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Abstract

We formalize new decision procedures for WS1S, M2L(Str), and
Presburger Arithmetics. Formulas of these logics denote regular lan-
guages. Unlike traditional decision procedures, we do not translate
formulas into automata (nor into regular expressions), at least not
explicitly. Instead we devise notions of derivatives (inspired by Br-
zozowski derivatives for regular expressions) that operate on formulas
directly and compute a syntactic bisimulation using these derivatives.
The treatment of Boolean connectives and quantifiers is uniform for
all mentioned logics and is abstracted into a locale. This locale is then
instantiated by different atomic formulas and their derivatives (which
may differ even for the same logic under different encodings of inter-
pretations as formal words).

The WSIS instance is described in the draft paper A Coalgebraic
Decision Procedure for WS1S ! by the author.
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Equivalence Framework

coinductive rel-language where
[oL=0K;Aab. Rab= rel-language R (3 L a) (0 K b)] = rel-language R
LK

declare rel-language. coinduct[consumes 1, case-names Lang, coinduct pred)

lemma rel-language-alt:

rel-language R L K = rel-fun (list-all2 R) (=) (in-language L) (in-language K)
unfolding rel-fun-def proof (rule iffI, safe del: iffT)

fix zs ys

assume list-all2 R xs ys rel-language R L K

then show in-language L xs = in-language K ys

by (induct xs ys arbitrary: L K) (auto del: iffT elim: rel-language.cases)

next

assume V xs ys. list-all2 R zs ys — in-language L zs = in-language K ys

then show rel-language R L K by (coinduction arbitrary: L K) (auto dest:
spec2)
qed

lemma rel-language-eq: rel-language (=) = (=)
unfolding rel-language-alt[abs-def] list.rel-eq fun.rel-eq
by (subst (2) fun-eq-iff)+
(auto intro: bor-equals|OF - to-language-in-language to-language-in-language))

abbreviation 0s = fold (Aa L. 0 L a)

lemma in-language-0s: in-language (0s w L) v «+— in-language L (w Q v)
by (induct w arbitrary: L) simp-all

lemma 0-0s: 0 (0s w L) «— in-language L w
by (induct w arbitrary: L) auto

lemma in-language-to-language[simp): in-language (to-language L) w +— w € L



by (metis in-language-to-language mem-Collect-eq)

lemma rtrancl-fold-product:
shows {((r, s), (far,gbs))|abrs.a€ ANbE BARab} ™=
{((r, s), (fold f wl r, fold g w2 s)) | wl w2rs. wl € lists AN w2 € lists B
A list-all2 R w1l w2}
(is 2L = ?R)
proof—
{fixrsr’'s
have ((r, s), (r', 8") : 2L = ((r, 8), (r', s")) € 7R
proof (induction rule: converse-rtrancl-induct2)
case refl show ?case by(force introl: fold-simps(1)[symmetric))
next
case step thus ?case by(force introl: fold-simps(2)[symmetric])
qed
}
hence Az. x € ?L = x € ?R by force
moreover
{fixrsr’s’
{ fix w! w2 assume list-all2 R wl w2 wl € lists A w2 € lists B
then have ((r, s), fold f w1 r, fold g w2 s) € ?L
proof (induction w1 w2 arbitrary: r s)
case Nil show ?case by simp
next
case Cons thus ?case by (force elim!: converse-rtrancl-into-rtrancl|rotated))
qed
}
hence ((r, s), (r', s")) € YR = ((r, s), (r', 8)) € ?L by auto
}
hence Az. z € YR = z € ?L by blast
ultimately show “thesis by blast
qed

lemma rtrancl-fold-product1:
shows {(r, s). da € A. s=far} > ={(r, s). Ja € lists A. s = fold f a 7} (is
7L = 7R)
proof—
{fix rs
have (r, s) € /L = (r, s) € R
proof (induction rule: converse-rtrancl-induct)
case base show ?case by(force introl: fold-simps(1)[symmetric])
next
case step thus ?case by(force introl: fold-simps(2)[symmetric])
qed
} moreover
{fixrs
{ fix w assume w € lists A
then have (r, fold fwr) € 2L
proof (induction w rule: rev-induct)



case Nil show ?case by simp
next
case snoc thus Zcase by (force elim!: rtrancl-into-rtrancl)
qed
}
hence (r, s) € R = (r, s) € ?L by auto
} ultimately show ?thesis by (auto 10 0)
qed

lemma lang-eq-ext-Nil-fold-Deriv:
fixes KL AR
assumes
Nw. in-language K w = w € lists A
Nw. in-language L w = w € lists B
Naeb Rab=ac A+—beB
defines B = {(0s w! K, ds w2 L) | wl w2. wl € lists A A w2 € lists B A list-all2
R wl w2}
shows rel-language R K L «— (V(K, L) € B.0 K <— 0 L)
proof
assume V (K, L)eB.o K =0 L
then show rel-language R K L
unfolding B-def using assms(1,2)
proof (coinduction arbitrary: K L)
case (Lang K L)
then have CIH: AK' L’. 3wl w2.
K'=dswl KANL =0%sw2L A wl € lists AN w2 € lists B A list-all2 R
wl w2 = 0 K'=10 L' and
[dest]: Aw. in-language K w = w € lists A \w. in-language L w = w €
lists B
by blast+
show ?case unfolding ex-simps simp-thms
proof (safe del: iffT)
show o K = o L by (intro CIH[OF exzI[where z = []]]) simp
next
fix ¢ y wl w2 assume Vzacset wl. z € A Vzeset w2. x € B list-all?2 R wl
w2 R xy
then show o (0s w! (0 K z)) =0 (0s w2 (0 Ly))
proof (casesz € ANy € B)
assume - (z € ANy € B)
with assms(3)[OF <R z y)] show ?thesis
by (auto simp: in-language-0s in-language.simps|[symmetric] simp del:
in-language.simps)
qed (intro CIH exI[where x = z # wl| exI[where x = y # w2], auto)
qged (auto simp add: in-language.simps|[symmetric] simp del: in-language.simps)
qed
qed (auto simp: B-def rel-language-alt rel-fun-def 0-0s)



1.1 Abstract Deterministic Automaton

locale DA =

fixes alphabet :: 'a list

fixes init :: 't = s

fixes delta :: 'a = 's = 's

fixes accept :: 's = bool

fixes wellformed :: 's = bool

fixes Language :: 's = 'a language

fixes wf :: 't = bool

fixes Lang :: 't = ’'a language

assumes distinct-alphabet: distinct alphabet

assumes Language-init: wf t = Language (init t) = Lang t

assumes wellformed-init: wf t = wellformed (init t)

assumes Language-alphabet: Jwellformed s; in-language (Language s) w] = w €
lists (set alphabet)

assumes wellformed-delta: Jwellformed s; a € set alphabet] = wellformed (delta
as)

assumes Language-delta: [wellformed s; a € set alphabet] = Language (delta a
s) = 0 (Language s) a

assumes accept-Language: wellformed s = accept s +— o (Language s)

begin

lemma this: DA alphabet init delta accept wellformed Language wf Lang by un-
fold-locales

lemma wellformed-deltas:
[wellformed s; w € lists (set alphabet)] = wellformed (fold delta w s)
by (induction w arbitrary: s) (auto simp add: Language-delta wellformed-delta)

lemma Language-deltas:

[wellformed s; w € lists (set alphabet)] = Language (fold delta w s) = ds w
(Language s)

by (induction w arbitrary: s) (auto simp add: Language-delta wellformed-delta)

Auxiliary functions:

definition reachable :: 'a list = 's = 's set where
reachable as s = snd (the (rtrancl-while (A-. True) (As. map (Aa. delta a s) as)

s))

definition automaton :: 'a list = 's = (('s * 'a) * 's) set where
automaton as s =
snd (the
(tet start = (([s], {s}), {});
test = M(ws, Z), A). ws # [];
step = AM(ws, Z), A).
(let s = hd ws;
new-edges = map (Ma. ((s, a), delta a s)) as;
new = remdups (filter (\ss. ss ¢ Z) (map snd new-edges))
in ((new @ ¢l ws, set new U Z), set new-edges U A))



in while-option test step start))

definition match :: 's = ’a list = bool where
match s w = accept (fold delta w s)

lemma match-correct:

assumes wellformed s w € lists (set alphabet)

shows match s w +— in-language (Language s) w

unfolding match-def accept-Language|OF wellformed-deltas|OF assms]] Lan-
guage-deltas|OF assms| 0-0s ..

end

locale DAs =

M: DA alphabetl init1 deltal acceptl wellformedl Languagel wfl Langl +

N: DA alphabet2 init2 delta2 accept2 wellformed2 Language2 wf2 Lang?2

for alphabet! :: 'al list and initl :: 't1 = ’'s1 and deltal acceptl wellformed1
Languagel wfl Langl

and alphabet? :: ‘a2 list and init2 :: 't2 = 's2 and delta2 accept2 wellformed2
Language2 wf2 Lang2 +

fixes letter-eq :: 'al = 'a2 = bool

assumes letter-eq: \a b. letter-eq a b = a € set alphabet] <— b € set alphabet2
begin

abbreviation step where
step = (A(p, q). map (A(a, b). (deltal a p, delta2 b q))
(filter (case-prod letter-eq) (List.product alphabetl alphabet2)))

abbreviation closure :: 's1 % 's2 = (('s1 * 's2) list x ('s1 % 's2) set) option
where
closure = rtrancl-while (A\(p, q). accept! p = accept2 q) step

theorem closure-sound-complete:
assumes wf: wfl r wf2 s

and result: closure (initl r, init2 s) = Some (ws, R) (is closure (?r, ?9s) = -)
shows ws = [| +— rel-language letter-eq (Langl r) (Lang2 s)
proof —

from wf have wellformed: wellformedl ?r wellformed2 ?s
using M.wellformed-init N.wellformed-init by blast+
note Language-alphabets|simp] =
M. Language-alphabet| OF wellformed(1)] N.Language-alphabet| OF wellformed(2))
note Language-deltass = M.Language-deltas| OF wellformed(1)] N.Language-deltas|OF
wellformed(2)]

have bisim: rel-language letter-eq (Languagel ?r) (Language2 ?s) =
(Va b (Jwl w2. a =0s wl (Languagel ?r) A b = ds w2 (Language2 ?s) A
wl € lists (set alphabetl) N w2 € lists (set alphabet2) A list-all2 letter-eq wl
w2) —
oa=o0b)



by (subst lang-eq-ext-Nil-fold-Deriv) (auto dest: letter-eq)

have leq: rel-language letter-eq (Languagel ?r) (Language? ?s) =
(V(r’, ") € {((r, s), (deltal a r, delta2 b s)) | a b r s.
a € set alphabet!] A b € set alphabet2 A letter-eq a b} " ““ {(?r, ?s)}.
acceptl v’ = accept? s’) using Language-deltass
M .accept-Language]| OF M .wellformed-deltas| OF wellformed(1)]]
N.accept-Language| OF N .wellformed-deltas|OF wellformed(2)]]
unfolding rtrancl-fold-product in-lists-conv-set bisim
by (auto 10 0)
have {(z,y). y € set (step x)} =
{((r, s), (deltal a r, delta2 b s)) | a b rs. a € set alphabet! A b € set alphabet?
A letter-eq a b}
by auto
with rtrancl-while-Some[OF result]
have (ws = []) = rel-language letter-eq (Languagel ?r) (Language2 ?s)
by (auto simp add: leq Ball-def split: if-splits)
then show ?thesis unfolding M.Language-init|OF wf(1)] N.Language-init[OF
wf(2)] -
qed

1.2 The overall procedure

definition check-equ :: 't1 = "t2 = bool where
check-equ r s = (wfl v A wf2 s A (case closure (initl r, init2 s) of Some([], -) =
True | - = Fualse))

lemma soundness:
assumes check-equ r s shows rel-language letter-eq (Langl r) (Lang2 s)
proof —
obtain R where wfl r wf2 s closure (initl r, init2 s) = Some([], R)
using assms by (auto simp: check-equ-def Let-def split: option.splits list.splits)
from closure-sound-complete[OF this] show rel-language letter-eq (Langl r)
(Lang2 s) by simp
qed

end

1.3 Abstract Deterministic Finite Automaton

locale DFA = DA +
assumes fin: wellformed s = finite {fold delta w s | w. w € lists (set alphabet)}
begin

lemma finite-rtrancl-delta-Imagel :
wellformed r = finite ({(r, s). Fa € set alphabet. s = delta a r} " “{r})
unfolding rtrancl-fold-product! by (auto intro: finite-subset|OF - fin])



lemma
assumes wellformed r set as C set alphabet
shows reachable: reachable as r = {fold delta w r | w. w € lists (set as)}
and finite-reachable: finite (reachable as )
proof —
obtain wsZ where *: rtrancl-while (A-. True) (As. map (Aa. delta a s) as) r =
Some wsZ
using assms by (atomize-elim, intro rtrancl-while-finite-Some Image-mono
rtrancl-mono
finite-subset[OF - finite-rtrancl-delta-Imagel[of r]]) auto
then show reachable as r = {fold delta w r | w. w € lists (set as)}
unfolding reachable-def by (cases wsZ)
(auto dest!: rtrancl-while-Some split: if-splits simp: rtrancl-fold-product1 im-
age-iff)
then show finite (reachable as r) using assms by (force intro: finite-subset|OF
- fin])
qed

end

locale DFAs =

M: DFA alphabet! init1 deltal acceptl wellformedl Languagel wfl Langl +

N: DFA alphabet?2 init2 delta2 accept? wellformed2 Language2 wf2 Lang2

for alphabet! :: 'al list and initl :: 't1 = ’s1 and deltal accept! wellformedl
Languagel wfl Langl

and alphabet? :: 'a2 list and init2 :: 't2 = 's2 and delta2 accept? wellformed?2
Language2 wf2 Lang2 +

fixes letter-eq :: 'al = ‘a2 = bool

assumes letter-eq: \a b. letter-eq a b = a € set alphabetl <— b € set alphabet2
begin

interpretation DAs by unfold-locales (auto dest: letter-eq)

lemma finite-rtrancl-delta-Image:
[wellformed? r; wellformed2 s] =
finite ({((r, s), (deltal a r, delta2 b s))| a b rs.
a € set alphabetl A b € set alphabet2 AN R a b} > “{(r, s)})
unfolding rtrancl-fold-product Image-singleton
by (auto intro: finite-subset[OF - finite-cartesian-product|OF M.fin N.fin]])

lemma termination:
assumes wellformedl r wellformed2 s
shows Jst. closure (r, s) = Some st (is I -. closure % = -)
proof (rule rtrancl-while-finite-Some)
show finite ({(xz, st). st € set (step z)}* ““ {%})
by (rule finite-subset|OF Image-mono[OF rtrancl-mono)
finite-rtrancl-delta-Image[OF assms, of letter-eq]]) auto
qed



lemma completeness:
assumes wfl r wf2 s rel-language letter-eq (Langl r) (Lang2 s) shows check-equ
rs
proof —

obtain ws R where I: closure (initl r, init2 s) = Some (ws, R) using termi-
nation

M .wellformed-init N.wellformed-init assms by fastforce

with closure-sound-complete] OF - - this] assms

show check-equ r s by (simp add: check-equ-def)
qed

end

sublocale DA < DAs
alphabet init delta accept wellformed Language wf Lang
alphabet init delta accept wellformed Language wf Lang (=)
by unfold-locales auto

sublocale DFA < DFAs
alphabet init delta accept wellformed Language wf Lang
alphabet init delta accept wellformed Language wf Lang (=)
by unfold-locales auto

lemma (in DA) step-alt: step = (A(p, q). map (Aa. (delta a p, delta a q)) alphabet)
using distinct-alphabet
proof (induct alphabet)
case (Cons z zs)
moreover
{ fix z :: ‘a and s ys :: 'a list
assume z ¢ set s
then have [(z, y)« List.product zs (z # ys) . ¢ = y] = [(x, y)«List.product
zsys . ¢ = y
by (induct xs arbitrary: ) auto
}

moreover
{ fix z :: ‘a and zs :: 'a list
assume z ¢ set xs
then have [(z, y)<—map (Pair z) zs . z = y] = ||
by (induct xs) auto
}

ultimately show ?case by (auto simp: fun-eq-iff)
qed simp

2 Derivatives of Abstract Formulas

2.1 Preliminaries

lemma pred-Diff-0[simp]: 0 ¢ A —= i € (Az. x — Suc 0) ‘A +— Suci € A



by (cases i) (fastforce simp: image-iff le-Suc-eq elim: contrapos-np)+

lemma funpow-cycle-mult: (f k) s =2 = (f  (mx*k)) z ==z
by (induct m) (auto simp: funpow-add)

lemma funpow-cycle: (f " k)z=z= (f D z= (""" (modk)) z
by (subst div-mult-mod-eq[symmetric, of | k])
(simp only: add.commute funpow-add funpow-cycle-mult o-apply)

lemma funpow-cycle-offset:
fixes f :: 'a = "a
assumes (f k) z=( """ zi<ki<l
shows (f "D z=(f""((l =14 mod (k— 1)+ 1)z
proof —
from assms have
(f T (k=a) ((f ) z)=(f 1) =)
o= (=) () 2)
unfolding fun-cong[OF funpow-add|symmetric, unfolded o-def]] by simp-all
from funpow-cycle[OF this(1), of | — ] this(2) show ?Zthesis
by (simp add: funpow-add)
qed

lemma in-set-tlD: © € set (tl xs) = z € set xs
by (cases xs) auto

definition dec k m = (if m > k then m — Suc 0 else m :: nat)

2.2 Abstract formulas

datatype (discs-sels) (‘a, 'k) aformula =
FBool bool

| FBase 'a

| FNot (‘a, 'k) aformula

| FOr (‘a, 'k) aformula (‘a, 'k) aformula

| FAnd ('a, 'k) aformula ('a, 'k) aformula

| FEx 'k ('a, 'k) aformula

| FAIL 'k (Ya, 'k) aformula

derive linorder aformula

fun nFOR where
nFOR || = FBool Fulse
| nFOR [z] = =
| nFOR (xz # xs) = FOr x (nFOR us)

fun nFAND where
nFAND [| = FBool True
| nFAND [z] = z
| nFAND (z # xs) = FAnd x (nFAND zs)
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definition NFOR = nFOR o sorted-list-of-set
definition NFAND = nFAND o sorted-list-of-set

fun disjuncts where
disjuncts (FOr ¢ ¢) = disjuncts ¢ U disjuncts 9
| disjuncts ¢ = {¢}

fun conjuncts where
conjuncts (FAnd ¢ ) = conjuncts ¢ U conjuncts

| conjuncts ¢ = {p}

fun disjuncts-list where
disjuncts-list (FOr ¢ 1) = disjuncts-list ¢ Q disjuncts-list v
| disjuncts-list ¢ = [¢]

fun conjuncts-list where
conjuncts-list (FAnd o ) = conjuncts-list o Q conjuncts-list 1
| conjuncts-list ¢ = [p]

lemma finite-juncts[simp): finite (disjuncts @) finite (conjuncts )
and nonempty-juncts[simpl: disjuncts ¢ # {} conjuncts ¢ # {}
by (induct ) auto

lemma juncts-eq-set-juncts-list:
disjuncts ¢ = set (disjuncts-list o)
conjuncts ¢ = set (conjuncts-list )
by (induct ) auto

lemma notin-juncts:
[ € disjuncts p; is-FOr ] => False
[ € conjuncts ¢; is-FAnd )] = False
by (induct ) auto

lemma juncts-list-singleton:
- is-FOr ¢ = disjuncts-list p = [¢]
- is-FAnd ¢ = conjuncts-list ¢ = [¢]
by (induct ) auto

lemma juncts-singleton:
- is-FOr ¢ = disjuncts ¢ = {¢}
- is-FAnd ¢ = conjuncts ¢ = {¢}
by (induct ) auto

lemma nonempty-juncts-list: conjuncts-list ¢ # || disjuncts-list ¢ # ||
using nonempty-juncts[of ¢| by (auto simp: Suc-le-eq juncts-eq-set-juncts-list)

primrec norm-ACI («{-)») where

(FBool b) = FBool b
| (FBase a) = FBase a
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| (FNot ) = FNot ()

| (FOr ¢ ¢) = NFOR (disjuncts (FOr (p) (¢)))

| (FAnd ¢ v) = NFAND (conjuncts (FAnd (@) (¥)))
| (FEz k ) = FEx k {p)

| (FAlL k @) = FAlL k (p)

fun nf-ACI where
nf-ACI (FOr 1 ¢2) = (= is-FOr b1 A (let ps = 11 # disjuncts-list Y2 in

sorted ps A distinct s N\ nf-ACI 1 A nf-ACI ¢ 2))

| nf-ACI (FAnd ¥1 2) = (= is-FAnd 11 A (let ps = 11 # conjuncts-list 12 in
sorted s A distinct ps A nf-ACI 1 A nf-ACI 2))

| nf-ACI (FNot ) = nf-ACI ¢

| nf-ACI (FEz k @) = nf-ACI ¢

| nf-ACI (FAlIL k @) = nf-ACT ¢

| nf-ACI ¢ = True

lemma nf-ACI-D:

nf-ACI ¢ = sorted (disjuncts-list @)

nf-ACI ¢ = sorted (conjuncts-list o)

nf-ACI ¢ = distinct (disjuncts-list ¢)
nf-ACI ¢ = distinct (conjuncts-list )
nf-ACI ¢ = list-all nf-ACI (disjuncts-list )
nf-ACI ¢ = list-all nf~-ACI (conjuncts-list v)
by (induct ) (auto simp: juncts-list-singleton)

lemma disjuncts-list-nFOR:
[list-all (Az. = is-FOr x) @s; ps # [|]] = disjuncts-list (nFOR ps) = ps
by (induct s rule: nFOR.induct) (auto simp: juncts-list-singleton)

lemma conjuncts-list-nFAND:
[list-all (Az. — is-FAnd x) ¢s; ps # [|]] = conjuncts-list (nFAND ¢s) = ps
by (induct ps rule: nFAND.induct) (auto simp: juncts-list-singleton)

lemma disjuncts-NFOR:
[finite X; X # {}; Vo € X. = is-FOr z] = disjuncts (NFOR X) = X
unfolding NFOR-def by (auto simp: juncts-eg-set-juncts-list list-all-iff disjuncts-list-nFOR)

lemma conjuncts-NFAND:
[finite X; X # {}; Vo € X. = is-FAnd 2] = conjuncts (NFAND X) = X
unfolding NFAND-def by (auto simp: juncts-eq-set-juncts-list list-all-iff con-
Juncts-list-nFAND)

lemma nf-ACI-nFOR:
[sorted ps; distinct ps; list-all nf-ACI ps; list-all (A\x. = is-FOr z) ¢s] = nf-ACI
(nFOR ¢s)
by (induct s rule: nFOR.induct)
(auto simp: juncts-list-singleton disjuncts-list-nFOR nf-ACI-D)

lemma nf-ACI-nFAND:

12



[sorted @s; distinct ps; list-all nf-ACI @s; list-all (Ax. = is-FAnd z) ps] =
nf-ACI (nFAND ps)
by (induct s rule: nFAND.induct)
(auto simp: juncts-list-singleton conjuncts-list-nFAND nf-ACI-D)

lemma nf-ACI-juncts:
[v € disjuncts @; nf-ACI @] = nf-ACI
[ € conjuncts @; nf-ACI @] = nf-ACI ¢
by (induct ) auto

lemma nf-ACI-norm-ACI: nf-ACI {p)
by (induct ¢)
(force simp: NFOR-def NFAND-def list-all-iff
introl: nf-ACI-nFOR nf-ACI-nFAND elim: nf-ACI-juncts notin-juncts)+

lemma nFOR-Cons: nFOR (xz # xs) = (if xs = [] then z else FOr © (nFOR s))

by (cases xs) simp-all

lemma nFAND-Cons: nFAND (z # zs) = (if s = || then x else FAnd © (nFAND
zs))

by (cases xs) simp-all

lemma nFOR-disjuncts: nf-ACI ¥ = nFOR (disjuncts-list 1) = ¥
by (induct ¥) (auto simp: juncts-list-singleton nFOR-Cons)

lemma nFAND-conjuncts: nf-ACI » = nFAND (conjuncts-list 1) = ¥
by (induct ¥) (auto simp: juncts-list-singleton nFAND-Cons)

lemma NFOR-disjuncts: nf-ACI v — NFOR (disjuncts ) = 1
using nFOR-disjuncts[of ¥] unfolding NFOR-def o-apply juncts-eq-set-juncts-list
by (metis finite-set finite-sorted-distinct-unique nf-ACI-D(1,3) sorted-list-of-set)

lemma NFAND-conjuncts: nf-ACI ¢ = NFAND (conjuncts ) = 1)
using nFAND-conjuncts|of 1] unfolding NFAND-def o-apply juncts-eq-set-juncts-list
by (metis finite-set finite-sorted-distinct-unique nf-ACI-D(2,4) sorted-list-of-set)

lemma norm-ACI-if-nf-ACI: nf-ACI ¢ = {(¢) = ¢
by (induct @)
(auto simp: juncts-list-singleton juncts-eq-set-juncts-list nonempty-juncts-list
NFOR-def NFAND-def nFOR-Cons nFAND-Cons nFOR-disjuncts nFAND-conjuncts
sorted-list-of-set-sort-remdups distinct-remdups-id sorted-sort-id insort-is-Cons)

lemma norm-ACI-idem: ({(¢)) = (p)
by (metis nf-ACI-norm-ACI norm-ACI-if-nf-ACI)

lemma norm-ACI-juncts:
nf-ACI ¢ = norm-ACI * disjuncts ¢ = disjuncts ¢
nf-ACI ¢ = norm-ACI ¢ conjuncts ¢ = conjuncts ¢
by (drule nf-ACI-D(5,6), force simp: list-all-iff juncts-eq-set-juncts-list norm-ACI-if-nf-ACI )+
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lemma
norm-ACI-NFOR: nf-ACI ¢ = ¢ = NFOR (norm-ACI ¢ disjuncts ¢) and
norm-ACI-NFAND: nf-ACI ¢ = ¢ = NFAND (norm-ACI * conjuncts @)
by (simp-all add: norm-ACI-juncts NFOR-disjuncts NFAND-conjuncts)

locale Formula-Operations =
fixes TYPEVARS :: 'a :: linorder x i x 'k :: {linorder, enum} x 'n X 'z x 'v

and SUC : k= 'n='n
and LESS :: 'k = nat = 'n = bool

and assigns :: nat = i = 'k = v (<-"-» [900, 999, 999] 999)
and nwvars :: i = 'n (#Fv - [1000] 900)

and Extend :: 'k = nat = i = 'v="i

and CONS :: 'z = i = i

and SNOC :: 'z = i = i

and Length :: i = nat

and exstend :: 'k = bool = 'tz = 'z
and size :: 'z = n

and zero :: 'n = 'z

and alphabet :: 'n = 'z list

and eval :: 'v = nat = bool
and downshift :: 'v = v
and upshift :: 'v = v

and add :: nat = v = v
and cut :: nat = v = "v
and len :: 'v = nat

and restrict :: 'k = v = bool
and Restrict :: 'k = nat = ('a, 'k) aformula

and lformula0 :: 'a = bool

and FV0 :: 'k = 'a = nat set

and find0 :: 'k = nat = 'a = bool

and wf0 :: 'n = 'a = bool

and decr0 :: 'k = nat = 'a = 'a

and satisfies0 :: i = 'a = bool (infix (=¢» 50)
and nullable0 :: 'a = bool

and lderiv0 :: 'z = 'a = ('a, 'k) aformula
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and rderiv0 :: 'v = 'a = ('a, 'k) aformula
begin

abbreviation LEQ kIl n = LESS k1 (SUC k n)

primrec FV where
FV (FBool -) k = {}
| FV (FBase a) k = FV0 k a
| FV (FNot ) k= FV ¢ k
| FV (FOr ¢ ¥) k= FV o kU FV ¢ k
| FV (FAnd ¢ ) k=FV o kU FV ¢ k
| FV (FEz k' ¢) k= (if k' = k then (Az. © — 1) *(FV ¢ k — {0}) else FV ¢ k)
| FV (FAULE @) k= (if k' =k then Mz.x — 1) “(FV o k — {0}) else FV ¢ k)

