An Isabelle/HOL formalisation of Green’s Theorem

Mohammad Abdulaziz and Lawrence C. Paulson

March 17, 2025

Abstract

We formalise a statement of Greens theorem—the first formalisa-
tion to our knowledge—in Isabelle/HOL. The theorem statement that
we formalise is enough for most applications, especially in physics and
engineering. Our formalisation is made possible by a novel proof that
avoids the ubiquitous line integral cancellation argument. This elimi-
nates the need to formalise orientations and region boundaries explic-
itly with respect to the outwards-pointing normal vector. Instead we
appeal to a homological argument about equivalences between paths.
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theory General-Utils

imports HOL— Analysis. Analysis
begin

lemma lambda-skolem-gen: (Vi. Af":(Ya ~'n) = 'a. Pif’) +—
3f":('a " 'n) = (‘a " 'n).Vi. Pi ((Az. (f' ) $1))) (is 2lhs +— ?rhs)

proof —
{ assume H: ?rhs
then have ?lhs by auto }
moreover
{ assume H: ?lhs
then obtain f”’ where f':Vi. P i (f" i) unfolding choice-iff

by metis
let %z = (\z. (x i. (f" i) z))
{ fix i

from f” have P i (f" i) by metis
then have P i (Az.(?z z) $ i) by auto
}
hence Vi. P i (Az.(?z z) $ i) by metis
hence ?rhs by metis}



ultimately show ?thesis by metis
qed

lemma lambda-skolem-euclidean: (Vi€ Basis. 3 f":('a::{ euclidean-space}=-real). P
i f) +—

(3f":('a::euclidean-space="b:: euclidean-space). ¥V i€ Basis. P i (Az. (f' z) - ©)))
(is ?lhs «— 2rhs)

proof —
{ assume H: ?rhs
then have ?lhs by auto }
moreover
{ assume H: ?lhs
then obtain ' where [V i::('b::euclidean-space) € Basis. P i (f"' i) unfolding
choice-iff
by metis
let %z = (Az. (3] i€Basis. (f" i) z) *g 1))
{ fix i::'b::euclidean-space
assume ass: (€ Basis
then have P i (f' i)
using [/
by metis
then have P i (Az.(%z z) - 7) using ass by auto
}
hence *: Vi€Basis. P i (A\z.(?z z) - i) by auto
then have ?rhs
apply auto
proof
let 2/'6 = %z
show Vi€Basis. P i (Az. ?f'6 x - i) using * by auto
qed}
ultimately show ?thesis by metis
qed

lemma lambda-skolem-euclidean-explicit: (Vi€ Basis. 3 f":('a::{ euclidean-space}=>real).
Pif)) +—

(3f":("a:{euclidean-space}="a). Vi€ Basis. P i ((Az. (f' z) - 7))) (is ?lhs +—
2rhs)

proof —
{ assume H: ?rhs
then have ?lhs by auto }
moreover
{ assume H: ?lhs
then obtain ' where [V i::('a::euclidean-space)€ Basis. P i (f'' i) unfolding
choice-iff
by metis
let %z = (Az. (3] i€Basis. ((f" i) z) *g 1))

{ fix i::'a::euclidean-space



assume ass: 1€ Basis
then have P i (f' 1)
using [/
by metis
then have P i (Az.(?z z) - i) using ass by auto
}
hence x: Vi€Basis. P i (Az.(%z z) - i) by auto
then have ?rhs
apply auto
proof
let 2’6 = %z
show Vi€Basis. P i (Az. 2f'6 z - i) using * by auto
qed}
ultimately show ¢thesis by metis
qed

lemma indic-ident:

N (f:i'a = real) s. (\z. (f z) * indicator s ) = (Az. if x € s then [ x else 0)
proof

fix f::'a = real

fix s::'a set

fix z:: ‘a

show [z x indicator s x = (if z € s then [z else 0)

by (simp add: indicator-def)

qed

lemma real-pair-basis: Basis = {(1::real,0::real), (0::real,1::real)}
by (simp add: Basis-prod-def insert-commute)

lemma real-singleton-in-borel:
shows {a::real} € sets borel
using Borel-Space.cboz-borel[of a a]
apply auto
done

lemma real-singleton-in-lborel:
shows {a::real} € sets lborel
using real-singleton-in-borel
apply auto
done

lemma cbox-diff:
shows {0::real..1} — {0,1} = boz 0 1
by (auto simp add: cboz-def)

lemma sum-bij:



assumes bij F
Vzes fo =g (Fx)
shows \t. F ‘s= t = sum fs=sumgt
by (metis assms bij-betw-def bij-betw-subset subset-UNIV sum.reindex-cong)

abbreviation surj-on where
surj-on s f = s C range f

lemma surj-on-image-vimage-eq: surj-on s f = f ‘(f —‘s) = s
by fastforce

end
theory Derivs

imports General-Utils
begin

lemma field-simp-has-vector-derivative [derivative-intros]:
(f has-field-derivative y) F = (f has-vector-derivative y) F
by (simp add: has-real-derivative-iff-has-vector-derivative)

lemma continuous-on-cases-empty [continuous-intros|:
[closed S; continuous-on S f; Nz. [z € S; - Pa] = fz = gz2] =
continuous-on S (A\z. if P x then f z else g x)
using continuous-on-cases [of - {}] by force

lemma inj-on-cases:
assumes inj-on f (Collect P N S) inj-on g (Collect (Not o P) N S)
f“(Collect PN S) N g ‘(Collect (Not o P) N S) = {}
shows inj-on (Az. if P z then fz else g ) S
using assms by (force simp: inj-on-def)

lemma inj-on-arccos: S C {—1..1} = inj-on arccos S
by (metis atLeastAtMost-iff cos-arccos inj-onl subsetCE)

lemma has-vector-derivative-componentwise-within:
(f has-vector-derivative f') (at a within S) +—
(Vi € Basis. (Az. fx + i) has-vector-derivative (f' - 7)) (at a within S))
apply (simp add: has-vector-derivative-def)
apply (subst has-derivative-componentwise-within)
apply simp
done

lemma has-vector-derivative-pair-within:
fixes [ :: real = 'a::euclidean-space and g :: real = 'b::euclidean-space
assumes Au. u € Basis = ((Az. f z - u) has-vector-derivative f' - u) (at z
within S)
Nu. u € Basis = ((A\z. g « - u) has-vector-derivative g’ - u) (at z within S)
shows ((A\z. (f z, g z)) has-vector-derivative (f',g")) (at x within S)
apply (subst has-vector-derivative-componentwise-within)



apply (auto simp: assms Basis-prod-def)
done

lemma piecewise- C1-differentiable-const:
shows (Az. ¢) piecewise-C1-differentiable-on s
using continuous-on-const
by (auto simp add: piecewise-C1-differentiable-on-def)

declare piecewise-C1-differentiable-const [simp, derivative-intros)
declare piecewise-C1-differentiable-neg [simp, derivative-intros)
declare piecewise-C1-differentiable-add [simp, derivative-intros]
declare piecewise-C1-differentiable-diff [simp, derivative-intros)

lemma piecewise-C1-differentiable-on-ident [simp, derivative-intros]:
fixes [ :: real = 'a::real-normed-vector
shows (Az. z) piecewise-CI1-differentiable-on S
unfolding piecewise-C1-differentiable-on-def using C1-differentiable-on-ident
by (blast intro: continuous-on-id C1-differentiable-on-ident)

lemma piecewise-C1-differentiable-on-mult [simp, derivative-intros]:
fixes [ :: real = 'a::real-normed-algebra
assumes f piecewise- C1-differentiable-on S g piecewise-C1-differentiable-on S
shows (Az. f z % g z) piecewise-C1-differentiable-on S
using assms
unfolding piecewise- C1-differentiable-on-def
apply safe
apply (blast intro: continuous-intros)
apply (rename-tac A B)
apply (rule-tac z=A U B in exl)
apply (auto intro: Cl1-differentiable-on-mult C1-differentiable-on-subset)
done

lemma C1-differentiable-on-cdiv [simp, derivative-intros]:
fixes f :: real = 'a :: real-normed-field
shows f C1-differentiable-on S = (\z. fx / ¢) Cl-differentiable-on S
by (simp add: divide-inverse)

lemma piecewise-C1-differentiable-on-cdiv [simp, derivative-intros|:

fixes [ :: real = 'a::real-normed-field

assumes | piecewise-C1-differentiable-on S

shows (\z. fz / ¢) piecewise-C1-differentiable-on S

by (simp add: divide-inverse piecewise-C1-differentiable-const piecewise- C1-differentiable-on-mult
assms)

lemma sqrt-C1-differentiable [simp, derivative-intros|:
assumes f: f C1-differentiable-on S and fim: f < S C {0<..}
shows (A\z. sqrt (f x)) C1-differentiable-on S



proof —
have contf: continuous-on S f
by (simp add: C1-differentiable-imp-continuous-on f)
show ?thesis
using assms
unfolding C'1-differentiable-on-def has-real-derivative-iff-has-vector-derivative
[symmetric]
by (fastforce intro!: contf continuous-intros derivative-intros)
qed

lemma sqrt-piecewise-C1-differentiable [simp, derivative-intros]:
assumes f: f piecewise-C1-differentiable-on S and fim: f < S C {0<..}
shows (Az. sqrt (f x)) piecewise-C1-differentiable-on S
using assms
unfolding piecewise- C1-differentiable-on-def
by (fastforce intro!: continuous-intros derivative-intros)

lemma
fixes f :: real = 'a::{banach,real-normed-field}
assumes f: f Cl-differentiable-on S
shows sin-C1-differentiable [simp, derivative-intros|: (Az. sin (fx)) C1-differentiable-on
S
and cos-Cl1-differentiable [simp, derivative-intros): (Az. cos (fz)) C1-differentiable-on
S
proof —
have contf: continuous-on S f
by (simp add: C1-differentiable-imp-continuous-on f)
note df-sin = field-vector-diff-chain-at [where g=sin, unfolded o-def)
note df-cos = field-vector-diff-chain-at [where g=cos, unfolded o-def]
show (Az. sin (f z)) Ci-differentiable-on S (Az. cos (f z)) Cl1-differentiable-on
S
using assms
unfolding C1-differentiable-on-def has-real-derivative-iff-has-vector-derivative
[symmetric]
apply auto
by (rule contf continuous-intros df-sin df-cos derivative-intros exI conjl balll |
force)+
qged

lemma has-derivative-abs:
fixes a::real
assumes g # 0
shows (abs has-derivative ((x) (sgn a))) (at a)
proof —
have [simp]: norm = abs
using real-norm-def by force
show ?thesis
using has-derivative-norm [where ‘a=real, simplified] assms
by (simp add: mult-commute-abs)



qed

lemma abs-C1-differentiable [simp, derivative-intros]:
fixes f :: real = real
assumes f: [ Cl-differentiable-on S and 0 ¢ f ‘S
shows (A\z. abs (f x)) C1-differentiable-on S
proof —
have contf: continuous-on S f
by (simp add: C1-differentiable-imp-continuous-on f)
note df = DERIV-chain [where f=abs and g=f, unfolded o-def]
show ?thesis
using assms
unfolding C1-differentiable-on-def has-real-derivative-iff-has-vector-derivative
[symmetric]
apply clarify
apply (rule df exI conjl balll)+
apply (force simp: has-field-derivative-def intro: has-derivative-abs continu-
ous-intros contf)+
done
qed

lemma C1-differentiable-on-pair [simp, derivative-intros|:
fixes [ :: real = 'a::euclidean-space and g :: real = 'b::euclidean-space
assumes [ C1-differentiable-on S g C1-differentiable-on S
shows (Az. (f z, g z)) C1-differentiable-on S
using assms unfolding C1-differentiable-on-def
apply safe
apply (rename-tac A B)
apply (intro exl balll conjI)
apply (rule-tac f'=A x and ¢'=B z in has-vector-derivative-pair-within)
using has-vector-derivative-componentwise-within
by (blast intro: continuous-on-Pair)+

lemma piecewise-C1-differentiable-on-pair [simp, derivative-intros]:
fixes [ :: real = 'a::euclidean-space and g :: real = 'b::euclidean-space
assumes | piecewise-C1-differentiable-on S g piecewise-C1-differentiable-on S
shows (Az. (f z, g z)) piecewise-C1-differentiable-on S
using assms unfolding piecewise-C'1-differentiable-on-def
by (blast intro!: continuous-intros C1-differentiable-on-pair del: continuous-on-discrete
intro: Cl1-differentiable-on-subset)

lemma test2:
assumes s: Az. ¢ € {0..1} — s = g differentiable at
and fs: finite s and wv: v € {0..1} ve {0..1} u<w
and z € {0..1} x ¢ (M. (v—u) *g t + u) —*s
shows vector-derivative (Az. g ((v—u) * z + u)) (at x within {0..1}) = (v—u)
xp vector-derivative g (at ((v—u) * z + u) within{0..1})
proof —
have i:(g has-vector-derivative vector-derivative g (at (v — u) * ¢ + w))) (at



((v=u) * = + u))
using assms s [of (v — u) * © + u] uwv mult-left-le [of z v—1u]
by (auto simp: vector-derivative-works)
have i:(Az. ¢ (v — u) * = + w)) has-vector-derivative (v — u) xr vec-
tor-derivative g (at ((v — u) * z + u))) (at x)
by (intro vector-diff-chain-at [simplified o-def] derivative-eq-intros | simp add:
i)+
have 0: 0 < (v — u) *xz + u
using assms uv by auto
have 1: (v—u)*xz+ u < I
using assms uv
by simp (metis add.commute atLeastAtMost-iff atLeastatMost-empty-iff diff-ge-0-iff-ge
empty-iff le-diff-eq mult-left-le)
have iii: vector-derivative g (at (v — u) * z + u) within {0..1}) = vec-
tor-derivative g (at ((v — u) *  + u))
using Derivative.vector-derivative-at-within-iwl[OF i, of 0 1, OF 0 1]
by auto
have iv: vector-derivative (Az. g ((v — u) * & + u)) (at z within {0..1}) = (v —
u) xg vector-derivative g (at ((v — u) * x + u))
using Derivative.vector-derivative-at-within-ivl[OF i, of 0 1] assms
by auto
show ?thesis
using 7 iv by auto
qed

lemma C'I-differentiable-on-components:
assumes Ai. i € Basis = (Az. fz - i) CI-differentiable-on s
shows f C1-differentiable-on s
proof (clarsimp simp add: C1-differentiable-on-def has-vector-derivative-def)
have «Vfiz. z x5 (f - i) = (z *g f) - { by auto
have 3f'. Vi€eBasis. Yz€s. (Az. fx - ©) has-derivative (Az. z g f' x - 1)) (at
x) A continuous-on s f’
using assms lambda-skolem-euclidean]of Ai D. (Y z€s. ((Az. fx « i) has-derivative
(Az. z xp D ) (at z)) A continuous-on s D]
apply (simp only: C1-differentiable-on-def has-vector-derivative-def x)
using continuous-on-componentwise|of s
by metis
then obtain f’ where f": Vi€ Basis. Va€s. (Az. fx - i) has-derivative (\z. z
g f'x 1)) (at ) A continuous-on s f’
by auto
then have 0: (Vz€s. (f has-derivative (Az. z xg f' z)) (at z)) A continuous-on
sf!
using f’ has-derivative-componentwise-within[of f, where S= UNIV]
by auto
then show 3 D. (Vz€s. (f has-derivative (Az. z xg D z)) (at z)) A continuous-on
s D by metis
qed

lemma piecewise-C1-differentiable-on-components:



assumes finite t
Ni. @ € Basis = (Az. fx - i) Cl-differentiable-on s — t
N\i. i € Basis = continuous-on s (A\z. fz - 1)
shows f piecewise-C1-differentiable-on s
using C1-differentiable-on-components assms continuous-on-componentwise piece-
wise-C1-differentiable-on-def by blast

lemma all-components-smooth-one-pw-smooth-is-pw-smooth:
assumes Ai. i € Basis — {j} = (A\z. fz - i) Cl-differentiable-on s
assumes (Az. fx - j) piecewise-C1-differentiable-on s
shows f piecewise- C1-differentiable-on s
proof —
have is-cont: Vi€ Basis. continuous-on s (Az. fx « 1)
using assms C1-differentiable-imp-continuous-on piecewise-C1-differentiable-on-def
by fastforce
obtain ¢ where ¢:(finite t A (Az. fx - j) Cl-differentiable-on s — t) using
assms(2) piecewise-Cl1-differentiable-on-def by auto
show ?thesis
using piecewise-C1-differentiable-on-components|where ?f = f|
using assms(2) piecewise-C1-differentiable-on-def
C1-differentiable-on-subset[ OF assms(1) Diff-subset, where ?B1 =t] t is-cont
by fastforce
qed

lemma derivative-component-fun-component:
fixes ¢::'a::euclidean-space
assumes | differentiable (at x)
shows ((vector-derivative f (at z)) « i) = ((vector-derivative (Az. (f z) - ©) (at
7))
proof —
have ((Az. fz - i) has-vector-derivative vector-derivative f (at ) - i) (at x)
using assms and bounded-linear.has-vector-derivative[of (Az. - ©) f (vector-derivative
f (at z)) (at z)] and
bounded-linear-inner-left[of i) and vector-derivative-works|of f (at z)]
by blast
then show ((vector-derivative f (at x)) - i) = ((vector-derivative (Az. (f x) - ©)
(at )) )
using vector-derivative-works[of (Az. (f z) - i) (at z)] and
differentiablel-vector[of (Az. (f z) - i) (vector-derivative f (at x) - i) (at z)]
and
Derivative.vector-derivative-at
by force
qged

lemma gamma-deriv-at-within:
assumes a-leg-b: a < b and
z-within-bounds: z € {a..b} and
gamma-differentiable: Vo € {a .. b}. v differentiable at
shows wvector-derivative v (at x within {a..b}) = vector-derivative v (at x)



using Derivative.vector-derivative-at-within-ivl[of ~ vector-derivative v (at x) z
a b
gamma-differentiable z-within-bounds a-leg-b
by (auto simp add: vector-derivative-works)

lemma islimpt-diff-finite:
assumes finite (t::'a::t1-space set)
shows z islimpt s — t = x islimpt s
proof—
have #i: s — t = s — (t N s) by auto
have (¢t N s) C s by auto
have di:finite (t N s) using assms(1) by auto
have i: (tNs)U (s —(tNs)) =(s9)
using assms by auto
then have z islimpt s — (t N s) = x islimpt s
by (metis i islimpt-Un-finite)
then show ?thesis using iii by auto
qed

lemma l-limpt-diff:
assumes finite s a < b (z::real) € {a..b} — s
shows z islimpt {a..b} — s
proof—
have z islimpt {a..b}
proof (cases z €{a,b})
have i: finite {a,b} and ii: {a, b} U {a<..<b} = {a..b} using assms by auto
assume 1z €{a,b}
then show ?thesis
by (meson DiffE assms(2) assms(3) islimpt-Icc)
next
assume z ¢{a,b}
then show z islimpt {a..b} using assms by auto
qed
then show z islimpt {a..b} — s using islimpt-diff-finite[OF assms(1)] assms
by fastforce
qed

lemma ivl-closure-diff-del:
assumes finite s a < b (z:real) € {a..b} — s
shows z € closure (({a..b} — s) — {z})
using wi-limpt-diff islimpt-in-closure assms by blast

lemma ivl-not-trivial-limit-within:
assumes finite s
a<b
(z::real) € {a..b} — s
shows at = within {a..b} — s # bot
using assms vl-closure-diff-del not-trivial-limit-within
by blast
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lemma vector-derivative-at-within-non-trivial-limit:
at x within s # bot A (f has-vector-derivative ') (at ©) =
vector-derivative f (at x within s) = f'
using has-vector-derivative-at-within vector-derivative-within by fastforce

lemma vector-derivative-at-within-ivl-diff :
finite s A a < b A (z:real) € {a..b} — s A (f has-vector-derivative f') (at ) =
vector-derivative f (at z within {a..b} — s) = f’
using vector-derivative-at-within-non-trivial-limit ivl-not-trivial-limit-within by
fastforce

lemma gamma-deriv-at-within-diff:

assumes a-leg-b: a < b and
z-within-bounds: z € {a..b} — s and
gamma-differentiable: Vo € {a .. b} — s. 7 differentiable at z and
s-subset: s C {a..b} and
finite-s: finite s

shows vector-derivative v (at z within {a..b} — s)

= wvector-derivative v (at z)

using vector-derivative-at-within-iwl-diff [of s a b © v vector-derivative v (at z)]
gamma-differentiable
r-within-bounds a-leq-b s-subset finite-s

by (auto simp add: vector-derivative-works)

lemma gamma-deriv-at-within-gen:
assumes a-leg-b: a < b and
z-within-bounds: x € s and
s-subset: s C {a..b} and
gamma-differentiable: ¥V x € s. v differentiable at x
shows vector-derivative v (at z within ({a..b})) = vector-derivative v (at x)
using Derivative.vector-derivative-at-within-iwl[of v vector-derivative v (at ) x
a b
gamma-differentiable z-within-bounds a-leq-b s-subset
by (auto simp add: vector-derivative-works)

lemma derivative-component-fun-component-at-within-gen:
assumes gamma-differentiable: ¥z € s. v differentiable at v and s-subset: s C
{0..1}
shows V& € s. vector-derivative (Az. v z) (at z within {0..1}) - (i:'a: eu-
clidean-space)
= wector-derivative (Az. v x - i) (at z within {0..1})
proof —
have gamma-i-component-smooth:
Vo€ s. (Ar. vz - 1) differentiable at x
using gamma-differentiable
by auto
show Vz € s. vector-derivative (Az. v z) (at « within {0..1}) « i
= wvector-derivative (Az. v x + i) (at z within {0..1})

11



proof
fix z::real
assume z-within-bounds: € s
have gamma-deriv-at-within:
vector-derivative (Az. v z) (at x within {0..1}) = vector-derivative (Ax.
z) (at x)
using gamma-deriv-at-within-gen[of 0 1] z-within-bounds
gamma-differentiable s-subset
by (auto simp add: vector-derivative-works)
then have gamma-component-deriv-at-within:
vector-derivative (A\z. v x + 1) (at x)
= vector-derivative (Az. v = - ) (at x within {0..1})
using gamma-deriv-at-within-gen[of 0 1, where v = (Az. v x « {)] z-within-bounds
gamma-i-component-smooth s-subset
by (auto simp add: vector-derivative-works)
have gamma-component-deriv-eq-gamma-deriv-component:
vector-derivative (Az. v © - 7) (at ) = vector-derivative (Az. v z) (at z) - @
using derivative-component-fun-component|of ~v x i] gamma-differentiable
z-within-bounds
by auto
show vector-derivative v (at x within {0..1}) - i = vector-derivative (Az. v z -
1) (at z within {0..1})
using gamma-component-deriv-eq-gamma-deriv-component gamma-component-deriv-at-within
gamma-deriv-at-within
by auto
qged
qged

lemma derivative-component-fun-component-at-within:
assumes gamma-differentiable: Vo € {0 .. 1}. v differentiable at x
shows Vz € {0..1}. vector-derivative (Az. v z) (at x within {0..1}) - (i:'a:
euclidean-space)
= wector-derivative (Az. v z + ©) (at z within {0..1})
proof —
have gamma-i-component-smooth:
Vee {0 . 1} (Az. vz - ©) differentiable at x
using gamma-differentiable by auto
show Vz € {0..1}. vector-derivative (Ax. v z) (at x within {0..1}) + i
= wvector-derivative (Az. v x + i) (at z within {0..1})
proof
fix z::real
assume z-within-bounds: © € {0..1}
have gamma-deriv-at-within:
vector-derivative (Az. v z) (at z within {0..1}) = wvector-derivative (Az. v x)
(at z)
using gamma-deriv-at-withinof 0 1] z-within-bounds
gamma-differentiable
by (auto simp add: vector-derivative-works)
have gamma-component-deriv-at-within:
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vector-derivative (A\z. v z - i) (at x) = vector-derivative (Az. v x - i) (at
within {0..1})
using Derivative.vector-derivative-at-within-wl[of (Az. (v ) - ©) vector-derivative
Az, (yx) -14) (atz) 20 1]
has-vector-derivative-at-within[of (Ax. v x - 1) vector-derivative (\x. v x -
i) (at z) z {0..1}]
gamma-i-component-smooth x-within-bounds
by (simp add: vector-derivative-works)
have gamma-component-deriv-eq-gamma-deriv-component:
vector-derivative (Az. v = - i) (at ) = vector-derivative (Az. v z) (at z) - @
using derivative-component-fun-component[of v z i] gamma-differentiable
z-within-bounds
by auto
show vector-derivative vy (at z within {0..1}) - i = vector-derivative (A\z. v « -
i) (at z within {0..1})
using gamma-component-deriv-eq-gamma-deriv-component gamma-component-deriv-at-within
gamma-deriv-at-within
by auto
qed
qed

lemma straight-path-diffrentiable-x:
fixes b :: real and yI ::real
assumes gamma-def: v = (Az. (b, y2 + yl * z))
shows V z. v differentiable at x
unfolding gamma-def differentiable-def
by (fast intro!: derivative-intros)

lemma straight-path-diffrentiable-y:
fixes b :: real and
yl y2 ::real
assumes gamma-def: v = (Az. (y2 + yl *= z , b))
shows V z. v differentiable at
unfolding gamma-def differentiable-def
by (fast intro!: derivative-intros)

lemma piecewise- C1-differentiable-on-imp-continuous-on:
assumes f piecewise- C1-differentiable-on s
shows continuous-on s f
using assms
by (auto simp add: piecewise-C1-differentiable-on-def)

lemma boring-lemmal:
fixes f :: real=-real
assumes (f has-vector-derivative D) (at z)
shows ((Az. (fz, 0)) has-vector-derivative ((D,0::real))) (at )
proof—
have *: ((\z. (f z) *r (1,0)) has-vector-derivative (D =g (1,0))) (at z)
using bounded-linear.has-vector-derivative] OF Real- Vector-Spaces.bounded-linear-scaleR-left
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assms(1),
of (1,0)] by auto
have ((Az. (fz) xr (1,0)) has-vector-derivative (D,0)) (at x)
proof —
have (D, 0::'a) = D xx (1, 0)
by simp
then show ?thesis
by (metis (no-types) *)
qed
then show ?thesis by auto
qged

lemma boring-lemma2:
fixes f :: real=-real
assumes (f has-vector-derivative D) (at z)
shows ((A\z. (0, f x)) has-vector-derivative (0, D)) (at x)
proof—
have *: ((A\z. (fz) *r (0,1)) has-vector-derivative (D =g (0,1))) (at z)
using bounded-linear.has-vector-derivative| OF Real- Vector-Spaces.bounded-linear-scale R-left
assms(1),
of (0,1)] by auto
then have ((A\z. (f z) *r (0,1)) has-vector-derivative ((0,D))) (at z)
using scaleR-Pair Real-Vector-Spaces.real-scaleR-def
proof —
have (0::'b, D) = D xg (0, 1)
by auto
then show ?thesis
by (metis (no-types) x)
qed
then show ?thesis by auto
qed

lemma pair-prod-smooth-pw-smooth:
assumes (f::real=real) C1-differentiable-on s (g::real=real) piecewise-C1-differentiable-on
s
shows (Az. (f z, g z)) piecewise-C1-differentiable-on s
proof —
have f-cont: continuous-on s f
using assms(1) Cl1-differentiable-imp-continuous-on
by fastforce
have g-cont: continuous-on s g
using assms(2) by (auto simp add: piecewise-C1-differentiable-on-def)
obtain t where t:(finite t A g Cl1-differentiable-on s — t) using assms(2) piece-
wise-C1-differentiable-on-def by auto
show ?thesis
using piecewise-C1-differentiable-on-componentsiwhere ?f = (Az. (f z, g z))]
apply (simp add: real-pair-basis)
using assms(2) piecewise-C1-differentiable-on-def
C1-differentiable-on-subset|OF assms(1) Diff-subset, where ?B1 =t] t
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f-cont g-cont
by fastforce
qed

lemma scale-shift-smooth:
shows (Az. a + b x z) C1-differentiable-on s
proof —
show (Az. a + b x z) CI-differentiable-on s
using C1-differentiable-on-mult C1-differentiable-on-add C1-differentiable-on-const
C1-differentiable-on-ident by auto
qged

lemma open-diff:
assumes finite (t::'a::t1-space set)
open (s::'a set)
shows open (s —t)
using assms
proof (induction t)
show open s = open (s — {}) by auto
next
fix z::'a::t1-space
fix F::'a::t1-space set
assume step: finite I x ¢ F open s
then have i: (s — insert ¢ F') = (s — F) — {z} by auto
assume ind-hyp: (open s = open (s — F))
show open (s — insert x F)
apply (simp only: 1)
using open-delete[of s —F] ind-hyp[OF step(3)] by auto
qed

lemma has-derivative-transform-within:
assumes 0 < d
and z € s
and Vz'es. distz' v < d — fz' =gz’
and (f has-derivative f') (at x within s)
shows (g has-derivative f') (at x within s)
using assms
unfolding has-derivative-within
by (force simp add: intro: Lim-transform-within)

lemma has-derivative-transform-within-ivl:
assumes (0::real) < b
and Vze{a.b} —s. fz =gz
and z € {a..b} —s
and (f has-derivative f') (at x within {a..b} — )
shows (g has-derivative f') (at x within {a..b} — )
using has-derivative-transform-within[of b x {a..b} — s] assms
by auto
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lemma has-vector-derivative-transform-within-ivl:

assumes (0::real) < b

and Vze{a.b} —s.fz =gz

and z € {a..b} — s

and (f has-vector-derivative f') (at © within {a..b} — s)
shows (g has-vector-derivative f') (at x within {a..b} — s)
using assms has-derivative-transform-within-ivl
apply (auto simp add: has-vector-derivative-def)
by blast

lemma has-derivative-transform-at:
assumes 0 < d
and Va' distz' v < d — fz'= gz’
and (f has-derivative f') (at )
shows (g has-derivative f') (at x)
using has-derivative-transform-within [of d x UNIV f g f'] assms
by simp

lemma has-vector-derivative-transform-at:
assumes 0 < d
and Va' distz' v < d — fz'= g’
and (f has-vector-derivative f') (at x)
shows (g has-vector-derivative f') (at x)
using assms
unfolding has-vector-derivative-def
by (rule has-derivative-transform-at)

lemma C1-diff-components-2:
assumes b € Basis
assumes f C1-differentiable-on s
shows (Az. fz - b) Cl-differentiable-on s
proof —
obtain D where D:(V z€s. (f has-derivative (Az. z xg D x)) (at x)) continuous-on
s D
using assms(2) by (fastforce simp add: C1-differentiable-on-def has-vector-derivative-def)
show ?thesis
proof (simp add: Cl1-differentiable-on-def has-vector-derivative-def, intro exl
congl)
show continuous-on s (Az. D x - b) using D continuous-on-componentwise
assms(1) by fastforce
show (Vzes. ((Az. fx - b) has-derivative (Ay. y * (Az. D z - b) z)) (at z))
using has-derivative-inner-left D(1) by fastforce
qed
qed

lemma eg-smooth:
assumes 0 < d
Vzes. Vy distzy<d— fy=gvy
f Cl-differentiable-on s
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shows ¢ C1-differentiable-on s
proof (simp add: C1-differentiable-on-def)
obtain D where D: (Vz€s. (f has-vector-derivative D z) (at x)) A continuous-on
s D
using assms by (auto simp add: C1-differentiable-on-def)
then have f: (Vz€s. (g has-vector-derivative D x) (at z))
using assms(1—2)
by (metis dist-commute has-vector-derivative-transform-at)
have (Vze€s. (g has-vector-derivative D ) (at z)) A continuous-on s D using D
f by auto
then show 3 D. (Vzes. (g has-vector-derivative D z) (at x)) A continuous-on s
D by metis
qed

lemma eg-pw-smooth:
assumes 0 < d
Vees. Vy. distzy<d— fy=gy
Vzes. fr=gux
f piecewise-C1-differentiable-on s
shows g piecewise-C1-differentiable-on s
proof (simp add: piecewise-C1-differentiable-on-def)
have g-cont: continuous-on s g using assms piecewise-C1-differentiable-const
by (simp add: piecewise-C1-differentiable-on-def)
obtain ¢t where t: finite t A\ f C1-differentiable-on s — t
using assms by (auto simp add: piecewise-C1-differentiable-on-def)
then have g C1-differentiable-on s — t using assms eq-smooth by blast
then show continuous-on s g A (3 t. finite t A g Cl-differentiable-on s — t)
using t g-cont by metis
qed

lemma scale-piecewise- C1-differentiable-on:
assumes [ piecewise- C1-differentiable-on s
shows (A\z. (c:ireal) * (f z)) piecewise-C1-differentiable-on s
proof (simp add: piecewise-C1-differentiable-on-def, intro conjl)
show continuous-on s (Az. ¢ * f x)
using assms continuous-on-mult-left
by (auto simp add: piecewise-C1-differentiable-on-def)
show 3t. finite t A (Az. ¢ * fz) Cl-differentiable-on s — t
using assms continuous-on-mult-left
by (auto simp add: piecewise-C1-differentiable-on-def)
qed

lemma eg-smooth-gen:
assumes [ CI-differentiable-on s
Ve.fe=gx
shows g C1-differentiable-on s
using assms unfolding C1-differentiable-on-def
by (metis (no-types, lifting) has-vector-derivative-weaken UNIV-I top-greatest)
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lemma subpath-compose:
shows (subpath a bv) =~ o (Az. (b — a) *xz + a)
by (auto simp add: subpath-def)

lemma subpath-smooth:
assumes v C1-differentiable-on {0..1} 0 < aa < bb < 1
shows (subpath a b ) C1-differentiable-on {0..1}
proof—
have v C1-differentiable-on {a..b}
apply (rule C1-differentiable-on-subset)
using assms by auto
then have v CI-differentiable-on (Az. (b — a) x z + a) ‘{0..1}
using <a < by closed-segment-eg-real-ivl closed-segment-real-eq by auto
moreover have finite ({0..1} N (Az. (b — a) * z + a) —* {z}) for z
proof —
have ((Az. (b — a) x z + a) —“{z}) = {(z —a) /(b—0a)}
using assms by (auto simp add: divide-simps)
then show ?thesis
by auto
qed
ultimately show ?thesis
by (force simp add: subpath-compose intro: C1-differentiable-compose deriva-
tive-intros)
qed

lemma has-vector-derivative-divide| derivative-intros:

fixes a :: 'a::real-normed-field

shows (f has-vector-derivative t) F = ((Az. fz / a) has-vector-derivative (z /
a)) F

unfolding divide-inverse by (fact has-vector-derivative-mult-left)

end
theory Integrals

imports HOL— Analysis. Analysis General-Utils
begin

lemma gauge-integral- Fubini-universe-z:
fixes [ :: ('a::euclidean-space * 'b::euclidean-space) = 'c::euclidean-space
assumes fun-lesbeque-integrable: integrable lborel f and
z-axis-integral-measurable: (Ax. integral UNIV (Ay. f(z, y))) € borel-measurable
lborel
shows integral UNIV f = integral UNIV (Az. integral UNIV (Ay. f(z,y)))
(Az. integral UNIV (M\y. f(z,y))) integrable-on UNIV
proof —
have f-is-measurable: f € borel-measurable lborel
using fun-lesbeque-integrable and borel-measurable-integrable
by auto
have fun-lborel-prod-integrable:
integrable (lborel @ pr lborel) f
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using fun-lesbegue-integrable
by (simp add: lborel-prod)
then have region-integral-is-one-twoD-integral:
(LBINT z. LBINT y. f (z, y)) = integral” (lborel @ ar lborel) f
using lborel-pair.integral-fst’
by auto
then have AFE-one-D-integrals-eq: AE x in lborel. (LBINT y. f (z, y)) = integral
UNIV (Ay. f(z,y))
proof —
have AF z in lborel. integrable lborel (A\y. f(z,y))
using lborel-pair. A E-integrable-fst’ and fun-lborel-prod-integrable
by blast
then show ?thesis
using integral-lborel and always-eventually
and AFE-mp
by fastforce
qed
have one-D-integral-measurable:
(Az. LBINT y. f (z, y)) € borel-measurable lborel
using f-is-measurable and [borel.borel-measurable-lebesgue-integral
by auto
then have second-lesbegue-integral-eq:
(LBINT z. LBINT y. f (z, y)) = (LBINT x. integral UNIV (A\y. f(z,y)))
using z-axis-integral-measurable and integral-cong-AE and A E-one-D-integrals-eq
by blast
have integrable lborel (Axz. LBINT y. f (z, y))
using fun-lborel-prod-integrable and lborel-pair.integrable-fst’
by auto
then have oneD-gauge-integral-lesbeque-integrable:
integrable lborel (Az. integral UNIV (Ay. f(z,y)))
using z-axis-integral-measurable and A E-one-D-integrals-eq and integrable-cong-AE-imp
by blast
then show one-D-gauge-integral-integrable:
(Az. integral UNIV (A\y. f(z,y))) integrable-on UNIV
using integrable-on-lborel
by auto
have (LBINT z. integral UNIV (\y. f(z,y))) = integral UNIV (Az. integral UNIV
(Ay. f(z, y)))
using integral-lborel oneD-gauge-integral-lesbeque-integrable
by fastforce
then have twoD-lesbeuge-eq-twoD-gauge:
(LBINT z. LBINT y. f (z, y)) = integral UNIV (Az. integral UNIV (Ay. f(x,
y)))
using second-lesbeque-integral-eq
by auto
then show integral UNIV f = integral UNIV (Az. integral UNIV (Ay. f(z,y)))
using fun-lesbegue-integrable and integral-lborel and region-integral-is-one-twoD-integral
by (metis lborel-prod)
qed
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lemma gauge-integral-Fubini-universe-y:
fixes f :: ('a::euclidean-space x 'b::euclidean-space) = 'c::euclidean-space
assumes fun-lesbeque-integrable: integrable lborel f and
y-axis-integral-measurable: (\x. integral UNIV (Ay. f(y, x))) € borel-measurable
lborel
shows integral UNIV f = integral UNIV (Az. integral UNIV (\y. f(y, z)))
(Az. integral UNIV (\y. f(y, z))) integrable-on UNIV
proof —
have f-is-measurable: f € borel-measurable lborel
using fun-lesbeque-integrable and borel-measurable-integrable
by auto
have fun-lborel-prod-integrable:
integrable (Iborel @ pr lborel) f
using fun-lesbegue-integrable
by (simp add: lborel-prod)
then have region-integral-is-one-twoD-integral:
(LBINT z. LBINT y. f (y, 2)) = integral® (Iborel @ ar lborel) f
by (simp add: lborel-pair.integrable-product-swap-iff lborel-pair.integral-fst lborel-pair.integral-product-swap)
then have AFE-one-D-integrals-eq: AE x in lborel. (LBINT y. f (y, x)) = integral
UNIV (Ay. f(y,z))
proof —
have AFE z in lborel. integrable lborel (Ay. f(y,x))
using lborel-pair. A E-integrable-fst’ and fun-lborel-prod-integrable
lborel-pair. A E-integrable-fst lborel-pair.integrable-product-swap
by blast
then show ?thesis
using integral-lborel always-eventually AE-mp by fastforce
qed
have one-D-integral-measurable:
(Ax. LBINT y. f (y, x)) € borel-measurable lborel
using f-is-measurable and [borel.borel-measurable-lebesgue-integral
by auto
then have second-lesbeque-integral-eq:
(LBINT z. LBINT y. f (y, «)) = (LBINT xz. integral UNIV (Ay. f(y, )))
using y-azxis-integral-measurable and integral-cong-AE and A E-one-D-integrals-eq
by blast
have integrable lborel (Ax. LBINT y. f (y, x))
using fun-Ilborel-prod-integrable and lborel-pair.integrable-fst’
by (simp add: lborel-pair.integrable-fst lborel-pair.integrable-product-swap)
then have oneD-gauge-integral-lesbeque-integrable:
integrable lborel (Az. integral UNIV (Ay. f(y, x)))
using y-axis-integral-measurable and A E-one-D-integrals-eq and integrable-cong-AE-imp
by blast
then show one-D-gauge-integral-integrable:
(Az. integral UNIV (\y. f(y, z))) integrable-on UNIV
using integrable-on-lborel by auto
have (LBINT z. integral UNIV (\y. f(y, z))) = integral UNIV (Az. integral
UNIV (\y. f(y, ©)))
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using integral-lborel oneD-gauge-integral-lesbeque-integrable
by fastforce
then have twoD-lesbeuge-eq-twoD-gauge:

(LBINT z. LBINT y. f (y, z)) = integral UNIV (Az. integral UNIV (\y. f(y,

7))
using second-lesbegue-integral-eq by auto

then show integral UNIV f = integral UNIV (Az. integral UNIV (Ay. f(y, z)))

using fun-lesbegue-integrable and integral-lborel and region-integral-is-one-twoD-integral
by (metis lborel-prod)
qged

lemma gauge-integral- Fubini-curve-bounded-region-x:
fixes f g :: ('a::euclidean-space * 'b::euclidean-space) = 'c::euclidean-space and
gl g2:: 'a = 'b and
s:: ('a * 'b) set
assumes fun-lesbeque-integrable: integrable lborel f and
z-azis-gauge-integrable: Nz. (\y. f(z, y)) integrable-on UNIV and

z-axis-integral-measurable: (Ax. integral UNIV (Ay. f(z, y))) € borel-measurable
lborel and
f-is-g-indicator: f = (Az. if x € s then g x else 0) and
s-is-bounded-by-g1-and-g2: s = {(z,y). (Vi€Basis. a -+ i <z i ANx+i<b-1i)
A
(VicBasis. (g1 z)-i<y-iNy-i<(g2z) 1)}
shows integral s g = integral (cbox a b) (Axz. integral (cbox (g1 z) (92 x)) (Ay.

9(z,)))

proof —
have two-D-integral-to-one-D: integral UNIV f = integral UNIV (\z. integral

UNIV (Ay. f(z,9)))
using gauge-integral- Fubini-universe-x and fun-lesbegue-integrable and z-axis-integral-measurable
by auto

have one-d-integral-integrable: (\z. integral UNIV (Ay. f(z,y))) integrable-on
UNIV

using gauge-integral-Fubini-universe-z(2) and assms
by blast
have case-z-in-range:

YV x € cbox a b. integral (cbox (g1 x) (g2 z)) (Ay. g(z,y)) = integral UNIV (Ay.
f(zy))

proof
fix z:: a
assume within-range: € (cbozx a b)
let ?f-one-D-spec = (A\y. if y € (cboz (g1 x) (g2 z)) then g(z,y) else 0)

have f-one-D-region: (Ay. f(z,y)) = (\y. if y € cbox (g1 x) (g2 x) then g(z,y)
else 0)

proof
fix y::'b
show f (z, y) = (if y € (cboz (g1 x) (g2 x)) then g (z, y) else 0)
using within-range
by (force simp add: cbox-def f-is-g-indicator s-is-bounded-by-g1-and-g2)
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qed
have zero-out-of-bound: ¥V y. y ¢ cbox (g1 z) (g2 z) — f (z,y) = 0
using f-is-g-indicator and s-is-bounded-by-g1-and-g2
by (auto simp add: cbox-def)
have (\y. f(z,y)) integrable-on cbox (g1 z) (g2 x)
proof —
have ?f-one-D-spec integrable-on UNIV
using f-one-D-region and z-axis-gauge-integrable
by metis
then have ?f-one-D-spec integrable-on cboxz(gl x) (g2 x)
using integrable-on-subcbox by blast
then show ?thesis using f-one-D-region by auto
qed
then have f-integrale-z: ((Ay. f(x,y)) has-integral (integral (cboz (g1 z) (92 x))
(Ay. f(z,9)))) (cboz (g1 z) (92 ))
using integrable-integral and within-range and z-azis-gauge-integrable
by auto
have integral (cboz (g1 =) (92 z)) (A\y. f (=, y)) = integral UNIV (Ay. f (=,
y))
using has-integral-on-superset| OF f-integrale-x - Set.subset-UNIV| zero-out-of-bound
by (simp add: integral-unique)
then have ((\y. f(z, y)) has-integral integral UNIV (My. f (z, y))) (cboz (g1
7) (92 )
using f-integrale-z
by simp
then have ((Ay. g(z, y)) has-integral integral UNIV (Ay. f (z, y))) (cboz (g1
z)(92 z))
by (simp add: f-one-D-region)
then show integral (cbox (g1 z) (g2 x)) (Ay. g (z, y)) = integral UNIV (Ay. f
(2, 1))
by auto
qed
have case-z-not-in-range:
YV z.x & cbox a b — integral UNIV (Ay. f(z,y)) = 0
proof
fix z::'a
have z ¢ (cbox a b) — (Vy. f(z,y) = 0)
by (auto simp add: s-is-bounded-by-g1-and-g2 f-is-g-indicator cboz-def)
then show z ¢ cbox a b — integral UNIV (Ay. f (z, y)) = 0
by (simp)
qed
have RHS: integral UNIV (Az. integral UNIV (Ay. f(z,y))) = integral (cbox a
b) (Az. integral (cbox (g1 z) (92 x)) (Ay. g(x,y)))
proof —
let ?first-integral = (Az. integral (cbox (g1 z) (92 x)) (Ay. g(z,y)))
let ?z-integral-cases = (A\x. if © € cbox a b then ?first-integral z else 0)
have z-integral-cases-integral: (\x. integral UNIV (Xy. f(z,y))) = ?z-integral-cases
using case-z-in-range and case-z-not-in-range
by auto
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have ((Az. integral UNIV (Ay. f(z,y))) has-integral (integral UNIV f)) UNIV
using two-D-integral-to-one-D one-d-integral-integrable by auto
then have (?z-integral-cases has-integral (integral UNIV f)) UNIV
using z-integral-cases-integral by auto
then have (?first-integral has-integral (integral UNIV f)) (cboz a b)
using has-integral-restrict-UNIV [of cbox a b ?first-integral integral UNIV f]
by auto
then show ?thesis
using two-D-integral-to-one-D by (simp add: integral-unique)
qged
have f-integrable:f integrable-on UNIV
using fun-lesbeque-integrable and integrable-on-lborel
by auto
then have LHS: integral UNIV f = integral s g
using assms(4) integrable-integral by fastforce
then show ?thesis
using RHS and two-D-integral-to-one-D
by auto
qed

lemma gauge-integral-Fubini-curve-bounded-region-y:
fixes f g :: ("a::euclidean-space * 'b::euclidean-space) = 'c::euclidean-space and
gl g2:: 'b = 'a and
s (Ya * 'b) set
assumes fun-lesbeque-integrable: integrable Iborel f and
y-axis-gauge-integrable: Nz. (Ay. f(y, x)) integrable-on UNIV and

y-azis-integral-measurable: (Az. integral UNIV (M\y. f(y, x))) € borel-measurable
lborel and
f-is-g-indicator: f = (A\z. if x € s then g x else 0) and
s-is-bounded-by-g1-and-g2: s = {(y, z). (Vi€Basis. a - i <z -i ANz -i<Db-
i) A
(Vi€Basis. (g1 z) - i <y-iANy-i<
(92 5) - )}
shows integral s g = integral (cbox a b) (Az. integral (cbox (g1 z) (92 z)) (Ay.
9(y, )))
proof —
have two-D-integral-to-one-D: integral UNIV f = integral UNIV (\z. integral
UNIV (Ay. f(y, z)))
using gauge-integral- Fubini-universe-y and fun-lesbegue-integrable and y-azis-integral-measurable
by auto
have one-d-integral-integrable: (Az. integral UNIV (Ay. f(y, x))) integrable-on
UNIV
using gauge-integral-Fubini-universe-y(2) and assms
by blast
have case-y-in-range:
YV z € cbox a b. integral (cbox (g1 ) (92 xz)) (My. g(y, x)) = integral UNIV (\y.
fy, )

proof
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fix z:: b
assume within-range: € (cboz a b)
let ?f-one-D-spec = (Ay. if y € (cbozx (g1 z) (g2 x)) then g(y, ) else 0)
have f-one-D-region: (Ay. f(y, z)) = (Ay. if y € cbox (g1 z) (g2 x) then g(y,
z) else 0)
proof
fix y::'a
show f (y, z) = (if y € (cboz (g1 z) (g2 x)) then g (y, x) else 0)
using within-range
by (force simp add: cbozx-def f-is-g-indicator s-is-bounded-by-g1-and-g2)
qed
have zero-out-of-bound: ¥ y. y ¢ cbox (g1 z) (92z) — f (y, z) = 0
using f-is-g-indicator and s-is-bounded-by-g1-and-g2
by (auto simp add: cbox-def)
have (\y. f(y, x)) integrable-on cbox (g1 z) (g2 x)
proof —
have ?f-one-D-spec integrable-on UNIV
using f-one-D-region and y-axis-gauge-integrable
by metis
then have ?f-one-D-spec integrable-on cbox(gl x) (g2 x)
using integrable-on-subcbox
by blast
then show ?thesis using f-one-D-region by auto
qed
then have f-integrale-y: ((Ay. f(y, x)) has-integral (integral (cbox (g1 z) (g2
2) (\y. f(5,2)))) (choz (g1 2) (92 2))
using integrable-integral and within-range and y-azis-gauge-integrable
by auto
have integral (cboz (g1 z) (92 z)) (M\y. f (y, x)) = integral UNIV (Ay. f (y,
z))
using has-integral-on-superset| OF f-integrale-y - Set.subset-UNIV] zero-out-of-bound
by (simp add: integral-unique)
then have ((\y. f(y, z)) has-integral integral UNIV (Ay. f (y, z))) (cboz (g1
7) (92 )
using f-integrale-y
by simp
then have ((Ay. g(y, z)) has-integral integral UNIV (Ay. f (y, z))) (cboz (g1
z)(92 z))
using f-one-D-region by fastforce
then show integral (cbox (g1 z) (g2 x)) (Ay. g (y, x)) = integral UNIV (Ay. f
(y, z))
by auto
qed
have case-y-not-in-range:
YV z.x & cbox a b — integral UNIV (Ay. f(y, z)) = 0
proof
fix z::'b
have z ¢ (cbox a b) — (Vy. f(y, z) = 0)
apply (simp add: s-is-bounded-by-g1-and-g2 f-is-g-indicator cboz-def)
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by auto
then show z ¢ cbox a b — integral UNIV (Ay. f (y, z)) = 0
by (simp)
qed
have RHS: integral UNIV (Az. integral UNIV (Ay. f(y, z))) = integral (cboz a
b) (Az. integral (cbozx (g1 z) (92 z)) (Ay. g(y, x)))
proof —
let ?first-integral = (Az. integral (cbox (g1 z) (92 x)) (Ay. g(y, z)))
let ?z-integral-cases = (Ax. if © € cbox a b then ?first-integral z else 0)
have y-integral-cases-integral: (\z. integral UNIV (M\y. f(y, ©))) = ?z-integral-cases
using case-y-in-range and case-y-not-in-range
by auto
have ((Az. integral UNIV (Ay. f(y, z))) has-integral (integral UNIV f)) UNIV
using two-D-integral-to-one-D
one-d-integral-integrable
by auto
then have (?z-integral-cases has-integral (integral UNIV f)) UNIV
using y-integral-cases-integral by auto
then have (?first-integral has-integral (integral UNIV f)) (cboz a b)
using has-integral-restrict-UNIV|of cbox a b ?first-integral integral UNIV f]
by auto
then show ?thesis
using two-D-integral-to-one-D
by (simp add: integral-unique)
qed
have f-integrable:f integrable-on UNIV
using fun-lesbegue-integrable and integrable-on-lborel
by auto
then have LHS: integral UNIV f = integral s g
apply (simp add: f-is-g-indicator)
using integrable-restrict-UNIV
integral-restrict-UNIV
by auto
then show ?thesis
using RHS and two-D-integral-to-one-D
by auto
qed

lemma gauge-integral-by-substitution:
fixes f::(real = real) and
g::(real = real) and
g'::real = real and
a::real and
b::real
assumes a-le-b: ¢ < b and
ga-le-gb: g a < g b and
g’-derivative: Vz € {a..b}. (g has-vector-derivative (¢’ z)) (at x within {a..b})
and
g'-continuous: continuous-on {a..b} ¢’ and
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f-continuous: continuous-on (g ‘{a..b}) f
shows integral {g a..g b} (f) = integral {a..b} (A\z. f(g z) * (¢’ x))
proof —
have Vz € {a..b}. (g has-real-derivative (¢’ z)) (at x within {a..b})
using has-real-derivative-iff-has-vector-derivative|of g] and g’-derivative
by auto
then have 2: interval-lebesque-integral lborel (ereal (a)) (ereal (b)) (A\x. ¢’ z %R
f(g2)
= interval-lebesgue-integral lborel (ereal (g a)) (ereal (g b)) f
using interval-integral-substitution-finite[of a b g g’ f] and g¢’-continuous and
a-le-b and f-continuous
by auto
have g-continuous: continuous-on {a .. b} ¢
using Derivative. differentiable-imp-continuous-on
apply (simp add: differentiable-on-def differentiable-def)
by (metis continuous-on-vector-derivative g'-derivative)
have set-integrable lborel {a .. b} (A\z. ¢’ z xg f (g x))

proof —
have continuous-on {a .. b} (A\z. ¢’ = *g f (g z))
proof —
have continuous-on {a .. b} (\z. f (g z))
proof —

show ?thesis
using Topological-Spaces. continuous-on-compose f-continuous g-continuous
by auto
qed
then show ?thesis
using Limits. continuous-on-mult g’-continuous
by auto
qed
then show ?thesis
using borel-integrable-atLeastAtMost’ by blast
qed
then have 0: interval-lebesgue-integral lborel (ereal (a)) (ereal (b)) (A\z. ¢’  *g
f(g2)
= integral {a .. b} (A\z. ¢’ x xr [ (g z))
using a-le-b and interval-integral-eq-integral
by (metis (no-types))
have set-integrable lborel {g a .. g b} f
proof —
have continuous-on {g a .. g b} f
proof —
have {ga .. gb} Cg ‘{a. b}
using g-continuous
by (metis a-le-b atLeastAtMost-iff atLeastatMost-subset-iff continuous-image-closed-interval
imagel order-refl)
then show continuous-on {g a .. g b} f
using f-continuous continuous-on-subset
by blast
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qed
then show ?thesis
using borel-integrable-atLeastAtMost'
by blast
qed
then have 1: interval-lebesque-integral lborel (ereal (g a)) (ereal (g b)) f
= integral {ga .. g b} f
using ga-le-gb and interval-integral-eq-integral
by (metis (no-types))
then show ?thesis
using 0 and { and 2
by (metis (no-types, lifting) Henstock-Kurzweil-Integration.integral-cong mult.commute
real-scaleR-def)
qed

lemma frontier-ic:
assumes a < (b::real)
shows frontier {a<..b} = {a,b}
apply(simp add: frontier-def)
using assms
by auto

lemma frontier-ci:
assumes ¢ < (b::real)
shows frontier {a<..<b} = {a,b}
apply(simp add: frontier-def)
using assms
by auto

lemma ic-not-closed:
assumes a < (b::real)
shows - closed {a<..b}
using assms frontier-subset-eq frontier-ic greaterThanAtMost-iff by blast

lemma closure-ic-union-ci:
assumes a < (b:real) b < ¢
shows closure ({a..<b} U {b<..c}) = {a .. ¢}
using frontier-ic[OF assms(1)] frontier-ci]OF assms(2)] closure-Un assms
apply(simp add: frontier-def)
by auto

lemma interior-ic-ci-union:

assumes a < (b::real) b < ¢

shows b ¢ (interior ({a..<b} U {b<..c}))
proof—

have b ¢ ({a..<b} U {b<..c}) by auto

then show ?thesis

using interior-subset by blast

qed
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lemma frontier-ic-union-ci:
assumes ¢ < (b:real) b < ¢
shows b € frontier ({a..<b} U {b<..c})
using closure-ic-union-ci assms interior-ic-ci-union
by (simp add: frontier-def)

lemma ic-union-ci-not-closed:
assumes a < (b:real) b < ¢
shows — closed ({a..<b} U {b<..c})
proof—
have b ¢ ({a..<b} U {b<..c}) by auto
then show ?thesis
using assms frontier-subset-eq frontier-ic-union-ci|OF assms)
by (auto simp only: subset-iff)
qed

lemma integrable-continuous-:
fixes [ :: 'b::euclidean-space = 'a::banach
assumes continuous-on (cbozx a b) f
shows f integrable-on cbox a b
by (simp add: assms integrable-continuous)

lemma removing-singletons-from-div:
assumes Vi¢€S. e dureal. ¢ < d A{c.d} =1t
{z}uUS={a.bla<zaz<bd
finite S
shows 3teS. z € ¢
proof (rule ccontr)
assume —(3t€S. z € t)
then have Vi¢€S. z ¢ t by auto
then have z ¢ J S by auto
then have i: |JS = {a..b} — {z} using assms (2) by auto
have z € {a..b} using assms by auto
then have {a .. b} — {z} = {a..<z} U {z<..b} by auto
then have 0: |J S = {a..<z} U {z<..b} using i by auto
have I:closed (|J5)
apply(rule closed-Union)
proof—
show finite S
using assms by auto
show V T€S. closed T using assms by auto
qed
show Fulse using 0 1 ic-union-ci-not-closed assms by auto
qed

lemma remove-singleton-from-division-of:

assumes A division-of {a:real..b} a < b
assumes z € {a..b}
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shows Jcd. c<dA{c.d} € ANz {c.d}
proof —
from assms have z islimpt {a..b}
by (intro connected-imp-perfect) auto
also have {a..b} = {z. {z..2} € A} U ({a..b} — {z. {z..2} € A})
using assms by auto
also have z islimpt ... +— x islimpt {a..b} — {z. {z..2} € A}
proof (intro islimpt-Un-finite)
have {z. {z.2} € A} C Inf ‘A
proof safe
fix z assume {z..z} € A
thus z € Inf ‘ A
by (auto introl: bexl[of - {z}] simp: image-iff)
qed
moreover from assms have finite A by (auto simp: division-of-def)
hence finite (Inf < A) by auto
ultimately show finite {z. {z..x} € A} by (rule finite-subset)
qed
also have {a..b} = J 4
using assms by (auto simp: division-of-def)
finally have z islimpt |J (A — range (Az. {z..x}))
by (rule islimpt-subset) auto
moreover have closed (| J (A — range (Az. {z..z})))
using assms by (intro closed-Union) auto
ultimately have z € (|J (4 — range (A\z. {z..2})))
by (auto simp: closed-limpt)
then obtain X where z € X X € A X ¢ range (A\z. {z..x})
by blast
moreover from division-ofD(2)[OF assms(1) this(2)] division-ofD(3)[OF assms(1)
this(2)]
division-of D(4)[OF assms(1) this(2)]
obtain ¢ d where X = cboz ¢ d X C {a..b} X # {} by blast
ultimately have ¢ < d by auto
have ¢ # d
proof
assume c = d
with <X = cbox ¢ d> have X = {c..c} by auto
hence X € range (A\z. {z..x}) by blast
with <X ¢ range (A\z. {z..z})» show Fulse by contradiction
qed
with <¢ < d> have ¢ < d by simp
with <X = cbox ¢ d> and <z € X)» and <X € A> show ?thesis
by auto
qed

lemma remove-singleton-from-tagged-division-of:
assumes A tagged-division-of {a::real..b} a < b
assumes z € {a..b}
shows Jkcd c<dA (k {c.d})e ANz e {c.d}
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using remove-singleton-from-division-of |OF division-of-tagged-division| OF assms(1)]
assms(2)]
using assms(3) by fastforce

lemma tagged-div-wo-singlestons:

assumes p tagged-division-of {a::real..b} a < b

shows (p — {zk. Iz y. 2k = (z,{y})}) tagged-division-of cbox a b

using remove-singleton-from-tagged-division-of [OF assms| assms

apply(auto simp add: tagged-division-of-def tagged-partial-division-of-def)
apply blast
apply blast

apply blast

by fastforce

lemma tagged-div-wo-empty:

assumes p tagged-division-of {a::real..b} a < b

shows (p — {zk. . 2k = (z,{})}) tagged-division-of cbox a b

using remove-singleton-from-tagged-division-of [OF assms| assms

apply(auto simp add: tagged-division-of-def tagged-partial-division-of-def)
apply blast
apply blast

apply blast

by fastforce

lemma fine-diff:
assumes 7y fine p
shows v fine (p — s)
apply (auto simp add: fine-def)
using assms by auto

lemma tagged-div-tage-notin-set:
assumes finite (s::real set)
p tagged-division-of {a..b}
v fine p (V(z, K)€p. ¢ direal. ¢ < d N K = {c..d}) gauge
shows 3p’ v'. p’ tagged-division-of {a..b} A
~' fine p’ A (Y (z, K)Ep'. © & $) A gauge v’
proof—
have (V (z::real, K)ep. 3z’ ' ¢ s A z'€ interior K)
proof—
{fix z:real
fix K
assume ass: (z:real,K) € p
have (V(z, K)€p. infinite (interior K))
using assms(4) infinite-Ioo interior-atLeastAtMost-real
by (smt (verit) split-beta)
then have i: infinite (interior K) using ass by auto
have 3z’ z' ¢ s A z'€ interior K
using infinite-imp-nonempty| OF Diff-infinite-finite]OF assms(1) i]] by auto}
then show ?thesis by auto
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qed
then obtain f where f: (V (z::real, K)ep. (f (2,K)) ¢ s A (f (z,K)) € interior
K)
using choice-iff [where ?Q = A(z,K) z'. (x:real, K)ép — 2/ ¢ s AN 2’ €
interior K]
apply (auto simp add: case-prod-beta)
by metis
have f': (V(z::real, K)ep. (f (2,K)) ¢ s A (f (z,K)) € K)
using f interior-subset
by (auto simp add: case-prod-beta subset-iff)
let ?p’ = {m. (3zK. m = ((f 2K), snd 2K) N 2K € p)}
have 0: (V(z, K)e?p'. © ¢ s)
using f
by (auto simp add: case-prod-beta)
have i: finite {(f (a, b), b) |a b. (a, b) € p}
proof—
have a: {(f (a, b), b) |a b. (a, b) € p} = (%(a,b). (f(a,b),b)) ‘p by auto
have b: finite p using assms(2) by auto
show ?thesis using a b by auto
qed
have 1: ?p’ tagged-division-of {a..b}
using assms(2) f’
apply(auto simp add: tagged-division-of-def tagged-partial-division-of-def case-prod-beta)
apply(metis ©)
apply blast
apply blast
by fastforce

have f-inj: inj-on fp
unfolding inj-on-def
proof (intro strip)
fix z y
assumer € pycpfz=fy
then show z = y
using f tagged-division-ofD(5)[OF assms(2)]
by (smt (verit, del-insts) Intl case-prodE empty-iff)
qged
let 79/ = Az. if (32K € p. fzK = x) then (v o fst o the-inv-into p f) = else v
x
have 2: 7y’ fine ?p’ using assms(3)
by (force simp add: fine-def case-prod-beta the-inv-into-f-f[OF f-inj))
have 3: gauge %y’
using assms(5) assms(3) f'
by (force simp add: fine-def gauge-def case-prod-beta the-inv-into-f-f{OF f-inj])
have ?p’ tagged-division-of {a..b} A 2y’ fine ?p’ A (¥ (z, K)E?'. © ¢ s) A gauge
2!
using 0 1 2 3 by auto
then show ?thesis by meson
qed
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lemma has-integral-bound-spike-finite:
fixes [ :: 'a::euclidean-space = 'b::real-normed-vector
assumes (0 < B and finite S
and f: (f has-integral i) (cbozx a b)
and leB: N\z. z € cbox a b — S = norm (fz) < B
shows norm i < B x content (cboz a b)
proof —
define g where g = (A\z. if x € S then 0 else f x)
then have A\z. z € cboxr a b — S = norm (g z) < B
using leB by simp
moreover have (g has-integral i) (cbox a b)
using has-integral-spike-finite [OF «finite S» - f]
by (simp add: g-def)
ultimately show “thesis
by (simp add: <0 < B) g-def has-integral-bound)
qed

lemma has-integral-bound-:
fixes f :: real = 'a::real-normed-vector
assumes a < b
and 0 < B
and f: (f has-integral ©) (cbozx a b)
and finite s
and YV ze(cbox a b)—s. norm (fz) < B
shows norm i < B % content (cbox a b)
using has-integral-bound-spike-finite assms by blast

corollary has-integral-bound-real:
fixes [ :: real = 'b::real-normed-vector
assumes (0 < B
and f: (f has-integral ©) (cbozx a b)
and finite s
and Vze(cbox a b)—s. norm (fz) < B
shows norm i < B x content {a..b}
by (metis assms(1) assms(3) assms(4) box-real(2) f has-integral-bound-spike-finite)

lemma integral-has-vector-derivative-continuous-at’:
fixes f :: real = 'a::banach
assumes finite s
and f: f integrable-on {a..b}
and z: z € {a..b} — s
and fr: continuous (at x within ({a..b} — s)) f
shows ((Au. integral {a..u} f) has-vector-derivative f z) (at x within ({a..b} —

s))

proof —
let ?I = Xa b. integral {a..b} f
{ fix e:real

assume e > (
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obtain d where d>0 and d: Az’. [z’ € {a..b} — s; |2’ — 2| < d] = norm(f
' —fz)<e
using <e>0» fr by (auto simp: continuous-within-eps-delta dist-norm less-imp-le)
have norm (integral {a..y} f — integral {a..x} f — (y—z) *g fz) < ex |y —
z|
if y: y € {a..b} — sand yx: |y — z| < d for y
proof (cases y < )
case Fulse
have f integrable-on {a..y}
using f y by (simp add: integrable-subinterval-real)
then have Idiff: lay — ?lax = ?zy
using False x by (simp add: algebra-simps Henstock- Kurzweil-Integration.integral-combine)
have fuz-int: ((Au. fu — f ) has-integral integral {z..y} f — (y—2z) *r f )
{z..y}
apply (rule has-integral-diff)
using z y apply (auto intro: integrable-integral [OF integrable-subinterval-real
[OF f])
using has-integral-const-real [of f x x y] False
apply simp
done
show ?thesis
using Fulse
apply (simp add: abs-eq-content del: content-real-if measure-lborel-Icc)
apply (rule has-integral-bound-real’[where f=(Au. f u — f z)])
using yz False d z y <e>0> apply (auto simp add: Idiff fux-int)
proof—
let ?M/8= mset-set s
show A\z.y—z<d= (Av". a<z’' Az’ <bANz'¢s=|z'—z|<d
= norm (fz' — fz)<e) = 0<e= z¢# !M{§ —a<z=—12¢s—
y<b=yd¢ds=—=z<z=z<y=norm (fz—fz)<e
using assms by auto
qed
next
case True
have f integrable-on {a..z}
using f z by (simp add: integrable-subinterval-real)
then have Idiff: ?lax — ?lay=?lyx
using True x y by (simp add: algebra-simps Henstock-Kurzweil-Integration.integral-combine)
have fuz-int: (Au. fu — fx) has-integral integral {y..x} f — (x — y) *r [ x)

apply (rule has-integral-diff)
using z y apply (auto intro: integrable-integral [OF integrable-subinterval-real

(0F f])
using has-integral-const-real [of f z y x| True
by simp
have norm (integral {a..z} f — integral {a..y} f — (z — y) *gr f2) < e x|y
— g

using True
apply (simp add: abs-eq-content del: content-real-if measure-lborel-Icc)
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apply (rule has-integral-bound-real’|where f=(Au. fu — f z)])
using yz True d z y <e>0) apply (auto simp add: Idiff fuz-int)
proof—
let ?M/4= mset-set s
show Aza.z —y<d=y<z= (A2 a<z2'ANz/'<bAz' ¢ s=
|2/ — z| < d = norm (fz' — fz) < e) = 0 < e = xa ¢# ?M}| — =z
= r¢s=—=a<y=y¢s=y<rza= za<z= norm (fra — fz)
using assms by auto
qed
then show ?thesis
by (simp add: algebra-simps norm-minus-commute)
qed
then have 3d>0. Vye{a..b} — s. |y — z| < d — norm (integral {a..y} f —
integral {a..x} f — (y—x) *xg fz) < e x |y — x|
using «d>0» by blast
}

then show ?thesis
by (simp add: has-vector-derivative-def has-derivative-within-alt bounded-linear-scaleR-left)
qed

<
<

o o

lemma at-within-closed-interval-finite:
fixes z::real
assumes a < zz < bx ¢ S finite S
shows (at = within {a..b} — 5) = at z
proof —
have interior ({a..b} — S) = {a<..<b} — S
using «<finite S»
by (simp add: interior-diff finite-imp-closed)
then show ?thesis
using at-within-interior assms by fastforce
qed

lemma fundamental-theorem-of-calculus-interior-stronger’:
fixes [ :: real = 'a::banach
assumes finite S
and a < b Az. ¢ € {a <..< b} — § = (f has-vector-derivative f'(z)) (at x
within {a..b} — S)
and continuous-on {a .. b} f
shows (f' has-integral (fb — fa)) {a .. b}
using assms fundamental-theorem-of-calculus-interior-strong at-within-cbox-finite
by (metis DiffD1 DiffD2 interior-atLeastAtMost-real interior-cbox interval-cbox)

lemma has-integral-substitution-general-:
fixes [ :: real = 'a::euclidean-space and g :: real = real
assumes s: finite s and le: a < b
and subset: g ‘{a..b} C {c..d}
and f: f integrable-on {c..d} continuous-on ({c..d} — (g “s)) f
and g : continuous-on {a..b} g inj-on g ({a..b} U s)
and deriv [derivative-intros]:

