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Abstract

This includes useful syntactic sugar, new operators and functions and their associated
lemmas for finite maps which currently are not present in the standard Finite_Map theory.
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1 Extra Features for Finite Maps
theory Finite-Map-Extras

imports HOL— Library. Finite-Map
begin

Extra lemmas and syntactic sugar for fmap

notation fmlookup (infixl «$$> 900)
notation fmempty (<{$$})

nonterminal fmaplets and fmaplet

syntax
-fmaplet :: ['a, 'a] = fmaplet («- /$8:=/ =)
-fmaplets :: ['a, 'al = fmaplet («- /[$%:=]/ )
2 fmaplet = fmaplets <))
-Fmaplets :: [fmaplet, fmaplets] = fmaplets («-,/ =)
-FmapUpd :: [('a, 'b) fmap, fmaplets] = ('a, 'b) fmap (<-/'(-")» [900, 0] 900)
-Fmap  : fmaplets = ('a, 'b) fmap «(1{-}))

syntax-consts
-fmaplet -fmaplets -Fmaplets -FmapUpd -Fmap = fmupd

translations
-FmapUpd m (-Fmaplets zy ms) = -FmapUpd (-FmapUpd m zy) ms
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-FmapUpd m (-fmaplet zy) = CONST fmupd zy m

-Fmap ms = -FmapUpd (CONST fmempty) ms

-Fmap (-Fmaplets ms1 ms2) ~— -FmapUpd (-Fmap ms1) ms2

-Fmaplets ms1 (-Fmaplets ms2 ms3) ~— -Fmaplets (-Fmaplets ms1 ms2) ms3

abbreviation fmap-lookup-the (infixl <$$!» 900) where
m $$! k = the (m $$ k)

lemma fmadd-singletons-comm:

assumes k1 # ko

shows {k1 $8:= v1} ++5 {k2 $%:= vo} = {k2 $%:= vo} ++ {k1 $8:= v1}
(proof)

lemma fmap-singleton-comm:
assumes m $$ k = None
shows m ++; {k $%:= v} = {k $8:= v} ++; m
(proof)

lemma fmap-disj-comm:
assumes frndom’ my N fmdom’ my = {}
shows my ++4f mo = mg ++5 my

(proof)

lemma fmran-singleton: fmran {k $$:= v} = {|v|}

{proof)

lemma fmmap-keys-hom:
assumes fmdom’ my N fmdom’ mqy = {}
shows fmmap-keys f (m1 ++; ma) = fmmap-keys f mi ++5 fmmap-keys f ma
(proof )

lemma map-insort-is-insort-key:
assumes m $$ k = None
shows map (Ak'. (k/, m(k $$:= v) $8! k') (insort k zs) =
insort-key fst (k, v) (map (Mk". (k', m(k $$:= v) $$8! k")) xs)
(proof )

lemma sorted-list-of-fmap-is-insort-key-fst:

assumes m $$ k = None

shows sorted-list-of-fmap (m(k $8:= v)) = insort-key fst (k, v) (sorted-list-of-fmap m)
{proof)

lemma distinct-fst-inj:

assumes distinct (map fst ps)

and inj f

shows distinct (map fst (map (A(k, v). (f &k, v)) ps))
(proof )

lemma distinct-sorted-list-of-fmap:



shows distinct (map fst (sorted-list-of-fmap m))
(proof)

lemma map-inj-pair-non-membership:
assumes k ¢ set (map fst ps)
and inj f
shows [k ¢ set (map fst (map (A(k, v). (f k, v)) ps))
(proof )

lemma map-insort-key-fst:
assumes distinct (map fst ps)
and k ¢ set (map fst ps)
and inj f
and mono f
shows map (A(k, v). (f k, v)) (insort-key fst (k, v) ps) =
insort-key fst (f k, v) (map (A(k, v). (f k, v)) ps)
(proof)

lemma map-sorted-list-of-fmap:
assumes nj f
and mono f
and m $$ k = None
shows map (A(k, v). (f k, v)) (sorted-list-of-fmap (m(k $$:= v))) =
insort-key fst (f k, v) (map (A(k, v). (f k, v)) (sorted-list-of-fmap m))
{proof)

lemma fmap-of-list-insort-key-fst:
assumes distinct (map fst ps)
and k ¢ set (map fst ps)
shows fmap-of-list (insort-key fst (k, v) ps) = (fmap-of-list ps)(k $3:= v)
(proof )