primrec find where
find kI (FBool -) = False
| find k1 (FBase a) = find0 kla
| find k'l (FNot @) = find k1 ¢
| find k1 (FOr ¢ ) = (find k1l ¢ V find k1 9)
| ind k1 (FAnd ¢ ¥) = (find k1 p V find k 1 )
| ind k1 (FEz k' ¢) = find k (if k = k' then Suc l else 1) ¢
| find k1 (FAULK' @) = find k (if k = k' then Suc l else 1) ¢

primrec wf :: 'n = (‘a, 'k) aformula = bool where
wf n (FBool -) = True

| wfn (FBase a) = wf0 n a

| wfn (FNot ) = wfn ¢

| wf 1 (FOr ¢ ) = (uf n ¢ A wf n 1)

| wf n (FAnd ¢ ) = (uf 1 o A uf n 1)

| wfn (FEz k @) = wf (SUCkn) ¢

| wfn (FAILE @) = wf (SUCkn) ¢

primrec [formula :: (‘a, 'k) aformula = bool where
lformula (FBool -) = True

| lformula (FBase a) = lformula0 a

| iformula (FNot ) = Ilformula ¢

| iformula (FOr ¢ ¢) = (lformula ¢ A lformula )

| lformula (FAnd ¢ 1) = (iformula ¢ A Iformula )

| lformula (FEx k @) = Ilformula ¢

| lformula (FAIL k ) = lformula ¢

primrec decr :: 'k = nat = (‘a, 'k) aformula = (‘a, 'k) aformula where
decr k 1 (FBool b) = FBool b

| decr k| (FBase a) = FBase (decr0 k1 a)

| decr kI (FNot ¢) = FNot (decr k1 )

| decr k1 (FOr ¢ ¢) = FOr (decr k1 @) (decr k1 1)

| decr k1 (FAnd ¢ ) = FAnd (decr k1 o) (decr k1 1)

| decr k1 (FEx k' ) = FEx k' (decr k (if k = k' then Suc [ else 1) ¢)

| decr k1 (FAILL k" @) = FAILL k' (decr k (if k = k' then Suc [ else 1) ¢)
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primrec satisfies-gen :: ('k = 'v = nat = bool) = i = (‘a, 'k) aformula = bool
where
satisfies-gen v A (FBool b) = b
| satisfies-gen r A (FBase a) = (A |=o a)
| satisfies-gen r A (FNot @) = (— satisfies-gen v A )
| satisfies-gen v A (FOr @1 pa) = (satisfies-gen r A @1 V satisfies-gen r A p3)
| satisfies-gen r A (FAnd p1 p2) = (satisfies-gen A p1 A satisfies-gen r A p2)
| satisfies-gen r A (FEx k @) = (3 P. rk P (Length A) A satisfies-gen v (Extend k
02AP) )
| satisfies-gen r A (FAll k p) = (VP. r k P (Length ) — satisfies-gen r (Fxtend
koA P) )

abbreviation satisfies (infix <> 50) where
A = ¢ = satisfies-gen (A- - -. True) A ¢

abbreviation satisfies-bounded (infix «|=p> 50) where
A |y ¢ = satisfies-gen (A- Pn.len P < n) A ¢

abbreviation sat-vars-gen where
sat-vars-gen r K A ¢ =
satisfies-gen (A\k P n. restrictk PArkPn)A oA (Vk e K.Vz € FV ¢ k.
restrict k (z°k))

definition sat where
sat A ¢ = sat-vars-gen (A- - -. True) UNIV 2A ¢

definition sat;, where
sat, A @ = sat-vars-gen (A- P n. len P < n) UNIV 2 ¢

fun RESTR where
RESTR (FOr ¢ ¢) = FOr (RESTR ¢) (RESTR )
| RESTR (FAnd ¢ ) = FAnd (RESTR ) (RESTR )
| RESTR (FNot ¢) = FNot (RESTR )
| RESTR (FEz k ¢) = FEx k (FAnd (Restrict k 0) (RESTR ¢))
| RESTR (FAll k ¢) = FAll k (FOr (FNot (Restrict k 0)) (RESTR ¢))
| RESTR ¢ = ¢

abbreviation RESTRICT-VARS where
RESTRICT-VARS ks V o =
foldr (%k . foldr (A\x @. FAnd (Restrict k ) ¢) (V k) ¢) ks (RESTR )

definition RESTRICT where
RESTRICT ¢ = RESTRICT-VARS Enum.enum (sorted-list-of-set o FV ¢) ¢

primrec nullable :: ('a, 'k) aformula = bool where
nullable (FBool b) = b

| nullable (FBase a) = nullable0 a

| nullable (FNot ) = (= nullable ¢)
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| nullable (FOr ¢ 1) = (nullable ¢ V nullable )
| nullable (FAnd ¢ ) = (nullable ¢ N nullable )
| nullable (FEz k ) = nullable ¢

(

| nullable (FAIl k @) = nullable ¢

fun nFOr :: ('a, 'k) aformula = ('a, 'k) aformula = ('a, 'k) aformula where
nFOr (FBool b1) (FBool b2) = FBool (b1 V b2)

| nF'Or (FBool b) v = (if b then FBool True else 1)

| nFOr ¢ (FBool b) = (if b then FBool True else @)

| nFOr (FOr o1 ¢2) ¢ = nFOr o1 (nFOr ¢2 1)

| nFOr ¢ (FOr ¢1 ¢¥2) =

(if ¢ =11 then FOr 1 2

else if ¢ < 1 then FOr ¢ (FOr 1 9¢2)

else FOr 91 (nFOr ¢ 2))

nFOr p ¢ =

(if ¢ =1 then ¢

else if p < 4 then FOr ¢

else FOr 1 o)

fun nFAnd :: (‘a, 'k) aformula = (‘a, 'k) aformula = ('a, 'k) aformula where
nFAnd (FBool b1) (FBool b2) = FBool (b1 A b2)

| nFAnd (FBool b) ¢ = (if b then 1 else FBool False)

| nFAnd @ (FBool b) = (if b then ¢ else FBool False)

| nFAnd (FAnd ¢1 ¢2) ¢ = nFAnd @1 (nFAnd o2 1)

| nFAnd ¢ (FAnd 1 ¢2) =

(if ¢ =1 then FAnd 41 2

else if ¢ < 11 then FAnd ¢ (FAnd ¥1 92)

else FAnd 1 (nFAnd ¢ ¢2))

nFAnd ¢ i =

(if ¢ = b then

else if ¢ < 1 then FAnd ¢

else FAnd ¢ ¢)

fun nFEz :: 'k = (‘a, 'k) aformula = ('a, 'k) aformula where
nFEx k (FOr ¢ ¢) = nFOr (nFEz k @) (nFEx k 1)
| nFEx k ¢ = (if find k 0 ¢ then FEz k ¢ else decr k 0 ¢)

fun nFAll where
nFAll k (FAnd ¢ ¥) = nFAnd (nFAIl k ) (nFAIll k )
| nFAILk o = (if find k 0 ¢ then FAIL k ¢ else decr k 0 )

fun nFNot :: (‘a, 'k) aformula = ('a, 'k) aformula where
nFNot (FNot ¢) = ¢

| nE'Not (FOr ¢ ) = nFAnd (nFNot @) (nFNot 1)

| nF'Not (FAnd ¢ ) = nFOr (nFNot @) (nFNot 1)

| nFNot (FEz b go) = nFAIll b (nFNot ¢)

| nFNot (FAlIl b ¢) = nFEx b (nFNot ¢)

| nF'Not (FBool b) = FBool (— b)

| nFNot ¢ = FNot ¢
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fun norm where
norm (FOr ¢ ¢) = nFOr (norm ¢) (norm 1)
| norm (FAnd ¢ ¥) = nFAnd (norm @) (norm )
| norm (FNot @) = nFNot (norm )
| norm (FEz k ¢) = nFEx k (norm )
| norm (FAlUl k ) = nFAIl k (norm )
| norm ¢ = ¢

context
fixes deriv0 :: 'z = 'a = (‘a, 'k) aformula
begin

primrec deriv :: 'z = (‘a, 'k) aformula = ('a, 'k) aformula where
deriv x (FBool b) = FBool b

| deriv z (FBase a) = deriv0 = a

| deriv x (FNot ¢) = FNot (deriv z ¢)

| deriv z (FOr ¢ ) = FOr (deriv z ¢) (deriv z )

| deriv x (FAnd ¢ 1) = FAnd (deriv z ¢) (deriv = 1))

| deriv & (FEx k @) = FEx k (FOr (deriv (extend k True z) ¢) (deriv (extend k
False ) ¢))
| deriv z (FAIl k ) = FAll k (FAnd (deriv (extend k True z) ¢) (deriv (extend k
False ) ¢))

end

abbreviation lderiv = deriv lderiv0
abbreviation rderiv = deriv rderiv0

lemma fold-deriv-FBool: fold (deriv d0) xs (FBool b) = FBool b
by (induct xs) auto

lemma fold-deriv-FNot:
fold (deriv d0) zs (FNot @) = FNot (fold (deriv d0) zs o)
by (induct zs arbitrary: ¢) auto

lemma fold-deriv-FOr:
fold (deriv d0) xzs (FOr ¢ 1) = FOr (fold (deriv d0) zs ¢) (fold (deriv d0) zs

V)
by (induct zs arbitrary: ¢ ¥) auto

lemma fold-deriv-FAnd:
fold (deriv d0) xs (FAnd ¢ ) = FAnd (fold (deriv d0) xs ¢) (fold (deriv d0) xs

V)
by (induct zs arbitrary: ¢ ¥) auto

lemma fold-deriv-FFEx:

{{fold (deriv d0) zs (FEx k ¢)) | zs. True} C
{FEz k o | Y. nf-ACI ¢ A disjuncts v C (|Jzs. disjuncts {fold (deriv d0) zs
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®)}

proof —
{ fix xs
have 3. (fold (deriv d0) zs (FEx k ¢)) = FEx k ¢ A
nf-ACI i A disjuncts v C (|J zs. disjuncts (fold (deriv d0) zs ¢))
proof (induct xs arbitrary: o)
case (Cons z xs)
let %o = FOr (deriv d0 (extend k True ) @) (deriv d0 (extend k False z) )
from Cons[of ?p] obtain i) where (fold (deriv d0) xs (FEz k %)) = FEx k
(4
nf-ACI v and *: disjuncts ¢ C (|Jxs. disjuncts (fold (deriv d0) xs ?p)) by
blast+
then show ?case
proof (intro exl conjl)
have (|J zs. disjuncts (fold (deriv d0) zs %)) C
(Uzs. disjuncts (fold (Formula-Operations.deriv extend d0) s ¢))
by (force simp: fold-deriv-FOr nf-ACI-juncts nf-ACI-norm-ACI
dest: notin-juncts subsetD[OF equalityD1[OF disjuncts-NFOR), rotated
—1]
intro: exl|of - extend k b x # xs for b xs])
with * show disjuncts v C ... by blast
qed simp-all
qed (auto simp: nf-ACI-norm-ACI introl: exI[of - []])

then show “thesis by blast
qged

lemma fold-deriv-FAll:
{{fold (deriv d0) zs (FAll k ¢)) | xs. True} C
{FAULL k 9 | Y. nf-ACI ¢ A conjuncts ¢ C (|Jzs. conjuncts (fold (deriv d0) xs
©)}
proof —
{ fix zs
have 3. (fold (deriv d0) zs (FAlUl k ¢)) = FAILl k ¢ A
nf-ACI ¥ A conjuncts ¥ C (|Jzs. conjuncts (fold (deriv d0) xs ¢))
proof (induct zs arbitrary: @)
case (Cons z 1s)
let % = FAnd (deriv d0 (extend k True x) ) (deriv d0 (extend k False x) ¢)
from Cons|of %] obtain i) where (fold (deriv d0) zs (FAll k %)) = FAll k
G
nf-ACI ¢ and x: conjuncts ¢ C (|Jxs. conjuncts (fold (deriv d0) zs %p))
by blast+
then show Zcase
proof (intro exI conjl)
have (|Jzs. conjuncts (fold (deriv d0) xs %p)) C
(U zs. conjuncts (fold (Formula-Operations.deriv extend d0) zs ¢))
by (force simp: fold-deriv-FAnd nf-ACI-juncts nf-ACI-norm-ACI
dest: notin-juncts subsetD[OF equalityD1[OF conjuncts-NFAND], rotated
—1]
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intro: exI[of - extend k b x # xs for b xs))
with x show conjuncts ¢ C ... by blast
qed simp-all
qged (auto simp: nf-ACI-norm-ACI introl: exI[of - []])
}
then show ?thesis by blast
qed

lemma finite-norm-ACI-juncts:

fixes f :: (‘a, 'k) aformula = ('a, 'k) aformula

shows finite B = finite {f ¢ | ¢. nf-ACI ¢ A disjuncts ¢ C B}

finite B = finite {f ¢ | p. nf~ACI ¢ A conjuncts ¢ C B}
by (elim finite-surj| OF iffD2[OF finite-Pow-iff], of - - f o NFOR o image norm-ACI]|
finite-surj|OF iff D2|OF finite-Pow-iff], of - - f o NFAND o image norm-ACI],

force simp: Pow-def image-Collect intro: arg-cong|OF norm-ACI-NFOR) arg-cong[OF

norm-ACI-NFAND])+

end

locale Formula = Formula-Operations
where TYPEVARS = TYPEVARS
for TYPEVARS :: 'a :: linorder x 'i x 'k :: {linorder, enum} x 'n x 'z x 'v 4+

assumes SUC-SUC: SUC k (SUC k' idz) = SUC k' (SUC k idzx)
and LEQ-0: LEQ k 0 idx
and LESS-SUC: LEQ k (Suc l) ide = LESS k [ idx

k # k' = LESS k1 (SUC k' idt) = LESS k [ idx

and nvars-Extend: #v (Estend k¢ A P) = SUC k (#v 2A)
and Length-Extend: Length (Extend k i A P) = maz (Length 2A) (len P)
and Length-0-inj: [Length A = 0; Length B = 0; #v A = #y B] = A =9
and ez-Length-0: 3. Length A = 0 N #v A = idx
and Extend-commute-safe: [j < i; LEQ ki (#v )] =
Eztend k j (Fxtend ki A P) Q = Extend k (Suc i) (Extend kj A Q) P
and Ezxtend-commute-unsafe: k # k' =
Extend k j (Extend k' i A P) Q = Eatend k' i (Extend kj A Q) P
and assigns-Extend: LEQ ki (#v A) =
mbwtend ki A Prr— (3¢ | = k' then (if m = i then P else dec i m¥k) else m*k)
and assigns-SNOC-zero: LESS k m (#v ) = mSNOC (zero (#v A)) A —
mak
and Length-CONS: Length (CONS x ) = Length A + 1
and Length-SNOC'": Length (SNOC z ) = Suc (Length )
and nvars-CONS: #v (CONS z ) = #v AU
and nvars-SNOC: #y (SNOC z ) = #y 2
and Eztend-CONS: #v A = size v = Extend k 0 (CONS z ) P =
CONS (extend k (if eval P 0 then True else False) x) (Extend k 0 A (downshift
P))
and Eztend-SNOC-cut: #v A = size x = len P < Length (SNOC z ) =
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Eztend k 0 (SNOC z ) P =
SNOC (extend k (if eval P (Length ) then True else False) z) (Extend k 0 2
(cut (Length 2A) P))
and CONS-inj: size x = #yv A = size y = #y A = #yv A = #y B —
CONS z2A = CONSy B +— (z =y AN 2A=DB)
and CONS-surj: Length A # 0 = #v A = ide =
JzB. A = CONS B A #v B = idx A size x = idx

and size-zero: size (zero idz) = idx

and size-extend: size (extend k b z) = SUC k (size x)
and distinct-alphabet: distinct (alphabet idx)

and alphabet-size: x € set (alphabet idr) «+— size © = idx

and downshift-upshift: downshift (upshift P) = P

and downshift-add-zero: downshift (add 0 P) = downshift P

and eval-add: eval (add n P) n

and eval-upshift: — eval (upshift P) 0

and ewval-ge-len: p > len P = = eval P p

and len-cut-le: len (cut n P) < n

and len-cut: len P < n=— cutn P =P

and cut-add: cut n (add m P) = (if m > n then cut n P else add m (cut n P))
and len-add: len (add m P) = maz (Suc m) (len P)

and len-upshift: len (upshift P) = (case len P of 0 = 0 | n = Suc n)

and len-downshift: len (downshift P) = (case len P of 0 = 0 | Suc n = n)

and wf0-decr0: [wf0 (SUC k idz) a; LESS k1 (SUC k idz); — find0 k | o] =
wf0 idx (decr0 k | a)
and Iformula0-decr0: Iformula0 ¢ = Iformula0 (decr0 k1 ¢)
and FErtend-satisfies0: [- find0 k i a; LESS k ¢ (SUC k (#v 2)); lformula0 a V
len P < Length 2] =
Extend ki A P =g a <— A =0 decr0k i a
and nullable0-satisfiesO: Length A = 0 = nullable0 a +— A o a
and satisfiesO-eql: wf0 (#v B) a = #v A = #v B = lformulal « =
(Am k. LESS k m (#v B) = m¥k = mPk) = A ¢ a +— B = a
and wf-lderiv0: [wf0 idz a; lformula0 o] = wf idx (lderiv0 = a)
and Iformula-lderiv0: lformula0 a = Iformula (lderiv0 z a)
and wf-rderiv0: wf0 idr « = wf idz (rderiv0 x a)
and satisfies-lderiv0:
[wfO (#v A) a; #v A = size x; lformulal o] = A = lderiv0 z a «+— CONS
zAEoa
and satisfies-bounded-lderiv0:
[wfo (#v A) a; #v A = size z; lformula0 o] = A = lderiv0  a «+— CONS
zA Eoa
and satisfies-bounded-rderiv0:
[wf0 (#v A) a; #v A = size ] = A |=p rderivd x a «— SNOC z A = a
and find0-FV0: [wf0 idx a; LESS k lidz] = find0kla+— 1€ FVOka
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and finite-FVO0: finite (FVO0 k a)

and wf0-FV0-LESS: [wf0 idz a; v € FVO0 k a] = LESS k v idz

and restrict-Restrict: i3k = P = restrict k P +— satisfies-gen v A (Restrict k
i)

and wf-Restrict: LESS k i ide = wf idz (Restrict k 7)

and [formula-Restrict: lformula (Restrict k ©)

and finite-lderiv0: formula0 a = finite {fold lderiv xs (FBase a) | zs. True}

and finite-rderiv0: finite {fold rderiv xs (FBase a) | zs. True}

context Formula
begin

lemma satisfies-eql:
[wf (#v A) @ #v A = #v B; Am k. LESS km (#y A) = m¥k = mPk;
lformula ¢] =
AEFEe«— By
proof (induct ¢ arbitrary: A B)
case (FEx k )
from FEz.prems have AP. (Extend k 0 A P |= ) «— (Extend k 0 B P = @)
by (intro FEx.hyps) (auto simp: nvars-Extend assigns-Extend dec-def gr0-conv-Suc
LEQ-0 LESS-SUC)
then show ?case by simp
next
case (FAIl k o)
from FAll.prems have AP. (Extend k 0 A P |= ) «— (Extend k 0 B P | ¢)
by (intro FAll.hyps) (auto simp: nvars-Extend assigns-Extend dec-def gr0-conv-Suc
LEQ-0 LESS-SUC)
then show ?case by simp
next
case (FNot ¢)
from FNot.prems have (U = ¢) «— (B = ¢) by (intro FNot.hyps) simp-all
then show ?case by simp
qed (auto dest: satisfiesO-eql)

lemma wf-decr:
[wf (SUC k idx) ¢; LEQ k 1 idx; = find k1 9] = wf idz (decr k1 @)
by (induct ¢ arbitrary: idz 1) (auto simp: wf0-decr0 LESS-SUC SUC-SUC)

lemma [formula-decr:
lformula ¢ = Iformula (decr k 1 ¢)
by (induct ¢ arbitrary: 1) (auto simp: lformula0-decr0)

lemma Extend-satisfies-decr:
[- find ki o; LEQ ki (#v ); lformula ¢] = Extend ki A P = ¢ +— A =
decr ki ¢
by (induct ¢ arbitrary: i 2A)
(auto simp: Extend-commute-unsafe[of - k 0 - - P] Extend-commute-safe

Ezxtend-satisfies0 nvars-Extend LESS-SUC SUC-SUC split: bool.splits)
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lemma LEQ-SUC: k # k' = LEQ k i (SUC k' idz) = LEQ k i idz
by (metis LESS-SUC(2) SUC-SUC)

lemma Ezxtend-satisfies-bounded-decr:
[- find ki o; LEQ ki (#v 2A); len P < Length 2] =
Extend ki AP |y o «— A =y decr ki ¢
proof (induct ¢ arbitrary: i A P)
case (FEz k' ¢)
show ?Zcase
proof (cases k = k')
case True
with FEz(2,3,4) show ?Zthesis
using FEx(1)[of Suc i Extend k' 0 20 Q P for Q j]
by (auto simp: Extend-commute-safe LESS-SUC Length-Extend nvars-Extend
maz-def)
next
case Fulse
with FFEz(2,3,4) show ?thesis
using FEx(1)[of i Extend k' j A @ P for Q j]
by (auto simp: Extend-commute-unsafe LEQ-SUC Length-Extend nvars-Extend
maz-def)
qed
next
case (FAIl k' ¢) show ?case
proof (cases k = k')
case True
with FAII(2,3,4) show ?thesis
using FAll(1)[of Suc i Extend k' 0 2 @ P for @ j]
by (auto simp: Extend-commute-safe LESS-SUC Length-Extend nvars-Extend
maz-def)
next
case Fulse
with FAll(2,3,4) show ?thesis
using FAll(1)[of i Extend k' j A Q P for Q j
by (auto simp: Extend-commute-unsafe LEQ-SUC Length-Extend nvars-Extend
max-def)
qged
qed (auto simp: Extend-satisfies0 split: bool.splits)

2.3 Normalization

lemma wf-nFOr:
wf ide (FOr ¢ ) = wf ide (nFOr ¢ )
by (induct ¢ ¥ rule: nFOr.induct) (simp-all add: Let-def)

lemma wf-nFAnd:

wf ide (FAnd ¢ ) = wf ide (nFAnd ¢ )
by (induct ¢ ¥ rule: nFAnd.induct) (simp-all add: Let-def)
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lemma wf-nFFEx:
wf ide (FEx b ¢) = wf ide (nFEz b @)
by (induct ¢ arbitrary: idz rule: nFEz.induct)
(auto simp: SUC-SUC LEQ-0 LESS-SUC(1) gr0-conv-Suc wf-nFOr intro:
wf0-decr0 wf-decr)

lemma wf-nFAII:
wf ide (FAIL b ) = wf ide (nFAIL b @)
by (induct ¢ arbitrary: ide rule: nFAll.induct)
(auto simp: SUC-SUC LEQ-0 LESS-SUC(1) gr0-conv-Suc wf-nFAnd intro:
wf0-decr0 wf-decr)

lemma wf-nFNot:

wf idz (FNot ¢) = wf idz (nFNot ¢)

by (induct ¢ arbitrary: idx rule: nFNot.induct) (auto simp: wf-nFOr wf-nFAnd
wf-nFEx wf-nFAII)

lemma wf-norm: wf idx ¢ = wf ide (norm )
by (induct ¢ arbitrary: idz) (simp-all add: wf-nFOr wf-nFAnd wf-nFNot wf-nFEz
wf-nFAIl)

lemma [formula-nFOr:
lformula (FOr ¢ ¢) = lformula (nFOr ¢ 1)
by (induct ¢ ¢ rule: nFOr.induct) (simp-all add: Let-def)

lemma [formula-nFAnd:
lformula (FAnd ¢ ) = Iformula (nFAnd ¢ 1)
by (induct ¢ ¥ rule: nFAnd.induct) (simp-all add: Let-def)

lemma [formula-nFEz:
lformula (FEz b o) = lformula (nFEz b ¢)
by (induct ¢ rule: nFEz.induct)
(auto simp: lformula-nFOr [formula0-decr0 lformula-decr)

lemma [formula-nFAIl:
Iformula (FAIl b ¢) = Iformula (nFAIL b ¢)
by (induct ¢ rule: nFAll.induct)
(auto simp: lformula-nFAnd lformula0-decr0 lformula-decr)

lemma [formula-nFNot:

Iformula (FNot @) = Iformula (nFNot ¢)

by (induct ¢ rule: nFNot.induct) (auto simp: lformula-nFOr Iformula-nFAnd
Iformula-nFEx lformula-nFAIll)

lemma Ilformula-norm: lformula ¢ = Ilformula (norm )
by (induct ) (simp-all add: lformula-nFOr lformula-nFAnd [formula-nFNot
lformula-nFEz Iformula-nFAIl)

lemma satisfies-nFOr:
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A= nFOr ¢ ¢ «— A= FOr ¢ ¢
by (induct ¢ ¥ arbitrary: 2 rule: nFOr.induct) auto

lemma satisfies-nFAnd:
A = nFAnd ¢ ¢ «— A |= FAnd ¢ ¢
by (induct ¢ ¢ arbitrary: A rule: nFAnd.induct) auto

lemma satisfies-nFEzx: {formula ¢ = A = nFEx b o «— A = FEz b ¢
by (induct ¢ rule: nFEz.induct)
(auto simp add: satisfies-nFOr Extend-satisfies-decr
LEQ-0 LESS-SUC(1) nvars-Ezxtend Extend-satisfies0 Extend-commute-safe
Ezxtend-commute-unsafe)

lemma satisfies-nFAIll: Iformula ¢ = A |= nFAIl b ¢ «— A |= FAIL b ¢
by (induct ¢ rule: nFAll.induct)
(auto simp add: satisfies-nFAnd Extend-satisfies-decr
Eaztend-satisfies0 LEQ-0 LESS-SUC(1) nvars-Extend Extend-commute-safe
Ezxtend-commute-unsafe)

lemma satisfies-nFNot:
lformula ¢ = A = nFNot ¢ +— A = FNot ¢
by (induct ¢ arbitrary: 2A)
(simp-all add: satisfies-nFOr satisfies-nFAnd satisfies-nFEx satisfies-nFAll
lformula-nFNot)

lemma satisfies-norm: lformula ¢ = A |= norm ¢ +— A = ¢
using satisfies-nFOr satisfies-nFAnd satisfies-nFNot satisfies-nFFEz satisfies-nFAll
by (induct ¢ arbitrary: 2A) (simp-all add: lformula-norm)

lemma satisfies-bounded-nFOr:
A =p nFOr ¢ p +— A =, FOr ¢ 1
by (induct ¢ ¥ arbitrary: A rule: nFOr.induct) auto

lemma satisfies-bounded-nFAnd:
A |y nFAnd ¢ ¥ +— A = FAnd ¢ 9
by (induct ¢ ¥ arbitrary: A rule: nFAnd.induct) auto

lemma len-cut-0: len (cut 0 P) = 0
by (metis le-0-eq len-cut-le)

lemma satisfies-bounded-nFEz: A =y nFEz b o «— A = FEz b ¢
by (induct ¢ rule: nFEz.induct)

(auto 4 4 simp add: satisfies-bounded-nFOr Extend-satisfies-bounded-decr
LEQ-0 LESS-SUC(1) nvars-Extend Length-Extend len-cut-0
Extend-satisfies0 FExtend-commute-safe Extend-commute-unsafe cong: ex-cong

split: bool.splits
intro: exI[where P = Az. Pz A Q z for P Q, OF conjl[rotated]] exI[of - cut
0 P for P])

25



lemma satisfies-bounded-nFAll: A =, nFAIL b ¢ +— A =, FAIL b ¢
by (induct ¢ rule: nFAll.induct)
(auto 4 4 simp add: satisfies-bounded-nFAnd Extend-satisfies-bounded-decr
LEQ-0 LESS-SUC(1) nvars-Eaxtend Length-Extend len-cut-0
Eztend-satisfies0 Extend-commute-safe FExtend-commute-unsafe cong: split:

bool.splits

intro: exI[where P = \z. Pz A Q x for P @, OF conjl[rotated]] dest: spec[of
- cut 0 P for P])

lemma satisfies-bounded-nFNot:

A |y nFNot ¢ +— A | FNot ¢

by (induct ¢ arbitrary: 2A)