34



Nz. z € {a..b} — s = (g has-field-derivative g’ x) (at z within {a..b})
shows ((Az. g’ © g f (g x)) has-integral (integral {g a..g b} f — integral {g b..g
a} f)) {a..b}
proof —
let ?F = Az. integral {c..g z} f
have cont-int: continuous-on {a..b} ?F
by (rule continuous-on-compose2|OF - g(1) subset] indefinite-integral-continuous-1
+
have deriv: Az. z € {a..b} — s = (((Az. integral {c..x} f) o g) has-vector-derivative
o' f (g 2))
(at z within ({a..b} — s))
apply (rule has-vector-derivative-eq-rhs)
apply (rule vector-diff-chain-within)
apply (subst has-real-derivative-iff-has-vector-derivative [symmetric])
proof—
fix z::real
assume ass: ¢ € {a..b} — s
let /'8 = g’z
have i:{a..b} — s C {a..b} by auto
have ii: (g has-vector-derivative g’ z) (at x within {a..b}) using deriv[OF ass]
by (simp only: has-real-derivative-iff-has-vector-derivative)
show (g has-real-derivative ?2f'3) (at z within {a..b} — s)
using has-vector-derivative-within-subset| OF i i)
by (simp only: has-real-derivative-iff-has-vector-derivative)
next
let 2’3 = foyg
show Az. z € {a..b} — s = ((Az. integral {c..z} f) has-vector-derivative ?g'3
z) (at (g z) within g ‘ ({a..b} — s))
proof—
fix x::real
assume ass: ¢ € {a..b} — s
have finite (g ‘ s) using s by auto
then have i: (\z. integral {c..x} f) has-vector-derivative f(g z)) (at (g )
within ({c..d} — g ©s))
proof (rule integral-has-vector-derivative-continuous-at’)
show f integrable-on {c..d} using f by auto
show g z € {c..d} — g ‘ s using ass subset
by (smt (verit) Diff-iff g(2) inf-sup-ord(4) inj-on-image-mem-iff subsetD
sup-gel)
show continuous (at (g z) within {c..d} — g “s) f
using «g x € {c..d} — g ‘s> continuous-on-eq-continuous-within f(2) by
blast
qed
have ii: g “ ({a..b} — s) C ({c..d} — g “9)
using subset g(2)
by (simp add: image-subset-iff inj-on-image-mem-iff)
then show ((Az. integral {c..x} f) has-vector-derivative ?g'3 z) (at (g x)
within g * ({a..b} — s))
using has-vector-derivative-within-subset i by fastforce
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qed
show Az. z € {a..b} — s = g’z *g 99’32 = g' x xg [ (g z) by auto
qed
have deriv: (?F has-vector-derivative g’ x xr f (g ))
(at © within {a..b} — s) if z € {a<..<b} — (s) for x
using deriv[of x| that by (simp add: at-within-Icc-at o-def)
have ((A\z. ¢’  *xg f (g x)) has-integral (?F b — ¢?F a)) {a..b}
using cont-int
using fundamental-theorem-of-calculus-interior-stronger'|OF s le deriv]
by blast
also
from subset have g = € {c..d} if z € {a..b} for x using that by blast
from this[of a] this[of b] le have cd: c < gagb<dc<gbga<dby auto
have integral {c..g b} f — integral {c..g a} f = integral {g a..g b} f — integral
{gb.ga}f
proof cases
assume ga < gb
note le = le this
from cd have integral {c..g a} f + integral {g a..g b} f = integral {c..g b} f
by (meson Henstock-Kurzweil-Integration.integral-combine atLeastatMost-subset-iff
f(1) integrable-on-subinterval le(2) order-refl)
with e show %thesis
by (cases g a = g b) (simp-all add: algebra-simps)
next
assume less: 7ga < g b
then have le: g a > g b by simp
from cd have integral {c..g b} f + integral {g b..g a} f = integral {c..g a} f
by (meson Henstock-Kurzweil-Integration.integral-combine atLeastatMost-subset-iff
f(1) integrable-on-subinterval le order-refl)
with less show ?thesis
by (simp-all add: algebra-simps)
qed
finally show ?thesis .
qed

lemma has-integral-substitution-general--:
fixes f :: real = 'a::euclidean-space and g :: Teal = real
assumes s: finite s and le: a < b and s-subset: s C {a..b}
and subset: g ‘ {a..b} C {c..d}
and f: f integrable-on {c..d} continuous-on ({c..d} — (g “s)) f
and g : continuous-on {a..b} g inj-on g {a..b}
and deriv [derivative-intros]:
Nz. z € {a..b} — s = (g has-field-derivative g’ x) (at z within {a..b})
shows ((Az. ¢’ z *g f (g x)) has-integral (integral {g a..g b} f — integral {g b..g
a} ) {a-b}
using s-subset has-integral-substitution-general-|OF s le subset f g(1) - deriv
by (simp add: g(2) sup-absorbl)

lemma has-integral-substitution-general-":
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fixes [ :: real = 'a::euclidean-space and g :: real = real
assumes s: finite s and le: a < b and s”: finite s’
and subset: g ‘{a..b} C {c..d}
and f: f integrable-on {c..d} continuous-on ({c..d} — s’) f
and g : continuous-on {a..b} g Vz€s'. finite (¢ —* {z}) surj-on s’ g inj-on ¢
(fa..b} U ((sU g —"57))
and deriv [derivative-intros]:
Nz. z € {a..b} — s = (g has-field-derivative ¢' z) (at z within {a..b})
shows ((Az. ¢’ © xg f (g x)) has-integral (integral {g a..g b} f — integral {g b..g
a} f)) {a..b}
proof—
have a: g —‘s'=J{t. Jz. t =g — {2} Az € s’}
using s s’ by blast
have finite (J{t. 3z. t = g —* {2} A 2 € s}) using s’
by (metis (no-types, lifting) <g —“s' = J{g — {2} |z. = € s'}> finite-UN-I
9(2) vimage-eq-UN)
then have 0: finite (s U (g —*s))
using a s by simp
have 1: continuous-on ({c..d} — g “*(sU g —8"))f
using f(2) surj-on-image-vimage-eq
by (metis Diff-mono Un-upper2 continuous-on-subset equalityE g(3) image-Un)
have 2: (Az. z € {a..b} — (s U g —‘ ') = (g has-real-derivative ¢' z) (at x
within {a..b}))
using deriv by auto
show ?thesis using has-integral-substitution-general-|OF 0 assms(2) subset f(1)
19(1) 9(4) 2)
by auto
qed

end
theory Paths

imports Derivs General-Utils Integrals
begin

lemma reverse-subpaths-join:

shows subpath 1 (1 / 2) p +++ subpath (1 / 2) 0 p = reversepath p

using reversepath-subpath join-subpaths-middle pathfinish-subpath pathstart-subpath
reversepath-joinpaths

by (metis (no-types, lifting))

definition line-integral:: ('a::euclidean-space = 'a::euclidean-space) = (('a) set)

= (real = 'a) = real where

line-integral F basis g = integral {0 .. 1} (Az. > bebasis. (F(gx) - b) * (vector-derivative
g (at z within {0..1}) - b))

definition line-integral-ezists where

37



line-integral-exists F basis v = (Az. D b€basis. F(vy z) - b * (vector-derivative
(at x within {0..1}) + b)) integrable-on {0..1}

lemma line-integral-on-pair-straight-path:
fixes F::('a::euclidean-space) = 'a and g :: real = real and ~
assumes gamma-const: Vz. v(x)- i = a
and gamma-smooth: Yo € {0 .. 1}. v differentiable at x
shows (line-integral F {i} v) = 0 (line-integral-exists F {i} v)
proof (simp add: line-integral-def)
have x: F (v z) « i * (vector-derivative v (at x within {0..1}) + i) = 0
ifo<zANz<1forz
proof —
have ((Az. y(z)- ) has-vector-derivative 0) (at x)
using vector-derivative-const-at[of a z] and gamma-const
by auto
then have (vector-derivative v (at x) « i) = 0
using derivative-component-fun-component| of v x i
and gamma-smooth and that
by (simp add: vector-derivative-at)
then have (vector-derivative v (at x within {0 .. 1}) - i) = 0
using has-vector-derivative-at-within vector-derivative-at-within-ivl that
by (metis atLeastAtMost-iff gamma-smooth vector-derivative-works zero-less-one)
then show ?thesis
by auto
qed
then have ((Az. F (v z) - i * (vector-derivative vy (at x within {0..1}) - 7))
has-integral 0) {0..1}
using has-integral-is-0[of {0 .. 1} (Az. F (v z) - i * (vector-derivative v (at x
within {0..1}) - 7))]
by auto
then have ((Az. F (v z) - i * (vector-derivative v (at x within {0..1}) - 7))
integrable-on {0..1})
by auto
then show line-integral-exists F' {i} v by (auto simp add:line-integral-exists-def)
show integral {0..1} (Az. F (v z) - i * (vector-derivative v (at x within {0..1})
L) =0
using * has-integral-is-0[of {0 .. 1} (A\z. F (v z) - i * (vector-derivative v (at
z within {0..1}) - ©))]
by auto
qed

lemma line-integral-on-pair-path-strong:

fixes F::(‘a::euclidean-space) = ('a) and
g::real = 'a and
v:(real = 'a) and
ii:'a

assumes i-norm-1: norm ¢ = 1 and
g-orthogonal-to-i: Vz. g(x) - i = 0 and
gamma-is-in-terms-of-i: v = (Az. f(z) *g ¢ + g(f(z))) and
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gamma-smooth: vy piecewise-C1-differentiable-on {0 .. 1} and
g-continuous-on-f: continuous-on (f ‘{0..1}) g and
path-start-le-path-end: (pathstart v) - ¢ < (pathfinish «y) - i and
field-i-comp-cont: continuous-on (path-image v) (Az. F x - 7)
shows line-integral F {i} ~
= integral (cbox ((pathstart ) - i) ((pathfinish ) - ©)) (Af-var. (F (f-var
in i+ g(fvar)) - 1))
line-integral-exists F {i}
proof (simp add: line-integral-def)
obtain s where gamma-differentiable: finite s (Vx € {0 .. 1} — s. v differentiable
at )
using gamma-smooth
by (auto simp add: C1-differentiable-on-eq piecewise-C1-differentiable-on-def)
then have gamma-i-component-smooth: Yz € {0 .. 1} — s. (Az. v z - i) differ-
entiable at
by auto
have field-cont-on-path: continuous-on (Az. v = - i) ‘{0..1}) (Mf-var. F (f-var
xr © + g fvar) - Q)
proof —
have 0: (M\z. vz -i)=f
proof
fix z
show yz - i = fz
using g-orthogonal-to-i i-norm-1
by (simp only: gamma-is-in-terms-of-i real-inner-class.inner-add-left g-orthogonal-to-i
inner-scaleR-left inner-same-Basis norm-eg-1)
qed
show ?thesis
unfolding 0
apply (rule continuous-on-compose2 [of - (Az. F(z) - i) f{ 0.1} Az =
g { + g )]
field-i-comp-cont g-continuous-on-f field-i-comp-cont continuous-intros)+
by (auto simp add: gamma-is-in-terms-of-i path-image-def)
qed
have path-start-le-path-end’: v 0 - i < v 1 + i using path-start-le-path-end by
(auto simp add: pathstart-def pathfinish-def)
have gamm-cont: continuous-on {0..1} (Aa. v a - 7)
apply(rule continuous-on-inner)
using gamma-smooth
apply (simp add: piecewise-C1-differentiable-on-def)
using continuous-on-const by auto
then obtain ¢ d where cd: ¢ < d (Aa. v a - i) ‘{0..1} = {c..d}
by (meson continuous-image-closed-interval zero-le-one)
then have subset-cd: (Aa. v a - i) ‘{0..1} C {c..d} by auto
have field-cont-on-path-cd:
continuous-on {c..d} (Af-var. F (f-var xg ¢ + g fvar) - 7)
using field-cont-on-path cd by auto
have path-vector-deriv-line-integrals:
Vee{0..1} — s. (Az. v = - ©) has-vector-derivative
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vector-derivative (Az. v x - i) (at ))
(at z)
using gamma-i-component-smooth and derivative-component-fun-component
and
vector-derivative-works
by blast
then have Vze{0..1} — s. (Az. v = - ©) has-vector-derivative

vector-derivative (Az. v  + i) (at z within
({0.-1})))
(at x within ({0..1}))

using has-vector-derivative-at-within vector-derivative-at-within-ivl
by fastforce
then have has-int:((Az. vector-derivative (Az. v © - i) (at z within {0..1}) *gp
(F((yz-9) *ri+ g (yz-1))- 1) has-integral
integral {y 0 - i..y 1 - i} (M-var. F (f-var xg © + g frvar) - 0)) {0..1}
using has-integral-substitution-strong| OF gamma-differentiable(1) rel-simps(44)
path-start-le-path-end’ subset-cd field-cont-on-path-cd gamm-cont,
of (Az. vector-derivative (Az. y(z) - @) (at z within ({0..1})))]
gamma-is-in-terms-of-i
by (auto simp only: has-real-derivative-iff-has-vector-derivative)
then have has-int":((Az. (F(y(z)) + i)x(vector-derivative (Az. v(z) - i) (at z
within ({0..1})))) has-integral
integral {((pathstart v) - ©)..((pathfinish ) « i)} (Af-var. F (f-var xg i +
g fvar) - i) {0..1}
using gamma-is-in-terms-of-i i-norm-1
apply (auto simp add: pathstart-def pathfinish-def)
apply (simp only: real-inner-class.inner-add-left inner-not-same-Basis g-orthogonal-to-i
inner-scaleR-left norm-eq-1)
by (auto simp add: algebra-simps)
have substitute:
integral ({((pathstart ) - ©)..((pathfinish v) - ©)}) (M-var. (F (f-var xg i +
9(f-var)) - i))
= integral ({0..1}) (Az. (F(y(z)) - ©)*(vector-derivative (A\z. v(z) -
i) (at z within ({0..1}))))
using gamma-is-in-terms-of-i integral-unique[OF has-int] i-norm-1
apply (auto simp add: pathstart-def pathfinish-def)
apply (simp only: real-inner-class.inner-add-left inner-not-same-Basis g-orthogonal-to-i
inner-scaleR-left norm-eq-1)
by (auto simp add: algebra-simps)
have comp-in-eq-comp-out: Vo € {0..1} — s.
(vector-derivative (Az. y(z) - @) (at z within {0..1}))
= (vector-derivative v (at z within {0..1})) - i
proof
fix z:: real
assume ass:z € {0..1} —s
then have z-bounds:z € {0..1} by auto
have v differentiable at z using ass gamma-differentiable by auto
then have dotprod-in-is-out:
vector-derivative (Az. y(z) - i) (at )
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= (vector-derivative v (at x)) + i
using derivative-component-fun-component
by force
then have 0: (vector-derivative v (at x)) - © = (vector-derivative v (at x within
{0..1})) - i
proof —
have (v has-vector-derivative vector-derivative v (at z)) (at x)
using <y differentiable at x»y vector-derivative-works by blast
moreover have 0 <z Az < 1
using z-bounds by presburger
ultimately show ?Zthesis
by (simp add: vector-derivative-at-within-ivl)
qed
have 1: vector-derivative (\z. y(z) - ) (at z) = vector-derivative (Az. y(z) -
i) (at z within {0..1})
using path-vector-deriv-line-integrals and vector-derivative-at-within-ivl and
x-bounds
by (metis ass atLeastAtMost-iff zero-less-one)
show vector-derivative (Az. v z - i) (at z within {0..1}) = vector-derivative
(at x within {0..1}) - ©
using 0 and I and dotprod-in-is-out
by auto
qed
show integral {0..1} (Az. F (v z) - i x (vector-derivative vy (at x within {0..1})

Q) =

g f-var) - i)
using substitute and comp-in-eq-comp-out and negligible-finite
Henstock- Kurzweil-Integration.integral-spike
[of s {0..1} (A\z. F (v z) - i * (vector-derivative v (at z within {0..1}) - 7))
(Az. F (v z) « { * vector-derivative (Az. v x - i) (at z within {0..1}))]
by (metis (no-types, lifting) gamma-differentiable(1))
have ((A\z. F (v z) - i % (vector-derivative v (at x within {0..1}) - ©)) has-integral
integral {pathstart v - i..pathfinish v - i} (M-var. F (f-var xg i +
g fvar) - 0)) {0..1}
using has-int’ and comp-in-eq-comp-out and negligible-finite
Henstock- Kurzweil-Integration. has-integral-spike
[of s {0..1} (\z. F (v z) - i * (vector-derivative v (at x within {0..1}) + ©))
(Az. F (v z) - © * vector-derivative (A\z. v x + i) (at z within {0..1}))
integral {pathstart ~y - i..pathfinish v - i} (Af-var. F (f-var xg i + g f-var)

integral {pathstart v - i..pathfinish v - i} (M-var. F (f-var *g i +

- 1)
by (metis (no-types, lifting) gamma-differentiable(1))
then have (A\z. F (v z) - i % (vector-derivative v (at x within {0..1}) + 7))
integrable-on {0..1}
using integrable-on-def by auto
then show line-integral-exists F {i}
by (auto simp add: line-integral-exists-def)
qed
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lemma line-integral-on-pair-path:
fixes F::('a::euclidean-space) = ('a) and
g::real = 'a and
~::(real = ‘a) and
ii:'a
assumes i-norm-1: norm i = 1 and
g-orthogonal-to-i: Vz. g(x) - i = 0 and
gamma-is-in-terms-of-i: v = (Az. f(z) *g ¢ + g(f(z))) and
gamma-smooth: v Cl1-differentiable-on {0 .. 1} and
g-continuous-on-f: continuous-on (f ‘{0..1}) g and
path-start-le-path-end: (pathstart ) - i < (pathfinish ) - ¢ and
field-i-comp-cont: continuous-on (path-image v) (Az. F z - 7)
shows (line-integral F {i} 7)
= integral (cbozx ((pathstart ) - i) ((pathfinish v) - ©)) (Af-var. (F
(f-var xg i + g(f-var)) - 0))
proof (simp add: line-integral-def)
have gamma-differentiable: Yz € {0 .. 1}. v differentiable at
using gamma-smooth C1-differentiable-on-eq by blast
then have gamma-i-component-smooth:
Ve e {0 . 1} (A\x. vz - 9) differentiable at x
by auto
have vec-deriv-i-comp-cont:
continuous-on {0..1} (Az. vector-derivative (Az. v x + i) (at x within {0..1}))
proof —
have continuous-on {0..1} (Az. vector-derivative (Az. v x) (at z within {0..1}))
using gamma-smooth C1-differentiable-on-eq
by (smt Cl1-differentiable-on-def atLeastAtMost-iff continuous-on-eq vec-
tor-derivative-at-within-ivl)
then have deriv-comp-cont:
continuous-on {0..1} (Az. vector-derivative (Az. v z) (at x within {0..1}) - 7)
by (simp add: continuous-intros)
show ?thesis
using derivative-component-fun-component-at-within| OF gamma-differentiable,

of i
continuous-on-eq| OF deriv-comp-cont, of (Az. vector-derivative (A\z. v - i)
(at z within {0..1}))]
by fastforce
qed
have field-cont-on-path:
continuous-on ((Az. vy z + i) ‘{0..1}) (Mf-var. F (f-var xg i + g f-var) - 7)
proof —
have 0: (M\z. vz -i)=f
proof
fix z
show vz -1 = fz
using g-orthogonal-to-i i-norm-1
by (simp only: gamma-is-in-terms-of-i real-inner-class.inner-add-left g-orthogonal-to-i
inner-scaleR-left inner-same-Basis norm-eg-1)
qed
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show ?thesis
unfolding 0
apply (rule continuous-on-compose2 [of - (Az. F(z) - i) f{ 0.1} Qz. =
g { + g )]
field-i-comp-cont g-continuous-on-f field-i-comp-cont continuous-intros)+
by (auto simp add: gamma-is-in-terms-of-i path-image-def)
qed
have path-vector-deriv-line-integrals:
Vze{0..1}. ((Az. v x - i) has-vector-derivative
vector-derivative (Az. v x - i) (at z))
(at z)
using gamma-i-component-smooth and derivative-component-fun-component
and
vector-derivative-works
by blast
then have Vze{0..1}. ((Az. v = - i) has-vector-derivative
vector-derivative (Az. v z - 1) (at z within {0..1}))
(at z within {0..1})
using has-vector-derivative-at-within vector-derivative-at-within-ivl
by fastforce
then have substitute:
integral (cbox ((pathstart v) - i) ((pathfinish ) - ©)) (Af-var. (F (f-var xg i +
g(f-var)) - 1))
= integral (cboz 0 1) (Az. (F(v(z)) - ©)x(vector-derivative (Az. v(x)
- i) (at z within {0..1})))
using gauge-integral-by-substitution
[of 01 (Az. (y z) - 9)
(Az. vector-derivative (Ax. y(z) - ) (at z within {0..1}))
(M-var. (F (f-var g i + g(f-var)) - 7))] and
path-start-le-path-end and vec-deriv-i-comp-cont and field-cont-on-path and
gamma-is-in-terms-of-i i-norm-1
apply (auto simp add: pathstart-def pathfinish-def)
apply (simp only: real-inner-class.inner-add-left inner-not-same-Basis g-orthogonal-to-i
inner-scaleR-left norm-eq-1)
by (auto)

have comp-in-eq-comp-out: ¥V € {0..1}.
(vector-derivative (A\z. v(z) - %) (at z within {0..1}))
= (vector-derivative v (at z within {0..1})) « ¢
proof
fix z:: real
assume z-bounds: © € {0..1}
then have ~ differentiable at x using gamma-differentiable by auto
then have dotprod-in-is-out:
vector-derivative (Az. v(z) « 1) (at )
= (vector-derivative vy (at x)) + i
using derivative-component-fun-component
by force
then have 0: (vector-derivative v (at x)) - @
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= (vector-derivative v (at x within {0..1})) - i
using has-vector-derivative-at-within and x-bounds and vector-derivative-at-within-ivl
by (smt atLeastAtMost-iff gamma-differentiable inner-commute vector-derivative-works)
have 1: vector-derivative (\x. y(z) - ) (at z) = vector-derivative (Ax. () -
i) (at z within {0..1})
using path-vector-deriv-line-integrals and vector-derivative-at-within-ivl and
x-bounds
by fastforce
show vector-derivative (Az. v z - ) (at x within {0..1}) = vector-derivative
(at x within {0..1}) - ©
using 0 and I and dotprod-in-is-out
by auto
qed
show integral {0..1} (Az. F (v ) « i x (vector-derivative v (at z within {0..1})

ci) =

g fvar) - 1)
using substitute and comp-in-eq-comp-out and
Henstock- Kurzweil-Integration.integral-cong
[of {0..1} (M\x. F (v z) - i * (vector-derivative v (at x within {0..1}) - ©))
(Az. F (v z) « { % vector-derivative (Az. v x - i) (at z within {0..1}))]
by auto
qed

integral {pathstart v - i..pathfinish v - i} (Mf-var. F (f-var *g @ +

lemma content-box-cases:
content (box a b) = (if Vi€Basis. a-i < b-i then prod (\i. b-i — a-i) Basis else
0)

by (simp add: measure-lborel-boz-eq inner-diff)

lemma content-box-cboz:
shows content (box a b) = content (cboz a b)
by (simp add: content-boz-cases content-choz-cases)

lemma content-eq-0: content (box a b) = 0 <— (Fi€Basis. b-i < a+i)
by (auto simp: content-boz-cases not-le intro: less-imp-le antisym eg-refl)

lemma content-pos-lt-eq: 0 < content (cbox a (b::'a::euclidean-space)) «— (Vi€ Basis.
ai < bi)
by (auto simp add: content-cbox-cases less-le prod-nonneg)

lemma content-lt-nz: 0 < content (box a b) <— content (box a b) # 0
using Paths.content-eq-0 zero-less-measure-iff by blast

lemma content-subset: cbox a b C box ¢ d = content (cbox a b) < content (box
cd)

unfolding measure-def

by (intro ennZ2real-mono emeasure-mono) (auto simp: emeasure-lborel-cboz-eq
emeasure-lborel-boz-eq)
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lemma sum-content-null:
assumes content (box a b) = 0
and p tagged-division-of (box a b)
shows sum (A(z,k). content k xg fz) p = (0::a::real-normed-vector)
proof (rule sum.neutral, rule)
fix y
assume y: y € p
obtain z k where zk: y = (z, k)
using surj-pair|of y] by blast
note assm = tagged-division-ofD(3—4)[OF assms(2) y[unfolded zk]]
from this(2) obtain ¢ d where k: k = cboz ¢ d by blast
have (\(z, k). content k xg fx) y = content k xgr [z
unfolding zk by auto
also have ... = 0
using content-subset| OF assm(1)[unfolded k]| content-pos-le[of cbox ¢ d]
unfolding assms(1) k
by auto
finally show (\(z, k). content k *p fz) y =0 .
qed

lemma has-integral-null [intro]: content(box a b) = 0 = (f has-integral 0) (box
ab)
by (simp add: content-boz-cbox content-eq-0-interior)

lemma line-integral-distrib:
assumes line-integral-ezists f basis g1
line-integral-exists f basis g2
valid-path g1 valid-path g2
shows line-integral f basis (g1 +++ ¢2) = line-integral f basis g1 + line-integral
f basis g2
line-integral-exists f basis (g1 +++ ¢2)
proof —
obtain s! s2
where s1: finite s1 Vz€{0..1} — s1. gl differentiable at
and s2: finite s2 Vze{0..1} — s2. g2 differentiable at
using assms
by (auto simp: valid-path-def piecewise-C1-differentiable-on-def C1-differentiable-on-eq)
obtain i1 2
where 1: ((Az. > bebasis. f (g1 x) - b * (vector-derivative g1 (at z within
{0..1}) - b)) has-integral i1) {0..1}
and 2: ((Az. Y bebasis. f (g2 ) - b * (vector-derivative g2 (at x within
{0..1}) - b)) has-integral i2) {0..1}
using assms
by (auto simp: line-integral-exists-def)
have i1: ((Az. 2 * (3_ bebasis. f (g1 (2 * z)) - b * (vector-derivative g1 (at (2
x x) within {0..1}) - b))) has-integral i1) {0..1/2}
and i2: ((Az. 2 % (3 bebasis. f (g2 (2 x x — 1)) - b x (vector-derivative g2 (at
((2 % ) — 1) within {0..1}) - b))) has-integral i2) {1/2..1}
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using has-integral-affinity01 [OF 1, where m= 2 and ¢=0, THEN has-integral-cmul
[where c=2]]
has-integral-affinity01 [OF 2, where m= 2 and ¢c=—1, THEN has-integral-cmul
[where c=2]]
by (simp-all only: image-affinity-atLeast AtMost-div-diff , simp-all add: scaleR-conv-of-real
mult-ac)
have g1: [0 < z; 22 < 1; 2%2 ¢ s1] =
vector-derivative (\z. if xx2 < 1 then g1 (2xz) else g2 (2xx — 1)) (at z
within {0..1}) =
2 xp vector-derivative g1 (at (zx2) within {0..1}) for z
proof —
have @:[0 < z; 22 < 1; 2x2 ¢ s1] =
vector-derivative (Ax. if z x 2 < 1 then g1 (2 x z) else g2 (2 x z — 1))
(at z within {0..1}) = 2 xg vector-derivative g1 (at (z * 2)) for z
proof—
have gl-at-z:[0 < z; 22 < 1; 22 ¢ s1] =
((Az. if %2 < 1 then g1 (2xz) else g2 (2%x — 1))
has-vector-derivative
2 xp vector-derivative g1 (at (2x2))) (at z) for z
apply (rule has-vector-derivative-transform-at [of |z — 1/2| - (Az. g1 (2xx))])
apply (simp-all add: dist-real-def abs-if split: if-split-asm)
apply (rule vector-diff-chain-at [of Ax. 2xx 2 - g1, simplified o-def])
apply (simp add: has-vector-derivative-def has-derivative-def bounded-linear-mult-left)
using s/
apply (auto simp: algebra-simps vector-derivative-works)
done
assume ass: 0 < z 2%2 < 1 2x2 ¢ sl
then have z-ge: 2< 1 by auto
show vector-derivative (Az. if x « 2 < 1 then g1 (2 * z) else g2 (2 * © —
1)) (at z within {0..1}) = 2 *g vector-derivative g1 (at (z x 2))
using Derivative.vector-derivative-at-within-ivl|OF g1-at-z[OF ass] ass(1)
z-ge]
by auto
qed
assume ass: 0 < z 22 < 1 2%2 ¢ s1
then have (g1 has-vector-derivative ((vector-derivative g1 (at (2x2))))) (at
(2¢2))
using s1 by (auto simp: algebra-simps vector-derivative-works)
then have ii: (vector-derivative g1 (at (zx2) within {0..1})) = (vector-derivative
g1 (at (2+2)))
using Derivative.vector-derivative-at-within-ivl ass
by force
show vector-derivative (Ax. if z x 2 < 1 then g1 (2 * x) else g2 (2 x x — 1))
(at z within {0..1}) = 2 xg vector-derivative g1 (at (z * 2) within {0..1})
using ¢[OF ass] ii
by auto
qed
have ¢2: [1 < z%2; 2 < 1; 22 — 1 ¢ s2] =
vector-derivative (Az. if %2 < 1 then g1 (2xz) else g2 (2xx — 1)) (at z
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within {0..1}) =
2 g vector-derivative g2 (at (2x2 — 1) within {0..1}) for z proof

have @:[1 < 2%2; 2 < 1; 2x2 — | ¢ s2] =
vector-derivative (Az. if © % 2 < I then g1 (2 * ) else g2 (2 x x — 1))
(at z within {0..1})
= 2 xp vector-derivative g2 (at (z x 2 — 1)) for z
proof—
have g2-at-z:[1 < 2%2; 2 < 1; 22 — 1 ¢ $2] =
((Az. if z%2 < 1 then g1 (2xz) else g2 (2xx — 1))
has-vector-derivative 2 xg vector-derivative g2 (at (zx2 — 1))) (at z) for z
apply (rule has-vector-derivative-transform-at [of |z — 1/2] - (Az. g2 (2xx

)
apply (simp-all add: dist-real-def abs-if split: if-split-asm)
apply (rule vector-diff-chain-at [of Ax. 2xx — 1 2 - g2, simplified o-def])
apply (simp add: has-vector-derivative-def has-derivative-def bounded-linear-mult-left)
using s2
apply (auto simp: algebra-simps vector-derivative-works)
done
assume ass: 1 < zx2 2 < 1 2z%2 — 1 §§ s2
then have z-le: 2< 1 by auto
have z-ge: 0 < z using ass by auto
show vector-derivative (Az. if © x 2 < 1 then g1 (2 * ) else g2 (2 * © —
1)) (at z within {0..1})
= 2 xp vector-derivative g2 (at (z % 2 — 1))
using Derivative.vector-derivative-at-within-ivl| OF g2-at-z|OF ass] z-ge z-le]
by auto
qed
assume ass: 1 < zx22 < 1 2x2 — 1 ¢ s2
then have (g2 has-vector-derivative ((vector-derivative g2 (at (22 — 1)))))
(at (zx2 — 1))
using s2 by (auto simp: algebra-simps vector-derivative-works)
then have ii: (vector-derivative g2 (at (zx2 — 1) within {0..1})) = (vector-derivative
g2 (at (22 — 1)))
using Derivative.vector-derivative-at-within-ivl ass
by force
show vector-derivative (A\z. if x * 2 < 1 then g1 (2 * x) else g2 (2 x x — 1))
(at z within {0..1}) = 2 xgr vector-derivative g2 (at (z x 2 — 1) within {0..1})
using i[OF ass] ii
by auto
qed
have lem1: ((Az. Y be€basis. f ((g1+++g2) x) - b x (vector-derivative (g1 +++g2)
(at x within {0..1}) + b)) has-integral i1) {0..1/2}
apply (rule has-integral-spike-finite [OF - - i1, of insert (1/2) ((x)2 —*s1)])
using s/
apply (force intro: finite-vimagel [where h = (x)2] inj-onl)
apply (clarsimp simp add: joinpaths-def scaleR-conv-of-real mult-ac g1)
by (simp add: sum-distrib-left)
moreover have lem2: (Az. Y_ b€basis. f ((g1+++92) z) « b * (vector-derivative

47



(g14+++92) (at z within {0..1}) - b)) has-integral i2) {1/2..1}
apply (rule has-integral-spike-finite [OF - - i2, of insert (1/2) ((Az. 2xx—1)
—<s2)))
using s2
apply (force intro: finite-vimagel [where h = Az. 2xx—1] inj-onl)
apply (clarsimp simp add: joinpaths-def scaleR-conv-of-real mult-ac g2)
by (simp add: sum-distrib-left)
ultimately
show line-integral f basis (91 +++ g2) = line-integral f basis g1 + line-integral
f basis g2
apply (simp add: line-integral-def)
apply (rule integral-unique [OF has-integral-combine [where ¢ = 1/2]])
using 1 2 integral-unique apply auto
done
show line-integral-exists f basis (91 +++ g2)
proof (simp add: line-integral-exists-def integrable-on-def)
have (1:real) < 1 %« 2 A (Ozreal) < 1/ 2
by simp
then show 3r. (A\r. Y a€basis. f ((g1 +++ ¢2) r) - a * (vector-derivative
(g1 +++ ¢2) (at r within {0..1}) - a)) has-integral v) {0..1}
using has-integral-combine [where ¢ = 1/2] 1 2 divide-le-eq-numerall (1) lem1
lem2 by blast
qed
qed

lemma line-integral-exists-joinD1 :
assumes line-integral-exists f basis (g1 +++ g2) valid-path g1
shows line-integral-exists f basis g1
proof —
obtain s
where s1: finite s1 Vz€{0..1} — s1. gl differentiable at
using assms by (auto simp: valid-path-def piecewise-C1-differentiable-on-def
C1-differentiable-on-eq)
have (Az. ) bebasis. f ((g1 +++ ¢2) (x/2)) - b * (vector-derivative (g1 +++
g2) (at (z/2) within {0..1}) - b)) integrable-on {0..1}
using assms
apply (auto simp: line-integral-exists-def)
apply (drule integrable-on-subcboxr [where a=0 and b=1/2])
apply (auto intro: integrable-affinity [of - 0 1/2::real 1/2 0, simplified])
done
then have *:(Az. > bebasis. ((f ((91 +++ g2) (z/2)) - b) / 2)* (vector-derivative
(g1 +++ ¢2) (at (z/2) within {0..1}) + b)) integrable-on {0..1}
by (auto simp: Groups-Big.sum-distrib-left dest: integrable-cmul [where c=1/2]
sitmp: scaleR-conv-of-real)
have g1: [0 < z; 22 < 1; 242 ¢ s1] =
vector-derivative (\z. if xx2 < 1 then g1 (2xx) else g2 (2xx — 1)) (at z
within {0..1}) =
2 xp vector-derivative g1 (at (zx2) within {0..1}) for z
proof —
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have i:[0 < z; z%2 < 1; z%2 ¢ s1] =
vector-derivative (\z. if z x 2 < 1 then g1 (2 * z) else g2 (2 x z — 1))
(at z within {0..1}) = 2 xg vector-derivative g1 (at (z * 2)) for z
proof—
have g1-at-z:[0 < z; 22 < 1; 242 ¢ s1] =
((Az. if zx2 < 1 then g1 (2xx) else g2 (2xz — 1))
has-vector-derivative
2 xp vector-derivative g1 (at (2%2))) (at z) for z
apply (rule has-vector-derivative-transform-at [of |z — 1/2| - (Az. g1 (2xx))])
apply (simp-all add: dist-real-def abs-if split: if-split-asm)
apply (rule vector-diff-chain-at [of Ax. 2%z 2 - g1, simplified o-def])
apply (simp add: has-vector-derivative-def has-derivative-def bounded-linear-mult-left)
using s7
apply (auto simp: algebra-simps vector-derivative-works)
done
assume ass: 0 < z z2%2 < 1 zx2 ¢ sl
then have z-ge: 2< 1 by auto
show vector-derivative (Az. if © x 2 < 1 then g1 (2 * ) else g2 (2 * © —
1)) (at z within {0..1}) = 2 *g vector-derivative g1 (at (z x 2))
using Derivative.vector-derivative-at-within-ivl|OF g1-at-z[OF ass] ass(1)
z-ge]
by auto
qed
assume ass: 0 < z zx2 < 1 2%2 ¢ sl
then have (gI has-vector-derivative ((vector-derivative g1 (at (2%2))))) (at
(2¢2))
using s1 by (auto simp: algebra-simps vector-derivative-works)
then have ii: (vector-derivative g1 (at (zx2) within {0..1})) = (vector-derivative
g1 (at (+2)))
using Derivative.vector-derivative-at-within-ivl ass by force
show vector-derivative (A\z. if x x 2 < 1 then g1 (2 * x) else g2 (2 x x — 1))
(at z within {0..1}) = 2 =g vector-derivative g1 (at (z * 2) within {0..1})
using i[OF ass] ii by auto
qed
show ?thesis
using sI
apply (auto simp: line-integral-exists-def)
apply (rule integrable-spike-finite [of {0,1} U s1, OF - - x])
apply (auto simp: joinpaths-def scaleR-conv-of-real g1)
done
qed

lemma line-integral-exists-joinD2:
assumes line-integral-ezists f basis (91 +++ g2) valid-path g2
shows line-integral-exists f basis g2
proof —
obtain s2
where s2: finite s2 Vze€{0..1} — s2. g2 differentiable at
using assms by (auto simp: valid-path-def piecewise-C1-differentiable-on-def
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C1-differentiable-on-eq)
have (Az. > bebasis. f ((g1 +++ ¢g2) (/2 + 1/2)) - b * (vector-derivative (g1
+4++ ¢2) (at (x/2 + 1/2) within {0..1}) - b)) integrable-on {0..1}
using assms
apply (auto simp: line-integral-exists-def)
apply (drule integrable-on-subcbox [where a=1/2 and b=1], auto)
apply (drule integrable-affinity [of - 1/2::real 1 1/2 1/2, simplified))
apply (simp add: image-affinity-atLeastAtMost-diff)
done
then have x:(Az. > b€basis. ((f ((91 +++ ¢2) (x/2 + 1/2)) - b) |/ 2)x
(vector-derivative (g1 +++ ¢2) (at (x/2 + 1/2) within {0..1}) - b)) integrable-on
{0..1}
by (auto simp: Groups-Big.sum-distrib-left dest: integrable-cmul [where c¢=1/2]
stmp: scaleR-conv-of-real)
have ¢2: [1 < 2%2; 2 < 1; 2x2 — | ¢ s2] =
vector-derivative (\z. if xx2 < 1 then g1 (2xz) else g2 (2xz — 1)) (at 2
within {0..1}) =
2 g vector-derivative g2 (at (2x2 — 1) within {0..1}) for z proof

have @:[1 < 2%2; 2 < 1; 2x2 — | ¢ s2] =
vector-derivative (Az. if © % 2 < 1 then g1 (2 * ) else g2 (2 x x — 1))
(at z within {0..1})
= 2 xp vector-derivative g2 (at (z x 2 — 1)) for z
proof—
have g2-at-z:[1 < 2%2; 2 < 1; 22 — 1 ¢ $2] =
((Az. if z%2 < 1 then g1 (2xz) else g2 (2xx — 1))
has-vector-derivative 2 xg vector-derivative g2 (at (zx2 — 1))) (at z) for z
apply (rule has-vector-derivative-transform-at [of |z — 1/2] - (Az. g2 (2xx
— )
apply (simp-all add: dist-real-def abs-if split: if-split-asm)
apply (rule vector-diff-chain-at [of Ax. 2xx — 1 2 - g2, simplified o-def])
apply (simp add: has-vector-derivative-def has-derivative-def bounded-linear-mult-left)
using s2
apply (auto simp: algebra-simps vector-derivative-works)
done
assume ass: 1 < zx2 2 < 1 zx2 — 1 §§ s2
then have z-le: 2< 1 by auto
have z-ge: 0 < z using ass by auto
show vector-derivative (Az. if © x 2 < 1 then g1 (2 * ) else g2 (2 * © —
1)) (at z within {0..1})
= 2 xp vector-derivative g2 (at (z % 2 — 1))
using Derivative.vector-derivative-at-within-ivl| OF g2-at-z|OF ass] z-ge z-le]
by auto
qed
assume ass: 1 < zx22 < 1 2x2 — 1 ¢ s2
then have (g2 has-vector-derivative ((vector-derivative g2 (at (2x2 — 1)))))
(at (zx2 — 1))
using s2 by (auto simp: algebra-simps vector-derivative-works)
then have ii: (vector-derivative g2 (at (zx2 — 1) within {0..1})) = (vector-derivative
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g2 (at (zx2 — 1)))
using Derivative.vector-derivative-at-within-ivl ass
by force
show vector-derivative (A\z. if  x 2 < 1 then g1 (2 * x) else g2 (2 x x — 1))
(at z within {0..1}) = 2 =g vector-derivative g2 (at (z x 2 — 1) within {0..1})
using i[OF ass] ii
by auto
qed
show ?thesis
using s2
apply (auto simp: line-integral-exists-def)
apply (rule integrable-spike-finite [of {0,1} U s2, OF - - x])
apply (auto simp: joinpaths-def scaleR-conv-of-real ¢g2)
done
qed

lemma has-line-integral-on-reverse-path:
assumes ¢: valid-path g and int:
((Az. >  bebasis. F (g x) - b * (vector-derivative g (at x within {0..1}) - b))
has-integral ¢){0..1}
shows ((Az. > bebasis. F ((reversepath g) ) - b x (vector-derivative (reversepath
g) (at x within {0..1}) - b)) has-integral —c){0..1}
proof —
{fixsz
assume zs: g Cl-differentiable-on ({0..1} — s)x ¢ (=) 1 ‘s0 <zz <1
have vector-derivative (A\z. g (1 — z)) (at z within {0..1}) =
— wvector-derivative g (at (1 — z) within {0..1})
proof —
obtain [’ where f” (g has-vector-derivative f') (at (1 — z))
using zs
by (force simp: has-vector-derivative-def C1-differentiable-on-def)
have (g o (Az. 1 — x) has-vector-derivative —1 xg f') (at x)
apply (rule vector-diff-chain-within)
apply (intro vector-diff-chain-within derivative-eg-intros | simp)+
apply (rule has-vector-derivative-at-within [OF f'])
done
then have mf” ((Az. g (I — z)) has-vector-derivative —f") (at x)
by (simp add: o-def)
show ?thesis
using zs
by (auto simp: vector-derivative-at-within-ivl [OF mf’] vector-derivative-at-within-ivl
(OF f1)
qed
} note x = this
obtain S where continuous-on {0..1} g finite S g Cl1-differentiable-on {0..1}
-8
using g
by (auto simp: valid-path-def piecewise-C1-differentiable-on-def)
then show ?thesis
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using has-integral-affinity01 [OF int, where m= —1 and c=1]

unfolding reversepath-def

by (rule-tac S = (Az. 1 — z) * S in has-integral-spike-finite) (auto simp: *
has-integral-neg Groups-Big.sum-negf)
qed

lemma line-integral-on-reverse-path:
assumes valid-path v line-integral-exists F' basis y
shows line-integral F basis v = — (line-integral F basis (reversepath 7))
line-integral-exists F basis (reversepath =)
proof —
obtain ¢ where
0: (Az. > b€basis. F (v x) - b x (vector-derivative v (at x within {0..1}) + b))
has-integral ©){0..1}
using assms unfolding integrable-on-def line-integral-exists-def by auto
then have 1: ((Az. Y b€basis. F ((reversepath v) x) - b * (vector-derivative
(reversepath v) (at x within {0..1}) - b)) has-integral —i){0..1}
using has-line-integral-on-reverse-path assms
by auto
then have rev-line-integral:line-integral F basis (reversepath ) = —i
using line-integral-def Henstock-Kurzweil-Integration.integral-unique
by (metis (no-types))
have line-integral: line-integral F basis v = 1
using line-integral-def 0 Henstock-Kurzweil-Integration.integral-unique
by blast

show line-integral F basis v = — (line-integral F basis (reversepath ))
using line-integral rev-line-integral
by auto

show line-integral-exists F basis (reversepath )
using 1 line-integral-exists-def
by auto
qed

lemma line-integral-exists-on-degenerate-path:
assumes finite basis
shows line-integral-exists F basis (Ax. ¢)
proof—
have every-component-integrable:
YV bebasis. (Az. F ((Az. ¢) z) - b x (vector-derivative (\z. ¢) (at x within {0..1})
- b)) integrable-on {0..1}
proof
fix b
assume b-in-basis: b € basis
have cont-field-zero-one: continuous-on {0..1} (Az. F ((Az. ¢) z) + b)
using continuous-on-const by fastforce
have cont-path-zero-one:
continuous-on {0..1} (Az. (vector-derivative (Azx. ¢) (at x within {0..1})) - b)
proof —
have ((vector-derivative (Az. ¢) (at z within {0..1})) - b) = 0 if z € {0..1}
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for z
proof —
have vector-derivative (Az. ¢) (at z within {0..1}) = 0
using that gamma-deriv-at-within[of 0 1] differentiable-const vector-derivative-const-at
by fastforce
then show vector-derivative (\z. ¢) (at z within {0..1}) - b= 0
by auto
qed
then show continuous-on {0..1} (Az. (vector-derivative (Ax. ¢) (at z within
{0.1}) - b)
using continuous-on-constlof {0..1} 0] continuous-on-eq[of {0..1} Az. 0
(Az. (vector-derivative (Az. ¢) (at x within {0..1})) + b)]
by auto
qed
show (Az. F (c¢) - b * (vector-derivative (Az. ¢) (at x within {0..1}) - b))
integrable-on {0..1}
using cont-field-zero-one cont-path-zero-one continuous-on-mult integrable-continuous-real
by blast
qed
have integrable-sum”. \t f s. finite t =
YV a€t. f a integrable-on s = (Az. Y a€t. f a x) integrable-on s
using integrable-sum by metis
have field-integrable-on-basis:
(Az. > b€basis. F (c) - b * (vector-derivative (Az. ¢) (at z within {0..1}) - b))
integrable-on {0..1}
using integrable-sum’[OF assms(1) every-component-integrable]
by auto
then show ?thesis
using line-integral-exists-def by auto
qed

lemma degenerate-path-is-valid-path: valid-path (Az. ¢)
by (auto simp add: valid-path-def piecewise-C1-differentiable-on-def continuous-on-const)

lemma line-integral-degenerate-path:
assumes finite basis
shows line-integral F basis (Az. ¢) = 0
proof (simp add: line-integral-def)
have ((vector-derivative (Az. ¢) (at © within {0..1})) - b) = 0 if € {0..1} for
zb
proof —
have vector-derivative (Az. ¢) (at « within {0..1}) = 0
using that gamma-deriv-at-within[of 0 1] differentiable-const vector-derivative-const-at
by fastforce
then show vector-derivative (Az. ¢) (at z within {0..1}) - b= 0
by auto
qed
then have 0: Az. z € {0..1} = (A\z. > b€basis. F ¢ + b * (vector-derivative
(Az. ¢) (at x within {0..1}) - b)) z = (A\z. 0) =
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by auto
then show integral {0..1} (Az. > b&basis. F ¢ + b x (vector-derivative (A\z. c)
(at z within {0..1}) - b)) =0
using integral-cong[of {0..1}, OF 0] integral-0 by auto
qed

definition point-path where
point-path v = Jc. v = (Az. ¢)

lemma line-integral-point-path:
assumes point-path -y
assumes finite basis
shows line-integral F basis v = 0
using assms(1) point-path-def line-integral-degenerate-path[OF assms(2)]
by force

lemma line-integral-exists-point-path:
assumes finite basis point-path -y
shows line-integral-exists F basis ~y
using assms
apply(simp add: point-path-def)
using line-integral-exists-on-degenerate-path by auto

lemma line-integral-exists-subpath:
assumes f: line-integral-exists f basis g and g: valid-path g
and wv: v € {0..1} ve {0..1} u<w
shows (line-integral-exists f basis (subpath u v g))
proof (cases v=u)
case tr: True
have zero: (D> b€basis. f (g u) - b * (vector-derivative (Az. g u) (at x within
{0..1}) - b)) = 0 if z € {0..1} for z::real
proof —
have (vector-derivative (A\z. g u) (at x within {0..1})) = 0
using Deriv.has-vector-derivative-const that Derivative.vector-derivative-at-within-ivl
by fastforce
then show (> b€basis. f (g u) - b x (vector-derivative (Az. g u) (at x within
{0..1}) - b)) =0
by auto
qed
then have ((Az. > b€basis. f (g u) - b * (vector-derivative (Az. g u) (at z within
{0..1}) - b)) has-integral 0) {0..1}
by (meson has-integral-is-0)
then show ?thesis
using f tr by (auto simp add: line-integral-def line-integral-exists-def sub-
path-def)
next
case Fulse
obtain s where s: Az. z € {0..1} — s = g differentiable at x and fs: finite s
using ¢ unfolding piecewise-C1-differentiable-on-def CI1-differentiable-on-eq
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valid-path-def by blast
have *: ((Az. > b€basis. f (g (v — u) * z + w)) - b * (vector-derivative g (at
((v — u) * x + u) within {0..1}) - b))
has-integral (1 / (v — u)) * integral {u..v} (Az. > b€basis. f (g ())
b x (vector-derivative g (at x within {0..1}) - b)))
{0..1}
using f uv
apply (simp add: line-integral-exists-def subpath-def)
apply (drule integrable-on-subcbox [where a=u and b=wv, simplified])
apply (simp-all add: has-integral-integral)
apply (drule has-integral-affinity [where m=v—u and c=u, simplified])
apply (simp-all add: False image-affinity-atLeast AtMost-div-diff scaleR-conv-of-real)
apply (simp add: divide-simps False)
done
have vd:A\z. z € {0..1} =
¢ (M. (v—u) *xg t +u) —‘s =
vector-derivative (Az. g ((v—u) x x + u)) (at z within {0..1}) = (v—u)
xg vector-derivative g (at ((v—u) * z + u) within {0..1})
using test2[OF s fs uv]
by auto
have arg:A\z. (3 n€basis. (v —u) x (f (g ((v— u) * z + u)) - n) * (vector-derivative
g (at (v — u) * x + uw) within {0..1}) + n))
= (O bebasis. f (g ((v—u) *xz+ u)) - bx (v— u)* (vector-derivative
g (at (v — u) * ¢ + u) within {0..1}) - b))
by (simp add: mult.commute)
have((Az. > b€basis. f (g (v — uw) *x £ + u)) - b * (vector-derivative (Az. g ((v
—u) % z + u)) (at x within {0..1}) - b)) has-integral
(integral {u..v} (Az. > b€basis. f (g (z)) + b * (vector-derivative g (at x
within {0..1}) - b)))) {0..1}
apply (cut-tac Henstock- Kurzweil-Integration.has-integral-mult-right [OF x,
where ¢ = v—u))
using fs assms
apply (simp add: False subpath-def line-integral-exists-def)
apply (rule-tac S = (At. ((v—u) *g t + u)) —* s in has-integral-spike-finite)
apply (auto simp: inj-on-def Fualse vd finite-vimagel scaleR-conv-of-real
Groups-Big.sum-distrib-left
mult.assoc[symmetric] arg)
done
then show (line-integral-exists f basis (subpath u v g))
by(auto simp add: line-integral-exists-def subpath-def integrable-on-def)
qed

type-synonym path = real = (real x real)
type-synonym one-cube = (real = (real * real))
type-synonym one-chain = (int * path) set
type-synonym two-cube = (real % real) = (real * real)
type-synonym two-chain = two-cube set
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definition one-chain-line-integral :: ((real * real) = (real * real)) => ((realxreal)
set) = one-chain = real where
one-chain-line-integral F b C = (3 (k,g)€C. k * (line-integral F b g))

definition boundary-chain where
boundary-chain s = (V(k,v) € s. k=1V k= —1)

fun coeff-cube-to-path::(int x one-cube) = path
where coeff-cube-to-path (k, v) = (if k = 1 then ~ else (reversepath 7))

fun rec-join :: (intxpath) list = path where
rec-join [| = (Az.0) |
rec-join [oneC] = coeff-cube-to-path oneC' |
rec-join (oneC # xs) = coeff-cube-to-path oneC +++ (rec-join xs)

fun valid-chain-list where

valid-chain-list [| = True |

valid-chain-list [oneC| = True |

valid-chain-list (oneC#l) = (pathfinish (coeff-cube-to-path (oneC)) = pathstart
(rec-join 1) A wvalid-chain-list 1)

lemma joined-is-valid:
assumes boundary-chain: boundary-chain (set I) and
valid-path: Nk v. (k, v) € set | = wvalid-path v and
valid-chain-list-ass: valid-chain-list |
shows wvalid-path (rec-join I)
using assms
proof (induction [)
case Nil
then show Zcase
using C1-differentiable-imp-piecewise] OF C1-differentiable-on-const[of 0 {0..1}]]
by (auto simp add: valid-path-def)
next
case (Cons a l)
have x: valid-path (rec-join ((k::int, v) # 1))
if boundary-chain (set (1))
(AE"~". (K, v) € set | = walid-path ~')
valid-chain-list |
valid-path (rec-join 1)
(NE"~" (K, ~') € set ((k, v) # 1) = valid-path ')
valid-chain-list ((k, v) # 1)
boundary-chain (set ((kyy) # 1)) for k ~ 1
proof (cases I = [])
case True
with that show valid-path (rec-join ((k, v) # 1))
by auto
next
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case Fulse
then obtain h I’ where I-nempty: | = h#l’
by (meson rec-join.elims)
then show wvalid-path (rec-join ((k, v) # 1))
proof (simp, intro conjl impl)
assume k-eq-1: k = 1
have 0:valid-path v
using that by auto
have 1:pathfinish v = pathstart (rec-join (h#l’))
using that(6) k-eq-1 l-nempty by auto
show walid-path (v +++ rec-join (h#1’))
using 0 1 valid-path-join that(4) l-nempty by auto
next
assume k # 1
then have k-eq-neg-1: k = —1
using that(7)
by (auto simp add: boundary-chain-def)
have valid-path ~
using that by auto
then have 0: valid-path (reversepath )
using valid-path-imp-reverse
by auto
have 1: pathfinish (reversepath ) = pathstart (rec-join (h#1"))
using that(6) k-eg-neg-1 l-nempty by auto
show valid-path ((reversepath ) +++ rec-join (h#l'))
using 0 I valid-path-join that(4) l-nempty by blast
qed
qed
have V ps. valid-chain-list ps vV (3i fp psa. ps = (i, f) # p # psa A ((i = 1 A
pathfinish f # pathstart (rec-join (p # psa)) V i # 1 A pathfinish (reversepath f)
# pathstart (rec-join (p # psa))) V - valid-chain-list (p # psa)))
by (smt coeff-cube-to-path.elims valid-chain-list.elims(3))
moreover have boundary-chain (set [)
by (meson Cons.prems(1) boundary-chain-def set-subset-Cons subset-eq)
ultimately show ?case
using x Cons by (metis (no-types) list.set-intros(2) prod.collapse valid-chain-list.simps(3))
qed

lemma pathstart-rec-join-1:
pathstart (rec-join ((1, ) # 1)) = pathstart
proof (cases | = [])
case True
then show pathstart (rec-join ((1, ) # 1)) = pathstart
by simp
next
case Fulse
then obtain h I’ where [ = h#l’
by (meson rec-join.elims)
then show pathstart (rec-join ((1, ) # 1)) = pathstart
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by simp
qed

lemma pathstart-rec-join-2:
pathstart (rec-join ((—1, v) # 1)) = pathstart (reversepath =)
proof cases
assume [ = []
then show pathstart (rec-join ((— 1, v) # 1)) = pathstart (reversepath )
by simp
next
assume [ # ||
then obtain h [’ where | = h#l’
by (meson rec-join.elims)
then show pathstart (rec-join ((— 1, v) # 1)) = pathstart (reversepath )
by simp
qed

lemma pathstart-rec-join:
pathstart (rec-join ((1, ) # 1)) = pathstart
pathstart (rec-join ((—1,v) # 1)) = pathstart (reversepath =)
using pathstart-rec-join-1 pathstart-rec-join-2
by auto

lemma line-integral-exists-on-rec-join:
assumes boundary-chain: boundary-chain (set I) and
valid-chain-list: valid-chain-list | and
valid-path: Nk . (k, v) € set | = wvalid-path v and
line-integral-exists: ¥ (k, ) € set l. line-integral-exists F basis ~y
shows line-integral-exists F basis (rec-join I)
using assms
proof (induction I)
case Nil
then show ?case
proof (simp add: line-integral-exists-def)
have Vz. (vector-derivative (A\z. 0) (at z)) = 0
using Derivative.vector-derivative-const-at
by auto
then have Vz. ((Az. 0) has-vector-derivative 0) (at x)
using Derivative.vector-derivative-const-at
by auto
then have Vz. ((Az. 0) has-vector-derivative 0) (at z within {0..1})
using Derivative.vector-derivative-const-at
by auto
then have 0: Vze{0..1}. (vector-derivative (Az. 0) (at z within{0..1})) = 0
by (simp add: gamma-deriv-at-within)
have (Vze{0..1}. (3  be€basis. F 0 - b * (vector-derivative (Az. 0) (at z within
{0.1}) - 1) = 0)
by (simp add: 0)
then have ((Az. > b€basis. F 0 - b x (vector-derivative (Az. 0) (at z within
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{0..1}) - b)) has-integral 0) {0..1}
by (meson has-integral-is-0)
then show (\z. Y bebasis. F 0 - b x (vector-derivative (Az. 0) (at z within
{0..1}) - b)) integrable-on {0..1}
by auto
qed
next
case (Cons a 1)
obtain k v where aeq: a = (k,y)
by force
show Zcase
unfolding aeq
proof cases
assume l-empty: | = ||
then show line-integral-exists F basis (rec-join ((k, v) # 1))
using Cons.prems aeq line-integral-on-reverse-path(2) by fastforce
next
assume [ # []
then obtain h I’ where I-nempty: | = h#l’
by (meson rec-join.elims)
show line-integral-exists F basis (rec-join ((k, v) # 1))
proof (auto simp add: l-nempty)
assume k-eq-1: k=1
have 0: line-integral-exists F basis ~y
using Cons.prems(4) aeq by auto
have 1: line-integral-exists F basis (rec-join 1)
by (metis (mono-tags) Cons boundary-chain-def list.set-intros(2) valid-chain-list.elims(3)
valid-chain-list.simps(3))
have 2: valid-path ~
using Cons aeq by auto
have 3:valid-path (rec-join 1)
by (metis (no-types) Cons.prems boundary-chain-def joined-is-valid I-nempty
set-subset-Cons subsetCE valid-chain-list.simps(3))
show line-integral-exists F basis (v +++ rec-join (h#l’))
using line-integral-distrib(2)[OF 0 1 2 3] assms l-nempty by auto
next
assume k # 1
then have k-eq-neg-1: k = —1
using Cons aeq by (simp add: boundary-chain-def)
have gamma-valid: valid-path ~
using Cons aeq by auto
then have 2: valid-path (reversepath )
using valid-path-imp-reverse by auto
have line-integral-exists F basis vy
using Cons aeq by auto
then have 0: line-integral-exists F basis (reversepath )
using line-integral-on-reverse-path(2) gamma-valid
by auto
have 1: line-integral-exists F basis (rec-join [)

99



using Cons aeq
by (metis (mono-tags) boundary-chain-def insert-iff list.set(2) list.set-intros(2)
valid-chain-list.elims(3) valid-chain-list.simps(3))
have 3:valid-path (rec-join 1)
by (metis (no-types) Cons.prems(1) Cons.prems(2) Cons.prems(3) bound-
ary-chain-def joined-is-valid I-nempty set-subset-Cons subsetCE valid-chain-list.simps(3))
show line-integral-exists F basis ((reversepath ) +++ rec-join (h#l1"))
using line-integral-distrib(2)[OF 0 1 2 3] assms l-nempty
by auto
qed
qed
qed

lemma line-integral-exists-rec-join-cons:
assumes line-integral-exists F basis (rec-join ((1,7) # 1))
(NE"~". (K, v) € set ((1,y) # 1) = valid-path ')
finite basis
shows line-integral-exists F basis (v ++-+ (rec-join 1))
proof cases
assume l-empty: | = ||
show line-integral-exists F basis (v +++ rec-join 1)
using assms(2) line-integral-distrib(2)[OF assms(1) line-integral-ezists-on-degenerate-path[OF
assms(3)], of 0]
using degenerate-path-is-valid-path
by (fastforce simp add: l-empty)
next
assume [ # ||
then obtain h [’ where | = h#l’
by (meson rec-join.elims)
then show line-integral-exists F basis (v +++ rec-join I)
using assms by auto
qed

lemma line-integral-exists-rec-join-cons-2:
assumes line-integral-exists F basis (rec-join ((—1,y) # 1))
(NE"~". (', v)) € set ((1,y) # 1) = valid-path ")
finite basis
shows line-integral-exists F basis ((reversepath v) +++ (rec-join 1))
proof cases
assume l-empty: | = ||
show line-integral-exists F basis ((reversepath ) +++ rec-join l)
using assms(2) line-integral-distrib(2)|OF assms(1) line-integral-exists-on-degenerate-path[ OF
assms(3)], of 0]
using degenerate-path-is-valid-path
by (auto simp add: l-empty)
next
assume [ # ||
then obtain h [’ where [ = h#l’

by (meson rec-join.elims)
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with assms show line-integral-exists F basis ((reversepath v) +—++ rec-join 1)
using assms by auto
qed

lemma line-integral-exists-on-rec-join':
assumes boundary-chain: boundary-chain (set [) and
valid-chain-list: valid-chain-list | and
valid-path: Nk v. (k, ) € set | = walid-path v and
line-integral-exists: line-integral-exists F basis (rec-join 1) and
finite-basis: finite basis
shows V (k, v) € set l. line-integral-exists F basis ~y
using assms
proof (induction )
case Nil
show ?Zcase
by (simp add: line-integral-exists-def)
next
case ass: (Cons a l)
obtain & v where k-gamma:a = (k,y)
by fastforce
show Zcase
apply (auto simp add: k-gamma)
proof —
show line-integral-exists F basis ~y
proof(cases k = 1)
assume k-eq-1: k = 1
have 0: line-integral-ezists F basis (v +++ (rec-join 1))
using line-integral-exists-rec-join-cons k-eq-1 k-gamma ass(4) ass(5) ass(6)
by auto
have 2: valid-path ~
using ass k-gamma by auto
show line-integral-ezists F basis
using line-integral-exists-joinD1[OF 0 2]
by auto
next
assume k # 1
then have k-eq-neg-1: k = —1
using ass k-gamma
by (simp add: boundary-chain-def)
have 0: line-integral-exists F basis ((reversepath ) +++ (rec-join [))
using line-integral-exists-rec-join-cons-2|OF | k-eq-neg-1 k-gamma ass(4)
ass(5) ass(6)
by fastforce
have gamma-valid:
valid-path ~
using ass k-gamma by auto
then have 2: valid-path (reversepath )
using valid-path-imp-reverse by auto
have line-integral-ezists F basis (reversepath )
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using line-integral-exists-joinD1[OF 0 2] by auto
then show line-integral-exists F basis ()
using line-integral-on-reverse-path(2)[OF 2] reversepath-reversepath
by auto
qed
next
have 0:boundary-chain (set l)
using ass(2)
by (auto simp add: boundary-chain-def)
have 1:valid-chain-list |
using ass(3)
apply (auto simp add: k-gamma)
by (metis valid-chain-list.elims(3) valid-chain-list.simps(3))
have 2:(Ak ~. (k, v) € set (I) = valid-path )
using ass(4) by auto
have 3: valid-path (rec-join 1)
using joined-is-valid[OF 0] 1 2 by auto
have 4: line-integral-exists F basis (rec-join [)
proof(cases k = 1)
assume k-eq-1: k = 1
have 0: line-integral-ezists F basis (7 +++ (rec-join 1))
using line-integral-exists-rec-join-cons k-eq-1 k-gamma ass(4) ass(5) ass(6)
by auto
show line-integral-exists F basis (rec-join [)
using line-integral-exists-joinD2[OF 0 3] by auto
next
assume k # 1
then have k-eq-neg-1: k = —1
using ass k-gamma
by (simp add: boundary-chain-def)
have 0: line-integral-exists F basis ((reversepath v) +++ (rec-join 1))
using line-integral-exists-rec-join-cons-2|OF | k-eq-neg-1 k-gamma ass(4)
ass(5) ass(6)
by fastforce
show line-integral-ezists F basis (rec-join [)
using line-integral-exists-joinD2[OF 0 3]
by auto
qed
show Aa b. (a, b) € set | = line-integral-exists F basis b
using 0 1 2 3 4 ass(1)[OF 0 1 2] ass(6)
by fastforce
qed
qged

inductive chain-subdiv-path
where I: chain-subdiv-path v (set 1) if distinct [ rec-join | = v valid-chain-list 1

lemma valid-path-equiv-valid-chain-list:
assumes path-eq-chain: chain-subdiv-path ~ one-chain
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and boundary-chain one-chain V (k, ) € one-chain. valid-path ~
shows walid-path
proof —
obtain [ where [-props: set | = one-chain distinct [ rec-join | = v valid-chain-list
l
using chain-subdiv-path.cases path-eq-chain by force
show wvalid-path ~
using joined-is-valid assms I-props by blast
qed

lemma line-integral-rec-join-cons:
assumes line-integral-ezists F basis y
line-integral-exists F basis (rec-join ((1)))
(AE"~". (K, ~") € set ((1,y) # 1) = valid-path ~')
finite basis
shows line-integral F basis (rec-join ((1,y) # 1)) = line-integral F basis (v +++
(rec-join 1))
proof cases
assume l-empty: | = ||
show line-integral F basis (rec-join ((1,y) # 1)) = line-integral F basis (v +++
(rec-join 1))
using assms line-integral-distrib(1)[OF assms(1) line-integral-exists-on-degenerate-path[ OF
assms(4)], of 0]
apply (auto simp add: l-empty)
using degenerate-path-is-valid-path line-integral-degenerate-path
by fastforce
next
assume [ # [
then obtain h I’ where l-nempty: | = h#l’
by (meson rec-join.elims)
show line-integral F basis (rec-join ((1,y) # 1)) = line-integral F basis (v +++
(rec-join 1))
using assms by (auto simp add: l-nempty)
qed

lemma line-integral-rec-join-cons-2:
assumes line-integral-exists F basis y
line-integral-exists F basis (rec-join ((1)))
(NE"~" (K", ') € set (—1,y) # 1) = valid-path ~')
finite basis
shows line-integral F basis (rec-join ((—1,7) # 1)) = line-integral F basis ((reversepath
) +++ (rec-join 1))
proof cases
assume l-empty: | = ||
have 0: line-integral-exists F basis (reversepath )
using assms line-integral-on-reverse-path(2) by fastforce
have 1: valid-path (reversepath =)
using assms by fastforce
show line-integral F basis (rec-join ((—1,y) # 1)) = line-integral F basis ((reversepath
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v) +++ (rec-join 1))
using assms line-integral-distrib(1)[OF' 0 line-integral-exists-on-degenerate-path| OF
assms(4)], of 0]
apply (auto simp add: l-empty)
using degenerate-path-is-valid-path line-integral-degenerate-path
by fastforce
next
assume [ # ||
then obtain h I’ where l-nempty: | = h#l’
by (meson rec-join.elims)
show line-integral F basis (rec-join ((—1,7y) # 1)) = line-integral F basis ((reversepath
v) +++ (rec-join 1))
using assms by (auto simp add: l-nempty)
qed

