitary-def, rule-format))
(intro balll that(1)[rule-format])
qed (metis finite-Un insert-absorb vimage-insert vimage-singleton-eq)

lemma finitary-updated-iff [simp] : <finitary (f (a := b)) «— finitary f»
proof (unfold fun-upd-def finitary-def vimage-def, intro iffI alll)
show «finite {z. (if v = a then b else fz) € {y}}> if ~Vy. finite {z. fz € {y}Dp
for y
apply (rule finite-subset[of - «{z. x = a} U {z. fz € {y}}], (auto)[1])
apply (rule finite-Unl)
by simp (fact that[rule-format))
next
show «(finite {z. fz € {y}}> if ~Vy. finite {z. (if x = a then b else fz) € {y}p
for y
apply (rule finite-subset[of - {z. x = a A fz e {y}} U{z. 2 #a A fx €
(), (auto)[1])
apply (rule finite-Unl)
using that[rule-format, of y] by (simp-all add: Collect-mono rev-finite-subset)
qed

By declaring this simp, we automatically obtain this kind of result.

lemma «finitary f <— finitary (f (a := b, ¢ :== d, ex= g, h := i))» by simp

lemma Cont-RenH2:
(finitary ((map-eventpiicr fg) == (‘a, 'r) eventpiick = ('b, 's) eventpiick) +—
finitary f A finitary g
proof (intro iffI conjI)
show «finitary f» if <finitary (map-eventyiick f g)
proof (unfold finitary-def, rule alll)
fixb:'b
have «finite ((map-eventyiicr fg) — {ev d})
by (fact <finitary (map-eventpick [ g)>[unfolded finitary-def, rule-format])
also have (map-event,icr, fg —‘ {ev b} = ev  (f —<{b})
by (unfold vimage-def image-def) (auto simp add: map-event,;cx-eq-ev-iff )
finally show «finite (f —{b})> by (simp add: inj-on-def finite-image-iff)
qed
next
show «finitary ¢> if «finitary (map-eventyiicr f g)»
proof (unfold finitary-def, rule alll)

fixs:'s
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have «finite ((map-eventyiick fg) —* {tick s})
by (fact <finitary (map-eventpiick f g)>[unfolded finitary-def, rule-format])
also have map-eventyicr f g —* {tick s} = tick ‘(g — {s})
by (unfold vimage-def image-def) (auto simp add: map-eventp;ci-eq-tick-iff)
finally show «finite (g —*{s})> by (simp add: inj-on-def finite-image-iff)
qed
next
show «finitary (map-eventyiicr f g)» if <finitary f A finitary ¢»
proof (unfold finitary-def, rule alll)
fix e <('D, 's) eventpiick
show «finite (map-eventyprick fg —°{e})
proof (cases e)
fix b assume <e = ev b
have (map-event,icr, fg —‘{ev b} = ev * (f —<{b})
by (unfold vimage-def image-def) (auto simp add: map-eventp;c,-eq-ev-iff )
thus «finite (map-eventyricr fg —{e})
by (simp add: <e = ev by) (meson finitary-def finite-imagel that)
next
fix s assume <e = tick s»
have (map-event,icr, f g —* {tick s} = tick ‘(¢ —* {s})
by (unfold vimage-def image-def) (auto simp add: map-eventy; i -eq-tick-iff)
thus «finite (map-eventyiick fg —°{e})
by (simp add: <e = tick s») (meson finitary-def finite-imagel that)
qed
qed
qed

lemma Cont-RenHS3:
{s1 @1 |s1¢t1. (3 b.st =[b&fb=a)Alist=mapftl} =
(U bef—Ha}. (At. b# t) “{t. list = map ft})
by auto (metis append-Cons append-Nil)

lemma Cont-RenHj: «finitary f «— (Vs. finite {t. s = map f t})
proof (unfold finitary-def, intro iffI alll)
show «finite {t. s = map [t} if ~Vz. finite (f —¢ {z})» for s
proof (induct s)
show <finite {¢t. [| = map f t}» by simp
next
case (Cons a s)
have «({t. a # s=map ft} = (Jbe f—{a}. {D# t|t. s = map fi})»
by (subst Cons-eq-map-conv) blast
thus ?case by (simp add: finite-UN|[OF that[rule-format]] local.Cons)
qed
next
have map1: «[a] = map fs = (3b. s = [b] A f b = a)» for a s by fastforce
show «finite (f —‘{z}) » if <V s. finite {¢. s = map ft}» for z
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by (simp add: vimage-def)
(fact finite-vimagel [OF that[rule-format, of <[z, simplified map1],
of Ax. [z]», unfolded inj-on-def, simplified])
qed

lemma Cont-RenH5: «finitary [ = finitary ¢ = finite (Jt € {¢t. t < s}. {s.
t=map (map-eventyiicr fg) s})

apply (rule finite-UN-I)

unfolding less-eq-list-def prefix-def

apply (induct s rule: rev-induct, simp)

apply (subgoal-tac <{t. Ir. t Q r = zs Q [z]} = insert (zs Q [z]) {¢t. Ir. t Q r
= zs}, auto)

apply (smt (verit, ccfo-SIG) Collect-cong finite-insert)
apply (metis Sublist.prefiz-snoc prefir-def)

using Cont-RenH2 Cont-RenH4 apply blast

done

lemma Cont-RenH6: «{t. 3t2. tickFree t A front-tickFree t2 A x = map (map-eventyick
fg) ta@it2}

9) sth

by auto

C{y. Jza. za € {t. t <z} Ny € {s. za = map (map-event,iicr f

lemma Cont-RenH7: «finite {t. 312. tickFree t N front-tickFree t2 N s = map
(map-eventpiicr fg) t Q 21
if <finitary f» and «<finitary g
proof —
have f1: «({y. map (map-eventpiick fg) y < s} = Uz € {z 2 < s} {y. z =
map (map-eventpiick fg) y})» by fast
show ?thesis
apply (rule finite-subset|OF Cont-RenHG))
apply (simp add: f1)
apply (rule finite-UN-I)
apply (induct s rule: rev-induct, simp)
apply (subgoal-tac <{z. z < zs @ [z]} = insert (xs Q [z]) {z. z < xs}>, auto)
using Cont-RenH2 Cont-RenH) that by blast
qed

lemma chain-Renaming: <chain Y = chain (\i. Renaming (Y @) f g)»
by (simp add: mono-Renaming chain-def)
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9.4.3 Finally, continuity !

lemma Cont-Renaming-prem:
«(L] ¢ Renaming (Y i) fg) = Renaming (|| i. Y i) f g
if finitary: <finitary f> <finitary ¢> and chain: <chain Y
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D (| |i. Renaming (Y i) f g)»
define S where ¢S i = {s1. 3t2. tickFree s1 A front-tickFree t2
A s = map (map-eventyicr fg) s1 Q t2 A s1 € D
(Y4} for ¢
have «(i. S4) #{p
apply (rule Inter-nonempty-finite-chained-sets, unfold S-def)
apply (use <s € D (| ]i. Renaming (Y i) fg)» in
<simp add: limproc-is-thelub chain chain-Renaming D-Renaming D-LUB,
blasty)
apply (rule finite-subset|OF - Cont-RenH7[OF finitary, of s, blast)
using chain unfolding chain-def le-approz-def by blast
then obtain s! where f5: <s1 € ((i. S i) by blast
thus <s € D (Renaming (Lub Y) f g)»
by (simp add: limproc-is-thelub chain chain-Renaming D-Renaming D-LUB
S-def) blast
next
show (s € D (Renaming (Lub Y) fg) = s € D (|]¢. Renaming (Y i) f g)» for
s
by (auto simp add: limproc-is-thelub chain chain-Renaming D-Renaming D-LUB)
next
next
assume same-div : <D (| |i. Renaming (Y i) f g) = D (Renaming (| ]i. Y i) f
g9)
fix s X assume «(s, X) € F (4. Renaming (Y i) f g)
show «(s, X) € F (Renaming (| ]i. Y i) fg)
proof (cases <s € D (| |i. Renaming (Y i) f g))
show «s € D (| ]i. Renaming (Y i) fg) = (s, X) € F (Renaming (| ]i. Y )
fa)
by (simp add: is-processT8 same-div)
next
assume <s ¢ D (| |i. Renaming (Y @) f g)»
then obtain j where <s ¢ D (Renaming (Y j) f g)»
by (auto simp add: limproc-is-thelub chain-Renaming <chain Yy D-LUB)
moreover from «(s, X) € F (|]i. Renaming (Y i) f g)» have «(s, X) € F
(Renaming (Y j) f g)»
by (simp add: limproc-is-thelub chain-Renaming <chain Y> F-LUB)
ultimately show «(s, X) € F (Renaming (| |i. Y i) f g)
by (fact le-approz2[OF mono-Renaming[OF is-ub-thelub|OF <chain Y)]],
THEN iffD2))
qed
next
show (s, X) € F (Renaming (Lub Y) fg) = (s, X) € F (| ]i. Renaming (Y
i) fg) for s X
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by (auto simp add: limproc-is-thelub chain chain-Renaming F-Renaming D-LUB
F-LUB)
qed

lemma Renaming-cont[simp] : <cont P = finitary f = finitary ¢ = cont (Az.
(Renaming (P z) f g))»
by (rule contI2)
(simp add: cont2monofunE mono-Renaming monofun-def,
simp add: Cont-Renaming-prem ch2ch-cont cont2contlubE)

lemma RenamingF-cont : <cont P = cont (Az. (P z) [a := b] [c := d])»

by (simp only: Renaming-cont finitary-updated-iff inj-imp-finitary inj-on-id)

lemma <cont P = cont (Az. (P z)[a := b, ¢c:=d
r3:= 14, r5:= 1r6])

by simp

,e:=f,g:=ad] [rl := r2,

7

9.5 Some nice properties

lemma map-eventy;ci-comp: <map-eventpeick (f2 0 f1) (92 o g1) = map-eventyyick
2 g2 o map-eventpiicr f1 g1»
by (rule ext) (simp add: eventpi;c,.map-comp)

lemma Renaming-comp : <Renaming P (f2 o f1) (g2 o g1) = Renaming (Renaming
P f1 g1) f2 g2
proof (subst Process-eq-spec, intro conjl subset-antisym)
show «F (Renaming P (f2 o f1) (g2 o g1)) C F (Renaming (Renaming P f1
g1) f2 g2)»
apply (simp add: F-Renaming D-Renaming subset-iff, safe)
by (metis (no-types, opaque-lifting) map-eventy;cx,-comp list.map-comp set.compositionality)
(metis (no-types, opaque-lifting) map-eventyi;cr-comp map-eventy; k-tickFree
append.right-neutral
front-tickFree-Nil list. map-comp)
next
show (F (Renaming (Renaming P f1 g1) f2 g2) C F (Renaming P (f2 o f1) (g2
o gl))
apply (simp add: F-Renaming D-Renaming map-event,;cx-comp, safe)
subgoal by simp (metis (no-types, lifting) vimage-comp)
subgoal using map-eventyicr-front-tickFree by simp blast
subgoal by simp (metis front-tickFree-append map-event,; i -tickFree) .
next
show (D (Renaming P (f2 o f1) (g2 o g1)) C D (Renaming (Renaming P f1
g1) 12 g2)»
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by (simp add: D-Renaming subset-iff, safe)
(metis (no-types, opaque-lifting) map-eventytcr-comp map-eventy; i -tickFree
append.right-neutral
front-tickFree-Nil list.map-comp)
next
show (D (Renaming (Renaming P f1 g1) f2 g2) C D (Renaming P (f2 o f1) (g2
ogl))
by (auto simp add: D-Renaming subset-iff)
(metis map-eventy;cr-comp map-eventy, ok -tickFree front-tickFree-append)
qed

lemma Renaming-id: <Renaming P id id = P>
by (subst Process-eq-spec, auto simp add: F-Renaming D-Renaming eventpycr-map-id0
is-processT7 is-processT8)
(metis append.right-neutral front-tickFree-append-iff
nonTickFree-n-front TickFree not-Cons-self2 process-charn)

lemma Renaming-inv: <Renaming (Renaming P f g) (inv f) (inv g) = P> if «inj
f and <inj ¢
proof —
have « Renaming (Renaming P f g) (inv f) (inv g)
= Renaming P (inv f o f) (inv g o g)» by (simp add: Renaming-comp)
also have (... = Renaming P id id> by (simp add: <inj f> <inj ¢»)
also have «... = P) by (fact Renaming-id)
finally show (Renaming (Renaming P f g) (inv f) (inv g) = P> .
qed

lemma inv-Renaming: < Renaming (Renaming P (inv f) (inv g)) fg = P»
if <bgj f> and <bij ¢
proof —
have « Renaming (Renaming P (inv f) (inv g)) fg
= Renaming P (f o inv f) (g o inv g)» by (simp add: Renaming-comp)

also have ¢... = Renaming P id id)
by (metis bij-betw-def surj-iff <bij > <bij g»)
also have «... = P) by (fact Renaming-id)

finally show (Renaming (Renaming P (inv f) (inv g)) fg = P> .
qed



Chapter 10

The Hiding Operator

10.1 Preliminaries : primitives and lemmas

abbreviation <trace-hide t A = filter (A\z. z ¢ A) t»

lemma Hiding-tickFree : «tF (trace-hide s (ev  A)) +— tF s
by (auto simp add: tickFree-def)

lemma Hiding-front-tickFree : «ftF s = ftF' (trace-hide s (ev < A))»
apply (induct s; simp add: image-iff front-tickFree-Cons-iff)
by (metis (no-types, lifting) filter.simps(1) front-tickFree-charn)

lemma trace-hide-union: <trace-hide t (A U B) = trace-hide (trace-hide t A) B>
by simp

lemma trace-hide-ev-union [simp)] :
<trace-hide t (ev * (A U B)) = trace-hide (trace-hide t (ev ¢ A)) (ev  B)»
apply (fold trace-hide-union)
apply (rule arg-cong[where f = (\S. trace-hide t S)])
by blast

abbreviation isInfHiddenRun :: <[nat = (‘a, 'r) eventpiicr lst, ('a, 'r) pro-
cesspick, 'a set] = bool>
where <isInfHiddenRun f P A = strict-mono f A (Vi. fi € T P) A
(Vi. trace-hide (f i) (ev © A) = trace-hide (f 0) (ev < A))»

lemma isInfHiddenRun-1 :
<asInfHiddenRun f P A «— strict-mono f A (Vi. fi € T P) A
(Vi.3t. fi=f0Q 1t A settCev‘ A
proof (intro iffI conjI; elim conjE, assumption?)
assume x : (strict-mono f» ¥V i. trace-hide (f 7) (ev * A) = trace-hide (f 0) (ev ¢
A)»
show Vi. Jt. fi=f0Qt ANsett Cev‘A

115
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proof (rule alll)
fix ¢
from *(1) obtain t where <fi = f0 Q t
by (meson prefixE less-eq-nat.simps(1) strict-mono-less-eq)
with x(2)[THEN spec, of i] have <set t C ev ‘ A
by simp (metis empty-filter-conv subset-code(1))
with <fi=f0 Q t> show «Jt. fi=f0 Qt A sett C ev ‘A by blast
qed
next
assume * : Vi. Jt. fi=f0Qt ANsett Cev ‘A
show <V i. trace-hide (f i) (ev ¢ A) = trace-hide (f 0) (ev ‘ A)»
proof (rule alll)
fix ¢
from x[rule-format, of i| show <trace-hide (f i) (ev ¢ A) = trace-hide (f 0) (ev
A
by (elim exE, simp) (meson filter-False in-mono)
qed
qed

abbreviation div-hide :: «('a, 'r) processpiick = 'a set = ('a, 'r) eventpiick list
set»
where (div-hide P A = {s. It u. ftF u AN tF ¢t A
s = trace-hide t (ev ‘' A) Q u A
(t € D PV (3f. isInfHiddenRun f P A A t € range
M

lemma inf-hidden:
«3f. isInfHiddenRun f P A N\ s € range f»
if «Vt. trace-hide t (ev * A) = trace-hide s (ev * A) — (¢, ev ' A) ¢ F P» and
<s €T P»
proof (rule exl)
define f where (f = rec-nat s (Ait. let e = SOME e.e € ev ‘ANt Q[e] €T
Pint Q [e])
have <strict-mono f» by (simp add: f-def strict-mono-def lift-Suc-mono-less-iff)
moreover have (s € range f» unfolding f-def by (metis (no-types, lifting)
nat.rec(1) range-eql)
moreover have «fi € T P A trace-hide (f 7) (ev * A) = trace-hide s (ev < A)»
for ¢
proof (induct 7)
show «f 0 € T P A trace-hide (f 0) (ev © A) = trace-hide s (ev * A)»
by (simp add: f-def that(2))
next
fix ¢
assume hyp : <f i € T P A trace-hide (f ©) (ev ¢ A) = trace-hide s (ev * A)»
from is-processT5-S7[OF hyp[ THEN conjunct!] that(1)[rule-format, OF hyp| THEN
congunct?2]]]
obtain e where $ : <e € ev “ Ay «fi Q [e] € T P» by blast
have (f (Suci) = (lete=SOMEe.e € ev “ANfiQe] €T Pin fiQ [e])
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by (simp add: f-def)
thus «f (Suc i) € T P A trace-hide (f (Suc 7)) (ev © A) = trace-hide s (ev  A)»
by (simp add: hyp[ THEN conjunct2]) (metis (no-types, lifting) $ somel-ex)
qed
ultimately show <isInfHiddenRun f P A A s € range f> by simp
qed

lemma trace-hide-append :
s @ ¢t = trace-hide u (ev * A) =
Is't' u=s"Qt'A s = trace-hide s’ (ev * A) A t = trace-hide t' (ev * A))
proof (induct u arbitrary: s t)
case Nil
thus ?case by simp
next
case (Cons e u)
show Zcase
proof (cases (e € ev ‘ A»)
assume <e € ev ‘ A»
with Cons.prems have «s @Q t = trace-hide u (ev * A)y by simp
with Cons.hyps obtain s’ ¢’ where
u = 8" Qth «s = trace-hide s’ (ev * A)) <t = trace-hide t’ (ev * A)» by blast
hence (e # u = (e # s') Q t' A s = trace-hide (e # s’) (ev * A) A t = trace-hide
t' (ev < A)»
by (simp add: <e € ev © A»)
thus ?case by blast
next
assume <e ¢ ev ‘ 4>
with Cons.prems consider «s = [» <t # [) <hd t = e <[] Q tl t = trace-hide
u (ev © A)
| <s # [ <hd s = e> <tl s Q t = trace-hide u (ev * A)) by (cases s) simp-all
thus ?case
proof cases
show ([s =[[; t #[|; hdt = e; [] Q tl t = trace-hide u (ev * A)] = ?case
by (drule Cons.hyps) (metis Cons.prems append-Nil filter.simps(1))
next
show «[s # [|; hd s = e; tl s @ ¢t = trace-hide u (ev * A)] = %case
by (drule Cons.hyps) (metis Cons.prems Cons-eq-appendl append-same-eq
filter-append)
qged
qed
qed

10.2 The Hiding Operator Definition

lift-definition Hiding :: <[(‘a, 'r) processpiick ,'a set] = (’

(infix] <\» 69)
is AP A. ({(s, X). 3t. s = trace-hide t (ev *A) A (t, X Uev ‘A) € F P} U
{(s, X). s € div-hide P A},

a, 'r) processpiick’
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div-hide P A)»
proof —
show «%thesis P Ay (is <is-process(?f, div-hide P A)») for P and A
proof (unfold is-process-def FAILURES-def DIVERGENCES-def fst-conv snd-conv,
intro congl alll impl)
from inf-hidden[of A <[> P] show <([], {}) € 2>
by simp (metis filter.simps(1) tickFree-Nil)
next
show (s, X) € ¢f = ftF s» for s X
by simp (metis F-imp-front-tickFree Hiding-front-tickFree Hiding-tickFree
front-tickFree-append-iff tickFree-imp-front-tickFree)
next
show «(s @ ¢, {}) € 7of = (s, {}) € ?/» for s ¢
proof (induct t rule: rev-induct)
case Nil
then show ?case by auto
next
case (snoc e t)
from snoc.prems consider u where s @ t @ [e] = trace-hide u (ev ¢ A)»
(u, ev “A) € F Py
| w v where (ftF vy <tF w «s @Q ¢t @ [e] = trace-hide u (ev * A) Q v»
<u € D PV (3f. isInfHiddenRun f P A N\ u € range f)»
by simp blast
thus Zcase
proof cases
fix u assume <s @ t Q [e] = trace-hide u (ev * A)) «(u, ev * A) € F P)
from this(1) obtain v’ v’ where (u = u’ @ u') <s Q t = trace-hide u’ (ev
A
by (metis append-assoc trace-hide-append)
have «(s @ ¢, {}) € 2>
proof (cases «3t. trace-hide t (ev * A) = trace-hide u’ (ev * A) A (t, ev * A)
€ F P»y)
show (3 t. trace-hide t (ev * A) = trace-hide u' (ev * A) A (t, ev * A) € F
P =
(s@t {}) e
by (simp add: «<s Q ¢t = trace-hide v’ (ev  A)») metis
next
assume * : Jt. trace-hide t (ev * A) = trace-hide u' (ev * A) A (t, ev © A)
cF P
from this[simplified, THEN inf-hidden| obtain f where <isInfHiddenRun
fPANAu € range f>
using T-F-spec «(u, ev * A) € F Py <u = u' @Q v’y is-processT3
is-processT4-empty by blast
hence <s Q ¢t € div-hide P A»
by (simp add: <s @ t = trace-hide u’ (ev < A)»)
(metis F-imp-front-tickFree <(u, ev * A) € F Py x <u = v’ @ u')
append.right-neutral front-tickFree-Nil front-tickFree-append-iff)
thus «(s @ ¢, {}) € 2> by simp
qed
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from snoc.hyps|OF this] show «(s, {}) € ?f» by blast
next
fix v v assume * : <ftF vy tF uy <s @Q ¢t Q [e] = trace-hide u (ev * A) @ v»
<u € D PV (3f. isInfHiddenRun f P A N\ u € range )
show ?Zcase
proof (cases v rule: rev-cases)
assume v = []»
with %(3) obtain u’ u" where <u = v’ @ u') «s Q ¢t = trace-hide v’ (ev
A
by simp (metis append-assoc trace-hide-append)
from *(4) D-T have v € T P> by blast
have «(s @ ¢, {}) € 2>
proof (cases «<3t. trace-hide t (ev * A) = trace-hide u' (ev * A) A (¢, ev ¢
A) e F Py)
show <3 ¢. trace-hide t (ev * A) = trace-hide u’ (ev * A) A (¢, ev “ A) €

FP=
(s@t¢ {}) e 7
by (simp add: <s @ t = trace-hide u' (ev © A)») metis
next
assume * : <A t. trace-hide t (ev * A) = trace-hide u' (ev * A) A (t, ev ¢
A) e F P

from this[simplified, THEN inf-hidden] obtain f where (isInfHiddenRun
fPANAu € range >
by (metis T-F-spec <u = u' Q u' <u € T P> is-processT3)
hence <s @ ¢t € div-hide P A>
by (simp add: «<s Q t = trace-hide u’ (ev “ A)»)
(metis (no-types, lifting) * append-Nil2 append-T-imp-tickFree
front-tickFree-Nil is-processT5-S7 list.distinct(1) rangeE)
thus «(s @ ¢, {}) € ?2f» by simp
qed
from snoc.hyps|OF this] show «(s, {}) € ?f» by blast
next
fix v’ e’
assume v = v’ @ [e]
with x front-tickFree-dw-closed have «s Q t € div-hide P A» by auto
hence (s @ t, {}) € ?f> by simp
from snoc.hyps|OF this] show «(s, {}) € ?f» by blast
qed
qed
qged

next
show $ : «(s, V) e ANXCY = (s, X)e?Hrfors XY
by simp (metis is-processT4 subset-iff-psubset-eq sup.mono)
next
fix s X YV assume * : <(s, X) € of A(Vec.ce Y — (sQ[c], {}) & o)
from *[THEN conjunctl] consider <s € div-hide P A»
| © where s = trace-hide u (ev * A)y «(u, X U ev * A) € F P> by simp blast
thus «(s, X U Y) € 2f»
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proof cases
show (s € div-hide P A = (s, X U Y) € ?f» by simp
next
fix u assume <s = trace-hide u (ev * A)) «(u, X Uev ‘A) € F P»
show «(s, X U Y) € ?f»
proof (cases <s € div-hide P A»)
show (s € div-hide P A = (s, X U Y) € ¢f» by simp
next
assume <s ¢ div-hide P A»
have «(u, X U Y Uev ‘A) e F P
proof (rule ccontr)
assume <(u, X U Y Uev ‘A) ¢ F P»
hence «(u, X Uev ‘AU Y) ¢ F P> by (metis sup.assoc sup-commute)
from is-processT5-S7'[OF «(u, X U ev * A) € F P> this| obtain ¢
where <c € V) «c ¢ X> <c ¢ ev ‘A «u @ [¢] € T P> by blast
show False
proof (cases «3t. trace-hide t (ev * A) = trace-hide (u Q [c]) (ev ¢ A) A
(t, ev “A) € F P»)
show «3t. trace-hide t (ev * A) = trace-hide (u Q [c]) (ev * A) A (¢, ev
A) € F P = Fulse
using x <¢c € Y <c ¢ ev * Ay «s = trace-hide u (ev * A)» by force
next
assume Jt. trace-hide t (ev * A) = trace-hide (v @ [c]) (ev < A) A (¢,
ev ‘A) € F P»
hence (Vt. trace-hide t (ev * A) = trace-hide (u @ [c]) (ev * A)
— (t, ev “ A) ¢ F P> by simp
from inf-hidden[OF this <u @ [c] € T P>] have «s Q [c] € div-hide P A»

by (smt (verit, ccfo-threshold) Prefiz-Order.strict-prefiz-simps(1)
Prefiz-Order.strict-prefiz-simps(2)
B t. trace-hide t (ev * A) = trace-hide (u @ [c]) (ev “ A) A (t, ev ¢
A) e F P»
<s = trace-hide u (ev * A)> «s ¢ div-hide P A> <u Q [c] € T P
append-Nil2
append-T-imp-tickFree filter.simps(1) filter.simps(2) filter-append
front-tickFree-Nil is-processT5-S7 mem-Collect-eq)
thus Fualse using * <c € Y by blast
qed
qed
thus «(s, X U Y) € ?f» by (auto simp add: <s = trace-hide u (ev * A)»)
qed
qed
next
{ fix s r assume s Q [V (r)] € div-hide P A»
then obtain ¢ u where * : <ftF u» «tF t»
<s @ [V (r)] = trace-hide t (ev * A) Q w»
<t € D PV (3f. isInfHiddenRun f P A N\ t € range f)» by blast
from (2, 8) have «u # [
by (cases u; cases t rule: rev-cases; simp split: if-split-asm)
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(metis Hiding-tickFree non-tickFree-tick tickFree-append-iff)
with %(2, 3) have <s = trace-hide t (ev * A) Q butlast u»
by (cases u rule: rev-cases; simp)
moreover from *(1)front-tickFree-iff-tickFree-butlast tickFree-imp-front-tickFree
have «ftF (butlast u)) by blast
ultimately show «s € div-hide P A» using *(2, 4) by auto
} note local-is-processT9 = this

fix s r X assume (s @ [V ()], {}) € 7>
then consider «s Q [V ()] € div-hide P A»
| w where <s Q [V (r)] = trace-hide u (ev * A)y «(u, ev * A) € F P> by simp
blast
thus (s, X — {tick r}) € ?f»
proof cases
assume <s @ [V ()] € div-hide P A»
with local-is-processT9 have <s € div-hide P A» by blast
thus (s, X — {tick r}) € ?f» by simp
next
fix u assume (s Q [V (r)] = trace-hide u (ev * A)> <(u, ev * A) € F P»
from this(1) obtain u’ where <u = v’ Q [/ (r)]» <s = trace-hide v’ (ev * A)»
by (cases u rule: rev-cases; simp split: if-split-asm)
(metis F-imp-front-tickFree Hiding-tickFree <«(u, ev < A) € F P» tick-
Free-append-iff
front-tickFree-iff-tickFree-butlast non-tickFree-tick snoc-eq-iff-butlast)
have (X —{V/(rn}Uev ‘A=XUev ‘A - {/(r)} by auto
with is-processT6-TR[OF «(u, ev * A) € F Py[THEN F-T, unfolded (v = u’
@ [ (r)]ll
have «(uv’, X — {/(r)} U ev * A) € F P» by presburger
thus «(s, X — {tick r}) € ?f> by (auto simp add: <s = trace-hide u' (ev © A)»)
qed
next
fix st <('a, 'r) tracepiickr assume x : <s € div-hide P A N tF s A\ ftF &
from *[THEN conjunctl] obtain u v
where s : (ftF v> «tF w) <s = trace-hide u (ev < A) Q v»
«u € D PV (3f. isInfHiddenRun f P A A u € range f)» by blast
from *x(8) have (s @ ¢t = trace-hide u (ev * A) @ v Q t) by simp
moreover from * xx(3) front-tickFree-append have «ftF (v @ t)) by auto
ultimately show «s Q ¢t € div-hide P A using *x(2) *x(4) by blast
next
show (s € div-hide P A = (s, X) € ?f» for s X by simp
qed
qed

10.3 Projections

lemma F-Hiding: <F (P \ A) = {(s, X). 3t. s = trace-hide t (ev * A) A (£, X U
ev ‘A) e F P} U
{(s, X). s € div-hide P A}>
by (simp add: Failures.rep-eq Hiding.rep-eq FAILURES-def)
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lemma D-Hiding: <D (P \ A) = div-hide P A»
by (simp add: Divergences.rep-eq Hiding.rep-eq DIVERGENCES-def)

lemma T-Hiding: <T (P \ A) = {trace-hide t (ev * A) |t. (¢, ev * A) € F P} U
div-hide P A»
by (auto simp add: Traces.rep-eq TRACES-def Failures.rep-eq[symmetric] F-Hiding)
(metis is-processT4 sup-ge2, metis sup-bot-left)

lemma Hiding-empty: <P \ {} = P»
by (auto simp add: Process-eq-spec D-Hiding F-Hiding strict-mono-eq
intro: is-processT7 is-processT8)
(metis append.right-neutral front-tickFree-append-iff
list.distinct(1) nonTickFree-n-frontTickFree process-charn)

lemma mem-D-imp-mem-D-Hiding: <trace-hide t (ev * A) € D (P \ A) if <t € D
Py
proof (cases (tF b))
assume <tF' ¢
with <t € D P» show «<trace-hide t (ev * A) € D (P \ A)»
by (simp add: D-Hiding) (use front-tickFree-Nil in blast)
next
assume <~ tF' )
with «t € D P) obtain t’ r where ¢t = t' Q [/ (r)]y «tF t"» <t' € D P)
by (metis D-imp-front-tickFree butlast-snoc is-processT9
front-tickFree-iff-tickFree-butlast nonTickFree-n-front TickEree)
thus <trace-hide t (ev * A) € D (P \ A)»
by (simp add: D-Hiding) (use front-tickFree-single in blast)
qed

lemma mem-T-imp-mem-T-Hiding: <trace-hide t (ev ‘A) € T (P\ Ap if <t € T
Py
proof (cases <3t'. trace-hide t (ev < A) = trace-hide t' (ev * A) A (t/, ev * A) € F
Py)
show <3¢, trace-hide t (ev ¢ A) = trace-hide t’ (ev * A) A (t/, ev “A) € F P
= trace-hide t (ev ‘' A) € T (P \ A)» by (simp add: T-Hiding)
next
assume <A t'. trace-hide t (ev * A) = trace-hide t' (ev “ A) A (', ev “ A) € F P»
with inf-hidden[of A, OF - <t € T P>] obtain f
where <isInfHiddenRun f P Ay <t € range f> «tF t»
by (metis T-nonTickFree-imp-decomp <t € T P> tick-T-F)
thus <trace-hide t (ev * A) € T (P \ A)»
by (simp add: T-Hiding) (use front-tickFree-Nil in blast)
qed

10.4 Continuity Rule

lemma mono-Hiding : <«(P \ A) T (Q \ A) if «(P::('a, 'r) processpiick) T @
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proof (unfold le-approx-def, intro congl alll impl subsetl)
from le-approzl[OF <P C @] le-approz-lemma-T[OF <P T ]
show (s € D (Q \ A) = se€ D (P \ A) for s
by (simp add: D-Hiding) blast
next
{fixstX
assume assms : <s ¢ D (P \ A)» <s = trace-hide t (ev * A)»
have <t ¢ D P»
proof (cases <ftF t»)
from D-imp-front-tickFree show «— ftF t = t ¢ D P> by blast
next
assume <(ftF t
show «t ¢ D P»
proof (cases (tF 1))
from <s ¢ D (P \ A)> show <tF't = t ¢ D P»
by (simp add: assms(2) D-Hiding)
next
assume <~ tF t)
then obtain t’ r where <t = ¢t/ @ [tick )
by (meson «ftF t» nonTickFree-n-frontTickFree process-charn)
with <s ¢ D (P \ A)» show «t ¢ D P)
by (simp add: assms(2) D-Hiding image-iff)
(metis front-tickFree-append-iff list.distinct(1) process-charn)
qed
qed
} note * = this

fix s
assume <s ¢ D (P \ A)
show (R, (P\ A) s =R, (Q\ 4) &
proof (intro subset-antisym subsetl)
fix X
assume <X € R, (P\ 4) &
with le-approx1[OF <P T @] le-approz-lemma-T[OF <P T ] <s ¢ D (P \
A)»
obtain ¢ where $ : «s = trace-hide t (ev * A)» «(¢t, X Uev ‘ A) € F P»
by (simp add: Refusals-after-def F-Hiding D-Hiding) blast
from *[OF <s ¢ D (P \ A)) <s = trace-hide t (ev * A)»] have <t ¢ D P» .
from le-approz2[OF <P C Q> this] $
show <X € R, (Q \ A) & by (simp add: Refusals-after-def F-Hiding) blast
next
fix X
assume <X € R, (Q\ 4) &
with le-approx1[OF <P T @] le-approz-lemma-T[OF <P T )] <s ¢ D (P \
A)»
obtain ¢ where $ : «s = trace-hide t (ev * A)» «(¢t, X Uev ‘A) € F
by (simp add: Refusals-after-def F-Hiding D-Hiding) blast
from *[OF <s ¢ D (P \ A)» <s = trace-hide t (ev * A)»] have <t ¢ D P> .
from le-approz2[OF <P C Q> this] $
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show <X € R, (P \ A) s by (simp add: Refusals-after-def F-Hiding) blast
qed
next
fix s
assume <s € min-elems (D (P \ A))

{ fix t
assume assms : <t € D P <s = trace-hide t (ev < A)» <tF t
from assms(1) obtain ¢’ t"" where <t = t’ Q t'y and «¢' € min-elems (D P))
by (meson min-elems-charn)
with assms(3) elem-min-elems tickFree-append-iff
have (trace-hide t’' (ev * A) € D (P \ A)»
by (simp add: D-Hiding) (use front-tickFree-Nil in blast)
from filter-append[of «(Az. x & ev “ A t' "] folded <t = t' Q t'"]
have (trace-hide t (ev * A) = trace-hide t' (ev * A) Q trace-hide t"’ (ev “ A)» .
hence (s = trace-hide t’ (ev ‘ A)»
by (metis (no-types, lifting) assms(2) <s € min-elems (D (P \ A))»
min-elems-no <trace-hide t' (ev * A) € D (P \ A)» less-eq-list-def prefiz-def)
have <s € T (Q \ A)
proof (cases <V wv. trace-hide v (ev * A) = trace-hide t’ (ev * A) — (v, ev * A)
¢ F Q)
assume <V v. trace-hide v (ev ¢ A) = trace-hide t' (ev * A) — (v, ev * A) ¢
F @
from inf-hidden|OF this| have 3 f. isInfHiddenRun f Q A A\ t' € range f»
by (meson «t' € min-elems (D P)» in-mono le-approz-def that)
thus s € 7 (Q \ A)
by (simp add: T-Hiding)
(use assms(3) <s = trace-hide t' (ev * A)y <t =t/ @ ¢'»
front-tickFree-Nil tickFree-append-iff in blast)
next
show <= (V. trace-hide v (ev © A) = trace-hide t' (ev © A)
— (v, ev ‘A EF Q) = seT (Q\ Ay
by (simp add: T-Hiding) (metis <s = trace-hide t' (ev * A)»)
qed
} note $ = this

from elem-min-elems|OF <s € min-elems (D (P \ A)))] have <s € D (P \ A) .
then obtain ¢ u
where * : <ftF uy tF t» <s = trace-hide t (ev * A) @Q w»
«t € D PV (3f. isInfHiddenRun f P A A t € range f)»
by (simp add: D-Hiding) blast
have (u = [»
proof (rule ccontr)
assume <u # [
have <ftF' (butlast u)> <butlast s = trace-hide t (ev * A) Q butlast u»
by (use (1) front-tickFree-iff-tickFree-butlast tickFree-imp-front-tickFree in
blast)
(simp add: x(3) <u # []» butlast-append)
with x(2, 4) have <butlast s € D (P \ A)» by (simp add: D-Hiding) blast
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from min-elems-no[OF <s € min-elems (D (P \ A))» this] %(8) <u # [»
show False by (metis Nil-is-append-conv append-butlast-last-id less-self nless-le)
qed

from x(4) show s € T (Q \ A)»
proof (elim disjE exF)
show «t € D P = s T (Q\ A) using $ x(2, 3) <u = []> by blast
next
fix f
assume assm : <isInfHiddenRun f P A A t € range f»
show <s € T (Q \ A)
proof (cases <Vi. fi € T @)
from *(1, 2, 3) assm show Vi. fi €T Q= s T (Q\ A
by (simp add: T-Hiding) blast
next
assume <~ (Vi. fi € T Q)
then obtain i where <fi ¢ T Q) by blast
with assm le-approz2T <P C @» have «fi € D P> by blast
moreover have ¢s = trace-hide (f i) (ev < A)»
by (metis x(3) <u = [|» append.right-neutral assm rangeE)
moreover have «tF' (f i)
by (metis %(2) *(3) Hiding-tickFree <u = [|» append.right-neutral calcula-
tion(2))
ultimately show «s € T (Q \ A)» using $ by blast
qed
qed
qed

lemma chain-Hiding : <chain Y = chain (A i. Y i\ A)
by (simp add: chain-def mono-Hiding)

lemma KoenigLemma:
A (frnat = 'a list). strict-mono f A range f C {¢. t’'eTr. t < t'h
if x : <infinite (Tr::'a list set)) and xx : V4. finite{t. It'€Tr. t = take i t'}>
proof —
define Tr’ where «Tr’ = {¢. 3t'eTr. t < t'p
have a : <infinite Tr’s by (rule infinite-super|OF - x]) (unfold Tr'-def, blast)
have b : <finite {t € Tr'. length t = i}» for i
by (rule finite-subset|OF - xx[THEN spec, of i])
(unfold Tr'-def, simp add: subset-iff, metis prefizE append-eq-conv-cony)
have c: (Je. infinite {t' € Tr'. t Q [e] < t'}> if nfinite {t' € Tr'. t < t'}> for
t
proof (rule ccontr)
assume Je. infinite {t' € Tr’. t Q [e] < t'}
define E where (F = {e|e. t Q [¢] € Tr'h
have «finite E»
by (rule inj-on-finite[OF - - blof <Suc (length t))], of <Xe. t @Q [e]y])
(simp-all add: inj-on-def E-def image-Collect-subsetl)
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hence «finite {t Q [e] |e. e € E}> by simp

have ({t' e Tr'. t <t} ={tQle]le. e€ E} U (JecE. {t' € Tr'. t Q [¢] <
")

by (auto simp add: E-def Tr'-def less-list-def less-eq-list-def prefiz-def)+
(metis append-Cons append-self-conv2 neq-Nil-conv self-append-conv)

with Je. infinite {t' € Tr'. t Q [e] < t'}> <infinite {t' € Tr'. t < t'}» «finite
B

show Fulse by auto

qed

define f where <f = rec-nat || (Ai t. let e = SOME e. infinite {t' € Tr'. t Q [¢]
< t'tintQle)
hence <strict-mono f> by (simp add: lift-Suc-mono-less strict-monol)
moreover have <fn € Tr' A infinite {t' € Tr'. fn < t'}» for n
proof (induct n)
show «f 0 € Tr' A infinite {t' € Tr'’. f0 < t'}
proof (rule conjl)
show «f 0 € Tr'y by (simp add: f-def Tr'-def * not-finite-existsD)
next
show <infinite {t' € Tr'’. f0 < t'p
by (rule infinite-super[of «Tr’' — {f 0}])
(simp add: a Tr'-def f-def subset-iff less-list-def, simp add: a)
qed
next
fix n assume hyp : <fn € Tr' A infinite {t' € Tr'. fn < t'p
have «f (Suc n) = (let e = SOME e. infinite {t' € Tr'. fn Q [e] < t'} infn
Q [e])»
by (simp add: f-def)
with c[of <f n] obtain e
where $ : «f (Suc n) = fn Q [e] A infinite {t' € Tr'. fn Q [e] < t'h
by (metis (no-types, lifting) hyp somel-ex)
then obtain i where i € Tr' A f (Suc n) < 9> using not-finite-existsD by
auto
with dual-order.trans order-less-imp-le have <f (Suc n) € Tr’
unfolding Tr’-def by fastforce
thus «f (Suc n) € Tr' A infinite {t' € Tr'. f (Suc n) < t'}> by (simp add: $)
qed
ultimately show <3 (f::nat = ‘a list). strict-mono f A range f C Tr’y by blast
qed

lemma div-Hiding-lub :
finite (A:'a set) => chain Y = D (|| i. (Yi\ A) CD((|] i Yi)\ Ay
for Y :: <nat = ('a, 'r) processpiick
proof (auto simp add:limproc-is-thelub chain-Hiding D-Hiding T-Hiding D-LUB
T-LUB, goal-cases)
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case (1 1)
{fixzatuf
assume a:ftF u A tF t A x = trace-hide t (ev * A) Q u A
isInfHiddenRun f (Y za) AN (VY i. fi ¢ D (Y za)) At € range f
hence Vin. fi € T (Y n) using 1(2) D-T chain-lemma le-approz2T by blast
with a have ?case by blast
} note aa=this
{fixzatufj
assume a:ftF' u A tF t A x = trace-hide t (ev * A) Q u A
isInfHiddenRun f (Y za) AN (fj € D (Y za)) A t € range f
hence 3t u. ftF u A tF t A x = trace-hide t (ev *A) Q u A t € D (Y za)
apply(rule-tac z=f j in exl, rule-tac x=u in exl)
by (metis Hiding-tickFree rangeF)
} note bb=this
have cc: Vza. 3t u. ftF u A tF t A x = trace-hide t (ev * A) Q u A t € D(Y za)
= Zcase (is Vza. 3t. 25t za = ?case)
proof —
assume dd:Vza. 3t u. ftF u A tF t A\ x = trace-hide t (ev ‘ A) @ u A t € D(Y
za)
(is Vza. 3t. 25 t za)
define f :: <nat = (‘a, 'r) eventyyick list> where f = (An. SOME t. 25 t n)
thus ?case
proof (cases finite(range f))
case True
obtain ¢ where gg:infinite (f —° {t}) using f-def True inf-img-fin-dom by
blast
then obtain k£ where f k = t using finite-nat-set-iff-bounded-le by blast
then obtain u where uu:ftF u A © = trace-hide t (ev ‘* A) Q u A tF ¢
using f-def dd[rule-format, of k] some-eq-ex[of At. ¢S t k] by blast
{ fix m
from gg obtain n where ggin > m A n € (f —“{t})
by (meson finite-nat-set-iff-bounded-le nat-le-linear)
hence t € D (Y n) using f-def dd[rule-format, of n] some-eq-ex[of At. 2S¢
n] by auto
with gg 1(2) have t € D (Y m) by (meson contra-subsetD le-approz-def
po-class.chain-mono)
}
with gg uu show ?thesis by blast
next
case Fulse
{ fix ¢
assume t € range f
then obtain k£ where f k = t using finite-nat-set-iff-bounded-le by blast
then obtain u where uu:ftF u A © = trace-hide t (ev ‘* A) Q u A tF ¢
using f-def dd[rule-format, of k| some-eq-ex[of At. ¢S t k] by blast
hence set t C set z U (ev * A) by auto
} note ee=this
{ fix ¢
have finite {(take i t)|t. t € range f}
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proof (induct i, simp)
case (Suc 1)
have ff:{take (Suc 7) t|t. t € range f} C {(take i t)|t. t € range f} U
(Uee(set z U (ev © A)). {(take i t)Qle]|t. t € range f}) (is PAA
C 7BB)
proof
fix ¢
assume ¢t € 7AA
then obtain ¢’ where hh:t' € range f A t = take (Suc 7) ¢’
using finite-nat-set-iff-bounded-le by blast
with ee[of t'] show t € ?BB
proof(cases length t’ > 1)
case True
hence ii:take (Suc i) t' = take i t’ Q [t"li] by (simp add: take-Suc-conv-app-nth)
with eefof t'] have tli € set z U (ev  A)
by (meson True contra-subsetD hh nth-mem)
with i hh show ?thesis by blast
next
case Fulse
hence take (Suc i) t' = take i t' by fastforce
with hh show ?thesis by auto
qed
qed
{ fix e
have {z Q [e] |z. It. z = take i t At € range f} = {take i t’ Q [€] |t".
t’ € range f}
by auto
hence finite({(take i t') Q [e] |t". t'€range f})
using finite-image-set[of - At. tQ[e], OF Suc|] by auto
} note gg=this
have finite(set x U (ev © A)) using 1(1) by simp
with ff gg Suc show ?case by (metis (no-types, lifting) finite-UN finite-Un
finite-subset)
qed
} note ff=this
hence Vi. {take i t |t. t € range f} = {t. t’. t = take i (ft')} by auto
with KoenigLemma[of range f, OF False] ff
obtain f’ where gg:strict-mono (f: nat = (‘a, 'r) eventpyick list) A
range f' C {t. It'€range f. t < t'} by auto
{ fix n
define M where M = {m. f'n < fm}
assume finite M
hence [1:finite {length (f m)|m. m € M} by simp
obtain Im where 12:lm = Maz {length (f m)|m. m € M} by blast
{ fix &k
have length (f' k) > k
by (induct k, simp, metis (full-types) gg lessI less-length-mono linorder-not-le

not-less-eq-eq order-trans strict-mono-def)
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}
with gg obtain m where r1:length (f' m) > Im by (meson lessI less-le-trans)
from gg obtain r where r2:f’ (maz m n) < fr by blast
with gg have r3: r e M
by (metis (no-types, lifting) M-def maz.bounded-iff mem-Collect-eq order-refl

order-trans strict-mono-less-eq)
with [ 12 have f1:length (f r) < Im using Maz-ge by blast
from r1 r2 have f2:length (f r) > Im
by (meson dual-order.strict-transl gg le-length-mono maz.bounded-iff
order-refl
strict-mono-less-eq)
from f1 f2 have Fulse by simp
} note ii=this
{fixin
from 7 obtain m where jjim > n A fm > f'i
by (metis finite-nat-set-iff-bounded-le mem-Collect-eq nat-le-linear)
have kk: (f m) € D (Y m) using f-def dd[rule-format, of m] some-eg-ex[of
At. 25 t m] by auto
with jj gg have (f' i) € T (Y m) by (meson D-T is-processT3-TR)
with jj 1(2) have (f'i) € T (Y n) using D-T le-approx2T po-class.chain-mono
by blast
} note jj=this
from gg have kk:mono (An. trace-hide (f' n) (ev < A))
unfolding strict-mono-def mono-def
by (metis (no-types, lifting) filter-append gg less-eq-list-def prefiz-def mono-def
strict-mono-mono)
{ fix n
from gg obtain k r where fk=f'nQr
by (metis (lifting) ii less-eq-list-def prefix-def not-finite-existsD)
hence trace-hide (f' n) (ev * A) < z
using f-def dd[rule-format, of k| some-eq-ex[of At. 25 t k]
by (metis (no-types, lifting) prefixl prefix-prefix filter-append)
} note ll=this
{ assume [llI:V m. A n. trace-hide (f' n) (ev * A) > trace-hide (f' m) (ev * A)
hence [{l:¥'m. 3n. length (trace-hide (f' n) (ev < A)) > length (trace-hide
(F' m) (ev © 4))
using less-length-mono by blast
define ff where [ll".ff = rec-nat (length (trace-hide (f' 0) (ev ¢ A)))
(Ai t. (let n = SOME n. (length (trace-hide (f' n) (ev ¢ A))) >t
in length (trace-hide (f' n) (ev ¢ A))))
{ fix n
from [1l’ lli[rule-format, of n] have ff (Suc n) > ffn
apply simp apply (cases n)
apply (metis (no-types, lifting) old.nat.simps(6) somel-ex)
by (metis (no-types, lifting) Ul less-length-mono old.nat.simps(7)
somel-ex)
} note [ll"'=this
with [ll"” have strict-mono ff by (simp add: 11" lift-Suc-mono-less
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strict-monol )
hence [ll"":infinite(range ff) using finite-imageD strict-mono-imp-inj-on
by auto
from [l lll’ have range [f C range (An. length (trace-hide (f' n) (ev © A)))
by (auto, metis (mono-tags, lifting) old.nat.exhaust old.nat.simps(6)
old.nat.simps(7) range-eql)
with [Il"" have infinite (range (An. length (trace-hide (f' n) (ev  A))))
using finite-subset by auto
hence I m. length (trace-hide (f' m) (ev * A)) > length
using finite-nat-set-iff-bounded-le by (metis (no-types, lifting) not-less
rangek)
with [l have Fulse using le-length-mono not-less by blast
}
then obtain m where mm:V n. trace-hide (f' n) (ev ¢ A) < trace-hide (f' m)
(ev “ A)
by (metis (no-types, lifting) dual-order.eq-iff le-same-imp-eq-or-less 1l or-
der.strict-implies-order)
with gg obtain & where nn:f k > f’ m by blast
then obtain v where oo:ftF u A © = trace-hide (f' m) (ev * A) Q u A tF
(' m)
using f-def dd[rule-format, of k] some-eq-ex[of At. 25 t k]

apply (auto simp add: prefiz-def tickFree-def disjoint-iff)
by (smt (23) Prefix-Order.prefixE append.assoc disjoint-iff filter-append
filter-is-subset front-tickFree-append subset-iff tickFree-append-iff tickFree-def)

show ?thesis
apply (rule-tac z=f" m in exl, rule-tac z=u in exl)
apply(simp add:oo, rule disjI2, rule-tac x=An. f' (n + m) in exl)
using gg jj kk mm apply (auto simp add: strict-mono-def dual-order.antisym
mono-def)
by (metis plus-nat.add-0 rangel)
qed
qed
show ?case
proof (cases 3 zatuf. AFuNtFt AN (Y i. fi¢ D (Y za)) ANt e range f A
x = trace-hide t (ev * A) Q u A isInfHiddenRun f (Y za) A)
case True
then show ?thesis using aa by blast
next
case Fulse
have dd:Vza. 3t u. ftF' u N tF t A\ x = trace-hide t (ev * A) Q u A
(t € D (Yuza)V (3f. isInfHiddenRun f (Y za) AN (Fi. fi € D (Y za))
A t € range f))
(is Vza. 2dd za)
proof (rule-tac alll)
fix za
from 7(3) obtain ¢t u where
ftF u N tF ¢t A x = trace-hide t (ev * A) Q u A
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(t € D (Y za) Vv (3f. isInfHiddenRun f (Y za) A A t € range f))
by blast
thus 2dd za
apply(rule-tac z=t in exl, rule-tac x=u in exl, intro conjl, simp-all, elim
conjE disjE, simp-all)
using 1(1) False D-T chain-lemma le-approx2T by blast
ged
hence ee:Vza. It u. ftF u A tF t A © = trace-hide t (ev ‘' A) @ u At € D(Y
za)
using bb by blast
with cc show ?thesis by simp
qed
qed

lemma Cont-Hiding-prem : «(|] 7. Y i)\ A= (] ¢ (Y ¢\ A) if <finite A
<chain V>
proof (subst Process-eq-spec-optimized, safe)

show «<s € D ((| | . YY)\ A) = seD (] i (Yi\A) fors

by (simp add: limproc-is-thelub chain-Hiding <chain Y> D-Hiding D-LUB

T-LUB) blast
next

show (s € D (|| i (Yi\ A) = seD((] i Yi)\ Ay for s

using div-Hiding-lub[OF <finite A» <chain Y] by auto
next

show «(s, X) e F (Il i. YY)\ A) = (s, X) e F (I i. (Yi\ A)) for s X

by (simp add: limproc-is-thelub chain-Hiding <chain Y> F-Hiding F-LUB D-LUB
T-LUB) blast

next
assume same-div : <D ((| | . Yi)\ A) =D (] i (Yi\ Ay
fix s X assume <(5 X)eF (] i (Yi\ A
show «(s, X) € F (I ¢ Yi)\ Ap

proof (cases <s € D (|| i. (Yi\ A)))
show s €D (| |i. Yi\ A) = (s, X) € F ((| |- Yi)\ A
by (simp add: is-processT8 same-div)
next
assume <s ¢ D (| |i. Yi\ Ap
then obtain j where <s ¢ D (Y j\ A)
by (auto simp add: limproc-is-thelub chain-Hiding <chain Y> D-LUB)
moreover from (s, X) € F (|| i. (Y i\ A)) have «(s, X) € F (Yj\ A)»
by (simp add: limproc-is-thelub chain-Hiding <chain Y> F-LUB)
ultimately show «(s, X) € F ((|J¢. Vi) \ A
by (fact le-approx2[OF mono-Hiding[OF is-ub-thelub|OF <chain Y>]|, THEN
iffD2])
qed
qed

lemma Hiding-cont[simp]: <cont (Aa. fa \ A) if «finite A> and <cont f>
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proof (rule cont-compose[where f = f])
show <cont (Aa. a \ A)
proof (rule contlI2)
show «monofun (Aa. a \ A)» by (simp add: mono-Hiding monofunl)
next
show «chain ¥ = (| |i. Yi)\ AC (| i Yi\ Ay
for Y :: <nat = ('a, 'r) processpiick’
by (simp add: Cont-Hiding-prem[OF «finite A»))
qed
next
from «<cont f» show <cont f» .
qed

lemma length-strict-mono: <strict-mono f = i + length (f 0) < length (f i)
for [ :: <nat = ’a list
by (induct 7)
(simp-all add: Suc-le-eq less-length-mono order-le-less-trans strict-mono-Suc-iff)

lemma mono-trace-hide: <a < b = trace-hide a (ev * A) < trace-hide b (ev * A)»
by (metis prefizE prefizl filter-append)

lemma mono-constant:
assumes mono (funat = ('a, 'r) eventpiick list) and Vi. fi < a
shows 4. Vj>i. fj=f1i
proof —
from assms(2) have Vi. length (f i) < length a
by (simp add: le-length-mono)
hence aa:finite {length (f i)|i. True}
using finite-nat-set-iff-bounded-le by auto
define Im where [2:lm = Max {length (f ¢)|i. True}
with aa obtain im where length (f im) = Im using Maz-in by fastforce
with 12 assms(1) show ?thesis
apply (intro exI[of - im], intro impI alll)
by (metis (mono-tags, lifting) Max-ge aa antisym le-length-mono le-neq-trans
less-length-mono
mem-Collect-eq mono-def order-less-irrefl)
qed

We can actually optimize the divergences of the (\) operator.

lemma mono-take : <s < t = take n s < take n t
unfolding less-eq-list-def prefix-def by auto

lemma shift-isInfHiddenRun : <3 f. isInfHiddenRun f P A Nt = f 0>
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if <isInfHiddenRun f P A N\ t € range f»
proof —

from that obtain ¢ where «t = f 4> by blast

hence <t = f (i + 0)> by simp

moreover have (isInfHiddenRun (N\j. f (i + j)) P A

by (metis add-Suc-right strict-mono-Suc-iff that)

ultimately show <3 f. isinfHiddenRun f P A A t = f 0> by blast

qed

lemma uniformize-length-isInfHiddenRun :
assumes x : (isInfHiddenRun f P Ay <t = f 0>
defines <g = \i. take (i + length t) (f i)
shows <isInfHiddenRun g P A A (Vi. length (g i) = i + length t) At = g 0>
proof (intro conjl alll)
show <strict-mono ¢»
proof (unfold strict-mono-Suc-iff, rule alll)
fix ¢
from (1) have «strict-mono f» by blast
from length-strict-mono[of f «Suc ©>, OF <strict-mono f)]
have § : <take (i + length (f 0)) (f (Suc 7)) < take ((Suc ) + length (f 0)) (f
(Suc 1))
by (simp add: take-Suc-conv-app-nth)
from <strict-mono fr[THEN strict-monoD, of i «Suc 0>, simplified]
obtain u where «f (Suc i) = fi Q@ u» by (meson strict-prefirE’)
with length-strict-monolof f i, OF <strict-mono f»)
have <take (i + length (f 0)) (f i) = take (i + length (f 0)) (f (Suc 7))> by
simp
with $ #(2) show «g i < g (Suc 7)) unfolding g-def by presburger
qed
next
show «g ¢ € T P) for i unfolding g-def
by (metis (1) prefiz] append-take-drop-id is-processT3-TR)
next
show <trace-hide (g i) (ev * A) = trace-hide (g 0) (ev * A)s for i
proof (rule order-antisym)
have «f 0 < f i by (simp add: x(1) strict-mono-less-eq)
hence «f 0 < take (i + length t) (f i)
by (metis x(2) preficE preficl le-add2 take-all-iff take-append)
from mono-trace-hide[ OF this]
show «trace-hide (g ) (ev * A) < trace-hide (g 0) (ev © A)»
unfolding g-def
by (metis x prefix] append-take-drop-id filter-append le-add?2 take-all-iff)
next
have § : «take (i + length (f0)) (fi) < fi» by (metis prefiz] append-take-drop-id)
have <take (length t) (f take (i + length t) (f 0)
<take (i + length t) (f take (i + length t) (f i)
by (simp add: x(2))
(meson x(1) le-add2 le-add-same-cancel2 mono-take strict-mono-less-eq)
from order-trans|OF this] have <g 0 < g ©> unfolding g-def by simp

0) <
0) <
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thus <trace-hide (g 0) (ev “ A) < trace-hide (g %) (ev * A)» by (fact mono-trace-hide)
qed
next
show «length (g i) = i + length t» for ¢ by (simp add: * g-def length-strict-mono)
next
show «t = g 0> by (simp add: x(2) g-def)
qed

abbreviation isInfHiddenRun-optimized ::
nat = (‘a, 'r) eventpiick list, ("a, 'r) processpiick, 'a set, ('a, 'r) tracepiick] =
bool»
where (isIinfHiddenRun-optimized f P A t =
strict-mono f AN (Vi. fi € T P) AN (Vi. fi ¢ D P) A
(Vi. trace-hide (f ©) (ev * A) = trace-hide (f 0) (ev © A)) A
(Vi. length (f i) = i + length t) At = f 0>

abbreviation div-hide-optimized :: «('a, 'r) processpiick = 'a set = ('a, 'r) eventpiick
list set»
where <div-hide-optimized P A =
{s. Ftu. ftF u A tF t A
s = trace-hide t (ev ‘' A) Q u A
(t € D PV (3f. isInfHiddenRun-optimized f P A t))}

lemma D-Hiding-optimized : <D (P \ A) = div-hide-optimized P A»
proof (unfold D-Hiding, intro subset-antisym subsetl)
show (s € div-hide-optimized P A —> s € div-hide P A» for s by blast
next
fix s assume (s € div-hide P A>
then obtain ¢ u
where * : ftF uw» «tF t» <s = trace-hide t (ev * A) @Q w
<t € D PV (3f. isInfHiddenRun f P A A t € range f)» by blast
from *(4) show <s € div-hide-optimized P A»
proof (elim disjE exFE)
from (1, 2, 3) show <t € D P = s € div-hide-optimized P A> by blast
next
fix f assume <isInfHiddenRun f P A A t € range f»
with shift-isInfHiddenRun obtain f where xx : <isInfHiddenRun f P A N\ t =
f 0> by blast
show «s € div-hide-optimized P A»
proof (cases «3i. fi € D P»)
assume <3i. fi € D P»
then obtain ¢ where <(fi € D P> ..
have «(trace-hide t (ev * A) = trace-hide (f ©) (ev * A)) by (metis xx)
moreover from calculation have «tF (f i)» by (metis *(2) Hiding-tickFree)
ultimately show «<s € div-hide-optimized P A»
using x(1, 3) <fi € D P» by blast

next
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assume Ai. fi € D P»

from xx uniformize-length-isInfHiddenRun|of f P A t]

have <sInfHiddenRun (\i. take (i 4 length t) (fi)) P A A
(V4. length (take (i + length t) (fi)) = i + length t) A
t = take (0 + length t) (f 0)» by blast

moreover from (Bi. fi € D P> have «Vi. take (i + length t) (fi) ¢ D P>

by (metis *x append-Nil2 append-take-drop-id

front-tickFree-nonempty-append-imp is-processT2-TR is-processT7)

ultimately show (s € div-hide-optimized P As using *(1, 2, 3) by blast

qed
qed
qed

lemma T-Hiding-optimized :

T (P \ A) = {trace-hide t (ev * A) |t. (t, ev * A) € F P} U div-hide-optimized
P A

by (unfold T-Hiding, fold D-Hiding, unfold D-Hiding-optimized) (fact refl)

Actually, f 7 can be rewritten as ¢ @ map z [0..<i] where z is the sequence
such that f (Suc i) = fi Q [z i].

definition seqRun :: <[('a, 'r) tracepiick, nat = ('a, 'r) eventpiick] = nat = (‘a,
'r) tracepiick
where «seqRun t x i = t Q map z [0..<i]

lemma seqRun-is-rec-nat : <seqRun t x = rec-nat t (\i t. t Q [z {])
proof (rule ext)
show «seqRun t x i = rec-nat t (Ai t. t Q [z i]) ©» for ¢
by (induct ©) (simp-all add: seqRun-def)
qed

lemma seqRun-0 [simp] : <seqRun t x 0 = t»
and seqRun-Suc [simp] : <seqRun t z (Suc i) = seqRun t z i @ [z {]»
and seqRun-Nil [simp] : <seqRun [| ¢ = map z [0..<i]»
and seqRun-Cons [simp] : <seqRun (a # t) x i = a # seqRun t x ©
by (simp-all add: seqRun-def)

lemma strict-mono-seqRun [simp] : <strict-mono (seqRun t )
by (simp add: strict-mono-Suc-iff)

lemma length-seqRun [simp)] : <length (seqRun t z i) = © + length t»
by (simp add: seqRun-def)

lemma t-le-seqRun [simp] : <t < seqRun t x ©» by (simp add: seqRun-def)
lemma take-t-le-seqRun [simp] : <take i t < seqRun t x j»

by (induct t, simp-all add: seqRun-def less-eq-list-def prefiz-def)
(metis append.assoc append-Cons append-take-drop-id)



136 CHAPTER 10. THE HIDING OPERATOR

lemma nth-seqRun :
j < i+ length t =
seqRun t x i ! j = (if j < length t then t ! j else x (j — length t))»
by (simp add: seqRun-def nth-append)

lemma take-seqRun [simp] :

<take j (seqRun t x i) = (if j < length t then take j t else seqRun t x (min ¢ (j —
length t)))»

by (simp add: seqRun-def min-def take-map)

lemma seqRun-eq-iff [simp] : <seqRun t © i = seqRun t x j +— i =
by (metis add-right-cancel length-seqRun)

lemma seqRun-le-iff [simp] : <seqRun t x i < seqRun t x j +— i < j»
by (simp add: strict-mono-less-eq)

lemma seqRun-less-iff [simp] : <seqRun t x ¢ < seqRun t z j +— i < j»
by (simp add: strict-mono-less)

lemma trace-hide-is-Nil-iff : <trace-hide s A =[] +— set s C A»
by (simp add: filter-empty-conv subset-code(1))

lemma trace-hide-seqRun-eq-iff :
<trace-hide (seqRun t x i) A = trace-hide t A +— (Vj<i.zj € A)
by (simp add: seqRun-def trace-hide-is-Nil-iff subset-iff image-iff)
(use atLeastLess Than-iff in blast)

abbreviation isInfHidden-seqRun ::
nat = (‘a, 'r) eventprick, ("a, 'r) processpiick, 'a set, ('a, 'r) traceyiicr] = bools
where <isIinfHidden-seqRun x P At =Vi. seqRuntzxi € T PAxi € ev ‘A

abbreviation isInfHidden-seqRun-strong ::
(nat = ('a, 'r) eventpiick, ('a, 'r) processpiick, 'a set, ('a, 'r) tracepick] = bool>
where (isInfHidden-seqRun-strong x P A t =
Vi. seqRuntxi €T PN seqRuntzi ¢ D P ANzi€ev‘Ad

abbreviation div-hide-seqRun :: «('a, 'r) processyiicr = 'a set = ('a, ') eventpiick
list set»
where (div-hide-seqRun P A =
{s. Jtu. ftF u N tF t N s = trace-hide t (ev “ A) @ u A
(t € D PV (3x. isInfHidden-seqRun x P A t))}»

lemma D-Hiding-seqRun : <D (P \ A) = div-hide-seqRun P A»
proof (intro subset-antisym subsetl)
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fix s assume <s € D (P \ A)
then obtain t u
where * : <ftF wy <tF ¢y <s = trace-hide t (ev * A) @ w»
<t € D PV (3f. isInfHiddenRun-optimized f P A t)»
unfolding D-Hiding-optimized by blast
show <s € div-hide-seqRun P A»
proof (clarify, intro exI conjl)
show (ftF uy <tF t»
s = trace-hide t (ev * A) Q wy by (fact (1, 2, 3))+
next
from x(4) show «t € D PV (3z. isInfHidden-seqRun x© P A t)»
proof (elim disjE exE)
show <t € D P =t € D PV (Jz. isInfHidden-seqRun x P A t)) ..
next
fix f assume $ : «isInfHiddenRun-optimized f P A t»
define = where <z i = f (Suc i) ! (i + length t)) for i
have $$ : «seqRun t x ¢ = f i) for i
proof (induct 7)
show <seqRun t = 0 = f 0> by (simp add: $)
next
fix 7 assume <seqRun t z ¢ = f i
from $ have <length (f (Suc i)) = Suc i + length t»
ength (f i) = @ + length > <fi < f (Suc i)
by (blast, blast, simp add: strict-mono-less-eq)
then obtain y where «f (Suc i) = fi Q [y]
by (simp add: less-eq-list-def prefiz-def)
(metis append-eq-append-conv length-Suc-conv-rev)
with «length (f i) = i + length t> have «f (Suc i) = fi Q [z i]
unfolding z-def by (metis nth-append-length)
thus (seqRun t x (Suc ©) = f (Suc ©)> by (simp add: (seqRun t x i = f i»)
qed
have <isInfHidden-seqRun x P A t»
proof (intro alll conjI)
from $ $$ show <seqRun t z i € T P» for i by presburger+
next
from trace-hide-seqRun-eq-iff[of <ev * Ay t x, unfolded $$] $
show <x i € ev * Ay for i by blast
qed
thus <t € D PV (Jz. isInfHidden-seqRun = P A t)) by blast
qged
qed
next
fix s assume <s € div-hide-seqRun P A»
then obtain ¢ u
where * : ftF wy <tF t» «s = trace-hide t (ev * A) Q w»
<t € D PV (Fz. isInfHidden-seqRun © P A t)> by blast

show <s € D (P \ A)
proof (unfold D-Hiding-optimized)
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from x(4) show (s € div-hide-optimized P A»
proof (elim disjE exE)
from (1, 2, 8) show <t € D P = s € div-hide-optimized P A> by blast
next
fix z assume $ : <isInfHidden-seqRun © P A t»
show (s € div-hide-optimized P A»
proof (cases <3i. seqRun t i € D P»)
assume <Ji. seqRuntx i € D P
then obtain ¢ where (seqRun t x i € D P) ..
show (s € div-hide-optimized P A»
proof (clarify, intro exI conjI)
show (ftF u» by (fact *(1))
next
show «tF (seqRun t x i)
by (metis $ append-T-imp-tickFree length-Cons n-not-Suc-n seqRun-Suc)
next
show «s = trace-hide (seqRun t z i) (ev * A) @ w»
by (metis $ *(3) trace-hide-seqRun-eq-iff)
next
from <seqRun tz i € D P»
show «seqRun t z ¢ € D PV (3f. isInfHiddenRun-optimized f P A (seqRun
tx i) ..
qed
next
assume Ai. seqRun t i € D P»
hence <isInfHiddenRun-optimized (seqRun t x) P A t»
by (simp add: trace-hide-seqRun-eq-iff $)
with x(1, 2, 3) show <s € div-hide-optimized P A> by blast
qed
qed
qed
qed

lemma T-Hiding-seqRun :

