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Abstract

The Floyd-Warshall algorithm [Flo62, Roy59, War62] is a classic
dynamic programming algorithm to compute the length of all shortest
paths between any two vertices in a graph (i.e. to solve the all-pairs
shortest path problem, or APSP for short). Given a representation
of the graph as a matrix of weights M, it computes another matrix
M’ which represents a graph with the same path lengths and con-
tains the length of the shortest path between any two vertices 7 and j.
This is only possible if the graph does not contain any negative cycles.
However, in this case the Floyd-Warshall algorithm will detect the sit-
uation by calculating a negative diagonal entry. This entry includes a
formalization of the algorithm and of these key properties. The algo-
rithm is refined to an efficient imperative version using the Imperative
Refinement Framework.
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theory Floyd-Warshall
imports Main
begin

1 Floyd-Warshall Algorithm for the All-Pairs Short-
est Paths Problem

1.1 Introduction

The Floyd-Warshall algorithm [Flo62, Roy59, War62] is a classic dynamic
programming algorithm to compute the length of all shortest paths between
any two vertices in a graph (i.e. to solve the all-pairs shortest path problem,
or APSP for short). Given a representation of the graph as a matrix of
weights M, it computes another matrix M’ which represents a graph with the
same path lengths and contains the length of the shortest path between any
two vertices ¢ and j. This is only possible if the graph does not contain any
negative cycles (then the length of the shortest path is —oco). However, in this
case the Floyd-Warshall algorithm will detect the situation by calculating a
negative diagonal entry corresponding to the negative cycle. In the following,
we present a formalization of the algorithm and of the aforementioned key
properties.

Abstractly, the algorithm corresponds to the following imperative pseudo-
code:

for k =1 .. n do
for i =1 .. n do
for j=1 .. ndo
m[i, j1 := min(m([i, jl, m[i, k] + m[k, j1)

However, we will carry out the whole formalization on a recursive version of
the algorithm, and refine it to an efficient imperative version corresponding
to the above pseudo-code in the end. The main observation underlying the
algorithm is that the shortest path from ¢ to j which only uses intermediate
vertices from the set {0...k+1}, is: either the shortest path from 7 to j using
intermediate vertices from the set {0...k}; or a combination of the shortest
path from 7 to k£ and the shortest path from k to j, each of them only using
intermediate vertices from {0...k}. Our presentation we be slightly more
general than the typical textbook version, in that we will factor our the inner
two loops as a separate algorithm and show that it has similar properties as
the full algorithm for a single intermediate vertex k.



1.2 Preliminaries
1.2.1 Cycles in Lists

abbreviation cnt z xs = length (filter (Ay. x = y) zs)

fun remove-cycles :: 'a list = 'a = 'a list = 'a list
where
remove-cycles [| - acc = rev acc |
remove-cycles (x#xs) y acc =
(if x = y then remove-cycles zs y [z] else remove-cycles zs y (z#acc))

lemma cnt-rev: ent z (rev zs) = cnt x xs by (metis length-rev rev-filter)

value as @ [z] @Q bs @Q [z] @ ¢s @ [z] @ ds

lemma remove-cycles-removes: cnt x (remove-cycles xs x ys) < max 1 (ent
z ys)
proof (induction xs arbitrary: ys)
case Nil thus ?case
by (simp, cases x € set ys, (auto simp: cnt-rev[of = ys]))
next
case (Cons y zs)
thus Zcase
proof (cases z = y)
case True
thus ?thesis using Cons|of [y]] True by auto
next
case Fulse
thus ?thesis using Cons[of y # ys| by auto
qed
qed

lemma remove-cycles-id: © ¢ set xs = remove-cycles xs © ys = rev ys Q
xs
by (induction xs arbitrary: ys) auto

lemma remove-cycles-cnt-id:

r # y = cnt y (remove-cycles xs x ys) < ent y ys + cnt y xs
proof (induction xs arbitrary: ys x)

case Nil thus ?case by (simp add: cnt-rev)
next

case (Cons z s)

thus Zcase



proof (cases x = z)
case True thus ?thesis using Cons.IH|[of z [z]] Cons.prems by auto
next
case Fulse
thus ?thesis using Cons.IH[of x z # ys| Cons.prems False by auto
qed
qed

lemma remove-cycles-ends-cycle: remove-cycles xs © ys # rev ys Q rs —>
T € set xs
using remove-cycles-id by fastforce

lemma remove-cycles-begins-with: x € set rs = 3 zs. remove-cycles xs x
ys = # 28 N x ¢ set zs
proof (induction xs arbitrary: ys)
case Nil thus ?case by auto
next
case (Cons y xs)
thus ?case
proof (cases z = y)
case True thus ?thesis
proof (cases x € set zs, goal-cases)
case 1 with Cons show ?case by auto
next
case 2 with remove-cycles-id|of = zs [y]] show ?Zcase by auto
qed
next
case Fulse
with Cons show ?thesis by auto
qed
ged

lemma remowve-cycles-self:

T € set s = remove-cycles (remove-cycles xs T ys) & zs = remove-cycles
TS T YS
proof —

assume z:x € set 18

then obtain ws where ws: remove-cycles zs x ys = © # ws © ¢ set ws

using remove-cycles-begins-with|OF x, of ys| by blast

from remove-cycles-id[OF this(2)] have remove-cycles ws x [z] = © # ws
by auto

with ws(1) show remove-cycles (remove-cycles xs x ys) x zs = remove-cycles
s x ys by simp
qged



lemma remove-cycles-one: remove-cycles (as Q x # xs) x ys = remove-cycles

(z#xs) x ys
by (induction as arbitrary: ys) auto

lemma remove-cycles-cycles:
3 zxs as. as Q concat (map (A xs. x # xs) zxs) Q remove-cycles zs © ys
=xs A\ z ¢ set as
if x € set zs
using that proof (induction xs arbitrary: ys)
case Nil thus ?case by auto
next
case (Cons y xs)
thus “case
proof (cases x = y)
case True thus ?thesis
proof (cases x € set zs, goal-cases)
case |
then obtain as zxs where as Q concat (map (Azs. y#xs) zxs) Q
remove-cycles xzs y [y] = xs
using Cons.IH[of [y]] by auto
hence [| @ concat (map (Azs. z#xs) (as#zxs)) Q remove-cycles (y#xs)
TYs =1y F# w8
by (simp add: <z = y»)
thus ?thesis by fastforce
next
case 2
hence remove-cycles (y # ©s) x ys = y # zs using remove-cycles-id|of
z zs [y]] by auto
hence [| @ concat (map (Azs. x # xs) []) @ remove-cycles (y#xs) = ys
= y # xs by auto
thus “thesis by fastforce
ged
next
case Fulse
then obtain as zzs where as:
as @ concat (map (Azs. © # xs) xxs) Q remove-cycles xs = (y#ys) =
xs x & set as
using Cons.IH|[of y # ys|] Cons.prems by auto
hence (y # as) @ concat (map (Axs. x # zs) zxs) Q remove-cycles
(y#as) v ys =y # s
using <x # 1y by auto
thus ?thesis using as(2) «x # y» by fastforce
qed



qed

fun start-remove :: 'a list = 'a = 'a list = 'a list
where
start-remove [| - acc = rev acc |
start-remove (z#xs) y acc =
(if £ = y then rev acc Q remove-cycles xs y [y] else start-remove zs y (x

# acc))

lemma start-remove-decomp:

x € set xs => 3 as bs. xs = as Q x # bs A start-remove s T ys = rev ys
Q@ as @ remove-cycles bs z [z]
proof (induction xs arbitrary: ys)

case Nil thus ?case by auto

next
case (Cons y xs)
thus “case
proof (auto, goal-cases)
case I

from 1(1)[of y # ys|
obtain as bs where

xs = as Q x # bs start-remove zs x (y # ys) = rev (y # ys) Q as Q
remove-cycles bs x [z]
by blast
hence y # zs = (y # as) Q x # bs
start-remove xs x (y # ys) = rev ys Q (y # as) Q remove-cycles bs
z [z] by simp+
thus ?case by blast
qed
qged

lemma start-remove-removes: cnt x (start-remove xs x ys) < Suc (cnt x ys)
proof (induction xs arbitrary: ys)
case Nil thus ?case using cnt-rev]of = ys| by auto
next
case (Cons y xs)
thus Zcase
proof (cases © = y)
case True
thus ?thesis using remove-cycles-removes|of y zs [y]] cnt-rev]of y ys]
by auto
next
case Fulse
thus ?thesis using Cons[of y # ys] by auto



qed
qged

lemma start-remove-id[simp|: x ¢ set s = start-remove s & ys = rev ys
Q@ zs
by (induction xs arbitrary: ys) auto

lemma start-remove-cnt-id:
T # y = cnt y (start-remove xs x ys) < cnt y ys + cnt y s
proof (induction xs arbitrary: ys)
case Nil thus ?case by (simp add: cnt-rev)
next
case (Cons z xs)
thus Zcase
proof (cases x = z, goal-cases)
case 1 thus ?case using remove-cycles-cnt-id[of = y xs [z]] by (simp
add: cnt-rev)
next
case 2 from this(1)[of (z # ys)] this(2,3) show ?case by auto
qed
qed

fun remove-all-cycles :: 'a list = 'a list = 'a list
where
remove-all-cycles [| s = xs |
remove-all-cycles (x # xs) ys = remove-all-cycles s (start-remove ys x [])

lemma cnt-remove-all-mono:cnt y (remove-all-cycles zs ys) < maz 1 (cnt
Y ys)
proof (induction xs arbitrary: ys)
case Nil thus ?case by auto
next
case (Cons x xs)
thus “case
proof (cases x = y)
case True thus ?thesis using start-remove-removes|of y ys [|] Cons|of
start-remove ys y [|]
by auto
next
case Fulse
hence cnt y (start-remove ys x []) < cnt y ys
using start-remove-cnt-id[of z y ys []] by auto
thus ?thesis using Cons|of start-remove ys x [|] by auto
qed



qed

lemma cnt-remove-all-cycles: © € set xs = cnt x (remove-all-cycles s ys)
< 1
proof (induction xs arbitrary: ys)

case Nil thus ?case by auto
next

case (Cons y zs)

thus Zcase

using start-remove-removes|of x ys []] ent-remove-all-mono|of y zs start-remove
ys y []]

by auto
qed

lemma cnt-mono:
ent a (b # xzs) < ent a (b # ¢ # xs)

by (induction xs) auto

lemma cnt-distinct-intro: ¥V x € set xs. ent x s < 1 — distinct s
proof (induction xs)
case Nil thus ?case by auto
next
case (Cons x zs)
from this(2) have V z € set xs. cnt x xs < 1
by (metis filter.simps(2) impossible-Cons linorder-class.linear list. set-intros(2)
preorder-class.order-trans)
with Cons.IH have distinct zs by auto
moreover have z ¢ set zs using Cons.prems
proof (induction xs)
case Nil then show ?case by auto
next
case (Cons a s)
from this(2) have Vza€set (z # ws). ent za (v # a # xs) < 1
by auto
then have x: Vza€set (z # zs). ent za (x # xs) < 1
proof (safe, goal-cases)
case (1 b)
then have cnt b (z # a # zs) < 1 by auto
with cnt-monolof b x xs a] show ?Zcase by fastforce
qged
with Cons(1) have z ¢ set zs by auto
moreover have z # a
by (metis (full-types) Cons.prems One-nat-def * empty-iff filter.simps(2)



impossible-Cons
le-0-eq le-Suc-eq length-0-conv list.set(1) list.set-intros(1))
ultimately show ?case by auto
qed
ultimately show ?case by auto
qged

lemma remove-cycles-subs:
set (remove-cycles zs x ys) C set xs U set ys
by (induction xs arbitrary: ys; auto; fastforce)

lemma start-remove-subs:
set (start-remove zs x ys) C set zs U set ys
using remove-cycles-subs by (induction zs arbitrary: ys; auto; fastforce)

lemma remove-all-cycles-subs:
set (remove-all-cycles s ys) C set ys
using start-remove-subs by (induction xs arbitrary: ys, auto) (fastforce+)