lemma one-chain-line-integral-rec-join:
assumes [-props: set | = one-chain distinct | valid-chain-list | and
boundary-chain: boundary-chain one-chain and
line-integral-exists: ¥ (k::int, v) € one-chain. line-integral-exists F basis v and
valid-path: ¥ (k::int, ) € one-chain. valid-path v and
finite-basis: finite basis
shows line-integral F basis (rec-join I) = one-chain-line-integral F basis one-chain
proof —
have 0: sum-list (map (A((k::int), v). (k:int) % (line-integral F basis 7)) 1) =
one-chain-line-integral F' basis one-chain
unfolding one-chain-line-integral-def
using l-props Groups-List.comm-monoid-add-class.sum.distinct-set-conv-list| OF
l-props(2), of (M(k, 7). (k::int) * (line-integral F basis ))]
by auto
have valid-chain-list | =
boundary-chain (set l) =
(V (k::int, ) € set . line-integral-exists F basis v) =
(V (k::int, ) € set l. valid-path v) =
line-integral F basis (rec-join 1) = sum-list (map (A(k::int, v). k *
(line-integral F basis v)) 1)
proof (induction l)
case Nil
show ?case
unfolding line-integral-def boundary-chain-def
apply (auto)
proof
have Vz. (vector-derivative (Az. 0) (at z)) = 0
using Derivative.vector-derivative-const-at
by auto
then have Vz. ((Az. 0) has-vector-derivative 0) (at x)
using Derivative.vector-derivative-const-at
by auto
then have Vz. ((Az. 0) has-vector-derivative 0) (at x within {0..1})
using Derivative.vector-derivative-const-at
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by auto
then have 0: Vze{0..1}. (vector-derivative (A\x. 0) (at z within{0..1})) = 0
by (metis (no-types) boz-real(2) vector-derivative-within-cbox zero-less-one)
have (Vze€{0..1}. (3 b€basis. F 0 - b x (vector-derivative (Az. 0) (at x within
{0..1}) - b)) = 0)
by (simp add: 0)
then show ((A\z. > b€basis. F 0 - b x (vector-derivative (Az. 0) (at z within
{0..1}) - b)) has-integral 0) {0..1}
by (meson has-integral-is-0)
qed
next
case ass: (Cons a l)
obtain k::int and
~v::one-cube where props: a = (k,y)
proof
let 2k2 = fst a
let 7v2 = snd a
show a = (%2, %y2)
by auto
qed
have line-integral-exists F basis (rec-join (a # 1))
using line-integral-exists-on-rec-join|OF ass(3) ass(2)] ass(5) ass(4)
by blast
have boundary-chain (set [)
by (meson ass.prems(2) boundary-chain-def list.set-intros(2))
have val-I: A\fi. (i,f) € set | = wvalid-path f
using ass.prems(4) by fastforce
have vcl-1I: valid-chain-list |
by (metis (no-types) ass.prems(1) valid-chain-list.elims(8) valid-chain-list.simps(3))
have line-integral-ezists-on-joined:
line-integral-exists F basis (rec-join l)
by (metis <boundary-chain (set 1)) <line-integral-exists F basis (rec-join (a #
D) emptyE val-l vel-l joined-is-valid line-integral-exists-joinD2 line-integral-exists-on-rec-join
list.set(1) neg-Nil-conv rec-join.simps(3))
have wvalid-path (rec-join (a # 1))
using joined-is-valid ass(5) ass(3) ass(2) by blast
then have joined-is-valid: valid-path (rec-join 1)
using <boundary-chain (set 1)y val-l vel-l joined-is-valid by blast
show ?Zcase
proof (clarsimp, cases)
assume k-eg-1: (k::int) = 1
have line-integral-exists-on-gamma: line-integral-exists F basis ~y
using ass props by auto
have gamma-is-valid: valid-path v
using ass props by auto
have line-int-rw: line-integral F basis (rec-join ((k, v) # 1)) = line-integral F
basis (v +++ rec-join 1)
proof —
have gam-int: line-integral-exists F basis vy using ass props by auto
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have rec-join-int: line-integral-exists F basis (rec-join 1)
using line-integral-exists-on-rec-join
using line-integral-ezists-on-joined by blast
show ?thesis
using line-integral-rec-join-cons|OF gam-int rec-join-int] ass k-eq-1 fi-
nite-basis props by force
qed
show line-integral F basis (rec-join (a # 1)) =
(case a of (z, v) = real-of-int x  line-integral F basis v) + (> (x, 7).
real-of-int x * line-integral F basis )
apply (simp add: props line-int-rw)
using line-integral-distrib| OF line-integral-exists-on-gamma line-integral-exists-on-joined
gamma-is-valid joined-is-valid)
ass k-eq-1 vel-1
by (auto simp: boundary-chain-def props)
next
assume k # 1
then have k-eq-neg-1: k = —1
using ass props
by (auto simp add: boundary-chain-def)
have line-integral-exists-on-gamma:
line-integral-exists F basis (reversepath )
using line-integral-on-reverse-path ass props
by auto
have gamma-is-valid: valid-path (reversepath =)
using valid-path-imp-reverse ass props by auto
have line-int-rw: line-integral F basis (rec-join ((k, v) # 1)) = line-integral F
basis ((reversepath v) +++ rec-join 1)
proof —
have gam-int: line-integral-exists F basis v using ass props by auto
have rec-join-int: line-integral-exists F basis (rec-join l)
using line-integral-exists-on-rec-join
using line-integral-exists-on-joined by blast
show ?thesis
using line-integral-rec-join-cons-2[OF gam-int rec-join-int)
using ass k-eq-neg-1
using finite-basis props by blast
qed
show line-integral F basis (rec-join (a # 1)) =
(case a of (x, ) = real-of-int z x line-integral F basis v) + (3. (z, 7)<
real-of-int x * line-integral F basis )
apply (simp add: props line-int-rw)
using line-integral-distrib| OF line-integral-exists-on-gamma line-integral-exists-on-joined
gamma-is-valid joined-is-valid)
props ass line-integral-on-reverse-path(1)[of v F basis] k-eq-neg-1
using <boundary-chain (set 1)y vcl-l by auto
qed
qged
then have 1:line-integral F basis (rec-join 1) = sum-list (map (A(k::int, v). k *
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(line-integral F basis v)) 1)
using l-props assms by auto
then show ?thesis
using 0 I by auto
qed

lemma line-integral-on-path-eq-line-integral-on-equiv-chain:
assumes path-eq-chain: chain-subdiv-path v one-chain and
boundary-chain: boundary-chain one-chain and
line-integral-exists: ¥ (k::int, v) € one-chain. line-integral-exists F basis v and
valid-path: ¥ (k::int, v) € one-chain. valid-path v and
finite-basis: finite basis
shows one-chain-line-integral F basis one-chain = line-integral F basis v
line-integral-exists F basis ~y
valid-path ~
proof —
obtain [ where [-props: set | = one-chain distinct [ rec-join | = v valid-chain-list
l
using chain-subdiv-path.cases path-eq-chain by force
show line-integral-exists F basis ~
using line-integral-exists-on-rec-join assms l-props
by blast
show valid-path ~
using joined-is-valid assms I-props
by blast
have line-integral F basis (rec-join l) = one-chain-line-integral F basis one-chain
using one-chain-line-integral-rec-join l-props assms by auto
then show one-chain-line-integral F' basis one-chain = line-integral F basis vy
using [-props
by auto
qed

lemma line-integral-on-path-eq-line-integral-on-equiv-chain’:
assumes path-eq-chain: chain-subdiv-path v one-chain and
boundary-chain: boundary-chain one-chain and
line-integral-exists: line-integral-exists F' basis v and
valid-path: ¥ (k, v) € one-chain. valid-path v and
finite-basis: finite basis
shows one-chain-line-integral F basis one-chain = line-integral F basis v
Y (k, v) € one-chain. line-integral-ezists F basis
proof —
obtain [ where [-props: set | = one-chain distinct | rec-join | = 7y valid-chain-list
l
using chain-subdiv-path.cases path-eq-chain by force
show 0: V (k, v) € one-chain. line-integral-exists F' basis
using line-integral-exists-on-rec-join’ assms l-props
by blast
show one-chain-line-integral F basis one-chain = line-integral F basis ~y
using line-integral-on-path-eq-line-integral-on-equiv-chain(1)[OF assms(1) assms(2)
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0 assms(4) assms(5)] by auto
qed

definition chain-subdiv-chain where
chain-subdiv-chain one-chainl subdiv
=3f. (U(f ¢ one-chainl)) = subdiv A
(V c€one-chainl . chain-subdiv-path (coeff-cube-to-path ¢) (f ¢)) A
pairwise (A p p’. fp N fp' = {}) one-chainl A
(Vz € one-chainl. finite (f x))

lemma chain-subdiv-chain-character:
shows chain-subdiv-chain one-chainl subdiv <—
3f. U ¢ one-chainl) = subdiv A
(V (k, v)€one-chainl.
ifk=1
then chain-subdiv-path v (f (k, 7))
else chain-subdiv-path (reversepath ) (f (k, 7)) A
(V p€one-chainl.
Vp'€one-chainl. p £ p' — fpnfp'={}H) A
(Vz€one-chainl. finite (f x)))
unfolding chain-subdiv-chain-def
by (safe; intro exl conjl iffI; fastforce simp add: pairwise-def)

lemma chain-subdiv-chain-imp-finite-subdiv:
assumes finite one-chainl
chain-subdiv-chain one-chainl subdiv
shows finite subdiv
using assms by (auto simp add: chain-subdiv-chain-def)

lemma valid-subdiv-imp-valid-one-chain:
assumes chainl-eq-chain2: chain-subdiv-chain one-chainl subdiv and
boundary-chainl: boundary-chain one-chainl and
boundary-chain2: boundary-chain subdiv and
valid-path: ¥ (k, v) € subdiv. valid-path ~
shows VY (k, v) € one-chainl. valid-path -y
proof —
obtain f where f-props:
(U (f ¢ one-chainl)) = subdiv)
(V (k,y)€one-chainl. if k = 1 then chain-subdiv-path v (f(k,y)) else chain-subdiv-path
(reversepath ) (f(k,v)))
(V p€one-chainl. ¥ p'€one-chainl. p # p' — fp N fp' ={})
using chainl-eq-chain2 chain-subdiv-chain-character by auto
have A k 7. (k,y) € one-chainl = valid-path
proof—
fix k~
assume ass: (k,y) € one-chainl
show wvalid-path v
proof (cases k = 1)
assume k-eq-1: k = 1
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then have i:chain-subdiv-path v (f(k,y))
using f-props(2) ass by auto
have ii:boundary-chain (f(k,y))
using f-props(1) ass assms
apply (simp add: boundary-chain-def)
by blast
have iv: V(k, v)ef (k, ). valid-path ~
using f-props(1) ass assms
by blast
show ?thesis
using valid-path-equiv-valid-chain-list|OF i ii iv]
by auto
next
assume k # 1
then have k-eq-negl: k = —1
using ass boundary-chainl
by (auto simp add: boundary-chain-def)
then have i:chain-subdiv-path (reversepath ) (f(k,y))
using f-props(2) ass using <k # 1> by auto
have éi:boundary-chain (f(k,y))
using f-props(1) ass assms by (auto simp add: boundary-chain-def)
have w: V(k, y)ef (k, 7). valid-path ~
using f-props(1) ass assms
by blast
have valid-path (reversepath =)
using valid-path-equiv-valid-chain-list|OF i ii iv]
by auto
then show ?thesis
using reversepath-reversepath valid-path-imp-reverse
by force
qed
qed
then show walid-path1: ¥ (k, v) € one-chainl. valid-path
by auto
qed

lemma one-chain-line-integral-eq-line-integral-on-sudivision:
assumes chainl-eq-chain2: chain-subdiv-chain one-chainl subdiv and
boundary-chainl: boundary-chain one-chainl and
boundary-chain2: boundary-chain subdiv and
line-integral-exists-on-chain2: ¥V (k, v) € subdiv. line-integral-exists F basis
and
valid-path: ¥ (k, v) € subdiv. valid-path v and
finite-chainl: finite one-chainl and
finite-basis: finite basis
shows one-chain-line-integral F' basis one-chainl = one-chain-line-integral F
basis subdiv
Y (k, v) € one-chainl. line-integral-exists F basis -y
proof —
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obtain f where f-props:
(U (f ¢ one-chainl)) = subdiv)
(¥ (k,y)€one-chainl. if k = 1 then chain-subdiv-path v (f(k,y)) else chain-subdiv-path
(reversepath 7) (f(k)))
(V p€one-chainl. ¥ p'€one-chainl. p # p' — fp N fp' ={})
(Vx € one-chainl. finite (f x))
using chainl-eq-chain2 chain-subdiv-chain-character by (auto simp add: pair-
wise-def chain-subdiv-chain-def)
then have 0: one-chain-line-integral F' basis subdiv = one-chain-line-integral F
basis (U (f ¢ one-chainl))
by auto
have finite-chain2: finite subdiv
using finite-chainl f-props(1) f-props(4)
apply (simp add: image-def)
using f-props(1) by auto
have A & 7. (k) € one-chainl = line-integral-exists F basis
proof—
fix k ~
assume ass: (k,y) € one-chainl
show line-integral-exists F basis ~y
proof (cases k = 1)
assume k-eq-1: k = 1
then have i:chain-subdiv-path v (f(k,y))
using f-props(2) ass by auto
have éi:boundary-chain (f(k,y))
using f-props(1) ass assms by (auto simp add: boundary-chain-def)
have iii:V (k, v)€f (k, 7). line-integral-exists F basis
using f-props(1) ass assms
by blast
have w: V(k, v)ef (k, v). valid-path ~
using f-props(1) ass assms
by blast
show ?thesis
using line-integral-on-path-eq-line-integral-on-equiv-chain(2)[OF i ii iii v
finite-basis]
by auto
next
assume k # 1
then have k-eq-negl: k = —1
using ass boundary-chainl
by (auto simp add: boundary-chain-def)
then have i:chain-subdiv-path (reversepath v) (f(k,y))
using f-props(2) ass by auto
have ii:boundary-chain (f(k,y))
using f-props(1) ass assms by (auto simp add: boundary-chain-def)
have i:V (k, v)€f (k, 7). line-integral-exists F basis 7y
using f-props(1) ass assms
by blast
have iv: V(k, v)ef (k, 7). valid-path
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using f-props(1) ass assms
by blast
have z:line-integral-exists F basis (reversepath =)
using line-integral-on-path-eq-line-integral-on-equiv-chain(2)[OF i ii i iv
finite-basis]
by auto
have wvalid-path (reversepath )
using line-integral-on-path-eg-line-integral-on-equiv-chain(3)[OF i ii i iv
finite-basis]
by auto
then show ?thesis
using line-integral-on-reverse-path(2) reversepath-reversepath
by fastforce
qed
qed
then show line-integral-exists-on-chainl: ¥ (k, v) € one-chainl. line-integral-exists
F basis ~
by auto
have 1: one-chain-line-integral F basis (| (f ‘ one-chainl)) = one-chain-line-integral
F basis one-chainl
proof —
have 0:one-chain-line-integral F basis (| (f ¢ one-chainl)) =
(5>~ one-chain € (f < one-chainl). one-chain-line-integral F'
basis one-chain)
proof —
have finite: V chain € (f < one-chainl). finite chain
using f-props(1) finite-chain2
by (meson Sup-upper finite-subset)
have disj: V A€f ¢ one-chainl. ¥V BEf ¢ one-chainl. A # B — AN B = {}
by (metis (no-types, opaque-lifting) f-props(3) image-iff)
show one-chain-line-integral F basis ({|J (f ¢ one-chainl)) =
(3" one-chain € (f ¢ one-chainl). one-chain-line-integral
F basis one-chain)
using Groups-Big.comm-monoid-add-class.sum. Union-disjoint| OF finite disj]
one-chain-line-integral-def
by auto
qged
have 1:(3 one-chain € (f ‘ one-chainl). one-chain-line-integral F basis one-chain)

one-chain-line-integral F basis one-chainl
proof —
have (Y one-chain € (f “ one-chainl). one-chain-line-integral F basis one-chain)

(3" (k,y)€one-chainl. kx(line-integral F basis 7))
proof —
have i:(}_ one-chain € (f ‘ (one-chainl — {p. fp ={}})). one-chain-line-integral
F basis one-chain) =
(> (kyy)€one-chainl — {p. fp = {}}. kx(line-integral
F basis 7))
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proof —
have inj-on f (one-chainl — {p. fp = {}})
unfolding inj-on-def using f-props(3) by blast
then have 0: (> one-chain € (f ¢ (one-chainl — {p. fp = {}})).
one-chain-line-integral F basis one-chain)
= (3> (k, v) € (one-chainl — {p. fp =
{}}). one-chain-line-integral F basis (f (k, 7)))
using Groups-Big.comm-monoid-add-class.sum.reindex
by auto
have A k7. (k, v) € (one-chainl — {p. fp = {}}) =
one-chain-line-integral F basis (f(k, 7)) = k* (line-integral F
basis )
proof—
fix k v
assume ass: (k, v) € (one-chainl — {p. fp = {}})
have bchain: boundary-chain (f(k,y))
using f-props(1) boundary-chain?2 ass
by (auto simp add: boundary-chain-def)
have wexist: ¥V (k, v)e(f(k,y)). line-integral-exists F basis ~y
using f-props(1) line-integral-exists-on-chain2 ass
by blast
have wvpath: Y (k, v)e(f(k, 7v)). valid-path ~
using f-props(1) assms ass
by blast
show one-chain-line-integral F basis (f (k, 7)) = k * line-integral F basis

proof(cases k = 1)
assume k-eq-1: k=1
have one-chain-line-integral F basis (f (k, 7)) = line-integral F basis ~y
using f-props(2) k-eq-1 line-integral-on-path-eg-line-integral-on-equiv-chain
bchain wezxist vpath ass finite-basis
by auto
then show one-chain-line-integral F basis (f (k, v)) = k * line-integral
F basis ~
using k-eq-1 by auto
next
assume k # 1
then have k-eq-negl: k = —1
using ass boundary-chainl
by (auto simp add: boundary-chain-def)
have one-chain-line-integral F basis (f (k, v)) = line-integral F basis
(reversepath =)
using f-props(2) k-eg-neg1 line-integral-on-path-eq-line-integral-on-equiv-chain
bchain wezxist vpath ass finite-basis
by auto
then have one-chain-line-integral F basis (f (k, 7)) = — (line-integral
F basis v)
using line-integral-on-reverse-path(1) ass line-integral-exists-on-chainl
valid-subdiv-imp-valid-one-chain[OF chainl-eq-chain2 boundary-chainl
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boundary-chain2 valid-path]
by force
then show one-chain-line-integral F basis (f (k, v)) = k * line-integral
F basis ~
using k-eq-negl by auto
qed
qed
then have ()" (k, v) € (one-chainl — {p. fp = {}}). one-chain-line-integral
F basis (f (k, 7))
= (32 (k, v) € (one-chainl — {p. fp = {}}). kx (line-integral F
basis 7))
by (auto intro!: Finite-Cartesian-Product.sum-cong-aur)
then show (> one-chain € (f ‘ (one-chainl — {p. fp = {}})). one-chain-line-integral
F basis one-chain) =
(>° (k, ) € (one-chainl — {p. fp =
{}}). kx (line-integral F basis ))
using 0 by auto
qed
have A (k:int) v. (k, v) € one-chainl = (f (k,v) = {}) = (k, ¥) €
{(k'y"). k'x (line-integral F basis v') = 0}
proof—
fix k:int
fix v::one-cube
assume ass:(k, ) € one-chainl
(f (k) =A})
then have zero-line-integral:one-chain-line-integral F basis (f (k, v)) = 0
using one-chain-line-integral-def
by auto
have bchain: boundary-chain (f(k,y))
using f-props(1) boundary-chain?2 ass
by (auto simp add: boundary-chain-def)
have wezist: ¥ (k, v)€(f(k,y)). line-integral-exists F basis -y
using f-props(1) line-integral-exists-on-chain2 ass
by blast
have wvpath: Y (k, v)e(f(k, 7)). valid-path ~
using f-props(1) assms ass by blast
have one-chain-line-integral F basis (f (k, v)) = k * line-integral F basis ~y
proof(cases k = 1)
assume k-eq-1: k= 1
have one-chain-line-integral F basis (f (k, 7)) = line-integral F basis 7y
using f-props(2) k-eg-1 line-integral-on-path-eq-line-integral-on-equiv-chain
bchain wezxist vpath ass finite-basis
by auto
then show one-chain-line-integral F basis (f (k, v)) = k * line-integral
F basis ~
using k-eq-1
by auto
next
assume k # 1
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then have k-eq-negl: k = —1
using ass boundary-chainl
by (auto simp add: boundary-chain-def)
have one-chain-line-integral F basis (f (k, 7)) = line-integral F basis
(reversepath =)

using f-props(2) k-eq-negl line-integral-on-path-eq-line-integral-on-equiv-chain

bchain wezxist vpath ass finite-basis
by auto
then have one-chain-line-integral F basis (f (k, v)) = — (line-integral F
basis )
using line-integral-on-reverse-path(1) ass line-integral-exists-on-chainl
valid-subdiv-imp-valid-one-chain[ OF chainl-eq-chain2 boundary-chainl
boundary-chain2 valid-path)
by force
then show one-chain-line-integral F basis (f (k::int, v)) = k * line-integral
F basis ~
using k-eg-neg! by auto
qed
then show (k, v) € {(k":int, 7). k' x line-integral F basis v/ = 0}
using zero-line-integral by auto
qged

then have ii:(>_ one-chain € (f * (one-chainl — {p. fp = {}})). one-chain-line-integral

F basis one-chain) =
(5" one-chain € (f ¢ (one-chainl)).
one-chain-line-integral F basis one-chain)
proof —
have Aone-chain. one-chain € (f ‘ (one-chainl)) — (f ‘ (one-chainl — {p.
fr={1})) =
one-chain-line-integral F basis
one-chain = 0
proof —
fix one-chain
assume one-chain € (f ‘ (one-chainl)) — (f  (one-chainl — {p. fp =
{h)
then show one-chain-line-integral F' basis one-chain = 0
by (auto simp add: one-chain-line-integral-def)
qged
then have 0:(3 one-chain € f ¢ (one-chain1) — (f * (one-chainl — {p. f
p = {}})). one-chain-line-integral F' basis one-chain)
=0
using comm-monoid-add-class.sum.neutral by auto
then have (Y one-chain € f ‘ (one-chainl). one-chain-line-integral F basis
one-chain)
— (5 one-chain € (f * (one-chainl —
{p. fp={}})). one-chain-line-integral F basis one-chain)
=0
proof —
have finte: finite (f © one-chainl) using finite-chainl by auto
show ?thesis
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using Groups-Big.sum-diff[OF finte, of (f ‘ (one-chainl — {p. fp =
1)
one-chain-line-integral F basis]
0
by auto
qed
then show (> one-chain € (f ‘ (one-chainl — {p. fp = {}})). one-chain-line-integral
F basis one-chain) =
(5" one-chain € (f ¢ (one-chainl)).
one-chain-line-integral F basis one-chain)
by auto
qed
have A (k:int) v. (k, v) € one-chainl = (f (k,v) ={}) = f (k,7y) €
{chain. one-chain-line-integral F basis chain = 0}
proof—
fix k:int
fix v::one-cube
assume ass:(k, v) € one-chainl (f (k, v) = {})
then have one-chain-line-integral F' basis (f (k, 7)) = 0
using one-chain-line-integral-def by auto
then show f (k, v) € {p’. (one-chain-line-integral F basis p’ = 0)}
by auto
qged
then have (Y (k::int,y)€one-chainl — {p. fp = {}}. kx(line-integral F
basis 7))
= (3 (k:zint,y)€one-chainl . kx(line-integral
F basis 7))
proof—
have A k 7. (k,y)€one-chainl — (one-chainl — {p. fp = {}})
= kx (line-integral F basis v) = 0
proof—
fix kv
assume ass: (k,y)€one-chainl — (one-chainl — {p. fp = {}})
then have f(k, v) = {}
by auto
then have one-chain-line-integral F basis (f(k, 7)) = 0
by (auto simp add: one-chain-line-integral-def)
then have zero-line-integral: one-chain-line-integral F basis (f (k, 7)) =

using one-chain-line-integral-def by auto
have bchain: boundary-chain (f(k,y))
using f-props(1) boundary-chain2 ass
by (auto simp add: boundary-chain-def)
have wezist: ¥V (k, v)e(f(k,y)). line-integral-exists F basis ~y
using f-props(1) line-integral-exists-on-chain2 ass
by blast
have vpath: V (k, v)e(f(k, 7)). valid-path ~
using f-props(1) assms ass
by blast
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have one-chain-line-integral F basis (f (k, 7)) = k * line-integral F basis

proof(cases k = 1)
assume k-eq-1: k = 1
have one-chain-line-integral F basis (f (k, 7)) = line-integral F basis
using f-props(2) k-eq-1 line-integral-on-path-eq-line-integral-on-equiv-chain
bchain wezxist vpath ass finite-basis
by auto
then show one-chain-line-integral F basis (f (k,v)) = k * line-integral
F basis ~
using k-eq-1
by auto
next
assume k # 1
then have k-eq-negl: k = —1
using ass boundary-chainl
by (auto simp add: boundary-chain-def)
have one-chain-line-integral F basis (f (k, v)) = line-integral F basis
(reversepath )
using f-props(2) k-eq-negl line-integral-on-path-eg-line-integral-on-equiv-chain
bchain wezxist vpath ass finite-basis
by auto
then have one-chain-line-integral F basis (f (k, v)) = — (line-integral
F basis )
using line-integral-on-reverse-path(1) ass line-integral-exists-on-chainl
valid-subdiv-imp-valid-one-chain|OF chainl-eg-chain2 boundary-chainl
boundary-chain2 valid-path]
by force
then show one-chain-line-integral F basis (f (k, v)) = k * line-integral
F basis ~
using k-eq-negl
by auto
qed
then show kx (line-integral F basis v) = 0
using zero-line-integral
by auto
qged
then have V (k::int,y)E€one-chainl — (one-chainl — {p. fp = {}}).
kx (line-integral F basis v) = 0 by auto
then have (3 (k::int,y)€one-chainl — (one-chainl — {p. fp = {}}).
kx(line-integral F basis 7)) = 0
using Groups-Big.comm-monoid-add-class.sum.neutral
[of one-chainl — (one-chainl — {p. fp = {}}) (A(k:int,y). k«*
(line-integral F basis 7)))
by (simp add: split-beta)
then have (3 (k::int,y)€one-chainl. kx(line-integral F basis 7)) —
(> (k:zint,y)€ (one-chainl — {p. f p = {}}). kx(line-integral F
basis 7)) = 0
using Groups-Big.sum-diff[OF finite-chain1]
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by (metis (no-types) Diff-subset «(> (k, v)€one-chainl — (one-chainl
—A{p. fp={}}). k = line-integral F basis v) = 0> «<\f B. B C one-chainl =
sum f (one-chainl — B) = sum f one-chainl — sum f B))
then show %thesis by auto
qged
show ?thesis using i i 7ii by auto
qed
then show ?Zthesis using one-chain-line-integral-def by auto
qed
show ?thesis using 0 1 by auto
qed
show one-chain-line-integral F basis one-chainl = one-chain-line-integral F basis
subdiv using 0 1 by auto
qed

lemma one-chain-line-integral-eq-line-integral-on-sudivision':
assumes chainl-eq-chain2: chain-subdiv-chain one-chainl subdiv and
boundary-chainl: boundary-chain one-chainl and
boundary-chain2: boundary-chain subdiv and
line-integral-exists-on-chainl: V (k, v) € one-chainl. line-integral-exists F basis
v and
valid-path: ¥ (k, v) € subdiv. valid-path v and
finite-chainl: finite one-chainl and
finite-basis: finite basis
shows one-chain-line-integral F' basis one-chainl = one-chain-line-integral F
basis subdiv
Y (k, v) € subdiv. line-integral-exists F basis
proof —
obtain f where f-props:
((U(f ¢ one-chainl)) = subdiv)
(V (k,y)€one-chainl. if k = 1 then chain-subdiv-path v (f(k,y)) else chain-subdiv-path
(reversepath ) (f(k,7)))
(V p€one-chainl. ¥V p'€one-chainl. p #= p' — fp N fp' = {})
(Vz € one-chainl. finite (f x))
using chainl-eq-chain2 chain-subdiv-chain-character by (auto simp add: pair-
wise-def chain-subdiv-chain-def)
have finite-chain2: finite subdiv
using finite-chainl f-props(1) f-props(4) by blast
have Ak ~v. (k, v) € subdiv = line-integral-exists F' basis vy
proof —
fix k ~
assume ass: (k, v) € subdiv
then obtain k' v’ where kp-gammap: (k';y’) € one-chainl (k,y) € f(k'')
using f-props(1) by fastforce
show line-integral-exists F basis ~y
proof (cases k' = 1)
assume k-eq-1: k' = 1
then have i:chain-subdiv-path v’ (f(k',y"))
using f-props(2) kp-gammap ass by auto
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have ii:boundary-chain (f(k',y"))
using f-props(1) ass assms kp-gammap by (meson UN-I boundary-chain-def)
have iii:line-integral-ezists F' basis '
using assms kp-gammap by blast
have iv: V(k, v)ef (k', v'). valid-path ~y
using f-props(1) ass assms kp-gammap by blast
show ?thesis
using line-integral-on-path-eq-line-integral-on-equiv-chain’(2)[OF 4 i iii iv
finite-basis| kp-gammap
by auto
next
assume k' # 1
then have k-eq-negl: k' = —1
using boundary-chainl kp-gammap
by (auto simp add: boundary-chain-def)
then have i:chain-subdiv-path (reversepath ~v') (f(k'/y"))
using f-props(2) kp-gammap by auto
have ii:boundary-chain (f(k'/y"))
using f-props(1) assms kp-gammap by (meson UN-I boundary-chain-def)
have i V(k, v)ef (k' v'). valid-path ~
using f-props(1) ass assms kp-gammap by blast
have iv: valid-path (reversepath ~')
using valid-path-equiv-valid-chain-list|OF i i iii)
by force
have line-integral-ezists F basis '
using assms kp-gammap by blast
then have z: line-integral-exists F basis (reversepath ~”)
using @ line-integral-on-reverse-path(2) valid-path-reversepath
by fastforce
show ?thesis
using line-integral-on-path-eq-line-integral-on-equiv-chain'(2)[OF i ii x iii
finite-basis] kp-gammap
by auto
qed
qed
then show V (k, v)€subdiv. line-integral-exists F basis v by auto
then show one-chain-line-integral F basis one-chainl = one-chain-line-integral
F basis subdiv
using one-chain-line-integral-eq-line-integral-on-sudivision(1) assms
by auto
qed

lemma line-integral-sum-gen:
assumes finite-basis:
finite basis and
line-integral-exists:
line-integral-exists F basisl ~y
line-integral-exists F basis2 v and
basis-partition:
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basisl U basis2 = basis basisl N basis2 = {}
shows line-integral F basis v = (line-integral F basis1 v) + (line-integral F
basis2 )
line-integral-exists F basis ~y
apply (simp add: line-integral-def)
proof —
have 0: integral {0..1} (Az. (3  b€basisl. F (v x) - b = (vector-derivative vy (at
z within {0..1}) - b)) +
(> bebasis2. F (v z) - b x (vector-derivative v (at
z within {0..1}) - b))) =
integral {0..1} (Ax. > b€basisl. F (v z) « b x (vector-derivative
(at x within {0..1}) + b)) +
integral {0..1} (Az. > b€basis2. F (v x) - b * (vector-derivative
v (at  within {0..1}) - b))
using Henstock- Kurzweil-Integration.integral-add line-integral-exists
by (auto simp add: line-integral-exists-def)
have 1: integral {0..1} (Az. > b€basis. F (v x) + b * (vector-derivative v (at
within {0..1}) - b)) =
integral {0..1} (Az. (3] b€basisl. F (v x) - b * (vector-derivative
v (at © within {0..1}) + b)) +
(3" b€basis2. F (v z) + b * (vector-derivative
(at z within {0..1}) - b)))
by (metis (mono-tags, lifting) basis-partition finite-Un finite-basis sum.union-disjoint)
show integral {0..1} (Az. > b€basis. F (y z) + b * (vector-derivative v (at x
within {0..1}) - b)) =
integral {0..1} (Az. Y b€basisl. F (y x) - b x (vector-derivative
(at x within {0..1}) - b)) +
integral {0..1} (Az. Y b€basis2. F (y x) + b x (vector-derivative
(at x within {0..1}) + b))
using 0 1
by auto
have 2: ((A\z. (3] bebasisl. F (y z) - b x (vector-derivative v (at x within {0..1})
)+
(>- bebasis2. F (v z) + b * (vector-derivative v (at
z within {0..1}) - b))) has-integral
integral {0..1} (Ax. > b€basisl. F (v z) - b x (vector-derivative
(at x within {0..1}) + b)) +
integral {0..1} (Az. Y b€basis2. F (v x) « b * (vector-derivative
v (at z within {0..1}) + b)) {0..1}
using Henstock-Kurzweil-Integration.has-integral-add line-integral-exists has-integral-integral
apply (auto simp add: line-integral-exists-def)
by blast
have 3: (A\z. > b€basis. F (v ) + b x (vector-derivative v (at x within {0..1}) -

b))
{0..1}) - b)) +

(at z within {0..1}) - b)))
by (metis (mono-tags, lifting) basis-partition finite-Un finite-basis sum.union-disjoint)

(Az. (O° bebasisl. F (v z) + b x (vector-derivative v (at z within

(3" b€basis2. F (v z) + b * (vector-derivative
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show line-integral-exists F basis
apply(auto simp add: line-integral-exists-def has-integral-integral)
using 2 3
using has-integral-integrable-integral by fastforce
qged

definition common-boundary-sudivision-exists where
common-boundary-sudivision-exists one-chainl one-chain2 =
Jsubdiv. chain-subdiv-chain one-chainl subdiv N
chain-subdiv-chain one-chain2 subdiv A
(V (k, v) € subdiv. valid-path ~)A

boundary-chain subdiv

lemma common-boundary-sudivision-commutative:

(common-boundary-sudivision-exists one-chainl one-chain2) = (common-boundary-sudivision-exists
one-chain2 one-chainl)

apply (simp add: common-boundary-sudivision-ezists-def)

by blast

lemma common-subdivision-imp-eq-line-integral:
assumes (common-boundary-sudivision-exists one-chainl one-chain2)
boundary-chain one-chainl
boundary-chain one-chain2
Y (k, v)€one-chainl. line-integral-exists F' basis vy
finite one-chainl
finite one-chain2
finite basis
shows one-chain-line-integral F basis one-chainl = one-chain-line-integral F
basis one-chain?2
Y (k, v)Eone-chain2. line-integral-exists F basis
proof —
obtain subdiv where subdiv-props:
chain-subdiv-chain one-chainl subdiv
chain-subdiv-chain one-chain2 subdiv
(Y (k, v) € subdiv. valid-path =)
(boundary-chain subdiv)
using assms
by (auto simp add: common-boundary-sudivision-exists-def)
have i: YV (k, v)€subdiv. line-integral-exists F basis vy
using one-chain-line-integral-eq-line-integral-on-sudivision’(2)| OF subdiv-props(1)
assms(2) subdiv-props(4) assms(4) subdiv-props(3) assms(5) assms(7))
by auto
show one-chain-line-integral F basis one-chainl = one-chain-line-integral F basis
one-chain2
using one-chain-line-integral-eq-line-integral-on-sudivision'(1)| OF subdiv-props(1)
assms(2) subdiv-props(4) assms(4) subdiv-props(3) assms(5) assms(7)]
one-chain-line-integral-eq-line-integral-on-sudivision(1)[OF subdiv-props(2)
assms(8) subdiv-props(4) i subdiv-props(3) assms(6) assms(7)]
by auto
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show V (k, v)Eone-chain?2. line-integral-exists F basis
using one-chain-line-integral-eq-line-integral-on-sudivision(2)[OF subdiv-props(2)
assms(3) subdiv-props(4) i subdiv-props(3) assms(6) assms(7)]
by auto
qed

definition common-sudiv-exists where
common-sudiv-ezists one-chainl one-chain2 =
I subdiv ps1 ps2. chain-subdiv-chain (one-chainl — psl) subdiv A
chain-subdiv-chain (one-chain2 — ps2) subdiv N
(V (k, v) € subdiv. valid-path ~v) A
(boundary-chain subdiv) A
(V (k, v) € psl. point-path ) A
(V (k, v) € ps2. point-path )

lemma common-sudiv-exists-comm:
shows common-sudiv-exists C1 C2 = common-sudiv-exists C2 C1
by (auto simp add: common-sudiv-ezists-def)

lemma line-integral-degenerate-chain:
assumes (V (k, v) € chain. point-path )
assumes finite basis
shows one-chain-line-integral F basis chain = 0
proof (simp add: one-chain-line-integral-def)
have V (k,g)€chain. line-integral F basis g = 0
using assms line-integral-point-path
by blast
then have V (k,g)€chain. real-of-int k * line-integral F basis g = 0 by auto
then have Ap. p € chain = (case p of (i, f) = real-of-int i x line-integral F
basis f) = 0
by fastforce
then show (> z€chain. case z of (k, g) = real-of-int k x line-integral F basis
9)=10
by simp
qed

lemma gen-common-subdiv-imp-common-subdiv:

shows (common-sudiv-exists one-chainl one-chain2) = (3 psl ps2. (common-boundary-sudivision-exists
(one-chainl — psl1) (one-chain2 — ps2)) A (Y (k, v)€psl. point-path v) A (V¥ (k,
v)Eps2. point-path 7))

by (auto simp add: common-sudiv-exists-def common-boundary-sudivision-exists-def)

lemma common-subdiv-imp-gen-common-subdiv:

assumes (common-boundary-sudivision-ezists one-chainl one-chain2)

shows (common-sudiv-ezists one-chainl one-chain2)

using assms

apply (auto simp add: common-sudiv-exists-def common-boundary-sudivision-exists-def)
by (metis Diff-empty all-not-in-conv)
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lemma one-chain-line-integral-point-paths:
assumes finite one-chain
assumes finite basis
assumes (V (k, v)Eps. point-path v)
shows one-chain-line-integral F basis (one-chain — ps) = one-chain-line-integral
F basis (one-chain)
proof—
have 0:(Vz€ps. case z of (k, g) = (real-of-int k x line-integral F basis g) = 0)
using line-integral-point-path assms
by force
show one-chain-line-integral F basis (one-chain — ps) = one-chain-line-integral
F basis one-chain
unfolding one-chain-line-integral-def using 0 «finite one-chainy
by (force simp add: intro: comm-monoid-add-class.sum.mono-neutral-left)
qed

lemma boundary-chain-diff:
assumes boundary-chain one-chain
shows boundary-chain (one-chain — s)
using assms
by (auto simp add: boundary-chain-def)

lemma gen-common-subdivision-imp-eq-line-integral:
assumes (common-sudiv-exists one-chainl one-chain2)
boundary-chain one-chainl
boundary-chain one-chain2
Y (k, v)€Eone-chainl . line-integral-exists F basis ~y
finite one-chainl
finite one-chain2
finite basis
shows one-chain-line-integral F basis one-chainl = one-chain-line-integral F
basis one-chain2
Y (k, v)Eone-chain2. line-integral-exists F basis ~y
proof —
obtain psi ps2 where gen-subdiv: (common-boundary-sudivision-exists (one-chainl
— psl) (one-chain2 — ps2)) (V (k, v)€psl. point-path v) (V (k, v)Eps2. point-path
7)
using assms(1) gen-common-subdiv-imp-common-subdiv
by blast
show one-chain-line-integral F basis one-chainl = one-chain-line-integral F basis
one-chain2
using one-chain-line-integral-point-paths gen-common-subdiv-imp-common-subdiv
assms(2—17) gen-subdiv
common-subdivision-imp-eg-line-integral(1)[OF gen-subdiv(1) boundary-chain-diff [ OF
assms(2)] boundary-chain-diff[OF assms(3)]]
by auto
show V (k, y)Eone-chain2. line-integral-exists F basis
proof—
obtain subdiv where subdiv-props:
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chain-subdiv-chain (one-chainl —psl) subdiv
chain-subdiv-chain (one-chain2—ps2) subdiv
(V (k, v) € subdiv. valid-path )
(boundary-chain subdiv)
using gen-subdiv(1)
by (auto simp add: common-boundary-sudivision-exists-def)
have V (k, v)€subdiv. line-integral-exists F' basis vy
using one-chain-line-integral-eq-line-integral-on-sudivision'(2) [ OF subdiv-props(1)
boundary-chain-diff [OF assms(2)] subdiv-props(4)] assms(4) subdiv-props(3) assms(5)
assms(7)
by blast
then have i: V (k, v)€one-chain2—ps2. line-integral-exists F basis v
using one-chain-line-integral-eq-line-integral-on-sudivision(2)[OF subdiv-props(2)
boundary-chain-diff [OF assms(3)] subdiv-props(4)] subdiv-props(3) assms(6) assms(7)
by blast
then show ?thesis
using gen-subdiv(3) line-integral-exists-point-path[OF assms(7)]
by blast
qed
qed

lemma common-sudiv-exists-refi:
assumes common-sudiv-exists C1 C2
shows common-sudiv-exists C2 C1
using assms
apply(simp add: common-sudiv-exists-def)
by auto

lemma chain-subdiv-path-singleton:
shows chain-subdiv-path v {(1,7)}
proof —
have rec-join [(1,7)] =~
by (simp add: joinpaths-def)
then have set [(1,7)] = {(1,7)} distinct [(1,7)] rec-join [(1,7)] = v valid-chain-list
[(Z.7)]
by auto
then show ?%thesis
by (metis (no-types) chain-subdiv-path.intros)
qed

lemma chain-subdiv-path-singleton-reverse:
shows chain-subdiv-path (reversepath ) {(—1,v)}
proof —
have rec-join [(—1,7)] = reversepath v
by (simp add: joinpaths-def)
then have set [(—1,7)] = {(— 1, )} distinct [(—1,7)]
rec-join [(—1,v)] = reversepath v valid-chain-list [(—1,7)]
by auto
then have chain-subdiv-path (reversepath ) (set [(— 1, )])
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using chain-subdiv-path.intros by blast
then show ?thesis
by simp
qed

lemma chain-subdiv-chain-refi:
assumes boundary-chain C
shows chain-subdiv-chain C C
using chain-subdiv-path-singleton chain-subdiv-path-singleton-reverse assms
unfolding chain-subdiv-chain-def boundary-chain-def pairwise-def using case-prodI2
coeff-cube-to-path.simps
by (rule-tac z=Az. {z} in exl) auto

definition reparam-weak where
reparam-weak y1 v2 = 3. (Vae{0..1}. y1z = (72 0 ¢) x) A @ piecewise-C1-differentiable-on
{01y Ap(0) =0 A1) =1A¢ {01} ={0..1}

definition reparam where

reparam v1 v2 = Jp. (Vze{0..1}. y1 2= (v2 0 ¢) x) A ¢ piecewise-C1-differentiable-on
{013 Ap(0) =0 A (1) =1 A bijbetw ¢ {0..1} {0..1} A —{0..1} C {0..1}
A (Vze{0..1}. finite (¢ —*{z}))

lemma reparam-weak-eq-refl:

shows reparam-weak v1 ~v1

unfolding reparam-weak-def

apply (rule-tac z=id in exl)

by (auto simp add: id-def piecewise-C1-differentiable-on-def C1-differentiable-on-def
continuous-on-id)

lemma line-integral-exists-smooth-one-base:
assumes 7 C1-differentiable-on {0..1}
continuous-on (path-image v) (Az. F x - b)
shows line-integral-exists F {b} v
proof—
have gamma2-differentiable: (Vz € {0 .. 1}. v differentiable at x)
using assms(1)
by (auto simp add: valid-path-def C1-differentiable-on-eq)
then have gamma2-b-component-differentiable: (Vz € {0 .. 1}. (Az. (y z) - b)
differentiable at x)
by auto
then have (Az. (y z) - b) differentiable-on {0..1}
using differentiable-at-withinl
by (auto simp add: differentiable-on-def)
then have gama2-cont-comp: continuous-on {0..1} (Az. (y z) - b)
using differentiable-imp-continuous-on
by auto
have gamma2-cont:continuous-on {0..1} v
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using assms(1) C1-differentiable-imp-continuous-on
by (auto simp add: valid-path-def)
have #ii: continuous-on {0..1} (Az. F (v z) - b * (vector-derivative v (at x within
{0.1}) - )
proof—
have 0: continuous-on {0..1} (Az. F (y z) - b)
using assms(2) continuous-on-compose[OF gammaZ2-cont]
by (auto simp add: path-image-def)
obtain D where D: (Vze{0..1}. (y has-vector-derivative D ) (at z)) A
continuous-on {0..1} D
using assms(1)
by (auto simp add: C1-differentiable-on-def)
then have *:Vze{0..1}. vector-derivative v (at z within{0..1}) = D x
using vector-derivative-at vector-derivative-at-within-ivl
by fastforce
then have continuous-on {0..1} (Az. vector-derivative v (at x within{0..1}))
using continuous-on-eq D by force
then have 1: continuous-on {0..1} (Az. (vector-derivative v (at z within{0..1}))
. b)
by (auto introl: continuous-intros)
show ?thesis
using continuous-on-mult[OF 0 1] by auto
qed
then have (Az. F (y z) - b % (vector-derivative vy (at z within {0..1}) + b))
integrable-on {0..1}
using integrable-continuous-real
by auto
then show line-integral-exists F' {b} v
by (auto simp add: line-integral-exists-def)
qed

lemma contour-integral-primitive-lemma;:
fixes f :: complexr = complex and g :: real = complex
assumes a < b
and Az. z € s = (f has-field-derivative f' z) (at x within s)
and g piecewise-differentiable-on {a..b} Az. z € {a..b} = gz € s
shows ((A\z. f'(g z) * vector-derivative g (at x within {a..b}))
has-integral (f(g b) — f(g a))) {a..b}
proof —
obtain k where k: finite k Vaze{a..b} — k. g differentiable (at x within {a..b})
and cg: continuous-on {a..b} g
using assms by (auto simp: piecewise-differentiable-on-def)
have cfg: continuous-on {a..b} (Az. f (g z))
apply (rule continuous-on-compose [OF cg, unfolded o-def])
using assms
apply (metis field-differentiable-def field-differentiable-imp-continuous-at con-
tinuous-on-eq-continuous-within continuous-on-subset image-subset-iff)
done
{ fix z::real
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assume a: ¢ < z and b: z < b and zk: z ¢ k
then have g differentiable at x within {a..b}
using k by (simp add: differentiable-at-withinI)
then have (g has-vector-derivative vector-derivative g (at z within {a..b})) (at
z within {a..b})
by (simp add: vector-derivative-works has-field-derivative-def scale R-conv-of-real)
then have ¢diff: (g has-derivative (Au. u x vector-derivative g (at x within
{a..b}))) (at z within {a..b})
by (simp add: has-vector-derivative-def scaleR-conv-of-real)
have (f has-field-derivative (f' (g x))) (at (g ) within g  {a..b})
using assms by (metis a atLeastAtMost-iff b DERIV-subset image-subset-iff
less-eg-real-def)
then have fdiff: (f has-derivative (x) (f' (g z))) (at (g x) within g ‘{a..b})
by (simp add: has-field-derivative-def)
have ((Az. f (g x)) has-vector-derivative f' (g z) x vector-derivative g (at x
within {a..b})) (at x within {a..b})
using diff-chain-within [OF gdiff fdiff]
by (simp add: has-vector-derivative-def scaleR-conv-of-real o-def mult-ac)
} note x = this
show ?thesis
apply (rule fundamental-theorem-of-calculus-interior-strong)
using k assms cfg *
apply (auto simp: at-within-Icc-at)
done
qed

lemma line-integral-primitive-lemma:
fixes f :: 'a::{euclidean-space,real-normed-field} = 'a::{ euclidean-space,real-normed-field}
and
g real = 'a
assumes A(a::'a). a € s = (f has-field-derivative (f' a)) (at a within s)
and g piecewise-differentiable-on {0::real..1} Az.z € {0..1} = gz € s
and base-vec € Basis
shows ((Az. ((f'(g z)) * (vector-derivative g (at z within {0..1}))) - base-vec)
has-integral (((f(g 1)) - base-vec — (f(g 0)) - base-vec))) {0..1}
proof —
obtain k where k: finite k Vz€{0..1} — k. g differentiable (at x within {0..1})
and cg: continuous-on {0..1} ¢
using assms by (auto simp: piecewise-differentiable-on-def)
have cfg: continuous-on {0..1} (Az. f (g z))
apply (rule continuous-on-compose [OF cg, unfolded o-def])
using assms
apply (metis field-differentiable-def field-differentiable-imp-continuous-at con-
tinuous-on-eq-continuous-within continuous-on-subset image-subset-iff’)
done
{ fix z::real
assume a: 0 < rand b: z < 1 and 2k: = ¢ k
then have g differentiable at x within {0..1}
using k by (simp add: differentiable-at-withinl)
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then have (g has-vector-derivative vector-derivative g (at x within {0..1})) (at
x within {0..1})
by (simp add: vector-derivative-works has-field-derivative-def scale R-conv-of-real)
then have gdiff: (g has-derivative (Au. of-real u * vector-derivative g (at x
within {0..1}))) (at x within {0..1})
by (simp add: has-vector-derivative-def scaleR-conv-of-real)
have (f has-field-derivative (f' (g x))) (at (g ) within g < {0..1})
using assms by (metis a atLeastAtMost-iff b DERIV-subset image-subset-iff
less-eq-real-def)
then have fdiff: (f has-derivative (x) (f' (g z))) (at (g x) within g {0..1})
by (simp add: has-field-derivative-def)
have ((Az. f (g z)) has-vector-derivative f' (g x) * vector-derivative g (at z
within {0..1})) (at z within {0..1})
using diff-chain-within [OF gdiff fdiff)
by (simp add: has-vector-derivative-def scaleR-conv-of-real o-def mult-ac)

then have x: Az. ze{0<..<1} — k = ((Az. f (g9 z)) has-vector-derivative f’
(g z) * vector-derivative g (at x within {0..1})) (at z within {0..1})
by auto
have ((Az. ((f'(g z))) * ((vector-derivative g (at x within {0..1}))))
has-integral ((f(g 1)) — (f(g 0))))) {01}
using fundamental-theorem-of-calculus-interior-strong|OF k(1) zero-le-one -
cfg]
using k assms cfg x by (auto simp: at-within-Icc-at)
then have ((Az. (((f(g z))) * ((vector-derivative g (at x within {0..1})))) -
base-vec)
has-integral (((f(g 1)) — (f(g 0)))) - base-vec) {0..1}
using has-integral-componentwise-iff assms(4)
by fastforce
then show ?thesis using inner-mult-left’
by (simp add: inner-mult-left’ inner-diff-left)
qed

lemma reparam-eq-line-integrals:
assumes reparam: reparam y1 v2 and
pw-smooth: v2 piecewise-C1-differentiable-on {0..1} and
cont: continuous-on (path-image v2) (Az. F z - b) and
line-integral-ex: line-integral-exists F {b} 2
shows line-integral F {b} v1 = line-integral F' {b} v2
line-integral-exists F {b} v1
proof—
obtain ¢ where phi: (Vz€{0..1}. v1 2= (v2 0 ¢) x) @ piecewise-C1-differentiable-on
{0..1} ¢(0) = 0 p(1) = 1bij-betw ¢ {0..1} {0..1} ¢ —“{0..1} C{0..1}Vze{0..1}.
finite (o —* {x})
using reparam
by (auto simp add: reparam-def)
obtain s where s: finite s ¢ C1-differentiable-on {0..1} — s
using phi
by (auto simp add: reparam-def piecewise-C1-differentiable-on-def)
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let 2s=sn{0..1}
have s-inter: finite ?s ¢ Cl1-differentiable-on {0..1} — ?s
using s
apply blast
by (metis Diff-Compl Diff-Diff-Int Diff-eq inf.commute s(2))
have cont-phi: continuous-on {0..1} ¢
using phi
by (auto simp add: reparam-def piecewise- C1-differentiable-on-imp-continuous-on)
obtain s’ D where s’-D: finite s’ (Vx € {0 .. 1} — s’. 42 differentiable at 1)
(Vze{0..1} — s’ (72 has-vector-derivative D z) (at x)) A continuous-on ({0..1}
— s D
using pw-smooth
apply (auto simp add: valid-path-def piecewise-C1-differentiable-on-def C1-differentiable-on-eq)
by (simp add: vector-derivative-works)
let %' =s'N{0..1}
have gamma2-differentiable: finite ?s' (Vx € {0 .. 1} — ?2s’. v2 differentiable
at ) (Vze{0..1} — ?2s’. (v2 has-vector-derivative D x) (at z)) N continuous-on
({0..1} — 25"\ D
using s’-D
apply blast
using s’-D(2) apply auto[1]
by (metis Diff-Int2 inf-top.left-neutral s’-D(3))
then have gamma2-b-component-differentiable: (Vx € {0 .. 1} — ?s’. (Az. (72
x) + b) differentiable at x)
using differentiable-inner by force
then have (A\z. (v2 z) - b) differentiable-on {0..1} — 25’
using differentiable-at-withinl
by (auto simp add: differentiable-on-def)
then have gama2-cont-comp: continuous-on ({0..1} — 2s") (Az. (y2 ) - b)
using differentiable-imp-continuous-on
by auto

have s-in01: ?s C {0..1} by auto
have s"-in01: s’ C {0..1} by auto
have phi-backimg-s": ¢ —“{0..1} C {0..1} using phi by auto
have inj-on ¢ {0..1} using phi(5) by (auto simp add: bij-betw-def)
have bij-phi: bij-betw ¢ {0..1} {0..1} using phi(5) by auto
have finite-bck-img-single: Vx€{0..1}. finite (¢ —* {z}) using phi by auto
then have finite-bck-img-single-s”. ¥V x€%s’. finite (¢ —‘ {z}) by auto
have gammaZ2-line-integrable: (Az. F (y2 z) « b * (vector-derivative v2 (at z
within {0..1}) - b)) integrable-on {0..1}
using line-integral-ex
by (simp add: line-integral-exists-def)

have finite-neg-img: finite (¢ —* ?s’)

using finite-bck-img-single

by (metis Int-iff finite-Int gamma2-differentiable( 1) image-vimage-eq inf-img-fin-dom”)
have gammaZ2-cont:continuous-on ({0..1} — 2s') v2

using gamma2-differentiable
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by (meson continuous-at-imp-continuous-on differentiable-imp-continuous-within)
have iii: continuous-on ({0..1} — 2s) (Az. F (v2 ) + b x (vector-derivative 2
(at z within {0..1}) - b))
proof—
have 0: continuous-on ({0..1} — 2s’) (Az. F (v2 x) - b)
using cont continuous-on-compose[OF gamma2-cont] continuous-on-compose2
gamma2-cont
unfolding path-image-def by fastforce
have D: (Vae{0..1} — ?s’. (72 has-vector-derivative D z) (at z)) A continu-
ous-on ({0..1} — 2s") D
using gamma2-differentiable
by auto
then have x:Vze€{0..1} — %s'. vector-derivative v2 (at © within{0..1}) = D z
using vector-derivative-at vector-derivative-at-within-ivl
by fastforce
then have continuous-on ({0..1} — ?s') (Az. vector-derivative v2 (at z within{0..1}))
using continuous-on-eq D
by metis
then have I: continuous-on ({0..1} — ?s') (Az. (vector-derivative v2 (at x
within{0..1})) - b)
by (auto intro!: continuous-intros)
show ?thesis
using continuous-on-mult[OF 0 1]
by auto
qed
have iv: ¢(0) < ¢(1)
using phi(3) phi(4)
by (simp add: reparam-def)
have v: ¢{0..1} C {0..1}
using phi
by (auto simp add: reparam-def bij-betw-def)
obtain D where D-props: (Vz€{0..1} — %s. (¢ has-vector-derivative D z) (at
D)
using s
by (auto simp add: C1-differentiable-on-def)
then have (Az. z € ({0..1} — ?s) = (p has-vector-derivative D x) (at x within
{0..1}))
using has-vector-derivative-at-within
by blast
then have vi: (Az. z € ({0..1} — %s) = (¢ has-real-derivative D z) (at x
within {0..1}))
using has-real-derivative-iff-has-vector-derivative
by blast
have a:(Az. D z x (F (72 (¢ z)) - b x (vector-derivative v2 (at (p x) within
{0..1}) - b))) has-integral
integral {¢ 0..p 1} (Ax. F (v2 x) - b x (vector-derivative v2 (at x
within {0..1}) - b))
({0..1})

proof—
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have a: integral {¢ 1..p 0} (A\z. F (v2 z) - b % (vector-derivative v2 (at z
within {0..1}) - b)) = 0 using integral-singleton integral-empty iv
by (simp add: phi(3) phi(4))
have b: (Az. Dz xg (F (v2 (¢ z)) - b * (vector-derivative v2 (at (¢ x) within
{0..1}) - b))) has-integral
integral {¢ 0..p 1} (Az. F (y2 z) - b * (vector-derivative v2 (at
x within {0..1}) - b)) — integral {¢ 1.0 0} (A\z. F (y2 z) + b * (vector-derivative
~v2 (at x within {0..1}) - b))
{0..1}
apply(rule has-integral-substitution-general-|OF s-inter(1) zero-le-one gammaZ2-differentiable(1)
v gamma2-line-integrable iii cont-phi finite-bck-img-single-s'])
proof—
have surj-on {0..1} ¢
using bij-phi
by (metis (full-types) bij-betw-def image-subsetl rangel)
then show surj-on ?s’ @ using bij-phi s’-in01
by blast
show inj-on ¢ ({0..1} U (s U ¢ —* 25))
proof—
have i: inj-on ¢ {0..1} using bij-phi
using bij-betw-def by blast
have i: ({0..1} U (?sU ¢ —* %2s')) = {0..1} using phi-backimg-s’ s-in01
s'-in01
by blast
show ?thesis using i it by auto
qed
show Az. z € {0..1} — ?s = (p has-real-derivative D x) (at x within {0..1})
using vi by blast
qed
show ?thesis using a b by auto
qed
then have b: integral {0..1} (Az. D z * (F (v2 (p z)) + b * (vector-derivative
~v2 (at (¢ ) within {0..1}) - b))) =
integral {¢ 0.0 1} (Az. F (y2z) - b * (vector-derivative v2 (at
z within {0..1}) - b))
by auto
have gammaZ2-vec-diffable: Nx::real. x € {0..1} — ((¢ = ?s") U 25) = (72 0
©) has-vector-derivative vector-derivative (v2 o ¢) (at x)) (at z)

proof—
fix z::real
assume ass: ¢ € {0..1} — ((p —* 2s) U %)
have zer-le-z-le-1:0< x A x < 1 using ass
by simp

show ((v2 o ¢) has-vector-derivative vector-derivative (y2 o o) (at z)) (at x)
proof—
have xx: v2 differentiable at (¢ )
using gammaZ2-differentiable(2) ass v
by blast
have xxx: ¢ differentiable at x
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using s ass
by (auto simp add: C1-differentiable-on-eq)
then show ((y2 o @) has-vector-derivative vector-derivative (72 o ¢) (at ))
(at z)
using differentiable-chain-at[OF s sx]
by (auto simp add: vector-derivative-works)
qed
qed
then have gammaZ2-vec-deriv-within: N\z::real. € {0..1} — ((p —° 28’) U %)
= wvector-derivative (y2 o ¢) (at z) = wvector-derivative (72 o ¢) (at x within
{0..1})
using vector-derivative-at-within-iwl| OF gammag2-vec-diffable]
by auto
have Vze{0..1} — ((¢p —° %) U %2s). D x x (vector-derivative v2 (at (¢ z)
within {0..1}) - b) = (vector-derivative (v2 o ¢) (at z within {0..1}) - b)
proof
fix z::real
assume ass: z € {0..1} —((¢ —* ?s") U %)
then have 0: ¢ differentiable (at )
using s by (auto simp add: C1-differentiable-on-def differentiable-def has-vector-derivative-def)
obtain D2 where (¢ has-vector-derivative D2) (at x)
using D-props ass by blast
have p v € {0..1} — %5’
using phi(5) ass by (metis Diff-Un Diff-iff Int-iff bij-betw-def image-eql
vimagel )
then have 1: 2 differentiable (at (¢ x))
using gamma2-differentiable
by auto
have 3: vector-derivative v2 (at (¢ )) = wvector-derivative v2 (at (¢ x) within
{0..1})
proof—
have x:0< ¢ x A ¢ x < 1 using phi(5) ass
using «p z € {0..1} — s'N {0..1}» by auto
then have *x:(v2 has-vector-derivative (vector-derivative v2 (at (¢ z)))) (at

(¢ 2)
using 1 vector-derivative-works by auto
show ?thesis
using * vector-derivative-at-within-ivl[OF xx| by auto
qed
show D z % (vector-derivative v2 (at (¢ x) within {0..1}) - b) = vector-derivative
(72 o @) (at z within {0..1}) - b
using vector-derivative-chain-at[OF 0 1]
apply (auto simp add: gamma2-vec-deriv-within| OF ass, symmetric] 3[symmetric])
using D-props ass vector-derivative-at
by fastforce
qed
then have c:Az. z€({0..1} —((p = 28") U 93)) = Dz x (F (v2 (p x)) - b
* (vector-derivative v2 (at (¢ x) within {0..1}) -+ b)) =
F (72 (p z)) - b * (vector-derivative (72 o ¢) (at
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within {0..1}) - b)
by auto
then have d: integral ({0..1}) (Az. D z x (F (72 (¢ z)) - b * (vector-derivative
v2 (at (p =) within {0..1}) - b))) =
integral ({0..1}) (Az. F (v2 (¢ z)) - b =*
(vector-derivative (v2 o @) (at z within {0..1}) - b))
proof—
have negligible ((p —* ?s') U ?s) using finite-neg-img s(1) by auto
then show ?thesis
using c integral-spike by (metis(no-types,lifting))
qed
have phi-in-int: (Nz. z € {0..1} = ¢ x € {0..1}) using phi
using v by blast
then have e: (Az. F (72 (p z)) - b * (vector-derivative (v2 o ¢) (at z within
{0..1}) - b)) has-integral
integral {@ 0..p 1} (Az. F (v2 z) - b x (vector-derivative
~v2 (at x within {0..1}) - b))){0..1}
proof—
have negligible s using s-inter(1) by auto
have 0: negligible ((¢ —¢ ?s’) U 2s) using finite-neg-img s(1) by auto
have ¢V z€ {0..1} — ((p —° 28") U %s). Dz % (F (v2 (¢ ) - b %
(vector-derivative v2 (at (p z) within {0..1}) - b)) =
F (72 (p z)) - b * (vector-derivative (72 o ¢) (at
within {0..1}) «+ b)
using ¢ by blast
have has-integral-spike-eq”: A\s t f g y. negligible s —
Vzet — s. gx = fx = (f has-integral
y) t = (g has-integral y) t
using has-integral-spike-eq by metis
show ?thesis
using a has-integral-spike-eq'|OF 0 ¢'] by blast
qed
then have f: (A\z. F (v1 z) - b * (vector-derivative ~1 (at x within {0..1}) -
b)) has-integral
integral {¢ 0..p 1} (Az. F (y2 x) - b * (vector-derivative v2 (at
x within {0..1}) - b)))

{0..1}
proof—
assume ass: (Az. F (72 (p z)) + b * (vector-derivative (y2 o ¢) (at z within
{0..1}) - b)) has-integral
integral {p 0..p 1} (Az. F (v2 z) - b * (vector-derivative
~v2 (at x within {0..1}) - b)))
{0..1}
have «:Vze{0..1} — ( ((p —“ %) U %) U {0,1}). (M. F (72 (p x)) + b *
(vector-derivative (v2 o ¢) (at z within {0..1}) « b)) z =
(Az. F (v1 z) - b * (vector-derivative ~y1
(at x within {0..1}) - b))
proof—
have Vze{0<..<1} — (¢ —* ?s" U %s). (vector-derivative (v2 o ¢) (at z
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within {0..1}) < b) = (vector-derivative (1) (at z within {0..1}) - b)
proof
have i: open ({0<..<1} — ((p —* ?s') U %s)) using open-diff s(1)
open-greater ThanLessThan finite-neg-img
by (simp add: open-diff)
have #: Vrze{0<..<I:ureal} — (p —‘ %' U %s). (v2 o ¢) & = 1 = using
phi(1)
by auto
fix z::real
assume ass: z € {0<.<Iureal} — ((p —¢ 28") U %)
then have iii: (72 o ¢ has-vector-derivative vector-derivative (72 o ¢) (at
z within {0..1})) (at z)
by (metis (no-types) Diff-iff add.commute add-strict-mono ass atLeast-
AtMost-iff gamma2-vec-deriv-within gamma2-vec-diffable greaterThanLessThan-iff
less-irrefl not-le)

then have iv:(y! has-vector-derivative vector-derivative (v2 o ¢) (at z
within {0..1})) (at )
using has-derivative-transform-within-open i i ass
apply(auto simp add: has-vector-derivative-def)
apply (meson ass has-derivative-transform-within-open i i)
apply (meson ass has-derivative-transform-within-open i i)
by (meson ass has-derivative-transform-within-open i i)
have v: 0 < z 2 < 1 using ass by auto
have 0: vector-derivative v1 (at z within {0..1}) = vector-derivative (v2 o
v) (at x within {0..1})
using vector-derivative-at-within-wl[OF iv v(1) v(2) zero-less-one]
by force
have 1: vector-derivative (72 o ¢) (at x within {0..1}) = vector-derivative
(72 o ¢) (at z within {0..1})
using vector-derivative-at-within-wl[OF iii v(1) v(2) zero-less-one]
by force
then have vector-derivative (72 o ¢) (at z within {0..1}) = vector-derivative
~v1 (at z within {0..1})
using 0 I by auto
then show wvector-derivative (v2 o ¢) (at x within {0..1}) - b = vec-
tor-derivative v1 (at x within {0..1}) - b by auto
qed
then have i: Vze{0..1} — ( ((¢ —* %s’) U 25)U{0,1}). (vector-derivative
(72 o ) (at z within {0..1}) « b) = (vector-derivative (vy1) (at z within {0..1})
. b)
by auto
have 7i: Vze{0..1} — (((p = 2s") U 25)U{0,1}). F (y1z)-b= F (v2 (¢
7)) - b
using phi(1)
by auto
show ?Zthesis
using ¢ it by metis
qed
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have sxx: negligible ((¢ —¢ ?s’) U 2s U {0, 1}) using s(1) finite-neg-img by
auto
have has-integral-spike-eq”: A\s t g f y. negligible s =
Vzet — s. g x = fx = (f has-integral y) t = (g
has-integral y) t
using has-integral-spike-eq by metis
show ?thesis
using has-integral-spike-eq'|OF *x x| ass
by blast
qged
then show line-integral-exists F {b} 1
using phi by(auto simp add: line-integral-exists-def)
have integral ({0..1}) (Az. F (72 (¢ )) - b * (vector-derivative (y2 o ¢) (at x
within {0..1}) - b)) =
integral ({0..1}) (Ax. F (y1 z) - b x (vector-derivative v1 (at z
within {0..1}) + b))
using integral-unique[OF €] integral-unique[ OF f]
by metis
moreover have integral ({0..1}) (Az. F (72 (¢ z)) - b * (vector-derivative (2
o ) (at x within {0..1}) - b)) =
integral ({0..1}) (A\z. F (y2 z) - b * (vector-derivative v2 (at
x within {0..1}) + b))
using b d phi by (auto simp add:)
ultimately show line-integral F {b} v1 = line-integral F' {b} v2
using phi by(auto simp add: line-integral-def)
qged

lemma reparam-weak-eq-line-integrals:
assumes reparam-weak y1 2
~v2 Cl-differentiable-on {0..1}
continuous-on (path-image v2) (Az. F x - b)
shows line-integral F {b} v1 = line-integral F {b} v2
line-integral-exists F {b} v1
proof—
obtain ¢ where phi: (Vze{0..1}. v1z = (y2 0 ¢) z) p piecewise-CI-differentiable-on
(0.1} p(0) =0 (1) =1 ¢ “{0..1} = {0..1}
using assms(1)
by (auto simp add: reparam-weak-def)
obtain s where s: finite s ¢ C1-differentiable-on {0..1} — s
using phi
by (auto simp add: reparam-weak-def piecewise-C1-differentiable-on-def)
have cont-phi: continuous-on {0..1} ¢
using phi
by (auto simp add: reparam-weak-def piecewise- C1-differentiable-on-imp-continuous-on)
have gamma2-differentiable: (Vz € {0 .. 1}. v2 differentiable at x)
using assms(2)
by (auto simp add: valid-path-def C1-differentiable-on-eq)
then have gamma2-b-component-differentiable: (Vz € {0 .. 1}. (Az. (v2z) - b)
differentiable at x)
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by auto
then have (\z. (y2 z) « b) differentiable-on {0..1}
using differentiable-at-withinl
by (auto simp add: differentiable-on-def)
then have gamaZ2-cont-comp: continuous-on {0..1} (Az. (y2 x) - b)
using differentiable-imp-continuous-on
by auto
have gammaZ2-cont:continuous-on {0..1} 2
using assms(2) C1-differentiable-imp-continuous-on
by (auto simp add: valid-path-def)
have iii: continuous-on {0..1} (Az. F (v2 z) - b x (vector-derivative v2 (at x
within {0..1}) + b))
proof—
have 0: continuous-on {0..1} (Az. F (y2 z) - b)
using assms(3) continuous-on-compose[OF gammaZ2-cont]
by (auto simp add: path-image-def)
obtain D where D: (Vze{0..1}. (v2 has-vector-derivative D x) (at x)) A
continuous-on {0..1} D
using assms(2) by (auto simp add: Cl1-differentiable-on-def)
then have *:Vze{0..1}. vector-derivative v2 (at x within{0..1}) = D z
using vector-derivative-at vector-derivative-at-within-ivl
by fastforce
then have continuous-on {0..1} (Az. vector-derivative v2 (at x within{0..1}))
using continuous-on-eq D by force
then have 1: continuous-on {0..1} (Az. (vector-derivative v2 (at x within{0..1}))
. b)
by (auto intro!: continuous-intros)
show ?thesis
using continuous-on-mult[OF 0 1] by auto
qed
have w: ¢(0) < ¢(1)
using phi(3) phi(4) by (simp add: reparam-weak-def)
have v: ¢{0..1} C {0..1}
using phi(5) by (simp add: reparam-weak-def)
obtain D where D-props: (Vz€{0..1} — s. (¢ has-vector-derivative D z) (at x))
using s
by (auto simp add: C1-differentiable-on-def)
then have (Az. z € ({0..1} —s) = (¢ has-vector-derivative D z) (at x within
{0.1}))
using has-vector-derivative-at-within by blast
then have vi: (Az. z € ({0..1} — s) = (p has-real-derivative D z) (at x within
{0..1})
using has-real-derivative-iff-has-vector-derivative
by blast
have a:(Az. D z x (F (v2 (¢ z)) - b x (vector-derivative v2 (at (p x) within
{0..1}) - b)) has-integral
integral {¢ 0..p 1} (Ax. F (v2 x) - b x (vector-derivative v2 (at x
within {0..1}) - b)))
{0..1}
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using has-integral-substitution-strong[OF s(1) zero-le-one v v ii cont-phi vi]
by simp
then have b: integral {0..1} (Az. D z x (F (v2 (¢ z)) - b * (vector-derivative
v2 (at (p =) within {0..1}) - b))) =
integral {¢ 0.0 1} (Az. F (v2 z) - b x (vector-derivative v2 (at
x within {0..1}) + b))
by auto
have gammaZ2-vec-diffable: Ax::real. z € {0..1} —s => ((v2 0 ) has-vector-derivative
vector-derivative (72 o ) (at x)) (at z)
proof—
fix z::real
assume ass: ¢ € {0..1} —s
have zer-le-z-le-1:0< z A x < 1 using ass by auto
show ((v2 o ) has-vector-derivative vector-derivative (v2 o ) (at z)) (at x)
proof—
have *x: v2 differentiable at (¢ )
using phi gamma2-differentiable
by (auto simp add: zer-le-z-le-1)
have xxx: @ differentiable at x
using s ass
by (auto simp add: C1-differentiable-on-eq)
then show ((72 o ¢) has-vector-derivative vector-derivative (v2 o ) (at z))
(at z)
using differentiable-chain-at[OF s x|
by (auto simp add: vector-derivative-works)
qged
qed
then have gamma2-vec-deriv-within: Ax::real. x € {0..1} —s = vector-derivative
(72 o @) (at z) = vector-derivative (72 o @) (at x within {0..1})
using vector-derivative-at-within-wl[ OF gamma2-vec-diffable]
by auto
have Vze{0..1} — s. D = * (vector-derivative v2 (at (¢ z) within {0..1}) - b)
= (vector-derivative (v2 o @) (at z within {0..1}) - b)
proof
fix z::real
assume ass: ¢ € {0..1} —s
then have 0: ¢ differentiable (at x)
using s
by (auto simp add: C1-differentiable-on-def differentiable-def has-vector-derivative-def)
obtain D2 where (¢ has-vector-derivative D2) (at x)
using D-props ass
by blast
have ¢ z € {0..1}
using phi(5) ass
by (auto simp add: reparam-weak-def)
then have 1: v2 differentiable (at (¢ ))
using gamma2-differentiable
by auto
have 3: vector-derivative v2 (at (¢ z)) = wvector-derivative v2 (at (¢ x) within
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{0..1})

proof—
have x:0< ¢ x A ¢ x < 1 using phi(5) ass by auto
then have x:(y2 has-vector-derivative (vector-derivative v2 (at (¢ x)))) (at
(v 2))
using 1 vector-derivative-works
by auto
show ?thesis
using * vector-derivative-at-within-ivl[ OF xx]
by auto
qed
show D z % (vector-derivative v2 (at (¢ x) within {0..1}) - b) = vector-derivative
(72 o @) (at z within {0..1}) + b
using vector-derivative-chain-at[OF 0 1]
apply (auto simp add: gamma2-vec-deriv-within| OF ass, symmetric] 3[symmetric])
using D-props ass vector-derivative-at
by fastforce
qed
then have c:A\z. z€({0..1} —s) = Dz x (F (v2 (p z)) - b * (vector-derivative
~v2 (at (p z) within {0..1}) - b)) =
F (v2 (¢ x)) - b * (vector-derivative (v2 o ¢) (at x
within {0..1}) - b)
by auto
then have d: integral ({0..1}) (Az. Dz * (F (72 (¢ z)) + b x (vector-derivative
v2 (at (p =) within {0..1}) - b))) =
integral ({0..1}) (Ax. F (v2 (¢ z)) - b =
(vector-derivative (v2 o ¢) (at x within {0..1}) - b))
proof—
have negligible s using s(1) by auto
then show ?thesis
using c integral-spike by (metis(no-types,lifting))
qed
have phi-in-int: (Nz. z € {0..1} = ¢ z € {0..1}) using phi
by (auto simp add:)
then have e: (Az. F' (v2 (¢ z)) + b x (vector-derivative (72 o @) (at z within
{0..1}) - b)) has-integral
integral {@ 0..p 1} (Az. F (v2 z) - b x (vector-derivative
~v2 (at x within {0..1}) - b))){0..1}
proof—
have 0:negligible s using s(1) by auto
have ¢V z€ {0..1} —s. Dz * (F (v2 (¢ x)) - b * (vector-derivative v2 (at
(¢ ) within {0..1}) - b)) =
F (72 (p z)) - b * (vector-derivative (72 o ¢) (at
within {0..1}) - b)
using c by auto
have has-integral-spike-eq”: A\s t f g y. negligible s =
Vzet — s. gz = fo = (f has-integral y) t
= (g has-integral y) t
using has-integral-spike-eq by metis
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show ?thesis
using a has-integral-spike-eq'|OF 0 ¢’ by blast
qed
then have f: ((Az. F (v1 z) - b * (vector-derivative ~1 (at z within {0..1}) -
b)) has-integral
integral {¢ 0..p 1} (Az. F (72 z) - b * (vector-derivative v2 (at
x within {0..1}) -+ b)))