T (P \ A) = {trace-hide t (ev * A) |t. (t, ev * A) € F P} U div-hide-seqRun P
A

by (unfold T-Hiding, fold D-Hiding-seqRun D-Hiding) (fact refl)

lemma F-Hiding-seqRun :
«F (P\ A =
{(s, X). 3t. s = trace-hide t (ev ‘A) A (t, X Uev ‘4) € F P} U
{(s, X). s € div-hide-seqRun P A}»
by (unfold F-Hiding, fold D-Hiding-seqRun D-Hiding) (fact refl)

lemma D-Hiding-seqRunl :
(ftF u; tF t; s = trace-hide t (ev * A) Q u;
t € D PV (Jz. isInfHidden-seqRun x P A t)] = s € D (P \ A)
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unfolding D-Hiding-seqRun by blast

lemma D-Hiding-seqRunE :
assumes (s € D (P \ A)
obtains t u where <(ftF u) «tF t» «s = trace-hide t (ev * A) Q w»
<t € D PV (Jz. isInfHidden-seqRun-strong x P A t)»
proof —
from «<s € D (P \ A)»> obtain t u
where * : <ftF u) <tF ¢y s = trace-hide t (ev * A) @ u»
<t € D PV (Jz. isInfHidden-seqRun x P A t) unfolding D-Hiding-seqRun
by blast
from *(4) show thesis
proof (elim disjE exFE)
from (1, 2, &) that show <t € D P = thesis» by blast
next
fix  assume $ : <isInfHidden-seqRun = P A t»
show thesis
proof (cases «3i. seqRun t x i € D P»)
assume <3i. seqRun t x i € D P»
then obtain 7 where <seqRun t i € D P> ..
show thesis
proof (rule that)
show <ftF w» by (fact x(1))
next
show «tF (seqRun t x i)
by (metis $ append-T-imp-tickFree neq-Nil-conv seqRun-Suc)
next
show «s = trace-hide (seqRun t z i) (ev * A) @ w»
by (simp add: x(3)) (metis $ trace-hide-seqRun-eq-iff)
next
from <seqRun tz i € D P»
show <seqRun tz ¢ € D P V
(Fy. isInfHidden-seqRun-strong y P A (seqRun t x 7)) ..
qed
next
from (1, 2, 3) $ that show A i. seqRun t © i € D P = thesis) by blast
qed
qed
qed

lemma 7T-Hiding-seqRunkE :
assumes (s € T (P \ A)
obtains t where (s = trace-hide t (ev * A)) «(t, ev * A) € F P»
| t w where <ftF u) <tF t» «s = trace-hide t (ev * A) @ w»
<t € D PV (3z. isInfHidden-seqRun-strong x P A t)»
proof (cases <s € D (P \ A))
assume <s ¢ D (P \ A)
with «s € T (P \ A)» have «s € {trace-hide t (ev * A) |t. (t, ev ‘ A) € F P}h
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unfolding D-Hiding T-Hiding by blast
with that(1) show thesis by blast
qed (elim D-Hiding-seqRunE, presburger)

lemma butlast-seqRun : <butlast (seqRun t x i) = (case © of 0 = butlast t
| Suc j = seqRun t x j)»
by (cases i) simp-all

lemma isinfHidden-seqRun-imp-tickFree : <isInfHidden-seqRun ¢ P A t = tF t»
by (metis append-T-imp-tickFree not-Cons-self2 seqRun-0 seqRun-Suc)

lemma tickFree-seqRun-iff : <tF (seqRun t x i) «— tF t A (Vj<i. is-ev (z §))
by (induct i; simp) (metis less-Suc-eq)

lemma front-tickFree-seqRun-iff :
ftF (seqRun t x i) +— (case i of 0 = ftF t | Suc j = tF t A (Vk<j. is-ev (z

k)

by (cases i) (simp-all add: front-tickFree-iff-tickFree-butlast tickFree-seqRun-iff)

lemmas Hiding-seqRun-projs = F-Hiding-seqRun D-Hiding-seqRun T-Hiding-seqRun



Chapter 11

The CSP Refinements

11.1 Definitions and first Properties

11.1.1 Definitions

‘a, 'r) processpiick = boolr

definition trace-refine :: «('a, 'r) processprick = (
(il’lﬁX CEp» 50)
where <PCp Q=T QC T P»

‘a, 'r) processpiick = bool

definition failure-refine :: «('a, 'r) processptick = (
(infix «Cp» 50)

where (PCr Q=F QC F P
definition divergence-refine :: <('a, 'r) processpiick = ('a, 'r) processpiicrk = bool>
(infix <Cp> 50)

where <PCp Q=D QCD P
abbreviation failure-divergence-refine :: <(‘a, 'r) processprick = ('a, 'r) processpiick

= booly (infix «Cpp> 50)
where <P Cpp Q=P < @

definition trace-divergence-refine :: <('a, 'r) processpiick = (‘a, 'r) processpiick =
booly (infix <Epr> 50)
where <P Cpr Q=PCr QAN PCp @
lemma failure-divergence-refine-def : <P Cpp Q «— PCpr Q NP Cp @
unfolding less-eg-processpyici-def failure-refine-def divergence-refine-def by argo

lemmas refine-defs = failure-divergence-refine-def trace-divergence-refine-def
failure-refine-def divergence-refine-def trace-refine-def

141
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lemma failure-divergence-refinel :

qAs- s €D Q= seDP;\sX. (s, X) e FQ=(s,X) e FP]= P
Crp @

by (auto simp add: refine-defs)

lemma failure-divergence-refine-optimizedl :

As. s€DQ=seDP,N\sX.(5,X) eFQ=DQCDP= (s, X)
e F P]] = PLCprp @

by (simp add: failure-divergence-refinel subsetl)

lemma trace-divergence-refinel :
qAs.- s€D Q= s€DP;\s.s€T Q= se€T P]= PLCpr @
by (auto simp add: refine-defs)

lemma trace-divergence-refine-optimizedl :

As.s€e D Q= s€DP;\s.seTQ=DQCDP=seTP]=
PCpr O

by (simp add: trace-divergence-refinel subsetl)

11.1.2 Idempotency

lemma idem-F[simp] : <P Cp P
and idem-D[simp] : <P Cp P»
and idem-T|[simp] : <P Cr P>
and idem-FD[simp] : <P Cpp P>
and idem-DT[simp] : <P Cpr P>
by (simp-all add: refine-defs)

11.1.3 Some obvious refinements

lemma BOT-leF [simp] : <L Cp @
and BOT-leD [simp] : <L Cp
and BOT-leT [simp] : <L Cp @
and BOT-leFD[simp] : <L Cpp @
and BOT-leDT[simp] : <L Cpr Q>
by (simp-all add: refine-defs le-approz-lemma-F
le-approz-lemma-T le-approxl)

11.1.4 Antisymmetry
lemma FD-antisym: <P Cpp Q@ = Q Cpp P =— P = > by simp
lemma DT-antisym: <P Cpr Q@ = Q Cppr P = P = @
apply (simp add: trace-divergence-refine-def)
oops
11.1.5 Transitivity

lemma trans-F : <PCp Q — QLCr S = PLCrp S
and trans-D : <PCp Q = QLCp S=— PLCp S
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and trans-T : «PCpr Q —= QLCr S— PLCp S

and trans-FD : <PCpp Q — QCpp S =— P LCprp S

and trans-DT : <P Cpr Q = QCpr S = PLCpr S

by (auto simp add: failure-refine-def divergence-refine-def
trace-refine-def trace-divergence-refine-def)

11.1.6 Relations between refinements

lemma leF-imp-leT : <P Cp Q@ = P Cp
and leFD-imp-leF : <P Cpp Q — P Cp
and leFD-imp-leD : <P Cpp Q =— P Cp @
and leDT-imp-leD : <P Cpr Q = P Cp )
and leDT-imp-leT : <P Cpyr Q = P Cp @
and leF-leD-imp-leF'D : <P Cp Q =— PLCp Q@ = P Cpp @
and leD-leT-imp-leDT : <PCp Q = PLCpr Q = P Cpr
by (simp-all add: failure-refine-def trace-refine-def divergence-refine-def
trace-divergence-refine-def less-eq-processp;cr-def)
(use T-F-spec in blast)

11.1.7 More obvious refinements

lemma leD-STOP[simp] : <P Cp STOP)
and [eT-STOP[simp] : <P Ty STOP»
and leDT-STOP[simp] : <P Cpr STOP»
by (simp-all add: refine-defs T-STOP D-STOP)

11.1.8 Admissibility

lemma le-F-adm [simp] : <adm (Az. uw z Cp v x)» if <cont w» and ¢monofun v
proof (unfold adm-def failure-refine-def, safe)

fix Y s X assume * : <chain Y» Vi. F (v (Y 4) C F (u (Y9)) «(s, X) € F
(v (Lub Y))»

have (v (Y i) C v (| ]i. Y i) for i by (simp add: x(1) is-ub-thelub monofunE
<monofun v»)

with *(2) le-approz-lemma-F have <F (v (| ]i. Y i)) C F (u (Y %)) for ¢ by
blast

with *(3) show (s, X) € F (u (Lub Y))

by (auto simp add: ch2ch-cont <cont uw> <chain Y> F-LUB limproc-is-thelub

cont2contlubE)
qed

lemma le-T-adm [simp] : <adm (Az. uw z Cr v z)» if (cont w» and <monofun v
proof (unfold adm-def trace-refine-def, intro alll impl subsetl)

fix Y s assume * : <chain Y» ~Vi. T (v (Y1) CT (u(Yi) <seT (v(Lub
Y))»

have «v (Y i) C v (4. Y i) for i by (simp add: *(1) is-ub-thelub monofunE
<monofun v»)

with *(2) le-approz-lemma-T have T (v (| |i. Y i) C T (u (Y i) for ¢ by
blast
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with *(3) show <s € T (u (Lub Y))
by (auto simp add: ch2ch-cont <cont uwy <chain Y> T-LUB limproc-is-thelub
cont2contlubE)
qed

lemma le-D-adm [simp] : <adm (Az. vz Cp v z)» if <cont w» and <monofun v»
proof (unfold adm-def divergence-refine-def, intro alll impl subsetl)

fix Y s assume * : <chain V> Vi. D (v (Y1) CD (u (YY) <s €D (v (Lub
Y))

have v (Y ¢) C v (¢ Y i) for ¢ by (simp add: (1) is-ub-thelub monofunE
<monofun vy)

with *(2) le-approz! have <D (v (| |i. Y i)) C D (u (Y ¢)) for i by blast

with %(3) show «<s € D (u (Lub Y))

by (auto simp add: ch2ch-cont <cont uy <chain Yy D-LUB limproc-is-thelub

cont2contlubE)
ged

declare le-FD-adm [simp]
thm le-FD-adm le-FD-adm-cont
lemma le-DT-adm [simp] : <cont (u::('b::cpo) = (‘a, 'r) processpiick) = monofun

v = adm(Az. vz Cpr v z)
using adm-conj[OF le-T-adm[of u v] le-D-adm|of u v]] by (simp add: trace-divergence-refine-def)

lemmas le-F-adm-cont[simp] = le-F-adm[OF - cont2mono]
and le-T-adm-cont[simp] = le-T-adm[OF - cont2mono]
and le-D-adm-cont[simp] = le-D-adm|[OF - cont2mono)

and le-DT-adm-cont[simp] = le-DT-adm[OF - cont2mono]

11.2 Monotonies

11.2.1 Straight Monotony

Non Deterministic Choice

lemma mono-Ndet-FD : <P Cpp P'=— QCrp Q"= PN QCrp P'1 Q"
and mono-Ndet-DT : <P Cpr P'=— QLCpr Q"= PN Q Cpr P11 Q"
and mono-Ndet-F : <PCp P'— QLCr Q' = PN QLCr P' 11 Q"
and mono-Ndet-D : <PCp P'=— QLCp Q"= PN QLCp P'N Q"
and mono-Ndet-T : «<PCp P'=— QCr Q"= PN QLCr P11 Q"
by (auto simp add: refine-defs Ndet-projs)

lemmas monos-Ndet = mono-Ndet mono-Ndet-F'D mono-Ndet-DT
mono-Ndet-F mono-Ndet-D mono-Ndet-T
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Global Non Deterministic Choice

lemma mono-GlobalNdet-FD : «(Na. a € A= PaCprp Qa) = (Ma € A. P
a) CrpMa € A. Q

and mono-GlobalNdet-DT : «(Na. a € A= PaLCpr Qa) = (Ma € A. P a)
CprMNae A Qw

and mono-GlobalNdet-F : «(Na. a € A= PaCp Qa) = (Ma € A. P a)
CrMa€ A Qaw

and mono-GlobalNdet-D : «(Na. a € A= PaCp Qa) = (Ma € A. P a)
CpMNac A Qw

and mono-GlobalNdet-T : «(Na. a € A= PaLCr Qa) = (Ma € A. P a)
CrMae€ A Qw

by (auto simp add: refine-defs GlobalNdet-projs)

lemmas monos-GlobalNdet = mono-GlobalNdet mono-GlobalNdet-FD mono-GlobalNdet-DT
mono-GlobalNdet-F mono-GlobalNdet-D mono-GlobalNdet-T

lemma GlobalNdet-FD-subset : <A # {} = AC B= (Ma € B. Pa) Crp (Ma
€ A. Pa)
and GlobalNdet-DT-subset : <A C B= (Ma € B. Pa) Cpr (Ma € A. P a))
and GlobalNdet-F-subset : <A #{} = AC B= (Ma € B. Pa) Cp (Ma €
A. Pa)
and GlobalNdet-T-subset : <A C B== (Ma € B. Pa) Ty (Ma € A. P a)
and GlobalNdet-D-subset : <A C B= (Ma € B. Pa) Cp (Ma € A. P a)
by (auto simp add: refine-defs GlobalNdet-projs)

lemmas GlobalNdet-le-subset =
GlobalNdet-FD-subset GlobalNdet-DT-subset
GlobalNdet-F-subset GlobalNdet-T-subset GlobalNdet-D-subset

Deterministic Choice

lemma mono-Det-FD : <P Cpp P'=— QCpp Q'=— PO QCprp P'0O Q"
proof (rule trans-FD)
show (P Cyp P'=— P O QCrp PO Q
unfolding refine-defs F-Det D-Det using F-T T-F by blast
next
show «Q Cpp Q'=— P'0QCprp P'O Q"
unfolding refine-defs F-Det D-Det using F-T T-F by blast
qed

lemma mono-Det-D : <P Cp PP— QLCp Q"= PO QLCp P'O Q"
by (metis D-Det Un-mono divergence-refine-def)

lemma mono-Det-T : <PCp P/ — QLCpr Q'=— PO QLCy P'O Q"
by (metis T-Det Un-mono trace-refine-def)

corollary mono-Det-DT : <P Cpr P'=— QCpr Q'=— PO QCpr P'O Q"
by (simp-all add: trace-divergence-refine-def mono-Det-D mono-Det-T)
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Deterministic choice monotony doesn’t hold for (Cp).

lemmas monos-Det = mono-Det mono-Det-FD mono-Det-DT
mono-Det-D mono-Det-T

Sliding choice

lemma mono-Sliding-FD : <P Cpp P'=— QCprp Q'=— P> QLCprp P'> Q"
and mono-Sliding-DT : <P Epr P' = QCpr Q"= P> QCpr P' > Q)
and mono-Sliding-D : <P Cp P'=— QLCp Q"= P> QCp P'> Q)
and mono-Sliding-T : <PCpr P'— QLCr Q'=— P> QLCr P' 1> Q)
unfolding Sliding-def by (simp-all add: monos-Det monos-Ndet)

Sliding choice monotony doesn’t hold for (Cp).

lemma mono-Sliding-F-right : <Q Cr Q' = P> Q Cr P 1> Q"
by (auto simp add: failure-refine-def F-Sliding)

lemmas monos-Sliding = mono-Sliding mono-Sliding-FD mono-Sliding-DT
mono-Sliding-D mono-Sliding-T mono-Sliding-F-right

Synchronization

lemma mono-Sync-FD : ([P Crpp P’; QCrp Q] = P [S] Q@ Erp P’ [S] Q"
for P P' Q Q' :: «('a, 'r) processpiick>
proof (rule trans-FD[of - <P" [S] @])
show <P [S] QCrp P'[S] @ if <P Cgp P" for PP’ Q :: «('a, 'r) processpiick’
proof (rule failure-divergence-refine-optimizedI)
from le-refl le-ref2T <P Cpp P)
show <s € D (P'[S] Q) = s € D (P [S] Q) for s
unfolding D-Sync by blast
next
assume subset-div : <D (P'[S] Q) C D
fix s Z assume «(s, Z) € F (P'[S] @)
then consider «<s € D (P’ [S] Q)
| (F) tu XY where «(t, X) € F P» «(u, Y) € F @
«s setinterleaves ((t, u), range tick U ev © S)»
«Z = (X U Y)N (range tick U ev * S) U X N Y>
unfolding F-Sync D-Sync by blast
thus «(s, Z) € F (P [S] Q)
proof cases
from subset-div D-F show <s € D (P'[S] Q) = (s, Z) € F (P [S] Q)» by
blast
next
case F
with le-ref2[OF <P Cgpp P%] show (s, Z) € F (P [S] Q)» unfolding
F-Sync by blast
qed
qed
thus «Q Cpp Q@' = P’ [S] Q@ Crp P’ [S] Q" by (metis Sync-commute)
qed

(P [S] @)
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lemma mono-Sync-DT : <P Cpr P' = Q Cpr Q' = P [S] Q Cpr P’ [9]
Q"
by (simp add: refine-defs T-Sync D-Sync) blast

lemmas mono-Par = mono-Sync[where A = UNIV]
and mono-Par-FD = mono-Sync-FD[where S = UNIV]
and mono-Par-DT = mono-Sync-DT|where S = UNIV]
and mono-Inter = mono-Sync[where A = «({})]
and mono-Inter-FD = mono-Sync-FD[where S = «{})]
and mono-Inter-DT = mono-Sync-DT[where S = «{}]

lemmas monos-Sync = mono-Sync mono-Sync-FD mono-Sync-DT
and monos-Par = mono-Par mono-Par-FD mono-Par-DT
and monos-Inter = mono-Inter mono-Inter-FD mono-Inter-DT

Sequential composition
lemma mono-Seq-FD : <P Cpp P'=— QCprp Q' = P; QCrp P'; Q%
by (simp add: refine-defs Seq-projs subset-iff) (metis T-F-spec)

lemma mono-Seq-DT : <P Cpr P'=— Q Cpr Q"= P; Q Cpr P'; Q"
by (simp add: refine-defs Seq-projs subset-iff) blast

lemma mono-Seq-F-right : <QCr Q"= P; QCr P; Q"
by (simp add: failure-refine-def F-Seq) blast

lemma mono-Seq-D-right : <Q Cp Q' =— P; Q Cp P; Q)
by (simp add: divergence-refine-def D-Seq) blast

lemma mono-Seq-T-right : <Q Cr Q' = P; Q Cr P; Q"
by (simp add: trace-refine-def T-Seq) blast

Left Sequence monotony doesn’t hold for (Cr), (Cp) and (Cp).

lemmas monos-Seq = mono-Seq mono-Seq-FD mono-Seq-DT
mono-Seq-F-right mono-Seq-D-right mono-Seq-T-right

Renaming

lemma mono-Renaming-D : <P Ep @ = Renaming P f g Cp Renaming Q f ¢
unfolding divergence-refine-def D-Renaming by blast

lemma mono-Renaming-FD : <P Crpp Q = Renaming P f g Cpp Renaming Q
fo

using mono-Renaming-D unfolding refine-defs F-Renaming D-Renaming by
blast
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lemma mono-Renaming-DT : <P Epr () = Renaming P f g Cpr Renaming Q
fo

using mono-Renaming-D unfolding refine-defs T-Renaming D-Renaming by
blast

lemmas monos-Renaming = mono-Renaming mono-Renaming-FD mono-Renaming-DT
mono-Renaming-D

Hiding

lemma mono-Hiding-leT-imp-leD : <P\ A Cp Q \ A if <A # {} and <P Crp
Q
proof (unfold divergence-refine-def, rule subsetl)
fix s assume s € D (Q \ A)
then obtain ¢ u
where * : (front-tickFree u» <tickFree t»
<s = trace-hide t (ev ‘ A) @Q w»
<t € D QV (Jz. isInfHidden-seqRun x Q A t)»
unfolding D-Hiding-seqRun by blast
from x(4) have «Jx. isInfHidden-seqRun z P A t»
proof (elim disjE exFE)
assume <t € D @
from (A # {}» obtain ¢ where <a € 4> by blast
have <isInfHidden-seqRun (Ai. ev a) P A t»
proof (intro alll congl)
have «seqRun t (\i. eva) i € D @ for i
by (induct i) (simp-all add: <t € D Q> is-processT7 tickFree-seqRun-iff *(2))
thus <seqRun t (\i. ev a) i € T P> for i
by (meson D-T <P Cp @) trace-refine-def subset-iff)

next
from <a € A> show <ev a € ev * A> by simp
qed
thus Jz. isInfHidden-seqRun x P A t» by blast
next

show <isInfHidden-seqRun r Q@ A t = Jx. isInfHidden-seqRun x P A t> for z
by (meson <P Cp @) trace-refine-def subset-iff)
qed
with (1, 2, 3) show ¢<s € D (P \ A)» unfolding D-Hiding-seqRun by blast
qed

lemma mono-Hiding-F : <P\ ACp Q\ Ay if <P Cp
proof (cases <A = {})

from «PCp @»show < A={} = P\ ALCpr Q\ 4

by (auto simp add: failure-refine-def F-Hiding-seqRun subset-iff
intro: is-processT7 is-processT8)

next

show (P \ ACp Q\ A if <A # {}p

proof (unfold failure-refine-def, safe)
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fix s X assume «(s, X) € F (Q \ A)
then consider (s € D (Q \ A)
| t where <s = trace-hide t (ev ‘ A «(t, X Uev ‘A) € F @
unfolding F-Hiding-seqRun D-Hiding-seqRun by blast
thus «(s, X) € F (P \ Ap
proof cases
fix ¢ assume (s = trace-hide t (ev * A)y «(t, X Uev ‘A) € F @
from <P Cp @ «(t, X Uev ‘A) € F @ have «(t, X Uev ‘A) € F P»
unfolding failure-refine-def by blast
with (s = trace-hide t (ev * A)) show «(s, X) € F (P \ A)
unfolding F-Hiding by blast
next
from mono-Hiding-leT-imp-leD[OF <A # {}» <P Cr Q>[THEN leF-imp-leT]]
show s € D (Q \ A) = (s, X) € F (P \ Ap
by (simp add: divergence-refine-def in-mono is-processT8)
qed
qed
qed

lemma mono-Hiding-T : <P\ ACp Q \ A if <P Cp @»
proof (cases <A = {})
from <P Cp @ show«A={} = P\ ACyr Q\ 4
by (auto simp add: trace-refine-def T-Hiding-seqRun
subset-iff F-T T-F D-T is-processT7)
next
show «(P\ ACr Q\ A if <A #£{p
proof (unfold trace-refine-def, rule subsetl)
fix s assume <s € T (Q \ A)
then consider (s € D (Q \ A)
| t where <s = trace-hide t (ev * A)y «(t, ev * A) € F @
unfolding T-Hiding-seqRun D-Hiding-seqRun by blast
thus <s € T (P \ A)
proof cases
fix ¢ assume s = trace-hide t (ev * A)» «(t, ev ‘' A) € F
from «(¢, ev ‘A) € F @ have <t € T P»
by (meson F-T «P Cp @ in-mono trace-refine-def)
with inf-hidden consider
t’ where <trace-hide t' (ev ¢ A) = trace-hide t (ev * A)» «(t/, ev ‘ A) € F P»
| f where <isInfHiddenRun f P A A t € range f» by blast
thus<s e 7 (P \ Ap
proof cases
show <trace-hide t' (ev * A) = trace-hide t (ev * A) =
(thew A)e FP= seT (P\ A) for t’
by (simp add: T-Hiding-seqRun) (metis <s = trace-hide t (ev * A)»)
next
show <isInfHiddenRun f P A Nt € range f = s € T (P \ A)» for f
by (simp add: T-Hiding)
(metis T-nonTickFree-imp-decomp <s = trace-hide t (ev © A)»
<t € T P> append-self-conv front-tickFree-Nil tick-T-F)
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qged

next
from mono-Hiding-leT-imp-leD[OF <A # {}» <P Cp @]
show «<s € D (Q\ A) = s e T (P\ A

by (simp add: divergence-refine-def in-mono D-T)
qed
qed
qed

lemma mono-Hiding-FD : <P\ ACpp Q\ A if <P Cpp
proof (cases <A = {})
from <P Cpp Q) show (A4 = {} — P\ A Crp Q\ A
by (simp add: refine-defs F-Hiding-seqRun D-Hiding-seqRun) blast
next
show (A # {} = P\ ACprp Q\ 4
by (unfold failure-divergence-refine-def)
(simp add: <P Cpp Q> leFD-imp-leF mono-Hiding-F leF-imp-leT mono-Hiding-le T-imp-leD)
qed

lemma mono-Hiding-DT : <P\ ACpp Q\ A if <P Cpp @
proof (cases <A = {})
from <P Cppr @ show <A ={} = P\ ACprQ\ 4
by (auto simp add: refine-defs T-Hiding-seqRun D-Hiding-seqRun F-T T-F
in-mono)
next
show <A # {} = P\ ACpr Q\ 4
by (unfold trace-divergence-refine-def)
(simp add: <P Cpr @ leDT-imp-leT mono-Hiding-T mono-Hiding-le T-imp-leD)
qed

Obviously, Hide monotony doesn’t hold for (Cp).

lemmas monos-Hiding = mono-Hiding mono-Hiding-FD mono-Hiding-DT
mono-Hiding-F mono-Hiding-T

Prefixes

lemma mono-Mprefix-FD : «(Na. a € A = P a Cpp Q a) = Mprefir A P
Crp Mprefit A

and mono-Mprefiz-DT : «(Na. a € A= P aCpr Q a) = Mprefit AP Cprp
Mprefix A @»

and mono-Mprefiz-F : «(Na. a € A = P a Cp Q a) = Mprefix A P Cp
Mprefiz A @

and mono-Mprefiz-T : «(Na. a € A = P a Cpr @ a) = Mprefit A P Cp
Mprefix A Q>

and mono-Mprefiz-D : «(Na. a € A = P a Cp @ a) = Mprefir A P Cp
Mprefiz A @

by (simp add: refine-defs Mprefiz-projs, blast)+

lemmas monos-Mprefix = mono-Mprefix mono-Mprefix-FD mono-Mprefix-DT
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mono-Mprefix-F mono-Mprefix-T mono-Mprefiz-D

corollary mono-write0-FD : <P Cpp Q = (a — P) Cpp (a = Q)
and  mono-write0-DT : <P Cpr Q@ = (¢ — P) Cpr (a = Q)
and  mono-write0-F : «<PCp Q@ = (a = P) Cp (a — Q)
and  mono-write0-T : <P Cyr Q@ = (a = P) Cr (a — Q)
and  mono-write0-D : <P Cp Q@ = (¢ — P) Cp (a = Q)
unfolding write0-def by (simp-all add: monos-Mprefiz)

lemmas monos-write0) = mono-write0 mono-write0-FD mono-write0-DT
mono-write0-F mono-write0-T mono-write0-D

corollary mono-write-FD : <P Cpp @ = (cla — P) Cpp (cla — Q)
and  mono-write-DT : <P Cpr Q = (cla — P) Cpr (cla — Q)
and  mono-write-F : (P Cp Q = (cla = P) Cp (cla = Q)
and mono-write-T : <P Cr @ = (cla — P) Cr (cla — Q)
and  mono-write-D : (P Cp Q = (cla — P) Cp (cla — Q)
by (simp-all add: write-is-write0 monos-write0)

lemmas monos-write = mono-write mono-write-F'D mono-write-DT
mono-write-F mono-write-T mono-write-D

corollary mono-read-FD : «(Na. a € A= PaCpp Q a) = (c?a€A — P a)
Crp (c?acd — Q a)

and  mono-read-DT : «(Na. a € A= P aCpr Q a) = (c?acA — P a)
Cor (c?acd — Q a)

and mono-read-F : «(Na. a € A= PaCp Qa) = (c?a€Ad — Pa) Cp
(c?acd — Q a)

and  mono-read-T : «(Na. a € A= PaClrp Qa) = (c?a€A — Pa) Cyp
(c?acA — Q a)

and  mono-read-D : «(Na. a € A= PaLCp Qa) = (c?a€A — Pa)LCp
(c?acd — Q a)

unfolding read-def by (simp-all add: monos-Mprefiz inv-into-into)

lemmas monos-read = mono-read mono-read-FD mono-read-DT
mono-read-F mono-read-T mono-read-D

lemma mono-Mndetprefiz-FD : «(\a. a € A= P a Cpp Q a) = Mndetprefix
A P Crp Mndetprefix A Q>

and mono-Mndetprefiz-DT : «(Na. a € A = P a Cpr Q a) = Mndetprefiz
A P Cpr Mndetprefic A @Q»

and mono-Mndetprefiz-F : «(Na. a € A= P a Cp Q a) = Mndetprefix A P
Cr Mndetprefit A

and mono-Mndetprefiz-T : «(Na. a € A = P a Cpr @ a) = Mndelprefir A P
Cr Mndetprefiz A @Q»

and mono-Mndetprefiz-D : <«(Na. a € A = P a Cp Q a) = Mndetprefiz A
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P Cp Mndetprefix A Q>
by (simp add: refine-defs Mndetprefiz-projs, blast)+

lemmas monos-Mndetprefic = mono-Mndetprefix mono-Mndetprefix-FD mono-Mndetprefiz-DT
mono-Mndetprefix-F mono-Mndetprefiz-T mono-Mndetprefiz-D

corollary mono-ndet-write-FD : <«(Na. a € A = PaLCpp Qa) = (c!lacA —
Pa)Cpp (cMacAd — Q a)

and  mono-ndet-write-DT : <«(Na. a € A = PaCpr Q a) = (c!lacd —
Pa)Cpr (Macd — Q a)

and mono-ndet-write-F : «(Na. a € A = PaLCp Q a) = (MNacd — P
a) Cp (cMlacd — Q a)

and  mono-ndet-write-T : «(Na. a € A= PaClr Qa) = (c!lacA — P
a) Cr (Macd — Q a)

and  mono-ndet-write-D : «(Na. a € A= PaCp Q a) = (c!lacAd — P
a) Ep (cMacd = Q a)

unfolding ndet-write-def by (simp-all add: monos-Mndetprefiz inv-into-into)

lemmas monos-ndet-write = mono-ndet-write mono-ndet-write-F'D mono-ndet-write-DT
mono-ndet-write-F mono-ndet-write-T mono-ndet-write-D

lemma Mndetprefiz-FD-Mprefix : <Mndetpreficr A P Cpp Mprefix A P>
and Mndetprefiz-DT-Mprefix : <Mndetprefic A P Cpr Mprefiz A P>
and Mndetprefiz-F-Mprefix : <Mndetprefit A P Cp Mprefix A P>
and Mndetprefiz-T-Mprefiz : <Mndetprefixr A P T Mprefiz A P»
and Mndetprefix-D-Mprefix : <Mndetprefit A P Cp Mprefiz A P>
by (simp-all add: refine-defs Mprefiz-projs Mndetprefiz-projs) blast+

lemmas Mndetprefiz-le-Mprefiz =
Mndetprefiz-FD-Mprefix Mndetprefiz-DT-Mprefiz
Mndetprefiz-F-Mprefiz Mndetprefix-T-Mprefix Mndetprefiz-D-Mprefix

corollary ndet-write-FD-read : <ndet-write ¢ A P Cpp read ¢ A P>
and ndet-write-DT-read : <ndet-write ¢ A P Cpr read ¢ A P
and ndet-write-F-read : <ndet-write ¢c A P Cg read ¢ A P)
and ndet-write-T-read : <ndet-write c A P Ty read ¢ A P»
and ndet-write-D-read : <ndet-write ¢ A P Cp read ¢ A P»
by (simp-all add: read-def ndet-write-def Mndetprefiz-le-Mprefix)

lemmas ndet-write-le-read =
ndet-write-FD-read ndet-write-DT-read
ndet-write-F-read ndet-write-T-read ndet-write-D-read

lemma Mndetprefiz-FD-subset : <A # {} = A C B = Mndetprefit BP Crp
Mndetprefic A P>
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and Mndetprefiz-DT-subset : <A C B = Mndetprefic B P Cpr Mndetprefiz A
P»

and Mndetprefiz-F-subset : <A # {} = A C B = Mndetprefixt B P Cp
Mndetprefiz A P>

and Mndetprefiz-T-subset : <A C B = Mndetpreficr B P Cp Mndetprefiz A P»

and Mndetprefiz-D-subset : <A C B = Mndetprefic B P Cp Mndetprefic A P>

by (auto simp add: refine-defs Mndetprefiz-projs)

lemmas Mndetprefiz-le-subset =
Mndetprefiz-FD-subset Mndetprefix-DT-subset
Mndetprefiz-F-subset Mndetprefix-T-subset Mndetprefix-D-subset

lemma ndet-write-FD-subset : <A # {} = (MbeB — P b) Cpp (c!lacA — P
a)
and ndet-write-DT-subset : «(c!'b€B — P b) Cpr (c!la€A — P a)
and ndet-write-F-subset : <A # {} = (c!'b€B — P b) Cp (c!la€A — P a)
and ndet-write-T-subset : «(c!'b€B — P b) Cp (c!lacA — P a)
and ndet-write-D-subset : «(cMbeB — P b) Cp (cla€A — P a)
if <inj-on ¢ B> and <A C B»
proof —
have x : ((P o inv-into B ¢) x = (P o inv-into A ¢) x> if <z € ¢ * A for x
proof —
from <z € ¢ Ay obtain a where (a € A <z = ¢ a> by blast
from <a € A» <A C B) have <a € B) by blast
from <A C B» <inj-on ¢ B) inj-on-subset have <inj-on ¢ A> by blast
from «a € A <z = ¢ a» <inj-on ¢ A> have «(inv-into A ¢) x = a> by simp
moreover from (a € By <z = ¢ @ <inj-on ¢ B> have «(inv-into B ¢) © = a
by simp
ultimately show (P o inv-into B ¢) © = (P o inv-into A ¢) x> by simp
qed
show <4 # {} = (!'b€B — P b) Cpp (MacAd — P a)
by (metis <A C By x Mndetprefiz-FD-subset empty-is-image
image-mono mono-Mndetprefiz-eq ndet-write-def)
show «(cMbeB — P b) Cpr (cMacAd — P a)
by (metis <A C By x Mndetprefiz-DT-subset
image-mono mono-Mndetprefiz-eq ndet-write-def)
show <4 # {} = (!'beB — P b) Cp (MacAd — P a)
by (metis <A C By x Mndetprefix-F-subset empty-is-image
image-mono mono-Mndetprefiz-eq ndet-write-def)
show «(cMbeB — P b) Cp (c!lacA — P a)
by (metis <A C By x Mndetprefiz-T-subset
image-mono mono-Mndetprefiz-eq ndet-write-def)
show «(c!'beB — P b) Cp (cMacA — P a)
by (metis <A C By x Mndetprefix-D-subset
image-mono mono-Mndetprefiz-eq ndet-write-def)
qed

lemmas ndet-write-le-subset =
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ndet-write-FD-subset ndet-write-DT-subset
ndet-write-F-subset ndet-write-T-subset ndet-write-D-subset

lemma Mndetprefiz-FD-write0 : <Mndetprefit A P Cpp (a — P a)
and Mndetprefiz-DT-write0 : «Mndetprefic A P Cpr (¢ — P a)
and Mndetprefiz-F-write0 : «Mndetprefix A P Cp (a — P a)»
and Mndetprefiz-T-write0 : <Mndetprefic A P Cr (a — P a)
and Mndetprefiz-D-write0 : <Mndetprefit A P Cp (a — P a) if <a € A»
by (rule Mndetprefiz-le-subset[of «{a}», simplified, OF <a € A»])+

lemmas Mndetprefiz-le-write0 =
Mndetprefiz-FD-write(0 Mndetprefix-DT-write0
Mndetprefiz- F-write0 Mndetprefix-T-write0 Mndetprefix-D-write0

lemma Mprefiz-DT-subset : <A C B = Mprefit B P Cpr Mprefix A P>
and Mprefiz-T-subset : <A C B = Mprefit B P Ty Mprefix A P»
and Mprefiz-D-subset : <A C B = Mprefixt B P Cp Mprefit A P>
by (auto simp add: refine-defs Mprefiz-projs)

lemmas Mprefiz-le-subset = Mprefiz-DT-subset Mprefix-T-subset Mprefix-D-subset

Mprefix set monotony doesn’t hold for (Cr) and (Cpp) where it holds for
deterministic choice.

lemma read-DT-subset : «(c?beB — P b) Cpr (c?ac€A — P a)
and read-T-subset : «(c?beB — P b) Cr (c?acA — P a)
and read-D-subset : «(c?b€B — P b) Cp (c?a€A — P a)
if <inj-on ¢ B> and <A C B
proof —
have * : (P o inv-into B ¢) z = (P o inv-into A ¢) x» if <z € ¢ * A) for z
proof —
from <z € ¢ * A) obtain a where <a € A) <x = ¢ a> by blast
from <a € A> <A C B» have <a € B» by blast
from <A C By «inj-on ¢ By inj-on-subset have <inj-on ¢ A» by blast
from <a € A) <z = ¢ @ <inj-on ¢ A have ((inv-into A ¢) x = a» by simp
moreover from (a € B) <z = ¢ a <inj-on ¢ B) have «(inv-into B ¢) z = @
by simp
ultimately show (P o inv-into B ¢) © = (P o inv-into A ¢) x> by simp
qed
show «(c?beB — P b) Cpr (c?acA — P a)
by (metis <A C By x Mprefiz-DT-subset image-mono mono-Mprefiz-eq read-def)
show «(¢?beB — P b) Cr (c?acA — P a)
by (metis <A C By x Mprefiz-T-subset image-mono mono-Mprefiz-eq read-def)
show «(c?beB — P b) Cp (c?a€A — P a)
by (metis <A C B> x Mprefiz-D-subset image-mono mono-Mprefiz-eq read-def)
qed
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11.2.2 Monotony Properties

Non Deterministic Choice Operator Laws

lemma Ndet-FD-self-left <P Q Cpp P>
and Ndet-DT-self-left : <P 1 Q Cpr P>
and Ndet-F-self-left <P QCgp P»
and Ndet-T-self-left : <P M Q Cr P>
and Ndet-D-self-left <P QCp P>
and Ndet-FD-self-right : <P Q Cpp @
and Ndet-DT-self-right : <P T Q Cpr @
and Ndet-F-self-right : <P 1 Q Cp @Q»
and Ndet-T-self-right : <P 1 Q Cr @
and Ndet-D-self-right : <P T Q Cp
by (simp-all add: refine-defs Ndet-projs)

lemmas Ndet-le-self-left = Ndet-FD-self-left Ndet-DT-self-left
Ndet-F-self-left Ndet-T-self-left Ndet-D-self-left
and Ndet-le-self-right = Ndet-FD-self-right Ndet-D T-self-right
Ndet-F-self-right Ndet-T-self-right Ndet-D-self-right

lemma Ndet-FD-Det : <PT1 Q Cpp PO @
and Ndet-DT-Det : <P T Q Epr PO O
and Ndet-F-Det : <P QCpr PO @
and Ndet-T-Det : <P Q Cpr PO @
and Ndet-D-Det : <P Q Cp PO @
by (auto simp add: refine-defs Det-projs Ndet-projs
intro: is-processT8 is-processT6-TR-notin)

lemmas Ndet-le-Det = Ndet-FD-Det Ndet-DT-Det Ndet-F-Det Ndet-T-Det Ndet-D-Det

lemma Ndet-FD-Sliding : <P Q Cpp P> @
and Ndet-DT-Sliding : <P 1 Q Epr P> @
and Ndet-F-Sliding : <P 1 QCgp P>
and Ndet-T-Sliding : <P 11 Q Ep P> @
and Ndet-D-Sliding : <P T Q Cp P>
by (auto simp add: refine-defs Ndet-projs Sliding-projs
intro: is-processT8 is-processT6-TR-notin)

lemmas Ndet-le-Sliding = Ndet-FD-Sliding Ndet-DT-Sliding
Ndet-F-Sliding Ndet-T-Sliding Ndet-D-Sliding

lemma GlobalNdet-refine-FD : <a € A = TMa € A. Pa Cpp P w
using GlobalNdet-FD-subset[of «{a}> A] by simp

lemma GlobalNdet-refine-DT : <a € A = Ma € A. Pa Cpr P o
using GlobalNdet-DT-subset[of <{a}» A] by simp



156 CHAPTER 11. THE CSP REFINEMENTS

lemma GlobalNdet-refine-F : <a € A= Ta € A. PaCp P
by (simp add: GlobalNdet-refine-FD leFD-imp-leF')

lemma GlobalNdet-refine-D : <a € A = TMa € A. Pa Cp P w
by (simp add: GlobalNdet-refine-DT leDT-imp-leD)

lemma GlobalNdet-refine-T : <a € A = TMa € A. PaCpr P w
by (simp add: GlobalNdet-refine-DT leDT-imp-leT)

lemmas GlobalNdet-refine-le = GlobalNdet-refine-FD GlobalNdet-refine-DT
GlobalNdet-refine-F GlobalNdet-refine-D GlobalNdet-refine-T

lemma mono-GlobalNdet-FD-const:
A#4{} = (Na.a€ A= PCpp Qa) = PLppllac A Quw
by (metis GlobalNdet-id mono-GlobalNdet-FD)

lemma mono-GlobalNdet-DT-const:
(A%{}:>(/\G.GEA:>PEDT Qa):>PEDT|_|a€A.Qa>
by (metis GlobalNdet-id mono-GlobalNdet-DT')

lemma mono-GlobalNdet-F-const:
A#{} = (Na.a€e A= PCp Qa) = PLCrlMac A Quw
by (metis GlobalNdet-id mono-GlobalNdet-F)

lemma mono-GlobalNdet-D-const:
A#{} = (Na.a € A= PCp Qa) = PCplMac i Quw
by (metis GlobalNdet-id mono-GlobalNdet-D)

lemma mono-GlobalNdet-T-const:
A#{} = (Na.a € A= PCpr Qa)= PLCrNac il Quw
by (metis GlobalNdet-id mono-GlobalNdet-T)

lemmas mono-GlobalNdet-le-const = mono-GlobalNdet-FD-const mono-GlobalNdet-DT-const
mono-GlobalNdet-F-const mono-GlobalNdet-D-const mono-GlobalNdet-T-const

Refinements and Constant Processes

lemma STOP-T-iff: <STOP Cy P +— P = STOP)
by (metis STOP-iff-T insert-absorb is-processT1-TR subset-singleton-iff trace-refine-def)

lemma STOP-F-iff: <STOP Cp P <— P = STOP»
using STOP-T-iff idem-F leF-imp-leT by blast

lemma STOP-FD-iff: <STOP Cpp P <— P = STOP)
using STOP-F-iff leFD-imp-leF by blast

lemma STOP-DT-iff: <STOP Cpr P <— P = STOP)
using STOP-T-iff idem-DT leDT-imp-leT by blast
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lemma SKIP-FD-iff: <SKIP r Cpp P «— P = SKIP r) for P :: «('a, 'r) pro-
cesSptick?
proof (rule iffT)
show (P = SKIP r = SKIP r Cpp P> by simp
next
show «P = SKIP ry if <SKIP r Cpp P»
proof (rule FD-antisym[OF - <SKIP r Cpp P»))
show <P Crp SKIP r»
proof (rule failure-divergence-refinel )
from «SKIP r Cpp P> show <s € D (SKIP r) = s € D P) for s
by (simp add: refine-defs D-SKIP)
next
fix s = «("a, 'r) tracepiicry and X assume «(s, X) € F (SKIP r)
then counsider s = [|» «/(r) ¢ X» | <s = [V (r)] unfolding F-SKIP by
blast
thus «(s, X) € F P»
proof cases
from «(SKIPr Cpp Py show s =[] = V/(r) ¢ X = (s, X) € F P»
by (simp add: refine-defs F-SKIP D-SKIP subset-iff)
(metis T-F append-Nil is-processT1-TR is-processT5-S7 is-process T6-TR-notin
not-Cons-self2)
next
from (SKIP r Cpp P> show <s = [V (r)] = (s, X) € F P»
by (simp add: refine-defs F-SKIP D-SKIP subset-iff)
(metis (no-types) Int-insert-right-if0 is-processT1 list.simps(15) non-tickFree-tick
tickFree-Nil tickFree-def tick-T-F trace-tick-continuation-or-all-tick-failuresE)
qed
qed
qed
qed

lemma SKIP-F-iff: <SKIP r Cp P «— P = SKIP 1
proof (rule iffT)
show (P = SKIP r = SKIP r Cp P) by simp
next
assume (SKIP r Cp P»
hence <SKIP r Cp P»
by (simp add: failure-refine-def divergence-refine-def subset-iff F-SKIP D-SKIP)
(metis append-Nil equalsOI insertll is-processT8 is-processT9 list.distinct(1))
with «<SKIP r Cp P» have <SKIP r Crp Py by (unfold failure-divergence-refine-def)
simp
thus (P = SKIP r) by (fact SKIP-FD-iff[THEN iffD1])
qed
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Chapter 12

Algebraic Rules of CSP

12.1 The Non-Deterministic Distributivity

CSP operators are distributive over non deterministic choice.

12.1.1 Global Distributivity

lemma Mndetprefiz-distrib-GlobalNdet :
B#{}= (Na€A—-nNbeB. Pab)=Tbe B Na€A— Pab
by (simp add: Mndetprefiz-GlobalNdet GlobalNdet-sets-commute[of A] write0-GlobalNdet)

lemma Det-distrib- GlobalNdet-left :
«P O (NacA. Q a) = (if A = {} then P else MacA. P O Q a)»
by (auto simp add: Process-eq-spec Det-projs GlobalNdet-projs
intro: is-processT8 is-processT6-TR-notin)

corollary Det-distrib-GlobalNdet-right :
«(Ma€A. Pa) O Q = (if A= {} then Q else NacA. P o O Q)
by (simp add: Det-commute Det-distrib-GlobalNdet-left)

lemma Sliding-distrib-GlobalNdet-left :
(P> (Ma€A. Q a) = (if A ={} then P 1 STOP else MacA. P> Q a)
by (auto simp add: Process-eq-spec GlobalNdet-projs
Sliding-projs Ndet-projs STOP-projs)

lemma Sliding-distrib-GlobalNdet-right :
«(Ma€A. Pa) > Q= (if A = {} then Q else MacA. Pa > Q)
by (auto simp add: Process-eq-spec GlobalNdet-projs Sliding-projs)

lemma Sync-distrib-GlobalNdet-left :

<P [S] (MacA. Qa) = (if A= {} then P [S] STOP else M acA. (P [S] Q a))»
proof (split if-split, intro conjl impl)

show <A = {} = P [S] (M acA. Q a) = P [S] STOP>

159
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by (simp add: GlobalNdet.abs-eq STOP.abs-eq)
next
show <A # {} = P [S] (M acA. Q a) =N acA. (P [S] Q a)
by (simp add: Process-eq-spec Sync-projs F-GlobalNdet D-GlobalNdet T-GlobalNdet)
(safe; simp; use front-tickFree-Nil in blast) — quicker than auto proof
qed

corollary Sync-distrib-GlobalNdet-right :
«(MacA. Pa)[S] Q= (if A= {} then STOP [S] Q else 1 acA. (P a [S] Q))
by (simp add: Sync-commute Sync-distrib-GlobalNdet-left)

lemmas Inter-distrib-GlobalNdet-left = Sync-distrib-GlobalNdet-left[where S =
{p]
and Par-distrib-GlobalNdet-left = Sync-distrib-GlobalNdet-left[where S = UNIV|
and Inter-distrib-GlobalNdet-right = Sync-distrib-GlobalNdet-right[where S =
]
and Par-distrib-GlobalNdet-right = Sync-distrib-GlobalNdet-right[where S =
UNIV]

lemma Seg-distrib-GlobalNdet-left :
(P3N acA. Qa= (if A= {} then P; STOP else M a€A. (P; Q a))
by (simp add: Process-eq-spec GlobalNdet-projs STOP-projs Seq-projs) blast

lemma Seq-distrib-GlobalNdet-right : <«(M a€A. Pa) ; @ =M a€A. (Paj; Q)
by (simp add: Process-eq-spec GlobalNdet-projs STOP-projs Seg-projs)
(safe; simp; blast) — quicker than auto proof

lemma Renaming-distrib-GlobalNdet : <Renaming (M a€A. P a) f g = M a€A.
Renaming (P a) f ¢
by (simp add: Process-eq-spec Renaming-projs GlobalNdet-projs)
(safe; simp; blast) — quicker than auto proof

The (\) operator does not distribute the GlobalNdet in general. We give a
finite version derived from the binary version below.

12.1.2 Binary Distributivity

lemma Mndetprefiz-distrib-Ndet :
(Ma€eA—-PaN@Qa)=MNa€A—Pa)N(MaeAd— Qa)
by (simp add: Process-eq-spec Mndetprefiz-projs Ndet-projs, safe) auto

lemma Det-distrib-Ndet-left : <P 0O QM R= (PO Q)N (P OR)
by (auto simp add: Process-eg-spec Det-projs Ndet-projs)

corollary Det-distrib-Ndet-right : <P 11 Q@ O R= (PO R)MN (Q O R)
by (simp add: Det-commute Det-distrib-Ndet-left)
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lemma Ndet-distrib-Det-left : <P M (Q O R)=PMN QO P R
by (auto simp add: Process-eq-spec Det-projs Ndet-projs
is-processT8 is-processT6-TR-notin)

corollary Ndet-distrib-Det-right : «(P 0O Q)M R=PMN RO QN R
by (simp add: Ndet-commute Ndet-distrib-Det-left)

lemma Sliding-distrib-Ndet-left : <P > (QM R)= (P> Q)N (P> R)
and Sliding-distrib-Ndet-right : (P Q) > R= (P> R) N (Q > R)
by (auto simp add: Process-eq-spec Ndet-projs Sliding-projs)

lemma Sync-distrib-Ndet-left : <M [S] PN Q = (M [S] P) 1 (M [S] @)
by (auto simp: Process-eq-spec, simp-all add: Sync-projs Ndet-projs) blast+

corollary Sync-distrib-Ndet-right : <P 1 Q [S] M = (P [S] M) 1 (Q [S] M)»
by (metis Sync-commute Sync-distrib-Ndet-left)

lemma Seq-distrib-Ndet-left : <P 3 QMM R = (P; Q) M (P; R)
by (fact Seq-distrib-GlobalNdet-left[of P <{0 :: nat, 1}
An. if n = 0 then @ else if n = 1 then R else undefined>,
simplified GlobalNdet-distrib-unit-bis, simplified)])

lemma Seq-distrib-Ndet-right : <P 11 Q3 R = (P3; R) M (Q; R)
by (fact Seq-distrib-GlobalNdet-right[of {0 :: nat, 1}»
An. if n = 0 then P else if n = 1 then @ else undefined> R,
simplified GlobalNdet-distrib-unit-bis, simplified)])

lemma Renaming-distrib-Ndet : <Renaming (P M Q) f g = Renaming P f g 1
Renaming Q f ¢
by (fact Renaming-distrib-GlobalNdet[of <{0 :: nat, 1}
An. if n = 0 then P else if n = 1 then Q else undefined),
simplified GlobalNdet-distrib-unit-bis, simplified])

lemma Hiding-distrib-Ndet : <P Q\ S=(P\S)MN(Q\ )
proof (subst Process-eq-spec-optimized, safe)
fix sassume <s € D (PN Q\ S)
then obtain ¢ u
where * : <front-tickFree uy <tickFree ty <s = trace-hide t (ev * S) Q w)
«t €D (PN Q)V (3f. isInfHiddenRun f (P 1 Q) S A t € range f)»
unfolding D-Hiding by blast



162 CHAPTER 12. ALGEBRAIC RULES OF CSP

from x(4) show <s € D ((P\ S) 1 (Q\ Sy
proof (elim disjE exFE)
from x(1, 2) show <t € D (PN Q)= s D ((P\S) M (Q\ I
unfolding D-Ndet D-Hiding (3) by blast
next
fix f assume <isInfHiddenRun f (P 1 Q) S A t € range >
hence <isinfHiddenRun f P S V isInfHiddenRun f Q S»
by (simp add: T-Ndet) (meson is-processT3-TR linorder-le-cases strict-mono-less-eq)
with (1, 2) «sInfHiddenRun f (P T Q) S A t € range f»
show <s € D (P \ S) M (Q \ S))» unfolding D-Ndet D-Hiding =(3) by blast
qed
next
show <s € D (P\ S)N(Q\S) = seD (PN Q\ S) for s
unfolding Ndet-projs D-Hiding by blast
next
assume same-div : <D (P Q\ S)=D (P\S)N(Q\ 9
fix s X assume (s, X) e F (P Q\ S)
then consider <s € D (P11 Q \ S)
| t where <s = trace-hide t (ev *S) «(t, X Uev ‘S) € F (PN Q)
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) e F (P\ S) 1 (Q\ Sy
proof cases
from same-div D-F show <s € D (PN Q\ S) = (s, X) e F((P\ S) N (Q
\ S))» by blast
next
show «s = trace-hide t (ev ‘S) = (t, X Uev ‘S) € F (PN Q)
= (s, X) e F(P\S)M(Q\ 9)) for t
by (auto simp add: F-Ndet F-Hiding)
qed
next
show «(s, X) e F (P\ S)N(Q\S) = (s, X) e F(PT1Q\ S) for s X
unfolding Ndet-projs F-Hiding by blast
qed

lemma Hiding-distrib-finite-GlobalNdet :
finite A= (Ma€ A.Pa)\S=Tae€ A (Pa\ S
proof (induct A rule: finite-induct)
show «(Ma € {}. Pa)\ S=MNa e {}. (Pa\ Sy
by (auto simp add: Process-eq-spec GlobalNdet-projs
Hiding-seqRun-projs seqRun-def)

next

fix A a assume «finite A> <a ¢ A> and hyp : «(Ma € A. Pa)\ S=Tla € A. (P
a\ S)

show «(Ma € insert a A. P a) \ S = MNa € insert a A. (P a \ S) (is «?lhs =
2rhsy)

proof (cases <A = {})
show <A = {} = ?lhs = ?rhs> by simp
next
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assume <A # {}
have (?lhs = Pa M (Ma € A. Pa) \ S
by (simp add: GlobalNdet-distrib-unit <A # {}> <a ¢ A»)

also have «... = (P a \ S) N ((Ma € A. P a) \ S) by (simp add: Hid-
ing-distrib-Ndet)

also have «... = (Pa\ S) N (Ma € A. (Pa\ S)) by (simp add: hyp)

also have «... = ?rhs) by (simp add: GlobalNdet-distrib-unit-bis <A # {}» <a
¢ A)

finally show «?lhs = ?rhs) .

qed

qed

For the Mprefiz operator, we obviously do not have a conventional distribu-
tivity: (M) becomes (O).

lemma Mprefiz-distrib-Ndet :
(Da€eA—-PNQE) =(0aecAd— P)O(Oac A— Q) (is <?lhs = ?rhs)
proof (subst Process-eq-spec, safe)
show (s € D ?lhs = s € D %rhs»
and <s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-Det D-Ndet D-Mprefiz)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs) for s X
by (cases s) (auto simp add: F-Mprefix F-Det F-Ndet)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (auto simp add: F-Mprefiz F-Det F-Ndet)
qged

12.2 The Basic Laws

By “basic” laws we mean the behaviour of L, STOP and SKIP, plus the
associativity of some concerned operators.

12.2.1 The Laws of L

From the characterization (P = 1) = ([] € D ?P), we can easily derive
the behaviour of L wrt. STOP, SKIP, and the operators.

lemma BOT-less1 [simp]: <(L :: (“a, 'r) processpiick) < X
by (simp add: le-approz-imp-le-ref)

lemma STOP-neq-BOT [simp] : <STOP # 1)
and SKIP-neq-BOT [simp] : <SKIP r # L)
by (simp-all add: BOT-iff-Nil-D D-STOP D-SKIP)
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lemma Det-is-BOT-iff :«PO Q=1L+ P=1VvVQE=0_L
by (simp add: BOT-iff-Nil-D D-Det D-BOT)

lemma Det-BOT [simp] : <P O 1L = 1) and BOT-Det [simp] : <L O P = 1)
by (simp-all add: Det-is-BOT-iff)

lemma Ndet-is-BOT-iff : <P Q@ =1L<+— P=1V Q=1
by (simp add: BOT-iff-Nil-D D-Ndet D-BOT)

lemma Ndet-BOT [simp] : <P 1 L = 1) and BOT-Ndet [simp] : <L T P = 1)
by (simp-all add: Ndet-is-BOT-iff)

lemma Sliding-is-BOT-iff: <P > Q=1 +—> P=1V Q=1
by (simp add: Sliding-def Ndet-is-BOT-iff Det-is-BOT-iff)

lemma Sliding-BOT [simp] : <P > L = 1) and BOT-Sliding [simp] : <L > P =
L
by (simp-all add: Sliding-is-BOT-iff)

lemma Mprefiz-neq-BOT [simp] : <0 a € A — Pa # L)
by (simp add: BOT-iff-Nil-D D-Mprefix)

lemma Mndetprefiz-neq-BOT [simp] : <M a € A — Pa# 1)
by (simp add: BOT-iff-Nil-D D-Mndetprefix write0-def D-Mprefix)

lemma Seq-is-BOT-iff : <P Q=L+—P=1LVv @r. [V(r)]eTPANQ=_1)y
by (simp add: BOT-iff-Nil-D D-Seq)

lemma BOT-Seq [simp] : <L ; P = L) by (simp add: Seq-is-BOT-iff)

lemma Hiding-BOT [simp] : <L \ A= 1L»
by (simp add: BOT-iff-Nil-D D-Hiding BOT-projs)
(meson filter.simps(1) tickFree-Nil tickFree-imp-front-tickFree)

lemma Sync-is-BOT-iff : <P [S] Q=L +—P=1V Q=1L
by (simp add: BOT-iff-Nil-D D-Sync)
(metis si-emptyl empty-setinterleaving insertll is-processT1-TR)

lemma Sync-BOT [simp] : <P [ S] L = 1> and BOT-Sync [simp] : <L [S] P
=1L
by (simp-all add: Sync-is-BOT-iff)
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lemma Renaming-is-BOT-iff : <Renaming P fg= 1 +— P = 1»
by (simp add: BOT-iff-Nil-D D-Renaming)

lemma Renaming-BOT [simp] : <Renaming L fg = 1)
by (simp add: Renaming-is-BOT-iff)

lemma GlobalNdet-is-BOT-iff : «(Ma€A. Pa) = L +— (Ja€A. Pa= 1)
by (simp add: BOT-iff-Nil-D D-GlobalNdet)

lemma GlobalNdet-BOT [simp] : <a € A= Pa=1 = (Ma€ld. Pa) =1
by (auto simp add: GlobalNdet-is-BOT-iff)

12.2.2 The Laws of STOP

From the characterization (P = STOP) = (T ?P = {]|}), we can easily
derive the behaviour of STOP wrt. SKIP and the operators.

lemma SKIP-Neg-STOP : <SKIP r # STOP»
by (simp add: STOP-iff-T T-SKIP)

lemma Det-is-STOP-iff : <P O @Q = STOP <— P = STOP A Q = STOP»
by (simp add: STOP-iff-T T-Det) (use Nil-elem-T in blast)

lemma Det-STOP [simp] : <P O STOP = P> and STOP-Det [simp] : <STOP O
P=P
by (auto simp add: Process-eq-spec F-Det F-STOP D-Det D-STOP T-STOP
intro: is-processT8 is-processT6-TR-notin)

lemma Ndet-is-STOP-iff : <P 1 Q = STOP <— P = STOP N @Q = STOP»
by (simp add: STOP-iff-T T-Ndet) (use Nil-elem-T in blast)

lemma Sliding-is-STOP-iff: <P > Q = STOP +— P = STOP AN Q = STOP:»
by (simp add: Sliding-def Ndet-is-STOP-iff Det-is-STOP-iff)
lemma Sliding-STOP [simp] : <P > STOP = P M STOP»> and STOP-Sliding

[simp] : <STOP > P = P)
by (simp-all add: Sliding-def)

lemma Mprefiz-is-STOP-iff : <0 a€ A — Pa= STOP +— A= {}
by (simp add: STOP-iff-T T-Mprefix) (use Nil-elem-T in blast)

lemma Mprefiz-empty [simp] : <0 a € {} = P a = STOP)
by (simp add: Mprefiz-is-STOP-iff)

lemma Mndetprefiz-is-STOP-iff : <M a € A — Pa= STOP «— A= {}
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by (simp add: STOP-iff-T T-Mndetprefiz’) (use Nil-elem-T in blast)

lemma Mndetprefix-empty [simp] : <7 a € {} = P a = STOP»
by (simp add: Mndetprefiz-is-STOP-iff)

lemma Seg-is-STOP-iff :
(P35 Q= STOP <— T P Cinsert [| {[V(r)]| r. True} A (P # STOP — @ =
STOP)»
proof (intro iffI conjl subsetl)
show <P; Q= STOP =t € T P =t € insert [| {V(r)] |r. True}> for ¢
by (simp add: STOP-iff-T T-Seq set-eq-iff)
(metis T-nonTickFree-imp-decomp append.right-neutral append-Nil is-processT1-TR)
next
show (P ; Q = STOP = P # STOP — @ = STOP»
by (simp add: STOP-iff-T T-Seq set-eq-iff)
(metis T-nonTickFree-imp-decomp append-is-Nil-conv is-processT1-TR)
next
show <7 P C insert [| {[V(r)] |r. True} A (P # STOP — @Q = STOP) = P
; Q = STOP
by (simp add: STOP-iff-T T-Seq subset-iff, safe, simp-all)
(((use D-T in fastforce)+)[3],
metis D-T eventyicr.distinct(1) front-tickFree-single is-processT9-tick
list.sel(1) not-Cons-self)
qed

lemma STOP-Seq [simp] : «STOP 5 P = STOP) by (simp add: Seq-is-STOP-iff
T-STOP)

lemma Hiding-STOP [simp] : <STOP \ A = STOP)
by (auto simp add: STOP-iff-T T-Hiding F-STOP D-STOP T-STOP strict-mono-def)
blast

lemma STOP-Sync-STOP [simp] : «<STOP [S] STOP = STOP»
by (simp add: STOP-iff-T T-Sync T-STOP D-STOP)

lemma Renaming-is-STOP-iff : <Renaming P f g = STOP <— P = STOP)
proof (rule iff)
show (P = STOP = Renaming P f g = STOP»
by (simp add: STOP-iff-T T-Renaming subset-iff)
(metis D-STOP STOP-iff-T empty-iff)
next
assume <Renaming P f g = STOP)
hence (P # 1) by force
with <Renaming P f g = STOP» show (P = STOP)
by (simp add: BOT-iff-Nil-D STOP-iff-T T-Renaming set-eq-iff ) blast
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qged

lemma Renaming-STOP [simp] : <Renaming STOP f g = STOP»
by (simp add: Renaming-is-STOP-iff)

lemma GlobalNdet-is-STOP-iff : «(Ma€A. P a) = STOP +— (Va€A. P a =
STOP)»
by (simp add: STOP-iff-T T-GlobalNdet) (use Nil-elem-T in blast)

lemma GlobalNdet-empty [simp] : «(Ma€{}. P a) = STOP»
by (simp add: GlobalNdet-is-STOP-iff)

lemma GlobalNdet-id [simp] : «(Ma€A. P) = (if A = {} then STOP else P)»
by simp

lemma «((Ma€A. STOP) = STOP) by simp

More powerful Laws

lemma Inter-STOP [simp] : <P ||| STOP = P 5 STOP)
proof (rule Process-eq-optimizedl)
show «t € D (P ||| STOP) =t € D (P ; STOP)) for t
by (simp add: D-Sync D-Seq D-STOP T-STOP)
(metis emptyRightProperty is-processT7 self-append-conv)
next
show «t € D (P ; STOP) =t € D (P ||| STOP)) for t
apply (simp add: D-Sync D-Seq D-STOP T-STOP)
apply (frule D-imp-front-tickFree)
apply (rule exI[of - <if tF t then t else butlast t»],
rule exI[of - <if tF t then t else butlast t)])
apply (simp split: if-split-asm)
by (metis butlast-snoc disjoint-iff emptyLeftSelf front-tickFree-iff-tickFree-butlast
front-tickFree-single is-processT9 nonTickFree-n-frontTickFree setinterleav-
ing-sym tickFree-def)
next
fix ¢t X assume «(¢t, X) € F (P ||| STOP)) <t ¢ D (P ||| STOP)»
then obtain ¢-P X-P X-Q where ((t-P, X-P) € F P> <t setinterleaves ((t-P,
[)), range tick)»
«X = (X-P U X-Q) N range tick U X-P N X-@Q»
by (simp add: F-Sync D-Sync F-STOP) blast
from <t setinterleaves ((t-P, []), range tick)> EmptyLeftSync
have (tF' t A t = t-P» by (metis inf-commute setinterleaving-sym tickFree-def)
show «(t, X) € F (P STOP)»
proof (cases <3r. t-P Q [/ (r)] € T P»)
show (3r. t-P Q [/ (r)] € T P = (t, X) € F (P; STOP))
using «tF ¢t A t = t-P» by (simp add: F-Seq F-STOP)
next

assume Ar. t-P Q [/(r)] € T P»
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with «(¢-P, X-P) € F P) have «(t-P, X-P U range tick) € F P»
by (metis is-processT5-S7' rangeE)
moreover from <X = (X-P U X-Q) N range tick U X-P N X-@Q»
have <X U range tick C X-P U range tick> by auto
ultimately have «(t-P, X U range tick) € F P» by (fact is-processT4)
with «¢tF' t A t = t-P» show «(t, X) € F (P35 STOP)» by (auto simp add:
F-Seq)
qed
next
fix t X assume «(t, X) € F (P; STOP)) <t ¢ D (P ; STOP)»
then consider (¢, X U range tick) € F Py <tF t» | r where <t Q [V (r)] € T
Py
by (simp add: Seq-projs F-STOP) blast
thus «(¢, X) € F (P ||| STOP)»
proof cases
assume <(¢, X U range tick) € F P> and <tF b
from (tF t» have <t setinterleaves ((t, []), range tick)»
by (metis disjoint-iff emptyLeftSelf setinterleaving-sym tickFree-def)
with «(t, X U range tick) € F P> show «(t, X) € F (P ||| STOP)»
apply (simp add: F-Sync F-STOP)
by (metis Int-Un-eq(1) Un-Int-eq(3) is-processT/ sup-gel)
next
fix r assume ¢ Q [V(r)] € T P>
hence * : «(t, X — {/(r)}) € F P» and «tF t»
by (auto simp add: T-F-spec is-processT6 intro: append-T-imp-tickFree)
from (tF t» have «(t setinterleaves ((t, []), range tick)
by (metis disjoint-iff emptyLeftSelf setinterleaving-sym tickFree-def)
hence «(t, (X — {V(r)} U UNIV) N range tick U (X — {/(r)}) N UNIV) €
F (P ||| STOP),
by (simp add: F-Sync F-STOP) (use * in blast)
moreover have <X C (X — {/(r)} U UNIV) N range tick U (X — {/(r)}) N
UNIV) by auto
ultimately show «(¢t, X) € F (P ||| STOP)» by (fact is-processT4)
qed
qed

corollary STOP-Inter [simp] : <STOP ||| P = P ; STOP)
by (metis Inter-STOP Sync-commute)

lemma Par-STOP [simp] : <P || STOP = (if P = L then L else STOP)»
proof (split if-split, intro conjl impl)

show <P = L = P || STOP = 1) by simp
next

assume (P # 1

from «P # 1) show (P || STOP = STOP»

by (simp add: STOP-iff-T T-Sync STOP-projs set-eq-iff BOT-iff-Nil-D)
(metis EmptyLeftSync si-emptyl inf-top.right-neutral insertl1
is-processT1-TR set-empty2 setinterleaving-sym,)
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qged

lemma STOP-Par [simp| : <STOP || P = (if P = L then L else STOP)»
by (metis Par-STOP Sync-commute)