(auto simp: satisfies-bounded-nFOr satisfies-bounded-nEFAnd satisfies-bounded-nFEx
satisfies-bounded-nFAll)

lemma satisfies-bounded-norm: A =y norm ¢ «— A =4 ¢
by (induct ¢ arbitrary: 2A)
(simp-all add: satisfies-bounded-nFOr satisfies-bounded-nFAnd
satisfies-bounded-nFNot satisfies-bounded-nFEx satisfies-bounded-nFAll)

2.4 Derivatives of Formulas

lemma wf-lderiv:
[wf idz @; lformula ] = wf idz (lderiv x @)
by (induct ¢ arbitrary: z idz) (auto simp: wf-lderiv0)

lemma [formula-lderiv:
Iformula ¢ = lformula (Ideriv z @)
by (induct ¢ arbitrary: x) (auto simp: lformula-lderiv0)

lemma wf-rderiv:
wf ide o = wf idzx (rderiv z @)
by (induct ¢ arbitrary: z idz) (auto simp: wf-rderiv0)

theorem satisfies-lderiv:
[wf (#v A) ¢; #v A = size z; lformula ] = A = lderiv z ¢ «— CONS z U
=
proof (induct ¢ arbitrary: z )
case (FEz k ¢)
from FEz.prems FEz.hyps|of Extend k 0 A P extend k b z for P b] show ?case
by (auto simp: nvars-Extend size-extend Extend-CONS
downshift-upshift eval-add eval-upshift downshift-add-zero
intro: exI[of - add 0 (upshift P) for P| exI[of - upshift P for P))
next
case (FAll k o)
from FAll.prems FAll.hyps|of Extend k 0 A P extend k b « for P b] show ?case
by (auto simp: nvars-Extend size-extend Extend-CONS
downshift-upshift eval-add eval-upshift downshift-add-zero
dest: spec|of - add 0 (upshift P) for P] spec|of - upshift P for P))
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qed (simp-all add: satisfies-lderiv0 split: bool.splits)

theorem satisfies-bounded-lderiv:
[uf (#v A) ¢; #v A = size z; lformula o] = A = lderiv x ¢ +— CONS z
A= e
proof (induct ¢ arbitrary: = 2A)
case (FEz k ¢)
note [simp] = nvars-Extend size-extend Extend-CONS Length-CONS
downshift-upshift eval-add eval-upshift downshift-add-zero len-add len-upshift
len-downshift
from FEz.prems FEz.hyps|of Extend k 0 A P extend k b z for P b] show ?case
by auto (force intro: exl|of - add 0 (upshift P) for P] exI|of - upshift P for P]
split: nat.splits)+
next
case (FAll k )
note [simp] = nvars-Extend size-extend Extend-CONS Length-CONS
downshift-upshift eval-add eval-upshift downshift-add-zero len-add len-upshift
len-downshift
from FAll.prems FAll.hyps|of Extend k 0 2 P extend k b z for P b] show ?case
by auto (force dest: spec|of - add 0 (upshift P) for P] spec|of - upshift P for
P] split: nat.splits)+
qed (simp-all add: satisfies-bounded-lderiv0 split: bool.splits)

theorem satisfies-bounded-rderiv:
[wf (F#v 2A) ¢; #v A = size z] = A =y rderivz ¢ «— SNOC z A = ¢
proof (induct ¢ arbitrary: z A)
case (FEx k ¢)
from FEx.prems FEx.hyps[of Extend k 0 2 P extend k b x for P b] show Zcase
by (auto simp: nvars-Extend size-extend Extend-SNOC-cut len-cut-le eval-ge-len

eval-add cut-add Length-SNOC len-add len-cut le-Suc-eq maz-def
intro: exI[of - cut (Length A) P for P] exl[of - add (Length ) P for P] split:
if-splits)
next
case (FAIl k o)
from FAll.prems FAll.hyps|of Extend k 0 A P extend k b « for P b] show ?case
by (auto simp: nvars-Extend size-extend Extend-SNOC-cut len-cut-le eval-ge-len

eval-add cut-add Length-SNOC len-add len-cut le-Suc-eq maz-def

dest: spec|of - cut (Length ) P for P| spec|of - add (Length ) P for P]
split: if-splits)
qed (simp-all add: satisfies-bounded-rderiv0 split: bool.splits)

lemma wf-norm-rderivs: wf ide ¢ = wf idz (((norm o rderiv (zero idx)) ~ k)

¢)
by (induct k) (auto simp: wf-norm wf-rderiv)
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2.5 Finiteness of Derivatives Modulo ACI

lemma finite-fold-deriv:
assumes (d0 = lderiv0 A Ilformula @) V d0 = rderiv0
shows finite {(fold (deriv d0) zs ) | zs. True}
using assms proof (induct o)
case (FBase a) then show ?case
by (auto intro:
finite-subset[OF - finite-imagel [OF finite-lderiv0]]
finite-subset[OF - finite-imagel [OF finite-rderiv0]])
next
case (FNot )
then show ?case
by (auto simp: fold-deriv-FNot intro\: finite-surj|OF FNot(1)])
next
case (FOr ¢ )
then show ?case
by (auto simp: fold-deriv-FOr introl: finite-surj|OF finite-cartesian-product| OF
FOr(1,2)])
next
case (FAnd ¢ )
then show “case
by (auto simp: fold-deriv-FAnd intro!: finite-surj[OF finite-cartesian-product[ OF
FAnd(1,2)]))
next
case (FEz k ¢)
then have finite (J (disjuncts ‘ {{fold (deriv d0) xs @) | xs . True})) by auto
then have finite (| zs. disjuncts (fold (deriv d0) zs ¢)) by (rule finite-subset[rotated)])
auto
then have finite {FEz k 1 | . nf-ACI ¢ A disjuncts ¢ C (| zs. disjuncts (fold
(deriv d0) zs )}
by (rule finite-norm-ACI-juncts)
then show ?case by (rule finite-subset|OF fold-deriv-FFEx))
next
case (FAIl k ¢)
then have finite (U (conjuncts ‘ {(fold (deriv d0) zs ) | zs . True})) by auto
then have finite (| zs. conjuncts (fold (deriv d0) xs @)) by (rule finite-subset|[rotated])
auto
then have finite {FAIL k ¢ | . nf-ACI ¥ A conjuncts ¥ C (|J zs. conjuncts (fold
(deriv d0) zs ¢))}
by (rule finite-norm-ACI-juncts)
then show ?Zcase by (rule finite-subset| OF fold-deriv-FAll))
qed (simp add: fold-deriv-FBool)

lemma [formula-nFOR: lformula (RFOR ¢s) = (V¢ € set ps. lformula ¢)
by (induct s rule: nFOR.induct) auto

lemma lformula-nFAND: [formula (nFAND ¢s) = (V¢ € set ps. Iformula )
by (induct s rule: nFAND.induct) auto
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lemma Iformula-NFOR: finite ® = Iformula (NFOR ®) = (V¢ € ®. lformula

©)
unfolding NFOR-def o-apply Iformula-nFOR by simp

lemma Iformula-NFAND: finite ® = Iformula (NFAND ®) = (V¢ € ®. [formula

©)
unfolding NFAND-def o-apply lformula-nFAND by simp

lemma [formula-disjuncts: (V¢ € disjuncts ¢. lformula ¥) = lformula ¢
by (induct ¢ rule: disjuncts.induct) fastforce+

lemma Ilformula-conjuncts: (V1 € conjuncts @. lformula ¥) = lformula ¢
by (induct ¢ rule: conjuncts.induct) fastforce+

lemma lformula-norm-ACI: lformula (p) = lformula ¢
by (induct ) (simp-all add: ball-Un
lformula-NFOR Iformula-disjuncts lformula-NFAND Iformula-conjuncts)

theorem
finite-fold-lderiv: lformula ¢ = finite {(fold lderiv zs ()} | zs. True} and
finite-fold-rderiv: finite {(fold rderiv xs (p)) | zs. True}
by (subst (asm) lformula-norm-ACI[symmetric]) (blast intro: nf-ACI-norm-ACI
finite-fold-deriv)+

lemma wf-nFOR: wf idz (nFOR ¢s) +— (Vp € set ps. wf idz )
by (induct rule: nFOR.induct) auto

lemma wf-nFAND: wf ide (nFAND ps) +— (Vo € set ps. wf idzx )
by (induct rule: nFAND.induct) auto

lemma wf-NFOR: finite ® = wf ide (NFOR ®) +— (V¢ € ®. wf idz ¢)
unfolding NFOR-def o-apply by (auto simp: wf-nFOR)

lemma wf-NFAND: finite & = wf idc (NFAND ®) «— (Vp € ®. wf idz ¢)
unfolding NFAND-def o-apply by (auto simp: wf-nFAND)

lemma satisfies-bounded-nFOR: A =, nFOR s +— (Fp € set ps. A p @)
by (induct rule: nFOR.induct) (auto simp: satisfies-bounded-nFOr)

lemma satisfies-bounded-nFAND: 2 =, nFAND ¢s <— (V¢ € set @s. A =4 @)
by (induct rule: nFAND.induct) (auto simp: satisfies-bounded-nFAnd)

lemma satisfies-bounded-NFOR: finite & = A |=p NFOR ® «— (Jp € ®. A |

©)
unfolding NFOR-def o-apply by (auto simp: satisfies-bounded-nFOR)

lemma satisfies-bounded-NFAND: finite ® = A = NFAND ® +— (Vp € &. 2

b ©)
unfolding NFAND-def o-apply by (auto simp: satisfies-bounded-nFAND)
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lemma wf-juncts:
wf ide ¢ «— (Vo € disjuncts . wf idz 1)
wf ide ¢ +— (V¢ € conjuncts . wf idz )
by (induct ) auto

lemma wf-norm-ACI: wf idz {p) = wf idz ¢
by (induct ¢ arbitrary: idz) (auto simp: wf-NFOR wf-NFAND ball-Un wf-juncts[symmetric])

lemma satisfies-bounded-disjuncts:
A By o «— (Y € disjuncts . A =y 1Y)
by (induct ¢ arbitrary: 2A) auto

lemma satisfies-bounded-conjuncts:

A=y o «— (Vo € conjuncts . A |y )
by (induct ¢ arbitrary: 2A) auto

lemma satisfies-bounded-norm-ACI: A =y (p) «— A = @
by (rule sym, induct ¢ arbitrary: 2A)
(auto simp: satisfies-bounded-NFOR satisfies-bounded-NFAND
intro: iff D2[OF satisfies-bounded-disjuncts] iffD2| OF satisfies-bounded-conjuncts]
dest: iff D1][OF satisfies-bounded-disjuncts] iff D1 [OF satisfies-bounded-conjuncts))

lemma nvars-SNOCs: #v ((SNOC 27 k) ) = #y 2
by (induct k) (auto simp: nvars-SNOC)

lemma wf-fold-rderiv: wf ide ¢ = wf idz (fold rderiv (replicate k x) )
by (induct k arbitrary: ¢) (auto simp: wf-rderiv)

lemma satisfies-bounded-fold-rderiv:
[wf idz @; #v A = idx; size ¢ = idz] =
A =y fold rderiv (replicate k x) ¢ «+— (SNOC 27 k) A |=p ¢
by (induct k arbitrary: A ¢) (auto simp: satisfies-bounded-rderiv wf-rderiv nvars-SNOCs)

2.6 Emptiness Check

context

fixes b :: bool

and idz :: 'n

and ¢ :: ('a, 'k) aformula
begin

abbreviation fut-test = Ay, ®). ¢ & set
abbreviation fut-step = A, ®). (norm (rderiv (zero idx) @), ¢ # @)
definition fut-derivs k ¢ = ((norm o rderiv (zero idx)) ™ k) ¢

lemma fut-derivs-Suc|[simp]: norm (rderiv (zero idzx) (fut-derivs k ¢)) = fut-derivs

(Suc k) ¢
unfolding fut-derivs-def by auto
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definition fut-invariant =
A, @). wf ide @ N (Vo € set @. wf ide @) A
(k. ¢ = fut-derivs kb A ® = map (N\i. fut-derivs i ) (rev [0 ..< k])))
definition fut-spec ¢® = (Vp € set (snd oP). wf idx ©) A
(V. #v A = ide —
(if b then (k. (SNOC (zero idz) ~ " k) A |=p ) «— (T € set (snd pP). A
o @)
else (Vk. (SNOC (zero idx) ~" k) A |y ) «— (Vo € set (snd @). A =
)

definition fut-default =
(v, sorted-list-of-set {(fold rderiv (replicate k (zero idx)) (V) | k. True})

lemma finite-fold-rderiv-zeros: finite {(fold rderiv (replicate k (zero idx)) (¥)) | k.
True}
by (rule finite-subset[OF - finite-fold-rderiv[of v]]) blast

definition fut :: (‘a, 'k) aformula where
fut = (if b then nFOR else nFAND) (snd (while-default fut-default fut-test fut-step
(¥, )

context
assumes wf: wf idx
begin

lemma wf-fut-derivs:
wf idzx (fut-derivs k 1)
by (induct k) (auto simp: wf-norm wf-rderiv wf fut-derivs-def)

lemma satisfies-bounded-fut-derivs:
#v A = ide = A | fut-derivs k ¢ «— (SNOC (zero idz) k) A = 9
by (induct k arbitrary: ) (auto simp: fut-derivs-def satisfies-bounded-rderiv sat-
isfies-bounded-norm
wf-norm-rderivs size-zero nvars-SNOC' funpow-swap1[of SNOC z for z] wf)

lemma fut-init: fut-invariant (¥, [])
unfolding fut-invariant-def by (auto simp: fut-derivs-def wf)

lemma fut-spec-default: fut-spec fut-default
using satisfies-bounded-fold-rderiv|OF iffD2|OF wf-norm-ACI wf] sym size-zero

unfolding fut-spec-def fut-default-def snd-conv
set-sorted-list-of-set| OF finite-fold-rderiv-zeros]
by (auto simp: satisfies-bounded-norm-ACI wf-fold-rderiv wf wf-norm-ACI simp
del: fold-replicate)

lemma fut-invariant: fut-invariant ¢® = fut-test p® = fut-invariant (fut-step
©P)
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by (cases ©®) (auto simp: fut-invariant-def wf-norm wf-rderiv split: if-splits)

lemma fut-terminate: fut-invariant ¢® — — fut-test p® = fut-spec p®
proof (induct p®, unfold prod.case not-not)
fix ¢ ® assume fut-invariant (p, ®) ¢ € set
then obtain 7 & where i < k and p-def: ¢ = fut-derivs i ¢
and ®-def: ® = map (Ai. fut-derivs © 1) (rev [0..<Kk])
and x: fut-derivs k ¢ = fut-derivs i ¢ unfolding fut-invariant-def by auto
have set ® = {fut-derivs k ¢ | k . True}
unfolding ®-def set-map set-rev set-upt proof safe
fix j
show fut-derivs j ¢ € (Ai. fut-derivs i ¥) “{0..<k}
proof (cases j < k)
case Fulse
with x <i < k» have fut-derivs j 1 = fut-derivs ((j — ©) mod (k — @) + i) ¢
unfolding fut-derivs-def by (auto intro: funpow-cycle-offset)
then show ?thesis using «i < k» <= j < k»
by (metis image-eql atLeastLessThan-iff le0 less-diff-conv mod-less-divisor
zero-less-diff)
qed simp
qged (blast intro: x)
then show fut-spec (¢, P)
unfolding fut-spec-def using satisfies-bounded-fut-derivs by (auto simp: wf-fut-derivs)
qed

lemma fut-spec-while-default:
fut-spec (while-default fut-default fut-test fut-step (¢, []))
using fut-invariant fut-terminate fut-init fut-spec-default by (rule while-default-rule)

lemma wf-fut: wf idx fut
using fut-spec-while-default unfolding fut-def fut-spec-def by (auto simp: wf-nFOR
wf-nFAND)

lemma satisfies-bounded-fut:
assumes #y A = idr
shows 2 = fut +—
(if b then (3 k. (SNOC (zero idx) ~" k) A = ) else (VEk. (SNOC (zero idz)
TTR) A = )
using fut-spec-while-default assms unfolding fut-def fut-spec-def
by (auto simp: satisfies-bounded-nFOR satisfies-bounded-nFAND)

end
end
fun finalize :: 'n = (‘a, 'k) aformula = (‘a, 'k) aformula where
finalize ide (FEx k ) = fut True ide (nFEz k (finalize (SUC k idz) ¢))

| finalize ide (FAUl k @) = fut False idz (nFAIll k (finalize (SUC k idz) ¢))
| finalize ide (FOr ¢ ) = FOr (finalize idx @) (finalize idzx 1)
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| finalize idz (FAnd ¢ ) = FAnd (finalize idx @) (finalize idz 1)
| finalize ide (FNot @) = FNot (finalize idx )
| finalize idz o = ¢

definition final :: 'n = (‘a, 'k) aformula = bool where
final idx = nullable o finalize idx

lemma wf-finalize: wf ide ¢ = wf idx (finalize idx @)
by (induct ¢ arbitrary: idx) (auto simp: wf-fut wi-nFEx wf-nFAII)

lemma Length-SNOCs: Length ((SNOC z =" i) 2A) = Length A + i
by (induct i arbitrary: A) (auto simp: Length-SNOC)

lemma assigns-SNOCs-zero:

[LESS km (#v 2); #v A = idz] = m(SNOC (zeroidz) =70) Ap — A,

by (induct i arbitrary: 2A) (auto simp: assigns-SNOC-zero nvars-SNOC' fun-
pow-swapl)

lemma Extend-SNOCs-zero-satisfies: [wf (SUC k idz) ¢; #v A = idz; [formula
o] =
Extend k 0 ((SNOC (zero (#v A)) i) 2A) P = <— Extendk 0 A P = ¢
by (rule satisfies-eql)
(auto simp: nvars-Extend nvars-SNOCs assigns-Extend assigns-SNOCs-zero LEQ-0
LESS-SUC
dec-def gr0-conv-Suc)

lemma finalize-satisfies: [wf idz o; #v A = idx; lformula ] = A |y finalize
ide o +— A=
by (induct ¢ arbitrary: idz )
(force simp add: wf-nFEx wf-nFAIll wf-finalize Length-SNOCs nvars-Extend
nvars-SNOCs
satisfies-bounded-fut satisfies-bounded-nFFEzx satisfies-bounded-nFAll Extend-SNOCs-zero-satisfies
intro: le-add2)+

lemma FEztend-empty-satisfiesO:
[Length A = 0; len P = 0] = Extend ki A P =9 a +— A o a
by (intro boz-equals|OF - nullable0-satisfiesO nullable0-satisfies0])
(auto simp: nvars-Extend Length-Extend)

lemma FEztend-empty-satisfies-bounded:
[Length A = 0; len P = 0] = Extend k 0 A P |=p p «— A |=p @
by (induct ¢ arbitrary: k 2 P)
(auto simp: Extend-empty-satisfiesO Length-Extend split: bool.splits)

lemma nullable-satisfies-bounded: Length A = 0 = nullable ¢ +— A =4 ¢

by (induct @) (auto simp: nullable0-satisfiesO0 Fxtend-empty-satisfies-bounded
len-cut-0

intro: exl[of - cut 0 P for P])
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lemma final-satisfies:
[wf idz @ A lformula p; Length A = 0; #v A = idz] = final idz ¢ = (A = )
by (simp only: final-def o-apply nullable-satisfies-bounded finalize-satisfies)

2.7 Restrictions

lemma satisfies-gen-restrict-RESTR:

satisfies-gen (Ak P n. restrict k P N vk P n) A ¢ +— satisfies-gen r A (RESTR
)

by (induct ¢ arbitrary: ) (auto simp: restrict-Restrict[symmetric] assigns-Extend
LEQ-0)

lemma finite-FV: finite (FV ¢ k)
by (induct ) (auto simp: finite-FV0)

lemma satisfies-gen-restrict:
satisfies-gen v A o A (Yzeset V. restrict k (z2k)) «—
satisfies-gen v A (foldr (Az. FAnd (Restrict k z)) V ¢)
by (induct V arbitrary: ¢) (auto simp: restrict-Restrict[symmetric])

lemma sat-vars-RESTRICT-VARS:

fixes ¢

defines vs = sorted-list-of-set o F'V ¢

assumes Yk € set ks. finite (FV ¢ k)

shows sat-vars-gen r (set ks) A o <— satisfies-gen r A (RESTRICT-VARS ks
vs ¢)
using assms proof (induct ks)

case (Cons k ks)

with satisfies-gen-restrict|of r A (RESTRICT-VARS ks vs @) vs k| show ?case
by auto
qed (simp add: satisfies-gen-restrict-RESTR)

lemma sat-RESTRICT: sat A ¢ +— A = RESTRICT ¢

unfolding sat-def RESTRICT-def using sat-vars-RESTRICT-VARS|of Enum.enum,
symmetric]

by (auto simp: finite-F'V enum-UNIV')

lemma sat,-RESTRICT: sat, A ¢ +— A =, RESTRICT ¢

unfolding saty-def RESTRICT-def using sat-vars-RESTRICT-VARS|of Enum.enum,
symmetric]

by (auto simp: finite-F'V enum-UNIV')

lemma wf-RESTR: wf ide ¢ = wf ide (RESTR )
by (induct ¢ arbitrary: idx) (auto simp: wf-Restrict LESS-SUC LEQ-0)

lemma wf-RESTRICT-VARS: [wf idz ¢; Yk € set ks. Vv € set (vs k). LESS k v
idr] =

wf ide (RESTRICT-VARS ks vs ¢)
proof (induct ks)
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case (Cons k ks)

moreover

{ fix vs ¢ assume Vv € set vs. LESS k v idx wf idz ¢

then have wf idz (foldr (Ax. FAnd (Restrict k x)) vs ©)

by (induct vs arbitrary: @) (auto simp: wf-Restrict)

}

ultimately show ?case by auto

qed (simp add: wf~-RESTR)

lemma wf-FV-LESS: [wf idx ¢; v € FV ¢ k] = LESS k v idz
by (induct ¢ arbitrary: idz v)
(force simp: wf0-FV0-LESS LESS-SUC split: if-splits)+

lemma wf-RESTRICT: wf idz ¢ = wf ide (RESTRICT ¢)
unfolding RESTRICT-def by (rule wf-RESTRICT-VARS) (auto simp: list-all-iff
wf-FV-LESS finite-FV)

lemma Ilformula-RESTR: Ilformula ¢ = Ilformula (RESTR )
by (induct ¢) (auto simp: lformula-Restrict)

lemma [formula-RESTRICT-VARS: Iformula ¢ = lformula (RESTRICT-VARS
ks vs )
proof (induct ks)
case (Cons k ks)
moreover
{ fix vs ¢ assume [formula ¢
then have lformula (foldr (Ax. FAnd (Restrict k x)) vs ¢)
by (induct vs arbitrary: ¢) (auto simp: lformula-Restrict)
}
ultimately show ?case by auto
qed (simp add: Iformula-RESTR)

lemma Ilformula-RESTRICT: lformula ¢ = lformula (RESTRICT o)
unfolding RESTRICT-def by (rule lformula-RESTRICT-VARS)

lemma ez-fold-CONS: Jxs B. A = fold CONS zs B N Length B = 0 A Length
A = length xs A

#v B =H#y AN (Vo € set s. size x = #y A)
proof (induct Length 2 arbitrary: )

case (Suc m)

from Suc(2) CONS-surj obtain a B where 2 = CONS a B #yv B = #, A
size a = #vy A by force

moreover with Suc(2) have Length %6 = m by (simp add: Length-CONS)

with Suc(1)[of B] obtain zs € where B = fold CONS zs € Length € = 0
Length B = length zs

#v €=y B Va € set xs. size v = #y B by blast

ultimately show ?case by (intro exI[of - zs Q [a]] exI[of - €]) (auto simp:
Length-CONS)
qed simp
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primcorec L where
Lidx I = Lang (3. Length A = 0 AN #y A =ide ANA € I)
(Ma. if size a = idzx then L ide {$B. CONS a B € I} else Zero)

lemma L-empty: L idx {} = Zero
by coinduction auto

lemma L-alt: L idz I =
to-language {xs. 3A € I. 3B. A = fold CONS (rev zs) B A Length B = 0 A
#v B =ide N (Vz € set s. size v = idx)}
by (coinduction arbitrary: I)
(auto 0 4 simp: L-empty intro: exl|of - {}] arg-conglof - - to-language])

definition lang idz ¢ = L ide {A. A E ¢ A #v A = idz}
definition langy ide ¢ = L ide {A. A = o A #v A = idx}
definition language idx ¢ = L idz {2. sat A ¢ A #v A = idz}
definition languagey, idz ¢ = L idx {A. saty A o A #v A = idz}

lemma Ilformula ¢ = lang n (norm @) = lang n ¢
unfolding lang-def using satisfies-norm by auto

lemma in-language-Zero[simpl: — in-language Zero w
by (induct w) auto

lemma in-language-L-size: in-language (L idz I) w = = € set w —> size © =
idz
by (induct w arbitrary: z I) (auto split: if-splits)

end

sublocale Formula <
bounded: DA alphabet idz Ap. norm (RESTRICT ¢) Aa ¢. norm (lderiv a ¢)
nullable
Ap. wf idz @ A lformula ¢ lang, idz
Ap. wf idz o A lformula ¢ languagey idx for idx
using ez-Length-0]of idx]
by unfold-locales
(auto simp: lformula-norm Iformula-lderiv distinct-alphabet alphabet-size wf-norm
wf-lderiv
langy-def languagey -def nullable-satisfies-bounded wf-RESTRICT Iformula-RESTRICT
saty,-RESTRICT
satisfies-bounded-norm in-language-L-size satisfies-bounded-lderiv nvars-CONS
dest: Length-0-inj intro: arg-cong[of - - L (size -)])

sublocale Formula <
unbounded?: DA alphabet idx Ap. norm (RESTRICT ¢) Aa ¢. norm (lderiv a ¢)
final idz
Ap. wf idz ¢ A lformula ¢ lang idz
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Ap. wf idz ¢ A lformula ¢ language idz for idx

using ex-Length-0|of idz]

by unfold-locales

(auto simp: lformula-norm lformula-lderiv distinct-alphabet alphabet-size wf-norm

wf-lderiv

lang-def language-def final-satisfies wf~-RESTRICT Iformula-RESTRICT sat-RESTRICT
satisfies-norm in-language-L-size satisfies-lderiv nvars-CONS
dest: Length-0-inj intro: arg-cong[of - - L (size -)])

lemma (in Formula) check-equ-soundness:
[#v 2 = idx; check-equ idx ¢ ] = sat A ¢ +— sat A ¢
using ex-fold-CONS[of 2]
by (auto simp: language-def L-alt set-eq-iff
dest!: soundness[unfolded rel-language-eq) injD| OF bij-is-inj[ OF to-language-bij]])
(metis Length-0-inj rev-rev-ident set-rev)+

lemma (in Formula) bounded-check-equ-soundness:
[#v 2 = idz; bounded.check-equ idz ¢ ] = saty, A ¢ +— saty, A P
using ez-fold-CONS|[of 2]
by (auto simp: languagey-def L-alt set-eq-iff
dest!: bounded.soundness[unfolded rel-language-eq) injD|OF bij-is-inj[ OF to-language-bij]])
(metis Length-0-inj rev-rev-ident set-rev)+

end
3 WSI1S Interpretations

definition eval P z = (z |€| P)

definition downshift P = (Az. © — Suc 0) |9 (P |—| {|0]})

definition upshift P = Suc || P

definition lift bs i P = (if bs ! i then finsert 0 (upshift P) else upshift P)
definition snoc n bs i P = (if bs | ¢ then finsert n P else P)

definition cut n P = ffilter (Ai. i < n) P

definition len P = (if P = {||} then 0 else Suc (fMaz P))

datatype order = FO | SO
derive linorder order
instantiation order :: enum begin
definition enum-order = [FO, SO]
definition enum-all-order P = (P FO A P SO)
definition enum-ez-order P = (P FO V P SO)
lemmas enum-defs = enum-order-def enum-all-order-def enum-ex-order-def
instance proof ged (auto simp: enum-defs, (metis (full-types) order.exhaust)+)
end

typedef idx = UNIV :: (nat x nat) set by (rule UNIV-witness)

setup-lifting type-definition-idz
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lift-definition SUC :: order = idx = idx is