lemma remove-all-cycles-distinct: set ys C set xs = distinct (remove-all-cycles
xS ys)
proof —
assume set ys C set xs
hence V z € set ys. cnt x (remove-all-cycles zs ys) < 1 using cnt-remove-all-cycles
by fastforce
hence V z € set (remove-all-cycles xs ys). cnt x (remove-all-cycles s ys)
<1
using remove-all-cycles-subs by fastforce
thus distinct (remove-all-cycles zs ys) using cnt-distinct-intro by auto
qged

lemma distinct-remove-cycles-inv: distinct (zs Q ys) = distinct (remove-cycles
xS T ys)
proof (induction xs arbitrary: ys)
case Nil thus ?case by auto
next
case (Cons y xs)
thus ?case by auto
qged

definition
remove-all x xs = (if © € set xs then tl (remove-cycles zs z [|) else xs)

definition



remove-all-rev © xs = (if x € set xs then rev (tl (remove-cycles (rev zs) x
) else xs)

lemma remove-all-distinct:
distinct ©s = distinct (x # remove-all © xs)
proof (cases x € set zs, goal-cases)

case I
from remove-cycles-begins-with[OF 1(2), of [|]] obtain zs
where remove-cycles zs x || = x # zs x ¢ set zs by auto

thus ?thesis using 1(1) distinct-remove-cycles-inv[of xs [| x| by (simp
add: remove-all-def)
next

case 2 thus ?thesis by (simp add: remove-all-def)
qed

lemma remove-all-removes:
z ¢ set (remove-all x xs)
by (metis list.sel(3) remove-all-def remove-cycles-begins-with)

lemma remowve-all-subs:
set (remove-all x xs) C set xs
using remove-cycles-subs remove-all-def
by (metis (no-types, lifting) append-Nil2 list.sel(2) list.set-sel(2) set-append
subsetCE subsetl)

lemma remove-all-rev-distinct: distinct xs = distinct (x # remove-all-rev
x T8)
proof (cases x € set zs, goal-cases)
case |
then have z € set (rev xs) by auto
from remove-cycles-begins-with|OF this, of []] obtain zs
where remove-cycles (rev xs) © [| = © # zs © ¢ set zs by auto
thus ?thesis using 1(1) distinct-remove-cycles-inv[of rev xs [| ]
by (simp add: remove-all-rev-def)
next
case 2 thus ?thesis by (simp add: remove-all-rev-def)
qged

lemma remove-all-rev-removes: x ¢ set (remove-all-rev x zs)
by (metis remove-all-def remove-all-removes remove-all-rev-def set-rev)

lemma remove-all-rev-subs: set (remove-all-rev x zs) C set xs
by (metis remove-all-def remove-all-subs set-rev remove-all-rev-def)
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abbreviation rem-cycles i j xs = remove-all i (remove-all-rev j (remove-all-cycles
zs xs))

lemma rem-cycles-distinct”: i # j = distinct (i # j # rem-cycles i j xs)
proof —
assume i # j
have distinct (remove-all-cycles zs xs) by (simp add: remove-all-cycles-distinct)
from remove-all-rev-distinct[OF this] have
distinct (remove-all-rev j (remove-all-cycles xs xs))
by simp
from remove-all-distinct|OF this] have distinct (i # rem-cycles i j xs)
by simp
moreover have
j & set (rem-cycles i j xs)
using remove-all-subs remove-all-rev-removes remove-all-removes by fast-
force
ultimately show ?thesis by (simp add: <i # j»)
qed

lemma rem-cycles-removes-last: j ¢ set (rem-cycles i j xs)
by (meson remove-all-rev-removes remove-all-subs rev-subsetD)

lemma rem-cycles-distinct: distinct (rem-cycles i j xs)
by (meson distinct.simps(2) order-refl remove-all-cycles-distinct

remove-all-distinct remove-all-rev-distinct)

lemma rem-cycles-subs: set (rem-cycles i j zs) C set xs
by (meson order-trans remove-all-cycles-subs remove-all-subs remove-all-rev-subs)

1.3 Definition of the Algorithm
1.3.1 Definitions

In our formalization of the Floyd-Warshall algorithm, edge weights are from
a linearly ordered abelian monoid.

class linordered-ab-monoid-add = linorder + ordered-comm-monoid-add
begin

subclass linordered-ab-semigroup-add ..
end

subclass (in linordered-ab-group-add) linordered-ab-monoid-add ..

11



context linordered-ab-monoid-add
begin

type-synonym ’'c mat = nat = nat = 'c

definition upd :: 'c mat = nat = nat = 'c = 'c mat
where
updmzyv=m(z:=(mz) (y:=v))

definition fw-upd :: 'a mat = nat = nat = nat = 'a mat where
fw-upd mkij=updmij(min (mij) (mik+ mkj))

Recursive version of the two inner loops.

fun fwi :: 'a mat = nat = nat = nat = nat = 'a mat where
fwimnk0 0 = fw-upd m k 0 0 |
fwim nk (Suc i) 0 = fw-upd (fwi m n kin)k (Suci) 0 |
fwimn ki (Suc j) = fw-upd (fwi m nkij) ki (Sucj)

Recursive version of the full algorithm.

fun fw :: 'a mat = nat = nat = 'a mat where
fwmmn0 =fwimnOnn |

fwmmn (Suc k) = fwi (fumnk)n (Suck)nn

1.3.2 Elementary Properties

lemma fw-upd-mono:
fw-upd mkiji j' < mij’
by (cases i = i’, cases j = j') (auto simp: fw-upd-def upd-def)

lemma fw-upd-out-of-bounds1:
assumes i’ > i
shows (fw-upd M ki j) i j'= M i’ j’
using assms unfolding fw-upd-def upd-def by (auto split: split-min)

lemma fw-upd-out-of-bounds2:
assumes j' > j
shows (fw-upd M ki 3j) i j'= M i’ j’
using assms unfolding fw-upd-def upd-def by (auto split: split-min)

lemma fwi-out-of-bounds1:
assumes i’ > ni < n
shows (fwi M n kij)i' j'=Mij'
using assms

12



apply (induction - (i, §) arbitrary: i j rule: wf-induct[of less-than <xlexx>
less-than)])
apply (auto; fail)
subgoal for 7 j
by (cases i; cases j; auto simp add: fw-upd-out-of-boundsl)
done

lemma fw-out-of-bounds1:
assumes i’ > n
shows (fw M n k)i j'= Mi'j’
using assms by (induction k; simp add: fwi-out-of-bounds1)

lemma fwi-out-of-bounds2:
assumes j' > nj<n
shows (fwi M n kij)i' j'= Mij'
using assms
apply (induction - (i, j) arbitrary: i j rule: wf-induct|[of less-than <xlexx>
less-than))
apply (auto; fail)
subgoal for i j
by (cases i; cases j; auto simp add: fw-upd-out-of-bounds?2)
done

lemma fw-out-of-bounds2:
assumes j' > n
shows (fw M n k) i’ j'= Mi'j'
using assms by (induction k; simp add: fwi-out-of-bounds2)

lemma fwi-invariant-auz-1:
j'<ji= fwimnkijij < fwimnkij”i;j
proof (induction j)
case 0 thus ?case by simp
next
case (Suc j) thus Zcase
proof (cases j”" = Suc j)
case True thus ?thesis by simp
next
case Fulse
have fw-upd (fwi m n kij) ki (Sucj) i’ j' < fwimnkijij
by (simp add: fw-upd-mono)
thus “thesis using Suc Fualse by simp
qged
qed
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lemma fwi-invariant:
j<n=i"<i=j"<j
= fwimnkiji'j <fwimnki j"ij’
proof (induction i)
case 0 thus ?case using fwi-invariant-auz-1 by auto
next
case (Suc i) thus ?case
proof (cases i”" = Suc i)
case True thus ?thesis using Suc fwi-invariant-auz-1 by simp
next
case Fulse
have fwi m n k (Suc i) ji'j' < fwimnk (Suci) 014" j'
by (rule fwi-invariant-auz-1[of 0]; simp)
also have ... < fwimn kin i’ j' by (simp add: fw-upd-mono)

also have ... < fwimn ki j i’ j' using fwi-invariant-auz-1 False Suc
by simp
also have ... < fwi m n k i" j" i’ j' using Suc False by simp
finally show ?thesis by simp
qed
ged

lemma single-row-inv:
j'<j= fwimnkiji'j =fwimnkijij
proof (induction j)
case 0 thus ?case by simp
next
case (Suc j) thus ?case by (cases j' = j) (simp add: fw-upd-def upd-def)+
qged

lemma single-iteration-inv'":
i'<i=j'<n=— fuimnkiji'j' =fwimnkiji;j
proof (induction i arbitrary: j)
case 0 thus ?case by simp
next
case (Suc i) thus Zcase
proof (induction j)
case ( thus ?case
proof (cases i = i’, goal-cases)
case 2 thus ?case by (simp add: fw-upd-def upd-def)
next
case 1 thus ?case using single-row-inv|of j' n]
by (cases j' = n) (fastforce simp add: fw-upd-def upd-def)+
qged
next

14



case (Suc j) thus ?case by (simp add: fw-upd-def upd-def)
qed
qed

lemma single-iteration-inv:
P'<i=j<j=j<n= fuimnkiji'j' = fwimnkij ij
proof (induction i arbitrary: 7)
case ( thus ?case
proof (induction j)
case 0 thus ?case by simp
next
case (Suc j) thus ?case using 0 by (cases j' = Suc j) (simp add:
Jw-upd-def upd-def )+
qed
next
case (Suc i) thus ?case
proof (induction j)
case 0 thus ?case by (cases i’ = Suc i) (simp add: fw-upd-def upd-def )+
next
case (Suc j) thus ?case
proof (cases i’ = Suc i, goal-cases)
case I thus ?case
proof (cases j' = Suc j, goal-cases)
case 1 thus ?case by simp
next
case 2 thus ?case by (simp add: fw-upd-def upd-def)
qed
next
case 2 thus ?case
proof (cases j' = Suc j, goal-cases)
case I thus ?case by — (rule single-iteration-inv’; simp)
next
case 2 thus ?case by (simp add: fw-upd-def upd-def)
qed
qged
qed
qged

lemma fwi-innermost-id:
i'<i= fwimnkij ij=mij
proof (induction i’" arbitrary: j’)
case 0 thus ?case
proof (induction j')
case 0 thus ?case by (simp add: fw-upd-def upd-def)
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next
case (Suc j) thus ?case by (auto simp: fw-upd-def upd-def)
qed
next
case (Suc i’) thus Zcase
proof (induction j')
case 0 thus ?case by (auto simp add: fw-upd-def upd-def)
next
case (Suc j') thus ?case by (auto simp add: fw-upd-def upd-def)
qed
qged

lemma fwi-middle-id:
j'<j=i<i= fwimnkij ij=mij
proof (induction i’ arbitrary: j')
case 0 thus ?case
proof (induction j')
case 0 thus ?case by (simp add: fw-upd-def upd-def)
next
case (Suc j) thus ?case by (auto simp: fw-upd-def upd-def)
qed
next
case (Suc i) thus ?Zcase
proof (induction j')
case ( thus ?case using fwi-innermost-id by (auto simp add: fw-upd-def
upd-def)
next
case (Suc j') thus ?case by (auto simp add: fw-upd-def upd-def)
qed
qged

lemma fwi-outermost-mono:
i<n=j<n=fwimnkijij<mij
proof (cases j)
case (
assume ¢ < n
thus ?thesis
proof (cases )
case ( thus ?thesis using «j = 0> by (simp add: fw-upd-def upd-def)
next
case (Suc i)
hence fwi m n ki’ n (Suc i’) 0 = m (Suc ') 0 using fwi-innermost-id
<i < n» by simp
thus ?thesis using «j = 0> Suc by (simp add: fw-upd-def upd-def)
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qed
next

case (Suc j')

assume 1 < nj<n

hence fwi m n kij' i (Suc j’) = m i (Suc j')

using fwi-middle-id Suc by simp

thus ?thesis using Suc by (simp add: fw-upd-def upd-def)
qed

lemma fwi-mono:
fuimnki' jij<mijifi<nji<n
proof (cases i’ < 17)
case True
then have fuimnki' j'ij=m1ij
by (simp add: fwi-innermost-id)
then show ?thesis by simp
next
case Fulse
show ?thesis
proof (cases i’ > 1)
case True
then have fuimnki'j'ij=fwimnkijij
by (simp add: single-iteration-inv’ that(2))
with fwi-outermost-mono[OF that| show ?thesis by simp
next
case Fulse
with <= i’ < 9 have [simp]: i’ = i by simp
show ?thesis
proof (cases j' < j)
case True
then have fuimnki' j' ij=mij
by (simp add: fwi-middle-id)
then show ?thesis by simp
next
case Fulse
then have fuimnki' j'ij=fuimnkijij
by (cases j' = j; simp add: single-row-inv)
with fwi-outermost-mono[OF that] show ?thesis by simp
qged
qed
qged

lemma Suc-innermost-mono:
i<n=j<n=fumn (Suck)ij<fumnkij
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by (simp add: fwi-mono)

lemma fw-mono:
i<n=j<n=fumnkij<mij
proof (induction k)
case ( thus ?case using fwi-mono by simp
next
case (Suc k) thus ?case using Suc-innermost-mono|OF Suc.prems, of m
k] by simp
qged