12.2.3 The Laws of SKIP
The definition of SKIPS

definition SKIPS :: <'r set = ('a, 'r) processpiick>
where <SKIPS R =Mr € R. SKIP r»

lemma SKIPS-empty [simp] 1 (SKIPS {} = STOP»
and SKIPS-singl-is-SKIP [simp] : <SKIPS {r} = SKIP r» by (simp-all add:
SKIPS-def)

lemma F-SKIPS :
«(F (SKIPS R) = ( if R = {} then {(s, X). s = [|}
else {([], X) |X.3r € R. tickr ¢ X} U
{(s, X). 3r € R. s = [tick r]})»
by (auto simp add: SKIPS-def F-GlobalNdet F-SKIP)

lemma D-SKIPS : <D (SKIPS R) = {}»
by (auto simp add: SKIPS-def D-GlobalNdet D-SKIP)

lemma T-SKIPS : <T (SKIPS R) = insert [| {[tick r]| 7. r € R}
by (auto simp add: SKIPS-def T-GlobalNdet T-SKIP)

lemmas SKIPS-projs = F-SKIPS D-SKIPS T-SKIPS

Laws

lemma SKIP-Sliding [simp] : <SKIP r > P = P M SKIP >
by (auto simp add: Process-eq-spec F-Sliding D-Sliding F-Ndet D-Ndet SKIP-projs)

lemma Sliding-SKIP [simp] : <P > SKIP r = P O SKIP r»
by (auto simp add: Process-eq-spec F-Sliding D-Sliding F-Det D-Det SKIP-projs)

lemma Mprefiz-neq-SKIP [simp] : <0 a € A — P a # SKIP r)
by (auto simp add: Process-eq-spec F-Mprefiz F-SKIP)
lemma Mndetprefiz-neq-SKIP [simp] : <1 a € A — P a # SKIP r»

by (auto simp add: Process-eq-spec F-Mndetprefix write0-def F-Mprefiz F-SKIP)

lemma SKIP-Seq [simp] : <SKIP r; P = P»
by (simp add: Process-eq-spec Seq-projs SKIP-projs)
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lemma Seq-SKIP [simp] : <P 3 SKIP () = P»
— This is only true when the type 'r of (‘a, 'r) processpiick is set to unit (morally,
we have “only one tick”).
by (auto simp add: Process-eq-spec Seq-projs SKIP-projs tick-T-F intro: is-processT4
is-process T6-TR-notin is-processT8)
(metis (full-types) append.right-neutral is-processT5-S7" old.unit.exhaust rangeE,
metis (full-types) F-T T-imp-front-tickFree nonTickFree-n-front TickFree old.unit.exhaust)

lemma Hiding-SKIP [simp] : <SKIP r \ A = SKIP r)
proof (subst Process-eq-spec, safe)
show «s € D (SKIP r \ A) = s € D (SKIP r)) for s
by (auto simp add: D-Hiding D-SKIP T-SKIP)
(metis (full-types) Hiding-tickFree non-tickFree-tick not-less-eq-eq strict-mono-eq)
next
show <s € D (SKIP r) = s € D (SKIP r \ A)» for s
by (simp add: D-Hiding D-SKIP T-SKIP)
next
show «(s, X) € F (SKIP r \ A) = (s, X) € F (SKIP r)) for s X
by (auto simp add: F-Hiding SKIP-projs image-iff)
(metis (mono-tags, lifting) filter.simps(1) non-tickFree-tick,
(metis less-tail list.sel(8) nil-less strict-mono-Suc-iff)+)
next
show «(s, X) € F (SKIP r) = (s, X) € F (SKIP r \ A)) for s X
by (simp add: F-Hiding SKIP-projs)
(metis eventpiick.distinct(1) filter.simps(1, 2) image-iff)
qed

Synchronization

lemma SKIP-Sync-SKIP [simp] : <SKIP r [ S| SKIP s = (if r = s then SKIP r
else STOP)»
for S :: <'a sety and r :: 'r
proof (split if-split, intro conjl impl)
show «SKIP r [S] SKIP s = SKIP ry if «<r = s
proof (fold «r = s», subst Process-eq-spec-optimized, safe)
show «s € D (SKIP r [S] SKIP r) = s € D (SKIP r)
and <s € D (SKIP r) = s € D (SKIP r [S] SKIP r)» for s
by (simp-all add: D-Sync D-SKIP)
next
assume same-div : <D (SKIP r [S] SKIP r) = D (SKIP r)»
fix s X assume «(s, X) € F (SKIP r [S] SKIP r))
then consider <s € D (SKIP r [S] SKIP r)»
| s-P s-@Q X-P X-@Q where
«(s-P, X-P) € F (SKIP r)) «(s-Q, X-Q) € F (SKIP r)»
«s setinterleaves ((s-P, s-Q), range tick U ev * S)»
«X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-@Q»
by (simp add: F-Sync D-Sync) blast
thus «(s, X) € F (SKIP r)»
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proof cases
from same-div D-F show «s € D (SKIP r [S] SKIP r) = (s, X) € F
(SKIP r)> by blast
next
fix s-P s-Q X-P X-Q
assume x* : ((s-P, X-P) € F (SKIP r)) «(s-Q, X-Q) € F (SKIP r)»
<s setinterleaves ((s-P, s-Q), range tick U ev © §)»
«X = (X-P U X-Q) N (range tick U ev * S) U X-P N X-Q»
from (1, 2, 3) consider <s = [> <s-P = []» «<s-Q = []»
| <s = [tick r]y «s-P = [tick r]> «s-Q = [tick r]>
by (cases s-P; cases s-Q; simp add: image-iff F-SKIP split: if-split-asm)
thus «(s, X) € F (SKIP r)»
proof cases
assume <s = [> and <s-P = [»> and ¢s-Q = []»
from (s-P = []» x(1) have <tick r ¢ X-P» by (simp add: F-SKIP)
moreover from <s-Q = []> *x(2) have «tick r ¢ X-Q» by (simp add: F-SKIP)
ultimately have «(tick r ¢ X» by (simp add: *(4))
with «s = [> show «(s, X) € F (SKIP r)» by (simp add: F-SKIP)

next
show «s = [tick r| = (s, X) € F (SKIP r)» by (simp add: F-SKIP)
qed
qed
next
fix s = «("a, 'r) tracepiick> and X assume (s, X) € F (SKIP r)
then consider s = [|» <tick r ¢ X» | «s = [tick r]> by (simp add: F-SKIP)

blast
thus «(s, X) € F (SKIP r [S] SKIP r)»
proof cases
assume <s = [ and <tick r ¢ X»
have «([], X) € F (SKIP r)) by (simp add: F-SKIP <tick r ¢ X))
moreover have (|| setinterleaves (([], []), range tick U ev * S)» by simp
moreover have (X = (X U X) N (range tick U ev * S) U X N X» by simp
ultimately show «(s, X) € F (SKIP r [S] SKIP r)»
unfolding F-Sync using ¢s = [|> by blast
next
assume (s = [tick ]
have «([tick r], X) € F (SKIP r)» by (simp add: F-SKIP)
moreover have «[tick r] setinterleaves (([tick ], [tick r]), range tick U ev
S)» by simp
moreover have <X = (X U X) N (range tick U ev * S) U X N X» by simp
ultimately show «(s, X) € F (SKIP r [S] SKIP r)»
unfolding F-Sync using <s = [tick r]> by blast
qed
qed
next
show <r # s = SKIP r [S] SKIP s = STOP»
by (force simp add: STOP-iff-T T-Sync T-SKIP D-SKIP)
qed

3
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lemma SKIP-Sync-STOP [simp] : <SKIP r [S] STOP = STOP)
and STOP-Sync-SKIP [simp] : <STOP [S] SKIP r = STOP:
by (force simp add: STOP-iff-T T-Sync T-SKIP D-SKIP T-STOP D-STOP)+

lemma Mprefiz-Sync-SKIP : «(Oa € A — P a) [S] SKIP res =0a € (A — S) —
(P a [S] SKIP res)»
(is «?lhs = %rhsy)
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
then obtain a t v r v
where * : <a € A (front-tickFree v <tickFree r V v = [ s =1 Q v
«r setinterleaves ((ev a # t, u), range tick U ev © S)»
«t €D (Pa) <u=1[Vu= [tick res]
by (simp add: D-Sync D-SKIP T-SKIP D-Mprefiz image-iff) blast
from (5, 7) obtain r’
where *x : <a ¢ S» «r = ev a # r’» «r' setinterleaves ((t, u), range tick U ev
S
by (elim disjE; simp add: image-iff split: if-split-asm, blast)
show «s € D ?rhs»
by (simp add: D-Mprefix (1, 4) *x(1, 2) D-Sync T-SKIP D-SKIP)
(use (2, 3, 6, 7) xx(2, 8) tickFree-Cons-iff in blast)
next
fix s
assume <s € D ?rhs»
then obtain s’ a t u rv
where * : <s = eva # s’ <a € A <a ¢ S «front-tickFree v> <t € D (P a))
tickFreer V v = [p «s' =1 Qv <u = [| V u = [tick res]
«r setinterleaves ((t, u), range tick U ev  S)
by (simp add: D-Mprefix D-Sync T-SKIP D-SKIP image-iff) blast
from %(8, 9) have «(ev a # r) setinterleaves ((ev a # t, u), range tick U ev
S)
by (elim disjE; simp add: (8) image-iff)
moreover have (ev a # t € D (Oa € A — P a)» by (simp add: D-Mprefiz x(2,
9))
ultimately show <s € D ?lhs»
apply (simp add: D-Sync T-SKIP D-SKIP (1, 7))
apply (rule exI[of - <ev a # ®], rule exI[of - ul,
rule exI[of - <ev a # 1], simp)
using *(4) *(6) %(8) by blast
next
fix s Z
assume same-div: <D ?lhs = D ?rhs»
assume <(s, Z) € F ?lhs
then consider «s € D ?lhs
| tuw X Y where «(t, X) € F (ODa € A — Pa) «(u, Y) € F (SKIP res)»
<s setinterleaves ((t, u), range tick U ev © S)»
«Z =(XUY)N (range tick U ev *S)U X NY)

¢

3
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by (simp add: F-Sync D-Sync) blast
thus «(s, Z) € F ?rhs
proof cases
from same-div D-F show <s € D ?lhs = (s, Z) € F ?rhs» by blast
next
fixtuXY
assume assms : «(t, X) € F (Qa € A — Pa) «(u, Y) € F (SKIP res)»
<s setinterleaves ((t, u), range tick U ev © S)»
«Z = (X UY)nN (range tick U ev *S) U X N
from assms(1) have «t = [ A X Nev ‘A= {}
FatiaeANt=eva# ' A
by (simp add: F-Mprefiz image-iff) blast
thus (s, Z) € F ?rhs
proof (elim disjE exE conjF)
assume <t = [pand <X Nev ‘A ={}p
from «t = [|> assms(2, 3) emptyLeftProperty have <s = [| A u =[]
by (cases s; cases u; simp add: F-SKIP split: if-split-asm)
with <X N ev ‘A = {}> show «(s, Z) € F ?rhs»
by (auto simp add: F-Mprefix assms(4))
next
fix a t’
assume <a € b <t =eva# th «(t, X) e F (Pa)
from assms(2, 3) <t = ev a # t» obtain s’
where * : <a ¢ Sy <s = ev a # s s’ setinterleaves ((t', u), range tick U
ev ‘S
by (simp add: F-SKIP, elim disjE; simp split: if-split-asm, blast)
show «(s, Z) € F ?rhs
by (simp add: F-Mprefiz <s = ev a # s"» <a € A <a ¢ S» F-Sync)
(use x(3) «(t', X) € F (P a)> assms(2, 4) in blast)
qed
qed
next
fix s Z
assume same-div: <D ?lhs = D ?rhs
assume «(s, Z) € F ?rhs)
hence <s=[|AZNev‘ (A-S)={}v@Bas . acANa¢g SANs=eva#
s'"N (s, Z) e F (P al[S] SKIP res))
by (simp add: F-Mprefiz image-iff) blast
thus «(s, Z) € F ?lhs
proof (elim disjE exE conjF)
assume <s = [pand «<Z Nev ‘(4 - 5)={h
hence * : «([], Z —ev *S) €e F(Qa € A — Pa) A ([J, Z — {tick res}) € F
(SKIP res) A
s setinterleaves (([], []), range tick U ev © S) A
Z =(Z — ev ‘S U (Z — {tick res})) N (range tick U ev * S) U (Z —
ev ‘' S) N (Z — {tick res})
by (auto simp add: F-Mprefiz F-SKIP)
show «(s, Z) € F ?lhs» by (simp add: F-Sync) (metis *)
next

Y
V
(t', X) € F(Pa))p
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fix a s’
assume <a € A <a ¢ Sy <s=eva # s «(s’, Z) € F (P a [S] SKIP res)»
from «(s', Z) € F (P a [S] SKIP res)) consider <s’ € D (P a [S] SKIP res)»
| tu X Y where «(t, X) € F (Pa) «(u, Y) € F (SKIP res)»
s’ setinterleaves ((t, u), range tick U ev * S)
«Z =(XUY)N (range tick U ev *S)yU X NY)
by (simp add: F-Sync D-Sync) blast
thus «(s, Z) € F ?lhs
proof cases
assume s’ € D (P a [S] SKIP res)»
with <a € A <a ¢ S <s = ev a # s"» have <s € D ?rhs» by (simp add:
D-Mprefizx)
with same-div D-F show «(s, Z) € F ?lhs> by blast
next
fixtuXY
assume assms: «(t, X) € F (P a)» «(u, Y) € F (SKIP res)»
s’ setinterleaves ((t, u), range tick U ev * S))
«Z = (XU Y)N (range tick U ev *S) U X N Y
hence «(eva # t, X) € F (Oa€ A — P a) A s setinterleaves ((ev a # t, u),
range tick U ev © S)
by (simp add: F-SKIP F-Mprefiz <s = ev a # s”, elim disjE)
(simp-all add: <a € A> <a & S image-iff)
with assms(2, 4) show (s, Z) € F ?lhs> by (simp add: F-Sync) blast
qed
qed
qed

lemma SKIP-Sync-Mprefix : «<SKIP res [S] (b€ B— Pb)=0b€e (B - 95) —
(SKIP res [S] P b)»
by (metis (no-types, lifting) Mprefiz-Sync-SKIP Sync-commute mono-Mprefiz-eq)

lemma Renaming-SKIP [simp] : «Renaming (SKIP r) f g = SKIP (g r)»
by (force simp add: Process-eq-spec F-Renaming F-SKIP D-Renaming D-SKIP)

Associative Operators

lemma Det-assoc: <P O (QOR)=POQ0OR
by (auto simp add: Process-eq-spec D-Det F-Det T-Det)

lemma Ndet-assoc: <P M (QMR)=PN QN R
by (auto simp add: Process-eq-spec D-Ndet F-Ndet)
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lemma Sliding-assoc: <P > (Q > R)=P1> Q> R
by (auto simp add: Process-eq-spec F-Sliding D-Sliding T-Sliding)

lemma Seg-assoc : <P 3 (Q3; R)=P; Q; R
proof (rule Process-eq-optimizedl)
show <t e D(P;(Q;R)) = t€D (P; Q; R) for t
by (simp add: D-Seq T-Seq-bis) (metis append.assoc)
next
fix t assume <t € D (P Q; R)»
then consider <t € D (P; Q)
|uvr where<t=uvQ@Qw«w Q[ (r)]eT (P; Q) «veDR
by (simp add: D-Seq) blast
thus «¢t € D (P; (Q ;5 R)»
proof cases
show <t € D (P; Q) = t €D (P; (Q; R)) by (auto simp add: D-Seq)
next
fixuvrassume«t=uQw«wQ[/(r) €T (P; Q) <veEDR
from v @Q [V (r)] € T (P Q) consider «u @Q [V (r)] € D P»
| wzswhere «u@Q[/(r)]=w@ax «wQ[/(s)] €T PrcxeT Q]
by (simp add: T-Seq-bis) blast
thus <t € D (P; (Q; R))
proof cases
from v € D R» show <u Q [V (r)] e DP =t €D (P; (Q; R))
by (simp add: D-Seq <t = u Q v»)
(metis D-imp-front-tickFree butlast-snoc is-processT7 is-processT9
front-tickFree-iff-tickFree-butlast)
next
from <v € D R» show (Ju Q [V(r)] =w Qz; w Q [V(s)] € T P,z €T (]
= teD((P;(Q; R) forwzs
by (cases x rule: rev-cases, simp-all add: D-Seq <t = v @ v»)
(meson append-T-imp-tickFree non-tickFree-tick not-Cons-self2 tick-
Free-append-iff, blast)
qed
qed
next
fix t X assume «(t, X) e F (P;(Q; R)»«t¢D(P;Q; R <«t¢ D (P; Q;
R)»
then consider «(t, X U range tick) € F Py <tF t»
| wvrwheret =u@Quw «w@(r)eT Pr<«(v,X)eF (Q; R)
unfolding Seg-projs by simp metis
thus «(¢t, X) e F (P; Q3 R)
proof cases
show «(t, X U range tick) e F P = tFt = (t, X) ¢ F (P; Q; R)
by (simp add: F-Seq)
next
fix u v rassume <t = u Qv «<u Q [V(r)] €T P> «(v, X) € f( R)»
with «t ¢ D (P; Q; R)» consider (v, X U range tick) € F <tF v
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| wz s where«w=w@Qux «w@Q[(s)] €T Q «(z, X) € F R
unfolding Seq-projs by fast
thus «(¢t, X) e F (P; Q; R)
proof cases
show (v, X U range tick) € F Q = tFv= (t, X) € F (P; Q; R)»
by (simp add: <t = v @ vy F-Seq)
(metis «u @Q [V (r)] € T P> append-T-imp-tickFree list.discI)
next
show wv=wQz=wQV(s)] €T Q= (¢, X) e FR= (1, X) € F
(P; Q3 R) for wzs
by (simp add: <t = u @ vy F-Seq T-Seq-bis) (metis <u Q [/(r)] € T P
append-assoc)
qed
qed
next
fix t X assume «(t, X) e F(P; Q; Ry «t¢D(P; Q; Ry «t¢D(P;(Q;
R))»
then consider «(t, X U range tick) € F (P35 Q) <tF bt
| wvr where <t =uv@Q@w «w @ (r)]eT (P; Q) «(v, X) € F R
unfolding Seg-projs[of <P ; @] by blast
thus «(¢t, X) € F (P35 (Q; R))»
proof cases
show «(t, X U range tick) e F (P; Q) = tFt = (t, X) € F (P; (Q; R))»
by (simp add: F-Seq) (metis tickFree-append-iff)
next
fix u v rassume <t = v Q v <u Q@ [V(r)] € T (P; Q) ¢«(v, X) € F R
with <t ¢ D (P; (Q; R))> obtain w z s
where «u Q@ V(N =w@mn «wQ [V(s)] €T PrwxweT Q
by (simp add: D-Seq T-Seq)
(meson F-imp-front-tickFree <u Q [V (r)] € T (P 3 Q)
append-T-imp-tickFree is-processT7 is-processT9 not-Cons-self2)
with «(v, X) € F R show «(t, X) € F (P; (Q; R))»
by (cases x rule: rev-cases, simp-all add: <t = u @ v» F-Seq)
(metis append-T-imp-tickFree non-tickFree-tick
not-Cons-self2 tickFree-append-iff, blast)
qed
qed

Synchronization

lemma interleave-set: «s setinterleaves ((t, u), C) = set t U set u C set &
by (induct «(t, C, u)y arbitrary: t u s rule: setinterleaving.induct)
(simp split: if-split-asm; meson dual-order.trans list.set-intros set-subset-Cons)+

lemma interleave-order: <s setinterleaves ((t1 @ t2, u), C') = set t2 C set (drop
(length t1) s)»
proof (induct «(t1, C, uw)) arbitrary: t1 u s rule: setinterleaving.induct)

case I
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with emptyRightProperty show ?case by auto
next
case (2 y u)
with interleave-set show ?case by simp blast
next
case (3 z t1)
thus ?case by (simp split: if-split-asm) (metis drop-Suc-Cons)
next
case (4 z t1 y u)
thus ?case
apply (simp split: if-split-asm)
apply (metis drop-Suc-Cons)
apply (metis (mono-tags, opaque-lifting) drop-Suc-Cons dual-order.refl le-Sucl
set-drop-subset-set-drop subset-trans)
apply (metis (no-types, opaque-lifting) drop-Suc-Cons dual-order.trans le-Sucl
order-refl set-drop-subset-set-drop)
by (metis drop-Suc-Conys)
qed

lemma interleave-append-left :

«s setinterleaves ((t1 Q t2, u), C) =

Jul u2 sl s2. u=ul Qu2 As=s1Qs2A

s1 setinterleaves ((t1, ul), C) N s2 setinterleaves ((t2, u2), C)»

proof (induct «(t1, C, u)> arbitrary: t1 u s rule: setinterleaving.induct)

case I

thus “case by simp
next

case (2 y u)

thus ?case by (metis si-emptyl append-Nil singletonl)
next

case (3 z t1)

thus ?case by (simp split: if-split-asm) (metis append-Cons)
next

case (4 z t1 y u)

from /.prems consider v where <z € C) <y € C) <x = y» <§ = y # v» v
setinterleaves ((t1 Q t2, u), C)»

| v where <z € C) <y ¢ C) <s = y # v v setinterleaves (((z # t1) Q t2, u),

C>>\ v where «x ¢ C) <y ¢ C> <s = x # v (v setinterleaves ((t1 @ t2, y # u),
O)>| v where <z ¢ C)» <y ¢ C) <s =y # v v setinterleaves (((z # t1) Q t2, u),
C)>\ v where «x ¢ C) <y € C) <s = x # v < setinterleaves ((t1 Q t2, y # u),
C)>by (auto split: if-split-asm)

thus ?Zcase

proof cases
fix v assume * : <z € C) <y € O <z =y s = y # v <w setinterleaves ((t1
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Q 2, u), C)
from 4.hyps(1)[OF x(1, 2, 3, 5)] obtain ul u2 sl s2
where *x : <u = ul Q u2) «v = s1 Q s2) «sl setinterleaves ((t1, ul), C)»
«<s2 setinterleaves ((t2, u2), C)» by blast
show Zcase
apply (rule exI[of - <y # ul»], rule exI[of - u2])
apply (rule exI[of - <y # s1>], rule exI[of - s2])
by (simp add: *(2, 3, 4) *x)
next
fix v assume x : <z € C) <y ¢ C» s = y # v» «v setinterleaves (((z # t1) Q
t2, u), C)
from 4.hyps(2)[OF =(1, 2, 4)] obtain ul u2 sI s2
where *x : (u = ul Q u2y v = sI Q s2) (sl setinterleaves ((x # t1, ul),
C)
<s2 setinterleaves ((t2, u2), C)» by blast
show Zcase
apply (rule exI[of - <y # ul»], rule exI[of - u2])
apply (rule exI[of - <y # s1>], rule exI[of - s2])
by (simp add: *(1, 2, 3) *x)
next
fix v assume * : <z ¢ C) <y ¢ C) <s = x # v» (v setinterleaves ((t1 Q t2, y
# u), C)
from 4.hyps(3)[OF (1, 2, 4)] obtain ul u2 s1 s2
where s : (y # v = ul Q u2) «v =51 Q s2» sl setinterleaves ((t1, ul),
C)
<s2 setinterleaves ((t2, u2), C)» by blast
show “case
apply (rule exI[of - <ul>],  rule exI[of - u2])
apply (rule exI[of - <x # s1>], rule exI[of - s2])
by (cases ul) (use *x in <simp-all add: *(1, 2, 3))
next
fix v assume * : x ¢ C)» <y ¢ C» s = y # v v setinterleaves (((z # t1) Q
t2, u), C)
from 4.hyps(4)[OF (1, 2, 4)] obtain ul u2 s1 s2
where s : <y = ul Q u2) <v = s1 @ 2 «sl setinterleaves ((x # t1, ul),
C)
«<s2 setinterleaves ((t2, u2), C)» by blast
show Zcase
apply (rule exI[of - <y # ul»], rule exI[of - u2])
apply (rule exI[of - <y # s1)], rule exI[of - s2])
by (simp add: *(1, 2, 3) *x*)
next
fix v assume * : <z ¢ C) <y € C) <s = x # v (v setinterleaves ((t1 Q t2, y
# u), C)
from 4.hyps(5)[simplified, OF %(1, 2, 4)] obtain ul u2 sI s2
where s : <y # u = ul Q@ u2) v = sl Q s2) ¢sl setinterleaves ((t1, ul),
C)
<82 setinterleaves ((t2, u2), C)» by blast
show ?case
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apply (rule exI[of - <ul>],  rule exI[of - u2])
apply (rule exI[of - <x # s1>], rule exI[of - s2])
by (cases ul) (use xx in «simp-all add: x(1, 2, 3)»)
qed
qed

lemma interleave-append-right :
«s setinterleaves ((t, ul Q u2), C) =
Jt1t2s1s2. t=1t1 Qt2 ANs=sl Qs2A
s1 setinterleaves ((t1, ul), C) N s2 setinterleaves ((t2, u2), C)»
by (subst (asm) setinterleaving-sym, drule interleave-append-left)
(simp add: setinterleaving-sym,)

lemma interleave-append-tail-left:
<s setinterleaves ((t1, u), C) = set 12 N C = {} = (s Q t2) setinterleaves
((t1 @ t2, u), C)
by (induct «(t1, C, u)s arbitrary: t1 t2 u s rule: setinterleaving.induct,
auto split: if-split-asm)
(metis disjoint-iff emptyLeftSelf setinterleaving-sym,
metis SyncSingleHeadAdd setinterleaving-sym)

lemma interleave-append-tail-right:
<s setinterleaves ((t, ul), C) = set u2 N C = {} = (s Q u2) setinterleaves
((t, ul @ u2), C)

by (metis (no-types) setinterleaving-sym interleave-append-tail-left)

lemma interleave-assoc-1:
([tu setinterleaves ((t, u), A); tuv setinterleaves ((tu, v), 4)] =
Juv. wv setinterleaves ((u, v), A) A tuv setinterleaves ((t, wv), A)»
proof (induct «(tu, A, v)y arbitrary: t u tu v tuv rule: setinterleaving.induct)
case I
with emptyLeftProperty empty-setinterleaving show ?case by blast
next
case (2 z v)
from 2.prems(2) emptyLeftProperty have (tuv = z # v» by blast
with 2.prems empty-setinterleaving setinterleaving-sym show ?case by blast
next
case (3 y tu)
from 3.prems(2) emptyRightProperty have <tuv = y # tu) by blast
with 3.prems show ?case
by (metis (no-types) EmptyLeftSync Un-iff disjoint-iff
emptyLeftSelf interleave-set setinterleaving-sym subsetD)
next
case (4 y tu z v)
consider (y ¢ Ay «cze b |xye b z¢ b |yd bzed|we¢ A zé
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Ay by blast
thus ?case
proof cases
assume y € A> and <z € A
with /.prems(2) obtain tuv’
where <y = 2» (tuv = y # tuv) <tuv’ setinterleaves ((tu, v), A)»
by (simp split: if-split-asm) blast
from <tuv = y # tww <y = 2> <z € A 4.prems(1)
4.hyps(1)[OF <y € Ay <z € Ay sy = 2z - <uv’ setinterleaves ((tu, v), A)]
show Zcase by (induct «(t, A, u)s arbitrary: t u tu rule: setinterleaving.induct;
fastforce split: if-split-asm)
next
assume <y € 4> and «z ¢ A
with 4.prems(2) obtain tuv’
where <tuv = z # tuv’ tuv’ setinterleaves ((y # tu, v), A)
by (simp split: if-split-asm) blast
from <y € A> and <z ¢ A <tuv = 2z # tuv’ 4.prems(1)
4.hyps(2)[OF - - - <tuv’ setinterleaves ((y # tu, v), A)]
show ?Zcase
apply (cases «(t, A, u)» rule: setinterleaving.cases; simp split: if-split-asm)
by (metis 4.prems(1) SyncHdAdd list.distinct(1) list.sel(1, 3)) fastforce
next
assume <y ¢ Ay and <z € 4>
with 4.prems(2) obtain tuv’
where <tuv = y # tuv’y tuv’ setinterleaves ((tu, z # v), A)
by (simp split: if-split-asm) blast
from «y ¢ Ay <z € Ay <tuv = y # tuv’s 4.prems(1)
4.hyps(5)[OF - - - <tuv’ setinterleaves ((tu, z # v), A)]
show ?case by (cases «(t, A, u)> rule: setinterleaving.cases; fastforce split:
if-split-asm,)
next
assume <y ¢ A» and «z ¢ A
with 4.prems(2) obtain tuv’
where <tuv = y # tuv’ A tuv’ setinterleaves ((tu, z # v), A) V
tuv = z # tuv’ A tuwv’ setinterleaves ((y # tu, v), A)> by auto
thus ?case
proof (elim disjE conjE)
assume <tuv = y # tuv’ tuv’ setinterleaves ((tu, z # v), A)
show Zcase
proof (cases «(t, A, u)» rule: setinterleaving.cases)
from 4.prems(1) show «(¢, A, u) = ([J, X, []) = Zcase> for X by simp
next
show «(t, A, u) = ([}, X, y' # u') = Pcase> for X y’ u’
by (metis 4.prems(1) 4.prems(2) Pair-inject emptyLeftProperty
emptyLeftSelf empty-iff empty-set ftf-Syncl ftf-Sync21)
next
show «(¢, A, u) = (z' # t', X, [|) = Zcaser for X z’ t’
by (metis (no-types, lifting) 4.prems Nil-in-shufflesI Pair-inject si-emptyl
emptyLeftNonSync emptyLeftSelf emptyRightProperty ftf-Sync21 shuf-
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fles.simps(1))
next
fix Xz/t'y' u
assume (¢, A, u) = (' # t', X, y' # v')
hence <t = 2’ # t" <u =y’ # u’» <X = A by simp-all
consider <z’ € A «y' € A |z’ € Ay’ ¢ A
| <2’ ¢ A <y’ € A | «ax’ ¢ A <y’ ¢ A by blast
thus ?Zcase
proof cases
assume <z’ € Ay y' € A
with 4.prems(1) <t =z’ # t» «u = y' # u’ <y ¢ A> have False
by (metis SyncSameHdTI list.sel(1))
thus “case by simp
next
assume <z’ € Ay <y’ ¢ A»
with /.prems(1) «t =z’ # t» «u = y' # uh
have «y’ = y» <tu setinterleaves ((z’ # t', u’), A)> by simp-all
from 4.hyps(3)[OF <y ¢ A <z ¢ A this(2) <tuv’ setinterleaves ((tu, z #
v), A)]
obtain uv where <uv setinterleaves ((u', z # v), A) A
tuv’ setinterleaves ((x’ # t/, wv), A) ..
hence «(y # wv) setinterleaves ((u, z # v), A) A tuv setinterleaves ((t, y
# uv), A
by (simp add: <«u = y' # u) <z ¢ Ay’ =y <y ¢ A <& =z' # t) <tuww
=y # tuv’)
thus ?case by blast
next
assume <z’ ¢ A <y’ € A
with 4 .prems(1) <t =z’ # t)) «u = y' # uh
have <z’ = g <tu setinterleaves ((t', y' # u’), A)> by simp-all
from /.hyps(3)[OF <y ¢ A <z ¢ As this(2) <tuv’ setinterleaves ((tu, z #
v), A)]
obtain uv where (uv setinterleaves ((y' # u', z # v), A) A
tuv’ setinterleaves ((t', uv), A)> ..
hence (uv setinterleaves ((u, z # v), A) A tuv setinterleaves ((t, uv), A)>
by (simp add: tuwv = y # tuww» <u = y' # uh 2z ¢ A
it =a' # th @' =y <y ¢ A SyncSingleHeadAdd)
thus “case by blast
next
assume <z’ ¢ A <y’ ¢ A
with 4 .prems(1) <t =z’ # t)) «u = y' # uh
have «x’ = y A tu setinterleaves ((t', y' # u’), A) V
y' = y A tu setinterleaves ((z' # t', u'), A)» by auto
thus Zcase
proof (elim disjE conjE)
assume <z’ = y» <tu setinterleaves ((t', y' # u’), A)»
from /.hyps(3)[OF <y ¢ Ay <z & Ay this(2) <tuv’ setinterleaves ((tu, z
# v), A)]

obtain uv where (uv setinterleaves ((y' # u’, z # v), A) A
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tuv’ setinterleaves ((t', uv), A)> ..
hence «uv setinterleaves ((u, z # v), A) N\ tuv setinterleaves ((t, uv), A)>
by (simp add: <z’ =y <y ¢ A <t =z’ # t)
uv = y # tww’ u =y’ # u’» SyncSingleHeadAdd)
thus ?case by blast
next
assume <y’ = y» (tu setinterleaves ((x’ # t', u’), A)»
from 4.hyps(3)[OF <y ¢ As <z ¢ A> this(2) <tuv’ setinterleaves ((tu, z
4 v), A)]
obtain uv where <uv setinterleaves ((u’, z # v), A) A
tuv’ setinterleaves ((x’ # t/, wv), A) ..
hence «(y # wv) setinterleaves ((u, z # v), A) A tuv setinterleaves ((t,
y 4 w), A)
by (simp add: <u = y' # uh «y' =y <y & A <z ¢ A <t =" # th
uv = y # tuv’)
thus ?case by blast
qed
qed
qed
next
assume <tuv = z # tuv’ <tuv’ setinterleaves ((y # tu, v), A)
from 4.hyps(4)[OF <y ¢ A> <z ¢ Ay 4.prems(1) «tuv’ setinterleaves ((y #
tu, v), A)]
obtain uv where <uv setinterleaves ((u, v), A) A tuv’ setinterleaves ((t, wv),
A) ..
hence «(z # wv) setinterleaves ((u, z # v), A) N tuv setinterleaves ((t, z #
uv), A)
by (cases u; cases t) (simp-all add: <z ¢ A> <tuv = z # tuv’)
thus ?case by blast
qed
qed
qed

lemma interleave-assoc-2:
assumes *:<uv setinterleaves ((u, v), A)> and
sk tuv setinterleaves ((t, uv), A)»
shows (3 tu. tu setinterleaves ((t, u), A) A tuv setinterleaves ((tu, v), A)>
using * xx setinterleaving-sym interleave-assoc-1 by blast

theorem Sync-assoc: <P [S] (Q [S] R) = P [S] Q [S] R» for P Q R :: <('a, 1)
Processptick?
proof (rule FD-antisym)
show <P [S] (Q [S] R) Crp P [S] Q [S] R for P Q R :: <('a, 'r) processpiick>
proof (rule failure-divergence-refine-optimizedI)
fix s assume «s € D (P [S] Q [S] R)»
from this[simplified D-Sync[of <P [S] @>]] obtain ¢t u r v
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where * : <front-tickFree v» <tickFree r V v = [ <s =1 Q v
«r setinterleaves ((t, u), range tick U ev * S)»
«teDP[S]QQ ANueTRVteDRAuweT (P[S] Q) —D (P[]
Q)
by simp (metis D-T setinterleaving-sym)
from *(5) show <s € D (P [S] (@ [S] R))»
proof (elim disjE conjF)
assume <t € D Ry and <u € T (P [S] Q) — D (P [S] Q)
from <u € T (P [S] Q) — D (P [S] Q) obtain tI ul
where sx : <u setinterleaves ((t1, ul), range tick U ev < )
«t1 € T Py «ul € T @ by (simp add: D-Sync T-Sync) blast
from interleave-assoc-1[OF xx(1)] obtain wv
where stx : <uv setinterleaves ((ul, t), range tick U ev “ S))
«r setinterleaves ((t1, uv), range tick U ev * S))
using *(4) setinterleaving-sym by blast
from xxx(1) setinterleaving-sym <t € D Ry «ul € T @ front-tickFree-Nil
have «uv € D (Q [S] R)> unfolding D-Sync by blast
with x(1, 2, 8) xx(2) *xx(2) setinterleaving-sym
show «s € D (P [S] (Q [S] R))» by (subst D-Sync) blast
next
assume <t € D (P [S] Q) and «uw € T R»
from <t € D (P [S] Q) obtain tI1 ul r! vl
where xx : <front-tickFree vl <tickFree r1 V vl = [|» <t = r1 Q vl»
«rl setinterleaves ((t1, ul), range tick U ev © S)»
«tl e DPANul €T QVileDQANul €T P»
by (simp add: D-Sync) blast
from interleave-append-left|OF (4 )[unfolded xx(3)]] obtain r' r'" v’ u"
where xxx : <r’ setinterleaves ((r1, u'), range tick U ev * S)»
(r=r"Qr’"s <u=u"Qu'"y by blast
have v’ € T Ry by (metis xxx(3) prefix] <u € T R) is-processT3-TR)
have $ : «front-tickFree (r" @ v)»
by (metis %(3) =xx(2) D-imp-front-tickFree <s € D (P [S] @ [S] R)»
front-tickFree-append-iff front-tickFree-charn tickFree-append-iff)
have $$ : «tickFree r' vV r' Q v = [
by (metis *(3) **x(2) D-imp-front-tickFree <s € D (P [S] Q [S] R)»
append.right-neutral front-tickFree-append-iff tickFree-append-iff)
have $$$ : «<s = 7' @ r'" @ v by (simp add: x(3) *xx(2))

from *x(5) show «<s € D (P [S] (Q [S] R))»
proof (elim disjE conjFE)
assume <t € D Py and <ul € T @
from interleave-assoc-1[OF xx(4) xxx(1)] obtain wv
where sk : cuv setinterleaves ((ul, u’), range tick U ev ©S))
«r’ setinterleaves ((t1, uv), range tick U ev *S)» by blast
from <u’ € T Ry sxxx(1) <ul € T @ have <wv € T (Q [S] R)
unfolding T-Sync by blast
with § $8 $8$ «xxx(2) <t1 € D P>
show «s € D (P [S] (Q [S] R))> unfolding D-Sync by blast

next
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assume <t1 € D Qy «<ul € T P>
from interleave-assoc-2[OF xx(4)] xxx(1) setinterleaving-sym obtain tu
where sk @ <ty setinterleaves ((u’, t1), range tick U ev ¢ S)
«r' setinterleaves ((tu, ul), range tick U ev ¢ S)» by blast
from «u’ € T Ry sxxx(1)[unfolded setinterleaving-sym)| front-tickFree-Nil <t1
eD
have «tu € D (Q [S] R)> unfolding D-Sync by blast
with $ $8 $38 #xxx(2) <ul € T P>
show <s € D (P [S] (Q [S] R))» unfolding D-Sync by blast

qed
qed
next
let ?Sync-set = <AX Y. (X U Y) N (range tzck U ev S) Uuxny
assume subset-div : <D (P [S] @ [S] R) €D (P[S] (Q[S] R)

fix s Z assume «(s, Z) € F (P [9] Q 5] )>
then consider (D) <s € D (P [S] Q [S] R)
| (F) t X u Y where (¢, X) € F (P [S] Q) «(u, Y) € F R <Z = ?Sync-set
XY
<s setinterleaves ((t, u), range tick U ev © S)»
unfolding F-Sync D-Sync by blast
thus «(s, Z) € F (P [S] (Q [S] R))»
proof cases
from subset-div D-F show <s € D (P [S] Q [S] R) = (s, Z) € F (P [5]
(Q [S] R))» by blast
next
case F
from F(1) consider (D1) <t € D (P [S] Q)
| (F1) t1 X1 ul Y1 where «(t1, X1) € F Py «(ul, Y1) e F @ <X =
?Sync-set X1 Y1»
<t setinterleaves ((t1, ul), range tick U ev * S)»
unfolding F-Sync D-Sync by blast
thus (s, Z) € F (P [S] (Q [S] R))
proof cases
assume <t € D (P [S] Q)
with F(2) F(4) F-T front-tickFree-Nil
have <s € D (P [S] Q [S] R)» unfolding D-Sync by blast
with subset-div D-F show (s, Z) € F (P [S] (Q [S] R))» by blast
next
case F1
from interleave-assoc-1[{OF F1(4) F(4)] obtain uv
where * : <uv setinterleaves ((ul, u), range tick U ev © S)»
<s setinterleaves ((t1, uv), range tick U ev © S)» by blast
from *(1) F(2) F1(2) have «(uv, ?Sync-set Y1 Y) € F (Q [S] R)
unfolding F-Sync by blast
with %(2) F1(1) have «(s, ?Sync-set X1 (?Sync-set Y1 Y)) € F (P [9]
(Q [ R
by (subst F-Sync) blast
also from F(3) F1(8) have «?Sync-set X1 (?Sync-set Y1 Y) = Z) by
blast
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finally show «(s, Z) € F (P [S] (Q [S] R))> -
qed
qed
qed
thus <P [S] Q [S] R Crp P [S] (Q [S] R)» by (metis Sync-commute)
qed

12.3 The Step-Laws

The step-laws describe the behaviour of the operators wrt. the multi-prefix
choice.

12.3.1 Deterministic Choice

lemma Mprefiz-Det-Mprefiz:
«(Da€e A— Pa)O(O0beB— Qb) =
Oz e (AUB) — (ifr € AN Bthen Px M Q z else if x € A then P x else Q
)
(is «?lhs = %rhs))
proof (subst Process-eq-spec, safe)
show (s € D ?lhs = s € D ?rhs) for s
by (cases s) (auto simp add: D-Det D-Ndet D-Mprefiz)
next
show (s € D %rhs = s € D ?lhs) for s
by (auto simp add: D-Det D-Ndet D-Mprefiz split: if-split-asm)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs) for s X
by (cases s) (auto simp add: F-Det F-Ndet F-Mprefiz)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (cases s) (auto simp add: F-Det F-Ndet F-Mprefix split: if-split-asm)
qed

corollary Mprefixz-Un-distrib:
(O0a€ (AUB) > Pa=(0a€ A— Pa)O(Obe B— Pb)p
by (simp add: Mprefiz-Det-Mprefiz) (rule mono-Mprefiz-eq, simp)

12.3.2 Non-Deterministic Choice

lemma Mprefiz-Ndet-Mprefix :
(ODa€eA—Pa)nn(Obe B— Qb)) =
(ODae(A-—B)—-Pa)nN(0be(B—A) - Qb 0((0Dze(ANDB)— PznN
Q )
(is «<?lhs = %rhsy)
proof (subst Process-eq-spec, safe)
show <s € D ?lhs = s € D ?rhs) and <s € D ?rhs =—> s € D ?lhs) for s
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by (auto simp add: D-Ndet D-Mprefiz D-Det)
next
show «(s, X) € F %lhs = (s, X) € F ?rhs»
and (s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (cases s; auto simp add: F-Ndet F-Det F-Mprefiz: D-Mprefiz D-Ndet T-Ndet)+
qed

12.3.3 Sliding Choice

lemma Mprefiz-Sliding-Mprefix :
«(Oae A —- Pa)>(0beB— Qb)) =
(Oz € (AUB) = (ifr € AN Bthen Pz Qxelseif v € A then P x else Q
z)) M
(Obe B— (ifbe Athen PbT Qb else Qb))
(is <?lhs = ?rhs»)
— It is not so much a “step law” as a rewriting.
proof (subst Process-eq-spec, safe)
show «s € D ?lhs = s € D %rhs»
and <s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-Sliding D-Mprefiz D-Ndet split: if-split-asm)
next
show «(s, X) € F ?lhs = (s, X) € F %rhs» for s X
by (cases s) (auto simp add: F-Sliding F-Mprefix F-Ndet)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs) for s X
by (cases s) (auto simp add: F-Sliding F-Mprefix F-Ndet split: if-split-asm)
qed

corollary Mprefiz-Sliding-superset-Mprefix :
«(O0ee A — Pa)>(O0be B— Qb =
Obe B— (ifbe Athen PbM Qb else Qb)) if <A C B
— This one (with the additional assumption A C B) is a “step law”.
proof —
have «(Oac A - Pa) > (Obe B— Qb) =
(Obe B— (ifbe ANBthen PbM Q belseif b € A then P b else Qb)) I
(Obe B— (ifbe Athen PbM Qb else Qb))
by (simp add: Mprefiz-Sliding-Mprefiz Un-absorbl <A C B»)
also have «(O0b € B — (ifbe AN Bthen PbMN Qb else if b € A then P b else
Qb)) =
Obe B— (ifbe Athen PbM Qb else Q b)
by (rule mono-Mprefiz-eq) simp
finally show «(Oa€ A — Pa) > (Obe B— Qb) =
Obe B— (ifbe Athen PbM Qb else @ b)y by simp
qed

corollary Mprefiz-Sliding-same-set-Mprefix :
«(O0ae A - Pa)>(0a€A— Qa)=0Oa€e A — Pal Qo
by (simp add: Mprefiz-Sliding-superset-Mprefiz)
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(rule mono-Mprefiz-eq, simp)

12.3.4 Sequential Composition

lemma Mprefiz-Seq: <Dda € A - Pa; Q=0a€ A— (Paj; Q)
proof (subst Process-eq-spec-optimized, safe)
show<seD(0a€eA—Pa; Q)=secD((daed— (Pa; Q) fors
by (cases s; simp add: D-Seq D-Mprefix T-Mprefiz image-iff)
(metis eventpy;ck.distinct(1) hd-append list.sel(1, 3) tl-append?)
next
show (s € D (OacAd — (Pa; Q) = s€ D (Oa€ A — Paj; Q) for s
by (cases s; simp add: D-Seq D-Mprefiz T-Mprefiz image-iff ) (metis append-Cons)
next
show «(s, X) € F (a€d —- (Pa; Q) = (s, X) e F(Qa € A— Pa; Q)
for s X
apply (cases s; simp add: F-Mprefix T-Mprefix D-Mprefiz F-Seq disjoint-iff
image-iff)
by blast (metis Cons-eg-appendl eventyt;ci.disc(1))
next
assume same-div: <D (Da € A - Pa; Q) =D (0a€ A— (Paj; Q)
show (s, X) e F(ODa€ A - Pa; Q) = (s, X) e F(Oa€ A— (Pa; Q)
for s X
apply (simp add: F-Seq, elim disjE exE conjE)
subgoal by (cases s; simp add: F-Mprefix image-iff F-Seq; blast)
subgoal by (cases s; simp add: F-Mprefix T-Mprefix F-Seq image-iff)
(metis append-self-conv2 eventpyick.simps(4) hd-append?2 list.sel(1, 3)
tl-append-if)
using same-div D-F D-Seq by blast
qed

12.3.5 Hiding

We use a context to hide the intermediate results.

context begin

Two intermediate Results

private lemma D-Hiding-Mprefiz-dir2:
<seD(@0ac€A—-Pa\SHif<seD (Oac(A—-S5) = (Pa\ IS
proof —
from that obtain a s’
where x : <a € Ay <ag¢ Sr«s=eva# sHh ' €D (Pa\S)H
by (auto simp add: D-Mprefix)
from *(4) obtain t u
where s : <ftF w» «tF t» <8’ = trace-hide t (ev * S) Q w»
<t € D (Pa)V (3 f. isInfHiddenRun f (P a) S A t € range f)
by (simp add: D-Hiding) blast
from *x(4) show «<s € D (Da€ A — Pa\ S)
proof (elim disjF)
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assume (¢t € D (P a)
hence <tF (ev a # t) A s = trace-hide (ev a # t) (ev ' S) @ u A
eva # t €D (Mprefixr A P)»
by (simp add: *(1, 2, 3) *xx(2, 3) image-iff[of <ev a>] D-Mprefiz)
show ¢s € D (Mprefit A P\ S)
unfolding D-Hiding using #x(1) «?this> by blast
next
assume <3 f. isInfHiddenRun f (P a) S A t € range f»
then obtain f where #xx : <isInfHiddenRun f (P a) S» <t € range f» by blast
hence «tF (ev a # t) A s = trace-hide (ev a # t) (ev ' S) @ u A
isInfHiddenRun (Xi. ev a # f1i) (Mprefix A P) S A
eva # t € range (Ai. eva # fi)
by (auto simp add: %(1, 2, 3) *x(2, 3) image-iff [of <ev @]
T-Mprefix strict-mono-Suc-iff)
show «s € D (Mprefit A P\ S)»
unfolding D-Hiding using #x(1) «?this> by blast
qed
qed

private lemma F-Hiding-Mprefix-dir2:
(s, X\) e F(Oac A—Pa\S)Hif<s#[pand «(s, X) € F (Qae (4 - 59)
= (Pa\ Sy
proof —
from that obtain a s’
where x: <a € Ay ag¢ S s =eva#sH«(s, X)e F(Pa\S)
by (auto simp add: F-Mprefiz)
from x(4) consider <s’ € D (P a \ S)
| t where <s’ = trace-hide t (ev * S)» «(t, X Uev ‘S) € F (P a)
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F (Mprefix A P\ S)
proof cases
assume s’ € D (Pa\ S)
then obtain ¢ u
where *x : <ftF' u> (tF t»
s’ = trace-hide t (ev © S) Q w»
<t € D (Pa)V (3 f. isInfHiddenRun f (P a) S At € range f)»
by (simp add: D-Hiding) blast
from *x(4) show «(s, X) € F (Mprefit A P\ S)
proof (elim disjE)
assume <t € D (P a)
hence (tF' (ev a # t) A s = trace-hide (ev a # t) (ev °S) @ u A
eva # t € D (Mprefix A P)»
by (simp add: (1, 2, 3) *xx(2, 3) D-Mprefiz image-iff[of <ev a])
show «(s, X) € F (Mprefizt A P\ S)
unfolding F-Hiding using *x(1) «?this> by blast
next
assume <3 f. isInfHiddenRun f (P a) S A t € range [>
then obtain f where (isInfHiddenRun f (P a) S» <t € range f> by blast
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hence (tF (ev a # t) A s = trace-hide (ev a # t) (ev *S) @ u A
(isInfHiddenRun (Ni. ev a # f1i) (Mprefix A P) S A
ev a # t € range (Ai. ev a # fi))
by (auto simp add: (1, 2, 3) *x(2, 3) monotone-on-def T-Mprefix)
show «(s, X) € F (Mprefix A P\ S)»
unfolding F-Hiding using *x(1) «?this) by blast
ged
next
fix t assume *x : s’ = trace-hide t (ev * S)» «(t, X Uev ‘S) € F (P a)
have (s = trace-hide (eva # t) (ev ‘S) A (eva # t, X U ev * S) € F (Mprefix
A P)
by (simp add: *(1, 2, 3) *x F-Mprefix image-iff)
show «(s, X) € F (Mprefizt A P\ S)
unfolding F-Hiding using < ?this» by blast
qed
qed

(\) and Mprefiz for disjoint Sets

theorem Hiding-Mprefix-disjoint:
(da€e A— Pa\S=0aeAd— (Pa\ S
(is «<%lhs = ?rhsy) if disjoint: <A N S ={p
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
then obtain ¢ u
where * : ftF w <tF ¢y s = trace-hide t (ev * S) Q w
<t € D (Mprefix A P) vV
(3 f. isInfHiddenRun f (Mprefit A P) S A t € range )
by (simp add: D-Hiding) blast
from *(4) show «s € D ?rhs
proof (elim disjE)
assume <t € D (Mprefiz A P)»
then obtain a ¢’ where *x : <a € 4> <a ¢ S» <t = eva # th «t' € D (P a)
by (simp add: D-Mprefix) (metis disjoint-iff disjoint)
have «ftF u A tF t' A trace-hide t' (ev © S) Q u = trace-hide t' (ev * S) @ u A
t' € D (P a)
apply (simp add: x(1) xx(4))
using *(2) *x(3) tickFree-Cons-iff by blast
show «s € D ?rhs»
apply (simp add: D-Mprefiz *(3) »x(1, 2, 3) image-iff [of <ev -)] D-Hiding)
using < ?this» by blast
next
assume <3 f. isInfHiddenRun f (Mprefix A P) S A t € range f>
then obtain f where *x : <isInfHiddenRun f (Mprefiz A P) S»
<t € range f> by blast
from (1) T-Mprefiz obtain a
where sx : <a € A <a & S) <f (Suc 0) # [p <hd (f (Suc 0)) = ev a»
by (simp add: T-Mprefiz)
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(metis disjoint disjoint-iff list.sel(1) nil-less strict-mono-Suc-iff)
from xx(1)[THEN conjunct2, THEN conjunct2, rule-format, of 1]
wx(1)[simplified isInfHiddenRun-1] xxx(1, 4) disjoint
have sxxx : «fj £ [] A hd (fj) = ev @ for j
using xx(1)[THEN conjunct2, THEN conjunctl, rule-format, of j]
apply (cases «f 1»; simp add: T-Mprefixz xxx(8) split: if-split-asm)
by (metis Nil-is-append-conv filter.simps(1)
hd-append?2 list.distinct(1) list.sel(1)) blast
then obtain ¢’ where <t = ev a # t"
by (metis xx(2) list.ezhaust-sel rangekE)
hence (tF t' A trace-hide t' (ev  S) @ u = trace-hide t’ (ev *S) Q u A
isInfHiddenRun (Mi. tl (fi)) (P a) S A t' € range (Ai. tl (f©))
apply (simp, intro conjl)
using *(2) tickFree-Cons-iff apply blast
apply (meson xx(1) ssxx less-tail strict-mono-Suc-iff)
using xx(1) apply (simp add: T-Mprefiz ssxsx)
apply (metis sk eventyy;ck.inject(1) list.sel(1, 8))
apply (subst (1 2) list.collapse[OF sxxx[ THEN conjunctl], symmetric|)
apply (metis (no-types, lifting) *x(1) sxxx filter.simps(2) list.ezhaust-sel
list.sel(3))
by (metis (no-types, lifting) *x(2) image-iff list.sel(3))
show «s € D ?rhs»
apply (simp add: D-Mprefiz *(3) image-iff [of <ev @3] xxx(1, 2) D-Hiding <t
=eva#th)
using (1) «%this> by blast
qed
next
show (s € D %rhs = s € D ?lhs) for s
by (simp add: D-Hiding-Mprefiz-dir2 Diff-triv that)
next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume <(s, X) € F ?lhs
then consider «s € D ?lhs
| t where <s = trace-hide t (ev < S)» «(t, X U ev * S) € F (Mprefiz A P)»
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F ?rhs
proof cases
from same-div D-F show <s € D ?lhs = (s, X) € F ?rhs) by blast
next
fix ¢ assume * : (s = trace-hide t (ev * S) «(t, X U ev * S) € F (Mprefiz A
P)»
show (s, X) € F ?rhs»
proof (cases <t = []»)
from * show <t =[] = (s, X) € F %rhs
by (auto simp add: F-Mprefix)
next
assume <t # [
with x(2) disjoint obtain a t’
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where xx : <a € Ay <a ¢ S <t=eva#th«(t)h X Uev‘S)eF (Pa)y
by (cases t, auto simp add: F-Mprefiz)
show «(s, X) € F %rhs
apply (simp add: F-Mprefiz x(1) (1, 2, 3) image-iff [of <ev @)])
by (simp add: F-Hiding, rule disjl1, auto simp add: **(4))
qed
qed
next
from disjoint show «(s, X) € F ?rhs = (s, X) € F ?lhs> for s X
apply (cases s = [])
apply (simp add: F-Mprefiz F-Hiding disjoint-iff,
metis eventyick.inject(1) filter.simps(1) imageFE)
by (simp add: Diff-triv F-Hiding-Mprefix-dir2)
qed

(\) and Mprefix for non disjoint Sets

theorem Hiding-Mprefiz-non-disjoint:
— Rework this proof
«da€eA—Pa\S=(0ac(A-S5) = (Pa\S)>(Mac(ANS). (Pa\
S))»
(is «<%lhs = ?rhsy) if non-disjoint: <A N S # {}
proof (subst Process-eq-spec-optimized, safe)
fix s
assume <s € D ?lhs»
then obtain ¢ u
where * : ftF w <tF ¢y s = trace-hide t (ev * S) Q w
<t € D (Mprefix A P) v (3 f. isInfHiddenRun f (Mprefixt A P) S A t € range
o
by (simp add: D-Hiding) blast
from *(4) show «s € D ?rhs
proof (elim disjE)
assume <t € D (Mprefiz A P)»
then obtain a ¢’ where *x : <a € A <t = eva # th <t' € D (P a)
by (auto simp add: D-Mprefix)
have «tF t' A (if a € S then s else tl s) = trace-hide t' (ev * S) @ u A
(t' € D (Pa)V (3f. isinfHiddenRun f (P a) S A t’ € range f))»
using *(2) *x(2, 3) by (auto simp add: %(1, 8) *x(2) image-iff)
with *(1) have sxx : «(if a € S then selsetls) € D (P a\ S)
by (simp add: D-Hiding) blast
show «s € D ?rhs»
proof (cases <a € S)
assume <a € S»
hence (¢ € A N S by (simp add: *x(1))
with x#x show ¢<s € D ?rhs»
by (auto simp add: D-Sliding D-GlobalNdet)
next
assume <a ¢ S»
hence <a € A — S) by (simp add: *x(1))
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with #sx show (s € D ?rhs»
by (auto simp add: D-Sliding D-Mprefix *(83) *x(2) image-iff)
qed
next
assume <3 f. isInfHiddenRun f (Mprefixt A P) S A t € range f»
then obtain f
where *x : <isInfHiddenRun f (Mprefir A P) Sy «t € range f> by blast
obtain k& where <t = f k> using *x(2) by blast
show <s € D ?rhs»
proof (cases <f 0 = []»)
assume (f 0 = []»
hence <f 1 # [
by (metis xx(1) One-nat-def monotoneD nil-less zero-less-Suc)
with xx(1)[THEN conjunct2, THEN conjunctl, rule-format, of 1]
obtain a where *xx : <a € A «(f1 # [p <hd (f1) = ev
by (auto simp add: T-Mprefiz)
have #xxx : (0 < j= fj# [ A hd (fj) = ev a) for j
proof (induct j rule: nat-induct-non-zero)
from *xx(2, 3) show «f 1 # [| A hd (f 1) = ev a> by blast
next
case (Suc j)
have «j < Suc j» by simp
from «x(1)[THEN conjunctl, THEN strict-monoD, OF this]
obtain v where «f (Suc j) = fj @ v» by (meson strict-prefizE’)
thus ?case by (simp add: Suc.hyps(2))
qed
from #xx(1) have sxxxx: <a € A N S
by simp (metis (no-types, lifting) *x(1) *xx(2, 3)
«f 0 =[P empty-filter-conv eventy;cr.inject(1)
filter.simps(1) image-iff list.set-sel(1))
have «(if i = 0 ANt =[] then [] else tl (f (Suci))) € T (P a)» for ¢
proof —
from *x(1) *xxxx[of «Suc iv] have «tl (f (Suc 7)) € T (P a)
by (auto simp add: T-Mprefiz)
thus «(if i = 0 At =[] then [] else tl (f (Suc 7)) € T (P a)» by simp
qed
hence sxxxxk
ftF u A tF (tLt) A s = trace-hide (tl t) (ev * S) @ u A
isInfHiddenRun (Mi. if i = 0 A t =[] then [] else ¢l (f (Suc 7)) (P a) S A
tht € range (Ni. if i = 0 At =[] then [] else tl (f (Suc 7))
apply (intro conjl)
apply (use x(1) in blast)
apply (metis *(2) tickFree-tl)
apply (metis #(3) xx(1) <f 0 = [|» <t = f k» empty-filter-conv
filter.simps(1) list.sel(2) list.set-sel(2))
apply (simp add: monotone-on-def,
metis «x(1) strict-prefiz-simps(1) Suc-less-eq less-tail
nil-le nless-le not-less-less-Suc-eq strict-monoD)
apply blast
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apply (simp, metis **(1) sxxx <f 0 = []> empty-filter-conv
filter.simps(1) list.set-sel(2) zero-less-Suc)
by (simp add: image-iff,
metis Suc-pred <f 0 = [» <t = f k> bot-nat-0.not-eq-extremum)
have ca e ANSAseD(Pal\S)
apply (simp add: D-Hiding sxxxx[simplified))
using s#*xxxx by blast
hence <s€ D (Ma € (AN S). (Pa\ S)) by (simp add: D-GlobalNdet) blast
thus «s € D ?rhsy by (simp add: D-Sliding)
next
assume <f 0 # [
with #x(1)[THEN conjunct2, THEN conjunctl, rule-format, of 0]
obtain a where *xx : <a € A <f0 £ [ <hd (f0) = ev @
by (auto simp add: T-Mprefiz)
have #xxx : «(fj £ [| A hd (fj) = ev a» for j
proof (induct j)
from xxx(2, 3) show <f 0 # [| A hd (f 0) = ev a» by blast
next
case (Suc j)
have j < Suc j» by simp
from xx(1)[THEN conjunct!, THEN strict-monoD, OF this]
obtain v where <f (Suc j) = fj Q v» by (meson strict-prefizE")
thus ?case by (simp add: Suc.hyps(1))
qed
show «s € D ?rhs»
proof (cases <a € S»)
assume <a € S
hence <a € AN S» by (simp add: *xx(1))
have <tF (¢l t) A s = trace-hide (tl t) (ev *S) @ u A
isInfHiddenRun (Xi. tl (fi)) (P a) S A tlt € range (Mi. tl (fi))
apply (simp add: %(3), intro conjl)
apply (metis x(2) tickFree-tl)
apply (cases t; simp; metis xxxx <a € S» <t = f ky image-iff list.sel(1))
apply (meson xx(1) sxxx less-tail strict-mono-Suc-iff)
using #x(1) apply (simp add: T-Mprefix sx*x)
apply (metis sxxx eventpyic.inject(1) list.sel(1, 3))
apply (metis (no-types, lifting) *x(1) sxx* filter.simps(2) list.ezhaust-sel
list.sel(8))
using *x(2) by blast
have <s € D (Mae (AN S). (Pa\ S
apply (simp add: D-GlobalNdet D-Hiding)
using *(1) <a € AN S» «?this) by blast
thus «s € D ?rhsy by (simp add: D-Sliding)
next
assume <a ¢ S»
have «tF (tl t) A trace-hide (tl t) (ev *S) Q u = trace-hide (tl t) (ev ¢ S)
Q@ u A
isInfHiddenRun (Ai. tl (f4)) (P a) S A tlt € range (Ai. tl (f 1))
apply (simp add: *(3), intro conjl)
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apply (metis %(2) tickFree-tl)
apply (meson *x(1) s*xx less-tail strict-mono-Suc-iff)
using *x(1) apply (simp add: T-Mprefix )
apply (metis sxsx eventpy;cp.inject(1) list.sel(1, 8))
apply (metis (no-types, lifting) xx(1) sxxx filter.simps(2) list.ezhaust-sel
list.sel(8))
using *x(2) by blast
from <a ¢ S> have<s € D (Oa e (A —8S) - (Pa\ S,
apply (simp add: D-Mprefiz %(8) <t = fk»)
using k(1) skkx[of k|
apply (cases «f k»; simp add: <a ¢ S» image-iff[of <ev @] D-Hiding)
using «?this) by (metis x(1) <t = f k> list.sel(3))
thus <s € D ?rhsy by (simp add: D-Sliding)
qed
qed
qed
next
fix s
assume <s € D rhs»
then consider «<s € D (ODa € (A —S) = (Pa\ S
|<seD(Mae (ANS). (Pa\S)) by (simp add: D-Sliding) blast
thus s € D ?lhs
proof cases
show «<s € D (Oae€ (A—-S) = (Pa\ S)) = s €D ?%hs
by (rule D-Hiding-Mprefiz-dir2)
next
assume <s € D (Ma € (AN S). (Pa\ S))
then obtain a where * : <a € A <a€ > «<s€ D (Pa\ S)
by (auto simp add: D-GlobalNdet)
from *(3) obtain t u
where #x : (ftF' uy <tF t» s = trace-hide t (ev * S) Q w)
<t € D (Pa)V (3 f. isInfHiddenRun f (P a) S A t € range f)»
by (simp add: D-Hiding) blast
from *x(4) show <s € D ?lhs»
proof (elim disjE)
assume <t € D (P a)
hence $ : <(tF' (eva # t) Neva # t € D (Mprefix A P) A
s = trace-hide (ev a # t) (ev *S) Q w
by (simp add: *(1, 2) *x(2, 3) D-Mprefiz)
show «s € D ?lhs)
apply (simp add: D-Hiding)
using $ *x(1) by blast
next
assume <3 f. isInfHiddenRun f (P a) S A t € range f>
then obtain f where <isInfHiddenRun f (P a) S» <t € range > by blast
hence $ : «(tF (eva # t) A
s = trace-hide (ev a # t) (ev ©°S) @ u A
isInfHiddenRun (\i. ev a # f1i) (Mprefix A P) S A
eva # t € range (Ai. ev a # fi)
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by (auto simp add: (1, 2) *x(2, 3) monotone-on-def T-Mprefiz)
show «s € D ?lhs)
apply (simp add: D-Hiding)
using $ xx(1) by blast
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume «(s, X) € F ?lhs
then consider «s € D ?lhs»
| t where <s = trace-hide t (ev < S)» «(t, X U ev *S) € F (Mprefix A P))
by (simp add: F-Hiding D-Hiding) blast
thus «(s, X) € F ?rhs
proof cases
from D-F same-div show s € D %lhs = (s, X) € F ?rhs)» by blast
next
fix t assume x : <s = trace-hide t (ev * S) «(t, X U ev *S) € F (Mprefiz A
P)
from %(2) consider <t = [p «(X Uev ‘S)Nev‘A={}p
| a t’ where <a € A <t =eva# th«(t, X Uev‘S)eF (Pa)
by (auto simp add: F-Mprefix)
thus «(s, X) € F ?rhs
proof cases
show <t =[] = (X Uev‘S)Nev‘A={} = (s, X) € F ?rhs
using (1) by (auto simp add: F-Sliding F-GlobalNdet)
next
fix a t'assume xx : <a € Ay <t =eva#th «(t, X Uev‘S)eF (Pa)
show «(s, X) € F ?rhs
proof (cases <a € S)
show «a € § = (s, X) € F %rhs
using (1) #x by (auto simp add: F-Sliding F-GlobalNdet F-Hiding)
next
show <a ¢ S = (s, X) € F %rhs»
using (1) (1, 2, 3) by (auto simp add: F-Sliding F-Mprefix F-Hiding)
qed
qed
qed
next
fix s X
assume same-div : <D ?lhs = D ?rhs
assume «(s, X) € F ?rhs
then consider (s, X) e F (Ma € (AN S). (Pa\ S
|<s# [ «(s,X) e F(Oaec(A—-8)—= (Pa\ S
by (auto simp add: F-Sliding)
thus «(s, X) € F ?lhs
proof cases
assume (s, X) € F (Ma € (AN S). (Pa\ Sy
then obtain a where x : <a € Ay <a € S «(s, X) e F(Pa\ S)
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by (simp add: F-GlobalNdet non-disjoint) blast
from x(3) consider <s € D (P a \ S)
| t where <s = trace-hide t (ev *S)» «(t, X Uev ‘S) € F (P a)
by (simp add: F-Hiding D-Hiding) blast
thus (s, X) € F ?lhs
proof cases
assume <s € D (Pa \ S)
then obtain ¢ u
where s : (ftF' uy <tF ) <s = trace-hide t (ev * S) @ w»
<t € D (Pa)V (3 f. isInfHiddenRun f (P a) S A t € range f)»
by (simp add: D-Hiding) blast
from (4 ) show «(s, X) € F ?lhs»
proof (elim disjE)
assume <t € D (P a)
hence $ : (tF (ev a # t) A s = trace-hide (ev a # t) (ev ' S) @ u A
eva # t €D (Mprefix A P))
by (simp add: D-Mprefiz (1, 2) %x(2, 8) image-iff[of <ev a])
show «(s, X) € F ?lhs
apply (simp add: F-Hiding)
using $ *x(1) by blast
next
assume <3 f. isInfHiddenRun f (P a) S A t € range f»
then obtain f where <isInfHiddenRun f (P a) S <t € range f> by blast
hence $ : «(tF (ev a # t) N s = trace-hide (ev a # t) (ev ' S) Q u A
isInfHiddenRun (\i. ev a # f1i) (Mprefixt A P) S A
ev a # t € range (Ai. ev a # f1i)
by (simp add: T-Mprefiz x(1, 2) xx(2, 3)
image-iff [of <ev @] monotone-on-def) blast
show «(s, X) € F ?lhs
apply (simp add: F-Hiding)
using $ *x(1) by blast
qed
next
fix ¢ assume <s = trace-hide t (ev * S) «(t, X Uev *§) € F (P a)
hence (s = trace-hide (ev a # t) (ev *S) A
(eva#t, X Uev‘S) e F (Mprefizt A P)»
by (simp add: x(1, 2) F-Mprefiz)
show «(s, X) € F ?lhs
apply (simp add: F-Hiding, rule disjl1)
using <« ?thisy by blast
qed
next
show (s # | = (s, X) e F(Oae (A - 5) = (Pa\9) = (s, X) e F
2lhs»
by (rule F-Hiding-Mprefiz-dir2)
qed
qed

end
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12.3.6 Synchronization

lemma Mprefix-Sync-Mprefiz-bis :
«(Mprefix (AU A’) P [S] Mprefiz (BU B’) Q =
(OacA — (P a [S] Mprefix (B U B') Q))
O (0beB — (Mprefic (AU A") P [S] Qb))
0O (Oze(A'Nn By =» (Pz [S] Q)
(is «<?lhs AA'"PBB' Q= %hs A A" P BB @)
if sets-assms: <AN S ={hH A CSHBNS={hHB'CS
for P Q :: <'a = ('a, 'r) processpiick?
proof (subst Process-eq-spec-optimized, safe)
fix s X
assume (s, X) € F (?lhs A A’ P BB’ Q)
and same-div : <D (?lhs AA’PBB’' Q) =D (?rhs A A’ P BB’ Q)
from this(1) consider (fail) s-P s-Q X-P X-Q
where (s-P, X-P) € F (Mprefir (A U A’) P)» «(s-Q, X-Q) € F (Mprefix (B
U B’) Q)
<s setinterleaves ((s-P, s-Q), range tick U (ev © S))»
«X = (X-P U X-Q) N (range tick U (ev * S)) U X-P N X-Q»
| <s€ D (?lhs A A’ P B B Q)
by (simp add: F-Sync D-Sync) blast
thus «(s, X) € F (rhs A A’ P B B’ Q)»
proof cases

case fail

show «(s, X) € F (¢rhs A A’ P B B’ Q)

proof (cases <Ir. s =[] V hd s = tick 1)
case True

with fail(1, 2, 3) have #x : <s = [| A s-P =[] A s-Q = [|»
by (cases s-P; cases s-Q; force simp add: F-Mprefix subset-iff split: if-split-asm)
with fail(1, 2, 4) sets-assms(1, 3) show «(s, X) € F (rhs A A’ P B B’ Q)
by (auto simp add: subset-iff F-Det D-Det T-Det F-Mprefix image-Un)
next
case Fulse
then obtain e where #xx : <s # [ <hd s = ev &> by (meson eventp;cy.exhaust)
from fail(1, 2, 3) *xx sels-assms consider
te€ ANsP#[ANhds-P=eveA (tls-P, X-P) € F (Pe) A
tl s setinterleaves ((tl s-P, s-Q), range tick U (ev * S))» |
(e € BASsQ#[Nhds-Q=eveA (ts-Q, X-Q) € F(Qe)A
tl s setinterleaves ((s-P, tl s-Q), range tick U (ev *S))» |
e€ A’Ne€ B ANs-P#[Ns-Q#[ANhds-P=cveAhdsQ=ceveA
(tl s-P, X-P) € F (P e) A
(tl s-Q, X-Q) € F (Q e) A tl s setinterleaves ((tl s-P, tl s-Q), range tick U
(ev “ )
by (cases s-P; cases s-Q) (simp-all add: F-Mprefix split: if-split-asm, safe,
auto)
thus «(s, X) € F (9rhs A A’ P B B’ Q)
apply cases
apply (simp-all add: F-Det xxx(1))
apply (rule disjl1, simp add: F-Mprefix «xx, simp add: F-Sync)
apply (rule exI|of - €], rule exI[of - <tl s3], simp, intro conjl)