lemma fmap-of-list-insort-key-fst-map:
assumes nj f
and m $$ k = None
shows fmap-of-list (insort-key fst (f k, v) (map (A\(k, v). (f k, v)) (sorted-list-of-fmap m))) =
(fmap-of-list (map (A(k, v). (f k, v)) (sorted-list-of-fmap m)))(f k $$:= v)
(proof )

lemma fmap-of-list-sorted-list-of-fmap:
fixes m :: (‘a::linorder, 'b) fmap
and f :: ‘a = ’c::linorder
assumes inj f
and mono f
and m $$ k = None
shows fmap-of-list (map (A(k, v). (f k, v)) (sorted-list-of-fmap (m ( $ )))) =
(fmap-of-list (map (A(k, v). (f k, v)) (sorted-list-of-fmap m)))(f k $$:=
(proof)

Map difference



lemma fsubset-antisym:
assumes m Cy n
and n Cy m
shows m = n

(proof )

abbreviation
fmdiff = (‘a, 'b) fmap = ('a, 'b) fmap = (‘a, 'b) fmap (infixl «(——;» 100) where
miy ——f mo = fmfilter (Az. z ¢ fmdom’ my) my

lemma fmdiff-partition:
assumes mg Ty my
shows mg ++5 (m1 ——f ma) = my

{proof)

lemma fmdiff-fmupd:

assumes m $$ k£ = None

shows m(k $$:= v) ——; {k $$:= v} =m
(proof )

Map symmetric difference

abbreviation fmsym-diff :: (‘a, 'b) fmap = (‘a, 'b) fmap = (‘a, 'b) fmap (infixl <Ay» 100) where
mi Af my = (m1 ——f m2) ++5 (m2 —f ml)

Domain restriction

abbreviation dom-res :: ‘a set = (‘a, 'b) fmap = (‘a, 'b) fmap (infixl <<» 150) where
s Q9 m = fmfilter (Az. z € s) m

Domain exclusion

abbreviation dom-exc :: ‘a set = (‘a, 'b) fmap = (‘a, 'b) fmap (infixl <<’/> 150) where
s </ m = fmfilter (\z. x & s) m

Intersection plus

abbreviation intersection-plus :: (‘a, 'b::monoid-add) fmap = ('a, 'b) fmap = ('a, 'b) fmap
(infix] N4> 100)

where
my1 Ny me = fmmap-keys (Ak v. v + mq 33! k) (fmdom’ m; < ma)

Union override right

abbreviation union-override-right :: ('a, 'b) fmap = ('a, 'b) fmap = (‘a, 'b) fmap
(infixl <U_,» 100)

where
m1 U_, mo = (fmdom’ ma </ my) ++5 mo

Union override left

abbreviation union-override-left :: (‘a, 'b) fmap = (‘a, 'b) fmap = ('a, 'b) fmap
(infix] <U.» 100)
where



m1 U mg = my ++5 (fmdom’” my </ ma)

Union override plus

abbreviation union-override-plus :: ('a, 'b::monoid-add) fmap = ('a, 'b) fmap = (‘a, 'b) fmap
(infix] <U;» 100)

where
myp Uy mg = (m1 Af ’ITLQ) ++5 (m1 Nt mg)

Extra lemmas for the non-standard map operators

lemma dom-res-singleton:
assumes m $$ k£ = Some v
shows {k} < m = {k $3:= v}
(proof )

lemma dom-res-union-distr:
shows (AUB)<m=A<m++; Bam
(proof )

lemma dom-exc-add-distr:
shows s <1/ (m1 ++f ma) = (s <9/ m1) ++¢ (s 9/ m2)
(proof )

lemma fmap-partition:
shows m = s </ m ++7y s < m

(proof )

lemma dom-res-addition-in:

assumes my $$ k = None

and mo $$ &k = Some v’

shows fmdom’ (my(k $5:= 1)) < my = fmdom’ my < my +-+7 {k $5:= v/
(proof )

lemma dom-res-addition-not-in:
assumes my $$ k = None
shows fmdom’ (m1(k $8:= v)) < ma = fmdom’ m1 < mo

(proof )

lemma inter-plus-addition-in:

assumes my $$ k = None

and my $$ k£ = Some v’

shows mq(k $$:= v) Np mo = (m1 Ny ma) ++5 {k $8:= v’ + v}
(proof )

lemma inter-plus-addition-notin:
assumes my $$ k = None
and my $$ £ = None
shows my(k $%:= v) Ny ma = (my Ny ma)

{proof)



lemma union-plus-addition-notin:

assumes my $$ k = None

and msy $$ & = None

shows my(k $$:= v) Uy mo = (m1 Uy mo) ++5 {k $8:= v}
(proof )

end
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