Justifies the use of destructive updates in the case that there is no negative
cycle for k.

lemma fwi-step:
mkk>0=—=i<n=—=j<n=k<n= fwimnkijij= min
(mij) (mik+ mkj)
proof (induction - (i, j) arbitrary: i j rule: wf-induct|of less-than <xlexx>
less-than],
(auto; fail), goal-cases)
case (17’7
note assms = 1(2—)
note IH = 1(1)
note [simp| = fwi-innermost-id fwi-middle-id
note simps = add-increasing add-increasing? ord.min-def fw-upd-def upd-def
show Zcase
proof (cases i’)
case [simp]: 0 thus ?thesis
proof (cases j')
case 0 thus ?thesis by (simp add: fw-upd-def upd-def)
next
case (Suc j)
hence fwi m nk 04 0 (Suc j) = m 0 (Suc j) by simp
moreover have fwi mn k 037k (Suc j) = m k (Suc j) by simp
moreover have fuimnk 0j0k=m 0k
proof (cases j < k)
case True
then show ?thesis by simp
next
case Fulse
then show “thesis
apply (subst single-iteration-inv; simp)
subgoal
using assms Suc by auto
using assms by (cases k; simp add: simps)
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qed
ultimately show ?thesis using Suc assms by (simp add: fw-upd-def
upd-def)
qged
next
case [simp]: (Suc 1)
show ?thesis
proof (cases j')
case (
have fwi m n ki n (Suc i) 0 = m (Suc i) 0 by simp
moreover have fwi m n ki n (Suc i) k = m (Suc i) k by simp
moreover have fuimnkink 0 =mko0
proof (cases i < k)
case True
then show ?thesis by simp
next
case False
then show “thesis
apply (subst single-iteration-inv; simp)
using 0 «<m k k > -» by (cases k; simp add: simps)

qed

ultimately show ?thesis using 0 by (simp add: fw-upd-def upd-def)
next

case Suc-j: (Suc j)

from <j’' < n» ¢j' = - have [simp]: j < n Suc j < n by simp+

have diag: fuimnkkkkk=mkkifk <1

proof —

from that IH assms have fuimnkkkkk=min (mkk) (mkk
+ m k k) by auto
with «m k k > 0> <k < n> show ?thesis by (simp add: simps)
qged
have xx: fuimnkinkk=mkk
proof (cases i < k)
case True
then show ?thesis by simp
next
case Fulse
then show ?thesis
by (subst single-iteration-inv; simp add: diag <k < n»)
qed
have diag2: fuimnkkjkk=mkkifk <1
proof (cases j < k)
case True
then show ?thesis by simp
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next
case Fulse
with (& < i) show ?thesis
by (subst single-iteration-inv; simp add: diag)
qed
have sxx: fwi m n k (Suc i) j k (Suc j) = m k (Suc j)
proof (cases Suc i < k)
case True
then show ?thesis by simp
next
case Fulse
then have fwi m n k kjk (Suc j) = m k (Suc )
by simp
with False <m k k > 0> show ?thesis
by (subst single-iteration-inv’; simp add: simps diag2)
qed
have fwi m n k (Suc ) j (Suc i) k = m (Suc i) k
proof (cases j < k)
case True thus ?thesis by simp
next
case Fulse
then show ?thesis
apply (subst single-iteration-inv; simp)
apply (cases k)
subgoal premises prems
proof —
have fuimn 0in 00 > 0
using xx assms(1) prems(2) by force
moreover have fwi mn 0in (Suci) 0 = m (Suc i) 0
by simp
ultimately show ?thesis
using prems by (simp add: simps)
qed
subgoal premises prems for k’
proof —
have fwi m n (Suc k') (Suc i) k' (Suc k') (Suc k') > 0
by (metis xx assms(1,4) fwi-innermost-id fwi-middle-id le-SucE
lessI
linorder-class.not-le-imp-less prems(2) preorder-class.order-refl
single-iteration-inv single-iteration-inv’
)
with prems show ?thesis
by (simp add: simps)
qed
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done

qed

moreover have fwi m n k (Suc i) j (Suc i) (Suc j) = m (Suc i) (Suc
j) by simp

ultimately show ?thesis using j' = -» by (simp add: simps *xx)

qged
qed

qed

1.4 Result Under The Absence of Negative Cycles

If the given input graph does not contain any negative cycles, the Floyd-
Warshall algorithm computes the unique shortest paths matrix correspond-
ing to the graph. It contains the shortest path between any two nodes i, j
<n.

1.4.1 Length of Paths

fun len :: ‘a mat = nat = nat = nat list = 'a where
len muv]=muuv|
len m u v (wH#ws) = mu w + len m w v ws

lemma len-decomp: s = ys Q y # zs = len mz z2s = len m z y ys +
len my z zs
by (induction ys arbitrary: x xzs) (simp add: add.assoc)+

lemma len-comp: len m a ¢ (xs Q b # ys) = len m a b xs + len m b ¢ ys
by (induction xs arbitrary: a) (auto simp: add.assoc)

1.4.2 Canonicality

The unique shortest path matrices are in a so-called canonical form. We
will say that a matrix m is in canonical form for a set of indices I if the
following holds:

definition canonical-subs :: nat = nat set = 'a mat = bool where
canonical-subsn Im = (VY ijk.i<nAk<nAjel—mik<mi

j+mjk)

Similarly we express that m does not contain a negative cycle which only

uses intermediate vertices from the set I as follows:

abbreviation cyc-free-subs :: nat = nat set = 'a mat = bool where
cyc-free-subsn Im =V txs. i < nAsetxs C I —lenmiizs> 0

To prove the main result under the absence of negative cycles, we will proceed
as follows:
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o we show that an invocation of fwi m n k n n extends canonicality to
index k,

e we show that an invocation of fw m n n computes a matrix in canonical
form,

o and finally we show that canonical forms specify the lengths of shortest
paths, provided that there are no negative cycles.

Canonical forms specify lower bounds for the length of any path.

lemma canonical-subs-len:
Mij<len M7ijxsif canonical-subs n I M i < nj<nsetxs CIIC
{0..n}
using that
proof (induction xs arbitrary: i)
case Nil thus “case by auto
next
case (Cons x zs)
then have M z j < len M x j s by auto
from Cons.prems <canonical-subs n I M> have Mij < Miz + Mzxj
unfolding canonical-subs-def by auto
also with Cons have ... < M iz + len M = j zs by (auto simp add:
add-mono)
finally show ?case by simp
qged

This lemma justifies the use of destructive updates under the absence of
negative cycles.

lemma fwi-step”:
fwuimnki j ij=min (mij) (mik+ mkj)if
mkk>0i<nj'<nk<ni<ij<j
using that by (subst single-iteration-inv; auto simp: fwi-step)

An invocation of fwi extends canonical forms.

lemma fwi-canonical-extend:

canonical-subs n (I U {k}) (fwi m n k n n) if

canonical-subs n I'm I C{0.n} 0 < mkkk<n

using that

unfolding canonical-subs-def

apply safe

subgoal for i j k'
apply (subst fwi-step’, (auto; fail)+)+
unfolding min-def

proof (clarsimp, safe, goal-cases)
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case I
then show ?case by force
next
case prems: 2
from prems have mik < mij+ mjk
by auto
with prems(10) show ?Zcase
by (auto simp: add.assoc[symmetric] add-mono intro: order.trans)
next
case prems: &
from prems have mik < mij+ mjk
by auto
with prems(10) show Zcase
by (auto simp: add.assoc[symmetric] add-mono intro: order.trans)
next
case prems: 4
from prems have mk k' < mkj+ mjk’
by auto
with prems(10) show ?Zcase
by (auto simp: add-mono add.assoc intro: order.trans)
next
case prems: 5
from prems have mk k' < mkj+ mjk’
by auto
with prems(10) show ?Zcase
by (auto simp: add-mono add.assoc intro: order.trans)
next
case prems: 6
from prems have 0 < mkj+ mjk
by (auto intro: order.trans)
with prems(10) show ?Zcase
apply —
apply (rule order.trans, assumption)
apply (simp add: add.assoc[symmetric])
by (rule add-mono, auto simp: add-increasing? add.assoc intro: or-
der.trans)
next
case prems: 7
from prems have 0 < mkj+ mjk
by (auto intro: order.trans)
with prems(10) show ?Zcase
by (simp add: add.assoc[symmetric])
(rule add-mono, auto simp: add-increasing? add.assoc intro: or-
der.trans)
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qed
subgoal for i j k’

apply (subst fwi-step’, (auto; fail)+)+

unfolding min-def by (auto intro: add-increasing add-increasing?2)
done

An invocation of fwi will not produce a negative diagonal entry if there is
no negative cycle.

lemma fwi-cyc-free-diag:
fwimnknnii> 0if
cyc-free-subsn Im 0 < mkkk<nkeli<n
using that
apply (subst fwi-step’, (auto; fail)+)+
unfolding min-def
proof (clarsimp; safe, goal-cases)
case I
have set [] C I
by simp
with 1(1) < < n)> show ?case
by fastforce
next
case 2
then have set [k] C I
by simp
with 2(1) «i < n» show ?Zcase by fastforce
qed

lemma cyc-free-subs-diag:

m i1 > 0 if cyc-free-subs n I m i < n
proof —

have set [| C I by auto

with that show ?thesis by fastforce
ged

lemma fwi-cyc-free-subs”:

cyc-free-subs n (I U {k}) (fwi m n k n n) if

cyc-free-subs n I m canonical-subs n I'm I C {0..n} k < n

Vi<n fuimnknnii>0
proof (safe, goal-cases)

case prems: (1 i xs)

from that(1) <k < n» have 0 < m k k by (rule cyc-free-subs-diag)

from that <0 < m k k» have *: canonical-subs n (I U {k}) (fwi mn kn
n

)

by — (rule fwi-canonical-extend; auto)
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from prems that have 0 < fwi m n kn n i { by blast
also from x prems that have fuimnknnii <len (fuimnknn)ii
xs
by (auto intro: canonical-subs-len)
finally show ?case .
qged

lemma fwi-cyc-free-subs:
cyc-free-subs n (I U {k}) (fwi m n k n n) if
cyc-free-subs n (I U {k}) m canonical-subs n I'm I C {0..n} k < n
proof (safe, goal-cases)
case prems: (1 i xs)
from that(1) <k < n> have 0 < m k k by (rule cyc-free-subs-diag)
from that <0 < m k k> have x: canonical-subs n (I U {k}) (fwi m n kn
n
)
by — (rule fwi-canonical-extend; auto)
from prems that <0 < m k k> have 0 < fwi m n kn n i by (auto intro!:
fwi-cyc-free-diag)
also from * prems that have fuimnknnii <len (fuimmnknmn)ii
xs
by (auto intro: canonical-subs-len)
finally show “case .
qed

lemma canonical-subs-empty [simpl:
canonical-subs n {} m
unfolding canonical-subs-def by simp

lemma fwi-neg-diag-neg-cycle:
Ji<n I zs setxs C{O.k} Nlenmiizs<Oif fuimnknnii<
0i<nk<n
proof (cases m k k > 0)
case True
from fwi-step’[of m, OF True] that have min (mii) (mik + mki) <
0
by auto
then show ?thesis
unfolding min-def
proof (clarsimp split: if-split-asm, goal-cases)
case I
then have len m i i [] < 0 set [] C {} by auto
with < < n» show ?Zcase by fastforce
next
case 2
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then have len m i i [k] < 0 set [k] C {0..k} by auto
with i < n» show ?Zcase by fastforce
qed
next
case Fulse
with <k < n) have len m k k [] < 0 set [| C {} by auto
with <k < n» show ?thesis by fastforce
qed

fwi preserves the length of paths.