198 CHAPTER 12. ALGEBRAIC RULES OF CSP

apply (metis xxx(1) *xx(2) list.exhaust-sel)

using fail(2, /) apply blast

apply (rule disjI2, rule disjl1, simp add: F-Mprefiz x*, simp add: F-Sync)
apply (rule exI|of - €], rule exI[of - <tl s3], simp, intro conjl)

apply (metis *xx(1) *xx(2) list.exhaust-sel)

using fail(1, 4) apply blast

apply (rule disjI2, rule disjI2, simp add: F-Mprefiz xxx F-Sync)
apply (rule exI|of - €], rule exI[of - <tl s»], simp, intro conjl)
apply (metis *xx(1) *xx(2) list.ezhaust-sel)
using fail(4) by blast
qed
next
show «<s € D (?lhs A A’ PBB' Q) = (s, X) € F (9rhs A A’ P B B’ Q)
using same-div D-F by blast
qed
next

fix s X
(fixPQAA BB
assume assms : <s # [ «(s, X) € F (Oz € A — (P z [S] Mprefix (B U B)
Q)
ANS={pA'CSHBNS={hHB'CH
and same-div : <D (?lhs AA’PBB' Q) =D (?rhs A A’ P BB’ Q)
from assms(1, 2) obtain e
where * : <e € Ay <hd s = ev e «(tl s, X) € F (P e [S] Mprefiz (B U B
Q)
by (auto simp add: F-Mprefix)
from x assms(1) consider (fail) s-P s-Q X-P X-Q
where «(s-P, X-P) € F (P e)» «(s-Q, X-Q) € F (Mprefix (B U B’) Q)
«tl s setinterleaves ((s-P, s-Q), range tick U (ev © S))
«X = (X-P U X-Q) N (range tick U (ev < S)) U X-P N X-Q»
| <s € D (Oz € A — (P [S] Mprefix (B U B') Q))»
by (simp add: F-Sync D-Mprefix D-Sync) (metis (no-types) list.collapse)
hence (s, X) € F (?lhs A A’ P B B’ Q)»
proof cases
case fail
show «(s, X) € F (?lhs A A’ P B B’ Q)
apply (simp add: F-Sync, rule disjI1)
apply (rule exI[of - <ev e # s-P>], rule exI|of - s-Q],
rule exI[of - X-P), intro conjl)
apply (simp add: F-Mprefix image-iff (1) fail(1))
apply (rule exI[of - X-Q), simp add: fail(2, 4))
apply (subst list.collapse[OF assms(1), symmetric])
using (1, 2) fail(3) assms(3) by (cases s-Q) auto
next
assume <s € D (Oz€A — (P z [S] Mprefix (B U B) Q)
hence (s € D (?lhs A A’ P B B’ Q)» by (simp add: same-div D-Det)
thus «(s, X) € F (?lhs A A’ P B B’ Q)» using D-F by blast



12.3. THE STEP-LAWS 199

qged
} note * = this

{ assume assms : <s # [|» «(s, X) € F (Oze(A'Nn B') = (P z [S] Q z))»
and same-div : <D (?lhs AA’PBB’ Q) =D (?rhs A A’ P BB’ Q)
then obtain e where * : <¢e € A <e € B <hd s =ev e «(tls, X) € F (Pe
[5] Q@ e)
by (auto simp add: F-Mprefix)
have inside: <e € S» using *(2) that(4) by blast
from * assms(1) consider (fail) s-P s-Q X-P X-() where
«(s-P, X-P) € F (Pe) «(s5-Q, X-Q) € F (Q e)»
«tl s setinterleaves ((s-P, s-Q), range tick U (ev *S))»
«X = (X-P U X-Q) N (range tick U (ev *S)) U X-P N X-Q»
| «<s € D (Oze(A'N B’y = (P xz [S] Q z))»
by (simp add: F-Sync D-Mprefix D-Sync) (metis (no-types) list.collapse)
hence «(s, X) € F (?lhs A A’ P B B' Q)»
proof cases
case fail
show «(s, X) € F (?lhs A A’ P B B' Q)
apply (subst list.collapse| OF assms(1), symmetric|, simp add: F-Sync %(3),
rule disjI1)
apply (rule exI[of - <ev e # s-P>], rule exI[of - <ev e # s-Q])
apply (rule exI[of - X-P], intro conjl, simp add: F-Mprefix (1) fail(1))
by (rule exI[of - X-Q]) (use fail(3) in <simp add: %(2) fail(2, 4) inside
F-Mprefizy)
next
assume <s € D (dze(A'N By —» (Pz [S] Q z))»
hence s € D (?lhs A A" P B B’ Q)» by (simp add: same-div D-Det)
thus «(s, X) € F (?lhs A A’ P B B’ Q)» using D-F by blast
qed
} note #x = this

have xsxx : <X Nev ‘(A'NBY={}=XNe ‘ A={}=XnNne ‘B={}
_—
(], X) € F (9lhs A A’ P BB Q)
apply (simp add: F-Sync, rule disjl1)
apply (rule exI[of - «[]»], rule exI[of - «[]}], simp add: F-Mprefix)
apply (rule exI[of - <X — (ev * (A" — B'))], intro conjl, fastforce)
apply (rule exI[of - <X — (ev * (B’ — A"))], intro conjl, fastforce)
using sets-assms(2, 4) by auto

assume same-div : <D (?lhs A A’ PBB' Q) =D (%rhs A A’ P B B’ Q)
hence same-div-sym : <D (?lhs BB’ Q A A’ P) =D (rhs BB’ Q A A’ P))
by (subst Sync-commute, subst Int-commute, subst Det-commute, simp add:
Sync-commute)
show «(s, X) € F (?rhs A A’ PBB' Q) = (s, X) € F (?lhs A A’ P B B’ Q)
apply (unfold F-Det, safe, simp-all)
apply (rule xxx; simp add: F-Mprefix)
apply (rule x; simp add: sets-assms same-div)
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apply (subst (asm) Sync-commute, subst Sync-commute)
apply (rule x; simp add: sets-assms same-div-sym)
apply (erule xx, assumption, rule same-div)

apply (simp add: D-Mprefix D-Det)[1]

by (simp add: T-Mprefiz T-Det)

next

{fixsturvand P Q :: <'a = ('a, 'r) processptick> and A A’ B B’
assume assms : (ftF vy <tFr Vv =1[p s =rQ v
«r setinterleaves ((t, u), range tick U (ev © S))»
«t € D (Mprefix (AU A') P)y <u € T (Mprefiz (B U B’) Q)
ANS={pA'CSHBNS={hHB'CH
from assms(5) obtain e where * : <t £ [) <hdt = eve» «tlt € D (P e)» <e
€ AVvee A)
by (force simp add: D-Mprefiz)
have nonNil: «r Z[| A s # [
using (1) assms(3, 4) empty-setinterleaving by blast
have «s € D (%rhs A A’ P B B’ Q)
proof (cases <u = []»)
case True
hence <hd s = ev ey by (metis x(2) EmptyLeftSync setinterleaving-sym
assms(8, 4) hd-append nonNil)
also from (1, 2, 4) setinterleaving-sym assms(4, 8)[simplified True] have
e € A
using emptyLeftNonSync hd-in-set by fastforce
ultimately show <s € D (?rhs A A’ P B B’ Q)»
apply (simp add: D-Det)

apply (rule disjI1, simp add: D-Mprefiz nonNil D-Sync)
apply (rule exI[of - €], rule exI[of - <tl ], simp, intro congl)
apply (metis list.collapse nonNil)

(

apply (rule exI[of - <tl ], rule exI[of - <[]}],
rule exI[of - «tl ], rule exI[of - v])
apply (auto simp add: assms(1, 3, 6)[simplified True] x nonNil)[1]
apply (metis assms(2) tickFree-tl)
using setinterleaving-sym SyncTIEmpty True assms(4) by blast
next
case Fulse
with assms(6) obtain e’ where xx : <hd u = ev e’y <tlu € T (Q e) <e’' €
BV e eB)
by (auto simp add: T-Mprefiz)
consider <¢ € A A hds = eve A tlrsetinterleaves ((tl t, u), range tick U
ev ‘S |
e’ € BAhds=eve'Atlrsetinterleaves ((t, tl u), range tick U ev * S)» |
ce=¢eNecANee€B ANhds=eveA
tl r setinterleaves ((tl t, tl u), range tick U ev © S)»
using assms(4)
apply (subst (asm) list.collapse[OF nonNi[THEN conjunctl], symmetric|,
subst (asm) list.collapse[OF x(1), symmetric, simplified x(2)],
subst (asm) list.collapse[OF False, symmetric, simplified xx(1)])
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apply (simp add: assms(3) nonNil image-iff split: if-split-asm)
apply (metis (no-types, opaque-lifting) *(4) *x(3) Int-iff
assms(7, 9) empty-iff list.sel(1, 8))
apply (metis (no-types, opaque-lifting) (1, 2) *x(3) Int-iff
assms(10) inf.order-iff list.exhaust-sel list.sel(1, 3))
apply (metis (no-types, opaque-lifting) *(1, 2, 4) =x(1, 3) Int-iff
False assms(8, 10) inf.order-iff list.exhaust-sel list.sel(1, 3))
by (metis (no-types, opaque-lifting) *(4) *x(1) False assms(8)
list.collapse list.sel(1, 3) subsetD)
thus <s € D (?rhs A A’ P B B' Q)
apply cases
apply (simp-all add: D-Det)
apply (rule disjl1, simp add: D-Mprefix nonNil D-Sync)
apply (rule exI[of - €], rule exI[of - <tl s3], simp, intro conjl)
apply (metis list.exhaust-sel nonNil)
apply (rule exI[of - <tl ©], rule exl[of - u],
rule exI[of - «tl ], rule exI[of - v])
apply (simp add: assms(1, 8, 6) *(3) nonNil, use assms(2) nonNil tickFree-tl
in blast)
apply (rule disjI2, rule disjl1, simp add: D-Mprefiz nonNil D-Sync)
apply (rule exI[of - €], rule exI[of - <tl s3], simp, intro conjl)
apply (metis list.exhaust-sel nonNil)
apply (rule exI[of - t], rule exI[of - <tl w],
rule exI[of - <tl ], rule exI[of - v])
apply (metis * *x(2) assms(1, 2, 3) list.exhaust-sel nonNil tickFree-tl
tl-append?2)
apply (rule disjI2, rule disjI2, auto simp add: D-Mprefiz nonNil image-iff)
apply (simp add: D-Sync)
apply (rule exI[of - €'], rule exI[of - <tl s3], simp, intro conjl)
apply (metis list.collapse nonNil)
apply (rule exI[of - <tl ©»], rule exI[of - <tl w],
rule exI[of - «tl ], rule exI[of - v])
by (use *(3) xx(2) assms(1, 2, 3) nonNil tickFree-tl in <auto simp add:
nonNil»)
qed
} note x = this

fix s
assume <s € D (?lhs A A’ P B B’ Q)»
then obtain t u r v
where #x : (ftF v (tFrVouv=[p<xs=1rQuw
«r setinterleaves ((t, u), range tick U ev < S)»
«t € D (Mprefix (AU A’) P) ANu e T (Mprefix (BU B") Q) vV
t € D (Mprefiz (BU B’) Q) AN u €T (Mprefix (AU A') P)
by (simp add: D-Sync) blast
have same-div : <D (?rhs A A’ P BB' Q) =D (%rhs BB’ Q A A’ P)»
by (subst Det-commute, subst Int-commute, simp add: Sync-commute)
from xx(5) show «<s € D (?rhs A A’ P B B’ Q)»
apply (rule disjE)
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by (rule *[OF xx(1, 2, 8, 4)]; simp add: sets-assms)
(subst same-div, rule x[OF *x(1, 2, 8, 4)]; simp add: sets-assms)
next

{fix AA'BB' ' PQs
assume set-assm : (AN S = {h
have <s € D (?lhs A A’ P B B’ Q)» if <s € D (Oz€A — (P z [S] Mprefizx (B
U B) Q)
proof —
from that obtain e s’ where assms: <s = eve # s ce€ A «s'€D (Pe
[S] Mprefix (B U B) Q)
by (simp add: D-Mprefix) blast
from assms(3) obtain t u r v
where * : ftF vy <tFrVo=[p<s'=rQuw
«r setinterleaves ((t, u), range tick U ev © S)»
«teD (Pe)ANueT (Mprefirt (BU B') Q) V
t € D (Mprefixt (BUB') Q) AN u €T (P e) by (simp add: D-Sync)
blast
have notin: <e ¢ S» using assms(2) set-assm by blast
show <s € D (?lhs A A’ P B B’ Q)
apply (simp add: assms(1) D-Sync)
using *(5) apply (elim disjE)

apply (rule exI[of - <ev e # ®], rule exI[of - u],
rule exI[of - <ev e # ], rule exI[of - v])
apply (simp add: (1, 2, 3, 4))
apply (cases u; simp add: notin image-iff T-Mprefiz D-Mprefiz)
using *(4) assms(2) apply (blast+)[2]

apply (rule exI[of - t], rule exI[of - <ev e # w],
rule exI[of - <ev e # m], rule exl[of - v])
apply (simp add: (1, 2, 3, 4))
apply (cases t; simp add: notin image-iff T-Mprefix D-Mprefix)
using *(4) assms(2) by blast
qed
} note x = this

show <s € D (?rhs A A’ P BB' Q) = s € D (?lhs A A’ P B B’ Q) for s
apply (simp add: D-Det)
apply (erule disjE, rule x, simp-all add: sets-assms(1))
apply (erule disjE, subst Sync-commute, rule *, simp-all add: sets-assms(3)
Sync-commute)
subgoal
proof —
assume <s € D (Oz € (A'N B") —» (Pz [S] Q z))»
then obtain et u r v
where x : e € Ah e € Bhs#[phds=eve ftFuv ¢FrVuv=][p
tl s = r Q vy <r setinterleaves ((t, u), range tick U ev ¢ S))
teDPe)AueT (Qe)viteD(Qe) ANueT (Pe)
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by (simp add: D-Mprefix D-Sync) force

have inside: <e € S» using *(1) sets-assms(2) by blast

show «s € D (?lhs A A’ P B B’ Q)
apply (subst list.collapse[OF x(8), symmetric|, simp add: D-Sync)
apply (rule exI[of - <ev e # ], rule exI[of - <ev e # w],

rule exI[of - <ev e # ], rule exI[of - v])
by (simp add: * inside D-Mprefiz T-Mprefix image-iff)
qged .
qed

corollary Mprefiz-Sync-Mprefiz:

— This version is easier to use.

dacA — Pa [S]0ObeEB - Qb=

(Oac(A — S) = (P a[S] ObeB — Qb)) O

(Obe(B — S) — (Oacd — Pa [S] Qb)) O

(Oze(ANBNS)— (Pz[S] Q)

by (subst Mprefiz-Sync-Mprefiz-bis[of <A — S» S <A N S «B — S (BN S,
simplified Un-Diff-Int))

(simp-all add: Int-commute inf-left-commute)

Renaming

lemma Renaming-Mprefix:
(Renaming (Oa € A — Pa) fg=
Oyef‘A—nNae{ze A y=faz}. Renaming (P a) f ¢ (is «?lhs = ?rhs»)
proof (subst Process-eq-spec-optimized, safe)
show «s € D ?lhs = s € D ?rhs) for s
by (auto simp add: D-Renaming D-Mprefiz D-GlobalNdet)
(use list.map-sel(2) tickFree-tl in blast)
next
fix s
assume <s € D ?rhs»
then obtain a s’ where * : <a € Ay s = map-eventyricr, f g (ev a) # s’
s’ € D (Renaming (P a) f g)»
by (auto simp add: D-Mprefix D-GlobalNdet split: if-split-asm)
from *(3) obtain sI s2
where xx : (tF s1y <ftF s2»
<s' = map (map-eventpiicr fg) s1 Q s2» <s1 € D (P a)
by (simp add: D-Renaming) blast
have sxx : (tF (ev a # s1) A
s = map-eventpiick f g (ev a) # map (map-eventpick fg) s1 Q s2 A
ev a # s1 € D (Mprefiz A P)»
by (sitmp add: D-Mprefix (1, 2) *x(1, 3, 4))
show «s € D ?lhs»
by (simp add: D-Renaming)
(metis *x(2) #xxx append-Cons list.simps(9))
next
fix s X
assume same-div: <D ?lhs = D ?rhs)
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assume <(s, X) € F ?lhs
then consider <s € D ?lhs)
| t where «(t, map-eventyicr fg —° X) € F (Mprefix A P)» <s = map
(map-eventpiick fg)
by (simp add: F-Renaming D-Renaming) blast
thus (s, X) € F ?rhs»
proof cases
from D-F same-div show <s € D ?lhs = (s, X) € F ?rhs> by blast
next
fix t assume * : «(t, map-eventpiick fg —° X) € F (Mprefix A P)»
<s = map (map-eventyiick fg)
show «(s, X) € F Zrhs

proof (cases <t = []»)
from * show «t = [| = (s, X) € F ?rhs»
by (auto simp add: F-Mprefix disjoint-iff-not-equal)
next

assume <t # [»
with x(7) obtain a t’
where *x : <a € Ay <t = eva # t" «(t', map-eventyicr fg —X) € F (P
a)
by (auto simp add: F-Mprefix)
have #xx : (s Z[| Ahds € ev ‘f ‘A
using *(2) *x(1, 2) by simp
with xx have (ev (fa) = hd s A
(ths, X) e F(Na € {x € A. fa= fz}. Renaming (P a) f g)
by (auto simp add: F-GlobalNdet «(2) F-Renaming)
with xxx show «(s, X) € F ?rhs
by (simp add: F-Mprefix image-iff) (metis (no-types, lifting) *x(1) list.collapse)
qed
qed
next
show «(s, X) € F %rhs = (s, X) € F ?lhs» for s X
proof (cases s)

show s = [| = (s, X) € F %rhs = (s, X) € F ?lhs
by (auto simp add: F-Mprefix F-Renaming)
next
fix bs’

assume <s = b # sh «(s, X) € F ?rhs»
then obtain a
where * : <a € A <s = (map-eventpiick fg) (ev a) # s
(s, X) e F(MNae{xe A fa=fz}. Renaming (P a) fg)
by (auto simp add: F-Mprefix)
from (1, 3) obtain a’
where xx : <a’ € A «fa' = fa «(s, X) € F (Renaming (P o) f g)»
by (auto simp add: F-GlobalNdet split: if-split-asm)
from *x(3) consider
t where «(t, map-eventyiicr, fg —*X) € F (P a')y <s’ = map (map-eventpiick
fg) v
| s1 s2 where (tF sy «ftF s2)
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s’ = map (map-eventyiick fg) s1 Q s2> <s1 € D (P a')
by (simp add: F-Renaming) blast
thus «(s, X) € F %lhs
proof cases
fix ¢ assume s : (¢, map-eventyicn fg — ' X) € F (P a')
s’ = map (map-eventyyick fg) t
have s @ <(ev o’ # ¢, map-eventyicr fg —° X) € F (Mprefiz A P) A
s = map (map-eventpiick fg) (ev a’ # t)
by (auto simp add: F-Mprefiz %(2) xx(1, 2) #xx(1, 2))
with sx«xx show «(s, X) € F ?lhsy by (auto simp add: F-Renaming)
next
fix s1 s2 assume *xx : <tF s1) (ftF s2»
«s" = map (map-eventpiick fg) s1 Q s2» <s1 € D (P a')
have «tF (ev a’ # s1) A
s = map-eventpiick [ g (ev a’) # map (map-eventpiick fg) s1 Q s2 A
ev a’ # s1 € D (Mprefiz A P)»
by (auto simp add: *(2) *x(1, 2) **xx D-Mprefiz)
with #xx(2) show (s, X) € F ?2lhs» by (auto simp add: F-Renaming)
qed
qed
qed

12.4 Extension of the Step-Laws

12.4.1 Derived step-laws for Sync

lemma Mprefiz-Inter-Mprefix :

«{dacA — Pall| ObeB - Q b= (0acA — (P a ||| ObeB — Qb)) O (ObeB
— (JaeA—Palll Qb))

by (fact Mprefiz-Sync-Mprefix[where S = «({}, simplified])

lemma Mprefiz-Par-Mprefix : <da€A — P a || Ob€EB — @Q b= 0ze(A N B) —

Pzl Q)
by (fact Mprefiz-Sync-Mprefizr[where S = <UNIV», simplified])

lemma Mprefiz-Sync-Mprefiz-subset :

(JACS; BC S) = Mprefizt A P [S] Mprefixt BQ = Oze(AN B) — (Pz[9]
Q )

by (fact Mprefiz-Sync-Mprefiz-bis[of «{}» S A {}» B, simplified])

lemma Mprefiz-Sync-Mprefiz-indep :

ANS={}=BnS={} =

Mprefiz A P [S] Mprefit B Q = (ODacA — (P a [S] Mprefiz B Q)) O (ObeB
— (Mprefix A P [S] Q b))

by (fact Mprefiz-Sync-Mprefiz-bis[of A S «{}» B «{}», simplified])

lemma Mprefiz-Sync-Mprefiz-left :
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(AN S ={} = BCS = Mprefit AP [S] Mprefix BQ = OacA — (P a [5]
Mprefiz B Q)»
by (fact Mprefiz-Sync-Mprefiz-bislof A S «({}» {}b B, simplified])

lemma Mprefiz-Sync-Mprefix-right :

(ACS= BN S ={} = Mprefix A P [S] Mprefix B Q = 0beB — (Mprefix
A P[S] Q by

by (fact Mprefiz-Sync-Mprefiz-bis[of «{}» S A B «{}», simplified])

lemma Mprefiz-Sync-STOP : «(Oa € A — P a) [S] STOP =da € (A - S) —
(P a [S] STOP))
by (subst Mprefix-empty|[symmetric], subst Mprefiz-Sync-Mprefiz, simp)

lemma STOP-Sync-Mprefiz : <STOP [S] (Obe B— Qb)=0b€e (B-S5) —
(STOP [S] Q b)»
by (metis (no-types, lifting) Mprefiz-Sync-STOP Sync-commute mono-Mprefiz-eq)

Mixing deterministic and non deterministic prefix choices lemma
Mndetprefiz-Sync-Mprefiz :
«(Ma€e A— Pa)[S] (Bbe B— Qb) =
( if A={} then STOP [S] (Ob e B — Qb)
else Ma€A. (if a € S then STOP else (a — (P a [S] (ODb e B— Qb)) O
(O0be(B—S) = ((a— Pa)[S] QD) O
(if a € BN Sthen (a — (P a [S] Q a)) else STOP))»
by (unfold Mndetprefiz-GlobalNdet Sync-distrib-GlobalNdet-right
write0-def Mprefiz-Sync-Mprefiz)
(auto simp add: Mprefiz-singl insert-Diff-if Int-insert-left
intro: mono-GlobalNdet-eq arg-cong2[where f = «(0))] mono-Mprefiz-eq)

lemma Mprefiz-Sync-Mndetprefiz :
«(Oa€e A— Pa)[S](Mbe B— Qb)) =
( if B={} then (Da € A — Pa) [S] STOP
else MbeB. (if b € S then STOP else (b — ((Da € A — Pa) [S] Qb)) O
(Oac(4 = 8) = (Pa[S] (b— QD)) O
(if b e An Sthen (b — (Pb[S] Qb)) else STOP))»
by (subst (1 2 3 4 5) Sync-commute) (simp add: Mndetprefiz-Sync-Mprefix)

In particular, we can obtain the theorem for Mndetprefir synchronized with

STOP.

lemma Mndetprefiz-Sync-STOP :
«(MNa € A — Pa)[S] STOP =
(fANnS={}thenNaec A— (Pal[S] STOP)
else (Ma € (A — S) — (P a [S] STOP)) M STOP)»
(is «2lhs = (if AN S = {} then ?rhsl else ?rhs2 M STOP)»)
proof —
have «(Ma € A — P a) [S] STOP =
NacA. (if a € S then STOP else (a — (P a [S] STOP)))» (is <?lhs = %rhs")
by (subst Mndetprefiz-Sync-Mprefiz[where B = «{}», simplified])
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(auto intro: mono-GlobalNdet-eq)
also have «?rhs’ = (if AN S = {} then ?rhsi else ?rhs2 M STOP))
proof (split if-split, intro conjl impl)
show <A N S ={} = %rhs’ = ZrhsD»
by (auto simp add: Mndetprefiz-GlobalNdet introl: mono-GlobalNdet-eq)
next
show «?rhs’ = ?rhs2 M STOP» if <A N S # {h
proof (cases <A — S = {})
show «?rhs’ = ?rhs2 M STOP» if <A — § ={}p
by (simp add: <A — S = {}» GlobalNdet-is-STOP-iff)
(use <A — S ={}> in blast)
next
show «?rhs’ = %rhs2 M STOP) if <A — S # {}
proof (subst Int-Diff-Un[symmetric],
subst GlobalNdet-factorization-union
[OF < AN S #{} <A — S #{}, symmetric])
have «(Mac(A N S). (if a € S then STOP else (a — (P a [S] STOP))))
= STOP) (is «?factl = STOP»)
by (simp add: GlobalNdet-is-STOP-iff)
moreover have «((Mac(A — §). (if a € S then STOP else (a — (P a [S]
STOP))))
= 2rhs2> (is < ?fact? = ?rhs2»)
by (auto simp add: Mndetprefiz-GlobalNdet intro: mono-GlobalNdet-eq)
ultimately show «?fact] M %fact2 = %rhs2 M STOP) by (simp add:
Ndet-commute)
qed
qed
qed
finally show «?lhs = (if AN S = {} then ?rhsl else ?rhs2 M STOP)) .
qed

corollary STOP-Sync-Mndetprefix :
(STOP [S] (Mbe B— Qb) =
(ifBNS={}thenb e B— (STOP [S] Qb)
else (Mb € (B —S) — (STOP [S] @ b)) N STOP)»
by (subst (1 2 3) Sync-commute) (simp add: Mndetprefiz-Sync-STOP)

corollary Mndetprefix-Sync-Mprefiz-subset :
(Ma€e A— Pa)[S](Bbe B— Qb) =
(ifACBthenmace A— (PalS] Qa)
else (Ma € (AN B) = (Pa[S] Qa)) N STOP)»
(is «?lhs = (if A C B then ?rhsl else ?rhs2)y) if <A C S) «<B C S»
proof (cases <A = {})
show (A = {} = %lhs = (if A C B then ?rhsi else ?rhs2)»
by (simp add: Mprefiz-is-STOP-iff STOP-Sync-Mprefiz «<B C S»)
next
from <A C S) have *:« € A= a € 5 for a by blast
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from (B C S» have xx : <B— S={pr«a€ BANa€ S+ ac B for a by
auto
assume <A # {}
have ?lhs = Ma€A. (if a € B then (a — (P a [S] Q a)) else STOP)) (is «?lhs
= ?rhs”)
by (auto simp add: Mndetprefiz-Sync-Mprefix x xx <A #£ {}» intro: mono-GlobalNdet-eq)
also have «?rhs’ = (if A C B then ?rhsl else ?rhs2)»
proof (split if-split, intro conjl impl)
show <A C B = ?rhs’' =Ta€A — (P a [5] Q a)
by (auto simp add: Mndetprefiz-GlobalNdet intro!: mono-GlobalNdet-eq)
next
show «?rhs’ = (Mac(A N B) = (P a [S] Q@ a)) N STOP» if <= A C B
proof (cases <A N B = {})
show <A N B={} = %rhs' = (Ma€(4A N B) = (P a[S] Q a)) M STOP>
by (auto simp add: GlobalNdet-is-STOP-iff)
next
assume <A N B # {}
from <= A C B> have <A — B # {}» by blast
show «?rhs’ = (Mac(A N B) —» (P a [S] @ a)) M STOP:»
by (auto simp add: Mndetprefiz-GlobalNdet GlobalNdet-is-STOP-iff
simp flip: GlobalNdet-factorization-union
[OF <AN B # {}» <A — B # {}», unfolded Int-Diff-Un)]
introl: arg-cong2|where f = «(M)»] mono-GlobalNdet-eq)
qed
qed
finally show «?lhs = (if A C B then ?rhsl else ?rhs2)s by simp
qed

corollary Mprefiz-Sync-Mndetprefiz-subset :
(ACS=BCS=
Oe€e A— PalS]MbeB— Qb=
( f BC Athenlbe B— (Pb[S] Qb)
else (Mbe (AN B) — (Pb[S] Qb)) NSTOP)»
by (subst (1 2 3) Sync-commute) (simp add: Mndetprefiz-Sync-Mprefiz-subset
Int-commute)

corollary Mndetprefiz-Sync-Mprefix-indep :
(Ma€ A— Pa)[S](Bbe B— Qb)) =
( if A ={} then ObeB — (STOP [S] Q b)
else Ma€A. (a — (Pa [S] (Obe B— Qb)) O
(0beB — ((a — Pa) [S] Qb))
if<AnS={pand BN S={p
proof (cases <A = {})
show (A = {} = ?%thesis»
by (simp add: Diff-triv STOP-Sync-Mprefiz <B N S = {})

next
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from that(1) have *:<a€ A = a ¢ S) for a by blast
from that(2) have xx:<a € B A a € S «— Fulse) for a by blast
from that(2) have xxx : <B — S = B> by blast
show %thesis if <A # {}
by (simp add: Mndetprefiz-Sync-Mprefiz <A # {})
(rule mono-GlobalNdet-eq, simp add: x sk xxx)
qed

corollary Mprefiz-Sync-Mndetprefiz-indep :
ANS={}=BnS={} =
(Dae A— Pa)[S](NMbe B— Qb) =
( if B={} thenJa € A — (P a[S] STOP)
else MbeB. (b — (Da€ A — Pa)[S] QD) O
(Oacd = (Pa[S] (b— Qb))
by (subst (1 2 3 4) Sync-commute) (simp add: Mndetprefiz-Sync-Mprefiz-indep)

corollary Mndetprefiz-Sync-Mprefix-left :
«(Ma€ A— Pa)[S](Obe B— Qb =
( if A={} then STOP [S] (Ob € B — Q b)
else Ma€A — (P a [S] (Ob e B— Qb))
if <AnS={pand «BC S
proof (cases <A = {})
show (A = {} = ?%thesis» by simp
next
from that(1) have *:<a€ A= a ¢ S) for a by blast
from that(2) have xx:<B — S = {}» by blast
show ?Zthesis if (A # {}»
by (simp add: Mndetprefiz-Sync-Mprefix <A # {}>, unfold Mndetprefiz-GlobalNdet)
(rule mono-GlobalNdet-eq, simp add: * *x)
qed

corollary Mndetprefiz-Sync-Mprefix-right :
«(Ma€e A— Pa)[S)](Obe B— Qb =
( if A={} then STOP [S] (Ob € B — Qb)
else ObeB — ((Ma€A — P a) [S] Q b))
if <AC S»and BN S ={h
proof (cases <A = {})
show <A = {} = ?thesis» by simp
next
from that(1) have x*:<a € A = a € S) for a by blast
from that(2) have xx: B — S = B> by blast
show ?Zthesis if <A # {}»
by (simp add: Mndetprefiz-Sync-Mprefix <A # {},
sitmp add: Mndetprefiz-GlobalNdet Sync-distrib-GlobalNdet-right <A # {}»
flip: GlobalNdet-Mprefiz-distr)
(rule mono-GlobalNdet-eq, use * *x in auto)
qed
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corollary Mprefiz-Sync-Mndetprefix-left :
ANS={} = BCS=
(ODae A— Pa)[S] (Mbe B— Qb) =
( if B={} then (Qa € A — Pa) [S] STOP
else Ja€A — (P a [S] (Mb e B— Qb))
by (subst (1 2 8) Sync-commute) (simp add: Mndetprefiz-Sync-Mprefiz-right)

corollary Mprefiz-Sync-Mndetprefiz-right :
(ACS=BnS={} =
(Oaee A— Pa)[S](NMbe B— Qb) =
( if B={} then (Da € A — Pa)[S] STOP
else MbeB — ((Da € A — Pa) [S] Qb))
by (subst (1 2 8) Sync-commute) (simp add: Mndetprefiz-Sync-Mprefiz-left)

corollary Mndetprefiz-Par-Mprefix :

Mla€ A— PallObeB— Qb=

(f ACBthenNa€ A — (Pal|l Qa)else(Mae (AN B)— (Pall Qa)N
STOP)»

by (simp add: Mndetprefiz-Sync-Mprefiz-subset)

corollary Mprefiz-Par-Mndetprefix :

«da € A— Pal|lMbeB— Qb=

(if BC Athenibe B — (Pb|| Qb)else (Mbe (AN B) — (Pb|l Qb)n
STOP)»

by (simp add: Mprefiz-Sync-Mndetprefiz-subset)

corollary Mndetprefiz-Inter-Mprefix :
«(MaeA— Pa)l|l|] (Obe B— Qb) =
( if A={} then (Db e B— Q b; STOP)
else MacA. (a — (Pal|| (Obe B— Qb)) O
(ObEB — ((a — P a) || Q b))
by (simp add: Mndetprefiz-Sync-Mprefiz-indep Mprefiz-Seq)

corollary Mprefiz-Inter-Mndetprefix :
«(Oe€ A— Pa)l||(Mbe B— Qb =
( if B={} then (Da€ A — Pa; STOP)
else MbeB. (b - (Da€ A — Pa)l|l Q)) D
(Qaed = (Pa | (b= Qb))
by (simp add: Mprefiz-Sync-Mndetprefiz-indep Mprefiz-Seq)

12.4.2 Non deterministic step-laws

The Mndetprefix operator slightly differs from Mprefiz so we can often adapt
the step-laws.

lemma Mndetprefiz-Ndet-Mndetprefix :
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— We assume A N B # {}, otherwise this rewriting rule is not interesting.
(MaeA—-Pa)nN(NMbeB— Qb =
(ifA=BthenTlbe B PbMI QDb
else ifAC Bthen(Mbe(B—A) - QbN(MzeAd—Pzaxn Q)
else if BC Athen (Ma€ (A—-B)— Pa)MN(Mz€B— Pz Q)
else (Ma€ (A—B)=>Pa)NN(Mbe(B—A) - Qb N MNze(4dn
B) - Pz Qax))
(is «2lhs = (if A = B then ?rhsl else if A C B then ?rhs2 else if B C A then
?rhs3 else ?rhs4)»)
if <AnB#{}
proof (split if-split, intro conjl impl)
show (A = B = ?lhs = ?rhsl» by (simp add: Mndetprefiz-distrib-Ndet)
next
show «?lhs = (if A C B then %rhs2 else if B C A then ?rhs3 else ?rhsj ) if <A
# By
proof (split if-split, intro conjl impl)
from <A N B # {}» <A # B> show <A C B = ?lhs = ?rhs2)
by (simp add: Process-eq-spec Ndet-projs STOP-projs Mndetprefiz-projs, safe,
auto)
next
show «?lhs = (if B C A then ?rhs3 else ?rhsj)) if <= A C B)
proof (split if-split, intro congl impl)
from <A # B» show «B C A = ?lhs = ?rhs3»
by (simp add: Process-eq-spec Ndet-projs STOP-projs Mndetprefiz-projs,
safe, auto)
next
from <A N B # {}» <= A C By show (- BC A = ?lhs = ?rhs{>
by (simp add: Process-eq-spec Ndet-projs STOP-projs Mndetprefiz-projs,
safe, auto)
qed
qed
qed

lemma Mndetprefiz-Det-Mndetprefix :
«(Mae A —- Pa)d(Mbe B— Qb)) =
(f A={} thenbe B— Qbelseif B={} thenMa€ A — Pa
elseMNa€ A. b€ B. (ifa=>bthena— PaN Qaelse (¢ — Pa)0(b— Q
b))
(is «?lhs = (if A = {} then ?rhsi else if B = {} then ?rhs2 else ?rhs3)»)
proof (split if-split, intro conjl impl)
show (A = {} = %lhs = %rhsl» by simp
next
show «?lhs = (if B = {} then ?rhs2 else ?rhs3)y if <A # {}p
proof (split if-split, intro congl impl)
show (B = {} = ?lhs = ?rhs2) by simp
next
from <A # {}» show «B # {} = %lhs = ?rhs3»
by (auto simp add: Mndetprefiz-GlobalNdet Det-distrib-GlobalNdet-left
Det-distrib-GlobalNdet-right GlobalNdet-sets-commute[of A]
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intro!: mono-GlobalNdet-eq split: if-split-asm,)
(simp add: Process-eq-spec Det-projs write0-def Mprefiz-projs Ndet-projs,
safe, auto)
qed
qed

lemma FD-Mndetprefiz-Det-Mndetprefix :
«Nz€(AUB) — (ifx € AN Bthen Pz Q xzelseif v € A then P x else Q z)
Crp (HCLGA*)PG)D(ITI)EB*)Q()))
(is «?lhs Cpp ?rhsy)
proof (rule failure-divergence-refinel )
show <s € D %rhs = s € D ?lhs> for s
by (auto simp add: D-Det D-Ndet D-Mndetprefiz”)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs» for s X
by (cases s) (auto simp add: F-Det F-Ndet Mndetprefiz-projs split: if-split-asm)
ged

lemma FD-Mndetprefiz-Sliding-Mndetprefiz :

(Mz e (AUB) —» (ifr € AN Bthen Pz Q zelse if t € A then P x else Q
z)) M

(Mbe B— (ifbe Athen PbM Qbelse @b) Crp

(Mae A — Pa)> (Mbe B— Qb) (is «<?lhs Cpp 7rhs))
proof (rule failure-divergence-refinel)

show «s € D ?rhs = s € D ?lhs) for s

by (auto simp add: D-Sliding D-Ndet D-Mndetprefiz’)

next

show «(s, X) € F ?rhs = (s, X) € F ?lhs» for s X

by (cases s) (auto simp add: F-Sliding F-Ndet Mndetprefiz-projs split: if-split-asm)
qed

lemma Mndetprefiz-Sliding-superset-Mndetprefix :
«(Mac A - Pa)> (Mbe B— Qb)) =
Mbe B — (ifbe Athen PbM Qb else Q b)»
(is <?lhs = ?rhs») if <A C B»
proof (subst Process-eq-spec, safe)
from <A C B) show <s € D ?lhs = s € D ?rhs for s
by (auto simp add: D-Sliding D-Ndet D-Mndetprefiz')
next
show «s € D ?rhs = s € D ?lhs) for s
by (auto simp add: D-Sliding D-Ndet D-Mndetprefiz’ split: if-split-asm)
next
from <A C B> show «(s, X) € F ?lhs = (s, X) € F ?rhs) for s X
by (cases s) (auto simp add: F-Sliding F-Ndet Mndetprefiz-projs split: if-split-asm)
next
show «(s, X) € F %rhs = (s, X) € F ?lhs» for s X
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by (cases s) (auto simp add: F-Sliding F-Ndet Mndetprefiz-projs split: if-split-asm)
qed

corollary Mndetprefiz-Sliding-same-set-Mndetprefiz :
(Mace A—-Pa)>(MeeAd—-Qa)=Tlac A—-PanNQuw
by (simp add: Mndetprefiz-Sliding-superset-Mndetprefiz)
(rule mono-Mndetprefiz-eq, simp)

lemma Renaming-Mndetprefix :

<Renaming (Ma € A — Pa)fg=Nbef‘A—Na€ {ac A b= fa}. Renaming
(Pa)fo
proof —

have x : <A =(Jbef A {a€ A b= fa}) by auto

have xx : «{be f‘A {a€ A b=fa} #{}} =f ‘A by auto

have (Renaming (Ma € A — P a) fg=Na € A. (f a — Renaming (P a) f g)

by (auto simp add: Mndetprefiz-GlobalNdet Renaming-distrib-GlobalNdet write0-def
Renaming-Mprefix

introl: mono-GlobalNdet-eq mono-Mprefiz-eq)

alsohave «...=Tbe f*A.MNa € {a € A. b= fa}. (fa — Renaming (P a) f
9)
by (subst *, subst GlobalNdet-Union, subst xx, fact refl)
also have «...=Tbe f“A. (b —» (Ma € {a € A. b = fa}. Renaming (P a) f
9)

by (rule mono-GlobalNdet-eq, subst write0-GlobalNdet)
(auto intro: mono-GlobalNdet-eq)
also have ... =Mbe f‘A — Ma € {a € A. b = fa}. Renaming (P a) f ¢
by (simp add: Mndetprefiz-GlobalNdet)
finally show <Renaming (Ma € A — Pa) fg=..0.
qged

lemma Mndetprefiz-Seq : <Ma € A - Pa; @Q=TMNa€ A— (Paj Q)
by (simp add: Mndetprefiz-GlobalNdet Seq-distrib-GlobalNdet-right)
(rule mono-GlobalNdet-eq, simp add: write0-def Mprefiz-Seq)

For (\), we can not use the distributivity of GlobalNdet since it is only
working for finite non determinism. But we can still reuse some previous
results in the following proof.

theorem Hiding-Mndetprefix-disjoint :
e € A—-Pa\S=MNacA— (Pa\S) (is «?lhs = ?rhsy) if <AN S ={}p
proof (subst Process-eq-spec-optimized, safe)
have <D ?lhs =D (Da€ A — Pa\ )
by (simp add: D-Hiding-seqRun Mndetprefix-projs Mprefiz-projs)
also have ... =D (Qae€ A — (Pa\ 9))
by (simp add: Hiding-Mprefiz-disjoint <A N S = {})
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also have «... =D ?rhs)
by (simp add: D-Mndetprefix’ D-Mprefix)
finally show <s € D ¢lhs = s € D ?rhs
and <s € D %rhs = s € D ?lhs) for s by simp-all
next
assume same-div : <D ?lhs = D ?rhs)
fix s X assume (s, X) € F ?lhs
then consider <s € D ?lhs)
| ¢ where <s = trace-hide t (ev ‘S) «(t, X Uev‘S) e F (Ma€ A — Pa)
unfolding F-Hiding-seqRun D-Hiding-seqRun by blast
thus (s, X) € F ?rhs»
proof cases
from same-div D-F show «s € D ?lhs = (s, X) € F %rhs» by blast
next
fix ¢t assume * : <s = trace-hide t (ev * S «(t, X Uev ‘S) e F(MNae€ A —
P a)
show «(s, X) € F ?rhs»
proof (cases «t = [»)
from * show «t = [| = (s, X) € F ?rhs»
by (auto simp add: F-Mndetprefiz’ split: if-split-asm)
next
assume <t # [»
with *(2) have «(t, X Uev ‘S) € F (Da€ A — Pa)
by (simp add: F-Mprefix F-Mndetprefix’ split: if-split-asm)
with *(1) have «(s, X) ¢ F (Da€ A — Pa\ S)H
unfolding F-Hiding by blast
hence «(s, X) e F (OQa€ A — (Pa\ S))
by (simp add: Hiding-Mprefiz-disjoint <A N S = {}»)
thus (s, X) € F %rhsy by (auto simp add: F-Mprefiz F-Mndetprefiz')
qed
qed
next
assume same-div : <D ?lhs = D ?rhs)
show «(s, X) € F ?lhs if «(s, X) € F ?rhs) for s X
proof (cases (s = []»)
assume <s = [
with «(s, X) € F ?rhs» have <A ={} VvV (3a € A. eva ¢ X)
by (simp add: F-Mndetprefiz' split: if-split-asm)
with <A N S = {}) show s =[] = (s, X) € F ?hs
by (simp add: Mndetprefiz-projs F-Hiding-seqRun disjoint-iff)
(metis (no-types, lifting) eventpiicr.inject(1) filter.simps(1) imageFE)
next
assume <s # [
with «(s, X) € F ?rhs» have «(s, X) €¢ F (Da€ A — (Pa\ S))
by (simp add: F-Mprefix F-Mndetprefix’ split: if-split-asm)
hence (s, X) € F (Da€ A — Pa\ S)
by (simp add: Hiding-Mprefiz-disjoint <A N S = {})
then consider <s € D (ODa€ A — Pa\ S)
| t where <s = trace-hide t (ev * S)» «(t, X Uev ‘S) € F (Qa € A — Pa)y
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unfolding F-Hiding-seqRun D-Hiding-seqRun by blast
thus «(s, X) € F %lhs
proof cases
assume <s € D (Da€ A — Pa\ S
hence <s € D ?lhs)» by (simp add: D-Hiding-seqRun Mprefiz-projs Mndetpre-

fiz-projs)
with D-F show «(s, X) € F ?lhs)» by blast
next
fix t assume * : (s = trace-hide t (ev * S) «(t, X Uev ‘S) € F (Oa € A —
Pa)

from «s # [|» (1) filter.simps(1) have <t # [|» by blast
with * show «(s, X) € F ?lhs
by (simp add: F-Hiding F-Mprefiz F-Mndetprefiz') blast
qged
qed
qed

theorem Hiding-Mndetprefix-subset :

Ma€ A—Pa\S=Naec A (Pa\S) (is <%lhs = ?rhsy) if <A C S
proof (cases <A = {})

show (A = {} = ?%lhs = ?rhs» by simp
next

assume <4 # {}

hence <A N S # {}» by (simp add: inf-absorbl <A C S»)

show «?lhs = ?rhs»

proof (subst Process-eq-spec-optimized, safe)

have (D ?lhs =D (Da € A — Pa\ S)
by (simp add: D-Hiding-seqRun Mndetprefiz-projs Mprefiz-projs)

alsohave ... =D (ODae€ (A —-S5) > (Pa\S)> (MNae (ANS). (Pa\
)
by (simp add: Hiding-Mprefiz-non-disjoint <A N S # {})
also have «... =D ?rhs)

by (use <A C S in <auto simp add: D-GlobalNdet D-Mprefix D-Sliding»)
finally show <s € D %lhs = s € D ?rhs»
and <s € D ?rhs = s € D ?lhs) for s by simp-all
next
assume same-div : <D ?lhs = D ?rhs»
fix s X assume «(s, X) € F ?lhs
then consider (s € D ?lhs»
| t where <s = trace-hide t (ev * S)» «(t, X Uev ‘S) e F(MNac€ A— Pa)y
unfolding F-Hiding D-Hiding by blast
thus «(s, X) € F %rhs
proof cases
from same-div D-F show «s € D ?lhs = (s, X) € F ?rhs» by blast
next
fix t assume * : <s = trace-hide t (ev * S) «(t, X Uev ‘S) e F (Mae€ A —
P a)
from x(2) <A C S» obtain a t' where <a € 4> <t = eva # t» «(t/, X U ev
“S) e F(Pa)
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by (auto simp add: F-Mndetprefiz’ <A # {}> subset-iff)
hence «(t, X U ev ‘S) € F (Oa € A — P a)» by (simp add: F-Mprefix)
with *(1) have «(s, X) ¢ F (Da€ A — Pa\ S)H
by (auto simp add: F-Hiding-seqRun)
hence «(s, X) e F (Dae€ (A —-5) = (Pa\S) > (MNae (ANS). (Pa)
)
by (simp add: Hiding-Mprefix-non-disjoint <A N S # {})
also have «(Oa € (A — S) - (Pa\ S)) = STOP)
by (simp add: Mprefiz-is-STOP-iff <A C S»)
also from <A C S) have <A N S = A» by blast
finally show «(s, X) € F (Ma € A. (P a\ S))» by simp
qed
next
assume same-div : <D ?lhs = D ?rhs
fix s X assume «(s, X) € F ?rhs
then obtain o where <a € 4) «(s, X) € F (Pa\ S)
by (auto simp add: F-GlobalNdet <A # {}»)
from «(s, X) € F (Pa\ S) consider <s € D (Pa\ S)
| t where <s = trace-hide t (ev *S) «(t, X Uev ‘S) € F (P a)
unfolding F-Hiding D-Hiding by blast
thus «(s, X) € F ?lhs
proof cases
assume <s € D (Pa \ S)
with e € A» have s € D ?rhsy by (auto simp add: D-GlobalNdet)
with same-div D-F show «(s, X) € F ?lhs» by blast
next
from <a € A» <A C S
show <s = trace-hide t (ev ‘' S) = (¢t, X Uev ‘S) € F (P a)
= (s, X) € F ?lhs) for t
by (simp add: F-Hiding F-Mndetprefiz’ <A # {}» subset-iff)
(metis (no-types, lifting) filter.simps(2) image-eql)
qed
qed
qed

theorem Hiding-Mndetprefix-non-disjoint-not-subset :
la€eA—-Pa\S=(Mae(4-S5)—=>(Pa\S))MN(Mae(ANS). (Pa\
S))»
(is «?lhs = ?rhs1 M 2rhs2y) if <AN S # {r and (- AC S
proof —
from <= A C S» have <A — S # {}» by blast
moreover have (A — SU AN S = A by blast
ultimately have «(Ma € A - Pa)=(Ma€ (A —S) > Pa)NN(Mae (ANS)
— Pa)
by (metis Mndetprefiz-Un-distrib <A NS # {})
hence «?lhs = (Ma € (A —S5) = Pa\S)MN(Mac(ANS)— Pa\ SH
by (simp add: Hiding-distrib-Ndet)
also have Ma € (A — S) = Pa\ S = ?rhsh
by (simp add: Hiding-Mndetprefiz-disjoint inf.commute)



12.5. READ AND WRITE LAWS 217

also have <Ma € (AN S) = Pa\ S = %rhs2
by (simp add: Hiding-Mndetprefiz-subset)
finally show «?lhs = ?rhsi M 2rhs2 .
qed

12.5 Read and Write Laws

12.5.1 Projections

read

lemma F-read :
(F (c?tacA — Pa)={([, X) | X.XNnev‘c‘Ad={}}U
{eva# s, X)|lasX.acc AN(s, X)€F ((Po inv-into A
¢) a)p

by (simp add: read-def F-Mprefiz)

lemma F-read-inj-on :
<ing-on ¢ A =
F(ctacA = Pa)={(,X)|X. X Nnev‘c‘A={}}U
{(ev(ca)# s, X)|lasX.a€c AN (s, X) € F(Pa}h
by (auto simp add: F-read)

lemma D-read :
D (c?a€A — Pa)={eva#s|las.acc ANseD((Poinv-into Ac)a)p
by (simp add: read-def D-Mprefiz)

lemma D-read-inj-on :
<ing-on ¢ A = D (c?a€A — Pa)={ev(ca)# slas.ac ANseD(Pa)p
by (auto simp add: D-read)

lemma T-read :

T (c?acA — Pa) =insert [ {eva# s|las.a€c‘ANseT ((Po inv-into
Ac)a)h

by (simp add: read-def T-Mprefiz)

lemma T-read-inj-on :

<ng-on ¢ A = T (c?a€A — P a) = insert [| {ev (ca) # s|las.a€ ANs€E
T (Pa)}

by (auto simp add: T-read)

lemmas read-projs = F-read D-read T-read
and read-inj-on-projs = F-read-inj-on D-read-inj-on T-read-inj-on
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ndet-write

lemma F-ndet-write :
(F (Ma€d — Pa) =
( if A={} then {(s, X). s =[]}
else {([J, X) |X. JacA. ev(ca) ¢ X} U
{(eva#s, X)|lasX. a€c AN (s, X)€F ((Poinvinto Ac)a)})
by (simp add: ndet-write-def F-Mndetprefiz’)

lemma F-ndet-write-inj-on :
<ing-on ¢ A =
F (MNacA — Pa) =
( if A={} then {(s, X). s = [I}
else {([J, X) |X. Ja€A. ev (ca) ¢ X} U
{(ev (ca)# s, X) |asX.a€ AN (s, X) € F(Pa)})
by (auto simp add: F-ndet-write)

lemma D-ndet-write :
D (MNacA - Pa)={eva#slas.acc‘ANseD((Poinv-intoAc)ap
by (simp add: ndet-write-def D-Mndetprefix’)

lemma D-ndet-write-inj-on :
<ng-on ¢ A= D (MacAd — Pa)={ev(ca)# slas.a€ ANseD(Pa)p
by (auto simp add: D-ndet-write)

lemma T-ndet-write :

(T (Ma€A — Pa)=insert [[{eva# slas.acc ANseT ((Po inv-into
Ac)a)p

by (simp add: ndet-write-def T-Mndetprefiz')

lemma T-ndet-write-inj-on :

<nj-on ¢ A = T (c'a€A — P a) = insert [| {ev (ca) # slas.a€ ANsE
T (Pa)}p

by (auto simp add: T-ndet-write)

lemmas ndet-write-projs = F-ndet-write D-ndet-write T-ndet-write
and ndet-write-inj-on-projs = F-ndet-write-inj-on D-ndet-write-inj-on T-ndet-write-inj-on

write and (—)

lemma F-write :

«(F (la—=P)={(], X) |X. ev(ca) ¢ X} U{(ev(ca)# s X)|sX. (s, X) €
F P}

by (simp add: write-def F-Mprefiz)

lemma F-write0 :
«(Fla—=P)={,X)|X. eva¢ X} U{(ewa# s, X)|sX. (s, X) e FPp
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by (simp add: write0-def F-Mprefiz)
lemma D-write : <D (cla — P) = {ev (ca) # s|s.s €D P}h
by (simp add: write-def D-Mprefiz)
lemma D-write0 : <D (a — P) ={eva # s|s.s € D Ph
by (simp add: write0-def D-Mprefiz)
lemma T-write : <T (cla — P) = insert [| {ev (ca) # s|s. s €T P}p
by (simp add: write-def T-Mprefiz)
lemma T-write0 : <T (a — P) = insert [| {eva # s|s. s € T Ph

by (simp add: write0-def T-Mprefix)

lemmas write-projs = F-write D-write T-write
and write0-projs = F-write0 D-write0 T-write0

12.5.2 Equality with Constant Process

STOP

lemma read-is-STOP-iff : <«c?a€A — P a = STOP +— A ={}h
by (simp add: read-def Mprefiz-is-STOP-iff)

lemma read-empty [simp] : <c?ac{} — P a = STOP> by (simp add: read-def)

lemma ndet-write-is-STOP-iff : <c!'a€A — P a = STOP +— A = {}
by (simp add: ndet-write-def Mndetprefiz-is-STOP-iff)

lemma ndet-write-empty [simp] : <c!lac{} — P a = STOP» by (simp add: ndet-write-def)

lemma write0-neqg-STOP [simp] : <a — P # STOP) by (simp add: write0-def
Mprefiz-is-STOP-iff)

lemma write-neq-STOP [simp)] : <cta — P # STOP) by (simp add: write-is-write0)

SKIP
lemma read-neq-SKIP [simp] : <c?a€A — P a # SKIP r» by (simp add: read-def)

lemma ndet-write-neq-SKIP [simp] : «c!la€A — P a # SKIP ry by (simp add:
ndet-write-def)

lemma write0-neq-SKIP [simp] : <a — P # SKIP r» by (simp add: write0-def)

lemma write-neq-SKIP [simp)] : <cla — P # SKIP ry by (simp add: write-is-write0)
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1L
lemma read-neq-BOT [simp] : <c?a€A — P a # Ly by (simp add: read-def)

lemma ndet-write-neq-BOT [simp] : <c!la€A — P a # L) by (simp add: ndet-write-def)
lemma write0-neq-BOT [simp] : <a — P # L1y by (simp add: write0-def)

lemma write-neg-BOT [simp] : <cla — P # 1) by (simp add: write-is-write0)

12.5.3 Extensions of Step-Laws

Monotony for equality

lemma mono-read-eq :
(Na.a€ A= Pa=Qa) = readc AP =read c A Q
by (auto simp add: read-def inv-into-into intro!: mono-Mprefiz-eq)

lemma mono-ndet-write-eq :
«(Na. a € A= Pa=Qa) = ndet-write c A P = ndet-write ¢ A @
by (auto simp add: ndet-write-def inv-into-into intro!: mono-Mndetprefiz-eq)

(O) and (M)

lemma read-Ndet-read :
«(c?a€A — Pa) M (c?beB — Q b) =
(c?a€(A — B) - Pa) N (c?he(B— A) - Qb) O (c?z€(ANDB)— Pz Q
z)»
(is «?lhs = %rhsy) if <inj-on ¢ (A U B)»
proof —
have *x:<«‘A—c‘B=c¢ ‘(A - Bp
by (metis Diff-subset inj-on-image-set-diff le-supI1 sup.cobounded? <inj-on ¢ (A
U B)»)
have #x:¢« ‘B —c‘A=c¢ ‘(B — A)
by (metis Diff-subset Un-upperl inj-on-image-set-diff le-supI2 <inj-on ¢ (A U
B)»)
have xxx : <«¢c “‘ANc‘B=c¢ ‘(AN B
by (metis inf-sup-ord(3) inj-on-image-Int sup-ge2 <inj-on ¢ (A U B)»)
from <inj-on ¢ (A U B)» have <inj-on ¢ (A — B)) by (simp add: inj-on-Un
inj-on-diff)
with «inj-on ¢ (AU B)» have $:<a € A — B = inv-into A ¢ (¢ a) = inv-into
(A — B) c(ca) for a
by (auto simp add: inj-on-Un)
from <inj-on ¢ (A U B)» have <inj-on ¢ (B — A)) by (simp add: inj-on-Un
inj-on-diff)
with «inj-on ¢ (A U B)) have $3: b € B — A = inv-into B ¢ (¢ b) = inv-into
(B— A) c(chb) for b
by (auto simp add: inj-on-Un)
have $$$ : <inv-into A ¢ (¢ a) = inv-into (A N B) ¢ (¢ a)
<anv-into B ¢ (¢ a) = inv-into (A N B) ¢ (c a) if <a € AN By for a
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using <a € AN B> <inj-on ¢ (A U B)» by (auto simp add: inj-on-Un inj-on-Int)
show «?lhs = 2rhs»
by (unfold read-def, subst Mprefix-Ndet-Mprefiz)
(auto simp add: * *x xxx § $3 $$$
introl: mono-Mprefiz-eq arg-conglwhere f = P] arg-cong2[where f = «(O))]
arg-cong2[where f = «(M)])
qed

lemma read-Det-read :
«(c?a€A — Pa) O (c?beB = Qb) =
c?ac€(AUB) = (ifa€ AN Bthen Pall Q aelse if a € A then P a else Q a)»
(is «<%lhs = ?rhsy) if <inj-on ¢ (A U B)»
proof —
have x : <¢ ‘AU ¢ ‘B = c ‘(AU B)» by blast
from <inj-on ¢ (A U B)»
have $ : «<a € A = inv-into A ¢ (¢ a) = inv-into (A U B) ¢ (¢ a)
<b € B = inv-into B ¢ (¢ b) = inv-into (A U B) ¢ (c b)) for a b
by (simp-all add: inj-on-Un)
from <inj-on ¢ (A U B)»> show «?lhs = ?rhs)
by (auto simp add: read-def Mprefiz-Det-Mprefiz * $
introl: mono-Mprefiz-eq) (metis Un-iff inj-onD)+
qed

lemma ndet-write-Det-ndet-write :
(cMa€A — Pa) O (NbeB — Qb) =
( if A={} then (beB — Q b)
else if B = {} then (c!la€A — P a)
else Ma€A. MbeB. (if a = b then cla - P a M Q aelse (cla — P a) O (b
~Qu))
if <inj-on ¢ (A U B)»
proof —
have x : <a € A = inv-into A ¢ (¢ a) = inv-into (A U B) ¢ (c a)»
<b € B = inv-into B ¢ (¢ b) = inv-into (A U B) ¢ (¢ b)) for a b
using <inj-on ¢ (A U B)» by (auto simp add: inj-on-Un)
from «inj-on ¢ (A U B)» show ?thesis
by (auto simp add: ndet-write-def Mndetprefiz-Det-Mndetprefix * write-is-write0
inj-on-eq-iff
split: if-split-asm intro!: mono-GlobalNdet-eq2)
qed

lemma ndet-write-Ndet-ndet-write :
(cMa€A — Pa)M (MbeB — Q b) =
( if A= Bthen (c'beB — P b Q b)
else if AC B
then (eM'be(B — A) — Q b) M (cMa€Ad — Pa Q a)
else if BC A
then (c!lac(A — B) — Pa

) M1 (MMbeB — P b1 Q b)
else (c!'a€(A — B) — Pa) N (

Mbe(B — A) = Q b) N (clac(A N B)
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= Pall Qa))p
if <An B #{}» <inj-on ¢ (AU B)
proof —
have * : <a € A = inv-into A ¢ (¢ a) = inv-into (A U B) ¢ (c a)
(b € B = inv-into B ¢ (¢ b) = inv-into (A U B) ¢ (c b)»
<a € A — B = inv-into (A — B) ¢ (¢ a) = inv-into A ¢ (¢ a)
<b € B— A = inv-into (B — A) ¢ (¢ b) = inv-into B ¢ (¢ b)»
(x € AN B = inv-into (AU B) ¢ (¢ z) = inv-into (AN B) ¢ (cx)» for a b x
using <inj-on ¢ (A U B)» by (auto simp add: inj-on-Un inj-on-diff inj-on-Int)
from <inj-on ¢ (AU B)» have $ : <¢c “AC ¢ B+—> AC B« ‘BCc¢‘A
«~—— BC A
by (auto simp add: inj-on-eq-iff)
hence $$ : «¢c ‘A =c ‘B +<— A = B> by blast
from <«nj-on ¢ (A U B)
have $$$ : «¢c ‘A —c‘B=c‘(A—Bhr<«c‘B—c‘A=c‘(B—Ap« ‘A
Nec‘B=c ‘(AN B)
by (auto simp add: inj-on-eq-iff)
from <A N B # {}» have «¢c ‘AN c¢ ‘B # {}» by blast
show ?thesis
by (auto simp add: Mndetprefiz-Ndet-Mndetprefixt|OF <¢ ‘AN ¢ ‘B # {}]
$ $$ $$$ * comp-def ndet-write-def
introl: mono-Mndetprefiz-eq arg-cong2[where f = «(M))])
qed

lemma write0-Ndet-write0 : <«(a — P) M (e = Q) =a — PN
by (auto simp: Process-eq-spec write0-def D-Ndet F-Ndet F-Mprefiz D-Mprefic
Un-def)

lemma write0-Det-write0-is-write0-Ndet-write0 : <«(a — P) O (¢ — Q) = (a —
P)n(a— Q)
by (simp add: write0-def Mprefiz-Det-Mprefiz) (simp add: Mprefiz-singl write0-Ndet-write0)

lemma write-Ndet-write : <(cla — P) M (cla = Q) = cla — P M Q»
by (simp add: write0-Ndet-write0 write-is-write0)

lemma write-Det-write-is-write-Ndet-write: «(cla — P) O (cla — Q) = (cla —
P)n(cla = Q)
by (simp add: write0-Det-write0-is-write0-Ndet-write0) write-is-writeQ)

lemma write-Ndet-read :

«(cla — P) M (c?beB — Qb) =

(if a € B then STOP else cla — P) M (c?be(B — {a}) — Q b) O (if a € B then
cla — P11 Qaelse STOP)»

if <inj-on ¢ ({a} U B)»

by (subst read-Ndet-read[OF <inj-on ¢ ({a} U B)», simplified))
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(auto simp add: insert-Diff-if intro: arg-cong2[where f = «(O)] arg-cong2[where

f=«mp])

lemma read-Ndet-write :

<ng-on ¢ (AU {b}) = (c?a€A — Pa) M (b = Q) =

(if b € A then STOP else clb — Q) M (c?ac(A — {b}) — Pa) O (if b € A then
ctb — P b Q else STOP)»

by (subst Ndet-commute, subst write-Ndet-read) (simp-all add: Ndet-commute)

lemma write0-Ndet-read :

«(a —» P) M (id?beB — Q b) =

(if a € B then STOP else a — P) M (id?be(B — {a}) — @ b) O (if a € B then
a— PN Q aelse STOP))

by (subst write-Ndet-read[where ¢ = id, unfolded write-is-write0, simplified])
simp

lemma read-Ndet-write0 :

«(id?a€A — Pa) 11 (b= Q) =

(if b € A then STOP else b — Q) M (id?ac(A — {b}) — P a) O (if b € A then
b— Pbn Q else STOP)»

by (subst read-Ndet-write[where ¢ = id, unfolded write-is-write0, simplified])
simp

lemma write-Det-read :
<ang-on ¢ (insert a B) = (cla — P) O (¢?beB — Q b) =
c?be(insert a B) = (if b=a A a € B then P Q a else if b = a then P else
Qb
by (subst read-Det-read[where A = {a}>, simplified]) (auto intro: mono-read-eq)

lemma read-Det-write :
ang-on ¢ (insert b A) = (c?a€A — Pa) O (b = Q) =
c?ac(insert b A) — (ifa=b A b€ Athen Pan Q else if a = b then Q else
P a)
by (subst read-Det-read|where B = «{b}», simplified]) (auto intro: mono-read-eq)

lemma write0-Det-read :

«(a — P) O (id?beB — Q b) =

id?be(insert a B) — (if b=a A a € B then P 11 Q a else if b = a then P else
Q b)

by (subst write-Det-read[where ¢ = id, unfolded write-is-write0, simplified]) simp

lemma read-Det-write0 :
«(id?a€Ad — Pa) O (b— Q) =
id?ac(insert b A) — (if a=b A b€ A then Pal Q else if a = b then Q else
P a)
by (subst read-Det-write[where ¢ = id, unfolded write-is-write0, simplified]) simp
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Sliding

lemma write0-Sliding-write0 :
(a = P)> (b— Q) =
(Oz € {a, b} — (if a = b then P 1 Q else if z = a then P else Q)) N
(b — (if a = b then PN Q else Q))»
by (auto simp add: Process-eq-spec write0-def
Sliding-projs Ndet-projs Mprefiz-projs)

lemma write-Sliding-write :
(cla = P) > (d'b — Q) =
(Oz € {ca,db} = (ifca=dbthen PN Q else if t = ¢ a then P else Q)) N
(d'b — (if ca = d b then P Q else Q))»
by (simp add: write-is-write0 write0-Sliding-write0)

lemma write0-Sliding-write :
«(a— P)> (d'b — Q) =
(Oz € {a, db} — (if a = d bthen P Q else if z = a then P else Q)) N
(d'b — (if a = d b then P11 Q else Q))»
by (simp add: write-is-write0 write0-Sliding-write0)

lemma write-Sliding-write0 :
(cla - P)> (b— Q) =
(Oz € {ca, b} = (ifca=bthen PN Q else if t = c a then P else Q))) M
(b— (if ca=0bthen P Q else Q)
by (simp add: write-is-write0 write0-Sliding-write0)

lemma read-Sliding-superset-read :

— Not really interesting without the additional assumptions.