{0..1}
proof—
assume ass: (A\z. F (72 (¢ x)) - b * (vector-derivative (v2 o ¢) (at x within
{0..1}) - b)) has-integral
integral {p 0..p 1} (Az. F (v2 x) + b * (vector-derivative
~v2 (at x within {0..1}) - b)))
{0..1}
have «:Vze{0..1} — (sU{0,1}). (Az. F (v2 (¢ z)) - b * (vector-derivative (v2
o ) (at x within {0..1}) - b)) x =
(Az. F (y1 z) - b * (vector-derivative 1
(at x within {0..1}) + b))
proof—
have Vze{0<..<1} — s. (vector-derivative (v2 o ¢) (at z within {0..1}) -
b) = (vector-derivative (v1) (at z within {0..1}) - b)
proof
have i: open ({0<..<1} — s) using open-diff s open-greaterThanLessThan
by blast
have ii: Vze{0<..<I:real} — s. (y2 o ¢) x = 1 z using phi(1)
by auto
fix x::real
assume ass: ¢ € {0<..<I:ureal} — s
then have iii: (v2 o ¢ has-vector-derivative vector-derivative (v2 o @) (at
z within {0..1})) (at z)
using has-vector-derivative-at-within gamma2-vec-deriv-within gamma2-vec-diffable
by auto

then have iv:(y! has-vector-derivative vector-derivative (v2 o ¢) (at z
within {0..1})) (at z)
using has-derivative-transform-within-open i i ass
apply(auto simp add: has-vector-derivative-def)
by force
have v: 0 < z z < 1 using ass by auto
have 0: vector-derivative v1 (at x within {0..1}) = vector-derivative (y2 o
v) (at  within {0..1})
using vector-derivative-at-within-wl[OF iv v(1) v(2) zero-less-one]
by force
have 1: vector-derivative (v2 o @) (at x within {0..1}) = vector-derivative
(72 o @) (at x within {0..1})
using vector-derivative-at-within-il[OF i v(1) v(2) zero-less-one]
by force
then have vector-derivative (v2 o ) (at z within {0..1}) = vector-derivative
~v1 (at z within {0..1})
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using 0 I by auto
then show vector-derivative (72 o ¢) (at x within {0..1}) + b = wvec-
tor-derivative v1 (at x within {0..1}) - b by auto
qed
then have i: Vze{0..1} — (sU{0,1}). (vector-derivative (v2 o ¢) (at z
within {0..1}) - b) = (vector-derivative (vy1) (at x within {0..1}) - b)
by auto
have ii: Vze{0..1} — (sU{0,1}). F (y1z)-b= F (v2 (px)) b
using phi(1) by auto
show ?thesis
using 7 it by auto
qed
have xx: negligible (sU{0,1}) using s(1) by auto
have has-integral-spike-eq”: A\s t g f y. negligible s =
Vzet — s. g x = fx = (f has-integral y) t = (g
has-integral y) t
using has-integral-spike-eq by metis
show ?thesis
using has-integral-spike-eq'|OF *x x| ass
by blast
qged
then show line-integral-exists F {b} v1
using phi by(auto simp add: line-integral-exists-def)
have integral ({0..1}) (Az. F (72 (¢ )) - b * (vector-derivative (y2 o ¢) (at x
within {0..1}) - b)) =
integral ({0..1}) (A\x. F (y1 z) - b x (vector-derivative v1 (at z
within {0..1}) + b))
using integral-unique[OF e] integral-unique[OF f]
by metis
moreover have integral ({0..1}) (Az. F (72 (¢ z)) - b * (vector-derivative (2
o ) (at x within {0..1}) - b)) =
integral ({0..1}) (A\z. F (y2 z) - b * (vector-derivative v2 (at
z within {0..1}) + b))
using b d phi by (auto simp add:)
ultimately show line-integral F {b} v1 = line-integral F {b} v2
using phi by (auto simp add: line-integral-def)
qed

lemma line-integral-sum-basis:
assumes finite (basis::('a::euclidean-space) set) V bebasis. line-integral-exists F
{o} ~
shows line-integral F basis v = (3 b€basis. line-integral F {b} )
line-integral-exists F basis vy
using assms
proof (induction basis)
show line-integral F {} v = (3_ be{}. line-integral F {b} =)
by (auto simp add: line-integral-def)
show V be{}. line-integral-exists F {b} v = line-integral-exists F {} ~
by(simp add: line-integral-exists-def integrable-0)
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next
fix basis::('a::euclidean-space) set
fix z::'a::euclidean-space
fix ~
assume ind-hyp: (V b€basis. line-integral-exists F {b} v = line-integral-exists
F basis )
(V bebasis. line-integral-exists F {b} v = line-integral F basis v = (3 b€basis.
line-integral F {b} ¥))
assume step: finite basis
T ¢ basis
Y beinsert « basis. line-integral-exists F {b} ~
then have 0: line-integral-exists F {x} ~ by auto
have I1:line-integral-exists F basis vy
using ind-hyp step by auto
then show line-integral-exists F (insert x basis) vy
using step(1) step(2) line-integral-sum-gen(2)[OF - 0 1] by simp
have 3: finite (insert x basis) using step(1) by auto
have line-integral I basis v = (> bebasis. line-integral F {b} )
using ind-hyp step by auto
then show line-integral F (insert « basis) v = (> b€insert x basis. line-integral
F {b} 7)
using step(1) step(2) line-integral-sum-gen(1)[OF 3 0 1]
by force
qed

lemma reparam-weak-eq-line-integrals-basis:
assumes reparam-weak y1 v2
~v2 C1-differentiable-on {0..1}
Y bebasis. continuous-on (path-image v2) (Ax. F x « b)
finite basis
shows line-integral F basis v1 = line-integral F basis v2
line-integral-exists F basis 1
proof—
show line-integral-ezists F basis y1
using reparam-weak-eg-line-integrals(2)[OF assms(1) assms(2)] assms(3—4)
line-integral-sum-basis(2)[OF assms(4)]
by (simp add: subset-iff)
show line-integral F basis v1 = line-integral F basis v2
using reparam-weak-eq-line-integrals| OF assms(1) assms(2)] assms(3—4) line-integral-sum-basis(1)[OF
assms(4)]
line-integral-exists-smooth-one-base| OF assms(2)]
by (simp add: subset-iff)
qged

lemma reparam-eq-line-integrals-basis:
assumes reparam y1 2
~v2 piecewise-C1-differentiable-on {0..1}
Y bebasis. continuous-on (path-image v2) (A\x. F z - b)
finite basis
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Y bebasis. line-integral-exists F {b} v2
shows line-integral F basis 71 = line-integral F basis v2
line-integral-exists F basis v1
proof—
show line-integral-exists F basis 1
using reparam-eg-line-integrals(2)|OF assms(1) assms(2)] assms(3—5) line-integral-sum-basis(2)[OF
assms(4)]
by (simp add: subset-iff)
show line-integral F basis v1 = line-integral F basis v2
using reparam-eq-line-integrals| OF assms(1) assms(2)] assms(3—35) line-integral-sum-basis(1)[OF
assms(4)]
by(simp add: subset-iff)
qed

lemma line-integral-exists-smooth:
assumes vy C1-differentiable-on {0..1}
Y (b::'a::euclidean-space) €basis. continuous-on (path-image v) (Az. F x + b)
finite basis
shows line-integral-exists F basis ~y
using reparam-weak-eq-line-integrals-basis(2)[OF reparam-weak-eq-refi[where ?v1.0
= 1]] assms
by fastforce

lemma smooth-path-imp-reverse:

assumes g ClI-differentiable-on {0..1}

shows (reversepath g) C1-differentiable-on {0..1}

using assms continuous-on-const

apply (auto simp: reversepath-def)

apply (rule C1-differentiable-compose [of Ax::real. 1 —x - g, unfolded o-def])
apply (auto simp: C1-differentiable-on-eq)

apply (simp add: finite-vimagel inj-on-def)

done

lemma piecewise-smooth-path-imp-reverse:
assumes g piecewise-C1-differentiable-on {0..1}
shows (reversepath g) piecewise-C1-differentiable-on {0..1}
using assms valid-path-reversepath
using valid-path-def by blast

definition chain-reparam-weak-chain where
chain-reparam-weak-chain one-chainl one-chain2 =
If. bij f N f ¢ one-chainl = one-chain2 N (V (k,y)Eone-chainl. if k = fst
(f(k,y)) then reparam-weak ~ (snd (f(k,y))) else reparam-weak ~ (reversepath (snd

(f(E)))))

lemma chain-reparam-weak-chain-line-integral:
assumes chain-reparam-weak-chain one-chainl one-chain2
Y (k2,v2)€one-chain2. v2 C1-differentiable-on {0..1}
Y (k2,72)€one-chain2.¥ b€basis. continuous-on (path-image v2) (Az. F x - b)
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finite basis
and boundl: boundary-chain one-chainl
and bound2: boundary-chain one-chain2
shows one-chain-line-integral F basis one-chainl = one-chain-line-integral F
basis one-chain2
Y (k, v)€one-chainl. line-integral-exists F basis ~y
proof—
obtain f where f: bij f
(V (k,y)€one-chainl. if k = fst (f(k,y)) then reparam-weak v (snd (f(k,y))) else
reparam-weak v (reversepath (snd (f(k,y)))))
f ¢ one-chainl = one-chain2
using assms(1)
by (auto simp add: chain-reparam-weak-chain-def)
have 0: YV z€one-chainl. (case x of (k, v) = (real-of-int k * line-integral F basis
v) = (case f z of (k, v) = real-of-int k * line-integral F basis ) A
line-integral-exists F basis )
proof
{fix k1 ~1
assume ass!: (k1,y1) €one-chainl
have real-of-int k1 * line-integral F basis v1 = (case (f (k1,41)) of (k2,v2)
= real-of-int k2 * line-integral F basis v2) A
line-integral-exists F basis 1
proof (cases)
assume ass2: k1 = 1
let 2k2 = fst (f (k1,~1))
let 72 = snd (f (k1,~v1))
have real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis 2y2N
line-integral-exists F basis 1
proof(cases)
assume ass3: k2 = 1
then have 0: reparam-weak v1 ?v2
using ass! ass2 f(2)
by auto
have 1: ?y2 Cli-differentiable-on {0..1}
using f(3) assms(2) ass!
by force
have 2: V be€basis. continuous-on (path-image 9v2) (Az. F x + b)
using f(3) assms(3) assl
by force
show real-of-int k1 * line-integral F basis v1 = real-of-int k2 x line-integral
F basis 7v2 N
line-integral-exists F basis y1
using assms reparam-weak-eq-line-integrals-basis[OF 0 1 2 assms(4)]
ass2 ass3
by auto
next
assume ?k2 # 1
then have ass3: k2 = —1
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using bound2 ass1 f(8) unfolding boundary-chain-def by force
then have 0: reparam-weak 1 (reversepath ?v2)
using ass! ass2 f(2)
by auto
have 1: (reversepath ?y2) Cl-differentiable-on {0..1}
using f(3) assms(2) assl smooth-path-imp-reverse
by force
have 2: YV bebasis. continuous-on (path-image (reversepath ?v2)) (Az. F x

using f(3) assms(3) assl path-image-reversepath
by force
have 3: line-integral F basis ?y2 = — line-integral F basis (reversepath
v2)
proof—

have i:valid-path (reversepath 9v2)
using 1 C1-differentiable-imp-piecewise
by (auto simp add: valid-path-def)
show ?thesis
using line-integral-on-reverse-path(1)[OF i line-integral-exists-smooth[ OF
1 21]] assms
by auto
qed
show real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis ?v2 A
line-integral-exists F basis v1
using assms reparam-weak-eq-line-integrals-basis|OF 0 1 2 assms(4)]
ass2 ass3 3
by auto
qed
then show real-of-int k1 * line-integral F basis v1 = (case f (k1, v1) of
(k2, v2) = real-of-int k2 * line-integral F basis v2) A
line-integral-exists F basis 1
by (simp add: case-prod-beta’)
next
assume kI # 1
then have ass2: k1 = —1
using bound! ass! f(3) unfolding boundary-chain-def by force
let %k2 = fst (f (k1,~1))
let #v2 = snd (f (k1, v1))
have real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis 7v2 N
line-integral-exists F basis 1
proof(cases)
assume ass3: k2 = 1
then have 0: reparam-weak 1 (reversepath ?v2)
using ass! ass2 f(2)
by auto
have 1: (reversepath ?vy2) C1-differentiable-on {0..1}
using f(3) assms(2) assl smooth-path-imp-reverse
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by force
have 2: YV bebasis. continuous-on (path-image (reversepath ?v2)) (Az. F x

using f(3) assms(8) assl path-image-reversepath
by force
have 3: line-integral F basis ?y2 = — line-integral F basis (reversepath
v2)
proof—

have i:valid-path (reversepath ?v2)
using 1 C1-differentiable-imp-piecewise
by (auto simp add: valid-path-def)
show ?thesis
using line-integral-on-reverse-path(1)[OF i line-integral-ezists-smooth[ OF
1 2 assms(4)]]
by auto
qed
show real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis 7v2 N
line-integral-exists F basis v1
using assms reparam-weak-eq-line-integrals-basis|OF 0 1 2 assms(4)]
ass?2 ass3 3
by auto
next
assume %k2 # 1
then have ass3: %2 = —1
using bound?2 ass1 f(8) unfolding boundary-chain-def by force
then have 0: reparam-weak v1 ?v2
using ass! ass2 f(2) by auto
have 1: ?v2 C1-differentiable-on {0..1}
using f(3) assms(2) assl by force
have 2: V b€basis. continuous-on (path-image ?v2) (Az. F = - b)
using f(3) assms(3) assl by force
show real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis 7v2 N
line-integral-exists F basis v1
using assms reparam-weak-eq-line-integrals-basis|OF 0 1 2 assms(4)]
ass2 ass3
by auto
qed
then show real-of-int k1 * line-integral F basis v1 = (case f (k1, v1) of
(k2, v2) = real-of-int k2 * line-integral F basis v2) A
line-integral-exists F basis ~y1
by (simp add: case-prod-beta’)
qed
}
then show Az. z € one-chainl =
(case x of (k, ) = (real-of-int k x line-integral F basis
v) = (case f x of (k, v) = real-of-int k = line-integral F basis v) A
line-integral-exists F basis )
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by (auto simp add: case-prod-beta’)
qed
show one-chain-line-integral F basis one-chainl = one-chain-line-integral F basis
one-chain2
using 0 by(simp add: one-chain-line-integral-def sum-bij|OF f(1) - f(3)]
split-beta)
show V (k, v)€one-chainl. line-integral-exists F basis
using 0 by blast
qed

definition chain-reparam-chain where
chain-reparam-chain one-chainl one-chain2 =
If. by f A f ¢ one-chainl = one-chain2 A (¥ (k,y)Eone-chainl. if k = fst
(f(k,y)) then reparam v (snd (f(k,y))) else reparam v (reversepath (snd (f(k,y)))))

definition chain-reparam-weak-path::((real) = (real x real)) = ((int * ((real) =
(real * real))) set) = bool where
chain-reparam-weak-path v one-chain
= 31. set | = one-chain A distinct | A\ reparam -y (rec-join 1) A valid-chain-list

INT#]

lemma chain-reparam-chain-line-integral:
assumes chain-reparam-chain one-chainl one-chain2
V (k2,v2)€one-chain2. 2 piecewise-Cl-differentiable-on {0..1}
V (k2,v2)€one-chain2.V bEbasis. continuous-on (path-image v2) (Az. F z - b)
finite basis
and bound1: boundary-chain one-chainl
and bound2: boundary-chain one-chain2
and line: V (k2,v2)€one-chain2. (VY bebasis. line-integral-exists F' {b} ~v2)
shows one-chain-line-integral F' basis one-chainl = one-chain-line-integral F
basis one-chain?2
Y (k, v)€one-chainl . line-integral-exists F basis
proof—
obtain f where f: bij f
(V (k,y)eone-chainl. if k = fst (f(k,y)) then reparam ~ (snd (f(k,y))) else
reparam v (reversepath (snd (f(k,y)))))
f ¢ one-chainl = one-chain2
using assms(1)
by (auto simp add: chain-reparam-chain-def)
have integ-exist-b: ¥V (k1,v1)€one-chainl. ¥V b€basis. line-integral-exists F {b}
(snd (f (k1,~1)))
using line f by fastforce
have valid-cubes: V (k1 ,v1)€one-chainl. valid-path (snd (f (k1, v1)))
using assms(2) f(3) valid-path-def by fastforce
have integ-rev-ezist-b: ¥ (k1 y1)€one-chainl. ¥ b€basis. line-integral-exists F {b}
(reversepath (snd (f (k1,~v1))))
using line-integral-on-reverse-path(2) integ-exist-b valid-cubes
by blast
have 0: Vzc€one-chainl. (case z of (k, v) = (real-of-int k * line-integral F basis
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v) = (case f x of (k, v) = real-of-int k x line-integral F basis v) A
line-integral-exists F basis )
proof
{fix k1 1
assume assl: (k1,v1) €one-chainl
have real-of-int k1 « line-integral F basis v1 = (case (f (k1,v1)) of (k2, v2)
= real-of-int k2 x line-integral F basis v2) N\
line-integral-exists F basis v1
proof (cases)
assume ass2: k1 = 1
let k2 = fst (f (k1,~1))
let #v2 = snd (f (k1, v1))
have real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis 7y2N
line-integral-exists F basis v1
proof(cases)
assume ass3: k2 = 1
then have 0: reparam v1 %y2
using ass! ass2 f(2)
by auto
have 1: ?v2 piecewise-C1-differentiable-on {0..1}
using f(3) assms(2) assl
by force
have 2: V bebasis. continuous-on (path-image ?v2) (Az. F z - b)
using f(3) assms(3) ass!
by force
show real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis 7v2 N
line-integral-exists F basis v 1
using assms reparam-eq-line-integrals-basis|OF 0 1 2 assms(4)] integ-exist-b
assl ass? ass3
by auto
next
assume ?k2 # 1
then have ass3: %2 = —1
using bound?2 ass! f(3) unfolding boundary-chain-def by force
then have 0: reparam 1 (reversepath 7y2)
using ass! ass2 f(2)
by auto
have 1: (reversepath ?y2) piecewise-C1-differentiable-on {0..1}
using f(3) assms(2) assl piecewise-smooth-path-imp-reverse
by force
have 2: V b€basis. continuous-on (path-image (reversepath ?v2)) (Az. F x

. b)
using f(3) assms(3) assl path-image-reversepath
by force
have 3: line-integral F basis ?y2 = — line-integral F basis (reversepath
v2)
proof—
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have i:valid-path (reversepath 9y2)
using 1 C1-differentiable-imp-piecewise
by (auto simp add: valid-path-def)
have ii: line-integral-exists F basis (snd (f (k1, v1)))
using assms(4) line-integral-sum-basis(2) integ-exist-b assl
by fastforce
show ?thesis
using ¢ i line-integral-on-reverse-path(1) valid-path-reversepath by blast
qed
show real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 * line-integral
F basis ?v2 A
line-integral-exists F basis y1
using assms reparam-eg-line-integrals-basis|OF 0 1 2 assms(4)] in-
teg-rev-exist-b
assl ass2 ass3 3
by auto
qged
then show real-of-int k1 * line-integral F basis v1 = (case f (k1, v1) of
(k2, v2) = real-of-int k2 x line-integral F basis v2) N\
line-integral-exists F basis v1
by (simp add: case-prod-beta’)
next
assume kI # 1
then have ass2: k1 = —
using bound! ass! f(3) unfolding boundary-chain-def by force
let k2 = fst (f (k1,~1))
let #v2 = snd (f (k1, v1))
have real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis ?v2 A
line-integral-exists F basis v1
proof(cases)
assume ass3: k2 = 1
then have 0: reparam 1 (reversepath 7y2)
using ass! ass2 f(2)
by auto
have 1: (reversepath ?v2) piecewise-C1-differentiable-on {0..1}
using f(3) assms(2) assl piecewise-smooth-path-imp-reverse
by force
have 2: YV bebasis. continuous-on (path-image (reversepath ?v2)) (Az. F x

. b)
using f(3) assms(8) assl path-image-reversepath
by force
have 3: line-integral F basis ?y2 = — line-integral F basis (reversepath
v2)
proof—

have i:valid-path (reversepath ?v2)
using 1 C1-differentiable-imp-piecewise
by (auto simp add: valid-path-def)
show ?thesis
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using line-integral-on-reverse-path(1)[OF i] integ-rev-exist-b
using assl assms(4) line-integral-sum-basis(2) by fastforce
qed
show real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 * line-integral
F basis ?v2 A
line-integral-exists F basis v1
using assms reparam-eq-line-integrals-basis|OF 0 1 2 assms(4))
ass2 ass3 3
using assl integ-rev-exist-b by auto
next
assume %k2 # 1
then have ass3: %62 = —1
using bound?2 ass1 f(8) unfolding boundary-chain-def by force
then have 0: reparam 1 7v2
using ass! ass2 f(2) by auto
have 1: ?v2 piecewise-C1-differentiable-on {0..1}
using f(3) assms(2) assl
by force
have 2: V bebasis. continuous-on (path-image ?v2) (Az. F z - b)
using f(3) assms(3) ass!
by force
show real-of-int k1 * line-integral F basis v1 = real-of-int ?k2 x line-integral
F basis 7v2 N
line-integral-exists F basis v 1
using assms reparam-eq-line-integrals-basis|OF 0 1 2 assms(4)]
ass2 ass3
using assl integ-exist-b by auto
qed
then show real-of-int k1 * line-integral F basis v1 = (case f (k1, v1) of
(k2, v2) = real-of-int k2 * line-integral F basis v2) A
line-integral-exists F basis v1
by (simp add: case-prod-beta’)
qed
}
then show Az. z € one-chainl =
(case z of (k, v) = (real-of-int k * line-integral F basis
v) = (case f z of (k, v) = real-of-int k * line-integral F basis ) N
line-integral-exists F basis )
by (auto simp add: case-prod-beta’)
qed
show one-chain-line-integral F basis one-chainl = one-chain-line-integral F basis
one-chain?2
using 0 by (simp add: one-chain-line-integral-def sum-bij|OF f(1) - f(3)]
prod.case-eq-if )
show V (k, v)€one-chainl. line-integral-exists F basis
using 0 by blast
qed

lemma path-image-rec-join:
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fixes vy::real = (real x real)
fixes k::int
fixes |
shows Ak v. (k, v) € set | = valid-chain-list | = path-image v C path-image
(rec-join 1)
proof (induction 1)
case Nil
then show ?case by auto
next
case ass: (Cons a l)
obtain k£’ v’ where a: a = (k',y’) by force
have path-image v C path-image (rec-join ((k'y") # 1))
proof (cases)
assume [=|]
then show path-image v C path-image (rec-join ((k',y') # 1))
using ass(2—3) a
by (auto simp add:)
next
assume [#|]
then obtain b I’ where b-1: | = b # I’
by (meson rec-join.elims)
obtain k" v where b: b = (k' y"") by force
show ?thesis
using ass path-image-reversepath b-l path-image-join
by (fastforce simp add: a)
qged
then show ?case
using a by auto
qed

lemma path-image-rec-join-2:
fixes |
shows [ # [| = walid-chain-list | => path-image (rec-join 1) C (IJ (k, v) € set
l. path-image )
proof (induction I)
case Nil
then show ?case by auto
next
case ass: (Cons a l)
obtain k£’ v’ where a: a = (k',y’) by force
have path-image (rec-join (a # 1)) C (U (k, y)€set (a # 1). path-image y)
proof (cases)
assume [=|]
then show path-image (rec-join (a # 1)) C (U (k, y)€set (a # 1). path-image
)
using step a by(auto simp add:)
next
assume [#|]
then obtain b I’ where b-1: | = b # I’
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by (meson rec-join.elims)
obtain k£’ 7' where b: b = (k" ,v'") by force
show ?thesis
using ass
path-image-reversepath b-l path-image-join
apply(auto simp add: a)
apply blast
by fastforce
qed
then show ?Zcase
using a by auto
qed

lemma continuous-on-closed-UN:
assumes finite S
shows ((As. s € § = closed s) = (A\s. s € S = continuous-on s f) =
continuous-on (|JS) f)
using assms
proof (induction S)
case empty
then show ?case by auto
next
case (insert z F)
then show ?case using continuous-on-closed-Un closed-Union
by (simp add: closed-Union continuous-on-closed-Un)
qged

lemma chain-reparam-weak-path-line-integral:
assumes path-eq-chain: chain-reparam-weak-path v one-chain and
boundary-chain: boundary-chain one-chain and
line-integral-exists: ¥ bebasis. ¥ (k::int, y) € one-chain. line-integral-exists F {b}
v and
valid-path: ¥ (k::int, v) € one-chain. valid-path v and
finite-basis: finite basis and
cont: Y bebasis. V (k,y2)€one-chain. continuous-on (path-image v2) (Az. F x -
b) and
finite-one-chain: finite one-chain
shows line-integral F basis v = one-chain-line-integral F basis one-chain
line-integral-exists F basis

proof —
obtain [ where Il-props: set | = one-chain distinct 1 reparam ~ (rec-join I)
valid-chain-list 1 1 # ||
using chain-reparam-weak-path-def assms
by auto
have bchain-l: boundary-chain (set )
using l-props boundary-chain
by (simp add: boundary-chain-def)
have cont-forall: ¥ b€basis. continuous-on (| (k, v)€one-chain. path-image )
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(M. Fx - b)
proof
fix b
assume ass: b € basis
have continuous-on (|J ((path-image o snd) ‘ one-chain)) (Axz. F x - b)
apply(rule continuous-on-closed-UN[where %S = (path-image o snd) *
one-chain )
proof
show finite one-chain using finite-one-chain by auto
show As. s € (path-image o snd) ¢ one-chain = closed s
using closed-valid-path-image| OF] valid-path
by fastforce
show As. s € (path-image o snd) ¢ one-chain = continuous-on s (Az. F x «
b)
using cont ass by force
qed
then show continuous-on (| (k, v)€one-chain. path-image ) (Az. F z - b)
by (auto simp add: Union-eq case-prod-beta)
qed
show line-integral-exists F basis ~
proof (rule reparam-eg-line-integrals-basis|OF I-props(3) - - finite-basis])
let ?v2.0=rec-join |
show #v2.0 piecewise-C1-differentiable-on {0..1}
apply(simp only: valid-path-def[symmetric])
apply (rule joined-is-valid)
using assms [-props by auto
show V bebasis. continuous-on (path-image (rec-join 1)) (Az. F z - b) using
path-image-rec-join-2[OF l-props(5) l-props(4)] l-props(1)
using cont-forall continuous-on-subset by blast
show V bebasis. line-integral-exists F {b} (rec-join [)
proof
fix b
assume ass: bebasis
show line-integral-exists F {b} (rec-join 1)
proof (rule line-integral-exists-on-rec-join)
show boundary-chain (set 1)
using [-props boundary-chain by auto
show wvalid-chain-list | using I-props by auto
show Ak ~. (k, v) € set | = wvalid-path ~ using l-props assms by auto
show V (k, v)€set [. line-integral-exists F' {b} v using [-props line-integral-exists
ass by blast
qed
qed
qed
show line-integral F basis v = one-chain-line-integral F' basis one-chain
proof—
have i: line-integral F basis (rec-join 1) = one-chain-line-integral F basis
one-chain
proof (rule one-chain-line-integral-rec-join)
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show set | = one-chain distinct | valid-chain-list | using [-props by auto
show boundary-chain one-chain using boundary-chain by auto
show V (k, v)€one-chain. line-integral-exists F basis

using line-integral-sum-basis(2)[OF finite-basis| line-integral-exists by blast
show V (k, v)€one-chain. valid-path v using valid-path by auto
show finite basis using finite-basis by auto

qed
have ii: line-integral F' basis v = line-integral F' basis (rec-join I)
proof (rule reparam-eg-line-integrals-basis|OF I-props(3) - - finite-basis))

let ?y2.0=rec-join [
show #v2.0 piecewise-C1-differentiable-on {0..1}
apply(simp only: valid-path-def[symmetric])
apply(rule joined-is-valid)
using assms l-props by auto
show V be€basis. continuous-on (path-image (rec-join 1)) (Az. F z - b) using
path-image-rec-join-2[OF l-props(5) l-props(4)] l-props(1)
using cont-forall continuous-on-subset by blast
show V bebasis. line-integral-exists F' {b} (rec-join [)
proof
fix b
assume ass: bebasis
show line-integral-exists F {b} (rec-join I)
proof (rule line-integral-exists-on-rec-join)
show boundary-chain (set [)
using [l-props boundary-chain by auto
show walid-chain-list | using l-props by auto
show Ak ~v. (k, v) € set | = walid-path ~ using l-props assms by auto
show V (k, v)€set l. line-integral-exists F {b} v using l-props line-integral-exists
ass by blast
qed
qed
qed
show line-integral F basis v = one-chain-line-integral F' basis one-chain using
i 91 by auto
qed
qed

definition chain-reparam-chain’ where
chain-reparam-chain’ one-chainl subdiv
=3f. (U(f ¢ one-chainl)) = subdiv) A
(V cube € one-chainl. chain-reparam-weak-path (rec-join [cube]) (f cube))

(Vp€one-chainl. ¥ p'€one-chainl. p # p' — fp N fp' = {}) A
(Vz € one-chainl. finite (f x))

lemma chain-reparam-chain’-imp-finite-subdiv:
assumes finite one-chainl
chain-reparam-chain’ one-chainl subdiv
shows finite subdiv
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using assms
by (auto simp add: chain-reparam-chain’-def)

lemma chain-reparam-chain’-line-integral:
assumes chainl-eq-chain2: chain-reparam-chain’ one-chainl subdiv and
boundary-chainl: boundary-chain one-chainl and
boundary-chain2: boundary-chain subdiv and
line-integral-exists-on-chain2: ¥ b€basis. ¥ (k::int, ) € subdiv. line-integral-exists
F {b} v and
valid-path: ¥ (k, v) € subdiv. valid-path v and
valid-path-2: ¥V (k, ) € one-chainl. valid-path v and
finite-chainl: finite one-chainl and
finite-basis: finite basis and
cont-field: ¥ bebasis. ¥ (k, v2)€subdiv. continuous-on (path-image v2) (Az. F
z - b)
shows one-chain-line-integral F basis one-chainl = one-chain-line-integral F
basis subdiv
Y (k, v) € one-chainl. line-integral-exists F basis
proof —
obtain f where f-props:
((U(f ¢ one-chainl)) = subdiv)
(V cube € one-chainl. chain-reparam-weak-path (rec-join [cube]) (f cube))
(V p€one-chainl. ¥V p'€one-chainl. p # p' — fp N fp' = {})
(Vz € one-chainl. finite (f x))
using chainli-eq-chain2
by (auto simp add: chain-reparam-chain’-def)
then have 0: one-chain-line-integral F basis subdiv = one-chain-line-integral F
basis (J (f ¢ one-chainl))
by auto
{fix k ~
assume ass:(k, v) € one-chainl
have line-integral-exists F basis v N
one-chain-line-integral F basis (f (k, 7)) = k * line-integral F basis ~y
proof(cases k = 1)
assume k-eq-1: k= 1
then have i:chain-reparam-weak-path v (f(k,y))
using f-props(2) ass by auto
have ii:boundary-chain (f(k,y))
using f-props(1) ass assms unfolding boundary-chain-def
by blast
have iii:V bebasis. V (k, v)ef (k, 7). line-integral-exists F {b} ~
using f-props(1) ass assms
by blast
have iv: V(k, v)ef (k, 7). valid-path
using f-props(1) ass assms
by blast
have v: V b€basis. ¥V (k, v2)€f (k, 7). continuous-on (path-image v2) (Az. F
x - b)

using f-props(1) ass assms
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by blast
have line-integral-ezists F' basis v A\ one-chain-line-integral F basis (f (k, 7))
= line-integral F basis ~y
using chain-reparam-weak-path-line-integral|OF i i @4 v finite-basis v] ass
f-props(4)
by (auto)
then show line-integral-exists F basis v N\ one-chain-line-integral F basis (f
(k, 7)) = k * line-integral F basis ~y
using k-eq-1 by auto
next
assume k # 1
then have k-eq-negl: k = —1
using ass boundary-chainl
by (auto simp add: boundary-chain-def)
then have i:chain-reparam-weak-path (reversepath ) (f(k,y))
using f-props(2) ass by auto
have ii:boundary-chain (f(k,y))
using f-props(1) ass assms unfolding boundary-chain-def
by blast
have iii:V bebasis. V (k, v)ef (k, 7). line-integral-exists F {b} ~
using f-props(1) ass assms
by blast
have iv: V(k, v)ef (k, ). valid-path ~
using f-props(1) ass assms by blast
have v: V bebasis. V (k, v2)ef (k, 7). continuous-on (path-image v2) (Az. F
z - b)
using f-props(1) ass assms by blast
have z:line-integral-exists F basis (reversepath ) A one-chain-line-integral F
basis (f (k, v)) = line-integral F basis (reversepath )
using chain-reparam-weak-path-line-integral|OF i i @4 v finite-basis v] ass
f-props(4)
by auto
have wvalid-path (reversepath =)
using f-props(1) ass assms by auto
then have line-integral-exists F basis v N\ one-chain-line-integral F basis (f
(k, 7)) = — (line-integral F basis )
using line-integral-on-reverse-path reversepath-reversepath x ass
by metis
then show line-integral-exists F basis v A one-chain-line-integral F basis (f
(k::int, 7)) = k * line-integral F basis
using k-eqg-negl by auto
qed}
note cube-line-integ = this
have finite-chain2: finite subdiv
using finite-chainl f-props(1) f-props(4) by auto
show line-integral-exists-on-chainl: ¥ (k, ) € one-chainl. line-integral-exists F
basis v
using cube-line-integ by auto
have 1: one-chain-line-integral F basis ({J (f ¢ one-chainl)) = one-chain-line-integral
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F basis one-chainl
proof —
have 0:one-chain-line-integral F basis ({J (f ¢ one-chainl)) =
(3>~ one-chain € (f < one-chainl). one-chain-line-integral F
basis one-chain)
proof —
have finite: V chain € (f ¢ one-chainl). finite chain
using f-props(1) finite-chain2
by (meson Sup-upper finite-subset)
have disj: V A€f ¢ one-chainl. ¥V BEf < one-chainl. A # B — AN B = {}
apply(simp add:image-def)
using f-props(8)
by metis
show one-chain-line-integral F basis (| (f ¢ one-chainl)) =
(3>~ one-chain € (f ¢ one-chainl). one-chain-line-integral
F basis one-chain)
using Groups-Big.comm-monoid-add-class.sum. Union-disjoint| OF finite disj]
one-chain-line-integral-def
by auto
qed
have 1:(> one-chain € (f ‘ one-chainl). one-chain-line-integral F basis one-chain)

one-chain-line-integral F basis one-chainl
proof —
have (Y one-chain € (f “ one-chainl). one-chain-line-integral F basis one-chain)

(> (kyy)€one-chainl. kx(line-integral F basis 7))
proof —
have i:(3 one-chain € (f ‘ (one-chainl — {p. fp ={}})). one-chain-line-integral
F basis one-chain) =
(> (kyy)€one-chainl — {p. f p = {}}. kx(line-integral
F basis 7))
proof —
have inj-on f (one-chainl — {p. fp = {}})
unfolding inj-on-def
using f-props(3) by force
then have 0: (> one-chain € (f ¢ (one-chainl — {p. fp = {}})).
one-chain-line-integral F basis one-chain)
= (3> (k, v) € (one-chainl — {p. fp =
{}}). one-chain-line-integral F basis (f (k, 7)))
using Groups-Big.comm-monoid-add-class.sum.reindex
by auto
have A k7. (k, v) € (one-chainl — {p. fp = {}}) =
one-chain-line-integral F basis (f(k, 7))
= kx (line-integral F basis )
using cube-line-integ by auto
then have (> (k, v) € (one-chainl — {p. fp = {}}). one-chain-line-integral
F basis (f (k, 7))
= (O (k, v) € (one-chainl — {p. f p = {}}). kx (line-integral F
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basis 7))
by (auto intro!: Finite-Cartesian-Product.sum-cong-aur)
then show (> one-chain € (f ‘ (one-chainl — {p. fp = {}})). one-chain-line-integral
F basis one-chain) =
(>° (k, ) € (one-chainl — {p. fp =
{}})- kx (line-integral F basis ))
using 0 by auto
qed
have A (k:int) v. (k, v) € one-chainl = (f (k,v) = {}) = (k, y) €
{(k'y"). k's (line-integral F basis v') = 0}
proof—
fix k:int
fix v::real=-realxreal
assume ass:(k, ) € one-chainl
(f (k) =1}
then have zero-line-integral:one-chain-line-integral F basis (f (k, 7)) = 0
using one-chain-line-integral-def
by auto
show (k, v) € {(k':int, v'). k' * line-integral F basis v' = 0}
using zero-line-integral cube-line-integ ass
by force
qged
then have #:(>_ one-chain € (f ‘ (one-chainl — {p. fp = {}})). one-chain-line-integral
F basis one-chain) =
(5" one-chain € (f ¢ (one-chainl)).
one-chain-line-integral F basis one-chain)
proof —
have Aone-chain. one-chain € (f ¢ (one-chainl)) — (f ‘ (one-chainl — {p.
fr=1{1}) =
one-chain-line-integral F basis
one-chain = 0
proof —
fix one-chain
assume one-chain € (f ‘ (one-chainl)) — (f ¢ (one-chainl — {p. fp =
{11)
then have one-chain = {}
by auto
then show one-chain-line-integral F basis one-chain = 0
by (auto simp add: one-chain-line-integral-def)
qed
then have 0:(> one-chain € f * (one-chainl) — (f ¢ (one-chainl — {p. f
p = {}})). one-chain-line-integral F basis one-chain)
=0
using Groups-Big.comm-monoid-add-class.sum.neutral
by auto
then have (> one-chain € f ‘ (one-chainl). one-chain-line-integral F basis
one-chain)
— (>_ one-chain € (f ¢ (one-chainl —
{p. fp={}})). one-chain-line-integral F basis one-chain)
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=0
proof —
have finte: finite (f ¢ one-chainl) using finite-chainl by auto
show ?thesis
using Groups-Big.sum-diff|OF finte, of (f ‘ (one-chainl — {p. fp =
)
one-chain-line-integral F' basis]
0
by auto
qged
then show (> one-chain € (f “ (one-chainl — {p. fp = {}})). one-chain-line-integral
F basis one-chain) =
(> one-chain € (f < (one-chainl)).
one-chain-line-integral F basis one-chain)
by auto
qged
have A (k:int) 7. (k, v) € one-chainl = (f (k,v) ={}) = f (k,y) €
{chain. one-chain-line-integral F basis chain = 0}
proof—
fix k:int
fix v::real=real+real
assume ass:(k, v) € one-chainl (f (k,v) = {})
then have one-chain-line-integral F' basis (f (k, 7)) = 0
using one-chain-line-integral-def
by auto
then show f (k, v) € {p’. (one-chain-line-integral F basis p’' = 0)}
by auto
qed
then have i:(> " (k::int,y)€one-chainl — {p. f p = {}}. kx(line-integral F'
basis 7))
= (3 (k:zint,y)€one-chainl . kx(line-integral
F basis 7))
proof—
have A k 7. (k,y)€one-chainl — (one-chainl — {p. fp = {}})
= kx (line-integral F basis v) = 0
proof—
fix kv
assume ass: (k,y)€one-chainl — (one-chainl — {p. fp = {}})
then have f(k, v) = {}
by auto
then have one-chain-line-integral F basis (f(k, 7)) = 0
by (auto simp add: one-chain-line-integral-def)
then have zero-line-integral: one-chain-line-integral F basis (f (k, 7)) =

using one-chain-line-integral-def
by auto

then show kx (line-integral F basis v) = 0
using zero-line-integral cube-line-integ ass
by force
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qed
then have VY (k::int,y)€one-chainl — (one-chainl — {p. fp = {}}).
kx (line-integral F basis v) = 0 by auto
then have (3 (k::int,y)€one-chainl — (one-chainl — {p. f p = {}}).
kx(line-integral F basis 7)) = 0
using Groups-Big.comm-monoid-add-class.sum.neutral
[of one-chainl — (one-chainl — {p. fp = {}}) (A (k:int,y). k«
(line-integral F basis v))]
by (simp add: split-beta)
then have (3 (k::int,y)€one-chainl. kx(line-integral F basis 7)) —
(5 (k:zint,y)€ (one-chainl — {p. fp =
{}}). kx(line-integral F basis 7)) = 0
using Groups-Big.sum-diff[OF finite-chain1]
by (metis (no-types) Diff-subset «(> (k, v)Eone-chainl — (one-chainl
—{p. fp=1{}}) k = line-integral F basis v) = 0» <\f B. B C one-chainl] =
sum f (one-chainl — B) = sum f one-chainl — sum f B))
then show ?thesis by auto
qed
show ?thesis using i i 77 by auto
qed
then show ?thesis using one-chain-line-integral-def by auto
qed
show ?thesis using 0 1 by auto
qed
show one-chain-line-integral F basis one-chainl = one-chain-line-integral F basis
subdiv using 0 1 by auto
qged

lemma chain-reparam-chain’-line-integral-smooth-cubes:
assumes chain-reparam-chain’ one-chainl one-chain2
Y (k2,v2)€one-chain2. v2 C1-differentiable-on {0..1}

Y b€ basis.¥ (k2,v2)Eone-chain2. continuous-on (path-image v2) (Az. F z - b)
finite basis

finite one-chainl
boundary-chain one-chainl
boundary-chain one-chain2
Y (k,y)€one-chainl . valid-path ~
shows one-chain-line-integral F basis one-chainl = one-chain-line-integral F
basis one-chain2

Y (k, v)€one-chainl. line-integral-exists F basis vy
proof—

{fix b
assume b € basis
fix k ~
assume (k, v)€one-chain2
have line-integral-exists F {b} ~
apply (rule line-integral-exists-smooth)

using «(k, v) € one-chain2; assms(2) apply blast
using assms
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using «(k, v) € one-chain2) <b € basis> apply blast
using b € basis» by blast}
then have a: V bebasis. V (k, y)Eone-chain2. line-integral-exists F {b} ~
by auto
have b: V (k2,72)€one-chain2. valid-path 2
using assms(2)
by (simp add: Cl1-differentiable-imp-piecewise case-prod-beta valid-path-def)

show one-chain-line-integral F basis one-chainl = one-chain-line-integral F basts
one-chain2
by (rule chain-reparam-chain’-line-integral|OF assms(1) assms(6) assms(7) a
b assms(8) assms(5) assms(4) assms(3)])
show V (k, v)€one-chainl. line-integral-exists F basis
by (rule chain-reparam-chain’-line-integral|OF assms(1) assms(6) assms(7) a
b assms(8) assms(5) assms(4) assms(3)])
qed

lemma chain-subdiv-path-pathimg-subset:
assumes chain-subdiv-path v subdiv
shows V (k'/y')€subdiv. (path-image v') C path-image
using assms chain-subdiv-path.simps path-image-rec-join
by (auto simp add: chain-subdiv-path.simps)

lemma reparam-path-image:
assumes reparam y1 v2
shows path-image v1 = path-image 2
using assms
apply (auto simp add: reparam-def path-image-def image-def bij-betw-def)
apply (force dest!: equalityD2)
done

lemma chain-reparam-weak-path-pathimg-subset:
assumes chain-reparam-weak-path v subdiv
shows V (k'y')€subdiv. (path-image v') C path-image
using assms
apply(auto simp add: chain-reparam-weak-path-def)
using path-image-rec-join reparam-path-image by blast

lemma chain-subdiv-chain-pathimg-subset’:
assumes chain-subdiv-chain one-chain subdiv
assumes (k,y)€ subdiv
shows 3k’ ~" (k')y')€ one-chain A path-image v C path-image v’
using assms unfolding chain-subdiv-chain-def pairwise-def
apply auto
by (metis chain-subdiv-path.cases coeff-cube-to-path.simps path-image-rec-join path-image-reversepath)

lemma chain-subdiv-chain-pathimg-subset:

assumes chain-subdiv-chain one-chain subdiv
shows |J (path-image ‘{~. 3 k. (k,y)€ subdiv}) CJ (path-image ‘{vy. k. (k,y)€

119



one-chain})
using assms unfolding chain-subdiv-chain-def pairwise-def
apply auto
by (metis UN-iff assms chain-subdiv-chain-pathimg-subset’ subsetCE case-prodI2)

lemma chain-reparam-chain’-pathimg-subset”:

assumes chain-reparam-chain’ one-chain subdiv

assumes (k,y)€ subdiv

shows 3k’ ~" (k')y')€ one-chain A path-image v C path-image v’

using assms chain-reparam-weak-path-pathimg-subset

apply(auto simp add: chain-reparam-chain’-def set-eq-iff)

using path-image-reversepath case-prodE case-prodD old.prod.exhaust

apply (simp add: list.distinct(1) list.inject rec-join.elims)

by (smt case-prodD coeff-cube-to-path.simps rec-join.simps(2) reversepath-simps(2)
surj-pair)

definition common-reparam-exists:: (int x (real = real X real)) set = (int X
(real = real x real)) set = bool where

common-reparam-erists one-chainl one-chain2 =

(3 subdiv ps1 ps2.

chain-reparam-chain’ (one-chainl — psl) subdiv A

chain-reparam-chain’ (one-chain2 — ps2) subdiv A

(Y (k, v)esubdiv. ~ C1-differentiable-on {0..1}) A

boundary-chain subdiv A

(V (k, v)€psl. point-path v) A

(V (k, v)Eps2. point-path 7))

lemma common-reparam-exists-imp-eq-line-integral:
assumes finite-basis: finite basis and
finite one-chainl
finite one-chain2
boundary-chain (one-chainl::(int x (real = real x real)) set)
boundary-chain (one-chain2::(int x (real = real x real)) set)
Y (k2, v2)€one-chain2. ¥ bebasis. continuous-on (path-image v2) (Az. F z -
b)
(common-reparam-exists one-chainl one-chain2)
(V (k, v)€one-chainl . wvalid-path ~)
(V (k, v)€one-chain2. wvalid-path )
shows one-chain-line-integral F' basis one-chainl = one-chain-line-integral F
basis one-chain?2
Y (k, v)€one-chainl. line-integral-exists F basis
proof—
obtain subdiv ps! ps2 where props:
chain-reparam-chain’ (one-chainl — psl) subdiv
chain-reparam-chain’ (one-chain2 — ps2) subdiv
(V (k, v)€subdiv. ~ C1-differentiable-on {0..1})
boundary-chain subdiv
(Y (k, v)€psl. point-path )

120



(Y (k, v)€ps2. point-path )
using assms
by (auto simp add: common-reparam-ezists-def)
have subdiv-valid: (V (k, v)€subdiv. valid-path )
apply(simp add: valid-path-def)
using props(3)
using C1-differentiable-imp-piecewise by blast
have onechain-boundaryl: boundary-chain (one-chainl — ps1) using assms(4)
by (auto simp add: boundary-chain-def)
have onechain-boundary2: boundary-chain (one-chain2 — ps1) using assms(5)
by (auto simp add: boundary-chain-def)
{fix k2 v2 b
assume ass: (k2, v2)€subdiv bebasis
have A k7. (k, v) € subdiv = Ik’ v'. (k/, v') € one-chain2 N path-image ~
C path-image '
by (meson chain-reparam-chain’-pathimg-subset’ props Diff-subset subsetCE)
then have continuous-on (path-image v2) (Az. F z - b)
using assms(6) continuous-on-subsetjwhere ?f = (Az. F'z - b)] ass
apply(auto simp add: subset-iff)
by (metis (mono-tags, lifting) case-prodD)}
then have cont-field: V b€basis. ¥ (k2, v2)€subdiv. continuous-on (path-image
v2) (Ax. Fz-b)
by auto
have one-chaini-ps-valid: (¥ (k, v)€one-chainl — psi1. valid-path ~) using assms
by auto
have one-chain2-ps-valid: (V (k, v)Eone-chain2 — psl. wvalid-path ) using assms
by auto
have 0: one-chain-line-integral F basis (one-chainl — ps1) = one-chain-line-integral
F basis subdiv
apply (rule chain-reparam-chain’-line-integral-smooth-cubes| OF props(1) props(3)
cont-field finite-basis])
using props assms
apply blast
using props assms
using onechain-boundaryl apply blast
using props assms
apply blast
using one-chainl-ps-valid by blast
have 1:V (k, v)€(one-chainl — psl1). line-integral-exists F basis 7y
apply (rule chain-reparam-chain’-line-integral-smooth-cubes| OF props(1) props(3)
cont-field finite-basis])
using props assms
apply blast
using props assms
using onechain-boundaryl apply blast
using props assms
apply blast
using one-chaini-ps-valid by blast
have 2: one-chain-line-integral F basis (one-chain2 — ps2) = one-chain-line-integral
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F basis subdiv
apply (rule chain-reparam-chain’-line-integral-smooth-cubes| OF props(2) props(3)
cont-field finite-basis])
using props assms
apply blast
apply (simp add: assms(5) boundary-chain-diff)
apply (simp add: props(4))
by (simp add: assms(9))
have 3:V (k, v)€(one-chain2 — ps2). line-integral-exists F basis
apply (rule chain-reparam-chain’-line-integral-smooth-cubes| OF props(2) props(3)
cont-field finite-basis])
using props assms
apply blast
apply (simp add: assms(5) boundary-chain-diff)
apply (simp add: props(4))
by (simp add: assms(9))
show line-int-ex-chainl: ¥ (k, v)Eone-chainl . line-integral-exists F basis ~y
using 0
using 1 finite-basis line-integral-exists-point-path props(5) by fastforce
then show one-chain-line-integral F basis one-chainl = one-chain-line-integral
F basis one-chain?2
using 01 2 3
using assms(2—3) finite-basis one-chain-line-integral-point-paths props(5) props(6)
by auto
qed

definition subcube :: real = real = (int x (real = real X real)) = (int X (real
= real X real)) where
subcube a b cube = (fst cube, subpath a b (snd cube))

lemma subcube-valid-path:
assumes valid-path (snd cube) a € {0..1} b € {0..1}
shows wvalid-path (snd (subcube a b cube))
using valid-path-subpath| OF assms] by (auto simp add: subcube-def)

end
theory Green

imports Paths Derivs Integrals General-Utils
begin

lemma frontier- Un-subset- Un-frontier:
frontier (s U t) C (frontier s) U (frontier t)
by (simp add: frontier-def Un-Diff) (auto simp add: closure-def interior-def is-
limpt-def)

definition has-partial-derivative:: (('a::euclidean-space) = 'b::euclidean-space) =
‘a = ('a = 'b) = ('a) = bool where
has-partial-derivative F base-vec F' a
= ((Az:a:euclidean-space. F( (a — ((a - base-vec) xgr base-vec)) + (z -
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base-vec) *g base-vec ))
has-derivative F') (at a)

definition has-partial-vector-derivative:: (('a::euclidean-space) = 'b::euclidean-space)
= 'a = ('b) = (‘a) = bool where
has-partial-vector-derivative F base-vec F' a
= ((Az. F( (a — ((a - base-vec) xr base-vec)) + x *p base-vec ))
has-vector-derivative F') (at (a - base-vec))

definition partially-vector-differentiable where
partially-vector-differentiable F base-vec p = (3 F'. has-partial-vector-derivative F
base-vec F' p)

definition partial-vector-derivative:: (('a::euclidean-space) = 'b::euclidean-space)
= 'a = 'a = 'b where
partial-vector-derivative F base-vec a
= (vector-derivative (A\x. F( (a — ((a - base-vec) xp base-vec)) + x g
base-vec)) (at (a - base-vec)))

lemma partial-vector-derivative-works:
assumes partially-vector-differentiable F base-vec a
shows has-partial-vector-derivative F base-vec (partial-vector-derivative F base-vec
a) a
proof —
obtain F’ where F'-prop: (Ax. F( (a — ((a - base-vec) g base-vec)) + x *p
base-vec ))
has-vector-derivative F') (at (a - base-vec))
using assms partially-vector-differentiable-def has-partial-vector-derivative-def
by blast
show ?thesis
using Derivative. differentiablel-vector| OF F'-prop]
by (simp add: vector-derivative-works partial-vector-derivative-def|[symmetric]
has-partial-vector-derivative-def [ symmetric])
qed

lemma fundamental-theorem-of-calculus-partial-vector:
fixes a b:: real and
F:: (Ya::euclidean-space = 'b::euclidean-space) and
i:: 'a and
j:: 'b and
F-j-i:: (‘a::euclidean-space = real)
assumes a-leg-b: a < b and
Base-vecs: © € Basis j € Basis and
no-i-component: ¢ - i = (0 and
has-partial-deriv: ¥ p € D. has-partial-vector-derivative (Az. (F x) « ) ¢ (F-j-i
p) p and
domain-subset-of-D: {z xg ¢ + c|z. a <z ANz < b} C D
shows ((A\z. F-j-i( © xr © + c)) has-integral
Fbxgi+c)-j— Flaxg i+ c)-j) (cbox ab)
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proof —
let ?domain = {v. 3z. a <z ANz < bAv=2xxpi+ c}
have Vze ?domain. has-partial-vector-derivative (Ax. (F ) - j) ¢ (F-j-i z) x
using has-partial-deriv domain-subset-of-D
by auto
then have Ve (cbor a b). ((Az. F(x g i + c) - j) has-vector-derivative (F-j-i(
x*p i+ ¢))) (at z)
proof(clarsimp simp add: has-partial-vector-derivative-def)
fix z::real
assume range-of-z: a < zx < b
assume ass2: Vz. (3z>a. 2 < bAz=2%*p i+ ¢) —
((Mz. F(x — (z - ©) *p @ + 2z xR 1) - j) has-vector-derivative F-j-i
7) (at (z - )

have ((Az. F((z *r @ + ¢) — ((zx *g i + ¢) + i) *r © + 2z *g i) + j)
has-vector-derivative F-j-i (z xg © + ¢)) (at ((z *xg i + ¢) - i)
using range-of-r ass2 by auto
then have 0: (A\z. F( ¢ + z *g i) - j) has-vector-derivative F-j-i (z xr i +
0) (at 2)
by (simp add: assms(2) inner-left-distrib no-i-component)
have 1: (Az. F(z xg i + ¢) - j) = (Ax. F(c + x xg 7) - j)
by (simp add: add.commute)
then show ((Az. F(z xg @ + ¢) - j) has-vector-derivative F-j-i (z *xp i + c))
(at z)
using 0 and ! by auto
qed
then have Vze (cboz a b). (Az. F(z *g i + c) + j) has-vector-derivative (F-j-i(
x *r i + ¢))) (at-within z (cboz a b))
using has-vector-derivative-at-within
by blast
then show ( (Az. F-j-i( z *g ¢ + c)) has-integral
Flbxgpi+c¢)-j— Flaxg i+ c)-j) (cbozx a b)
using fundamental-theorem-of-calculus[of a b (Az::real. F(xz g © + ¢) + j)
(Az::real. F-j-i(  *g i + ¢))] and
a-leq-b
by auto
qed

lemma fundamental-theorem-of-calculus-partial-vector-gen:
fixes k1 k2:: real and
F:: (a::euclidean-space = 'b::euclidean-space) and
i:: 'a and
F-i:: (Ya::euclidean-space = 'b)
assumes a-leg-b: k1 < k2 and
unit-len: ¢ - i = 1 and
no-i-component: ¢ - i = (0 and
has-partial-deriv: Vp € D. has-partial-vector-derivative F i (F-i p) p and
domain-subset-of-D: {v. 3z. kIl <z ANz <k2ANv=zx*gpi+c} CD
shows ( (A\z. F-i( z xr i + ¢)) has-integral
F(k2 xg i + ¢) — F(kl *g i + c)) (cbox k1 k2)
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proof —
let ?domain = {v. 3z. kI <z ANz <Ek2ANv=uax*gi+ c}
have Vze ?domain. has-partial-vector-derivative F' i (F-i ) x
using has-partial-deriv domain-subset-of-D
by auto
then have Vze (cbox kI k2). ((Az. F(x *r i + c)) has-vector-derivative (F-i(
x*p i+ ¢))) (at z)
proof (clarsimp simp add: has-partial-vector-derivative-def)
fix z::real
assume range-of-z: k1 < zx < k2
assume ass2: Vz. (F2>2k1. 2 < k2 ANz =z2xp i+ ¢c) —
((Az. F(z — (z - i) *g 1 + 2 *g 1)) has-vector-derivative F-i )
(at (x - 1))

have (A\z. F((z g i+ ¢) — ((z *xg i + ¢) - i) g i + 2 xR {)) has-vector-derivative
Fii(z*p i+ ¢)) (at ((x *r 1 + ¢) - 1))
using range-of-r ass2 by auto
then have 0: (Az. F( ¢ + x xr 1)) has-vector-derivative F-i (z xg i + ¢)) (at
)
by (simp add: inner-commute inner-right-distrib no-i-component unit-len)
have 1: (A\z. F(z xg i + ¢)) = (Az. F(c + z xg 1))
by (simp add: add.commute)
then show ((Az. F(z g ¢ + ¢)) has-vector-derivative F-i (x xg i + ¢)) (at x)
using 0 and I by auto
qed
then have Vze (cboz kI k2). ((Az. F(z g i + ¢) ) has-vector-derivative (F-i(
z xg i+ ¢))) (at-within z (cbozx k1 k2))
using has-vector-derivative-at-within
by blast
then show ( (Az. F-i( z *xg i + ¢)) has-integral
F(k2 xg i + ¢) — F(kl *g i + ¢)) (cbox k1 k2)
using fundamental-theorem-of-calculus[of k1 k2 (Az:real. F(z *g © + c))
(Az::real. F-i( x xg © + ¢))] and
a-leq-b
by auto
qed

lemma add-scale-img:
assumes a < b shows (Az:real. a + (b — a) x z) ‘{0 .. 1} = {a .. b}
using assms
apply (auto simp: algebra-simps affine-ineq image-iff)
using less-eq-real-def apply force
apply (rule-tac z=(z—a)/(b—a) in bexl)
apply (auto simp: field-simps)
done

lemma add-scale-img":

assumes a < b

shows (Az:real. a + (b — a) xz) ‘{0 .. 1} = {a .. b}
proof (cases a = b)
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case True
then show ?thesis by force
next
case Fulse
then show ?thesis
using add-scale-img assms by auto
qed

definition analytically-valid:: 'a::euclidean-space set = ('a = 'b::{ euclidean-space,times,zero-neg-one})
= 'a = bool where
analytically-valid s F i =
(Va € s. partially-vector-differentiable F i a) A
continuous-on s ' N — TODO: should we replace this with saying that F' is
partially diffrerentiable on Dy,
— i.e. there is a partial derivative on every dimension
integrable lborel (Ap. (partial-vector-derivative F i) p x indicator s p) A
(Az. integral UNIV (A\y. (partial-vector-derivative F i (y *p @ +  *r (O b
€(Basis — {i}). b)))
 (indicator s (y *g ¢ + z *g (O b € Basis — {i}. b)) ))) € borel-measurable
lborel

lemma analytically-valid-imp-part-deriv-integrable-on:
assumes analytically-valid (s::(realxreal) set) (f::(realxreal)= real) i
shows (partial-vector-derivative f i) integrable-on s
proof —
have integrable lborel (Ap. partial-vector-derivative f i p x indicator s p)
using assms
by(simp add: analytically-valid-def indic-ident)
then have integrable lborel (Ap::(realxreal). if p € s then partial-vector-derivative
fipelse 0)
using indic-ident[of partial-vector-derivative f i]
by (simp add: indic-ident)
then have (Az. if x € s then partial-vector-derivative f i © else 0) integrable-on
UNIV
using Fquivalence-Lebesgue-Henstock-Integration.integrable-on-lborel
by auto
then show (partial-vector-derivative f i) integrable-on s
using integrable-restrict-UNIV
by auto
qged

definition typell-twoCube :: ((real * real) = (real * real)) = bool where
typell-twoCube twoC
=Jdabglg2. a<bA (Vze {a.b}. g22<glz)A
twoC = (A(y, z). (1 —y) * (92 (1 —z)*xa + 2xb)) + y * (g1
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((1—z)*a + zxb)),
(1—z)*a + zxb)) A
g1 piecewise-C1-differentiable-on {a .. b} A
g2 piecewise-C1-differentiable-on {a .. b}

abbreviation unit-cube where unit-cube = cbox (0,0) (1::real,1::real)

definition cubelmage:: two-cube = ((realxreal) set) where
cubelmage twoC = (twoC * unit-cube)

lemma typell-twoCubelmg:
assumes typell-twoCube twoC
shows Ja b gl g2. a <bA (Vze{a. b} g22<glzx)A
cubeImage twoC = {(y,z). © € {a..b} Ny € {g2z .. g1 z}}
A twoC = My, z). (1 —y) xg2 (1 —z)xa+2xxDd)+yx*
91 (I —z)xa+xxb), (I —x)*a+zx*b))
A gl piecewise-C1-differentiable-on {a .. b} A g2 piece-
wise-C1-differentiable-on {a .. b}
using assms
proof (simp add: typell-twoCube-def cubelmage-def image-def)
assume Ja b. a < bA (Fgl g2. (Vae{a..b}. g22 < gl z) A
twoC = My, z). (1 —y)xg2 (I —z)xa+zxb)+y
x gl (I —x)xa+xzxb), (I —x)*xa+zxbdb)A
g1 piecewise-C1-differentiable-on {a..b} A g2 piece-
wise-C1-differentiable-on {a..b})
then obtain a b g1 g2 where
twoCisTypell: a < b
(Vze{a..b}. g2 2 < gl x)
twoC = Ay, z). (I —y)* g2 (I —z)*xa+xxd) +yxgl (I —z)*a
+2zx0b), (I —2)xa+ zxDd))
g1 piecewise-C1-differentiable-on {a .. b}
g2 piecewise-Cl1-differentiable-on {a .. b}
by auto
have abl: a —z*xa+zxzxb<bifal: 0 <zzxz<1forz
using that apply (simp add: algebra-simps)
by (metis affine-ineq less-eg-real-def mult.commute twoClisTypell (1))
have ex: 3 z€ Green.unit-cube.
(d7 C) =
(case z of
(y, z) =
(g2 (a—zxa+z*xb) —yxg2(a—xzxa+x*xb)+yx*gl (a
—z*xa+ zx*b),
a—z*xa+ zxD))
if c-bounds: a < ¢ ¢ < b and d-bounds: g2 ¢ < dd < g1 ¢ for c d
proof —
have b-minus-a-nzero: b — a # 0 using twoCisTypell (1) by auto
have z-witness: 3k1. ¢ = (1 — kl)xa+ kI x b AN 0 < kI ANkl < 1
apply (rule-tac z=(c — a)/(b — a) in exl)
using c-bounds <a < by apply (simp add: divide-simps algebra-simps)
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using sum-sqs-eq by blast
have y-witness: k2. d = (1 — k2)x(g2¢) + k2 * (g1 c) N 0 < k2 N k2 < 1
proof (cases g1 ¢ — g2 ¢ = 0)
case True
with d-bounds show ?thesis by (fastforce simp add: algebra-simps)
next
case Fulse
let %k2 = (d — g2 ¢)/(g1 ¢ — g2 ¢)
have k2-in-bounds: 0 < 2k2 N 2k2 < 1
using twoCisTypell(2) c-bounds d-bounds False by simp
have d = (1 — 2k2) x g2 ¢ + ?k2 % gl c
using False sum-sqs-eq by (fastforce simp add: divide-simps algebra-simps)
with k2-in-bounds show ?thesis
by fastforce
qed
show Jxcunit-cube. (d, ¢) = (case z of (y,2) = (92 (a —xxa+xxb) —y
xg2(a—xz*xa+xzxb)+yxgl (a—z*xa+xxb),a—2x*xa+zxDb))
using z-witness y-witness by (force simp add: left-diff-distrib)
qed
have {y. Jzcunit-cube. y = twoC z} = {(y, 2). a <z Az <bAg2z<yAy
< g1 z}
apply (auto simp add: twoCisTypell abl left-diff-distrib ex)
using order.order-iff-strict twoCisTypell (1) apply fastforce
apply (smt affine-ineq atLeastAtMost-iff mult-left-mono twoCisTypell )+
done
then show Ja b. a < b A (gl g2. Vae{a..b}. g2z < gl x) A
{y. Jzcunit-cube. y = twoC z} = {(y, ). a <z Az < bA
g2 < yAy<gla}A
twoC = My, z). (1 —y)xg2 (I —z)xa+zxb)+y
xgl (1 —z)*xa4+zxb), (Il —z)*xa+2zxDb)A
gl piecewise-Cl1-differentiable-on {a..b} N g2 piece-
wise-C1-differentiable-on {a..b})
using twoCisTypell by blast
qed

definition horizontal-boundary :: two-cube = one-chain where
horizontal-boundary twoC = {(1, (Az. twoC(x,0))), (=1, (Az. twoC(z,1)))}

definition vertical-boundary :: two-cube = one-chain where
vertical-boundary twoC = {(—1, (Ay. twoC(0,y))), (1, (Ay. twoC(1,y)))}

definition boundary :: two-cube = one-chain where
boundary twoC = horizontal-boundary twoC U vertical-boundary twoC

definition valid-two-cube where
valid-two-cube twoC = card (boundary twoC) = 4

definition two-chain-integral:: two-chain = ((realxreal)=(real)) = real where
two-chain-integral twoChain F = Y CetwoChain. (integral (cubelmage C) F)
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definition valid-two-chain where

valid-two-chain twoChain = (VtwoCube € twoChain. valid-two-cube twoCube)
A pairwise (Acl ¢2. ((boundary c1) N (boundary c2)) = {}) twoChain A inj-on
cubelmage twoChain

definition two-chain-boundary:: two-chain = one-chain where
two-chain-boundary twoChain == |J (boundary ¢ twoChain)

definition gen-division where
gen-division s S = (finite S A (JS = s) A pairwise (AX Y. negligible (X N Y))
S)

definition two-chain-horizontal-boundary:: two-chain = one-chain where
two-chain-horizontal-boundary twoChain = |J (horizontal-boundary ¢ twoChain)

definition two-chain-vertical-boundary:: two-chain = one-chain where
two-chain-vertical-boundary twoChain = | (vertical-boundary * twoChain)

definition only-horizontal-division where
only-horizontal-division one-chain two-chain
= 3AH V. finite H A finite V A
(V (k) € H.
(3(k', v") € two-chain-horizontal-boundary two-chain.
(Jae{0..1}. 3b € {0..1}. a < b A subpath a by = 7))) A