lemma fwi-len:
3 ys. set ys C set xs U {k} Alen (fwimnknmn)ijxs=1lenmijys
ifi<nj<nk<nmkk2>0setzsC{0.n}
using that
proof (induction xs arbitrary: 7)
case Nil
then show “case
apply (simp add: fwi-step’)
unfolding min-def
apply (clarsimp; safe)
apply (rule exI[where z = []]; simp)
by (rule exI[where z = [k]]; simp)
next
case (Cons x zs)
then obtain ys where set ys C set zs U {k} len (fuimn knn) zjxs
=len mxjys
by force
with Cons.prems show ?Zcase
apply (simp add: fwi-step’)
unfolding min-def
apply (clarsimp; safe)
apply (rule exI[where z = z # ys|; auto; fail)
by (rule exI[where z = k # x # ys|; auto simp: add.assoc)
qed

lemma fwi-neg-cycle-neg-cycle:

i< n 3 ys setys C set s U {k} Alenmiiys< 0 if

len (fuimnknn)iizs < 0i<nk<mnsetzsC{0.n}
proof (cases m k k > 0)

case True

from fwi-len|OF that(2,2,3), of m, OF True that(4)] that(1,2) show
Zthesis

by safe (rule exI conjl | simp)+

next
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case False
then have len m k k [] < 0 set [] C set zs U {k}

by auto
with <& < n) show ?thesis by (intro exl conjl)
qed

If the Floyd-Warshall algorithm produces a negative diagonal entry, then
there is a negative cycle.

lemma fw-neg-diag-neg-cycle:
3 i< n 3 ys setys C set zs U {0..k} Nlenmiiys< 0 if
len (fummnk)iizs < 0i<nk<nsetazsC{0..n}
using that
proof (induction k arbitrary: i xs)
case (
then show ?case by simp (drule fwi-neg-cycle-neg-cycle; auto)
next
case (Suc k)
from fwi-neg-cycle-neg-cycle|OF Suc.prems(1)[simplified]] Suc.prems
obtain i’ ys where
i" < n setys C set zs U {Suc k} len (fumn k)i i ys < 0
by auto
with Suc.prems obtain i” zs where
i" < nset zs C set ys U {0..k} len m i"” i"” zs < 0
by atomize-elim (auto intro!: Suc.IH)
with <set ys C -» have set zs C set xs U {0..Suc k} A len m i"” " zs <
0

by force
with i’ < n)» show ?case by blast
qed

Main theorem under the absence of negative cycles.

theorem fw-correct:
canonical-subs n {0..k} (fw m n k) A cyc-free-subs n {0..k} (fw m n k)
if cyc-free-subs n {0..k} mk < n
using that
proof (induction k)
case (
then show “case
using fwi-cyc-free-subs[of n {} 0 m| fwi-canonical-extend|of n {}]
by (auto simp: cyc-free-subs-diag)
next
case (Suc k)
then have IH:
canonical-subs n {0..k} (fw m n k) A cyc-free-subs n {0..k} (fw m n k)
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by fastforce
have *: {0..Suc k} = {0..k} U {Suc k} by auto
then have xx: canonical-subs n {0..Suc k} (fw m n (Suc k))
apply simp
apply (rule fwi-canonical-extend[of n {0..k} - Suc k, simplified))
subgoal
using I/H ..
subgoal
using [H Suc.prems by (auto intro: cyc-free-subs-diag[of n {0..k} fw
m n k)
by (rule Suc)
show ?case
proof (cases 3i<n. fu m n (Suc k) ii < 0)
case True
then obtain ¢ where i < nlen (fu m n (Suck))ii[ < 0
by auto
from fw-neg-diag-neg-cycle|OF this(2,1) «Suc k < n)] Suc.prems show
?thesis by fastforce
next
case Fulse
have cyc-free-subs n {0..Suc k} (fw m n (Suc k))
apply (simp add: *)
apply (rule fwi-cyc-free-subs’lof n {0..k}, simplified))
using Suc IH Fulse by force+
with xx show ¢thesis by blast
qed
qed

lemmas fw-canonical-subs = fw-correct{ THEN conjunctl]
lemmas fw-cyc-free-subs = fw-correct| THEN conjunct?2]
lemmas cyc-free-diag = cyc-free-subs-diag

1.5 Definition of Shortest Paths

We define the notion of the length of the shortest simple path between two
vertices, using only intermediate vertices from the set {0...k}.

definition D :: ‘a mat = nat = nat = nat = 'a where
Dmijk= Min {len mijxs| zs. setws C {0..k} Ni ¢ set xs \j & set
xs N\ distinct xs}

lemma distinct-length-le:finite s = set xs C s = distinct s = length

zs < card s
by (metis card-mono distinct-card)
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lemma finite-distinct: finite s = finite {zs . set xs C s A distinct xs}
proof —

assume finite s

hence {zs . set zs C s A distinct xs} C {zs. set s C s A length xs < card
s}

using distinct-length-le by auto

moreover have finite {zs. set xs C s A length zs < card s}

using finite-lists-length-le]OF «finite $)] by auto

ultimately show ?thesis by (rule finite-subset)
qged

lemma D-base-finite:
finite {len m i j xs | xs. set xs C {0..k} A distinct zs}
using finite-distinct finite-image-set by blast

lemma D-base-finite”:
finite {len m i j xs | xs. set xs C {0..k} A distinct (i # j # xs)}
proof —
have {len m i j xs | xs. set xs C {0..k} A distinct (i # j # xs)}
C {len mijaxs| zs. set zs C {0..k} A distinct zs} by auto
with D-base-finite[of m i j k| show ?thesis by (rule rev-finite-subset)
qed

lemma D-base-finite'":

finite {len m i j xs |zs. set xs C {0..k} N i & set zs N\ j & set xs A\ distinct
xs}
using D-base-finite[of m i j k] by — (rule finite-subset, auto)

definition cycle-free :: 'a mat = nat = bool where
cycle-free mn =V ias. i < n A set s C {0..n} —
(Vj.j<n-—lenmij(rem-cycles ijxzs) < lenmijaxs) N\lenmii
s > 0

lemma D-eql:

fixes mnijk

defines A = {len m i j zs | zs. set xs C {0..k}}

defines A-distinct = {len m i j xs |xs. set zs C {0..k} N i ¢ set xzs N\ j ¢
set s A distinct xs}

assumes cycle-frre mn i <nj<nk<n(A\y. y€ A-distinct = z <
y)zreA

shows D m i j k = z using assms
proof —

let S = {len m i j xs |zs. set xs C {0..k} N i ¢ set xs N j & set xs A
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distinct xs}
show ?thesis unfolding D-def
proof (rule Min-eqI)
have 2S5 C {len m i j xs |zs. set xs C {0..k} A distinct zs} by auto
thus finite {len m i j xs |zs. set s C {0..k} N i & set xs N\ j & set xs A
distinct s}
using D-base-finite[of m i j k] by (rule finite-subset)
next
fix y assume y € 25
hence y € A-distinct using assms(2,7) by fastforce
thus z < y using assms by meson
next
from assms obtain zs where zs: © = len m i j xs set zs C {0..k} by
auto
let ?ys = rem-cycles i j xs
let 2y = len m ¢ j ?ys
from assms(3—6) xs have x: 2y < x by (fastforce simp add: cycle-free-def)
have distinct: i ¢ set ?ys j ¢ set ?ys distinct ?ys
using rem-cycles-distinct remove-all-removes rem-cycles-removes-last by
fast+
with zs5(2) have ?y € A-distinct unfolding A-distinct-def using
rem-cycles-subs by fastforce
hence z < ?y using assms by meson
moreover have ?y < z using assms(3—06) xs by (fastforce simp add:
cycle-free-def)
ultimately have = = ?y by simp
thus z € 7S using distinct xs(2) rem-cycles-subs[of i j zs] by fastforce
qed
qed

lemma D-base-not-empty:

{len m i j xs |xs. set xs C {0..k} N i & set xs N\ j ¢ set xs N distinct xs}
# {}
proof —

have len m i j [| € {len m i j xs |zs. set xs C {0..k} N i & set xs N\ j ¢
set xs A distinct xs}

by fastforce

thus ?thesis by auto
qged

lemma Min-elem-dest: finite A= A # {} = == Min A = z € A by
stmp

lemma D-dest: t = D mijk —
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z € {len m i j zs |xs. set xs C {0..Suc k} N i & set s N j & set xs N\
distinct zs}
using Min-elem-dest[ OF D-base-finite'" D-base-not-empty| by (fastforce simp
add: D-def)

lemma D-dest” © = Dmijk = z € {len m ijuas |zs. set zs C {0..Suc
k}}

using Min-elem-dest| OF D-base-finite’" D-base-not-empty| by (fastforce simp
add: D-def)

lemma D-dest”: t = Dmijk = z € {len mijus |xs. set zs C {0..k}}
using Min-elem-dest| OF D-base-finite'" D-base-not-empty| by (fastforce simp
add: D-def)

lemma cycle-free-loop-dest: i < n = set xs C {0..n} = cycle-free m n
== lenmiixzs >0
unfolding cycle-free-def by auto

lemma cycle-free-dest:
cycle-free mn = i < n = j < n = set s C {0..n}
= len m i j (rem-cycles i j xs) < len m i j xs
by (auto simp add: cycle-free-def)

definition cycle-free-up-to :: 'a mat = nat = nat = bool where
cycle-free-up-to mkn =V izs. i < n A set xzs C {0..k} —
(V j.j<n—lenmij (rem-cycles i jxs) < len m ijxs) A len m i
s > 0

lemma cycle-free-up-to-loop-dest:
i <n = set zs C {0..k} = cycle-free-up-to mkn = len miixs > 0
unfolding cycle-free-up-to-def by auto

lemma cycle-free-up-to-diag:
assumes cycle-free-up-to mkni <mn
shows m 17> 0
using cycle-free-up-to-loop-dest[OF assms(2) - assms(1), of []] by auto

lemma D-eql?2:
fixes mnijk
defines A = {len m i j xs | zs. set zs C {0..k}}
defines A-distinct = {len m i j xs | xzs. set ws C {0..k} N i ¢ set zs N\ j
¢ set zs A\ distinct zs}
assumes cycle-free-up-tomkni<nj<nk<mn
(Ay. y € A-distinct =z < y)z e A
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shows D m i j k = z using assms
proof —
show “thesis
proof (simp add: D-def A-distinct-def[symmetric], rule Min-eql)
show finite A-distinct using D-base-finite”[of m i j k] unfolding
A-distinct-def by auto
next
fix y assume y € A-distinct
thus z < y using assms by meson
next
from assms obtain zs where zs: © = len m i j xs set zs C {0..k} by
auto
let ?ys = rem-cycles i j xs
let 2y = len m ¢ j ?ys
from assms(3—6) xs have x: 2y < x by (fastforce simp add: cycle-free-up-to-def)
have distinct: i ¢ set ?ys j ¢ set ?ys distinct ?ys
using rem-cycles-distinct remove-all-removes rem-cycles-removes-last by
fast+
with zs5(2) have ?y € A-distinct unfolding A-distinct-def using
rem-cycles-subs by fastforce
hence z < ?y using assms by meson
moreover have 7y < z using assms(3—6) xs by (fastforce simp add:
cycle-free-up-to-def)
ultimately have = = ?y by simp
then show z € A-distinct using distinct zs(2) rem-cycles-subs|of i j xs]
unfolding A-distinct-def by fastforce
qed
qged