<A C B= inj-onc B=

(c?a€A — Pa) 1> (c?beB — Qb) = c?beB — (if b€ A then PbM Qb else
Q b)

by (unfold read-def, subst Mprefiz-Sliding-superset-Mprefiz)

(auto simp add: inj-on-eg-iff subset-iff introl: mono-Mprefiz-eq, metis inj-on-subset
inv-into-f-f subset-eq)

lemma read-Sliding-same-set-read :
<ng-on ¢ A = (c?a€A — Pa) > (c?a€Ad — Qa) = c?a€A — Pal Q o
by (unfold read-def Mprefiz-Sliding-same-set-Mprefix)
(auto simp add: inj-on-eq-iff subset-iff intro: mono-Mprefiz-eq)

lemma ndet-write-Sliding-superset-ndet-write :

<A C B= inj-on ¢c B=

(Na€A — Pa) > (beB — Qb) = MbeB — (if b€ Athen PbM Qb else
Q b))

by (unfold ndet-write-def, subst Mndetprefiz-Sliding-superset-Mndetprefix)

(auto simp add: inj-on-eq-iff subset-iff introl: mono-Mndetprefiz-eq, metis inj-on-subset
inv-into-f-f subset-eq)
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lemma ndet-write-Sliding-same-set-ndet-write :
ang-on ¢ A = (cfla€A — Pa) > (MNa€d — Qa) = cMlacA - Pal Q
by (unfold ndet-write-def Mndetprefiz-Sliding-same-set-Mndetprefix)
(auto simp add: inj-on-eq-iff subset-iff intro: mono-Mndetprefiz-eq)

lemma write-Sliding-superset-read :
<a € B = inj-on ¢c B =
(cta = P) > (c?beB — Q b) = c?beB — (if b = a then P Q b else Q b)»
by (subst read-Sliding-superset-read|[where A = {a}», simplified]) simp-all

lemma write0-Sliding-superset-read :
<a € B= (a — P) > (id?beB — Q b) = id?beB — (if b =a then P11 Q b
else @ b)»
by (subst read-Sliding-superset-read
[where A = «{a}» and ¢ = id, simplified, unfolded write-is-write0, simplified])
simp-all

lemma write-Sliding-superset-ndet-write :
<a € B = inj-on ¢c B =
(cta = P) > (cbeB — Q b) = MNbeB — (if b = a then P Q b else Q b)»
by (subst ndet-write-Sliding-superset-ndet-writelwhere A = <{a}>, simplified])
simp-all

lemma write0-Sliding-superset-ndet-write :
(¢ € B= (a —» P) > (id'beB — Q b) = id'beB — (if b=athen P11 Qb
else Q b)»
by (subst ndet-write-Sliding-superset-ndet-write
[where A = ({a}> and ¢ = id, simplified, unfolded write-is-write0, simplified])
simp-all

Seq
lemma read-Seq : <c?a€A — Paj; Q = c?acA — (Pa; Q)

by (simp add: read-def Mprefiz-Seq comp-def)

lemma write0-Seq : <a - P3; Q = a — (Pj; Q)
by (simp add: write0-def Mprefiz-Seq)

lemma ndet-write-Seq : <ctla€A — Paj; Q = cllacAd — (Paj; Q)
by (simp add: ndet-write-is-GlobalNdet-write( Seq-distrib- GlobalNdet-right write0-Seq)

lemma write-Seq : <cla - P3; Q = cla — (P; Q)
by (simp add: write0-Seq write-is-write0)
Renaming

lemma Renaming-read :
<Renaming (c?a€A — P a) fg=(f o ¢)?7a€A — Renaming (P a) f ¢
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if <inj-on ¢ A> and <inj-on f (¢ < A)»
proof —
have «f ‘¢ “A = (f o ¢) ‘A by auto
have <inj-on (f o ¢) A by (simp add: comp-inj-on <inj-on ¢ A» <inj-on f (¢ ¢
A))
have x : <y € (M. f (c2)) ‘A= {zcc A y=fa} = {inv-into (¢ “ A) f
y}p» for y
using <inj-on f (¢ * A)» by auto
show (Renaming (c?a€A — P a) fg = (f o ¢)?7a€A — Renaming (P a) f ¢
proof (unfold read-def Renaming-Mprefiz <f ‘c ‘A= (f o ¢) * A, rule mono-Mprefiz-eq)
from <inj-on (f o ¢) A
show <a € (foc) ‘A=
Mac{x € ¢ * A. a = fz}. Renaming ((P o inv-into A ¢) a) fg =
((Aa. Renaming (P a) f g) o inv-into A (f o ¢)) a> for a
by (auto simp add: % inv-into-f-eq <inj-on ¢ Ay <inj-on f (¢ < A)»
intro: arg-conglwhere f = <\a. Renaming (P a) f ¢»])
qed
qed

lemma Renaming-write :
<Renaming (cla — P) fg = (f o ¢)la — Renaming P f ¢
by (fact Renaming-read[where A = {a}», simplified])

lemma Renaming-write0 :
<Renaming (a — P) fg = fa — Renaming P f ¢»
by (fact Renaming-write[where ¢ = id, unfolded write-is-write0, simplified])

lemma Renaming-ndet-write :

<Renaming (MNa€A — Pa) fg= (f o ¢)!!acA — Renaming (P a) f ¢

if <inj-on ¢ A> and <inj-on f (¢ < A)»
proof —

have <inj-on (f o ¢) A by (simp add: comp-inj-on <inj-on ¢ A <inj-on f (¢
A))

have «(Az. f (cz)) ‘A= f"‘(c ‘A by auto

show (Renaming (c!'a€A — P a) fg = (f o c)!'a€A — Renaming (P a) f ¢

by (simp add: < ?this) ndet-write-is-GlobalNdet-write0 Renaming-distrib-GlobalNdet
Renaming-write0, rule sym)

(use <inj-on (f o ¢) A <inj-on ¢ A in
<auto simp add: inv-into-f-eq
intro: mono-GlobalNdet-eq2 arg-cong[where f = <Aa. - — Renaming

(Pa)fg])
qed

(\)

lemma Hiding-read-disjoint :
«c‘ANS={} = ctacA - Pa\ S=ctacA— (Pa\S)
by (unfold read-def, subst Hiding-Mprefiz-disjoint)
(auto simp add: disjoint-iff image-iff intro: mono-Mprefiz-eq)
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lemma <A C B = a € A = (inv-into A ¢) a = (inv-into B ¢) a
oops — Not provable, therefore we need the injectivity for the non disjoint case.

lemma Hiding-read-non-disjoint :
«c?a€A - Pa\ S=(c?ac(A—c—85) = (Pa\9)) > (Mee(ANec—-9).
(Pa\ $)
if <inj-on ¢ A and <¢c AN S #{p
proof —
have * : (P o inv-into A ¢) z = (P o inv-into (A — ¢ —=°85) ¢) o
ifawec‘(A—c—°9) for z
proof —
from <z € ¢ ‘(A — ¢ —‘S)) obtain a where <a € A — ¢ —“S» <z = ¢ &> by
blast
from <a € A — ¢ —° 5> have <a € A) by blast
from <inj-on ¢ Ay inj-on-subset have <inj-on ¢ (A — ¢ —*S)» by force
fromw e A—c—*Sw=ca ¢injonc (A —c—"
have ((inv-into (A — ¢ —*S) ¢) x = & by simp
moreover from <a € Ay <z = ¢ a> <inj-on ¢ A> have ((inv-into A ¢) © = @
by simp
ultimately show «(P o inv-into A ¢) z = (P o inv-into (A — ¢ —*S) ¢) &
by simp
qed
have #x : <¢ ‘(A — ¢ —=‘S)=c ‘A — S by blast
have sxx : «¢ ‘AN S=c ‘(AN (c—°5)) by blast
have «((¢?acA — Pa)\ S = (c?ac(A —c—*S) = (Pa\ 9)) >
(Ma€(c “ANS). (P (inv-into A ¢ a) \ S))»
proof (unfold read-def comp-def, subst Hiding-Mprefix-non-disjoint,
use <¢c ‘AN S #{} in blast, rule arg-conglwhere f = <AP. P > -])
show «Oac(c ‘A — S) — (P (inv-into A ca) \ ) =
Ozec ‘(A —c¢c—*8) = (P (inv-into (A —c—*S) cx) \ )
by (use * in <force simp add: ** intro : mono-Mprefiz-eq>)
qed
also have «((Mae(c “ AN S). (P (inv-into A ca) \ S)) =Nae(ANc—°95). (P
a\ Sy
by (subst #*x, rule mono-GlobalNdet-eq2) (simp add: inj-on ¢ A»)
finally show «(c?acA — Pa)\ S =
(c?ac(Ad —c—=8) = (Pa\9) > (Mac(ANc—8).(Pa\S)).
qed

lemma Hiding-read-subset :
«c?a€A — Pa\ S="ae(c “ANS). (P (inv-into A ¢ a) \ S)
if <inj-on ¢ A> and <¢c ‘A C S»
proof (cases <A = {})
show <A = {} = ¢?a€Ad — Pa\ S =Mac(c “ANS). (P (inv-into A ¢ a) \
S
by (auto simp add: Process-eq-spec GlobalNdet-projs F-Hiding-seqRun D-Hiding-seqRun
read-def Mprefiz-projs)
next



228 CHAPTER 12. ALGEBRAIC RULES OF CSP

assume A4 # {}
with <¢c “A C S» have «¢c ‘AN S #{}p «« ‘A -85 ={} by auto
show «c?a€A — Pa\ S =Nac(c ‘AN S). (P (inv-into A ¢ a) \ S)
by (simp add: read-def Hiding-Mprefiz-non-disjoint[OF <«¢ ‘AN S # {P] <c ¢
A—-S={p
Process-eq-spec Sliding-projs GlobalNdet-projs Mprefiz-projs)
qed

lemma Hiding-ndet-write-disjoint :
c‘ANS={} = (MacA —- Pa)\ S=(MNacd —- (Pa\ 9
by (unfold ndet-write-def, subst Hiding-Mndetprefiz-disjoint)
(auto simp add: disjoint-iff image-iff intro: mono-Mndetprefiz-eq)

lemma Hiding-ndet-write-subset :
c‘AC S = (MNa€Ad — Pa)\ S ="acc ‘A (P (inv-into A c a) \ S)
by (unfold ndet-write-def, subst Hiding-Mndetprefiz-subset)
(auto simp add: disjoint-iff image-iff intro: mono-GlobalNdet-eq)

lemma Hiding-ndet-write-subset-bis :
— With the injectivity...
<nj-on c A= ¢ ‘A C S = (cla€Ad — Pa)\ S=TacA. (Pa\ S)
by (simp add: Hiding-ndet-write-subset mono-GlobalNdet-eq2)

lemma (A C B = a € A = (inv-into A ¢) a = (inv-into B ¢)
oops — Not provable, therefore we need the injectivity for the non disjoint case.

lemma Hiding-ndet-write-non-disjoint-not-subset :
(cMacA — Pa)\ S =
(MNae(A —c—8) = (Pa\S)N(Mac(ANc—°5).(Pa\ S
if <inj-on ¢ Avand <¢c “ANS#{pand«—c‘ACS
proof —
have * : (P o inv-into A ¢) x = (P o inv-into (A — ¢ —“S8) ¢) ©»
if<xec(A—c—“9pforz
proof —
from <z € ¢ ‘(A — ¢ —‘S) obtain a where <ca € A — ¢ —*S5) <z = ¢ a» by
blast
from <a € A — ¢ —“ S have <a € A by blast
from <inj-on ¢ A inj-on-subset have <inj-on ¢ (A — ¢ —*S)» by force
fromweA—c—Sr«x=cacinjonc(A—c—S)
have («(inv-into (A — ¢ —“8S) ¢) x = &> by simp
moreover from <a € Ay <z = ¢ @) <inj-on ¢ A> have <(inv-into A ¢) T = @
by simp
ultimately show «(P o inv-into A ¢) z = (P o inv-into (A — ¢ —°S) ¢) &
by simp
qed
have #x : <¢ ‘(A — ¢ —“S)=¢c ‘A — S by blast
have #xx : «¢ ‘AN S=c ‘(AN c—°9) by blast
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have ((!Ma€d — Pa)\ S = (cac(A —c—=“S5) = (Pa\ S)) N
(Mag(c AN S). (P (inv-into A c a) \ S))
proof (unfold ndet-write-def comp-def
Hiding-Mndetprefiz-non-disjoint-not-subset
[OF <¢c “ANS#£{h —=c ACS])
show «(Ma€(c ‘A — S) — (P (inv-into A ¢ a) \ S)) M
(Mag(c AN S). (P (inv-into A c a) \ S)) =
(Mz€ec “ (A —c—=*S) = (P (inv-into (A — c—=“S) cx)\ S9)) N
(Ma€(c “ANS). (P (inv-into A ¢ a) \ S))
by (rule arg-conglwhere f = <AP. P 11 -])
(use * in <force simp add: *x intro : mono-Mndetprefiz-eq>)
qed
also have «((Mae(c “ AN S). (P (inv-into A ca) \ S)) =Nac(ANc—°95). (P
a\ Sy
by (auto simp add: *+* <inj-on ¢ Ay intro: mono-GlobalNdet-eq?2)
finally show «cllacA — Pa\ S =
(Nae(A—c—*8) = (Pa\S)N(Mac(ANc—*85). (Pa\S9S)).
qed

lemma Hiding-write0-disjoint :
aa¢S=a—P\S=a— (P\ S
by (simp add: write0-def Hiding-Mprefiz-disjoint)

lemma Hiding-write0-non-disjoint :
wweS=a—-P\S=P\S
by (simp add: write0-def Hiding-Mprefix-non-disjoint)

lemma Hiding-write-disjoint :
«ca¢ S=cla—> P\ S=cla— (P\S)
by (simp add: Hiding-write0-disjoint write-is-write0)

lemma Hiding-write-subset :
«caeS=cla—>P\S=P\S
by (simp add: Hiding-write0-non-disjoint write-is-writeQ)

Sync

read lemma read-Sync-read :
— This is the general case.
«c?a€A — P a [S] d?beB — Q b =
(c?ac(A — ¢ —*8) = (Pa[S] d?beB — Qb)) O
(d?be(B —d —*S) = (c?acA — Pa [S] Qb)) O
(Oze(c “ANnd* BnNS)— (P (inv-into A ¢ z) [S] Q (inv-into B d z)))»
(is «%lhs = %rhsl O ?rhs2 O 2rhs3»)
if«‘ANS={}Vve ACSVinonchd
«d‘BnNnS={}vd BCSVinjondB
— Assumptions may seem strange, but the motivation is that when 4 — ¢ —¢ §
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# {} (which is equivalent to = ¢ ¢ A C S), we need to ensure that inv-into (4 — ¢
—¢8) cisequal to inv-into A c¢. This requires A — ¢ —“ S = A (which is equivalent
toc ‘AN S ={}) orinj-on ¢ A. We need obviously a similar assumption for B.
proof —
have x : (Ae X. e ‘(X —e—‘8)=¢ ‘X — S by auto
have «?lhs = (Oag(c * A — §) — (P (inv-into A ¢ a) [S] (Ozed * B —» @
(inv-into B d z)))) O
(Obe(d B — S) — ((Ozec ‘A — P (inv-into A ¢ z)) [S] Q (inv-into
Bdb)) O
(Oze(c “ANd‘BNS)— (P (inv-into A ¢ z) [S] Q (inv-into B d
o)

(is «?lhs = ?rhs1’ O 2rhs2’ O 2rhs3»)
by (simp add: read-def Mprefiz-Sync-Mprefix comp-def)
also from that(1) have <%rhsl’' = ?rhsi»
proof (elim disjE)
assume <¢c ‘AN S ={}p
hence <A —c—“S=ANc‘ A—-S=c‘ A by fast
thus <?rhs1’ = ?rhsl» by (simp add: read-def comp-def)
next
assume ¢ ‘A C S
hence <A — ¢ —*S={}Ac‘A—-S={} by fast
show «?rhsl’ = ?rhsl» by (simp add: < ?this))
next
assume <inj-on c A»
hence <inj-on ¢ (A — ¢ —*S)» by (simp add: inj-on-diff)
with «inj-on ¢ A» show «?rhsl’ = ?rhsl»
by (auto simp add: read-def comp-def * intro: mono-Mprefiz-eq)
qed
also from that(2) have «?rhs2’ = ?rhs2»
proof (elim disjE)
assume <d ‘BN S ={h
hence <B—d —-‘S=BAd‘B—-S=4d°‘B) by fast
thus «?rhs2’ = ?rhs2» by (simp add: read-def comp-def)
next
assume «d ‘B C S
hence <B—d —‘S={}Ad ‘B - S ={} by fast
show «?rhs2’ = 2rhs2» by (simp add: < ?this)
next
assume <inj-on d B>
hence <inj-on d (B — d —‘ S)» by (simp add: inj-on-diff)
with <inj-on d B> show (?rhs2’' = 2rhs2»
by (auto simp add: read-def comp-def * intro: mono-Mprefiz-eq)
qed
finally show < ?lhs = ?rhs1 O ?rhs2 O ?rhs3» .
qed

Enforce read lemma read-Sync-read-forced-read-left :
<«c?a€A — P a [S] d?beB — Q b =
(cPac(A — ¢ —*8) — (P a [S] d?b€B — Q b)) O
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(d?be(B — d —“S) — (c?a€A - Pa [S] Qb)) O
(c?ze(ANc—“(d*BnNS)) = (Pz[S] Q)
(is «?lhs = %rhs1 O ?rhs2 O 2rhs3»)
if <¢c “ANS={}VinjoncA

«d “BnNS={}VinjondB
Nab.ae A= beB=ca=db=dbe S = a=b

proof —
let ?rhs3’ = «(Oze(c “ANd* BNS)— (P (inv-into A ¢ x) [S] Q (inv-into

B dx)))
have x:<«c ‘(ANc—(d*BnNnS)=c“And‘ BnS by blast
have xx : «¢ “(ANc¢c—‘d‘B)=c‘ANd ‘B by blast
from that(1, 2) consider <¢c ‘AN S={}vd‘BnS={p

| <inj-on ¢ A» <inj-on d B» by blast
hence <?rhs3’ = ?rhs3»
proof cases
assume <c ‘ANS={}vd‘BnS={h
hence <¢c ‘ANd‘BNS={}ANANnc—°(d*BnS)={} by blast
thus («?rhs3’ = 2rhs3» by simp
next
assume <inj-on ¢ Ay <inj-on d B>
show «?rhs3’ = ?rhs3»
proof (unfold read-def * comp-def,
intro mono-Mprefiz-eq arg-cong2[where f = (AP Q. P [S] @))
fix zassumex €c ‘ANd‘BNS
moreover from <inj-on ¢ Ay inj-on-Int
have <nj-on ¢ A A inj-onc (AN c—(d “BnNS)) by blast
ultimately show (P (inv-into A ¢ ) = P (inv-into (AN c—*(d “BNSY))
¢ )
by (simp add: image-iff, elim conjE bexE, simp)
next
fixrassume $: <z €c‘ANd‘BNS
then obtain a b where $$ : <z = c a» <a € A <z = d b» <b € B> by blast
from <inj-on ¢ Ay inj-on-Int have $33 : <inj-on c (AN c—=“(d *BnN S
by blast
have «inv-into B d x = b by (simp add: $3(3, 4) <inj-on d B»)
also have b = a» by (metis $ $$ Int-iff that(3))
also have «a = inv-into (AN c—‘(d *BNJS)) ¢z
by (metis $ $$(1, 2) $$$ * Int-lowert
<ing-on ¢ Ay inj-on-image-mem-iff inv-into-f-eq)
finally have <inv-into B d x = inv-into (AN c —“(d *BNS)) ca> .
thus «Q (inv-into B d ) = Q (inv-into (AN c—(d ‘BN S)) cz) by simp
qed
qed
moreover have (?lhs = ?rhsl! O 2rhs2 O ?rhs3”
using that(1, 2) by (subst read-Sync-read) auto
ultimately show «?lhs = ?rhsl O ?rhs2 O ?rhs3> by argo
qed
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lemma read-Sync-read-forced-read-right:
e “AnS={}VinjoncA; d BnS={}Vinj-ond B,
NobacA=beB=ca=db=dbe S = a=1V =
c?a€A — Pa[S] d?beB — Q b =
(c?ac(A —c—“8) = (PalS] d?beB — Qb)) O
(d?be(B—d —*S) = (c?acA — Pa [S] Qb)) O
(d?ze(BNd—-"(¢c*ANS)) = (Pz[S] Q)
by (subst Sync-commute, subst Det-commute, subst read-Sync-read-forced-read-left)
(blast, blast, metis, auto simp add: Sync-commute intro: arg-cong2|where f =

«@)])

Special Cases lemma read-Sync-read-subset :
«c?a€A — Pa [S] d?beB — Q b =
Oze(c “ANd ‘“B) = (P (inv-into A ¢ z) [S] @ (inv-into B d x))»
if«c‘AC S «d*‘BCS

proof —
from that have * : <A — ¢ =S ={p «(B—d —*S5 ={} by auto
from that(1) have xx : <c “ANd‘BNS=c‘AnNd~‘B by blast
show ?thesis by (subst read-Sync-read)

(use that in <simp-all add: * *%»)
qed

lemma read-Sync-read-subset-forced-read-left :
«c?a€A — Pa[S] d?beB — Qb= c?ze(ANc—‘d ‘B) — (Pz[S] Q)
if <¢c “AC S»«d ‘B CS «nj-on c A <ing-on d B>
Nab.aeA=beB=ca=db=dbe S = a=b
proof —
from that have * : <A — ¢ =S ={p «(B—d —*S5 ={} by auto
from that(1) have *x : (AN (c—‘d ‘BNnec—‘S)=ANc—*d ‘B by blast
show ?thesis by (subst read-Sync-read-forced-read-left)
(use that(3, 4, 5) in <simp-all add: * **))
qed

lemma read-Sync-read-subset-forced-read-right :
e “AC S;d*“BCS;inj-on ¢ A; inj-on d B;
Nab.aeA=beB=ca=db=dbe S = a=10 =
c?a€A — Pa[S] d?beB - Qb=d?ze(BNd—‘c ‘A — (Pz[S] Q z)»
by (subst Sync-commute, subst read-Sync-read-subset-forced-read-left)
(simp-all add: Sync-commute, metis)

lemma read-Sync-read-indep :

<«c?a€A — P a [S] d?beB — Q b =

(c?a€A — (P a [S] (d?b€B — Q b))) O (d?beB — ((c?acA — P a) [9] Q
b))

if<«c‘AnS={b«Wd*BnS={p
proof —

from that have x : <A — ¢ —“S = A «B—d —‘8S = B) by auto

from that(1) have xx : <¢c ‘AN d‘BnNS ={} by blast
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show ?thesis by (subst read-Sync-read) (use that in <simp-all add: * *x»)
qed

lemma read-Sync-read-left :
«c?a€A — Pa [S] d?beB — Q b = c?acA — (P a [S] (d?b€B — Q b))»
if«‘ AnS={h««d*BCS
proof —
from that(1) have x : <A — ¢ —*S=Ar<«c‘And‘BnNS={} by auto
from that(2) have #x : <B — d —* S = {}> by blast
show ?thesis by (subst read-Sync-read)
(use that in <simp-all add: * *x»)
qed

lemma read-Sync-read-right :
«c‘ACS=d‘BnsS={} =
c?a€A — P a [S] d?beB — Q b = d?beB — ((c?acA — P a) [S] Q b)
by (subst Sync-commute, subst read-Sync-read-left)
(simp-all add: Sync-commute)

corollary read-Par-read :
«c?a€A — Pa || d?beB = Q b =
Oze(c “ANd ‘“B) — (P (inv-into A ¢ z) || @ (inv-into B d x))»
by (simp add: read-Sync-read-subset)

corollary read-Par-read-forced-read-left :
[inj-on ¢ A; injron d B; N\ab.a e A— beB=ca=db= a=0 =
c?a€A - Pall d?beB — Qb= clze(ANc—‘d*‘B)— (Pz| Q)
by (subst read-Sync-read-forced-read-left) simp-all

corollary read-Par-read-forced-read-right :
[ing-on ¢ A; injron d B; Nab.a € A= beB=ca=db= a=10 =
c?a€A - Pall d?beB — Qb=d?ze(BNd—-‘¢c‘A4) = (Pz|| Q)
by (subst read-Sync-read-forced-read-right) simp-all

corollary read-Inter-read :
[inj-on ¢ A; injron d B; N\ab.a € A— beEB=ca=db= a=0 =
c?a€A — Pal|| d?beB — Q b =
(c?a€A — (P all| d?beB — Qb)) O (d?beB — (c?a€A — Pal|| Q b))
by (simp add: read-Sync-read)

Same channel Some results can be rewritten when we have the same
channel.

lemma read-Sync-read-forced-read-same-chan :
«c?a€A — P a [S] c?beB — Q b =
(c?ac(A —c¢c—*8S) = (Pa[S] c?beB — Qb)) O
(c?be(B—c—*8) = (c?acA — Pa [S] Qb)) O
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(c?ze(ANBNc—=8) = (Pz[S] Q)
(is <?lhs = ?rhsl O ?rhs2 O ?rhs3»)
if <cc AN S={}VvinjoncA <« *BnS={}Vinjonc B
Nab.aeA=beB=ca=cb=cbeS=a=b
proof —
— Actually, the third assumption is equivalent to the following (we of course do
not use that(3) in the proof of equivalence).
from that(1, 2)
have «nj-on ¢ (AU B)Nec —°8) «—
Vab.acA—beB—ca=cb—cbe S —a=0bp
by (elim disjE, simp-all add: inj-on-def)
((auto)[3], metis Int-iff Un-iff vimageE vimagel)

from that(3) have * : <AN(c—‘¢c‘BNc—-S)=ANnBnNc—*5 by auto
blast

show ?thesis by (simp add: read-Sync-read-forced-read-left that *)
ged

lemma read-Sync-read-forced-read-same-chan-weaker :
— Easier with a stronger assumption.
<ng-on ¢ (AU B) =
c?a€A — Pa [S] c?b€B — Q b =
(c?ac(A —c—*S) = (PalS] c?beB — Qb)) O
(c?be(B —c —“8) = (c?acA — Pa [S] Qb)) O
(c?z€(ANBNc—°5)—= (Pz[S] Q)
by (rule read-Sync-read-forced-read-same-chan)
(simp-all add: inj-on-Un, metis Un-iff inj-onD inj-on-Un)

lemma read-Sync-read-subset-forced-read-same-chan :

— In the subset case, the assumption inj-on ¢ (A U B) is equivalent. The result
is not weaker anymore.

«c?a€A — P a [S] c?beB — Q b= c?2e(AN B) —» (Pz [5] Q x)»

if <¢c “AC S <c“BCS <inj-onc (AU B)
proof —

from that(3) have <A N ¢ —‘c ‘B = AN B by (auto simp add: inj-on-def)

with that(3) show ?thesis

by (subst read-Sync-read-subset-forced-read-left)
(simp-all add: that(1, 2) inj-on-Un, meson Un-iff inj-on-contraD that(3))

qed

read and ndet-write. lemma ndet-write-Sync-read :
(cMacA — P a [S] d?beB — Q b=
( if A ={} then STOP [S] d?beB — Qb
else Macc “ A. (if a € S then STOP else a — (P (inv-into A ¢ a) [S] d?beB
— Qb)) O

b))) O

(Obe(d *B — S) — (a — P (inv-into A ¢ a) [S] @ (inv-into B d

(ifa € d BN Sthen a — (P (inv-into A ¢ a) [S] Q (inv-into B
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d a)) else STOP)))
by (auto simp add: ndet-write-def read-def Mndetprefiz-Sync-Mprefix
intro: mono-GlobalNdet-eq arg-cong2[where f = «(O)])

lemma read-Sync-ndet-write :
«c?a€A — Pa [S] dbeB — Qb =
( if B={} then c?acA — P a [S] STOP
else Mbed ‘ B. (if b € S then STOP else b — (c?a€A — P a [S] Q (inv-into
B db))) O

b)) B
(ifbec AN Sthen b — (P (inv-into A ¢ b) [S] Q (inv-into B d
b)) else STOP))»
by (auto simp add: ndet-write-def read-def Mprefiz-Sync-Mndetprefix
intro: mono-GlobalNdet-eq arg-cong2[where f = «(O))])

(Oag(c “A — S) = (P (inv-into A ¢ a) [S] b — Q (inv-into B d

lemma ndet-write-Sync-read-subset :
«c‘ACS=d‘'BCS=
ctlacd — Pa [S] d?beB — Q b =
(ifc“ACd‘BthenNacc ‘A — (P (inv-into A ¢ a) [S] Q (inv-into B d a))
else (Mag(c AN d “B) — (P (inv-into A ¢ a) [S] @ (inv-into B d a))) N
STOP)»
by (simp add: read-def ndet-write-def Mndetprefiz-Sync-Mprefix-subset)

lemma read-Sync-ndet-write-subset :
«c‘ACS=d‘BCS=
c?a€A — Pa [S] d'beB — Qb =
(ifd*BCc‘Athennbed ‘B — (P (inv-into A ¢ b) [S] Q (inv-into B d b))
else (Mbe(c AN d ‘B) = (P (inv-into A ¢ b) [S] Q (inv-into B d b))) N
STOP)»
by (simp add: read-def ndet-write-def Mprefiz-Sync-Mndetprefiz-subset)

— If we have the same injective channel, it’s better.
lemma ndet-write-Sync-read-subset-same-chan:
«MacA — Pa[S] c?beB — Qb =
(if A C B then ctacA — (P a [S] Q a) else (cMac(A N B) = (Pa[S] Q a))
N STOP)»
if <¢c “AC S «c‘BCS) <injonc (AU B)
proof —
from <inj-on ¢ (AU B)) have x:«c ‘ACc¢c‘B+— ACDB
by (auto simp add: inj-on-eq-iff)
from <inj-on ¢ (AU B)» have xx : «¢ “‘ANc¢‘B=c ‘(AN B)
by (auto simp add: inj-on-Un)
from «inj-on ¢ (A U B)» show ?thesis
by (unfold ndet-write-Sync-read-subset[OF <¢ A C S <¢ * B C 5]  %x)
(auto simp add: ndet-write-def inj-on-Un inj-on-Int
introl: mono-Mndetprefiz-eq arg-cong2|where f = «(M))])
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qed

lemma read-Sync-ndet-write-subset-same-chan:
«c‘ACS=¢‘BCS= injonc(AUB) =
c?a€A — Pa[S] MNbeB — Qb=
(if B C A then c!'beB — (P b [S] Q b) else (c!'be(A N B) — (P b [S] Qb))
N STOP))
by (subst (1 2 3) Sync-commute)
(simp add: Int-commute Un-commute ndet-write-Sync-read-subset-same-chan)

lemma ndet-write-Sync-read-indep :
e AnS={}=d‘BnsS={} =
MacA — Pal[S] d?beB — Qb=
( if A={} then d?beB — (STOP [S] Q b)
else Ma€c “ A. (a — (P (inv-into A ¢ a) [S] d?beB — Q b)) O
(d?beB — (a — P (inv-into A ¢ a) [S] Q b)))
by (auto simp add: ndet-write-def read-def Mndetprefiz-Sync-Mprefiz-indep comp-def
intro: mono-GlobalNdet-eq arg-cong2|where f = «(O)])

lemma read-Sync-ndet-write-indep :
c‘AnNS={}=d‘BnS={} =
c?a€A — P a [S] d'beB — Qb =
( if B={} then c?acA — (P a [S] STOP)
else Mbed * B. (b — (c?a€A — P a [S] Q (inv-into B d b))) O
(c?a€Ad — (P a [S] b — Q (inv-into B d b))))»
by (auto simp add: ndet-write-def read-def Mprefiz-Sync-Mndetprefiz-indep comp-def
intro: mono-GlobalNdet-eq arg-cong2|where f = «(0)])

lemma ndet-write-Sync-read-left :
<cMacAd — Pa[S] d?beB — Qb= clacA — (P a [S] d?beB — Q b)
(is «?lhs = ?rhey) if «c “ANS={ph«d*BCS
proof —
from that have <?lhs = ( if A = {} then STOP [S] d?beB — Q b
else cta€A — (P a [S] d?beB — Q b))
by (auto simp add: ndet-write-def read-def Mndetprefiz-Sync-Mprefiz-left comp-def
intro: mono-GlobalNdet-eq arg-cong2[where f = «(0O)3])
also have <... = ?rhs) by (simp add: read-def ndet-write-def Mprefiz-is-STOP-iff
STOP-Sync-Mprefix that(2))
finally show «?lhs = ?rhs) .
qed

lemma read-Sync-ndet-write-left :
<«c?a€A — P a [S] d'beB — Q b = c?acA — (P a [S] d'beB — Q b)»
(is «%lhs = ?rhsy) if «¢c ‘AN S={p«d*BCS
proof —
from that have «?lhs = (if B = {} then (c?a€A — P a) [S] STOP else ?rhs)»
by (auto simp add: ndet-write-def read-def Mprefiz-Sync-Mndetprefiz-left comp-def
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intro: mono-GlobalNdet-eq arg-cong2[where f = «(0)3])
also have «... = %rhs
by (simp add: read-def comp-def)
(use Mprefiz-Sync-Mprefiz-left that(1) in force)
finally show «?%lhs = ?rhs) .
qed

lemma ndet-write-Sync-read-right :
(c‘ACS=d‘BnS={} =
MacA = Pa [S] d70€B — Q b= d?0eB — (MacA — P a [S] Q b)
by (subst (1 2) Sync-commute) (simp add: read-Sync-ndet-write-left)

lemma read-Sync-ndet-write-right :
«c‘ACS=d‘BnsS={} =
c?a€A — Pa [S] d'beB — Q b = d'beB — (c?acA — P a [S] Q b)»
by (subst (1 2) Sync-commute) (simp add: ndet-write-Sync-read-left)

read and write. lemma write-Sync-read :
«cla — P [S] d?beB — Q b =
(if c a € S then STOP else cla — (P [S] d?beB — Qb)) O
(Obe(d *B — S) — (cta — P [S] Q (inv-into B d b))) O
(ifcae d*Bn Sthen cla — (P [S] Q (inv-into B d (¢ a))) else STOP)»
by (subst ndet-write-Sync-read[where A = {a}», simplified))
(simp add: write-is-write0 image-iff)

lemma read-Sync-write :
«c?a€Ad — Pa [S] d'b — Q =
(if d b € S then STOP else d'b — (c?a€A — P a [S] Q)) O
(Oag(c “ A — S) — (P (inv-into A ¢ a) [S] d'b — Q)) O
(ifdbec AN Sthen d'b — (P (inv-into A ¢ (d b)) [S] Q) else STOP)»
by (subst read-Sync-ndet-writelwhere B = «{b}», simplified])
(simp add: write-is-write0 image-iff)

lemma write-Sync-read-subset :
«caeS=d‘'BCS=
cla — P [S] d?beB — Q b =
(if ca € d * B then cla — (P [S] Q (inv-into B d (c a))) else STOP)»
by (simp add: write-Sync-read)
(metis Det-STOP Det-commute Diff-eq-empty-iff Mprefiz-empty)

lemma read-Sync-write-subset :
ic‘ACS—=—=4dbe § =
c?a€A — Pa [S] d'b — Q =
(if db e c ‘A then db — (P (inv-into A ¢ (d b)) [S] Q) else STOP)»
by (metis Sync-commute write-Sync-read-subset)



238 CHAPTER 12. ALGEBRAIC RULES OF CSP

— If we have the same injective channel, it’s better.
lemma write-Sync-read-subset-same-chan:
<ca€ S = c‘BCS = inj-on c (insert a B) =
cla = P [S] ¢?b€B — Q b = (if a € B then cla — (P [S] @ a) else STOP))
by (subst ndet-write-Sync-read-subset-same-chan[where A = {a}>, simplified))
stmp-all

lemma read-Sync-write-subset-same-chan:
(c‘AC S = cbe S = inj-onc (insert b A) =
c?a€A — Pa[S] ctb— Q= (if b € A then c!b — (P b [S] Q) else STOP)»
by (metis Sync-commute write-Sync-read-subset-same-chan)

lemma write-Sync-read-indep :
«ca¢ S=d‘BnS={} =
cla — P [S] d?beB — Qb =
(cta — (P [S] d?beB — Qb)) O (d?beB — (cta — P [S] Q b))
by (subst ndet-write-Sync-read-indep|[where A = {a}», simplified])
(simp-all add: write-is-write0)

lemma read-Sync-write-indep :
c‘ANS={}=4db¢ S =
c?a€A —- Pa[S] d'b— Q =
(d'b — (c?acA — Pa [S] Q) O (c?acd — (P a [S] d'b — Q))
by (subst read-Sync-ndet-write-indep|where B = «({b}>, simplified))
(simp-all add: write-is-write0)

lemma write-Sync-read-left :
«ca¢ S=d‘BCS =
cdla — P [S] d?b€B — Q b = cla — (P [S] d7b€B — Q b)»
by (subst ndet-write-Sync-read-leftjwhere A = <{a}>, simplified]) simp-all

lemma read-Sync-write-left :
«c‘AnS={}=dbe S=
c?a€Ad — Pa[S] d'b — Q = c?acA — (Pa [S] d'b — Q)
by (subst read-Sync-ndet-write-left[where B = «{b}>, simplified]) simp-all

lemma write-Sync-read-right :
«caeS=d‘BnS={ =
cla — P [S] d?b€B — Q b = d?beB — (cla — P [S] Q b)»
by (subst (1 2) Sync-commute) (simp add: read-Sync-write-left)

lemma read-Sync-write-right :
(c‘ACS=db¢ S =
c?a€A — Pa[S] db — Q= d'b — (c?a€A — Pa [S] Q)
by (subst (1 2) Sync-commute) (simp add: write-Sync-read-left)
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ndet-write and ndet-write lemma ndet-write-Sync-ndet-write :
<clacA — Pa [S] d'beB — Qb =
(ifA={}then ifd BnNS=/{}then d!'beB — (STOP [S] Q b)
else (Mzed (B — d —*S) — (STOP [S] Q (inv-into B d x))) M
STOP
else if B={} then ifc ‘AN S =/{} then c!acA — (P a [S] STOP)
else (Mz€c “ (A — ¢ = S) — (P (inv-into A c z) [S] STOP))
n SToP
else Mbed ‘ B. Macc ‘ A.
(if a € S then STOP else a — (P (inv-into A ¢ a) [S] b — Q (inv-into
Bdb)) O
(if b € S then STOP else b — (a — P (inv-into A ¢ a) [S] Q (inv-into
Bdb)) O
(ifa=0bAbe Sthenb— (P (inv-into A ¢ a) [S] @ (inv-into B d b))
else STOP))»
(is «2lhs = ( if A= {} then if d * BN S = {} then ?muv-right else ?muv-right’' 1N
STOP
else if B={} thenifc * AN S = {} then ?muv-left else ?muv-left’ M
STOP
else Zhuge-mess)»)
proof (split if-split, intro conjl impl)
have <d ‘(B —d —‘S)=d ‘B — S by blast
thus <A = {} = %lhs = (if d * BN S = {} then ?muv-right else ?muv-right’ M
STOP)»
by (auto simp add: ndet-write-def STOP-Sync-Mndetprefiz comp-def
intro: mono-Mndetprefiz-eq)
next
show «?lhs = (if B = {} then if ¢ * AN S = {} then ?mu-left else ?muv-left’ M
STOP else ?huge-mess)s if <A # {}»
proof (split if-split, intro conjl impl)
have «¢c (A —c¢—‘S)=c ‘A — S by blast
thus «<B = {} = 2%hs = (if ¢ “A NS = {} then ?muv-left else ?mu-left’ N
STOP)»
by (auto simp add: ndet-write-def Mndetprefiz-Sync-STOP comp-def
intro: mono-Mndetprefix-eq)
next
assume B # {}
have (?lhs = (Mbed ‘ B. Nacc ‘ A. (a — P (inv-into A ¢ a) [S] (b = @
(inv-into B d b))))»
by (simp add: ndet-write-def Mndetprefiz-GlobalNdet <A # {}> «<B # {}»
Sync-distrib-GlobalNdet-left Sync-distrib-GlobalNdet-right)
also have «... = Zhuge-mess»
by (auto simp add: write0-def Mprefiz-Sync-Mprefix Diff-triv Mprefiz-is-STOP-iff
disjoint-iff
introl: mono-GlobalNdet-eq arg-cong2[where f = «(O)])
finally show «?lhs = Zhuge-mess» .
qed
qed
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lemma ndet-write-Sync-ndet-write-subset :
<cMla€A — Pa[S] d'beB — Qb =
(i Fb.c A={b} Nd*B={b}
then (THE b. d * B = {b}) — (P (inv-into A ¢ (THE a. ¢ * A = {a})) [S] @
(inv-into B d (THE b. d * B = {b})))
else (Mz€(c “A N d‘B) — (P (inv-into A ¢ z) [S] @ (inv-into B d x))) N
STOP)»
(is <?lhs = (if ?cond then ?rhsl else ?rhs2)y) if <¢ ‘A C S»«d ‘B C S
proof (split if-split, intro conjl impl)
show (?cond = ?lhs = ?rhsl>
by (elim exE, simp add: ndet-write-is-GlobalNdet-write0 write0-def)
(subst Mprefiz-Sync-Mprefiz-subset, use <¢ * A C Sy in simp-all)
next
assume <~ Zcond)
let ?term = <Aa b. (b — (P (inv-into A ¢ a) [S] Q (inv-into B d b)))»
have «?lhs = Mbed ‘ B. Macc “ A. (if a = b then ?term a b else STOP)»
(is «?lhs = Nbed “ B. Nacc ‘ A. ?rhs’ b a»)
proof (cases <A ={} VvV B={})
from «¢ ‘A C S»«d B C S show A= {}V B={} = %hs = (Nbed ‘B.
Macc “ A. 2rhs’ b a)
by (elim disjE) (simp-all add: ndet-write-def Mndetprefiz-Sync-STOP STOP-Sync-Mndetprefix
Int-absorb2 Mndetprefiz-is-STOP-iff Ndet-is-STOP-iff)
next
show = (A ={} V B={}) = ?lhs = (Mbed ‘ B. Macc ‘ A. ?rhs’ b a)»
by (simp add: ndet-write-Sync-ndet-write)
(intro mono-GlobalNdet-eq, use <¢c ‘A C S» <d “* B C S» in auto)
qed

also have «(Mbed ¢ B. Nacc ‘ A. ?rhs’ b a) = ?rhs2)
proof (cases <d “BNec‘A={})
assume <d ‘BNec‘A={h
hence ¢ ‘AN d ‘B = {}»> by blast
hence «(Mbed ¢ B. Macc ‘ A. ?rhs’ b a) = STOP» by (auto simp add: Global-
Ndet-is-STOP-iff)
thus «(Mbed “ B. MNaec “ A. ?rhs’ b a) = 2rhs2»
by (auto simp add: <¢c “ANd*‘B={})
next
show «(Mbed ‘ B. Macc “ A. ?rhs’ b a) = ?rhs2> if <d ‘BnNc ‘A #{p
proof (cases <d ‘B — ¢ ‘A ={})
assume «d ‘B — ¢ ‘A ={}p
hence «¢c “ANd‘B=d ‘B by blast
have «(Ma€c ‘ A. ?rhs’ b a) = (if ¢ * A = {b} then ?term b b else ?term b b
N STOP)»
(is «(Ma€c “ A. ?rhs’ b a) = ?rhs’’ by) if <b € d * By for b
proof (cases <¢ * AN {b} ={}P)
from«d ‘B—-—c‘A={p bed B
show «¢ ‘AN {b} = {} = (Ma€c * A. ?rhs’ b a) = ?rhs” b> by auto
next
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show «(Ma€c ‘ A. 2rhs’ b a) = ?rhs” by if <¢ * A N {b} # {}p
proof (cases <c ‘A — {b} = {}»)
show «c ‘A — {b} = {} = (Macc “ A. ?rhs’ b a) = ?rhs” b
using «¢ ‘A N {b} # {}> by auto
next
show «(Ma€c “ A. ?rhs’ b a) = ?rhs’” by if <¢ * A — {b} # {}p
using ¢ ‘A4 — {b} #{P «c “An{b} #{p
by (auto simp add: GlobalNdet-is-STOP-iff
simp flip: GlobalNdet-factorization-union
[OF <c “ AN {b} #{} <c “ A —{b} #{}, unfolded Int-Diff-Un)
intro: arg-cong2[where f = «(M)])
qed
qed
hence «(Mb € d * B.Maec “ A. ?rhs’ b a) =Nb € d * B. ?rhs’’ b
by (fact mono-GlobalNdet-eq)
also have ¢(Mb € d “ B. ?rhs’’ b) = ?rhs2»
proof —
from <= ?cond» have «(Mb € d *B. %rhs” b) =Tb € d * B. Zterm b b N
STOP
by (metis Diff-eq-empty-iff Int-commute <¢ *ANd‘B=4d ‘B
«d *B — ¢ ‘A= {} subset-singleton-iff <d ‘BN c‘A#{})
also have «... = (Mb € d * B. %term b b) N STOP>
by (simp add: Process-eg-spec Ndet-projs GlobalNdet-projs STOP-projs)
finally show «(Mb € d ‘ B. ?rhs’” b) = %rhs2»
by (simp add: Mndetprefiz-GlobalNdet <¢ ‘AN d ‘B =d ‘B»)
qed
finally show «(Mb € d * B. Macc ‘ A. ?rhs’ b a) = ?rhs2» .
next
assume <d ‘B — ¢ ‘A # {}p
have Macc ‘ A. (if a = b then %term a b else STOP) =
(if b€ ¢ “ A then if ¢ ©* A = {b} then ?term b b else (?term b b) M STOP
else STOP)»
if <bed ‘B> forb
proof (split if-split, intro conjl impl)
show <Macc ‘ A. (if a = b then ?term a b else STOP) =
(if ¢ <A = {b} then ?term b b else (?term b b) M STOP) if <b € ¢ * A
proof (split if-split, intro conjl impl)
show «¢ ‘A = {b} = Maec ‘ A. (if a = b then ?term a b else STOP) =
Zterm b by by simp
next
assume <c ‘A # {b}
with «<b € ¢ “ A have «insert b (¢ “A) = ¢ * A <c “A — {b} #{} by
auto
show ¢ ‘A # {b} = Macc ‘ A. (if a = b then ?term a b else STOP) =
Zterm b b 11 STOP)
by (auto simp add: GlobalNdet-is-STOP-iff intro!: arg-cong2[where f =
()]

simp flip: GlobalNdet-factorization-union
[of «{b}>, OF - ¢ * A — {b} # {}>, simplified, unfolded <insert b (c *
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A)=c A
qed
next
show b ¢ ¢ ‘A = Macc ‘ A. (if a = b then ?term a b else STOP) =
STOP»
by (auto simp add: GlobalNdet-is-STOP-iff)
qged

hence <Mb € d “* B. Macc ‘ A. ?rhs’ b a =
nbed‘B.(ifbec‘Athenifc‘A={b} then ?term b b else (Zterm
b b) M STOP else STOP)»
by (fact mono-GlobalNdet-eq)
also from «d ‘B —c ‘A #{}p have«...=(Mbe d ‘B. (if b€ ¢ * A then
Zterm b b else STOP)) M STOP:»
by (simp add: Process-eq-spec GlobalNdet-projs, safe)
(simp-all add: GlobalNdet-projs STOP-projs Ndet-projs split: if-split-asm,
auto)
also have «... = ?rhs2»
proof (fold GlobalNdet-factorization-union
[OF <d“Bnc‘A#{p «d ‘B —c‘A#{}, unfolded Int-Diff-Un))
have «be(d ‘BN c¢ “A). (ifb e c ‘A then ?term b b else STOP) =
nbe(d BN c “A). ?term b by by (auto intro: mono-GlobalNdet-eq)
moreover have «be(d ‘B — ¢ “ A). (if b € ¢ * A then Zterm b b else
STOP) = STOP»
by (simp add: GlobalNdet-is-STOP-iff)
ultimately show «(Mbe(d ‘BN c “A). (if b € ¢ * A then ?term b b else
STOP)) N
(Mbe(d *B — ¢ “A). (if b € ¢ * A then ?term b b else STOP))
N STOP = ?2rhs2»
by (metis Mndetprefiz-GlobalNdet Int-commute Ndet-assoc Ndet-id)

qed
finally show «(Mb € d ‘ B. Ma€c ‘ A. ?rhs’ b a) = 7rhs2» .
qed
qed
finally show <?lhs = ?rhs2» .

qed

lemma ndet-write-Sync-ndet-write-indep :
«c‘AnNS={}=d‘BnsS={} =
MacA — Pa[S] d'beB — Qb=
( if A ={} then d"'beB — (STOP [S] Q b)
else if B ={} then c!la€A — (P a [S] STOP)
else Mbed ¢ B. Maec ‘ A.
((a — (P (inv-into A c a) [S] b — Q (inv-into B d b)))) O
((b = (a = P (inv-into A c a) [S] Q (inv-into B d b)))))»
by (auto simp add: ndet-write-Sync-ndet-write disjoint-iff introl: mono-GlobalNdet-eq)
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lemma ndet-write-Sync-ndet-write-left :

«clacA — Pa [S] d'beB — Qb= clacA — (P a [S] d'beB — Q b)»

(is <%lhs = ?rhsy) if «c ‘AN S={p«d‘BCS
proof —

let ?rhs’ = «Mbed * B. Macc “ A. a — (P (inv-into A ¢ a) [S] b — Q (inv-into
B d b))

have «?lhs = ( if A = {} then ifd ‘BN S ={} then d'beB — (STOP [95]
Q)

d x))) N STOP
else if B={} then ifc ‘A NS =1{} then cMacA — (P a [9]

else (Mze€d ‘(B —d —°8) — (STOP [S] Q (inv-into B

STOP)
else (Mzec (A — ¢ —“8) — (P (inv-into A ¢ x)
[S] STOP)) N STOP
else Mbed ‘ B. Maec “ A.
(if a € S then STOP else (a — (P (inv-into A ¢ a) [S] b —
Q (inv-into B d b)))) O
(if b € S then STOP else (b — (a — P (inv-into A ¢ a) [9]
Q (inv-into B d b)))) O
(ifa=0bANbe Sthen b — (P (inv-into A ¢ a) [S] Q (inv-into
B d b)) else STOP))»
(is «%lhs = (if A = {} then ?rhsi else if B = {} then ?rhs2 else ?rhs3)»)
by (fact ndet-write-Sync-ndet-write)
also from «d ‘ B C S» have <?rhs1 = STOP)
by (auto simp add: Ndet-is-STOP-iff ndet-write-def Mndetprefiz-GlobalNdet
GlobalNdet-is-STOP-iff)
also from «¢ ‘A N S = {}p have «?rhs2 = cllacA — (P a [S] STOP)) by
presburger
also from «¢c ‘ANS={h«d‘BCS
have «?rhs3 = Nbed ‘ B.Macc ‘ A. a — (P (inv-into A c a) [S] b — Q (inv-into
B d b))
by (intro mono-GlobalNdet-eq) auto
finally have <?lhs = ( if A = {} then STOP
else if B = {} then c!tacA — (P a [S] STOP)
else ?rhs’)y .
moreover have (B # {} = %rhs’ = Macc * A. a — (P (inv-into A ¢ a) [95]
nbed “ B. b — Q (inv-into B d b))»
by (subst GlobalNdet-sets-commute)
(simp add: Sync-distrib-GlobalNdet-left write0-GlobalNdet)
moreover have «... = c!lacA — (P a [S] d''beB — Q b)
by (simp add: ndet-write-is- GlobalNdet-write0)
ultimately show < ?lhs = ?rhs) by simp
qed

lemma ndet-write-Sync-ndet-write-right :
«c‘ACS=d‘BnsS={} =
ctlacd — Pa [S] d'beB — Q b= d'beB — (cMacA — P a [S] Q b)
by (subst (1 2) Sync-commute) (simp add: ndet-write-Sync-ndet-write-left)
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ndet-write and write lemma write-Sync-ndet-write :
«cta — P [S] d''beB — Q b =
( if B={} then cta — P [S] STOP
else Mbed “ B. (if b € S then STOP else b — (cla — P [S] @ (inv-into B d
b))) O

O

(if c a € S then STOP else cla — (P [S] b — Q (inv-into B d b)))

(ifb=ca AN cae€ Sthen cta — (P [S] Q (inv-into B d (c a)))
else STOP))»
by (subst read-Sync-ndet-write[where A = «{a}», simplified],
auto simp add: write-def Mprefix-singl split: if-split-asm
introl: mono-GlobalNdet-eq arg-cong2[where f = «(0))] mono-Mprefiz-eq)
(simp add: insert-Diff-if write0-def)

lemma ndet-write-Sync-write :
<cllacAd — Pa[S] d'b— Q =
( if A={} then STOP [S] d'b — Q
else Magc “ A. (if a € S then STOP else a — (P (inv-into A c a) [S] d'b —
Q) B

O

(if d b € S then STOP else d'b — (a — P (inv-into A c a) [S] Q))

(ifa=dbA dbe Sthen db — (P (inv-into A c a) [S] Q) else
STOP))»
by (subst (1 2 3 4 5) Sync-commute)
(auto simp add: write-Sync-ndet-write intro: mono-GlobalNdet-eq)

lemma write-Sync-ndet-write-subset :
<cla — P [S] d'beB — Qb=
(ifcaé¢d’Bthen STOP elseif d ‘* B = {c a} then cla — (P [S] @ (inv-into
Bd (ca)
else (cla — (P [S] Q (inv-into B d (¢ a)))) M STOP)) if <ca € S» «d * B C
S»
proof (subst read-Sync-ndet-write-subset[where A = «{a}>, simplified))
from <c a € S) show <ca € S .
next
from «d ‘B C S) show «<d *B C S .
next
show «( ifd ‘B C {c a} then bed ‘ B — (P [S] Q (inv-into B d b))
else (Mbe(c ‘{a} Nd *B) — (P [S] Q (inv-into B d b))) N STOP) =
(ifcad¢d’Bthen STOP else if d * B = {c a} then cla — (P [S] @
(inv-into B d (c a)))
else (cla — (P [S] @ (inv-into B d (c a)))) N STOP))
(is «?lhs = (if c a ¢ d “ B then STOP else if d * B = {c a} then ?rhs else ?rhs
M STOP)»)
proof (split if-split, intro conjl impl)
show <ca ¢ d ‘' B = ?lhs = STOP)
by (auto simp add: GlobalNdet-is-STOP-iff image-subset-iff image-iff)

next
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show <—wca ¢ d ‘B = ?lhs = (if d * B = {c a} then ?rhs else ?rhs 1 STOP)>
by (auto simp add: image-subset-iff Ndet-is-STOP-iff write-is-write0)
qed
qed

lemma ndet-write-Sync-write-subset :
(c‘ACS=dbe S =
(NaeA — Pa) [S] (d'b — Q) =
(ifdb¢ c A then STOP else if ¢ * A = {d b} then d'b — (P (inv-into A ¢
(d 1)) [5] Q)
else (d'b — (P (inv-into A ¢ (d b)) [S] @)) 1 STOP)»
by (subst (1 2 3) Sync-commute) (simp add: write-Sync-ndet-write-subset)

lemma write-Sync-ndet-write-indep :
«cag¢ S=d*‘BnS={ =
cla — P [S] d"beB — Qb=
( if B={} then cta — (P [S] STOP)
else Mbed * B. (cla — (P [S] b — @Q (inv-into B d b))) O
(b = (cta — P [S] @ (inv-into B d b))))»
by (subst ndet-write-Sync-ndet-write-indep[where A = «{a}», simplified])
(auto simp add: write-is-write0 intro: mono-GlobalNdet-eq)

lemma ndet-write-Sync-write-indep :

c ‘' ANS={}=4db¢ S =

ctlacd — Pa[S] dlb— Q=

( if A ={} then d'b — (STOP [5] Q)
else Nacc “ A. (a — (P (inv-into A c a) [S] d'b — Q)) O

(d'o — (a — P (inv-into A ¢ a) [S] Q)))»

by (subst (1 2 3 4) Sync-commute, subst Det-commute)

(simp add: write-Sync-ndet-write-indep)

lemma write-Sync-ndet-write-left :

(ca¢ S=>d‘BCS= cla— P[S] dbeB — Qb= cla— (P [S] d''beB
- Qb

by (subst ndet-write-Sync-ndet-write-left[where A = «{a}», simplified]) simp-all

lemma ndet-write-Sync-write-left :
c‘ANS={}=4dbe S = dlacd - Pa[S] d'b— Q= cllacA — (P
a [S] &b — Q)
by (subst ndet-write-Sync-ndet-write-left{where B = «{b}), simplified]) simp-all

lemma write-Sync-ndet-write-right :
caeS=d*BnS={}= cla— P[S] dMbeB - Qb= dbeB — (cla
— P [S] Q by
by (subst ndet-write-Sync-ndet-write-right[where A = {a}», simplified]) simp-all
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lemma ndet-write-Sync-write-right :
(c‘ACS=db¢ S= cMacAd - Pal[S] db— Q=db— (llacA — P
o [5] Q)
by (subst ndet-write-Sync-ndet-write-right[where B = «{b}», simplified]) simp-all

write and write lemma write-Sync-write :
<cla = P [S] d'b — Q =
(if d b € S then STOP else d'b — (cla — P [S] @Q)) O
(if ¢ a € S then STOP else cla — (P [S] d'b — Q)) O
(ifca=dbAdbe Sthen cla — (P [S] Q) else STOP)»
by (subst read-Sync-read[where A = «{a}> and B = «{b}», simplified])
(simp add: write-def insert-Diff-if Det-commute Int-insert-right)

lemma write-Inter-write :
<cta = Pl d'o— Q = (cla— (P ||| db— Q) O (d'b— (cla— P ||| Q)
by (simp add: write-Sync-write Det-commute)

lemma write- Par-write :
<cla = P|| d'b— Q= (if ca=dbthen cla — (P || Q) else STOP)»
by (simp add: write-Sync-write)

lemma write-Sync-write-subset :
«caceS=dbec S =
cla = P[S] d'b— Q = (if ca = db then cla — (P [S] Q) else STOP)»
by (simp add: write-Sync-write)

lemma write-Sync-write-indep :

cag¢ S=db¢ S =

cla —» P [S] d'b — @ = (cta — (P [S] d'b — @)) O (d'b — (cta — P [9]
Q)

by (simp add: Det-commute write-Sync-write)

lemma write-Sync-write-left :
«cag¢ S=dbeS= cla— P[S]d'b— Q= cla— (P[] d'b— Q)
by (auto simp add: write-Sync-write)

lemma write-Sync-write-right :
«caeS=db¢ S= cla— P[S] d'b— Q=4db— (cda = P[S] Q)
by (auto simp add: write-Sync-write)

read and (—). lemma write0-Sync-read :
<a — P [S] d?beB — Q b =
(if a € S then STOP else a — (P [S] d?beB — Q b)) O
(Obe(d *B — S) = (a — P [S] Q (inv-into B d b))) O
(ifacd BN Sthen a — (P [S] @ (inv-into B d a)) else STOP)»
by (simp add: write-Sync-read[where ¢ = id, unfolded write-is-write0, simpli-
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fied])

lemma read-Sync-write0 :
«c?a€d - Pa[S]b— Q=
(if b € S then STOP else b — (c?a€A — P a [S] Q)) O
(Oag(c ‘A — S) — (P (inv-into A ca) [S] b — Q)) O
(ifbec An Sthen b — (P (inv-into A ¢ b) [S] Q) else STOP)»
by (simp add: read-Sync-write[where d = id, unfolded write-is-write0, simpli-

fied])

lemma write0-Sync-read-subset :

iaeS=d‘BCS—=

a— P[S] d?beB — Qb =

(if a € d * B then a — (P [S] Q (inv-into B d a)) else STOP)»

by (simp add: write-Sync-read-subset{where ¢ = id, unfolded write-is-write0,
simplified])

lemma read-Sync-write0-subset :
ic‘ACS=be S =
c?a€A - PaS]b— Q=
(if b€ ¢ ‘A then b — (P (inv-into A ¢ b) [S] Q) else STOP)»
by (simp add: read-Sync-write-subset|where d = <\x. x3, unfolded write-is-write0))

lemma write0-Sync-read-subset-same-chan:
«a € §S=—= BCS§—=
a — P [S] id?beB — Q b = (if a € B then a — (P [S] Q a) else STOP)»
by (simp add: write-Sync-read-subset-same-chan
[where ¢ = id, unfolded write-is-write0, simplified])

lemma read-Sync-write0-subset-same-chan:
(ACS=be S =
id?a€A - Pa[S]b— Q= (ifbe Athenb— (Pb[S] Q) else STOP)»
by (simp add: read-Sync-write-subset-same-chan
[where ¢ = id, unfolded write-is-write0, simplified])

lemma write0-Sync-read-indep :

w¢S=d‘BnsS={ =

a— P[S] d?beB — Qb =

(a = (P [S] d?beB — @ b)) O (d?beB — (a — P [S] Q b))

by (simp add: write-Sync-read-indep[where ¢ = id, unfolded write-is-write0,
simplified])

lemma read-Sync-write0-indep :

c‘AnNS={}=0¢ 5=

c?a€Ad - PaS]b— Q=

(b= (c?a€A — Pa[S] Q) O (c?acA — (Pa [S] b— Q)

by (simp add: read-Sync-write-indep|where d = id, unfolded write-is-write0,
simplified])
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lemma write0-Sync-read-left :

<a¢ S=d‘BCS=a— P[S] d?beB - Qb= a— (P [S] d?beB —
Qb))

by (simp add: write-Sync-read-left(where ¢ = id, unfolded write-is-write0, sim-
plified])

lemma read-Sync-write0-left :

c‘AnS={}=beS= c?acA > Pa[S]b— Q= c?acAd — (Pa [9]
b— Q)

by (simp add: read-Sync-write-left[where d = id, unfolded write-is-write0, sim-
plified])

lemma write0-Sync-read-right :

aeS=d‘BnNnS={} = a— P[S] d?eB - Qb= d?beB — (a — P
[S] @ o)

by (simp add: write-Sync-read-right[where ¢ = id, unfolded write-is-write0, sim-

plified])

lemma read-Sync-write0-right :

(c‘ACS=b¢ S= ctacA—> Pa[S]b— Q=10b— (c?a€d — Pa[9]
Q)

by (simp add: read-Sync-write-rightiwhere d = id, unfolded write-is-write0,
simplified])

ndet-write and (—) lemma write0-Sync-ndet-write :
<a — P [S] d'beB — Qb =
( if B={} then a — P [S] STOP
else Mbed “ B. (if b € S then STOP else b — (a — P [S] Q (inv-into B d b)))
O
(if a € S then STOP else a — (P [S] b = Q (inv-into B d b))) O
(ifb=a A a € Sthen a — (P [S] Q (inv-into B d a)) else STOP))»
by (simp add: write-Sync-ndet-write[where ¢ = (\z. x>, unfolded write-is-write0,
simplified])

lemma ndet-write-Sync-write0 :
<cflacAd - Pa[S]b— Q=
( if A={} then STOP [S] b — @
else Macc ‘ A. (if a € S then STOP else a — (P (inv-into A c a) [S] b — Q))
O
(if b € S then STOP else b — (a — P (inv-into A c a) [S] Q)) O
(ifa=>bAbe Sthen b — (P (inv-into A ¢ a) [S] Q) else STOP)))
by (simp add: ndet-write-Sync-writelwhere d = «Az. x>, unfolded write-is-write0,
simplified)])

lemma write0-Sync-ndet-write-subset :

<(a€S=d‘'BCS=

a— P[S] dbeB — Qb=

(ifaé¢ d°‘Bthen STOP elseif d * B = {a} then a — (P [S] @ (inv-into B d
a))
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else (a — (P [S] @ (inv-into B d a))) M STOP)»
by (simp add: write-Sync-ndet-write-subset|where ¢ = id, unfolded write-is-write0,
simplified])

lemma ndet-write-Sync-write0-subset :
«c ' ACS=becS=
cMaeAd - PaS]b— Q=
(ifbé¢ c A then STOP elseif ¢ * A = {b} then b — (P (inv-into A ¢ b) [9]
Q)
else (b — (P (inv-into A ¢ b) [S] @)) N STOP)»
by (simp add: ndet-write-Sync-write-subset[where d = id, unfolded write-is-write0,
simplified])

lemma write0-Sync-ndet-write-indep :
g S=d‘BnsS={ =
a— P[S] dbeB - Qb=
( if B={} then a — (P [S] STOP)
else Mbed * B. (a — (P [S] b — Q (inv-into B d b))) O
(b — (a = P [S] Q (inv-into B d b))))»
by (simp add: write-Sync-ndet-write-indep[where ¢ = id, unfolded write-is-write0,
simplified])

lemma ndet-write-Sync-write0-indep :
c‘ANS={}=0b¢ 5=
MacA - PaS]b— Q=
( if A={} then b — (STOP [S] Q)
else Macc “ A. (a — (P (inv-into A c a) [S] b — Q)) O
(b = (a — P (inv-into A c a) [S] @)))
by (simp add: ndet-write-Sync-write-indep[where d = id, unfolded write-is-write0,
simplified])

lemma write0-Sync-ndet-write-left :

a¢S=—=d‘BCS=a— P[S]d'eB - Qb=a— (P[S] dbeB —
Q b)

by (simp add: write-Sync-ndet-write-left[where ¢ = id, unfolded write-is-write0,
simplified])

lemma ndet-write-Sync-write0-left :
«c‘AnS={}=beS= MNacAd - PalS]b— Q= clacd = (PalS]
b— Q)
by (simp add: ndet-write-Sync-write-leftjwhere d = id, unfolded write-is-write0,
simplified])

lemma write-Sync-ndet-write0-right :
weS=d‘BnNnS={} = a— P[S] dbeB - Qb= d'beB — (a —
P [S] @ b)
by (simp add: write-Sync-ndet-write-right|where ¢ = id, unfolded write-is-write0,
simplified])
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lemma ndet-write-Sync-write0-right :
(c‘ACS=0b¢S= cllacA - Pa[S]b— Q=0b— (cacA — Pa 9]
Q)
by (simp add: ndet-write-Sync-write-right|where d = id, unfolded write-is-write0,
simplified])