Xord (m, n). case ord of FO = (Suc m, n) | SO = (m, Suc n) .
lift-definition LESS :: order = nat = idx = bool is

Xord I (m, n). case ord of FO =1 <m | SO =1<n.
abbreviation LEQ ord | ide = LESS ord | (SUC ord idx)

definition MSB Is =
if VP € set Is. P = {||} then 0 else Suc (Maz (|JP € set Is. fset P))

lemma MSB-Nil[simp]: MSB [] = 0
unfolding MSB-def by simp

lemma MSB-Cons|simp): MSB (I # Is) = maz (if I = {||} then 0 else Suc (fMax
1)) (MSB Is)

unfolding MSB-def including fset.lifting

by transfer (auto simp: Maz-Un list-all-iff Sup-bot-conv(2)[symmetric] simp del:
Sup-bot-conv(2))

lemma MSB-append[simp]: MSB (I1 @ I2) = maz (MSB I1) (MSB I2)
by (induct I1) auto

lemma MSB-insert-nth]simp]:
MSB (insert-nth n P Is) = max (if P = {||} then 0 else Suc (fMaz P)) (MSB Is)
by (subst (2) append-take-drop-id[of n Is, symmetric])
(simp only: insert-nth-take-drop MSB-append MSB-Cons MSB-Nil)

lemma MSB-greater:

[ < length Is; p |€] Is ! i] = p < MSB Is

unfolding MSB-def by (fastforce simp: Bex-def in-set-conv-nth less-Suc-eg-le
intro: Maz-ge)

lemma MSB-mono: set 11 C set I2 — MSB 11 < MSB I2
unfolding MSB-def including fset.lifting
by transfer (auto simp: list-all-iff intro!: Max-ge)

lemma MSB-map-index’-CONS|[simp]:
MSB (map-index’ i (lift bs) Is) =
(if MSBIs = 0 N (Vi € {i ..< { + length Is}. = bs | i) then 0 else Suc (MSB
)
by (induct Is arbitrary: i)
(auto split: if-splits simp: mono-fMaz-commute[where f = Suc, symmetric|
mono-def
lift-def upshift-def,
metis atLeastLessThan-iff le-antisym not-less-eq-eq)

lemma MSB-map-index’-SNOC[simp]:

MSB Is < n = MSB (map-index’ i (snoc n bs) Is) =
(if (Vi€ {i.<i+ length Is}. = bs! i) then MSB Is else Suc n)
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by (induct Is arbitrary: i)
(auto split: if-splits simp: mono-fMaz-commutelwhere f = Suc, symmetric]
mono-def
snoc-def, (metis atLeastLess Than-iff le-antisym not-less-eq-eq)+)

lemma MSB-replicate[simp]: MSB (replicate n P) = (if P = {||} V n = 0 then 0
else Suc (fMax P))
by (induct n) auto

typedef interp =
{(n :: nat, I1 :: nat fset list, I2 :: nat fset list) | n 11 12. MSB (I1 @ I2) < n}
by auto

setup-lifting type-definition-interp

lift-definition assigns :: nat = interp = order = nat fset (<-"-» [900, 999, 999]
999)
is An (-, I1, 12) ord. case ord of FO = if n < length I1 then I1 ! n else {||}
| SO = if n < length I2 then I2 | n else {||} .
lift-definition nvars :: interp = idz (<#v - [1000] 900)
is A\(-, I1, I2). (length 11, length 12) .
lift-definition Length :: interp = nat
is A(n, -, -). n.
lift-definition Fztend :: order = nat = interp = nat fset = interp
is Aord i (n, 11, I2) P. case ord of
FO = (maz n (if P = {||} then 0 else Suc (fMax P)), insert-nth i P I1, I2)
| SO = (maz n (if P = {||} then 0 else Suc (fMax P)), I1, insert-nth i P I2)
using MSB-mono by (auto simp del: insert-nth-take-drop split: order.splits)

lift-definition CONS :: (bool list x bool list) = interp = interp
is A(bs1, bs2) (n, I1, I2).
(Suc n, map-index (lift bs1) I1, map-index (lift bs2) 12)
by auto

lift-definition SNOC :: (bool list x bool list) = interp = interp
is A(bs1, bs2) (n, I1, I2).
(Suc n, map-index (snoc n bsl) 11, map-index (snoc n bs2) 12)
by (auto simp: Let-def)

type-synonym atom = bool list x bool list

lift-definition zero :: ide = atom
is A(m, n). (replicate m False, replicate n False) .

definition extend ord b =

A(bs1, bs2). case ord of FO = (b # bs1, bs2) | SO = (bsl, b # bs2)
lift-definition size-atom :: bool list x bool list = idz

is A\(bs1, bs2). (length bs1, length bs2) .
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lift-definition o :: idz = atom list
is (A(n, N). map (Abs. (take n bs, drop n bs)) (List.n-lists (n + N) [True, False]))

lemma fMin-fimage-Suc[simp]: © |€| A = fMin (Suc | A) = Suc (fMin A)
by (rule fMin-eql) (auto intro: fMin-in)

lemma fMin-eq-0[simpl: 0 |€|] A = fMin A = (0 :: nat)
by (rule fMin-eql) auto

lemma insert-nth-Cons[simp):

insert-nth i x (y # xs) = (case i of 0 = x # y # xs | Suc i = y # insert-nth i
x xs)

by (cases i) simp-all

lemma insert-nth-commaute[simp):
assumes j < i < length zs
shows insert-nth j y (insert-nth i x xs) = insert-nth (Suc i) z (insert-nth j y xs)
using assms by (induct xs arbitrary: i j) (auto simp del: insert-nth-take-drop
split: nat.splits)

lemma SUC-SUC[simp]: SUC ord (SUC ord’ idx) = SUC ord’ (SUC ord idzx)
by transfer (auto split: order.splits)

lemma LESS-SUC|[simp):
LESS ord 0 (SUC ord idx)
LESS ord (Suc l) (SUC ord idx) = LESS ord | idx
ord # ord’ = LESS ord | (SUC ord’ idx) = LESS ord | idzx
LESS ord | idv = LESS ord 1 (SUC ord’ idz)
by (transfer, force split: order.splits)+

lemma nvars-Extend|simp]:
#v (Extend ord i A P) = SUC ord (#v )
by (transfer, force split: order.splits)

lemma Length-Extend[simpl:
Length (Extend k i A P) = max (Length ) (if P = {||} then 0 else Suc (fMax

P))

unfolding max-def by (split if-splits, transfer) (force split: order.splits)

lemma assigns-FExtend|simp]:

LEQ ord i (#y ) =smbPrtend ord i A Porg — (if 1y — i then P else (if m > i
then m — Suc 0 else m)®ord)

ord # ord’ = mEztend ord ¢ A Pooar A a0

by (transfer, force simp: min-def nth-append split: order.splits)—+

lemma FEzxtend-commute-safe]simpl:

j < i: LEQ ord i (#y )] —
Eztend ord j (Extend ord ¢ 24 P1) P2 = Extend ord (Suc %) (Extend ord j
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P2) P1
by (transfer,
force simp del: insert-nth-take-drop simp: replicate-add|symmetric] split: or-
der.splits)

lemma FEztend-commute-unsafe:

ord # ord’ = Extend ord j (Extend ord’ i A P1) P2 = FEuxtend ord’ i (Extend
ord j A P2) P1

by (transfer, force simp: replicate-add[symmetric] split: order.splits)

lemma Length-CONS[simp]:
Length (CONS z 1) = Suc (Length )
by (transfer, force split: order.splits)

lemma Length-SNOC|[simp]:
Length (SNOC z ) = Suc (Length )
by (transfer, force simp: Let-def split: order.splits)

lemma nvars-CONS|[simpl:
#yv (CONS z ) = #v A
by (transfer, force)

lemma nvars-SNOC|[simp]:
#v (SNOCz A) = #y A
by (transfer, force simp: Let-def)

lemma assigns-CONS|simp]:
assumes #y A = size-atom bs1-bs2
shows LESS ord z (#y ) = g CONS bsi-bs2 Ay —
(if case-prod case-order bsi-bs2 ord | x then finsert 0 (upshift (z%ord)) else
upshift (z%ord))
by (insert assms, transfer) (auto simp: lift-def split: order.splits)

lemma assigns-SNOC|[simp]:
assumes #y A = size-atom bs1-bs2
shows LESS ord z (#y ) = gSNOC bsi-bs2 Ay —
(if case-prod case-order bs1-bs2 ord | x then finsert (Length ) (z%ord) else
% ord)
by (insert assms, transfer) (force simp: snoc-def Let-def split: order.splits)

lemma map-indez’-eg-conv|simp]:

map-indezx’ i f xs = map-index’ j g xs = (Vk < length zs. f (i + k) (zs ' k) = g
(G + b) (a5 ! K)
proof (induct zs arbitrary: i j)

case Cons from Cons(1)[of Suc i Suc j| show Zcase by (auto simp: nth-Cons
split: nat.splits)
qed simp

lemma fMaz-Diff-0[simp]: Suc m |€| P = fMaz (P |—| {|0]}) = fMaz P
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by (rule fMaz-eql) (auto intro: fMaz-in dest: fMaz-ge)

lemma Suc-fMaz-pred-fimage[simp]:

assumes Suc p |€| P 0 |¢| P

shows Suc (fMax ((Az. £ — Suc 0) |9 P)) = fMax P

using assms by (subst mono-fMax-commute[of Suc, unfolded mono-def, simpli-
fied]) (auto simp: o-def)

lemma Extend-CONS|[simp|: #v A = size-atom © = Eatend ord 0 (CONS = )
P =
CONS (extend ord (eval P 0) z) (Extend ord 0 A (downshift P))
by transfer (auto simp: extend-def o-def gr0-conv-Suc
mono-fMax-commute[of Suc, symmetric, unfolded mono-def, simplified]
lift-def upshift-def downshift-def eval-def
dest!: fsubset-fsingletonD split: order.splits)

lemma size-atom-extend|[simp]:
size-atom (extend ord b z) = SUC ord (size-atom )
unfolding extend-def by transfer (simp split: prod.splits order.splits)

lemma size-atom-zero[simp):
size-atom (zero idx) = idx
unfolding extend-def by transfer (simp split: prod.splits order.splits)

lemma interp-eql:

[Length A = Length B; #v A = #v B; Am k. LESS k m (#v ) = mAk =
mPk] = A =B

by transfer (force split: order.splits intro!: nth-equalityl)

lemma FEztend-SNOC-cut[unfolded eval-def cut-def Length-SNOC, simp:
[len P < Length (SNOC z 21); #v A = size-atom z] =
Eztend ord 0 (SNOC z ) P =
SNOC (extend ord (if eval P (Length ) then True else False) x) (Extend ord
0 A (cut (Length 2A) P))
by transfer (fastforce simp: extend-def len-def cut-def ffilter-eq-fempty-iff snoc-def
eval-def
split: if-splits order.splits dest: fMaz-ge fMaz-boundedD intro: fMaz-in)

lemma nth-replicate-simp: replicate m z ! i = (if i < m then x else [| ! (i — m))
by (induct m arbitrary: i) (auto simp: nth-Cons’)

lemma MSB-eq-SucD: MSB Is = Suc x => 3 Peset Is. © |€| P
using Maz-in[of |Jz€set Is. fset x]
unfolding MSB-def by (force split: if-splits)

lemma append-replicate-ing:

assumes zs # [| = last zs # x and ys # [| = last ys # z

shows zs @ replicate m © = ys @ replicate n z +— (xs = ys A m = n)
proof safe
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from assms have assms” xs 2 [| = revas! 0 £z ys #[| = revys! 0 # x
by (auto simp: hd-rev hd-conv-nth|symmetric))
assume *: s Q replicate m x = ys Q replicate n z
then have rev (zs Q replicate m ) = rev (ys Q replicate n z) ..
then have replicate m x @Q rev xs = replicate n x Q rev ys by simp
then have take (max m n) (replicate m © @ rev xs) = take (max m n) (replicate
nx @ rev ys) by simp
then have replicate m x @ take (mazx m n — m) (rev xs) =
replicate n x Q take (max m n — n) (rev ys) by (auto simp: min-def maz-def
split: if-splits)
then have (replicate m = @ take (max m n — m) (rev zs)) ! min m n =
(replicate n x @ take (max m n — n) (rev ys)) ! min m n by simp
with arg-cong[|OF x, of length, simplified] assms’ show m = n
by (cases xs = [| ys = [] rule: bool.exhaust[case-product bool.exhaust])
(auto simp: min-def nth-append split: if-splits)
with * show zs = ys by auto
qed

lemma fin-lift[simp]: m |€| lift bs i (I ! 7) <— (case m of 0 = bs ! i | Suc m =
m |€| I!7)
unfolding lift-def upshift-def by (auto split: nat.splits)

lemma ez-Length-0[simp]:
3A. Length A = 0 N #v A = idz
by transfer (auto introl: exI[of - replicate m {||} for m))

lemma is-empty-inj[simp]: [Length A = 0; Length B = 0; #v A = #v B] =
A =2
by transfer (simp add: list-eq-iff-nth-eq split: prod.splits,
metis MSB-greater fMaz-in less-nat-zero-code)

lemma set-o-length-atom[simpl: (z € set (o idzx)) <— idx = size-atom x
by transfer (auto simp: set-n-lists enum-UNIV image-iff intro!: exI[of - 11 @ I2
for I1 12))

lemma distinct-o[simpl: distinct (o idz)
by transfer (auto 0 4 simp: distinct-map distinct-n-lists set-n-lists inj-on-def
intro: iffD2[OF append-eq-append-conv]
boz-equals|OF - append-take-drop-id append-take-drop-id, of n - n for n))

lemma fMin-less-Length[simp): z |€| m1%k = fMin (m1%k) < Length 2
by transfer
(force elim: order.strict-trans2[OF MSB-greater, rotated —1] intro: fMin-in
split: order.splits)

lemma fMaz-less-Length[simp): z |€| m1%k — fMaz (m1%k) < Length 2
by transfer
(force elim: order.strict-trans2|OF MSB-greater, rotated —1] intro: fMaz-in
split: order.splits)
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lemma min-Length-fMin[simp): = |€| m1%k = min (Length ) (fMin (m1%k))
= fMin (m1%k)
using fMin-less-Length[of x m1 2 k] unfolding fMin-def by auto

lemma maz-Length-fMin[simp): © |€| m1%k = maz (Length A) (fMin (m1%k))
= Length 2
using fMin-less-Length[of * m1 2 k] unfolding fMin-def by auto

lemma min-Length-fMaz[simp): z |€| m1%k = min (Length A) (fMaz (m1%k))
= fMaz (m1%k)
using fMaz-less-Length[of x m1 2 k] unfolding fMaz-def by auto

lemma maz-Length-fMaz]simp): z |€| m1%k = maz (Length ) (fMaz (m1%k))
= Length 2
using fMaz-less-Length[of x m1 2 k] unfolding fMaz-def by auto

lemma assigns-less-Length[simp): z |€| m1%k = z < Length 2
by transfer (force dest: MSB-greater split: order.splits if-splits)

lemma Length-notin-assigns[simp): Length A |¢| m¥k

by (metis assigns-less-Length less-not-refl)

lemma nth-zero[simp|: LESS ord m (#v 1) => = case-prod case-order (zero (#v
2A)) ord ! m
by transfer (auto split: order.splits)

lemma in-fimage-Suc[simp]: z |€| Suc || A +— (Jy. y |€| A A z = Suc y)
by blast

lemma fimage-Suc-inj[simp]: Suc || A = Suc || B+— A=B
by blast

lemma MSB-eq0-D: MSBI = 0 = z < length I = I !z = {||}
unfolding MSB-def by (auto split: if-splits)

lemma Suc-in-fimage-Suc: Suc z |€| Suc || X «— z |€] X
by auto

lemma Suc-in-fimage-Suc-o-Suc[simp]: Suc z |€| (Suc o Suc) || X «— z |€| Suc
[ X

by auto
lemma finsert-same-eq-iff [simp]: finsert k X = finsert k' Y +— X |—| {|k|} = YV

=1 {I%[}

by auto
lemma fimage-Suc-o-Suc-eq-fimage-Suc-iff [simp]:
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((Suc o Suc) |1 X =Suc||Y)+— (Suc |1 X =Y)
by (metis fimage-Suc-inj fset.map-comp)

lemma fMaz-image-Suc[simp]: z |€| P = fMaxz (Suc || P) = Suc (fMax P)
by (rule fMaz-eql) (metis Suc-le-mono fMaz-ge fimageE, metis fimagel fempty-iff
fMazx-in)

lemma fimage-Suc-eg-singleton[simp]: (fimage Suc Z = {|y|}) +— 3Fz. Z = {|z|}
A Suc z = y)
by (cases y) auto

lemma len-downshift-helper:

z |€| P = Suc (fMaz ((Az. x — Suc 0) || (P |—| {]0]}))) # fMaz P = za |€|
P—= 2a=20
proof —

assume al: za |€| P

assume a2: Suc (fMaz (Az. x — Suc 0) || (P |-] {|0]}))) # fMazx P

have za |€| {|0|} — za = 0 by fastforce

moreover

{ assume za |¢| {|0]}

hence 0 |¢| P |—| {|0]|} A za |¢| {|0]} by blast
then obtain esk!; :: nat = nat where za = 0 using al a2 by (metis

Suc-fMaz-pred-fimage fMaz-Diff-0 fminus-iff not0-implies-Suc) }

ultimately show za = 0 by blast
qed

lemma CONS-inj[simp|: size-atom x = #y A = size-atom y = #y A = #v
A =H#y B =

CONS z A= CONS y B «+— (z =y AN2A=DB)

by transfer (auto simp: list-eq-iff-nth-eq lift-def upshift-def split: if-splits; blast)

lemma Suc-minusl: Suc (z — Suc 0) = (if v = 0 then Suc 0 else x)
by auto

lemma fset-eq-empty-iff: (fset X = {}) = (X = {||})
by (metis bot-fset.rep-eq fset-inverse)

lemma fset-le-singleton-iff: (fset X C {z}) = (X = {||} V X = {|=z|})
by (metis finsert.rep-eq fset-eq-empty-iff fset-inject order-refl singleton-insert-inj-eq
subset-singletonD)

lemma MSB-decreases:
MSB I < Suc m = MSB (map (AX. (M1.I1 — Suc 0) | (X |—| {|0]})) I) <
m
unfolding MSB-def
by (auto simp add: not-le less-Suc-eq-le fset-eq-empty-iff fset-le-singleton-iff
split: if-splits dest!: iffD1[OF Maax-le-iff, rotated —1] iffD1[OF Maz-ge-iff,
rotated —11; force)
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lemma CONS-surj[dest]:
assumes Length 2 > 0
shows Jz B. A = CONS z B A #yv B = #y A A size-atom z = #y A
proof —
have MSB 11 < Suc m = MSB I2 < Suc m => Jda b ab ba.
(311. length ab = length 11 A (Vi<length ab. ab! i = I1!1i) A
(312. length ba = length I2 N (Vi<length ba. ba ! i = 12 1 i) A
MSB I1 < m A MSBI2 < m)) A
I1 = map-index (lift a) ab A
12 = map-index (lift b) ba A
length ab = length 11 A
length ba = length 12 A
length a = length I1 A
length b = length I2
for m 11 12
by (auto simp: list-eq-iff-nth-eq lift-def upshift-def split: if-splits
introl: exI[of - map (AX. 0 |€| X) -] exI[of - map (AX. (A\z. x — Suc 0) |
(X = {lo1}) -,
auto simp: MSB-decreases upshift-def Suc-minusl fimage-iff intro: rev-fBexl
split: if-splits)
with assms show ?thesis
by transfer (auto simp: gr0-conv-Suc list-eq-iff-nth-eq)
qed

4 Concrete Atomic WS1S Formulas (Minimum Se-
mantics for FO Variables)

datatype (FOV0: 'fo, SOV0: 'so) atomic =
Fo 'fo |
Eg-Const nat option 'fo nat |
Less bool option 'fo 'fo |
Plus-FO nat option 'fo 'fo nat |
Eqg-FO bool "fo 'fo |
Eg-S0 'so 'so |
Suc-SO bool bool 'so 'so |
Empty 'so |
Singleton 'so |
Subset 'so 'so |
In bool 'fo 'so |
Eq-Maz bool 'fo 'so |
Eqg-Min bool "fo 'so |
Eq-Union 'so 'so 'so |
Eq-Inter 'so 'so 'so |
Eq-Diff 'so 'so 'so |
Disjoint 'so 'so |
Eq-Presb nat option 'so nat
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derive linorder option
derive linorder atomic — very slow

type-synonym fo = nat

type-synonym so = nat

type-synonym wsls = (fo, so) atomic
type-synonym formula = (wsls, order) aformula

primrec wf0 where

wf0 idz (Fo m) = LESS FO m idx
| wf0 idz (Eq-Const i m n) = (LESS FO m idx A (case i of Some i = i< n|-=
True))
| wf0 idx (Less - m1 m2) = (LESS FO m1 idx A LESS FO m2 idx)
| wf0 ide (Plus-FO i m1 m2 n) =

(LESS FO m1 idx A LESS FO m2 idx A (case i of Some i = i < n | - = True))
| wf0 ide (Eq-FO - m1 m2) = (LESS FO m1 ide N LESS FO m2 idx)
| wf0 ide (Eq-SO M1 M2) = (LESS SO M1 idz N LESS SO M2 idx)
| wf0 idz (Suc-SO br bl M1 M2) = (LESS SO M1 idz N LESS SO M2 idx)
| wf0 ide (Empty M) = LESS SO M idx
| wfo0 idx (Singleton M) = LESS SO M idx
| wf0 ide (Subset M1 M2) = (LESS SO M1 idx A LESS SO M2 idx)
| wf0 idz (In - m M) = (LESS FO m ide A LESS SO M idx)
| wf0 ide (Eq-Max - m M) = (LESS FO m ide N LESS SO M idx)
| wf0 ide (Eq-Min - m M) = (LESS FO m idz A LESS SO M idx)
| wf0 ide (Eq-Union M1 M2 M3) = (LESS SO M1 idx A LESS SO M2 idx N LESS
SO MS3 idzx)
| wf0 idz (Eq-Inter M1 M2 M3) = (LESS SO M1 idx N LESS SO M2 idz N LESS
SO MS3 idzx)
| wf0 ide (Eq-Diff M1 M2 M3) = (LESS SO M1 idz A LESS SO M2 idz A LESS
SO M3 idx)
| wf0 idx (Disjoint M1 M2) = (LESS SO M1 idx N LESS SO M2 idzx)
| wf0 idx (Eg-Presb - M n) = LESS SO M idx

inductive [formula0 where
lformula0 (Fo m)

| lformula0 (Eq-Const None m n)

| lformula0 (Less None m1 m2)

| lformula0 (Plus-FO None m1 m2 n)

| lformula0 (Eq-FO False m1 m2)

| lformula0 (Eq-SO M1 M2)

| iformula0 (Suc-SO False bl M1 M2)

| lformula0 (Empty M)

| iformula0 (Singleton M)

| lformula0 (Subset M1 M2)

| lformula0 (In False m M)

| lformula0 (Eq-Max False m M)

| iformula0 (Eq-Min False m M)

| lformula0 (Eq-Union M1 M2 M3)
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| lformula0 (Eq-Inter M1 M2 M3)
| lformula0 (Eq-Diff M1 M2 M3)
| lformula0 (Disjoint M1 M2)

| iformula0 (Eq-Presb None M n)

code-pred [formula0 .

declare Iformula0.intros|simp)
inductive-cases Iformula0E[elim]: {formula0 a
abbreviation FV0 = case-order FOV0 SOV0

fun find0 where
find0 FO i (Fo m) = (i = m)

| find0 FO i (Eq-Const - m -) =
| find0 FO i (Less - m1 m?) (z m
| find0 FO i (Plus-FO - m1 m2-) = (i = ml1 V i = m2)
| find0 FO i (Eqg-FO - m1 m2) = (i =
| find0 SO i (Fqg-SO M1 M2) = (i =
| find0 SO i (Suc-SO - - M1 M2) = (Z—MZ\/z':MQ)
| find0 SO i (Empty M) = (i = M)
| find0 SO i (Singleton M) = (i = M)
| find0 SO i (Subset M1 M2) = (i = M1 V i = M2)
| ind0 FO i (In - m -) = (i = m)
| ind0 SO i (In--M)=(i=M

(

(

(

(

(

(

(

(

(

~

| find0 FO i (Eq-Max - m -) = (i = m
| find0 SO i (Eq-Maz - - M) = (i = M)

| find0 FO i (Eq-Min - m -) = (i = m)

| find0 SO i (E¢-Min - - M) = (i = M)

| find0 SO i (Eq-Union M1 M2 M3) = (i =M1V i= M2V i= M3)
| find0 SO i (Eq-Inter M1 M2 M3) = (i = M1 V i = M2 V i = M3)
| find0 SO i (Eg-Diff M1 M2 M3) = (i = M1 V i= M2V i= M3)

| find0 SO i (Disjoint M1 M2) = (i = M1 V i = M2)

| find0 SO i (Eq-Presb - M -) = (i = M)

| find0 - - - = False

~—

abbreviation decr0 ord k = map-atomic (case-order (dec k) id ord) (case-order
id (dec k) ord)

lemma sum-pow2-image-Suc:
finite X = sum ((7) (2 :: nat)) (Suc “X) =2 xsum ((7) 2) X
by (induct X rule: finite-induct) (auto intro: trans|OF sum.insert])
lemma sum-pow2-insert0:
[finite X; 0 ¢ X] = sum ((7) (2 :: nat)) (insert 0 X) = Suc (sum ((7) 2) X)

by (induct X rule: finite-induct) (auto intro: trans|OF sum.insert])

lemma sum-pow2-upto: sum ((7) (2 :: nat)) {0 .< z} =2 "z — 1
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by (induct z) (auto simp: algebra-simps)

lemma sum-pow2-inj:
[finite X; finite Y; O z€X. 2 "z nat) = (O z€Y. 2 "z)] = X =Y
is-—=-—= X =9Y = -)
proof (induct X arbitrary: Y rule: finite-linorder-maz-induct)
case (insert z X)
from insert(2) have ?f X < 2f {0 ..< z} by (intro sum-mono2) auto
also have ... < 2 "z by (induct z) simp-all
finally have 2f X < 2 "z .
moreover from insert(1,2) have x: 2f X + 2 "z = 2f Y
using trans[OF sym|[OF insert(5)] sum.insert] by auto
ultimately have 7/ Y < 2 = Suc x by simp

haveVye Y.y <z
proof (rule ccontr)
assume - (VyeY. y < z)
then obtain y where y € Y Suc z < y by auto
from this(2) have 2 = Suc © < (2 ~ y :: nat) by (intro power-increasing) auto
also from (y € Y insert(4) have ... < 2f Y by (metis order.refl sum.remove
trans-le-add1)
finally show False using <?f Y < 2 ~ Suc x> by simp
qed

{ assume z ¢ YV
with «Vy € Y.y < 2 have ?f Y < ?f {0 ..< z} by (intro sum-mono2) (auto
simp: le-less)
also have ... < 2 7z by (induct z) simp-all
finally have 2/ Y < 2 "z .
with *« have Fulse by auto

}

then have z € Y by blast

from insert(4) have 2f (Y — {z}) + 2 "2 = ?2f (insert x (Y — {z}))by (subst
sum.insert) auto

also have ... = ?f X 4+ 2 ~ z unfolding * using <z € Y» by (simp add:
insert-absord)

finally have ?f X = ?f (Y — {z}) by simp

with insert(3,4) have X = Y — {z} by simp

with «(z € Y) show ?case by auto
qed simp

lemma finite-pow2-eq:
fixes n :: nat
shows finite {i. 2 " i = n}
proof —
have ((7) 2) ‘{i. 2 "i = n} C {n} by auto
then have finite (((7) (2 = nat)) ‘{i. 2 7 i = n}) by (rule finite-subset) blast
then show finite {i. 2 ~ i = n} by (rule finite-imageD) (auto simp: inj-on-def)
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qed

lemma finite-pow2-le[simp):
fixes n :: nat
shows finite {i. 2 ~i < n}
by (induct n) (auto simp: le-Suc-eq finite-pow2-eq)

lemma le-pow2[simp|: z <y =z < 2 "y
by (induct z arbitrary: y) (force simp add: Suc-le-eq order.strict-iff-order)+

lemma ld-bounded: Max {i. 2 "¢ < Suc n} < Sucn (is ?m < Suc n)
proof —
have ?m < 2 ~ ?m by (rule le-pow2) simp
moreover
have ?m € {i. 2 i < Suc n} by (rule Maz-in) (auto intro: exI[of - 0])
then have 2 ~ ?m < Suc n by simp
ultimately show ?thesis by linarith
qed

primrec satisfies0) where
satisfies0 A (Fo m) = (mQ‘FO #{||})
| satisfiesO0 A (Eq-Const i m n) =
(let P = m3FO in if P = {||}
then (case i of Some i = Length A = i | - = Fulse)
else fMin P = n)
| satisfies0 A (Less b m1 m2) =
(let P1 = m1%FO; P2 = m2%FO in if P1 = {||} v P2 = {||}
then (case b of None = Fualse | Some True = P2 = {||} | Some False = P1 #