1.5.1 Connecting the Algorithm to the Notion of Shortest Paths

Under the absence of negative cycles, the Floyd-Warshall algorithm correctly
computes the length of the shortest path between any pair of vertices i, j.

lemma canonical-D:

assumes

cycle-free-up-to m k n canonical-subs n {0..k} mi <nj<nk<mn
shows D mijk=mij
using assms
apply —
apply (rule D-eql?2)

apply (assumption | simp; fail)+

subgoal

by (auto intro: canonical-subs-len)
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apply clarsimp
by (rule exI[where z = []]) auto

theorem fw-subs-len:

(fummnk)ij<len mijuzsif

cyc-free-subs n {0.k} mk<ni<nj<nsetxzsCIIC{0.k}
proof —

from fuw-correct[OF that(1,2)] have canonical-subs n {0..k} (fw m n k)

from canonical-subs-len|OF this, of i j xs| that have fu m n ki j < len
(fummnk)ijas

by auto
also from that(2—) have ... < len m i j xs
proof (induction zs arbitrary: 7)

case Nil

then show ?case by (auto intro: fw-mono)
next

case (Cons x xs)
then have len (fu mnk) zjxs < lenm x jxs
by auto
moreover from Cons.prems have fu m nkix < m iz by — (rule
fw-mono; auto)
ultimately show ?case by (auto simp: add-mono)
qed
finally show ?thesis by auto
qed

This shows that the value calculated by fwi for a pair 4, j always corresponds
to the length of an actual path between ¢ and j.

lemma fwi-len”:
3 zs. set xs C{k} AN fwimn ki j ij=len mijusif
mkk>0i"<nji’'<nk<ni<ij<j
using that apply (subst fwi-step’; auto)
unfolding min-def
apply (clarsimp; safe)
apply (rule exI[where z = [|]; auto; fail)
by (rule exI[where z = [k]]; auto; fail)

The same result for fw.

lemma fuw-len:
3 zs. set xs C {0k} Nfumnkij=lenmijuasif
cyc-free-subs n {0.k} mi<nj<nk<n
using that
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proof (induction k arbitrary: i j)
case (
from cyc-free-subs-diag|OF this(1)] have m 0 0 > 0 by blast
with 0 show ?case by (auto intro: fwi-len’)
next
case (Suc k)
have [H: 3 zs. set xs C {0.k} Nfumnkij=lenmijasifi <nj
< nforij
apply (rule Suc.IH)
using Suc.prems that by force+
from fw-cyc-free-subs|OF Suc.prems(1,4)] have cyc-free-subs n {0..Suc
then have 0 < fw m n k (Suc k) (Suc k) using IH Suc.prems(1, 4) by
fastforce
with Suc.prems fwi-len’[of fw m n k Suc k n n n i j] obtain xs where
set xs C {Suc k} fwi (fummnk)n (Suck)nnij=len (fumnk)ijawxs
by auto
moreover from Suc.prems(2—) this(1) have
3 ys. set ys € {0..Suc k} Alen (fu mnk)ijzs=lenmijuys
proof (induction xs arbitrary: i)
case Nil
then show ?case by (force dest: IH)
next
case (Cons x xs)
then obtain ys where ys:
set ys € {0..Suc k} len (fu mn k) xjxs = len m z jys
by force
moreover from [H[of i ] Cons.prems obtain zs where
set zs C{O..k} fumnkiz=lenmiuzzs
by auto
ultimately have
set (zs Q x # ys) C {0..Suc k} len (fumnk)ij(x# zs) =lenmi
j (25 @ 5 4 ys)
using «Suc k < ny «set (x # zs) C - by (auto simp: len-comp)
then show ?case by (intro exI conjl)
qed
ultimately show ?case by auto
qed

1.6 Intermezzo: Equivalent Characterizations of Cycle-Freeness
1.6.1 Shortening Negative Cycles

lemma remove-cycles-neg-cycles-auz:
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fixes i zs ys
defines zs’' = i # ys
assumes i ¢ set ys
assuimes ¢ € setl zs
assumes zs = as @ concat (map ((#) i) xss) Q zs’
assumes len m i j ys > len m ¢ j xs
shows 3 ys. set ys C set s A len m i ¢ ys < 0 using assms
proof (induction xss arbitrary: xs as)
case Nil
with Nil show Zcase
proof (cases len m i i as > 0, goal-cases)
case I
from this(4,6) len-decomplof zs as i ys m i j]
have len m i j zs = len m © i as + len m i j ys by simp
with 1(11)
have len m i j ys < len m i j s using add-mono by fastforce
thus ?thesis using Nil(5) by auto
next
case 2 thus ?case by auto
qed
next
case (Cons zs xss)
let ?zs = 2s @Q concat (map ((#) i) zss) Q zs’
from Cons show ?Zcase
proof (cases len m i i as > 0, goal-cases)
case I
from this(5,7) len-decomp add-mono
have len m i j ?zs < len m i j xs by fastforce
hence 4:len m i j ?zs < len m i j ys using 1(6) by simp
have 2:i € set ?xs using Cons(2) by auto
have set ?zs C set zs using Cons(9) by auto
moreover from Cons(1)[OF 1(2,3) 2 - 4] have Jys. set ys C set Zxs
Alen miiys < 0 by auto
ultimately show ?case by blast
next
case 2
from this(5,7) show Zcase by auto
qed
qged

lemma add-lt-neutral: a + b < b = a < 0
proof (rule ccontr)
assume a + b < b—-a <0
hence a > 0 by auto
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from add-mono[OF this, of b b] <a + b < b> show Fulse by auto
qged

lemma remove-cycles-neg-cycles-auz':
fixes j zs ys
assumes j ¢ set ys
assumes j € set zs
assumes zs = ys Q j # concat (map (A zs. xzs @Q [j]) zss) Q as
assumes len m i j ys > len m ¢ j xs
shows 3 ys. set ys C set s A len m j j ys < 0 using assms
proof (induction xss arbitrary: xs as)
case Nil
show ?Zcase
proof (cases len m jjas > 0)
case True
from Nil(3) len-decomp|of xs ys j as m i j]
have len m 7 j xs = len m 7 j ys + len m j j as by simp
with True
have len m i j ys < len m i j s using add-mono by fastforce
with Nil show ?thesis by auto
next
case Fulse with Nil show ?thesis by auto
qed
next
case (Cons zs xss)
let %zs = ys @ j # concat (map (Azs. zs Q [j]) xzss) @ as
let %t = concat (map (Axs. xzs @Q [j]) xss) Q as
show ?Zcase
proof (cases len m i j ?zs < len m i j xs)
case True
hence 4:len m i j ?zs < len m i j ys using Cons(5) by simp
have 2:j € set %xs using Cons(2) by auto
have set ?zs C set zs using Cons(4) by auto
moreover from Cons(1)[OF Cons(2) 2 - 4] have Jys. set ys C set ?zs
Alen mjjys < 0 by blast
ultimately show ?thesis by blast
next
case Fulse
hence len m i j xs < len m i j %xs by auto
from this len-decomp Cons(4) add-mono
have len m j j (concat (map (Azs. zs Q [j]) (zs # zss)) Q as) < len m
ji
using False local.lel by fastforce
hence len m jj (zs Q j # 2t) < len m j j ¢t by simp
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with len-decomplof zs @Q j # %t zs j 7t m j j|
have len m jjzs + len m jj %t < len m jj ?t by auto
hence len m j j zs < 0 using add-lt-neutral by auto
thus ?thesis using Cons.prems(3) by auto
qed
qged

lemma add-le-impl: a + b< a+c=b<c
proof (rule ccontr)

assume ¢ + b<a+c-b<c

hence b > ¢ by auto

from add-mono[OF - this, of a a] <a + b < a + ¢» show False by auto
qged

lemma start-remove-neg-cycles:

len m i j (start-remove xs k [|) > len m i j xs => 3 ys. set ys C set xs A
lenmkkys <0
proof—

let zs = start-remove zs k |]

assume len-lt:len m i j ?xs > len m i j s

hence k € set xs using start-remove-id by fastforce

from start-remove-decomp[OF this, of []] obtain as bs where as-bs:

xs = as @Q k # bs xs = as Q remove-cycles bs k [k]

by fastforce

let ?zs’ = remove-cycles bs k [k]

have k € set bs using as-bs len-It remove-cycles-id by fastforce

then obtain ys where ys: ?zs = as Q k # ys ?as’ = k # ys k ¢ set ys

using as-bs(2) remove-cycles-begins-with[OF <k € set bs)] by auto

have len-lt": len m k j bs < len m k j ys

using len-decomp[OF as-bs(1), of m i j] len-decomp|OF ys(1), of m i j]
len-lt add-le-impl by metis

from remove-cycles-cycles|OF <k € set bs)] obtain xss as’

where as’ @ concat (map ((#) k) zss) Q ?zs’ = bs by fastforce

hence as’ @ concat (map ((#) k) zss) Q k # ys = bs using ys(2) by
simp

from remove-cycles-neg-cycles-aux|OF <k & set ys) <k € set bsy this|symmetric]
len-1t/]

show ?thesis using as-bs(1) by auto
qged

lemma remove-all-cycles-neg-cycles:

len m i j (remove-all-cycles ys xs) > len m i j xs

= d ys k. set ys C set xs AN k € set as Nlenmk k ys < 0
proof (induction ys arbitrary: xs)
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case Nil thus ?case by auto
next
case (Cons y ys)
let %zs = start-remove zs y []
show Zcase
proof (cases len m i j xs < len m i j ?xs)
case True
with start-remove-id have y € set zs by fastforce
with start-remove-neg-cycles|OF True] show ?thesis by blast
next
case Fulse
with Cons(2) have len m i j ?zs < len m i j (remove-all-cycles (y #
ys) zs) by auto
hence len m i j ?zs < len m i j (remove-all-cycles ys ?xs) by auto
from Cons(1)[OF this| show ?thesis using start-remove-subs[of zs y [|]
by auto
qed
qed

lemma concat-map-cons-rev:

rev (concat (map ((#) j) xss)) = concat (map (A zs. xs Q [j]) (rev (map
rev ss)))
by (induction zss) auto