(—) and (—) lemma write0-Sync-write0 :

<a > P[S]b— Q=

(if b € S then STOP else b — (¢ — P [S] @Q)) O

(if a € S then STOP else a — (P [S] b — Q)) O

(ifa=bAbe Sthen a — (P [S] Q) else STOP)»

by (simp add: write-Sync-writelwhere ¢ = id and d = id, unfolded write-is-write0,
simplified])

lemma write0-Sync-write0-bis :
(a— P) [S] (b= Q) =
(ifaesS
then ifbe S
then ifa =105
then a — (P [S] Q)
else STOP
else (b — ((a — P) [9] @))
else ifbe S
then a — (P [S] (b = Q))
else (a — (P [S] (b — Q))) B (b= ((a = P) [S] @)))
by (cases <a € S»; cases <b € S») (auto simp add: write0-Sync-write0 Det-commute)

lemma write0-Inter-write0 :
aa—=Pllb=>Q=(a—=(P|b—> Q)T (b—(a—PllQ)
by (simp add: write0-Sync-write0 Det-commute)

lemma write0-Par-write( :
<a > Pl b— Q= (ifa=0bthen a — (P || Q) else STOP)»
by (simp add: write0-Sync-write0)

lemma write0-Sync-write0-subset :

wweS=beS=a—->P[S]b— Q= (ifa=>bthena— (P[S] Q) else
STOP)»

by (simp add: write-Sync-write-subset/where ¢ = id and d = id, unfolded
write-is-write0, simplified))

lemma write0-Sync-write0-indep :

g S=0b¢S=a—-P[S]b—>Q=(a— (P[S]D— Q) O (b — (a
~ PIS] Q)

by (simp add: write-Sync-write-indep[where ¢ = id and d = id, unfolded
write-is-write0, simplified])
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lemma write0-Sync-write0-left :

g S=beS=a—->P[S]b—>Q=a— (P[S]b— Q)

by (simp add: write-Sync-write-left[where ¢ = id and d = id, unfolded write-is-write0,
simplified])

lemma write0-Sync-write0-right :
wweS=b¢S=a—>P[S]b—>Q=b— (a > P[S] Q)
by (simp add: write-Sync-write-right[where ¢ = id and d = id, unfolded write-is-write0,
simplified])

write and (—) lemma write0-Sync-write :
a = P[S] d'b— Q=
(if d b € S then STOP else d'b — (a — P [S] Q)) O
(if a € S then STOP else a — (P [S] d'b — @Q)) O
(ifa=dbAdbe Sthen a — (P [S] Q) else STOP)»
by (simp add: write0-Sync-writeQ write-is-write0)

lemma write-Sync-write0 :
<cla > P[S]b— Q=
(if b € S then STOP else b — (cla — P [S] Q)) O
(if c a € S then STOP else cla — (P [S] b — Q)) O
(if ca=0bAbe Sthen cla — (P [S] Q) else STOP)»
by (simp add: write0-Sync-write0 write-is-writeQ)

lemma write0-Sync-write-subset :
€S =dbec S =
a— P[S]d'b— Q= (ifa=dbthen a — (P [S] Q) else STOP))
by (simp add: write0-Sync-write)

lemma write-Sync-write0-subset :
«caceS=bec S =
cla = P[S]b— Q= (if ca=bthen cla — (P [S] Q) else STOP)»
by (simp add: write-Sync-write0)

lemma write0-Sync-write-indep :
ag¢g S=db¢ S —=
a— P[S]d'b— Q= (a— (P[S] db— Q) O (ddb— (a = P[S] Q)
by (simp add: Det-commute write0-Sync-write)

lemma write-Sync-write0-indep :
cagd S=b¢ S =
cla > P[S]ob— Q= (cla— (P[S]b— @) O(b— (cta— P[S] Q)
by (simp add: Det-commute write-Sync-write0)

lemma write0-Sync-write-left :
ag¢g S=dbeS=a— P[S]db— Q=a— (P[] db— Q)
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by (simp add: write0-Sync-write0-left write-is-write0)

lemma write-Sync-write0-left :
ca¢S=beS=cla—>P[S]b— Q@=cla— (P[S]b— Q)
by (simp add: write0-Sync-write0-left write-is-write0)

lemma write0-Sync-write-right :
ae€S=db¢ S= a— P[S] db— Q=4db— (a > PI[S] Q)
by (simp add: write0-Sync-write0-right write-is-write0)

lemma write-Sync-write0-right :
caeS=b¢S=cla—>P[S]b— Q=b— (cla— P[S] Q)
by (simp add: Sync-commute write0-Sync-write-left)

12.5.4 Sync, SKIP and STOP
SKIP

Without injectivity, the result is a trivial corollary of read ?c ?A ¢P =
Mprefix (?c © ?A) (2P o inv-into ?A %c) and Mprefiz A ?P [?S] SKIP
fres = Oa€(?4 — 25) — (2P a [2S] SKIP ?res).

lemma read-Sync-SKIP :
«c?a€A — Pa[S] SKIP r = c?ac(A — ¢ —¢S) — (P a [S] SKIP r)) if <inj-on
c A
proof —
have «¢c ‘(A —c—‘S)=c ‘A — 5 by blast
show <«c?a€A — P a [S] SKIPr = c?ac(A — ¢ —*S) — (P a [S] SKIP )
by (auto simp add: read-def Mprefiz-Sync-SKIP «?thisy inj-on-diff <inj-on ¢ A»
intro: mono-Mprefix-eq)
qed

lemma SKIP-Sync-read :

¢inj-on d B => SKIP r [S] d?b€B — Q b = d?be(B — d —* §) — (SKIP r [9]
Q b)

by (subst (1 2) Sync-commute) (simp add: read-Sync-SKIP)

corollary write-Sync-SKIP :
<cta — P [S] SKIP r = (if ¢ a € S then STOP else cla — (P [S] SKIP r))»
and SKIP-Sync-write :
«(SKIP r [S] d'b — Q = (if d b € S then STOP else d'b — (SKIP r [S] Q))»
by (simp-all add: write-def Mprefix-Sync-SKIP SKIP-Sync-Mprefix Diff-triv)

corollary write0-Sync-SKIP :
<a = P [S] SKIP r = (if a € S then STOP else a — (P [S] SKIP r))»
and SKIP-Sync-write0 :
(SKIP r [S] b — Q = (if b € S then STOP else b — (SKIP r [S] Q))
by (simp-all add: write0-def Mprefiz-Sync-SKIP SKIP-Sync-Mprefix Diff-triv)
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lemma ndet-write-Sync-SKIP :
«MacA — Pa[S] SKIP r =
(ifc ANS={} then MNacA — (P a [S] SKIP r)
else (Ma€(A — ¢ = 8S) — (P a [S] SKIP r)) N STOP)»
(is <%lhs = (if ¢ “ AN S = {} then ?rhsi else ?rhs2 M STOP)») if <inj-on ¢ A>
proof (split if-split, intro conjl impl)
assume ¢ ‘AN S ={p
hence (A — ¢ —° S = A by blast
from «¢ AN S = {}» show «%lhs = ?rhsl>
by (auto simp add: «?thisy ndet-write-is-GlobalNdet-write0 disjoint-iff
Sync-distrib-GlobalNdet-right write0-Sync-SKIP
intro!: mono-GlobalNdet-eq split: if-split-asm)
next
show «?lhs = ?rhs2 M STOP; if <¢c AN S #{}p
proof (cases <¢ ‘A — S ={})
assume ¢ ‘A — S = {p
hence <4 — ¢ =S = {}» by blast
from <«c ‘A — § = {}» show «?lhs = ?rhs2 N STOP)
by (auto simp add: ndet-write-is-GlobalNdet-write0 GlobalNdet-is-STOP-iff
«2thisy Sync-distrib-GlobalNdet-right write0-Sync-SKIP)
next
have ¢ ‘(A —c¢—=‘S)=c ‘A — S by blast
show «?lhs = ?rhs2 M STOP) if <¢c ‘A — S # {p
by (subst Ndet-commute, unfold ndet-write-is-GlobalNdet-write0 Sync-distrib- GlobalNdet-right)
(auto simp add: GlobalNdet-is-STOP-iff write0-Sync-SKIP
<Zthisy <inj-on ¢ A inj-on-diff
simp flip: GlobalNdet-factorization-union
[OF <¢c “ANS #{}p «c ‘A -8 #{}, unfolded Int-Diff-Un]
intro!: arg-cong2[where f = «(M)>] mono-GlobalNdet-eq)
qed
qged

corollary SKIP-Sync-ndet-write :
<inj-on d B =
SKIP r [S] d!beB — Q b =
(ifd BN S=1{}then dbeB — (SKIP r [S] Q b)
else (dMbe(B — d —* §) — (SKIP r [S] Q b)) N STOP)»
by (subst (1 2 8) Sync-commute) (simp add: ndet-write-Sync-SKIP)

STOP

Without injectivity, the result is a trivial corollary of read %c ?A P =
Mprefix (?c ¢ ?A) (?P o inv-into ?A ?c) and Mprefiz YA ?P [?5] SKIP
fres = Oac(?A — 25) — (9P a [2S] SKIP ?res).
lemma read-Sync-STOP :

<«c?a€A — P a [S] STOP = c?ac(A — ¢ —*S) — (P a [S] STOP)» if <inj-on
c A
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proof —
have <¢ ‘(A — ¢ —*S)=c¢*A — S by blast
show «c?a€A — P a [S] STOP = c?ac(A — ¢ —*8) — (P a [S] STOP))
by (auto simp add: <?this)> read-def Mprefiz-Sync-STOP inj-on-diff <inj-on c
A
intro: mono-Mprefix-eq)
qed

lemma STOP-Sync-read :

¢inj-on d B = STOP [S] d?beB — Q b = d?be(B — d —* S) — (STOP [9]
Q b)

by (subst (1 2) Sync-commute) (simp add: read-Sync-STOP)

corollary write-Sync-STOP :
<cta — P [S] STOP = (if ¢ a € S then STOP else cta — (P [S] STOP))»
and STOP-Sync-write :
«STOP [S] d'b — Q = (if d b € S then STOP else d'b — (STOP [S] Q))»
by (simp-all add: write-def Mprefiz-Sync-STOP STOP-Sync-Mprefix Diff-triv)

corollary write0-Sync-STOP
<a = P [S] STOP = (if a € S then STOP else a — (P [S] STOP))»
and STOP-Sync-write0 :
«(STOP [S] b — Q = (if b € S then STOP else b — (STOP [S] Q))»
by (simp-all add: write0-def Mprefiz-Sync-STOP STOP-Sync-Mprefix Diff-triv)

lemma ndet-write-Sync-STOP :
<cllacA — P a [S] STOP =
(ifc AN S =/{} then MNacA — (P a [S] STOP)
else (Ma€(A — ¢ = 8) — (P a [S] STOP)) N STOP)»
(is <?lhs = (if ¢ “ AN S = {} then ?rhsl else ?rhs2 M STOP)») if <inj-on ¢ A»
proof (split if-split, intro conjl impI)
assume ¢ ‘AN S ={p
hence <A — ¢ —“ S = A by blast
from «¢ ‘AN S = {}» show «%lhs = ?rhsl>
by (auto simp add: «?thisy ndet-write-is-GlobalNdet-write0 disjoint-iff
Sync-distrib- GlobalNdet-right write0-Sync-STOP
intro!: mono-GlobalNdet-eq split: if-split-asm,)
next
show «?lhs = ?rhs2 M STOP) if <¢c ‘AN S # {p
proof (cases <¢c ‘A — S ={})
assume <c ‘A — S ={}p
hence <A — ¢ —* S = {}» by blast
from <c ‘A — S = {}» show «?lhs = ?rhs2 11 STOP)
by (auto simp add: ndet-write-is-GlobalNdet-write0 GlobalNdet-is-STOP-iff
<2thisy Sync-distrib-GlobalNdet-right write0-Sync-STOP)
next
have ¢ “ (A —c—=‘S)=c ‘A — S by blast
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show «?lhs = ?rhs2 M STOP) if <¢c ‘A — S # {}
by (subst Ndet-commute, unfold ndet-write-is-GlobalNdet-writeQ Sync-distrib- GlobalNdet-right)
(auto simp add: GlobalNdet-is-STOP-iff write0-Sync-STOP
< ?thisy <inj-on ¢ A> inj-on-diff
simp flip: GlobalNdet-factorization-union
[OF <¢ “ANS#{}p «c“A—8#{}, unfolded Int-Diff-Un]
introl: arg-cong2|where f = «(M)»] mono-GlobalNdet-eq)
qed
qed

corollary STOP-Sync-ndet-write :
<inj-on d B =
STOP [S] d'beB — Q b=
(ifd BN S=1{} then dbeB — (STOP [S] Q b)
else (dM'be(B — d —*S) — (STOP [S] @ b)) N STOP))
by (subst (1 2 3) Sync-commute) (simp add: ndet-write-Sync-STOP)

12.6 Powerful Laws of CSP

12.6.1 Laws for Mndetprefix and Sync

lemma Mndetprefiz-Sync-Det-distr-FD :
(Ma€eA— (Pa]C](MbeB— Qb)) O
(MbeB—=((MaeA—-Pa)[C] QD)
Crp(Ma€A—Pa)[C](Mbe B— Qb
(is «?lhs! O ?2lhs2 Cpp ?rhs)
ifA#{p B#{PHpANC={pBNC={p
proof —
have (?lhs1 =M beB. M a€A. (a — (P a [C] (b — Qb)) (is «<- = ?lhs1 ")
by (simp add: <A # {}» «<B # {}» Mndetprefiz-GlobalNdet
Sync-distrib-GlobalNdet-left Sync-distrib-GlobalNdet-right
write0-def GlobalNdet-Mprefiz-distr[OF <B # {}», symmetric])
(subst GlobalNdet-sets-commute, simp)
moreover have <?lhs2 = M beB. M acA. (b - (a — Pa [C] Qb)) (is - =
2hs2"y)
by (simp add: <A # {}» «<B # {}» Mndetprefiz-GlobalNdet
Sync-distrib-GlobalNdet-left Sync-distrib-GlobalNdet-right
write0-def GlobalNdet-Mprefiz-distr|OF <A # {}», symmetric])
ultimately have «?lhs! O ?lhs2 = ?lhs1’ O ?2lhs2’y by simp
moreover have «?lhs1’ O 2lhs2' Cpp M b€B. M acA. (a — (P a [C] (b —

Qb))
O — ((a—= Pa)[C] QD)
by (auto simp add: <A # {}» «B # {}> refine-defs GlobalNdet-projs Det-projs
write0-def)
moreover have (... =M beB. M acA. ((¢ = Pa) [C] (b — Qb))
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by (rule mono-GlobalNdet-eq, rule mono-GlobalNdet-eq,
simp add: write0-def , subst Mprefiz-Sync-Mprefiz-indep)
(use <AN C ={p «Bn C = {} in auto)
moreover have (... = ?rhs»
by (simp add: <A # {}» «B # {}» Mndetprefiz-GlobalNdet
Sync-distrib-GlobalNdet-left Sync-distrib-GlobalNdet-right)
ultimately show «?lhs! O ?lhs2 Crp ?rhs» by argo
qed

lemmas Mndetprefiz-Sync-Det-distr-F = Mndetprefiz-Sync-Det-distr-FD| THEN leFD-imp-leF]
and Mndetprefiz-Sync-Det-distr-D = Mndetprefiz-Sync-Det-distr-FD|[THEN leFD-imp-leD)|

lemmas Mndetprefiz-Sync-Det-distr-T = Mndetprefiz-Sync-Det-distr-F[THEN leF-imp-leT]

lemma Mndetprefiz-Sync-Det-distr-DT :
qA#{hB#{hAnC={s5BnC={}]=
(MaeA—-(Pa]C]J(MbeB— Qb)) O
MbeB—-((MacA—-Pa)[C] QD))
EDT(|_|a€A—>PCL)[[C]](|_|b€B—>Qb)>

by (simp add: Mndetprefiz-Sync-Det-distr-D Mndetprefiz-Sync-Det-distr-T leD-le T-imp-leDT)

12.6.2 Hiding Operator Laws

theorem Hiding-Hiding-less-eq-process-Hiding-Un : <P \ A\ B Cpp P\ (A U
B)»
proof (rule failure-divergence-refine-optimizedI)
fix s assume <s € D (P \ (AU B))»
then obtain ¢ u
where * : ftF u) <tF t» <s = trace-hide t (ev ‘ (A U B)) Q w»
<t € D PV (3f. isInfHiddenRun f P (A U B) A t € range f)»
unfolding D-Hiding by blast
have sx : (trace-hide t (ev ‘* (A U B)) = trace-hide (trace-hide t (ev * A)) (ev *
B)»
using trace-hide-ev-union by blast
from *(4) show <s € D (P \ A\ B)
proof (elim disjE exFE)
assume ¢t € D P»
with mem-D-imp-mem-D-Hiding have <trace-hide t (ev * A) € D (P \ A)» by
blast
thus<s e D (P \ 4\ B)
by (subst D-Hiding) (usex(1, 2, 8) *x Hiding-tickFree in blast)
next
fix f assume xx : <isInfHiddenRun f P (A U B) A t € range >
hence <strict-mono [y by simp
define ff where (ff i = take (i + length (f 0)) (f i) for ¢
have xxx : «isInfHiddenRun ff P (A U B) A t € range ff>
proof (intro conjl alll)
show <strict-mono ff»
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proof (unfold strict-mono-Suc-iff, rule alll, unfold ff-def)
fix i nat
from length-strict-mono[of f «Suc i», OF (strict-mono f>]
have § : <take (i + length (f 0)) (f (Suc ©)) < take ((Suc i) + length (f 0))
(f (Suc i)
by (simp add: take-Suc-conv-app-nth)
from «strict-mono fy[THEN strict-monoD, of i <Suc i, simplified)
obtain ¢ where «f (Suc i) = fi Q {» by (meson strict-prefizE’)
with length-strict-monolof f i, OF <strict-mono f+)
have <take (i + length (f 0)) (f¢) = take (i + length (f 0)) (f (Suc i))» by
simp
with $ show <take (i 4+ length (f 0)) (f ©) < take (Suc i + length (f 0)) (f
(Suc 7))» by simp
qed
next
show «ffi € T P» for i
by (unfold ff-def) (metis xx prefix] append-take-drop-id is-processT3-TR)
next

show «<trace-hide (ff i) (ev ‘ (A U B)) = trace-hide (ff 0) (ev ‘ (A U B))» for

proof (rule order-antisym)
have «f 0 < fi» by (simp add: *x strict-mono-less-eq)
hence «f 0 < take (i + length (f 0)) (f i)
by (metis prefitE Prefix-Order.prefizl le-add2 take-all-iff take-append)
from mono-trace-hide[OF this)]
show <trace-hide (ff 0) (ev ‘ (A U B)) < trace-hide (ff i) (ev * (A U B))»
by (unfold ff-def) (metis le-add2 take-all-iff)
next
have «take (i + length (f 0)) (fi) < foO
by (metis prefix] append-take-drop-id)
from mono-trace-hide[OF this]
show <trace-hide (ff i) (ev * (A U B)) < trace-hide (ff 0) (ev * (A U B))»
by (unfold ff-def) (metis *x le-add2 take-all-iff)
qed
next
from *x obtain ¢ where <t = f > by blast
moreover have (f 0 < f i) by (simp add: *x strict-mono-less-eq)
ultimately have «t = ff (maz i (length t — length (f 0)))»
by (simp add: ff-def maz-def le-length-mono)
(metis xx prefitE append-eq-conv-conj strict-mono-less-eq)
thus <t € range ff> by blast
qed

show <s € D (P \ A\ B)»
proof (cases <Im. Vi>m. last (ff i) € ev * A>)
assume <3Im. Yi>m. last (ff i) € ev © A
then obtain m where $ : «m < i = last (ff 7) € ev * A> for i by blast
hence <tF (ff m)»
by (metis xxx strict-prefixE’ append-T-imp-tickFree list.distinct(1) strict-mono-Suc-iff)
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have $$ : F¢t. ff (i + m) = ffm Q ¢t A set t C ev * A for i
proof (induct 7)
show Jt. ff (0 + m)=ffm Q¢t A settCev‘A by simp
next
fix i assume <3t. ff (i + m) = ffm Qt Asett Cev ‘A
then obtain ¢ where <ff (i + m) = ffm Q t» <set t C ev A by blast
obtain r where <ff (Suc i + m) = ff (i + m) Q@
by (metis xxx strict-prefitE’ add-Suc strict-mono-Suc-iff)
moreover have ength (ff (Suc i + m)) = Suc (length (ff (i + m)))
by (simp add: ff-def) (metis xx add-Suc length-strict-mono min-absorb2)
ultimately have <length r = 1) by (metis Suc-eg-plusl add-left-cancel
length-append)
with «ff (Suci+ m)=ff (i + m) Qr
have «ff (Suc i+ m) = ff (¢ + m) Q [last (ff (Suc i + m))]> by (cases r)
simp-all
with «ff (i + m) = ffm Q &
have «ff (Suc i+ m) = ffm Q t Q [last (ff (Suc i + m))] by simp
moreover have ast (ff (Suc i + m)) € ev * A> by (simp add: $)
ultimately show <3¢. ff (Suci + m) =ffm Qt A settCev‘A

by (intro exI[of - <t @ [last (ff (Suc i + m))]]) (simp add: <set t C ev ¢
A»)
qed
then obtain fff where $$$$ : <ff (¢ + m) = ffm Q fff &> «set (fffi) C ev

A> for i by metis

show <s € D (P \ A\ B)
apply (simp add: D-Hiding)

apply (rule exI[of - <trace-hide (ff m) (ev * A)s], rule exI[of - u], intro conjI)
subgoal by (fact <ftF u))
subgoal using Hiding-tickFree <tF (ff m)> by blast
subgoal by (metis (no-types) *(3) xxx rangeE trace-hide-ev-union)
apply (rule disjl1)
apply (rule exI[of - <ff m>»], rule exI[of - <[]}], simp add: <tF (ff m)»)
apply (rule disjI2)
apply (rule exI[of - <\i. ff (i + m)»], intro conjl)
subgoal by (metis (mono-tags, lifting) *xx add-Suc strict-mono-Suc-iff)
subgoal using *xx by blast
subgoal using $$$$ by (simp add: subset-iff)
by (metis (mono-tags) add-0 rangel)

next

assume FAm. Vi>m. last (ff i) € ev * A

{ fix ¢ :: nat assume 0 < B
from xxx obtain t where «ffi = ff0 Q ) <sett C ev ‘(AU B)»

unfolding isInfHiddenRun-1 by blast
with <0 < 9> have <last (ffi) € ev ‘(AU B)
by (cases t) (auto simp add: xxx strict-mono-eq)

with (Am. Vi>m. last (ffi) € ev * A have $ : «Vi. 35>i. last(ff j) € ev *
B — ev ‘A
by (metis Un-Diff-cancel2 Un-iff gr0I image-Un not-less0)
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define fff where <fff = rec-nat t (Ai t. ff (SOME j. t < ffj A last (ff §) €
ev ‘B —ev‘A))
hence «fff i € range ff> for i
unfolding [fff-def
by (metis (mono-tags, lifting) xxx gr0-conv-Suc nat.rec(2)
old.nat.simps(6) rangel zero-less-iff-neq-zero)
have $$$ : «strict-mono (Ai. trace-hide (fff i) (ev < A))»
proof (unfold strict-mono-Suc-iff, rule alll)
fix ¢
have £ : «fff (Suc i) = ff (SOME j. fffi < ffj N last (ffj) € ev ‘B — ev
A
by (simp add: fff-def)
from <Ai. fff i € range ff> obtain j where <fff i = ff j» by blast
hence 3j. fif i < ffj A last (ffj) € ev * B — ev * Ay by (metis § sxx
monotoneD)
hence ££ : «fff i < fff (Suc i) A last (fff (Suci)) ¢ ev * A>
by (metis (no-types, lifting) Diff-iff £ somel-ex)
then obtain r where <(fff (Suc i) = fffi Q r» dast r ¢ ev * A
by (metis append-self-conv last-append less-eq-list-def prefiz-def less-list-def)
thus «trace-hide (fff ©) (ev ¢ A) < trace-hide (fff (Suc 7)) (ev < A)»
by (metis (mono-tags, lifting) preficl ££ empty-filter-conv
filter-append last-in-set nless-le self-append-conv)
qed
show «<s € D (P \ A\ B)»
apply (simp add: D-Hiding)
apply (rule exI[of - <trace-hide t (ev “ A)s], rule exI|of - u], intro conjl)
subgoal by (fact «ftF u»)
subgoal using Hiding-tickFree tF' t» by blast
subgoal by (simp add: x(3))
apply (rule disjI2)
apply (rule exI[of - <\i. trace-hide (fff ) (ev * A)»], intro conjl)
subgoal by (fact $$%)
subgoal by (metis «xx <\i. fff i € range ff> mem-T-imp-mem-T-Hiding
rangeF)
subgoal by (metis (no-types) xxx <\i. fff i € range ff> rangeFE trace-hide-ev-union)
by (metis (mono-tags, lifting) fff-def old.nat.simps(6) rangel)
qed

qed
next
assume subset-div : <D (P \ (AUB)CD(P\ A\ By
fix s X assume «(s, X) F(P\(AUB))
then consider <s € D (P \ (AU B))

| ¢ where <s = trace-hide t (ev ‘(AU B))» «(t, X Uev ‘(AU B)) € F P»
unfolding F-Hiding D-Hiding by blast
thus «(s, X) e F (P\ A\ B)
proof cases
from subset-div D-F show <s € D (P \ (AU B)) = (s, X) € F (P \ A\
B)» by blast

next
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fix t assume <s = trace-hide ¢t (ev * (AU B))» «(t, X Uev ‘(AU B)) € F P»

hence * : <s = trace-hide (trace-hide t (ev “ A)) (ev ‘ B)»
(t, XUev ‘BUev A eF P
by (simp-all add: image-Un sup-commute sup-left-commute)

show «(s, X) € F (P \ A\ B)
by (simp add: F-Hiding) (use * in blast)

qed
qed

theorem Hiding-Un : <P\ (AU B) =P\ A\ B
if «finite A for P :: <(a, ') processpiick’
proof (rule order-antisym,)
show «P\ (AUB) <P\ A\ B
proof (rule failure-divergence-refine-optimizedI)
fix s assume <s € D (P \ A\ B)
then obtain ¢ u
where * : ftF uy <tF ¢y «s = trace-hide t (ev * B) @ w»
<t € D (P\ A) V (Jz. isInfHidden-seqRun-strong x (P \ A) B t)»
by (elim D-Hiding-seqRunkE)
from *(4) show <s € D (P \ (AU B))
proof (elim disjE exE)
assume <t € D (P \ A)»
then obtain ¢’ v’
where *x : (ftF u’y «(tF t"y <t = trace-hide t' (ev * A) Q u’s
«t' € D PV (z. isInfHidden-seqRun-strong = P A t'))
by (elim D-Hiding-seqRunE)
from (1, 2) *xx(3) have sxx : (ftF (trace-hide u’ (ev * B) @ u)»
using Hiding-tickFree front-tickFree-append tickFree-append-iff by blast
show <s € D (P \ (AU B))»
apply (unfold D-Hiding-seqRun, clarify)
apply (rule exI[of - t'], rule exI|of - <trace-hide u’ (ev * B) @ w)])
apply (intro congl)
subgoal by (fact xxx)
subgoal by (fact *x(2))
subgoal by (simp add: %(3) **(3))
by (metis *x(4) Un-iff image-Un)
next
fix x assume xx : <isInfHidden-seqRun-strong © (P \ A) B
have trH-z : <trace-hide (seqRun t z 7) (ev ‘ B) = trace-hide t (ev ‘ B)» for i
using *x trace-hide-seqRun-eq-iff by blast
from *x have «Vi. seqRun t x i € {trace-hide t (ev * A) |t. (¢, ev “A) € F
P}
unfolding T-Hiding D-Hiding by blast
with F-T have «Vi. Jw. seqRun t x i = trace-hide w (ev * A) AN w € T P»
by blast
then obtain f where xxx : <seqRun t x i = trace-hide (f i) (ev * A)» «fi €
T P» for i by metis
have «inj f» by (rule injl) (metis xxx(1) seqRun-eq-iff)
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with finite-imageD have <infinite (range f)»> by blast
have $ : <set (take i t') C set (seqRun t z i) U ev * A if «t' € range f> for i
t/
proof —
from <t’ € range f» obtain j where <’ = fj» ..
hence £ : (seqRun t © j = trace-hide t' (ev “ A)» <t' € T P» by (simp-all
add: #*x)
consider i < j | <j < O by linarith
thus (set (take i t') C set (seqRun t z i) U ev * A>
proof cases
assume <j < 9
hence <seqRun t ¢ j < seqRun t x ©> by simp
hence <set (seqRun t x j) C set (seqRun t x 7))
by (metis prefitE Un-iff set-append subsetl)
moreover have (set (take i t’) C set (seqRun t z j) U ev * A)
by (rule subsetl, drule in-set-takeD) (simp add: £(1))
ultimately show «(set (take i t’) C set (seqRun t z i) U ev * A> by blast
next
assume <7 < j)
hence (seqRun t z i < seqRun t z j> by simp
hence <take i (seqRun t = j) < seqRun t x ©» by simp
have (seqRun t z j = trace-hide (take i t’) (ev * A) @ trace-hide (drop i t’)
(ev “ A)»
by (metis £(1) append-take-drop-id filter-append)
moreover have <length (trace-hide (take i t') (ev * A)) < D
by (metis length-filter-le length-take min.bounded-iff)
ultimately have «trace-hide (take i t") (ev * A) < take i (seqRun t x j)»
by simp
with (take i (seqRun t z j) < seqRun t z 7> obtain t”
where <seqRun t © i = trace-hide (take i t') (ev ©* A) Q t'"
by (meson preficrE dual-order.trans)
thus «set (take i t') C set (seqRun t z i) U ev A by (simp add: subsetl)
qed
qed
have «finite {take i w |w. w € range f}> for i
proof (induct 7)
show «finite {take 0 w |w. w € range f}> by simp
next
fix ¢ assume hyp : <finite {take i w |w. w € range f
show «finite {take (Suc i) w |w. w € range f}>
proof (rule finite-subset)
show ¢ {take (Suc i) w |w. w € range f}
C  {take i w |w. w € range f}
U (U e€set (seqRun t z (Suc 1)) U ev * A. {take i w Q [e] |w. w €
range f})»
(is «Zlhs C {take i w |w. w € range f} U (|Je€?51. 952 e)»)
proof (intro subsetl)
fix t’ assume <t’ € ?lhs
then obtain w where £ : <t' = take (Suc i) w» <w € range f> by blast
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show «t’ € {take i w |w. w € range f} U (Y ec?51. 252 ¢)»
proof (cases <i < length t)
assume (i < length t’
with £(1) take-Suc-conv-app-nth
have <take (Suc i) t' = take i w Q [t'! i) by auto
moreover from £ $ «i < length t’> nth-mem have «t'! ¢ € 251 by
blast
ultimately have «t' € (|Je€?51. 252 e)»
by (intro UN-I[of <t'! ©)], simp-all)
(metis £ less-not-refl min.absorb2 not-le-imp-less take-take)
thus ¢’ € {take i w |w. w € range f} U (U ec?S1. 252 €)» by simp
next
assume - i < length t"
hence <take (Suc 7) t’' = take i t"» by simp
with £ show «t’ € {take i w |w. w € range f} U (|Je€?251. 252 e)»
by auto
qged
qed
next
show «finite ({take i w |w. w € range f} U
(U e€set (seqRun t x (Suc i)) U ev ‘ A.
{take i w Q [e] |w. w € range f}))
proof (rule finite-Unl)
show «finite {take i w |w. w € range f}> by (fact hyp)
next
show «finite (|J e€set (seqRun t x (Suc 7)) U ev “ A. {take i w Q [e] |w.
w € range f})
proof (rule finite-UN-I)
show «finite (set (seqRun t x (Suc i)) U ev < A)»
by (simp add: <finite A>) — Here we use that A is finite.
next
fix e assume (e € set (seqRun t = (Suc 7)) U ev * A
have ¢ {take i w Q [¢] |w. w € range f}
= (At t'Q [e]) ‘{take i w |w. w € range f}> by auto
also have «finite ...» by (rule finite-imagel) (fact hyp)
finally show «finite {take i w Q [e] |w. w € range f}» .
qed
qed
qed
qed
also have ({take i w |w. w € range f} = {w. It'€range f. w = take i t'}
for i by auto
finally have <Vi. finite {w. It'€range f. w = take i t'}) ..
from KoenigLemma[OF <infinite (range f)» this]
obtain ff :: <nat = (‘a, 'r) tracepiick’
where $$ : <strict-mono [fy <range ff C {t. It'€range f. t < t'}> by blast
from $3(2) have $33% : (3¢’ ff (Suc j) < t' A t’ € range f» for j by blast
hence (ftF' (ff (Suc j))» for j
by (metis xxx(2) imageE is-processT2-TR is-processT3-TR)
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hence «tF' (ff j)» for j
using strict-monoD[OF $3(1), of j «Suc j», simplified)
by (metis strict-prefixE’ front-tickFree-append-iff list.distinct(1))
from $$(2) *xx(2) have «ff (j + i) € T P> for i j
by (simp add: subset-iff) (meson is-processT3-TR rangel)
have $$$$ : Jw. trace-hide (ff i) (ev * A) < t @ w» for i
proof —
from $$(2) obtain j where (ff i < fj» by auto
moreover from xx isInfHiddenRun-1 have «(3w. seqRun t x j = t Q@ w»
by (simp add: seqRun-def)
ultimately show «Jw. trace-hide (ff ©) (ev * A) < t Q w»
by (metis xxx(1) mono-trace-hide)
qed
have 3i. t < trace-hide (ff i) (ev * A)»
proof (rule ccontr)
define fff where «(fff i = trace-hide (ff i) (ev ¢ A)» for ¢
assume assm : Ai. t < fff i
moreover from $$$$ have «Vi. Jw. fff i < ¢ @ w> unfolding fff-def ..
ultimately have assm-bis : Vi. fffi <
by (metis prefix] le-same-imp-eq-or-less order.order-iff-strict)
have <mono fff>
by (rule monol, simp add: fff-def)
(metis $8(1) prefizE prefizl filter-append strict-mono-less-eq)
from mono-constant|OF this assm-bis]
obtain j where j < i = fff i = fff j» for ¢ by blast
have «fffj € D (P \ A
apply (unfold D-Hiding, clarify)
apply (rule exI[of - <ff j>], rule exI[of - <[]}])
apply (simp add: fff-def <tF (ff j)»)
apply (rule disjI2)
apply (rule exI[of - <\i. ff (§ + i)])
apply (intro conjl)
subgoal by (simp add: $$(1) strict-monol strict-mono-less)
subgoal by (simp add: <\i. f[f (j + 1) € T P»)
subgoal by (metis <\i. j < i = fff i = fif » fff-def le-addl)
subgoal by (metis Nat.add-0-right rangel) .
thus Fulse
by (metis (no-types) *x prefixE T-imp-front-tickFree append.right-neutral

assm-bis

z by

front-tickFree-append-iff is-processT3-TR is-processT7 t-le-seqRun)

qed
then obtain j where <t < trace-hide (ff j) (ev © A)» ..
have £ : <s = trace-hide (ff j) (ev ‘(A U B)) @Q w»
proof (unfold x(3), rule arg-conglwhere f = Az. x @ -])

from $$(7) $$$ obtain [ where ffj < f D

by (metis dual-order.trans order-less-imp-le rangeE strict-mono-Suc-iff)
from mono-trace-hide[OF this| have «<trace-hide (ff j) (ev ¢ A) < seqRun t

unfolding #xx(1) by presburger
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with mono-trace-hide[OF this] mono-trace-hide[OF <t < trace-hide (ff j) (ev
“ AN
show «trace-hide t (ev * B) = trace-hide (ff j) (ev ‘(A U B))»
by (metis trH-x dual-order.eq-iff trace-hide-ev-union)
qed
have £.£ : <trace-hide (ff (j + 7)) (ev * (A U B)) = trace-hide (ff (j + 0))
(ev ‘(AU B))» for i
proof —
from $$(1) $$$ obtain [ where «ff (j + i) < f D
by (metis dual-order.trans order-less-imp-le rangeE strict-mono-Suc-iff)
from mono-trace-hide[OF this] have «(trace-hide (ff (j + ©)) (ev * A) <
seqRun t z Iy
unfolding *xx(1) by presburger
from mono-trace-hide[OF this, of B|
mono-trace-hide] THEN mono-trace-hide, of - - B A,
OF «strict-mono ff>| THEN strict-mono-mono, THEN monoD, of j <j +
i, simplified]]
mono-trace-hide]OF «t < trace-hide (ff j) (ev * A), of B]
show «trace-hide (ff ( + z)) (ev ‘(AU B)) =
trace-hide (ff (j + 0)) (ev * (A U B))» by (simp add: trH-z)
qed
show <s € D (P \ (AU B))»
apply (unfold D-Hiding, clarify)
apply (rule exI[of - «ff j3], rule exI[of - u])
apply (intro conjl)
subgoal by (fact <ftF' u»)
subgoal by (fact tF (ff j)»)
subgoal by (fact £)
apply (rule disjI2)
apply (rule exI[of - <\i. ff (§ + i)])
apply (intro conjI)
subgoal by (simp add: $$(1) strict-monol strict-mono-less)
subgoal by (simp add: <\i. ff (j + 1) € T P»)
subgoal by (use ££ in blast)
by (metis Nat.add-0-right rangel)
qed
next
assume subset-div : <D (P\ A\ B) CD (P\ (AU B))»
fix s X assume «(s, X) € F (P\ A\ B)
from this[simplified F-Hidinglof <P \ A» B]| D-Hiding[of <P \ A B|
consider <s € D (P \ A\ B)
| t where s = trace-hide t (ev * B)y «(t, X U ev ‘B) € F (P \ A)> by blast
thus «(s, X) € F (P \ (AU B))»
proof cases
from subset-div D-F show <s € D (P\ A\ B) = (s, X) e F (P \ (AU
B))» by blast
next
fix t assume x : <s = trace-hide t (ev * B)) «(t, X Uev ‘B) € F (P \ A
from %(2) consider <t € D (P \ A)
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| w where <t = trace-hide u (ev * A)> «(u, X Uev ‘BUev ‘A) € F P
unfolding F-Hiding D-Hiding by blast
thus «(s, X) € F (P \ (AU B))»
proof cases
assume <t € D (P \ A)
with x(1) mem-D-imp-mem-D-Hiding have <s € D (P \ A\ B)) by fast
with subset-div D-F show «(s, X) € F (P \ (A U B))» by blast
next
fix u assume #x : <t = trace-hide u (ev * A)) «(u, X Uev ‘B U ev ‘ A) €
F P
from x(1) *x(1) have <s = trace-hide u (ev ‘ (A U B))> by simp
moreover from xx(2) have «(u, X U ev ‘(AU B)) € F P»
by (simp add: image-Un sup-commute sup-left-commute)
ultimately show «(s, X) € F (P \ (A U B))» unfolding F-Hiding by blast
qed
qed
qed
next
show <P\ A\ B< P\ (AU B)) by (fact Hiding-Hiding-less-eq-process-Hiding-Un)
qed

12.6.3 Sync Operator Laws

Preliminaries

lemma tickFree-isInfHiddenRun : <tF s»
if <isinfHiddenRun f P A> and (s € range f»
proof —
from <s € range f» obtain ¢ where (s = f i) ..
moreover have (fi < f (Suc 1)) by (meson <isInfHiddenRun f P A» strict-mono-Suc-iff)
ultimately obtain ¢ where <t # [|» <f (Suc i) = s Q t» by (meson strict-prefixE’
list.discI)
moreover from <isinfHiddenRun f P Ay is-processT2-TR
have «ftF' (f (Suc i))» by blast
ultimately show <tF' s) by (simp add: front-tickFree-append-iff)
qed

lemma Hiding-interleave:
«r setinterleaves ((t, u), C) =
(trace-hide r A) setinterleaves ((trace-hide t A, trace-hide u A), C)»

proof (induct «(t, C, u)» arbitrary: r t u rule: setinterleaving.induct)
case I thus ?case by simp
next
case (2 z t) thus ?case by auto
next
case (3 y u) thus ?case by auto
next
case (4 ztyu)
thus ?case
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by (simp split: if-splits)
(safe, simp-all, (use SyncSingleHeadAdd setinterleaving-sym in blast)+)
qed

lemma non-Sync-interleaving:
(set t U set u) N C = {} = setinterleaving (t, C, u) # {}
by (induct «(t, C, w)» arbitrary: t u rule: setinterleaving.induct) simp-all

lemma interleave-Hiding:
«s setinterleaves ((trace-hide t A, trace-hide u A), C)
= Jr. s = trace-hide r A A r setinterleaves ((t, u), C) if <AN C ={}p
proof (induct «(t, C, u)) arbitrary: t u s rule: setinterleaving.induct)
case I
thus ?case by simp
next
case (2 y u)
from 2.prems <A N C = {}» show Zcase
by (simp add: disjoint-iff split: if-split-asm,)
(metis 2.hyps 2.prems emptyLeftProperty filter.simps(1))+
next
case (3 z t)
from 3.prems <A N C = {}> show Zcase
by (simp add: disjoint-iff split: if-split-asm,)
(metis 3.hyps 3.prems emptyRightProperty filter.simps(1))+
next
case (4 ztyu)
from 4.prems <A N C = {}> show ?case
apply (cases <x = y», simp-all add: disjoint-iff split: if-split-asm)
subgoal using 4.hyps(1) by force
subgoal by (metis (no-types, lifting) 4.hyps(8) 4.hyps(4) filter.simps(2))
subgoal by (metis (no-types, lifting) 4.hyps(3) filter.simps(2))
subgoal using 4.hyps(2) by force
subgoal by (metis (no-types, lifting) 4 .hyps(83) 4.hyps(4) filter.simps(2))
subgoal using 4.hyps(5) by force
subgoal by (metis (no-types, lifting) 4.hyps(2) 4.hyps(4) filter.simps(2))
subgoal by (metis (no-types, lifting) 4.hyps(8) 4.hyps(5) filter.simps(2))
subgoal by (metis (no-types, lifting) 4.hyps(4) filter.simps(2))
done
qed

lemma le-trace-hide : <u < trace-hide t S = Fu’. v = trace-hide v’ S N u' < t»
proof (induct t arbitrary: u)

show «u < trace-hide [| S = Ju’. v = trace-hide v’ S N v’ < []» for u by simp
next

fix a t v assume prem: <u < trace-hide (a # t) S»

assume hyp : <u < trace-hide t S = Fu’. u = trace-hide v’ S N u’ < t» for u

from prem consider <u = []» | <a € S» <u < trace-hide t S»
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| v where <a ¢ S <u = a # v v < trace-hide t S»
by (cases u) (simp-all split: if-split-asm,)

thus <3 u’. v = trace-hide v’ S AN v’ < a # t

proof cases

show <u = [| = Ju’. u = trace-hide v’ S AN v’ < a # b
by (metis filter.simps(1) nil-le)
next

assume <a € S) <u < trace-hide t S»
from hyp[OF «u < trace-hide t S)] obtain u’ where (u = trace-hide u’ S A
uw < t..
with «a € S) have <u = trace-hide (a # v’) S AN a # u' < a # v by simp
thus (Ju’. v = trace-hide v’ S AN u' < a # > ..
next
fix v assume <a ¢ S) <u = a # v v < trace-hide t S»
from hyp|OF v < trace-hide t S>] obtain v’ where v = trace-hide v’ S N v’
<.
with <a ¢ S» <u = a # v» have <u = trace-hide (a # v') SN a # v' < a #
ty by simp
thus <3 u’. u = trace-hide v’ S AN v’ < a # > ..
qed
qed

lemma append-interleave :
sl setinterleaves ((t1, ul), S) = s2 setinterleaves ((t2, u2), S) =
(s1 Q s2) setinterleaves ((t1 Q t2, ul @ u2), S)
proof (induct «(t1, S, ul)» arbitrary: sl t1 ul rule: setinterleaving.induct)
case I thus ?case by simp
next
case (2 y ul)
thus ?case by (auto split: if-split-asm)
(use SyncSingleHeadAdd setinterleaving-sym in blast)
next
case (3 z t1)
thus ?case by (auto split: if-split-asm) (blast intro: SyncSingleHeadAdd)
next
case (4 z 12 y u2)
thus ?case by auto
qed

The Theorem: Sync and Hiding

theorem Hiding-Sync : «(P [S] Q) \ A= (P \ A4) [S] (@ \ 4)
if «finite A» and <A N S ={} for P Q :: «('a, 'r) processptici>
— Monster theorem!
proof (subst Process-eq-spec-optimized, safe)
let ?trH-A = «At. trace-hide t (ev * A)» and ?tick-S = <range tick U ev *S)
fix s assume <s € D (P [S] Q \ A)»
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then obtain ¢ u
where * : (ftF w) <tF' ) <s = ?trH-A t Q w»
«t € D (P [S] Q) V (Fz. isInfHidden-seqRun-strong z (P [S] Q) A t)»
by (elim D-Hiding-seqRunkE)
from x(4) show <s € D ((P\ A) [S] (@ \ A))»
proof (elim disjE exF)
assume <t € D (P [S] Q)
then obtain t' v’ r' v’
where *x : <ftF v «tF v’V v’ = []»
k= 1" Qv «r' setinterleaves ((t', u’), tick-S)»
' eDPAVET QVIEeDRAUET P
unfolding D-Sync by blast
{fixt'u" and P Q
assume sk : <7’ setinterleaves ((t', u’), ?tick-S)»
t'eD Py €T @Q
have «?trH-A r' setinterleaves ((?trH-A t', 2trH-A u’), ?tick-S)»
using *xx(1) Hiding-interleave by blast
moreover from sxx(2) mem-D-imp-mem-D-Hiding have <?trH-A t' € D (P
\ A)> by blast
moreover from sxx(3) mem-T-imp-mem-T-Hiding have «?trH-A ' € T (Q
\ A)> by blast
ultimately have <s € D (P \ A) [S] (@ \ 4A))
apply (simp add: %(3) D-Sync)
apply (rule exI[of - <?trH-A t"], rule exI[of - «?trH-A u"],
rule exl[of - «?trH-A r%], rule exl[of - <?trH-A v’ Q w)])
apply (simp add: x(8) *+(83) Hiding-tickFree)
using *(1, 2) xx(3) Hiding-tickFree front-tickFree-append tickFree-append-iff
by blast
} note $ = this
from *x(5) show <s € D ((P \ A) [S] (@ \ 4))»
proof (elim disjE conjE)
show <t/ e DP=u" €T Q= s D ((P\ A4)[S](Q\ 4))
by (metis $ *x(4))
show <t/ e D Q= u" €T P=seD((P\A)][S](Q\ A))
by (metis $ *x(4) Sync-commute)
qed
next
fix r assume xx : <isInfHidden-seqRun-strong = (P [S] Q) A t»
from #* have xxx : <At' v’ . t'c T PAu' €T QA
seqRun t x i setinterleaves ((t', u’), ?tick-S)» for i
unfolding 7-Sync D-Sync by blast
define ftu where <ftu i = SOME (', v'). '’ € T PAuw' €T QA
seqRun t x i setinterleaves ((t', u’), ?tick-S)» for i
define ft fu where <ft = Ai. fst (ftu i)» and <fu = Ai. snd (ftu i)
have sxxx : (fti € T Py <fui €T @
<seqRun t x i setinterleaves ((ft i, fu i), ?tick-S)» for i
by (use sxx[of i| in <simp add: ft-def fu-def,
cases <ftu iy, simp add: ftu-def,
metis (mono-tags, lifting) case-prod-conv somel-ex))+
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from #x have (set (seqRun t x i) C set t U ev * A) for i
by (auto simp add: seqRun-def)

have (set (ft i) U set (fui) C set t U ev * A for i
by (rule subset-trans|OF interleave-set| OF sxxx(3)]])
(fact <set (seqRun t x i) C set t U ev  Ay)
have «nj ftu
proof (rule injI)
fix 7 j assume <ftu i = ftu j»
obtain ¢’ v’ where «(t’, u') = ftu ©» by (metis surj-pair)
with «ftu i = ftu j» have <seqRun t = i setinterleaves ((t', u’), 7tick-S)»
<seqRun t x j setinterleaves ((t', u’), ?tick-S)»
by (metis xxxx(3) fst-conv ft-def fu-def snd-conv)+
from interleave-eq-size| OF this| have length (seqRun t x i) = length (seqRun
tzj).
thus < = j» by simp
ged
hence <infinite (range ftu)) using finite-imageD by blast
moreover have <range ftu C range ft X range fu>
by (clarify, metis fst-conv ft-def fu-def rangel snd-conv)
ultimately have <infinite (range ft) V infinite (range fu)»
by (meson finite-Sigmal infinite-super)

{fix ft fu P Q
assume assms : <infinite (range ft)»
(Ni. set (ft i) U set (fui) C sett U ev “ A
Ni. ftieT Py Ni. fuieT
<\i. seqRun t x i setinterleaves ((ft i, fu 1), ?tick-S)»

have «finite {t. 3t'€range ft. t = take i t'}> for i
proof (rule finite-subset)

show < {w. It'erange ft. w = take i t'}

C{w. set w C sett Uev ‘AN length w < i}
by auto (meson Un-iff assms(2) in-set-takeD subsetD)

next

show «finite {w. set w C set t U ev * A A length w < i}»

by (rule finite-lists-length-le) (simp add: <finite A»)
— Here we use the assumption finite A.

qed
with assms(1) obtain ft’ :: <nat = -

where $ : <strict-mono ft's <range ft’ C {w. It'€range ft. w < t'}

using KoenigLemma by blast
from $(2) assms(3) is-processT3-TR have <range ft' C T P» by blast
define ft'" where <ft" i = ft’ (i + length t)) for {
find-theorems name: unifo
from <range ft’ C T P> have <range ft'" C T P) and «(strict-mono ft'’

by (auto simp add: ft'"-def $(1) strict-monoD strict-monol)
have $3$ : «?trH-A (ft"" i) = 2erH-A (ft”” 0)» for i
proof —
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have «length t < length (ft"" 0)
by (metis $(1) add-0 add-leD1 ft"-def length-strict-mono)
obtain t’ where «ft" i = ft"’ 0 @ t"
by (meson prefizE <strict-mono ft's strict-mono-less-eq zero-order(1))
moreover from $(2) obtain j where <ft"" i < ft j» by (auto simp add:
fe-def)
ultimately obtain ¢’/ where «ft j = ft”’ 0 Q t' @ ¢ty by (metis prefizE
append.assoc)
have <set (¢t @ ¢'") C set (drop (length t) (seqRun t x 7))
proof (rule subset-trans)
show «set (t' Q t') C set (drop (length (ft” 0)) (seqRun t z j))»
by (rule interleave-order, fold «ft j = ft"’ 0 @ ¢’ Q t'), fact assms(5))
next
show «set (drop (length (ft" 0)) (seqRun t z j)) C set (drop (length t)
(seqRun t x j))»
by (simp add: <length t < length (ft” 0)» set-drop-subset-set-drop)
qged
also from xx have <set (drop (length t) (seqRun t x j)) C ev * A»
by (auto simp add: seqRun-def)
finally show «?trH-A (ft"' i) = 2trH-A (ft"' 0)»
by (simp add: <ft"” i = ft” 0 Q t') subset-iff)
qed
from $(2) obtain i where <ft”’ 0 < ft i» by (auto simp add: ft"'-def)
with prefizFE obtain v where «ft i = ft”’ 0 Q v) by blast

have (ftF w by (fact (1))
moreover have «tF (?trH-A (seqRun t x 7)) V u = [
by (metis x(2) *x Hiding-tickFree trace-hide-seqRun-eq-iff)
moreover have (s = ?irH-A (seqRun t z i) @ w)
by (metis x(3) xx trace-hide-seqRun-eq-iff)
moreover have «?trH-A (seqRun t x 1) setinterleaves ((?trH-A (ft ©), ?trH-A
(fu 7)), ?tick-S)»
using assms(5) Hiding-interleave by blast
moreover have «?trH-A (ft i) € D (P \ A)»
apply (unfold D-Hiding, clarify)
apply (rule exI[of - <ft"" 0>])
apply (rule exI[of - «2trH-A v])
apply (intro conjl)
subgoal by (metis assms(3) Hiding-front-tickFree <ft i = ft"" 0 Q v»
front-tickFree-Nil front-tickFree-nonempty-append-imp is-processT2-TR)

subgoal by (metis strict-preficE’ T-imp-front-tickFree <range ft'" C T P)
¢strict-mono ft'’s
front-tickFree-append-iff list.distinct(1) range-subsetD strict-mono-Suc-iff)
subgoal by (simp add: <ft i = ft” 0 Q v)
subgoal using $$ «range ft'’ C T P» <strict-mono ft'"y by blast .
moreover have «?trH-A (fui) € T (Q \ A
proof (cases <3t'. 2trH-A t' = 2trH-A (fu i) A (t, ev * A) € F @)
assume 3 t’. %trH-A t' = ?trH-A (fui) A (t/, ev “A) € F
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then obtain ¢’ where «?trH-A (fu i) = ?trH-A t) «(t', ev ‘' A) € F Q> by
metis
thus <%irH-A (fu i) € T (Q \ A)) unfolding T-Hiding by blast
next
assume At’. 2rH-A t' = 2trH-A (fu i) A (t', ev “ A) € F @
with assms(4) inf-hidden obtain fu’ j
where $3$$ : «isInfHiddenRun fu' Q Ay <fu ¢ = fu’ j> by blast
show «?trH-A (fui) € T (Q \ A
apply (unfold T-Hiding, simp)
apply (rule disjl2)
apply (rule exI[of - <fu’ j»], rule exI[of - <[]}])
apply (intro conjl)
subgoal by simp
subgoal by (metis $$$(1) strict-prefixE’ T-imp-front-tickFree neq-Nil-conv
front-tickFree-nonempty-append-imp strict-mono-Suc-iff)
subgoal by (simp add: $$$(2))
subgoal using $$$(1) by blast .
qed
ultimately have <s € D (P \ 4) [S] (Q \ A))> unfolding D-Sync by blast
} note $§ = this

from <infinite (range ft) V infinite (range fu)>
show <s € D (P \ 4) [9] (@ \ A))»
proof (elim disjE)
from § sk (Ni. set (ft ©) U set (fui) C sett U ev ‘A
show <infinite (range ft) = s € D (P \ A) [S] (@ \ A))> by blast
next
from § sk (N\i. set (ft ©) U set (fui) C sett U ev ‘A
show <nfinite (range fu) = s € D ((P \ A) [S] (@ \ 4))»
by (metis Sync-commute setinterleaving-sym sup-commute)
qed
qed
next
let ?trH-A = <\t. trace-hide t (ev * A)» and %tick-S = «(range tick U ev © S)
assume same-div : <D (P [S] Q\ A) =D (P \ 4) [S] (@ \ 4))
fix s X assume «(s, X) € F (P [S] Q \ A)»
then consider <s € D (P [S] @ \ A)
| t where <s = trace-hide t (ev “ A)» «(t, X U ev * A) € F (P [S] Q)
unfolding F-Hiding D-Hiding by blast
thus «(s, X) € F (P \ 4) [S] (@ \ A))»
proof cases
from same-div D-F show s € D (P [S] Q\ A) = (s, X) € F (P \ A4) [9]
(Q\ A)) by blast

next
fix t assume x : <s = Z2orH-A & «(t, X U ev ‘ A) € F (P [S] Q)
then consider <¢ € D (P [S] Q)
| (F) t-P X-P t-Q X-Q
where («(t-P, X-P) € F P» «(t-Q, X-Q) € F @
<t setinterleaves ((¢-P, t-Q), ?tick-S)»
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(X Uev A= (X-PUX-Q) N %ick-S U X-P N X-Q»
by (auto simp add: F-Sync D-Sync)
thus «(s, X) e F (P \ 4) [S] (Q \ A))»
proof cases
assume <t € D (P [S] Q)
with x(1) mem-D-imp-mem-D-Hiding have <s € D (P [S] Q \ A)> by blast
with same-div D-F show «(s, X) € F (P \ A) [S] (@ \ 4))> by blast
next
case F
from inf-hidden[OF - F(1)[THEN F-T], of A] inf-hidden|OF - F(2)[THEN
F-T), of A]
consider (D-P) f-P where <isInfHiddenRun f-P P A» «t-P € range f-P»
| (D-Q) f-Q where <isInfHiddenRun f-Q Q A> <t-Q € range f-@Q>
| (F-both) t-P’ t-Q'
where (?trH-A t-P’' = ?trH-A t-Py «(t-P', ev * A) € F P»
ZtrH-A t-Q' = 2trH-A t-Q) «(+-Q', ev ' A) € F
by blast
thus «(s, X) e F (P \ 4) [S] (@ \ A))»
proof cases
case D-P
have $ : «?trH-A t-P € D (P \ A)»
apply (unfold D-Hiding, clarify)
apply (rule exI[of - <t-P>], rule exI[of - <[]’])
using tickFree-isInfHiddenRun D-P front-tickFree-Nil by blast
from F'(2) F-T mem-T-imp-mem-T-Hiding
have $$ : «%trH-A t-Q € T (Q \ A)> by blast
show «(s, X) € F (P \ A) [S] (@ \ A))»
apply (simp add: F-Sync)
apply (rule disjI2)
apply (rule exI[of - «?trH-A t-P»))
apply (rule exI[of - <?trH-A t-(Q])
apply (rule exI[of - «2trH-A ], rule exI[of - «[]])
by (simp add: (1) F(8) Hiding-interleave $ $%)
next
case D-(Q)
from F(1) F-T mem-T-imp-mem-T-Hiding
have $ : «?trH-A t-Pe T (P \ A)» by blast
have $$ : «?trH-A t-Q € D (Q \ A)»
apply (unfold D-Hiding, clarify)
apply (rule exI[of - <t-@], rule exI[of - <[]>])
using tickFree-isInfHiddenRun D-Q front-tickFree-Nil by blast
show «(s, X) e F (P \ 4) [5] (@ \ A))»
apply (simp add: F-Sync)
apply (rule disjI2)
apply (rule exI[of - «2trH-A t-Q])
apply (rule exI[of - «?trH-A t-P»))
apply (rule exI[of - «?trH-A b], rule exI[of - <[])])
by (simp add: x(1) F(8) Hiding-interleave setinterleaving-sym $ $%)
next
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case [F-both
from F(4) <A N S = {}» have <ev ‘4 C X-P) and <ev ‘A C X-@» by
auto
have «(?trH-A t-P, X-P) ¢ F (P \ A)
by (simp add: F-Hiding) (metis F(1) F-both(1) <ev ‘ A C X-P» sup.orderE)
moreover have «(?irH-A t-Q, X-Q) € F (Q \ A)
by (simp add: F-Hiding) (metis F(2) F-both(3) <ev ‘A C X-Q» sup.orderE)
moreover from F(3) Hiding-interleave
have (s setinterleaves ((?trH-A t-P, ?trH-A t-Q), ?tick-S)»
unfolding #(1) by blast
ultimately have (s, (X-P U X-Q) N ?tick-S U X-P N X-Q) € F (P \
A)IST(Q\ 4)
unfolding F-Sync by blast
moreover from F(4) have <X C (X-P U X-Q) N 2tick-S U X-P N X-Q»
by blast
ultimately show «(s, X) € F (P \ A) [S] (Q \ A))» by (fact is-processT4)
ged
ged
qed
next
let ?trH-A = «At. trace-hide t (ev * A)y and ?tick-S = <range tick U ev * S»
fix s assume <s € D (P \ A) [S] (@ \ A))
then obtain t-P t-Q r v
where * : ftF v <tFr V v =1[p s =1 Q v «r setinterleaves ((t-P, t-Q),
?tick-S)»
GPeD(P\ANEQeT (Q\NAVEPeD(Q\NA)ANEQeT (PN
A)»
unfolding D-Sync by blast
from <s € D ((P\ A) [S] (@ \ A))> have «ftF s
by (simp add: D-imp-front-tickFree)
{ fix t-P t-Q and P @
assume xx : <r setinterleaves ((¢-P, t-Q), ?tick-S)»
-PeD(P\ Ay «t-QeT (Q\ Ap
from #*x(2) obtain t u
where xxx : (ftF uy <tF t» <t-P = ?trH-A t Q w)
<t € D PV (Jz. isInfHidden-seqRun-strong x P A t)»
by (elim D-Hiding-seqRunkE)
from interleave-append-left[OF x(1)[unfolded xxx(3)]]
obtain t-Q1 t-Q2 r1 r2
where sxxxx 1 (t-Q = t-Q1 Q t-Q2> <r = r1 Q r2)
«rl setinterleaves ((2trH-A t, t-Q1), ?tick-S)»
«r2 setinterleaves ((u, t-Q2), ?tick-S)» by blast
from xx(3) consider ¢-Q' where <t-Q = ?trH-A t-Q" «(+-Q', ev ‘* A) € F @
| (D-Q) t' v’ where «ftF u)» <tF t" «t-Q = ?trH-A t' Q u”
«t' € D QV (Jy. isInfHidden-seqRun-strong y Q A t')»
by (elim T-Hiding-seqRunkFE)
hence (s € D (P [S] Q \ A)»
proof cases
fix t-Q’ assume «t-Q = ?trH-A t-Q"» «(t-Q', ev * A) € F
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from trace-hide-append|OF this(1)[unfolded sxxx(1)]]

obtain t-Q1’t-Q2' where $ : «+-Q' = t-Q1' Q t-Q2" «t-Q1 = ?2trH-A t-Q1"
t-Q2 = ?trH-A t-Q2" by blast

from <A N S = {}» have <ev * A N ?2tick-S = {}> by blast

from interleave-Hiding[|OF this xxxx(3)[unfolded $(2)]]

obtain 71’ where $$ : <r1 = 2erH-A r1"
«rl’ setinterleaves ((t, t-Q1"), ?tick-S)> by blast

show <s € D (P [S] @ \ A)
proof (rule D-Hiding-seqRunl)
show <ftF (r2 @ v)»
by (metis x(1, 8) xxxx(2) ftF s
front-tickFree-append-iff tickFree-append-iff)
next
show «tF r1'
by (metis $(1) $$(2) *xx(2) F-imp-front-tickFree Sync WithTick-imp-NTF
(t-Q', ev “ A) € F @ front-tickFree-dw-closed nonTickFree-n-front TickFree
non-tickFree-tick tickFree-append-iff ftf-Sync tickFree-imp-front-tickFree)
next
from $$(1) *(3) *+xx(2) append.assoc
show (s = ?trH-A r1’' @ r2 @Q v) by blast
next
from #xx(4) show «r1’ € D (P [S] Q) V
(Jz. Vi. seqRunrl’zi € T (P[S] Q) Axzi€ ev ‘A
proof (elim disjE exFE)
assume ¢t € D P»
moreover have t-Q1' € T
by (metis $(1) F-T prefizl «(t-Q’, ev * A) € F @ is-processT3-TR)
ultimately have <r1’ € D (P [S] Q)
unfolding D-Sync using $$(2) front-tickFree-Nil by blast
thus <r1' € D (P [S] Q) V (3z. isInfHidden-seqRun z (P [S] Q) A r1')»

next
fix  assume £ : <isInfHidden-seqRun-strong ¢ P A t
from £ <A N S = {} have <set (map z [0..<i]) N ?tick-S = {}» for i
by (simp add: disjoint-iff image-iff)
(metis eventpticr.distinct(1) eventptick.inject(1))
from $$(2)[THEN interleave-append-tail-left, OF this, folded seqRun-def)
have ££ : <seqRun 11’ x i setinterleaves ((seqRun t = i, t-Q1"), ?tick-S)>
for i .
have «sInfHidden-seqRun z (P [S] Q) A r1"
proof (intro alll conjl)
have «t-Q1' € T
by (metis $(1) F-T prefixl «(t-Q', ev < A) € F Q) is-processT3-TR)
with £ ££ show <seqRun r1’' z i € T (P [S] Q) for ¢
unfolding 7-Sync by blast
next
show <z i € ev * A for i by (simp add: £)
qed
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thus «r1’ € D (P [S] Q) vV (3z. isInfHidden-seqRun x (P [S] Q) A r1')
by blast
qed
qed
next
case D-(Q)
have «t € T P» using *xx(4) D-T by (metis seqRun-0)
consider (%trH-A t' < t-Q1y | <t-Q1 < ?trH-A t
by (metis xxxx(1) D-Q(3) prefix] dual-order.eg-iff le-same-imp-eq-or-less
nless-le)
thus<s € D (P [S] @ \ A)
proof cases
assume < ?trH-A t' < t-Q1>
from interleave-le-right[OF sxxx(3) this]
obtain r1-bis t-hidden-bis
where <rl-bis < r1y <t-hidden-bis < ?trH-A t
«ri-bis setinterleaves ((t-hidden-bis, ?trH-A t'), ?tick-S)» by blast
moreover from le-trace-hide[OF <t-hidden-bis < ?trH-A ]
obtain t-bis where (t-hidden-bis = ¢trH-A t-bis N t-bis < t» ..
ultimately have $ : «r1-bis < r1» «t-bis < b
«r1-bis setinterleaves ((?trH-A t-bis, ?trH-A t'), ?tick-S)» by blast+
from interleave-Hiding[OF - $(3)] <A N S = {p
obtain ri-bis-unhidden
where $3 : <ri-bis = ?trH-A r1-bis-unhidden>
<ri-bis-unhidden setinterleaves ((t-bis, t'), ?tick-S)> by blast
from $(2) <t € T P> is-processT3-TR have <t-bis € T P» by blast
from D-Q(4) have «ri-bis € D (P [S] Q \ A)
proof (elim disjE exFE)
assume <t' € D Q»
with $$(2) <t-bis € T P» have «ri-bis-unhidden € D (P [S] Q)
by (simp add: D-Sync)
(use front-tickFree-Nil setinterleaving-sym in blast)
with $$(1) mem-D-imp-mem-D-Hiding show «r1-bis € D (P [S] Q \ A)
by blast
next
fix y assume £ : <isInfHidden-seqRun-strong y Q A t’

from £ <A N S = {} have (set (map y [0..<i]) N 2tick-S = {}» for ¢
by (simp add: disjoint-iff image-iff)
(metis eventp;ck.distinct(1) eventpicr.inject(1))
from $$(2)[THEN interleave-append-tail-right, OF this, folded seqRun-def)
have $33 : <seqRun ri-bis-unhidden y i setinterleaves ((t-bis, seqRun t' y
i), ?tick-S)» for i .
have $$3$$ : <isInfHidden-seqRun y (P [S] Q) A r1-bis-unhidden)
proof (intro alll conjI)
from $3% £ «t-bise T P>
show <seqRun r1-bis-unhidden y i € T (P [S] Q) for i
unfolding T-Sync by blast
next
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show <y i € ev ¢ A for ¢ by (simp add: £)
qed
show «ri-bis € D (P [S] Q \ A)
proof (rule D-Hiding-seqRunl)
show <ftF [> by simp
next
show «tF ri-bis-unhidden>
by (metis $$(2) D-Q(2) SyncWithTick-imp-NTF T-imp-front-tickFree
<t-bis € T P»
ftf-Sync nonTickFree-n-front TickFree non-tickFree-tick
tickFree-append-iff tickFree-imp-front-tickFree)
next
show «(r1-bis = ?trH-A ri-bis-unhidden @ [> by (simp add: $$(1))
next
from $$$$ show «ri-bis-unhidden € D (P [S] Q) V
(3 z. isInfHidden-seqRun z (P [S] Q) A ri1-bis-unhidden)»
by blast
qed
qed
with $(1) show <s € D (P [S] Q \ A)
unfolding less-eq-list-def prefix-def
by (metis (no-types, opaque-lifting) *(3) sxxx(2) (ftF s»
append-Nil2 front-tickFree-append-iff front-tickFree-dw-closed is-processT7)
next
assume <t-Q1 < ?trH-A t'
from le-trace-hide[OF this| obtain t-QI-unhidden
where $ : <t-Q1 = ?trH-A t-Q1-unhidden) «t-QI1-unhidden < t'> by blast
from <A N S = {}> have <ev * A N %tick-S = {}> by blast
from sxxx(3)[unfolded $(1)]
have «r! setinterleaves ((?trH-A t, ?trH-A t-Q1-unhidden), ?tick-S)» .
from interleave-Hiding[OF <ev * A N %tick-S = {}» this]
obtain ri-unhidden
where $$ : <1 = %trH-A ri-unhidden>
<ri-unhidden setinterleaves ((t, t-Q1-unhidden), ?tick-S)» by blast
from <t-Q1-unhidden < t'> have «t-QI1-unhidden € T Q>
by (metis D-Q(4) D-T is-processT3-TR t-le-seqRun)

from sxx(4) have «<rl € D (P [S] Q \ A)
proof (elim disjE exFE)

assume <t € D P»

have (ri-unhidden € D (P [S] Q)

proof (unfold D-Sync, clarify, intro exI conjI)

show <ftF [y «tF ri-unhidden V [| = []»
<ri-unhidden = ri-unhidden Q [|» by simp-all
next

show «rl-unhidden setinterleaves ((t, t-Q1-unhidden), ?tick-S)» by (fact
$3(2))
next
show «t € D P A t-Q1-unhidden € T Q V t € D Q A t-QI-unhidden €
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T P>
by (simp add: <t € D P) <t-QI-unhidden € T @)
qed
thus «r1 € D (P [S] @\ A)> unfolding $$(1) by (fact mem-D-imp-mem-D-Hiding)
next
fix z assume £ : <isInfHidden-seqRun-strong x P A t»
from £ <A N S = {} have <set (map = [0..<i]) N 2tick-S = {}> for ¢
by (simp add: disjoint-iff image-iff)
(metis eventpiick.distinct(1) eventpyicr.inject(1))
from $3(2)[THEN interleave-append-tail-left, OF this, folded seqRun-def]
have ££ : <seqRun rl-unhidden z i setinterleaves ((seqRun t z i,
t-Q1-unhidden), ?tick-S)» for i .
have £££ : «isInfHidden-seqRun x (P [S] Q) A ri-unhidden»
proof (intro alll conjI)
from £ ££ «t-Q1-unhidden € T @)
show «<seqRun r1-unhidden i € T (P [S] Q)> for i unfolding T-Sync
by blast
next
from £ show «x i € ev ‘ Ay for i by blast
qed
show <r1 € D (P [S] @ \ 4A)
proof (unfold D-Hiding-seqRun, clarify, intro exI conjl)
show «ftF [> by simp
next
from isInfHidden-seqRun-imp-tickFree|OF £ £ £] show (tF ri-unhidden)

next
show «rl = ?trH-A ri-unhidden Q []» by (simp add: $$(1))
next
from £££ show (ri-unhidden € D (P [S] Q) V
(Fz. isInfHidden-seqRun = (P [S] Q) A r1-unhidden)) by
blast
ged
qed
thus «<s € D (P [S] Q \ A)»
by (metis x(3) *+xxx(2) <ftF s> append.right-neutral
front-tickFree-append-iff front-tickFree-dw-closed is-processT7)
qed
ged
} note $ = this
from x(5) show <s € D (P [S] Q@ \ A
by (elim disjE conjE) (metis $ *(4), metis $ *(4) Sync-commute)
next
let ?trH-A = «<At. trace-hide t ( ev “ A)y and ?tick-S = <range tick U ev © S)
assume same-div : <D (P [[S]] \NA) =D ((P\A)I[S](Q\ A))
fix s X assume «(s, X) € F (P \ 4) [S] (@ \ A))»
then consider <s € D ((P \ A4) [S] (@ \ A))»
| (F) s-P X-P s5-Q X-Q
where ((s-P, X-P) € F (P \ A) «(s-Q, X-Q) € F (Q \ A)»
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«s setinterleaves ((s-P, s-Q), ?tick-S)»
X = (X-P U X-Q) N ?tick-S U X-P N X-Q»
unfolding F-Sync D-Sync by blast
thus (s, X) €e F (P [S] @ \ A
proof cases
from same-div D-F show <s € D ((P \ 4) [S] (Q \ 4)) = (s, X) € F (P
[S] @ \ A) by blast
next
case I
from F(1, 2) consider <s-P € D (P \ A)) | <s-Q € D (Q \ A)
| (F-both) s-P' s-Q’
where «s-P = ?trH-A s-P» «(s-P’, X-P U ev ‘ A) € F P»
<$-Q = %trH-A s-Q" «(s-Q', X-Q U ev “ A) € F @
unfolding F-Hiding D-Hiding by blast
thus «(s, X) € F (P [S] @ \ A
proof cases
assume (s-P € D (P \ A)»
moreover from F(2) F-T have <s-Q € T (Q \ A)> by blast
ultimately have <s € D ((P \ A) [S] (@ \ A))»
using F(3) front-tickFree-Nil unfolding D-Sync by blast
with same-div D-F show (s, X) € F (P [S] Q \ A)» by blast
next
from F(1) F-T have <s-P € T (P \ A)» by blast
moreover assume <s-Q € D (Q \ A
moreover have s setinterleaves ((s-Q, s-P), range tick U ev © S)»
by (simp add: F(3) setinterleaving-sym)
ultimately have <s € D (P \ A) [S] (@ \ 4))
using front-tickFree-Nil unfolding D-Sync by blast
with same-div D-F show «(s, X) € F (P [S] Q \ A)> by blast
next
case F-both
from <A N S = {}> have <ev * A N (range tick U ev * S) = {}» by blast
from interleave-Hiding|OF this F(3)[unfolded F-both(1, 3)]]
obtain s’ where * : <s = ?trH-A s’
s’ setinterleaves ((s-P’, s-Q'), range tick U ev * S)» by blast
have (X Uev ‘A= (X-PUev AU (X-QU ev‘A)) N (range tick U ev ¢