{I1h)
else fMin P1 < fMin P2)

| satisfies0 A (Plus-FO i m1 m2 n) =
(let P1 = m1%FO; P2 = m2%FO in if P1 = {||} v P2 = {||}
then (case i of Some 0 = P1 = P2 | Some i = P2 # {||} N fMin P2 + i =
Length A | - = False)
else fMin P1 = fMin P2 + n)
| satisfies0 A (Eqg-FO b m1 m2) =
(let P1 = m1%FO; P2 = m2%FO in if P1 = {||} v P2 = {||}
then b N P1 = P2
else fMin P1 = fMin P2)
| satisfies0 A (Eq-SO M1 M2) = (M1%50 = M2%50)
| satisfies0 A (Suc-SO br bl M1 M2) =
((if br then finsert (Length 2) else id) (M1%50) =
(if bl then finsert 0 else id) (Suc || M2%S0))
| satisfies0 A (Empty M) = (M*S0 = {||})
| satisfies0 A (Singleton M) = (Fz. MASO = {|z|})
| satisfies0 A (Subset M1 M2) = (M1%S0 |C| M2%50)
| satisfies0 A (In b m M) =
(let P = m3FO in if P = {||} then b else fMin P |€| M2SO)
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| satisfies0 A (Eq-Maz b m M) =
(let P1 = m3FO; P2 = M%S0 in if b then P1 = {||}
else if P1 = {||} vV P2 = {||} then False else fMin P1 = fMaz P2)
| satisfiesO A (Eq-Min b m M) =
(let P1 = mAFO; P2 = M2S50 in if P1 = {||} V P2 = {||} then b A P1 = P2
else fMin P1 = fMin P2)
| satisfies0 A (Eq-Union M1 M2 M3) = (M1%80 = M2250 |u| M3%S50)
| satisfies0 A (Eq-Inter M1 M2 M3) = (M1%50 = M2%S0 |n| M3%50)
| satisfies0 A (Eq-Diff M1 M2 M3) = (M1%50 = M2%50 |—| M3%50)
| satisfies0 A (Disjoint M1 M2) = (M1%50 |n| M2%S0 = {||})
| satisfies0 A (Eq-Presb i M n) = (3. z€fset (M2S0). 2 ~z) = n) A
(case i of None = True | Some | = Length 2 = 1))

fun lderiv0 where
lderiv0 (bs1, bs2) (Fo m) = (if bs1 ! m then FBool True else FBase (Fo m))
| lderiv0 (bs1, bs2) (Eq-Const None m n) = (if n = 0 A bsl ! m then FBool True
else if n = 0 V bs1 ! m then FBool False else FBase (Eq-Const None m (n —
1))
| Ideriv0 (bs1, bs2) (Less None m1 m2) = (case (bsl ! m1, bsl | m2) of
(False, False) = FBase (Less None m1 m2)
| (True, False) = FBase (Fo m2)
| - = FBool False)|
Ideriv0 (bs1, bs2) (Eq-FO False m1 m2) = (case (bsl ! m1, bst | m2) of
(False, False) = FBase (Eq-FO False m1 m2)
| (True, True) = FBool True
| - = FBool Fualse)
| Ideriv0 (bs1, bs2) (Plus-FO None m1 m2n) = (ifn =0
then
(case (bs1 ! m1, bs1 ! m2) of
(False, False) = FBase (Plus-FO None m1 m2 n)
| (True, True) = FBool True
| - = FBool False)
else
(case (bs1 ! m1, bs1 ! m2) of
(False, False) = FBase (Plus-FO None m1 m2 n)
| (False, True) = FBase (Eq-Const None m1 (n — 1))
| - = FBool False))
| lderiv0 (bs1, bs2) (Eq-SO M1 M2) =
(if bs2 | M1 = bs2 ! M2 then FBase (Eq-SO M1 M2) else FBool False)
| Ideriv0 (bs1, bs2) (Suc-SO False bl M1 M2) = (if bl = bs2 | M1
then FBase (Suc-SO False (bs2 ! M2) M1 M2) else FBool Fulse)
| lderiv0 (bs1, bs2) (Empty M) = (case bs2 | M of
True = FBool False
| False = FBase (Empty M))
| lderiv0 (bsl, bs2) (Singleton M) = (case bs2 ! M of
True = FBase (Empty M)
| False = FBase (Singleton M))
| Ideriv0 (bs1, bs2) (Subset M1 M2) = (case (bs2 ! M1, bs2 | M2) of
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(True, False) = FBool False
| - = FBase (Subset M1 M2))
| lderiv0 (bs1, bs2) (In False m M) = (case (bs1 | m, bs2 ! M) of
(False, -) = FBase (In False m M)
| (True, True) = FBool True
| - = FBool False)
| lderiv0 (bs1, bs2) (Eq-Max False m M) = (case (bsl ! m, bs2 ! M) of
(False, -) = FBase (Eq-Maz False m M)
| (True, True) = FBase (Empty M)
| - = FBool False)
| lderiv0 (bsl, bs2) (Eq-Min False m M) = (case (bs1 ! m, bs2 ! M) of
(False, False) = FBase (Eq-Min False m M)
| (True, True) = FBool True
| - = FBool Fualse)
| lderiv0 (bs1, bs2) (Eq-Union M1 M2 M3) = (if bs2 | M1 = (bs2 | M2 V bs2 |
M3)
then FBase (Eq-Union M1 M2 M3) else FBool False)
| lderiv0 (bs1, bs2) (Eq-Inter M1 M2 M3) = (if bs2 ! M1 = (bs2 ! M2 A bs2 |
M3)
then FBase (Eq-Inter M1 M2 MS3) else FBool False)
| lderiv0 (bsi, bs2) (Eq-Diff M1 M2 M3) = (if bs2 ! M1 = (bs2 | M2 N — bs2 |
M3)
then FBase (Eq-Diff M1 M2 M3) else FBool False)
| lderiv0 (bs1, bs2) (Disjoint M1 M2) =
(if bs2 | M1 A bs2 ! M2 then FBool False else FBase (Disjoint M1 M2))
| Ideriv0 (bs1, bs2) (Eq-Presb None M n) = (if bs2 | M = (n mod 2 = 0)
then FBool False else FBase (Eq-Presb None M (n div 2)))
| lderiv0 - - = undefined

fun ld where
ldo=20
| Id (Suc 0) = 0
| Id n = Suc (ld (n div 2))

lemma ld-alt[simp]: n > 0 = ld n = Maz {i. 2 ~i < n}
proof (safe introl: Maz-eql[symmetric])
assume n > 0 then show 2 ~ld n < n by (induct n rule: ld.induct) auto
next
fix y
assume 2 "y < n
then show y < ld n
proof (induct n arbitrary: y rule: ld.induct)
case (3 z)
then have y — 1 < ld (Suc (Suc z) div 2)
by (cases y) simp-all
then show ?case by simp
qged (auto simp: le-eq-less-or-eq)
qed simp
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fun rderiv0 where
rderiv0 (bsl, bs2) (Fo m) = (if bs1 | m then FBool True else FBase (Fo m))
| rderiv0 (bsl, bs2) (Eq-Const i m n) = (case bsl ! m of
False = FBase (Eq-Const (case i of Some (Suc i) = Some i | - = None) m n)
| True = FBase (Eq-Const (Some n) m n))
| rderiv0 (bs1, bs2) (Less b m1 m2) = (case bsl ! m2 of
False = (case b of
Some False = (case bs1 ! m1 of
True = FBase (Less (Some True) m1 m2)
| False = FBase (Less (Some False) m1 m2))
| - = FBase (Less b m1 m2))
| True = FBase (Less (Some False) m1 m2))
| rderiv0 (bsl, bs2) (Plus-FO i m1 m2n) = (ifn =0
then
(case (bs1 ! m1, bs1 ! m2) of
(False, False) = FBase (Plus-FO i m1 m2 n)
| (True, True) = FBase (Plus-FO (Some 0) m1 m2 n)
| - = FBase (Plus-FO None m1 m2 n))
else
(case bs1 ! m1 of
True = FBase (Plus-FO (Some n) m1 m2 n)
| False = (case bs1 ! m2 of
False = (case i of
Some (Suc (Suc 7)) = FBase (Plus-FO (Some (Suc 7)) m1 m2 n)
| Some (Suc 0) = FBase (Plus-FO None m1 m2 n)
| - = FBase (Plus-FO i m1 m2 n))
| True = (case i of
Some (Suc i) = FBase (Plus-FO (Some i) m1 m2 n)
| - = FBase (Plus-FO None m1 m2 n)))))
| rderiv0 (bs1, bs2) (Eq-FO b ml m2) = (case (bsl | m1, bs1 | m2) of
(False, False) = FBase (Eq-FO b m1 m2)
| (True, True) = FBase (Eq-FO True m1 m2)
| - = FBase (Eq-FO False m1 m2))
| rderiv0 (bsl, bs2) (Eq-SO M1 M2) =
(if bs2 ! M1 = bs2 | M2 then FBase (Eq-SO M1 M2) else FBool False)
| rderiv0 (bsl, bs2) (Suc-SO br bl M1 M2) = (if br = bs2 | M2
then FBase (Suc-SO (bs2 ! M1) bl M1 M2) else FBool False)
| rderiv0 (bsi, bs2) (Empty M) = (case bs2 | M of
True = FBool Fualse
| False = FBase (Empty M))
| rderiv0 (bsl, bs2) (Singleton M) = (case bs2 | M of
True = FBase (Empty M)
| False = FBase (Singleton M))
| rderiv0 (bsl, bs2) (Subset M1 M2) = (case (bs2 | M1, bs2 | M2) of
(True, False) = FBool False
| - = FBase (Subset M1 M2))
| rderiv0 (bsl, bs2) (In b m M) = (case (bs1 ! m, bs2 ! M) of
(True, True) = FBase (In True m M)
| (True, False) = FBase (In False m M)

93



| - = FBase (In b m M))
| rderiv0 (bsl, bs2) (Eq-Max b m M) = (case (bs1 ! m, bs2 | M) of
(True, True) = if b then FBool False else FBase (Eq-Max True m M)
| (True, False) = if b then FBool False else FBase (Eq-Max False m M)
| (False, True) = if b then FBase (Eq-Max True m M) else FBool False
| (False, False) = FBase (Eq-Maz b m M))
| rderiv0 (bsl, bs2) (Eq-Min b m M) = (case (bs1 ! m, bs2 ! M) of
(True, True) = FBase (Eq-Min True m M)
| (False, False) = FBase (Eq-Min b m M)
| - = FBase (Eq-Min False m M))
| rderiv0 (bs1, bs2) (Eq-Union M1 M2 M3) = (if bs2 ! M1 = (bs2 ! M2 V bs2 !
M3)
then FBase (Eq-Union M1 M2 M3) else FBool False)
| rderiv0 (bs1, bs2) (Eg-Inter M1 M2 M8) = (if bs2 ! M1 = (bs2 ! M2 A bs2 |
M3)
then FBase (Eg-Inter M1 M2 M3) else FBool False)
| rderiv0 (bsi, bs2) (Eq-Diff M1 M2 M3) = (if bs2 ! M1 = (bs2 | M2 A — bs2 |
M3)
then FBase (Eq-Diff M1 M2 M3) else FBool False)
| rderiv0 (bsl, bs2) (Disjoint M1 M2) =
(if bs2 | M1 A bs2 ! M2 then FBool False else FBase (Disjoint M1 M2))
| rderiv0 (bsi, bs2) (Eq-Presb | M n) = (case l of
None = if bs2 | M then
if n = 0 then FBool False
else let | = ld n in FBase (FEq-Presb (Some 1) M (n — 2 " 1))
else FBase (Eq-Presb | M n)
| Some 0 = FBool False
| Some (Sucl) = if bs2 ! M A n > 2 "1 then FBase (Eg-Presb (Some l) M (n
—2-0)
else if = bs2 ! M A n < 2 "l then FBase (Eq-Presb (Some l) M n)
else FBool False)

primrec nullable) where

nullable0 (Fo m) = False
| nullable0 (Eq-Const i m n) = (i = Some 0)
| nullable0 (Less b m1 m2) = (case b of None = False | Some b = b)
| nullable0 (Plus-FO i m1 m2n) = (i = Some 0)
| nullable0 (Eq-FO b m1 m2) = b
| nullable0 (Eq-SO M1 M2) = True
| nullable0 (Suc-SO br bl M1 M2) = (bl = br)
| nullable0 (Empty M) = True
| nullable0 (Singleton M) = False
| nullable0 (Subset M1 M2) = True
| nullable0 (In b m M) = b
| nullable0 (Eq-Max b m M) = b
| nullable0 (Eq-Min b m M) = b
| nullable0 (Eq-Union M1 M2 M3) = True
| nullable0 (Eg-Inter M1 M2 M3) = True
| nullable0 (Eq-Diff M1 M2 M3) = True
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| nullable0 (Disjoint M1 M2) = True
| nullable0 (Eq-Presb !l M n) = (n =0 A (I = Some 0 V I = None))

definition restrict ord P = (case ord of FO = P # {||} | SO = True)
definition Restrict ord i = (case ord of FO = FBase (Fo i) | SO = FBool True)

declare [[goals-limit = 50]]

global-interpretation WS1S: Formula SUC LESS assigns nvars Extend CONS
SNOC Length
extend size-atom zero o eval downshift upshift finsert cut len restrict Restrict
Iformula0 FVO find0 wf0 decr0 satisfiesO nullable lderiv0 rderiv0 undefined
defines norm = Formula-Operations.norm find0 decr0
and nFOr = Formula-Operations.nFOr :: formula = -
and nFAnd = Formula-Operations.nFAnd :: formula = -
and nFNot = Formula-Operations.nFNot find0 decr0 :: formula = -
and nFEz = Formula-Operations.nFEzx find0 decr0
and nFAll = Formula-Operations.nFAll find0 decr0
and decr = Formula-Operations.decr decr0 :: - = - = formula = -
and find = Formula-Operations.find find0 :: - = - = formula = -
and FV = Formula-Operations.F'V FV0
and RESTR = Formula-Operations. RESTR Restrict :: - = formula
and RESTRICT = Formula-Operations. RESTRICT Restrict FV0
and deriv = Ad0 (a :: atom) (¢ :: formula). Formula-Operations.deriv extend d0
a
and nullable = A\ :: formula. Formula-Operations.nullable nullable0 ¢
and fut-default = Formula.fut-default extend zero rderiv0
and fut = Formula.fut extend zero find0 decr0 rderiv0
and finalize = Formula.finalize SUC extend zero find0 decr0 rderiv0
and final = Formula.final SUC extend zero find0 decr0
nullableQ rderiv0 :: ide = formula = -
and wsls-wf = Formula-Operations.wf SUC (wf0 :: ide = wsls = -)
and wsis-lformula = Formula-Operations.lformula lformula0 :: formula = -
and check-equ = Nidx. DAs.check-equ
(o idz) (Ap. norm (RESTRICT o) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
(final idx) (Ao :: formula. wsls-wf idx @ N\ wsls-lformula ¢)
(o idz) (Ap. norm (RESTRICT ¢) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
(final idz) (Mg :: formula. wsls-wf idz ¢ A wsls-lformula @) (=)
and bounded-check-equ = Midz. DAs.check-equ
(o idz) (M. norm (RESTRICT ¢) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
nullable (Ap :: formula. wsls-wf ide @ N\ wsls-lformula o)
(o idx) (Ap. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
nullable (Mg :: formula. wsls-wf idx @ N\ wsls-lformula ) (=)
and automaton = DA.automaton
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(Aa . norm (deriv lderiv0 (a :: atom) ¢ :: formula))
proof
fix k idr and a :: wsls and [ assume wf0 (SUC k idx) a LESS k| (SUC k idx)
- find0kla
then show wf0 idx (decr0 k1 a)
by (induct a) (unfold wf0.simps atomic.map find0.simps,
(transfer, force simp: dec-def split!: if-splits order.splits)+)
next
fix k and «a :: wsis and [ assume [formula0 a
then show Iformula0 (decr0 k1 a) by (induct a) auto
next
fix i k and a :: wsls and 2A :: interp and P assume *: = find0 ki a LESS k i
(SUCk (#v 2))
and disj: lformula0 a V len P < Length 2
from disj show satisfies0 (Extend ki 2 P) a = satisfies0 A (decr0 k i a)
proof
assume Iformula0 o
then show ?thesis using *
by (induct a rule: lformula0.induct)
(auto simp: dec-def split: if-splits order.split option.splits bool.splits) — slow
next
note dec-def[simp)
assume len P < Length 2
with x show ?thesis
proof (induct a)
case Fo then show ?case by (cases k) auto
next
case Fq¢-Const then show ?case
by (cases k) (auto simp: Let-def len-def split: if-splits option.splits)
next
case Less then show ?case by (cases k) auto
next
case Plus-FO then show ?Zcase
by (cases k) (auto simp: max-def len-def Let-def split: option.splits nat.splits)
next
case Eq-FO then show ?Zcase by (cases k) auto
next
case Fq¢-SO then show ?case by (cases k) auto
next
case (Suc-SO br bl M1 M2) then show ?Zcase
by (cases k) (auto simp: maz-def len-def)
next
case Empty then show ?case by (cases k) auto
next
case Singleton then show ?case by (cases k) auto
next
case Subset then show ?case by (cases k) auto
next
case In then show ?case by (cases k) auto
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aed (auto simp: len-def maz-def split!: option.splits order.splits)
qed
next
fix idr and a :: wsls and z assume Iformula0 a wf0 idx a
then show Formula-Operations.wf SUC wf0 idz (lderiv0 z a)
by (induct a rule: lderiv0.induct)
(auto simp: Formula-Operations.wf.simps Let-def split: bool.splits order.splits)
next
fix a :: wsls and z assume [formula0 a
then show Formula-Operations.lformula lformula0 (lderiv0 x a)
by (induct a rule: lderiv0.induct)
(auto simp: Formula-Operations.lformula.simps split: bool.splits)
next
fix idz and a :: wsls and z assume wf0 idz a
then show Formula-Operations.wf SUC wf0 idx (rderiv0 x a)
by (induct a rule: lderiv0.induct)
(auto simp: Formula-Operations.wf.simps Let-def sorted-append
split: bool.splits order.splits nat.splits)
next
fix 2 :: interp and a :: wsls
assume Length A = 0
then show nullable0 a = satisfies0 A a
by (induct a, unfold wf0.simps nullable0.simps satisfies0.simps Let-def)
(transfer, (auto 0 8 dest: MSB-greater split: prod.splits if-splits option.splits
bool.splits nat.splits) [])+ — slow
next
note Formula-Operations.satisfies-gen.simps[simp|] Let-def[simp] upshift-def [simp]
fix z :: atom and a :: wsis and 2 :: interp
assume [formula0 a wf0 (#v A) a #v A = size-atom «
then show Formula-Operations.satisfies Extend Length satisfies0 2 (lderiv0 x
a) =
satisfies0 (CONS z ) a
proof (induct a)
case 18
then show ?case
apply (auto simp: sum-pow2-image-Suc sum-pow2-insert0 image-iff split:
prod.splits)
apply presburger+
done
qed (auto split: prod.splits bool.splits)
next
note Formula-Operations.satisfies-gen.simps[simp| Let-def[simp] upshift-def [simp]
fix z :: atom and a :: wsls and 2 :: interp
assume Ilformula0 a wf0 (#v A) a #v A = size-atom z
then show Formula-Operations.satisfies-bounded Extend Length len satisfiesO A
(lderiv0 z a) =
satisfies0 (CONS z ) a
proof (induct a)
case 18
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then show ?case
apply (auto simp: sum-pow2-image-Suc sum-pow2-insert0 image-iff split:
prod.splits)
apply presburger+
done
qed (auto split: prod.splits bool.splits)
next
note Formula-Operations.satisfies-gen.simps|simp| Let-def[simp)
fix z :: atom and a :: wsls and 2 :: interp
assume wfl (#v A) a #v A = size-atom
then show Formula-Operations.satisfies-bounded Ezxtend Length len satisfiesO 2
(rderiv0 z a) =
satisfies0 (SNOC z ) a
proof (induct a)
case Fq-Const then show fZcase by (auto split: prod.splits option.splits
nat.splits)
next
case Less then show ?case
by (auto split: prod.splits option.splits bool.splits) (metis fMin-less-Length
less-not-sym)+
next
case (Plus-FO i m1 m2 n) then show ?case
by (auto simp: min.commute dest: fMin-less-Length
split: prod.splits option.splits nat.splits bool.splits)
next
case Fg¢-FO then show “case
by (auto split: prod.splits option.splits bool.splits) (metis fMin-less-Length
less-not-sym)+
next
case F¢-SO then show ?case
by (auto split: prod.splits option.splits bool.splits)
(metis assigns-less-Length finsertI1 less-not-refl)+
next
case Suc-SO then show ?case
apply (auto 2 1 dest: assigns-less-Length split: prod.splits)
apply (metis fimage.rep-eq finsert-iff less-not-refl)
apply (metis fimage.rep-eq finsert-iff less-not-refl)
apply (metis fimage.rep-eq finsert-iff n-not-Suc-n)
apply (metis Suc-lessD assigns-less-Length fimage.rep-eq finsert-iff
not-less-eq)
apply (metis Suc-less-eq assigns-less-Length fimagel finsert-iff
less-not-refl)
apply (metis fimage.rep-eq finsert-fminus-single finsert-iff n-not-Suc-n)
apply (metis assigns-less-Length dual-order.strict-trans fimage.rep-eq
finsert-fminus-single finsert-iff lessI less-not-refl)
apply (metis Suc-n-not-le-n assigns-less-Length finsert-iff less-or-eq-imp-le)
apply (metis Suc-n-not-le-n assigns-less-Length finsertE finsertl1
less-or-eq-imp-le)
apply (metis assigns-less-Length fimage.rep-eq finsert-iff lessI or-
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der-less-imp-not-less)
apply (metis Length-notin-assigns finsert-fimage finsert-iff nat.inject)
apply (metis assigns-less-Length fimage.rep-eq finsert-fminus-single fin-
sert-iff not-add-less2 plus-1-eq-Suc)
apply (metis assigns-less-Length finsertll finsert-commute not-add-less2
plus-1-eq-Suc)
apply (metis assigns-less-Length finsertll not-add-less2 plus-1-eq-Suc)
apply (metis Length-notin-assigns Suc-in-fimage-Suc finsert-iff)
by (metis Length-notin-assigns Suc-in-fimage-Suc finsertI1)
next
case In then show ?case by (auto split: prod.splits) (metis fMin-less-Length
less-not-sym)+
next
case (Eq-Maz b m M) then show ?case
by (auto split: prod.splits bool.splits)
(metis fMaz-less-Length less-not-sym, (metis fMin-less-Length less-not-sym)+)
next
case Fq-Min then show ?case
by (auto split: prod.splits bool.splits) (metis fMin-less-Length less-not-sym)+
next
case Fq¢-Union then show ?case
by (auto 0 0 simp add: fset-eq-iff split: prod.splits) (metis assigns-less-Length
less-not-refl)+
next
case Fq-Inter then show ?case
by (auto 0 0 simp add: fset-eq-iff split: prod.splits) (metis assigns-less-Length
less-not-refl)+
next
case Fq¢-Diff then show Zcase
by (auto 0 1 simp add: fset-eq-iff split: prod.splits) (metis assigns-less-Length
less-not-refl)+
next
let 7f = sum ((7) (2 :: nat))
case (Eq-Presb | M n)
moreover
let ?M = fset (M2S0) and ?L = Length 2
have ?f (insert ?L ?M) = 2 = 7L + 2f ?M
by (subst sum.insert) auto
moreover have n > 0 = 2~ Maz {i. 2 "i < n} <n
using Maz-in[of {i. 2 " i < n}, simplified, OF exI[of - 0]] by auto

moreover
{ have ?f M < ?f {0 ..< ?L} by (rule sum-mono2) auto
also have ... = 2 7 2L — 1 by (rule sum-pow2-upto)

also have ... < 2 ~ ?L by simp

finally have ?f M < 2 ~ 9L .
}
moreover have Max {i. 2 7i < 2 " 2L + 2f M} = ?L
proof (intro Max-eql, safe)

fix yassume 2 "y < 2 T 2L 4 ?f M
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{ assume ?L < y
then have (2 ::nat) " 9L + 2 " 2L < 2"y
by (cases y) (auto simp: less-Suc-eg-le numeral-eq-Suc add-le-mono)
also note <2 ~y < 2 T 2L + ?f ?2M>
finally have 2 ~ ?L < ?f ?M by simp
with <?f M < 2 ~ ?L» have Fulse by auto
} then show y < ?L by (intro lel) blast
qed auto
ultimately show ?case by (auto split: prod.splits option.splits nat.splits)
qged (auto split: prod.splits)
next
fix a :: wsls and A B :: interp
assume wf0 (#yv B) a #v A = #y B (Am k. LESS k m (#v B) = m%k =
m®k) lformulal a
then show satisfies0 A a <— satisfies0 B a by (induct a) auto
next
fix a :: wslis
assume [formula0 a

moreover
define d where d = Formula-Operations.deriv extend lderiv0
define ® :: - = (wsls, order) aformula set
where ® a =
(case a of

Fo m = {FBase (Fo m), FBool True}

| Eq-Const None m n = {FBase (Eq-Const None m %) | i . i < n} U {FBool
True, FBool False}

| Less None m1 m2 = {FBase (Less None m1 m2), FBase (Fo m2), FBool
True, FBool False}

| Plus-FO None m1 m2 n = {FBase (Eq-Const None m1 i) |i.4i<n} U

{FBase (Plus-FO None m1 m2 n), FBool True, FBool False}

| Eq-FO False m1 m2 = {FBase (Eq-FO False m1 m2), FBool True, FBool
False}

| E¢-SO M1 M2 = {FBase (Eq-SO M1 M2), FBool False}

| Suc-SO False bl M1 M2 = {FBase (Suc-SO False True M1 M2), FBase
(Suc-SO False False M1 M2),