lemma negative-cycle-dest: len m i j (rem-cycles i j xs) > len m i j xs
= 3 i"ys. lenm i’ i ys < 0 A set ys C set s N i’ € set (i # j #
xs)
proof —
let ?xsij = rem-cycles i j xs
let ?xsj = remove-all-rev j (remove-all-cycles s xs)
let ?zs = remowve-all-cycles xs s
assume len-lt: len m i j ?xsij > len m i j xs
show %thesis
proof (cases len m i j ?xsij < len m i j ?xsj)
case True
hence len-lt: len m i j ?zsj > len m i j xs using len-lt by simp
show ?thesis
proof (cases len m i j %xsj < len m i j ?xs)
case True
hence len m i j %xs > len m i j xs using len-lt by simp
with remove-all-cycles-neg-cycles|OF this] show ?thesis by auto
next
case Fulse
then have len-lit": len m i j ?xsj > len m i j ?xs by simp
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show ?thesis
proof (cases j € set ?xs)
case Fulse
thus ?thesis using len-It' by (simp add: remove-all-rev-def)
next
case True
from remove-all-rev-removes|of j| have 1: j ¢ set ?zsj by simp
from True have j € set (rev ?zs) by auto
from remove-cycles-cycles|OF this| obtain zss as where as:
as @ concat (map ((#) j) zss) Q remove-cycles (rev ?xs) j [| = rev
%1s j & set as
by blast
from True have %zsj = rev (tl (remove-cycles (rev ?xs) j [])) by
(simp add: remove-all-rev-def)
with remove-cycles-begins-with|OF <j € set (rev Zxs)s, of [|]
have remove-cycles (rev ?zs) j [| = j # rev ?zsj j ¢ set ?xsj
by auto
with as(1) have zss: as @Q concat (map ((#) j) zss) Q j # rev ?xsj
= rev ?zs by simp
hence rev (as @ concat (map ((#) j) zss) Q j # rev ?zsj) = ?zs
by simp
hence ?7zsj @ j # rev (concat (map ((#) j) xss)) Q rev as = ?zs
by simp
hence ?xsj @ j # concat (map (A zs. zs Q [j]) (rev (map rev zss)))
Q rev as = ?zs
by (simp add: concat-map-cons-rev)
from remove-cycles-neg-cycles-auz[OF 1 True this[symmetric]
len-1t/]
show ?thesis using remove-all-cycles-subs by fastforce
qed
qed
next
case Fulse
hence len-It": len m i j ?xsij > len m i j ?xsj by simp
show ?thesis
proof (cases i € set ?xsj)
case Fulse
thus ?thesis using len-lt’ by (simp add: remove-all-def)
next
case True
from remove-all-removes|of i| have 1: i ¢ set ?xsij by (simp add:
remove-all-def)
from remove-cycles-cycles|OF True| obtain zss as where as:
as @Q concat (map ((#) i) zss) Q remove-cycles ?xsj i [| = %xsj i ¢ set
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as by blast
from True have %zsij = tl (remove-cycles ?xsj i [|) by (simp add:
remove-all-def)
with remove-cycles-begins-with|OF True, of []]
have remove-cycles ?xsj i [| = i # %xsij i ¢ set ?xsij
by auto
with as(1) have zss: as Q concat (map ((#) @) xss) Q i # Zxsij =
?xsj by simp
from remove-cycles-neg-cycles-auz[OF 1 True this[symmetric] len-It']
show ?thesis using remove-all-rev-subs remove-all-cycles-subs by
fastforce
qed
qed
qed

1.6.2 Cycle-Freeness

lemma cycle-free-alt-def:
cycle-free M n +— cycle-free-up-to M n n
unfolding cycle-free-def cycle-free-up-to-def ..

lemma negative-cycle-dest-diag:
- cycle-free-up-to m kn — k< n = 3 dxs. i < n A set zs C {0..k}
ANlenmiizs <0
proof (auto simp: cycle-free-up-to-def, goal-cases)
case (1 i zs j)
from this(5) have len m i j zs < len m i j (rem-cycles i j xs) by auto
from negative-cycle-dest| OF this] obtain i’ ys
where x:len m i' i’ ys < 0 set ys C set zs i’ € set (i # j # xs) by auto
from this(2,3) 1(1—4) have set ys C {0..k} i’ < n by auto
with * show ?case by auto
next
case 2 then show ?case by fastforce
qed

lemma negative-cycle-dest-diag":
= cycle-freemn = 3 ias. i < n A setxs C {0.n} ANlenmiizs <0

by (rule negative-cycle-dest-diag) (auto simp: cycle-free-alt-def)

abbreviation cyc-free :: ‘a mat = nat = bool where
cyc-freemmn =Y ixs. i < n A setxzs C {0.n} — lenmiizs> 0

lemma cycle-free-diag-intro:
cyc-free m n = cycle-free m n
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using negative-cycle-dest-diag’ by force

lemma cycle-free-diag-equiv:
cyc-free m n <— cycle-free m n using negative-cycle-dest-diag’
by (force simp: cycle-free-def)

lemma cycle-free-diag-dest:
cycle-free m n = cyc-free m n
using cycle-free-diag-equiv by blast

lemma cycle-free-upto-diag-equiv:
cycle-free-up-to m k n <— cyc-free-subs n {0..k} m if k < n
using negative-cycle-dest-diag[of m k n] that by (force simp: cycle-free-up-to-def)

theorem fw-shortest-path-up-to:
Dmijk=fuommnkijif cyc-free-subs n {0..k} mi<nj<nk<n
proof —
from that(1,4) have cycle-free: cycle-free-up-to m k n by (subst cy-
cle-free-upto-diag-equiv)
from that have canonical-subs n {0..k} (fw m n k) cyc-free-subs n {0..k}
(fw m n k)
by (auto dest: fw-correct)
show ?thesis
proof (rule D-eqI2[where n = n], safe, goal-cases)
case (5 y zs)
with that(1) that show ?case by (auto intro: fw-subs-len)
next
case 0
from fw-len[OF that(1) that(2—)] show ?case by blast
qed (rule that cycle-free)+
ged

We do not need to prove this because the definitions match.

lemma
cyc-free m n «— cyc-free-subs n {0..n} m ..

lemma cycle-free-cycle-free-up-to:
cycle-free m n = k < n = cycle-free-up-to m k n
unfolding cycle-free-def cycle-free-up-to-def by force

lemma cycle-free-diag:

cycle-free mn —= 1 <n=—=0<mii
using cycle-free-up-to-diag| OF cycle-free-cycle-free-up-to] by blast
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corollary fw-shortest-path:

cyc-freemn —=i<n—=j<n=k<n=>Dmijk=fumnki
J
by (rule fw-shortest-path-up-to; force)

corollary fw-shortest:

assumes cyc-free mni<nj<nk<n

shows fumnnij<fuomnnik+ fumnnkj

using fw-canonical-subs|OF assms(1)] assms(2—) unfolding canonical-subs-def
by auto

1.7 Result Under the Presence of Negative Cycles

Under the presence of negative cycles, the Floyd-Warshall algorithm will
detect the situation by computing a negative diagonal entry.

lemma not-cylce-free-dest: = cycle-free m n = 3 k < n. = cycle-free-up-to
mkn
by (auto simp add: cycle-free-def cycle-free-up-to-def)

lemma D-not-diag-le:

(z :: 'a) € {len m i j xs |zs. set xs C {0..k} N i ¢ set xzs N\ j & set xs N
distinct xs}

= D mijk < z using Min-le[OF D-base-finite”] by (auto simp add:
D-def)

lemma D-not-diag-le”. set xs C {0..k} = i ¢ set s = j ¢ set xs —>
distinct xs

= Dmijk <lenmijuxsusing Min-le[OF D-base-finite”| by (fastforce
simp add: D-def)

lemma nat-upto-subs-top-removal’:
S C{0..Sucn} = Sucn¢ S =S C{0.n}
apply (induction n)
apply safe
apply (rename-tac x)
apply (case-tac x = Suc 0; fastforce)
apply (rename-tac n x)
apply (case-tac © = Suc (Suc n); fastforce)
done

lemma nat-upto-subs-top-removal:

SC{0.n:nat} = n¢ S = S C{0.n— 1}
using nat-upto-subs-top-removal’ by (cases n; simp)
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Monotonicity with respect to k.

lemma fw-invariant:
F<k=i<n=j<n=—=k<n=fumnkij<fumnk'ij
proof (induction k)
case (
then show ?Zcase by (auto intro: fwi-invariant)
next
case (Suc k)
show ?Zcase
proof (cases k' = Suc k)

case True
then show ?thesis by simp
next
case Fulse
with Suc have fu mnkij < fummnk’ij
by auto
moreover from i < ny <j < n» have fu mn (Suck) ij < fummnki
J
by (auto intro: fwi-mono)
ultimately show ?thesis by auto
qed
qged

lemma negative-len-shortest:
length zs = n = len m i ias < 0
= 3 juys. distinct (j # ys) Nlenmjjys < 0 A j € set (i # xs) A set
ys C set xs
proof (induction n arbitrary: xs i rule: less-induct)
case (less n)
show ?Zcase
proof (cases zs)
case Nil
thus ?thesis using less.prems by auto
next
case (Cons y ys)
then have length zs > 1 by auto
show ?thesis
proof (cases i € set xs)
assume i: ¢ € set xs
then obtain as bs where zs: s = as @Q 7 # bs by (meson split-list)
show “thesis
proof (cases len m i i as < 0)
case True
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from zs less.prems have length as < n by auto
from less. IH[OF this - True] xs show ?thesis by auto
next
case Fulse
from len-decomp[OF xs] have len m i i xs = len m i i as + len m {
1 bs by auto
with Fulse less.prems have x: len m 71 bs < 0
by (metis add-lt-neutral local.dual-order.strict-trans local.neqF)
from xzs less.prems have length bs < n by auto
from less. IH[OF this - x| zs show ?thesis by auto
qed
next
assume i: i ¢ set xs
show “thesis
proof (cases distinct xs)
case True
with i less.prems show ?thesis by auto
next
case Fulse
from not-distinct-decomp| OF this] obtain a as bs cs where zs:
s = as Q a # bs Q a # cs
by auto
show ?Zthesis
proof (cases len m a a bs < 0)
case True
from xs less.prems have length bs < n by auto
from less.IH|OF this - True| s show ?thesis by auto
next
case Fulse
from len-decomp[OF xs, of m i i] len-decomplof bs @ a # c¢s bs a
csm a i
have x:len m i i zs = len m i a as + (len m a a bs + len m a i cs)
by auto
from Fulse have len m a a bs > 0 by auto
with add-mono have len m a a bs + len m a i ¢cs > len m a i cs
by fastforce
with * have len m i i xs > len m i a as + len m a i c¢s by (simp
add: add-mono)
with less.prems(2) have len m i a as + len m a i ¢cs < 0 by auto
with len-comp have len m i i (as Q@ a # cs) < 0 by auto
from less.IH[OF - - this, of length (as @ a # cs)] zs less.prems
show ?thesis by auto
qged
qed
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qed
qed
qed

lemma fw-upd-lel:
fw-upd m’ kijij < fw-upd mkijijif
m'ik<mikm'kji<mkjim'ij<mij
using that unfolding fw-upd-def upd-def min-def using add-mono by
fastforce

lemma fwi-fw-upd-mono:
fuimnkijij<fwupdmkijijifk<ni<nji<n
using that by (cases i; cases j) (auto intro: fw-upd-lel fwi-mono)

The Floyd-Warshall algorithm will always detect negative cycles. The ar-
gument goes as follows: In case there is a negative cycle, then we know that
there is some smallest k& for which there is a negative cycle containing only
intermediate vertices from the set {0...k}. We will show that then fwi m n
k computes a negative entry on the diagonal, and thus, by monotonicity, fw
m n n will compute a negative entry on the diagonal.