(common-sudiv-exists (two-chain-vertical-boundary two-chain) V

V' common-reparam-ezists V (two-chain-vertical-boundary two-chain))

boundary-chain V A
one-chain = H UV A (Y (k,y)EV. valid-path )

lemma sum-zero-set:
assumes Vz € s. fz = 0 finite s finite t
shows sum f (s U t) = sum ft
using assms
by (simp add: IntE sum.union-inter-neutral sup-commute)

abbreviation valid-typell-division s twoChain = ((V twoCube € twoChain. typell-two Cube
twoCube) N
(gen-division s (cubeImage ‘ twoChain)) A
(valid-two-chain twoChain))

lemma two-chain-vertical-boundary-is-boundary-chain:
shows boundary-chain (two-chain-vertical-boundary twoChain)

by (simp add: boundary-chain-def two-chain-vertical-boundary-def vertical-boundary-def)

lemma two-chain-horizontal-boundary-is-boundary-chain:
shows boundary-chain (two-chain-horizontal-boundary twoChain)
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by (simp add: boundary-chain-def two-chain-horizontal-boundary-def horizontal-boundary-def)

definition typel-twoCube :: two-cube = bool where
typel-twoCube (twoC'::two-cube)
=Jabglg2. a<bA (Vze {a.b}. g22<glz)A
twoC = (A(z,y). ((1—x)xa + zxb,
(1 —y) = (92 (I—z)*a + zxb)) + y * (g1
((1—z)xa + xxb)))) A
g1 piecewise-Cl1-differentiable-on {a..b} A
g2 piecewise-C1-differentiable-on {a..b}

lemma typel-twoCubelmg:
assumes typel-twoCube twoC
shows 3abgl g2. a<bA (Vze{a. b}. g22<glzx)A
cubeImage twoC = {(z,y). © € {a..b} Ny € {g2x .. g1 z}} A
twoC = Mz, y). (I —xz)*xa+xxb (I —y)*xg2 ((I —x)*
a+z*xb)+yxgl (I —xz)xa+zxbdb))) A
g1 piecewise-Cl1-differentiable-on {a .. b} N ¢2 piece-
wise-Cl1-differentiable-on {a .. b}
proof —
have 3a b. a < b A
(gl g2. (Vze{a..b}. g2z < gl ) A
twoC = Mz, y). (I —z)*xa+z*xb (I —y)xg2 (1 —z)xa
+zxb)+yxgl (I —z)*a+zx*Db))A
g1 piecewise-C1-differentiable-on {a .. b} A g2 piecewise-C1-differentiable-on
{a .. b})

using assms by (simp add: typel-twoCube-def)
then obtain a b g1 g2 where
twoClisTypel: a < b
(Vze{a..b}. g2z < g1 x)
twoC = Az, y). (I —z)*xa+zxb, (I —y)*xg2 (1 —z)xa+xx*
b) + y*x gl (I — ) xa-+ zx*Dd)))
g1 piecewise-C1-differentiable-on {a .. b}
92 piecewise-C1-differentiable-on {a .. b}
by auto
have ex: 3 z€ Green.unit-cube.
(Cv d) =
(case z of
(z, y) =
(a —z*xa+zxb,
g2(a—z*xa+2xxb) —yxg2(a—xxa+zxb)+yx*gl (a
—z*xa+ xx*Dd)))
if c-bounds: a < ¢ ¢ < band d-bounds: g2 ¢ < dd < g1 ¢ for ¢ d
proof —
have z-witness: 3k1. ¢ = (1 — kl)xa+ kI xb AN 0 <kl Nkl <1
proof —
let %1 = (¢ — a)/(b — a)
have k1-in-bounds: 0 < (¢ — a)/(b — a) A (¢ — a)/(b — a) < 1
using twoCisTypel (1) c-bounds by simp
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have ¢ = (1 — %k1)xa + %k1 = b
using twoCisTypel (1) sum-sqs-eq
by (auto simp add: divide-simps algebra-simps)
then show ?thesis
using twoCisTypel ki-in-bounds by fastforce
qed
have y-witness: k2. d = (1 — k2)x(g2¢c) + k2 * (g1 c) N 0 < k2 N k2 < 1
proof (cases g1 ¢ — g2 ¢ = 0)
case True
with d-bounds show ?thesis
by force
next
case Fulse
let %k2 = (d — g2 ¢)/(g91 ¢ — g2 ¢)
have k2-in-bounds: 0 < ?k2 A ?k2 < 1 using twoCisTypel(2) c-bounds
d-bounds Fulse by simp
have d = (1 — ?k2) * g2 ¢ + ?k2 * gl c
using False apply (simp add: divide-simps algebra-simps)
using sum-sqs-eq by fastforce
then show ?thesis using k2-in-bounds by fastforce
qed
show Jzcunit-cube. (¢, d) =
(case z of (z,y) = (a —zxa+xzxb g2 (a—z*xa+zxb) —ysx
g2(a—zxa+zxb)+y*xgl (a—z*a+xxDb)))
using z-witness y-witness by (force simp add: left-diff-distrib)
qged
have {y. Jzcunit-cube. y = twoC z} = {(z, y). a <z ANz <bAg2z<yAy
< g1z}
apply (auto simp add: twoCisTypel left-diff-distrib ex)
using less-eq-real-def twoCisTypel (1) apply auto[1]
apply (smt affine-ineq twoCisTypel )
apply (smt affine-ineq atLeastAtMost-iff mult-left-mono twoClis Typel )+
done
then show ?thesis
unfolding cubelmage-def image-def using twoCisTypel by auto
qed

lemma typel-cube-explicit-spec:
assumes typel-twoCube twoC
shows Ja b gl g2. a<bA (Vze{a. b} g22<glz)A
cubeImage twoC = {(z,y). © € {a..b} Ny € {g2z .. g1 z}}
A twoC = Mz, y). (1 —x)*xa+zxb, (I —y)=*g2 (1 —
z)ka+zxb)+yxgl (I —a)xa+zxb))
A gl piecewise-C1-differentiable-on {a .. b} A g2 piece-
wise-C1-differentiable-on {a .. b}
A (Az. twoC(z, 0)) = (Az. (a + (b — a) x 2, g2 (a + (b — a) *
z)))

A (Ay. twoC(1, y)) = (Az. (b, g2 b + z xg (91 b — g2 b))
A (Az. twoC(z, 1)) = (Mz. (a + (b — a) x z, g1 (a + (b — a) *
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7))
A (Ay. twoC (0, y)) = (Az. (a, g2 a + z *r (91 a — g2 a)))
proof —
let ?bottom-edge = (Az. twoC(z, 0))
let ?right-edge = (Ay. twoC(1, y))
let %top-edge = (Az. twoC(z, 1))
let Zleft-edge = (A\y. twoC(0, y))
obtain a b g1 g2 where
twoCisTypel: a < b
(Vz € cbox a b. g2 x < g1 x)
cubeImage twoC = {(z,y). © € cbox a b A\ y € cbox (g2 x) (g1 x)}
twoC = Mz, y). (I —z)xa+z*xb (I —y)*xg2 (I —z)*xa+zx*xb)+
yxgl (I —x)*a+ zxDb)))
g1 piecewise-C1-differentiable-on {a .. b}
g2 piecewise-Cl1-differentiable-on {a .. b}
using assms and typel-twoCubelmg|oftwoC| by auto
have bottom-edge-explicit: ?bottom-edge = (Az. (a + (b — a) * z, g2 (a + (b —
2) * 1))
by (simp add: twoCisTypel(4) algebra-simps)
have right-edge-explicit: ?right-edge = (Ax. (b, g2 b + z xg (g1 b — g2 b)))
by (simp add: twoCisTypel(4) algebra-simps)
have top-edge-explicit: ?top-edge = (Az. (a + (b — a) x z, g1 (a + (b — a) *
7))
by (simp add: twoCisTypel(4) algebra-simps)
have left-edge-explicit: ?left-edge = (Az. (a, g2 a + z x5 (g1 a — g2 a)))
by (simp add: twoCisTypel(4) algebra-simps)
show ?thesis
using bottom-edge-explicit right-edge-explicit top-edge-explicit left-edge-explicit
two Cis Typel
by auto
qed

lemma typel-twoCube-smooth-edges:
assumes typel-twoCube twoC
(kyy) € boundary twoC
shows v piecewise-C1-differentiable-on {0..1}
proof —
let ?bottom-edge = (Az. twoC(x, 0))
let ?right-edge = (Ay. twoC(1, y))
let Ztop-edge = (Az. twoC(z, 1))
let ?left-edge = (Ay. twoC(0, y))
obtain a b g1 g2 where
twoCisTypel: a < b
(Vz € cbox ab. g2z < gl x)
cubeImage twoC = {(z,y). © € cboz a b A\ y € cbox (g2 z) (g1 z)}
twoC = (M, y). (I —2)*xa+zxb, (I —y)*xg2 (I —x)*xa+2zxd)+
y*x gl (I —z)*a+ xxbd)))
g1 piecewise-Cl1-differentiable-on {a .. b}
92 piecewise-C1-differentiable-on {a .. b}
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(Az. twoC(z, 0)) = (Az. (a + (b — a) x z, g2 (a + (b — a) * 1)))
(Ay. twoC(1, y)) = (Az. (b, g2 b + = *g (g1 b — g2 b)))
(Az. twoC(z, 1)) = (Az. (a + (b — a) x z, g1 (a + (b — a) * 1))
(Ay. twoC(0, y)) = (Az. (a, g2 a + = *r (91 a — g2 a)))
using assms and typel-cube-explicit-spec|oftwoC)|
by auto
have bottom-edge-smooth: (Az. twoC (z, 0)) piecewise-C1-differentiable-on {0..1}
proof —
have Vz. (Az. (a + (b — a) * 2))— {2z} = {(z — a)/(b —a)}
using twoCisTypel (1)
by (auto simp add: Set.vimage-def)
then have finite-vimg: Az. finite({0..1} N (Az. (a + (b — a) * z))—* {z}) by
auto
have scale-shif-smth: (Az. (a + (b — a) * z)) C1-differentiable-on {0..1} using
scale-shift-smooth by auto
then have scale-shif-pw-smth: (Az. (a + (b — a) * z)) piecewise-C1-differentiable-on
{0..1} using C1-differentiable-imp-piecewise by blast
have g2-smooth: g2 piecewise-C1-differentiable-on (Az. a + (b — a) x z) “{0..1}
using add-scale-img[OF twoCisTypel (1)] twoCisTypel (6) by auto
have (Az. g2 (a + (b — a) * z)) piecewise-C1-differentiable-on {0..1}
using piecewise-C1-differentiable-compose| OF scale-shif-pw-smth g2-smooth
finite-vimg)
by (auto simp add: o-def)
then have (Az:real. (¢ + (b — a) x z, 92 (a + (b — a) x z))) piece-
wise-C1-differentiable-on {0..1}
using all-components-smooth-one-pw-smooth-is-pw-smooth|where f = (Ax::real.
(a4 (b—a)*z 92 (a+ (b— a)xx)))]
apply (simp only: real-pair-basis)
by fastforce
then show #thesis using twoCisTypel (7) by auto
qed
have top-edge-smooth: ?top-edge piecewise-C1-differentiable-on {0..1}
proof —
have Vz. (Az. (a + (b — a) * z))— {2} = {(z — a)/(b —a)}
using twoCisTypel (1)
by (auto simp add: Set.vimage-def)
then have finite-vimg: Az. finite({0..1} N (Az. (a + (b — a) * z))—* {z}) by
auto
have scale-shif-smth: (Az. (a + (b — a) * x)) C1-differentiable-on {0..1} using
scale-shift-smooth by auto
then have scale-shif-pw-smth: (Az. (a + (b — a) x x)) piecewise-C1-differentiable-on
{0..1} using C1-differentiable-imp-piecewise by blast
have g1-smooth: g1 piecewise-C1-differentiable-on (Az. a + (b — a) x z) “{0..1}
using add-scale-img[OF twoCisTypel (1)] twoCisTypel (5) by auto
have (Az. g1 (a + (b — a) * 1)) piecewise-C1-differentiable-on {0..1}
using piecewise-C1-differentiable-compose| OF scale-shif-pw-smth g1-smooth
finite-vimg)
by (auto simp add: o-def)
then have (A\z. (a + (b — a) x z, g1 (a + (b — a) * z))) piecewise-C1-differentiable-on
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(0.1}

using all-components-smooth-one-pw-smooth-is-pw-smooth|where f = (Az.
(a+ (b—a)*z g1 (a+ (b—a)xzx))]
apply (simp only: real-pair-basis)
by fastforce
then show ?thesis using twoCisTypel (9) by auto
qed
have right-edge-smooth: ?right-edge piecewise-C1-differentiable-on {0..1}
proof —
have (Az. (g2 b + z xg (g1 b — g2 b))) Cl-differentiable-on {0..1}
using scale-shift-smooth C1-differentiable-imp-piecewise by auto
then have (\z. (g2 b + x xg (g1 b — g2 b))) piecewise-C1-differentiable-on
{0..1}
using C1-differentiable-imp-piecewise by fastforce
then have (\z. (b, g2 b + z xg (g1 b — g2 b)) piecewise-C1-differentiable-on
{0..1}
using pair-prod-smooth-pw-smooth by auto
then show ?thesis
using twoCisTypel (8) by auto
qed
have left-edge-smooth: ?left-edge piecewise-C1-differentiable-on {0..1}
proof —
have (Az. (g2 a + z *gr (91 a — g2 a))) Cl-differentiable-on {0..1}
using scale-shift-smooth by auto
then have (A\z. (g2 a + z xr (g1 a — g2 a))) piecewise-C1-differentiable-on
{0..1}
using C1-differentiable-imp-piecewise by fastforce
then have (A\z. (a, g2 a + = *g (91 a — g2 a))) piecewise-C1-differentiable-on
{0..1}
using pair-prod-smooth-pw-smooth by auto
then show ?thesis
using twoCisTypel (10) by auto
qed
have v = ?Zbottom-edge V v = ?right-edge V v = ?top-edge V v = ?left-edge
using assms by (auto simp add: boundary-def horizontal-boundary-def verti-
cal-boundary-def)
then show ?%thesis
using left-edge-smooth right-edge-smooth top-edge-smooth bottom-edge-smooth
by auto
qed

lemma two-chain-integral-eq-integral-divisable:
assumes f-integrable: ¥V twoCube € twoChain. F integrable-on cubelmage twoCube
and
gen-division: gen-division s (cubeImage ¢ twoChain) and
valid-two-chain: valid-two-chain twoChain
shows integral s F = two-chain-integral twoChain F
proof —
show integral s F' = two-chain-integral twoChain F
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proof (simp add: two-chain-integral-def)
have partial-deriv-integrable:
Y twoCube € twoChain. ((F) has-integral (integral (cubelmage twoCube) (F)))
(cubeImage twoCube)
using f-integrable by auto
then have partial-deriv-integrable:
NtwoCubelmg. twoCubelmg € cubelmage ¢ twoChain —> (F has-integral
(integral (twoCubelmg) F')) (twoCubelmg)
using Henstock- Kurzweil-Integration.integrable-neg by force
have finite-images: finite (cubeImage ‘ twoChain)
using gen-division gen-division-def by auto
have negligible-images: pairwise (AS S'. negligible (S N S’)) (cubelmage *
twoChain)
using gen-division by (auto simp add: gen-division-def pairwise-def)
have inj: inj-on cubelmage twoChain
using valid-two-chain by (simp add: inj-on-def valid-two-chain-def)
have integral s F = (> twoCubeImge cubeImage ‘ twoChain. integral twoCubelmg
F)
using has-integral-Union|OF finite-images partial-deriv-integrable negligi-
ble-images| gen-division
by (auto simp add: gen-division-def)
also have ... = (> CetwoChain. integral (cubelmage C) F)
using sum.reindex inj by auto
finally show integral s F = (3 CetwoChain. integral (cubelmage C) F) .
qed
qged

definition only-vertical-division where
only-vertical-division one-chain two-chain =
3V H. finite H A finite V N
(V (kyy) € V.
(3 (k'y") € two-chain-vertical-boundary two-chain.
(Jae{0..1}. 3b € {0..1}. a < b A subpath a b~y = 7))) A
(common-sudiv-exists (two-chain-horizontal-boundary two-chain) H
V common-reparam-exists H (two-chain-horizontal-boundary two-chain))

boundary-chain H N one-chain =V U H A
(V (k,y)€H. valid-path )

abbreviation valid-typel-division s twoChain
= (VitwoCube € twoChain. typel-twoCube twoCube) N
gen-division s (cubeImage ‘ twoChain) A valid-two-chain twoChain

lemma field-cont-on-typel-region-cont-on-edges:
assumes typel-twoC'": typel-twoCube twoC
and field-cont: continuous-on (cubelmage twoC) F
and member-of-boundary: (k,y) € boundary twoC
shows continuous-on (y ‘{0 .. 1}) F
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proof —
obtain a b g1 g2 where
twoCisTypel: a < b
(Vz € cbox a b. g2 x < gl x)
cubeImage twoC' = {(z,y). z € cbox a b A y € cbozx (92 z) (g1 z)}
twoC = Mz, y). (I —z)xa+z*xb (I —y)*xg2 (I —z)*xa+zx*xb)+
yxgl (I —x)*a+ zxb)))
g1 piecewise-C1-differentiable-on {a .. b}
g2 piecewise-C1-differentiable-on {a .. b}
(Az. twoC(z, 0)) = (Az. (a + (b — a) * z, g2 (a + (b — a) * x)))
(Ay. twoC(1, y)) = (Az. (b, 2 b+ z xr (g1 b — ¢g2D)))
(Az. twoC(z, 1)) = (Az. (a + (b — a) x z, g1 (a + (b — a) * 1))
(Ay. twoC(0, y)) = (Az. (a, g2 a + = xg (91 a — g2 a)))
using typel-twoC and typel-cube-explicit-spec|oftwoC]
by auto
let ?bottom-edge = (Az. twoC(x, 0))
let ?right-edge = (Ay. twoC(1, y))
let Ztop-edge = (Az. twoC(z, 1))
let Zleft-edge = (Ay. twoC(0, y))
let ?Dg1 = {p. 3z. 2 € cbox a b A p = (z, g1(x))}
have line-is-pair-img: ?Dgl = (Az. (z, g1(x))) * (cbox a b)
using image-def by auto
have field-cont-on-top-edge-image: continuous-on ¢?Dgl F
by (rule continuous-on-subset [OF field-cont]) (auto simp: twoCisTypel(2)
twoCisTypel (3))
have top-edge-is-compos-of-scal-and-g1 :
(Az. twoC(z, 1)) = (Az. (z, g1(x))) o (Az. a + (b — a) * x)
using twoCisTypel by auto
have Dg1-is-bot-edge-pathimg: path-image (Az. twoC(z, 1)) = ¢Dgl
using line-is-pair-img and top-edge-is-compos-of-scal-and-g1 image-comp path-image-def
add-scale-img and twoCisTypel (1)
by (metis (no-types, lifting) cboz-interval)
then have cont-on-top: continuous-on (path-image ?top-edge) F
using field-cont-on-top-edge-image by auto
let ?Dg2 = {p. 3z. z € cbox a b A p = (z, g2(x))}
have line-is-pair-img: ?Dg2 = (Az. (z, g2(x)))  (cbox a b)
using image-def by auto
have field-cont-on-bot-edge-image: continuous-on ?Dg2 F
apply (rule continuous-on-subset [OF field-cont])
using twoCisTypel (2) twoCisTypel (3) by auto
have bot-edge-is-compos-of-scal-and-g2: (Ax. twoC(z, 0)) = (Az. (z, g2(z))) o
(Az. a+ (b—a)*xx)
using twoCisTypel by auto
have Dg2-is-bot-edge-pathimg:
path-image (Az. twoC(z, 0)) = ¢Dg2
using line-is-pair-img and bot-edge-is-compos-of-scal-and-g2 image-comp path-image-def
add-scale-img and twoCisTypel (1)
by (metis (no-types, lifting) cboz-interval)
then have cont-on-bot: continuous-on (path-image ?bottom-edge) F
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using field-cont-on-bot-edge-image by auto
let ?D-left-edge = {p. Jy. y € cbozx (92 a) (g1 a) A p = (a, y)}
have field-cont-on-left-edge-image: continuous-on ?D-left-edge F
apply (rule continuous-on-subset [OF field-cont])
using twoCisTypel (1) twoCisTypel (3) by auto
have ¢2 a < g1 a using twoCisTypel (1) twoCisTypel (2) by auto
then have (Az. g2 a + (g1 a — g2 a) x z) ‘{(0::real)..1} = {g2 a .. g1 a}
using add-scale-img’[of g2 a g1 a] by blast
then have left-eq: ?D-left-edge = ?left-edge “ {0..1}
unfolding twoCisTypel (10)
by (auto simp add: subset-iff image-def set-eq-iff Semiring-Normalization.comm-semiring-1-class.semiring-no
then have cont-on-left: continuous-on (path-image ?left-edge) F
using field-cont-on-left-edge-image path-image-def
by (metis left-eq field-cont-on-left-edge-image path-image-def)
let ?D-right-edge = {p. 3y. y € cbox (g2 b) (91 b) A p = (b, y)}
have field-cont-on-left-edge-image: continuous-on ?D-right-edge F
apply (rule continuous-on-subset [OF field-cont])
using twoCisTypel (1) twoCisTypel(3) by auto
have ¢2 b < g1 b using twoCisTypel (1) twoCisTypel(2) by auto
then have (Az. g2 b + (g1 b — ¢g2b) * x) ‘{(0=real)..1} = {g2 b .. g1 b}
using add-scale-img'[of g2 b g1 b] by blast
then have right-eq: ?D-right-edge = ?right-edge ‘ {0..1}
unfolding twoCisTypel (8)
by (auto simp add: subset-iff image-def set-eq-iff Semiring-Normalization.comm-semiring-1-class.semiring-no
then have cont-on-right:
continuous-on (path-image ?right-edge) F
using field-cont-on-left-edge-image path-image-def
by (metis right-eq field-cont-on-left-edge-image path-image-def)
have all-edge-cases:
(v = ?bottom-edge V v = ?right-edge V v = ?top-edge V v = ?left-edge)
using assms by (auto simp add: boundary-def horizontal-boundary-def verti-
cal-boundary-def)
show ?thesis
apply (simp add: path-image-def[symmetric])
using cont-on-top cont-on-bot cont-on-right cont-on-left all-edge-cases
by blast
qed

lemma typell-cube-explicit-spec:

assumes typell-twoCube twoC

shows 3abgl g2. a<bA (Vze{a. b}. g22<glzx)A

cubeImage twoC = {(y, z). v € {a..b} Ny € {92z .. g1 z}}
A twoC = Ny, z). (1 —y)xg2 (I —z)*xa+z*xb) +yx*gl
(1 —z)*a+xxb), (I —zx)*xa+zxbd))
A g1 piecewise-C1-differentiable-on {a .. b} A g2 piecewise-C1-differentiable-on

{a .. b}

A (Az. twoC(0, z)) = (Az. (92 (a + (b — a) x z), a + (b — a) * x))

A (Ay. twoCl(y, 1)) = (Az. (g2 b+ = x5 (g1 b — g2b), b))
A (Az. twoC(1, z)) = (Az. (g1 (a + (b — a) *x z), a + (b — a) x 1))
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A (Ay. twoC(y, 0)) = (Az. (92 a + = *r (91 a — g2 a), a))
proof —
let Zbottom-edge = (Az. twoC(0, x))
let ?right-edge = (Ay. twoC(y, 1))
let Ztop-edge = (Az. twoC(1, x))
let ?left-edge = (A\y. twoC(y, 0))
obtain a b g1 g2 where
twoCisTypell: a < b
(Vz € cbox a b. g2z < gl x)
cubeImage twoC = {(y, z). € cbox a b A y € cbox (g2 x) (91 z)}
twoC = My, 2). (1 —y)xg2 (I —z)*xa+xxb)+y=*xgl (I —z)*a
+zxb), (I —z)*xa+xxb)
g1 piecewise-C1-differentiable-on {a .. b}
g2 piecewise-C1-differentiable-on {a .. b}
using assms and typell-twoCubeImg|oftwoC| by auto
have bottom-edge-explicit: ?bottom-edge = (Az. (g2 (a + (b — a) * z), a + (b —
a) * x))
by (simp add: twoCisTypell (4) algebra-simps)
have right-edge-explicit: ?right-edge = (Az. (g2 b + = *g (91 b — g2 b), b))
by (simp add: twoCisTypell (4) algebra-simps)
have top-edge-explicit: ?top-edge = (Az. (g1 (a + (b — a) x z), a + (b — a) *
z))
by (simp add: twoCisTypell (4) algebra-simps)
have left-edge-explicit: ?left-edge = (Az. (92 a + z *g (91 a — ¢2 a), a))
by (simp add: twoCisTypell(4) algebra-simps)
show ?thesis
using bottom-edge-explicit right-edge-explicit top-edge-explicit left-edge-explicit
two Cis Typell
by auto
qed

lemma typell-twoCube-smooth-edges:
assumes typell-twoCube twoC (k,y) € boundary twoC
shows v piecewise-CI1-differentiable-on {0..1}
proof —
let Zbottom-edge = (Az. twoC(0, x))
let ?right-edge = (Ay. twoC(y, 1))
let %top-edge = (Az. twoC(1, z))
let Zleft-edge = (A\y. twoC(y, 0))
obtain a b g1 g2 where
twoCisTypell: a < b
(Vz € cbox a b. g2 x < gl x)
cubeImage twoC = {(y, z). x € cbox a b A y € cboz (g2 ) (g1 =)}
twoC = My, ). (I —y)xg2 (1 —2)xa+axxb)+yxgl (I —z)*a
+zxb), (I —z)*xa+xxb)
g1 piecewise-Cl1-differentiable-on {a .. b}
g2 piecewise-Cl1-differentiable-on {a .. b}
(Az. twoC(0, x)) = (Az. (92 (a + (b — a) x ), a + (b — a) x x))
(Ay. twoC(y, 1)) = (Az. (g2 b + = *r (g1 b — g2 ), b))
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(Az. twoC(1, z)) = (Az. (g1 (a + (b — a) xz),a + (b — a) x z))
(Ay. twoCl(y, 0)) = (Az. (92 a + z *r (g1 a — g2 a), a))
using assms and typell-cube-explicit-spec|oftwoC)|
by auto
have bottom-edge-smooth: ?bottom-edge piecewise-C1-differentiable-on {0..1}
proof —
have Vz. (Az. (a + (b — a) x z)) —“{z} = {(z — a)/(b —a)}
using twoCisTypell (1) by auto
then have finite-vimg: Az. finite({0..1} N (Az. (a + (b — a) * z))—* {z}) by
auto
have scale-shif-pw-smth: (Az. (a + (b — a) * z)) piecewise-C1-differentiable-on
{0..1}
using scale-shift-smooth C1-differentiable-imp-piecewise by blast
have g2-smooth: g2 piecewise-C1-differentiable-on (Az. a + (b — a) x z) “{0..1}
using add-scale-img[OF twoCisTypell (1)] twoCisTypell (6) by auto
have (Az. g2 (a + (b — a) x z)) piecewise-C1-differentiable-on {0..1}
using piecewise-C1-differentiable-compose| OF scale-shif-pw-smth g2-smooth
finite-vimg|
by (auto simp add: o-def)
then have (Az:real. (g2 (¢ + (b — a) * x), a + (b — a) * x)) piece-
wise-C1-differentiable-on {0..1}
using all-components-smooth-one-pw-smooth-is-pw-smooth[where f = (Az::real.
(92 (a+ (b—a)x2), at (b a)* )
by (fastforce simp add: real-pair-basis)
then show ?thesis using twoCisTypell(7) by auto
qged
have top-edge-smooth: ?top-edge piecewise-C1-differentiable-on {0..1}
proof —
have Vz. (Az. (a + (b — a) * z))— {2} = {(z — a)/(b —a)}
using twoCisTypell (1) by auto
then have finite-vimg: Az. finite({0..1} N (Az. (a + (b — a) * z))—* {z}) by
auto
have scale-shif-pw-smith: (Az. (a + (b — a) * z)) piecewise-C1-differentiable-on
{0..1}
using scale-shift-smooth C1-differentiable-imp-piecewise by blast
have g1-smooth: g1 piecewise-C1-differentiable-on (Az. a + (b — a) x z) “{0..1}
using add-scale-img[OF twoCisTypell (1)] twoCisTypell (5) by auto
have (Az. g1 (a + (b — a) * z)) piecewise-C1-differentiable-on {0..1}
using piecewise-C1-differentiable-compose| OF scale-shif-pw-smth g1-smooth
finite-vimg)
by (auto simp add: o-def)
then have (Az:real. (g (¢ + (b — a) * x), a + (b — a) % x)) piece-
wise-C1-differentiable-on {0..1}
using all-components-smooth-one-pw-smooth-is-pw-smooth[where f = (Az::real.
(91 (a+ (b—a) %), at (b a)* )
by (fastforce simp add: real-pair-basis)
then show ?thesis using twoCisTypell(9) by auto
qged
have right-edge-smooth: ?right-edge piecewise-C1-differentiable-on {0..1}
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proof —
have (Az. (g2 b + = *g (g1 b — g2 b))) piecewise-C1-differentiable-on {0..1}
by (simp add: C1-differentiable-imp-piecewise)
then have (\z. (g2 b 4+ = xg (g1 b — g2 b), b)) piecewise-C1-differentiable-on
{0..1}
using all-components-smooth-one-pw-smooth-is-pw-smooth[of (1,0) (Az. (g2
b+ 2 n (g1 b — g2 b), b))
by (auto simp add: real-pair-basis)
then show ?thesis
using twoCisTypell (8) by auto
qed
have left-edge-smooth: ?left-edge piecewise-C1-differentiable-on {0..1}
proof —
have 0: (Az. (g2 a + z xg (g1 a — g2 a))) C1-differentiable-on {0..1}
using C1-differentiable-imp-piecewise by fastforce
have (Az. (g2 a + = xg (g1 a — g2 a), a)) piecewise-C1-differentiable-on {0..1}
using C1-differentiable-imp-piecewise| OF C1-differentiable-on-pair|OF 0 C1-differentiable-on-const|of
0 {0..1}]]
by force
then show ?thesis
using twoCisTypell (10) by auto
qed
have v = ?Zbottom-edge V v = ?right-edge V v = ?top-edge V v = ?left-edge
using assms by (auto simp add: boundary-def horizontal-boundary-def verti-
cal-boundary-def)
then show ?thesis
using left-edge-smooth right-edge-smooth top-edge-smooth bottom-edge-smooth
by auto
qed

lemma field-cont-on-typell-region-cont-on-edges:
assumes typell-twoC"
typell-twoCube twoC and
field-cont:
continuous-on (cubelmage twoC) F and
member-of-boundary:
(k,yy) € boundary twoC
shows continuous-on (y ‘{0 .. 1}) F
proof —
obtain a b g1 g2 where
twoCisTypell: a < b
(Vz € cbox a b. g2 x < gl x)
cubeImage twoC = {(y, z). x € cbox a b A y € cboz (g2 ) (g1 =)}
twoC = My, ). (I —y)xg2 (1 —2)xa+axxb)+yxgl (I —z)*a
+zxb), (I —z)*xa+xxb)
g1 piecewise-Cl1-differentiable-on {a .. b}
g2 piecewise-Cl1-differentiable-on {a .. b}
(Az. twoC(0, x)) = (Az. (92 (a + (b — a) x ), a + (b — a) x x))
(Ay. twoC(y, 1)) = (Az. (g2 b + = *r (g1 b — g2 ), b))
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(Az. twoC(1, z)) = (Az. (g1 (a + (b — a) xz),a + (b — a) x z))
(Ay. twoCl(y, 0)) = (Az. (92 a + z *r (g1 a — g2 a), a))
using typell-twoC and typell-cube-ezplicit-spec|oftwoC)|
by auto
let ?bottom-edge = (Az. twoC(0, x))
let ?right-edge = (A\y. twoC(y, 1))
let Ztop-edge = (Az. twoC(1, x))
let Zleft-edge = (M\y. twoC(y, 0))
let ?Dg1 = {p. 3z. 2 € cbox a b A p = (g1(x), x)}
have line-is-pair-img: ?Dgl = (Az. (g1(z), x)) * (cbox a b)
using image-def by auto
have field-cont-on-top-edge-image: continuous-on ?Dgl F
by (rule continuous-on-subset [OF field-cont]) (auto simp: twoCisTypell(2)
two Cis Typell (3))
have top-edge-is-compos-of-scal-and-g1 :
(Az. twoC(1, z)) = (Az. (g1(x), x)) o (Az. a + (b — a) x x)
using twoCisTypell by auto
have DgI-is-bot-edge-pathimg:
path-image (Az. twoC (1, z)) = ¢Dygl
using line-is-pair-img and top-edge-is-compos-of-scal-and-g1 image-comp path-image-def
add-scale-img and twoCisTypell (1)
by (metis (no-types, lifting) cboz-interval)
then have cont-on-top: continuous-on (path-image ?top-edge) F
using field-cont-on-top-edge-image by auto
let ?Dg2 = {p. 3z. z € cbox a b A p = (¢g2(z), z)}
have line-is-pair-img: ?Dg2 = (Az. (¢2(z), x)) * (cbox a b)
using image-def by auto
have field-cont-on-bot-edge-image: continuous-on ?Dg2 F
by (rule continuous-on-subset [OF field-cont]) (auto simp add: twoCisTypell (2)
two Cis Typell (3))
have bot-edge-is-compos-of-scal-and-g2:
(Az. twoC(0, z)) = (Az. (g2(x), ) o (Az. a + (b — a) * x)
using twoCisTypell by auto
have Dg2-is-bot-edge-pathimg: path-image (Az. twoC(0, x)) = ¢Dg2
unfolding path-image-def
using line-is-pair-img and bot-edge-is-compos-of-scal-and-g2 image-comp add-scale-img
[OF <a < b]
by (metis (no-types, lifting) box-real(2))
then have cont-on-bot: continuous-on (path-image ?bottom-edge) F
using field-cont-on-bot-edge-image
by auto
let ?D-left-edge = {p. Jy. y € cbox (92 a) (91 a) A p = (y, a)}
have field-cont-on-left-edge-image: continuous-on ?D-left-edge F'
apply (rule continuous-on-subset [OF field-cont])
using twoCisTypell (1) twoCisTypell (3) by auto
have ¢2 a < g1 a using twoCisTypell (1) twoCisTypell(2) by auto
then have (Az. g2 a + = * (91 a — g2 a)) ‘{(0:real)..1} = {92 a .. g1 a}
using add-scale-img’[of g2 a g1 a] by (auto simp add: ac-simps)
with g2 a < g1 a> have left-eq: ?D-left-edge = ?left-edge ‘ {0..1}
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by (simp only: twoCisTypell(10)) auto
then have cont-on-left: continuous-on (path-image ?left-edge) F
using field-cont-on-left-edge-image path-image-def
by (metis left-eq field-cont-on-left-edge-image path-image-def)
let ?D-right-edge = {p. Jy. y € cbox (¢2b) (g1 b) A p = (y, b)}
have field-cont-on-left-edge-image: continuous-on ?D-right-edge F
apply (rule continuous-on-subset [OF field-cont])
using twoCisTypell (1) twoCisTypell (3) by auto
have ¢2 b < g1 b using twoCisTypell (1) twoCisTypell (2) by auto
then have (Az. g2 b+ z % (g1 b — g2 b)) ‘{(0:real)..1} = {g2 b .. g1 b}
using add-scale-img'[of g2 b g1 b] by (auto simp add: ac-simps)
with <g2 b < g1 b» have right-eq: ?D-right-edge = ?right-edge ‘ {0..1}
by (simp only: twoCisTypell (8)) auto
then have cont-on-right:
continuous-on (path-image ?right-edge) F
using field-cont-on-left-edge-image path-image-def
by (metis right-eq field-cont-on-left-edge-image path-image-def)
have all-edge-cases:
(y = %bottom-edge V v = ?right-edge vV v = %top-edge V v = ?left-edge)
using assms unfolding boundary-def horizontal-boundary-def vertical-boundary-def
by blast
show ?thesis
apply (simp add: path-image-def[symmetric])
using cont-on-top cont-on-bot cont-on-right cont-on-left all-edge-cases
by blast
qged

lemma two-cube-boundary-is-boundary: boundary-chain (boundary C)
by (auto simp add: boundary-chain-def boundary-def horizontal-boundary-def ver-
tical-boundary-def)

lemma common-boundary-subdiv-exists-refi:

assumes VY (k,y)€boundary twoC. valid-path ~

shows common-boundary-sudivision-ezists (boundary twoC') (boundary twoC)

using assms chain-subdiv-chain-refl common-boundary-sudivision-exists-def two-cube-boundary-is-boundary
by blast

lemma common-boundary-subdiv-exists-refl”:
assumes Y (k,y)€C. valid-path ~
boundary-chain (C::(int x (real = real X real)) set)
shows common-boundary-sudivision-exists (C') (C')
using assms chain-subdiv-chain-refl common-boundary-sudivision-ezists-def by
blast

lemma gen-common-boundary-subdiv-exists-refl-twochain-boundary:
assumes Y (k,y)€C. valid-path ~y
boundary-chain (C::(int x (real = real x real)) set)
shows common-sudiv-exists (C) (C)
using assms chain-subdiv-chain-refl common-boundary-sudivision-exists-def com-
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mon-subdiv-imp-gen-common-subdiv by blast

lemma two-chain-boundary-is-boundary-chain:

shows boundary-chain (two-chain-boundary twoChain)

by (simp add: boundary-chain-def two-chain-boundary-def boundary-def horizon-
tal-boundary-def vertical-boundary-def)

lemma typel-edges-are-valid-paths:
assumes typel-twoCube twoC' (k,y) € boundary twoC
shows walid-path
using typel-twoCube-smooth-edges|OF assms] C1-differentiable-imp-piecewise
by (auto simp: valid-path-def)

lemma typell-edges-are-valid-paths:
assumes typell-twoCube twoC' (k,y) € boundary twoC
shows valid-path
using typell-twoCube-smooth-edges| OF assms| C1-differentiable-imp-piecewise
by (auto simp: valid-path-def)

lemma finite-two-chain-vertical-boundary:
assumes finite two-chain
shows finite (two-chain-vertical-boundary two-chain)
using assms by (simp add: two-chain-vertical-boundary-def vertical-boundary-def)

lemma finite-two-chain-horizontal-boundary:
assumes finite two-chain
shows finite (two-chain-horizontal-boundary two-chain)
using assms by (simp add: two-chain-horizontal-boundary-def horizontal-boundary-def)

locale R2 =
fixes i j
assumes i-is-z-axis: i = (1::real,0::real) and
J-is-y-azis: § = (0::real, 1::real)
begin

lemma analytically-valid-y:
assumes analytically-valid s F i
shows (\z. integral UNIV (\y. (partial-vector-derivative F i) (y, z) * (indicator
s (y, 2)))) € borel-measurable lborel
proof —
have {(1::real, 0::real), (0, 1)} — {(1, 0)} = {(0::real,1::real)}
by force
with assms show ?thesis
using assms by(simp add: real-pair-basis analytically-valid-def i-is-z-axis
J-is-y-axis)
qed

lemma analytically-valid-z:
assumes analytically-valid s F j
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shows (Az. integral UNIV (Ay. ((partial-vector-derivative F §) (z, y)) = (indicator
s (z, y)))) € borel-measurable lborel
proof —
have {(1::real, 0::real), (0, 1)} — {(0, 1)} = {(1::real, O0::real)}
by force
with assms show ?thesis
by (simp add: real-pair-basis analytically-valid-def i-is-x-azis j-is-y-axis)
qed

lemma Greens-thm-type-1:
fixes F:: ((realxreal) = (real x real)) and
gammal gamma2 gamma3 gammas :: (real = (real * real)) and
a:: real and b:: real and
gl:: (real = real) and g2:: (real = real)
assumes Dy-def: Dy-pair = {(z::real,y) . x € cbox a b A y € cbox (g2 ) (91 x)}
and
gammal-def: gammal = (Az. (a + (b — a) * z, g2(a + (b — a) x z))) and
gammal-smooth: gammal piecewise-C1-differentiable-on {0..1} and
gamma2-def: gamma2 = (Az. (b, g2(b) + = *r (g1(b) — ¢2(b)))) and
gammaS-def: gamma3 = (Az. (a + (b — a) x 2, gI1(a + (b — a) x z))) and
gammasd-smooth: gamma3 piecewise-C1-differentiable-on {0..1} and
gamma4-def: gammad = (Az. (a, g2(a) + z *r (g1(a) — g2(a)))) and
F-i-analytically-valid: analytically-valid Dy-pair (Ap. F(p) - i) j and
g2-leg-g1: Vz € cbox a b. (g2 x) < (g1 z) and
a-lt-b: a < b
shows (line-integral F {i} gammal) +
(line-integral F {i} gamma2) —
line-integral F {i} gamma3) —
line-integral F {i} gamma4 )
= (integral Dy-pair (Aa. — (partial-vector-derivative (Ap. F(p) « i) j

—~

a)))
line-integral-exists F {i} gamma
line-integral-exists F {i} gamma3
line-integral-exists F {i} gamma2
line-integral-exists F {i} gammal
proof —
let ?F-b’ = partial-vector-derivative (Aa. (F a) - ©) j
have F-first-is-continuous: continuous-on Dy-pair (Aa. F(a) -+ 7)
using F-i-analytically-valid
by (auto simp add: analytically-valid-def)
let ?f = (Az. if z € (Dy-pair) then (partial-vector-derivative (Aa. (F a) - i) )
z else 0)
have f-lesbeque-integrable: integrable lborel ?f
using F-i-analytically-valid
by (auto simp add: analytically-valid-def indic-ident)
have partially-vec-diff: ¥V a € Dy-pair. partially-vector-differentiable (Aa. (F a) -
i)ja
using F-i-analytically-valid
by (auto simp add: analytically-valid-def indicator-def)
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have z-azis-integral-measurable: (Az. integral UNIV (Ay. ?f(z, y))) € borel-measurable
lborel
proof —
have (Ap. (?F-b’ p) * indicator (Dy-pair) p) = (Az. if @ € (Dy-pair) then
(2F-b") z else 0)
using indic-ident[of ?F-b'] by auto
then have Az y. 2F-b (x,y) x indicator (Dy-pair) (z,y) = (Az. if x € (Dy-pair)
then (2F-b") x else 0) (z,y)
by auto
then show ?thesis
using analytically-valid-z[OF F-i-analytically-valid)
by (auto simp add: indicator-def)
qed
have F-partially-differentiable: ¥ a€ Dy-pair. has-partial-vector-derivative (Az. (F
x) - i) j(?F-b"a) a
using partial-vector-derivative-works partially-vec-diff
by fastforce
have g¢1-g2-continuous: continuous-on (cbox a b) g1
continuous-on (cbox a b) g2
proof —
have shift-scale-cont: continuous-on {a..b} (Az. (x — a)x(1/(b—a)))
by (intro continuous-intros)
have shift-scale-inv: (Az. a + (b — a) * z) o (Az. (z — a)x(1/(b—a))) = id
using a-lt-b by (auto simp add: o-def)
have img-shift-scale: (A\z. (x — a)x(1/(b—a)))qa..b} = {0..1}
using a-lt-b apply (auto simp: divide-simps image-iff)
apply (rule-tac z=x * (b — a) + a in bexl)
using le-diff-eq by fastforce+
have gammal-y-component: (A\z. g2(a + (b — a) * z)) = g2 o (Az.(a + (b —
a) * x))
by auto
have continuous-on {0..1} (Az. g2(a + (b — a) * x))
using continuous-on-inner|OF piecewise- C1-differentiable-on-imp-continuous-on| OF
gammal-smooth], of (Az. j), OF continuous-on-const]
by (simp add: gammal-def j-is-y-axis)
then have continuous-on {a..b} ((Az. g2(a + (b — a) x z)) o (A\z. (z —
@)+(1/(b—a))
using img-shift-scale continuous-on-compose shift-scale-cont
by force
then have continuous-on {a..b} (g2 o (Az.(a + (b — a) * z)) o (A\z. (z —
a)x(1/(b—a))))
using gammal-y-component by auto
then show continuous-on (cbox a b) g2
using a-lt-b by (simp add: shift-scale-inv)
have gamma3-y-component: (A\z. g1(a + (b — a) * z)) = g1 o (Az.(a + (b —
a) * z))
by auto
have continuous-on {0..1} (Az. g1(a + (b — a) * x))
using continuous-on-inner|OF piecewise- C1-differentiable-on-imp-continuous-on| OF
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gammas-smooth], of (Az. j), OF continuous-on-const]
by (simp add: gamma3-def j-is-y-axis)
then have continuous-on {a..b} ((Az. gl(a + (b — a) * z)) o (A\z. (z —
a)x(1/(b=a))))
using img-shift-scale continuous-on-compose shift-scale-cont
by force
then have continuous-on {a..b} (g1 o (Az.(a + (b — a) * z)) o (A\z. (z —
a)+(1/(b-a)))
using gammad-y-component by auto
then show continuous-on (cbox a b) g1
using a-lt-b by (simp add: shift-scale-inv)
qed
have ¢2-scale-j-contin: continuous-on (cbox a b) (Az. (0, g2 x))
by (intro continuous-intros g1-g2-continuous)
let ?Dg2 = {p. 3z. 2 € cbox a b A p = (z, g2(x))}
have line-is-pair-img: ?Dg2 = (Az. (z, g2(x))) ‘ (cbozx a b)
using image-def by auto
have ¢2-path-continuous: continuous-on (cbox a b) (Az. (z, g2(x)))
by (intro continuous-intros g1-g2-continuous)
have field-cont-on-gammal-image: continuous-on ?Dg2 (Aa. F(a) - 1)
apply (rule continuous-on-subset [OF F-first-is-continuous])
by (auto simp add: Dy-def g2-leq-g1)
have gammal-is-compos-of-scal-and-g2:
gammal = (Az. (z, g2(z))) o (Az. a + (b — a) * )
using gammal-def by auto
have add-scale-img:
M.a+ (b—a)*xz) ‘{0. 1} ={a. b} using add-scale-img and a-lt-b by
auto
then have Dg2-is-gammal-pathimg: path-image gammal = ?Dg2
by (metis (no-types, lifting) boz-real(2) gammal-is-compos-of-scal-and-g2 im-
age-comp line-is-pair-img path-image-def)
have Base-vecs: i € Basis j € Basis i # j
using real-pair-basis and i-is-z-axis and j-is-y-axis by auto
have gammal-as-euclid-space-fun: gammal = (Az. (a + (b — a) * z) xg ¢ + (0,
62 (a+ (b— a) * 2)))
using i-is-z-axis gammal-def by auto
have 0: line-integral F {i} gammal = integral (cbozx a b) (Az. F(z, g2(x)) - i)
line-integral-exists F {i} gammal
using line-integral-on-pair-path-strong [OF norm-Basis|OF Base-vecs(1)] -
gammal-as-euclid-space-fun, of F|
gammal-def gammal-smooth g2-scale-j-contin a-lt-b add-scale-img
Dg2-is-gammal-pathimg and field-cont-on-gammal-image
by (auto simp: pathstart-def pathfinish-def i-is-z-axis)
then show (line-integral-exists F' {i} gammal) by metis
have gamma2-x-const: V. gamma2 z « ¢ = b
by (simp add: i-is-z-azis gamma2-def)
have I: (line-integral F {i} gamma2) = 0 (line-integral-exists F {i} gammaZ2)
using line-integral-on-pair-straight-path| OF gamma2-z-const] straight-path-diffrentiable-z
gammaZ2-def
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by (auto simp add: mult.commute)
then show (line-integral-exists F {i} gamma2) by metis
have continuous-on (cboz a b) (A\z. F(z, g2(z)) - %)
using line-is-pair-img and g2-path-continuous and field-cont-on-gammal-image
Topological-Spaces. continuous-on-compose i-is-T-aTis j-is-y-aris
by auto
then have 6: (Az. F(z, g2(z)) - i) integrable-on (cbox a b)
using integrable-continuous [of a b (Az. F(z, g2(z)) - i)] by auto
have gI-scale-j-contin: continuous-on (cbox a b) (Az. (0, g1 x))
by (intro continuous-intros g1-g2-continuous)
let ?Dg1 = {p. Jz. x € cbox a b A p = (z, g1(x))}
have line-is-pair-img: ?Dgl = (Az. (z, g1(x)) ) ¢ (cbox a b)
using image-def by auto
have gI-path-continuous: continuous-on (cbox a b) (Az. (z, g1(x)))
by (intro continuous-intros g1-g2-continuous)
have field-cont-on-gamma3-image: continuous-on ¢Dgl (Ma. F(a) - i)
apply (rule continuous-on-subset [OF F-first-is-continuous])
by (auto simp add: Dy-def g2-leq-g1)
have gamma3-is-compos-of-scal-and-g1:
gamma8 = (Az. (z, g1(x))) o (Az. a + (b — a) * x)
using gamma3-def by auto
then have DgI-is-gamma3-pathimg: path-image gamma8 = ?Dgl
by (metis (no-types, lifting) box-real(2) image-comp line-is-pair-img local.add-scale-img
path-image-def)
have Base-vecs: i € Basis j € Basis i # j
using real-pair-basis and i-is-z-axis and j-is-y-axis by auto
have gamma3-as-euclid-space-fun: gammad = (Az. (a + (b — a) * z) *xg ¢ + (0,
g1 (a+ (b — a) * 2)))
using i-is-z-azis gammas-def by auto
have 2: line-integral F {i} gamma3 = integral (cbox a b) (Az. F(z, g1(x)) - i)
line-integral-exists F {i} gamma3
using line-integral-on-pair-path-strong [OF norm-Basis|OF Base-vecs(1)] -
gamma3-as-euclid-space-fun, of F|
gamma3-def and gamma3-smooth and g1-scale-j-contin and a-lt-b and
add-scale-img
Dgl1-is-gammaS3-pathimg and field-cont-on-gamma3-image
by (auto simp: pathstart-def pathfinish-def i-is-z-axis)
then show (line-integral-exists F' {i} gamma3) by metis
have gammaj-x-const: V. gamma4 z + i = a
using gamma/-def
by (auto simp add: real-inner-class.inner-add-left inner-not-same-Basis i-is-x-azis)
have 3: (line-integral F {i} gammaj) = 0 (line-integral-exists F {i} gammai )
using line-integral-on-pair-straight-path| OF gamma4-z-const] straight-path-diffrentiable-z
gammad4-def
by (auto simp add: mult.commute)
then show (line-integral-exists F {i} gammai )
by metis
have continuous-on (cbox a b) (Az. F(z, g1 (x)) - i)
using line-is-pair-img and gI-path-continuous and field-cont-on-gamma3-image
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continuous-on-compose i-15-T-axis j-1s-y-aris
by auto
then have 7: (Az. F(xz, g1(z)) - i) integrable-on (cbox a b)
using integrable-continuous [of a b (A\x. F(z, g1(x)) - 7)]
by auto
have partial-deriv-one-d-integrable:
((\y. 2F-b'(zc, y)) has-integral
F(zc,g1(xc)) « i — F(ac, g2(xc)) + i) (cboz (g2 xc) (g1 xc))
if xc € cbozx a b for zc
proof —
have {(zc¢’, y). y € cbozx (g2 zc) (g1 xc) A zc¢' = zc} C Dy-pair
using that by (auto simp add: Dy-def)
then show ((A\y. ?F-b’ (zc, y)) has-integral F(zc, g1 xc) - i — F(ze, g2 xc) -
i) (cboz (g2 zc) (g1 xzc))
using that and Base-vecs and F-partially-differentiable
and Dy-def [symmetric] and g2-leq-g1
and fundamental-theorem-of-calculus-partial-vector
[of g2 zc g1 xc j i xc g © Dy-pair F 2F-b’ ]
by (auto simp add: Groups.ab-semigroup-add-class.add.commute i-is-z-axis
J-is-y-axis)
qged
have partial-deriv-integrable: (?F-b’) integrable-on Dy-pair
by (simp add: F-i-analytically-valid analytically-valid-imp-part-deriv-integrable-on)
have J: integral Dy-pair ?F-b’
= integral (cbox a b) (Az. integral (cbox (g2 z) (g1 z)) (A\y. 2F-b' (z, y)))
proof —
have z-azis-gauge-integrable:
Az. (Ay. ?f(z,y)) integrable-on UNIV
proof —
fix z::real
have Vz. x ¢ cbox a b — (Ay. ?f (2, y)) = (Ay. 0)
by (auto simp add: Dy-def)
then have f-integrable-z-not-in-range:
V. z ¢ cboxab— (Ay. ?f (z, y)) integrable-on UNIV
by (simp add: integrable-0)
let ?F-b’-oneD = (Az. (\y. if y € (cbozx (g2 x) ( gl x)) then ?F-b’ (x,y) else
0))
have f-value-z-in-range: Vx € cbox a b. ?F-b’-oneD = = (\y. ?f(z,y))
by (auto simp add: Dy-def)
have Vz € cbox a b. ?F-b’-oneD z integrable-on UNIV
using has-integral-integrable integrable-restrict-UNIV partial-deriv-one-d-integrable
by blast
then have f-integrable-z-in-range:
Vz. z € cborab — (Ay. ?f (z,y)) integrable-on UNIV
using f-value-z-in-range by auto
show (Ay. ?f (z, y)) integrable-on UNIV
using f-integrable-z-not-in-range and f-integrable-z-in-range by auto
qed
have arg: (\a. if a € Dy-pair then partial-vector-derivative (Aa. F a - i) j a else
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0) =
(Az. if © € Dy-pair then if x € Dy-pair then partial-vector-derivative
(Aa. Fa-1i)jzelse 0 else 0)
by auto
have arg2: Dy-pair = {(z, y).
(Vi€Basis. g2z - i< y-iANy-i
using Dy-def by auto
have arg3: \ z. © € Dy-pair = (Az. if x € Dy-pair then partial-vector-derivative
(Ma. Fa-i)jzelse0)x
= (Az. partial-vector-derivative (Aa. F a - i) jz)

(Vi€Basis. a - i <z -iANx-i<b-1i) A
<glz-i)}

by auto
have arg4: N\z. z € (cboz a b) =
(Az. integral (cbox (92 z) (g1 z)) (\y. if (z, y) € Dy-pair
then partial-vector-derivative (Aa. F a « 1) § (z, y) else 0)) z =
(Az. integral (cbox (g2 z) (g1 z)) (Ay.
partial-vector-derivative (Aa. F a - i) j (z, y))) =
apply (simp add: Dy-def)
by (smt Henstock-Kurzweil-Integration.integral-cong atLeastAtMost-iff)
show ?thesis
using gauge-integral- Fubini-curve-bounded-region-x
[OF f-lesbeque-integrable z-axis-gauge-integrable z-axis-integral-measurable
arg arg2]
Henstock- Kurzweil-Integration.integral-cong[ OF arg3, of Dy-pair (Az. )]
Henstock-Kurzweil-Integration.integral-cong| OF arg4, of cbox a b (Az. x)]
by auto
qged
have 5: (integral Dy-pair (Aa. (?F-b" a))
= integral (cbox a b) (A\z. F(z, g1(z)) « i — F(z, g2(x)) - 1))
using 4 Henstock- Kurzweil-Integration.integral-cong partial-deriv-one-d-integrable
integrable-def
by (smt integral-unique)
show (line-integral F {i} gammal) + (line-integral F {i} gamma2) —
(line-integral F' {i} gamma3) — (line-integral F {i} gammad)
= (integral Dy-pair (Aa. — (?F-b’ a)))
using 0(1) 1(1) 2(1) 3(1) 56 7
by (simp add: Henstock-Kurzweil-Integration.integral-diff)
qged

theorem Greens-thm-type-11:
fixes F:: ((real*real) = (real % real)) and
gammaj gamma3 gamma2 gammal :: (real = (real * real)) and
a:: real and b:: real and
g1:: (real = real) and g2:: (real = real)
assumes Dz-def: Dz-pair = {(z::real,y) . y € cbox a b A x € cbox (92 y) (91 y)}
and
gamma4-def: gammad = (Az. (92(a + (b — a) x z), a + (b — a) *x z)) and
gammai4-smooth: gamma piecewise-C1-differentiable-on {0..1} and
gamma3-def: gammad = (Az. (g2(b) + = *gr (g1(b) — g2(b)), b)) and
gamma2-def: gamma2 = (Az. (91(a + (b — a) x z), a + (b — a) * z)) and

149



gammaZ2-smooth: gamma2 piecewise-C1-differentiable-on {0..1} and
gammal-def: gammal = (Az. (92(a) + z *r (91(a) — ¢g2(a)), a)) and
F-j-analytically-valid: analytically-valid Dx-pair (Ap. F(p) - j) « and
g2-leg-g1: vV € cbox a b. (92 z) < (g1 z) and
a-lt-b: a < b
shows —(line-integral F {j} gammas) —
(line-integral F {j} gamma3) +
(line-integral F {j} gammaZ2) +
(line-integral F {j} gammal)
= (integral Dz-pair (Aa. (partial-vector-derivative (Aa. (F a) - j) i
a)))
line-integral-exists F {j} gamma/
line-integral-exists F {j} gamma3
line-integral-exists F {j} gamma?2
line-integral-exists F {j} gammal
proof —
let ?F-a’ = partial-vector-derivative (Aa. (F a) + j)
have F-first-is-continuous: continuous-on Dx-pair (Aa. F(a) - j)
using F-j-analytically-valid
by (auto simp add: analytically-valid-def)
let ?f = (\z. if © € (Dz-pair) then (partial-vector-derivative (Aa. (F a) - ) 1)
x else 0)
have f-lesbeque-integrable: integrable lborel ?f
using F-j-analytically-valid
by (auto simp add: analytically-valid-def indic-ident)
have partially-vec-diff: ¥V a € Dz-pair. partially-vector-differentiable (Aa. (F a) -
j)ia
using F-j-analytically-valid
by (auto simp add: analytically-valid-def indicator-def)
have Az y. ?F-a’ (z,y) * indicator (Dz-pair) (z,y) = (Az. if x € (Dz-pair) then
?F-a’ z else 0) (z,y)
using indic-ident[of ?F-a’] by auto
then have y-azis-integral-measurable: (Az. integral UNIV (Ay. ?f(y, z))) €
borel-measurable lborel
using analytically-valid-y[|OF F-j-analytically-valid)
by (auto simp add: indicator-def)
have F-partially-differentiable: ¥ a€ Dz-pair. has-partial-vector-derivative (Az. (F
x)+j) i (?F-a"a) a
using partial-vector-derivative-works partially-vec-diff by fastforce
have g1-g2-continuous: continuous-on (cbox a b) gl continuous-on (cbox a b) g2
proof —
have shift-scale-cont: continuous-on {a..b} (Az. (x — a)x(1/(b—a)))
by (intro continuous-intros)
have shift-scale-inv: (Az. a + (b — a) * z) o (Az. (z — a)x(1/(b—a))) = id
using a-lt-b by (auto simp add: o-def)
have img-shift-scale:
(Az. (z — a)x(1/(b—a)))qa..b} = {0..1}
apply (auto simp: divide-simps image-iff)
apply (rule-tac z=x * (b — a) + a in bexl)
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using a-lt-b by (auto simp: algebra-simps mult-le-cancel-left affine-ineq)
have continuous-on {0..1} (Az. g2(a + (b — a) * x))
using continuous-on-inner|OF piecewise-C1-differentiable-on-imp-continuous-on[OF
gamma4-smooth], of (Az. i), OF continuous-on-const]
by (simp add: gamma4-def i-is-x-axis)
then have continuous-on {a..b} ((Az. g2(a + (b — a) * z)) o (A\z. (z —
a)+(1/(b—a)))
using img-shift-scale continuous-on-compose shift-scale-cont by force
then show continuous-on (cbox a b) g2
using a-lt-b by (simp add: shift-scale-inv)
have continuous-on {0..1} (Az. g1(a + (b — a) * x))
using continuous-on-inner|OF piecewise- C1-differentiable-on-imp-continuous-on| OF
gamma2-smooth], of (Az. i), OF continuous-on-const]
by (simp add: gamma2-def i-is-x-azis)
then have continuous-on {a..b} (Az. gl1(a + (b — a) x z)) o (A\z. (z —
a)x(1/(b—a))))
using img-shift-scale continuous-on-compose shift-scale-cont by force
then show continuous-on (cbozx a b) g1
using a-lt-b by (simp add: shift-scale-inv)
qed
have ¢2-scale-i-contin: continuous-on (cbox a b) (Az. (g2 z, 0))
by (intro continuous-intros g1-g2-continuous)
let ?Dg2 = {p. 3z. x € cbox a b A p = (g2(x), x)}
have line-is-pair-img: ?Dg2 = (Az. (92(x), ) ) ‘ (cbox a b)
using image-def by auto
have ¢2-path-continuous: continuous-on (cbox a b) (Az. (¢2(z), x))
by (intro continuous-intros g1-g2-continuous)
have field-cont-on-gamma4-image: continuous-on ¢Dg2 (Aa. F(a) - j)
by (rule continuous-on-subset [OF F-first-is-continuous]) (auto simp: Dz-def
g2-leg-g1)
have gammaj-is-compos-of-scal-and-g2: gammai = (Az. (92(z), z)) o (Az. a +
(b — a) x x)
using gammaj-def by auto
have add-scale-img:
Az. a4+ (b—a)xz) ‘{0 . 1} = {a .. b} using add-scale-img and a-lt-b by
auto
then have Dg2-is-gammaj-pathimg: path-image gamma4 = ?Dg2
using line-is-pair-img and gamma4-is-compos-of-scal-and-g2 image-comp path-image-def
by (metis (no-types, lifting) cboz-interval)
have Base-vecs: i € Basis j € Basis i # j
using real-pair-basis and i-is-z-axis and j-is-y-azis by auto
have gamma4-as-euclid-space-fun: gamma4 = (Az. (a + (b — a) * z) *r j + (92
(a+ (b —a)*x),0))
using j-is-y-axis gammas-def
by auto
have 0: (line-integral F {j} gamma4) = integral (cboz a b) (Az. F(¢92(z), z) - j)
line-integral-exists F {j} gamma/
using line-integral-on-pair-path-strong [OF norm-Basis|OF Base-vecs(2)] -
gammai-as-euclid-space-fun)
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gamma4-def gammag-smooth g2-scale-i-contin a-lt-b add-scale-img
Dg2-is-gammaj-pathimg and field-cont-on-gamma/-image
by (auto simp: pathstart-def pathfinish-def j-is-y-azis)
then show line-integral-exists F {j} gamma4 by metis
have gamma3-y-const: V. gamma3 - j =0
by (simp add: gammaS8-def j-is-y-axis)
have 1: (line-integral F {j} gamma3) = 0 (line-integral-exists F' {j} gamma3)
using line-integral-on-pair-straight-path| OF gamma3-y-const| straight-path-diffrentiable-y
gammaSd-def
by (auto simp add: mult.commute)
then show line-integral-exists F {j} gamma3 by auto
have continuous-on (cbox a b) (Az. F(g2(z), ) - 7)
by (smt Collect-mono-iff continuous-on-compose?2 continuous-on-eq field-cont-on-gamma4-image
g2-path-continuous line-is-pair-img)
then have 6: (Az. F(g2(x), ) - j) integrable-on (cbox a b)
using integrable-continuous by blast
have g1-scale-i-contin: continuous-on (cbox a b) (Az. (g1 z, 0))
by (intro continuous-intros g1-g2-continuous)
let ?Dg1 = {p. 3z. z € cboz a b A p = (g1(z), z)}
have line-is-pair-img: ?Dgl = (Az. (g1(x), ) ) * (cbox a b)
using image-def by auto
have g1-path-continuous: continuous-on (cbox a b) (Az. (g1(z), x))
by (intro continuous-intros g1-g2-continuous)
have field-cont-on-gammag2-image: continuous-on ?Dgl (Aa. F(a) - j)
by (rule continuous-on-subset [OF F-first-is-continuous]) (auto simp: Dz-def
g2-leg-g1)
have gamma2 = (Az. (g1(z), z)) o (Az. a + (b — a) * x)
using gamma2-def by auto
then have DgI-is-gamma2-pathimg: path-image gamma2 = ?Dgl
using line-is-pair-img image-comp path-image-def add-scale-img
by (metis (no-types, lifting) cbox-interval)
have Base-vecs: i € Basis j € Basis i # j
using real-pair-basis and i-is-z-axis and j-is-y-axis by auto
have gamma2-as-euclid-space-fun: gamma2 = (Az. (a + (b — a) * z) *r j + (g1
(a+ (b~ a) * 2), 0))
using j-is-y-axis gamma2-def by auto
have 2: (line-integral F {j} gamma2) = integral (cbox a b) (A\z. F(g1(x), ) - j)
(line-integral-exists F {j} gamma?2)
using line-integral-on-pair-path-strong [OF norm-Basis|OF Base-vecs(2)] -
gammaZ2-as-euclid-space-fun]
gamma2-def and gamma2-smooth and gI1-scale-i-contin and a-lt-b and
add-scale-img
Dg1-is-gammaZ2-pathimg and field-cont-on-gamma2-image
by (auto simp: pathstart-def pathfinish-def j-is-y-azis)
then show line-integral-exists F {j} gamma2 by metis
have gammal-y-const: Vx. gammal z - j = a
using gammal-def
by (auto simp add: real-inner-class.inner-add-left
euclidean-space-class.inner-not-same-Basis j-is-y-axis)
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have 3: (line-integral F {j} gammal) = 0 (line-integral-exists F' {j} gammal)
using line-integral-on-pair-straight-path| OF gammal-y-const] straight-path-diffrentiable-y
gammal-def
by (auto simp add: mult.commute)
then show line-integral-exists F {j} gammal by auto
have continuous-on (cbox a b) (Az. F(gl(z), z) - j)
by (smt Collect-mono-iff continuous-on-compose?2 continuous-on-eq field-cont-on-gamma2-image
g1-path-continuous line-is-pair-img)
then have 7: (Az. F(g1(x), z) - j) integrable-on (cboz a b)
using integrable-continuous [of a b (A\x. F(gl(z), x) - j)]
by auto
have partial-deriv-one-d-integrable:
((Ay. ?F-a'(y, xc)) has-integral F(gl(xc), zc) - j — F(g92(xc), xc) - j) (cbozx (g2
2c) (g1 ac))
if xc € cboz a b for xc::real
proof —
have {(y, z¢'). y € cbox (g2 xc) (g1 zc) AN z¢’ = xc} C Dz-pair
using that by (auto simp add: Dz-def)
then show ?thesis
using that and Base-vecs and F-partially-differentiable
and Dz-def [symmetric] and ¢2-leg-g1
and fundamental-theorem-of-calculus-partial-vector
[of 92 zc g1 xc i j xc xg j Dz-pair F ?F-a’ ]
by (auto simp add: Groups.ab-semigroup-add-class.add.commute i-is-z-axis
J-is-y-azis)
qged
have 7f integrable-on UNIV
by (simp add: f-lesbegue-integrable integrable-on-lborel)
then have partial-deriv-integrable: ?F-a’ integrable-on Dx-pair
using integrable-restrict-UNIV by auto
have 4: integral Dz-pair ?F-a’ = integral (cbox a b) (Az. integral (cbox (g2 x)
(91 7)) Oy, 7F-a’ (y, 7))
proof —
have y-azis-gauge-integrable: (Ay. ?f(y, x)) integrable-on UNIV for x
proof —
let ?F-a’-oneD = (Az. (A\y. if y € (cboz (92 x) ( g1 x)) then ?F-a’ (y, z) else
0))
have V. x ¢ cboxr a b — (Ay. ?f (y, ) = (A\y. 0)
by (auto simp add: Dz-def)
then have f-integrable-xz-not-in-range:
V. z ¢ cbor a b — (Ay. ?f (y, z)) integrable-on UNIV
by (simp add: integrable-0)
have Vx € cbor a b. ?F-a’-oneD = = (\y. ?f(y, z))
using ¢2-leq-g1 by (auto simp add: Dz-def)
moreover have Vx € cbor a b. ?F-a’-oneD x integrable-on UNIV
using has-integral-integrable integrable-restrict-UNIV partial-deriv-one-d-integrable
by blast

ultimately have Vz. z € cbox a b — (Ay. ?f (y, z)) integrable-on UNIV
by auto
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then show (\y. ?f (y, z)) integrable-on UNIV
using f-integrable-z-not-in-range by auto
qed
have arg: (\a. if a € Dx-pair then partial-vector-derivative (Aa. F a - j) i a else
0) =
(Az. if © € Dz-pair then if x € Dz-pair then partial-vector-derivative
(Aa. Fa-j)ixelse 0 else 0)
by auto
have arg2: Dz-pair = {(y, ). (Vi€Basis. a - i <z -iAx-7<b-7i) A
(Vi€Basis. g2z - i<y-iANy-i<glz-i)}
using Dz-def by auto
have arg3: \ z. © € Dz-pair = (Az. if © € Dz-pair then partial-vector-derivative
(Ma. Fa-j)izelse0)x
= (Az. partial-vector-derivative (Aa. F a - j) i z)
by auto
have argf: \z. z € (cbozr a b) =
(Az. integral (cbox (g2 z) (g1 x)) (Ay. if (y, ©) € Dz-pair then
partial-vector-derivative (Aa. F a - j) i (y, z) else 0)) z =
(Az. integral (cbox (g2 z) (g1 z)) (Ay. partial-vector-derivative
(Aa. Fra-j)i(y, z) =
apply (clarsimp simp: Dz-def)
by (smt Henstock- Kurzweil-Integration.integral-cong atLeastAtMost-iff)
show ?thesis
using gauge-integral-Fubini-curve-bounded-region-y
[OF f-lesbegue-integrable y-azis-gauge-integrable y-azis-integral-measurable
arg arg2)
Henstock-Kurzweil-Integration.integral-cong[ OF arg3, of Dx-pair (Az. x)]
Henstock- Kurzweil-Integration.integral-cong[ OF arg4, of cbox a b (Az. z)]
by auto
qed
have ((integral Da-pair (Aa. (?F-a’ a)))
= integral (cbozx a b) (A\z. F(gl(x), ) - j — F(g2(x), x) + j))
using 4 Henstock- Kurzweil-Integration.integral-cong partial-deriv-one-d-integrable
integrable-def
by (smt integral-unique)
then have integral Dz-pair (Aa. — (?F-a’ a))
= — integral (cboz a b) (\z. F(g1(z), ) - j — F(g2(z), z) - j)
using partial-deriv-integrable and integral-neg by auto
then have 5: integral Dz-pair (Aa. — (?F-a’ a))
= integral (cbox a b) (Az. ( F(92(z), z) « j — F(g1(), z) - 7))
using 6 7
and integral-neg [of - (A\z. F(gl z, z) - j — F(¢92 z, z) - j)] by auto
have (line-integral F {j} gammaj) + (line-integral F {j} gamma8) —
(line-integral F' {j} gamma2) — (line-integral F {j} gammal)
= (integral Dz-pair (Aa. —(?F-a’ a)))
using 0123567
Henstock- Kurzweil-Integration.integral-diff [of (Az. F(g92(x), ) - j)
cbox a b (Ax. F(g1(z), z) - j)] by (auto)
then show —(line-integral F {j} gammaj) —
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(line-integral F {j} gammad) +

(line-integral F {j} gammaZ2) +

(line-integral F {j} gammal)

= (integral Da-pair (Aa. (?F-a’ a)))
by (simp add: <integral Da-pair (Aa. — ?F-a’ a) = — integral (cbozx a b) (Ax.