FBool False}

| Empty M = {FBase (Empty M), FBool False}

| Singleton M = {FBase (Singleton M), FBase (Empty M), FBool False}

| Subset M1 M2 = {FBase (Subset M1 M2), FBool False}

| In False i I = {FBase (In False i I), FBool True, FBool False}

| Eq¢-Max False m M = {FBase (Eq-Mazx False m M), FBase (Empty M),
FBool False}

| Eq-Min False m M = {FBase (Eq-Min False m M), FBool True, FBool
False}

| Eq-Union M1 M2 M3 = {FBase (Eq-Union M1 M2 M8), FBool False}

| Eq-Inter M1 M2 M3 = {FBase (Eq-Inter M1 M2 M3), FBool False}

| Eq-Diff M1 M2 M3 = {FBase (Eq-Diff M1 M2 M3), FBool False}

| Disjoint M1 M2 = {FBase (Disjoint M1 M2), FBool False}

| Eg-Presb None M n = {FBase (Eq-Presb None M i) | i . i < n} U {FBool
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False}
| -= {}) for a
{ fix zs
note Formula-Operations.fold-deriv-FBool[simp] Formula-Operations.deriv.simps[simp)
O-def [simp]
from <Iformula0 a> have FBase a € ® a by auto
moreover have Az p. p € Da = dzp € Da
by (auto simp: d-def split: atomic.splits list.splits bool.splits if-splits op-
tion.splits)
then have Ap. ¢ € ® a = fold d s ¢ € ® a by (induct xs) auto
ultimately have fold d zs (FBase a) € ® a by blast
}
moreover have finite (P a) using <lformula0 o> unfolding ®-def by (auto
split: atomic.splits)
ultimately show finite {fold d zs (FBase a) | zs. True} by (blast intro: fi-
nite-subset)
next
fix a :: wsls
define d where d = Formula-Operations.deriv extend rderiv0
define @ :: - = (wsls, order) aformula set
where ® q =
(case a of
Fo m = {FBase (Fo m), FBool True}
| Eq-Const i m n =
{FBase (Eq-Const (Some j) mn) | j.j < (case i of Some i = max in |
-=n)} U
{FBase (Eq-Const None m n)}
| Less b m1 m2 = {FBase (Less None m1 m2), FBase (Less (Some True)
ml m2),
FBase (Less (Some False) m1 m2)}
| Plus-FO i m1 m2n =
{FBase (Plus-FO (Some j) m1 m2mn) | j.j < (case i of Some i = max i
n|-=n)}uU
{FBase (Plus-FO None m1 m2 n)}
| E¢-FO b m1 m2 = {FBase (Eq-FO True m1 m2), FBase (Eq-FO False m1
m2)}
| E¢-SO M1 M2 = {FBase (Eq-SO M1 M2), FBool False}
| Suc-SO br bl M1 M2 = {FBase (Suc-SO False True M1 M2), FBase
(Suc-SO False False M1 M2),
FBase (Suc-SO True True M1 M2), FBase (Suc-SO True False M1 M2),
FBool False}
| Empty M = {FBase (Empty M), FBool False}
| Singleton M = {FBase (Singleton M), FBase (Empty M), FBool False}
| Subset M1 M2 = {FBase (Subset M1 M2), FBool False}
| Inb il = {FBase (In True i I), FBase (In False i I)}
| E¢-Maz b m M = {FBase (Eq-Max False m M), FBase (Eq-Max True m
M), FBool False}
| Eg-Min b m M = {FBase (Eq-Min False m M), FBase (Eq-Min True m
M)}
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| Eq-Union M1 M2 M3 = {FBase (Eq-Union M1 M2 M3), FBool False}
| Eq-Inter M1 M2 M3 = {FBase (Eq-Inter M1 M2 M3), FBool False}
| E¢-Diff M1 M2 M8 = {FBase (Eq-Diff M1 M2 M8), FBool False}
| Disjoint M1 M2 = {FBase (Disjoint M1 M2), FBool False}
| Eq-Presb i M n = {FBase (Eg-Presb (Somel) M j)|jl.
Jj < (case i of Some i = mazxin | -= n) Al < (case i of Some i = max
in|-=n)}U
{FBase (Eq-Presb None M n), FBool False}) for a
{ fix zs
note Formula-Operations.fold-deriv-FBool[simp] Formula-Operations.deriv.simps[simp)
O-def [simp]
then have FBase a € ® a by (auto split: atomic.splits option.splits)
moreover have Az p. p € Da = dzp € Da
by (auto simp add: d-def Let-def not-le gr0-conv-Suc leD[OF ld-bounded)
split: atomic.splits list.splits bool.splits if-splits option.splits nat.splits)
then have Ap. ¢ € & a = folddzs p € P a
by (induct zs) auto
ultimately have fold d zs (FBase a) € ® a by blast
}
moreover have finite (¢ a) unfolding ®-def using [[simproc add: finite-Collect]]
by (auto split: atomic.splits)
ultimately show finite {fold d zs (FBase a) | xs. True} by (blast intro: fi-
nite-subset)
next
fix kl and a :: wsis
show find0 k1 a +— | € FVO k a by (induct a rule: find0.induct) auto
next
fix a :: wsls and k :: order
show finite (F'V0 k a) by (cases k) (induct a, auto)+
next
fix idx a kv
assume wf0 idr a v € FVOk a
then show LESS k v idz by (cases k) (induct a, auto)+
next
fix idz k 7
assume LESS k i idx
then show Formula-Operations.wf SUC wf0 idx (Restrict k )
unfolding Restrict-def by (cases k) (auto simp: Formula-Operations.wf.simps)
next
fix k and 7 :: nat
show Formula-Operations.lformula [formula0 (Restrict k 1)
unfolding Restrict-def by (cases k) (auto simp: Formula-Operations.lformula.simps)
next
fixiAkPr
assume %k = P
then show restrict k P +—
Formula-Operations.satisfies-gen Extend Length satisfiesO r A (Restrict k 1)
unfolding restrict-def Restrict-def
by (cases k) (auto simp: Formula-Operations.satisfies-gen.simps)
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qed (auto simp: Extend-commute-unsafe downshift-def upshift-def fimage-iff Suc-le-eq
len-def

dec-def eval-def cut-def len-downshift-helper dest!: CONS-surj

dest: fMaz-ge fMaz-ffilter-less fMax-boundedD fsubset-fsingletonD

split!: order.splits if-splits)

lemma check-equ-code[code]: check-equ idz r s =

((ws1s-wf idz v A wsis-lformula ) A (wsls-wf idz s A wsls-lformula s) A

(case rtrancl-while (A\(p, q). final idx p = final idx q)
(Mp, q). map (Aa. (norm (deriv lderiv0 a p), norm (deriv lderiv0 a q))) (o idz))
(norm (RESTRICT r), norm (RESTRICT s)) of
None = Fulse

| Some ([], ) = True

| Some (a # list, ©) = False))

unfolding check-equ-def WS1S.check-equ-def WS1S.step-alt ..

definition while where [code del, code-abbrev]: while idx ¢ = while-default (fut-default
idx )
declare while-default-code|of fut-default idx ¢ for idx o, folded while-def, code]

lemma check-equ-sound:
[#v A = idx; check-equ idx ¢ ] = (WS1S.sat A ¢ «— WS1S.sat A 1)
unfolding check-equ-def by (rule WS1S.check-equ-soundness)

lemma bounded-check-equ-sound:

[#v 2 = idx; bounded-check-equ idx ¢ ] = (WS1S.saty A ¢ +— WS1S.saty
2 )

unfolding bounded-check-equ-def by (rule WS1S.bounded-check-equ-soundness)

method-setup check-equiv = «
let
fun tac ctxt =
let
val conv = @Q{ computation-check terms: Trueprop
0 ::nat 1 :: nat 2 :: nat 3 :: nat Suc
plus :: nat = - minus :: nat = -
times :: nat = - divide :: nat = - modulo :: nat = -
0 :int 1 :int 2 :int 8 o int —1 2 int
check-equ datatypes: formula int list integer idx
nat X nat nat option bool option} ctxt
in
CONVERSION (Conv.params-conv ~1 (K (Conv.concl-conv ~ 1 conv)) ctat)
THEN'
resolve-tac ctat [Truel]
end
m
Scan.succeed (SIMPLE-METHOD' o tac)
end
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>

end

5 Concrete Atomic WS1S Formulas (Singleton Se-
mantics for FO Variables)

datatype (FOVO0: 'fo, SOV0: 'so) atomic =
Fo 'fo |
Z 'fo |
Less 'fo 'fo |
In 'fo 'so

derive linorder atomic

type-synonym fo = nat

type-synonym so = nat

type-synonym wsls = (fo, so) atomic
type-synonym formula = (wsls, order) aformula

primrec wf0 where
wf0 idx (Fo m) = LESS FO m idzx
| wf0 ide (Z m) = LESS FO m idx
| wf0 idx (Less m1 m2) = (LESS FO m! idx N LESS FO m2 idx)
| wf0 ide (In m M) = (LESS FO m idx A LESS SO M idzx)

inductive [formula0 where
Iformula0 (Fo m)
| lformula0 (Z m)
| lformula0 (Less m1 m2)
| lformula0 (In m M)
code-pred [formula0 .
declare Iformula0.intros|simp]
inductive-cases IlformulaOE[elim]: [formula0 a

abbreviation F'V0 = case-order FOV0 SOV0

fun find0 where
find0 FO i (Fo m) = (i = m)

| find0 FO i (Zm) = (i =m

| find0 FO i (Less m1 m2) = (i = ml V i = m2)
| ind0 FO i (Inm -) = (i = m)

| ind0 SO i (In- M) = (i = M)
|ﬁnd0————False
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abbreviation decr0 ord k = map-atomic (case-order (dec k) id ord) (case-order
id (dec k) ord)

primrec satisfies) where
satisfies0 A (Fo m) = (. mAFO = {lz|})
| satisfies0 A (Z m) = (mAFO = {||})
| satisfies0 A (Less m1 m2) =
(let P1 = m1%FO; P2 = m23FO in if ~(3z. P1 = {|z|}) V =(3z. P2 = {|z|})
then False
else fthe-elem P1 < fthe-elem P2)
| satisfies0 A (In m M) =
(let P = m3FO in if ~(3z. P = {|z|}) then False else fMin P |€| M3 S0)

fun lderiv0 where
lderiv0 (bs1, bs2) (Fo m) = (if bs1 | m then FBase (Z m) else FBase (Fo m))
| lderiv0 (bs1, bs2) (Z m) = (if bs1 | m then FBool False else FBase (Z m))
| lderiv0 (bs1, bs2) (Less m1 m2) = (case (bs1 ! m1, bst ! m2) of
(False, False) = FBase (Less m1 m2)
| (True, False) = FAnd (FBase (Z m1)) (FBase (Fo m2))
| - = FBool Fulse)
| Ideriv0 (bs1, bs2) (In m M) = (case (bs1 ! m, bs2 | M) of
(False, -) = FBase (In m M)
| (True, True) = FBase (Z m)
| - = FBool False)

primrec rev where
rev (Fo m) = Fom
| rev (Zm) =Zm
| rev (Less m1 m2) = Less m2 m1
| rev (Inm M) = In m M

abbreviation rderiv0 v = map-aformula rev id o lderiv0 v o rev

primrec nullable0 where
nullable0 (Fo m) = False

| nullable0 (Z m) = True

| nullable0 (Less m1 m2) = False

| nullable0 (In m M) = False

lemma fimage-Suc-fsubsetO[simp]: Suc |1 A |C| {|0|} +— A = {||}
by blast

lemma fsubset-singleton-iff: A |C| {|z|} «+— A ={||} V A = {|z|}
by blast

definition restrict ord P = (case ord of FO = Jz. P = {|z|} | SO = True)
definition Restrict ord i = (case ord of FO = FBase (Fo i) | SO = FBool True)
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declare [[goals-limit = 50]]

global-interpretation WS1S-Alt: Formula SUC LESS assigns nvars Extend CONS
SNOC Length
extend size-atom zero o eval downshift upshift finsert cut len restrict Restrict
lformula0 FVO find0 wf0 decr0 satisfiesO nullable lderiv0 rderiv0 undefined
defines norm = Formula-Operations.norm find0 decr0
and nFOr = Formula-Operations.nFOr :: formula = -
and nFAnd = Formula-Operations.nFAnd :: formula = -
and nFNot = Formula-Operations.nFNot find0 decr0 :: formula = -
and nFFExr = Formula-Operations.nFEzx find0 decr0
and nFAIll = Formula-Operations.nFAIll find0 decr0
and decr = Formula-Operations.decr decr0 :: - = - = formula = -
and find = Formula-Operations.find find0 :: - = - = formula = -
and FV = Formula-Operations.F'V FV(0
and RESTR = Formula-Operations. RESTR Restrict :: - = formula
and RESTRICT = Formula-Operations. RESTRICT Restrict FV0
and deriv = Ad0 (a :: atom) (¢ :: formula). Formula-Operations.deriv extend d0
a
and nullable = A\ :: formula. Formula-Operations.nullable nullable0 ¢
and fut-default = Formula.fut-default extend zero rderiv0
and fut = Formula.fut extend zero find0 decr0 rderiv0
and finalize = Formula.finalize SUC extend zero find0 decr0 rderiv0
and final = Formula.final SUC extend zero find0 decr0
nullable0 rderiv0 :: ide = formula = -
and wsls-wf = Formula-Operations.wf SUC (wf0 :: ide = wsls = -)
and wsls-lformula = Formula-Operations.lformula lformula0 :: formula = -
and check-equ = Nidx. DAs.check-equ
(o idz) (Ap. norm (RESTRICT o) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
(final idz) (Ap :: formula. wsls-wf idx @ N\ wsls-lformula ¢)
(o idz) (Ap. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
(final idz) (Ap =2 formula. wsls-wf idx @ N\ wsls-lformula ¢) (=)
and bounded-check-equ = Aidx. DAs.check-equ
(o idz) (Ap. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa ¢. norm (deriv (Ideriv0 :: - = - = formula) (a :: atom) ¢))
nullable (Ap :: formula. wsis-wf idx @ N\ wsls-lformula o)
(o idx) (Ap. norm (RESTRICT ¢) :: (wsls, order) aformula)
(Aa ¢. norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
nullable (A :: formula. wsls-wf ide ¢ N wsls-lformula ¢) (=)
and automaton = DA.automaton
(Aa . norm (deriv lderiv0 (a :: atom) ¢ :: formula))
proof
fix k idr and « :: wsls and [ assume wf0 (SUC k idx) a LESS k| (SUC k idx)
- find0kla
then show wf0 idx (decr0 k1 a)
by (induct a) (unfold wf0.simps atomic.map find0.simps,
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(transfer, force simp: dec-def split: if-splits order.splits)+) — slow
next
fix k and a :: wsls and [ assume [formula0 a
then show Iformula0 (decr0 k1 a) by (induct a) auto
next
fix i k and a :: wsls and 2 :: interp and P assume *: = find0 ki a LESS k i
(SUCEk (#v A))
and disj: Iformula0 a V len P < Length 2
from disj show satisfies0 (Extend ki 2 P) a = satisfies0 2 (decr0 k i a)
proof
assume Iformula0 o
then show ?thesis using *
by (induct a)
(auto simp: dec-def split: if-splits order.split option.splits bool.splits) — slow
next
assume len P < Length 2
with x show ?thesis
proof (induct a)
case Fo then show ?case by (cases k) (auto simp: dec-def)
next
case Z then show ?case by (cases k) (auto simp: dec-def)
next
case Less then show ?case by (cases k) (auto simp: dec-def)
next
case In then show ?case by (cases k) (auto simp: dec-def)
qged
qed
next
fix idx and a :: wsls and z assume [formula0 a wf0 idx a
then show Formula-Operations.wf SUC wf0 idx (lderiv0 z a)
by (induct a rule: lderiv0.induct)
(auto simp: Formula-Operations.wf.simps Let-def split: bool.splits order.splits)
next
fix a :: wsls and x assume [formula0 a
then show Formula-Operations.lformula lformula0 (lderiv0 z a)
by (induct a rule: lderiv0.induct)
(auto simp: Formula-Operations.lformula.simps split: bool.splits)
next
fix idz and a :: wsls and z assume wf0 idz a
then show Formula-Operations.wf SUC wf0 idz (rderiv0 z a)
by (induct a rule: lderiv0.induct)
(auto simp: Formula-Operations.wf.simps Let-def sorted-append
split: bool.splits order.splits nat.splits)
next
fix 2 :: interp and a :: wsis
assume Length 2 = 0
then show nullable0 a = satisfiesO0 A a
by (induct a, unfold wf0.simps nullable0.simps satisfies0.simps Let-def)
(transfer, (auto 0 8 dest: MSB-greater split: prod.splits if-splits option.splits
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bool.splits nat.splits) [)+ — slow
next
note Formula-Operations.satisfies-gen.simps[simp| Let-def[simp] upshift-def [simp]
fix z :: atom and a :: wsls and 2 :: interp
assume Ilformula0 a wf0 (#v A) a #v A = size-atom z
then show Formula-Operations.satisfies Extend Length satisfies0 2 (lderiv0 x
a) =
satisfies0 (CONS z ) a
proof (induct a)
qged (auto split: prod.splits bool.splits)
next
note Formula-Operations.satisfies-gen.simps[simp| Let-def[simp] upshift-def[simp]
fix z :: atom and a :: wsis and 2 :: interp
assume lformula0 a wf0 (#v 2A) a #v A = size-atom
then show Formula-Operations.satisfies-bounded Extend Length len satisfies0 A
(lderiv0 = a) =
satisfies0 (CONS z ) a
by (induct a) (auto split: prod.splits bool.splits)
next
note Formula-Operations.satisfies-gen.simps[simp| Let-def[simp)
fix z :: atom and a :: wsls and A :: interp
assume wf0 (#v A) a #v A = size-atom
then show Formula-Operations.satisfies-bounded Extend Length len satisfiesO 2
(rderiv0 z a) =
satisfies0 (SNOC z ) a
proof (induct a)
case Less then show ?case
apply (auto 2 0 split: prod.splits option.splits bool.splits)
apply (auto simp add: fsubset-singleton-iff)
apply (metis assigns-less-Length finsertCI less-not-sym)

apply force
apply (metis assigns-less-Length finsertCI less-not-sym)

apply force
done
next
case In then show ?case by (force split: prod.splits)
qed (auto split: prod.splits)
next
fix a :: wsis and A B :: interp
assume wf0 (#yv B) a #v A = #y B (Am k. LESS k m (#y B) = m%k =
m®k) lformulal a
then show satisfiesO0 A a +— satisfies0 B a by (induct a) auto
next
fix a :: wsls
assume [formula0 a

moreover
define d where d = Formula-Operations.deriv extend lderiv0
define ® :: - = (wsls, order) aformula set

where ® ¢ =
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(case a of
Fo m = {FBase (Fo m), FBase (Z m), FBool False}
| Zm = {FBase (Z m), FBool False}
| Less m1 m2 = {FBase (Less m1 m2),
FAnd (FBase (Z m1)) (FBase (Fo m2)),
FAnd (FBase (Z m1)) (FBase (Z m2)),
FAnd (FBase (Z m1)) (FBool False),
FAnd (FBool False) (FBase (Fo m2)),
FAnd (FBool False) (FBase (Z m2)),
FAnd (FBool False) (FBool False),
FBool False}
| Ini I = {FBase (In i I), FBase (Z i), FBool False}) for a
{ fix zs
note Formula-Operations.fold-deriv-FBool[simp] Formula-Operations.deriv.simps[simp)
O-def [simp]
from <[formula0 a> have FBase a € ® a by (cases a) auto
moreover have Az p. p € Da = dzp € Da
by (auto simp: d-def split: atomic.splits list.splits bool.splits if-splits op-
tion.splits)
then have Ap. ¢ € ® a = fold d s ¢ € ® a by (induct xs) auto
ultimately have fold d xs (FBase a) € ® a by blast
}
moreover have finite (P a) using <lformula0 o> unfolding ®-def by (auto
split: atomic.splits)
ultimately show finite {fold d zs (FBase a) | zs. True} by (blast intro: fi-
nite-subset)
next
fix a :: wsls
define d where d = Formula-Operations.deriv extend rderiv0
define @ :: - = (wsls, order) aformula set
where ¢ a =
(case a of
Fo m = {FBase (Fo m), FBase (Z m), FBool False}
| Zm = {FBase (Z m), FBool False}
| Less m1 m2 = {FBase (Less m1 m2),
FAnd (FBase (Z m2)) (FBase (Fo m1)) ,
FAnd (FBase (Z m2)) (FBase (Z ml1)),
FAnd (FBase (Z m2)) (FBool False),
FAnd (FBool False) (FBase (Fo m1)),
(
(

A~ N S

FAnd (FBool False) (FBase (Z m1)),
FAnd (FBool False) (FBool False),
FBool False}
| Ini I = {FBase (In i I), FBase (Z i), FBool False}) for a
{ fix zs
note Formula-Operations. fold-deriv-FBool[simp] Formula-Operations.deriv.simps|simp|
O-def [simp]
then have FBase a € ® a by (auto split: atomic.splits option.splits)
moreover have A\t p. p € P a = dzp € D a
by (auto simp add: d-def Let-def not-le gr0-conv-Suc
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split: atomic.splits list.splits bool.splits if-splits option.splits nat.splits)
then have Ap. p € & o = folddzs ¢ € ® a
by (induct zs) auto
ultimately have fold d xs (FBase a) € ® a by blast
}
moreover have finite (¢ a) unfolding ®-def using [[simproc add: finite-Collect]]
by (auto split: atomic.splits)
ultimately show finite {fold d zs (FBase a) | zs. True} by (blast intro: fi-
nite-subset)
next
fix k[l and a :: wsls
show find0 kla +— | € FVO k a by (induct a rule: find0.induct) auto
next
fix a :: wsls and k :: order
show finite (FV0 k a) by (cases k) (induct a, auto)+
next
fix idr a kv
assume wf0 ide a v € FVOk a
then show LESS k v idz by (cases k) (induct a, auto)+
next
fix idx ki
assume LESS k i idx
then show Formula-Operations.wf SUC wf0 idz (Restrict k ©)
unfolding Restrict-def by (cases k) (auto simp: Formula-Operations.wf.simps)
next
fix k and 7 :: nat
show Formula-Operations.lformula lformula0 (Restrict k 1)
unfolding Restrict-def by (cases k) (auto simp: Formula-Operations.lformula.simps)
next
fixiALkPr
assume ik = P
then show restrict k P +—
Formula-Operations.satisfies-gen Extend Length satisfiesO r 2 (Restrict k 1)
unfolding restrict-def Restrict-def
by (cases k) (auto simp: Formula-Operations.satisfies-gen.simps)
qed (auto simp: FExtend-commute-unsafe downshift-def upshift-def fimage-iff Suc-le-eq
len-def
dec-def eval-def cut-def len-downshift-helper CONS-inj dest!: CONS-surj
dest: fMaz-ge fMaz-ffilter-less fMaz-boundedD fsubset-fsingletonD
split: order.splits if-splits)

lemma check-equ-code|code]: check-equ idx r s =
((ws1s-wf idz v A wsis-lformula ) A (wsls-wf ide s A wsls-lformula s) A
(case rtrancl-while (A(p, q). final idz p = final idz q)
(A(p, q). map (Aa. (norm (deriv lderiv0 a p), norm (deriv lderiv0 a q))) (o idz))
(norm (RESTRICT r), norm (RESTRICT s)) of
None = Fulse
| Some ([], z) = True
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| Some (a # list, ) = False))
unfolding check-equ-def WS1S-Alt.check-equ-def WS1S5-Alt.step-alt ..

definition while where [code del, code-abbrev]: while idx ¢ = while-default (fut-default
idz )
declare while-default-code|of fut-default idx ¢ for idx o, folded while-def, code]

lemma check-equ-sound:
[#v A = idz; check-equ idx ¢ Y] = (WS1S-Alt.sat A ¢ +— WS1S-Alt.sat A

¥)
unfolding check-equ-def by (rule WS1S-Alt.check-equ-soundness)

lemma bounded-check-equ-sound:
[#v A = idz; bounded-check-equ idzx ¢ V] = (WS1S5-Alt.saty A o «— WS1S-Alt.saty,

A Y)
unfolding bounded-check-equ-def by (rule WS15-Alt.bounded-check-equ-soundness)

method-setup check-equiv = «
let
fun tac ctxt =
let
val conv = Q{ computation-check terms: Trueprop
0 ::nat 1 :: nat 2 :: nat 3 :: nat Suc
plus :: nat = - minus :: nat = -
times :: nat = - divide :: nat = - modulo :: nat = -
0 :intl int 2 :int 8 wint —1 2 int
check-equ datatypes: formula int list integer idx
nat X nat nat option bool option} ctat
in
CONVERSION (Conv.params-conv ~1 (K (Conv.concl-conv ~ 1 conv)) ctxt)
THEN'
resolve-tac ctxt [Truel]
end
m
Scan.succeed (SIMPLE-METHOD' o tac)
end
)

end
6 Concrete Atomic Presburger Formulas

declare [[coercion of-bool :: bool = nat]]
declare [[coercion int]]

declare [[coercion-map map)]

declare [[coercion-enabled]]

fun len :: nat = nat where — FIXME yet another logarithm
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len 0 =0
| len (Suc 0) = 1
| len n = Suc (len (n div 2))

lemma len-eq0-iff: lenn =0 +— n =0
by (induct n rule: len.induct) auto

lemma len-mult2[simp|: len (2 x z) = (if x = 0 then 0 else Suc (len x))
proof (induct x rule: len.induct)
show len (2 % Suc 0) = (if Suc 0 = 0 then 0 else Suc (len (Suc 0))) by (simp
add: numeral-eg-Suc)
qed auto

lemma len-mult2’[simp): len (z *x 2) = (if x = 0 then 0 else Suc (len x))
using len-mult2 [of z] by (simp add: ac-simps)

lemma len-Suc-mult2[simp]: len (Suc (2 % x)) = Suc (len z)
proof (induct x rule: len.induct)
show len (Suc (2 % Suc 0)) = Suc (len (Suc 0))
by (metis div-less One-nat-def div2-Suc-Suc len.simps(3) lessI mult.right-neutral
numeral-2-eq-2)
qed auto

lemma len-le-iff: lenz < |l +— z < 2 "1
proof (induct z arbitrary: | rule: len.induct)
fix [ show (len (Suc 0) < 1) = (Suc 0 < 2 71)
proof (cases )
case Suc then show ?thesis using le-less by fastforce
qed simp
next
fix vl assume Al. (len (Suc (Suc v) div 2) < 1) = (Suc (Suc v) div 2 < 2 ")
then show (len (Suc (Suc v)) < 1) = (Suc (Suc v) < 2 7 1)
by (cases 1) (simp-all, linarith)
qed simp

lemma len-pow2[simp]: len (2 ~z) = Suc x
by (induct z) auto

lemma len-div2[simp): len (z div 2) = len x — 1
by (induct = rule: len.induct) auto

lemma less-pow2-len[simp]: © < 2 " len x
by (induct z rule: len.induct) auto

lemma len-alt: len v = (LEAST i. x < 2 " %)
proof (rule antisym)
show len ¢ < (LEAST i. z < 2 ")
unfolding len-le-iff by (rule LeastI) (rule less-pow2-len)
qed (auto intro: Least-le)
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lemma len-mono[simpl: z < y = lenz < len y
unfolding len-le-iff using less-pow2-len|of y| by linarith

lemma len-div-pow2[simp]: len (x div 2 ~m) = len x — m
by (induct m arbitrary: z) (auto simp: div-mult2-eq)

lemma len-mult-pow2[simp]: len (z * 2 ~m) = (if x = 0 then 0 else len z + m)
by (induct m arbitrary: x) (auto simp: div-mult2-eq mult.assoc[symmetric] mult.commute|[of

- 2])

lemma map-indez’-Suc[simp|: map-index’ (Suc ) f xs = map-indez’ i (Ai. f (Suc
1)) xs
by (induct zs arbitrary: ¢) auto

abbreviation (input) zero n = replicate n False
abbreviation (input) SUC = A-::unit. Suc
definition test-bit m n = (m :: nat) div 2 ~n mod 2 = 1
lemma test-bit-eq-bit: <test-bit = bit»
by (simp add: fun-eq-iff test-bit-def bit-iff-odd-drop-bit mod-2-eq-odd flip: drop-bit-eq-div)
definition downshift m = (m :: nat) div 2
definition upshift m = (m :: nat) * 2
lemma set-bit-def: set-bit n m = m + (if — test-bit m n then 2 ~n else (0 :: nat))
apply (rule eg-reflection)
apply (rule bit-eql)
apply (subst disjunctive-add)
apply (auto simp add: bit-simps test-bit-eq-bit)
done
definition cut-bits n m = (m :: nat) mod 2 " n
lemma cut-bits-eq-take-bit: <cut-bits = take-bit»
by (simp add: fun-eq-iff cut-bits-def take-bit-eq-mod)

typedef interp = {(n :: nat, zs :: nat list). Va € set zs. len x < n}
by (force intro: exl[of - []])

setup-lifting type-definition-interp

type-synonym atom = bool list

type-synonym value = nat

datatype presb = Eq (tm: int list) (const: int) (offset: int)
derive linorder list

derive linorder presb

type-synonym formula = (presb, unit) aformula

lift-definition assigns :: nat = interp = unit = value (x-"- [900, 999, 999] 999)
is

An (- I) - if n < length I then I ! n else 0 .

lift-definition nvars :: interp = nat («Fv - [1000] 900) is
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A=, I). length I .
lift-definition Length :: interp = nat is A(n, -). n .