theorem FW-neg-cycle-detect:
Scyc-freemn =3 i< n. fumnnii<0
proof —
assume A: - cyc-free m n
let 7K = {k. k < n A = cyc-free-subs n {0..k} m}
define k where k = Min ?K
have not-empty-K: ?K # {} using A by auto
have finite ?K by auto
with not-empty-K have x:
V k' < k. cyc-free-subs n {0..k'} m
by (auto simp add: k-def not-le)
(meson less-imp-le-nat local.lel order-less-irrefl preorder-class.order-trans)
from linorder-class. Min-in[OF «finite ?K) «?K # {}»] have
= cyc-free-subs n {0..k} mk < n
unfolding k-def by auto
then have 3 zsj. j < n Alenmjjas < 0 A set zs C {0..k}
by force
then obtain a as where a-as: a < n Alen ma a as < 0 A set as C
{0..k} by auto
with negative-len-shortest[of as length as m a] obtain j zs where j-zs:
distinct (j # zs) Nlenmjjas < 0 A j € set (a # as) N set xs C set as
by auto
with a-as <k < n» have cyc: j < n set zs C {0..k} len m jj zs < 0
distinct (j # xs)
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by auto
{ assume k > 0
then have k — 1 < k by simp
with « have sx:cyc-free-subs n {0..k — 1} m by blast
have k € set zs
proof (rule ccontr, goal-cases)
case I
with «set zs C {0..k}» nat-upto-subs-top-removal have set rs C
{0..k—1} by auto
with <cyc-free-subs n {0..k — 1} m» <j < n> have 0 < len m j j zs
by blast
with cyc(3) show ?case by simp
qed
with cyc(4) have j # k by auto
from <k € set zs» obtain ys zs where zs = ys Q k # zs by (meson
split-list)
with «distinct (j # zs)»
have zs: xs = ys Q k # zs distinct ys distinct zs k ¢ set ys k ¢ set zs
j & set ysj ¢ set zs by auto
from zs(1,4) «set xs C {0..k}> nat-upto-subs-top-removal have ys: set
ys C {0..k—1} by auto
from zs(1,5) «set s C {0..k}> nat-upto-subs-top-removal have zs: set
zs C {0..k—1} by auto
have Dmjk (k—1)=fomn(k—1)jk
using <k < n <j < n» fw-shortest-path-up-to[OF x| by auto
moreover have Dmkj(k—1)=fomn (k—1)kj
using <k < n <j < n» fw-shortest-path-up-to[OF x| by auto
ultimately have fu mn (k — 1) jk+ fummn (k— 1) kj<lenmj
kys+lenmkjzs
using D-not-diag-le'|OF zs(1) zs(5,7,3), of m| D-not-diag-le'|OF ys(1)
zs(6,4,2), of m]
by (auto simp: add-mono)
then have neg: fummn (k — 1) jk+ fumn(k—1)kj<0
using zs(1) «len m j j xs < 0> len-comp by auto
have fumnkjj<fomn(k—1)jk+fomn((k—1)kj
proof —
from <k > 0> have x: fu mnk = fwi (fumn (k— 1)) nknn
by (cases k) auto
from fw-cyc-free-subs|OF xx, THEN cyc-free-subs-diag] <k < n) have
fumn(k—1)kk>0
by auto
from fwi-step’lof fw m n (k — 1), OF this] <k < n> ¢j < n> show
?thesis
by (auto intro: min.cobounded?2 simp: *)
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qed
with neg have fw m n kjj < 0 by auto
moreover from fw-invariant <j < ny <k < n» have fu mnn jj < fw
mnkjj
by blast
ultimately have ?thesis using <j < n» by auto
}
moreover
{ assume k = 0
with cyc(2,4) have zs = [| V zs = [0]
apply safe
apply (case-tac zs)
apply fastforce
apply (rename-tac ys)
apply (case-tac ys)
apply auto
done
then have “thesis
proof
assume zs = []
with cyc have m j j < 0 by auto
with fw-mono[of jn jm n] <j < n» have fu m nnjj < 0 by auto
with «j < n) show ?thesis by auto
next
assume zs: zs = [0]
with cyc have m j 0 + m 0 j < 0 by auto
moreover from j < n» have fumn 0jj < fw-upd m 0jjjj
by (auto intro: order.trans|OF fwi-invariant fwi-fu-upd-monol)
ultimately have fu mn 0jj < 0
unfolding fw-upd-def upd-def by auto
then have fw m n 0 j j < 0 by (metis cyc(1) less-or-eq-imp-le
single-iteration-inv)
with <j < n)» have fu m n n jj < 0 using fw-invariantjof 0 n jn j
m] by auto
with «j < n) show ?thesis by blast
qed
}
ultimately show ?thesis by auto
qged

end
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1.8 More on Canonical Matrices

abbreviation
canonical Mn =V ijk.i<nAj<nAk<n—Mik<Mij+ M
ik

lemma canonical-alt-def:
canonical M n <— canonical-subs n {0..n} M
unfolding canonical-subs-def by auto

lemma fw-canonical:

canonical (fw m n n) n if cyc-free m n

using fw-canonical-subs|OF <cyc-free m ny] unfolding canonical-alt-def
by auto

lemma canonical-len:
canonical Mn = i <n = j<n= setxs C {0.n} = Mij<len
Mijuaxs
proof (induction xs arbitrary: i)
case Nil thus ?case by auto
next
case (Cons x xs)
then have M z j < len M x j zs by auto
from Cons.prems <canonical M n> have M ij < M ix + M z j by simp
also with Cons have ... < M iz + len M z j xs by (simp add: add-mono)
finally show ?case by simp
qed

1.9 Additional Theorems

lemma D-cycle-free-len-dest:
cycle-free m n
—=Vi<nViji<nDmijn=m'ij=—i<n=—j<n=— set
zs C {0..n}
= 3 ys. set ys C{0.n} Nlenm'ijxzs=1lenmijys
proof (induction xs arbitrary: i)
case Nil
with Nil have m’ij = D m i jn by simp
from D-dest”[OF this]
obtain ys where set ys C {0..n} len m’ i j[] = len m i j ys
by auto
then show ?case by auto
next
case (Cons y ys)

48



from Cons.IH[OF Cons.prems(1,2) - <j < n», of y| Cons.prems(5)

obtain zs where zs:set zs C {0..n} len m' y j ys = len m y j zs by auto

with Cons have m’ iy = D m i y n by simp

from D-dest”[OF this] obtain ws where ws:set ws C {0..n} m’ iy =
len m i y ws by auto

with len-compl[of m i j ws y zs| zs Cons.prems(5)

have len m’ i j (y # ys) = len m i j (ws Q@ y # 2s) set (ws Q y # z2s) C
{0..n} by auto

then show ?case by blast
qged

lemma D-cyc-free-preservation:
cyc-free mn =V i< n.V j<n. Dmijn=m'ij= cyc-free m'n
proof (auto, goal-cases)
case (1 i xs)
from D-cycle-free-len-dest|OF - 1(2,3,53,4)] 1(1) cycle-free-diag-equiv
obtain ys where set ys C {0..n} A len m' i i xzs = len m i i ys by fast
with 1(1,3) show ?case by auto
qged

abbreviation FIW m n = fu m nn

lemma FW-out-of-bounds1:
assumes ¢ > n
shows (FW Mn) ij=Mij
using assms by (rule fw-out-of-bounds1)

lemma FW-out-of-bounds2:
assumes j > n
shows (FW Mmn)ij=Mij
using assms by (rule fw-out-of-bounds2)

lemma FW-cyc-free-preservation:
cyc-free m n = cyc-free (FW m n) n
apply (rule D-cyc-free-preservation)
apply assumption
apply safe
apply (rule fw-shortest-path)
using cycle-free-diag-equiv by auto

lemma cyc-free-diag-dest’:

cyc-free mn —= i <n=—=mii > 0
by (rule cyc-free-subs-diag)
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lemma FW-diag-neutral-preservation:

Vi<n Mii= 0= cycfree Mn =V i<n. (FW Mmn) ii=10
proof (auto, goal-cases)

case (1 1)

from this(3) have (FW M n) i i < M i i by (auto intro: fw-mono)

with 7 have (FW M n) ii < 0 by auto

with cyc-free-diag-dest’|OF FW-cyc-free-preservation|OF 1(2)] <i < n]
show FW Mmnii=0

by auto

qged

lemma FW-fized-preservation:

fixes M :: ('a::linordered-ab-monoid-add) mat

assumes A: i < n M Oi+ Mi0 = 0 canonical (FW M n) n cyc-free
(FW Mn)n

shows FW M n 0i+ FW M n i 0 = 0 using assms
proof —

let M= FW M n

assume A: i < nMOi+ Mi0 = 0 canonical ?M' n cyc-free 2M' n

from «i < n» have ?M' 0i+ ?M'i0 < M 0i+ M i 0 by (auto intro:
fw-mono add-mono)

with A(2) have ?M' 0 i + ?M'i 0 < 0 by auto

moreover from <canonical ?M’' n> i < n)

have ?M' 00 < ?M' 0i + ?M’ i 0 by auto

moreover from cyc-free-diag-dest’|OF <cyc-free M’ ny] have 0 < ?M’
0 0 by simp

ultimately show ?M’' 0 i + ?M'i 0 = 0 by (auto simp: add-mono)
qged

lemma diag-cyc-free-neutral:

cyc-free Mn = Vk<n. Mkk < 0 = Vi<n. Mii =0
proof (clarify, goal-cases)

case (1 1)

note A = this

then have i < n A set [| C {0..n} by auto

with A(1) have 0 < M i i by fastforce

with A(2) <i < n» show M ii = 0 by auto
qed

lemma fw-upd-canonical-subs-id:

canonical-subs n {k} M —= i <n = j<n= fuupd Mkij=M
proof (auto simp: fw-upd-def upd-def less-eq[symmetric] min.coboundedI2,
goal-cases)

case [
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then have M ij < M ik + M k j unfolding canonical-subs-def by auto
then have min (M ij) (M ik + Mkj) = Mijby (simp split: split-min)
thus ?case by force

qged

lemma fw-upd-canonical-id:
canonical Mn — i <n—= j<n=—=k<n= fw-upd Mkij=M
using fw-upd-canonical-subs-id[of n k M i j] unfolding canonical-subs-def
by auto

lemma fwi-canonical-id:

fwi M nkij= M if canonical-subs n {k} Mi <nj<nk<n

using that
proof (induction i arbitrary: j)

case (

then show ?Zcase by (induction j) (auto intro: fw-upd-canonical-subs-id)
next

case Suc

then show ?Zcase by (induction j) (auto intro: fw-upd-canonical-subs-id)
ged

lemma fw-canonical-id:
fw M n k= M if canonical-subs n {0..k} Mk < n
using that by (induction k) (auto simp: canonical-subs-def fwi-canonical-id)

lemmas FW-canonical-id = fw-canonical-id[OF - order.refl, unfolded canon-
ical-alt-def [symmetric]]

definition FWI M nk = fui Mnknn

The characteristic property of fwi.

theorem fwi-characteristic:

canonical-subs n (I U {k:nat}) (FWIMnk)V (3 i<n. FWIMnkii
< 0) if

canonical-subs n I M T C {0..n} k< n
proof (cases 0 < M k k)

case True

from fwi-canonical-extend|OF that(1,2) this <k < ny] show ?thesis un-
folding FWI-def ..
next

case Fulse

with & < n fwi-mono[OF <k < n» <k < ny, of M k n n] show ?thesis

unfolding FWI-def by fastforce

qged

o1



end

theory Recursion-Combinators
imports Refine-Imperative-HOL.IICF
begin

context
begin

private definition for-comb where
for-comb f a0 n = nfoldli [0..<n + 1] (A z. True) (A ka. (fak)) a0

fun for-rec :: ('a = nat = 'a nres) = 'a = nat = 'a nres where
for-rec fa 0 =fa0 |
for-rec f a (Suc n) = for-rec fan >= (X z. fz (Suc n))

private lemma for-comb-for-rec: for-comb f a n = for-rec f a n
unfolding for-comb-def
proof (induction f a n rule: for-rec.induct)
case I then show ?Zcase by (auto simp: pw-eq-iff refine-pw-simps)
next
case IH: (2 an)
then show ?case by (fastforce simp: nfoldli-append pw-eq-iff refine-pw-simps)
qed

private definition for-rec2’ where
for-rec2’ fanij=
(if i = 0 then RETURN a else for-rec (Aa i. for-rec (A a. fa i) an) a
(i — 1))