F(gl z, z) - j — F(g2 z, x) - j)» <integral Dx-pair ?F-a’ = integral (cbox a b) (\z.
F(gll‘, LL’) 'ij(g,QZIZ, I) 'j)>)
qed

end

locale green-typell-cube = R2 +
fixes twoC F
assumes
two-cube: typell-twoCube twoC and
valid-two-cube: valid-two-cube twoC and
franalytically-valid: analytically-valid (cubelmage twoC) (Az. (F ) - j) @
begin

lemma GreenThm-typell-two Cube:
shows integral (cubeImage twoC) (Aa. partial-vector-derivative (Ax. (F x) « j) 4
a) = one-chain-line-integral F {j} (boundary twoC')
Y (k,y) € boundary twoC. line-integral-exists F {j}
proof —
let ?bottom-edge = (Az. twoC(z, 0))
let Zright-edge = (Ay. twoC(1, y))
let %top-edge = (Az. twoC(z, 1))
let Zleft-edge = (M\y. twoC(0, y))
have line-integral-around-boundary:
one-chain-line-integral F {j} (boundary twoC') =
line-integral F {j} ?bottom-edge + line-integral F {j} ?right-edge
— line-integral F {j} %top-edge — line-integral F {j} Zleft-edge
proof (simp add: one-chain-line-integral-def horizontal-boundary-def vertical-boundary-def
boundary-def)
have finitel: finite {(— 1::int, Ay. twoC (0, y)), (I, Ay. twoC (1, y)), (— 1,
Az. twoC' (z, 1))} by auto
then have sum-step1: (3 (k, g)€{(— (1::int), Ay. twoC (0, y)), (1, Ay. twoC
(1, v)), (1, Az. twoC (z, 0)), (— 1, Ax. twoC (z, 1))}. k * line-integral F {j} g)
line-integral F {j} (M\z. twoC (z, 0)) + (3 (k, g)e{(— (1::int),
Ay. twoC (0, y)), (1, Ay. twoC (1, y)), (— 1, Az. twoC (z, 1))}. k * line-integral
F{jt 9)
using sum.insert-remove [OF finitel]
using valid-two-cube
apply (simp only: one-chain-line-integral-def horizontal-boundary-def verti-
cal-boundary-def boundary-def valid-two-cube-def)
by (auto simp: card-insert-if split: if-split-asm,)
have three-distinct-edges: card {(— 1::int, Ay. twoC (0, y)), (1, Ay. twoC (1,
y), (— 1, Az. twoC (z, 1))} = 3
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using valid-two-cube
apply (simp add: one-chain-line-integral-def horizontal-boundary-def verti-
cal-boundary-def boundary-def valid-two-cube-def)
by (auto simp: card-insert-if split: if-split-asm)
have finite2: finite {(— 1::int, Ay. twoC (0, y)), (1, Ay. twoC (1, y))} by auto
then have sum-step2: (3> (k, g)e{(— (1::int), Ay. twoC (0, y)), (1, Ay. twoC
(1, 9)), (=1, Az. twoC (z, 1))}. k * line-integral F {j} g) =
(— line-integral F {j} (Az. twoC (z, 1))) + O (k, 9)e{(—
(1:4nt), Ay. twoC (0, y)), (1, Ay. twoC (1, y))}. k * line-integral F {j} g)
using sum.insert-remove [OF finite2] three-distinct-edges
by (auto simp: card-insert-if split: if-split-asm)
have two-distinct-edges: card {(— 1::int, \y. twoC (0, y)), (1, Ay. twoC (1,
y)} =2
using three-distinct-edges
by (simp add: one-chain-line-integral-def horizontal-boundary-def vertical-boundary-def
boundary-def)
have finite3: finite {(— 1:int, Ay. twoC (0, y))} by auto
then have sum-step3: (3 (k, g)e{(— (1::int), Ay. twoC (0, y)), (1, Ay. twoC
(1, y))}. k * line-integral F {j} g) =
( line-integral F {j} (Ay. twoC (1, y))) + O_ (k, g)e{(— (1::real),
Ay. twoC (0, y))}. k * line-integral F {j} g)
using sum.insert-remove [OF finite2] three-distinct-edges
by (auto simp: card-insert-if split: if-split-asm)
show (> ze{(— I:int, y. twoC (0, y)), (I, Ay. twoC (1, y)), (1, Az. twoC
(z, 0)), (= 1, Az. twoC (z, 1))}. case z of (k, g) = k * line-integral F {j} g) =
line-integral F {j} (Az. twoC (z, 0)) + line-integral F {j} (Ay. twoC
(1, y)) — line-integral F {j} (A\z. twoC (x, 1)) — line-integral F {j} (Ay. twoC (0,
y))
using sum-stepl sum-step2 sum-step3 by auto
qed
obtain a b g1 g2 where
twoCisTypell: a < b
(Vz € cbox ab. g2z < gl x)
cubeImage twoC = {(y, z). x € cbox a b A y € cboz (g2 z) (g1 =)}
twoC = My, z). (I —y)*g2 (I —z)*xa+xxbd) +yxgl (I —z)xa
+2x0b), (I —2)xa+ zxDd))
g1 piecewise-Cl1-differentiable-on {a .. b}
92 piecewise-Cl1-differentiable-on {a .. b}
using two-cube and typell-twoCubeImg|oftwoC)|
by auto
have left-edge-explicit: ?left-edge = (Az. (g2 (a + (b — a) x z), a + (b — a) *
z))
by (simp add: twoCisTypell (4) algebra-simps)
have left-edge-smooth: ?left-edge piecewise-C1-differentiable-on {0..1}
proof —
have Vz. (Az. (a + (b — a) * 2))— {2z} = {(z — a)/(b —a)}
using twoCisTypell (1) by(auto simp add: Set.vimage-def)
then have finite-vimg: Az. finite({0..1} N (Az. (a + (b — a) * z))—* {z}) by

auto
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have scale-shif-smth: (A\z. (a + (b — a) * z)) C1-differentiable-on {0..1} using
scale-shift-smooth by auto
then have scale-shif-pw-smth: (Az. (a + (b — a) * z)) piecewise-C1-differentiable-on
{0..1} using C1-differentiable-imp-piecewise by blast
have g2-smooth: g2 piecewise-C1-differentiable-on (Az. a + (b — a) x z) “{0..1}
using add-scale-img[OF twoCisTypell (1)] twoCisTypell (6) by auto
have (Az. g2 (a + (b — a) * 1)) piecewise-C1-differentiable-on {0..1}
using piecewise-C1-differentiable-compose| OF scale-shif-pw-smth g2-smooth
finite-vimg)
by (auto simp add: o-def)
then have (Az:real. (g2 (¢ + (b — a) * x), a + (b — a) % x)) piece-
wise-C1-differentiable-on {0..1}
using all-components-smooth-one-pw-smooth-is-pw-smooth[where f = (Az::real.
(g2 (a+ (b—a)*xz),a+ (b—a)x*uz))]
by (fastforce simp add: real-pair-basis)
then show ?thesis using left-edge-explicit by auto
qed
have top-edge-explicit: ?top-edge = (Az. (92 b + = xg (g1 b — g2 b), b))
and right-edge-explicit: ?right-edge = (Az. (g1 (a + (b — a) * ), a + (b — a)
* 1))
by (simp-all add: twoCisTypell (4) algebra-simps)
have right-edge-smooth: ?right-edge piecewise-C1-differentiable-on {0..1}
proof —
have Vz. (Az. (a + (b — a) * z))— {2} = {(z — a)/(b —a)}
using twoCisTypell (1) by(auto simp add: Set.vimage-def)
then have finite-vimg: Az. finite({0..1} N (Az. (a + (b — a) * z))—* {z}) by
auto
then have scale-shif-pw-smth: (Az. (a + (b — a) * z)) piecewise-C1-differentiable-on
{0..1}
using C1-differentiable-imp-piecewise |OF scale-shift-smooth] by auto
have g1-smooth: g1 piecewise-C1-differentiable-on (Az. a + (b — a) x z) “{0..1}
using add-scale-img[OF twoCisTypell (1)] twoCisTypell (5) by auto
have (Az. g1 (a + (b — a) * 1)) piecewise-C1-differentiable-on {0..1}
using piecewise-C1-differentiable-compose| OF scale-shif-pw-smth g1-smooth
finite-vimg)
by (auto simp add: o-def)
then have (Az:real. (g (¢ + (b — a) * x), a + (b — a) % x)) piece-
wise-C1-differentiable-on {0..1}
using all-components-smooth-one-pw-smooth-is-pw-smooth[where f = (Az::real.
(91 (a+ (b)), a+ (b a)* 1))
by (fastforce simp add: real-pair-basis)
then show “thesis using right-edge-explicit by auto
qed
have bottom-edge-explicit: ?bottom-edge = (Az. (92 a + z *r (91 a — g2 a), a))
by (simp add: twoCisTypell (4) algebra-simps)
show integral (cubelmage twoC') (Aa. partial-vector-derivative (Az. (F x) + j) i
a) = one-chain-line-integral F {j} (boundary twoC)
using Greens-thm-type-II[OF twoCisTypell (3) left-edge-explicit left-edge-smooth
top-edge-explicit right-edge-explicit right-edge-smooth
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bottom-edge-explicit f-analytically-valid
twoCisTypell (2) twoCis Typell (1)]
line-integral-around-boundary
by auto
have line-integral-exists F {j} ~v if (k,y) € boundary twoC for k ~
proof —
have line-integral-exists F {j} (Ay. twoC (0, y))
line-integral-exists F' {j} (Az. twoC (z, 1))
line-integral-exists F {j} (Ay. twoC (1, y))
line-integral-exists F {j} (Az. twoC (z, 0))
using Greens-thm-type-I1I[OF twoCis Typell (3) left-edge-explicit left-edge-smooth
top-edge-explicit right-edge-explicit right-edge-smooth
bottom-edge-explicit f-analytically-valid
twoCis Typell (2) twoCisTypell (1)] line-integral-around-boundary
by auto
then show line-integral-exists F {j} ~
using that by (auto simp add: boundary-def horizontal-boundary-def verti-
cal-boundary-def)
qed
then show V (k,y) € boundary twoC. line-integral-exists F {j} v by auto
qed

lemma line-integral-exists-on-typell-Cube-boundaries’:
assumes (k,v) € boundary twoC
shows line-integral-exists F {j} ~
using assms GreenThm-typell-twoCube(2) by blast

end

locale green-typell-chain = R2 +
fixes F two-chain s
assumes valid-typell-div: valid-typell-division s two-chain and
F-anal-valid: ¥V twoC' € two-chain. analytically-valid (cubelmage twoC') (Ax.
(Fa)-j)i
begin

lemma two-chain-valid-valid-cubes: V two-cube € two-chain. valid-two-cube two-cube
using valid-typell-div
by (auto simp add: valid-two-chain-def)

lemma typell-chain-line-integral-exists-boundary’:
shows V (k,y) € two-chain-vertical-boundary two-chain. line-integral-exists F {j}
Y
proof —
have integ-exis: V (k,y) € two-chain-boundary two-chain. line-integral-exists F
{7} v
using green-typell-cube.line-integral-exists-on-typell-Cube-boundaries’[of i j]
F-anal-valid valid-typell-div
apply(auto simp add: two-chain-boundary-def)
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using R2-azioms green-typell-cube-axioms-def green-typell-cube-def two-chain-valid-valid-cubes
by blast
then show integ-exis-vert:
V (k,y) € two-chain-vertical-boundary two-chain. line-integral-exists F {j} ~
by (simp add: two-chain-boundary-def two-chain-vertical-boundary-def bound-
ary-def)
qed

lemma typell-chain-line-integral-exists-boundary’”:
Y (k,y) € two-chain-horizontal-boundary two-chain. line-integral-exists F {j} ~
proof —
have integ-exis: V (k,y) € two-chain-boundary two-chain. line-integral-exists F
{7t~
using green-typell-cube.line-integral-exists-on-typell-Cube-boundaries’[of i j]
valid-typell-div
apply (simp add: two-chain-boundary-def boundary-def)
using F-anal-valid R2-axioms green-typell-cube-azioms-def green-typell-cube-def
two-chain-valid-valid-cubes by fastforce
then show integ-exis-vert:
V (k,y) € two-chain-horizontal-boundary two-chain. line-integral-exists F {j} ~
by (simp add: two-chain-boundary-def two-chain-horizontal-boundary-def bound-
ary-def)
qed

lemma typell-cube-line-integral-exists-boundary:
Y (k,y) € two-chain-boundary two-chain. line-integral-exists F {j} ~
using valid-typell-div typell-chain-line-integral-exists-boundary’ typell-chain-line-integral-exists-boundary’’
apply (auto simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
two-chain-vertical-boundary-def)
using boundary-def by auto

lemma type-1I-chain-horiz-bound-valid:
Y (k,y) € two-chain-horizontal-boundary two-chain. valid-path ~
using valid-typell-div typell-edges-are-valid-paths
by (force simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
boundary-def)

lemma type-1I-chain-vert-bound-valid:
Y (k,y) € two-chain-vertical-boundary two-chain. valid-path ~
using typell-edges-are-valid-paths valid-typell-div
by (force simp add: two-chain-boundary-def two-chain-vertical-boundary-def bound-
ary-def)

lemma members-of-only-horiz-div-line-integrable’:
assumes only-horizontal-division one-chain two-chain
(k::int, v)€one-chain
(k::int, v)€one-chain
finite two-chain
V two-cube € two-chain. valid-two-cube two-cube
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shows line-integral-exists F {j} ~
proof —
have integ-exis: V (k,y) € two-chain-boundary two-chain. line-integral-exists F
{7}~
using typell-cube-line-integral-exists-boundary by blast
have integ-exis-vert:
Y (k,y) € two-chain-vertical-boundary two-chain. line-integral-exists F {j} ~
using typell-chain-line-integral-exists-boundary’ assms by auto
have integ-exis-horiz:
(Ak~v. (3(K', ') € two-chain-horizontal-boundary two-chain. 3ac{0..1}. 3be{0..1}.
a < b A subpath ab~vy'=7v) =
line-integral-exists F {j} )
using integ-exis type-II-chain-horiz-bound-valid
using line-integral-exists-subpathlof F {j}]
by (fastforce simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
two-chain-vertical-boundary-def boundary-def)
obtain H V where hv-props: finite H
(V(kyy) € H. (3(k', ') € two-chain-horizontal-boundary two-chain.
(Gae{0. 1}.3be€{0..1}. a < b A subpath a b y' = 7))
one-chain = H UV
((common-sudiv-exists (two-chain-vertical-boundary two-chain) V)
V' common-reparam-exists V (two-chain-vertical-boundary two-chain))
finite V
boundary-chain V
Y (k,y)€V. valid-path ~y
using assms(1) unfolding only-horizontal-division-def by blast
have finite-j: finite {j} by auto
show line-integral-exists F {j}
proof(cases common-sudiv-exists (two-chain-vertical-boundary two-chain) V)
case True
show ?thesis
using gen-common-subdivision-imp-eq-line-integral(2)[OF True two-chain-vertical-boundary-is-boundary-c
hv-props(6) integ-exis-vert finite-two-chain-vertical-boundary| OF assms(4)] hv-props(5)
finite-j]
integ-exis-horiz[of ] assms(3) case-prod-conv hv-props(2) hv-props(3)
by fastforce
next
case Fulse
have i: {j} C Basis using j-is-y-axis real-pair-basis by auto
have ii: V (k2, v2)€two-chain-vertical-boundary two-chain. ¥ be{j}. continu-
ous-on (path-image v2) (Az. F z - b)
using F-anal-valid field-cont-on-typell-region-cont-on-edges valid-typell-div
by (fastforce simp add: analytically-valid-def two-chain-vertical-boundary-def
boundary-def path-image-def)
show line-integral-exists F' {j} v
using common-reparam-exists-imp-eg-line-integral(2)[OF finite-j hv-props(5)
finite-two-chain-vertical-boundary| OF assms(4)] hv-props(6) two-chain-vertical-boundary-is-boundary-cl
it - hv-props(7) type-II-chain-vert-bound-valid)
integ-exis-horiz[of ] assms(8) hv-props False
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by fastforce
qed
qed

lemma GreenThm-typell-twoChain:
shows two-chain-integral two-chain (partial-vector-derivative (Aa. (F a) - j) 1)
= one-chain-line-integral F {j} (two-chain-boundary two-chain)
proof (simp add: two-chain-boundary-def one-chain-line-integral-def two-chain-integral-def)
let ?F-a’ = partial-vector-derivative (Aa. (F a) - j) i
have (>_ (k,g)€ boundary twoCube. k  line-integral F' {j} g) = integral (cubeImage
twoCube) (Aa. ?F-a’ a)
if twoCube € two-chain for twoCube
using green-typell-cube. Green Thm-typell-twoCube(1) valid-typell-div F-anal-valid
one-chain-line-integral-def valid-two-chain-def
by (simp add: R2-axioms green-typell-cube-axioms-def green-typell-cube-def
that)
then have double-sum-eq-sum:
(> twoCubec(two-chain).(> " (k,g)€ boundary twoCube. k * line-integral F' {j}

9))

?F-a’ a))
using Finite-Cartesian-Product.sum-cong-auz by auto
have pairwise-disjoint-boundaries: ¥V z€ (boundary ¢ two-chain). (V¥ y€ (boundary
“two-chain). (z #y — (x Ny =1{})))
using valid-typell-div by (fastforce simp add: image-def valid-two-chain-def
pairwise-def)
have finite-boundaries: V B € (boundary‘ two-chain). finite B
using valid-typell-div image-iff by (fastforce simp add: valid-two-cube-def
valid-two-chain-def)
have boundary-ingj: inj-on boundary two-chain
using valid-typell-div by (force simp add: valid-two-cube-def valid-two-chain-def
pairwise-def inj-on-def)
have (> ze(|J z€two-chain. boundary z). case z of (k, g) = k * line-integral F

{i} 9) =

= (3 twoCube€(two-chain). integral (cubeImage twoCube) (Aa.

(>~ twoCubee (two-chain).(d (k,g)€ boundary twoCube. k *
line-integral F {j} g))
using sum.reindex[OF boundary-inj, of Ax. (3. (k,g)€ x. k * line-integral F
{7} 9)]
using sum. Union-disjoint|OF finite-boundaries
pairwise-disjoint-boundaries,
of Ax. case x of (k, g) = (k::int) x line-integral F {j} g]
by auto
then show (Y C'ctwo-chain. integral (cubeImage C) (Aa. ?F-a’ a)) = (> z€(|J xEtwo-chain.
boundary x). case x of (k, g) = k * line-integral F {j} g)
using double-sum-eq-sum by auto
qed

lemma GreenThm-typell-divisible:
assumes
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gen-division: gen-division s (cubeImage ‘ two-chain)
shows integral s (partial-vector-derivative (Az. (F ) - j) ©) = one-chain-line-integral
F {j} (two-chain-boundary two-chain)
proof —
let ?F-a’ = (partial-vector-derivative (\xz. (F ) - j) ©)
have integral s (A\x. ?F-a’ x) = two-chain-integral two-chain (Aa. ?F-a’ a)
proof (simp add: two-chain-integral-def)
have partial-deriv-integrable:
(?F-a’ has-integral (integral (cubelmage twoCube) ?F-a’)) (cubeImage twoCube)
if twoCube € two-chain for twoCube
by (simp add: analytically-valid-imp-part-deriv-integrable-on F-anal-valid in-
tegrable-integral that)
then have partial-deriv-integrable:
NtwoCubelmg. twoCubelmg € cubelmage * two-chain = ((Az. ?F-a’ z)
has-integral (integral (twoCubelmg) (Az. ?F-a’ x))) (twoCubelmg)
using integrable-neg by force
have finite-images: finite (cubeImage ‘ two-chain)
using gen-division gen-division-def by auto
have negligible-images: pairwise (AS S’. negligible (S N S’)) (cubeImage *
two-chain)
using gen-division by (auto simp add: gen-division-def pairwise-def)
have inj-on cubelmage two-chain using valid-typell-div valid-two-chain-def by
auto
then have (> twoCubelmge cubelmage * two-chain. integral twoCubelmg (Az.
?F-a’ 1))
= (3 Cetwo-chain. integral (cubelmage C) (Aa. ?F-a’ a))
using sum.reindex by auto
then show integral s (Az. ?F-a’ z) = (> C€two-chain. integral (cubeImage C)
(Aa. ?F-a’ a))
using has-integral-Union|OF finite-images partial-deriv-integrable negligi-
ble-images| gen-division
by (auto simp add: gen-division-def)
qed
then show ?thesis
using GreenThm-typell-twoChain F-anal-valid
by auto
qed

lemma GreenThm-typell-divisible-region-boundary-gen:
assumes only-horizontal-division: only-horizontal-division v two-chain
shows integral s (partial-vector-derivative (Az. (F z) - j) i) = one-chain-line-integral
F i}~
proof —
let ?F-a’ = (partial-vector-derivative (Az. (F x) + j) )

have horiz-line-integral-zero:

one-chain-line-integral F {j} (two-chain-horizontal-boundary two-chain) = 0
proof (simp add: one-chain-line-integral-def)

have line-integral F' {j} (snd oneCube) = 0
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if oneCube € two-chain-horizontal-boundary(two-chain) for oneCube
proof —
from that obtain z y1 y2 k
where horiz-edge-def: oneCube = (k, (Mt:real. (1 — t) * (y2) + t * yI,
x::real)))
using valid-typell-div
by (auto simp add: typell-twoCube-def two-chain-horizontal-boundary-def
horizontal-boundary-def)
let ?horiz-edge = (snd oneCube)
have horiz-edge-y-const: ¥ t. (?horiz-edge t) - j = x
by (auto simp add: horiz-edge-def real-inner-class.inner-add-left
euclidean-space-class.inner-not-same-Basis j-is-y-axis)
have horiz-edge-is-straight-path: Zhoriz-edge = (At. (y2 + t * (y1 — y2), z))
by (auto simp: horiz-edge-def algebra-simps)
have V. ?horiz-edge differentiable at x
using horiz-edge-is-straight-path straight-path-diffrentiable-y
by (metis mult-commute-abs)
then show line-integral F' {j} (snd oneCube) = 0
using line-integral-on-pair-straight-path(1) j-is-y-azis real-pair-basis horiz-edge-y-const
by blast
qed
then show (> x€two-chain-horizontal-boundary two-chain. case x of (k, g) =
k * line-integral F {j} g) = 0
by (force intro: sum.neutral)
qed

have boundary-is-finite: finite (two-chain-boundary two-chain)
unfolding two-chain-boundary-def
proof (rule finite-UN-I)
show finite two-chain
using valid-typell-div finite-image-iff gen-division-def valid-two-chain-def by
auto
show Aa. a € two-chain = finite (boundary a)
by (simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
qed
have boundary-is-vert-hor:
two-chain-boundary two-chain =
(two-chain-vertical-boundary two-chain) U
(two-chain-horizontal-boundary two-chain)
by (auto simp add: two-chain-boundary-def two-chain-vertical-boundary-def two-chain-horizontal-boundary-de
boundary-def)
then have hor-vert-finite:
finite (two-chain-vertical-boundary two-chain)
finite (two-chain-horizontal-boundary two-chain)
using boundary-is-finite by auto
have horiz-verti-disjoint:
(two-chain-vertical-boundary two-chain) N
(two-chain-horizontal-boundary two-chain) = {}
proof (simp add: two-chain-vertical-boundary-def two-chain-horizontal-boundary-def
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horizontal-boundary-def
vertical-boundary-def)
show (| z€two-chain. {(— 1, Ay. z (0, y)), (L:int, Ay. z (L:=real, y))}) N
(U z€two-chain. {(1, Az. x (2, 0)), (— 1, Az. z (2, 1))}) = {}
proof —
have {(— 1, \y. twoCube (0, y)), (1::int, \y. twoCube (1, y))} N
{(1, Az. twoCube2 (z, 0)), (— 1, Az. twoCube2 (z, 1))} = {}
if twoCubectwo-chain twoCube2 Etwo-chain for twoCube twoCubel
proof (cases twoCube = twoCube?2)
case True
have card-4: card {(— 1, \y. twoCube2 (0::real, y)), (1::int, Ay. twoCube2
(1, 9)), (1, Az. twoCube2 (z, 0)), (— 1, Az. twoCube2 (z, 1))} = 4
using valid-typell-div valid-two-chain-def that(2)
by (auto simp add: boundary-def vertical-boundary-def horizontal-boundary-def
valid-two-cube-def)
show ?thesis
using card-4 by (auto simp: True card-insert-if split: if-split-asm)
next
case Fulse
show ?thesis
using valid-typell-div valid-two-chain-def
by (simp add: boundary-def vertical-boundary-def horizontal-boundary-def
pairwise-def <twoCube # twoCube2> that)
qed
then have |J ((AMtwoCube. {(— 1, Ay. twoCube (0::real, y)), (1::real, Ay.
twoCube (1::real, y))})  two-chain)
N U ((MwoCube. {(1::int, Az. twoCube (z,
0::real)), (— 1, Az. twoCube (z, 1::real))}) ¢ two-chain)
={}
by (fastforce simp add: Union-disjoint)
then show ?thesis by force
qed
qed
have one-chain-line-integral F {j} (two-chain-boundary two-chain)
= one-chain-line-integral F {j} (two-chain-vertical-boundary two-chain) +
one-chain-line-integral F {j} (two-chain-horizontal-boundary two-chain)
using boundary-is-vert-hor horiz-verti-disjoint
by (simp add: hor-vert-finite sum.union-disjoint one-chain-line-integral-def)
then have y-axis-line-integral-is-only-vertical:
one-chain-line-integral F' {j} (two-chain-boundary two-chain)
= one-chain-line-integral F {j} (two-chain-vertical-boundary
two-chain)
using horiz-line-integral-zero
by auto

obtain H V where hv-props: finite H
(V(kyy) € H. 3K, v") € two-chain-horizontal-boundary two-chain.
(Fae {0 . 1}
Jb e {0.1}.
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a < b A subpath a by’ = 7)))
y=HUYV
(common-sudiv-ezists (two-chain-vertical-boundary two-chain) V
V' common-reparam-exists V (two-chain-vertical-boundary two-chain))
finite V
boundary-chain V
Y (k,y)EV. valid-path ~
using only-horizontal-division
by (fastforce simp add: only-horizontal-division-def)
have finite {j} by auto
then have eg-integrals: one-chain-line-integral F' {j} V = one-chain-line-integral
F {j} (two-chain-vertical-boundary two-chain)
proof(cases common-sudiv-exists (two-chain-vertical-boundary two-chain) V)
case True then show ?Zthesis
using gen-common-subdivision-imp-eq-line-integral(1)[OF True two-chain-vertical-boundary-is-boundary-c
hv-props(6) - hor-vert-finite(1) hv-props(5)]
typell-chain-line-integral-exists-boundary’
by force
next
case Fulse
have integ-exis-vert:
Y (k,y) € two-chain-vertical-boundary two-chain. line-integral-exists F {j} v
using typell-chain-line-integral-exists-boundary’ assms
by (fastforce simp add: valid-two-chain-def)
have integ-exis: V (k,y) € two-chain-boundary two-chain. line-integral-exists F
{7}~
using typell-cube-line-integral-exists-boundary by blast
have valid-paths: V (k,y) € two-chain-horizontal-boundary two-chain. valid-path
Y
using typell-edges-are-valid-paths valid-typell-div
by (fastforce simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
boundary-def)
have integ-exis-horiz:
(ANk . 3 (K, v")€two-chain-horizontal-boundary two-chain. I3ac{0..1}. 3be{0..1}.
a < bA subpath a bvy' =~) =
line-integral-exists F {j} =)
using integ-exis valid-paths line-integral-exists-subpath[of F {j}]
by (fastforce simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
two-chain-vertical-boundary-def boundary-def)
have finite-j: finite {j} by auto
have i: {j} C Basis using j-is-y-axis real-pair-basis by auto
have ii: V (k2, v2)E€two-chain-vertical-boundary two-chain. ¥ be{j}. continu-
ous-on (path-image v2) (Az. F z - b)
using valid-typell-div field-cont-on-typell-region-cont-on-edges F-anal-valid
by (fastforce simp add: analytically-valid-def two-chain-vertical-boundary-def
boundary-def path-image-def)
show one-chain-line-integral F {j} V = one-chain-line-integral F {j} (two-chain-vertical-boundary
two-chain)
using hv-props(4) False common-reparam-exists-imp-eq-line-integral(1)[OF fi-
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nite-j hv-props(5) hor-vert-finite(1) hv-props(6) two-chain-vertical-boundary-is-boundary-chain
7
- hv-props(7) type-II-chain-vert-bound-valid)
by fastforce
qged

have line-integral-on-path:
one-chain-line-integral F' {j} v =
one-chain-line-integral F {j} (two-chain-vertical-boundary two-chain)
proof (simp only: one-chain-line-integral-def)
have line-integral F' {j} (snd oneCube) = 0 if oneCube: oneCube € H for
oneCube
proof —
obtain k v where k-gamma: (k,y) = oneCube
using prod.collapse by blast
then obtain k' v’ a b where kp-gammap:
(k":int, v') € two-chain-horizontal-boundary two-chain
ac{0. 1}
be{0..1}
subpath a b v/ =~
using hv-props oneCube
by (smt case-prodE split-conv)
obtain z yI y2 where horiz-edge-def: (k'y') = (k', (Mtreal. (1 — t) * (y2)
+ t* yl, x:real)))
using valid-typell-div kp-gammap
by (auto simp add: typell-twoCube-def two-chain-horizontal-boundary-def
horizontal-boundary-def)
have horiz-edge-y-const: Vt. v (t) « j = x
using horiz-edge-def kp-gammap(4)
by (auto simp add: real-inner-class.inner-add-left
euclidean-space-class.inner-not-same-Basis j-is-y-axis subpath-def)
have horiz-edge-is-straight-path:
v = (Atureal. ((1xy2 — axy2) + axyl + ((b—a)xyl — (b — a)xy2)xt,
x::real))
proof —
fix t::real
have (1 — (b — a)xt + a) x (y2) + ((b—a)xt + a) x yI = (1 — (b — a)xt
+a) * (y2) + ((b—a)*t + a) * yl
by auto
then have v = (Atureal. (I — (b — a)xt — a) * (y2) + ((b—a)*t + a) *
yl, z:real))
using horiz-edge-def Product- Type.snd-conv Product- Type.fst-conv kp-gammap(4 )
by (simp add: subpath-def diff-diff-eq[symmetric])
also have ... = (Atureal. ((1xy2 — (b — a)*xy2xt — axy2) + ((b—a)*xyl*t
+ axyl), z:real))
by (auto simp add: ring-class.ring-distribs(2) Groups.diff-diff-eq left-diff-distrib)
also have ... = (Atureal. ((1xy2 — axy2) + axyl + ((b—a)xyl — (b —
a)xy2)*t, x:real))
by (force simp add: left-diff-distrib)
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finally show v = (Atureal. ((1xy2 — axy2) + axyl + ((b—a)xyl — (b —
a)xy2)xt, x:real)) .
qed
show line-integral F {j} (snd oneCube) = 0
proof —
have Vz. v differentiable at x
by (simp add: horiz-edge-is-straight-path straight-path-diffrentiable-y)
then have line-integral F' {j} v = 0
by (simp add: horiz-edge-y-const line-integral-on-pair-straight-path(1))
then show ?thesis
using Product-Type.snd-conv k-gamma by auto
qed
qed
then have VzeH. (case z of (k, g) = (k::int) * line-integral F {j} g) = 0
by auto
then show (> z€v. case z of (k, g) = real-of-int k * line-integral F {j} g) =
(3 zetwo-chain-vertical-boundary two-chain. case © of (k, g) =
real-of-int k x line-integral F' {j} g)
using hv-props(1) hv-props(3) hv-props(5) sum-zero-set hor-vert-finite(1)
eq-integrals
by (clarsimp simp add: one-chain-line-integral-def sum-zero-set)
qed
then have one-chain-line-integral F {j} v =
one-chain-line-integral F {j} (two-chain-vertical-boundary
two-chain)
using line-integral-on-path by auto
then have one-chain-line-integral F {j} v =
one-chain-line-integral F {j} (two-chain-boundary two-chain)
using y-azis-line-integral-is-only-vertical by auto
then show ?thesis
using valid-typell-div GreenThm-typell-divisible by auto
qed

lemma GreenThm-typell-divisible-region-boundary:
assumes
two-cubes-trace-vertical-boundaries:
two-chain-vertical-boundary two-chain C v and
boundary-of-region-is-subset-of-partition-boundary:
v C two-chain-boundary two-chain
shows integral s (partial-vector-derivative (Az. (F ) - j) ©) = one-chain-line-integral
F{j}~
proof —
let ?F-a’ = (partial-vector-derivative (Az. (F x) « §) )

have horiz-line-integral-zero:
one-chain-line-integral F {j} (two-chain-horizontal-boundary two-chain) = 0
proof (simp add: one-chain-line-integral-def)
have line-integral F {j} (snd oneCube) = 0
if one: oneCube € two-chain-horizontal-boundary(two-chain) for oneCube
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proof —
obtain z yI y2 k where horiz-edge-def: oneCube = (k, (At:real. (1 — t) *
(y2) + t = yl, x::real)))
using valid-typell-div one
by (auto simp add: typell-twoCube-def two-chain-horizontal-boundary-def
horizontal-boundary-def)
let Zhoriz-edge = (snd oneCube)
have horiz-edge-y-const: ¥ t. (?horiz-edge t) - j = x
using horiz-edge-def
by (auto simp add: real-inner-class.inner-add-left
euclidean-space-class.inner-not-same-Basis j-is-y-axis)
have horiz-edge-is-straight-path:
Zhoriz-edge = (At. (y2 + t * (y1 — y2), z))
by (simp add: add-diff-eq diff-add-eq mult.commute right-diff-distrib horiz-edge-def)
show line-integral F {j} (snd oneCube) = 0
by (metis horiz-edge-is-straight-path horiz-edge-y-const line-integral-on-pair-straight-path(1)
mult.commute straight-path-diffrentiable-y)
qed
then show (3 z€two-chain-horizontal-boundary two-chain. case x of (k, g) =
k x line-integral F {j} g) = 0
by (simp add: prod.case-eq-if)
qed

have boundary-is-finite: finite (two-chain-boundary two-chain)
unfolding two-chain-boundary-def
proof (rule finite-UN-I)
show finite two-chain
using valid-typell-div finite-image-iff gen-division-def valid-two-chain-def by
auto
show Aa. a € two-chain = finite (boundary a)
by (simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
qed
have boundary-is-vert-hor:
two-chain-boundary two-chain = (two-chain-vertical-boundary two-chain) U
(two-chain-horizontal-boundary two-chain)
by (auto simp add: two-chain-boundary-def two-chain-vertical-boundary-def two-chain-horizontal-boundary-de
boundary-def)
then have hor-vert-finite:
finite (two-chain-vertical-boundary two-chain)
finite (two-chain-horizontal-boundary two-chain)
using boundary-is-finite by auto
have horiz-verti-disjoint:
(two-chain-vertical-boundary two-chain) N (two-chain-horizontal-boundary two-chain)
={}
proof (simp add: two-chain-vertical-boundary-def two-chain-horizontal-boundary-def
horizontal-boundary-def
vertical-boundary-def)
show (|Jz€two-chain. {(— 1, A\y. = (0, y)), (1:int, Ay. = (L:real, y))}) N
(U ze€two-chain. {(1, Az. z (z, 0)), (— 1, Az. z (2, 1))}) = {}
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proof —
have {(— 1, Ay. twoCube (0, y)), (1::int, \y. twoCube (1, y))} N
{(1, My. twoCube2 (y, 0)), (— 1, Ay. twoCube?2 (y, 1))} = {}
if twoCubectwo-chain twoCube? & two-chain for twoCube twoCube?
proof (cases twoCube = twoCube?2)
case True
have card {(— 1, \y. twoCube2 (0::real, y)), (1::int, Ay. twoCube2 (1, y)),
(1, Az. twoCube?2 (z, 0)), (— 1, Az. twoCube2 (z, 1))} = 4
using valid-typell-div valid-two-chain-def that(2)
by (auto simp add: boundary-def vertical-boundary-def horizontal-boundary-def
valid-two-cube-def)
then show ?thesis
by (auto simp: True card-insert-if split: if-split-asm)
next
case Fualse show ?thesis
using valid-typell-div valid-two-chain-def
by (simp add: boundary-def vertical-boundary-def horizontal-boundary-def
pairwise-def <twoCube # twoCube2) that(1) that(2))
qed
then have |J ((AtwoCube. {(— 1, Ay. twoCube (0::real, y)), (1::real, Ay.
twoCube (1::real, y))}) © two-chain)
N U ((AMtwoCube. {(1::int, Az. twoCube (z,
0::real)), (— 1, Az. twoCube (z, 1::real))}) ¢ two-chain)
={
by (force simp add: Complete-Lattices. Union-disjoint)
then show ?thesis by force
qed
qed
have one-chain-line-integral F {j} (two-chain-boundary two-chain)
= one-chain-line-integral F {j} (two-chain-vertical-boundary two-chain) +
one-chain-line-integral F {j} (two-chain-horizontal-boundary two-chain)
using boundary-is-vert-hor horiz-verti-disjoint
by (auto simp add: one-chain-line-integral-def hor-vert-finite sum.union-disjoint)
then have y-axis-line-integral-is-only-vertical:
one-chain-line-integral F {j} (two-chain-boundary two-chain)
= one-chain-line-integral F {j} (two-chain-vertical-boundary two-chain)
using horiz-line-integral-zero by auto

have 3H. H C (two-chain-horizontal-boundary two-chain) A
v = H U (two-chain-vertical-boundary two-chain)
proof
let ?H = v — (two-chain-vertical-boundary two-chain)
show ?H C two-chain-horizontal-boundary two-chain A v = ?H U two-chain-vertical-boundary
two-chain
using two-cubes-trace-vertical-boundaries
boundary-of-region-is-subset-of-partition-boundary boundary-is-vert-hor
by blast
qged
then obtain H where
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h-props: H C (two-chain-horizontal-boundary two-chain)
v = H U (two-chain-vertical-boundary two-chain)
by auto
have h-vert-disj: H N (two-chain-vertical-boundary two-chain) = {}
using horiz-verti-disjoint h-props(1) by auto
have h-finite: finite H
using hor-vert-finite h-props(1) Finite-Set.rev-finite-subset by force
have line-integral-on-path:
one-chain-line-integral F {j} v =
one-chain-line-integral F {j} H + one-chain-line-integral F {j} (two-chain-vertical-boundary
two-chain)
by (auto simp add: one-chain-line-integral-def h-props sum.union-disjoint[OF
h-finite hor-vert-finite(1) h-vert-disj])

have one-chain-line-integral F {j} H = 0
proof (simp add: one-chain-line-integral-def)
have line-integral F {j} (snd oneCube) = 0
if oneCube: oneCube € two-chain-horizontal-boundary(two-chain) for oneCube
proof —
obtain z yI y2 k where horiz-edge-def: oneCube = (k, (At:real. (1 — t) *
(y2) + t x yl, z::real)))
using valid-typell-div oneCube
by (auto simp add: typell-twoCube-def two-chain-horizontal-boundary-def
horizontal-boundary-def)
let ?horiz-edge = (snd oneCube)
have horiz-edge-y-const: ¥ t. (?horiz-edge t) - j = x
by (simp add: j-is-y-axis horiz-edge-def)
have horiz-edge-is-straight-path:
Zhoriz-edge = (At. (y2 + t = (yI — y2), z))
by (simp add: add-diff-eq diff-add-eq mult.commaute right-diff-distrib horiz-edge-def)
show line-integral F {j} (snd oneCube) = 0
by (simp add: horiz-edge-is-straight-path j-is-y-axis line-integral-on-pair-straight-path(1)
mult.commute straight-path-diffrentiable-y)
qed
then have VoneCube € H. line-integral F' {j} (snd oneCube) = 0
using h-props by auto
then have VzeH. (case x of (k, g) = (k::int) x line-integral F {j} g) = 0
by auto
then show (> z€H. case z of (k, g) = k * line-integral F {j} g) = 0
by simp
qed
then have one-chain-line-integral F {j} v =
one-chain-line-integral F {j} (two-chain-vertical-boundary
two-chain)
using line-integral-on-path by auto
then have one-chain-line-integral F {j} v =
one-chain-line-integral F {j} (two-chain-boundary two-chain)
using y-azxis-line-integral-is-only-vertical by auto
then show ?thesis
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using valid-typell-div GreenThm-typell-divisible by auto
qed

end

locale green-typel-cube = R2 +
fixes twoC F
assumes
two-cube: typel-twoCube twoC and
valid-two-cube: valid-two-cube twoC and
franalytically-valid: analytically-valid (cubelmage twoC) (Az. (F ) - i) j
begin

lemma GreenThm-typel-twoCube:
shows integral (cubelmage twoC) (Aa. — partial-vector-derivative (Ap. F p - i) j
a) = one-chain-line-integral F {i} (boundary twoC)
Y (kyy) € boundary twoC. line-integral-exists F {i} ~y
proof —
let Zbottom-edge = (Az. twoC(z, 0))
let ?right-edge = (Ay. twoC(1, y))
let Ztop-edge = (Az. twoC(z, 1))
let Zleft-edge = (A\y. twoC(0, y))
have line-integral-around-boundary:
one-chain-line-integral F {i} (boundary twoC') =
line-integral F {i} ?bottom-edge + line-integral F {i} ?right-edge
— line-integral F {i} ?top-edge — line-integral F {i} ?left-edge
proof (simp add: one-chain-line-integral-def horizontal-boundary-def vertical-boundary-def
boundary-def)
have finitel: finite {(— 1::int, Ay. twoC (0, y)), (1, \y. twoC (1, y)), (— 1,
Az. twoC (z, 1))} by auto
have sum-step1: (3 (k, g)e{(— (1::int), Ay. twoC (0, y)), (1, Ay. twoC (1,
Y), (1, Az. twoC (x, 0)), (— 1, Ax. twoC (z, 1))}. k = line-integral F {i} g) =
line-integral F {i} (Az. twoC (z, 0)) + (O (k, g)e{(— (1 ::int),
Ay. twoC (0, y)), (1, Ay. twoC (1, y)), (— 1, Az. twoC (z, 1))}. k * line-integral
F{i} g)
using sum.insert-remove [OF finitel] valid-two-cube
by (auto simp: horizontal-boundary-def vertical-boundary-def boundary-def
valid-two-cube-def card-insert-if split: if-split-asm)
have three-distinct-edges: card {(— 1:int, Ay. twoC (0, y)), (1, \y. twoC (1,
y), (— 1, Az. twoC (z, 1))} = 3
using valid-two-cube
apply (simp add: one-chain-line-integral-def horizontal-boundary-def verti-
cal-boundary-def boundary-def valid-two-cube-def)
by (auto simp: card-insert-if split: if-split-asm)
have finite2: finite {(— 1::int, Ay. twoC (0, y)), (1, Ay. twoC (1, y))} by auto
have sum-step2: (> (k, g)e{(— (1::int), Ay. twoC (0, y)), (1, Ay. twoC (1,
y)), (=1, Az. twoC (x, 1))}. k * line-integral F {i} g) =
(— line-integral F {i} (Az. twoC (z, 1))) + O  (k, 9)e{(—
(1:nt), Ay. twoC (0, y)), (1, Ay. twoC (1, y))}. k * line-integral F {i} g)
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using sum.insert-remove [OF finite2] three-distinct-edges
by (auto simp: card-insert-if split: if-split-asm)
have two-distinct-edges: card {(— 1::int, Ay. twoC (0, y)), (1, Ay. twoC (1,
y)y =2
using three-distinct-edges
by (simp add: one-chain-line-integral-def horizontal-boundary-def vertical-boundary-def
boundary-def)
have finite3: finite {(— 1::int, Ay. twoC (0, y))} by auto
have sum-step3: (> (k, g)e{(— (1::int), Ay. twoC (0, y)), (1, Ay. twoC (1,
y)}. k * line-integral F {i} g) =
(line-integral F {i} (Ay. twoC (1, v))) + O_ (k, 9)e{(—
(1::real), Ay. twoC (0, y))}. k * line-integral F {i} g)
using sum.insert-remove [OF finite2] three-distinct-edges
by (auto simp: card-insert-if split: if-split-asm)
show (3>~ ze{(— I:int, Ay. twoC (0, y)), (1, Ay. twoC (1, y)), (1, Az. twoC
(z, 0)), (= 1, Az. twoC (x, 1))}. case x of (k, g) = k * line-integral F {i} g) =
line-integral F {i} (Az. twoC (z, 0)) + line-integral
F {i} (Ay. twoC (1, y)) — line-integral F {i} (Az. twoC (z, 1)) — line-integral F
{1} (Ay. twoC (0, y))
using sum-stepl sum-step2 sum-step3 by auto
qged
obtain a b g1 g2 where
twoCisTypel: a < b
(Vz € cboz a b. g2z < g1 x)
cubeImage twoC = {(z,y). x € cbox a b A y € cbozx (92 z) (g1 z)}
twoC = (M, y). (I —2)*xa+xxb, (I —y)*xg2 (I —x)*xa+2zxd)+
y*xgl (1 —z)xa+zxb))
g1 piecewise-C1-differentiable-on {a .. b}
92 piecewise-C1-differentiable-on {a .. b}
(Az. twoC(z, 0)) = (Az. (a + (b — a) * x, g2 (a + (b — a) * x)))
(Ay. twoC(1, y)) = (Az. (b, g2 b+ z xg (g1 b — g2 b)))
(Az. twoC(z, 1)) = (Az. (a + (b — a) * z, g1 (a + (b — a) x 1))
(Ay. twoC(0, y)) = (Az. (a, g2 a + z xg (91 a — g2 a)))
using two-cube and typel-cube-explicit-specloftwoC] by auto
have bottom-edge-smooth: (Az. twoC (z, 0)) piecewise-C1-differentiable-on {0..1}
using typel-twoCube-smooth-edges two-cube boundary-def vertical-boundary-def
horizontal-boundary-def
by auto
have top-edge-smooth: ?top-edge piecewise-C1-differentiable-on {0..1}
using typel-twoCube-smooth-edges two-cube boundary-def vertical-boundary-def
horizontal-boundary-def
by auto
show integral (cubelmage twoC) (Aa. — partial-vector-derivative (Ap. F p - i) j
a) = one-chain-line-integral F {i} (boundary twoC)
using Greens-thm-type-1[|OF twoCisTypel (3) twoCisTypel (7) bottom-edge-smooth
twoCisTypel (8) twoCisTypel (9) top-edge-smooth
twoCisTypel (10) f-analytically-valid twoCisTypel (2) twoClisTypel (1)]
line-integral-around-boundary
by auto
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have line-integral-exists F {i} (Ay. twoC (0, y))
line-integral-exists F {i} (Az. twoC (z, 1))
line-integral-exists F {i} (Ay. twoC (1, y))
line-integral-exists F {i} (Az. twoC (z, 0))
using Greens-thm-type-1|OF twoCisTypel (3) twoCisTypel (7) bottom-edge-smooth
twoCisTypel (8) twoCisTypel(9) top-edge-smooth
twoCisTypel (10) f-analytically-valid twoCisTypel (2) twoCisTypel (1)]
line-integral-around-boundary
by auto
then have line-integral-exists F {i} v if (k,y) € boundary twoC for k ~
using that by (auto simp add: boundary-def horizontal-boundary-def verti-
cal-boundary-def)
then show V (k,y) € boundary twoC. line-integral-exists F {i} v by auto
qed

lemma line-integral-exists-on-typel-Cube-boundaries’:

assumes (k,y) € boundary twoC

shows line-integral-exists F {i} ~

using assms two-cube valid-two-cube f-analytically-valid Green Thm-typel-twoCube(2)
by blast

end

locale green-typel-chain = R2 +
fixes F two-chain s
assumes valid-typel-div: valid-typel-division s two-chain and
F-anal-valid: ¥ twoC € two-chain. analytically-valid (cubelmage twoC') (Az.
(Fz)-i)j
begin

lemma two-chain-valid-valid-cubes: ¥ two-cube € two-chain. valid-two-cube two-cube
using valid-typel-div
by (auto simp add: valid-two-chain-def)

lemma typel-cube-line-integral-exists-boundary’:

assumes Y two-cube € two-chain. typel-twoCube two-cube

assumes Y twoC € two-chain. analytically-valid (cubelmage twoC) (Az. (F x) -
i) j

assumes Y two-cube € two-chain. valid-two-cube two-cube

shows V (k,y) € two-chain-vertical-boundary two-chain. line-integral-exists F {i}
Y
proof —

have integ-exis: V (k,y) € two-chain-boundary two-chain. line-integral-exists F
{i} v

using green-typel-cube.line-integral-exists-on-typel-Cube-boundaries’[of i j] assms

using R2-axioms green-typel-cube-azioms-def green-typel-cube-def two-chain-boundary-def
by fastforce

then show integ-exis-vert:

Y (k,y) € two-chain-vertical-boundary two-chain. line-integral-exists F {i} =y
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by (simp add: two-chain-boundary-def two-chain-vertical-boundary-def bound-

ary-def)
qed

lemma typel-cube-line-integral-exists-boundary’”:
V (k,y) € two-chain-horizontal-boundary two-chain. line-integral-exists F {i} ~
proof —
have integ-exis: V (k,y) € two-chain-boundary two-chain. line-integral-exists F
{i} ~
using green-typel-cube.line-integral-exists-on-typel-Cube-boundaries’|of i j] valid-typel-div
apply (simp add: two-chain-boundary-def boundary-def)
using F-anal-valid R2-axioms green-typel-cube-axioms-def green-typel-cube-def
two-chain-valid-valid-cubes by fastforce
then show integ-exis-horiz:
Y (k,y) € two-chain-horizontal-boundary two-chain. line-integral-exists F {i} ~
by (simp add: two-chain-boundary-def two-chain-horizontal-boundary-def bound-
ary-def)
qed

lemma typel-cube-line-integral-exists-boundary:

Y (k,y) € two-chain-boundary two-chain. line-integral-exists F {i}

using typel-cube-line-integral-exists-boundary’ typel-cube-line-integral-exists-boundary’’

apply (auto simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
two-chain-vertical-boundary-def)

by (meson R2-azioms green-typel-chain.F-anal-valid green-typel-chain-azioms

green-typel-cube.line-integral-exists-on-typel-Cube-boundaries’ green-typel-cube-azioms-def
green-typel-cube-def two-chain-valid-valid-cubes valid-typel-div)

lemma type-I-chain-horiz-bound-valid:

Y (k,y) € two-chain-horizontal-boundary two-chain. valid-path

using typel-edges-are-valid-paths valid-typel-div

by (force simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
boundary-def)

lemma type-I-chain-vert-bound-valid:

assumes Y two-cube € two-chain. typel-twoCube two-cube

shows V (k,y) € two-chain-vertical-boundary two-chain. valid-path ~

using typel-edges-are-valid-paths assms(1)

by (force simp add: two-chain-boundary-def two-chain-vertical-boundary-def bound-
ary-def)

lemma members-of-only-vertical-div-line-integrable’:
assumes only-vertical-division one-chain two-chain
(k::int, v)€one-chain
(k::int, )€ one-chain
finite two-chain
shows line-integral-exists F {i} v
proof —
have integ-exis: V (k,y) € two-chain-boundary two-chain. line-integral-exists F
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{i} ~
using typel-cube-line-integral-exists-boundary by blast
have integ-exis-horiz:
V (k,y) € two-chain-horizontal-boundary two-chain. line-integral-exists F {i} ~
using typel-cube-line-integral-exists-boundary’’ assms by auto
have valid-paths: ¥V (k,y) € two-chain-vertical-boundary two-chain. valid-path ~
using type-I-chain-vert-bound-valid valid-typel-div by linarith
have integ-exis-vert:
(Ak . (3 (K, 7)) Etwo-chain-vertical-boundary two-chain. 3a€{0..1}. 3b€{0..1}.
a < bA subpath a by’ =~) =
line-integral-exists F {i} 7)
using integ-exis valid-paths line-integral-exists-subpath|of F {i}]
by (fastforce simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
two-chain-vertical-boundary-def boundary-def)
obtain H V where hv-props: finite V
(V (k) € V. (3(K', v) € two-chain-vertical-boundary two-chain.
(Jae{0. 1}.3be{0..1}. a < b A subpath a b ~v' = 7)))
one-chain = H UV
(common-sudiv-exists (two-chain-horizontal-boundary two-chain) H)
V' common-reparam-exists H (two-chain-horizontal-boundary two-chain)
finite H
boundary-chain H
Y (k,y)eH. valid-path ~
using assms(1) unfolding only-vertical-division-def by blast
have finite-i: finite {i} by auto
show line-integral-exists F {i} v
proof(cases common-sudiv-ezists (two-chain-horizontal-boundary two-chain) H)
case True
show ?thesis
using gen-common-subdivision-imp-eq-line-integral(2)[OF True two-chain-horizontal-boundary-is-boundary
hv-props(6) integ-exis-horiz finite-two-chain-horizontal-boundary[ OF assms(4 )] hv-props(5)
finite-i]
integ-ezis-vert[of ] assms(8) case-prod-conv hv-props(2) hv-props(3)
by fastforce
next
case False
have i: {i} C Basis using i-is-z-axis real-pair-basis by auto
have ii: V (k2, v2)€two-chain-horizontal-boundary two-chain. ¥ be{i}. contin-
uous-on (path-image v2) (Ax. F x + b)
using assms field-cont-on-typel-region-cont-on-edges F-anal-valid valid-typel-div
by (fastforce simp add: analytically-valid-def two-chain-horizontal-boundary-def
boundary-def path-image-def)
show line-integral-exists F {i}
using common-reparam-exists-imp-eq-line-integral(2)[OF finite-i hv-props(5)
finite-two-chain-horizontal-boundary[ OF assms(4 )] hv-props(6) two-chain-horizontal-boundary-is-boundary-che
i
- hv-props(7) type-I-chain-horiz-bound-valid)
integ-exis-vert[of ~y] False
assms(3) hv-props(2—4) by fastforce
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qed
qed

lemma GreenThm-typel-two-chain:
two-chain-integral two-chain (Aa. — partial-vector-derivative (Az. (F z) « i) j a)
= one-chain-line-integral F {i} (two-chain-boundary two-chain)
proof (simp add: two-chain-boundary-def one-chain-line-integral-def two-chain-integral-def)
let ?F-b’ = partial-vector-derivative (Az. (F z) - 1) j
have all-two-cubes-have-four-distict-edges: ¥ twoCube € two-chain. card (boundary
twoCube) = 4
using wvalid-typel-div valid-two-chain-def valid-two-cube-def by auto
have no-shared-edges-have-similar-orientations:
Y twoCubel € two-chain. ¥ twoCube? € two-chain. twoCubel # twoCube2 —
boundary twoCubel N boundary twoCube?2 = {}
using valid-typel-div valid-two-chain-def
by (auto simp add: pairwise-def)
have (> (k,g)€ boundary twoCube. k * line-integral F {i} g) = integral (cubelmage
twoCube) (Aa. — ?F-b’ a)
if twoCube € two-chain for twoCube
proof —
have analytically-val: analytically-valid (cubelmage twoCube) (Az. F x « i) j
using that F-anal-valid by auto
show (3 (k, g)€boundary twoCube. k * line-integral F {i} g) = integral
(cubeImage twoCube) (Aa. — ?F-b’ a)
using green-typel-cube. Green Thm-typel-two Cube
apply (simp add: one-chain-line-integral-def)
by (simp add: R2-axioms analytically-val green-typel-cube-azioms-def green-typel-cube-def
that two-chain-valid-valid-cubes valid-typel-div)
qed
then have double-sum-eq-sum:
(3" twoCubee(two-chain).(3 (k,g)€ boundary twoCube. k x line-integral F {i}
9))
= (3 twoCubee(two-chain). integral (cubelmage twoCube) (Aa.
— 2F-b" a))
using Finite-Cartesian-Product.sum-cong-auzx by auto
have pairwise-disjoint-boundaries: ¥ x€ (boundary ‘ two-chain). (VY y€ (boundary
“two-chain). (z #y — (x Ny =1{})))
using no-shared-edges-have-similar-orientations
by (force simp add: image-def disjoint-iff-not-equal)
have finite-boundaries: V B € (boundary‘ two-chain). finite B
using all-two-cubes-have-four-distict-edges
using image-iff by fastforce
have boundary-ingj: inj-on boundary two-chain
using all-two-cubes-have-four-distict-edges and no-shared-edges-have-similar-orientations
by (force simp add: inj-on-def)
have (> ze(| (boundary* two-chain)). case z of (k, g) = k * line-integral F {i}
9)
= (sum o sum) (Az. case x of (k, g) = (k::int) * line-integral F {i} g)
(boundary ¢ two-chain)
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using sum. Union-disjoint[OF finite-boundaries pairwise-disjoint-boundaries]
by simp
also have ... = (3} twoCubee(two-chain).(3 (k,9)€ boundary twoCube. k * line-integral
F {i} 9))
using sum.reindez|OF boundary-inj, of Az. (3 (k,9)€ z. k * line-integral F {i}
9)]
by auto
finally show (Y~ Ce€two-chain. — integral (cubeImage C') (partial-vector-derivative
(Az. Fx-1)j§)) = (O ze( z€two-chain. boundary x). case x of (k, g) = real-of-int
k x line-integral F {i} g)
using double-sum-eq-sum by auto
qed

lemma GreenThm-typel-divisible:
assumes gen-division: gen-division s (cubeImage ‘ two-chain)
shows integral s (Az. — partial-vector-derivative (Aa. F(a) - i) j x) = one-chain-line-integral
F {i} (two-chain-boundary two-chain)
proof —
let ?F-b’ = partial-vector-derivative (Aa. F(a) - i) j
have integral s (Az. — ?F-b’ ) = two-chain-integral two-chain (Aa. — ?F-b’ a)
proof (simp add: two-chain-integral-def)
have (> fetwo-chain. integral (cubelmage f) (partial-vector-derivative (Ap. F
p - 1) §)) = integral s (partial-vector-derivative (Ap. F p + i) j)
by (metis analytically-valid-imp-part-deriv-integrable-on F-anal-valid gen-division
two-chain-integral-def two-chain-integral-eg-integral-divisable valid-typel-div)
then show — integral s (partial-vector-derivative (Aa. F a - 7) j) = (3 C'€two-chain.
— integral (cubelmage C) (partial-vector-derivative (Aa. F a - 1) j))
by (simp add: sum-negf)
qed
then show ?thesis
using GreenThm-typel-two-chain assms by auto
qed

lemma GreenThm-typel-divisible-region-boundary:
assumes
gen-division: gen-division s (cubeImage ‘ two-chain) and
two-cubes-trace-horizontal-boundaries:
two-chain-horizontal-boundary two-chain C v and
boundary-of-region-is-subset-of-partition-boundary:
v C two-chain-boundary two-chain
shows integral s (Az. — partial-vector-derivative (Aa. F(a) - ©) j x) = one-chain-line-integral
F{i} v
proof —
let ?F-b" = partial-vector-derivative (Aa. F(a) - 1)
have all-two-cubes-have-four-distict-edges: ¥ twoCube € two-chain. card (boundary
twoCube) = 4
using valid-typel-div valid-two-chain-def valid-two-cube-def by auto
have no-shared-edges-have-similar-orientations:
V twoCubel € two-chain. ¥ twoCube2 € two-chain.
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twoCubel # twoCube2 — boundary twoCubel N boundary twoCube2 = {}
using valid-typel-div valid-two-chain-def by (auto simp add: pairwise-def)

have vert-line-integral-zero:
one-chain-line-integral F {i} (two-chain-vertical-boundary two-chain) = 0
proof (simp add: one-chain-line-integral-def)
have line-integral F' {i} (snd oneCube) = 0
if oneCube: oneCube € two-chain-vertical-boundary(two-chain) for oneCube
proof —
obtain z yI y2 k where vert-edge-def: oneCube = (k, (At::real. (z::real, (1
— 1) * (y2) + t x yl)))
using valid-typel-div oneCube
by (auto simp add: typel-twoCube-def two-chain-vertical-boundary-def verti-
cal-boundary-def)
let %vert-edge = (snd oneCube)
have vert-edge-z-const: ¥ t. (Pvert-edge t) - i = x
by (simp add: i-is-x-azis vert-edge-def)
have vert-edge-is-straight-path: ?vert-edge = (At. (z, y2 + t * (y1 — y2)))
using vert-edge-def Product-Type.snd-conv
by (auto simp add: mult.commute right-diff-distrib’)
show ?thesis
by (simp add: i-is-z-azis line-integral-on-pair-straight-path(1) mult.commute
straight-path-diffrentiable- vert-edge-is-straight-path)
qed
then show (> z€two-chain-vertical-boundary two-chain. case x of (k, g) = k
x line-integral F {i} g) = 0
using comm-monoid-add-class.sum.neutral by (simp add: prod.case-eq-if )
qed

have boundary-is-finite: finite (two-chain-boundary two-chain)
unfolding two-chain-boundary-def
by (metis all-two-cubes-have-four-distict-edges card.infinite finite- UN-I finite-imageD

gen-division gen-division-def zero-neg-numeral valid-typel-div valid-two-chain-def)
have boundary-is-vert-hor: (two-chain-boundary two-chain) =
(two-chain-vertical-boundary two-chain) U
(two-chain-horizontal-boundary two-chain)
by (auto simp add: two-chain-boundary-def two-chain-vertical-boundary-def two-chain-horizontal-boundary-def
boundary-def)
then have hor-vert-finite:
finite (two-chain-vertical-boundary two-chain)
finite (two-chain-horizontal-boundary two-chain)
using boundary-is-finite by auto
have horiz-verti-disjoint:
(two-chain-vertical-boundary two-chain) N (two-chain-horizontal-boundary two-chain)
={
proof (simp add: two-chain-vertical-boundary-def two-chain-horizontal-boundary-def
horizontal-boundary-def
vertical-boundary-def)
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show (|Jz€two-chain. {(— 1, A\y. = (0, y)), (1:int, Ay. = (1:real, y))}) N
(U zetwo-chain. {(1, Az. z (2, 0)), (— 1, Az. z (2, 1))}) = {}
proof —
have {(— 1, Ay. twoCube (0, y)), (1::int, \y. twoCube (1, y))} N
{(1, Az. twoCube2 (z, 0)), (— 1, Az. twoCube2 (z, 1))} = {}
if twoCubectwo-chain twoCube2 €two-chain for twoCube twoCubel
proof (cases twoCube = twoCube?)
case True
have card {(— 1::int, Ay. twoCube2 (0::real, y)), (1::int, Ay. twoCube2 (1,
y), (1, Az. twoCube2 (z, 0)), (— 1, Az. twoCube2 (z, 1))} = 4
using all-two-cubes-have-four-distict-edges that(2)
by (auto simp add: boundary-def vertical-boundary-def horizontal-boundary-def)
then show ?thesis
by (auto simp: True card-insert-if split: if-split-asm)
next
case Fulse
then show ?thesis
using no-shared-edges-have-similar-orientations
by (simp add: that boundary-def vertical-boundary-def horizontal-boundary-def)
qed
then have |J ((AtwoCube. {(—1::int, Ay. twoCube (0,y)), (1, Ay. twoCube
(1, y)}) ¢ two-chain)
NU ((AMwoCube. {(1, Ay. twoCube (y, 0)), (—1, A\z. twoCube (z, 1))})
“ two-chain) = {}
using Complete-Lattices. Union-disjoint by force
then show ?thesis by force
qed
qed
have one-chain-line-integral F {i} (two-chain-boundary two-chain)
= one-chain-line-integral F {i} (two-chain-vertical-boundary two-chain) +
one-chain-line-integral F {i} (two-chain-horizontal-boundary two-chain)
using boundary-is-vert-hor horiz-verti-disjoint
by (auto simp add: one-chain-line-integral-def hor-vert-finite sum.union-disjoint)
then have z-azis-line-integral-is-only-horizontal:
one-chain-line-integral F {i} (two-chain-boundary two-chain)
= one-chain-line-integral F {i} (two-chain-horizontal-boundary two-chain)
using vert-line-integral-zero by auto

have 3V. V C (two-chain-vertical-boundary two-chain) A v =V U (two-chain-horizontal-boundary
two-chain)
proof
let 7V = v — (two-chain-horizontal-boundary two-chain)
show 7V C two-chain-vertical-boundary two-chain A v = 9V U two-chain-horizontal-boundary
two-chain
using two-cubes-trace-horizontal-boundaries
boundary-of-region-is-subset-of-partition-boundary boundary-is-vert-hor
by blast
qged
then obtain V where
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v-props: V C (two-chain-vertical-boundary two-chain) v =V U (two-chain-horizontal-boundary
two-chain)
by auto
have v-horiz-disj: V N (two-chain-horizontal-boundary two-chain) = {}
using horiz-verti-disjoint v-props(1) by auto
have v-finite: finite V
using hor-vert-finite v-props(1) Finite-Set.rev-finite-subset by force
have line-integral-on-path: one-chain-line-integral F {i} v =
one-chain-line-integral F {i} V + one-chain-line-integral
F {i} (two-chain-horizontal-boundary two-chain)
by(auto simp add: one-chain-line-integral-def v-props sum.union-disjoint[OF
v-finite hor-vert-finite(2) v-horiz-disj|)

have one-chain-line-integral F {i} V = 0
proof (simp add: one-chain-line-integral-def)
have line-integral F {i} (snd oneCube) = 0
if oneCube: oneCube € two-chain-vertical-boundary(two-chain) for oneCube
proof —
obtain z y! y2 k where vert-edge-def: oneCube = (k, (Mt::real. (z::real, (1
— 1) = (y2) + t * yl)))
using valid-typel-div oneCube
by (auto simp add: typel-twoCube-def two-chain-vertical-boundary-def verti-
cal-boundary-def)
let %vert-edge = (snd oneCube)
have vert-edge-z-const: ¥ t. (Zvert-edge t) - i
by (simp add: i-is-z-azis vert-edge-def)
have vert-edge-is-straight-path:
Pvert-edge = (At. (z, y2 + t * (y1 — y2)))
by (auto simp: vert-edge-def algebra-simps)
have V. ?vert-edge differentiable at x
by (metis mult.commute vert-edge-is-straight-path straight-path-diffrentiable-x)
then show line-integral F' {i} (snd oneCube) = 0
using line-integral-on-pair-straight-path(1) vert-edge-z-const by blast
qed
then have VoneCube € V. line-integral F {i} (snd oneCube) = 0
using v-props by auto
then show (3 zeV. case z of (k, g) = k * line-integral F {i} g) = 0
using comm-monoid-add-class.sum.neutral by (simp add: prod.case-eq-if )
qed
then have one-chain-line-integral F {i} v =
one-chain-line-integral F {i} (two-chain-boundary two-chain)
using x-azis-line-integral-is-only-horizontal by (simp add: line-integral-on-path)
then show ?thesis
using assms and GreenThm-typel-divisible by auto
qed