lift-definition Eztend :: unit = nat = interp = value = interp is
A- i (n, I) m. (max n (len m), insert-nth i m I)
by (force simp: maz-def dest: in-set-takeD in-set-dropD)

lift-definition CONS :: atom = interp = interp is
Abs (n, I). (Suc n, map-index (Nin. 2 x n + (if bs | i then I else 0)) 1)
by (auto simp: set-zip)

lift-definition SNOC' :: atom = interp = interp is
Abs (n, I). (Suc n, map-index (Ai m. m + (if bs | i then 2 " n else 0)) I)
by (auto simp: all-set-conv-all-nth len-le-iff)

definition extend :: unit = bool = atom = atom where
extend - b bs = b # bs

abbreviation (input) size-atom :: atom = nat where
size-atom = length

definition F'V0 :: unit = presb = nat set where
FVO0 - fm = (case fm of Eq is - - = {n. n < length is A isln # 0})

lemma FV0-code[code]:

FV0 x (Eq is i off) = Option.these (set (map-index (Ni z. if © = 0 then None
else Some 1) is))

unfolding FV0-def by (force simp: Option.these-def image-iff)

primrec wf0 :: nat = presb = bool where
wf0 idz (Eq is - -) = (length is = idx)

fun find0 where
find0 (-::unit) n (Eqis - -) = (is! n # 0)

primrec decr() where
decr0 (-::unit) k (Eqis i d) = Eq (take k is @Q drop (Suc k) is) i d

definition scalar-product :: nat list = int list = int where
scalar-product ns is =

sum-list (map-index (A b. (if i < length ns then ns! i else 0) = b) 1is)

lift-definition eval-tm :: interp = int list = int is
A(-, I). scalar-product T .

primrec satisfies) where
satisfies0 I (Eq is i d) = (eval-tm I is = i — (2 ~ Length I) % d)
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inductive [formula0 where
lformula0 (Eqis i 0)

code-pred [formula0 .

fun lderiv0 :: bool list = presb = formula where
lderiv0 bs (Eqis i d) = (if d # 0 then undefined else
(let v =i — scalar-product bs is
in if v mod 2 = 0 then FBase (Eq is (v div 2) 0) else FBool False))

fun rderiv0 :: bool list = presb = formula where
rderiv0 bs (Eq is i d) =

(let
I = — sum-list [i. { « s, 1 < 0];
h = — sum-list [i. { < is, i > 0];

d’ = scalar-product bs is + 2 x d
inif d’ € {min h i .. mazx 1 i} then FBase (Eqis i d’) else FBool False)

primrec nullable) where
nullable0 (Eq is i off) = (i = off)

definition o :: nat = atom list where
o n = List.n-lists n [True, False]

named-theorems Presb-simps

lemma nvars-Extend|Presb-simps|: #v (Extend () ¢ 2 P) = Suc (#v )
by (transfer, auto)

lemma Length-Extend|Presb-simps|: Length (Extend () ¢ 2 P) = max (Length 2A)
(len P)
by (transfer, auto)

lemma Length0-inj| Presb-simps]: Length 2 = 0 = Length B = 0 = #y A =
#y B =A="B
by transfer (auto intro: nth-equalityl simp: all-set-conv-all-nth len-eq0-iff)

lemma ex-LengthO[Presb-simps]: 3. Length A = 0 A #v A = idz
by (transfer fizing: idzx) (auto intro: exl[of - replicate idz 0])

lemma Eztend-commute-safe[Presb-simps|: [j < i; ¢ < Suc (#v A)] =

Extend k j (Extend k ¢ 2 P) Q = Euxtend k (Suc i) (Extend kj 24 Q) P

by transfer (auto simp add: min-def take-Cons take-drop le-imp-diff-is-add split:
nat.splits)

lemma FEzrtend-commute-unsafe| Presb-simps]:

k # k' = Extend k j (Extend k' ¢ A P) Q = Eaxtend k' ¢ (Extend k j 2 Q) P
by transfer auto
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lemma assigns-Extend|Presb-simps]: © < Suc (#v A) =
mbwtend ki A Prr — (if | = k' then if m = i then P else dec i m®k else m®k’)
by transfer (auto simp: nth-append dec-def min-def)

lemma assigns-SNOC-zero| Presb-simps]: m < #y %A = mSNOC (zero (v A)) Ay,
= mik
by transfer auto

lemma Length-CONS[Presb-simps|: Length (CONS z 2) = Suc (Length 2A)
by transfer auto

lemma Length-SNOC|[Presb-simps]: Length (SNOC x 1) = Suc (Length )

by transfer auto

lemma nvars-CONS|Presb-simps|: #v (CONS z ) = #y A
by transfer auto

lemma nvars-SNOC|Presb-simps]: #v (SNOC z ) = # A
by transfer auto

lemma FEzxtend-CONS[Presb-simps|: #v 2 = length z =

Extend k 0 (CONS z ) P = CONS (extend k (test-bit P 0) z) (Extend k 0 U
(downshift P))

by transfer (auto simp: extend-def downshift-def test-bit-def, presburger+)

lemma FExtend-SNOC|Presb-simps|: [#v 2 = length x; len P < Length (SNOC z
A)] =
Extend k 0 (SNOC z ) P =
SNOC (extend k (test-bit P (Length A)) z) (Extend k 0 A (cut-bits (Length A)
P))
apply transfer
apply (auto simp: cut-bits-def extend-def test-bit-def nth-Cons’ maz-absorb1 len-le-iff
split: if-splits cong del: if-weak-cong)
apply (metis add.commute div-mult-mod-eq less-mult-imp-div-less mod-less mult-numeral-1
numeral-1-eq-Suc-0)
apply (metis div-eq-0-iff less-mult-imp-div-less mod2-eq-if mod-less power-not-zero
zero-neg-numeral)
done

lemma odd-neq-even:
Suc (2 x ) = 2 * y «— Fulse
2 x y = Suc (2 * x) «<— Fulse
by presburger+

lemma CONS-inj[Presb-simps|: size x = #v A = sizey = #v A = #v A =
#v B =

CONSz2A = CONS y B «+— (z =y AN2A=DB)

by transfer (auto simp: list-eq-iff-nth-eq odd-neq-even split: if-splits)
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lemma mod-2-Suc-iff:
z mod 2 = Suc 0 +— x = Suc (2 * (z div 2))
by presburger+

lemma CONS-surj|Presb-simps|: Length A # 0 =
dzB. A= CONSzB AN FH#Hyv B =H#Hy AN sizer =H#y AU
by transfer
(auto simp: gr0-conv-Suc list-eq-iff-nth-eq len-le-iff split: if-splits
introl: exI[of - map (An. n mod 2 # 0) -] exI[of - map (An. n div 2) -|;
auto simp: mod-2-Suc-iff)

lemma [Presb-simps|:

length (extend k b ) = Suc (length z)

downshift (upshift P) = P

downshift (set-bit 0 P) = downshift P

test-bit (set-bit n P) n

- test-bit (upshift P) 0

len P < p => — test-bit P p

len (cut-bits n P) < n

len P < n = cut-bitsn P =P

len (upshift P) = (case len P of 0 = 0 | Suc n = Suc (Suc n))

len (downshift P) = (case len P of 0 = 0 | Suc n = n)

by (simp-all add: downshift-def upshift-def test-bit-eq-bit extend-def cut-bits-def
bit-simps mult.commute [of - 2] len-le-iff len-eq0-iff set-bit-0 split: nat.split)
(simp add: bit-iff-odd)

lemma Suc0-div-pow2-eq: Suc 0 div 2 i = (if i = 0 then 1 else 0)
by (induct ©) (auto simp: div-mult2-eq)

lemma set-unset-bit-preserves-len:

assumes z div2 " m=2xqgm<lenzx

shows 2z + 2 "m < 2 "lenz
using assms proof (induct m arbitrary: x)

case ( then show ?case

by (auto simp: div-mult2-eq len-Suc-mult2[symmetric]
stmp del: len-Suc-mult2 power-Suc split: if-splits)

next

case (Suc m)

with Suc(1)[of z div 2] show ?case by (cases len x) (auto simp: div-mult2-eq)
qed

lemma len-set-bit[ Presb-simps]: len (set-bit m P) = maz (Suc m) (len P)
proof (rule antisym)

show len (set-bit m P) < max (Suc m) (len P)

by (auto simp: set-bit-def test-bit-def maz-def Suc-le-eq not-less len-le-iff
set-unset-bit-preserves-len simp del: One-nat-def)

next

have P < 2 “len (P + 2 ~ m) by (rule order.strict-trans2[OF less-pow2-len))
auto
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moreover have m < len (P 4+ 2 ~m) by (rule order.strict-trans2[OF - len-mono[of
2 " m]]) auto
ultimately show maz (Suc m) (len P) < len (set-bit m P)
by (auto simp: set-bit-def test-bit-def max-def Suc-le-eq not-less len-le-iff)
qed

lemma mod-pow2-div-pow2:
fixes p m n :: nat
shows m <n= pmod 2 “ndiv2 m=pdv2 mmod?2  (n—m)
by (induct m arbitrary: p n) (auto simp: div-mult2-eq mod-mult2-eq Suc-less-eq2)

lemma irrelevant-set-bit[simpl:
fixes p m n :: nat
assumes n < m
shows (p+ 2 "m) mod 2 "n=pmod 2 " n
proof —
from assms obtain ¢ :: nat where 2 "m =q¢* 2 " n
by (metis le-add-diff-inverse mult.commute power-add)
then show ?thesis by simp
qed

lemma mod-lemma: | (0:nat) < ¢;r < b] = bx(gmodc)+r<bxc
by (metis add-gr-0 div-le-mono div-mult-self1-is-m less-imp-add-positive mod-less-divisor
not-less split-div)

lemma relevant-set-bit[simp:
fixes p m n :: nat
assumes m < npdiv2 m=2%*q
shows (p+ 2 "m) mod 2 "n=pmod 2 "n+ 2 " m
proof —
have p mod 2 "n+ 2 "m< 2 " n
using assms proof (induct m arbitrary: p n)
case 0 then show ?case
by (auto simp: gr0-conv-Suc)
(metis One-nat-def Suc-eq-plus1 lessI mod-lemma numeral-2-eq-2 zero-less-numeral
zero-less-power)
next
case (Suc m)
from Suc(1)[of n — 1 p div 2] Suc(2,3) show ?case
by (auto simp: div-mult2-eq mod-mult2-eq Suc-less-eq2)
qed
with «m < n» show ?thesis by (subst mod-add-eq [symmetric]) auto
qged

lemma cut-bits-set-bit[ Presb-simps|: cut-bits n (set-bit m p) =
(if n < m then cut-bits n p else set-bit m (cut-bits n p))
unfolding cut-bits-def set-bit-def test-bit-def
by (auto simp: not-le mod-pow2-div-pow?2 mod-mod-cancel simp del: One-nat-def)
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lemma wf0-decr0|[Presb-simps]:
wf0 (Suc idz) a = 1 < Suc ide = — find0 k | a = wf0 idz (decr0 k1 a)
by (induct a) auto

lemma [formula0-decrO[Presb-simps]: lformula0 a = Iformula0 (decr0 k1 a)
by (induct a) (auto elim: lformula0.cases intro: lformula0.intros)

abbreviation sat0-syn (infix <=0 65) where

sat0-syn = satisfies0

abbreviation sat-syn (infix «(=» 65) where

sat-syn = Formula-Operations.satisfies Extend Length satisfiesO

abbreviation sat-bounded-syn (infix <=, 65) where

sat-bounded-syn = Formula-Operations.satisfies-bounded Extend Length len satis-
fies0

lemma scalar-product-Nil[simp]: scalar-product || zs = 0
by (induct zs) (auto simp: scalar-product-def)

lemma scalar-product-Nil2[simp): scalar-product xs [| = 0
by (induct xs) (auto simp: scalar-product-def)

lemma scalar-product-Cons|simp]:

scalar-product xs (y # ys) = (case zs of © # xs = x * y + scalar-product s ys |
=0

by (cases xs) (simp, auto simp: scalar-product-def cong del: if-weak-cong)

lemma scalar-product-append[simpl: scalar-product ns (xs Q ys) =
scalar-product (take (length xs) ns) xs + scalar-product (drop (length xs) ns) ys
by (induct zs arbitrary: ns) (auto split: list.splits)

lemma scalar-product-trim: scalar-product ns xs = scalar-product (take (length xs)
ns) s
by (induct zs arbitrary: ns) (auto split: list.splits)

lemma Eztend-satisfiesO-decr0|Presb-simps]:
assumes — find0 ki a i < Suc (#v ) lformula0 o V len P < Length 2
shows FEztend ki A P =0a = A =0 decr0kia
proof —
{ fix is :: int list
assume is | i = 0
with assms(1,2) have eval-tm (Extend k i 2 P) is = eval-tm 2 (take i is @Q
drop (Suc ©) 1is)
by (cases a, transfer)
(force intro: trans|OF scalar-product-trim] simp: min-def
arg-cong2[OF refl id-take-nth-drop, of i - scalar-product take i zs Q - for i
x xs])
} note x = this
from assms show ?thesis
by (cases a) (auto dest!: * simp: Length-Extend maz-def elim: lformula0.cases)
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qed

lemma scalar-product-eq0: ¥V c€set ns. ¢ = 0 = scalar-product ns is = 0
proof (induct is arbitrary: ns)

case Cons

then show Zcase by (cases ns) (auto simp: scalar-product-def cong del: if-weak-cong)
qed (simp add: scalar-product-def)

lemma nullable0-satisfiesO|Presb-simps|: Length 2 = 0 = nullable0 a = A =0
a
proof (induct a)
case Fq then show ?case unfolding nullable0.simps satisfiesO.simps
by transfer (auto simp: len-eq0-iff scalar-product-eq0)
qed

lemma satisfiesO-cong: wf0 (#v B) a = #v A = #yv B = Ilformulal o =
(Am k. m < #y B = m¥% = mPk) = A=0a=B =0a
proof (induct a)
case Eq then show ?case unfolding satisfies0).simps
by transfer (auto simp: scalar-product-def
introl: arg-conglof - - sum-list] map-index-cong elim!: lformula0.cases)
qed

lemma wf-lderiv0|Presb-simps]:

wf0 idz o« = lformula0 a = Formula-Operations.wf (A-. Suc) wf0 idz (Ideriv0
x a)

by (induct a) (auto elim: Ilformula0.cases simp: Formula-Operations.wf.simps
Let-def)

lemma [formula-lderiv0[Presb-simps]:
lformula0 a« = Formula-Operations.lformula lformula0 (lderiv0 z a)
by (induct a)
(auto elim: lformula0.cases intro: lformula0.intros simp: Let-def Formula-Operations.lformula.simps)

lemma wf-rderiv0|Presb-simps]:

wf0 ide a = Formula-Operations.wf (A-. Suc) wf0 idx (rderiv0 = a)

by (induct a) (auto elim: Iformula0.cases simp: Formula-Operations.wf.simps
Let-def)

lemma find0-FV0[Presb-simps]: [wf0 idx a; | < idz] = find0 kla = (I € FVO
k a)
by (induct a) (auto simp: FVO0-def)

lemma FV0-less|Presb-simps|: wf0 ide o = v € FV0k o = v < idz
by (induct a) (auto simp: FVO0-def)

lemma finite-FVO[Presb-simps]: finite (FVO0 k a)
by (induct a) (auto simp: FVO0-def)
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lemma finite-lderiv0[Presb-simps]:
assumes [formula0 a
shows finite {¢. Jxs. ¢ = fold (Formula-Operations.deriv extend lderiv0) s
(FBase a)}
proof —
define d where d = Formula-Operations.deriv extend lderiv0
define | where [ is = sum-list [i. i < is, i < 0] for is :: int list
define h where h is = sum-list [i. i < is, i > 0] for is :: int list
define ® where ® a = (case a of
Eqisn z= {FBase (Eqisi0)|i.i€ {min (— his) n.. mazx (— 1 is) n}} U
{FBool Fulse :: formula}) for a
{ fix zs
note Formula-Operations. fold-deriv-FBool[simp| Formula-Operations.deriv.simps|simp)
O-def [simp]
from <Ilformula0 a> have FBase a € ® a by (auto simp: elim!: lformula0.cases)
moreover have Az p. p € P a = dzp € D a
proof (induct a, unfold ®-def presb.case, elim UnE CollectE insertE emptyE
exE conjE)
fix is :: int list and bs :: bool list and i n :: int and ¢ :: formula
assume ¢ € {min (— h is) n.mazx (— lis) n} ¢ = FBase (presb.Eq is i 0)
moreover have scalar-product bs is < h is
proof (induct is arbitrary: bs)
case (Cons z zs)
from Cons|of tl bs] show ?case by (cases bs) (auto simp: h-def)
qed (auto simp: h-def scalar-product-def)
moreover have [ is < scalar-product bs is
proof (induct is arbitrary: bs)
case (Cons z zs)
from Cons|of tl bs| show ?case by (cases bs) (auto simp: l-def)
qed (auto simp: l-def scalar-product-def)
ultimately show d bs ¢ €
{FBase (presb.Eq is i 0) |i. i € {min (— his) n..maz (— l1is) n}} U {FBool
False}
by (auto simp: d-def Let-def)
qed (auto simp: d-def)
then have Ay. ¢ € ® a = fold d s ¢ € ® a by (induct zs) auto
ultimately have fold d xs (FBase a) € ® a by blast
}
moreover have finite (? a) unfolding ®-def by (auto split: presb.splits)
ultimately show ?thesis unfolding d-def by (blast intro: finite-subset)
qed

lemma finite-rderiv0[Presb-simps]:

finite {p. Fxs. ¢ = fold (Formula-Operations.deriv extend rderiv0) xs (FBase a)}
proof —

define d where d = Formula-Operations.deriv extend rderiv0

define [ where [ is = sum-list [i. i < is, i < O]for is :: int list

define h where h is = sum-list [i. i < is, ¢ > 0]for is :: int list

define ® where ® a = (case a of
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Eqisnz = {FBase (Eqisni)|i.i¢€ {min (= his) (minn z) .. max (— I
is) (maz n 2)}} U
{FBool False :: formula}) for a
{ fix xs
note Formula-Operations.fold-deriv-FBool[simp] Formula-Operations.deriv.simps[simp)
O-def[simp]
have FBase a € ® a by (auto split: presb.splits)
moreover have Az p. p € Pa = dzp € Pa
proof (induct a, unfold ®-def presb.case, elim UnE CollectE insertE emptyE
exE conjE)
fix is :: int list and bs :: bool list and i n m :: int and ¢ :: formula
assume ¢ € {min (— his) (min n m)..maz (— 1 is) (maz n m)} ¢ = FBase
(presb.Eq is n 1)
moreover have scalar-product bs is < h is
proof (induct is arbitrary: bs)
case (Cons z zs)
from Cons|of tl bs] show ?case by (cases bs) (auto simp: h-def)
qged (auto simp: h-def scalar-product-def)
moreover have [ is < scalar-product bs is
proof (induct is arbitrary: bs)
case (Cons z xs)
from Cons|of tl bs] show Zcase by (cases bs) (auto simp: I-def)
qed (auto simp: l-def scalar-product-def)
ultimately show d bs ¢ €
{FBase (presb.Eq is n 1) |i. i € {min (= h is) (min n m)..max (— 1 is) (max
n m)}} U {FBool False}
by (auto 0 1 simp: d-def Let-def h-def I-def)
qed (auto simp: d-def)
then have Ap. ¢ € ® a = fold d zs p € ® a by (induct zs) auto
ultimately have fold d xs (FBase a) € ® a by blast
}
moreover have finite (P a) unfolding ®-def by (auto split: presb.splits)
ultimately show ?thesis unfolding d-def by (blast intro: finite-subset)
qed

lemma scalar-product-CONS: length xs = length (bs :: bool list) =
scalar-product (map-index (Ain. 2 x n + bs | i) xs) is =
scalar-product bs is + 2 * scalar-product zs is
by (induct is arbitrary: bs zs) (auto split: list.splits simp: algebra-simps)

lemma eval-tm-CONS|[simp):
[length is < #v A; #v A = length 2] =
eval-tm (CONS z 1) is = scalar-product x is + 2 * eval-tm 2 is
by transfer (auto simp: scalar-product-CONS[symmetric]
introl: arg-cong2[of - - - - scalar-product] nth-equalityl)

lemma satisfies-lderiv0[Presb-simps]:

[wfo (#v A) a; #v A = length z; lformulal o] = A |= lderiv0 © a +— CONS
zAE=0a
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by (auto simp: Let-def Formula-Operations.satisfies-gen.simps
split: if-splits elim!: lformula0.cases)

lemma satisfies-bounded-lderiv0[Presb-simps]:
[wf0 (#v ) a; #v A = length z; lformulal o] = A =4 lderiv) x a <— CONS
zAEOa
by (auto simp: Let-def Formula-Operations.satisfies-gen.simps
split: if-splits elim!: lformula0.cases)

lemma scalar-product-SNOC: length xs = length (bs :: bool list) —>
scalar-product (map-index (Ai m. m + 2 ~a % bs ! i) xs) is =
scalar-product zs is + 2 ~ a * scalar-product bs is
by (induct is arbitrary: bs zs) (auto split: list.splits simp: algebra-simps)

lemma eval-tm-SNOC [simp]:
[length is < #v A; #v A = length 1] =
eval-tm (SNOC z ) is = eval-tm A is + 2 ~ Length 2 x scalar-product z is
by transfer (auto simp: scalar-product-SNOC [symmetric]
introl: arg-cong2|of - - - - scalar-product] nth-equalityl)

lemma Length-eq0-eval-tm-eq0[simp]: Length A = 0 = eval-tm A is = 0
by transfer (auto simp: len-eq0-iff scalar-product-eq0)

lemma less-pow2: © < 2 "a = intx < 2 " a
by (metis of-nat-less-iff of-nat-numeral of-nat-power [symmetric])

lemma scalar-product-upper-bound: ¥ x€set b. len ¢ < a =
scalar-product b is < (2 ~a — 1) x sum-list [i. i < 1is, i > 0]
proof (induct is arbitrary: b)
case (Cons i 1s)
then have scalar-product (1 b) is < (2 ~a — 1) % sum-list [i. i + is, i > 0]
by (auto simp: in-set-tlD)
with Cons(2) show ?case
by (auto 0 3 split: list.splits simp: len-le-iff mult-le-0-iff
distrib-left add.commute[of - (2 ~a — 1) x 4| less-pow?2
intro: add-mono elim: order-trans|OF add-mono[OF order-refl]])
qed simp

lemma scalar-product-lower-bound: ¥ z€set b. len © < a =
scalar-product b is > (2 ~a — 1) x sum-list [i. i < is, i < 0]
proof (induct is arbitrary: b)
case (Cons i is)
then have scalar-product (t1 b) is > (2 ~a — 1) % sum-list [i. i + is, i < 0]
by (auto simp: in-set-tlD)
with Cons(2) show ?case
by (auto 0 3 split: list.splits simp: len-le-iff mult-le-0-iff
distrib-left add.commute[of - (2 ~a — 1) * 4] less-pow?2
intro: add-mono elim: order-trans|OF add-mono|OF order-refl]] order-trans)
qed simp

83



lemma eval-tm-upper-bound: eval-tm A is < (2 ~ Length A — 1) % sum-list [i. 7
— is, i > 0]
by transfer (auto simp: scalar-product-upper-bound)

lemma eval-tm-lower-bound: eval-tm A is > (2 ~ Length A — 1) % sum-list [i. i
—is, 1 < 0]
by transfer (auto simp: scalar-product-lower-bound)

lemma satisfies-bounded-rderiv0|Presb-simps]:
[wfo (#v A) a; #v A = length 2] = A = rderiv) z a +— SNOC z A =0 a
proof (induct a)
case (Eq is n d)
let 21 = Length 2
define d’ where d’ = scalar-product z is + 2 * d
define | where [ = sum-list [i. i < is, i < 0]
define h where h = sum-list [i. i + is, i > 0]
from Eq show Zcase
unfolding wf0.simps satisfies0.simps rderiv0.simps Let-def
proof (split if-splits, simp only: Formula-Operations.satisfies-gen.simps satis-
fies0.simps
Length-SNOC eval-tm-SNOC' simp-thms(18) de-Morgan-conj not-le
min-less-iff-conj maz-less-iff-conj d'-def [symmetric] h-def [symmetric] I-def[symmetric],
safe)
assume ceval-tm A is + 2 = 2l x scalar-product © is = n — 2 7 Suc 9 x d
with eval-tm-upper-bound[of 2 is] eval-tm-lower-bound|of A is] have
xxn+h<2 2xh+d)2 " 2%x(0+d)<n+1
by (auto simp: algebra-simps h-def I-def d’-def)
assume xx: d’ ¢ {min (— h) n..maz (— 1) n}
{ assume 0 < n+ h
from order-trans|OF this #(1)] have 0 < h + d’
unfolding zero-le-mult-iff using zero-less-power|of 2] by presburger
}

moreover

{assume n + h < 0

with (1) have n < d’ by (auto dest: order-trans|OF - mult-right-mono-neg[of
1)

}

moreover
{assume n + [ < 0
from le-less-trans|OF (2) this] have | + d’ < 0 unfolding mult-less-0-iff
by auto
}
moreover
{ assume 0 < n + |
then have 0 < [ + d’ using xx calculation(1—2) by force
with %(2) have d’ < n by (force dest: order-trans|OF mult-right-mono[of 1],
rotated))

}
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ultimately have min (— h) n < d’ d’ < maz (— 1) n by (auto simp: min-def
maz-def)
with #x show Fulse by auto
qged (auto simp: algebra-simps d'-def)
qed

declare [[goals-limit = 100]]

global-interpretation Presb: Formula
where SUC = SUC and LESS = \-. (<) and Length = Length
and assigns = assigns and nvars = nvars and Fxtend = Extend and CONS =
CONS and SNOC = SNOC
and extend = extend and size = size-atom and zero = zero and alphabet = o
and eval = test-bit
and downshift = downshift and upshift = upshift and add = set-bit and cut =
cut-bits and len = len
and restrict = A- -. True and Restrict = \- -. FBool True and Iformula0 =
lformula0
and FV0 = FV0 and find0 = find0 and wf0 = wf0 and decr0 = decr0) and
satisfies0 = satisfiesO
and nullable0 = nullable0 and lderiv0 = lderiv0 and rderiv0 = rderiv0
and TYPEVARS = undefined
defines norm = Formula-Operations.norm find0 decr0
and nFOr = Formula-Operations.nFOr :: formula = -
and nFAnd = Formula-Operations.nFAnd :: formula = -
and nFNot = Formula-Operations.nFNot find0 decr0 :: formula = -
and nFExr = Formula-Operations.nFEzx find0 decr0
and nFAIll = Formula-Operations.nFAll find0 decr0
and decr = Formula-Operations.decr decr0 :: - = - = formula = -
and find = Formula-Operations.find find0 :: - = - = formula = -
and FV = Formula-Operations.F'V FV(0
and RESTR = Formula-Operations. RESTR (\- -. FBool True) :: - = formula
and RESTRICT = Formula-Operations. RESTRICT (\- -. FBool True) FV0
and deriv = Ad0 (a :: atom) (¢ :: formula). Formula-Operations.deriv extend d0
a ¢
and nullable = Ay :: formula. Formula-Operations.nullable nullable0 o
and fut-default = Formula.fut-default extend zero rderiv0
and fut = Formula.fut extend zero find0 decr0 rderiv0
and finalize = Formula.finalize SUC' extend zero find0 decr0 rderiv0
and final = Formula.final SUC extend zero find0 decr0
nullable0 rderiv0 :: nat = formula = -
and presb-wf = Formula-Operations.wf SUC (wf0 :: nat = presb = -)
and presb-lformula = Formula-Operations.lformula (Iformula0 :: presb = -) ::
formula = -
and check-equ = Nidx. DAs.check-equ
(o idx) (Ap. norm (RESTRICT o) :: formula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
(final idz) (Mg :: formula. presb-wf ide ¢ A presb-lformula )
(o idz) (Ap. norm (RESTRICT o) :: formula)
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(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
(final idz) (A :: formula. presb-wf ide @ A presb-lformula )
=)
and bounded-check-equ = Aidx. DAs.check-equ
(o idz) (Ap. norm (RESTRICT o) :: formula)
(Aa ¢. norm (deriv (Ideriv0 :: - = - = formula) (a :: atom) ¢))
nullable (A :: formula. presb-wf ide ¢ A presb-lformula )
(o idz) (M. norm (RESTRICT o) :: formula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) p))
nullable (Ao :: formula. presb-wf idx @ A presb-lformula ¢)
=)
and automaton = DA.automaton
(Aa . norm (deriv lderiv0 (a :: atom) ¢ :: formula))
apply standard apply (auto simp: Presb-simps o-def set-n-lists distinct-n-lists
Formula-Operations.lformula.simps Formula-Operations.satisfies-gen.simps For-
mula-Operations.wf.simps
dest: satisfies0-cong split: presb.splits if-splits)
done

lemma check-equ-code|code]: check-equ idx r s =

((presb-wf idx r N presb-lformula ) A (presb-wf idz s A presb-lformula s) A

(case rtrancl-while (A\(p, q). final idz p = final idz q)
(A(p, @). map (Aa. (norm (deriv lderiv0 a p), norm (deriv lderiv0 a q))) (o idz))
(norm (RESTRICT r), norm (RESTRICT s)) of
None = Fulse

| Some ([], z) = True

| Some (a # list, ©) = False))

unfolding check-equ-def Presb.check-equ-def Presb.step-alt ..