>= (X a. for-rec (A a. fai) aj)

fun for-rec? :: ('a = nat = nat = 'a nres) = 'a = nat = nat = nat =
'a nres where
for-rec2fan00=/Ffa00|
for-rec2 fan (Suc i) 0 = for-rec2 fanin>= (Xa. fa (Suci)0) ]|
for-rec2 fa n i (Suc j) = for-rec2 fanij>= (\a. fai(Sucj))

private lemma for-rec2-for-rec2":

for-rec2 fanij= for-rec2' fanij
unfolding for-rec2’-def

apply (induction f a n i j rule: for-rec2.induct)
apply simp-all

subgoal for fa n i
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apply (cases )
by auto
done

fun for-rec3 :: (‘a = nat = nat = nat = 'a nres) = 'a = nat = nat =
nat = nat = 'a nres

where

for-rec3 fmn 0 0 0 =fm00o0|

for-rec3 fm n (Suc k) 0 0 = for-rec3 fmnknn>=(\a. fa
(Suc k) 00) |

for-rec3 fmnk (Suc i) 0 = for-rec3 fmnkin>=\a. fak
(Suc i) 0) |

for-rec3 fm n k i (Suc j) = for-rec3fmnkij>= Xa. fak
i (Suc )

private definition for-rec3’ where
for-rec3’ fankij=
(if k = 0 then RETURN a else for-rec (Aa k. for-rec2’ (X a. fa k) an
nn)a(k—1))
>= (X a. for-rec2’ (X a. fa k) anij)

private lemma for-rec3-for-rec3":

for-rec3 fankij= for-rec3' fankij
unfolding for-rec3’-def

apply (induction f a n k i j rule: for-rec3.induct)
apply (simp-all add: for-rec2-for-rec2’[symmetric))
subgoal for fan k

apply (cases k)

by auto
done

private lemma for-rec2’-for-rec:
for-rec2’ fannn =
for-rec (Aa i. for-rec (A a. fai) an)an
unfolding for-rec2’-def by (cases n) auto

private lemma for-rec3’-for-rec:
for-rec3’ fannnn=
for-rec (X a k. for-rec (Aa i. for-rec (A a. fa ki) an)an)an
unfolding for-rec3’-def for-rec2’-for-rec by (cases n) auto

theorem for-rec-eq:
for-rec f a n = nfoldli [0..<n + 1] (Az. True) (A\k a. fa k) a

using for-comb-for-rec[unfolded for-comb-def, symmetric] .
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theorem for-rec2-eq:

for-rec2 fannn=

nfoldli [0..<n + 1] (Az. True)
(Ai. nfoldli [0..<n + 1] (Az. True) (Nj a. faij)) a

using

for-rec2’-for-rec|

unfolded for-rec2-for-rec2’[symmetric], unfolded for-comb-for-rec[symmetric]
for-comb-def

|.

theorem for-rec3-eq:
for-rec8 fannnn=
nfoldli [0..<n + 1] (Az. True)
(Ak. nfoldli [0..<n + 1] (Az. True)
(Ai. nfoldli [0..<n + 1] (Az. True) (A\j a. fa kij)))
a
using
for-rec3’-for-rec|
unfolded for-rec3-for-rec3'[symmetric], unfolded for-comb-for-rec[symmetric]
for-comb-def
].

end

lemmas [intf-of-assn| = intf-of-assnl[where R= is-mtz n and ‘a= b i-mitz
for n|

declare param-upt[sepref-import-param]

end
theory FW-Code
imports
Recursion-Combinators
Floyd-Warshall
begin

1.10 Refinement to Efficient Imperative Code

We will now refine the recursive version of the Floyd-Warshall algorithm to
an efficient imperative version. To this end, we use the Sepref framework,
yielding an implementation in Imperative HOL.
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definition fw-upd’ :: (‘a::linordered-ab-monoid-add) mtx = nat = nat =
nat = 'a mtx nres where
fw-upd' mkij =
RETURN (
op-mtz-set m (i, j) (min (op-mtz-get m (i, j)) (op-mitx-get m (i, k) +
op-mitz-get m (k, j)))

)

lemma fw-upd’-alt-def:
fw-upd’ mkij =
RETURN (
let
e = op-mtz-get m (i, k) + op-mtz-get m (k, j)
in if e < op-mtz-get m (i, j) then op-mtz-set m (i, j) e else m
)

unfolding fw-upd’-def min-def Let-def by auto

definition fwi’:: ('a:linordered-ab-monoid-add) mtzx = nat = nat = nat

= nat = 'a mtx nres

where

fwi'mnkij= RECT (A fw (m,k, i, j).
case (i, j) of
(0, 0) = fw-upd’ mk 00 |
(Suc i, 0) = do {m' < fw (m, k, i, n); fw-upd’ m’ k (Suc i) 0} |
(i, Suc j) = do {m' <+ fw (m, k, i, j); fw-upd" m' ki (Suc j)}
) (m, k, i, j)

lemma fwi’-simps:

fwi’mn k0 0 = fw-upd’ m k 0 0

fwi"m n k (Suc i) 0 = do {m' + fwi’ m n kin; fu-upd’ m’ k (Suc
i) 0}

fwi'’mn ki (Suc j) = do {m’' <+ fwi'’ m n ki j; fw-upd’ m’k i (Suc

0}
unfolding fwi’-def by (subst RECT-unfold, (refine-mono; fail), (auto split:
nat.split; fail))+

lemma
fwi’mn kij < SPEC (A r.r = uncurry (fwi (curry m) n ki j))
by (induction curry m n ki j arbitrary: m rule: fwi.induct)
(fastforce simp add: fw-upd’-def fw-upd-def upd-def fwi’-simps pw-le-iff
refine-pw-simps)+

lemma fw-upd’-spec:
fw-upd’ Mk ij < SPEC (A M'. M' = uncurry (fw-upd (curry M) ki j))
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by (auto simp: fw-upd’-def fw-upd-def upd-def pw-le-iff refine-pw-simps)

lemma for-rec2-fwi:

for-rec2 (A M. fw-upd’ M k) M nij< SPEC (A M'. M’ = uncurry (fwi
(curry M) n ki j))
using fw-upd’-spec
by (induction X\ M. fw-upd’ (M :: (nat x nat = 'a)) k M n i j rule:
for-rec2.induct)

(fastforce simp: pw-le-iff refine-pw-simps)+

definition fw’ :: (‘a:linordered-ab-monoid-add) mtx = nat = nat = 'a
mtz nres where
fw' mn k= nfoldli [0..<k + 1] (X -. True) (A k M. for-rec2 (A M. fw-upd’

lemma fuw'-spec:
fw'mnk < SPEC (A M. M' = uncurry (fw (curry m) n k))
unfolding fw’-def
apply (induction k)
using for-rec2-fwi by (fastforce simp add: pw-le-iff refine-pw-simps curry-def )+

context

fixes n :: nat

fixes dummy :: 'a::{linordered-ab-monoid-add,zero,heap}
begin

lemma [sepref-import-param]: ((+),(+)::'a=-) € Id — Id — Id by simp
lemma [sepref-import-param]: (min,min::"a=-) € Id — Id — Id by simp

abbreviation node-assn = nat-assn
abbreviation mtr-assn = asmtz-assn (Suc n) id-assn::('a mtz =-)

sepref-definition fw-upd-impl! is

uncurry?2 (uncurry fw-upd’) ::

N (((-k),)). k< nAi<nAj<nl, mtz-assn® %, node-assn® *,
node-assn® %, node-assn®

— mtxr-assn

unfolding fw-upd’-def by sepref

sepref-definition fw-upd-impl is

uncurry? (uncurry fw-upd’) ::

N (((k),0),5). k< n Ai<nAj<nl, mtz-assn? *, node-assn® *,
node-assn® %, node-assn®
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— mitx-assn
unfolding fw-upd’-alt-def by sepref

sepref-register fw-upd’ :: 'a i-mtz = nat = nat = nat = 'a i-mtz nres

definition
fwi-impl” (M :: 'a mtz) k = for-rec2 (A M. fw-upd’ M k) M nnn

definition
fw-impl’ (M :: 'a mtz) = fu' M nn

context
notes [id-rules| = itypel[of n TYPE (nat)]
and [sepref-import-param| = IdI[of n]
begin

sepref-definition fw-impl is
fw-impl’ = mtz-assn® —, mtz-assn
unfolding fw-impl’-def[abs-def] fw'-def for-rec2-eq
supply [sepref-fr-rules| = fw-upd-impl.refine
by sepref

sepref-definition fw-impll is
fw-impl’ :: mtz-assn® —q mtz-assn
unfolding fw-impl’-def[abs-def] fw’-def for-rec2-eq
supply [sepref-fr-rules] = fw-upd-impl1.refine
by sepref

sepref-definition fwi-impl is
uncurry fwi-impl” 2 (A (-,k). k < n], mtz-assn
unfolding fwi-impl’-def[abs-def] for-rec2-eq
supply [sepref-fr-rules| = fw-upd-impl.refine
by sepref

4, node-assn® — mtz-assn

sepref-definition fwi-impl! is
uncurry fwi-impl” 2 (A (-,k). k < n], mtz-assn
supply [sepref-fr-rules| = fw-upd-impl1.refine
unfolding fwi-impl’-def[abs-def] for-rec2-eq by sepref

d k

%, node-assn” — mitzr-assn

end

end
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export-code fw-impl in SML-imp

A compact specification for the characteristic property of the Floyd-Warshall
algorithm.

definition fw-spec where
fw-spec n M = SPEC (A M.
if(3i<n Mii<0)
then — cyc-free M n
else Vi <n.Vji<n M ij=DMijnA cyc-free M n)

lemma D-diag-nonnegl:

assumes cycle-free M n i < n

shows D Miin > 0

using assms D-dest’'|OF refl, of M i i n] unfolding cycle-free-def by
auto

lemma fw-fw-spec:
RETURN (FW M n) < fw-spec n M
unfolding fw-spec-def cycle-free-diag-equiv
proof (simp, safe, goal-cases)
case prems: (1 1)
with fw-shortest-path[unfolded cycle-free-diag-equiv, OF prems(3)] D-diag-nonnegl
show ?Zcase
by fastforce
next
case 2 then show ?case using FW-neg-cycle-detect[unfolded cycle-free-diag-equiv)
by (force intro: fw-shortest-path|symmetric, unfolded cycle-free-diag-equiv])
next
case 3 then show ?case using FW-neg-cycle-detect|unfolded cycle-free-diag-equiv)
by blast
ged

definition
mat-curry-rel = {(Mu, Mc). curry Mu = Mc}

definition
mitz-curry-assn n = hr-comp (mtz-assn n) (br curry (A-. True))

declare mtx-curry-assn-def[symmetric, fcomp-norm-unfold]
lemma fw-impl’-correct:

(fw-impl’, fw-spec) € Id — br curry (X -. True) — (br curry (X -. True))
nres-rel

unfolding fw-impl’-def[abs-def] using fw’-spec fw-fw-spec
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by (fastforce simp: in-br-conv pw-le-iff refine-pw-simps intro!: nres-rell)

1.10.1 Main Result

This is one way to state that the fw-impl fulfills the specification fw-spec.

theorem fw-impl-correct:
(fw-impl n, fu-spec n) € (mtz-curry-assn n)* —, mtz-curry-assn n
using fw-impl.refine] FCOMP fw-impl’-correct| THEN fun-relD, OF IdI]| .

An alternative version: a Hoare triple for total correctness.

corollary
<mitx-curry-assn n M Mi> fw-impl n Mi <X Mi’. 3 4 M'. mtx-curry-assn
n M Mi"* 1
(if (@ i<n Mii<0)
then — cyc-free M n
else Vi <n.Vji<n M ij=DMijnA cyc-free M n)>,
unfolding cycle-free-diag-equiv
by (rule cons-rule[OF - - fw-impl-correct| THEN hfrefD, THEN hn-refineD]])
(sep-auto simp: fw-spec-def [unfolded cycle-free-diag-equiv))+

1.10.2 Alternative versions for Uncurried Matrices.
definition FWI' = uncurry ooo FWI o curry
lemma fwi-impl’-refine-FWI".
(fwi-impl’ n, RETURN oo PR-CONST (A M. FWI' M n)) € Id — Id —
(Id) nres-rel

unfolding fwi-impl’-def [abs-def] FWI-def|abs-def] FWI'-def using for-rec2-fwi
by (force simp: pw-le-iff pw-nres-rel-iff refine-pw-simps)

lemmas fwi-impl-refine-FWI' = fwi-impl.refine] FCOMP fwi-impl'-refine-FWI'|
definition FW' = uncurry oo FW o curry
definition FW'" n M = FW' M n

lemma fw-impl’-refine-FW "
(fw-impl’ n, RETURN o PR-CONST (FW'" n)) € Id — (Id) nres-rel
unfolding fw-impl’-def [abs-def] FW"-def[abs-def] FW'-def using fw’-spec
by (force simp: pw-le-iff pw-nres-rel-iff refine-pw-simps)

lemmas fw-impl-refine-FW'" = fw-impl.refine] FCOMP fw-impl’-refine-FW"|
lemmas fw-impll-refine-FW" = fw-impll .refine| FCOMP fw-impl’-refine-FW"|
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end
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