U(X-PUev AN ((X-QUev " A)p
by (simp add: F(4) Un-Int-distrib2 Un-assoc sup-left-commute)
thus «(s, X) € F (P [S] Q \ A)»
by (simp add: (1) F-Hiding F-Sync) (use *(2) F-both(2, 4) in blast)
qed
qed
qed

12.6.4 Renaming Operator Laws

lemma Renaming-Ndet: <Renaming (P M Q) f g = Renaming P f g 1 Renaming
Qly
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by (subst Process-eq-spec) (auto simp add: F-Renaming D-Renaming F-Ndet
D-Ndet)

lemma Renaming-Det: <Renaming (P O Q) f g = Renaming P f g O Renaming
Qfo
proof (subst Process-eq-spec, safe)
show «(s, X) € F (Renaming (P O Q) fg) =
(s, X) € F (Renaming P f g O Renaming @Q f g)» for s X
by (cases s) (auto simp add: F-Renaming F-Det D-Renaming D-Det T-Renaming)+
next
fix s X assume «(s, X) € F (Renaming P f g O Renaming Q f g)»
then consider «s = []» «(s, X) € F (Renaming P f g)» «(s, X) € F (Renaming
Qfg)
| e s’ where s = e # s"» «(s, X) € F (Renaming P f g) V (s, X) € F (Renaming
Qfg)
| <s =[]» <s € D (Renaming P f g) V s € D (Renaming Q f g)»
| » where s = [ «/(r) ¢ X>o ([ (r)] € T (Renaming P fg) V [/(r)] € T
(Renaming Q f g))
by (cases s) (auto simp add: F-Det)
thus (s, X) € F (Renaming (P O Q) f g)»
proof cases
show «[s = [|; (s, X) € F (Renaming P f g); (s, X) € F (Renaming Q f g)]
= (s, X) € F (Renaming (P O Q) f g)»
by (auto simp add: F-Renaming F-Det)
next
show <s = e # s’ = (s, X) € F (Renaming P f g) V (s, X) € F (Renaming

Qfy)
= (s, X) € F (Renaming (P O Q) fg)» for s’ e
by (simp add: F-Renaming F-Det D-Det, safe)
(metis list.distinct(1) list.simps(9), presburger)+
next
show «s = [| = s € D (Renaming P f g) V s € D (Renaming Q f g)
= (s, X) € F (Renaming (P O Q) f g)»
by (simp add: D-Renaming F-Renaming D-Det)
next
show (s = [|; V(r) ¢ X; [V(r)] € T (Renaming P fg) V [/ (r)] € T (Renaming
Qf9)]
= (s, X) € F (Renaming (P O Q) fg) for r
by (auto simp add: T-Renaming F-Renaming D-Det F-Det
dest: map-eventy;ck-eq-tick-iff THEN iffD1, OF sym, of r])
(metis append-eq-Cons-conv list. map-disc-iff map-eventyi;cx-tickFree
non-tickFree-tick tickFree-Nil tickFree-append-iff )+
qed
next
show (s € D (Renaming (P O Q) fg) = s € D (Renaming P f ¢ O Renaming
Qfg)
and «s € D (Renaming P f g O Renaming Q f g) = s € D (Renaming (P O
Q) fg) for s
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by (auto simp add: D-Renaming D-Det)
qed

lemma Sliding-STOP-Det [simp] : «(P > STOP) O Q@ =P > @
by (simp add: Det-commute Det-distrib-Ndet-left Sliding-def)

lemma Sliding-Det: <«(P > P') 0 Q=P > P'0 @
by (metis Det-assoc Sliding-STOP-Det)

lemma Renaming-Sliding:
<Renaming (P > Q) f g = Renaming P f g > Renaming Q f ¢
by (simp add: Renaming-Det Renaming-Ndet Sliding-def)

lemma Renaming-Mprefiz-image:

«Renaming (D a € A — P (fa)) fg=

Obef‘A— Renaming (P b) f g (is «?lhs = ?rhs»)

by (subst Renaming-Mprefiz, rule mono-Mprefiz-eq)

(simp add: Process-eq-spec F-GlobalNdet D-GlobalNdet F-Renaming D-Renaming,
safe, auto)

lemma Renaming-Mprefix-image-ingj-on:

<Renaming (Mprefit AP) fg=00b¢€ f*A — Renaming (P (THE a. a € A A
fa=10)fg

if inj-on-f: <inj-on f A>

apply (subst Renaming-Mprefiz-image|symmetric])

apply (intro arg-conglwhere f = <\Q. Renaming @ [ g>] mono-Mprefiz-eq)

by (metis that the-inv-into-def the-inv-into-f-f)

corollary Renaming-Mprefiz-image-inj:

<Renaming (Mprefit A P) fg=0be¢€ f‘A — Renaming (P (THE a. f a = b))
f g if inj-f: <inj f»

apply (subst Renaming-Mprefiz-image-inj-on, metis inj-eq inj-onl that)

apply (rule mono-Mprefiz-eq[rule-format])

by (metis imageFE inj-eq| OF inj-f])

lemma Renaming-Mndetprefiz-image: <Renaming (Ma € A — P (fa)) fg=Tb
€ f“A — Renaming (P b) f ¢
by (auto simp add: Mndetprefiz-GlobalNdet Renaming-distrib-GlobalNdet write0-def
Renaming-Mprefiz
intro!: mono-Mprefiz-eq mono-GlobalNdet-eq?2 intro: sym)

corollary Renaming-Mndetprefiz-inj-on:
<Renaming (Mndetprefict A P) fg="1b¢€ f‘A — Renaming (P (THE a. a €
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ANfa=0b)fop
if inj-on-f: <inj-on f A>
apply (subst Renaming-Mndetprefiz-image|symmetric])
apply (intro arg-cong|where f = <\Q. Renaming @ [ ¢>] mono-Mndetprefiz-eq)
by (metis that the-inv-into-def the-inv-into-f-f)

corollary Renaming-Mndetprefiz-inj:

<Renaming (Mndetprefit A P) fg=MNbe f‘A— Renaming (P (THE a. f a
=0b)fo

if ing-f: <inj f>

apply (subst Renaming-Mndetprefiz-inj-on, metis inj-eq inj-onl that)

apply (rule mono-Mndetprefiz-eq[rule-format))

by (metis imageE inj-eq[OF inj-f])

lemma Hiding-distrib-FD-GlobalNdet :
«(Ma€ A. Pa)\ SCrppNa€ A (Pa\ S) (is «?lhs Cpp ?rhs)
proof (cases <A = {})
show (A = {} = %lhs Cpp ?rhs» by simp
next
show «?lhs Cpp ?rhs) if <A # {p
proof (rule failure-divergence-refine-optimizedI)
show s € D ?rhs = s € D ?lhs) for s
by (simp add: GlobalNdet-projs D-Hiding-seqRun) blast
next
assume subset-div : <D ?rhs C D ?lhs)
fix s X assume «(s, X) € F ?rhs
then obtain a where «a € Ay (s, X) € F (Pa\ S)
by (auto simp add: F-GlobalNdet <A # {}»)
from «(s, X) € F (P a\ S) consider <s € D (Pa\ S)
| t where <s = trace-hide t (ev *S) «(t, X Uev ‘S) € F (P a)
unfolding D-Hiding F-Hiding by blast
thus «(s, X) € F %lhs
proof cases
assume <s € D (Pa\ S)
with <a € A) have «<s € D ?rhs) by (auto simp add: D-GlobalNdet)
with subset-div D-F show «(s, X) € F ?lhs) by blast
next
from <a € Ay show «<s = trace-hide t (ev *S) = (t, X U ev ‘S) € F (P a)
= (s, X) € F ?Ihs> for ¢
by (simp add: F-Hiding-seqRun F-GlobalNdet) blast
qed
qed
qed

lemma Renaming-Seq :
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<Renaming (P Q) f g = Renaming P f g 5 Renaming Q f ¢> (is «?lhs = 2rhs»)
proof (rule Process-eg-optimizedI)
fix t assume <t € D ?lhs»

then obtain u v where <t = map (map-eventyiick fg) u Q v EF wy <ftF v» <u
€D (P; Q)

unfolding D-Renaming by blast
from «u € D (P Q) consider <u € D P)

| ul u2r where <u = ul Qu2) «ul Q[/(r)] €T P> w2 €D
unfolding D-Seq by blast

thus «t € D ?rhs»
proof cases

from «ftF vy <t = map (map-eventyick fg) u Q@ v» (tF w

show «u € D P =t € D ?rhs» by (auto simp add: D-Seq D-Renaming)
next
fix ul u2 r assume <u = ul Q@ u2) <ul Q [V (r)] €T P> <«u2 € D @

from «ul @ [/ (r)] € T P> have (map (map-eventyick fg) ul Q [V (g r)] €
T (Renaming P f g)»

by (auto simp add: T-Renaming)

moreover from u2 € D @ «tF wy <u = ul Q u2)

have <map (map-eventpiick fg) u2 € D (Renaming Q f g)»
by (simp add: D-Renaming) (use front-tickFree-Nil in blast)

ultimately have <map (map-eventyiick fg) u € D ?rhs) by (auto simp add:
u = ul @Q u2y D-Seq)

thus <t € D ?rhs) by (simp add: <t = map (map-eventyick fg) v Q@ vy <ftF vy

<tF' w» is-processT7 map—eventptick—tz'ckFree)
qed

next
fix ¢ assume «t € D ?rhs
thm this[simplified D-Seq, simplified]
then consider <t € D (Renaming P f g)»
| t1 t2 s where <t = t1 Q t2) <t1 Q [/(s)] € T (Renaming P f g)»
«t1 Q [V (s)] ¢ D (Renaming P f g)» <t2 € D (Renaming Q f g)»
by (simp add: D-Seq) (metis D-imp-front-tickFree append-T-imp-tickFree

is-processT7 is-processT9 list.distinct(1))
thus <t € D Zlhs

proof cases
show «t € D (Renaming P fg) = t € D ?lhs
by (auto simp add: D-Renaming D-Seq)
next
fix t1 t2 s assume <t = t1 Q t2) «t1 Q [/ (s)] € T (Renaming P f g)»
«t1 @ [V (s)] ¢ D (Renaming P f g)» «t2 € D (Renaming Q f g)»
]

from this(2, 3) obtain ul’ where <t1 Q [/ (s)] = map (map-eventpiick f g)
ul” «ul’ € T P

by (auto simp add: Renaming-projs)

then obtain ul r where s = g r «t1 = map (map-eventpick fg) ul> <ul
Q(r)]eTP

by (cases ul’ rule: rev-cases) (auto simp add: tick-eq-map-eventy;cr-iff)
from «t2 € D (Renaming @ f g)> obtain u2 u3

where 12 = map (map-eventyiick [ g) u2 Q u8y tF u2y ftF u8» <u2 € D
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o
unfolding D-Renaming by blast
from «uf Q [V (r)] € T P> «u2 € D @ have «ul Qu2 € D (P; Q)
by (auto simp add: D-Seq)
with <ftF u3) «tF u2» «ul Q [/ (r)] € T P> show <t € D ?lhs
by (simp add: <t = t1 Q t2» <t1 = map (map-eventyiick fg) ul>
(t2 = map (map-eventyick fg) u2 Q u3» D-Renaming)
(metis append-T-imp-tickFree append-eq-appendl map-append not-Cons-self
tickFree-append-iff)
qed
next
fix t X assume (¢, X) € F ?lhsy <t ¢ D ?lhs
from «(t, X) € F ?lhs)» <t ¢ D ?lhs) obtain u
where <t = map (map-eventpiicr fg) w <(u, map-eventpick fg —° X) € F
(P35 Qp
unfolding Renaming-projs by blast
from «(u, map-eventyiick fg —X) € F (P35 Q) <t ¢ D ?lhs
consider «(u, map-eventyyicr fg —¢ X U range tick) € F P> <(tF w
| ul r u2 where (v = ul @ u2) «ul Q [V(r)] € T P> «(u2, map-eventpick f
g—X)eF @]
by (auto simp add: <t = map (map-eventpiick [ g) w Seq-projs D-Renaming)
(metis D-imp-front-tickFree butlast-snoc front-tickFree-iff-tickFree-butlast front-tickFree-single
is-processT8 is-processT9 map-append map-eventy;cr-front-tickFree non Tick-
Free-n-frontTickFree)
thus «(¢t, X) € F ?rhs
proof cases
assume <(u, map-eventpiicr g — X U range tick) € F Py «tF w
have (map-eventyiicr fg — X U map-eventptick f g —‘ range tick C map-eventptick
fg —X U range tick»
by (auto simp add: map-event, ;. -eq-tick-iff )
with «(u, map-eventpiick fg —° X U range tick) € F P»
have «(u, map-event,icr, fg — X U map-eventyiick fg —* range tick) € F Py
by (meson is-processT4)
with «tF uw» show «(t, X) € F ?rhs
by (auto simp add: F-Seq <t = map (map-eventyiicr f g) w F-Renaming
map-eventyy;cr-tickFree)
next
fix ul u2 r assume v = ul Q@ u2) <ul Q [V (r)] € T P> «(u2, map-eventyiick
fg—X)eF
from (vl @ [/ (r)] € T P> have (map (map-eventyick fg) ul Q [V (g r)] €
T (Renaming P f g)»
by (auto simp add: T-Renaming)
moreover from «(u2, map-eventyicr fg — ' X) € F @
have «(map (map-eventyiick fg) u2, X) € F (Renaming Q f g)» by (auto simp
add: F-Renaming)
ultimately show (¢, X) € F ?rhs
by (auto simp add: <t = map (map-eventpiicr fg) w uw = ul Q u2)» F-Seq)
qed
next
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fix t X assume (¢, X) € F ?rhsy <t ¢ D ?rhsy <t ¢ D ?lhs
then consider «(t, X U range tick) € F (Renaming P f g)» <tF t
| t1 t2 s where <t = t1 Q t2) <t1 Q [/ (s)] € T (Renaming P f g)» «(t2, X) €
F (Renaming Q f g)»
unfolding Seq-projs by blast
thus (¢, X) € F ?%lhs
proof cases
assume «(¢, X U range tick) € F (Renaming P f g)» <tF t»
with <t ¢ D %rhs) obtain u
where ¢ = map (map-eventpiicr fg) w
«(u, map-eventprick fg —° X U map-eventyicr [ g —° range tick) € F P»
by (auto simp add: D-Seq Renaming-projs)
from this(2) have «(u, map-event,icr f g — X U range tick) € F P>
by (rule is-processT4) auto
with <tF ¢y show (¢, X) € F ?lhs
by (auto simp add: F-Renaming F-Seq <t = map (map-eventyiick [ g) w
map-eventy,; .k -tickFree)
next
fix t1 12 s assume «t = t1 Q 2> <t1 Q [V (s)] € T (Renaming P f g)» «(t2, X)
€ F (Renaming Q f g)
from <t ¢ D ?rhs) have <t1 Q [/ (s)] ¢ D (Renaming P f g)»
by (simp add: <t = t1 @Q ¢2) D-Seq)
(metis D-imp-front-tickFree F-imp-front-tickFree «(t2, X) € F (Renaming
Qfag)
front-tickFree-append-iff is-processT7 is-processT9 not-Cons-self)
with «¢t1 Q [V/(s)] € T (Renaming P f g)> obtain w1’
where 1 Q [V/(s)] = map (map-eventyicr, fg) ul” «ul’ € T P>
unfolding Renaming-projs by blast
then obtain ul r where s = g r «t1 = map (map-eventpick fg) ul> <ul
Q[V(r) eT P
by (cases ul’ rule: rev-cases) (auto simp add: tick-eq-map-eventy;cr-iff)
from <t ¢ D ?rhsy <t1 Q [/ (s)] € T (Renaming P f g)> have 2 ¢ D (Renaming
Qfag)
by (auto simp add: <t = t1 @ t2> D-Seq)
with «(t2, X) € F (Renaming Q f g)» obtain u2
where (t2 = map (map-eventpiicr fg) u2> «(u2, map-eventpiicr fg —° X)
eF @
unfolding Renaming-projs by blast
from «(u2, map-eventprick fg —X) € F O <ul Q [V (r)] €T P>
have «(ul @ u2, map-eventpiick fg —X) € F (P35 Q) by (auto simp add:
F-Seq)
thus «(¢t, X) € F ?lhs
by (auto simp add: <t = t1 Q t2» <t1 = map (map-eventypick fg) wl>
t2 = map (map-eventyick f9) u2> F-Renaming)
qed
qed



12.6. POWERFUL LAWS OF CSP 285

lemma Renaming-fix

<Renaming (u X. ¢ X) fg= (u X. (AP. Renaming P f g) o ¢ o (AP. Renaming
P (inv ) (inv g))) X)»

(is <Renaming (1 X. ¢ X) fg = (p X. %" X)») if <cont @

and <bij /> and <bij ¢» for ¢ = <(“a, 'r) processprick = (‘a, 'r) processpiick)
proof —

— Some facts first.

have x : «p = (AP. Renaming P (inv f) (inv g)) o %p’ o (AP. Renaming P f g)»

by (rule ext) (simp add: Renaming-inv bij-is-inj <bij f> <bij g»)

have mono-p : «<PC Q= ¢ PC ¢ @ for P Q)
by (simp add: cont2monofunE <cont p»)

have mono-¢’ : <P C Q = %' PC %' @ for P Q
by (simp add: mono-Renaming mono-p)

have finitary-props : <finitary f» <finitary g» <finitary (inv f)> <finitary (inv g)»
by (simp-all add: bij-is-inj bij-is-surj surj-imp-inj-inv <bij > <bij ¢»)
have <cont (AX. Renaming (p X) f g)» by (simp add: finitary-props(1, 2) <cont
©)
moreover have <cont (AX. Renaming X (inv f) (inv g))» by (simp add: fini-
tary-props(3, 4))
ultimately have (cont %o’y unfolding comp-def by (rule cont-compose)

from <cont @) <cont %p’s cont-process-rec
have xx : «((u X. p X) = (u X. p X «(n X. %' X) = 2’ (u X. 20" X)» by
blast+

show «Renaming (n X. ¢ X) fg=(n X. %’ X)»
proof (rule below-antisym)
show «Renaming (n X. ¢ X) fgC (n X. %0’ X)»
proof (induct rule: fiz-ind[where F = (A X. ¢ X)])
show <adm (Aa. Renaming a f g C (p X. 2o’ X))»
by (simp add: <finitary f> <finitary g» monofunl)
next
show (Renaming L fg C (u X. %0’ X)) by simp
next
fix X assume <Renaming X fg C (p X. 2o’ X)»
hence «%p’ (Renaming X f g) C 2o’ (u X. %’ X)» by (fact mono-¢’)
hence «Renaming (?p’ (Renaming X f g)) (inv f) (inv g) C
Renaming (%0’ (n X. 2p’ X)) (inv f) (inv g)» by (fact mono-Renaming)
also from * have <Renaming (%o’ (Renaming X f g)) (inv f) (inv g) = ¢ X>
unfolding comp-def by metis
also from *x(2) have <%’ (u X. %' X) = (u X. %o’ X)» by argo
finally have <Renaming (¢ X) f g C Renaming (Renaming (u X. %p’ X)
(inv f) (inv g)) f 9
by (fact mono-Renaming)
also have ... = (u X. %’ X)» by (simp add: inv-Renaming <bij f> <bij ¢»)
finally show <Renaming (A X. ¢ X)-X) fg C (n X. %" X)»
by (subst beta-cfun[OF <cont ¢s]) (simp add: comp-def)
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qed
next
show «(pu X. %’ X) C Renaming (p X. ¢ X) f
proof (induct rule: fiz-ind[where F = (A X. 2p’ X»])
show <adm (Aa. a C Renaming (p z. ¢ z) f g)» by (simp add: monofunl)
next
show (L C Renaming (u z. ¢ z) f g¢» by simp
next
fix X assume hyp : <X T Renaming (u X. ¢ X) f ¢
hence <Renaming X (inv f) (inv g) C Renaming (Renaming (n X. ¢ X) fg)
(inv f) (inv g)
by (fact mono-Renaming)

also have «... = (u X. ¢ X)» by (simp add: Renaming-inv bij-is-inj <bij f>
<bij ¢v)

finally have «p (Renaming X (inv f) (inv g)) C ¢ (u X. ¢ X)» by (fact
Mono-y)

hence (Renaming (¢ (Renaming X (inv f) (inv g))) fg E
Renaming (¢ ( z. ¢ z)) f ¢ by (fact mono-Renaming)
also from *x(1) have ¢ (¢ z. ¢ ) = (u X. ¢ X)» by presburger
finally show «(A X. %’ X)-X C Renaming (u X. ¢ X) f ¢
by (subst beta-cfun|OF <cont 2p"]) (simp add: comp-def)
qed
qed
qed



Chapter 13

Events and Ticks of a
Process

13.1 Definitions

13.1.1 Events of a Process

definition events-of :: <('a, ') processpiick = 'a set> («a’(-)»)
— «a(P) for “alphabet of P”
where «a(P) = |JteT P. {a. ev a € set t}

lemma events-of-meml : <t € T P = ev a € set t = a € a(P)
unfolding cvents-of-def by blast

lemma events-of-memD : <a € a(P) = 3t € T P. eva € set t»
unfolding events-of-def by blast

lemma events-of-memkE :
a € a(P) = (A\t. t € T P = ev a € set t = thesis) = thesis»
by (meson events-of-memD)

definition strict-events-of :: «(‘a, 'r) processpiick = 'a sety (<a’(-')»)
where <a(P) = | JteT P — D P. {a. eva € set t}

lemma strict-events-of-meml :
te€TP=t¢DP= evac€sett—= ac€ a(P)
unfolding strict-events-of-def by blast

lemma strict-events-of-memD : <a € a(P) = 3t € T P.t ¢ D P A eva € set
t
unfolding strict-events-of-def by blast

lemma strict-events-of-memFE :
@€ alP)= (Nt.t € TP=1t¢DP = evac set t = thesis) =

287
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thesis»
by (meson strict-events-of-memD)

lemma events-of-is-strict-events-of-or-UNIV

«a(P) = (if D P = {} then a(P) else UNIV)»
proof (split if-split, intro conjl impl)

show <D P = {} = a(P) = a(P)» by (simp add: events-of-def strict-events-of-def)
next

assume <D P # {}h

with nonempty-divE obtain t where <tF' t» <t € D P»> by blast

hence «t @ [ev a] € D P» for a by (simp add: is-processT7)

thus ««(P) = UNIV)» by (metis D-T UNIV-eq-I events-of-meml in-set-conv-decomp)
qed

lemma strict-events-of-subset-events-of : «a(P) C a(P)
by (simp add: events-of-is-strict-events-of-or-UNIV)

13.1.2 Ticks of a Process

definition ticks-of :: <('a, 'r) processpiick = 'r setr («/s'(-')»)
where «/s(P) = {r. 3t. t Q [V (r)] € T Ph

lemma ticks-of-meml : <t Q [/ (r)] € T P = r € /s(P)
unfolding ticks-of-def by blast

lemma ticks-of-memD : «r € /s(P) = 3t. t Q [/ (r)] € T P>
unfolding ticks-of-def by blast

lemma ticks-of-memkFE :
«r € /s(P) = (A\t. t Q@ [V/(r)] € T P => thesis) = thesis»
by (meson ticks-of-memD)

definition strict-ticks-of :: <(‘a, 'r) processpiick = 'r set («/s'(-'))
where «/s(P) = {r.3s.sQ [V (r)] € T P —-D Ph

lemma strict-ticks-of-meml :
«tQ(r)eT P=tQ[/(r) ¢ DP = recv/s(P)
unfolding strict-ticks-of-def by blast

lemma strict-ticks-of-memD :
«re/s(P)=3t.tQ[V(r))eT PANt¢DP»
by (simp add: strict-ticks-of-def)
(metis T-imp-front-tickFree butlast-snoc
front-tickFree-iff-tickFree-butlast front-tickFree-single is-processT7)

lemma strict-ticks-of-memFE :
«r € /s(P) = (ANt. tQ [V(r)] € T P =t ¢ D P = thesis) = thesis



13.2. LAWS 289

by (meson strict-ticks-of-memD)

lemma ticks-of-is-strict-ticks-of-or-UNIV :
«W/'s(P) = (if D P = {} then /s(P) else UNIV )
proof (split if-split, intro conjl impI)
show (D P = {} = v/ s(P) = v/s(P)» by (simp add: ticks-of-def strict-ticks-of-def)
next
assume <D P # {}
with nonempty-divE obtain t where <tF' t» <t € D P» by blast
hence <t @ [/(r)] € D P> for r by (simp add: is-processT7)
thus «/s(P) = UNIV) by (metis D-T UNIV-eq-I ticks-of-meml)
qed

lemma strict-ticks-of-subset-ticks-of : «/s(P) C v/s(P)»
by (simp add: ticks-of-is-strict-ticks-of-or-UNIV)

13.2 Laws

13.2.1 Preliminaries

lemma inj-on-map-map-eventysicr-T-tickFree :
dng-on (map (map-eventpiicr f9)) {t € T P. tF t} if <inj-on f a(P)
proof (rule inj-onlI)
have * : (map-eventyiicr fg o ev = ev o f> by (rule ext) simp
have *x : <map evv € T P = map evv' € T P =
map (ev o f) v=map (evo f)v/= v=1v"for v
proof (induct v arbitrary: v’ rule: rev-induct)
case Nil thus ?case by simp
next
case (snoc a v)
from snoc.prems(3) obtain a’ v"’ where v’ = v” @ [a]
by (metis list.map-disc-iff rev-exhaust)
from snoc.prems(1—3) have <a = a”
by (auto simp add: <v' = v"" Q [a']
introl: inj-onD[OF <inj-on f a(P)>] events-of-meml)
from is-processT3-TR-append snoc.prems(1, 2)
have (map evv € T Py <map ev v’ € T P> by (simp-all add: <v' = v" @Q [a']y)
with <a = o’ «v' = 0" @ [a']y snoc.hyps snoc.prems(3) show ?case
by (metis append-same-eq map-append)
qed

!

fix tt'assume $ : <t € {t € T P. tFtp «t' € {t € T P. tF th
«map (map-eventpiick [ g) t = map (map-eventpiick fg) tH
from $(1, 2) obtain v v’ where «t = map ev v» «t' = map ev v)
by (auto simp add: tickFree-iff-is-map-ev)
with $§ * xx show <t = t» by auto
qed
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lemma inj-on-map-map-eventpicr-T :
<ng-on (map (map-eventpiick f9)) (T P) if <inj-on f a(P)> <inj-on g v/'s(P)»
proof (rule inj-onl)
fix t t' assume $ : <t € T Py <t € T P> <map (map-eventyicr, fg) t = map
(map-eventpiick fg) th
then consider «tF ¢ «tF t/
| 77’ uu where <t = v Q [V(r)p «t' = v Q@ [V ()] <tF w tF u’
«map (map-eventpiick [ g) w = map (map-eventpiick fg) u’
by (cases t rule: rev-cases; cases t' rule: rev-cases, simp-all)
(metis append-T-imp-tickFree eventyy;ck.-disc(1) eventpyyicr.exhaust eventy;cx,.map-disc-iff (1)
neq-Nil-conv)
thus <t = t"
proof cases
show «t =ty if «tF ) <tF t
by (rule inj-on-map-map-eventy;cr-T-tickFree
[OF <inj-on f o(P)», THEN inj-onD, OF $(3)])
(simp-all add: $(1, 2) <tF t» <tF t")
next
fix r v’ v u' assume $$ : <t = v @ [V (r)) <t/ =’ Q [V(r)] (tF w <tF u’
«map (map-eventyick fg) u = map (map-eventpiick fg) uh
from $$(7, 2) $(1, 2) have «u € T Py «u’ € T P»
by (meson is-processT3-TR-append)+
have «u = u”
by (rule inj-on-map-map-event,;cr - T-tickFree
[OF <inj-on f a(P)y, THEN inj-onD, OF $$(5)])
(simp-all add: <u € T Py <u" € T Py <tF w <tF u")
moreover from $(1—-3) $3(7, 2) have <r = 1
by (auto intro: inj-onD[OF <inj-on g v/ s(P)] ticks-of-memlI)
ultimately show <t = t» by (simp add: $$)
qed
qed

lemma inj-on-map-map-eventys;cr - T-diff-D-tickFree :
<ing-on (map (map-eventpiick f9)) {t € T P — D P. tF t} if <nj-on f o(P)>
proof (rule inj-onl)
have * : «<map-eventyiicr fg o ev = ev o fr by (rule ext) simp
have *x : ([map evv € T P; map evv ¢ D P;
map evv’' € T P; map evv' ¢ D P;
map (ev o f) v = map (ev o f) v'] = v = v" for v v’
proof (induct v arbitrary: v’ rule: rev-induct)
case Nil thus ?case by simp
next
case (snoc a v)
from snoc.prems(5) obtain o’ v'’ where v/ = v” Q [a']
by (metis list.map-disc-iff rev-exhaust)
from snoc.prems(1—5) have <a = a”
by (auto simp add: <v’' = v"" Q [a']
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introl: inj-onD[OF <inj-on f a(P)»] strict-events-of-meml)
from is-processT3-TR-append is-processT7 snoc.prems(1—4)
have <map evv € T Py <map evv ¢ D P»
<map ev v’ € T P> <map ev v’ ¢ D P»
by (fastforce simp add: <v' = v" Q [a'])+
with ¢ = o v’ = 0" @ [a']y snoc.hyps snoc.prems(5) show ?case
by (metis append-same-eq map-append)
qed

fixtt assume $: <t € {t € TP-—DP.tFihh«t'€e{te€T P—-DP.tFith
«map (map-eventyick fg) t = map (map-eventypick fg) tH
from $(1, 2) obtain v v’ where ¢t = map ev v) <t' = map ev v
by (auto simp add: tickFree-iff-is-map-ev)
with $ * *x show <t = t» by auto
qed

lemma inj-on-map-map-eventpsicr-T-diff-D :
ang-on (map (map-eventpiick fg)) (T P — D P)y if <inj-on f a(P)» and <inj-on
g vs(P)
proof (rule inj-onlI)
fixtt' assume $: <t €e T P-DPy«t'eT P—-DP>
(map (map-eventyiicr fg) t = map (map-eventpiick fg) th
then consider «tF ©» «tF t"
| 7’ v v where <t = v Q [V(r)p ' =« Q [V ()] <tF w tF u’
«map (map-eventpiick [ g) w = map (map-eventpiicr fg) u’
by (cases t rule: rev-cases; cases t’ rule: rev-cases, simp-all)
(metis append-T-imp-tickFree eventyyick.disc(1) eventpick.exhaust eventy;cx,.map-disc-iff (1)
neq-Nil-conv)
thus <t = t)
proof cases
show «t =ty if «tF t) «tF t"
by (rule inj-on-map-map-event, ;.- T-diff-D-tickFree
[OF <inj-on f a(P)», THEN inj-onD, OF $(3)])
(use $(1, 2) in <simp-all add: <tF t) <tF t'»)
next
fix r v’ wu' assume $$ : <t = v @ [V (r)) <t/ =’ Q [V (r)]y (tF w <tF u’
«map (map-eventyick fg) w = map (map-eventyiick fg) u)
from $$(1—4) $(1, 2) have «u € T P «u ¢ D Py <u' € T P> «u' ¢ D P»
by (auto intro: is-processT3-TR-append is-processT7)
have «u = u”
by (rule inj-on-map-map-eventy,;cr- T-diff-D-tickFree
[OF <inj-on f a(P)y, THEN inj-onD, OF $$(5)])
(simp-all add: <u € T P> <«u ¢ D Py «u' €T Py «u’' ¢ D P> «tF w <tF u)
moreover from $(1—3) $$(1, 2) have «r = 1’
by (auto intro: inj-onD[OF <inj-on g V/'s(P)»] strict-ticks-of-meml)
ultimately show «t = t» by (simp add: $$)
qed
qed
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13.2.2 Events of a Process

lemma events-of-BOT [simp] : «a(L) = UNIV)
and events-of-SKIP [simp] : «a(SKIP r) = {}
and events-of-STOP [simp] : «a(STOP) = {}
by (auto simp add: events-of-def T-BOT T-SKIP T-STOP)

(meson front-tickFree-single list.set-intros(1))

lemma anti-mono-events-of-T: <P Cpr @ = a(Q) C a(P)»
unfolding trace-refine-def events-of-def by blast

lemma anti-mono-events-of-F: <P Cp Q = a(Q) C a(P)
by (intro anti-mono-events-of-T leF-imp-leT)

lemma anti-mono-events-of-FD: <P Cpp @ = a(Q) C o(P)
by (intro anti-mono-events-of-F leFD-imp-leF’)

lemma anti-mono-events-of-DT: <P Cpr @ = a(Q) C o(P)
by (intro anti-mono-events-of-T leDT-imp-leT)

lemma anti-mono-events-of : <P C Q = a(Q) C a(P)
by (intro anti-mono-events-of-FD le-approx-imp-le-ref)

lemma events-of-GlobalNdet: <a(Ma € A. P a) = (|JacA. a(P a))
by (simp add: events-of-def T-GlobalNdet)

lemma events-of-write0 : «a(a — P) = insert a o(P)»
by (fastforce simp add: events-of-def write0-def T-Mprefix)

lemma events-of-Mndetprefiz: «a(Ma€A — P a) = AU (|Ja€A. a(P a))»
by (auto simp add: Mndetprefiz-GlobalNdet events-of-GlobalNdet events-of-writeQ)

lemma events-of-Mprefiz: <a«(0a€A — P a) = AU (JagA. a(P a))
by (simp add: events-of-def write0-def T-Mprefiz set-eq-iff)
(metis eventpiick.inject(1) is-processT1-TR list.set-intros set-ConsD)

lemma events-of-read :
«a(c?a€A — Pa)=c ‘AU (Jacc ‘A a(P (inv-into A ¢ a)))
by (simp add: read-def events-of-Mprefix)

lemma events-of-inj-on-read :
<ng-on ¢ A = a(c?a€A — Pa)=c ‘AU (|JacA. a(P a))
by (simp add: events-of-read)

lemma events-of-ndet-write :
a(cMa€Ad — Pa)=c AU (Jacc “ A. a(P (inv-into A c a)))
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by (simp add: ndet-write-def events-of-Mndetprefiz)

lemma events-of-inj-on-ndet-write :
ang-on ¢ A = a(cla€Ad - Pa)=c ‘AU (JacA. a(P a))
by (simp add: events-of-ndet-write)

lemma events-of-write : «a(cla — P) = insert (¢ a) a(P)»
by (simp add: write-def events-of-Mprefiz)

lemma events-of-Ndet: «a(P M Q) = «(P) U a(Q)»
unfolding events-of-def by (simp add: T-Ndet)

lemma events-of-Det: «a(P O Q) = o(P) U a(Q)
unfolding events-of-def by (simp add: T-Det)

lemma events-of-Sliding: <a(P > Q) = o(P) U a(Q)»
unfolding Sliding-def by (simp add: events-of-Ndet events-of-Det)

lemma events-of-Renaming:
«a(Renaming P fg) = (if D P = {} then f ‘ a(P) else UNIV)»
proof (simp, intro conjl impl)
show (D P # {} = a(Renaming P f g) = UNIV)
by (simp add: events-of-is-strict-events-of-or-UNIV D-Renaming)
(metis front-tickFree-Nil nonempty-divE)
next
show <D P = {} = «a(Renaming P fg) = [ ‘ a(P)»
by (auto simp add: events-of-def T-Renaming image-UN image-iff eventpyicr.case-eq-if)
(metis eventpiick.inject(l) eventpick.map-disc-iff (1) eventpiscx.stmps(9)
1s-ev-def
metis (mono-tags, lifting) eventpyick.simps(9) image-iff list.set-map)
qed

lemma events-of-Seq : <«a(P 5 Q) = a(P) U (if /s(P) = {} then {} else a(Q))
(is «<- = 24»)
proof (intro subset-antisym subsetl)
show «a € a(P; Q) = a € ?A) for a
proof (elim events-of-memkE, unfold T-Seq, elim UnE disjE conjE exE)
show <eva € sett =t € {teT P. tFt} = a € ?A for ¢
by (auto intro: events-of-meml)
next
show ceva € sett =te{tQultur.t@Q/(r)]eT PANueT Q} =
a € %A for t
by simp (metis UNIV-I UnE Unll empty-iff events-of-is-strict-events-of-or-UNIV
events-of-meml set-append strict-ticks-of-meml)
next



294 CHAPTER 13. EVENTS AND TICKS OF A PROCESS

show <eva € sett =t e D P = a€ ?A for t
by simp (metis UNIV-I empty-iff events-of-is-strict-events-of-or-UNIV)
qed
next
show (¢ € A = a € (P ; Q) for a
by (elim UnFE events-of-memE, simp-all add: events-of-def T-Seq split: if-split-asm)
(metis T-nonTickFree-imp-decomp Un-iff eventyy;cr.distinct(1) is-processT1-TR
set-ConsD set-append,
metis Un-iff ex-in-conv set-append strict-ticks-of-memD)
qed

lemma events-of-Sync-subset : <a(P [S] Q) C a(P) U a(Q)»
by (subst events-of-def, simp add: T-Sync subset-iff)
(metis UNIV-I empty-iff events-of-is-strict-events-of-or-UNIV events-of-memlI
ftf-Syncl)

lemma events-of-Inter: <a((P :: ('a, 'r) processpiick) ||| Q) = a(P) U a(Q)>
proof (rule subset-antisym[OF events-of-Sync-subset])
have <«(P :: (‘a, 'r) processpiick) C a(P ||| Q) for P Q
proof (auto simp add: events-of-def T-Sync, goal-cases)
case (1 e t-P)
show ?Zcase
proof (cases <tF t-P»)
case True
thus ?thesis
by (metis 1(1) 1(3) emptyLeftSelf insert-absorb insert-disjoint(2)
is-processT1-TR setinterleaving-sym tickFree-def)
next
case Fulse
then obtain ¢-P’ r where «-P = ¢-P’ Q [/ (r)]» <tF t-P» <t-P' € T P»
by (metis 1(1) prefiz] T-nonTickFree-imp-decomp
append-T-imp-tickFree is-processT3-TR not-Cons-self)
moreover have (ev e € set t-P"
using 1(3) calculation(1) by auto
ultimately show ?thesis
apply (rule-tac z = t-P’ in exl, simp)
apply (rule-tac = t-P' in exl, simp)
apply (rule-tac z = <[> in exl, simp)
by (metis disjoint-iff emptyLeftSelf setinterleaving-sym tickFree-def)
qed
qed
thus «a(P) U a(Q) C «(P ||| Q) by (metis Sync-commute Un-least)
qed
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lemma events-of-Par-div
DPNTQQUDOANT P#{} = a(P || Q) = UNIV)»
and events-of-Par-subset :
DPNTQUDQRNTP={} = a(P| Q) C a(P) N al(Q)
proof —
assume <D PNT QUD QNT P #{p
hence <D (P || Q) # {}» by (simp add: D-Sync setinterleaving- UNIV-iff)
(use front-tickFree-Nil in blast)
thus «a(P || Q) = UNIV) by (simp add: events-of-is-strict-events-of-or-UNIV)
next
show D PNT QUDQANT P={} = a(P|l Q) CalP)Na(Q)
by (auto simp add: events-of-def T-Par)
qed

lemma events-of-Hiding:
«a(P\ B) = (if D(P\ B) ={} then a(P) — B else UNIV)»
proof (split if-split, intro conjl impl)
show (D (P \ B) # {} = (P \ B) = UNIV»
by (simp add: events-of-is-strict-events-of-or-UNIV)
next
show «a(P \ B) = «(P) — B if <D (P \ B) ={}p
proof (intro subset-antisym subsetl)
from <D (P \ B) = {}> have «div-hide P B = {}» unfolding D-Hiding by
blast
fix ¢ assume <a € a(P \ B)»
then obtain ¢ where <ev a € set (trace-hide t (ev  B))» «(t, ev * B) € F P
by (elim events-of-memkE, unfold T-Hiding <div-hide P B = {}», blast)
thus <a € o(P) — By by (metis Diffl F-T events-of-memlI
filter-set image-eql member-filter)
next
fix a assume <a € a(P) — B>
then obtain ¢ where <ev a € set t) <t € T P) <a ¢ B
by (metis DiffE events-of-memD)
hence <ev a € set (trace-hide t (ev ‘ B))» <trace-hide t (ev * B) € T (P \ B)»
by (auto intro: mem-T-imp-mem-T-Hiding)
thus <a € events-of (P \ B)» by (simp add: events-of-meml)
qed
qed

13.2.3 Strict Events of a Process

lemma strict-events-of-BOT [simp] : «a(L) = {P
and strict-events-of-SKIP [simp] : <a(SKIP r) = {}»
and strict-events-of-STOP [simp] : «a(STOP) = {}»
by (auto simp add: strict-events-of-def T-BOT T-SKIP T-STOP D-BOT)

lemma strict-events-of-GlobalNdet-subset : «a(Ma € A. P a) C (Ja€A. a(P a))
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by (auto simp add: strict-events-of-def GlobalNdet-projs)

lemma strict-events-of-Mprefiz:
«a(0a€Ad — Pa) ={acA. Pa# L} U (Jac{acA. Pa # L}. (P a))
proof —
have «((|Ja€{a€A. Pa # 1}. a(P a)) = (Ja€A. a(P a))» by auto
show (a(0a€Ad — Pa) ={acA. Pa# L} U (Jac{acA. Pa # L}. (P a))
proof (unfold «?this>, safe)
show <a € a(0a€Ad — Pa) = a ¢ (JacA. a(P a)) = a € A for a
by (auto simp add: strict-events-of-def Mprefiz-projs) blast
next
show (¢ € a(0a€A — Pa) = a ¢ (JacA. a(P a)) = P a= 1L = Fulse)
for a
by (auto simp add: strict-events-of-def Mprefiz-projs BOT-projs) blast
next
fix a assume <a € 4> <P a # 1)
hence x : (Jtcinsert [| {eva# s|las.a € ANseT (Pa)} —
{eva# slas.a€ ANseD(Pa)}. evac€ sett
by (intro bexl[where z = ([ev a]]) (simp-all add: BOT-iff-Nil-D)
show <4 € a(Oa€A — P a)»
by (auto simp add: strict-events-of-def Mprefiz-projs intro: *)
next
fix a b assume <a € 4> <b € a(P a)»
then obtain ¢ where <t € T (P a) <t ¢ D (P a)» <ev b € set t»
by (meson strict-events-of-memkFE)
hence * : <Jueinsert [| {eva# s|las.a € ANseT (Pa)} —
{eva# slas.ac ANseD (Pa)}. evb € set w
by (intro bexl[where © = <ev a # t]) (simp-all add: <a € A>)
show b € a(0OacA — P a)»
by (auto simp add: strict-events-of-def Mprefiz-projs intro: x)
qed
qed

lemma strict-events-of-Mndetprefiz:
«a(Ma€A — Pa) ={acA. Pa# L} U (Uac{acAd. Pa # L}. a(P a))
proof —
have (T (Ma€A — P a) =T (Qa€A — P a)» by (simp add: T-Mndetprefiz’
T-Mprefix)
moreover have <D (Ma€A — P a) = D (ODacA — P a)» by (simp add:
D-Mndetprefiz' D-Mprefiz)
ultimately have «a(Ma€A — P a) = a(0ac€A — P a)» by (simp add: strict-events-of-def)
thus <a(Ma€A — Pa) = {acA. Pa # 1L} U (Jae{a€A. Pa # L}. a(P a))
by (simp add: strict-events-of-Mprefix)
qed

lemma strict-events-of-write0 : «a(a — P) = (if P = L then {} else insert a
a(P))
by (simp add: write0-def strict-events-of-Mprefiz)
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lemma strict-events-of-read :
a(c?a€A — Pa)={cala. a € AN P (inv-into A ¢ (ca)) # L} U
(Uae{a € A. P (inv-into A ¢ (c a)) # L}. a(P (inv-into A c
(¢ a))

by (auto simp add: read-def strict-events-of-Mprefix)

lemma strict-events-of-inj-on-read :
ang-on ¢ A = a(c?a€A — Pa)={cala.a € ANPa# 1} U
(Uae{a € A. Pa # L}. a(P a))
by (auto simp add: strict-events-of-read)

lemma strict-events-of-ndet-write :
a(cMa€A — Pa)={cala. a€ AN P (inv-into A ¢ (ca)) # L} U
(Uac{a € A. P (inv-into A ¢ (¢ a)) # L}. a(P (inv-into A ¢
(¢ )

by (auto simp add: ndet-write-def strict-events-of-Mndetprefiz)

lemma strict-events-of-inj-on-ndet-write :
ang-on ¢ A = a(Ma€Ad - Pa)={cala.a€c ANPa# 1} U
(Uae{a € A. Pa # L}. a(P a))
by (auto simp add: strict-events-of-ndet-write)

lemma strict-events-of-write : «a(cta — P) = (if P = L then {} else insert (c a)
a(P))
by (simp add: write-def strict-events-of-Mprefix)

lemma strict-events-of-Ndet-subset : <a(P M Q) C a(P) U a(Q)>
unfolding strict-events-of-def by (auto simp add: Ndet-projs)

lemma strict-events-of-Det-subset : <a(P O Q) C a(P) U a(Q)>
unfolding strict-events-of-def by (auto simp add: Det-projs)

lemma strict-events-of-Sliding-subset : <a(P > Q) C a(P) U a(Q)»
unfolding strict-events-of-def by (auto simp add: Sliding-projs)

lemma strict-events-of-Renaming-subset : «a(Renaming P f g) C [ * a(P)»
proof (intro subsetl)
show «b € a(Renaming P f g) = b € f ‘ a(P)» for b
proof (elim strict-events-of-memE)
fix u assume «u € T (Renaming P f g)» <u ¢ D (Renaming P f g)» <ev b € set
u
then obtain u’ where <tF v’ <u’ € T (Renaming P f g)» <u’ ¢ D (Renaming
Pfg) <evb € set uh
by (cases u rule: rev-cases, simp-all)
(metis prefir] <ev b € set uy append-T-imp-tickFree eventyy;ck.disc(1)
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front-tickFree-single
is-processT3-TR is-processT7 not-Cons-self2 tickFree-Cons-iff tickFree-Nil
tickFree-append-iff)
from this(1—3) front-tickFree-Nil map-eventy;qx-tickFree obtain t
where «u’ = map (map-eventyicr, fg) t <t € T Py <t ¢ D P> unfolding
Renaming-projs by blast
from this(1) <ev b € set u'» obtain a where <b = f a) <ev a € set t»
by (auto simp add: in-set-conv-decomp)
(metis eventpiick.map-disc-iff (1) eventpiick.map-sel(1) eventpi;cr.sel(1)
is-ev-def)
with <t € T Py <t ¢ D P» show b € f ‘a(P)» by (auto intro: strict-events-of-meml)
qed
qed

lemma strict-events-of-inj-on-Renaming :
<a(Renaming P f g) = f “ a(P)» if <inj-on f a(P)»
proof (rule subset-antisym)
show <a(Renaming P f g) C f ‘ a(P)» by (fact strict-events-of-Renaming-subset)
next
show (f ‘ a(P) C a(Renaming P f g)»
proof (rule subsetl, elim imageE strict-events-of-memkFE)
fix batassume <b=far«teT P«t¢&DPrceva€ sett
from <t € T P> <t ¢ D P> <ev a € set 1> obtain ¢’
where (tF t <t' € T Py <t' ¢ D P» <ev a € set th
by (cases t rule: rev-cases, simp-all)
(metis prefic] <ev a € set t» append-T-imp-tickFree eventpi;ck.disc(1)
front-tickFree-single
is-processT3-TR is-processT7 not-Cons-self2 tickFree-Cons-iff tickFree-Nil
tickFree-append-iff)
from «t' € T P> have <map (map-eventpi;cr, fg) t' € T (Renaming P f g)
by (auto simp add: T-Renaming)
have <map (map-eventyick fg) t' ¢ D (Renaming P f g)»
proof (rule ccontr)
assume <— map (map-eventpiick fg) t' ¢ D (Renaming P f g)»
then obtain u! u2 where x* : <ftF u2) <tF ul) <ul € D P)
«map (map-eventyrick fg) t' = map (map-eventprick fg) ul Q u2»
unfolding D-Renaming by blast
from this(4) obtain t1 t2
where *x : <t/ = t1 Q t2) <map (map-eventpick fg) t2 = u2»
«map (map-eventyiicr fg) t1 = map (map-eventpiick fg) ul>
by (metis (no-types) append-eq-map-conv)
from *x(1) <t € T P> «tF t's is-processT3-TR-append tickFree-append-iff
have «t1 € {t € T P. tF t}» by auto
moreover have <ul € {t € T P. tF t}> by (simp add: D-T «tF ul> <ul €
D Py)
ultimately have <t1 = ul» by (intro inj-on-map-map-event,i;cr-T-tickFree
[THEN inj-onD, OF <inj-on f a(P)» xx(3)])
with x(1—38) xx(1, 2) <t' ¢ D P» is-processT7
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map-eventy;ck-front-tickFree show False by blast
qged
moreover from <ev a € set t’» <b = fa> have <ev b € set (map (map-eventp;ck
fg) t") by force
ultimately show b € a(Renaming P f g)»
using <map (map-eventyiicr [ g) t' € T (Renaming P f g)» by (auto intro:
strict-events-of-meml)
qed
qed

lemma strict-events-of-Seq-subseteq :
(P 3 Q) C a(P) U (if /s(P) = {} then {} else a(Q))>
by (rule subsetl, elim strict-events-of-memkFE, simp add: Seg-projs)
(metis T-imp-front-tickFree Un-iff append-T-imp-tickFree empty-iff is-processT7
is-process T9 not-Cons-self2 set-append strict-events-of-meml strict-ticks-of-meml)

lemma strict-events-of-Sync-subset : <a(P [S] Q) C a(P) U a(Q)»
by (subst strict-events-of-def, auto simp add: Sync-projs subset-iff)
(metis (full-types) append-Nil2 front-tickFree-Nil ftf-Syncl
setinterleaving-sym strict-events-of-meml)

13.3 Ticks of a Process

lemma ticks-of-BOT [simp] : «/s(L) = UNIV)»
and ticks-of-SKIP [simp] : «/s(SKIP r) = {r}
and ticks-of-STOP [simp] : «/s(STOP) = {}»
by (simp-all add: set-eq-iff ticks-of-def T-BOT T-SKIP T-STOP)
(metis append-Nil front-tickFree-single)

lemma anti-mono-ticks-of-T: <P Cp Q@ = /s(Q) C v/ s(P)»
unfolding trace-refine-def ticks-of-def by blast

lemma anti-mono-ticks-of-F: <P Cp Q = v's(Q) C V' s(P)»
by (intro anti-mono-ticks-of-T leF-imp-leT)

lemma anti-mono-ticks-of-FD: <P Cpp Q = v's(Q) C V/'s(P)»
by (intro anti-mono-ticks-of-F leFD-imp-leF)

lemma anti-mono-ticks-of-DT: <P Cpr Q = v/s(Q) C v/ s(P)»
by (intro anti-mono-ticks-of-T leDT-imp-leT)

lemma anti-mono-ticks-of : <P T @ = v/s(Q) C v/ s(P)»
by (intro anti-mono-ticks-of-FD le-approz-imp-le-ref)
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lemma ticks-of-GlobalNdet: «/s(Ma € A. P a) = (Ja€A. Vs(P a))
by (auto simp add: ticks-of-def T-GlobalNdet)

lemma ticks-of-Mprefiz: «/s(0a€d — P a) = (Ja€A. Vs(P a))
by (auto simp add: set-eq-iff ticks-of-def T-Mprefiz)
(metis append-butlast-last-id eventy,y;ck.distinct(1) last.simps last-snoc, meson
append-Cons)

lemma ticks-of-write0 : «/s(a — P) = /' s(P)
by (simp add: write0-def ticks-of-Mprefiz)

lemma ticks-of-Mndetprefiz: «/s(Ma€A — P a) = (JacA. V/s(P a))
by (simp add: Mndetprefiz-GlobalNdet ticks-of-GlobalNdet ticks-of-write0)

lemma ticks-of-read :
«Ws(c?a€A — Pa) = (Jacce “ A. V/s(P (inv-into A ¢ a)))»
by (simp add: read-def ticks-of-Mprefiz)

lemma ticks-of-inj-on-read :
<ing-on ¢ A = /s(c?a€A — Pa) = (JacA. /s(P a))
by (simp add: ticks-of-read)

lemma ticks-of-ndet-write :
«Ws(cMa€A — Pa) = (Jagce * A. /s(P (inv-into A ¢ a)))
by (simp add: ndet-write-def ticks-of-Mndetprefiz)

lemma ticks-of-inj-on-ndet-write :
<ang-on ¢ A = /s(ctla€A — P a) = (|JacA. V/s(P a))
by (simp add: ticks-of-ndet-write)

lemma ticks-of-write : «/s(cla — P) = /s(P)»
by (simp add: write-def ticks-of-Mprefiz)

lemma ticks-of-Ndet: «/s(P M Q) = V/s(P) U Vs(Q)
by (auto simp add: ticks-of-def T-Ndet)

lemma ticks-of-Det: «/s(P O Q) = /s(P) U Vs(Q)»
by (auto simp add: ticks-of-def T-Det)

lemma ticks-of-Sliding: «/'s(P > Q) = v/'s(P) U v/s(Q)»
by (auto simp add: ticks-of-def T-Sliding)

lemma ticks-of-Renaming:
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«/s(Renaming P f g) = (if D P = {} then g ‘/s(P) else UNIV)»
proof (simp, intro conjl impl)
show (D P # {} = v/ s(Renaming P f g) = UNIV»
by (simp add: ticks-of-is-strict-ticks-of-or-UNIV D-Renaming)
(meson front-tickFree-Nil nonempty-divE)
next
show «/s(Renaming P f g) = g ‘/s(P) if <D P = {}»
proof (intro subset-antisym subsetl)
show «r € /s(Renaming P f g) = r € g ‘/s(P)» for r
by (auto simp add: T-Renaming <D P = {}» append-eq-map-conv tick-eq-map-map-event,;cr-iff
introl: ticks-of-meml elim!: ticks-of-memkFE)
next
show «r € g ‘Vs(P) = r € v/s(Renaming P f g)» for r
by (simp add: ticks-of-def T-Renaming <D P = {}
append-eq-map-conv tick-eq-map-map-event,;cr-iff) blast
qed
qged

lemma ticks-of-Seq :
W's(P; Q)= (if DP={} thenif /s(P) = {} then {} else V/s(Q) else UNIV))
(is <?lhs = ?rhs)
proof (intro subset-antisym subsetl)
show (a € ?lhs = a € ?rhs) for a
by (elim ticks-of-memkE, auto simp add: T-Seq ticks-of-def)
(metis T-nonTickFree-imp-decomp append-T-imp-tickFree last-appendR
last-snoc non-tickFree-tick tickFree-Nil tickFree-append-iff)
next
show <a € ?rhs = a € ?lhs) for a
by (auto simp add: ticks-of-def T-Seq split: if-split-asm)
(meson append-assoc, metis all-not-in-conv front-tickFree-single is-processT7
nonempty-divE)
qged

lemma ticks-of-Sync-subset : «/s(P [S] Q) C v's(P) U vs(Q)
by (auto simp add: T-Sync elim!: ticks-of-memkFE)
(metis SyncWithTick-imp-NTFE T-imp-front-tickFree ticks-of-meml,
(metis UNIV-I empty-iff ticks-of-is-strict-ticks-of-or-UNIV )+)

lemma ticks-of-no-div-Sync-subset :
Ws(P[S] Q) Cvs(P)nvs(Q)y if <D (P[S] Q) ={b
proof (rule subsetl)
fix r assume «r € /s(P [S] Q)
with <D (P [S] Q) = {}> obtain t ¢-P ¢-Q
where x : <t-P € T P) <t-Q € T
«(t @ [V (r)]) setinterleaves ((t-P, t-Q), range tick U ev )
by (elim ticks-of-memkFE, unfold Sync-projs, blast)
from SyncWithTick-imp-NTF[OF %(3) (1, 2)|[THEN is-processT2-TR]]
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obtain ¢-P’ t-Q' where (t-P = t-P' Q [/ (1)) <t-Q = t-Q' Q [V (r)]> by blast
with (1, 2) show «r € V/s(P) N Vs(Q)> by (auto intro: ticks-of-meml)
qed

lemma ticks-of-Par-div :

DPATQUDQNT P #{} = v/s(P|| Q) = UNIV

and ticks-of-no-div-Par-subset :

DPNTQQUDANT P={} = Vs(P|| Q) CVs(P)nNVs(Q)
proof —

assume <D PNT QUD QNT P #{p

hence (D (P || Q) # {}» by (simp add: D-Sync setinterleaving- UNIV-iff)

(use front-tickFree-Nil in blast)

thus «/s(P || Q) = UNIV» by (simp add: ticks-of-is-strict-ticks-of-or-UNIV)
next

show (D PNT QUD QNT P={} = /s(P|| Q) CVs(P)N V/s(Q)

by (rule ticks-of-no-div-Sync-subset) (auto simp add: D-Par)

ged

lemma ticks-of-Hiding:
«/s(P\ B) = (if D (P\ B) = {} then /s(P) else UNIV)»
proof (split if-split, intro conjl impl)
show <D (P \ B) # {} = vs(P \ B) = UNIV»
by (simp add: ticks-of-is-strict-ticks-of-or-UNIV)
next
show «/s(P \ B) =vs(P) if <D (P \ B) ={}
proof (intro subset-antisym subsetl)
fix r assume <r € V/s(P \ B)»
then obtain u where (v Q [V/(r)] € T (P \ B)) by (meson ticks-of-memE)
with <D (P \ B) = {}» obtain ¢
where <u Q [V (r)] = trace-hide t (ev * B)y «(t, ev ‘ B) € F P»
unfolding 7-Hiding D-Hiding by blast
then obtain ¢’ where ¢’ Q [V (r)] € T P»
by (cases t rule: rev-cases, auto split: if-split-asm intro: F-T)
(metis F-T Hiding-tickFree append-T-imp-tickFree list.distinct(1)
non-tickFree-tick tickFree-append-iff)
thus «r € v/ s(P)» by (simp add: ticks-of-meml)
next
fix r assume <r € V/s(P)»
then obtain ¢ where <t Q [/ (r)] € T P» by (metis ticks-of-memD)
hence (trace-hide (t Q [/(r)]) (ev “B) € T (P \ B)»
by (fact mem-T-imp-mem-T-Hiding)
thus «r € V/s(P \ B)) by (auto intro: ticks-of-meml split: if-split-asm)
qed
qed
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lemma tickFree-traces-iff-empty-ticks-of : «(Nt € T P. tF t) <— /s(P) = {}
using T-nonTickFree-imp-decomp unfolding ticks-of-def by auto

13.3.1 Strict Events of a Process

lemma strict-ticks-of-BOT [simp] : «/s(L) = {}p
and strict-ticks-of-SKIP [simp] : «/s(SKIP r) = {r}
and strict-ticks-of-STOP [simp] : «/s(STOP) = {}
by (auto simp add: strict-ticks-of-def BOT-projs SKIP-projs T-STOP)

lemma strict-ticks-of-GlobalNdet-subset : «/s(Ma € A. P a) C (|Ja€A. /s(P a))
by (auto simp add: strict-ticks-of-def GlobalNdet-projs)

lemma strict-ticks-of-Mprefiz:
«s(0a€A — Pa) = (Jac{a€A. Pa # L}. /s(P a))
proof —
have «((|Jac{a€A. Pa # 1}. /s(Pa)) = (JacA. /s(P a))
by (auto intro: strict-ticks-of-meml is-processT9 elim!: strict-ticks-of-memE)
(metis D-BOT T-BOT is-processT9 strict-ticks-of-meml)
show «/s(OacA — Pa) = (Jac{a€A. Pa # L}. /s(P a))
proof (unfold «?this), safe elim!: strict-ticks-of-memE)
show <t Q [V (r)] € T (OacAd — Pa) = t ¢ D (Da€A — P a)
= r e (JacA. /s(Pa)) for tr
by (auto simp add: strict-ticks-of-def Mprefiz-projs)
(metis append-butlast-last-id butlast.simps(2) butlast-snoc
eventyiick-distinet(1) is-processT9 last.simps last-snoc)
next
fix a t r assume <a € A <t Q [V (r)] € T (P a) <t ¢ D (P a)
hence ¢(ev a # t) Q [V (r)] € T (Dacd — P a)
(eva#t)¢ D (OacA — Pa)
by (auto simp add: strict-ticks-of-def Mprefiz-projs)
thus «r € vs(Oa€A — P a)» by (meson strict-ticks-of-meml is-processT9)
qed
qed

lemma strict-ticks-of-Mndetprefix:

«W's(Ma€Ad — Pa) = (Jac{acA. Pa # L}. /s(P a))
proof —

have «T (Ma€A — P a) = T (OacA — P a)» by (simp add: T-Mndetprefiz’
T-Mprefix)

moreover have <D (Ma€A — P a) = D (ODacA — P a)y by (simp add:
D-Mndetprefiz’ D-Mprefix)

ultimately have «/s(Me€d — P a) = /s(Oa€A — P a) by (simp add:
strict-ticks-of-def)

thus «/s(Ma€d — P a) = (Jac{acA. P a # L}. /s(P a))» by (simp add:
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strict-ticks-of-Mprefiz)
qed

lemma strict-ticks-of-write0 : «/s(a — P) = (if P = L then {} else /'s(P))
by (simp add: write0-def strict-ticks-of-Mprefiz)

lemma strict-ticks-of-read :
«W's(c?a€A — Pa) = (|Jac{a € A. P (inv-into A ¢ (¢ a)) # L}. /s(P (inv-into
A c (ca))))

by (auto simp add: read-def strict-ticks-of-Mprefiz)

lemma strict-ticks-of-inj-on-read :
<ng-on ¢ A = /s(c?a€Ad — Pa) = (Jac{a € A. Pa # L}. /s(Pa))
by (auto simp add: strict-ticks-of-read)

lemma strict-ticks-of-ndet-write :
«Ws(claeA — Pa) = (Jae{a € A. P (inv-into A ¢ (c a)) # L}. /s(P (inv-into
Ac(ca))))

by (auto simp add: ndet-write-def strict-ticks-of-Mndetprefiz)

lemma strict-ticks-of-inj-on-ndet-write :
<ng-on ¢ A = /s(c!la€Ad — Pa) = (Jac{a € A. Pa # L}. /s(P a))
by (auto simp add: strict-ticks-of-ndet-write)

lemma strict-ticks-of-write : «/s(cla — P) = (if P = L then {} else /s(P))»
unfolding write-def by (simp add: strict-ticks-of-Mprefiz)

lemma strict-ticks-of-Ndet-subset : «/s(P 1 Q) C Vs(P) U V/s(Q)»
unfolding strict-ticks-of-def by (auto simp add: Ndet-projs)

lemma strict-ticks-of-Det-subset : «/s(P O Q) C v/s(P) U vVs(Q)»
unfolding strict-ticks-of-def by (auto simp add: Det-projs)

lemma strict-ticks-of-Sliding-subset : «/s(P > Q) C vs(P) U v/s(Q)»
unfolding strict-ticks-of-def by (auto simp add: Sliding-projs)

lemma strict-ticks-of-Renaming-subset : «/s(Renaming P f g) C g ‘/s(P)»
proof (intro subsetl)
fix s assume <s € V/s(Renaming P f g)»
then obtain u where <u @ [/(s)] € T (Renaming P f g)»
<u ¢ D (Renaming P f g)» by (meson strict-ticks-of-memD)
then obtain ¢ r where s = g 7 <u = map (map-eventpiick fg) t <t Q [V ()]
€T P>«t¢DP»
by (auto simp add: Renaming-projs append-eg-map-conv tick-eq-map-event,y;cr-iff)
(use append-T-imp-tickFree front-tickFree-Nil in blast,
metis append-assoc butlast-snoc front-tickFree-iff-tickFree-butlast map-eventpt;cr-tickFree
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non TickFree-n-front TickFree non-tickFree-tick tickFree-append-iff tickFree-imp-front-tickFree)
thus <s € g ‘V/s(P)» by (auto intro: strict-ticks-of-meml is-processT9)
qed

lemma strict-ticks-of-inj-on-Renaming :
«/s(Renaming P f g) = g ‘/s(P) if <inj-on f a(P))
proof (rule subset-antisym)
show «/s(Renaming P f g) C g ‘V/s(P)» by (fact strict-ticks-of-Renaming-subset)
next
show «g ‘ Vs(P) C v's(Renaming P f g)»
proof (rule subsetl, elim imageFE strict-ticks-of-memkFE)
fix srtassume<s=gnr «tQ[/(r)] €T P><«t¢DP»
from«<s=gm «Q(r)eT P
have «map (map-eventyicr fg) t Q [V(s)] € T (Renaming P f g)»
by (auto simp add: T-Renaming)
moreover have <map (map-eventyiick fg) t Q [V (s)] ¢ D (Renaming P f g)»
proof (rule ccontr)
assume <~ map (map-eventpiick fg) t Q [V (s)] ¢ D (Renaming P f g)»
then obtain ul u2 where * : <ftF u2) <tF ul) <ul € D P»
«map (map-eventyiick fg) t Q [V (8)] = map (map-eventprick fg) ul @ u2»
by (auto simp add: D-Renaming)
from (1, 2, 4) obtain 42’ where (u2 = 12’ Q [V (s)]»
by (metis last-appendR map-eventy ;i -tickFree nonTickFree-n-frontTickFree
non-tickFree-tick snoc-eq-iff-butlast tickFree-append-iff)
obtain tI t2 where xx : <t = t1 Q t2) (map (map-eventpiick fg) t1 = map
(map-eventyiick fg) ul»
by (metis %(4) «u2 = u2’ Q [/(s)]» append.assoc append-eq-map-conv
butlast-snoc)
moreover from x(2) «t Q [/ (r)] € T P> calculation have <t1 € {t € T P.
tF ¢}
by simp (metis is-processT3-TR-append map-event ;i -tickFree)
moreover have <ul € {t € T P. tF t}» by (simp add: *(2) *(3) D-T)
ultimately have <t = ul»
by (intro inj-on-map-map-eventp;c,-T-tickFree[ THEN inj-onD, OF <inj-on
7 a(P)))
with %(2, 3) %x(1) <t Q [/ (r)] € T P» <t ¢ D P> show Fulse
using T-imp-front-tickFree front-tickFree-dw-closed
front-tickFree-nonempty-append-imp is-processT7 by simp blast
qged
ultimately show (s € vV's(Renaming P f g)» by (simp add: strict-ticks-of-memlI)
qed
qed

lemma strict-ticks-of-Seq-subset : «/s(P ; Q) C (if V/s(P) = {} then {} else
vs(Q))

proof (rule subsetl, elim strict-ticks-of-memkFE)
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show «t Q@ [V(r)] e T(P; Q) = t¢ D (P; Q) =
r € (if /s(P) = {} then {} else /s(Q))» for rt
by (simp add: Seq-projs strict-ticks-of-def)

(metis (no-types, lifting) T-imp-front-tickFree T-nonTickFree-imp-decomp
append-T-imp-tickFree butlast-append butlast-snoc is-processT7 is-processT9
last-appendR last-snoc non-tickFree-tick tickFree-Nil tickFree-append-iff)

qed

lemma strict-ticks-of-Sync-subset : «/s(P [S] Q) C vs(P) N V/s(Q)»
proof (rule subsetl)
fix r assume «r € /s(P [S] Q)
then obtain ¢ where <t Q [V (r)] € T (P [S] Q)» <t Q@ [V (r)] ¢ D (P [S] Q)
gD (PIS] Q)
by (meson strict-ticks-of-memkFE is-processT9)
from this(1, 2) obtain t-P t-Q
where (t-P € T Py «t-Q € T @
«(t @ [v(r)]) setinterleaves ((t-P, t-Q), range tick U ev © S)»
unfolding Sync-projs by blast
then obtain t-P’ t-Q’
where x : (t-P = t-P' Q [V (r)] «t-Q = t-Q' Q [V (r)) <t-P' € T Py «t-Q' €
T
<t setinterleaves ((t-P’, t-Q"), range tick U ev * S)»
by (metis Sync WithTick-imp-NTF T-imp-front-tickFree is-process T3-TR-append)
have t-P' ¢ D P)
proof (rule ccontr)
assume - -P' ¢ D P)
with (4, 5) have «t € D (P [S] Q)
by (simp add: D-Sync) (use front-tickFree-Nil in blast)
with <¢ ¢ D (P [S] Q) show Fulse ..
qed
moreover have t-Q' ¢ D
proof (rule ccontr)
assume - t-Q' ¢ D
with x(3, 5) have <t € D (P [S] @)
by (simp add: D-Sync) (use front-tickFree-Nil setinterleaving-sym in blast)
with <¢ ¢ D (P [S] Q)» show False ..
qed
ultimately show «r € Vs(P) N Vs(Q)»
using #(1, 2) <t-P € T Py <t-Q € T @
by (meson Intl is-processT9 strict-ticks-of-meml)
qed



Chapter 14

CSP Assertions

14.1 Reference Processes

definition DF :: <'a set = ('a, 'r) processpiick>
where <«DF A=pu X.Macd - X»

lemma DF-unfold : <DF A = Ma€A — DF A»
by (simp add: DF-def, rule trans, rule fix-eq, simp)
definition DF gk ps = <‘a set = 'r set = ('a,'r) processpiick?
where «DFsgrps A R=p X. (Ma € A — X) N SKIPS R»
lemma DFSK]ps—UTLfold : <DFSKIPS AR = (|_|(1 €A — DFSKIPS A R) 1

SKIPS R)»
by (simp add: DF gk 1ps-def, rule trans, rule fix-eq, simp)

definition RUN :: <‘a set = ('a,'r) processpiick>
where (RUN A = p X. Oz€d — X»
lemma RUN-unfold : <RUN A = Oa€A — RUN A»
by (simp add: RUN-def, rule trans, rule fiz-eq, simp)
definition CHAOS :: 'a set = (a,'r) processpiick?
where <CHAOS A = p X. STOP N (Oa € A — X)»
lemma CHAOS-unfold : <CHAOS A = STOP M (Oa€A — CHAOS A)»

by (simp add: CHAOS-def, rule trans, rule fiz-eq, simp)

definition CHAOSskps 2 <'a set = 'r set = ('a,'r) processpiick?
where <CHAOSskips A R = w X. SKIPS R STOP 1 (D(LEA — X))

307
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lemma CHAOSskps-unfold: <CHAOSskrps A R = SKIPS R STOP 1 (Qa
cA— OHAOSSKIPS A R))
by (simp add: CHAOS sk ps-def, rule trans, rule fiz-eq, simp)

14.2 Assertions

definition deadlock-free :: «('a,’r) processpiick = booly
where (deadlock-free P = DF UNIV Cpp P>

definition deadlock-freesirps = <('a, 'r) processpiicr, = bool»
where (deadlock-freesxrps P = DFsixrps UNIV UNIV Cp P>

definition lifelock-free :: «(’a,’r) processpiick = bools
where «(lifelock-free P = CHAOS UNIV Cgp P

definition lifelock-freeskrps : <('a,’'r) processpiick = bools
where (lifelock-freesxrps P = CHAOSskips UNIV UNIV Cpp P>

definition non-terminating :: <('a,’r) processpiick = booly
where (non-terminating P = RUN UNIV Cp P»

14.3 Properties

lemma DFSKIps-FD-DF : <DFSKIPS AR EFD DF A»
proof (subst DF g 1ps-def, induct rule: fix-ind)

show <adm (Aa. a« Cpp DF A)) by simp
next

show <1 Cpp DF A) by simp
next

show <X Crp DF A = (A X. (Mae€A — X) N SKIPS R)-X Cpp DF A for
X

by (subst DF-unfold, simp)
(meson Ndet-FD-self-left mono-Mndetprefiz-FD trans-FD)

qed

lemma SKIPS-FD-SKIPS-iff :
«(SKIPS S Cpp SKIPS R <— (if R = {} then S = {} else R C S)
by (auto simp add: failure-divergence-refine-def failure-refine-def
divergence-refine-def F-SKIPS D-SKIPS)

lemma SKIPS-F-SKIPS-iff :
«SKIPS S Cp SKIPS R +— (if R = {} then S = {} else R C S)»
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by (auto simp add: failure-refine-def F-SKIPS)

lemma SKIPS-T-SKIPS-iff : «<SKIPS S Cr SKIPS R +— (R C S)»
by (auto simp add: trace-refine-def T-SKIPS subset-iff)

lemma DF-subset : <DF B Cpp DF Ay if <A # {}» <A C By for A B :: ('a set
proof (subst DF-def, induct rule: fix-ind)

show <adm (Aa. a Cpp DF A)) by simp
next

show <. Crp DF A by simp
next

show «(X Cpp DF A = (A X. NbeB — X)-X Cpp DF Ay for X :: «(a, 'r)
ProCesSptick?

by (subst DF-unfold, simp)
(meson <A # {}» <A C By Mndetprefiz-FD-subset mono-Mndetprefiz-FD

trans-FD)
qed

lemma DF-Univ-freeness : <A # {} = DF A Crpp P = deadlock-free P>
by (meson DF-subset deadlock-free-def subset-UNIV trans-FD)

lemma deadlock-free-Ndet-iff :
<deadlock-free (P M Q) «— deadlock-free P N deadlock-free @
by (auto simp add: F-Ndet D-Ndet deadlock-free-def refine-defs)

lemma DFSK[ps—S’U,bSEt : <DFSKIPS BS Crp DFSKIPS A R»
ifcA£{pACB RAZ{p RS
proof (subst DF gk ps-def, induct rule: fix-ind)
show <adm (Ma. a Cpp DFskrps A R)» by simp
next
show (L Crp DFSKIPS ARy by simp
next
show <(A X. (I‘IbeB — X) n SKIPS S)X Crp DFskgrps A Ry if <X Cgp
DFSKIPS A Ry for X
proof (subst DF gk 1 ps-unfold, subst beta-cfun)
show <cont (AX. (MbeB — X) N SKIPS S)) by simp
next
show ((ﬂbGB — X) M SKIPS S Cgp (I‘IaeA — DFgskgrps A R) n SKIPS
R»
proof (rule mono-Ndet-FD)
show MbeB — X Cpp MNa€Ad - DFgskgips A R»
by (meson Mndetprefiz-FD-subset <A # {}» <A C B»
mono-Mndetprefix-FD <X Crpp DFskips A R trans-FD)
next
show «(SKIPS S Crp SKIPS R»
by (simp add: SKIPS-FD-SKIPS-iff <R # {}> <R C S»)
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qed
qed
qed

lemma DFgskpgs-Univ-freeness : <[A # {}; R#{}; DFskips A RCpp P] =
deadlock-freesxrps P>

by (meson DF g1 pg-subset deadlock-frees k1 ps-def leFD-imp-leF subset-UNIV
trans-F)

lemma deadlock-frees k1 ps-Ndet-iff :

<deadlock-freesrps (P M Q) «— deadlock-freesxrps P A deadlock-freesirps
o

by (simp add: F-Ndet deadlock-frees i 1 ps-def failure-refine-def)

lemma dz'v-free-DFSijS: <D (DFSKIPS A R) = {})
proof (rule equalsOI)
show s € D (DFSKIPS A R) — Fulse) for s
by (induct s; subst (asm) DF sk ps-unfold)
(auto simp add: D-Ndet D-SKIPS D-Mndetprefiz write0-def D-Mprefix split:
if-split-asm)
qed

lemma div-free-DF: <D (DF A) = {}
by (metis DFsxrps-FD-DF div-free-DF sicrps empty-subset]l subset-antisym
le-ref1)

lemma deadlock-free-implies-div-free: <deadlock-free P — D P = {}»
by (simp add: deadlock-free-def div-free-DF refine-defs)

14.4 Events and Ticks of Reference Processes

lemma events-of-SKIPS : «a(SKIPS R) = {}
and ticks-of-SKIPS : «/s(SKIPS R) = R»
by (auto simp add: events-of-def ticks-of-def T-SKIPS)

lemma no-ticks-imp-tickFree-T : «/s(P) = {} = s€ T P = tF &
by (simp add: ticks-of-def tickFree-def disjoint-iff image-iff)
(metis T-nonTickFree-imp-decomp eventy;c.disc(2) split-list tickFree-Cons-iff
tickFree-append-iff)

lemma events-of-DF : «a(DF A) = 4>
proof (intro subset-antisym subsetl)
fix a assume «a € A»
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hence [ev a] € T (DF A)»
by (subst DF-unfold) (auto simp add: T-Mndetprefiz write0-def T-Mprefix)
thus <a € o(DF A)s by (force simp add: events-of-def)
next
fix a assume <a € a((DF A) :: ('a, 'r) processpiick)?
then obtain ¢ :: «<(‘a, 'r) tracepiick> Where <ev a € set t» <t € T (DF A)»
by (auto simp add: events-of-def)
thus <a € A»
by (induct t, simp, subst (asm) DF-unfold)
(auto simp add: T-Mndetprefix write0-def T-Mprefiz split: if-split-asm)
qed

lemma ticks-DF : «/s(DF A) = {}
proof (rule equalsOI)

fix r :: 'r assume (r € Vs(DF A)»

then obtain s where (s Q [/ (r)] € T (DF A)» unfolding ticks-of-def by blast

thus False

by (induct s; subst (asm) DF-unfold)
(simp-all add: T-Mndetprefix write0-def T-Mprefiz split: if-split-asm,)

qed

lemma events-of-DF sk rps : «a(DFskrps A R) = A»
proof (intro subset-antisym subsetl)
fix a assume (a € A»
hence ([ev a] € T (DFskrps A R)
by (subst DF sk 1ps-unfold) (auto simp add: T-Ndet T-Mndetprefix write0-def
T-Mprefix)
thus <a € a«(DFskrps A R)» by (force simp add: events-of-def)
next
fix a assume <a € a(DFskrps A R)»
then obtain ¢ where <ev a € set t) <t € T (DFskrps A R)
by (auto simp add: events-of-def)
thus «a € A»
by (induct t, simp, subst (asm) DF sk ps-unfold)
(auto simp add: T-Ndet T-SKIPS T-Mndetprefix write0-def T-Mprefiz split:
if-split-asm,)
qed

lemma tiCkS—DFSK]pS : </5(DFSKIPS A R) =R
proof (intro subset-antisym subsetl)

fix r assume «r € R»

hence «[V(r)] € T (DFskrps A R)» by (subst DF gk 1ps-unfold) (simp add:
T-Ndet T-SKIPS)

thus «r € /S(DFSKIPS A R))

unfolding ticks-of-def by (metis (no-types, lifting) Collect] append-self-conv2)

next

fix r assume <r € Vs(DFskrps A R)»

then obtain s where «<s Q [V (r)] € T (DFskrps A R)> unfolding ticks-of-def
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by blast
thus «r € R»
by (induct s; subst (asm) DF sk 1ps-unfold)
(simp-all add: T-Ndet T-SKIPS T-Mndetprefix write0-def T-Mprefix split:
if-split-asm)
qed

lemma events-of-RUN : «a(RUN A) = A»
proof (intro subset-antisym subsetl)
fix a assume <a € A»
hence «[ev a] € T (RUN A)»
by (subst RUN-unfold) (auto simp add: T-Mprefiz)
thus <a € a(RUN A)» by (force simp add: events-of-def)
next
fix a assume <a € a((RUN A) :: (‘a, 'r) processpiick)
then obtain ¢ :: «('a, 'r) traceyiick> where <ev a € set t» <t € T (RUN A)»
by (auto simp add: events-of-def)
thus ¢ € A»
by (induct t, simp, subst (asm) RUN-unfold) (auto simp add: T-Mprefiz)
qed

lemma ticks-RUN : «/s(RUN A) = {}»
proof (rule equalsOI)

fix r :: 'r assume <r € V/s(RUN A))

then obtain s where s @ [/ (r)] € T (RUN A)) unfolding ticks-of-def by
blast

thus False

by (induct s; subst (asm) RUN-unfold)
(auto simp add: T-Mprefix split: if-split-asm)

qed

lemma events-of-CHAOS : <a(CHAOS A) = A»
proof (intro subset-antisym subsetl)
fix a assume <a € A>
hence «[ev a] € T (CHAOS A)»
by (subst CHAOS-unfold) (auto simp add: T-Ndet T-Mprefiz)
thus <a € a(CHAOS A)» by (force simp add: events-of-def)
next
fix a assume <«a € a((CHAOS A) :: ('a, 'r) processpiick)’
then obtain ¢ :: <(‘a, 'r) traceptick> Where <ev a € set t» <t € T (CHAOS A)»
by (auto simp add: events-of-def)
thus ¢ € A»
by (induct t, simp, subst (asm) CHAOS-unfold) (auto simp add: T-Ndet
T-STOP T-Mprefix)
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qged

lemma ticks-CHAOS : «/s(CHAOS A) = {}»
proof (rule equalsOI)

fix r :: 'r assume «r € V's(CHAOS A)»

then obtain s where <s Q [V (r)] € T (CHAOS A)> unfolding ticks-of-def by
blast

thus False

by (induct s; subst (asm) CHAOS-unfold)
(auto simp add: T-Ndet T-STOP T-Mprefix split: if-split-asm)

qed

lemma events—of—CHAOSSKlpg : (Oz(CHAOSSKIPS A R) = A
proof (intro subset-antisym subsetl)
fix ¢ assume <a € A>
hence ([ev a] € T (CHAOSsk1ps A R)
by (subst CHAOS s k1 ps-unfold) (auto simp add: T-Ndet T-Mprefix)
thus <a € «(CHAOSsk1ps A R)» by (force simp add: events-of-def)
next
fix a assume ¢ € a(CHAOSskips A R)»
then obtain ¢ where <ev a € set t» <t € T (CHAOSskrps A R)»
by (auto simp add: events-of-def)
thus «a € A»
by (induct t, simp, subst (asm) CHAOS sk 1ps-unfold)
(auto simp add: T-Ndet T-STOP T-SKIPS T-Mprefix)
qed

lemma ticks-CHAOSsk1ps : «/$(CHAOSskips A R) = R»
proof (intro subset-antisym subsetl)

fix r assume <r € R»

hence [V (r)] € T (CHAOSskrips A R)» by (subst CHAOS sk 1 ps-unfold)
(simp add: T-Ndet T-SKIPS)

thus <r € Vs(CHAOSsk1ps A R)» by (metis append-Nil ticks-of-memlI)
next

fix r assume «r € Vs(CHAOSskips A R))

then obtain s where ¢<s @ [V (r)] € T (CHAOSskips A R)» unfolding
ticks-of-def by blast

thus <r € R»

by (induct s; subst (asm) CHAOS sk 1 ps-unfold)
(auto simp add: T-Ndet T-STOP T-SKIPS T-Mprefix)

qed

lemma RUN-subset-DT: <RUN B Cpr RUN A»
if <A C By for A B :: ('a set

proof (subst RUN-def, induct rule: fix-ind)
show <adm (Aa. a Cpr RUN A)) by simp

next
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show <1 Cppr RUN A by simp
next
show <X Cpyr RUN A — (A X. 0beB — X)-X Cpr RUN A for X :: «(('a,
'r) processpiick>
by (subst RUN-unfold, simp)
(meson Mprefix-DT-subset mono-Mprefiz-DT <A C B) trans-DT)
qed

lemma CHAOS-subset-FD : <CHAOS B Crp CHAOS A»
if <A C By for A B :: <'a set»
proof (subst CHAOS-def, induct rule: fiz-ind)
show <adm (Aa. a Cpp CHAOS A)) by simp
next
show <1 Cpp CHAOS A by simp
next
from <A C B> show (X Cpp CHAOS A = (A X. STOP 1 (ObeB — X))-X
Crp CHAOS A»
for X :: «("a, 'r) processpiick>
by (subst CHAOS-unfold)
(auto simp add: refine-defs Mprefiz-projs Ndet-projs F-STOP D-STOP)
qed

lemma CHAOSSK]ps—Subset—FD : <CHAOSSKIPS BS EFD CHAOSSK]PS A
R»
if <AC By «R#{}H «RC S
proof (subst CHAOS sk 1ps-def, induct rule: fix-ind)
show <adm (Aa. a Cpp CHAOSskips A R)» by simp
next
show <1l Cpp CHAOSskips A Ry by simp
next
from <AC By «R#{HRC S
show <X Crpp CHAOSskips A R — (A X. SKIPS S 1 STOP N (D(I,EB —
X))X EFD CHAOSSKIPS A Ry for X
by (subst CHAOS s i 1 ps-unfold)
(auto simp add: refine-defs Mprefiz-projs Ndet-projs F-STOP D-STOP F-SKIPS
D-SKIPS)
qed

14.5 Relations between refinements on reference
processes

lemma CHAOS-has-all-tickFree-failures :
(tF s = {a. eva € set s} C A= (s, X) € F (CHAOS A)»
proof (induct s)
show «([], X) € F (CHAOS A)»
by (subst CHAOS-unfold) (simp add: F-Ndet F-STOP)



14.5. RELATIONS BETWEEN REFINEMENTS ON REFERENCE PROCESSES315

next
fix es
assume hyp : «(tF s = {a. eva € set s} C A = (s, X) € F (CHAOS A)»
assume prems : <tF (e # s)» {a. ev a € set (e # s)} C A
from prems have (tF sy <{a. ev a € set s} C A> by auto
hence (s, X) € F (CHAOS A)) by (fact hyp)
with prems show (e # s, X) € F (CHAOS A)»
by (subst CHAOS-unfold, cases e) (auto simp add: F-Ndet F-Mprefiz)
qed

lemma CHAOS s k1 ps-superset-events-of-ticks-of-leF :
«<CHAOSskips A RCp Py if «a(P) C A and «/s(P) C R»
proof (unfold failure-refine-def)
have «ftF s = set s C ({(Jt€T P. sett) = (s, X) € F (CHAOSsk1ps A R)
for s X
proof (induct s)
show (([]7 X) e F (CHAOSSKIPS A R))
by (subst CHAOS s k1 ps-unfold) (simp add: F-Ndet F-STOP)
next
fix es
assume prems : (ftF (e # s)) <set (e # s) C U (set ‘T P)
assume hyp : ftF s = set s C | (set ‘T P) = (s, X) € F (CHAOSsk1ps
A R)»
show «(e # s, X) € F (CHAOSskips A R)»
proof (cases e)
fix a assume <e = ev a»
with prems(2) have «a € a(P)> by (auto simp add: events-of-def)
with <a(P) C A» have <a € A) by fast
from prems have <ftF' ) <set s C |J (set T P)»
by auto (metis front-tickFree-Cons-iff front-tickFree-Nil)
hence (s, X) € F (CHAOSsk1ps A R)» by (fact hyp)
thus ((6 # S, X) e F (CHAOSSK[PS A R))
by (subst CHAOS sk 1 ps-unfold) (simp add: F-Ndet F-Mprefiz <e = ev a
a € A)
next
fix r assume (e = /(1)
with prems(2) have «r € /s(P)»
by (simp add: ticks-of-def)
(metis T-imp-front-tickFree front-tickFree-Cons-iff front-tickFree-append-iff
in-set-conv-decomp non-tickFree-tick tickFree-Cons-iff tickFree-Nil)
with «/s(P) C R» have «r € R» by fast
moreover from (e = V(7)) prems(1) have <s =[] by (simp add: front-tickFree-Cons-iff)
ultimately show «(e # s, X) € F (CHAOSskips A R)»
by (subst CHAOS sk 1ps-unfold) (auto simp add: F-Ndet F-SKIPS <e =
v (1))
qed
qed
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thus «F P C F (CHAOSskips A R)y by (meson F-T F-imp-front-tickFree
SUP-upper subrell)
qed

corollary CHAOS s ik 1 ps-events-of-ticks-of-leF: <CHAOSskrps a(P) /s(P) Cp
P
and CHAossijs—UNIV—UN[V—ZEF: <CHAOSSKIPS UNIV UNIV Cr P
by (simp-all add: CHAOS s i 1 ps-superset-events-of-ticks-of-leF")

lemma DFSKIps-F-DF : <DFSKIPS AR Cr DF Ay
by (simp add: DF gk 1ps-FD-DF leFD-imp-leF')

lemma DF-F-RUN : <DF A Cr RUN A for A :: 'a set>
proof (unfold DF-def, induct rule: fix-ind)

show <adm (Aa. a Cp RUN A)> by simp
next

show (1. Cp RUN A by simp
next

show <X Cp RUN A = (A X. Ma€A — X)-X Cp RUN A for X :: <('a, 'r)
ProcesSptick?

by (subst RUN-unfold, simp)
(meson Mndetprefiz-F-Mprefiz mono-Mprefiz-F trans-F')

qed

lemma CHAOS-F-DF : <CHAOS A Cr DF A»
proof (unfold failure-refine-def, safe, rule CHAOS-has-all-tickFree-failures)
show «(s, X) € F (DF A) = tF s for s :: <('a, 'r) tracepiick> and X
by (metis F-T no-ticks-imp-tickFree-T ticks-DF')
next
show «(s, X) € F (DF A) = {a. eva € set s} C A for s :: <(“a, 'r) tracepiick>
and X
by (drule F-T) (use events-of-DF|[of A] in <auto simp add: events-of-def>)
qed

corollary CHAOSskps-F-CHAOS : <CHAOSskips A R Crp CHAOS A»
and CHAOSSKIPS'F'DFSKIPS : (CHAOSSKIPS AR Crp DFSKIPS AR
by (rule CHAOS s k 1 p s -superset-events-of-ticks-of-leF;
simp add: events-of-CHAOS ticks-CHAOS events-of-DF s 1 ps ticks-DF s rps)+

lemma diU—fT@e—CHAOSSK[pst <D (CHAOSSKIPS A R) = {})
proof (rule equalsOI)
show «s € D (CHAOSskips A R) = Fulse) for s
by (induct s; subst (asm) CHAOS sk ps-unfold)
(auto simp add: D-Ndet D-STOP D-SKIPS D-Mprefir)
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qged

lemma div-free-CHAOS: <D (CHAOS A) = {}»
proof (rule equals0I)
show «s € D (CHAOS A) = Falses for s :: «('a, 'r) tracepiick>
by (induct s; subst (asm) CHAOS-unfold)
(auto simp add: D-Ndet D-STOP D-Mprefiz)
qed

lemma div-free-RUN: <D (RUN A) = {}
proof (rule equalsOI)
show «s € D (RUN A) = False) for s :: «('a, 'r) tracepiicr>
by (induct s; subst (asm) RUN-unfold) (auto simp add: D-Mprefiz)
qed

corollary DF-FD-RUN : <DF A Crp RUN A»
and CHAOS-FD-DF : <CHAOS A Cgrp DF A»
and CHAOSskrps-FD-CHAOS : <CHAOSskips A R Cprp CHAOS A»
and CHAOSSK[PS—FD—DFSKIPS : (CHAOSSKIPS AR Crp DFSKIPS AR
by (simp-all add: DF-F-RUN div-free-RUN CHAOS-F-DF div-free-DF CHAOS sk 1ps-F-CHAOS
div-free-CHAOS
CHAOSsk1ps-F-DF sk 1ps div-free-DF g1 ps divergence-refine-def leF-leD-imp-leFD)

lemma traces-CHAOS-subset : <T (CHAOS A) C {s. set s C ev ‘ Ap
proof (rule subsetl)
show (s € T (CHAOS A) = s € {s. set s C ev * A} for s :: <(“a, 'r) tracepiicr>
by (induct s; subst (asm) CHAOS-unfold) (auto simp add: T-Ndet T-STOP
T-Mprefix)
qed

lemma traces-RUN-superset : <{s. set s C ev * A} C T (RUN A)»
proof (rule subsetl)
show s € {s. set s C ev ‘ A} = s € T (RUN A)» for s :: «('a, ') tracepiick>
by (induct s, simp) (subst RUN-unfold, auto simp add: T-Mprefiz)
qed

corollary RUN-all-tickfree-tracesl : «<T (RUN A) = {s. set s C ev ‘A
and  DF-all-tickfree-traces1  : <T (DF A) = {s. set s C ev ‘ A}
and  CHAOS-all-tickfree-tracesl : T (CHAOS A) = {s. set s C ev ‘ A}
using DF-F-RUN|[THEN leF-imp-leT, simplified trace-refine-def]

CHAOS-F-DF[THEN leF-imp-leT simplified trace-refine-def]
traces-CHAOS-subset traces-RUN-superset by blast+
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corollary RUN-all-tickfree-traces? : «s € T (RUN UNIV)»
and  DF-all-tickfree-traces2 :«s € T (DF  UNIV)»
and  CHAOS-all-tickfree-trace2 : <s € T (CHAOS UNIV)) if <tF s
using <tF' s»
by (simp add: tickFree-def RUN-all-tickfree-traces1 DF-all-tickfree-traces!
CHAOS-all-tickfree-traces1 disjoint-iff image-iff subset-iff; metis eventyy;cr. exhaust)+

lemma traces-CHAOS sk 1ps-subset :

T (CHAOSskrps A R) C{s. ftF s N set s C ev * A U tick * R}
proof (rule subsetl)

show <s € T (CHAOSskips A R) = s € {s. ftF s N\ set s C ev * A U tick *
R} for s

by (induct s; subst (asm) CHAOS sk ps-unfold)
(auto simp add: T-Ndet T-STOP T-SKIPS T-Mprefiz front-tickEree-Cons-iff)

qed

lemma traces-DF sk 1ps-superset :
{s. ftF s N set s Cev ‘AU tick “R} CT (DFskgrps A R)
proof (rule subsetl)
show «s € {s. ftF s A set s Cev ‘AU tick “R} = s €T (DFskrps A R)»
for s
by (induct s; subst DF g k1 ps-unfold)
(auto simp add: T-Ndet T-SKIPS T-Mndetprefix write0-def T-Mprefix front-tickEree-Cons-iff)
qed

corollary DF gk ps-all-front-tickfree-traces1:
T (DFskgips AR) = {s. ftF s A set s C ev ‘AU tick ‘ R}
and CHAOS gk 1ps-all-front-tickfree-traces1:
T (CHAOSskips A R) = {s. ftF s N\ set s C ev * A U tick * R}»
using CHAOSsk1ps-F-DF sk 1ps|THEN leF-imp-leT, simplified trace-refine-def]
traces-CHAOS s i 1 ps-subset traces-DF g i 1 ps-superset by blast+

corollary DF g 1pgs-all-front-tickfree-traces2 :«s € T (DFskrps UNIV UNIV))
and CHAOS sk 1 ps-all-front-tickfree-traces2: <s € T (CHAOS sk ps UNIV UNIV)»
if <ftF s»
using «<ftF s
by (simp add: tickFree-def DF g k 1 ps-all-front-tickfree-traces1 CHAOS s k 1 ps-all-front-tickfree-traces1;
metis UnCI eventyy;cr.exhaust rangel subsetl)+

corollary DFSKIPS—UN[V—UN[V—ZGT : <DFSKIPS UNIV UNIV ET P
and CHAOSSK[ps—UNIV—UNIV—leT : <CHAOSSKIPS UNIV UNIV ET P
by (simp add:trace-refine-def DF s i 1 ps-all-front-tickfree-traces?2 is-process T2- TR
subsetl)
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(simp add:trace-refine-def CHAOS s i 1 p s -all-front-tickfree-traces2 is-process T2-TR
subsetl)

lemma deadlock-free-implies-lifelock-free: <deadlock-free P = lifelock-free P»
unfolding deadlock-free-def lifelock-free-def
using CHAOS-FD-DF trans-FD by blast

lemma deadlock-free-implies-non-terminating:
«tF sy if <deadlock-free Py <s € T P»
proof —
from <deadlock-free Py have T P C T (DF UNIV))
by (simp add: deadlock-free-def le-ref2T)
with <s € T P> show (tF s»
by (meson no-ticks-imp-tickFree-T subsetD ticks-DF')
qed

lemma deadlock-freeg i 1 ps-is-right:
(deadlock-freesrps (P :: (‘a, 'r) processpiick) —
(VseT P.tF s — (s, UNIV :: ('a, 'r) eventpiic set) ¢ F P)
proof (intro iffI balll impl)
have «tF s = (s, UNIV) ¢ F (DFskips UNIV UNIV)) for s :: «('a, 'r)
eventptick list
by (induct s; subst DF s k1 ps-unfold)
(auto simp add: F-Ndet F-SKIPS F-Mndetprefix write0-def F-Mprefix)
thus <deadlock-freesxrps P=— s € T P = tF s = (s, UNIV) ¢ F P for s
using deadlock-freeg i 1 ps-def failure-refine-def by blast
next
assume as! : «Vs€T P. tF s — (s, UNIV) ¢ F P
have as2 : <ftF s = (Ja € UNIV. eva ¢ X) =
(s, X) € F (DFsk1ps UNIV UNIV)) for s :: «(‘a, 'r) tracepiicr> and
X
proof (induct s)
case Nil
then show ?case
by (subst DF sk 1 ps-unfold, auto simp add: F-Mndetprefiz write0-def F-Mprefix
F-Ndet F-SKIP)
next
case (Cons hds tls)
then show ?case
proof (simp add: DF sk ps-def fiz-def)
define Y where Y = \i. iterate i-(A z. (Mza€(UNIV :: 'a set) — x) I
SKIPS (UNIV :: 'r set))-L
assume a:ftF (hds # tls) and b:ftF tls = (tls, X) € F (| ] Y i)
and ¢:Ja. eva ¢ X
from Y-def have cc:chain Y by simp
from b have d:ftF tls = JacUNIV. eva ¢ X =>(tls, X) € F (Y i) for ¢
using F-LUB[OF cc] limproc-is-thelub| OF cc] by simp
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from Y-def have e:F(Mndetprefic UNIV (Az. Y i) M SKIPS UNIV) C F
(Y (Suc i)) for i by(simp)
from a have f:tls # [| = hds ¢ range tick ftF tls
by (metis eventpiick.disc(2) front-tickFree-Cons-iff imageF)
(metis a front-tickFree-Cons-iff front-tickFree-Nil)
have g:(hds#tls, X) € F (Y (Suc i)) for i
using f ¢ elof 1] d[of i]
by (auto simp: F-Mndetprefiz write0-def F-Mprefix Y-def F-Ndet F-SKIPS
image-iff)
(meson eventpiicr.echaust)+
have h:(hds#tls, X) € F (Y 0)
using D-F cc g po-class.chainE proc-ord2a by blast
from a b ¢ show (hds#tls, X) € F (| ]i. Y i)
using F-LUB[OF cc] is-ub-thelub|OF cc]
by (metis D-LUB-2 cc g limproc-is-thelub po-class.chainE proc-ord2a pro-
cess-charn)
qed
qed
show deadlock-freeskgrps P
proof (unfold deadlock-frees i 1 ps-def failure-refine-def, safe)
fix s X
assume as3:(s, X) € F P
hence al:s € T P ftF s
using F-T as3 is-processT2 by blast+
show (S, X) e F (DFSKIPS UNIV UNIV)
proof(cases tF s)
case FT-True:True
hence a2:(s, UNIV) ¢ F P
using al asl by blast
then show ?thesis
by (metis DF sk 1 ps-all-front-tickfree-traces2 FT-True UNIV-I UNIV-eq-1
al(2) as2 as3
eventprick-exhaust is-process T6- TR-notin tickFree-imp-front-tickFree-snoc)
next
case FT-Fulse: False
then show ?thesis
by (metis DF s i 1 ps-all-front-tickfree-traces2 a1 (2) front-tickFree-append-iff
is-processT2-TR is-processT5-S7 list.distinct(1))
qed
qed
qed

lemma deadlock-frees i 1 ps-implies-div-free: <deadlock-freesxrps P = D P =
58
by (metis D-T D-imp-front-tickFree T-nonTickFree-imp-decomp all-not-in-conv
butlast-snoc
deadlock-frees i 1 p s-is-right front-tickFree-iff-tickFree-butlast is-processT8 is-processT9)

corollary deadlock-frees i 1ps-FD: <deadlock-freesrps P <— DFgsikrps UNIV
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UNIV Crp P
by (metis deadlock-frees i1 ps-def deadlock-frees i 1 ps-implies-div-free
less-eq-processyiicr-def order-refl refine-defs(3))

lemma all-events-ticks-refusal:
(s, tick ‘V/s(P)U ev ‘a(P)) € F P=> (s, UNIV) € F P»
proof (rule ccontr)
assume <(s, tick ‘V's(P) U ev ‘a(P)) € F P> and «(s, UNIV) ¢ F P»
then obtain ¢ where «c ¢ tick ‘Vs(P) U ev ‘a(P) AsQ [c] € T P»
using is-processT5|of s <tick */s(P) U ev ‘ a(P)y P
<UNIV — (tick v/ s(P) U ev ‘ a(P))», simplified] F-T by blast
thus False by (simp add: events-of-def ticks-of-def, cases c) fastforce+
qed

corollary deadlock-frees i 1 ps-is-right-wrt-events:
<deadlock-freesx1ps P +—
(VseT P.tF s — (s, tick ‘*/s(P) U ev ‘a(P)) ¢ F P)
unfolding deadlock-frees i 1 ps-is-right using all-events-ticks-refusal is-processT/
by blast

lemma deadlock-free-imp-deadlock-frees k1 ps: <deadlock-free P = deadlock-freeskps
P

using DF sk rps-FD-DF deadlock-freesps-FD deadlock-free-def trans-FD by
blast

14.6 deadlock-free and deadlock-freesips with SKIP
and STOP

lemma non-deadlock-frees 1 ps-STOP: <= deadlock-freesxrps STOP»
by (unfold deadlock-frees i 1 ps-def, subst DF g i 1 ps-unfold, unfold failure-refine-def)
(auto simp add: F-Ndet F-STOP F-SKIPS F-Mndetprefix write0-def F-Mprefix)

lemma non-deadlock-free-STOP: <— deadlock-free STOP»
using deadlock-free-imp-deadlock-frees k1 ps non-deadlock-frees i1 ps-STOP by
blast

lemma deadlock-frees 1 ps-SKIPS : <deadlock-freesxrps (SKIPS R) +— R #
it
proof (rule iffI)
show <deadlock-freesxrps (SKIPS R) = R # {}
by (rule ccontr, simp add: SKIPS-def)
(use non-deadlock-frees k1 ps-STOP in blast)
next
show (R # {} = deadlock-freeskrps (SKIPS R)»
by (unfold deadlock-frees i 1 ps-def, subst DF g i 1 ps-unfold, unfold failure-refine-def)
(auto simp add: F-Ndet F-STOP F-SKIPS F-Mndetprefix write0-def F-Mprefix
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subset-iff)
qed

lemma deadlock-frees k1 ps-SKIP: <deadlock-freesirps (SKIP r)»
by (metis SKIPS-singl-is-SKIP deadlock-frees k1 ps-SKIPS empty-not-insert)

lemma non-deadlock-free-SKIPS : <— deadlock-free (SKIPS R)»
proof (cases <R = {}»)
show (R = {} = - deadlock-free (SKIPS R)»
by (simp add: non-deadlock-free-STOP)
next
assume <R # {}
then obtain r where (r € R) by blast
hence <[V (r)] € T (SKIPS R)> by (simp add: T-SKIPS)
moreover have - tF ([V(r)])» by simp
ultimately show «— deadlock-free (SKIPS R)»
using deadlock-free-implies-non-terminating by blast
qed

lemma non-deadlock-free-SKIP: <— deadlock-free (SKIP 1))
by (metis SKIPS-singl-is-SKIP non-deadlock-free-SKIPS)

corollary non-terminating-refine-DF : <non-terminating P +— DF UNIV Cp P

and non-terminating-refine-CHAOS : <non-terminating P «— CHAOS UNIV
Cr P
by (simp-all add: DF-all-tickfree-traces1 RUN-all-tickfree-traces]1 CHAOS-all-tickfree-traces1

non-terminating-def trace-refine-def)

lemma non-terminating-is-right : <non-terminating P «— (¥ s€T P. tF s)»
by (meson RUN-all-tickfree-traces2 no-ticks-imp-tickFree-T
non-terminating-def subset-iff ticks-RUN trace-refine-def)

lemma nonterminating-implies-div-free : <non-terminating P = D P = {}
by (metis D-T ex-in-conv front-tickFree-single is-processT7
non-terminating-is-right non-tickFree-tick tickFree-append-iff)

lemma non-terminating-implies-F : <non-terminating P = CHAOS UNIV Cpg
P»
by (meson CHAOS-has-all-tickFree-failures F-T failure-refine-def in-mono no-ticks-imp-tickFree-T
non-terminating-refine-CHAOS subrell ticks-CHAOS top-greatest trace-refine-def)

corollary non-terminating-F : <non-terminating P «— CHAOS UNIV Cp P)
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by (auto simp add:non-terminating-implies-F non-terminating-refine-CHAOS leF-imp-leT)

corollary non-terminating-FD : <non-terminating P +— CHAOS UNIV Cgpp P>
by (metis failure-refine-def less-eq-processpiici-def non-terminating-F
nonterminating-implies-div-free order-refl)

corollary lifelock-free-is-non-terminating: <lifelock-free P = non-terminating P»
unfolding lifelock-free-def non-terminating-FD by (fact refl)

lemma divergence-refine-div-free :
(OHAOSSKIPS UNIV UNIV Cp P<+—DP-= {})

(CHAOS UNIV Cp P «DP={h
(RUN UNIV Cp P +DP={h
(DFsi1ps UNIVUNIV Cp P +— D P = {}b
(DF UNIV Cp P «DP={h

by (simp-all add: div-free-CHAOS div-free-RUN div-free-DF div-free-DF sk 1ps
div-free-CHAOS sk 1ps divergence-refine-def)

lemma lifelock-frees i 1 ps-iff-div-free : <lifelock-freesxrps P «— D P = {}
by (simp add: CHAOS sk 1ps-UNIV-UNIV-leF divergence-refine-div-free(1)
failure-divergence-refine-def lifelock-frees k 1 ps-def)

lemma lifelock-free-imp-lifelock-frees k1 ps : <lifelock-free P = lifelock-freesikps
P»
by (simp add: lifelock-frees k 1 ps-iff-div-free lifelock-free-is-non-terminating
nonterminating-implies-div-free)

corollary deadlock-frees i 1 ps-imp-lifelock-frees k1 ps: <deadlock-frees i 1ps P =
lifelock-freesxrps P>
by (simp add: deadlock-frees i 1 ps-implies-div-free lifelock-frees k 1 p s -iff-div-free)

lemma non-terminating-Seq : <P ; Q = P» if <non-terminating P>
proof —
from <non-terminating P> have x : <s € T P = tF s for s
unfolding non-terminating-is-right ..
show <P ; Q = P>
proof (subst Process-eq-spec-optimized, safe)
from * show s € D (P; Q) = s € D P) for s by (force simp add: D-Seq)
next
show (s € D P = s € D (P; Q) for s by (simp add: D-Seq)
next
show (s, X) e F (P; Q) = (s, X) € F P) for s X
by (simp add: F-Seq)
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(meson x is-process T4 is-process T8 non-tickFree-tick sup-gel tickFree-append-iff)
next
show «(s, X) €e F P = (s, X) € F (P; Q) for s X
by (simp add: F-Seq)
(metis (mono-tags, lifting) * F-T f-inv-into-f is-processT5-S7'
non-tickFree-tick tickFree-append-iff)
qed
qed

lemma non-terminating-Sync :
<non-terminating P = lifelock-freesrps Q@ = non-terminating (P [A] Q)
by (simp add: lifelock-freegs k 1 ps-iff-div-free T-Sync
non-terminating-is-right nonterminating-implies-div-free)
(metis SyncWithTick-imp-NTF T-imp-front-tickFree ftf-Sync
non TickFree-n-front TickFree non-tickFree-tick tickFree-append-iff)

lemmas non-terminating-Par = non-terminating-Sync[where A = (UNIV)]
and non-terminating-Inter = non-terminating-Syncjwhere A = «({}]
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Advanced Induction
Schemata

15.1 k-fixpoint-induction

lemma nat-k-induct [case-names base step:
(P ny if «Vi<k. P4 and <Vng. (Vi<k. P (ng + 1)) — P (no + k)» for k n =
nat
proof (induct rule: nat-less-induct)
fix n assume <V m<n. P m»
show (P n»
proof (cases <n < k»)
from that(1) show <n < k = P n» by blast
next
from <V m<n. P m» that(2)[rule-format, of <n — k]
show (= n < k = P n» by auto
qed
qed

thm fiz-ind fiz-ind2

lemma fiz-ind-k [case-names admissibility base-k-steps step]:
assumes adm : <adm P»
and base-k-steps : <V i<k. P (iterate i-f-1)»
and step : «<AX. (Vi<k. P (iterate i-f-X)) = P (iterate k-f-X)»
shows <P (fiz-f)»
proof (unfold fiz-def2, rule admD [OF adm chain-iterate])
show <P (iterate i-f-1)» for i
proof (induct i rule : nat-k-induct|of k])
show «Vi<k. P (iterate i-f-L)» by (fact base-k-steps)
next
show «Vng. (Vi<k. P (iterate (ng + 4)-f-1)) — P (iterate (ng + k)-f-L)
by (metis add.commute iterate-iterate step)
qed
qed
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lemma nat-k-skip-induct [case-names lower-bound base-k step):
<P ny if <1 < ky and Vi<k. P i» and <Vng. P ng — P (ng + k)» for kn :
nat
proof (induct n rule: nat-less-induct)
fix n assume <V m<n. P m»
show <P n»
proof (cases <n < k»)
from that(2) show «n < k = P n» by blast
next
from «Vm<n. P m» <1 < k> that(3)[rule-format, of <n — k]
show (= n < k = P n> by auto
qed
qed

lemma fiz-ind-k-skip [case-names lower-bound admissibility base-k-steps step):
assumes k-1 : <1 < k»
and adm : <adm P>
and base-k-steps : <V i<k. P (iterate i-f-1)»
and step : <AX. P X = P (iterate k-f-X)»
shows <P (fiz-f)
proof (unfold fiz-def2, rule admD [OF adm chain-iterate])
show (P (iterate i-f-1)» for i
proof (induct i rule : nat-k-skip-induct|of k])
show <1 < k) by (fact <1 < k)
next
show «Vi<k. P (iterate i-f-1)» by (fact base-k-steps)
next
show «Vng. P (iterate ng-f-1) — P (iterate (ng + k)-f-L)»
by (metis add.commute iterate-iterate step)
qed
qed

15.2 Parallel fixpoint-induction

lemma parallel-fiz-ind-inc|case-names admissibility base-fst base-snd stepl:
assumes adm: <adm (AX. P (fst X) (snd X))»
and base-fst: <\Y. P L Y) and base-snd: <\ AX. P X L)
and step: {\AXY. PXY = P (GX)Y = PX (HY) = P (G-X)
(H-Y)
shows «P (fiz-G) (fiz-H)»
proof —
from adm have adm’: <adm (case-prod P)»
unfolding split-def .
have (P (iterate i-G-L1) (iterate j-H-1)» for i j
proof (induct <i + j» arbitrary: i j rule: nat-less-induct)
case I
{ fix i’ j’
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assume 7: < = Suc i"» and j: <j = Suc j’

have (P (iterate i" G-L1) (iterate jH-1)»
using 1.hyps add-strict-mono i j by blast

moreover have <P (iterate i-G-L) (iterate j-H-L1)»
using 1.hyps i by auto

moreover have «P (iterate i-G-L) (iterate j"H-1))
using 1.hyps j by auto

ultimately have ?case by (simp add: i j step)

thus “case by (cases i; cases j; simp add: base-fst base-snd)
qed
hence <case-prod P (iterate i-G-L, iterate i-H-1)> for i by simp
hence <case-prod P (| |i. (iterate i-G-L, iterate i-H-1))»
by — (rule admD [OF adm'], simp, assumption)
hence P (| ]i. iterate i-G-L) (| ]¢. dterate i-H-L1)»
by (simp add: lub-Pair)
thus (P (fiz-G) (fix-H)» by (simp add: fiz-def2)
qed



328 CHAPTER 15. ADVANCED INDUCTION SCHEMATA



Chapter 16

The Main Entry Point

This is the theory HOL-CSP should be imported from.
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Chapter 17

Conclusion

17.1 Related Work

As mentioned earlier, this work has its very ancient roots in a first formal-
ization of A. Camilieri in the early 90s in HOL. This work was reformu-
lated and substantially extended in HOL-CSP 1.0 published in 1997. In
2005, Roggenbach and Isobe published CSP-Prover, a formal theory of a
(fragment of) the Failures model of CSP. This work led to a couple of pub-
lications culminating in [6]; emphasis was put on actually completing the
CSP theory up to the point where it is sufficiently tactically supported
to serve as a kind of tool. This theory is still maintained and last re-
leases (the latest one was released on 18 February 2019) can be found under
https://staff.aist.go.jp/y-isobe/CSP-Prover /CSP-Prover.html. This theory
represents the first half of Roscoes theory of a Failures/Divergence model,
i.e. the Failures part. More recently, Pasquale Noce [9, 11, 10] developed a
theory of non interference notions based on an abstract denotational model
fragment of the Failure/Divergence Model of CSP (without continuity and
algebraic laws); this theory could probably be rebuilt on top of our work.

The present work could be another, more “classic” foundation of test-generation
techniques of this kind paving the way to an interaction with FDR and its
possibility to generate labelled transition systems as output that could drive
specialized tactics in HOL-CSP 2.0.

17.2 Lessons learned

We have ported a first formalization in Isabelle/HOL on the Failure/Diver-
gence model of CSP, done with Isabelle93-7 in 1997, to a modern Isabelle
version. Particularly, we use the modern declarative proof style available in
Isabelle/Isar instead of imperative proof one, the latter being used in the old
version. On the one hand, it is worth noting that some of the old theories
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still have a surprisingly high value: Actually it took time to develop the right
granularity of abstraction in lemmas, which is thus still quite helpful and
valuable to reconstruct the theory in the new version. If a substantially large
body of lemmas is available, the degree of automation tends to increase. On
the other hand, redevelopment from scratch is unavoidable in parts where
basic libraries change. For example, this was a necessary consequence of our
decision to base HOL-CSP 2.0 on HOLCF instead of continuing the devel-
opment of an older fixed-point theory; nearly all continuity proofs had to
be redeveloped. Moreover, a fresh look on old proof-obligations may incite
unexpected generalizations and some newly proved lemmas that cannot be
constructed in the old version even with several attempts. The influence
of the chosen strategy (from scratch or refactoring) on the proof length is
inconclusive.

Note that our data does not allow to make a prediction on the length of
a porting project — the effort was distributed over a too long period and
performed by a team with initially very different knowledge about CSP and
interactive theorem proving.

It is also worth noting that the restructuring of the theory, as well as the
proofs (declarative Isar style), has substantially increased the possibility to
parallelize the proof checking process and makes the entire theory more
maintainable.

Finally, having the entire theory formalized makes extensions such as param-
etized ticks possible since the effect of changes of basic definitions can be
traced consequently. This is an important aspect that extensions of this
kind are not ad hoc and do not endanger global consistency.

17.3 A Summary on New Results

Compared to the original version of HOL-CSP 1.0, the present theory is com-
plete relative to Roscoe’s Book[12]. It contains a number of new theorems
and some interesting (and unexpected) generalizations:

1. P C ?2Q = 7P \ A C ?Q \ ?A is now also valid for the infinite
case (arbitrary hide-set A).

2. P\ (AUB) =P\ A\ Bis true for finite A (see finite A = ?P \
(AU ?B) = ?P \ ?A\ ?B); this was not even proven in HOL-CSP
1.0 for the singleton case! It can be considered as the most complex
theorem of this theory.

3. distribution laws of (\) over Sync [finite ?4; A N 25 = {}] = ¢P
[25] 2Q \ 24 = (9P \ ?A) [2S] (?Q \ ?A); however, this works only
in the finite case. A true monster proof.
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4. distribution of Mprefiz over Sync Mprefix ?A ?P [?S] Mprefix ?B ?Q
= (Oae(?A — 25) — (2P a [?S] Mprefix ?B ?Q)) O (Obe(?B — 25)
— (Mprefix ?A 2P [25] 2Q b)) O (Oze(?A N 2B N 25) — (2P x [29]
?Q z)) in the most generalized case. Also a true monster proof, but
reworked using symmetries and abstractions to be more reasonable
(and faster)

5. the synchronization operator is associative 7P [2S] (7Q [?S] ?R) =
7P [25] ?Q [2S] ?R. (In HOL-CSP 1.0, this had only be shown for
special cases like 7P || (?Q || ?R) = ?P || ?Q || ?R).

6. the generalized non deterministic prefix choice operator — relevant for
proofs of deadlock-freeness — has been added to the theory Mndet-
prefic = map-fun id (map-fun id process-of-processy) (AA P. if A =
{} then processy-of-process STOP else (|J qea F (a — P a), Jaca D
(a — P a))); it is proven monotone and continuous (Aa. a € ?4 —
cont (?f a)) = cont (A\b. Ma€?A — ?f a b) in the general case (in
contrast to the global choice without prefix, see [finite ?A; Na. a €
?A = cont (7P a)] = cont (Ay. Mze?A. ?P z y)). This is relevant
for the definition of the deadlock reference processes DF A = p z.
Ma€?A — z and DFgsirps ?A 7R = p z. (Ma€?A — z) N SKIPS
?R.

7. since Isabelle-2025, new support for read read ¢ A P and non deter-
ministic write ndet-write ¢ A P has been added. Also, sliding choice
has been added and new algebraic laws involving this operator (see ?4
N 25 # {} = Mprefiz ?A ?P \ 25 = (Oae(?A — 25) — (7P a \
29)) > (Mae(?A N 2S). (7P a \ ?5))) have been proven.
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Chapter 18

Annex: Refinement Example

with Buffer over infinite
Alphabet

18.1 Defining the Copy-Buffer Example
datatype ‘a channel = left 'a | right 'a | mid 'a | ack

definition SYN :: 'a channel set
where  SYN = range mid U {ack}

definition COPY :: ‘a channel process
where COPY = u COPY. left?x — right'r — COPY

definition SEND :: 'a channel process
where SEND = u SEND. left?x — midlx — ack — SEND

definition REC :: 'a channel process
where REC = u REC. mid?x — right'tr — ack — REC
definition SYSTEM :: 'a channel process

where («(SYSTEM = SEND [ SYN | REC \ SYN»

thm SYSTEM-def

18.2 The Standard Proof

18.2.1 Channels and Synchronization Sets

First part: abstract properties for these events to SYN. This kind of stuff
could be automated easily by some extra-syntax for channels and SYN-sets.
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lemma simplification-lemmas [simp] :
<range left N SYN = {}
<range right N SYN = {}
<ack € SYN>»
<range mid C SYN»
«mid x € SYN)»
<right © ¢ SYN)»
left x ¢ SYN)»
<inj mid>
by (auto simp: SYN-def inj-on-def)

lemma finite (SYN:: 'a channel set) = finite {(t::’a). True}
by (metis (no-types) SYN-def UNIV-def channel.inject(3) finite-Un finite-imageD
inj-on-def)

18.2.2 Definitions by Recursors

Second part: Derive recursive process equations, which are easier to handle
in proofs. This part IS actually automated if we could reuse the fixrec-syntax
below.

lemma COPY-rec:
COPY = left?x — right'ls — COPY
by(simp add: COPY-def ,rule trans, rule fiz-eq, simp)

lemma SEND-rec:
SEND = left?x — midlx — ack — SEND
by(simp add: SEND-def ,rule trans, rule fiz-eq, simp)

lemma REC-rec:
REC = mid?z — right!ls — ack — REC
by (simp add: REC-def rule trans, rule fiz-eq, simp)

18.2.3 Various Samples of Refinement Proofs

lemmas Sync-rules = read-Sync-read-subset-forced-read-same-chan
read-Sync-read-left read-Sync-read-right
write-Sync-read-left write-Sync-read-right
read-Sync-write-left read-Sync-write-right
write-Sync-write-subset
write-Sync-read-subset read-Sync-write-subset

write0-Sync-write-right write0-Sync-write0

lemmas Hiding-rules = Hiding-read-disjoint Hiding-write-subset Hiding-write-disjoint
Hiding-write0-non-disjoint Hiding-write0-disjoint

lemmas mono-rules = mono-read-FD mono-write-F'D mono-write0-FD

An example for a very explicit structured proof. Slow-motion for presenta-
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tions. Note that the proof makes no assumption over the structure of the
content of the channel; it is truly polymorphic wrt. the channel type ‘a.

lemma impl-refines-spec’ : (COPY :: 'a channel process) Cpp SYSTEM
unfolding SYSTEM-def COPY-def
proof (rule fix-ind)
show adm (Aa. a Cpp (SEND [SYN] REC \ SYN))
by (simp add: cont2mono)
next
show L Crp (SEND [SYN] REC \ SYN)
by simp
next
fix = :: 'a channel process
assume hyp : © Cpp (SEND [SYN] REC \ SYN)
show (A z. left?xa — right'za — z)-x Cpp (SEND [SYN] REC \ SYN)
apply (subst SEND-rec, subst REC-rec)
apply (simp add: cont-fun)
proof —
have left?c — midlx — ack — SEND [SYN] mid?z — right'c — ack
— REC \ SYN
= left?x — (midlc — ack — SEND [SYN] mid?x — rightls —
ack — REC \ SYN)

(is ?lhs = -)
by (simp add: Sync-rules Hiding-rules)
also have ... = left?z — (midlz — (ack — SEND [SYN] rightls — ack —
REC) \ SYN)
by (simp add: Sync-rules Hiding-rules)
also have ... = left?s — (ack — SEND [SYN] right'x — ack — REC) \ SYN
by (simp add: Sync-rules Hiding-rules)
also have ... = left?x — right!t — (ack — SEND [SYN] ack — REC) \
SYN
by (simp add: Sync-rules Hiding-rules )
also have .. = left?x — right'ls — (SEND [SYN] REC \ SYN) (is - =
2rhs)

by (simp add: Sync-rules Hiding-rules)
finally have * : ?2lhs = 2rhs .
show left?za — right'ra — xz Crp ?lhs
by (simp only : * mono-read-FD mono-write-F'D hyp)
qed
qed

An example for a highly automated proof.

Not too bad in automation considering what is inferred, but wouldn’t scale
for large examples.

lemma impl-refines-spec : COPY Cpp SYSTEM
unfolding SYSTEM-def COPY-def
apply(rule fiz-ind, auto intro: le-FD-adm simp: cont-fun monofunl)
apply(subst SEND-rec, subst REC-rec)
apply (simp add: Sync-rules Hiding-rules mono-read-FD mono-write-FD)
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oops

lemma spec-refines-impl :
assumes fin: finite (SYN:: 'a channel set)
shows SYSTEM Crp (COPY :: 'a channel process)
apply(simp add: SYSTEM-def SEND-def)
apply(rule fiz-ind, simp-all)
apply (intro le-FD-adm)
apply (simp add: fin)
apply (simp add: cont2mono)
apply (simp add: Sync-commute)
apply (subst COPY-rec, subst REC-rec)
apply (simp add: read-def write-def comp-def)
apply (subst Mprefiz-Sync-Mprefiz-right) apply auto[2]
apply (simp add: Sync-rules Hiding-rules comp-def)
apply (subst Hiding-Mprefiz-disjoint) apply auto[1]
apply (intro mono-Mprefiz-FD balll)
apply (subst Mprefiz-Sync-Mprefiz-subset) apply auto[2]
apply (subst Hiding-Mprefiz-non-disjoint) apply auto[1]
apply simp
apply (fold write0-def)
by (simp add: Hiding-write0-disjoint Hiding-write0-non-disjoint Sync-commute
mono-write0-FD write0-Sync-write0)

Note that this was actually proven for the Process ordering, not the refine-
ment ordering. But the former implies the latter. And due to anti-symmetry,
equality follows for the case of finite alphabets ...

lemma spec-equal-impl :
assumes fin: finite (SYN::('a channel)set)
shows SYSTEM = (COPY::'a channel process)
by (simp add: FD-antisym fin impl-refines-spec’ spec-refines-impl)

18.2.4 Deadlock Freeness Proof

HOL-CSP can be used to prove deadlock-freeness of processes with infinite
alphabet. In the case of the COPY - process, this can be formulated as the
following refinement problem:

lemma DF-COPY : (DF (range left U range right)) Cpp COPY
apply(simp add: DF-def rule fix-ind2)
proof —
show adm (Aa. a Cpp COPY) by(rule le-FD-adm, simp-all add: monofunl)
next
show | Cpp COPY by fastforce
next
have 1: (Mza€ (range left U range right) — L) Cpp (Nza€ range left — L)
by (simp add: Mndetprefiz-FD-subset)
have 2: (Mza€ range left — L) Cpp (left?z — 1)
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unfolding read-def
by (meson Mndetprefiz-FD-Mprefix BOT-leFD mono-Mndetprefiz-FD trans-FD)
show (A z. Mzac(range left U range right) — z)-L Cpp COPY
by simp (metis (mono-tags, lifting) 1 2 COPY-rec mono-read-FD BOT-leF'D
trans-FD)
next
fix P::'a channel process
assume *: P Cpp COPY and #x : (A z. Mza€(range left U range right) —
have 1:Mza€ (range left U range right) — P Cpp MNza€ range right — P
by (simp add: Mndetprefiz-FD-subset)
have 2:Mza€ range right — P Cpp right'ls — P for z
apply (unfold write-def, rule trans-FD|OF Mndetprefiz-FD-subset[of <{right
z}y <range right)]])
by (simp-all add: Mndetprefiz-FD-Mprefiz Mprefiz-singl)
from 1 2 have ab:Nzac (range left U range right) — P Cgp right!x — P for
T
using trans-FD by blast
hence 3:left?z — Mza€ (range left U range right) — P Cpp left?z — right!z
- P
by (simp add: mono-read-FD)
have /:AX. Mza€ (range left U range right) — X Cpp MNza€ range left — X
by (rule Mndetprefiz-FD-subset, simp, blast)
have 5:\X. MNza€ range left - X Cpp left?z — X
by (unfold read-def, subst K-record-comp, fact Mndetprefiz-FD-Mprefiz)
from 3 /[of Mza€ (range left U range right) — P]
5 [of Nza€ (range left U range right) — P]
have 6:Mza€ (range left U range right) —
MNza€ (range left U range right) — P Cpp left?z — rightlx — P
using trans-FD by blast
from * xx have 7:left?x — right!x — P Cpp left?z — right'sr — COPY
by (simp add: mono-read-FD mono-write-F'D)

show (A z. Mza€(range left U range right) — x)-
((A z. Mza€(range left U range right) — z)-P) Cpp COPY
by simp (metis (mono-tags, lifting) 6 7 COPY-rec trans-FD)
qed

18.3 An Alternative Approach: Using the fixrec-
Package

18.3.1 Channels and Synchronisation Sets
As before.

18.3.2 Process Definitions via fixrec-Package

fixrec
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COPY' :: 'a channel process

and

SEND' :: 'a channel process
and

REC' :: 'a channel process
where

COPY '-rec[simp del]: COPY' = left?x — right's — COPY’
| SEND’-rec[simp del]: SEND' = left?z — midlz — ack — SEND'
| REC'-rec[simp del] : REC’ = mid?z — right!ls — ack — REC'’

thm COPY'-rec
definition SYSTEM' :: 'a channel process
where  (SYSTEM'= ((SEND'[ SYN | REC’) \ SYN)»

18.3.3 Another Refinement Proof on fixrec-infrastructure

Third part: No comes the proof by fixpoint induction. Not too bad in au-
tomation considering what is inferred, but wouldn’t scale for large examples.

thm COPY'-SEND’-REC".induct
lemma impl-refines-spec’’ : (COPY"::'a channel process) Cpp SYSTEM'
apply (unfold SYSTEM'-def)
apply (rule-tac P=<Aabc. a Cpp ((SEND'[SYN] REC')\ SYN)» in COPY'-SEND’-REC".induct)
apply (subst case-prod-beta’)+
apply (intro le-FD-adm, simp-all add: monofunl)
apply (subst SEND'-rec, subst REC'-rec)
by (simp add: Sync-rules Hiding-rules mono-read-FD mono-write-FD)

lemma spec-refines-impl’ :
assumes fin: finite (SYN::'a channel set)
shows SYSTEM' Crp (COPY'::’a channel process)
proof (unfold SYSTEM'-def, rule-tac P=<A a b c. ((b [SYN] REC’)\ SYN) Crp
COPY"
in COPY'-SEND'-REC'.induct, goal-cases)
case I
have aa:<adm (A(a::'a channel process). ((a [SYN] REC’)\ SYN) Crp COPY')»
apply (intro le-FD-adm)
by (simp-all add: fin cont2mono)
thus ?case using adm-subst[of A(a,b,c). b, simplified, OF aa] by (simp add:
split-def)
next
case 2
then show ?case by (simp add: Sync-commute)
next
case (3 a aa b)
then show ?case
by (subst COPY "-rec, subst REC'-rec)
(simp add: Sync-rules Hiding-rules mono-read-FD mono-write-FD)
qed
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lemma spec-equal-impl’ :
assumes fin: finite (SYN::('a channel)set)
shows SYSTEM' = (COPY"::'a channel process)
apply (rule FD-antisym)
apply (rule spec-refines-impl’|OF fin))
apply (rule impl-refines-spec’’)
done
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