definition while where [code del, code-abbrev]: while idx ¢ = while-default (fut-default
idz ¢)
declare while-default-code|of fut-default idx ¢ for idx o, folded while-def, code]

lemma check-equ-sound:
[#v 2 = idx; check-equ idx @ )] = (Presb.sat 2 @ <— Presb.sat 2 1)
unfolding check-equ-def by (rule Presb.check-equ-soundness)

lemma bounded-check-equ-sound:
[#v 2 = idz; bounded-check-equ idx ¢ ] = (Presb.saty, 2A ¢ <— Presb.sat, 2

)
unfolding bounded-check-equ-def by (rule Presb.bounded-check-equ-soundness)

method-setup check-equiv = «
let
fun tac ctxt =
let
val conv = @Q{ computation-check terms: Trueprop
0 ::nat 1 :: nat 2 :: nat 8 :: nat Suc

86



plus :: nat = - minus :: nat = -
times :: nat = - divide :: nat = - modulo :: nat = -
0:intl mint 2 :int 3 v int —1 @ int
check-equ datatypes: formula int list integer bool} ctxt
in
CONVERSION (Conv.params-conv ~1 (K (Conv.concl-conv ~ 1 conv)) ctxt)
THEN'
resolve-tac ctzt [Truel]
end
mn
Scan.succeed (SIMPLE-METHOD' o tac)
end
)

end

7 Comparing WS1S Formulas with Presburger For-
mulas

lift-definition letter-eq :: idx = nat = bool list x bool list = bool list = bool is
A(m1,m2) n (bsl, bs2) bs. m1 = 0 A m2 =n A bsl =[] A bs2 = bs .

lemma letter-eq|dest]:
letter-eq idzn a b = (a € set (WS1S-Prelim.o idz)) = (b € set (Presburger-Formula.c

n))

by transfer (force simp: Presburger-Formula.o-def set-n-lists image-iff)

global-interpretation WS15-Presb: DAs

WS1S-Prelim.o idx

(Ap. norm (RESTRICT ) :: (wsls, order) aformula)

(Aa @. norm (deriv lderiv0 (a :: atom) @))

(WS1S. final idx)

(Ap :: formula. ws1s-wf idz ¢ N wsls-lformula )

Ap. Formula.lang WS1S-Prelim.nvars

WS18S-Prelim. Extend WS1S-Prelim.CONS WS1S-Prelim.Length WS15-Prelim.size-atom

WS1S-Formula.satisfiesO idx ¢

(Ap :: formula. wsls-wf idz ¢ N wsls-lformula )

Ap. Formula.language WS1S-Prelim.assigns
WS1S-Prelim.nvars WS1S-Prelim. Extend WS1S-Prelim.CONS
WS1S-Prelim.Length WS1S-Prelim.size-atom restrict WS1S-Formula. FV0
WS1S-Formula.satisfiesO idx ¢

(Presburger-Formula.c n)

(Ap. Presburger-Formula.norm (Presburger-Formula. RESTRICT ¢))

(Aa @. Presburger-Formula.norm ( Presburger-Formula.deriv Presburger-Formula.lderiv0

a ))
(Presburger-Formula.final n)
(Ap. presb-wf n ¢ A presb-lformula )
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(Ap. Formula.lang Presburger-Formula.nvars
Presburger-Formula. Extend Presburger-Formula. CONS Presburger-Formula. Length
Presburger-Formula.size-atom (F=0) n o)
(M. presb-wf n @ A presb-lformula )
(Ap. Formula.language Presburger-Formula.assigns
Presburger-Formula.nvars Presburger-Formula. Extend Presburger-Formula. CONS
Presburger-Formula. Length Presburger-Formula.size-atom (- -. True)
Presburger-Formula. FV0 (=0)
n )
letter-eq idx n
defines check-equ = Midx n. DAs.check-equ
(o idz) (M. norm (RESTRICT ) :: (wsls, order) aformula)
(Aa . norm (deriv (lderiv0 :: - = - = formula) (a :: atom) ¢))
(final idz) (Mg :: formula. wsls-wf idz @ A wsls-lformula )
(Presburger-Formula.o n) (Ap. Presburger-Formula.norm (Presburger-Formula. RESTRICT
©))
(Aa ¢. Presburger-Formula.norm ( Presburger-Formula.deriv Presburger-Formula.lderiv0
a ¢))
(Presburger-Formula.final n) (Ap. presb-wf n o A presb-lformula ) (letter-eq
idz n)

by unfold-locales auto

lemma check-equ-code[code]: check-equ idz n r s +—
((ws1s-wf idz v A wsis-lformula ) N (presb-wf n s A presb-lformula s) A
(case rtrancl-while (A(p, q). final idx p = Presburger-Formula.final n q)
(AP, ).
map (A(a, b). (norm (deriv lderiv0 a p),
Presburger-Formula.norm (Presburger-Formula.deriv Presburger-Formula.lderiv0
b))
[(z, y)¢List.product (o idzx) (Presburger-Formula.o n). letter-eq idz n x y])
(norm (RESTRICT r), Presburger-Formula.norm (Presburger-Formula. RESTRICT
9) of
None = False
| Some ([], ) = True
| Some (a # list, x) = False))
unfolding check-equ-def WS1S-Presb.check-equ-def ..

method-setup check-equiv = «
let
fun tac ctxt =
let
val conv = Q{ computation-check terms: Trueprop
0 ::nat 1 :: nat 2 :: nat 3 :: nat Suc
plus :: nat = - minus :: nat = -
times :: nat = - divide :: nat = - modulo :: nat = -
0:intl:int2:int8d o int—1: int
check-equ datatypes: idx (presb, unit) aformula ((nat, nat) atomic,
WS1S-Prelim.order) aformula
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nat X nat nat option bool option int list integer} ctxt
in
CONVERSION (Conv.params-conv ~1 (K (Conv.concl-conv ~ 1 conv)) ctxt)
THEN'
resolve-tac ctxt [Truel]
end
n
Scan.succeed (SIMPLE-METHOD' o tac)
end

8 Nameful WS1S Formulas

declare [[coercion of-char :: char = nat, coercion-enabled]|

definition is-upper :: char = bool where [simp]: is-upper ¢ = (¢ € {65..90 ::
nat})
definition is-lower :: char = bool where [simp]: is-lower ¢ = (¢ € {97..122 ::

nat})

typedef fo = {s. s # [| A is-lower (hd s)} by (auto intro!: exI[of - "'z"])
typedef so = {s. s # [| A is-upper (hd s)} by (auto intro!: exI[of - "X"])

datatype wsis =
T | F| Orwsls wsls | And wsls wsls | Not wsls
| Bxl fo wsls | Ex2 so wsls | Alll fo wsls | All2 so wsls
| Lt fo fo
| In fo so
| Eq-Const fo nat
| Eq-Presb so nat
| Eq-FO fo fo
| Eq-FO-Offset fo fo nat
| Eq-SO so so
| Eq-SO-Inc so so
| Eq-Max fo so
| Eq-Min fo so
| Empty so
| Singleton so
| Subset so so
| Disjoint so so
| Eq-Union so so so
| Eq-Inter so so so
| Eq-Diff so so so
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primrec satisfies :: (fo = nat) = (so = nat fset) = wsls = bool where
satisfies 11 12 T = True

| satisfies 11 I2 F = False

| satisfies 11 I2 (Or ¢ o) = (satisfies I1 12 ¢ V satisfies I1 12 1)

| satisfies 11 I2 (And o ) = (satisfies 11 I2 ¢ A satisfies 11 12 1)

| satisfies 11 12 (Not p) = (— satisfies 11 I2 @)

| satisfies 11 I2 (Exl x @) = (3 n. satisfies (I1(z := n)) 12 ¢)

| satisfies 11 12 (Ex2 X ¢) = (I N. satisfies 11 (12(X := N)) ©)

| satisfies 11 12 (Alll = ) = (Vn. satisfies (I1(z := n)) 12 )

( (12(X

| satisfies 11 12 (All2 X @) = (V N. satisfies I1 :=N)) ¢)

| satisfies 11 I2 (Lt x y) = (I1 x < I1 y)

| satisfies 11 12 (In x X) = (11 = |€| I2 X)

| satisfies 11 I2 (Eq-Const x n) = (I1 z = n)

| satisfies 11 I2 (Eq-Presb X n) = ((O>_x € fset (I2 X). 2 "z) = n)

| satisfies 11 12 (Eq-FO z y) = (I1 x = I1 y)

| satisfies 11 I2 (Eq-FO-Offset x y n) = (I1 . = I1 y + n)

| satisfies I1 12 (E¢-SO X Y)= (12X =127)

| satisfies 11 I2 (Eq-SO-Inc X Y) = (I2 X = Suc |{ 12Y)

| satisfies 11 I2 (Eqg-Max x X) = (let Z =12 X in Z # {||} N 11 © = fMazx 7)
| satisfies 11 12 (Eq¢-Min © X) = (let Z =12 X in Z # {||} A I1 ¢ = fMin Z)
| satisfies 11 I2 (Empty X) = (12 X = {||})

| satisfies 11 I2 (Singleton X) = (Jz. 12 X = {|z|})

| satisfies 11 I2 (Subset X V) = (I2 X |C| I2 Y)

| satisfies 11 I2 (Disjoint X Y) = (I2 X |N| I2Y = {||})

| satisfies I1 I2 (Eq-Union X Y Z) = (12X =12 Y |U| 12 Z)

| satisfies 11 I2 (Eq-Inter X Y Z) = (I2 X =12 Y |N| 12 Z)

| satisfies 11 12 (Eq-Diff X Y Z) = (12 X = 12 Y || 12 Z)

primrec fos where

fos T =]
| fos F' =[]
| fos (Or ¢ ) = List.union (fos @) (fos )
| fos (And ¢ 1) = List.union (fos ¢) (fos ¥)
| fos (Not ) = fos
| fos (Exl x @) = List.removel z (fos @)
| fos (Ex2 X ¢) = fos ¢
| fos (Alll x ¢) = List.removel x (fos )
| fos (Ali2 X ¢) = fos ¢
| fos (Lt z y) = remdups [z, y]
| fos (In z X) = [z]
| fos (Eq-Const z n) = [z]
| fos (Eq-Presb X n) = ||
| fos (Eq-FO x y) = remdups [z, y|
| fos (Eq-FO-Offset x y n) = remdups [z, y]
| fos (Eq-S0 X ¥) = |
| fos (Eqg-SO-Inc X Y) = |]
| fos (Eq-Maz z X) = [z]
| fos (Eq-Min z X) = [z]
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| fos (Empty X) = [

| fos (Singleton X) = ||

| fos (Subset X V) = |

| fos (Disjoint X Y) = ||

| fos (Eq-Union X Y Z) = |]
| fos (Eq-Inter X Y Z) = |]
| Jos (Bq-Diff X ¥ 2) = |

primrec sos where
sos T =]
| sos F =[]
| sos (Or ¢ ¢) = List.union (sos @) (sos 1)
| sos (And ¢ 1) = List.union (sos ) (sos ¥)
| sos (Not @) = sos ¢
| sos (Exl x @) = sos ¢
| sos (Fx2 X @) = List.removel X (sos @)
| sos (Alll x p) = sos ¢
| sos (Ali2 X ¢) = List.removel X (sos )
| s0s (Lt ) = |
| sos (In z X) = [X]
| sos (Eq-Const z n) = ||
| sos (Eq-Presb X n) = [X]
| sos (Eq-FO z y) = ]
| sos (Eq-FO-Offset z y n) =[]
| sos (Eq¢-SO X Y) = remdups [X, Y]
| sos (Eq-SO-Inc X Y) = remdups [X, Y]
| sos (Eq-Maz z X) = [X]
| sos (Eg-Min x X) = [X]
| sos (Empty X) = [X]
| sos (Singleton X) = [X]
| sos (Subset X Y) = remdups [X, Y]
| sos (Disjoint X Y) = remdups [X, Y]
| sos (Eq-Union X Y Z) = remdups [X, Y, Z]
| sos (Eg-Inter X Y Z) = remdups [X, Y, Z]
| sos (Eq-Diff X Y Z) = remdups [X, Y, Z]

lemma distinct-fos[simp]: distinct (fos @) by (induct @) auto
lemma distinct-sos[simp|: distinct (sos @) by (induct @) auto

primrec € where
€ bsl bs2 T = FBool True
| € bs1 bs2 F = FBool False
| € bs1 bs2 (Or ¢ ) = FOr (e bsl bs2 ¢) (¢ bsl bs2 )
| € bs1 bs2 (And ¢ ) = FAnd (e bs1 bs2 @) (e bsl bs2 )
| € bs1 bs2 (Not ) = FNot (¢ bsl bs2 o)
| € bs1 bs2 (Exl x p) = FEx FO (¢ (x # bsl) bs2 )
| € bs1 bs2 (Fx2 X @) = FEx SO (e bs1 (X # bs2) o)
| € bs1 bs2 (Alll x p) = FAIL FO (e (x # bsl) bs2 )
| & bst bs2 (AlI2 X @) = FAIL SO (¢ bsi (X # bs2) )
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| € bsl bs2 (Lt x y) = FBase (Less None (index bsl z) (index bsl y))

| € bs1 bs2 (In x X) = FBase (WS1S-Formula.In False (index bs1 z) (index bs2
X))

| € bs1 bs2 (Eq-Const x n) = FBase (WS1S-Formula.Eq-Const None (index bsl z)
n)

| € bst bs2 (Eg-Presb X n) = FBase (WS1S-Formula.Eq-Presb None (index bs2
X) n)

| € bs1 bs2 (Eq-FO z y) = FBase (WS1S-Formula.Eq-FO False (index bs1 z) (index
bs1 y))

| € bsl bs2 (Eq-FO-Offset x y n) = FBase (WS1S-Formula.Plus-FO None (index
bsl z) (index bsl y) n)

| € bsl bs2 (Eq-SO X Y) = FBase (WS15-Formula.Eg-SO (index bs2 X) (index
bs2 Y))

| € bs1 bs2 (Eq-SO-Inc X Y) = FBase (WS1S-Formula.Suc-SO False False (index
bs2 X) (index bs2 Y))

| € bst bs2 (Eq-Max © X) = FBase (WS1S-Formula.Eq-Maz False (index bsl x)
(index bs2 X))

| € bs1 bs2 (Eq-Min x X) = FBase (WS1S-Formula.Eq-Min False (index bsl x)
(index bs2 X))

| € bs1 bs2 (Empty X) = FBase (WS1S-Formula. Empty (index bs2 X))

| € bs1 bs2 (Singleton X) = FBase (WS1S-Formula.Singleton (index bs2 X))

| € bsl bs2 (Subset X Y) = FBase (WS1S-Formula.Subset (index bs2 X) (index
bs2 Y))

| € bs1 bs2 (Disjoint X Y') = FBase (WS1S-Formula.Disjoint (index bs2 X) (index
bs2 Y))

| € bs1 bs2 (Eq-Union X Y Z) = FBase (WS1S-Formula.Eq-Union (index bs2 X)
(index bs2 Y) (index bs2 Z))

| € bs1 bs2 (Egq-Inter X Y Z) = FBase (WS1S-Formula.Eq-Inter (index bs2 X)
(index bs2 Y) (index bs2 Z))

| € bsl bs2 (Eq-Diff X Y Z) = FBase (WS1S-Formula.Eq-Diff (index bs2 X) (index
bs2 Y) (index bs2 7))

lift-definition mk-I :

(fo = nat) = (so = nat fset) = fo list = so list = interp is

M1 12 fs ss. let I1s = map (Ax. {|I1 z|}) fs; 125 = map I2 ss in (MSB (I1s @
12s), I1s, I2s)

by (auto simp: Let-def)

definition dec-11 :: interp = fo list = fo = nat where dec-I1 U fs x = fMin
(index fs 23 FO)
definition dec-12 :: interp = so list = so = nat fset where dec-12 2 ss X =
index ss X250

lemma nvars-mk-1[simp|: #v (mk-I 11 12 fs ss) = Abs-idz (length fs, length ss)
by transfer (auto simp: Let-def)

lemma assigns-mk-I-FO[simp]:

mMk-L 1112 bs1 bs2 ) — (if m < length bs1 then {|I1 (bs1 ! m)|} else {||})
by transfer (auto simp: Let-def)
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lemma assigns-mk-I-SO[simp]:
mMk-L 1112 b1 bs2g0) — (if m < length bs2 then 12 (bs2 ! m) else {||})
by transfer (auto simp: Let-def)

lemma satisfies-cong:

Vz € set (fos ¢). I1 x = JI z; VX € set (sos ¢). I2X = J2 X] =

satisfies 11 12 p <— satisfies J1 J2 ¢
proof (induct ¢ arbitrary: 11 12 J1 J2)

case (Or ¢ ) from Or.hyps|of 11 J1 12 J2] Or.prems show ?case by auto
next

case (And ¢ ) from And.hyps|of 11 J1 12 J2] And.prems show ?case by auto
next

case (Ezl x @) with Ex1.hyps|of I1 (z := y) JI(z := y) 12 J2 for y, cong] show
?case by auto
next

case (Ez2 X ) with Ez2.hyps[of I1 J1 I2(X := Y) J2(X := Y) for Y, cong]
show ?case by auto
next

case (All1 z ) with Alll.hyps[of I1(z := y) J1(xz = y) I2 J2 for y, cong]
show ?case by auto
next

case (All2 X o) with All2.hyps[of I1 J1 I2(X :=Y) J2(X := Y) for Y, cong]
show ?Zcase by auto
qed simp-all

lemma dec-I-mk-I-satisfies-cong:
[set (fos @) C set bsl; set (sos @) C set bs2; A = mk-I 11 12 bsl bs2] =
satisfies (dec-I1 A bs1) (dec-I2 A bs2) ¢ +— satisfies 11 12 ¢
by (rule satisfies-cong) (auto simp: dec-I11-def dec-12-def)

definition ok-I A fs = (Vz € set fs. index fs 22 FO # {||})

lemma ok-I-mk-I[simp): ok-I (mk-I I1 I2 bs1 bs2) bsl
unfolding ok-I-def by transfer (auto simp: Let-def)

lemma in-FV-eD|dest]: [v € FV (¢ bsl bs2 ¢) FO;
set (fos p) C set bsl; set (sos @) C set bs2] =
(y € set bsl. v = index bsl y)
proof (induct ¢ arbitrary: bsl bs2 v)
case (Ezl x ) from Ex1.hyps[of Suc v z # bsl bs2] Exl.prems show Zcase
by (auto simp: Diff-subset-conv split: if-splits)
next
case (Ez2 X ¢) from Ez2.hyps[of v bs1 X # bs2] Ex2.prems show ?case
by (auto simp: Diff-subset-conv split: if-splits)
next
case (Alll z o) from Alll.hyps[of Suc v z # bsl bs2] Alll.prems show ?case
by (auto simp: Diff-subset-conv split: if-splits)
next
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case (All2 X ¢) from All2.hyps[of v bs1 X # bs2] Alli2.prems show Zcase
by (auto simp: Diff-subset-conv split: if-splits)
qed (auto split: if-splits)

lemma dec-11-Extend-FO[simp]:
dec-11 (Extend FO 0 A P) (z # bs1) = (dec-11 A bs1)(z := fMin P)
by (auto simp: dec-11-def)

lemma dec-I1-Extend-SO[simp]: dec-I1 (Extend SO i 2 P) bsl = dec-I1 2 bsl
by (auto simp: dec-I11-def)

lemma dec-12-Extend-FO[simp]: dec-12 (Extend FO i A P) bs2 = dec-12 2 bs2
by (auto simp: dec-12-def)

lemma dec-12-Extend-SO[simp):
dec-12 (Extend SO 0 2 P) (X # bs2) = (dec-12 2 bs2)(X := P)
by (auto simp: dec-12-def fun-eq-iff)

lemma sat-¢: [set (fos @) C set bsl; set (sos p) C set bs2; ok-I A bsl] =
WS1S.sat A (g bsl bs2 ¢) +—
satisfies (dec-I1 A bs1) (dec-I2 A bs2) ¢
proof (induct ¢ arbitrary: A bsl bs2)
case (Or ¢ ) from Or.hyps|of bsl bs2 2A] Or.prems show Zcase
unfolding WS1S.sat-def
by (auto simp: restrict-def ok-I-def split: order.splits)
next
case (And ¢ 1) from And.hyps[of bs1 bs2 U] And.prems show ?case
unfolding WS1S.sat-def
by (auto simp: restrict-def ok-I-def split: order.splits)
next
case (Not o) from Not.hyps[of bsl bs2 2] Not.prems show ?case
unfolding WS1S.sat-def
by (auto simp: restrict-def ok-I-def split: order.splits)
next
case (Ezl z )
{ fix P :: nat fset assume P # {||}
with FEzl.prems have WS1S.sat (Extend FO 0 2 P) (e (z # bsl) bs2 @) +—
satisfies (dec-11 (Extend FO 0 A P) (z # bsl)) (dec-12 (Extend FO 0 2 P)
bs2) ¢
by (intro Ex1.hyps) (auto simp: ok-I-def)
} note IH = this
show Zcase
proof
assume WS1S.sat A (e bs1 bs2 (Exl z ¢))
then obtain P where P # {||} WS1S5.sat (Extend FO 0 2 P) (¢ (z # bsl)
bs2 )
unfolding WS1S.sat-def by (auto simp: restrict-def split: order.splits)
then have satisfies (dec-I1 (Extend FO 0 A P) (x # bsl)) (dec-12 (Extend
FO 0 A P) bs2) ¢
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by (auto simp: IH)
then show satisfies (dec-11 A bs1) (dec-I2 A bs2) (Exl = ¢) by auto
next
assume satisfies (dec-I1 A bs1) (dec-I2 A bs2) (Exl x )
then obtain n where satisfies (dec-11 (Extend FO 0 A {|n|}) (z # bs1))
(dec-12 (Extend FO 0 A {|n|}) bs2) ¢ by auto
then have WS1S.sat (Extend FO 0 2 {|n|}) (¢ (z # bsl) bs2 o)
by (auto simp: IH)
then show WS1S.sat A (e bs1 bs2 (Ezl x ¢)) unfolding WS1S.sat-def
by (auto simp: restrict-def split: order.splits)
qed
next
case (Ez2 X ¢)
{ fix P :: nat fset
from Fz2.prems have WS1S.sat (Extend SO 0 2A P) (g bsl (X # bs2) ¢) «—
satisfies (dec-11 (Extend SO 0 A P) bs1) (dec-12 (Extend SO 0 A P) (X #
bs2)) ¢
by (intro Ex2.hyps) (auto simp: ok-I-def)
} note IH = this
show Zcase
proof —
have WS1S.sat A (¢ bs1 bs2 (Ex2 X ¢)) +—
(3 P. WS1S.sat (Extend SO 0 A P) (g bsl (X # bs2) ¢))
unfolding WS1S.sat-def by (auto simp: restrict-def split: order.splits)
also have ... «— (3 P. satisfies (dec-11 (Extend SO 0 2 P) bs1)
(dec-12 (Extend SO 0 A P) (X # bs2)) ¢) by (auto simp: IH)
also have ... «— satisfies (dec-I1 A bs1) (dec-12 A bs2) (Ez2 X ) by simp
finally show ?thesis .
qed
next
case (Alll z ¢)
{ fix P :: nat fset assume P # {||}
with Alll.prems have WS1S.sat (Extend FO 0 2 P) (¢ (z # bsl) bs2 ) «—
satisfies (dec-I1 (Extend FO 0 A P) (x # bsl)) (dec-12 (Extend FO 0 2 P)
bs2) ¢
by (intro Alll.hyps) (auto simp: ok-I-def)
} note IH = this
show ?case

proof
assume L: WS1S.sat 2 (e bs1 bs2 (Alll z ¢))
{ fix n :: nat

from L have WS1S.sat (Extend FO 0 2 {|n|}) (¢ (z # bsl) bs2 ¢)
unfolding WS1S.sat-def by (auto simp: restrict-def split: order.splits)
then have satisfies (dec-I1 (Extend FO 0 A {|n|}) (z # bs1))
(dec-12 (Extend FO 0 A {|n|}) bs2) ¢ by (auto simp: IH)

}
then show satisfies (dec-I1 A bs1) (dec-I2 2 bs2) (Alll z ) by simp

next

assume R: satisfies (dec-11 A bs1) (dec-I2 A bs2) (Alll x ¢)
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{ fix P :: nat fset assume P # {||}
with R have satisfies (dec-11 (Extend FO 0 2 P) (z # bsl))
(dec-12 (Extend FO 0 A P) bs2) ¢ by auto
with «P # {||}> have WS1S.sat (Extend FO 0 24 P) (e (z # bsl) bs2 o)
by (auto simp: IH)
}
with Alll.prems in-FV-cD[of - x # bsl bs2 ]
show WS1S.sat A (¢ bs1 bs2 (Alll z ¢)) unfolding WS1S.sat-def
by (auto 0 3 simp: restrict-def ok-I-def split: if-splits order.splits)
qged
next
case (All2 X @)
{ fix P :: nat fset
from All2.prems have WS1S.sat (Extend SO 0 2 P) (¢ bsl (X # bs2) ¢)
—
satisfies (dec-11 (Extend SO 0 A P) bs1) (dec-12 (Extend SO 0 A P) (X #
bs2)) ¢
by (intro All2.hyps) (auto simp: ok-I-def)
} note IH = this
show ?Zcase
proof —
have WS1S.sat A (¢ bs1 bs2 (All2 X ¢)) +—
(VP. WS1S.sat (Extend SO 0 A P) (e bsl (X # bs2) ¢))
unfolding WS1S.sat-def by (auto simp: restrict-def split: order.splits)
also have ... «— (V P. satisfies (dec-11 (Extend SO 0 2 P) bs1)
(dec-12 (Extend SO 0 A P) (X # bs2)) ¢) by (auto simp: IH)
also have ... +— satisfies (dec-11 A bs1) (dec-12 A bs2) (All2 X ¢) by simp
finally show ?thesis .
qed
qed (auto simp: WS1S.sat-def Let-def dec-11-def dec-12-def ok-I-def
restrict-def split: if-splits order.splits)

definition eqv ¢ ¢ =
(let fs = List.union (fos ) (fos 1); ss = List.union (sos ) (sos )
in check-equ (Abs-idz (length fs, length ss)) (e fs ss @) (e fs ss 1))

lemma equ-sound: equ p v = satisfies 11 12 p <— satisfies 11 12
unfolding equ-def Let-def
by (drule check-equ-sound[rotated, of - - -
mk-I I1 12 (List.union (fos ) (fos v)) (List.union (sos ¢) (sos ¥))])
(auto simp: sat-e dec-I-mk-I-satisfies-cong)

definition Thm ¢ = equ ¢ T

lemma Thm ® = satisfies 11 12 ®
unfolding Thm-def by (drule equ-sound|of - - 11 I2]) simp

setup-lifting type-definition-fo
setup-lifting type-definition-so
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instantiation fo :: equal

begin
lift-definition equal-fo :: fo = fo = bool is (=) .
instance by (standard, transfer) simp

end

instantiation so :: equal
begin
lift-definition equal-so :: so = so = bool is (=) .
instance by (standard, transfer) simp
end
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