X

lemma GreenThm-typel-divisible-region-boundary-gen:
assumes valid-typel-div: valid-typel-division s two-chain and
Jranalytically-valid: ¥ twoC € two-chain. analytically-valid (cubelmage twoC)
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(Aa. F(a) - %) j and
only-vertical-division:
only-vertical-division v two-chain
shows integral s (Az. — partial-vector-derivative (Aa. F(a) - ©) j x) = one-chain-line-integral
F{i} ~
proof —
let ?F-b' = partial-vector-derivative (Aa. F(a) - 1)
have all-two-cubes-have-four-distict-edges: ¥ twoCube € two-chain. card (boundary
twoCube) = 4
using valid-typel-div valid-two-chain-def valid-two-cube-def
by auto
have no-shared-edges-have-similar-orientations:
V twoCubel € two-chain. ¥ twoCube?2 € two-chain.
twoCubel # twoCube2 — boundary twoCubel N boundary twoCube2 = {}
using valid-typel-div valid-two-chain-def by (auto simp add: pairwise-def)

have wvert-line-integral-zero:
one-chain-line-integral F {i} (two-chain-vertical-boundary two-chain) = 0
proof (simp add: one-chain-line-integral-def)
have line-integral F {i} (snd oneCube) = 0
if oneCube: oneCube € two-chain-vertical-boundary(two-chain) for oneCube
proof —
obtain z yI y2 k where vert-edge-def: oneCube = (k, (At::real. (z::real, (1
— 1) % (y2) + t x yl)))
using valid-typel-div oneCube
by (auto simp add: typel-twoCube-def two-chain-vertical-boundary-def verti-
cal-boundary-def)
let ?vert-edge = (snd oneCube)
have vert-edge-z-const: ¥'t. (Pvert-edge t) - i =
by (simp add: i-is-z-azis vert-edge-def)
have vert-edge-is-straight-path: ?vert-edge = (A\t. (z, y2 + t x (yI — y2)))
by (auto simp: vert-edge-def algebra-simps)
show ?thesis
by (simp add: i-is-z-azis line-integral-on-pair-straight-path(1) mult.commute
straight-path-diffrentiable-z vert-edge-is-straight-path)
qed
then show (> z€two-chain-vertical-boundary two-chain. case z of (k, g) = k
x line-integral F {i} g) = 0
using comm-monoid-add-class.sum.neutral by (simp add: prod.case-eq-if)
qed

have boundary-is-finite: finite (two-chain-boundary two-chain)
unfolding two-chain-boundary-def
proof (rule finite-UN-I)
show finite two-chain
using assms(1) finite-imageD gen-division-def valid-two-chain-def by auto
show Aa. a € two-chain = finite (boundary a)
by (simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
qed
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have boundary-is-vert-hor: two-chain-boundary two-chain =
(two-chain-vertical-boundary two-chain) U (two-chain-horizontal-boundary
two-chain)
by (auto simp add: two-chain-boundary-def two-chain-vertical-boundary-def
two-chain-horizontal-boundary-def boundary-def)
then have hor-vert-finite:
finite (two-chain-vertical-boundary two-chain)
finite (two-chain-horizontal-boundary two-chain)
using boundary-is-finite by auto
have horiz-verti-disjoint:
(two-chain-vertical-boundary two-chain) N (two-chain-horizontal-boundary two-chain)
={}
proof (simp add: two-chain-vertical-boundary-def two-chain-horizontal-boundary-def
horizontal-boundary-def
vertical-boundary-def)
show (|J z€two-chain. {(— 1, Ay. z (0, y)), (1:int, \y. x (1:real, y))})
N (Jze€two-chain. {(1, A\y. = (y, 0)), (— 1, Ay. z (y, 1))}) = {}
proof —
have {(— 1, Ay. twoCube (0, y)), (1:int, Ay. twoCube (1, y))} N
{(1, Ay. twoCube?2 (y, 0)), (— 1, Ay. twoCube2 (y, 1))} = {}
if twoCube € two-chain twoCube2 € two-chain for twoCube twoCube2
proof (cases twoCube = twoCube2)
case True
have card {(— 1::int, \y. twoCube2 (0, y)), (1::int, Ay. twoCube2 (1, y)),
(1, Az. twoCube2 (z, 0)), (— 1, Az. twoCube2 (z, 1))} = 4
using all-two-cubes-have-four-distict-edges that(2)
by (auto simp add: boundary-def vertical-boundary-def horizontal-boundary-def)
then show ?thesis
by (auto simp: card-insert-if True split: if-split-asm)
next
case Fulse
then show ?%thesis
using no-shared-edges-have-similar-orientations
by (simp add: that boundary-def vertical-boundary-def horizontal-boundary-def)
qed
then have | ((AtwoCube. {(— 1, \y. twoCube (0, y)), (1, \y. twoCube (1,
y))}) ¢ two-chain)
NU ((AMwoCube. {(1::int, \y. twoCube (y, 0)), (— 1, Ay. twoCube (y,
1))}) ¢ two-chain)
={}
using Complete-Lattices. Union-disjoint by force
then show ?thesis by force
qed
qed
have one-chain-line-integral F {i} (two-chain-boundary two-chain)
= one-chain-line-integral F {i} (two-chain-vertical-boundary two-chain) +
one-chain-line-integral F {i} (two-chain-horizontal-boundary two-chain)
using boundary-is-vert-hor horiz-verti-disjoint
by (auto simp add: one-chain-line-integral-def hor-vert-finite sum.union-disjoint)
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then have z-axis-line-integral-is-only-horizontal:
one-chain-line-integral F' {i} (two-chain-boundary two-chain)
= one-chain-line-integral F {i} (two-chain-horizontal-boundary two-chain)
using vert-line-integral-zero by auto

obtain H V where hv-props: finite V
(V(kyy) € V. (3(k', v") € two-chain-vertical-boundary two-chain.
(Fae{0. 1}.3be{0..1}. a<bAsubpathab~y'=7~))y=HUYV
(common-sudiv-ezists (two-chain-horizontal-boundary two-chain) H)
V common-reparam-exists H (two-chain-horizontal-boundary two-chain)
finite H
boundary-chain H
Y (k,y)EH. valid-path ~
using only-vertical-division by (auto simp add: only-vertical-division-def)
have finite {i} by auto
then have eg-integrals: one-chain-line-integral F {i} H = one-chain-line-integral
F {i} (two-chain-horizontal-boundary two-chain)
proof(cases common-sudiv-ezists (two-chain-horizontal-boundary two-chain) H)
case True
then show ?thesis
using gen-common-subdivision-imp-eq-line-integral(1)[OF True two-chain-horizontal-boundary-is-boundary
hv-props(6) - hor-vert-finite(2) hv-props(5)]
typel-cube-line-integral-exists-boundary’’
by force
next
case False
have integ-exis-horiz:
Y (k,yy) € two-chain-horizontal-boundary two-chain. line-integral-exists F {i}

using typel-cube-line-integral-exists-boundary’’ assms
by (fastforce simp add: valid-two-chain-def)
have integ-exis: ¥V (k,y) € two-chain-boundary two-chain. line-integral-exists F
{i} ~
using typel-cube-line-integral-exrists-boundary by blast
have wvalid-paths: ¥ (k,y) € two-chain-vertical-boundary two-chain. valid-path ~
using typel-edges-are-valid-paths assms
by (fastforce simp add: two-chain-boundary-def two-chain-vertical-boundary-def
boundary-def)
have integ-exis-vert:
(Ak~. 3 (K, v") € two-chain-vertical-boundary two-chain. 3ac{0..1}. 3b€{0..1}.
a < bA subpath a by’ =~) =
line-integral-exists F {i} )
using integ-exis valid-paths line-integral-exists-subpath[of F {i}]
by (fastforce simp add: two-chain-boundary-def two-chain-vertical-boundary-def
two-chain-horizontal-boundary-def boundary-def)
have finite-i: finite {i} by auto
have i: {i} C Basis using i-is-z-axis real-pair-basis by auto
have #i: V (k2, v2)€two-chain-horizontal-boundary two-chain. ¥V be{i}. contin-
uous-on (path-image v2) (Ax. F x - b)
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using assms(1) field-cont-on-typel-region-cont-on-edges assms(2)
by (fastforce simp add: analytically-valid-def two-chain-horizontal-boundary-def
boundary-def path-image-def)
have x: common-reparam-exists H (two-chain-horizontal-boundary two-chain)
using hv-props(4) False by auto
show one-chain-line-integral F {i} H = one-chain-line-integral F {i} (two-chain-horizontal-boundary
two-chain)
using common-reparam-ezists-imp-eq-line-integral(1)[OF finite-i hv-props(5)
hor-vert-finite(2) hv-props(6) two-chain-horizontal-boundary-is-boundary-chain i
x hv-props(7) type-I-chain-horiz-bound-valid]
by fastforce
qed

have line-integral-on-path:
one-chain-line-integral F {i} v =
one-chain-line-integral F {i} (two-chain-horizontal-boundary two-chain)
proof (auto simp add: one-chain-line-integral-def)
have line-integral F {i} (snd oneCube) = 0 if oneCube: oneCube € V for
oneCube
proof —
obtain k v where k-gamma: (k,y) = oneCube
by (metis coeff-cube-to-path.cases)
then obtain £’ ~' a b where kp-gammap:
(k':zint, ') € two-chain-vertical-boundary two-chain
ae{0. 1}
be{0.1}
subpath a b ' =~
using hv-props oneCube
by (smt case-prodE split-conv)
obtain z yI y2 where vert-edge-def: (k',y’) = (k', (At:real. (z::real, (1 — t)
« (y2) + t* yl)))
using valid-typel-div kp-gammap
by (auto simp add: typel-twoCube-def two-chain-vertical-boundary-def verti-
cal-boundary-def)
have vert-edge-z-const: Vt. v (t) - ¢ = x
by (metis (no-types, lifting) Pair-inject fstl i-is-z-axis inner-Pair-0(2)
kp-gammap(4) real-inner-1-right subpath-def vert-edge-def)
have v = (At:ireal. (z::real, (1 — (b — a)xt — a) x (y2) + ((b—a)xt + a) *
yl))
using vert-edge-def Product-Type.snd-conv Product- Type.fst-conv kp-gammap(4)
by (simp add: subpath-def diff-diff-eq[symmetric])
also have ... = (Atureal. (zreal, (1xy2 — axy2) + axyl + ((b—a)xyl — (b
— a)xy2)*t))
by (simp add: algebra-simps)
finally have vert-edge-is-straight-path:
v = (Atureal. (zireal, (1xy2 — axy2) + axyl + ((b—a)xyl — (b —
a)xy2)*t)) .
show line-integral F {i} (snd oneCube) = 0
proof —
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have Vz. v differentiable at x
by (simp add: straight-path-diffrentiable-z vert-edge-is-straight-path)
then have line-integral F {i} v = 0
using line-integral-on-pair-straight-path(1) vert-edge-z-const by blast
then show ?%thesis
using Product-Type.snd-conv k-gamma by auto
qed
qed
then have VzeV. (case z of (k, g) = (kint) x line-integral F {i} g) = 0
by auto
then show (> z€v. case z of (k, g) = real-of-int k % line-integral F {i} g) =
(> zetwo-chain-horizontal-boundary two-chain. case z of (k, g) =
of-int k * line-integral F' {i} g)
using hv-props(1) hv-props(8) hv-props(5) sum-zero-set hor-vert-finite(2)
eq-integrals
apply(auto simp add: one-chain-line-integral-def)
by (smt Un-commute sum-zero-set)
qed
then have one-chain-line-integral F {i} v =
one-chain-line-integral F {i} (two-chain-boundary two-chain)
using z-axis-line-integral-is-only-horizontal line-integral-on-path by auto
then show ?thesis
using assms GreenThm-typel-divisible by auto
qed

end

locale green-typel-typell-chain = R2: R2ij + T1: green-typel-chain i j F two-chain-typel
+ T2: green-typell-chain i j F two-chain-typell for ij F two-chain-typel two-chain-typell
begin

lemma GreenThm-typel-typell-divisible-region-boundary:
assumes
gen-divisions: gen-division s (cubeImage ‘ two-chain-typel)
gen-division s (cubeImage ‘ two-chain-typell) and
typel-two-cubes-trace-horizontal-boundaries:
two-chain-horizontal-boundary two-chain-typel C v and
typell-two-cubes-trace-vertical-boundaries:
two-chain-vertical-boundary two-chain-typell C ~v and
boundary-of-region-is-subset-of-partition-boundaries:
v C two-chain-boundary two-chain-typel
v C two-chain-boundary two-chain-typell
shows integral s (Az. partial-vector-derivative (Aa. F a - j) i x — partial-vector-derivative
(Aa. Fa-i)jx)
= one-chain-line-integral F {i, j} v
proof —
let ?F-b’ = partial-vector-derivative (Aa. F a - 1) j
let ?F-a’ = partial-vector-derivative (Aa. F a - j) i
have typel-regions-integral: integral s (Az. — partial-vector-derivative (Aa. F a -
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i) j &) = one-chain-line-integral F {i} ~
using T'1.GreenThm-typel-divisible-region-boundary
gen-divisions(1) typel-two-cubes-trace-horizontal-boundaries
boundary-of-region-is-subset-of-partition-boundaries(1)
by blast
have typell-regions-integral: integral s (partial-vector-derivative (Ax. F x - j) 1)
= one-chain-line-integral F {j} ~
using T2.GreenThm-typell-divisible-region-boundary gen-divisions(2)
typell-two-cubes-trace-vertical-boundaries
boundary-of-region-is-subset-of-partition-boundaries(2)
by auto
have integral-dis: integral s (Az. ¢F-a’ © — ?F-b' z) = integral s (\z. ?F-a’ z) +
integral s (A\z. — ?F-b’ z)
proof —
have VtwoCube € two-chain-typell. (?F-a’ has-integral integral (cubelmage
twoCube) ?F-a’) (cubeImage twoCube)
by (simp add: analytically-valid-imp-part-deriv-integrable-on T2.F-anal-valid
has-integral-iff)
then have Au. u € (cubelmage ¢ two-chain-typell) = (?F-a’ has-integral
integral u ?F-a’) u
by auto
then have (?F-a’ has-integral (> imgé€ cubelmage © two-chain-typell . integral
img ?F-a’)) s
using gen-divisions(2) unfolding gen-division-def
by (metis has-integral-Union)
then have F-a’-integrable: (?F-a’ integrable-on s) by auto
have VtwoCube € two-chain-typel. (?F-b’ has-integral integral (cubelmage
twoCube) ?F-b') (cubelmage twoCube)
using analytically-valid-imp-part-deriv-integrable-on T1.F-anal-valid by blast
then have Au. u € (cubeImage ° two-chain-typel) = (?F-b’ has-integral
integral u 2F-b") u
by auto
then have (?F-b’ has-integral (> img€ cubelmage * two-chain-typel. integral
img ?F-b")) s
using gen-divisions(1) unfolding gen-division-def
by (metis has-integral-Union)
then show ?thesis
by (simp add: F-a’-integrable Henstock-Kurzweil-Integration.integral-diff has-integral-iff)
qed
have line-integral-dist: one-chain-line-integral F {1, j} v = one-chain-line-integral
F {i} v + one-chain-line-integral F {j} v
proof (simp add: one-chain-line-integral-def)
have k x line-integral F {4, j} g = k * line-integral F {i} g + k * line-integral
F{jt g
if kg: (k,9) € v for k g
proof —
obtain twoCube-typel where twoCube-typel-props:
two Cube-typel € two-chain-typel
(k, g) € boundary twoCube-typel
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typel-two Cube twoCube-typel
continuous-on (cubeImage twoCube-typel) (A\x. F(z) « i)
using boundary-of-region-is-subset-of-partition-boundaries(1) two-chain-boundary-def
T1 .valid-typel-div
T1.F-anal-valid kg
by (auto simp add: analytically-valid-def)
obtain twoCube-typell where twoCube-typell-props:
two Cube-typell € two-chain-typell
(k, g) € boundary twoCube-typell
typell-twoCube twoCube-typell
continuous-on (cubeImage twoCube-typell) (Az. F(z) - j)
using boundary-of-region-is-subset-of-partition-boundaries(2) two-chain-boundary-def
T2 .valid-typell-div
kg T2.F-anal-valid
by (auto simp add: analytically-valid-def)
have line-integral F {i, j} g = line-integral F {i} g + line-integral F {j} g
proof —
have int-exists-i: line-integral-exists F {i} g
using T1.typel-cube-line-integral-exists-boundary assms kg
by (auto simp add: valid-two-chain-def)
have int-exists-j: line-integral-ezists F {j} g
using T2.typell-cube-line-integral-exists-boundary assms kg
by (auto simp add: valid-two-chain-def)
have finite: finite {i, j} by auto
show ?thesis
using line-integral-sum-gen|OF finite int-exists-i int-exists-j] R2.i-is-z-axis
R2.j-is-y-axis
by auto
qed
then show k * line-integral F {i, j} g = k * line-integral F {i} g + k =
line-integral F {j} g
by (simp add: distrib-left)
qed
then have line-integral-distrib:
(3> (k,g)€y. k = line-integral F {i, j} g) =
(5" (k,g)€7. k = line-integral F {i} g + k * line-integral F {j} g)
by (force intro: sum.cong split-cong)
have (Az. (case z of (k, g) = (k::int) x line-integral F {i} g) + (case z of (k,
g) = (k::int) * line-integral F {j} g)) =
(Az. (case x of (k, g) = (k * line-integral F {i} g) +
(k::int) * line-integral F {j} g))
using comm-monoid-add-class.sum.distrib by auto
then show (3 (k, g)€v. k x line-integral F {1, j} g) =
O (k, g)en. (k:wint) * line-integral F {i} g) + O_ (k, g)€v. (k::int) *
line-integral F {j} g)
using comm-monoid-add-class.sum.distriblof (A(k, g). k x line-integral F {i}
9) (MK, g). k = line-integral F {j} g) 7]
line-integral-distrib
by presburger
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qed
show ?thesis
using integral-dis line-integral-dist typel-regions-integral typell-regions-integral
by auto
qed

lemma GreenThm-typel-typell-divisible-region’:
assumes
only-vertical-division:
only-vertical-division one-chain-typel two-chain-typel
boundary-chain one-chain-typel and
only-horizontal-division:
only-horizontal-division one-chain-typell two-chain-typell
boundary-chain one-chain-typell and
typel-and-typll-one-chains-have-gen-common-subdiv:
common-sudiv-ezists one-chain-typel one-chain-typell
shows integral s (Az. partial-vector-derivative (A\x. (F ) - §) i x — partial-vector-derivative
(Az. (F z) - i) j x) = one-chain-line-integral F {i, j} one-chain-typel
integral s (Az. partial-vector-derivative (Az. (F ) - j) i  — partial-vector-derivative
(Az. (F z) - i) j ) = one-chain-line-integral F {i, j} one-chain-typell
proof —
let ?F-b' = partial-vector-derivative (Ax. (F z) - ) j
let ?F-a’ = partial-vector-derivative (Az. (F x) + j) 4
have one-chain-i-integrals:
one-chain-line-integral F {i} one-chain-typel = one-chain-line-integral F {i}
one-chain-typell A
(V (k,y)€one-chain-typel . line-integral-exists F {i} v) A
(V (k,y)€one-chain-typell. line-integral-exists F {i} )
proof (intro conjI)
have finite two-chain-typel
using T1.valid-typel-div finite-image-iff
by (auto simp add: gen-division-def valid-two-chain-def)
then show ii: ¥V (k, v)€one-chain-typel. line-integral-exists F {i}
using T'1.members-of-only-vertical-div-line-integrable’ assms
by fastforce
have finite (two-chain-horizontal-boundary two-chain-typel)
by (meson T1.valid-typel-div finite-imageD finite-two-chain-horizontal-boundary
gen-division-def valid-two-chain-def)
then have finite one-chain-typel
using only-vertical-division(1) only-vertical-division-def by auto
moreover have finite one-chain-typell
using only-horizontal-division(1) only-horizontal-division-def by auto
ultimately show one-chain-line-integral F {i} one-chain-typel = one-chain-line-integral
F {i} one-chain-typell
and V (k, v)€one-chain-typell. line-integral-exists F {i} =
using gen-common-subdivision-imp-eq-line-integral| OF typel-and-typIl-one-chains-have-gen-common-subds
only-vertical-division(2) only-horizontal-division(2)] ii
by auto
qed
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have one-chain-j-integrals:
one-chain-line-integral F {j} one-chain-typell = one-chain-line-integral F' {j}
one-chain-typel N
(V (k,y)€one-chain-typell. line-integral-exists F {j} v) A
(V (k,y)€one-chain-typel . line-integral-exists F {j} 7)
proof (intro conjI)
have finite two-chain-typell
using T2.valid-typell-div finite-image-iff
by (auto simp add: gen-division-def valid-two-chain-def)
then show ii: V (k,y)€one-chain-typell. line-integral-exists F {j} ~
using T2.members-of-only-horiz-div-line-integrable’ assms T2.two-chain-valid-valid-cubes
by blast
have typell-and-typl-one-chains-have-common-subdiv: common-sudiv-exists one-chain-typell
one-chain-typel
by (simp add: common-sudiv-exists-comm typel-and-typII-one-chains-have-gen-common-subdiv)
have iv: finite one-chain-typel
using only-vertical-division(1) only-vertical-division-def by auto
moreover have v’ finite one-chain-typell
using only-horizontal-division(1) only-horizontal-division-def by auto
ultimately show one-chain-line-integral F {j} one-chain-typell =
one-chain-line-integral F {j} one-chain-typel
Y (k, v)€one-chain-typel. line-integral-exists F {j} ~
using gen-common-subdivision-imp-eg-line-integral[ OF typell-and-typl-one-chains-have-common-subdiv
only-horizontal-division(2) only-vertical-division(2) i)
by auto
qged
have typel-regions-integral:
integral s (A\z. — ?F-b’' ) = one-chain-line-integral F {i} one-chain-typel
using T'1.GreenThm-typel-divisible-region-boundary-gen T1 .valid-typel-div
T1.F-anal-valid only-vertical-division(1)
by auto
have typell-regions-integral:
integral s ?F-a’ = one-chain-line-integral F {j} one-chain-typell
using T2.GreenThm-typell-divisible-region-boundary-gen T2.valid-typell-div
T2.F-anal-valid only-horizontal-division(1)
by auto
have line-integral-dist:
one-chain-line-integral F {i, j} one-chain-typel = one-chain-line-integral F {i}
one-chain-typel + one-chain-line-integral F {j} one-chain-typel A
one-chain-line-integral F {i, j} one-chain-typell = one-chain-line-integral F
{i} one-chain-typell + one-chain-line-integral F {j} one-chain-typell
proof (simp add: one-chain-line-integral-def)
have line-integral-distrib:
(> (k,g)€one-chain-typel . k * line-integral F {i, j} g) =
(> (k,g)€one-chain-typel . k * line-integral F {i} g + k  line-integral F' {j}
g9) A
(3" (k,g)€one-chain-typell . k * line-integral F {i, j} g) =
(> (k,g)€one-chain-typell. k * line-integral F {i} g + k * line-integral F

{7} 9)
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proof —
have 0: k * line-integral F {i, j} g = k * line-integral F {i} g + k x
line-integral F {j} ¢
if (k,g) € one-chain-typell for k g
proof —
have line-integral-exists F {i} g line-integral-exists F' {j} g finite {4, j}
using one-chain-i-integrals one-chain-j-integrals that by fastforce+
moreover have {i} N {j} = {}
by (simp add: R2.i-is-z-azis R2.j-is-y-azxis)
ultimately have line-integral F {i, j} g = line-integral F {i} g + line-integral
F ity
by (metis insert-is-Un line-integral-sum-gen(1))
then show k x line-integral F {i, j} g = k * line-integral F' {i} g + k *
line-integral F {j} g
by (simp add: distrib-left)

qed
have k * line-integral F {i, j} g = k x line-integral F {i} g + k x line-integral
F{jt g
if (k,g) € one-chain-typel for k g
proof —

have line-integral F {i, j} g = line-integral F' {i} g + line-integral F {j} ¢
by (smt that disjoint-insert(2) finite.emptyl finite.insert] R2.i-is-z-axis
inf-bot-right insert-absorb insert-commute insert-is-Un R2.j-is-y-axis line-integral-sum-gen(1)
one-chain-i-integrals one-chain-j-integrals prod.case-eq-if singleton-inject snd-conv)
then show k x line-integral F {i, j} g = k * line-integral F {i} g + k =
line-integral F {j} ¢
by (simp add: distrib-left)
qed
then show ?thesis
using 0 by (smt sum.cong split-cong)
qed
show (> (k::int, g)€one-chain-typel. k x line-integral F {i, j} g) =
(3" (k, g)€one-chain-typel. k x line-integral F {i} g) + (O (k::int,
g)Eone-chain-typel. k * line-integral F {j} g) A
(> (k:zint, g)€one-chain-typell. k x line-integral F {i, j} g) =
(3" (k, g)€one-chain-typell. k x line-integral F {i} g) + (O (k::int,
g)Eone-chain-typell . k * line-integral F {j} g)
proof —
have 0: (Az. (case x of (k::int, g) = k * line-integral F {i} g) + (case z of
(k::int, g) = k x line-integral F {j} g)) =
(Az. (case x of (k:int, g) = (k * line-integral F {i} g)
+ k x line-integral F {j} g))
using comm-monoid-add-class.sum.distrib by auto
then have 1: (> z€one-chain-typel. (case z of (k::int, g) = k * line-integral
F {i} g9) + (case x of (k::int, g) = k * line-integral F {j} g)) =
(> z€one-chain-typel. (case z of (k::int, g) =( k
{i} g + k * line-integral F {j} g)))
by presburger
have (3 zc€one-chain-typell. (case x of (k, g) = k x line-integral F {i} g)

* line-integral F
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+ (case z of (k, g) = k * line-integral F {j} g)) =
(>~ zeone-chain-typell. (case © of (k, g) =( k * line-integral F {i} g +
k * line-integral F {j} g)))
using 0 by presburger
then show ?thesis
using sum.distrib[of (A(k, g). k x line-integral F {i} g) (A(k, g). k =
line-integral F' {j} g) one-chain-typel|
sum.distrib[of (A(k, g). k x line-integral F {i} g) (A(k, g). k x line-integral
F {j} g) one-chain-typell]
line-integral-distrib 1
by auto
qed
qed
have integral-dis: integral s (Az. ?F-a’ x — ?F-b’ x) = integral s (A\z. ?F-a’ z) +
integral s (Az. — ?F-b’ x)
proof —
have (?F-a’ has-integral integral (cubeImage twoCube) ?F-a’) (cubelmage twoCube)
if twoCube € two-chain-typell for twoCube
by (simp add: analytically-valid-imp-part-deriv-integrable-on T2.F-anal-valid
has-integral-integrable-integral that)
then have Au. u € (cubelmage * two-chain-typell) = (?F-a’ has-integral
integral u ?F-a’) u
by auto
then have (?F-a’ has-integral (3 img€cubelmage * two-chain-typell. integral
img ?F-a’)) s
using T2.valid-typell-div unfolding gen-division-def
by (metis has-integral-Union)
then have F-a’-integrable:
(?F-a’ integrable-on s) by auto
have VtwoCube € two-chain-typel. (?F-b’ has-integral integral (cubelmage
twoCube) ?F-b’) (cubelmage twoCube)
using analytically-valid-imp-part-deriv-integrable-on T1.F-anal-valid by blast
then have Au. u € (cubelmage * two-chain-typel) = (?F-b’ has-integral
integral uw ?F-b’) u
by auto
then have (7F-b’ has-integral (3 imgecubelmage * two-chain-typel. integral
img ?F-b")) s
using T1.valid-typel-div unfolding gen-division-def
by (metis has-integral-Union)
then show ?thesis
by (simp add: F-a’-integrable Henstock- Kurzweil-Integration.integral-diff has-integral-iff)
qed
show integral s (Az. ?F-a’ © — ?F-b' x) = one-chain-line-integral F {i, j}
one-chain-typel
using one-chain-j-integrals integral-dis line-integral-dist typel-regions-integral
typell-regions-integral
by auto
show integral s (A\z. ?F-a’ © — ?F-b' x) = one-chain-line-integral F {i, j}
one-chain-typell
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using one-chain-i-integrals integral-dis line-integral-dist typel-regions-integral
typell-regions-integral

by auto
qed

lemma GreenThm-typel-typell-divisible-region:
assumes only-vertical-division:
only-vertical-division one-chain-typel two-chain-typel
boundary-chain one-chain-typel and
only-horizontal-division:
only-horizontal-division one-chain-typell two-chain-typell
boundary-chain one-chain-typell and
typel-and-typII-one-chains-have-common-subdiv:
common-boundary-sudivision-exists one-chain-typel one-chain-typell
shows integral s (Az. partial-vector-derivative (\x. (F ) - §) i x — partial-vector-derivative
(Az. (F z) - i) j ) = one-chain-line-integral F {i, j} one-chain-typel
integral s (Az. partial-vector-derivative (Ax. (F ) - §) i * — partial-vector-derivative
(Az. (F z) - i) j ) = one-chain-line-integral F {i, j} one-chain-typell
using Green Thm-typel-typell-divisible-region’ only-vertical-division only-horizontal-division
common-subdiv-imp-gen-common-subdiv| OF typel-and-typIl-one-chains-have-common-subdiv]
by auto

lemma GreenThm-typel-typell-divisible-region-finite-holes:
assumes valid-cube-boundary: V (k,y)€boundary C. valid-path v and
only-vertical-division:
only-vertical-division (boundary C') two-chain-typel and
only-horizontal-division:
only-horizontal-division (boundary C) two-chain-typell and
s-is-oneCube: s = cubelmage C
shows integral (cubeImage C) (Az. partial-vector-derivative (A\x. F © + j) i x —
partial-vector-derivative (Az. F z - i) jx) =
one-chain-line-integral F {3, j} (boundary C)
using GreenThm-typel-typell-divisible-region| OF only-vertical-division
two-cube-boundary-is-boundary only-horizontal-division two-cube-boundary-is-boundary
common-boundary-subdiv-exists-refl| OF assms(1)]] s-is-oneCube
by auto

lemma GreenThm-typel-typell-divisible-region-equivallent-boundary:
assumes

gen-divisions: gen-division s (cubelmage ¢ two-chain-typel)
gen-division s (cubeImage * two-chain-typell) and
typel-two-cubes-trace-horizontal-boundaries:
two-chain-horizontal-boundary two-chain-typel C one-chain-typel and
typell-two-cubes-trace-vertical-boundaries:
two-chain-vertical-boundary two-chain-typell C one-chain-typell and
boundary-of-region-is-subset-of-partition-boundaries:
one-chain-typel C two-chain-boundary two-chain-typel
one-chain-typell C two-chain-boundary two-chain-typell and
typel-and-typIl-one-chains-have-common-subdiv:
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common-boundary-sudivision-exists one-chain-typel one-chain-typell
shows integral s (Az. partial-vector-derivative (\z. (F z) - j) i x — partial-vector-derivative
(Az. (F z) - i) j ) = one-chain-line-integral F {i, j} one-chain-typel
integral s (Az. partial-vector-derivative (Ax. (F x) - §) i * — partial-vector-derivative
(Az. (F z) - i) j ) = one-chain-line-integral F {i, j} one-chain-typell
proof —
let ?F-b' = partial-vector-derivative (Az. (F z) - ) j
let ?F-a’ = partial-vector-derivative (A\z. (F z) - j) i
have one-chain-i-integrals:
one-chain-line-integral F {i} one-chain-typel = one-chain-line-integral F {i}
one-chain-typell A
(V (k,y)€one-chain-typel . line-integral-exists F {i} v) A
(V (k,y)€one-chain-typell. line-integral-exists F' {i} )
proof (intro conjl)
have i: boundary-chain one-chain-typel
using two-chain-boundary-is-boundary-chain boundary-chain-def
boundary-of-region-is-subset-of-partition-boundaries(1)
by blast
have i": boundary-chain one-chain-typell
using two-chain-boundary-is-boundary-chain boundary-chain-def
boundary-of-region-is-subset-of-partition-boundaries(2)
by blast
have Ak . (k,y)€one-chain-type] = line-integral-exists F {i}
using T1.typel-cube-line-integral-exists-boundary assms
by (fastforce simp add: valid-two-chain-def)
then show ii: V (k,y)€one-chain-typel. line-integral-exists F {i} v by auto
have finite (two-chain-boundary two-chain-typel)
unfolding two-chain-boundary-def
proof (rule finite-UN-I)
show finite two-chain-typel
using T'1.valid-typel-div finite-imageD gen-division-def valid-two-chain-def
by auto
show Aa. a € two-chain-typel = finite (boundary a)
by (simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
qed
then have finite one-chain-typel
using boundary-of-region-is-subset-of-partition-boundaries(1) finite-subset by
fastforce
moreover have finite (two-chain-boundary two-chain-typell)
unfolding two-chain-boundary-def
proof (rule finite-UN-I)
show finite two-chain-typell
using T2.valid-typell-div finite-imageD gen-division-def valid-two-chain-def
by auto
show Aa. a € two-chain-typell = finite (boundary a)
by (simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
qed
then have finite one-chain-typell
using boundary-of-region-is-subset-of-partition-boundaries(2) finite-subset by
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fastforce
ultimately show one-chain-line-integral F {i} one-chain-typel = one-chain-line-integral
F {i} one-chain-typell
V (k, v)€one-chain-typell. line-integral-exists F {i} ~
using i common-subdivision-imp-eg-line-integral| OF typel-and-typII-one-chains-have-common-subdiv
i1 ]
by auto
qed
have one-chain-j-integrals:
one-chain-line-integral F {j} one-chain-typel = one-chain-line-integral F {j}
one-chain-typell A
(V (k,y)€one-chain-typel . line-integral-exists F {j} v) A
(V (k,y)€one-chain-typell. line-integral-exists F' {j} )
proof (intro conjl)
have i: boundary-chain one-chain-typel and i’ boundary-chain one-chain-typell
using two-chain-boundary-is-boundary-chain boundary-of-region-is-subset-of-partition-boundaries
unfolding boundary-chain-def by blast+
have line-integral-exists F' {j} v if (k,y)€one-chain-typell for k ~
proof —
have F-is-continuous: ¥ twoC € two-chain-typell. continuous-on (cubelmage
twoC) (Aa. F(a) - j)
using T2.F-anal-valid by (simp add: analytically-valid-def)
show line-integral-exists F' {j} v
using that T2.valid-typell-div
boundary-of-region-is-subset-of-partition-boundaries(2)
using green-typell-cube.line-integral-exists-on-typell-Cube-boundaries’ assms
valid-two-chain-def
apply (simp add: two-chain-boundary-def)
by (metis T2.typell-cube-line-integral-exists-boundary case-prodD subset-iff
that two-chain-boundary-def)
qed
then show ii: V (k,y)€one-chain-typell. line-integral-exists F {j} v by auto
have finite (two-chain-boundary two-chain-typel)
unfolding two-chain-boundary-def
proof (rule finite-UN-I)
show finite two-chain-typel
using T'1.valid-typel-div finite-imageD gen-division-def valid-two-chain-def
by auto
show Aa. a € two-chain-typel = finite (boundary a)
by (simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
qed
then have dv: finite one-chain-typel
using boundary-of-region-is-subset-of-partition-boundaries(1) finite-subset
by fastforce
have finite (two-chain-boundary two-chain-typell)
unfolding two-chain-boundary-def
proof (rule finite-UN-I)
show finite two-chain-typell
using T2.valid-typell-div finite-imageD gen-division-def valid-two-chain-def
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by auto
show Aa. a € two-chain-typell = finite (boundary a)
by (simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
qed
then have " finite one-chain-typell
using boundary-of-region-is-subset-of-partition-boundaries(2) finite-subset
by fastforce
have typell-and-typl-one-chains-have-common-subdiv:
common-boundary-sudivision-exists one-chain-typell one-chain-typel
using typel-and-typll-one-chains-have-common-subdiv
common-boundary-sudivision-commutative
by auto
show one-chain-line-integral F {j} one-chain-typel = one-chain-line-integral F
{j} one-chain-typell
Y (k, v)€one-chain-typel. line-integral-exists F {j} v
using common-subdivision-imp-eq-line-integral| OF typell-and-typI-one-chains-have-common-subdiv
i1 i v’ ) i
by auto
qed
have typel-regions-integral:
integral s (Ax. — ?F-b' x) = one-chain-line-integral F {i} one-chain-typel
using T'1.GreenThm-typel-divisible-region-boundary gen-divisions(1)
typel-two-cubes-trace-horizontal-boundaries
boundary-of-region-is-subset-of-partition-boundaries(1)
by auto
have typell-regions-integral:
integral s ?F-a’ = one-chain-line-integral F {j} one-chain-typell
using T2.GreenThm-typell-divisible-region-boundary gen-divisions(2)
typell-two-cubes-trace-vertical-boundaries
boundary-of-region-is-subset-of-partition-boundaries(2)
by auto
have line-integral-dist:
one-chain-line-integral F {i, j} one-chain-typel = one-chain-line-integral F {i}
one-chain-typel + one-chain-line-integral F {j} one-chain-typel A
one-chain-line-integral F {i, j} one-chain-typell = one-chain-line-integral F
{i} one-chain-typell + one-chain-line-integral F {j} one-chain-typell
proof (simp add: one-chain-line-integral-def)
have line-integral-distrib:
(>° (k,g9)€one-chain-typel . k * line-integral F' {i, j} g) =
(3" (k,g)€one-chain-typel . k = line-integral F {i} g + k * line-integral F {j}
g9) A
(3" (k,g)€one-chain-typell . k * line-integral F {i, j} g) =
(> (k,g)€one-chain-typell. k * line-integral F {i} g + k * line-integral F
{7} 9)

proof —
have 0: k * line-integral F {i, j} g = k * line-integral F {i} g + k =
line-integral F {j} g
if (k,9) € one-chain-typell for k g
proof —
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have line-integral F {i, j} g = line-integral F {i} g + line-integral F {j} g
proof —
have finite: finite {7, j} by auto
have line-integral-all: Vi€{i, j}. line-integral-exists F {i} g
using one-chain-i-integrals one-chain-j-integrals that by auto
show ?thesis
using line-integral-sum-gen[OF finite] R2.i-is-x-axis R2.j-is-y-axis
line-integral-all by auto
qed
then show k x line-integral F {i, j} g = k * line-integral F {i} g + k *
line-integral F {j} ¢
by (simp add: distrib-left)

qed
have k x line-integral F {i, j} g = k * line-integral F {i} g + k * line-integral
F{jtyg
if (k,g) € one-chain-typel for k g
proof —

have finite: finite {i, j} by auto
have line-integral-all: Vi€{i, j}. line-integral-exists F {i} g¢
using one-chain-i-integrals one-chain-j-integrals that by auto
have line-integral F {i, j} g = line-integral F' {i} g + line-integral F {j} ¢
using line-integral-sum-gen|OF finite] R2.i-is-x-axis R2.j-is-y-axis line-integral-all
by auto
then show k x line-integral F' {i, j} g = k * line-integral F' {i} g + k *
line-integral F {j} g
by (simp add: distrib-left)
qed
then show ?thesis
using 0 by (smt sum.cong split-cong)
qed
show (> (k::int, g)€one-chain-typel. k x line-integral F {i, j} g) =
(3" (k, g)€one-chain-typel. k * line-integral F {i} g) + (O (k:u:int,
g)Eone-chain-typel. k * line-integral F {j} g) A
(> (k::int, g)€one-chain-typell. k x line-integral F {4, j} g) =
(3> (k, g)€one-chain-typell. k x line-integral F {i} g) + (O_ (k::int,
g)Eone-chain-typell. k * line-integral F {j} g)
proof —
have 0: (Az. (case x of (k::int, g) = k x line-integral F {i} g) + (case z of
(k::int, g) = k « line-integral F {j} g)) =
(Az. (case x of (k:int, g) = (k * line-integral F {i} g)
+ k x line-integral F {j} g))
using comm-monoid-add-class.sum.distrib by auto
then have 1: (> z€one-chain-typel. (case z of (k::int, g) = k * line-integral
F {i} g9) + (case z of (k::int, g) = k * line-integral F {j} g)) =
(5" z€one-chain-typel . (case x of (k::int, g) =( k
{i} g + k x line-integral F {j} g)))
by presburger
have (3 z€one-chain-typell. (case x of (k, g) = k x line-integral F {i} g)
+ (case z of (k, g) = k x line-integral F {j} g)) =

* line-integral F
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(5>~ z€one-chain-typell. (case z of (k, g) =( k * line-integral F {i} g +
k * line-integral F {j} g)))
using 0 by presburger
then show ?thesis
using sum.distriblof (A(k, g). k * line-integral F {i} g) (MK, g). k *
line-integral F' {j} g) one-chain-typel|
sum.distriblof (A(k, g). k * line-integral F' {i} g) (A(k, g). k * line-integral
F {j} g) one-chain-typell]
line-integral-distrib
1
by auto
qed
qed
have integral-dis: integral s (Az. ?F-a’ x — ?F-b’ x) = integral s (A\z. ?F-a’ z) +
integral s (Az. — ?F-b’ x)
proof —
have (¢F-a’ has-integral (> img€cubelmage * two-chain-typell. integral img
?F-a")) s
proof —
have (?F-a’ has-integral integral (cubeImage twoCube) ?F-a’) (cubelmage
twoCube)
if twoClube € two-chain-typell for twoCube
by (simp add: analytically-valid-imp-part-deriv-integrable-on T2.F-anal-valid
has-integral-integrable-integral that)
then have Au. u € (cubelmage ‘ two-chain-typell) = (?F-a’ has-integral
integral u ?F-a’) u
by auto
then show ?thesis
using gen-divisions(2) unfolding gen-division-def
by (metis has-integral-Union)
qed
then have F-a’-integrable:
(?F-a’ integrable-on s) by auto
have (?F-b’ has-integral (> img€ecubelmage * two-chain-typel. integral img
?F-b")) s
proof —
have V twoCube € two-chain-typel. (?F-b" has-integral integral (cubeImage
twoCube) 2F-b") (cubelmage twoCube)
by (simp add: analytically-valid-imp-part-deriv-integrable-on T1.F-anal-valid
has-integral-integrable-integral)
then have Au. u € (cubelmage ¢ two-chain-typel) = (?F-b’ has-integral
integral u ?F-b") u
by auto
then show ?thesis
using gen-divisions(1) unfolding gen-division-def
by (metis has-integral-Union)
qed
then show ?thesis
using F-a’-integrable Henstock-Kurzweil-Integration.integral-diff by auto

197



qed
show integral s (A\z. ?F-a’ © — ?F-b’ x) = one-chain-line-integral F {i, j}
one-chain-typel
using one-chain-j-integrals integral-dis line-integral-dist typel-regions-integral
typell-regions-integral
by auto
show integral s (Ax. ?F-a’ x — ?F-b’ ) = one-chain-line-integral F {i, j}
one-chain-typell
using one-chain-i-integrals integral-dis line-integral-dist typel-regions-integral
typell-regions-integral
by auto
qed

end

end

theory SymmetricR2Shapes
imports Green

begin

context R2
begin

lemma valid-path-valid-swap:
assumes valid-path (Az::real. ((f x)::real, (g x)::real))
shows walid-path (prod.swap o (Az. (f x, g x)))
unfolding o-def valid-path-def piecewise-C1-differentiable-on-def swap-simp
proof (intro conjI)
show continuous-on {0..1} (Az. (g z, f x))
using assms
using continuous-on-Pair continuous-on-componentwise[where f = (Az. (f ,
gz))]
by (auto simp add: real-pair-basis valid-path-def piecewise-C1-differentiable-on-def)
show 35. finite S A (A\z. (g z, fz)) Cl-differentiable-on {0..1} — S
proof —
obtain S where finite S and S: (Az. (f 2, g z)) C1-differentiable-on {0..1} —
S

using assms

by (auto simp add: real-pair-basis valid-path-def piecewise-C1-differentiable-on-def)

have 0: f C1-differentiable-on {0..1} — S using S assms

using CI-diff-components-2[of (1,0) (Az. (f z, g x))]

by (auto simp add: real-pair-basis algebra-simps)
have 1: g C1-differentiable-on {0..1} — S using S assms

using C1-diff-components-2 [of (0,1), OF - S| real-pair-basis by fastforce
have *: (\z. (g =, fz)) C1-differentiable-on {0..1} — S

using 0 1 C1-differentiable-on-components|where f = (Az. (g z, f z))]

by (auto simp add: real-pair-basis valid-path-def piecewise-C1-differentiable-on-def)

then show ?thesis using <finite S» by auto
qged
qed

198



lemma pair-fun-components: C = (Az. (Cz - i, Cz - j))
by (simp add: i-is-z-azis inner-Pair-0 j-is-y-axis)

lemma swap-pair-fun: (Ay. prod.swap (C (y, 0))) = (Az. (C (z, 0) - j, C (z, 0)
)

by (simp add: prod.swap-def i-is-x-axis inner-Pair-0 j-is-y-axis)

lemma swap-pair-fun’. (\y. prod.swap (C (y, 1))) = (Az. (C (z, 1) - 4, C (z, 1)
- 1))

by (simp add: prod.swap-def i-is-x-axis inner-Pair-0 j-is-y-axis)

lemma swap-pair-fun’’ (Ay. prod.swap (C (0, y))) = (Az. (C (0,z) - j, C (0,z)
)

by (simp add: prod.swap-def i-is-x-axis inner-Pair-0 j-is-y-azis)

lemma swap-pair-fun'": (Ay. prod.swap (C (1, y))) = (Az. (C (1,z) - j, C (1,z)
)

by (simp add: prod.swap-def i-is-x-azis inner-Pair-0 j-is-y-axis)

lemma swap-valid-boundaries:
assumes VY (k,y)€boundary C. valid-path ~
assumes (k,v)€boundary (prod.swap o C o prod.swap)
shows walid-path ~
using assms
valid-path-valid-swaplof Az. (Az. C (x, 0)) = + i Az. (Az. C (z, 0)) z - j]
pair-fun-components[of (Az. C (z, 0))]
pair-fun-components[of (Ay. C (y, 0))]
valid-path-valid-swaplof Az. (A\y. C (y, 1)) = « i Ax. (A\y. C (y, 1)) = + j]
pair-fun-components[of (Ay. C (y, 1))]
pair-fun-components[of (Az. C (z, 1))]
valid-path-valid-swaplof Az. (A\y. C (1,y)) = - i Az. (Ay. C (1,y)) = - j]
pair-fun-components[of (Ay. C (1,y))]
pair-fun-components[of (Az. C (1,z))]
valid-path-valid-swaplof Az. (Ay. C (0,y)) = - i Az. (Ay. C (0,y)) z - j]
pair-fun-components[of (Ay. C (0,y))]
pair-fun-components[of (Az. C (0,z))]
by (auto simp add: boundary-def horizontal-boundary-def vertical-boundary-def
o-def real-pair-basis swap-pair-fun swap-pair-fun’ swap-pair-fun’’ swap-pair-fun’”’)

lemma prod-comp-eq:
assumes f = prod.swap o g
shows prod.swap o f = g
using swap-comp-swap assms
by fastforce

lemma swap-typel-is-typell:

assumes typel-twoCube C
shows typell-twoCube (prod.swap o C o prod.swap)
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proof (simp add: typel-twoCube-def typell-twoCube-def)
obtain a b g1 g2 where C: a < b
(Vze{a..b}. g2z < g1 z)
cubeImage C' = {(z, y). z € {a..b} Ny € {92 z..91 z}}
C=ANu=zy). (1 —z)*xa+xzxb (I —y) xg2 (I —z)xa+z*xb)+y
gl (1= 2) % a+oxb)
g1 piecewise-C1-differentiable-on {a..b}
g2 piecewise-C1-differentiable-on {a..b}
using typel-cube-explicit-spec| OF assms]
by blast
show Ja b. a < b A
(g1 g2. Vae{a..b}. g2z < g1 z) A
prod.swap o C o prod.swap =
My, 2). (1 —y) xg2 (I —2)xa+zxb)+yxgl ((I—2)=
a+xzxb), (I —z)*xa+zx*Db)A
g1 piecewise-C1-differentiable-on {a..b} A g2 piecewise-C1-differentiable-on
{a..b})

using C by (fastforce simp add: prod.swap-def o-def)
qed

lemma valid-cube-valid-swap:

assumes valid-two-cube C

shows wvalid-two-cube (prod.swap o C o prod.swap)

using assms unfolding valid-two-cube-def boundary-def horizontal-boundary-def
vertical-boundary-def

apply (auto simp: card-insert-if split: if-split-asm)

apply (metis swap-swap)+

done

lemma twoChainVertDiv-of-itself:
assumes finite C
Y (k, v)€(two-chain-boundary C). valid-path ~
shows only-vertical-division (two-chain-boundary C) C
proof(clarsimp simp add: only-vertical-division-def)
show 3V H. finite H A finite V A
(VzeV. case z of (k, v) = Fax€two-chain-vertical-boundary C. case x
of (k',v") = Ja€{0..1}. 3b€{0..1}. a < b A subpath a by’ =) A
(common-sudiv-exists (two-chain-horizontal-boundary C) H V
common-reparam-exists H (two-chain-horizontal-boundary C)) A
boundary-chain H A two-chain-boundary C =V U H N (V¥ (k,y)EH.
valid-path )
proof (intro exl)
let ?H = two-chain-horizontal-boundary C
have 0: V (k,y)€ ?H. valid-path ~ using assms(2)
by (auto simp add: two-chain-horizontal-boundary-def two-chain-boundary-def
boundary-def)
have Aa b. (a, b) € two-chain-vertical-boundary C =
I x€two-chain-vertical-boundary C. case z of (k', v') = Jac{0..1}.
Fee{0..1}. a < ¢ A subpath a cv' = b
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by (metis (mono-tags, lifting) atLeastAtMost-iff case-prod-conv le-numeral-extra(1)
order-refl subpath-trivial)
moreover have common-sudiv-ezists H 7H
using gen-common-boundary-subdiv-exists-refl-twochain-boundary[ OF 0 two-chain-horizontal-boundary-is-1
by auto
moreover have boundary-chain ?H
using two-chain-horizontal-boundary-is-boundary-chain by auto
moreover have Aa b. (a, b) € two-chain-boundary C = (a, b) ¢ H = (a,
b) € two-chain-vertical-boundary C
by (auto simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
two-chain-vertical-boundary-def boundary-def)
moreover have Aa b. (a, b) € two-chain-vertical-boundary C = (a, b) €
two-chain-boundary C
Na b. (a, b) € ?H = (a, b) € two-chain-boundary C
by (auto simp add: two-chain-boundary-def two-chain-horizontal-boundary-def
two-chain-vertical-boundary-def boundary-def)
moreover have Aa b. (a, b) € ?H = valid-path b
using 0 by blast
ultimately show finite 7H A
finite (two-chain-vertical-boundary C) A
(V z€two-chain-vertical-boundary C.
case z of (k, v) = JxE€two-chain-vertical-boundary C. case z of (k'
v = Fac{0..1}. 3b€{0..1}. a < b A subpath a b~y' = ~) A
(common-sudiv-exists 7H ¢H V
common-reparam-exists ¢H 7H) A
boundary-chain ?H N two-chain-boundary C = two-chain-vertical-boundary
C U ?H A (VY (kyy)e?H. valid-path )
by (auto simp add: finite-two-chain-horizontal-boundary| OF assms(1)] fi-
nite-two-chain-vertical-boundary| OF assms(1)])
qed
qed

end

definition 2-coord where z-coord = (At::real. t — 1/2)

lemma z-coord-smooth: z-coord C1-differentiable-on {a..b}
by (simp add: z-coord-def)

lemma z-coord-bounds:
assumes (0:real) < zz < 1
shows —1/2 < z-coord x N z-coord x < 1/2

using assms by (auto simp add: z-coord-def)

lemma z-coord-img: z-coord ‘ {(0:real)..1} = {—1/2 .. 1/2}
by (auto simp add: z-coord-def image-def algebra-simps)

lemma z-coord-back-img: finite ({0..1} N z-coord —‘ {z::real})
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by (simp add: finite-vimagel inj-on-def z-coord-def)

abbreviation rot-z t1 t2
sreal else 2 x t2 — 2 x t1

(if (¢1 — 1/2) < Othen (2 xt2 — 1)« tl + 1/2
t2 +t1 —1/2::real)

*

lemma rot-z-ivl:
assumes (0 < zx
< 1
0<wy
y < 1
shows 0 < rot-zxx y N rot-zzy < 1
proof —
have i: Aaureal. 0 < 0 = 0 < y= y< 1 = —1/2 < a= (ax* (I —
2xy) < 1/2)
proof —
have 0: Aareal. e < 0 = 0<y=—=y<1 = —1/2<a= (—a < 1/2)
by (sos ((((A<0 % A<1) x R<1) + (R<I1 % (R<1/4 x [2xa + 1]72)))))
have 1: Na. e <0 = 0<y=y<1 = —1/2<a= (ax* (I — 2xy)
< —a)
by (sos ((((A<0 x A<1)* R<I) + (((A<=0 * (A<I * R<1)) x (R<2/3
[1]72)) + (((A<=0 * (A<=2 * R<1)) x (R<2/8 % [1]72)) + ((A<=0 * (A<=2
* (A<0 * R<1))) x (R<2/3 = [1]72)))))))
show Aaireal. a < 0 = 0<y=y<1 = —1/2<a= (ax* (I —
2xy) < 1/2) using 0 1 by force
qged
have x: (1 2 +y*x4 <3 +axx(yx4) = ((z—1)<1/2+4 (z—1) * (y *
2))
by (sos ((((A<0 * R<1) + ((A<=0 * R<1) * (R<2 x [1]72)))) & (((A<0 *
R<1) + ((A<=0 x R<1) * (R<1/2 % [1]72)))))
show ?thesis
using assms
apply(auto simp add: algebra-simps divide-simps linorder-class.not-le)
apply (sos (((A<0 * R<1) + (((A<=2 % (A<=8 * R<1)) * (R<1 = [1]72))
+ (((A<=1 =« R<1) = (R<I % [1]72)) + ((A<=0 * (A<=1 % R<1)) * (R<2 =
172))
apply (sos (((A<0 * R<1) + (((A<=2 % R<1) x (R<1 % [1]72)) + (((A<=1
% (A<=8 * R<1)) * (R<1 = [1]72)) + ((A<=0 * (A<=2 * R<1)) * (R<2 *
172))))
using i[of (z::real) — 1] affine-ineq
apply (fastforce simp: algebra-simps x)+
done
qged

NN

end

2 The Circle Example

theory CircExample

202



imports Green SymmetricR2Shapes
begin

locale circle = R2 +
fixes d::real
assumes d-gt-0: 0 < d
begin

definition circle-y where
circle-y t = sqrt (1/4 — t * t)

definition circle-cube where
circle-cube = (AN(z,y). (. — 1/2) xd, (2*xy— 1)« d*sqrt (1/4 — (x —1/2)x(z
—1/2))))

lemma circle-cube-nice:
shows circle-cube = (A(z,y). (d * z-coord z, (2 x y — 1) x d * circle-y (z-coord

z)))

by (auto simp add: circle-cube-def circle-y-def z-coord-def)

definition rot-circle-cube where
rot-circle-cube = prod.swap o (circle-cube) o prod.swap

abbreviation rot-y t1 t2 = ((t1—1/2)/(2% circle-y (z-coord (rot-z t1 t2))) +1/2::real)
definition z-coord-inv (z::real) = (1/2) + =

lemma z-coord-inv-1: z-coord-inv (z-coord (z::real)) = x
by (auto simp add: z-coord-inv-def z-coord-def)

lemma z-coord-inv-2: z-coord (z-coord-inv (x::real)) = x
by (auto simp add: z-coord-inv-def x-coord-def)

definition circle-y-inv = circle-y

abbreviation rot-z'’ (z::real) (y::real) = (z-coord-inv ((2 * y — 1) % circle-y
(z-coord x)))

lemma circle-y-bounds:
assumes —1/2 < (zureal) Nz < 1/2
shows 0 < circle-y x circle-y x < 1/2
unfolding circle-y-def real-sqrt-ge-0-iff
proof —
show 0 < 1/4 —z*x
using assms
by (sos (((A<0 * R<1) + ((A<=0 * (A<=1 % R<1)) * (R<1 * [1]72)))))
show sqrt (1/4 —xxx) < 1/2
apply (rule real-le-lsqrt)
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using assms by (auto simp add: divide-simps algebra-simps)
qed

lemma circle-y-x-coord-bounds:
assumes 0 < (z:real) © < 1
shows 0 < circle-y (z-coord x) A circle-y (z-coord ) < 1/2
using circle-y-bounds|OF x-coord-bounds|OF assms|| by auto

lemma rot-z-ivl:
assumes (Oureal) <zax <1 0<yy<1
shows 0 < rot-z”" z y A rot-z”" zy < 1
proof
have Aaureal. 0 < aNa<1/2= 0<1/2+ (2 +y — 1)%* ausing assms
by (s0s (((A<0 x R<1) + (((A<=4 x R<1) * (R<1/2 % [1]72)) + (((A<=1
* (A<=5 % R<1)) * (R<1 % [1]72)) + ((A<=0 * (A<=4 * R<1)) * (R<I =
1172))
then show 0 < rot-z" z y
using assms circle-y-z-coord-bounds by (auto simp add: x-coord-inv-def)
have Aaureal. 0 < aNa<1/2= 1/2+ (2xy— 1)*a< 1 using assms
by (sos (((A<0 * R<1) + (((A<=5 x R<1) x (R<1/2 x [1]72)) + (((A<=1
* (A<=4 * R<1)) * (R<1 x [1]72)) + ((A<=0 * (A<=5 * R<1)) * (R<1 *
1172)))
then show rot-z"' zy < 1
using assms circle-y-z-coord-bounds by (auto simp add: z-coord-inv-def)
qed

abbreviation rot-y’’ (z::real) (y::real) = (z-coord x)/(2x* (circle-y (z-coord (rot-z"’
zy)) +1/2

lemma rot-y-ivl:
assumes (O:ureal) <zax < 10 <yy<1I
shows 0 < rot-y" zy A rot-y"" zy < 1
proof
show 0 < rot-y" z y
proof(cases (z-coord z) < 0)
case True
have i: Aa bureal. a < 0 = 0 < a+ b= (0 < a/(2%(D)) + 1/2)
by (auto simp add: algebra-simps divide-simps)
have x: (1/2 —z) < sgrt (xxz+ (1/4 + (xx (y*x 4) + 2 * (x x (y *x (y =
D) — @+ (2 (@ s (yx 4) + 25 (5% (5 )
apply (rule real-le-rsqrt)
using assms apply (simp add: algebra-simps power2-eq-square mult-left-le-one-le)
by (so0s (((A<0 * R<1) + ((A<=0 * (A<=1 x (A<=2 x (A<=3 x R<1))))
* (R<y4 * [1]72)))))
have rw: |t — = * 2| = z — = * z using assms
by (sos (() & (((((A<0 = A<1) % R<1) + ((A<=0 % (A<=1 * (A<I x
R<1))) * (R<1 % [1]72)))) & ((((A<0 % A<1) * R<1) + ((A<=0 * (A<=1 x
(A<1 « R<1))) = (R<1 + [1]"2))))
have 0 < z-coord x + (circle-y (z-coord (rot-z" x y)))
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using * apply (auto simp add: z-coord-inv-2)
by (auto simp add: circle-y-def algebra-simps rw x-coord-def)
then show ?thesis
using True i by blast
next
case Fulse
have i: Aa bureal. 0 < a = 0 < b = (0 < a/(2xb) + 1/2)
by (auto simp add: algebra-simps divide-simps)
have 0 < circle-y (a-coord (z-coord-inv ((2 * y — 1) x circle-y (a-coord z))))
proof —
have rw: |t — z x | = © — x x = using assms
by (sos (() & (((((A<0 % A<1) x R<1) + ((A<=0 * (A<=1 * (A< x
R<1))) * (R<1 % [1]72)))) & ((((A<0 x A<1) * R<1) 4+ ((A<=0 * (A<=1 =
(A<1 « R<1))) = (R<1 * [1]°2)))))))
have \z. 0 <z = 2 < 1/2 = —1/2< (2 %y — 1) x z using assms
by (sos (((A<0 * R<1) + (((A<=4 * R<I) x (R<1/2 % [1]72)) +
((A<=1 * (A<=5 x R<1)) x (R<I % [1]72)) + ((A<=0 * (A<=4 * R<1)) *
(R<1 * [1]°2)))))))
then have — 1/2 < (2 x y — 1) x circle-y (z-coord 1)
using circle-y-z-coord-bounds assms(1—2) by auto
moreover
have \z. 0 <z = 2<1/2 = (2*y — 1)+ x < 1/2 using assms
by (sos (((A<0 * R<1) + (((A<=5 x R<I) x (R<1/2 % [1]72)) +
(((A<=1 % (A<=4 * R<1)) * (R<I % [1]72)) + ((A<=0 * (A<=5 * R<1)) *
(R<1 = [1]72)))))))
then have (2 % y — 1) x circle-y (x-coord z) < 1/2
using circle-y-z-coord-bounds assms(1—2) by auto
ultimately show 0 < circle-y (z-coord (z-coord-inv ((2 * y — 1) * circle-y
(z-coord x))))
by (simp add: circle-y-bounds(1) z-coord-inv-2)
qed
then show ?thesis
using False by auto
qed
have i: Aa bireal. a < 0 = 0 < b = (a/(2%(b)) + 1/2) < 1
by (auto simp add: algebra-simps divide-simps)
show rot-y" zy < 1
proof(cases (z-coord z) < 0)
case True
have i: Aa bireal. a < 0 = 0 < b = (a/(2%(b)) + 1/2) < 1
by (auto simp add: algebra-simps divide-simps)
have \z. 0 <z = 2<1/2 = —1/2< (2 %y — 1) x z using assms
by (sos (((A<0 * R<1) + (((A<=4 * R<1) x (R<1/2 % [1]72)) + (((A<=1
* (A<=5 * R<1)) * (R<1 % [1]72)) + ((A<=0 * (A<=4 * R<1)) * (R<1 *
172)))
then have — 1/2 < (2 % y — 1) * circle-y (2-coord z)
using circle-y-z-coord-bounds assms(1—2) by auto
moreover have A\z. 0 <z = 1< 1/2 = (2xy—1)*z < 1/2 using
assms
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by (sos (((A<0 * R<1) + (((A<=5 x R<1) * (R<1/2 % [1]72)) + (((A<=1
x (A<=4 * R<1)) *x (R<1 % [1]72)) + ((A<=0 % (A<=5 x R<1)) x (R<I x
172)))
then have (2 « y — 1) x circle-y (x-coord z) < 1/2
using circle-y-z-coord-bounds assms(1—2) by auto
ultimately have 0 < circle-y (x-coord (z-coord-inv ((2 *x y — 1) x circle-y
(z-coord x))))
by (simp add: circle-y-bounds(1) x-coord-inv-2)
then show ?thesis
by (simp add: True i)
next
case Fulse
have i: Aa bireal. 0 < a = a < b = (a/(2xb) + 1/2) < 1
by (auto simp add: algebra-simps divide-simps)
have (z — 1/2)x (z — 1/2) < (zx2x+ (1/4 + (x* (y*4) + z* (x x (y
(y*4))) — (@ + (zx (zx(y*4)) +zx(yx(y=*4)))
using assms Fulse
apply(auto simp add: z-coord-def)

by (sos (((A<0 * R<1) + (((A<=0 x (A<=1 * (A<=2 % R<1))) x (R<2 %
[1]72)) + ((A<=0 = (A<=1 * (A<=2 % (A<=3 % R<1)))) * (R<2 % [1]72))))))

then have sgrt ((z — 1/2) * (x — 1/2)) < sqrt (z * z + (1/4 + (z = (y *
) Fax(zx(yx(yx4) - (@+ (@x(@x(yxq)+zx(yx(yx4)))

using real-sqrt-le-mono by blast
then have *: (z — 1/2)<sqrt(x*9:+(]/4 +(xx(yx4)+xx(z*(y=x
(y*x4))) — (@ + (zx (@ (y*4)) +zx(y=(y*4))))
using assms False by (auto simp add: z-coord-def)
have rw: |t — z x | = © — x x z using assms
by (sos (() & (((((A<0 % A<1) * R<1) + ((A<=0 * (A<=1 * (A<I *
R<1))) * (R<1 % [1]72)))) & ((((A<0 x A<1) * R<1) 4+ ((A<=0 * (A<=1 *
(A<1 % R<1)) * (R<1 * [1]72)))))))
have z-coord z < circle-y (x-coord (x-coord-inv ((2 * y — 1) * circle-y (z-coord
z))))
using * unfolding xz-coord-inv-2
by (auto simp add: circle-y-def algebra-simps rw x-coord-def)
then show ?thesis
using Fualse i by auto
qged
qged

lemma circle-eq-rot-circle:
assumes 0 <zzx < 10<yy<1
shows (circle-cube (z, y)) = (rot-circle-cube (rot-y" x y, rot-z'' = y))
proof
have rw: |1/4 — z-coord T x x-coord x| = 1/4 — z-coord x x z-coord x
apply(rule abs-of-nonneg)
using assms mult-left-le by (auto simp add: z-coord-def divide-simps alge-
bra-simps)
show fst (circle-cube (x, y)) = fst (rot-circle-cube (rot-y" x y, rot-z'’ x y))
using assms d-gt-0
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apply(simp add: circle-cube-nice rot-circle-cube-def x-coord-inv-2 circle-y-def
algebra-simps rw)

apply(auto simp add: z-coord-def algebra-simps)

by (sos (((((A<0 * A<1) x ((A<0 * A<1) * R<1)) + (([~4*d"2] * A=0) +
((A<=1 * (A<=2 x (A<=3 * R<1))) * (R<8 % [d]2)) + ((A<=1 * (A<=2 *
(A<=38 % (A<1 % R<1)))) * (R<8 * [d]72)))))) & ((((A<0 x A<1) * ((A<0 =
A<1) x R<1)) 4+ (([74%d72] * A=0) + (((A<=0 * (A<=2 % (A<=38 x R<1)))
x (R<8 = [d]72)) + ((A<=0 * (A<=2 % (A<=3 * (A<l % R<1)))) x (R<8 =
[d]72))))))))

show snd (circle-cube (z, y)) = snd (rot-circle-cube (rot-y” x y, rot-z'" x y))

using assms

by (auto simp add: circle-cube-def rot-circle-cube-def x-coord-inv-def circle-y-def
x-coord-def)
qed

lemma rot-circle-eq-circle:
assumes 0 <z < 10<yy<1
shows (rot-circle-cube (z, y)) = (circle-cube (rot-z'" y z, rot-y"" y x))
proof
show fst (rot-circle-cube (z, y)) = fst (circle-cube (rot-z'" y xz, rot-y"" y x))
using assms
by (auto simp add: circle-cube-def rot-circle-cube-def x-coord-inv-def circle-y-def
x-coord-def)
have rw: |1/4 — z-coord y x z-coord y| = 1/4 — z-coord y * x-coord y
apply(rule abs-of-nonneg)
using assms mult-left-le by (auto simp add: x-coord-def divide-simps alge-
bra-simps)
show snd (rot-circle-cube (z, y)) = snd (circle-cube (rot-z'' y x, rot-y"" y x))
using assms d-gt-0
apply(simp add: circle-cube-nice rot-circle-cube-def x-coord-inv-2 circle-y-def
algebra-simps rw)
apply(auto simp add: z-coord-def algebra-simps)
by (sos (((((A<0 x A<1) * ((A<0 x A<1) * R<1)) + ((["4*d"2] * A=0) +
((A<=0 * (A<=1 * (A<=38 x R<1))) * (R<8 * [d]72)) + ((A<=0 * (A<=1 %
(A<=3 * (A<I % R<1)))) x (R<8 = [d]72)))))) & ((((A<0 * A<1) x ((A<0 =
A<1) % R<1)) + ((["4%d™2] x A=0) + (((A<=0 * (A<=1 * (A<=2 x R<1)))
* (R<8 * [d]72)) + ((A<=0 * (A<=1 * (A<=2 x (A<1 * R<1)))) * (R<8 *
[d°2))))
qed

lemma rot-img-eq:
assumes 0 < d
shows (cubelmage (circle-cube )) = (cubelmage (rot-circle-cube))
apply(auto simp add: cubelmage-def image-def cboz-def real-pair-basis)
by (meson rot-y-ivl rot-z-ivl assms circle-eg-rot-circle rot-circle-eq-circle)+

lemma rot-circle-div-circle:

assumes 0 < (d::real)
shows gen-division (cubeImage circle-cube) (cubeImage ‘ {rot-circle-cube})
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using rot-img-eq[OF assms] by (auto simp add: gen-division-def)

lemma circle-cube-boundary-valid:
assumes (k,y)€boundary circle-cube
shows walid-path
proof —
have f01: finite{0,1}
by simp
show ?thesis
using assms
unfolding boundary-def horizontal-boundary-def vertical-boundary-def circle-cube-def
valid-path-def piecewise- C1-differentiable-on-def
by safe (rule derivative-intros continuous-intros f01 exl balll conjI refl | force
stmp add: field-simps)—+
qed

lemma rot-circle-cube-boundary-valid:
assumes (k,v)€boundary rot-circle-cube
shows walid-path ~
using assms swap-valid-boundaries circle-cube-boundary-valid
by (fastforce simp add: rot-circle-cube-def)

lemma diff-divide-cancel:
fixes z:real shows z# 0 = (axz —ax (bx2)) /2= (a— ax*b)
by (auto simp: field-simps)

lemma circle-cube-is-type-1:
assumes 0 < d
shows typel-twoCube circle-cube
unfolding typel-twoCube-def
proof (intro exI congl balll)
have f01: finite{—d/2,d/2}
by simp
show —d/2 < d/2
using assms by simp
show (Az. d * sqrt (1/4 — (z/d) % (z/d))) piecewise-C1-differentiable-on {—
d/2..d/2}
using assms unfolding piecewise-C1-differentiable-on-def
apply (intro exI conjI)
apply (rule balll refl f01 derivative-intros continuous-intros | simp)+
apply (auto simp: field-simps)
by sos
show (Az. —d * sqrt (1/4 — (z/d) % (z/d))) piecewise-C1-differentiable-on {—
d/2..d/2}
using assms unfolding piecewise-C1-differentiable-on-def
apply (intro ezl conjI)
apply (rule balll refl f01 derivative-intros continuous-intros | simp)+
apply (auto simp: field-simps)
by sos
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show — d xsqrt (1/4 —x/dx*x(x/d) <dx*xsqrt(1/4 —z /) dx (z/ d))
if v € {— d/2..d/2} for x
proof —
have *: 272 < (d/2)72
using real-sqrt-le-iff that by fastforce
show ?thesis
apply (rule mult-right-mono)
using assms * apply (simp-all add: divide-simps power2-eq-square)
done
qged
qed (auto simp add: circle-cube-def divide-simps algebra-simps diff-divide-cancel)

lemma rot-circle-cube-is-type-I1I:
shows typell-twoCube rot-circle-cube
using d-gt-0 swap-typel-is-typell circle-cube-is-type-1
by (auto simp add: rot-circle-cube-def)

definition circle-bot-edge where
circle-bot-edge = (1::int, At. (z-coord t x d, — d * circle-y (z-coord t)))

definition circle-top-edge where
circle-top-edge = (— 1::int, \t. (z-coord t * d, d x circle-y (z-coord t)))

definition circle-right-edge where
circle-right-edge = (1::int, Ay. (d/2, 0))

definition circle-left-edge where
circle-left-edge = (— 1::int, Ay. (— (d/2), 0))

lemma circle-cube-boundary-explicit:
boundary circle-cube = { circle-left-edge,circle-right-edge, circle-bot-edge, circle-top-edge}
by (auto simp add: valid-two-cube-def boundary-def horizontal-boundary-def ver-
tical-boundary-def circle-cube-def
circle-top-edge-def circle-bot-edge-def circle-cube-nice x-coord-def circle-y-def
circle-left-edge-def circle-right-edge-def)

definition rot-circle-right-edge where
rot-circle-right-edge = (1::int, At. (d * circle-y (z-coord t), z-coord t x d))

definition rot-circle-left-edge where
rot-circle-left-edge = (— 1::int, At. (— d * circle-y (z-coord t), x-coord t * d))

definition rot-circle-top-edge where
rot-circle-top-edge = (— 1::int, \y. (0, d/2))

definition rot-circle-bot-edge where
rot-circle-bot-edge = (1::int, Ay. (0, — (d/2)))

lemma rot-circle-cube-boundary-explicit:
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boundary (rot-circle-cube) =
{rot-circle-top-edge,rot-circle-bot-edge,rot-circle-right-edge, rot-circle-left-edge}
by (auto simp add: rot-circle-cube-def valid-two-cube-def boundary-def horizon-
tal-boundary-def vertical-boundary-def circle-cube-def
rot-circle-right-edge-def rot-circle-left-edge-def x-coord-def circle-y-def rot-circle-top-edge-def
rot-circle-bot-edge-def)

lemma rot-circle-cube-vertical-boundary-explicit:
vertical-boundary rot-circle-cube = {rot-circle-right-edge,rot-circle-left-edge}
by (auto simp add: rot-circle-cube-def valid-two-cube-def vertical-boundary-def
circle-cube-def
rot-circle-right-edge-def rot-circle-left-edge-def x-coord-def circle-y-def)

lemma circ-left-edge-neq-top:
(= 1:uint, Ayzreal. (— (d/2), 0)) £ (— 1, Az ((z — 1/2) = d, d * sqrt (1/4 —
(. —1/2)* (z — 1/2))))
by (metis (no-types, lifting) add-diff-cancel-right’ d-gt-0 mult.commute mult-cancel-left
order-less-irrefl prod.inject)

lemma circle-cube-valid-two-cube: valid-two-cube (circle-cube)
proof (auto simp add: valid-two-cube-def boundary-def horizontal-boundary-def ver-
tical-boundary-def circle-cube-def)
have iv: (— I:int, Ayzreal. (— (d/2), 0)) # (— 1, Ax. ((z — 1/2) = d, d * sqrt
(1/4 — (o — 1/2)  (x — 1/2))))
using d-gt-0 apply (auto simp add: algebra-simps)
by (metis (no-types, opaque-lifting) add-diff-cancel-right’ add-uminus-conv-diff
cancel-comm-monoid-add-class. diff-cancel less-eq-real-def linorder-not-le mult.left-neutral
prod.simps(1))
have v: (1::int, Ay. (d/2, 0)) # (1, Ax. ((z — 1/2) x d, — (d x sqrt (1/4 — (=
—1/2) (@ — 1/2)))))
using d-gt-0 apply (auto simp add: algebra-simps)
by (metis (no-types, opaque-lifting) diff-0 equal-neg-zero mult-zero-left nonzero-mult-div-cancel-left
order-less-irrefl prod.sel(1) times-divide-eg-right zero-neg-numeral)
show card {(— 1:int, Ay. (— (d/2), 0)), (1, Ay. (d/2, 0)), (1, Az. ((z — 1/2)
wd, = (d+sqrt (1/4 — (z— 1/2) % (v — 1/2))))),
(— 1, . ((x — 1/2) % d, d x sqrt (1/4 — (x — 1/2) x (x —
1/2)} = 4

using v v by auto
qed

lemma rot-circle-cube-valid-two-cube:
shows walid-two-cube rot-circle-cube
using valid-cube-valid-swap circle-cube-valid-two-cube d-gt-0 rot-circle-cube-def
by force

definition circle-arc-0 where circle-arc-0 = (1, At:real. (0,0))

lemma circle-top-bot-edges-neq’ [simp):

shows circle-top-edge # circle-bot-edge
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by (simp add: circle-top-edge-def circle-bot-edge-def)

lemma rot-circle-top-left-edges-neq [simp)]: rot-circle-top-edge # rot-circle-left-edge
apply (simp add: rot-circle-left-edge-def rot-circle-top-edge-def z-coord-def)
by (metis (mono-tags, opaque-lifting) cancel-comm-monoid-add-class.diff-cancel
d-gt-0 divide-eq-0-iff mult-zero-left order-less-irrefl prod.sel(2) zero-neg-numeral)

lemma rot-circle-bot-left-edges-neq [simp]: rot-circle-bot-edge # rot-circle-left-edge
by (simp add: rot-circle-left-edge-def rot-circle-bot-edge-def x-coord-def)

lemma rot-circle-top-right-edges-neq [simp]: rot-circle-top-edge # rot-circle-right-edge
by (simp add: rot-circle-right-edge-def rot-circle-top-edge-def x-coord-def)

lemma rot-circle-bot-right-edges-neq [simp): rot-circle-bot-edge # rot-circle-right-edge
apply (simp add: rot-circle-right-edge-def rot-circle-bot-edge-def x-coord-def)
by (metis (mono-tags, opaque-lifting) cancel-comm-monoid-add-class.diff-cancel
d-gt-0 divide-eq-0-iff mult-zero-left neg-0-equal-iff-equal order-less-irrefl prod.sel(2)
zero-neg-numeral)

lemma rot-circle-right-top-edges-neq’ [simp]: rot-circle-right-edge # rot-circle-left-edge
by (simp add: rot-circle-left-edge-def rot-circle-right-edge-def)

lemma rot-circle-left-bot-edges-neq [simp): rot-circle-left-edge # rot-circle-top-edge
apply (simp add: rot-circle-top-edge-def rot-circle-left-edge-def)
by (metis (no-types, opaque-lifting) cancel-comm-monoid-add-class.diff-cancel d-gt-0
mult.commute mult-zero-right nonzero-mult-div-cancel-left order-less-irrefl prod.sel(2)
times-divide-eq-right x-coord-def zero-neq-numeral)

lemma circle-right-top-edges-neq [simp]: circle-right-edge # circle-top-edge
proof —
have circle-right-edge = (1, (Ar::real. (d / 2, 0::real)))
using circle.circle-right-edge-def circle-axioms by blast
then show ?thesis
using circle.circle-top-edge-def circle-axioms by auto
qed

lemma circle-left-bot-edges-neq [simp): circle-left-edge # circle-bot-edge
proof —
have circle-bot-edge = (1, Ar. (z-coord v x d, — d * circle-y (z-coord r)))
using circle.circle-bot-edge-def circle-azioms by blast
then show ?thesis
by (simp add: circle-left-edge-def)
qged

lemma circle-left-top-edges-neq [simpl: circle-left-edge # circle-top-edge
proof —

have 3r. ((r— 1/ 2)xd, dxsqrt (1 / 4 —(r—1/2)x(r—1] 2))) #
(—(d/2),0)

by (metis circ-left-edge-neg-top)
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then have (3r. dxr # — (d / 2)) V (37 ra. (z-coord (z-coord-inv r) * d, d *
circle-y (z-coord (z-coord-inv r))) = (z-coord ra x d, d * circle-y (z-coord ra)) A d
x circle-y r # 0)

by (metis mult.commute)

then have (Ar. (2z-coord r = d, d x circle-y (z-coord r))) # (Ar. (— (d / 2), 0))

by (metis mult.commute prod.simps(1) z-coord-inv-2)

then show ?thesis

by (simp add: circle-left-edge-def circle-top-edge-def)
qed

lemma circle-right-bot-edges-neq [simpl: circle-right-edge # circle-bot-edge
by (smt Pair-inject circle-bot-edge-def d-gt-0 circle.circle-right-edge-def circle-axioms
mult-le-cancel-right-pos x-coord-def)

definition circle-polar where
circle-polar t = ((d/2) * cos (2 * pi * t), (d/2) * sin (2 % pi * 1))

lemma circle-polar-smooth: (circle-polar) CI1-differentiable-on {0..1}
proof —
have inj ((x) (2 * pi))
by (auto simp: inj-on-def)
then have x: Az. finite ({0..1} N (%) (2 % pi) —*{z})
by (simp add: finite-vimagel)
have (At. ((d/2) = cos (2 % pi* t), (d/2) * sin (2 * pi x t))) Cl-differentiable-on
{0..1}
by (rule * derivative-intros)+
then show ?thesis
apply (rule eg-smooth-gen)
by (simp add: circle-polar-def)
qed

abbreviation custom-arccos = (Az. (if —1 < z A z < 1 then arccos z else (if ©
< —1then —x + pielse 1 —z)))

lemma cont-custom-arccos:
assumes S C {—1..1}
shows continuous-on S custom-arccos
proof —
have continuous-on ({—1..1} U {}) custom-arccos
by (auto introl: continuous-on-cases continuous-intros)
with assms show ?thesis
using continuous-on-subset by auto
qged

lemma custom-arccos-has-deriv:

assumes — [ < zz < I

shows DERIV custom-arccos x :> inverse (— sqrt (1 — x?))
proof —

have z1: |z]? < 12
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by (simp add: abs-less-iff abs-square-less-1 assms)
show ?thesis
apply (rule DERIV-inverse-function [where f=cos and a=—1 and b=1])
apply (rule z1 derivative-eq-intros | simp add: sin-arccos)+
using assms z1 cont-custom-arccos [of {—1<..<1}]
apply (auto simp: continuous-on-eq-continuous-at greater ThanLess Than-subseteq-atLeast AtMost-iff)
done
qed

declare
custom-arccos-has-deriv| THEN DERIV-chain2, derivative-intros]
custom-arccos-has-deriv] THEN DERIV-chain2, unfolded has-field-derivative-def,
derivative-intros]

lemma circle-boundary-reparams:
shows rot-circ-left-edge-reparam-polar-circ-split:
reparam (rec-join [(rot-circle-left-edge)]) (rec-join [(subcube (1/4) (1/2) (1,
circle-polar)), (subcube (1/2) (3/4) (1, circle-polar))])
(is 2P1)
and circ-top-edge-reparam-polar-circ-split:
reparam (rec-join [(circle-top-edge)]) (rec-join [(subcube 0 (1/4) (1, circle-polar)),
(subcube (1/4) (1/2) (1, circle-polar))])
(is 7P2)
and circ-bot-edge-reparam-polar-circ-split:
reparam (rec-join [(circle-bot-edge)]) (rec-join [(subcube (1/2) (8/4) (1, cir-
cle-polar)), (subcube (8/4) 1 (1, circle-polar))])
(is ?P3)
and rot-circ-right-edge-reparam-polar-circ-split:
reparam (rec-join [(rot-circle-right-edge)]) (rec-join [(subcube (3/4) 1 (1, cir-
cle-polar)), (subcube 0 (1/4) (1, circle-polar))])
(is ?P4)
proof —
let %20 = ((x) (1/pi) o custom-arccos o (At. 2 x z-coord (1 — t)))
let 2LHS1 = (Az. (— (d = sqrt (1/4 — z-coord (1 — x) * z-coord (1 — x))),
z-coord (1 — z) * d))
let RHS1 = ((Az. if x % 2 < 1 then (d * cos (2 x pi x (2 xx/4 + 1/4))/2,d
xsin (2 xpix (2xx/f+ 1/4))/2)
else (d * cos (2 xpix (2xx— 1)/4 4+ 1/2))/2, d * sin (2
cpin (252 — 1)/4 +1/2))/2)) o 29)
let YLHS2 = Az. ((z-coord (1 — z) * d, d x sqrt (1/4 — x-coord (1 — xz) *
z-coord (1 — xz))))
let RHS2 = ((Mz. if x % 2 < 1 then (d % cos (2 x x x pi/2)/2, d x sin (2 * x
x pi/2)/2) else (d * cos (2 xpi*x (2xx — 1)/4 4+ 1/4))/2, d * sin (2 * pi *
(22— 1)/4+1/4)/2)  29)
let YLHS3 = Az. (z-coord x * d, — (d * sqrt (1/4 — z-coord z * z-coord x)))
let PRHSS = (M\x. if x x 2 < 1 then (d * cos (2 xpi x (2 xx/4 + 1/2))/2, d
xsin (2xpix (2xx/f+1/2))/2)
else (d * cos (2 x pix ((2xx —1)/4 4+ 8/4))/2, d x sin (2  pi
(20— 1)/4 + 3/4))/2)
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let YLHS} = Az. (d = sqrt (1/4 — z-coord x x x-coord x), z-coord x * d)
let PRHS, = (Mz. if x x 2 < 1 then (d * cos (2 x pi x (2 xx/4 + 8/4))/2, d
xsin (2 xpix (2xx/f+ 3/4))/2)
else (dx cos ((2xxz— 1)*pi/2)/2,d*sin ((2*xz—1)=*pi/2)/2))
have phi-diff: %p piecewise-C1-differentiable-on {0..1}
unfolding piecewise-C1-differentiable-on-def
proof
show continuous-on {0..1} %p
unfolding z-coord-def
by (intro continuous-on-compose cont-custom-arccos continuous-intros) auto
have ?p C1-differentiable-on {0..1} — {0,1}
unfolding x-coord-def piecewise-C1-differentiable-on-def C1-differentiable-on-def
valid-path-def
by (simp | rule has-vector-derivative-pair-within DERIV-image-chain deriva-
tive-eq-intros continuous-intros exl balll conjl
| force simp add: field-simps | sos)+
then show Js. finite s A %p Cl-differentiable-on {0..1} — s
by force
qed
have inj: inj %p
apply (intro comp-inj-on inj-on-cases inj-on-arccos)
apply (auto simp add: inj-on-def z-coord-def)
using pi-ge-zero apply auto[1]
apply (smt arccos)
by (smt arccos-lbound)
then have fin: Az. [0 < z; ¢ < 1] = finite (%p —* {z})
by (simp add: finite-vimagel )
have %p “{0..1} = {0..1}
proof
show % “{0..1} C {0..1}
by (auto simp add: x-coord-def divide-simps arccos-lbound arccos-bounded)
have arccos (1 — 2  ((1 — cos (x % pi))/2)) =z * piif 0 <z 2 < [ for x
using that by (simp add: field-simps arccos-cos)
then show {0..1} C % ‘{0..1}
apply (auto simp: z-coord-def o-def image-def)
by (rule-tac x=(1 — cos (z * pi))/2 in bexl) auto
qged
then have bij-phi: bij-betw 2p {0..1} {0..1}
unfolding bij-betw-def using inj inj-on-subset by blast
have phi01: 2o —“{0..1} C {0..1}
by (auto simp add: subset-iff z-coord-def divide-simps)
{
fix z::real assume z: 0 < z 2 < 1
then have i: — 1 < (2xz — 1) (22— 1) <1 by auto
have 4 cos (pi / 2 + arccos (1 — x x 2)) = —sin (arccos (1 — z * 2))
using minus-sin-cos-eq[symmetric, where %z = arccos (1 — z % 2)]
by (auto simp add: add.commute)
have 2 x sqrt (x — z * x) = sqrt (4*x — 4*z * I)
by (metis mult.assoc real-sqri-four real-sqri-mult right-diff-distrib)
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also have ... = sgrt (1 — (2 %z —1)* (2 x2 — 1))
by (simp add: algebra-simps)
finally have iii: 2 % sqrt (x — x * ) = cos (arcsin (2 x x — 1)) N 2 * sqrt
(x — zxx) = sin (arccos (1 — 2 * x))
using arccos-minus[OF i] unfolding minus-diff-eq sin-pi-minus
by (simp add: cos-arcsin i power2-eq-square sin-arccos)
then have 1: ?LHS1 v = ?RHSI x
using d-gt-0 ¢  apply (simp add: z-coord-def field-simps)
apply (auto simp add: diff-divide-distrib add-divide-distrib right-diff-distrib
mult.commute ii)
using cos-sin-eq[where 2z = — arccos (1 — x * 2)]
by (simp add: cos-sin-eqlwhere 2z = — arccos (1 — x * 2)] right-diff-distrib)
have 2: LHS2 x = ?RHS2 x
using = d-gt-0 i by (auto simp add: z-coord-def diff-divide-distrib alge-
bra-simps)
have a: cos (pi / 2 — arccos (x % 2 — 1)) = cos (pi /| 2 — arccos (1 — z % 2))
by (smt arccos-minus arccos-cos2 arccos-lbound cos-arccos cos-ge-minus-one
cos-le-one (1) i(2) pi-def pi-half)
have b: cos (arccos (I — x % 2) + pi* 3/ 2) = cos ((pi / 2 — arccos (z * 2
— 1)) + 2 * pi)
using arccos-minus|OF i| by(auto simp add: mult.commute add.commute)
then have c: ... = cos (pi /| 2 — arccos (x * 2 — 1)) using cos-periodic by
blast
have cos (— pi — arccos (1 — z * 2)) = cos (— (pi + arccos (1 — z *x 2)))
by (auto simp add: minus-add[where b = pi and a = arccos (1 — z * 2),
symmetric])
moreover have ... = cos ((pi + arccos (1 — z * 2)))
using cos-minus by blast
moreover have ... = cos (2xpi — arccos (x * 2 — 1))
using arccos-minus[OF | by (auto simp add: mult.commute add.commute)
moreover have ... = cos (arccos (z * 2 — 1))
using cos-2pi-minus by auto
ultimately have d: cos (— pi — arccos (1 — z % 2)) = (x x 2 — 1)
using cos-arccos|OF i mult.commute by metis
have cosm: \z. cos (z — pix2) = cos x
by (metis cos-periodic eq-diff-eq’ mult.commute)
have 3/: ?LHS3 x = (?RHS3 o %) « ?LHS} x = (?RHS4 o %p) x
using d-gt-0 © a b c iii cos-periodic [of pi /| 2 — arccos (z * 2 — 1)]
apply (auto simp add: z-coord-def algebra-simps diff-divide-distrib power2-eq-square)
apply (auto simp add: sin-cos-eq cosm)
using d apply (auto simp add: right-diff-distrib)
by (smt cos-minus)
note 1 2 34
} note x = this
show ?P1 ?P2 ?P3 7P
apply (auto simp add: subcube-def circle-bot-edge-def circle-top-edge-def
circle-polar-def reversepath-def
subpath-def joinpaths-def circle-y-def rot-circle-left-edge-def rot-circle-right-edge-def)
unfolding reparam-def
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by (rule balll exI conjl impl phi-diff bij-phi phiO1 fin = | force simp add:
x-coord-def )+
qed

definition circle-cube-boundary-to-polarcircle where
circle-cube-boundary-to-polarcircle v =
if (v = (circle-top-edge)) then
{subcube 0 (1/4) (1, circle-polar), subcube (1/4) (1/2) (1, circle-polar)}
else if (y = (circle-bot-edge)) then
{subcube (1/2) (3/4) (1, circle-polar), subcube (3/4) 1 (1, circle-polar)}
else {}

definition rot-circle-cube-boundary-to-polarcircle where
rot-circle-cube-boundary-to-polarcircle v =
if (v = (rot-circle-left-edge )) then
{subcube (1/4) (1/2) (1, circle-polar), subcube (1/2) (3/4) (1, cir-

cle-polar)}

else if (v = (rot-circle-right-edge)) then

{subcube (3/4) 1 (1, circle-polar), subcube 0 (1/4) (1, circle-polar)}
else {}

lemma circle-arcs-neq:
assumes 0 < kk<10<nn<lIn<kk+n<1I
shows subcube k m (1, circle-polar) # subcube n q (1, circle-polar)
proof (simp add: subcube-def subpath-def circle-polar-def)
have cos (2 * pi x k) # cos(2 * pi x n)
unfolding cos-eq
proof safe
show Fulse if 2 x pix k=2« pixn+ 2 xmx* pim € Z for m
proof —
have 2 x pi x (k —n ) =2 x m x pi
using distrib-left that by (simp add: left-diff-distrib mult.commute)
then have a: m = (k — n) by auto
have |k — n] =0
using assms by (simp add: floor-eq-iff)
then have k — n ¢ Z
using assms by (auto simp only: frac-eq-0-iff [symmetric] frac-def)
then show Fulse using that a by auto
qed
show False if 2 x pi x k= — (2 % pi*n) + 2 x m *x pim € Z for m
proof —
have 2 x pi x (k+ n) =2 % m x pi
using that by (auto simp add: distrib-left)
then have a: m = (k + n) by auto
have |k + n] =0
using assms by (simp add: floor-eq-iff)
then have k +n ¢ Z
using Ints-def assms by force
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then show Fulse using that a by auto
qed
qed
then have (Az. (d % cos (2 * pi x (m — k) x z + k))/2, d = sin (2 % pi x ((m
—k)yxxz+k)/2) 0 # (M. (d*cos (2 *pix((¢g—n)*xx+mn))/2, dxsin (2
«pix ((¢ = n)xz+n))/2)) 0
using d-gt-0 by auto
then show (Az. (d * cos (2 * pi « (m — k) x z + k))/2, d = sin (2 * pi x ((m
—k)xz+k))/2)) # (Az. (d*cos (2 xpi*((q—mn)*z+mn))/2, dx*sin (2%
pix (g —n) %+ n)/2)
by metis
qed

lemma circle-arcs-neq-2:
assumes 0 < kk<10<nn<In<k0<nand#kni2: 1/2 <k+ nand
k+n<8/2
shows subcube k m (1, circle-polar) # subcube n q (1, circle-polar)
proof (simp add: subcube-def subpath-def circle-polar-def)
have sin (2 * pi x k) # sin(2 * pi x n)
unfolding sin-eq
proof safe
show Faolse if m € Z 2 x pi x k= 2 x pi x n+ 2 x m *x pi for m
proof —
have 2 x pi x (k — n) = 2 * m * pi
using that by (simp add: left-diff-distrib mult.commute)
then have a: m = (k — n) by auto
have |k — n] =0
using assms by (simp add: floor-eq-iff)
then have k — n ¢ Z
using assms by (auto simp only: frac-eq-0-iff [symmetric] frac-def )
then show Fulse using that a by auto

qed

show Fualse if 2 x pi x k= — (2« pixn)+ (2+xm+ 1)xpiméeZform

proof —

have i: A\pi. 0 < pi= 2xpix (k+n)=2x%mxpi + pi = m = (k
+n)—1/2

by (sos (((((A<0 x A<1) x R<1) + ([1/2] x A=0))) & ((((A<0 * A<1)
« R<1) + ([1/2] + A=0)))))
have 2 x pi x (k+ n) = 2 * m * pi + pi
using that by (simp add: algebra-simps)
then have a: m = (k + n) — 1/2 using i[OF pi-gt-zero] by fastforce
have |k +n — 1/2] =0
using assms by (auto simp add: floor-eq-iff)
then have k +n — 1/2 ¢ Z
by (metis Ints-cases add.commute add.left-neutral add-diff-cancel-left’
add-diff-eq kn12 floor-of-int of-int-0 order-less-irrefl)
then show Fulse using that a by auto
qed
qed
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then have (Az. (d * cos (2 x pi x (m — k) xx + k))/2, d * sin (2 = pi x (m
—k)xxz+£k))/2)) 0 # (Az. (d*cos (2xpi*((¢—n)*xz+n))/2,d=x*sin (2
cpix ((g—n) o+ 1)/2)) 0

using d-gt-0 by auto

then show (Az. (d * cos (2 x pi x (m — k) x x4+ k))/2, d * sin (2 x pi x ((m
—k)xz+k)/2)) # (Az. (d * cos (2 xpi x ((g—n)*xx+n))/2,d=x*sin (2
pix (g — n) % o+ 1)/2))

by metis
qed

lemma circle-cube-is-only-horizontal-div-of-rot:
shows only-horizontal-division (boundary (circle-cube)) {rot-circle-cube}
unfolding only-horizontal-division-def
proof (rule exI [of - {}], simp, intro conjl balll)
show finite (boundary circle-cube)
using circle. circle-cube-boundary-explicit circle-azioms by auto
show boundary-chain (boundary circle-cube)
by (simp add: two-cube-boundary-is-boundary)
show Az. z € boundary circle-cube = case z of (k, ) = wvalid-path
using circle-cube-boundary-valid by blast
let 2V = (boundary (circle-cube))
let ?pi = {circle-left-edge, circle-right-edge}
let ?pj = {rot-circle-top-edge, rot-circle-bot-edge}
let ?f = circle-cube-boundary-to-polarcircle
let Zone-chaini = boundary (circle-cube) — ?pi
have c¢: common-reparam-exists ?V (two-chain-vertical-boundary {rot-circle-cube})
unfolding common-reparam-exists-def
proof (intro exl conjI)
let Zsubdiv = {(subcube 0 (1/4) (1, circle-polar)),
(subcube (1/4) (1/2) (1, circle-polar)),
(subcube (1/2) (3/4) (1, circle-polar)),
(subcube (3/4) 1 (1, circle-polar))}
show (V (k, 7)€ ?subdiv. v C1-differentiable-on {0..1})
using subpath-smooth|OF circle-polar-smooth] by (auto simp add: subcube-def)
have 1: finite ?subdiv by auto
show boundary-chain ?subdiv
by (simp add: boundary-chain-def subcube-def)
show chain-reparam-chain’ (boundary (circle-cube) — #pi) Zsubdiv
unfolding chain-reparam-chain’-def
proof (intro exl conjl impl)
show |J (?f ¢ one-chaini) = ?subdiv
apply (simp add: circle-cube-boundary-to-polarcircle-def circle-cube-boundary-explicit)
using circle-top-bot-edges-neq’ by metis
let 21 = [subcube 0 (1/4) (1, circle-polar), subcube (1/4) (1/2) (1, cir-
cle-polar)]
have chain-reparam-weak-path (coeff-cube-to-path (circle-top-edge)) {subcube
0 (1/4) (1, circle-polar), subcube (1/4) (1/2) (1, circle-polar)}
unfolding chain-reparam-weak-path-def
proof (intro exI conjl)
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show wvalid-chain-list ?1
by (auto simp add: subcube-def circle-top-edge-def z-coord-def circle-y-def
pathfinish-def pathstart-def
reversepath-def subpath-def joinpaths-def)
show reparam (coeff-cube-to-path circle-top-edge) (rec-join ?1)
using circ-top-edge-reparam-polar-circ-split by auto
show distinct 21
apply simp
apply (subst neg-commute)
apply (simp add: circle-arcs-neq)
done
qed auto
moreover have chain-reparam-weak-path (coeff-cube-to-path (circle-bot-edge))
{subcube (1/2) (3/4) (1, circle-polar), subcube (3/4) 1 (1, circle-polar)}
unfolding chain-reparam-weak-path-def
proof
let 2l = [subcube (1/2) (8/4) (1, circle-polar), subcube (3/4) 1 (1,
circle-polar)]
have a: valid-chain-list ?1
by (auto simp add: subcube-def circle-top-edge-def x-coord-def circle-y-def
pathfinish-def pathstart-def
reversepath-def subpath-def joinpaths-def)
have b: reparam (rec-join [circle-bot-edgel) (rec-join ?1)
using circ-bot-edge-reparam-polar-circ-split by auto
have c: subcube (3/4) 1 (1, circle-polar) # subcube (1/2) (3/4) (1,
circle-polar)
apply(rule circle-arcs-neq-2) using d-gt-0(1) by auto
show set 7l = {subcube (1/2) (3/4) (1, circle-polar), subcube (3/4) 1 (1,
circle-polar)} A
distinct 21 A reparam (coeff-cube-to-path (circle-bot-edge))
(rec-join ?1) A walid-chain-list 21 N ?1 # [] using a b ¢ by auto
qed
ultimately
show (V cube€ Yone-chaini. chain-reparam-weak-path (rec-join [cube]) (?f cube))
by (auto simp add: circle-cube-boundary-to-polarcircle-def UNION-eq cir-
cle-cube-boundary-explicit)
show (V pe Pone-chaini. ¥ p'€ fone-chaini. p # p’ — ?fp N ?f p’ = {})
using circle-arcs-neq circle-arcs-neg-2
apply (auto simp add: circle-cube-boundary-to-polarcircle-def UNION-eq
circle-cube-boundary-explicit neg-commute d-gt-0)
using circle-top-bot-edges-neq’ d-gt-0 apply auto[1]
apply (smt atLeastAtMost-iff divide-less-eq-1-pos zero-less-divide-1-iff)
apply (smt atLeastAtMost-iff divide-less-eq-1-pos zero-less-divide-iff)
apply (smt atLeastAtMost-iff divide-cancel-left divide-less-eq-1-pos field-sum-of-halves
zero-less-divide-1-iff)
done
show (V z€ ?one-chaini. finite (?f x))
by (auto simp add: circle-cube-boundary-to-polarcircle-def circle-cube-boundary-explicit)
qed
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show (V (k, v)€ ?pi. point-path )
using d-gt-0 by (auto simp add: point-path-def circle-left-edge-def circle-right-edge-def)
let ?f = rot-circle-cube-boundary-to-polarcircle
let Zone-chain2.0 = two-chain-vertical-boundary {rot-circle-cube} — ?pj
show chain-reparam-chain’ (two-chain-vertical-boundary {rot-circle-cube} —
?pj) ?subdiv
unfolding chain-reparam-chain’-def
proof (intro exl conjI)
have rw: ?one-chain2.0 = {rot-circle-left-edge, rot-circle-right-edge}
by (auto simp add: rot-circle-cube-vertical-boundary-explicit two-chain-vertical-boundary-def)
show |J (7f ¢ Yone-chain2.0) = ?subdiv
using rot-circle-right-top-edges-neq’
by (auto simp add: rot-circle-cube-boundary-to-polarcircle-def rw)
show (V cube€ Zone-chain2.0. chain-reparam-weak-path (rec-join [cube]) (2f
cube))
proof (clarsimp simp add: rot-circle-cube-boundary-to-polarcircle-def rw, intro
congl)
let 21 = [subcube (1/4) (1/2) (1, circle-polar), subcube (1/2) (3/4) (1,
circle-polar)]
show chain-reparam-weak-path (coeff-cube-to-path (rot-circle-left-edge))
{subcube (1/4) (1/2) (1, circle-polar), subcube (1/2) (3/4) (1, circle-polar)}
unfolding chain-reparam-weak-path-def
proof (intro exl conjI)
show valid-chain-list ?1
by (auto simp add: subcube-def pathfinish-def pathstart-def reversepath-def
subpath-def joinpaths-def)
show reparam (coeff-cube-to-path rot-circle-left-edge) (rec-join 2I)
using rot-circ-left-edge-reparam-polar-circ-split by auto
show distinct ?1
apply simp
apply (subst neg-commute)
apply (simp add: circle-arcs-neq)
done
qged auto
show chain-reparam-weak-path (coeff-cube-to-path (rot-circle-right-edge))
{subcube (3/4) 1 (1, circle-polar), subcube 0 (1/4) (1, circle-polar)}
unfolding chain-reparam-weak-path-def
proof (intro exl conjI)
let ?1 = [subcube (3/4) 1 (1, circle-polar), subcube 0 (1/4) (1, circle-polar)]
show wvalid-chain-list ?1
by (auto simp add: circle-polar-def subcube-def pathfinish-def pathstart-def
reversepath-def subpath-def joinpaths-def)
show reparam (coeff-cube-to-path rot-circle-right-edge) (rec-join ?1)
using rot-circ-right-edge-reparam-polar-circ-split by auto
show distinct ?1
by (simp add: circle-arcs-neq)
qed auto
qed
show (V pe 2one-chain2.0.V p'€ 2one-chain2.0. p £ p' — 2fp N ?fp’ = {})
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using circle-arcs-neq circle-arcs-neg-2
apply (auto simp add: rot-circle-cube-boundary-to-polarcircle-def neg-commute)
apply (metis add.right-neutral divide-less-eq-1-pos dual-order.order-iff-strict
num.distinct(1) one-less-numeral-iff prod.sel(1) prod.sel(2) semiring-norm(68) sub-
cube-def zero-less-divide-1-iff zero-less-numeral)
apply (smt field-sum-of-halves)
done
show (V z€ Zone-chain2.0. finite (?f x))
by (auto simp add: rot-circle-cube-boundary-to-polarcircle-def UNION-eq rw)
qed
show (V (k, 7)€ ?pj. point-path )
using d-gt-0 by (auto simp add: point-path-def rot-circle-top-edge-def rot-circle-bot-edge-def)
qed
then show common-sudiv-exists (two-chain-vertical-boundary {rot-circle-cube})
(boundary circle-cube) V
common-reparam-exists (boundary circle-cube) (two-chain-vertical-boundary
{rot-circle-cube})
by blast
qed

lemma GreenThm-cirlce:
assumes YV twoCe{circle-cube}. analytically-valid (cubelmage twoC) (Az. F x -
i) j
Y twoCe{rot-circle-cube}. analytically-valid (cubelmage twoC) (Az. F x - §) i
shows integral (cubelmage (circle-cube)) (Az. partial-vector-derivative (Az. F x -
j) i & — partial-vector-derivative (Az. F z - ) jx) =
one-chain-line-integral F {i, j} (boundary (circle-cube))
proof (rule green-typel-typell-chain. Green Thm-typel-typell-divisible-region-finite-holes|of
(cubeImage (circle-cube)) i j F {circle-cube} {rot-circle-cube},
OF - - - circle-cube-is-only-horizontal-div-of-rot -], auto)
show A a b. (a, b) € boundary circle-cube = valid-path b using circle-cube-boundary-valid
by auto
show green-typel-typell-chain (cubeImage circle-cube) i j F { circle-cube} {rot-circle-cube}
using assms
proof (auto simp add: green-typel-typell-chain-def green-typel-chain-def green-typell-chain-def
green-typel-chain-azxioms-def green-typell-chain-azxioms-def
introl: circle-cube-is-type-1 rot-circle-cube-is-type-II d-gt-0 R2-azioms)
show gen-division (cubeImage circle-cube) {cubeImage circle-cube} by (simp
add: gen-division-def)
show gen-division (cubelmage (circle-cube)) ({cubeImage rot-circle-cube})
using rot-circle-div-circle d-gt-0 by auto
show valid-two-chain {rot-circle-cube} valid-two-chain {circle-cube}
apply (auto simp add: valid-two-chain-def)
using rot-circle-cube-valid-two-cube circle-cube-valid-two-cube assms(1) by
auto
qed
show only-vertical-division (boundary (circle-cube)) {circle-cube}
using twoChain VertDiv-of-itself [of {circle-cube}]
apply(simp add: two-chain-boundary-def)
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using circle-cube-boundary-valid
by auto

qed

end

end

3 The Diamond Example

theory DiamEzample
imports Green SymmetricR2Shapes
begin

lemma abs-if:
fixes a :: ‘a :: {abs-if ordered-ab-group-add}
shows |a| = (if a < 0 then — a else a)
by (simp add: abs-if dual-order.order-iff-strict)

locale diamond = R2 +
fixes d::real
assumes d-gt-0: 0 < d
begin

definition diamond-y-gen :: real = real where
diamond-y-gen =\t. 1/2 — |t]

definition diamond-cube-gen:: ((real * real) = (real x real)) where
diamond-cube-gen = (A(z,y). (d * z-coord x, (2 * y — 1) * (d x diamond-y-gen
(z-coord x))))

lemma diamond-y-gen-valid:
assumes a < 00 <b
shows diamond-y-gen piecewise-C1-differentiable-on {a..b}
unfolding piecewise- C1-differentiable-on-def diamond-y-gen-def
proof (intro conjl exI)
show continuous-on {a..b} (At. 1 / 2 — |t|)
by (intro continuous-intros)
show finite{0}
by simp
show (At. 1 / 2 — |t|) C1-differentiable-on {a..b} — {0}
by (intro derivative-intros) auto
qed

lemma diamond-cube-gen-boundary-valid:

assumes (k,y)€boundary (diamond-cube-gen)

shows walid-path ~

using assms
proof (auto simp add: valid-path-def boundary-def horizontal-boundary-def verti-
cal-boundary-def diamond-cube-gen-def)

have rw2: (Az. diamond-y-gen (z-coord z)) = diamond-y-gen o z-coord by auto
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note [derivative-intros] = Cl1-differentiable-on-pair pair-prod-smooth-pw-smooth
scale-piecewise-C1-differentiable-on piecewise-C1-differentiable-neg piecewise- C1-differentiable-compose
diamond-y-gen-valid
show (Az. (d * z-coord z, — (d x diamond-y-gen (z-coord x)))) piecewise-C1-differentiable-on
{0..1}
apply(auto intro!: derivative-intros)+
apply (auto simp add: x-coord-smooth rw2)
by (auto intro!: derivative-intros simp add: x-coord-img z-coord-back-img C1-differentiable-imp-piecewise[ OF
x-coord-smooth) )+
show (Az. (d * z-coord z, d * diamond-y-gen (x-coord x))) piecewise-C1-differentiable-on
{0..1}
apply(auto intro!: derivative-intros)+
apply (auto simp add: x-coord-smooth rw2)
by (auto intro!: derivative-intros simp add: x-coord-img z-coord-back-img C1-differentiable-imp-piecewise[ OF
x-coord-smooth) )+
qed

definition diamond-z where
diamond-x = X\t. (t — 1/2) = d

definition diamond-y where
diamond-y = \t. d/2 — |t

definition diamond-cube where
diamond-cube = (A(z,y). (diamond-z x, (2 x y — 1) * (diamond-y (diamond-z

z))))

definition rot-diamond-cube where
rot-diamond-cube = prod.swap o (diamond-cube) o prod.swap

lemma diamond-eq-characterisations:

shows diamond-cube (z,y)= diamond-cube-gen (z,y)

by (auto simp add: diamond-cube-def diamond-cube-gen-def diamond-z-def x-coord-def
diamond-y-def diamond-y-gen-def d-gt-0 field-simps mult-le-0-iff abs-if split: if-split-asm)

lemma diamond-eq-characterisations-fun: diamond-cube = diamond-cube-gen
using diamond-eq-characterisations by auto

lemma diamond-y-valid:

shows diamond-y piecewise-C1-differentiable-on {—d/2..d/2} (is ?P)
(Az. diamond-y x) piecewise-C1-differentiable-on {—d/2..d/2} (is ?Q)
proof —
have f0: finite {0}
by simp
show 7P ?2(Q)

unfolding piecewise-C1-differentiable-on-def diamond-y-def
by (fastforce introl: f0 continuous-intros derivative-intros)+
qed

223



lemma diamond-cube-boundary-valid:
assumes (k,y) € boundary (diamond-cube)
shows walid-path ~
using diamond-cube-gen-boundary-valid assms d-gt-0
by (simp add: diamond-eq-characterisations-fun)

lemma diamond-cube-is-type-1:
shows typel-twoCube (diamond-cube)
unfolding typel-twoCube-def
proof (intro exI congl balll)
show —d/2 < d/2
using d-gt-0 by auto
show Az. 2 € {—d/ 2..d /] 2} = — diamond-y x < diamond-y x
using diamond-y-def by auto
have f0: finite {0}
by simp
show diamond-y piecewise-C1-differentiable-on {— d / 2..d | 2}
(Az. — diamond-y x) piecewise-Cl1-differentiable-on {— d / 2..d | 2}
unfolding diamond-y-def piecewise-C1-differentiable-on-def
by (rule conjl exl f0 continuous-intros derivative-intros | force)+
show diamond-cube =
Mz, y). (I —2)x(=d/2)+zx(d/2),
(1 —y)*x — diamond-y (1 —z)x(—d/2)+zx*(d/ 2) +
y * diamond-y (1 —x)x(—d / 2)+z*(d ] 2))))
by (auto simp: diamond-cube-def diamond-z-def diamond-y-def divide-simps
algebra-simps)
qged

lemma diamond-cube-valid-two-cube:

shows wvalid-two-cube (diamond-cube)

apply (auto simp add: valid-two-cube-def boundary-def horizontal-boundary-def
vertical-boundary-def diamond-cube-def

diamond-z-def card-insert-if )

apply (metis (no-types, opaque-lifting) cancel-comm-monoid-add-class.diff-cancel
d-gt-0 mult. commute mult-2 mult-zero-right order-less-irrefl prod.inject field-sum-of-halves)

apply (metis (no-types, opaque-lifting) add-diff-cancel-right’ d-gt-0 mult-cancel-left
mult-zero-right order-less-irrefl prod.inject)

done

lemma rot-diamond-cube-boundary-valid:
assumes (k,y)€boundary (rot-diamond-cube)
shows walid-path
using d-gt-0 swap-valid-boundaries diamond-cube-boundary-valid
using assms diamond-cube-is-type-I rot-diamond-cube-def by fastforce

lemma rot-diamond-cube-is-type-1I:
shows typell-twoCube (rot-diamond-cube)
using d-gt-0 swap-typel-is-typell diamond-cube-is-type-I
by (auto simp add: rot-diamond-cube-def)
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lemma rot-diamond-cube-valid-two-cube: valid-two-cube (rot-diamond-cube)
using valid-cube-valid-swap diamond-cube-valid-two-cube d-gt-0 rot-diamond-cube-def
by force

definition diamond-top-edges where
diamond-top-edges = (— 1::int, Az. (diamond-z x, diamond-y (diamond-z x)))

definition diamond-bot-edges where
diamond-bot-edges = (1::int, Az. (diamond-z x, — diamond-y (diamond-z x)))

lemma diamond-cube-boundary-explicit:
boundary (diamond-cube ) =
{diamond-top-edges,
diamond-bot-edges,
(= I:dnt, Ay. (diamond-x 0, (2 x y — 1) x diamond-y (diamond-z 0))),
(1::int, Ay. (diamond-z 1, (2 * y — 1) * diamond-y (diamond-z 1)))}
by (auto simp only: diamond-top-edges-def diamond-bot-edges-def valid-two-cube-def
boundary-def horizontal-boundary-def vertical-boundary-def diamond-cube-def Un-iff
algebra-simps)

definition diamond-top-left-edge where
diamond-top-left-edge = (— 1::int, (Az. (diamond-z (1/2 * z), (diamond-z (1/2
* ) + d/2)))

definition diamond-top-right-edge where
diamond-top-right-edge = (— 1::int, (Az. (diamond-z (1/2 x x + 1/2), (—(diamond-x
(1/2xz+ 1/2)) + d/2))))

definition diamond-bot-left-edge where
diamond-bot-left-edge = (1::int, (Az. (diamond-z (1/2 * x), — (diamond-z (1/2
* 1) + d/2))))

definition diamond-bot-right-edge where
diamond-bot-right-edge = (1::int, (Az. (diamond-z (1/2 x x + 1/2), — (—(diamond-z
(1/2 x4 1/2)) + d/2))))

lemma diamond-edges-are-valid:
valid-path (snd (diamond-top-left-edge))
valid-path (snd (diamond-top-right-edge))
valid-path (snd (diamond-bot-left-edge))
valid-path (snd (diamond-bot-right-edge))
by (auto simp add: valid-path-def diamond-top-left-edge-def diamond-bot-right-edge-def
diamond-bot-left-edge-def diamond-top-right-edge-def diamond-z-def)

definition diamond-cube-boundary-to-subdiv where
diamond-cube-boundary-to-subdiv (gamma::(int X (real = real X real))) =
if (gamma = diamond-top-edges) then
{diamond-top-left-edge, diamond-top-right-edge}
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else if (gamma = diamond-bot-edges) then
{diamond-bot-left-edge, diamond-bot-right-edge}

else {}

lemma rot-diam-edge-1:
(1::int, Az::real. ((w::real) x (2 * diamond-y (diamond-z 0)) — 1 x diamond-y
(diamond-z 0), diamond-z 0)) =
(1, Az. (z = (2 % diamond-y (diamond-z 0)) — (diamond-y (diamond-z 0)),
diamond-z 0))
by (auto simp add: algebra-simps)

definition diamond-left-edges where
diamond-left-edges = (— 1, \y. (— diamond-y (diamond-z y), diamond-z y))

definition diamond-right-edges where
diamond-right-edges = (1, \y. ( diamond-y (diamond-z y), diamond-z y))

lemma rot-diamond-cube-boundary-explicit:
boundary (rot-diamond-cube) = {(1::int, Axz:real. (2 x x — 1) * diamond-y
(diamond-x 0), diamond-z 0)),
(— 1, Az. ((2 * ¢ — 1) % diamond-y (diamond-z 1),
diamond-z 1)),
diamond-left-edges, diamond-right-edges}
proof —
have boundary (rot-diamond-cube) = { (1::int, Az::real. (2 x x — 1) * diamond-y
(diamond-x 0), diamond-z 0)),
(= 1, Mx. (2 x z — 1) * diamond-y (diamond-z 1), diamond-z 1)),
(= 1, Ay. (2 x 0 — 1) * diamond-y (diamond-z y), diamond-z y)),
(1, My. ((2 x 1 — 1) % diamond-y (diamond-z y), diamond-z y))}
by (auto simp only: valid-two-cube-def boundary-def horizontal-boundary-def ver-
tical-boundary-def rot-diamond-cube-def diamond-cube-def o-def swap-simp Un-iff)
then show ?thesis
by (auto simp add: diamond-left-edges-def diamond-right-edges-def)
qed

lemma rot-diamond-cube-vertical-boundary-explicit:
vertical-boundary (rot-diamond-cube) = {diamond-left-edges, diamond-right-edges}
proof —
have vertical-boundary (rot-diamond-cube) = {(— 1:int, A\y. (2 * 0 — 1) =
diamond-y (diamond-z y), diamond-z y)),
(1, y. (2 x 1 — 1) % diamond-y (diamond-z
y), diamond-z y))}
by (auto simp only: valid-two-cube-def boundary-def horizontal-boundary-def ver-
tical-boundary-def rot-diamond-cube-def diamond-cube-def o-def swap-simp Un-iff)
then show ?thesis
by (auto simp add: diamond-left-edges-def diamond-right-edges-def)
qed

definition rot-diamond-cube-boundary-to-subdiv where
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rot-diamond-cube-boundary-to-subdiv (gamma::(int x (real = real X real))) =
if (gamma = diamond-left-edges ) then {diamond-bot-left-edge , diamond-top-left-edge}
else if (gamma = diamond-right-edges) then {diamond-bot-right-edge, dia-
mond-top-right-edge}

else {}

definition diamond-boundaries-reparam-map where
diamond-boundaries-reparam-map = id

lemma diamond-boundaries-reparam-map-bij:
bij (diamond-boundaries-reparam-map)
by (auto simp add: bij-def full-SetCompr-eq[symmetric] diamond-boundaries-reparam-map-def)

lemma diamond-bot-edges-neq-diamond-top-edges:
diamond-bot-edges # diamond-top-edges
by (simp add: diamond-bot-edges-def diamond-top-edges-def)

lemma diamond-top-left-edge-neq-diamond-top-right-edge:

diamond-top-left-edge # diamond-top-right-edge
apply (simp add: diamond-top-left-edge-def diamond-top-right-edge-def diamond-x-def
diamond-y-def)

using d-gt-0

apply (auto simp add: algebra-simps divide-simps)

by (metis (no-types, opaque-lifting) diff-zero div-0 divide-divide-eq-right or-

der-less-irrefl prod.inject field-sum-of-halves)

lemma negsi:

shows (Az. (diamond-z z, diamond-y (diamond-z x))) # (Az. (diamond-x x, —
diamond-y (diamond-z x)))

and (\y. (— diamond-y (diamond-z y), diamond-z y)) # (Ay. (diamond-y (diamond-z
y), diamond-x y))

and (A\z. (diamond-z(x/2 + 1/2), diamond-x(z/2 + 1/2) — d/2)) # (Az.
(diamond-z(z/2), — diamond-z(z/2) — d/2))

and (A\z. (diamond-z(z/2 + 1/2), d/2 — diamond-z(z/2 + 1/2))) # (Az.
(diamond-z(x/2), diamond-z(z/2) + d/2))

and (Az. (diamond-x(z/2), — diamond-z(z/2) — d/2)) # (Az. (diamond-z(z/2
+ 1/2), diamond-z(z/2 + 1/2) — d/2))

and (Az. (diamond-z(x/2), diamond-z(x/2) + d/2)) # (Az. (diamond-z(z/2 +
1/2), d/2 — diamond-z(z/2 + 1/2)))

using d-gt-0 by (auto simp: diamond-z-def diamond-y-def dest: fun-cong [where
z=1/2])

lemma negs2:

shows (A\z. (diamond-z x, diamond-y (diamond-z z))) # (Az. (2 * ¢ — 1) *
diamond-y (diamond-z 1), diamond-z 1))

and (Az. (diamond-z z, — diamond-y (diamond-z x))) # (Az. (2 *x x — 1) *
diamond-y (diamond-z 0), diamond-z 0))

using d-gt-0 by (auto simp: diamond-z-def diamond-y-def dest: fun-cong [where
v = 1)
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lemma diamond-cube-is-only-horizontal-div-of-rot:
shows only-horizontal-division (boundary (diamond-cube)) {rot-diamond-cube}
unfolding only-horizontal-division-def
proof (rule exI [of - {}], simp, intro conjl balll)
show finite (boundary diamond-cube)
by (simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
show boundary-chain (boundary diamond-cube)
by (simp add: two-cube-boundary-is-boundary)
show Az. z € boundary diamond-cube = case z of (k, ) = valid-path x
using diamond-cube-boundary-valid by blast
let 2V = (boundary (diamond-cube))
have 0: finite 2V
by (auto simp add: boundary-def horizontal-boundary-def vertical-boundary-def)
have 1: boundary-chain 9V using two-cube-boundary-is-boundary by auto
let Zsubdiv = {diamond-top-left-edge, diamond-top-right-edge, diamond-bot-left-edge,
diamond-bot-right-edge}
let ?pi = {(1::int, Az. (2 x ¢ — 1) * diamond-y (diamond-z 0), diamond-z 0)),
(— 1, Mz. (2 x 2 — 1) * diamond-y (diamond-z 1), diamond-z 1))}
let ?pj = {(—1::int, My. (diamond-z 0, (2 * y — 1) % diamond-y (diamond-z
0))),
(1, Xy. (diamond-z 1, (2 x y — 1) * diamond-y (diamond-z 1)))}
let ?f = diamond-cube-boundary-to-subdiv
have 2: common-sudiv-ezists (two-chain-vertical-boundary {rot-diamond-cube})
2%
unfolding common-sudiv-exists-def
proof (intro exI conjI)
show chain-subdiv-chain (boundary (diamond-cube) — ?pj) ?subdiv
unfolding chain-subdiv-chain-character
proof (intro exl conjl)
have 1: (boundary (diamond-cube)) — ?pj = {diamond-top-edges, diamond-bot-edges}
apply (auto simp add: diamond-cube-boundary-explicit diamond-z-def dia-
mond-top-edges-def diamond-bot-edges-def)
apply (metis (no-types, opaque-lifting) abs-zero cancel-comm-monoid-add-class. diff-cancel
diamond-z-def diamond-y-def diff-0 minus-diff-eq mult.commute mult-zero-right prod.inject
neqs2)
by (metis (no-types, opaque-lifting) cancel-comm-monoid-add-class.diff-cancel
d-gt-0 divide-eq-0-iff linorder-not-le mult.commute mult-zero-right order-refl prod.sel(1)
zero-neg-numeral)
then show |J (7f ¢ (boundary (diamond-cube) — ?pj)) = ?Zsubdiv
by (auto simp add: diamond-top-edges-def diamond-bot-edges-def dia-
mond-cube-boundary-to-subdiv-def)
have chain-subdiv-path (reversepath (Az. (diamond-z x, diamond-y (diamond-z
2))))
{(— 1:int, Az. (diamond-z(z/2), diamond-z(z/2) + d/2)),
(— 1:uint, Az. (diamond-z(z/2 + 1/2), d/2 — diamond-z(z/2 +
1/2)))
proof —
let ?F = Az. (diamond-x(z/2 + 1/2), d/2 — diamond-z(z/2 + 1/2))
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let G = Az. (diamond-z(z/2), diamond-z(z/2) + d/2)
have dist: distinct [(—1, ?F), (=1, ?G)]
using d-gt-0 by (auto simp: diamond-z-def diamond-y-def dest: fun-cong)
have rj: rec-join [(—1, ?F), (=1, ?G)] = reversepath (Az. (diamond-z z,
diamond-y (diamond-z x)))
using d-gt-0 by (auto simp add: subpath-def diamond-z-def diamond-y-def
joinpaths-def reversepath-def algebra-simps divide-simps)
have pathstart ?F = pathfinish G
using d-gt-0 by(auto simp add: subpath-def diamond-z-def diamond-y-def
pathfinish-def pathstart-def)
then have val: valid-chain-list [(—1, ?F), (=1, ?G)]
by (auto simp add: join-subpaths-middle)
show ?thesis
using chain-subdiv-path.I [OF dist 1§ val)
by (simp add: insert-commute)
qed
moreover have chain-subdiv-path (Az. (diamond-z x, — diamond-y (diamond-z
7))
{(1::int, Az. (diamond-z(z/2), — diamond-z(z/2) — d/2)),
(1::dnt, Az. (diamond-z(z/2 + 1/2), diamond-z(z/2 +
1/2) — d/2))}
proof —
let ?F = Az. (diamond-z(z/2), — diamond-z(z/2) — d/2)
let ?G = Az. (diamond-z(x/2 + 1/2), diamond-z(z/2 + 1/2) — d/2)
have dist: distinct [(1, ?F), (1, ?G)]
using d-gt-0 by (auto simp: diamond-z-def diamond-y-def dest: fun-cong)
have rj: rec-join [(1, ?F), (1, ?G)] = (Az. (diamond-z z, — diamond-y
(diamond-z x)))
using d-gt-0 by (auto simp add: subpath-def diamond-z-def diamond-y-def
joinpaths-def algebra-simps divide-simps)
have pathfinish ?F = pathstart ?G
using d-gt-0 by(auto simp add: subpath-def diamond-z-def diamond-y-def
pathfinish-def pathstart-def)
then have val: valid-chain-list [(1, ?F), (1, ?G)]
by (auto simp add: join-subpaths-middle)
show ?thesis
using chain-subdiv-path.I [OF dist j val] by simp
qed
ultimately show xx:
Y (k::int, v)€boundary (diamond-cube) — ?pj.
if k = (1::int) then chain-subdiv-path v (?f (k::int, 7))
else chain-subdiv-path (reversepath ) (2f (k::int, 7))
Y peboundary (diamond-cube) — ?pj. ¥ p'€boundary (diamond-cube) — ?pj.
p#Fp — fpnifp ={}
Y z€boundary (diamond-cube) — ?pj. finite (?f )
by (simp-all add: diamond-cube-boundary-to-subdiv-def UNION-eq 1 dia-
mond-top-edges-def diamond-bot-edges-def diamond-bot-left-edge-def diamond-bot-right-edge-def
diamond-top-left-edge-def diamond-top-right-edge-def neqsl)
qed
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have x: Af. | (f ¢ {rot-diamond-cube}) = f (rot-diamond-cube) by auto
show chain-subdiv-chain (two-chain-vertical-boundary {rot-diamond-cube} —
?pi) Zsubdiv
unfolding chain-subdiv-chain-character two-chain-vertical-boundary-def *
proof (intro exl congl)
let ?f = rot-diamond-cube-boundary-to-subdiv
have 1: (vertical-boundary (rot-diamond-cube) — ?pi) = {diamond-left-edges,
diamond-right-edges}
apply (auto simp add: rot-diamond-cube-vertical-boundary-explicit dia-
mond-left-edges-def diamond-right-edges-def)
apply (metis (no-types, opaque-lifting) add.inverse-inverse add-diff-cancel-right’
diff-numeral-special(11) mult.left-neutral mult.right-neutral prod.inject neqs1(2) umi-
nus-add-conv-diff)
by (metis (no-types, opaque-lifting) diff-0 mult.left-neutral mult-minus-left
mult-zero-right prod.inject neqs1(2))
show |J (?f ¢ (vertical-boundary (rot-diamond-cube) — ?pi)) = ?subdiv
apply (simp add: rot-diamond-cube-boundary-to-subdiv-def 1 UNION-eq
subpath-def)
apply (auto simp add: set-eq-iff diamond-right-edges-def diamond-left-edges-def)
done
have chain-subdiv-path (reversepath (Ay. (— diamond-y (diamond-z y), dia-
mond-z y)))
{(1, Az. (diamond-z(z/2), — diamond-z(z/2) — d/2)),
(—1, Az. (diamond-z(z/2), diamond-z(x/2) + d/2))}
proof —
let ?F = A\z. (diamond-x(z/2), — diamond-z(z/2) — d/2)
let G = Az. (diamond-z(z/2), diamond-x(z/2) + d/2)
have dist: distinct [(—1, ?G), (1::int, 7F)]
using d-gt-0 by simp
have rj: rec-join [(—1, ?G), (1::int, 2F)] = reversepath (\y. (— diamond-y
(diamond-z y), diamond-z y))
using d-gt-0 by (auto simp add: subpath-def diamond-z-def diamond-y-def
joinpaths-def reversepath-def algebra-simps divide-simps)
have pathstart ?G = pathstart ¢F
using d-gt-0 by(auto simp add: subpath-def diamond-z-def diamond-y-def
pathstart-def)
then have val: valid-chain-list [(—1, ?G), (1::int, ?F)]
by (auto simp add: join-subpaths-middle)
show ?thesis
using chain-subdiv-path.I [OF dist rj val] by (simp add: insert-commute)
qed
moreover have chain-subdiv-path (A\y. (diamond-y (diamond-z y), diamond-z

Y))
a/2)),
+1/2)))}

proof —
let ?F = Az. (diamond-x(z/2 + 1/2), d/2 — diamond-z(z/2 + 1/2))

{(1, A\z. (diamond-z(z/2 + 1/2), diamond-z(z/2 + 1/2) —

(=1, Az. (diamond-z(z/2 + 1/2), d/2 — diamond-z(z/2
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let G = Az. (diamond-z(z/2 + 1/2), diamond-z(z/2 + 1/2) — d/2)
have dist: distinct [(1::int, ?G), (—1, 7F)]
by simp
have rj: rec-join [(1:int, ?G), (—1, ?F)] = (\y. (diamond-y (diamond-z
y), diamond-z y))
using d-gt-0 by (auto simp add: subpath-def diamond-z-def diamond-y-def
joinpaths-def reversepath-def algebra-simps divide-simps)
have pathfinish ?F = pathfinish ?G
using d-gt-0 by(auto simp add: subpath-def diamond-z-def diamond-y-def
pathfinish-def pathstart-def)
then have val: valid-chain-list [(1::int, ?G), (—1, ?F)]
by (auto simp add: join-subpaths-middle)
show ?thesis
using chain-subdiv-path.I [OF dist j val] by simp
qed
ultimately show V (k, v)€vertical-boundary (rot-diamond-cube) — ?pi.
if k = 1 then chain-subdiv-path v (?f (k, 7))
else chain-subdiv-path (reversepath ~v) (?f (k, 7))
Y pevertical-boundary (rot-diamond-cube) — ?pi.
V p’evertical-boundary (rot-diamond-cube) — ?pi.
p#Fp — fpnifp ={}
Y z€vertical-boundary (rot-diamond-cube) — ?pi. finite (¢f x)
by (auto simp add: rot-diamond-cube-boundary-to-subdiv-def 1 diamond-left-edges-def

diamond-right-edges-def diamond-bot-left-edge-def diamond-bot-right-edge-def

diamond-top-left-edge-def diamond-top-right-edge-def negs1)
qed
show (V (k::int, v)€ ?subdiv. valid-path )
by (simp add: diamond-edges-are-valid prod.case-eq-if set-eq-iff)
show boundary-chain ?subdiv
by (auto simp add: boundary-chain-def diamond-top-left-edge-def diamond-top-right-edge-def
diamond-bot-left-edge-def diamond-bot-right-edge-def)
show (V (k, 7)€ 9pi. point-path )
using d-gt-0 by (auto simp add: point-path-def diamond-z-def diamond-y-def)
show (V (k, 7)€ ?pj. point-path )
using d-gt-0 by (auto simp add: point-path-def diamond-z-def diamond-y-def)
qed
show common-sudiv-exists (two-chain-vertical-boundary {rot-diamond-cube}) (boundary
diamond-cube) V
common-reparam-exists (boundary diamond-cube) (two-chain-vertical-boundary
{rot-diamond-cube})
using 0 1 2 diamond-cube-boundary-valid by auto
qed

abbreviation rot-y t1 t2 = (t1 — 1/2) / (2% diamond-y-gen (z-coord (rot-z t1
t2))) + 1/2

lemma rot-y-ivl:
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assumes (O:real) <zax < 10 <yy<1

shows 0 < rot-yx y A rot-yx y < 1

using assms

apply(auto simp add: z-coord-def diamond-y-gen-def algebra-simps divide-simps
linorder-class.not-le abs-if)

using mult-nonneg-nonneg apply fastforce

using dual-order.order-iff-strict apply fastforce

apply (sos (((((A<0 = A<1) * R<1) + (((A<=4 % (A<I * R<1)) = (R<1/2
x [1]72)) + ((A<=3 % (A<0 * R<1)) x (R<1/2 % [1]72)) + ((A<=0 * (A<=2
x (A<=8 x R<1))) = (R<1 % [1]72)))))) & ((((A<0 * A<1) * R<1) + (((A<=4
* (A<1 % R<1)) x (R<1/3 % [1]72)) + (((A<=4 * (A<0 * R<1)) * (R<1/8 *
[1]72)) + ((A<=3 x (A<=4 x R<1)) * (R<1/3 * [1]72))))))))

using assms(1) mult-left-le-one-le apply blast

using affine-ineq apply fastforce+

done

lemma diamond-gen-eq-rot-diamond:
assumes() < zzx < 10<yy<1
shows (diamond-cube-gen (z, y)) = (rot-diamond-cube (rot-y z y, rot-z x y))
proof
show snd (diamond-cube-gen (z, y)) = snd (rot-diamond-cube (rot-y  y, rot-z
y))
apply(simp only: rot-diamond-cube-def diamond-eg-characterisations-fun)
by(auto simp add: diamond-cube-gen-def z-coord-def diamond-y-gen-def alge-
bra-simps divide-simps)
show fst (diamond-cube-gen (z, y)) = fst (rot-diamond-cube (rot-y x y, rot-z x
v)
using assms
apply(auto simp add: diamond-cube-gen-def rot-diamond-cube-def diamond-eq-characterisations-fun)
apply (auto simp add: z-coord-def diamond-y-gen-def algebra-simps divide-simps
abs-if split: if-split-asm)
apply sos+
done
qed

lemma rot-diamond-eq-diamond-gen:
assumes 0 <zzx < 10<yy<1
shows rot-diamond-cube (x, y) = diamond-cube-gen (rot-x y x, rot-y y x)
proof
show fst (rot-diamond-cube (z, y)) = fst (diamond-cube-gen (rot-x y x, rot-y y
z))
apply(simp only: rot-diamond-cube-def diamond-eq-characterisations-fun)
by (auto simp add: diamond-cube-gen-def x-coord-def diamond-y-gen-def alge-
bra-simps divide-simps)
show snd (rot-diamond-cube (z, y)) = snd (diamond-cube-gen (rot-x y x, rot-y
y z))
using assms
apply(auto simp add: diamond-cube-gen-def rot-diamond-cube-def diamond-eq-characterisations-fun)
apply(auto simp add: z-coord-def diamond-y-gen-def algebra-simps divide-simps
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abs-if split: if-split-asm)
apply sos+
done

qed

lemma rot-img-eq: cubeImage (diamond-cube-gen) = cubelmage (rot-diamond-cube)
proof(auto simp add: cubelmage-def image-def cboz-def real-pair-basis)
show 3a>0.a < 1 A (Fb>0.b< 1 A diamond-cube-gen (z, y) = rot-diamond-cube
(a, b))
ifo<zz<10<yy<I1(a, b)= diamond-cube-gen (z, y)
forabzy
proof (intro exl conjI)
let ?a = rot-y z y
let 20 = rot-x z y
show 0 < %aq %0 < 1
using rot-y-ivl that by blast+
show 0 < 2b 2b < 1
using rot-z-ivl that by blast+
show diamond-cube-gen (z, y) = rot-diamond-cube (?a, ?b)
using that d-gt-0 diamond-gen-eq-rot-diamond by auto
qged
show 3a>0.a < 1 A (Fb>0. b < 1 A rot-diamond-cube (x, y) = diamond-cube-gen
(a, b))
if0<z2<10<yy<1(a db)=rot-diamond-cube (z, y) for a bz y
proof (intro exl conjI)
let ?a = rot-x y x
let 2b = rot-y y x
show 0 < %a %a < 1
using rot-z-ivl that by blast+
show 0 < 2b 2h < [
using rot-y-ivl that by blast+
show rot-diamond-cube (z, y) = diamond-cube-gen (?a, ?b)
using that d-gt-0 rot-diamond-eq-diamond-gen by auto
qed
qed

lemma rot-diamond-gen-div-diamond-gen:
shows gen-division (cubelmage (diamond-cube-gen)) (cubelmage * {rot-diamond-cube})
using rot-img-eq by (auto simp add: gen-division-def)

lemma rot-diamond-gen-div-diamond:
shows gen-division (cubeImage (diamond-cube)) (cubeImage  {rot-diamond-cube})
using rot-diamond-gen-div-diamond-gen
by (simp only: diamond-eq-characterisations-fun)

lemma GreenThm-diamond:
assumes analytically-valid (cubelmage (diamond-cube)) (Az. F z - i) j
analytically-valid (cubeImage (diamond-cube)) (A\z. F x « j) i
shows integral (cubeImage (diamond-cube)) (Az. partial-vector-derivative (Az. F
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x + j) ¢ x — partial-vector-derivative (Axz. F x - ) jz) =
one-chain-line-integral F' {1, j} (boundary (diamond-cube))
proof —
have 0: V (k, v)€boundary (diamond-cube). valid-path ~
using diamond-cube-boundary-valid d-gt-0 by auto
have AtwoCube. twoCube € {diamond-cube} = typel-twoCube twoCube
using assms diamond-cube-is-type-I by auto
moreover have valid-two-chain {diamond-cube}
using assms(1) diamond-cube-valid-two-cube valid-two-chain-def by auto
moreover have gen-division (cubeImage (diamond-cube)) (cubeImage ‘ { diamond-cube})
by (simp add: gen-division-def)
moreover have (V twoCube€({rot-diamond-cube}). typell-twoCube twoCube)
using assms rot-diamond-cube-is-type-1I by auto
moreover have valid-two-chain {rot-diamond-cube}
using assms(1) rot-diamond-cube-valid-two-cube valid-two-chain-def by auto
moreover have gen-division (cubeImage (diamond-cube)) (cubeImage  {rot-diamond-cube})
using rot-diamond-gen-div-diamond by auto
moreover have 3: only-vertical-division (boundary (diamond-cube)) {diamond-cube}
using twoChain VertDiv-of-itself [of {diamond-cube}| diamond-cube-boundary-valid
assms
by (auto simp add: two-chain-boundary-def)
moreover have 4:V twoCe{diamond-cube}. analytically-valid (cubeImage twoC')
M. Fz-i)j
using assms
by fastforce
moreover have 5: VtwoCe{rot-diamond-cube}. analytically-valid (cubeImage
twoC) (Az. Fx «j) i
using assms diamond-eq-characterisations-fun rot-img-eq by auto
ultimately show ?thesis
using green-typel-typell-chain. Green Thm-typel-typell-divisible-region-finite-holes|of
(cubeImage (diamond-cube)) i j F {diamond-cube} {rot-diamond-cube}, OF - 0 8
diamond-cube-is-only-horizontal-div-of-rot -]
R2-azioms
by (auto simp add: green-typel-typell-chain-def green-typel-chain-def green-typell-chain-def
green-typel-chain-azioms-def green-typell-chain-azioms-def)
qed
end
end
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